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Avant-propos

L’objectif de cette thèse est d’étudier la dimension géométrique propre
et les espaces classifiants pour les actions propres des réseaux des groupes
de Lie semisimples. De tels espaces peuvent par exemple servir à calculer la
cohomologie des groupes correspondants, en effet il est toujours préférable
d’avoir un espace de la plus petite dimension possible. La thèse s’articule
autour de deux grandes questions. La première est de calculer la dimension
géométrique propre, la deuxième de construire concrètement un espace classi-
fiant pour les actions propres (appelé aussi modèle de type EΓ) de dimension
minimale.

La première question fait l’objet de la première partie de la thèse. En
poursuivant le travail d’Aramayona, Degrijse, Martinez-Perez et Souto dans
[1], nous montrons que si Γ est commensurable à un réseau dans le groupe
d’isométries d’un espace symétrique S de type non-compact sans facteur eu-
clidien (en particulier si Γ est un réseau d’un groupe de Lie semisimple),
alors sa dimension géométrique propre gd(Γ) est égale à sa dimension coho-
mologique virtuelle vcd(Γ). L’intérêt de cette dernière est que l’on peut la
calculer avec la formule de Borel-Serre dans le cas où Γ est arithmétique (ce
qui est le cas notamment si Γ est un réseau irréductible d’un groupe de Lie
semisimple de rang réel supérieur ou égal à 2) :

vcd(Γ) = dimS − rgQΓ,

où rgQΓ désigne le rang rationnel de Γ. La preuve de l’égalité entre les deux
dimensions utilise une troisième notion de dimension, la dimension coho-
mologique de Bredon cd(Γ), qui peut être vue comme un analogue algébrique
de la dimension géométrique propre gd(Γ). Par un résultat de Lück et Mein-
trup dans [35], on a presque toujours l’égalité cd(Γ) = gd(Γ), il nous reste
alors à montrer l’égalité entre les dimensions cohomologiques cd(Γ) et vcd(Γ).
Nous pouvons montrer que cela revient à calculer la dimension des points fixes
Sα de l’espace symétrique S par les éléments α ∈ Γ d’ordre fini non centraux.
Nous utilisons alors la classification des automorphismes extérieurs des al-
gèbres de Lie simples, ainsi que celle des espaces symétriques. La preuve
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repose donc essentiellement sur des arguments algébriques, et n’est en aucun
cas constructive, elle ne donne pas de moyen de construire concrètement un
modèle de type EΓ de dimension vcd(Γ).

La deuxième partie de la thèse concerne donc la construction de ces es-
paces classifiants pour les actions propres. Notons tout d’abord que l’espace
symétrique S est lui-même un modèle de type EΓ. Nous allons donc chercher
notre modèle de dimension minimale comme rétract par déformation de S,
ce que nous appellerons une épine. Nous ne savons pas s’il est possible de
réaliser une telle rétraction pour tout réseau Γ. Nous ne connaissons en réalité
que très peu d’exemples, essentiellement pour les groupes de rang rationnel
1 (voir [49]) et le groupe SL(n,Z). Pour ce dernier cas, le rétract en ques-
tion a été construit par Ash dans [3], et s’appelle le "rétract bien équilibré".
Pour le construire, commençons par identifier l’espace symétrique associé
Sn = SO(n)\SL(n,R) et les réseaux de Rn de covolume 1, modulo isométries
et munis d’une Z-base. Un réseau Λ de Rn est dit bien équilibré si ses sys-
toles (ou vecteurs minimaux) engendrent Rn. Ash a montré que l’ensemble
des réseaux bien équilibrés est une épine pour SL(n,Z). Nous montrerons
qu’il est impossible d’utiliser les mêmes méthodes pour le groupe symplec-
tique Sp(2n,Z) ainsi que pour le groupe d’automorphismes Aut(SL(n,Z)),
ce qui peut paraître surprenant car Aut(SL(n,Z)) et SL(n,Z) ne diffèrent
que d’un groupe fini. Ces résultats reflètent ainsi la difficulté de trouver des
épines.

La thèse est organisée comme suit :

• Le chapitre 1 donne une vue d’ensemble de la thèse. Nous rappelons
d’abord les différentes notions qui nous servirons : espaces classifiants,
dimensions géométrique, cohomologique, géométrique propre et coho-
mologique virtuelle. Puis nous donnons l’exemple de l’épine du groupe
SL(n,Z) et énonçons les résultats qui seront prouvés dans les chapitres
suivants.

• Le chapitre 2 est consacré à la preuve de l’égalité gd(Γ) = vcd(Γ) pour
les réseaux Γ ⊂ Isom(S) où S est un espace symétrique de type non-
compact sans facteur euclidien.

• Dans le chapitre 3, nous essayons de construire concrètement des mod-
èles de type EΓ de dimension minimale. Nous montrons que les tech-
niques utilisées pour l’épine de SL(n,Z) ne s’adaptent pas aux cas des
groupes Sp(2n,Z) (pour n > 2) et Aut(SL(n,Z)) (pour n > 3).
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Cette thèse a en outre donné lieu à deux articles :

• Dimension rigidity of lattices in semisimple Lie groups [30], accepté
pour publication dans la revue Groups, Geometry and Dynamics, et
reprenant les résultats du Chapitre 2.

• On the difficulty of finding spines [31], publié dans la revue en ligne
Comptes rendus Mathématique, basé sur le Chapitre 3.

Tous les groupes de Lie seront supposés réels (ou complexes) linéaires, et
les algèbres de Lie de dimension finie sur R (ou C).
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Chapitre 1

Introduction générale

1.1 Espaces classifiants, dimensions géométrique
et cohomologique

La notion principale de notre étude est celle d’espace classifiant. Nous
renvoyons à [12] pour plus d’informations sur les notions que nous allons
introduire et les démonstrations des propositions énoncées. Si Γ est un
groupe discret, un espace classifiant pour Γ, ou modèle de type EΓ, est
un Γ-complexe cellulaire X contractile sur lequel Γ agit librement. Le quo-
tient X/Γ est alors un modèle de type K(Γ, 1), c’est-à-dire que son groupe
fondamental est isomorphe à Γ et son revêtement universel (qui est X) est
contractile. De tels espaces existent toujours, et la dimension géométrique
de Γ, notée gd(Γ), est la dimension minimale d’un modèle de type EΓ (ou
de type K(Γ, 1)), sachant que celle-ci peut être infinie. Il est toujours utile
de chercher un espace de dimension minimale sur lequel faire agir Γ, car cela
peut simplifier l’étude des propriétés du groupe, par exemple le calcul de ses
groupes de cohomologie.

La première propriété importante de ces espaces est la suivante :

Proposition. Deux espaces de type K(Γ, 1) sont homotopiquement équiva-
lents. De même, deux espaces de type EΓ sont Γ-homotopiquement équiva-
lents.

Exemple 1. Considérons le groupe libre à n générateurs Fn. Un espace
de type K(Fn, 1) est la fleur à n pétales. Son revêtement universel, qui est
le graphe de Cayley de Fn, est un espace classifiant pour Fn. Comme ces
espaces sont de dimension 1, on a gd(Fn) = 1 (cela caractérise d’ailleurs les
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groupes libres).

Exemple 2. Considérons le groupe Zn. Il agit librement par translation sur
l’espace Rn, qui est contractile, donc c’est un espace de type EZn, et le tore
Tn = Rn/Zn est un espace de type K(Zn, 1). Sont-ils de dimension mini-
male ? Si Y est un autre espace de type K(Zn, 1), il est homotopiquement
équivalent à Tn, en particulier il a la même cohomologie, donc :

Hn(Y,R) ∼= Hn(Tn,R) ∼= R,

et on en déduit que la dimension de Y est au moins n. Par conséquent,
gd(Zn) = n.

On voit avec ce deuxième exemple apparaître une deuxième notion de di-
mension plus algébrique et qui repose sur l’étude des groupes de cohomologie
de Γ :

Définition. La dimension cohomologique de Γ est définie par :

cd(Γ) = sup{n | Hn(Γ, A) 6= 0 pour un certain ZΓ-module A}.

La définition précise de la cohomologie des groupes se trouve dans [12],
où une autre définition de la dimension cohomologique à l’aide des résolu-
tions projectives est donnée, nous n’en aurons pas besoin ici. Ce que l’on
peut retenir, c’est que si Y est un espace de type K(Γ, 1) on a H∗(Γ,R) ∼=
H∗(Y,R).

Dans le cas où il existe un K(Γ, 1) qui soit un complexe cellulaire fini,
le calcul de la dimension cohomologique est simplifié, il n’est en effet pas
nécessaire de regarder les groupes de cohomologie pour tous les ZΓ-modules:

Proposition. S’il existe un K(Γ, 1) qui soit un complexe cellulaire fini, on
a :

cd(Γ) = sup{n | Hn(Γ,ZΓ) 6= 0}.

