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Introduction Générale

Cette thése est consacrée a I'étude de la géométrie de divers types d’ensembles dans le
contexte d’espaces de Banach, ainsi qu’a des propriétés analytiques de certaines classes
de fonctions associées a de tels ensembles et qui sont définies sur les espaces de Banach
correspondants. Les propriétés géométriques de ces ensembles varient suivant les espaces
de Banach considérés, de sorte qu’en général les résultats fondamentaux nécessitent des
hypothéses appropriées sur l'espace de Banach lui-méme. Pour cette raison, ce travail
est divisé en deux parties: La premiére est relative a certaines études géométriques des
ensembles convexes dans des espaces de Banach (Géométrie convexe), et la seconde a
de nouvelles caractéristiques, dans les espaces de Hilbert, de la géométrie des ensembles
prox-réguliers dont la projection métrique est différentiable sur des couronnes ouvertes
spécifiques (Géométrie non convexe). Dans cette introduction générale nous présentons
quelques unes de nos contributions dans les deux sujets ci-dessus, qui sont contenu en
[10], [12], [29], [30]

Partie I: Géométrie Convexe

La premiére partie de la thése considére le probléme de détermination de fonctions a
partir du sous-différentiel de Moreau-Rockafellar. Rappelons que, étant donné un espace
localement convexe (X, 6), une fonction f : X — R (ott R := RU{—00, +00}) et un point
x € X, le sous-différentiel de f en x est donné par

af(x):{éx*ex* @)+ (et y 1) < fy), Yy € X} u{(;ef o

ou X* désigne le dual topologique de (X, #). Dans les années 60, J.J. Moreau [23] (dans
le contexte des espaces de Hilbert) et ensuite R. T. Rockafellar [28| (dans le cas d’espaces
de Banach) ont démontré le résultat célebre suivant d’intégration des fonction convexes:

Théoréme 1 (Moreau-Rockafellar) Soit X un espace de Banach et soit un couple de
fonctions f,g : X — Ry (ot Ry := RU{+o0}) qui sont convezes, propres et semi-
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continues inférieurement. Si l'on a
Of (x) € 9g(x), Vr e X,

alors les fonctions f et g coincident a une constante additive pres, c’est-a-dire, il existe
une constante ¢ € R telle que f = g+ c.

Suite a cette contribution, a partir de la seconde moitié des années 80 plusieurs études ont
été réalisées en vue de généraliser ce théoréme, soit en relaxant I’hypothése de convexité,
soit en remplagant X par un espace localement convexe général, soit en utilisant d’autres
notions de sous-différentiels en présence de non-convexité. On renvoie aux articles [1], [3],
[11], [21], [33]-[35] pour plus d’information & propos du développement de la théorie de
détermination /intégration d’une fonction & partir de son sous-différentiel.

Une de ces contributions est constituée de I'article de R. Correa, Y. Garcia et A. Hantoute
[9], ou les auteurs établissent diverses formules d’intégration pour une large sous-famille
de fonctions (pas nécessairement convexes), qui a été introduite par J. Benoist et J.-B.
Hiriart-Urruty dans [18]: Les fonctions épi-pointées. Pour un espace de Banach X, une
fonction f : X — R, est dite étre épi-pointée quand

int(dom f*) # 0,

ou f* désigne la conjuguée (de Legendre-Fenchel) de f. Le concept de fonction épi-pointée
a été au début définie a partir d’une notion de “coercivité”. La définition précédente est
sa caractérisation la plus connue et probablement la plus utilisée.

Le résultat principal de [9] peut étre énoncé comme suit:

Théoréme 2 (Correa-Garcia-Hantoute, 2012) Soit X un espace de Banach qui a la pro-
priété de Radon-Nikodym, et soit f : X — Ry, une ionctz’on épi-pointée et semi-continue
inférieurement. Pour toute autre fonction g : X — R telle que

Of(xz) € 9g(x), VxelX,
il existe une constante c € R telle que
@ f = (€0.9)0aom - + ¢,
ot co [ désigne ’enveloppe convexe fermée de f, L1 désigne 'opération d’inf-convolution

de Moreau, et 0qom - est la fonction d’appuie de dom f*.

Rappelons qu'un espace de Banach X a la propriété de Radon-Nikodym (RNP) si pour
tout sous-ensemble K convexe, fermé et borné de X, ’égalité

K = co(str-exp(K)), (2)

a lieu, ou str-exp(K’) désigne 'ensemble des points fortement-ezposés de K. Un point
r € K est dit étre fortement-exposé s’il existe une forme linéaire continue z* € X* telle
que



(a) (2%, 2) = ox(27) > (2%, y), pour tout y € K\ {x}; et
(b) Pour toute suite (z,) de K,

(", 2,) = o (") = ||z —x,]| — 0.

Historiquement, la propriété RNP a été introduite comme une propriété reliée a des
mesures a valeurs vectorielles et a ’existence de leurs dérivées, au sens du théoréme clas-
sique de Radon-Nikodym. Cependant, plusieurs caractérisations de cette propriété ont
été établies (dont celle ci-dessus), donnant des interprétations géométriques trés claires
qui ont permis le développement de cette théorie au niveau de I’Analyse Fonctionnelle et
de la Géométrie des Espaces de Banach. Pour plus de détails, le lecteur peut consulter le
livre de R. Bourgin [2], ou celui de J. Diestel et J.-J. Uhl [13].

L’observation principale de Correa, Garcia et Hantoute dans leur article [9] qui a conduit
au théoréme 2 ci-dessus est la suivante: Quand un espace de Banach X a la propriété RNP,
alors pour toute fonction f : X — R, qui est épi-pointée et semi-continue inférieurement,
il existe un ensemble D dense dans int(dom f*) tel que

Of*(x*) = (0f) " («*) pour tout z* € D. (3)

Malheureusement, I’équation (3) devient trop forte quand les espaces ne jouissent pas de
la propriété RNP. Le premier objectif du premier chapitre de cette thése consiste a relaxer
(3) et & obtenir une formule d’intégration analogue a celle du Théoréme 2 dans le contexte
des espaces localement convexes.

Chapitre 1: Formule d’Intégration

Rappelons que, étant donné un espace (de Hausdorff) localement convexe (X, 6) et son
dual topologique X*, il existe plusieurs topologies (de Hausdorff) localement convexes
reliées a la dualité (X, X*). Dans ce que suit, on désignera par w(X, X*) (ou simplement,
par w) la topologie faible sur X induite par X*, et par w*(X*, X) (ou simplement, par
w*) la topologie faible-étoile sur X* induite par X.

On désignera également par 7(X, X*) la topologie de Mackey sur X induite par X*.
Rappelons que 7(X, X*) est la topologie localement convexe la plus fine sur X qui préserve
la dualité (X, X*), c’est-a-dire, qui satisfait (X, 7(X, X*))* = X*. Elle est définie par la
convergence uniforme sur les ensembles w*-compacts de X*: Une suite généralisé (z;)er
de X 7(X,X*)-converge vers un point x € X si et seulement si pour tout ensemble
K C X* w*-compact, on a

sup [(z*,x — x;)| — 0.

z*eK
De fagon similaire, on notera 7(X*, X) la topologie de Mackey sur X* induite par X. C’est
la topologie localement convexe la plus fine sur X* qui préserve la dualité (X, X*). Elle est
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définie par la convergence uniforme sur les ensembles w-compacts de X. Finalement, on
désignera par 5(X*, X) la topologie forte sur X* induite par X, c’est-a-dire la topologie
sur X* de la convergence uniforme sur les ensembles bornés de X. Rappelons que les
ensembles bornés pour n’importe quelle topologie localement convexe entre w(X, X*) et
7(X, X*) sont les mémes, et donc il n’y pas d’ambiguité en ne spécifiant pas la topologie
quand on parle d’ensembles bornés.

En général, la topologie 3(X*, X) est plus fine que 7(X*, X), donc elle ne préserve pas
nécessairement la dualité (X, X*). On désignera par X*™*, I'espace bidual topologique
de X, a savoir, X*™* = (X*, 8(X*, X))*. De la méme fagon, on peut définir sur X* les
topologies faible w(X™*, X**) et de Mackey 7(X*, X**) induites sur X* par X**. Pour
plus d’information sur ces structures topologiques, on renvoie le lecteur au livre de H.
Schaefer et M. Wolff [31]. Le diagramme suivant résume les relations entre les différentes
topologies ci-dessus sur X*:

w (X X)Cr(XX) et wXHXT)CHXX) (X X™). (4)
dualitg (X, X*) dualitév<x* X %)

Désormais, on posera Ry, := RU {+00}, R := RU {—00, +oc}, et par 7y on désignera la
topologie usuelle de R (et ses extensions naturelles & R, et R). Aussi, suivant la notation
originale de Moreau [24], on désignera par ['o(X,#) I'ensemble de toutes les fonctions
f X — R, qui sont convexes, propres, et f-semi-continues inférieurement. On sait que

PO(Xa w) = FO(XJ ‘9) = F0<X7T(X7 X*))’

donc, on écrira simplement I'o(X) au lieu de T'y(X, 0). En méme temps, on écrira I'o(X™)
au lieu de T'o(X*, 5(X*, X)). Finalement, pour une fonction f : X — R, on notera

Cont[f, ] 'ensemble des points ou f est finie et f-continue. On sait que, pour une
fonction f € T'o(X), si Cont[f, 8] # 0, alors

Cont[f, 0] = intg(dom f).

La premiére contribution du Chapitre 1 est constituée de diverses propriétés du sous-
différentiel d’une fonction f de I'y(X), quand Cont[f, ] n’est pas vide.

Rappelons qu” une multi-application M : X == X* est dite monotone si
<I*—y*,l'—y> 207 v(xax*>7(y7y*) EgphMJ

ou gph M désigne le graphe de M dans X x X*. Par ailleurs, M est dite monotone
mazximale si pour toute outre multi-application monotone M’ telle que gph M C gph M,
ona M= M.

Rappelons aussi que, étant donné x € dom M, M est dite



(a) f-w*-semi-continue extérieurement en x si pour toute suite généralisé (x;, z}) dans

gph M telle que x; 9 2 et telle que z} Y e X*, onaaz* e M(x).

(b) #-w*-semi-continue supérieurement en x si pour tout ensemble w*-ouvert W de X*
contenant M (x), il existe un -voisinage U de x telle que M (U) C W.

Proposition 3 Soit (X,0) un espace localement convexe et soit f € T'o(X) telle que
Cont[f, 7(X, X*)] # 0. Alors,

(a) Of est une multi-application monotone mazimale.

(b) Pour tout x € Cont[f, 7(X, X*)], Of est 7(X, X*)-w*-semi-continue extérieurement
en .

Dans le contexte des espaces topologiques généraux, les semi-continuités extérieure et
supérieure ne sont pas reliées. Par contre, pour des espaces localement convexes, la
semi-continuité supérieure implique la semi-continuité extérieure. Aussi, a condition qu’il
existe un voisinage de x tel que son image soit précompacte, la semi-continuité extérieure
implique la supérieure.

On a redécouvert (dans [10]) les résultats de la Proposition 3. Ces résultats peuvent étre
trouvés dans [24, Ch. 11-12].

Avec 'objectif de généraliser le théoréme 2 au contexte des espaces localement convexes,
il nous faut introduire une nouvelle notion de fonctions épi-pointées:

Définition 4 (Fonction 7-épi-pointée) Soit (X, 0) un espace localement conveze et soit T
une topologie localement convexe sur X* plus fine que w*(X*, X). On dit qu’une fonction
f: X — R est 7-épi-pointée si Cont|[f*, 7] n’est pas vide.

Malheureusement, en dehors du contexte des espaces de Banach avec la propriété RNP,
la semi-continuité inférieure n’est pas suffisante pour établir une formule d’intégration a
partir du sous-différentiel, comme illustré dans la proposition suivante:

Proposition 5 Soit X un espace de Banach ne vérifiant pas la propriété RNP. Alors,
il existe une fonction f : X — Ry épi-pointée et semi-continue inférieurement telle que
df(x) =0 pour tout point x € X.

Compte tenu de cette situation, on va remplacer I’hypothése de semi-continuité inférieure
par une nouvelle classe de fonctions qui satisfont un affaiblissement de I’équation (3): Les
fonctions “Subdifferential Dense Primal Determined”

Définition 6 (Fonctions SDPD) Soit (X, 0) un espace localement convexe. On dit qu’une
fonction f : X — Ry est Subdifferential Dense Primal Determined (SDPD) si elle est



6 INTRODUCTION GENERALE

7(X*, X**)-épi-pointée et si l'ensemble des x* € Cont|[f, 7(X*, X**)| satisfaisant I’équation

of(z%) =" [(0f) 7 (=7)] ()
est T(X*, X*™)-dense dans Cont[f*, 7(X*, X*™)].

Dans cette définition, on utilise la topologie de Mackey 7(X*, X**) pour trois raisons:
La premiére est que, entre toutes les topologies présentées ci-dessus, celle-ci est la plus
fine sur X*, donc il y a plus de fonctions 7(X*, X**)-épi-pointées; la deuxiéme est que
dans le contexte des espaces de Banach, 7(X*, X**) coincide avec la topologie induite
par la norme duale de X*; et finalement, la troisieme est que la Proposition 3 garantit
que le sous-différentiel d’une fonction conjuguée f* est semi-continue extérieurement sur
Cont[f*, 7(X*, X*™)]. Par contre, il y a une difficulté avec ce choix: la 7(X*, X**)-densité
des points qui doivent vérifier ’équation (5) est plus difficile & obtenir.

Avec ces deux notions (7-épi-pointée et SDPD) on peut énoncer le théoréme principal du
Chapitre 1:

Théoréme 7 Soit (X, 0) un espace localement convexe, et soit f : X — R, une fonction
SDPD. Pour nimporte quelle fonction g : X — R, satisfaisant la condition

df (x) C 9g(z), Vze X,
il existe une constante c € R telle que
cof= m +c.
Si de plus dom g* C dom f*, alors  f et ©o g coincident & une constante additive pres.

La proposition suivante montre que notre théoréme récupére le théoréme 2 et en méme
temps, il peut étre appliqué dans des plus généraux.

Proposition 8 Les assertions suivantes ont lieu:

(a) Soit X un espace de Banach avec la RNP. Alors, toute fonction norme-épi-pointée
et norme-semi-continue inférieurement définie sur X est SDPD.

(b) Soit X un espace localement convexe semi-réflexif. Alors, toute fonction 7(X*, X)-
épi-pointée et w-semi-continue inférieurement définie sur X est SDPD.

Une question naturelle est de savoir si le théoréme 7 récupére la formule d’intégration
de Moreau-Rockafellar pour les fonctions épi-pointées, c’est-a-dire si toute fonction f €
[o(X) qui est 7(X*, X**)-épi-pointée, est aussi SDPD. Une premiére observation est que
I'équation (5) peut étre décomposée en deux parties: une dépendant seulement de la
fonction elle-méme, et 'autre dépendant totalement de la conjuguée de cette fonction (ou
de fagon équivalente, de I'enveloppe convexe fermée de la fonction):



Proposition 9 Pour une fonction f : X — R et une forme linaire continue v* € X*,
Iéquation (5) est satisfaite par f si et seulement si les conditions suivantes en x* ont lieu:

(i) X NOf*(z*) = [(0f)~ (z)].

(ii) 0f*(a*) = X 1Of ()"
En particulier, une fonction f qui est 7(X*, X*™*)-épi-pointée est SDPD quand il existe
un ensemble T(X*, X**)-dense D de Cont[f*, 7(X*, X*)] tel que f satisfait (i) et (ii) en
tout point x* € D.

Motivé par cette proposition, on définit la classe des espaces localement convexes ot le
théoréme 7 peut étre appliqué a toutes les fonctions de I'g(X) qui sont 7(X*, X**)-épi-
pointées: On les appelle espaces SDPD.

Définition 10 (Espaces SDPD) On dit qu’un espace localement conveze X est un espace
SDPD si pour toute fonction f € I'g(X) telle que Cont[f*, 7(X*, X**)] n’est pas vide, il
existe un sous-ensemble T(X*, X**)-dense D de Cont[f*, 7(X*, X**)] tel que

0k

Of(z%) = X Nof(z*) (6)

en tout point x* € D.

Il est évident que, d’aprés la proposition 8, tous les espaces de Banach jouissant de la
propriété RNP et tous les espaces localement convexes semi-réflexifs sont des espaces
SDPD. On cloture le résumé du Chapitre 1 avec la question suivante: Quand est-ce qu'un
espace de Banach est SDPD? Comme premiére réponse, on a établi la proposition suivante.

Proposition 11 Soit X un espace localement convexe, soit f € T'o(X) une fonction
T(X*, X**)-épi-pointée, et soit x* € Cont[f*, 7(X*, X*™)]. On a l’équivalene:

Af(z*) = X Nofr(z") < (f*) (z*,-) est w*-semi-continue inférieurement.

En particulier, X est un espace SDPD si et seulement si pour toute fonction f € ['o(X)
I’ensemble

D = {z* € int (dom f*, 7(X*, X)) : (f*)(a*,-) est w*-semi-continue inférieurement}

est T(X*, X*™)-dense dans Cont[f*, 7(X*, X*)].

Les Chapitres 2 et 3 sont consacrés a caractériser les espaces de Banach qui sont SDPD.

Chapitre 2: Propriétés Smooth-like

Dans le contexte des espaces de Banach, la proposition 11 précédente peut étre écrite
comme suit: Un espace de Banach X est un espace SDPD si et seulement si pour toute



8 INTRODUCTION GENERALE

fonction f € I'g(X) I'ensemble
D = {z* € int (dom f*) : (f*)(z*,-) est w*-semi-continue inférieurement }

est dense dans int(dom f*). Cette caractérisation est trés similaire & la définition des
espaces w*-Asplund. Rappelons que pour un espace de Banach X on dit que

(a) X est un espace d’Asplund si pour toute fonction f de I'g(X) I'ensemble
D(f):={x € int(dom f) : f est Fréchet-différentiable en x}

est dense dans int(dom f).

(b) X* est un espace w*-Asplund si pour toute fonction f de I'g(X*, w*) 'ensemble
D(f) :={z" € int(dom f) : f est Fréchet-différentiable en x*}

est dense dans int(dom f).

Rappelons que l'application * : I'g(X) — Io(X*, w*) est une bijection, donc I'y(X*, w*)
coincide avec I'ensemble des fonctions conjuguées de fonctions de T'g(X). Alors, il est
clair que la définition des espaces w*-Asplund est semblable & celle des espaces SDPD,
remplacant la w*-semi-continuité inférieure par la Fréchet-différentiabilité. De plus, on
sait que les espaces d’Asplund et les espaces w*-Asplund sont en dualité avec des espaces
qui ont la propriété RNP:

(a) X est un espace d’Asplund si et seulement si X* a la propriété RNP (voir [32]).
(b) X ala propriété RNP si et seulement si X* est un espace w*-Asplund (voir [6]).

Motivé par cette théorie, on introduit la notion de propriétés Smooth-like, qui sont une
généralisation de la Fréchet-différentiabilité et qui, comme on le verra plus loin, recouvre
aussi I’équation (6).

Avant de définir les propriétés smooth-like, on a besoin de formaliser la notion de propriété
qui nous intéresse dans le contexte des espaces de Banach. Une propriété des espaces de
Banach (P) sera considérée comme une famille de fonctions {Py : D(X) — {0,1}}, qui
est indexée par la classe d’espaces de Banach et ou chaque domaine D(X) dépend de
I’espace-indice X.

Intuitivement, la famille des fonctions {Px } est telle que pour chaque z € D(X), Px(z) =
1 veut dire que la propriété (P) est satisfaite en z. Alors, pour bien définir une propriété
(P) on a besoin de spécifier pour chaque espace X: 1) le domaine D(X) de Px; et 2)
qu’est-ce Px(z) = 1 veut dire, normalement & travers la définition de I’équivalence

Px(z) =1 <= (P) est satisfaite en z.

Présentons une famille de propriétés qui généralise la Fréchet-différentiabilité des fonctions
convexes et w*-semi-continues inférieurement: Les propriétés “convexes w*-smooth-like”.



Définition 12 (Propriétés convexes w*-smooth-like) Une propriété (P) d’ espaces de
Banach est dite étre “convexe w*-smooth-like” si pour chaque espace X, D(X) :=
Fo(X*,w*) x X* et la fonction Px satisfait les conditions suivantes:

(i) Px est locale: Pour toute paire de fonctions f,g € T'o(X,w*) et pour chaque sous-
ensemble ouvert U C X*, on a

f|U = g‘U = PX(f’ )|U = PX(f? )|U
(ii) Px estw*-transitive: Pour tout autre espace de Banach'Y et tout opérateur linaire
borné et injectif T :' Y — X avec image fermée, on a
Px(foT™, x*)=Py(f, T x")

pour toute fonction f € To(Y*, w*) et tout point x* € X* (o0 T* dénote l'opérateur
adjoint de T').

(iii) Px est ensemble-consistante: Pour chaque ensemble fermé et borné K de X on
a

(iii.a) Yax* € X* ¥Vt >0, Px(ok,x*) = P(ok,tz").
(Z”b) Vr € X7 PX(UK-i-za ) = PX(0K7 )

(iv) Px est épigraphique: Pour chaque fonction f € T'4(X) et chaque point z* € X*,
on a

Px(f*,2%) = Pxxr(Oepif, (%, —1)).

Pour simplifier la notation, on écrira P(-,-), omettant l'indice. Aussi, dans le cas d’une
fonction d’appui o (ot K est un ensemble convexe et fermé de X)), on écrira quelques
fois P(K,-) a la place de P(o, ).

Finalement, pour une fonction f € I'g(X*, w*), on posera
Plf] :=={z* €dom f : P(f,z*) =1},
et pour f = ok on écrira de méme P[K] a la place de Plog].

Définition 13 (espaces (P)-w*-structuraux) Soit (P) une propriété convere w*-smooth-
like. Un espace de Banach X est dit étre:

(a) (P)-w*-structural si pour toute fonction f € T'o(X*, w*), 'ensemble P[f] est dense
dans int(dom f).

(b) (P)-géométrique si pour tout ensemble convexe, fermé et borné K de X, P[K]| est
dense dans X*.
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Il est évident que la Fréchet-différentiabilité est une propriété convexe w*-smooth-like, et
que pour un espace de Banach X, son dual X* est un espace w*-Asplund si et seulement
si X est w*-structural au sens de la Fréchet-différentiabilité. Dans le Chapitre 2, on
définit aussi une version primale de ce type de propriétés, c’est-a-dire, dans la ligne de
généralisation des espaces d’Asplund. Mais, pour I’étude des espaces SDPD, les propriétés
convexes w*-smooth-like sont les plus pertinentes. Pour cette raison, on se limite ici &
présenter seulement le développement des propriétés de la définition 12.

Les propositions suivantes montrent que les propriétés convexes w*-smooth-like possédent
beaucoup de caractérisations en termes de différentes familles de fonctions, et jouissent
aussi de certaines stabilités. Tout ce qui suit a été motivé par les réductions qu’on peut
trouver dans la littérature pour les espaces w*-Asplund. On renvoie le lecteur au livre de
R. R. Phelps [25] qui contient une étude détaillée de ce type de caractérisations, ainsi que
des résultats de stabilité pour les espaces d’Asplund et les espaces w*-Asplund.

Proposition 14 Soit (P) une propriété convexe w*-smooth-like et soit X un espace de
Banach. Les assertions suivantes sont équivalentes:

(a) Pour toute fonction f € T'o(X*, w*) avec int(dom f) # 0, on a int(dom f)NP[f] # 0.
(b) X est (P)-w*-structural.

(¢) Pour toute fonction f : X* — Ry, qui est convexe, propre, w*-semi-continue in-
férieurement et continue, l’ensemble P|f] est dense dans int(dom f).

(d) Pour toute fonction f € I'o(X*,w*) finie sur X*, P[f] est dense dans X*.

Théoréme 15 Soit (P) une propriété convere w*-smooth-like, et soit X un espace de
Banach. Les assertions suivantes sont équivalentes:

(a) Pour tout ensemble K C X convexe et fermé avec int(domoy) # (), on a Plok| N
int(dom o) # 0.

(b) Pour tout ensemble K C X conveze et fermé, Plok] est dense dans int(dom o).
(¢c) X est (P)-géométrique.
(d) Pour chaque norme équivalente p sur X*, l’ensemble P[p] est dense dans X*.

Proposition 16 Soit (P) une propriété convere w*-smooth-like. Un espace de Banach
est (P)-structural si et seulement si X x R est (P)-géométrique.

Proposition 17 Soit (P) une propriété convexe w*-smooth-like, et soient XY deux
espaces de Banach avec un opérateur linaire borné T 1Y — X, qui est injectif et dimage
fermée. Les assertions suivantes ont lieu:
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(a) X est (P)-géométrique = Y est (P)-géométrique.
(b) X est (P)-w*-structural = Y est (P)-w*-structural.

En particulier, les classes des espaces (P)-w*-structurauz et des espaces (P)-géométriques
sont stables pour les sous-espaces fermés et pour les isomorphismes.

En ce qui concerne les espaces w*-Asplund, la caractérisation la plus importante pour
nous est la suivante: Etant donné un espace de Banach X, son dual X* est un espace
w*-Asplund si et seulement si toute norme duale équivalente sur X* a un point de Fréchet-
différentiabilité. Dans le cas des propriétés convexes w*-smooth-like, on a obtenu le méme
résultat pour les espaces de Banach séparables, en utilisant une hypothése supplémentaire:
La regle de w*-somme.

Définition 18 (w*-Sum rule) Soit (P) une propriété convexe w*-smooth-like. On dit que
(P) a la régle de w*-somme si pour tout espace de Banach X et toute paire de fonctions
fyg € To(X*,w*) on a

PX(f+gv) :mln{PX(fa)va(gv)} (7)

Pour utiliser la régle de w*-somme, quelques résultats préliminaires sont nécessaires: On a
besoin de couvrir un espace par “rotation de cones”. Les deux propositions suivantes mon-
trent qu’on peut le faire pour des espaces séparables et pour les espaces duaux d’espaces
séparables (qui ne sont pas nécessairement séparables).

Proposition 19 Soit X un espace séparable et soit C une cone ouvert de X. Alors il
existe une famille dénombrable d’isomorphismes {T,, : X — X | n € N} tels que

J7e) = X\ {or.

neN

Proposition 20 Soit X un espace séparable et soit C' un cone ouvert de l’espace dual
X*. Alors, il existe une famille dénombrable d’isomorphismes {T,, : X — X | n € N} tels
que

U@ () = X"\ {o}.

neN

En utilisant la proposition précédente, on peut déduire le théoréme suivant, qui est notre
derniére réduction pour les propriétés convexes w*-smooth-like.

Théoréme 21 Soit X un espace de Banach séparable et soit (P) une propriété convexe
w*-smooth-like avec la régle de w*-somme. Alors, X est (P)-géométrique si et seulement
si pour toute norme équivalente p sur X, il existe une forme linaire continue x* € X*\ {0}
telle que

Px<p*, x*) = 1,
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ou py désigne la norme duale sur X* associée a p.

Chapitre 3: La propriété de Radon-Nikodym de faces

Dans leur article [4], A. K. Chakrabarty, P. Shunmunagaraj et C. Zilinescu ont étudié
diverses propriétés de continuité du sous-différentiel et du e-sous-différentiel des fonctions
convexes. Leur travail rassemble beaucoup de contributions dans la méme ligne, comme
[8], [15], [16] et [17]. Alors, [4] est en méme temps un survey et une généralisation des
contributions précédemment mentionnées.

Dans [4], 'équation qui nous intéresse, c’est-a-dire, l’équation (6), est caractérisée en
termes d’une notion appelée Hausdorff-semi-continuité supérieure.

Définition 22 Soit (T,7) un espace topologique, (Z,0) un espace localement conveze,
M : T =7 une multi-application et ty un point de T. On dit que M est 7-0 Hausdorft-
semi-continue supérieurement (7-0-H-scs, pour simplifier) en ty si

VYV € Nz(0), 3U € Nr(to) tel que M(U) C M(to) + V.

Le résultat de [4] qu’on utilisera est le suivant:
Théoréme 23 (|4, Proposition 5.2]) Soit f € I'o(X*, w*) et soit * € int(dom f). On a
[’équivalence
of (x%) = Wf(x*)w** <= 0f(0,-) est 7 -w H-scs en z*.
ot 0f : Ry x X* =2 X est la multi-application définie par

Of(e,z") == X No.f(z").

Maintenant, on présente un des résultats principaux du Chapitre 3: Les espaces SDPD
sont des espaces (P)-w*-structuraux par rapport a une propriété convexe w*-smooth-like:

Théoréme 24 Soit (P) la propriété d’espace de Banach définie comme suit: Pour chaque
espace de Banach X, le domaine de Px est D(X) := Io(X*, w*) x X*, et Px est définie
par l’équivalence

*k

Px(f,2") =1 < z* € int(dom f*) et Of (z*) = X NIf(z*) . (8)

Alors, la propriété (P) est conveze w*-smooth-like et donc, d’aprés I'équivalence (8), étre
un espace SDPD revient a étre un espace (P)-w*-structural.
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Maintenant, on va donner une caractérisation des espaces SDPD via les “faces exposées”. 1l
y a beaucoup de définitions des faces d’un ensemble dans la littérature, mais on va adopter
la convention que, dans un espace de Banach X, une face F' d'un ensemble K C X est un
sous-ensemble exposé de K, c’est-a-dire, il existe une forme linaire continue z* € X*\ {0}
telle que

F={rxeK : (2" 2)=0k(2")}.

Dans ce cas, on écrira F' := F[K,z*| pour éviter toute ambiguité, quand cela parait
nécessaire.

Définition 25 (Face f-exposée) Soit K C X un ensemble conveze et fermé, et soit F' une
face de K. Soit aussi 6 une topologie localement convere entre w(X, X*) et 7 (ot 7
désigne la topologie sur X induite par la norme || - ||). On dit que F' est une face 6-exposée
de K par une fonctionnelle x* € X*\ {0} si F' = F[K,x*] et pour tout O-voisinage V de
0, il existe a > 0 tel que

S(K,z",a) C F+V,

ou S(K,z*,a) == {x € K : (2", x) > og(x*) — a} est la tranche de K induite par z*
et a. Dans ce cas, on dit que x* 0-expose F. L’ensemble des fonctionnelles de X* qui
0-exposent une face de K, sera noté E[K,0)].

Définition 26 (Propriété de Radon-Nikodym de faces) Un espace de Banach X a la
propriété de Radon-Nikodym de faces (ou est FRNP, par acronyme en Anglais "Faces
Radon-Nikodijm Property), si pour tout ensemble K de X qui est conveze, fermé et borné,
E[K,w] est dense dans X*.

Proposition 27 Soit (P) la propriété convere w*-smooth-like considérée dans le théoreme
24. Pour tout espace de Banach X et tout ensemble K convexe, fermé et borné de X, on
a Px[K] = E[K, w].

Alors, un espace a la FRNP si et seulement si il est (P)-géométrique.
A partir de ce qui a été déja obtenu, on déduit le corollaire suivant:

Corollaire 28 Si un espace de Banach X a la propriété FRNP, alors tout ensemble K
convexe, fermé et borné de X peut étre récupéré comme [’enveloppe convexe fermée de ses
faces w-exposées, c’est-a-dire

K=cw| |J F[K "

z*€E[K,w]

Suite au théoréeme 23, on a étudié aussi une version forte des espaces SDPD et de la FRNP,
basée sur la propriété des espaces de Banach (sP), définie comme suit: Pour chaque espace
de Banach X, le domaine de sPx est D(X) := I'o(X*,w*) x X* et la fonction sPy est
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donnée par ’équivalence

sPx(f,2") =1 <= 2" € int(dom f) et f(0,) est 7. -7, H-scs en z™. 9)

Proposition 29 La propriété (sP) est une propriété convere w*-smooth-like. De plus,
la propriété (sP) vérifie la regle de w*-somme.

Définition 30 Etant donné un espace de Banach X, on dit:
1. X est un espace strong-SDPD s’il est (sP)-w*-structural.

2. X ala strong-FRNP s’il est (sP)-géométrique.

Pour la propriété (sP) on peut obtenir un résultat similaire au Corolaire 28, mais plus
fort, compte tenu du fait que (sP) a la régle de w*-somme:

Proposition 31 Si un espace de Banach X a la strong-FRNP, alors tout ensemble K
convexe, fermé et borné de X peut étre récupéré comme [’enveloppe convexe fermée de ses
faces 7. -exposées, c’est-a-dire

K= | |J FIK
x*GE[K,T”.H]

De plus, si X est séparable, la condition ci-dessus est aussi suffisante.

Dans la derniére partie du Chapitre 3, on compare les propriétés suivantes: La RNP, la
strong-FRNP et la FRNP. La proposition suivante résume nos résultats.

Proposition 32 Soit X un espace de Banach. Les implications suivantes ont lieu:
X ala RNP = X a la strong-FRNP — X a la FRNP.

De plus, st X possede une copie de cq, alors X n’a pas la propriété FRNP.

Maintenant, nous ne savons pas si la FRNP est équivalente ou non a la RNP. Cette
question est encore ouverte. On espére pouvoir y répondre dans le futur.

Partie II: Géométrie Non-convexe

La deuxiéme partie de la thése correspond a I’étude de la différentiabilité de la projection
métrique sur des sous-ensembles des espaces de Hilbert. Ce probléme est motivé par
trois travaux différents: L’article de 1973 de R. B. Holmes [19]; larticle de 1982 de S.
Fitzpatrick et R. R. Phelps [14]; et I'article de 1984 de J.-B. Poly et G. Raby [27].
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Les deux premiers articles ci-dessus cités ont examiné la différentiabilité de la projection
métrique Py, quand K est un corps convexe (i.e. int K # ()) d’un espace de Hilbert X
(doté de la norme hilbertienne || - || associée au produit scalaire (-,-)). Ces deux articles,
[19] et [14], ont établi des résultats qui relient la différentiabilité de Px a la lissité de
la frontiére de K, bd K, au sens de variétés différentiables. Rappelons les théorémes
principaux de ces articles:

Théoréme 33 (Holmes, 1973) Soit X un espace de Hilbert, K un corps convexe de X
et 1o € bd K. Supposons que bd K soit une sous-variété de X en xy de classe CP™' (avec
p > 1). Définissons le rayon normal ouvert de K en xo comme [’ensemble

Ray, (K) := {xo +tn(x) : t > 0},

ot 1(xg) désigne le vecteur normal extérieur de K en xq. Alors, il existe un voisinage W
de Ray, (K) tel que di soit de classe CP™' sur W et Pk de classe CP sur W.

La contribution fondamentale de [14] (Théoréme 34 ci-dessous) est d’avoir pu identifier la
condition a ajouter dans I’énoncé du théoréme précédent pour aboutir & une caractérisa-
tion pour que Py soit de classe CP sur un voisinage du rayon ouvert ci-dessus. Le résultat
peut étre énoncé sous la forme d’équivalence suivante:

Théoréme 34 (Fitzpatrick-Phelps, 1982) Soit X un espace de Hilbert et K un corps
convexe de X. Alors, bd K est une sous-variété de classe CP™' (avec p > 1) de X si et
seulement si Pi est de classe CP sur X \ K et, pour tout x € X \ K, la restriction de
DPrg(x) a Uhyperplan

Hlz) ={z€ X : (2,2 — Pg(z)) =0}
est inversible.

De fagon indépendante, le troisiéme article [27] a étudié la différentiabilité de la projection
métrique Py quand ensemble M est lui-méme une sous-variété de classe CP*! d’un espace
euclidien de dimension finie.

Théoréme 35 (Poly-Raby, 1984) Soit M un sous-ensemble d’un espace euclidien X de
dimension finie, et soit mg € M. L’ensemble M est une sous-variété de X en mq de
classe CP™' (avec p > 1) si et seulement si la fonction distance carré di;(-) est de classe
CP™ dans un voisinage de my.

On remarque que ces trois théorémes considérent des ensembles qui sont au moins des
sous-variétés de classe C2. En fait, en dehors de cette classe, il y a beaucoup de contre-
exemples méme en dimension finie (voir, par exemple, [20] et [14]).

La contribution de cette seconde partie de la thése est de relaxer les hypothéses de ces
théorémes: Pour les théorémes 33 et 34, on remplace ’hypothése de convexité par une
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autre plus générale: la proz-régularité. La projection métrique sur un ensemble prox-
régulier étant bien définie (comme application) “proche” de cet ensemble. On a établi,
pour des ensembles prox-réguliers, des résultats similaires aux théorémes 34 et 35. Ces
résultats sont obtenus sous des formes quantifiées faisant intervenir les constantes de prox-
régularité des ensembles. Pour ce qui concerne le théoréme 35, on étend (partiellement)
le résultat aux espaces de Hilbert de dimension arbitraire (finie ou infinie) et on donne
un voisinage quantifié ot la projection métrique est différentiable.

Chapitre 4: Sous-variétés et prox-régularité

Ce chapitre est pour une bonne partie un résumé de tous les éléments qui sont nécessaires
pour développer notre contribution dans le chapitre 5. Les rappels nécessaires concernent:
Les sous-variétés d’'un espace de Hilbert, la théorie du calcul proximal, et finalement les
ensembles prox-réguliers. Nous ne donnerons dans le résumé ici que les définitions et
propositions qui sont fondamentales pour comprendre les théorémes que nous énoncons
ci-dessous du chapitre 5.

Dans ce qui suit, X sera toujours un espace de Hilbert avec || - || sa norme euclidienne et
(+,+) son produit scalaire, et p sera toujours un entier supérieur ou égal a 1.

Les premiéres notions a rappeler sont celles de sous-variétés et d’espaces tangents.

Définition 36 (Sous-variétés de classe C?) Un sous-ensemble M de X est dit étre une
CP-sous-variété en un point mg € M ou une sous-variété en mg € M de classe CP sl
existe un voisinage ouvert U de mg, un sous-espace fermé Z de X (qui s’appelle l’espace
modéle) et une application ¢ : U — p(U) C X tels que

1. ¢ est un CP-difféomorphisme, c’est-a-dire, p(U) est un sous-ensemble ouvert de X,
0 : U — @(U) est bijective, et @, =1 sont toutes deuz de classe CP.

2. p(mp) =0 et oMNU)=ZnNe,).

On dit simplement que M est une CP-sous-variété de X s’il est une CP-sous-variété en
tout point m de M, avec le méme espace modeéle Z .

Définition 37 (Espace tangent) Soit M C X wune sous-variété en un point mg € M de
classe CP. On définit I'espace tangent de M en mqg comme [’ensemble

TwoM :={h € X : Iy:]—1,1[= M, C'-courbe avec v(0) = mqy et v'(0) = h}.

La prochaine proposition nous permet de représenter les sous-variétés localement comme
le graphe d’une application différentiable.
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Proposition 38 Soit M un sous-ensemble de X et mg € M. Alors M est une sous-
variété en mq de classe CP si et seulement s’il existe un sous-espace fermé Z de X, un

voisinage ouvert U de mg dans X, un voisinage ouvert V de 0 dans Z et une application
0:V — Z+ de classe CP tels que 6(0) =0, DA(0) =0 et

MNU= (L' (gph8) +mo) N,

ou L : X — Z x Z+ est lisomorphisme canonique donné par L(x) = (rz(x), 7,1 (7)),
avec Ty et w41 les projections paralléles associées a la décomposition X = Z ® Z+. Dans
ce cas, on a Z = T, M.

Dans le cadre convexe, on sait que pour tout ensemble convexe fermé, la projection
métrique existe toujours et elle est unique. En dehors de ce contexte, c¢’est nécessaire
de mieux formaliser ce que l'on entend par “projection métrique”. Dans ce qui suit, pour
un ensemble non-vide S de X, on désignera par dg(-) (ou d(+; S) si besoin est) la fonction
distance de S, c¢’est-a-dire, pour z € X

ds(z) ;== inf{||z — s|| : s€S}.

Définition 39 (Projection métrique) Soit S un ensemble non-vide de X et soit v € X
un point fixé. On dit qu’un point s de S est une projection de x sur S si

[ = 5]l = ds(z).

L’ensemble de toutes les projections de x sur S sera notée (comme il est usuel) Projg(z)
ou Proj(x;S). SiProjg(z) est un singleton, alors son unique point s’appelle la projection
métrique de z sur S et elle est notée Ps(x).

Via la définition 39, on peut introduire I'un des outils sur lesquels est basée notre con-
tribution: Le cone normal proximal. Cet outil est I'une des notions fondamentales de la
théorie du calcul proximal. Quand l'on est en dehors du contexte convexe, on a besoin
d’une notion appropriée de cone normal. Bien qu’il y ait plusieurs concepts de cones
normaux dans la théorie de ’analyse variationnelle, le mieux quand on travaille avec les
projections est le cone normal proximal, qui est défini avec cet objectif. Ici, on ne fait
que rappeler cette notion, et on renvoie le lecteur au livre de Clarke, Ledyaev, Stern et
Wolenski [5] pour les diverses propriétés et plus de détails.

Définition 40 (Cone normal proximal) Soit S un sous-ensemble non-vide de X et s € S.
On dit qu’un vecteur ( € X est un vecteur normal proximal de S en s sl existe t > 0 tel
que

s € Projg(5 + ().
L’ensemble de tous les vecteurs normauz prorimauzr de S en 5 s’appelle le cone normal

proximal de S en 3, et il est désigné par N¥'(S;5).

A partir du cone normal proximal, on définit la notion de rayon normal, qui a été utilisé
dans le théoréme 33: Pour un ensemble fermé S de X, un point = € bd S et un réel A > 0,
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quand le cone normal proximal de S en x est de la forme
NP(S;z) = {tv : t >0},

pour un certain vecteur v avec ||v|| = 1, on définit le rayon normal ouvert de S en x et le
rayon normal ouvert A-tronqué de S en x comme les ensembles

Ray,(S) :={x+tv : t €]0,+o00[} (10)
Ray, \(S) :=={z+tv : t €]0,A\[} (11)

respectivement. Nous verrons plus loin que notre extension du théoréme 33 fait intervenir,
au lieu du rayon normal ouvert, le rayon normal ouvert tronqué avec un réel A > 0
approprié.

Maintenant, on présente la derniére notion fondamentale dont nous avons besoin: Les
ensembles prox-réguliers. Avant de donner la définition, on veut fixer certaines notations.
Pour un point # € X et un réel a > 0, on note par Bx(x,«) la boule ouverte centrée
en = et de rayon a, et par Byx[r,a] la boule fermée de mémes paramétres. Aussi, on
écrit By pour désigner la boule unitaire fermée de X centrée a l'origine, c’est-a-dire,
BX = BX[O, 1]

Définition 41 (Ensemble prox-régulier) Etant donnés un réel étendu r €10, +o00] et un
réel a > 0, on dit qu’un ensemble fermé S de X est (r, a)-prox-régulier en xo € S si pour
tout x € SN Bx(xg, ) et tout ¢ € NP(S;2) NBx, on a

x € Projg(x +1tC), pour tout réel t € [0,r]. (12)

On dit que S est r-prox-régulier en xq s’il est (r, a)-proz-régulier en xo pour un certain
a > 0, et on dit sstmplement que S est prox-régulier en xq, sl est r-proz-réqulier en xq
pour un réel étendu r € )0, +00].

Par conséquence, on dit que S est r-prox-réqulier (resp. proz-régulier) s’il est r-prox-
réqulier (resp. prox-régulier) en tout point x € S.

Il est évident & partir de la définition que si S est (r, a)-prox-régulier en z,, alors il est
aussi (1, o)-prox-régulier en xg, pour tout ' €10,7] et tout o’ €10, a.

Il y a beaucoup de travaux a propos des ensembles prox-réguliers, mais on renvoie le
lecteur au survey trés approfondi et détaillé de G. Colombo et L. Thibault [7] sur le sujet.

Dans la theése [22] de M. Mazade il y a des caractérisations quantifiées de la prox-régularité
locale. Ces caractérisations ont été motivées par le célébre article de R. A. Poliquin, R.
T. Rockafellar et L. Thibault [26], de I’année 2000. Nous rappelons ci-dessous les versions
dans [22], qui vont nous permettre d’avoir des résultats en termes de voisinages quantifiés
des rayons normaux. Ces résultats sont basés sur deux ensembles apparaissant dans [22].
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Pour r €]0, +00] et a > 0, on considére les élargissements locaux suivants de S en un
point zy € S:

Rs(zo,ma) :=={z+tv : € SN Bx(zg,), t €[0,7, ve N'(S;z)NBx}, (13)
Ws(zo,r, ) :={u € X : Projg(u) N Bx(xg, ) # 0, ds(u) <r}. (14)

On résume les résultats provenant de [22] dans le théoréme suivant:

Théoréme 42 (Voir [22], 2011) Soit S un ensemble fermé de X, xy € S, r €10, +o0] et
a > 0. Les assertions suivantes sont équivalentes:

(i) S est (r,a)-prox-régulier en xg;

(ii) L’ensemble Ws(xo, 7, ) est ouvert et Ps est bien définie et localement Lipschitz-
continue en Ws(xq,r, a);

(i1i) L’ensemble Ws(xo,r, ) est ouvert et dg est continument différentiable sur Ws(zo, 7, o)\

S, avec Vdg(u) = “;ﬁz(;‘) pour tout point u € Ws(xq, r, a);

(iv) Pour chaque point x € SN B(zg,a) et chaque ¢ € N¥(S;x) on a
(¢, 2" —x) < HQC—”HQJ’ —z||*  pour tout 2’ € S.
r

En plus, si S est (r,a)-proz-régulier en xo, alors les ensembles Rg(xo,r, ) et
Ws(xo, 7, ) coincident, et pour chaque v €10, 1] Uapplication Ps(-) est Lipschitz-
continue sur Ws(zg, yr, o) avec (1 —~)~! comme constante de Lipschitz.

Finalement, on présente la notion de corps fermé, qui remplace celui de corps convexe
dans notre contexte.

Définition 43 (Corps fermé) Un ensemble S de X est dit étre corps fermé (relatif a X)
autour de xq € S s’il existe un voisinage ouvert U de xqy tel que UNS = U N (int S) et
U Nint S est conneze.

St U = X, c’est-a-dire, S = int S et int S est connexe, on dit simplement que S est un
corps fermé (relatif a X ).

Rappelons qu'un ensemble S de X est dit étre épi-Lipschitzien en xg € S dans la direction
h € X \ {0} s’ existe un voisinage U de zp, un sous-espace supplémentaire topologique
Z de RA, et une fonction f : Z — R Lipschitz-continue tels que, écrivant X = Z & Rh,
on a

UNnS={z+rheU : (2,7)€epif} (15)

La proposition suivante montre que les ensembles avec une frontiére CP™-lisse (au sens
que cette frontiére est une sous-variété de classe CP1) sont prox-réguliers et aussi sont
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représentables comme graphe/épigraphe d’une fonction Lipschitzienne. Cette proposition
ne se trouve pas dans la thése de fagon explicite, mais on I’énonce ici pour montrer que la
prox-régularité et la propriété épi-Lipschitz sont en fait des conditions nécessaires, quand
on a des frontiéres de classe C? ou plus.

Proposition 44 Les assertions suivantes ont lieu:

(a) Soit M C X une sous-variété en mg € M de classe C*. Alors, M est proz-régulier

en mg et
NP(M;mO) = (TmoM)J_‘

(b) Soit S C X un corps fermé autour de xo € bdS. Supposons que bd S soit une
sous-variéte en xq de classe C?. Alors, S est proz-régqulier et épi-Lipschitzien en x
et il existe un vecteur v € X avec ||v|| =1 tel que

NP(S;m0) = {tv : t > 0}.

Chapitre 5: Différentiabilité de la projection métrique

Ici on résume les résultats principaux de la seconde partie de la thése.

Théoréme 45 Soit S C X un corps fermé autour de xq € bd S, et soit un entier p > 1.
Supposons qu’il existe r €10, +00] et a > 0 tels que Bx (xg, @) Nbd S soit une sous-variété
de classe CP™t et que S soit r-proz-régulier en xy. Alors, il existe un voisinage V de
Ray,, .(S) tel que

e dg est de classe CP*! en V;

e Pg est de classe CP en V.
En plus, si S est (r,a)-proz-régulier en xy, alors
ds est de classe CPT' sur Wg(xo,7,a) \ S.

Ps est de classe CP sur Wg(xg,r,a) \ S.

Pour un ensemble S de X et un point x € X tel que Ps(z) existe, on définit I'hyperplan
H{z| comme
Hlz] ={2€ X : (2,2 — Ps(x)) = 0}.

Théoréme 46 Soit S un corps fermé de X et soit xo € bdS. Supposons que S soit
r-prox-réqulier et épi-Lipschitzien en xy. Alors, les assertions suivantes sont équivalentes:

(i) bd S est une sous-variété en xo de classe CP1L;
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(11) Il existe o > 0 tel que Ps soit de classe C* sur Wg(xg,r,a) \ S et pour chaque u €

Ws(xo,r, ) \ S, la restriction de DPg(u) a H[u] est inversible comme application
de H[u| dans Hlu);

(iii) il exite un voisinage U de xq tel que Ps soit de classe CP sur U \ S et tel que, pour
tout u € U\ S, DPs(u) soit surjective de H[u] dans H|u).

Les théorémes 45 et 46 sont des extensions significatives des théorémes 33 et 34, respec-
tivement. Notons que ces théorémes donnent en plus une quantification en termes de la
constante de prox-régularité. Aussi, dans le théoréme 46, les hypotheéses de prox-régularité
et de la propriété épi-Lipschitz sont en méme temps nécessaires.

Au niveau des sous-variétés, on a obtenu un résultat similaire au théoréme 45, qui
généralise et quantifie la nécessité du théoreme 35.

Théoréme 47 Soit M un ensemble fermé de X qui est une sous-variété en mg € M de
classe CP*L, avec p > 1. Si M est r-proz-régulier en my, alors il existe o > 0 tel que

o d3,() est de classe CP™' sur Wy (mq,r, );

o Py est de classe CP sur Wy (mg,r, ).

Le probléme fondamental en connexion avec ce dernier théoréme est sa réciproque. On
est arrivé a une réciproque partielle, qui est basée sur un renforcement du concept de
sous-variété de classe CP*L.

Rappelons maintenant la notion de locale uniforme continuité. Soit E et F' deux espaces de
Banach et U un sous-ensemble ouvert de £. On écrira Clko’g (U; F) (avec k > 0) I'ensemble
de toutes les applications f : U — F qui sont de classe C* et telles que la k-iéme dérivée est
localement uniformément continue: pour chaque u € U il existe g > 0 avec Bx (u,dy) € U
tel que DF f soit uniformément continu sur Bx (u, &), c’est-a-dire,

Ve >0, 30 > 0, Yu,u' € Bx(ug, ), ||u— || <d=|DFf(u) — D*f()| < e.
En méme temps, on désignera par Cllf)cl (U; F') 'ensemble de toutes les applications f : U —

F qui sont de classe C* et telles que la k-iéme dérivée est localement Lipschitz continue.

D’apres la Proposition 38 un ensemble M de X est une sous-variété en my € M de classe
CP il existe un sous-espace vectoriel fermé Z de X, un voisinage U de mg dans X, un
voisinage V; de 0 dans Z, et une application 0 : V,; — Z=+ tels que

(i) € est de classe C?;
(i) 0(0) =0 et DO(0) = 0; et

(iii) MNU = (L™ *(gph @) +mo)NU, ot L : X — Z x Z* est I'isomorphisme canonique
donné par L(x) = (mz(z), 751 (x)) (avec mz, w41 les projections paralléles associées
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a la décomposition X = Z & Z1).

Maintenant, on introduit deux renforcements de la notion de sous-variétés: Si en plus,
DP est localement uniformément continue autour de 0, on dira que M est une CP°-sous-
variété en myg, et si DP@ est localement Lipschitz continue autour de 0, on dira que M est
une CP'-sous-variété en mg. On a I'impression que ces notions doivent étre connues dans
la littérature, mais malheureusement on n’a pas trouvé de références.

