
HAL Id: tel-01820645
https://theses.hal.science/tel-01820645

Submitted on 22 Jun 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Etude des états isomères des noyaux superlourds : cas
des noyaux 257Db et 253 Lr

Pierre Brionnet

To cite this version:
Pierre Brionnet. Etude des états isomères des noyaux superlourds : cas des noyaux 257Db et 253
Lr. Physique Atomique [physics.atom-ph]. Université de Strasbourg, 2017. Français. �NNT :
2017STRAE043�. �tel-01820645�

https://theses.hal.science/tel-01820645
https://hal.archives-ouvertes.fr


.

.

.

.

.

.

. .

.

.

Thèse présentée pour obtenir le grade de

N° d’ordre Unistra   3844

Docteur de l’Université de Strasbourg

Discipline : Physique subatomique

par Pierre Brionnet

ThèseThèse

Soutenue

 

publiquement

 

le 22 septembre 2017 

Membres

    

du

    

jury

 

 

M. Olivier DORVAUX Maitre de Conference, IPHC Strasbourg

 

Institut Pluridisciplinaire

Hubert Curien
Département de Recherches

 Subatomiques

UMR 7178

Etude des états isomères 

des noyaux superlourds : 

cas des noyaux 257Db et 253Lr

M. Antoine DROUART Ingénieur Chercheur, CEA Saclay

M. Stéphane GREVY Directeur de Recherche, CENBG Bordeaux

Mme. Christelle STODEL Chargée de Recherche, GANIL Caen

Mme. Sophie PERU-DESENFANTS  Ingénieure Chercheuse, CEA-DAM Bruyères-le-Châtel

M. Jérôme BAUDOT Professeur, IPHC Strasbourg

M. Kouji MORIMOTO Directeur de Recherche, RIKEN Tokyo

Rapporteur

Rapporteur

Directeur

Examinatrice

Examinatrice

Examinateur

Examinateur





❘❡♠❡#❝✐❡♠❡♥'(

❏❡ "✐❡♥% "♦✉" ❞✬❛❜♦,❞ - ,❡♠❡,❝✐❡, "♦✉"❡% ❧❡% ♣❡,%♦♥♥❡% 2✉❡ ❥✬❛✐ ♣✉ ❝4"♦②❡, ❡" ❝,♦✐%❡, ❛✉ ❝♦✉,% ❞❡ ❝❡%

",♦✐% ❛♥% ❡" 2✉✐ ♦♥" ❝♦♥",✐❜✉6 ❛✉ %✉❝❝7% ❡" - ❧✬❛❜♦✉"✐%%❡♠❡♥" ❞❡ ❝❡""❡ "❤7%❡✳

❏✬❛✐♠❡,❛✐% ,❡♠❡,❝✐❡, ❡♥ ♣,❡♠✐❡, ❧✐❡✉ ❧❡% %❡,✈✐❝❡% "❡❝❤♥✐2✉❡% ❞❡ ❧✬■<❍❈ ✭♠6❝❛♥✐2✉❡✱ ♠✐❝,♦✲6❧❡❝",♦♥✐2✉❡✮

♣♦✉, ❧❡✉, %♦✉"✐❡♥ ❡" ❧✬❡✣❝❛❝✐"6 ❞❡ ❧❡✉,% ✐♥"❡,✈❡♥"✐♦♥% %✉, ❧❡ ❜❛♥❝ ❞❡ "❡%" ♠❛✐% ❛✉%%✐ %✉, ❧❡% ❞6"❡❝"❡✉,%✳ ❏❡

✈♦✉❞,❛✐% 6❣❛❧❡♠❡♥" ,❡♠❡,❝✐❡, ▼❛,❝ ❘✐❝❤❡, ❡" ❈❤,✐%"✐❛♥ ❇♦♥♥✐♥ ♣♦✉, ❧❡✉, %✉♣♣♦," ❡" ❧❡✉, ",❛✈❛✐❧ %✉, ❧❡%

❝❛,"❡% ❚◆❚✷ ❛✜♥ ❞❡ ,6♣♦♥❞,❡ - ♥♦% ❞❡♠❛♥❞❡% ❛✉ ❝♦✉,% ❞❡ ❝❡% ",♦✐% ❛♥%✳

❏❡ "✐❡♥% - ,❡♠❡,❝✐❡, ❛✉%%✐ ❧❡% ❞✐✛6,❡♥"% %✐"❡% ❡①♣6,✐♠❡♥"❛✉①✴❧❛❜♦,❛"♦✐,❡% ♣♦✉, ❧❡✉, ❛❝❝✉❡✐❧ ❛✉ ❝♦✉,%

❞❡% ❞✐✛6,❡♥"❡% ❝❛♠♣❛❣♥❡% ❡①♣6,✐♠❡♥"❛❧❡% ✿ ❚♦✉" ❞✬❛❜♦,❞✱ ❏✉❧✐❡♥ <✐♦"✱ ❍❡,✈6 ❙❛✈❛❥♦❧% ❡" ▼❛,✐❥❛ ❱♦%"✐♥❛,

♣♦✉, ❧❡✉, ❛❝❝✉❡✐❧ ❞✉,❛♥" ❧✬❡①♣6,✐❡♥❝❡

257,258
❉❜ ❛✉ ●❆◆■▲✳ ❊♥%✉✐"❡✱ ▼♦,✐♦♠♦"♦✲%❛♥✱ ❍❛❜❛✲%❛♥✱ ❚❛✐❦✐✲❦✉♥ ❡"

❧✬❡♥%❡♠❜❧❡ ❞❡ ❧❡✉,% ❝♦❧❧❛❜♦,❛"❡✉,% ♣♦✉, ❧❡✉, ❛❝❝✉❡✐❧ ❡" ❝♦♥%❡✐❧% - ❘■❑❊◆✳ ▼❛✐% %✉,"♦✉"✱ ❧❡ ❏■◆❘ ❡" ❧❡ ❣,♦✉♣❡

%✉♣❡,❧♦✉,❞% ✭❆❧❡①❛♥❞❡, ❨❡,❡♠✐♥✱ ❖❧❡❣ ▼❛❧✐%❤❡✈✱ ❱✐❝"♦, ❈❤❡♣✐❣✐♥ ❡" ❧✬❡♥%❡♠❜❧❡ ❞❡ ❧❡✉,% ❝♦❧❧❛❜♦,❛"❡✉,%

❘✉%%❡%✮ ♣♦✉, ❧❡✉, ❛❝❝✉❡✐❧ ❝❤❛❧❡✉,❡✉① ❧♦,% ❞❡% ♥♦♠❜,❡✉%❡% ❡①♣6,✐❡♥❝❡% ♠❡♥6❡% %✉, ❙❍❊▲❙✴●❆❇❘■❊▲❆✳

❏❡ ,❡♠❡,❝✐❡ ◆❛❜✐❧ ❑❛❜♦✉, ❡" ❧✬❡♥%❡♠❜❧❡ ❞❡ ❧❛ ❝♦❧❧❛❜♦,❛"✐♦♥ ❙

3
✴❙■❘■❯❙ ❛✉ ♥✐✈❡❛✉ ♥❛"✐♦♥❛❧ ❡" ❧♦❝❛❧✳

❏❡ "✐❡♥% ❡♥%✉✐"❡ - ,❡♠❡,❝✐❡, ❆♥"♦✐♥❡ ❉,♦✉❛,"✱ ❙"6♣❤❛♥❡ ●,❡✈②✱ ❈❤,✐%"❡❧❧❡ ❙"♦❞❡❧✱ ❙♦♣❤✐❡ <❡,✉✲❉❡%❡♥❢❛♥"%✱

❏6,4♠❡ ❇❛✉❞♦" ❡" ❑♦✉❥✐ ▼♦,✐♠♦"♦✱ ♣♦✉, ❛✈♦✐, ❛❝❝❡♣"6 ❞❡ ❢❛✐,❡ ♣❛,"✐❡ ❞❡ ♠♦♥ ❥✉,② ❞❡ "❤7%❡✱ ♠❛✐% %✉,"♦✉"

♣♦✉, ❧❡✉,% ❧❡❝"✉,❡% ♠✐♥✉❝✐❡✉%❡% ❡" ❧❡✉,% ,❡♠❛,2✉❡% ❛✈✐%6❡% ❝♦♥❝❡,♥❛♥" ♠♦♥ ",❛✈❛✐❧✳ ❏❡ "✐❡♥% ♣❛,"✐❝✉❧✐7,❡♠❡♥"

- ,❡♠❡,❝✐❡, ❑♦✉❥✐ ▼♦,✐♦♠♦"♦ ❞✬]",❡ ✈❡♥✉ ❞✬❛✉%%✐ ❧♦✐♥ ♣♦✉, ♣❛,"✐❝✐♣❡, - ❝❡" 6✈7♥❡♠❡♥"✱ ❛✐♥%✐ 2✉✬❆♥"♦✐♥❡

❉,♦✉❛," ♣♦✉, ❧❡ %♦✉"✐❡♥ 2✉✬ ✐❧ ❛ ❛♣♣♦,"6 ❡♥ 2✉❛❧✐"6 ❞❡ ,6❢6,❡♥" ❧♦,% ❞❡% ♠❡% ❞✐✈❡,%❡% ❝❛♥❞✐❞❛"✉,❡% ❞❡ ♣♦%"✲

❞♦❝"♦,❛"✳

❏❡ ,❡♠❡,❝✐❡ ❛✉%%✐ ❑❛,❧ ❍❛✉%❝❤✐❧❞✱ ❆,❛❝❡❧✐ ▲♦♣❡③✲▼❛,"❡♥% ❡" ❑%❡♥✐✐❛ ❘❡%②♥❦✐❛✱ ♣♦✉, ❧❡✉, %♦✉"✐❡♥ ❡"

❧❡✉,% ♥♦♠❜,❡✉① ❝♦♥%❡✐❧% ❛✉ ❝♦✉,% ❞❡% ❡①♣6,✐❡♥❝❡% ●❆❇❘■❊▲❆✱ ♠❛✐% ❛✉%%✐ ♣♦✉, ❧❡✉, ❛✐❞❡ ❛✉ ❝♦✉,% ❞❡ ♠❡%

❛♥❛❧②%❡% ❞❡ ❞♦♥♥6❡%✳

❏❡ "✐❡♥% - ,❡♠❡,❝✐❡, ❈6❞,✐❝ ▼❛"❤✐❡✉✱ ♣♦✉, %♦♥ ❛✐❞❡✱ %♦♥ %♦✉"✐❡♥ ❡" %❛ ♣❛"✐❡♥❝❡ - ❧✬♦❝❝❛%✐♦♥ ❞❡% ❞✐✲

✈❡,% ♣,♦❜❧7♠❡% ,❡♥❝♦♥",6% ❧♦,% ❞❡ ❧❛ ❝❛,❛❝"6,✐%❛"✐♦♥ ❞❡% ❞6"❡❝"❡✉,% %✉, ❧❡ ❜❛♥❝ ❞❡ "❡%" ❛✐♥%✐ 2✉❡ ♣♦✉, ❧❡%

❝♦♥♥❛✐%%❛♥❝❡% 2✉✬✐❧ ♠✬❛ ❛♣♣♦,"6❡% ❛✉ ❝♦✉,% ❞❡ ❝❡% ",♦✐% ❛♥♥6❡% ❞❡ ❝♦♦♣6,❛"✐♦♥✳ ❏❡ ,❡♠❡,❝✐❡ ❧❡ ❣,♦✉♣❡ ❉◆❊

❞❡ ❧✬■<❍❈✱ ♣❛,"✐❝✉❧✐7,❡♠❡♥" ❧❡% ❝♦❧❧7❣✉❡% ❞✉ ❞❡✉①✐7♠❡ 6"❛❣❡ ❞✉ ❜_"✐♠❡♥" ✷✼ ♣♦✉, ❧❡✉, ❜♦♥♥❡ ❤✉♠❡✉,✱ ❧❡%

,❡♣❛% ❞❡ ❣,♦✉♣❡% ❡" ❧❛ ❜♦♥♥❡ ❛♠❜✐❛♥❝❡ ❞❛♥% ❧❛2✉❡❧❧❡ ✐❧ ❢✉" ❛❣,6❛❜❧❡ ❞❡ ",❛✈❛✐❧❧❡,✳

❏❡ ,❡♠❡,❝✐❡ ♠❡% ❝♦❧❧7❣✉❡% ❞♦❝"♦,❛♥"% ♣♦✉, ❧❡✉, ❝♦♠♣❛❣♥✐❡ ❡" ❧❡% ❜♦♥% ♠♦♠❡♥"% ♣❛%%6% ❡♥%❡♠❜❧❡ ❞✉,❛♥"

❝❡% ",♦✐% ❛♥♥6❡%✱ ♠❛✐% ❛✉%%✐ ♠❡% ✧❝♦❧♦❝❛"❛✐,❡%✧ ❞❡ ❜✉,❡❛✉ ❋❛❜✐❡♥ ❉6❝❤❡,②✱ ❇❛," ❉❡ ❈❛♥❞✐"✐✐% ❡" ❍✉❣♦ ❋❛✉,❡

♣♦✉, ❧❡✉,% ❝♦♥%❡✐❧% ❡" ♣♦✉, ♠✬❛✈♦✐, %✉♣♣♦,"6 ❛✉ ❝♦✉,% ❞❡ ♠❛ "❤7%❡✳

❏❡ "✐❡♥% ♣❧✉% ♣❛,"✐❝✉❧✐7,❡♠❡♥" - ,❡♠❡,❝✐❡, ❍✉❣♦ ❋❛✉,❡✱ ❆,♥❛✉❞ ❇❡,",❛♥❞ ❡" ■,❡♥❡ ❉❡❞❡% ◆♦♥❡❧❧ ♣♦✉,

❧❡✉,% ❞✐%❝✉%%✐♦♥% ❡" %♦✉"✐❡♥ ❛✉ ❝♦✉,% ❞❡% ♣6,✐♦❞❡%✴%✐"✉❛"✐♦♥% ❞❡ %",❡%%✳

✐✐✐



✐✈

❏❡ $❡♠❡$❝✐❡ ♠❛ ❢❛♠✐❧❧❡ ❡* ♠❡+ ❛♠✐+ ♣♦✉$ ❧❡✉$ ❝✉$✐♦+✐*/ ❡* ❧✬ ✐♥*/$2* ♣♦$*/ 3 ♠♦♥ *$❛✈❛✐❧ ♠❛✐+ ❛✉++✐

❧❡✉$ +♦✉*✐❡♥ ❛✉ ❝♦✉$+ ❞❡ ❝❡+ *$♦✐+ ❛♥+✳ ❏❡ *✐❡♥+ ♣❧✉+ ♣❛$*✐❝✉❧✐6$❡♠❡♥* 3 $❡♠❡$❝✐❡$ ♠❡+ ♣❛$❡♥*+ ♣♦✉$ ❧❡✉$+

♥♦♠❜$❡✉+❡+ ❡* ❢❛+*✐❞✐❡✉+❡+ $❡❧❡❝*✉$❡+✳

8❛$ ❞❡++✉+ *♦✉*✱ ❥❡ *✐❡♥+ 3 $❡♠❡$❝✐❡$ ❇❡♥♦✐* ●❛❧❧ ❡* ❖❧✐✈✐❡$ ❉♦$✈❛✉①✳ ❇❡♥♦✐*✱ ♣♦✉$ +♦♥ +♦✉*✐❡♥ ❡* +❡+

♥♦♠❜$❡✉① ❝♦♥+❡✐❧+✴❞✐+❝✉++✐♦♥+ ❝♦♥❝❡$♥❛♥* ❧❡ ❜❛♥❝ *❡+*+ ❡* ❧❡+ ❞/*❡❝*❡✉$+✱ ♠❛✐+ ❛✉++✐ ♣♦✉$ ♠✬❛✈♦✐$ ♣♦✉++/

❞❛♥+ ♠❡+ $❡*$❛♥❝❤❡♠❡♥*+ ❡♥ ♠❛*✐6$❡ ❞❡ ♠/*❤♦❞♦❧♦❣✐❡ ❡* ❞❡ ♠✐+❡ ❡♥ ❢♦$♠❡ ❞❡ ♠♦♥ *$❛✈❛✐❧ ✭♥♦*❛♠♠❡♥* ❡♥

❝❡ D✉✐ ❝♦♥❝❡$♥❡ ❧❡+ ✜❣✉$❡+✮✳

❏❡ *✐❡♥+ +✉$*♦✉* 3 $❡♠❡$❝✐❡$ ♠♦♥ ❞✐$❡❝*❡✉$ ❞❡ *❤6+❡ ❖❧✐✈✐❡$ ❉♦$✈❛✉① ♣♦✉$ +♦♥ +♦✉*✐❡♥✱ +❡+ ♥♦♠❜$❡✉①

❝♦♥+❡✐❧+ ❛✉ ❝♦✉$+ ❞❡ ❝❡+ *$♦✐+ +✉♣❡$❜❡+ ❛♥♥/❡+ ❞❡ *❤6+❡✳ ■❧ ❛ +✉ ❡♥*$❡*❡♥✐$ ♠❛ ♠♦*✐✈❛*✐♦♥ ❞❛♥+ ❧❡+ ♠♦♠❡♥*+

❞✐✣❝✐❧❡+✳ ■❧ ♠✬❛ ❢❛✐* ❝♦♥✜❛♥❝❡ ❞❛♥+ *♦✉+ ❧❡+ ❛+♣❡❝*+ ❞❡ ♠♦♥ *$❛✈❛✐❧ ❡* ❛ $❡♥❞✉❡+ ♣♦++✐❜❧❡+ ❞❡ ♥♦♠❜$❡✉+❡+

❡* $✐❝❤❡+ ♦♣♣♦$*✉♥✐*/+ ❞❡ ✈♦②❛❣❡+ ❡* ❞❡ $❡♥❝♦♥*$❡+ ✳ ❯♥ ❣$❛♥❞ ▼❡$❝✐✳





✈✐



❚❛❜❧❡ ❞❡& ♠❛(✐*+❡&

■♥"#♦❞✉❝"✐♦♥ ①①✐

■ ➱"❛"$ ❞❡ ❧✬❛)" ❡" ❛$♣❡❝" "❤-♦)✐0✉❡ ✶

✶ ◆♦②❛✉① .✉♣❡#❧♦✉#❞. ✿ ✐♥"#♦❞✉❝"✐♦♥✱ ❤✐."♦#✐5✉❡ ❡" ♣#6❞✐❝"✐♦♥. ✸

✶✳✶ ❆❜$%&❛❝% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ▲❛ &❡❝❤❡&❝❤❡ ❞✬0❧0♠❡♥%$ ❞❡ ♣❧✉$ ❡♥ ♣❧✉$ ❧♦✉&❞$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ❡% ❣0♥0&❛❧✐%0$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✷ ▲❡$ ♥♦②❛✉① $✉♣❡&❧♦✉&❞$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ >&0❞✐❝%✐♦♥$ ❡% ♠♦❞?❧❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸✳✶ ❉0✜♥✐%✐♦♥ ❞❡$ $✉♣❡&❧♦✉&❞$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸✳✷ >&0❞✐❝%✐♦♥ ❡% C❧♦% ❞❡ $%❛❜✐❧✐%0 ❞❡$ $✉♣❡&❧♦✉&❞$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✹ ➱%✉❞❡$ ❞❡$ ♥♦②❛✉① %&❛♥$❢❡&♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✹✳✶ ■♥%0&H% ❞❡ ❧❛ &0❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✹✳✷ ■♥❞✐❝❡ ❞❡ ❧❛ ♣♦$✐%✐♦♥ ❞✉ ♥♦✉✈❡❧ C❧♦% ❞❡ $%❛❜✐❧✐%0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷ ▲❛ ♣❤②.✐5✉❡ ❞❡. 6❧6♠❡♥". ❧♦✉#❞. ❡" .✉♣❡#❧♦✉#❞. ✷✸

✷✳✶ ❆❜$%&❛❝% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷ ■♥❢♦&♠❛%✐♦♥$ &❡❝❤❡&❝❤0❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸ ▼0❝❛♥✐$♠❡$ ❞❡ &0❛❝%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸✳✶ ▼0❝❛♥✐$♠❡$ ❞❡ &0❛❝%✐♦♥ ❞❛♥$ ❧❛ &0❣✐♦♥ ❞❡$ 0❧0♠❡♥%$ $✉♣❡&❧♦✉&❞$ ✿ %&❛♥$❢❡&% ♠✉❧%✐✲

♥✉❝❧0♦♥$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✸✳✷ ▲❡ ♠0❝❛♥✐$♠❡ ❞❡ ❢✉$✐♦♥✲0✈❛♣♦&❛%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✸✳✸ ❈❛&❛❝%0&✐$%✐N✉❡$ ❞✉ ♠0❝❛♥✐$♠❡ ❞❡ &0❛❝%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✹ ▼♦❞❡$ ❞❡ ❞0❝&♦✐$$❛♥❝❡$ ❞❡$ ♥♦②❛✉① %&❛♥$❢❡&♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✹✳✶ ❉0❝&♦✐$$❛♥❝❡ α ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✹✳✷ ❉0❝&♦✐$$❛♥❝❡ β ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✹✳✸ ❋✐$$✐♦♥ $♣♦♥%❛♥0❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✺ ▼♦❞❡ ❞❡ ❞0$❡①❝✐%❛%✐♦♥ ❞❡$ ♥♦②❛✉① %&❛♥$❢❡&♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✺✳✶ ❘❛②♦♥♥❡♠❡♥% γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✺✳✷ ❈♦♥✈❡&$✐♦♥ ✐♥%❡&♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✻ ❉0❢♦&♠❛%✐♦♥ ❡% &♦%❛%✐♦♥ ✿ ❝♦❧❧❡❝%✐✈✐%0 ♥✉❝❧0❛✐&❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✻✳✶ ▲❛ ❞0❢♦&♠❛%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✻✳✷ ▲❛ &♦%❛%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✼ ▲❡$ 0%❛%$ ✐$♦♠0&✐N✉❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✈✐✐



✈✐✐✐ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

✷✳✼✳✶ ▲❡( ❞✐✛+,❡♥.( .②♣❡( ❞✬✐(♦♠+,✐❡( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✼✳✷ ▲✬✐(♦♠+,✐❡ ❞❡ ❍❛✉.✲❑ ❞❛♥( ❧❡( ♥♦②❛✉① ❧♦✉,❞( ❡. (✉♣❡,❧♦✉,❞( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸ ❉✐#♣♦#✐&✐❢# ❡①♣*+✐♠❡♥&❛✉① ✿ ♣+✐♥❝✐♣❡✱ #*♣❛+❛&❡✉+ ✉&✐❧✐#* ❡& &②♣❡# ❞✬*&✉❞❡# ✺✼

✸✳✶ ❆❜(.,❛❝. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✷ @,✐♥❝✐♣❡ ❡. ❝❛,❛❝.+,✐(.✐A✉❡( ❞❡( (+♣❛,❛.❡✉,( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✷✳✶ @,✐♥❝✐♣❡ ❞❡ ❜❛(❡ ❞✬✉♥ (+♣❛,❛.❡✉, ✿ .,❛♥(♣♦,. ❞❡ ♣❛,.✐❝✉❧❡( ❝❤❛,❣+❡( ❡. ❝♦♠♣♦(❛♥.(

❡((❡♥.✐❡❧( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✷✳✷ ❈❛,❛❝.+,✐(.✐A✉❡( ❞✬✉♥ (+♣❛,❛.❡✉, ✿ A✉❛♥.✐.+( ❡. ❢♦♥❝.✐♦♥( ♣,♦♣,❡( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✸ ❉✐✛+,❡♥.( .②♣❡( ❞❡ (+♣❛,❛.❡✉,( ❡. ❞✬+.✉❞❡( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✸✳✶ ❙+♣❛,❛.❡✉, L ❣❛③ ✿ ♣,✐♥❝✐♣❡ ❞❡ ❢♦♥❝.✐♦♥♥❡♠❡♥. ❡. ❝❛,❛❝.+,✐(.✐A✉❡( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✸✳✷ ❚②♣❡ ❞✬+.✉❞❡( ❡. (+♣❛,❛.❡✉,( ❛((♦❝✐+( ❡♥ ♣❤②(✐A✉❡ ♥✉❝❧+❛✐,❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✹ ❉✐✛+,❡♥.( .②♣❡( ❞❡ (♣❡❝.,♦(❝♦♣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✶ @,✐♥❝✐♣❡ ❞❡ ❧❛ (♣❡❝.,♦(❝♦♣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✷ ▲❛ (♣❡❝.,♦(❝♦♣✐❡ ♣,♦♠♣.❡ ✭❛((♦❝✐+ L ❧✬✐❞❡♥.✐✜❝❛.✐♦♥ ❞✬✉♥ ♥♦②❛✉ ❞❡ ,❡❝✉❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✸ ▲❛ (♣❡❝.,♦(❝♦♣✐❡ ,❡.❛,❞+❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

■■ ❙♣❡❝%&♦(❝♦♣✐❡ ❞✉

257
❉❜ ✿ ❡①♣0&✐❡♥❝❡( ❡% &0(✉❧%❛%( ✽✸

✹ ❈♦♥❞✐&✐♦♥# ❡①♣*+✐♠❡♥&❛❧❡# ✿ ❙❍❊▲❙ ❡& ●❆❇❘■❊▲❆ ✽✺

✹✳✶ ❆❜(.,❛❝. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✷ ❙+♣❛,❛.❡✉, ❙❍❊▲❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹✳✸ ❙②(.U♠❡ ❞❡ ❞+.❡❝.✐♦♥ ●❆❇❘■❊▲❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✹✳✸✳✶ ❉+.❡❝.❡✉,( ♣❧❛♥ ❢♦❝❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✹✳✸✳✷ ➱❧❡❝.,♦♥✐A✉❡ ❛♥❛❧♦❣✐A✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✹✳✹ ❆♥❛❧②(❡ ❞❡ ❞♦♥♥+❡( ✿ ♣,✐♥❝✐♣❡ ❡. ✐❧❧✉(.,❛.✐♦♥( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✹✳✹✳✶ @,✐♥❝✐♣❡ ❡. ♠+.❤♦❞❡ ❞❡ ❝♦,,+❧❛.✐♦♥( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✹✳✷ ■❧❧✉(.,❛.✐♦♥ ✿ ❝❛( ❞❡( ♥♦②❛✉① ❞❡

216
❚❤ ❡.

209,210,211
❘❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✺ ❆♥❛❧②#❡# ❡& +*#✉❧&❛&# ♣♦✉+ ❧❡

257
❉❜ ✶✶✺

✺✳✶ ❆❜(.,❛❝. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✺✳✷ ❉+❝♦✉✈❡,.❡ ❡. ,+(✉❧.❛.( ❡①✐(.❛♥.( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✺✳✷✳✶ ❙②♥.❤U(❡ ❞❡ ❧✬+❧+♠❡♥. ✶✵✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✺✳✷✳✷ ➱.✉❞❡( ❡. ,+(✉❧.❛.( ❡①✐(.❛♥.( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✺✳✸ ➱.✉❞❡ ♣,+❛❧❛❜❧❡ ❡. ♦❜❥❡❝.✐❢ ❞❡ ♥♦.,❡ +.✉❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✺✳✹ ❆♥❛❧②(❡ ❞❡( ❞+❝,♦✐((❛♥❝❡( ✿ (.,✉❝.✉,❡ ✜♥❡ ❡. .❡♠♣( ❞❡ ✈✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✺✳✺ ❙♣❡❝.,♦(❝♦♣✐❡ +❧❡❝.,♦♥ ❡. γ ❞❛♥( ❧❡( ♥♦②❛✉①

257
❉❜ ❡.

253
▲, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

■■■ ❈❛&❛❝%0&✐(❛%✐♦♥ ❞✬✉♥ ❞0%❡❝%❡✉& ♥♦✉✈❡❧❧❡ ❣0♥0&❛%✐♦♥ ♣♦✉& ❧❛ ❝♦❧❧❛❜♦&❛%✐♦♥ ❙

3
✴❙■❘■❯❙

✶✸✼

✻ ■♥&+♦❞✉❝&✐♦♥ ❞✉ ♣+♦❥❡& ❙

3
✴❙■❘■❯❙ ✶✸✾

✻✳✶ ❆❜(.,❛❝. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✻✳✷ @,+(❡♥.❛.✐♦♥ ❞❡ ❙@■❘❆▲✷ ❡. ❙

3
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✻✳✷✳✶ ❙@■❘❆▲✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹



✻✳✷✳✷ ▲❡ ❙✉♣❡( ❙)♣❛(❛+❡✉( ❙♣❡❝+(♦♠/+(❡ ✿ ❙

3
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✻✳✸ ❙②5+/♠❡ ❞❡ ❞)+❡❝+✐♦♥ ♣❧❛♥ ❢♦❝❛❧ ✿ ❙■❘■❯❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✻✳✹ ▲❡5 ♦❜❥❡❝+✐❢5 ❞❡ ❧✬)+✉❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✼ ❉"#❡❝#❡✉' ✿ ❝♦♥❝❡♣#✱ ❝❛'❛❝#"'✐/#✐0✉❡/✱ ❝♦♥❞✐#✐♦♥/ ❞✬"#✉❞❡/ ✶✺✶

✼✳✶ ❆❜5+(❛❝+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼✳✷ ❋♦♥❝+✐♦♥♥❡♠❡♥+ ❞✬✉♥ ❞)+❡❝+❡✉( 5❡♠✐✲❝♦♥❞✉❝+❡✉( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✼✳✸ ▲❡ ❝♦♥❝❡♣+ ✧❙"#✐♣♣②✲(❛❞✧ ✿ ❝♦♥❝❡♣+ ❡+ ❝❛(❛❝+)(✐5+✐G✉❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼✳✸✳✶ ▲❡ ❞)+❡❝+❡✉( ❞❡ +②♣❡ ✧❙+(✐♣♣②✲I❛❞✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼✳✸✳✷ ▲❡5 ❝❛(❛❝+)(✐5+✐G✉❡5 ❞✉ ❞)+❡❝+❡✉( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✸✳✸ ▲❡5 5✉♣♣♦(+5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

✼✳✹ ▲❡ ❜❛♥❝ ❞❡ +❡5+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✹✳✶ ▲❛ ♠)❝❛♥✐G✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✹✳✷ ▲❛ ❝❤❛L♥❡ ❞✬❛❝G✉✐5✐+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✼✳✺ I(♦+♦❝♦❧❡ ❞❡ ❝❛(❛❝+)(✐5❛+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✼✳✻ ❘❡❣(♦✉♣❡♠❡♥+ ❞❡ ♣✐①❡❧5 ✿ ♠✐5❡ ❡♥ ♣❧❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✽ ❈❛'❛❝#"'✐/❛#✐♦♥/ ❡# ❘"/✉❧#❛#/ ✶✼✺

✽✳✶ ❆❜5+(❛❝+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✽✳✷ ❉)+❡❝+❡✉( ✷✾✽✼✲✶✷ ✿ ♣(♦+♦+②♣❡ ✧♠)❝❛♥✐G✉❡✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷

✽✳✸ ❉)+❡❝+❡✉( ✷✾✽✼✲✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

✽✳✹ ❉)+❡❝+❡✉( ✷✾✽✼✲✶✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✾

✽✳✺ ❘❡❣(♦✉♣❡♠❡♥+ ❞❡ ♣✐①❡❧5 ✿ ❝❛(❛❝+)(✐5❛+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✶

✽✳✻ ➱+✉❞❡ ❞❡5 ❢♦(♠❡5 ❞✬✐♠♣✉❧5✐♦♥5 ❞✬♦♥❞❡5 ✿ (✉❧-❡ ❙❤❛♣❡ ❆♥❛❧②-✐- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✷

✽✳✻✳✶ I(✐♥❝✐♣❡ ❞❡ ❜❛5❡ ❡+ ✈❛(✐❛❜❧❡5 ❛55♦❝✐)❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✷

✽✳✻✳✷ ➱+✉❞❡5 ♣()❧✐♠✐♥❛✐(❡5 ❡+ ()5✉❧+❛+5 ❞❡5 ❛♥❛❧②5❡5 ❞❡ ❢♦(♠❡5 ❞✬✐♠♣✉❧5✐♦♥5 ❞✬♦♥❞❡5 ✳ ✳ ✳ ✶✾✻

✽✳✼ ➱✈/♥❡♠❡♥+ ♣❛(❛5✐+❡ ✿ ✧❥✉♥❦✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✽

✽✳✼✳✶ ▼✐5❡ ❡♥ )✈✐❞❡♥❝❡ ❞✉ ♣❤)♥♦♠/♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✽

✽✳✼✳✷ ❉)+❡(♠✐♥❛+✐♦♥ ❞❡ ❧✬♦(✐❣✐♥❡ ❞❡5 )✈)♥❡♠❡♥+5 ♣❡(+✉(❜❛+❡✉(5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✽

✽✳✼✳✸ ▼✐5❡ ❡♥ ♣❧❛❝❡ ❞❡ ❝♦(()❧❛+✐♦♥5 ❡+ ()5✉❧+❛+5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✵

❆ ❉♦❝✉♠❡♥#❛#✐♦♥ #❡❝❤♥✐0✉❡ ❞❡/ ♣'"❛♠♣❧✐✜❝❛#❡✉' ❈❘❊▼❆❚ ✷✶✸

❇ ❘C❣❧❡ ❞❡/ ✶✷✵♣❋ ✿ ❡/#✐♠❛#✐♦♥ ❞❡ ❧❛ ❝❛♣❛❝✐#" ♠❛①✐♠✉♠ ❞❡/ '❡❣'♦✉♣❡♠❡♥#/ ❞❡ ♣✐①❡❧/ ✷✶✼

❈ ❈♦✉'❜❡/ ❝❛'❛❝#"'✐/#✐0✉❡/ ❝♦✉'❛♥#✱ ❝❛♣❛❝✐#" ❡♥ ❢♦♥❝#✐♦♥ ❞❡ ❧❛ #❡♥/✐♦♥ ♣♦✉' ❧❡/ ❞✐✛"'❡♥#/

❞"#❡❝#❡✉'/ ❙■❘■❯❙ ✷✶✾

❉ ❈❤❛♥❣❡♠❡♥# ❞❡ ✈❛'✐❛❜❧❡ ❡/#✐♠❛#✐♦♥ ❞✉ #❡♠♣/ ❞❡ ✈✐❡ ✷✷✺
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❚❛❜❧❡ ❞❡& ✜❣✉*❡&

✶✳✶ ❈❤❛%&❡ ❞❡) ♥♦②❛✉① ❡& ♠♦❞❡) ❞❡ ❞0❝%♦✐))❛♥❝❡) ♣%✐♥❝✐♣❛✉① ♦❜)❡%✈0) ✴ ❈❤❛#$ ♦❢ ♥✉❝❧✐❞❡ ❛♥❞

♠♦/$ ❝♦♠♠♦♥❧② ♦❜/❡#✈❡❞ ❞❡❝❛② ♠♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❈❤❛%&❡ ❞❡) ♥♦②❛✉① ❡& ❧✐♠✐&❡) ❞✬❡①✐)&❡♥❝❡ &❤0♦%✐;✉❡ ✴ ❈❤❛#$ ♦❢ ◆✉❝❧✐❞❡ ❛♥❞ $❤❡♦#❡$✐❝❛❧ ❡①✐/✲

$❡♥❝❡ ❜♦✉♥❞❛#② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸ ➱♥❡%❣✐❡ ❞❡ ❧✐❛✐)♦♥ ♣❛% ♥✉❝❧0♦♥ ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ♠❛))❡ ❆ ✴ ❇✐♥❞✐♥❣ ❡♥❡#❣② ♣❡# ♥✉❝❧❡♦♥ ✐♥

❢✉♥❝$✐♦♥ ♦❢ $❤❡ ♠❛// ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✹ ■❧❧✉)&%❛&✐♦♥ ❞❡ ❧❛ )✉%❢❛❝❡ ❞✬0♥❡%❣✐❡ ♣♦&❡♥&✐❡❧❧❡ ❞❛♥) ❧❡) ♥♦②❛✉① ❧♦✉%❞) ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛

❞0❢♦%♠❛&✐♦♥ ✿ ❝♦♠♣❛%❛✐)♦♥ ❣♦✉&&❡ ❧✐;✉✐❞❡✴❡✛❡&) ❞❡ ❝♦✉❝❤❡) ✴ ■❧❧✉/$#❛$✐♦♥ ♦❢ $❤❡ /✉#❢❛❝❡ ♦❢

$❤❡ ♣♦$❡♥$✐❛❧ ❡♥❡#❣② ✐♥ $❤❡ ❤❡❛✈② ♥✉❝❧❡✐ ✐♥ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ♥✉❝❧❡❛# ❞❡❢♦#♠❛$✐♦♥ ✿ ❝♦♠♣❛#✐/♦♥

❜❡$✇❡❡♥ ❧✐<✉✐❞ ❞#♦♣ ♠♦❞❡❧ ❛♥❞ /❤❡❧❧/ ❡✛❡❝$/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✺ ❈♦♠♣❛%❛✐)♦♥ ❞❡ ❧❛ ♣♦)✐&✐♦♥ ❞❡ ❧✬G❧♦& ❞❡ )&❛❜✐❧✐&0 )✉✐✈❛♥& ❞✐✛0%❡♥&) ♠♦❞H❧❡) ✴ ❈♦♠♣❛#✐/♦♥ ♦❢

$❤❡ ♣#❡❞✐❝$❡❞ ♣♦/✐$✐♦♥ ❢♦# $❤❡ ✐/❧❛♥❞ ♦❢ /$❛❜✐❧✐$② ❛❝❝♦#❞✐♥❣ $♦ /❡✈❡#❛❧ ♠♦❞❡❧/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✻ ➱✈♦❧✉&✐♦♥ ❞❡) ♥✐✈❡❛✉① ❞❡ ♣❛%&✐❝✉❧❡) ✐♥❞✐✈✐❞✉❡❧❧❡) ♣%♦&♦♥) ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ❞0❢♦%♠❛&✐♦♥ ❞✉

♥♦②❛✉ ✴ ❊✈♦❧✉$✐♦♥ ♦❢ $❤❡ /✐♥❣❧❡ ♣❛#$✐❝❧❡ ♣#♦$♦♥ ❧❡✈❡❧/ ❛/ ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ❞❡❢♦#♠❛$✐♦♥ ♦❢ $❤❡

♥✉❝❧❡✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✼ ➱✈♦❧✉&✐♦♥ ❞❡) ♥✐✈❡❛✉① ❞❡ ♣❛%&✐❝✉❧❡) ✐♥❞✐✈✐❞✉❡❧❧❡) ♥❡✉&%♦♥) ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ❞0❢♦%♠❛&✐♦♥ ❞✉

♥♦②❛✉ ✴ ❊✈♦❧✉$✐♦♥ ♦❢ $❤❡ /✐♥❣❧❡ ♣❛#$✐❝❧❡ ♥❡✉$#♦♥ ❧❡✈❡❧/ ❛/ ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ❞❡❢♦#♠❛$✐♦♥ ♦❢

$❤❡ ♥✉❝❧❡✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✽ ➱✈♦❧✉&✐♦♥ ❞❡ ❧❛ )❡❝&✐♦♥ ❡✣❝❛❝❡ ❞❡ ♣%♦❞✉❝&✐♦♥ ❞❡) ♥♦②❛✉① )✉♣❡%❧♦✉%❞) ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛

♠❛))❡ ✴ ❊✈♦❧✉$✐♦♥ ♦❢ $❤❡ ❝#♦// /❡❝$✐♦♥ ♦❢ ♣#♦❞✉❝$✐♦♥ ❢♦# $❤❡ /✉♣❡#❤❡❛✈② ♥✉❝❧❡✐ ✐♥ ❢✉♥❝$✐♦♥

♦❢ $❤❡ ♠❛// ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✾ ➱✈♦❧✉&✐♦♥ ❞✉ &❡♠♣) ❞❡ ✈✐❡ ✈✐)✲N✲✈✐) ❞❡ ❧❛ ✜))✐♦♥ ♣♦✉% ❧❡) ♥♦②❛✉① ♣❛✐%) ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❡✉%)

♠❛))❡) ✴ ❊✈♦❧✉$✐♦♥ ♦❢ $❤❡ ❞❡❝❛② $✐♠❡ ❛❣❛✐♥/$ $❤❡ /♣♦♥$❛♥❡♦✉/ ✜//✐♦♥ ❛/ ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡

♥❡✉$#♦♥ ♥✉♠❜❡# ❢♦# ❡✈❡♥ ♥✉❝❧❡✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✶✵ ❈♦♠♣❛%❛✐)♦♥ ❞❡) ✈❛❧❡✉%) ❞❡ ❞❡♠✐✲✈✐❡ ❡& ❞❡ ❧❛ ❝❤❛❧❡✉% ❞❡ %0❛❝&✐♦♥ ❞✉ ▲✈ ✭❩ ❂✶✶✼✮ ❛✈❡❝

❧❛ &❤0♦%✐❡✴ ❈♦♠♣❛#✐/♦♥ ❜❡$✇❡❡♥ ♣#❡❞✐❝$✐♦♥ ❛♥❞ ❡①♣❡#✐♠❡♥$❛❧ #❡/✉❧$/ ♦♥ $❤❡ ❞❡❝❛② $✐♠❡ ❛♥❞

◗✲✈❛❧✉❡ ❢♦# $❤❡ ▲✈ ✭❩ ❂✶✶✼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✶✶ ➱✈♦❧✉&✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉% ❞❡ %0❛❝&✐♦♥ α ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ♠❛))❡ ♣♦✉% ❧✬❡♥)❡♠❜❧❡ ❞❡) ♥♦②❛✉①

❝♦♥♥✉) ♣♦✉% ❆ ≥ ✷✺✵✴ ❊✈♦❧✉$✐♦♥ ♦❢ α ◗✲✈❛❧✉❡ ❛/ ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ♠❛// ❢♦# ❛❧❧ ❦♥♦✇♥ ♥✉❝❧❡✐
✇✐$❤ ❆ ≥ ✷✺✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✶ ❈❤❛%&❡ ❞❡) ♥♦②❛✉① ❝❡♥&%0❡ )✉% ❧❛ %0❣✐♦♥ ❞❡) )✉♣❡%❧♦✉%❞) ✴ ❈❤❛#$ ♦❢ ♥✉❝❧✐❞❡ ❝❡♥$❡# ♦♥ $❤❡

/✉♣❡#❤❡❛✈② #❡❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✷ ❉✐✛0%❡♥&❡) 0&❛♣❡) ❡& ✐♥❢♦%♠❛&✐♦♥) %0❝✉♣0%0❡) ❞✉%❛♥& ❧❡ ♠0❝❛♥✐)♠❡ ❞❡ ❢✉)✐♦♥ 0✈❛♣♦%❛&✐♦♥ ✴

❙❡✈❡#❛❧ /$❡♣/ ❛♥❞ ✐♥❢♦#♠❛$✐♦♥ ❣❛$❤❡#❡❞ ❞✉#✐♥❣ $❤❡ ❢✉/✐♦♥ ❡✈❛♣♦#❛$✐♦♥ ♠❡❝❤❛♥✐/♠ ✳ ✳ ✳ ✳ ✳ ✸✸
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✷✳✸ ❘❡♣()*❡♥,❛,✐♦♥ *❝❤)♠❛,✐2✉❡ ❞✉ ♣(♦❝❡**✉* ❞❡ ❞)*❡①❝✐,❛,✐♦♥ ❞✬✉♥ ♥♦②❛✉ ❝♦♠♣♦*) ❧♦(* ❞❡ ❧❛

❢✉*✐♦♥ )✈❛♣♦(❛,✐♦♥ ✴ ❙❝❤❡♠❛&✐❝ (❡♣(❡*❡♥&❛&✐♦♥ ♦❢ &❤❡ ❞❡*❡①❝✐&❛&✐♦♥ ♣(♦❝❡** ❡♥❣❛❣❡ ✐♥ &❤❡

❢✉*✐♦♥ ❡✈❛♣♦(❛&✐♦♥ ♠❡❝❤❛♥✐*♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
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,❡>♠✐♥♦❧♦❣② ❛♣♣❡❛> #✉❝❤ ❛# ,>❛♥#✉>❛♥✐❝ ♦> ,>❛♥#❢❡>♠✐❛ ♥✉❝❧❡✐✳ ❇✉, ,❤❡ ♣>♦♣❡>,✐❡# ❝❛♥ ❝❤❛♥❣❡ #♦ E✉✐❝❦❧②

❛❧♦♥❣ ❛♥ ✐#♦,♦♣✐❝ ❝❤❛✐♥ ,❤❛, ,❤❡#❡ ❞❡✜♥✐,✐♦♥# ❛>❡ ♥♦, ❡①❛❝, ❛♥❞ #✉✣❝✐❡♥, ,♦ #♦>, ♦✉, ,❤❡ ♥✉❝❧❡✐✳

❙♦♠❡,✐♠❡#✱ ,❤❡ ❞❡✜♥✐,✐♦♥ ♦❢ ,❤❡ #✉♣❡>✲❤❡❛✈② ♥✉❝❧❡✐ ✐# ❜❛#❡❞ ♦♥ ,❤❡✐> ❛✣❧✐❛,✐♦♥ ,♦ ,❤❡ ✐#❧❛♥❞ ♦❢ #,❛❜✐❧✐,②

✭#❡❝,✐♦♥ ✶✳✸✳✷✮✱ ❜✉, ✐, ✐# ❜♦,❤ ❛ ♣>❡❞✐❝,✐♦♥ ❛♥❞ ♠♦❞❡❧✲❞❡♣❡♥❞❡♥,✳ ❚❤✉#✱ ✇❡ ♥❡❡❞ ❛ ♠♦>❡ >❡❧✐❛❜❧❡ ❛>❣✉♠❡♥,

✐♥ ♦>❞❡> ,♦ ❞❡✜♥❡ ,❤❡#❡ ♥✉❝❧❡✐✳ ❇✉, ✜>#,✱ ✇❡ ♥❡❡❞ ,♦ ✐♥,>♦❞✉❝❡ ,❤❡ ▲✐E✉✐❞ ❉>♦♣ ▼♦❞❡❧✱ ✇❤✐❝❤ ✇❛# ♦♥❡ ♦❢

,❤❡ ✜>#, ♠♦❞❡❧# ✉#❡❞ ❢♦> ❞❡#❝>✐❜✐♥❣ ,❤❡ ♥✉❝❧❡❛> ♠❛,,❡>✳

■♥ ,❤❡ ♥✉❝❧❡✉#✱ ,❤❡ ♥✉❝❧❡♦♥# ❛>❡ ❜♦♥❞❡❞ ,❤>♦✉❣❤ ,❤❡ #,>♦♥❣ ✐♥,❡>❛❝,✐♦♥ ✇❤✐❝❤ ✐# ✈❡>② #❤♦>, >❛♥❣❡ ✭❢❡✇

❢❡♠,♦♠❡,❡>✮ ❜✉, ❛❧#♦ ✈❡>② #,>♦♥❣✱ ❡♥♦✉❣❤ ,♦ ❜❛❧❛♥❝❡ ,❤❡ ❈♦✉❧♦♠❜ >❡♣✉❧#✐♦♥ ❜❡,✇❡❡♥ ,❤❡ ♣>♦,♦♥#✳ ❚❤❡ ❧❛❝❦

♦❢ ✐♥❢♦>♠❛,✐♦♥ >❡❣❛>❞✐♥❣ ,❤❡#❡ ✐♥,❡>❛❝,✐♦♥# ❜>✐♥❣# ✉# ,♦ ✉♥❞❡>#,❛♥❞ ,❤❡ ♥✉❝❧❡❛> ♠❛,,❡> ,❤>♦✉❣❤ ❝♦♠♣❛>✐#♦♥

✇✐,❤ ♠♦❞❡❧#✳ ❚❤❡ ▲✐E✉✐❞ ❉>♦♣ ▼♦❞❡❧ ❬✺❪ ✇❛# ♦♥❡ ♦❢ ,❤❡ ✜>#, ♦♥❡# ,♦ ❜❡ ❛❜❧❡ ,♦ >❡♣>♦❞✉❝❡ ,❤❡ ♦❜#❡>✈❡❞

❜✐♥❞✐♥❣ ❡♥❡>❣✐❡# ✭❝❢✳ ✜❣✳ ✶✳✸✮ ♦❢ ,❤❡ ♥✉❝❧❡✉# ❛♥❞ ♦,❤❡> ♥✉❝❧❡❛> ♣>♦♣❡>,✐❡#✳ ■, ✐# ❜❛#❡❞ ♦♥ ,❤❡ ❞❡#❝>✐♣,✐♦♥

♦❢ ,❤❡ ♥✉❝❧❡✉# ❛# ❛ ♥✉❝❧❡❛> ❧✐E✉✐❞ ❞>♦♣✳ ❚❤✉#✱ ✉♥❞❡> ,❤✐# ♠♦❞❡❧ ✇❡ ❝❛♥ ❞❡,❡>♠✐♥❡ ,❤❡ ❜✐♥❞✐♥❣ ❡♥❡>❣②

❇✭❆✱❩✮ ❜② ❡E✳ ✭✶✳✶✮✱ ✇❤❡>❡ ❛v ❝♦>>❡#♣♦♥❞ ,♦ ,❤❡ ✈♦❧✉♠❡ ❝♦♠♣♦♥❡♥,✱ ❛s ✐# ,❤❡ #✉>❢❛❝❡ ❝♦♠♣♦♥❡♥,✱ ❛c ✐# ,❤❡

❈♦✉❧♦♠❜ >❡♣✉❧#✐♦♥ ,❡>♠✱ ❛a ✐# ,❤❡ ❛#②♠♠❡,>✐❝ ♣❛>, ❛♥❞ δ ✐# ,❤❡ ♣❛✐>✐♥❣ ❝♦♠♣♦♥❡♥,✳ ❊❛❝❤ ♦♥❡ ♦❢ ,❤❡♠ ❤❛#

❡✈♦❧✈❡❞ ❬✻❪ ✐♥ ,❤❡ ♣❛#, ❛♥❞ ❝❛♥ ❜❡ ❛♣♣>♦①✐♠❛,❡ ,❤>♦✉❣❤ ,❤❡ ❡①♣❡>✐♠❡♥,❛❧ ❞❛,❛ ✐♥ ♦>❞❡> ,♦ >❡♣>♦❞✉❝❡ ❛❧❧

,❤❡ ♥✉❝❧❡❛> ❞❛,❛ ❣❛,❤❡>❡❞ ❛, ,❤❡ ♣>❡#❡♥, ,✐♠❡✱ ✐♥ ✜>#, ❛♣♣>♦①✐♠❛,✐♦♥#✳

❚❤✐# ♠♦❞❡❧ ❛❧❧♦✇# ✉# ,♦ ✉♥❞❡>#,❛♥❞ ,❤❡ ♠❛✐♥ ❝❤❛>❛❝,❡>✐#,✐❝# ♦❢ ,❤❡ ✜##✐♦♥ ♣>♦❝❡## ❛♥❞ ,♦ ❡①♣❧❛✐♥ ,❤❡

♥❡✉,>♦♥ ❝❛♣,✉>❡ ❝>♦## #❡❝,✐♦♥✳ ❍♦✇❡✈❡>✱ ✐, ❞♦❡# ♥♦, >❡♣>♦❞✉❝❡ ❡✐,❤❡> ,❤❡ ♦#❝✐❧❧❛,✐♦♥ ✐♥ ,❤❡ ❜✐♥❞✐♥❣ ❡♥❡>❣②

♠❡❛#✉>❡❞ ♥♦> ,❤❡ ❧✐❢❡,✐♠❡ ♦❢ ,❤❡ ❤❡❛✈② ❡❧❡♠❡♥, ❩∼✶✵✵ ✭❡✈♦❦❡ ❜② ◆✳ ❇♦❤> ✐♥ ✶✾✸✾✮ ♦> ,❤❡ ❡①❝✐,❛,✐♦♥ ❡♥❡>❣②

❛♥❞ ,❤❡ ♥❛,✉>❛❧ ❛❜✉♥❞❛♥❝❡ ♦❢ ❡❛>,❤ ✐#♦,♦♣❡#✳ ▼♦>❡♦✈❡>✱ ✐♥ ,❤✐# ♠♦❞❡❧✱ ,❤❡ ❡❧❡♠❡♥, ❝♦♠♣♦>,✐♥❣ ❛>♦✉♥❞

✶✵✹ ♣>♦,♦♥# ♦> ♠♦>❡ #❤♦✉❧❞ ♥♦, ❡①✐#, ❜✉, ❤❛# ❜❡❡♥ ♦❜#❡>✈❡❞ ✿ E✉❛♥,✉♠ ❝♦♥,>✐❜✉,✐♦♥# ,❤>♦✉❣❤ #❤❡❧❧ ❡✛❡❝,#

❝>❡❛,❡# ❛ ♣♦,❡♥,✐❛❧ ✇❡❧❧ ❢♦> ,❤❡ #✉>✈✐✈❛❧ ♦❢ ,❤❡ ♥✉❝❧❡✉# ✭❝❢✳ ✜❣✳ ✶✳✹✮ ,❛❦❡♥ ✐♥,♦ ❛❝❝♦✉♥, ✐♥ ♠♦>❡ ❛❞✈❛♥❝❡#

E✉❛♥,✐❝ ♠♦❞❡❧#✳

❚❤✐# ❧✐♠✐, ✐# ,❤❡ ♠♦#, ❝♦♠♠♦♥❧② ✉#❡❞ ❞❡✜♥✐,✐♦♥ ❢♦> ,❤❡ #✉♣❡>✲❤❡❛✈② ❡❧❡♠❡♥,# ✿ ❝♦>>❡#♣♦♥❞✐♥❣ ,♦ ❛♥②

♥✉❝❧❡✐ ✇✐,❤ ♠♦>❡ ,❤❛♥ ✶✵✹ ♣>♦,♦♥# ✭❡✈❡♥ ✐❢ ,❤❡ ♥✉♠❜❡> ✐# ♠♦❞❡❧✲❞❡♣❡♥❞❡♥,✮✳ ▼♦>❡♦✈❡> ✇❡ ♦❢,❡♥ ❛##♦❝✐❛,❡❞

✇✐,❤ ,❤✐# ❞❡✜♥✐,✐♦♥ ,❤❡ ,❡>♠✐♥♦❧♦❣② ✈❡>② ❤❡❛✈② ❝♦>>❡#♣♦♥❞✐♥❣ ,❤❡ ♥✉❝❧❡✐ ❤❡❛✈✐❡> ,❤❛♥ ,❤❡ ✉>❛♥✐✉♠ ❜✉,

❧✐❣❤,❡> ,❤❛♥ ,❤❡ >✉,❤❡>❢♦>❞✐✉♠ ✭❩ ❂ ✶✵✹✮ ❬✼❪✳
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❚❤❡ #,✉❞② ♦❢ ,❤❡ ❡❛>,❤ #,❛❜❧❡ ♥✉❝❧❡✐ >❡✈❡❛❧❡❞ #♦♠❡ ♦#❝✐❧❧❛,✐♦♥# ❛>♦✉♥❞ #♦♠❡ ♥❡✉,>♦♥✴♣>♦,♦♥ ♥✉♠❜❡>#✳

❚❤✉#✱ ,❤>♦✉❣❤ ,❤❡ #,✉❞✐❡# ♦❢ ❛ ❧✐❢❡,✐♠❡✱ ♠❛❣♥❡,✐❝ ♠♦♠❡♥,✉♠ ❛♥❞ ❝♦❧❧❡❝,✐✈❡ ♣>♦♣❡>,✐❡#✱ ,❤❡ E✉❛♥,✉♠ ♥❛,✉>❡

♦❢ ,❤❡ ♥✉❝❧❡✐ ❤❛# ❜❡❡♥ E✉✐❝❦❧② ❤✐❣❤❧✐❣❤,❡❞✱ ❛# ✇❡❧❧ ❛# #♦♠❡ ✐♥❝>❡❛#❡# ♦❢ #,❛❜✐❧✐,② ✭❛♥❞ #♣❤❡>✐❝✐,②✮ ❛>♦✉♥❞

#♦♠❡ ✧♠❛❣✐❝ ♥✉♠❜❡>✧ ✿ ✷✱✽✱✷✵✱✷✽✱✺✵✱✽✷ ❛♥❞ ✶✷✻ ✭❜❧❛❝❦ ❧✐♥❡ ✐♥ ✜❣✳ ✶✳✶✮✳

❚❤❡ ✜>#, ♠♦❞❡❧ ,❤❛, ,♦♦❦ ✐♥,♦ ❛❝❝♦✉♥, ,❤❡ E✉❛♥,✉♠ ❛#♣❡❝, ♦❢ ,❤❡ ♥✉❝❧❡✉# ✭❛♥❞ >❡♣>♦❞✉❝✐♥❣ ,❤❡

❡①♣❡>✐♠❡♥,❛❧ ❞❛,❛✮ ✇❛# ,❤❡ ❙❤❡❧❧# ▼♦❞❡❧ ♦❢ ▼✳ ●♦❡♣♣❡>,✲▼❛②❡> ❛♥❞ ❏✳❍✳❉✳ ❏❡♥#❡♥ ✐♥ ✶✾✹✾ ❬✽✱ ✾❪✳ ■, ✐#

❜❛#❡❞ ♦♥ ❛ ❤❛>♠♦♥✐❝ ♦#❝✐❧❧❛,♦> ♣♦,❡♥,✐❛❧ ♦♥ ✇❤✐❝❤ ❛>❡ ❛❞❞❡❞ ❛♥ ❛♥❣✉❧❛> ♠♦♠❡♥,✉♠ ❛♥❞ ❛ #♣✐♥✲♦>❜✐,

❝♦✉♣❧✐♥❣✳ ❚❤✐# ❧❛#, ♦♥❡ ❧✐❢,# ,❤❡ ❞❡❣❡♥❡>❛❝② ♦❢ ,❤❡ ♦>❜✐,❛❧ ❝>❡❛,✐♥❣ ❡♥❡>❣② ❣❛♣ ❜❡,✇❡❡♥ ,❤❡ ♥✉❝❧❡❛> #,❛,❡#
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❜② )8✉❞②✐♥❣ 8❤❡)❡ ❞❡❢♦-♠❡❞ ❣❛♣)✱ ❛♥❞ 8❤❡ ❧❡✈❡❧) ✐♥✈♦❧✈❡❞✱ ✇❡ ❝❛♥ ❣❛8❤❡- ✐♥❢♦-♠❛8✐♦♥ ❛❜♦✉8 8❤❡ ✐)❧❛♥❞ ♦❢

)8❛❜✐❧✐8②✳

❈❧✉❡$ ❛♥❞ ❡✈✐❞❡♥❝❡$

❚❤❡ ✜-)8 ❡✈✐❞❡♥❝❡ ✐♥ ❢❛✈♦- ♦❢ 8❤❡ ✐)❧❛♥❞ ♦❢ )8❛❜✐❧✐8② ❝♦♠❡) ❢-♦♠ 8❤❡ ❝-♦)) )❡❝8✐♦♥ ♦❢ ❢✉)✐♦♥ ❡✈❛♣♦-❛8✐♦♥

✉)✐♥❣ 8❤❡
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❈❛✱ ✇✐8❤ ❛♥ ✐♥❝-❡❛)❡ ❛-♦✉♥❞ ❩ ❂ ✶✶✹ ✭♦♥❡ ♦❢ 8❤❡ ♣-❡❞✐❝8❡❞ ♠❛❣✐❝ ♥✉♠❜❡-)✮✱ ♦❝❝✉--✐♥❣ ❞✉-✐♥❣

8❤❡ -❡❛❧❧② ❢❛)8 ❞❡❝-❡❛)✐♥❣ ✐♥ 8❤❡ ❝-♦)) )❡❝8✐♦♥ ✭❝❢✳ ✜❣✳ ✶✳✽✮✳ ❚❤❡)❡ )❤❡❧❧) ❡✛❡❝8) ❝♦✉❧❞ ✐♥❝-❡❛)❡ 8❤❡ )8❛❜✐❧✐8②

♦❢ 8❤❡ -❡❛❝8✐♦♥ ♣-♦❞✉❝8 ❛♥❞ 8❤✐) -❡❣✐♦♥ )❤♦✉❧❞ ❜❡ ✐♥✈❡)8✐❣❛8❡❞ ❛) )♦♦♥ ❛) 8❡❝❤♥✐❝❛❧❧② ♣♦))✐❜❧❡ ✭-❡❛❝8✐♦♥

♠❡❝❤❛♥✐)♠✱ ❡①♣❡-✐♠❡♥8❛❧ 8❡❝❤♥✐H✉❡ ✳✳✳✳✮✳ ■❢ ✇❡ ❝♦♥)✐❞❡- 8❤❡ ❧✐❣❤8❡- ♥✉❝❧❡✐✱ 8✇♦ ❝❤❛-❛❝8❡-✐)8✐❝) ❛-❡ ✈❡-②

✉)❡❢✉❧ ✿ 8❤❡ ❞❡❝❛② 8✐♠❡ -❡❣❛-❞✐♥❣ 8❤❡ )♣♦♥8❛♥❡♦✉) ✜))✐♦♥ ❛♥❞ 8❤❡ -❡❛❝8✐♦♥ H✉♦8✐❡♥8 ❢♦- 8❤❡ α ❞❡❝❛② ◗α
✭)❡❝8✐♦♥ ✷✳✹✮✳ ❚❤❡ ✜-)8 ♦♥❡ ❝❧❡❛-❧② ❤✐❣❤❧✐❣❤8) 8❤❡ ❞❡❢♦-♠❡❞ ❣❛♣) ✭❝❢✳ ✜❣✳ ✶✳✾✮ ❛-♦✉♥❞ ◆ ❂ ✶✺✷ ❛♥❞ ◆ ❂ ✶✻✷✳

❚❤❡ )❡❝♦♥❞ ♦♥❡ ❝❛♥ ❜❡ ❛♣♣-♦❛❝❤❡❞ ✐♥ 8✇♦ ❞✐✛❡-❡♥8 ✇❛②)✳

❋✐-)8✱ ✐❢ ✇❡ ❝♦♥)✐❞❡- 8❤❡ ❝♦♠♣❛-✐)♦♥ ❜❡8✇❡❡♥ 8❤❡ 8❤❡♦-❡8✐❝❛❧ ♣-❡❞✐❝8✐♦♥ ❛♥❞ 8❤❡ ♠❡❛)✉-❡ ◗α✱ 8❤❡

❞✐✛❡-❡♥❝❡ ❛❧❧♦✇) ✉) 8♦ ❛❞❥✉)8 8❤❡ )❡✈❡-❛❧ ♠♦❞❡❧) ✉)❡❞ ❢♦- 8❤❡ ❞❡)❝-✐♣8✐♦♥ ♦❢ 8❤❡ ♥✉❝❧❡❛- ♠❛88❡- ✭❝❢✳ ✜❣✳

✶✳✶✵✮✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❝❛♥ ♦❜)❡-✈❡ 8❤❡ ❡✈♦❧✉8✐♦♥ ♦❢ 8❤❡ ◗α -❡❣❛-❞✐♥❣ 8❤❡ ♠❛)) ♦❢ 8❤❡ ♥✉❝❧❡✐ ✿ ❛ ❧✐♥❡❛- )②)8❡♠❛8✐❝

❡✈♦❧✉8✐♦♥ ❝❛♥ ❜❡ ♦❜)❡-✈❡❞ ✭❝❢✳ ✜❣✳ ✶✳✶✶✮✳ ▼♦-❡♦✈❡-✱ ❛8 )♦♠❡ ♣♦✐♥8 ❛ ❧♦❝❛❧ ❞❡❝-❡❛)❡ ✐♥ 8❤❡ )②)8❡♠❛8✐❝ ❝❛♥

❜❡ ♦❜)❡-✈❡❞ ❛-♦✉♥❞ )♦♠❡ ♥❡✉8-♦♥ ♥✉♠❜❡- ✿ ❤✐❣❤❧✐❣❤8 ♦❢ 8❤❡ ❞❡❢♦-♠❡❞ ❣❛♣) ◆ ❂ ✶✺✷ ❛♥❞ ✶✻✷ ❛8 8❤❡ ❧♦❝❛❧

♠✐♥✐♠✉♠✳

❋✐♥❛❧❧②✱ ✐❢ ✇❡ ❝♦♥)✐❞❡- 8❤❡ ❩ ❂ ✶✶✹ ❡❧❡♠❡♥8✱ 8❤❡ ✈❛❧✉❡) ♦❢ 8❤❡ -❡❛❝8✐♦♥ ◗✲✈❛❧✉❡ ✐) ❡✈❡♥❧② )♣-❡❛❞ ♦✉8

❜❡8✇❡❡♥ ✐8) ♥❡✐❣❤❜♦-) ✇✐8❤ ♥♦ ✈✐)✐❜❧❡ ❡✛❡❝8 ♦❢ 8❤❡ 8❤❡♦-❡8✐❝❛❧ )♣❤❡-✐❝❛❧ ❣❛♣✳
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▲✬#$✉❞❡ ❡$ ❧❛ *②♥$❤.*❡ ❞❡* #❧#♠❡♥$* ❧♦✉1❞* ❡$ *✉♣❡1❧♦✉1❞* 1❡♣1#*❡♥$❡ ✉♥ ❞❡* $❤.♠❡* ♠❛❥❡✉1* ❞❡ ❧❛

♣❤②*✐5✉❡ ♥✉❝❧#❛✐1❡ ❝♦♥$❡♠♣♦1❛✐♥❡✳ ❈❡❧❧❡*✲❝✐ ❢♦♥$ ❧✬♦❜❥❡$ ❞✬✉♥❡ ❝♦♠♣#$✐$✐♦♥ ✐♥$❡1♥❛$✐♦♥❛❧❡ ❡$ ❞❡ ❞#✈❡❧♦♣♣❡✲

♠❡♥$* ❞❡ ❞✐*♣♦*✐$✐❢* ❡①♣#1✐♠❡♥$❛✉① ❞❡ ♣❧✉* ❡♥ ♣❧✉* ❝♦♠♣❧❡①❡* ❡$ ♣❡1❢♦1♠❛♥$*✳ ❈❡ ❝❤❛♣✐$1❡ ✈❛ >$1❡ ❝♦♥*❛❝1#

? ❧✬✐♥$1♦❞✉❝$✐♦♥ ❞❡* ♥♦$✐♦♥* ❞❡ ♥♦②❛✉① *✉♣❡1❧♦✉1❞*✱ ♠❛✐* ❛✉**✐ ❞✬A❧♦$ ❞❡ *$❛❜✐❧✐$# ❞❡* ♥♦②❛✉① *✉♣❡1❧♦✉1❞*✳

◆♦✉* ❞#❜✉$❡1♦♥* ♣❛1 ✉♥❡ ✐♥$1♦❞✉❝$✐♦♥ ❞❡ ❧❛ ♥♦$✐♦♥ ❞❡ ♥♦②❛✉ *✉♣❡1❧♦✉1❞ ? $1❛✈❡1* ❧✬#$✉❞❡ ❞❡ ❧❛ ❝❤❛1$❡ ❞❡*

♥♦②❛✉① ❡$ ❞✬✉♥ ❤✐*$♦1✐5✉❡ 1❛♣✐❞❡ ❞❡* ❞#❝♦✉✈❡1$❡* 1❡❧❛$✐✈❡* ❛✉① ♥♦②❛✉① ❞❡ ♠❛**❡ ❡①$1>♠❡✳ C✉✐*✱ ❡♥ ✉$✐❧✐✲

*❛♥$ ❧❡* ♠♦❞.❧❡* $❤#♦1✐5✉❡*✱ ♥♦✉* #$✉❞✐❡1♦♥* ❧❡* ♣1#❞✐❝$✐♦♥* ❞✉ ♣♦*✐$✐♦♥♥❡♠❡♥$ ❞❡ ❧✬A❧♦$ ❞❡ *$❛❜✐❧✐$#✳ ◆♦✉*

$❡1♠✐♥❡1♦♥* ❝❡ ❝❤❛♣✐$1❡ ❡♥ ♠❡$$❛♥$ ❡♥ #✈✐❞❡♥❝❡ ❧❡* ✐♥$#1>$* ♣1✐♥❝✐♣❛✉① ❞❡* #$✉❞❡* 1❡❧❛$✐✈❡* ❛✉① ♥♦②❛✉①

$1❛♥*❢❡1♠✐❛ ❛✐♥*✐ 5✉❡ ❞❡* ❞✐✛#1❡♥$* ✐♥❞✐❝❡* ♥♦✉* ✐♥❞✐5✉❛♥$ ❧❛ ♣1#*❡♥❝❡ ❞✬✉♥ 1❡❣❛✐♥ ❞❡ *$❛❜✐❧✐$# ❞❡* ♥♦②❛✉①

*✉♣❡1❧♦✉1❞*✳

✶✳✷ ▲❛ %❡❝❤❡%❝❤❡ ❞✬+❧+♠❡♥/0 ❞❡ ♣❧✉0 ❡♥ ♣❧✉0 ❧♦✉%❞0

✶✳✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ❡% ❣.♥.&❛❧✐%.1

❉❡♣✉✐* ❧✬❛♥$✐5✉✐$#✱ ❧❛ ♠❛$✐.1❡ 5✉✐ ♥♦✉* ❡♥$♦✉1❡ ❛ ✐♥$1✐❣✉# ❧❡* *❝✐❡♥$✐✜5✉❡*✳ ▲❛ ♣1❡♠✐.1❡ ♥♦$✐♦♥ ❞✬❛$♦♠❡

♣1♦✈✐❡♥$ ❞✉ ❣1❡❝ ❛!♦♠♦$✱ ❧♦1*5✉❡ ❉❡♠♦❝1✐$❡ ❛ ❞#❝1✐$ ❧❛ ♠❛$✐.1❡ ❝♦♠♠❡ #$❛♥$ ❝♦♠♣♦*#❡ ❞❡ ♠✐♥✉*❝✉❧❡* ❜❧♦❝*

✐♥❞✐✈✐*✐❜❧❡*✳ ❈❡♣❡♥❞❛♥$✱ ❧❛ 1❡❝❤❡1❝❤❡ ❡$ ❧❛ ❝♦♠♣1#❤❡♥*✐♦♥ ❞❡ ❧❛ ♠❛$✐.1❡ ❡$ ❞❡* #❧#♠❡♥$* ♥✬❛ ✈1❛✐♠❡♥$ #♠❡1❣#

5✉✬❛✉ ❳❱■■■✲❳■❳❡ *✐.❝❧❡✳ ❊♥ ❡✛❡$✱ ❡♥$1❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥*❡1✈❛$✐♦♥ ❞❡ ❆✳ ▲❛✈♦✐*✐❡1 ✭✶✼✽✾✮✱ ❡$ ❧❡* ♦❜*❡1✈❛$✐♦♥*

❞❡ ❲✳ C1♦✉$ ✭✶✽✶✺✮ 1❡❧❛$✐✈❡* ❛✉① ♠❛**❡* ❞❡* #❧#♠❡♥$* ✭♠✉❧$✐♣❧❡* ❞❡ ❝❡❧❧❡ ❞❡ ❧✬❤②❞1♦❣.♥❡✮ ❧✬#♠❡1❣❡♥❝❡ ❞❡

❧❛ ♥♦$✐♦♥ ❞✬#❧#♠❡♥$ ✉♥✐5✉❡ ✭❛$♦♠❡✮ ❛✐♥*✐ 5✉❡ ❞❡ ♥✉❝❧#♦♥ ✈♦✐$ ❧❡ ❥♦✉1✳ ▲❛ ♣❧✉* ❣1❛♥❞❡ ❛✈❛♥❝#❡ 1❡*$❡ $♦✉$ ❞❡

♠>♠❡ ❧❛ ♣1❡♠✐.1❡ ❝❧❛**✐✜❝❛$✐♦♥ ♣#1✐♦❞✐5✉❡ ❞❡* #❧#♠❡♥$* ♣❛1 ❉✳ ▼❡♥❞❡❧❡U❡✈ ✭✶✽✻✾✮✱ 5✉✐ ♣❡1♠❡$ ❞❡ $1✐❡1 ❧❡*

#❧#♠❡♥$* *❡❧♦♥ ❧❡✉1* ♣1♦♣1✐#$#* ❝❤✐♠✐5✉❡*✳

▲❛ 1❛❞✐♦❛❝$✐✈✐$# ❞❡* ♥♦②❛✉① ❢W$ ❞#❝♦✉✈❡1$❡✱ 5✉❛♥$ ? ❡❧❧❡✱ ♣❛1 ❍✳ ❇❡❝5✉❡1❡❧ ? ❧✬❛✐❞❡ ❞✬✉♥ ♠✐♥❡1❛✐ ❞✬✉1❛✲

♥✐✉♠ ❡♥ ✶✽✾✻✳ ❙✉✐✈✐❡ ❞❡✉① ❛♥* ❛♣1.* ♣❛1 ❧❛ ♠✐*❡ ❡♥ #✈✐❞❡♥❝❡ ❞❡ ❧✬#❧❡❝$1♦♥ ♣❛1 ❏✳❏✳ ❚❤♦♠*♦♥✱ 5✉✐ ❛ ❞♦♥❝

♣❡1♠✐* ❞❡ *✉❣❣#1❡1 ♣♦✉1 ❧❛ ♣1❡♠✐.1❡ ❢♦✐* ❧✬❡①✐*$❡♥❝❡ ❞✬✉♥❡ *$1✉❝$✉1❡ ✐♥$❡1♥❡ ❞❡ ❧✬❛$♦♠❡ ✿ ❧❡ ♥♦②❛✉✳ ❈❡❧❧❡✲❝✐

❢W$ ♠✐*❡ ❡♥ #✈✐❞❡♥❝❡ ❡♥ ✶✾✶✶ ♣❛1 ❍✳ ●❡✐❣❡1 ❡$ ❊✳ ▼❛1❞❡♥ ✭*♦✉* ❧❛ ❞✐1❡❝$✐♦♥ ❞❡ ❊✳ ❘✉$❤❡1❢♦1❞✮✳ ❈❡* #$✉❞❡*

♦♥$ ❞♦♥❝ ♣❡1♠✐* ❞❡ ♠❡$$1❡ ❡♥ #✈✐❞❡♥❝❡ ❧❡* ♣1♦$♦♥*✳ ❈❡$$❡ ❞#❝♦✉✈❡1$❡ ❢W$ ❝♦♠♣❧#$#❡ ♣❛1 ❧❡* $1❛✈❛✉① ❞❡ ❏✳

❈❤❛❞✇✐❝❦ ❡♥ ✶✾✸✷ 5✉✐ ♦♥$ ♠✐* ❡♥ #✈✐❞❡♥❝❡ ❧❡* ♥❡✉$1♦♥*✱ ❝♦♠♣❧#$❛♥$ ❛✐♥*✐ ❧❡ ♥♦②❛✉✳

▲✬❡♥*❡♠❜❧❡ ❞❡ ❝❡* $1❛✈❛✉① ❡$ ❞#❝♦✉✈❡1$❡* ❛ ❞♦♥❝ ♣❡1♠✐* ❞✬❛❜♦✉$✐1 ? ❧❛ ❞❡*❝1✐♣$✐♦♥ ❞✉ ♥♦②❛✉ $❡❧❧❡ 5✉❡

♥♦✉* ❧❛ ❝♦♥♥❛✐**♦♥* ❛✉❥♦✉1❞✬❤✉✐✱ 5✉✐ ❡*$ ❛✐♥*✐ ❝♦♠♣♦*# ❞❡ A ♥✉❝❧#♦♥* 1#♣❛1$✐* ❡♥ ❞❡✉① $②♣❡* ✿ ❩ ♣1♦$♦♥*

✭♣♦*✐$✐❢*✮ ❡$ ◆ ♥❡✉$1♦♥* ✭♥❡✉$1❡*✮ $❡❧* 5✉❡ A = N + Z ❡$ 5✉❡ ❧✬♦♥ 1❡♣1#*❡♥$❡ ❞❛♥* ❧✬❡*♣❛❝❡ ❞✉ ♥♦♠❜1❡

❞❡ ♣1♦$♦♥* ✭❩✮ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ♥♦♠❜1❡ ❞❡ ♥❡✉$1♦♥* ✭◆✮ ✭❝❢✳ ✜❣✳ ✶✳✶ ❬✷✷❪✮ ❡$ ? ❧✬❛✐❞❡ ❞✬✉♥ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉1

♣❡1♠❡$$❛♥$ ❞❡ ❞✐*$✐♥❣✉❡1 ❧❡✉1 ♠♦❞❡ ❞❡ ❞#❝1♦✐**❛♥❝❡ ♠❛❥♦1✐$❛✐1❡ ✭❝❢✳ *❡❝$✐♦♥ ✷✳✹✮✳

▲❛ ❝♦♠♣❧#$✐♦♥ ❞❡ ❝❡$$❡ ❝❤❛1$❡ ❛✐♥*✐ 5✉❡ ❧❛ ❝♦♠♣1#❤❡♥*✐♦♥ ❡$ ❧❛ ♠♦❞#❧✐*❛$✐♦♥ ❞❡ ❧❛ ♠❛$✐.1❡ ♥✉❝❧#❛✐1❡

♥✬❛ ❞♦♥❝ ❝❡**# ❞❡ *✬#$❡♥❞1❡ ❞❡♣✉✐* ❧❛ ♠✐*❡ ❡♥ #✈✐❞❡♥❝❡ ❞❡ ❧❛ *$1✉❝$✉1❡ ❞❡ ❧✬❛$♦♠❡✳ ❖♥ ❞✐*$✐♥❣✉❡ ❞❡✉① $②♣❡*

❞✬✐*♦$♦♣❡* ❞❛♥* ❧❛ ❝❤❛1$❡ ❞❡* ♥♦②❛✉① ✿ ❧❡* ♥♦②❛✉① *$❛❜❧❡* ❡$ ❧❡* ♥♦②❛✉① ✐♥*$❛❜❧❡*✳ ➚ ❧✬❤❡✉1❡ ❛❝$✉❡❧❧❡✱ ✾✹

#❧#♠❡♥$* ♦♥$ ♣✉ >$1❡ ♦❜*❡1✈#* ♥❛$✉1❡❧❧❡♠❡♥$ *✉1 ❚❡11❡✱ ♣♦**#❞❛♥$ ❝❤❛❝✉♥ ✉♥ ♦✉ ♣❧✉*✐❡✉1* ✐*♦$♦♣❡*✳ ❆✐♥*✐✱

✷✽✽ ✐*♦$♦♣❡* ♥❛$✉1❡❧❧❡♠❡♥$ ♣1#*❡♥$* ♦♥$ ♣✉ >$1❡ ♠✐* ❡♥ #✈✐❞❡♥❝❡✱ ❧❛ ♠❛❥♦1✐$# ❞✬❡♥$1❡ ❡✉① ♥❡ ❞#❝1♦✐**❡♥$

♣❛* 1❛❞✐♦❛❝$✐✈❡♠❡♥$ ✭*❡❝$✐♦♥ ✷✳✹✮✳ ❈❡♣❡♥❞❛♥$✱ ✉♥❡ ✈✐♥❣$❛✐♥❡ ❞✬❡♥$1❡ ❡✉① *♦♥$ ✐♥*$❛❜❧❡*✱ ♠❛✐* ♣♦**.❞❡♥$ ✉♥

$❡♠♣* ❞❡ ✈✐❡ *✉✣*❛♠♠❡♥$ ❣1❛♥❞ ♣♦✉1 ♣♦✉✈♦✐1 >$1❡ ♦❜*❡1✈#* ? ♥♦$1❡ #♣♦5✉❡ ✭$②♣✐5✉❡♠❡♥$ ❞❡ ❧✬♦1❞1❡ ❞❡

❣1❛♥❞❡✉1 ❞❡ ❧✬k❣❡ ❞❡ ♥♦$1❡ *②*$.♠❡ *♦❧❛✐1❡ ✭♦✉ ♣❧✉*✮✮✳

❉❡ ♣❧✉*✱ ♦♥ *❛✐$ 5✉❡ ❞✬❛✉$1❡* #❧#♠❡♥$* ♦♥$ ♣✉ >$1❡ ❝1##* ♣❛1 ♥✉❝❧#♦*②♥$❤.*❡ ❛✈❛♥$ ❧❛ ❝1#❛$✐♦♥ ❞❡ ♥♦$1❡

*②*$.♠❡ *♦❧❛✐1❡✳ ❈❡♣❡♥❞❛♥$✱ ❝❡✉①✲❝✐ ♣♦**#❞❛♥$ ✉♥ $❡♠♣* ❞❡ ✈✐❡ ✐♥❢#1✐❡✉1✱ ✈♦✐1 $1.* ✐♥❢#1✐❡✉1✱ ? ❧✬k❣❡ ❞❡ ❝❡

❞❡1♥✐❡1✱ ♥♦✉* ♥❡ ♣♦✉11♦♥* ❞♦♥❝ ♣❛* ❧❡* ♦❜*❡1✈❡1 ♥❛$✉1❡❧❧❡♠❡♥$✳ ❆✐♥*✐✱ ♣♦✉1 ❛❝❝1♦A$1❡ ♥♦* ❝♦♥♥❛✐**❛♥❝❡* ❞❡

❝❡* ❞❡1♥✐❡1* ❡$ ❧❡ ♣♦✉✈♦✐1 ❞❡ ♣1#❞✐❝$✐♦♥ ❞❡* ♠♦❞.❧❡*✱ ✐❧ ❢❛✉$ ❧❡* *②♥$❤#$✐*❡1 ❡♥ ❧❛❜♦1❛$♦✐1❡ ✈✐❛ ❞✐✛#1❡♥$* $②♣❡*
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✶✵❈❍❆#■❚❘❊ ✶✳ ◆❖❨❆❯❳ ❙❯#❊❘▲❖❯❘❉❙ ✿ ■◆❚❘❖❉❯❈❚■❖◆✱ ❍■❙❚❖❘■◗❯❊ ❊❚ #❘➱❉■❈❚■❖◆❙

✶✳✸ #$%❞✐❝)✐♦♥, ❡) ♠♦❞/❧❡,

✶✳✸✳✶ ❉$✜♥✐(✐♦♥ ❞❡, ,✉♣❡/❧♦✉/❞,

▲❡$ ❞✐✛()❡♥+❡$ ❞(✜♥✐+✐♦♥$ ❞❡ ❧❛ )(❣✐♦♥ ❞✐+❡ ❞❡$ ♥♦②❛✉① $✉♣❡)❧♦✉)❞$ )❡$+❡♥+ ❛$$❡③ ✈❛❣✉❡$ ❡+ ♣❡✉✈❡♥+

❢❛❝✐❧❡♠❡♥+ ✈❛)✐❡) ❞✬✉♥❡ )(❢()❡♥❝❡ ; ❧✬❛✉+)❡✳ ❊❧❧❡$ $♦♥+ ❧❡ ♣❧✉$ $♦✉✈❡♥+ ❛$$❡③ ❛❜$+)❛✐+❡$✱ ❜❛$(❡$ $✉) ❞❡$

♣)♦♣)✐(+($ ♥✉❝❧(❛✐)❡$ ♦✉ ♠@♠❡ ♣❛)❢♦✐$ ✉♥✐A✉❡♠❡♥+ $✉) ❧❡ ♥♦♠❜)❡ ❞❡ ♣)♦+♦♥$ ♦✉ ❞❡ ♥❡✉+)♦♥$✳ ▲❛ ❝❧❛$$✐✜❝❛+✐♦♥

♣()✐♦❞✐A✉❡ ❞❡ ▼❡♥❞❡❧❡C❡✈ ♦)❣❛♥✐$❡ ❧❡$ (❧(♠❡♥+$ $❡❧♦♥ ❧❡✉)$ ♣)♦♣)✐(+($ ❝❤✐♠✐A✉❡$✳ ❊❧❧❡ ♣❡)♠❡+ ♥♦+❛♠♠❡♥+

❞❡ ❞(✜♥✐) ❧❛ $()✐❡ ❞❡$ ❛❝+✐♥✐❞❡$ ❛❧❧❛♥+ ❞❡ ❧✬❛❝+✐♥✐✉♠ ✭❩ ❂ ✽✾✮ ❛✉ ❧❛✇)❡♥❝✐✉♠ ✭❩ ❂ ✶✵✸✮✳ ❈❡♣❡♥❞❛♥+✱ ❛✉

✈✉❡ ❞✉ ❢❛✐❜❧❡ ♥♦♠❜)❡ ❞❡ ♥♦②❛✉① ♣)♦❞✉✐+ ❞❛♥$ ❧❡ ❝❛$ ❞❡ ❧❛ $②♥+❤N$❡ ❞❡ $✉♣❡)❧♦✉)❞$✱ ✐❧ ♥♦✉$ ❡$+ ❞✐✣❝✐❧❡ ❞❡

♣)(❞✐)❡ ❞❡ ♥♦✉✈❡❧❧❡$ $()✐❡$ ❜❛$(❡$ ❡①❝❧✉$✐✈❡♠❡♥+ $✉) ❧❡$ ♣)♦♣)✐(+($ ❝❤✐♠✐A✉❡$ ❞❡ ❝❡$ ❞❡)♥✐❡)$✳

❖♥ ♣♦✉))❛✐+ ❛✉$$✐ ❞(✜♥✐) ❧❡$ ♥♦②❛✉① $✉♣❡)❧♦✉)❞$ ❡♥ $❡ ❜❛$❛♥+ $✉) ❧❡✉) ❛♣♣❛)+❡♥❛♥❝❡ ; ❧✬✉❧+✐♠❡ Q❧♦+ ❞❡

$+❛❜✐❧✐+(✳ ▲❛ ♣♦$✐+✐♦♥ ❞❡ ❝❡ ❞❡)♥✐❡) ♥✬(+❛♥+ ♣❛$ ❡♥❝♦)❡ ♣❛)❢❛✐+❡♠❡♥+ ❞(+❡)♠✐♥(❡ ✭$❡❝+✐♦♥ ✶✳✸✳✷✮✱ ❝❡++❡ ❞(✜♥✐✲

+✐♦♥ ❞(♣❡♥❞ ❞♦♥❝ ❢♦)+❡♠❡♥+ ❞✉ ♠♦❞N❧❡ ✉+✐❧✐$( ♣♦✉) ❧❡ ♣)(❞✐)❡✳ ▲❛ ❞(✜♥✐+✐♦♥ ❧❛ ♣❧✉$ ❝♦♠♠✉♥(♠❡♥+ ✉+✐❧✐$(❡

)❡♣♦$❡ ❞♦♥❝ $✉) ❧❡$ ♣)♦♣)✐(+($ ❞✬❡①✐$+❡♥❝❡ ❡+ ❞❡ $+❛❜✐❧✐+( ❞❡ ❝❡$ ♥♦②❛✉① $✉♣❡)❧♦✉)❞$✳ T♦✉) ❝♦♠♣)❡♥❞)❡ ❝❡

A✉❡ ❧✬♦♥ ❡♥+❡♥❞ ♣❛) ❝❡❧❛✱ ✐❧ ❢❛✉+ +♦✉+ ❞✬❛❜♦)❞ ✐♥+)♦❞✉✐)❡ ❧❡ ♠♦❞N❧❡ ❞❡ ❧❛ ❣♦✉++❡ ❧✐A✉✐❞❡✱ A✉✐ ❢U+ ❧✬✉♥ ❞❡$

♣)❡♠✐❡)$ ♠♦❞N❧❡$ ✉+✐❧✐$( ♣♦✉) ❞(❝)✐)❡ ❧❛ ♠❛+✐N)❡ ♥✉❝❧(❛✐)❡✳

❉❛♥$ ❧❡ ♥♦②❛✉✱ ❧❡$ ♥✉❝❧(♦♥$ )❡$+❡♥+ ❧✐($ ♣❛) ❧✬❡✛❡+ ❞❡ ❧❛ ❢♦)❝❡ ❞✬✐♥+❡)❛❝+✐♦♥ ❢♦)+❡✳ ❈❡++❡ ❞❡)♥✐N)❡✱ ❞❡

♣♦)+(❡ +)N$ ❝♦✉)+❡ ✭❞❡ ❧✬♦)❞)❡ ❞✉ ❢❡♠+♦♠N+)❡✮✱ ❡+ ❞❡ +)N$ ❢♦)+❡ ✐♥+❡♥$✐+( ♣❡)♠❡+ ❞❡ )❡♥❞)❡ ❧❡ ♥♦②❛✉ $+❛❜❧❡

♠❛❧❣)( ❧❛ ♣)($❡♥❝❡ ❞❡ ❧❛ )(♣✉❧$✐♦♥ ❝♦✉❧♦♠❜✐❡♥♥❡ ❡♥+)❡ ❧❡$ ♣)♦+♦♥$ ♣)($❡♥+$ ❞❛♥$ ❧❡ ♥♦②❛✉✳ ▲❛ ❝♦♥♥❛✐$$❛♥❝❡

❧✐♠✐+(❡ ❞❡ ❧❛ ♥❛+✉)❡ ❞❡ ❧❛ ❢♦)❝❡ ♥✉❝❧(❛✐)❡ ♥♦✉$ ❛ ❛♠❡♥($ ; +❡♥+❡) ❞❡ ❝♦♠♣)❡♥❞)❡ ❧❡$ ♥♦②❛✉① ♣❛) ❛♥❛❧♦❣✐❡

❛✈❡❝ ❞❡$ ♠♦❞N❧❡$✳ ▲❡ ♣)❡♠✐❡) ♠♦❞N❧❡ ❢♦✉)♥✐$$❛♥+ ✉♥❡ ❞❡$❝)✐♣+✐♦♥ ❝♦♥❝)N+❡ ❞✉ ♥♦②❛✉ ❡+ ♣❡)♠❡++❛♥+ ❞❡

)(♣❧✐A✉❡)✱ ❡♥ ♣)❡♠✐N)❡ ❛♣♣)♦①✐♠❛+✐♦♥✱ ❧❡$ )($✉❧+❛+$ ❡①♣()✐♠❡♥+❛✉①✱ ❢U+ ❧❡ ♠♦❞N❧❡ ❞❡ ❧❛ ❣♦✉++❡ ❧✐A✉✐❞❡ ❬✺❪✳

❈❡❧✉✐✲❝✐ ❡$+ ❜❛$( $✉) ❧❛ ❞❡$❝)✐♣+✐♦♥ ❞✉ ♥♦②❛✉ $♦✉$ ❧❛ ❢♦)♠❡ ❞✬✉♥❡ ❣♦✉++❡ ❞❡ ❧✐A✉✐❞❡ ♥✉❝❧(❛✐)❡✱ ❡+ ❡$+ ✐$$✉ ❞❡

❧✬♦❜$❡)✈❛+✐♦♥ ❞✉ ❝♦♠♣♦)+❡♠❡♥+ )(❣✉❧✐❡) ❞❡ ❧✬(♥❡)❣✐❡ ❞❡ ❧✐❛✐$♦♥ ♣❛) ♥✉❝❧(♦♥ ❡♥ ❢♦♥❝+✐♦♥ ❞❡ ❧❛ ♠❛$$❡ ✭❝❢✳ ✜❣✳
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B(A,Z) = av.A− asA
2/3 − ac.

Z(Z − 1)

A1/3
− aa.

(N − Z)2

A
− δ(A,Z) ✭✶✳✶✮

▲❡$ ❝♦❡✣❝✐❡♥+$ ❞❡ ❝❡ ♠♦❞N❧❡ ♦♥+ (+( ❝❛❧❝✉❧($ ❡♠♣✐)✐A✉❡♠❡♥+ $✉) ❧❛ ❜❛$❡ ❞✬✉♥❡ ❝♦♠♣✐❧❛+✐♦♥ ❞❡ ♠❡$✉)❡$ ❞❡
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◆♦✉$ ❛✈♦♥$ ❞♦♥❝ av = ✶✺✳✼✺ ▼❡❱✱ as = ✶✼✳✽ ▼❡❱✱ ac = ✵✳✼✶✶ ▼❡❱ ❡+ aa = ✷✸✳✼ ▼❡❱✳ ▲❡ ❞❡)♥✐❡) +❡)♠❡

δ(A,Z) ♣❡)♠❡+ ❞❡ ♣)❡♥❞)❡ ❡♥ ❝♦♠♣+❡ ❞❡ ❧✬❛♣♣❛)✐❡♠❡♥+ ❞❡$ ♥✉❝❧(♦♥$ ❞❛♥$ ❧❡ ♥♦②❛✉ ✿



δ(A,Z) =







+δ0
0
−δ0

∼
>
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❤❛)♠♦♥✐E✉❡ ❛✉E✉❡❧ 1♦♥- )❛❥♦✉-41 ❧❡1 ❝♦✉♣❧❛❣❡1 ❞❡ ♠♦♠❡♥-1 ❛♥❣✉❧❛✐)❡1 ❛✐♥1✐ E✉❡ ❝❡✉① ❞❡ 1♣✐♥✲♦)❜✐-❡ ❡♥-)❡

❧❡1 ♥✉❝❧4♦♥1✳ ▲❡ ♣♦-❡♥-✐❡❧ ♥✉❝❧4❛✐)❡ ♠♦②❡♥ ❡1- ❝)44 ♣❛) ❧❛ ♠❛-✐;)❡ ♥✉❝❧4❛✐)❡✱ ❡- ❧❡1 ♥✉❝❧4♦♥1 ✈♦♥- ❛❧♦)1

♦❝❝✉♣❡) ❞❡1 4-❛-1 E✉❛♥-✐E✉❡1 ❞❛♥1 ❝❡ ❞❡)♥✐❡)✳ ▲❡ ❝♦✉♣❧❛❣❡ ❞❡ 1♣✐♥✲♦)❜✐-❡ ♣❡)♠❡- E✉❛♥- S ❧✉✐ ❞❡ ❧❡✈❡) ❧❛

❞4❣4♥4)❡1❝❡♥❝❡ ❞❡1 ♦)❜✐-❛❧❡1 ♥✉❝❧4❛✐)❡1✱ ❛❜❛✐11❛♥- ✭♦✉ 4❧❡✈❛♥-✮ ❝❡)-❛✐♥1 ♥✐✈❡❛✉①✳ ❈❡❧❛ ✈❛ ❛❧♦)1 ✐♥❞✉✐)❡ ❝❡

E✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❞❡1 ✧❣❛♣1✧ E✉✐ ❝♦))❡1♣♦♥❞❡♥- S ❞❡1 4❝❛)-1 4♥❡)❣4-✐E✉❡1 ✐♠♣♦)-❛♥-1✳ ▲❡ )❡♠♣❧✐11❛❣❡ ❞❡ ❝❡1

✧❝♦✉❝❤❡1✧ ✭❞❡)♥✐❡) ♥✐✈❡❛✉ ❛✈❛♥- ✉♥ ❣)❛♥❞ 4❝❛)- 4♥❡)❣4-✐E✉❡✮ ❝♦))❡1♣♦♥❞ ❞♦♥❝ S ✉♥ ❞❡1 ♥♦♠❜)❡1 ♠❛❣✐E✉❡1

♦❜1❡)✈41 ❡①♣4)✐♠❡♥-❛❧❡♠❡♥-✱ ❡- ♣❡)♠❡- ❞♦♥❝ ❞✬❡①♣❧✐E✉❡) ❧❡✉) 1-❛❜✐❧✐-4✳ ❈❡ ♠♦❞;❧❡ )❡♣)♦❞✉✐- ❧✬❡♥1❡♠❜❧❡ ❞❡1

♥♦♠❜)❡1 ♠❛❣✐E✉❡1 ❥✉1E✉✬❛✉
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1❡)❛✐- ✶✽✹✳ ❖♥ ♣♦✉))❛✐- ❛❧♦)1 1✬❛--❡♥❞)❡ S ✉♥ )❡❣❛✐♥ ❞❡ 1-❛❜✐❧✐-4✱ ✈♦✐)❡ ♠X♠❡ ✉♥ )❡-♦✉) S ❧❛ 1-❛❜✐❧✐-4✱ ♣♦✉)
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❧❛ ❞✐.>❛♥❝❡ )❛❞✐❛❧❡ r ♣❛) )❛♣♣♦)> ❛✉ ❝❡♥>)❡ ❞✉ ♥♦②❛✉ ❡> O✉✐ .✬❡①♣)✐♠❡ .♦✉. ❧❛ ❢♦)♠❡ ✿

V (r) = −
V0

1 + exp(dist(r,β,R0)
a )

✭✶✳✷✮

❖♥ ❞✐.>✐♥❣✉❡ ❛❧♦). ♣❧✉.✐❡✉). ♣❛)❛♠J>)❡. ♣♦✉) ❝❡ ♣♦>❡♥>✐❡❧ ✭O✉✐ ❡.> ❞✐> ❞❡ ❲♦♦❞.✲❙❛①♦♥✮✳ ❚♦✉> ❞✬❛❜♦)❞✱

V0 )❡♣)G.❡♥>❡ ❧❛ ♣)♦❢♦♥❞❡✉) ❞✉ ♣✉✐>. ❞❡ ♣♦>❡♥>✐❡❧✳ ❊♥.✉✐>❡✱ a )❡♣)G.❡♥>❡ ❧✬G♣❛✐..❡✉) ❞❡ ❧❛ .✉)❢❛❝❡ ❞✉ ♥♦②❛✉

❡> dist(r, β,R0) ❧❛ ❞✐.>❛♥❝❡ ❞✬✉♥ ♣♦✐♥> r ] ❧❛ .✉)❢❛❝❡ ♥✉❝❧G❛✐)❡✳ ❈❡❧❧❡✲❝✐ ❞G♣❡♥❞ ♥♦♥ .❡✉❧❡♠❡♥> ❞❡ ❧❛ ❞✐.>❛♥❝❡

)❛❞✐❛❧❡ r✱ ♠❛✐. ❛✉..✐ ❞❡ ❧❛ ❞G❢♦)♠❛>✐♦♥ ❞✉ ♥♦②❛✉ ✭] ✈♦❧✉♠❡ ❝♦♥.>❛♥>✮ ❛✐♥.✐ O✉❡ ❞✉ )❛②♦♥ ] ❞G❢♦)♠❛>✐♦♥

♥✉❧ R0 = r0.A
1/3

✭r0 = 1.3fm✮✳
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❧❡ ❞♦♠❛✐♥❡ ❞❡. .✉♣❡)❧♦✉)❞.✳
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✷✳✼✳✶ ▲❡* ❞✐✛%.❡♥/* /②♣❡* ❞✬✐*♦♠%.✐❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✼✳✷ ▲✬✐*♦♠%.✐❡ ❞❡ ❍❛✉/✲❑ ❞❛♥* ❧❡* ♥♦②❛✉① ❧♦✉.❞* ❡/ *✉♣❡.❧♦✉.❞* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✷✳✶ ❆❜%&'❛❝&

❘❡"❡❛$❝❤ ✐♥❢♦$♠❛,✐♦♥

❚❤❡ #$✉❞② ♦❢ $❤❡ ❤❡❛✈② ❛♥❞ #✉♣❡. ❤❡❛✈② ♥✉❝❧❡✐ .❡♠❛✐♥# ❝❧❛##✐❝ ✐♥ $❡.♠# ♦❢ ❞❡❝❛② ♠♦❞❡#✳ ❲❡ ✇✐❧❧ ♥♦$

#❡❛.❝❤ ❢♦. ♥❡✇ ❞❡❝❛② ♠♦❞❡# ❜✉$ ✇❡ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉# ♦♥ α ❞❡❝❛②#✱ #♣♦♥$❛♥❡♦✉# ✜##✐♦♥ ❛♥❞ ❢❡✇ β ❞❡❝❛②# ❢♦.
$❤❡ ❧✐❣❤$❡#$ ♦♥❡# ✭❩ ∼ ✶✵✵✮✱ ❣❛$❤❡.✐♥❣ ✐♥❢♦.♠❛$✐♦♥ ❢.♦♠ $❤♦#❡ ❞❡❝❛② ♠♦❞❡# ✭❝❢✳ ✜❣✳ ✷✳✶✮✳ ❚❤✉#✱ ❞✉.✐♥❣ $❤❡

✷✸
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"#✉❞②✱ #✇♦ ♠❛✐♥ ✐♥❢♦/♠❛#✐♦♥ ❛/❡ ♠❡❛"✉/❡❞ ✿ #❤❡ ❞❡❝❛② ♠♦❞❡ ❛♥❞ #❤❡ ❞❡❝❛② #✐♠❡ ✭/❛♥❣❡ ❢/♦♠ ♠✐❧❧✐"❡❝♦♥❞ #♦

❤♦✉/ ♦/ ❡✈❡♥ ②❡❛/ ✭❝❛❧✐❢♦/♥✐✉♠✮✮ ✇❤✐❝❤ ❣✐✈❡ ✉" ❣♦♦❞ ✐♥❞✐❝❛#✐♦♥" ❛❜♦✉# #❤❡ ❡✈♦❧✉#✐♦♥ ♦❢ #❤❡ "❡❛ ♦❢ ✐♥"#❛❜✐❧✐#②✳

❚❤❡"❡ "#✉❞✐❡" ❛❧"♦ ❛❧❧♦✇ ✉" #♦ ❡①#/❛❝# ✈❛❧✉❛❜❧❡ =✉❛♥#✐#✐❡" ✿ ◗✲✈❛❧✉❡ ♦/ #❤❡ ❧✐❢❡#✐♠❡" /❡❣❛/❞✐♥❣ #❤❡ ✜""✐♦♥✱

❢♦/ #❤❡ "#✉❞② ♦❢ #❤❡ ♥✉❝❧❡❛/ ♠❛##❡/✳ ❚❤❡"❡ ✈❛❧✉❡" ❤❡❧♣❡❞ ✉" #♦ ❤✐❣❤❧✐❣❤# #❤❡ ❞❡❢♦/♠ ❣❛♣" ◆ ❂ ✶✺✷ ❛♥❞ ◆

❂ ✶✻✷ ❛" ✇❡ ✇✐❧❧ "❡❡ ❧❛#❡/ ♦♥ ❬✶❪✳
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❘❡❛❝$✐♦♥( ▼❡❝❤❛♥✐(♠(
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#❤❡♠ ✐♥ ❧❛❜♦/❛#♦/✐❡"✳ ❚❤❡ ❛❝#✐♥✐❞❡" #❤❛# ❝❛♥ ❜❡ ♣/♦❞✉❝❡❞ ✐♥ ♠❛❝/♦"❝♦♣✐❝ =✉❛♥#✐#✐❡" ❤❛✈❡ ❜❡❡♥ ✉"❡❞ ❛" ❛
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❙❡✈❡/❛❧ /❡❛❝#✐♦♥ ♠❡❝❤❛♥✐"♠" ❤❛✈❡ ❜❡❡♥ ✉"❡❞ ✐♥ ❤✐"#♦/②✱ ❢/♦♠ #❤❡ ♥❡✉#/♦♥ ❝❛♣#✉/❡ ❢♦❧❧♦✇❡❞ ❜② β ❞❡❝❛②

✭❡♥❞❡❞ ✇✐#❤ #❤❡ ❢❡/♠✐✉♠✮✱ #♦ #❤❡ ❢✉"✐♦♥ ❡✈❛♣♦/❛#✐♦♥ ♣/♦❝❡""✱ #❤/♦✉❣❤ #❤❡ ♠✉❧#✐♥✉❝❧❡♦♥ #/❛♥"❢❡/✳ #❤❡"❡ ❧❛"#

#✇♦ ❛/❡ #❤❡ ♠♦"# ❝♦♠♠♦♥❧② ✉"❡❞ ♥♦✇❛❞❛②" ❢♦/ #❤❡ "②♥#❤❡"✐" ♦❢ #❤❡ "✉♣❡/✲❤❡❛✈② ♥✉❝❧❡✐✳

▼✉❧$✐♥✉❝❧❡♦♥ $.❛♥(❢❡.( ✿
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❳❡ ♦♥❡✮ ✇❡ ❝❛♥ ❛❝❝❡"" ❤❡❛✈✐❡/ ❛♥❞

❤❡❛✈✐❡/ ♥✉❝❧❡✐✳ ❚✇♦ ♠❛✐♥ ❛♣♣❧✐❝❛#✐♦♥" ❝❛♥ ❜❡ ❞✐"#✐♥❣✉✐"❤❡❞✳ ❋✐/"#❧②✱ ❢♦/ ❧✐❣❤#❡/ ♥✉❝❧❡✐ ✭❩ ∼ ✶✵✵✮ ✉"✐♥❣ #❤✐"

♠❡❝❤❛♥✐"♠✱ ✇❡ ❝❛♥ ❛❝❝❡"" ♥❡✉#/♦♥ /✐❝❤ ♥✉❝❧❡✐ ✭❝/✉❝✐❛❧ ❢♦/ #❤❡ ♥✉❝❧❡♦"②♥#❤❡"✐" ♣/♦❝❡"" ❛♥❞ #❤❡ /✲♣/♦❝❡""✮✳

❙❡❝♦♥❞❧②✱ ✐♥ #❤❡ "✉♣❡/✲❤❡❛✈② ♥✉❝❧❡✐ ✇✐#❤ "#✐❧❧ ♥❡✉#/♦♥ /✐❝❤ ✐"♦#♦♣❡"✳

❚❤❡"❡ ♥❡✉#/♦♥ /✐❝❤ /❡❣✐♦♥" ❛/❡ ✈❡/② ❧✐##❧❡ ❦♥♦✇♥ ❜✉# ♣/♦✈✐❞❡ ✉" ✇✐#❤ ❛ ❧♦# ♦❢ ✐♥❢♦/♠❛#✐♦♥ /❡❣❛/❞✐♥❣ #❤❡

✐"❧❛♥❞ ♦❢ "#❛❜✐❧✐#② ✇✐#❤ /❡❛"♦♥❛❜❧❡ ❝/♦"" "❡❝#✐♦♥" ✭♠✐❝/♦❜❛/♥ #♦ ♥❛♥♦❜❛/♥✮ ✉"✐♥❣ #❤❡ ♣/♦♣❡/#✐❡" ♦❢ ♦♥❡ ♦❢

#❤❡ /❡❛❝#✐♦♥ ♣/♦❞✉❝#"✳

❍♦✇❡✈❡/✱ #❤❡ ❝/♦"" "❡❝#✐♦♥"✱ ❡"♣❡❝✐❛❧❧② ❢♦/ #❤❡ "✉♣❡/✲❤❡❛✈② ♥✉❝❧❡✐ ✭♥❡❛/ #❤❡ ♣/❡❞✐❝#❡❞ ✐"❧❛♥❞ ♦❢ "#❛❜✐❧✐#②✮✱

❞❡❝/❡❛"❡ ✈❡/② =✉✐❝❦❧② ❛♥❞ #❤❡ ❡①♣❡/✐♠❡♥#❛❧ "❡♣❛/❛#✐♦♥✴"❡❧❡❝#✐♦♥ ♦❢ "✉❝❤ /❡❛❝#✐♦♥ ♣/♦❞✉❝#" ✐" ✈❡/② ❞✐✣❝✉❧#✳

❚❤✉"✱ ❡✈❡♥ ✐❢ #❤❡② ❣✐✈❡ ♠♦/❡ ♥❡✉#/♦♥ /✐❝❤ ♥✉❝❧❡✐✱ #❤❡"❡ /❡❛❝#✐♦♥" ❛/❡ ❧✐##❧❡ ✉"❡❞ ❢♦/ #❤❡ "②♥#❤❡"✐" ♦❢ ♥❡✇

❡❧❡♠❡♥#" ❛# #❤❡ ❡♥❞ ♦❢ #❤❡ ♥✉❝❧❡❛/ ❝❤❛/#✳

❋✉(✐♦♥ ❡✈❛♣♦.❛$✐♦♥ ♠❡❝❤❛♥✐(♠ ✿

❚❤✐" ♠❡❝❤❛♥✐"♠ ✐"✱ ♥♦✇❛❞❛②"✱ #❤❡ ♠♦"# ❝♦♠♠♦♥❧② ✉"❡❞ ❢♦/ #❤❡ "②♥#❤❡"✐" ♦❢ ♥❡✇ ❡❧❡♠❡♥#" ❛" ✇❡❧❧ ❛"

❢♦/ ♦#❤❡/ "#✉❞✐❡" ✐♥ #❤❡ ❤❡❛✈② ❛♥❞ "✉♣❡/ ❤❡❛✈② /❡❣✐♦♥✳ ❆ ❧❛/❣❡ ♣❛/# ♦❢ #❤❡ ✐♥❢♦/♠❛#✐♦♥ ♣/❡"❡♥#❡❞ ✐♥ #❤❡

♣❛/❛❣/❛♣❤ ✇✐❧❧ ❜❡ #❛❦❡♥ ❢/♦♠ ❬✶✱ ✸✻✱ ✸✼❪✳

❆" ❢♦/ ♦#❤❡/ ♠❡❝❤❛♥✐"♠"✱ #❤❡ ❢✉"✐♦♥ ❡✈❛♣♦/❛#✐♦♥ ✐" ❜❛"❡❞ ♦♥ #❤❡ ♣❛✐/ ❜❡❛♠✴#❛/❣❡# ❝❛/❡❢✉❧❧② "❡❧❡❝#❡❞

✐♥ ♦/❞❡/ #♦ ♦♣#✐♠✐③❡ #❤❡ ♣/♦❞✉❝#✐♦♥ ♦❢ #❤❡ ❝❤♦"❡♥ ♥✉❝❧❡✐✳ ❖♥❝❡ #❤❡ ❝❤❛/❛❝#❡/✐"#✐❝" ♦❢ #❤❡ ❡①♣❡/✐♠❡♥# ❛/❡

"❡❧❡❝#❡❞ ✭❜❡❛♠✱ ❡♥❡/❣②✱ #❛/❣❡# ❞❡♥"✐#②✱ ✳✳✳ ❝❢✳ "❡❝#✐♦♥ ✷✳✸✳✸✮ #❤❡ ❜❡❛♠ ✐♥#❡/❛❝#" ✇✐#❤ #❤❡ #❛/❣❡# ✐♥ "❡✈❡/❛❧

"#❡♣" ❬✸✽❪ ✐♥ ♦/❞❡/ #♦ ♣/♦❞✉❝❡ #❤❡ ❝❤♦"❡♥ ♥✉❝❧❡✉" ❡=✳ ✭✷✳✶✮ ✭❊❘ "#❛♥❞" ❢♦/ ❊✈❛♣♦/❛#✐♦♥ ❘❡"✐❞✉❡ ❛♥❞ ❈◆

❢♦/ ❈♦♠♣♦✉♥❞ ◆✉❝❧❡✉"✮✳

▼♦/❡♦✈❡/ #❤❡ ❝♦♠♣❡#✐#✐♦♥ ♦❢ #❤❡ ♠✉❧#✐♥✉❝❧❡♦♥ #/❛♥"❢❡/✱ ✐❢ #❤❡ ❡♥❡/❣② ✐" #♦♦ ❧♦✇✱ #❤❡ ♥✉❝❧❡✉" ❤❛" #♦

"✉/✈✐✈❡ "❡✈❡/❛❧ ♦#❤❡/ ❝♦♥❝✉//❡♥# /❡❛❝#✐♦♥ ♠❡❝❤❛♥✐"♠"✳ ❋✐/"#✱ #❤❡ =✉❛"✐✲✜""✐♦♥ ❝❛♥ ♦❝❝✉/ ❛♥❞ ❝/❡❛#❡✱ ❜❡❢♦/❡



❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙ ✷✺

"❤❡ %"❛'" ♦❢ "❤❡ ❢✉%✐♦♥✱ "✇♦ ❢'❛❣♠❡♥"%✳ ■❢ "❤❡ ❢✉%✐♦♥ ✐% ❡♥❣❛❣❡❞ ✭❈♦♠♣♦✉♥❞ ♥✉❝❧❡✉%✮✱ "❤❡ ♥✉❝❧❡✉% ✐% ✐♥ ❛ ✈❡'②

❡①❝✐"❡❞ %"❛"❡✳ ❊✐"❤❡' ✐" ❞♦❡% ♥♦" ❛❝❤✐❡✈❡ "♦ ❞✐%%✐♣❛"❡ %♦♠❡ ❡♥❡'❣② ❛♥❞ ✐" ✜%%✐♦♥% ✭❢✉%✐♦♥✲✜%%✐♦♥ ♣'♦❝❡%%✮✱ ♦'

✐" %❡""❧❡% ❞♦✇♥ ❜② ❡✈❛♣♦'❛"✐♦♥ ♦❢ %♦♠❡ ♥✉❝❧❡♦♥% ♦' ❧✐❣❤" ♣❛'"✐❝❧❡% ✭✐♥%"❛♥"❛♥❡♦✉% ∼ 10−19 → 10−16
% ❛❢"❡'

"❤❡ ❝'❡❛"✐♦♥✮ ❬✸✾❪ ❝'❡❛"✐♥❣ "❤❡ ❡✈❛♣♦'❛"✐♦♥ '❡%✐❞✉❡✳ ❚❤❡♥✱ "✇♦ "②♣❡% ♦❢ ✐♥❢♦'♠❛"✐♦♥ ❛'❡ ❛✈❛✐❧❛❜❧❡✳ ❋✐'%"✱

♣'♦♠♣" ❡♠✐%%✐♦♥% ✭∼ 10−16 → 10−9
% ❛❢"❡' "❤❡ ❝'❡❛"✐♦♥✮ ❝❛♥ ❜❡ ❣❛"❤❡'❡❞ ✉%✐♥❣ ♣'♦♠♣" %♣❡❝"'♦%❝♦♣② ❛♥❞

✇✐❧❧ ❣✐✈❡ ✉% ✐♥❢♦'♠❛"✐♦♥ ❛❜♦✉" "❤❡ ♥✉❝❧❡❛' ❧❡✈❡❧✳ ❙❡❝♦♥❞✱ ✐♥❢♦'♠❛"✐♦♥ ❝❛♥ ❜❡ ❣❛"❤❡'❡❞ ✉%✐♥❣ "❤❡ ✐%♦♠❡'✐❝

%"❛"❡ ❛❢"❡' "❤❡ %❡❧❡❝"✐♦♥ "❤'♦✉❣❤ ❛ %❡♣❛'❛"♦' ✭❃✶✵

−6
% ✿ ♣'✐♥❝✐♣❧❡ ♦❢ "❤❡%❡ ♠❡"❤♦❞% ✐♥ %❡❝"✐♦♥ ✸✳✹✮✳ ❍♦✇❡✈❡'✱

"❤❡%❡ ❡♠✐%%✐♦♥% ❛'❡ ♥♦" '❛♥❞♦♠ ❛♥❞ ❛♥%✇❡' "♦ %"'✐❝" %❡❧❡❝"✐♦♥ '✉❧❡%✳

❋✉"✐♦♥ ❡✈❛♣♦*❛+✐♦♥ ❝❤❛*❛❝+❡*✐"+✐❝" ✿

✖ ❈♦♠♣♦✉♥❞ ♥✉❝❧❡✉% ❛♥❞ '❡❛❝"✐♦♥ ❝❤❛♥♥❡❧

❆% %❛✐❞ ❜❡❢♦'❡✱ "❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉% ✐% ❝'❡❛"❡❞ ✐♥ ❛♥ ❡①❝✐"❡❞ %"❛"❡ ❝❤❛'❛❝"❡'✐③❡❞ ❜② ✐"% ❡♥❡'❣②

❜✉" ❛❧%♦ ✐"% ❛♥❣✉❧❛' ♠♦♠❡♥"✉♠✳ ❚❤✉%✱ ✇❡ ❝❛♥ %❝❤❡♠❛"✐③❡ "❤❡ %❡✈❡'❛❧ ❞❡❡①❝✐"❛"✐♦♥% ✭❝❢✳ ✜❣✳ ✷✳✸✮

❝♦''❡%♣♦♥❞✐♥❣ "♦ ❞✐✛❡'❡♥" ♣❛'"✐❝❧❡% ❡♠✐""❡❞✳

❋✐'%" ✭✐♥ ❜❧❛❝❦✮ ❧✐❣❤" ♣❛'"✐❝❧❡% ❛'❡ ❡♠✐""❡❞ ✿ ♥❡✉"'♦♥%✱ ♣'♦"♦♥% ♦' α ♣❛'"✐❝❧❡%✳ ◆❡✉"'♦♥% ❛'❡ ♠❛✐♥❧②

❡♠✐""❡❞✱ ❛% "❤❡② ❞♦ ♥♦" ✐♥"❡'❛❝" "❤'♦✉❣❤ ❡❧❡❝"'♦♠❛❣♥❡"✐❝ ❢♦'❝❡✳ ❚❤❡② %✉❜"'❛❝" "♦ "❤❡ ❡①❝✐"❛"✐♦♥