On a immédiatement la relation suivante entre les dimensions géométrique
et cohomologique :

cd(Γ) 6 gd(Γ),
car un espace de dimension n a tous ses groupes de cohomologie stricte-
ment supérieurs à n triviaux. Il se trouve que l’inégalité inverse est presque
toujours vraie (voir [18]) :
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Théorème (Eilenberg-Ganea). Si cd(Γ) > 3, on a cd(Γ) = gd(Γ).

Le cas de la dimension 1 est traitée par Stallings et Swan (voir [47]) :

Théorème (Stallings-Swan). Les propositions suivantes sont équivalentes :

1. cd(Γ) = 1.

2. gd(Γ) = 1 .

3. Γ est un groupe libre non trivial.

Pour le cas cd(Γ) = 2, la seule chose que l’on puisse dire est que gd(Γ) ∈
{2, 3}, la conjecture d’Eilenberg-Ganea affirme que gd(Γ) = 3 mais n’a pas
encore été prouvée.

Signalons que les deux dimensions introduites sont croissantes pour l’inclusion:

Proposition. Si H est un sous-groupe de G, alors gd(H) 6 gd(G) et
cd(H) 6 cd(G).

Ces notions de dimensions ne vont cependant pas nous satisfaire pour les
groupes qui nous intéressent, en effet, si Γ a des éléments de torsion, on a
cd(Γ) = gd(Γ) = ∞ (par la proposition qui précède, il suffit de le voir pour
les groupes finis). Par exemple, pour Γ = Z/2Z, on sait que Γ agit librement
sur les sphères Sn mais elles ne sont pas contractiles, il faut donc considérer
la sphère S∞ qui est bien un espace classifiant, mais de dimension infinie, et
il n’en existe pas de dimension finie. Tous les groupes que nous allons étudier
seront cependant virtuellement sans torsion, c’est-à-dire admettent un sous-
groupe d’indice fini sans torsion, dans ce cas nous allons pouvoir introduire
de nouvelles notions de dimension.

1.2 Dimension géométrique propre et dimen-
sion cohomologique virtuelle

Soit Γ un groupe discret virtuellement sans torsion. Un Γ-complexe cel-
lulaire X est un modèle de type EΓ, ou espace classifiant pour les actions
propres, si pour tout sous-groupe H de Γ, l’ensemble des points fixes XH est
contractile si H est fini et vide sinon. Remarquons que, en considérant le
sous-groupe trivial, cela implique que X est lui-même contractile. Comme
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dans le cas précédent, un tel modèle existe toujours, et deux modèles de type
EΓ sont Γ-homotopiquement équivalents. La dimension géométrique propre,
notée gd(Γ), est la dimension minimale d’un modèle de type EΓ. Notons
que si Γ est sans torsion, les notions d’espace classifiant et d’espace classifi-
ant pour les actions propres coïncident. Nous renvoyons à [34] et [11] pour
plus de détails sur ces notions.

Exemples.

1. Le plan hyperbolique H2 est un espace classifiant pour les actions pro-
pres du groupe SL(2,Z).

2. L’espace de Teichmüller Tg,n d’une surface Sg,n de genre g avec n points
marqués est un espace classifiant pour les actions propres du groupe
modulaire Mod(Sg,n) (voir [2]).

3. L’outre-espace Xn est un espace classifiant pour les actions propres du
groupe des automorphismes extérieurs du groupe libre Out(Fn) (voir
[48]).

Plus généralement, si S est un espace symétrique (riemannien) de type
non-compact sans facteur euclidien, c’est-à-dire de la forme G/K où G est
un groupe de Lie semisimple et K un sous-groupe compact maximal, et si Γ
est un réseau du groupe d’isométries Isom(S), alors S est un espace de type
EΓ.

L’autre dimension que nous introduisons pour remédier à la torsion dans
le cas où Γ est virtuellement sans torsion est la dimension cohomologique
virtuelle de Γ, notée vcd(Γ). C’est la dimension cohomologique virtuelle
d’un sous-groupe d’indice fini sans torsion Γ′ de Γ, qui ne dépend pas du
sous-groupe Γ′ (voir [12]) :

vcd(Γ) = cd(Γ′) = sup{n | Hn(Γ′, A) 6= 0 pour un certain ZΓ′-module A}.

Cette dernière peut s’exprimer plus simplement si l’on dispose d’un modèle
cocompact X de type EΓ (voir [12, Cor. VIII.7.6]) :

vcd(Γ) = max{m ∈ N | Hm
c (X) 6= 0}, (1.2.1)

où Hm
c (X) désigne la cohomologie à support compact de X. Notons enfin

que dans le cas des groupes arithmétiques comme SL(n,Z), celle-ci se calcule
très facilement (voir [10]) :
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Théorème (Borel-Serre). Soit G un groupe de Lie semisimple, K ⊂ G un
sous-groupe compact maximal et Γ ⊂ G un réseau arithmétique. Alors :

vcd(Γ) = dim(G/K)− rgQΓ.

Nous renvoyons au chapitre 1 et à [8] pour une définition précise d’un
groupe arithmétique et du rang rationnel, on peut retenir ici que si G est un
groupe algébrique semisimple défini sur Q, GZ est l’archétype d’un groupe
arithmétique (par exemple SL(n,Z) ou Sp(2n,Z)).

Précisons que dans la preuve de leur théorème, Borel et Serre ont introduit
une bordification X de l’espace symétrique S = G/K, qui est un modèle
cocompact de type EΓ, et l’on peut donc utiliser l’espace X dans la formule
(1.2.1). Enfin, la plupart des réseaux qui nous intéressent sont arithmétiques,
en effet par le théorème d’arithméticité de Margulis (voir [37, Ch. IX]), si
Γ est irréductible et G est de rang réel supérieur ou égal à 2, alors Γ est
arithmétique.

Les deux nouvelles notions de dimension que nous avons introduites sont
reliées, on a en effet toujours l’inégalité :

vcd(Γ) 6 gd(Γ),

en effet si X est un espace de type EΓ et Γ′ ⊂ Γ est un sous-groupe d’indice
fini sans torsion, X est aussi un espace de type EΓ′.

Remarque importante : L’inégalité vcd(Γ) 6 gd(Γ) peut être stricte, voir
des exemples dans [32],[11], [33], [39], [14], [15]. Il y a également des cas où
c’est une égalité, voir [13], [1], [2], [34] [48].

1.3 Le cas du groupe SL(n,Z)
Calculons la dimension géométrique propre du groupe Γ = SL(n,Z).

Dans un premier temps, nous allons obtenir une borne inférieure sans utiliser
la formule de Borel-Serre. Soit N le sous-groupe de SL(n,R) des matri-
ces triangulaires supérieures unipotentes. Il n’est pas difficile de voir que
N ∩ SL(n,Z) est un sous-groupe cocompact de N . Dès lors, si Γ′ ⊂ SL(n,Z)
est un sous-groupe d’indice fini sans torsion, N/(N ∩Γ′) est une sous-variété
fermée, qui est un K(N ∩ Γ′, 1) car N est contractile (homéomorphe à
R

n(n−1)
2 ). Donc on a la minoration :

gd(Γ) > vcd(Γ) = cd(Γ′) > cd(N ∩ Γ′) = dim(N/(N ∩ Γ′)) = n(n− 1)
2 ,
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la dernière égalité venant du fait que le n-ième groupe de cohomologie d’une
variété fermée orientable de dimension n est non trivial.

Pour prouver l’inégalité inverse, nous allons construire explicitement un
modèle de type EΓ de dimension n(n−1)

2 , qui sera un rétract par déformation
Γ-équivariant de l’espace symétrique associé Sn = SO(n) \ SL(n,R) (dans
cette partie nous quotientons à gauche par SO(n) pour faciliter l’identification
avec les réseaux à venir), ce que nous appelons une épine. Plus précisément,
une épine pour Γ est un rétract par déformation Γ-équivariant de l’espace
symétrique associé (en particulier, c’est un modèle de type EΓ), de dimension
gd(Γ) et sur lequel Γ agit de manière cocompacte (cette dernière condition
facilite notamment les calculs de la cohomologie de Γ).

L’épine pour SL(n,Z) a été construite par Ash (voir [3]) et se généralise
aux espaces symétriques linéaires.

Nous commençons par identifier l’espace symétrique Sn = SO(n)\SL(n,R)
avec l’ensemble des réseaux de Rn de covolume 1 modulo isométries munis
d’une Z-base. La classe d’une matrice A ∈ SL(n,R) est associée au réseau
AZn. La multiplication à droite par une matrice de SL(n,Z) ne change pas
le réseau mais change la Z-base.