Lemme 48 Soient X, Y et Z trois espaces de Hilbert et soit U un voisinage ouvert de
0 dans X. Considérons une application continue T : U — L(Y;Z) (ou L(Y; Z) désigne
Uespace des opérateurs linaires continus de Y dans Z) et un entier p > 1. Définissons
lapplication g : U X Y — Z donnée par

g(u,y) == T(u)y.

Alors, T est de classe CP, quand g est de classe CP, et il existe un voisinage V de 0 dansY
tel que la famille {DPg(-,v)},ev est localement equi-uniformément continue, c¢’est-a-dire,
pour chaque ug € U, il existe &g > 0 avec Bx(ug, ) C U, tel que pour chaque € > 0

30 > 0, Yu,u € Bx(ug,dp), ||lu—1u'|| <§ =sup||DPg(u,v) — DPg(u',v)|| <e. (16)
veV

En plus, si g}v e CPY(U x V;Z) (respectivement, g‘v € CPYU x V;2)), alors T €

loc

CPUU L(Y; Z)) (respectivement T € CPY(U; L(Y; Z))).

loc

Avec ce lemme fondamental, on a obtenu une réciproque partielle du théoréme 47. On
caractérise les CP'-sous-variétés et les CP'-sous-variétés en termes de la différentiabilité
de la fonction distance carré.

Théoréme 49 Soit M un sous-ensemble fermé de X et soit mog € M. Les assertions
suivantes ont lieu:

(a) M est une CPT™HC-sous-variété en mqy si et seulement si il existe un voisinage U de
myg tel que

(a.i) d%;(-) est de classe CPTH0 sur U;
(a.ii) Py est bien définie sur U et elle appartient a Cf’O’S(U; X).

(b) M est une CP*H-sous-variété en mg si et seulement si il existe un voisinage U de
myo tel que

(b.1) d3,(-) est de classe CP™H1 sur U;

(b.ii) Py est bien définie sur U et elle appartient o C21(U; X).

Ce qui reste est de savoir si I'on peut trouver une réciproque du théoréme 47 pour les
CPHl_sous-variétés sans aucune condition de continuité uniforme de la derniére dérivée de
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la fonction distance carré. Une possibilité est de vérifier si toute fonction distance carré
d3,(-) satisfait la condition d’equi-continuité uniforme du Lemme 48. Il est aussi possible
que la stratégie soit différente pour montrer la suffisance dans le théoréme 47. Cette
question est ouverte.
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Part 1

Convex Geometry: Integration
Formulas Using the
Fenchel-subdifferential and the Faces
Radon-Nikodym Property
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Introduction of Part 1

The problem with integration of lower semicontinuous convex functions in terms of their
Fenchel subdifferential, was started and solved by Moreau [33] in Hilbert spaces. The
problem was then studied by Rockafellar [38] in the 60’s: He proved that every two
proper lower semicontinuous convex functions f, g defined over a Banach space X with
values in R U {+o0} satisfying

9f(x) € dg(x), Vr € X,

are in fact equal up to an additive constant. Motivated by this result, some generalizations
to nonconvex cases have been made by, among others, Benoist, Burachik, Correa, Dani-
ilidis, Jofré, Martinez-Legaz, Poliquin, Rocco, Thibault, Zagrodny and Zlateva involving
the Fenchel subdifferential and other kinds of subdifferentials as well (see, for example [3],
[12], [19], [31], [46]-[48]). The literature on the subject is vast. In particular, in the article
of R. Correa, Y. Garcia and A. Hantoute [17], they accomplished many integration results
for a particular family of nonconvex functions introduced by Benoist and Hiriart-Urruty
in [30]: the ones which are epi-pointed. A function f defined over a Banach space X
with values in R U {400} is epi-pointed if the effective domain of its Legendre-Fenchel
conjugate f* has nonempty interior.

The most interesting result in this line is the following: If X is a Banach space with
the Radon-Nikodym property (RNP, for short), then for each epi-pointed and lower-
semicontinuous function f : X — R U {400} and any function g : X — R U {400} we
have that

Of(x) C dg(x), Vo € X = Jc € R, ¢o f = o gUogoms + ¢,

where ¢o f denotes the closed convex envelope of f, ogoms+ is the support function of
the effective domain of f*, domf*, and [J is the classic Moreau inf-convolution. The
main observation that allowed the authors to derive this integration formula is the fol-
lowing: whenever X is a Banach space having the RNP and f is an epi-pointed lower
semicontinuous function, then the set

Dy = {z* € int(dom f*) : Of*(z*) = (0f) ' (z*)}

is dense in int(dom f*), where the subdifferential of f* is defined as a set-valued mapping
from X* into X**, which is usually written as 0f* : X* = X**.
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The Radon-Nikodym property was introduced as first as a vector-valued measure pro-
perty: A Banach space X is said to have the RNP if for every measure space (€2, %, )
with p being a countable-additive measure over the o-algebra >, and every vector measure
m : 3 — X which is absolutely p-continuous, there exists a Bochner p-integrable function
f:Q — X such that

m(E) = /E fdu(w), YEES.

This subject is deeply developed in the books [9] and [21|. Nowadays, Radon-Nikodym
property is likely to be presented according to some of its many geometrical characteri-
zations. Here, we present it in terms of convex closed hulls of strongly-ezposed points (see
Definitions 2.2.9 and 2.2.10 in Chapter 2): We will say that a Banach space X has the
RNP if and only if every closed convex bounded set K of X coincides with the closed
convex hull of its strongly-exposed points.

In Chapter 1 we generalize the result of Correa-Garcia-Hantoute, replacing the Banach
space by a general (Hausdorff) locally convex space (X, #). For this we introduce a new
notion of epi-pointedness, depending on the topology used in the dual space X*, and
replace the RNP hypothesis with a special property of the function itself, namely to be
Subdifferential Dense Primal Determined (SDPD, for short). The main idea of these
functions is to replace the condition 0 f*(z*) = (9f) ' (z*) by

0f (z*) =w"" [(0f) 7 (=")] |

which, under suitable notions of density and epi-pointedness, will be enough to ensure
the desired integration formula (for more details, see 1.3.7 in Chapter 1). The obtained
integration formula is a generalization of Correa-Garcia-Hantoute integration theorem.
Indeed, as we observe in Proposition 1.3.13, in a Banach space with the RNP, every epi-
pointed lower semicontinuous function is SDPD. Nevertheless, outside the RNP setting,
lower semicontinuity is not enough to guarantee SDPD (see Proposition 1.3.6).

A natural question arises: How can we assure that SDPD condition is satisfied by a large
family of epi-pointed functions? This question is what leads Chapters 2 and 3. We realize
that a minimal expected condition over the space is that SDPD condition be satisfied in
the convex setting, and so we introduce the notion of SDPD spaces: A Banach space X

is said to be SDPD if and only if every epi-pointed convex lower-semicontinuous function
defined on X is an SDPD function.

SDPD spaces are very similar to Banach spaces with a w*-Asplund dual space. Recall
that a Banach space X (resp. a dual space X*) is said to be an Asplund space (resp. w*-
Asplund space) if for every real-valued convex continuous (resp. w*-lower semicontinuous)
function f over X (resp. X*) is Fréchet-differentiable in a dense set of X (resp. X*).
These spaces are in duality with the RNP, namely:

1. A Banach space X is an Asplund space if and only if its dual X* has the RNP. (see
Theorem 2.2.13).
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2. A Banach space X has the RNP if and only if its dual X* is a w*-Asplund space
(see Theorem 2.2.15).

Even though the definitions of the RNP and Asplund spaces consider a wide family of
sets or functions, many reductions have been made. In fact, it is known that X* is a w*-
Asplund space if and only if every equivalent dual norm on X* is Fréchet-differentiable at
some point. Analogously, X is an Asplund space if and only if the same differentiability
condition holds for every equivalent norm on X.

Chapter 2 is devoted to generalize these kinds of theorems to more general properties of
Banach spaces. Assume that we have a property (P) over the class of Banach spaces of
the following form:

A Banach space X has the property (P) if for every real-valued convex continuous
function f over X, there exists a dense set D such that f satisfies certain condition
Px(f,x) at every x € D.

In the case of Asplund property, the condition Px(f,x) is f to be Fréchet-differentiable
at . We will show that, under certain regularity conditions of (P), the reductions known
for Asplund property are still valid, that means, we will obtain theorems of the form
“A Banach space X has the property (P) if and only if every equivalent norm p over X
satisfies Px(p, z) at every point x in a dense set D”.

The Banach space properties that have this regularity condition (which will be formally
defined later) are called convexr smooth-like properties. As for Asplund property, we will
also define their weak-star version in the dual space, called convex w*-smooth-like prop-
erties. Finally, we will show that both, convex smooth-like and convex w*-smooth-like
properties, have a dual (or predual) geometrical interpretation, namely, that they are in
duality with some property of the convex w*-closed (resp. closed) sets of the dual space
(resp. predual space).

In Chapter 3, we show that SDPD property is in fact a convex w*-smooth-like property
and we provide its geometrical interpretation: what we call the Faces Radon-Nikodym
property (FRNP).

We also introduce a stronger version of the FRNP and we connect it with the notion of
strong subdifferentiability, which has been widely studied in the literature (see, e.g., [27],
[29] and the references therein). At the end of Chapter 3, we study the natural question
on this theory: Whether or not the FRNP and the RNP are equivalent. We provide
several partial results in this line but the question remains open.
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Chapter 1

Integration Formulas for Epi-pointed
Functions in Locally Convex Spaces

In what follows, we will write R := R U {—o00, +00} and R, := RU {+occ}. Also, 7y will
denote the usual topology in R (and its natural extension to R, and R). For a topological
space (T, 7) and a point ¢ty € T, we will denote by Nz (to, 7) (or simply by Nr(to), N (to, )
or N (to) if there is no confusion) the set of all neighborhoods of ¢ in (T, 7). Sometimes it
will be useful to say that an element V' € Nr(to, 7) is a 7-neighborhood of ty.

We will say that a subset B C Nr(to, 7) is a fundamental system (or neighborhood basis)
of Np(to, 7) if

VYU € Ny(tg,7), 3V € B such that V C U.

If (S,0) is another topological space, we will denote by 7 x 6 the product topology over
T x S. Also, if Tj is a nonempty set of T, we will denote by ’7" ¢ the induced topology on
S by 7. Sometimes, if there is no confusion, we will write (75, 7) instead of (T 0, T} To) to

denote the topological subspace of (T, 7) given by Tj.

For a subset A C T', we denote by int, A, cl, A and bd, A (or simply int A, cl A and bd A,
if there is no confusion), the interior, closure and boundary of A, respectively. Sometimes,
we will write A" (or simply A) instead cl,; A to denote the closure of A, and write int(A, 7)
instead int,(A) to denote te interior of A.

For a metric space (M, d) we denote by 74 the topology induced by d on M. Analogously,
for a normed vector space (£, || - ||) we denote by 7. the topology induced by || - || on E.

For a subset S of a topological vector space (X, #), we will write co .S and ©6’(S) to denote
the convexr hull and 0-closed convex hull of S, respectively. If there is no confusion, we
may omit the topology and simply write ¢6 .S to denote the closed convex hull of S.
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1.1 Locally Convex Spaces

In this section we briefly summarize the fundamental notions and topology properties on
Real Locally Convex Spaces. In what follows, 6 will be a locally convex topology over the
real vector space X, and whenever we say a topology is locally convex, we will assume
that it is also a Hausdorff topology.

Let X be a real vector space and let us denote by X' its algebraic dual space, that is, the
real vector space of all linear functionals defined over X. In this section we will study
the subset of all #-continuous linear functionals over X when we endow X with a locally
convex topology #. These objects are one of the foundations of convex analysis, mainly
provided by their strong applications via the celebrated Hahn-Banach theorems.

Lemma 1.1.1 Let (X,0) be a locally convex space and let f : X — R be a sublinear
functional. The following assertions are equivalent:

(a) f is O-1o-continuous.

(b) f is 0-19-continuous at 0.

(c¢) [ is uniformly 0-1o-continuous.

(d) f7(] = 1,1]) is a §-open neighborhood of 0.

(e) There exists a 0-1y-continuous seminorm p such that |f| < p.

Furthermore, if f is linear, then it is 0-to-continuous if and only if its kernel Ker(f) is a
0-closed subspace of X.

In what follows, we will write (X, 0)* (or simply X*) the topological dual space of (X,0),
that is, the subset of X’ given by all f-continuous linear functionals over X. Also, we will
denote by w(X, X*) (or simply w), and w*(X*, X) (or simply w*) the weak topology on
X induced by X* and the weak-star topology on X* induced by X, respectively.

It is known that for a locally convex space (X, 60), w(X, X*) C 0 and that

L (X, w(X,X")* = X* and w(X, X™) is the coarsest locally convex topology on X
enjoying this property.

2. (X*,w* (X", X))* = X and w*(X*, X) is the coarsest locally convex topology on X*
enjoying this property.

Depending on which locally convex topology we endow X with, the dual space X* may
change. To specify which dual we are working with, we need the notion of dualities.
For a subspace Y of the algebraic dual X', we say that X and Y are in duality if there
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exists a locally convex topology #(Y) such that (X,0(Y))* =Y. In such a case, we will
write (X,Y) to denote this duality (with duality product (-,-) : ¥ x X — R given by

(y, ) = y(z)).

Note that this notion is not topological: Indeed, X and Y are in duality if and only if the
weak topology w(X,Y) is Hausdorff, that is, if and only if

Ve € X \ {0}, Jy € Y \ {0} such that (y,x) # 0. (1.1)

Thus, the notation (X,Y") is not ambiguous. This objects are called dualities because of
the dual relations given by the weak and weak-star topologies. Observe also that X and
Y can interchange the roles of primal and dual space, indistinctly. Thus, we won’t make
a difference between de duality (X, Y) and the duality (Y, X).

Proposition 1.1.2 Let (X,0) be a locally convex space and let C' be a 0-closed convex
subset of X. Then, C is w-closed.

In particular, for every subset S of X, we have that

@’ (S) =" (S).

By the latter proposition, if (X, #) is a locally convex space and S C X, we can write ¢6 S
to denote the closed convex hull of S, regardless which topology we are using (in between
w(X, X*) and 6).

Another important feature of convex sets in locally convex spaces is that, whenever they
are compact, they can be constructed only from their extreme points: These are the Krein-
Milman Theorem and Milman Theorem, that we present below. Due to the complexity
of their proves and also since both are well-known theorems, we will limit ourself only to
present them, referring the reader to |23, Ch. 3] for further information.

Definition 1.1.3 (Extreme point) Let X be a real vector space. For a subset S (not
necessarily convex) of X, a point T € S is said to be an extreme point of S if

Vo, 29 €S, T € [y, 20| =11 =29 = T.

where [x1,x9] := {tx; + (1 —t)zy : t € [0,1]}. We denote by ext(S) the set of extreme
points of S.

Note that the notion of extreme points is completely algebraic but it has topological
implications, just like convexity.

Theorem 1.1.4 (Krein-Milman) Let (X, 0) be a locally convex space and K be a convex
0-compact subset of X. We have that
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(a) ext(K) # 0.
(b) K = co(ext(K)).

Proof. See |23, Theorem 3.65]. O

Theorem 1.1.5 (Milman) Let (X,60) be a locally convexr space and K be a convex 0-
compact subset of X. Then, for every subset S C K such that K = ¢o(S), we have
that

ext(K) CclS.

In particular, ext(K) C ext(clS).

Proof. See |23, Theorem 3.66]. O

Definition 1.1.6 Let (X,0) be a locally convezr space and let S be a subset of X. We
define the polar set of S with respect to the duality (X, X*) as the set

Se={z*e X* : (z",2) <1, Vo e S}

We also define the bipolar set of S with respect to the duality (X, X*), as the polar set
of S° with respect to the duality (X, X™*), that is,

S :={reX : (2"x) <1, Va*e S},
If we have three vector spaces X,Y and Z, and two dualities (X,Y) and (X, Z), the

notation of the polar set S°, for some set S C X, is ambiguous. In such a case, we will
specify respect to which duality we are taking the polar set.

Theorem 1.1.7 (Bipolar theorem) Let (X,0) be a locally convex space, X* be its dual
space and S be a subset of X. We have that

S = (S U {0}).

Analogously, if S C X*, then S = % (S U {0}), where the bipolar set of S is taken
with respect to the duality (X, X™*).

Theorem 1.1.8 (Alaoglu-Bourbaki) Let (X, 0) be a locally convex space, X* be its dual
space. For any V € Nx(0,6), we have that V° is w*-compact.

Proof. See |23, Theorem 3.37| O

We will now introduce some other natural locally convex topologies that can be con-
structed from the duality (X, X*).
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Definition 1.1.9 Let (X,0) be a locally convex space. We define

(a) The Mackey topology on X induced by X*, denoted by (X, X*), as the locally con-
vex topology induced by the family of seminorms {px : K w*-compact subset of X*},
where, for each K w*-compact subset of X*, px : X — Ry is given by

pr(z) = sup{|(z*, x)| : =" € K}.

(b) The Mackey topology on X* induced by X, denoted by 7(X*, X), as the locally con-
vex topology induced by the family of seminorms {px : K w-compact subset of X},
where, for each K w-compact subset of X, px : X* — R, s given by

pr(z”) == sup{|(z*,x)| : v € K}.

Remark 1.1.10 Let us note that the Mackey topology 7(X, X*) is a locally convex
topology on X: Indeed, 7(X, X*) is induced by seminorms and, since every singleton in
X* is w*-compact, it is also Hausdorff.

Observe also that the associated convergence to the topology 7(X, X*) corresponds to the
uniform convergence on w*-compact sets, that is, a net (r,)aea € X 7(X, X*)-converges
to a point x € X if and only if

sup (x*, x4 — ) — 0, VK w*-compact set of X™.
z*eK

The same remarks can be done for the Mackey topology 7(X*, X) on X*, replacing (X, 6)
and (X*, w*) by (X*,w*) and (X, w), respectively.

Proposition 1.1.11 Let (X, 0) be a locally vector space and let X* be its dual space. The
followings hold:

(a) (X, 7(X,X*))* = X*, and 7(X, X*) is the finest locally convex topology on X en-
joying this property.

(b) (X*,7(X*, X)) = X, and 7(X*, X) is the finest locally convex topology on X*
enjoying this property.

Proposition 1.1.12 Let (X, 0) be a locally convex space, let X* be its dual space and let
S be a subset of X. Then, S is 0-bounded if and only if S is w(X, X*)-bounded.

In particular, the family of w(X, X™*)-bounded sets and the family of T(X, X™*)-bounded
sets coincide.

Proof. By definition of bounded sets it is not hard to see that for two locally convex
topologies 0; and 6, on X satisfying 0; C 6, (that is, 0, is finer than 6;), we have that
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every #y-bounded set is also #;-bounded. Thus, to prove this proposition, it is enough to
show that if S is w(X, X*)-bounded, then it is 7(X, X*)-bounded.

Assume that S is w(X, X*)-bounded and fix V' € Nx(0,7(X,X*)). Without lose of
generality, we may assume that V is closed and absolutely convex, and so V' = K¢ for
some K w*-compact, absolutely convex subset of X*. Note that V' = p~!([0,1]), where
p: X — R, is the seminorm given by
p(x) = sup [(z*, z)| = sup (27, z),
z*eK r*eK

where the second equality follows from the symmetry of K. Let us denote by X, the
quotient space X/ Ker(p) and let my : X — Xj be the quotient map. Define the functional
|- 1lo : Xo = Ry given by ||[z]||o = p(z) (where [z] denotes the equivalent class of z, for
all x € X). It is not hard to see that || - ||, is a norm on Xj.

Let us endow Xy with the topology 7). and denote X as the associated dual space. We
will prove that my(S) is bounded in (Xo, || - ||,). First note that for every ¢ € X{, the
functional ¢ o my € X*: Indeed, it is enough to note that |¢ o mo| < [|¢||osp, Where || - ||,
is the dual norm on X associated to || - ||,. Then, since S is w(X, X*)-bounded, there
exists A > 0 such that S C AUy, where U, = {x € X : |pomy(z)| < 1}. Then,

mo(9) € Amo(Us) = {[z] € Xo : |o([2])] <1},

This entails, by the arbitrariness of ¢, that my(S) is w(Xy, X{)-bounded. Then, applying
the Principle of Uniform Boundedness (see, e.g., [16, Ch. 3 - §14]) to my(S) (as a subset
of X;*), we conclude that there exists M > 0 such that

sup{[l[z]llo : [] € mo(5)} < M.

This yields that for every € S, p(x) = ||[z]|[o < M and so, S € MV. This proves that
S is 7(X, X*)-bounded, as we wanted to show. O

Definition 1.1.13 Let (X,0) be a locally convex space. We define the Strong topology
on X* induced by X, denoted by 5(X*, X) (or simply 5, if there is no confusion), as the
locally convez topology induced by the family of seminorms {pp : B 0-bounded set of X},
where, for each B 0-bounded subset of X, pg : X* — R s given by

pp(x*) = sup [(z7, z)|.
zeB

We define the bidual space of (X,0), (X,0)™ (or simply X**, if there is no confusion),
as the dual space (X*, (X, X™*))*.

Note that, since the bounded sets for the topologies w(X, X*), 6 and 7(X, X*) coincide,
the definition of the strong topology 4(X*, X) and the bidual space X** is not ambiguous.

Also, in general, 7(X*, X) C B(X*, X): Indeed, it is enough to consider a non-reflexive
Banach space (X, | - ||) and note that the topology B(X*, X) coincides with the topology
7)l.» Where || - ||, is the dual norm on X*.
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Finally, note that we can endow X* with new topologies induced by the bidual space X**:
Namely, the weak topology w(X*, X**) and the Mackey topology 7(X*, X**). We have
then the following order of topologies on the dual space X*:

w* (X", X) C7(X", X) and w( X X)) C X, X)Tr( X, X™). (1.2

i

dualit?(x,x*) dualityv<x* LX)

We can iterate this process to construct the third dual X?*, the forth dual X**, and so on.
Nevertheless, we won’t need to do so. We will work only until the bidual X**, endowed
with the weak-star topology w*(X*, X**) or the Mackey topology 7(X*, X**). We will
denote the weak-star topology on X** by w**, in order to remark that it corresponds to
a bidual topology.

1.2 Some Fundamentals of Convex Analysis

In this section we present the fundaments convex analysis, that is, the fundamental prop-
erties of convex functionals defined over a locally convex space (X,#). This presentation
is based, historically speaking, on the fundamental contributions of J. J. Moreau which
are contained in [34]. We also refer the reader to the books [5], [36], [39] and [51], for
other approaches. Here, we adopt the conventions and (+00) - 0 = (—o0) - 0 = 0. Recall
that we say that the sum a + b is well defined for two elements a, b € R if it is not of the
form (400) 4 (—00) or (—00) + (+00). Also, we will use the conventions inf ) = 400 and
sup ) = —oc.

In what follows, for a topological space (T',7) a function f : T — R we will denote by 7
or by cl,. f the closure of f, that is,
cl, f:=sup {g T — R : ¢ 7-lower semicontinuous, g < f} :

If there is no confusion, we will write simply f or ¢l f. Recall that a function f : ' — R is
T-lower semicontinuous (7-1sc, for short), if its epigraph epi f is (7 X 79)-closed in T x R.
Since the supremum of 7-lsc functions is also 7-Isc, we have that cl, f is the largest 7-lsc
function satistying cl, f < f.

Also, for a function f : T'— R we denote its (effective) domain and its epigraph as the
sets

domf:={teT : f(t)<+oo} and epif:={(t,r)eT xR : f(t)<r}.
1.2.1 Convex lower semicontinuous functions

Definition 1.2.1 Let f : X — R be a extended real-valued function. We say that f is
convex if epi f is a conver subset of X x R.
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Whenever f : X — R is proper, it is not hard to verify that f is convex if and only if

Vo,y € XVt € [0,1], f(te+ (1 —t)y) <tf(x)+ (1 —1)f(y), (1.3)

which is the classic definition of convexity for real-valued functions.

Example 1.2.2 (Convex Functions) We present some examples of convex functions that
will be useful in what follows:

(a)

Every sublinear function is convex. In particular, seminorms and Minkowski func-
tionals are convex, where the Minkowski functional associated to an absorbing con-
vex set C' of a vector space X is given by

pPc - X — [O, +oo[
r = po(z) :=inf{\ >0 : e \C}.

Indicator function: For a subset S C X we define the indicator function of S as the
function Ig : X — R, given by

Is(x) = 0 ifres
T o0 ifx ¢S

We have that S is a convex set if and only if /g is a convex function.

Let {fi : ¢ € I} be a family of extended real-valued functions over X. If all functions
fi are convex, then sup;c; f; is also convex.

Inf-Convolution: Let f,g : X — R, be two proper functions. We define the
(Moreau) inf-convolution of f and g as the extended real-valued function

fOg: X - R
r+— (fOg)(v) :=inf{f(y) + gz —y) : y € X}.

Clearly, flg = gl1f. Also, if f and ¢ are both convex, then f[g is convex.

Support functional: Let (X, 6) be a locally convex space with dual space X*, and
let K be a subset of X*. We define the support functional of K as the extended
real-valued function ox : X — R given by

ok(z) :==sup{(z*,x) : ¥ € K}.
Regardless the structure of K, ok is always sublinear (and therefore, convex). Fur-
thermore,
OK = Ocl,«(K) = Ogov* (K)-
Note that support functionals also can be defined over X* for subsets of X (du-
ality (X, X*)), over X** for subsets of X*, or over X* for subsets of X** (duality

(X*, X*™)). We will always use the notation o, and will specify over which space
is defined, if necessary.
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Observe that the seminorms p used in Definition 1.1.9(a) are in fact support functions.
Indeed, for K C X* w*-compact, we have that

p () ==sup{[{z",-)| : " € K} = Ogow™ (KU(-K))*

Therefore, the Mackey topology 7(X, X*) is the induced locally convex topology given by
the family of support functionals o, where K is an absolutely convex w*-compact subset
of X*.

Following the notation introduced in [34], we define the following families if functions:

I(X,0):={f: X >R : fconvex and f-Isc} (1.4)
To(X,0):={f:X =R : fconvex, proper and 6-lsc} (1.5)
We will also denote by w and w the constant functions @ = oo and w = —oo. We will use

this notation regardless the space over which they are defined.

Definition 1.2.3 (Closed convex hull of functions) Let (X,0) be a locally convex space
and let f : X — R be any extended real-valued function. We define the 6-closed convex
hull of f as the function

' f=sup{g: X =R : geI(X,0), g <[}

Clearly, by Example 1.2.2, it is clear that ¢’ f € I'(X, 0).

The following proposition characterizes the convex closed hull of a function in terms of
the convex closed hull of its epigraph.

Proposition 1.2.4 Let (X, 0) be a locally convex space and let f : X — R be any extended
real-valued function. We have that

e’ f(z) =inf{r eR : (z,r) €™ (epif)}
In particular, ©° f is the (unique) function in T'(X,0) satisfying epi (@9 f) = co?*™ (epi f).

Remark 1.2.5 By Proposition 1.1.2, we know that the family of (6 x 7g)-closed convex
sets of X x R coincides with the family of (w x 7)-closed convex sets of X x R. Therefore,
using Proposition 1.2.4, we have that for every extended real-valued function f : X — R,

" f=co’ f =co X £

This yields also that I'( X, w) = I'(X, ) = ['(X, 7(X, X*)) and that 'y (X, w) = 'y (X, 0) =
Fo(X, 7(X, X™*)). In what follows, for any locally convex topology #" inducing the same
duality (X, X*), we will denote by ©0o f the #'-closed convex hull of f and by I'(X) (resp.
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(X)) the set of all extended real-valued convex €'-lsc (resp. convex proper #'-1sc) func-
tions over X.

Applying the latter observations in the case of dual spaces X* we introduce the following
simpler notation: We will write I'(X™) and I'g(X™*) to denote the families I'(X*, B(X*, X))
and To(X*, B(X*, X*)), respectively. If 6" is a locally convex topology on X* with
w* C 0 C 7(X*X), we will write I'(X*, w*) and I'o(X*, w*) instead of I'(X*, ") and
Co(X*,0).

Remark 1.2.6 Noting that for every set K of (X,0) we can write c0 K = co Ke, we
easily deduce from Proposition 1.2.4 that for every convex function f : X — R, we have
that

wf=7.
Thus, for convex functions f : X — R we can simply write f to denote its closure with
respect to any locally convex topology in between w(X, X*) and 7(X, X*).

Proposition 1.2.7 Let f : X — R be a proper convezx function. Fiz xy € dom f. The
following assertions are equivalent:

(a) f is 0-1o-continuous at x.
(b) f is bounded above in a O-neighborhood of xq.

(¢) f is 6-Lipschitz-continuous near xo, that is, there exists a 0-continuous seminorm
p: X = R, aneighborhood U € Nx(x¢,0), and a constant K > 0 such that

|f(x) = fW)| < Kp(z —y), Va,yel. (1.6)

(d) f is 6-1g-continuous at each point of int(dom f) and xy € int(dom f).

In what follows, for a proper function f : X — R, we will denote

Cont[f,0] := {x € dom f : f is O-7p-continuous at x}. (1.7)

If there is no confusion, then we will simply write Cont[f]. The latter proposition shows
that if f is convex, then
Cont[f, 0] = inty(dom f).

Nevertheless, even if f is convex, Cont[f,f] can be empty even if int(dom f) is not:
Consider for example an infinite-dimensional Banach space X and its dual space X*
endowed with the w*-topology. Then, the Minkowski functional pg,. : X — Ry is a
seminorm which is not w*-continuous, since p]g;( ([0,1]) = Bx+, which is known to not to
be a w*-neighborhood of 0 (and then pg,. cannot be w*-continuous by Lemma 1.1.1).
Noting that int(dom pg,.) = X*, this proves our claim.
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Corollary 1.2.8 Let (X, 6) be a locally convex space and f : X — Ry, be a proper convex
function. Then, Cont[f, 0] is nonempty if and only if int gy (epi f) is nonempty.

Definition 1.2.9 (Legendre-Fenchel Conjugate) Let (X,0) be a locally convex space and
[+ X = R be an extended real-valued function. We define the (Legendre-Fenchel) conju-
gate of f as the extended real-valued function f*: X* — R given by

f(z") :=sup{(z*,z) — f(z) : x€ X} =sup{(z",z) — f(x) : x €dom f}.

Analogously, we define the biconjugate of f as the extended real-valued function f** :
X* — R giwen by f** = (f*)*.

Note that, by construction, f* € I'(X*,w*) and f** € I'(X™, w*™).

Proposition 1.2.10 Let (X, 0) be a locally convex space and f,g : X — R be two extended
real-valued functions. The following assertions hold:

(a) [* € To(X*,w*) U{w,w}. In particular, if f # @ and if there exist z* € X* and
c € R such that f > x* 4 ¢, then f* is proper.

(b) f(z)+ f*(z*) > (x*, z), for every x € X and every x* € X*.
(c) If f <g, then [ > g
(@) f|, <o f <l f < f. In particular, f* = (cly ) = (e )" = (£**| )"
(e) If o [ is proper, then
=
Particularly, if f € To(X), then f**

c=sup{z" +c : 2" € X*, c€R such that z* +c < f} =7co f.
x =1

(f) For every h € I'o(X*) we have that
(R

X)* =h < h is w*-lsc.

Proposition 1.2.11 Let (X, 0) be a locally convex space. The following assertions hold:

(a) For a subset S C X we have that

(Is)" =os and (1) = (05)" = Igu(g)-

(b) For two proper extended real-valued functions f,g: X — R, we have that
(fOg)" = f"+g"
Moreover if co( fOg) is proper, then

(f"+9")" | = (cof)O(cog).
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(¢) For two functions f,g € T'o(X) such that Cont[f, 0] N dom g is nonempty, we have
that

(f+g)" = fOg"

Proof. Statement (a) is straight-forward following Definition 1.2.9. See [51, Corollary
2.3.5| for (b), and [51, Theorem 2.8.3] for (c). O

1.2.2 Moreau-Rockafellar Subdifferential

Before starting with the (Moreau-Rockafellar) subdifferential of an extended real-valued
function, we need to recall the notion of Set-valued operators.

Definition 1.2.12 Let T and S two nonempty sets. We say M is a set-valued operator
from T into S, which is denoted by M : T =S, if for everyt € T, M(t) is a (possible
empty) subset of S.

For a set-valued operator M : T'= S, we denote its (effective) domain and its graph as
the sets

domM :={teT : M(t)#0} and gphM :={(t,s)eT xS : se& M(t)}.

We will usually identify the set-valued operator M with its graph gph M, that is, we will
simply write (£,s) € M to denote the inclusion s € M (t). Also, for a second set-valued
operator R : T'= S we will write M C R if gph M C R (or equivalently, if for every t € T,
M(t) C R(1)).

Finally, we denote by M~ : S =T the inverse set-valued operator associated to M, that
is, the set-valued operator given by M~1(s) :={t € T : s € M(t)}.

When we work with subdifferentials (as we will see below during this section), we need
some notion of continuity of set-valued operators. Here, we will present only two: Quter
semicontinuity and Upper semicontinuity. For others notions of continuity, we refer the
reader to [2].

Definition 1.2.13 (Outer-semicontinuity) Let (7, 7), (S,0) be two Hausdorff topological
spaces. A set-valued operator M : T = S is T-o-outer semicontinuous (T-c-osc, for short)
at a point tg € T if for each net (t;,s;) € M which is T X o-convergent in T x S with
t; — to, we have that

lign si € M(ty).

Definition 1.2.14 (Upper-semicontinuity) Let (T',7),(S,0) be two Hausdorff topologi-
cal spaces. A set-valued operator M : T'= S is T-o-upper semicontinuous (T-c-usc, for
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short) at a point ty € T if for every o-open set U C S containing M (ty), there exists a
neighborhood V€ Np(to, ) such that

M(V) CU.

If there is no confusion, we will simply say that M is osc (or usc) at some point, without
writing the topologies involved. In general, outer semicontinuity and upper semicontinuity
are not related, that is, no one implies the other. Nevertheless, under some qualification
conditions, they are equivalent. The following propositions can be found in |2, Ch. 6 -

§3].

Recall that a topological space (S, o) is said to be regular if for every o-closed set A C S
and every point s € S\ A, there exists two o-open sets U and V such that AC U, s CV
and UNV = 0.

Proposition 1.2.15 Let (T, 7),(S,0) be two Hausdorff topological spaces, M : T =S be
a set-valued operator and to € T. If (S, o) is reqular and M(ty) is o-closed, then

M is usc at ty = M 1is osc at ty.

Proposition 1.2.16 Let (T, 7),(S,0) be two Hausdorff topological spaces, M : T = S be
a set-valued operator and tg € T. Assume that there exists a neighborhood Wy € Nr(to, T)
such that cl(M(Wy)) is o-compact. Then,

M s osc at tg = M s usc at ty.

Now, let us get back to the locally convex space setting. We present the Moreau subdif-
ferential of a function, which was introduced by Moreau and Rockafellar in the decade of
1960. The Moreau subdifferential is a set-valued operator that generalizes the notion of
derivatives for convex functions. Even though it was first introduced for convex functions,
we will defined it for general (not necessarily convex) ones, since we will use it in section
1.3 in the nonconvex case.

Definition 1.2.17 (Moreau-Rockafellar Subdifferential) Let (X, 0) be a locally convex
space and f : X — Ry be a proper extended real-valued function. For a point xy € dom f
we define the (Moreau-Rockafellar) subdifferential of f at xq, denoted by 0f(xy), as the
set of all functionals x* € X* satisfying

<$*,y—wo>+f($0> < f(y)7 \V/yGX (18)

Setting Of (x) := 0 for all x € X \ dom f, the induced set-valued operator Of : X = X* is
called the subdifferential of f.

Note that equation (1.8) holds for all y € X if and only if it holds for all y € dom f. The
following propositions present the basic properties of the Moreau subdifferential. In what
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follows, we will always assume that X is endowed with a locally convex topology 6 and
that X* denotes the dual space of (X,0).

Proposition 1.2.18 Let f : X — Ry be a proper function, x € dom f and x* € X*.
Then,

(a) x* € Of (x) =(z7,2) = f(a) + [*(2") = (2", ) = f(x) + f*(2").
(b) Of (x) is a (possible empty) convex w*-closed subset of X*.

(¢) If 0f (x) # 0, then @ f(x) = f(x) and D@ f)(x) = Of (x).

(d) If f € To(X), then z* € 0f(x) &z € If*(a*).

(e) (Fermat rule) A point x € X is a global minimum of f (i.e., v € argmin f) if and
only if 0 € Of (x).

Example 1.2.19 Let A be a convex closed set of (X,0). The subdifferential of the
indicator function 1,4 is given by

e Xt (aty—x)<0,Vye A if A.
Il (x) = {z* € (x*,y —x) <0,Vy € A} 1:13‘6.
0 otherwise.
When z € A, the set 014(x) is clearly a convex w*-closed cone of X* and it is commonly
known as the normal cone of A at z, also denoted as Ny (x).

Now, let K be a nomepty convex w*-closed set of X*. Noting that (0x)* = Ik, Proposition
1.2.18(a) entails that the subdifferential of o is given by

Jog(z) ={z" € K : (2", x) = og(x")}. (1.9)
This equation will play a fundamental role in Chapter 3.

Proposition 1.2.20 Let f : X — R, be a proper convex function and x € dom f. If
x € Cont[f, 0], then Of(z) is nonempty.

Proposition 1.2.21 Let f : X — R, be a proper convex function and let x € Cont|[f, 6].
Then, Of is locally w*-bounded near x, which means that there exists a 6-neighborhood
U of zero such that Of(x + U) is w*-bounded. Even more, U can be chosen such that
Of(xz + U) is contained in an absolutely convex (conver and balanced) w*-compact set of
X*.

Proof. In this proof, the topological notation will refer to the 6 topology for X. Since f is
continuous at x, there exists a convex symmetric neighborhood U of zero such that, f is
Lipschitz continuous on x + 2U with constant v > 0. Then, for z € x + U and 2* € 9f(2)
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we have that for all h € U,

(2", h)| = max((z", h), (=", =h)) < max([f(z +h) = f(2)|,[f(z = h) = F(2)]) < vpav (h).

Then, because poy and [(z*, )| are positively homogeneous,

e B={z" € X" | |(z", h)| <vpaw(h), Yh € X},

and so f(x + U) C B. It is easy to verify that B = (2y7*U)” and so, by the Alaoglu-
Bourbaki theorem, B is w*-compact. From the construction, B is also absolutely convex,
and so the proof is finished. O

Proposition 1.2.22 Let f,g: X — R, be two proper functions. Then,
(a) For every A > 0 and every x € X, O(\f)(z) = AOf(x).
(b) Forallx € X, Of(x) + dg(zx) C O(f + g)(z).
(¢) If f,g € To(X) and Cont[f,0] Ndom g # O, then Of(x) + dg(x) = I(f + g)(z).
(d) For x € X and x1,x9 € X satisfying x = x1 + x4, then

(fOg)(z) = f(z1) + g(x2) = I(fOg)(x) = df(x1) N Ig(w2).

Conversely, if 0f (x1)Ndg(x2) # 0, then the inf-convolution at x verifies (fOg)(x) =
fz1) + g(z2).

Proof. Properties (a) and (b) are straight-forward from Definition 1.2.17. See |51, Theo-
rem 2.8.3| for (¢), and [51, Corollary 2.4.7] for (d).

]

Definition 1.2.23 Let (X, 0) be a locally convex space, f : X — Ry, be a proper extended
real-valued function and € > 0. For a point xq € dom f we define the e-subdifferential of
f at o, denoted by 0. f(xg), as the set of all functionals x* € X* satisfying

(" y —x0) + fm0) < fly) +e, VyeX. (1.10)

Setting O.f(x) := 0 for all x € X \ dom f, the induced set-valued operator O.f : X = X*
1s called the e-subdifferential of f.

From the latter definition, it is clear that of ¢ = 0, dyf = 9f. Also, the following
proposition provides some basic properties of the e-subdifferential.

Proposition 1.2.24 Let f : X — R, be a proper extended real-valued function, x €
dom f, z* € X* and € > 0. We have that
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(a) 0f(x) = () 0sf(x) and O-f(x) = () f(x).

6>0 0>e
(b) z* € 0-f(x) = f(x)+ f*(z*) < e+ (z%,x) =2" € 0-f*(x¥).
(c) O-f(x) is convex w*-closed set of X*.

(d) If f € To(X), then O.f(x) is nonempty and

€ 0.f(x) < z € d.f"(x).

(e) If f € To(X) and = € Cont[f, 0], then O.f(z) is w*-compact.

(f) (Fermat Rule) = is an e-minimum of f (i.e., f(x) < infx f + ¢) if and only if
0€d.f(x).

The relationship between the differentiability of a convex function and the subdifferential
can be formulated in locally convex spaces in terms of the directional derivative. We will
return on this subject in Chapter 3.

Definition 1.2.25 (Directional derivative) Let f : X — R, a proper extended real-valued
function and let x € dom f. We say that f is directionally differentiable at x if for every

h € X the limit
N0 t

exists in R. The extended real-valued function f'(x;-) : X — R is called the directional
derivative of f at x.

Proposition 1.2.26 Let s : X — Ry, be a proper sublinear function. Then, for each
xr € X we have that

Os(x) ={a" € X* : 2" € 0s(0) and (z*,z) = s(x)}.
Moreover, if s € T'g(X) then for each x € X we have that
s(x) = sup{(z”,z) : 2" € 0s(0)} = gas(0) ().

Proposition 1.2.27 Let f : X — Ry be a proper convexr function and let x € dom f.
Then,

(a) [ is directionally differentiable at x and f'(x;-) is sublinear. Moreover, f'(x;-)
verifies

Flah) =mf LEFR =@ g,y

t>0 t ’
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(b) We always have Of (x) = d(f'(x;-))(0). Also, df(x) # 0 if and only if f'(x;-) is lsc

at 0. In such a case,
f'(x;-)(h) =sup{(z*, h) : 2" € Of(x)} = 0ss@)(h), VheX.

Moreover, if x € Cont[f, 0], then f'(z;-) is finite, 0-1y-continuous and it coincides
with Odf(x)-

1.3 Integration Formulas and SDPD spaces

We are now able to present the principal results of this chapter (presented in the In-
troduction of Part I), namely, the integration formula for nonconvex functions using the
Moreau-Rockafellar subdifferential in the locally convex space setting. To do so, we will
introduce a suitable notion of epi-pointedness and we will show some results concerning
the subdifferential of continuous functions, which are known to be true in the Banach
space setting but they seem to be new in our context.

1.3.1 Preliminary results on continuous functions

For any function f € I'y(X,0), the #-continuity points play a fundamental role. We
already saw in Propositions 1.2.20, 1.2.21 and 1.2.27, that if x € Cont[f, 6], then 0f(x) is
nonempty and w*-compact and

f(z;u) = max{(z*,u) : z* € df(x)}, Yue X. (1.11)

Also, by Proposition 1.2.7, if Cont[f, §] is nonempty, then Cont[f, 6] = inty(dom f). In
view of sections 1.3.2 and 1.3.3, we will study here some results on #-continuity and
subdifferentiability that are well-known in the Banach space setting.

Recall that a set-valued operator M : X == X* is monotone provided that
(] — a3, w1y —x9) >0, V(x1,27), (T2, 25) € M. (1.12)

When in addition there is no different set-valued monotone operator whose graph contains
gph M, one says that M is mazimal monotone.

Lemma 1.3.1 Let f € T'y(X,0) with D = Cont[f,0] # 0. Then, for each x € dom fe we
have that

f(z) = liminf f(y).

Doy—x
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Proof. In this proof, the topological notation will refer to the 8 topology for X. We know
that for x € dom f,

f(z) =liminf f(y) = lminf f(y).

y—x dom fay—x
On the other hand, since Cont[f] is nonempty, the epigraph of f has nonempty interior
in the 6 x 1y topology, and so

epi f = int(epi f).
Let us consider f‘D. It is direct that int(epi f) C epif‘D C epi f, thus epif‘D = epi f.
So, there exists a net (z;,7;)icr C epif‘D such that (z;,7;) — (x, f(x)). Thus,

f(z) = liminf f(y) <liminf f(y) < limeilnff(xi) < limeilnf ri = f(x),

dom foy—zx D3>y—ax

and so f(x) = liminf f(y). O

D3y—x

The next lemma is related to maximal monotone operators. The result is well-known
when (X, #) is a Banach space, and it was proved in general locally convex spaces by
Moreau [34]. We rediscovered it in [18].

Lemma 1.3.2 Let f € T'o(X,0) with Cont[f,0] # 0. Then Of is a mazimal monotone
operator.

Proof. We follow the proof in [36, Theorem 2.25|, where f is assumed to be continuous
in all of X and X is a Banach space. Let (y,y*) € X x X* such that y* ¢ 0f(y). In
order to prove that 0f is maximal monotone, it is sufficient to show that there exists some
(x,2*) € Of such that
(x" —y",x —y) <0.

Without loss of generality, we can suppose that (y,y*) = (0,0). If not, we can replace f
with the function g € T'y(X,0) given by g(x) = f(z +y) — (y*,y) and it is easily verified
that

dg(x) =0f(x +vy) —y*, Vo € X.

Since 0 ¢ 0f(0), we know that 0 is not a global minimum of f. Then, there exists
x € dom f such that f(z) < f(0). This and Lemma 1.3.1 guarantee that there exists
x1 € Cont[f] such that f(x1) < f(0). Consider now the function A : [0,1] C R — R given
by h(t) = f(tx1). For A € (0,1) we have that

h'(A\;1) = lim hA+t) = h(N)
t\0 t

i fxy +txy) — f(Axy)
t\0 t

= f'(A\xy;21).
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Then, because h(1) = f(z1) < f(0) = h(0), there exists some t; € (0,1) such that
h'(t1;1) < 0. Fixing « = t;2; and noting that x € int(dom f) = Cont|f], we have that

max{(z*,z) | 2" € df (x)} = t1f (x;21) <0,

and hence there is an x* € df(z) such that (z*, z) <, f'(x;21) < 0, which completes the
proof. O]

The last interesting property of the subdifferential of a proper convex function f is its
outer-semicontinuity at continuity points of f.

Proposition 1.3.3 Let f : X — R, be a proper convez function with Cont[f, 7(X, X*)] #
0. Then Of is T(X, X*)-w*-outer semicontinuous at each point of Cont|[f, (X, X*)].

Proof. In this proof, the topological notation will refer to the Mackey topology 7(X, X*)
for X and the w*-topology for X*. Fix z € Cont[f] and let (z;,z})ie; € Of be a
convergent net with limit (x,2*) € X x X*. Applying Proposition 1.2.21, there exists
an open neighborhood V' of x such that df(V) is contained in an absolutely convex w*-
compact set K of X*. Thus, there exists an ig € I such that for all i > iy, x; € V', and so
(x})i>i, € K. Now, fix y € X. We have that

(ﬁ,y—xﬁ = <I:,y—l‘>+<$:,l’—xi> S <‘T;‘k7y_x>+ SuII)(<Z*7'T_xi>'
z*e

It is clear that (z],y —x) — (z*,y — x). Also, since (z; — );>;, is convergent to zero,
by definition of the Mackey topology (see Remark 1.1.10), it converges to zero uniformly
over absolutely convex w*-compact sets of X*. In particular, we have that

lim sup (z*, z; — ) = 0.
ii0 ee i

Then, provided f is continuous at x, we have that

0< fly) = flzi) — (2}, y — i) — fly) — f(z) — (2", y — ),

and so f(z) + (z*,y — ) < f(y). Since y is arbitrary, * € Jf(z). This finishes the
proof. ]

Remark 1.3.4 The above Proposition replaces the well-known norm-w*-upper semicon-
tinuity property of df, when X is a Banach space (see, e.g., [36, Proposition 2.5]). In
fact, combining Propositions 1.2.21 and 1.3.3 we can derive that df is also 7(X, X*)-w*-
upper semicontinuous at each point of Cont[f, 7(X, X*)], since f meets the hypothesis
of Proposition 1.2.16. Even though we won’t use it directly, this last result is worth
mentioning, since upper-semicontinuity has been an extremely useful property of the sub-
differential in the development of convex analysis. Here, the use of Mackey topology
7(X, X™) is fundamental.
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This property can also be found in [34], and we also rediscovered it in [18]. Moreau
proved directly the upper-semicontinuity, while we proved first the outer-semicontinuity
and derived the upper-semicontinuity by the local w*-compactness of the subdifferential.

1.3.2 Main Results: SDPD functions and Integration Theorem

The first concept we need is an appropriate extension of the notion of epi-pointedness:

Definition 1.3.5 (7-epi-pointedness) Let 7 be a locally convex topology on X* finer than
the w*-topology. A function over X with values in Ry, is said to be T-epi-pointed if the
set of T-continuity points of its conjugate is nonempty.

Outside the RNP setting, epi-pointedness and lower semicontinuity are not enough to
ensure the nonemptyness of the subdifferential, and therefore it is not possible to perform
any type of integration as we want to, having only these hypothesis.

Proposition 1.3.6 Let X be a Banach space which lacks the RNP. Then there exists
an epi-pointed lower semicontinuous function f : X — Ry such that Of (x) = 0, for all
reX.

Proof. Since X is a space lacking the RNP, then, X x R also lacks the RNP. Applying
[9, Theorem 3.7.8|, there exists an equivalent norm p over X x R and a closed set D C
int (IEB( XxR,p)) (where B(xxr,p) denotes the unit ball in X x R given by p), such that
IB(XXRap) = C_O(D)
Let us consider the set £ = {(x,\) : Ja < A, (z,a) € D}. Evidently, F is the epigraph
of the function
f: X =Ry
r—inf{t e R : (z,t) € E}.
We claim that f is the function that we are looking for. First, we show the epi-pointedness.
Note that, since ¢6(D) = B(x xr,p), We have

(E) ={(z,\) : Ja <A\, p(z,a) <1},
and so ¢co f is given by
co f(x) =inf{t e R : p(x,t) <1}
Then we have that

fi(z*) = sg}g{(x*,@ —inf{t € R : p(x,t) <1}}

—  sup {<1‘*7$> - <t+ IB(XXR,m(x’t))}

(z,t)eX xR

= p*(x*a _1>7
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where p, denotes the dual norm on X* x R induced by p. We see that f* is continuous
and real-valued, which proves that f is epi-pointed. Let us suppose now, by contradiction,
that f is not lower semicontinuous. Then, there exists a sequence (z,,) € dom f converging
to some point z € X such that

t =liminf f(z,) < f(z).

We may assume that (f(z,)) is converging to . Since (z,) C dom f, we have that
(x, f(z,)) € D and (x,t) = lim(z,, f(z,)) € D. Then we have that

fle)=mf{t e R : Ja<t, (z,a) € D} <t < f(x),

which is clearly a contradiction. It only remains to verify the emptyness of df(x), for
x € dom f. Let € dom f. Since (z, f(z)) € D, (2,00 f(x)) € S(xxrp) (Where Sixxrp)
denotes the unit sphere in X x R given by p) and D N Sixxry = 0, we have that
co f(z) < f(x), and so Of (z) = 0. O

The next definition provides the sufficient conditions needed to perform integration of a
function using the same techniques applied in [17], as it will be shown in Theorem 1.3.12.

Definition 1.3.7 (SDPD function) We say that a function [ : X — Ry is Subdiffer-
ential Dense Primal Determined (SDPD) if it is 7(X*, X**)-epi-pointed and the set of
functionals

x* € Cont[f*, 7(X*, X**)| which satisfy the equality

of (%) =@ [(0) (o] (113)
is T(X*, X**)-dense in Cont[f*, 7(X*, X**)].

The choice of the Mackey topology is crucial for three reasons: First, we have more epi-
pointed functions; Second, in the Banach spaces setting, the Mackey topology 7(X*, X**)
coincides with the norm topology in X*; And finally, the subdifferential of any conjugate
function is 7(X*, X**)-w**-outer semicontinuous at each point of 7(X*, X**)-continuity,
according to Proposition 1.3.3. This final property will be a key to prove the integration
theorem. The problem with this choice is that the density of the functionals which satisfy
equality (1.13) is harder: We will need the equation to hold at more points.

