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u : Ω → R

∀ω,ω ′ ∈ Ω,ω � ω ′ ⇐⇒ u(ω) > u(ω ′).
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V = {quartier, cuisine, lieu};

Dom(quartier) = {ouest,¬ouest};

Dom(cuisine) = {exotiqueOrientale, exotique¬Orientale};

Dom(lieu) = {épicé,¬épicé};

ouest > ¬ouest;

exotique¬Orientale > exotiqueOrientale;

exotique¬Orientale∧ ¬épicé > exotique¬Orientale∧ épicé.

ouest

exotique¬Orientale∧ ¬épicé

Ω = {

ω1 = ouest− exotiqueOrientale− épicé

ω2 = ouest− exotiqueOrientale− ¬épicé

ω3 = ouest− exotique¬Orientale− épicé

ω4 = ouest−exotique¬Orientale−¬épicé

ω5 = ¬ouest− exotiqueOrientale− épicé

ω6 = ¬ouest− exotiqueOrientale− ¬épicé



ω7 = ¬ouest− exotique¬Orientale− épicé

ω8 = ¬ouest−exotique¬Orientale−¬épicé

}

{ω1, ...,ω4} > {ω5, ...ω8};

{ω3,ω4ω7,ω8} > {ω1,ω2ω5,ω6};

{ω4,ω8} > {ω3,ω7}
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E1 = ∅,E2 = {ω5,ω6} =⇒

E1 = {ω4},E2 = {ω3,ω8},E3 = {ω1,ω2,ω7},E4 = {ω5,ω6}.

E1 = {ω4},E2 = {ω3,ω8},E3 = {ω1,ω2,ω7},E4 = {ω5,ω6}.

E1 = {ω4},E2 = {ω1,ω2,ω3,ω5,ω6,ω7}.

E1 = {ω4},E2 = {ω1,ω2,ω3,ω7},E4 = {ω5,ω6}.
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¬(β ∨ γ)) = Mod(α ∧ ¬β ∧ ¬γ) Mod(¬(α ∨ γ) ∧ (β ∨ γ)) =

Mod(¬α∧ γ∧ ¬γ)
Mod(α ∧ ¬β ∧ ¬γ) ⊂ Mod(α ∧ ¬β)

α ⊲ β

Mod(¬α ∧ β ∧ ¬γ) ⊂ Mod(¬α ∧ β)

α ⊲ β

Mod(α ′) ⊂ Mod(α) α⊲β α ′
⊲β

Mod(α∧¬β) Mod(¬α∧β)

Mod(α ′ ∧¬β) Mod(¬α ′ ∧β) Mod(α ′) ⊂ Mod(α)

¬β

Mod(α ′ ∧ ¬β) ⊂ Mod(α ∧ ¬β)

α ⊲ β

Mod(α ′) ⊂ Mod(α) Mod(¬α) ⊂ Mod(¬α ′)

β Mod(¬α ∧ β) ⊂
Mod(¬α ′ ∧ β) α ⊲ β

Mod(β ′) ⊂ Mod(β) α⊲β α⊲β ′

Mod(α∧

¬β) Mod(¬α∧β) Mod(α∧¬β ′) Mod(¬α∧β ′)

Mod(β ′) ⊂ Mod(β)

¬α

Mod(¬α∧β ′) ⊂ Mod(¬α∧β)

α ⊲ β

Mod(β ′) ⊂ Mod(β) Mod(¬β) ⊂ Mod(¬β ′)

α Mod(α ∧ ¬β) ⊂
Mod(α∧ ¬β ′) α ⊲ β



X X

X X

X X

X X

X X

X X

X X



�|=st α ⊲ β α∧ ¬β

� ¬α ∧ β

α ′
⊲ β ′ Mod(α ′ ∧ ¬β ′) ⊂ Mod(α ∧ ¬β)

Mod(¬α ′∧β ′) ⊂ Mod(¬α∧β) α ′∧¬β ′

� ¬α ′∧β ′ �|=st α
′
⊲β ′

Ω = {London,Paris}×{Top ranking,Bottom ranking}

∧ ⊲ ∧

≻ ≈

≈



∧ ⊲st ∧

⊲st

α ∧ ¬β ¬α ∧ β

α ′
⊲β ′ Mod(α ′ ∧¬β ′) ⊂ Mod(α∧¬β) Mod(¬α ′ ∧

β ′) ⊂ Mod(¬α ∧ β)