Définition. Soit A ∈ SL(n,R) et Λ = AZn le réseau associé. On définit la
systole de A (ou Λ) par :

syst(A) = min
x∈Zn,x6=0

|Ax|,

et nous appelons également systoles (ou vecteurs minimaux) les vecteurs
x ∈ Zn qui réalisent ce minimum, et notons S(A) leur ensemble.

Ash a prouvé le théorème suivant :

Théorème (Ash). L’ensemble des réseaux dont les vecteurs minimaux en-
gendrent Rn est une épine pour SL(n,Z).

Plus précisément, si Xk est l’ensemble des réseaux dont les vecteurs mini-
maux engendrent un sous-espace de dimension au moins k (pour k = 1, . . . , n),
Ash a montré que l’ensemble Xk+1 est un rétract par déformation SL(n,Z)-
équivariant de Xk pour tout i = 1, . . . , n− 1. L’idée pour cette construction
est d’augmenter la taille de l’image des systoles et de réduire celle de son
orthogonal :

Définition. Pour A ∈ Xk et λ ∈ R on définit T λA ∈ SL(n,R) par :
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T λAv =

e(n−k)λv si v ∈ A〈S(A)〉R
e−kλv si v ∈ (A〈S(A)〉R)⊥

,

où 〈S(A)〉R est l’espace vectoriel réel engendré par les vecteurs minimaux de
A.

On a pour U ∈ SO(n), T λUAUA = UT λAA, donc T λAA ∈ Sn ne dépend
pas du représentant de A. De plus T 0

AA = A, et l’on voit avec un argument
géométrique qu’il existe λ > 0 tel que T λAA ∈ Xk+1.

On pose alors pour A ∈ Xk : τ(A) = inf{λ, T λAA ∈ Xk+1}. On a τ(A) = 0
si et seulement si A ∈ Xk+1. Le rétract de Xk sur Xk+1 est donné par :
(t, A) 7→ T

tτ(A)
A A. Pour montrer que c’est bien un rétract par déformation, il

reste à établir la continuité de τ .
Notons que dans le cas n = 2, en identifiant l’espace symétrique S2 au

plan hyperbolique H2, le réseau associé à τ ∈ H2 est celui engendré par 1
et τ normalisé pour avoir volume 1, et le rétract bien équilibré correspond à
l’arbre de Bass-Serre de SL(2,Z). Dans le cas n = 3, Soulé a donné dans [45]
une description concrète du rétract bien équilibré de SL(3,Z).

Nous pouvons de plus montrer que le rétract de Ash est minimal, au sens
où il n’existe pas d’épine pour SL(n,Z) incluse strictement dedans, voir [44]
et [43].

1.4 Le cas du groupe symplectique
Il y a eu par la suite des tentatives de constructions similaires à celle

de Ash pour d’autres groupes arithmétiques tels que le groupe symplectique
Sp(2g,Z). Dans le cas g = 2, MacPherson et McConnell ont construit dans
[36] ce que l’on appelle une épine au sens faible, c’est-à-dire pour tout sous-
groupe Γ ⊂ Sp(4,Z) d’indice fini sans torsion, un rétract par déformation
Γ-équivariant cocompact de l’espace symétrique Sp(4,R)/U(2), en utilisant
la décomposition de Voronoi de l’espace SL(4,R)/SO(4) (voir le Chap.VII
de [38] pour plus d’informations sur cette décomposition). Cependant leur
construction ne s’étend pas à tout le groupe Sp(4,Z), mais c’est le premier ex-
emple de construction d’une épine (au sens faible) pour un espace symétrique
non linéaire de rang strictement supérieur à 1.

Pour g quelconque, Bavard a montré dans [6] un résultat similaire à celui
de Ash, en identifiant l’espace symétrique hg = Sp(2g,R)/U(g) (appelé aussi
espace de Siegel) avec l’ensemble des réseaux symplectiques de R2g, c’est-à-
dire les réseaux munis d’une Z-base symplectique.
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Théorème (Bavard). L’ensemble des réseaux symplectiques dont les systoles
engendrent un sous-espace non-isotrope pour la forme symplectique est un
rétract Sp(2g,Z)-équivariant de l’espace de Siegel.

Malheureusement ce rétract est de codimension 1, car il existe des réseaux
symplectiques avec seulement deux systoles non-isotropes. On pourrait alors
essayer de rétracter sur l’ensemble des réseaux symplectiques avec au moins
trois systoles linéairement indépendantes. Nous montrerons dans le chapitre
2 que ce l’on ne peut pas faire cela :

Théorème. L’ensemble (X3 ∩ hg) des réseaux symplectiques dans hg dont
les systoles engendrent un sous-espace de dimension au moins 3 dans R2g

ne contient aucun modèle de type ESp(2g,Z). En particulier, il ne contient
aucun rétract par déformation Sp(2g,Z)-équivariant de hg.

Nous obtenons par une preuve similaire le même résultat en remplaçant
Sp(2g,Z) par Aut(SL(n,Z)) :

Théorème. L’ensemble X3 des réseaux de Rn dont les systoles engendrent
un sous-espace de dimension au moins 3 ne contient aucun modèle de type
EAut(SL(n,Z)).

Ce résultat est remarquable car SL(n,Z) et Aut(SL(n,Z)) ne diffèrent
que d’un groupe fini, et agissent tous les deux par isométries sur le même
espace symétrique.

Ces résultats ne prouvent cependant pas qu’il n’existe aucune épine pour
les groupes Sp(2n,Z) et Aut(SL(n,Z)). Une idée pour en trouver serait de
considérer les systoles d’ordre supérieur, qui comme la fonction systole sont
des exponentielles de fonctions de Busemann (voir [5]).

1.5 Calcul de la dimension géométrique pro-
pre pour les réseaux des groupes de Lie
semisimples

Nous avons vu que dans le cas de SL(n,Z), la dimension géométrique
propre est égale à la dimension cohomologique virtuelle, et en particulier est
calculable avec la formule de Borel-Serre. Cependant la preuve utilisait la
construction d’une épine, ce qui n’est pas toujours facile comme on l’a vu avec
le cas Sp(2n,Z). Nous démontrerons dans le chapitre 1 le résultat principal
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de cette thèse, à savoir que l’inégalité vcd(Γ) 6 gd(Γ) est une égalité dans le
cas qui nous intéresse :

Théorème. Soit S un espace symétrique de type non-compact sans facteur
euclidien. Alors :

vcd(Γ) = gd(Γ),

pour tout réseau Γ ⊂ Isom(S).

Le cas où Γ est un réseau dans un groupe de Lie simple classique a déjà
été traité dans [1] et nous utiliserons les mêmes méthodes pour étendre le
résultat.

Ce théorème a plusieurs conséquences importantes. La première est que
la conclusion reste vraie pour des réseaux commensurables aux réseaux ci-
dessus (on parle de rigidité dimensionnelle) :

Corollaire. Si Γ est commensurable à un réseau du groupe d’isométries d’un
espace symétrique de type non-compact sans facteur euclidien, alors :

vcd(Γ) = gd(Γ).

Rappelons que deux groupes Γ1 et Γ2 sont dits commensurables s’ils ad-
mettent des sous-groupes d’indice fini isomorphes. Notons que le résultat du
corollaire est faux dans le cas général : la dimension géométrique propre se
comporte mal vis-à-vis de la commensurabilité.

Plus généralement, en utilisant [34, Thm. 5.16] on peut montrer :

Corollaire. Si Γ est un réseau du groupe d’isométries d’un espace symétrique
de type non-compact sans facteur euclidien, et si

1→ Γ→ G→ Q→ 1

est une suite exacte courte, alors gd(G) 6 gd(Γ) + gd(Q).

Le dernier corollaire est plus géométrique et est une conséquence directe
du fait que l’espace symétrique est un modèle de type EΓ et que deux modèles
de ce type sont Γ-homotopiquement équivalents :

Corollaire. Si S est un espace symétrique de type non-compact sans fac-
teur euclidien, et Γ ⊂ Isom(S) un réseau, alors S est Γ-homotopiquement
équivalent à un Γ-complexe cellulaire propre cocompact de dimension vcd(Γ).
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Ce corollaire est uniquement théorique et ne donne aucun moyen con-
structif de réaliser un tel espace.