Lemma 1.3.8 Let f,h € I'g(X, ), both having at least one point of T(X, X™*)-continuity
and satisfying the following two conditions:

1. D := Cont[f, 7(X, X*)] = Cont|h, 7(X, X*)].
2. 0f(x) € Oh(z), for allx € D.

Then f and h are equal up to an additive constant.
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Proof. In this proof, the topological notation will refer to the Mackey topology (X, X*)
for X. Without loss of generality, we may suppose that 0 € D. Fix then x € D and define
the functions ¢y, ¢, : R = R given by

pr(t) = f(tx) and  @n(t) = h(tz).

It is clear that ¢y, ), € I'o(R) and that both are continuous in [0, 1]. Defining the linear
continuous operator A : R — X given by A(t) = tz, we have that p; = f o A and
o = ho A. Since 0 € D, the subdifferential chain rule holds and then for all ¢ € [0, 1],

Dp(t) = (0f (tx),x) C (Oh(tx),x) = Opn(t).

Then, again because of the continuity of ¢ and ¢y, the subdifferential sum rule holds
and then, for all t € R,

0 (ps + Io) (t) = O (t) + Ol (t)
C Opn(t) + 0Ip(t)
=0 (SOh + [[0,1]) (t).

Thus, by the classical results of integration in real analysis, we conclude that ¢; and ¢y,
are equal in the interval [0, 1] up to an additive constant. In particular,

f(@) = J(0) = ¢(1) = 4(0) = @n(1) — n(0) = h(z) — h(0).

Fixing ¢ = f(0) — h(0), we have f(z) = h(z) + ¢ for all x € D. To finish the proof,
consider x € D (: dom f = dom h). Applying Lemma 1.3.2 we obtain

() =limin f(y)
Yy—x
= B = i he) +e

= liminf h(y) + ¢ = h(z) + c.

Y=z

Noting that the equality is trivial at points # € X \ D, the proof is concluded. ]

Lemma 1.3.9 Let f,g € I'o(X,0) and V C Cont[f, 7(X, X*)] N Cont|g, 7(X, X*)] be a
nonempty (X, X*)-open set. If there exists a 7(X, X*)-dense subset D C'V' for which

Of (x) € dg(x), for allx € D,
then 0f (z) C dg(x), for all z € V.

Proof. In this proof, the topological notation will refer to the Mackey topology 7(X, X*)
for X. Let us suppose that there exist x € V' and 2* € X* such that 2* € 9f(z) \ dg(z).
Since dg(z) is w*-closed and nonempty, we can apply the separation theorem with the
w*-topology on X* to obtain z € X \ {0} and « € R such that

(2%, 2) < a < (u*, z), for all u* € dg(z).
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Consider then the w*-open set W = {u* € X* : (u*,z) > a}, which contains dg(x), and

the sequence (z,) C X given by
1
2 =T — —2.
n

Without loss of generality, we may assume that (z,) C V. We will show first that there
exists an ng € N such that dg(z,,) € W. If not, we choose z € dg(z,) \W for each n € N.
Since 0y is locally w*-bounded in V' (see Proposition 1.2.21), it is direct that {z} :n € N}
is a w*-bounded set, and so (z;,) has a w*-convergent subnet (27 ; )ier. Since (z,) converges
to x, so does (2y(;))ier- Thus, from the 7(X, X*)-w*-outer semicontinuity of dg at = (see
Proposition 1.3.3), we have that

w*-lim 27, ;) € dg(x) C W,

which is clearly a contradiction. Fix then y = z,, such that dg(y) C W. Because of
the density of D, there exists a net (y;) € D converging to y and a net (y;) C X* with
y¥ € 0f(y;). By Proposition 1.2.21 again, we can assume that (y});cs is included in a w*-
compact set of X*. In particular, (y;);c; has a w*-convergent subnet, that we will continue
denoting by (y})ic;. We have then (y;,y) € df N dg and since both subdifferentials are
7(X, X*)-w*-outer semicontinuous at y, we deduce

f=w"-limy; € df(y) NIg(y).

Then, y* € W and

* * 1 * *
(" =y e —y) = —(@" -y’ 2) <0,
no
which is a contradiction with the monotonicity of df. O

Lemma 1.3.10 Let (T,7) be a Hausdorff topological space, f : T — Ry be a proper

function and V' C dom f be a T-open set. If there exists a T-dense subset D C V' for
which
limsup f(s) = f(t), YVt €V,

D>s—t

then f 1s T-upper semicontinuous in V.

Proof. Let us fix t € V and a net (¢;);e; € T converging to t. Without loss of generality,
(ti)ier € V. Then, for each i € I, there exists a net (¢, ;);esq) € D converging to ¢; with

lim sup f(ti;) = f(ts).

J

Fix £ > 0 and consider the set of indexes A given by the tuples (i, j, W) such that
1. j € J(i) and W is an open set with t € W C V.

2. ti,j ew.
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Consider the following preorder in A: (i, ji, W) < (g, j2, Wa) if 43 < iy and Wy D Wh,
in the case that i; # iy, or if j; < jo and Wy O Ws, in the case that iy = is.

We claim that the net (to)aca, Where ¢(; jw) := t; ; for each (i, 7, W) € A, converges to t.
Let W be an open set with t € W C V. Since t; — t, there exists ig € I such that, for
each 7 > 1ip, t; € W. In particular, ¢;, € W and, since I is an open set, we have that
W € N(t;,). Then, provided

limsup f(ti,,;) = f(ti),

Je€J (o)
there exists jo € J(ip) such that t;, ;, € W and f(t,,) > f(ti,) —e. Let ag = (40, Jo, W)
which, by construction, belongs to A. For each o« = (7,5, W’) € A such that ay < «,
we get that t, € W/ C W, and so, the net (f,)qen is eventually in W. Since W is an

arbitrary open neighborhood of ¢, we conclude that (¢,)aca converges to t, as we claimed.
In particular, we have that

limsup f(t,) < limsup f(t) = f(%).

@ D>t—t

Also, noting that limsup f(t,) > limsup f(#;) — € we deduce

Thus, because ¢ is arbitrary, we conclude that limsup f(t;) < f (), which finishes the

)

proof. O]

Note that Lemma 1.3.10 remains true if we replace upper semicontinuity by lower semi-
continuity (and limsup by liminf): Just apply the same proof to —f instead of f. Thus,
it also remains true if we replace upper semicontinuity by continuity (and lim sup by lim).

Proposition 1.3.11 Let f : X — R be an SDPD function and g : X — R, be any
function satisfying

df(x) C 9g(x), Vo € X.
Then, Cont[f*, 7(X*, X**)] C Cont[g*, 7(X*, X*)].
Proof. Endow X* with the Mackey topology 7(X*, X**). Since f is SDPD, there exists

a dense subset D C Cont[f*| such that the equality (1.13) holds for each z* € D. In
particular, we have that for each z* € D

of(z%) Cw" [(0f)(a")] ST [(99)7(2")] S Ig”(a7).
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Fix z* € Cont[f*] and let (z}) C D be a net converging to z*. Consider (z,) € X such
that z, € X NOf*(z}). Since f* is continuous at z*, we can assume that (z,) is bounded
(see Proposition 1.2.21) and so there exist z** € X™* and a subnet (z,(;)icr such that
Zpiy =Y 2**. Since 2y € X N 8g*(z;(i)) we have that for all y* € X*

(Zo(i) ¥ = Zow) + 97 (250) < 97 (W)

Define K = {—2,4:), 25¢:) : i € I}, which is a bounded set. Since (z,(;)) w**-converges to
z* and (z;) converges to z*, we have that

<ng(i);y* . Z*> - <Z>k>k7y>k . Z*>

[(Zo(), 2% — 25 | < sup(z, 2" — 2) — 0.
zeK

Thus, we deduce

* kok * >k>

(Zw(iy Y — Zf;(z')> = <th(i)a Yyt =2+ <Z¢(i)7 25— ng(i)> — (2" y — 2

Finally, we have that

(" y = 2") +¢7(2") < (7Y — ") + liminf g*(2)))

= hminf(zw(i), Y — Z;(i)> + lim inf g*<Z:;(i))

< limiinf[(%(i), Y = 2500 T 9 (250
Then 2™ € 0g*(z*) and so, z* € domdg* C dom g*. Furthermore, evaluating the last
inequality in y* = 2%, we deduce that liminf; g*(z},)) = ¢"(z"), and so there exists a

second sub‘net (27,(j))jes such that g*(z7 ;) — g"(z"). Since (z;) was an arbitrary net in
D converging to z*, we have that

*

lim g"(y") = g"(2").

Doy*—z*

The conclusion follows directly from Lemma 1.3.10. O

We can now state and prove our integration theorem.

Theorem 1.3.12 Let f : X — R be an SDPD function and g : X — R be any
function satisfying the following condition:

df(z) C dg(x), YV € X.
Then there exists a constant ¢ € R such that
©0 f = (€0 )00 dom f+ + cC.

If, in addition, dom ¢g* C dom f*, then €0 f and ¢o g are equal up to an additive constant.
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Proof. In this proof, the topological notation will refer to the Mackey topology 7(X™*, X™**)
for X*. Without loss of generality, we may assume g € I'g(X,0) (due to the trivial
inclusion dg C 0(¢og)). Because of the inclusion Jf(X) C dom f*, it is clear that

Of(z) € dg(x) Ndom f*, Vo € X.
Applying Proposition 1.2.22, we have that for all x € X with of(x) # 0,

9f () < 9g(x) N ITaom f+(0) = AU Tdom - ) ().

Defining h = ¢g00qom +, the inclusion df(x) C Oh(x) holds for all z € X, and so
Cont[f*] C Cont[h*] (see Proposition 1.3.11). On the other hand, since int(dom f*) =
int (dom f *), the equality h* = g* + I35 7= provides the inclusion

Cont[h*] = Cont[g*] N Cont[f*] C Cont[f*],

which implies that Cont[f*] = Cont[h*]. Let D be the dense subset of Cont[f*] given in
the definition of SDPD functions. We have that for all z* € D,

0 (27) =@ [(0f) 7 (@")] S [(0h)}(@")] C Oh* ("),

and so, applying Lemma 1.3.9, we have that 0f*(z*) C 0h*(x*), for all 2* € Cont[f*].
Now, all the hypotheses of Lemma 1.3.8 hold and so there exists a constant ¢ € R such
that f* = h* — c. Finally,

wf =

which finishes the first part of the proof. For the second part, note that if dom g* C
dom f*, then

I
v=h

T ¢=900dom s+ + ¢,

h* = g* + Idomf* - g*,

kok

and so ™|, = ¢g*|, = g, according to the fact that g* is proper. The conclusion is
direct. O

1.3.3 Examples and SDPD spaces

This section gives some examples of certain classes of functions that are SDPD, and shows
that the integrability property has a component that can be written as a property from
the space where these functions are defined.

The first class involves the spaces with the Radon-Nikodym property (Radon-Nikodym
spaces). Recall that a Banach space X is known to have the Radon-Nikodym property
(RNP, for short) if and only if each norm-epi-pointed function f : X — R, satisfies that
its conjugate f*: X* — R, is Fréchet-differentiable in a dense set of Cont[f*].
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Proposition 1.3.13 Let X be a Banach space with the RNP. Then every norm-epi-
pointed and norm-lsc function on X is SDPD.

Proof. Let f : X — R be a norm-epi-pointed and norm-lsc function. In [17, Proposition
6], it is proved that if f* is Fréchet-differentiable at x* € X*, then

of"(a") = (0f) ' (a").

In particular, f satisfies the equation (1.13) at each functional z* € X* where f* is
Fréchet-differentiable. Thus f is SDPD, since the set of point of Fréchet-differentiability
of f* is a dense subset of int(dom f*) and that the Mackey topology 7(X*, X**) on X*
coincides with the norm topology on X*. O]

Recall that, for a nonempty set K C X, ext[K] denotes the set of extreme points of K,
and for two points z,y € X, [z,y]| denotes the convex segment between x and y, that is,

[yl ={te+ (1 —t)y : t€0,1]}.
Recall also that a locally convex space X is semi-reflexive if (X*, 5(X*, X))* = X, or
equivalently, if the topologies 7(X*, X) and 5(X*, X) coincide in X*.

We will show in Proposition 1.3.15 below that, in semi-reflexive spaces, w-lower semicon-
tinuity is a sufficient condition to get SDPD function. To do so, we will need the following
known lemma (which can be found in [5, Lemma 2.7.1|):

Lemma 1.3.14 Let (X,0) be a locally convex space and let C' be a nonempty convex set
of X. Let x* € X* be such that oc(x*) € R and consider the hyperplane

H={zeX : (" x)=0c(z")}.

Then, the set of extreme points ext(C'N H) is included in ext(C').

Proof. Let x € ext(C'N H) and suppose that there exists two points z1,z9 € C' such that
© = +(x1 + ). We have that since © € H, we have that

O'C(I*) = <.I‘*,ZE> = %(I*,[E1> -+ %(I*,ZE2>,

and so, since (z*,z1) < oc(z*) and (%, 22) < oc(x*), necessarily (z*,x1) = (2%, 29) =
Uc(x*).

Thus, 1,22 € C N H and since « € ext(C' N H) we conclude that x; = 9 = x. This
entails that = € ext(C'), which proves the desire inclusion. O

Proposition 1.3.15 Let X be a semi-reflexive locally convex space. Then every T(X*, X)-
epi-pointed and w-lower semicontinuous function on X is SDPD.
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Proof. In this proof, the topological notation will refer to the w-topology for X and
the Mackey topology due to the primal, 7(X*, X), for X*. Because X is semi-reflexive,
7(X*, X) is the same as the Mackey topology over X* due to the bidual. Also, at each
functional z* € Cont[f*], the subdifferential Jf*(2*) is a nonempty convex w-compact
subset of X. Thus, by the Krein-Milman theorem (see Theorem 1.1.4) for each z* €
Cont[f7],

O (¢*) =@ [ext[Of* (2]

Therefore, it is sufficient to prove that for any functional z* € Cont[f*],

ext(Of*(z*)) C (Of) H(a*). (1.14)

Let us consider then a functional 2* € Cont[f*] and the function oepi s ( = (Les(epif))*) on
X* x R (endowed with the product topology 7(X*, X) x 79). For a > 0 we have that

Gepi (27, —) = sup {{a*,2) — af(z) | = € dom f}
= asup {{a 2", z) — f(z) |z € dom f}
= af(a'2").

Then, because f* is continuous at z*, ey is continuous at (z*,—1). In particular, for
each € > 0, 0.0¢p; f(2*, —1) is a nonempty, convex and w X Tp-compact set. Let us now fix
an € > 0 and define the set

C 1= 0:0epi f(2", —1).

Because 0oepi f(2*, —1) C C we have that Joc(x*, —1) = 00y (2%, —1). Also,

C = {(2.0) € X X B[ (1",2) = A2 0 (0", 1) + e )0, ) — )
=co(epi f)N{(z,\) € X xR | (2", 2) = XA > Oepi (", —1) — €}

Since ext[co(epi f)] N C C C, by Lemma 1.3.14, we have that
ext [0oepi (2", —1)] C ext[co(epi f)] N C C ext(C).
Consider now the set
H =7ao(epi f)N{(z,\) € X xR | (z",2) = X\ = Oepip(z", —1) — £}

It is clear that co(HU[C'Nepi f]) C C. For the reverse inclusion, let us consider (z,\) € C'.
Because C' C ¢o(epi f), there exists a net (z;, A;)iea in co(epi f) converging to (z, A). We
have two cases: First, (z*,2) — A = 0epif(z*, —1) — ¢ which means that (z,\) € H C
co(H U [C'Nepi f]). Second, (z*,z) — X > 0epi (", —1) — . In such a case, there exists
ip € A, such that,
<{E*,Ii> — )‘z > o-epif(x*a —1) — &, Vi > 1.

In particular, (z;, A;);>i, is contained in C' N co(epi f). Note that, for each i > iy, we can
find (z}, \}), (22, M\2) € co(epi f) and t; € [0, 1] such that

177" 177"
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e (z;,\}) € co(C Nepi f), which implies that (z*,x}) — A} > oepi p(xl, A}) — €.

797\ 177N

o (22,)\?) € co(epi f \ C), which implies that (z*,2?) — A2 < gepi p(2?, N\}) — €.

197\ 177N

o (2, \) = ti(xh, A + (1 — 1) (22, A2).

197\ 197\

Then, it is direct from the first two conditions that we can choose a point (z7,\?) €
[(z!, AD), (22, 02)] N H, and because (z;, ;) € C for all i > iy, we know that

197N R

(2, M) € (2], A)), (23, A})] C co(H U [C Nepi f]).

177" 177"

Finally, (z, \) € co(HU[CNepi f]), concluding that ¢o(H U[CNepi f]) = C. Applying the
Milman theorem (see [23, Theorem 3.66]), provided that H and C'Nepi f are w x 7p-closed
(and thus their union) and the trivial fact that doep f(z*, —1) N H = ), we have that

ext [00epi (2%, —1)] Cepi f. (1.15)

To conclude, let us recall three known facts:
(i) (2,)) € Ooeps f(a*, —1) => A =76 f().
(ii) o € af*(z*) if and only if (2,0 f(z)) € Doeps p(z*, —1).
(i) z € (f)~"(z*) if and only if = € Af*(2*) and f(z) = T f(x).

Take now x € ext(df*(x*)). We have that (z,¢0 f(x)) € ext[0oep f(2*, —1)]. If not, due
to (i), there would be two distinct points (x,€0 f(x1)), (22,€0 f(22)) In O0ep (2", —1)
and a real number ¢t € (0, 1) such that

(z,c0 f(x)) = t(1, 0 f(21)) + (1 = 1) (2,0 f(22)).

In particular, xy # x5 and x = tz1+(1—t)z2, and because of (ii), z1, 2 € df*(x*), which is
a contradiction. Then, applying the inclusion (1.15), we have that (x,co f(x)) € epi f and
so o f(x) = f(x). Finally, because of (iii), z € (9f)'(z*) , which proves the inclusion
(1.14), finishing the proof. O

What do the semi-reflexive spaces and the normed spaces with the Radon-Nikodym prop-
erty have in common that allow the previous functions to be SDPD? It is not easy to give
an answer, but clearly it is related to the subdifferential of the conjugate functions. The
following small characterization helps us to understand this situation better:

Proposition 1.3.16 For a function f : X — R, a functional z* € X* satisfies the
equality (1.13) if and only if the following two conditions hold:

(i) XNof*(x*) =@ [(9f) 7 (")].
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*ok

(ii) Of*(x*) = X N Of*(a*)"
In particular, a 7(X*, X**)-epi-pointed function is SDPD whenever there exists a 7(X*, X**)-
dense subset D of Cont[f*, 7(X*, X**)] such that every x* € D satisfies (i) and (ii).

Proof. The second part of the proposition is direct, so we will show only the first equiva-
lence:

<) Assuming (i) and (ii), it is direct that

ok

" [(0)" («)] = (@) (@]

@ o ().

=) Suppose now that 2* € X* satisfies (1.13). Then
XNof (") =X ne [(0f) ()]
=c0"[(9f) " (a")]
=co[(0f) " (=")],

so (i) holds. Finally, noting again that

sk

@ [(0f) ()] = e[(@f) ()]
the statement (ii) is concluded, according to (1.13) and to (i).

]

So, the necessary condition that doesn’t depend on the function f but entirely on the
conjugate is that the equation

* ok

Of (z*) = X Nof(z)" (1.16)

must hold in a 7(X*, X**)-dense set of functionals. Motivated by this observation, we
introduce the following definition:

Definition 1.3.17 (SDPD space) We say that a locally convex space X is an SDPD
space if for every function f* € To(X* w*) with Cont[f*, 7(X*, X**)| nonempty, there
exists a T(X*, X**)-dense subset D of Cont|[f*, 7(X*, X**)|, such that for each z* € D,
the equation (1.16) holds.

Note that in an SDPD space, each 7(X*, X**)-epi-pointed function in I'y(X) is an SDPD
function, since for each f € I'y(X') we have that

X Naf(z*) = (Of)N(x*), Va* € X*,
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and so the condition (i) in Proposition 1.3.16 always holds. In fact, this is a characteri-
zation: The locally convex space X is an SDPD space if and only if each 7(X*, X**)-epi-
pointed function in I'g(X) is an SDPD function.

Now, we establish a second characterization of SDPD spaces as an RNP-like property:

Proposition 1.3.18 Let X be a locally convex space, f € To(X) be a 7(X*, X*)-epi-
pointed function and x* € Cont [f*, 7(X*, X*)]. We have that

Of*(z*) = X Nof*(x*) = (f*)(z*,-) s w*-Isc.
In particular, X is an SDPD space if and only if for each function f € T'o(X), the set
D = {z* € int (dom f*, 7(X*, X)) : (f*)(z*,) is w*-Isc.}
is T(X*, X**)-dense in dom f*.
Proof. The second part of the proposition is direct from the first part, so we only need

to prove that one. Assume then that f € I'(X) and z* € Cont [f*, 7(X*, X**)]. On one
hand, we know (see comments before equation (1.11)) that

(f*)'(x*,u*) — Sup{(x**,u*> .o c 8f*(x*)}, \V/U* c X+

On the other hand, Considering the duality (X, X*) and using Proposition 1.2.27, we
have that

(f)(z*,-) (u*) =sup{(z,u”) : z € XNIf(z")}, Vu* € X"
Therefore,

(f) (@)= (f) (@) <= Oopr) = Oxnofa)
= @0 ()] = @ [X N Of (o)

ook

— Of (@) =XNof ()

which finishes the proof. m

From the definition of SDPD spaces follows this direct corollary:

Corollary 1.3.19 Suppose that X is an SDPD space. Let f : X — Ry, be a 7(X*, X*)-
epi-pointed function and define the sets

D, = {a: € Cont[f*, 7(X*, X*™)] | 9f*(z*) = X N af*(x*)““””} .
Dy = {z € Cont[f*, 7(X*, X*)] | X NOf*(z*) =<0 [(0f) " (z%)] } .
Then f is SDPD if and only if Dy N Dy is 7(X*, X**)-dense in D;.
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Chapter 2

Convex smooth-like and w*-smooth-like
properties in Banach spaces

The aim of this chapter and the following one is to study SDPD spaces in the Banach
space setting. As we have seen in Proposition 1.3.18, SDPD property can be regarded as a
sort of “smoothness property”. This chapter is devoted to formalize this idea introducing
the notion of convex smooth-like properties and convex w*-smooth-like properties.

The development of those concepts have been done under the light of Asplund spaces
theory, widely developed in the literature. For that reason, we give a quick summary
of Fréchet-differentiability of convex functions and Asplund spaces in Sections 2.1 and
2.2, respectively. We will lead the reader to Theorems 2.2.13 and 2.2.15, which fully
established one the most important results in this theory: The duality with the Radon-
Nikodym Property.

Our contribution is contained in Section 2.3, and it will be fundamental to follow what is
developed in Chapter 3.

Notation

In the following, X will be a real Banach space, with dual X* and bidual X**. We will
write || - || to denote the norm of X, X* and X** indifferently, and 7 to denote the
topology induced by it. Also, we will write w, w* and w** to denote the weak-topology on
X and on X* the weak-star topology on X* and the weak-star topology on X** (given
by X*), respectively.

Recalling that for any normed space X, 7. coincides with the Mackey topology 7(X, X*),
the notation I'o(X) will always stand for I'g(X,| - ||) (see equation (1.5) and Remark
1.2.5).

67
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Whenever we consider an equivalent norm p on X, it will be useful to denote by p, the
associated dual norm on X*, that is

pe(x¥) ;= sup{(z*,x) : x € X with p(x) < 1}. (2.1)

We will also write || - ||, instead of || - ||, whenever it is convenient. Also, we will write
B(x ) and S(x ) to denote the unit ball and the unit sphere with respect to p, respectively
(and the analogous notation in X* for the norm p,). If the norm is not specified, we will
assume that we are using the initial norm || - ||.

Recall that an equivalent norm ¢ on the dual space X* is a dual norm (that is, ¢ = p, for
some equivalent norm p on X) if and only if it is w*-lower semicontinuous.

In order to reduce notation, for any two Banach spaces X and Y, any subset U of X and
any mapping ¢ : U C X — Y, we will say that ¢ is F-differentiable at a point v € U if
it is Fréchet-differentiable at u. Analogously, we will say that ¢ is G-differentiable at a
point u if it is Gateaux-differentiable at u.

Also, we will consider the convention that N is the set of all positive integers, that is,

0¢N.

The rest of the notation is either classic (see, e.g., [16],[5] or [36]) or has been already
presented in the Introduction of Part I and in Chapter 1.

2.1 Differentiability of Convex Functions and Support
functionals

In view of our study of smooth-like properties of convex functions in Section 2.3, we will
recall diverse results related to some useful properties, in the thesis, of convex functions.
The present section is devoted to differentiability properties of convex functions defined
over a Banach space. We first state the following lemma (see, e.g., |36, Proposition 3.3]).

Lemma 2.1.1 Let X be a Banach space and f € I'o(X). Then, int(dom f) = Cont[f].

By this lemma, we know that for every function f € I'o(X) and every point =z €
int(dom f), we have that f'(z;-) is real-valued and continuous. Thus, if f'(z;-) is also
linear, then by definition we have that f is G-differentiable at « with V f(z) = f'(z;-).
Furthermore, applying Proposition 1.2.27 we can state the following proposition:

Proposition 2.1.2 Let f € I'o(X) and x € int(dom f). The following assertions are
equivalent:

(a) f'(x;-) is linear.
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(b) f is G-differentiable at x.

(¢) The subdifferential Of(z) is a singleton.

(d) There exists a unique functional x* € X* satisfying (x*, h) < f'(z;h), for allh € X.
In such a case, Of () = {Vf(x)}.

It is known (see, e.g., [36, Proposition 1.23 and Exercice 1.24]) that the G-differentiability
and F-differentiability of a function f € I'((X) at a point = € int(dom f) can be charac-
terized without using the gradient V f(z), as follows.

Proposition 2.1.3 Let f € T'y(X) and x € int(dom f). Then,

(a) f is G-differentiable at x if and only if for every h € X,
f(@+th) + f(z —th) — 2f(x)

lim = 0.
N0 t
(b) f is F-differentiable at z if and only if 6 > 0 such that
lim f(x +th) + f(x —th) —2f(x) o (2.2)
h—0 1Al

From this characterization, it is possible to show that the set of points where a function
f €Tg(X) is a Gs-subset of int(dom f) (see, e.g., [36, Proposition 1.25]).

Corollary 2.1.4 Let f € I'g(X). The set G = {x € dom f : f is F-differentiable at x}
is a G (possible empty) subset of int(dom f).

The following theorem (see, e.g., [36, Ch. 2|) characterizes the F-differentiability in terms
of the subdifferential of the function.

Theorem 2.1.5 (Asplund-Rockafellar) Let f € T'o(X) and x € int(dom f). We have
that f is F-differentiable at x if and only if Of : X = X* is single-valued and 7). -7.-usc
at .

Concerning conjugate functions in the Banach space setting, the subdifferential has a very
interesting behavior related to support functionals. In the following sections as well as in
chapter 3, we will use this properties, so we will present them now.

Recall that for a nonempty closed convex set K, a nonzero functional * € X* is called
support functional of K if x* attains its supremum in K at some point, that is, if there
exists € K such that (z*,2) = ox(z*), where ok is the support function of the set K
(see Example 1.2.2). In such a case, z is called a support point of K, since it is supported
by z*. We will denote by S(K) the set of support functionals of K.
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We will show that the set of support functionals of a convex closed set K is dense in
the cone of linear functionals that are bounded above on K. To do so, we will need a
classic theorem called the Brgnsted-Rocafellar variational principle [11]. It can be derived
from the fundamental Ekeland variational principle and such a proof can be found, for
example, in [36, Theorem 3.17].

Theorem 2.1.6 (Brgnsted-Rockafellar) Let f € T'o(X). Then, given any point xo €
dom f, any two constants e, A > 0 and any linear functional xj € O-f(xo), there exists
r € dom f and x* € X* such that

(a) x* € Of(z).
(b) | — o]l < £/
() lla* — gl < A
In particular, dom Of is dense in dom f.

Noting that z* is a support functional of K if and only if X Ndog(z*) # (), we can write
S(K) = {z* €domog : X Noog(x*) # 0}. (2.3)

Therefore, this notion can be extended to all functions in I'g(X™*, w*). In what follows, we
will say that a linear functional z* € X* supports a function f € To(X) if XNOf*(x*) # 0,
and we will denote the set of support functionals of f as S(f).

Proposition 2.1.7 Let f € I'g(X).Then the set of support functionals of f
S(f) ={z" € dom f* : XNof(x)+# 0}
1s dense in dom f*.

Proof. Fix f € T'g(X), x5 € dom f* and € > 0. Since 0.f*(xf) = X ﬁaef*(:c(’g)w** and
O-1*(xf) # 0, we can choose a point xg € X N 0. f*(xo). Using Proposition 1.2.24 (parts
(b) and (d)), we get that xy € dom f and xj € 0. f(xo).

Applying Theorem 2.1.6 with A = ¢, we get that there exists (z,2*) € Jf such that
|z — xo]| < 1 and ||z* — xf|]| < e. In particular, using Proposition 1.2.18, we get that
x € Of*(z*), and so z* € S(f). Thus, Bx+(xj,) NS(f) # 0, which proves the density by
arbitrariness of . O

Theorem 2.1.8 (Bishop-Phelps) Let K be a nonempty closed convex set of a Banach
space X. Then,

(a) The set of support points of K is dense in bd K.
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(b) The set of support functionals of K, denoted by S(K), is dense in the cone of all
those functionals which are bounded above on K.

Proof. Part (b) follows directly from Proposition 2.1.7 applied to f = Ix. For part (a),
suppose that zg € bd K and fix € €]0, 1[. Choose z; € X \ K with [|z1 — || < e. Using
the Hahn-Banach separation theorem, there exists xj, € Sx« such that ox(zf) < (2§, z1).
Thus, for all x € K we can write

(xg, ) < (xg, x1) < (2], 21 — X)) + (TG, T0) < (TG, X)) + €.

Therefore, (x5, x — x0) < Ix(x) — Ix(x0) + €, which entails that * € 0.1k (zg). Applying
Theorem 2.1.6 with f = I and A = /e, there exists z € dom f = K and z* € df(x)
such that

lwo =zl < Ve and 2" — 2] < VE <L

Since z§ € Sx~, this yields ||z*|| > 0, and so z € bd K, since for every y € int(K), we
easily verify that df(y) = {0}. Since £ > 0 is arbitrary, the proof is complete. O

Finally, for a function f € T'g(X) is such that its conjugate f* is F-differentiable at
some point z* € dom f*, then the differentiability point x* is a support functional of the
function f, as the following proposition states. This proposition can be found in [24,
Lemma 3| and also in [13, Corollary 3.3.4].

Proposition 2.1.9 Let X be a Banach space and f € T'y(X). If the conjugate function
f* 1s F-differentiable at a point x* € dom f*, then V f*(z*) € X.

2.2 Asplund spaces and Radon-Nikodym Property

In addition to the properties of differentiability fo convex functions recalled in the previous
section, the present one is focused on some properties of Asplund (resp. Radon-Nikodym)
spaces which will be use later. These properties are our main motivation for the theory
developed in section 2.3.

2.2.1 Asplund Spaces

Definition 2.2.1 (Asplund space) A Banach space X is said to be an Asplund space if
for every function f € T'y(X), the set

D(f) :={x edomf : f is F-differentiable at x} (2.4)

is dense in int(dom f).
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In what follows, for a function f € I'o(X) we will keep the notation ©(f) to denote the
set of points of dom f at which f is F-differentiable. Observe that, according to Corollary
2.1.4, the set ©(f) is in fact a Gs-dense set of int(dom f), whenever it is dense.

Example 2.2.2 (Asplund spaces) Some classic examples in the literature (see, e.g., [9],
[21] or [36]) are the followings:

(a) Every reflexive Banach space is an Asplund space.

(b) As stated in Theorem 2.2.6, a separable Banach space is an Asplund space if and
only if its dual is separable. So, ¢y is an Asplund space, but ¢! isn’t.

(c) A Banach space X is said to be weakly compactly generated (WCG, for short) if
there exists a w-compact subset K of X such that X = span(K). It is known that
whenever a Banach space has a WCG dual, then it is an Asplund space (see, e.g.,
[36, Theorem 2.43]).

(d) L'[0,1] is not an Asplund space.

O

As we will see later in the following section, Asplund property (that is, to be an Asplund
space) has a dual geometrical interpretation. First, we introduce here a first glance of
what this duality is about. To do so, we need to introduce the notion of slice.

Definition 2.2.3 (Slices) Let X be a Banach space and C' be a nonempty subset of X.
For a functional z* € X*\ {0} and a real o > 0, we define the slice of C' induced by z*
and o as the set

S(Cx" o) ={xeC : (z"z)>0c(x") —a}l. (2.5)

If C is a subset of the dual space X* and x € X \ {0}, the slice S(C,x,a) is called the
w*-slice of C' induced by x and «, to emphasize that it is given by a functional of the
primal space.

Clearly, the slices (resp. w*-slices) are relatively open subsets of C' and they are nonempty
whenever oo (2*) < 400 (resp. oc(x) < 4+00). We also can define the notion of closed
slice of C' induced by z* and o as the set

S(Ciz*,a) ={r € X : (x*,1) > oc(z*) — a}. (2.6)
If C' is closed and convex in X, we easily see that
x € S(C, 1%, a) < (2%,2) > oc(2*) + Io(z) —a < x € dyoc(z”). (2.7)

We also can define the closed w*-slices, and derive the analogous to equation 2.7 when
the set C' is w*-closed and convex in X*. Equation 2.7 and its dual form are often used
in the text.
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The next Theorem 2.2.5 involving the reductions of Asplund spaces to other families of
functions is well-known. Since this theorem is the main motivation of our contribution in
this chapter, we provide a proof of its content as well as the justification of the following
lemma involved in the arguments therein. The proof of Lemma 2.2.4 can be found in |36,
Lemma 2.18 and Theorem 2.30|, while the proof of Theorem 2.2.5 is more disperse: It
can be derived mixing up different propositions contained in the books [9], [21] and [36].

Lemma 2.2.4 A Banach space X is an Asplund space if and only if for every nonempty
bounded subset K of X* and for every e > 0, there exists a w*-slice S(K,x,a) with
diameter less than ¢.

Proof. Let us start with the necessity: Reasoning by absurd, suppose that there exists a
nonempty bounded subset K of X* and a real ¢ > 0 such that every w*-slice of K has
diameter strictly larger than e.

To arrive at a contradiction, we will show that o, which is continuous and real-valued
due to the boundedness of K, is nowhere Fréchet-differentiable. Since K is not a singleton,
it is clear that o is not F-differentiable at 0. Fix then x € X \ {0} and, for each n € N
choose =, y* € S(K,z,£/3n) such that ||z} — y:|| > . We then know, that there exists
T, € Sx such that (2} —y’ x,) > e.

Thus, we can write

ox(z+ tx,) + ok (x — 2x,) — 20K (x) > (2}, 2+ Lx,) + (Y}, @ + 2x,) — 20K ()
> <SL’; - y;kw 7ixn> - ??_2
2
> T T s

where the second inequality follows from the facts that ox(z) < (zf,z) + ¢/3n and
ox(z) < (yy,x) + ¢/3n, due to the inclusion S(K,z,e/3n) C 0./3,0k(x) for all n € N,
and by Proposition 1.2.24(b). Dividing the latter inequality by %, we get that o cannot
be F-differentiable at x, according to Proposition 2.1.3. The proof of the necessity is then
finished, since z is an arbitrary point of X \ {0}.

To prove the sufficiency, fix f € T'g(X) with int(dom f) # (). By Propositions 1.2.20, we
know that W := int(dom 0f) coincides with int(dom f). We will show that there exists a
Gs-dense subset G of W on which 0f is a singleton and it is norm-norm-usc.

For each n € N, define the set GG,, as all points © € W such that there exists a neighborhood
V € Nx(z) with diam(9f(V)) < L. It is not hard to realize that the set G = (1, Gn is
the collection of all points x € W such that 0f(z) is a singleton and Jf is norm-norm-usc
at x. Thus, to prove our claim we only need to show that G, is dense in W, since by
construction is already open.

Fix n € N, 20 € W and an open neighborhood U € Nx(x¢) with U C W. By Proposition
1.2.21, we may assume that df(U) is bounded. By hypothesis, there exists z € X and
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« > 0 such that

diam(S(0f(U), z,a)) = diam{z* € Of(U) : (z%,2) > ooy (2) — a} < %

Let us denote S := S(Of(U), z,«). Since S is nonempty, there exists x; € U and z* €
Of (z1) such that * € S. Fix r > 0 small enough such that zy := 21 +rz € U. We will
show that 0f(x,) C {2* € X* : (2%, 2) > 0p5w)(2) —a} =: Q. Indeed, fixing y* € 0f(x2)
we have by monotonicity that

0<(y" —a",z9—x1) =7r(y" — 2", 2),

which yields oar1)(2) — o < (2*,2) < (y*,2). Thus, the inclusion df(z2) € @ holds.
Using the w*-openness of ) and the fact that 0f is norm-w*-usc at x,, we get that
there exists a neighborhood V' € Nx(x2) with V' C U such that 9f(V) C @, thus
of(V)CofU)n{z* € X* : (2%, 2) > 0apu)(2) —a} =S, and so x3 € Gy.

Since x and U are arbitrary, we conclude that G, is dense, which allows us to conclude
that G is a Gs-dense subset of W. Using proposition 2.1.5, we get that G C D(f), and
so D(f) is dense in W = int(dom f). The proof is now complete. O

Theorem 2.2.5 Let X be a Banach space. The following assertions are equivalent:
(a) X is an Asplund space.
(b) For every function f € T'o(X) with int(dom f) # 0, the set D(f) is nonempty.
(¢) For every continuous function f € I'o(X), D(f) is dense in int(dom f).

(d) For every real-valued convex continuous function f: X — R, the set D(f) is dense
m X.

(e) For every w*-compact set K in X*, the set ®(ok) is dense in X.
(f) For every equivalent norm p on X, the set D(p) is dense in X.

(g) For every equivalent norm p on X, p is F-differentiable at some point of X \ {0}.

Proof. The implications (a) =(b) and (¢) =(d) =(e) =(f) =(g) are direct. To show that
(b) =(c) simply argue by absurd: Assume that (b) holds and that there exists a proper
continuous convex function f : X — R, such that D(f) is not dense in int(dom f). Then,
there exists a convex open set U C dom f, on which f is not F-differentiable at any point
u € U. Finally consider g := f + Iz, which belongs to I'g(X) and also satisfies that
D(g) = 0, which contradicts (b). Thus, the implication (b) =(c) holds.

To prove (g) =(a), assume that (a) doesn’t hold. Then, by Lemma 2.2.4 there exists a
bounded set K of X* and a real € > 0, such that all w*-slices of K have diameter greater
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than . Consider now the set
B=t0"" (Bx-+c" (K U(-K))).

Noting that op = || - || + max{ox,0_k}, it is not hard to see that for each = € X \ {0}
and each o > 0,

S(B,x,a) D"+ S(K,z,a) or S(B,z,a)2Dx"+ S(—K,z,«),

where z* € Sx- is such that (z*, x) = ||z||. We conclude that all slices of B also have diam-
eter greater than €. By construction, it is clear that B is w*-closed, and so its Minkowski
functional pp is an equivalent norm on X* which is w*-lower semicontinuous. Thus, B is
the unit ball of an equivalent dual norm and hence p := op is an equivalent norm on X.
Then, by hypothesis, there exist a point € X \ {0} such that p is F-differentiable at x.
According to Proposition 1.2.26, we have that Vp(z) € B. Furthermore, it is clear that
for each a > 0, we have the inclusions

Vp(z) € S(B,z,a) C S(B,r,a) = d.p(x).

Thus, for every n € N we can choose z € S(B,z,1/n) such that ||z} — Vp(x)| > /2.
Using Brgnsted-Rockafellar variational principle for each n € N, there exist x, € X and
y: € B such that y: € dp(z,) and

1 .. 1
[zn =2l < == and |y, — 7 [ < —=.

Vi Vi

Since Jp is norm-norm-usc at z, there exists ny € N such that ||y} — Vp(x)| < /8 for all
n > ng. Choosing n large enough, we may suppose that 1/4/n < £/8 and so,

e/2 < ||z, = Vp(a)|| < llay, — wnll + llyn — Vp(2)[ < e/4,

which is a contradiction. This proves that (g) =(a), finishing the proof. O

There is a well-known characterization of separable Asplund spaces in terms of their dual
spaces (already used in Example 2.2.2(b)). The proof is not easy, but we refer the reader
to [36, Theorem 2.19].

Theorem 2.2.6 Let X be a separable Banach space. Then, X is an Asplund space if and
only if X* is separable.

Next proposition establishes the stability of Asplund spaces for closed subspaces. This
property is by no means trivial and partially allows us to derive the next Theorem 2.2.8.

Here we follow the proof in |36, Proposition 2.33].

Proposition 2.2.7 FEvery closed subspace of an Asplund space is also an Asplund space.
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Proof. Let X be an Asplund space, and consider a closed subspace M of X. Reasoning
by absurd, assume that M is not an Asplund space, and so, in view of Lemma 2.2.4, there
exists a bounded subset K of M* = X* /M~ and a real ¢ > 0, such that

Vo e X, Va > 0 diam(S(K,z,a)) > 2e.

Without loss of generality, we may assume that K is w*-compact and convex, just re-
placing K by co® (K) and noting that for all # € X and all « > 0, S(K,r,a) C
S(cov (K),z,a). Let m: X* — M* the quotient map, which is known to be of norm one,
an open mapping and w*-w*-continuous. In particular, 7(Bx-) is a neighborhood of 0 in
M*.

Now, since K is bounded, there exists A > 0 such that 7(ABx+) contains K. Let us denote
C = (ABx~) N7 1(A). Clearly, C is w*-compact in X*, convex and 7(C') = K. Using
Zorn’s Lemma, there exists a minimal set Cy (under inclusion) enjoying these last three
properties. Since X is an Asplund space, by Lemma 2.2.4 there exist z € X \ {0} and
a > 0 such that diam(S(Cpy, z,«)) < €. To simplify notation, denote S := S(Cy, z, a).

Since S is relatively w*-open in Cj and it is a slice, it is not hard to see that Cp \ S is
w*-compact and convex, and so Ky := 7m(Cp \ S) is w*-compact and convex. Also, by
minimality of Cy, we have that Ky C K. Now, for any two points yj,ys € K \ Ky, we
have that there exist x7, x5 € S such that 7(z}) = y; for i = 1,2. Then,

lyr = wall = Il (2t — 25)| < [lof — a3l <e.

Thus, choosing z* € K, and using the Hahn-Banach separation theorem for the w*-
topology, there exists ' € M and o’ > 0 such that

<l’*,l’/> > O/ Z <.§C*,y>, \V/’y € K\KO

Thus S(K, 2, ) separates x* and K \ Ky. Since S(K,2',a/) N (K \ Ky) = () and K =
(K \ Ky) U Ky, this yields the inclusion S(K,z’, ') C K, and so

diam(S(K,2',a)) < e,

leading to a contradiction. The proof is then complete. O

We finish this section by presenting a final characterization of Asplund spaces that is
known as separable reduction: To know whether a Banach space is an Asplund space,
it is enough to check it for its separable subspaces. The reader can find the proof of
the sufficiency of the following theorem in [36, Theorem 2.14|, while the necessity comes
directly from Proposition 2.2.7 above.

Theorem 2.2.8 (Separable Reduction of Asplund Spaces) Let X be a Banach space.
Then, X is an Asplund space if and only if every separable closed subspace of X is an
Asplund space.
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2.2.2 The RNP and Stegall’s Theorem

Definition 2.2.9 (Exposed and Strongly-Exposed points) Let X be a Banach space and
K be a closed convex set of X. A point vy € K is said to be

(a) exposed, if there exists a functional z* € X*\ {0} such that
<l'*,$0> = O-K(l'*) > <[E*,y>, Vy €K \ {:L‘U}

In such a case, we say that the functional x* exposes zo in K. We will denote by
exp(K) the set of exposed points of K.

(b) strongly-exposed, if there exists a functional z* € X*\ {0} such that x* exposes xg
in K and also for every sequence (x,) € K we have that

(", x,) = og(x¥) = ||zo — .|| — 0.

In such a case, we say that x* strongly exposes zo in K. We will denote by
str-exp(K) the set of strongly-exposed points of K.

Analogously, for a conver w*-closed subset K of X*, a point xf € K is said to be w*-
exposed (respectively, w*-strongly-exposed) if there exists a functional x € X \ {0} which
exposes (resp. strongly exposes) xf in K.

In such a case, we say that x w*-exposes (resp. w*-strongly exposes) xj in K to emphasize
that the exposing functional belongs to the primal space X .

Definition 2.2.10 (Radon-Nikodym Property) A Banach space X has the Radon-Nikodyjm
property (RNP) if every closed convex bounded subset K of X coincides with the closed
convex hull of its strongly-exposed points.

Example 2.2.11 (Spaces with the RNP) Classic examples (see, e.g., [9] and [21]) are the
following ones:

(a) All reflexive spaces have the RNP.
(b) ¢! has the RNP. ¢y and ¢ lack it.

(c) L'0,1] lacks the RNP.

Next proposition establishes the first link between Asplund spaces and the RNP via
slices of small diameter. The necessity of Proposition 2.2.12 is based on the following
observation: For a closed convex bounded set K, it is not hard to prove from the definition
of strongly-exposed points that, whenever x € str-exp(K) and it is strongly-exposed by
r* € X*, then the slices S(K,z*, ) can be (for some o > 0 small enough) of diameter
arbitrarily small. The sufficiency is more delicate: we refer the reader to [9, Theorem
3.5.4] or |23, Theorem 11.3] for its proof.
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Proposition 2.2.12 A Banach space X has the RNP if and only if for every nonempty
bounded subset K of X and every e > 0, there exists a slice S(K,z*, ) of K with diameter
less than €.

We finally present one of the most celebrated results about the Radon-Nikodym property:
Its duality with Asplund spaces. This theorem was first proved by C. Stegall in 1978 (see
[45]), based on an earlier contribution of himself (|44]). The proof now can be found in
several books, as |23, Theorem 11.8], [36, Ch. 5| or |9, Proposition 5.7.2].

Theorem 2.2.13 (Stegall, 1978) A Banach space X is an Asplund space if and only if
X* has the RNP.

2.2.3 w*-Asplund spaces and Collier’s Theorem

A natural question concerning Stegall’s theorem is whether the RNP in the primal space
implies that the dual is an Asplund space. Intuitively, this shouldn’t be so, since the primal
space X only gives enough information about conjugate functions, but doesn’t describe
all functions in I'o(X). Form this observation is natural to introduce a “weak-star version”
of Asplund spaces.

Definition 2.2.14 (w*-Asplund spaces) Let X be a Banach space. We say that the dual
space X* is a w*-Asplund space if for every function f € Io(X*, w*), the set D(f) of
points where f is Fréchet-differentiable is dense in int(dom f).

In 1976, J. Collier (see [14]|) characterized the Banach spaces with the RNP as those
whose dual is a w*-Asplund space. This contribution completed the framework of duality
between Asplund spaces and RNP spaces: When the primal space has the RNP we can
only assure the Fréchet-differentiability of conjugate functions. We refer the reader to [14]
for the original proof and to |9, Theorem 5.7.4] for an alternative one.

Theorem 2.2.15 (Collier, 1976) A Banach space X has the RNP if and only if its dual
space X* is a w*-Asplund space.

The next known Theorem 2.2.18 gives various characterizations of w*-Asplund spaces.
Because of their importance in the development of this chapter (besides Theorem 2.2.5),
we provide a proof of the theorem. The proof below will involve the aforementioned
Collier’s theorem. In a first step the two following known lemmas are needed. Both
lemmas are hard to find in their present form, but can be retrieved by using different
proposition of the books [9], [21] or [36]. We establish their proof for completeness and
convenience of the reader.

Lemma 2.2.16 Let K be a nonempty closed convex bounded set of X, xo € K and
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xzy € X*\ {0}. The following assertions are equivalent:
(a) x§ strongly exposes xqy in K.
(b) z§ w*-strongly exposes xo in ® (as a subset of X**).

(¢) ok is F-differentiable at xf with Vo (xg) = x.

Proof. Let us prove first (¢) =-(a). Assume then that ok is F-differentiable at zj with
Vog(xz§) = zg, and choose a sequence (z,) C K such that (z§,z,) — ox(xf). It is
not hard to realize that there exists a sequence (g,) C]0,+o0[ converging to 0 such
that z,, € 0., 0k (x}), and so, zf € 0., Ik (x,). For each n € N, applying the Brgnsted-
Rockafellar variational principle (see Theorem 2.1.6) with A = /€, we find a sequence
(v, yn) € Ook such that

lon -l < vEr  and -2l < VA
In particular, y; — 3. Using Proposition 2.1.5, we get that vy, — x( and so
|20 = zoll < {lyn = znll + [lyn — 2ol = 0.
Since (x,,) is an arbitrary sequence, it follows that z{ strongly exposes z( in K.

Let us prove now (a)=-(b). Fix ¢ > 0. Since zj strongly exposes xg, it is not hard to
deduce that there exists a > 0 such that

S(K, x5, ) C 040k (2f) € Bx(x,¢) N K.

Now, let z** € S (Fw**, xg, a). Then, there exists a net (z;);es included in 9,0k (xf) such
that z; =" 2**. In particular, for each z* € Sx- we have that

(x*, 2™ — o) = 1216%1(3:*,:51 — 1) < e.

Thus, 2** € Bx--(z9,e) VK, and so we get

sk ok

S <Fw ,xé,a) C By (z9,6) N K"

Since ¢ is arbitrary, we conclude that the slices induced by z{; form a neighborhood basis

of xg for the strong topology relative to K. This entails that xo is w*-strongly exposed
by zj in K", proving the desired implication.

It only rests to show that (b) =-(c). Since z is w*-strongly exposed in Y by z§, we
have in particular that dok(zf) = {x0}. Now, since K is bounded, we have that ok
is continuous and so, according to Proposition 2.1.5, to prove that ok is F-differentiable
at x is enough to show that Jok is norm-norm-usc at z§. Fix then a sequence (z7) in

*
n
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X* converging to z and for each n € N, choose x}* € Jok(z)). We then have that

n
e € K° and that (2%, 2%) = ok (x*). Thus, we can write

nJrrn

kK

(23" — @0, 2)| = (2" — wo, 25 — 23) + (@7, 23,) — (2o, 77,)]
< lay" = zoll[lzg — 23l + ox (27,) — (2o, 23,)]
— 0,

since the sequence (||z* — zo||) is bounded, along with o (2}) — ok (zf) = (x§, xo) and
(xo, k) — (xo,xf). This yields that (x}* xf) — (zo,2) = ok (xj), and since zf w*-
strongly exposes x( in fw**, we deduce that x* — xy5. We then conclude that dok is
norm-norm-usc at xj, finishing the proof. O

Lemma 2.2.17 A Banach space X has the RNP if and only if for every equivalent norm
p on X, str-exp (]BS(XJ,)) + (.

Proof. Since the necessity is direct, we only need to prove the sufficiency. Reasoning by
absurd, assume that X lacks the RNP. Then, according to Proposition 2.2.12, there exists
a nonempty bounded set K and a real ¢ > 0 such that K has all slices with diameter
grater than . Following the same construction than in the proof of Theorem 2.2.5, we
get that the set

B =c0 (Bx- 4+ co(K U (—K)))

has all its slices with diameter greater than . This entails that str-exp(B) = (), which
is a contradiction since the Minkowski functional pg is an equivalent norm on X and
Bix,) = B. O

Theorem 2.2.18 Let X be a Banach space. The following assertions are equivalent:
(a) X* is a w*-Asplund space.
(b) For every function f € To(X*, w*) with int(dom f) = 0, the set D(f) is nonempty.
(¢) For every continuous function f € I'o(X*, w*), D(f) is dense in int(dom f).

(d) For every convex real-valued w*-lower semicontinuous function f: X* — R, the set

D(f) is dense in X*.
(e) For every nonempty bounded subset K of X, the set ®(of) is dense in X*.