❡♥❡'❣② "❤❡ %✉♠ ♦❢ "❤❡✐' ❜✐♥❞✐♥❣ Sn ❛♥❞ ❦✐♥❡"✐❝ ❡♥❡'❣✐❡% Eeval ✭∼ ✻✲✶✵ ▼❡❱ ♣❡' ❡✈❛♣♦'❛"✐♦♥✮ ❬✸✾❪✱

❜✉" "❤❡② ❞♦ ♥♦" ❝❤❛♥❣❡ %✐❣♥✐✜❝❛♥"❧② "❤❡ ❛♥❣✉❧❛' ♠♦♠❡♥" ♦❢ "❤❡ ♥✉❝❧❡✐✳ ❲❤❡♥ "❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉%

❞♦❡% ♥♦" ❤❛✈❡ ❡♥♦✉❣❤ ❡♥❡'❣② "♦ ❡✈❛♣♦'❛"❡ ❧✐❣❤" ♣❛'"✐❝❧❡%✱ "❤❡ ❡✈❛♣♦'❛"✐♦♥ '❡%✐❞✉❡ ✐% ❝'❡❛"❡❞ ❛♥❞

❡♥"❡'% "❤❡ '❡❣✐♦♥ ♦❢ "❤❡ ✐♥"❡'♥❛❧ "'❛♥%✐"✐♦♥ "❤'♦✉❣❤ ❛ ✇✐❞❡ ❡♥"'❛♥❝❡ ❣❛"❡ ✭✐♥ ♦'❛♥❣❡✮✳

❚❤❡ ✜'%" "'❛♥%✐"✐♦♥% ♦❜%❡'✈❡❞ ❛'❡ %"❛"✐%"✐❝❛❧ γ✲'❛②% ✭✐♥ ❜'♦✇♥✮✱ ♠❛✐♥❧② ✭❊✶✮ ✭%❡❝"✐♦♥ ✷✳✺✳✶✮✱ ❛♥❞

❝♦''❡%♣♦♥❞ "♦ ❝♦❧❧❡❝"✐✈❡ "'❛♥%✐"✐♦♥% ❣❛"❤❡'✐♥❣✱ ♦♥❝❡ ❛❣❛✐♥✱ ✈❡'② ❧✐""❧❡ ❛♥❣✉❧❛' ♠♦♠❡♥"✉♠✳ ❇❡❝❛✉%❡

♦❢ "❤❡ ❞❡♥%✐"② ♦❢ %"❛"❡% ✐♥ "❤✐% '❡❣✐♦♥✱ ❛ ❝♦❤❡'❡♥" ♠❡❛%✉'❡♠❡♥" ♦❢ "❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡♥❡'❣② ♦❢ "❤❡%❡

"'❛♥%✐"✐♦♥% ✐% ♥♦" ♣♦%%✐❜❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ "'❛♥%✐"✐♦♥% ❣✐✈❡ ✉% ❧♦"% ♦❢ ✐♥❢♦'♠❛"✐♦♥ '❡❣❛'❞✐♥❣ "❤❡ ♥✉❝❧❡❛'

♠❛""❡' ❛% ✇❡❧❧ ❛% "❤❡ %✐♥❣❧❡ ♣❛'"✐❝❧❡ %"❛"❡✳ ❚❤❡%❡ "'❛♥%✐"✐♦♥% ❤❛✈❡ ❞✐%❝'❡"❡ ❡♥❡'❣② ❛♥❞ ❛'❡ "②♣✐❝❛❧❧②

❊✷ "'❛♥%✐"✐♦♥% ✐♥ ❝❛%❝❛❞❡% ❧❡❛❞✐♥❣ "♦ "❤❡ ❣'♦✉♥❞ %"❛"❡ ♦' ❛♥ ✐%♦♠❡'✐❝ %"❛"❡✳ ❙❡✈❡'❛❧ ❝❛%❝❛❞❡% ❝❛♥

❜❡ ✐♥"❡'❝♦♥♥❡❝"❡❞ ✐♥ ♦'❞❡' "♦ '❡❛❝❤ "❤❡ ❡①✐" ❣❛"❡ ✭❞❡❝❛② ❛" "❤❡ ❣'♦✉♥❞ ♦' ✐%♦♠❡'✐❝ %"❛"❡%✮✳ ■♥ ♠♦%"

❝❛%❡%✱ "❤❡%❡ ❡♠✐%%✐♦♥% ✇✐❧❧ ♦❝❝✉' ✐♥%✐❞❡ "❤❡ "❛'❣❡" ✭∼ 10−16 → 10−9
% ❛❢"❡' "❤❡ ❝'❡❛"✐♦♥✮ ❬✸✾❪ ✇✐"❤

"❤❡ ❡①❝❡♣"✐♦♥ ♦❢ "❤❡ ❧♦♥❣ ❧✐✈❡ ❡①❝✐"❡❞ %"❛"❡ ✭%✉❝❤ ❛% "❤❡ ✐%♦♠❡'✐❝ %"❛"❡ %❡❝"✐♦♥ ✷✳✼✳✶✮ ✇❤✐❝❤ ✇✐❧❧ ❜❡

❝♦❧❧❡❝"❡❞ ❛♥❞ %"✉❞✐❡❞ ✐♥ ❞❡❧❛②❡❞ %♣❡❝"'♦%❝♦♣②✳

❍♦✇❡✈❡'✱ ❞✉'✐♥❣ ❛❧❧ "❤❡ ✐♥"❡'♥❛❧ "'❛♥%✐"✐♦♥%✱ ❛ ❧♦✇❡' ❧✐♠✐" ❡①✐%"%✱ ❛♥❞ ❝♦''❡%♣♦♥❞%✱ ❛" ❛ ❣✐✈❡♥ ❛♥❣✉❧❛'

♠♦♠❡♥"✉♠✱ "♦ "❤❡ %"❛"❡ ✇✐"❤ "❤❡ ❧♦✇❡%" ❡①❝✐"❛"✐♦♥ ❡♥❡'❣② ✿ ✧②'❛%" %"❛"❡✧✳ ❚❤✉%✱ "❤❡ ❧✐♥❡ ❝♦♥♥❡❝"✐♥❣

❛❧❧ "❤❡%❡ %"❛"❡% ✐% ❝❛❧❧❡❞ ✧②'❛%" ❧✐♥❡✧ ❛♥❞ ❤❡❧♣% "♦ ❞✐%"✐♥❣✉✐%❤ "✇♦ "②♣❡% ♦❢ "'❛♥%✐"✐♦♥% ✿ "❤❡ ♦♥❡ ♦♥

♥❡❛' ❧✐♥❡✱ ❛♥❞ "❤❡ ♦"❤❡' ❢❛' ❛✇❛② ❢'♦♠ ✐"✳ ▼♦'❡♦✈❡'✱ ✐♥ "❤❡ %❡❝♦♥❞ ❝❛%❡✱ ✐%♦♠❡'✐❝ %"❛"❡% ❝❛♥ ♦❝❝✉'

❧❡❛❞✐♥❣ "♦ ♠♦'❡ ♦' ❧❡%% ❧♦♥❣✲❧✐✈❡❞ ✐%♦♠❡'✐❝ %"❛"❡%✱ %✉❝❤ ❛% "❤❡ ❑✲✐%♦♠❡' ✭%❡❝"✐♦♥ ✷✳✼✳✶✮✱ "❤❡ "'❛♥%✐"✐♦♥

✇✐❧❧ "❤❡♥ ❜❡ ❞❡❧❛②❡❞ ❜② "❤❡ ❧✐❢❡"✐♠❡ ♦❢ "❤✐% %"❛"❡✳

▼♦'❡♦✈❡'✱ "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ "❤❡ ❧♦✇❡' ❧✐♠✐" ❤❡❧♣% ✉% "♦ ❞❡"❡'♠✐♥❡✱ ❛" ❛ ❣✐✈❡♥ ❛♥❣✉❧❛' ♠♦♠❡♥"✉♠✱ "❤❡

❡✈❛♣♦'❛"✐♦♥ ❧✐♠✐" ❢♦' "❤❡ ❧✐❣❤" ♣❛'"✐❝❧❡ ❝♦''❡%♣♦♥❞✐♥❣ "♦ %✉♠ ♦❢ "❤❡ ②'❛%" ❡♥❡'❣② ❛♥❞ "❤❡ %❡♣❛'❛"✐♦♥

♦♥❡ ♦❢ "❤❡ ♥❡✉"'♦♥✳ ■♥ ❛❞❞✐"✐♦♥✱ "❤❡ ②'❛%" ❧✐♥❡✱ ❝♦♠❜✐♥❡❞ ✇✐"❤ "❤❡ ✉♣♣❡' ❧✐♠✐" ❝♦''❡%♣♦♥❞✐♥❣ "♦

"❤❡ ✜%%✐♦♥ ❜❛''✐❡' ♦❢ "❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉%✱ ❣✐✈❡% ✉% "❤❡ ♠❛①✐♠✉♠ ❛♥❣✉❧❛' ♠♦♠❡♥"✉♠ ✇✐"❤ ✇❤✐❝❤

✇❡ ❝❛♥ ❝'❡❛"❡ ❛ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉% ✐♥ ♦'❞❡' "♦ ❣❛"❤❡' "❤❡ ❡✈❛♣♦'❛"✐♦♥ '❡%✐❞✉❡ ✭❝❢✳ ✜❣✳ ✷✳✸✮✳ ❚❤✉%✱

❜② %"✉❞②✐♥❣ ❜❡❢♦'❡❤❛♥❞ "❤❡ ✜%%✐♦♥ ❜❛''✐❡' ✐♥ ❞❡❞✐❝❛"❡❞ ❡①♣❡'✐♠❡♥"%✱ ✇❡ ❝❛♥ ✐♥❝'❡❛%❡ "❤❡ ❝❤❛♥❝❡

♦❢ %✉❝❝❡%% ❢♦' ❢✉"✉'❡ ❡①♣❡'✐♠❡♥"% ✉%✐♥❣ "❤✐% ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉% ✭❬✸✼❪ ✇✐"❤ "❤❡ ♠❡❛%✉'❡♠❡♥" ♦❢ "❤❡

✜%%✐♦♥ ❜❛''✐❡' ✐♥ "❤❡
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✖ ❊♥❡&❣② ❛♥❞ ❈&♦-- ❙❡❝0✐♦♥

❚❤❡-❡ 0✇♦ 5✉❛♥0✐0✐❡- ❛&❡ -0&♦♥❣❧② ❝♦&&❡❧❛0❡❞ ❛- ✇❡ ♦♣0✐♠✐③❡ 0❤❡ ✜&-0 ✐♥ ♦&❞❡& 0♦ ❜❡ ❛0 0❤❡ ♠❛①✐♠✉♠

♦❢ 0❤❡ -❡❝♦♥❞✳ ❋♦& ❛♥ ✐♥❝✐❞❡♥0 ❜❡❛♠ ✇✐0❤ ❛♥ ❡♥❡&❣② ❚inc✱ ✇❡ ❝❛♥ ❡-0✐♠❛0❡ ✐♥ 0❤❡ ❝❡♥0❡& ♦❢ ♠❛-- 0❤❡

❡♥❡&❣② ♦❢ 0♦0❛❧ ❦✐♥❡0✐❝ ❡♥❡&❣② ❚ ❛- ✇❡❧❧ ❛- 0❤❡ &❡❝♦✐❧ ❡♥❡&❣② ♦❢ 0❤❡ ❝♦♠♣♦✉♥❞❡❞ ♥✉❝❧❡✉- ❚CN 0❤&♦✉❣❤

❡5✳ ✭✷✳✷✮ ❛♥❞ ✭✷✳✸✮✳ ■♥ 0❤❡ ❝❡♥0❡& ♦❢ ♠❛-- ❢&❛♠❡✱ 0❤❡ ❡①❝✐0❛0✐♦♥ ❡♥❡&❣② ♦❢ 0❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉- ✭♦&

&❡❝♦✐❧✮ E∗

CN ✐- 0❤❡ -✉♠ ♦❢ 0❤❡ 0♦0❛❧ ❦✐♥❡0✐❝ ❡♥❡&❣② ✐♥ 0❤❡ ❝❡♥0❡& ♦❢ ♠❛-- ♦❢ 0❤❡ ❜❡❛♠✴♣&♦❥❡❝0✐❧❡ ♣❛✐&

❚ ❛♥❞ ◗✲✈❛❧✉❡ QCN ❢♦& 0❤❡ ❝&❡❛0✐♦♥ ♦❢ 0❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉- ✇❤✐❝❤ ❝♦&&❡-♣♦♥❞- 0♦ ♠❛-- ❞❡❢❛✉❧0

❜❡❢♦&❡ ❛♥❞ ❛❢0❡& 0❤❡ &❡❛❝0✐♦♥ ❡5✳ ✭✷✳✺✮✳

■♥ 0❤❡ ❤❡❛✈② &❡❣✐♦♥ ❛♥❞ ❜❡②♦♥❞✱ 0❤❡ ◗ ✈❛❧✉❡- ❛&❡ -✐❣♥✐✜❝❛♥0❧② ♥❡❣❛0✐✈❡✱ ❞❡❝&❡❛-✐♥❣ 0❤❡ ❡①❝✐0❛0✐♦♥

❡♥❡&❣② ♦❢ 0❤❡ &❡❝♦✐❧ 0❤✉- ✐♥❝&❡❛-✐♥❣ ✐0- -✉&✈✐✈❛❧ ❛♥❞ ✐0- ❝&♦-- -❡❝0✐♦♥ ♦❢ ♣&♦❞✉❝0✐♦♥✳ ▼♦&❡♦✈❡& 0❤❡-❡

✈❛❧✉❡- ❝❛♥ ❜❡ ❢✉&0❤❡& ❞❡❝&❡❛-❡❞ ❜② ✉-✐♥❣ 0❤❡ ❡①0&❛ -0❛❜✐❧✐0② ✭❛♥❞ 0❤✉- ❜✐♥❞✐♥❣ ❡♥❡&❣②✮ ♦❢ 0❤❡ ❜❡❛♠

❛♥❞✴♦& 0❤❡ 0❛&❣❡0✳ ❚❤✐- ❧❡❛❞- 0♦ ❛♥ ✐♥❝&❡❛-❡ ✐♥ ✐0- -✉&✈✐✈❛❧ ❛- ✇❡❧❧ ❛- ✐0- ❝&♦-- -❡❝0✐♦♥ ♦❢ ♣&♦❞✉❝0✐♦♥

✭

48
❈❛✭

208
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◆♦ ✇✐0❤ ❛ ❝&♦-- -❡❝0✐♦♥ ♦❢ ✸ µ❜ ❬✹✵❪✮✳

❲❡ ❛❧-♦ ♥❡❡❞ 0♦ 0❛❦❡ ✐♥0♦ ❛❝❝♦✉♥0 0❤❡ ❡♥❡&❣② ❧♦-- ✐♥ 0❤❡ 0❤✐❝❦ 0❛&❣❡0✳ ❲❡ ♦♣0✐♠✐③❡ 0❤❡ ❜❡❛♠ ❡♥❡&❣②

✐♥ ♦&❞❡& 0♦ ❤❛✈❡ 0❤❡ ♦♣0✐♠❛❧ ❡♥❡&❣② Eopt ✐♥ 0❤❡ ♠✐❞❞❧❡ ♦❢ 0❤❡ 0❛&❣❡0 ✭∼ ✶✵ ▼❡❱ ❧♦✇❡& 0❤❛♥ 0❤❡ ❡♥0&②

❡♥❡&❣② ❝❢✳ ✜❣✳ ✷✳✹✮✳ ▼♦&❡♦✈❡&✱ 0❤❡ ❡♥❡&❣② ❧♦-- ❛❧-♦ ♥❡❡❞- 0♦ ❜❡ 0❛❦❡♥ ✐♥0♦ ❛❝❝♦✉♥0 ❢♦& 0❤❡ ❝♦♠♣♦✉♥❞

♥✉❝❧❡✉- ❛♥❞ ✐0- ❡①0&❛❝0✐♦♥ ❢&♦♠ 0❤❡ 0❛&❣❡0 ❛♥❞ ✐0- 0&❛♥-♣♦&0 ✐♥0♦ 0❤❡ -❡♣❛&❛0♦&✳

❖♥❝❡ 0❤❡ -❡❧❡❝0✐♦♥ ♦❢ 0❤❡ &❡❛❝0✐♦♥ ❝❤❛♥♥❡❧ -❡❧❡❝0❡❞✱ ✇❡ ♥❡❡❞ 0♦ ♦♣0✐♠✐③❡ 0❤❡ ❜❡❛♠ ❡♥❡&❣②✳ ■♥❞❡❡❞✱

0❤❡ ❝&♦-- -❡❝0✐♦♥ ❛♥❞ ♥❡✉0&♦♥ ❝❤❛♥♥❡❧ ❞❡♣❡♥❞ ♦♥ 0❤❡ ❡♥❡&❣② ❛♥❞ ❛&❡ &❡♣&❡-❡♥0❡❞ ✐♥ 0❤❡ ❡①❝✐0❛0✐♦♥

❢♦♥❝0✐♦♥ ✭❝&♦-- -❡❝0✐♦♥ ✐♥ ❢✉♥❝0✐♦♥ ♦❢ 0❤❡ ❡♥❡&❣②✮✳ ❲❡ ❛❧-♦ ♥❡❡❞ 0♦ ❜❡ ♥❡❛& ✭❜✉0 ❜❡❧♦✇✮ 0❤❡ ❝♦✉❧♦♠❜

❜❛&&✐❡& ❛♥❞ -0&✐❝0❧② ❜❡❧♦✇ 0❤❡ ✜--✐♦♥ ♦♥❡✳ ❚❤❡ ❤❡✐❣❤0 ♦❢ 0❤❡ ❝♦✉❧♦♠❜ ❜❛&&✐❡& ❝❛♥ ❜❡ ❡-0✐♠❛0❡❞ ✉-✐♥❣

-❡✈❡&❛❧ ♠❡❛♥-✳ ❍✐-0♦&✐❝❛❧❧②✱ ✐0 ✇❛- ❝❛❧❝✉❧❛0❡❞ ✇✐0❤ 0❤❡ ❈♦✉❧♦♠❜ ❢♦&♠✉❧❛ ✭❛ ❣♦♦❞ ✜&-0 ❛♣♣&♦①✐♠❛✲

0✐♦♥✮✱ ❜✉0 ❧❛0❡❧② 0❤❡ ❘✳ ❇❛-- ❢♦&♠✉❧❛ ❬✹✶❪ ✐- 0❤❡ ♠♦-0 ❝♦♠♠♦♥❧② ✉-❡❞ ✐♥ 0❤❡ ❤❡❛✈② ❛♥❞ -✉♣❡& ❤❡❛✈②

&❡❣✐♦♥✳

✖ ❍♦0 ❛♥❞ ❈♦❧❞ ❋✉-✐♦♥

❲❡ ❞✐-0✐♥❣✉✐-❤ 0✇♦ 0②♣❡- ♦❢ ❢✉-✐♦♥- ✿ 0❤❡ ❤♦0 ♦♥❡ ❛♥❞ 0❤❡ ❝♦❧❞ ♦♥❡✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ 0❤❡ ❜❡❛♠✴0❛&❣❡0

♣❛✐& ✇✐❧❧ ✐♥❞✉❝❡ -♦♠❡ ❞✐✛❡&❡♥❝❡- ✐♥ E∗

CN ❛♥❞ ✐♥ 0❤❡ ♥✉♠❜❡& ♦❢ ♥❡✉0&♦♥- ❡✈❛♣♦&❛0❡❞✳ ■♥ 0❤❡ ❤♦0 ♦♥❡✱

0❤❡ ❝♦♠♣♦✉♥❞ ♥✉❝❧❡✉- ✇✐❧❧ ❜❡ ❝&❡❛0❡❞ ✇✐0❤ ❤✐❣❤ ❡①❝✐0❛0✐♦♥ ❡♥❡&❣② ❛♥❞ 0❤✉- ✇✐❧❧ ❡✈❛♣♦&❛0❡ ♠♦&❡

♥❡✉0&♦♥- ✭✸✲✺✮✳ ❍♦✇❡✈❡&✱ ✐♥ 0❤❡ ❝♦❧❞ ♦♥❡✱ ✉-✐♥❣ 0❤❡ ♠❛❣✐❝✐0② ♦❢ ♦♥❡ ♦& ❜♦0❤ ♣❛&0✐❝✐♣❛♥0-✱ ✇❡ ❝❛♥

&❡❞✉❝❡ 0❤❡ ❡①❝✐0❛0✐♦♥ ❡♥❡&❣② ❛♥❞ 0❤✉- 0❤❡ ♥✉♠❜❡& ♦❢ ❡✈❛♣♦&❛0❡❞ ♥❡✉0&♦♥- ✭✶✲✷✮✳ ❯-✐♥❣ 0❤❡ ❣♦♦❞

❜❡❛♠✴0❛&❣❡0 ❝♦✉♣❧❡✱ ✇❡ ❝❛♥ ❛❧-♦ ♦♣0✐♠✐③❡ 0❤❡ ❝&♦-- -❡❝0✐♦♥ ♦❢ ♣&♦❞✉❝0✐♦♥ ✭❝❢✳ ✜❣✳ ✷✳✻ ✿ ✐♥✢✉❡♥❝❡ ♦❢

0❤❡ ❧♦-- ♦❢ ♠❛❣✐❝✐0② ❢♦& 0❤❡

51
❱ ❢♦& 0❤❡ ♣&♦❞✉❝0✐♦♥ ♦❢ 0❤❡
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❉❡❝❛② ♠♦❞❡(

α ❞❡❝❛②
❚❤❡ α ❞❡❝❛② ❝♦&&❡-♣♦♥❞- 0♦ ❞❡❝❛② ♦❢ 0❤❡ ♠♦0❤❡& ♥✉❝❧❡✐

A
Z❳N ✐♥0♦ 0❤❡ ❞❛✉❣❤0❡& ♥✉❝❧❡✐

A−4
Z−2❳N−2 ❜② 0❤❡

❡♠✐--✐♦♥ ♦❢ ❛♥ α ♣❛&0✐❝❧❡ ✭

4
❍❡

2+
✮ ♦❢ -♣✐♥ ✵

+
✇✐0❤ ❛♥ ❡♥❡&❣② ❊α ✭❜❡0✇❡❡♥ ✺ ❛♥❞ ✶✷ ▼❡❱✮✳ ■0- ❞❡❝❛② ❡♥❡&❣②

❛♥❞ 0✐♠❡ ❛&❡ ❝❤❛&❛❝0❡&✐-0✐❝ ♦❢ 0❤❡ ♠♦0❤❡& ♥✉❝❧❡✐ ❛♥❞ ❝♦&&❡-♣♦♥❞ 0♦ 0❤❡ ✐♥❢♦&♠❛0✐♦♥ ❣❛0❤❡&❡❞ ❞✉&✐♥❣ 0❤❡ α
-♣❡❝0&♦-❝♦♣②✳ ❚❤❡ α ❞❡❝❛② ✐♥❝&❡❛-✐♥❣❧② ❛♣♣❡❛&- ✐♥ 0❤❡ ❆ ≈ ✶✺✵ &❡❣✐♦♥ 0♦ ❜❡❝♦♠❡ 0❤❡ ♠❛✐♥ ❞❡❝❛② ♠♦❞❡ ✐♥

0❤❡ ❆ ≈ ✷✺✵ &❡❣✐♦♥✳ ▼♦&❡♦✈❡&✱ ✐♥ 0❤✐- &❡❣✐♦♥✱ 0❤❡ α ♣❛&0✐❝❧❡ ❣❛0❤❡&- ❛❧♠♦-0 ❛❧❧ 0❤❡ ◗✲✈❛❧✉❡ ◗α ✭∼ ✾✽✪✮

❛♥❞ ❝❛♥ ❜❡ ❛♣♣&♦①✐♠❛0❡ ✉-✐♥❣ 0❤❡ α ❡♥❡&❣② ❡5✳✭✷✳✾✮ ✭❡✈❡♥ ✐❢ 0❤❡ &❡❛❧ ◗ ✈❛❧✉❡- ❝❛♥ ♦♥❧② ❜❡ ❞❡0❡&♠✐♥❡❞

✇✐0❤ ♠❛-- ♠❡❛-✉&❡♠❡♥0✮✳
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❚❤✐% ❞❡❝❛② ♠♦❞❡ ✐% %-.♦♥❣❧② ♣.❡%❡♥- ✐♥ -❤❡ -.❛♥%❢❡♠✐❛ ♥✉❝❧❡✐✳ ■-% %-.✐❝- %❡❧❡❝-✐♦♥ .✉❧❡% ❣✐✈❡ ✉% ❣.❡❛-

✐♥❢♦.♠❛-✐♦♥ ❛❜♦✉- -❤❡ ♥✉❝❧❡❛. %-❛-❡% ✐♥✈♦❧✈❡❞ ✭✜♥❡ %-.✉❝-✉.❡ ♦❢ -❤❡ α ❞❡❝❛②✮ ✿ %♣✐♥✱ ♣❛.✐-②✱ ❜.❛♥❝❤✐♥❣

.❛-✐♦✳✳✳ ❍♦✇❡✈❡.✱ -❤❡ ❞♦✇♥%✐❞❡ ♦❢ -❤❡ ❞❡❝❛② ✐% ✐-% ❞❡-❡❝-✐♦♥ ❡✣❝✐❡♥❝② ✇❤✐❝❤ .❡❛❝❤❡% ❛.♦✉♥❞ ✺✵ ✪ ❢♦. ❡❛❝❤

%-❡♣ ♦❢ -❤❡ α ❞❡❝❛② ❝❤❛✐♥ ✭✽✵✪ ✐♥ -❤❡ ❜❡%- ❡①♣❡.✐♠❡♥-❛❧ %❡-✉♣✮

β ❞❡❝❛②

❚❤✐% ❞❡❝❛② ♦.✐❣✐♥❛-❡% ❢.♦♠ -❤❡ ✇❡❛❦ ✐♥-❡.❛❝-✐♦♥ ❛♥❞ ✐% ❛♥ ✐%♦❜❛.✐❝ ❞❡❝❛② ✭❆ ❝♦♥%-❛♥-✮✳❚❤❡.❡ ❛.❡ -❤.❡❡

-②♣❡% ♦❢ β ❞❡❝❛② ✿ β ✲✱ β✰ ❛♥❞ -❤❡ ❡❧❡❝-.♦♥✐❝ ❝❛♣-✉.❡✳ ❚❤✐% ❞❡❝❛② ✐% %-.♦♥❣❧② ♣.❡%❡♥- ✐♥ -❤❡ ❧✐❣❤- ♥✉❝❧❡✐ ❀

❤♦✇❡✈❡.✱ ❢♦. -❤❡ ❤❡❛✈② ❛♥❞ %✉♣❡. ❤❡❛✈② ♥✉❝❧❡✐✱ ✐-% ❝♦♥-.✐❜✉-✐♦♥ ✐% K✉✐-❡ ❧♦✇✳ ▼♦.❡♦✈❡.✱ -❤✐% -②♣❡ ♦❢ ❞❡❝❛②

❞♦❡% ♥♦- ❛❧❧♦✇ ✉% -♦ ♣.❡❝✐%❡❧② ✐❞❡♥-✐❢② -❤❡ ❞❡-❡❝-❡❞ ♥✉❝❧❡✉% ❛% -❤❡ ❛%%♦❝✐❛-❡❞ %♣❡❝-.✉♠ ✐% K✉✐-❡ ✇✐❞❡

✭.❡♣❛.-✐-✐♦♥ ♦❢ -❤❡ ❡♥❡.❣② ❜❡-✇❡❡♥ -❤❡ ❡❧❡❝-.♦♥ ❛♥❞ ♥❡✉-.✐♥♦✮✳ ■- ❝❛♥ ❜❡ ❡❛%✐❧② ❝♦♥❢✉%❡❞ ✇✐-❤ ❜❛❝❦❣.♦✉♥❞

✐♥-♦ -❤❡ ❞❡❝❛② %-❛-✐♦♥✳

❙♣♦♥)❛♥❡♦✉+ ❋✐++✐♦♥

❚❤✐% ❞❡❝❛② ♠♦❞❡ ✇❛% ❞✐%❝♦✈❡.❡❞ ✐♥ ✶✾✹✵ ❜② ●✳◆✳ ❋❧❡.♦✈ ❛♥❞ ❑✳❆✳ T❡-.③❤❛❦ ❬✹✸❪✱ ❛♥❞ ✐♥❝.❡❛%❡% -❤❡

❜✐♥❞✐♥❣ ❡♥❡.❣② ♦❢ -❤❡ -♦-❛❧ %②%-❡♠✳ ■- ❛♣♣❡❛.% ✇❤❡♥ ✇❡ ❝♦♥%✐❞❡. -❤❡ ♥❡✉-.♦♥ .✐❝❤ ✐%♦-♦♣❡% ✐♥ -❤❡ ❤❡❛✈②

❛♥❞ %✉♣❡. ❤❡❛✈② .❡❣✐♦♥✳ ■- ✐% %-.♦♥❣❧② ❞❡♣❡♥❞❡♥- ♦♥ -❤❡ ❩ ❛♥❞ ❆ ♦❢ -❤❡ ♠♦-❤❡. ♥✉❝❧❡✉% ❝.❡❛-✐♥❣ ♠❛%% ②✐❡❧❞

❞✐%-.✐❜✉-✐♦♥ ♦❢ -❤❡ ✜%%✐♦♥ ♣.♦❞✉❝- ❛♥❞ ❞✐✛❡.❡♥- ♥❡✉-.♦♥ ❡♠✐%%✐♦♥% ❞✉.✐♥❣ -❤❡ ♣.♦❝❡%% ❬✹✹❪ ✭✐♥❝.❡❛%❡ ✇✐-❤

❩ ❝❢✳ ✜❣✳ ✷✳✽✮✳

❆❧%♦✱ -❤❡ ❡♥❡.❣② ❞✐%-.✐❜✉-✐♦♥ ✐% K✉✐-❡ ✇✐❞❡ ❜✉- ✈❡.② ❤✐❣❤ ✭∼ ✷✵✵ ▼❡❱✮ ❛♥❞ -❤✉% ❝❛♥♥♦- ❜❡ ❝♦♥❢✉%❡❞

✇✐-❤ ❜❛❝❦❣.♦✉♥❞✳ ❊✈❡♥ ✐❢ -❤❡ ✐❞❡♥-✐✜❝❛-✐♦♥ ♦❢ -❤❡ ♥✉❝❧❡✉% ✐♥ ♥♦- ❞✐.❡❝- -❤.♦✉❣❤ -❤❡ ❡♥❡.❣② .❡❧❡❛%❡ -❤❡

❱✐♦❧❛ %②%-❡♠❛-✐❝ ❬✹✺❪ ❝❛♥ ❜❡ ✉%❡❞ -♦ ❡%-✐♠❛-❡ -❤❡ ❝❡♥-❡. ♦❢ -❤❡ ❞✐%-.✐❜✉-✐♦♥ ✭❛♣♣❧✐❝❛-✐♦♥ ✐♥ -❤❡

256
❘❢ ✐♥ ❏✳

❘✉❜❡.- -❤❡%✐% ❬✶❪✮✳

❉❡❡①❝✐)❛)✐♦♥ ♠♦❞❡ ♦❢ )❤❡ )3❛♥+❢❡3♠✐❛ ♥✉❝❧❡✐

γ ❡♠✐++✐♦♥

❚❤❡ ✜.%- ✇❛② ♦❢ ❞❡❡①❝✐-❛-✐♦♥ ❝♦♠❡% ❢.♦♠ -❤❡ ❡♠✐%%✐♦♥ ♦❢ ❛ ♣❤♦-♦♥✱ ❝❛❧❧❡❞ γ✲.❛②✱ ❜❡-✇❡❡♥ -✇♦ ♥✉❝❧❡❛.

%-❛-❡% ♦❢ ❣✐✈❡♥ ❡♥❡.❣② ✭❊i,f ✮✱ %♣✐♥ ✭Ii,f ✮ ❛♥❞ ♣❛.✐-② ✭πi,f ✮✳ ❚❤❡ ❡♥❡.❣② ♦❢ -❤❡ γ✲.❛② ✇✐❧❧ ❜❡ -❤❡ ❡♥❡.❣❡-✐❝

❞✐✛❡.❡♥❝❡ ♦❢ -❤❡ -✇♦ %-❛-❡% ❛♥❞ -❤❡ %♣✐♥ ❛♥❞ ♣❛.✐-② ✇✐❧❧ ❢♦❧❧♦✇ %-.✐❝- %❡❧❡❝-✐♦♥ .✉❧❡% ❡K✳ ❡K✳ ✭✷✳✶✶✮✳ ❋♦. ♦♥❡

-.❛♥%✐-✐♦♥✱ ✇❡ ❤❛✈❡ ❛ ♠✉❧-✐♣♦❧❛.✐-② ❡K✳✭✷✳✶✷✮ ❛♥❞ ✇❡ ❝❛♥ ❞✐%-✐♥❣✉✐%❤ -✇♦ -②♣❡% ♦❢ -.❛♥%✐-✐♦♥% ✿ ❡❧❡❝-.✐❝ ♦♥❡

✭❊✮ ❛♥❞ ♠❛❣♥❡-✐❝ ♦♥❡ ✭▼✮ ❞.✐✈❡♥ ❜② ❡K✳ ✭✷✳✶✹✮✳ ❋♦. ❛ ❣✐✈❡♥ -.❛♥%✐-✐♦♥✱ ❦♥♦✇✐♥❣ -❤❡ ✐♥✐-✐❛❧ ❛♥❞ ✜♥❛❧ %-❛-❡✱

✇❡ ❝❛♥ ♣.❡❞✐❝- ✇❤✐❝❤ ❡♠✐%%✐♦♥ ✐% -❤❡ ♠♦%- ❧✐❦❡❧② -♦ ❛♣♣❡❛. ✭❝❢✳ -❛❜✳ ✷✳✶✮✳ ▼♦.❡♦✈❡.✱ -❤❡%❡ ♣.♦❜❛❜✐❧✐-✐❡% ♦❢

-.❛♥%✐-✐♦♥ ❢♦. %✐♥❣❧❡ ♣❛.-✐❝❧❡% ♦♥❧② ✭❛❢-❡. -❤❡ ❝♦♥✈❡.%✐♦♥ ❝♦..❡❝-✐♦♥✮ ❝❛♥ ❜❡ ❡%-✐♠❛-❡❞ ❜② -❤❡ ❱✳ ❲❡✐%%❦♦♣❢

❢♦.♠✉❧❛ ❬✻❪ ✭❝❢ -❛❜✳ ✷✳✷ ❢♦. ♠✉❧-✐♣♦❧❛.✐-② ✉♣ -♦ λ ❂ ✹✮ ❛% ✇❡❧❧ ❛% -❤❡✐. ❧✐❢❡-✐♠❡ ♦❢ -❤❡ -.❛♥%✐-✐♦♥ ❡K✳ ✭✷✳✶✺✮✳

❚❤❡ ◗✲✈❛❧✉❡ ❜❡-✇❡❡♥ -❤❡ ❝❛❧❝✉❧❛-❡❞ ❧✐❢❡-✐♠❡ ❛♥❞ -❤❡ ♠❡❛%✉.❡❞ ♦♥❡ ❛❧❧♦✇% ✉% -♦ K✉❛♥-✐❢② -♦ ❝♦❧❧❡❝-✐✈✐-② ♦❢

-❤❡ -.❛♥%✐-✐♦♥✳

❈♦♥✈❡3+✐♦♥ ❊❧❡❝)3♦♥

❚❤❡ %❡❝♦♥❞ ✇❛② ♦❢ ❞❡❡①❝✐-❛-✐♦♥ ✐% ❜❛%❡❞ ♦♥ -❤❡ γ ❡♠✐%%✐♦♥✳ ❚❤❡ ❡♥❡.❣② ♦❢ -❤❡ γ✲.❛② ✐% -.❛♥%❢❡..❡❞ -♦ ❛♥

❡❧❡❝-.♦♥ ♦❢ -❤❡ ❛-♦♠ ✇❤✐❝❤ ✐% -❤❡♥ ❡①♣✉❧%❡❞ ❢♦. -❤❡ ❡❧❡❝-.♦♥✐❝ ♣.♦❝❡%%✐♦♥ ❜② ❛❜%♦.❜✐♥❣ -❤❡ γ✲.❛②✳ ■- ✐% ❛

-❤.❡%❤♦❧❞ ♣.♦❝❡%% ❛% -❤❡ γ✲.❛② ♥❡❡❞% -♦ ❤❛✈❡ ❡♥♦✉❣❤ ❡♥❡.❣② -♦ ❜.❡❛❦ -❤❡ ❜✐♥❞✐♥❣ ✭Bi✮ ♦❢ -❤❡ ❡❧❡❝-.♦♥ ✇✐-❤

-❤❡ ❛-♦♠ ✭❢♦. ❛ ❣✐✈❡♥ ❡❧❡❝-.♦♥✐❝ ❧❛②❡.✮✱ .❡❧❡❛%✐♥❣ -❤❡ ❡❧❡❝-.♦♥ ✇✐-❤ ❛♥ ❡♥❡.❣② ❡K✳ ✭✷✳✶✻✮✳ ❚❤✐% ♣❤❡♥♦♠❡♥♦♥

♠❛✐♥❧② ✐♥✈♦❧✈❡% -❤❡ ✐♥-❡.♥❛❧ ❡❧❡❝-.♦♥✐❝ ❧❛②❡. ✭❑✱ ▲ ❛♥❞ ▼ ❝❢✳ -❛❜✳ ✷✳✸ ❢♦. -❤❡ ❜✐♥❞✐♥❣ ❡♥❡.❣② ♦❢ -❤❡ ❞✉❜♥✐✉♠

❡❧❡❝-.♦♥% ❬✹✻❪✮✳ ▼♦.❡♦✈❡.✱ ✇❤❡♥❡✈❡. ❛ ❝♦♥✈❡.%✐♦♥ ♦❢ ❛ -.❛♥%✐-✐♦♥ ♦❝❝✉.%✱ ❛ ✈❛❝❛♥❝② ✐♥ -❤❡ ❡❧❡❝-.♦♥✐❝ ❧❛②❡.



✷✽ ❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙

✐♥✈♦❧✈❡❞ ❛♣♣❡❛+,✱ +❛♣✐❞❧② ✜❧❧❡❞ 0❤+♦✉❣❤ 0❤❡ ❳✲+❛② ❡♠✐,,✐♦♥ ♣+♦❝❡,, ✭❞❡0❡❝0❡❞ ✐♥ 0❤❡ ❧♦✇ ❡♥❡+❣② ♣❛+0 ♦❢ 0❤❡

γ ,♣❡❝0+✉♠✮✳

❙♦✱ ❢♦+ ❛ ❣✐✈❡♥ 0+❛♥,✐0✐♦♥✱ 0❤❡ 0♦0❛❧ ♣+♦❜❛❜✐❧✐0② λtot ✐, 0❤❡ ,✉♠ ♦❢ 0❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣+♦❜❛❜✐❧✐0② ✿ λe

❛♥❞ λγ ❡@✳ ✭✷✳✶✼✮✳ ❲❡ ❝❛♥ ❞❡✜♥❡ 0❤❡ 0♦0❛❧ ❝♦♥✈❡+,✐♦♥ ❝♦❡✣❝✐❡♥0 α ❡@✳ ✭✷✳✶✽✮ ✭✇❤✐❝❤ ✐, ❛ ,✉♠ ♦❢ ❛❧❧ 0❤❡

❡❧❡❝0+♦♥✐❝ ❧❛②❡+,✴,✉❜❧❛②❡+, ❡@✳ ✭✷✳✷✶✮✮✳ ❚❤❡ ❡①❛❝0 ❝❛❧❝✉❧❛0✐♦♥ ♦❢ ,✉❝❤ ❛ ❝♦❡✣❝✐❡♥0 ✐, @✉✐0❡ ❞✐✣❝✉❧0 ❜✉0

✇❡ ❝❛♥ ❛♣♣+♦①✐♠❛0❡ ✐0 ❬✻❪ ❜② ❡@✳ ✭✷✳✷✷✮ ❛♥❞ ❡@✳ ✭✷✳✷✸✮ ❢♦+ 0❤❡ ❡❧❡❝0+✐❝ ❛♥❞ ♠❛❣♥❡0✐❝ 0+❛♥,✐0✐♦♥,✳ ❚❤❡,❡

❡,0✐♠❛0✐♦♥, ❤✐❣❤❧✐❣❤0 0❤❡ ❢❛❝0 0❤❛0 ❢♦+ ✈❡+② ❤❡❛✈② ♠❛,,❡, ❬✹✼❪ 0❤❡ ❝♦♥✈❡+,✐♦♥ ♣+♦❝❡,, ✐, @✉✐0❡ ✐♠♣♦+0❛♥0

✭❩

3
✮ ❢♦+ ❧♦✇ ❡♥❡+❣② 0+❛♥,✐0✐♦♥,✳ ■0 ❢♦+❝❡, 0❤❡ ❡①♣❡+✐♠❡♥0❛❧ ,❡0✉♣ 0♦ ❜❡ ,❡♥,✐0✐✈❡ 0♦ 0❤❡ ♣+♦❝❡,, ❢♦+ 0❤❡

❝♦++❡❝0✐♦♥ ♦❢ 0❤❡ γ 0+❛♥,✐0✐♦♥ ❛♥❞ 0❤❡ ❝♦♠♣❛+✐,♦♥ 0♦ ❲❡✐,,❦♦♣❢✳

◆✉❝❧❡❛& &♦(❛(✐♦♥ ❛♥❞ ❞❡❢♦&♠❛(✐♦♥

◆✉❝❧❡❛& ❞❡❢♦&♠❛(✐♦♥

❚❤❡ ♥✉❝❧❡❛+ ❞❡❢♦+♠❛0✐♦♥ 0❛❦❡, ❛ ❧❛+❣❡ ♣❧❛❝❡ ✐♥ 0❤❡ ❤❡❛✈② ❛♥❞ ,✉♣❡+ ❤❡❛✈② +❡❣✐♦♥✳ ■♥❞❡❡❞ 0❤❡ ,♣❤❡+✐❝✐0②

♦❢ 0❤❡ ♥✉❝❧❡✐ ✐, ,0+♦♥❣❧② ❧✐♥❦❡❞ 0♦ 0❤❡ ♠❛❣✐❝ ♥✉♠❜❡+✱ ❜✉0 ✐♥ 0❤❡ ♦0❤❡+ +❡❣✐♦♥, 0❤❡ ♥✉❝❧❡✐ ❝♦✉❧❞ ❜❡ ❞❡❢♦+♠❡❞

✐♥ ✐0, ❣+♦✉♥❞ ,0❛0❡,✳ ■♥ 0❤❡ ♣❛+❛♠❡0❡+✐③❛0✐♦♥ ♦❢ 0❤❡ ♥✉❝❧❡❛+ ,✉+❢❛❝❡ R(θ, φ) ❬✹✽❪ ❡@✳ ✭✷✳✷✹✮✱ ✇❡ ❝❛♥ ❞❡✜♥❡

,❡✈❡+❛❧ 0②♣❡, ♦❢ ❞❡❢♦+♠❛0✐♦♥, 0❤+♦✉❣❤ 0❤❡✐+ ♦+❞❡+ µ ❛♥❞ ♠✉❧0✐♣♦❧❛+✐0② λ ✭❝❢✳ ✜❣✳ ✷✳✾✮ ✿ λ ❂ ✵ ❝♦++❡,♣♦♥❞,

0♦ ♥♦ ❞❡❢♦+♠❛0✐♦♥ ✭,♣❤❡+❡✮✱ λ ❂ ✶ ✐, ❛ 0+❛♥,❧❛0✐♦♥ ✭❞✐♣♦❧❡✮✳ ❚❤✉,✱ 0❤❡ ✜+,0 +❡❛❧ ❞❡❢♦+♠❛0✐♦♥ ❝♦++❡,♣♦♥❞,

0♦ λ ❂ ✷ ✭@✉❛❞+✉♣♦❧❛+ ❞❡❢♦+♠❛0✐♦♥ ♠❛✐♥❧② ♦❜,❡+✈❡❞ ✐♥ 0❤❡ ,✉♣❡+ ❤❡❛✈② +❡❣✐♦♥ ✇✐0❤ ,♦♠❡ ❤❡①❛❞❡❝❛♣♦❧❛+

❝♦♠♣♦♥❡♥0,✮ ❛♥❞ λ ❂ ✸ ✐, 0❤❡ ♦❝0✉♣♦❧❛+ ❞❡❢♦+♠❛0✐♦♥ ❛♥❞ λ ❂ ✹ 0❤❡ ❤❡①❛❞❡❝❛♣♦❧❛+ ❞❡❢♦+♠❛0✐♦♥✳

▼♦+❡♦✈❡+✱ ❢♦+ 0❤❡ @✉❛❞+✉♣♦❧❛+ ❞❡❢♦+♠❛0✐♦♥✱ 0❤❛♥❦, 0♦ ❛ ❣♦♦❞ ♣❛+❛♠❡0❡+✐③❛0✐♦♥ ♦❢ 0❤❡ ❝♦❡✣❝✐❡♥0 αλ,µ

✭❞❡❢♦+♠❛0✐♦♥ ❝♦❡✣❝✐❡♥0 β2 ❛♥❞ ❛♥❣❧❡ ♦❢ ❞❡✈✐❛0✐♦♥ +❡❣❛+❞✐♥❣ 0❤❡ ,②♠♠❡0+✐❝ ❛①✐, γ✮ ✇❡ ❝❛♥✱ ❝♦♥,✐❞❡+✐♥❣

♦♥❧② 0❤❡ ❛①✐❛❧ ,②♠♠❡0+✐❝ ♥✉❝❧❡✐✱ ❞❡,❝+✐❜❡ 0❤❡ ♥✉❝❧❡❛+ ❞❡❢♦+♠❛0✐♦♥ ♦♥❧② 0❤+♦✉❣❤ β2 ✿ ③❡+♦ ❝♦++❡,♣♦♥❞, 0♦ ♥♦

❞❡❢♦+♠❛0✐♦♥✱ ❢♦+ ♥❡❣❛0✐✈❡ ✈❛❧✉❡, 0❤❡ ❞❡❢♦+♠❛0✐♦♥ ✐, ♦❜❧❛0❡ ✭❞✐,❦✮ ❛♥❞ ❢♦+ ♣♦,✐0✐✈❡ ♦♥❡, ✐0 ✐, ♣+♦❧❛0❡ ✭+✉❣❜②

❜❛❧❧✮✳

◆✉❝❧❡❛& &♦(❛(✐♦♥

❚❤✐, ♣❤❡♥♦♠❡♥♦♥ ♦♥❧② ❛♣♣❡❛+, ✐♥ 0❤❡ ❞❡❢♦+♠❡❞ ♥✉❝❧❡✐✱ ❛, 0❤❡ ,②♠♠❡0+② ❢♦+❜✐❞, ✐0 ✐♥ 0❤❡ ,♣❤❡+✐❝❛❧ ♦♥❡,

✭❛❧❧ ❛①❡, ❛+❡ ❡@✉✐✈❛❧❡♥0 ❢♦+ 0❤❡ @✉❛♥0✉♠ ♠❡❝❤❛♥✐❝,✮✳ ■♥ 0❤❡ ❝❛,❡ ♦❢ ❛ ♣+♦❧❛0❡ ❞❡❢♦+♠❡❞ ✐♥ 0❤❡ ❩ ❛①✐,✱ ❛❧❧

0❤❡ ❛①✐, ♣❡+♣❡♥❞✐❝✉❧❛+ 0♦ ✐0✱ ❛+❡ ♣♦,,✐❜❧❡ +♦0❛0✐♦♥ ❛①❡,✳ ■❢ ✇❡ 0❛❦❡ ❛♥ ❛♥❣✉❧❛+ ✈❡❧♦❝✐0② ❛+♦✉♥❞ 0❤❡ ❳ ❛①✐,

❣❡♥❡+❛0✐♥❣ ❛♥ ❛♥❣✉❧❛+ ♠♦♠❡♥0✉♠ ♦❢ +♦0❛0✐♦♥

~R✱ ❛♥❞

~J 0❤❡ ,✉♠ ♦❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ ❛♥❣✉❧❛+ ♠♦♠❡♥0✉♠ ♦❢ 0❤❡

✈❛❧❛♥❝❡ ♥✉❝❧❡♦♥,✱ 0❤❡ 0♦0❛❧ ❛♥❣✉❧❛+ ♠♦♠❡♥0✉♠ ✐, 0❤❡ ,✉♠ ♦❢ 0❤❡,❡ 0✇♦ ❝♦♠♣♦♥❡♥0, ❡@✳ ✭✷✳✷✺✮✳

■❢ ✇❡ ✐❞❡♥0✐❢② 0❤❡ ♥✉♠❜❡+ ❑ ❛, 0❤❡ ♣+♦❥❡❝0✐♦♥ ♦❢ 0❤❡ 0♦0❛❧ ❛♥❣✉❧❛+ ♠♦♠❡♥0✉♠ ♦♥ 0❤❡ ,②♠♠❡0+② ❛①✐,✱

0❤✐, ♥✉♠❜❡+ ✐, ❛ ❣♦♦❞ @✉❛♥0✉♠ ♥✉♠❜❡+ 0♦ ❞❡,❝+✐❜❡ 0❤❡ +♦0❛0✐♦♥❛❧ ❜❛♥❞ ❝♦♥,✐,0✐♥❣ ♦❢ ,❡✈❡+❛❧ +♦0❛0✐♦♥❛❧

❛♥❣✉❧❛+ ♠♦♠❡♥0✉♠✱ ❛, ❑ ✐, ♥♦0 ✐♥✢✉❡♥❝❡❞ ❜② 0❤❡ ♠♦❞✐✜❝❛0✐♦♥ ♦❢

~R ❜② ❝♦♥,0+✉❝0✐♦♥✳

▼♦+❡♦✈❡+✱ ❑ ✐, ♥✉❧❧ ♦♥❧② ✐❢ 0❤❡ ❝♦♥,0+✉❝0✐♦♥ ♦❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ ❛♥❣✉❧❛+ ♠♦♠❡♥0❛ ♦❢ 0❤❡ ✈❛❧❛♥❝❡ ♥✉❝❧❡♦♥ ✐,

❡@✉❛❧ 0♦ ③❡+♦✳ ❚❤✐, ❡①♣❧❛✐♥, 0❤❡ +♦0❛0✐♦♥❛❧ ❜❛♥❞ ♦❜,❡+✈❡❞ ✐♥ ♣+♦♠♣0 ,♣❡❝0+♦,❝♦♣② ❢♦+ 0❤❡ ❡✈❡♥✲❡✈❡♥ ♥✉❝❧❡✐

✇✐0❤ ❛ ❑ ❂ ✵✳ ❋♦+ ❑ 6= ✵✱ ✐❢ 0❤❡ ❧✐❢❡0✐♠❡ ✐, ,✐❣♥✐✜❝❛♥0✱ ✇❡ ❝❛❧❧ 0❤❡♠ ❍✐❣❤✲❑ ✐,♦♠❡+, ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥

♦❜,❡+✈❡❞ ✐♥ 0❤❡ ❤❡❛✈② ❛♥❞ ,✉♣❡+ ❤❡❛✈② +❡❣✐♦♥ ,❡✈❡+❛❧ 0✐♠❡, ✇✐0❤ ,❡✈❡+❛❧ ❑ ✈❛❧✉❡, ✭❝❢✳ ✜❣✳ ✷✳✶✸✮ ❛♥❞ ❞❡❝❛②

0✐♠❡,✳

■/♦♠❡&✐❝ ❙(❛(❡/

❚❤❡ ♠❡0❛,0❛❜❧❡ ,0❛0❡, ♦❢ 0❤❡ ♥✉❝❧❡❛+ ♠❛00❡+ ❛+❡ ❝❛❧❧❡❞ ✐,♦♠❡+✐❝ ,0❛0❡, ❜② ❝♦♠♣❛+✐,♦♥ ✇✐0❤ 0❤❡ ❝❤❡♠✐,0+②✳

❚❤❡+❡ ✐, ♥♦ 0❛❜✉❧❛0✐♦♥ +❡❣❛+❞✐♥❣ 0❤❡ ❞❡❝❛② 0✐♠❡ ♦+ ❡♥❡+❣② ♦❢ 0❤❡,❡ ,0❛0❡,✱ ❜✉0 0❤❡,❡ ❛+❡ ❝♦♥,✐❞❡+❡❞ ❛,
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✐#♦♠❡'✐❝ ✐❢ *❤❡✐' ❧✐❢❡*✐♠❡ ✐# ❧♦♥❣❡' *❤❛♥ *❤❡ ❛✈❡'❛❣❡ ♦❢ *❤❡ ♥♦♥✲✐#♦♠❡'✐❝ #*❛*❡ ♦❢ *❤❡ ♥✉❝❧❡✉# ✭*②♣✐❝❛❧❧②

❛'♦✉♥❞ *❤❡ ♣✐❝♦#❡❝♦♥❞#✮✳

❉✐✛❡$❡♥& &②♣❡) ♦❢ ✐)♦♠❡$)

❚❤❡'❡ ❛'❡ *❤'❡❡ ♠❛✐♥ *②♣❡# ♦❢ ✐#♦♠❡'# ❬✹✾❪ ✭❝❢✳ ✜❣✳ ✷✳✶✶✮ ♦'❣❛♥✐③❡❞ ❛'♦✉♥❞ *❤❡ ♣❤②#✐❝❛❧ ♣'♦❝❡## ❛❝❝♦✉♥✲

*❛❜❧❡ ❢♦' *❤❡✐' ❝'❡❛*✐♦♥✳

✖ ❋♦'♠ ✐#♦♠❡' ✿ ❚❤✐# ✜'#* *②♣❡ ♦❢ ✐#♦♠❡' ♦❝❝✉'# ✇❤❡♥ *❤❡'❡ ✐# ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐♥ *❤❡ ❡①❝✐*❛*✐♦♥

❢✉♥❝*✐♦♥ ❢♦' ❛ ❝❡'*❛✐♥ ❞❡❢♦'♠❛*✐♦♥ ✭❞✐✛❡'❡♥* ❢'♦♠ *❤❡ ❣'♦✉♥❞ #*❛*❡✮✳ ❚❤✉#✱ ✐❢ *❤❡ ♥✉♠❜❡' ♦❢ ♥✉❝❧❡♦♥#
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*❤❡#❡ *✇♦ O✉❛♥*✐*✐❡# ❤❡❧♣ ✉# ✐♥ *❤❡ ✐♥*❡'♣'❡*❛*✐♦♥ ♦❢ *❤❡ ✐#♦♠❡'✐❝ #*❛*❡ ♠❡❛#✉'❡# ❬✺✵❪✳

❑✲&$❛♣ ✐♥ &❤❡ )✉♣❡$ ❤❡❛✈② ❡❧❡♠❡♥&)
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❞❡ ✈✐.✉❛❧✐.❡3 ❧✬1✈♦❧✉2✐♦♥ ❞❡ ❝❡22❡ ❞❡3♥✐G3❡ ❡2 ♥♦✉. ♣❡3♠❡2 ❞❡ 3❡♠♦♥2❡3 L ❝❡❧❧❡ ❞❡. ❡✛❡2. ♥✉❝❧1❛✐3❡.✱ .✉3 ❧❡.

❞✐✛13❡♥2. ♥♦②❛✉① ♦❜.❡3✈❛❜❧❡.✳

▲✬12✉❞❡ ❞❡ ❧✬❡♥.❡♠❜❧❡ ❞❡ ❝❡. ♠♦❞❡. ❞❡ ❞1❝3♦✐..❛♥❝❡. ♥♦✉. ❞♦♥♥❡ ❞♦♥❝ ❛❝❝G. L ❞❡. ✐♥❢♦3♠❛2✐♦♥. ♣31✲

❝✐❡✉.❡. ♣♦✉3 ❧✬12✉❞❡ ❞❡ ❧❛ .2❛❜✐❧✐21 ❞❡. ♥♦②❛✉①✳ ❊♥ ❡✛❡2✱ ♥♦✉. ♣♦✉✈♦♥. ❡①23❛✐3❡ ❧❡. 2❡♠♣. ❞❡ ✈✐❡ ✈✐.✲L✲✈✐.

❞❡ ❧❛ ✜..✐♦♥ .♣♦♥2❛♥1❡✱ ❛✐♥.✐ /✉❡ ♠❡.✉3❡3 ❧❡. ❝❤❛❧❡✉3. ❞❡ 31❛❝2✐♦♥ ✿ ◗ ✭❛♣♣3♦①✐♠❛2✐♦♥ L ❞1❢❛✉2 ❞❡ ♣♦✉✈♦✐3

♠❡.✉3❡3 ❧❡. ♠❛..❡. ♣31❝✐.1♠❡♥2 ❛✉ ❝♦✉3. ❞✬❡①♣13✐❡♥❝❡. ❞1❞✐1❡.✮✳ ❈❡. ✐♥❢♦3♠❛2✐♦♥. ♥♦✉. ♣❡3♠❡22❡♥2 ❛✉..✐

❞❡ .♦♥❞❡3 ❧❡. ♣31❞✐❝2✐♦♥. 2❤1♦3✐/✉❡. ❡♥ ❝❡ /✉✐ ❝♦♥❝❡3♥❡ ❧❛ ♣♦.✐2✐♦♥ ❞❡ ❧✬F❧♦2 ❞❡ .2❛❜✐❧✐21 ❞❡. 1❧1♠❡♥2. .✉✲

♣❡3❧♦✉3❞.✱ ❛✐♥.✐ /✉❡ ❧❡. ♥♦♠❜3❡. ♠❛❣✐/✉❡. ❞❡. ♥♦②❛✉① ❞1❢♦3♠1. ❞❡ ❝❡22❡ 31❣✐♦♥ ❞❡ ♠❛..❡ ✭◆ ❂ ✶✺✷ ❡2 ✶✻✷

♣❛3 ❡①❡♠♣❧❡✮ ❬✶❪✳

❊♥ ♣❧✉. ❞❡ ❧✬12✉❞❡ ❞❡ ❝❡. ❞❡✉① ✐♥❢♦3♠❛2✐♦♥.✱ ❞❡. 12✉❞❡. ♣❧✉. ❛♣♣3♦❢♦♥❞✐❡. ✭❧❡. .♣❡❝23♦.❝♦♣✐❡. .❡❝2✐♦♥

✸✳✹✮ ♥♦✉. ♣❡3♠❡22❡♥2 ❞❡ .♦♥❞❡3 ♣❧✉. ♣31❝✐.1♠❡♥2 ❧❛ ♠❛2✐G3❡ ♥✉❝❧1❛✐3❡✱ ❡♥ 3❡♠♦♥2❛♥2 ❛✐♥.✐ ❛✉① ✐♥❢♦3♠❛2✐♦♥.

3❡❧❛2✐✈❡. ❛✉① ♣3❡♠✐❡3. 12❛2. ❡①❝✐21. ❡2 ❛✉① 23❛♥.✐2✐♦♥. ✐♥2❡3♥❡. ❞✉ ♥♦②❛✉ 12✉❞✐1✳

▲✬❡♥.❡♠❜❧❡ ❞❡ ❝❡. ✐♥❢♦3♠❛2✐♦♥. ♥♦✉. ♣❡3♠❡223❛✱ ♣❛3 ❧❛ .✉✐2❡✱ ❞✬12❛❜❧✐3 ✉♥ .❝❤1♠❛ ❞❡. ♥✐✈❡❛✉① ♥✉❝❧1❛✐3❡.

❞✉ ♥♦②❛✉ .1❧❡❝2✐♦♥♥1 ❛✐♥.✐ /✉❡ ❞❡ .❡. ❞❡.❝❡♥❞❛♥2. ❞✐3❡❝2.✳ ❊♥ ❝♦♥♥❛✐..❛♥2 ❧❛ ♥❛2✉3❡ ❞❡. 23❛♥.✐2✐♦♥. ✐♥2❡3♥❡.

❡2 ❞❡ .❡. ❞1❝3♦✐..❛♥❝❡.✱ ♥♦✉. ❛❧❧♦♥. ♣♦✉✈♦✐3 ❝♦♥23❛✐♥❞3❡ ❧❡. .♣✐♥. ❡2 ♣❛3✐21. ❞❡. 12❛2. ♥✉❝❧1❛✐3❡. ❡2 ❝♦♠♣❛3❡3

❛✉① ✐♥2❡3♣312❛2✐♦♥. 2❤1♦3✐/✉❡.✳ ❈✬❡.2 ❧✬12✉❞❡ ❞❡ ❝❡. ❝♦♠♣♦32❡♠❡♥2. /✉❡ ♥♦✉. ♥♦✉. ♣3♦♣♦.♦♥. ❞✬❡✛❡❝2✉❡3 ❧♦3.

❞❡ ♠❛ 2❤G.❡✱ ❛✈❡❝ ❧❛ .♣❡❝23♦.❝♦♣✐❡ ❞✉
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❉❜✳ ◆♦✉. ❛✈♦♥. ✐♥23♦❞✉✐2 ❧❡. ✐♥❢♦3♠❛2✐♦♥. /✉❡ ♥♦✉. 3❡❝❤❡3❝❤✐♦♥.

♣♦✉3 ❧❡. ♥♦②❛✉① ❞❡ ❝❡22❡ 31❣✐♦♥ ❞❡ ♠❛..❡✱ ✐❧ ♥♦✉. 3❡.2❡ ❡♥❝♦3❡ L ❝♦♠♣3❡♥❞3❡ ❡2 ❡①♣❧✐/✉❡3 ❝♦♠♠❡♥2 ♦♥

♣❛3✈✐❡♥2 L ❧❡. .②♥2❤12✐.❡3✱ ❞❛♥. ❧❛ ♠❡.✉3❡ ♦X ❝❡. ❞❡3♥✐❡3. ♥❡ .♦♥2 ♣❛. ♣31.❡♥2. ♥❛2✉3❡❧❧❡♠❡♥2 .✉3 2❡33❡✳

✷✳✸ ▼/❝❛♥✐+♠❡+ ❞❡ &/❛❝)✐♦♥

▲✬✉3❛♥✐✉♠ ❡2 ❧❡ ♣❧✉2♦♥✐✉♠✱ ❞❡3♥✐❡3. 1❧1♠❡♥2. ♥❛2✉3❡❧❧❡♠❡♥2 ♣31.❡♥2.✱ ♦♥2 ❤✐.2♦3✐/✉❡♠❡♥2 .❡3✈✐ ❞❡ ♣♦✐♥2

❞❡ ❞1♣❛32 ♣♦✉3 ❧❛ 3❡❝❤❡3❝❤❡ ❡2 ❧✬12✉❞❡ ❞✬1❧1♠❡♥2. ❞❡ ♣❧✉. ❡♥ ♣❧✉. ❧♦✉3❞. ❡2 .❡ .♦♥2 3❛♣✐❞❡♠❡♥2 ♣3♦❧♦♥❣1

❛✉① ❝✐❜❧❡. ❞✬❛❝2✐♥✐❞❡. ♣3♦❞✉✐2. ❞❛♥. ❧❡. 31❛❝2❡✉3. ✭❛♠❡3✐❝✐✉♠✱ ❝✉3✐✉♠✱ ❝❛❧✐❢♦3♥✐✉♠✮✳ Y♦✉3 ❝❡❧❛✱ ♣❧✉.✐❡✉3.

♠1❝❛♥✐.♠❡. ❞❡ 31❛❝2✐♦♥ ♦♥2 121 ✉2✐❧✐.1. ❛✉ ❝♦✉3. ❞❡ ❝❡. 3❡❝❤❡3❝❤❡. ✿ ✐33❛❞✐❛2✐♦♥ ♥❡✉23♦♥✐/✉❡✱ 23❛♥.❢❡32 ❞❡

♥✉❝❧1♦♥.✱ ❢✉.✐♦♥✱ ✳✳✳ ❈❡. 2❡❝❤♥✐/✉❡.✱ ❛✐♥.✐ /✉❡ ♥♦. ❝♦♥♥❛✐..❛♥❝❡. ❞❡. ♠1❝❛♥✐.♠❡. ❞❡ 31❛❝2✐♦♥✱ ♦♥2 ❛❧♦3.

♣3♦❣3❡..1 ♣❛3 ❧❛ ♠Z♠❡ ♦❝❝❛.✐♦♥✳ ❈❡❧❛ ♥♦✉. ❛ ♣❡3♠✐. ❞❡ ♠✐❡✉① ❛♣♣31❤❡♥❞❡3 ❧❡. ♣❤1♥♦♠G♥❡. ♣❤②.✐/✉❡.

❛✐♥.✐ /✉❡ ❞✬❛♠1❧✐♦3❡3 ❧❡. ♣31❞✐❝2✐♦♥. /✉❛♥2 ❛✉① 2❛✉① ❞❡ ♣3♦❞✉❝2✐♦♥ ❛..♦❝✐1. ❛✉① ❞✐✛13❡♥2. ♠1❝❛♥✐.♠❡. ❞❡

31❛❝2✐♦♥.✳

■♥✐2✐❛❧❡♠❡♥2✱ ❧❛ 3❡❝❤❡3❝❤❡ ❞✬1❧1♠❡♥2. ❞❡ ♣❧✉. ❡♥ ♣❧✉. ❧♦✉3❞. .✬❡.2 ❜❛.1❡ .✉3 ❧❛ ❝❛♣2✉3❡ ♥❡✉23♦♥✐/✉❡✳

❆✐♥.✐✱ ♣❛3 ❝❛♣2✉3❡ ♥❡✉23♦♥✐/✉❡ .✉❝❝❡..✐✈❡ .✉✐✈✐❡ ❞❡ ❞1❝3♦✐..❛♥❝❡ β ❡♥ ❝❤❛F♥❡✱ ❧❛ ♣3♦❞✉❝2✐♦♥ ❞❡ ♥♦②❛✉① ❞❡

♣❧✉. ❡♥ ♣❧✉. ❧♦✉3❞. ❛ 121 3❡♥❞✉❡ ♣♦..✐❜❧❡✳ ❈❡♣❡♥❞❛♥2✱ ❝❡ ♣3♦❝❡..✉. ❛ ♠♦♥231 .❡. ❧✐♠✐2❡. ❛✈❡❝ ❧❛ .②♥2❤G.❡ ❞✉
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❢❡$♠✐✉♠ ❧♦$* ❞❡* ,❡*,* ❞❡ ❜♦♠❜❡* ❛,♦♠✐/✉❡*✱ $❡♣$2*❡♥,❛♥, ❛✐♥*✐ ❧✬❛❝,✐♥✐❞❡ ❧❡ ♣❧✉* ❧♦✉$❞ *②♥,❤2,✐*2 ♣❛$ ❝❡,,❡

♠2,❤♦❞❡✳ ■❧ ❛ ❞♦♥❝ ❢❛❧❧✉ $❡❝♦✉$✐$ : ❞✬❛✉,$❡* ,❡❝❤♥✐/✉❡* ♣♦✉$ ❧✬2,✉❞❡ ❞❡* 2❧2♠❡♥,* ,$❛♥*❢❡$♠✐✉♠✳ ❆✐♥*✐✱ ♣♦✉$

❧✬❡①♣❧♦$❛,✐♦♥ ❞❡ ❝❡,,❡ $2❣✐♦♥ ❡♥ ♠❛**❡✱ ❞❡✉① ♠2❝❛♥✐*♠❡* ♣$✐♥❝✐♣❛✉① ❡①✐*,❡♥, ✿ ❧❡ ,$❛♥*❢❡$, ♠✉❧,✐✲♥✉❝❧2♦♥* ♦✉

❧❛ ❢✉*✐♦♥ 2✈❛♣♦$❛,✐♦♥✳ ❈❡* ❞❡✉① ♠2,❤♦❞❡* ❜❛*2❡* *✉$ ✉♥ ❝♦✉♣❧❡ ❝✐❜❧❡✴♣$♦❥❡❝,✐❧❡ *♦✐❣♥❡✉*❡♠❡♥, *2❧❡❝,✐♦♥♥2

$❡*,❡♥, ❝❡♣❡♥❞❛♥, ,$D* ❞✐✛2$❡♥,* ❞❛♥* ❧❡* ♠2❝❛♥✐*♠❡* ❞❡ $2❛❝,✐♦♥ ❛✐♥*✐ /✉❡ ❧❡* $2❣✐♦♥* ❞❡ ♠❛**❡* ❛✉①/✉❡❧❧❡*

✐❧* ❞♦♥♥❡♥, ❛❝❝D*✳

✷✳✸✳✶ ▼%❝❛♥✐*♠❡* ❞❡ .%❛❝/✐♦♥ ❞❛♥* ❧❛ .%❣✐♦♥ ❞❡* %❧%♠❡♥/* *✉♣❡.❧♦✉.❞* ✿ /.❛♥*❢❡./

♠✉❧/✐✲♥✉❝❧%♦♥*

▲❡ ,$❛♥*❢❡$, ♠✉❧,✐✲♥✉❝❧2♦♥* ❝♦♥*✐*,❡✱ ❝♦♠♠❡ *♦♥ ♥♦♠ ❧✬✐♥❞✐/✉❡✱ : ,$❛♥*❢2$❡$ ✉♥ ❝❡$,❛✐♥ ♥♦♠❜$❡ ❞❡

♣$♦,♦♥* ❡, ❞❡ ♥❡✉,$♦♥* ❞❡ ❧❛ ❝✐❜❧❡ ❛✉ ♣$♦❥❡❝,✐❧❡ ✭♦✉ ✈✐❝❡ ✈❡$*❛✮✳ ❈❡* $2❛❝,✐♦♥* ✈♦♥, ❛✈♦✐$ ❧✐❡✉ : ❞❡* 2♥❡$❣✐❡*

♣$♦❝❤❡* ✭✈♦✐$ ❡♥✲❞❡**♦✉*✮ ❞❡ ❧❛ ❜❛$$✐D$❡ ❈♦✉❧♦♠❜✐❡♥♥❡✱ ♣❡$♠❡,,❛♥, ❛✐♥*✐ ❝❡ ,$❛♥*❢❡$, ❞❡* ♥✉❝❧2♦♥*✱ ,♦✉, ❡♥

♥✬❡♥❣❛❣❡❛♥, ♣❛* ❧❡ ♣$♦❝❡**✉* ❞❡ ❢✉*✐♦♥ ❞❡* ❞❡✉① ♥♦②❛✉① ✭❜✐❡♥ /✉❡ ❧❛ ❢✉*✐♦♥ *♦✉* ❝♦✉❧♦♠❜✐❡♥♥❡ ❡①✐*,❡ ❜❡❧

❡, ❜✐❡♥ ❬✸✹✱ ✸✺❪✮✳ ❊♥ ✉,✐❧✐*❛♥, ❧❡ ❢❛✐, /✉❡ ❞❛♥* ❝❡* $2❛❝,✐♦♥*✱ ❧❛ ✈♦✐❡ ❞❡ *♦$,✐❡ ❢❛✈♦$✐*❡ ❧❡* ❣$❛♥❞❡* ❝❤❛❧❡✉$*

❞❡ $2❛❝,✐♦♥ ❡, ❞♦♥❝ ❧❛ ♣$♦❞✉❝,✐♦♥ ❞❡ ♥♦②❛✉① ♠❛❣✐/✉❡* ✭
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❳❡✮✱ ♥♦✉* ❛❧❧♦♥* ❛❧♦$* ❡**❛②❡$ ❞✬❛,,❡✐♥❞$❡ ❞❡*

♠❛**❡* ❞❡ ♣❧✉* ❡♥ ♣❧✉* ❧♦✉$❞❡* ✭❡♥ ❩ ♦✉ ❡♥ ◆✮✳ ❖♥ ♣❡✉, ❛✐♥*✐ ❞✐*,✐♥❣✉❡$ ❞❡✉① ❛♣♣❧✐❝❛,✐♦♥* ❞✐$❡❝,❡* ♣♦✉$

❝❡ ♠2❝❛♥✐*♠❡ ❞❡ $2❛❝,✐♦♥✳ ❚♦✉, ❞✬❛❜♦$❞ ❛✈❡❝ ❧❛ *②♥,❤D*❡ ❞✬2❧2♠❡♥,* ♣❧✉* ❧2❣❡$* ✭❩ ∼ ✶✵✵✮✱ ♠❛✐* $✐❝❤❡* ❡♥

♥❡✉,$♦♥* ✭❡**❡♥,✐❡❧❧❡ ♣♦✉$ ❧✬2,✉❞❡ ❞❡* ♣$♦❝❡**✉* ♥✉❝❧2❛✐$❡* ❡, ❞✬✐♥,2$X, ❛*,$♦♣❤②*✐/✉❡ ,❡❧ /✉❡ ❧❡  ✲♣ ♦❝❡&&✮✳

❊♥ ❝❡ /✉✐ ❝♦♥❝❡$♥❡ ❧❡* *✉♣❡$❧♦✉$❞*✱ ❝❡$,❛✐♥ ❝❛❧❝✉❧* ,❤2♦$✐/✉❡* ♣$2❞✐*❡♥, ❞❡* *❡❝,✐♦♥* ❡✣❝❛❝❡* ❞❡ ♣$♦❞✉❝,✐♦♥

✐♥,2$❡**❛♥,❡ ❞♦♥♥❛♥, ❛❝❝D* : ❞❡* $2❣✐♦♥* ♣❧✉* $✐❝❤❡ ❡♥ ♥❡✉,$♦♥* ❬✺✶❪✳

❊♥ ❡✛❡,✱ ❝❡ ♠2❝❛♥✐*♠❡ ♣❡$♠❡,✱ ❡♥ ♣❛$,❛♥, ❞✬✉♥ ♥♦②❛✉ ,❡❧ /✉❡ ❧❡ ,❤♦$✐✉♠ ♦✉ ❧✬✉$❛♥✐✉♠✱ ❞✬❛❝❝2❞❡$ :

❞❡* ✐*♦,♦♣❡* $✐❝❤❡* ❡♥ ♥❡✉,$♦♥* ❞❛♥* ❧❛ $2❣✐♦♥ ❞❡* $❛❞✐✉♠ ❡, ♥♦❜2❧✐✉♠✱ ❛♣♣♦$,❛♥, ❛✐♥*✐ ❞❡* ✐♥❢♦$♠❛,✐♦♥*

*♣❡❝,$♦*❝♦♣✐/✉❡* ❝♦♥❝❡$♥❛♥, ❧❡* ♣$❡♠✐❡$* 2,❛,* ❡①❝✐,2* ❞❡* ♥♦②❛✉① ❞❡ ❝❡,,❡ $2❣✐♦♥ ♣❡✉ ❡①♣❧♦$2❡ ❞❡ ❧❛ ❝❤❛$,❡

❞❡* ♥♦②❛✉①✱ ❛✈❡❝ ❞❡* *❡❝,✐♦♥* ❡✣❝❛❝❡* ❞❡ ♣$♦❞✉❝,✐♦♥* $❛✐*♦♥♥❛❜❧❡* ✭❞❡ ❧✬♦$❞$❡ ❞✉ ♠✐❝$♦❜❛$♥✮✳

❈❡♣❡♥❞❛♥,✱ ❡♥ ❛✉❣♠❡♥,❛♥, ❧❡ ♥♦♠❜$❡ ❞❡ ♥✉❝❧2♦♥* ,$❛♥*❢2$2* ❧♦$* ❞❡ ❝❡ ♠2❝❛♥✐*♠❡✱ ❧❡* *❡❝,✐♦♥* ❡✣❝❛❝❡*

❞❡ ♣$♦❞✉❝,✐♦♥ ❞✐♠✐♥✉❡♥, ❞$❛*,✐/✉❡♠❡♥,✱ ❝❡ /✉✐ ❞❡✈✐❡♥, ♥♦,❛♠♠❡♥, ♣$♦❜❧2♠❛,✐/✉❡ ♣♦✉$ ❧❡* 2,✉❞❡* ❞❡

*②♥,❤D*❡* ❞❡* 2❧2♠❡♥,* *✉♣❡$❧♦✉$❞* ♦✉ ❞❡* 2❧2♠❡♥,* ,$D* $✐❝❤❡* ❡♥ ♥❡✉,$♦♥* ✭❡♥ ❝♦♠♣❛$❛✐*♦♥ ❞❡ ❝❡✉①

♣♦**✐❜❧❡* ♣❛$ ❞✬❛✉,$❡* ✈♦✐❡* ❞❡ $2❛❝,✐♦♥✮✳ ❉❡ ♣❧✉*✱ ❧❛ ❞✐✣❝✉❧,2 ❞❡ *2❧❡❝,✐♦♥ ❡, *2♣❛$❛,✐♦♥ ❞❡* ♥♦♠❜$❡✉*❡*

✈♦✐❡* ❞❡ *♦$,✐❡ $❡♥❞❡♥, ❛✐♥*✐ ❝❡ ♠2❝❛♥✐*♠❡ ♣❡✉ ✉,✐❧✐*2 ❧♦$* ❞❡* ❡①♣2$✐❡♥❝❡* ❞❛♥* ❧❛ $2❣✐♦♥ ❞❡* ♥♦②❛✉① ,$D*

❧♦✉$❞*✳

▲❡* 2,✉❞❡* *✬❡✛❡❝,✉❡♥, ♣$2❢2$❡♥,✐❡❧❧❡♠❡♥, : ❧✬❛✐❞❡ ❞✉ ♠2❝❛♥✐*♠❡ ❞❡ ❢✉*✐♦♥ 2✈❛♣♦$❛,✐♦♥ /✉❡ ♥♦✉* ❛❧❧♦♥*

♠❛✐♥,❡♥❛♥, ❞2,❛✐❧❧❡$✳

✷✳✸✳✷ ▲❡ ♠%❝❛♥✐*♠❡ ❞❡ ❢✉*✐♦♥✲%✈❛♣♦.❛/✐♦♥

❉❛♥* ❧❛ $2❣✐♦♥ ❞❡* 2❧2♠❡♥,* *✉♣❡$❧♦✉$❞*✱ ❝♦♠♠❡ ♥♦✉* ❛✈♦♥* ♣✉ ❧✬2✈♦/✉❡$✱ ❝✬❡*, ❧❡ ♠2❝❛♥✐*♠❡ ❞❡ ❢✉*✐♦♥

2✈❛♣♦$❛,✐♦♥ /✉✐ ❡*, ❧❛$❣❡♠❡♥, ✉,✐❧✐*2 ♣♦✉$ ❧✬2,✉❞❡ ❡, ❧❛ *②♥,❤D*❡ ❞❡ ♥♦✉✈❡❛✉① 2❧2♠❡♥,*✳ ❏❡ ✈❛✐* ♠❛✐♥,❡♥❛♥,

❞2,❛✐❧❧❡$ ❝❡ ♠2❝❛♥✐*♠❡ ❛✉ ,$❛✈❡$* ❞❡ *❡* ❞✐✛2$❡♥,* 2,❛♣❡* ❝❧2*✱ ♠❛✐* ❛✉**✐✱ ❛✉ ,$❛✈❡$* ❞❡* ❞✐✛2$❡♥,* ♠2❝❛✲

♥✐*♠❡* ❡♥ ❝♦♠♣2,✐,✐♦♥ ❛✈❡❝ ❝❡❧✉✐✲❝✐ ✭❝❢✳ ✜❣✳ ✷✳✷✮✳ ❯♥❡ ❣$❛♥❞❡ ♣❛$,✐❡ ❞❡* ✐♥❢♦$♠❛,✐♦♥* ❞♦♥♥2❡* ❞❛♥* ❝❡,,❡

*❡❝,✐♦♥ ❡*, ,✐$2❡ ❞❡ ❬✶✱ ✸✻✱ ✸✼❪✳

❈♦♠♠❡ ♣♦✉$ ❧❡* $2❛❝,✐♦♥* ❞❡ ,$❛♥*❢❡$,✱ ❧❡ *②*,D♠❡ ❞❡ ❜❛*❡ ❡*, ❝♦♠♣♦*2 ❞✬✉♥ ❝♦✉♣❧❡ ❢❛✐*❝❡❛✉✴❝✐❜❧❡

*♦✐❣♥❡✉*❡♠❡♥, *2❧❡❝,✐♦♥♥2 ♣♦✉$ ❧❡* ❜❡*♦✐♥* ❞❡ ❧✬2,✉❞❡✳ ❯♥❡ ❢♦✐* ❧❡* ♣❛$❛♠D,$❡* ❞❡ ❧✬❡①♣2$✐❡♥❝❡ ❞2,❡$♠✐♥2*

✭❝♦✉♣❧❡ ❢❛✐*❝❡❛✉✴❝✐❜❧❡✱ 2♥❡$❣✐❡ ❞✉ ❢❛✐*❝❡❛✉✱ ✐♥,❡♥*✐,2 ❞2*✐$2❡ *✉$ ❧❛ ❝✐❜❧❡✱ ✳✳✳ ❝❢✳ *❡❝,✐♦♥ ✷✳✸✳✸✮ ♦♥ ,$❛♥*♣♦$,❡

❛❧♦$* ❧❡ ❢❛✐*❝❡❛✉ ❞❡ ❧✬❛❝❝2❧2$❛,❡✉$ : ❧❛ ❝✐❜❧❡ ♣♦✉$ ❡♥❣❛❣❡$ ❧❡ ♣$♦❝❡**✉* ❞❡ ❢✉*✐♦♥✳
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❋✐❣✉$❡ ✷✳✷ ✕ ❉✐✛&'❡♥*❡+ &*❛♣❡+ ❡* ♠&❝❛♥✐+♠❡+ ❡♥ ❝♦♠♣&*✐*✐♦♥ ❞❡ ❧❛ '&❛❝*✐♦♥ ❞❡ ❢✉+✐♦♥ &✈❛♣♦'❛*✐♦♥ ❛✐♥+✐ 6✉❡ ❧❡+ ❞✐✛&'❡♥*+

*②♣❡+ ❞✬&*✉❞❡+ ♣♦++✐❜❧❡+ ❬✹✽❪ ✴ ❉✐✛❡$❡♥& '&❡♣' ❛♥❞ ♠❡❝❤❛♥✐'♠' ✐♥ ❝♦♠♣❡&✐&✐♦♥ ✇✐&❤ &❤❡ ❢✉'✐♦♥ ❡✈❛♣♦$❛&✐♦♥ ♠❡❝❤❛♥✐'♠ ❛❧♦♥❣

✇✐&❤ &❤❡ ❞✐✛❡$❡♥& &②♣❡' ♦❢ '&✉❞✐❡' ♣♦''✐❜❧❡ ❬✹✽❪

❈❡ ♠$❝❛♥✐)♠❡ ❡)* ✉♥❡ ,$❛❝*✐♦♥ )$.✉❡♥*✐❡❧❧❡ ❬✸✽❪✱ ❛✉ ❝♦✉,) ❞❡ ❧❛.✉❡❧❧❡✱ ❧❡ ♥♦②❛✉ ❝♦♠♣♦)$ ❞❡✈,❛ )✉,✈✐✈,❡

♣♦✉, ❛❜♦✉*✐, ❛✉ ♥♦②❛✉ ❞$)✐,$ ✭❡.✳ ✭✷✳✶✮✮ ✭❊❘ ♣♦✉, ❊✈❛♣♦%❛&✐♦♥ ❘❡+✐❞✉ ♦✉ ,$)✐❞✉ ❞✬$✈❛♣♦,❛*✐♦♥ ❡* ❈◆ ♣♦✉,

❈♦♠♣♦✉♥❞ ◆✉❝❧❡✉+ ♦✉ ♥♦②❛✉ ❝♦♠♣♦)$✮✳

❆ ✰ ❇ → ❈◆✯ → ❊❘✯+ xn → ❊❘+ yγ ✭✷✳✶✮

❊♥ ♣❧✉) ❞❡ ❧❛ ❝♦♠♣$*✐*✐♦♥ ❛✈❡❝ ❧❡) ,$❛❝*✐♦♥) ❞❡ *,❛♥)❢❡,*✱ ♣♦✉, ❞❡) $♥❡,❣✐❡) ❞❡ ❢❛✐)❝❡❛✉ ❛✉*♦✉, ❞❡ ❧❛

❜❛,,✐H,❡ ❝♦✉❧♦♠❜✐❡♥♥❡ ✭)❡❝*✐♦♥ ✷✳✸✳✶✮✱ ❛✈❛♥* ♠I♠❡ .✉❡ ❧❡ ♣,♦❝❡))✉) ❞❡ ❢✉)✐♦♥ ♥❡ )♦✐* ❡♥❣❛❣$✱ ✉♥❡ ♣,❡♠✐H,❡

,$❛❝*✐♦♥ ❝♦♥❝✉,,❡♥*❡ ❛♣♣❛,❛J* ✿ ❧❛ .✉❛)✐✲✜))✐♦♥✳ ❈✬❡)* ✉♥ ♣,♦❝❡))✉) )✐♠✐❧❛✐,❡ ❛✉① ,$❛❝*✐♦♥) ❞❡ *,❛♥)❢❡,*

♣,$❝$❞❡♠♠❡♥* $*✉❞✐$❡)✱ ❞❛♥) ❧❡.✉❡❧✱ ❛✈❛♥* ♠I♠❡ .✉❡ ❧❡ ♥♦②❛✉ ❝♦♠♣♦)$ ♥❡ )♦✐* ❢♦,♠$✱ ❞❡✉① ❢,❛❣♠❡♥*) ❞❡

.✉❛)✐✲✜))✐♦♥ )♦♥* ♣,♦❞✉✐*)✳ ▲♦,) ❞❡ ❝❡ ♣,♦❝❡))✉)✱ ❧❡ ♥♦②❛✉ ❝♦♠♣♦)$ ♥✬❡)* ♣❛) ❝,$$✳

❯♥❡ ❢♦✐) ❧❡ ♣,♦❝❡))✉) ❞❡ ❢✉)✐♦♥ ❡♥❣❛❣$❡✱ ♦♥ )❡ ,❡*,♦✉✈❡ ❛❧♦,) ❛✈❡❝ ✉♥ ♥♦②❛✉ ❝♦♠♣♦)$ ❞❛♥) ✉♥ $*❛*

❡①❝✐*$✳ ❈❡ ❞❡,♥✐❡, ♣❡✉* ❧Q ❡♥❝♦,❡ ♣♦✉,)✉✐✈,❡ )❡❧♦♥ ❞❡✉① ❝❤❡♠✐♥) ✿ ❧❛ ❢✉)✐♦♥✲✜))✐♦♥ ♦✉ ❧❛ ❢✉)✐♦♥ $✈❛♣♦,❛*✐♦♥✳

❆✐♥)✐✱ ❧❡ ♥♦②❛✉ ❝♦♠♣♦)$ ✈❛ $✈❛♣♦,❡, ,❛♣✐❞❡♠❡♥* ❞❡) ♥❡✉*,♦♥) ♣♦✉, )❡ ❞$)❡①❝✐*❡, ✭❡♥*,❡ 10−19
❡* 10−16

)

❛♣,H) ❧❛ ❝,$❛*✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦)$✮ ❬✸✾❪ ❡* ♣♦✉,,❛ ❛❧♦,) )♦✐* )✉,✈✐✈,❡ ❡* ❢♦,♠❡, ❧❡ ,$)✐❞✉ ❞✬$✈❛♣♦,❛*✐♦♥✱

)♦✐* ✜))✐♦♥♥❡,✳
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❯♥❡ ❢♦✐( ❧❡ *+(✐❞✉ ❞✬+✈❛♣♦*❛2✐♦♥ (②♥2❤+2✐(+✱ ❞❡✉① 2②♣❡( ❞❡ *❛②♦♥♥❡♠❡♥2( ♥♦✉( (♦♥2 ❛❝❝❡((✐❜❧❡( ✿ ❧❡(

*❛②♦♥♥❡♠❡♥2( ♣*♦♠♣2( ;✉✐ (❡*♦♥2 +♠✐( ❞❡♣✉✐( ❧❛ ❝✐❜❧❡✱ ♦✉ ❧❡( *❡2❛*❞+( ;✉✐ ❡✉① (❡*♦♥2 *+❝♦❧2+( ❛✉ ♣❧❛♥

❢♦❝❛❧ ❞✬✉♥ (+♣❛*❛2❡✉*✳ ❈❡( ❞❡✉① 2②♣❡( ❞❡ ❝♦♠♣♦*2❡♠❡♥2 (♦♥2 +2✉❞✐+( ❛✉ 2*❛✈❡*( ❞❡ ❞❡✉① 2②♣❡( ❞✬+2✉❞❡ ✿ ❧❛

(♣❡❝2*♦(❝♦♣✐❡ ♣*♦♠♣2❡ ❡2 *❡2❛*❞+❡ ✭♣*✐♥❝✐♣❡ ❡2 ♠+2❤♦❞❡ ❡①♣❧✐❝✐2+( ❞❛♥( ❧❛ (❡❝2✐♦♥ ✸✳✹✮✳

❈❡♣❡♥❞❛♥2✱ ❝❡( ❞+(❡①❝✐2❛2✐♦♥( ♠✐(❡( ❡♥ ❥❡✉ ❧♦*( ❞✉ ♣*♦❝❡((✉( ❞❡ ❢✉(✐♦♥ +✈❛♣♦*❛2✐♦♥ *+♣♦♥❞❡♥2 A ❞❡(

❝*✐2B*❡( ♣*+❝✐(✱ ❞+♣❡♥❞❛♥2 ❞❡ ❧✬+♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥ ❞✉ ♥♦②❛✉✱ ♠❛✐( ❛✉((✐ ❞✉ ♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡ ❛✈❡❝ ❧❡;✉❡❧ ✐❧

❛ +2+ ❝*++✳ ❈✬❡(2 ♠❛✐♥2❡♥❛♥2 ❝❡( ❝❛*❛❝2+*✐(2✐;✉❡( ❞✉ ♠+❝❛♥✐(♠❡ ❞❡ *+❛❝2✐♦♥ ♣✉✐( ❧❡( ♠♦❞❡( ❞❡ ❞+(❡①❝✐2❛2✐♦♥(

❡2 ❞❡ ❞+❝*♦✐((❛♥❝❡( ♣♦((✐❜❧❡( ❞❡ ❧❛ *+❣✐♦♥ ❞❡( 2*❛♥(❢❡*♠✐❛✱ ;✉❡ ♥♦✉( ❛❧❧♦♥( ❞+2❛✐❧❧❡*✳

✷✳✸✳✸ ❈❛%❛❝'(%✐*'✐+✉❡* ❞✉ ♠(❝❛♥✐*♠❡ ❞❡ %(❛❝'✐♦♥

◆♦②❛✉ ❝♦♠♣♦() ✿ ✈♦✐❡( ❞❡ ❞)(❡①❝✐0❛0✐♦♥

▲❡ ♥♦②❛✉ ❝♦♠♣♦(+ ❡(2 ❞♦♥❝ ❝*++ ❛✈❡❝ ✉♥❡ +♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥✱ ❡2 ♣♦((B❞❡ ❛✉((✐ ❛✈❡❝ ✉♥ ❝❡*2❛✐♥ ♠♦♠❡♥2

❛♥❣✉❧❛✐*❡✳ ❯♥❡ ♣❛*2✐❡ ❞❡ ❝❡22❡ +♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥ (❡ *❡♣♦*2❡ ❞❛♥( ✉♥ ♠♦✉✈❡♠❡♥2 ❝♦❧❧❡❝2✐❢ ❞❡ *♦2❛2✐♦♥ ❞✉

♥♦②❛✉✳ ❖♥ ♣❡✉2 (❝❤+♠❛2✐(❡* ❧❡( ❞✐✛+*❡♥2❡( +2❛♣❡( ❞❡ (❛ ❞+(❡①❝✐2❛2✐♦♥ ✭❝❢✳ ✜❣✳ ✷✳✸✮✳

❚♦✉2 ❞✬❛❜♦*❞✱ ❞❡( ♣❛*2✐❝✉❧❡( ❧+❣B*❡( (♦♥2 +♠✐(❡( (+;✉❡♥2✐❡❧❧❡♠❡♥2 ✭❡♥ ♥♦✐*✮ ❡♠♣♦*2❛♥2 2*B( ♣❡✉ ❞❡

♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡✳ ▲♦*( ❞❡ ❝❡( +♠✐((✐♦♥(✱ ❝❡ (♦♥2 ♣*✐♥❝✐♣❛❧❡♠❡♥2 ❞❡( ♥❡✉2*♦♥( ;✉✐ (♦♥2 +♠✐(✳ ▲✬+✈❛♣♦*❛2✐♦♥

❞❡( ♥❡✉2*♦♥( ❧♦*( ❞❡ ❝❡ ♣*♦❝❡((✉( ❡(2 ❧❛*❣❡♠❡♥2 ❢❛✈♦*✐(+❡ ❞✉ ❢❛✐2 ❞❡( ♣*♦♣*✐+2+( ❞❡ ❧✬❛❣❡♥❝❡♠❡♥2 ❞❡( ♥✉❝❧+♦♥(

❛✉ (❡✐♥ ❞✉ ♥♦②❛✉✳ ❈❡( +♠✐((✐♦♥( ♣❡*♠❡22❡♥2 ❛✉ ♥♦②❛✉ ❞✬+✈❛❝✉❡* ✉♥❡ ♣❛*2✐❡ ❞❡ (♦♥ +♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥

❞✉ ♥♦②❛✉ ❝♦♠♣♦(+ ❞❡ ♠❛♥✐B*❡ (✐❣♥✐✜❝❛2✐✈❡✳ ❚②♣✐;✉❡♠❡♥2✱ ❧✬+♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦(+ ❡(2

*+❞✉✐2❡ ❞✬❡♥✈✐*♦♥ ✻ A ✶✵ ▼❡❱ ✭❝♦**❡(♣♦♥❞❛♥2 A ❧❛ (♦♠♠❡ ❞❡ ❧✬+♥❡*❣✐❡ ❞❡ (+♣❛*❛2✐♦♥ ❞✬✉♥ ♥❡✉2*♦♥ ❡2

❞❡ ❧✬+♥❡*❣✐❡ ❝✐♥+2✐;✉❡ ♠♦②❡♥♥❡ ❞❡ ❝❡❧✉✐✲❝✐✮ ❧♦*( ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡( +✈❛♣♦*❛2✐♦♥(✳ ❯♥❡ ❢♦✐( ❝❡( ♣❛*2✐❝✉❧❡(

❧+❣B*❡( +✈❛♣♦*+❡( ❬✸✾❪✱ ❧❡ *+(✐❞✉ ❞✬+✈❛♣♦*❛2✐♦♥ ❡(2 ❢♦*♠+✱ ❧✉✐ ♠S♠❡ ❞❛♥( ✉♥ +2❛2 ❡①❝✐2+✳ ❉✬❛✉2*❡( ♠♦❞❡(

❞❡ ❞+(❡①❝✐2❛2✐♦♥( ❡♥2*❡♥2 ❛❧♦*( ❡♥ ❥❡✉✳ ▲✬+♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥ ❛✐♥(✐ ;✉❡ ❧❡ ♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡ ❛✈❡❝ ❧❡(;✉❡❧(

❧❡ *+(✐❞✉ ❞✬+✈❛♣♦*❛2✐♦♥ ❡(2 ❢♦*♠+ (♦♥2 ❛((❡③ ❞✐(2*✐❜✉+(✱ ❝❡ ;✉✐ ❞♦♥♥❡ ✉♥❡ *+❣✐♦♥ ❞✬❡♥2*+❡ ❛((❡③ ✈❛(2❡ ✭❡♥

♦*❛♥❣❡✮✳

❉❡♣✉✐( ❝❡22❡ *+❣✐♦♥ ❞✬❡♥2*+❡✱ ✉♥❡ ♣*❡♠✐B*❡ (+*✐❡ ❞❡ *❛②♦♥♥❡♠❡♥2( γ (2❛2✐(2✐;✉❡( ❡(2 +♠✐(❡ ✭❡♥ ♠❛**♦♥✮✳

❈❡✉①✲❝✐ ❝♦**❡(♣♦♥❞❡♥2 ♣*✐♥❝✐♣❛❧❡♠❡♥2 A ❞❡( 2*❛♥(✐2✐♦♥( ❝♦❧❧❡❝2✐✈❡( ❞❡ ♠✉❧2✐♣♦❧❛*✐2+ ❊✶ ✭(❡❝2✐♦♥ ✷✳✺✳✶✮✳ ❈❡✲

♣❡♥❞❛♥2✱ ❛✉ ✈✉ ❞❡ ❧❛ ❞❡♥(✐2+ ❞❡ ♥✐✈❡❛✉① ❞❛♥( ❝❡22❡ ③♦♥❡✱ ✉♥❡ ♠❡(✉*❡ ❝♦❤+*❡♥2❡ ❞❡ ❧✬+♥❡*❣✐❡ ✐♥❞✐✈✐❞✉❡❧❧❡

❞❡ ❝❡( 2*❛♥(✐2✐♦♥( ♥✬❡(2 ♣❛( ♣♦((✐❜❧❡✱ ♠❛✐( ❡❧❧❡( ♥✬❡♠♣♦*2❡♥2✱ ❧A ❡♥❝♦*❡✱ ;✉❡ 2*B( ♣❡✉ ❞❡ ♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡✱

♠❛✐( ♣❡*♠❡22❡♥2 ❞✬❛22❡✐♥❞*❡ ❧❡( ♥✐✈❡❛✉① ♣*♦❝❤❡( ❞❡ ❧❛ ❧✐❣♥❡ ❨*❛(2✳ ❊♥ ❡✛❡2✱ ❧♦*(;✉❡ ❧❛ ;✉❛(✐✲2♦2❛❧✐2+ ❞❡

❧✬+♥❡*❣✐❡ ❞✬❡①❝✐2❛2✐♦♥ *❡(2❛♥2❡ ❡(2 (♦✉( ❢♦*♠❡ ❞✬+♥❡*❣✐❡ ❞❡ *♦2❛2✐♦♥ ❝♦❧❧❡❝2✐✈❡✱ ❧❡ ♥♦②❛✉ ♥✬❛ ❞✬❛✉2*❡ ❝❤♦✐①

;✉❡ ❞❡ (✉✐✈*❡ ❞❡( (+;✉❡♥❝❡( ❞❡ 2*❛♥(✐2✐♦♥( ❛✉ (❡✐♥ ❞❡ ❜❛♥❞❡( *♦2❛2✐♦♥♥❡❧❧❡(✳ ❈❡❧❧❡ ❞❡ ♣❧✉( ❜❛((❡ +♥❡*❣✐❡

A ✉♥ ♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡ ❞♦♥♥+ ❡(2 ❛♣♣❡❧+❡ ❨*❛(2✳ ▲❛ ❧✐❣♥❡ ❨*❛(2 (❡*❛ ❞♦♥❝ ❝♦♠♣♦(+❡ ❞❡ ❧❛ (✉❝❝❡((✐♦♥ ❞❡(

(+;✉❡♥❝❡( ❧❡( ♣❧✉( ❜❛((❡( ❡♥ +♥❡*❣✐❡ ♣♦✉* ✉♥ ♠♦♠❡♥2 ❛♥❣✉❧❛✐*❡ ❞♦♥♥+✳

❈❡ (♦♥2 ❧❡( *❛②♦♥♥❡♠❡♥2( +♠✐( ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❧✐❣♥❡ ❨*❛(2 ;✉❡ ♥♦✉( +2✉❞✐♦♥( ❡2 ;✉✐ ❞♦♥♥❡♥2 ❞❡( ✐♥✲

❢♦*♠❛2✐♦♥( (✉* ❧❛ (2*✉❝2✉*❡ ♥✉❝❧+❛✐*❡ ❞✉ *+(✐❞✉ ❞✬+✈❛♣♦*❛2✐♦♥ ❡2 ♥♦2❛♠♠❡♥2 (✉* ❧❡( +2❛2( ❞❡ ♣❛*2✐❝✉❧❡(

✐♥❞✐✈✐❞✉❡❧❧❡(✳ ❈❡( *❛②♦♥♥❡♠❡♥2( γ ✭❡♥ ❜❧❡✉ ❡2 ❡♥ ✈❡*2✮✱ (♦♥2 ♠❛❥♦*✐2❛✐*❡♠❡♥2 ❞❡( 2*❛♥(✐2✐♦♥( ❞❡ ♠✉❧2✐♣♦✲

❧❛*✐2+ ❊✷ +♠✐(❡( ❡♥ ❝❛(❝❛❞❡✱ ❥✉(;✉✬A ❛22❡✐♥❞*❡ ❧❛ 2S2❡ ❞❡ ❜❛♥❞❡ *♦2❛2✐♦♥❡❧❧❡✳ ❈❡♣❡♥❞❛♥2✱ ❝❡( ♣*♦❝❡((✉( ❡♥

❝❛(❝❛❞❡ ♣❡✉✈❡♥2 ❛✉((✐ S2*❡ *❛❧❡♥2✐( ♣❛* ❧❡ ♣❛((❛❣❡ ♣❛* ❞❡( +2❛2( ❡①❝✐2+( ❞❡ ❧♦♥❣✉❡ ❞✉*+❡ ❞❡ ✈✐❡ ✭❝♦♠♠❡ ❞❡(

+2❛2( ✐(♦♠+*✐;✉❡(✱ ❛((❡③ ♣*+(❡♥2( ❞❛♥( ❝❡22❡ *+❣✐♦♥ ❞❡ ♠❛((❡✱ (❡❝2✐♦♥ ✷✳✼✳✶✮✳

■❧ ♣❡✉2 ❡①✐(2❡* ♣❧✉(✐❡✉*( ❝❛(❝❛❞❡( ❞❡ 2*❛♥(✐2✐♦♥( ✐♥2❡*❝♦♥♥❡❝2+❡( ❡♥2*❡ ❡❧❧❡( ♣❡*♠❡22❛♥2 ❞✬❛**✐✈❡* ❥✉(;✉✬A

❧❛ *+❣✐♦♥ ❞❡ (♦*2✐❡✳ ❉❡ ♣❧✉(✱ ❝❡( *❛②♦♥♥❡♠❡♥2( (♦♥2 +♠✐( ❛✈❡❝ ❞❡( ❞✉*+❡( ❛((❡③ ✈❛*✐❛❜❧❡( ✭❡♥2*❡ 10−16
❡2

10−9
( ❛♣*B( ❧❛ ❝*+❛2✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦(+✮ ❬✸✾❪✱ ♠❛✐( (❡*♦♥2 2♦✉2 ❞❡ ♠S♠❡ +♠✐( ♣*B( ❞❡ ❧❛ ❝✐❜❧❡ ❞✉ *+(✐❞✉
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❞♦♥♥❡ ❞♦♥❝ ❧❡ ♠♦♠❡♥) ❛♥❣✉❧❛✐.❡ ♠❛①✐♠✉♠ ❛✈❡❝ ❧❡1✉❡❧ ❧❡ ♥♦②❛✉ ❝♦♠♣♦45 ♣❡✉) 6).❡ ❝.55 ♣♦✉. ✉♥ ❝♦✉♣❧❡

❢❛✐4❝❡❛✉ ❝✐❜❧❡ ❞♦♥♥5✱ ❞5❧✐♠✐)❛♥) ❛✐♥4✐ ❧❛ .5❣✐♦♥ ✭♠♦♠❡♥) ❛♥❣✉❧❛✐.❡✴5♥❡.❣✐❡ ❞✬❡①❝✐)❛)✐♦♥✮ ❞❛♥4 ❧❛1✉❡❧❧❡ ✐❧

❡4) ♣♦44✐❜❧❡ ❞❡ ❝.5❡. ❧❡ .54✐❞✉ ❞✬5✈❛♣♦.❛)✐♦♥✳

❯♥❡ 5)✉❞❡ ♣♦✉445❡ ❞❡ ❧❛ ❜❛..✐@.❡ ❞❡ ✜44✐♦♥ ❛✉ ♣.5❛❧❛❜❧❡ ♣❡.♠❡) ❞♦♥❝ ❞✬❛❝❝.♦B).❡ ♥♦).❡ ❝♦♥♥❛✐44❛♥❝❡

❞❡ ❝❡))❡ .5❣✐♦♥ ❡) ❛✐♥4✐ ♠❛①✐♠✐4❡. ❧❡4 ❝❤❛♥❝❡4 ❞❡ .5✉44✐)❡ ❞❡ ❧✬❡①♣5.✐❡♥❝❡✳ ❉❡ ♣❧✉4✱ ❝❡4 ♠❡4✉.❡4 ♣❡.♠❡))❡♥)

❞❡ ❝♦♥).❛✐♥❞.❡ ❧❡4 ❞✐✛5.❡♥)4 ♠♦❞@❧❡4 ✉)✐❧✐454 ♣♦✉. ❧✬❡4)✐♠❛)✐♦♥ ❞❡ ❧❛ ❤❛✉)❡✉. ❞❡ ❝❡))❡ ❞❡.♥✐@.❡ ❡) ❛✐♥4✐

♠❛①✐♠✐4❡. ❧❡4 ❝❤❛♥❝❡4 ❞❡ .5✉44✐)❡4 ♣♦✉. ❧❡4 ❡①♣5.✐❡♥❝❡4 ❞❡ ❢✉4✐♦♥ 5✈❛♣♦.❛)✐♦♥ ❢✉)✉.❡4 ♣♦✉. ✉♥ ✐4♦)♦♣❡

❞♦♥♥5 ✭❬✸✼❪ ❛✈❡❝ ❧❛ ♠❡4✉.❡ ❞❡ ❧❛ ❜❛..✐@.❡ ❞❡ ✜44✐♦♥ ❞✉
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➱♥❡#❣✐❡& ❡' &❡❝'✐♦♥ ❡✣❝❛❝❡

❉❡✉① ♣❛.❛♠@).❡4 ❡44❡♥)✐❡❧4 4♦♥) J ♣.❡♥❞.❡ ❡♥ ❝♦♠♣)❡ ❞❛♥4 ❧❛ ♣.♦❞✉❝)✐♦♥ ❞❡4 ♥♦②❛✉① ❞✬✐♥)5.6) ✿ ❧✬5♥❡.❣✐❡

❞✉ ❢❛✐4❝❡❛✉ ✐♥❝✐❞❡♥) ♣♦✉. ✉♥❡ ❝✐❜❧❡ ❞♦♥♥5❡ ❛✐♥4✐ 1✉❡ ❧❛ 4❡❝)✐♦♥ ❡✣❝❛❝❡ ❞❡ ♣.♦❞✉❝)✐♦♥ ❞✉ ♥♦②❛✉ 45❧❡❝)✐♦♥♥5

♣♦✉. ❧✬5)✉❞❡ ❛ ❝❡))❡ 5♥❡.❣✐❡✳ ❈❡4 ❞❡✉① 1✉❛♥)✐)54 4♦♥) )♦✉)❡❢♦✐4 ❢♦.)❡♠❡♥) ❝♦..5❧5❡4✳ ❚②♣✐1✉❡♠❡♥)✱ ❞❛♥4

❝❡))❡ .5❣✐♦♥ ❞❡ ♠❛44❡✱ ❧❡4 ❢❛✐4❝❡❛✉① 4♦♥) ❛❝❝5❧5.54 ❛✈❡❝ ✉♥❡ 5♥❡.❣✐❡ ❞❡ ❧✬♦.❞.❡ ❞❡ ✹ ❡) ✺ ▼❡❱✴♥✉❝❧5♦♥✱ ❝❡

1✉✐ ♥♦✉4 ❞♦♥♥❡ ✉♥❡ ✈✐)❡44❡ ❞❡ ❧✬♦.❞.❡ ❞❡ 1✉❡❧1✉❡4 ♣♦✉. ❝❡♥) ❞❡ ❧❛ ✈✐)❡44❡ ❞❡ ❧❛ ❧✉♠✐@.❡✳

❙✐ ❧✬♦♥ ❝♦♥4✐❞@.❡ ❧❛ .5❛❝)✐♦♥ ❞❡ ❢✉4✐♦♥ 5✈❛♣♦.❛)✐♦♥ ❡1✳ ✭✷✳✶✮ ❛✈❡❝ ❆ ❧❡ ♣.♦❥❡❝)✐❧❡ ❡) ❇ ❧❛ ❝✐❜❧❡ ♦♥

♦♣)✐♠✐4❡ ❧✬5♥❡.❣✐❡ ❞✉ ❢❛✐4❝❡❛✉ ✐♥❝✐❞❡♥) ❞✬5♥❡.❣✐❡✱ ♣♦✉. 1✉❡ ❧✬5♥❡.❣✐❡ ❊opt ❝♦..❡4♣♦♥❞❛♥) J ❧❛ 4❡❝)✐♦♥ ❡✣❝❛❝❡

♠❛①✐♠❛❧❡✱ ❚beam✱ 4♦✐) ❛))❡✐♥)❡ ❡♥ ♠✐❧✐❡✉ ❞❡ ❧❛ ❝✐❜❧❡ ✭4✉♣♣♦.) ❡) ❝✐❜❧❡ ✿ ♣❡.)❡ ❞✬❡♥✈✐.♦♥ ∼ ✶✵ ▼❡❱ ♣♦✉. ❧❡4

❝✐❜❧❡4 ❧♦✉.❞❡4✮✳ ❈❡))❡ ♣❡.)❡ ❞✬5♥❡.❣✐❡ ❡4) J ♣.❡♥❞.❡ ❡♥ ❝♦♠♣)❡ )❛♥) ❡♥ ❡♥).5❡ ❞❡ ❝✐❜❧❡✱ 1✉✬❡♥ 4♦.)✐❡ ❞❡ ❝✐❜❧❡

♣♦✉. ❧✬❡①).❛❝)✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ .❡❝✉❧ ✭❝❢✳ ✜❣✳ ✷✳✹✮✳

❉❛♥4 ❧❡ ❝❡♥).❡ ❞❡ ♠❛44❡ ❞✉ 4②4)@♠❡ ❝✐❜❧❡✴♣.♦❥❡❝)✐❧❡ ❥✉4)❡ ❛♣.@4 ❧❛ .5❛❝)✐♦♥ ♥♦✉4 ❛✉.♦♥4 ✉♥❡ 5♥❡.❣✐❡

❝✐♥5)✐1✉❡ )♦)❛❧❡ ❚ ❛✐♥4✐ 1✉❡ ❝❡❧❧❡ ❞✉ ♥♦②❛✉ ❝♦♠♣♦45 ❚CN ❞♦♥♥5❡4 ♣❛. ✿

T = Tbeam.
MB

MB +MA
✭✷✳✷✮

TCN = Tbeam.
MA

MB +MA
= Tbeam − T ✭✷✳✸✮

❆✐♥4✐✱ ❞❛♥4 ❧❡ .5❢5.❡♥)✐❡❧ ❞✉ ❝❡♥).❡ ❞❡ ♠❛44❡✱ ❧✬5♥❡.❣✐❡ ❞✬❡①❝✐)❛)✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦45 E∗

CN ❡4) ❧❛

4♦♠♠❡ ❞❡ ❧✬5♥❡.❣✐❡ ❝✐♥5)✐1✉❡ )♦)❛❧❡ TCM ❞✉ ❝♦✉♣❧❡ ♣.♦❥❡❝)✐❧❡✴❝✐❜❧❡ ❞❛♥4 ❧❡ .5❢5.❡♥)✐❡❧ ❞✉ ❝❡♥).❡ ❞❡ ♠❛44❡

❛✉ ♠♦♠❡♥) ❞❡ ❧❛ .5❛❝)✐♦♥ ❡) ❞❡ ❧❛ ❝❤❛❧❡✉. ❞❡ ❧❛ .5❛❝)✐♦♥ QCN ❞❡ ❧❛ ❢♦.♠❛)✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦45 ❡1✳ ✭✷✳✹✮ ✿

E∗

CN = TCM +QCN ✭✷✳✹✮

❯♥❡ ❢♦✐4 ❧❡ ♥♦②❛✉ ❝♦♠♣♦45 ❝.55✱ ❝❡ ❞❡.♥✐❡. ❞♦✐) ❡♥❝♦.❡ 4✬❡①).❛✐.❡ ❞❡ ❧❛ ❝✐❜❧❡ ❡) ❞♦♥❝ ♣♦445❞❡. ♥♦♥ 4❡✉❧❡✲

♠❡♥) ❛44❡③ ❞✬5♥❡.❣✐❡ ♣♦✉. ❡♥ 4♦.)✐.✱ ♠❛✐4 ❛✉44✐ ♣♦✉. ♣❛.✈❡♥✐. ❛✉ 4②4)@♠❡ ❞❡ ❞5)❡❝)✐♦♥ ♦] ❧❡4 ♠❡4✉.❡4 4♦♥)

.5❛❧✐45❡4✳ ❆✐♥4✐✱ ❝❡❧✉✐✲❝✐ 5)❛♥) ❝.55 ❛✈❡❝ ✉♥❡ ❝❡.)❛✐♥❡ 5♥❡.❣✐❡ ❊CN ✱ ✐❧ ❢❛✉) 1✉❡ ❝❡❧❧❡✲❝✐ 4♦✐) ♣❧✉4 ✐♠♣♦.)❛♥)❡

1✉❡ ❧❛ ♣❡.)❡ ❞✬5♥❡.❣✐❡ ❡♥❣❡♥❞.5❡ ♣❛. ❧❡ ♣❛.❝♦✉.4 ❞✉ ♥♦②❛✉ ❝♦♠♣♦45 ❞❛♥4 ❧❛ ❝✐❜❧❡✱ ∆❊CN ✳ ■❧ ❢❛✉) ❛✉44✐

✈❡✐❧❧❡. J ❝❡ 1✉❡ ❧❛ ❞✐✛5.❡♥❝❡ ❊CN ✲ ∆❊CN ✭❝❢✳ ✜❣✳ ✷✳✹✮ 4♦✐) 4✉✣4❛♥)❡ ♣♦✉. ❡✛❡❝)✉❡. ❧❡ ).❛❥❡) ❛✉ ).❛✈❡.4

❞✉ 45♣❛.❛)❡✉.✳ ❖♥ ♣❡✉) ❞♦♥❝ ✈♦✐. 1✉❡ ❧✬5♣❛✐44❡✉. e ❞❡ ❧❛ ❝✐❜❧❡ ❥♦✉❡ ✉♥ .`❧❡ ✐♠♣♦.)❛♥) ❧♦.4 ❞❡ ❧❛ .5❛❝)✐♦♥✱

)❛♥) ❞❛♥4 ❧✬♦♣)✐♠✐4❛)✐♦♥ ❞❡ ❧✬5♥❡.❣✐❡ ✐♥❝✐❞❡♥)❡ ❞✉ ❢❛✐4❝❡❛✉✱ 1✉❡ ❞❛♥4 ❝❡❧✉✐ ❞✉ )❛✉① ❞❡ ♣.♦❞✉❝)✐♦♥ ❡) ❞❡ ❧❛

❞✐✈❡.❣❡♥❝❡ ❛♥❣✉❧❛✐.❡ .54✉❧)❛♥) ❡♥ 4♦.)✐❡ ❞❡ ❝✐❜❧❡✳ ■❧ ❝♦♥✈✐❡♥) ❞♦♥❝ ❞❡ .❡❝❤❡.❝❤❡. ✉♥ ❝♦♠♣.♦♠✐4 ❡♥).❡ ❝❡4

❞✐✛5.❡♥)4 ♣❛.❛♠@).❡4 ❬✷✹❪✳ ❊♥✜♥✱ ❧❡ ♣.♦✜❧❡ ❞❡ ❧❛ 4❡❝)✐♦♥ ❡✣❝❛❝❡ ✭❝❢✳ ✜❣✳ ❄❄✮ 4✬❡①♣❧✐1✉❡ ♣❛. ❧❛ ❝♦♠❜✐♥❛✐4♦♥

❞❡ ❧✬❛✉❣♠❡♥)❛)✐♦♥ ❞❡ ❧❛ ♣.♦❜❛❜✐❧✐)5 ❞❡ ❢✉4✐♦♥ ❛✈❡❝ ❧✬5♥❡.❣✐❡✱ ❡) ❧❛ ❞✐♠✐♥✉)✐♦♥ ❞❡ ❝❡))❡ ❞❡.♥✐@.❡ ❛✈❡❝ ❧✬5♥❡.❣✐❡

❞✬❡①❝✐)❛)✐♦♥ ❞✉ ♥♦②❛✉① ❝♦♠♣♦45 ✭❛✉❣♠❡♥)❛)✐♦♥ ❞❡ ❧❛ 4❡❝)✐♦♥ ❡✣❝❛❝❡ ❞❡ ❢✉4✐♦♥✲✜44✐♦♥✮✳



QCN = (∆mP +∆mT −∆mCN )c2

e

max min

opt

max min

opt

∆m

48 208 254

µ
∆m208Pb = −21.749 ∆m48Ca = −44.2246
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♣❧✉%✐❡✉(%✮✱ ❡♥ %,❧❡❝.✐♦♥♥❛♥. ❧❡ ❜♦♥ ❝♦✉♣❧❡ ❢❛✐%❝❡❛✉ ❝✐❜❧❡✱ ♥♦✉% ♣♦✉✈♦♥% ♦♣.✐♠✐%❡( ❧❡ .❛✉① ❞❡ ♣(♦❞✉❝.✐♦♥ ❡.