Donnons les principaux arguments de la preuve du théorème. Tout d’abord,
remarquons que si S = G/K est un espace symétrique de type non-compact
sans facteur euclidien, le groupe G a un nombre fini de composantes con-
nexes et un centre fini, on peut donc le supposer connexe de centre triv-
ial. Dans ce cas le groupe d’isométries Isom(S) est égal au groupe Aut(G)
d’automorphismes de G, lui-même égal au groupe d’automorphismes de son
algèbre de Lie Aut(g). C’est un groupe de Lie linéaire semisimple mais
pas nécessairement connexe. La composante connexe de l’identité est le
groupe d’automorphismes intérieurs Int(g) isomorphe à G et le quotient
Aut(g)/Int(g) est le groupe d’automorphismes extérieurs Out(g). Le théorème
se reformule donc de la manière suivante :

Théorème-bis. Soit g une algèbre de Lie semisimple. Alors:

gd(Γ) = vcd(Γ),

pour tout réseau Γ ⊂ Aut(g).

Pour montrer l’égalité entre les deux dimensions, nous en introduisons
une troisième, la dimension cohomologique de Bredon cd(Γ). Nous ren-
voyons au chapitre 2 ainsi qu’à [35], [41] et [13] pour une définition précise.
Retenons qu’elle peut être vue comme l’analogue algébrique de la dimension
géométrique propre, et dans la plupart des cas, elles sont égales (voir [35]) :

Théorème (Lück-Meintrup). Si Γ est un groupe discret tel que cd(Γ) > 3,
alors gd(Γ) = cd(Γ).

Nous montrons donc que vcd(Γ) = cd(Γ), et pour cela nous allons utiliser
une caractérisation cohomologique de cd(Γ) similaire à l’expression (1.2.1).
Rappelons que la bordification de Borel-Serre X est un modèle cocompact
de type EΓ. Si on note F0 la famille des sous-groupes finis de Γ, alors on a
(voir [13, Th 1.1]) :

cd(Γ) = max{n ∈ N | ∃K ∈ F0 t.q. Hn
c (XK , XK

sing) 6= 0}, (1.5.1)

où XK
sing désigne le sous-complexe cellulaire de XK composé des cellules dont

le stabilisateur contient strictement K.
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Cas des algèbres de Lie simples
Les formules (1.2.1) et (1.5.1) nous amènent au lemme-clé de la démon-

stration du théorème dans le cas des algèbres de Lie simples (voir [1, Cor.
3.4]):

Lemme-clé. Soit G le groupe des points réels d’un groupe algébrique
semisimple G de rang réel au moins 2, Γ ⊂ G un réseau non cocompact de G,
K ⊂ G un sous-groupe compact maximal et S = G/K l’espace symétrique
riemannien associé. Si dimSα < vcd(Γ) pour tout α ∈ Γ d’ordre fini non
central, alors cd(Γ) = vcd(Γ).

Pour résumer, la démonstration du théorème repose en grande partie sur
le calcul de dimensions des points fixes Sα. Nous utiliserons notamment la
classification des automorphismes extérieurs des algèbres de Lie simples. La
plupart d’entre eux étant d’ordre 2, le quotient S/Sα est dans ce cas un
espace symétrique (pas nécessairement riemannien), nous utiliserons donc
aussi la classification des espaces symétriques.

Regardons en exemple le cas de l’algèbre de Lie g = sl(n,C). Soit Γ ⊂
Aut(g) un réseau non cocompact, et considérons l’espace symétrique S =
PSL(n,C)/PSU(n). En utilisant le lemme-clé, la formule de Borel-Serre et
le fait que le rang rationnel est inférieur au rang réel, pour montrer que
gd(Γ) = vcd(Γ) il suffit d’établir la relation :

dimSα < dimS − rgR(PSL(n,C)) = (n2 − 1)− (n− 1) (1.5.2)

pour tout α ∈ Γ d’ordre fini non central. Notons d’abord que α est la com-
posée d’un automorphisme extérieur et d’un automorphisme intérieur. Par
la classification des automorphismes extérieurs (voir par exemple [22]), on
voit que chaque élément de Out(g) est d’ordre 2, et donc α2 est un automor-
phisme intérieur. S’il est non trivial, en remarquant que les points fixes de
α sont aussi des points fixes de α2, nous sommes ramenés à des calculs de
commutants, qui ont été faits dans la Section 6.1 de [1]. Plus précisément,
si α = Ad(A) (avec A ∈ G = PSL(n,C)) est un automorphisme intérieur
non trivial de sl(n,C), l’ensemble des points fixes Sα est l’espace symétrique
riemannien associé au centralisateur CG(A).

Il nous reste à traiter le cas où α2 est trivial, c’est-à-dire α est d’ordre
2. Alors α ∈ Aut(g) est induit par un automorphisme de G = PSL(n,C)
que l’on note toujours α et qui est aussi une involution. L’ensemble des
points fixes Sα est l’espace symétrique riemannien associé à Gα. Comme
α est une involution, le quotient G/Gα est un espace symétrique. Les es-
paces symétriques associés aux groupes de Lie simples ont été classifiés par
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Berger dans [7]. Dans le cas du groupe G = PSL(n,C), on obtient par cette
classification que l’algèbre de Lie du groupe Gα est soit compacte soit isomor-
phe à l’une des algèbres de Lie suivantes: so(n,C), s(gl(k,C)⊕gl(n−k,C)),
sp(n,C), sl(n,R), su(p, n−p), sl(n2 ,H), où sp(n,C) et sl(n2 ,H) n’apparaissent
que si n est pair. Puis, nous vérifions (1.5.2) pour chacune de ces algèbres
de Lie ce qui mène à la preuve du théorème dans le cas g = sl(n,C). Cet
argument sera appliqué pour toutes les algèbres de Lie simples (complexes
comme réels, classiques comme exceptionnelles). Seuls quelques cas poseront
problème (notamment sl(n,R) ou so(p, q)), ils feront l’objet de parties à part.

Cas des algèbres de Lie semisimples
Rappelons qu’une algèbre de Lie semisimple est somme directe d’algèbres

de Lie simples. Un automorphisme α de g = g1⊕ . . . gn est la composée d’un
automorphisme diagonal ρ = ρ1⊕· · ·⊕ρn et d’une permutation σ de facteurs
isomorphes.

La stratégie utilisée dans le cas des algèbres de Lie simples ne s’applique
plus ici. En effet, l’inégalité

dimSα 6 dimS − rgRG

pour α ∈ Aut(g) nécessaire pour appliquer le lemme-clé n’est plus valable
même dans les cas les plus simples.

Par exemple, si G = SL(3,R)×SL(3,R) et A =

I3,

−1 0 0
0 −1 0
0 0 1


, on

a dimSA = 5 + 3 = 8 > 6 = dimS − rgRG.
Nous contournons ce problème en revenant à la formule de Borel-Serre :

vcd(Γ) = dimS − rgQΓ,

on veut donc majorer rgQΓ. Nous nous restreignons dans un premier temps
aux réseaux irréductibles et nous prouvons le résultat suivant :

Proposition. Soit g = g1 ⊕ · · · ⊕ gn une algèbre de Lie semisimple et Gi le
groupe adjoint de gi pour i = 1 . . . n. Alors

rgQΓ 6 min
i=1...n

rgRGi

pour tout réseau arithmétique irréductible Γ ⊂ G = Aut(g).

L’extension aux réseaux non-irréductibles se fait ensuite aisément.
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Chapter 2

Dimension rigidity of lattices in
semisimple Lie groups

2.1 Introduction
Let Γ be a discrete virtually torsion-free group. There exist several no-

tions of "dimension" for Γ. One of them is the virtual cohomological dimension
vcd(Γ), which is the cohomological dimension of any torsion-free finite index
subgroup of Γ. Due to a result by Serre, it does not depend on the choice of
such a subgroup (see [12]). Another one is the proper geometric dimension.
A Γ-CW-complex X is said to be a model for EΓ if the stabilizers of the ac-
tion of Γ on X are finite and for every finite subgroup H of Γ, the fixed point
space XH is contractible. Note that two models for EΓ are Γ-equivariantly
homotopy equivalent to each other. The proper geometric dimension gd(Γ)
of Γ is the smallest possible dimension of a model for EΓ.

These two notions are related. In fact, we always have the inequality

vcd(Γ) 6 gd(Γ)

but this inequality may be strict, see for instance the construction of Leary
and Nucinkis in [32], or other examples in [11], [33], [39], [14], [15].

However there are also many examples of virtually torsion-free groups Γ
with vcd(Γ) = gd(Γ). For instance in [13] Degrijse and Martinez-Perez prove
that this is the case for a large class of groups. Other examples for equality
can be found in [1], [2], [34] and [48].