(f) For every equivalent norm p on X, the set ©(p.) is dense in X*, where p, is the
dual norm on X* induced by p.

(g) For every equivalent norm p on X, the dual norm p, is F-differentiable at some

point of X*\ {0}.
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Proof. As in Theorem 2.2.5, we only need to prove (¢g) =(a). Using Lemma 2.2.16, the
hypothesis implies that for every equivalent norm p on X, its unit ball B(x ;) has a strongly
exposed point. Thus, according to Lemma 2.2.17, this yields that X has the RNP. The
conclusion follows by Collier’s theorem. m

2.3 General smooth-like properties for convex functions

In this section and the next one which are our contribution in this chapter, we will study
the “smooth-like” properties in the convex analysis framework. Usually, when we find
smooth properties of convex functions defined over a Banach space X, it is possible to
find equivalent interpretations of them as geometrical properties of convex sets of its dual
space (or predual space). To do such interpretation, we present a general strategy to
reduct this kind of properties.

The first step is to formalize the idea of what a property of Banach spaces is: A property
(P) of Banach spaces will be understood as a family of binary functions {Px : D(X) —
{0,1}} indexed by the class of Banach spaces for which the domain D(X) of each function
depends on the index space X.

The intuition of the family of functions {Px} is that for z € D(X), Px(z) = 1 means
that the property (P) holds at z. So, in order to define a property (P) we need to specify
for each Banach space X 1) the domain D(X) of Px; and 2) what Px(z) = 1 means,
usually by the equivalence

Px(z) =1 <= (P) holds at z.

Here, we will be concerned with properties of the convex smooth-like type as defined in
the next subsections. This type of properties are motivated by Asplund spaces and their
geometrical interpretation with the RNP (see Theorem 2.2.13).

2.3.1 Convex smooth-like properties

Definition 2.3.1 A property (P) of Banach spaces is a convex smooth-like property if
for each Banach space X, D(X) = ['o(X) x X and the function Px satisfy the following
conditions:

(i) Px is local: For each pair of two functions f,g € T'o(X) and for each open set
U C X we have that

flU :g‘U:>PX(f")‘U :PX(QV)‘U‘
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(i) Px is transitive: For each other Banach space Y such that there exists an onto
bounded linear operator T : X — Y, we have that for all f € Ty(Y')

Px(foT,z)=Py(f,Tx), Vo € X.

(i11) Px is set-consistent: For every w*-closed convex set K of X* we have that
(iii.a) Yr € X,Vt >0, Px(ok,x) = Plok,tx).
(111.b) Ya* € X*, Px(0kiar,) = Px(0k,").
(iv) Px is epigraphical: For each function f € T'y(X) and each x € X,
Px(f,x) = Pxxr(0epip+, (2, —1)).

In the case of convex smooth-like properties, Px(f,z) = 1 means that f satisfy the
property (P) at x. For reducing notation, whenever there is no confusion we will omit the
Banach space index, writing simply P(-,-). Also, in the case of a support function o
(where K is a w*-closed convex set of the dual space), we will sometimes write P(K, -)
instead of P(og, ).

Finally, for a function f € T'o(X), we will denote by P[f] := {z € dom f : P(f,z) =1}.
Consistently, if f = ok, then we will sometimes write P[K] instead of P[ok].

Definition 2.3.2 ((P)-structural spaces) Let (P) be a convex smooth-like property. A
Banach space X is said to be

1. (P)-structural if for each f € To(X), P[f] is dense in int(dom f).

2. (P)-w*-geometrical if for each w*-compact conver set K C X*, P[K] is dense in
X.

Lemma 2.3.3 (|36, Lemma 2.31|) Let X be a Banach space, f € T'o(X) and xy €
int(dom f). Then, there exist a neighborhood U € Nx(xo) and a convex Lipschitz-
continuous function f : X — R such that

f‘U:f‘U‘

Proof. According to Proposition 1.2.21, there exist M > 0 and U € Nx(xg) included in
int(dom f) such that 0f(U) C MBx-. Define

= O - )

It is clear that f < f, and that it is convex. By continuity on U, we know that for every
u € U there exists u* € df(u). Since ||u*|| < M by construction, we can write

flu) < f(x) + (W' u—z) < fz) + Mlju—zf, VreX,
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which entails that f(u) = f(u) for all u € U. It only rests to prove that f is Lipschitz-
continuous. Fix then u,v € X. By definition of the inf-convolution, for every ¢ > 0, there
exists y € dom f such that

flu) > fly) + Mlju—yl| —e.

Since f(v) < f(y) + M|lv — y||, this yields

fo) = fu) < Mo =yl = Mllu—y| +e < Mljv—ul +¢

By arbitrariness of ¢, v and v, we deduce that f is M-Lipschitz on X. The proof is now
complete. n

Proposition 2.3.4 Let X be a Banach space. The following assertions are equivalent:
(a) For each f € To(X) with int(dom f) # 0, int(dom f) N P[f] # 0.
(b) X is (P)-structural.
(¢) For each continuous proper convex function f : X — R, P[f] is dense in int(dom f).

(d) For each real-valued function f € T'o(X), P[f] is dense in X.

Proof. The implications (b) = (c¢) =(d) are obvious. For (a)=-(b) assume that (a) holds
but X is not (P)-structural. Then, there exists a function f € I'y(X) and a nonempty
open set U C int(dom f), such that

P(f,u) =0, Vu e U.

Take x € U and € > 0 small enough such that B = Bx[z,¢] C U and consider f=f+Iz
which is a function in T'g(X) with int(dom f) = int(B). Now, since

f|int(B) - f‘int(B)

and int(B) C U, we get, since (P) is local, that P(f,z) = P(f,2) = 0 for each z € int(B).
Thus, int(dom f) N P[f] = @ which is a contradiction.

Now, for (d)=(a), let f € T'o(X) with int(dom f) # 0 and = € int(dom f). Applying
Lemma 2.3.3, we know that there exists a convex Lipschitz-continuous function f X —-R
and an open neighborhood U of z such that f ‘U = f‘U. In particular, f is real-valued
in U and so U C int(dom f). Since f is real-valued, P[f] is dense in X and then, there
exists z € U such that P(f, z) = 1. Finally, since (P) is local, P(f, z) = 1, finishing the
proof. m

To get similar characterizations for (P)-w*-geometrical Banach spaces, we will need to
establish some lemmas.
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Lemma 2.3.5 (|9, Lemma 2.3.6]) Let K be a nonempty bounded set of X. For every
x* € X*\ {0} and every a > 0, there exists € > 0 small enough such that

S (K, y, %) C S(K,z*,«), Vy* € By:[z"¢].

Proof Define M := sup{||z| : = € K} and choose ¢ € ]0,:% [, with the convention
& = +oo if M = 0. Fix any functional y* € By«[z*,e]. Now, for z € S (K,y*, ) we
can write

* * * * * a
(2%, 2) 2 (y", 2) = [(a" = y", 2)| = ok (y )—E—sM
> sup{(z*,z) — [(z" —y" 2)|} — 5 —eM
rzeK

«

> ok (x¥) — 5 2e M

> og(x") —a.

Thus, z € S(K, z*, ), which finishes the proof. O

Lemma 2.3.6 Let K be a w*-closed convex set of X* with o : X — Ry, its support
function. Assume that int(domog) # 0 and let x € int(dom o) with x # 0. Then, there
exists an equivalent norm p on X, a point xj € X* and an open neighborhood U of x such
that

Ok tay(u) = p(u), Yu € U.

Proof. Let n = ox(x). Let us assume that 7 > 0 and define Ky = 0,)20x(x) C X*. By
Lemma 2.3.5, there exists an open convex neighborhood U; of x such that S ( g) CK
for all u € U;. This entails that for every u € Uy,

ox(u) =sup {(z*,u) : 2" €S (K,u,1)} <og (u),

and so, since ok, < ok, we get that UK|U1 = 0k, ‘Ul. Also, the latter relation provides
that dog(u) = dog, (u), for all u € U;.

Define now Ky = co” [K; U(—K;)]. It is clear that ok, = max{ok,,o_x, } and therefore,
since (¢*,x) > n— 7 = 1 for all z* € K, we have that

o 1 (w) = sup (—2",7) < —
z*eK1

wld
MI:

< ok, ().

Thus, 0_k, (z) < 0k, (z) and, by continuity, there exists a neighborhood U; of z included
in U; such that o_ Kl‘U < Ok, ’ Uy In particular, we get that 0'K2‘U2 = 0Ky |y, Finally,

define the set B = 5s ”IB%X and consider the set K3 = co® [K, U B]. Again, we have that

op(z) =

sl = =05, (),
2||96|| :
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and so, by continuity, there exists a neighborhood U; of x included in U, such that
O-K3‘U3 = O'KQ‘UB. Let U = Us and p = og,. It is clear by the construction of K3 that

p is an equivalent norm on X and K3 = B(x-,,). Moreover, O'K‘U = p|U and so, the
conclusion holds with x5 = 0.

If n <0, we can choose = € X* such that (xj, x) > —n, and repeat the previous procedure
with K + zj, instead of K, which finishes the proof. O

Theorem 2.3.7 The following assertions are equivalent:
(a) For each w*-closed conver set K C X* with int(domog) # (),

Plog]| Nint(dom oy ) # 0.

(b) For each w*-closed convex set K C X*, Plok] is dense in int(dom o).
(¢c) X is (P)-w*-geometrical.

(d) For each equivalent norm p on X, P|p| is dense in X.

Proof. (b) =(c) =(d) are obvious. For (d) =-(a), assume that (d) holds and that there ex-
ists a w*-closed convex set K C X* with int(dom o) # 0 such that Plox]Nint(dom oy ) =
(). Choose z € int(domog). Applying Lemma 2.3.6, we get that there exists zf € X*,
an equivalent norm p on X and an open neighborhood U of x, which we can assume
contained in int(dom ok ), such that

UK+$S|U :p|U'

Since (P) is local, P(0k 445, u) = P(p,u) for all u € U and, since (P) is set-consistent, we
conclude that
P(p,u) =P(ok,u) =0, Yu e U,

which is clearly a contradiction, according to the density of P[p] in X.

To prove (a) =(b), assume that (a) holds and there exists a w*-closed convex set K C X*
and an open set U C int(dom o) such that Plog] NU = ). Choose x € U with x # 0
and 6 € |0, 1||z[/[ small enough such that z 4+ dBx C U \ {0} and define

C = cone(r + 0Byx) :=R, (z + iBx).

Since [lul| > 3||z|| > 0, it is not hard to see that C is a closed convex set and that
P(ok,z) =0 for all z € int(C) (since (P) is set-consistent). Let us consider the function
o =0k + Ic. Since I is a sublinear Isc function, we get ¢ is also a sublinear lsc function.
By Proposition 1.2.26, 0 = o/, where K’ := Jo(0) is a w*-closed convex set of X*. Thus,
we can write

ok(z) =ok/(z), Vzeint(C)
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and so, since (P) is local, we get that P(ogs,z) = 0 for all z € int(C). Noting that
dom oy = C, we conclude that Plog/| Nint(dom ok ) = (), which is a contradiction. The
proof is now complete. O

Now, we would like to link Proposition 2.3.4 and Theorem 2.3.7. To do so, we will use
the fact that (P) is epigraphical and the following simple lemma:

Lemma 2.3.8 Let 0 be a (Hausdorff) locally convex topology on X coarser than .. For
a function f € I'y(X,0) we have that

(a) int(dom oep; p+) =|0, +00]-(int(dom f) x {—1}).
(b) int(dom f) = {x € X : (z,—1) € int(dom gep; s«)}.

where the interior is considered for the topology 7. and the conjugate f* is taken with
respect to the duality (X, (X,0)").

Proof. Note first that (b) is directly deduced from (a). Now, to prove (a), let us show
both inclusions:

e Fix (x,s) € int(dom oep; ). Since oep + (7', s") = +00 whenever s’ > 0, it is easy to
deduce that s < 0. Thus, denoting z := |s|~'z, we have (z,—1) € int(dom oep; ).
Also, there exists a neighborhood U € Nx(z) such that for all u € U, (u,—1) €
int(dom oep; f+). We then conclude that, for each u € U

+00 > oepipe(u, =1) = sup  {(y",u) —rp = sup {(y"u) — [(y)} = f(w)
(y*,r)€epi f* y*edom f*

This yields U C dom f, and so (Z,—1) € int(dom f) x {—1}, proving that (z,s) €

10, +o0[-(int(dom f) x {—1}). We conclude that

int(dom oep; ) €0, +00[-(int(dom f) x {—1}),
proving our first inclusion.

e To prove the reverse inclusion, it is enough to show that int(dom f) x {—1} C
dom Oep; p+, since dom oepi 4+ s a cone and that ]0, +-oo[-(int(dom f) x {—1}) is an
open set in X x R. Fix then z € int(dom f). Fixing ¢ > 0, we know by Proposition
1.2.24 that there exists x* € 0. f(x), where the subdifferential is taken with respect
to the duality (X, (X, 0)*). Thus, according again to Proposition 1.2.24, we deduce
that

sup  {(y"x) —r} =7 (x) = f(z) < (2" 2) — [7(27) + e
(y*,r)€epi f
This yields to gepi f«(z, —1) < 400, showing that (z, —1) € dom oep,; p+ and finishing
the proof.

]
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Proposition 2.3.9 A Banach space X is (P)-structural if and only if X x R is (P)-w*-
geometrical.

Proof. Le us show first the sufficiency. Assume that X x R is (P)-w*-geometrical and
let f € I'o(X) with int(dom f) # (. By Lemma 2.3.8(a), we know that int(dom oep; )
is nonempty. As X X R is (P)-w*-structural, equivalence (a)<>(c) in Theorem 2.3.7
ensures that Plepi f*] N int(dom oy +) # 0. Since the second component of all points
in int(dom oepi f+) are negative by Lemma 2.3.8(a) again and since (P) is set-consistent,
there exists € X such that

(z,—1) € Plepi f*] Nint(dom oep; £+).

By Lemma 2.3.8.(b), we get that x € int(dom f) and, since (P) is epigraphical, P(f,x) =
1. The conclusion follows from the equivalence (a) <> (b) in Proposition 2.3.4.

Assume now that X is (P)-structural and let p be an equivalent norm over X x R.
Consider the function ¢ : X* — R, given by

e(x) =1inf{t : p.(2*,t) <1},

It is easy to see that epiyp = Bix«xryp,) + L where L = {(0,¢) : ¢t > 0}. Since Bix+xryp.)
is w*-compact and convex and L is w*-closed and convex, we get that epip is w*-closed
and convex. Thus, there exists f € I'o(X) such that f* = ¢. Note also that

V(x,A) € XX]=00,0[, Tepip(¥, A) = OB a0y (T, A) +0L(T,A) = 0B, (2, A), (2.8)

so int(dom f) # () by Lemma 2.3.8, and hence Plepi f*] is dense in int(dom f) by the (P)-
structural property of X. Using that (P) is epigraphical and set-consistent and applying
Lemma 2.3.8, we can conclude that Plepiy] is dense in int(dom oepi,) = X x| — 00, 0].

Further, according to equation (2.8) and since (P) is local, we get that P[B(x-xrp.)| is
dense in X x| — o0, 0[. To conclude, consider the automorphism 7" : X x R — X x R given
by T(x,t) = (x,—t), and repeat the same argument for the equivalent norm p o T" over
X x R. We then get that P[po T] is dense in X x| — 00, 0[. Now, since (P) is transitive,

V(z,t) € X xR, P(poT,(x,t)) =P(p,T(x,t)).

In particular, since p is the support function of B(x+xgp,), we have that P[B x«xr,,)| =
P[p] and therefore P[B(x+xrp.)] is dense in T (X x| — 00, 0[) = X x]0, 00]. We deduce that
PB(x+xrp.)) is dense in X x R, proving that X x R is (P)-w*-geometrical (according to
equivalence (b) <(d) in Theorem 2.3.7). O

The following proposition establishes the natural stability results for (P)-structural and
(P)-w*-geometrical spaces, due to transitivity.

Proposition 2.3.10 Let X, Y be two Banach spaces with an onto bounded linear operator
T:X —Y. Then,
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1. X is (P)-w*-geometrical = Y is (P)-w*-geometrical.
2. X is (P)-structural = Y is (P)-structural.

In particular, the classes of (P)-structural and (P)-w*-geometrical Banach spaces are
closed for quotients (of closed subspaces) and isomorphisms.

Proof. We only need to prove the first implication. Indeed, from T we can construct
an onto bounded linear operator 7 : X x R — Y x R given by T(x,t) = (T,t). So,
assuming that X is (P)-structural we would have, by Proposition 2.3.9, that X xR is (P)-
w*-geometrical and therefore, that Y x R is also (P)-w*-geometrical. Finally, applying
Proposition 2.3.9 again, we would get that Y is (P)-structural.

Let us prove then the first statement. Assume that X is (P)-w*-geometrical and let
Ky« be a w*-closed convex set of Y with int(dom O'KY*> # (). We need to prove that
P[Ky~| Nint(dom o, ) is nonempty. Consider the set Kx- = T%(Ky~), which is a w*-
closed convex set of X*. Note that for all x € X,

Oky.(x) = sup (z,T"y") = sup (Tz,y") = ok,.(Tx),
y*EKy* y*GKy*

which implies that domog,. = T-1(dom 0k,.) and, since T is open, it ensues that
T(int(domog,.)) = int(dom ok, ). In particular, int(dom ok .) # () and therefore there
exists z € int(dom o) with P(Kx«,z) = 1. Since (P) is transitive,

P(Ky*,Tl’) = P(UKy* © T? .1') = P(UK)(*?x) - P(KX*,.T),

and so we conclude that Tx € P[Ky+| N int(dom ok, ), finishing the proof. O

To finish the study of convex smooth-like properties, we would like to make a last reduc-
tion: An equivalence between (P)-structurality and the nonemptyness of Px|[p], for each
equivalent norm p on X. This idea is motivated by characterization (¢) of Asplund spaces
given in Theorem 2.2.5.

Since this equivalence would imply that (P)-structural spaces and (P)-w*-geometrical
spaces coincide, it is clear that it is a difficult goal. Nevertheless, we present a partial
result: In the case that X is a separable Banach space, then (P)-w*-geometrical spaces
can be characterized by the nonemptyness of Px[p] for each equivalent norm p on X,
whenever the convex smooth-like property (P) fulfills an extra condition, that we call the
sum rule.

Definition 2.3.11 (Sum rule) Let (P) be a convex smooth-like property of Banach spaces.
We say that (P) has the sum rule if for any Banach space X and any pair of functions
fr9 € To(X),

Px(f +9g,-) =min{Px(f,"), Px(g,")}. (2.9)
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Now, to prove our desired reduction, we need first the following fundamental result about
open cones in separable Banach spaces:

Proposition 2.3.12 Let X be a separable Banach space. For every open cone C' in X,
there exists a countable family of isomorphisms {T,, : X — X | n € N}, such that

U z' ) 2 X\ {o}.

neN

Proof. Let X be a separable Banach space and C' be an open cone. Fix o € Sy NC and
let zf € Sx« such that (xf,zo) = 1. Denote Z, := Ker(zj). Since C' is open, there exist
0 > 0 such that xy + 6B, C C. Define Cj := cone(zg + By, ).

Now, let {z,, : n € N} a dense set of Sy and {z} : n € N} be a subset of Sx« such that
(¥, x,) =1 for all n € N. Denote Z,, = Ker(z}). For each n € N, let us define the set

K, :=cone (By (zn,3)) N (z, + Z,) =cone (Bx (z,, 1)) N{z e X : (af,z) =1}.

Since (z},z) > 0 for all x € By [xn, %] and m(BX (:pn, %)) C cone (BX [zn, %D, it is
not hard to see that (z7;,z) > 0 for all 2 € cone (Bx (%, 5)) \ {0}. Thus, we deduce that
for each n € N

cone(K,) = cone (Bx (z,, %)) .

Clearly, we also have that K, is bounded. Indeed, if x € K,,, then there exists A > 0 such
that \x € Bx(x,, %) and so

A= {(x} A\x) > inf{(xi,y} : Yy € By (xn,é)} >

[GVRI )

This yields the inequality
2]l = A7 Az = 20 + 20l < 5([1A2 — 2l + [[2all) < 2,
proving our claim. Thus, for each n € N we can choose «,, > 0 such that
Kn g Ty, + anana

and define the set C,, = cone(z, + a,,Bz,). By construction, we have that

Sx € | Bx(aa,5) € | G\ {03,

neN neN

and so, since each C), is a cone, we deduce that X \ {0} C |, oy Cn \ {0}. Now, fix n € N.
Since Z, and Z, are both hyperplanes, they are isomorphic. Thus, we can choose an
isomorphism S, : Z,, — Zy such that

Sn(OénBZn) Q 6]BZ0 .
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Define then the isomorphism 7, : X — X given by T,,(x,) = zo and T"‘Z =5,. It is not
hard to see that, by construction

Tn(cn) = cone Tn(xn + an]BZn) g m(«fo + 6BZ0) - C().

Repeating this construction for each n € N we deduce that

x\{oy=Ja\{orc |z " (Co\{oh) c U T ')

neN neN neN

which finishes the proof. m

Remark 2.3.13 The latter proposition allows us to cover the whole space by ‘“rotating”
and “widening” any cone with nonempty interior. This idea is a generalization of the fact
that any separable space can be covered (without considering 0, of course) with countable
many open half-spaces, which are those induced by any separating countable family of
functionals of the dual.

Theorem 2.3.14 Let X be a separable Banach space and let (P) be a convex smooth-like
property following the sum rule. Then, X is (P)-w*-geometrical if and only if for every
equivalent norm p on X, there exists a nonzero point v € X such that Px(p,z) = 1.

Proof. Since the necessity is direct, we only need to prove the sufficiency. Reasoning by
contradiction, suppose that X is not (P)-w*-geometrical, that is (by Theorem 2.3.7(d)),
there exists an equivalent norm p on X and an open subset U of X such that for all u € U,

Consider then the set C' = int(cone(U)), which is an open cone in X. By set-consistency
of (P) (see Definition 2.3.1(iii)), we know that for every u € C, Px(p,u) = 0. Also,
by Proposition 2.3.12, there exists a countable family {7,, : n € N} of linear onto
automorphisms, such that

U7, ') 2 X\ {0}

neN

Consider then the function p : X — R, given by

pla) =Y 27T (p o To)(x),

where Ty = idy. Clearly, we have that p is a norm on X. Also, since p is an equivalent
norm on X, there exist two constants K7, Ko > 0 such that p(-) < K ||| and || -] <
Kyp(+). This entails that

px) < plx) < ) 27T K| Tl < ) 27" Kol < 2K Kop(a).
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Therefore, p is an equivalent norm on X. Now, fix x € X \ {0}. By construction, there
exists n € N such that 7,,(z) € C, and so by transitivity and set-consistency of (P) (see
Definition 2.3.1(ii)-(iii)), and using that p o T}, is positively homogeneous, we see that

Px 2" Tull M (po Th), x) = Px(po Ty, z) = Px(p, Tn(x)) = 0.

Consider then the function p_, : X — R given by p_,(y) = 3272, 27" Tkl 7 (p o Th) (y)-
Clearly, p_,, € To(X) and also p = p_,, + 27"|T,,|| ' (p o T;,). Finally, by sum rule, we
deduce that

Px(p, ) = min{Px (p—n, z), Px (27 "|T0]| " (p o T), )} = 0.

Since z is arbitrary, we conclude that p is an equivalent norm satisfying that Px(p,x) =0
for all € X \ {0}, which contradicts our hypothesis. The proof is then complete. O

2.3.2 Convex w*-smooth-like properties

In this subsection, motivated by the notion of w*-Asplund spaces, we will study the case
when the smooth-like property holds for the conjugate functions. This case appears when
there is a geometric property for the convex sets of the primal. Even though the results
and proofs are practically the same as the ones of the latter section, we present this case
separately for the sake of order and also since there are some additional delicate details
concerning the conjugate notion.

Definition 2.3.15 (w*-smooth-like properties) A property (P) of Banach spaces is a
convex w*-smooth-like property if for each Banach space X, D(X) = T'o(X*, w*) x X*
and the function Px satisfy the following conditions:

(i) Px is local: For each pair of two functions f,g € T'o(X*,w*) and for each open set
U C X* we have that

flU :g‘U:>PX(gﬂ')|U :PX<f7')‘U'

(ii) Px is w*-transitive: For each other Banach space Y such that there exists an one-
to-one bounded linear operator T :' Y — X with closed range, we have that for all
felo(Y* wY)

Px(foT™ ") =Py (f, T z"), Va* e X"

(iii) Px is set-consistent: For every closed convex set K of X we have that
(iii.a) Yax* € X* ¥Vt >0, Px(ok,x*) = P(ok,tz").

(iii.b) Vo € X, Px(0kar-) = Px (0K, ).
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(iv) Px is epigraphical: For each function f* € I'o(X*, w*) (where f is the function in
Lo(X) for which f* is its conjugate) and each x* € X*,

Px(f*,2") = Pxxr(0epiy, (z*, —1)).

Again, for reducing notation we will write simply P(-,-), omitting the index. Also, in the
case of a support function o (where K is a closed convex set of X), we will sometimes
write P(K,-) instead of P(og, ).

Finally, for a function f € To(X* w*), we will denote by P[f] := {z* € dom [
P(f,x*) = 1}. Consistently, if f = o, then we will write sometimes P[K] instead
OfP[O’K].

Definition 2.3.16 ((P)-w*-structural spaces) Let (P) be a convexr smooth-like property.
A Banach space X s said to be

1. (P)-w*-structural if for each f € T'o(X*,w*), P[f] is dense in int(dom f).

2. (P)-geometrical if for each closed conver bounded set K C X, P|K] is dense in
X*.

Lemma 2.3.17 Let X be a Banach space, f € I'o(X*, w*) and x§ € int(dom f). Then,
there exist an open neighborhood U € Nx-(x5) and a conver Lipschitz-continuous function
€ To(X*,w*) such that .

f ‘U =f ‘U'

Proof. As in proof of Lemma 2.3.3, we know that there exists M > 0 large enough and
U € Nx+(z}) such that the function

f= 1oL -1,

is convex, M-Lipschitz and it coincides with f in U. Thus, we only need to prove that f
is w*-lower semicontinuous. Denote g := f*|,, that is, the unique function in [o(X) such
that ¢* = f. Since M can be considered arbitrarily large, we may assume that

(int(dom Iy, )) Ndomg = Bx (0, M) Ndomg # 0,

and so, the function I, is continuous at some point of dom(/yp, ) N dom g. By Propo-
sition 1.2.11(c), we deduce

(Insy +9)" = (Iusy)'Og" = f,

where the second equality follows from the straight forward relation (Iymp,)* = M || - ||,.
This yields the inclusion f € I'o(X*, w*), finishing the proof. [

Proposition 2.3.18 The following assertions are equivalent:
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(a) For each f € To(X*, w*) with int(dom f) # 0, P[f] Nint(dom f) # 0.
(b) X is (P)-w*-structural.

(c) For each w*-lsc continuous proper convex function [ : X* — Ry, P[f] is dense in

int(dom f).
(d) For each real-valued function f € I'o(X*,w*), P[f] is dense in X.
Proof. The implications (b) =-(c) =-(d) are obvious. The implication (a) =(b) is analogous
to the proof of the implication (a) =(b) in Proposition 2.3.4, using the fact that if B C X*

is a w*-closed convex set then Iz € I'g(X™*, w*), and also the fact that for any two functions
fyg € To(X*,w*), the sum f + g also belongs to T'o(X*, w*).

To prove the implication (d) =(a), assume that (d) holds and let f € I'o(X™*, w*) with
int(dom f) # (. Choose any x* € int(dom f). Lemma 2.3.17 ensues that there exist an
open neighborhood U € Ny-(z*) and a Lipschitz-continuous function f € To(X*, w*)
such that f }U = f }U. The rest of proof follows exactly as in Proposition 2.3.4. m

Lemma 2.3.19 Let K be a closed convex set of X with int(domoy) # 0 and z* €
int(dom o) with x* # 0. Then, there ezists an equivalent norm p on X, a point xg € X
and an open neighborhood U of x* such that

Ok ta (W) = pu(u), Yu* € U.
Proof. The proof is exactly the same as the proof of Lemma 2.3.6, considering for the

case ) = og(x*) > 0 the following sets: Ky = X N 0,00k (x*), Ky = Co[K; U (—K4)],
B=-" By and K3 = co[B U Ks]. O

2[f* |«
Theorem 2.3.20 The following assertions are equivalent:
(a) For each closed convex set K C X with int(domog) # (), Plox| Nint(dom og) # 0.
(b) For each closed convex set K C X, Plok] is dense in int(dom o).
(¢) X is (P)-geometrical.

(d) For each equivalent norm p on X, Plp| is dense in X*.

Proof. The proofs of the equivalences are analogous to the proofs of the equivalences in
Theorem 2.3.7, using Proposition 1.2.26 for the locally convex topology # = w* on X*,
and noting that for any w*-compact convex set B of X* not containing 0, the set

C' = cone(B)

is a w*-closed convex cone. O]
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Proposition 2.3.21 A Banach space X is (P)-w*-structural if and only if X x R is
(P)-geometrical.

Proof. Using Lemma 2.3.8 with § = w* in X*, we can prove, analogously as in proof of
Proposition 2.3.9, the sufficiency of the equivalence.

Let us prove the necessity. Assume that X is (P)-w*-structural and fix an equivalent
norm p on X X R. As in Proposition 2.3.9, we can define the function ¢ : X — R
given by ¢(z) := inf{t : p(z,t) < 1}, and derive that epip = B(x,) + L, where
L ={(0,t) : t>0}. This yields that ¢ € I'y(X). Noting also that

Oepip X*x]—00,0[ = OB(xxkp) X*x]—00,0] = P« X*x]—00,0[

we get by Lemma 2.3.8 (applied with § = w* in X*) that int(dom ¢) # 0, and hence P[] is
dense in int(dom ) by the (P)-w*-structural property of X. Using that P is epigraphical
and set consistent, we deduce that Plepi¢] is dense in int(dom oepi,) = X* x| — 00,0[.
Again, we conclude that P[p] is dense in X*x] — 0o, 0, using the fact that

and that (P) is local. Now, consider the isomorphism 7" : X x R — X x R given by
T(x,t) = (x,—t). It is not hard to realize that T*(z*, s) = (z*, —s) for all (z*,s) € X xR.
Since ¢, := p* o T™ is an equivalent dual norm on X* x R, we get by the same arguments
as above that P[q.] is dense in X* x| — 00, 0[. Finally, since T is one-to-one and of closed
range, we can use the w*-transitivity of (P) to deduce that

V(z*, s) € X* xR, P(p., T*(z,8)) = P(p. o T™, (z",5)) = P(qs, (%, 1)).

Noting that 7™ (X*x]0, +00[) = X* x| — 00,0], we conclude that P[p,] is also dense in
X*x]0,+o0[. Since p is arbitrary, the conclusion follows by Proposition 2.3.18. O

Proposition 2.3.22 Let X,Y be two Banach spaces with an one-to-one bounded linear
operator T :'Y — X with closed range. Then,

(a) X is (P)-geometrical = Y is (P)-geometrical.
(b) X is (P)-w*-structural = Y is (P)-w*-structural.

In particular, the classes of (P)-w*-structural and (P)-geometrical are closed for closed
subspaces and isomorphisms.

Proof. As in proof of Proposition 2.3.10, we only need to prove the first implication.
Assume then that X is (P)-geometrical and let Ky be a closed convex set of Y with
int(domog, ) # 0. Let Kx = T(Ky), which is a closed convex set of X, since T is
one-to-one with closed range. Now, for each x* € X*,

0y (T*x™) = sup (T"x",y) = sup (", Ty) = ok, (2¥),
yeKy yeKy
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and so, domoy, = (T*) '(domog, ) and T*(int(dom oy, )) = int(dom o, ), according
to the fact that 7™ is an open map. The rest of the proof follows exactly as the proof of
Proposition 2.3.10, using w*-transitivity instead of transitivity. O

We finish this subsection by presenting the dual version of the reduction given in Theorem
2.3.14 in the separable case. It is worth pointing out that here the hypothesis will be the
separability of the primal space with a possible nonseparable dual. In this case, we still
can provide a covering of the dual space by “rotating” and “widening” countable many
times any open cone. Nevertheless, the proof is more delicate. In fact, as the reader can
see, Proposition 2.3.24 below requires some additional arguments, since the isomorphisms
involved in the rotations are also adjoint operators.

Definition 2.3.23 (w*-Sum rule) Let (P) be a convex w*-smooth-like property of Banach
spaces. We say that (P) has the w*-sum rule if for any Banach space X and any pair of
functions f,g € To(X*, w*),

PX(f—i_ga’) :min{PX(fv')7PX(gv')}‘ (210>

Proposition 2.3.24 Let X be a separable Banach space. For every open cone C of the
dual space X*, there exists a countable family of isomorphisms {T,, : X — X : n € N}
such that

J@)H(C) 2 X7\ {o}.

neN

Proof. Let C be an open cone of X* and choose z; € Sx-NC such that = attains its norm
at some point zy € Sx. Choose 6 €]0,1/3[ small enough such that Bx«[zj, 0] € C and
define Cy := cone(Bx+[x§, d]). Since Bx«[x§,d] is w*-compact and does not contains zero,
we have that C is w*-closed, and so, defining C'y o := X N(Cp)°, we get that (Cx ) = Co.
Also, noting that Cj \ {0} =0, +oo[- Bx+[z}, 0], we deduce that Cy \ {0} C C.

Let Zy := Ker(z{) and consider the set K = Cx N (Zy+x). We claim that K is bounded:
Indeed, if K is not bounded, there exists a direction z € Z; such that

{ro+tz : t >0} C K.

Fix z* € X* such that (z*,2z) = 1. Since zy € int(C)), there exists A > 0 small enough
such that 2§ + A\z* € int(Cp). Thus, for each ¢t > 0 we would have

(Ax™ 4+ 2y, xg +t2) = M+ (Mo”4 a3, 20 + t2) < 1,

which clearly is not possible. Thus, K has to be bounded as we claimed. Therefore, there
exists a > 0 such that aBz, O K. Also, as we did in proof of Proposition 2.3.12, we have
that C'x o = cone(K). Define the closed cone Dy := cone(zo+aBy,) and Dy := (Dx)°.
Since Cx ¢ = cone(K) C Dx g, we deduce that Dy C C.
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Now, consider a dense subset {z,, : n € N} of Sy, and a subset {z : n € N} of Sy
such that (z,z,) = 1. For each n € N, we will denote Z,, = Ker(z}). For each n € N, it
is clear that z,, + %IB%Zn C By (:En, %), and consider the sets C'x,, = cone(Bx (xn, %)) and
Dx,, = cone (xn + ian)' Denoting C,, := (Cx,,)° and D,, := (Dx,,)°, it is not hard to
see that C,, C D,,, since Dy, C Cx, by construction.

We claim that |JC,, = X*\ {0}. Indeed, fix 2* € Sx« and choose n € N such that
(z*,2,) < —2. Thus, for every x € By (x,, ) we have that

*

(2", x) = (2%, 0 — x,) + (2", 2,) < ||x — 2] — % < —%.
Thus, z* € [Cone (BX (mn, %))}0 = (,. By arbitrariness of z*, we deduce that Sy« C
J C, which proves our claim, since the sets C,, are cones.

Since Zy and Z, are both closed hyperplanes of X, they are isomorphic. Thus, we can
choose an isomorphism S, : Zy — Z,, such that

Sn(Oé]BZO) g %IBZ”.

Define then the isomorphism 7,, : X — X given by T),(z¢) = z,, and Tn‘ Jo = S,,. It is not
hard to see that, by construction

T,.(Cx,o) € T,(Dx,) = cone(T,(xo + aBy,)) C cone (;En + %JB%Z,L) = Dx p,

which entails the inclusion D,, = (Dx,,)° € (T,(Cx0))° = (T7¥)"'(Cp). Finally, we can
write

X\ {0} =Ja\{orc D\ {0} < @ e\ foh) < o),

neN neN neN neN

which finishes the proof. m

Theorem 2.3.25 Let X be a separable Banach space, and let (P) be a conver w*-smooth-
like property fulfilling the w*-sum rule. Then, X is (P)-geometrical if and only if for
every equivalent norm p on X, there exists a nonzero linear functional x* € X* such that

Px(p*,{lf*) =1.

Proof. As in the proof of Theorem 2.3.14, let us suppose that there exists an equivalent
norm p on X and an open set U C X* such that Px(p.,u*) = 0, for all u € U. By set
consistency of (P), we know that Px(p.,x*) = 0 for all z* € C' :=|0, +00[-U, where the
latter set is an open cone.

Using Proposition 2.3.24, there exists a countable family of isomorphisms {7}, : X —
X | n € N} such that

X\ {0y c J@n).

neN
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Consider then the function p, : X* — R, given by

pe(a”) =Y 27T (e o T) (),

n=0

where 7§ = idx~, and the operators norm || - || in £(X*; X*) is taken with respect to the
norm p,. Noting that for every z* € X* we can write

pela®) < pu(a”) <Y 27" (") = 2pa(a),

we have that p, is an equivalent norm on X*. To prove then that it is an equivalent
dual norm, it is enough to show that p, is w*-lower semicontinuous. To do so, according
to the sublinearity of p, and Propositions 1.2.26 and 1.2.27, it is enough to show that
B(x«p,) = {2" € X* ¢ p.(a*) <1} is w*-closed.

Let (x3)aea be a net in B(x+ p,) w*-converging to some point z* € X and let € > 0. Since
pr < D0’ 027" p, and recalling that B(x« ,,) C 2B(x+,,), there exists n € N such that

D 2T e o T (W) <&, VY™ € clue (Bixe ).

k>n

In particular, this inequality holds for every z3 and for the limit point z*. Defining
Pim =D po 27 I T7 7 (ps © T}), we have that p,, € To(X*, w*) (since it is a finite sum
of w*-lsc functions) and so, its level sets are w*-closed. Thus, since p, ,(2}) < pu(z)+) <1
for all A € A and x5 =" 2*, we get that p,,(z*) < 1. Finally, we deduce that

pu(a?) < punla”) 4 < 1+

Since ¢ is arbitrary, we deduce that p.(2*) < 1, which proves that B x- ,.) is w*-closed,
entailing the w*-lower semicontinuity of p,.

The rest of the proof follows exactly as in Theorem 2.3.14, using the w*-transitivity of

(P) and noting that, by the same reasoning as above, for each n € N, the function
Pr—n = D hsn 27F| T ||~ (ps o T) belongs to To(X*, w*) as well. O

2.4 Some Examples and Final comments

As we have shown, convex smooth-like and w*-smooth-like properties have remarkable
stability behaviors which rely only on very natural characteristics. Even though they are
motivated by Asplund and w*-Asplund spaces (and therefore, by Fréchet-differentiability),
these are not the only examples of such a type of properties.
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Another family of spaces that can be fitted in this framework are Gateaux Differentiable
spaces (GDS): A Banach space is said to be GDS, if for every function f € I'y(X) with
int(dom f) # (), the set

{z € int(dom f) : f is G-differentiable at =}

is dense in int(dom f). It is intuitive that defining the property (P) by setting D(X) =
To(X) x X and
Px(f,x) =1 < f is G-differentiable at x,

then (P) is a convex smooth-like property and the family GD spaces are the (P)-structural
spaces. These family of spaces is beautifully developed in [36, Ch. 6]. As final comments
of this chapter, we consider S-differentiability spaces, where (3 is any bornology of Banach
spaces. The differentiability with respect to a bornology can be tracked back to the
seminal work of J. Borwein and D. Preiss [4], and it is nicely developed in [36, Ch. 4
and Ch. 6]. We will prove that these spaces are in fact (SP)-structural spaces for some
convex smooth-like property (8P), associated to the bornology .

Definition 2.4.1 (Bornology) Let X be a Banach space. A bornology 3 on X is a family
of bounded subsets of X such that

(a) For each A € R and each B € B, AB € 5.
(b) For each B € 8 and each B' C B, we have that B' € 3.
(¢) For each pair By, By € 3, we have that By U By € 5.

(d) B is a cover of X, that is, X = Upes B.

There are alternative notions of bornologies, which do not ask stability by scalar multi-
plication, nor boundedness. Nevertheless, to our purpose this notion is the most suitable
one.

Definition 2.4.2 (g-Differentiability) Let X be a Banach space and B be a bornology on
X. We say that a function f : X — Ry is B-differentiable at a point x € dom f if it is
Gateauz-differentiable at x and the limit defining V f(z) exists S-uniformly, that is,

sup f(@ +ﬁ? — ) —Vf(x)h 0, 0, VBepg.
heB

Definition 2.4.3 (General Banach Bornology) A general Banach bornology 5 := {3(X)}
is a family of collections of sets indexed by the class of Banach spaces, such that B(X) is
a bornology on every Banach space X and such that

(a) For every two Banach spaces X and Y and any continuous surjective linear operator
T:X =Y, we have T(B(X)) = B(Y).



2.4. SOME EXAMPLES AND FINAL COMMENTS 99

(b) For every Banach space X and every closed subspace Z of X, we have that 3(Z) C
BX).

General bornologies are in fact the ones that are used in the classic literature. For example,
we have the Géateaux-bornology given by the collection of all finite subsets of X, the
Hadamard-bornology given by the precompact subsets of X, and the Fréchet-bornology
given by all bounded sets of X.

Definition 2.4.4 ((8P) property) Let 5 be a general Banach bornology. We define the
Banach space property (SP) as follows: For each Banach space X, D(X) :=Tg(X) x X
and the function BPx is given by

BPx(f,z) =1 <= x € int(dom f) and f is f(X)-differentiable at x.

Theorem 2.4.5 For every general Banach bornology (3, the property (6P) is a convex
smooth-like property fulfilling the sum rule.

Proof. 1t is direct that (8P) is local. Let us prove that it is also transitive. Let X
and Y be two Banach spaces, T" : X — Y be a continuous surjective linear operator,
and f € I'o(Y') such that int(dom f) is nonempty. Denoting g := f o T it is clear that
int(dom g) = T~ !(int(dom f)), and so, for every x ¢ int(dom g),

Applying a very simple chain rule, we also know that

x € int(dom g) and g is G-differentiable at
=
Tx € int(dom f) and f is G-differentiable at T'z, (2.11)

and in such a case, Vg(z) = T*(Vf(Tx)) = Vf(Tz) o T. Now, let us fix € intdom g
such that ¢ is G-differentiable at x. Then, for each B € §(X) we can write

up [ 20— 9(x) Vg(a:)h’ _ gup | L2 HTh) — f(Tx) Vf(Tx)Th’
heB t heB t
o [[Te ) I(T) G h‘ |
heT(B) t

Then, using that (Y) = T(8(X)), we conclude by the preceding equality and by equi-
valence (2.11), that

x € int(dom g) and ¢ is S(X)-Diff. at x
4
Tx € int(dom f) and f is (Y)-Diff. at T'z,
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which entails the transitivity of (6P). Let us continue with set-consistency. Fix a
nonempty w*-closed convex subset K of X* and a point x* € X*. The sublinearity
of ok yields directly the condition (iii.a) of Definition 2.3.1. Also, since we can write

O io(x) = o () + (2*, ) and 9ok, (1) = ok (x) + 27,

for all x € X, we easily deduce that int(dom oy ,-) = int(domog), that the points of
Gateaux-differentiability of ok .+ and ok coincide and that if « € int(dom o) is such a
point, then Vog .+(x) = Vog(z) + z*. Then, we deduce that for any B € (X))

sup Oncter (T4 th) = Orcia () VoK iz (x)h‘ = sup
heB t heB

og(x +th) — og(z)
t

— Vog(x)h|,

which combined with the above observations, yields condition (i7i.b) of Definition 2.3.1,
proving the set-consistency of (5P). To conclude that (5P) is a convex smooth-like
property, it only rests to prove that it is epigraphical. Fix then f € T'o(X) and recall by
Lemma 2.3.8 that

int(dom oep; +) =0, +-00[-(int(dom f) x {—1}).

So, for each z ¢ int(dom f) we already have that SPx(f,z) = SPxxr(Tepif+ (x, —1)).

Now, assume that x € int(dom f). Since

Of(x) ={z" € X* : f(x)+ f*(z") = (2", 2)}
={2" € X" ! Oepip(x,—1) = (2", 2) — f*(z")}
={z" € X* : (2", f(2")) € 00epi p+(x,—1)}

It is easy to see that f is G-differentiable at z if and only if oep 4« is G-differentiable at
(x, —1). Thus, we only need to prove that, under the assumption of Gateaux-differentiability

ﬁp)((f, x) =1 «— BPXXR(Uepif*, (l’, —1)) =1. (2.12)

Suppose first that oepi s« is F(X x R)-differentiable at (z, —1) . Fix B € §(X) and consider
d > 0 small enough such that for every ¢ €]0, [, x + th € int(dom f) (such a § exists,
given that B is bounded). Since df(z +th) # 0 for each h € B and each t €10, d[, we get
that f(x +th) = oepi p+(x 4+ th, —1) and so, denoting o := gep; ¢+, for each t €10, 0] we can
write

[z +th) — f(z)

h,—1) — oz, —
sup —Vf(x)h’ = sup olw+th,—1) —ola,

t

Y _ Gote —1)(1.0)|,

heB t heB

which entails the §(X)-differentiability of f at x, since the term of the right-hand side
converges to 0 as t N\, 0. This proves the sufficiency in the equivalence (2.12). Now,
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suppose that f is f(X)-differentiable at x, and fix B € (X xR). Now for each (h,s) € B
and each t > 0, denote A := |1 — ts|~'t. It is not hard to deduce that for ¢ > 0 small
enough

o(x+thts—1)—o(x,—-1) |1 —tslo(x+ Ah+ sz),—1) —o(x,—1)

t t
 fle+Ah+sz)— flo) | |ts—1]—1
= 5 + /(@)
[z + A(h+ s2)) — f(z)
= 3 — sf(x).

The latter equality tells us
Vo(zx,—1)(h,s) =V f(z)(h+ sx) — sf(x).

Finally, define the operator T': X xR — X given by T'(h, s) = h+ sx. Clearly T is linear,
continuous and surjective. Thus, 5(X) = T'(5(X x R)). Combining these three elements,
we get that for ¢ > 0 small enough

o(x +th,ts—1) —o(z,—1)

—Vo(z,—1)(h,s)

sup

(h,s)eB 3

~ s f(x+ AR+ sz)) — f(x) V(@) (h + s2)
(h,s)eB A

oy @A @)
WeT(B) A

Noting that A \ 0 as ¢ N\, 0, we deduce that the last term of this equality converges to 0
as t \( 0 (provided T'(B) € (X)), which entails that

o(x +th,ts—1) —o(z,—1)
t

=0.

lim sup —Vo(x,—1)(h,s)

NO (h,s)eB

This proves that o is S(X x R)-differentiable at (x, —1), which proves the necessity in the
equivalence 2.12. Thus, (5P) is epigraphical, which proves that it is a convex smooth-like

property.

Now, let us check that (5P) fulfills the sum rule. Fix f,g € I'o(X) and z € X. Since
dom(f + g) = dom f N'dom g, it is not hard to see that int(dom(f + ¢)) coincides with
int(dom f) N int(dom ¢) and so

BPx(f +g,x) = min{fPx(f,z), BPx(f, )} (2.13)

for each = ¢ int(dom(f + ¢)). Thus, without loss of generality, we may assume that
int(dom(f + g)) # 0. Fix x € int(dom(f + g)). Applying Proposition 1.2.22, we know
that O(f + g)(x) = df(x) + dg(z), and so if one of the functions is not G-differentiable
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at z, then SP(f + g,x) = 0 and so equation 2.13 holds at . Now, if both functions are
G-differentiable at x we have that for each B € 5(X),

L sup sup (ftg)@+th)— (f+g)(x) v(f +g)(x>h'
t\O  hEB t
<lim sup sup fletth) = J@) Vf(x)h‘ + lim sup sup gletth) = gx) Vg(x)h|.
N0 heB t tN\O heB t

Thus, if both functions are 5(X)-differentiable at x, then f+ g also is §(X)-differentiable
at x. Finally, assume that f + ¢ and one of the functions, let us say f, are 5(X)-
differentiable at x. To conclude that equation (2.13) always holds, it is enough to show
that in this case g must also be J(X)-differentiable at z.

Clearly g has to be G-differentiable at = since it was already established that this was a
necessary condition in order to have the (X )-differentiability of f + g at . Moreover,
Vg(x) = V(f + g)(x) — Vf(x). Thus, denoting v := f + g, for each B € 3(X) we can
write

th) —
lim sup sup gle +th) = g(z) _ Vg(x)h‘
t\O  heB t
<lim sup sup flo+th) — f(z) — Vf(x)h‘ + lim sup sup V@ +th) — (@) — Vy(z)h|,
N0 heB t N0 heB t
and so g is also f(X)-differentiable at x. This finishes the proof. O

All those examples of convex smooth-like properties have an extra feature in common:
the families of structural and w*-geometrical spaces are equivalent. This is provided by
proving that

X is a [-differentiability space = X x R is a S-differentiability space.

The proof is given for GD spaces, based on penalty functions (see |36, Proposition 6.5|),
proposed by M. Fabian and using the ideas of A. Ioffe, as commented at the end of |36,
Ch. 6].

We would like to introduce this implication as a characteristic of smooth-like properties,
but we encounter a problem: Convex smooth-like and w*-smooth-like properties are in-
troduced to study SDPD Banach spaces (see Definition 1.3.17 in Chapter 1 and Chapter
3 below), but we still don’t know if SDPD spaces are stable by product, even when one
of them is finite-dimensional. These problems remain open.



Chapter 3

The Faces Radon-Nikodym Property

In this chapter, we come back to the study of the last part of Chapter 1, namely, the study
of SDPD spaces. Noting that for a Banach space X the Mackey topology 7(X*, X**) in
the dual space coincides with the topology of the dual norm and according to Lemma
2.1.1, the definition of SDPD spaces (Definition 1.3.17) can be redefined as follows: A
Banach space X is an SDPD space if for every function f € I'o(X™*, w*) there exists a
dense subset D of int(dom f) such that

*k

f(z*) =X Naf(z) | (3.1)

for all x* € D. Our aim in this chapter is to study SDPD spaces according to the tools
developed in Chapter 2, trying to answer the following fundamental question: Does the
class of SDPD spaces coincides or not with the class of w*-Asplund spaces?

3.1 Characterizations of SDPD equation

In this section, we will summarize the known characterizations of equation (3.1). Recall
that in Proposition 1.3.18 we already showed that for every function f € I'o(X*, w*) and
every z* € int(dom f)

ok

If(z*)=XnNof(z*) << [f'(z%-)is wlsc.

Clearly, in order to have equation (3.1) for f € I'g(X*, w*) at z* € int(dom f) it is
necessary that X Nof(x*) # (). A natural first question is if this is also sufficient. The
answer is negative, as the following example shows:

Example 3.1.1 Fix X = /! and denote by e; the ith canonic vector of ¢!. Consider the

103
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two sequences (z") and (y") in ¢' defined as follows: z! = y' = ¢; and for n > 0

n . 1
x = el + e,

1
yn = 561 — €.

Let K := cof{z",y" : n € N}. We will show that 0 € exp(K) (as a subset of X),
but 0 ¢ ext(cl,«(K)) (as a subset of X**). If our claim holds true, then there exists a
functional p € X* = ¢*° such that X Ndok(p) = {0} but {0} C dok(p), since otherwise
Lemma 1.3.14 would yield to the inclusion ¢ € ext(cl,«(K)). After proving this, we
would have shown that ok and ¢ don’t verify equation (3.1), even though ¢ is a support
functional of K.

Recalling that X* = ¢ let us fix ¢ := —e;. For each n € N, we have that ¢(z") =
¢(—y™) = —1/n < 0. Thus, p(x) <0 for each z € K. Also, since Le; = 22" + 1y € K,
we know that 0 € K and so ox(¢) = 0 = ¢(0).