❞♦♥❝ ❛✉❣♠❡♥.❡( ❧❡% ❝❤❛♥❝❡% ❞❡ (,✉%%✐.❡ ❞❡ ❧✬❡①♣,(✐❡♥❝❡✳

■❧ (❡%.❡ ❝❡♣❡♥❞❛♥. ❧✬♦♣.✐♠✐%❛.✐♦♥ ❞❡ ❧✬,♥❡(❣✐❡ ❞✉ ❢❛✐%❝❡❛✉ < ♣(❡♥❞(❡ ❡♥ ❝♦♠♣.❡✳ ❊♥ ❡✛❡.✱ ❧❛ %❡❝.✐♦♥

❡✣❝❛❝❡ ♠❛①✐♠✉♠ ❞❡ ❧❛ (,❛❝.✐♦♥ %,❧❡❝.✐♦♥♥,❡ ❞,♣❡♥❞ ❢♦(.❡♠❡♥. ❞❡ ❧✬,♥❡(❣✐❡ ❞✉ ❢❛✐%❝❡❛✉ ❝❤♦✐%✐❡✳ ▲❛ ❞,♣❡♥✲

❞❛♥❝❡ ❡♥ ,♥❡(❣✐❡ ❞❡ ❝❡❧❧❡✲❝✐ ❡%. ❛♣♣❡❧,❡ ❢♦♥❝.✐♦♥ ❞✬❡①❝✐.❛.✐♦♥✱ ❡. ♣❡(♠❡. ❞❡ ✈✐%✉❛❧✐%❡( ❧❡% %❡❝.✐♦♥% ❡✣❝❛❝❡%

❞❡% ❞✐✛,(❡♥.❡% ✈♦✐❡% ❞❡ (,❛❝.✐♦♥% ♣♦✉( ✉♥ ❝♦✉♣❧❡ ❢❛✐%❝❡❛✉✴❝✐❜❧❡ %,❧❡❝.✐♦♥♥,✳ ❊❧❧❡% ♣❡(♠❡..❡♥. ♥♦.❛♠♠❡♥.

❞❡ ❝♦♠♣❛(❡( ♥♦♥ %❡✉❧❡♠❡♥. ❧❡% ♣(♦❞✉❝.✐♦♥% ❞❡% ❞✐✛,(❡♥.❡% ✈♦✐❡% ❞❡ (,❛❝.✐♦♥ ♣♦✉( ✉♥❡ ,♥❡(❣✐❡ ❞♦♥♥,❡✱

♠❛✐% ❛✉%%✐ ❞❡ ❝♦♠♣❛(❡( ♣❧✉%✐❡✉(% ❝♦✉♣❧❡% ❢❛✐%❝❡❛✉✴❝✐❜❧❡ ♣♦%%✐❜❧❡% ♣♦✉( ❧❛ ❝(,❛.✐♦♥ ❞✉ (,%✐❞✉ ❞✬,✈❛♣♦(❛.✐♦♥

✭❡①❡♠♣❧❡ ❞✉

257
❉❜ ❬✹✷❪✮✳ ❆✐♥%✐✱ ♣♦✉( (,❛❧✐%❡( ✉♥❡ (,❛❝.✐♦♥ ❞❡ ❢✉%✐♦♥ ,✈❛♣♦(❛.✐♦♥✱ ✐❧ ♥♦✉% ❢❛✉. .♦✉. ❞✬❛❜♦(❞

♣❛%%❡( ❧❛ ❜❛((✐J(❡ ❞❡ ❈♦✉❧♦♠❜ ❞❡ ❝♦✉♣❧❡ ♣(♦❥❡❝.✐❧❡✴❝✐❜❧❡✱ .♦✉. ❡♥ (❡%.❛♥. %✉✣%❛♠♠❡♥. ♣(♦❝❤❡ ✭♠❛✐% ❡♥✲

❞❡%%♦✉%✮ ❞❡ ❝❡❧❧❡✲❝✐ ♣♦✉( ♥❡ ♣❛% ✐♥❞✉✐(❡ ❧❛ ✜%%✐♦♥ ❞❡ ❧✬❡♥%❡♠❜❧❡✳ ❈❡..❡ ❝♦♥.(❛✐♥.❡ ♥❡ ♥♦✉% ❞♦♥♥❡ ❞♦♥❝

N✉✬✉♥❡ ♣❡.✐.❡ ♣❧❛❣❡ ❞❡ ✈❛(✐❛.✐♦♥ ♣♦✉( ❧❛ %,❧❡❝.✐♦♥ ❞❡ ❧✬,♥❡(❣✐❡ ❢❛✐%❝❡❛✉✳

▲❛ ❤❛✉.❡✉( ❞❡ ❧❛ ❜❛((✐J(❡ ❞❡ ❈♦✉❧♦♠❜ ♣❡✉. O.(❡ ❡%.✐♠,❡ ❞❡ ♣❧✉%✐❡✉(% ♠❛♥✐J(❡%✳ ❍✐%.♦(✐N✉❡♠❡♥.✱ ❝❡..❡

❞❡(♥✐J(❡ ,.❛✐. ❝❛❧❝✉❧,❡ ♣❛( ❧❛ ❢♦(♠✉❧❡ ❞✉ ♠O♠❡ ♥♦♠✳ ❊❧❧❡ ❞♦♥♥❡ ❞❡ ❜♦♥% (,%✉❧.❛.% ❡♥ ♣(❡♠✐J(❡ ❛♣♣(♦①✐♠❛✲

.✐♦♥✱ ❝❡♣❡♥❞❛♥.✱ ❞✬❛✉.(❡% ❢♦(♠✉❧❡% ♦♥. ,., ❞,✈❡❧♦♣♣,❡% ❡. ♥♦.❛♠♠❡♥. ❝❡(.❛✐♥❡% ♣❧✉% ♣(,❝✐%❡% ❞❛♥% ❧❛ (,❣✐♦♥

❞❡ ♠❛%%❡ ❝♦♥%✐❞,(,❡✳ ❆✐♥%✐✱ ❝✬❡%. ❧❛ ❢♦(♠✉❧❡ ❞❡ ❘✳ ❇❛%% ❬✹✶❪ N✉✐ ❡%. ❧❛ ♣❧✉% %♦✉✈❡♥. ✉.✐❧✐%,❡ ♣♦✉( ❧❡ ❝❛❧❝✉❧

❞❡ ❧❛ ❤❛✉.❡✉( ❞❡ ❜❛((✐J(❡ ❞❡ ❈♦✉❧♦♠❜ ❞❛♥% ❧❡ ❞♦♠❛✐♥❡ ❞❡% ♥♦②❛✉① ❧♦✉(❞% ❡. ❞❡% %✉♣❡(❧♦✉(❞%✳ ❈❡ ♠♦❞J❧❡

❝❧❛%%✐N✉❡ ❡%. ❜❛%, %✉( ❧❡ ♠♦❞J❧❡ ❞❡ ❧❛ ❣♦✉..❡ ❧✐N✉✐❞❡✱ ❡. ❞,❝(✐. ❧❡% ♣♦.❡♥.✐❡❧% ❞❡% ♥♦②❛✉① ♣(♦❥❡❝.✐❧❡% ❡. ❝✐❜❧❡%

%✉♣♣♦%,% %♣❤,(✐N✉❡%✳ ❉❡ ♣❧✉%✱ ✐❧ ♣(❡♥❞ ❡♥ ❝♦♠♣.❡ ❧❡% ♣❤,♥♦♠J♥❡% ❞❡ ❢(✐❝.✐♦♥ ❞❡ ❧❛ ♠❛.✐J(❡ ♥✉❝❧,❛✐(❡ ❧♦(%

❞❡ ❧❛ ❢♦(♠❛.✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦%,✳

❯♥❡ ❢♦✐% ❧❛ ❜❛((✐J(❡ ❡%.✐♠,❡✱ ❡❧❧❡ ♥♦✉% ♣❡(♠❡. ❞♦♥❝ ❞❡ ❧✐♠✐.❡( ❧❡% ✈♦✐❡% ❞❡ (,❛❝.✐♦♥% ❛❝❝❡%%✐❜❧❡% ♣♦✉( ✉♥

❝♦✉♣❧❡ ❢❛✐%❝❡❛✉✴❝✐❜❧❡✱ ❞❛♥% ❧❛ ♠❡%✉(❡ ♦V ❧✬,♥❡(❣✐❡ ❞♦✐. (❡%.❡( ♣(♦❝❤❡ ❞❡ ❧❛ ✈❛❧❡✉( ❞❡ ❧❛ ❜❛((✐J(❡ ❝❛❧❝✉❧,❡✳

▲❛ ❝♦♠♣❧❡①✐., ❞❡ ❝❡% ,.✉❞❡% ❡. ❞❡ ❧✬♦♣.✐♠✐%❛.✐♦♥ ❞❡ ❝❡% ♣❛(❛♠J.(❡% ♥♦✉% ♦❜❧✐❣❡ ❞♦♥❝ < ❡✛❡❝.✉❡( ❞❡%

♠❡%✉(❡% ♣(,❧✐♠✐♥❛✐(❡% (❡❧❛.✐✈❡% ❛✉① ❢♦♥❝.✐♦♥% ❞✬❡①❝✐.❛.✐♦♥ ❞❡% ❞✐✛,(❡♥.❡% ✈♦✐❡% ♣♦%%✐❜❧❡% ❞❛♥% ❧❛ (,❛❝.✐♦♥

%,❧❡❝.✐♦♥♥,❡✳ ❆✐♥%✐✱ ❡♥ %♦♥❞❛♥. ❧❡% ,♥❡(❣✐❡% ❡. ❧❡% ❞✐✛,(❡♥.❡% ✈♦✐❡% ❞✬,✈❛♣♦(❛.✐♦♥ ❞❡ ♥❡✉.(♦♥% ❞❡ ❧❛ (,❛❝.✐♦♥

%,❧❡❝.✐♦♥♥,❡✱ ♦♥ ♣❡✉. ♦♣.✐♠✐%❡( ❧❡% ♣❛(❛♠J.(❡% ❡. ♠❛①✐♠✐%❡( ❧❡% ❝❤❛♥❝❡% ❞❡ (,✉%%✐.❡ ❞❡ ❧✬❡①♣,(✐❡♥❝❡ ❡♥ ,.❛✲

❜❧✐%%❛♥. ❧❡% ❢♦♥❝.✐♦♥% ❞✬❡①❝✐.❛.✐♦♥ ❞❡ ❝❡% ✈♦✐❡% ❞❡ (,❛❝.✐♦♥ ❡. ❡♥ ❞,.❡(♠✐♥❛♥. ✉♥❡ %❡❝.✐♦♥ ❡✣❝❛❝❡ ♠❛①✐♠✉♠

♣♦✉( ❝❤❛❝✉♥❡ ❞❡ ❝❡% ✈♦✐❡%✳

❋✉"✐♦♥ ❢'♦✐❞❡ ❡* ❝❤❛✉❞❡ ✿ ❞✐✛0'❡♥❝❡" ❡* ❝❛'❛❝*0'✐"*✐1✉❡"

▲♦(%N✉❡ ❧✬♦♥ ❝♦♥%✐❞J(❡ ❧❡% (,❛❝.✐♦♥% ❞❡ ❢✉%✐♦♥ ,✈❛♣♦(❛.✐♦♥✱ ♦♥ ♣❡✉. ❞✐%.✐♥❣✉❡( ❞❡✉① .②♣❡% ❞✬❡①♣,(✐❡♥❝❡% ✿

❧❡% ❢✉%✐♦♥% ❞✐.❡% ✧❝❤❛✉❞❡%✧ ❡. ❝❡❧❧❡% ❞✐.❡% ✧❢(♦✐❞❡%✧ ✭❝❢✳ ✜❣✳ ✷✳✺✮✳ ❈❡% ❞❡✉① .②♣❡% ❞❡ ❢✉%✐♦♥ %♦♥. ❢♦(.❡♠❡♥. ❧✐,%

❛✉ ❝♦✉♣❧❡ ❢❛✐%❝❡❛✉✴❝✐❜❧❡ %,❧❡❝.✐♦♥♥, ❛✐♥%✐ N✉✬< ❧✬,♥❡(❣✐❡ ❞✬❡①❝✐.❛.✐♦♥ ❞✉ ♥♦②❛✉ ❝♦♠♣♦%,✱ ❡. ♥❡ ♣(♦❞✉✐%❡♥.

♣❛% ❧❛ ♠O♠❡ N✉❛♥.✐., ❞❡ ♥❡✉.(♦♥% ,✈❛♣♦(,% ❡♥ ♠♦②❡♥♥❡✳ ❉❡ ♣❧✉%✱ ♣♦✉( ✉♥ ♠O♠❡ ♥✉♠,(♦ ❛.♦♠✐N✉❡ ❧❡%

%❡❝.✐♦♥% ❡✣❝❛❝❡% ❞❡ ❢✉%✐♦♥ ❢(♦✐❞❡ %♦♥. ❡♥✈✐(♦♥ ✉♥ ♦(❞(❡ ❞❡ ❣(❛♥❞❡✉( %✉♣,(✐❡✉(❡% < ❝❡❧❧❡ ❞❡ ❢✉%✐♦♥ ❝❤❛✉❞❡

✭❝♦♥♥✉ ♣♦✉( ❧❡% ♥♦②❛✉① ❥✉%N✉✬< ❧✬,❧,♠❡♥. ✶✶✸ ♣♦✉( ❧❛ ❢✉%✐♦♥ ❢(♦✐❞❡✮✳

▲♦(% ❞❡% ❢✉%✐♦♥% ❞✐.❡% ✧❢(♦✐❞❡%✧✱ ❧❡ ♥♦②❛✉ ❝♦♠♣♦%, ❡%. ❢♦(♠, ❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ,♥❡(❣✐❡ ❞✬❡①❝✐.❛.✐♦♥ ✭❡♥✈✐✲

(♦♥ ✶✵ < ✷✵ ▼❡❱✮✱ N✉✐ ❢❛✈♦(✐%❡ ❞♦♥❝ ✉♥❡ ❢❛✐❜❧❡ ,✈❛♣♦(❛.✐♦♥ ❞❡ ♥❡✉.(♦♥% ❧♦(% ❞✉ ♣(♦❝❡%%✉% ❞❡ ❞,%❡①❝✐.❛.✐♦♥

✈❡(% ❧❡ (,%✐❞✉ ❞✬,✈❛♣♦(❛.✐♦♥✳ ❈❡ .②♣❡ ❞❡ ❢✉%✐♦♥ ❡%. ✐♥❞✉✐.❡ ♣❛( ❧✬✉.✐❧✐%❛.✐♦♥ ❞❡% ❝❛(❛❝.,(✐%.✐N✉❡% ❞✉ ❝♦✉♣❧❡

❢❛✐%❝❡❛✉✴❝✐❜❧❡✳ ❊♥ ❡✛❡.✱ ❡♥ %,❧❡❝.✐♦♥♥❛♥. ✉♥ ❝♦✉♣❧❡ %✐♠♣❧❡♠❡♥. ✭♦✉ ❞♦✉❜❧❡♠❡♥.✮ ♠❛❣✐N✉❡ ✭♦✉ N✉❛%✐ ♠❛✲

❣✐N✉❡✮✱ ❧❛ ✈❛❧❡✉( ❞❡ ❧❛ ❝❤❛❧❡✉( ❞❡ (,❛❝.✐♦♥ ✈❛ ❛❧♦(% ❢♦(.❡♠❡♥. ❛✉❣♠❡♥.❡( ✭❡♥ ✈❛❧❡✉( ❛❜%♦❧✉❡✮ ♣❛( ❧✬❛♣♣♦(.

❞✬✉♥❡ ❢♦(.❡ ,♥❡(❣✐❡ ❞❡ ❧✐❛✐%♦♥ ❞❛♥% ❧❡ ❝❤♦✐① ❞❡% ♣❛(.✐❝✐♣❛♥.% < ❧❛ (,❛❝.✐♦♥✳ ▲✬❡①❡♠♣❧❡ ♣❛(❢❛✐. ❞❡ ❝❡ .②♣❡ ❞❡

❢✉%✐♦♥ ❡%. ❡♥❝♦(❡ ✉♥❡ ❢♦✐% ❧❡ ❝♦✉♣❧❡

48
❈❛ ❡.

208
]❜ ✭.♦✉% ❞❡✉① ❞♦✉❜❧❡♠❡♥. ♠❛❣✐N✉❡%✮ ❬✹✵❪✳

]♦✉( ✐❧❧✉%.(❡( ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ♠❛❣✐❝✐., ❞✉ ❝♦✉♣❧❡ %,❧❡❝.✐♦♥♥, %✉( ❧❡% %❡❝.✐♦♥% ❡✣❝❛❝❡%✱ ♥♦✉% ♣♦✉✈♦♥%

♣(❡♥❞(❡ ❛✉%%✐ ❡①❡♠♣❧❡ ❞❡% (,❛❝.✐♦♥%

48
❚✐✭

208
]❜✱①♥✮

256−x
❘❢ ❡.

50
❚✐✭

208
]❜✱①♥✮

258−x
❘❢ ❬✶❪✳ ❊♥ ❡✛❡.✱ ❡♥ %,✲



50

48 ∆
∆m48T i = −48.4927 ∆m50T i = −51.4316

257

50 209 259−x 51 208 259−x

T i Bi V Pb

α β

α
257 ∼



257 208

51 209 50

257 208 51

209 50

α

α 4 2+ Z N
A
Z N i

A−4
Z−2 N−2 f

α +
α

l |Ii − If | ≤ l ≤ |Ii + If | (−1)l

α

α

α
≈ α

α
≈ α Qα

α



α β

α β

Qα = Tα + TY

pα + pY = 0

TY =
mα

mY
Tα

mα

mY
≈

4

A− 4

Tα ≈
A

A+ 4
Qα

α



✹✷ ❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙

"#$✉❝#✉$❡ ✜♥❡ ❞❡ ❧❛ ❞-❝$♦✐""❛♥❝❡ α✱ ❡# ❝✬❡"# 2✉❡ ♥♦✉" ❛❧❧♦♥" "♦♥❞❡$ ❧♦$" ❞❡" -#✉❞❡" ❞❡ "♣❡❝#$♦"❝♦♣✐❡ ❞✐#❡"

α✳ 5❛$ ♠❡"✉$❡ ❞❡" ✐♥#❡♥"✐#-" ❞❡" ❞✐✛-$❡♥#❡" ✈♦✐❡" ❞❡ ❞-❝$♦✐""❛♥❝❡"✱ ♥♦✉" ♣♦✉✈♦♥" $-❝♦❧#❡$ ❞❡" ✐♥❢♦$♠❛#✐♦♥"

$❡❧❛#✐✈❡" ❛✉ "♣✐♥ ❡# ♣❛$✐#- ❞❡" ♥✐✈❡❛✉① ✐♠♣❧✐2✉-" ❞❛♥" ❝❡❧❧❡"✲❝✐✱ #❛♥# ❞❛♥" ❧❡ ♥♦②❛✉ ♣=$❡ 2✉❡ ❞❛♥" ❧❡ ✜❧"✳

❈❡" ✐♥❢♦$♠❛#✐♦♥" "♦♥# ❞✬❛✉#❛♥# ♣❧✉" ✐♠♣♦$#❛♥#❡" ❞❛♥" ❧❡ ❝❛" ❞✬✉♥❡ ❢$❛❣♠❡♥#❛#✐♦♥ ❞❡ ❧❛ ❞-❝$♦✐""❛♥❝❡ ❡♥#$❡

♣❧✉"✐❡✉$" ♥✐✈❡❛✉① ❡①❝✐#-"✱ ♥♦#❛♠♠❡♥# ❞❛♥" ❧❡" ♥♦②❛✉① ✐♠♣❛✐$" #❡❧" 2✉❡ ❧❡
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❊♥ ❝♦♥❝❧✉"✐♦♥✱ ❛✉ ✈✉ ❞❡" ✐♥❢♦$♠❛#✐♦♥" 2✉✬❡❧❧❡ ♥♦✉" ♣❡$♠❡# ❞✬♦❜#❡♥✐$ ❡# ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞❡ ❝❡ #②♣❡

❞-❝$♦✐""❛♥❝❡ ❞❛♥" ❧❛ $-❣✐♦♥ ❞❡" ❧♦✉$❞" ❡# "✉♣❡$❧♦✉$❞"✱ ❧❛ ❞-❝$♦✐""❛♥❝❡ α $❡"#❡ ❧❛ ♣❧✉" -#✉❞✐-❡ ❡# "✉$#♦✉#

❧❛ ♣❧✉" ✉#✐❧✐"-❡ ♣♦✉$ ❧✬✐❞❡♥#✐✜❝❛#✐♦♥ ❞❡" ♥♦②❛✉① ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞❡" "-♣❛$❛#❡✉$"✳ ❈❡♣❡♥❞❛♥#✱ ❧✬❡✣❝❛❝✐#- ❞❡

❞-#❡❝#✐♦♥ ❞❡ ❝❡##❡ ♣❛$#✐❝✉❧❡ α -♠✐"❡ ❧♦$" ❞✉ ♣$♦❝❡""✉" ❡"# ❝♦♠♣$✐"❡ ❡♥#$❡ ✺✵✪ ❡# ✽✵✪ ❞❛♥" ❧❡ ♠❡✐❧❧❡✉$ ❞❡"

❝❛"✳

✷✳✹✳✷ ❉$❝&♦✐))❛♥❝❡ β

▲❛ ❞-❝$♦✐""❛♥❝❡ β ❡"# ✉♥ ♣$♦❝❡""✉" ✐""✉ ❞❡ ❧✬✐♥#❡$❛❝#✐♦♥ ❢❛✐❜❧❡ ✿ ❝✬❡"# ✉♥❡ $-❛❝#✐♦♥ ❞✐#❡ ✐"♦❜❛$✐2✉❡ ✭♥❡

❝❤❛♥❣❡❛♥# ♣❛" ❧❡ ♥♦♠❜$❡ ❞❡ ♥✉❝❧-♦♥✮✳ ▲❛ ❞-❝$♦✐""❛♥❝❡ β ❡"# ❧❛ ♣❧✉" $-♣❛♥❞✉❡ ❞❛♥" ❧✬❡♥"❡♠❜❧❡ ❞❡" ♥✉❝❧-✐❞❡"

❝♦♥♥✉" M ❧✬❤❡✉$❡ ❛❝#✉❡❧❧❡✳ ❈❡♣❡♥❞❛♥#✱ ❧♦$"2✉✬♦♥ ❛$$✐✈❡ ❞❛♥" ❧❛ $-❣✐♦♥ ❞❡" -❧-♠❡♥#" ❛✉✲❞❡❧M ❞✉ ♣❧♦♠❜✱ ❡❧❧❡

$❡♥#$❡ ❡♥ ❝♦♠♣-#✐#✐♦♥ ✭♣♦✉$ ❧❡" $✐❝❤❡" ❡♥ ♥❡✉#$♦♥"✮ ❛✈❡❝ ❧❛ ❞-❝$♦✐""❛♥❝❡ α ❥✉"2✉✬M 2✉❛"✐♠❡♥# ♥✬O#$❡ ♣❧✉"

♦❜"❡$✈- ♣♦✉$ ❧❡" ♥♦②❛✉① ❝♦♥♥✉" ❛✉✲❞❡❧M ❞✉ ❢❡$♠✐✉♠✳ ❊♥ ❡✛❡#✱ ❞❛♥" ❝❡##❡ $-❣✐♦♥ ❞❡ ♠❛""❡✱ ❧❡" ♥♦②❛✉①

"❡$♦♥# ♣❧✉" "❡♥"✐❜❧❡" M ❧❛ ❝❛♣#✉$❡ -❧❡❝#$♦♥✐2✉❡ ❡# M ❧❛ ❞-❝$♦✐""❛♥❝❡ α ♣♦✉$ ❧❡" #$=" $✐❝❤❡" ❡♥ ♣$♦#♦♥" ✭❧❡

❞❡$♥✐❡$ ✐"♦#♦♣❡ ❞-❝$♦✐""❛♥# ❡♥ β− -#❛♥# ❧❡ ♠❡♥❞❡❧❡✈✐✉♠✮ ❡# M ❧❛ ✜""✐♦♥ ♣♦✉$ ❧❡" $✐❝❤❡" ♥❡✉#$♦♥"✳ ❉❡ ♣❧✉"✱

❧❡" ❞-❝$♦✐""❛♥❝❡" β ♥❡ ♥♦✉" ♣❡$♠❡##❡♥# ♣❛" ❧✬✐❞❡♥#✐✜❝❛#✐♦♥ ♣$-❝✐"❡ ❞✉ ♥♦②❛✉ ✐♠♣❧❛♥#-✱ ❝♦♠♠❡ ♣❡✉✈❡♥# ❧❡

♣❡$♠❡##$❡ ❧❛ ✜""✐♦♥ ❡# ❧❛ ❞-❝$♦✐""❛♥❝❡ α✳ ❊♥ ❡✛❡#✱ ❛✉ ✈✉ ❞✉ "♣❡❝#$❡ ❝♦♥#✐♥✉ ❞✬-♥❡$❣✐❡ ❞❡" -❧❡❝#$♦♥" -♠✐"

❧♦$" ❞❡ ❝❡" ❞-❝$♦✐""❛♥❝❡"✱ ❡❧❧❡" ♥❡ "♦♥# ♣❛" ✉♥✐2✉❡" ❡# ♣❡✉✈❡♥# ❢❛❝✐❧❡♠❡♥# O#$❡ ❝♦♥❢♦♥❞✉❡" ❛✈❡❝ ❞✉ ❜$✉✐# ❞❡

❢♦♥❞ ♦✉ ❝❡❧❧❡" ❞✬✉♥ ❛✉#$❡ ♥♦②❛✉✳ ❆✐♥"✐✱ ♣❧✉" ❧❡ $❛♣♣♦$# ❞✬❡♠❜$❛♥❝❤❡♠❡♥# β ❡"# ✐♠♣♦$#❛♥#✱ ♣❧✉" ❧❡ ♥♦♠❜$❡

❞❡ ♥♦②❛✉① ♥♦♥ ✐❞❡♥#✐✜-" ❛✉ ❝♦✉$" ❞❡" ❡①♣-$✐❡♥❝❡" ❡"# ❣$❛♥❞✳

✷✳✹✳✸ ❋✐))✐♦♥ )♣♦♥0❛♥$❡

▲❡ ❞❡$♥✐❡$ ♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡ ❛❝#✐❢ ❞❛♥" ❧❛ $-❣✐♦♥ ❞❡" ♥♦②❛✉① ❧♦✉$❞" ❡# "✉♣❡$❧♦✉$❞" ❡"# ❞♦♥❝ ❧❛ ✜""✐♦♥

"♣♦♥#❛♥-❡✳ ❈♦♠♠❡ ♥♦✉" ❛✈♦♥" ♣✉ ❧❡ ✈♦✐$✱ ❧❡" ♥♦②❛✉① "✉♣❡$❧♦✉$❞" ♥✬❡①✐"#❡♥# ♣$✐♥❝✐♣❛❧❡♠❡♥# 2✉❡ ❣$Q❝❡" M

❞❡" ❡✛❡#" ❞❡ ❝♦✉❝❤❡"✱ ❡# ✐♠♣❧✐2✉❡♥# 2✉❡ ❧❡✉$" ❜❛$$✐=$❡" ❞❡ ✜""✐♦♥ "♦✐❡♥# $❡❧❛#✐✈❡♠❡♥# ❜❛""❡"✳ ❆✐♥"✐✱ ❧❛ ✜""✐♦♥

"♣♦♥#❛♥-❡ ❞✉ ♥♦②❛✉ ❡"# $❡❧❛#✐✈❡♠❡♥# ♣$♦❜❛❜❧❡ ❞❛♥" ❝❡" $-❣✐♦♥" ❞❡ ♠❛""❡ ✭❧❡ ♣$❡♠✐❡$ -❧-♠❡♥# ❞-❝$♦✐""❛♥# ♣❛$

✜""✐♦♥ "♣♦♥#❛♥-❡ -#❛♥# ❧❡
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❚❤✮✳ ❈❡ ♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡ ❢✉# ❞-❝♦✉✈❡$# ♣❛$ ❞❡✉① "❝✐❡♥#✐✜2✉❡" "♦✈✐-#✐2✉❡" ✿

●✳◆ ❋❧❡$♦✈ ❡# ❑✳❆ 5❡#$③❤❛❦ ❞❛♥" ❧❡" ❛♥♥-❡" ✹✵ ❬✹✸❪✳

❈❡ ♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡ ♣❡$♠❡# ❞❡ "#❛❜✐❧✐"❡$ ❧❡" ♥✉❝❧-♦♥"✱ ❡♥ ❛✉❣♠❡♥#❛♥# ❧❡✉$ -♥❡$❣✐❡ ❞❡ ❧✐❛✐"♦♥✳ ❊♥

❡✛❡#✱ "✐ ❧✬♦♥ ❝♦♥"✐❞=$❡ ❧✬

235
❯✱ ❝❡ ❞❡$♥✐❡$ ♣♦""=❞❡ ✉♥❡ -♥❡$❣✐❡ ❞❡ ❧✐❛✐"♦♥ ❞❡ ✼✳✺✾ ▼❡❱✴♥✉❝❧-♦♥✳ ❆✐♥"✐✱ "✐ ❧❡

♥♦②❛✉ ✜""✐♦♥♥❡ ❡♥ ❞❡✉① ❢$❛❣♠❡♥#" ❞❡ ♠❛""❡ -❣❛❧❡✱ ❧❡✉$ -♥❡$❣✐❡ ❞❡ ❧✐❛✐"♦♥ "❡$❛✐# ❞✬❡♥✈✐$♦♥ ✽✳✺ ▼❡❱✴♥✉❝❧-♦♥✱

♣$♦❞✉✐"❛♥# ❞❡✉① ♥♦②❛✉① ♣❧✉" ❧✐-" ❡# ♣❧✉" ❧-❣❡$" 2✉❡ ❝❡❧✉✐ ❞❡ ❞-♣❛$#✱ ❝❡ 2✉✐ ❢❛✈♦$✐"❡ ❞♦♥❝ ❧❛ $-❛❝#✐♦♥✳ ❈❡

♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡ ❛♣♣❛$❛b# ❢♦$#❡♠❡♥# ❧♦$"2✉❡ ❧✬♦♥ ❝♦♥"✐❞=$❡ ❧❡" ♥♦②❛✉① ❧♦✉$❞" ❧❡" ♣❧✉" $✐❝❤❡" ❡♥ ♥❡✉#$♦♥"

❝$--" M ❧✬❤❡✉$❡ ❛❝#✉❡❧❧❡ ✭♥♦#❛♠♠❡♥# ❞❛♥" ❧❡" ✐"♦#♦♣❡" ❞✉ $✉#❤❡$❢♦$❞✐✉♠✱ 2✉✐ ♣♦""=❞❡ ❧✬✉♥ ❞❡" ♣❧✉" ❣$❛♥❞"

♥♦♠❜$❡" ❞✬✐"♦#♦♣❡" ❝♦♥♥✉" "❡♥"✐❜❧❡" M ❝❡ ♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡✮✳

❈❡ ♠♦❞❡ ❞❡ ❞-❝$♦✐""❛♥❝❡ ❡"# #$=" "❡♥"✐❜❧❡ ❛✉ ❩ ❞✉ ♥♦②❛✉ ❞❡ ❞-♣❛$#✱ ❡# ♣♦""=❞❡ ❞❡" ❝❛$❛❝#-$✐"#✐2✉❡"

♣$♦♣$❡"✳ ❖✉#$❡ ❧❡" ❞✐"#$✐❜✉#✐♦♥" ❞❡" ♠❛""❡" ❞❡" ❢$❛❣♠❡♥#" ❞❡ ✜""✐♦♥" 2✉✐ ❞✐✛=$❡♥# ❞✬✉♥ ♥♦②❛✉ M ❧✬❛✉#$❡

✭♣❧✉" ♦✉ ♠♦✐♥" "②♠-#$✐2✉❡✴❛"②♠-#$✐2✉❡✮✱ ❧❡ ♥♦♠❜$❡ ♠♦②❡♥ ❞❡ ♥❡✉#$♦♥" -♠✐" ❞-♣❡♥❞ ❛✉""✐ ❞❡ ❧❛ ♠❛""❡ ❞✉

♥♦②❛✉ ❞❡ ❞-♣❛$# ❬✹✹❪ ✭❝❢✳ ✜❣✳ ✷✳✽✮✳ ❈❡" ❣❡♥$❡" ❞✬-#✉❞❡" "♦♥# ❛✉""✐ ❡✛❡❝#✉-❡" ❛✉ ❏■◆❘ "✉$ ❙❍❊▲❙ M ❧✬❛✐❞❡

❞✬✉♥ "②"#=♠❡ ❞❡ ❞-#❡❝#✐♦♥ ♣❧❛♥ ❢♦❝❛❧ ❞-❞✐- ✭❞-#❡❝#❡✉$ M ❧✬

3
❍❡✮ ♣❡$♠❡##❛♥# ❞❡ ♠❡"✉$❡$ ❧❡" ♥❡✉#$♦♥" -♠✐"
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✹✹ ❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙

γ ♦✉ ❝❡❧❧❡ ❞✬(❧❡❝)*♦♥, ❞❡ ❝♦♥✈❡*,✐♦♥ ✐♥)❡*♥❡✳

✷✳✺✳✶ ❘❛②♦♥♥❡♠❡♥+ γ

▲❡ ♣*❡♠✐❡* ♠♦❞❡ ❞❡ ❞(,❡①❝✐)❛)✐♦♥ ❝♦**❡,♣♦♥❞ 5 ❧✬(♠✐,,✐♦♥ ❞✬✉♥ ♣❤♦)♦♥✱ ❞✐) *❛②♦♥♥❡♠❡♥) γ✳ ❆✐♥,✐✱ ❧❡
♥♦②❛✉ ♣❡✉) (♠❡))*❡ ✉♥❡ ♣❛*)✐❡ ✭♦✉ ❧❛ )♦)❛❧✐)(✮ ❞❡ ,♦♥ (♥❡*❣✐❡ ❞✬❡①❝✐)❛)✐♦♥ ✈✐❛ ❧✬✐♥)❡*❛❝)✐♦♥ (❧❡❝)*♦♠❛❣♥(✲

)✐>✉❡ ♣❛* ❧✬✐♥)❡*♠(❞✐❛✐*❡ ❞❡ ❝❡, ♣❤♦)♦♥,✳ ❈❡❧✉✐✲❝✐ ♥❡ ❝❤❛♥❣❡ ♣❛, ❞❡ ♥♦②❛✉ ✭❆ ❡) ❩✮✱ ♠❛✐, *(❞✉✐) ,♦♥ (♥❡*❣✐❡

❞✬❡①❝✐)❛)✐♦♥ ❡) ❝❤❛♥❣❡ ,♦♥ ,♣✐♥ ❡)✴♦✉ ,❛ ♣❛*✐)(✳ ❊♥ ❡✛❡)✱ ❧♦*, ❞❡ ❧❛ )*❛♥,✐)✐♦♥ ❞✬✉♥ ♥✉❝❧(♦♥ ❞✬✉♥ ()❛) ❡①❝✐)(

✐♥✐)✐❛❧ ❞✬(♥❡*❣✐❡ ❊i✱ ❞❡ ,♣✐♥ ■i ❡) ❞❡ ♣❛*✐)( πi ✈❡*, ✉♥ ()❛) ✜♥❛❧ ❞✬(♥❡*❣✐❡ ❊f ✱ ❞❡ ,♣✐♥ ■f ❡) ❞❡ ♣❛*✐)( πf ✱ ❧❡
♣❤♦)♦♥ ,❡*❛ (♠✐, ❛✈❡❝ ✉♥❡ (♥❡*❣✐❡ ❝♦**❡,♣♦♥❞❛♥) 5 ❧❛ ❞✐✛(*❡♥❝❡ ❞✬(♥❡*❣✐❡ ❡♥)*❡ ❝❡, ❞❡✉① ()❛), ❊γ ❂ ❊i ✲

❊f ✱ ❡) ❛✈❡❝ ✉♥ ,♣✐♥

~L ❡) ✉♥❡ ♣❛*✐)( πγ *(❣✐, ♣❛* ❧❡, ❞❡✉① *G❣❧❡, ❞❡ ,(❧❡❝)✐♦♥ ,✉✐✈❛♥)❡, ❡>✳ ✭✷✳✶✶✮ ✿

πγ .πi.πf = 1 ✭✷✳✶✵✮

~L = ~Ii + ~If ✭✷✳✶✶✮

❖♥ ❝❛)(❣♦*✐,❡ ❧❡, )*❛♥,✐)✐♦♥, (❧❡❝)*♦♠❛❣♥()✐>✉❡, ,❡❧♦♥ ❞❡✉① )②♣❡, ❞✐,)✐♥❝),✳ ❊❧❧❡, ,❡*♦♥) ,♦✐) (❧❡❝)*✐>✉❡,

✭♥♦)( ❊✮ ,♦✐) ♠❛❣♥()✐>✉❡, ✭♥♦)( ▼✮✱ ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❡✉*, ♠♦♠❡♥), ❛♥❣✉❧❛✐*❡, ❡) ♣❛*✐)(,✱ ❡) ,♦♥) ❞✐✛(*❡♥❝✐(❡,

♣❛* ❧❡, ❞❡✉① *G❣❧❡, ❞❡ ,(❧❡❝)✐♦♥ ,✉✐✈❛♥)❡,✳

❚♦✉) ❞✬❛❜♦*❞ ❡♥ ❝❡ >✉✐ ❝♦♥❝❡*♥❡ ❧❛ ♠✉❧)✐♣♦❧❛*✐)( λ ❞❡ ❧❛ )*❛♥,✐)✐♦♥✱ ❝❡))❡ ❞❡*♥✐G*❡ ♥❡ ♣❡✉) ♣*❡♥❞*❡ >✉❡

❞❡, ✈❛❧❡✉*, ❡♥❝❛❞*(❡, ♣❛* ✿

|Ii − If | ≤ λ ≤ |Ii + If | (λ 6= 0) ✭✷✳✶✷✮

▲❛ ,❡❝♦♥❞❡ *G❣❧❡ ❞❡ ,(❧❡❝)✐♦♥ ❝♦♥❝❡*♥❡ ❧❛ ♣❛*✐)( ❞❡, )*❛♥,✐)✐♦♥, ❡♥ ❡❧❧❡✲♠Q♠❡✳ ❊♥ ❡✛❡)✱ ♦♥ ♣❡✉) ❞✐,)✐♥❣✉❡*

✉♥❡ *G❣❧❡ ❞❡ ,(❧❡❝)✐♦♥ ♣♦✉* ❧❡, ♣❛*✐)(, ❞❡ )*❛♥,✐)✐♦♥ (❧❡❝)*✐>✉❡ πEλ
❡) ♠❛❣♥()✐>✉❡ πMλ

✿

πEλ
f = (−1)λ.πEλ

i ✭✷✳✶✸✮

πMλ
f = (−1)λ+1.πMλ

i ✭✷✳✶✹✮

❆✐♥,✐✱ 5 ❧✬❛✐❞❡ ❞❡ ❝❡, ❞❡✉① *G❣❧❡, ❞❡ ,(❧❡❝)✐♦♥✱ ,✐ ❧✬♦♥ ❝♦♥♥❛S) ❧❡, ,♣✐♥, ❞❡, ()❛), ✜♥❛✉① ❡) ✐♥✐)✐❛✉①✱ ✐❧

♥♦✉, ❡,) ♣♦,,✐❜❧❡ ❞❡ ♣*(❞✐*❡ ❛✈❡❝ >✉❡❧❧❡ ♠✉❧)✐♣♦❧❛*✐)( ❧❡ *❛②♦♥♥❡♠❡♥) ,❡*❛ (♠✐, ♣*(❢(*❡♥)✐❡❧❧❡♠❡♥) ✭❝✬❡,)✲5✲

❞✐*❡ ❛✈❡❝ ❧❛ ♣❧✉, ❣*❛♥❞❡ ♣*♦❜❛❜✐❧✐)( ❝❢✳ ❚❛❜✳ ✷✳✶✮✳ ❉❡ ♣❧✉,✱ ♣♦✉* ✉♥❡ ❞✐✛(*❡♥❝❡ ❞❡ ,♣✐♥ ❞♦♥♥(❡✱ ❧❛ ,❡❝♦♥❞❡

*G❣❧❡ ❞❡ ,(❧❡❝)✐♦♥ ♥♦✉, ✐♥❞✐>✉❡*❛ ❧❡ )②♣❡ ❞❡ *❛②♦♥♥❡♠❡♥), ✭(❧❡❝)*✐>✉❡ ♦✉ ♠❛❣♥()✐>✉❡✮✳ ■❧ ❢❛✉) ❝❡♣❡♥❞❛♥)

*❡❧❡✈❡* >✉❡ ❝❡, )*❛♥,✐)✐♦♥, (❧❡❝)*♦♠❛❣♥()✐>✉❡,✱ ❧❡ ♣❧✉, ,♦✉✈❡♥) ♣✉*❡, ✭(❧❡❝)*✐>✉❡ ♦✉ ♠❛❣♥()✐>✉❡ ❞✬✉♥❡ ,❡✉❧❡

♠✉❧)✐♣♦❧❛*✐)(✮✱ ♣❡✉✈❡♥) ❛✉,,✐ Q)*❡ ❝♦♠♣♦,(❡, ❞✬✉♥ ♠(❧❛♥❣❡ ❞❡ ❞✐✛(*❡♥)❡, ♠✉❧)✐♣♦❧❛*✐)(,✳

∆■ ✵ ✶ ✷ ✸ ✹

πf ❂ ✲ πi ❊✶ ❊✶ ▼✷ ❊✸ ▼✹

πf ❂ πi ▼✶ ▼✶ ❊✷ ▼✸ ❊✹

❚❛❜❧❡ ✷✳✶ ✕ ▼✉❧'✐♣♦❧❛,✐'- ❞♦♠✐♥❛♥'❡ ♣♦✉, ✉♥❡ ',❛♥2✐'✐♦♥ ♣❛, ,❛②♦♥♥❡♠❡♥' γ ♣♦✉, ✉♥❡ ❞✐✛-,❡♥❝❡ ❞❡ 2♣✐♥∆I ❡' ✉♥ ❝❤❛♥❣❡♠❡♥'

❞❡ ♣❛,✐'- π ✴ ❉♦♠✐♥❛♥& ♠✉❧&✐♣♦❧❛*✐&② ❢♦* ❛ γ &*❛♥-✐&✐♦♥ ✇✐&❤ ❛ -♣✐♥ ❞✐✛❡*❡♥❝❡ ♦❢ ∆I ❛♥❞ ❛ ♣❛*✐&② ❝❤❛♥❣❡ π

❈❡, ♣*♦❜❛❜✐❧✐)(, ❞❡ )*❛♥,✐)✐♦♥, ♣❡✉✈❡♥) Q)*❡ ❡,)✐♠(❡, ♣♦✉* ❧❡, )*❛♥,✐)✐♦♥, ❞❡, ♣❛*)✐❝✉❧❡, ✐♥❞✐✈✐❞✉❡❧❧❡, 5

❧✬❛✐❞❡ ❞❡ ❧❛ )❤(♦*✐❡ ❞❡ ❱✳ ❲❡✐,,❦♦♣❢ ❬✻❪✳
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▼✉❧%✐♣♦❧❛*✐%② λW
✭-

−1
✮

❊✶ ✶✳✵✷✸ ✳ 1014 ✳ ❊

3
γ ✳ ❆

2/3

❊✷ ✼✳✷✻✺ ✳ 107 ✳ ❊

5
γ ✳ ❆

4/3

❊✸ ✸✳✸✽✺ ✳ 101 ✳ ❊

7
γ ✳ ❆

2

❊✹ ✶✳✵✻✺ ✳ 10−5
✳ ❊

9
γ ✳ ❆

8/3

▼✶ ✸✳✶✽✹ ✳ 1013 ✳ ❊

3
γ

▼✷ ✷✳✷✻✷ ✳ 107 ✳ ❊

5
γ ✳ ❆

2/3

▼✸ ✶✳✵✺✹ ✳ 101 ✳ ❊

7
γ ✳ ❆

4/3

▼✹ ✸✳✸✶✻ ✳ 10−6
✳ ❊

9
γ ✳ ❆

2

❚❛❜❧❡ ✷✳✷ ✕ #$♦❜❛❜✐❧✐*+, ❞❡ ❲❡✐,,❦♦♣❢ λW
❡,*✐♠+❡, ❬✻❪ ♣♦✉$ ❧❡, *$❛♥,✐*✐♦♥, +❧❡❝*$♦♠❛❣♥+*✐;✉❡, ❥✉,;✉✬> ✉♥❡ ♠✉❧*✐♣♦❧❛$✐*+ ❞❡

λ = 4 ✭❧❡, +♥❡$❣✐❡, Eγ ❞♦✐✈❡♥* A*$❡ ❡①♣$✐♠+❡, ❡♥ ▼❡❱✮ ✴ ❲❡✐##❦♦♣❢ ♣(♦❜❛❜✐❧✐,✐❡# λW
❡#,✐♠❛,❡❞ ❬✻❪ ❢♦( ,❤❡ ❡❧❡❝,(♦♠❛❣♥❡,✐❝

,(❛♥#✐,✐♦♥# ✉♣ ,♦ ❛ ♠✉❧,✐♣♦❧❛(✐,② ♦❢ λ = 4 ✭Eγ ♠✉#, ❜❡ ,❛❦❡♥ ✐♥ ▼❡❱✮

❈❡- ♣*♦❜❛❜✐❧✐%<- ❞❡ %*❛♥-✐%✐♦♥- ✭✐❝✐ ❝❛❧❝✉❧<❡- ❥✉-A✉✬C ❧✬♦*❞*❡ ✹ ❝❢✳ ❚❛❜✳ ✷✳✷ ❬✻❪✮ ❞<❝*♦✐--❡♥% ❡♥✈✐*♦♥ ❞❡

✹ C ✺ ♦*❞*❡- ❞❡ ❣*❛♥❞❡✉* ♣❛* ♦*❞*❡ ❞❡ ♠✉❧%✐♣♦❧❛*✐%<✳ ❉❡ ♣❧✉-✱ ♣♦✉* ✉♥ ♠M♠❡ ♦*❞*❡ ❞❡ ♠✉❧%✐♣♦❧❛*✐%<✱ ❧❡-

%*❛♥-✐%✐♦♥- <❧❡❝%*✐A✉❡- -♦♥% ❢❛✈♦*✐-<❡- ❡♥ ❝♦♠♣❛*❛✐-♦♥ ❞❡- ♠❛❣♥<%✐A✉❡-✳ ■❧ ❢❛✉% ❝❡♣❡♥❞❛♥% ❣❛*❞❡* C ❧✬❡-♣*✐%

A✉❡ ❝❡- ♣*♦❜❛❜✐❧✐%<- ❞❡ %*❛♥-✐%♦♥- ♥❡ -♦♥% ✈❛❧❛❜❧❡- A✉❡ ♣♦✉* ❧❡- ♣❛*%✐❝✉❧❡- ✐♥❞✐✈✐❞✉❡❧❧❡- ❡% ♥♦♥ ♣♦✉* ❧❡-

%*❛♥-✐%✐♦♥- ❝♦❧❧❡❝%✐✈❡- ✭❜❛♥❞❡- ❞❡ *♦%❛%✐♦♥-✱ ✐-♦♠O*❡-✱ ✳✳✳✮✳ ❈❡- ❞❡*♥✐O*❡-✱ ❝♦♠♠❡ ❧❡- %*❛♥-✐%✐♦♥- ❊✷ ❞✬✉♥❡

❜❛♥❞❡ ❞❡ *♦%❛%✐♦♥✱ ♣♦✉**♦♥% M%*❡ <♠✐-❡- ❜❡❛✉❝♦✉♣ ♣❧✉- *❛♣✐❞❡♠❡♥%✳ ❖♥ ♣❡✉% ❛✉--✐ ❡-%✐♠❡* ❧❡- %❡♠♣- ❞❡

✈✐❡- ❛--♦❝✐<- C ❝❡- ♣*♦❜❛❜✐❧✐%<- ❞❡ %*❛♥-✐%✐♦♥- ❲❡✐--❦♦♣❢ ❬✺✹❪ ❡A✳ ✭✷✳✶✺✮ ✿

TW
1/2 =

ln(2)

λW
✭✷✳✶✺✮

❉❡ ♣❧✉-✱ ❧❡ *❛♣♣♦*% ❞✉ %❡♠♣- ❞❡ ✈✐❡ ❲❡✐--❦♦♣❢ ♣❛* *❛♣♣♦*% C ❝❡❧✉✐ *❡❧❡✈< ❡①♣<*✐♠❡♥%❛❧❡♠❡♥% ♥♦✉- ♣❡*♠❡%

❞❡ A✉❛♥%✐✜❡* ❧❛ ❝♦❧❧❡❝%✐✈✐%< ❞❡ ❧❛ %*❛♥-✐%✐♦♥ ♠❡-✉*<❡ ✭✉♥ *❛♣♣♦*% ✉♥✐%❛✐*❡ ❝♦**❡-♣♦♥❞*❛ C ✉♥ %*❛♥-✐%✐♦♥ ❞❡

♣❛*%✐❝✉❧❡ ✐♥❞✐✈✐❞✉❡❧❧❡✮✳

✷✳✺✳✷ ❈♦♥✈❡()✐♦♥ ✐♥+❡(♥❡

▲❡ ♣❤<♥♦♠O♥❡ ❞❡ ❝♦♥✈❡*-✐♦♥ ✐♥%❡*♥❡ ❡-% ✉♥ ♣*♦❝❡--✉- <❧❡❝%*♦♠❛❣♥<%✐A✉❡ ❞✉*❛♥% ❧❡A✉❡❧ ✉♥ <❧❡❝%*♦♥ -❡*❛

<♠✐- ❡♥ ❧✐❡✉ ❡% ♣❧❛❝❡ ❞✬✉♥ ♣❤♦%♦♥✳ ❈❡♣❡♥❞❛♥%✱ ❝♦♥%*❛✐*❡♠❡♥% ❛✉① ❞<❝*♦✐--❛♥❝❡- β ❧❡ ♥♦②❛✉ *❡-%❡ ✐♥❝❤❛♥❣<✳

❊♥ ❡✛❡%✱ ❝❡ ♣❤<♥♦♠O♥❡ ❡-% ❝♦♥❝✉**❡♥%✐❡❧ C ❧✬<♠✐--✐♦♥ ❞✬✉♥ *❛②♦♥♥❡♠❡♥% γ ❧♦*- ❞❡ ❧❛ ❞<-❡①❝✐%❛%✐♦♥ ❞✬✉♥

♥♦②❛✉✳

▲❛ ❝♦♥✈❡*-✐♦♥ ✐♥%❡*♥❡ ❡-% ✉♥ ♣*♦❝❡--✉- C -❡✉✐❧✱ ❞❛♥- ❧❛ ♠❡-✉*❡ ♦Y ❧✬<♥❡*❣✐❡ ❞❡ ❧❛ %*❛♥-✐%✐♦♥ <❧❡❝%*♦♠❛✲

❣♥<%✐A✉❡ ❡-% %*❛♥-❢<*<❡ C ✉♥ <❧❡❝%*♦♥ ❞✉ ❝♦*%O❣❡ <❧❡❝%*♦♥✐A✉❡ ✿ ✐❧ ❢❛✉% ❞♦♥❝ A✉❡ ❧✬<♥❡*❣✐❡ -♦✐% -✉♣<*✐❡✉*❡

C ❧✬<♥❡*❣✐❡ ❞❡ ❧✐❛✐-♦♥ Bi ❞❡ ❧✬<❧❡❝%*♦♥ ❞❡ ❧❛ ❝♦✉❝❤❡ ❝♦♥-✐❞<*<❡✳ ❆✐♥-✐ ❧✬<♥❡*❣✐❡ ❞❡ ❧✬<❧❡❝%*♦♥ ❞❡ ❝♦♥✈❡*-✐♦♥✱

Ee✱ ❡-% <❣❛❧❡ C ❧❛ ❞✐✛<*❡♥❝❡ ❡♥%*❡ ❧✬<♥❡*❣✐❡ ❞❡ ❧❛ %*❛♥-✐%✐♦♥ Eγ ❡% ❞❡ ❧✬<♥❡*❣✐❡ ❞❡ ❧✐❛✐-♦♥ Bi ❞❡ ❧❛ ❝♦✉❝❤❡

❛%♦♠✐A✉❡ ✐♠♣❧✐A✉<❡ ✿

Ee = Eγ −Bi ✭✷✳✶✻✮

❈♦♥%*❛✐*❡♠❡♥% ❛✉① <♠✐--✐♦♥- ♣*♦❞✉✐%❡- ❧♦*- ❞❡ ❧❛ ❞<❝*♦✐--❛♥❝❡ β✱ ❧❡ -♣❡❝%*❡ ♥❡ -❡*❛ ♣❛- ❝♦♥-%✐%✉< ❞✬✉♥

❝♦♥%✐♥✉✉♠ ❞✬<♥❡*❣✐❡✱ ♠❛✐- ❞❡ ♣✐❝- ❞✐-❝*❡%- ❝♦**❡-♣♦♥❞❛♥%- ❛✉① ❝♦♥%*✐❜✉%✐♦♥- ❞❡- <❧❡❝%*♦♥- ❞❡ ❝❤❛❝✉♥❡

❞❡- ❝♦✉❝❤❡-✴-♦✉-✲❝♦✉❝❤❡- <❧❡❝%*♦♥✐A✉❡-✳ ❈❡♣❡♥❞❛♥%✱ ❝❡ ♣❤<♥♦♠O♥❡ ✐♠♣❧✐A✉❡ ♠❛❥♦*✐%❛✐*❡♠❡♥% ❧❡- ❝♦✉❝❤❡-
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✐♥$❡&♥❡' ❞✉ ❝♦&$,❣❡ .❧❡❝$&♦♥✐0✉❡✱ ❛✉ $&❛✈❡&' ❞❡' ❝♦✉❝❤❡' ❑ ✭♦&❜✐$❛❧❡ ✶'1/2✮✱ ▲ ✭♦&❜✐$❛❧❡ ✷'1/2✱ ✷♣1/2 ❡$ ✷♣3/2✮

❡$ ▼ ✭♦&❜✐$❛❧❡ ✸'1/2✱ ✸♣ ❡$ ✸❞✮✱ ♣♦''.❞❛♥$ ❝❤❛❝✉♥❡ ❧❡✉& .♥❡&❣✐❡ ❞❡ ❧✐❛✐'♦♥ ✭.♥❡&❣✐❡ ❞❡ ❧✐❛✐'♦♥ ❞❡' ❝♦✉❝❤❡'

❡$ '♦✉'✲❝♦✉❝❤❡' ❞✉

257
❉❜ ❝❢✳ ❚❛❜✳ ✷✳✸ ❬✹✻❪✮✳

❙❤❡❧❧ ❑ ▲✶ ▲✷ ▲✸ ▼✶ ▼✷ ▼✸ ▼✹ ▼✺

Bi(keV ) ✶✻✵✳✽ ✸✶✳✽✼ ✸✵✳✾ ✷✸✳✸✽ ✽✳✹✸ ✼✳✾✽ ✻✳✻✷ ✺✳✺✶ ✺✳✶✽

❚❛❜❧❡ ✷✳✸ ✕ ▲✐&'❡ ❞❡& *♥❡,❣✐❡& ❞❡ ❧✐❛✐&♦♥ Bi ❞❡& *❧❡❝',♦♥& ❞❡& ❝♦✉❝❤❡& ✐♥'❡,♥❡& ✭❑✱ ▲ ❡' ▼✮✱ ♣♦✉, ❧❡ ❉✉❜♥✐✉♠ ✭❩ ❂ ✶✵✺✮✱

❝❛❧❝✉❧*❡& B ❧✬❛✐❞❡ ❞✉ ❝♦❞❡ ❇❘■❈❈ ❬✹✻❪ ✴ ❇✐♥❞✐♥❣ ❡♥❡&❣✐❡' Bi ♦❢ *❤❡ ✐♥*❡&♥❡' ❛*♦♠✐❝ ✭❑✱ ▲ ❛♥❞ ▼✮ ❧❛②❡&' ❢♦& *❤❡ ❉✉❜♥✐✉♠

✭❩ ❂✶✵✺✮ ❝❛❧❝✉❧❛*❡❞ ✇✐*❤ *❤❡ ❇❘■❈❈ ❝♦❞❡ ❬✹✻❪

▲✬✉♥❡ ❞❡' ❝❛&❛❝$.&✐'$✐0✉❡' ❞❡ ❝❡ ♠♦❞❡ ❞❡ ❞.'❡①❝✐$❛$✐♦♥ &.'✐❞❡ ❛✉''✐ ❞❛♥' ❧❡ ❢❛✐$ 0✉❡ ❝❡❧✉✐✲❝✐ ❧❛✐''❡ ✉♥❡

✈❛❝❛♥❝❡ ❞❛♥' ✉♥❡ ❞❡' ❝♦✉❝❤❡' .❧❡❝$&♦♥✐0✉❡' ❞❡ ❧✬❛$♦♠❡✳ ❈❡❧❧❡✲❝✐ ❡'$ ❛❧♦&' &❛♣✐❞❡♠❡♥$ ❝♦♠♣❧.$.❡ ✭∼✶✵

−18
'✮

♣❛& ✉♥ .❧❡❝$&♦♥ ❞❡ ❝♦✉❝❤❡ ♣❧✉' ❡①$❡&♥❡✱ ❝❡ 0✉✐ ❞♦♥♥❡&❛ ❧✐❡✉ P ❧✬.♠✐''✐♦♥ ❞❡ &❛②♦♥' ❳ ❝♦&&❡'♣♦♥❞❛♥$✱

❛❝❝♦♠♣❛❣♥❛♥$ ❧✬.♠✐''✐♦♥ ❞✬✉♥ .❧❡❝$&♦♥ ❞❡ ❝♦♥✈❡&'✐♦♥✳ ❆✐♥'✐✱ ❧♦&'0✉❡ ❧✬♦♥ .$✉❞✐❡ ❧❡' &❛②♦♥♥❡♠❡♥$' γ .♠✐'

❧♦&' ❞❡ ❧❛ ❞.'❡①❝✐$❛$✐♦♥ ❞✉ &.'✐❞✉ ❞✬.✈❛♣♦&❛$✐♦♥✱ ♦♥ &❡$&♦✉✈❡✱ '✉& ❧❛ ♣❛&$✐❡ ❜❛''❡ ❞✉ '♣❡❝$&❡✱ ❧❡' &❛②♦♥' ❳

❝♦&&❡'♣♦♥❞❛♥$'✱ '✐ ❧❡ ♣❤.♥♦♠,♥❡ ❞❡ ❝♦♥✈❡&'✐♦♥ ❡'$ ✐♥$❡&✈❡♥✉✳

❙✐ ❧✬♦♥ ❝♦♥'✐❞,&❡ ❧❛ ♣&♦❜❛❜✐❧✐$. $♦$❛❧❡ ❞✬✉♥❡ ❞.'❡①❝✐$❛$✐♦♥ .❧❡❝$&♦♠❛❣♥.$✐0✉❡ ❞♦♥♥.❡✱ λtot✱ ✐❧ ② ❛ ❝♦♠✲

♣.$✐$✐♦♥ ❡♥$&❡ ❧❡' ❞❡✉① ♣&♦❝❡''✉' ✭.♠✐''✐♦♥ γ ❞✐&❡❝$❡ ♦✉ ❝♦♥✈❡&'✐♦♥ ✐♥$❡&♥❡✮✳ ❈❡❧❧❡✲❝✐ '❡&❛ ❞♦♥❝ ❧❛ '♦♠♠❡

❞❡ ♣&♦❜❛❜✐❧✐$. ❞❡ ❝❡' ❞❡✉① ♣&♦❝❡''✉' λγ ❡$ λe ✿

λtot = λγ + λe ✭✷✳✶✼✮

❖♥ ♣❡✉$ ❞.✜♥✐& α ❧❡ ❝♦❡✣❝✐❡♥$ ❞❡ ❝♦♥✈❡&'✐♦♥ ✐♥$❡&♥❡ &❡♣&.'❡♥$❛♥$ ❧❛ ♣&♦❜❛❜✐❧✐$. ❞❡ ❝♦♥✈❡&'✐♦♥ .❧❡❝$&♦✲

♥✐0✉❡ ♣❛& &❛♣♣♦&$ P ❝❡❧❧❡ ❞❡ ❧✬.♠✐''✐♦♥ ❞✬✉♥ γ ✿

α =
λe

λγ
✭✷✳✶✽✮

▲❛ ♣&♦❜❛❜✐❧✐$. ❞❡ ❞.❝&♦✐''❛♥❝❡ $♦$❛❧❡ '❡ '✐♠♣❧✐✜❡ ❛❧♦&' ♣❛& ✿

λtot = λγ(1 + α) ✭✷✳✶✾✮

❚❡❧ 0✉❡ ❞.✜♥✐ ✐❝✐✱ ❧❡ ❝♦❡✣❝✐❡♥$ α &❡♣&.'❡♥$❡ ❧❡ ❝♦❡✣❝✐❡♥$ ❞❡ ❝♦♥✈❡&'✐♦♥ ✐♥$❡&♥❡ $♦$❛❧✳ ▼❛✐' ❝❡ ❞❡&♥✐❡& ❡'$

❧❛ '♦♠♠❡ ❞❡' ❝♦♥$&✐❜✉$✐♦♥' ❞❡' ❝♦❡✣❝✐❡♥$' ❞❡ ❝♦♥✈❡&'✐♦♥ ✐♥$❡&♥❡ ♣❛&$✐❡❧'✱ &❡❧❛$✐❢' ❛✉① ❞✐✛.&❡♥$❡' ❝♦✉❝❤❡' ❞✉

❝♦&$,❣❡ .❧❡❝$&♦♥✐0✉❡✱ ♣❡&♠❡$$❛♥$ ❛✐♥'✐ ❞❡ ❞✐'$✐♥❣✉❡& ❧❛ ❝♦♥$&✐❜✉$✐♦♥ ❞❡ ❝❤❛❝✉♥❡ ❞❡' ❝♦✉❝❤❡'✴'♦✉'✲❝♦✉❝❤❡'

❧♦&' ❞❡ ❧❛ ❝♦♥✈❡&'✐♦♥ ✿

α =
∑

i

αi = αK + αL + αM + ... ✭✷✳✷✵✮

αi =
∑

j

αij ♣♦✉& i 6= K ✐❡✳ ♣♦✉& ❧❡' '♦✉'✲❝♦✉❝❤❡' ✭✷✳✷✶✮

▲❡ ❝❛❧❝✉❧ ❞❡ ❝❡' ❝♦❡✣❝✐❡♥$' ❡'$ &❡❧❛$✐✈❡♠❡♥$ ❝♦♠♣❧❡①❡✱ ❝❡♣❡♥❞❛♥$ ✐❧ ❡'$ ♣♦''✐❜❧❡ ❞✬❛♣♣&♦①✐♠❡& ❝❡'

❝♦❡✣❝✐❡♥$' ♣♦✉& ❧❡' $&❛♥'✐$✐♦♥' .❧❡❝$&✐0✉❡' ✭α(Eλ)✮ ❡$ ♠❛❣♥.$✐0✉❡' ✭α(Mλ)✮ ❞✬✉♥❡ ♠✉❧$✐♣♦❧❛&✐$. λ ♣❛&

❬✻❪ ✿
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α(Eλ) ≈
Z3

n3
.

λ

λ+ 1
.

(

e2

4.π.ǫ0.h̄.c

)4

.

(

2.me.c
2

Eγ

)λ+ 5

2

✭✷✳✷✷✮

α(Mλ) ≈
Z3

n3
.

(

e2

4.π.ǫ0.h̄.c

)4

.

(

2.me.c
2

Eγ

)λ+ 3

2

✭✷✳✷✸✮

❈❡) ❛♣♣,♦①✐♠❛1✐♦♥) ,❡♣♦)❡♥1 )✉, ♣❧✉)✐❡✉,) ♣❛,❛♠51,❡) ❞✉ ♣,♦❝❡))✉)✳ ❚♦✉1 ❞✬❛❜♦,❞✱ ♣♦✉, ✉♥ ♥♦②❛✉

❞♦♥♥= ✭❩✮ n ❡)1 ❧❡ ♥✉♠=,♦ ❞❡ ❧❛ ❝♦✉❝❤❡ ❛1♦♠✐@✉❡ ❝♦♥)✐❞=,=❡✳ ❉❡ ♣❧✉)✱ Eγ ,❡♣,=)❡♥1❡ ❧✬=♥❡,❣✐❡ ❞❡ ❧❛

1,❛♥)✐1✐♦♥ =1✉❞✐=❡✱ ❡1 me ❧❛ ♠❛))❡ ❞❡ ❧✬=❧❡❝1,♦♥ ❛✉ ,❡♣♦)✳ ❊♥✜♥✱ ♦♥ ,❡♠❛,@✉❡ ❛✉))✐ ❧❛ ♣,=)❡♥❝❡ ❞❡ ❧❛

❝♦♥)1❛♥1❡ ❞❡ )1,✉❝1✉,❡ ✜♥❡

e2

4.π.ǫ0.h̄.c
✭∼ 1

137✮✳

❖♥ ♣❡✉1 ❛✉))✐ ♥♦1❡, @✉❡✱ ❣=♥=,❛❧❡♠❡♥1✱ ❝❡ ❝♦❡✣❝✐❡♥1 ❞❡ ❝♦♥✈❡,)✐♦♥ ✐♥1❡,♥❡ ❡)1 ♣❧✉) =❧❡✈= ♣♦✉, ❧❡) 1,❛♥✲

)✐1✐♦♥) ♠❛❣♥=1✐@✉❡) @✉✬=❧❡❝1,✐@✉❡) ♣♦✉, ✉♥❡ =♥❡,❣✐❡ ❡1 ✉♥❡ ♠✉❧1✐♣♦❧❛,✐1= ❞♦♥♥=❡)✳ ❉❡ ♣❧✉)✱ ❝❡) ❛♣♣,♦①✐♠❛✲

1✐♦♥) ♥♦✉) ❞♦♥♥❡♥1 ❛✉))✐ ❞❡) ✐♥❢♦,♠❛1✐♦♥) )✉, ❧❡ ❝♦♠♣♦,1❡♠❡♥1 ❡1 ❧❡) ❝❛,❛❝1=,✐)1✐@✉❡) ❞❡ ❝❡) ❝♦❡✣❝✐❡♥1)

❞❡ ❝♦♥✈❡,)✐♦♥ ✿

✖ ■❧) ❝,♦✐))❡♥1 ❛✈❡❝ ❧✬♦,❞,❡ ❞❡ ♠✉❧1✐♣♦❧❛,✐1= λ
✖ ■❧) ❞✐♠✐♥✉❡♥1 ❞✬❛✉1❛♥1 ♣❧✉) @✉❡ ❧❛ ❝♦✉❝❤❡ =❧❡❝1,♦♥✐@✉❡ ❡)1 =❧♦✐❣♥=❡ ✭❡①1❡,♥❡✮

✖ ■❧) ❞✐♠✐♥✉❡♥1 ❛✈❡❝ ❧✬❛✉❣♠❡♥1❛1✐♦♥ ❞❡ ❧✬=♥❡,❣✐❡ ❞❡ ❧❛ 1,❛♥)✐1✐♦♥ Eγ

✖ ■❧) ❝,♦✐))❡♥1 ,❛♣✐❞❡♠❡♥1 ❛✈❡❝ ❧✬❛✉❣♠❡♥1❛1✐♦♥ ❞✉ ♥✉♠=,♦ ❛1♦♠✐@✉❡ ✭❡♥ Z3
✮

❈❡11❡ ❞❡,♥✐5,❡ ❝❛,❛❝1=,✐)1✐@✉❡ ❞=♠♦♥1,❡ ❜✐❡♥ ❧❛ ❢♦,1❡ ♣,=)❡♥❝❡ ❞❡) =❧❡❝1,♦♥) ❞❡ ❝♦♥✈❡,)✐♦♥ ✐♥1❡,♥❡ ❞❛♥)

❧❛ ,=❣✐♦♥ ❞❡ ♠❛))❡ @✉✐ ♥♦✉) ✐♥1=,❡))❡ ✭❩ 1,5) =❧❡✈= ❬✹✼❪✮✳ ▲❡ 1❛✉① ❞❡ ❝♦♥✈❡,)✐♦♥ ❞❡) 1,❛♥)✐1✐♦♥) ❞❡ ❢❛✐❜❧❡)

=♥❡,❣✐❡) ❡)1 ❛❧♦,) 1,5) ✐♠♣♦,1❛♥1 ❡1 ❝❡❧❛ ❢♦,❝❡ ❧❡) ❡①♣=,✐❡♥❝❡) P Q1,❡ )❡♥)✐❜❧❡) ❛✉① =❧❡❝1,♦♥) ❞❡ ❝♦♥✈❡,)✐♦♥

)✐ ❧✬♦♥ ✈❡✉1 ♣♦✉✈♦✐, ❝♦,,✐❣❡, ❧❡) ✐♥1❡♥)✐1=) ❞❡) 1,❛♥)✐1✐♦♥) γ ♠❡)✉,=❡)✳

▲♦,) ❞❡) ❞=)❡①❝✐1❛1✐♦♥) )✉❝❝❡))✐✈❡)✱ ✐❧ )❡ ♣❡✉1 @✉❡ ♣❧✉)✐❡✉,) =❧❡❝1,♦♥) ❞❡ ❝♦♥✈❡,)✐♦♥ )♦✐❡♥1 =♠✐) )✉,

✉♥ 1,5) ❝♦✉,1 ❧❛♣) ❞❡ 1❡♠♣) ✭♣❛, ❡①❡♠♣❧❡ ❞❛♥) ✉♥❡ ❜❛♥❞❡ ❞❡ ,♦1❛1✐♦♥✮✳ ❖♥ ❛♣♣❡❧❧❡ ❝❡ ♣❤=♥♦♠5♥❡ ✉♥❡

❝❛)❝❛❞❡ ❞✬=❧❡❝1,♦♥)✳ ❆✐♥)✐✱ )✐ ❧❡ ,=)✐❞✉ ❞✬=✈❛♣♦,❛1✐♦♥ ❡)1 ✐♠♣❧❛♥1= ❞❛♥) ✉♥ ❞=1❡❝1❡✉, )✐❧✐❝✐✉♠ ❡1 @✉❡ ❝❡11❡

❝❛)❝❛❞❡ ❡)1 ❞=1❡❝1=❡ ♣❛, ❝❡❧✉✐✲❝✐✱ ❧❡) =♥❡,❣✐❡) ❞❡ ❝❡) =❧❡❝1,♦♥) )❡,♦♥1 ❛❧♦,) )♦♠♠=❡)✳ S❧✉) ❧✬=♥❡,❣✐❡ ♠✐)❡ ❡♥

❥❡✉ ❡)1 ✐♠♣♦,1❛♥1❡✱ ♣❧✉) ❧❛ ❝❤❛♥❝❡ ❞❡ )♦,1✐, ❞✉ ❜,✉✐1 ❞❡ ❢♦♥❞ ❡)1 ✐♠♣♦,1❛♥1❡ ❡1 ❞♦♥❝ ♣❧✉) ✐❧ ♥♦✉) ❡)1 ❢❛❝✐❧❡

❞✬✐❞❡♥1✐✜❡, ❝❡) =❧❡❝1,♦♥) ❞❡ ❝♦♥✈❡,)✐♦♥✳

❯♥ ❛✉1,❡ 1②♣❡ ❞❡ ♣❤=♥♦♠5♥❡ ♣❡✉1 ,❡♥1,❡, ❡♥ ❥❡✉ ✿ ❧✬=♠✐))✐♦♥ ❞✬✉♥ =❧❡❝1,♦♥ ❆✉❣❡,✳ ❈❡ ♣❤=♥♦♠5♥❡ ❡)1

)❡♠❜❧❛❜❧❡ P ❧❛ ❝♦♥✈❡,)✐♦♥ ✐♥1❡,♥❡✱ P ❧❛ ❞✐✛=,❡♥❝❡ ♣,5) @✉❡ ❝✬❡)1 ❧✬=♥❡,❣✐❡ ♠✐)❡ ❡♥ ❥❡✉ ❧♦,) ❞✉ ,=❛,,❛♥❣❡♠❡♥1

❞❡) ❝♦✉❝❤❡) =❧❡❝1,♦♥✐@✉❡) @✉✐ ❡)1 1,❛♥)❢=,=❡ P ✉♥ =❧❡❝1,♦♥ ❞❡) ❝♦✉❝❤❡) ❡①1❡,♥❡) @✉✐ ❡)1 P )♦♥ 1♦✉, =❥❡❝1=✳

❆✐♥)✐✱ ❞❡✉① ♣❧❛❝❡) ✈❛❝❛♥1❡) )♦♥1 ❧❛✐))=❡) ♣❛, ❧✬=♠✐))✐♦♥ ❞❡ ❞❡✉① =❧❡❝1,♦♥) )✉❝❝❡))✐❢)✱ ❝♦♥1,❛✐,❡♠❡♥1 ❛✉

♣❤=♥♦♠5♥❡ ❞✬=❧❡❝1,♦♥ ❞❡ ❝♦♥✈❡,)✐♦♥ @✉✐ ♥✬❡♥ ❧❛✐))❡ @✉✬✉♥❡ )❡✉❧❡✳

✷✳✻ ❉$❢♦'♠❛*✐♦♥ ❡* '♦*❛*✐♦♥ ✿ ❝♦❧❧❡❝*✐✈✐*$ ♥✉❝❧$❛✐'❡

▲❡) ♠♦✉✈❡♠❡♥1) ❝♦❧❧❡❝1✐❢) ❞❡) ♥✉❝❧=♦♥) ❛✉ )❡✐♥ ❞✉ ♥♦②❛✉ ♥♦✉) ❞♦♥♥❡♥1 ❞❡ ❜♦♥♥❡) ✐♥❢♦,♠❛1✐♦♥) @✉❛♥1

P )❛ )1,✉❝1✉,❡✳ ❈❡) ♠♦✉✈❡♠❡♥1) )♦♥1 ❞✬❛✉1❛♥1 ♣❧✉) ♣,=)❡♥1) ❞❛♥) ❧❛ ,=❣✐♦♥ ❞❡) ♥♦②❛✉① 1,❛♥)❢❡,♠✐❛✱ @✉❡

❝❡✉①✲❝✐ )♦♥1 )②♥1❤=1✐)=) ❞❛♥) ✉♥ =1❛1 ❞=❢♦,♠=✱ ❝✬❡)1✲P✲❞✐,❡ ♥♦♥ )♣❤=,✐@✉❡✱ ❛✉1♦,✐)❛♥1 ❛❧♦,) ❝❡) ♠♦✉✈❡♠❡♥1)

❝♦❧❧❡❝1✐❢)✳ ❈❡ )♦♥1 ❞♦♥❝ ❧❡) ❞=❢♦,♠❛1✐♦♥) ❛✐♥)✐ @✉❡ ❧❡) ♠♦✉✈❡♠❡♥1) ❝♦❧❧❡❝1✐❢) ❛))♦❝✐=) @✉❡ ♥♦✉) ❛❧❧♦♥)

❞=1❛✐❧❧❡, ♠❛✐♥1❡♥❛♥1✳
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✷✳✻✳✶ ▲❛ ❞'❢♦*♠❛,✐♦♥

▲❛ $♣❤'(✐❝✐+' ❞❡$ ♥♦②❛✉① ❡$+ ❧✐'❡ 4 ❧❡✉( ♥♦♠❜(❡ ❞❡ ♥✉❝❧'♦♥$ ❛✐♥$✐ 7✉✬❛✉① ♥♦♠❜(❡$ ♠❛❣✐7✉❡$✳ ❆✐♥$✐✱

✉♥ ♥♦②❛✉ ♣♦$$'❞❛♥+ ✉♥ ♥♦♠❜(❡ ❞❡ ♥✉❝❧'♦♥$ ✭♣(♦+♦♥ ♦✉ ♥❡✉+(♦♥✮ ♣(♦❝❤❡ ❞❡$ ❢❡(♠❡+✉(❡$ ❞❡ ❝♦✉❝❤❡$ ♠❛✲

❣✐7✉❡$ ❛✉(❛ ❧❛ ❢♦(♠❡ $♣❤'(✐7✉❡ ❝♦♠♠❡ ❧❛ ❢♦(♠❡ ❧❛ ♣❧✉$ ❧✐'❡✳ ❊♥ $✬'❧♦✐❣♥❛♥+ ❞❡ ❝❡$ ❢❡(♠❡+✉(❡$✱ ❧❡$ ♥♦②❛✉①

♣❡✉✈❡♥+ C+(❡ ♣❧✉$ ❧✐'$ ❛✈❡❝ ✉♥❡ ❢♦(♠❡ ❞'❢♦(♠'❡ ❞❛♥$ ❧❡✉($ '+❛+$ ❢♦♥❞❛♠❡♥+❛✉①✳ D♦✉( ❞'❝(✐(❡ ❧❡$ ♥♦②❛✉①✱

♦♥ ♣❛(❛♠'+(✐$❡ ❡♥ ❣'♥'(❛❧ ❧❛ $✉(❢❛❝❡ ♥✉❝❧'❛✐(❡ ♣❛( ❞❡$ ❤❛(♠♦♥✐7✉❡$ $♣❤'(✐7✉❡$ ♦✉ ♣❛( ❞❡$ ❞'✈❡❧♦♣♣❡♠❡♥+$

♠✉❧+✐♣♦❧❛✐(❡$✳ ❖♥ ❞'❝(✐+ ❛❧♦($ ❧❛ $✉(❢❛❝❡ ❞✉ ♥♦②❛✉ ♣❛( $❛ ❞'♣❡♥❞❛♥❝❡ ❛♥❣✉❧❛✐(❡ R(θ, φ) ❬✹✽❪✱ ♣♦✐♥+❛♥+ ❞❡♣✉✐$
❧✬♦(✐❣✐♥❡ ✈❡($ ❧❛ $✉(❢❛❝❡ ❞❛♥$ ❧❡ ('❢'(❡♥+✐❡❧ ❞✉ ❧❛❜♦(❛+♦✐(❡ ♣❛( ✿

R(θ, φ) = R0.c(α).



1 +

λmax
∑

λ=0

+λ
∑

µ=−λ

αλµ.Y
∗

λµ(θ, φ)





✭✷✳✷✹✮

R0 (❡♣('$❡♥+❡ ✐❝✐ ❧❡ (❛②♦♥ ❞✬✉♥ ♥♦②❛✉ $♣❤'(✐7✉❡ ♣♦$$'❞❛♥+ ❧❡ ♠C♠❡ ✈♦❧✉♠❡ ✭♥♦②❛✉ ❛✈❛♥+ ❞'❢♦(♠❛+✐♦♥✮✳

▲❡$ ❛♥❣❧❡$ θ ❡+ φ $♦♥+ ❧❡$ ❛♥❣❧❡$ ♣♦❧❛✐(❡$ ♣♦✐♥+❛♥+ ❧❛ $✉(❢❛❝❡ ❞✉ ♥♦②❛✉ ❞❡♣✉✐$ ❧✬♦(✐❣✐♥❡✳ ▲❡$ ♣❛(❛♠J+(❡$

λ ❡+ µ ❝♦((❡$♣♦♥❞❡♥+ ❛✉ +②♣❡ ❞❡ ❞'❢♦(♠❛+✐♦♥ 7✉✬❛ $✉❜✐ ❧❡ ♥♦②❛✉ ✿ ❧❡ ♣(❡♠✐❡( (❡♣('$❡♥+❡ ❧❛ ♠✉❧+✐♣♦❧❛(✐+'

❞❡ ❧❛ ❞'❢♦(♠❛+✐♦♥✱ +❛♥❞✐$ 7✉❡ ❧❡ $❡❝♦♥❞ (❡♣('$❡♥+❡ ❧✬♦(❞(❡ ❞❡ ❧❛ ❞'❢♦(♠❛+✐♦♥✳ ■❧$ $♦♥+ ❛$$♦❝✐'$ ❛✉① Y ∗

λµ

7✉✐ ❝♦((❡$♣♦♥❞❡♥+ ❛✉① ❤❛(♠♦♥✐7✉❡$ $♣❤'(✐7✉❡$ ❞'+❡(♠✐♥❛♥+ ❧❛ ❢♦(♠❡ ✜♥❛❧❡ ❞✉ ♥♦②❛✉✱ ❛✐♥$✐ 7✉❡ αλµ 7✉✐

❡✉① $♦♥+ ❧❡$ ❝♦❡✣❝✐❡♥+$ ❞❡ ❞'❢♦(♠❛+✐♦♥✳ ❊♥✜♥✱ ❧❡ +❡(♠❡ c(α) ♣❡(♠❡+✱ 7✉❛♥+ 4 ❧✉✐✱ ♣♦✉( ✉♥❡ ❞'❢♦(♠❛+✐♦♥

❞♦♥♥'❡✱ ❞❡ ❝♦♥$❡(✈❡( ❧❡ ✈♦❧✉♠❡ ❞✉ ♥♦②❛✉ ♣❛( (❛♣♣♦(+ 4 $❛ ❢♦(♠❡ $♣❤'(✐7✉❡✳

❙✐ ❧✬♦♥ ❝♦♥$✐❞J(❡ ❧❛ ♠✉❧+✐♣♦❧❛(✐+' ❞❡ ❧❛ ❞'❢♦(♠❛+✐♦♥✱ ❧❡ +❡(♠❡ λ ❂ ✵ ✭♠♦♥♦♣♦❧❛✐(❡✮ ❝♦((❡$♣♦♥❞ 4 ✉♥❡

❞'❢♦(♠❛+✐♦♥ ♥✉❧❧❡✱ $♦✐+ ✉♥❡ $♣❤J(❡✳ ▲❡ ❞✐♣Q❧❡ ✭λ ❂ ✶✮ ♥❡ ❝♦((❡$♣♦♥❞ 4 ❛✉❝✉♥❡ ❢♦(♠❡ ♥✉❝❧'❛✐(❡✱ ♠❛✐$ 4 ✉♥

❞'♣❧❛❝❡♠❡♥+ ♣❛( +(❛♥$❧❛+✐♦♥✳ ❆✐♥$✐ ❧❛ ♣(❡♠✐J(❡ ✈(❛✐❡ ♠✉❧+✐♣♦❧❛(✐+' ❝♦((❡$♣♦♥❞❛♥+ 4 ✉♥❡ ❞'❢♦(♠❛+✐♦♥ ❡$+ ❧❡

+❡(♠❡ 7✉❛❞(✉♣♦❧❛✐(❡ ✭λ ❂ ✷✮✳ ▲❡$ ♦(❞(❡$ $✉♣'(✐❡✉($ ❝♦((❡$♣♦♥❞❡♥+ 4 ❞❡$ ❞'❢♦(♠❛+✐♦♥$ ♦❝+✉♣♦❧❛✐(❡$ ✭λ ❂

✸✮ ❡+ ❤❡①❛❞'❝❛♣♦❧❛✐(❡$ ✭λ ❂ ✹✮ ✭❝❢✳ ✜❣✳ ✷✳✾✮✳

▲❛ ❞'❢♦(♠❛+✐♦♥ ♣(✐♥❝✐♣❛❧❡ ♦❜$❡(✈'❡ ❞❛♥$ ❧❛ ('❣✐♦♥ ❞❡$ ♥♦②❛✉① +(❛♥$❢❡(♠✐❛✱ ❛✉ +(❛✈❡($ ❞❡$ ♥♦②❛✉① ❛❝❝❡$✲

$✐❜❧❡$ 4 ❧✬❤❡✉(❡ ❛❝+✉❡❧❧❡✱ ❡$+ 7✉❛❞(✉♣Q❧❛✐(❡✳ ▲❡$ ♥♦②❛✉① ♦♥+ ✉♥❡ ❢♦(♠❡ ❞✬❡❧❧✐♣$♦U❞❡✱ $+(✉❝+✉(❡ 7✉✐ ❡$+ ♦❜$❡(✈'❡

❛✉✲❞❡$$✉$ ❞❡ +♦✉+ '+❛+ ❢♦♥❞❛♠❡♥+❛❧ ❝♦♥♥✉ ❞❛♥$ ❧❛ ('❣✐♦♥✳ ▲❛ ❞❡$❝(✐♣+✐♦♥ ❞❡$ ♥♦②❛✉① +(J$ ❧♦✉(❞$ ♥'❝❡$$✐+❡

❝❡♣❡♥❞❛♥+ ❧❛ ♣(✐$❡ ❡♥ ❝♦♠♣+❡ ❞❡ +❡(♠❡$ ♠✉❧+✐♣♦❧❛✐(❡ ♣❧✉$ '❧❡✈'$✳ ❆✐♥$✐✱ ✉♥❡ ❝♦♥+(✐❜✉+✐♦♥ ❤❡①❛❞❡❝❛♣♦❧❛✐(❡



❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙ ✹✾

✭λ ❂ ✻✮ ❞✬❛♠♣❧✐-✉❞❡ 0❡❧❛-✐✈❡♠❡♥- ❢❛✐❜❧❡ ♣❡0♠❡- ❞✬❛♠5❧✐♦05 ❧❛ ❞❡7❝0✐♣-✐♦♥ ❞❡ ❧❛ ❞5❢♦0♠❛-✐♦♥ 7✐ ❧✬♦♥ ♥❡

❝♦♥7✐❞90❡ :✉❡ ❧❡ -❡0♠❡ :✉❛❞0✉♣♦❧❛✐0❡✳ ❖♥ ♣❡✉- 7♦✉❧✐❣♥❡0 ❝❡♣❡♥❞❛♥- :✉❡ ❝❡0-❛✐♥❡7 5-✉❞❡7 7♣❡❝-0♦7❝♦♣✐:✉❡7

✭♥♦-❛♠♠❡♥- 7✉0 ❧❡

250
❋♠ ❡- ❧❡

252
◆♦✮ ♦♥- ♣✉ ♠❡--0❡ ❡♥ 5✈✐❞❡♥❝❡ ❞❡7 7-0✉❝-✉0❡7 ❡①❝✐-5❡7 ♦❝-✉♣♦❧❛✐0❡7 ✭λ ❂

✸✮✳ ❈❡7 7-0✉❝-✉0❡7 ✐♥7-❛❜❧❡7 0❡♣057❡♥-❡♥- ♣❧✉-C- ✉♥❡ ✈✐❜0❛-✐♦♥ ♦❝-✉♣♦❧❛✐0❡ 0❡♥❞✉❡ ♣♦77✐❜❧❡ ♣❛0 ❧❛ ✧♠♦❧❡77❡✧

❞✉ ♣♦-❡♥-✐❡❧ 7❡❧♦♥ ❝❡ ❞❡❣05 ❞❡ ❧✐❜❡0-5✳

E♦✉0 ❧❡ 0❡7-❡ ❞❡ ❧❛ ❞✐7❝✉77✐♦♥✱ ♥♦✉7 ♥♦✉7 ❝♦♥❝❡♥-0❡0♦♥7 ❞♦♥❝ 7✉0 ❧❡ ♠♦❞❡ ❞❡ ❞5❢♦0♠❛-✐♦♥ ♣0✐♥❝✐♣❛❧ ❞❡

❝❡--❡ 05❣✐♦♥ ✿ ❧❡ :✉❛❞0✉♣C❧❡✳ ❖♥ ♣❡✉- ❛❧♦07 5❝0✐0❡ ❧❡7 ❝♦❡✣❝✐❡♥-7 ❞❡ ❞5❢♦0♠❛-✐♦♥ αλµ 7♦✉7 ❧❛ ❢♦0♠❡ α20 =
β2.cos(γ) ❡- α22 = β2.sin(γ)✳ ❉❡ ❝❡ ❢❛✐-✱ ♥♦✉7 ✐♥-0♦❞✉✐7♦♥7 ❧❡ ♣❛0❛♠9-0❡ ❞❡ ❞5❢♦0♠❛-✐♦♥ :✉❛❞0✉♣C❧❛✐0❡ β2
❛✐♥7✐ :✉❡ ❧✬❛♥❣❧❡ ❞❡ ❞5✈✐❛-✐♦♥ ♣❛0 0❛♣♣♦0- J ❧✬❛①❡ ❞❡ 7②♠5-0✐❡ ❞✉ ♥♦②❛✉ γ✳

❙✐ ❧✬♦♥ ❝♦♥7✐❞90❡ 7❡✉❧❡♠❡♥- ❧❡7 ♥♦②❛✉① ❞5❢♦0♠57 ❞❡ ♠❛♥✐90❡ :✉❛❞0✉♣♦❧❛✐0❡✱ ♣♦775❞❛♥- ✉♥❡ 7②♠5-0✐❡

❛①✐❛❧❡ ✭γ = 0✮✱ ♦♥ ♦❜-✐❡♥- ✉♥❡ 7✐♠♣❧✐✜❝❛-✐♦♥ ❞❡7 ❝♦❡✣❝✐❡♥-7 ❞❡ ❞5❢♦0♠❛-✐♦♥ ❡♥❝♦0❡ ♣❧✉7 ♣♦✉775❡ ✿ α20 = β2
❡- α22 = 0

❖♥ ♣❡✉- ❞♦♥❝ ❞5❝0✐0❡ ❧❛ ❞5❢♦0♠❛-✐♦♥ :✉❛❞0✉♣♦❧❛✐0❡ ❞✉ ♥♦②❛✉ 7✐♠♣❧❡♠❡♥- J ❧✬❛✐❞❡ ❞❡ β2 ✭❝❢✳ ✜❣✳ ✷✳✾✮✳

❆✐♥7✐✱ ♣♦✉0 ✉♥❡ ✈❛❧❡✉0 ♥✉❧❧❡ ❞❡ ❝❡❧✉✐✲❝✐✱ ❧❡ ♥♦②❛✉ ❡7- 7♣❤50✐:✉❡✳ E♦✉0 ❞❡7 ✈❛❧❡✉07 ♥5❣❛-✐✈❡7✱ ❧❡ ♥♦②❛✉ ❡7-

❞✐- ♦❜❧❛-❡ ✭❢♦0♠❡ ♣❧❛-❡ ❞✬✉♥ ❞✐7:✉❡✮ -❛♥❞✐7 :✉❡ ♣♦✉0 ❞❡7 ✈❛❧❡✉07 ♣♦7✐-✐✈❡7 ❝❡❧✉✐✲❝✐ ❡7- ❞✐- ♣0♦❧❛-❡ ✭❢♦0♠❡

❛❧❧♦♥❣5❡ ❞✬✉♥ ❜❛❧❧♦♥ ❞❡ 0✉❣❜②✮✳

✷✳✻✳✷ ▲❛ %♦'❛'✐♦♥

▼❛✐♥-❡♥❛♥- :✉❡ ♥♦✉7 ❛✈♦♥7 ✈✉ ❧❛ ❞5❢♦0♠❛-✐♦♥ ❞✉ ♥♦②❛✉✱ ♥♦✉7 ♣♦✉✈♦♥7 ♥♦✉7 ❛--❛0❞❡0 7✉0 ❧❛ 0♦-❛-✐♦♥

❞❡ ❝❡ ❞❡0♥✐❡0✳ ▲❡ ♣0❡♠✐❡0 ♣♦✐♥- :✉❡ ❧✬♦♥ ♣❡✉- 7♦✉❧✐❣♥❡0 ❛✈❡❝ ❧❛ 0♦-❛-✐♦♥✱ ❡♥ ♠5❝❛♥✐:✉❡ :✉❛♥-✐:✉❡✱ ❝✬❡7- :✉❡

❝❡❧❧❡✲❝✐ ♥✬❡7- ♣♦77✐❜❧❡ :✉❡ ❞❛♥7 ❧❡ ❝❛7 ❞✬✉♥ ♥♦②❛✉ ❞5❢♦0♠5✳ ❊♥ ❡✛❡-✱ ❞❛♥7 ❧❡ ❝❛7 ❞❡7 ♥♦②❛✉① 7♣❤50✐:✉❡7✱ ❧❡7

❞✐✛50❡♥-❡7 ♦0✐❡♥-❛-✐♦♥7 ❞❡ ❝❡✉①✲❝✐ ♥❡ 7♦♥- ♣❛7 ❞✐7-✐♥❣✉❛❜❧❡7 ♣❛0 ❧❛ ♠5❝❛♥✐:✉❡ :✉❛♥-✐:✉❡✱ ❝❡ :✉✐ ❡♠♣V❝❤❡

❞♦♥❝ ❧❡ ♣❤5♥♦♠9♥❡ ❞❡ 0♦-❛-✐♦♥✳ ❆✐♥7✐✱ ❧❛ ❞5❢♦0♠❛-✐♦♥ ✐♥-0♦❞✉✐- ❞❡7 ❞❡❣057 ❞❡ ❧✐❜❡0-5 7✉♣♣❧5♠❡♥-❛✐0❡7✱ ❡-

♥5❝❡77✐-❡ ❧❛ ❜0✐7✉0❡ ❞❡ ❧❛ 7②♠5-0✐❡ 7♣❤50✐:✉❡✳ ❈❡❧❧❡✲❝✐ ❝♦00❡7♣♦♥❞ J ✉♥❡ ❡①❝✐-❛-✐♦♥ ❝♦❧❧❡❝-✐✈❡ ❞✉ ♥♦②❛✉ :✉✬✐❧

♥♦✉7 ❡7- ♣♦77✐❜❧❡ ❞❡ ❞5-❡❝-❡0 ❧♦07 ❞❡ 7❛ ❞57❡①❝✐-❛-✐♦♥✳

❙✐ ❧✬♦♥ ❝♦♥7✐❞90❡ ✉♥ ♥♦②❛✉ ♣0♦❧❛-❡ ✭❝❢✳ ✜❣✳ ✷✳✶✵✮ ❞5❢♦0♠5 7❡❧♦♥ ❧✬❛①❡ ❩ 7❡✉❧❡♠❡♥- ✭:✉✐ ❞❡✈✐❡♥- ❞♦♥❝

✉♥ ❛①❡ ❞❡ 7②♠5-0✐❡ ♣♦✉0 ❧❡ ♥♦②❛✉✮✱ ♦♥ ❞✐7♣♦7❡ ❛❧♦07 ❞✬✉♥ ❡♥7❡♠❜❧❡ ❞✬❛①❡7 ❞❡ 0♦-❛-✐♦♥ ♣♦77✐❜❧❡ ✭-♦✉- ❛①❡

♣❡0♣❡♥❞✐❝✉❧❛✐0❡ J ❧✬❛①❡ ❞❡ 7②♠5-0✐❡✮✳ ▲❡ ♥♦②❛✉ ❡7- ❡♥ 0♦-❛-✐♦♥ ❛✉-♦✉0 ❞❡ ❧✬❛①❡ ❳✱ ❛✈❡❝ ✉♥❡ ❢05:✉❡♥❝❡

❞❡ 0♦-❛-✐♦♥ ❛♥❣✉❧❛✐0❡ ω✳ ❈❡--❡ 0♦-❛-✐♦♥ ❝♦❧❧❡❝-✐✈❡ ❛✉-♦✉0 ❞❡ ❧✬❛①❡ ❳ ❣5♥90❡ ❞♦♥❝ ✉♥ ♠♦♠❡♥- ❛♥❣✉❧❛✐0❡ ❞❡

0♦-❛-✐♦♥

~R✳ ❊♥ ♣❧✉7 ❞❡ ❝❡--❡ ❡①❝✐-❛-✐♦♥ ❝♦❧❧❡❝-✐✈❡✱ ✉♥ ♠♦♠❡♥- ❛♥❣✉❧❛✐0❡

~J ♣❡✉- V-0❡ ❣5♥505 ♣❛0 ❧❛ 7♦♠♠❡ ❞❡7

❝♦♥-0✐❜✉-✐♦♥7 ✐♥❞✐✈✐❞✉❡❧❧❡7 ❞❡7 ♥✉❝❧5♦♥7 ❞❡ ✈❛❧❡♥❝❡✱ :✉✐ ❝♦00❡7♣♦♥❞ J ❧❛ 7♦♠♠❡ ❞❡ ❧❡✉07 7♣✐♥7 ❡- ♠♦♠❡♥-7

♦0❜✐-❛✉① ✐♥❞✐✈✐❞✉❡❧7✳ ❆✐♥7✐✱ ❧❡ ♠♦♠❡♥- ❛♥❣✉❧❛✐0❡ -♦-❛❧

~I ❡7- ❧❛ 7♦♠♠❡ ❞❡ ❝❡7 ❞❡✉① ❝♦♥-0✐❜✉-✐♦♥7 ✭❡①❝✐-❛-✐♦♥

✐♥❞✐✈✐❞✉❡❧❧❡ ❡- ❝♦❧❧❡❝-✐✈❡ ♣❛0 ❧❛ 0♦-❛-✐♦♥✮ ✿

~I = ~J + ~R ✭✷✳✷✺✮

❖♥ ❞57✐❣♥❡ ❛❧♦07 ♣❛0 ❑✱ ❧❡ ♥♦♠❜0❡ :✉❛♥-✐:✉❡ 0❡♣057❡♥-❛♥- ❧❛ ♣0♦❥❡❝-✐♦♥ ❞❡ ♠♦♠❡♥- ❛♥❣✉❧❛✐0❡ -♦-❛❧

~I
7✉0 ❧✬❛①❡ ❞❡ 7②♠5-0✐❡ ❞✉ ♥♦②❛✉ ❞5❢♦0♠5 ❡♥ 0♦-❛-✐♦♥✳ ■❧ ❡7- ❝❧❛✐0✱ ♣❛0 ❧❛ ❝♦♥7-0✉❝-✐♦♥ ❞❡

~I✱ :✉❡ ❧❡ ♥♦♠❜0❡

:✉❛♥-✐:✉❡ ❑ ♥✬❡7- ♣❛7 ✐♥✢✉❡♥❝5 ♣❛0 ❧❛ ✈❛0✐❛-✐♦♥ ❞❡ ❧❛ 0♦-❛-✐♦♥ ❝♦❧❧❡❝-✐✈❡ ❡- ❞♦♥❝ ♣❛0 ❧❡7 ✈❛0✐❛-✐♦♥7 ❞✉

♠♦♠❡♥- ❛♥❣✉❧❛✐0❡

~R✳ ❆✐♥7✐✱ ✉♥❡ ❜❛♥❞❡ ❞❡ 0♦-❛-✐♦♥ ❡7- ❝❛0❛❝-50✐75❡ ♣❛0 ✉♥❡ ❝♦♠❜✐♥❛✐7♦♥ ❞✬5-❛-7 0♦-❛-✐♦♥♥❡❧7

♣♦775❞❛♥- ❧❛ ♠V♠❡ ♣0♦❥❡❝-✐♦♥ ❑ 7✉0 ❧✬❛①❡ ❞❡ 7②♠5-0✐❡✳ ❈❡ ♥♦♠❜0❡ :✉❛♥-✐:✉❡ ❑ ❡7- ❛❧♦07 ✉-✐❧✐75 ♣♦✉0

❝❛0❛❝-50✐7❡0 ❧❛ ❜❛♥❞❡ ❞❡ 0♦-❛-✐♦♥ ♦❜7❡0✈5❡✳

E❛0 ❛✐❧❧❡✉07✱ ❝❡--❡ ♣0♦❥❡❝-✐♦♥ ❑ ♥✬❡7- ♥✉❧❧❡ :✉❡ 7✐ ❧❛ ❝♦♥-0✐❜✉-✐♦♥ ❞✉ ♠♦♠❡♥- ❛♥❣✉❧❛✐0❡ ✐♥❞✐✈✐❞✉❡❧ ❞❡7

♥✉❝❧5♦♥7 ❞❡ ✈❛❧❡♥❝❡

~J ❡7- ♥✉❧❧❡✱ ❡❧❧❡ ❛✉77✐✳ ❈❡❝✐ ♥♦✉7 ✐♥❞✐:✉❡ ❞♦♥❝ :✉❡ ❧❡7 ♥♦②❛✉① ♣❛✐07✲♣❛✐07 ❞✐7♣♦7❡♥-

❞✬✉♥❡ ❜❛♥❞❡ 0♦-❛-✐♦♥♥❡❧❧❡ ❝♦♥7-0✉✐-❡ 7✉0 ❧❡✉07 5-❛-7 ❢♦♥❞❛♠❡♥-❛✉① ❡- ♣♦775❞❛♥- ❞♦♥❝ ✉♥ ❑ ❂ ✵✳ E♦✉0

❞❡7 ♣0♦❥❡❝-✐♦♥7 ❞❡ ❑6=✵✱ ♦♥ ♣❡✉- ♣❛0❧❡0✱ ❞❛♥7 ❝❡0-❛✐♥7 ❝❛7✱ ❞✬5-❛- ✐7♦♠50✐:✉❡ ❞❡ ❍❛✉-✲❑✱ 7✐ ❞❡7 -❡♠♣7
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▲❡ $❡❝♦♥❞ )②♣❡ ❞✬✐$♦♠/0❡ ❡$) ❛♣♣❡❧3 ✐$♦♠/0❡ ❞❡ $♣✐♥ ✭❞✐)  ♣✐♥ $%❛♣✮✳ ▲❡$ )❡♠♣$ ❞❡ ✈✐❡ ♦❜$❡0✈3$ ♣♦✉0

❝❡$ 3)❛)$ ♣0♦✈✐❡♥♥❡♥) ❞❡ ❧❛ 0/❣❧❡ ❞❡ $3❧❡❝)✐♦♥ ❧♦0$ ❞❡ ❧✬3♠✐$$✐♦♥ ❞✬✉♥ γ✳ ❊♥ ❡✛❡)✱ $✐ ✉♥ 3)❛) ❞❡ ❢❛✐❜❧❡

3♥❡0❣✐❡ ❞❡♠❛♥❞❡ ✉♥ ❣0❛♥❞ ❝❤❛♥❣❡♠❡♥) ❞❡ $♣✐♥ ♣♦✉0 ❞3❝0♦@)0❡✱ ❧❛ ♣0♦❜❛❜✐❧✐)3 ❞✬✉♥❡ )❡❧❧❡ )0❛♥$✐)✐♦♥ ❡$)

❢❛✐❜❧❡ ✭❝❢✳ ❲❡✐$$❢♦♣❢✮✱ ❛✉ ✈✉ ❞❡ ❧❛ ♠✉❧)✐♣♦❧❛0✐)3 ❞❡♠❛♥❞3❡ ♣❛0 ❧❡ γ✳ ▲✬❡♠♣B❝❤❡♠❡♥) ❞❡ ❝❡))❡ )0❛♥$✐)✐♦♥

3)❛♥) ✐♠♣♦0)❛♥)✱ ❧❡ )❡♠♣$ ❞❡ ✈✐❡ ❞❡ ❝❡ ♥✐✈❡❛✉ $❡0❛ ❞♦♥❝ ❞✬❛✉)❛♥) ♣❧✉$ ❣0❛♥❞✳ ❈❡$ 3)❛)$ ✐$♦♠30✐D✉❡$ $♦♥) ❧❡

♣❧✉$ $♦✉✈❡♥) ♦❜$❡0✈3$ ❛✉① ❛❧❡♥)♦✉0$ ❞❡$ ❢❡0♠❡)✉0❡$ ❞❡ ❝♦✉❝❤❡$✱ ❞✉ ❢❛✐) ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❡) ❞❡ ❧❛ ❝♦♠♣❧❡①✐)3

❞❡$ ♥✐✈❡❛✉① ♥✉❝❧3❛✐0❡$ ❞❡ ♣❛0)✐❝✉❧❡$ ✐♥❞✐✈✐❞✉❡❧❧❡$ 0❡♥❞❛♥) ❝❡))❡ ❝♦♥✜❣✉0❛)✐♦♥ ✭♠✉❧)✐♣♦❧❛0✐)3✴3♥❡0❣✐❡✮ ♣❧✉$

❢03D✉❡♥)❡ ❡♥ ❧✬❛❜$❡♥❝❡ ❞❡ 0♦)❛)✐♦♥✳

▲❡ ❞❡0♥✐❡0 )②♣❡ ❞✬✐$♦♠/0❡ ❡$) ❛♣♣❡❧3 ✐$♦♠/0❡ ❞❡ ✧❍❛✉)✲❑✧✳ ❈❡$ ✐$♦♠/0❡$ $♦♥) ❞❡$ )②♣❡$ ♣❛0)✐❝✉❧✐❡0$

❞✬✐$♦♠/0❡$ ❞❡ $♣✐♥$✱ D✉✐ ♥✬❛♣♣❛0❛✐$$❡♥) D✉❡ ❞❛♥$ ❧❡$ ♥♦②❛✉① ❞3❢♦0♠3$ ♣♦$$3❞❛♥) ✉♥❡ $②♠3)0✐❡ ❛①✐❛❧❡✳

❈❡✉①✲❝✐ ♥❡ ❞3♣❡♥❞❡♥) ❛✐♥$✐ ♣❛$ $❡✉❧❡♠❡♥) ❞✉ ❝❤❛♥❣❡♠❡♥) ❞❡ ❧❛ ✈❛❧❡✉0 ❞✉ ✈❡❝)❡✉0 ❞❡ $♣✐♥✱ ♠❛✐$ ❛✉$$✐ ❞❡

$♦♥ ♦0✐❡♥)❛)✐♦♥✳ ■❝✐✱ ❑ ❡$) ❧❡ ♠B♠❡ ♥♦♠❜0❡ D✉❛♥)✐D✉❡ D✉❡ ❝❡❧✉✐ ♣03$❡♥)3 ❞❛♥$ ❧❛ $❡❝)✐♦♥ ♣03❝3❞❡♥)❡ $✉0

❧❛ 0♦)❛)✐♦♥ ❞✉ ♥♦②❛✉ ✭$❡❝)✐♦♥ ✷✳✻✳✷✮✱ ❡) 0❡♣03$❡♥)❡ ❧❛ ♣0♦❥❡❝)✐♦♥ ❞✉ ♠♦♠❡♥) ❛♥❣✉❧❛✐0❡ )♦)❛❧ ❞✬✉♥ ♥♦②❛✉

❞3❢♦0♠3 ❡♥ 0♦)❛)✐♦♥✱ $✉0 $♦♥ ❛①❡ ❞❡ $②♠3)0✐❡✳

▲❡$ 3)❛)$ ♣♦$$3❞❛♥) ❞❡$ ✈❛❧❡✉0$ ❞❡ ♣0♦❥❡❝)✐♦♥ ❑ 3❧❡✈3❡$ $❡0♦♥) ❢♦0)❡♠❡♥) ❝♦✉♣❧3$ O ❧❛ ❞3❢♦0♠❛)✐♦♥

❞✉ ♥♦②❛✉ ✭❝❢✳ ✜❣✳ ✷✳✶✵✮✳ ❉❡ ♣❧✉$✱ ❧♦0$ ❞❡ ❧❛ ❞3❝0♦✐$$❛♥❝❡ ❞✬✉♥ ❞❡ ❝❡$ 3)❛)$ ✈❡0$ ✉♥ 3)❛) ❞❡ ♣0♦❥❡❝)✐♦♥

❑ 0❡❧❛)✐✈❡♠❡♥) ❞✐✛30❡♥)✱ ❧❛ ❞✐0❡❝)✐♦♥ ❞✉ ♠♦♠❡♥) ❛♥❣✉❧❛✐0❡ 0❡❧❛)✐❢ O ❧✬❛①❡ ❞❡ $②♠3)0✐❡ ❞♦✐) B)0❡ ❝❤❛♥❣3❡✳

❈❡ ❝❤❛♥❣❡♠❡♥) ♣❡✉) $✬❡✛❡❝)✉❡0 ❛✉ )0❛✈❡0$ ❞✉ ♠♦♠❡♥) ❛♥❣✉❧❛✐0❡ ♣♦0)3 ♣❛0 ✉♥ ♣❤♦)♦♥ ❞❡ ♠✉❧)✐♣♦❧❛0✐)3 λ
❡♥)0❡ ❞❡✉① 3)❛)$ ♣♦0)❛♥) ✉♥❡ ❞✐✛30❡♥❝❡ ❞❡ ♣0♦❥❡❝)✐♦♥ ∆K✳ ❉❡✉① ❝❛$ ❞❡ ✜❣✉0❡ $❡ ♣03$❡♥)❡♥) ❛❧♦0$✳ ❚♦✉)

❞✬❛❜♦0❞ $✐ λ > ∆K✱ ♦♥ ❛✉0❛ ❞♦♥❝ ✉♥ ❡♠♣B❝❤❡♠❡♥) ❞❡ ❧❛ )0❛♥$✐)✐♦♥ ♣♦✉0 ❞❡ ❢♦0)❡$ ✈❛❧❡✉0$ ❞❡ ∆K ✭❣0❛♥❞❡

♠✉❧)✐♣♦❧❛0✐)3 ❞❡♠❛♥❞3❡✮✳ ❖✉ ❜✐❡♥✱ ♥♦✉$ ❛✈♦♥$ ∆K > λ✱ D✉✐ ❡$) ✐❝✐ ✉♥❡ )0❛♥$✐)✐♦♥ ✐♥)❡0❞✐)❡✱ ❧❛ )0❛♥$✐)✐♦♥ ♥❡

♣♦✉00❛ ❞♦♥❝ $✬❡✛❡❝)✉❡0 D✉✬❛✉ )0❛✈❡0$ ❞✬✐♠♣✉0❡)3$ ❞❛♥$ ❧❛ ❢♦♥❝)✐♦♥ ❞✬♦♥❞❡✳ ▲❡$ )❡♠♣$ ❞❡ ✈✐❡ ❞❡ ❝❡$ ✐$♦♠/0❡$

✈✐❡♥♥❡♥) ❞♦♥❝ ❞❡ ❝❡$ ♥♦)✐♦♥$ ❞✬❡♠♣B❝❤❡♠❡♥) ❡) ❞✬✐♥)❡0❞✐❝)✐♦♥✱ ❡) ♣❡✉✈❡♥) $✬3❝❤❡❧♦♥♥❡0 ❞❡ ❧❛ ♠✐❝0♦$❡❝♦♥❞❡

O ♣❧✉$✐❡✉0$ ❛♥♥3❡$✳

▲❡$ 0/❣❧❡$ ❞✬❡♠♣B❝❤❡♠❡♥) ❡) ❞✬✐♥)❡0❞✐❝)✐♦♥ ♣❡0♠❡))❡♥) ❞♦♥❝ ❞❡ ♠✐❡✉① ❝♦♠♣0❡♥❞0❡ ❡) ❞❡ ♠✐❡✉① ❛♥❛❧②$❡0

❧❡$ 3)❛)$ ✐$♦♠30✐D✉❡$ ❞❡ ❍❛✉)✲❑ ❡) ❛✐♥$✐ ❞❡ ♠✐❡✉① ❡①♣❧✐D✉❡0 ❧❡$ )❡♠♣$ ❞❡ ✈✐❡ ♦❜$❡0✈3$✳ ❊♥ 03❛❧✐)3✱ ❝❡$

)0❛♥$✐)✐♦♥$ ❞❡ ❤❛✉) ❑ $♦♥) ♣❧✉)U) ❡♠♣B❝❤3❡$ D✉✬✐♥)❡0❞✐)❡$ ❞✉❡$ O ❧❛ ❝♦♥)0✐❜✉)✐♦♥ ❞✬✐♠♣✉0❡)3$ ❞❡ ∆K ♣❧✉$

❢❛✐❜❧❡$ ♣03$❡♥)❡$ ❞❛♥$ ❧❛ ❢♦♥❝)✐♦♥ ❞✬♦♥❞❡✳

❖♥ ♣❡✉) ❞3✜♥✐0 ❧❡ ❞❡❣03 ❞✬✐♥)❡0❞✐❝)✐♦♥ ν ♣♦✉0 ✉♥❡ )0❛♥$✐)✐♦♥ ❞♦♥♥3❡ ❬✺✵❪✱ D✉✐ 0❡♣03$❡♥)❡ ❧❛ ♣0♦❜❛❜✐❧✐)3

❞❡ ❧❛ ❞3❝0♦✐$$❛♥❝❡ 3)✉❞✐3❡ ✿

ν = |∆K| − λ ✭✷✳✷✻✮

▲✬3D✉❛)✐♦♥ ✭✷✳✷✻✮ ♣♦✐♥)❡ ❧❡ ❢❛✐) D✉❡ ❧❡$ )0❛♥$✐)✐♦♥$ ❞❡ ❣0❛♥❞❡ ♠✉❧)✐♣♦❧❛0✐)3 03❞✉✐$❡♥) ❝❡ ❞❡❣03 ❞✬✐♥)❡0✲
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✭$✉0)♦✉) O ❜❛$$❡ 3♥❡0❣✐❡✮✳ ❈❡ 0❛♣♣♦0) ♣❡0♠❡) ❞❡ ❝♦♠♣❛0❡0 ❧❡$ )❡♠♣$ ❞❡ ✈✐❡ ♦❜$❡0✈3$ ♣❛0 0❛♣♣♦0) O ❝❡✉①

❡$)✐♠3$ )❤3♦0✐D✉❡♠❡♥) ❞❛♥$ ✉♥❡ ❛♣♣0♦❝❤❡ ❞❡ )②♣❡ ♣❛0)✐❝✉❧❡$ ✐♥❞✐✈✐❞✉❡❧❧❡$✱ ❡) ♥♦✉$ ❞♦♥♥❡ ❞♦♥❝ ✉♥❡ ✐❞3❡ ❞❡

❧✬❡♠♣B❝❤❡♠❡♥) ❞❡ ❧❛ )0❛♥$✐)✐♦♥✳ ❯♥❡ 3)✉❞❡ $②$)3♠❛)✐D✉❡ ❬✺✵❪✱ ❞❛♥$ ❧❡ ❝❛❞0❡ ❞❡$ ✈❛❧❡✉0$ ❞❡ ❑ ✐♥)❡0❞✐)❡$ ❛



FW |∆K|
|∆K|

∆K

250 254 270

µ

N = 152

250 254



✺✹ ❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙

"♦✉✈❡♥( ❞*❧✐❝❛(❡ ❡( "✉❥❡((❡ 0 ❞❡ ♥♦♠❜3❡✉"❡" ❞✐"❝✉""✐♦♥" ❡( ❝♦♠♠❡ ❧❡ ❞*♠♦♥(3❡ ❧❡ ❝❛" ❞✉

254
◆♦ ❡( ❞❡ "❡"

*(❛(" ✐"♦♠*3✐5✉❡"✳



254

254



✺✻ ❈❍❆#■❚❘❊ ✷✳ ▲❆ #❍❨❙■◗❯❊ ❉❊❙ ➱▲➱▼❊◆❚❙ ▲❖❯❘❉❙ ❊❚ ❙❯#❊❘▲❖❯❘❉❙



❈❤❛♣✐%&❡ ✸

❉✐"♣♦"✐%✐❢" ❡①♣)*✐♠❡♥%❛✉① ✿ ♣*✐♥❝✐♣❡✱

")♣❛*❛%❡✉* ✉%✐❧✐") ❡% %②♣❡" ❞✬)%✉❞❡"

❈♦♥#❡♥#%

✸✳✶ ❆❜%&'❛❝& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✷ -'✐♥❝✐♣❡ ❡& ❝❛'❛❝&2'✐%&✐3✉❡% ❞❡% %2♣❛'❛&❡✉'% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✷✳✶ $%✐♥❝✐♣❡ ❞❡ ❜❛.❡ ❞✬✉♥ .1♣❛%❛2❡✉% ✿ 2%❛♥.♣♦%2 ❞❡ ♣❛%2✐❝✉❧❡. ❝❤❛%❣1❡. ❡2 ❝♦♠♣♦.❛♥2.