�|=cp α ′
⊲β ′

�|=opt α ⊲ β α ∧ ¬β

� ¬α ∧ β

α ′
⊲β ′ Mod(α∧¬β) ⊂ Mod(α ′ ∧¬β ′)

Mod(¬α ′ ∧ β ′) ⊂ Mod(¬α ∧ β) α ′ ∧ ¬β ′

� ¬α ′ ∧ β ′

�|=opt α ′
⊲ β ′

Ω = {London,Paris}×{Top ranking,Bottom ranking}

⊲

≻ ≈

≈

⊲opt ∧

⊲opt ∧

∧ ⊲ ∧

≈

≻ ≈

∧ ⊲opt ∧

⊲opt

�|=pes α⊲β ¬α∧β

� α∧¬β

α ′
⊲β ′ Mod(α ′∧¬β ′) ⊂ Mod(α∧¬β)

Mod(¬α ∧ β) ⊂ Mod(¬α ′ ∧ β ′) ¬α ′ ∧ β ′

� α ′ ∧ ¬β ′

�|=pes α
′
⊲β ′



Ω = {London,Paris}×{Top ranking,Bottom ranking}

∧ ⊲ ∧

≻ ≈

≈

∧ ⊲pes ∧

⊲pes

⊲

≈

≻

≻

⊲pes ∧

⊲pes ∧

�|=opp α⊲β α∧¬β

� ¬α∧β

α ′
⊲β ′ Mod(α∧¬β) ⊂ Mod(α ′∧¬β ′)

Mod(¬α∧β) ⊂ Mod(¬α ′∧β ′) α ′∧¬β ′

� ¬α ′ ∧ β ′

�|=opp α ′
⊲ β ′

Ω = {London,Paris}×{Top ranking,Bottom ranking}

⊲

≈

≻ ≈

⊲opp ∧

⊲opp ∧

�
� �|=S α ⊲ β �

β ⊲ α



� �|=S α ⊲ β

� β ⊲ α �|=S α ⊲ β

β∧¬α α∧¬β

α ∧ ¬β

¬α∧β

β ⊲

α

Ω = {London,Paris}×{Top ranking,Bottom ranking}
⊲opp

≈

≻ ≈

⊲opp ⊲opp

� �|=S α ⊲ β

α ≡ α ′ α ′
⊲ β β ≡ β ′ α ⊲ β ′



α⊲β α β

α ′ β ′ α ⊲ β α ∧ ¬β

¬α∧β

α β

α∧¬β ¬α∧β

α β

α ′ β ′

Ω = {London,Paris}×{Top ranking,Bottom ranking}

p1 ⊲cp

p2 ∧ ∨ ⊲cp

p3 ⊲cp ∧ ∨

≻

≻

≻

p1 p2 p3

� �|=S α ⊲ γ �|=S

β⊲γ �|=S α∨β⊲γ

α∧¬γ β∧¬γ ¬α∧γ ¬β∧γ

α∧¬γ β∧¬γ

¬α∧¬β∧γ (α∧¬γ)∨(β∧¬γ

¬α ∧ ¬β ∧ γ (α ∨ β) ∧ ¬γ

¬α ∧ ¬β ∧ γ (α ∨ β) ⊲ γ

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts} p1 ⊲ p2 ⊲ p3

∨ ⊲



≈ ≈

≻ ≈

≻ ≈ ≈

⊲cp ⊲cp

∨ ⊲cp

≈ ≈

≈ ≈ ≈

≻ ≈

⊲pes ⊲pes

∨ ⊲pes

� �|=S α∨β ⊲ γ

� α⊲γ β⊲γ

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts}
p1 ∨ ⊲st p2 ⊲st

p3 ⊲st

≈ ≈

≈ ≈

≻ ≈ ≈

p1 p2 p3

Ω = {London,Paris}× {Top ranking(Top),Bottom ranking(Bot)}
p1 ∧ ∨ ∧ ⊲opp ∧
p2 ∧ ⊲opp ∧

≻ ≈

≻

p1 p2



� �|=S α ⊲ β

�|=S α ⊲ γ � α ⊲ β ∨ γ

α ∧ ¬β α ∧ ¬γ ¬α ∧ β

¬α ∧ γ α ∧ ¬β ∧ ¬γ

¬α∧β ¬α∧ γ

α∧ ¬β∧ ¬γ (¬α∧ β)∨ (¬α∧ γ)

α ∧ ¬β ∧ ¬γ ¬α ∧ (β ∨ γ)

α ⊲ (β∨ γ)