Let us prove first that ¢ exposes 0 in K. Suppose that this is not the case, that is, there
exists z € K \ {0} such that ¢(z) = 0. We know that there exists a sequence of convex
combinations (z") converging to z given by

kn

kn
= aja’+ By, with o, 87 > 0 and Y of + B = 1.
i=1

i=1

Fix j € N, and consider the real sequence (27 ),en given by the jth coordinate of each 2".

Looking at the definitions of 2", y™ and 2" we deduce that

J 0 otherwise.

Without loss of generality, let us assume that k,, > j for each n € N. Fixing ¢ > 0, there
exists ng € N such that for every n > ng we have the inequality

kn

S AP o< 2

i=1 ¢ 2J

This yields that «; + ; < /2 and so, a; < ¢/2 and ; < /2. Then, for each n > ny we
can write

|2} = [a; — B;] <e.
Since ¢ is arbitrary, this entails that 27 — 0 and so,

5= (03 = J e %) = i 5 =0

Repeating this process for each j € N, we deduce that z = 0, which is a contradiction.
Thus, ¢ exposes 0 in K.
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To finish our example, we only need to prove that 0 ¢ ext(cl,+ K). Note first that %61
converges to 0 and, since By« is w**-compact, we also know that the sequence (e, ),en has
a subnet (uq)aer W*-converging to some point u** € By««. If we consider the functional
1 € (> given by the constant sequence 1,, = 1, we easily see that u** # 0, since

(1, ™) = lim(1, u,) = 1.

Let us denote for each o € A the integer n, € N such that u, = e, . If we consider the
nets (z) and (y) given by
1 1

¢ = —eq + U, and Yt = —e1 — Uq,

(03 nOC
it is not hard to see that x* —=" «** and y* =" —u**, and so v** and —u** belong to

cly=(K). Thus, since 0 = $u™ + (—u™), we deduce that 0 is not an extreme point of
cly++ (K), which finishes the proof.

O

In their paper of 2007 [13], Chakrabarty, Shunmunagaraj and Zalinescu studied several
continuity properties of the subdifferential and e-subdifferential of convex functions. Their
work gather some other contributions in the same line, as [15], [27], [29] and [28], and it
provides a survey as well as a generalization of those contributions.

In that paper, equation (3.1) was characterized in terms of a notion called Hausdorff-upper
semicontinuity.

Definition 3.1.2 Let (T, 7) be a topological space, (Z,0) be a locally convexr space, M :
T = 7 be a set-valued operator between them and ty € T'. We say that M is T-0 Hausdorff-
upper semicontinuous (7-0 H-usc, for short) at to if

VYV € Nz(0), 3U € Nr(to) such that M(U) C M(ty) + V.
Note that, if (Z,6) is a normed space, that is, there exists a norm || - || on Z such that
6 = 7)., then M is 7-7) H-usc at ¢, if for every € > 0 there exists U € Np(to) such that
MU) C M(ty) + Bz(0,e)(={2 € Z : dyu,(z) <e}).

Note also that Hausdorff-upper semicontinuity is weaker than usual upper-semicontinuity
(see Definition 1.2.14).

Definition 3.1.3 For a function f € T'o(X*,w*), we define the set-valued operator Of :
R, x X*= X guwven by
Of(e, %) = X No.f(x").
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In [13], the set-valued operator 0f was denoted as S}X , but we prefer this new notation
which gives the idea of a truncated e-subdifferential. Note also that, endowing X* with
the w*-topology, 0f(e, x*) coincides with the e-subdifferential of f at x* with respect to
the duality (X, X*). In the next two propositions, we recall some results in [13]| that we
will need in the other sections.

Proposition 3.1.4 (|13, Proposition 5.1|) Let 6 be a locally convex topology on X in
between w(X, X*) and 7., and let f € T'o(X*,w*) and z* € int(dom f). The following
assertions are equivalent:

(a) Of(-,x*) : Ry = X is 79-0 H-usc at 0.
(b) 0f(0,-) : X* = X is 7y -0 H-usc at z*.
(c) Of is (1o X 7).)-0 H-usc at (0,z%).

Theorem 3.1.5 (|13, Proposition 5.2|) Let f € I'o(X*, w*) and let * € int(dom f). We
have that

sk

Of(x")=XnNof(x*) <= 0f(0,-) is 7 -w H-usc at x".

3.2 Geometrical interpretation of SDPD spaces: the
FRNP

Let us consider the property (P) as follows: For a Banach space X, the domain of Py is
D(X) =To(X*,w*) x X* and Py is given by the equivalence

sk

Px(f,2") =1 < 2" € int(dom f*) and df(z*) = X Nof(x*) . (3.2)

We will show that (P) is a convex w*-smooth-like property and thus, to be an SDPD
space will be exactly to be a (P)-w*-structural space. To do so, we will work with the
characterization of Theorem 3.1.5 and we will prove that Hausdorff-upper semicontinuity
satisfies the requirements of a convex w*-smooth-like property.

In what follows,  will be a locally convex topology on X between w(X, X*) and 7.

Lemma 3.2.1 Let f,g € I'o(X*,w*) and U C X* be an open set. If f and g coincide in
U, then for every u* € U

0f(0,-) is 7). -0 H-usc at u* <= 0g(0,-) is 7). -0 H-usc at u”.

Proof. Note that, since f’U = g‘U, we also have that for each u* € U, df(u*) = dg(u*)
and therefore 9f(0,u*) = 9¢g(0,u*). Choose u* € U and suppose that 9f(0,-) is 7. -¢
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H-usc at u*. Let V € N(0,0). There exists U" € N(u*, 7)) such that
of(0,U") Cof(0,u*)+ V.
Define U” = U’ N U, which is also a neighborhood of u*. Then,
dg(0,U") =0f(0,U") COf(0,u*) +V = 0g(0,u*) + V.

Since V' is an arbitrary element of Ny (0,6), we conclude that g has to be 7). -0 H-usc at
u*. The equivalence follows from the symmetry of f and ¢ in the previous reasoning. [J

Lemma 3.2.2 Let 0 € I'y(X*, w*) be a sublinear function, z* € int(dom o). Then
90(0,-) us 7. -0 H-usc at x* = 00(0,-) is 7. -0 H-usc at ta*, Vt > 0.
Also, if 0 = o with K C X being a closed conver set, then for each x € X
00k (0, ) is 7). -0 H-usc at 2 = O0k44(0,-) is 7. -0 H-usc at z*.
Proof. For the first implication, let ¢ > 0 and suppose that there exists an open neigh-
borhood V' € N/(0,0) such that
VYU € N (tz*), 90(0,U) € 90 (0,tx™) + V.
Then, we can construct a net (z7;)yen(t+) such that zj; — tz* and
VYU € N(tx*), Joy € X, oy € 30(0,23;) \ (00(0,tz*) + V).

Recalling that o is sublinear, we get that for each 2* € X*, 0o (z*) = do(tz*) and therefore
do(0,2*) = 8(0,¢z*). Then, since the net (t~'a},)yenta+) converges to z* and 9o (0, ) is
7.-0 H-usc at z*, there exists Uy € N (tz*) such that

YU € N(tz*) with U C Uy, 90(0,t " z};) C 00(0,2%) + V = 0o (0, tx*) + V.
In particular, zy, € 90(0,z7;,) = 9(0,t 'xf;,) € 90(0,tx*) + V, which is a contradiction.

To prove the second implication, note that for each # € X and each € > 0, 0.0x4.(2%) =
0.0k (") + x for all z* € X*. Therefore,

00k 12(g,2") =00k (e, 2%) + x, V(e 2%) € Ry x X™.

Now, if 9ok (0, -) is 7j.-@ H-usc at z*, then, by Proposition 3.1.4, we get that 0ok (-, z*)
is 79-0 H-usc at 0. Let V' € N(0,0). There exists ¢ > 0 such that

dog(e,2*) C 0ok (0,2%) + V.
Thus,
00k 1z(e,2) =00k (e,2") + 2 C 00k(0,2%) +x +V = 00k 1.(0,2") + V.

We conclude that oy, (-, 2*) is 79-0 H-usc at 0 and, applying again Proposition 3.1.4, the
proof is completed. O]
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Lemma 3.2.3 Let f € T'o(X) with int(dom f*) # () and z* € int(dom f*). Then
0f*(0,-) is 7 -0 H-usc at x° <= 00epi ¢(0,-) is (7). X 70)-(0 x 70) H-usc at (x*, —1).
Proof. Let us show first the necessity. Suppose that Ooepif(0,-) is (7). % 70)-(6 X 7o)

H-usc at (2*,—1). Then, for each V' € Nx(0,6) there exists ¢ > 0 such that for U =
(x*,—1) + e(Bx+ x [-1,1]) we have that

60-epif(07 U) g 6O-epif(o7 (ZL’*, _1)) + V x R.

In particular, for each 2* € a* + eBx+, 00epi £(0, (2%, —1)) C 00epi (0, (z*,—1)) +V x R.
Noting that

00epi (0, (2%, —1)) = {(2, f(2)) € epif : 2€0f*(0,2)}, (3-3)

we conclude that 9f*(0,2*) C 9f*(0,2*) + V for each z* € z* + eBx~. Thus, 9f*(0,) is
7.0 H-usc at z*.

For the sufficiency, suppose that 9/*(0, ) is 7).-0 H-usc at 2*. Let V € N/(0,6) and 6 > 0.
Since 6 is finer than the weak topology, we can assume without losing generality that

Vc{reX : |(z5z) <L},

By hypothesis, there exists £; > 0 such that 9f*(0, 2* + e2Bx+) C 0f*(0,2*) + V. Also,
since 0f* is bounded near z* we can apply Lemma 2.3.5 to find e > 0 such that

Vz' € x® +eaBx-, 0f7(0,27) C 05/ f"(27).

Define ¢ = min{ey, ey,0}. Then, for z* € z* 4+ eBx« and z € 0f*(0, 2*), there exists
x € 0f*(0,2*) such that z — 2 € V, and so, since z* € df(x) and 2 € J5/2f(2) (since
f €To(X)), we have that

—(5<—g§(:U*,Z—:U}gf(z)—f(a:)§<x*,z—x>+g§5.

Thus, we have that (2, f(2)) € (z, f(x)) + Vx| —0,0] C 00epi (0, (2%, —1)) + Vx| =0, 4],
where the last inclusion is due to the fact that © € 9f*(0, 2*) and the equality (3.3), which
is valid for all z* € X*. Using again equality (3.3), we can write

V2 € " +eBxs, 00epi£(0, (2", —1)) C 00epi £(0, (2%, —1)) + Vx| — 4, 4].

Now, take 1 €]0, 1] small enough such that

1 1
—— —— | (" +1Bx+) C 2" + By,
}Hn 1—77{( ) *

s el U — (5 X] 1, —L b, For () € U, werave hat €| oo 2]
and so [t|~'z* € z* + eBx-. Then,

00 epi £ (0, (2%, 1)) = Doepi £(0, (|t] 712", 1)) C Toepir(0, (2%, —1)) + Vx| — 6,4],
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and so, we have that 00y £(0,U) C O0epi £(0, (2%, —1)) + Vx| =9, d[. Since the sets of the
form Vx| — §,d] are a base of neighborhoods of 0 for the topology 7 x 79, we conclude
that Ooepi £(0,-) is (7 X 70)-(0 x 7o) H-usc at (x*, —1). O

Lemma 3.2.4 Let Y be a Banach space such that there exists T :'Y — X an one-to-
one bounded linear operator with closed range. Let Oy be a locally convex topology on Y

between the weak and the norm topologies. If T is 0y-6-continuous and 6y- (6"T(Y)>—open,

then, for every function f € To(Y*, w*) and every functional y* € Y*,

O(foT7)(0,-) is 1y -0 H-usc at x* <= 0f(0,-) is 7). -0y H-usc at T"y".

Proof. Fix f € Ty(Y*,w*) and y* € Y*. Note that, by the classical chain rule of the
subdifferential, for each z* € X

O(f o T*)(2") = T™[Of(T"2")],

and therefore 9(f o 7%)(0,2*) = T[0f(0,7*z*)], according to the fact that for each set
A C Y**, we have that T(Y N A) = X NT*(A). Indeed, since T**‘Y =T, we have that
T(YNA) CXNT*(A). For the other inclusion, let z € X NT**(A) and y*™* € A such

that 7**(y**) = x. Since the range of T** is T(Y)  , we have that z € T(Y) , and so
there exists a net (z))xea € T(Y) such that x) — x. But, since T'(Y") is convex and closed,
it is also w-closed. Then, x € T(Y) and so, by injectivity of T**, y** € Y. Therefore,
reT(YNA).

This latter equality will be the key tool for the proof.

Assume first that (0, -) is 7.-0y H-usc at T*z* and let W € Nx(0,6). Since T (W) €
Ny (0, 0y ), there exists U C Ny«(T*z*) such that

9f(0,U) COf(0, T*2x*) +T 1 (W).
Therefore,
O(foT™)(0,(T*)H(U)) = T[Bf(0,U)] € T[Of(0, T*2") |+ T[T~H(W)] S B(foT*)(0, 2" )+W,

where the first equality is provided by the fact that 7* is onto (and so T*[(T*) "' (U)] =
U). By the arbitrariness of W and the fact that T is an open map, we conclude that
O(f oT*)(0,-) is 7-0 H-usc at x*.

Assume now that 9(f o 7%)(0,-) is 7.-¢ H-usc at z* and let V' € Ny (0,60y). We can
assume, without losing generality, that V' is open and so, that T'(V) is a 9| vy OPen set

of T(Y'). Then, there exists an open set W € Nx(0,6) such that W NT(Y)=T(V) and
so, there also exists U C Nx«(x*) such that

3(f o T%)(0,U) C 8(f o T*)(0,z%) + W.
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Thus, we have that T[0f(0,7*(U))] C T[0f(0,T*z*)] + W. But, since T[0f(0,T*(U))] C
T(Y),

TRf0,T(U)] CTY)N(TBf(0,T*z*)] + W) =T[df(0,T*z*) + V].

Finally, since T is one-to-one, 0 f(0,7*(U)) C 9f(0,T*x*)+ V, and also, since T* is onto,
T*(U) € Ny«(T*z*). Since V is an arbitrary element of Ny (0,6y), we conclude that
0f(0,-) is 7.-0 H-usc at T*z*. This finishes the proof. O

We can now establish that (P) is a convex w*-smooth-like property.

Theorem 3.2.5 The property (P) is a conver w*-smooth-like property, and so, in view
of the equivalence (3.2), to be an SDPD space is to be (P)-w*-structural.

Proof. 1f we consider § = w, Theorem 3.1.5 and Lemmas 3.2.1, 3.2.2 and 3.2.3 show that
(P) is local, set-consistent and epigraphical, respectively. Thus, it only rests to prove that
(P) is w*-transitive.

For this, let X,Y be two Banach spaces such that there exists 7': Y — X an one-to-one
bounded linear operator. By Lemma 3.2.4, we only need to prove that T is w—w‘T(Y)—open,

since it is known that it is w-w-continuous. Let then W be a w-open set of Y. Without
losing generality, we may assume that 0 € W and

W={yeY : [{yjy) <&, Vie{l,....n}},

where n € N, y7,...,yr € Y* and €1,...,¢, > 0. Since 7' is one-to-one and has closed
range, 7% is onto and so there exist z7,...,z5 € X* such that T*(z}) = y, for all
i€ {l,...,n}. Then, we can write

W={yeY : (IT"z},y)| <&, Vie{l,...,n}t}
={yeY : [{z},Ty)| <&, Vie{l,...,n}t}.

Let V={r e X : [{(a5,2)] <&, Vie{l,...,n}}. Itis clear that W = T-}V) =
T=H(VNT(Y)), and since T is a bijection between Y and T'(Y'), we conclude that T'(W) =
VNT(Y) e w}T(Y), finishing the proof.

U

Now we will give a characterization of SDPD spaces via “exposed faces”. Even though
there are several definitions in the literature of what a face of a set is, we will adopt the
convention that, in a Banach space X, a face F' of a set K C X is an exposed subset,
namely, there exists a functional x* € X* such that

F={reK : (z%x) =o0k(z")}.

In such a case, we will write F' = F[K, z*] to avoid ambiguity whenever is needed.
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Definition 3.2.6 (f-exposed Faces) Let K C X be a closed convex set, ' be a face of K
and 6 be locally convex topology on X between the w(X, X™) and 7 topologies. We will
say that F' is 0-exposed by x* € X* if F' = F[K,x*] and for each 8-neighborhood V of 0,
there exists a > 0 such that

S(K,z*,a) C F+ V.
The set of #-exposing functionals z* € X*, namely those which 0-expose a face of K, will
be denoted by E[K,0).

Definition 3.2.7 (Faces Radon-Nikodym Property) A Banach space X is said to have the
Faces Radon-Nikodym property (FRNP, for short) if for each closed convex bounded
set K of X, E[K,w| is dense in X*.

Proposition 3.2.8 For a convex closed set K of X, Px|K] = E[K,w]|, and so, to have
the FRNP is to be (P)-geometrical.

Proof. Let K be a closed convex set of X. Note that for any z* € dom ox and any « > 0,
we have that F[K,z*| = 00k (0,2*) and also

S(K, 2", a) = | ) 0ok (6,27).
o<
Therefore, for any V' € N (0, w) we have that
S(K,2*,a) C FIK, 2" | +V <= | J00k(5,2%) C(0,2") +V
o<
< 00k ((0,a),z") C ok (0,2%) + V.

Thus, z* € E[K,w] if and only if Ook(-,2*) is 7p-w H-usc at 0. The conclusion follows
from Proposition 3.1.4.

]

Example 3.2.9 The unit ball of L'[0,1] with the usual norm satisfies E[Bp1jo 1}, w] is
dense in X*.

Proof. Tt is known (see [50]) that (L'[0,1])* = L*°[0,1] and that (L'[0,1])* = M]0, 1],
where M0, 1] stands for the space of all bounded finite measures over the Borel o-algebra,
B[0, 1], which vanish at each A\-null set (where A is the Lebesgue measure in [0, 1]). Even
more, the bidual norm of || - ||; (which we will denote simply by || - ||) over M[0, 1] is given
by
[[m| = [m|([0,1]),

where |m/| stands for the total variation of m. Therefore, for E € B[0, 1] with A(E) > 0,
we have that

O lo(Xe) ={m € Bpmpy : (m, 1g) = [[1r]w}
={m e M[0,1] : m(E) = |m|([0,1]) = 1},
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where 15 is the indicator function of F, in the sense of measure theory: Namely,

1 itte B

vt €[0,1], 1g(t) = {0 ift ¢ E.

We will prove that £([0,1]) C E [Breo1), w], where £([0, 1]) is the set of simple functions
over [0,1], which is known to be dense in L*°[0,1]. Let first choose £ € B0, 1] with
AME) > 0 and fix m € 0| - || (1g). It is known (see [50, Theorem 1.12]) that m =
mt —m™ and |m| =m™ 4+ m~, where m™ and m™ are the positive and negative parts of
m, respectively. Then, we can write

L= [ml([0,1]) = m™ ([0, 1]) +m~ ([0, 1])
> m*(E) +m”([0,1])
>m(E)+m ([0,1]) = 14+ m ([0, 1]).
Therefore, m~ = 0 and so, m is positive. Also, we get that m vanishes on [0,1] \ E.
In particular, identifying L'(E) and M(FE) as subspaces of L'[0,1] and M0, 1], we have
that m € M(E) = (L'(F))**. Now, by Goldstine’s theorem, there exists a net (f4)aca in
LY(E) with || fa]l1 <1 for each a € A, such that

fa v,

Let us consider separately the nets (f) and (f;). Since ||f5||1, [1f5 111 < || fall we have,
by Alaoglu’s theorem, that there exist m;,my € By and two subnets () er, (f )yer
of (f) and (f,) respectively (which we can index by the same directed set I" just taking
them sequentially), such that

f;r "y and f; T .

Since f, =" m, it is clear that m = m; —my < my, and so my(E) = 1. Then, my(E) =0
and since msy is positive, my = 0. We conclude then that m = m; and therefore fj NG
Let us consider then the net (g,),ca given by

1
g =
B FAR R
Since || f[l1 = Ix fyd\ — m(E) = 1, we have that g, —v"m. Tt is directly verifiable

that [|g,|[1 = [, g, = 1 for each v € A, and therefore, (g,)ea € LY(E)NI| - || (1) C
LYM0,11Nn | - || (1g). We conclude that

.

ok

O llo(1e) = L0, 1] N - I o(Te)"

and so g € F [B Lo,1] w}, according to Proposition 3.2.8. Symmetrically, we can prove
that —]].E <) [BLl[O’l],w}.

Choose now f € £([0,1]) with || f||cc = 1 and fix m € 9| - || (f). Note that

iml ([0, 1]):/fdm:/fdm+—/fdm g/f+dm++/fdm < Iml((0,1]),
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and therefore m*[f < 0] = m~[f > 0] = 0. Defining the sets
Et={t : ft)=1} and E ={t : f(t)= -1},

we claim that m™ vanishes in [0, 1]\ E™ and m~ vanishes in [0, 1]\ £~. Indeed, if the claim
doesn’t hold, we can assume without losing generality that there exists FF C [0,1] \ ET
such that m™(F) > 0. Let 6 = ||f+}l[,||Oo < 1 (provided that f is a simple function). Then

[ramt = [ pramt s [ pramt <ot (F) w00\ F) < m(0,1),
F [0,1\F
and since [ f~dm~ < m ([0,1]), we would conclude that

/fdmg/f+dm++/fdm < m*((0,1]) + m~((0,1]) = [m]([0, 1]),

which is a contradiction. Therefore the claim holds and so m* € M(E*) and m~ €
M(E™). As we already proved, we can construct two nets (g1 )aca and (g, )aca (that, up
subnets, we can assume to be indexed by the same directed set) such that

1. g is positive, it vanishes in [0,1] \ E* and

/E+ gad\ = gl = m*(E") = m™([0,1)).

2. g, is positive, it vanishes in [0,1] \ £~ and

/E_ o dXN =g, |1 =m (E7) =m ([0,1]).

3. gf =" m* and g, =" m".

Then, defining g, = g+ — g, for each a € A, we conclude that g, —*"" m and

loul = [ atan+ [ azih = m(0.1) + m(0.1) = pml(0.1) = 1. Vo€ A

Finally, noting that

/fgadAZ fgad\— fg;dAz/ gidA+/ IodA =1 = || flc,
E+ E+ E+ E+

we have that (g,) € L'0,1] N3] - | (f), and thus, since m is an arbitrary element of

A - lloe(f),

w**

O - Nl (f) = L0, 1] N O - | (f)
which finishes the proof, according to Proposition 3.2.8. O
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Proposition 3.2.10 The Banach space X has the FRNP if and only if for every K C X
nonempty convex bounded closed set, every x* € X* and every a > 0 there exists z* €
E[K,w] such that

FIK, z*| C S(K,z", ).

Proof.

=)

Let K be a nonempty convex bounded closed set of X, z* € X* and a > 0. By
Lemma 2.3.5, there exists € > 0, such that for each y* € x* + eBx~,

S(K,y*,5) € S(K,z", ).
Since X has the FRNP, there exists z* € E[K,w] N (z* + eBx-+). Thus,
FIK, 2] = X N0og(z") C S(K,2", §) C S(K, 2", a),
which proves the implication.

Let K be a convex closed set with int(dom oy, ) # 0. We want to show, according
to Theorem 2.3.20, that E[K;,w] N int(domog,) is nonempty. To do so, choose
xz* € int(domog,) and define Ky = 0o, (1,2*). Since z* € int(domoy,), Ks is
bounded, and so, there exists z* € E[K,,w] such that

F[K27 Z*] g S(K27x*7 %) = S(Klax*a %)7
where the last equality comes from the observation that

S(KQ,I*, %) = KQ N S(Kl,x*, %),

according to the inclusion Ky C K;. To simplify notation, let K; = Kw (for
i = 1,2). We claim that dog,(2*) = Jok,(2*). To prove this, note first that for
all z7* € K; \ Ko, (27", 2%) < og,(z*). If not, choose any z3* € og,(z*). Since
(z1*,2%) < ok, (z*) — 1 and (z3*,2%) > ok, (z*) — 3, there exists t € (0,1) such that
(z7, 1) = o, (z*) — 2, where 2™ = t2}* + (1 — t)z3*. Then, z** € K, and

(7,27 = t{%,27) + (L= )", %) = to, (27) + (1 = )oK, (27) 2 0x,(27)

This implies that 2™ € dog,(z*), which is a contradiction since

*

00k, (2") = F|Ky, 2*]  C 0120k, (z7).
Now, suppose that there exists 2** € dog, (2*) \ Ok, (z*). Then
<Z**7 Z*> = 0K, (Z*) 2 Ok, (Z*>7

and so, since z** ¢ Jo,(z*), we have that z** € K; \ Ky. But in this case we have
shown that (z**, 2*) < og,(z*), which is a contradiction.
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Therefore, dog,(2*) C Jok,(2*). Now, there are two possibilities: Odog, (2*) =
Jok,(z*) as we claimed, or dogk, (z*) = (). But dog,(z*) can not be empty, since
if it were so, z* would be unbounded in K; and there would exist z** € K; \ Ky
with (2%, 2%) > ok, (2*) which is, as we know, a contradiction. Then, dog, (2*) =
Jok,(z*), as we claimed. Even more, since dog, (z*) is nonempty and bounded,
z* € int(dom o, ) (see comments before Exercise 2.29 in [36, pp. 29-30]).

The claimed equality leads to the following: there exists e > 0 such that d.o, (z*) C
K. If not, we could construct a net (23*)s=o such that z;* € 050, (2*) \ Ks for
each 6 > 0. Let 2™ € K the w*-limit of (z;*) as § N\, 0 (which exists since
z* € int(domog, ) and therefore, 050k, (2*) is w*-compact for each 6 > 0). It is
clear that

2 € 0o, (27) = 00k, (2") C 0120k, (¢7),

but, since z;* ¢ Ko, we get that (23", 2*) < ok, (z*) — 1. Then, og, (z*) —
(z**, 2*) < ok, (x*) — 1, which is not possible.

<

N |

Thus, there exists ¢ > 0 such that Jsog, (2*) = 050k, (2*) for each 6 < ¢, and
so, since 0o, (-, 2*) is To-w H-usc at z*, we conclude that dog, (-, z*) is also 7p-w
H-usc at z*. By Proposition 3.2.8 and Proposition 3.1.4, we conclude that z* €
E[K;,w] Nint(dom ok, ), which finishes the proof.

]

Corollary 3.2.11 If X has the FRNP, then every convex bounded closed set K of X is
the closed convex hull of its weakly exposed faces, namely,

K=c| |J F[K "

z*€E[K,w]

3.3 Strong subdifferentiability

In what follows, we will study the relation between a stronger version of the FRNP and
a notion that has been around the literature for a while, namely, the strong subdiffer-
entiability. This notion is a natural weakening of Fréchet-differentiability: We allow the
subdifferential not to be a singleton but we keep the uniform convergence in the following
sense:

Definition 3.3.1 (Strong Subdifferentiability) A function f € T'o(X) is said to be strongly
subdifferentiable (SSD) at a point x € dom f if the limit

oy g Eh) — f(x)
f(x7h)_tl\1g}r t
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exists uniformly with respect to h € Sx.

Remark 3.3.2 Strong subdifferentiability differs from Fréchet-differentiability. Indeed,
note that any continuous sublinear function is SSD at the origin. This can be easily
deduce from the latter definition, using Propositions 1.2.26 and 1.2.27.

The strong subdifferentiability has been introduced in renorming theory (see, e.g., [20, pp.
88]), and it has been studied in relation with Fréchet-differentiable renormings, Asplund
spaces, polyhedral spaces, proximinality and its relation with Hausdorff-upper semiconti-
nuity (see [13], [15], [27]-[29]). Here, we will summarize the most relevant results about
SSD.

Proposition 3.3.3 ([13, Theorem 5.13|) Let f € T'o(X*,w*) and let z* € int(dom f).
Then

[ is SSD at ™ <= 0f(0,-) is 7). -7 H-usc at x*.

Theorem 3.3.4 (Godefroy, Montesinos and Zizler, [29, Theorem 1|) Any separable Ba-
nach space with nonseparable dual admits an equivalent norm that is nowhere SSD except
at the origin.

Theorem 3.3.5 (Godefroy, Montesinos and Zizler, [29, Theorem 2|) If X is a Banach
space admitting an equivalent SSD norm (that is, SSD at every point of X ), then X is an
Asplund space.

An interesting example related to strong-subdifferentiability is the notion of polyhedral
spaces, namely, Banach spaces for which their unit ball is a “polyhedron”. Many notions
of polyhedrality in infinite-dimensional spaces have been introduced in order to properly
define a polyhedral space. We refer the reader to the work of R. Durier and P. L. Papini
[22], in which the authors compare the different definitions of polyhedral space. Here, we
present two of them: Quasi-Polyhedrality and Polyhedral norm according to Klee.

Definition 3.3.6 (Polyhedral and Quasi-Polyhedral spaces) Let X be a Banach space.
We say that

(a) A function f € T'o(X) is quasi-polyhedral at € dom f if there exists a neighborhood
V € Nx(x) such that

Of(y) € 0f(x), vyeV.

X 1s said to be a Quasi-Polyhedral space if its norm is quasi-polyhedral at each point
Of SX .

(b) The norm of X is polyhedral (according to Klee) if for every finite subspace Z of X,
the set Z NBx is a polyhedron. In such a case, we say that X s a polyhedral space.

The next proposition contains the structural properties of polyhedral and quasi-polyhedral
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spaces that we are interested in. The first one can be found in [22]| (and the references
therein). The second one is due to V. Fonf [25].

Proposition 3.3.7 Let X be a Banach space. Then,
(a) If X is quasi-polyhedral, then it is polyhedral.
(b) If X is polyhedral, then it contains a subspace isomorphic to cq.

We finish this section with the following result which connects quasi-polyhedrality with
strong subdifferentiability (which was stated for quasi-polyhedral norms in [27, Lemma
3.3]).

Corollary 3.3.8 Let f € T'o(X*,w*) and z* € dom f. If [ is quasi-polyhedral at x*, then
fis SSD at x*.

Proof. Since f is quasi-polyhedral at z*, then there exists a neighborhood U of z* such
that
of(U) C of (7).

Then, for every neighborhood V' in Nx(0), we have that
0f(0,y) COf(0,x) Caf(0,z)+V,  VyeU.

By Proposition 3.3.3 and the equivalences of Proposition 3.1.4, the conclusion follows. [

3.4 Strong-FRNP

Taking Theorem 3.1.5 into account, let us consider the following natural strong version of
property (P) described in section 3.2, which we will denote as the property (sP), defined
as follows: For each Banach space X, the domain of sPx is D(X) = I'g(X*, w*) x X* and

sPx is given by
sPx(f,xz") =1 <= 2" € int(dom f*) and 9f(0,-) is 7y.-7.| H-usc at z™. (3.4)

By Theorem 3.1.5, (sP) = (P).

Proposition 3.4.1 The property (sP) is a conver w*-smooth-like property.

Proof. If we consider § = 7)., Lemmas 3.2.1, 3.2.2 and 3.2.3 show that (sP) is local,
set-consistent and epigraphical, respectively. Also, Lemma 3.2.4 proves that (sP) is w*-
transitive since for any two Banach spaces X and Y and any one-to-one bounded linear
operator T': Y — X, we have that T"is 7). ]-7 ‘T(Y)—open, according to the Banach open
mapping theorem. O
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So, coming back to Definition 1.3.17 and its adaptation to Banach spaces given at the
beginning of this chapter, we naturally define strong-SDPD spaces and the strong-FRNP
as follows:

Definition 3.4.2 A Banach space X is said
1. to be a strong-SDPD space if it is (sP)-w*-structural.

2. to have the strong-FRNP if it is (sP)-geometrical.

As in the proof of Proposition 3.2.8, we can show that for a closed convex set K C X,
sPIK] = E[K, )], and so, we can use the results on [13| (see Proposition 3.1.4 and
Proposition 3.3.3 above and [13, Theorem 5.13]) to characterize the strong-FRNP as
follows:

Proposition 3.4.3 The following assertions are equivalent:
(a) For each convex closed set K of X, ok is SSD in a dense set of int(dom o).

(b) X has the strong-FRNP.

(c) For every function f € T'o(X*, w*), there exists a dense set D of int(dom f) such
that for each x* € D and each sequence (x},x,) € gph(0f(0,-)) such that x} — x*,
we have that

d(z,,0f(0,2%)) — 0.

Example 3.4.4 The unit ball of X = ¢ with the usual norm satisfies E[B,,, 7).|] is dense
in X* =/

Proof. Recall that for a sequence (z,,) C R the support of (z,,) is the set

supp|(zy)] :=={n €N : x, # 0}. (3.5)

Also recall that cgg stands for the vector space given by all the real-valued sequences with
finite support, which is known to be dense in ¢'. Now, it is known (see [36, Example
14.b]) that for each z* = (a%) € (!,

Of - (%) = {2™ = (277) € £ = Vn € supp[e”], ;" = sgn(x,)}

:HAna

neN

where A, = {sgn(x})} if n € supp[z*| and A,, = [—1, 1], otherwise. In particular, it is
clear that x* is a support functional of B, if and only if * € ¢y, and in such a case,
z* € E[B.,,w|. We claim that in fact coo = E[B,, 7). Fix 2* € coo with ||z*||; = 1, and
define

0= min |z7],
kesupplz*)
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so clearly § > 0. Fix ¢ € (0,9) and = € ¢o N 0s: || - ||, (). Let z € ¢y given by

sgn(x}) if n € supp[z”|
2y =
Ty, if n € N\ supp[z*].

It is clear that z € ¢coN || - ||;(«*). Note also that for each n € supp[z*], =}, - (25, — ) =
|z ||z — xy|: Indeed, if z, = 1, then 2z, —x,, € [0,2], and if z, = —1, then z, —z, € [-2,0].

|

Thus, we have that
be> Y w(z—aa) = > gz — x> D bz — 3| 26|z — 2.
nesupp(c*] nesupp(z*] nESupp[z*]
Then, d(z,co NI - [|,(z*)) < ||z — z||oc <e. Then, for each € € (0, 9),
0 H ’ "1((55,$*) co H ’ Hl(oax*) +€ECO>
and so z* € E[B.,, 7] O

A simpler proof of Example 3.4.4 follows just noting that the norm | - ||, of ¢! is quasi-
polyhedral at each point x* € ¢y, and so applying Proposition 3.3.8.

By small modifications in their proofs (just replace the weak topology by the strong
topology and E[K,w| by E[K,7).]), Proposition 3.2.10 and Corollary 3.2.11 remain true
if we replace the FRNP by the strong-FRNP and E[K, w] by E[K, 7] in both statements.

Observe that property (sP) satisfies the w*-sum rule. Indeed, the w*-sum rule follows
immediately from the next lemma, which is simply a direct application of Proposition
1.2.27.

Lemma 3.4.5 Let f,g € T'o(X) and let x € int(dom(f + g)). The function f+ g is SSD
at x if and only if both functions f and g are SSD at z.

Proof. Since z € int(dom(f + g)) = mt(
y € dom(f+g) we can write O(f+g)(y) =
1.2.27(b), we have that (f + g)'(z;-) = f'(x;

(Uradatth= (o) _ 7 o)

(f(x + ﬁ;) —fx) F(a; h)) + limsup sup (g(x *th) ~g@) g'(z; h)> :

N0 heBx t

om f) N int(dom g), we know that for every
df(y)+09g(y). In particular, using Proposition
)+ ¢'(z; ), which allows us to write

lim sup sup
N0 heBy

<limsup sup
tN\O heBx

This yields the sufficiency of our statement. To prove the necessity, assume that g is not
SSD at z. We need to show that f + g is not SSD at z. Since g is not SSD, then there
exist £ > 0, a sequence (t,) C]0,+oo] converging to 0 and a sequence (h,) C By such
that

; —d'(z;hy) >e, VYneN
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Then, using that (f + g)'(z;-) = f'(x;-) + ¢'(z; ) and Proposition 1.2.27(a), we can write
foralln € N

(f +9)(x+ tn?n) — ([ t9)(x) —(f+ ) (s hn) > gz + tn};n) —g(x)

— g (x5 hy,) > &,

and so, we get that

lim sup sup (f +g)(@+th)—(f+g)(z)

—(f+9)(x;h) > e
tN\O0 heBx t

This finishes the proof. O

Now, applying Theorem 2.3.25 we can state the following improvement of Corollary 3.2.11:

Corollary 3.4.6 If X has the strong-FRNP, then every convex bounded closed set K of
X is the closed convex hull of its weakly exposed faces, namely,

K=w| |/ FIK 2"
z*€E[K,w]

Moreover, if X is separable, then the converse also holds true.

3.5 Relations between the RNP and the FRNP

Proposition 3.5.1 Consider the following assertions:
(i) X has the RNP.

(i) X has the strong-FRNP.

(iii) X has the FRNP.

Then, (i) = (i) = (ii).

Proof. Clearly, for a function f € T'y(X*, w*) and a point z* € Int[dom f],
f is F-differentiable at 2" = f is SSD at z* = f'(z*;-) is w*-lsc,

where the last implication comes from the fact that if 9f(0, -) is 7. -7, H-usc at z*, then
is 7.|-w H-usc at * and an easy application of Theorem 3.1.5. Then, if we replace f by
any support function, the implications are direct. O

The latter proposition presents the natural inclusions concerning RNP-like properties:
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RNP spaces C strong-FRNP spaces C FRNP spaces C Banach spaces.

In the following, we will present some necessary conditions to have the FRNP or the
strong-FRNP. In fact, we will show that not every Banach space has the FRNP, showing
that the last inclusion is strict. We will close this chapter with a brief discussion about
the main open question of this part of the thesis: Is the RNP equivalent or not with the
FRNP or with the strong-FRNP?

3.5.1 Banach spaces without the FRNP /strong-FRNP

Lemma 3.5.2 Let X be a Banach space with separable dual X*. Then, for each equivalent
norm p of X and each countable dense set {x }ien of B(x+p,) the function p : X** — R,
given by

N|=

p&™) = pu(™) + (Z 27Y(a}, 93**>2>

1s an equivalent rotund bidual norm of X**.

Proof. Clearly p is an equivalent norm of X**. Thus, in order to conclude, it is sufficient
to show that

(p |X) =p-
Consider the functions r,r, : X** — R, given by

r(z*) = (Z 2i(x;f,x**>2> , and  r,(2") = (Z 2i(xf,x**>2>

2

SIS

It is clear that sup,, 7, = 7 and that for each n € N, (| ,)** = r,. Now, fix z** € X** and
d > 0. By construction, there exists ng € N such that r(z**) < r,, («**) + . Therefore,
we can write

r(z™) <rp (™) +0 = ( lim inf rno(x)> +6

1U**
X>x—rx**

< < lim inf T(:B)) +0= (r!X)** (™) + 9.

w *
Xox—x**

*

Since § and x** are arbitrary, we conclude that r < (r| X)**, and so, since the other

inequality always holds, we deduce that r = (T} X)**. Now, since p and 7"| + are both
continuous, by Proposition 1.2.11(c) we have that

(p+ T‘X)* - p*D<T‘X)*7

and 80, p=pa+7=(p+ r‘X)**, which finishes the proof. m
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Recall that an equivalent norm p on X is said to be rough if there exists € > 0 such that
h —h)—2
mnwpmx+ ) + p(x — h) — 2p(x)
p(h)—0 p(z)

By Proposition 2.1.3, is easy to see that a rough norm is nowhere Fréchet-differentiable.

>e, VreX. (3.6)

Theorem 3.5.3 Let X be a Banach space satisfying
(a) X* is separable.

(b) There exists K a nonempty convez, closed and bounded set of X such that every
relatively w-open set W of K has diameter diam(W) > ¢, for some € > 0.

Then there exists an equivalent norm p on X, such that the dual norm p, is Gdteauz-
differentiable at every nonzero point and nowhere Fréchet-differentiable.

Proof. Let K = I C X™. It is easy to see that, if W is a relatively w**-open set of
K, then W N K is nonempty, and therefore W N K is a relatively w-open set of K. Then,
by (b) we get
diam(W) > diam(W N K) > e.

Let C =By + K+ (—K) and C = Bx« + K + (—K). Let p,, the norm in X** such that
B(x+*p,.) = C. Since C' is w**-compact, p, is the dual norm of some equivalent norm p,
on X*. Let {#] : i € N} a dense set of B(x-,,), and define the function p : X** — R,
given by

2

In the proof of [20, Theorem II1.1.9] it is shown that p is also a dual norm, and its predual
norm is Gateaux-differentiable at each nonzero point but which also is rough (and so,
nowhere Fréchet-differentiable). Also, by Lemma 3.5.2, the predual norm of p is also a
dual norm in X*, and therefore, the proof is finished. O

Remark 3.5.4 The construction of the set C' = Bx + (K) + (—K) shows that if there is
a set K which satisfies the condition (b) of Theorem 3.5.3, then there exists an equivalent
norm p over X such that B(x, also satisfies the same condition. It is known (see, e.g.,
[32, Theorem 3.1 and Corollary 3.2|), that condition (b) is equivalent to say that X lacks
the Convex Point of Continuity Property (CPCP).

Recall that X has the (Convex) Point of Continuity Property if for every set C' (convex)
bounded and w-closed, there exists x € C' such that the identity mapping id : (C,w) —
(C, 7)) is continuous at .

Corollary 3.5.5 Let X be a Banach space with separable dual. If X has the strong-
FRNP, then it has the CPCP.
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Proof. Let us suppose that X lacks the CPCP. By Theorem 3.5.3, there exists an equiv-
alent norm p on X such that the dual norm p, on X* is Gateaux-differentiable at each
nonzero point and nowhere Frechét-differentiable.

Let 2* € S(x+p,) with the Gateaux derivative Dgp,(z*) = (,-) for some x € S(x ) (such
a point exists, by Proposition 2.1.7). It is clear that F[Bxp),2*| = {z}. Then z is an
exposed point of Bx ,), exposed by z*. But, since  is not strongly-exposed (otherwise,
p. would be Fréchet-differentiable at 2*), there exists a sequence (z,) € B(x ) and € > 0
such that

(%, ) — (2%, ), and p(x—x,)>c.

Then, for each o > 0, there exists n € N such x,, € S(B(x,), 2", ) and so,

. £ o €
SBxp) 2", ) €&+ 5Bixy) = FBexy), 2] + 5By
Since « is arbitrary, we get that F[B(x,),z*] is not a strong-exposed face. Since z*
is an arbitrary support functional of Bx ), we get that E[Bx ), 7] = 0, which is a
contradiction. ]

Now we will show that every Banach space containing an isomorphic copy of ¢, lacks the
FRNP. To do so, we will use a theorem due to P. Morris [35], concerning to disappearance
of extreme points:

Theorem 3.5.6 (Morris, 1983) Let X be a separable Banach space containing an iso-
morphic copy of cog. Then X is isomorphic to a Banach space Y endowed with a rotund
norm || - ||y such that

ext [B(y)} N ext [IB%(Y**)] = 0.

Proposition 3.5.7 Let X be a Banach space admitting a rotund equivalent norm p on
X such that

ext [B(va)} N ext [B(X**7p**):| = @
Then, X lacks the FRNP.

Proof. Let z* be a support functional of B(x ;). Since p is rotund, x* attains its norm at
only one point x € By ) and so, 0p. (0, 2*) is the singleton {z}. If 2* € E[B(x ), w], then

Op.(a*) = X Nop. ()" = {}.

Thus, z € exp [IB%(X**J,**)} C ext [B(X**,p**)], which is clearly a contradiction. Since z*
is an arbitrary support functional of By ,)), E[B(x ), w| has to be empty, finishing the
proof. O]

Corollary 3.5.8 If X contains a copy of cy, then X lacks the FRNP.
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Proof. Let Z be a closed subspace of X isomorphic to ¢y. By Theorem 3.5.6, Z is also iso-
morphic to a Banach space Y having an equivalent rotund norm satisfying the conditions
of Proposition 3.5.7. Thus, Y lacks the FRNP.

Now, since the property (P) used to define the FRNP (see Proposition 3.2.8) is a convex
w*-smooth-like property, Proposition 2.3.22 shows that Z lacks the FRNP, and therefore
so does X. O

Since every polyhedral space contains a copy of ¢q (see Proposition 3.3.7), we can state
the following corollary:

Corollary 3.5.9 If a Banach space X admits an equivalent polyhedral norm, then it lacks
the FRNP.

This last corollary is rather contradictory: Every quasi-polyhedral norm p satisfies that
EB(xp), 7] is dense in X*, but the very existence of such a norm entails that the space
is polyhedral and hence it lacks the FRNP.

3.5.2 Final Comments

It is not hard to see, due to the technology developed in Chapter 2 and Section 3.2 that, if
we observe strong subdifferentiability in the primal space it induces a convex smooth-like
property (SSD): For each Banach space X, D(X) :=T(X) x X and

SSDx(f,x) =1 <= x € int(dom f) and f is SSD at z. (3.7)
Due to Theorem 3.3.4, we can write the following equivalence:
X is separable and (SSD)-structural < X is separable and Asplund < X is separable,

but in the same paper where this theorem was presented (see [29]), Godefroy, Montesinos
and Zizler asked whether or not this equivalence holds for nonseparable spaces. Since
Asplund spaces are separable reducible (see Theorem 2.2.8), this question is equivalent to
ask if (S9D)-structural spaces are stable for subspaces.

Stability for subspaces (resp. quotients) and for products (even with finite spaces) present
somehow the difficulty of the convex smooth-like (resp. w*-smooth-like) setting. We
already encountered the same problem when we compared the RNP with the strong-
FRNP and with the FRNP. Moreover, for these properties it seems to be even harder to
prove equivalences, since we do not know the answer even in the separable setting.

These questions of stability seem to be in the heart of the classic theory of Banach spaces,
and they are by no means easy questions. We definitely would like to come back to them
in the future, and we think that it is a question of great interest.
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Introduction of Part 11

In his 1973 fundamental paper [17]|, R. B. Holmes showed that, whenever we have a closed
convex set K in a Hilbert space X such that

(i) K has nonempty relative interior (namely, the interior of K as a subset of Y = aff(K)
is nonempty), and

(i) the boundary of K as a subset of Y, bd K, is a CP?"'-submanifold at a point xy €
bd K, where p is a positive integer,

then the metric projection Pk is a mapping of class CP in an open neighborhood W of
the open normal ray

Ray, (K) := {zo +tv : t >0},
where v denotes the unit exterior normal vector of K at xy. The main steps of his approach
to arrive to this theorem were:

1. Tt is enough to prove the theorem for convex bodies (namely, where K has nonempty
interior), since under (i), restricting to the case 0 € K (after suitable translation)
we can write

Py = (Pgly) o Ty,
where Iy denotes the orthogonal projection to Y (which is a continuous linear
mapping and therefore of class C*);

2. The smoothness of bd K at zy can be translated as the smoothness of the Minkowski
functional pg (independently of which translation is used to ensure that 0 is an
interior point of K); furthermore, the equality v = ||Vpx(zo)||~'Vpx(zo) holds
true;

3. The distance function dy is of class C' in X \ K; and finally,

4. For any point # € Ray, (/) and a suitable choice of neighborhoods U and V of x
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and z( respectively, the mapping

F:UxV =X
Vpr(v)

(u,v) »u—v— dK(u)m

is well defined, of class C!, and for every (u,v) € U x V, one has

F(u,v) =0 <= v = Pg(u).

With all these features, Holmes concluded his theorem through an application of the
well-known Implicit Function Theorem.

After Holmes’ contribution, in 1982, S. Fitzpatrick and R. R. Phelps continued in [16] the
study of smoothness of the metric projection onto convex bodies. They observed that,
whenever a convex body K had CP*'-smooth boundary, then for every x € X \ K the
differential D Pk (z) is a surjective mapping from X onto H|[z| where

Hlz] :={h € X : (h,x — Px(z)) =0},

and it is invertible as a mapping from H[z| onto H[z]. This behavior of DPg(z) was
implicitly obtained as a corollary in Holmes’ proof. Using this necessary condition and
also the equivalence between the smoothness of bd K and the smoothness of pg, they
were able to prove that a convex body K has CP*!'-smooth boundary if and only if the
metric projection Pk is of class C? on X \ K and for each = € X \ K, DPk(x) is invertible
as a mapping from H[z] to H|x].

In the same paper, they also give two counterexamples: The first consist in an example
of a convex closed set C for which its metric projection Py is of class C! on X \ C; but
bd €} fails to be even a C'-submanifold. Here is the invertibility of DPg,(-) what fails.
The second one, is a convex set Cy with boundary C*! for which its metric projection P,
is nowhere Fréchet-differentiable on X \ Cy. Here is the CP™!'-smoothness of the boundary
what doesn’t hold. With those two results, they gave a very complete framework of the
smoothness of the metric projection in the convex case.

Some other contributions have been made concerning to the differentiability properties of
the metric projection on the convex setting, such as [18], on which J. Kruskal provided an
example of a closed convex set in R? such that its metric projection fails to have one-side
directional derivative at infinitely many points, and [22], on which D. Noll explored other
notions of differentiability for the metric projections onto convex sets.

Parallel, in 1984, J.-B. Poly and G. Raby studied the smoothness of the metric projection
Py onto a CPtl-submanifold M of a finite-dimensional space R®. They proved that a
closed set M C R™ is a CP*l-submanifold at a point my € M if and only if the square of
the distance function d3,(-) is of class CP™! near mg. Their strategy consists in regard M
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near mg as the graph of a mapping # whose differential D8 can be expressed in terms of
the metric projection Py;, which is well-defined near mq due to the local compactness of

M.

Following the way opened by the strategy of Holmes, the aim of this second part of the
thesis is to study, under the same hypotheses (i)-(ii), similar local results dropping the
hypothesis of convexity and replacing it with proz-reqularity, and, as Fitzpatrick and
Phelps did, to provide a converse of this extension. We work with a family of sets called
closed bodies which suitably extends the notion of convex body, used in the classic theory.
Finally, through this work, we integrate the study of the case when the set onto which
we are projecting is a submanifold itself, mixing up our results with those obtained by
Poly and Raby. In order to do so, our key observation is that we can locally translate the
smoothness of the boundary of a set to the smoothness of a suitable real-valued function
(not necessarily unique) and therefore, compensate the loss of the Minkowski functional.

This part is mainly based on the joint work with R. Correa and L. Thibault [12], and
the work in progress with L. THibault [28|. The main motivation for this research came
from the huge advances made in Proximal Analysis and from the 2000’s paper by Poliquin,
Rockafellar and Thibault [24], which allows us to replace the continuous differentiability of
the distance function to convex bodies, with another suitable one related to prox-regular
sets. Also we want to mention Mazade Ph. D. Thesis [19], in which local prox-regularity
was profoundly studied in a quantified sense, and Shapiro’s paper [29] and Canino’s paper
[7], on which the directional differentiability of the metric projection was independently
studied in the nonconvex framework, under the notions of O(2)-convexity and p-convexity,
respectively. Nowadays, it is known that these two notions coincide with the notion of
prox-regularity.

This part is organized as follows: Below this introduction, we present the basic notation
we will use in through this part. After, Chapter 4 summarizes the theory of differential
submanifolds (section 4.1), Proximal and Clarke’s nonsmooth calculus(section 4.2), and
the notions of epi-Lispchitzianity and prox-regularity of sets (section 4.3). All that content
is known and had been extracted mainly from [3], [9]-[11], [23], [30]. Even though many of
the notions and propositions presented are still valid in larger contexts (Uniformly Convex
spaces or Banach spaces), we will restrict ourself to present the theory in the infinite-
dimensional Hilbert setting. The chapter ends with section 4.4, on where we pose some
useful variational properties of sets with smooth boundary (or which are submanifolds
themselves), some of them in terms of prox-regularity and epi-Lipschitzianity. We remark
Proposition 4.4.4, which will allows us to represent these sets locally as the epigraph of
suitable functions, and Theorem 4.4.6, which is the direct extension of Poly and Raby’s
theorem in the infinite-dimensional setting.