❡..❡♥2✐❡❧. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✷✳✷ ❈❛%❛❝21%✐.2✐;✉❡. ❞✬✉♥ .1♣❛%❛2❡✉% ✿ ;✉❛♥2✐21. ❡2 ❢♦♥❝2✐♦♥. ♣%♦♣%❡. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✸ ❉✐✛2'❡♥&% &②♣❡% ❞❡ %2♣❛'❛&❡✉'% ❡& ❞✬2&✉❞❡% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✸✳✶ ❙1♣❛%❛2❡✉% ? ❣❛③ ✿ ♣%✐♥❝✐♣❡ ❞❡ ❢♦♥❝2✐♦♥♥❡♠❡♥2 ❡2 ❝❛%❛❝21%✐.2✐;✉❡. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✸✳✷ ❚②♣❡ ❞✬12✉❞❡. ❡2 .1♣❛%❛2❡✉%. ❛..♦❝✐1. ❡♥ ♣❤②.✐;✉❡ ♥✉❝❧1❛✐%❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✹ ❉✐✛2'❡♥&% &②♣❡% ❞❡ %♣❡❝&'♦%❝♦♣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✶ $%✐♥❝✐♣❡ ❞❡ ❧❛ .♣❡❝2%♦.❝♦♣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✷ ▲❛ .♣❡❝2%♦.❝♦♣✐❡ ♣%♦♠♣2❡ ✭❛..♦❝✐1 ? ❧✬✐❞❡♥2✐✜❝❛2✐♦♥ ❞✬✉♥ ♥♦②❛✉ ❞❡ %❡❝✉❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✹✳✸ ▲❛ .♣❡❝2%♦.❝♦♣✐❡ %❡2❛%❞1❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✶ ❆❜%&'❛❝&

❈❤❛#❛❝%❡#✐(%✐❝( ❛♥❞ ❲♦#❦✐♥❣ /#✐♥❝✐♣❧❡ ♦❢ ❙❡♣❛#❛%♦#(

■♥ ♥✉❝❧❡❛' ♣❤②+✐❝+ ✇❡ ❝❛♥ ❞✐+/✐♥❣✉✐+❤ /✇♦ /②♣❡+ ♦❢ +❡/✉♣+ ✿ /❤❡ +❡♣❛'❛/♦' ❛♥❞ /❤❡ +♣❡❝/'♦♠❡/❡'✳ ❍♦✇❡✈❡'✱

/❤❡✐' ✇♦'❦✐♥❣ ♣'✐♥❝✐♣❧❡+ ❛'❡ ❜❛+❡❞ ♦♥ /❤❡ +❛♠❡ ♦♥❡ ✿ /❤❡ /'❛♥+♣♦'/ ♦❢ ❝❤❛'❣❡❞ ♣❛'/✐❝❧❡+✳

❚#❛♥(♣♦#% ♦❢ ❝❤❛#❣❡❞ ♣❛#%✐❝❧❡( ✿

■♥ ♦'❞❡' /♦ ❛❝❝❡❧❡'❛/❡ ♣❛'/✐❝❧❡+✱ ✇❡ ♥❡❡❞ ✐♦♥+✳ ❉✉'✐♥❣ /❤❡ ❡①/'❛❝/✐♦♥ ♦❢ /❤❡ ❜❡❛♠ ❢'♦♠ /❤❡ +♦✉'❝❡+

❛♥❞✱ ❢✉'/❤❡'♠♦'❡✱ ❢'♦♠ /❤❡ ❝②❝❧♦/'♦♥ ✇❡ ❡①/'❛❝/ ♦♥❡ ❝❤❛'❣❡ +/❛/❡ ❢'♦♠ /❤❡ ❜❡❛♠ ✭❝♦''❡+♣♦♥❞✐♥❣ /♦ /❤❡

♦♣/✐♠✐③❡❞ ❡♥❡'❣②✮✳ ❚❤❡♥✱ /❤❡ ✐♥/❡'❛❝/✐♦♥ ✇✐/❤ /❤❡ /❛'❣❡/ ♣'♦❞✉❝❡+ ❛ ✇✐❞❡ '❛♥❣❡ ♦❢ ❝❤❛'❣❡ +/❛/❡+ ❛/ /❤❡ ❡♥/'②

♦❢ /❤❡ +❡♣❛'❛/♦'✳ ❚❤✐+ ❞✐+/'✐❜✉/✐♦♥ ❛❧❧♦✇+ ✉+ /♦ ❣✉✐❞❡ ❛♥❞ +❡❧❡❝/ /❤❡ ♥✉❝❧❡✐ '❡❣❛'❞✐♥❣ /❤❡✐' ❡❧❡❝/'♦♠❛❣♥❡/✐❝

♣'♦♣❡'/✐❡+✳

✺✼



✺✽

❈❍❆#■❚❘❊ ✸✳ ❉■❙#❖❙■❚■❋❙ ❊❳#➱❘■▼❊◆❚❆❯❳ ✿ #❘■◆❈■#❊✱ ❙➱#❆❘❆❚❊❯❘ ❯❚■▲■❙➱ ❊❚

❚❨#❊❙ ❉✬➱❚❯❉❊❙

❚❤✐% &'❛♥%♣♦'& ❝❛♥ ❜❡ ♣❡'❢♦'♠❡❞ &❤'♦✉❣❤ &❤'❡❡ ❞✐✛❡'❡♥& ❡❧❡❝&'♦♠❛❣♥❡&✐❝ ✜❡❧❞% ❝♦♥✜❣✉'❛&✐♦♥% ✿ ✉%✐♥❣

♦♥❧② ❛ ♠❛❣♥❡&✐❝ ✜❡❧❞✱

~B ❛♥ ❡❧❡❝&'✐❝ ✜❡❧❞

~E ♦' ❛ ❝♦♠❜✐♥❛&✐♦♥✴%✉♣❡'♣♦%✐&✐♦♥ ♦❢ &❤♦%❡ &✇♦✳ ■& ✐% ❛❧%♦ ❣♦✈❡'♥❡❞

❜② &❤❡ ▲♦'❡♥&③ ❢♦'❝❡ ❡A✳✭✸✳✶✮✳

❚❤❡ ♣'✐♥❝✐♣❧❡ ♦❢ %❡❧❡❝&✐♦♥ &❤'♦✉❣❤ ❛ %❡♣❛'❛&♦'✴%♣❡❝&'♦♠❡&❡' ✐% &♦ ✐♥✢✉❡♥❝❡ &❤❡ ❜❡♥❞✐♥❣ '❛❞✐✉% ♦❢ &❤❡

%❡❧❡❝& ♥✉❝❧❡✐✳ ❚✇♦ ♠❛✐♥ ❝♦♥✜❣✉'❛&✐♦♥% ❛'❡ ✉%❡❞ ✐♥ ♦'❞❡' &♦ ❜❡♥❞ &❤❡ &'❛❥❡❝&♦'② ♦❢ &❤❡ ✐♦♥% ✿ ❛ ✉♥✐❢♦'♠

♠❛❣♥❡&✐❝ ✜❡❧❞ ❛❧✇❛②% ♣❡'♣❡♥❞✐❝✉❧❛' &♦ &❤❡ ✈❡❧♦❝✐&② ~v ♦' ❛♥ ✉♥✐❢♦'♠ ❡❧❡❝&'✐❝ ✜❡❧❞ &'❛♥%✈❡'%❡ ✐♥ ❛❧❧ ♣♦✐♥&% &♦

&❤❡ ✈❡❧♦❝✐&② ~v✳ ❚❤❡%❡ &✇♦ ❝♦♥✜❣✉'❛&✐♦♥% ❛❧❧♦✇ ✉% &♦ ❞❡✜♥❡ &✇♦ ♣❤②%✐❝❛❧ A✉❛♥&✐&✐❡% ✉%❡❞ ❢♦' &❤❡ %❡❧❡❝&✐♦♥

♦❢ ♥✉❝❧❡✐ ✿ &❤❡ ♠❛❣♥❡&✐❝ '✐❣✐❞✐&② ❛♥❞ &❤❡ ❡❧❡❝&'✐❝ ♦♥❡✳

✖ ❚❤❡ ▼❛❣♥❡&✐❝ '✐❣✐❞✐&② ✿ Bρ

❚❤❡ &'❛❥❡❝&♦'② ♦❢ ❛ ❝❤❛'❣❡❞ ♣❛'&✐❝❧❡ ✭▼✱ A✱ ✈✮ ✐♥&♦ ❛ ✉♥✐❢♦'♠ &'❛♥%✈❡'%❡ ♠❛❣♥❡&✐❝ ✜❡❧❞ ✭~v⊥ ~B✮ ✐%

❝✐'❝✉❧❛'✱ ❛♥❞ ✐&% ❜❡♥❞✐♥❣ '❛❞✐✉% ❝❛♥ ❜❡ ❞❡&❡'♠✐♥❡❞ ❜② &❤❡ ❡A✉✐❧✐❜'✐✉♠ ❜❡&✇❡❡♥ &❤❡ ▲♦'❡♥&③ ❛♥❞

❝❡♥&'✐❢✉❣❡ ❢♦'❝❡%✱ ❡A✳✭✸✳✷✮✳ ▼♦'❡♦✈❡'✱ ✐♥ &❤✐% ❝❛%❡ &❤❡ ❢♦'❝❡ ✐% ❛❧%♦ &'❛♥%✈❡'%❡ &♦ &❤❡ ✈❡❧♦❝✐&②✳ ❚❤✉%✱

✇❡ ❤❛✈❡ v = ❝♦♥%&❛♥& ❛% ✇❡❧❧ ❛% γ =❝♦♥%&❛♥&✱ ❛♥❞ &❤❡ ♠♦✈❡♠❡♥& ✐% ❝✐'❝✉❧❛' ✉♥✐❢♦'♠ ✇✐&❤ ❡A✳✭✸✳✸✮

✭❘ ✐% &❤❡ ❜❡♥❞✐♥❣ '❛❞✐✉%✮✳

❲✐&❤ ❡A✳✭✸✳✷✮ ❛♥❞ ❡A✳✭✸✳✸✮ ✇❡ ❝❛♥ ❡①♣'❡%% &❤❡ ❜❡♥❞✐♥❣ '❛❞✐✉% ✐♥ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ♣❤②%✐❝❛❧ ♣❛'❛♠❡&❡'

❡A✳✭✸✳✹✮✳ ❯%✐♥❣ &❤✐% ❡A✉❛&✐♦♥✱ ✇❡ ❝❛♥ ❛❧%♦ ❞❡✜♥❡ &❤❡ ♠❛❣♥❡&✐❝ '✐❣✐❞✐&② Bρ ❢♦' ❛ ❣✐✈❡♥ ♥✉❝❧❡✉% ❛% &❤❡

♣❛'❛♠❡&❡'% ❛❧❧♦✇✐♥❣ ✉% &♦ ❞❡&❡'♠✐♥❡ &❤❡ ❜❡♥❞✐♥❣ '❛❞✐✉% ♦❢ &❤❡%❡ ✐♦♥% ✐♥&♦ ❛ ♠❛❣♥❡&✐❝ ✜❡❧❞

~B ✳ ❚❤✐%

♣❛'❛♠❡&❡' ✐% &❤❡ ♦♥❧② ♦♥❡ ✇❡ ♥❡❡❞ &♦ ❣✉✐❞❡ ❛ ♥✉❝❧❡✉% ✐♥&♦ ❛ ♠❛❣♥❡&✐❝ %♣❡❝&'♦♠❡&❡'✳ ❚❤✉%✱ ❢♦' ❛

❣✐✈❡♥ '❛❞✐✉% Rm ♦❢ ❛ ♠❛❣♥❡&✐❝ ❞✐♣♦❧❡✱ &❤❡ ♠❛❣♥❡&✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ✇✐❧❧ ❜❡ Bm = Bρ/Rm✳

✖ ❚❤❡ ❊❧❡❝&'✐❝ '✐❣✐❞✐&② ✿ Eρ

❲❡ ❝❛♥ ❛❧♠♦%& ♣'♦❝❡❡❞ ✐♥ &❤❡ %❛♠❡ ✇❛② ❢♦' ❞❡✜♥✐♥❣ &❤❡ ❡❧❡❝&'✐❝ '✐❣✐❞✐&②✳ ❇✉& ✐♥ &❤✐% ❝❛%❡✱ &❤❡

❡❧❡❝&'✐❝ ✜❡❧❞ %❤♦✉❧❞ ❜❡ ✉♥✐❢♦'♠ ❛♥❞ &'❛♥%✈❡'%❡ ❛& ❡❛❝❤ ♣♦✐♥& ♦❢ &❤❡ &'❛❥❡❝&♦'② &♦ &❤❡ ✈❡❧♦❝✐&②✳ ❚❤✉%✱

&❤❡ ▲♦'❡♥&③ ❢♦'❝❡ ❝❛♥ ❜❡ %✐♠♣❧✐✜❡❞ ❡A✳✭✸✳✻✮✳ ❚❤❡ &'❛❥❡❝&♦'② ✐% ❛❧%♦ ❝✐'❝✉❧❛' ✉♥✐❢♦'♠ ✐♥ &❤✐% ❝❛%❡✱ %♦

❜② ✉%✐♥❣ ❡A✳✭✸✳✸✮ ❛♥❞ ❡A✳✭✸✳✻✮✱ ✇❡ ❝❛♥ ❞❡&❡'♠✐♥❡ &❤❡ ❜❡♥❞✐♥❣ '❛❞✐✉% ❘ ❡A✳✭✸✳✼✮✳

❲❡ ❝❛♥ ❞❡✜♥❡ &❤❡ ❡❧❡❝&'✐❝ '✐❣✐❞✐&②✱ Eρ ❛% &❤❡ ♦♥❧② ❝❤❛'❛❝&❡'✐%&✐❝ ♥❡❡❞❡❞ &♦ &'❛♥%♣♦'& ❛ ♥✉❝❧❡✉% ✐♥&♦

❛♥ ❡❧❡❝&'✐❝ %♣❡❝&'♦♠❡&❡'✳ ■& ❛❧❧♦✇% ✉% &♦ ❦♥♦✇ ✐&% ❜❡♥❞✐♥❣ '❛❞✐✉% ✐♥&♦ ❛♥ ❡❧❡❝&'✐❝ ❞✐♣♦❧❡ ❡A✳✭✸✳✽✮✳

❚❤✉%✱ ❢♦' ❛ ❣✐✈❡♥ '❛❞✐✉% ♦❢ &❤❡ ❞✐♣♦❧❡✱ RE ✇❡ ❝❛♥ ❛❞❥✉%& &❤❡ ❡❧❡❝&'✐❝ ✜❡❧❞ ✐♥ ♦'❞❡' &♦ %❡❧❡❝& ❛

♥✉❝❧❡✉% ✿

~E = Eρ/RE ✳

❚❤❡ ❡①♣'❡%%✐♦♥ ♦❢ &❤❡ &✇♦ A✉❛♥&✐&✐❡% ❛'❡ A✉✐&❡ %✐♠✐❧❛'✳ ❚❤❡ ♠❛❣♥❡&✐❝ '✐❣✐❞✐&② ✐% ♣'♦♣♦'&✐♦♥❛❧ &♦ &❤❡

✈❡❧♦❝✐&② ✇❤❡'❡ &❤❡ ❡❧❡❝&'✐❝ ♦♥❡ ❤❛% ❛ A✉❛❞'❛&✐❝ '❡❧❛&✐♦♥ &♦ ✐&✳

❚❤❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥*+ ♦❢ ❛ +❡♣❛-❛*♦-✴+♣❡❝*-♦♠❡*❡- ✿

❚❤❡%❡ &✇♦ &②♣❡% ♦❢ %❡❧❡❝&✐♦♥ ❞❡✜♥❡ &❤❡ &✇♦ ♠❛✐♥ ❝♦♠♣♦♥❡♥&% ✿ &❤❡ ❞✐♣♦❧❡ ❡❧❡❝&'✐❝ ❛♥❞ ♠❛❣♥❡&✐❝ ♦♥❡✳

❍♦✇❡✈❡'✱ %❡✈❡'❛❧ ♦&❤❡' ♦♥❡% ❝❛♥ ❜❡ ✉%❡❞ ✐♥&♦ &❤❡ ❡①♣❡'✐♠❡♥&❛❧ %❡&✉♣ ✿

✖ ▼❛❣♥❡&✐❝ ❞✐♣♦❧❡ ✿ ❉B

❆% %❛✐❞ ❜❡❢♦'❡✱ &❤✐% ❝♦♠♣♦♥❡♥& ❛❧❧♦✇% ✉% &♦ %❡❧❡❝& ❛ ♥✉❝❧❡✉% '❡❣❛'❞✐♥❣ ✐&% ♠❛❣♥❡&✐❝ '✐❣✐❞✐&② ❛❧♦♥❣

❛ ✜① ❜❡♥❞✐♥❣ '❛❞✐✉%✳ ■& ✐% ❝♦♠♣♦%❡❞ ♦❢ &✇♦ ❝♦✐❧% ❛♥❞ &✇♦ ♣♦❧❡% ❢♦' ❣❡♥❡'❛&✐♥❣ ❛ ✉♥✐❢♦'♠ ♠❛❣♥❡&✐❝

✜❡❧❞

~B &'❛♥%✈❡'%❡ &♦ &❤❡ &'❛❥❡❝&♦'② ♦❢ ❛❧❧ ♥✉❝❧❡✐ ✭❝❢✳ ✜❣ ✸✳✶✮✳
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✖ ❊❧❡❝'(✐❝ ❉✐♣♦❧❡ ✿ ❉E
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'(❛♥3✈❡(3❡ ❡❧❡❝'(✐❝ ✜❡❧❞

~E ♦❢ ❝♦♥3'❛♥' ♥♦(♠ '♦ '❤❡ (❡❢❡(❡♥❝❡ '(❛❥❡❝'♦(② ❛❧♦♥❣ ✇❤✐❝❤ '❤❡ 3❡❧❡❝' ♥✉❝❧❡✐

✇✐❧❧ ♣❛33✳

✖ ▼❛❣♥❡'✐❝ G✉❛❞(✉♣♦❧❡ ✿ ◗h,v
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✖ ❊❧❡❝'(♦3'❛'✐❝ ❉❡✢❡❝'♦( ✿ ❊D

❚❤✐3 ❝♦♠♣♦♥❡♥' ✐3 ❛ 3✐♠♣❧❡( ✈❡(3✐♦♥ ♦❢ '❤❡ ❡❧❡❝'(✐❝ ❞✐♣♦❧❡✱ ❜✉' ❞♦❡3 ♥♦' ❤❛✈❡ '❤❡ ❜❡♥❞✐♥❣ ♦❢ ✐'3
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✖ ❲✐❡♥ ❋✐❧'❡( ✿ ❲❋
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❞✐❝✉❧❛( '♦ '❤❡ ❡❧❡❝'(✐❝ ✜❡❧❞ ✭❝❢✳ ✜❣✳ ✸✳✺✮✳ ❚❤✉3✱ ✇❡ ❤❛✈❡ '❤❡ ▲♦(❡♥'③ ❢♦(❝❡ ✇✐'❤ '✇♦ ❝♦♠♣♦♥❡♥'3 ✿ '❤❡

❡❧❡❝'(✐❝ ♦♥❡

~FE = q ~E ❛♥❞ '❤❡ ♠❛❣♥❡'✐❝ ♦♥❡

~FB = q(~v∧ ~B)✳ ❆3 '❤❡ ♠❛❣♥❡'✐❝ ✜❡❧❞

~B ✐3 ❛❧✇❛②3 '(❛♥3✲
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'❤❡ ✜❧'❡( vpassage ❂
E
B ✱ ❢♦( ✇❤✐❝❤ ♦♥❡ '❤❡ ❝❤❛(❣❡❞ ♣❛('✐❝❧❡3 ✇✐❧❧ ♥♦' ♥♦'✐❝❡ '❤❡ ❡✛❡❝' ♦❢ '❤❡ ❲✐❡♥ ✜❧'❡(✳
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(❡❥❡❝'✐♦♥ ❛♥❞ ♠❡❛3✉(❡♠❡♥' ❢✉♥❝'✐♦♥3✳

✖ ❙❡♣❛(❛'✐♦♥ ❢✉♥❝'✐♦♥ ✭(❡❥❡❝'✐♦♥✮ ✿
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❞✉$✐♥❣ (❤❡ ✐♥(❡$❛❝(✐♦♥ ❜❡(✇❡❡♥ (❤❡ ❜❡❛♠ ❛♥❞ (❤❡ (❛$❣❡( ✭($❛♥2❢❡$✱ ❡✈❛♣♦$❛(✐♦♥ $❡2✐❞✉❡✳✳✳✮✱ ✇❤✐❝❤ ❛$❡

(②♣✐❝❛❧❧② ❛ ♠✐♥♦$ ♣❛$( ♦❢ (❤❡ ❡✈❡♥(2 ❝♦♠♣❛$❡❞ (♦ (❤❡ ❜❛❝❦❣$♦✉♥❞ ❛❢(❡$ (❤❡ (❛$❣❡( ✭✉♥✲✐♥(❡$❛❝( ❜❡❛♠✱

♦(❤❡$ $❡❛❝(✐♦♥ ♠❡❝❤❛♥✐2♠2✳✳✳✮✳ ❚❤❡ ♠✐♥✐♠❛❧ ❢✉♥❝(✐♦♥ ♦❢ ❛ 2❡♣❛$❛(♦$ ✐2 (♦ $❡❥❡❝( (❤❡2❡ ❜❛❝❦❣$♦✉♥❞

❡✈❡♥(2 ❛♥❞ (♦ ♦♣(✐♠✐③❡ (❤❡ ($❛♥2♣♦$( ♦❢ (❤❡ ✐♥(❡$❡2(✐♥❣ ♦♥❡2 ✭❝$✉❝✐❛❧ ❢♦$ ✈❡$② $❛$❡ ❡✈❡♥(2✮ ✉♣ (♦ (❤❡

❞❡(❡❝(✐♦♥ 2❡(✉♣✳

✖ ❙♣❡❝($♦♠❡(❡$ ❢✉♥❝(✐♦♥ ✭♠❡❛2✉$❡♠❡♥(✮ ✿

❚❤❡ 2♣❡❝($♦♠❡(❡$ ✇✐❧❧ ♠❛❦❡ ❛ ❞❡✜♥❡ ♣❤②2✐❝❛❧ ❞✐2($✐❜✉(✐♦♥ ♦❢ (❤❡ ♥✉❝❧❡✐ ❛❝❝♦$❞✐♥❣ (♦ ❛ ♣❤②2✐❝❛❧

D✉❛♥(✐(② ✭❇ρ✱
M
q ✱✳✳✳✮✳ ❚❤✐2 ❢✉♥❝(✐♦♥ ✐2 ♥♦( ❡♥2✉$❡❞ ♦♥❧② ❜② (❤❡ 2♣❡❝($♦♠❡(❡$✱ ❜✉( ❜② ✐(2 ❝♦♠❜✐♥❛(✐♦♥

✇✐(❤ ❛ ❞❡(❡❝(✐♦♥ 2②2(❡♠✳ ■( ✇✐❧❧ ❛❧❧♦✇ ✉2 (♦ ♠❡❛2✉$❡ ♣❤②2✐❝❛❧ D✉❛♥(✐(✐❡2 ✇✐(❤ ❛ ❣✐✈❡♥ $❡2♦❧✉(✐♦♥

✭❞❡♣❡♥❞✐♥❣ ♦♥ (❤❡ ♣❡$❢♦$♠❛♥❝❡ ♦❢ ❜♦(❤ 2♣❡❝($♦♠❡(❡$ ❛♥❞ ❞❡(❡❝(✐♦♥ 2②2(❡♠✮✳ ■( ✇✐❧❧ ♥♦( ♠❡❛2✉$❡

(❤❡ ❛(♦♠✐❝ ♠❛22 ❆✱ (❤❡ ♣$♦(♦♥ ♥✉♠❜❡$ ♦$ (❤❡ ❝❤❛$❣❡ ❞✐$❡❝(❧②✳ ■♥ ♠♦2( ❝❛2❡2✱ 2❡✈❡$❛❧ ❝♦$$❡❧❛(✐♦♥2

❛$❡ ♥❡❡❞❡❞ ✐♥ ♦$❞❡$ (♦ ❡①($❛❝( ♦♥❡ ♣❛$❛♠❡(❡$✳ ❲❡ ❝❛♥ ❞✐2(✐♥❣✉✐2❤ ✜✈❡ ❞✐✛❡$❡♥( (②♣❡2 ♦❢ ♣❛✐$2

✭2♣❡❝($♦♠❡(❡$✴❞❡(❡❝(✐♦♥✮ ❢♦$ ❢♦✉$ (②♣❡2 ♦❢ D✉❛♥(✐(✐❡2 ♠❡❛2✉$❡❞ ✭❝❢✳ (❛❜✳ ✸✳✶✮✳ ■♥ ♦(❤❡$ ✇♦$❞2✱ ❛

2♣❡❝($♦♠❡(❡$ ✐2 ❛ 2❡♣❛$❛(♦$ ❞❡2✐❣♥❡❞ (♦ ❞✐2($✐❜✉(❡ (❤❡ ♣$♦❞✉❝❡ ♥✉❝❧❡✐ ❛( (❤❡ ❢♦❝❛❧ ♣❧❛♥ ✐♥ ♦$❞❡$ (♦

❡①($❛❝( 2♦♠❡ ♣❤②2✐❝❛❧ D✉❛♥(✐(② ✉2✐♥❣ (❤❡ ❞❡(❡❝(✐♦♥ 2②2(❡♠✳ ❆❢(❡$✇❛$❞2✱ ■ ✇✐❧❧ $❡❢❡$ (♦ ❜♦(❤ 2❡♣❛$❛(♦$

❛♥❞ 2♣❡❝($♦♠❡(❡$ ✉♥❞❡$ (❤❡ 2❡♣❛$❛(♦$ ❞❡♥♦♠✐♥❛(✐♦♥✳

❉✐✛❡$❡♥& ❚②♣❡* ♦❢ ❙❡♣❛$❛&♦$* ❛♥❞ ❙&✉❞✐❡*

❉✉$✐♥❣ (❤❡ ♣$❡2❡♥(❛(✐♦♥ ♦❢ (❤❡ ($❛♥2♣♦$( ♦❢ ❝❤❛$❣❡❞ ♣❛$(✐❝❧❡2 ❛♥❞ (❤❡ ❜❛2✐❝ ❝♦♥❝❡♣( ♦❢ (❤❡ 2❡♣❛$❛(♦$✱ ✇❡

♦♥❧② ❝♦♥2✐❞❡$❡❞ ♦♥❡ ❝❤❛$❣❡ 2(❛(❡✳ ❍♦✇❡✈❡$✱ (❤❡ ❝❤❛$❣❡ 2(❛(❡2 ♦❢ (❤❡ ✐♦♥2 ❡①✐(✐♥❣ (❤❡ (❛$❣❡( ❛$❡ ♥♦( ✉♥✐D✉❡

❜✉( ❛$❡ 2♣$❡❛❞ ❛$♦✉♥❞ ❛ ❝❡♥($❛❧ ♦♥❡✳ ❚❤✉2✱ ✇❡ ♦♥❧② ♦♣(✐♠✐③❡❞ (❤❡ ($❛♥2♣♦$( ❢♦$ (❤✐2 ❝❡♥($❛❧ ❝❤❛$❣❡ 2(❛(❡✱

♣♦22✐❜❧② ❧♦2✐♥❣ ✐♥ (❤❡ ♣$♦❝❡22 ($❛♥2♠✐22✐♦♥ ❢♦$ ❛❧❧ (❤❡ ♦(❤❡$ ♦♥❡2✳ ❚❤✐2 ♦❜2❡$✈❛(✐♦♥ ✉♥❞❡$❧✐❡2 (❤❡ ❞✐2(✐♥❝(✐♦♥

❜❡(✇❡❡♥ (❤❡ (✇♦ (②♣❡2 ♦❢ 2❡♣❛$❛(♦$2 ✿ (❤❡ ✈❛❝✉✉♠ ♦♥❡ ✭♣$❡✈✐♦✉2❧② ❞❡2❝$✐❜❡❞✮ ❛♥❞ (❤❡ ❣❛2❡♦✉2 ♦♥❡✳

●❛*❡♦✉* ❙❡♣❛$❛&♦$ ✿ ❇❛*✐❝ 5$✐♥❝✐♣❧❡* ❛♥❞ ❈❤❛$❛❝&❡$✐*&✐❝* ❚❤❡ ✜$2( ✉2❡ ♦❢ ❛ ❣❛2❡♦✉2 2❡♣❛$❛(♦$

✇❛2 ✐♥ (❤❡ ✶✾✺✵2 ❛( ❖❛❦ ❘✐❞❣❡ ◆❛(✐♦♥❛❧ ▲❛❜♦$❛(♦$② ❬✺✽✱ ✺✾❪ ❞✉$✐♥❣ (❤❡ 2(✉❞② ♦❢ (❤❡ ❞✐2($✐❜✉(✐♦♥ ♦❢ ✜22✐♦♥

❢$❛❣♠❡♥(2✳ ❚❤❡ ✜$2( ✉2❡ ✐♥ (❤❡ ✜❡❧❞ ♦❢ ❤❡❛✈② ✐♦♥2 ✇❛2 ♣❡$❢♦$♠❡❞ ✐♥ ❉✉❜♥❛ ❞✉$✐♥❣ (❤❡ 2(✉❞② ♦❢ $❛$❡ ♥❡✉($♦♥

❞❡✜❝✐❡♥( ❡❛$(❤ ✐2♦(♦♣❡2 ❬✻✵✱ ✻✶❪✳

❚❤❡ ✇♦$❦✐♥❣ ♣$✐♥❝✐♣❧❡ ♦❢ (❤❡ ❣❛2❡♦✉2 2❡♣❛$❛(♦$ ✐2 ❜❛2❡❞ ♦♥ (❤❡ ✐♥(❡$❛❝(✐♦♥ ❜❡(✇❡❡♥ (❤❡ ❜❡❛♠ ❛♥❞ (❤❡

❣❛2✳ ■♥ ❢❛❝(✱ ❞✉$✐♥❣ (❤❡ 2✉❝❝❡22✐✈❡ ❝♦❧❧✐2✐♦♥2✱ ❛♥ ❡①❝❤❛♥❣❡ ♦❢ ❡❧❡❝($♦♥2 ❜❡(✇❡❡♥ (❤❡ (✇♦ ❝♦♠♣♦♥❡♥(2 ✭❣❛✐♥ ♦$

❧♦22✮ ✇✐❧❧ ❛♣♣❡❛$✳ ❚❤✉2✱ ✐❢ (❤❡$❡ ❛$❡ ❡♥♦✉❣❤ ❝♦❧❧✐2✐♦♥2✱ ❛♥ ❛✈❡$❛❣❡ ❝❤❛$❣❡ 2(❛(❡ ✇✐❧❧ ❛♣♣❡❛$ ✭❝❢✳ ✜❣✳ ✸✳✻✮ ✇✐(❤

❛ ♠❡❛♥ ✈❛❧✉❡ ❁D❃ ❛♥❞ ❛ ❝❡$(❛✐♥ ✇✐❞(❤✳ ❚❤❡ ♠❛❣♥❡(✐❝ $✐❣✐❞✐(② ✇✐❧❧ ❜❡ ❞❡(❡$♠✐♥❡❞ ❜② ✉2✐♥❣ (❤❡ ❛✈❡$❛❣❡

❝❤❛$❣❡ 2(❛(❡ ❡D✳ ✭✸✳✾✮✳ ▼♦$❡♦✈❡$✱ (❤❡ ❛✈❡$❛❣❡ ❝❤❛$❣❡ 2(❛(❡ ✇✐❧❧ ♦♥❧② ❞❡♣❡♥❞ ♦♥ (❤❡ ❣❛2 ✉2❡❞✱ (❤❡ ♥❛(✉$❡ ♦❢

(❤❡ ✐♦♥2 ✭❩✮ ❛♥❞ (❤❡✐$ ✈❡❧♦❝✐(② v ❛♥❞ ❝❛♥ ❜❡ ❡①♣$❡22❡❞ ❜② ❡D✳ ✭✸✳✶✵✮✳

▼♦$❡♦✈❡$✱ ❜② ✉2✐♥❣ (❤❡ ❇♦❤$ ❤②♣♦(❤❡2✐2 ❝♦♠❜✐♥❡❞ ✇✐(❤ (❤❡ ❚❤♦♠❛2✲❋❡$♠✐ ❛(♦♠✐❝ ♠♦❞❡❧✱ ✇❡ ❝❛♥

❛♣♣$♦①✐♠❛(❡ ❇ρ ❡D✳ ✭✸✳✶✶✮ ❬✻✷❪ ✭♦♥❧② ❛♣♣❧✐❝❛❜❧❡ ✐❢ (❤❡ ✈❡❧♦❝✐(② ✐2✱ 1 < v/v0 < Z2/3
✇✐(❤ v0 = 2.19×106m.s−1

(❤❡ ❇♦❤$ ✈❡❧♦❝✐(②✮✳ ❚❤✐2 ❛❧2♦ ✐❧❧✉2($❛(❡2 (❤❡ ♣♦✇❡$ ♦❢ (❤✐2 ❦✐♥❞ ♦❢ 2❡(✉♣ ❛2 (❤❡✐$ A/Zα
✇✐❧❧ ❜❡ $❡❧❛(✐✈❡❧②

❞✐✛❡$❡♥( ❜❡(✇❡❡♥ (❤❡ ❜❡❛♠ ❛♥❞ (❤❡ $❡❛❝(✐♦♥ ♣$♦❞✉❝(✳❚❤❡② ❛❧2♦ 2❡❧❡❝( ✐2♦❜❛$2 ❛♥❞ ❝❛♥ ❜❡ ✉2❡❞ ✐♥ ❛♥ ❛(♦♠✐❝

2♣❡❝($♦♠❡(❡$✳

❍♦✇❡✈❡$✱ (❤❡$❡ ❛$❡ 2♦♠❡ ❞♦✇♥2✐❞❡2✳ ■♥ ❢❛❝(✱ (❤❡ ♠❛22 $❡2♦❧✉(✐♦♥ ♦❜(❛✐♥❡❞ ✇✐(❤ (❤✐2 ❦✐♥❞ ♦❢ 2❡(✉♣ ✐2

♠❡❞✐✉♠✱ ❞✉❡ (♦ (❤❡ ♦♣(✐❝❛❧ ❞❡❣$❛❞❛(✐♦♥ ✐♥❞✉❝❡❞ ❜② (❤❡ ✐♥(❡$❛❝(✐♦♥ ✇✐(❤ (❤❡ ❣❛2✳ ❚❤❡ ✈♦❧✉♠❡ ✜❧❧❡❞ ✇✐(❤ ❣❛2

♥❡❡❞2 (♦ ❜❡ ✐2♦❧❛(❡❞ ❢$♦♠ (❤❡ ✈❛❝✉✉♠ ♦❢ (❤❡ ❢♦❝❛❧ ♣❧❛♥ ❛♥❞ (❤❡ ❛❝❝❡❧❡$❛(♦$ ❧✐♥❡✳ ■( ❝❛♥ ❜❡ ❞♦♥❡ ✉2✐♥❣ (✇♦

(❡❝❤♥✐D✉❡2✳ ❚❤❡ ✜$2( ♦♥❡ ✉2❡2 ❝❛$❜♦♥ ❢♦✐❧ ✭✜①❡❞ ♦$ $♦(❛(✐♥❣ ❬✻✸❪✮ ✇❤✐❝❤ ✇✐❧❧ ✐♥❞✉❝❡ ♠♦$❡ ♦♣(✐❝❛❧ 2($❛❣❣❧✐♥❣✳
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❝❢✳ ✜❣✳ ✸✳✼❜✮✳



✻✷

❈❍❆#■❚❘❊ ✸✳ ❉■❙#❖❙■❚■❋❙ ❊❳#➱❘■▼❊◆❚❆❯❳ ✿ #❘■◆❈■#❊✱ ❙➱#❆❘❆❚❊❯❘ ❯❚■▲■❙➱ ❊❚

❚❨#❊❙ ❉✬➱❚❯❉❊❙

 !♦♠♣% ❙♣❡❝%!♦)❝♦♣② ✭❚❛❣❣❡❞ ✇✐%❤ %❤❡ ■♠♣❧❛♥%❛%✐♦♥ ❊✈❡♥%✮

❚❤❡ ❜❛'✐' ♦❢ +❤✐' +❡❝❤♥✐.✉❡ ✐' +❤❡ ✐❞❡♥+✐✜❝❛+✐♦♥ ♦❢ +❤❡ 2❛❞✐❛+✐♦♥ ❡♠✐++❡❞ ❞✉2✐♥❣ ♦2 ❥✉'+ ❛❢+❡2 +❤❡ ❢✉'✐♦♥

❡✈❛♣♦2❛+✐♦♥ 2❡❛❝+✐♦♥✳ ❆❢+❡2 +❤❡ ♥❡✉+2♦♥ ❡✈❛♣♦2❛+✐♦♥✱ γ✲2❛②' ♦2✴❛♥❞ ❝♦♥✈❡2'✐♦♥ ❡❧❡❝+2♦♥' ✇✐❧❧ ❜❡ ❡♠✐++❡❞

❞✉2✐♥❣ +❤❡ ❞❡'❡①❝✐+❛+✐♦♥ ♣2♦❝❡'' +♦ +❤❡ ❣2♦✉♥❞ '+❛+❡ ♦2 +♦ ❛♥ ✐'♦♠❡2✐❝ '+❛+❡✳ ❚❤❡ ❞❡+❡❝+✐♦♥ ❛♥❞ ❛♥❛❧②'✐'

♦❢ +❤❡'❡ 2❛❞✐❛+✐♦♥ ❝❛♥ ❜2✐♥❣ ✉' ✐♥❢♦2♠❛+✐♦♥ ❛❜♦✉+ +❤❡ ♥✉❝❧❡❛2 ❧❡✈❡❧'✱ +❤❡✐2 '♣✐♥' ❛♥❞ ♣❛2✐+✐❡' ✭❝❢✳ ✜❣✳ ✸✳✽❛✮✳

❍♦✇❡✈❡2✱ ✇❡ ♥❡❡❞ +♦ ❛''♦❝✐❛+❡ +❤❛+ 2❛❞✐❛+✐♦♥ +♦ ❛ ❣✐✈❡♥ ♥✉❝❧❡✉' ✐♥ ♦2❞❡2 +♦ ❡①+2❛❝+ +❤❡♠ ❢2♦♠ +❤❡

❜❛❝❦❣2♦✉♥❞ ❛+ +❤❡ +❛2❣❡+ ♣♦✐♥+✳ ❚❤✉'✱ +❤❡ ♣2♦♠♣+ '♣❡❝+2♦'❝♦♣② ✐' ❛''♦❝✐❛+❡❞ ✇✐+❤ ❛ ❢♦❝❛❧ ♣❧❛♥❡ ❞❡+❡❝+✐♦♥

'②'+❡♠✳ ❚❤✐' ♦♥❡ ❣✐✈❡' ✉' +❤❡ ❛❜✐❧✐+② +♦ ✐❞❡♥+✐❢② +❤❡ ♥✉❝❧❡✐✱ ❛❢+❡2 +❤❡✐2 '❡❧❡❝+✐♦♥ ❜② +❤❡ '❡♣❛2❛+♦2✱ +❤2♦✉❣❤

+❤❡ ❛''✐❣♥❛+✐♦♥ ♦❢ '❡✈❡2❛❧ ❞❡❝❛② ♦❜'❡2✈❡2' ✐♥ +❤❡ ❢♦❝❛❧ ♣❧❛♥ ❞❡+❡❝+♦2✳ ❚❤✐' ✐❞❡♥+✐✜❝❛+✐♦♥ ✐' ❞♦♥❡ ✉'✐♥❣

❝♦22❡❧❛+✐♦♥' ❜❡+✇❡❡♥ +✐♠❡ ♦❢ ✢✐❣❤+ ❞❡+❡❝+♦2'✱ ✐♠♣❧❛♥+❛+✐♦♥ ❞❡+❡❝+♦2 ❛♥❞ +❤❡✐2 '✉❜'❡.✉❡♥+ ❞❡❝❛②' ✐♥+♦ +❤❡

✐♠♣❧❛♥+❛+✐♦♥ ❞❡+❡❝+♦2 ✭❞❡❝❛② +✐♠❡ ❛♥❞ ❡♥❡2❣②✮✳ ❚❤✐' +❡❝❤♥✐.✉❡ ✐' ❝❛❧❧❡❞ ❘❡❝♦✐❧ ❉❡❝❛② ❚❛❣❣✐♥❣ ✭❘❉❚✮ ❛♥❞

✇❛' ✜2'+ ✉'❡❞ ✐♥ ✶✾✽✻ ❬✻✽✱ ✻✾❪✳

❆❢+❡2 +❤✐' ✐❞❡♥+✐✜❝❛+✐♦♥✱ ❦♥♦✇✐♥❣ +❤❡ +✐♠❡ ♦❢ ✢✐❣❤+ +❤2♦✉❣❤ +❤❡ '❡♣❛2❛+♦2✱ ✇❡ ❝❛♥ ♦♣❡♥✱ ✐♥ +❤❡ ❞❛+❛

❛♥❛❧②'✐'✱ ❛ +✐♠❡ ✇✐♥❞♦✇ +♦ '❡❛2❝❤ ❢♦2 2❛❞✐❛+✐♦♥ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ❛+ +❤❡ +❛2❣❡+ ♣♦✐♥+ ✉'✐♥❣ +❤❡ ❣❡2♠❛♥✐✉♠

❞❡+❡❝+♦2 ❛' ✇❡❧❧ ❛' +❤❡ ❡❧❡❝+2♦♥ ❞❡+❡❝+♦2 ✭❙✐❧✐❝♦♥✮ ✭❝❢✳ ✜❣✳✸✳✾✮✳

❚❤✐' +❡❝❤♥✐.✉❡ ❛❧❧♦✇' ✉' +♦ ♣2♦❜❡ ❛ ❧❛2❣❡ ♣❛♥❡❧ ♦❢ ✐♥❢♦2♠❛+✐♦♥ ♦♥ +❤❡ ♥✉❝❧❡✉' ✇✐+❤ ❛ ❧❛2❣❡ ✈❛2✐❡+② ♦❢

♣♦♣✉❧❛+❡ ❧❡✈❡❧'✳ ❍♦✇❡✈❡2✱ ✐+ ♣2❡'❡♥+' '♦♠❡ ❞♦✇♥'✐❞❡' ✿ +❤❡ ❡❧❡❝+2♦♥ '♣❡❝+2♦'❝♦♣② ❛+ +❤❡ +❛2❣❡+ ♣♦✐♥+ ✐'

❞✐✣❝✉❧+ ❞✉❡ +♦ +❤❡ ❜❛❝❦❣2♦✉♥❞ ♥♦✐'❡✳ ▼♦2❡♦✈❡2✱ ✐♥ ♦2❞❡2 +♦ ❡①+2❛❝+ ❡✣❝✐❡♥+❧② +❤❡ ✐♥+❡2❡'+✐♥❣ ❡✈❡♥+'✱ +❤❡

✐♥+❡♥'✐+② ❝❛♥♥♦+ ❡①❝❡❡❞ ✶✵✵ ♣♥❆ ♦♥ +❛2❣❡+✳ ❚❤✉'✱ ❡✈❡♥ ✇✐+❤ ❧♦♥❣ 2✉♥♥✐♥❣ +✐♠❡✱ +❤❡ '+❛+✐'+✐❝ ❣❛+❤❡2❡❞ ❛+

+❤❡ +❛2❣❡+ ✐' ❧♦✇ ❛♥❞ +❤❡ '+✉❞② ❛2❡ ❧✐♠✐+❡❞ +♦ ❤✐❣❤ ❝2♦'' '❡❝+✐♦♥ ✭✐✳❡✳ ❧✐❣❤+❡'+ +2❛♥'❢❡2♠✐✉♠✮✳

❉❡❧❛②❡❞ ❙♣❡❝%!♦)❝♦♣②

❆' ♣2❡✈✐♦✉'❧② '❛✐❞✱ +❤❡ ❞❡❧❛②❡❞ '♣❡❝+2♦'❝♦♣② +❛❦❡' ♦♥❧② ♣❧❛❝❡ ❛+ +❤❡ ❢♦❝❛❧ ♣❧❛♥❡ ♦❢ +❤❡ '❡♣❛2❛+♦2 ✭❝❢✳ ✜❣✳

✸✳✼❜✮✳ ■+ ✐' ❛❧'♦ '❡♥'✐+✐✈❡ +♦ +❤❡ γ ❡♠✐''✐♦♥ ❛' ✇❡❧❧ ❛' +❤❡ ❡❧❡❝+2♦♥ ❝♦♥✈❡2'✐♦♥ ✭❢♦2 +❤❡ ♠♦'+ '❡+✉♣✮✳ ❍♦✇❡✈❡2

✐+ ❛❧'♦ ❞❡+❡❝+' +❤❡ ❞❡❝❛② ♦❢ +❤❡ '❡❧❡❝+❡❞ ♥✉❝❧❡✐ ✭α '♣♦♥+❛♥❡♦✉' ✜''✐♦♥✳✳✳✮✱ ❛♥❞ ✉'❡' +❤❡ '❛♠❡ +❡❝❤♥✐.✉❡ ❢♦2

+❤❡ ✐❞❡♥+✐✜❝❛+✐♦♥ ♦❢ +❤❡ ✐♠♣❧❛♥+❡❞ ♥✉❝❧❡✐✱ +❤❡ ❘❉❚✳

❚❤✐' ✐❞❡♥+✐✜❝❛+✐♦♥ ❛❧❧♦✇' ✉' +♦ '❡❛2❝❤ ❢♦2 ❡✈❡♥+' ✐♥ ❝♦22❡❧❛+✐♦♥ ❡✐+❤❡2 ✇✐+❤ +❤❡ ✐♠♣❧❛♥+❡❞ ♥✉❝❧❡✉' ✭

A
Z❳✮

✇✐+❤ ❧♦♥❣ ❧✐✈❡❞ ✐'♦♠❡2✐❝ '+❛+❡' ✭❞❡❝❛② +✐♠❡ ❃ ✶✵ ✲ ✷✵ µ' ✿ +✐♠❡ ♦❢ ✢✐❣❤+ ♣❧✉' ❞❡❛❞ +✐♠❡ ♦❢ +❤❡ ❡❧❡❝+2♦♥✐❝✮✱

♦2 ✐♥ ✐+' ❞❛✉❣❤+❡2✬' ✭

A−4
Z−2❳✮ ✭❝❢✳ ✜❣✳ ✸✳✽❜✮✳ ❚❤✉'✱ ✇❡ ❝❛♥ ♣❡2❢♦2♠ ❡✐+❤❡2 ❞✐2❡❝+ γ✴❡❧❡❝+2♦♥ '♣❡❝+2♦'❝♦♣② ♦2

α +❤❡♥ γ✴❡❧❡❝+2♦♥ '♣❡❝+2♦'❝♦♣②✳ ❲❡ ❝❛♥ +❤❡♥ ❣❛+❤❡2 ✐♥❢♦2♠❛+✐♦♥ ❛❜♦✉+ +❤❡ '+❛+❡ ✭❣2♦✉♥❞ ❛♥❞ ❡①❝✐+❡❞✮ ✐♥

+❤❡ ♠♦+❤❡2 ♥✉❝❧❡✉' ❛' ✇❡❧❧ ❛' ✐♥ +❤❡ ❞❛✉❣❤+❡2✳

❆+ +❤❡ ❢♦❝❛❧ ♣❧❛♥❡ ♣♦'✐+✐♦♥✱ '✉22♦✉♥❞✐♥❣ +❤❡ ✐♠♣❧❛♥+❛+✐♦♥ ❞❡+❡❝+♦2✱ ❚✉♥♥❡❧ ❞❡+❡❝+♦2' ❛2❡ ♠♦✉♥+❡❞ ✐♥

♦2❞❡2 +♦ ❜❡ '❡♥'✐+✐✈❡ +♦ +❤❡ ❝♦♥✈❡2'✐♦♥ ❡❧❡❝+2♦♥ ❛♥❞ α ♣❛2+✐❝❧❡'✱ ✇❤✐❝❤ ❛2❡ '✉22♦✉♥❞❡❞ ❜② ❣❡2♠❛♥✐✉♠

❞❡+❡❝+♦2' ❢♦2 +❤❡ ❞❡+❡❝+✐♦♥ γ ✭❝❢✳ ✜❣✳ ✸✳✶✵✮✳

❚❤❡ ♣❛♥❡❧ ♦❢ ❛♥❣✉❧❛2 ♠♦♠❡♥+✉♠ ❛❝❝❡''✐❜❧❡ ✐' +❤❡ ♠❛✐♥ ❞❡❢❛✉❧+ ❡♥❝♦✉♥+❡2❡❞ ✐♥ +❤✐' ❦✐♥❞ ♦❢ '+✉❞②✳ ■+ ✐'

.✉✐+❡ ❧✐♠✐+❡❞ ❛' ♦♥❧② +❤❡ ❧♦♥❣✲❧✐✈❡❞ ✐'♦♠❡2✐❝ '+❛+❡' ❛2❡ ❞❡+❡❝+❡❞✳

❖♥ +❤❡ ♣❧✉' '✐❞❡✱ +❤✐' +❡❝❤♥✐.✉❡ ❤❛' ❛ ❧♦+ +♦ ♦✛❡2 ✿ ♥♦ ❧✐♠✐+❛+✐♦♥ ♦♥ +❤❡ ✐♥+❡♥'✐+② ✭♦♥❧② +❛2❣❡+ ❧✐♠✐+✮✱ ❧♦✇

❜❛❝❦❣2♦✉♥❞ ✐♥ ❛❧❧ +❤❡ ❞❡+❡❝+♦2' +❤❛♥❦' +♦ +❤❡ '❡❧❡❝+✐♦♥ +❤2♦✉❣❤ +❤❡ '❡♣❛2❛+♦2✱ ❛♥❞ '❡✈❡2❛❧ ♥✉❝❧❡✐ ❛❝❝❡''✐❜❧❡

✭♠♦+❤❡2 ❛♥❞ ✐+' ❞❛✉❣❤+❡2'✮✳

❙♦♠❡ ❡①♣❡2✐♠❡♥+❛❧ '❡+✉♣' ❤❛✈❡ ❝❤♦'❡♥ +♦ ✉'❡ ❜♦+❤ ✭❙❆●❊ ✰ ●❘❊❆❚ ❝♦✉♣❧❡❞ ✇✐+❤ ❘■❚❯✮ +❡❝❤♥✐.✉❡'

✐♥ ♦2❞❡2 +♦ ❜❡♥❡✜+ ❢2♦♠ ❛❧❧ +❤❡ ♣❧✉' '✐❞❡' ❛♥❞ '♦ ❢❛2 ♦♥❧② '✉✛❡2❡❞ ❢2♦♠ +❤❡ ✐♥+❡♥'✐+② ❧✐♠✐+❛+✐♦♥ ✭

256
❘❢

❬✶❪✮✳ ❍♦✇❡✈❡2✱ ❛❧❧ +❤❡ ❡①♣❡2✐♠❡♥+' ❞♦♥❡ ❞✉2✐♥❣ ♠② +❤❡'✐' ✇❡2❡ ❞♦♥❡ ♦♥ ●❆❇❘■❊▲❆ ❛+ ❉✉❜♥❛ ✐♥ ❞❡❧❛②❡❞

'♣❡❝+2♦'❝♦♣②✳



❈❍❆#■❚❘❊ ✸✳ ❉■❙#❖❙■❚■❋❙ ❊❳#➱❘■▼❊◆❚❆❯❳ ✿ #❘■◆❈■#❊✱ ❙➱#❆❘❆❚❊❯❘ ❯❚■▲■❙➱ ❊❚

❚❨#❊❙ ❉✬➱❚❯❉❊❙ ✻✸

▼❛✐♥&❡♥❛♥& (✉❡ ♥♦✉+ ❛✈♦♥+ ♣./+❡♥&/ ❧✬/&❛& ❞❡ ❧✬❛.& ❡& ❧❡+ ♣./❞✐❝&✐♦♥+ ❛++♦❝✐/❡+ 4 ❧❛ ./❣✐♦♥ ❞❡+ ♥♦②❛✉①

+✉♣❡.❧♦✉.❞+✱ ♥♦✉+ ❛❧❧♦♥+ ❞/&❛✐❧❧❡. ❧❡+ ❞✐+♣♦+✐&✐❢+ ❡①♣/.✐♠❡♥&❛✉① ✉&✐❧✐+/+ ♣♦✉. /&✉❞✐❡. ❧❡+ ♥♦②❛✉① ❞✬✐♥&/.;&

❝.//+ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ ♣❛. ❧❡ ♠/❝❛♥✐+♠❡ ❞❡ ./❛❝&✐♦♥ ❞❡ ❢✉+✐♦♥ /✈❛♣♦.❛&✐♦♥✳ ❆✐♥+✐✱ ♥♦✉+ ❛❧❧♦♥+ ♣❛++❡.

❛✉ &.❛✈❡.+ ❞✉ ♣.✐♥❝✐♣❡ ❞❡ ❜❛+❡ ❞❡+ +/♣❛.❛&❡✉.+✱ ❞❡+ ❝❛.❛❝&/.✐+&✐(✉❡+ (✉✐ ❧❡✉.+ +♦♥& ❛++♦❝✐/❡+✱ ❡& ❡♥✜♥ ❞❡+

❞✐✛/.❡♥&+ &②♣❡+ ❞❡ ♠❡+✉.❡+✳ ◆♦✉+ ♥♦✉+ ❝♦♥❝❡♥&.❡.♦♥+✱ ❞❛♥+ ❝❡ ❝❤❛♣✐&.❡✱ ♣.✐♥❝✐♣❛❧❡♠❡♥& +✉. ❧❡+ +/♣❛.❛&❡✉.+

✉&✐❧✐+/+ ❞❛♥+ ❧❡ ❞♦♠❛✐♥❡ ❞❡+ ♥♦②❛✉① +✉♣❡.❧♦✉.❞+✱ ❡& ♥♦✉+ ❧❛✐++❡.♦♥+ ❞❡ ❝C&/ ❝❡✉① .❡❧❡✈❛♥& ❞❡+ ❛✉&.❡+ ./❣✐♦♥+

❞✬✐♥&/.;&+ ❞❡ ❧❛ ♣❤②+✐(✉❡ ♥✉❝❧/❛✐.❡ ❝♦♥&❡♠♣♦.❛✐♥❡ ✭◆ ❂ ❩✱ ❡①♦&✐(✉❡+ ❡& ♥♦②❛✉① ❞✬✐♥&/.;& ❛+&.♦♣❤②+✐(✉❡✮✳

✸✳✷ #$✐♥❝✐♣❡ ❡* ❝❛$❛❝*,$✐-*✐.✉❡- ❞❡- -,♣❛$❛*❡✉$-

❉❛♥+ ❧❛ ♣❤②+✐(✉❡ ♥✉❝❧/❛✐.❡ ❝♦♥&❡♠♣♦.❛✐♥❡✱ ♦♥ ❞✐+&✐♥❣✉❡ ❞❡✉① &②♣❡+ ❞❡ ❞✐+♣♦+✐&✐❢+ ❞♦♥& ♥♦✉+ ❛✈♦♥+

❜❡+♦✐♥ ♣♦✉. ♠❡♥❡. 4 ❜✐❡♥ ❧❡+ /&✉❞❡+ ❞❡+ ♥♦②❛✉① ❞✬✐♥&/.;&✳ ❚♦✉& ❞✬❛❜♦.❞✱ ❧❡+ +/♣❛.❛&❡✉.+ ♣♦++J❞❡♥& ✉♥❡

❢♦♥❝&✐♦♥ ❞❡ ./❥❡❝&✐♦♥ ❞❡+ ♣.♦❞✉✐&+ ❞❡ ./❛❝&✐♦♥+ ♥♦♥ ❞/+✐./+✳ ❊♥+✉✐&❡✱ ✐❧ ❡①✐+&❡ ❧❡+ +♣❡❝&.♦♠J&.❡+✱ (✉✐ ♦♥&

♣♦✉. ❢♦♥❝&✐♦♥ ❞❡ ♠❡+✉.❡. ❞❡+ (✉❛♥&✐&/+ ♣❤②+✐(✉❡+ ❧✐/❡+ ❛✉① ♥♦②❛✉① ❝.//+ ✭✈✐&❡++❡✱ ♠❛++❡✱ ✳✳✳✮✳ ▼;♠❡ +✐

❝❡+ ❞❡✉① &②♣❡+ ❞❡ ❞✐+♣♦+✐&✐❢+ ♦♥& ❧✬❛✐. ❞✐✛/.❡♥&+✱ ✐❧+ .❡♣♦+❡♥& +✉. ❧❡ ♠;♠❡ ♣.✐♥❝✐♣❡ ❞❡ ❜❛+❡ ✿ ❧❡ &.❛♥+♣♦.&

❞❡ ♣❛.&✐❝✉❧❡+ ❝❤❛.❣/❡+✳ ❈✬❡+& ♠❛✐♥&❡♥❛♥& ❝❡ ♣.✐♥❝✐♣❡ (✉❡ ♥♦✉+ ❛❧❧♦♥+ ❞/&❛✐❧❧❡. ❛✐♥+✐ (✉❡ ❧❡+ ❝♦♠♣♦+❛♥&+

❡++❡♥&✐❡❧+ 4 ❧✬/&❛❜❧✐++❡♠❡♥& ❞❡ ❝❡+ ❞✐+♣♦+✐&✐❢+✳ ◆♦✉+ ♣♦✉.+✉✐✈.♦♥+ ❡♥+✉✐&❡ ❛✈❡❝ ❧❡+ ❝❛.❛❝&/.✐+&✐(✉❡+ ❞❡ ❝❡+

❞❡.♥✐❡.+✳

✸✳✷✳✶ $%✐♥❝✐♣❡ ❞❡ ❜❛.❡ ❞✬✉♥ .1♣❛%❛2❡✉% ✿ 2%❛♥.♣♦%2 ❞❡ ♣❛%2✐❝✉❧❡. ❝❤❛%❣1❡. ❡2 ❝♦♠♣♦✲

.❛♥2. ❡..❡♥2✐❡❧.

❚!❛♥$♣♦!' ❞❡$ ♣❛!'✐❝✉❧❡$ ❝❤❛!❣0❡$

▲♦.+ ❞❡+ ❡①♣/.✐❡♥❝❡+ ❞❡ ❢✉+✐♦♥✱ (✉❡ ❝❡❧❛ +♦✐& ❞❛♥+ ❧❡ ❝❛❞.❡ ❞❡ ❧❛ ♣❤②+✐(✉❡ ❞❡+ +✉♣❡.❧♦✉.❞+ ♦✉ ❞✬❛✉&.❡+

./❣✐♦♥+ ❞❡ ♠❛++❡✱ ♥♦✉+ &.❛✈❛✐❧❧♦♥+ ♣.✐♥❝✐♣❛❧❡♠❡♥& ❛✈❡❝ ❞❡+ ✐♦♥+✳ ❊♥ ❡✛❡&✱ ♣♦✉. ♣♦✉✈♦✐. ❛❝❝/❧/.❡. ❧❡+ ♥♦②❛✉①

✉&✐❧✐+/+ ♣♦✉. ❧❡ ❢❛✐+❝❡❛✉✱ ❝❡+ ❞❡.♥✐❡.+ ❞♦✐✈❡♥& ;&.❡ ♣.✐✈/+ ❞✬✉♥ ❝❡.&❛✐♥ ♥♦♠❜.❡ ❞❡ ❧❡✉.+ /❧❡❝&.♦♥+✳ ▲❡ ❢❛✐+❝❡❛✉

❡①&.❛✐& ❞❡ ❧❛ +♦✉.❝❡ ❡& ✐♥❥❡❝&/ ❞❛♥+ ❧✬❛❝❝/❧/.❛&❡✉. ❛✉.❛ ❞♦♥❝ ✉♥❡ ❞✐+&.✐❜✉&✐♦♥ ❞✬/&❛& ❞❡ ❝❤❛.❣❡+✳ ❆✐♥+✐✱ ✉♥

+❡✉❧ ❞❡ ❝❡+ /&❛&+ ❡+& +/❧❡❝&✐♦♥♥/ ♣♦✉. ❧❛ ♣.♦❞✉❝&✐♦♥ ❞✉ ❢❛✐+❝❡❛✉ 4 ❧✬/♥❡.❣✐❡ +♦✉❤❛✐&/❡ ❡&✱ ♣♦✉. ❧❡ ❝❛+ ❞❡+

❝②❝❧♦&.♦♥+✱ ❡+& ❡①&.❛✐& ❡♥ ✉&✐❧✐+❛♥& ✉♥ ❢❡✉✐❧❧❡ ❞❡ ❝❛.❜♦♥❡ ❝./❛♥& ❛✐♥+✐ ❧❛ ❞✐+&.✐❜✉&✐♦♥ ❡♥ /&❛&+ ❞❡ ❝❤❛.❣❡

✜♥❛✉① ❞✉ ❢❛✐+❝❡❛✉ ✐♥&❡.❛❣✐++❛♥& ❛✈❡❝ ❧❛ ❝✐❜❧❡✳ ❉❡ ♣❧✉+✱ ❧♦.+(✉❡ ❧❡+ ✐♦♥+ +♦.&❡♥& ❞❡ ❧❛ ❝✐❜❧❡ ✭❞/+✐./+ ❡& ♥♦♥

❞/+✐./+✮✱ ❧❡+ ✐♥&❡.❛❝&✐♦♥+ ❡♥&.❡ ❧❡+ ♥♦②❛✉① ❡& ❧❛ ❝✐❜❧❡ ✈♦♥& ❞♦♥♥❡. ❧✐❡✉ 4 ❞❡+ /❝❤❛♥❣❡+ ❞✬/❧❡❝&.♦♥+✱ ❝./❛♥&

❛✐♥+✐ ✉♥❡ ❞✐+&.✐❜✉&✐♦♥ ❞✬/&❛&+ ❞❡ ❝❤❛.❣❡ ❞✐✛/.❡♥&❡ ❡♥ +♦.&✐❡ ❞❡ ❝✐❜❧❡✳ ❈✬❡+& 4 ❧✬❛✐❞❡ ❞❡ ❝❡&&❡ ❞✐+&.✐❜✉&✐♦♥ (✉❡

♥♦✉+ ❛❧❧♦♥+ ♣♦✉✈♦✐. ❢❛✐.❡ ❝✐.❝✉❧❡. ❧❡+ ✐♦♥+ ❡♥ +♦.&✐❡ ❞❡ ❝✐❜❧❡ ❞❛♥+ ❧❡ ❞✐+♣♦+✐&✐❢ ❞❡ +/❧❡❝&✐♦♥ ✭+/♣❛.❛&❡✉. ♦✉

+♣❡❝&.♦♠J&.❡✮✳

▲❡ &.❛♥+♣♦.& ❞❛♥+ ❧❡+ ❞✐+♣♦+✐&✐❢+ ♣❡✉& +✬❡✛❡❝&✉❡. ❞❡ ❞❡✉① ♠❛♥✐J.❡+ ❞✐✛/.❡♥&❡+ ✿ 4 ❧✬❛✐❞❡ ❞✬✉♥ ❝❤❛♠♣

♠❛❣♥/&✐(✉❡

~B✱ ❞✬✉♥ ❝❤❛♠♣ /❧❡❝&.✐(✉❡

~E ♦✉ ✉♥❡ +✉❝❝❡++✐♦♥✴❝♦♠❜✐♥❛✐+♦♥ ❞❡+ ❞❡✉①✳ ▲❡ ♣❛.❝♦✉.+ ❞✬✉♥❡

♣❛.&✐❝✉❧❡ ❝❤❛.❣/❡ ❞❛♥+ ✉♥ ❝❤❛♠♣ /❧❡❝&.♦♠❛❣♥/&✐(✉❡ ❡+& ❞/❝.✐& ♣❛. ❧❛ ❢♦.❝❡ ❞❡ ▲♦.❡♥&③ ❡(✳ ✭✸✳✶✮✳

~F = q( ~E + ~v ∧ ~B) ✭✸✳✶✮

❆✐♥+✐✱ ♣♦✉. ❡✛❡❝&✉❡. ❧❛ +/❧❡❝&✐♦♥ ❞❡+ ♥♦②❛✉① ❞✬✐♥&/.;& ❛✉ &.❛✈❡.+ ❞❡+ ❞✐✛/.❡♥&+ ❞✐+♣♦+✐&✐❢+✱ ♦♥ ♣❡✉& ✐♥✲

✢✉❡♥❝❡. ❧❡✉.+ .❛②♦♥+ ❞❡ ❝♦✉.❜✉.❡ ❞❛♥+ ✉♥❡ ❝❡.&❛✐♥❡ ❝♦♥✜❣✉.❛&✐♦♥ ❞❡ ❝❤❛♠♣ /❧❡❝&.♦♠❛❣♥/&✐(✉❡✳ ❖♥ ❞✐+♣♦+❡

❛❧♦.+ ♣.✐♥❝✐♣❛❧❡♠❡♥& ❞❡ ❞❡✉① ♣♦++✐❜✐❧✐&/+ ♣♦✉. ❧❛ ❞✐+♣♦+✐&✐♦♥ ❞❡ ♥♦+ ❝❤❛♠♣+ (✉✐ ♣❡.♠❡&&.♦♥& ❞✬❡✛❡❝&✉❡.

✉♥❡ +/❧❡❝&✐♦♥ ❞✐✛/.❡♥&❡ ❜❛+/❡ +✉. ❧❡ .❛②♦♥ ❞❡ ❝♦✉.❜✉.❡ ❞❡+ ✐♦♥+ ❝❤❛.❣/+✳ ❚♦✉& ❞✬❛❜♦.❞✱ ♦♥ ♣❡✉& ♣♦+✐&✐♦♥♥❡.

+❡✉❧❡♠❡♥& ✉♥ ❝❤❛♠♣ ♠❛❣♥/&✐(✉❡

~B ✉♥✐❢♦.♠❡ ❡& &.❛♥+✈❡.+❛❧ 4 ❧❛ ✈✐&❡++❡ ~v ❞❡+ ♣❛.&✐❝✉❧❡+ ✭~v⊥ ~B✮✳ ❊♥+✉✐&❡✱

♦♥ ♣❡✉& ♠❡&&.❡ ❡♥ ♣❧❛❝❡ ✉♥ ❝❤❛♠♣ /❧❡❝&.✐(✉❡

~E +❡✉❧✱ ❡♥ &♦✉& ♣♦✐♥& &.❛♥+✈❡.+❛❧ 4 ❧❛ ✈✐&❡++❡ ~v ❞❡+ ✐♦♥+



✻✹

❈❍❆#■❚❘❊ ✸✳ ❉■❙#❖❙■❚■❋❙ ❊❳#➱❘■▼❊◆❚❆❯❳ ✿ #❘■◆❈■#❊✱ ❙➱#❆❘❆❚❊❯❘ ❯❚■▲■❙➱ ❊❚

❚❨#❊❙ ❉✬➱❚❯❉❊❙

"#❧❡❝'✐♦♥♥#"✳ ❈❡" ❞❡✉① ❞✐"♣♦"✐'✐♦♥" ♥♦✉" ❞♦♥♥❡♥' ❞♦♥❝ ❞❡✉① '②♣❡" ❞❡ "#❧❡❝'✐♦♥" ♣♦""✐❜❧❡" ❛✐♥"✐ 4✉❡ ❞❡✉①

'②♣❡" ❞❡ ❝♦♠♣♦"❛♥'" ❡""❡♥'✐❡❧" ♣♦✉6 ❧❡" ❞✐"♣♦"✐'✐❢" ❡①♣#6✐♠❡♥'❛✉①✳ ❈❡❧❛ ♥♦✉" ❞♦♥♥❡ ❛✉""✐ ❧❛ ♣♦""✐❜✐❧✐'# ❞❡

❞#✜♥✐6 ❞❡✉① 4✉❛♥'✐'#" ♥♦✉" ♣❡6♠❡''❛♥' ❢❛❝✐❧❡♠❡♥' ❞❡ ♣❛6❛♠#'6❡6 ❧❡ ♣❛6❝♦✉6" ❞❡" ✐♦♥" ❞❛♥" ❧❡" ✜❧'6❡" ✿ ❧❛

6✐❣✐❞✐'# ♠❛❣♥#'✐4✉❡ ❡' #❧❡❝'6✐4✉❡✳

✖ ▲❛ 6✐❣✐❞✐'# ♠❛❣♥#'✐4✉❡ ✿ Bρ
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*❤❡ ✜❡❧❞ ♦❢ '✉♣❡%❤❡❛✈② ♥✉❝❧❡✐ *❤%♦✉❣❤ ❛❧❧ *❤❡ '*✉❞✐❡' ✿ ✐♥ ❧✐❣❤* ❣%❛② ❣❛③ ✜❧❧❡❞ '❡♣❛%❛*♦% ❛♥❞ ✐♥ ❣%❡② ✈❛❝✉✉♠ ♦♥❡ ✭▼ %❡❢❡%' *♦

♠❛❣♥❡*✐❝ ♠✉❧*✐♣♦❧❡ ❝♦♠❜✐♥❛✐'♦♥ ♦❢ ✿ ;✉❛❞%✉♣♦❧❡'✱ ♦❝*✉♣♦❧❡' ❛♥❞ '❡①*✉♣♦❧❡' ❢♦% *❤❡ ❤✐❣❤❡% ♦♣*✐❝❛❧ ❝♦%%❡❝*✐♦♥✮



✼✻

❈❍❆#■❚❘❊ ✸✳ ❉■❙#❖❙■❚■❋❙ ❊❳#➱❘■▼❊◆❚❆❯❳ ✿ #❘■◆❈■#❊✱ ❙➱#❆❘❆❚❊❯❘ ❯❚■▲■❙➱ ❊❚

❚❨#❊❙ ❉✬➱❚❯❉❊❙

♥♦②❛✉① ♣❧✉* ❧+❣❡.* /✉❡ ❝❡✉① ❝.++* ❧♦.* ❞❡* *②♥2❤4*❡*✱ ❡2 *✉.2♦✉2 *✉. ❞❡* .+❛❝2✐♦♥* ♣♦**+❞❛♥2 ✉♥❡ *❡❝2✐♦♥

❡✣❝❛❝❡ ♣❧✉* ✐♠♣♦.2❛♥2❡✳ ❈❡❧❧❡*✲❝✐ ♥♦✉* ❛**✉.❡♥2 ❞♦♥❝ ✉♥❡ *2❛2✐*2✐/✉❡ ♣❧✉* ✐♠♣♦.2❛♥2❡ ♥♦✉* ♣❡.♠❡22❛♥2 ❞❡

♠❡*✉.❡. ♣❧✉* ♣.+❝✐*+♠❡♥2 ❧❡* 2.❛♥*✐2✐♦♥* ✐♥2❡.♥❡* ❞✉ .+*✐❞✉ ❞✬+✈❛♣♦.❛2✐♦♥ +♠✐*❡* ❧♦.* ❞❡ *❛ ❞+*❡①❝✐2❛2✐♦♥

✭*❡❝2✐♦♥ ✷✳✸✳✷✮✳ ❆✐♥*✐✱ ❡♥ ❝♦♥♥❛✐**❛♥2 ❧❛ ♥❛2✉.❡ ❞❡ ❝❡* ❞❡.♥✐4.❡*✱ ❧❡* 2❡♠♣* ❞❡ ✈✐❡ ❛**♦❝✐+* ❛✐♥*✐ /✉❡ ❧❡ *♣✐♥

❞❡* +2❛2*✱ ♥♦✉* ♦❜2❡♥♦♥* ❞❡* ✐♥❢♦.♠❛2✐♦♥* 2.4* ✉2✐❧❡* E ❝♦♠♣❛.❡. ❛✈❡❝ ❧❡* ♠♦❞4❧❡* 2❤+♦.✐/✉❡*✳

F♦✉. .+❛❧✐*❡. ❝❡* +2✉❞❡*✱ ✐❧ ♥♦✉* ❢❛✉2 ❜✐❡♥ ❡♥2❡♥❞✉ ✉♥ *+♣❛.❛2❡✉. ♣.+*❡♥2❛♥2 ❧❛ ♠❡✐❧❧❡✉.❡ 2.❛♥*♠✐**✐♦♥

♣♦**✐❜❧❡✱ ♠❛✐* ❛✉**✐ ✉♥ *②*24♠❡ ❞❡ ❞+2❡❝2✐♦♥ *❡♥*✐❜❧❡ E 2♦✉* ❝❡* 2②♣❡* ❞❡ ♣❛.2✐❝✉❧❡* ❛✈❡❝ ✉♥ ❜.✉✐2 ❞❡ ❢♦♥❞

❧❡ ♣❧✉* ❢❛✐❜❧❡ ♣♦**✐❜❧❡✳ ❆✐♥*✐✱ ❧♦.* ❞❡ ❝❡* +2✉❞❡*✱ ❝❡ ♥❡ *♦♥2 ♣❛* *❡✉❧❡♠❡♥2 ❧❡* ♣❡.❢♦.♠❛♥❝❡* ❞✉ *+♣❛.❛2❡✉.

/✉❡ ❧✬♦♥ ✉2✐❧✐*❡ ♠❛✐* ❛✉**✐ ❝❡❧❧❡* ❞✉ *②*24♠❡ ❞❡ ❞+2❡❝2✐♦♥✳ ❈❡ /✉✐ ❡①♣❧✐/✉❡ /✉❡ ❧✬♦♥ .❡2.♦✉✈❡ ✉♥❡ ❣.❛♥❞❡

✈❛.✐+2+ ❞❡ ❝♦♥✜❣✉.❛2✐♦♥* ❡2 ❞❡ 2②♣❡* ❞❡ *+♣❛.❛2❡✉.*✱ ❝❤❛❝✉♥ ❛②❛♥2 +2+ ♦♣2✐♠✐*+ ♣♦✉. ✉♥❡ ♣❤②*✐/✉❡✱ ✉♥ 2②♣❡

❞❡ *♣❡❝2.♦*❝♦♣✐❡ ♣.+❢+.❡♥2✐❡❧❧❡ ❛✐♥*✐ /✉✬✉♥ *②*24♠❡ ❞❡ ❞+2❡❝2✐♦♥ ✭♣❛. ❡①❡♠♣❧❡ ❙❍❊▲❙ ❬✺✼❪ ❛ +2+ ❝♦♥O✉ ♣♦✉.

❧❡* .+❛❝2✐♦♥* ❡♥ ❝✐♥+♠❛2✐/✉❡ ❞✐.❡❝2❡ 2.4* ❛*②♠+2.✐/✉❡* 2②♣❡ ◆❡ ✰ ❯✮✳

✸✳✹ ❉✐✛&'❡♥*+ *②♣❡+ ❞❡ +♣❡❝*'♦+❝♦♣✐❡

▼❛✐♥2❡♥❛♥2 /✉❡ ♥♦✉* ❛✈♦♥* ♣.+*❡♥2+ ❧❡* ❞✐✛+.❡♥2* 2②♣❡* ❞❡ *+♣❛.❛2❡✉.*✱ ❧❡✉.* ❞✐✛+.❡♥2❡* ✉2✐❧✐*❛2✐♦♥*

❡2 ♠♦❞❡* ❞❡ ❢♦♥❝2✐♦♥♥❡♠❡♥2✱ ❛✐♥*✐ /✉❡ ❧❡* +2✉❞❡* /✉✐ ❧❡✉.* +2❛✐❡♥2 ❛**♦❝✐+❡*✱ ♥♦✉* ❛❧❧♦♥* ♥♦✉* ✐♥2+.❡**❡.

♣❧✉* ♣.+❝✐*+♠❡♥2 E ❧❛ *♣❡❝2.♦*❝♦♣✐❡✳ ❊♥ ❡✛❡2✱ ♠❡* ❡①♣+.✐❡♥❝❡* ❞❡ 2❤4*❡ ♦♥2 +2+ ❡✛❡❝2✉+❡* ❞❛♥* ❧✬♦❜❥❡❝2✐❢

❞✬♦❜2❡♥✐. ♣❧✉* ❞✬✐♥❢♦.♠❛2✐♦♥* *✉. ❧❡ ♥♦②❛✉

257
❉❜✳ ▲❛ *♣❡❝2.♦*❝♦♣✐❡ *❡ ❞✐✈✐*❡ ❡♥ ❞❡✉① +2✉❞❡* *✐♠✐❧❛✐.❡*✱ ❡2

❝♦♠♣❧+♠❡♥2❛✐.❡* ✿ ❧❛ *♣❡❝2.♦*❝♦♣✐❡ ♣.♦♠♣2❡ ❡2 ❧❛ *♣❡❝2.♦*❝♦♣✐❡ .❡2❛.❞+❡✳ ❈✬❡*2 ❧❡ ♣.✐♥❝✐♣❡ ❞❡* ♠+2❤♦❞❡* ❡2

❧❡* ❞✐✛+.❡♥❝❡* ❡2 *✐♠✐❧✐2✉❞❡* ❞❡ ❝❡* ❞❡✉① +2✉❞❡* /✉❡ ❥❡ ✈❛✐* ♠❛✐♥2❡♥❛♥2 ✈♦✉* ♣.+*❡♥2❡.✳

✸✳✹✳✶ $%✐♥❝✐♣❡ ❞❡ ❧❛ .♣❡❝/%♦.❝♦♣✐❡

▲♦.* ❞✬✉♥❡ .+❛❝2✐♦♥ ❞❡ ❢✉*✐♦♥ +✈❛♣♦.❛2✐♦♥✱ ♥♦✉* ❛❧❧♦♥* ❝.+❡. ✉♥ ♥♦②❛✉ ❞❛♥* ✉♥ +2❛2 ❡①❝✐2+✳ ▲♦.* ❞❡

❧❛ ❞+*❡①❝✐2❛2✐♦♥ ❡2 ❧❛ ❞+❝.♦✐**❛♥❝❡ ❞❡ ❝❡ ❞❡.♥✐❡.✱ ❞❡* 2.❛♥*✐2✐♦♥* ❡♥2.❡ ❧❡* ❞✐✛+.❡♥2* ♥✐✈❡❛✉① ♥✉❝❧+❛✐.❡*

♠✐* ❡♥ ❥❡✉ ✈♦♥2 ❛✈♦✐. ❧✐❡✉ ✭*❡❝2✐♦♥ ✷✳✸✳✷✮✳ ❈❡❧❧❡*✲❝✐ *❡ ❝❛.❛❝2+.✐*❡.♦♥2 ♣❛. ✉♥❡ +♠✐**✐♦♥ ❞✬+♥❡.❣✐❡ *♦✉* ❧❛

❢♦.♠❡ ❞❡ ♣❛.2✐❝✉❧❡ α✱ ❞❡ .❛②♦♥♥❡♠❡♥2* γ ♦✉ ❞✬+❧❡❝2.♦♥* ❞❡ ❝♦♥✈❡.*✐♦♥*✳ ❈✬❡*2 ❧✬+2✉❞❡ ❞❡ ❝❡* 2.❛♥*✐2✐♦♥*

❡2 ❞❡* ❞+❝.♦✐**❛♥❝❡* ❞✉ .+*✐❞✉* ❞✬+✈❛♣♦.❛2✐♦♥ /✉✐ ♥♦✉* ✐♥2+.❡**❡ ❧♦.* ❞✬✉♥❡ +2✉❞❡ ❞❡ *♣❡❝2.♦*❝♦♣✐❡✳ ❖♥

♣❡✉2 ❛❧♦.* ❞✐*2✐♥❣✉❡. ❞❡✉① 2②♣❡* ❞❡ *♣❡❝2.♦*❝♦♣✐❡ ❡♥ ❢♦♥❝2✐♦♥ ❞❡* ♣❛.2✐❝✉❧❡* +2✉❞✐+❡* ✿ ❧❛ *♣❡❝2.♦*❝♦♣✐❡ ❞❡*

❞+❝.♦✐**❛♥❝❡* ✭α✱ β✱ ❙❋✱ ❞✐2❡ ❉❡❝❛② ❙♣❡❝'(♦*❝♦♣②✮✱ ❧❛ *♣❡❝2.♦*❝♦♣✐❡ γ ❡2 +❧❡❝2.♦♥*✳ ❈❡* *♣❡❝2.♦*❝♦♣✐❡ *❡

.❡♣❛.2✐**❡♥2 ❡❧❧❡*✲♠Z♠❡* ❡♥ ❞❡✉① 2②♣❡* ❞✬+2✉❞❡* ✿ ♣.♦♠♣2❡ ❡2 .❡2❛.❞+❡✳

▲❛ *♣❡❝2.♦*❝♦♣✐❡ .❡2❛.❞+❡ *✬❡✛❡❝2✉❡.❛ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ *+♣❛.❛2❡✉. ✭❝❢✳ ✜❣✳ ✸✳✼❜✮✳ ▲❛ *♣❡❝2.♦*❝♦♣✐❡

♣.♦♠♣2❡ *✬❡✛❡❝2✉❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ ♣❛. ✉♥ ♣♦*✐2✐♦♥♥❡♠❡♥2 ❞❡ ❞+2❡❝2❡✉.* ❛✉2♦✉. ❞❡ ❝❡❧❧❡✲❝✐ ♣♦✉. ❧❛

❞+2❡❝2✐♦♥ ❞❡* ♣❛.2✐❝✉❧❡* γ ❡2 β ❝♦✉♣❧+❡ E ❧✬✐❞❡♥2✐✜❝❛2✐♦♥ ❞❡* ♥♦②❛✉① ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ *+♣❛.❛2❡✉. ✭❝❢✳ ✜❣✳

✸✳✼❛✮✳ ◆♦✉* ❛❧❧♦♥* ♠❛✐♥2❡♥❛♥2 ✈♦✐. ❧❡ ❞+2❛✐❧ ❞❡ ❝❡* ❞❡✉① 2❡❝❤♥✐/✉❡* ❛✐♥*✐ /✉❡ ❧❡* ✐♥❢♦.♠❛2✐♦♥* /✉❡ ❝❤❛❝✉♥❡

❞✬❡♥2.❡ ❡❧❧❡* ♣❡✉2 ♥♦✉* ❢♦✉.♥✐.✳

✸✳✹✳✷ ▲❛ .♣❡❝/%♦.❝♦♣✐❡ ♣%♦♠♣/❡ ✭❛..♦❝✐5 6 ❧✬✐❞❡♥/✐✜❝❛/✐♦♥ ❞✬✉♥ ♥♦②❛✉ ❞❡ %❡❝✉❧✮

▲❡ ❢♦♥❞❡♠❡♥2 ❞❡ ❝❡22❡ 2❡❝❤♥✐/✉❡ ❡*2 ❧✬✐❞❡♥2✐✜❝❛2✐♦♥ ❞❡* ♣❛.2✐❝✉❧❡* +♠✐*❡* ❧♦.* ❞✉ ♣.♦❝❡**✉* ❞❡ ❞+*❡①✲

❝✐2❛2✐♦♥ ❞✉ ♥♦②❛✉ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ ❞✉.❛♥2 ❧❛ .+❛❝2✐♦♥ ❞❡ ❢✉*✐♦♥ +✈❛♣♦.❛2✐♦♥✳ ❊♥ ❡✛❡2✱ ❝♦♠♠❡ ♥♦✉*

❛✈♦♥* ♣✉ ❧❡ ✈♦✐. ♣.+❝+❞❡♠♠❡♥2✱ ❧♦.* ❞❡ ❝❡ ♠+❝❛♥✐*♠❡ ❞❡ .+❛❝2✐♦♥✱ ❛♣.4* ❧✬+♠✐**✐♦♥ ❞❡* ♥❡✉2.♦♥* ❛②❛♥2

❝♦♥❞✉✐2 ❛✉ .+*✐❞✉ ❞✬+✈❛♣♦.❛2✐♦♥✱ ❞❡* .❛②♦♥♥❡♠❡♥2* γ ♦✉ ❞❡* +❧❡❝2.♦♥* ❞❡ ❝♦♥✈❡.*✐♦♥ ♣❡✉✈❡♥2 Z2.❡ +♠✐* ❧♦.*

❞❡ 2.❛♥*✐2✐♦♥ ❡♥2.❡ ❧❡* ❞✐✛+.❡♥2* +2❛2* ❡①❝✐2+* ❞✉ ♥♦②❛✉✱ ❡2 ❝❡ ❥✉*/✉✬E ❧✬+2❛2 ❢♦♥❞❛♠❡♥2❛❧ ♦✉ ✉♥ ✐*♦♠4.❡✳
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✭❜✮

❋✐❣✉$❡ ✸✳✼ ✕ ✭❛✮ ❉✐)♣♦)✐,✐❢) ❡①♣01✐♠❡♥,❛✉① ♠✐) ❡♥ ♣❧❛❝❡ ♣♦✉1 ❧❛ )♣❡❝,1♦)❝♦♣✐❡ ♣1♦♠♣,❡ ✿ ❧✬✐❞❡♥,✐✜❝❛,✐♦♥ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉

)0♣❛1❛,❡✉1 ❞❡) ❞✐✛01❡♥,) ♥♦②❛✉① ♣1♦❞✉✐,) ♣❡1♠❡, ❞✬❛))♦❝✐❡1 ❧❡) 0✈0♥❡♠❡♥,) ❞0,❡❝,0) ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ ✭♣1♦♠♣,) ? ❧❛

❝10❛,✐♦♥ ❞✉ ♥♦②❛✉✮ ? ❝❡) ❞❡1♥✐❡1) ✱ ✭❜✮ ❉✐)♣♦)✐,✐❢) ❡①♣01✐♠❡♥,❛✉① ♠✐) ❡♥ ♣❧❛❝❡ ♣♦✉1 ❧❛ )♣❡❝,1♦)❝♦♣✐❡ 1❡,❛1❞0❡ ✿ ❧✬❡♥)❡♠❜❧❡

❞❡ ❧❛ ❞0,❡❝,✐♦♥ )✬❡✛❡❝,✉❡ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ )0♣❛1❛,❡✉1 ❡, ♣❡1♠❡, ❞✬0,✉❞✐❡1 ❧❡) 0✈0♥❡♠❡♥,) ❞❡ ❧♦♥❣✉❡) ❞✉10❡) ❞❡ ✈✐❡ ✭1❡,❛1❞0)

❛♣1B) ❧❛ ❝10❛,✐♦♥ ❞✉ ♥♦②❛✉✮ ✴ ✭❛✮ ❊①♣❡'✐♠❡♥+❛❧ ❧❛②♦✉+ ❢♦' +❤❡ ♣'♦♠♣+ 2♣❡❝+'♦2❝♦♣② ✿ +❤❡ ✐❞❡♥+✐✜❝❛+✐♦♥ ♦❢ '❡❛❝+✐♦♥ ♣'♦❞✉❝+2 ❛+

+❤❡ ❢♦❝❛❧ ♣❧❛♥ ♦❢ +❤❡ ❞❡+❡❝+♦' ❛❧❧♦✇2 ✉2 +♦ ❛22♦❝✐❛+❡ +❤❡ ❡✈❡♥+2 ❞❡+❡❝+❡❞ ❛+ +❤❡ +❛'❣❡+ ♣♦✐♥+ +♦ ❛ ♥✉❝❧❡✐✱ ✭❜✮ ❊①♣❡'✐♠❡♥+❛❧ ❧❛②♦✉+

❢♦' +❤❡ ❞❡❧❛② 2♣❡❝+'♦2❝♦♣② ✿ ❛❧❧ +❤❡ ❞❡+❡❝+✐♦♥ ❛'❡ ❞♦♥❡ ❛+ +❤❡ ❢♦❝❛❧ ♣❧❛♥ ♦❢ +❤❡ ❞❡+❡❝+♦' ❛♥❞ ❛❧❧♦✇ ✉2 +♦ 2+✉❞② ❞❡❧❛②❡❞ ❡✈❡♥+

❈✬❡$% ❧✬❛♥❛❧②$❡ ❞❡ ❝❡$ %,❛♥$✐%✐♦♥$ ❡% ❧❡$ ✐♥❢♦,♠❛%✐♦♥$ 1✉❡ ❧✬♦♥ ♣❡✉% ❡♥ %✐,❡, 1✉✐ ✈♦♥% ♥♦✉$ ✐♥%5,❡$$❡, ❧♦,$ ❞❡

❝❡$ 5%✉❞❡$✳

❆✐♥$✐✱ ❞❡✉① %②♣❡$ ❞✬5✈5♥❡♠❡♥%$ ♣❡✉✈❡♥% :%,❡ $♦♥❞5$ ❛✈❡❝ ❝❡%%❡ %❡❝❤♥✐1✉❡✳ <,❡♠✐=,❡♠❡♥%✱ ♥♦✉$ ❛✈♦♥$

❧❡$ %,❛♥$✐%✐♦♥$ ♠❡♥❛♥% > ❧✬5%❛% ❢♦♥❞❛♠❡♥%❛❧ ❞✉ ♥♦②❛✉ ♦✉ > ✉♥ 5%❛% ✐$♦♠5,✐1✉❡$✱ 1✉✐ ♥♦✉$ ♣❡,♠❡%%❡♥% ❞❡

❝♦♠♣❛,❡, ❧✬❛❣❡♥❝❡♠❡♥% ❞❡$ 5%❛%$ ❡①❝✐%5$ ❝♦,,❡$♣♦♥❞❛♥% > ❝❡✉① ♣,5❞✐%$ ♣❛, ❧❡$ ❞✐✛5,❡♥%$ ♠♦❞=❧❡$ %❤5♦,✐1✉❡$✳

❊♥$✉✐%❡✱ ❝❡%%❡ %❡❝❤♥✐1✉❡ ♥♦✉$ ♣❡,♠❡% ❛✉$$✐ ❞❡ $♦♥❞❡, ❧❡$ ✐$♦♠=,❡$ ❞❡ ❝♦✉,%❡ ❞✉,5❡ ❞❡ ✈✐❡ ♣❡✉♣❧5$ ♣❛, ❝❡

♠5❝❛♥✐$♠❡ ❞❡ ,5❛❝%✐♦♥✳ ❆✐♥$✐✱ ♥♦✉$ ❛❧❧♦♥$ ♣♦✉✈♦✐, 5%✉❞✐❡, ❧❡$ %,❛♥$✐%✐♦♥$ ❝♦♥$%,✉✐%❡$ $✉, ❝❡$ ✐$♦♠=,❡$ ❡%

❞5%❡,♠✐♥❡, ❧❡✉,$ ❝❛,❛❝%5,✐$%✐1✉❡$ ✭❞5❢♦,♠❛%✐♦♥✱ $♣✐♥✱ ✳✳✳✮ ✭❝❢✳ ✜❣✳ ✸✳✽❛✮✳

❈❡♣❡♥❞❛♥%✱ ♣♦✉, ♣♦✉✈♦✐, ❡①%,❛✐,❡ ❝❡$ ✐♥❢♦,♠❛%✐♦♥$✱ ✐❧ ♥♦✉$ ❢❛✉%✱ ❞❛♥$ ✉♥ ♣,❡♠✐❡, %❡♠♣$✱ ❛%%,✐❜✉❡, ❧❡$

5✈5♥❡♠❡♥%$ ✭♥♦♠❜,❡✉①✮ ❞5%❡❝%5$ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ > ✉♥ ♥♦②❛✉ ♣,5❝✐$✳ ❈✬❡$% ♣♦✉, ❝❡❧❛ 1✉❡ ❝❡%%❡ %❡❝❤♥✐1✉❡

❡$% ❝♦✉♣❧5❡ > ✉♥ $5♣❛,❛%❡✉, ❡% ✉♥ $②$%=♠❡ ❞❡ ❞5%❡❝%✐♦♥ ♣❧❛♥ ❢♦❝❛❧✳ ❊♥ ❡✛❡%✱ ❝❡❧❛ ♥♦✉$ ♣❡,♠❡% ❞❡ $5❧❡❝%✐♦♥♥❡,

❧❡$ 5✈5♥❡♠❡♥%$ ❞✬✐♥%5,:% ♣❤②$✐1✉❡ > ❧✬❛✐❞❡ ❞✉ $5♣❛,❛%❡✉, ❡% ❞❡ ❧❡$ ✐❞❡♥%✐✜❡, ❛✉ ♥✐✈❡❛✉ ❞✉ ♣❧❛♥ ❢♦❝❛❧✳ ❈❡%%❡

✐❞❡♥%✐✜❝❛%✐♦♥ $✬❡✛❡❝%✉❡ ❡♥ ❞❡✉① 5%❛♣❡$✳ ❚♦✉% ❞✬❛❜♦,❞✱ ♦♥ ❞5%❡❝%❡ ❧❡$ ,❡❝✉❧$ ❡♥ ♣,♦✈❡♥❛♥❝❡ ❞✉ $5♣❛,❛%❡✉,

♣❛, ✉♥ ❞✐$♣♦$✐%✐❢ ❞❡ ♠❡$✉,❡ ❞✉ %❡♠♣$ ❞❡ ✈♦❧✳ ❈❡❧✉✐✲❝✐✱ ❝♦✉♣❧5 ❛✉ ❞5%❡❝%❡✉, ❞✬✐♠♣❧❛♥%❛%✐♦♥✱ ♣❡,♠❡% ❞❛♥$

✉♥ ♣,❡♠✐❡, %❡♠♣$✱ ♣❛, ✉♥❡ $5❧❡❝%✐♦♥ %❡♠♣$ ❞❡ ✈♦❧ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧✬5♥❡,❣✐❡ ❞✬✐♠♣❧❛♥%❛%✐♦♥✱ ❞❡ $5♣❛,❡, ❧❡

,5$✐❞✉ ❞✬5✈❛♣♦,❛%✐♦♥ ❞❡$ 5✈5♥❡♠❡♥%$ ♥♦♥ ✈♦✉❧✉$✳ ▲✬✐❞❡♥%✐✜❝❛%✐♦♥ ♣,5❝✐$❡ ❞❡$ ♥♦②❛✉① ✐♠♣❧❛♥%5$ $✬❡✛❡❝%✉❡,❛✱

1✉❛♥% > ❡❧❧❡✱ ♣❛, ❧✬❛$$✐❣♥❛%✐♦♥ ❞❡$ ❞5❝,♦✐$$❛♥❝❡$ ❞❡ ❝❡$ ♥♦②❛✉① ❞❛♥$ ❧❡ ❞5%❡❝%❡✉, ❞✬✐♠♣❧❛♥%❛%✐♦♥✳ ❆✐♥$✐✱ ♣❛,

✉♥❡ ❝♦♠❜✐♥❛✐$♦♥ ❞✉ %❡♠♣$ ❞❡ ✈✐❡✱ ❞✉ ♠♦❞❡ ❞❡ ❞5❝,♦✐$$❛♥❝❡ ❡% ❞❡ ❧✬5♥❡,❣✐❡ ❞❡ ❞5❝,♦✐$$❛♥❝❡✱ ♥♦✉$ ♣♦✉✈♦♥$

❛$$✐❣♥❡, ♣,5❝✐$5♠❡♥% ❝❤❛1✉❡ 5✈5♥❡♠❡♥% > ✉♥ ♥♦②❛✉✳ ❈❡%%❡ %❡❝❤♥✐1✉❡ ❡$% ❛♣♣❡❧5❡ ❘❡❝♦✐❧ ❉❡❝❛② ❚❛❣❣✐♥❣✱ ♦✉

❘❉❚✱ ❡% ❡$% ✉%✐❧✐$5❡ ♣♦✉, %♦✉%❡ ✐❞❡♥%✐✜❝❛%✐♦♥ ❞❡ ♥♦②❛✉ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ ❞❡$ $✉♣❡,❧♦✉,❞$ ✭❝♦♠♠❡ ♥♦✉$ ❧❡
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❋✐❣✉$❡ ✸✳✽ ✕ ❉✐✛'(❡♥+, +②♣❡, ❞✬'✈'♥❡♠❡♥+, ❞'+❡❝+❛❜❧❡, ❛✉ ❝♦✉(, ❞❡, ,♣❡❝+(♦,❝♦♣✐❡, ✿ ❡♥ ♦(❛♥❣❡ ❧❡, +(❛♥,✐+✐♦♥, ✐♥+❡(♥❡, ✭γ

♦✉ '❧❡❝+(♦♥ ❞❡ ❝♦♥✈❡(,✐♦♥✮✱ ❡♥ ❜❧❡✉ ❧❡, ❞'❝(♦✐,,❛♥❝❡,✳ ✭❛✮ ❉✐✛'(❡♥+, +②♣❡, ❞✬✐♥❢♦(♠❛+✐♦♥, ♣♦,,✐❜❧❡, ❛♣(?, ❧✬✐❞❡♥+✐✜❝❛+✐♦♥ ❞✉

♥♦②❛✉ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ ,'♣❛(❛+❡✉( ✭

A
Z❳✮ ✱ ✭❜✮ ❉✐✛'(❡♥+, +②♣❡, ❞✬✐♥❢♦(♠❛+✐♦♥, '+✉❞✐❛❜❧❡, ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ ,'♣❛(❛+❡✉( ❛♣(?,

❧✬✐❞❡♥+✐✜❝❛+✐♦♥ ❞✉ ♥♦②❛✉ ♣?(❡ ✭

A
Z❳✮ ✿ '+✉❞❡ ❞❡, ❞❡,❝❡♥❞❛♥+, ♣❛( ❧❛ ♠B♠❡ ♦❝❝❛,✐♦♥ ✴ ❉✐✛❡$❡♥& &②♣❡) ♦❢ ❡✈❡♥& ♠❡❛)✉$❡❞ ❞✉$✐♥❣

)♣❡❝&$♦)❝♦♣② )&✉❞✐❡) ✿ ✐♥ ♦$❛♥❣❡ &❤❡ ✐♥&❡$♥❛❧ &$❛♥)✐&✐♦♥ ✭γ ♦$ ❝♦♥✈❡$)✐♦♥ ❡❧❡❝&$♦♥✮✱ ✐♥ ❜❧✉❡ &❤❡ ❞❡❝❛② ✭α✱ ✜))✐♦♥ ♦$ β✮✳ ✭❛✮

■♥❢♦$♠❛&✐♦♥ ♦❜&❛✐♥❡❞ ❞✉$✐♥❣ &❤❡ ♣$♦♠♣& )♣❡❝&$♦)❝♦♣② ❛❢&❡$ &❤❡ ✐❞❡♥&✐✜❝❛&✐♦♥ ♦❢ &❤❡ $❡❝♦✐❧ ♥✉❝❧❡✐ ✭

A
Z❳✮✱ ✭❜✮ ■♥❢♦$♠❛&✐♦♥ ♦❜&❛✐♥❡❞

❞✉$✐♥❣ &❤❡ ❞❡❧❛②❡❞ )♣❡❝&$♦)❝♦♣② ❜② &❤❡ ✐❞❡♥&✐✜❝❛&✐♦♥ ♦❢ &❤❡ $❡❝♦✐❧ ♥✉❝❧❡✐ ✭

A
Z❳✮ ❛♥❞ ✐&) ❞❡)❝❡♥❞❡♥&)

✈❡""♦♥% ❧♦"% ❞❡ ❧✬❛♥❛❧②%❡ ❞❡% "+%✉❧-❛-% ❞❡ ♠♦♥ ❡①♣+"✐❡♥❝❡ ❞❡ -❤4%❡✮✳ ❈❡❧❧❡✲❝✐ ❛ +-+ ✉-✐❧✐%+❡ ♣♦✉- ❧❛ ♣"❡♠✐4"❡

❢♦✐% ❡♥ ✶✾✽✻ ❬✻✽✱ ✻✾❪ ❡- ❛ +-+ ❛❞♦♣-+❡ ♣❛" ❧❛ %✉✐-❡ ❞❛♥% ❧❡% +-✉❞❡% ❞❡ ♣❤②%✐A✉❡% ♥✉❝❧+❛✐"❡%✳
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✉♥ %♣❡❝-"❡ +♣✉"+ ❞✉ ❜"✉✐- ❞❡ ❢♦♥❞ ✐♥❤+"❡♥- D ❧✬❡①♣+"✐❡♥❝❡✳ ▲❡% ♠❡%✉"❡% %♦♥- ❛❧♦"% ❡✛❡❝-✉+❡% ♣❛" ✉♥ ❡♥%❡♠❜❧❡

❞❡ ❞+-❡❝-❡✉"% %✐❧✐❝✐✉♠ ❡-✴♦✉ ❣❡"♠❛♥✐✉♠ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝✐❜❧❡ ✭❡①❡♠♣❧❡ ❞❡ ❙❆●❊ ❝❢✳ ✜❣✳ ✸✳✾✮✳

❈❡--❡ -❡❝❤♥✐A✉❡ ♥♦✉% ♣❡"♠❡- ❛✐♥%✐ ❞❡ %♦♥❞❡" ❞❡% +-❛-% ♣♦%%+❞❛♥- ❞❡% %♣✐♥% ❞❡ ❣"❛♥❞❡% ✈❛❧❡✉"% ❛✐♥%✐

A✉❡ ❞❡ ❣"❛♥❞% ♠♦♠❡♥-% ❛♥❣✉❧❛✐"❡%✱ ❡- ♥♦✉% ❞♦♥♥❡ ❛❝❝4% ❛✉① %-"✉❝-✉"❡% ❞✐"❡❝-❡♠❡♥- ❝♦♥%-"✉✐-❡% %✉" ❧✬+-❛-

❢♦♥❞❛♠❡♥-❛❧ ❞✉ ♥♦②❛✉ ❞✬✐♥-+"E- ♦✉ %✉" ✉♥ ✐%♦♠4"❡✳ ❈❡♣❡♥❞❛♥-✱ ♠❛❧❣"+ ❝❡% A✉❛❧✐-+% ✐♠♣♦"-❛♥-❡%✱ ❡❧❧❡ ♣♦%%4❞❡

❛✉%%✐ ❞❡% ❞+❢❛✉-%✳ ❊♥ ❡✛❡-✱ ♣♦✉" ♥❡ ♣❛% ❛✈♦✐" ✉♥ ❜"✉✐- ❞❡ ❢♦♥❞ -"♦♣ ✐♠♣♦"-❛♥- %✉" ❧❡% ❞+-❡❝-❡✉"% ❛✉ ♥✐✈❡❛✉

❞❡ ❧❛ ❝✐❜❧❡✱ ❧❡% ✐♥-❡♥%✐-+% ❞♦✐✈❡♥- E-"❡ ❧✐♠✐-+❡% D ∼ ✶✵✵ ♣♥❆ ❛✉ ♠❛①✐♠✉♠✳ ❈❡❧❛ ♥♦✉% ❝♦♥❞✉✐-✱ ♠❛❧❣"+ ❞❡%

❡①♣+"✐❡♥❝❡% ❞❡ ❞✉"+❡ ♥♦♥ ♥+❣❧✐❣❡❛❜❧❡✱ D ❞❡% -❛✉① ❞❡ ♣"♦❞✉❝-✐♦♥ ❞❡% ♥♦②❛✉① ❞✬✐♥-+"E-% ❢❛✐❜❧❡% ❡- ❛♠4♥❡

❞♦♥❝ D ❞❡% %♣❡❝-"❡% ♥❡ ♣♦%%+❞❛♥- A✉❡ ♣❡✉ ❞❡ %-❛-✐%-✐A✉❡✳
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❋✐❣✉$❡ ✸✳✾ ✕ ✭❛✮ ❈♦✉♣❡ ❞✬✉♥❡ ✈✉❡ 01♦✐3 ❞✐♠❡♥3✐♦♥3 ❞✉ ❞✐3♣♦3✐0✐❢ ❙❆●❊ ❬✽✾❪ ✿ 3♣❡❝01♦3❝♦♣✐❡ ♣1♦♠♣0❡ ❛33♦❝✐?❡ @ ❘■❚❯ ❛✈❡❝ ❧❛

❞?0❡❝0✐♦♥ ❞✬?❧❡❝01♦♥3 ❡0 ❞❡ γ ✱ ✭❜✮ H❤♦0♦ ❞❡ ❙❆●❊ ❬✽✾❪ ✿ ❧✬❡♥3❡♠❜❧❡ ❞❡3 ❞?0❡❝0❡✉13 ●❡1♠❛♥✐✉♠ ❡0 ❙✐❧✐❝✐✉♠ 3✐0✉? ❛✉ ♥✐✈❡❛✉ ❞❡

❧❛ ❝✐❜❧❡ ✴ ✭❛✮ ❙❝❤❡♠❛(✐❝ ✈✐❡✇ ♦❢ ❙❆●❊ (❤❡ ♣2♦♠♣( 3♣❡❝(2♦3❝♦♣② ❢❛❝✐❧✐(✐❡3 ♦❢ (❤❡ 3❡♣❛2❛(♦2 ❘■❚❯ ❬✽✾❪ ✿ ❞❡(❡❝(✐♦♥ ♦❢ ❡❧❡❝(2♦♥3

❛3 ✇❡❧❧ ❛3 γ✲2❛②3✱ ✭❜✮ D✐❝(✉2❡ ♦❢ ❙❆●❊ ❬✽✾❪ ✿ ❛❧❧ (❤❡ ●❡2♠❛♥✐✉♠ ❛♥❞ ❙✐❧✐❝♦♥ ❞❡(❡❝(♦23 ❛2♦✉♥❞ (❤❡ (❛2❣❡(

✸✳✹✳✸ ▲❛ %♣❡❝)*♦%❝♦♣✐❡ *❡)❛*❞.❡

▲❛ $♣❡❝()♦$❝♦♣✐❡ )❡(❛)❞-❡ $✬❡✛❡❝(✉❡ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✬✉♥ $-♣❛)❛(❡✉)✳ ❆✐♥$✐✱ ❧♦)$ ❞❡ ❝❡$ -(✉❞❡$✱ $❡✉❧$ ❧❡$

-(❛($ ♣♦$$-❞❛♥( ✉♥ (❡♠♣$ ❞❡ ✈✐❡ $✉✣$❛♠♠❡♥( ❧♦♥❣ ♣♦✉) ❡✛❡❝(✉❡) ❧❡ ()❛♥$♣♦)( ❛✉ ()❛✈❡)$ ❞✉ $-♣❛)❛(❡✉)

♠❛✐$ ❛✉$$✐ ♣♦✉) $✉)✈✐✈)❡ ❧❡ (❡♠♣$ ♠♦)( ❞❡ ❧✬-❧❡❝()♦♥✐;✉❡ ♣♦✉))♦♥( <()❡ -(✉❞✐-$ ✭∼ ✶✵ ✲ ✷✵ µ$ ❛❝(✉❡❧❧❡♠❡♥(✮✳

❈❡❧❛ ♥♦✉$ ❞♦♥♥❡ ❞♦♥❝ ❛❝❝D$ ❛✉① ✐$♦♠D)❡$ ❞❡ ❧♦♥❣✉❡ ❞✉)-❡ ❞❡ ✈✐❡ ♦✉ ❜✐❡♥ G ❧❛ $♣❡❝()♦$❝♦♣✐❡ ❞❡$ ❞❡$❝❡♥❞❛♥($

❞✉ )-$✐❞✉ ❞✬-✈❛♣♦)❛(✐♦♥✳

▲❡ ❢♦♥❞❡♠❡♥( ❞❡ ❝❡((❡ (❡❝❤♥✐;✉❡ ❡$( ❞♦♥❝ ❧✬✐❞❡♥(✐✜❝❛(✐♦♥ ❞❡$ -✈D♥❡♠❡♥($ ♣)♦✈❡♥❛♥( ❞✉ $-♣❛)❛(❡✉)

✭;✉❛$✐ ❝✐❜❧❡✱ ;✉❛$✐ ❢❛✐$❝❡❛✉✱ ()❛♥$❢❡)( ♠✉❧(✐✲♥✉❝❧-♦♥ ♦✉ )-$✐❞✉ ❞✬-✈❛♣♦)❛(✐♦♥✮✳ ❈❡♣❡♥❞❛♥( ❧❡ $②$(D♠❡ ❞❡

❞-(❡❝(✐♦♥ ❞✉ ♣❧❛♥ ❢♦❝❛❧ ❡$( ♣❧✉$ -❧❛❜♦)- ;✉❡ ❝❡❧✉✐ ❞❡ ❧❛ $♣❡❝()♦$❝♦♣✐❡ ♣)♦♠♣(❡ ✭❝❢✳ ✜❣✳ ✸✳✼❜✮✳ ❊♥ ❡✛❡(✱

✐❝✐✱ ♦♥ ❝❤❡)❝❤❡ G -(✉❞✐❡) ❧❡$ -♠✐$$✐♦♥$ ❞❡ ♣❛)(✐❝✉❧❡$ γ ❡( β✴-❧❡❝()♦♥ ❞❡ ❝♦♥✈❡)$✐♦♥✱ ♠✐$❡$ ❡♥ ❥❡✉ ❞❛♥$ ❧❛

❞-$❡①❝✐(❛(✐♦♥ ❞✬-(❛($ ✐$♦♠-()✐;✉❡$ ❞❡ ❧♦♥❣✉❡ ❞✉)-❡ ❞❡ ✈✐❡✱ ♦✉ ❞❡$ -(❛($ ♣❡✉♣❧-$ ❞❛♥$ ❧❡$ ❞❡$❝❡♥❞❛♥($ ❞✉

♥♦②❛✉ ♣D)❡ ✭

A
Z❳✮✳ ❖♥ ♣❡✉( ❛✐♥$✐ )❡♠♦♥(❡) ❛✉① ✐♥❢♦)♠❛(✐♦♥$ )❡❧❛(✐✈❡$ ❛✉ $♣✐♥ ❞❡$ -(❛($ ❢♦♥❞❛♠❡♥(❛✉①✴❡①❝✐(-$

❞❡$ ♥♦②❛✉① ♣)-$❡♥($✱ ❛✐♥$✐ ;✉✬❛✉① ❞✉)-❡$ ❞❡ ✈✐❡ ❡( ❧❡ ♠♦❞❡ ❞❡ ❞-❝)♦✐$$❛♥❝❡ ❞❡$ ❞✐✛-)❡♥($ ♥✐✈❡❛✉① ♥✉❝❧-❛✐)❡$

♠✐$ ❡♥ ❥❡✉ ✭❝❢✳ ✜❣✳ ✸✳✽❜✮✳ ❈✬❡$( ❞♦♥❝ ❧✬❡♥$❡♠❜❧❡ ❞❡ ❝❡$ ✐♥❢♦)♠❛(✐♦♥$ ;✉❡ ♥♦✉$ $♦✉❤❛✐(♦♥$ )-❝♦❧(❡) ❛✉ ♣❧❛♥

❢♦❝❛❧ ❞✉ $-♣❛)❛(❡✉) ❧♦)$ ❞❡ ❝❡$ -(✉❞❡$✳

R♦✉) ❝❡❧❛✱ ❡♥ ♣❧✉$ ❞✉ ❞-(❡❝(❡✉) ❞✬✐♠♣❧❛♥(❛(✐♦♥ ✧❝❧❛$$✐;✉❡✧✱ ♥♦✉$ ❞✐$♣♦$♦♥$ ❞❡ ;✉❛()❡ ❞-(❡❝(❡✉)$ ❞✐($

✧❚✉♥♥❡❧✧ $✐(✉-$ ❛✉(♦✉) ❞✉ ❞-(❡❝(❡✉) ❞✬✐♠♣❧❛♥(❛(✐♦♥✱ ❢♦)♠❛♥( ❛✐♥$✐ ✉♥❡ ❜♦U(❡ ❞❡ ❞-(❡❝(❡✉)$ $✐❧✐❝✐✉♠ ♣♦$✲

$-❞❛♥( ✉♥❡ ♦✉✈❡)(✉)❡ ❡♥ ❞✐)❡❝(✐♦♥ ❞✉ $-♣❛)❛(❡✉) ✭❝❢✳ ✜❣✳ ✸✳✶✵❛✮✳ ❈❡❧❧❡✲❝✐✱ ♥♦✉$ ♣❡)♠❡( ♥♦♥ $❡✉❧❡♠❡♥(

❞✬❛✉❣♠❡♥(❡) ❧✬❡✣❝❛❝✐(- ❞❡ ❞-(❡❝(✐♦♥ ❞❡$ ♣❛)(✐❝✉❧❡$ α ♠❛✐$ ❛✉$$✐ ❞✬❛✉❣♠❡♥(❡) ♥♦()❡ $❡♥$✐❜✐❧✐(- ❛✉① -❧❡❝✲

()♦♥$ ❞❡ ❝♦♥✈❡)$✐♦♥ -♠✐$ ❧♦)$ ❞❡$ ♣)♦❝❡$$✉$ ❞❡ ❞-$❡①❝✐(❛(✐♦♥✳ ❯♥❡ ❢♦✐$ ♣❧❛❝- ❞❛♥$ ❧❛ ❝❤❛♠❜)❡ G ✈✐❞❡✱ ❝❡(

❡♥$❡♠❜❧❡ ✭❚✉♥♥❡❧ ✰ ■♠♣❧❛♥(❛(✐♦♥✮ ❡$( ❡♥(♦✉)- ❞❡ ❞-(❡❝(❡✉)$ ❣❡)♠❛♥✐✉♠ ♣♦✉) ❧❛ ❞-(❡❝(✐♦♥ ❞❡ )❛②♦♥♥❡♠❡♥($

γ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❞✉ $-♣❛)❛(❡✉) ✭❝❢✳ ✜❣✳ ✸✳✶✵❜✮✳

▲❡$ -(✉❞❡$ ❞-❜✉(❡♥( ♣❛) ❧❛ ♠<♠❡ ✐❞❡♥(✐✜❝❛(✐♦♥ ;✉❡ ❧❛ $♣❡❝()♦$❝♦♣✐❡ ♣)♦♠♣(❡ ✿ ✉♥❡ ✐❞❡♥(✐✜❝❛(✐♦♥ ❞❡$

-✈D♥❡♠❡♥($ ❡♥ ♣)♦✈❡♥❛♥❝❡ ❞✉ $-♣❛)❛(❡✉) ♣❛) ❘❉❚ G ❧✬❛✐❞❡ ❞✉ ❞-(❡❝(❡✉) ❞❡ (❡♠♣$ ❞❡ ✈♦❧✳ ❊♥$✉✐(❡✱ ♦♥

❡✛❡❝(✉❡ ❧✬❛✣❧✐❛(✐♦♥ ❞❡$ ♥♦②❛✉① ❞✬✐♠♣❧❛♥(❛(✐♦♥$ ❞-(❡❝(-$ ❛✈❡❝ ❧❡✉) ❞❡$❝❡♥❞❛♥( ❞✐)❡❝(✳ ❆✐♥$✐ ❡♥ ❡✛❡❝(✉❛♥(
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❞❡1❡❝1♦:✮✳

✖ ■♠♣❧❛♥1❛1✐♦♥ ❞❡1❡❝1♦: ✿ ❚❤✐7 ❞❡1❡❝1♦: ❣❛1❤❡:7 1❤❡ ✐♥❝♦♠✐♥❣ ♥✉❝❧❡✐ ❡①✐1✐♥❣ 1❤❡ 7❡♣❛:❛1♦: ❛7 ✇❡❧❧ ❛7

1❤❡ 7❡❝♦♥❞❛:② ❡♠✐77✐♦♥ ❞✉:✐♥❣ 1❤❡ ❞❡7❡①❝✐1❛1✐♦♥✴❞❡❝❛② ♦❢ 1❤❡ ✐♠♣❧❛♥1❡❞ ♥✉❝❧❡✐✳ ❚❤✐7 ❞❡1❡❝1♦: ✐7 ❛

✶✵ ① ✶✵ ❝♠

2
❉❙❙❉ ✭❉♦✉❜❧❡ ❙✐❞❡ ❙1:✐♣ ❉❡1❡❝1♦:✮ ❝♦♠♣♦7❡❞ ♦❢ ✶✷✽ ① ✶✷✽ 71:✐♣7 ❢♦: ❛ 1❤✐❝❦♥❡77 ♦❢

∼ ✸✵✵ µ♠ ✭❝❢✳ ✜❣✳ ✹✳✺✮✳ ❚❤❡7❡ ❝❤❛:❛❝1❡:✐71✐❝7 ❛❧❧♦✇ ✉7 1♦ ❤❛✈❡ ❛♥ ♦✈❡:❛❧❧ 7♣❛❝✐❛❧ :❡7♦❧✉1✐♦♥ ✉♥❞❡:

1❤❡ ♠✐❧❧✐♠❡1❡: 1❤:♦✉❣❤ ❢:♦♥1✴❜❛❝❦ ❝♦::❡❧❛1✐♦♥7 ❜❡1✇❡❡♥ 1❤❡ 71:✐♣7 ✭❜❡11❡: ❢♦: 1❤❡ ❘❚❉ 1❡❝❤♥✐^✉❡

❝❢✳ 7❡❝1✐♦♥ ✸✳✹✳✷✮✳

✖ ❚✉♥♥❡❧ ❞❡1❡❝1♦:7 ✿ ❚❤❡7❡ ❞❡1❡❝1♦:7 ❛:❡ ❛❧7♦ ❉❙❙❉ ❜✉1 1❤❡② ❛:❡ ♦♥❧② ✺ ① ✻ ❝♠

2
❛♥❞ ✶✻ ① ✶✻ 71:✐♣7✳

❚❤❡② ❛:❡ ♣♦7✐1✐♦♥❡❞ ✐♥ ❛ ❚✉♥♥❡❧ ❝♦♥✜❣✉:❛1✐♦♥ ❛:♦✉♥❞ 1❤❡ ✐♠♣❧❛♥1❛1✐♦♥ ❞❡1❡❝1♦: ✭1✇♦ ♣❡: ❢❛❝❡✱ ❝❢✳

✜❣✳ ✹✳✺✮✳ ❚❤❡✐: ∼ ✼✵✵ µ♠ 1❤✐❝❦♥❡77 ❛♥❞ 1❤❡✐: ❝❧♦7❡ ❝♦♥✜❣✉:❛1✐♦♥ ❛❧❧♦✇7 ✉7 1♦ ❤❛✈❡ ❛ ✈❡:② ❣♦♦❞

❡✣❝✐❡♥❝② ✭∼ ✶✼ ✪✱ ❝❢✳ ✜❣✳ ✹✳✻ ❬✾✺❪✮ ♦♥ 1❤❡ ❬✺✵✲✺✵✵❪ ❦❡❱ :❛♥❣❡✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝1✐✈❡ ♦❢ 1❤❡7❡ ❞❡1❡❝1♦:7

✐7 1❤❡ ❝♦♥✈❡:7✐♦♥ ❡❧❡❝1:♦♥ ❞❡1❡❝1✐♦♥ ❛7 1❤❡ ❝♦♥✈❡:7✐♦♥ ♣❤❡♥♦♠❡♥❛ ✐7 ✈❡:② ✐♠♣♦:1❛♥1 ✐♥ 1❤❡ ❤❡❛✈②

❛♥❞ 7✉♣❡:❤❡❛✈② ♥✉❝❧❡✉7 :❡❣✐♦♥✳

✖ ●❡:♠❛♥✐✉♠ ❉❡1❡❝1♦:7 ✿ ❚❤❡ ✜✈❡ ❣❡:♠❛♥✐✉♠ ❞❡1❡❝1♦:7 ❛77✉:❡ ✉7 1❤❡ ❞❡1❡❝1✐♦♥ ♦❢ γ✲:❛②7 ❞✉:✐♥❣ 1❤❡

❡①♣❡:✐♠❡♥1 ✭❝❢✳ ✜❣✳ ✹✳✸✮✳ ▼♦:❡♦✈❡: 1❤❡ ❇●❖ 7❤✐❡❧❞7 ❛❧❧♦✇ ✉7 1♦ :❡❞✉❝❡ 1❤❡ ❈♦♠♣1♦♥ ❜❛❝❦❣:♦✉♥❞ ❛7

✇❡❧❧ ❛7 ✐♥❝:❡❛7❡ 1❤❡ 7✐❣♥❛❧ 1♦ 1❤❡ ❜❛❝❦❣:♦✉♥❞ :❛1✐♦✳ ❖♥❡ ❜:❛♥❞ ♥❡✇ ❝❧♦✈❡: ❞❡1❡❝1♦: ✭❈▲❖❉❊❚❚❊✮

✐7 ❞✐:❡❝1❧② ♣♦7✐1✐♦♥❡❞ ❜❡❤✐♥❞ 1❤❡ ✐♠♣❧❛♥1❛1✐♦♥ ❞❡1❡❝1♦: ❛♥❞ ❢♦✉: N❤❛7❡ ✶ ❞❡1❡❝1♦:7 ✭♠♦♥♦❝:✐71❛❧✮

❛:❡ ♣❧❛❝❡❞ ❛:♦✉♥❞ 1❤❡ ❚✉♥♥❡❧ ❞❡1❡❝1♦:7✳ ❚❤❡② ❛❧❧ ❤❛✈❡ ❛ :❡7♦❧✉1✐♦♥ ✉♥❞❡: ✷✳✽ ❦❡❱ ❛♥❞ 1❤❡ ✈❡:② 1❤✐♥

❡♥1:❛♥❝❡ ✇✐♥❞♦✇7 ♦❢ 1❤❡ :❡❛❝1✐♦♥ ❝❤❛♠❜❡: ❛❧❧♦✇ 1♦ ❤❛✈❡ ❛ 1❤:❡7❤♦❧❞ ❛:♦✉♥❞ ✷✵ ❦❡❱ ✭✐♠♣♦:1❛♥1 ❢♦:

1❤❡ ❳✲:❛②7 ✐♥ 1❤❡ 7✉♣❡:❤❡❛✈② :❡❣✐♦♥✮ ❛7 ✇❡❧❧ ❛7 ❤✐❣❤ ❡✣❝✐❡♥❝② ✭❝❢✳ ✜❣✳ ✹✳✼✮ ❬✾✺❪

❆♥❛❧♦❣ ❊❧❡❝)6♦♥✐❝ ✿

❚❤❡ ❞❛1❛ ❛❝^✉✐7✐1✐♦♥ ♣:♦❝❡77 ✐7 ^✉✐1❡ 7✐♠✐❧❛: ♦♥ ❛❧❧ 1❤❡ ❞❡1❡❝1♦:7✳ ❋✐:71✱ 1❤❡ 7✐❣♥❛❧ ❝♦♠✐♥❣ ❢:♦♠ 1❤❡

❞❡1❡❝1♦: ❣♦❡7 1❤:♦✉❣❤ ❛ ♣:❡❛♠♣❧✐✜❡: ✭N❆✮✳ ❚❤❡♥ ✐1 ❣♦❡7 1♦ ❛ 7♣❡❝1:♦7❝♦♣② ❛♠♣❧✐✜❡: ✭✇✐1❤ 1✇♦ ❣❛✐♥7 ✭①✶

❛♥❞ ①✶✵✮✮ ❜❡❢♦:❡ ❣♦✐♥❣ 1♦ ❛♥ ❛♥❛❧♦❣ 1♦ ❞✐❣✐1❛❧ ❝♦♥✈❡:1❡: ✭❆❉❈✮ ✐♥ ✇❤✐❝❤ 1❤❡ ❡♥❡:❣② ✐7 ❣❛1❤❡:❡❞ ✭♠❛①✐♠✉♠



❈❍❆#■❚❘❊ ✹✳ ❈❖◆❉■❚■❖◆❙ ❊❳#➱❘■▼❊◆❚❆▲❊❙ ✿ ❙❍❊▲❙ ❊❚ ●❆❇❘■❊▲❆ ✽✼

❛♠♣❧✐'✉❞❡ ♦❢ '❤❡ .✐❣♥❛❧✮ ❛♥❞ ✐. ❛..♦❝✐❛'❡❞ '♦ ❛ '✐♠❡.'❛♠♣ ✭✶ ▼❍③ ❝❧♦❝❦✮✳

❍♦✇❡✈❡<✱ .♦♠❡ ❞✐✛❡<❡♥❝❡. ❝❛♥ ❜❡ .♣♦''❡❞✳ ❋✐<.'✱ '❤❡ ❤✐❣❤ ♥✉♠❜❡< ♦❢ ❡❧❡❝'<♦♥✐❝ ❝❤❛♥♥❡❧. ♥❡❡❞❡❞ ❢♦< '❤❡

❉❙❙❉ ❞❡'❡❝'♦<. ❢♦<❝❡❞ ✉. '♦ ♠✉❧'✐♣❧❡① '❤❡ .✐❣♥❛❧. ❜❡❢♦<❡ '❤❡ .♣❡❝'<♦.❝♦♣② ❛♠♣❧✐✜❡<.✳ ❚❤✉.✱ ✇❡ ♠✉❧'✐♣❧❡①

✶✻ ❡✈❡♥✴♦❞❞ .✉❝❝❡..✐✈❡ .'<✐♣. ❢♦< '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ❞❡'❡❝'♦< ♦< ♦♥❡ ❢❛❝❡ ♦❢ ❛ ❚✉♥♥❡❧ ❞❡'❡❝'♦<✳ ❍❡♥❝❡✱ '❤❡

❆❉❈ ❣❛'❤❡< ♦♥❡ ❛❞❞✐'✐♦♥❛❧ ✐♥❢♦<♠❛'✐♦♥✱ '❤❡ ♥✉♠❜❡< ♦❢ '❤❡ '<✐❣❣❡<❡❞ .'<✐♣. ✭✐♥❝❧✉❞❡ ✐♥ '❤❡ ❞❛'❛ ❢♦<♠❛'✮✳

❋✉<'❤❡<♠♦<❡✱ '❤❡ ❚❖❋ .✐❣♥❛❧ ✇❛. L✉✐'❡ ♥♦✐.② ❞✉<✐♥❣ '❤❡ '✇♦ ❛❝L✉✐.✐'✐♦♥ ❝❛♠♣❛✐❣♥.✱ '❤✉. ✐'. <❡❛✲

❞✐♥❣ ✐. ❣❛'❡❞ ♦♥ ❛ .✐❣♥❛❧ ✐♥ '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ❞❡'❡❝'♦< ✭♥♦ ❚❖❋ .✐❣♥❛❧ ❜✉' ✐♠♣❧❛♥'❛'✐♦♥ ♦♥❡ ♠❡❛♥. ❞❡✲

❝❛②✴❞❡.❡①❝✐'❛'✐♦♥✮✳

❚❤❡ ❧❛.' ♣♦✐♥' ❝♦♥❝❡<♥✐♥❣ '❤❡ ❛❝L✉✐.✐'✐♦♥ ❡❧❡❝'<♦♥✐❝. ✐. ✐'. '<✐❣❣❡<✐♥❣ ♠♦❞❡✳ ■♥❞❡❡❞✱ ●❆❇❘■❊▲❆ ✐.