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts} p1 ⊲cp

p2 ⊲cp

p3 ⊲cp ∨

≈ ≈

≻

≻

≻ ≈ ≈

p1 p2 p3

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts} p1 ⊲opt p2 ⊲opt

p3 ⊲opt ∨

≈

≻ ≈ ≈

≈ ≈ ≈

p1 p2 p3

� �|=S α ⊲β∨ γ

� α ⊲β α ⊲γ



Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts} p1 ⊲st ∨
p2 ⊲st p3 ⊲st

≻ ≈ ≈

≈ ≈ ≈

≈

p1 p2 p3

Ω = {London,Paris}× {Top ranking),Bottom ranking)}
p1 ∧ ⊲opp ∧ ∨ ∧
p2 ∧ ⊲opp ∧

≈

≻ ≈

p1 p2

� �|=S α ⊲ β

� α ∨ γ ⊲ β ∨ γ

Ω = {London,Paris}× {Top ranking(Top),Bottom ranking(Bot)}
p1 ∧ ⊲opt ∧
p2 ∧ ∨ ∧ ⊲opt ∧ ∨ ∧

≈

≻ ≈

p1 p2

Ω = {London,Paris}× {Top ranking(Top),Bottom ranking(Bot)}
p1 ∧ ⊲pes ∧
p2 ∧ ∨ ∧ ⊲pes ∧ ∨ ∧

≈

≻

≻

p1 p2



Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts}
p1 ⊲opp

p2 ∨ ⊲opp ∨

≈

≈ ≈

≻ ≈

≈ ≈

p1 p2

� �|=S α ⊲ β

Mod(α ′) ⊂ Mod(α) � α ′
⊲ β

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts}
p1 ∨ ⊲st

p2 ⊲st

≈ ≈

≈ ≈

≻ ≈ ≈

p1 p2

Ω = {London,Paris}× {Top ranking,Bottom ranking}
p1 ⊲cp

p2 ∧ ⊲cp

≻ ≈

≻

p1 p2

Ω = {London,Paris}× {Top ranking,Bottom ranking}
p1 ⊲opp



p2 ∧ ⊲opp

≻ ≈

≈

p1 p2

� �|=S α ⊲ β

Mod(β ′) ⊂ Mod(β) � α ⊲ β ′

Ω = {London,Paris}×{Top ranking(Top),Bottom ranking(Bot)}×
{Science,Arts}
p1 ⊲st ∨
p2 ⊲st

≈

≻ ≈ ≈

≻ ≈ ≈

p1 p2

Ω = {London,Paris}× {Top ranking,Bottom ranking}
p1 ⊲cp

p2 ⊲cp ∧

≻ ≈

≻

p1 p2

Ω = {London,Paris}× {Top ranking,Bottom ranking}
p1 ⊲cp

p2 ⊲cp ∧

≈

≈

≻

p1 p2



α∨ β ⊲ γ α ⊲ γ β ⊲ γ α ⊲ β α ⊲ γ

α⊲β∨γ α⊲β α∨γ⊲β∨γ













L

Σ

Dom(X) X Σ

Dom(X)

{true, false}

ω X Σ

Ω Σ

∧ ∨ ¬

X ∈ Σ

X

Dom(X) = {x1, ..., xn} X n X1, ...Xn

Xi = xi Dom(Xi) = {true, false}



p q

ω ω ′ ω p ω ′

q

Ω

Ω

ω,ω ′ ∈ Ω

Ω Ω

Ω Ei

∀i = 1...n, Ei 6= ∅

E1 ⊎ ... ⊎ En = Ω

∀ω,ω ′ ∈ Ei, ω ≈ ω ′

Ω � (E1, ...,En)

∀ω,ω ′ ∈ Ω, ω ≻ ω ′ ⇐⇒ ω ∈ Ei, ω
′ ∈ Ej i < j.

L



L

p ⊲q

� p ⊲ q

S ∈ {st, cp,opt,pes} p ⊲ q

p ⊲S q
S = st : ∀ω ∈ Mod(p∧ ¬q), ∀ω ′ ∈ Mod(¬p∧ q), ω ≻ ω ′

S = cp : ∀ω ∈ Mod(p ∧ ¬q), ∀ω ′ ∈ Mod(¬p ∧ q), ω ≻ ω ′

p q

S = opt : ∃ω ∈ Mod(p∧ ¬q), ∀ω ′ ∈ Mod(¬p∧ q), ω ≻ ω ′

S = pes : ∃ω ′ ∈ Mod(¬p∧ q), ∀ω ∈ Mod(p∧ ¬q), ω ≻ ω ′

� p ⊲S q

S S ∈ {st, cp,opt,pes}

PS = {α ⊲S β} P⊲

P⊲ = Pst⊎Pcp⊎
Popt ⊎ Ppes ⊎ Popp

P⊲ p ⊲S q

P⊲

�
P⊲

P⊲

P⊲



P⊲

L r

p q p,q, r

∧

r ∧ p r ∧ q

P⊲

p ⊲q r∧q ⊲ r∧p



⊲ ∧ ⊲ ∧ .