Chapter 5 is the core of this work. In section 5.1 we present our main results extend-
ing Holmes’ Theorem. We show in Theorem 5.1.6 that whenever a closed body has
CPtlsmooth boundary, then its metric projection is of class C? in a suitable quantified
neighborhood of the set (section 5.1.1). We also prove in Theorem 5.1.10 the same results
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for submanifolds (section 5.1.2). In section 5.2, we follow the strategy of Fitzpatrick and
Phelps, studying the behavior of the derivative of the metric projection when it exists
and proving in Theorem 5.2.11 the converse of Theorem 5.1.6 and obtaining a full char-
acterization of nonconvex bodies with smooth boundary in terms of the smoothness of
their metric projections ( section 5.2.2). We finish this work with a partial converse of
Theorem 5.1.10 following the strategy of Poly and Raby (section 5.2.3).

Notation of Part II

In the following (Chapters 4 and 5), X will always stand for a real Hilbert space with inner
product (-,-), and || - || (or simply || - || if there is no confusion) will be its Hilbert norm.
Using Riesz’s representation Theorem, we will identify the dual space of X with X itself.
For a point z € X we will denote by Nx(z) (or simply by N (z) if there is no confusion)
the set of all neighborhoods of z for the norm-topology. By Bx|z,«a| and Bx(z,a) we
mean the closed and open ball centered in x with radius a > 0, respectively. We will also
write Bx and Sx to denote the unit ball Bx|0, 1] and the unit sphere Bx[0, 1] \ Bx(0, 1),
respectively.

We will also write R := R U {—o00, +00} and Ry, = RU {+00}. In the following, p will
stand for an integer larger or equal to 1. We will recall this assumption whenever is
needed. For two points z,y € X we will write

[z,y] == {tz + (1 —t)y : t€][0,1]}.

For two closed subspaces Y, Z of X such that X can be written as the direct sum of Y and
Z (which is denoted by X =Y @ Z), we will denote by 7y z and 72y (or simply 7y and
7z if there is no confusion) the parallel projections associated to such a decomposition.
In the case that X =Y x Z, we will write 7y and 7 instead of 7y .oy and 720y,
respectively.

For a closed subspace Z of X, we will denote by Z* its orthogonal subspace, that is,
Zt={zeX : (v,2)=0, Vz € Z}.

It is known that Z* is a closed subspace of X and that we can write X = Z @ Z+. For
Z, we will also use the notation I to denote its orthogonal projection, namely, 1z (z) is
the only point of Z such that

|z — Hz(x)|| = inf{||lx —z|| : z€ Z}.
It is known that II; = 75 4..
For another Hilbert space Y, we will denote by £(X;Y") the space of all bounded linear

operators from X into Y, endowed with the operator norm which is given by

1T zcxvy = sup [[Tf]y.
TESx
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IfY = X, we will simply write £(X). We will denote by idyx the identity map from X
to X, which is an operator in £(X). Finally, for an operator 7' € L(X;Y") we will denote
by T* its adjoint operator, that is, the only operator in £(Y’; X) satisfying

(y, Tx) = (T*y,x), Y(x,y) € X x Y.

We say that an operator T' € L(X) is self-adjoint (or symmetric) if 7% = T'. We also will
write KerT" and Im T to denote the kernel and the image of T'. Indistinctly, we will also
write T'X instead of Im T

Recall that a linear operator 7' € £(X) is an orthogonal projection (i.e., 7' = I for some
closed subspace Z of X) if and only if it is idempotent (i.e., 7o T' = T') and symmetric.
We refer the reader to [20, Ch. 11] for the proof of this fact in the finite-dimensional
setting, which remains exactly the same for arbitrary Hilbert spaces.

For a mapping F': U C X — Y and V C U, we will write F‘v the restriction of F' to V.
We will also write gph F' to denote its graph. If Y = R we will write epi /', hypo F', epi, F
and hypo, F' to denote its epigraph, hypograph, strict epigraph and strict hypograph,
respectively, that is,

epi F :i={(u,r) e U xR : F(u) <r},
hypo F:= {(u,7) € U xR : F(u) >r},
epiy F:={(u,7) €e U xR : F(u) <r},
hypo, F' :={(u,r) e U xR : F(u) > r}.

For a set S C X we will write int S, c1.S and bd S to denote the interior, the closure and
the boundary of S, respectively. If U is a subset of X containing S, we will write int; S,
cly S and bdy S to denote the interior, the closure and the boundary of S relative to U,

respectively. We will also use S and S instead of ¢l S and cly S, indistinctly.

For a mapping F' : U C X — Y (with U a nonempty open set) we will say that F' is
G-differentiable (resp. F-differentiable) at x € U if it is Gateaux-differentiable (resp.
Fréchet-differentiable) at x. We will denote by DgF'(x) the Gateaux-derivative (G-
derivative, for short) of F' at  and by DpF(z) or simply DF(x) the Fréchet-derivative
(F-derivative, for short) of F' at x.

In the special case that Y = R, we will denote by VF'(x) the gradient of F' at x, that is,
the unique element of X such that

DgF(x) = (VF(z),).

For an integer p > 1, if F' is p-times F-differentiable, then we will denote by DPF(z) its
pth F-derivative. Let us recall the little o notation of differentiability. The mapping F is
F-differentiable at x if and only if we can write

F(x+h)=F(x)+ Ah+o(h)



138

for some A € L(X;Y), where o(h) is a mapping from X to Y satisfying ||h|"o(h) — 0
as h — 0. In such a case, A coincides with DF(x).

Analogously, the mapping F' is G-differentiable at z if and only if for every h € X we can
write
F(x +th) = F(x) + tAh + o(t)

for some A € L(X;Y), where o(t) is a function from |0, +-o00[ to Y satisfying t~'o(t) — 0
when ¢\ 0.

Recall that F is said to be of class CP (resp. CP!) near z, if there exists a neighborhood
U € Nx(z) such that F is p-times F-differentiable at each u € U and the pth derivative
DPF(-) is continuous (resp. locally Lipschitz-continuous) on U.

As introduced in the Part I, for a function f : X — R, we will denote by dom f and
Jf(x) its effective domain and its (convex) subdifferential. Also, for a subset S of X, I
denotes the indicator function of S, that is

0 resS

Is: X — R, — 1 =
s x s() {+oo zéS.



Chapter 4

Hilbertian manifolds and Prox-regular
sets

In this chapter we will give a small overview of some results concerning differential man-
ifolds modeled over an infinite-dimensional Hilbert space and its relationship with the
theory of prox-regular sets. This summary is focused on the results that we will use in
the study of smoothness of the metric projection onto nonconvex sets, and therefore, we
will skip many classical results of the theory of infinite-dimensional differential manifolds.

4.1 Hilbertian CP-submanifolds

Definition 4.1.1 (CP-submanifolds) A subset M of X is said to be a (Hilbertian) CP-
submanifold at a point mg € M if there exists an open neighborhood U € Nx(my), a
closed subspace Z of X (called the model space) and a mapping ¢ : U — o(U) C X such
that

1. ¢ is a CP-diffeomorphism, that is, o(U) is an open set of X, ¢ : U — @(U) is
bijective and @, ™ are both mappings of class CP.

2. p(mp) =0 and p(M NU) =ZnNpU).

We simply say that M is a CP-submanifold if it is so at each point m € M with the same
model space Z .

From the definition, it is clear that if M is a CP-submanifold at mg, then it is so at any
point in a neighborhood of mg relative to M. Also, the pair (U, ¢) and the model space
Z need not to be unique in order to represent the submanifold M at the point mg. In
fact, the possible pairs (U, ) are called local charts at mg and each one describes M as

139
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a submanifold at my. Furthermore, when we have two local charts (Uy, ¢1) and (Us, p2)
with two different model spaces Z; and Z5 we get that both model spaces are isomorphic.
Indeed, consider the mapping o, 0 ;' : 1 (U N Uy) — ¢o(U; N Us). By chain rule, we
have that D(py 0 ¢;1)(0) = Dga(mg) o (Dp1)~1(0), and also it is not hard to prove that

D(pz097)(0)Z) C Zs.
Exchanging the roles of o and s, we get that D(yp; 0 ¢, ')(0)Z, C Zy, and since

D(p1093")(0) = (D(p2007)(0) 7",
we conclude that Z; and Z5 are isomorphic, as we claimed, where a linear isomorphism
is given by D(pq 0 cpl_l)(O)‘Zl.
When we have that M is a submanifold at each point, we can choose a family A =
{(Ui, i) : i€ I} of local charts with the same model space Z such that
1. {U; : i€ I} is an open cover of M.

2. Whenever U; N U; # 0, the map ¢; o gpj_l e (UNU;) = ¢i(U; N U;) is a CP-
diffeomorphism.

These types of families over a submanifold are called atlases and describe completely the
differential and topological structure of M. We won’t use them in the development of this
work, but atlases play a fundamental role in differential manifolds theory. We refer the
reader to [1, Chapter 3| for further information.

We will now introduce the notion of Tangent (vector) space associated to a submanifold.
Recall that a C'-curve v on a set M C X is a differentiable function from an open interval
I C R with values in M.

Definition 4.1.2 (Tangent space) Let M C X be a CP-submanifold at a point mg € M.
We define the Tangent (vector) space of M at mq as the set

ToM :={h € X : 3y:]—1,1[= M, C'-curve with v(0) = mo and v'(0) = h} .
It is direct from the definition that 7;,,M is a closed subspace of X and that for every
local chart (U, ) at mo with model space Z, we have that
Do 1(0)Z = T,,, M. (4.1)

Indeed, if h € T,,,M, there exists a C'-curve 7 :] — 1, 1[— M such that v(0) = mg and
~'(0) = h. We may suppose that the curve is contained in U and so, we have that the
mapping 7 : ] — 1, 1[— Z given by J(t) = ¢ o v(¢) is a C'-curve in Z. Then,

h=7'(0) = (De(mo)) " 07'(0) = Dp~*(0) 0 7/(0) € Dp™'(0)Z.
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For the other inclusion, fix z € Z and consider the mapping v :] — 1,1[— M given by

1(t) = o7 (te2),

where € > 0 is small enough such that the open segment (—ez,e2) C p(U). Clearly, v is
a C'-curve and (0) = mg. Therefore, 7/(0) = eDyp~'(0)z € T,,,M. Finally, since T,,,, M
is a vector space, we get that Do ~1(0)z € T,,, M, which proves (4.1).

Example 4.1.3 Let Z be a subspace of X and Y be another Hilbert space. Then,

(a) Every open set V of Z is a C*°-submanifold of X. It is enough to consider the local
chart given by (U,idx), where U is any open set of X with UNZ = V.

(b) (Immersion Theorem; see [1, Theorem 3.5.8]) Let V' be an open subset of Z and
r:V — X be a CP-embedding, that is,

(i) r is an injective mapping of class CP;
(i) at each v € V, Dr(v) is injective with closed range; and
(iii) r is a homeomorphism between V' and (V).

Then, r(V') is a CP-submanifold with model space Z and for every v € V, T, (,yr(V) =
Dr(v)Z.

(c) Let U be an open set of X and f: U — Y be a function of class C?. Then gph f is
a CP-submanifold of X x Y and, for every u € U, the Tangent space T, ¢y (gph f)
coincides with gph D f(u), and so is isomorphic to X. To prove this, it is enough
to apply the Immersion Theorem to the CP-embedding r : U — X x Y given by

r(u) = (u, f(u)).

(d) If M C X is a CP-submanifold and ¢ : X — Y is a CP-diffeomorphism, then
@(M) is a CP-submanifold of Y. In such a case, for each m € M we have that
Toanyp(m) = Dip(m) T, M.

The first proposition we will show is that every CP-submanifold can be represented as the
graph of a CP-mapping.

Proposition 4.1.4 Let M be a subset of X and mq € M. Then, M is a CP-submanifold
at mg if and only if there exist a closed subspace Z, two open neighborhoods U € Nx(my)
and V- € Nz(0), and a mapping 0 : V — Z+ of class CP such that 6(0) = 0, DA(0) = 0
and

MNU = (L (gph) +mg) NU,

where L : X — Z x Z* is the canonic isomorphism given by L(x) = (1z(x), 751 (x)). In
such a case, Z =T,,,M.
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Proof. Let us prove first the sufficiency. By Example 4.1.3.(c), we have that gph# is a
CP-submanifold of Z x Z+ with model space Z. Noting that the mapping ¢ : Zx Z+ — X
given by ¢(-) = L7'(-) + my, is a C*°-diffeomorphism, we have, using Example 4.1.3.(d),
that L=!(gph 0)+my is a CP-submanifold. Finally, noting that mg € (L~!(gph 0)+mg)NU,
the conclusion follows. Furthermore, we can write

TmoM = D@<O)T(O,O)(gph 6) = Lil(Z X {O}) = Za
And so, the second part of the proposition also holds.

Now, let us prove the necessity. Since M is a CP-submanifold at mg, there exist an
open neighborhood W € Nx(myg), a closed subspace Z of X and a CP-diffeomorphism
@ : W — (W) C X such that ¢(mgy) = 0 and that (W N M) = (W) N Z. Replacing
¢ by Dyp~1(0) o ¢ if necessary and using equation (4.1), we may and do assume that
Z =Ty M.

Consider now the function ¢ : (W) N Z — Z given by ¢(z2) = mz(p (2) — myg). Since
D¢(0) = Dgfl(())‘z is an isomorphism from Z to Z, we get by the Local Inverse Function
Theorem, that there exists an open neighborhood O € Nz(0) such that ¢ : O — ¢(O) is
a CP-diffeomorphism.

Choose > 0 small enough such that Bx(0,0) € W and Z N Bx(0,6) € O and fix
U :=¢ 1 (Bx(0,6)) and V := ¢(Z N Bx(0,6)). We have that

o(MNU)=ZNeU)=2nNBx(0,§) =¢ (V). (4.2)
Define now 6 : V — Z*+ as 0 := w51 (o' 0 ¢7(-) — my)|,,. Clearly, §(0) = 0 and
DO0) = 751 0 D} (0) 0 Dy~1(0) = 0,
since Dp~1(0) o D¢~1(0)Z = Z. Also, for every m € U N M we can write
L(m — mo) = (ma(p™ 0671 (v) — mo), w1 (9 0 6 (v) — mo)) = (1, 0(v)),
where v := ¢op(m) (which is in V, by equation (4.2)). Therefore, UNM C (L~'(gph 6) +

mo) NU. For the other inclusion, take v € V such that L=!(v,0(v)) +mg € U. Again, by
equation 4.2, we get that there exists m € M N U such that v := ¢ o p(m). Therefore,

L' (v,0() =¢o¢  (v) +0(v) =¢ tog  (v) —my =m — mg.

Thus, L™ (v,0(v)) + mg € M N U, finishing the proof of the equivalence. The proof is
then complete. n

The next proposition provides conditions assuming that the level sets of a function of
class CP are CP-submanifolds. This proposition will be very useful when we will study the
smoothness of the distance function to a set.
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Proposition 4.1.5 Let Uy be an open set of X, a point x € Uy, a Banach space Y and
a mapping g : Uy — Y of class CP. If Dg(u) is surjective, then for y := g(u), the set
M={xecUy : g(x) =y} is a CP-submanifold at u, with Ty M = Ker(Dg(u)).

Proof. Without loss of generality, we may assume that y = 0. Let us denote X, =
Ker(Dg(z)), X1 = X5 and by mx, and 7y, the associated parallel projections. By the
Local Submersion theorem (see |1, Theorem 2.5.12]), there exists an open neighborhood
U C U of & in X, an open neighborhood V' of (¢(Z),7x,(Z)) in Y x X;, and a CP-
diffeomorphism v : V' — U such that

go(vi,ve) = v1, Y(vi,v2) € V.

Since the bounded linear operator Ay : X1 — Y given by Ag(z1) = Dg(Z)x; is bijective,
hence an isomorphism between X; and Y according to the Closed Graph Theorem, the
mapping j : X1 @ Xy — Y x Xy given by j(z1+2) = (Ao(z1), 22) is also an isomorphism.
Define jy : j71(V) — V as the bijective restriction of j to j~'(V), and consider the
CP-diffeomorphism ¢ := j;;' 09y~ from U onto j~*(V'). Then, we can write

repUNM)sipojy(r)eU and gopojy(zr) =0
<o jy(x) € U and go(Ag(my, (x)), mx,(z)) =0
o jy(x) € U and Ag(ry, (x)) =0
s yYojy(r) €U and 7y, () =0
sx e pU)N Xy,

which means that M is a CP-submanifold at z with model space X,. Finally, we know
that Tz M = Dy~ '(p(Z))X,. Noting that

Dg(z) o Dy~ (7)) = D(g o ¢~ ")(p(x)) = Ag o mx, = Dyg(z),

we get that T M C Ker Dg(z). On the other hand, we know that Dg(z) = 7y o Dy~ 1(Z)
and so, if z € Ker Dg(z), then Dy~!(z)x € X,. We conclude that

Dp(z) Ker Dg(z) = J;;' o D! (z) Ker Dg(z) C Xy,

which means that Tz M = Dy(z) "' Xy D Ker Dg(z), finishing the proof. O

To close this section, we will introduce the notion of differentiable mappings between
submanifolds. Even though there are several ways to define the differentiability of such
mappings, we will follow the one introduced in [4, Ch. 9 - Section 3.

Definition 4.1.6 (Differentiable mappings) Let Y be another Hilbert space, M be a CP-
submanifold of X, N be a CP-submanifold of Y and f: M — N be a continuous mapping
(with respect to the relative topologies on M and N ). We say that f is differentiable at a
point m € M (resp. of class C* near m, with 1 < k < p) if there exists U € Nx(m) and
a mapping f :U =Y such that
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(a) [ is differentiable at m (resp. of class C* mear m); and

(b) f|UﬂM - f|UmM'

If f is differentiable at each point of M (resp. of class C* near each point of M), we
simply say that f is differentiable (resp. of class C*).

When f: M — N is a differentiable mapping between submanifolds, the derivative of f
at m € M, called the Tangent (linear) mapping of f at m, is given by
Tonf = Df(m)‘TmM.

This definition doesn’t depend on the extension f chosen and also we have that T,,, f (T,,, M)
is included in T, N. Indeed, let f be such an extension and consider h € T,,,M. By
Definition 4.1.2, there exists a C'-curve v :] — 1, 1[—= M with v(0) = m and +'(0) = h.
Now, we have that f oy = f o~y and it is a C'-curve in N with f o~(0) = f(m). Then,
by chain rule, we have that

~ A

(f ©7)'(0) = Df(m)y'(0) = Df(m)h.

Then, the restriction of D f (m) to T,,, M is unique, not depending on the extension chosen,
and T,,f : T,, M — Ty N is the unique continuous linear mapping such that T, f o
7 (0) = (f ©7)(0) for every Cl-curve v :| — 1,1[— M with ~(0) = m.

We will state two results concerning differentiable mappings that can be found in [4, Ch.
9 - Section 3|, namely, the chain rule and the Local Inverse Theorem:

Proposition 4.1.7 (Chain rule) Let My, My and M3 be three CP-submanifolds of three
Hilbert spaces X1, Xo and Xs, respectively. Let also f : My — My and g : My — M3 be
two continuous mappings. If f is differentiable at my € M, (resp. of class C* near my,
with 1 < k < p) and g is differentiable at f(m,) € My (resp. of class C* near f(my)),
then g o f is differentiable at my (resp. of class C* near my) with

Tm1<g © f) = Tf(ml)g o Tm1f'

Proof. Tt is enough to consider, according to Definition 4.1.6, two extensions f and g of
f and g, respectively, and apply the classical chain rule between Banach spaces. O

Theorem 4.1.8 (Local Inverse Theorem) Let M and N be two CP-submanifolds of two
Hilbert spaces X and Y respectively, and consider a mapping f : M — N which is of
class C* (with 1 < k < p) near m € M. If T,.f is bijective, then f is a local C*-
diffeomorphism between M and N near m, that is, there exists a neighborhood U € Nx(m)
and a neighborhood V€ Ny (f(m)) such that the function f’U : U — V s bijective and

flys (f‘U)fl are both of class C*.
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4.2 Proximal calculus and Prox-regular sets

In Hilbert spaces, the geometry of many sets can be described using proximal normal
vectors. These normal vectors are defined starting from the notion of nearest points,
which are known to always exists for convex closed sets. In this section we will give
a quick overview of the theory of Proximal Calculus and its relationship with the well-
known Clarke’s theory for nonsmooth calculus (namely, his Tangent cone, Normal cone
and subdifferential). We will also introduce the notion of Prox-regular sets and we will
describe some of their properties. Most of the results of this sections can be found in the

books [3], [10] and [23].

4.2.1 Proximal Normal Cone and Proximal Subdifferential

First, let us recall the notions of nearest points and metric projections. In the following,
for a nonempty subset S of X, we will denote by dg(-) (or d(+;S)) the distance function
to .S, that is, for x € X

ds(x) :=inf{||z —s|]| : s €S}

Definition 4.2.1 (Metric Projection) Let S be a nonempty subset of X and x € X be a
fized point. We say that a point s € S is a nearest point or a projection of x onto S if

| = 5] = ds(z).

The set of all projections of x onto S is denoted by Projg(x) or Proj(x;S). If Projg(z)
1s a singleton, then the unique nearest point of x onto S is called the metric projection of
x onto S and it is denoted by Ps(x).

It is a classic result that if S is closed and convex, then for every x € X, the metric
projection of = onto S exists (and is unique), and so the mapping Ps : X — S is well-
defined. If we drop the hypothesis of convexity, the set Proj¢(z) can have many points
or even be empty.

Geometrically speaking, we can interpret the set Projg(x) as the collection of all points
of the set S where it is tangent to the ball centered in = with radius dg(x), and so

s € Projg(r) <= s € SN Bxlz, ||z — s||] and SN Bx(z, ||z — s||) = 0. (4.3)

Proposition 4.2.2 (See [10, Proposition 1.3|) Let S be a nonempty subset of X, and let
x e X, seS. The following assertions are equivalent:

(i) s € Projg(x);

(i1) For allt € ]0,1], s € Projg(s + t(z — s));
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(111) For allt € [0,1], dg(s + t(z — s)) = t||z — s||;
(iv) Foralls' € S, (x —s,5' —s) < 3||s' — s
In such a case, we have that for every t €10, 1[, Projg(s + t(z — s)) = {s}.

Definition 4.2.3 (Proximal normal cone) Let S be a nonempty subset of X and § € S.
We say that ( € X s a proximal normal vector to S at s if there exists t > 0 such that

5 € Projg(s + tQ).
The set of all proximal normal vectors to S at § is called the Proximal Normal Cone of S

at 5 and is denoted by N¥(S;5).

By convention, N¥'(S;x) = () whenever x ¢ S, and so N”(S;-) defines a multifunction
from X into X. Also, it is clear that if s € intS, then N¥(S;5) = {0}. Intuitively,
NP (S;5) is the set of all the directions of perpendicular departure from S at the point s.
Also, we have the equality

NP(S;8) ={¢eX : 3t>0, ds(s+1¢) =t/C||}.

Here we will introduce the notions of open normal ray and \-truncated open normal ray.
They will be used mainly in Chapter 5 in order to state the generalizations of Holmes’
Theorem and its converse.

Definition 4.2.4 (Open Normal Ray) Let S be a closed set of X, x € bd S and X\ > 0.
If the prozimal normal cone of S at x is of the form

NP(S;z)={tv : t e Ry},

for some unit vector v € Sx, we define the open normal ray of S at x and the A-truncated
open normal ray of S at x as the sets

Ray,(S) :={x +tv : t€]0,+o0]} (4.4)
Ray, \(S) :={z+tv : t€]0,\[} (4.5)

respectively.

Motivated by characterization (iv) of Projg(+), it is reasonable to expect similar variational
inequalities to describe the proximal normal cone. We also expect the proximal normality
to be a local property. These conditions are contained in the following proposition.

Proposition 4.2.5 (See |10, Proposition 1.5]) Let S be a nonempty subset of X, 6 > 0
and let s € S and ( € X. The following assertions are equivalent:

(i) ¢ € NP(S;s).
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(i) There exists o > 0 depending on ¢ and s such that

(¢, 8 —s) <oalls—s|? Vs €S.

(iii) There exists o > 0 depending on , s and & such that
(¢, —s) <ol|ls —s|? Vs € Bx(s,0)NS.

In particular, for any 6 > 0, NP(S;s) = N¥(Bx(s,0) NS, s).

The above characterization happens to be very useful when we want to obtain properties
of the Proximal normal cone. From it, we can derive the following corollary.

Corollary 4.2.6 Let S be a nonempty subset of X and let x € S. We have that N¥(S; x)
1S Convex.

Unfortunately, even though we have convexity, the proximal normal cone is not necessarily
neither open nor closed. Proposition 4.2.5 also entails the following property of invariance
under isomorphisms, which will be very useful in the development of Chapter 5.

Proposition 4.2.7 Let Y be a Hilbert space, S be a nonempty subset of Y and A : X —
Y be a bijective continuous linear mapping. For every x € A~Y(S") we have that

NP(ATH(S);2) = ATNT(S5 A(x)) = {A°C + (€ NT(SA(x))}. (4.6)

Proof. To simplify notation, set S := A71(S"). Let £ € N¥(S;z). We have that there
exists ¢ > 0 such that
(&,2) —z) < o|lz’ —z|? V2’ €S.

Then, recalling that (A*)™! = (A~
(A") 71,y — A(x))

for all y € " we can write

b
(A7) €y — A(2))
( y) - )
ol A7 y) — z|* < ol ATy — Ax)]*.
Then, by Proposition 4.2.5, we get that (A*)~1¢ € NP(S’; A(z)), concluding that N¥'(S; x)

is contained in A*NT(S’; A(x)). The reverse inclusion follows by symmetry, replacing A
by A~L. m

As usual, these geometric objects defined for sets can be extended to functions. This
motivates the next definition.

Definition 4.2.8 (Proximal subdifferential) Let f : X — Ry be a proper function, and
let x € dom f. A wvector ( € X is called a proximal subgradient of f at x if

(€, —1) € N"(epi f; (z, f(2))).
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The set of all these proximal subgradients is called the proximal subdifferential of f at z,

denoted by Op f ().

By convention, we will set dpf(z) = 0, whenever x ¢ dom f, and so dpf(-) defines a
multifunction from X into X. Also, it is not hard to see that, for a nonempty set S C X

Opls(z) = NP(S; ), Vo € X,

where Ig is the indicator function of S (see Introduction of Part II). We also can prove the
Fermat’s rule for the proximal subdifferential, namely, if a proper function f : X — R
attains a local minimum at # € dom f, then 0 € Opf(z). Indeed, since = is a local
minimum of f, there exists a neighborhood U € Ny () such that,

Vil e U, f(x) < f(a').
Therefore, for every (2/,7") € epi f N (U x R), we have that

((0,=1), (&,r") = (2, f(2))) = f(2) = 1" < f(z) = f(2") SO =0[|(2",7) = (=, f(2))]I"

Therefore, by Proposition 4.2.5, we get that (0,—1) € N (epi f, (z, f(x))), proving our
claim. To avoid pathological situations, we will restrict our study to nonempty closed
sets and so, in the functional context, to lower semicontinuous functions (since they are
characterized by the closedness of their epigraphs).

Proposition 4.2.9 (See See [10, Ch. 1 - Theorem 2.5|) Let f : X — Ry, be a proper
lower semicontinuous function and let x € dom f. A wvector ( € X belongs to Opf(x) if
and only if there exists two positive numbers o and n such that

f) =z f(@) + ¢y — ) —olly — zl*, ¥y € Bx(x,7) (4.7)

Observe that Proposition 4.2.9 entails that whenever the function f is ~-Lipschitz con-
tinuous near « (with v > 0), each element ¢ € dpf(x) has norm ||| < v. Indeed, from
equation (4.7), for each ¢ €]0,n[ we can write

fly) = f(z y—x
> MW =F@ S (e Y22 N oy —all = ¢l - o5,
ly — z|| yeBx (2,0)\{z} ly — z||

which, by arbitrariness of ¢, proves our claim.

Another implication of this variational characterization, is the behavior of dpf when f is
differentiable in some sense, which we describe in the following corollary.

Corollary 4.2.10 (See |10, Corollary 2.6]) Let f : X — R, be a proper lower semicon-
tinuous function, U be an open set of X and let x € U. We have that

(a) If f is G-differentiable at x, then Opf(x) C {Vaf(x)}.
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(b) If f is of class C* at x, then Opf(z) = {V f(x)}.

If f is of class C! at z, we still could get that dpf(x) is empty, as we can see in [10, Ch.
1 - Exercise 1.7].

We end this section establishing a useful relation between the Proximal subdifferential of
the distance function and the enlargements of sets. For A > 0 and a nonempty subset S
of X let us define the \-enlargement of S as the set

Syi={reX : ds(z) <A} (=d5'([0,])). (4.8)

The proof of the next proposition is mainly contained in [5].

Proposition 4.2.11 Let S a nonempty subset of X. The following hold:

(a) For x € clS we have that
apds<x> = NP(CIS;I> N Bx.

(b) For x ¢ clS, fixing \ := dg(x), we have that
apdg(x) = NP(S)\;.T) M Sx.

4.2.2 Clarke’s Normal Cone and Normal regularity

The Proximal Normal Cone is not the unique way to extend the normal cone to the
nonconvex setting. In the literature, we can find several notions, as for example the
Fréchet Normal Cone or the Limiting Normal Cone (see, e.g. |21], [23]). In this section,
we will focus on the Clarke Normal Cone, which is defined from the Clarke Tangent Cone.
These two objects were introduced by Clarke after defining a new subdifferential to work
with outside the convex setting. Instead of the historical development, we will follow a
much modern approach based on the lecture’s notes of L. Thibault (see [30]).

Let us recall first that the notion of Peano-Painlevé-Kuratowski limits of sets. Let (7', 7)
and (S,0) be two Hausdorff topological spaces, M : T'= S be a multifunction, t, € T
and Ty C T such that ¢y € cl(Ty). We define the Peano-Painlevé-Kuratowski inferior and
superior limits of M at t, relative to T} as

Liminf M(¢) := {s € S : YW € Ns(s), IV € Nr(ty), Vt € VN Ty, M)W # 0}

Todt—to

Limsup M (t) :={s € S : YW € Ng(s), YV € Nr(ty), It € VNT,, M(t)NW #0}.

Todt—to

In general, Liminf M (¢) C Limsup M (t). If the other inclusion also holds, the common set
To>t—to To>t—to

is called the Peano-Painlevé-Kuratowski limit of M at tq relative to Ty, and it is denoted
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by TLitmt M(t). We refer the reader to |23, Section 1.3| for further information on these
03t—to

notions.

Definition 4.2.12 (Clarke Tangent and Normal Cones) Let S be a nonempty set of X
and o be a point in S. We define the Clarke Tangent Cone of S at x( as the set

T%(S;x0) == Liminf 1(S—w),

Sdu—xo; tJ0

where, in the definition of inferior limit, S x Ry, (x9,0) € S x Ry, Sx |0,+o0[ and
(u,t)= %(S —u) play the role of the topological space T, the limit point tq, the set Ty and
the multifunction M, respectively.

We also define the Clarke Normal Cone of S at zg, denoted by N (S; o), as the negative
polar set of the Clarke Tangent Cone, that is,

NC(S;zo) := [TC(S;20)]" ={CE€X : ((,h) <0, Vh € TY(S;20)}-
The Clarke tangent and normal cones enjoy several nice properties that make them a pow-

erful tool in nonconvex optimization and variational analysis. We give a quick overview
of some of those properties, concentrating us in those which we will use.

The next proposition can be easily derived from Definition 4.2.12.

Proposition 4.2.13 (Sequential characterization of Clarke tangent cone) Let S be a
nonempty set of X and let xo,h € X. The following assertions are equivalent:

(i) h € TC(S; x0).

(ii) For any sequence (x,) C S converging to xo and any sequence (t,) C ]0,+o0]
converging to 0, there exists a sequence (hy,) C X converging to h such that

Ty + toh, €S, for alln € N (or for all n large enough).
(i1i) For any sequence (x,) C S converging to xo and any sequence (t,) C ]0,+o0]

converging to 0, there exist an increasing function ¥ : N — N and a sequence
(h,) € X converging to h such that

Ty(n) T+ tym)hn € S, for alln € N.

Next proposition surveys some useful properties of the Clarke tangent and normal cones.
It is difficult to find it in its present form, but all results can be derived from what is
contained in [3, Ch. 4], [10, Ch. 2| and [23, Ch. 5].

Proposition 4.2.14 Let S be a nonempty set and let xqg € S. We have that
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(a) TC(S;x0) and N€(S;x0) are convex closed cones and so
TC(S;z) = [NC(S; x)}o
(b) The Clarke tangent and normal cones of S at xqy are local, that is, for any neigh-
borhood U € Nx(xo) we have that
TS NU;x0) = TC(S; 20) and NE(SNU;x) = N(S; x0).

Furthermore, for any other set S" such that SNU C S'NU C cl(S)NU, we have
that
TC(S"; 20) = TC(S; 20) and — NY(S';z0) = N(S;x).

(c) If Y is another Hilbert space, U C X 1is an open neighborhood of x¢, ¢ : U —
o(U) CY s a C'-diffeomorphism, and S' C ¢(U) is such that U NS = ¢~ 1(5),
then

TC(S:a0) = T (071(5"); 20) = Dep(wo) ™ (T(S", p(20))) - (4.9)
NE(S;m9) = N9(p7'(9"); 9) = Dp(0)* (NC(S', p(0))) - (4.10)

(d) If in addition xy € bd S, the equality

T9(bd S; o) = T(S; 29) N TC(S° U {0} 7o)

always hods.

As we did with the Proximal normal cone, the Clarke normal cone induces a subdifferential
notion, which is called the Clarke subdifferential or the generalized subgradient and it was
introduced by F. H. Clarke in 1975 in order to generalize the convex subdifferential to
Lipschitz functions (see [8], [9]).

Definition 4.2.15 (Clarke subdifferential) Let f : X — Ry, be a proper function and let
x € dom f. The Clarke subdifferential of f at x is defined as

dcf(x):={CeX : (¢(,—1) € N(epi f;(z, f(x)))} .

By convention, we will set d¢ f(x) = ) whenever = ¢ dom f. Thus, df(-) defines a multi-
function from X onto X. We will know describe some properties of Clarke subdifferential,
restricting us only to those we will use.

Proposition 4.2.16 Let f : X — R, be a proper function and let x € dom f. We have
that

(a) Ocf(x) is a convex closed set (possibly empty).
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(b) If x is a local minimum of f, then 0 € dc f(x).

(c) If f is F-differentiable at z, then V f(x) € dc f(x). If in addition f is of class C* at
x, then Oc f(x) = {V f(x)}.

(d) If f = Is for some subset S of X, then
8015@3') = NC<S; CC)

When the function f is Lipschitz-continuous near x, the Clarke subdifferential has further
properties and it is strongly related with the so called Clarke directional derivative.

Definition 4.2.17 (Clarke directional derivative) Let f : X — Ry a proper function
and let x € dom f. If f is Lipschitz-continuous near x, we define the Clarke directional
derivative of f at x as the function f°(z;-): X — Ry given by

fo(l';v) = limsup f(:L‘/ +tv) — f(l‘/)

' —x; 10 t

Proposition 4.2.18 Let f : X — Ry, be a proper function and let x € dom f. If f is
Lipschitz-continuous near x with Lipschitz-constant v > 0, then

(a) f°(x;-) is well-defined, sublinear and ~v-Lipschitz on X. Furthermore,

T (epi f; (z, f(x))) = epi f°(z; ).

(b) Ocf(x) is nonempty and w*-compact and for all £ € Oc f(x), |€]| < 7.

(c) For every & € X, & € Ocf(x) if and only if ({,v) < fo(x;v) for all v € X.
Furthermore,

fo(x;v) = max{(¢,v) : § € dof(x)}.

Observe that the proof of the latter proposition entails that, when f is Lipschitz-continuous
near x, we can write the equality

N(epi f; (z, f(2))) = Rs [0cf(x) x {~1}], (4.11)

which in particular, ensures that there are no horizontal normal directions to the epigraph
of f at the point (x, f(x)), that is, whenever (£,s) € N¢(epi f; (z, f(x))) \ {(0,0)}, then
necessarily s < 0.

Before establishing the relationship between the Clarke normal cone and the Proximal
normal cone, we will introduce a third concept of normal cone, which is related to the so
called Bouligand tangent cone or contingent cone.
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Definition 4.2.19 (Bouligand tangent and normal cones) Let S be a nonempty subset
of X and let xqg € S. We define the Bouligand tangent cone of S at xy as the set

T"(S; o) = Limsup 1 (S — ),
N0

where, in the definition of superior limit, R, , 0 € Ry, ]0,+o0[ and t = %(S — xg) play
the role of the topological space T, the limit point ty, the set Ty and the multifunction M,
respectively.

We also define the Bouligand Normal Cone of S at xg, denoted by NP(S;x), as the
negative polar set of the Bouligand tangent cone.

The Bouligand tangent cone of S at xy can be equivalently defined as the set of all
directions d € X for which there exist a sequence (d,) € X converging to d and a
sequence (t,,) C ]0, +o0[ converging to 0 such that

xo +tpd, €S, Vn € N. (4.12)

Some properties that are not hard to verify are contained in the following proposition,
which we will leave without proof. We refer the reader to [3] and the references therein
for more details.

Proposition 4.2.20 Let S be a nonempty subset of X, and let xg € S.
(a) TB(S;x0) is a closed cone (but not necessarily conver);

(b) The Bouligand tangent and normal cones are local, namely, they satisfy the relations
of Proposition 4.2.14.(b), established for the Clarke tangent and normal cones.

(¢) The Bouligand tangent cone is isotone, that is, for every subset S" of X containing
S, we get that
TP(S;0) € TP(S', o).

An important difference between Bouligand and Clarke tangent cones, is that the Clarke
tangent cone is neither isotone nor antitone, that is, the inclusion S C S’ with x € S does
not imply either T¢(S;z) C T¢(S';z) (isotony) or T¢(S;x) D T(S’;x) (antitony).

The relations in the general case between the Proximal normal cone, the Clarke cones and
the Bouligand cones are summarized in the following proposition.

Proposition 4.2.21 Let S be a nonempty subset of X and let xqg € S. We have that
(a) TC(S;x0) € TP(S;20). Furthermore, if S is convex, then

TC(S;z0) = TB(S;20) = cl (R (S — x0)) .
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(b) NF(S;20) C NB(S;z0) C NY(S;20). Furthermore, if S is convex, then

NP(S;z0) = NY(S;20) ={z € X : (z,u—z) <0,Yuc S}

From Definitions 4.2.8 and 4.2.15, we can state the same inclusion of part (b) of the latter
proposition for the Proximal and Clarke subdifferentials, namely, for a proper function
f: X —R,

Opf(x) C Ocf(x), Vo € X.

Likewise, if f is convex, then all subdifferentials coincide, since in such a case we can write

of(x) ={Ce X : f(x)+({(y—x) <r, ¥(y,r) €epif}.

This motivates the following definition:

Definition 4.2.22 A nonempty subset S of X is said to be
1. Tangentially regular at x € S, if T(S;x) = T?(S; ).
2. Normally regular at x € S if NP(S;z) = NY(S; ).

Analogously, a proper function f : X — Ry, is said to be Tangentially reqular (resp.
Normally regular) at x € dom f if its epigraph is Tangentially regular (resp. Normally

reqular) at (x, f(z)).

Evidently, every convex set is both tangentially regular and normally regular at each of
its points. Nevertheless, there are more regular sets (or functions) than the convex ones.
Also it is worth pointing out that none of those two regularities implies the other one.

Proposition 4.2.23 Let f : X — Ry be a proper function and let x € dom f. Assume
that f is Lipschitz-continuous near x. Then, f is tangentially reqular at x if and only if the
(classical) directional derivative f'(z;-) exists and it coincides with the Clarke directional
derivative f(x;-).

In particular, if f is of class C' at x, then f is tangentially reqular at x. If in addition f
is of class C* at x, then it is also normally reqular at x.

4.3 Epi-Lipschitz and Prox-regular Sets

This section is devoted to give a summary on two types of special sets, namely, the
epi-Lispchitz sets and the prox-regular sets. Epi-Lipschitz sets where first introduced
by Rockafellar in 1979 (see [26]) for the finite-dimensional case. The history of prox-
regular sets is more complex, but we can trace back their first appearance to 1959, in the
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celebrated paper of Federer (see [14]), where they were introduced as sets with positive
reach.

Definition 4.3.1 (Epi-Lipschitz set) Let S be a nonempty subset of X and let g € S
and h € X \ {0}. We say that S is epi-Lipschitz at z, in the direction h if there erists
a complement subspace Z of Rh, an open neighborhood W € Nx(xo) and a Lipschitz
function f: Z — R such that

SOAW ={z+theW : (z,t) € Z xR, f(z) <t} = Llepif)NW, (4.13)

where, writing X = Z ®Rh, L : Z x R — X 1is the canonic isomorphism given by
L(z,t) = z +th. We simply say that S is epi-Lipschitz at xq if there exists a nonzero
direction h € X \ {0} for which S is epi-Lipschitz at xq in the direction h.

Note that the name epi-Lipschitz comes from the fact that the set .S is locally isomorphic to
the epigraph of a Lipschitz function. In 1979, Rockafellar characterized them (in the finite-
dimensional case) in terms of the Clarke tangent cone (see [26]). Roughly speaking, he
proved that a subset S of R" is epi-Lipschitz at a point z if and only if int(T(S; x¢)) # 0.
Moreover, the directions on which S is epi-Lipschitz at xy are precisely the nonzero ones
belonging to int(T(S;z)). This approach still holds for the infinite-dimensional case,
replacing int(7T(S; xg)) by what is called the interior tangent cone of S at .

Definition 4.3.2 (Interior tangent cone) Let S be a nonempty subset of X and let xg € S.
We define the interior tangent cone of S at xq, denoted by I(S;xq), as the set of all
directions h € X for which there exist ¢ > 0 and two neighborhoods U € Nx(xq) and
V € Nx(h) such that

(UNS)+10,e[V CS.

Remark 4.3.3 When introduced, the interior tangent cone I(.S; xy) was called by Clarke
and Rockafellar thehypertangent cone. The elements belonging to I(S;xz,) were called
hypertangent vectors. See, e.g., [9, Ch. 2| and [27].

Next proposition summarizes basic properties of the interior tangent cone. The proof is
contained in [30], but, for the sake of completeness, we will include it here. Recall that
an open cone C'is an open set for which

AC C C, VA > 0.

Proposition 4.3.4 Let S C X and x € S. The following hold:

(a) h € 1(S;x) if and only if for any sequence (t,) C ]0,4o00[ converging to 0, any
sequence (x,) C S converging to x, and any sequence (h,) C X converging to h, we
have

Tn +tyhy, €S, (for n large enough).

(b) 1(S;x) CTC(S;x) and 1(S;x) + TC(S;2) = I1(S; ).
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(¢) I(S;x) is an open convex cone, and whenever I1(S;x) # 0 we have

TC(S;x) = cl(I(S;2))  and  I(S;x) =int (T9(S;2)) .

Proof.

(a)

The necessity is direct, and so, we only need to prove the sufficiency. Reasoning by
contraposition, fix h ¢ I(S;x). Then, for every n € N, we have that

((Bx (2,7) NS) + J0, 5[ Bx (k) N5° #0.

Then, for every n € N we can choose z,, € By (x, %) ns,t, € ]O,%[ and h, €
By (h, %) such that z,, + t,h, ¢ S. Since, by construction, z, — z, t, — 0 and
h, — h, we get that the condition of the right of the equivalence doesn’t hold for
h. Therefore, by contraposition, the sufficiency is proved.

The inclusion I(S;z) C T(S,x) holds trivially (use part (a) and Proposition
4.2.13). Now, fix h € I(S;x) and ' € TY(S;x). We want to prove that d :=
h+h' € I(S;z). Fix (x,) C S converging to z, (t,) C]0,+oo[ converging to 0 and
(d,) C X converging to d. We know that there exists a sequence (h]) C X con-
verging to h' such that x,, + t,h], € S for n large enough. Consider y,, := z, + t,h/,
and h,, :=d,, — hl,. Clearly, y,, = z, h,, = h and y,, € S for n large enough, which
yields, according to the inclusion h € I(S; x), that

Tp + tod, = (v, + t,h)) + t,(dy — h) = yp + t,hy, €S,

for all n large enough. Using part (a), we conclude that h € I(S;z), as we wanted
to.

The fact that I(S;z) is an open cone follows from the definition. Also, by part (b),
we have that I(S;x) + I(S;x) C I(S; x), which yields the convexity of 1(S;z).

On the other hand, assuming that I(S;x) # (), we can choose b/ € I(S;x) and
by (b) we have that for every h € T%(S;x), the point h + ' € I(S;x). Then,
TY(S;x) = cl(I(S;x)). Since both sets are convex, this equality also guarantees
that I(S;x) = int(T°(S;z)), finishing the proof.

]

Note that in finite dimension the equality I(S;z) = int(7¢(S;)) always holds, but, in
the infinite-dimensional setting, 1(S;z) can be empty even if int(7¢(S;z)) isn’t (see |26,
Theorem 2 and Counterexample 1]). Nevertheless, if S is convex, then the equality

I(S;x) =]0, 4+o0[(int S — z)

holds, regardless the dimension of X.
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For the next theorem, recall that a set S is said to be closed near a point x € S if there
exists an open neighborhood U € Ny (x) such that S NU is closed, relatively to U. Next
theorem can be found in the finite-dimensional setting in [26, Theorem 3]. The proof in
the general case remains exactly the same.

Theorem 4.3.5 Let S C X, zp € S and h € X \ {0}. Assume that S is closed near x.
The set S is epi-Lipschitz at xo in the direction h if and only if h € 1(S;x).

In particular, S is epi-Lipschitz at xo if and only if 1(S;xq) # 0.

Proposition 4.3.6 Let S be a closed set of X and let xo € bd S. If S is epi-Lipschitz at
To then
{0} € NY(S3 o),

that is, there exists a nonzero vector & such that R, {¢} C NY(S; ).

We finish the introduction of epi-Lipschitz sets establishing a formula for the interior
tangent cone of the complement of a set. This proposition can be found in [27] or, more
recently, in [13].

Proposition 4.3.7 Let S be a nonempty set of X and let g € SN bdS. Then, the
equality
I(SC U {Qfo}; [L’()) = —[(S; QT())

always holds, thus S is epi-Lipschitz at xqo in the direction h € X \ {0} if and only if
S¢U{xo} is epi-Lipschitz in the opposite direction —h. So,

TC(S U {xo}; o) = =T (S; x0),
whenever S is epi-Lipschitz at xg.

Combining the latter proposition with Proposition 4.2.14(d), we can establish the follow-
ing direct corollary:

Corollary 4.3.8 Let S be a nonempty set of X which is epi-Lipschitz at xo € SNbd.S.
Then,
T¢(bd S;20) = T(S;20) N (=T(S; x0)),

which yields in particular that T (bd S;x¢) is a closed subspace of X .

Now, we will turn to the notion of prox-reqular sets. The definitions and development
included in this part are based mostly on Mazade’s Thesis (see [19]), the fundamental
work of Poliquin, Rockafellar and Thibault (see [24]) and the nice survey on prox-regular
sets of Colombo and Thibault (see [11]). Since the proofs of the propositions in this part
are quite technical and require several lemmas, we will omit them, referring the reader to
the latter indicated references.
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Even though prox-regularity can be defined for general sets, we prefer to settle it only of
closed sets, since the definition is based on the existence of projections and therefore it
only make sense for closed (or locally closed) sets.

Definition 4.3.9 (Prox-regular set) Given an extended realr € |0, +00] and a real a > 0,
we say that a closed set S of X is (r,«a)-prox-regular at o € S if for every x € SN
Bx (g, ) and every ¢ € NP(S;x) N Bx we have that

x € Projg(x +tC), for every realt € [0,r]. (4.14)

We say that S is r-prox-regular at xzo € S if it is (r,«)-proz-reqular at xo for some
a > 0 and we simply say that S is prox-regular at xq if there exists r > 0 such that S is
r-proz-reqular at xg.

Consequently, we say that S is r-prox-reqular (resp. proz-reqular) if it is r-proz-regular
(resp. proz-regular) at every point x € S.

It is clear that if S is (7, «)-prox-regular at z, then it is also (1, o/)-prox-regular at
for every o/ €0, o] and every ' €10, r].

In the paper [24], Poliquin, Rockafellar and Thibault studied the local prox-regularity of
a set S. We summarize their results (those that we will need) in the following theorem:

Theorem 4.3.10 (PRT, 2000) Let S be a closed set of X and xy € S. The following
assertions are equivalent:

(i) S is proz-reqular at xo;

(ii) There exists O € Nx (o) such that Ps is well defined and locally Lipschitz continu-
ous in O;

(11i) There exist two real constants o > 0, 6 > 0 such that for every x € S N Bx(zo,9)
and every ¢ € NP(S;2) N By, one has

g
<C7y_x> S EHy_xH27 vy € SHBX(xmd)v

(iv) There exists O € Nx(xq) such that dg is continuously differentiable in O\ S.

Moreover, if S is proz-reqular at xo, then S is tangentially and normally reqular at x
and there exists a neighborhood O € Nx(xo) for which Ps is well defined in O, dg is
Fréchet-differentiable in O \ S and its gradient is given by

u — Ps(u)

Vds(u) = ds(u)

, Yue O\ S. (4.15)
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In the Ph.D thesis [19] of M. Mazade, quantified versions are provided for the characteri-
zations of local prox-regularity given in the PRT theorem. To do so, for r € ]0, +o0] and
a > 0 the following local enlargements of the set S at a point g € S are introduced:

Rs(zo,ma) :=={z+tv : 2 € SN Bx(zg,), t €[0,7, ve€ N(S;z)NBx}, (4.16)
Ws(zo,7,0) :={u € X : Projg(u) N Bx(xg, ) # 0, ds(u) <r}. (4.17)

We summarize the results in [19] that we will use in the following theorem (see [19,
Theorem 2.3.3 and Theorem 2.3.4]):

Theorem 4.3.11 ([19]) Let S be a closed set of X, g € S, r € (0,400] and a > 0. The
following assertions are equivalent:

(i) S is (r,a)-proz-reqular at xo;

(ii) The set Ws(zo,1, ) is open and Ps is well-defined and locally Lipschitz continuous
on Ws(xo,r, a);

(iii) The set Ws(xo, 1, ) is open and dg is continuously differentiable on Ws(xo, 7, )\ .S
with Vdg(u) = %@S‘) for all w € Ws(zg,7,a) \ S;

(iv) For any x € SN B(xg,«) and ¢ € NT(S;z) one has

(¢, 2" —x) < @Hx’ —z||* foralla' € S.

Moreover, if S is (r,a)-proz-reqular at zo, then Rg(xo,r, ) and Ws(xo,r, ) coincide,
and also, for each ~y €10,1[, Ps(-) is Lipschitz continuous on Ws(xo, yr, &) with Lipschitz
constant (1 —~)~L.

It is known (see, e.g., [11]) that S is prox-regular if and only if there exists a continuous
function p : S — (0,4o00] (that we will call proz-reqularity function) such that for every
z € S and every ¢ € NP(S;z) NBx one has

x € Projg(x + (), for every real t € [0, p(z)].

It is also known (see, e.g., [11, Chapter 3, Propositions 4 and 11|) that whenever S is
p(+)-prox-regular, the enlargement of S

Upy(S) :={u € X : Jy € Projg(u) with ds(u) < p(y)}
is an open set, Pg is well-defined on U,(.)(S) and d%(-) is of class C' on U,.y(S).

An interesting property of prox-regular sets is the directional differentiability of the metric
projection. This property was developed for convex sets by Zarantonello [31] and later
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established for prox-regular sets, independently by Canino |7] and Shapiro [29]. Here we
state the result as in [11, Theorem 26].

Recall that for a closed set S and a point # € bd S, the metric projection Pgs is said to be
directionally differentiable (in the sense of Gateaux) if there exists a mapping F' : X — X
(not necessarily linear) such that

Ps(z +th) =z +tF(h) + o(t).

In such a case, F' is called the directional derivative of Pg at x.