'<✐❣❣❡<❧❡.. ✿ ❛❧❧ '❤❡ ❞❡'❡❝'♦<. ❤❛✈❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ '<✐❣❣❡<✳ ❚❤✉.✱ ❛ ❝♦♠♣❧❡① ❛♥❛❧②.✐. ✐. ♥❡❡❞❡❞ '♦ ❡①'<❛❝' '❤❡

✇❛♥'❡❞ ✐♥❢♦<♠❛'✐♦♥ '❤<♦✉❣❤ .❡✈❡<❛❧ ❝♦<<❡❧❛'✐♦♥.✳

❉❛"❛ ❆♥❛❧②'✐' ✿ *+✐♥❝✐♣❧❡ ❛♥❞ ■❧❧✉'"+❛"✐♦♥'

*+✐♥❝✐♣❧❡ ❛♥❞ ❝♦++❡❧❛"✐♦♥ ♠❡"❤♦❞' ✿

❋✐<.'✱ ✇❡ ♥❡❡❞ '♦ ✉♥❞❡<.'❛♥❞ '❤❡ '❡♠♣♦<❛❧ ✉♥❢♦❧❞✐♥❣ ♦❢ ♦♥❡ ♣❤②.✐❝❛❧❧② ✐♥'❡<❡.'✐♥❣ ❡✈❡♥' ✭❝❢✳ ✜❣✳ ✹✳✽✮ ✿

✶✳ ❊✈❛♣♦<❛'✐♦♥ <❡.✐❞✉❡ ❝<❡❛'✐♦♥ ✿ ❣✐✈❡♥ ❡①❝✐'❛'✐♦♥ ❡♥❡<❣② ❛♥❞ ❛♥❣✉❧❛< ♠♦♠❡♥'✉♠✳

✷✳ ❚<❛♥.♣♦<' '❤<♦✉❣❤ ❙❍❊▲❙ ✭❢❡✇ ♠✐❝<♦.❡❝♦♥❞.✮ ✿ ♥♦✐.❡ <❡❥❡❝'✐♦♥ ❛♥❞ .❡❧❡❝'✐♦♥ ♦❢ ✐♥'❡<❡.'✐♥❣ ❡✈❡♥'.✳

✸✳ ❚✐♠❡ ♦❢ ❋❧✐❣❤' ♠❡❛.✉<❡♠❡♥'✳

✹✳ ■♠♣❧❛♥'❛'✐♦♥ ♦❢ '❤❡ <❡❝♦✐❧ ♥✉❝❧❡✐ ✿ ❞❡✜♥✐'✐♦♥ ♦❢ '❤❡ ✐♠♣❧❛♥'❡❞ ♣✐①❡❧✳

✺✳ ❉❡.❡①❝✐'❛'✐♦♥✴❞❡❝❛② ♦❢ '❤❡ ✐♠♣❧❛♥'❡❞ ♥✉❝❧❡✐ ✭❢❡✇ ♠✐❝<♦.❡❝♦♥❞. '♦ ❢❡✇ .❡❝♦♥❞. ♦< ♠♦<❡✮✳

❚❤❡ ✜<.' .'❡♣ ✐♥ '❤❡ ❛♥❛❧②.✐. ✐. '♦ <❡❝♦♥.'<✉❝' '❤❡ ♣♦.✐'✐♦♥ ♦❢ ❡❛❝❤ ❡✈❡♥' ✐♥ '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ❞❡'❡❝'♦<✳

❚❤<♦✉❣❤ ❛ ❢<♦♥'✴❜❛❝❦ '✐♠✐♥❣ ❝♦<<❡❧❛'✐♦♥✱ ✇❡ ❞❡✜♥❡ '❤❡ ❤♦<✐③♦♥'❛❧ ♣♦.✐'✐♦♥ ①recoil ❛♥❞ '❤❡ ✈❡<'✐❝❛❧ ♦♥❡

②recoil ❛. ✇❡❧❧ ❛. '❤❡ ♠❛'<✐① ♦❢ '❤❡ ❡♥❡<❣② ❢<♦♥' ✐♥ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ❡♥❡<❣② ❜❛❝❦✱ ✐♥ ♦<❞❡< '♦ .❡❧❡❝' '❤❡ ❣♦♦❞

❝♦<<❡❧❛'✐♦♥. ❛♥❞ ❝❤❡❝❦ '❤❡ <❡❝♦♥.'<✉❝'✐♦♥ ♦❢ '❤❡ ♣✐①❡❧.✳

❋✐<.'✱ ✇❡ ❧♦♦❦ ❢♦< ❝♦<<❡❧❛'❡❞ .✐❣♥❛❧. ❜❡'✇❡❡♥ '❤❡ ❚❖❋ ♦♥❡ ❛♥❞ '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ♦♥❡✳ ❚❤❡② ❛❧❧♦✇ ✉. '♦

❝♦♥.'<✉❝' '❤❡ ✜<.' .❡❧❡❝'✐♦♥ ♠❛'<✐① ✭'✐♠❡ ♦❢ ✢✐❣❤' ✐♥ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ❡♥❡<❣②✮✱ '♦ ❞✐.'✐♥❣✉✐.❤

'❤❡ .❡✈❡<❛❧ <❡❛❝'✐♦♥ ♠❡❝❤❛♥✐.♠. ✐♥✈♦❧✈❡❞ ❛♥❞ ✜♥❛❧❧② '♦ .❡❧❡❝' '❤❡ <❡❣✐♦♥ ♦❢ ✐♥'❡<❡.' ❢♦< '❤❡ ❡✈❛♣♦<❛'✐♦♥

<❡.✐❞✉❡✳

❚❤❡♥✱ ✇❡ ❧♦♦❦ ❢♦< ❝♦<<❡❧❛'✐♦♥. ❜❡'✇❡❡♥ ❞❡❝❛② ❡✈❡♥'. ❢♦❧❧♦✇✐♥❣ '❤❡ ✐♠♣❧❛♥'❡❞ ♥✉❝❧❡✉. ✐♥ '❤❡ .❛♠❡ ♣✐①❡❧ ❛.

'❤❡ ✐♠♣❧❛♥'❡❞ ♦♥❡✳ ■' ❛❧❧♦✇. ✉. '♦ ✐❞❡♥'✐❢② '❤❡ ❞❡❝❛②. ♠♦<❡ ♣<❡❝✐.❡❧② '❤<♦✉❣❤ '❤❡✐< ❝❤❛<❛❝'❡<✐.'✐❝. ✭❞❡❝❛②

'✐♠❡ ❛♥❞ ❡♥❡<❣②✮✳ ▼♦<❡♦✈❡<✱ ✇❡ ❝♦♥.'<✉❝' '❤❡ .❡❝♦♥❞ .❡❧❡❝'✐♦♥ ♠❛'<✐① <❡♣<❡.❡♥'✐♥❣ '❤❡ '✐♠❡ ❞✐✛❡<❡♥❝❡

❜❡'✇❡❡♥ '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ❛♥❞ '❤❡ ❞❡❝❛② ✭✐♥ ❧♦❣2✭∆'✮✮ ✐♥ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ❞❡❝❛② ❡♥❡<❣②✳ ❲❡ ❝❛♥ ❝♦♥.'<✉❝'

'❤❡ .❛♠❡ '②♣❡ ♦❢ ♠❛'<✐① ❢♦< ❛♥② ❞❡.❡①❝✐'❛'✐♦♥ ❡♠✐..✐♦♥ ✐♥ ❝♦<<❡❧❛'✐♦♥ ✇✐'❤ ❡✐'❤❡< '❤❡ ✐♠♣❧❛♥'❛'✐♦♥ ♦< '❤❡

.❡✈❡<❛❧ ❢♦❧❧♦✇✐♥❣ ❞❡❝❛②.✱ ❛♥❞ ❡①'<❛❝' '❤❡✐< ❝❤❛<❛❝'❡<✐.'✐❝. ✭❞❡❝❛② '✐♠❡ ❛♥❞ ❡♥❡<❣②✮✳

❲❡ ❝❛♥ <❡♣❡❛' '❤❡ ♣<♦❝❡.. '❤<♦✉❣❤ ❛❧❧ '❤❡ α ❞❡❝❛②. ✉♥'✐❧ ❡✐'❤❡< '❤❡ ❝❤❛✐♥ ✐. ❜<♦❦❡♥ ❜② '❤❡ .♣♦♥'❛♥❡♦✉.

✜..✐♦♥✱ ♦< ❛ ♥❡✇ ✐♠♣❧❛♥'❡❞ ♥✉❝❧❡✉. ❛<<✐✈❡. ✐♥ '❤❡ .❛♠❡ ♣✐①❡❧✱ ♦< '❤❡ ❧❛.' ❣❡♥❡<❛'✐♦♥ α ✐. '♦♦ .❧♦✇ ❛♥❞

❝❛♥♥♦' ❜❡ ❞✐.'✐♥❣✉✐.❤❡❞ ❢<♦♠ '❤❡ <❛♥❞♦♠ ❝♦<<❡❧❛'✐♦♥. ✭❜❛❝❦❣<♦✉♥❞ ❛<♦✉♥❞ ✶✺✵✲✷✵✵ . ✐♥ ❞❡❝❛② '✐♠❡ ✇❤✐❝❤

❞❡♣❡♥❞. ♦♥ '❤❡ ❝♦✉♥'✐♥❣ <❛'❡ ❛' '❤❡ ❢♦❝❛❧ ♣❧❛♥✮✳ ❉✉<✐♥❣ '❤✐. ❝♦<<❡❧❛'✐♦♥✱ ✇❡ ❡.'❛❜❧✐.❤ '❤❡ ❧❛.' ✐❞❡♥'✐✜❝❛'✐♦♥

♠❛'<✐① ✿ <❡♣<❡.❡♥'✐♥❣ '❤❡ ❡♥❡<❣② ♦❢ ❛♥ α ❞❡❝❛② ♦❢ '❤❡ ❣❡♥❡<❛'✐♦♥ n ✐♥ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ♦♥❡ ♦❢ '❤❡ ❣❡♥❡<❛'✐♦♥

n− 1✳ ❚❤✐. ❧❛.' ♦♥❡ ❛❧❧♦✇. ✉. '♦ ✐❞❡♥'✐❢② ✜♥❡ .'<✉❝'✉<❡ ✐♥ '❤❡ α ❞❡❝❛②. '❤<♦✉❣❤ ❣❡♥❡'✐❝ ❝♦<<❡❧❛'✐♦♥✱ ❛. ✇❡❧❧

❛. '♦ .❡❧❡❝' '❤❡♠ ❢♦< '❤❡ ❝♦<<❡❧❛'✐♦♥ ✇✐'❤ '❤❡ ❞❡.❡①❝✐'❛'✐♦♥ ❡♠✐..✐♦♥✳
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■❧❧✉#$%❛$✐♦♥ ✿ ❈❛❧✐❜%❛$✐♦♥ ❊①♣❡%✐♠❡♥$#
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❚❤ ❛♥❞

209,210,211
❘❛

❚❤❡$❡ %✇♦ ❡①♣❡*✐♠❡♥%$ ❛❧❧♦✇ ✉$ %♦ ♣*♦♣❡*❧② ❝❛❧✐❜*❛%❡ %❤❡ $✐❧✐❝♦♥ ❞❡%❡❝%♦* ❛♥❞ ❝❤❡❝❦ %❤❡ γ ❝❛❧✐❜*❛%✐♦♥✳

■♥❞❡❡❞✱ ❛$ %❤❡ ♥✉❝❧❡✐ ❛*❡ ✐♠♣❧❛♥%❡❞ ✐♥ %❤❡ $✐❧✐❝♦♥ ❞❡%❡❝%♦*✱ %❤✐$ ✐$ %❤❡ ♦♥❧② ✇❛② %♦ ♣*♦♣❡*❧② ❝❛❧✐❜*❛%❡ %❤❡

❞❡%❡❝%♦*$ ✭✭❝❢✳ ✜❣✳ ✹✳✾✮✳ ❚❤✉$✱ ❢♦* %❤❡ α ♣❛*%✐❝❧❡$ ✱ %❤❡✐* ❡♥❡*❣✐❡$ ❛*❡ ♥♦% ❞❡❣*❛❞❡❞ ❜② %❤❡ ❞❡❛❞ ❧❛②❡* ✭❛$ ✐%

✐$ ❢♦* ❛♥ ❡①%❡*♥❛❧ ❝❛❧✐❜*❛%✐♦♥✮✳ ■♥ ❝♦♥%*❛$%✱ ❢♦* %❤❡ ❡❧❡❝%*♦♥$ ❞❡%❡❝%❡❞ ✐♥ %❤❡ ❚✉♥♥❡❧✱ %❤❡✐* ❡♥❡*❣✐❡$ ✇✐❧❧ ❜❡

❞❡❣*❛❞❡❞ ❜② ❜♦%❤ ❞❡❛❞ ❧❛②❡*$ ✭❉❙❙❉ ❛♥❞ ❚✉♥♥❡❧ ♦♥❡✮✳

✖

216
❚❤ ♥✉❝❧❡✉# #$✉❞②

❲❡ ✉$❡❞ %❤❡

50
❚✐✭

170
❊*✱✹♥✮

216
❚❤ *❡❛❝%✐♦♥✱ ✐♥ ♦*❞❡* %♦ ❝❛❧✐❜*❛%❡ %❤❡ α ❡♥❡*❣② ✉$✐♥❣ %❤❡ ✇✐❞❡ *❛♥❣❡

♦❢ ❡♠✐$$✐♦♥$ ♦❢ %❤❡

216
❚❤ ❞❡❝❛② ❝❤❛✐♥✳ ❚❤❡ ❧❛*❣❡ ❝*♦$$ $❡❝%✐♦♥ ♦❢ ✹✵ µ❜ ❛❧❧♦✇$ ✉$ %♦ F✉✐❝❦❧② ❝❛❧✐❜*❛%❡

❛❧❧ %❤❡ ❞❡%❡❝%♦*$✳

▼♦*❡♦✈❡*✱ ✐♥ %❤❡ ♣*❡✈✐♦✉$ $%✉❞② ❬✾✻❪ ❀ ✐$♦♠❡*✐❝ $%❛%❡$ ✇❡*❡ ❤✐❣❤❧✐❣❤%❡❞ ❛♥❞ ❛ ❧❡✈❡❧ $❝❤❡♠❡ ✇❛$

♣*♦♣♦$❡❞ ✭❝❢✳ ✜❣✳ ✹✳✶✵✮ ✉$✐♥❣ ♣*♦♠♣% ❛♥❞ ❞❡❧❛②❡❞ $♣❡❝%*♦$❝♦♣②✳ ❍♦✇❡✈❡*✱ ✇✐%❤ %❤❡ ●❆❇❘■❊▲❆

$❡%✉♣✱ ✇❡ ❛*❡ ♦♥❧② $❡♥$✐%✐✈❡ %♦ %❤❡ ❧❛$% ♦♥❡ ✭✶✷✽ µ$ ❧✐❢❡%✐♠❡✮ ❛♥❞ $❧✐❣❤%❧② %♦ %❤❡ ✶✶

−
✭✻✺✺ ♥$✮ ❞✉❡

%♦ %❤❡ %✐♠❡ ♦❢ ✢✐❣❤% ✭❛♥❞ %❤❡ ❡❧❡❝%*♦♥✐❝ ❞❡❛❞ %✐♠❡✮✳ ■♥❞❡❡❞✱ ✉$✐♥❣ %❤❡ ❜❡❛♠ ❡♥❡*❣② ♠❡❛$✉*❡❞ ♦❢

❚fais ❂ ✷✺✺✳✺ ▼❡❱ ✭♠✐❞ %❛*❣❡% ❚lab ❂ ✷✹✺✳✺ ▼❡❱✮✱ ✇❡ ❝❛♥ ❞❡%❡*♠✐♥❡ %❤❡ *❡❝♦✐❧ ❡♥❡*❣② ❛♥❞ ✈❡❧♦❝✐%②

%❤*♦✉❣❤ ❡F✳ ✭✹✳✶✮ %♦ ❡F✳ ✭✹✳✻✮ ✿ ✇✐%❤ ❛ %✐♠❡ ♦❢ ✢✐❣❤% ❡F✳ ✭✹✳✼✮✳

■♥ ♦*❞❡* %♦ ❝❛❧✐❜*❛%❡ %❤❡ ❞❡%❡❝%♦*$✱ ✇❡ ♥❡❡❞ %♦ ✐❞❡♥%✐❢② %❤❡ $❡✈❡*❛❧ *❛❞✐❛%✐♦♥ ✐♥ %❤❡ ❞❡%❡❝%♦*$✳ ❲❡

❡$%❛❜❧✐$❤ %❤❡ $❡✈❡*❛❧ $❡❧❡❝%✐♦♥ ♠❛%*✐❝❡$ $%❛*%✐♥❣ ✇✐%❤ %❤❡ %✐♠❡ ❞✐✛❡*❡♥❝❡ ✐♥ ❢✉♥❝%✐♦♥ ♦❢ %❤❡ ❞❡❝❛②

❡♥❡*❣② ✭❝❛❧✐❜*❛%❡ ♠❛%*✐① ❝❢✳ ✜❣ ✹✳✶✶✮✳ ■% ❛❧❧♦✇$ %♦ ✐❞❡♥%✐❢② ❛❧❧ %❤❡ *❛❞✐❛%✐♦♥ ❝❧❡❛*❧② %❤*♦✉❣❤ %❤❡✐*

❞❡❝❛② %✐♠❡ ❛♥❞ ❡♥❡*❣② ✭

216
❚❤ ❜✉% ❛❧$♦
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❚❤ ❛♥❞ %❤❡✐* $❡✈❡*❛❧ ❞❛✉❣❤%❡*$✮ ❛♥❞ ❝♦♥✜*♠ %❤❡ ♣*❡$❡♥❝❡

♦❢ %❤❡ ❜*❛♥❝❤✐♥❣ *❛%✐♦ ✭∼ ✸✪✮ ♦❢ %❤❡ ✽

+
✐$♦♠❡*✐❝ $%❛%❡ ❛% ✾✳✾✷✶ ▼❡❱✳ ▼♦*❡♦✈❡*✱ %❤❡ ❞❡❝❛② %✐♠❡

❡$%✐♠❛%✐♦♥ ✐$ ❡❛$✐❧② ❞♦♥❡ ❜② ♣*♦❥❡❝%✐♦♥ ♦❢ %❤❡ $❡❧❡❝%✐♦♥ ♦♥ %❤❡ ❨✲❛①✐$ ❛♥❞ ✉$✐♥❣ %❤❡ ❡F✳ ✭✹✳✽✮ ✭❝❢✳

❛♥♥❡①❡ ❉✮ ❢♦* %❤❡ ✜%%✐♥❣ ❛♥❞ %❤❡ ❡①%*❛❝%✐♦♥ ♦❢ %❤❡ ❞❡❝❛② %✐♠❡ ✿ ✷✼✳✵✽

+10.3
−10.3 ♠$ ❢♦* %❤❡ ❣*♦✉♥❞ $%❛%❡

❛♥❞ ✶✹✸✳✹✻

+4.1
−4.3 µ$ ❢♦* %❤❡ ✽

+
✐$♦♠❡*✐❝ $%❛%❡ ✭❝❢✳ ✜❣✳ ✹✳✶✷✮✳

❲❡ %❤❡♥ ♣❡*❢♦*♠ %❤❡ $❡❝♦♥❞ $%❛❣❡ ♦❢ ❝♦**❡❧❛%✐♦♥ ✿ ❜❡%✇❡❡♥ %❤❡ $❡✈❡*❛❧ ❣❡♥❡*❛%✐♦♥$ ♦❢ α ❞❡❝❛②$✳ ❲❡

❝❛♥ ❝♦♥$%*✉❝% %❤❡ $❡❝♦♥❞ $❡❧❡❝%✐♦♥ ♠❛%*✐① ✭❝❢✳ ✜❣✳ ✹✳✶✸✮✱ $❡❧❡❝% %❤❡ ❝♦**❡$♣♦♥❞✐♥❣ ❡♠✐$$✐♦♥ ✭❣*♦✉♥❞

$%❛%❡ ❛♥❞ ✐$♦♠❡*✐❝ ♦♥❡✮ ❛♥❞ ♣❡*❢♦*♠ %❤❡ ❝♦**❡❧❛%✐♦♥ ♦❢ γ✲*❛②$ ❛♥❞ ❡❧❡❝%*♦♥$ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐%❤ %❤❡

216
❚❤✳ ❲❡ ❝♦♥$%*✉❝% %❤❡ ❝♦**❡$♣♦♥❞✐♥❣ ♠❛%*✐① ✭❝❢✳ ✜❣✳ ✹✳✶✹❛ ❢♦* γ ❛♥❞ ❝❢✳ ✜❣✳ ✹✳✶✹❜ ❢♦* ❡❧❡❝%*♦♥$✮✳ ❲❡

%❤❡♥ ♦❜%❛✐♥ %❤❡ $♣❡❝%*✉♠ ❝❧❡❛♥❡❞ ♦❢ ♠♦$% ♦❢ %❤❡ ❜❛❝❦❣*♦✉♥❞ ❛♥❞ *❡%*✐❡✈❡ %❤❡ ❝♦**❡$♣♦♥❞✐♥❣ ✐♥%❡*♥❛❧

%*❛♥$✐%✐♦♥ ✭❝❢✳ ✜❣✳ ✹✳✶✺✮✳ ■♥ ♦*❞❡* %♦ ❡$%❛❜❧✐$❤ %❤❡ ❝♦**❡❧❛%✐♦♥ ❜❡%✇❡❡♥ %❤❡ $❡✈❡*❛❧ ❞❡$❡①❝✐%❛%✐♦♥$ ✐♥

❝♦✐♥❝✐❞❡♥❝❡ ✇✐%❤ %❤❡

216
❚❤✱ ✇❡ ❝♦♥$%*✉❝% ♠❛%*✐❝❡$ *❡♣*❡$❡♥%✐♥❣ ✿ γ ❡♥❡*❣② ✐♥ ❢✉♥❝%✐♦♥ ♦❢ γ ❡♥❡*❣②

✭❝❢✳ ✜❣✳ ✹✳✶✻❛✮ ♦* γ ❡♥❡*❣② ✐♥ ❢✉♥❝%✐♦♥ ♦❢ ❡❧❡❝%*♦♥ ❡♥❡*❣② ✭❝❢✳ ✜❣✳ ✹✳✶✻❜✮✳ ❚❤✉$✱ ✇❡ ❝❛♥ *❡❝♦♥$%*✉❝%

%❤❡ $%*✉❝%✉*❡ ♦❢ %❤❡ ✐♥%❡*♥❛❧ %*❛♥$✐%✐♦♥ ♦❜$❡*✈❡*$ ❛♥❞ ❞❡$❝*✐❜❡❞ ✐♥ %❤❡ ♣*❡✈✐♦✉$ ✇♦*❦$✳

❋✐♥❛❧❧②✱ ✉$✐♥❣ %❤❡ ❡$%✐♠❛%❡❞ ♥✉♠❜❡* ♦❢ ✐♥%❡*♥❛❧ %*❛♥$✐%✐♦♥$ ❜❡❧♦✇ %❤❡ ✽

+
✐$♦♠❡*✐❝ $%❛%❡ ✭❝❢✳ ✜❣✳ ✹✳✶✼✮

❛$ ✇❡❧❧ ❛$ %❤❡ ❡$%✐♠❛%❡❞ ♥✉♠❜❡* ♦❢ α ❞❡❝❛② ❡♠✐%%❡❞ ❢*♦♠ %❤❡ ✽

+
✐$♦♠❡*✐❝ $%❛%❡ ✭❜♦%❤ ❝♦**❡❝%❡❞

❜② %❤❡ ❡✣❝✐❡♥❝② ♦❢ %❤❡ ❞❡%❡❝%♦*$ ✐♥✈♦❧✈❡❞ ❛♥❞ %❤❡ ❝♦♥✈❡*$✐♦♥ ♣❤❡♥♦♠❡♥❛✮✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛%❡ %❤❡ α
❜*❛♥❝❤✐♥❣ *❛%✐♦ ♦❢ %❤✐$ ♦♥❡ ✭❝❢✳ %❛❜✳ ✹✳✷✮✳

✖

209,210,211
❘❛ #$✉❞②

❲❡ ✉$❡❞ %❤❡

50
❚✐✭

164
❉②✱✺♥✮

209
❘❛ *❡❛❝%✐♦♥ ✭✶ ♠❜ ❝*♦$$ $❡❝%✐♦♥ *❡❛❝%✐♦♥✮✱ ✐♥ ♦*❞❡* %♦ ❝❛❧✐❜*❛%❡ %❤❡

❚✉♥♥❡❧ ❞❡%❡❝%♦*$ ✉$✐♥❣ %❤❡ ❤✐❣❤❧② ❝♦♥✈❡*%❡❞ ✭❑ ❛♥❞ ▲✮

13
2

+
→ 9

2

−

✭▼✷✮ %*❛♥$✐%✐♦♥ ❢*♦♠ %❤❡

13
2

+

✐$♦♠❡*✐❝ $%❛%❡ ✭✶✷✽ µ$ ❧✐❢❡%✐♠❡✱ ❝❢✳ ✜❣✳ ✹✳✶✽❛✮ ❬✾✼❪✳ ❚❤❡ ❡①❝✐%❛%✐♦♥ ❢✉♥❝%✐♦♥$ ♦❢ %❤❡ ✸ ❛♥❞ ✹♥ ❝❤❛♥♥❡❧$
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❛#❡ %✉✐(❡ )✐♠✐❧❛# (♦ (❤❡ ✺♥✱ )♦ ✇❡ ❡①♣❡❝(❡❞ )♦♠❡

210,211
❘❛ ✐♥ (❤❡ )❡✈❡#❛❧ )♣❡❝(#✉♠ ✭❣✐✈❡♥ ❛❝❝❡)) (♦

(✇♦ ♦(❤❡# ✐)♦♠❡#✐❝ )(❛(❡) ❝❢✳ ✜❣✳ ✹✳✶✽✮✳

❋✐#)(✱ ✇❡ ♥❡❡❞ (♦ ✐❞❡♥(✐❢② (❤❡ )❡✈❡#❛❧ #❛❞✐❛(✐♦♥ ❞❡(❡❝(❡❞✳ ❚❤❡ ❞✐✛❡#❡♥( ❝♦##❡❧❛(✐♦♥) ❛#❡ ❡)(❛❜❧✐)❤❡❞

❛♥❞ ✇❡ ❝♦♥)(#✉❝( (❤❡ (✇♦ )❡❧❡❝(✐♦♥ ♠❛(#✐❝❡) ✭❝❢✳ ✜❣✳ ✹✳✶✾ ❢♦# #❡❝♦✐❧✲α ❝♦##❡❧❛(✐♦♥ ❛♥❞ ❝❢✳ ✜❣✳ ✹✳✷✶ ❢♦#

#❡❝♦✐❧✲α1−α2 ❝♦##❡❧❛(✐♦♥✮✳ ❚❤❡)❡ (✇♦ ♠❛(#✐❝❡) ❤✐❣❤❧✐❣❤( (❤❡ ♣#♦❜❧❡♠ ♦❢ (❤✐) #❡❛❝(✐♦♥ ✿ (❤❡ ♣#♦①✐♠✐(②

♦❢ (❤❡ ❞❡❝❛② (✐♠❡ ❛♥❞ ❡♥❡#❣② ♦❢ (❤❡

209
❘❛ ❛♥❞

210
❘❛ ✭❝❢✳ ✜❣✳ ✹✳✷✵ ❢♦# (❤❡ ❞❡❝❛② (✐♠❡ ❡)(✐♠❛(✐♦♥✮✳

❚❤✉)✱ ❢♦# (❤❡ ❞❡)❡①❝✐(❛(✐♦♥ ❝♦##❡❧❛(✐♦♥)✱ ✇❡ ♥❡❡❞ (♦ ✇♦#❦ ✇✐(❤ (❤❡ )❡❧❡❝(✐♦♥ ♦❢ ❜♦(❤ #❛❞✐❛(✐♦♥✳

❍♦✇❡✈❡#✱ (❤❡ ❝❤❛#❛❝(❡#✐)(✐❝) ♦❢ (❤❡ ✐)♦♠❡#✐❝ )(❛(❡) ❛#❡ %✉✐(❡ ❞✐✛❡#❡♥( ❛♥❞ ❝❛♥ ❜❡ ❡❛)✐❧② ❞✐)(✐♥❣✉✐)❤❡❞✳

❋✉#(❤❡#♠♦#❡✱ ✇❡ ❧♦♦❦ ❢♦# (❤❡ γ✲#❛②) ❛♥❞ ❝♦♥✈❡#)✐♦♥ ❡❧❡❝(#♦♥) ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐(❤ ❜♦(❤

209,210
❘❛ ❛♥❞

❝♦♥)(#✉❝( (❤❡ ♠❛(#✐❝❡) ♦❢ (❤❡ ❧✐❢❡(✐♠❡ ✐♥ ❢✉♥❝(✐♦♥ ♦❢ (❤❡ #❛❞✐❛(✐♦♥ ❡♥❡#❣② ✭❝❢✳ ✜❣✳ ✹✳✷✷❛ ❢♦# γ✲#❛②)
❛♥❞ ❝❢✳ ✜❣✳ ✹✳✷✷❜ ❢♦# ❝♦♥✈❡#)✐♦♥ ❡❧❡❝(#♦♥)✮✳ ❲❡ ✐❞❡♥(✐❢② ❛❧❧ )❡✈❡#❛❧ (#❛♥)✐(✐♦♥) ♣#❡✈✐♦✉)❧② ♦❜)❡#✈❡#❡❞✱

❡①(#❛❝( (❤❡ ❧✐❢❡(✐♠❡ ♦❢ ❛❧❧ (❤❡ ✐)♦♠❡#✐❝ )(❛(❡) ♣#❡)❡♥( ✭❝❢✳ ✜❣✳ ✹✳✷✸✮ ❛) ✇❡❧❧ ❛) ✇❡ ❡)(❛❜❧✐)❤ (❤❡ (❤#❡❡

❧✐♥❡) ✉)❡❞ ❢♦# (❤❡ ❚✉♥♥❡❧ ❝❛❧✐❜#❛(✐♦♥✳ ❋✐♥❛❧❧②✱ ✉)✐♥❣ (❤❡ γ ♠❛(#✐①✱ ✇❡ ❝❛♥ ♣#♦❞✉❝❡ ❛ ❝❧❡❛♥ )♣❡❝(#✉♠

♦❢ ❛❧❧ (❤❡ (#❛♥)✐(✐♦♥) ✐♥ (❤❡ )❡✈❡#❛❧ ✐)♦(♦♣❡) ✭❝❢✳ ✜❣✳ ✹✳✷✹✮ ✇✐(❤ (❤❡ ❳✲#❛②) ♦❢ (❤❡ #❛❞✐✉♠ ✐♥ (❤❡ ❧♦✇

❡♥❡#❣② ♣❛#( ♦❢ (❤❡ )♣❡❝(#✉♠✳
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❈❡ ❝❤❛♣✐)*❡ +❡*❛ ❝♦♥+❛❝*. / ❧❛ ♣*.+❡♥)❛)✐♦♥ ❞✉ ❞✐+♣♦+✐)✐❢ ❡①♣.*✐♠❡♥)❛❧ ✉)✐❧✐+. ❛✉ ❏■◆❘ ❞❡ ❉✉❜♥❛

✭❘✉++✐❡✮ ✿ ❧❡ +.♣❛*❛)❡✉* ❙❍❊▲❙ ❡) +♦♥ +②+)D♠❡ ❞❡ ❞.)❡❝)✐♦♥ ❛✉ ♣❧❛♥ ❢♦❝❛❧ ❛++♦❝✐. ✿ ●❆❇❘■❊▲❆✳

✹✳✷ ❙$♣❛'❛(❡✉' ❙❍❊▲❙

▲❡ +.♣❛*❛)❡✉* ❙❍❊▲❙ ❡+) ❞♦♥❝ +✐)✉. ❛✉ ❏■◆❘ ❞❡ ❉✉❜♥❛✱ ❡) ❡+) *❡❧✐. ❛✉ ❝②❝❧♦)*♦♥ ❯✹✵✵ ❬✾✶❪ ✭❝❢✳ ✜❣

✹✳✶✮✱ Q✉✐ ❞.❧✐✈*❡ ❧❡+ ❞✐✛.*❡♥)+ ❢❛✐+❝❡❛✉① ✉)✐❧✐+.+ ❛✉ ❝♦✉*+ ❞❡+ ❡①♣.*✐❡♥❝❡+✳ ❈❡ ❝②❝❧♦)*♦♥ ❡+) ❡♥ ♦♣.*❛)✐♦♥

❞❡♣✉✐+ ✶✾✼✽ ❡) ♣❡*♠❡) ❞❡ ♣*♦❞✉✐*❡ ❞❡+ ❢❛✐+❝❡❛✉① ❛❧❧❛♥) ❞❡ ❧✬❤.❧✐✉♠ ❛✉ ❜✐+♠✉)❤ ❛✈❡❝ ✉♥❡ .♥❡*❣✐❡ ❛))❡✐❣♥❛♥)

✷✻▼❡❱✴✉ ❛✉ ♠❛①✐♠✉♠✳ ■❧ ❡+) ❝♦✉♣❧. / ✉♥❡ +♦✉*❝❡ ❞✬✐♦♥+ ❧♦✉*❞+ ✭❊❈❘ ✿ ❊❧❡❝$%♦♥ ❈②❝❧♦$%♦♥ ❘❡+♦♥♥❛♥❝❡

❬✾✷❪✮ ❡) ♣❡*♠❡) ❞✬❛))❡✐♥❞*❡ ❞❡+ ✐♥)❡♥+✐).+ ❞❡ ✶✳✹ ♣µ❆ ❡♥

48
❈❛

18+
+✉* ❝✐❜❧❡✳

❋✐❣✉$❡ ✹✳✶ ✕ ❈②❝❧♦)*♦♥ ❯✹✵✵ ❞✉ ❏■◆❘ 4 ❉✉❜♥❛ ✭❡♥ ❜❧❡✉✮ ❛✈❡❝ ❛✉✲❞❡==✉= ❧❡ =②=)>♠❡ ❞❡ =♦✉*❝❡ ❞✬✐♦♥= ❧♦✉*❞= ✭❊❈❘✮ ❡)

❞✬✐♥❥❡❝)✐♦♥ ❛①✐❛❧❡ ❬✾✽❪ ✴ ❯✹✵✵ ❈②❝❧♦()♦♥ ❛( ❏■◆❘ ✐♥ ❉✉❜♥❛ ✭❜❧✉❡✮✱ ❛♥❞ ♦♥ (❤❡ (♦♣ (❤❡ ❤❡❛✈② ✐♦♥ <♦✉)❝❡ ✭❊❈❘✮ ✇✐(❤ (❤❡ ❛①✐❛❧

✐♥❥❡❝(✐♦♥ <②<(❡♠ ✐♥(♦ (❤❡ ❝②❝❧♦()♦♥ ❬✾✽❪

▲❡ ♣*♦❥❡) ❙❍❊▲❙ ❛ .). ✜♥❛♥❝. ♣❛* ✉♥❡ ❆◆❘ Q✉✐ ❛✈❛✐) ♣♦✉* ♦❜❥❡❝)✐❢ ❞✬❛♣♣♦*)❡* ❞❡+ ♠♦❞✐✜❝❛)✐♦♥+ ❡)
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♣#♦❝❤❡ ♣♦((✐❜❧❡ ❞✉ ❞./❡❝/❡✉#✳ ❈❡( (✐❣♥❛✉① (♦♥/ ❡♥(✉✐/❡ ♠✐( ❡♥ ❢♦#♠❡ ❞❛♥( ✉♥ ❛♠♣❧✐✜❝❛/❡✉# ❞❡ (♣❡❝/#♦(❝♦♣✐❡✱

❛✈❛♥/ ❞✬</#❡ ❞✐#✐❣.( ✈❡#( ❧❡( ❝♦♥✈❡#/✐((❡✉#( ✧❛♥❛❧♦❣✐>✉❡ ✈❡#( ♥✉♠.#✐>✉❡✧ ✭❆❉❈❆♥❛❧♦❣ &♦ ❉✐❣✐&❛❧ ❈♦♥✈❡,&❡,✮✳

❈✬❡(/ ❞❛♥( ❝❡( ❞❡#♥✐❡#( >✉❡ ❧✬.♥❡#❣✐❡ ❞❡ ❧✬.✈.♥❡♠❡♥/ ❡(/ ♠❡(✉#.❡✳ ❈❡❧❧❡✲❝✐ ❡(/ ♣#✐(❡ ❝♦♠♠❡ ./❛♥/ ❧❡ ♠❛①✐♠✉♠

❞❡ ❧✬❛♠♣❧✐/✉❞❡ ❞✉ (✐❣♥❛❧ >✉✬♦♥ ❛((♦❝✐❡ ❛❧♦#( D ✉♥ /❡♠♣( ♣#♦♣#❡ ❞♦♥♥. ♣❛# ✉♥❡ ❤♦#❧♦❣❡ ❞❡ ❢#.>✉❡♥❝❡ ✶ ▼❍③✳

❈❡( ✐♥❢♦#♠❛/✐♦♥( (♦♥/ ❡♥(✉✐/❡ ❡♥✈♦②.❡( ❞❛♥( ❧❡ (②(/J♠❡ ❞✬❛❝>✉✐(✐/✐♦♥ ❞❡ ❞♦♥♥.❡( ♣♦✉# ② </#❡ ❡♥#❡❣✐(/#.❡(✳

❈❡ ❞.#♦✉❧❡♠❡♥/ ❡(/ ❞♦♥❝ ❝♦♠♠✉♥ ♣♦✉# /♦✉( ❧❡( ❞./❡❝/❡✉#( ❛✈❡❝ >✉❡❧>✉❡( ❛❥♦✉/( ✐♥❞✐✈✐❞✉❡❧( ♣#♦♣#❡( D

❝❤❛❝✉♥✳ ❚♦✉/ ❞✬❛❜♦#❞✱ (✐ ❧✬♦♥ ❝♦♥(✐❞J#❡ ❧❡( ❞./❡❝/❡✉#( (✐❧✐❝✐✉♠✱ ❧❡ ♥♦♠❜#❡ ❞❡ ✈♦✐❡( .❧❡❝/#♦♥✐>✉❡( ❛((♦❝✐. D

❝❡( ❞❡#♥✐❡#( ❡(/ /#J( ❣#❛♥❞ ✿ ✷✺✻ ♣♦✉# ❧❡ ❞./❡❝/❡✉# ❞✬✐♠♣❧❛♥/❛/✐♦♥ ❡/ ✶✷✽ ♣♦✉# ❧❡( ❚✉♥♥❡❧✳ R♦✉# ❞✐♠✐♥✉❡# ❧❡

♥♦♠❜#❡ ❞✬❛♠♣❧✐✜❝❛/❡✉#( ❞❡ (♣❡❝/#♦(❝♦♣✐❡✱ ❛✐♥(✐ >✉❡ ❞✬❆❉❈✱ ♦♥ ♠✉❧/✐♣❧❡①❡ ✉♥ ❝❡#/❛✐♥ ♥♦♠❜#❡ ❞❡ (✐❣♥❛✉①

❡♥ ♣#♦✈❡♥❛♥❝❡ ❞❡ ❝❡( ❞./❡❝/❡✉#( ♣♦✉# ❧❡( /#❛✐/❡# ❞❛♥( ❧❡ ♠<♠❡ ❆❉❈✳ ❆✐♥(✐✱ ♣♦✉# </#❡ ❝❛♣❛❜❧❡ ❞❡ ♠❡(✉#❡#

❧✬.♥❡#❣✐❡ ❞❛♥( ❧❡( ♣✐(/❡( ✈♦✐(✐♥❡( ❞❛♥( ❧❡ ❞./❡❝/❡✉# ❞✬✐♠♣❧❛♥/❛/✐♦♥✱ ♦♥ ♠✉❧/✐♣❧❡①❡ ✶✻ ♣✐(/❡( ♣❛✐#❡✴✐♠♣❛✐#❡

(✉❝❝❡((✐✈❡( ❞❛♥( ❧❡ ♠<♠❡ ❆❉❈✳ ❊♥ ❝❡ >✉✐ ❝♦♥❝❡#♥❡ ❧❡( ❞./❡❝/❡✉#( ❚✉♥♥❡❧✱ ♦♥ ♠✉❧/✐♣❧❡①❡ ❛✉((✐ ❧❡( (✐❣♥❛✉①

♠❛✐( ♣❛# ❢❛❝❡ ❞❡ ❞./❡❝/❡✉#( ✭✷ ❉❙❙❉ ✶✻ ① ✶✻ ♣✐(/❡( ♣❛# ❢❛❝❡ ❞❡ ❧❛ ❜♦V/❡ (✐❧✐❝✐✉♠✮✳ ▲♦#( ❞❡( ❞❡✉① ♣#✐(❡( ❞❡

❞♦♥♥.❡( ❡✛❡❝/✉.❡( ❛✉ ❝♦✉#( ❞❡ ♠❛ /❤J(❡✱ ❧❡( ❞./❡❝/❡✉#( ❚✉♥♥❡❧ ♥✬♦♥/ ♣❛( ./. ❜#❛♥❝❤.( ❞❡ ❧❛ ♠<♠❡ ❢❛Y♦♥✳

▲♦#( ❞❡ ❧❛ ♣#❡♠✐J#❡✱ (❡✉❧❡ ❧❡( ❢❛❝❡( ❛✈❛♥/ ❞❡( ❞./❡❝/❡✉#( ./❛✐❡♥/ ❝♦♥♥❡❝/.❡( D ❧✬.❧❡❝/#♦♥✐>✉❡✱ ❧❡( ❢❛❝❡( ❛##✐J#❡(

./❛✐❡♥/ ♠✐(❡( D ❧❛ ♠❛((❡✳ ❚❛♥❞✐( >✉✬❛✉ ❝♦✉#( ❞❡ ❧❛ (❡❝♦♥❞❡ ♣#✐(❡ ❞❡ ❞♦♥♥.❡(✱ ❧❡( ❞❡✉① ❢❛❝❡( ❞✉ ❞./❡❝/❡✉#

./❛✐❡♥/ ❜#❛♥❝❤.❡( D ❞❡( ✈♦✐❡( .❧❡❝/#♦♥✐>✉❡( ✭❞❡ ♥♦✉✈❡❛✉① ❆❉❈✴♣#.❛♠♣❧✐✜❝❛/❡✉#( ./❛✐❡♥/ ❞✐(♣♦♥✐❜❧❡(✮✳

❆✐♥(✐✱ ❡♥ ♣❧✉( ❞❡( ✐♥❢♦#♠❛/✐♦♥( ❝❧❛((✐>✉❡(✱ ❧❡( ❆❉❈ ❡♥ #❡Y♦✐✈❡♥/ ✉♥❡ (✉♣♣❧.♠❡♥/❛✐#❡ ❝♦##❡(♣♦♥❞❛♥/ ❛✉①

♥✉♠.#♦( ❞❡ ❧❛ ✈♦✐❡ ❛②❛♥/ ❞.❝❧❡♥❝❤. ❞❛♥( ❧❡ ❣#♦✉♣❡ ❞❡ ✶✻ ♣✐(/❡( ❞✉ ❞./❡❝/❡✉#✳

◗✉❛♥/ ❛✉① ❞./❡❝/❡✉#( ❞❡ /❡♠♣( ❞❡ ✈♦❧✱ ❡♥ #❛✐(♦♥ ❞✬✉♥ ❢♦#/ ❜#✉✐/ ❞❡ ❢♦♥❞✱ ✐❧( ♥✬./❛✐❡♥/ ❧✉( >✉✬❡♥ ❝♦[♥❝✐✲

❞❡♥❝❡ ❛✈❡❝ ✉♥ .✈.♥❡♠❡♥/ ❞❛♥( ❧❡ ❞./❡❝/❡✉# ❞✬✐♠♣❧❛♥/❛/✐♦♥✳ ❉❡ ♣❧✉(✱ ❝❡✉①✲❝✐ ♥♦✉( ♣❡#♠❡//❡♥/ ❞❡ ❞✐✛.#❡♥❝✐❡#

❧❡( .✈.♥❡♠❡♥/( ❞✬✐♠♣❧❛♥/❛/✐♦♥ ❡/ ❞❡ ❞.❝#♦✐((❛♥❝❡ ❞❛♥( ❧❡ ❉❙❙❉✳ ❊♥ ❡✛❡/✱ (✐ ✉♥ .✈.♥❡♠❡♥/ ❉❙❙❉ ❡(/ ❡♥

❝♦[♥❝✐❞❡♥❝❡ ❛✈❡❝ ✉♥ (✐❣♥❛❧ ❚❖❋✱ ✐❧ (❡#❛ ❝♦♥(✐❞.#. ❝♦♠♠❡ ✉♥❡ ✐♠♣❧❛♥/❛/✐♦♥ ✭❡/ ❞❛♥( ❧❡ ❝❛( ❝♦♥/#❛✐#❡ ✐❧ (❡#❛

❡♥#❡❣✐(/#. ❝♦♠♠❡ ✉♥ α✮✳

❊♥ ❝❡ >✉✐ ❝♦♥❝❡#♥❡ ❧❛ ♠❡(✉#❡ ❞❡ ❧✬❡♥(❡♠❜❧❡ ❞❡ ❧❛ ❣❛♠♠❡ ❡♥ .♥❡#❣✐❡ ♣#.(❡♥/❡ ❞❛♥( ❧❡ ❞✐(♣♦(✐/✐❢ ✭❬✺✵ ❦❡❱ ✲

✷✵✵ ▼❡❱❪✮✱ ❝❡//❡ ❢♦♥❝/✐♦♥♥❛❧✐/. ❡(/ ❛((✉#.❡ D ❧✬❛✐❞❡ ❞❡( ❛♠♣❧✐✜❝❛/❡✉#( ❞❡ (♣❡❝/#♦(❝♦♣✐❡✳ ❊♥ ❡✛❡/✱ ❝❡( ❞❡#♥✐❡#(

♣♦((J❞❡♥/ ❞❡✉① ❣❛✐♥( ✐♥/❡#♥❡( ♣❡#♠❡//❛♥/ ❞✬❡✛❡❝/✉❡# ❞❡✉① ♠❡(✉#❡( ❞✐(/✐♥❝/❡( ❞❛♥( ❞❡✉① ❣❛♠♠❡( ❞✬.♥❡#❣✐❡

(.♣❛#.❡( ✿ ❧❛ ❣❛♠♠❡ α ❬∼ ✶✵✵ ❦❡❱ ✱ ∼✷✵ ▼❡❱❪ ❡/ ❧❛ ❣❛♠♠❡ ✜((✐♦♥ ❬∼✶ ▼❡❱ ✱ ∼✷✵✵ ▼❡❱❪✳ ❈❡♣❡♥❞❛♥/✱ ♣♦✉#

❧❛ ♠❡(✉#❡ ❞❡( .❧❡❝/#♦♥( ❞❡ ❝♦♥✈❡#(✐♦♥ ❞❛♥( ❧❡( ❞./❡❝/❡✉#( ❚✉♥♥❡❧✱ ❝❡//❡ ♠./❤♦❞❡ ♥❡ ♥♦✉( ❞♦♥♥❡ ♣❛( ✉♥

(❡✉✐❧ (✉✣(❛♠♠❡♥/ ❜❛( ✭≤ ✺✵ ❦❡❱✮✳ R♦✉# ❛//❡✐♥❞#❡ ❞❡ /❡❧❧❡( ✈❛❧❡✉#(✱ ✉♥ ❛♠♣❧✐✜❝❛/❡✉# ❧✐♥.❛✐#❡ /#J( #❛♣✐❞❡ ❡(/

♣♦(✐/✐♦♥♥. ❥✉(/❡ ❛♣#J( ❧✬./❛❣❡ ❞❡ ♣#.✲❛♠♣❧✐✜❝❛/✐♦♥✳ ❆✐♥(✐✱ ❛♣#J( ❧❡( ❛♠♣❧✐✜❝❛/❡✉#( ❞❡ (♣❡❝/#♦(❝♦♣✐❡✱ ♣♦✉#

❧❡( ❞./❡❝/❡✉#( ❚✉♥♥❡❧✱ ♥♦✉( ❛✉#♦♥( ❞❡✉① ❣❛♠♠❡( ❞✬.♥❡#❣✐❡ ✭❞✐✛.#❡♥/❡( ❞❡( ♣#.❝.❞❡♥/❡(✮ ✿ ❧❛ ❣❛♠♠❡ β ❬∼
✺✵ ❦❡❱ ✱ ∼ ✶ ▼❡❱❪ ❡/ ❧❛ ❣❛♠♠❡ α✳

▲❡ ❞❡#♥✐❡# ♣♦✐♥/ ♣#♦♣#❡ D ❝❡//❡ .❧❡❝/#♦♥✐>✉❡ ❡(/ (♦♥ ♠♦❞❡ ❞❡ ❞.❝❧❡♥❝❤❡♠❡♥/✳ ❊♥ ❡✛❡/✱ ❡❧❧❡ ❡(/ ❞✐/❡

❚,✐❣❣❡,❧❡..✱ ❞❛♥( ❧❛ ♠❡(✉#❡ ♦d ❝❤❛>✉❡ ❞./❡❝/❡✉# ❞.❝❧❡♥❝❤❡ ✐♥❞.♣❡♥❞❛♠♠❡♥/ ❞❡( ❛✉/#❡(✱ ❡/ ♥❡ ♣♦((J❞❡

❞♦♥❝ ♣❛( ✭(❛✉❢ ♣♦✉# ❧❡( .✈.♥❡♠❡♥/( ❚❖❋✱ ❝♦♠♠❡ ❡①♣❧✐>✉. ♣#.❝.❞❡♠♠❡♥/✮ ❞❡ ❝♦##.❧❛/✐♦♥ ❡♥ /❡♠♣( ❧♦#(

❞❡ ❧❡✉# .❝#✐/✉#❡ (✉# ❞✐(>✉❡✳ ❈✬❡(/ ❞♦♥❝ ❧♦#( ❞❡ ❧✬❛♥❛❧②(❡ ❞❡( ❞♦♥♥.❡( >✉❡ ❝❡( ❝♦##.❧❛/✐♦♥( (❡#♦♥/ ❡✛❡❝/✉.❡(

♣♦✉# ❡①/#❛✐#❡ ❧❛ ♣❤②(✐>✉❡ (♦✉❤❛✐/.❡✳

✹✳✹ ❆♥❛❧②'❡ ❞❡ ❞♦♥♥+❡' ✿ ♣.✐♥❝✐♣❡ ❡1 ✐❧❧✉'1.❛1✐♦♥'

▲✬♦❜❥❡❝/✐❢ ❞❡( ❛♥❛❧②(❡( ❞❡ ❞♦♥♥.❡( ❡(/ ❞✬❡①/#❛✐#❡ ❞❡ ❧✬❡♥(❡♠❜❧❡ ❞❡( ❞♦♥♥.❡( ✉♥ ♣❡/✐/ ♥♦♠❜#❡ ❞✬.✈.♥❡✲

♠❡♥/( ❞✬✐♥/.#</ ♣❤②(✐>✉❡✳ ❈❡( ❞❡#♥✐❡#( (♦♥/ ♣❧♦♥❣.( ❞❛♥( ✉♥ ❢♦#/ ❜#✉✐/ ❞❡ ❢♦♥❞ ♣#♦✈❡♥❛♥/ ❞❡( ♠.❝❛♥✐(♠❡(
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❞✬❛♥❛❧②(❡ ❝♦♠♣❧❡①❡ ❡(/ ❞♦♥❝ ♥.❝❡((❛✐#❡ ♣♦✉# ❡①/#❛✐#❡ ❧❡( ✐♥❢♦#♠❛/✐♦♥( ❧✐.❡( D ❧❛ ♣❤②(✐>✉❡ ./✉❞✐.❡✳ ❆✐♥(✐✱ ❛✉



✾✽ ❈❍❆#■❚❘❊ ✹✳ ❈❖◆❉■❚■❖◆❙ ❊❳#➱❘■▼❊◆❚❆▲❊❙ ✿ ❙❍❊▲❙ ❊❚ ●❆❇❘■❊▲❆

"#❛✈❡#' ❞❡ ❧❛ ❝♦##,❧❛"✐♦♥ ❞❡' ❞✐✛,#❡♥"' "②♣❡' ❞✬,✈,♥❡♠❡♥"' 4 ❞✐'♣♦'✐"✐♦♥ ❡" ❞❡ ',❧❡❝"✐♦♥' '✉❝❝❡''✐✈❡'✱ ♥♦✉'

♣♦✉##♦♥' ✐❞❡♥"✐✜❡# ❧❡' ♥♦②❛✉① ❞✬✐♥",#9" ✐♠♣❧❛♥",' ❞❛♥' ❧❡ ❞,"❡❝"❡✉# ❡" ❞♦♥❝ ❡①"#❛✐#❡ ❧❡' ✐♥❢♦#♠❛"✐♦♥' ✐♥❞✐'✲
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.♦ ●❆❇❘■❊▲▲❆ ✭.❤❡ ♣%❡✈✐♦✉# #.✉❞② ✇❛# ❞♦♥❡ ✐♥ ♣%♦♠♣. ❛♥❞ ❞❡❧❛②❡❞ #♣❡❝.%♦#❝♦♣② ♦♥ ❘■❚❯ ❬✶✵✵❪✮
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T = Tlab.
MEr

MEr +MT i
= 189.7MeV ✭✹✳✶✮

TR = Tlab.
MT i

MEr +MT i
= Tlab − T = 55.8MeV ✭✹✳✷✮
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TR =
1

2
.MTh.v

2 =
1

2
.MTh.c

2.
v2

c2
✭✹✳✸✮

⇔
v

c
=

√

2.TR

MTh.c2
✭✹✳✹✮

⇔
v

c
= β = 2.3% ✭✹✳✺✮

⇔ v = 7.032.106m.s−1
✭✹✳✻✮

❉❡ ♣❧✉/✱ ♦♥ ❝♦♥♥❛56 ❧❛ ❧♦♥❣✉❡✉8 ❞✉ /:♣❛8❛6❡✉8 ❙❍❊▲❙✱ ?✉✐ ❡/6 ❞❡ ❞SHELS ❂ ✶✷ ♠✳ ❖♥ ♣❡✉6 ❞♦♥❝

❡/6✐♠❡8 ❧❡ 6❡♠♣/ ❞❡ ♣❛8❝♦✉8/ 6SHELS ❞✉ ♥♦②❛✉ ❞✬✐♥6:8F6 ❛✉ 68❛✈❡8/ ❞❡ ❝❡❧✉✐✲❝✐ ♣❛8 ✿

tSHELS =
dSHELS

v
= 1.71µs ✭✹✳✼✮
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+
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❞❡8♥✐❡8 ✭✽

+
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216 α
216

216 α
209,210 α 216

µ 216 α

α α
216

α ∼ 3%

log2(∆t)

dN

dθ
= −N0.ln(2).λ.2

θ.e−2θ.λ

N0 λ λ = ln(2)/t1/2
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+0.10
−0.10 ♠' ♣♦✉% ❧✬4+❛+

❢♦♥❞❛♠❡♥+❛❧ ✭❝❢✳ ✜❣✳ ✹✳✶✷❛✮❡+ ✶✹✸✳✹✻

+4.1
−4.3 µ' ♣♦✉% ❧✬4+❛+ ✐'♦♠4%✐J✉❡ ✽

+
✭❝❢✳ ✜❣✳ ✹✳✶✷❜✮✳
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✭♦✉ ❧❡& %❧❡❝)$♦♥& &♦♥) ❝❡✉① ❞❡ ❧❛ ❝♦♥✈❡$&✐♦♥ ❞❡ ❝❡))❡ )$❛♥&✐)✐♦♥✮✳
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216
❚❤8+ ✶✷✵✳✸✻

+0.22
−0.35 µ# ✾✾✷✶±✷✵ ✾✾✶✶±✷✶ ■❚ ∼ ✾✹✳✹✪ ✭✶✹✼✽ ❦❡❱✮

α ∼ ✻✳✻✪ ✭✷✵✵ ❦❡❱✮

■❚ ∼ ✾✸✳✹✪ ✭✷✵✵ ❦❡❱✮

❚❛❜❧❡ ✹✳✷ ✕ ❘.❝❛♣✐'✉❧❛'✐❢ ❞❡1 K✉❛♥'✐'.1 ♠❡1✉(.❡1 ♣♦✉( ❧❡

216
❚❤ ✿ .♥❡(❣✐❡✱ '❡♠♣1 ❞❡ ✈✐❡ ❡' (❛♣♣♦('1 ❞✬❡♠❜(❛♥❝❤❡♠❡♥'1 ✴

❙✉♠♠❛"② ♦❢ &❤❡ ♠❡❛/✉"❡❞ D✉❛♥&✐&✐❡/ ❢♦" &❤❡

216
❚❤ ✿ ❡♥❡"❣②✱ ❞❡❝❛② &✐♠❡ ❛♥❞ ❜"❛♥❝❤✐♥❣ "❛&✐♦

➱!✉❞❡ ❞❡% ♥♦②❛✉①

209,210,211
❘❛

❈❡**❡ #❡❝♦♥❞❡ .1❛❝*✐♦♥ ❞✬1*❛❧♦♥♥❛❣❡ ♣❡✉* ♣❛.❛O*.❡ .❡❞♦♥❞❛♥*❡ ❞❛♥# ❧❛ ♠❡#✉.❡ ♦P ❡❧❧❡ ♥♦✉# ♣❡.♠❡*

❡♥❝♦.❡ ❞❡ ✈1.✐✜❡. ❧✬1♥❡.❣✐❡ ❞❡# ♣❛.*✐❝✉❧❡# α ❡* ❝❡❧❧❡# ❞❡# .❛②♦♥♥❡♠❡♥*# γ✳ ❈❡♣❡♥❞❛♥*✱ ❝❡❧❧❡✲❝✐ ♥♦✉# ♣❡.♠❡*
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✶✶✵ ❈❍❆#■❚❘❊ ✹✳ ❈❖◆❉■❚■❖◆❙ ❊❳#➱❘■▼❊◆❚❆▲❊❙ ✿ ❙❍❊▲❙ ❊❚ ●❆❇❘■❊▲❆

✼✵✵✸✭✶✵✮ ❡' ✼✵✶✻✭✹✮ ❦❡❱✮ ♠❛✐/ ❛✉//✐ ❞❡/ '❡♠♣/ ❞❡ ✈✐❡ /✐♠✐❧❛✐5❡/ 6✉✐ ♥❡ ♥♦✉/ ♣❡5♠❡''❡♥' ♣❛/ ❞❡ ❞✐✛:5❡♥❝✐❡5

❝❡/ ❞❡✉① ✐/♦'♦♣❡/ ❞❡ ♠❛♥✐=5❡ ❡✣❝❛❝❡✳ ❉❡ ♣❧✉/✱ ❧❡/ '❡♠♣/ ❞❡ ✈✐❡ /❡5♦♥' ❞♦♥❝ ❡/'✐♠:/ ♣♦✉5 ❧❛ /♦♠♠❡ ❞❡/

❞❡✉① ❝♦♠♣♦/❛♥'❡/ ✭❝❢✳ ✜❣✳ ✹✳✷✵✮

F♦✉5 ♣❡❛✉✜♥❡5 ❝❡''❡ /:❧❡❝'✐♦♥ ❡' ❡//❛②❡5 ❞❡ /:♣❛5❡5 ❧❡/ ❞✐✛:5❡♥'❡/ ❞:❝5♦✐//❛♥❝❡/✱ ♦♥ ♣❡✉' ❛✉//✐ ♣5❡♥❞5❡

❡♥ ❝♦♠♣'❡ ❧❡/ ❝♦55:❧❛'✐♦♥/ ❡♥'5❡ ❧❡/ ❞✐✛:5❡♥'❡/ ❣:♥:5❛'✐♦♥/ ❞❡ ❞:❝5♦✐//❛♥❝❡ ❞❛♥/ ❧❡ ❞:'❡❝'❡✉5 ✭❝❢✳ ✜❣✳ ✹✳✷✶✮✳

❈❡♣❡♥❞❛♥'✱ ❞❡✉① ♣5♦❜❧=♠❡/ /❡ ♣♦/❡♥'✳ ❚♦✉' ❞✬❛❜♦5❞✱ ❧❡/ :♥❡5❣✐❡/ ❞❡/ ❞:❝5♦✐//❛♥❝❡/ ❞✉

205,206
❘♥ ✭✻✷✻✽✭✹✮ ❡'

✻✷✺✾✭✶✻✮ ❦❡❱✮ /♦♥' ❡♥❝♦5❡ ✉♥❡ ❢♦✐/ '5=/ /✐♠✐❧❛✐5❡/ ❡♥ '❡♠♣/ ❞❡ ✈✐❡ ❡' :♥❡5❣✐❡ ✭❝❢✳ ✜❣✳ ✹✳✷✶✮✱ ❝❡ 6✉✐ 5❡♥❞ ❞♦♥❝

❧✬✐❞❡♥'✐✜❝❛'✐♦♥ /✉5 ❝❡''❡ ❣:♥:5❛'✐♦♥ ✐♠♣♦//✐❜❧❡✳ ▲❡ /❡❝♦♥❞ ♣♦✐♥' ❝♦♥❝❡5♥❡ ❧❡/ 5❛♣♣♦5'/ ❞✬❡♠❜5❛♥❝❤❡♠❡♥'

α ❞❡/ ❣:♥:5❛'✐♦♥/ /✉✐✈❛♥'❡/ 6✉✐ ❞❡✈✐❡♥♥❡♥' '5=/ ❢❛✐❜❧❡/ ✭❧❛ ❞:❝5♦✐//❛♥❝❡ β ❞❡✈❡♥❛♥' '5=/ ♠❛❥♦5✐'❛✐5❡ ❞❛♥/

❝❡''❡ 5:❣✐♦♥ ❞❡ ♠❛//❡✮✳ ▲✬✐❞❡♥'✐✜❝❛'✐♦♥ ♣❛5 ❧❡/ ❣:♥:5❛'✐♦♥/ '5♦✐/ ❡' ♣❧✉/ ❡/' ❞♦♥❝ ✐♠♣♦//✐❜❧❡✳ ❈❡♣❡♥❞❛♥'✱

❧❡ '❡♠♣/ ❞❡ ✈✐❡ ❡' ❧❡/ :♥❡5❣✐❡/ ❞❡/ '5❛♥/✐'✐♦♥/ ❞❛♥/ ❧❡/ :'❛'/ ✐/♦♠:5✐6✉❡/ ♣5:/❡♥'/ ❞❛♥/ ❝❡/ ❞❡5♥✐❡5/ /♦♥'

/✉✣/❛♠♠❡♥' ❞✐✛:5❡♥'/ ♣♦✉5 S'5❡ ✐❞❡♥'✐✜:/ ❝❧❛✐5❡♠❡♥' ✭❝❢✳ ✜❣✳ ✹✳✶✽✮✳

❋✐❣✉$❡ ✹✳✷✶ ✕ ▼❛'(✐❝❡ ❞❡ ❝♦((.❧❛'✐♦♥ ❡♥'(❡ ❧❡1 ❞✐✛.(❡♥'❡1 ❣.♥.(❛'✐♦♥1 ❞❡ ❞.❝(♦✐11❛♥❝❡ ♣♦✉( ❧❡1 '(♦✐1 ✐1♦'♦♣❡1 ❞✉ (❛❞✐✉♠

(❡♣(.1❡♥'❛♥' ❧✬.♥❡(❣✐❡ ❞❡ ❧❛ ❞.❝(♦✐11❛♥❝❡ ❞❡ ❣.♥.(❛'✐♦♥ ♥ ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❝❡❧❧❡ ❞❡ ❧❛ ❣.♥.(❛'✐♦♥ ♥✲✶ ✿ ❖♥ ♦❜1❡(✈❡ ❡♥❝♦(❡ ❧❛

♣(♦①✐♠✐'. ❞❡1 ❞.❝(♦✐11❛♥❝❡1 ❞❛♥1 ❧❛ ❝❤❛@♥❡ ❞❡ ❞.❝(♦✐11❛♥❝❡ ❞❡1

210−209
❘❛ ✴ ❈♦""❡❧❛&✐♦♥ ♠❛&"✐① ❜❡&✇❡❡♥ &❤❡ .❡✈❡"❛❧ ❣❡♥❡"❛&✐♦♥.

♦❢ ❞❡❝❛② ❢♦" &❤❡ &❤"❡❡ "❛❞✐✉♠ ✐.♦&♦♣❡. "❡♣"❡.❡♥&✐♥❣ &❤❡ ❡♥❡"❣② ♦❢ &❤❡ ❞❡❝❛② ♦❢ ❣❡♥❡"❛&✐♦♥ ♥ ✐♥ ❢♦♥❝&✐♦♥ ♦❢ &❤❡ ♦♥❡ ♦❢ &❤❡

❣❡♥❡"❛&✐♦♥ ♥✲✶✳ ❲❡ ❝❛♥ ❛❣❛✐♥ ♦❜.❡"✈❡❞ &❤❡ ♣"♦①✐♠✐&② ✐♥ ❜❡&✇❡❡♥ &❤❡ ❞❡❝❛② ❡♥❡"❣② ✐♥ &❤❡ ❝❤❛✐♥ ❝♦♠✐♥❣ ❢"♦♠ &❤❡

210−209
❘❛



❈❍❆#■❚❘❊ ✹✳ ❈❖◆❉■❚■❖◆❙ ❊❳#➱❘■▼❊◆❚❆▲❊❙ ✿ ❙❍❊▲❙ ❊❚ ●❆❇❘■❊▲❆ ✶✶✶

❈♦♠♠❡ ♥♦✉' ❧✬❛✈♦♥' ♣-.❝✐'.✱ ❧✬♦❜❥❡❝4✐❢ ♣-✐♥❝✐♣❛❧ ❞❡ ❝❡44❡ ❡①♣.-✐❡♥❝❡ ❡'4 ❧✬.4✉❞❡ ❞❡' 4-❛♥'✐4✐♦♥' ❝♦♥✈❡-4✐❡'

❞❛♥' ❧❡

209
❘❛ ✭❡4 ❛✉''✐ ❞❛♥' ❧❡

210
❘❛✮✳ <♦✉- ❝❡❧❛✱ ✐❧ ❢❛✉4 ❞♦♥❝ ✐❞❡♥4✐✜❡- ❧❡' 4-❛♥'✐4✐♦♥' 4❛♥4 ❡♥ .❧❡❝4-♦♥'

❞❛♥' ❧❡' ❚✉♥♥❡❧' ?✉✬❡♥ γ ❞❛♥' ❧❡' ❣❡-♠❛♥✐✉♠✳ ◆♦✉' ♦❜4❡♥♦♥' ❛✐♥'✐ ❞❡✉① ♠❛4-✐❝❡' ✿ ✉♥❡ ❡♥ γ ✭❝❢✳ ✜❣✳ ✹✳✷✷❛✮

❡4 ✉♥❡ ❡♥ .❧❡❝4-♦♥ ❞❛♥' ❧❡' ❚✉♥♥❡❧' ✭❝❢✳ ✜❣✳ ✹✳✷✷❜✮✳

✭❛✮

✭❜✮

❋✐❣✉$❡ ✹✳✷✷ ✕ ▼❛&'✐❝❡ ❞✬✐❞❡♥&✐✜❝❛&✐♦♥ ❞❡0 '❛②♦♥♥❡♠❡♥&0 ❞✬✐♥&3'4& ❞❛♥0 ❧❡

209,210,211
❘❛ ✿ ✭❛✮ ▼❛&'✐❝❡ ❞❡ ❝♦''3❧❛&✐♦♥ ♣♦✉' ❧❡0

'❛②♦♥♥❡♠❡♥&0 γ✱ ♦♥ ♣❡✉& ❛✐♥0✐ ❞✐0&✐♥❣✉❡' ❧❡0 &'♦✐0 ✐0♦♠>'❡0 ♣'♦✈❡♥❛♥& ❞❡0 &'♦✐0 ✐0♦&♦♣❡0 ✿

13

2

+
❞❡ ∼ ✶✷✵ µ0 ❞❛♥0 ❧❡

209
❘❛

❡♥ '♦✉❣❡✱ ❧❡ 8
+

❞❡ ✷✳✶ µ0 ❞❛♥0 ❧❡

210
❘❛ ❡♥ ✈❡'&✱ ❡& ❧❡

13

2

+
❞❡ ∼ ✾✳✼ µ0 ❞❛♥0 ❧❡

211
❘❛ ❡♥ ❜❧❡✉ ✭❜✮ ▼❛&'✐❝❡ ❞❡ ❝♦''3❧❛&✐♦♥

♣♦✉' ❧❡0 3❧❡❝&'♦♥0 ❞❡ ❝♦♥✈❡'0✐♦♥✱ ♦♥ ❞✐0&✐♥❣✉❡ ❧❡0 ❞❡✉① &'❛♥0✐&✐♦♥0 ❝♦♥✈❡'&✐❡0 ❛✈❡❝ ❧❡0 ♣❛'&✐❝✐♣❛&✐♦♥0 ❞❡0 ❞✐✛3'❡♥❝❡0 ❝♦✉❝❤❡0

3❧❡❝&'♦♥✐H✉❡0 ✐♠♣❧✐H✉3❡0 ❞❛♥0 ❧❛ ❝♦♥✈❡'0✐♦♥✳ ✴ ■❞❡♥$✐✜❝❛$✐♦♥ ♠❛$+✐① ♦❢ $❤❡ ❡♠✐//✐♦♥ ♦❢ ✐♥$❡+❡/$ ✐♥ $❤❡

209,210,211
❘❛ ✿ ✭❛✮

❈♦++❡❧❛$✐♦♥ ♠❛$+✐① ❢♦+ $❤❡ γ +❛❞✐❛$✐♦♥✱ ✇❡ ❝❛♥ ❞✐/$✐♥❣✉✐/❤ $❤❡ $❤+❡❡ ✐/♦♠❡+✐❝ /$❛$❡/ ❝♦♠✐♥❣ ❢+♦♠ $❤❡ $❤+❡❡ ✐/♦$♦♣❡/ ✿ $❤❡

13

2

+

♦❢ ∼ ✶✷✵ µ/ ✐♥ $❤❡

209
❘❛ ✐♥ +❡❞✱ $❤❡ 8

+
♦❢ ✷✳✶ µ/ ✐♥ $❤❡

210
❘❛ ✐♥ ❣+❡❡♥✱ ❛♥❞ $❤❡

13

2

+
♦❢ ∼ ✾✳✼ µ/ ✐♥ $❤❡

211
❘❛ ✐♥ ❜❧✉❡ ✱ ✭❜✮

❈♦++❡❧❛$✐♦♥ ♠❛$+✐① ❢♦+ $❤❡ ❝♦♥✈❡+/✐♦♥ ❡❧❡❝$+♦♥✱ ✇❡ ❝❛♥ ❞✐/$✐♥❣✉✐/❤ $✇♦ ❝♦♥✈❡+$❡❞ $+❛♥/✐$✐♦♥/ ✇✐$❤ $❤❡ ❝♦♥$+✐❜✉$✐♦♥ ♦❢ ❛❧❧ $❤❡

❡❧❡❝$+♦♥✐❝ ❧❛②❡+/

❊❧❧❡' ♥♦✉' ♣❡-♠❡44❡♥4 ♥♦♥ '❡✉❧❡♠❡♥4 ❞❡ ❧♦❝❛❧✐'❡- ❡♥ .♥❡-❣✐❡ ❧❡' 4-❛♥'✐4✐♦♥'✱ ♠❛✐' ♥♦✉' ♣♦✉✈♦♥' ❛✉''✐✱

F ❧✬❛✐❞❡ ❞✬✉♥❡ ♣-♦❥❡❝4✐♦♥ ❞✬✉♥❡ .♥❡-❣✐❡ '.❧❡❝4✐♦♥♥.❡✱ -❡4-♦✉✈❡- ❧❡' 4❡♠♣' ❞❡ ✈✐❡ ❞❡' ❞✐✛.-❡♥4' ✐'♦♠H-❡'✳
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4+ -> 2+ 774.2 keV

6+ -> 4+ 750 keV

4+ -> 2+ 601.3 keV
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✷✵ ✪ ✐♥ ❖❝)♦❜❡.✮ ❛♥❞ )❤❡ ❜❡❛♠ ✐♥)❡♥6✐)② ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢.♦♠ )❤❡ ❞❛)❛✳ ❚❤✉6✱ ✉6✐♥❣ ❡0✳ ✭✺✳✶✮ ❛6 ✇❡❧❧ ❛6

)❤❡ ♥✉♠❜❡. ♦❢ ♥✉❝❧❡✐ ❝.❡❛)❡❞ ❞✉.✐♥❣ )❤❡ ❡①♣❡.✐♠❡♥)✱ ✇❡ ❝❛♥ ❡6)✐♠❛)❡ )❤❡ ❝.♦66 6❡❝)✐♦♥ ♦❢ ♣.♦❞✉❝)✐♦♥ ✇❤✐❝❤

✐6 6✉♠♠❛.✐③❡❞ ✐♥ )❛❜❧❡ ✺✳✹✳

γ ❛♥❞ ❡❧❡❝&'♦♥ )♣❡❝&'♦)❝♦♣② ✐♥ &❤❡
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❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ )❤✐6 6)✉❞② ✐6 )♦ ).② )♦ ❛♥6✇❡. 0✉❡6)✐♦♥6 ❝♦♥❝❡.♥✐♥❣ )❤❡ ❡①❝✐)❡❞ 6)❛)❡ ✐♥ )❤❡
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♥✉❝❧❡✉6 ♣♦♣✉❧❛)❡❞ ❜② )❤❡ ❣.♦✉♥❞ 6)❛)❡ ❞❡❝❛② ♦❢ )❤❡
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❉❜ ♥✉❝❧❡✉6 ✭❝❢✳ ✜❣✳ ✺✳✷❜✮✳

❋♦❝✉6✐♥❣ ♦♥ )❤❡ ❞❡❝❛② ♦❢ )❤❡ ❣.♦✉♥❞ 6)❛)❡ ♦❢ )❤❡
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❉❜ ♥✉❝❧❡✉6✱ ✇❡ ❝❛♥ ♦❜6❡.✈❡ 6♦♠❡ ❝♦♥✈❡.6✐♦♥ ❡❧❡❝).♦♥

✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✭❝❢✳ ✜❣✳ ✺✳✽❜✮ ❛6 ✇❡❧❧ ❛6 6♦♠❡ γ✲.❛②6 ❝♦❤❡.❡♥) ✐♥ ❡♥❡.❣② ✇✐)❤ )❤❡6❡ ❡❧❡❝).♦♥6 ✭❝❢✳ ✜❣✳ ✺✳✽❛

❛♥❞ )❛❜✳ ✺✳✺✮✳ ❍♦✇❡✈❡.✱ ✇❡ ♥❡❡❞ ♠♦.❡ ✐♥❢♦.♠❛)✐♦♥ ❛❜♦✉) )❤❡ α ❡♥❡.❣② ❝♦..❡6♣♦♥❞✐♥❣ )♦ )❤❡6❡ ❡✈❡♥)6 ❛6

♦♥❧② ❛ 6❡❧❡❝)✐♦♥ ♦♥ ❉❜1 ♦. ❉❜2 ✐6 ❞♦♥❡ ✭❝❢✳ ✜❣✳ ✺✳✺✮✳ ❚❤✉6✱ ✇❡ ❝♦♥6).✉❝)❡❞ ❛ ♥❡✇ ♠❛).✐① .❡♣.❡6❡♥)✐♥❣ )❤❡

✐♥)❡.♥❛❧ ).❛♥6✐)✐♦♥ ❡♥❡.❣② ✭γ ♦. ❡❧❡❝).♦♥✮ ✐♥ ❢✉♥❝)✐♦♥ ♦❢ )❤❡ ❞❡❝❛② ❡♥❡.❣② ✭❝❢✳ ✜❣✳ ✺✳✾✮ ❛♥❞ 6♦ 6❡♣❛.❛)✐♥❣

)❤❡ 6❡✈❡.❛❧ α ❞❡❝❛② ✭α1✱ α2✱ α3 ❛♥❞ α4✮✳

■❢ ✇❡ ❧♦♦❦ ❝❧♦6❡❧② ❛) )❤❡ ❝♦♥✈❡.6✐♦♥ ❡❧❡❝).♦♥ 6♣❡❝).✉♠ ✭❝❢✳ ✜❣✳ ✺✳✶✵❛✮✱ ✇❡ ❝♦✉❧❞ ❞✐6)✐♥❣✉✐6❤ )✇♦ ❝♦♠✲

♣♦♥❡♥)6 ❝♦❤❡.❡♥) ✭✇✐)❤✐♥ )❤❡ .❡6♦❧✉)✐♦♥ ♦❢ ✶✺ ❦❡❱✮ ✇✐)❤ )❤❡ )✇♦ γ✲.❛②6 ♦❜6❡.✈❡.❡❞ ✿ ✶✶✷ ❦❡❱ ❛♥❞ ✶✹✻

❦❡❱✳
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❉❇

❚❤❡ %❡❝♦♥❞ ♣+♦❥❡❝-✐♦♥ ♦❢ -❤❡ ♠❛-+✐① ✺✳✾ ✭❝❢✳ ✜❣✳ ✺✳✶✵❜✮ ❛❧%♦ ❣✐✈❡% ✉% ❝❧✉❡% ❝♦♥❝❡+♥✐♥❣ -❤❡ ✐♥-❡+♥❛❧

-+❛♥%✐-✐♦♥%✳ ■♥❞❡❡❞✱ -❤❡ -✇♦ %-+✉❝-✉+❡% %❡♣❛+❛-❡❞ ❜② ✸✵✲✹✵ ❦❡❱✱ ❝♦✉❧❞ ❝♦♠❡ ❢+♦♠ -❤❡ ❡♥❡+❣② %✉♣❡+♣♦%✐-✐♦♥

✐♥%✐❞❡ -❤❡ ❉❙❙❉ ✇✐-❤ ❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥%✳ ❚❤✉%✱ ✇❡ ♦✈❡+❡%-✐♠❛-❡ -❤❡ α ❡♥❡+❣②✱ ✐♥❞✐❝❛-✐♥❣ -❤❡ ♣+❡%❡♥❝❡

♦❢ ❛♥ ✐♥-❡+♠❡❞✐❛-❡ %-❛-❡ ❛❢-❡+ -❤❡ α2 ❞❡❝❛②✳ ▼♦+❡♦✈❡+✱ -❤❡ α ❡♥❡+❣② ❛%%♦❝✐❛-❡❞ ✇✐-❤ -❤❡ ✶✹✻ ❦❡❱ -+❛♥%✐-✐♦♥

✭✐♥ γ ❛♥❞ ❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥%✮ ✐% ❜❡❧♦✇ -❤❡ ❛✈❡+❛❣❡ α2 ❡♥❡+❣② ✭∼ ✽✾✷✵ ❦❡❱ ❝♦♠♣❛+❡❞ -♦ -❤❡ ✽✾✻✶ ❦❡❱

♠❡❛%✉+❡❞✮✳ ❚❤✐% α ❡♥❡+❣② ❝♦✉❧❞ ✐♥❞✐❝❛-❡ ❛ ❞✐+❡❝- -+❛♥%✐-✐♦♥ -♦ -❤❡ ❣+♦✉♥❞ %-❛-❡ ♦❢ -❤❡
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▲+ ♥✉❝❧❡✉%✳

❲❡ ❛❧%♦ ❝♦✉❧❞ -♦ ❡①-+❛❝- ❢+♦♠ -❤❡ ❞❛-❛ -❤❡ -+❛♥%✐-✐♦♥ ♠✉❧-✐♣♦❧❛+✐-② ✐♥ ♦+❞❡+ -♦ -+② -♦ ❛%%✐❣♥ -❤❡ %♣✐♥

❛♥❞ ♣❛+✐-② ♦❢ -❤❡ %-❛-❡ ✐♥✈♦❧✈❡❞✳ ❇② -❛❦✐♥❣ ✐♥-♦ ❛❝❝♦✉♥- -❤❡ %-❛-✐%-✐❝% ♠❡❛%✉+❡❞ ✭❝❢✳ ✜❣✳ ✺✳✾✮✱ -❤❡ α − α
❝♦++❡❧❛-✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ -❤❡ ❡✣❝✐❡♥❝② ♦❢ -❤❡ ❞❡-❡❝-♦+% ✭✻✳✷✺ ✪ ❛♥❞ ✻✳✼✺ ✪ ❢♦+ -❤❡ ❣❡+♠❛♥✐✉♠ ❞❡-❡❝-♦+%

❛♥❞ ✷✳✺✽✪ ❢♦+ ❚✉♥♥❡❧ ❞❡-❡❝-♦+%✮✱ ✇❡ ❝❛♥ ❡①-+❛❝- -❤❡ ♥✉♠❜❡+ ♦❢ γ✲+❛②% ❛♥❞ ❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥% ❡♠✐--❡❞ ✿

✹✭±✷✮ γ✲+❛②% ❛♥❞ ✽✾✭±✾✮ ❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥% ❢♦+ -❤❡ ✶✹✻ ❦❡❱ -+❛♥%✐-✐♦♥ ❛♥❞ ✼✭±✷✮ γ✲+❛②% ❛♥❞ ✻✷✭±✽✮

❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥% ❢♦+ -❤❡ ✶✶✷ ❦❡❱ ♦♥❡✳ ❚❤✉%✱ ✇❡ ❝❛♥ ❞❡-❡+♠✐♥❡ -❤❡ ❡①♣❡+✐♠❡♥-❛❧ ❝♦♥✈❡+%✐♦♥ ❝♦❡✣❝✐❡♥-

♦❢ -❤❡ -✇♦ -+❛♥%✐-✐♦♥% ✿ ✷✷±✶✶ ❢♦+ -❤❡ ✶✹✻ ❦❡❱ ♦♥❡ ❛♥❞ ✽✳✾±✷✳✽ ❢♦+ -❤❡ ✶✶✷ ❦❡❱ ♦♥❡✳ ❇② ❝♦♠♣❛+✐%♦♥ ✇✐-❤

-❤❡ ❝❛❧❝✉❧❛-✐♦♥ ♦❢ ✐♥-❡+♥❛❧ ❝♦♥✈❡+%✐♦♥ ❝♦❡✣❝✐❡♥- ❬✹✻❪✱ -❤❡ ♠♦%- ❧✐❦❡❧② -+❛♥%✐-✐♦♥% ❛+❡ ❛♥ ✭▼✷✮ ❢♦+ -❤❡ ✶✹✻

❦❡❱ ✭αL = 30.9(19)✮ ❛♥❞ ❛♥ ✭▼✶✮ ❢♦+ -❤❡ ✶✶✷ ❦❡❱ ✭α ❂ ✶✵✳✹✭✻✮✮✱ ❛% +❡%✉♠❡❞ ♦♥ ❚❛❜❧❡ ✺✳✻✳ ▼♦+❡♦✈❡+✱ -❤❡

✻ ❳✲+❛②% ♠❡❛%✉+❡❞ ✐♥ -❤❡ ♠❛-+✐① ✺✳✾ ❛+❡ ❛❧%♦ ❝♦❤❡+❡♥- ✇✐-❤ -❤❡ ✻✺✽ ❝♦♥✈❡+%✐♦♥ ❡❧❡❝-+♦♥% ❡♠✐--❡❞ ❞✉+✐♥❣

-❤❡ %❡✈❡+❛❧ -+❛♥%✐-✐♦♥% ✭✻✲✼ ❡①♣❡❝-❡❞✮✳

❆❧❧ -❤❡%❡ ✐♥❢♦+♠❛-✐♦♥ ❛❧❧♦✇ ✉% -♦ ♣+♦♣♦%❡ ❛ ❧❡✈❡❧ %❝❤❡♠❡ ❢♦+ -❤✐% -+❛♥%✐-✐♦♥ ✭❝❢✳ ✜❣✳ ✺✳✶✶✮✳ ❚❤❡ ❛%%✐❣♥❛-✐♦♥

♦❢ -❤❡ ❡①❝✐-❡❞ %-❛-❡ ♣♦♣✉❧❛-❡❞ -❤+♦✉❣❤ α2 ❞✐✛❡+% ❢+♦♠ -❤❡

9
2

+
♦❢ -❤❡ ♣+❡✈✐♦✉% ✇♦+❦ ❛% ✇❡ ❛%%✐❣♥ ✐- -♦ ❛

3
2

+
❣✐✈❡♥ -❤❡ ♠✉❧-✐♣♦❧❛+✐-② ♦❢ -❤❡ ✶✹✻ ❦❡❱ -+❛♥%✐-✐♦♥✳ ▼♦+❡♦✈❡+ -❤❡

5
2

−

♣+❡✈✐♦✉%❧② ❛%%✐❣♥❡❞ -♦ -❤❡ %-❛-❡

♣♦♣✉❧❛-❡❞ ❜② -❤❡ α3 ❞❡❝❛② ✐% ♥♦✇ ✉%❡❞ ❛% ❛♥ ✐♥-❡+♠❡❞✐❛-❡ %-❛-❡ ❢♦+ -❤❡

3
2

+
→ 7

2

−

-+❛♥%✐-✐♦♥✳

❍♦✇❡✈❡+✱ ✇✐-❤ -❤❡%❡ %-❛-✐%-✐❝% ✇❡ ✇❡+❡ ❡♥❛❜❧❡❞ -♦ ❝♦♥❝❧✉❞❡ ♦♥ -❤❡ α4 ❞❡❝❛② ❛% ✇❡❧❧ ❛% -❤❡ -+❛♥%✐-✐♦♥

✐♥%✐❞❡ -❤❡
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❉❜ ♥✉❝❧❡✉% ✭♣+❡❝❡❞✐♥❣ -❤❡ α ❞❡❝❛②% ❝❢✳ ✜❣✳ ✺✳✶✷✮ ✉%✐♥❣ -❤❡ +❡❝♦✐❧✲γ✴❡−✲α− α ❝♦++❡❧❛-✐♦♥%✳

❋✉+-❤❡+♠♦+❡✱ -❤❡ ❝❛❧❝✉❧❛-✐♦♥ ♠❛❞❡ ❜② ❇✳ ❇♦✉♥-❤♦♥❣ ❬✶✵✾❪ ✉%✐♥❣ -❤❡ ●❈▼ ♠♦❞❡❧✱ ❣✐✈❡% ✉% -❤❡ ♦❝✲

❝✉♣❛-✐♦♥ ♦❢ -❤❡ %♣❤❡+✐❝❛❧ ♦+❜✐-❛❧ ❢♦+ -❤❡ ♣+♦-♦♥ ✐♥ -❤❡ ❡✈❡♥✲❡✈❡♥ ♥✉❝❧❡✉%

254
◆♦ ❛♥❞
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❘❢ ✭❝❢✳ -❛❜✳ ✺✳✼✮✳

❚❤✐% ❝❛❧❝✉❧❛-✐♦♥ ❛❧❧♦✇% ✉%✱ ❜② ❡①-❡♥%✐♦♥ ✭❛❞❞✐♥❣ ♦+ +❡♠♦✈✐♥❣ ❛ ♣+♦-♦♥✮ -♦ ❡①♣❧❛✐♥ -❤❡ ♦+✐❣✐♥ ♦❢ -❤❡ %-❛-❡%

✐♥✈♦❧✈❡❞✳ ❚❤✉%✱ -❤❡ ✷f 5

2

✱ ✸p 3

2

%❤❡❧❧% ♦+ -❤❡ ❞❡❣❡♥❡+%❡♥❝❡ ♦❢ -❤❡ ✶i 13
2
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❞/❝♦✉✈❡*)❡ ❞✉ ❞✉❜♥✐✉♠✳ ❊♥ ❡✛❡)✱ ✐❧+ ♦♥) /)/ +②♥)❤/)✐+/+ ❡♥ ✉)✐❧✐+❛♥) ✉♥ ❢❛✐+❝❡❛✉ ♣❧✉+ ❧♦✉*❞ @✉❡ ❧✬♦①②❣6♥❡

❡) ❧✬❛③♦)❡✱ ❧❡

50
❚✐ ✭@✉✐ ❡+) )♦✉) ❞❡ ♠a♠❡ ♠❛❣✐@✉❡ ❡♥ ♥❡✉)*♦♥+ ◆ ❂ ✷✽✮ ❡) ✉♥❡ ❝✐❜❧❡ ♣❧✉+ ❧/❣6*❡ ❞❡
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❈❍❆#■❚❘❊ ✺✳ ❆◆❆▲❨❙❊❙ ❊❚ ❘➱❙❯▲❚❆❚❙ #❖❯❘ ▲❊

257
❉❇ ✶✷✶

❆ ♣❛%&✐% ❞❡ ❝❡&&❡ +&✉❞❡✱ ♣❧✉/✐❡✉%/ ❛✉&%❡/ ♦♥& ♣✉ 2&%❡ ♠❡♥+❡/ /✉% ❝❡ ♥♦②❛✉ ♣♦✉% ❡//❛②❡% ❞✬❛♣♣%♦❢♦♥❞✐% ❧❡/

❝♦♥♥❛✐//❛♥❝❡/ ❛✉&♦✉% ❞❡ ❝❡❧✉✐✲❝✐✳ ❚♦✉& ❞✬❛❜♦%❞✱ ✉♥❡ +&✉❞❡ ✐♥❞✐%❡❝&❡ ✈✐❛ ❧❡ ♥♦②❛✉ ♣<%❡✱ ❧❡

261
❇❤✱ ❛ +&+ %+❛❧✐/+❡

❡♥ ✷✵✶✵ ❬✶✶✵❪ ❛✉ ●❙■ ❛❥♦✉&❛♥& ✉♥ ♣❡✉ ♣❧✉/ ❞❡ /&❛&✐/&✐F✉❡ /❛♥/ ♣♦✉% ❛✉&❛♥& ❛♣♣♦%&❡% ♣❧✉/ ❞✬✐♥❢♦%♠❛&✐♦♥/

/✉% ❧❡/ /❝❤+♠❛/ ❞❡ ❞+❝%♦✐//❛♥❝❡✳ ❊♥✜♥✱ ❞❡✉① &❤</❡/ /❡ /♦♥& ❛✉//✐ ✐♥&+%❡//+❡/ J ❝❡ ♥♦②❛✉ ♣♦✉% ❡♥ +&✉❞✐❡% ❧❡/

♣%♦♣%✐+&+/ ❡& ❡//❛②❡% ❞✬❡♥ ❡✛❡❝&✉❡% ✉♥❡ /♣❡❝&%♦/❝♦♣✐❡ ♣❧✉/ ♣%+❝✐/❡✳ ▲❛ ❞❡%♥✐<%❡ ❡♥ ❞❛&❡ ❬✶✵✻❪✱ ❛ +&+ %+❛❧✐/+❡

❛✉ ●❆◆■▲ ✭❈❛❡♥ ❋%❛♥❝❡✮ /✉% ❧❡ ✜❧&%❡ ❞❡ ✈✐&❡//❡ ▲■❙❊✸ ✭/❡❝&✐♦♥ ✸✳✸✳✷✮ ❡♥ ✷✵✶✺✱ ❡①♣+%✐❡♥❝❡ J ❧❛F✉❡❧❧❡ ❥✬❛✐

♣❛%&✐❝✐♣+✱ ❡& ❛✈❛✐& ♣♦✉% ♦❜❥❡❝&✐❢ ❞✬❡✛❡❝&✉❡% ✉♥❡ /♣❡❝&%♦/❝♦♣✐❡ α ❡& γ✳ ❈❡♣❡♥❞❛♥&✱ ❧❡ ♠❛♥F✉❡ ❞❡ /&❛&✐/&✐F✉❡✱

❛✐♥/✐ F✉❡ ❞✐✈❡%/ ♣%♦❜❧<♠❡/ %❡♥❝♦♥&%+/ ❞✉%❛♥& ❧✬❡①♣+%✐❡♥❝❡✱ ♥✬♦♥& ♣❛/ ♣❡%♠✐/ ❞❡ ❝♦♥❝❧✉%❡ /✉% ❧❡/ /❝❤+♠❛/ ❞❡

♥✐✈❡❛✉① ❞✉

257
❉❜✳ ❈❡&&❡ +&✉❞❡ ❛ ♣❡%♠✐/ ♥+❛♥♠♦✐♥/ ❞✬❛❥♦✉&❡% ❡♥❝♦%❡ ✉♥ ♣❡✉ ♣❧✉/ ❞❡ /&❛&✐/&✐F✉❡ ❞❛♥/ ❧❡/

❞+❝%♦✐//❛♥❝❡/ α %❡♥❢♦%V❛♥& ❛✐♥/✐ ♥♦&%❡ ❝♦♥♥❛✐//❛♥❝❡ ❞❡ ❝❡& ✐/♦&♦♣❡ &❛♥& /✉% ❧❡/ +♥❡%❣✐❡/ ❞❡/ ❞+❝%♦✐//❛♥❝❡/

α F✉❡ ❧❡/ &❡♠♣/ ❞❡ ✈✐❡✳

■/♦&♦♣❡ ❊α ✭❦❡❱✮ ■♥&❡♥/✐&② ✭✪✮ ❚1/2 ✭/✮ ❍❋ ❜EC ❜SF

✽✽✼✹ ✹ ✸✳✹✸

+2.34
−0.99 ✽✽ <✵✳✵✸ ≤ ✵✳✶✶

257
❉❜ ✽✾✻✺ ✹✵ ✷✳✸✷ ± ✵✳✶✻ ✶✵ ≤ ✵✳✵✺

✾✵✻✻ ✸✼ ✷✳✸✷ ± ✵✳✶✻ ✷✸

✾✶✺✺ ✶✾ ✵✳✻✼ ± ✵✳✵✼ ✷✺ ≤ ✵✳✶✷

✽✻✷✵ ✺ ✶✳✵✽

+0.86
−0.33 ✶✻ <✵✳✵✷

253
▲% ✽✼✶✾ ✷✽ ✶✳✸✷ ± ✵✳✶✹ ✽ ✵✳✶✷ ± ✵✳✵✸

✽✼✽✻ ✻✼ ✵✳✻✼ ± ✵✳✵✻ ✸ ✵✳✵✶ ± ✵✳✵✵✻

❚❛❜❧❡ ✺✳✶ ✕ ❚❛❜❧❡❛✉ *+❝❛♣✐/✉❧❛/✐❢ ❞❡2 ❞♦♥♥+❡2 ♣*+2❡♥/+❡2 ❞❛♥2 ❬✶✵✼❪ ♣♦✉* ❧❡

257
❉❜ ❛✐♥2✐ :✉❡ ♣♦✉* ❧❡

253
▲* ✿ 2♦♥/ ❧✐2/+2 ✐❝✐ ❧❡2

+♥❡*❣✐❡2 α✱ ❧❡2 ✐♥/❡♥2✐/+2✱ ❧❡2 /❡♠♣2 ❞❡ ✈✐❡ ♠❡2✉*+2 ❛✐♥2✐ :✉❡ ❧❡2 ❢❛❝/❡✉*2 ❞✬❡♠♣B❝❤❡♠❡♥/ ❡/ ❧❡2 *❛♣♣♦*/2 ❞✬❡♠❜*❛♥❝❤❡♠❡♥/2

✜22✐♦♥ ❡/ ❝❛♣/✉*❡ +❧❡❝/*♦♥✐:✉❡ ✴ ❖✈❡#✈✐❡✇ &❛❜❧❡ ♦❢ &❤❡ #❡-✉❧&- ♦♥ &❤❡

257
❉❜ ❛♥❞

253
▲# ✐-♦&♦♣❡- ❬✶✵✼❪ ✿ ❤❡#❡ ❛#❡ ❧✐-&❡❞ &❤❡ α

❡♥❡#❣✐❡-✱ &❤❡ ✐♥&❡♥-✐&✐❡- ♦❢ ❡❛❝❤ ❞❡❝❛② ❜#❛♥❝❤✱ &❤❡ ♠❡❛-✉#❡❞ ❞❡❝❛② &✐♠❡- ❛- ✇❡❧❧ ❛- &❤❡ ❤✐♥❞#❛♥❝❡ ❢❛❝&♦# ❛♥❞ &❤❡ ❜#❛♥❝❤✐♥❣

#❛&✐♦- ✐♥ ❡❧❡❝&#♦♥✐❝ ❝❛♣&✉#❡ ❛♥❞ ✜--✐♦♥

▲✬❡①♣+%✐❡♥❝❡ %+❛❧✐/+❡ ❛✉ ●❙■ ❡♥ ✷✵✵✻ ❞❛♥/ ❧❡ ❝❛❞%❡ ❞❡ ❧❛ &❤</❡ ❞❡ ❇✳ ❙&%❡✐❝❤❡% ❬✶✵✼❪✱ ❡/& ❝❡❧❧❡ ♣♦//+❞❛♥& J

❧✬❤❡✉%❡ ❛❝&✉❡❧❧❡ ❧❛ ♣❧✉/ ❣%❛♥❞❡ /&❛&✐/&✐F✉❡ ❞❡ ❞+❝%♦✐//❛♥❝❡ α /✉% ❧❡

257
❉❜ ❛✈❡❝ ✹✷✵ ❞+❝%♦✐//❛♥❝❡/ α ♦❜/❡%✈+❡/

/♦✉/ ❧❛ ❝♦%%+❧❛&✐♦♥ recoil−α−α✳ ❈❡&&❡ +&✉❞❡ ❛ ♥♦♥ /❡✉❧❡♠❡♥& ♣❡%♠✐/ ❞❡ ❝♦♥✜%♠❡% ❧❡/ ♦❜/❡%✈❛&✐♦♥/ ❡✛❡❝&✉+❡/

❥✉/F✉✬❛❧♦%/✱ ♠❛✐/ ❡❧❧❡ ❛ ❛✉//✐ ♠✐/ +✈✐❞❡♥❝❡ ❞✬❛✉&%❡/ ♣❤+♥♦♠<♥❡/✳

❚♦✉& ❞✬❛❜♦%❞✱ ❡❧❧❡ ❛ ♠✐/ ❡♥ ❡①❡%❣✉❡ ❞❡✉① ♥♦✉✈❡❧❧❡/ %❛✐❡/ α✱ ✉♥❡ ❞❛♥/ ❧❡

257
❉❜ ❡& ✉♥❡ ❞❛♥/ ❧❡

253
▲%✱

❞✬✐♥&❡♥/✐&+ ❢❛✐❜❧❡ ✭❝❢✳ &❛❜✳ ✺✳✶✮✳ ❉❡ ♣❧✉/✱ ❞❡ ♥♦✉✈❡❧❧❡/ ❝♦%%+❧❛&✐♦♥/ ❞❛♥/ ❧❡/ ♠❛&%✐❝❡/ α − α ♦♥& +&+ ♠❡/✉✲

%+❡/✳ ❈❡/ +&✉❞❡/ ♦♥& ❛✣♥+ ❧❡ /❝❤+♠❛ ❞❡ ♥✐✈❡❛✉① ❡& ❞❡ ❞+❝%♦✐//❛♥❝❡/ ❞✉

257
❉❜ ❥✉/F✉✬J ❧✬

245
❊/ J ❧✬❛✐❞❡ ❞❡

❝♦%%+❧❛&✐♦♥/ recoil−α−α−α ✭❝❢✳ ✺✳✷❜✮✳ ❈❡♣❡♥❞❛♥&✱ ❧❡/ +&✉❞❡/ ❞❡/ ❞✐✛+%❡♥&❡/ &%❛♥/✐&✐♦♥/ ❡& ❞❡/ F✉❡❧F✉❡/

+✈+♥❡♠❡♥&/ γ ❡♥ ❝♦%%+❧❛&✐♦♥ ❛✈❡❝ ❧❡

257
❉❜ ♥✬♦♥& ♣❛/ ♣❡%♠✐/ ❞✬❡①♣❧✐F✉❡% ❧❡/ /♣❡❝&%❡/ ♦❜&❡♥✉/✳

◆♦&❛♠♠❡♥&✱ ❧❛ ♣❧✉/ ❣%❛♥❞❡ F✉❡/&✐♦♥ /❛♥/ %+♣♦♥/❡ %❡/&❡ ❧❛ ♠❡/✉%❡ ❞❡ ❧❛ &%❛♥/✐&✐♦♥ ❡♥&%❡ ❧❡/ ♥✐✈❡❛✉①

❡①❝✐&+/ ♣❡✉♣❧+/ ❞❛♥/ ❧❡

253
▲% ❞❡♣✉✐/ ❧✬+&❛& ❢♦♥❞❛♠❡♥&❛❧ ❞✉

257
❉❜ ❡& ❧❡ ❢♦♥❞❛♠❡♥&❛❧ ❞✉

253
▲%✳ ❊♥ ❡✛❡&✱ ♣♦✉%

❧❡ ♠♦♠❡♥&✱ ❡& ❛✈❡❝ ❧❡/ ✐♥❢♦%♠❛&✐♦♥/ J ❞✐/♣♦/✐&✐♦♥ ❬✶✵✼❪✱ ❝❡&&❡ ❞❡%♥✐<%❡ /❡%❛✐& ✉♥❡ &%❛♥/✐&✐♦♥ +❧❡❝&%✐F✉❡ ❊✶

✭&%❛♥/✐&✐♦♥ ♣%+❞✐&❡ ❡♥&%❡ ✉♥ 9/2+ ❡& ✉♥ 7/2− ❞❛♥/ ❧❡

253
▲% ❝❢✳ ✜❣✳ ✺✳✷✮✳ ❖%✱ ❧❡/ ♠❡/✉%❡/ %+❛❧✐/+❡/ ❞❛♥/ ❬✶✵✼❪✱

♥❡ ♠♦♥&%❡♥& F✉✬✉♥ /❡✉❧ +✈+♥❡♠❡♥& ❝♦❤+%❡♥& ❞✬✉♥❡ +♥❡%❣✐❡ ❞❡ ✶✵✷ ❦❡❱ ✭♣♦✉% ✉♥❡ &%❛♥/✐&✐♦♥ ❡/&✐♠+❡ J ✶✵✶

❦❡❱✮ ❛❧♦%/ F✉✬❛✉ ✈✉ ❞❡ ❧❛ /&❛&✐/&✐F✉❡ %❡❧❡✈+❡ ❡& ❞❡ ❧✬❡✣❝❛❝✐&+ ❞❡ ❞+&❡❝&✐♦♥ ❞❡/ γ ❧♦%/ ❞❡ ❝❡&&❡ ❡①♣+%✐❡♥❝❡✱ ✶✼

❞❡ ❝❡/ +✈+♥❡♠❡♥&/ ❛✉%❛✐❡♥& ❞b 2&%❡ ♦❜/❡%✈+/ ✭/✐ ❧✬♦♥ /✉♣♣♦/❡ ✉♥❡ ❊✶✮✳ ❈✬❡/& ❞♦♥❝ ✉♥ ❞❡/ ♣♦✐♥&/ ✐♠♣♦%&❛♥&/

F✉✬✐❧ %❡/&❡ J +❝❧❛✐%❝✐% ♣♦✉% ❝❡&&❡ ❞+❝%♦✐//❛♥❝❡✱ ❛✈❡❝ ♥♦&❛♠♠❡♥& ❧✬❛//✐❣♥❛&✐♦♥ ❡♥ /♣✐♥✴♣❛%✐&+ ❞❡ ❝❡& +&❛&

❡①❝✐&+✳ ❉❡ ♣❧✉/✱ ❛✉❝✉♥❡ ❞❡/ ❡①♣+%✐❡♥❝❡/ %+❛❧✐/+❡/ ❥✉/F✉✬❛❧♦%/ ♥✬+&❛✐& /❡♥/✐❜❧❡ ❛✉① +❧❡❝&%♦♥/ ❞❡ ❝♦♥✈❡%/✐♦♥✳

❈❡✉①✲❝✐ ♣♦✉%%❛✐❡♥& ❞♦♥♥❡% ♣❧✉/ ❞✬✐♥❢♦%♠❛&✐♦♥/ /✉% ❝❡&&❡ &%❛♥/✐&✐♦♥✱ ♥♦&❛♠♠❡♥& ❞❛♥/ ❧❛ ♠❡/✉%❡ ❞❡/ &❛✉①

❞❡ ❝♦♥✈❡%/✐♦♥ F✉✐ ♣❡%♠❡&&%❛✐& ❞❡ ✈❛❧✐❞❡% ❧❛ ♠✉❧&✐♣♦❧❛%✐&+ ❞❡ ❧❛ &%❛♥/✐&✐♦♥ ❛&&❡♥❞✉❡✳ ❊♥✜♥ ❧❡/ ♥♦✉✈❡❧❧❡/
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❉❇

✭❛✮

✭❜✮

❋✐❣✉$❡ ✺✳✷ ✕ ✭❛✮ ▼❛()✐❝❡ ❞❡ ❝♦))/❧❛(✐♦♥ ❣/♥/(✐3✉❡ )❡♣)/6❡♥(❛♥( ❧✬/♥❡)❣✐❡ α ❞✉

253
▲) ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❝❡❧❧❡ ❞✉

257
❉❜ ♣❡)♠❡((❛♥(

❧❛ ♠✐6❡ ❡♥ /✈✐❞❡♥❝❡ ❞❡ ♥♦✉✈❡❧❧❡6 )❛✐❡6 α ❛✐♥6✐ 3✉❡ ❞❡ ♥♦✉✈❡❧❧❡6 ❝♦))/❧❛(✐♦♥6✱ ✭❜✮ ❙❝❤/♠❛ ❞❡ ♥✐✈❡❛✉① ♣)♦♣♦6/ ♠✐6 B ❥♦✉) ❛✉ ✈✉

❞❡6 )/6✉❧(❛(6 ♦❜(❡♥✉6 ❞❛♥6 ❬✶✵✼❪ ✴ ✭❛✮ ▼❛$%✐① ♦❢ $❤❡ α ❡♥❡%❣② ♦❢ $❤❡

253
▲% ❛0 ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ♦♥❡ ♦❢ $❤❡

257
❉❜ ✿ ✐$ ❤✐❣❤❧✐❣❤$0

$❤❡ ♥❡✇ ❝♦%%❡❧❛$✐♦♥ ❛0 ✇❡❧❧ ❛0 $❤❡ ♥❡✇ α ❧✐♥❡ ♦❢ $❤❡

257
❉❜ ❛♥❞ $❤❡

253
▲% ✱ ✭❜✮ ❘❡✜♥❡❞ ❧❡✈❡❧ 0❝❤❡♠❡ ♣%♦♣♦0❡❞ ✇✐$❤ $❤❡ ❞❛$❛ ♦❢

❬✶✵✼❪

❝♦$$%❧❛(✐♦♥+ α− α ♠❡+✉$%❡+ $❡+(❡♥( ❡♥❝♦$❡ / ✈❛❧✐❞❡$ ❡( +♦♥( ❡♥❝♦$❡ +✉❥❡( / ✐♥(❡$♣$%(❛(✐♦♥✳

✺✳✸ ➱$✉❞❡ ♣)*❛❧❛❜❧❡ ❡$ ♦❜❥❡❝$✐❢ ❞❡ ♥♦$)❡ *$✉❞❡

❊♥ ❛♠♦♥( ❞❡ ❧❛ ♠✐+❡ ❡♥ ♣❧❛❝❡ ❞❡ ❧✬❡①♣%$✐❡♥❝❡✱ ♥♦✉+ ❛✈♦♥+ %(✉❞✐% ❧❡+ ❞✐✛%$❡♥(❡+ ✈♦✐❡+ ❞❡ $%❛❝(✐♦♥+

:✉✬✐❧ ♥♦✉+ %(❛✐( ❞♦♥♥% ❞✬✉(✐❧✐+❡$ ♣♦✉$ +②♥(❤%(✐+❡$ ❝❡ ♥♦②❛✉✳ =♦✉$ ❝❡❧❛✱ ♥♦✉+ ❛✈♦♥+ ❝♦♥+✐❞%$% ❞❡✉① ❝♦✉♣❧❡+

❢❛✐+❝❡❛✉✲❝✐❜❧❡ ♣$✐♥❝✐♣❛✉① ✿

209
❇✐✴

50
❚✐ ❡(

208
=❜✴

51
❱✳ ❈❡♣❡♥❞❛♥(✱ ❝♦♠♠❡ ♥♦✉+ ❛✈♦♥+ ❞%❥/ ♣✉ ❧❡ ♠❡(($❡

❡♥ %✈✐❞❡♥❝❡ ❞❛♥+ +❡❝(✐♦♥ ✷✳✸✳✸ $❡❧❛(❛♥( ❞❡+ ❢✉+✐♦♥+ ❝❤❛✉❞❡+ ❡( ❢$♦✐❞❡+✱ ❧✬✉(✐❧✐+❛(✐♦♥ ❞✉ ♥♦②❛✉ ❞♦✉❜❧❡♠❡♥(

♠❛❣✐:✉❡ ❞❡

208
=❜ ♥❡ ♣❡$♠❡( ♣❛+ ❞✬❛♣♣♦$(❡$ +✉✣+❛♠♠❡♥( ❞✬%♥❡$❣✐❡ ❞❡ ❧✐❛✐+♦♥ ❛✉ +②+(J♠❡ ♣♦✉$ ❢❛✈♦$✐+❡$

❧❛ $%❛❝(✐♦♥ ❡♥ ❝♦♠♣❛$❛✐+♦♥ ❞❡ ❝❡❧❧❡ ✉(✐❧✐+❛♥( ❧❡ ❝♦✉♣❧❡

209
❇✐✴

50
❚✐ ✭❝❢✳ ✜❣✳ ✷✳✻✮✱ ❧✬❡①♣❧✐❝❛(✐♦♥ ♣❛++❛♥( ♣❛$ ❧❛

❞✐✛%$❡♥❝❡ ❞❛♥+ ❧❡+ ❛+②♠%($✐❡ ❞❡ ♠❛++❡+✳

❆✐♥+✐ ♣♦✉$ ❝❡((❡ ❡①♣%$✐❡♥❝❡✱ ♥♦✉+ ♥♦✉+ +♦♠♠❡+ ❝♦♥❢♦$♠%+ ❛✉ ♠%❝❛♥✐+♠❡ ❞❡ $%❛❝(✐♦♥ ✉(✐❧✐+% ❥✉+:✉✬❛❧♦$+

❞❛♥+ ❧❡+ %(✉❞❡+ ❞❡ ❝❡( ✐+♦(♦♣❡ ✿

209
❇✐✭

50
❚✐✱①♥✮

259−x
❉❜ ❡♥ ✈♦✐❡ ✷♥✳ ❈❡❧❛ ♥♦✉+ ❛ ♥♦(❛♠♠❡♥( ♣❡$♠✐+✱ ❛✉ ✈✉
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257
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γ α γ − γ γ
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❉❇

❧❛ ❢✉'✐♦♥ +✈❛♣♦.❛/✐♦♥✳ ❈❡♣❡♥❞❛♥/✱ ❡♥/.❡ ❧❡' ❞❡✉① ♣.✐'❡' ❞❡ ❞♦♥♥+❡' ❝❡❧❧❡✲❝✐ ❢8/ ❧+❣:.❡♠❡♥/ ❞✐✛+.❡♥/❡ .❡'/❛♥/

/♦✉/ ❞❡ ♠=♠❡ ❛✉① ❛❧❡♥/♦✉.' ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❢♦♥❝/✐♦♥ ❞✬❡①❝✐/❛/✐♦♥ ♣♦✉. ❧❛ ✈♦✐❡ ✷♥ ❞❡ ❧❛ .+❛❝/✐♦♥ ❞❡

❢✉'✐♦♥ +✈❛♣♦.❛/✐♦♥✳ ❉❡ ♣❧✉'✱ ♦♥ ♦❜'❡.✈❡ A✉❡ ❧✬+♥❡.❣✐❡ ♠❡'✉.+❡ ✭❡♥ ♠♦②❡♥♥❡✮ ❛✉ '❡✐♥ ♠=♠❡ ❞✬✉♥❡ ❝❛♠♣❛❣♥❡

❞❡ ❞♦♥♥+❡' ♥✬❡'/ ♣❛' ♥♦♥ ♣❧✉' ❡①❛❝/❡♠❡♥/ ❧❛ ♠=♠❡ ❛✈❡❝ ✉♥❡ ✈❛.✐❛/✐♦♥ ♣♦✉✈❛♥/ ❛❧❧❡. ❥✉'A✉✬F ✷ ▼❡❱✳ ❆✐♥'✐✱

❛✉ ❝♦✉.' ❞❡ ❧❛ ♣.❡♠✐:.❡ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡'✉.❡' ♥♦✉' ❛✈♦♥' ✉♥❡ +♥❡.❣✐❡ ♠♦②❡♥♥❡ ❡♥ ❡♥/.+❡ ❞❡ ❝✐❜❧❡ ❞❡ ✷✺✹✳✺

▼❡❱ ✭∼ ✷✹✺✳✺ ▼❡❱ ❡♥ ♠✐❧✐❡✉ ❞❡ ❝✐❜❧❡✱ ❝❢✳ ✜❣✳ ✺✳✸❛✮ ❡/ ❞❡ ✷✺✻✳✺ ▼❡❱ '✉. ❧❛ '❡❝♦♥❞❡ ✭∼ ✷✹✻✳✺ ▼❡❱ ❡♥ ♠✐❧✐❡✉

❞❡ ❝✐❜❧❡✱ ❝❢✳ ✜❣✳ ✺✳✸❜✮✳

❊♥ ♣.❡♥❛♥/ ✉♥❡ +♥❡.❣✐❡ ♠♦②❡♥♥❡ ❞❡ ✷✺✺✳✺ ▼❡❱ '✉. ❧❡' ❞❡✉① ❝❛♠♣❛❣♥❡'✱ ♥♦✉' ♣♦✉✈♦♥' ❝❛❧❝✉❧❡. ❧✬+♥❡.❣✐❡

❛✐♥'✐ A✉❡ ❧❡ /❡♠♣' ❞❡ ✈♦❧ ❞❡' ♥♦②❛✉① ❞❡

257
❉❜ ❛✉ /.❛✈❡.' ❞❡' ❙❍❊▲❙✳ ❊♥ ✉/✐❧✐'❛♥/ ❧✬+A✉❛/✐♦♥ ❡A✳ ✭✹✳✶✮✱ ❛✈❡❝

✉♥❡ +♥❡.❣✐❡ ❞❛♥' ❧❡ .+❢+.❡♥/✐❡❧ ❞✉ ❝❡♥/.❡ ❞❡ ♠❛''❡ ❡/ ❡♥ ♠✐❧✐❡✉ ❞❡ ❝✐❜❧❡✱ ❞❡ ✷✹✺✳✺ ▼❡❱✱ ❡/ ❡♥ ❧✬❛❞❛♣/❛♥/ ♣♦✉.