In this paper we will prove that equality holds for groups acting by isome-
tries, discretely and with finite covolume on symmetric spaces of non-compact
type without euclidean factors:
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Theorem 2.1.1. Let S be a symmetric space of non-compact type without
euclidean factors. Then

gd(Γ) = vcd(Γ)

for every lattice Γ ⊂ Isom(S).

Recall that a symmetric space of non-compact type without euclidean
factors is of the form G/K where G is a semisimple Lie group, which can be
assumed to be connected and centerfree, and K ⊂ G is a maximal compact
subgroup. Then Isom(S) = Aut(g) = Aut(G) where g is the Lie algebra of
G, and note that this group is semisimple, linear and algebraic but may be
not connected. In [1] the authors prove Theorem 3.1.1 for lattices in classical
simple Lie groups G. We will heavily rely on their results and techniques.

We discuss now some applications of Theorem 3.1.1. First note that the
symmetric space S is a model for EΓ. Theorem 3.1.1 yields then that:

Corollary 2.1.1. If S is a symmetric space of non-compact type and without
euclidean factors, and if Γ ⊂ Isom(S) is a lattice, then S is Γ-equivariantly
homotopy equivalent to a proper cocompact Γ-CW complex of dimension
vcd(Γ).

We stress again that in the setting of Theorem 3.1.1 we are considering
the full group of isometries of S. This has the consequence that we are able
to deduce that there is equality between the virtual cohomological dimension
and the proper geometric dimension not only for lattices in Isom(S), but also
for groups abstractly commensurable to them. Here, two groups Γ1 and Γ2
are said abstractly commensurable if for i = 1, 2, there exists a subgroup Γ̃i
of finite index in Γi, such that Γ̃1 is isomorphic to Γ̃2. Then we obtain from
Theorem 3.1.1 that:

Corollary 2.1.2. If a group Γ is abstractly commensurable to a lattice in
the group of isometries of a symmetric space of non-compact type without
euclidean factors, then gd(Γ) = vcd(Γ).

Remark 2.1.1 Note that in general the equality between the proper geomet-
ric dimension and the virtual cohomological dimension behaves badly under
commensuration. For instance, the fact that there exist virtually torsion-free
groups Γ with vcd(Γ) > 3 and such that vcd(Γ) < gd(Γ) proves that if Γ′ is a
torsion-free subgroup of Γ of finite index, then vcd(Γ′) = cd(Γ′) = gd(Γ′) =
gd(Γ′), whereas Γ is commensurable to Γ′ and vcd(Γ) < gd(Γ). In fact, we
have concrete examples of groups for which Corollary 2.1.2 fails among fa-
miliar classes of groups. For instance, in [13] the authors prove that if Γ is a
finitely generated Coxeter group then vcd(Γ) = gd(Γ) and in [33] the authors
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construct finite extensions of certain right-angled Coxeter groups such that
vcd(Γ) < gd(Γ).

Returning to the applications of Theorem 3.1.1, we obtain from Corollary
2.1.2 that lattices in Isom(S) are dimension rigid in the sense of [15]: we say
that a virtually torsion-free group Γ is dimension rigid if one has gd(Γ̃) =
vcd(Γ̃) for every group Γ̃ which contains Γ as a finite index normal subgroup.

Dimension rigidity has a strong impact on the behaviour of the proper
geometric dimension under group extensions, and we obtain from Corollary
2.1.2 and [34, Thm. 5.16] that:

Corollary 2.1.3. If Γ is a lattice in the group of isometries of a symmetric
space of non-compact type without euclidean factors and

1→ Γ→ G→ Q→ 1

is a short exact sequence, then gd(G) 6 gd(Γ) + gd(Q).

We sketch now the strategy of the proof of Theorem 3.1.1. To begin with,
note that while symmetric spaces, both Riemannian and non-Riemannian,
will play a key role in our considerations, most of the time we will be working
in the ambient Lie group. In fact it will be convenient to reformulate Theorem
3.1.1 as follows:
Main Theorem Let g be a semisimple Lie algebra. Then

gd(Γ) = vcd(Γ)

for every lattice Γ ⊂ Aut(g).
The key ingredient in the proof of the Main Theorem, and hence of The-

orem 3.1.1, is a result of Lück and Meintrup [35], which basically asserts
that the proper geometric dimension gd(Γ) equals the Bredon cohomological
dimension cd(Γ) - see Theorem 2.2.3 for a precise statement. In the light
of this theorem it suffices to prove that the two cohomological notions of
dimension vcd(Γ) and cd(Γ) coincide. In [1] the authors noted that to prove
the equality vcd(Γ) = cd(Γ) it suffices to ensure that the fixed point sets Sα
of finite order elements α ∈ Γ are of small dimension - see Section 2.8 for
details. Still in [1] the authors checked that this was the case for lattices
contained in the classical simple Lie groups. We will use a similar strategy
to prove the Main Theorem for lattices in groups of automorphisms of all
simple Lie algebras. Recall that any non-compact finite dimensional simple
Lie algebra over R is either isomorphic to one of the classical types or to one
of the exceptional ones. The classical Lie algebras are the complex ones

sl(n,C), so(n,C), sp(2n,C)
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and their real forms

sl(n,R), sl(n,H), so(p, q), su(p, q), sp(p, q), sp(2n,R), so∗(2n).

Similarly, the exceptional Lie algebras are the five complex ones

gC2 , f
C
4 , e

C
6 , e

C
7 , e

C
8

and their twelve real forms

g2(2), f4(4), f4(−20), e6(6), e6(2), e6(−14), e6(−26),

e7(7), e7(−5), e7(−25), e8(8), e8(−24).

Here the number in brackets is the difference between the dimension of the ad-
joint group and twice the dimension of a maximal compact subgroup (which
equals 0 for a complex Lie group).

We illustrate now the basic steps of the proof of the Main Theorem in the
example of g = sl(n,C). Suppose that Γ ⊂ Aut(g) is a lattice, and consider
the symmetric space S = PSL(n,C)/PSUn. To prove that gd(Γ) = vcd(Γ),
it will suffice to establish that

dimSα < dimS − rkR(PSL(n,C)) = (n2 − 1)− (n− 1) (2.1.1)

for every α ∈ Γ of finite order and non central (see Lemma 2.2.2). First
note that α is the composition of an inner automorphism and an outer auto-
morphism. Since every non-trivial element in Out(g) has order 2, it follows
that α2 is an inner automorphism. If it is non trivial then we use the re-
sults of Section 6.1 in [1]. In general, if α = Ad(A) is a non-trivial inner
automorphism of sl(n,C), we get from [1] that (2.1.1) holds.

We are reduced to the case where α2 is trivial, meaning that α is of order
2. Then the automorphism α ∈ Aut(g) is induced by an automorphism
of the adjoint group Gad = PSL(n,C) which is still denoted α and is also
an involution. The fixed point set Sα is the Riemannian symmetric space
associated to Gα

ad, where Gα
ad is the set of fixed points of α. Now, notice

that the quotient Gad/G
α
ad is a (non-Riemannian) symmetric space. The

symmetric spaces associated to simple groups have been classified by Berger
in [7]. In the case of Gad = PSL(n,C), we obtain from this classification
that the Lie algebra of Gα

ad is either compact or isomorphic to so(n,C),
s(gl(k,C) ⊕ gl(n − k,C)), sp(n,C), sl(n,R), su(p, n − p) or sl(n2 ,H), where
sp(n,C) and sl(n2 ,H) only appear if n is even. Armed with this information,
we check (2.1.1) for every involution α, which leads to the Main Theorem
for g = sl(n,C). The argument we just sketched will be applied in Section 3
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to all complex simple Lie algebras and in Section 4 to the real ones. Since
the arguments are similar, and since the complex case is somewhat easier,
we advise the reader to skip Section 4 in a first reading.

Having dealt with the simple Lie algebras, we treat in Section 5 the
semisimple case. The method for the simple algebras will not work at first
sight, but the proof will eventually be simpler. The idea is to restrict to
irreducible lattices, i.e. those who cannot be decomposed into a product.
Then we will show that the rational rank of an irreducible lattice is lower
than the real rank of any factor of the adjoint group, meaning that we get
a much improved bound than in (2.1.1). This fact will lead rapidly to the
Main Theorem.

Finally note that in the proof of the Main Theorem, we do not construct
a concrete model for EΓ of dimension vcd(Γ), we just prove its existence. It
is however worth mentioning that in a few cases such models are known. For
instance if Γ = SL(n,Z), the symmetric space S = SL(n,R)/SOn admits a Γ-
equivariant deformation retract of dimension vcd(Γ) called the "well-rounded
retract" (see [3], [44] and [43]). It will be interesting to do the same for groups
such as Sp(2n,Z).