≻

≻

≻



P⊲ = Pst ⊎ Popt ⊎ Ppes Ω

P⊲ �opt �pes

(E1, ...,En)

(E ′
1, ...,E

′
n ′)

P⊲ = Pst⊎Popt⊎Ppes



�opt

�pes

�1 �2

Ω � �1 �2

∀ω,ω ′ ∈ Ω,ω ≻ ω ′ ω ≻1 ω
′ (ω ≈1 ω

′ ω ≻2 ω
′)

�
Ω Φ

Φ = {ω | ω ∈ Ω, ∄ω ′ ∈ Ω,ω ′ ≻ ω}

P⊲



L

L

Σ

ω ∈ Ω

X

X ⊲S ¬X ¬X ⊲S X



S ∈ {st,opt,pes}

P⊲

�opt

�pes

Φ



Ω

L Ω

Σ

Σ

Σ



L

Σ

Σ



Σ



Σ

Ω

> 1 < −1

X X+ X−

X+

> 1 < −1











6= 0 < , (−1)× negative count
positive count

> 6= 0,
positive count
negative count

, 0

Ω



ω

L

n n Σ n

Σ

Dom(X) X ∈ Σ {True, False}

True False

True False

ω

Ω

→ ¬2−

star∧ ¬1− star



hi ∈ Ω

Σi

L

P⊲ = Pst ⊎ Popt ⊎ Ppes





Ω

X ∈ Σ X

X

P⊲

Σ



X

X ⊲ ¬X

X ⊲st ¬X

¬X ⊲ X

¬X ⊲st X



⊲ ¬

⊲st ¬

⊲ ¬

⊲st ¬

⊲ ¬

⊲st ¬

⊲ ¬

¬ ⊲st



X

Mod(¬X)

Φ

Mod(¬X) Φ

X



X⊲¬X X⊲opt¬X X⊲pes¬X

X ⊲S ¬X S ∈ {stO, stP,opt,pes}



⊲opt ¬

⊲stO ¬

⊲pes ¬

⊲stO ¬

⊲pes ¬

⊲stO ¬

⊲opt ¬

¬ ⊲stP

→ ¬2− star∧¬1− star

Σ

¬X∧ Y ⊲ ¬X∧ ¬Y



P⊲ = Pst⊎Popt⊎Ppes

�opt �pes

Φ

Pst

Φ ω ∈ Ω

(E1, ...,En) (E ′
1, ...,E

′
n ′)

Φ E1 E ′
1

E1 E ′
1

E1 E ′
1

Φ



�opt �pes

Popt Ppes

P⊲ = Popt⊎Ppes �opt

�pes

Popt = {

⊲opt ¬

⊲stO ¬

⊲stO ¬

⊲stO ¬

⊲opt ¬

}

Ppes = {

⊲pes ¬

⊲pes ¬

¬ ⊲stP

}

E1

Ω

E ′
1 Ω

E1

P⊲

→ ¬ P⊲ ⊲¬

⊲¬



�opt �pes

�opt

�pes

�pes

E1 E ′
1

�
Ω

E1 E ′
1

Φ

E1

Φ



�

→ ¬

Φ





¬ → ¬

¬ ∧ → ¬

→

∧ ∧ →

∧¬ ∧¬ ∧

→ ¬



¬ ∧¬ ∧ →¬

∧ ¬ ∧ ¬ →

¬ ∧ → ¬

¬ ∧ → ¬

∧ →

∧ ∧ →

→ ¬

∧ → ∧¬

∧ →

¬ ∧ ¬ ∧ → ¬

∧ →

¬ ∧¬ → ¬

∧ →

¬ → ¬

∧ →

¬ ∧ → ¬

¬ → ¬

→ ¬

¬ ∧¬ → ¬

∧ ∧ →







�opt �pes

|E1| < |E ′
1|

X ⊲ ¬X

X ω ∈ Ω

�opt

�pes
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