❧❡ ❝♦✉♣❧❡ ❢❛✐'❝❡❛✉✲❝✐❜❧❡

209
❇✐✴

50
❚✐✱ ♥♦✉' ♦❜/❡♥♦♥' ✉♥❡ +♥❡.❣✐❡ ❝✐♥+/✐A✉❡ ❚ ❂ ✶✾✽✳✶ ▼❡❱✳ ❆✐♥'✐✱ ❧❡ ♥♦②❛✉

❞❡ .❡❝✉❧ ❡♠♣♦./❡.❛ ❞♦♥❝ ✉♥❡ +♥❡.❣✐❡ ❝✐♥+/✐A✉❡ ❚R ❂ ✹✼✳✼ ▼❡❱ ✭❡A✳ ✭✹✳✷✮✮✳ ▲✬+A✉❛/✐♦♥ ❡A✳ ✭✹✳✸✮ ❛♣♣❧✐A✉+❡

❛✉

257
❉❜✱ ♥♦✉' ♣❡.♠❡/ ❞❡ ❞+/❡.♠✐♥❡. ❧❛ ✈✐/❡''❡ ❞❡' ♥♦②❛✉① ❞✬✐♥/+.=/✱ ❛✉ /.❛✈❡.' ❞✬✉♥ β ❂ ✷ ✪ ✭❡A✳ ✭✹✳✺✮✮✱

❞❡ v = 5.96106m.s−1
❛✐♥'✐ A✉❡ ❧❡ /❡♠♣' ❞❡ ✈♦❧ ❛''♦❝✐+ ❛✉ /.❛✈❡.' ❞❡ ❙❍❊▲❙ ✿ /SHELS ❂ ✷✳✵✶ µs✳

▲✬+♥❡.❣✐❡ ❞✬✐♠♣❧❛♥/❛/✐♦♥ ❞❛♥' ❧❡ ❞+/❡❝/❡✉. '❡.❛ ❝❡♣❡♥❞❛♥/ ♣❧✉' ❢❛✐❜❧❡ A✉❡ ❝❡❧❧❡ ❡♥ '♦./✐❡ ❞❡ '+♣❛.❛/❡✉.✳

❊♥ ❡✛❡/✱ ❧❡' ♥♦②❛✉① /.❛✈❡.'❡♥/ ♥♦♥ '❡✉❧❡♠❡♥/ ❧❡' ❞❡✉① ❞+/❡❝/❡✉.' ❚❖❋✱ ♠❛✐' ❛✉''✐ ✉♥ ❞+❣.❛❞❡✉. ❞❡ ✹✲✺

µ♠ ❞❡ ♠②❧❛. ♠♦♥/+ ❡♥ ❛♠♦♥/ ❞✉ ❞+/❡❝/❡✉. ♣❡.♠❡//❛♥/ ♥♦♥ '❡✉❧❡♠❡♥/ ❞❡ .+❞✉✐.❡ ❧❡✉. +♥❡.❣✐❡ ♠❛✐' ❛✉''✐

❧❡✉. ♣.♦❢♦♥❞❡✉. ❞✬✐♠♣❧❛♥/❛/✐♦♥✳

▼❛✐♥/❡♥❛♥/ A✉❡ ♥♦✉' ❛✈♦♥' ❞+/❛✐❧❧+ ❧❡' ❝♦♥❞✐/✐♦♥' ❡①♣+.✐♠❡♥/❛❧❡' ❧✐+❡' ❛✉① ♣.✐'❡' ❞❡ ♠❡'✉.❡'✱ ♥♦✉'

♣♦✉✈♦♥' +/✉❞✐❡. ❧❡' ♠❛/.✐❝❡' ❞❡ ❝♦..+❧❛/✐♦♥' ❡/ ❧❡' .+'✉❧/❛/' A✉✬❡❧❧❡' ♥♦✉' ❛♣♣♦./❡♥/✳

❈♦♠♠❡ ♥♦✉' ❧✬❛✈♦♥' ♣.+❝✐'+ ❧♦.' ❞❡ ❧❛ ♣.+'❡♥/❛/✐♦♥ ❞❡' ❛♥❛❧②'❡' .❡❧❛/✐✈❡' ❛✉① ♠❡'✉.❡' ❞✬+/❛❧♦♥♥❛❣❡ ❞✉

❞✐'♣♦'✐/✐❢✱ ❧❛ ❝♦..+❧❛/✐♦♥ ❡♥/.❡ ❧❡ ❚❖❋ ❡/ ❧❡ ❞+/❡❝/❡✉. ❞✬✐♠♣❧❛♥/❛/✐♦♥ ♥✬❡'/ ♣❛' ✉/✐❧✐'❛❜❧❡✳ ^♦✉. ❝❡❧❛ ♥♦✉'

❛✈♦♥' ♠✐' ❡♥ ♣❧❛❝❡ ✉♥❡ '✐♠♣❧❡ '+❧❡❝/✐♦♥ '✉. ❧✬+♥❡.❣✐❡ ❞❡' ♥♦②❛✉① ❞❡ .❡❝✉❧' ❞❛♥' ❧❡ ❞+/❡❝/❡✉. ❞✬✐♠♣❧❛♥/❛/✐♦♥

✭❡♥/.❡ ✹ ▼❡❱ ❡/ ✷✵ ▼❡❱✮✱ ♥♦✉' ♣❡.♠❡//❛♥/ ❛✐♥'✐ ❞❡ ❧✐♠✐/❡. ❧❡ ❜.✉✐/ ❞❡ ❢♦♥❞ ❧♦.' ❞❡' ❝♦..+❧❛/✐♦♥' '✉✐✈❛♥/❡'✳

^❛. ❧❛ '✉✐/❡✱ ♥♦✉' ❛✈♦♥' ❞♦♥❝ ♠✐' ❡♥ ♣❧❛❝❡ ❧❛ ♠❛/.✐❝❡ ❞❡ ❝♦..+❧❛/✐♦♥ ❡♥/.❡ ❧❡' ✐♠♣❧❛♥/❛/✐♦♥' ❡/ ❧❡'
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257
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❧❛ ❞,❝&♦✐//❛♥❝❡ ❞❡ ❣,♥,&❛%✐♦♥ ♥ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❝❡❧❧❡ ❞❡ ❧❛ ❣,♥,&❛%✐♦♥ ♥✲✶ ✿ ❖♥ ❞✐/%✐♥❣✉❡ ♥♦♥ /❡✉❧❡♠❡♥% ❧❛ /,♣❛&❛%✐♦♥ ❞❡/ ❞❡✉①
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❞✉
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❉❜ "❡♣"❡.❡♥&✐♥❣ &❤❡ ❡♥❡"❣② ♦❢ &❤❡ ❞❡❝❛② ♦❢ ❣❡♥❡"❛&✐♦♥ ♥ ✐♥ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ♦♥❡ ♦❢ &❤❡ ❣❡♥❡"❛&✐♦♥ ♥✲✶✳ ❲❡ ❝❛♥

.❡❡ &❤❡ .❡♣❛"❛&✐♦♥ ♦❢ &❤❡ &✇♦ ❝❤❛♥♥❡❧. ♦❢ &❤❡ ❢✉.✐♦♥ ❡✈❛♣♦"❛&✐♦♥ "❡❛❝&✐♦♥ ✭✶♥ ❛♥❞ ✷♥ ✿
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❉❜ ❛♥❞
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❉❜✮✱ ❜✉& ❛❧.♦ &❤❡ ✷♥❞✱✸"❞

❛♥❞ ✹&❤ ❞❡❝❛② ❣❡♥❡"❛&✐♦♥ ✭&❤"♦✉❣❤ &❤❡
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▲"✱

249
▼❞ ❛♥❞ &❤❡
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❊.✮ ❛♥❞ ✜♥❛❧❧② &❤❡ ✜♥❡ .&"✉❝&✉"❡ ✐♥ &❤❡ ❞❡❝❛② ♦❢ &❤❡
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❉❜

❛♥❞
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▲"

❈❡% ❝♦(()❧❛,✐♦♥% ♥♦✉% ♣❡(♠❡,,❡♥, ❞♦♥❝ ❞❡ %)❧❡❝,✐♦♥♥❡( ❧❡% )✈)♥❡♠❡♥,% 4✉❡ ♥♦✉% ✈♦✉❧♦♥% ),✉❞✐❡( ❡, ❛✐♥%✐

♠❡,,(❡ ❡♥ ♣❧❛❝❡ ❧❡% ❝♦(()❧❛,✐♦♥% ❛✈❡❝ ❧❡% (❛②♦♥♥❡♠❡♥,% γ ♦✉ ❧❡% )❧❡❝,(♦♥% ❞❡ ❝♦♥✈❡(%✐♦♥✳ ❈❡♣❡♥❞❛♥,✱ ✉♥

❜♦♥ ♥♦♠❜(❡ ❞✬✐♥❢♦(♠❛,✐♦♥% ♣❡✉✈❡♥, ❞)❥< =,(❡ ❡①,(❛✐,❡% ❞❡ ❝❡% ❝♦(()❧❛,✐♦♥% ❛✉ ,(❛✈❡(% ❞❡ ❧❛ %♣❡❝,(♦%❝♦♣✐❡

α✳ ❆✐♥%✐✱ ♥♦✉% ♣♦✉✈♦♥% ❡①,(❛✐(❡ ❧❡% ,❡♠♣% ❞❡ ✈✐❡ ❞❡% ❞✐✛)(❡♥,❡% ❞)❝(♦✐%%❛♥❝❡%✴),❛,% ♣()%❡♥,% ❞❛♥% ❧❡%

❞)❝(♦✐%%❛♥❝❡% %✉❝❝❡%%✐✈❡% ❡♥ ♣(♦✈❡♥❛♥❝❡ ❞✉ ♥♦②❛✉

257
❉❜ ✭❝❢✳ ✜❣✳ ✺✳✻ ❡, ✺✳✼✮✱ ♠❛✐% ❛✉%%✐ ❧❡% )♥❡(❣✐❡% ✭❝❢✳

✜❣✳ ✺✳✻ ❡, ✺✳✼✮✱ ❧❡% (❛♣♣♦(,% ❞✬❡♠❜(❛♥❝❤❡♠❡♥, ❞❡ ❝❡% ❞❡(♥✐❡(% ✭❝❢✳ ,❛❜✳ ✺✳✸✮ ❡, ❧❡% ✐♥,❡♥%✐,)% (❡❧❛,✐✈❡% ❞❡%

❞✐✛)(❡♥,❡% ❞)❝(♦✐%%❛♥❝❡% ♦❜%❡(✈)❡% ✭%)❧❡❝,✐♦♥ ❡✛❡❝,✉) ❞❛♥% ❧❛ ✜❣✳ ✺✳✺✮✳ ◆♦✉% ❛✈♦♥% ❛✐♥%✐ ♣✉ (❡❧❡✈❡( 4✉❛,(❡

(❛✐❡% α ❞❛♥% ❧❡% ♥♦②❛✉①

257
❉❜ ❝♦❤)(❡♥,❡% ❛✈❡❝ ❝❡❧❧❡% ♠❡%✉()❡% ❧♦(% ❞❡% ),✉❞❡% ♣()❝)❞❡♥,❡%✳

❉❡ ♣❧✉%✱ ❝❡% ❝♦(()❧❛,✐♦♥% ♥♦✉% ♣❡(♠❡,,❡♥, ❞✬✐❞❡♥,✐✜❡( ❡①❛❝,❡♠❡♥, ❝♦♠❜✐❡♥ ❞❡ ♥♦②❛✉① ❞❡

257
❉❜ ♦♥, ),)

❝())% ❛✉ ❝♦✉(% ❞❡% ❞✐✛)(❡♥,❡% ♣(✐%❡% ❞❡ ❞♦♥♥)❡%✳ ●(M❝❡ < ❝❡❧❧❡%✲❝✐ ♥♦✉% ♣♦✉✈♦♥% ❡①,(❛✐(❡ ❧❛ %❡❝,✐♦♥ ❡✣❝❛❝❡

❞❡ ♣(♦❞✉❝,✐♦♥ < ❧✬)♥❡(❣✐❡ ✉,✐❧✐%)❡ ❧♦(% ❞❡% ❡①♣)(✐❡♥❝❡%✳ ❉❡ ♣❧✉%✱ ❧❡% ❞✐%,(✐❜✉,✐♦♥% %♣❛,✐❛❧❡% ❞❡% ♥♦②❛✉① ❞❡
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❉❇ ✶✷✾

■$♦&♦♣❡ α ❊♥❡+❣② ✭❦❡❱✮ ■♥&❡♥$✐&② ✭✪✮ ❚1/2 ❜SF

α1 ✾✵✻✺ ± ✷✼ ✷✸✳✽ ± ✸

257
❉❜2 α2 ✽✾✻✶ ± ✸✶ ✸✺✳✹ ± ✺ ✶✳✽✶

+10
−11 $

α3 ✽✽✺✻ ± ✷✹ ✶✳✼ ± ✵✳✷

257
❉❜1 α4 ✾✶✺✵ ± ✷✵ ✸✾ ± ✼ ✵✳✻✺

+4
−5 $

253
▲+2 αα1 ✽✼✽✽ ± ✶✻ ✻✶ ± ✹ ✵✳✺✷

+29
−32 $ ✵✳✵✸ ± ✵✳✵✶

253
▲+1 αα2 ✽✼✶✸ ± ✷✵ ✸✾ ± ✸ ✷✳✵

+16
−19 $ ✵✳✵✻ ± ✵✳✵✷✺

❚❛❜❧❡ ✺✳✸ ✕ ❘%❝❛♣✐*✉❧❛*✐❢ ❞❡0 ❞♦♥♥%❡0 3❡❧❡✈%❡0 0✉3 ❧❡0 ♥♦②❛✉①

257
❉❜ ❡*

253
▲3 ✿ %♥❡3❣✐❡ α✱ ✐♥*❡♥0✐*% ❞❡0 ❞%❝3♦✐00❛♥❝❡0✱ *❡♠♣0

❞❡ ✈✐❡ ❡* 3❛♣♣♦3* ❞✬❡♠❜3❛♥❝❤❡♠❡♥* ✜00✐♦♥ 0♣♦♥*❛♥%❡ ✴▼❡❛#✉%❡❞ '✉❛♥)✐)✐❡# ♦♥ )❤❡

257
❉❜ ❛♥❞

253
▲% ♥✉❝❧❡✐ ✿ α ❡♥❡%❣✐❡#✱ ❞❡❝❛②

✐♥)❡♥#✐)②✱ ❞❡❝❛② )✐♠❡ ❛♥❞ ❜%❛♥❝❤✐♥❣ %❛)✐♦ )♦ )❤❡ #♣♦♥)❛♥❡♦✉# ✜##✐♦♥

❈②❝❧♦&+♦♥

❜❡❛♠ ❡♥❡+❣② ✭▼❡❱✮

257
❉❜ ✲

253
▲+

❡♠✐&&❡❞

▼❡❛♥ ❜❡❛♠ ✐♥✲

&❡♥$✐&② ✭♣♥❆✮

■++❛❞✐❛&✐♦♥ &✐♠❡

✭$✮

❈+♦$$ $❡❝&✐♦♥

✭♥❜✮

✶

st
❝❛♠♣❛✐❣♥

✷✺✹✳✺ ✹✶✷ ± ✷✵ ✶✼✾✳✺ ± ✹✺✳✼ ✶✵✽✺✶✻✶ ✸✳✷✻ ± ✵✳✽✼

✷

nd
❝❛♠♣❛✐❣♥

✷✺✻✳✺ ✶✹✹✹ ± ✸✽ ✸✸✽✳✶ ± ✶✵✻✳✻ ✽✵✾✺✷✹ ✸✳✷✺ ± ✶✳✵✺

❚❛❜❧❡ ✺✳✹ ✕ ❙❡❝*✐♦♥0 ❡✣❝❛❝❡0 ❝❛❧❝✉❧%❡0 ♣♦✉3 ❧❡ ♥♦②❛✉

257
❉❜ ✿ ✉*✐❧✐0❛*✐♦♥ ❞❡0 ✈❛❧❡✉30 ♠❡0✉3%❡0 ❡①♣%3✐♠❡♥*❛❧❡♠❡♥* ♣♦✉3 ❧❡

❝❛❧❝✉❧ ❛✐♥0✐ E✉❡ ❧❡0 ❡33❡✉30 ❛00♦❝✐%❡0 ❛✉ ♥♦♠❜3❡ ❞❡ ❞%❝3♦✐00❛♥❝❡0 ❡* F ❧✬✐♥*❡♥0✐*% ❢❛✐0❝❡❛✉ ✴ ❈❛❧❝✉❧❛)❡❞ ❝%♦## #❡❝)✐♦♥# ❢♦% )❤❡

257
❉❜ ♥✉❝❧❡✉# ✿ ✉#❡# ♦❢ )❤❡ ❡①♣❡%✐♠❡♥)❛❧ ✈❛❧✉❡# ❢♦% )❤❡ ❝❛❧❝✉❧❛)✐♦♥ ✇✐)❤ )❤❡ ❡%%♦% ❛##♦❝✐❛)❡❞ ✇✐)❤ )❤❡ ♥✉♠❜❡% ♦❢ ❞❡❝❛② ❛♥❞ )❤❡

❜❡❛♠ ✐♥)❡♥#✐)②

+❡❝✉❧$ ❞❛♥$ ❧❡ ❞J&❡❝&❡✉+ ❞✬✐♠♣❧❛♥&❛&✐♦♥ ♥♦✉$ ♣❡+♠❡&&❡♥& ❞✬❡①&+❛✐+❡ ❧❡$ &+❛♥$♠✐$$✐♦♥$ ❞✉ $J♣❛+❛&❡✉+ ♣♦✉+

❝❤❛❝✉♥❡ ❞❡$ ❝❛♠♣❛❣♥❡$ ✿ ✽ ✪ ❛✉ ❝♦✉+$ ❞❡ ❝❡❧❧❡ ❞❡ ♠❛✐ ❡& ✷✵ ✪ ♣♦✉+ ❝❡❧❧❡$ ❞✬♦❝&♦❜+❡✳ ❯&✐❧✐$❛♥& ❝❡$ ❞♦♥♥J❡$✱

❛✐♥$✐ Q✉❡ ❧❡ ♥♦♠❜+❡ ❞❡ ♥♦②❛✉① ❞✬✐♥&J+R& ❝+JJ$ ❛✉ ❝♦✉+$ ❞❡ ❝❤❛❝✉♥❡ ❞❡$ ❝❛♠♣❛❣♥❡$ ♥♦✉$ ♣♦✉✈♦♥$ +❡♠♦♥&❡+

T ❧❛ $❡❝&✐♦♥ ❡✣❝❛❝❡✳ ❊♥ ❡✛❡&✱ ❧❡ &❛✉① ❞❡ ♣+♦❞✉❝&✐♦♥ ♣❛+ $❡❝♦♥❞❡ ❘ER ♣♦✉+ ❧❡ ♥♦②❛✉ ❞✬✐♥&J+R& ❡$& ❡①♣+✐♠J

♣❛+ ❡Q✳ ✭✺✳✶✮ ✿

RER =
TSHELS .σ.NA.I.ρ

A.e
✭✺✳✶✮

❆✈❡❝ TSHELS ✱ ❧❛ &+❛♥$♠✐$$✐♦♥ ❞✉ $J♣❛+❛&❡✉+✱ σ ❧❛ $❡❝&✐♦♥ ❡✣❝❛❝❡ ❞❡ ♣+♦❞✉❝&✐♦♥ ❝♦♥$✐❞J+J❡✱ NA ❧❡

♥♦♠❜+❡ ❞✬❆✈♦❣❛❞+♦✱ ■ ❧✬✐♥&❡♥$✐&J ❞✉ ❢❛✐$❝❡❛✉✱ ρ ❧❛ ❞❡♥$✐&J ❞❡ ❧❛ ❝✐❜❧❡ ✭µ❣✳❝♠−2
✮✱ ❆ ❧❛ ♠❛$$❡ ❛&♦♠✐Q✉❡ ❞❡

❧❛ ❝✐❜❧❡ ❡& ❡ ❧❛ ❝❤❛+❣❡ ❞❡ ❧✬J❧❡❝&+♦♥✳

❆✐♥$✐✱ ❡♥ ❡$&✐♠❛♥& ❧❛ &+❛♥$♠✐$$✐♦♥ ❞✉ $J♣❛+❛&❡✉+ ❛✉ &+❛✈❡+$ ❞❡ ❧❛ ❞✐$&+✐❜✉&✐♦♥ ❞✬✐♠♣❧❛♥&❛&✐♦♥ ❛✉ ♣❧❛♥

❢♦❝❛❧✱ ❧✬✐♥&❡♥$✐&J ♠♦②❡♥♥❡ ❞✉ ❢❛✐$❝❡❛✉ ❡& ❧❛ ❞❡♥$✐&J ♠♦②❡♥♥❡ ❞❡ ❧❛ ❝✐❜❧❡ ✭✹✺✵ ± ✸✵ µ❣✳❝♠−2
✮ ♥♦✉$ ♣♦✉✈♦♥$

❞♦♥❝ +❡♠♦♥&❡+✱ T ✉♥❡ J♥❡+❣✐❡ ❞♦♥♥J❡✱ T ❧❛ $❡❝&✐♦♥ ❡✣❝❛❝❡ ❞❡ ♣+♦❞✉❝&✐♦♥ ♣♦✉+ ❧❡

257
❉❜✱ +J$✉♠J❡ ❞❛♥$ ❧❡

&❛❜❧❡❛✉ ✺✳✹✳

✺✳✺ ❙♣❡❝&'♦)❝♦♣✐❡ +❧❡❝&'♦♥ ❡& γ ❞❛♥) ❧❡) ♥♦②❛✉①

257
❉❜ ❡&

253
▲'

❯♥❡ ❢♦✐$ ❧✬✐❞❡♥&✐✜❝❛&✐♦♥ ❞❡$ ❞✐✛J+❡♥&❡$ +❛✐❡$ α ❞❛♥$ ❧❡ ♥♦②❛✉

257
❉❜ +J❛❧✐$J❡✱ ♥♦✉$ ♣♦✉✈♦♥$ ♥♦✉$ ✐♥&J+❡$$❡+

❛✉ +❛②♦♥♥❡♠❡♥& J♠✐$ ❡♥ ❝♦Z♥❝✐❞❡♥❝❡ ❛✈❡❝ ❧✬✐♠♣❧❛♥&❛&✐♦♥ ♦✉ ❧❛ ❞J❝+♦✐$$❛♥❝❡ ✈❡+$ ❧❡ ♥♦②❛✉ ✜❧$

253
▲+✳ ▲❡$

+J$✉❧&❛&$ ❧❡$ ♣❧✉$ ❝♦♥❝❧✉❛♥&$ $♦♥& ♦❜&❡♥✉$ ❧♦+$Q✉❡ ❧✬♦♥ ❝♦♥$✐❞[+❡ ❧❡$ &+❛♥$✐&✐♦♥$ ❞❛♥$ ❧❡ ♥♦②❛✉

253
▲+✱ ❡&



✶✸✵ ❈❍❆#■❚❘❊ ✺✳ ❆◆❆▲❨❙❊❙ ❊❚ ❘➱❙❯▲❚❆❚❙ #❖❯❘ ▲❊

257
❉❇

♥♦%❛♠♠❡♥% ❞❛♥* ❧❡* ,%❛%* ❡①❝✐%,* *✐%✉,* ❛✉✲❞❡**✉* ❞❡ ❧✬,%❛% ❢♦♥❞❛♠❡♥%❛❧ ♣❡✉♣❧, ♣❛5 ❧❛ ❞,❝5♦✐**❛♥❝❡ ❞❡♣✉✐*

❧✬,%❛% ❢♦♥❞❛♠❡♥%❛❧ ✭✾✴✷

+
✮ ❞✉ ♥♦②❛✉

257
❉❜ ✭❝❢✳ ✜❣✳ ✺✳✷❜✮✳
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✭❜✮

❋✐❣✉$❡ ✺✳✽ ✕ ✭❛✮ ▼❛()✐❝❡ )❡♣)./❡♥(❛♥( ❧❛ ❞✐✛.)❡♥❝❡ ❞❡ (❡♠♣/ ❡♥()❡ ✉♥❡ ❞.❝)♦✐//❛♥❝❡ ❡( ❧✬.♠✐//✐♦♥ ❞✬✉♥ )❛②♦♥♥❡♠❡♥( γ ❡♥

❝♦)).❧❛(✐♦♥ ❛✈❡❝ ❧❡ ♥♦②❛✉ ❞❡

253
▲) ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧✬.♥❡)❣✐❡ ❞❡ ❝❡ ❞❡)♥✐❡)✱ ✭❜✮ ▼❛()✐❝❡ )❡♣)./❡♥(❛♥( ❧❛ ❞✐✛.)❡♥❝❡ ❞❡ (❡♠♣/ ❡♥()❡

✉♥❡ ❞.❝)♦✐//❛♥❝❡ ❡( ❧✬.♠✐//✐♦♥ ❞✬✉♥ .❧❡❝()♦♥ ❞❡ ❝♦♥✈❡)/✐♦♥ ❡♥ ❝♦)).❧❛(✐♦♥ ❛✈❡❝ ❧❡ ♥♦②❛✉ ❞❡

253
▲) ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧✬.♥❡)❣✐❡ ❞❡ ❝❡

❞❡)♥✐❡) ✴ ✭❛✮ ❚✐♠❡ ❞✐✛❡)❡♥❝❡ ❜❡-✇❡❡♥ γ✲)❛② ❛♥❞

253
▲) ❞❡❝❛② ❛2 ❢✉♥❝-✐♦♥ ♦❢ -❤❡ ❡♥❡)❣② ❡♠✐22✐♦♥✱ ✭❜✮ ❚✐♠❡ ❞✐✛❡)❡♥❝❡ ❜❡-✇❡❡♥

❝♦♥✈❡)2✐♦♥ ❡❧❡❝-)♦♥ ❛♥❞

253
▲) ❞❡❝❛② ❛2 ❢✉♥❝-✐♦♥ ♦❢ -❤❡ ❡♥❡)❣② ❡♠✐22✐♦♥

❙✐ ❧✬♦♥ ❝♦♥*✐❞C5❡ ❧❡* 5❛②♦♥♥❡♠❡♥%* ❡♥ ❝♦D♥❝✐❞❡♥❝❡ ❛✈❡❝ ❧❡* ❞✐✛,5❡♥%❡* 5❛✐❡* α ♣5♦✈❡♥❛♥% ❞❡ ❧✬,%❛% ❢♦♥❞❛✲

♠❡♥%❛❧ ❞✉ ♥♦②❛✉

257
❉❜ ♦♥ ♦❜*❡5✈❡ ❡✛❡❝%✐✈❡♠❡♥% ❞❡* ,❧❡❝%5♦♥* ♣5♦♠♣%* G ❝❡* ❞,❝5♦✐**❛♥❝❡* ✭❝❢✳ ✜❣✳ ✺✳✽❜✮✳

❉❡ ♣❧✉* ❞❡* 5❛②♦♥♥❡♠❡♥%* γ ♣❡✉✈❡♥% ❛✉**✐ I%5❡ ♠✐* ❡♥ ,✈✐❞❡♥❝❡ ❛✈❡❝ ✉♥❡ ,♥❡5❣✐❡ ❝♦❤,5❡♥%❡ ❛✈❡❝ ❝❡❧❧❡ ❞❡*

,❧❡❝%5♦♥* ❞❡* ❞✐✛,5❡♥%❡* ❝♦✉❝❤❡* ❛%♦♠✐K✉❡* %❛❜✉❧,❡ ✭❝❢✳ ✜❣✳ ✺✳✽❛ ❡% %❛❜✳ ✺✳✺✮✳

❙❤❡❧❧ ❑ ▲✶ ▲✷ ▲✸

Bi(keV ) ✶✹✷✳✸ ✷✼✳✾✶ ✷✸✳✾✸ ✶✼✳✸✷

❚❛❜❧❡ ✺✳✺ ✕ ▲✐/(❡ ❞❡/ .♥❡)❣✐❡/ ❞❡ ❧✐❛✐/♦♥ Bi (❛❜✉❧.❡/ ❞❡/ .❧❡❝()♦♥/ ❞❡/ ❝♦✉❝❤❡/ ✐♥(❡)♥❡/ ✭❑✱ ▲✮✱ ♣♦✉) ❧❡ ▲❛✇)❡♥❝✐✉♠ ✭❩ ❂

✶✵✸✮ ❬✶✶✶❪✴ ❚❛❜✉❧❛-❡❞ ❜✐♥❞✐♥❣ ❡♥❡)❣✐❡2 Bi ♦❢ -❤❡ ✐♥-❡)♥❡2 ❛-♦♠✐❝ ✭❑✱ ▲✮ ❧❛②❡)2 ❢♦) -❤❡ ❉✉❜♥✐✉♠ ✭❩ ❂✶✵✺✮❬✶✶✶❪

❈❡♣❡♥❞❛♥%✱ ❝❡* ❞❡✉① ♠❛%5✐❝❡* ♥❡ ♥♦✉* ❞♦♥♥❡♥% ♣❛* ♣❧✉* ❞✬✐♥❢♦5♠❛%✐♦♥ K✉❛♥% ❛✉① ,♥❡5❣✐❡* α ❝♦55❡*♣♦♥✲

❞❛♥%❡* G ❝❡* ,♠✐**✐♦♥* ♥❡ ♣❡5♠❡%%❛♥% ♣❛* ❞❡ ❞✐*%✐♥❣✉❡5 ❧❡* ❞✐✛,5❡♥%❡* 5❛✐❡* α ❞✉ ❉❜2✳ ❊♥ ❡✛❡%✱ ❝❡* ❞❡✉①

♠❛%5✐❝❡* ♦♥% ,%, ❝♦♥*%5✉✐%❡* ❛✈❡❝ ✉♥❡ *,❧❡❝%✐♦♥ ❡♥ ,♥❡5❣✐❡ ❞❛♥* ❧❛ ♠❛%5✐❝❡ ❞❡ ❝♦55,❧❛%✐♦♥ ❣,♥,%✐K✉❡ ✭❝❢✳ ✜❣✳

✺✳✺✮ ❛✈❡❝ ❧❛ ❞,❝5♦✐**❛♥❝❡ ❉❜2 →▲52✳

S❛5 ❧❛ *✉✐%❡ ✉♥❡ ❞✐*%✐♥❝%✐♦♥ ♣❧✉* ♣5,❝✐*❡ ❛ ,%, ❡✛❡❝%✉,❡ ♥♦%❛♠♠❡♥% ❡♥%5❡ α1 ❡% α2,3 ❛✈❡❝ ✉♥❡ *,♣❛5❛%✐♦♥

G ✾✵✷✵ ❦❡❱ ✭❝❢✳ ✜❣✳ ✺✳✻❜✮✳ ❈❡♣❡♥❞❛♥%✱ ♣♦✉5 ,%✉❞✐❡5 ♣❧✉* ♣5,❝✐*,♠❡♥% ❧❡* ,♠✐**✐♦♥* *❡❝♦♥❞❛✐5❡*✱ ♥♦✉* ❛✈♦♥*

♠✐* ❡♥ ♣❧❛❝❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ♠❛%5✐❝❡ 5❡♣5,*❡♥%❛♥% ❧✬,♥❡5❣✐❡ ❞❡ ❧❛ %5❛♥*✐%✐♦♥ ✭5❛②♦♥♥❡♠❡♥% γ ♦✉ ,❧❡❝%5♦♥ ❞❡

❝♦♥✈❡5*✐♦♥✮ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧✬,♥❡5❣✐❡ ❞❡ ❧❛ ♣❛5%✐❝✉❧❡ α ❧❛ ♣5,❝,❞❛♥% ✭❝❢✳ ✜❣✳ ✺✳✾✮✱ ❛✈❡❝ ❡♥ ♥♦✐5 %♦✉% ❧❡*

5❛②♦♥♥❡♠❡♥%* γ ❡♥ ❝♦♥✐♥❝✐❞❡♥❝❡*✳

❉❡ ♣❧✉*✱ ❡♥ 5❡❣❛5❞❛♥% ♣❧✉* ♣5,❝✐*,♠❡♥% ❧❡ *♣❡❝%5❡ ❡♥ ,♥❡5❣✐❡ ❞❡* ,❧❡❝%5♦♥* ❞❡ ❝♦♥✈❡5*✐♦♥ ✭❝❢✳ ✜❣✳ ✺✳✶✵❛✮✱

♥♦✉* ♣♦✉✈♦♥* ♠❡%%5❡ ❡♥ ,✈✐❞❡♥❝❡ ❞❡✉① ❝❡♥%5♦D❞❡* ❝♦55❡*♣♦♥❞❛♥% G ❞❡✉① 5❛②♦♥♥❡♠❡♥%* γ✱ G ❧❛ 5,*♦❧✉%✐♦♥

❞❡* ❞,%❡❝%❡✉5* ❚✉♥♥❡❧ ♣5C* ✭✶✺ ❦❡❱✮ ✿ ✶✶✷ ❦❡❱ ❡% ✶✹✻ ❦❡❱✳
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❉❜ ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧✬-♥❡'❣✐❡

❞❡ ❧❛ ♣❛'&✐❝✉❧❡ α ✿ ♠✐,❡ ❡♥ -✈✐❞❡♥❝❡ ❞❡, ,♦✉,✲,&'✉❝&✉'❡, &❛♥& ❡♥ -♥❡'❣✐❡ ❞❡, &'❛♥,✐&✐♦♥, =✉✬❡♥ -♥❡'❣✐❡ ❞❡, ♣❛'&✐❝✉❧❡, α ✴ ▼❛"#✐①

♦❢ "❤❡ ❡♥❡#❣✐❡, ♦❢ "❤❡ ,❡❝♦♥❞❛#② ❡♠✐,,✐♦♥, ❢♦❧❧♦✇✐♥❣ ❛ ❞❡❝❛② ♦❢ "❤❡

257
❉❜ ♥✉❝❧❡✉, ❛, ❛ ❢✉♥❝"✐♦♥ ♦❢ "❤❡ α ❡♥❡#❣② ✿ ❤✐❣❤❧✐❣❤" ♦❢

"❤❡ ,✉❜,"#✉❝"✉#❡ ✐♥ "❤❡ ✐♥"❡#♥❛❧ "#❛♥,✐"✐♦♥ ❡♥❡#❣② ❛, ✇❡❧❧ ❛, ✐♥ α ❡♥❡#❣②
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❋✐❣✉$❡ ✺✳✶✵ ✕ ✭❛✮ ❙♣❡❝&'❡ ❞❡, -❧❡❝&'♦♥, ❞❡ ❝♦♥✈❡',✐♦♥ ❡♥ ❝♦D♥❝✐❞❡♥❝❡ ❛✈❡❝ ✉♥❡ ❞-❝'♦✐,,❛♥❝❡ ❞❡♣✉✐, ❧✬-&❛& ❢♦♥❞❛♠❡♥&❛❧ ❞✉

♥♦②❛✉

257
❉❜ ✿ ♠✐,❡ ❡♥ -✈✐❞❡♥❝❡ ❞❡ ❧❛ ,♦✉,✲,&'✉❝&✉'❡ ❡♥ -♥❡'❣✐❡ ♣'-,❡♥&❡✱ ✭❜✮ ❙♣❡❝&'❡ ❞❡, -♥❡'❣✐❡, α ♣♦✉' ❧❡, -❧❡❝&'♦♥, ❞❡

❝♦♥✈❡',✐♦♥ ❡♥ ❝♦D♥❝✐❞❡♥❝❡ ❛✈❡❝ ✉♥❡ ❞-❝'♦✐,,❛♥❝❡ ❞❡♣✉✐, ❧✬-&❛& ❢♦♥❞❛♠❡♥&❛❧ ❞✉ ♥♦②❛✉

257
❉❜ ✿ ♠✐,❡ ❡♥ -✈✐❞❡♥❝❡ ❞❡ ❧❛ ❞✐✛-'❡♥❝❡

❞✬-♥❡'❣✐❡ α ✴ ✭❛✮ ❈♦♥✈❡#,✐♦♥ ❡❧❡❝"#♦♥ ,♣❡❝"#✉♠ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐"❤ ❛ ❞❡❝❛② ❢#♦♠ "❤❡ ❣#♦✉♥❞ ,"❛"❡ ♦❢ "❤❡

257
❉❜ ♥✉❝❧❡✉, ✿

❤✐❣❤❧✐❣❤" ♦❢ "❤❡ ❡♥❡#❣② ,✉❜,"#✉❝"✉#❡ ✐♥ "❤❡ ,♣❡❝"#✉♠✱ ✭❜✮ α ❡♥❡#❣② ,♣❡❝"#✉♠ ❢♦# "❤❡ ❝♦♥✈❡#,✐♦♥ ❡❧❡❝"#♦♥ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐"❤ ❛

❞❡❝❛② ❢#♦♠ "❤❡ ❣#♦✉♥❞ ,"❛"❡ ♦❢ "❤❡

257
❉❜ ♥✉❝❧❡✉, ✿ ❤✐❣❤❧✐❣❤" ♦❢ "❤❡ ❡♥❡#❣② ,✉❜,"#✉❝"✉#❡ ✐♥ "❤❡ α ,♣❡❝"#✉♠
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❉❇

▲❛ ♠❛&'✐❝❡ ✺✳✾ ♥♦✉1 ♣❡'♠❡& ♥♦♥ 1❡✉❧❡♠❡♥& ❞❡ ✈✐1✉❛❧✐1❡' ❧❡ ❧✐❡♥ ❡♥&'❡ ❧❡1 '❛②♦♥♥❡♠❡♥&1 γ ❡& ❧❡1 7❧❡❝&'♦♥1

❞❡ ❝♦♥✈❡'1✐♦♥✱ ♠❛✐1 ❛✉11✐ ❞✬♦❜&❡♥✐' ❧❡ 1♣❡❝&'❡ ❡♥ 7♥❡'❣✐❡ α ❛11♦❝✐7 < ❝❡✉①✲❝✐ ✭❝❢✳ ✜❣✳ ✺✳✶✵❜✮✳ ▲❛ ❢♦'♠❡ ❞❡

❝❡ 1♣❡❝&'❡ ♥♦✉1 ♣❡'♠❡& ❛✉11✐ ❞✬7♠❡&&'❡ ✉♥❡ ♣'❡♠✐D'❡ ❤②♣♦&❤D1❡ F✉❛♥& ❛✉ 1❝❤7♠❛ ❞❡ ♥✐✈❡❛✉①✳ ❊♥ ❡✛❡&✱

❧❛ 1&'✉❝&✉'❡ ❞❡ ❝❡❧✉✐✲❝✐ ♣'71❡♥&❡'❛✐& ✉♥❡ 1♦✉1✲1&'✉❝&✉'❡ ❛✈❡❝ ✉♥❡ ❞✐✛7'❡♥❝❡ ❡♥ 7♥❡'❣✐❡ ❞✬❡♥✈✐'♦♥ ✸✵ < ✹✵

❦❡❱✳ ❈❡&&❡ ❞✐✛7'❡♥❝❡ ♣♦✉''❛✐& ✈❡♥✐' ❞✬✉♥❡ 1✉'❡1&✐♠❛&✐♦♥ ❞❡ ❧✬7♥❡'❣✐❡ α ♣❛' ❧✬7♠✐11✐♦♥ ❞❛♥1 ❧❡ ❉❙❙❉ ❞✬✉♥

7❧❡❝&'♦♥ ❞❡ ❝♦♥✈❡'1✐♦♥ ❞✐'❡❝&❡♠❡♥& ❛♣'D1 ❧❛ ❞7❝'♦✐11❛♥❝❡ ✭1✉♣❡'♣♦1✐&✐♦♥ ❞❡1 7♥❡'❣✐❡1 ❞❛♥1 ❧❡ ❉❙❙❉✮ ❡& ♥♦✉1

✐♥❞✐F✉❡ ❧❛ ♣'71❡♥❝❡ ❞✬✉♥ 7&❛& ✐♥&❡'♠7❞✐❛✐'❡ ❛♣'D1 ❧❛ ❞7❝'♦✐11❛♥❝❡ α2✳

❉❡ ♣❧✉1✱ ❧❡ ♣♦1✐&✐♦♥♥❡♠❡♥& ❞✉ '❛②♦♥♥❡♠❡♥& γ ❞❡ ✶✹✻ ❦❡❱ ♥♦✉1 ❞♦♥♥❡ ❛✉11✐ ✉♥❡ ❛✉&'❡ ✐♥❢♦'♠❛&✐♦♥ F✉❛♥&

< ❧✬7♥❡'❣✐❡ ❞❡ ❧❛ ❞7❝'♦✐11❛♥❝❡✳ ❊♥ ❡✛❡&✱ ❝❡❧✉✐✲❝✐✱ ❛✐♥1✐ F✉❡ ❧❡1 7❧❡❝&'♦♥1 ❞❡ ❝♦♥✈❡'1✐♦♥ ❞✬7♥❡'❣✐❡ ❝♦❤7'❡♥&❡✱ 1❡

1✐&✉❡♥& < ✉♥❡ 7♥❡'❣✐❡ ♣❧✉1 ❜❛11❡ F✉❡ ❧❛ ♠♦②❡♥♥❡ ♠❡1✉'7❡ ❞❡ ❧✬7♥❡'❣✐❡ α2 ✿ ∼ ✽✾✷✵ ❦❡❱ ❝♦♠♣❛'71 ❛✉① ✽✾✻✶

❦❡❱ ♠❡1✉'71✳ ❈❡❝✐ ♣❡✉& ♥♦✉1 ✐♥❞✐F✉❡' ❞♦♥❝ F✉❡ ❧❛ &'❛♥1✐&✐♦♥ ❞❡ ✶✹✻ ❦❡❱ ♣♦✉''❛✐& 1✬❡✛❡❝&✉❡' ❞✐'❡❝&❡♠❡♥&

✈❡'1 ❧✬7&❛& ❢♦♥❞❛♠❡♥&❛❧ ❞✉ ♥♦②❛✉
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▲' ❡& F✉❡ ❧✬7♥❡'❣✐❡ ♠❡1✉'7❡ ❞❛♥1 ❧❡ ❉❙❙❉ 1❡'❛✐& ❞♦♥❝ 1✉'❡1&✐♠7❡ ♣❛'

❧❛ 1✉♣❡'♣♦1✐&✐♦♥ ❞✉ ❞7♣♦& ❞✬7♥❡'❣✐❡ ❞❡ ❧✬7❧❡❝&'♦♥ ❞❡ ❝♦♥✈❡'1✐♦♥ ❡& ❞❡ ❧❛ ❞7❝'♦✐11❛♥❝❡ α✳

R♦✉' ✜♥❛❧✐1❡' ❝❡&&❡ 7&✉❞❡✱ ✐❧ ♥♦✉1 '❡1&❡ ❡♥❝♦'❡✱ ❛✈❡❝ ❧❡1 1♣❡❝&'❡1 ♦❜&❡♥✉1✱ < ❞7&❡'♠✐♥❡' ❧❡1 1♣✐♥1 ❡& ♣❛'✐&71

♣♦&❡♥&✐❡❧1 ❞❡1 7&❛&1 ✐♠♣❧✐F✉71 ❞❛♥1 ❝❡1 &'❛♥1✐&✐♦♥1✳ R♦✉' ❝❡❧❛✱ ❡♥ ❝♦♥1✐❞7'❛♥& ❧❛ ❢❛✐❜❧❡ 1&❛&✐1&✐F✉❡ ♦❜&❡♥✉❡

✭❝❢✳ ✜❣✳ ✺✳✾✮✱ ❡& ❡♥ ✉&✐❧✐1❛♥& ❧❡1 ❡✣❝❛❝✐&71 ❞❡1 ❞✐✛7'❡♥&1 ❞7&❡❝&❡✉'1✱ ♥♦✉1 ♣♦✉✈♦♥1 ❡1&✐♠❡' ❧❡1 ♠✉❧&✐♣♦❧❛'✐&71

❞❡1 &'❛♥1✐&✐♦♥1 ♠❡1✉'7❡1✳

❉❛♥1 ❧❛ ❣❛♠♠❡ ❡♥ 7♥❡'❣✐❡ ♣♦✉' ❧❡1 7❧❡❝&'♦♥1 ❞❡ ❝♦♥✈❡'1✐♦♥ ✭∼✶✵✵ ✲ ✶✺✵ ❦❡❱✮✱ ♥♦✉1 ❛✈♦♥1 ✉♥❡ ❡✣❝❛❝✐&7

❞❡ ❞7&❡❝&✐♦♥ ❞✬❡♥✈✐'♦♥ ✶✻✳✺ ✪ ✭❝❢✳ ✜❣✳ ✹✳✻✮✳ ❆✐♥1✐✱ ❡♥ ❝♦♥1✐❞7'❛♥& ❧❛ ♣'♦♣♦'&✐♦♥ ❞❡ ❞7&❡❝&❡✉'1 ❚✉♥♥❡❧

7&❛❧♦♥♥71 ✭✻✽ ✪✮✱ ♥♦✉1 ♦❜&❡♥♦♥1 ✉♥❡ ❡✣❝❛❝✐&7 &♦&❛❧❡ ❞❡ ✶✶✳✷ ✪ ♣♦✉' ❧❡1 7❧❡❝&'♦♥1✳ ❊♥ ❝❡ F✉✐ ❝♦♥❝❡'♥❡ ❧❡1

'❛②♦♥♥❡♠❡♥&1 γ✱ ❧✬❡✣❝❛❝✐&7 '❡1♣❡❝&✐✈❡ ❞❡1 ❞7&❡❝&❡✉'1 ❣❡'♠❛♥✐✉♠ ❡1& ❞❡ ✷✼ ✪ ♣♦✉' ❧❡ ✶✶✷ ❦❡❱ ❡& ✷✺ ✪ ♣♦✉'

❧❡ ✶✹✻ ❦❡❱ ✭❝❢✳ ✜❣✳ ✹✳✼✮✳

■❧ ❡1& ✐♠♣♦'&♥❛& ❞❡ ♥♦&❡' F✉❡ ❝❡&&❡ ❛♥❛❧②1❡ ❡1& '7❛❧✐17❡ ❛✈❡❝ ✉♥❡ 1&❛&✐1&✐F✉❡ ❡①&'Y♠❡♠❡♥& ❢❛✐❜❧❡ ❡♥ γ ❡&

❡♥ 7❧❡❝&'♦♥✱ ✐♠♣❧✐❝✐&❡ < ❧❛ '7❣✐♦♥ ❞❡ ♠❛11❡ ❝♦♥1✐❞7'7❡✱ ❧❡1 ♠✉❧&✐♣♦❧❛'✐&71 ❝❛❧❝✉❧7❡1 ♣❛' ❧❛ 1✉✐&❡ '❡1&❡♥& ❞♦♥❝

1✉❥❡& < ❞✐1❝✉11✐♦♥✳

❚'❛♥1✐&✐♦♥

❊♥❡'❣② ✭❦❡❱✮

◆✉♠❜❡' ♦❢ ♣❛'&✐❝❧❡

❡♠✐&&❡❞

❊①♣❡'✐♠❡♥&❛❧ ❝♦♥✈❡'1✐♦♥

❝♦❡✣❝✐❡♥&

❚❛❜✉❧❛&❡❞ &❤❡♦'✐&✐❝❛❧ ❝♦♥✈❡'✲

1✐♦♥ ❝♦❡✣❡♥& ❬✹✻❪

γ '❛②1 ✿ ✹ ± ✷ ❊✷ ✿ αL ❂ ✹✳✹ ± ✵✳✸

✶✹✻ ± ✷ ❝♦♥✈❡'1✐♦♥ ❡

−
✿ ✽✾ ± ✾ ✷✷ ± ✶✶ ▼✷ ✿ αL ❂ ✸✵✳✾ ± ✵✳✶✾

❊✸ ✿ αL ❂ ✼✶ ± ✻

γ '❛②1 ✿ ✼ ± ✷ ❊✶ ✿ αL ❂ ✵✳✶✷✼ ± ✵✳✵✵✼

✶✶✷ ± ✷ ❝♦♥✈❡'1✐♦♥ ❡

−
✿ ✻✷ ± ✽ ✽✳✾ ± ✷✳✽ ▼✶ ✿ αL ❂ ✶✵✳✹ ± ✵✳✻

❊✷ ✿ αL ❂ ✷✵✳✼ ± ✵✳✶✽

❚❛❜❧❡ ✺✳✻ ✕ ❈❛❧❝✉❧ ❞❡+ ❝♦❡✣❝✐❡♥0+ ❞❡ ❝♦♥✈❡2+✐♦♥+ ❡①♣❡2✐♠❡♥0❛✉① ❡0 ❝♦♠♣❛2❛✐+♦♥+ ❛✉① ❝❛❧❝✉❧+ 0❤7♦2✐8✉❡+ ♣♦✉2 ❧❡+ ❞❡✉① 02❛♥✲

+✐0✐♦♥+ ♠❡+✉27❡+ ✴ ❊①♣❡$✐♠❡♥(❛❧ ❝♦♥✈❡$.✐♦♥ ❝♦❡✣❝✐❡♥(. ❛♥❞ ❝♦♠♣❛$✐.✐♦♥ (♦ (❤❡ (❤❡♦$✐(✐❝❛❧ ♦♥❡. ❢♦$ ❜♦(❤ ♠❡❛.✉$❡❞ ($❛♥.✐(✐♦♥.

❊♥ ❝♦♥1✐❞7'❛♥& ❧✬❡♥1❡♠❜❧❡ ❞❡1 '❛②♦♥♥❡♠❡♥& ❞7&❡❝&71✱ ♥♦✉1 ♣♦✉✈♦♥1 ❛✐♥1✐ ♣'♦♣♦17 ❞❡1 ♠✉❧&✐♣♦❧❛'✐&7

♣♦✉' ❧❡1 ❞✐✛7'❡♥&❡1 &'❛♥1✐&✐♦♥1 ♦❜1❡'✈7❡1 ✭❝❢✳ &❛❜✳ ✺✳✻✮✳ ❊♥ ♣'❡♥❛♥& &♦✉& ❞✬❛❜♦'❞ ❡♥ ❝♦♠♣&❡ ❧❡ γ ❞❡ ✶✹✻ ❦❡❱

❛❝❝♦♠♣❛❣♥7 ❞❡ ✶✵ 7❧❡❝&'♦♥1 ❞❡ ❝♦♥✈❡'1✐♦♥✱ ❝♦''✐❣7 ❞❡1 ❡✣❝❛❝✐&71✱ ♥♦✉1 ♦❜&❡♥♦♥1 ✹✭±✷✮ '❛②♦♥♥❡♠❡♥&1 γ
❛✐♥1✐ F✉❡ ✽✾✭±✾✮ 7❧❡❝&'♦♥1 ❞❡ ❝♦♥✈❡'1✐♦♥ 7♠✐1✳ ▲❡ ❝♦❡✣❝✐❡♥& ❞❡ ❝♦♥✈❡'1✐♦♥ ❞❡ ❝❡&&❡ &'❛♥1✐&✐♦♥ 1❡'❛✐& ❞♦♥❝

❞❡ ✷✷±✶✶✳ ❉❡ ♠Y♠❡✱ ❛✈❡❝ ❧❡1 ❞❡✉① '❛②♦♥♥❡♠❡♥&1 γ ❞❡ ✶✶✷ ❦❡❱ ❡& ❧❡1 1❡♣& 7❧❡❝&'♦♥1 ❞❡ ❝♦♥✈❡'1✐♦♥✱ ♥♦✉1

♦❜&❡♥♦♥1 ✼✭±✷✮ '❛②♦♥♥❡♠❡♥&1 γ 7♠✐1 ❛✈❡❝ ✻✷✭±✽✮ 7❧❡❝&'♦♥1 ♣♦✉' ✉♥ ❝♦❡✣❝✐❡♥& ❞❡ ❝♦♥✈❡'1✐♦♥ F✉✐ 1❡'❛✐&

❞♦♥❝ ❞❡ ✽✳✾±✷✳✽✳
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257
❉❇ ✶✸✸

❊♥ ❝♦♠♣❛)❛♥* ❛✈❡❝ ❧❡. ❝♦❡✣❝✐❡♥*. ❞❡ ❝♦♥✈❡).✐♦♥ ❝❛❧❝✉❧3. 4 ❧✬❛✐❞❡ ❞❡ ❇)■❝❝ ❬✹✻❪ ✭❛✈❡❝ ✉♥❡ ❡))❡✉) ❞❡ ✷

❦❡❱ ♣)✐.❡ .✉) ❧❡. ❡♥❡)❣✐❡. γ✮✱ ❧❡. ♠✉❧*✐♣♦❧❛)✐*3. ♣♦..✐❜❧❡. ♣♦✉) ❝❡. ❞❡✉① *)❛♥.✐*✐♦♥. .❡)❛✐* ❞♦♥❝ ✉♥❡ ▼✷

♣♦✉) ❧❡ ✶✹✻ ❦❡❱ ✭αL ❂ ✸✵✳✾✭✶✾✮✮ ❡* ✉♥❡ ▼✶ ♣♦✉) ❧❡ ✶✶✷ ❦❡❱ ✭α ❂ ✶✵✳✹✭✻✮✮✳

257Db

253Lr

α
1

α
2

α
3

α
4

αα
1

αα
2

30 keV

112 keV
146 keV

7/2 -

5/2 -

3/2 +

9/2 +

1/2 -

1/2 -

❋✐❣✉$❡ ✺✳✶✶ ✕ ❙❝❤'♠❛ ❞❡ ♥✐✈❡❛✉ ♣1♦♣♦3' ♣♦✉1 ❧❡

257
❉❜ ❡7 ❧❡

253
▲1 ❜❛3' 3✉1 ❧❡3 1❡❧❡✈'3 ❡①♣'1✐♠❡♥7❛✉① ❡7 ❝♦♥371✉✐73 ❞❡♣✉✐3

❧✬'7❛7 ❢♦♥❞❛♠❡♥7❛❧ ❝❛❧❝✉❧' ♣♦✉1 ❧❡

253
✿ ❡♥ 1♦✉❣❡ ❧❡3 '7❛73 ❢♦♥❞❛♠❡♥7❛✉①✱ ❡♥ ❜❧❡✉ ❧❡3 '7❛73 ❡①❝✐7'3✱ ❡♥ ✈❡17 ❧❡3 ❞'❝1♦✐33❛♥❝❡3

α ❡7 ❡♥ ♦1❛♥❣❡ ❧❡3 71❛♥3✐7✐♦♥3 ✐♥7❡1♥❡3 ♠❡3✉1'❡3 ✴ α ❡♥❡"❣② %♣❡❝("✉♠ ❢♦" (❤❡ ❝♦♥✈❡"%✐♦♥ ❡❧❡❝("♦♥ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐(❤ ❛ ❞❡❝❛②

❢"♦♠ (❤❡ ❣"♦✉♥❞ %(❛(❡ ♦❢ (❤❡

257
❉❜ ✿ ❤✐❣❤❧✐❣❤( ♦❢ (❤❡ ❡♥❡"❣② %✉❜%("✉❝(✉"❡ ✐♥ (❤❡ α %♣❡❝("✉♠ ✿ ✐♥ 1❡❞ 7❤❡ ❣1♦✉♥❞ 37❛7❡3✱ ✐♥ ❜❧❡✉

7❤❡ ❡①❝✐7❡❞ ♦♥❡3✱ ✐♥ ❣1❡❡♥ 7❤❡ α ❞❡❝❛②3 ❛♥❞ ✐♥ ♦1❛♥❣❡ 7❤❡ ♠❡❛3✉1❡❞ ✐♥7❡1♥❛❧ 71❛♥3✐7✐♦♥3

❊♥ ❝♦♥.✐❞3)❛♥* ✻✺✽ 3❧❡❝*)♦♥. ❞❡ ❝♦♥✈❡).✐♦♥ 3♠✐.✱ ❡* ❛✈❡❝ ✉♥❡ ❡✣❝❛❝✐*3 ❞❡ ❞3*❡❝*✐♦♥ ❞❡ ✹✪ ❞❛♥. ❧❛

❣❛♠♠❡ ❡♥ 3♥❡)❣✐❡ ❞❡. )❛②♦♥. ❳ ❞✉ ♥♦②❛✉

253
▲) ✭❝❢✳ ✜❣✳ ✹✳✼✮✱ ♥♦✉. ♥♦✉. ❛**❡♥❞♦♥. 4 ❛✈♦✐) ✻✲✼ )❛②♦♥. ❳

3♠✐. ❛✉ *♦*❛❧✳ ❖)✱ ♥♦✉. ❡♥ ♠❡.✉)❡)♦♥. ✻ ❧♦). ❞❡. ❝♦))3❧❛*✐♦♥. ✭❝❢✳ ✜❣✳ ✺✳✾✮✳

▲✬✐♥*❡)♣)❡*❛*✐♦♥ U✉✐ ❞3❝♦✉❧❡ ❞❡ ❧✬❡♥.❡♠❜❧❡ ❞❡ ❝❡. ✐♥❢♦)♠❛*✐♦♥. ♥♦✉. ❞✬❡♠♠❡**)❡ ✉♥ ♣♦..✐❜❧❡ .❝❤3♠❛

❞❡ ♥✐✈❡❛✉① ♣♦✉) ❧❛ ❞3❝)♦✐..❛♥❝❡ ❉❜2 →▲)2 ✭❝❢✳ ✜❣✳ ✺✳✶✶✮✳ ❆✐♥.✐✱ ❛✉ ✈✉ ❞❡. ♠✉❧*✐♣♦❧❛)✐*3. ♣♦.*✉❧3❡.✱ ❧✬❛.✲

.✐❣♥❛*✐♦♥ ❞❡ ❧✬3*❛* ❡①❝✐*3 ❛❧✐♠❡♥*3 ♣❛) ❧❛ ❞3❝)♦✐..❛♥❝❡ α2 ❞✐✛Z)❡ ❞❡ ❝❡❧❧❡ ❞❡. 3*✉❞❡. ♣)3❝3❞❡♥*❡.✳ ❊♥ ❡✛❡*✱

❞✬✉♥ 3*❛*

9
2

+
♥♦✉. ♣)♦♣♦.♦♥. ✉♥ 3*❛*

3
2

+
✭♣♦✉) )❡.♣❡❝*❡) ❧❛ ♠✉❧*✐♣♦❧❛)✐*3 ♣♦.*✉❧3❡ ❞❡ ❧❛ *)❛♥.✐*✐♦♥ ❞❡

✶✹✻ ❦❡❱ ✭▼✷✮✮✳ ❉❡ ♣❧✉.✱ ❧✬3*❛*

5
2

−

❛..✐❣♥3 ❛✉ ♣)3❛❧❛❜❧❡ ❬✶✵✼❪ 4 ❧❛ ❞3❝)♦✐..❛♥❝❡ α3 ❡.* ✉*✐❧✐.3 ❝♦♠♠❡ 3*❛*

✐♥*❡)♠3❞✐❛✐)❡ ❞❛♥. ❧❛ *)❛♥.✐*✐♦♥

3
2

+
→ 7

2

−

✳ ❈❡♣❡♥❞❛♥*✱ ❝♦♥❝❡)♥❛♥* ❧❛ ❞❡)♥✐Z)❡ ❞3❝)♦✐..❛♥❝❡ α4 ❧❡ ♠❛♥U✉❡

❞❡ .*❛*✐.*✐U✉❡ ♥❡ ♥♦✉. ♣❡)♠❡* ♣❛. ❞❡ ❝♦♥❝❧✉)❡ ❡✣❝❛❝❡♠❡♥* U✉❛♥* ❛✉ .❝❤3♠❛ ❞❡ ♥✐✈❡❛✉ *♦*❛❧ ♣♦✉) ❧❡ ♥♦②❛✉

253
▲)✳ ❉❡ ♣❧✉.✱ ❧❡. ❝♦))3❧❛*✐♦♥. )❡❝♦✐❧✲γ✴❡−✲α − α ♦♥* ❛✉..✐ 3*3 ♠✐.❡. ❡♥ ♣❧❛❝❡ ✭❝❢✳ ✜❣✳ ✺✳✶✷✮✱ ♠❛✐. ♣❛)

♠❛♥U✉❡ ❞❡ .*❛*✐.*✐U✉❡ ❛✉❝✉♥ )3.✉❧*❛* ♣)♦❜❛♥* ♥✬❛ ♣✉ ]*)❡ ❡①*)❛✐* ❞❡. ❞♦♥♥3❡. 4 ❞✐.♣♦.✐*✐♦♥✳
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❡①♣❡+✐♠❡♥/❛❧ ❤❛❧❧ ✭❙✉♣❡+ ❙❡♣❛+❛/♦+ ❙♣❡❝/+♦♠❡/❡+ ❝❢✳

✜❣✳ ✭✷✮ ✻✳✶✮✳ ▲❛/❡+ ♦♥✱ /❤❡ ❉❊❙■❘ ❬✶✶✹❪ ❡①♣❡+✐♠❡♥/❛❧ ❤❛❧❧ ✭❉❡❝❛②✱ ❊①❝✐/❛/✐♦♥ ❛♥❞ ❙/♦+❛❣❡ ♦❢ ❘❛❞✐♦❛❝/✐✈❡

■♦♥1 ❝❢✳ ✜❣✳ ✭✹✮ ✻✳✶✮ ✇✐❧❧ ❜❡ ❜❡❛♠1 1❡❧❡❝/❡❞ ❜② ❙

3
♦+ /❤❡ ❡①✐1/✐♥❣ ●❆◆■▲✳ ❚❤❡ ❉❊❙■❘ ❬✶✶✹❪ ♣+♦❥❡❝/ ✐1

❜❛1❡❞ ♦♥ /❤❡ ✉1❡ ♦❢ ❧♦✇ ❡♥❡+❣② +❛❞✐♦❛❝/✐✈❡ ❜❡❛♠1 ✐♥ ♦+❞❡+ /♦ ♣❡+❢♦+♠ ❞❡❝❛② ♦+ ❧❛1❡+ 1♣❡❝/+♦1❝♦♣②✱ ♠❛11

♠❡❛1✉+❡♠❡♥/ ♦+ 1/✉❞② ❜❛1❡❞ ♦♥ ✐♦♥ /+❛♣1✳

✲ ❙

3
♣+♦❥❡❝0 ❚❤❡ ❙

3
♣+♦❥❡❝/ ✐1 ❞❡❞✐❝❛/❡❞ /♦ /❤❡ 1/✉❞② ❛♥❞ 1②♥/❤❡1✐1 ♦❢ ✈❡+② +❛+❡ ✐1♦/♦♣❡1 ✭1✉♣❡+

❤❡❛✈② ♥✉❝❧❡✐✱ ◆ ❂ ❩ +❡❣✐♦♥✱ ❢❛+ ❢+♦♠ /❤❡ 1/❛❜✐❧✐/② ✳✳✳✮ ✇✐/❤ ✈❡+② 1♠❛❧❧ ❢✉1✐♦♥✲❡✈❛♣♦+❛/✐♦♥ ❝+♦11 1❡❝/✐♦♥✳

✶✸✾



✶✹✵ ❈❍❆#■❚❘❊ ✻✳ ■◆❚❘❖❉❯❈❚■❖◆ ❉❯ #❘❖❏❊❚ ❙

3
✴❙■❘■❯❙

❚❤✐& ❡①♣❡*✐♠❡♥-❛❧ &❡-✉♣ ✐& ❛ ❝♦♠❜✐♥❛-✐♦♥ ♦❢ -❤❡ -✇♦ ❛&♣❡❝-& *❡❧❛-✐✈❡ -♦ -❤❡ &❡❧❡❝-✐♦♥ ♦❢ ✐♦♥& ✿ &❡♣❛*❛-♦* ❛&

✇❡❧❧ ❛& &♣❡❝-*♦♠❡-❡* ✭❝❢✳ ❝❤❛♣-❡* ✸✮✳

❚❤❡ ❣*❡❛- ❞✐✈❡*&✐-② ♦❢ ❜❡❛♠& ♣*♦❞✉❝❡❞ ❜② ❙@■❘❆▲✷ ❛❧❧♦✇& ✉& -♦ &❝♦✉- ❛ ✇✐❞❡ ♣❛♥❡❧ ♦❢ ✉♥❡①♣❧♦*❡❞

*❡❣✐♦♥& ♦❢ -❤❡ ♥✉❝❧❡✐ ❝❤❛*- ✿ ❢♦* ❡①❛♠♣❧❡ -❤❡ -*❛♥&✐-✐♦♥ ❜❡-✇❡❡♥ -❤❡ *❡❣✐♦♥ ✐♥❞✉❝❡❞ ❜② -❤❡ *❡❛❝-✐♦♥ ✉&✐♥❣

48
❈❛ ❛♥❞ -❤❡ ♦♥❡ ✐♥❞✉❝❡❞ ✉&✐♥❣ ❧❡❛❞ ♦* ❜✐&♠✉-❤ -❛*❣❡-& ✭❝❢✳ ✜❣✳ ✷✳✶✮✳ ❚❤❡ *❡❣✐♦♥ ❛*♦✉♥❞ -❤❡

100
❙♥ ✐& ❛❧&♦

*❡❛❝❤❛❜❧❡ ✉&✐♥❣ ❙

3
❛♥❞ ✇✐-❤ ✐- -❤❡ &✐♥❣❧❡ ♣❛*-✐❝❧❡& ❡①❝✐-❛-✐♦♥ ❛& ✇❡❧❧ ❛& -❤❡ ❞❡❢♦*♠❛-✐♦♥ ❛♥❞ ❝♦❧❧❡❝-✐✈❡

❡①❝✐-❛-✐♦♥ ♦❢ &✉❝❤ ♥✉❝❧❡✐✳

❆❧❧ -❤❡&❡ &-✉❞✐❡& *❡H✉✐*❡ ❛♥ ❡①❝❡❧❧❡♥- *❡❥❡❝-✐♦♥ ❢❛❝-♦* &✐♥❝❡ ✇❡ ❤❛✈❡ -♦ ❡①-*❛❝- ❢*♦♠ ❛♥ ❡♥♦*♠♦✉& ❜❛❝❦✲

❣*♦✉♥❞ ♦♥❧② ❛ &♠❛❧❧ ❛♠♦✉♥- ♦❢ ✐♥-❡*❡&-✐♥❣ ❡✈❡♥-&✳ ❚❤❡ ▲❡--❡* ❖❢ ■♥-❡♥-& ✭▲❖■& ❬✶✶✺✱ ✶✶✻❪✮✮ ♦❢ ❙

3
♦✛❡*&

&❡✈❡*❛❧ ❡①♣❡*✐♠❡♥-&✱ ✐♥ -❤❡ ◆ ❂ ✶✺✷ *❡❣✐♦♥ ♦* ❛*♦✉♥❞ -❤❡ ❉❛*♠&-❛❞✐✉♠ ✭❩ ❂ ✶✶✵✮✱ ❛♥❞ ❣✐✈❡& ✉& ❣*❡❛-

❝♦♥&-*❛✐♥-& ♦♥ -❤❡ ♣❡*❢♦*♠❛♥❝❡ ♦❢ -❤❡ &❡♣❛*❛-♦*✳ ❚❤✐& ❞❡✜♥❡❞ -❤*❡❡ ❝♦*❡ *❡❛❝-✐♦♥& ✐♥ ♦*❞❡* -♦ ♦♣-✐♠✐③❡

❛♥❞ &✐♠✉❧❛-❡ -❤❡ ❜❡❤❛✈✐♦* ♦❢ -❤❡ &❡♣❛*❛-♦* ✿

48
❚✐ ✭

58
◆✐ ✱ ✹♥✮

100
❙♥✱

48
❈❛ ✭

208
@❜✱✷♥✮

254
◆♦ ❛♥❞

238
❯ ✭

22
◆❡✱

✺♥✮

255
◆♦✳ ❚❤❡&❡ -❤*❡❡ *❡❛❝-✐♦♥& ❝♦✈❡* ❛❧❧ -❤❡ ❞②♥❛♠✐❝ *❛♥❣❡ -❤❛- ✇✐❧❧ ❜❡ ✉&❡❞ ♦♥ ❙

3
❢*♦♠ &②♠♠❡-*✐❝✱

-♦ ✈❡*② ❛&②♠♠❡-*✐❝ *❡❛❝-✐♦♥&✳ ❚❤❡ &✐♠✉❧❛-✐♦♥ ♦❢ -❤✐& &❡♣❛*❛-♦* ✇❛& ❞♦♥❡ ❜② ❋✳ ❉Z❝❤Z*② ❞✉*✐♥❣ ❤✐& @❤❉

❛♥❞ ♣♦&-❞♦❝ ❬✸✻✱ ✶✶✷❪✳ ❍❡ ♦♣-✐♠✐③❡❞ ❛❧❧ -❤❡ ♣❛*❛♠❡-❡*& ♦❢ -❤❡ ❞✐✛❡*❡♥- *❡❛❝-✐♦♥& ✐♥ ♦*❞❡* -♦ ♠❡❡- -❤❡

❝❤❛*❛❝-❡*✐&-✐❝& ❞❡&✐*❡❞ ❜② -❤❡ ❝♦❧❧❛❜♦*❛-✐♦♥ ❬✶✶✼❪ ✿

✖ ❝❤❛*❣❡ &-❛-❡& ❛❝❝❡♣-❛♥❝❡ ♦❢ ± ✶✵ ✪

✖ ♠♦♠❡♥-✉♠ ❛❝❝❡♣-❛♥❝❡ ♦❢ ± ✶✵ ✪ ❢♦* ❡❛❝❤ ❝❤❛*❣❡ &-❛-❡

✖ ❛ ✇✐❞❡ ❛♥❣✉❧❛* ❛❝❝❡♣-❛♥❝❡ ♦❢ ± ✺✵ ♠*❛❞ ✐♥ ❜♦-❤ ❞✐*❡❝-✐♦♥&

✖ ✈❡*② ❤✐❣❤ &✉♣♣*❡&&✐♦♥ ♦❢ ♣*✐♠❛*② ❜❡❛♠ ❛- ✵ ❈ ✿ ✶✵

13
✐♥ ❛❧♠♦&- ❡✈❡*② &❝❡♥❛*✐♦

✖ ♠❛①✐♠✉♠ ♠❛❣♥❡-✐❝ *✐❣✐❞✐-② ♦❢ ❇ρmax ❂ ✶✳✽ ❚✳♠

✖ ♠❛①✐♠✉♠ ❡❧❡❝-*✐❝ *✐❣✐❞✐-② ♦❢ ❊ρmax ❂ ✶✷ ▼❱

✖ ♠❛&& *❡&♦❧✉-✐♦♥ ❛- -❤❡ ✜♥❛❧ ❢♦❝❛❧ ♣❧❛♥ ♦❢

1
300

■♥ ✐-& ❝♦♥❝❡♣-✐♦♥✱ ❙

3
✐& ❞✐✈✐❞❡❞ ✐♥ -✇♦ &-❛❣❡& ✭❝❢✳ ✜❣✳ ✻✳✷✮✳ ❚❤❡ ✜*&- ♦♥❡ ✐& ❛ ♠♦♠❡♥-✉♠ ❛❝❤*♦♠❛-✱ ❢♦*

-❤❡ ♠♦♠❡♥-✉♠ &❡❧❡❝-✐♦♥ ❛& ✇❡❧❧ ❛& -❤❡ *❡❥❡❝-✐♦♥ ♦❢ -❤❡ ♣*✐♠❛*② ❜❡❛♠✳ ❚❤❡ &❡❝♦♥❞ ♦♥❡ ✐& ❛ ♠❛&& &❡♣❛*❛-♦*

❢♦* -❤❡ ♠❛&& &❡❧❡❝-✐♦♥ ♦❢ -❤❡ *❡❛❝-✐♦♥ ♣*♦❞✉❝-&✳ ■♥ ❜❡-✇❡❡♥✱ -❤❡*❡ ✐& ❛ ❢♦❝❛❧ ♣❧❛♥ ✐♥ ✇❤✐❝❤ &❡✈❡*❛❧ ♣❤②&✐❝

♣*♦❣*❛♠& ❤❛✈❡ ❜❡❡♥ ♣*♦♣♦&❡❞ ✭@❆❘■❙ ❬✶✶✽❪✱ ❋■❙■❈ ❬✶✶✾❪✱ ❆●❆❚❆ ❬✶✶✽❪ ♦* ❊❳❖●❆▼✷ ❬✶✷✵❪✮✳ ❉✉*✐♥❣ -❤❡

&✐♠✉❧❛-✐♦♥ -❤*❡❡ ❞✐✛❡*❡♥- ♦♣❡*❛-✐♥❣ ♠♦❞❡& ❤❛✈❡ ❡♠❡*❣❡❞ ✿

✖ ❚❤❡ ❤✐❣❤✲*❡&♦❧✉-✐♦♥ ♠♦❞❡ ✭❍❘ ♠♦❞❡✮ ✿ ✐- ❛❧❧♦✇& ✉& -♦ ❤❛✈❡ ❛ ❣*❡❛- ♠❛&& *❡&♦❧✉-✐♦♥ ✇✐-❤ -❤❡ ❤❡❧♣

♦❢ -❤❡ ❢♦❝❛❧ ♣❧❛♥❡ ❞❡-❡❝-✐♦♥ ❛♥❞ ✐- ✇❛& ❞❡✈❡❧♦♣❡❞ ❢♦* -❤❡ ◆ ❂ ❩ *❡❣✐♦♥

✖ ❚❤❡ ❤✐❣❤ -*❛♥&♠✐&&✐♦♥ ♠♦❞❡ ✭❍❚ ♠♦❞❡✮ ✿ -❤❡ -*❛♥&♠✐&&✐♦♥ ♦❢ -❤❡ &❡♣❛*❛-♦* ✐& ♦♣-✐♠✐③❡❞ ❜✉- -❤❡

♠❛&& *❡&♦❧✉-✐♦♥ ✐& ❧♦✇❡*❡❞ ❞♦✇♥ ❛& ✇❡❧❧ ❛& -❤❡ ❞✐✈❡*❣❡♥❝❡

m
q ❛- -❤❡ ❢♦❝❛❧ ♣❧❛♥❡

✖ ❚❤❡ ❝♦♥✈❡*❣❡♥- ♠♦❞❡ ✭❈▼✮ ✿ ✐- ♦♣-✐♠✐③❡& -❤❡ ❜❡❛♠ ❛- -❤❡ ❡①✐- ♦❢ -❤❡ &❡♣❛*❛-♦* ♦♥ -❤❡ ✐♠♣❧❛♥-❛-✐♦♥

❞❡-❡❝-♦* ♦* -❤❡ ❣❛& ❝❡❧❧ ♦❢ -❤❡ ▲♦✇ ❊♥❡*❣② ❇*❛♥❝❤✱ ✐♥ ♦*❞❡* -♦ ♠❛①✐♠✐③❡ -❤❡ ♥✉♠❜❡* ♦❢ ♥✉❝❧❡✐

❞❡-❡❝-❡❞✴✉&❛❜❧❡ ❜✉- ✇✐-❤♦✉- ♠❛&& *❡&♦❧✉-✐♦♥✳

❋♦❝❛❧ ♣❧❛♥ ❡①♣❡)✐♠❡♥,❛❧ -❡,✉♣ ✿ ❙■❘■❯❙

❙■❘■❯❙ ✭❙♣❡❝-*♦&❝♦♣② ❛♥❞ ■❞❡♥-✐✜❝❛-✐♦♥ ♦❢ ❘❛*❡ ■&♦-♦♣❡& ❯&✐♥❣ ❙

3
✮ ✐& ♦♥❡ ♦❢ -❤❡ ❞❡-❡❝-✐♦♥ &②&-❡♠&

❞❡&✐❣♥❡❞ ❢♦* -❤❡ ❢♦❝❛❧ ♣❧❛♥ ♦❢ ❙

3
❛♥❞ ✐- ✐& H✉✐-❡ &✐♠✐❧❛* -♦ -❤❡ ❞❡-❡❝-✐♦♥ &②&-❡♠ ●❆❇❘■❊▲❆ ✭&❡❝-✐♦♥ ✹✳✸✮✳

■- ✇❛& ♦♣-✐♠✐③❡❞ -♦ &-✉❞② -❤❡ &✉♣❡* ❤❡❛✈② ♥✉❝❧❡✐✳ ❙■❘■❯❙ ✐& ❝♦♠♣♦&❡❞ ♦❢ -✇♦ ❞✐&-✐♥❝- ♣❛*-& ✿ -❤❡ -✐♠❡ ♦❢

✢✐❣❤- ❞❡-❡❝-♦*& ✭❝❢✳ ✜❣✳ ✻✳✸❛✮ ❛♥❞ -❤❡ ❞❡❝❛② &-❛-✐♦♥ ✭❝❢✳ ✜❣✳ ✻✳✸❜✮✳



❈❍❆#■❚❘❊ ✻✳ ■◆❚❘❖❉❯❈❚■❖◆ ❉❯ #❘❖❏❊❚ ❙

3
✴❙■❘■❯❙ ✶✹✶
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❚❤❡ &✐♠❡ ♦❢ ✢✐❣❤& %✐❣♥❛❧ ✐% ❣❡♥❡+❛&❡❞ ❜② &❤❡ &✐♠❡ ❞✐✛❡+❡♥❝❡ ❜❡&✇❡❡♥ &❤❡ &✇♦ ❞❡&❡❝&♦+%✳ ❚❤❡ &+❛❥❡❝&♦+②

✐% +❡❝♦♥%&+✉❝&❡❞ ❜② ✉%✐♥❣ &❤❡ ♣♦%✐&✐♦♥ ✐♥ ❡❛❝❤ ❞❡&❡❝&♦+✳ ■♥ %♦♠❡ ♣❤②%✐❝ ❝❛%❡%✱ &❤❡ ❚❖❋ ❞❡&❡❝&♦+ ❝❛♥ ❜❡

✉%❡❞ ✇✐&❤ ♦♥❧② ♦♥❡ ❞❡&❡❝&♦+✱ &❤❡ %&♦♣ %✐❣♥❛❧ ✐♥ &❤✐% ❝❛%❡ ✇✐❧❧ ❜❡ &❤❡ ✐♠♣❧❛♥&❛&✐♦♥ ♦♥❡✳ ❚❤✐% ❝♦♥✜❣✉+❛&✐♦♥

+❡❞✉❝❡% &❤❡ %&+❛❣❣❧✐♥❣ ❛♥❞ ✐♥❝+❡❛%❡% &❤❡ &+❛♥%♠✐%%✐♦♥ ♦❢ &❤❡ ❜❡❛♠ ❛♥❞ ✐& ✇✐❧❧ ❜❡ ✉%❡❢✉❧ ❢♦+ &❤❡ %✉♣❡+ ❤❡❛✈②

♥✉❝❧❡✐ %&✉❞②✳

❉❡❝❛② -)❛)✐♦♥ ✿ ■& ✐% ♠❛❞❡ ♦❢ ❢♦✉+ ❞✐%&✐♥❝& ❣+♦✉♣% ♦❢ ❞❡&❡❝&♦+% ❞❡%✐❣♥❡❞ &♦ ❢✉❧✜❧❧ ❛ %♣❡❝✐✜❝ &❛%❦ ❛♥❞ &♦

+❡%♣❡❝& %♦♠❡ %♣❡❝✐✜❝❛&✐♦♥%✳
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❞❡❛❞ ❧❛②❡+% ✭✉♥❞❡+ ✺✵ ♥♠ %❡❝&✐♦♥ ✼✳✷ ❢♦+ ♠♦+❡ ❞❡&❛✐❧% ♦♥ %❡♠✐❝♦♥❞✉❝&♦+ ❞❡&❡❝&♦+%✮✳ ■& ❞❡&❡❝&% ❛❧❧ &❤❡

♥✉❝❧❡❛+ ♣+♦❝❡%% ✇✐&❤ ❛♥ ❡♥❡+❣② +❛♥❣❡ ♦❢ ❬✺✵ ❦❡❱ ✲ ✷✵✵ ▼❡❱❪ ❛♥❞ ❣♦♦❞ +❡%♦❧✉&✐♦♥ ✿ ❛ %✉❜♠✐❧❧✐♠❡&❡+

♣♦%✐&✐♦♥ +❡%♦❧✉&✐♦♥ ❛♥❞ ✉♥❞❡+ ✷✵ ❦❡❱ ❢♦+ ❛♥ ✽ ▼❡❱ α ♣❛+&✐❝❧❡ ♦+ ✺ ❦❡❱ ❢♦+ ❛ ✶ ▼❡❱ ❡❧❡❝&+♦♥✳
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&❤❡ %❛♠❡ ❛% &❤❡ ♦♥❡ ✐♠♣♦%❡❞ ♦♥ &❤❡ ❉❙❙❉✳ ❚❤❡ ❛✐♠ ♦❢ &❤❡%❡ ❞❡&❡❝&♦+% ✐% &♦ ✐♠♣+♦✈❡ &❤❡ ❡✣❝✐❡♥❝②
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❙!✉❞② ❖❜❥❡❝!✐✈❡,

❚❤✉&✱ (❤❡ ❝❤♦✐❝❡✱ &(✉❞② ❛♥❞ ❝❤❛1❛❝(❡1✐③❛(✐♦♥ ♦❢ (❤❡ ❚✉♥♥❡❧ ❞❡(❡❝(♦1 ❢♦1 ❙■❘■❯❙✱ ❛1❡ ✉♥❞❡1 (❤❡ 1❡&♣♦♥✲

&✐❜✐❧✐(② ♦❢ (❤❡ ■<❍❈✳ ❚❤✐& ✇♦1❦ &(❛1(❡❞ ❞✉1✐♥❣ (❤❡ <❤❉ ♦❢ ❍✳ ❋❛✉1❡ ❬✶✶✼❪✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥&(1❛✐♥ ♦❢ (❤❡

✉❧(1❛✲❝♦♠♣❛❝( ♠♦✉♥(✐♥❣ ❧❡❛❞& (♦ ❝❤♦♦&❡ ❛ ❞❡(❡❝(♦1 ✇✐(❤ ♣✐①❡❧&✱ ✇❤✐❝❤ ❛❧❧♦✇& ✉& (♦ ❧♦❝❛(❡ (❤❡ ❝♦♥♥❡❝(♦1 ♦♥
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]❛❞✧✱ ❞♦♥& ❧❡0 ❝❛*❛❝&%*✐0&✐J✉❡0 0❡*♦♥& ❞%&❛✐❧❧%❡0 ❞❛♥0 ❧❛ 0❡❝&✐♦♥ ✼✳✸✳ ❯♥❡ ❢♦✐0 ❧❛ ♣*❡✉✈❡ ❞❡ ❝♦♥❝❡♣& ✈❛❧✐❞%❡✱

♥♦✉0 ❛✈♦♥0 *%❝❡♣&✐♦♥♥% ❧❡0 ♣*❡♠✐❡*0 ❞%&❡❝&❡✉*0 ❡& ❛✈♦♥0 ♣✉ ❝♦♠♠❡♥❝❡* ❧❡✉*0 ❝❛*❛❝&%*✐0❛&✐♦♥0 ♣♦✉* ✈%*✐✜❡*

❧❡✉*0 ♣❡*❢♦*♠❛♥❝❡0 ✈✐0✲O✲✈✐0 ❞✉ ❝❛❤✐❡* ❞❡0 ❝❤❛*❣❡0 ✭❞%&❛✐❧❧% ❧♦*0 ❞❡ ❧❛ ♣*%0❡♥&❛&✐♦♥ ❞❡0 ❞%&❡❝&❡✉*0✮✳ ❈✬❡0& ❧♦*0

❞❡ ❝❡&&❡ ♣❤❛0❡ J✉❡ ♠❛ &❤?0❡ ❛ ❞%❜✉&%✳ ❍✳ ❋❛✉*❡ ❡& ♠♦✐ ♠G♠❡ ❛✈✐♦♥0 ❞♦♥❝ ❝♦♥❥♦✐♥&❡♠❡♥& ❧❛ *❡0♣♦♥0❛❜✐❧✐&%

❞❡ ❝❡0 ❝❛*❛❝&%*✐0❛&✐♦♥0✳

▲✬❡♥0❡♠❜❧❡ ❞❡ ❝❡0 %&✉❞❡0 ❡& ❞❡0 ❝❛*❛❝&%*✐0❛&✐♦♥0 *%❛❧✐0%❡0 0✉* ❧❡0 ❞✐✛%*❡♥&0 ❞%&❡❝&❡✉*0 0❡*♦♥& ♣*%0❡♥&%❡0

❞❛♥0 ❧❡0 ❝❤❛♣✐&*❡0 ✼ ❡& ✽✳
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❈❤❛♣✐%&❡ ✼

❉!"❡❝"❡✉& ✿ ❝♦♥❝❡♣"✱ ❝❛&❛❝"!&✐."✐/✉❡.✱

❝♦♥❞✐"✐♦♥. ❞✬!"✉❞❡.

❈♦♥#❡♥#%

✼✳✶ ❆❜%&'❛❝& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼✳✷ ❋♦♥❝&✐♦♥♥❡♠❡♥& ❞✬✉♥ ❞5&❡❝&❡✉' %❡♠✐✲❝♦♥❞✉❝&❡✉' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✼✳✸ ▲❡ ❝♦♥❝❡♣& ✧❙"#✐♣♣②✲(❛❞✧ ✿ ❝♦♥❝❡♣& ❡& ❝❛'❛❝&5'✐%&✐<✉❡% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼✳✸✳✶ ▲❡ ❞'(❡❝(❡✉+ ❞❡ (②♣❡ ✧❙(+✐♣♣②✲2❛❞✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼✳✸✳✷ ▲❡6 ❝❛+❛❝('+✐6(✐7✉❡6 ❞✉ ❞'(❡❝(❡✉+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✸✳✸ ▲❡6 6✉♣♣♦+(6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

✼✳✹ ▲❡ ❜❛♥❝ ❞❡ *❡+* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✹✳✶ ▲❛ ♠'❝❛♥✐+✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✹✳✷ ▲❛ ❝❤❛1♥❡ ❞✬❛❝+✉✐4✐5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✼✳✺ /0♦*♦❝♦❧❡ ❞❡ ❝❛0❛❝*30✐+❛*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✼✳✻ ❘❡❣0♦✉♣❡♠❡♥* ❞❡ ♣✐①❡❧+ ✿ ♠✐+❡ ❡♥ ♣❧❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✼✳✶ ❆❜%&'❛❝&

❙❡♠✐❝♦♥❞✉❝)♦* ❞❡)❡❝)♦* ❢✉♥❝)✐♦♥✐♥❣ ♣*✐♥❝✐♣❧❡

❚❤❡ ✇♦%❦✐♥❣ ♣%✐♥❝✐♣❧❡ ♦❢ .❡♠✐❝♦♥❞✉❝2♦% ❞❡2❡❝2♦%. ✐. ❜❛.❡❞ ♦♥ 2❤❡ 5◆ ❥✉♥❝2✐♦♥✳ ❚❤✐. ❥✉♥❝2✐♦♥ ❝%❡❛2❡.

❛ ✈♦❧✉♠❡ ❝❛❧❧❡❞ ❞❡♣❧❡2✐♦♥ ③♦♥❡ ♦% .♣❛❝❡ ❝❤❛%❣❡ ③♦♥❡ ✭❝❢✳ ✜❣✳ ✼✳✶❛✮✳ ❚❤✐. ✈♦❧✉♠❡ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ 2❤❡ ❞♦♣✐♥❣

♦❢ ❡❛❝❤ ③♦♥❡ ✭5 ❛♥❞ ◆✮ ❛2 2❤❡ 2❤❡%♠♦❞②♥❛♠✐❝ ❡A✉✐❧✐❜%✐✉♠ ❛♥❞ ✇✐❧❧ ❢♦%♠ ❛♥ ✐♥2❡%♥❛❧ ❡❧❡❝2%✐❝ ✜❡❧❞✳ ~ǫi ❚❤✐.
❞❡♣❧❡2✐♦♥ ③♦♥❡ ❝❛♥ ❜❡ ✉.❡❞ ✐♥ 2✇♦ ❞✐✛❡%❡♥2 ♠♦❞❡. ❢♦% 2✇♦ ❞✐.2✐♥❝2 ❛♣♣❧✐❝❛2✐♦♥.✳ ❋✐%.2✱ ❜② ♣♦❧❛%✐③✐♥❣ 2❤❡

❥✉♥❝2✐♦♥ ✐♥ ♦%❞❡% 2♦ %❡❞✉❝❡ 2❤✐. ❞❡♣❧❡2✐♦♥✱ ✇❡ ✇✐❧❧ ❧❡2 2❤❡ ❝✉%%❡♥2 ♣❛.. 2❤%♦✉❣❤ ✐2 ❛♥❞ ✇✐❧❧ ❝%❡❛2❡ ❛ ❞✐♦❞❡

✭2❤❡ ❡①2❡%♥❛❧ ❡❧❡❝2%✐❝ ✜❡❧❞ ❝♦♠♣❡♥.❛2❡. 2❤❡ ✐♥2❡%♥❛❧ ♦♥❡ ✐♥ 2❤✐. ❝❛.❡ ✭✮

~Eext = −~ǫi✮✳ ❚❤✐. ♠♦❞❡ ✐. ❝❛❧❧❡❞
❢♦%✇❛%❞ ❜✐❛.❡❞ 5◆ ❥✉♥❝2✐♦♥ ❛♥❞ ✇✐❧❧ ♥♦2 ❜❡ ✉.❡❞ ✐♥ 2❤❡ ❝❛.❡ ♦❢ .❡♠✐❝♦♥❞✉❝2♦% ❞❡2❡❝2♦%. ✭❝❢✳ ✜❣✳ ✼✳✶❜✮✳

■♥❞❡❡❞✱ ✐♥ ♦%❞❡% 2♦ ❞❡2❡❝2 2❤❡ ♣❛%2✐❝❧❡✱ ✇❡ ♥❡❡❞ 2❤❡ ❞❡♣❧❡2✐♦♥ ③♦♥❡ 2♦ ❜❡ ❛2 ✐2. ♠❛①✐♠✉♠ ✐♥.✐❞❡ 2❤❡ ❞❡2❡❝2♦%✳

❲❡ ✇✐❧❧ 2❤❡♥ ♣♦❧❛%✐③❡ 2❤❡ ❥✉♥❝2✐♦♥ ✐♥ 2❤❡ %❡✈❡%.❡❞ ❜✐❛.❡❞ ♠♦❞❡ ✭❝❢✳ ✜❣✳ ✼✳✶❝✮ ❛♥❞ 2❤❡ ❡①2❡%♥❛❧ ✜❡❧❞ ✇✐❧❧

❛❞❞ ✉♣ ✇✐2❤ 2❤❡ ✐♥2❡%♥❛❧ ♦♥❡✳

■♥ %❡❛❧✐2②✱ ✐♥ ♦%❞❡% 2♦ ♦♣2✐♠✐③❡ 2❤❡ ❞❡♣❧❡2✐♦♥ ③♦♥❡✱ 2❤❡ ❥✉♥❝2✐♦♥ ✐. ❜✉✐❧2 ✉♣ ♦♥ ❛ .❧✐❣❤2❧② ❞♦♣❡❞ ✇❛❢❡%

✭◆ ♦% 5✮ ♦♥ ✇❤✐❝❤ ✇❡ ❝%❡❛2❡ 2❤❡ ❥✉♥❝2✐♦♥ ❜② ✐%%❛❞✐❛2✐♥❣ ♦♥ ❡❛❝❤ .✐❞❡✱ ❝%❡❛2✐♥❣ ❛ 5■◆ ❥✉♥❝2✐♦♥ ✭■ .2❛♥❞ ❢♦%

✶✺✶
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✐♥%&✐♥'✐❝✮✳ ❚❤❡&❡ ❛&❡ %✇♦ %②♣❡' ♦❢ '❡♠✐❝♦♥❞✉❝%♦& ✇❛❢❡&' ✉'❡❞ ✐♥ %❤❡ ♣&♦❞✉❝%✐♦♥ ♣&♦❝❡'' ✿ ❜❛'❡❞ ♦♥ '✐❧✐❝♦♥ :

%②♣❡ ♦& ◆ %②♣❡✳ ❚❤❡'❡ ✇✐❧❧ ❝❤❛♥❣❡ %❤❡ ♣♦❧❛&✐③❛%✐♦♥ ♦❢ %❤❡ ❞❡%❡❝%♦&✳ ■♥ %❤❡ ❞❡%❡❝%♦& ❝❤♦'❡♥ ❢♦& %❤❡ ♣&♦❥❡❝%✱

◆ %②♣❡✱ %❤❡ ♣♦'✐%✐✈❡ ♣♦❧❛&✐③❛%✐♦♥ ✇✐❧❧ ❜❡ ♦♥ %❤❡ ♦❤♠✐❝ '✐❞❡ ♦❢ %❤❡ ❞❡%❡❝%♦& ❛♥❞ %❤❡ ♥❡❣❛%✐✈❡ ♦♥ %❤❡ ❥✉♥❝%✐♦♥

'✐❞❡ ✭✇✐%❤ %❤❡ : %②♣❡✱ %❤✐' ♣♦❧❛&✐③❛%✐♦♥ ✐' ✐♥✈❡&%❡❞✮✳

❚❤❡ ♣&✐♥❝✐♣❧❡ ♦❢ '❡♠✐❝♦♥❞✉❝%♦& ❞❡%❡❝%♦&' ✐' ❜❛'❡❞ ♦♥ %❤❡ ❞❡♣❧❡%✐♦♥ ③♦♥❡✳ ■♥ ❢❛❝%✱ ❛❧❧ %❤❡ ♠♦❜✐❧❡ ❝❤❛&❣❡'

✭❝❤❛&❣❡ ❝❛&❡❡&'✮ ✇✐❧❧ ❢♦❧❧♦✇ %❤❡ ❡❧❡❝%&✐❝ ✜❡❧❞ ✐♥'✐❞❡ %❤❡ '❡♠✐❝♦♥❞✉❝%♦& ✭

~Eint = ~Eext + ~ǫi✮ ❞❡♣❡♥❞✐♥❣ ♦♥

%❤❡✐& '✐❣♥'✳ ❙♦✱ ✇❤❡♥ ❛ ♣❛&%✐❝❧❡ ❡♥%❡&' %❤❡ ❞❡%❡❝%♦&✱ ✐% ✐♥%❡&❛❝%' ✇✐%❤ %❤❡ ♠❛%%❡& ❛♥❞ ❝&❡❛%❡' ❝❤❛&❣❡ ❝❛&❡❡&'

♣❛✐&' ❛❧❧ ❛❧♦♥❣ %❤❡ ✇❛② ✉♥%✐❧ ✐%' '%♦♣✳ ❚❤❡ ♣❛✐&' ❝&❡❛%❡❞ ✐♥'✐❞❡ %❤❡ ❞❡♣❧❡%✐♦♥ ③♦♥❡ ✭♦& ❛❝%✐✈❡ ③♦♥❡ ♦❢ %❤❡

❞❡%❡❝%♦&✮ ✇✐❧❧ %❤❡♥ ♠♦✈❡ %♦✇❛&❞ %❤❡ '✉&❢❛❝❡ ♦❢ %❤❡ ❞❡%❡❝%♦&✳ ■% ✐' %❤❡ ♠♦✈❡♠❡♥% ♦❢ %❤❡ ❝❤❛&❣❡ %❤❛% ❝&❡❛%❡'

%❤❡ ♣❤②'✐❝❛❧ '✐❣♥❛❧ ❛% %❤❡ ♦✉%♣✉% ♦❢ %❤❡ ❞❡%❡❝%♦&✳ ❲✐%❤ %❤✐'✱ ✇❡ '%❛&% %♦ '❡❡ %❤❡ ✐♠♣♦&%❛♥❝❡ ♦❢ %❤❡ ❞❡❛❞

❧❛②❡& ♦❢ %❤❡ ❞❡%❡❝%♦&✱ ♦& %❤❡ ♥♦♥✲❞❡♣❧❡%❡❞ ③♦♥❡✱ ✇❤❡&❡ '♦♠❡ ❝❤❛&❣❡' ❛&❡ ❧♦'% ❞✉&✐♥❣ %❤❡ ✐♥%❡&❛❝%✐♦♥ ♣&♦❝❡''

❛♥❞ %❤✉' ✇✐❧❧ ♥♦% ❜❡ ❣❛%❤❡&❡❞ ❞✉&✐♥❣ %❤❡ ❞❡%❡❝%✐♦♥✳

✧❙"#✐♣♣②✲(❛❞✧ ❉❡"❡❝"♦# ✿ ❈♦♥❝❡♣" ❛♥❞ ❈❤❛#❛❝"❡#✐3"✐❝3

❚❤❡ ❝♦♥❝❡♣% ♦❢ %❤✐' ♥❡✇ ❞❡%❡❝%♦& ✐' G✉✐%❡ ✇❡❧❧ '✉♠♠❛&✐③❡❞ ✐♥ ✐%' ❞❡♥♦♠✐♥❛%✐♦♥ ✿ ❙%&✐♣♣②✲:❛❞✳ ■♥❞❡❡❞✱

♦♥ %❤❡ ♦❤♠✐❝ '✐❞❡ ✭◆✰ ❞❡♣♦'✐%✮✱ ✐% ✐' ❝♦♠♣♦'❡❞ ♦❢ ✻✹ ♣✐①❡❧' ✭♣❛❞'✮ ❛&&❛♥❣❡❞ ✐♥ ✽ &♦✇' ♦❢ ✽ ♣✐①❡❧' ❡❛❝❤ ✭❝❢✳

✜❣✳ ✼✳✷❛✮✳ ❇❡%✇❡❡♥ %✇♦ &♦✇' ♦❢ ♣✐①❡❧'✱ %❤❡ ♠❡%❛❧❧✐❝ ❝♦❧❧❡❝%✐♦♥ '%&✐♣ ❛❧❧♦✇' ✉' %♦ ❣❡% %❤❡ '✐❣♥❛❧ ♦❢ ❡❛❝❤ ♣✐①❡❧✱

❛' ✇❡❧❧ ❛' %♦ ❞❡✜♥❡ ❢♦✉& ✐❞❡♥%✐❝❛❧ ❜❧♦❝❦' ♦♥ %❤❡ ❞❡%❡❝%♦& ✿ %✇♦ &♦✇' ♦❢ ♣✐①❡❧' ♣❧✉' %❤❡ '%&✐♣ ❜❡%✇❡❡♥ %❤❡♠✳

❚❤❡ ✐'♦❧❛%✐♦♥ ♦❢ %❤❡ '%&✐♣ ✐' ❛''✉&❡❞ ❜② ❛♥ ♦①✐❞❡ ❜❡❧♦✇ ✐%✱ ❜❡%✇❡❡♥ %❤❡ '✐❧✐❝♦♥ ❛♥❞ %❤❡ ♠❡%❛❧❧✐❝ ❞❡♣♦'✐%✳

❚❤✐' ♠❡%❛❧❧✐❝ ❞❡♣♦'✐% ❛❧'♦ ❡①%❡♥❞' ❛&♦✉♥❞ %❤❡ ♣✐①❡❧ ✐♥ ♦&❞❡& %♦ ❛♣♣❧② %❤❡ ♣♦❧❛&✐③❛%✐♦♥ ♦♥ ❡❛❝❤ ♣✐①❡❧✳

❚❤❡ ♦%❤❡& '✐❞❡ ♦❢ %❤❡ ❞❡%❡❝%♦& ✭:✰ ❞❡♣♦'✐%✮ ✐' ♦♥❧② ❝♦♠♣♦'❡❞ ♦❢ ♦♥❡ ❧❛&❣❡ ❛&❡❛ ♣✐①❡❧✳ ■% ✐' ❝♦✈❡&❡❞ ✇✐%❤

❛ ♠❡%❛❧❧✐❝ ♠❡'❤ ♦♥ ✸✪ ♦❢ %❤❡ '✉&❢❛❝❡ ❢♦& ❛ ❜❡%%❡& ♣♦❧❛&✐③❛%✐♦♥ ✭❝❢✳ ✜❣✳ ✼✳✷❜✮✳ ▼♦&❡♦✈❡&✱ ❛' %❤✐' ❧❛&❣❡ ♣✐①❡❧

❣❛%❤❡&' ❛❧❧ %❤❡ ❝❛♣❛❝✐%② ♦❢ %❤❡ ❞❡%❡❝%♦&✱ ✐% ✇✐❧❧ ♥♦% &❡'♣♦♥❞ %♦ %❤❡ '♣❡❝✐✜❝❛%✐♦♥' ♦❢ %❤❡ ❝♦❧❧❛❜♦&❛%✐♦♥ ✐♥

%❡&♠' ♦❢ &❡'♦❧✉%✐♦♥ ❛♥❞ ✇✐❧❧ ♦♥❧② ❜❡ ✉'❡❞ ❢♦& %❤❡ ♣♦❧❛&✐③❛%✐♦♥ ♦❢ %❤❡ ❞❡%❡❝%♦&✳

❙✉&&♦✉♥❞✐♥❣ %❤❡ ❛❝%✐✈❡ ❛&❡❛ ♦❢ %❤❡ ❞❡%❡❝%♦&✱ ♠♦&❡ ♠❡%❛❧❧✐❝ ❞❡♣♦'✐%' ❝❛♥ ❜❡ ❢♦✉♥❞ ✭❝❢✳ ✜❣✳ ✼✳✸✮✳ ❚❤❡②

❝♦&&❡'♣♦♥❞ %♦ %✇♦ ❞✐✛❡&❡♥% ❢✉♥❝%✐♦♥'✳ ❋✐&'%✱ ✇❡ ❤❛✈❡ %❤❡ ❜♦✉♥❞✐♥❣ ♣❛❞ %❤❛% ❛❧❧♦✇' ✉' %♦ ❡①%&❛❝% %❤❡ '✐❣♥❛❧

❝♦♠✐♥❣ ❢&♦♠ %❤❡ ❞❡%❡❝%♦& ✭❝❢✳ ✜❣✳ ✼✳✸❛ ❢♦& %❤❡ ♣✐①❡❧' ❛♥❞ ✼✳✸❜ ❢♦& %❤❡ ❧❛&❣❡ ❛&❡❛ ♣✐①❡❧✮✳ ❙❡❝♦♥❞❧②✱ %❤❡&❡ ✐'

%❤❡ ✜❡❧❞ ♣❧❛%❡ ❛♥❞ %❤❡ ❣✉❛&❞ &✐♥❣'✱ '✉&&♦✉♥❞✐♥❣ %❤❡ ✇❤♦❧❡ ❞❡%❡❝%♦&✳ ❚❤❡'❡ ❞❡♣♦'✐%' ❛❧❧♦✇ %♦ ❤❛✈❡ ❛ ❜❡%%❡&

❝♦♥%&♦❧ ♦❢ %❤❡ ✐♥%❡&♥❛❧ ❡❧❡❝%&✐❝ ✜❡❧❞ ♦♥ %❤❡ ❡❞❣❡ ♦❢ %❤❡ ❞❡%❡❝%♦& ❛♥❞ %♦ ❛✈♦✐❞ ❛♥② ❝❤❛&❣❡ ❝♦❧❧❡❝%✐♦♥ ♣&♦❜❧❡♠'

✭❝❢✳ ✜❣✳ ✼✳✸❝ ❛♥❞ ✼✳✸❞✮✳

❚❤❡ ❝❤❛&❛❝%❡&✐'%✐❝' ♦❢ %❤❡ ❞❡%❡❝%♦&' ❛&❡ ❛❧'♦ '♣❡❝✐✜❝ %♦ %❤❡ ❞❡'✐❣♥ ❛♥❞ &❡'♣♦♥❞ %♦ '♦♠❡ '♣❡❝✐✜❝❛%✐♦♥'✳

❋✐&'%✱ %❤✐' ❞❡%❡❝%♦& ❤❛' ❛ ❧❛&❣❡ ❛&❡❛ ♦❢ ❞❡%❡❝%✐♦♥ ✭✶✵ ① ✶✵ ❝♠

2
✮ %♦ ♠❛%❝❤ %❤❡ '✐③❡ ♦❢ %❤❡ ✐♠♣❧❛♥%❛%✐♦♥

❞❡%❡❝%♦&✳ ■%' %❤✐❝❦♥❡'' ♦❢ ✻✺✵✲✼✵✵ µ ✐' ♦♣%✐♠✐③❡❞ ❢♦& %❤❡ ❞❡%❡❝%✐♦♥ ♦❢ ❡❧❡❝%&♦♥' ✇✐%❤✐♥ %❤❡ &❛♥❣❡ ❬✵✲✶❪▼❡❱

❛' %❤❡ ♠❡❛♥ ❢&❡❡ ♣❛%❤ ♦❢ %❤❡ ❡❧❡❝%&♦♥ ✐♥ %❤✐' &❛♥❣❡ ✐' ❛&♦✉♥❞ ✶ ♠♠✴▼❡❱❬✶✷✻❪✳ ❚❤❡ ❤✐❣❤ &❡'✐'%✐✈✐%② ♦❢ %❤❡

'✐❧✐❝♦♥ ✭❜❡%✇❡❡♥ ✷✵ ❛♥❞ ✺✵ ❦Ω✳❝♠✮ ♣&♦✈✐❞❡' ✉' ✇✐%❤ ❛ ❧♦✇ ❧❡❛❦ ❝✉&&❡♥% ❛♥❞ %❤❡ %❤✐❝❦♥❡'' ♦❢ %❤❡ ❞❡%❡❝%♦&

❛❧❧♦✇' ✉' %♦ ❤❛✈❡ ❛ ❞❡♣❧❡%✐♦♥ ✈♦❧%❛❣❡ G✉✐%❡ ❧♦✇ ✭❜❡%✇❡❡♥ ✷✺ ❱ ❛♥❞ ✺✻ ❱ ❢♦& %❤❡ ✇♦&'% ❞❡%❡❝%♦&✮✳ ❚❤❡

❧❛'% ❝❤❛&❛❝%❡&✐'%✐❝ &❡❛❧❧② ✐♠♣♦&%❛♥% ✐' %❤❡ ❞❡❛❞ ❧❛②❡& ♦❢ %❤❡ ❞❡%❡❝%♦&✳ ■♥❞❡❡❞✱ ✐% ✐' ❞❡'✐❣♥❡❞ %♦ ❞❡%❡❝% %❤❡

❝♦♥✈❡&'✐♦♥ ❡❧❡❝%&♦♥' ❛' ✇❡❧❧ ❛' %❤❡ ❡'❝❛♣❡ α ❝♦♠✐♥❣ ❢&♦♠ %❤❡ ✐♠♣❧❛♥%❛%✐♦♥ ❞❡%❡❝%♦&✳ ■❢ %❤❡ ❞❡❛❞ ❧❛②❡&

♦&✴❛♥❞ %❤❡ ❡'❝❛♣❡ ❛♥❣❧❡ ✐' %♦♦ ✐♠♣♦&%❛♥%✱ %❤❡ ♣❡&❢♦&♠❛♥❝❡ ♦❢ %❤❡ ❚✉♥♥❡❧ ❞❡%❡❝%♦& ✇✐❧❧ ❜❡ ❞❡❣&❛❞❡❞✱ ❛' %❤❡

♣❛&%✐❝❧❡' ❤❛✈❡ %♦ ♣❛'' %❤&♦✉❣❤ ❛❧❧ %❤❡ ❞❡❛❞ ❧❛②❡&' ♦❢ ❜♦%❤ ❞❡%❡❝%♦&' ✭❝❢✳ ✜❣✳ ✼✳✹✮✳ ❙♦ %❤❡ α ♣❛&%✐❝❧❡ ❡♥❡&❣②

❝♦✉❧❞ ♦✈❡&❧❛♣ %❤❡ ❡♥❡&❣② '♣❡❝%&✉♠ ♦❢ %❤❡ ❝♦♥✈❡&'✐♦♥ ❡❧❡❝%&♦♥' ✐❢ %❤❡ ❡♥❡&❣② ✐' %♦♦ ❞❡❣&❛❞❡❞✳ ■♥ ♦&❞❡& %♦

❛✈♦✐❞ %❤✐'✱ %❤❡ ❞❡❛❞ ❧❛②❡& ♦❢ %❤❡ ❞❡%❡❝%♦& ❤❛' ❜❡❡♥ ❧♦✇❡& ❞♦✇♥ ✉♥❞❡& ✺✵ ♥♠ ✭%②♣✐❝❛❧❧② ✸✵ ♥♠✮ ❜② %❤❡

♠❛♥✉❢❛❝%✉&❡& ❛♥❞ ✐% ✐' ❝♦♥'✐❞❡&❡❞ ❛' ✇✐♥❞♦✇❧❡''✳

❋✐♥❛❧❧②✱ %❤❡ ❧❛'% ✐♠♣♦&%❛♥% ♣❛&% ♦❢ %❤❡ ❞❡%❡❝%♦& ✐' %❤❡ ❢&❛♠❡ ♦♥ ✇❤✐❝❤ ✐% ✐' ♠♦✉♥%❡❞✳ ❚❤❡ ❝♦♠♣❛❝% ✜♥❛❧

♠♦♥%❛❣❡ ✐♥%♦ ❙■❘■❯❙ ✐' G✉✐%❡ ✐♠♣♦&%❛♥% ❢♦& %❤❡ ❡✣❝✐❡♥❝② ♦❢ %❤❡ '❡%✉♣✳ ❙♦ %❤❡ ❢&❛♠❡ ❛' %♦ ❜❡ ❞❡'✐❣♥❡❞ ❛'



❈❍❆#■❚❘❊ ✼✳ ❉➱❚❊❈❚❊❯❘ ✿ ❈❖◆❈❊#❚✱ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙✱ ❈❖◆❉■❚■❖◆❙ ❉✬➱❚❯❉❊❙ ✶✺✸

#♠❛❧❧ ❛# ♣♦##✐❜❧❡✳ ❚✇♦ ❣❡♥❡1❛2✐♦♥# ♦❢ 2❤❡ ❢1❛♠❡ ✇❡1❡ 2❡#2❡❞ ❞✉1✐♥❣ ♠② 8❤❉✳ ❚❤❡ ✜1#2 ♦♥❡ ✇❛# ❞❡#✐❣♥❡❞

2♦ 2❡#2 2❤❡ ❢1❛♠❡ ♠❛2❡1✐❛❧ ✭❝❡1❛♠✐❝✮ ❛♥❞ ❞✐❞ ♥♦2 1❡#♣♦♥❞ 2♦ 2❤❡ ❝❤❛1❛❝2❡1✐#2✐❝# ❢♦1 2❤❡ ✸❉ ♠♦✉♥2✐♥❣

✐♥2♦ ❙■❘■❯❙ ✭❝❢✳ ✜❣✳ ✽✳✶✮✳ ❚✇♦ ♦❢ 2❤❡ 2❤1❡❡ ❞❡2❡❝2♦1# ❝❤❛1❛❝2❡1✐③❡❞ ❞✉1✐♥❣ ♠② 8❤❉ ✇❡1❡ ♠♦✉♥2❡❞ ♦♥ 2❤✐#

❣❡♥❡1❛2✐♦♥ ♦❢ ❢1❛♠❡#✳ ❈❡1❛♠✐❝ ✐# ❛ ❣♦♦❞ 2❤❡1♠❛❧ ❝♦♥❞✉❝2♦1 ❛♥❞ ❛ ❣♦♦❞ ❡❧❡❝21✐❝ ✐#♦❧❛2♦1✱ ❜✉2 ✇❛# ❥✉❞❣❡❞ 2♦♦

❢1❛❣✐❧❡ ❛❢2❡1 #♦♠❡ 2❡#2# ♣❡1❢♦1♠❡❞ ♦♥ 2❤❡ ✜♥❛❧ ❞❡#✐❣♥ ♦❢ 2❤❡ ❢1❛♠❡✳ ❚❤✉#✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛♥♦2❤❡1 #♦❧✉2✐♦♥ ❢♦1

2❤❡ ❢1❛♠❡✳ ❚❤✐# ✜♥❛❧ ❣❡♥❡1❛2✐♦♥ ✐# ❛ ❤②❜1✐❞ ❜❡2✇❡❡♥ ❛❧✉♠✐♥✉♠ ❢1❛♠❡✱ ✇❤✐❝❤ ✐# ❛ ❣♦♦❞ 2❤❡1♠❛❧ ❝♦♥❞✉❝2♦1
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✭,♦♣✮✳ ■♥❞❡❡❞✱ ,❤❡ ❚✉♥♥❡❧ ❞❡,❡❝,♦). ❛)❡ ❞❡.✐❣♥❡❞ ,♦ ❞❡,❡❝,❡❞ α ♣❛),✐❝❧❡. ❛♥❞ )❡❝♦♥.,)✉❝, ,❤❡✐) ❡♥❡)❣✐❡.✳

❚❤✉.✱ ✇❡ ♥❡❡❞ ,♦ ❦♥♦✇✱ ❛. ♣)❡❝✐.❡❧② ❛. ♣♦..✐❜❧❡✱ ,❤❡ ❡.❝❛♣❡ ❛♥❣❧❡ ✐♥ ♦)❞❡) ,♦ ,❛❦❡ ✐♥,♦ ❛❝❝♦✉♥, ,❤❡ ❞❡❛❞

❧❛②❡) ❡✛❡❝,✱ ✇❤✐❝❤ ✐. ♠♦)❡ ✐♠♣♦),❛♥, ♥❡❛) ,❤❡ ❉❙❙❉✳

▼♦)❡♦✈❡)✱ ❞✉)✐♥❣ ,❤❡ ✜)., .,✉❞② ❛)♦✉♥❞ ,❤❡ )❡❞✉❝❡❞ ♠❛❝)♦✲♣✐①❡❧.✱ ❛ ♠❛①✐♠✉♠ ✐♥ ,❤❡ ❝❛♣❛❝✐,② ✇❛.