2.2 Preliminaries
In this section we recall some basic facts and definitions about algebraic

groups, Lie groups and Lie algebras, symmetric spaces, lattices and arith-
metic groups, virtual cohomological dimension and Bredon cohomology.

Algebraic groups and Lie groups
An algebraic group is a subgroupG of SL(N,C) determined by a collection

of polynomials. It is defined over a subfield k of C if those polynomials can
be chosen to have coefficients in k. The Galois criterion (see [9, Prop. 14.2
p.30]) says that G is defined over k if and only if G is stable under the Galois
group Gal(C/k). If G is an algebraic group and R ⊂ C is a ring we denote
GR the set of elements of G with entries in R. If G is an algebraic group
defined over R, it is well-known that the groups GC and GR are Lie groups
with finitely many connected components. In fact, G is Zariski connected if
and only if GC is a connected Lie group, whereas GR may not be connected
in this case. A non-abelian algebraic group (or Lie group) is said to be
simple if every connected normal subgroup is trivial, and semisimple if every
connected normal abelian subgroup is trivial. Note that if G is a semisimple
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algebraic group defined over k = R or C then Gk is a semisimple Lie group.
Any connected semisimple complex linear Lie group is algebraic and any
connected semisimple real linear Lie group is the identity component of the
group of real points of an algebraic group defined over R. Recall that two
Lie groups G1 and G2 are isogenous if they are locally isomorphic, meaning
that there exist finite normal subgroups N1 ⊂ G0

1 and N2 ⊂ G0
2 of the

identity components of G1 and G2 such that G0
1/N1 is isomorphic to G0

2/N2.
A semisimple linear Lie group is isogenous to a product of simple Lie groups.

The center Z(G) of a semisimple algebraic group G is finite (it is also the
case for semisimple linear Lie groups but not for semisimple Lie groups in
general) and the quotient G/Z(G) is again a semisimple algebraic group (see
[9, Thm. 6.8 p.98]). Moreover, if G is defined over k then so is G/Z(G).

A connected algebraic group T ⊂ SL(N,C) is a torus if it is diagonaliz-
able, meaning there exists A ∈ SL(N,C) such that for every B ∈ T, ABA−1

is diagonal. A torus is in particular abelian and isomorphic, as an algebraic
group, to a product C∗ × · · · × C∗. If T is defined over k, it is said to be
k-split if the conjugating element A can be chosen in SL(N, k). A torus in
an algebraic group G is a subgroup that is a torus. It is said to be maximal
if it is not strictly contained in any other torus. An important fact is that
any two maximal tori in G are conjugate in G, and that if G is defined over
k, then any two maximal k-split tori are conjugate by an element in Gk. The
k-rank of G (or of Gk), denoted by rkkG (or rkkGk), is the dimension of any
maximal k-split torus in G, and the rank of G is just the C-rank.

We refer to [9], [29] and [42] for basic facts about algebraic groups and
Lie groups.

Lie algebras and their automorphisms
Recall that the Lie algebra g of a Lie group G is the set of left-invariant

vector fields. A subalgebra of g is a subspace closed under Lie bracket. An
ideal is a subalgebra I such that [g, I] ⊂ I. The Lie algebra g is simple if
it is not abelian and has no non-trivial ideals, and semisimple if it has no
non-zero abelian ideals. A Lie group is simple (resp. semisimple) if and only
if its Lie algebra is simple (resp. semisimple). A semisimple Lie algebra is
isomorphic to a finite direct sum of simple ones.

By Lie’s third theorem, if g is a finite dimensional real Lie algebra (which
will be always the case here), there exists a connected Lie group, unique up
to covering, whose Lie algebra is g. This means that there exists a unique
simply connected Lie group G associated to g, and every other connected Lie
group whose Lie algebra is g is a quotient of G by a subgroup contained in
the center. In particular, Gad = G/Z(G) is the unique connected centerfree
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Lie group associated to g. The group Gad is called the adjoint group of g.
The adjoint group is a linear algebraic group, whereas its universal cover may
be not linear (see for instance the universal cover of PSL(2,R)). It follows
that the classification of simple Lie algebras is in correspondence with that
of simple Lie groups. A Lie algebra is said to be compact if the adjoint group
is.

An automorphism of a Lie algebra g is a bijective linear endomorphism
which preserves the Lie bracket. The group of automorphisms of g is de-
noted Aut(g), it is linear and algebraic but not connected in general. If
G is a Lie group associated to g, then the differential of a Lie group auto-
morphism of G is an automorphism of g. Conversely, if G is either simply
connected or connected and centerfree, any automorphism of g comes from
an automorphism of G. In this case, we will often identify these two au-
tomorphisms and denote them by the same letter. An inner automorphism
is the derivative of the conjugation in G by an element A ∈ G - we denote
it Ad(A). The group Inn(g) of inner automorphisms is a normal subgroup
of Aut(g). It is also the identity component of Aut(g) and is isomorphic to
the adjoint group Gad. If g is semisimple, the subgroup Inn(g) is of finite
index in Aut(g) and the quotient Aut(g)/Inn(g) is the (finite) group of outer
automorphisms Out(g). Moreover if g is simple, Out(g) can be seen as a sub-
group of Aut(g) and Aut(g) is the semidirect product of Out(g) and Inn(g),
that is Aut(g) = Inn(g) o Out(g) (see [21]).

Note that even if g is complex, we let Aut(g) be the group of real au-
tomorphisms. If g is complex and simple then Aut(g) contains the complex
automorphism group AutC(g) as a subgroup of index 2, the quotient being
generated by complex conjugation (see [16, Prop. 4.1]).

Recall that if g is a complex Lie algebra, a real form of g is a real Lie
algebra whose complexification is g. Any real form is the group of fixed
points by a conjugation of g, meaning an involutive real automorphism which
is antilinear over C.

We refer to [42], [29], [22] and [16] for other facts about Lie algebras and
their automorphisms.

Simple Lie groups, simple Lie algebras and their outer
automorphisms

As mentioned in the previous section, the classifications of simple Lie
groups (up to isogeny) and of simple Lie algebras are in correspondence.
Both are due to Cartan. We will now see that of simple Lie groups. Every
linear simple Lie group is isogenous to either a classical group or to one of
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the finitely many exceptional groups. We denote the transpose of a matrix
A by At and its conjugate transpose by A∗ and we consider the particular
matrices

Jn =
(

Idn
−Idn

)
, Qp,q =

(
−Idp

Idq

)
.

The non-compact classical simple Lie groups are the groups in the following
list

SL(n,C) = {A ∈ GL(n,C)| detA = 1} n > 2
SO(n,C) = {A ∈ SL(n,C)|AtA = Id} n > 3, n 6= 4
Sp(2n,C) = {A ∈ SL(2n,C)|AtJnA = Jn} n > 1
SL(n,R) = {A ∈ GL(n,R)| detA = 1} n > 2
SL(n,H) = {A ∈ GL(n,H)| detA = 1} n > 2
SO(p, q) = {A ∈ SL(p+ q,R)|AtQp,qA = Qp,q} 1 6 p 6 q, p+ q > 3
SU(p, q) = {A ∈ SL(p+ q,C)|A∗Qp,qA = Qp,q} 1 6 p 6 q, p+ q > 3
Sp(p, q) = {A ∈ GL(p+ q,H)|A∗Qp,qA = Qp,q} 1 6 p 6 q, p+ q > 3
Sp(2n,R) = {A ∈ SL(2n,R)|AtJnA = Jn} n > 1
SO∗(2n) = {A ∈ SU(n, n)|AtQn,nJnA = Qn,nJn} n > 2

Similarly we give the list of the compact ones
SOn = {A ∈ SL(n,R)|AtA = Id} On = {A ∈ GL(n,R)|AtA = Id}
SUn = {A ∈ SL(n,C)|A∗A = Id} Un = {A ∈ GL(n,C)|A∗A = Id}
Spn = {A ∈ GL(n,H)|A∗A = Id}

The compact exceptional Lie groups are

G2, F4, E6, E7, E8

and the non-compact ones are the complex ones (which are the complexifi-
cations of the previous compact groups)

GC
2 , F

C
4 , E

C
6 , E

C
7 , E

C
8

and their real forms

G2(2), F4(4), F4(−20), F4(4), E6(6), E6(2), E6(−14), E6(−26),

E7(7), E7(−5), E7(−25), E8(8), E8(−24).