Theorem 4.3.12 Assume that S is a closed proz-regular set at x € bd.S. We have that
there exists an open neighborhood U € Nx (x) such that Ps is directionally differentiable
at every u € U N S. Moreover, the directional derivative at u coincides with the metric
projection onto TP(S;u), that is,

Py(u+ th) = Ps(u) + tPps s, (h) + o(t).

Proof. See [11, Theorem 26]. O

4.4 Variational properties of submanifolds

In this section we expose some properties of sets which are CP-submanifolds or which have
CP-smooth boundary (namely, their boundary is a CP-submanifold). Many of these results
are probably known but they are hard to find in the literature. They will form the base
of the development of Chapter 5.

We will first introduce the main object which we will work with, namely, the closed bodies.

Definition 4.4.1 (Closed body) A subset S of X will be called a closed body (relative
to X ) near xy € bd S provided there exists an open connected neighborhood U of xy such
that UNS =UnN (int S) and U Nint S is connected.

When U = X, that is, S = int S and int S is connected, we will say that S is a closed
body (relative to X ).

Note that, in the latter definition, when S is a closed body near zq, the set SN U is in
turn connected.

Proposition 4.4.2 Let S C X and xqg € bdS such that xo € intS. If bdS is a CP-
submanifold of X at o, then T,,(bd S) is a closed subspace of X of codimension 1; that
18, there exists a closed subspace Z of codimension 1, an open neighborhood U of xq in X

and a CP-diffeormorphism ¢ : U — p(U) C X such that o(U NbdS) = ZNeU).
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Proof. Let U be an open neighborhood of x4 such that M := UnNbd S is a CP-submanifold
of X. Without loss of generality, we may assume that U is connected and also, that there
exists a CP-diffeomorphism ¢ : U — X and a closed subspace Z of X such that ¢(z¢) =0
and

o(UNM)=plU)NZ.

Denote V' = ¢(U). As recalled above, we know that T,,(bdS) = T,,M = Dy¢~(0)Z.
It is enough to show that Z is a subspace of codimension 1. Assume the contrary and
consider two distinct vectors vy, v, € V' \ Z. Without loss of generality, we may assume
that there exists 6 > 0 such that V = B(0,0). Denoting by Hz a Hamel basis of Z, we
can distinguish two cases:

(I) The set Hz U {vy, v} is linearly independent: Then, for each ¢ € [0, 1], putting
Y(t) =tvy + (1 =ty € V\ Z,

the mapping v : [0,1] — V \ Z defines a continuous curve with v(0) = v; and
(1) = va.

(IT) The set Hz U {v1,v2} is not linearly independent: Since codim[Z] > 2, there ex-
ists v3 € V' \ Z such that both sets H; U {v1,v3} and Hz U {vs,v3} are linearly
independent. Then, using the latter part, we can construct two continuous curves
7 ¢ [0,1/2]) - V\ Z and v : [1/2,1] — V \ Z such that v,(0) = vy, 7 (1/2) =
72(1/2) = v3 and y2(1) = vy. Then, considering the mapping v : [0,1] — V \ Z
given by

IENC tel0,1/2]
") = {yg(t) te(1/2,1],

we arrive at the same conclusion as (I).

Since v and vy are two arbitrary distinct points of V'\ Z, the existence of such a continuous
curve «y entails that V' \ Z is path-connected, and therefore is connected. Then, since
o 'V — U is continuous, we derive that U \ M = o~ }(V '\ Z) is connected too. This
is clearly a contradiction since the two open sets (int S) N U and S°N U are nonempty
(according to the assumptions o € int S and z¢ € bd S), and they satisfy the equality

U\M = ((intS)NU) U(S°NU).

The proof is therefore complete. O

The next proposition shows that a closed body whose boundary is a CP-submanifold can
be represented as the epigraph of a CP-function.

Before proving the proposition we need some features for epi-Lipschitz sets whose bound-
aries are smooth. So, suppose that S is epi-Lipschitz at x € bd S and that bd .S is a
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CP-submanifold at . We first note that T9(S; r) is a half-space. Indeed, by epi-Lipschitz
property and Corollary 4.3.8, we know that int (TC(S; x)) # () and

T¢(bd S;z) = TY(S;2) N =T°(S; ).

Taking an orthogonal unit vector nyz of Z(x) := T,(bdS), Proposition 4.4.2 and the
equality (4.10) of Proposition 4.2.14 tell us that

N€(bd S; z) = Ri(z),
where n(x) := Dp(x)* ng/||De(x)*ny||. It ensues that
TC(S;2) N =T (S;x) =T (bd S;x) = {h € X : (i(x),h) = 0}.
Since the interior of the closed convex cone T(S;x) is nonempty, it results that
cither T9(S;z) = {h € X : (A(z),h) <0} or T9S;x)={he X : (A(x),h) >0},

which confirms that T¢(S; x) is a half-space. We may suppose that ny is chosen so that
the second latter equality holds true. We then derive that

NY(S;z) = {—ta(z) : t > 0}. (4.18)
The vector n(x) is called the unit interior normal vector of bd S at x, since it is orthogonal
to Z(z) and it “aims” to intS. It is worth noting that n(x) doesn’t depend on the
diffeomorphism nor the model space chosen to describe bd S as submanifold, since it is

fully determined by Z () and T¢(S; x). In what follows, we will preserve the notation Z(z)
and n(z) to denote the tangent space and the unit interior normal vector, respectively.

Note that, if in addition we assume that S is normally regular at = (which is the case, for
example, when S is prox-regular at x), then

NP(S;z) = {—ta(x) : t > 0}

and so, according to Definition 4.2.4, Ray,(S) and Ray, (x) (with A > 0) are both
well-defined.

In view of the proof of the proposition we also state the following simple lemma.

Lemma 4.4.3 Let S be a subset of X and U an open set of X.
(a) The following equalities hold:

inty(UNS)=UNint S, cly(UNS)=UnclS, bdy(UNS)=UnNhdS.
(b) If S =int S, then

UNS =cly(inty(UNS)) =cly(UNint S).
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Proof. The first two equalities in (a) easily follow from the openness of U and the third
is a consequence of the former equalities. Finally, if S = int S, then we see from (a) that

cly (inty(UNS)) =cly(UNintS) =UNecl(int S) =UNS.

]
Proposition 4.4.4 Let S C X be a closed body near xo € bdS. Assume that bd S is a
CP-submanifold at xo with p > 1 and denote by Z(xg) := T,,(bdS) the tangent space to
the boundary of S at xq. Then S is epi-Lipschitz at xo, and there exist a neighborhood
Uy € Nx(xo) and a function f : Tz0)(Us) € Z(z9) = R such that f is of class C* on
T2(20)(U0), V[ (T2(a0)(0)) = 0 and

UynNS = {Z—l—t’fl(flfg) cely: z€ Z(ﬁo),f(Z) < t}

where n(xg) denotes the unit interior normal vector of bd S at xy. Furthermore, endowing
Z(xo) x R with the inner product

<(Z’ t)? (Zlv t/)> = <Za z/> +tt,
if in addition S is r-proz-reqular at xo, then epi f is also r-proz-reqular at (zq, f(z0)).
Proof. By Proposition 4.4.2; we can choose an open neighborhood U of xq, a CP-diffeomorphism
¢ :U — p(U) C X, and a closed subspace Z of X of codimension 1 such that ¢(zp) =0

and
e(UNbdS)=2ZneU).

By replacing ¢ by Dyp=1(0) o ¢, we can choose Z = Z(zy) and Dy(xg) = idyx. Let v be
a unit vector of X orthogonal to Z. We have that Rv is a topological vector subspace
complement of Z in X, that is, X = Z & Rv. Noticing that Z = {x € X : (v,z) = 0},
we see that, for z 4+ tv € U with 2z € Z and t € R,

z+treUNbdS< (p(z+tv),v) =0.

Consider the open set W := {(z,t) € ZxR : z+tv € U} in Z xR, where Z is equipped
with the induced norm, and consider also the C? function F' : W — R defined by

F(z,t) == (p(z + tv),v), forall (z,t) € W.

Write xg = 29 + tor with 2y € Z and tg € R, and note that F(zp,ty) = 0 and that the
derivative with respect to the second variable ¢ at (2o, %y) satisfies

DyF (29, t0) = (Dp(29 + tov)v, v) = (Do (xo)v,v) = ||v||* = 1.

We can apply the implicit function theorem to obtain a connected open neighborhood @
of zoin Z, areal ¢ > 0 and a CP function f : Qo — |ty — €, to + €[ such that

U022{2+tVIZ€QO, tE]tO—ﬁ,to‘i‘EI[}CU
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and such that, for z € Z and t € R
<z+tV€UOF‘|de> & (z—l—tl/EanndF(z,t):O) & (z—l—tl/erandt:f(z)>.

The set S being a closed body near xg, shrinking )y and ¢ if necessary we may and do
suppose that Uy Nint S is connected and Uy NS = Uy N (int S). Furthermore, for any
h € Z we have

<Vf(2’0), h> = —DQF(Z(), to)_l e} DlF(ZO,tO)h = —DlF(Z(),to)h = —<Dg0($o)h, l/> = O,
since Dy F'(29,t9) = idg and D(p(xo)‘z =idy. Thus, Vf(zy) = 0.

With the linear isomorphism L : Z x R — X defined by L(z,t) := z + tv, clearly
(L=Y(Uy))Nepi, f and (L~ (Uy))Nhypo, f are the two connected components of L™ (Up) \
gph f. It results that UyN L(epi, f) and UyNL(hypo, f) are the two connected components
of Up\ bd S. Since UyNint S is a connected component of Uy \ bd S according to the above
lemma, it ensures that either Uy Nint S = Uy N L(epi, f) or Uy Nint S = Uy N L(hypo, f).
Noticing that
UpN L(hypo,f) ={z+tr:z2€ Qq, t € to —e,to+e[, t < f(2)}
(et t(—v) 2 € Qo tE | —to— e~y + 2l (~N)(2) <1,

and changing v by —v and ty by —t; if necessary, we may suppose that the equality

UpNint S = UyN L(epi, f) holds true. By the above lemma again we derive that UyNS =
Uo N L(epi f), which also says that S is epi-Lipschitz at any point in Uy N S.

Let us denote A := L~! and endow Z x R with the canonical inner product, that is,
((z,7), (27" zxr = (2,2 + rr'.

Writing any © € X as @ = mz(x) + mr(z)v with 7z(x) € Z and 7r(z) € R, the bijective
linear mapping A : X — Z x R satisfies A(x) := (7z(z), mr(z)) and it is an isomorphism
such that A(UyNS) = A(Uy) N (epi f). Since f is of class C', at any z € mz(Uy) we have
Jcf(z) ={Vf(z)} and therefore

NO(epi f: (=, f())) = {MVf(2),~1) : A>0}.

Further, taking the linear isomorphism A into account, we have for any z € S N Uy (see
again (4.10))

NY(S;z) = NY(Uy N S;z) = A*(NC(A(Up) N (epi f); A(z))) = A*(NC(epi f; A(z))),
where A* denotes the adjoint of A. This yields by (4.18)
{=Xa(x) : A >0} = NY(S;20) = {AA(Vf(20),—1) : A >0} = {A*(0,—)\) : XA >0}.

Observing that A* = L, we get that n(xy) = v, which finishes the first part of the proof.
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For the second part of the proof, assume also that S is r-prox-regular at xy. Then,
by Theorem 4.3.11 there exists § > 0 such that for all z € S N Bx(z,0) and every
€ € NP(S;z), one has

1
(€ 2" —a) < o€l —z|?, Va2’ € S.

By shrinking Uy if necessary, we may and do assume that Uy C B(zg,9). Now, fix
(z,t) € A(Up)N(epi f) and ¢ € NP(epif; (z,t)) NBx = NP(epif; (z,t)) NBx. For every
(/,t") € A(Uy) N (epi f), we have, by equality (4.6) of Proposition 4.2.7, that

(¢, (2,1) = (2,1)) = ((A)TTA*G, (2, 1) = (2,1))
(A*C, ATV ) — A7 (2,1))

SACA™ (2,) ~ (D) P

1
< /t/ . t 2
< o G 1) = (= I,

IN

where the last inequality follows from the equalities A~! = A* and [|A*|| = 1. Now,
consider (2',t") € (epi f) \ A(Up). Since 2’ € Qo (keep in mind that f is defined only on
Qo) and since

A(Ug) = Q()X]to — e, tyg+ 8[

we have necessarily that ¢’ €]ty — e, 1+ €[ and in fact, ¢’ > to+¢ > t because t’ > f(z) >
to — €. Since max{t, f(z')} < to+ e < t/, we can define t” = max{t, f(2')} and, noting
that mr(¢) < 0 and (2/,t") € A(Up) Nepi f, we can write by what precedes

(€, (1) = (2,1)) = (¢, (2", 1") = (2,0)) + (¢, (0,4 — "))

<{¢ (") = (Zat)>§%H(Z'at")—(%t)HQ
%( (2 — 2,2 = 2) + (" = 1))
1 ! 2\ __ 1 !yl 2
2—( Y=z =2+ (' —1) ) —ZH(z,t)—(z,t)H ,

where the last inequality is due to the fact that ¢ < t” < ¢'. We then obtain that, for all
(2/,t') € epi f

(€, (1) = (1) < QLTH(Z’J') — (=)

Taking limits, we see that the inequality still holds for all (2/,¢') € epi f. This justifies
the r-prox-regularity of epi f at (zg, f(20)) and finishes the proof. O

In 1984, Poly and Raby proved that, if X is finite-dimensional, then for every closed set
M such that it is a CP™'-submanifold at a point my € M, we have that the function d3,(-)
is of class CPT! near mg See [25, Section 1].
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To prove this, they use the finite-dimensional assumption only to ensure that Projg(-) is
nonempty near mg (this is provided by the local compactness of M). We show that their
proof can be directly extended to the Hilbert setting (see Theorem 4.4.6), since the local
compactness can be replaced by prox-regularity in order to guarantee the nonemptyness
of Projg(+), as the following proposition shows.

Proposition 4.4.5 Let M be a closed set of X and let mg € M. If M is a CPT1-
submanifold at mg, then it is prox-reqular at the same point.

Proof. Consider a neighborhood U of myg, a CP*-diffeomorphism ¢ : U — o(U) and a
closed subspace Z of X such that ¢(mg) =0 and (U N M) = p(U)N Z. Let us denote
S :=p(U)N Z. Clearly, for z € Z N p(U) we have that N¢(S;2) = Z+,s0 (§,2/ —2) =0
for all £ € NF(S;2) € NYS;z) and 2/ € S. Theorem 4.3.10(iii) tells us that S is
prox-regular at ¢(mg) = 0.

Choose § > 0 such that S" := SN Bx(0,0) C ¢(U). We can apply equality (4.10) of
Proposition 4.2.14 to get that for each m € M N o~ Y(Bx(0,0)) = o~ 1(5)

NT(p7H(8)ym) € N(¢7!(8");m) = Dp(m)* (N°(5";p(m))) = Dep(m) (Z7).

Shrinking § if necessary, we can suppose that ¢ is Lipschitz continuous on ¢~!(Bx(0,4d))
with constant v > 0 and that, for all z, 2" € Bx(0,0)

lo™ () =7 (2) = D~ (2) (2" = 2)| < Ol — 2|,

for some constant C' > 0. Thus, for any m,m’ € p=1(S") and ¢ € NP (o71(S");m) N Bx
we conclude that

(Cm' —m) = (¢, o7 (p(m") — ™ (e(m)))
< (¢ D@ He(m))(p(m) = p(m))) +7*Cllm’ — m|*
= ((Dp(m)") !¢ p(m') — p(m)) +7*Cllm" — m||*

= IYQCHm - m||27

which, by Theorem 4.3.10(iii), proves the prox-regularity of M at my. O

Theorem 4.4.6 Let M be a closed subset of a Hilbert space X and let mg € M. If M
is a CPT-submanifold at mg (with p > 1), then there exists a neighborhood U € Ny (my)
such that

(a) d%(-) is of class CP** on U;
(b) Py is well-defined on U and it is of class CP therein.
Proof. Without loss of generality, we will fix mo = 0. Assume first that M is a CP*!-

submanifold at 0. By Proposition 4.1.4, there exist a neighborhood U € Nx(0), a neigh-
borhood V; € Nz(0), where Z := TyM, and a mapping 0 : V; — Z+ of class CP™! such
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that 0(0) = 0, DO(0) = 0 and
UNM =UnL (gph), (4.19)

with L defined as in Proposition 4.1.4. Since M is also prox-regular at 0, according to
Proposition 4.4.5, we may and do assume by Proposition 4.2.2 that P, is well-defined on
U. Let us denote A := L~1. It is not hard to see that L and so A are both self-adjoint
operators, and so we have that for each m € U N M,

NC(Mim) = A [N(gph, (0.0(0)))] = A[{ (Db 22, 2) € Z-}],  (4.20)
where v = 7z(m). Let us consider the mapping ¢ : V; x Z+ — Z x Z+ given by
o(v,22) = (v — DO(V)" 29, 0(v) + 29),

and note that ¢(0) = 0. Since by construction Dp(0) = idy.,1, we can apply the
Local Inverse Function Theorem and therefore there exists an open neighborhood O =
01 X Oy € Ny, z1(0) included in L(U) and with Oy C Vg, such that ¢ : O — p(O) is a
CP-diffeomorphism.

Now, let 6 > 0 small enough such that Bx(0,30) C A(p(O)). For every u € Bx(0,0) we
already know by equation (4.19) and the prox-regularity of M at Py;(u), that there exists
v € Vz such that

Py(u) = A(v,0(v)) (4.21)

and then, by the first equality in equation (4.20) and the normal regularity of M at Py (u),
u — Py(u) € NP(M, Py(u)) = N°(M, A(v,0(v))).
Thus, the second equality in equation (4.20) furnishes some 2, € Z+ such that
u— Py(u) = A(—=DO(v)" 2, 23). (4.22)
Adding the equalities (4.21) and (4.22), we obtain that
u= A(v— DO(v)*29,0(v) + 29).

Since Py (u) € Bx(0,20) then (Ao @) *(u) € Ao ) 1 (Bx(0,30)), and so we conclude
that (v, z2) can be chosen in O. By the bijectivity of ¢ := A o ¢ from O onto A(p(O)),
we derive that (v, z3) = ¢~ *(u). Finally, using equation (4.21), we can write

Py(u) = A(tz 00 (u),0 om0 ¢ (u)),

which yields that Py, is of class C? on Bx(0,d), proving the first implication. m
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Chapter 5

Smoothness of the Metric Projection
onto Nonconvex Bodies in Hilbert
spaces

This Chapter is the core of the second part of this thesis. It contains all the new results
concerning to the smoothness of the metric projection onto nonconvex sets. We present
here a quantified version of Holmes’ theorem when the set is a nonconvex body with
CPTl.smooth boundary. By quantified, we mean that we give an specific neighborhood
where the metric projection is p times continuously differentiable, which is determined by
the prox-regularity function of the set. We also derive a similar result when the set itself
is a CP™l-submanifold.

Finally, based on the work of Fitzpatrick and Phelps [16]|, we study the converse for
Holmes’ theorem outside the convex setting.

5.1 Smoothness of the metric projection onto noncon-
vex bodies

Let S be a closed subset of X. In order to extend Holmes’ theorem to the nonconvex
setting we will study the case when S satisfies

(i) S is a closed body relative to the subspace Y = aff(S);

(ii) Considering S as a subset of Y, it has a CP*'-smooth boundary.

These hypothesis are based on the fact that the smoothness of the metric projection onto
S as a subset of X is fully determined by the smoothness of the metric projection onto S

169
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as a subset of Y. This observation is formalized in the following proposition.

Proposition 5.1.1 Let S be a closed set of X and denote Y := aff(S). Then, for every
xr € X we have that
Projg(x) = Projg(Ily(z)),

and furthermore, defining the sets

Ox ={x € X : Ps is well-defined and it is of class C* near x}; and

Oy = {y €Y : Pgl,, is well-defined and it is of class C? near y} ,

ly
we get that Ox = 115 (Oy).

Proof. Choose x € X. Since S CY we can write
o = vll? = & = Ty (@)]? + 2 (2) — olf?, Yo € S,
Therefore, we have that
Projg(z) = argmin{||z—v|* : v € S} = argmin{||Ily (z)—v|* : v € S} = Projg(Ily(x)),

which proves the first part of the theorem. Also, we get that I1,'(Oy) C Ox. Indeed, for
every z € I1;'(Oy) we have
Ps(.ilﬁ) = Ps‘y ] Hy(ﬂf),

and therefore, the inclusion H{,l(Oy) C Oy is direct, provided Ily is a continuous linear
operator, and therefore of class C*.

On the other hand, let x € Ox. Noting that for every y € Y and every v € S we have
that IIy (z) + y —v € Y, we can write

lz+y —vl* = [lo = Ty (2)|* + [Ty (2) + y — vl

and so, we get that Ps|, (Ily(z) +y) = Ps(x +y) for every y € Y such that = 4+ y € Ox,
or equivalently

Pg‘y(w) = Ps(x +w —Tly(x)) forallw € Y with x + w — Iy (x) € Ox.

By definition, it is clear that Ox is an open set. Choose then a real ¢ > 0 such that
Pg is well defined on x + Bx(0,¢) and of class C? therein. Consider the mapping ¢ :
IIy (x) + By (0,e) — X defined by ¢(w) := w + x — IIy(z) for all w € Ily(z) + By (0, ¢).
Clearly, ((ITy ()4 By (0,¢)) C z+Bx(0,¢), hence Pgol is well defined on Ily (z)+ By (0, ¢)
and of class C? therein. Since Ps|, (w) = (Ps o ()(w) for every w € Iy () + By (0,¢), the
mapping Ps|, is of class CP near Iy (z). This tells us that Iy (z) € Oy, or equivalently
x € 11 (Oy). We derive that Oy C I1;'(Oy), which combined with the previous above
inclusion gives the equality Ox = II;/' (Oy). O

Based on the latter proposition, the smoothness of Pg (when it exists) is characterized by
the smoothness of PS|Y, and so our target problem can be reduced to prove the extend
Holmes’ theorem for nonconvex bodies with CP*'-smooth boundary (see Theorem 5.1.6).
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5.1.1 Extension of Holmes’ Theorem

We will first study the case when the set S is the epigraph of a function f. The technique
to prove Theorem 5.1.2 will be to reduce ourself to this case, helped by Proposition 4.4.4.
We recall here equations (4.16) and (4.17): for a set .S, a point zp € S, an extended-real
r €]0,+o0] and a positive real a > 0 we define, based on Mazade’s notation (see [19]),
the sets:

Rs(zo,ma) == {z+tv : 2 € SN Bx(zg,), t €[0,7[, v N(S;z)NBx},
Ws(xg,m, ) :={u € X : Projg(u) N Bx(xg, ) # 0, ds(u) <r}.

Theorem 5.1.2 Let Og C X be an open set and f : Oy C X — R be a function of class
CPL (with p > 1) near xy € X such that V f(zo) = 0. Assume that epi f is r-proz-reqular
at (xo, f(zo)). For the constant

A = min {r, (—=2inf {(u, D*f(zo)u) : ue BX})_I}
there exists an open neighborhood W of Ray 0 #(uey)a(€PL f) such that
(a) depis is of class CP™ on W;

(b) Pepis is of class CP on W.

Proof. Let us denote S = epif, and 7y : X x R = X, mg : X x R — R the parallel
projections associated to the product X x R. Also, for simplicity, we will write u =
(uy,uy) for each u € X x R. According to the convention 07! = +o0o and noting that
inf,ep, (v, D*f(z0),u) <0, one sees that A > 0.

Since S is r-prox-regular at vy := (o, f(20)), by Theorem 4.3.11 there exists o > 0 small
enough for which, by denoting O := Ws(vg, r, @), we have that O is open, mx(0O) C Oy
(so ONS = Onepif), Psis single-valued on O, f is of class CP* on 7x(0), dg is
continuously differentiable in O \ S and

v — Ps(v)

ds(v)

Also, since f is of class CP™, for € mx(O) we have that dpf(z) = {Vf(z)} (see
Proposition 4.2.10) and so, by Definition 4.2.8,

NP(S: (x, f(2))) = {H(V f(x).~1) : ¢ >0}, (5.2)

Since O coincides with Rg(vg, r, ), we have that for each v € SN O

Vds(v) = ,Voe O\ S, (5.1)

Ps[(v+ NP(S;v)) N O] =, (5.3)

and that Ray, ,(S) € O. Let any uy € Ray,, ,(5), and choose three convex neighbor-
hoods U € Nxxr(ug) and V, V' € Nyxxgr(vo) such that
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UCo\s,V'Cco,VcVv,

o (vq, f(v1)) € V' for every v € mx(V);

there exists § > 0 such that U + ({0} x | —4,6[ ) C O\ 5; and
o diam(mg(V")) < 9.

From those assumptions, we have that for each v € V| (vy, f(v1)) € V' and U — (0, vy —
f(v1)) C O\ S. Let us define the mapping

F:UxV—=>XxR
(u,v) = u — v — dg(u)p(v),

where

o(v) = (V/{vn), =1) for all v € V.

1V f(v1), =Dl
We claim that F(u,v) = 0 if and only if v = Pg(u). For the sufficiency, let us suppose
that v = Pg(u). Then, u—v € N(S;v) and by (5.2) and the definition of ¢, there exists
t > 0 such that

u=1v+tpv).

Thus, noting that dg(u) = ||u — Ps(u)|| = t||¢(v)|| = ¢, we conclude that F(u,v) =0. On
the other hand, to prove the necessity, let us suppose that F'(u,v) = 0, so ||lu—v|| = ds(u).
Putting v" = (vy, f(v1)) and noting that ¢(v') = p(v), we can write

u=v+ds(u)p(v) =0 +ds(u)p() + (0,ve — f(v1)).

Therefore, with «' := u—(0,vo— f(v1)), we have u'—v" € NP (S;v') and so, since v’ € ONS
and v’ € (v + NP(S;0")) N O, by (5.3) we get Ps(u') =" and

ds(u') = [[u" = v'[| = [Ju —v[| = ds(u).
Define the mapping
g:1-1L,1+8—=0\S, givenby g(t)=u— (0,t(vs — f(v1))),
with some 0’ > 0 for which ¢ is well-defined. Then,

g(t) — Ps(y(t))
ds(g(t))
Noting that g(t) — Ps(g(t)) € N¥(S;Ps(g(t))) and recalling that g(t) ¢ S, by (5.2)
we obtain that g <M> < 0. Thus, sgn((ds o ¢)'(t)) = sgn(vy — f(vy)) for all

(dsog)'(t) = —Dds(g(t)) (0,02 — f(v1)) = —7m ( ) (v2 — f(v1)).

ds(g(t))
t €] —1,1+ [ (where sgn(-) denotes the sign function on R\ {0}), and we get that if

vy # f(v1), then
(dsog)(1) # (ds o g)(0), that is, ds(u') # ds(u),
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since dg o g is strictly monotone. Since dg(u) = dg(u'), we conclude that vy = f(v;) and
therefore u = «’ and v = v’. In particular, Ps(u) = v, which proves our claim.

We would like now to apply the Implicit Function Theorem to F' at (ug,vg), so we need
to check that
DQF(U(), Uo) = _idXXR — ds(UQ) . DQD(”U())

is an isomorphism. Let us define the mappings ¢; : (X x R) \ {0} — X x R and
w9 : X — X X R given by

_i an o0l ) = (x,—1).

We can write ¢ = ¢ 0 ps 0 Vf o myx. Recalling that for all h € X x R

[yl — (1(y), h)y
[y]?

D1 (y)h =

we have that

Dp(vo)h = Dpr((V f(w0), =1)) © Dpa(V f(20)) © D* f(20) o mx (h)
= D1 ((0, —1))(D2f(5170)h1, 0)

— 10, ~1)||? (n(o, 0)[(DF (o), 0) — <
= (DQf(ZL‘[))hl, O)

Thus, Dp(vy) = (D?f(xg) o 7x,0). Let us then show that idx«g +ds(ug) De(vo) is bijec-
tive. We may assume that D?f(zy) # 0, since otherwise the bijectivity is trivial.

(0, 1)

Surjectivity: Let us consider h € X x R with h # 0. Since
(idyxr +ds(uo)Dp(vg)) h = idxxr(h) + ds(uo)(Dp(vo))*h,
it follows that
I (idx <& +ds(uo) Dep(vo))*h|* = [|1]|* + 2ds (uo){(Dy ( 0))"h h) + ds(uo)*|| (D (vo))"hl|?
= ||hlI* + 2ds(uo) (ln, D* f ( ) 1) + ds(uo)*[[ (D (o)) R
> |12 + 2ds (ug <hT Df (xo) ity ) 1]

<1+2 inf {(z, D*f(x o)x>}ds(uO)) -||A?

> (1 — ;;GS;O)) 1A%, (54)

where the last inequality is due to the definition of A. Since ug € Ray, \(S) C Ws(vo, A, ),
we have that ¢ = 1 — A*dg(up) > 0, and so, by for example [6, Theorem 2.20], the con-
clusion follows.
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Injectivity: Let & € X X R such that (idyxr +ds(uo)D¢(vo))h = 0. Then necessarily
hy = 0, provided g (Dp(vg)h) = 0, and so, recalling that inf,ep, {(x, D*f(z¢)z)} is less
than 0, we can write

Qwie%fx{@,D2f($0)33>}HhH2 < (h1, D*f(20)h1) = (h, (D*f(x0)h1,0)) = (h, Deo(o)h)
= ds(uo) ' (h,ds(uo) Dp(vo)h) = —dg(uo)~"[|R]?,

where the last equality is due to the fact that we have supposed that h belongs to the
kernel of (idxxr +ds(u)Dp(vo)). But since

—ds(ug) ™" < =A"" <2 inf {{x, D?f(x0)x)},

reBx

we have that necessarily A = 0, which proves the injectivity.

Now, we can apply the Implicit Function Theorem (IFT) in the following way. Since dg
is of class C! in U, we have that F is of class C! in U x V. Therefore, there exist two
neighborhoods U; € N (ug) and V; € N (vg) and a mapping ¢ : U; — V; such that

(i) ¢ is of class C;
(ii) For each v’ € Uy, F(u/,¢(u')) = 0;
(iii) For each (u/,v") € Uy x Vi, F(u/,v") =0 = v = ¢(u).

Then, by (i) and (iii) we get that Py = ¢ in U;, and therefore, Ps is of class C! on Uy,
according to (i). Now, looking at formula (5.1), we get that dg is of class C* on U; and
so is F' on Uy x V;. We can apply recursively this argument as follows:

dg is of class C? in U; = F is of class C?> on U; x V;
= AU, € N(ug), Ps is of class C* on U,

IFT

— Fisof class C" on Up_1 x V4
— 3U, € N(up), Ps is of class C? on U,

IFT

— dg is of class C*™* on Up.

Since V f is of class C?, the argument ends at this iteration, since we can’t ensure that
F is of class CP™'. The proof is finished considering W as the union of the U, obtained
by this way for each uy € Ray,, (S), and noting that Pg and Py coincide on W since
W CO. O
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Observe from the precedent proof that, for the point uy € Ray,, ,(5) we have

DPS(U()) = —[DQF(U,Q, ’UO)]_l e} DlF(Uo, Uo)
i 1 . Ug — P (Uo) Uy — P (Uo)
= —[DyF(ug,v9)] " © <1dX - < ds(uég)) ’.> ds(jo) )
= —[DQF(Uo,UO)]_l o HXX{O}'

Also, note that —DyF(ug,vg) maps X x {0} onto X x {0}. In particular, we have that
D Ps(ug) restricted to X x {0} is invertible as a function from X x {0} to X x {0}.

The following lemma will be crucial in the development below.

Lemma 5.1.3 Let U be an open set of X and f : U C X — R be a function of class CP**
near xy € X such that V f(xg) = 0. Assume that epi f is r-proz-reqular at (xo, f(z0)).
Then, one has

inf {(u, D*f(zo)u) : u€Bx} > —%.

Proof. Let us denote O := Bxyxgr((zo, f(x0)), @) with @ > 0 small enough such that
x(0) C U, f is of class CP* at mx(O) and epi f is (r, a)-prox-regular at (zg, f(z)).
Then, for every (z,s) € O Nepi f, and every £ € NP (epi f; (x,5)) = N (epi f; (z,5)) we
have that

1 .
(€ (2,8) = (@, 9)) < I, o) = (@, 8)I%, V(o) € epif. (5.5)
Fix h € X. Since for every x € mx(0O), we have that

N*(epi fi(, f(2))) = {t(Vf(z),=1) : t >0},

so using the equality V f(z¢) = 0 we can write

) Vf(o+ th) — Vf(xo)
(1, D2 ) = T <th, >

t2

(Vf(wo +th), —1) — (0,—1)>

t2

— 11{% <(th, fxo +th) — f(x0)),

(V1o ;“”7‘1) > o),

= lim <(xo +th, f(xo +th)) — (w0, f(20)),

where 0(t) := L&t I - Noting that

$2

e(t)zf(%ﬂh)_fg())_wf(%)h Lt %<h,D2f(xo)h>,
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and according to equation (5.5), we can write

(h, D*f(z0)h) >11{%—%|](Vf(xo+th ), =)l || (th, f(xo + th) — (xo))H2+9(t)
~ L | (V o 1), 1) ||H( s | R

:——H(Vf(:co -1)] II(h D f(xo)h)||* + lim 6(2)

- __H(h D f(xo) )H + (h, D*f(z0)h) = —§||h||2+%<haD2f($o)h>,

where the last equality follows from the facts that Df(xq)h = 0 and ||(h,0)]|*> = ||A|*.
The conclusion follows. O

Lemma 5.1.4 Let S C X be a closed body near xq € bdS. Assume that there ewist
r €10, 4+00] and o > 0 such that Bx(zo,a) NbdS is a CPT-submanifold (with p > 1)
and that S is r-proz-reqular at xo. Then, for r' = r/2, there exists a neighborhood V' of
Ray,, .(S) such that

e dg is of class CP™ on V;
e Pg is of class CP on V.

Furthermore, if the set S is (r, a)-proz-reqular at xq, then
o dg is of class CP™ on We(zo, 7', )\ S;

o Pg is of class C? on Ws(zo, 7", ) \ S.

Proof. Shrinking o, we may suppose that S is r-prox-regular at each point in By (xg, a)N
bd S. Let # € Bx(x,)Nbd S. Recalling that Z(z) := T;(bd S) and applying Proposition
4.4.4, there exist a neighborhood U € Nx(Z) and a function f : 7z )(U) CZ(z) - R
such that, denoting z := 74 (Z), f is of class CP™ in 7z (U), Vf(Z) =

UNnS={z+tn(x)elU :z€ Z(x), f(z) <t}

and also, epi f is r-prox-regular at (z, f(2)); keep in mind that n(Z) denotes the unit
interior normal of bd S at z. We may and do assume that U C Bx(zo, ). By Theorem
5.1.2 and the inequality of Lemma 5.1.3, we have that F,; ¢ is of class C? on a neighborhood

W of Ray ; ¢z, (epi f).

Choose 0 €10, o small enough such that Bx(z,d) C U and S is (r,d)-prox-regular at z.
Let L : Z(Z) x R — X be the canonic isomorphism given by L(z,t) = z + tn(z). Noting
by (4.18) that
Ray, .(S) = {z —tn(z) : t €]0,7'[ }
= L({(%, f(2)) + (0, =1) : t €]0,7'[}) = L(Ray(z sz (epi f)),
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we have that W' := WNL~"(Ws(Z,1',0)) is also an open neighborhood of Ray ; ) .. (epi f).
Since L is an isometry, we have that for each w € W', Ps(L(w)) € UN S and so

IL(w) = Ps(L(w))|] = [lw = L™} (Ps(L(w)))
2 |lw = Pepi p(w)[| = [ L(w) = L(Fepi y(w))|| 2 [[L(w) = Ps(L(w))].
Therefore, for each v € V; := L(W’), we have that
Ps(v) = (Lo Papiyo L71)(v),

hence Pgs is well-defined on V; and it is of class CP on V;. Further, since W can be assumed
to be open, the set V is an open neighborhood of Ray ,.(S), proving the first part of the
theorem.

The second part follows directly noting that
Ws(x, 7", )\ S C U{Vm . x € Bx(xg,a) Nbd S},
since Ws(xg, 7', a) and Rg(xo, ', o) coincide and since we can write
Rs(xo, 7', )\ S = U {Ray,.(S) : = € Bx(zo,) NbdS}.

]

From the remark after Theorem 5.1.2, we see that, in the proof of the preceding lemma, for
each uy € Ray; .(S), the operator D Py ;(L™"(ug)) restricted to Z(z) x {0} is invertible
as a mapping from Z(z) x {0} onto Z(z) x {0}. From this observation, we can conclude
that the operator

DPs(ug) = Lo DPuy (L (ug)) o L™*

restricted to Z(Z) also is invertible as a mapping from Z(Z) onto Z(z). This yields the
following proposition, which will be useful in the study of the converse of Theorem 5.1.6.

Proposition 5.1.5 Under the assumptions and notation of Lemma 5.1.4, for each uy €
Ray,, (S), the operator D Ps(ug) is invertible as a mapping from Z(xo) onto Z(xg).

Furthermore, if S is (r, a)-proz-reqular, then for each uw € Wg(xo, 7', ) \ S, the operator
DPs(u) is invertible as a mapping from Z(Ps(u)) onto Z(Ps(u)).

We now can proceed to state and prove the extension of Holmes’ theorem for nonconvex
bodies:

Theorem 5.1.6 Let S C X be a closed body near ro € bdS and let an integer p > 1.
Assume that there exist v €]0,400] and o > 0 such that Bx(x¢,«) N bd S is a CPT'-

submanifold and that S is r-prox-reqular at xo. Then there exists a neighborhood V' of
Ray,, .(S) such that
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e ds is of class CP™ on V;
o Pg s of class C? on V.

Furthermore, if the set S is (r, a)-proz-reqular at xo, then
o dg is of class CP™ on Ws(xg,r, ) \ S;

o Ps is of class CP on Ws(zo,7,c0) \ S.

Proof. Let U be an open connected neighborhood of zy such that U Nint S is connected
andUNS=0UN (M) Since S is r-prox-regular at x, there exist o/ €0, ] such that
B(zg,a/) C U and S is (r, ¢/)-prox-regular at xy. We will show inductively that for every
n €N, dg is of class CP*! on Wg(zg,7n, ') \ S with r,, := >, 27%r. Noting that

Ray, .(S) € W(xo,r,a')\ S = U W(xg,mp, ')\ S,

n=1

and taking into account that Ps(u) = (u — Vdg(u))/ds(u) for every u € W(xzo, 7, ') \ S,
proving the latter assertion is enough to conclude the first part of the theorem.

The case n = 1 is contained in Lemma 5.1.4, so we only need to prove the inductive step.
Consider then n > 2 and assume that dg is already of class CP*' on Ws(xg,7,_1,0/) \ S.
It only rests to prove that dg is of class CP*! near each point of

Ws(o, 7n, @) \ Ws(xg,n_1,a") = {u € Ws(z0, 70, 0") : 11 < dg(u) <rm,}.

Fix u € Wg(xg, rn, ')\ S with r,_; < dg(u) < r, =r,—1+27"r. Let us denote &z = Pg(u)
and choose A €]0,7,_1[ such that dg(u) — A < 27"r. Note by definition of Ws(zg, 1y, o)
that € B(xo, o).

Let us consider the set Sy := {x € X : dg(x) < A} and the point § := z — An(z) in bd S,
(where we recall that n(Z) denotes the unit interior normal vector of bd S at z, which is
well-defined since bd S is a CP*!-submanifold at z). Since A\ < r,,_; and T € B(xg, ), we
have that § € Ws(xo,7,_1,a’), and so, by hypothesis, dg is of class CP*! near 3. Choose
d € 10, o[ small enough such that Bx(y,0) C Ws(xo, rn—1,¢') \ S. We claim that

Bx(7,0) N {ds < \} = Bx(7,8) Nint(Sy). (5.6)

Denoting the second member by V' it is clear that it contains the first member. Suppose
there is some ug € V' which is not in the first member. Then dg(ug) = A, hence ug is a
maximizer of dg on the open set V', which yields Vdg(uy) = 0, contradicting the equality
|Vds(ug)|| = 1. The claim is then justified. This says in particular that Bx(g,d) N
bd (S\) = Bx(y,0) N {ds = A}. Further, dg is of class C*™! on B(y,d) and Vdg(y) is
surjective from X into R since ||Vdg(y)|| = 1 for all y € Bx(y,d). The set bd(S)) is then
a CP*l_submanifold of X as seen above for such a level set.
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Furthermore, for every y € Bx(y,d)Nbd Sy, the Ct'-property of dg near y gives Opds(y) =
{Vds(y)} and by Proposition 4.2.11 we know that

dpds(y) = NP (Sy;y) NSx,
so it follows that
NP(Shiy) = {tVds(y) : ¢ >0} = {—ta(Ps(y)) : ¢ >0}, (5.7)

Fix y € Bx(y,6) N bd Sy, and denote = := Ps(y). Noting that A +¢ < r for every
te ]O, WL_l] and recalling that S is r-prox-regular at x, we have

ds(y — ti(z)) = dg(z — (A + )i(z)) = A+ L.

Noting also that
dsk (u) = ds(u) — )\, Yu e X \ S)\, (58)

we can write dg, (y — ta(x)) = t, and so y € Projg, (y — th(z)) for every t € |0, 7= |. In
particular, by (5.7), for every ¢ € N¥(Sy;y) N By,

y € Projg, (y + t¢), Vt € |0, 5] .

Since this last inclusion holds for every y € S\ N Bx(y,0) (the case of y € int(S,) is
trivial since N¥(Sy;y) = 0), we conclude that S is (%%1, 5)—prox—regular at g according
to Definition 4.3.9.

Since By (7,0) € Ws(xg,7n_1,0a"), we have that for all 4/ € Bx(y,9), Ps(y') € U. We
derive that, for any 3y € Bx(y,0) N {ds < A} we have v/ € Ps(y') + Bx(0,\) with
Ps(y') € SNU, thus

Bx(,0)"{ds < A} = Bx(7,6)n | J (u+Bx(0,)) =Bx(@m,0)n |J (ut+Bx(0,)),
uelns uelUNint S

(5.9)
where the second equality is due to the fact UNS = U Nint S. Taking any y; in the latter
set with i = 1,2, there are x; € U Nint .S and b; € Bx(0,\) such that y; = z; + b;. The
set U Nint .S being arc-wise connected as an open connected set in the normed space X,
there exists a continuous mapping « : [0,1] — U Nint S with v(0) = z; and (1) = as.
The mapping o : [0,1] = Bx(y,0) N {ds < A} with yo(t) = v(t) + (1 — t)by + tbe is well
defined (by (5.9)) and continuous, and further 7,(0) = y; and 70(1) = yo. This tells us
that the set Bx(7,0) Nint(S)) = Bx(y,0) N {ds < A} is (arc-wise) connected.

To see that Sy is a closed body near ¢ it remains to show that Bx(y,d) NSy = Bx(y,0)N
int(S)). The second member is obviously included in the first. Take any ¢ € Bx(y,d)
with dg(y') = A. Putting v = Vdg(y') € Sy, for ¢ > 0 small enough we have

ds(y —tv) =ds(y') — t((Vds(y'),v) +e(t)) = X — t(1 + &(¢)),
where £(t) — 0 as ¢ | 0, so for ¢t > 0 small enough

y —tv € Bx(y,0) N{ds < \} = Bx(y,d) Nint(S,),
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where the equality is due to (5.6). This entails that ¥ € Bx(y,d) Nint(Sy), hence the
desired equality Bx(g,0) NS\ = Bx(y,0)Nint(S)) is justified. The set S is then a closed
body near .

We can then apply the second part of Lemma 5.1.4 to Sy at y to get that dg, is of class
CP™on W, (9,6,27"r) \ Sy. Finally, by (5.8), we conclude that dg itself is of class CP™!
on Ws, (,6,27"r) \ S\ and in particular, it is so near u. The induction (and therefore
the proof of the first part of the theorem) is then completed.

The second part of the theorem follows directly from the first one, following the last
observations of the proof of Lemma 5.1.4. m

The first corollary is concerned with p(-)-prox-regular closed bodies.

Corollary 5.1.7 Let S C X be a closed body such that bd S is a CP-submanifold with
p > 1. If S is p(-)-proz-regular, then

e dg is of class CP* on U, (S)\ S;

o Pg is of class C* on Uy)(S)\ S.

Proof. Fix u € U := U,)(S) \ S. Since S is p(-)-prox-regular, we have that there exists
y € Projg(u) such that dg(u) < p(y). Let us fix a real r with dg(u) < r < p(y). Since p is
continuous, there exists a neighborhood V' € Nx(y) on which p(v) > r for each v € SNV.
Therefore, by properties related to U, (S) recalled in Section 4.3 and by Theorem 4.3.11
the set S is r-prox-regular at y. Then, by Theorem 5.1.6 there exists a > 0 small enough
such that Ps is well-defined on Ws(y, r, ) \ S and it is of class CP on this open set. Noting
that

ue Ws(y,r,a)\ S)NU CU,

and that both sets Ws(y, 7, ) \ S and U are open, we conclude that Pg is well-defined
near v and it is of class CP near u. Since u is arbitrary, the conclusion follows. O]

In the case that S is a convex body, recalling that all convex closed sets are (400)-prox-
regular, we can recuperate Holmes’ theorem as corollary of Theorem 5.1.6:

Corollary 5.1.8 [Holmes, 1973] Let K C X be a conver body and suppose that bd K
is a CPTl-submanifold at a point v9 € bd K, with p > 1. Then there exists an open
neighborhood W of Ray, (K) such that

o dg is of class CP™L on W;

o Pg s of class C? on W.
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5.1.2 Smoothness of the metric projection onto submanifolds

Based on Theorem 4.4.6, we will prove an analogous version of Theorem 5.1.6 when S is
itself a CP*!-submanifold, instead of a nonconvex body with C?*!'-smooth boundary.

Lemma 5.1.9 Let M be a closed set of X such that M is a C'-submanifold at mo € M.
If M is r-prox-regular at mg, then for every A € ]0,r[, the set

My :={zeX : dy(x) <A}

is a closed body near each point yo = mo + M, where v € NP(M;mg) N Sx, and there
exists 0 > 0 such that

BX(yo,é)ﬂ{dM < /\} = Bx<y0, 5)ﬂint(M,\) cmd Bx<y0,(5>ﬂM>\ = Bx(yo,(;)mint(M)\).

Proof. Note first that yo € M, and dy/(yo) = A by the r-prox-regularity of M. Since
M is a Cl'-submanifold at my, there exist a closed subspace Z of X, an open convex
neighborhood U € N(0) and a C'-diffeomorphism ¢ : U — o(U) such that ¢(0) = my
and

e(UNZ)=¢eU)N M.

Since U N Z is arc-wise connected (as a convex set), we get that ¢(U) N M is also arc-wise
connected. Now, choose «,d > 0 small enough such that Bx(mg,«) C o(U), M is (r, a)-
prox-regular at mg and Bx(yo, ) C Wy(mo, 7, «). As in the proof of Theorem 5.1.6, we
have that

Bx(yo,a) N {dM < )\} = Bx(yo,a) N int(M)\).

Now, since for each y € Bx(yo,d) we have that Py(y) € o(U), we can write

Bx(y0.0) N{dx < A} = Bx(yo,0)n | ] (u+ Bx(0, ). (5.10)

ucp(U)NM

Taking any vy, 92 € Bx(v0,0) N {dy < A}, we can find mq,ms € @(U) N M and by, by €
Bx (0, \) such that y; = m; + b; for i = 1,2. Since ¢(U) N M is arc-wise connected, there
exists a continuous mapping v : [0, 1] = ¢(U)N M with v(0) = my and (1) = ma. Thus,
the mapping 7o : [0,1] — Bx(v0,0) N {dax < A} given by vo(t) = () + (1 — t)by + tby
is well-defined by (5.10), is continuous, 7,(0) = y; and 70(1) = yo. We get that the set
Bx(yo,9) N {dy < A} = Bx(yo,d) Nint(M,) is therefore (arc-wise) connected.

We can show that Bx(yo,d) N My = Bx(yo,d) Nint(M)) following the same argument as
in the end of the proof of Theorem 5.1.6. The proof is now complete. O

Theorem 5.1.10 Let M be a closed set of X which is a CPT'-submanifold at mq € M
with p > 1. If M is r-proz-reqular at myg, then there exists a > 0 such that

o d3,() is of class CP* on Wiy (mg, 7, a);



182 CHAPTER 5. SMOOTHNESS OF THE METRIC PROJECTION

e Py is of class CP on Wy (mg, T, ).

Proof. By Theorem 4.4.6, there exists € > 0 small enough such that d3,(-) is of class CP**
on Bx(mg,e). Choose then a €0, ¢ such that M is (r, a)-prox-regular at mg and choose
also A €0, r[ such that a4+ A < e. In particular, we have that Wy, (mqg, A, «) C Bx(mq, €).
Fix u € Wy (mo,r, ) \ Bx(mo,e). We have that A < dy(u) < 7.

By definition of Wy, (mo,r, @) we can take m € Bx(mg,a) N M and v € N¥(M;m) N Sx
such that u = m + dy(u)v. Put y = m + Av. Defining M), as in Lemma 5.1.9 we
have that y € bd M, and M, is a closed body near y, and for some real 6 > 0 we have
Bx(y,6) C Wa(mg, r, o) along with

Bx<y,(5) ﬂbdM)\ = Bx<y,(5) N {dM = )\} and BX(y,é) N M,\ = BX(y,é) ﬂint(M,\).

Fix any 3 € Bx(y,0) Nbd M,. By the remarks preceding the proof of Theorem 5.1.6, we
also know that bd M, is a CP™'-submanifold at 3/, since dj; is of class CP™! near 3/ with
Vdy(y') # 0. Further, by Proposition 4.2.11, we have that

{Vdu(y)} = 0pdu(y') = N"(My;y') NSy,
so setting 1/ := Vdy(v'), it follows that N¥'(My;y/) = {tv/ : t > 0}. Note that, setting
m’ := Py(y') so we can write ¥/ = m’ + A\v/, and hence
dy(y' + /) =dy(m + @+ A)V) =t+ A\, Ve e [0,r — AL

Also, noting that

dM)\(JI) = dM(JI) — )\, Vere X \ MA, (511)
we conclude that dy, (v + tv') = ¢ for every ¢ € [0,7 — A[. In particular, fixing ' €
|dar(u) — A, r — X[, we have that for all ' € Bx(y,d) Nbd My and ¢ € N¥(M,;y') N By,

y' € Projy, (v + 1), Vt € [0,7],

and so, M, is (r/, 0)-prox-regular at y. Applying Theorem 5.1.6 it results that, for o/ := 9,
the function dy, is of class CP™' on Wy, (y,7’, ) \ My. By equation (5.11) and since
w € Wiy, (y,77,a’) \ My, it ensues that dy(-) (and therefore d3,(-)) is of class CP*! near
u. Since the function d3, is also of class CP™! on Bx(my, ), we conclude that it is of class
CP! on the whole open set Wy, (mg, r, @). ]

Observing the proof of Corollary 5.1.7, we can establish the following direct result from
Theorem 5.1.10:

Corollary 5.1.11 Let M be a closed set of X. Assume that M is a CPT'-submanifold.
If M is p(-)-prox-reqular, then

o d3;(") is of class C**' on Uy (M);

o Py is of class CP on Uy (M).
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5.2 Converse of the extension of Holmes’ Theorem

In all this section, we will work with a closed set S. For a point z € X \ S such that
Pg(x) exists, we will denote

Hslz] :={he X : (x— Ps(x),h) =0}, (5.12)

namely, Hg[z] corresponds to the hyperplane orthogonal to  — Pg(x). If there is no
confusion, we will simply write H|[z| instead of Hg[z|. Here we follow the strategy of
Fitzpatrick and Phelps (see [16]).

We will need also the notion of partial derivatives. Let Y be another Hilbert space and
Z be a closed subspace of X. We say that a continuous mapping F': X — Y is partially
Gateauz-differentiable (partially G-differentiable, for short) at a point € X with respect
to Z if there exists a continuous linear operator A € £(Z;Y") such that we can write

F(z + th) = F(z) + tA(h) + o(t), (5.13)

for every direction h € Z. In such a case, we call A the partial G-derivative of F' at x
with respect to Z and we denote it by D¢ zF(x).