❤✐❣❤❧✐❣❤,❡❞ ✭✶✷✵ ♣❋ )✉❧❡✮✱ ❛♥❞ ❣❛✈❡ ✉. ❛ .❡❝♦♥❞ ❝)✐,❡)✐♦♥ ♦❢ .❡❧❡❝,✐♦♥ ❢♦) ,❤❡ ✜♥❛❧ ❝♦♥✜❣✉)❛,✐♦♥✳

■♥ ,❤❡ ❝❤❛♣,❡) ✽ ,❤❡ .,✉❞② ❛♥❞ )❡.✉❧,. ♦❢ ,❤❡ .❡❧❡❝,✐♦♥ ♦❢ ,❤❡ )❡❞✉❝❡❞ ❝♦♥✜❣✉)❛,✐♦♥ ✇✐❧❧ ❜❡ ♣)❡.❡♥,❡❞✳



✶✺✻ ❈❍❆#■❚❘❊ ✼✳ ❉➱❚❊❈❚❊❯❘ ✿ ❈❖◆❈❊#❚✱ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙✱ ❈❖◆❉■❚■❖◆❙ ❉✬➱❚❯❉❊❙

❈❡ ❝❤❛♣✐*+❡ ❡,* ❞.❞✐. ❛✉ ❞.*❡❝*❡✉+ ❚✉♥♥❡❧ ,.❧❡❝*✐♦♥♥. ❡* ❞.✈❡❧♦♣♣. ❞❛♥, ❧❡ ❝❛❞+❡ ❞✉ ♣+♦❥❡* ❙■❘■❯❙✳

▲❡ ❝♦♥❝❡♣*✱ ❧❡, ❝❛+❛❝*.+✐,*✐=✉❡, *❡❝❤♥✐=✉❡, ♣+♦♣+❡, ❛✉ ❞.*❡❝*❡✉+ ,❡+♦♥* ❞.*❛✐❧❧.,✳ ❏❡ ♣+.,❡♥*❡+❛✐ ❡♥,✉✐*❡ ❧❡

❜❛♥❝ ❞❡ *❡,* ✉*✐❧✐,. ♣♦✉+ +.❛❧✐,❡+ ❝❡, .*✉❞❡,✱ ❛✐♥,✐ =✉❡ ❧❡ ♣+♦*♦❝♦❧❡ ♠✐, ❡♥ ♣❧❛❝❡ ♣♦✉+ ❧❡, +.❛❧✐,❡+✳

✼✳✷ ❋♦♥❝'✐♦♥♥❡♠❡♥' ❞✬✉♥ ❞.'❡❝'❡✉/ 0❡♠✐✲❝♦♥❞✉❝'❡✉/

▲❡ ♣+✐♥❝✐♣❡ ❞❡ ❢♦♥❝*✐♦♥♥❡♠❡♥* ❞✬✉♥ ❞.*❡❝*❡✉+ ,❡♠✐✲❝♦♥❞✉❝*❡✉+ ❡,* ❜❛,. ,✉+ ❝❡❧✉✐ ❞✬✉♥❡ ❥♦♥❝*✐♦♥ D◆✳

▲♦+, ❞❡ ❧❛ ♠✐,❡ ❡♥ ❝♦♥*❛❝* ❞❡, ❞❡✉① ③♦♥❡, ❞❡ ❞♦♣❛❣❡✱ ✉♥❡ ③♦♥❡ ❞❡ ❝❤❛+❣❡ ❞✬❡,♣❛❝❡ ✭③♦♥❡ ❞❡ ❞.♣❧.*✐♦♥✮ ❡,*

❝+..❡✳ ❈❡❧❧❡✲❝✐ ❡,* ❣.♥.+.❡ ♣❛+ ❧❡ ❞.♣❧❛❝❡♠❡♥* ❞❡, ♣♦+*❡✉+, ❧✐❜+❡, +❡,♣❡❝*✐❢, ❞❡, ③♦♥❡, D ❡* ◆ ❞❛♥, ❧❛ +.❣✐♦♥

✈♦✐,✐♥❡ ✭❝❢✳ ✜❣✳ ✼✳✶❛✮✳ ■❧ ❡♥ +.,✉❧*❡ ❞♦♥❝ ❞❡✉① ③♦♥❡, ♦M ❧❛ ♥❡✉*+❛❧✐*. ❧♦❝❛❧❡ ❞✉ ,✐❧✐❝✐✉♠ ♥✬❡,* ♣❛, +❡,♣❡❝*.❡ ❜✐❡♥

=✉❡ ❧❛ ♥❡✉*+❛❧✐*. ❣❧♦❜❛❧❡ ❞❡ ❝❡ ❞❡+♥✐❡+ ❧✬❡,*✳ ❈❡❧❛ ✈❡✉* ❞✐+❡ =✉✬N ❧✬.=✉✐❧✐❜+❡ *❤❡+♠♦❞②♥❛♠✐=✉❡✱ ❧❡, ✈♦❧✉♠❡,

+❡,♣❡❝*✐❢, ❞❡, ③♦♥❡, ❞❡ ❝❤❛+❣❡, ❞✬❡,♣❛❝❡ ❞❛♥, ❧❡, +.❣✐♦♥, D ❡* ◆ ,❡+♦♥* ❧✐., ❛✉① ❞❡♥,✐*., +❡,♣❡❝*✐✈❡, ❞❡,

❞♦♣❛♥* ❞❛♥, ❝❤❛=✉❡ +.❣✐♦♥,✱ ✈✉ =✉❡ ,❡✉❧❡, ❧❡, ❝❤❛+❣❡, ✜①❡, ✭✐,,✉❡, ❞✉ ❞♦♣❛❣❡✮ ,♦♥* ♣+.,❡♥*❡, ❞❛♥, ❧❛

③♦♥❡ ❞❡ ❝❤❛+❣❡ ❞✬❡,♣❛❝❡✳ ❈❡**❡ ③♦♥❡ ❞❡ ❝❤❛+❣❡, ❞✬❡,♣❛❝❡✱ ✈❛ ❞♦♥❝ ❝+.❡+ ❞❛♥, ❧❡ ,❡♠✐✲❝♦♥❞✉❝*❡✉+ ✉♥ ❝❤❛♠♣

.❧❡❝*+✐=✉❡ ✐♥*❡+♥❡ ✭~ǫi✮ =✉❡ ♥♦✉, ❛❧❧♦♥, ✉*✐❧✐,❡+ ♣♦✉+ ❧❡, ❞✐✛.+❡♥*, ♠♦❞❡, ❞❡ ♣♦❧❛+✐,❛*✐♦♥, ❞❡ ❧❛ ❥♦♥❝*✐♦♥✳

✭❛✮

✭❜✮
✭❝✮

❋✐❣✉$❡ ✼✳✶ ✕ ❋♦♥❝(✐♦♥♥❡♠❡♥( ❞✬✉♥❡ ❥♦♥❝(✐♦♥ 0◆ ❡( ❞✐✛34❡♥(5 ♠♦❞❡5 ❞❡ ♣♦❧❛4✐5❛(✐♦♥5 ✿ ✭❛✮ ❏♦♥❝(✐♦♥ 0◆ ❛✉ 4❡♣♦5 = ❧✬3>✉✐❧✐❜4❡

(❤❡4♠♦❞②♥❛♠✐>✉❡ ✿ ♠✐5❡ ❡♥ 3✈✐❞❡♥❝❡ ❞✉ ❝❤❛♠♣ 3❧❡❝(4✐>✉❡ ✐♥(❡4♥❡ ~ǫint✱ ✭❜✮ ❏♦♥❝(✐♦♥ 0◆ ♣♦❧❛4✐53❡ ❡♥ ❞✐4❡❝( ✿ ❝♦♠♣❡♥5❛(✐♦♥

❞✉ ❝❤❛♠♣ 3❧❡❝(4✐>✉❡ ✐♥(❡4♥❡ ♣❛4 ✉♥ ❝❤❛♠♣ ❡①(❡4♥❡ ♣♦✉4 ❧❛✐55❡4 ♣❛55❡4 ✉♥ ❝♦✉4❛♥( ✱ ✭❝✮ ❏♦♥❝(✐♦♥ 0◆ ♣♦❧❛4✐53❡ ❡♥ ✐♥✈❡45❡ ✿

❛✉❣♠❡♥(❛(✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❝❤❛4❣❡ ❞✬❡5♣❛❝❡ ♣❛4 ✉♥ ❝❤❛♠♣ 3❧❡❝(4✐>✉❡ ❡①(❡4♥❡ ✴  ◆ ❥✉♥❝&✐♦♥ ♣*✐♥❝✐♣❧❡ ❛♥❞ ❞✐✛❡*❡♥& ♦♣❡*❛&✐♥❣

♠♦❞❡2 ✿ ✭❛✮  ◆ ❥✉♥❝&✐♦♥ ❛& *❡2& ❛♥❞ ❛& &❤❡ &❤❡*♠♦❞②♥❛♠✐❝ ❡8✉✐❧✐❜*✐✉♠ ✿ &❤❡ ✐♥&❡*♥❛❧ ❡❧❡❝&*✐❝ ✜❡❧❞ ~ǫint ✐2 ❤✐❣❤❧✐❣❤&❡❞ ✱ ✭❜✮

❋♦*✇❛*❞ ❜✐❛2❡❞  ◆ ❥✉♥❝&✐♦♥ ✿ &❤❡ ✐♥&❡*♥❛❧ ❡❧❡❝&*✐❝ ✜❡❧❞ ✐2 ❝♦♠♣❡♥2❛&❡ ❜② ❛♥ ❡①&❡*♥❛❧ ♦♥❡ ✐♥ ♦*❞❡* &♦ ❧❡& ❛ ❝✉**❡♥& ♣❛22 &❤*♦✉❣❤

✱ ✭❝✮ ❘❡✈❡*2❡ ❜✐❛2❡❞  ◆ ❥✉♥❝&✐♦♥ ✿ &❤❡ 2♣❛❝❡ ❝❤❛*❣❡ *❡❣✐♦♥ ✐2 ✐♥❝*❡❛2❡❞ ❜② ❛♥ ❡①&❡*♥❛❧ ❡❧❡❝&*✐❝ ✜❡❧❞

❈❡**❡ ③♦♥❡ ❞❡ ❞.♣❧.*✐♦♥ ♣❡✉* Q*+❡ ✉*✐❧✐,.❡ ❞❡ ❞❡✉① ♠❛♥✐R+❡,✳ ▲❛ ♣+❡♠✐R+❡ ♠.*❤♦❞❡ ❡,* ❜❛,. ,✉+ ❧❛

❝♦♠♣❡♥,❛*✐♦♥ ❞❡ ❝❡**❡ ③♦♥❡ ❞❡ ❝❤❛+❣❡ ❞✬❡,♣❛❝❡ ♣♦✉+ ❧❛✐,,❡+ ♣❛,,❡+ ✉♥ ❝♦✉+❛♥* ✿ ❝✬❡,* ❧❡ ❢♦♥❝*✐♦♥♥❡♠❡♥* ❞❡

❧❛ ❞✐♦❞❡ ✭❝❢✳ ✜❣✳ ✼✳✶❜✮✳ ❖♥ ❞✐* ❛❧♦+, =✉✬♦♥ ♣♦❧❛+✐,❡ ❧❛ ❥♦♥❝*✐♦♥ ❡♥ ❞✐+❡❝*✱ ❢♦✉+♥✐,,❛♥* ❞❡, ❝❤❛+❣❡, ❛✉ ,②,*R♠❡

♣♦✉+ ❝♦♠♣❡♥,❡+ ❧❛ ❞.♣❧.*✐♦♥ ❞❡ ❧❛ ❥♦♥❝*✐♦♥✳ ❆ ♣❛+*✐+ ❞✬✉♥❡ ❝❡+*❛✐♥❡ *❡♥,✐♦♥ ✭*❡♥,✐♦♥ ❝❛+❛❝*.+✐,*✐=✉❡ ❞❡,

❞✐♦❞❡, =✉✐ ❝♦++❡,♣♦♥❞ N ❧✬❛♥♥✉❧❛*✐♦♥ ❞✉ ❝❤❛♠♣ .❧❡❝*+✐=✉❡ ✐♥*❡+♥❡

~Eext = −~ǫi ✮ ❧❛ ③♦♥❡ ❞❡ ❞.♣❧.*✐♦♥ ,❡+❛

❝♦♠♣❡♥,.❡ ❡* ❧❡, ❝❤❛+❣❡, ♣♦✉++♦♥* ❛❧♦+, ♣❛,,❡+ ❧✐❜+❡♠❡♥* ❞✬✉♥ ❝♦*. N ❧✬❛✉*+❡ ❞❡ ❧❛ ❥♦♥❝*✐♦♥✳ ▲❛ ,❡❝♦♥❞❡



❈❍❆#■❚❘❊ ✼✳ ❉➱❚❊❈❚❊❯❘ ✿ ❈❖◆❈❊#❚✱ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙✱ ❈❖◆❉■❚■❖◆❙ ❉✬➱❚❯❉❊❙ ✶✺✼

♠$%❤♦❞❡ %❡♥❞ + ❛✉❣♠❡♥%❡/ ❝❡%%❡ ③♦♥❡ ❞❡ ❝❤❛/❣❡2 ❞✬❡2♣❛❝❡ ❛✈❡❝ ✉♥❡ ♣♦❧❛/✐2❛%✐♦♥ ❞✐%❡ ✧✐♥✈❡/2❡✧✳ ❆✐♥2✐✱ ❡♥

♣♦❧❛/✐2❛♥% ❝❡%%❡ ❥♦♥❝%✐♦♥ ❡♥ ✧✐♥✈❡/2❡✧✱ ♦♥ ✈❛ ❛✉❣♠❡♥%❡/ ❝❡%%❡ ③♦♥❡ ❞❡ ❞$♣❧$%✐♦♥ ❛✉ ♠❛①✐♠✉♠ + ❧✬❛✐❞❡ ❞✬✉♥

❝❤❛♠♣ $❧❡❝%/✐>✉❡ ✭❝❢✳ ✜❣✳ ✼✳✶❝✮ >✉✐ 2✬❛❞❞✐%✐♦♥♥❡ ❛✉ ❝❤❛♠♣ $❧❡❝%/✐>✉❡ ✐♥%❡/♥❡ ❞❡ ❧❛ ❥♦♥❝%✐♦♥ ❜❛2✐>✉❡✳ ❈❡❧❛

✈❛ ♥♦✉2 ♣❡/♠❡%%/❡ ❞✬❛✉❣♠❡♥%❡/ ❧❛ %❛✐❧❧❡ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❝❤❛/❣❡2 ❞✬❡2♣❛❝❡ >✉✐ ❝♦//❡2♣♦♥❞ ❛✉ ✈♦❧✉♠❡ ❛❝%✐❢ ❞✉

❞$%❡❝%❡✉/✳

■❧ ❡①✐2%❡ ❞❡✉① %②♣❡2 ❞❡ ❞$%❡❝%❡✉/2 2❡♠✐✲❝♦♥❞✉❝%❡✉/2 ✿ ❝❡✉① ❢❛❜/✐>✉$2 + ♣❛/%✐/ ❞✬✉♥ ♠❛%$/✐❛✉① 2❡♠✐✲

❝♦♥❞✉❝%❡✉/ ✐♥✐%✐❛❧ ❞❡ %②♣❡ I ♦✉ ❞❡ %②♣❡ ◆✳ ❈❡2 ❞✐✛$/❡♥❝❡2 ❞❡ ❞♦♣❛❣❡ ✐♥✐%✐❛❧ ✈♦♥% ✐♥✢✉❡♥❝❡/ ❧❡ 2❡♥2 ❞❡

♣♦❧❛/✐2❛%✐♦♥ ❛♣♣❧✐>✉$❡ 2✉/ ❧❡ ❞$%❡❝%❡✉/✳ ❉❛♥2 ♥♦%/❡ ❝❛2 ✭%②♣❡ ◆ ❞❡ ❜❛2❡✮ ❧❡ ❝N%$ ❥♦♥❝%✐♦♥ ❞✉ ❞$%❡❝%❡✉/

❝♦//❡2♣♦♥❞ + ❧❛ ♣♦❧❛/✐%$ ♥$❣❛%✐✈❡ ❡% ❧❡ ❝N%$ ♦❤♠✐>✉❡ + ❧❛ ♣♦❧❛/✐%$ ♣♦2✐%✐✈❡ ✭%❛♥❞✐2 >✉❡ ♣♦✉/ ✉♥❡ ❜❛2❡ I ❧❡2

❞❡✉① 2❡/♦♥% ✐♥%❡/✈❡/%✐2✮✳

▲❡ ♣/✐♥❝✐♣❡ ❞✬✉♥ ❞$%❡❝%❡✉/ 2❡♠✐✲❝♦♥❞✉❝%❡✉/ ❡2% ❞♦♥❝ ❜❛2$ 2✉/ ❝❡%%❡ ③♦♥❡ ❞❡ ❝❤❛/❣❡ ❞✬❡2♣❛❝❡✳ ❏✉2>✉✬❛❧♦/2

♥♦✉2 ❛✈♦♥2 2❝❤$♠❛%✐2$ ❧❡ ♣/✐♥❝✐♣❡ ❞❡ ❢♦♥❝%✐♦♥♥❡♠❡♥% ❞❡ ❝❡2 ❞$%❡❝%❡✉/2 ♣❛/ ❧❛ ❥♦♥❝%✐♦♥ I◆ 2✐♠♣❧❡✳ ❖/✱ ♣♦✉/

♦♣%✐♠✐2❡/ ❧❛ ❝/$❛%✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❝❤❛/❣❡2 ❞✬❡2♣❛❝❡ ❡% ❞♦♥❝ ❧✬❡✣❝❛❝✐%$ ❞❡ ❞$%❡❝%✐♦♥ ❞❡ ❝❡❧❧❡✲❝✐✱ ❧❡2 ❞$%❡❝%❡✉/2

2❡♠✐✲❝♦♥❞✉❝%❡✉/2 ♣/♦✜%❡♥% ❞✬✉♥❡ ③♦♥❡ ❢❛✐❜❧❡♠❡♥% ❞♦♣$ ✭♣/❡2>✉❡ ✐♥%/✐♥2S>✉❡ ■ ✿ ◆ ♦✉ I ❡♥ ❢♦♥❝%✐♦♥ ❞✉ %②♣❡

❞❡ ❞$%❡❝%❡✉/✮✳ ❆✐♥2✐ ❡♥ ✐♠♣❧❛♥%❛♥% ✉♥❡ ❢♦/%❡ ❞❡♥2✐%$ ❞❡ ❞♦♣❛♥% I ❡% ◆ ❞❡ ♣❛/% ❡% ❞✬❛✉%/❡ ❞❡ ❝❡%%❡ ③♦♥❡✱

♥♦✉2 ❝/$❡/♦♥2 ✉♥❡ ❥♦♥❝%✐♦♥ I◆ ❞♦♥% ❧❡ ✈♦❧✉♠❡ ❛❝%✐❢ ♣♦✉/ ❧❛ ❞$%❡❝%✐♦♥ 2✬$%❡♥❞/❛ 2✉/ ❧❛ >✉❛2✐ %♦%❛❧✐%$ ❞❡

❧✬$♣❛✐22❡✉/ ❞✉ ❞$%❡❝%❡✉/✱ ❝/$❛♥% ❛✐♥2✐ ✉♥❡ ❥♦♥❝%✐♦♥ >✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ I■◆✳

❊♥ ❡✛❡%✱ ❧❡2 ❝❤❛/❣❡2 ♠♦❜✐❧❡2 ✭$❧❡❝%/♦♥2 ❡% %/♦✉2✮ >✉✐ 2❡ /❡%/♦✉✈❡♥% ❞❛♥2 ❧❛ ③♦♥❡ ❞❡ ❝❤❛/❣❡ ❞✬❡2♣❛❝❡✱

❡% ❞♦♥❝ ❞❛♥2 ❧❡ ❝❤❛♠♣ $❧❡❝%/✐>✉❡ ✐♥%❡/♥❡ ✭

~Eint = ~Eext + ~ǫint✮ ✈♦♥% ♠✐❣/❡/ ✈❡/2 ❧✬✉♥❡ ♦✉ ❧✬❛✉%/❡ ❢❛❝❡ ❞✉

❞$%❡❝%❡✉/ ✭❧❡2 $❧❡❝%/♦♥2 ❞❛♥2 ❧❛ ❞✐/❡❝%✐♦♥ ♦♣♣♦2$ ❛✉ ❝❤❛♠♣ ✐♥%❡/♥❡ ❡% ❧❡2 %/♦✉2 2✉✐✈❛♥% ❝❡❧✉✐✲❝✐✮✳ ▲♦/2 ❞❡ ❧❛

❞$%❡❝%✐♦♥ ❞✬✉♥❡ ♣❛/%✐❝✉❧❡✱ ❝❡%%❡ ❞❡/♥✐S/❡ ✈❛ ✐♥%❡/❛❣✐/ ❛✈❡❝ ❧❡ 2✐❧✐❝✐✉♠✱ ❝/$❛♥% ❞♦♥❝ ❞❡2 ♣❛✐/❡2 $❧❡❝%/♦♥2✴%/♦✉2

%♦✉% ❛✉ ❧♦♥❣ ❞❡ 2♦♥ ♣❛/❝♦✉/2✳ ▲❡2 ♣❛✐/❡2 $❧❡❝%/♦♥2✴%/♦✉2 ❝/$$❡2 ❞❛♥2 ❧❛ ♣❛/%✐❡ ✧❛❝%✐✈❡✧ ❞✉ ❞$%❡❝%❡✉/ ✭③♦♥❡

❞❡ ❝❤❛/❣❡2 ❞✬❡2♣❛❝❡✮ ✈♦♥% ❛❧♦/2 2✉✐✈/❡ ❧❡ ❝❤❛♠♣ $❧❡❝%/✐>✉❡ ✐♥%❡/♥❡✳ ❈✬❡2% ❝❡ ♠♦✉✈❡♠❡♥% ❞❡2 ❝❤❛/❣❡2 ❞❛♥2 ❧❡

❞$%❡❝%❡✉/ >✉✐ ✈❛ ✐♥❞✉✐/❡ ❧❡ 2✐❣♥❛❧ ❛22♦❝✐$ + ❧❛ ❞$%❡❝%✐♦♥ ❞❡ ❝❡%%❡ ♣❛/%✐❝✉❧❡✳ ❖♥ ✈♦✐% ❛✐♥2✐ ❧✬✐♠♣♦/%❛♥❝❡ ❞✬❛✈♦✐/

❞❡2 ✧③♦♥❡2 ♠♦/%❡2✧ ✭♦✉ ③♦♥❡2 ♥♦♥ ❞$♣❧$%$❡2✮ ❧❡2 ♣❧✉2 ❢❛✐❜❧❡2 ♣♦22✐❜❧❡ ❞❛♥2 ❧❡ ❞$%❡❝%❡✉/✳ ❊♥ ❡✛❡%✱ ❧❡2 ♣❛✐/❡2

$❧❡❝%/♦♥2✴%/♦✉2 ❝/$$❡2 ❞❛♥2 ❧❛ ③♦♥❡ ♠♦/%❡ 2❡/♦♥% ❛❧♦/2 ♣❡/❞✉❡2 ♣♦✉/ ❧❛ ❞$%❡❝%✐♦♥✱ ❞❛♥2 ❧❛ ♠❡2✉/❡ ♦V ❧❡

❝❤❛♠♣ $❧❡❝%/✐>✉❡ ✐♥%❡/♥❡ ♥✬❡2% ♣❛2 ♣/$2❡♥% ❞❛♥2 ❝❡%%❡ /$❣✐♦♥ ❞✉ 2✐❧✐❝✐✉♠✳ ❆✐♥2✐ ❧❡2 ♣❛✐/❡2 2❡ /❡❝♦♠❜✐♥❡/♦♥%✱

♥❡ ♣❛/%✐❝✐♣❛♥% ❞♦♥❝ ♣❛2 ❛✉ 2✐❣♥❛❧✳

✼✳✸ ▲❡ ❝♦♥❝❡♣) ✧❙"#✐♣♣②✲(❛❞✧ ✿ ❝♦♥❝❡♣) ❡) ❝❛,❛❝)-,✐/)✐0✉❡/

✼✳✸✳✶ ▲❡ ❞'(❡❝(❡✉+ ❞❡ (②♣❡ ✧❙(+✐♣♣②✲2❛❞✧

▲❡ %❡/♠❡ ✧❙%/✐♣♣②✲I❛❞✧ /$2✉♠❡ ❛22❡③ ❜✐❡♥ ❧❡ ❝♦♥❝❡♣% ❞❡ ❝❡ ❞$%❡❝%❡✉/✳ ▲❛ ❢❛❝❡ ♦❤♠✐>✉❡ ❞✉ ❞$%❡❝%❡✉/

✭❞$♣N% ◆✰✮ ❡2% ❝♦♠♣♦2$ ❞❡ ✻✹ ♣✐①❡❧2 ✭♦✉ ✧♣❛❞2✧✮ ❛//❛♥❣$2 ❡♥ ✽ ❝♦❧♦♥♥❡2 ❞❡ ✽ ♣✐①❡❧2 ✭❝❢✳ ✜❣✳ ✼✳✷❛✮✳ ❈❤❛❝✉♥

❞❡ ❝❡2 ♣✐①❡❧2 ❡2% ❝♦✉♣❧$ + ✉♥❡ ♣✐2%❡ ❞❡ ❝♦❧❧❡❝%✐♦♥ ♠$%❛❧❧✐>✉❡ ✭♦✉ ✧2%/✐♣✧✮✳ ❈❡2 ♣✐2%❡2 2♦♥% ❧♦❝❛❧✐2$❡2 ❡♥%/❡

❞❡✉① ❝♦❧♦♥♥❡2 ❞❡ ♣✐①❡❧2✱ ❝❡ >✉✐ ♥♦✉2 ♣❡/♠❡% ❞❡ ❞✐✈✐2❡/ ❧❡ ❞$%❡❝%❡✉/ ❡♥ ✹ ❜❧♦❝2 ✐❞❡♥%✐>✉❡2 ❞❡ ✷ ❝♦❧♦♥♥❡2

❞❡ ♣✐①❡❧2 ❡% ❧❡2 ♣✐2%❡2 ❞❡ ❝♦❧❧❡❝%✐♦♥2 ❛22♦❝✐$❡2 ❛✉ ♠✐❧✐❡✉✳ ❆✐♥2✐✱ ❧❛ 2✉/❢❛❝❡ ❞❡ ❞$%❡❝%✐♦♥ ✈❛/✐❡ ❞♦♥❝ ❞❡ ✶✳✷ ①

✶✳✷ ❝♠

2
♣♦✉/ ❧❡2 ♣✐①❡❧2 ♣♦22$❞❛♥% ❧❡ ♣❧✉2 ❞❡ ♣✐2%❡ ✭❡♥ ❤❛✉% ❞✉ ❞$%❡❝%❡✉/✮ + ✶✳✷ ① ✶✳✶✸ ❝♠

2
♣♦✉/ ❝❡✉① ♥❡

♣♦22$❞❛♥% ♣❛2 ❞❡ ♣✐2%❡ ✭❡♥ ❜❛2 ❞✉ ❞$%❡❝%❡✉/✮ ✭❝❢✳ ✜❣✳ ✼✳✷❛✮✳

I♦✉/ ❛22✉/❡/ ❧✬✐2♦❧❛%✐♦♥ ❞❡2 ♣✐2%❡2 ✈✐2✲+✲✈✐2 ❞❡ ❧❛ 2✉/❢❛❝❡ ❛❝%✐✈❡ ❞✉ ❞$%❡❝%❡✉/ ❡% ❛✐♥2✐ $✈✐%❡/ %♦✉% ❝♦✉♣❧❛❣❡

❡♥%/❡ ❝❡2 ❞❡✉① $❧$♠❡♥%2✱ ✉♥❡ ❝♦✉❝❤❡ ❞✬♦①②❞❡ ❡2% ❞$♣♦2$❡ 2♦✉2 ❧❡ ♠$%❛❧ ❞❡ ❧❛ ♣✐2%❡ ♠❛✐2 ❛✉ ❞❡22✉2 ❞✉ 2✐❧✐❝✐✉♠✳

▲❡2 ♣✐①❡❧2✱ >✉❛♥% + ❡✉①✱ 2♦♥% ❡♥%♦✉/$2 ♣❛/ ✉♥ ❞$♣N% ♠$%❛❧❧✐>✉❡ ♣❡/♠❡%%❛♥% ❧❛ ♣♦❧❛/✐2❛%✐♦♥ ❞✉ ♣✐①❡❧ ❛✐♥2✐

>✉❡ ❧❛ ❝♦❧❧❡❝%❡ ❞❡2 ❝❤❛/❣❡2 ❝/$$❡2 ❞❛♥2 ❝❡ ❞❡/♥✐❡/✳ ❈❡ ❝♦♥%♦✉/ ♠$%❛❧❧✐>✉❡ ❡2% /❡❧✐$ ❛✉① ♣✐2%❡2 >✉✐ 2❡ ❞✐/✐❣❡♥%

❛❧♦/2 ✈❡/2 ❧❡ ❜❛2 ❞❡ ❧❛ ❝♦❧♦♥♥❡ ♦V 2❡ 2✐%✉❡ ❧❡ ♣❛❞ ❛ ❜♦♥❞❡/✳

▲✬❛✉%/❡ ❢❛❝❡ ❞✉ ❞$%❡❝%❡✉/ ✭❞♦♣$ I✰✮ ♥✬❡2% ❝♦♥2%✐%✉$❡ >✉❡ ❞✬✉♥ 2❡✉❧ ❣/❛♥❞ ♣✐①❡❧ ✭❝❢✳ ✜❣✳ ✼✳✷❜✮✳ ■❧ ❡2%



✶✺✽ ❈❍❆#■❚❘❊ ✼✳ ❉➱❚❊❈❚❊❯❘ ✿ ❈❖◆❈❊#❚✱ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙✱ ❈❖◆❉■❚■❖◆❙ ❉✬➱❚❯❉❊❙

✭❛✮

✭❜✮

❋✐❣✉$❡ ✼✳✷ ✕ ❙❝❤'♠❛ ❞❡ ❝♦♥❝❡♣/ ❞✉ ❞'/❡❝/❡✉1 ✧❙/1✐♣♣②✲6❛❞✧ ✿ ✭❛✮ ❈♦♥❝❡♣/ ❞❡ ❧❛ ❢❛❝❡ ♦❤♠✐=✉❡ ❞✉ ❞'/❡❝/❡✉1 ❝♦♠♣♦>' ❞❡ ✻✹

♣✐①❡❧> ❡/ ❞❡> ♣✐>/❡> ❞❡ ❝♦❧❧❡❝/✐♦♥> ❞❡ ❝❤❛1❣❡ ❛>>♦❝✐'❡> ✱ ✭❜✮ ❈♦♥❝❡♣/ ❞❡ ❧❛ ❢❛❝❡ ❥♦♥❝/✐♦♥ ❞✉ ❞'/❡❝/❡✉1 ❝♦♠♣♦>' ❞✬✉♥ ✉♥✐=✉❡ ♣✐①❡❧

1❡❝♦✉✈❡1/ ❞✬✉♥❡ ❣1✐❧❧❡ ♠'/❛❧❧✐=✉❡ 1❡❝♦✉✈1❛♥/ ✸ ✪ ❞❡ ❧❛ >✉1❢❛❝❡ ✴ ❙❝❤❡♠❛&✐❝ ❧❛②♦✉& ♦❢ &❤❡ ❙&-✐♣♣②✲0❛❞ ❞❡&❡❝&♦- ✿ ✭❛✮ ❖❤♠✐❝ 6✐❞❡
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❞❡ ❧❛ 8✉$❢❛❝❡ ❛❝&✐✈❡ ❞✉ ❞)&❡❝&❡✉$✳
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❞❡8 $)❣❧❛❣❡8 )❧❡❝&$♦♥✐7✉❡8 ✭&❡♥8✐♦♥✱ ♣$)✲❛♠♣❧✐✜❝❛&✐♦♥✱ ✳✳✳✮✳

✼✳✹✳✶ ▲❛ ♠'❝❛♥✐+✉❡
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✶✻✷ ❈❍❆#■❚❘❊ ✼✳ ❉➱❚❊❈❚❊❯❘ ✿ ❈❖◆❈❊#❚✱ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙✱ ❈❖◆❉■❚■❖◆❙ ❉✬➱❚❯❉❊❙
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✖ ▲❛ ❝❤❛♠❜%❡ 4 ✈✐❞❡ ✿
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❉❡ ♣❧✉,✱ ❞❛♥, ❝❡((❡ ❝❤❛♠❜%❡✱ ♥♦✉, ♣♦✉✈♦♥, ❛✉,,✐ ✜①❡% ❧❡, ❞✐✛0%❡♥(, 0❧0♠❡♥(, ❞♦♥( ♥♦✉, ❛✈♦♥, ❜❡,♦✐♥

♣♦✉% ❧❡, 0(✉❞❡, ❝♦♠♠❡ ✿ ❧❛ ✜①❛(✐♦♥ ❞❡, ,✉♣♣♦%(, ♣♦✉% ❧❡ ❞0(❡❝(❡✉%✱ ♠❛✐, ❛✉,,✐ ❝❡❧✉✐ ❞❡, ,♦✉%❝❡,✱
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◦
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◦
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✭❛✈❡❝ ✉♥❡ ♣'1❝✐-✐♦♥ < ✶

◦
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✭❛✮ ✭❜✮
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❋L●❆✮ ♣♦✉$ ✉♥ ,♦,❛❧ ❞❡ ✹ ✈♦✐❡. ❞✬❛❝4✉✐.✐,✐♦♥ ❡, ✉♥❡ ❢$%4✉❡♥❝❡ ❞✬%❝❤❛♥,✐❧❧♦♥♥❛❣❡ ❞❡ ✶✵✵ ▼❍③ ✭❝❢✳

✜❣✳ ✼✳✶✵❛✮✳ ❊❧❧❡. ♣♦..O❞❡♥, ♣❧✉.✐❡✉$. ♠♦❞❡. ❞✬❛❝4✉✐.✐,✐♦♥✱ ❞❡ ❞%❝❧❡♥❝❤❡♠❡♥, ❡, ❞❡ ❣❡.,✐♦♥✳

▲❡ ♣$❡♠✐❡$ ♠♦❞❡ ❞✬❛❝4✉✐.✐,✐♦♥ 4✉❡ ♥♦✉. ❛✈♦♥. ♠❛❥♦$✐,❛✐$❡♠❡♥, ✉,✐❧✐.% ❧♦$. ❞❡. %,✉❞❡. %,❛✐, ❧❡ ♠♦❞❡

✧%♥❡$❣✐❡✧✳ ❈❡ ❞❡$♥✐❡$ ♥♦✉. ♣❡$♠❡, ❞❡ ❝♦♥.,$✉✐$❡ ✉♥ .♣❡❝,$❡ ❡♥ %♥❡$❣✐❡ ❞✬✉♥❡ .♦✉$❝❡✳ ■❧ ✉,✐❧✐.❡✱

❡♥ ,❡♠♣. $%❡❧✱ ❧✬❛❧❣♦$✐,❤♠❡ ❏♦$❞❛♥♦✈ ✭4✉✐ .❡$❛ ❞%,❛✐❧❧% ♣❛$ ❧❛ .✉✐,❡✮ 4✉✐ ♥♦✉. ♣❡$♠❡, ❞❡ ♠❡.✉$❡$

❧✬%♥❡$❣✐❡ ❞%♣♦.%❡ ❞❛♥. ❧❡ ❞%,❡❝,❡✉$✳ ■❧ ♣♦..O❞❡ ♣❧✉.✐❡✉$. ♣❛$❛♠O,$❡.✱ 4✉✬✐❧ ❡., ✐♠♣♦$,❛♥, ❞✬♦♣,✐♠✐.❡$

♣♦✉$ $%❛❧✐.❡$ ❧❡. ♠❡.✉$❡. ❞❛♥. ❞❡. ❝♦♥❞✐,✐♦♥. ♦♣,✐♠❛❧❡.✳ ▲❡ .❡❝♦♥❞ ♠♦❞❡ ❞✬❛❝4✉✐.✐,✐♦♥ ✭♠♦❞❡ ,$❛❝❡✮

❡♥$❡❣✐.,$❡ ❞❛♥. ✉♥ ❢♦$♠❛, ❜✐♥❛✐$❡ ❧✬❡♥.❡♠❜❧❡ ❞❡. ,$❛❝❡. ♣$♦❞✉✐,❡. ♣❛$ ❧❡ ❞%,❡❝,❡✉$ ✭❛✉✲❞❡..✉. ❞✬✉♥

❝❡$,❛✐♥ ♥✐✈❡❛✉ ❞❡ ❞%❝❧❡♥❝❤❡♠❡♥,✮ ❝♦♠♠❡ ♣♦✉$$❛✐, ❧❡ ❢❛✐$❡ ✉♥ ♦.❝✐❧❧♦.❝♦♣❡✳ ❖♥ ♣❡✉, $%❣❧❡$ ❧❡ ♥♦♠❜$❡

❞❡ ♣♦✐♥,. ,♦,❛✉① ❛✐♥.✐ 4✉❡ ❧❡ ♥♦♠❜$❡ ❞❡ ♣♦✐♥,. ❛✈❛♥, ❧❡ ❞%❝❧❡♥❝❤❡♠❡♥,✳ ❈❡❧❛ ♥♦✉. ♣❡$♠❡, ❞♦♥❝

❞❡ ,$❛✈❛✐❧❧❡$ ❞✐$❡❝,❡♠❡♥, .✉$ ❝❡. ,$❛❝❡. ❧♦$. ❞❡. ❛♥❛❧②.❡. ♦✛✲❧✐♥❡ ♣♦✉$ ❛✐♥.✐ ❢❛✐$❡ ❞✉ ,$❛✐,❡♠❡♥, ❞✉

.✐❣♥❛❧ ✿ ♦♣,✐♠✐.❛,✐♦♥ ❞❡. ♣❛$❛♠O,$❡. ❞❡ ❧✬❛❧❣♦$✐,❤♠❡ ❏♦$❞❛♥♦✈ ♦✉ ❜✐❡♥ ❛♥❛❧②.❡ ❞❡ ❢♦$♠❡ ❞✬✐♠♣✉❧.✐♦♥

❞✬♦♥❞❡. ✭%✉❧4❡ ❙❤❛♣❡ ❆♥❛❧②4✐4 ♦✉ L❙❆ ♣❛$ ❧❛ .✉✐,❡✮✳

❉❡ ♣❧✉.✱ ❧♦$. ❞❡ ❧✬✉,✐❧✐.❛,✐♦♥ ❞❡. ✷✹ ✈♦✐❡. ♣$%❛♠♣❧✐✜❝❛,❡✉$.✱ ✉♥❡ ❢♦♥❝,✐♦♥♥❛❧✐,% ❞❡ ❝❡. ❝❛$,❡. ❚◆❚✷

.②♥❝❤$♦♥✐.❡ ,❡♠♣♦$❡❧❧❡♠❡♥, ❧❡. ✻ ❝❛$,❡. ✉,✐❧✐.%❡.✳ ❈❡,,❡ .②♥❝❤$♦♥✐.❛,✐♦♥ ❡., ❞✬❛✉,❛♥, ♣❧✉. ✐♠♣♦$✲

,❛♥,❡ 4✉❡✱ .✉$ ❧❛ ✜♥ ❞❡. ❝❛$❛❝,%$✐.❛,✐♦♥.✱ ♥♦✉. ❛✈♦♥. %,% ❛♠❡♥%. 1 ❡✛❡❝,✉❡$ ❞❡. ❝♦$$%❧❛,✐♦♥. .♣❛,✐♦✲

,❡♠♣♦$❡❧❧❡. ❡♥,$❡ ❧❡. ❞✐✛%$❡♥,❡. ✈♦✐❡.✴♣✐①❡❧.✳ ➱,✉❞❡. 4✉✐ ♥✬❛✉$❛✐❡♥, ♣❛. %,% ♣♦..✐❜❧❡. ❛✉,$❡♠❡♥, 4✉❡

❝❛$,❡ ♣❛$ ❝❛$,❡ .❛♥. ❝❡,,❡ .②♥❝❤$♦♥✐.❛,✐♦♥✳
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✭❛✮

✭❜✮

❋✐❣✉$❡ ✼✳✶✵ ✕ ✭❛✮ ❱✉❡ ❞,-❛✐❧❧,❡ ❞❡0 ❝❛2-❡0 ,❧❡❝-2♦♥✐5✉❡0 ✹ ✈♦✐❡0 ❞✐❣✐-❛❧ ❚◆❚✷ ❬✶✶✼❪ ✱ ✭❜✮ ❈❤B00✐0 ◆■▼ ❛✈❡❝ ❧❡0 ✻ ❝❛2-❡0 ❚◆❚✷

✴ ✭❛✮ ●❡♥❡&❛❧ ✈✐❡✇ ♦❢ -❤❡ ✹ ❝❤❛♥♥❡❧1 ❞✐❣✐-❛❧ ❝❛&❞ ❚◆❚✷ ✱ ✭❜✮ ◆■▼ ❈&❛-❡ ✇✐-❤ -❤❡ ✻ ❚◆❚✷ ❝❛&❞1 ♣❧✉❣❣❡❞

✖ ❚%❛✐(❡♠❡♥( ❞❡ ❞♦♥♥.❡/ ✿ ❆❧❣♦%✐(❤♠❡ ❏♦%❞❛♥♦✈ ❬✶✷✾❪

▲✬❛❧❣♦%✐(❤♠❡ ❏♦%❞❛♥♦✈ ♣❡%♠❡( ❞❡ (%❛♥/❢♦%♠❡% ✉♥ /✐❣♥❛❧ ✐//✉ ❞❡/ ♣%.❛♠♣❧✐✜❝❛(❡✉%/ ❡♥ ✉♥ /✐❣♥❛❧

(%❛♣.③♦C❞❛❧ ✭❝❢✳ ✜❣✳ ✼✳✶✶✮✳ ▲❡ /✐❣♥❛❧ ♣%♦✈❡♥❛♥( ❞✉ ♣%.❛♠♣❧✐✜❝❛(❡✉% ❡/( ♥✉♠.%✐/. ♣❛% ❧❛ ❝❛%(❡ ❚◆❚✷✱

❡( /❡%( ❞❡ ❜❛/❡ ♣♦✉% ❝❡((❡ (%❛♥/❢♦%♠❛(✐♦♥✳ ❈❡( ❛❧❣♦%✐(❤♠❡ %.❝✉%/✐❢✱ L✉❛/✐ (❡♠♣/✲%.❡❧✱ ❡/( ❞.❝♦♠♣♦/.

❡♥ ♣❧✉/✐❡✉%/ .(❛♣❡/ L✉✐ ✈♦♥( ♠♦❞✐✜❡% ❧❡ /✐❣♥❛❧ ❡①♣♦♥❡♥(✐❡❧ ❞✐❣✐(❛❧✐/. ✭✈✭♥✮ ❞❛♥/ ❧❡/ .L✉❛(✐♦♥/✮ ❡♥

✉♥ /✐❣♥❛❧ (%❛♣.③♦C❞❛❧ /②♠.(%✐L✉❡ ✭/✭♥✮ ❡♥ /♦%(✐❡ ❞✬.L✉❛(✐♦♥✮ ✿

dk,l(n) = v(n)− v(n− k)− v(n− l) + v(n+ k + l) ✭✼✳✶✮

p(n) = p(n− 1) + dk,l(n), n ≥ 0 ✭✼✳✷✮

r(n) = p(n) +M × dk,l(n) ✭✼✳✸✮

s(n) = s(n− 1) + r(n), n ≥ 0 ✭✼✳✹✮

❖S ✈✭♥✮✱ ♣✭♥✮ ❡( /✭♥✮ /♦♥( ♥✉❧/ ♣♦✉% ♥ < ✵✳

❉❡ ♣❧✉/✱ ♥♦✉/ ♣♦✉✈♦♥/ /✐♠♣❧✐✜❡% ❧✬.L✉❛(✐♦♥ ✼✳✶ ❡♥ .❝%✐✈❛♥( ✿

dk(n) = v(n)− v(n− k) ✭✼✳✺✮

dk,l(n) = dk(n)− dk(n− l) ✭✼✳✻✮

▲❡ ♣❛%❛♠W(%❡ ▼ ❞.♣❡♥❞ ✉♥✐L✉❡♠❡♥( ❞✉ (❡♠♣/ ❞❡ ❞.❝%♦✐//❛♥❝❡ ❞✉ /✐❣♥❛❧ ❡①♣♦♥❡♥(✐❡❧ τ ❡( ❞❡ ❧❛

♣.%✐♦❞❡ ❞✬.❝❤❛♥(✐❧❧♦♥♥❛❣❡ ❞✉ ♥✉♠.%✐/❡✉% ❚clk ❡( ❡/( ❞♦♥♥. ♣❛% ✿

M =
1

e
Tclk
τ − 1

✭✼✳✼✮
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#♦✉& ❞❡) ✈❛❧❡✉&) ❞❡ τ✴❚clk >✺ ♦♥ ♣❡✉2 ❛♣♣&♦①✐♠❡& ❧❡ ♣❛&❛♠62&❡ ▼ ≈ τ✴❚clk ✲ ✵✳✺✳

◆♦✉) ♣♦✉✈♦♥) &❡♠❛&<✉❡& <✉✬✐❧ ② ❛ ✷ ♣❛&❛♠62&❡) ❞♦♥2 ❞@♣❡♥❞ ❝❡2 ❛❧❣♦&✐2❤♠❡ ❡2 <✉✐ ♥❡ )♦♥2 ♣❛)

)♣@❝✐✜@) ❞❛♥) ❝❡ ❥❡✉ ❞✬@<✉❛2✐♦♥) ✿ ❦ ❡2 ❧✳ ❈❡) ♣❛&❛♠62&❡) )❡&✈❡♥2 H ❞@✜♥✐& ❧❛ ❢♦&♠❡ ❞✉ 2&❛♣6③❡ ✿ ❧❡

2❡♠♣) ❞❡ ♠♦♥2@❡ ❡2 ❧❛ ❧❛&❣❡✉& ❞✉ ♣❧❛2❡❛✉ ✳ ❊♥ ❡✛❡2✱ H ♣❛&2✐& ❞❡ ❝❡) @<✉❛2✐♦♥) ♦♥ ❡①2&❛✐2 ❧❡ 2❡♠♣)

❞❡ ♠♦♥2@❡ ❞✉ 2&❛♣6③❡ <✉✐ ❝♦&&❡)♣♦♥❞ ❛✉ ♣❛&❛♠62&❡ ❞❡ ♣❧✉) ♣❡2✐2❡ ✈❛❧❡✉& ✿ ♠✐♥✭❦✱❧✮✳ ❚❛♥❞✐) <✉❡ ❧❡

♣❧❛2❡❛✉ ❞✉ 2&❛♣6③❡ ❡)2 ❞@2❡&♠✐♥@ ♣❛& ❧❛ ✈❛❧❡✉& ❛❜)♦❧✉❡ ❞❡ ❧❛ ❞✐✛@&❡♥❝❡ ❡♥2&❡ ❦ ❡2 ❧ ✿ ❛❜*✭❦✲❧✮✳

❋✐❣✉$❡ ✼✳✶✶ ✕ ▼✐&❡ ❡♥ ♦❡✉✈,❡ ❞❡ ❧✬❛❧❣♦,✐2❤♠❡ ❏♦,❞❛♥♦✈ ❞❛♥& ❧❡& ❝❛,2❡& ❚◆❚✷ ✴❉✐❣✐#✐③❛❧❛#✐♦♥ ♦❢ #❤❡ ,✐❣♥❛❧ ❛♥❞ ✐♠♣❧❡♠❡♥#❛#✐♦♥

♦❢ #❤❡ ❏♦1❞❛♥♦✈ ❛❧❣♦1✐#❤♠ ✐♥,✐❞❡ #❤❡ ❚◆❚✷ ❜♦❛1❞

❈❡) ♣❛&❛♠62&❡) )♦♥2 ❞@✜♥✐) ♣❛& ❧✬✉2✐❧✐)❛2❡✉& ❧♦&) ❞❡ ❧❛ ♣&✐)❡ ❞❡ ❞♦♥♥@❡)✱ ❞✐&❡❝2❡♠❡♥2 )✉& ❧✬✐♥2❡&❢❛❝❡

❚◆❚✱ ♦✉ ❡♥ 2❛♥2 <✉❡ ♣❛&❛♠62&❡ ❞✬❡♥2&@❡ ❧♦&) ❞❡) ❛♥❛❧②)❡) ♦✤✐♥❡ ❧♦&) ❞❡) ♣&✐)❡) ❞❡ ❞♦♥♥@❡) ❡♥ ♠♦❞❡

2&❛❝❡✳ #♦✉& ✉♥ ❢♦♥❝2✐♦♥♥❡♠❡♥2 ♦♣2✐♠❛❧ ❞✉ ❞@2❡❝2❡✉&✱ ✐❧ ❝♦♥✈✐❡♥2 ❞♦♥❝ ❞✬♦♣2✐♠✐)❡& ❝❡) ♣❛&❛♠62&❡)✳

❊♥ ❡✛❡2✱ ❝♦♠♠❡ ♥♦✉) ❧❡ ✈❡&&♦♥) ♣❛& ❧❛ )✉✐2❡✱ ❝❡) ❞❡&♥✐❡&) ✐♥✢✉❡♥❝❡♥2 ❧❛ ♠❡)✉&❡ ❞❡ ❧✬@♥❡&❣✐❡ ❡2 ❞♦♥❝
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❞-(❡&♠✐♥❛(✐♦♥ ❞✉ ♣♦✐♥( ❞❡ ❢♦♥❝(✐♦♥♥❡♠❡♥( ❞❡ ❝❡ ❞❡&♥✐❡& ❡♥ ❝♦♥❞✐(✐♦♥/ &-❡❧❧❡/✳

✖ ▼❛(&✐❝❡ (❡♥/✐♦♥✴(❡♠♣-&❛(✉&❡ ✿

❯♥❡ ❢♦✐/ ❧❡ ❞-(❡❝(❡✉& ✐♥/(❛❧❧- /✉& ❧❡ ❜❛♥❝ ❞❡ (❡/( ❡( ❝♦♥✜❣✉&- ❛✈❡❝ ❧❡/ ♣❛&❛♠9(&❡/ ✐♥✐(✐❛✉① ✿ (❡♠✲

♣-&❛(✉&❡ ❛♠❜✐❛♥(❡ ❡( (❡♥/✐♦♥ ❞❡ ❞-♣❧-(✐♦♥ ❞-(❡&♠✐♥-❡ ♣❛& ❧❡/ (❡/(/ ❡♥ /❛❧❧❡ ❜❧❛♥❝❤❡✱ ♥♦✉/ ♣♦✉✈♦♥/

❛❧♦&/ ❝♦♠♠❡♥❝❡& ❧✬-(✉❞❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡/ ❞❡✉① ♣❛&❛♠9(&❡/ /✉& ❧❡ ❞-(❡❝(❡✉& 4 ❧✬❛✐❞❡ ❞❡ ❧❛ /♦✉&❝❡

(&✐✲❛❧♣❤❛ /✉& ✉♥ ♣✐①❡❧ ❞❡ &-❢-&❡♥❝❡✳
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❋✐❣✉$❡ ✼✳✶✷ ✕ ❉✐'♣♦'✐*✐❢ ❞❡ ♠❡'✉0❡ ❡♥ '❛❧❧❡ ❜❧❛♥❝❤❡ ♣♦✉0 ❧❡' ❝❛0❛❝*70✐'❛*✐♦♥' ■✭❱✮✴❈✭❱✮ ❧♦0' ❞❡ ❧❛ 07❝❡♣*✐♦♥ ❞❡' ❞7*❡❝*❡✉0'

✴ ❙❡"✉♣ ❢♦' "❤❡ ❝✉''❡♥" "❡♥+✐♦♥ ❛♥❞ ❝❛♣❛❝✐"❛♥❝❡ "❡♥+✐♦♥ ❝❤❛'❛❝"❡'✐③❛"✐♦♥ ✐♥ ❝❧❡❛♥ '♦♦♠ ❛" "❤❡ '❡❝❡♣"✐♦♥ ♦❢ "❤❡ ❞❡"❡❝"♦'+

"♦✉% &'✉❞✐❡% ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡0 ♣❛%❛♠4'%❡0✱ ♥♦✉0 %&❛❧✐0♦♥0 ✉♥❡ 0&%✐❡ ❞❡ ♠❡0✉%❡0 ❛②❛♥' ♣♦✉% ♦❜❥❡❝✲

'✐❢ ❞❡ ❝♦♥0'%✉✐%❡ ✉♥❡ ♠❛'%✐❝❡ ❞❡0 %&0♦❧✉'✐♦♥0 ✭❧❛%❣❡✉% = ♠✐✲❤❛✉'❡✉% ❋✉❧❧ ❲✐❞&❤ ❛& ❍❛❧❢ ▼❛①✐♠✉♠

♦✉ ❋❲❍▼ ♣%✐0❡ ♣♦✉% ❧✬&♥❡%❣✐❡ ❞❡ ❧✬❆♠ ❞❡ ❧❛ 0♦✉%❝❡ '%✐✲❛❧♣❤❛✮ ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ '❡♥0✐♦♥ ❡' ❞❡ ❧❛

'❡♠♣&%❛'✉%❡✳ ❈❡''❡ ♠❛'%✐❝❡ ♥♦✉0 ♣❡%♠❡' ❛❧♦%0 ❞❡ ❞&'❡%♠✐♥❡% ❧❡ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' ♦♣'✐♠❛❧

❞✉ ❞&'❡❝'❡✉%✳ ❈❡❧✉✐✲❝✐ ❡0' ❝❤♦✐0✐ ❞❡ '❡❧❧❡ ♠❛♥✐4%❡ = ❛✈♦✐% ❧❡ ♠❡✐❧❧❡✉% ❝♦♠♣%♦♠✐0 ❡♥'%❡ ❧❡0 ✈❛❧❡✉%0

❞❡ '❡♥0✐♦♥✴'❡♠♣&%❛'✉%❡ ❡' ❝❡❧❧❡0 ❞❡ ❝♦✉%❛♥'0 ❞❡ ❢✉✐'❡✳ ❈❡ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' ♥♦✉0 ❛00✉%❡%❛

♥♦♥ 0❡✉❧❡♠❡♥' ❞❡0 ♣❡%❢♦%♠❛♥❝❡0 ♦♣'✐♠❛❧❡0 ♠❛✐0 ❛✉00✐ ✉♥❡ ❜♦♥♥❡ %❡♣%♦❞✉❝'✐❜✐❧✐'& ❞❛♥0 ❧❡0 ♠❡0✉%❡0

❢✉'✉%❡0✳ ❉❡0 ❡①❡♠♣❧❡0 ❞❡ ❝❡0 ❞✐'❡0 ♠❛'%✐❝❡0 0❡%♦♥' ❞♦♥♥&❡0 ❞❛♥0 ❧❡ ❝❤❛♣✐'%❡ ✽ ❧♦%0 ❞✉ ❞&'❛✐❧0 ❞❡ ❧❛

❝❛%❛❝'&%✐0❛'✐♦♥ ❞❡ ❝❤❛❝✉♥ ❞❡0 ❞&'❡❝'❡✉%0✳

✖ ❖♣'✐♠✐0❛'✐♦♥ ❞❡0 ♣❛%❛♠4'%❡0 ❏♦%❞❛♥♦✈ ✿

❯♥❡ ❢♦✐0 ❧❡ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' '❡♥0✐♦♥✴'❡♠♣&%❛'✉%❡ ❞&'❡%♠✐♥&✱ ✐❧ ♥♦✉0 %❡0'❡ ❡♥❝♦%❡ = ♦♣'✐♠✐0❡%

❧❡0 ♣❛%❛♠4'%❡0 ❞✬❛❝Q✉✐0✐'✐♦♥ ❞❡ ❧✬&❧❡❝'%♦♥✐Q✉❡ ✿ ❧❡0 ♣❛%❛♠4'%❡0 ❏♦%❞❛♥♦✈ ❦ ❡' ❧✳ ❊♥ ❡✛❡'✱ ❧♦%0 ❞❡ ❧❛

❞&'❡%♠✐♥❛'✐♦♥ ❞✉ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥'✱ ♥♦✉0 ❛✈✐♦♥0 %❡♥'%&0 ❞❡0 ♣❛%❛♠4'%❡0 ✧❝❧❛00✐Q✉❡0✧ ♣♦✉% ❦

❡' ❧ ✭✈❛❧❡✉%0 '②♣✐Q✉❡0 ♣♦✉% ❧❡0 ❞&'❡❝'❡✉%0 0✐❧✐❝✐✉♠✮✳ ■❧ ❝♦♥✈✐❡♥' ❞♦♥❝ ❞❡ %❡❢❛✐%❡ ✉♥❡ ♣%✐0❡ ❞❡ ❞♦♥♥&

= ❧✬❛✐❞❡ ❞✉ ♠♦❞❡ '%❛❝❡ ❞❡0 ❝❛%'❡0 ❚◆❚✷✱ ❡' ❛✐♥0✐ ♦♣'✐♠✐0❡% ❧❡0 ♣❛%❛♠4'%❡0 ❞❡ ❧✬❛❧❣♦%✐'❤♠❡ ♦✛✲❧✐♥❡✳

❏✬❛✐ ❞♦♥❝ ❞&✈❡❧♦♣♣& ✉♥ ❝♦❞❡ ♥♦✉0 ♣❡%♠❡''❛♥'✱ = ❧✬❛✐❞❡ ❞✬✉♥ ✜❝❤✐❡% ❞❡ '%❛❝❡0 ♣%✐0❡0 ❛✉ ♣♦✐♥' ❞❡

❢♦♥❝'✐♦♥♥❡♠❡♥'✱ ❞✬♦♣'✐♠✐0❡% ❝❡0 ♣❛%❛♠4'%❡0✳

"♦✉% ❝❡ ❢❛✐%❡✱ ❧❡ ❝♦❞❡ ♣%♦❝4❞❡ = ❧❛ ❧❡❝'✉%❡ ❞❡ ❝❡ ✜❝❤✐❡% ❞❡ %&❢&%❡♥❝❡ ✉♥ ❝❡%'❛✐♥ ♥♦♠❜%❡ ❞❡ ❢♦✐0

✭❡♥ ❢♦♥❝'✐♦♥ ❞✉ ♥♦♠❜%❡ ❞✬✐'&%❛'✐♦♥0 ♣♦✉% ❦ ❡' ❧ ❝❤♦✐0✐0✮ ❛♣♣❧✐Q✉❛♥' ❞❡ ♥♦✉✈❡❛✉① ♣❛%❛♠4'%❡0 =

❝❤❛Q✉❡ ✐'&%❛'✐♦♥✳ ▲❡0 ✈❛❧❡✉%0 ❞❡ %&0♦❧✉'✐♦♥ ❞✉ ♣✐❝ ❞❡ ❧✬❆♠ 0♦♥' ❛❧♦%0 0'♦❝❦&❡0 ❞❛♥0 ✉♥❡ ♠❛'%✐❝❡✱ Q✉✐

♥♦✉0 0❡%✈✐%❛ ❛ ♣♦4&❡5✐♦5✐ = ❞&'❡%♠✐♥❡% ❧❡0 ♣❛%❛♠4'%❡0 ♦♣'✐♠❛✉① ♣♦✉% ❧❡ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' ✿

♣❛%❛♠4'%❡0 ♦♣'✐♠❛✉① ❞&'❡%♠✐♥&0 0✐♠♣❧❡♠❡♥' ♣❛% ✉♥❡ %❡❝❤❡%❝❤❡ ❞❡ ♠✐♥✐♠❛ ❞❛♥0 ❧❛ ♠❛'%✐❝❡✳ ❉❡0

❡①❡♠♣❧❡0 ❞❡ ❝❡0 ❞✐'❡0 ♠❛'%✐❝❡0 0❡%♦♥' ❞♦♥♥&0 ❞❛♥0 ❧❡ ❝❤❛♣✐'%❡ ✽ ❧♦%0 ❞✉ ❞&'❛✐❧ ❞❡ ❧❛ ❝❛%❛❝'&%✐0❛'✐♦♥0

❞❡ ❝❤❛❝✉♥ ❞❡0 ❞&'❡❝'❡✉%0✳

❈❡0 ♣❛%❛♠4'%❡0 0♦♥' ❧❡ ♣❧✉0 0♦✉✈❡♥' ♣%♦♣%❡0 ❛✉ ❞&'❡❝'❡✉%✱ ❛✉ ♣♦✐♥' ❞❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' ♠❛✐0 ❛✉00✐ =

❧✬♦%✐❡♥'❛'✐♦♥ ❞✉ ❞&'❡❝'❡✉%✳ ▲❡0 ♣❛%❛♠4'%❡0 ♦❜'❡♥✉0 0♦♥' ❡♥0✉✐'❡ %❡'%❛♥0❝%✐'0 ❞❛♥0 ❧❡0 ❝❛%'❡0 ❚◆❚✷✱
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❡$ ✉$✐❧✐()( ❞❛♥( ❧❡( ♣.✐(❡( ❞❡ ♠❡(✉.❡( (✉✐✈❛♥$❡(✳ ❈❡❝✐ ♥♦✉( ♣❡.♠❡$ ❛✐♥(✐ ❞❡ $.❛✈❛✐❧❧❡. ❡♥ ♠♦❞❡ )♥❡.❣✐❡

(✉. ❧❡( ❝❛.$❡( ❚◆❚✷✱ ❡$ ❞♦♥❝ ❞❡ ❧✐♠✐$❡. ❧✬❡(♣❛❝❡ ❞✐(:✉❡ ♦❝❝✉♣) ❧♦.( ❞❡( ♣.✐(❡( ❞❡ ❞♦♥♥)❡(✳

▲❡ (❡✉❧ ♣♦✐♥$ :✉❡ ♥♦✉( ♥❡ ♣♦✉✈♦♥( ♣❛( .)❣❧❡. ❛✉ ♣.)❛❧❛❜❧❡ = ❧✬❛✐❞❡ ❞❡ ❝❡( ❝♦❞❡(✱ ❡($ ❧❡ .)❣❧❛❣❡ ❞✉

♣>❧❡ ③).♦ ✭❧❡ ♣❛.❛♠A$.❡ ▼ ❞❛♥( ❧✬❛❧❣♦.✐$❤♠❡ ❏♦.❞❛♥♦✈✮✳ ❈❡ ❞❡.♥✐❡. )$❛♥$ ❧✐) ❛✉ ♣.)❛♠♣❧✐✜❝❛$❡✉.

❡$ = (♦♥ $❡♠♣( ❞❡ ❞)❝.♦✐((❛♥❝❡ .)❡❧❧❡✱ ❝❡❧❛ .❡($❡ = .)❣❧❡. ❧♦.( ❞❡ ❧❛ ♣.✐(❡ ❞❡( ❞♦♥♥)❡(✱ ♠❛✐( ♣♦✉. ❧❡

♠♦❞❡ )♥❡.❣✐❡ (❡✉❧❡♠❡♥$✳

✖ ▼❛♣♣✐♥❣ ❞❡ .)(♦❧✉$✐♦♥ ✿

❯♥❡ ❢♦✐( ❧✬❡♥(❡♠❜❧❡ ❞❡( ♣❛.❛♠A$.❡( ✐♥✢✉❛♥$ (✉. ❧❡ ❞)$❡❝$❡✉. ♠❛L$.✐() ❡$ ♦♣$✐♠✐()✱ ♦♥ ♣❡✉$ ❛❧♦.( ❢❛✐.❡

✉♥❡ )$✉❞❡ ♣❧✉( ❣❧♦❜❛❧❡ ❞❡ ❝❡ ❞❡.♥✐❡.✳ ❈✬❡($ = ❝❡ ♠♦♠❡♥$ ❧= :✉❡ ❧✬♦♥ ✈❛ )$✉❞✐❡.✱ ♣✐①❡❧ ♣❛. ♣✐①❡❧✱ ❧❡

❞)$❡❝$❡✉. ❡$ ❛✐♥(✐ ✈❛❧✐❞❡. (♦♥ ❢♦♥❝$✐♦♥♥❡♠❡♥$ ❡$ (❡( ♣❡.❢♦.♠❛♥❝❡( ✈✐(✲=✲✈✐( ❞✉ ❝❛❤✐❡. ❞❡( ❝❤❛.❣❡(

❞❡ ❧❛ ❝♦❧❧❛❜♦.❛$✐♦♥✳ ❈✬❡($ ❛✉((✐ ❧✬♦❝❝❛(✐♦♥ ❞❡ ❝❛.❛❝$).✐(❡. ❧❡ ❞)$❡❝$❡✉. = ❧✬❛✐❞❡ ❞❡( ❛✉$.❡( (♦✉.❝❡( =

❞✐(♣♦(✐$✐♦♥ ❡$ ❛✐♥(✐ ✈❛❧✐❞❡. (❡( ♣❡.❢♦.♠❛♥❝❡( (✉. ❧✬❡♥(❡♠❜❧❡ ❞❡ ❧❛ ❣❛♠♠❡ ❛❝❝❡((✐❜❧❡ ❡♥ )♥❡.❣✐❡ (✉.
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❈✳ ■♥ ♦0❞❡0 *♦ ♦♣*✐♠✐③❡ *❤❡ ❏♦0❞❛♥♦✈ ♣❛0❛♠❡*❡07✱ ✇❡

❜✉✐❧* *❤❡ 0❡7♦❧✉*✐♦♥ ♠❛*0✐① ♦❜*❛✐♥❡❞ ✇✐*❤ ❛ 0❛♥❣❡ ♦❢ ♣❛0❛♠❡*❡07 ✭❝❢✳ ✜❣✳ ✽✳✻✮ ❛♥❞ *♦♦❦ *❤❡ ♠✐♥✐♠✉♠ ❛7

*❤❡ ♦♣*✐♠✉♠ ♣❛0❛♠❡*❡07 *♦ ✐♠♣❧❡♠❡♥* ✐♥*♦ *❤❡ ❚◆❚✷ ❝❛0❞✳

❆❢*❡0 *❤✐7 ♦♣*✐♠✐③❛*✐♦♥✱ ✇❡ ♣❡0❢♦0♠❡❞ *❤❡ 0❡❢❡0❡♥❝✐♥❣ ♦❢ *❤❡ 0❡7♦❧✉*✐♦♥ ♦♥ *❤❡ ♣✐①❡❧ ✺✼✱ ❛♥❞ ♦❜*❛✐♥❡❞

✶✼✳✻ ❦❡❱ ❛* ✺✳✹ ▼❡❱ ✭❝❢✳ ✜❣✳ ✽✳✼✮ ❢♦0 *❤❡ α 7♦✉0❝❡ ❛♥❞ ✶✺✳✺ ❦❡❱ ❛* ✹✽✶ ❦❡❱ ❢♦0 *❤❡

207
❇✐ ❡❧❡❝*0♦♥7 ✭❝❢✳ ✜❣✳

✽✳✽✮✳ ❈♦♥✜❞❡♥* ✐♥ *❤❡7❡ 0❡7✉❧*7✱ ✇❡ *❤❡♥ ❝❤❛0❛❝*❡0✐③❡❞ ❛❧❧ *❤❡ ✇♦0❦✐♥❣ ♣✐①❡❧7 ♦❢ *❤❡ ❞❡*❡❝*♦07 ✭✺✼ ♦❢ *❤❡♠✮

❛♥❞ ♦❜*❛✐♥❡❞ ❛♥ ❛✈❡0❛❣❡ 0❡7♦❧✉*✐♦♥ ♦❢ ✶✼ ❦❡❱ *❤0♦✉❣❤ *❤❡ ❞❡*❡❝*♦0 ✭❝❢✳ ✜❣✳ ✽✳✾✮✳

❚❤✐7 ❞❡*❡❝*♦0 ❛❧7♦ ❛❧❧♦✇❡❞ ✉7 *♦ ❜❡❣✐♥ *❤❡ 7*✉❞✐❡7 ❛0♦✉♥❞ *❤❡ ♣✐①❡❧ 0❡❞✉❝✐♥❣✱ 7*❛0*✐♥❣ ✇✐*❤ *❤❡ ❡✈♦❧✉*✐♦♥

♦❢ *❤❡ 0❡7♦❧✉*✐♦♥ ✐♥ ❢✉♥❝*✐♦♥ ♦❢ *❤❡ ❝❛♣❛❝✐*② ♦❢ *❤❡ 0❡❞✉❝❡❞ ♣✐①❡❧ ✭❝❢✳ ✜❣✳ ✽✳✶✵✮✳ ❚❤✐7 ✇❛7 ❛❧7♦ ❞♦♥❡ ✐♥ ♦0❞❡0

*♦ ❞❡*❡0♠✐♥❡ *❤❡ ♠❛①✐♠✉♠ ❝❛♣❛❝✐*② *❤❛* ✇❡ ❝❛♥ ❣❛*❤❡0 ✐♥ *❤❡ ✜♥❛❧ 0❡❞✉❝❡❞ ❝♦♥✜❣✉0❛*✐♦♥ ♣❡0 ♣✐①❡❧ ✭∼
✶✷✵ ♣❋ 7❡❡ ❛♥♥❡① ❇✮✳ ❚❤✐7 ❞❡*❡❝*♦0 ❛❧7♦ ❛❧❧♦✇❡❞ ✉7 *♦ ✜① 7♦♠❡ ✉♥❝❡0*❛✐♥*② ❛❜♦✉* *❤❡ ♦0✐❡♥*❛*✐♦♥ ♦❢ *❤❡

❞❡*❡❝*♦0 ✭❥✉♥❝*✐♦♥ ♦0 ♦❤♠✐❝ 7✐❞❡ ✐♥7✐❞❡ *❤❡ 7✐❧✐❝♦♥ ❜♦①✮ ♦♥ *❤❡ ✜♥❛❧ 7❡*✉♣✳

❉❡"❡❝"♦% ♥

◦
✷✾✽✼✲✶✼ ✿ 0%❡✲❙❡%✐❡3

❚❤✐7 *❤✐0❞ ❞❡*❡❝*♦0 ✐7 *❤❡ ❧❛7* ♦♥❡ ❞❡❧✐✈❡0❡❞ ❜② ▼■❈❘❖◆ ❙❡♠✐❝♦♥❞✉❝*♦0 ▲*❞✳ ❬✶✷✸❪✱ ❛♥❞ ✐* ✐7 *❤❡

✜07* ♦♥❡ ❢✉❧❧② ❢✉♥❝*✐♦♥❛❧ ❛♥❞ ♠♦✉♥*❡❞ ♦♥ *❤❡ ❧❛7* ❣❡♥❡0❛*✐♦♥ ♦❢ ❤②❜0✐❞ ❢0❛♠❡ ✭❝❢✳ ✜❣✳ ✽✳✶✶❛✮✳ ❉✉0✐♥❣ *❤❡

♣0♦❞✉❝*✐♦♥ ♦❢ *❤❡ ❢0❛♠❡ 7❡♥* *♦ ▼■❈❘❖◆ ❙❡♠✐❝♦♥❞✉❝*♦0 ▲*❞✳✱ ✇❡ ❛❧7♦ ♣0♦❞✉❝❡❞ ❡①*0❛ ❢0❛♠❡7 ❢♦0 ❢✉*✉0❡

❞❡*❡❝*♦07✱ ❛7 ✇❡❧❧ ❛7 7♦♠❡ ❢♦0 *❤❡ *❡7*✐♥❣ ♦❢ *❤❡ ✸❉ ♠♦✉♥*✐♥❣ ♦❢ *❤❡ ❢♦❝❛❧ ♣❧❛♥ ❝♦♥✜❣✉0❛*✐♦♥ ✿ 0❡♣❧❛❝✐♥❣

7✐❧✐❝♦♥ ✇✐*❤ ❝❛0❜♦♥ ❢0❛♠❡ ✭❝❢✳ ✜❣✳ ✽✳✶✶❜✮✳
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❆# #♣❡❝✐✜❡❞ ✐♥ +❤❡ ❝❤❛.❛❝+❡.✐③❛+✐♦♥ ♣.♦+♦❝♦❧✱ ✇❡ ♣❡.❢♦.♠❡❞ +❤❡ +❡#+ ✐♥ +❤❡ ❝❧❡❛♥ .♦♦♠ ✐♥ ♦.❞❡. +♦

❞❡+❡.♠✐♥❡ +❤❡ ❝❤❛.❛❝+❡.✐#+✐❝# ♦❢ +❤❡ ❞❡+❡❝+♦. ❛♥❞ ❛❧#♦ +♦ ❝♦♠♣❛.❡ +❤❡♠ +♦ +❤❡ ♦♥❡# ♣.♦✈✐❞❡❞ ❜② +❤❡

❝♦♥#+.✉❝+♦. ✭❝❢✳ ✜❣✳ ❈✳✸✮ ✿ ❞❡♣❧❡+✐♦♥ ✈♦❧+❛❣❡ ♦❢ ∼✷✻ ❱ ❛♥❞ ❛ ❧❡❛❦ ❝✉..❡♥+ ❜❡❧♦✇ ✷✵✵ ♥❆ ❛+ .♦♦♠ +❡♠♣❡.❛+✉.❡✳

❚❤❡#❡ ✈❛❧✉❡# ✇❡.❡ ❝♦♥✜.♠❡❞ ❜② ♦✉. ❝❤❛.❛❝+❡.✐③❛+✐♦♥ ✿ ∼✸✵ ❱ ❢♦. +❤❡ ❞❡♣❧❡+✐♦♥ ✈♦❧+❛❣❡ ✭❝❢✳ ✜❣✳ ❈✳✹❜✮ ❛♥❞

❛♥ ♦✈❡.❛❧❧ ❝✉..❡♥+ ♦❢ ✻✺✵ ♥❆ ❛+ .♦♦♠ +❡♠♣❡.❛+✉.❡ ❢♦. ❛❧❧ ✻✹ ♣✐①❡❧# +♦❣❡+❤❡. ✭❝❢✳ ✜❣✳ ❈✳✹❛✮ ❛♥❞ ❜❡❧♦✇ ✸✵

♥❆ ❝♦♦❧❡❞ ❛+ ✲✸✺

◦
❈✳

❚❤❡♥✱ ✇❡ ❛♣♣❧✐❡❞ +❤❡ ❝❤❛.❛❝+❡.✐③❛+✐♦♥ ♣.♦+♦❝♦❧ ✇✐+❤ +❤❡ ♦♣+✐♠✐③❛+✐♦♥ ♦❢ +❤❡ ❛❝K✉✐#✐+✐♦♥ ♣❛.❛♠❡+❡.#✳

❋✐.#+✱ ❜② #+✉❞②✐♥❣ +❤❡ ❡✈♦❧✉+✐♦♥ ♦❢ +❤❡ .❡#♦❧✉+✐♦♥ ✐♥ ❢✉♥❝+✐♦♥ ♦❢ +❤❡ +❡♠♣❡.❛+✉.❡ ❛♥❞ ✈♦❧+❛❣❡✱ ✇❡ ✜♥❞ ❛

.❛♥❣❡ ♦❢ ✈❛❧✉❡# ❛# ✇♦.❦✐♥❣ ♣♦✐♥+ ❢♦. +❤❡ ❞❡+❡❝+♦. ✭❝❢✳ ✜❣✳ ✽✳✶✷❛✮ ✿ ❬✸✺✱✺✵❪❱ ❛♥❞ ❬✲✶✺✱✲✺❪

◦
❈ ✭+♦♣ ✈❛❧✉❡ ❢♦. +❤❡

✈♦❧+❛❣❡ ❛♥❞ ❜♦++♦♠ ♦♥❡ ❢♦. +❤❡ +❡♠♣❡.❛+✉.❡ ❝♦..❡#♣♦♥❞# +♦ +❤❡ ❧✐♠✐+ ♦❢ +❤❡ ✈❛❧✉❡# +❡#+❡❞✮✳ ❲❡ ❞❡❝✐❞❡❞

+♦ #❡+ +❤❡ ✇♦.❦✐♥❣ ♣♦✐♥+ ♦❢ +❤❡ ❞❡+❡❝+♦. ✐♥ +❤❡ ♠♦#+ .❡❛❧✐#+✐❝ ❝♦♥❞✐+✐♦♥# ❛# ♣♦##✐❜❧❡✳ ❲❡ +♦♦❦ ✹✺ ❱ ❛♥❞

✲✺

◦
❈ ❢♦. +❤❡ ❝❤❛.❛❝+❡.✐③❛+✐♦♥ ♦❢ +❤✐# ❞❡+❡❝+♦.✳ ❚❤❡♥✱ ❛+ +❤✐# ✇♦.❦✐♥❣ ♣♦✐♥+✱ ✇❡ ♦♣+✐♠✐③❡❞ +❤❡ ❛❝K✉✐#✐+✐♦♥

♣❛.❛♠❡+❡.# +❤.♦✉❣❤ +❤❡ ♦✛✲❧✐♥❡ ♣.♦❣.❛♠ ✭❝❢✳ ✜❣ ✽✳✶✷❜✮✳

❲❡ #+❛.+❡❞ ❜② +❡#+✐♥❣ #♦♠❡ ♣✐①❡❧# ♦❢ +❤❡ ❞❡+❡❝+♦. ✇✐+❤ +❤❡ α #♦✉.❝❡ ❛# ❝❧♦#❡ ❛# ♣♦##✐❜❧❡ +♦ +❤❡ ❞❡+❡❝+♦.

✐♥ ♦.❞❡. +♦ ✈❛❧✐❞ ✐+# ❢✉♥❝+✐♦♥✐♥❣✱ ❜❡❢♦.❡ ♠❛❦✐♥❣ +❤❡ .❡❢❡.❡♥❝❡ ♦❢ +❤❡ .❡#♦❧✉+✐♦♥✱ ♣✐①❡❧ ❜② ♣✐①❡❧ ✭❝❢✳ ✜❣✳ ✽✳✶✸✮ ✿

❛✈❡.❛❣❡ .❡#♦❧✉+✐♦♥ ♦❢ ✶✻ ❦❡❱ ❛+ ✺✳✹ ▼❡❱ ♦♥ +❤❡ ❡♥+✐.❡ ❞❡+❡❝+♦.✳

❘❡❞✉❝❡❞ ♣✐①❡❧ ✿ ❝❤❛,❛❝-❡,✐③❛-✐♦♥

❖♥❝❡ +❤❡ ♣.❡✲#+✉❞② ❞♦♥❡ ❜② ❍✳ ❋❛✉.❡ ❬✶✶✼❪ ✐♥ ❤✐# U❤❉✱ #❡✈❡.❛❧ ❝♦♥✜❣✉.❛+✐♦♥# ♦❢ ♣✐①❡❧# ✇❡.❡ ❞❡#✐❣♥❡❞

❜② +❤❡ ■U❍❈ ✐♥ ♦.❞❡. +♦ .❡#♣♦♥❞ +♦ +❤❡ +✇♦ ❝.✐+❡.✐❛ ♦❢ #❡❧❡❝+✐♦♥✳

❲❡ +❡#+❡❞ +❤❡ ❝♦♥✜❣✉.❛+✐♦♥# #❤♦✇✐♥❣ +❤❡ ♠♦#+ ♣♦+❡♥+✐❛❧✳ ❚❤✉#✱ ✇❡ ❡♥❞ ✉♣ ❝❤❛.❛❝+❡.✐③✐♥❣ #✐① ❝♦♥✜❣✉✲

.❛+✐♦♥# ✭❝❢✳ ✜❣✳ ✽✳✶✹✮ ✿ ✷ ❛+ ✷✵ ✰✶ ❛♥❞ ✹ ❛+ ✷✹ ✰✶ +♦+❛❧ ♣✐①❡❧# ✭❝❢✳ #❡❝+✐♦♥ ✼✳✻ ❢♦. +❤❡ .❡❝❛♣ ♦❢ +❤❡ ❝♦♥❝❡♣+✐♦♥
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1✉❧2❡ ❙❤❛♣❡ ❆♥❛❧②2✐2 ✭1❙❆✮

❇❛2✐❝ ♣,✐♥❝✐♣❧❡ ❛♥❞ ❛22♦❝✐❛-❡❞ ✈❛,✐❛❜❧❡2

❉✉.✐♥❣ +❤❡ ❞❡✈❡❧♦♣♠❡♥+ ♣❤❛#❡ ♦❢ ❙■❘■❯❙✱ ❛ ❞♦♦. ✇❛# ❧❡❢+ ♦♣❡♥ ❢♦. +❤❡ U✉❧#❡ ❙❤❛♣❡ ❆♥❛❧②#✐# #+✉❞✐❡#✳

❚❤❡ K✉❡#+✐♦♥ ✇❛# ✿ ❝❛♥ ✇❡ ❞✐#❝.✐♠✐♥❛+❡ +❤❡ #✐❣♥❛❧ ♦❢ ❛♥ ❡❧❡❝+.♦♥ ❢.♦♠ +❤❡ ♦♥❡ ♦❢ ❛♥ α ❜❛❞❧② ❞❡+❡.✐♦.❛+❡❞ ❜②

❛ ❜✐❣ ❡#❝❛♣❡ ❛♥❣❧❡ ❄ ■♥❞❡❡❞✱ +❤❡#❡ +✇♦ #✐❣♥❛❧# ❝♦✉❧❞ ❤❛✈❡ +❤❡ #❛♠❡ ❛♠♣❧✐+✉❞❡ ✐♥#✐❞❡ +❤❡ ❚✉♥♥❡❧ ❞❡+❡❝+♦.✳

❚❤❡ ❡♥❡.❣② ❞✐#❝.✐♠✐♥❛+✐♦♥ ✐# ♥♦+ #✉✣❝✐❡♥+ +♦ ❞✐#+✐♥❣✉✐#❤ +❤❡ +✇♦ #✐❣♥❛❧# ❞✉.✐♥❣ +❤❡ ❛♥❛❧②#✐#✳ ❚❤✐# ✐# ✇❤❡.❡

U❙❆ ❝❛♥ ❜❡ +❛❦❡♥ ✐♥+♦ ❛❝❝♦✉♥+✳

❚♦ ✉♥❞❡.#+❛♥❞ +❤❡ ♣.✐♥❝✐♣❧❡ ♦❢ +❤❡ U❙❆✱ ✇❡ ♥❡❡❞ +♦ ❧♦♦❦ ❛ ❧✐++❧❡ ❢✉.+❤❡. ✐♥+♦ +❤❡ ❢♦.♠❛+✐♦♥ ♦❢ +❤❡

#✐❣♥❛❧ ✐♥#✐❞❡ ❛ #✐❧✐❝♦♥ ❞❡+❡❝+♦.✳ ❆# ✇❡ #❛✐❞ ❡❛.❧✐❡.✱ +❤❡ #✐❣♥❛❧ ❝♦♠❡# ❢.♦♠ +❤❡ ♠♦✈❡♠❡♥+ ♦❢ +❤❡ ❝❤❛.❣❡#

❝.❡❛+❡❞ ❛❧♦♥❣ +❤❡ ✐♥+❡.❛❝+✐♦♥ ❜❡+✇❡❡♥ +❤❡ #✐❧✐❝♦♥ ❛♥❞ +❤❡ ✐♥❝♦♠✐♥❣ ♣❛.+✐❝❧❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ +❤❡ ♣❛.+✐❝❧❡✱ +❤❡

♠❛①✐♠❛❧ ❞❡♣+❤ ♦❢ +❤❡ ✐♥+❡.❛❝+✐♦♥ ✇✐❧❧ ♥♦+ ❜❡ +❤❡ #❛♠❡ ✿ ❛♥ α ✇✐❧❧ ❧♦#❡ ❛.♦✉♥❞ ✶ ▼❡❱✴µ♠ ✭❢♦. +❤❡ .❛♥❣❡

∼ ✶✵ ▼❡❱ ❝❢✳ ✜❣✳ ✽✳✶✺❛✮ ✇❤❡.❡ ❛ ✶ ▼❡❱ ❡❧❡❝+.♦♥ ✇✐❧❧ ❧♦#❡ ❛❧❧ ✐+# ❡♥❡.❣② ✐♥ ✶ ♠♠ ♦❢ #✐❧✐❝♦♥ ✭❝❢✳ ✜❣✳ ✽✳✶✺❜✮✳

❚❤✐# ✐♠♣❧❛♥+❛+✐♦♥ ❞❡♣+❤ ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦.+❛♥+ ♣❛.+ ✐♥ +❤❡ ❞✐#❝.✐♠✐♥❛+✐♦♥✳

❚❤✉#✱ +❤❡ ❝❤❛.❣❡ ❝❛..✐❡. ❞✐#+.✐❜✉+✐♦♥ ✐♥#✐❞❡ +❤❡ #✐❧✐❝♦♥ ✇✐❧❧ ❜❡ K✉✐+❡ ❞✐✛❡.❡♥+ ❢♦. ❛♥ α✳ ❆❧#♦✱ +❤❡ ♠♦❜✐❧✐+②

♦❢ +❤❡ +✇♦ ❝❤❛.❣❡# ❝❛..✐❡.# ✐# ♥♦+ +❤❡ #❛♠❡ ✐♥#✐❞❡ +❤❡ #✐❧✐❝♦♥ ✭❝❢✳ ✜❣✳ ✽✳✶✻✮✳ ❚❤❡ #✐❣♥❛❧ ❝♦♠✐♥❣ ❢.♦♠ ❛♥ α
✇✐❧❧ ❜❡ ❞.✐✈❡♥ ♠❛✐♥❧② ❜② ♦♥❡ +②♣❡ ♦❢ ❝❤❛.❣❡ ❝❛..✐❡.✱ +❤❡ ♦+❤❡. ✇✐❧❧ ❜❡ ❣❛+❤❡.❡❞ ✐♥#+❛♥+❛♥❡♦✉#❧②✳ ❚❤❡ #✐❣♥❛❧

❝♦♠✐♥❣ ❢.♦♠ ❛♥ ❡❧❡❝+.♦♥ ✇✐❧❧ ❜❡ ❛ ❝♦♠♣♦#✐+✐♦♥ ♦❢ +❤❡ ❝♦♥+.✐❜✉+✐♦♥ ♦❢ ❜♦+❤ ❡❧❡❝+.♦♥# ❛♥❞ ❤♦❧❡# ❛# +❤❡② ❛.❡

❞❡♣♦#❡❞ ✐♥ ❛❧❧ +❤❡ ❞❡♣+❤ ♦❢ +❤❡ ❞❡+❡❝+♦.✳ ❈♦♥#❡K✉❡♥+❧②✱ +❤❡#❡ ❞✐✛❡.❡♥❝❡# ❝♦✉❧❞ ❣✐✈❡ ✉# ❛ .✐#❡ +✐♠❡ ♦❢ +❤❡

#✐❣♥❛❧ ❞✐✛❡.❡♥+ ❜❡+✇❡❡♥ +❤❡ +✇♦ +②♣❡# ♦❢ ♣❛.+✐❝❧❡#✳
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▼♦%❡♦✈❡%✱ ❛♥ α ✐♠♣❧❛♥/❡❞ ♦♥ /❤❡ ♦❤♠✐❝ 3✐❞❡ ♦❢ /❤❡ ❞❡/❡❝/♦% 3❤♦✉❧❞ ❣✐✈❡ ✉3 ❛ 3❧♦✇❡% 3✐❣♥❛❧ ❝♦♠♣❛%❡❞

/♦ /❤❡ ♦♥❡ ♦❢ ❛♥ ✐♠♣❧❛♥/❛/✐♦♥ ♦♥ /❤❡ ❥✉♥❝/✐♦♥ 3✐❞❡✳ ■♥❞❡❡❞ /❤❡ ❤♦❧❡3✱ 3❧♦✇❡% /❤❛♥ /❤❡ ❡❧❡❝/%♦♥3✱ ♠✉3/

❣♦ /❤%♦✉❣❤ /❤❡ ❡♥/✐%❡ ❞❡/❡❝/♦% ✭❝❢✳ ✜❣✳ ✽✳✶✼✮✳ ❚❤❡ 3✐❣♥❛❧3 ♦❢ ❡❧❡❝/%♦♥3 ♦♥ ❜♦/❤ 3✐❞❡3 3❤♦✉❧❞ ❜❡ 3♣%❡❛❞✱

❞❡♣❡♥❞✐♥❣ ♦♥ /❤❡✐% ❡♥❡%❣②✱ ❜❡/✇❡❡♥ /❤❡ /✇♦ 3✐❣♥❛❧3 ❝♦♠✐♥❣ ❢%♦♠ /❤❡ α ♣❛%/✐❝❧❡✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝/✐✈❡ ♦❢ /❤❡

A❙❆ ✐3 /♦ ❞✐3❝%✐♠✐♥❛/❡ /❤❡ /✇♦ 3✐❣♥❛❧3 ✐♥ /❤❡ ❝❛3❡ ♦❢ ✈❡%② ❧♦✇ ❡♥❡%❣② ❡❧❡❝/%♦♥3✱ ✇❤❡%❡ /❤❡ ❡❧❡❝/%♦♥ ♣✉❧3❡3 ❛%❡

3✐♠✐❧❛% /♦ /❤❡ α ♦♥❡3✳ ❚❤✉3✱ /❤❡ 3❡❧❡❝/✐♦♥ ♦❢ /❤❡ A❙❆ ✈❛%✐❛❜❧❡3 ✇❛3 ♠❛❞❡ %❡❣❛%❞✐♥❣ /❤❡ ❜❡❤❛✈✐♦% ✐♥✈♦❧✈❡❞

✐♥ /❤❡ ❝%❡❛/✐♦♥ ♦❢ /❤❡ 3✐❣♥❛❧✱ ✐♥ ♦%❞❡% /♦ 3❡❛%❝❤ ❢♦% ❛♥② ❞✐✛❡%❡♥❝❡3 ❛♥❞ ❝♦%%❡❧❛/✐♦♥ ❜❡/✇❡❡♥ /❤❡♠ ❛♥❞

/❤❡ /②♣❡ ♦❢ ♣❛%/✐❝❧❡3 ❞❡/❡❝/❡❞✳ ❆ ❧❛%❣❡ %❛♥❣❡ ♦❢ ✈❛%✐❛❜❧❡3 ✇❛3 3❡❧❡❝/❡❞ ❛♥❞ 3/✉❞✐❡❞ ❞✉%✐♥❣ /❤❡ ♣%❡❧✐♠✐♥❛%②

3/✉❞② ♣❡%❢♦%♠❡❞ ❜② ❋✳❉❡❝❤❡%② ✭❝❢✳ ✜❣✳ ✽✳✶✽✮ ✿ /❤❡ ✐♥❢♦%♠❛/✐♦♥ %❡❧❛/✐✈❡ /♦ ✶✵✪ ❛♥❞ ✾✵✪ ♦❢ /❤❡ ♠❛①✐♠✉♠

❛♠♣❧✐/✉❞❡ ♦❢ /❤❡ 3✐❣♥❛❧✱ ❛♥❞ /❤❡3❡ %❡❧❛/✐✈❡ /♦ /❤❡ ♠❛①✐♠✉♠ ❝✉%%❡♥/ ✐♥❞✉❝❡❞ ❜② /❤❡ 3✐❣♥❛❧✳

 !❡❧✐♠✐♥❛!② ❙*✉❞② ❛♥❞ ❋✐!.* ❘❡.✉❧* ♦♥ *❤❡  ❙❆

❚❤❡ ✜%3/ ❛✐♠ ♦❢ /❤❡3❡ ♣%❡❧✐♠✐♥❛%② /❡3/3 ✇❛3 /♦ ❞❡/❡%♠✐♥❡ /❤❡ ♦%✐❡♥/❛/✐♦♥ ♦❢ /❤❡ ❞❡/❡❝/♦% ✐♥3✐❞❡ /❤❡ 3✐❧✐❝♦♥

❜♦① ♦❢ ❙■❘■❯❙✳ ■♥❞❡❡❞✱ ❛3 3❛✐❞ ❜❡❢♦%❡✱ /❤❡ ✐♠♣❧❛♥/❛/✐♦♥ 3✐❞❡ ✐♥ /❤❡ ❞❡/❡❝/♦% ✇✐❧❧ ♠♦❞✐❢② /❤❡ ❝%❡❛/✐♦♥ ❛♥❞

/❤❡ ❝❤❛%❛❝/❡%✐3/✐❝3 ♦❢ /❤❡ ♣✉❧3❡ 3❤❛♣❡✳ ❚❤❡3❡ 3/✉❞✐❡3 ✇❡%❡ ♣❡%❢♦%♠❡❞ ♦♥ /❤❡ 3❡❝♦♥❞ ❞❡/❡❝/♦% ✭♥

◦
✷✾✽✼✲✺

❝❡%❛♠✐❝ ✷❉ ❢%❛♠❡✮ ✐♥ ♦%❞❡% /♦ ✜♥❛❧✐③❡ /❤❡ ❞❡✈❡❧♦♣♠❡♥/ ♦❢ /❤❡ ✜♥❛❧ ❢%❛♠❡ ✉3❡❞ ❢♦% /❤❡ ❧❛3/ ❞❡/❡❝/♦% ✭♥

◦

✷✾✽✼✲✶✼ ❤②❜%✐❞ ✸❉ ❢%❛♠❡✮✳

❚❤❡ ✜%3/ /❡3/ ♣❡%❢♦%♠❡❞ ✇❛3 S✉✐/❡ 3✐♠♣❧❡ ❛♥❞ ❝♦♥3✐3/❡❞ ♦❢ /❤❡ ❞✐%❡❝/ ❝♦♠♣❛%✐3♦♥ ♦❢ 3✐❣♥❛❧3 /❛❦❡♥ ❢%♦♠

❛♥ α ♣❛%/✐❝❧❡ ❛♥❞ 3❡✈❡%❛❧ ❡❧❡❝/%♦♥ 3✐❣♥❛❧3 ♦❢ /❤❡
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❇✐ 3✉❝❝❡33✐✈❡❧② ❛❝S✉✐%❡❞✱ ♦♥ /❤❡ ♦❤♠✐❝ 3✐❞❡✱ /❤❡♥ ♦♥

/❤❡ ❥✉♥❝/✐♦♥ 3✐❞❡ ♦❢ /❤❡ ❞❡/❡❝/♦% ✭❝❢✳ ✜❣✳ ✽✳✶✾✮✳

❋✐%3/✱ ✇❡ ❝♦♥✜%♠❡❞ /❤❡ %✐3❡ /✐♠❡ ♦❢ ❛♥ α 3✐❣♥❛❧ ✐♠♣❧❛♥/❡❞ ♦♥ /❤❡ /✇♦ 3✐❞❡3 ♦❢ /❤❡ ❞❡/❡❝/♦%✳ ❇② ✉3✐♥❣ /❤❡

♠♦❜✐❧✐/② ♦❢ ❡❧❡❝/%♦♥3 ❛♥❞ ❤♦❧❡3 ❛/ ✲✷✵

◦
❈ ❛♥❞ ✹✺❱ ✭✶✱✺✳✶✵

6
❝♠✳3

−1
❛♥❞ ✸✳✶✵

5
❝♠✳3

−1
✮✱ ✇❡ 3❤♦✉❧❞ ♦❜3❡%✈❡ ✹✵

♥3 ✭∼ ✶✺✵ ♥3 ♠❡❛3✉%❡❞ ✿ ❧✐♠✐/❡❞ ❜② /❤❡ %❡3♣♦♥3❡ ♦❢ /❤❡ ♣%❡❛♠♣❧✐✜❡%✮ ❢♦% ❥✉♥❝/✐♦♥ 3✐❞❡ ❛♥❞ ✷✷✵ ♥3 ✭❝♦❤❡%❡♥/

✇✐/❤ /❤❡ ♠❡❛3✉%❡❞ ♦♥❡✮ ❢♦% /❤❡ ♦❤♠✐❝ ♦♥❡✳ ❚❤✉3✱ ❢♦% /❤❡ ❞✐3❝%✐♠✐♥❛/✐♦♥✱ ✐/ ✐3 ❜❡//❡% /♦ ✉3❡ /❤❡ 3❧♦✇❡3/

3✐❣♥❛❧ ✿ /❤❡ ♦❤♠✐❝ 3✐❞❡✳

❚❤❡ 3❡❝♦♥❞ /❛❦❡❛✇❛② ❢%♦♠ /❤❡3❡ 3/✉❞✐❡3 ✇❛3 /❤❡ ❜❡❤❛✈✐♦% ♦❢ /❤❡ ❡❧❡❝/%♦♥ 3✐❣♥❛❧ ❝♦♠♣❛%❡❞ /♦ /❤❡ α
♦♥❡✳ ❖♥ /❤❡ ♦❤♠✐❝ 3✐❞❡ /❤❡3❡ 3✐❣♥❛❧3 ♣%❡3❡♥/ ❛ ❧❛%❣❡% %✐3✐♥❣ /✐♠❡ ❞✐3♣❡%3✐♦♥ ✭❝❢✳ ✜❣✳ ✽✳✶✾❛✮ ❛♥❞ ❢♦% /❤❡ ✈❡%②

❧♦✇ ❡♥❡%❣② ❡❧❡❝/%♦♥✱ /❤❡ 3✐❣♥❛❧ ✐3 ❢✉%/❤❡% ❢%♦♠ /❤❡ α ♦♥❡✳

❚❤❡3❡ %❡3✉❧/3 ✇❡%❡ ❝♦♥✜%♠❡❞ ❜② /❤❡ 3/✉❞② ♠❛❞❡ ❜② ❋✳❉Z❝❤Z%② ❞✉%✐♥❣ ❤✐3 ✇♦%❦ ❛/ /❤❡ ■A❍❈✱ ❛♥❞
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&4♣❛&+✐❡/ ♣❧✉/ ♣&♦❢♦♥❞4♠❡♥+ ❞❛♥/ ❧❡ ❞4+❡❝+❡✉&✳ ▲❡ /✐❣♥❛❧ ❝&44 /❡&❛ ❞♦♥❝ ✉♥❡ /✉♣❡&♣♦/✐+✐♦♥ ❞❡ ❧❛ ❝♦♥+&✐❜✉+✐♦♥

❞❡/ 4❧❡❝+&♦♥/ ❡+ ❞❡/ +&♦✉/ ✭❝❢✳ ✜❣✳ ✽✳✶✼✮✳ ▲❡ ✈&❛✐ ❞4✜ ✈✐❡♥+ ❞♦♥❝ ♣♦✉& ❞❡/ 4❧❡❝+&♦♥/ ❞❡ +&9/ ❢❛✐❜❧❡ 4♥❡&❣✐❡✱

❞♦♥+ ❧❡/ /✐❣♥❛✉① /❡ &❛♣♣&♦❝❤❡♥+ ❞❡ ❝❡✉① ❣4♥4&4/ ♣❛& ❧❡/ ♣❛&+✐❝✉❧❡/ α✳ ❈✬❡/+ ❞♦♥❝ ❞❛♥/ ❝❡ ❝❛/✲❧N 7✉❡ ❧❡

#❙❆ ❡/+ ❧❡ ♣❧✉/ ✐♠♣♦&+❛♥+ ❡+ ❞✐✣❝✐❧❡✳ ❈✬❡/+ ♣♦✉& ❝❡❧❛ 7✉❡ ❧❛ /4❧❡❝+✐♦♥ ❞❡/ ✈❛&✐❛❜❧❡/ ♣♦✉& ❧❡ &4❛❧✐/❡& ❡/+ +&9/

✐♠♣♦&+❛♥+❡✳

#♦✉& ❝❡++❡ /4❧❡❝+✐♦♥✱ ♥♦✉/ ♥♦✉/ /♦♠♠❡/ ❜❛/4/ /✉& ❞❡/ ❝&✐+9&❡/ ♣❤②/✐7✉❡/ ❡+ ❝♦❤4&❡♥+/ ❛✈❡❝ ❧❡/ ❝♦♠✲

♣♦&+❡♠❡♥+/ 7✉❡ ♥♦✉/ ✈♦✉❧✐♦♥/ 4+✉❞✐❡&✳ ❆✐♥/✐✱ ♥♦✉/ ❛✈♦♥/ /4❧❡❝+✐♦♥♥4 ❧❡/ ❣&❛♥❞❡✉&/ +②♣✐7✉❡/ ❛//♦❝✐4❡/ ❛✉①

/✐❣♥❛✉① &❡❝✉❡✐❧❧✐/ ❞❛♥/ ❧❡ ❞4+❡❝+❡✉& ✿ ♥✐✈❡❛✉ ❞❡ ❧❛ ❧✐❣♥❡ ❞❡ ❜❛/❡✱ ♠❛✐/ ❛✉//✐ ❧❡ +❡♠♣/ ❡+ ❛♠♣❧✐+✉❞❡ ❛//♦❝✐4❡

❛✉ ♠❛①✐♠✉♠ ❛✐♥/✐ 7✉❡ ❧❡ +❡♠♣/ ❞❡ ❞4❝&♦✐//❛♥❝❡ ❞❡ ❝❡ /✐❣♥❛❧✳ ❉❡ /✉&❝&♦S+✱ ♥♦✉/ ❛✈♦♥/ ❛✉//✐ /4❧❡❝+✐♦♥♥4 ❧❡/

✐♥❢♦&♠❛+✐♦♥/ ✭+❡♠♣/ ❡+ ❛♠♣❧✐+✉❞❡✮ &❡❧❛+✐✈❡/ N ✶✵✪ ❡+ ✾✵✪ ❞❡ ❧✬❛♠♣❧✐+✉❞❡ ♠❛①✐♠✉♠ ❞✉ /✐❣♥❛❧✱ ❛✐♥/✐ 7✉❡

❝❡❧❧❡/ &❡❧❛+✐✈❡/ ❛✉ ❝♦✉&❛♥+ ♠❛①✐♠✉♠ ✐♥❞✉✐+ ❞❛♥/ ❧❡ /✐❣♥❛❧ ✭❝❢✳ ✜❣✳ ✽✳✶✽✮✳ ❈❡/ ❞❡&♥✐9&❡/ /♦♥+ ❝♦❤4&❡♥+❡/ ❛✈❡❝

❧❡/ ❝♦♠♣♦&+❡♠❡♥+/ 4✈♦7✉4/ ❧♦&/ ❞❡ ❧❛ ❢♦&♠❛+✐♦♥ ❞✉ /✐❣♥❛❧✱ ❡+ ❞❡✈&❛✐❡♥+ ❞♦♥❝ ♥♦✉/ ❞♦♥♥❡& ❧❡/ ✐♥❢♦&♠❛+✐♦♥/

♥4❝❡//❛✐&❡/ ♣♦✉& ❡✛❡❝+✉❡& ❞❡/ 4+✉❞❡/ ❞❡ #❙❆ ❡✣❝❛❝❡/✳ ❆✐♥/✐✱ ❡♥ 4+✉❞✐❛♥+ ❝❡/ ✈❛&✐❛❜❧❡/ ❡+ ❧❡✉&/ 4✈♦❧✉+✐♦♥/

❧❡/ ✉♥❡/ ♣❛& &❛♣♣♦&+ ❛✉① ❛✉+&❡/✱ ❧✬♦❜❥❡❝+✐❢ /❡&❛ ❞♦♥❝ ❞❡ ❞✐/❝❡&♥❡& ❞❡/ +❡♥❞❛♥❝❡/ ❞❛♥/ ❧❡/ ❞✐✛4&❡♥❝❡/ ❡♥+&❡

❧❡/ /✐❣♥❛✉① ❞✬4❧❡❝+&♦♥/ ❡+ ❝❡✉① ❞❡/ ♣❛&+✐❝✉❧❡/ α✳ ▼❛✐♥+❡♥❛♥+ 7✉❡ ♥♦✉/ ❛✈♦♥/ ✐♥+&♦❞✉✐+ ❧❡/ ♣&♦❜❧4♠❛+✐7✉❡/

❡+ ❧❡/ ✈❛&✐❛❜❧❡/ ✉+✐❧✐/4❡/ ♣♦✉& ❡✛❡❝+✉❡& ❧❡ #❙❆✱ ♥♦✉/ ❛❧❧♦♥/ ♣&4/❡♥+❡& ♣❧✉/ ❡♥ ❞4+❛✐❧/ ❧❡/ &4/✉❧+❛+/ ♦❜+❡♥✉/

/✉& ❧❡/ ❞4+❡❝+❡✉&/ ❚✉♥♥❡❧/✳
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✽✳✻✳✷ ➱%✉❞❡) ♣+,❧✐♠✐♥❛✐+❡) ❡% +,)✉❧%❛%) ❞❡) ❛♥❛❧②)❡) ❞❡ ❢♦+♠❡) ❞✬✐♠♣✉❧)✐♦♥) ❞✬♦♥❞❡)

❚♦✉& ❞✬❛❜♦+❞✱ ♥♦✉. ❛✈♦♥. ❡✛❡❝&✉3 ❞❡. 3&✉❞❡. ♣+3❧✐♠✐♥❛✐+❡. ♣♦✉+ ❞3&❡+♠✐♥❡+ ❧❛ ♠❡✐❧❧❡✉+❡ ♦+✐❡♥&❛&✐♦♥

❞❡. ❞3&❡❝&❡✉+. ❞❛♥. ❧❛ ❝♦♥✜❣✉+❛&✐♦♥ ❚✉♥♥❡❧ ❞❡ ❙■❘■❯❙ > ❧✬❛✐❞❡ ❞❡. ❝❛❞+❡. ❝3+❛♠✐?✉❡ ✷❉✳ ❊♥ ❡✛❡&✱ ❛✈❛♥& ❧❡

❞3✈❡❧♦♣♣❡♠❡♥& ❞❡. ❝❛❞+❡. ❤②❜+✐❞❡. ✸❉ ✜♥❛✉① ♣♦✉+ ❙■❘■❯❙✱ ♥♦✉. ❛✈♦♥. 3&✉❞✐3 ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧✬♦+✐❡♥&❛&✐♦♥

❞✉ ❞3&❡❝&❡✉+ .✉+ ❧❡. .✐❣♥❛✉① ❢♦+♠3.✳ J♦✉+ ❝❡❧❛✱ ♥♦✉. ❛✈♦♥. ♣+3❧❡✈3 ❧❡. .✐❣♥❛✉① ♣+♦✈❡♥❛♥& ❞❡. 3❧❡❝&+♦♥. ❡& ❞❡.

♣❛+&✐❝✉❧❡. α ❧♦+. ❞✬✉♥❡ ✐++❛❞✐❛&✐♦♥ .✉❝❝❡..✐✈❡ ❞❡. ❝K&3. ♦❤♠✐?✉❡ ❡& ❥♦♥❝&✐♦♥ ❞✉ ❞3&❡❝&❡✉+✳ ❊♥ ♥♦+♠❛❧✐.❛♥& ❝❡.

❞❡+♥✐M+❡. ❡♥ ❛♠♣❧✐&✉❞❡✱ ♥♦✉. ❛✈♦♥. ❞♦♥❝ ♣✉ 3&✉❞✐❡+ ❧✬3✈♦❧✉&✐♦♥ ❞✉ ❝♦♠♣♦+&❡♠❡♥& ❞❡. .✐❣♥❛✉① ❞✬3❧❡❝&+♦♥.

❡♥ ❝♦♠♣❛+❛✐.♦♥ ❞❡ ❝❡✉① ❞❡. ♣❛+&✐❝✉❧❡. α ♣+3❧❡✈3❡. .✉+ ✉♥❡ ♠N♠❡ ❢❛❝❡ ❞✉ ❞3&❡❝&❡✉+✳

❆✐♥.✐✱ ❡♥ +❡❣+♦✉♣❛♥& ❧✬❡♥.❡♠❜❧❡ ❞❡. ❞♦♥♥3❡. ♦❜&❡♥✉❡.✱ ♥♦✉. ❛✈♦♥. ❞♦♥❝ ♣✉ ❣3♥3+❡+ ❞❡. ❝♦✉+❜❡. ♠❡&&❛♥&

❡♥ 3✈✐❞❡♥❝❡ ❧❡. ❞✐✛3+❡♥❝❡. ❡♥&+❡ ❝❡. ❞❡✉① &②♣❡. ❞❡ .✐❣♥❛✉① ✭❝❢✳ ✜❣✳ ✽✳✶✾✮✳

❈❡. 3&✉❞❡. ♣+3❧✐♠✐♥❛✐+❡. ♥♦✉. ♦♥& ♣❡+♠✐. ❞❡ ♠❡&&+❡ ❡♥ 3✈✐❞❡♥❝❡ ❞❡✉① ♣♦✐♥&.✳ ❚♦✉& ❞✬❛❜♦+❞✱ ❝❡❧❛ ♥♦✉.

❛ ❝♦♥✜+♠3 ❧❛ ❞✐✛3+❡♥❝❡ ❞❛♥. ❧❛ ❢♦+♠❛&✐♦♥ ❞❡. .✐❣♥❛✉① ♣♦✉+ ✉♥❡ ♣❛+&✐❝✉❧❡ α✳ ❊♥ ❡✛❡&✱ .✐ ❧✬♦♥ ❝♦♥.✐❞M+❡

❧❡. ♠♦❜✐❧✐&3. ❞❡. ♣♦+&❡✉+. ❞❡ ❝❤❛+❣❡. ❛✉① ❝♦♥❞✐&✐♦♥. ❞❡ &+❛✈❛✐❧ ✭✲✷✵

◦
❈ ❡& ✹✺❱✮✱ ♥♦✉. ♣♦✉✈♦♥. +❡❧❡✈❡+ ❞❡.

✈❛❧❡✉+. ❞❡ ✸✳✶✵

5
❝♠✳.

−1
♣♦✉+ ❧❡. &+♦✉. ❡& ❞❡. ✶✱✺✳✶✵

6
❝♠✳.

−1
♣♦✉+ ❧❡. 3❧❡❝&+♦♥.✳ ❆✐♥.✐✱ ❡♥ ❝♦♥.✐❞3+❛♥&

❧✬3♣❛✐..❡✉+ ♠❛①✐♠✉♠ ❞✉ ❞3&❡❝&❡✉+✱ ♦♥ ♣❡✉& ❡.&✐♠❡+ ❧❡ &❡♠♣. ❞❡ ♠♦♥&3❡ ♣♦✉+ ✉♥❡ ♣❛+&✐❝✉❧❡ α ✐♠♣❧❛♥&3❡

.✉+ ❧❡ ❝K&3 ♦❤♠✐?✉❡ ❞✉ ❞3&❡❝&❡✉+ > ✷✷✵ ♥.✱ ❡& > ✹✵ ♥. ♣♦✉+ ✉♥❡ ✐♠♣❧❛♥&❛&✐♦♥ ❝♦&3 ❥♦♥❝&✐♦♥✳ ▲❡ ♣+❡♠✐❡+ ❡.&

❝♦❤3+❡♥& ❛✈❡❝ ❧❛ ✈❛❧❡✉+ ♠❡.✉+3❡ ✭❝❢✳ ✜❣✳ ✽✳✶✾❛✮ &❛♥& ?✉❡ ❧❡ .❡❝♦♥❞ ❡.& .✉+✲❡.&✐♠3 ❛✉① ❡♥✈✐+♦♥. ❞❡ ✶✺✵ ♥.✳

J♦✉+ ❝❡❧✉✐✲❝✐ ❧❡ &❡♠♣. ❞❡ +3♣♦♥.❡ ❞✉ ♣+3❛♠♣❧✐✜❝❛&❡✉+ ♣❡✉& ♣❡✉& N&+❡ +❛❧❡♥&✐+ ❧❡ .✐❣♥❛❧✳

❆✉ ✜♥❛❧✱ ♣♦✉+ ❧❡. 3&✉❞❡. ❞❡ J❙❆✱ ✐❧ ❡.& ❞♦♥❝ ♣❧✉. ❢❛✈♦+❛❜❧❡ ❞✬✉&✐❧✐.❡+ ❧❛ ❢❛❝❡ ♥♦✉. ❞♦♥♥❛♥& ❧❡. .✐❣♥❛✉① ❧❡.