We refer to [50] for definitions and complete descriptions of the simply
connected versions of the exceptional Lie groups. Note that in this paper we
will always consider the centerless versions with the same notations.
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As usual, the simple Lie algebra associated to a simple Lie group will
be denoted by gothic caracters, for instance sl(n,R) is the Lie algebra of
SL(n,R). Note that the adjoint group of sl(n,R) is PSL(n,R). The classi-
fication of simple Lie algebras runs in parallel to that of simple Lie groups.
The following table summarizes the structure of the outer automorphisms
groups of simple Lie algebras (see [22] section 3.2). We denote by Sn the
symmetric group and D2n the dihedral group.

g Out(g)
sl(n,C), n > 3 Z2 × Z2

so(8,C) S3 × Z2
so(2n,C), n > 5 Z2 × Z2

eC6 Z2 × Z2
all others complex Lie algebras Z2

sl(2,R) Z2
sl(n,R), n > 3 odd Z2
sl(n,R), n > 4 even Z2 × Z2

su(p, q), p 6= q Z2
su(p, p), p > 2 Z2 × Z2

sl(n,H) Z2
so(p, q), p+ q odd Z2

so(p, q), p and q odd, p 6= q Z2
so(p, q) p and q even, p 6= q Z2 × Z2

so(p, p) p > 5 odd Z2 × Z2
so(p, p) p > 6 even D4

so(4, 4) S4
sp(2n,R) Z2
sp(p, p) Z2
so∗(2n) Z2

e6(j), j = 6, 2,−14,−26 Z2
e7(j), j = 7,−25 Z2

all others real Lie algebras 1

Table 1: Outer automorphisms groups of simple Lie algebras

Note that we have the isomorphisms: so(3,C) ∼= sl(2,C) ∼= sp(2,C),
so(5,C) ∼= sp(4,C), so(6,C) ∼= sl(4,C) and the corresponding ones between
their real forms, and that so(4,C) is not simple but isomorphic to sl(2,C)⊕
sl(2,C).
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Symmetric spaces
Let G be a Lie group. A symmetric space is a space of the form G/Gρ

where ρ is an involutive automorphism of G and Gρ its fixed points set. It
is said to be irreducible if it can not be decomposed as a product. From an
algebraic point of view, the irreducibility of G/H implies that the Lie algebra
h of H is a maximal subalgebra of the Lie algebra g of G. Equivalently, the
irreducibility of G/H implies that the identity component of H is a maximal
connected Lie subgroup of the identity component of G.

Another point of view on symmetric spaces is based on Lie algebras. If
G/Gρ is a symmetric space and g is the Lie algebra of G, the involutive
automorphism ρ induces an involutive automorphism of g whose fixed point
set is the Lie algebra h of H = Gρ. We can thus always associate to a
symmetric space G/H a linear space g/h, called a local symmetric space.
The Lie subalgebra h is called the isotropy algebra of g/h (more generally we
say that h is an isotropy algebra if it is the fixed point set of an involutive
automorphism). Conversely, if g is a Lie algebra, G a simply connected or
connected and centerless Lie group whose Lie algebra is g, and h ⊂ g an
isotropy algebra, the local symmetric space g/h lifts to a symmetric space
G/H, because Aut(g) = Aut(G). So the classification of symmetric spaces
are in correspondence with those of local symmetric spaces, and has been
done by Berger in [7].

Note that if g is simple and complex, and if ρ ∈ Aut(g) is an involution,
then ρ is either C-linear and in this case h = gρ is also complex, or ρ is
anti-linear (that means it is a conjugation) and h = gρ is a real form of g.
Note also that if g is real and ρ is an involution, then ρ can be extended
to a C-linear involution ρC of the complexification gC of g, and the isotropy
algebra (gC)ρC is the complexification of h = gρ, that is (gC)ρC = hC.

We give now the list of the non-compact isotropy algebras of the local
symmetric spaces associated to sl(n,C) and its real forms.

gC = sl(n,C) hC = so(n,C) hC = s(gl(k,C)⊕ gl(l,C)) hC = sp(n,C)
g = sl(n,R) h = so(k, l) h = s(gl(k,R)⊕ gl(l,R)) h = sp(n,R)

h = gl
(
n
2 ,C

)
g = su(p, q) h = so(p, q) h = s(u(kp, kq)⊕ u(lp, lq)) h = sp

(
p
2 ,

q
2

)
(p = q) h = so∗(2p) h = gl(p,C) h = sp(2p,R)

g = sl
(
n
2 ,H

)
h = so∗

(
2
(
n
2

))
h = s(gl(k2 ,H)⊕ gl( l2 ,H)) h = sp

(
k
2 ,

l
2

)
gl
(
n
2 ,C

)
Table 2: Non-compact isotropy algebras of sl(n,C) and its real forms
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Table 2 is organized as follows: in the first line we give the complex
isotropy algebras hC of sl(n,C) (fixed by a complex involution). Each col-
umn consists of real forms of the complex algebra in the first entry. The
local symmetric spaces associated to sl(n,C) are then those of the form
sl(n,C)/hC, for instance sl(n,C)/so(n,C), or of the form sl(n,C)/g, for in-
stance sl(n,C)/sl(n,R). The ones associated to a real form g are of the form
g/h, for instance sl(n,R)/so(k, l) with k + l = n.

The following tables summarize the classification for other simple Lie
algebras. They are organized in a similar way.

gC = so(n,C) hC = so(k,C)⊕ so(l,C) hC = gl
(
n
2 ,C

)
g = so(p, q) h = so(kp, kq)⊕ so(lp, lq)) h = u

(
p
2 ,

q
2

)
(p = q) h = so(p,C) h = gl(p,R)

g = so∗
(
2
(
n
2

))
h = so∗

(
2
(
k
2

))
⊕ so∗

(
2
(
l
2

))
h = u

(
k
2 ,

l
2

)
h = so

(
n
2 ,C

)
h = gl

(
n
4 ,H

)
Table 3: Non-compact isotropy algebras of so(n,C) and its real forms

gC = sp(2n,C) hC = sp(2k,C)⊕ sp(2l,C) hC = gl(n,C)
g = sp(p, q) h = sp(kp, kq)⊕ sp(lp, lq) h = u(p, q)

(p = q) h = sp(p,C) h = gl(p,H)
g = sp(2n,R) h = sp(2k,R)⊕ sp(2l,R) h = u(k, l)

h = sp(n,C) h = gl(n,R)

Table 4: Non-compact isotropy algebras of sp(2n,C) and its real forms

gC = gC2 hC = sl(2,C)⊕ sl(2,C)
g = g2(2) h = sl(2,R)⊕ sl(2,R)

Table 5: Non-compact isotropy algebras of gC2 and its real form

gC = fC4 hC = sp(6,C)⊕ sp(2,C) hC = so(9,C)
g = f4(4) h = sp(6,R)⊕ sp(2,R) h = so(4, 5)

h = sp(1, 2)⊕ sp(1)
g = f4(−20) h = sp(1, 2)⊕ sp(1) h = so(1, 8)

Table 6: Non-compact isotropy algebras of fC4 and its real forms
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gC = eC6 hC = sp(8,C) hC = sl(6,C)⊕ sl(2,C) hC = so(10,C)⊕ so(2,C) hC = fC4
g = e6(6) h = sp(2, 2) h = sl(6,R)⊕ sl(2,R) h = so(5, 5)⊕ so(1, 1) h = f4(4)

h = sp(8,R) h = sl(3,H)⊕ su(2)
g = e6(2) h = sp(1, 3) h = su(2, 4)⊕ su(2) h = so(4, 6)⊕ so(2) h = f4(4)

h = sp(8,R) h = su(3, 3)⊕ sl(2,R) h = so∗(10)⊕ so(2)
g = e6(−14) h = sp(2, 2) h = su(2, 4)⊕ su(2) h = so(2, 8)⊕ so(2) h = f4(−20)

h = su(1, 5)⊕ sl(2,R) h = so∗(10)⊕ so(2)
g = e6(−26) h = sp(1, 3) h = sl(3,H)⊕ sp(1) h = so(1, 9)⊕ so(1, 1) h = f4(−20)

Table 7: Non-compact isotropy algebras of eC6 and its real forms

gC = eC7 hC = sl(8,C) hC = so(12,C)⊕ sl(2,C) hC = eC6 ⊕ so(2,C)
g = e7(7) h = su(4, 4) h = so(6, 6)⊕ sl(2,R) h = e6(6) ⊕ so(1, 1)

h = sl(8,R) h = so∗(12)⊕ sp(1) h = e6(2) ⊕ so(2)
h = sl(4,H)

g = e7(−5) h = su(4, 4) h = so(4, 8)⊕ su(2) h = e6(2) × so(2)
h = su(2, 6) h = so∗(12)⊕ sl(2,R) h = e6(−14) ⊕ so(2)

g = e7(−25) h = sl(4,H) h = so(2, 10)⊕ sl(2,R) h = e6(−14) ⊕ so(2)
h = su(2, 6) h = so∗(12)⊕ sp(1) h = e6(−26) ⊕ so(1, 1)

Table 8: Non-compact isotropy algebras of eC7 and its real forms

gC = eC8 hC = eC7 ⊕ sl(2,C) hC = so(16,C)
g = e8(8) h = e7(7) ⊕ sl(2,R) h = so(8, 8)

h = e7(−5) ⊕ su(2) h = so∗(16)
g = e8(−24) h = e7(−25) ⊕ sl(2,R) h = so(4, 12)

h = e7(−5) ⊕ su(2) h = so∗(16)

Table 9: Non-compact isotropy algebras of eC8 and its real forms

Note that not all the symmetric spaces given in these tables are irre-
ducible. For instance sl(n,C)/s(gl(k,C)⊕ gl(l,C)) is not. The results of [7]
are more precise and we refer to them for the list of the irreducible symmetric
spaces and the non-irreducibles ones.