Analogously, we say that F' : X — Y is partially Fréchet-differentiable (partially F-
differentiable, for short) at a point x € X with respect to Z if there exists a continuous
linear operator A € £(Z;Y) such that we can write

F(x 4+ h) = F(z)+ A(h) + o(h), (5.14)

for every direction h € Z. In such a case, we call A the partial F-derivative of F' at z
with respect to Z and we denote it by Dp 2 F(z).

5.2.1 Properties of the derivatives of the metric projection

In this section, we will present some properties of the Gateaux derivative of the metric
projection Pg when it exists. They will be very useful in the development of the proof
of the converse of Theorem 5.1.6. We start with the symmetric positive property of the
Gateaux derivative of the metric projection.

Lemma 5.2.1 Let S be a closed set of X and let x € X \ S. Assume that Ps(-) is
well-defined and continuous on a neighborhood of x. If DgPs(x) exists, then it coincides
with the second (Gdteaux) derivative at x of the convex function ¥ : X — R given by

W(h) = L|h|J2 = Ld3(h), Vh € X.

Consequently, DgPs(x) is a symmetric and positive operator.



184 CHAPTER 5. SMOOTHNESS OF THE METRIC PROJECTION

Proof. On one hand, the function W is obviously continuous. On the other one, as observed
by Asplund in [2], we have that

— L)% — inf{ LA — 2
W(h) = 3l — inf{5[lh — yII°}

2
= 3B = 31 ~ ing{(h, ~5) + Sul?)

= sup{(h,y) — 3|ly[I*}.
yes

Therefore, ¥ can be written as the supremum of affine functions, which entails its con-
vexity. Now, let U € Nx(x) be an open neighborhood on which Ps(-) is well-defined and
continuous. Fix u € U and u* € 0¥ (u). We have that for all ' € U,

(u* v —u) < U(u') — V(u)

= 5ll/|I? = 3d5(u) — gllull* + 3d%(u)
sl lP = 3llull® = 31" = w) + (u = Ps(u)[* + 3llu — Ps(u')]|?
P = 3llull® = glle" = wl* = (@' = u,u — Ps(u))

= (u' — u, Ps(u)).

IN

Now, taking h € X and replacing u' by u + th (with ¢ > 0 small enough) in the latter
development, we can write

by = lim o)

N0t = (Ps(u), h).

< i (Polt ). 1h)
N0 t

This entails that u* = Pg(u) and so 0V (u) = {Ps(u)}, since the continuity of U ensues the
nonemptyness of OV (u). We get therefore that ¥ is G-differentiable on U with VW (u) =
Ps(u), for all u € U. In particular, since Pg is continuous, we get that ¥ is of class C!

with DpW(u) = (Ps(u), ), for all u € U.

Now, since x € U, we conclude that DgPs(x) is the second (Gateaux) derivative of W at
x, and so, by convexity of W, we get that DgPs(z) is a symmetric and positive operator,
finishing the proof. m

The following proposition shows that DgPs(x) can be regarded as a linear mapping from
Hlx] into H{[xz], since D¢ Ps(x) can be (left and right) composed with I1z,) without being
modified.

Proposition 5.2.2 Let S be a closed subset of X and fiz x € X \ S. Assume that Pg is
well defined and continuous on a neighborhood of x. If DgPs(x) exists, then

DGpS((I?) o HH[:E] = DGpS(iC) = HH[_’E] o DGpS(Z'). (515)

In particular, DgPs(z)X C Hlx].
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Proof. Fix y € X. Since y — Iy (y) = Mx — Ps(x)) for some A € R, it is enough, in
order to get that DgPs(x) o Il = DgPs(x), to show that DgPs(x)(x — Ps(x)) = 0.
By Proposition 4.2.2, we see that Ps(z) = Ps(z) for every z € [Ps(x),z], and so

D Ps(x) (@ — Ps(x)) = lim Ps(z + t(x — st(x))) — Py(z)

=0.

Since D¢ Ps(x) and Il ;) are both symmetric operators and since the composition D Pg(x)o
g1, is also symmetric (by the preceding development), we can write

<HH[ac] O DGpS(:E)h, h,> = <h, DGpS(ZE) o} HH[x}h,> = <DGps(:U) o} HHmh, h’>,

for every h,h’ € X. We conclude that DgPs(z) and Iy, commute, which finishes the
proof. O

Lemma 5.2.3 Let S be a closed set of X and let x € X \ S. Assume that Ps(x) exists
and that S is (r,a)-proz-reqular at Ps(x) for some a > 0 and some r €)0,400]| with
ds(x) <r. If DgPs(x) exists, then

1
D¢ P, <
|| G S(x)H = 1—7"71ds(£l§')

In particular, for any 6 € 10,1 —r~'ds(x)[, we have that the operator idx —dDgPs(x) is
positive and invertible.

Proof. Without loss of generality, we may assume that r < 400, since if the statement of
the lemma holds for every r €10, +00[, then the result is completed by taking r — +oc.
So, fix r €]0, 400

Consider v €]0, 1] such that ds(z) < yr. We then have that x € Wg(Ps(z),yr, ) and by
Theorem 4.3.11, we know that Pg(-) is (1 — ) '-Lipschitz continuous in this set. Then,
we get that
[DePs(x)h|| < 7" ([[Ps(z + th) — Ps(x)]| + oft))
_ _ £,0 _
<t (=) ithll 4+ o(t)) = (1 =) IRl

Thus, ||DgPs(z)| < (1 —~)~t. Now we can take v | r~'dg(z) and so, taking limit, we

get that
r

D Ps(z)|| < (1—r"'dg(z)™" = T de(@)’

Now, note that for each ¢ € }O, %S(x) [ we get that

| idx —(idx —0DgPs(z))|| = d||DaPs(z)|| < 1,

and so, idxy —0DqPs(x) is positive and invertible, since every operator in B x)(idx, 1)
enjoys the property. O]
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Proposition 5.2.4 Let S be a closed set of X and let x € X \ S. Assume that Ps(x)
exists and that S is (r,a)-proz-reqular at Ps(x) for some o > 0 and some r €0, +00]
with ds(z) < r. Then, for every y € Rayp, .(S) the following hold:

(a) If DgPs(x) (resp. DpPs(x)) exists, then DgPs(y) (resp. DpPs(y)) also exists.
Furthermore, if D(;PS(x)|H[x] is injective over H[x] (resp. surjective onto Hlx]),

then DGPS(Z/HH[@,} is also injective over Hly| = Hlz| (resp. surjective onto H[y| =

(b) If Ps(-) is of class CP (with p > 1) near x, then it is also of class C* near y.

Proof. Without lose of generality, we may and do suppose that r < 4+o00. Choose v €
10, 1[ such that max{ds(z),ds(y)} < vyr. We know that Pg(-) is Lipschitz continuous on
Ws(Ps(x),vr, o) with Lipschitz constant K := (1—+)~'. In particular, || DgPs(z)| < K.
Now, choose a sequence {y;}!, C [x,y] such that yo = z, y, = y and

Yier = ¥i + ti(yi — Ps(yi))

with ¢; € R small enough such that |¢;] < (1+ K)~'. Observe that, since dgs(y; + t;(y; —
Ps(y;))) = ds(yit1) < yr, there exists §; > 0 small enough satisfying

Y +h+ ti(yi +h— Ps(yi + h)) c Ws(PS(ZE),’W”, Oz), Vh € B)((O, 51) (516)

Noting that Ps(y;) = Ps(z) and that ||DgPs(y;)|| < K for all i € {0,...,n}, it is enough
to show that both statements (a) and (b) hold replacing y by y;. The general case arrives
inductively, replacing in the ith step the roles of x and y by y;_; and y; respectively.

Assume then that n = 1 and denote ¢t := t;. Let us observe first that the operator
A :=idx +t(idx —DgPs(z)) is invertible. Indeed, we have that

lidx —All = [t|[lidx —=DaPs(x)[| < [t[(1 + K) <1,

which entails that A is invertible, since all operators in By (x)(idx, 1) are so. We will show
that DgPs(y) = DgPs(z) o A7 Fix h € X, s €]0,+oc[ and denote u = A~'h. If s is
small enough such that y + sAu € Wg(Ps(z),yr, ), we can write

y+ sAu =z + t(x — Ps(x)) + su+ st(u — DgPs(x)u)
= (14 t)(z + su) — t(Ps(z) + sDgPs(z)u).

Also, we know that Ps(x + su) = Ps(z) + sDgPs(x)u + o(s), and so, combining both
equalities, we get that
y+ sAu = (1 +t)(z + su) — tPs(x + su) + o(s).

Taking s small enough, we may assume that x + su € Ws(Ps(x),~yr, a) and, by equation
(5.16), that (z + su) + t(z 4+ su — Ps(x + su)) is also included in Wg(Ps(x),vyr, o). Thus,

Ps((x + su) + t(z + su — Ps(x + su))) = Ps(x + su).
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Since Ps(-) is Lipschitz continuous in Ws(Ps(x),yr, a) we can write
Ps(y + sh) = Ps(y + sAu) = Ps(x + su) + o(s) = Ps(y) + sDPs(x) o A7 (h) + o(s),

where the last equality follows recalling that Ps(y) = Ps(x) and u = A~ h. Since h is
arbitrary, we conclude that DgPs(y) exists and it coincides with DgPg(z) 0 A7, as we
claimed. The case when Pg is F-differentiable follows exactly the same proof using that
o(A7h) = o(h).

The second part of the proof follows directly from the bijectivity of A, once we note that
A(H|[z]) C H[z]. Indeed, using Lemma 5.2.2, for any h € H|[z| we have that

(Ah,x — Ps(x)) 1+ t)(h,x — Ps(x)) — t(DgPs(x)h,z — Ps(x))

= (
= (1 + t)<h,27 — P5($)> — t<HH[x] o DGpS(ZE)h,JI — Ps(l‘)>
0

Y

and so, the latter inclusion holds.

Finally, suppose that Ps(-) is of class C? near z. It is direct that the function F'(u) := (1+
t)u—tPs(u) is also of class C? near x and DpF(x) = A. Using the Local Inverse Function
Theorem, there exists a neighborhood U C Wg(Ps(x),yr, ) of x and a neighborhood V
of y = F(z) also included in Ws(Ps(x),yr, ) such that F': U — V is invertible and F~!
is of class C? on V. Since (by Proposition 4.2.2) Ps(F(u)) = Ps(u) for all u € U, we get
that

Ps(v) = Pso Fo F'(v) = Pgo F~'(v),

and so the conclusion follows by chain rule. The proof is complete. O]

Corollary 5.2.5 Let S be a closed body of X and xo € bdS. Assume that S is r-prox-
reqular at xo. If bd S is a CPT'-submanifold at zo, then there exists o > 0 such that Ps(-)
is of class C? on Ws(xg,r,c) \ S and for each uw € Wg(xo, 7, ) \ S, DPs(u) restricted to
H{u] is invertible as a mapping from Hu] onto H[u].

Proof. Fix o > 0 such that S is (r, «)-prox-regular at zy and that Bx(zo,«) Nbd S is a
CP*l-submanifold. Choose u € Ws(wzo,7, ) \ S with dg(u) < 5. By Theorem 5.1.6, we
know that Pg is of class CP near w. Also, noting that H[u] = Ty (bdS), we get by
Proposition 5.1.5 that DPg(u) restricted to H[u| is invertible as a mapping from H [u]
onto H[u]. The rest of the proof can follow from Proposition 5.2.4. O

Observe also that Proposition 5.2.4 allows us to derive Theorem 5.1.6 from Theorem 4.4.6.
We will present this parallel proof here because of its value as a different strategy.

Alternative proof of Theorem 5.1.6. Since S is r-prox-regular at xg, there exists o/ €]0, o/
such that Bx(z,’) Nint S is connected, Bx(zg, ') NS = Bx(zg,a’) Nint S and that S
is (r,o/)-prox-regular at xo. We will show that Pg(-) is of class C? on Ws(zg,7,a/) \ S,
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which is enough to derive the result (noting that Ray, .(S) C Ws(xo,r,a’) \ S for the
first part and considering o/ = « for the second one).

Since N (S;z) = 0 for each x € Bx(z¢,a’) Nint S, it is not hard to see that
Ps Ws(xg,r, ')\ S) = Bx(x9,a') Nbd S.

In particular, we get that dg and dy,q 5 (and therefore, Ps and P,q ) coincide on We(zo, 7, ')\
S. Fix then z € Bx(z,a’) Nbd S. Since S is a closed body near = (take U = Bx/(xg, )
in the definition of closed body) we know that

NP(S;2) = {~ti(z) : t> 0},

where & denotes the interior normal vector of S at x, and so Ray, ,.(S) is well-defined.
Since bd S is a CPT!-submanifold at z, by Theorem 4.4.6, there exists an open neighbor-
hood U € Nx(z) contained in Bx(zg,a’) on which d},¢(-) is of class CP*!. In particular,
there exists u € U N Ray, (S) and a neighborhood U" € Nx(u) contained in U \ S on
which d?,4(-) is of class CP™'. Thus, Pygg is of class C? on U’ and, since Ps = Pus
on U', we can apply Proposition 5.2.4 to conclude that Pg() is of class C? near each
u' € Ray, .(S). Finally, since

WS(':C(% T, Oé/) \ S = RS(:C07 r, O/> \ S = U RaYz,r(‘g)?

z€Bx (zo,o/)Nbd S

the conclusion follows. ]

Lemma 5.2.6 Let S be a closed set and let x € X \ S. Assume that Ps(x) exists,
that S is (r,a)-proz-reqular at Ps(x) for some r €10,+o0c]| and some o > 0, and that
x € Ws(Ps(x),r,a)\ S. If DgPs(x) exists and is surjective onto H|[z|, then

(a) DgPs(x) is invertible as a mapping from H[z| onto H|[z].
(b) The partial G-derivative of Ps at Ps(x) with respect to H|x] exists and it coincides
with idH[z}.

Proof. Let us denote A := D(;PS(:);)|H[I]. Note by Proposition 5.2.2 that DgPs(x) is

surjective onto H|[z] if and only if A is surjective onto H[z]. Fix h € Ker(A). For every
z € H[z| choose y € H[x] with Ay = z. By symmetry of A(z) (see Lemma 5.2.1), we can
write

(z,h) = (Ay, h) = (y, Ah) = 0.
We conclude that h = 0, which entails the injectivity of A, proving the part (a).

For (b), fix h € H[z] and denote u = A~'h. By hypothesis, we know that

Ps(x + tu) = Ps(z) + tDg Ps(z)u + o(t).
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Since Pg is locally Lipschitz on Wg(Ps(x),r, @), for t > 0 small enough we can write
Ps(x + tu) = Ps(Ps(x + tu)) = Ps(Ps(x) + tDgPs(x)u) + o(t).

Mixing both equalities and recalling that DgPs(z)u = h, we get that for ¢ > 0 small
enough
PS(Ps(.Q?) + th) = Ps(ZL’) +th + O(t),

which entails, by arbitrariness of h, that the partial G-derivative of Pg at Ps(z) with
respect to H x| exists and it coincides with idy,), finishing the proof. O

5.2.2 Characterization of closed bodies with smooth boundary

This section is devoted to state and prove the converse of Theorem 5.1.6, providing a
full characterization of closed bodies with smooth boundary in terms of the smoothness
of their metric projections. Based on the previous section, we already know that prox-
regularity and epi-Lipschitz property are both necessary conditions for the smoothness of
the boundary of a set. Therefore, we will work assuming that our closed set S is in fact
a closed body which is both prox-regular and epi-Lipschitz at some point of its boundary
bd S.

We will start with the case when S is an epigraph itself. Consider then an open set O C X,
a Lipschitz function f : O — R with Lipschitz constant v > 0 and a point zy € O. Set
S :=epif C X x R and assume that S is (r, a)-prox-regular at (zo, f(zo)) with a > 0
small enough such that

BXXR(({L'O, f(l’o)), Q{) M S = BXXR((I‘Q, f(l‘o)), Oé) N epl f

In such a case, Ps() is well-defined on Ws((zo, f(20)),r, @) and it coincides with Pepi s
therein. Let us fix a point (x, \) € Ws((xo, f(z0)),7, @) \ S and denote

A i=7x 0o Pq
AQ = TR © Ps.

We will study the relationship between the smoothness of Pg at (z, \) and the smoothness
of fat Ay(xz,\). Recall that the Lipschitz property of f entails equality (4.11), which
guarantees that for all (z, \) € Ws((xo, f(x0)),r, ) \ S, we have that

A —No(z, ) = mr((x,\) — Ps(x,\)) <O. (5.17)

Lemma 5.2.7 Assume that the partial G-derivative of Ps with respect to H[x, A exists
at Ps(x, \) and it coincides with idg, 5. Then [ is G-differentiable at Ay(x, X).

Proof. Let us denote x1 := Ay(z, \) and 7 := dg(z, \) "' (Ps(z,\)— (z,\)). By hypothesis,
on one hand we have that Ps((x1, f(21)) +th) = (z1, f(x1))+th+o(t), for all h € H[z, ).
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On the other hand, since S is prox-regular at (z1, f(z1)), we have that for every (y,s) €
X xR,

Ps((x1, f(21)) +t(y,8)) = (z1, f(21)) + tPrs 8y, f(21)) (U, 8) + 0(1).

By mixing both expansions of Ps((x1, f(21))+th), we conclude that Prs sz, f(z1))(h) = h
for every h € H|x, )], which entails that H [z, \] C T5(S; (21, f(z1))). Further, since S is
both epi-Lipschitz and tangentially regular at (zy, f(z1)), we get that TB(S; (z1, f(x1)))
and epi f'(z;-) both coincide with T¢(S; (z1, f(x1))). Then, by Corollary 4.3.8, it is easy
to deduce that this las cone is a half-space. This entails, considering the decomposition
X xR = Hz,\| & Rn

epi f'(15-) = TP(S; (w1, f(21))) = {h+ s+ h € Hz, A, s > 0}.
Thus, the graph of f’(xq;-) is the closed hyperplane H[x, \], which yields that f'(z1;-) is

linear and continuous. We conclude that f is G-differentiable at A;(x, \), finishing the
proof. O]

Proposition 5.2.8 If f is G-differentiable at Ai(x,\), then
(a) V(A N) = =520

(b) The partial G-derivative of Ps(-) at Ps(x, \) with respect to

Tl N = {(h,s) € X xR : {(h,5), (Vf(A(z,\), —1)) = 0}

erists and it coincides with idpy, y).

Proof. For part (a), since f is G-differentiable at A;(x, \) we have, by Corollary 4.2.10,
that Op f(A1(z,\)) C {V f(Ai(z,N))}. Also, by equation 5.17, we know that A—Aq(z, \) <

0 and so we can write

x— Ay (2, \) (@, \) = Ps(z,\) Pg Pula
(_)\—Ag(x, )\)7_1) o |7T]R((x,)\) —Ps(.’ll',)\))’ eN (Sa PS( 7>‘))

Since by construction Ps(z,\) = (Ay(x, A), f(Ai(z, A))), we deduce that

x— A(x,\)

—— 2 c 0 A A
)\—152<x;/\) Pf( 1(33’ ))’
which proves the desired equality.

For part (b), since f is tangentially regular at A;(z, A) (by the prox-regularity of ), we
can write that

T2(S; Ps(x,\) = TC(S; Ps(z,\)) = Tc(epif; Ps(z,\)) = epi f'(As(z, ;).
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Since f is G-differentiable at A;(z, A), it results that
TE(S; Ps(x,\) = {(h,s) € X xR : Dgf(Ai(z, \)h < s},

and hence T'[x, \] C T?(S; Ps(x, \)). Further, by Theorem 4.3.12, we know that Pg(-) is
directionally differentiable at Ps(x, \) and that for every (h,s) € X x R,

PS(PS(xv )\) + t(h7 S)) = PS<£C7 )‘) + tPTB(S;PS(x,)\)) (h7 S) + O<t)
This and the above inclusion T'[z, \] C TB(S; Ps(x, \)), entail that for all (h, s) € T[x, \],
Ps(Ps(z,\) +t(h,s)) = Ps(x,\) + t(h,s) + o(t),

and so, the partial G-derivative of Ps with respect to Tz, A] exists and it coincides with
the identity idz(, y. The proof is now complete. O

Theorem 5.2.9 Assume that f is G-differentiable near xo and that Ps(-) is of class C?
(with p > 1) on an open neighborhood U of (z,X) € Ray(,, j(o))-(S). Assume also that
Vf(xo) = 0 and that DPs(u) is invertible in Hlu| for each uw € U. Then, f is of class
CP*! near x;.

Proof. Let us denote v = (=g, f(zo)). For simplicity, we will write u = (u1, up) for each
u € X xR. Without loss of generality, we may assume that f(zo) = 0. Denote 4 := (Z, \)
and n = dg(u) ' (i — Ps()), and consider the mapping

F:U—=XxR
u+— Pg(u) + (R, u — u)n.

Clearly, F is of class C? on U. Also, for all h € X x R
DF(a)h = DPs()h + (R, by = DPs(@) o yzmh + (A, hy,

and so DF'(u) is invertible, since D Pg(u) is invertible restricted to H[u] and n L H[u] by
definition of H[u|. Applying the Local Inverse Function Theorem, we get that there exist
an open neighborhood Uj of @ and an open neighborhood V' of F(u) = Ps(u) = © such
that F': Uy — V is invertible and F~! is of class CP.

Since V f(z¢) = 0 we have, by Proposition 5.2.8(a), that in fact 7 = (0,—1) and H[u] =
X x {0}. Choose then an open neighborhood Vx € Nx(xg) such that Vx x {0} C V
(which can be done since f(xzy) = 0 and V' is a neighborhood of (xg, f(z¢))) and such
that f is G-differentiable on V. Shrinking Uy and V' if necessary, we may suppose that
Up € W(Ps(xp),r, ) \ S, and so, provided equation (5.17), ug — mr(Ps(u)) < 0 for each
u € Up. Defining the mapping G : Vx — U given by G(z) := F~'(x,0) and using
Proposition 5.2.8(a), for every x € Vx we can write

Vf(x) = V[ (rx(,0)) = (V[) omx o F(G(x))

= (Vf) o A1(G(z)) = —X° G(z) — Ay o G(x)

Mo G(x) — Ay o G(x)’
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where the third equality comes from the fact that
x o F(u) = mx o Ps(u) 4+ (n,u — uywx(n) = mx o Ps(u).

Since GG, A1 and A, are of class CP, we conclude that V f is of class C? on V. This yields
that f is of class CP*! on Vy, finishing the proof. O]

Now, after the development for the epigraph of Lipschitz functions, we can go back to our
case of study, that is, to consider that S is a closed subset of X.

Proposition 5.2.10 Let S be a closed set of X and let x € X \ S. Assume that S is
(r, a)-proz-regular at Ps(x) for some o > 0 and some r € |0, +00] with dg(x) < r. Assume
also that Ps is G-differentiable at x and that Dng(x)’Hm is injective over H|x]. Then

R {z — Ps(z)} € NP(S; Ps(x)) C R{z — Ps(x)}.
If in addition S is epi-Lipschitz at Ps(x), then

R, {z — Ps(z)} = NP(S; Ps(x)).

Proof. Since Ps(z) exists, the inclusion R, {z — Ps(z)} C N (S; Ps(z)) is direct from
the definition of proximal normal cone. Suppose that the second inclusion fails, that
is, there exists & € NP(S; Ps(z)) \ R{z — Ps(z)}. By definition of proximal normal
cone, that means that there exists y € Wge(Ps(x),r, ) \ S such that Ps(y) = Ps(x) and
£ =y— Ps(y) ¢ R{x — Ps(z)}. The fact that N¥(S; Ps(x)) is convex by Corollary 4.2.6,
and the equality Ps(z) = Ps(y) yield that (z +t(y — z)) — Ps(z) € NP(S; Ps(z)) for all
t € [0,1], and, since we can write

ds(z +t(y —z)) < |lv + t(y — x) = Ps(x)|| < tds(y) + (1 — t)ds(z) <r,

we also have that = + t(y — z) € Ws(Ps(z),r, ). By (r, a)-prox-regularity we get that
Ps(x +t(y —x)) = Ps(x) for all t € [0, 1]. Using Proposition 5.2.2, this entails

D Ps(z) (g (y — ) = DePs(x)(y — z) = im Ps(x +t(y —t:c)) — Py(z)

=0.

By injectivity of D¢ Ps(z) ‘H[x]’ we conclude that Iy (y —2) = 0. But, since y — Ps(z) =
y — Ps(y) ¢ R{zx — Ps(x)} = H|z]*", we know that Ily)(y — Ps(z)) # 0, and so

0= ) (y — ) = ap(y — Ps(2)) = ap) (@ — Ps(r)) = Wap(y — Ps(z)) # 0,

which is a contradiction. We conclude that N (S; Ps(z)) C R{x — Ps(x)} which proves
the first part of the proposition.

For the second part, assume in addition that S is epi-Lipschitz at Pg(z). Then, we know
that T¢(S; Ps(z0)) has nonempty interior. If N¥(S; Ps(xq)) 2 R, {x — Ps(z¢)}, then, by
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the first part of this proposition and the fact that N7 (S; Ps(x)) is a cone, we would get
that N7 (S; Ps(z)) = R{zg — Ps(xo)}.

Since S is prox-regular at Ps(zg), we know that N¢(S; Ps(zg)) coincides with N (S; Ps(z)),
and so, since T%(S; Ps(1)) is a closed convex cone, we could write

TY(S; Ps(x0)) = [NF(S; Ps(0))]” = {h € X : (h,x — Ps(x0)) = 0}.

Since the last set in the above equality has empty interior, this yields a contradiction.
Thus, N7 (S; Ps(z¢)) coincides R, {z — Ps(xq)}, which finishes the proof. O

Now we can state and prove the main result of this section. It is a full characteriza-
tion of closed bodies with smooth boundary in terms of the smoothness of the metric
projection. The converse of Theorem 5.1.6 is contained in this theorem, as implication
(¢) =(a). Observe that the local prox-regularity and the epi-Lipschitz property are posed
as hypotheses, but they are consequences of (a).

Theorem 5.2.11 Let S be a closed body of X and let vy € bdS. Assume that S is
r-proz-reqular and epi-Lipschitz at xo. The following assertions are equivalent:

(a) bd S is a CPT'-submanifold at x.

(b) There exists o > 0 such that Ps is of class CP on Ws(xg,m,) \ S and for every
u € Ws(zo,m,a)\S, DPs(u) restricted to H[z| is invertible as a mapping from H [u]
onto Hu).

(c) There exists a neighborhood U of xo such that Ps is of class C? on U \ S and for
every uw € U\ S, DPs(u) is surjective onto Hu].

Proof. (a)=-(b) is contained in Theorem 5.1.6 and (b)=-(c) is obvious, setting U =
Ws(xo, 7, ). Let us then prove (¢)=-(a). By the epi-Lipschitz property, we know that
there exists a nonzero vector v € NY(S; ) small enough such that Z := 2y +v € U.
Since S is prox-regular at x5, we get by normal regularity that N¥(S;z¢) = NY(S;z)
and so v € NT(S;zy). By shrinking the norm of v if necessary, we may assume that
PS(Zf') = XZ9-

Now, since * € U, by Lemma 5.2.6 we get that DPs(j)| Hiz) is invertible and so by
Proposition 5.2.10, we get that

NE(S;20) = NT(S;20) = Ry {Z — Ps(2)} = R, {v}. (5.18)

In particular, it ensues that T9(S;2¢) = {h € X : (h,v) <0} and that 7 := —||v||~'v €
I(S;10). Denote Z = {n}*+ and zy = mz(xo). By the epi-Lipschitz property, there exist
an open neighborhood O € Nz(2), a real € > 0 and a Lipschitz function f : O — R such
that the set

Uo = L(Ox]f(z) — ¢, f(20) +€[)
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is contained in U and S N Uy = L(epi f) N Uy, where L : Z x R — X is the canonic
isomorphism given by L(z,\) = z + Af. Denote S’ := epi f and note that L' (zy) =
(20, f(20)). Since L is an isometry and Ps is continuous on Uj, it is easy to verify that
there exists an open neighborhood U; € Nx(x) contained in Uy such that, denoting
W= L7YU,),
PS,|W == epif‘W == L_l o} PS @) L‘W

In particular, Py ¢ is well-defined on W and it is of class C? on W\ S’. Also, for each
(z,\) € W\ &, it is clear that

DPyi¢(2,\) = L1to DPs(L(z,\)) o L
and that
Hg[z, N = {(z,\) € XxR : (L*I(L(z, A)—Ps(L(z, M), (2", \)) =0} = LilHS[L(z,)\)].

In particular, we get that DP.y f(z, )\)‘ Holon] is invertible as a mapping from Hg/ |z, A]
onto itself. Also, since by Theorem 4.3.10 S’ is prox-regular at (zq, f(z0)) and Ps/ coincides
with P.piy in W, we may suppose by shrinking W if necessary and by using Lemma 5.2.6,
that for every (z,\) € W\ S’ the partial G-Derivative of P.p; s with respect to Hg/[z, A]
exists at Pepif(z,A) and it coincides with the identity idg, .,y

We can now apply Lemma 5.2.7 to deduce that for every (z, A) € W\ S, the function f is
G-differentiable at A1(z, \), where Ay := mz0P,,; . We claim that A, (W\S’) is a neighbor-
hood of zy. Indeed, fix & > 0 and 7" > 0 small enough such that Bz.g((z0, f(20)),a) C W
and such that S is (1, )-prox-regular at (zo, f(20))-

Since f is Lipschitz continuous, we can fix o/ > 0 such that (z, f(2)) € Bzxr((20, f(20)), @)
for each 2 € Bz(z0,a'). Then, for any such a z, since N¥(S5’;(z, f(z))) is nontrivial
(according to the normal regularity and epi-Lipschitz property of S’), we get that there
exists £ € NP(5;(z, f(2))) such that ||(z, f(2)) + & — (20, f(20))|| < @ and (z, f(2)) =
Po((2, f())+€). Hence, (2, £(2))+€ € Byra((20, (20)), )\ S and Ay((z, £(2)) +€) = .

This entails the inclusion

AW S) 2 Mi(Bzxr((20, f(20)), @) \ &) 2 Bz(2, ),

proving our claim. It then follows that f is G-differentiable near zy. Furthermore, noting
that L* = L™!, we can write using Proposition 4.2.14(c)

N (epi f: (20, f(20))) = N(epi f N L7 (Uo); (20, f(20))) = N(L7(S N ), (20, f(0)))
= L* [N°(S N Up; z9)]
= L7 [NY(S N Up; o))
= L7 [N"(S;20)] = {(72(8), (€. 7)) = €€ N"(Ss0)}.

So using the equality N7 (S;x9) = R, {(0, —1)} due to equation (5.18), we see that

NP (epi f3 (20, f(20))) = Ri{(=72(7), —1)} = Ro{ (0, = 1)},
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which tells us that Vf(zp) = 0. All the hypotheses of Theorem 5.2.9 are then fulfilled,
which guarantees that f is of class CP*! near z;. Finally, noting that bd SNUy = L(gph f)N
Uy, we conclude by Proposition 4.1.4 that bd S is a CP*!-submanifold at xy. The proof is
now complete. O

5.2.3 Partial converse of Poly-Raby’s Theorem

In the line of the development in the previous subsection leading to the smoothness of
metric projection to a closed body whose boundary is a submanifold, our aim in this final

subsection is to study the case when the set is itself a submanifold, in view of a converse
of Theorem 4.4.6.

First, let us recall that Poly and Raby proved this converse in the finite-dimensional
setting. To be more precise, they proved that, if for a closed set M in a finite-dimensional
Euclidean space there exists a neighborhood U of a point mg € M on which d3,(-) is of
class CP™1) then M is itself a CP*'-submanifold at mg (see |25, Section 3]).

Unfortunately, this part of their proof cannot be directly extended to the infinite-dimen-
sional setting (at least to our knowledge). Nevertheless, their main ideas can be followed
if we assume in addition that the (p + 1)-derivative of d3,(-) is uniformly continuous near
mg. We will present here this partial converse of Theorem 4.4.6 which, by Proposition
5.2.4, entails the same partial result for Theorem 5.1.10. To do so, we will need several
lemmas.

Let us introduce the notion of locally uniform continuity. Let £ and F' be two Banach
spaces and let U be a nonempty open set of E. We will denote by Cllf)’g (U; F) (with
k > 0) the set of C*-mappings f : U — F such that the kth-derivative is locally uniformly
continuous, that is, for every uy € U there exists dy > 0 with Bx(ug,dp) € U such that

D* f is uniformly continuous on By (ug, dy), that is,
Ve >0, 36 >0, Yu,u' € Bx(ug,dy), |[u—u|| <6=|D"f(u) — D*f(u)| < e.

Analogously, we will denote by C"'(U; F) the set of C¥-mappings f : U — F such that

loc
the kth-derivative is locally Lipschitz-continuous.

Lemma 5.2.12 Let X;, X5 and X3 be three Banach spaces and let U and V be two
nonempty sets of X1 and X, respectively. Consider two mappings f : U — V and
g:V = Xy such that f € C?°(U; X5) and g € CP2(V; X3). Then, we have that

loc loc

gof EC{Z’S(U;X;:,).

Proof. Let us first note that the result is direct for £ = 0. We will prove the case k > 1
by induction. By chain rule, we know that for each u € U,

D(go f)(u) = Dg(f(u)) o Df(u) = S(Dg(f(w)), Df(u)),
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where 8 : L(Xs, X3) x L£(X1, X3) is the bounded bilinear operator given by §(71,T2) =
Ty0T). Letusdefine U : U — E = L( Xy, X3) X L(X7, Xo) given by W(u) = (h(u), Df(u)),
with h := (Dg) o f. We claim that ¥ is locally uniformly continuous. Indeed, since Dg(-)
and f(-) are locally uniformly continuous, we know that h(-) also is. Thus, since Df(-)
is also locally uniformly continuous, for each ug € U, there exists dg > 0 such that for all
e > 0 we can find 91,y > 0 satisfying

Vu,u' € By, (ug,d), [[u — || < 01 = ||h(u) — h(u)]| < &/2;
Vu,u' € By, (ug, d), [[u— || < da=||Df(u) — Df(u)| < e/2.

Endowing E with the 1-norm, we have that for all u,u € By, (ug, do)
lu =[] < 5= [W(u) — V()| = [[h(u) = ()| + |1Df(u) = Df(W)] <e.

where § = min{d;,d}. By arbitrariness of £ and ug, we conclude that ¥ is locally
uniformly continuous, as claimed. Since f is locally uniformly continuous (in fact, is of
class C*) we conclude that D(go f)(-) = f o ¥(:) is also locally uniformly continuous,
which proves the result for £ = 1.

Now, inductively, assume that for n > 2 the result holds true for £ < n and consider
k = n+ 1. It is not hard to see that ¥ & Ck_l’O(U; E). Indeed, noting that, by

loc

induction, h € C'"(U; £(Xy; X3)) and that Df e CF"(U; £(X1; X3)) we can repli-

loc loc
cate the above development, to conclude the locally uniform continuity of DF10(.) =

(D*Lh(-), D¥f()). Then, since 8 € CF°(F; £L(X1; X3)), we conclude that

D(go f)(-) = BoW() € Ci.(Us L(X1; X3)),

which entails that go f € Ck’O(U; X3), finishing the proof. O

loc

Now, given two Banach spaces F and F', assume that we have a CP-diffeomorphism W :
U — V where U C E and V C F are open sets. It is not hard to see that for every v € V
we can write

DU (v) = (DU(U(0))) ™ = J o DV o U (v),

where J : Iso(E; F') — Iso(F; E) is the homeomorphism given by J(T) := T~!. Tt is well-
known that Iso(E£; F') and Iso(F'; E) are open subsets of L(E; ') and L(F'; E), respectively,
and that J is a C*°-mapping, and so it belongs to Cf’o’g(lso(E; F); L(F; E)) (see, e.g., [15,
Proposition 3.1.3 and Theorem 3.1.5]). Therefore, using Lemma 5.2.12, we get that if
U e CPY(U; F), then DU~ € CP MV, L(F; E)) and so U~ € CP2(V; E). This yields,
by changing the roles of ¥ and U~! when it is necessary, the following corollary:

Corollary 5.2.13 Let E and F' be two Banach spaces and let U and V' be two nonempty
open sets of E and F', respectively. If a mapping ¥ : U — V C is a CP-diffeomorphism
(with p > 1), then

U eClUF) «— U tel (V. E).

loc loc
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Remark 5.2.14 Lemma 5.2.12 and Corollary 5.2.13 remain true if we replace the locally
uniform continuity of the pth-derivative by the local Lipschitz property.

In view of Proposition 4.1.4, we can introduce the following two stronger versions of CP-
submanifolds, for which we will state a characterization in terms of the differentiability
of the metric projection:

Definition 5.2.15 Let X be a Hilbert space and p > 1. A subset M of X is a CPP-
submanifold (resp. CP*-submanifold) at a point mg € M if there exist a closed subspace
Z, two open neighborhoods U € Nx(mg) and Vz € Nz(0), and a mapping 0 : V; — Z+
such that

(i) 6 belongs to CP2(V; Z1) (resp. belongs to CPH(V; Z1));

loc loc
(i) 0(0) =0 and DO(0) = 0; and

(iii) M NU = (LY (gph0) +mo) NU, where L : X — Z x Z* is the linear isomorphism
given by L(z) = (n(x), w1 (x)).

The following lemma is the fundamental piece that allows us to translate the proof of
Poly and Raby into the finite-dimensional setting, for CP*1-submanifolds and CP*%!-
submanifolds.

Lemma 5.2.16 Let X, Y and Z be three Hilbert spaces and let U € Nx(0) be an open
neighborhood of 0 in X. Consider a continuous mapping T : U C X — L(Y;Z) and an
integer p > 1. Define the mapping g : U XY — Z given by

g(u,y) == T(u)y.

Then T is of class CP, whenever g is of class CP and there exists V € Ny (0) such that
the family {DPg(-,v)}vey is locally equi-uniformly continuous, that is, for every ug € U,
there exists 69 > 0 with Bx(ug,dy) C U such that for every e > 0, there exists § > 0 for
which we have that

Vu,u' € Bx(ug,d0), lu—'| <8 = sup | Dglu,v) — DPg(u/,v)| <. (5.19)
1%

ve

Moreover, if g|V e CPUU x V;Z) (respectively, g‘v € CPNU x V:;Z)), then T €

loc loc

CPUUL(Y; Z)) (resp. T € CPHU; L(Y; Z))).

loc loc

Proof. Assume that g is of class C? and that there exists a neighborhood V' € Ny (0)
such that the family {DPg(-,v)}yey is locally equi-uniformly continuous. Without loss
of generality, we may assume that V' = By[0,n], for some n > 0. Observe that for
every k € {1,...,p — 1}, the continuous differentiability of D*g entails that the family
{D*g(-,v)}vepy (0 is also locally equi-uniformly continuous.
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For every k € {1,...,p}, let us define G}, : U — L(X*; L(Y; Z)) as the mapping given by
Gr(u)(zy, ..., 25)y == DFg(u,y)((21,0),. .., (2,0)), V(z1,...,2;) € XF Vy €Y.

Let us show first that Gy, is continuous for every k € {1,...,p}. To simplify notation, for
r € XF let us denote 7 := ((21,0),..., (2x,0)) € X* x Y*. Now, choose ¢ > 0 and u € U.
For d € X we have that

1Gr(u+d) — Gr(u)| = Sup |Gr(u+d)(z) — Gr(u) ()| £v;z)
TEe xk
= sup sup ||Gp(u+d)(x)y — Gr(u)(x)yl 2
yEIBy $€Bxk
=L sup sup [[DFg(u+d,y)T — D*g(u,y)i|z
yEBy [0,7]] IEBXk

< % sup || D¥g(u+d,y) — Dkg(%y)ua(xk;Z)
yEBY[Ovn]

Now, by equation (5.19), we can choose § > 0 small enough (depending on u, € and k)
such that

sup  [|D¥g(u+d,y) — D*g(u,y)||cxr.z) < me,  Vd € Bx(0,6). (5.20)

This yields that for every d € Bx(0,0) we have that ||Gy(u+ d) — Gi(u)| < &, which, by
the arbitrariness of € and u, proves the continuity of Gj..

Now, we will prove by induction on k € {1,...,p} that D¥T' = G}, Start with k = 1. Fix
again u € U and € > 0. As we did before, we can choose § > 0 small enough depending
on u, € and k, such that inequality (5.20) holds for & = 1. Thus, for every d € Bx(0,J)
we can write

17w+ d) = T(u) = Gi(u)(d)]| = > sup 1T (u+ d)y — T(u)y — Gi(u)(d)yl z

1 ye By [0,1]
1
=— sup |lg(u+d,y)—g(u,y) — Dg(u,y)(d,0)| 2
77 yeBY[Ovn}
1
=— sup [|Dg(& y)(d,0) — Dg(u,y)(d,0)|z
1 ye By [0,1]

1
< (— sup [ Dg(§,y) — Dg(u7y)||c<x;z>> d|| < elld],

Tl yeBy [0,1]

where £ € [u,u+ d| is given by the Mean Value Theorem and the last inequality is due to
the inclusion £ —u € Bx(0,4). Since G1(u) € L(X; L(Y; 7)) and ¢ is arbitrary, we deduce
that DT'(u) exists and it coincides with G;(u). Since u € U is arbitrary, the conclusion
follows.
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Now, suppose that the result holds true for 1,...k — 1 with 1 < k < p. We then have
that T := DF~!T exists and it coincides G,_;. Then, for € > 0 and v € U we can choose,
as before, 0 > 0 small enough such that for all d € Bx(0, )

I+ d) — T(u) — Gi(w)]
= LDy o UPseny, [T (0 + d)(@)y — T(0)(x) — Gr(u) @)yl
LSO,y o) SUPses -, |DF0(E 9, (d,0)) — Dig(u, ), (d.0))]| 7

= (% SUDye By [0,1] ID*g(€,y) — Dkg(uv?J)HE(X’“;Z)) Il
< elldl],

where, again, £ € [u,u + d] is given by the Mean Value Theorem, the last inequality is
due to the inclusion £ —u € Bx(0,6), and & := ((21,0), ..., (zx_1,0)) for all z € X 1.
We deduce as before that DFT exists and it coincides with Gj. We conclude that T is of
class CP, which finishes the first part of the proof.

Now, assume that g}v € CPA(U x V; Z). Tt is not hard to realize that the local uniform
continuity of ng‘v entails the local equi-uniform continuity of the family {D?g(-,v)},ev-
Thus, DPT' exists, is continuous and it coincides with G,,. Let us show then that G), is
locally uniformly continuous.

Fix then ug € U and let y > 0 small enough such that Byxy ((ug,0),00) C U x V
and such that D? (g‘v) is uniformly continuous on By y ((ug,0),do). Note that DP (g}v)
coincides with DPg in Byxy ((ug,0),00). Choose € > 0 and let § > 0 such that for all
(u,y), (W, y") € Bxxy((ug,0),dp) we have that

doe
5
Take any u,u’ € Bx(ug,8/2). Since ||(z,y)|| = (||z||*> + ||ly[|*)"/? for all (z,y) € X x Y,

we get that By (uo, do/2) X By (0,00/2) C Bxxy((uo,0),d) and so, if ||u —u'|| < 6 we can
write

(', y) = (u,y)|| <0 = [|[DPg(u,y") — DPg(u, y) || c(xviz) <

2
| == sup ||DPg(u,y) — DPg(v,y)|| <e.
do yEBy (0,50/2)

|Gp(u) — Gp(ul)

Since ¢ is arbitrary, we deduce that G, is uniformly continuous on Bx(ug,dp/2). Noting
that the uniform continuity of G, near gy holds for all uy € U, we conclude that T' €
CPY(U; L(Y; Z)). The proof that DPT is locally Lipschitz whenever g‘v eClHUXV;2)

loc loc
is analogous. The proof is now complete. O]

Theorem 5.2.17 Let M be a closed set of X and let mg € M. The following holds:

(a) M is a CPTH0-submanifold near mg if and only if there exists a neighborhood U €
N (mg) such that

(a.i) d3,() is of class CPT™0 on U;
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(a.i) Py is well-defined on U and it belongs to C?°(U; X).

loc

(b) M is a CP*H-submanifold near mq if and only if there exists a neighborhood U €
N (mg) such that

(b.1) d3,(-) is of class CP*H! on U;

(b.ii) Py is well-defined on U and it belongs to C:H(U; X).

loc

Proof. Without loss of generality, we may assume that mg = 0. In the proof of The-
orem 4.4.6, we have that whenever M is a CP™!-submanifold at 0, then there exists a
neighborhood U € Ny (0) on which we can write

Py(u) =L~ (mz0 ¢ (u),0 0mz 007 ().

Above Z, V; and 6 : V, C Z — Z* are the closed subspace, the neighborhood in
Nz(0) and the CP"'-mapping given in the definition of submanifold, and the CP-mapping
¢V, x Z+ — X is given by

(v, 20) == L (v — DO(v)*22,0(v) + 22),

where L : X — Z x Z* is the canonic isomorphism given by L(z) = (nz(z), 751 (x)),
and where the inverse of ¢ is given by the Local Inverse Function Theorem. Noting

that if § € C?T10(Vy; Z1) (vespectively, 0 € CPHV(Vy; Z1)), then ¢ € 2P0 (¢~ 1 (U); U)

loc loc loc

(resp. ¢ € Cp+1’1(¢_1(U); U)), we get by Lemma 5.2.12 and Corollary 5.2.13 that Py, €

loc

CPHO(U; X) (resp., using Remark 5.2.14, that Py, € C7t11(U; X)). Thus, the necessity

loc loc
in statements (a) and (b) follows.

Now, let us prove the sufficiency. Since the proofs of (a) and (b) are analogous, we will
only show part (a). Fix § > 0 small enough such that d3,(-) € CZ-"(Bx(0,26); R). Since
V(d3)(u) = u— Py(u), we get that Py is well-defined on Bx(0,20) and it belongs
to CPY(Bx(0,26); X). Now, for & € Bx(0,0), it is clear that Py(z) € Bx(0,26) and it
verifies

We get then that DPy(0) o DPy(0) = DPy(0) and so, since DPy(0) is also symmetric
by Lemma 5.2.1, there exists a closed subspace Z of X such that DPy;(0) = I1 (see the
Introduction of Part II).

Define the CP-mapping V¥ : Bx(0,0) — Z x Z* given by
U(x) = (m2(Pu()), mz0 (v — Pu(z))).

Note that ¥(0) = 0 and D¥(0) = L, where L : X — Z x Z* is the canonic isomorphism
given by L(h) = (m5(h), 7. (h)). Note also that, by Lemma 5.2.12, ¥ € C"°(Bx(0,0); Z x

loc

Z1). Since D¥(0) is invertible, by the Local Inverse Function Theorem and by Corollary
5.2.13, there exist two open neighborhoods U € Nx(0) with U C Bx(0,0) and V =
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Vy X Vzi € Ny 21(0,0), such that \I/‘U : U — V is a CP-diffeomorphism and (\I/‘U)_l
CPY(V,U). For simplicity, denote \IJ‘U by W. Define the CP-mapping 6 : V, — Z* by

loc

O(vy) := 751 0 U Hvy,0), Vo, € Vy.

Observe that #(0) = 0 and DO(0) = 0. We claim that M NU = L™*(gph#) N U. Indeed,
for every u € U, the obvious equality V(P (u)) = (770U (u),0) tells us that W(MNU) =
VzN{0} = (Z x {0}) N ¥ (U). Therefore, we can write

ueMNU
= v:= (v1,v9) = U(u) € Vz x {0} and U~ (v) = Py (V1 (v))
= (mz(u), 770 (v) = (17 0 ¥ (01,0), 751 0 U™ (v1,0)) = (v1,0(v1)) € gph(0) N L(U),

where the last inequality follows from the fact that
77(U " (v1,0)) = 75 0 Py (U (vy,0)) = 77 0 (U(¥(v1,0))) = 0.

To show that M is a CPT1%-submanifold at 0, we only need to show that the CP-mapping
0 is in fact belongs to C2H'0(Vy; Z4). To do so, fix € U and let us denote W(z) =
(21,22) € V. By the prox-regularity of M given by the fact that d3, is of class C? on U,
we have that x — Py (x) € NP(M; Py(z)). Then, recalling that L* = L™, we can write

x — Py(r) € NY(L™'(gph6); ’1(21,0))
= L*(N"(gph6; (21,0(z1)))) = L™ {(—=DO(21)*¢,€) : £ € ZH},

hence L(z — Py (x)) = (—DO(z,)*¢,€) for some & € Z+. Since by definition of L and ¥
we have w1 (L(x — Py (x))) = myi(x — Py(x)) = w0 o U(x), it ensues that & = 2o, and
so by the equality © — Py(z) = 1Vd3,(z) = V3, (¥ (21, 22)) we get that

DO(z1) 20 = =iz 0 (Vdi,) 0 U1 (21, 22). (5.21)

This equality holds for every (z1,29) € V. By Lemma 5.2.12, it is direct that —%ﬂ'Z o
(Vd3,) o U=t € CP2(V, Z), and so the mapping g : Vy x Z+ — Z given by g(v, z) =

loc

D0O(v)*zy meets the hypothesis of Lemma 5.2.16. We conclude that

DO()" € Clp (Vi £(2+; 2))
which entails (noting that the adjoint map * : £(Z; Z+) — L(Z+; Z) is of class C* and
invertible) that # € CPT" YV Z 1). The proof is now complete. [

loc
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Résumé: Ce travail est divisé en deux parties: Dans la premiére partie, on présente
un résultat d’intégration dans les espaces localement convexes valable pour une large
classe des fonctions non-convexes. Ceci nous permet de récupérer 'enveloppe convexe
fermée d’une fonction a partir du sous-différentiel convexe de cette fonction. Motivé par
ce résultat, on introduit la classe des espaces “Subdifferential Dense Primal Determined”
(SDPD). Ces espaces jouissent des conditions permettant d’appliquer le résultat ci-dessus.
On donne aussi une interprétation géométrique de ces espaces, appelée la Propriété Radon-
Nikodym de Faces (FRNP). Dans la seconde partie, on étudie dans le contexte d’espaces
d’Hilbert, la relation entre la lissité de la frontiére d'un ensemble prox-régulier et la lissité
de sa projection métrique. On montre que si un corps fermé posséde une frontiére CP*1-
lisse (avec p > 1), alors sa projection métrique est de classe C? dans le tube ouvert associé a
sa fonction de prox-régularité. On établit également une version locale du méme résultat
reliant la lissité de la frontiére autour d’un point a la prox-régularité en ce point. On
étudie par ailleurs le cas ot 'ensemble est lui-méme une CP'-sous-variété. Finalement,
on donne des réciproques de ces résultats.

Mots Clés: Sous-différentiel, Intégration, Propriété Radon-Nikodym de Faces, Sous-
variété, Ensemble prox-régulier, Projection métrique.

Abstract: This work is divided in two parts: In the first part, we present an integration
result in locally convex spaces for a large class of nonconvex functions which enables us to
recover the closed convex envelope of a function from its convex subdifferential. Motivated
by this, we introduce the class of Subdifferential Dense Primal Determined (SDPD) spaces,
which are those having the necessary condition which allows to use the above integration
scheme, and we study several properties of it in the context of Banach spaces. We provide
a geometric interpretation of it, called the Faces Radon-Nikodym property. In the second
part, we study, in the context of Hilbert spaces, the relation between the smoothness of
the boundary of a prox-regular set and the smoothness of its metric projection. We show
that whenever a set is a closed body with a CP*!'-smooth boundary (with p > 1), then its
metric projection is of class C? in the open tube associated to its prox-regular function. A
local version of the same result is established as well, namely, when the smoothness of the
boundary and the prox-regularity of the set are assumed only near a fixed point. We also
study the case when the set is itself a C?*!-submanifold. Finally, we provide converses for
these results.

Key words: Subdifferential, Integration, Faces Radon-Nikodym Property, Submanifold,
Prox-regular set, Metric Projection.