♣❧✉. ❧❡♥&. ♣♦✉+ ❧❡. ♣❛+&✐❝✉❧❡. α✳ ◆♦✉. ♣♦✉✈♦♥. ❛❧♦+. ♣+♦✜&❡+ ❞✬✉♥❡ ♠❡✐❧❧❡✉+❡ .3♣❛+❛&✐♦♥ ❡♥&+❡ ❧❡. .✐❣♥❛✉①

♣+♦✈❡♥❛♥& ❞❡. 3❧❡❝&+♦♥. ❡& ❝❡✉① ♣+♦✈❡♥❛♥& ❞❡. ♣❛+&✐❝✉❧❡. α✳ ❈❡. +3.✉❧&❛&. ♥♦✉. ♦♥& ❞♦♥♥3 ✉♥ ♣+❡♠✐❡+

❛+❣✉♠❡♥& ❡♥ ❢❛✈❡✉+ ❞❡ ❧✬♦+✐❡♥&❛&✐♦♥ ❞✉ ❞3&❡❝&❡✉+ ❞❛♥. ❧❛ ❝♦♥✜❣✉+❛&✐♦♥ ❚✉♥♥❡❧ ✿ ❢❛❝❡ ♦❤♠✐?✉❡ > ❧✬✐♥&3+✐❡✉+

✭❞✉ ❝♦&3 ❞❡. +❛②♦♥♥❡♠❡♥&. ✐♥❝✐❞❡♥&.✮✳

▲❡ ❞❡✉①✐M♠❡ ❛+❣✉♠❡♥& ?✉❡ ♥♦✉. ❛✈♦♥. &✐+3 ❞❡ ❝❡. 3&✉❞❡. ❡.& ❞✐+❡❝&❡♠❡♥& +❡❧✐3 > ❧❛ ❝♦♠♣❛+❛✐.♦♥ ❞❡.

.✐❣♥❛✉① ♣+♦✈❡♥❛♥& ❞❡. 3❧❡❝&+♦♥. ❡& ❞❡. ♣❛+&✐❝✉❧❡. α ❞❛♥. ❧❡ ❞3&❡❝&❡✉+✳ ❊♥ ❡✛❡&✱ .✐ ❧✬♦♥ ♦❜.❡+✈❡ ❧❡ ❝♦♠♣♦+&❡✲

♠❡♥& ❞❡. .✐❣♥❛✉① ❞✬3❧❡❝&+♦♥. ❡♥ ❝♦♠♣❛+❛✐.♦♥ ❞❡ ❝❡✉① ❞❡. ♣❛+&✐❝✉❧❡. α .✉+ ❧❛ ♠N♠❡ ❢❛❝❡✱ ♦♥ ♣❡✉& ♥♦&❡+ ✉♥❡

❞✐✛3+❡♥❝❡✳ ❉❛♥. ❧❡ ♣+❡♠✐❡+ ❝❛. ✭✐++❛❞✐❛&✐♦♥ .✉+ ❧❡ ❝K&3 ♦❤♠✐?✉❡ ❞✉ ❞3&❡❝&❡✉+ ✿ ❝❢✳ ✜❣✳ ✽✳✶✾❛✮✱ ❧❡. .✐❣♥❛✉①

♣+♦✈❡♥❛♥& ❞❡. 3❧❡❝&+♦♥. ❞❡ ❧❛ .♦✉+❝❡ ❞❡
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❇✐ ♠♦♥&+❡♥& ✉♥❡ ❣+❛♥❞❡ ❞✐.♣❡+.✐♦♥ ❞❛♥. ❧❡✉+ &❡♠♣. ❞❡ ♠♦♥&3❡✳

❉❡ ♣❧✉.✱ ❧❡ .✐❣♥❛❧ ♣+♦✈❡♥❛♥& ❞❡ ❧✬3♥❡+❣✐❡ .3❧❡❝&✐♦♥♥3❡ ❧❛ ♣❧✉. ❜❛..❡ ✭∼ ✷✵✵❦❡❱✮ ❡.& ♣❧✉. 3❧♦✐❣♥3 ❞❡ ❝❡❧✉✐

❞✬✉♥❡ ♣❛+&✐❝✉❧❡ α ✐♠♣❧❛♥&3 .✉+ ❧❛ ♠N♠❡ ❢❛❝❡✱ ?✉❡ ❝❡❧✉✐ ❞✬✉♥ 3❧❡❝&+♦♥ ❞❡ ♠N♠❡ 3♥❡+❣✐❡ ✐♠♣❧❛♥&3 .✉+ ❧❡ ❝♦&3

❥♦♥❝&✐♦♥ ❞✉ ❞3&❡❝&❡✉+ ✭❝❢✳ ✜❣✳ ✽✳✶✾❜✮✳ ❉❡ ♣❧✉.✱ ❞❛♥. ❝❡ ❝❛.✲❝✐ ❧❛ ❞✐.♣❡+.✐♦♥ ❡♥ &❡♠♣. ❞❡ ♠♦♥&3❡ ❡.& ♣❧✉.

❢❛✐❜❧❡ ?✉❡ ❧❡ ❝❛. ♣+3❝3❞❡♥&✳

❆✐♥.✐✱ ❝❡❧❛ ♥♦✉. ❞♦♥♥❡ ❝♦♥✜+♠❛&✐♦♥ ♣♦✉+ ❧❡ ♣♦.✐&✐♦♥♥❡♠❡♥& ❞❡ ❧❛ ❢❛❝❡ ♦❤♠✐?✉❡ ❞✉ ❞3&❡❝&❡✉+ > ❧✬✐♥&3✲

+✐❡✉+ ❞❡ ❧❛ ❝♦♥✜❣✉+❛&✐♦♥ ❚✉♥♥❡❧✳ ❈❡. 3&✉❞❡. ♦♥& ❜✐❡♥ ❡♥&❡♥❞✉ 3&3 ❝♦♥✜+♠3❡. ❛✈❡❝ ❞❡. 3&✉❞❡. J❙❆ ♣❧✉.

❛♣♣+♦❢♦♥❞✐❡. ❡& ✉♥ ❝♦♠♣❛+❛&✐❢ ❞❡. ♣❡+❢♦+♠❛♥❝❡. J❙❆ ❞❡. ❞❡✉① ❢❛❝❡. ❞✉ ❞3&❡❝&❡✉+ ✭❧❡ ❞3&❛✐❧ ❞❡. 3&✉❞❡. ❡&

♣❡+❢♦+♠❛♥❝❡ J❙❆ ❡.& +3.✉♠3 ❞❛♥. ❧❛ &❤M.❡ ❞❡ ❍✉❣♦ ❋❛✉+❡ .✉+ ❧❛ ❜❛.❡ ❞❡. &+❛✈❛✉① ❞❡ ❋✳ ❉❡❝❤❡+②✮✳ ❯♥❡

❢♦✐. ❧❡. ❞♦♥♥3❡. ❡& +3.✉❧&❛&. ♦❜&❡♥✉.✱ ♥♦✉. ❛✈♦♥. ❞♦♥❝ ♣✉ ❧❛♥❝❡+ ❧❛ ❝♦♥❝❡♣&✐♦♥ ❞❡. ❝❛❞+❡. ❤②❜+✐❞❡. ✸❉ ❛✈❡❝

❧✬♦+✐❡♥&❛&✐♦♥ ❞✉ ❝K&3 ♦❤♠✐?✉❡ ❞✉ ❞3&❡❝&❡✉+ ♦♣&✐♠✐.3❡ ♣♦✉+ ❧❡. 3&✉❞❡. .♦✉❤❛✐&3❡. ♣❛+ ❧❛ ❝♦❧❧❛❜♦+❛&✐♦♥✳

▲❡. 3&✉❞❡. ❞❡. ♣❡+❢♦+♠❛♥❝❡. ❞❡ J❙❆ ❛②❛♥& 3&3 ❡✛❡❝&✉3❡.✱ ♣♦✉+ ❧❛ .✉✐&❡ ❞❡ ❝❡ &+❛✈❛✐❧✱ ♥♦✉. ♥♦✉. .♦♠♠❡.

❜❛.3. .❡✉❧❡♠❡♥& .✉+ ❧❡. ♠❛&+✐❝❡. ❧❡. ♣❧✉. .✐♠♣❧❡. ♣♦✉+ ❝♦♠♣+❡♥❞+❡ ❡& 3&✉❞✐❡+ ❧❡ ❝♦♠♣♦+&❡♠❡♥& ❞✉ ❞3&❡❝&❡✉+ ✿

> .❛✈♦✐+ ❧❛ ♠❛&+✐❝❡ +❡♣+3.❡♥&❛♥& ❧❡ &❡♠♣. ❞❡ ♠♦♥&3❡✱ ❞3✜♥✐ ♣❛+ ❧❛ ❞✐✛3+❡♥❝❡ ❚90% ✲ ❚10%✱ ❡♥ ❢♦♥❝&✐♦♥ ❞❡

❧✬3♥❡+❣✐❡ ❞3♣♦.3❡✳ ❈✬❡.& ❛✉..✐ ❣+`❝❡ > ❝❡&&❡ ♠❛&+✐❝❡ ?✉❡ ♥♦✉. ❛✈♦♥. ♠✐. ❡♥ 3✈✐❞❡♥❝❡ ❝❡+&❛✐♥. ❝♦♠♣♦+&❡♠❡♥&.

❢❛❧❧❛❝✐❡✉① ♣+3.❡♥&. ❞❛♥. ❧❡ ❞3&❡❝&❡✉+✱ ♣❤3♥♦♠M♥❡. ?✉❡ ❥❡ ✈❛✐. ♠❛✐♥&❡♥❛♥& ❡①♣❧✐❝✐&❡+✳
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✭❛✮

✭❜✮

❋✐❣✉$❡ ✽✳✶✾ ✕ ✭❛✮ ❈♦♠♣❛,❛✐.♦♥ ❞❡. .✐❣♥❛✉① ♣♦✉, ❧❡. ♣❛,6✐❝✉❧❡. α ❡6 ❧❡. 8❧❡❝6,♦♥. ❛✈❡❝ ✉♥❡ ✐,,❛❞✐❛6✐♦♥ ❞❡ ❧❛ ❢❛❝❡ ❥♦♥❝6✐♦♥

❞✉ ❞86❡❝6❡✉,✱ ✭❜✮ ❈♦♠♣❛,❛✐.♦♥ ❞❡. .✐❣♥❛✉① ♣♦✉, ❧❡. ♣❛,6✐❝✉❧❡. α ❡6 ❧❡. 8❧❡❝6,♦♥. ❛✈❡❝ ✉♥❡ ✐,,❛❞✐❛6✐♦♥ ❞❡ ❧❛ ❢❛❝❡ ♦❤♠✐?✉❡ ❞✉

❞86❡❝6❡✉, ✴ ✭❛✮ ❉✐✛❡'❡♥❝❡ ❜❡+✇❡❡♥ α ❛♥❞ ❡❧❡❝+'♦♥ 0✐❣♥❛❧ ✇✐+❤ ❛♥ ✐''❛❞✐❛+✐♦♥ ♦♥ +❤❡ ❥✉♥❝+✐♦♥ 0✐❞❡ ♦❢ +❤❡ ❞❡+❡❝+♦'✱ ✭❜✮ ❉✐✛❡'❡♥❝❡

❜❡+✇❡❡♥ α ❛♥❞ ❡❧❡❝+'♦♥ 0✐❣♥❛❧ ✇✐+❤ ❛♥ ✐''❛❞✐❛+✐♦♥ ♦♥ +❤❡ ♦❤♠✐❝ 0✐❞❡ ♦❢ +❤❡ ❞❡+❡❝+♦'
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✽✳✼ ➱✈%♥❡♠❡♥) ♣❛,❛-✐)❡ ✿ ✧❥✉♥❦✧

✽✳✼✳✶ ▼✐&❡ ❡♥ )✈✐❞❡♥❝❡ ❞✉ ♣❤)♥♦♠2♥❡

❚♦✉& ❞✬❛❜♦+❞✱ ❡✛❡❝&✉♦♥1 ✉♥ +❡&♦✉+ 1✉+ ❧❡1 ♣❡+❢♦+♠❛♥❝❡1 ❞❡ ❝❡ ❞6&❡❝&❡✉+✳ ◆♦✉1 ❛✈♦♥1 ❞6❥; 6&❛❜❧✐ =✉❡ ♣♦✉+

❧❡1 ♣❛+&✐❝✉❧❡1 α ❝❡❧✉✐✲❝✐ ❝♦++❡1♣♦♥❞❛✐& ❛✉① ❛&&❡♥&❡1 ❞❡ ❧❛ ❝♦❧❧❛❜♦+❛&✐♦♥ ❡♥ &❡+♠❡ ❞❡ +61♦❧✉&✐♦♥1✳ @+♦✜&❛♥&

❞❡ ❧❛ 1♦✉+❝❡ ❞❡ ❚❤♦+♦♥ ✭❝❢✳ &❛❜✳ ✼✳✶✮ ❡& ❞❡ 1❡1 ♣❡+❢♦+♠❛♥❝❡1 ✭❞6♣F& ✉❧&+❛ ✜♥✮✱ ♥♦✉1 ♣♦✉✈♦♥1 ♠G♠❡ 6&❡♥❞+❡

❝❡1 ♣❡+❢♦+♠❛♥❝❡1 ; ❞❡1 6♥❡+❣✐❡1 ❞❡ ✾ ▼❡❱ ❛✈❡❝ ✉♥❡ +61♦❧✉&✐♦♥ ✭♣✐①❡❧1 +❡❣+♦✉♣61✮ ❞❡ ✶✺✳✼ ❦❡❱ ✭❝❢✳ ✜❣✳

✽✳✷✵❛✮✳ ❉❡ ♣❧✉1 ✉♥ ❢♦+& &+❛✈❛✐❧ 1✉+ ❧❡ ❜+✉✐& 6❧❡❝&+♦♥✐=✉❡ ❞❡1 1✐❣♥❛✉① ♣+♦✈❡♥❛♥& ❞✉ ❞6&❡❝&❡✉+ ❛ 6&6 ❡✛❡❝&✉6

♣♦✉+ ♣❛+✈❡♥✐+ ; ❝❡1 ♣❡+❢♦+♠❛♥❝❡1✳ ❈❡ ❞❡+♥✐❡+✱ ❧♦+1 ❞❡ ❧❛ ♠✐1❡ ❡♥ ♣❧❛❝❡ ❞✉ ❜❛♥❝ ❞❡ &❡1& 6&❛✐& ❛11❡③ 6❧❡✈6

❛✈❡❝ ✉♥❡ ✈❛❧❡✉+ ♠♦②❡♥♥❡ ❝+G&❡ ; ❝+G&❡ ❞❡ ✷✵ ♠❱ ✭1❛♥1 ❝♦♠♣&❡+ ❞✬❛✉&+❡1 1♦✉+❝❡1 ❞❡ ❜+✉✐& =✉❡ ♥♦✉1 ❛✈♦♥1

6❧✐♠✐♥6❡1 ❡& =✉✐ ♥♦✉1 ❞♦♥♥❛✐❡♥& ❞❡1 1✐❣♥❛✉① ♣6+✐♦❞✐=✉❡1 ❞❡ ♣❧✉1 ❣+❛♥❞❡1 ❛♠♣❧✐&✉❞❡1✮✳ ❈❡1 ❝♦♥❞✐&✐♦♥1 ♦♥&

6&6 ❛♠6❧✐♦+6❡1 ❡& ♦♣&✐♠✐16❡1 ❧♦+1 ❞❡ ❧❛ ❝❛+❛❝&6+✐1❛&✐♦♥ ❞✉ ♣+❡♠✐❡+ ❞6&❡❝&❡✉+ ✧♣+♦&♦&②♣❡✧✱ ♣+♦❞✉✐1❛♥& ✉♥❡

❛♠♣❧✐&✉❞❡ ♣♦✉+ ❧❡ ❜+✉✐& 6❧❡❝&+♦♥✐=✉❡ ❝♦♥1&❛♥&❡ ❡& +❡♣+♦❞✉❝&✐❜❧❡ 1✉+ ❧❡1 ❞✐✛6+❡♥&❡1 16+✐❡1 ❞❡ ♠❡1✉+❡1✱ ❛✈❡❝

✉♥❡ ✈❛❧❡✉+ &②♣✐=✉❡ ∼ ✻ ♠❱ ❝+G&❡ ; ❝+G&❡ ❡& ❡♥ ♠♦②❡♥♥❡ ✉♥❡ ✈❛❧❡✉+ < ✺ ♠❱ 1✉+ ❧✬❡♥1❡♠❜❧❡ ❞❡1 ✈♦✐❡1 ❞✉

❞6&❡❝&❡✉+✳

❈❡♣❡♥❞❛♥&✱ ♠❛❧❣+6 ❝❡1 ❡①❝❡❧❧❡♥&❡1 ♣❡+❢♦+♠❛♥❝❡1✱ ❞❡1 6✈6♥❡♠❡♥&1 ; ❜❛11❡ 6♥❡+❣✐❡ ♥❡ ❝♦++❡1♣♦♥❞❛♥& ;

❛✉❝✉♥ +❛②♦♥♥❡♠❡♥& ❛&&❡♥❞✉ ❞❛♥1 ❧❡1 1♦✉+❝❡1 α 1♦♥& ♣+61❡♥&1 ✭❝❢✳ ✜❣✳ ✽✳✷✵✮ ✿ ❧❡1 6✈6♥❡♠❡♥&1 ❢❛❧❧❛❝✐❡✉①✳

❈❡1 6✈6♥❡♠❡♥&1 ♥♦✉1 ♦♥& ❞♦♥❝ ♦❜❧✐❣61 ; +6✢6❝❤✐+ =✉❛♥& ; ❧❡✉+1 ♦+✐❣✐♥❡1 1✉+ ❧❡ ❜❛♥❝ ❞❡ &❡1&✳ @♦✉+ ❝❡❧❛

♥♦✉1 ❛✈♦♥1 ❞♦♥❝ ♠✐1 ❡♥ ♣❧❛❝❡ ✉♥❡ ❜❛&&❡+✐❡ ❞❡ &❡1&1 ✈✐1❛♥& ; ❞6&❡+♠✐♥❡+ ❧✬♦+✐❣✐♥❡ ❞❡ ❝❡1 ❞❡+♥✐❡+1 ✭❝♦♥❞✐&✐♦♥1

1✉+ ❧❡ ❜❛♥❝ ❞❡ &❡1& ♦✉ ❝♦♥❝❡♣& ❞✉ ❞6&❡❝&❡✉+✮ ❡& ❛✐♥1✐ ♣♦✉✈♦✐+ ❧❡1 1✉♣♣+✐♠❡+ ❞❡ ♥♦1 ❞♦♥♥6❡1✳

✽✳✼✳✷ ❉)5❡6♠✐♥❛5✐♦♥ ❞❡ ❧✬♦6✐❣✐♥❡ ❞❡& )✈)♥❡♠❡♥5& ♣❡65✉6❜❛5❡✉6&

❉❛♥1 ✉♥ ♣+❡♠✐❡+ &❡♠♣1✱ ♥♦✉1 ❛✈♦♥1 +❡✲❝❛+❛❝&6+✐16 ❧❡ ❜❛♥❝ ❞❡ &❡1&✱ 6❧6♠❡♥& ♣❛+ 6❧6♠❡♥& ❡& +❡♠✐1 ❡♥

❝❛✉1❡ ❝❤❛❝✉♥ ❞❡1 6❧6♠❡♥&1 ❞✉ ❜❛♥❝ ❞❡ &❡1& ❡♥ ❡✛❡❝&✉❛♥& ❞❡1 &❡1&1 1✉❝❝❡11✐❢1 ♣♦✉+ ❧❡1 ♠❡&&+❡ ❤♦+1 ❞❡ ❝❛✉1❡

❡& ❞♦♥❝ +6❞✉✐+❡ ❧❡1 1♦✉+❝❡1 ♣+♦❜❛❜❧❡1 ❛✉ ❢✉+ ❡& ; ♠❡1✉+❡✳

@♦✉+ ❝♦♠♠❡♥❝❡+✱ ♥♦✉1 ❛✈♦♥1 ✈6+✐✜6 ❧❛ ♣+61❡♥❝❡ ♣❤②1✐=✉❡ ❞❡ ❝❡1 1✐❣♥❛✉① ; ❧❛ 1♦+&✐❡ ❞❡1 ♣+6❛♠♣❧✐✜❝❛&❡✉+1✳

◆♦✉1 ❛✈♦♥1✱ ❞❛♥1 ✉♥ ♣+❡♠✐❡+✱ &❡♠♣1 ✉&✐❧✐16 ✉♥❡ ❛✉&+❡ 6❧❡❝&+♦♥✐=✉❡ ♣♦✉+ ❡✛❡❝&✉❡+ ❧❡1 ♠❡1✉+❡1 ❞❡ ❧✬6♥❡+❣✐❡ ✿

✉♥ ♠♦❞✉❧❡ ❞✬❛❝=✉✐1✐&✐♦♥ ▼❈❆ ❝♦✉♣❧6 ; ✉♥ ❛♠♣❧✐✜❝❛&❡✉+ ❞❡ 1♣❡❝&+♦1❝♦♣✐❡ ♣♦✉+ ❧❛ ♠✐1❡ ❡♥ ❢♦+♠❡ ❞✉ 1✐❣♥❛❧✳

▲❡ 1♣❡❝&+❡ ❢♦✉+♥✐ ♣❛+ ❝❡ ♠♦❞✉❧❡ ♣+61❡♥&❡ &♦✉❥♦✉+1 ❝❡1 6✈6♥❡♠❡♥&1 1✉1♣✐❝✐❡✉①✳ ❈❡&&❡ ♠❡1✉+❡ 1✬❡1& ❝♦♥✜+♠6❡

♣❛+ ❧✬✉&✐❧✐1❛&✐♦♥ ❞✬✉♥ ♦1❝✐❧❧♦1❝♦♣❡ ♣❧✉1 ♣❡+❢♦+♠❛♥& =✉❡ ❝❡❧✉✐ ♣+61❡♥& 1✉+ ❧❡ ❜❛♥❝ ❞❡ &❡1&✱ ❡& ❧✬♦❜1❡+✈❛&✐♦♥ ❞❡

❝❡1 1✐❣♥❛✉① ♣❤②1✐=✉❡♠❡♥& ♣+61❡♥&1 ❡♥ 1♦+&✐❡ ❞❡1 ♣+6❛♠♣❧✐✜❝❛&❡✉+1✳

▲❡ ❞❡✉①✐Y♠❡ &❡1& ❡✛❡❝&✉6 ♣♦✐♥&❡ ❞❡ ♣❧✉1 ❡♥ ♣❧✉1 ✈❡+1 ❧❡ ❞6&❡❝&❡✉+ =✉❛♥& ; ❧❛ ❣6♥6+❛&✐♦♥ ❞❡ ❝❡1 6✈6♥❡✲

♠❡♥&1✳ ❆✐♥1✐✱ ♥♦✉1 1♦♠♠❡1 +❡✈❡♥✉1 ❛✉① ❜♦Z&✐❡+1 ♣+6❛♠♣❧✐✜❝❛&❡✉+1 ♠♦♥♦✲✈♦✐❡1 ❈❘❊▼❆❚ ❬✶✷✼❪✳ ◆♦✉1 ❧❡1

❛✈♦♥1 &♦✉& ❞✬❛❜♦+❞ ♣❧❛❝61 ; ❧✬❡①&6+✐❡✉+ ❞❡ ❧❛ ❝❤❛♠❜+❡ ; ✈✐❞❡✱ ♠❛✐1 ❝❡1 1✐❣♥❛✉① 6&❛✐❡♥& &♦✉❥♦✉+1 ♣+61❡♥&1

1✉+ ❧✬♦1❝✐❧❧♦1❝♦♣❡✳ ◆♦✉1 ♥♦✉1 1♦♠♠❡1 ❛❧♦+1 ❛✛+❛♥❝❤✐1 ❞❡ ❧❛ ❝♦♥♥❡❝&✐=✉❡ ❡①&6+✐❡✉+❡ ❡& ❞❡1 ♣❛11❛❣❡1 ; ✈✐❞❡ ❡♥

♣♦1✐&✐♦♥♥❛♥& ❧❡1 ♣+6❛♠♣❧✐✜❝❛&❡✉+1 ❞✐+❡❝&❡♠❡♥& ❞❛♥1 ❧❛ ❝❤❛♠❜+❡ ; ✈✐❞❡ ♣♦✉+ ❡①&+❛✐+❡ ❧❡ 1✐❣♥❛✉① ❧❡ ♣❧✉1 +❛✲

♣✐❞❡♠❡♥& ❡& ❛✈❡❝ ❧❡ ♠♦✐♥1 ❞✬✐♥&❡+❢6+❡♥❝❡1 ♣♦11✐❜❧❡ ❞✉ ❞6&❡❝&❡✉+✳ ❊♥❝♦+❡ ✉♥❡ ❢♦✐1 ❧❡1 1✐❣♥❛✉① ♥♦♥✲♣❤②1✐=✉❡1

6&❛✐❡♥& ♣+61❡♥&1 ❞❛♥1 ❧❡1 ❞♦♥♥6❡1✳ ❉❡ ♣❧✉1✱ ❡♥ ♣❛+❛❧❧Y❧❡ ❞❡ ❝❡1 &❡1&1✱ ♥♦✉1 ❛✈♦♥1 ❛✉11✐ ✈6+✐✜6 ❧❡1 ♣+6❛♠✲

♣❧✐✜❝❛&❡✉+1 1✉+ ❞✬❛✉&+❡1 ❞6&❡❝&❡✉+1 1✐❧✐❝✐✉♠ ❢♦♥❝&✐♦♥♥❡❧1✳ ❈❡1 ❞❡+♥✐❡+1 ♥❡ ♠♦❞✐✜❛✐❡♥& ♣❛1 ❧❡1 +61✉❧&❛&1 ❞❡1

❞6&❡❝&❡✉+1 ❞❡ &❡1&1 ❡& ♥❡ ♣+61❡♥&❛✐❡♥& ❞♦♥❝ ♣❛1 ❝❡1 1&+✉❝&✉+❡1 ; ❜❛11❡ 6♥❡+❣✐❡✳ ❈❡1 ❞❡+♥✐Y+❡1 ♠❡1✉+❡1 ♥♦✉1

♦♥& ❞6♠♦♥&+6 =✉❡ ❝❡1 1✐❣♥❛✉① ❢❛❧❧❛❝✐❡✉① 6&❛✐❡♥& ❝+661 ❛✉ 1❡✐♥ ♠G♠❡ ❞✉ ❞6&❡❝&❡✉+✳ ❈♦♠♠❡ 6✈♦=✉6 ♣❧✉1 &F&

❞❛♥1 ❝❡ ❝❤❛♣✐&+❡✱ ❧❡ ❝♦♥❝❡♣& ❞✉ ❞6&❡❝&❡✉+ ❛ 6✈♦❧✉6 ✉♥ ♣❡&✐& ♣❡✉ ❡♥&+❡ ❧❡1 ✧♣+♦&♦&②♣❡1✧ ❡& ❧❡ ❞6&❡❝&❡✉+ ♣+6✲

16+✐❡✳ ❆✐♥1✐✱ ❝❡❧❛ ♥♦✉1 ❛ ❛♠❡♥6 ; ❡✛❡❝&✉❡+ ✉♥ ❞❡+♥✐❡+ &❡1& ❡& ; ❝♦♠♣❛+❡+ ❧❡1 +61✉❧&❛&1 ❡♥&+❡ ❧❡1 ❞✐✛6+❡♥&❡1

❣6♥6+❛&✐♦♥1 ❞❡ ❞6&❡❝&❡✉+1✳
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✜❝❤✐❡() ❞❡ ❞♦♥♥-❡) ❞❡ ❧✬❡♥)❡♠❜❧❡ ❞❡) )✐① ❝❛(4❡)✱ ❡❧❧❡ ♥✬❡)4 ✐♠♣❧-♠❡♥4-❡ 7✉❡ ♣♦✉( ❧✬✉♥ ❞❡) ❞❡✉① ♠♦❞❡)

❞✬❛❝7✉✐)✐4✐♦♥ ✿ ❧❡ ♠♦❞❡ ❡✈❡♥# ♦✉ -♥❡(❣✐❡✳ ❖♥ ❣-♥=(❡ )✉( ✉♥❡ ❞❡) ❡♥4(-❡) ❧♦❣✐7✉❡) ❞❡) ❝❛(4❡) ❚◆❚✷✱ @ ❧✬❛✐❞❡

❞✬✉♥ ❣-♥-(❛4❡✉( ❞✬✐♠♣✉❧)✐♦♥ ♥✉♠-(✐7✉❡✱ ✉♥ -✈-♥❡♠❡♥4 ❞❡ )②♥❝❤(♦♥✐)❛4✐♦♥ ♣♦))-❞❛♥4 ✉♥ ✐❞❡♥4✐✜❛♥4 ✉♥✐7✉❡✳

❈❡❧✉✐✲❝✐ ♥♦✉) )❡(4 @ (❡❧❡✈❡( ❧❛ ❞✐✛-(❡♥❝❡ ❡♥ 4❡(♠❡) ❞❡ ❝②❝❧❡ ❞✬❤♦(❧♦❣❡ ❡♥4(❡ ❝❤❛7✉❡ ❝❛(4❡ ❡4 ❧❛ ❝❛(4❡ ♠❛F4(❡✳

❊♥✜♥✱ ❧♦() ❞❡ ❧❛ ❢✉)✐♦♥ ❞❡) ✜❝❤✐❡()✱ ♣❛( ✉♥ ❧♦❣✐❝✐❡❧ ❡①4❡(♥❡ ❞-✈❡❧♦♣♣- @ ❧✬■J❍❈ ❧♦() ❞✉ ❞-✈❡❧♦♣♣❡♠❡♥4 ❞❡)

❝❛(4❡) ❚◆❚✷✱ ♦♥ ❝♦((✐❣❡ ❧❡ 4❡♠♣) ❞❡ ❝❤❛7✉❡ ❝❛(4❡ ♣❛( ❧❡✉( -❝❛(4 @ ❧✬❤♦(❧♦❣❡ ❞❡ ❧❛ ❝❛(4❡ ♠❛F4(❡ ♣♦✉( ♦❜4❡♥✐(

✉♥ ✉♥✐7✉❡ ✜❝❤✐❡( ❝♦♥4❡♥❛♥4 ❧✬❡♥)❡♠❜❧❡ ❞❡) ❞♦♥♥-❡) ♦(❞♦♥♥-❡) ❡♥ 4❡♠♣)✳

▲❛ ❣-♥-(❛4✐♦♥ ❞❡ ❝❡4 -✈-♥❡♠❡♥4 ❞❡ )②♥❝❤(♦♥✐)❛4✐♦♥ ♥✬❡)4 ♣❛) ♣♦))✐❜❧❡ ❛✈❡❝ ❧❡ ♠♦❞❡ ❞✬❛❝7✉✐)✐4✐♦♥ ✧♦)❝✐❧✲

❧♦)❝♦♣❡✧ ❞❛♥) ❧❛ ♠❡)✉(❡ ♦N )❡✉❧❡) ❧❡) 7✉❛4(❡ ✈♦✐❡) ❞✬❡♥4(-❡ ❛))♦❝✐-❡) ❛✉① )✐❣♥❛✉① ♣❤②)✐7✉❡) )♦♥4 ❡♥(❡❣✐)4(-❡)

❞❛♥) ❧❡) ✜❝❤✐❡() ❞❡ )♦(4✐❡✳ ❆✐♥)✐✱ ♠P♠❡ )✐ ♦♥ ❣-♥=(❡ ✉♥ -✈-♥❡♠❡♥4 ❞❡ )②♥❝❤(♦♥✐)❛4✐♦♥ )✉( ✉♥❡ ❡♥4(-❡ ❧♦✲

❣✐7✉❡✱ ❝❡ ❞❡(♥✐❡( ♥❡ )❡(❛ ♣❛) ❡♥(❡❣✐)4(- ❞❛♥) ❧❡ ✜❝❤✐❡( ❞❡ )♦(4✐❡ ❡4 ♥❡ ♣♦✉((❛ ❞♦♥❝ )❡(✈✐( ♣♦✉( ❧❛ ❢✉)✐♦♥ ❞❡)

✜❝❤✐❡()✳

J♦✉( ❡✛❡❝4✉❡( ❝❡44❡ ❢✉)✐♦♥ ❞❡) ❞♦♥♥-❡)✱ ❧❡ ❣(♦✉♣❡ ❡♥ ❝❤❛(❣❡ ❞❡) ❝❛(4❡) ❚◆❚✷ ❛ ♣(♦♣♦)- ✉♥❡ )♦❧✉4✐♦♥

7✉✐ ♥♦✉) ♣❡(♠❡4 ❞❡ ❧❛ ♠❡44(❡ ❢❛❝✐❧❡♠❡♥4 ❡♥ ♣❧❛❝❡✳ ▲❛ )♦❧✉4✐♦♥ 4❡❝❤♥✐7✉❡ )-❧❡❝4✐♦♥♥-❡ ♥♦✉) ♣❡(♠❡4 ❞♦♥❝✱ @

❧✬❛✐❞❡ ❞✬✉♥ ❣-♥-(❛4❡✉(✱ ❝♦♠♠❡ ♣♦✉( ❧❡ ♠♦❞❡ -♥❡(❣✐❡✱ ❞❡ ❝♦((✐❣❡( ❧❡ 4❡♠♣) ❛))♦❝✐- @ ❝❤❛7✉❡ ❝❛(4❡ ♣❛( (❛♣♣♦(4
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0"$♦♥❣ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤✐0 "✇♦ "②♣❡0 ♦❢ ❡✈❡♥"0✱ ✭❜✮ ❙♣✉$✐♦✉0 ❡✈❡♥" 0♣❡❝"$✉♠ ❝♦$$❡❧❛"❡❞ ✇✐"❤ "❤❡ α ❡✈❡♥" ✿ "❤❡ ❧♦✇ ❡♥❡$❣②

0"$✉❝"✉$❡ ❝❛♥ ❜❡ ♦❜0❡$✈❡✱ ✭❝✮  ❛""❡$♥ ♦❢ "❤❡ ♣✐①❡❧0 ♥✉♠❜❡$0 ✐♥✈♦❧✈❡❞ ✐♥ "❤❡ ❝♦$$❡❧❛"✐♦♥ 0♣✉$✐♦✉0 ❡✈❡♥"✴α ✿ "❤❡ ❳✲❛①✐0 $❡♣$❡0❡♥"0

"❤❡ ♣✐①❡❧ ♥✉♠❜❡$ ❢♦$ "❤❡ α ❡✈❡♥" ❛♥❞ "❤❡ ❨✲❛①✐0 ❢♦$ "❤❡ 0♣✉$✐♦✉0 ❡✈❡♥" ❝♦$$❡❧❛"❡❞

◆♦✉* ❛✈♦♥* ❛✐♥*✐ ❞&❜✉-& ♣❛% ❧✬&-✉❞❡ ❞❡* ♣♦**✐❜❧❡* ❝♦%%&❧❛-✐♦♥* ❡♥-%❡ ❧❡* *✐❣♥❛✉① ❞❡* ♣❛%-✐❝✉❧❡* α ❡- ❝❡✉①

❞❡* &✈&♥❡♠❡♥-* *✉*♣✐❝✐❡✉①✳ ◆♦✉* ❛✈♦♥* ♣✉ ❛✐♥*✐ ❝♦♥*-%✉✐%❡ ❧❛ ❞✐✛&%❡♥❝❡ ❡♥ -❡♠♣* ❡♥-%❡ ❞❡✉① &✈&♥❡♠❡♥-*

❝♦%%&❧&* ❞❛♥* ✉♥❡ ❢❡♥C-%❡ ❞❡ ∆tα−junk < |200µs| ✭❝❢✳ ✜❣✳ ✽✳✷✷❛✮ ❛✐♥*✐ 8✉❡ ❧❡ *♣❡❝-%❡ ❞❡* &✈&♥❡♠❡♥-*

❢❛❧❧❛❝✐❡✉① ❡♥ ❝♦%%&❧❛-✐♦♥ ❛✈❡❝ ✉♥ α ❞❛♥* ❝❡--❡ ❢❡♥C-%❡ ❡♥ -❡♠♣* ✭❝❢✳ ✜❣✳ ✽✳✷✷❜✮✳ ▲♦%* ❞❡ ❝❡* ❝♦%%&❧❛-✐♦♥*

♥♦✉* ❛✈♦♥* ❛✉**✐ ♣✉ ❡①-%❛✐%❡ ❧❡ ♣❛""❡$♥ ✷❉ ❛**♦❝✐& ♣♦✉% ❧❛ %❡❝❤❡%❝❤❡ ❞✬✉♥❡ ❝♦%%&❧❛-✐♦♥ *♣❛-✐❛❧❡ ✭❝❢✳ ✜❣✳

✽✳✷✷❝✮✳
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▲❡% &'%✉❧*❛*% ♦❜*❡♥✉% ♣❛& ❝❡**❡ ❛♥❛❧②%❡ ♥❡ ♥♦✉% ♠♦♥*&❡♥* ❛✉❝✉♥❡ ❝♦&&'❧❛*✐♦♥ ❝♦♥❝&4*❡ *❛♥* %♣❛*✐❛❧❡

5✉❡ *❡♠♣♦&❡❧❧❡ ❡♥*&❡ ❧❡% %✐❣♥❛✉① ♣&♦✈❡♥❛♥* ❞❡ ❧❛ ❞'*❡❝*✐♦♥ ❞✬✉♥❡ ♣❛&*✐❝✉❧❡ α ❛✈❡❝ ❝❡✉① ❝♦&&❡%♣♦♥❞❛♥* ❛✉①

'✈'♥❡♠❡♥*% ♣❡&*✉&❜❛*❡✉&% ❞❛♥% ❧❡ ❞'*❡❝*❡✉&✳

❆♣&4% ❝❡% &'%✉❧*❛*%✱ ♥♦✉% ❛✈♦♥% '*✉❞✐' ♣❧✉% ❡♥ ❞'*❛✐❧ ❧✬♦&✐❣✐♥❡ ❡* ❞♦♥❝ ❧❛ ❝♦&&'❧❛*✐♦♥ ♣&♦❜❛❜❧❡ ❞❡% '✈'♥❡✲

♠❡♥*% ♣❡&*✉&❜❛*❡✉&% ❡♥*&❡ ❡✉①✳ ◆♦✉% ❛✈♦♥% ❞♦♥❝ ❡✛❡❝*✉' ❧❡ ♠A♠❡ *②♣❡ ❞❡ ❝♦&&'❧❛*✐♦♥ 5✉❡ ♣&'❝'❞❡♠♠❡♥*

❛✈❡❝ ❧❛ ♠A♠❡ ❢❡♥A*&❡ ❡♥ *❡♠♣% ✭ ∆tjunk−junk < |200µs|✮ ❡* ❛✈♦♥% ♣✉ ❝♦♥%*&✉✐&❡ ❧❛ ❞✐✛'&❡♥❝❡ ❡♥ *❡♠♣% ❡♥*&❡

❞❡✉① '✈'♥❡♠❡♥*% ❢❛❧❧❛❝✐❡✉① ✭❝❢✳ ✜❣✳ ✽✳✷✸❛✮✳ ❈❡❧❛ ♥♦✉% ❛ ♣❡&♠✐% ♣❛& ❧❛ ♠A♠❡ ♦❝❝❛%✐♦♥ ❞✬'*❛❜❧✐& ❧❡% %♣❡❝*&❡%

❞❡% '✈'♥❡♠❡♥*% ✐♠♣❧✐5✉'% ❞❛♥% ❧❛ ❝♦&&'❧❛*✐♦♥ ✿ *❛♥* ❝❡❧✉✐ ❝♦&&❡%♣♦♥❞❛♥* ❛✉① '✈'♥❡♠❡♥*% ❝♦&&'❧'% ✭❝❢✳ ✜❣✳

✽✳✷✸❜✮ 5✉❡ ❝❡❧✉✐ ❞❡% '✈'♥❡♠❡♥*% ✐♥✐*✐❛♥* ❧❛ ❝♦&&'❧❛*✐♦♥✭❝❢✳ ✜❣✳ ✽✳✷✸❝✮✳ ❉❡ ❝❡% ❝♦&&'❧❛*✐♦♥% ♦♥* ❞'❝♦✉❧' ❧❡

♣❛""❡$♥ ✷❉ ❞❡% ♣✐①❡❧% ✐♠♣❧✐5✉'% ❞❛♥% ❧❛ ❝♦&&'❧❛*✐♦♥ ✭❝❢✳ ✜❣✳ ✽✳✷✸❞✮✳
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❋✐❣✉$❡ ✽✳✷✸ ✕ ✭❛✮ ❙♣❡❝,-❡ ❞❡ ❧❛ ❞✐✛2-❡♥❝❡ ❡♥ ,❡♠♣5 ✭ ∆tjunk−junk < |200µs|✮ ❡♥,-❡ ❧❡5 2✈2♥❡♠❡♥,5 ❢❛❧❧❛❝✐❡✉① ✿ ♦♥ -❡♠❛-<✉❡

✉♥❡ 5,-✉❝,✉-❡ ❝❡♥,-2❡ ❡♥ ③2-♦ <✉✐ ✐♥❞✐<✉❡ ✉♥❡ ❝♦--2❧❛,✐♦♥ ❡♥,-❡ ❝❡5 ,②♣❡5 ❞✬2✈2♥❡♠❡♥,5✱ ✭❜✮ ❙♣❡❝,-❡ ❞❡5 2✈2♥❡♠❡♥,5 ❢❛❧❧❛❝✐❡✉①

-25✉❧,❛♥, ❞❡ ❧❛ ❝♦--2❧❛,✐♦♥ ✿ ♦♥ -❡,-♦✉✈❡ ❧❡5 5,-✉❝,✉-❡5 B ❜❛55❡5 2♥❡-❣✐❡5 ❞✉ 5♣❡❝,-❡ ,♦,❛❧✱ ✭❝✮ ❙♣❡❝,-❡ ❞❡5 2✈2♥❡♠❡♥,5 ❢❛❧❧❛❝✐❡✉①

✐♥✐,✐❛♥, ❧❛ ❝♦--2❧❛,✐♦♥ ♦❜5❡-✈2❡ ✿ ♦♥ -❡,-♦✉✈❡ ❧B ❡♥❝♦-❡ ❧❡5 5,-✉❝,✉-❡5 B ❜❛55❡ 2♥❡-❣✐❡ ❞✉ 5♣❡❝,-❡ ,♦,❛❧✱ ✭❞✮  ❛""❡$♥ ✷❉❞❡ ♣✐①❡❧5

✐♠♣❧✐<✉25 ❞❛♥5 ❧❛ ❝♦--2❧❛,✐♦♥ ❡♥,-❡ 2✈D♥❡♠❡♥,5 ❢❛❧❧❛❝✐❡✉① ✴ ❚✐♠❡ ❞✐✛❡$❡♥❝❡ .♣❡❝"$✉♠ ❢♦$ ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ .♣✉$✐♦✉. ❡✈❡♥".

"❤❡♠.❡❧✈❡. ✇✐"❤✐♥ ∆tspurious−spurious < |200µs| ✿ "❤❡ ."$✉❝"✉$❡ ❝❡♥"❡$ ❛" ③❡$♦ .❤♦✇. ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤✐. ❦✐♥❞ ♦❢ ❡✈❡♥".
✐♥.✐❞❡ "❤❡ ❞❡"❡❝"♦$✱ ✭❜✮ ❙♣✉$✐♦✉. ❡✈❡♥" .♣❡❝"$✉♠ ❝♦$$❡❧❛"❡❞ ✇✐"❤ "❤❡ .♣✉$✐♦✉. ❡✈❡♥" ✿ "❤❡ ❧♦✇ ❡♥❡$❣② ."$✉❝"✉$❡ ❝❛♥ ."✐❧❧ ❜❡

♦❜.❡$✈❡✱ ✭❝✮ ❙♣✉$✐♦✉. ❡✈❡♥" .♣❡❝"$✉♠ $❡.♣♦♥.✐❜❧❡ ❢♦$ "❤❡ ❝♦$$❡❧❛"✐♦♥ ✿ ♦♥❝❡ ❛❣❛✐♥ "❤❡ ❧♦✇ ❡♥❡$❣② ."$✉❝"✉$❡. ❛$❡ ."✐❧❧ "❤❡$❡✱ ✭❞✮

 ❛""❡$♥ ♦❢ "❤❡ ♣✐①❡❧ ♥✉♠❜❡$ ✐♥✈♦❧✈❡❞ ✐♥ "❤❡ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ .♣✉$✐♦✉. ❡✈❡♥". "❤❡♠.❡❧✈❡.
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▲❡% &'%✉❧*❛*% ❢♦✉&♥✐% ♣❛& ❝❡**❡ '*✉❞❡ %♦♥* ♣❧✉% %✐❣♥✐✜❝❛*✐❢%✳ ❊♥ ❡✛❡*✱ ♦♥ ♦❜%❡&✈❡ ✉♥ ♣✐❝ ❞❡ ❝♦&&'❧❛*✐♦♥

*❡♠♣♦&❡❧❧❡ ❡♥*&❡ ❧❡% '✈'♥❡♠❡♥*% ❢❛❧❧❛❝✐❡✉①✱ ❝♦♥*&❛✐&❡♠❡♥* = ❧✬'*✉❞❡ ♣&'❝'❞❡♥*❡✳ ❈❡**❡ ❝♦&&'❧❛*✐♦♥ *❡♠♣♦&❡❧❧❡

♥❡ ♥♦✉% ❞♦♥♥❡ ♣❛% ♣❧✉% ❞✬✐♥❢♦&♠❛*✐♦♥ %✉& ❧❡% '♥❡&❣✐❡% ❞❡% '✈'♥❡♠❡♥*% ♠✐% ❡♥ ❥❡✉✱ ❞❛♥% ❧❛ ♠❡%✉&❡ ♦A ❛✉❝✉♥❡

%*&✉❝*✉&❡ %✐❣♥✐✜❝❛*✐✈❡ ♥❡ &❡%%♦&* = ❜❛%%❡ '♥❡&❣✐❡ ✭❝❢✳ ✜❣✳ ✽✳✷✹✮✳ ❈❡♣❡♥❞❛♥*✱ ❞❛♥% ❧❡ ♣❛""❡$♥ ✷❉ ❛%%♦❝✐' =

❝❡**❡ ❝♦&&'❧❛*✐♦♥✱ ♦♥ ❝♦♠♠❡♥❝❡ = ♦❜%❡&✈❡& ❞❡% %*&✉❝*✉&❡%✱ ❝❡ E✉✐ ✐♥❞✐E✉❡ '❣❛❧❡♠❡♥* ✉♥❡ ❝♦&&'❧❛*✐♦♥ %♣❛*✐❛❧❡

❞❡% '✈'♥❡♠❡♥*% ❢❛❧❧❛❝✐❡✉①✳ ❙✐ ❧✬♦♥ ❡✛❡❝*✉❡ ❧❛ ❝♦&&❡%♣♦♥❞❛♥❝❡ ❡♥*&❡ ❧❡% ♣✐①❡❧% ❞✉ %❝❤'♠❛ ❞❡ &❡❣&♦✉♣❡♠❡♥*%

❛✈❡❝ ❧❡% ♥✉♠'&♦% ❞❡ ♣✐①❡❧% ✉*✐❧✐%'% ❞❛♥% ❧❡% ♣❛**❡&♥% ✷❉ ✭❝❢✳ ✜❣✳ ✽✳✷✶✮✱ ♦♥ ♦❜%❡&✈❡ E✉❡ ❧❡% ❝♦&&'❧❛*✐♦♥% %♦♥*

❧❡% ♣❧✉% ✐♥*❡♥%❡% ❛✉① ❛❧❡♥*♦✉&% ❞❡% ♣✐%*❡% ❞✉ ❞'*❡❝*❡✉&✱ ❡* ♥♦*❛♠♠❡♥* ♣♦✉& ❧❡% ♣✐①❡❧% ♣♦%%'❞❛♥* ❧❡% ♣❧✉%

❣&❛♥❞❡% ❧♦♥❣✉❡✉&% ❞❡ ♣✐%*❡% ✭❝❢✳ ✜❣✳ ✽✳✷✶ ♣♦✉& ✉♥ &❛♣♣❡❧ ❞✉ ♣♦%✐*✐♦♥♥❡♠❡♥* ❞❡% ♣✐%*❡%✮✳
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❋✐❣✉$❡ ✽✳✷✻ ✕ ➱&✉❞❡ ❞❡ ❝♦,,❡❧❛&✐♦♥1 2 ❧✬❛✐❞❡ ❞❡1 &,❛❝❡1 ❞❡1 4✈4♥❡♠❡♥&1 ✿ ✭❛✮ ❙♣❡❝&,❡ ❞❡ ❧❛ ❞✐✛4,❡♥❝❡ ❡♥ &❡♠♣1 ✭∆tα−junk <

|200µs|✮ ❡♥&,❡ ✉♥ 4✈4♥❡♠❡♥& ❞❡ &②♣❡ α ❡& ✉♥ 4✈4♥❡♠❡♥& 4&,❛♥❣❡ ✿ ♦♥ ,❡♠❛,?✉❡ ✉♥ ♣✐❝ ❝❡♥&,4 ❡♥ ③4,♦ ♣♦114❞❛♥& ✉♥❡ &,❛A♥❡ ?✉✐

✐♥❞✐?✉❡,❛✐& ✉♥❡ ❝♦,,4❧❛&✐♦♥ ❞❡ ❝❡1 ❞❡✉① &②♣❡1 ❞✬4✈4♥❡♠❡♥&1✱ ✭❜✮ ❙♣❡❝&,❡ ❞❡1 4✈4♥❡♠❡♥&1 ❢❛❧❧❛❝✐❡✉① ❛11♦❝✐41 2 ✉♥ α ❧♦,1 ❞❡ ❧❛

❝♦,,4❧❛&✐♦♥ ✿ ✐❝✐ ♦♥ ♥✬♦❜1❡,✈❡ ?✉✬✉♥ ❜,✉✐& ❞❡ ❢♦♥❞ 1❛♥1 ❧❡1 1&,✉❝&✉,❡1 2 ❜❛11❡ 4♥❡,❣✐❡✱ ✭❝✮  ❛""❡$♥ ✷❉ ❞❡ ♣✐①❡❧1 ✐♠♣❧✐?✉41 ❞❛♥1

❧❛ ❝♦,,4❧❛&✐♦♥ α✴4✈4♥❡♠❡♥& 4&,❛♥❣❡ ✿ ❡♥ ❛❜1❝✐11❡ 1❡ &,♦✉✈❡♥& ❧❡1 ♣✐①❡❧1 &♦✉❝❤41 ♣❛, ✉♥ α ❡& ❡♥ ♦,❞♦♥♥4❡1 ❝❡✉① ❞❡1 4✈4♥❡♠❡♥&1

❢❛❧❧❛❝✐❡✉① ✐♠♣❧✐?✉41 ❞❛♥1 ❧❛ ❝♦,,4❧❛&✐♦♥ ✴ ❙"✉❞② ♦❢ "❤❡ ❝♦$$❡❧❛"✐♦♥ ✉2✐♥❣ "❤❡ ♣✉❧2❡ 2❤❛♣❡ ♦❢ "❤❡ ❡✈❡♥" ✿ ✭❛✮ ❚✐♠❡ ❞✐✛❡$❡♥❝❡

2♣❡❝"$✉♠ ❢♦$ ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ ❛♥ α ❡✈❡♥" ❛♥❞ ❛ 2♣✉$✐♦✉2 ❡✈❡♥" ✇✐"❤✐♥ ∆tα−spurious < |200µs| ✿ ❛ 2"$✉❝"✉$❡ ❝❡♥"❡$❡❞ ✐♥
③❡$♦ ✇✐"❤ ❛ "❛✐❧ ✐2 ♣$❡2❡♥" "❤❛" ✐♥❞✐❝❛"❡2 ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤✐2 "✇♦ "②♣❡2 ♦❢ ❡✈❡♥"2✱ ✭❜✮ ❙♣✉$✐♦✉2 ❡✈❡♥" 2♣❡❝"$✉♠ ❝♦$$❡❧❛"❡❞

✇✐"❤ "❤❡ α ❡✈❡♥" ✿ "❤❡$❡ ✐2 ♦♥❧② "❤❡ ❜❛❝❦❣$♦✉♥❞ ✇✐"❤♦✉" "❤❡ ❧♦✇ ❡♥❡$❣② 2"$✉❝"✉$❡ ❢$♦♠ "♦ "♦"❛❧ 2♣❡❝"$✉♠✱ ✭❝✮  ❛""❡$♥ ♦❢ "❤❡

♣✐①❡❧ ♥✉♠❜❡$2 ✐♥✈♦❧✈❡❞ ✐♥ "❤❡ ❝♦$$❡❧❛"✐♦♥ 2♣✉$✐♦✉2 ❡✈❡♥"✴α ✿ "❤❡ ❳✲❛①✐2 $❡♣$❡2❡♥"2 "❤❡ ♣✐①❡❧ ♥✉♠❜❡$2 ❢♦$ "❤❡ α ❡✈❡♥" ❛♥❞ "❤❡

❨✲❛①✐2 ❢♦$ "❤❡ 2♣✉$✐♦✉2 ❡✈❡♥" ❝♦$$❡❧❛"❡❞

♥✬%&❛✐& ♣❛* ♣+%*❡♥&❡ ❛✉♣❛+❛✈❛♥&✳ ❉❡ *✉+❝+♦3&✱ ❧❡ *♣❡❝&+❡ ❣%♥%+% ♣❛+ ❝❡&&❡ ❝♦++%❧❛&✐♦♥ ♥❡ ♣+%*❡♥&❡ ♣❛* ❛✉**✐

❞✐*&✐♥❝&❡♠❡♥& 9✉✬❛✈❛♥& ❞❡ *&+✉❝&✉+❡* : ❜❛**❡ %♥❡+❣✐❡✳ ▼❛✐* ✐❧ ❡*& ❞✬❛✈❛♥&❛❣❡ *&+✉❝&✉+% ❝♦♠♠❡ ✉♥ *♣❡❝&+❡

❞❡ ❜+✉✐& ❞❡ ❢♦♥❞✳ ❋✐♥❛❧❡♠❡♥&✱ *✐ ❧✬♦♥ +❡❣❛+❞❡ ♣❧✉* ❛&&❡♥&✐✈❡♠❡♥& ❧❡ ♣❛""❡$♥ ✷❉ ❣%♥%+% ♣❛+ ❧❛ ❝♦++%❧❛&✐♦♥

&❡♠♣♦+❡❧❧❡✱ ♦♥ +❡&+♦✉✈❡ ❞❡* *&+✉❝&✉+❡* ❞❛♥* ❝❡❧✉✐✲❝✐✳ ❈❡❧❧❡*✲❝✐ *♦♥& ❝♦❤%+❡♥&❡* ❛✈❡❝ ❧❡* +%*✉❧&❛&* ♦❜&❡♥✉*

❧♦+* ❞❡ ❧❛ ❝♦++%❧❛&✐♦♥ ❞❡* %✈%♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ❡♥&+❡ ❡✉① : ❧✬❛✐❞❡ ❞✉ ♠♦❞❡ %♥❡+❣✐❡✱ ❡& ❝♦++❡*♣♦♥❞❡♥& ❛✉①

+❡❣+♦✉♣❡♠❡♥&* ❞❡ ♣✐①❡❧* ♣♦**%❞❛♥& ❧❡* ♣✐*&❡* ❞❡ ❝♦❧❧❡❝&✐♦♥ ❧❡* ♣❧✉* ❧♦♥❣✉❡*✳ ❊♥ ❝♦♥❝❧✉*✐♦♥✱ ♥♦✉* ♦❜&❡♥♦♥*✱

❝❡&&❡ ❢♦✐*✲❝✐✱ ✉♥❡ ❝♦++%❧❛&✐♦♥ *♣❛&✐♦✲&❡♠♣♦+❡❧❧❡ ❡♥&+❡ ❧❡* %✈%♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ❡& α ❢❛✐❜❧❡ ❡& ♥❡ ♣♦**%❞❛♥&

♣❛* &♦✉* ❧❡* &②♣❡* ❞❡ *✐❣♥❛✉① ❢❛❧❧❛❝✐❡✉① ♦❜*❡+✈%* ❞❛♥* ❧❛ ♠❛&+✐❝❡ E❙❆ ✭♥♦&❛♠♠❡♥& ❧❡* *✐❣♥❛✉① ❞❡ ❢❛✐❜❧❡*

❛♠♣❧✐&✉❞❡*✮✳
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❋✐❣✉$❡ ✽✳✷✼ ✕ ➱&✉❞❡ ❞❡* ❝♦--.❧❛&✐♦♥* ❡♥ ✉&✐❧✐*❛♥& ❧❡* &-❛❝❡* ❞❡* .✈.♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ✿ ✭❛✮ ❙♣❡❝&-❡ ❞❡ ❧❛ ❞✐✛.-❡♥❝❡ ❡♥ &❡♠♣*

✭ ∆tjunk−junk < |200µs|✮ ❡♥&-❡ ❧❡* .✈.♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ✿ ♦♥ -❡♠❛-=✉❡ ✉♥❡ *&-✉❝&✉-❡ ❝❡♥&-.❡ ❡♥ ③.-♦ ❛✈❡❝ ❞❡* -❡❜♦♥❞*

=✉✐ ✐♥❞✐=✉❡ ✉♥❡ ❝♦--.❧❛&✐♦♥ ❡♥&-❡ ❝❡* &②♣❡* ❞✬.✈.♥❡♠❡♥&*✱ ✭❜✮ ❙♣❡❝&-❡ ❞❡* .✈.♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① -.*✉❧&❛♥& ❞❡ ❧❛ ❝♦--.❧❛&✐♦♥

❡♥ ❧❡✉- *❡✐♥ ✿ ♦♥ -❡&-♦✉✈❡ ❧❡* *&-✉❝&✉-❡* C ❜❛**❡ .♥❡-❣✐❡ ❞✉ *♣❡❝&-❡ &♦&❛❧✱ ✭❝✮ ❙♣❡❝&-❡ ❞❡* .✈.♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ✐♥✐&✐❛♥& ❧❛

❝♦--.❧❛&✐♦♥ ♦❜*❡-✈.❡ ✿ ♦♥ -❡&-♦✉✈❡ ❧C ❡♥❝♦-❡ ❧❡* *&-✉❝&✉-❡* C ❜❛**❡ .♥❡-❣✐❡ ❞✉ *♣❡❝&-❡ &♦&❛❧ ♠❛✐* ❞.❝❛❧.❡* ❡♥ .♥❡-❣✐❡ ♣❛-

-❛♣♣♦-& ❛✉① .✈.♥❡♠❡♥&* ❝♦--.❧.*✱ ✭❞✮  ❛""❡$♥ ✷❉ ❞❡* ♣✐①❡❧* ✐♠♣❧✐=✉.* ❞❛♥* ❧❛ ❝♦--.❧❛&✐♦♥ ❡♥&-❡ .✈.♥❡♠❡♥&* ❢❛❧❧❛❝✐❡✉① ✿

♦♥ -❡&-♦✉✈❡ ❜✐❡♥ ❧❡* *&-✉❝&✉-❡* ❝♦--❡*♣♦♥❞❛♥& ❛✉① ♣✐①❡❧* ♣♦**.❞❛♥& ✉♥❡ ❧♦♥❣✉❡✉- ❞❡ ♣✐*&❡ .❧❡✈.❡ ✴ ❙"✉❞② ✉,✐♥❣ "❤❡ ♣✉❧,❡

,❤❛♣❡ ❛♥❛❧②,✐, ♦❢ "❤❡ ,♣✉$✐♦✉, ❡✈❡♥" ✿ ✭❛✮ ❚✐♠❡ ❞✐✛❡$❡♥❝❡ ,♣❡❝"$✉♠ ❢♦$ ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ ,♣✉$✐♦✉, ❡✈❡♥", "❤❡♠,❡❧✈❡,

✇✐"❤✐♥ ∆tspurious−spurious < |200µs| ✿ "❤❡ ,"$✉❝"✉$❡ ❝❡♥"❡$❡❞ ❛" ③❡$♦ ,❤♦✇, ❛ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤✐, ❦✐♥❞ ♦❢ ❡✈❡♥" ✐♥,✐❞❡ "❤❡
❞❡"❡❝"♦$✱ ✭❜✮ ❙♣✉$✐♦✉, ❡✈❡♥" ,♣❡❝"$✉♠ ❝♦$$❡❧❛"❡❞ ✇✐"❤ "❤❡ ,♣✉$✐♦✉, ❡✈❡♥" ✿ "❤❡ ❧♦✇ ❡♥❡$❣② ,"$✉❝"✉$❡ ❝❛♥ ,"✐❧❧ ❜❡ ♦❜,❡$✈❡✱ ✭❝✮

❙♣✉$✐♦✉, ❡✈❡♥" ,♣❡❝"$✉♠ $❡,♣♦♥,✐❜❧❡ ❢♦$ "❤❡ ❝♦$$❡❧❛"✐♦♥ ✿ ♦♥❝❡ ❛❣❛✐♥ "❤❡ ❧♦✇ ❡♥❡$❣② ,"$✉❝"✉$❡, ❛$❡ ,"✐❧❧ "❤❡$❡ ❜✉" ,❤✐❢"❡❞ ✐♥

❡♥❡$❣② ❝♦♠♣❛$❡❞ "♦ "❤❡ ❝♦$$❡❧❛"❡❞ ❡✈❡♥",✱ ✭❞✮  ❛""❡$♥ ♦❢ "❤❡ ♣✐①❡❧ ♥✉♠❜❡$ ✐♥✈♦❧✈❡❞ ✐♥ "❤❡ ❝♦$$❡❧❛"✐♦♥ ❜❡"✇❡❡♥ ,♣✉$✐♦✉, ❡✈❡♥",

"❤❡♠,❡❧✈❡, ✿ ❝♦❤❡$❡♥" ✇✐"❤ ❧♦♥❣ "$❛❝❦✐♥❣ ♣✐①❡❧ ♦♥ "❤❡ ❞❡"❡❝"♦$

❯♥❡ ❢♦✐) ❝❡) +,)✉❧/❛/) ♦❜/❡♥✉)✱ ♥♦✉) )♦♠♠❡) ❛❧♦+) ♣❛+/✐) 5 ❧❛ +❡❝❤❡+❝❤❡ ❞❡) ❝♦++,❧❛/✐♦♥) ❡♥/+❡ ❧❡)

,✈,♥❡♠❡♥/) ❢❛❧❧❛❝✐❡✉① ❡♥/+❡ ❡✉①✳ ❉❡ ❧❛ ♠<♠❡ ♠❛♥✐=+❡✱ ♥♦✉) ❛✈♦♥) ❝♦♥)/+✉✐/ ❧❡ )♣❡❝/+❡ ❞❡ ❧❛ ❞✐✛,+❡♥❝❡ ❡♥

/❡♠♣) ❡♥/+❡) ❞❡✉① ,✈,♥❡♠❡♥/) ❢❛❧❧❛❝✐❡✉① ✭❝❢✳ ✜❣✳ ✽✳✷✼❛✮✱ ❛✐♥)✐ D✉❡ ❧❡) )♣❡❝/+❡) ❞❡) ,✈,♥❡♠❡♥/) ❝♦++,❧,) ✭❝❢✳

✜❣✳ ✽✳✷✼❜✮ ❡/ ❡♥✜♥ ❝❡❧✉✐ ❞❡ ❝❡✉① ✐♥✐/✐❛♥/ ❧❛ ❝♦++,❧❛/✐♦♥ ✭❝❢✳ ✜❣✳ ✽✳✷✼❝✮✳ ❈❡//❡ ❝♦++,❧❛/✐♦♥ /❡♠♣♦+❡❧❧❡ ♥♦✉)

♣❡+♠❡/ ❡♥❝♦+❡ ✉♥❡ ❢♦✐) ❞❡ ❝♦♥)/+✉✐+❡ ❧❡ ♣❛""❡$♥ ✷❉ ❞❡) ♣✐①❡❧) ✐♠♣❧✐D✉,) ❞❛♥) ❝❡//❡ ❞❡+♥✐=+❡ ✭❝❢✳ ✜❣✳ ✽✳✷✼❞✮✳

❈❡) ,/✉❞❡) ♥♦✉) ❝♦♥✜+♠❡♥/ ♣❧✉)✐❡✉+) ♣♦✐♥/) )♦✉❧❡✈,) ❧♦+) ❞❡) ,/✉❞❡) ♣+,❝,❞❡♥/❡) ✭α✴,✈,♥❡♠❡♥/ ,/+❛♥❣❡
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♦❜&❡$✈❡ ❛ &❤✐❢( ✐♥ ❡♥❡$❣② ❜❡(✇❡❡♥ (❤❡ (✇♦ (②♣❡& ♦❢ ❡✈❡♥(&

❡!" ❜✐❡♥ ♣❧✉! ✐♠♣♦+"❛♥" -✉❡ ❝❡❧✉✐ ❞❡ ❧✬1"✉❞❡ ♣+1❝1❞❡♥"❡ ✭✶✻✶ ✺✽✼ 1✈1♥❡♠❡♥"! ≫ ✻ ✼✷✻ 1✈1♥❡♠❡♥"!✮✱ ❝❡

-✉✐ ✐♥❞✐-✉❡ ✉♥❡ ❝♦++1❧❛"✐♦♥ ❜❡❛✉❝♦✉♣ ♣❧✉! ✐♠♣♦+"❛♥"❡ ❡♥"+❡ ❧❡! 1✈1♥❡♠❡♥"! ❢❛❧❧❛❝✐❡✉① ❡✉①✲♠?♠❡! ❛✈❡❝ ✉♥❡

❝♦++1❧❛"✐♦♥ "❡♠♣♦+❡❧❧❡ ❝❧❛✐+❡ ❡" ❝❡♥"+1❡ ❡♥ ③1+♦✳

❊♥!✉✐"❡✱ ❝❡""❡ 1"✉❞❡ ❛ ❢❛✐" +❡!!♦+"✐+ ✉♥ ♥♦✉✈❡❛✉ ♣♦✐♥"✱ ❧❡! !"+✉❝"✉+❡! ❝♦♠♣❧1♠❡♥"❛✐+❡! C ❜❛!!❡ 1♥❡+❣✐❡✳

❊♥ ❡✛❡"✱ !✐ ❧✬♦♥ ❝♦♠♣❛+❡ ❧❡ !♣❡❝"+❡ ♦❜"❡♥✉ ♣♦✉+ ❧❡! 1✈1♥❡♠❡♥"! ❝♦++1❧1! C ❝❡❧✉✐ ♦❜"❡♥✉ ♣♦✉+ ❧❡! 1✈1♥❡♠❡♥"!
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❞❡ ❧✬1"✉❞❡ ♣+1❝1❞❡♥"❡ ✭❝❢✳ ✜❣✳ ✽✳✷✹✮ ❝❡ -✉✐ ♣♦✉++❛✐" ✐♥❞✐-✉❡+ ✉♥ ♣❤1♥♦♠I♥❡ ❞❡ !❡✉✐❧ ♣♦✉+ ❧❛ ❣1♥1+❛"✐♦♥ ❞❡

❝❡! 1✈1♥❡♠❡♥"! ❢❛❧❧❛❝✐❡✉①✳

❉❡ ♣❧✉!✱ C ❧✬❛✐❞❡ ❞❡ ❝❡! 1"✉❞❡!✱ ♥♦✉! ❛✈♦♥! ♣✉ ❝♦♥✜+♠❡+ ❧❛ "❡♥❞❛♥❝❡ ❛✉ ♥✐✈❡❛✉ ❞❡! ♣✐①❡❧! ✐♠♣❧✐-✉1!

❞❛♥! ❧❡! ❝♦++1❧❛"✐♦♥! ❡♥"+❡ 1✈1♥❡♠❡♥"! ❢❛❧❧❛❝✐❡✉①✳ ❆✐♥!✐✱ ❡♥❝♦+❡ ✉♥❡ ❢♦✐!✱ ♥♦✉! +❡"+♦✉✈♦♥! ❧❡ ❢❛✐" -✉❡ ❧❡!
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CR-110 units

Preamplification channels 1

Equivalent noise charge (ENC)*
ENC RMS 200 electrons

Equivalent noise in silicon 1.7 keV (FWHM)

2.4 keV (FWHM)

ENC slope 3.8 elect. RMS /pF

Gain 1.4 volts /pC

Rise time ** 3 ns

Decay time constant 140 s

Unsaturated output swing volts

Maximum charge detectable per event 1.3 x10
7

electrons

2.1 pC

Output impedance 50 ohms

Power supply voltage (Vs)

maximum volts

volts

Power supply current (pos) mA

Vs =   13

Vs =   6

-3 to +3

minimum

Equivalent noise in CdZnTe

CR-110 charge sensitive preamplifier:                 application guide

Measured with input unconnected, using Gaussian shaping amplifier with time constant =1 s.  

With a detector attached to the input, noise from the detector capacitance, leakage current, and 

dielectric losses will add to this figure.

Pulse rise time (defined as the time to attain 90% of maximum value) has a linear relationship 

with input capacitance.  Value cited in the table assumes zero added input capacitance.  To 

calculate pulse rise time for practical situations, use the equation: tr =0.17 Cd + 3 ns, where tr 

is the pulse rise time in ns, and Cd is the added capacitance (e.g. detector capacitance) in pF. 

Keep in mind that others factors within the detection system may further limit this value.

Cremat, Inc.
45 Union St.

Watertown, MA 02472
(617) 527-6590

FAX: (617) 527-2849
http://cremat.com

General Description

Cremat's CR-110 is a single channel charge sensitive preamplifier module 

intended for use with various types of radiation detectors including 

semiconductor detectors (e.g. CdTe and CZT), p-i-n photodiodes, 

avalanche photodiodes (APDs), and various gas-based detectors. The    

CR-110 is one of a series of four charge sensitive preamplifiers offered by 

Cremat, which differ from each other most notably by their gain. A guide 

to selecting the best charge sensitive preamplifier for your application can 

be found at our web site: http://cremat.com. As with all Cremat's 

preamplifier modules, the CR-110 is small (less than one square inch in 

area), allowing for compact multichannel detection systems to be 

constructed using a modular design. 

Detector coupling

The CR-110 can be used either in a direct coupled (DC) mode, or an AC 

coupled mode. If the detector current exceeds 10 nA, it is recommended 

that an AC coupled mode be used to prevent the resulting DC offset of the 

preamplifier output from saturating. Low frequency detector current (e.g. 

'dark' current, or leakage current) produces an offset in the preamplifier 

output voltage at a rate of 0.2 V per nA.  The use of AC coupling also is 

useful in improving the counting rate capability of the preamplifier. A 

schematic diagram of an AC-coupled charge sensitive preamplifier 

detection circuit can be found at http://cremat.com/CSP_app_notes.htm

Package Specifications

The CR-110 circuit is contacted via an 8-pin SIP connection (0.100" 

spacing). Leads are 0.020 inches wide.  Pin 1 is marked with a white dot 

for identification.

Equivalent circuit diagram

Figure 2 above shows a simplified equivalent circuit diagram of the      

CR-110, which is a two stage amplifier. The first stage is high gain, and 

the second stage is low gain with an emphasis on supplying sufficient 

output current to drive a terminated coaxial cable. Pin numbers 

corresponding with the CR-110 preamplifier are shown.  Rf (100 M ) and 

Cf (1.4 pF) are the feedback resistor and capacitor respectively. 

Output waveform

Charge sensitive preamplifiers are used when radiation is detected as a 

series of pulses, resulting in brief bursts of current flowing into or out of 

the preamplifier input. Depending on the type of detector, this burst of 

current may be very brief (<1 ns) or as long as a few s. For an idealized 

detection current pulse taking the form of a delta function, the idealized 

detected charge (time integral of the input current) will take the form of a 

step function. 

The output waveform of an actual charge sensitive preamplifier will of 

course have a non-zero rise time: for the CR-110 this figure is 

approximately 3 ns. Furthermore, capacitance at the preamplifier input 

(e.g. detector capacitance) further slows the rise time at a rate of 0.17 

ns/pF. 

Keep in mind the output rise time will also be limited by the speed of the detector. For 

example, the detection current pulse from a CsI(Tl)/photodiode scintillation detector has a 

duration of approximately a couple s, so the expected rise time of the charge sensitive 

preamplifier output will be at least that long.

The output waveform of the CR-110 using a capacitively-coupled fast square wave pulser at 

the input is shown below to the left. At long time domains, the output decays due to the 

discharge of the feedback capacitor through the feedback resistor, with an RC time constant 

of 140 s. This decay of the output waveform is also shown below, to the right.

c r e m a t

Specifications

Output offset +0.2 to -0.2

0.03 femtoCoul.

volts

Operating temperature -40 to +85 oC

9

Power dissipation with no load 85

Rev. 2.1 (Sep. 2012)

(neg) mA6

0.85"

0.88"
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The power dissipation of the CR-110 is shown to the 

left as a function of supply voltage. The minimum 

supply voltage for good operation is +/- 6V. Any 

supply voltage applied in excess of this figure does 

not change or improve CR-110 performance, but 

instead results in unnecessary power dissipation.



CR-150 evaluation board:                                                    application guide 

Cremat, Inc.

45 Union St.

Watertown, MA 02472

(617) 527-6590

FAX: (617) 527-2849

http://cremat.com c r e m a t

Board dimensions: 3.7 in. x 2.3 in x 0.063 in. 

The CR-150 prototyping test board will aid the experimenter in using and evaluating 

Cremat’s charge sensitive preamplifiers (CSPs). The board has an 8-pin socket for the 

insertion of the preamplifier, as well as power connectors, a power supply regulation 

circuit and other components needed to filter the detector bias.

The CR-150 board schematic is shown below. The CR-150 uses ’AC coupling’ between 

the detector and preamplifier input.

AC-coupled circuits, such as the CR-150, use a ’bias resistor’ through which bias is 

supplied to the detector. A voltage drop forms across this resistor due to the current 

flowing though it (which is the same as the detector current). If the voltage drop across the 

bias resistor is too small (less than about 100 mV), the electronic noise (thermal noise) of 

the bias resistor starts to become significant in the detection circuit. On the other hand, if 

the voltage drop across the bias resistor is too large, the voltage across the detector may be 

significantly (perhaps unexpectedly) less than the applied bias voltage. This is true 

because the bias supply filter resistors, the bias resistor, and the detector are all in series; 

voltage drops forming across the resistors subtract from the voltage across the detector. 

Keep in mind that most voltmeters cannot accurately measure voltage drops across very 

large resistances, so the best method is to use your knowledge of the approximate detector 

current to calculate this voltage drop.

The CR-150 comes with bias filter resistor values of 10 megohms and a bias resistor value 

of 200 megohms (realized on the board with two 100 megohm resistors in series). 

Regardless of how small the detector current is, it should not be necessary to increase 

these resistances above these values. However if the detector current is expected to exceed 

approximately 10 nA you may consider shunting the bias resistor and possibly the bias 

supply filter resistors to lower these resistances (reducing these voltage drops) and 

preventing them from becoming significant in your application. The CR-150 board has 

resistor positions marked R1, R2, and R3 which are intentionally left empty. These are 

positions intended to give the user the option to shunt the 200 megohm bias resistor (using 

R3) and the two 10 megohm filter resistors (using R1 & R2). Users should apply shunting 

resistors with the aim of producing voltage drops of approximately 0.5 volt across each of 

them. (note that it is not necessary to be precise in this value - achieving values within a 

factor of 3 or 4 of the target should be sufficient)

As an example, consider testing an avalanche photodiode (APD) having a leakage current 

of 100 nanoamps. This would theoretically create a voltage drop of 20 volts across the 

200 megohm resistor and another 1 volt across each of the two 10 megohm filter resistors. 

This would be awkward because the gain of an APD is highly dependent on the bias 

voltage, and the actual APD bias is less than the applied bias by the amount of the voltage 

drops across these resistors. To improve the situation, the user should insert a 5 megohm 

resistor into position R3 reducing the voltage drop to 0.5 volts. R2 and R3 could be 

reduced to the same value, producing a total resistor voltage drop of 1.5 volts. 

The following table may be used to determine appropriate values for the shunt resistors 

R1, R2, and R3:

The voltage regulation circuits on the CR-150 produce a steady supply voltage to the CSP 

of    6.8 V. The user should provide supply voltage to the power input of the CR-150 

within the range of    8 V to    15 V.

The CR-150 can be used with any of Cremat’s charge sensitive preamplifiers (ie: CR-110, 

CR-111, CR-112 & CR-113). Cremat’s shaping amplifiers (CR-200 series) cannot be used 

with the CR-150 board. The CR-200 shaping amplifiers have their own evaluation board: 

the CR-160. Attempting to operate a module in the wrong evaluation board will result in 

damage to both the modules and boards.

After soldering to the CR-150 board, be sure to clean any residue (such as the solder flux) 

from the board. Residue left at the ’detector’ terminal or at the bias resistor shunt (R3) can 

significantly degrade the noise performance of the detection system. Also be careful to 

avoid moisture or other residue from forming at these positions.

The CR-150 board comes with the parts shown above. Because the user may not wish to 

use BNC connectors mounted on the board, the connectors have been supplied 

unassembled to the board. ’PCB-mount’ banana connectors are also supplied 

(unassembled), allowing the user the option of supplying power via banana patch cables. 

Mounting hardware is also included, as well as an alternative power connector. These 

different connectors and mounting options are illustrated in the photos on the following 

page.

Electrical Shielding:

Cremat’s CSPs are sensitive, and operating them in an unshielded environment will 

usually result in the amplification of unwanted stray signals. For this reason we 

recommend using any of Cremat’s CSPs and the CR-150 board inside a shielded 

enclosure. We offer the CR-150-BOX (available separately) which provides shielding for 

the CR-150 board and is easily assembled and operated. For more information on this 

product, see our web site http://cremat.com

Caution: Set-up of the CR-150 board requires the user to be comfortable with soldering and connecting wires, cables, 
and connectors to PC boards. Also, the user may be exposed to the risk of electric shock, in particular the high voltages 
sometimes used in detector bias supplies. Furthermore, the user should keep in mind that the detector bias supply GND 
connection is connected to the CR-150 ground via a 10M resistor (or R2). Any voltage drop appearing across this resistor 
(due to detector current) will appear as a difference in ground potential between the power supply ground and CR-150 
board ground. While this will normally not be a problem, if this voltage becomes sufficiently large it may become an 
unexpected source of electric shock.

rev. 4

CR-150 schematic diagram:
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Pixel 63 Pixel 64 



✷✷✹

❆◆◆❊❳❊ ❈✳ ❈❖❯❘❇❊❙ ❈❆❘❆❈❚➱❘■❙❚■◗❯❊❙ ❈❖❯❘❆◆❚✱ ❈❆0❆❈■❚➱ ❊◆ ❋❖◆❈❚■❖◆ ❉❊ ▲❆

❚❊◆❙■❖◆ 0❖❯❘ ▲❊❙ ❉■❋❋➱❘❊◆❚❙ ❉➱❚❊❈❚❊❯❘❙ ❙■❘■❯❙



❆♥♥❡①❡ ❉

❈❤❛♥❣❡♠❡♥' ❞❡ ✈❛*✐❛❜❧❡ ❡.'✐♠❛'✐♦♥ ❞✉

'❡♠♣. ❞❡ ✈✐❡

❉❛♥# ❝❡&&❡ ❛♥♥❡①❡✱ ❥❡ ✈❛✐# ❞-&❛✐❧❧❡/ ✉♥ ♣❡✉ ♣❧✉# ❧✬❡#&✐♠❛&✐♦♥ ❞✉ &❡♠♣# ❞❡ ✈✐❡ 5 ❧✬❛✐❞❡ ❞❡# ♠❛&/✐❝❡#

❞❡ ❝♦//-❧❛&✐♦♥#✱ ❛✉ &/❛✈❡/# ❞✉ ❝❤❛♥❣❡♠❡♥& ❞❡ ✈❛/✐❛❜❧❡# ❡✛❡❝&✉- ♣♦✉/ ❛❥✉#&❡/ ❧❡# ❝♦✉/❜❡# ❞❡ &❡♥❞❛♥❝❡#✳

❚♦✉& ❞✬❛❜♦/❞✱ ❧❛ ❞-❝/♦✐##❛♥❝❡ /❛❞✐♦❛❝&✐✈❡ ❡#& ❝❛/❛❝&-/✐#-❡ ♣❛/ #♦♥ -✈♦❧✉&✐♦♥ &❡♠♣♦/❡❧❧❡ ❡①♣♦♥❡♥&✐❡❧❧❡♠❡♥&

❞-❝/♦✐##❛♥&❡ ✿

dN(t)

dt
= −Nr.λ.e

−λ.t
✭❉✳✶✮

❆✈❡❝ ◆r ❧❡ ♥♦♠❜/❡ ✐♥✐&✐❛❧ ❞❡ ♥♦②❛✉① ✐♠♣❧❛♥&-#✱ ❡& λ ❂ ❧♥✭✷✮✳τ ❂
ln(2)
T1/2

✳

❯♥❡ ♣/❡♠✐F/❡ ♠-&❤♦❞❡ ♣♦✉/ ❡#&✐♠❡/ ❧❡ &❡♠♣# ❞❡ ✈✐❡ ❝♦♥#✐#&❡ 5 ❛❥✉#&❡/ ❞✐/❡❝&❡♠❡♥& ❧❡ #♣❡❝&/❡ /❡♣/-✲

#❡♥&❛♥& ❧❛ ❞✐✛-/❡♥❝❡ ❡♥ &❡♠♣# ❡♥&/❡ ❧✬✐♠♣❧❛♥&❛&✐♦♥ ❡& ❧❛ ❞-❝/♦✐##❛♥❝❡✱ ♣❛/ ❝❡&&❡ ❢♦♥❝&✐♦♥ ❡①♣♦♥❡♥&✐❡❧❧❡

❞-❝/♦✐##❛♥&❡✳ ❈❡♣❡♥❞❛♥&✱ ❝❡&&❡ ♠-&❤♦❞❡ ♥❡ ♣❡/♠❡& ♣❛# ❞❡ ✈✐#✉❛❧✐#❡/ ❢❛❝✐❧❡♠❡♥& ❞❡# -❝❛/&# ✐♠♣♦/&❛♥&# ❞❛♥#

❧❡# &❡♠♣# ❞❡ ✈✐❡ ♦❜#❡/✈-# ❛✉ ❝♦✉/# ❞❡# ❡①♣-/✐❡♥❝❡#✳ ❉❡ ♣❧✉#✱ ♣♦✉/ ❧❡# ❢❛✐❜❧❡# #&❛&✐#&✐J✉❡#✱ ❧✬❛❥✉#&❡♠❡♥& ❞❡

❝❡&&❡ ❢♦♥❝&✐♦♥ ♣❡✉& K&/❡ ❝♦♠♣❧✐J✉-✳

▲❛ ♠-&❤♦❞❡ ✉&✐❧✐#-❡ ♣♦✉/ ❧❡# ❢❛✐❜❧❡# #&❛&✐#&✐J✉❡# ❝♦♥#✐#&❡ 5 /❡♣/-#❡♥&❡/✱ ♥♦♥ ♣❛# ❧❛ ❞✐✛-/❡♥❝❡ ❡♥ &❡♠♣#✱

♠❛✐# ❧❡ ❧♦❣❛/✐&❤♠❡ ❞❡ ❝❡&&❡ ❞✐✛-/❡♥❝❡ ❛✉ &/❛✈❡/# ❞✉ ❝❤❛♥❣❡♠❡♥& ❞❡ ✈❛/✐❛❜❧❡ ✿

θ = log2(t) =
ln(t)

ln(2)
✭❉✳✷✮

❆✐♥#✐ ❡♥ ✉&✐❧✐#❛♥& ❧❡ ❝❤❛♥❣❡♠❡♥& ❞❡ ✈❛/✐❛❜❧❡ ❡J✳ ✭❉✳✷✮ ✿

t = 2θ ✭❉✳✸✮

dt = t.ln(2).dθ ✭❉✳✹✮

❆✉ ✜♥❛❧✱ ❡♥ /❡♠♣❧❛P❛♥& ❞❛♥# ❧✬-J✉❛&✐♦♥ ❞❡ ❜❛#❡ ❡J✳ ✭❉✳✶✮ ♥♦✉# ♦❜&❡♥♦♥# ❜✐❡♥ ❧❛ ❢♦♥❝&✐♦♥ ✉&✐❧✐#-❡ ♣♦✉/

❡#&✐♠❡/ ❧❡# &❡♠♣# ❞❡ ✈✐❡ ✿

dN(θ)

dθ
= −Nr.ln(2).λ.2

θe−λ.2θ
✭❉✳✺✮

R♦✉/ ❡#&✐♠❡/ ❧❡ &❡♠♣# ❞❡ ✈✐❡✱ ♦♥ ♣❡✉& ❛❧♦/# ♣/♦❝-❞❡/ #❡❧♦♥ ❞❡✉① ♠-&❤♦❞❡#✳ ❚♦✉& ❞✬❛❜♦/❞ ❧❡ ♠❛①✐♠✉♠

❞❡ ❝❡&&❡ ❢♦♥❝&✐♦♥ ❡#& /❡❧✐- 5 ❝❡❧✉✐✲❝✐ ❡& ♦♥ ♣❡✉& ❞♦♥❝ ❧✬❡①♣/✐♠❡/ ♣❛/ ✿

τ = 2θmax
✭❉✳✻✮

✷✷✺
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✈✐❡ ❞❛♥, ❝❡((❡ (❤D,❡✳
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❛♥❞ .*❛❜✐❧✐*② ♦❢ ❤❡❛✈② ❛♥❞ .✉♣❡)❤❡❛✈② ❡❧❡♠❡♥*.✳ ◆✉❝❧❡❛% C❤②/✐❝/ ❆✱ ✶✸✶✭✶✮ ✿✶✕✻✻✱ ✶✾✻✾✳

❬✶✷❪ ❘♦❣❡) ❉✳ ❲♦♦❞. ❛♥❞ ❉❛✈✐❞ ❙✳ ❙❛①♦♥✳ ❉✐✛✉.❡ .✉)❢❛❝❡ ♦♣*✐❝❛❧ ♠♦❞❡❧ ❢♦) ♥✉❝❧❡♦♥✲♥✉❝❧❡✐ .❝❛**❡)✐♥❣✳

C❤②/✐❝❛❧ ❘❡✈✐❡✇✱ ✾✺✭✷✮ ✿✺✼✼✱ ✶✾✺✹✳

❬✶✸❪ ❙✳ ❶✇✐♦❦✱ ❙✳ ❍♦❢♠❛♥♥✱ ❛♥❞ ❲✳ ◆❛③❛)❡✇✐❝③✳ ❙❤❡❧❧ .*)✉❝*✉)❡ ♦❢ *❤❡ ❤❡❛✈✐❡.* ❡❧❡♠❡♥*.✳ ◆✉❝❧❡❛% C❤②/✐❝/

❆✱ ✺✼✸✭✸✮ ✿✸✺✻✕✸✾✹✱ ✶✾✾✹✳

❬✶✹❪ ❙✳ ❶✇✐♦❦✱ ❏❛❝❡❦ ❉♦❜❛❝③❡✇.❦✐✱ +✳✲❍✳ ❍❡❡♥❡♥✱ +✐♦*) ▼❛❣✐❡).❦✐✱ ❛♥❞ ❲✐*♦❧❞ ◆❛③❛)❡✇✐❝③✳ ❙❤❡❧❧ .*)✉❝*✉)❡

♦❢ *❤❡ .✉♣❡)❤❡❛✈② ❡❧❡♠❡♥*.✳ ◆✉❝❧❡❛% C❤②/✐❝/ ❆✱ ✻✶✶✭✷✲✸✮ ✿✷✶✶✕✷✹✻✱ ✶✾✾✻✳

❬✶✺❪ ❏✳ ❉✉❞❡❦✱ ❩✳ ❙③②♠❛➠.❦✐✱ ❛♥❞ ❚✳ ❲❡)♥❡)✳ ❲♦♦❞.✲❙❛①♦♥ ♣♦*❡♥*✐❛❧ ♣❛)❛♠❡*❡). ♦♣*✐♠✐③❡❞ *♦ *❤❡ ❤✐❣❤

.♣✐♥ .♣❡❝*)❛ ✐♥ *❤❡ ❧❡❛❞ )❡❣✐♦♥✳ C❤②/✐❝❛❧ ❘❡✈✐❡✇ ❈✱ ✷✸✭✷✮ ✿✾✷✵✱ ✶✾✽✶✳

❬✶✻❪ ❆✳ ❚✳ ❑)✉♣♣❛✱ ▼✳ ❇❡♥❞❡)✱ ❲✳ ◆❛③❛)❡✇✐❝③✱ +✳✲●✳ ❘❡✐♥❤❛)❞✱ ❚✳ ❱❡)*.❡✱ ❛♥❞ ❙✳ ❶✇✐♦❦✳ ❙❤❡❧❧ ❝♦))❡❝*✐♦♥.

♦❢ .✉♣❡)❤❡❛✈② ♥✉❝❧❡✐ ✐♥ .❡❧❢✲❝♦♥.✐.*❡♥* ❝❛❧❝✉❧❛*✐♦♥.✳ C❤②/✐❝❛❧ ❘❡✈✐❡✇ ❈✱ ✻✶✭✸✮ ✿✵✸✹✸✶✸✱ ✷✵✵✵✳

✷✷✼
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❬✶✼❪ ▼✐❝❤❛❡❧ ❇❡♥❞❡0✱ ❲✳ ◆❛③❛0❡✇✐❝③✱ ❛♥❞ 7✳✲●✳ ❘❡✐♥❤❛0❞✳ ❙❤❡❧❧ <=❛❜✐❧✐③❛=✐♦♥ ♦❢ <✉♣❡0✲❛♥❞ ❤②♣❡0❤❡❛✈②

♥✉❝❧❡✐ ✇✐=❤♦✉= ♠❛❣✐❝ ❣❛♣<✳  ❤②#✐❝# ▲❡((❡)# ❇✱ ✺✶✺✭✶✮ ✿✹✷✕✹✽✱ ✷✵✵✶✳

❬✶✽❪ ❏✳ ❉♦❜❛❝③❡✇<❦✐✱ ❍✳ ❋❧♦❝❛0❞✱ ❛♥❞ ❏✳ ❚0❡✐♥❡0✳ ❍❛0=0❡❡✲❢♦❝❦✲❜♦❣♦❧②✉❜♦✈ ❞❡<❝0✐♣=✐♦♥ ♦❢ ♥✉❝❧❡✐ ♥❡❛0 =❤❡

♥❡✉=0♦♥✲❞0✐♣ ❧✐♥❡✳ ◆✉❝❧❡❛)  ❤②#✐❝# ❆✱ ✶✭✹✷✷✮ ✿✶✵✸✕✶✸✾✱ ✶✾✽✹✳

❬✶✾❪ ▼✐❝❤❛❡❧ ❇❡♥❞❡0✱ ❑❧❡♠❡♥< ❘✉=③✱ 7✳✲●✳ ❘❡✐♥❤❛0❞✱ ❏♦❛❝❤✐♠ ❆✳ ▼❛0✉❤♥✱ ❛♥❞ ❲❛❧=❡0 ●0❡✐♥❡0✳ ❙❤❡❧❧

<=0✉❝=✉0❡ ♦❢ <✉♣❡0❤❡❛✈② ♥✉❝❧❡✐ ✐♥ <❡❧❢✲❝♦♥<✐<=❡♥= ♠❡❛♥✲✜❡❧❞ ♠♦❞❡❧<✳  ❤②#✐❝❛❧ ❘❡✈✐❡✇ ❈✱ ✻✵✭✸✮ ✿✵✸✹✸✵✹✱

✶✾✾✾✳

❬✷✵❪ ▼✳ ❇❡♥❞❡0✱ 7✳ ❇♦♥❝❤❡✱ ❚✳ ❉✉❣✉❡=✱ ❛♥❞ 7✳✲❍✳ ❍❡❡♥❡♥✳ ❙❦②0♠❡ ♠❡❛♥✲✜❡❧❞ <=✉❞② ♦❢ 0♦=❛=✐♦♥❛❧ ❜❛♥❞<

✐♥ =0❛♥<❢❡0♠✐✉♠ ✐<♦=♦♣❡<✳ ◆✉❝❧❡❛)  ❤②#✐❝# ❆✱ ✼✷✸✭✸✲✹✮ ✿✸✺✹✕✸✻✹✱ ❆✉❣✉<= ✷✵✵✸✳

❬✷✶❪ ▼✐❝❤❛❡❧ ❇❡♥❞❡0✱ 7❛✉❧✲❍❡♥0✐ ❍❡❡♥❡♥✱ ❛♥❞ 7❛✉❧✲●❡0❤❛0❞ ❘❡✐♥❤❛0❞✳ ❙❡❧❢✲❝♦♥<✐<=❡♥= ♠❡❛♥✲✜❡❧❞ ♠♦❞❡❧<

❢♦0 ♥✉❝❧❡❛0 <=0✉❝=✉0❡✳ ❘❡✈✐❡✇# ♦❢ ▼♦❞❡)♥  ❤②#✐❝#✱ ✼✺✭✶✮ ✿✶✷✶✱ ✷✵✵✸✳

❬✷✷❪ ■♥=❡0❛❝=✐✈❡ ❈❤❛0= ♦❢ ◆✉❝❧✐❞❡<✳ ❤==♣ ✿✴✴✇✇✇✳♥♥❞❝✳❜♥❧✳❣♦✈✴❝❤❛0=✴0❡❝♦❧♦0✳❥<♣ ❄♥❡✇❝♦❧♦0❂❞♠✳

❬✷✸❪ ❏♦❝❤❡♥ ❊0❧❡0✱ ◆♦❛❤ ❇✐0❣❡✱ ▼❛0❦✉< ❑♦0=❡❧❛✐♥❡♥✱ ❲✐=♦❧❞ ◆❛③❛0❡✇✐❝③✱ ❊0✐❦ ❖❧<❡♥✱ ❆❧❡①❛♥❞❡0 ▼✳ 7❡0✲

❤❛❝✱ ❛♥❞ ▼❛0✐♦ ❙=♦✐=<♦✈✳ ❚❤❡ ❧✐♠✐=< ♦❢ =❤❡ ♥✉❝❧❡❛0 ❧❛♥❞<❝❛♣❡✳ ◆❛(✉)❡✱ ✹✽✻✭✼✹✵✹✮ ✿✺✵✾✕✺✶✷✱ ❏✉♥❡

✷✵✶✷✳

❬✷✹❪ ❋✳ ❑❤❛❧❢❛❧❧❛❤✳ ❙♣❡❝()♦#❝♦♣✐❡ ❞❡ ♥♦②❛✉① ()<# ❧♦✉)❞# ❡♥ ✈✉❡ ❞❡ ❧✬>(✉❞❡ ❞❡# ♥♦②❛✉① #✉♣❡)✲❧♦✉)❞#✳ 7❤❉

=❤❡<✐<✱ ✷✵✵✼✳

❬✷✺❪ ❨✉✳❚<✳ ❖❣❛♥❡<<✐❛♥✳ ❙✉♣❡0❤❡❛✈② ❡❧❡♠❡♥=<✳  ❤②#✐❝# ❲♦)❧❞✱ ❏✉❧② ✷✵✵✹✳

❬✷✻❪ ▼❛0✐❛ ●♦❡♣♣❡0= ▼❛②❡0 ❛♥❞ ❏✳❍✳❉ ❏❡♥<❡✳ ❊❧❡♠❡♥(❛)② (❤❡♦)② ♦❢ ♥✉❝❧❡❛) #❤❡❧❧ #()✉❝(✉)❡✳ ❏♦❤♥ ❲✐❧❡②

❛♥❞ ❙♦♥<✱ ✶✾✺✺✳

❬✷✼❪ ❘✳❇✳ ❋✐0❡<=♦♥❡✱ ❱✳❙✳ ❙❤✐0❧❡②✱ ❈✳▼✳ ❇❛❣❧✐♥✱ ❙✳❋✳ ❈❤✉✱ ❛♥❞ ❏✳ ❩✐♣❦✐♥✳ ❚❛❜❧❡ ♦❢ ■#♦(♦♣❡#✱ ✈♦❧✉♠❡ ✈♦❧ ■■✳

❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥<✱ ✶✾✾✻✳

❬✷✽❪ ❉✳ ❘♦✉✈❡❧✳ ❊##❛✐ #✉) ❧❡# #②♠>()✐❡# ❣>♦♠>()✐G✉❡# ❡( ❧❡# ()❛♥#✐(✐♦♥# ❞❡ ❢♦)♠❡ ❞✉ ♥♦②❛✉ ❞❡ ❧✬❛(♦♠❡✳

7❤❉ =❤❡<✐<✱ ✷✵✶✹✳

❬✷✾❪ ❨✉ ❚< ❖❣❛♥❡<<✐❛♥✱ ❆ ❙♦❜✐❝③❡✇<❦✐✱ ❛♥❞ ● ▼ ❚❡0✲❆❦♦♣✐❛♥✳ ❙✉♣❡0❤❡❛✈② ♥✉❝❧❡✐ ✿ ❢0♦♠ ♣0❡❞✐❝=✐♦♥< =♦

❞✐<❝♦✈❡0②✳  ❤②#✐❝❛ ❙❝)✐♣(❛✱ ✾✷✭✷✮ ✿✵✷✸✵✵✸✱ ❋❡❜0✉❛0② ✷✵✶✼✳

❬✸✵❪ ▼✳ ❲❛♥❣✱ ●✳ ❆✉❞✐✱ ❆✳❍✳ ❲❛♣<=0❛❛✱ ❋✳●✳ ❑♦♥❞❡✈✱ ▼✳ ▼❛❝❈♦0♠✐❝❦✱ ❳✳ ❳✉✱ ❛♥❞ ❇✳ 7❢❡✐✛❡0✳ ❚❤❡

❛♠❡✷✵✶✷ ❛=♦♠✐❝ ♠❛<< ❡✈❛❧✉❛=✐♦♥✳ ❈❤✐♥❡#❡  ❤②#✐❝# ❈✱ ✸✻✭✶✷✮ ✿✶✻✵✸✕✷✵✶✹✱ ✷✵✶✷✳

❬✸✶❪ ❏✳ ❑❤✉②❛❣❜❛❛=❛0✱ ❆✳ ❨❛❦✉<❤❡✈✱ ❈❤✳❊✳ ❉✉❧❧♠❛♥♥✱ ❉✳ ❆❝❦❡0♠❛♥♥✱ ▲✳✲▲✳ ❆♥❞❡0<<♦♥✱ ▼✳ ❆<❛✐✱ ▼✳ ❇❧♦❝❦✱

❘✳i❆✳ ❇♦❧❧✱ ❍✳ ❇0❛♥❞✱ ❉✳i▼✳ ❈♦①✱ ▼✳ ❉❛<❣✉♣=❛✱ ❳✳ ❉❡0❦①✱ ❆✳ ❉✐ ◆✐==♦✱ ❑✳ ❊❜❡0❤❛0❞=✱ ❏✳ ❊✈❡♥✱

▼✳ ❊✈❡0<✱ ❈✳ ❋❛❤❧❛♥❞❡0✱ ❯✳ ❋♦0<❜❡0❣✱ ❏✳i▼✳ ●❛=❡<✱ ◆✳ ●❤❛0✐❜②❛♥✱ 7✳ ●♦❧✉❜❡✈✱ ❑✳i❊✳ ●0❡❣♦0✐❝❤✱

❏✳i❍✳ ❍❛♠✐❧=♦♥✱ ❲✳ ❍❛0=♠❛♥♥✱ ❘✳✲❉✳ ❍❡0③❜❡0❣✱ ❋✳i7✳ ❍❡k❜❡0❣❡0✱ ❉✳i❏✳ ❍✐♥❞❡✱ ❏✳ ❍♦✛♠❛♥♥✱ ❘✳ ❍♦❧✲

❧✐♥❣❡0✱ ❆✳ ❍l❜♥❡0✱ ❊✳ ❏m❣❡0✱ ❇✳ ❑✐♥❞❧❡0✱ ❏✳i❱✳ ❑0❛=③✱ ❏✳ ❑0✐❡0✱ ◆✳ ❑✉0③✱ ▼✳ ▲❛❛=✐❛♦✉✐✱ ❙✳ ▲❛❤✐0✐✱

❘✳ ▲❛♥❣✱ ❇✳ ▲♦♠♠❡❧✱ ▼✳ ▼❛✐=✐✱ ❑✳ ▼✐❡0♥✐❦✱ ❙✳ ▼✐♥❛♠✐✱ ❆✳ ▼✐<=0②✱ ❈✳ ▼♦❦0②✱ ❍✳ ◆✐=<❝❤❡✱ ❏✳i7✳

❖♠=✈❡❞=✱ ●✳i❑✳ 7❛♥❣✱ 7✳ 7❛♣❛❞❛❦✐<✱ ❉✳ ❘❡♥✐<❝❤✱ ❏✳ ❘♦❜❡0=♦✱ ❉✳ ❘✉❞♦❧♣❤✱ ❏✳ ❘✉♥❦❡✱ ❑✳i7✳ ❘②❦❛❝✲
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❆✳ ●✳ M♦♣❡❦♦✱ ❆✳ ❱✳ ❨❡6❡♠✐♥✱ ❛♥❞ ♦C❤❡6+✳ ❉❡❝❛② ♣6♦♣❡6C✐❡+ ♦❢ ♥❡✉C6♦♥✲❞❡✜❝✐❡♥C ✐+♦C♦♣❡+ ✷✺✻✱ ✷✺✼❞❜✱

✷✺✺6❢✱ ✷✺✷✱ ✷✺✸❧6✳ ❚❤❡ ❊✉&♦♣❡❛♥ 1❤②)✐❝❛❧ ❏♦✉&♥❛❧ ❆✲❍❛❞&♦♥) ❛♥❞ ◆✉❝❧❡✐✱ ✶✷✭✶✮ ✿✺✼✕✻✼✱ ✷✵✵✶✳ ❜✐❜C❡① ✿

❤❡++❜❡6❣❡6❴❞❡❝❛②❴✷✵✵✶✳



✷✸✹ ❇■❇▲■❖●❘❆'❍■❊

❬✶✵✻❪ ▼✳ ❱♦,-✐♥❛1✳ ❙♣❡❝$%♦'❝♦♣② ♦❢ ✷✺✼✱✷✺✽❉❜ ✐♥ $❤❡ ✈✐❝✐♥✐$② ♦❢ $❤❡ ◆ ❂ ✶✺✷ ❞❡❢♦%♠❡❞ '❤❡❧❧ ❣❛♣✳ 2❤❉ -❤❡,✐,✱

●❆◆■▲✱ ❈❛❡♥✱ ✷✵✶✺✳

❬✶✵✼❪ ❇✳ ❙-1❡✐❝❤❡1✳ ❙②♥$❤❡'✐' ❛♥❞ '♣❡❝$%♦'❝♦♣② ♣%♦♣❡%$✐❡' ♦❢ $%❛♥'❢❡%♠✐✉♠ ✐'♦$♦♣❡' ✇✐$❤ ❩ ❂ ✶✵✺✱ ✶✵✻✱ ✶✵✼✳ 2❤❉

-❤❡,✐,✱ ❯♥✐✈❡1,✐-② ♦❢ ❇1❛-✐,❧❛✈❛✱ ✷✵✵✻✳

❬✶✵✽❪ ❏✳ ❘✉❜❡1-✱ ❏✳ 2✐♦-✱ ❩✳ ❆,❢❛1✐✱ ❇✳❏♣✳ ●❛❧❧✱ ❏✳ ➘1❥❡✱ ❖✳ ❉♦1✈❛✉①✱ 2✳❚✳ ●1❡❡♥❧❡❡,✱ ❍✳ ❑♦✐✈✐,-♦✱ ❆✳ ❖✉❛❞✐✱ ❛♥❞

❘✳ ❙❡♣♣V❧V✳ ❋✐1,- ✐♥-❡♥,❡ ✐,♦-♦♣✐❝ -✐-❛♥✐✉♠✲✺✵ ❜❡❛♠ ✉,✐♥❣ ▼■❱❖❈ ♠❡-❤♦❞✳ ◆✉❝❧❡❛% ■♥'$%✉♠❡♥$' ❛♥❞

▼❡$❤♦❞' ✐♥ D❤②'✐❝' ❘❡'❡❛%❝❤ ❙❡❝$✐♦♥ ❇ ✿ ❇❡❛♠ ■♥$❡%❛❝$✐♦♥' ✇✐$❤ ▼❛$❡%✐❛❧' ❛♥❞ ❆$♦♠'✱ ✷✼✻ ✿✸✸✕✸✼✱ ❆♣1✐❧

✷✵✶✷✳

❬✶✵✾❪ ❇✳ ❇♦✉♥-❤♦♥❣✳ ❈❛❧❝✉❧' ♠✐❝%♦'❝♦♣✐J✉❡' ♣♦✉% ❧❡' ♥♦②❛✉① ❡①♦$✐J✉❡' ❞❡ ♠❛''❡ ♠♦②❡♥♥❡ ❡$ ❧♦✉%❞❡✳ 2❤❉ -❤❡,✐,✱

❯♥✐✈❡1✐,-^ ❞❡ ,-1❛,❜♦✉1❣✱ ✷✵✶✻✳

❬✶✶✵❪ ❋✳ 2✳ ❍❡_❜❡1❣❡1✱ ❙✳ ❆♥-❛❧✐❝✱ ❉✳ ❆❝❦❡1♠❛♥♥✱ ❙✳ ❍❡✐♥③✱ ❙✳ ❍♦❢♠❛♥♥✱ ❏✳ ❑❤✉②❛❣❜❛❛-❛1✱ ❇✳ ❑✐♥❞❧❡1✱ ■✳ ❑♦✲

❥♦✉❤❛1♦✈✱ ❇✳ ▲♦♠♠❡❧✱ ❛♥❞ ❘✳ ▼❛♥♥✳ ❆❧♣❤❛✲❞❡❝❛② ♣1♦♣❡1-✐❡, ♦❢ ✷✻✶❜❤✳ ❚❤❡ ❊✉%♦♣❡❛♥ D❤②'✐❝❛❧ ❏♦✉%♥❛❧ ❆✱

✹✸✭✷✮ ✿✶✼✺✕✶✽✵✱ ❋❡❜1✉❛1② ✷✵✶✵✳

❬✶✶✶❪ ▲❇◆▲ ◆✉❝❧❡❛1 ❉❛-❛ ❙❡❛1❝❤✳ ❤--♣ ✿✴✴♥✉❝❧❡❛1❞❛-❛✳♥✉❝❧❡❛1✳❧✉✳,❡✴-♦✐✴①1❛②✳❛,♣ ❄❛❝-❂❧✐,-❡❧❂❧1✳

❬✶✶✷❪ ❙✸ ❈♦❧❧❛❜♦1❛-✐♦♥✱ ❋✳ ❉^❝❤❡1②✱ ❆✳ ❉1♦✉❛1-✱ ❍✳ ❙❛✈❛❥♦❧,✱ ❏✳ ◆♦❧❡♥✱ ▼✳ ❆✉-❤✐❡1✱ ❆✳ ▼✳ ❆♠-❤♦1✱ ❉✳ ❇♦✉-✐♥✱

❖✳ ❉❡❧❢❡11✐^1❡✱ ❇✳ ●❛❧❧✱ ❆✳ ❍✉❡✱ ❇✳ ▲❛✉♥❡✱ ❋✳ ▲❡ ❇❧❛♥❝✱ ❙✳ ▼❛♥✐❦♦♥❞❛✱ ❏✳ 2❛②❡-✱ ▼✳ ❍✳ ❙-♦❞❡❧✱ ❊✳ ❚1❛②❦♦✈✱

❛♥❞ ❉✳ ❯1✐♦-✳ ❚♦✇❛1❞ -❤❡ ❞1✐♣ ❧✐♥❡, ❛♥❞ -❤❡ ,✉♣❡1❤❡❛✈② ✐,❧❛♥❞ ♦❢ ,-❛❜✐❧✐-② ✇✐-❤ -❤❡ ❙✉♣❡1 ❙❡♣❛1❛-♦1

❙♣❡❝-1♦♠❡-❡1 ❙✸✳ ❚❤❡ ❊✉%♦♣❡❛♥ D❤②'✐❝❛❧ ❏♦✉%♥❛❧ ❆✱ ✺✶✭✻✮✱ ❏✉♥❡ ✷✵✶✺✳

❬✶✶✸❪ ❲❤❛- ✐, ◆❋❙ ❄ ❤--♣ ✿✴✴♣1♦✳❣❛♥✐❧✲,♣✐1❛❧✷✳❡✉✴❧❛❜♦1❛-♦1②✴❡①♣❡1✐♠❡♥-❛❧✲❛1❡❛,✴♥❢,✴✇❤❛-✲✐,✲♥❢,✳

❬✶✶✹❪ ❊①❝✐-❛-✐♦♥ ❚❤❡ ❉❊❙■❘ ❋❛❝✐❧✐-② ✭❉❡❝❛② ❛♥❞ ❙-♦1❛❣❡ ♦❢ ❘❛❞✐♦❛❝-✐✈❡ ■♦♥,✮ ●❆◆■▲ ❲❊❇

2❘❖ ❯❙❊❘❙✳ ❤--♣ ✿✴✴♣1♦✳❣❛♥✐❧✲,♣✐1❛❧✷✳❡✉✴,♣✐1❛❧✷✴❧❡--❡1,✲♦❢✲✐♥-❡♥-✴❧♦✐✲❢♦1✲,♣✐1❛❧✷✴❧❡--❡1,✲♦❢✲✐♥-❡♥-✲

❧✐,-✴-❡①-,✲♦❢✲❧♦✐✲❢♦1✲,♣✐1❛❧✷✴✶✴✈✐❡✇✳

❬✶✶✺❪ ❆✳ ❈✳ ❈✳ ❱✐❧❧❛1✐✱ ❆✳ ❉1♦✉❛1-✱ ❛♥❞ ❏✳ ❆✳ ◆♦❧❡♥✳ ❙✸ ✿ ❚❤❡ ❙✉♣❡1 ❙❡♣❛1❛-♦1 ❙♣❡❝-1♦♠❡-❡1 ❢♦1 ▲■◆❆●✳ ■♥

❊❳❖◆ ✷✵✵✻✱ ■♥$❡%♥❛$✐♦♥❛❧ ❙②♠♣♦'✐✉♠ ♦♥ ❊①♦$✐❝ ◆✉❝❧❡✐✱ ✷✵✵✻✳

❬✶✶✻❪ ▲♦■ ❉❛② ✶ ❡①♣❡1✐♠❡♥-, ❙✸✳ ❤--♣ ✿✴✴♣1♦✳❣❛♥✐❧✲,♣✐1❛❧✷✳❡✉✴,♣✐1❛❧✷✴✐♥,-1✉♠❡♥-❛-✐♦♥✴,✸✴✇♦1❦✐♥❣✲

❞♦❝✉♠❡♥-,✴❧♦✐✲❞❛②✲✶✲❡①♣❡1✐♠❡♥-,✴✳

❬✶✶✼❪ ❍✉❣♦ ❋❛✉1❡✳ ❉^✈❡❧♦♣♣❡♠❡♥- ❡- ✈❛❧✐❞❛-✐♦♥ ❞✬✉♥ ♥♦✉✈❡❛✉ ❞^-❡❝-❡✉1 ,✐❧✐❝✐✉♠ ❞^✈❡❧♦♣♣❡♠❡♥- ❡- ✈❛❧✐❞❛-✐♦♥

❞✬✉♥ ♥♦✉✈❡❛✉ ❞^-❡❝-❡✉1 ,✐❧✐❝✐✉♠ ❞❡ ❣1❛♥❞❡ -❛✐❧❧❡ ♣♦✉1 ,✸✲,✐1✐✉,✳ ✷✵✶✺✳

❬✶✶✽❪ ❏♦❤♥ ❙✐♠♣,♦♥✳ ❚❤❡ ❆●❆❚❆ ♣1♦❥❡❝-✳ ❏♦✉%♥❛❧ ♦❢ D❤②'✐❝' ✿ ❈♦♥❢❡%❡♥❝❡ ❙❡%✐❡'✱ ✹✶ ✿✼✷✕✽✵✱ ▼❛② ✷✵✵✻✳

❬✶✶✾❪ ▲♦■ ❉❛② ✶ ❋❛,- ✐♦♥✲,❧♦✇ ✐♦♥ ❝♦❧❧✐,✐♦♥, ❋■❙■❈ ♣1♦❥❡❝-✳ ❤--♣ ✿✴✴♣1♦✳❣❛♥✐❧✲

,♣✐1❛❧✷✳❡✉✴,♣✐1❛❧✷✴✐♥,-1✉♠❡♥-❛-✐♦♥✴,✸✴✇♦1❦✐♥❣✲❞♦❝✉♠❡♥-,✴❧♦✐✲❞❛②✲✶✲❡①♣❡1✐♠❡♥-,✴❢❛,-✲✐♦♥✲,❧♦✇✲✐♦♥✲

❝♦❧❧✐,✐♦♥,✲✷✵✶✸✜,✐❝✲♣1♦❥❡❝-✴✈✐❡✇✳

❬✶✷✵❪ ❏♦❤♥ ❙✐♠♣,♦♥✱ ❋ ❆③❛✐❡③✱ ●✳ ❉❡ ❋1❛♥❝❡✱ ❏✳ ❋♦✉❛♥✱ ❏✳ ●❡1❧✱ ❘✳ ❏✉❧✐♥✱ ❲✳ ❑♦1-❡♥✱ 2✳❏✳ ◆♦❧❛♥✱ ❇✳▼✳ ◆②❛❦♦✱

●✳ ❙❧❡--❡♥✱ ❛♥❞ ❲❛❧❦❡1 2✳▼✳ ❚❤❡ ❡①♦❣❛♠ ❛11❛② ✿ ❆ 1❛❞✐♦❛❝-✐✈❡ ❜❡❛♠ ❣❛♠♠❛✲1❛② ,♣❡❝-1♦♠❡-❡1✳ ❍❡❛✈②

■♦♥' D❤②'✐❝'✱ ✷✵✵✵✳

❬✶✷✶❪ ❆✳ ❉1♦✉❛1-✱ ❈✳ ▼❛③✉1✱ 2❤✳ ❇♦✉1❣❡♦✐,✱ ❊✳ ❇♦✉❣❛♠♦♥-✱ ❆✳ ●✐❧❧✐❜❡1-✱ ❱✳ ▲❛♣♦✉①✱ ▲✳ ◆❛❧♣❛,✱ ❊✳❈✳ 2♦❧❧❛❝❝♦✱

❛♥❞ ▼✳ ❘✐❛❧❧♦-✳ ❱❡1② ❧❛1❣❡ ❡♠✐,,✐✈❡ ❢♦✐❧ ❞❡-❡❝-♦1, ❢♦1 -❤❡ -1❛❝❦✐♥❣ ♦❢ ❧♦✇✲❡♥❡1❣② ❤❡❛✈② ✐♦♥,✳ ◆✉❝❧❡❛%

■♥'$%✉♠❡♥$' ❛♥❞ ▼❡$❤♦❞' ✐♥ D❤②'✐❝' ❘❡'❡❛%❝❤ ❙❡❝$✐♦♥ ❆ ✿ ❆❝❝❡❧❡%❛$♦%'✱ ❙♣❡❝$%♦♠❡$❡%'✱ ❉❡$❡❝$♦%' ❛♥❞

❆''♦❝✐❛$❡❞ ❊J✉✐♣♠❡♥$✱ ✺✼✾✭✸✮ ✿✶✵✾✵✕✶✵✾✺✱ ❙❡♣-❡♠❜❡1 ✷✵✵✼✳

❬✶✷✷❪ ❏ 2❛♥❝✐♥✱ ❚ ❈❤❛♠✐♥❛❞❡✱ ❆ ❉1♦✉❛1-✱ ❇ ❋❡1♥❛♥❞❡③✱ ▼ ❑❡❜❜✐1✐✱ ❋ ◆❛l✈✐✱ ❛♥❞ ▼ ❘✐❛❧❧♦-✳ ❙❡❝♦♥❞❛1② ❡❧❡❝-1♦♥,

❞❡-❡❝-♦1, ❢♦1 ❜❡❛♠ -1❛❝❦✐♥❣ ✿ ♠✐❝1♦♠❡❣❛, ❛♥❞ ✇✐1❡ ❝❤❛♠❜❡1✳ ❏♦✉%♥❛❧ ♦❢ ■♥'$%✉♠❡♥$❛$✐♦♥✱ ✹✭✶✷✮ ✿2✶✷✵✶✷✕

2✶✷✵✶✷✱ ❉❡❝❡♠❜❡1 ✷✵✵✾✳



❇■❇▲■❖●❘❆'❍■❊ ✷✸✺
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