We refer to [23] and [7] for facts about symmetric spaces and local sym-
metric spaces.

Riemannian symmetric spaces
We stress that the symmetric spaces G/H associated to the isotropy

subalgebras h of g in Tables 2 to 9 are non-Riemannian. We discuss now
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a few features about Riemannian symmetric spaces, which are of the form
G/Gρ with Gρ compact. The symmetric spaces which are Riemannian spaces
of non-positive curvature are called symmetric spaces of non-compact type.
They are all of the form S = G/K where G = Isom(S)0 and K is a maximal
compact subgroup. If it has no euclidean factors, then G is semisimple, linear
and centerless.

Recall that if G is a Lie group, all maximal compact subgroups are conju-
gate. If G is semisimple, or more generally reductive, and if K is a maximal
compact subgroup, then the symmetric space G/K is called the Riemannian
symmetric space associated to G. It follows that we can identify the smooth
manifold

S = G/K

with the set of all maximal compact subgroups of G. Remark that isoge-
nous Lie groups have isometric associated Riemannian symmetric spaces. In
particular, if G is a semisimple linear Lie group, the associated Riemannian
symmetric space is the same as that associated to its identity component
G0 or to G/Z(G). We can thus assume that G is connected and centerless.
In this case, as the image of a maximal compact subgroup by an automor-
phism of G is again a maximal compact subgroup, we have an action of
Aut(G) = Aut(g) by isometries on S = G/K. Finally we have that the
group of isometries of a symmetric space S = G/K of non-compact type
without euclidean factors is Aut(g) where g is the Lie algebra of G.

An important part of our work will be to compute dimensions of fixed
point sets

Sα = {x ∈ S | α(x) = x}

where α ∈ Isom(S) = Aut(g). Assuming that G is connected and centerless,
the fixed point set Sα is the Riemannian symmetric space associated to Gα

(recall that we denote by the same letter the automorphism of g and that
of G). If A ∈ G we will denote by SA the fixed point set of the inner
automorphism Ad(A). In the case where A is of finite order, it can be
conjugate in the maximal compact subgroup K. Then the fixed point set of
G by Ad(A) is the centralizer of A in G, that is GAd(A) = CG(A) = {B ∈
G | AB = BA}. A maximal compact subgroup of CG(A) is CK(A), the
centralizer of A in K. So we can identify SA with CG(A)/CK(A), and we
can write:

dimSA = dimCG(A)− dimCK(A).

We refer to [23] for other facts about Riemannian symmetric spaces.
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Lattices and arithmetic groups
A discrete subgroup Γ of a Lie groupG is said to be a lattice if the quotient

Γ\G has finite Haar measure. It is said to be uniform (or cocompact) if this
quotient is compact and non-uniform otherwise. The Borel density theorem
(see [40, Cor. 4.5.6]) says that if G is the group of real points of a connected
semisimple algebraic group defined over R, and if a lattice Γ ⊂ G projects
densely into the maximal compact factor of G, then Γ is Zariski-dense in G.
For instance, if G is a connected semisimple algebraic group defined over Q,
then the group GZ is a lattice in GR and thus Zariski-dense. The group GZ
is the paradigm of an arithmetic group, which will be defined now.

Let G be a semisimple Lie group with identity component G0 and Γ ⊂ G a
lattice. The lattice Γ is said to be arithmetic if there are a connected algebraic
group G defined over Q, compact normal subgroups K ⊂ G0, K ′ ⊂ G0

R and
a Lie group isomorphism

ϕ : G0/K → G0
R/K

′,

such that ϕ(Γ) is commensurable to GZ, where Γ and GZ are the images
of Γ ∩ G0 and GZ ∩ G0

R in G0/K and G0
R/K

′ (recall that two subgroups H
and H ′ of G are commensurable if their intersection is of finite index in both
subgroups).

We say that the lattice Γ ⊂ G is irreducible if ΓN is dense in G for every
non-compact, closed, normal subgroup N of G0. The Margulis arithmeticity
theorem (see [37, Ch. IX] and [40, Thm. 5.2.1]) tells us that in a way, most
irreducible lattices are arithmetic.

Theorem 2.2.1 (Margulis arithmeticity theorem). Let G be the group of
real points of a semisimple algebraic group defined over R and Γ ⊂ G an
irreducible lattice. If G is not isogenous to SO(1, n)×K or SU(1, n)×K for
any compact group K, then Γ is arithmetic.

Observe that SO(1, n) × K and SU(1, n) × K have real rank 1, so the
arithmeticity theorem applies to every irreducible lattice in a group of real
rank at least 2.

The definition of arithmeticity can be simplified in some cases. If G is
connected, centerfree and has no compact factors, the compact subgroupK in
the definition must be trivial. Moreover, if Γ is non-uniform and irreducible,
then the compact subgroup K ′ is not needed either (see [40, Cor. 5.3.2]).
Under the same assumptions, we can also assume that the algebraic group
G is centerfree, and in this case the commensurator of GZ in G is GQ and
ϕ(Γ) ⊂ GQ. Under the same hypotheses on G, if Γ is non irreducible, it is
almost a product of irreducible lattices. In fact (see [40, Prop. 4.3.3]), there
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is a direct decomposition G = G1 × · · · × Gr such that Γ is commensurable
to Γi × · · · × Γr where Γi = Γ ∩Gi is an irreducible lattice in Gi.

The rational rank of the arithmetic group Γ, denoted by rkQΓ, is by defi-
nition the Q-rank of the algebraic group G in the definition of arithmeticity,
and we have

rkQΓ 6 rkRG.

Note that rkQΓ = 0 if and only if Γ is cocompact (see [8, Thm. 8.4]).
We refer to [8] and [40] for other facts about lattices and arithmetic

groups.

Virtual cohomological dimension and proper geometric
dimension

Recall that the virtual cohomological dimension of a virtually torsion-
free discrete subgroup Γ is the cohomological dimension of any torsion-free
subgroup Γ′ of finite index of Γ, that is

vcd(Γ) = cd(Γ′) = max{n | Hn(Γ′, A) 6= 0 for a certain ZΓ′-module A}.

If X is a cocompact model for EΓ, we can compute the virtual cohomo-
logical dimension of Γ as

vcd(Γ) = max{n ∈ N | Hn
c (X) 6= 0} (2.2.1)

where Hn
c (X) denotes the compactly supported cohomology of X (see [12,

Cor. VIII.7.6]).
Recall that the proper geometric dimension gd(Γ) is the smallest possible

dimension of a model for EΓ.
If G is the group of real points of a semisimple algebraic group, K ⊂ G a

maximal compact subgroup, S = G/K the associated Riemannian symmetric
space and Γ ⊂ G a uniform lattice of G, S is a model for EΓ and has
dimension vcd(Γ), so we have vcd(Γ) = gd(Γ), that is why we will be mostly
interested in non-uniform lattices.

We will also rule out the case when the adjoint group Gad of g has real
rank 1, in fact we have the following (see [1, Cor. 2.8])

Proposition 2.2.1. Let G be an algebraic group defined over R and Γ ⊂ GR
a lattice. If rkRG = 1, then vcd(Γ) = gd(Γ).

For the case of higher real rank, recall that by Margulis arithmeticity
theorem, Γ is arithmetic as long as it is irreducible.
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If Γ is non-uniform, Γ \ S is not compact. However Borel and Serre
constructed in [10] a Γ-invariant bordification of S called the Borel-Serre
bordification X which is a cocompact model for EΓ (see [26, Th. 3.2]).

Using their bordification, Borel and Serre proved in [10] the following
theorem which links the virtual cohomological dimension and the rational
rank of such an arithmetic lattice.

Theorem 2.2.2 (Borel-Serre). Let G be a semisimple Lie group, K ⊂ G a
maximal compact subgroup and Γ ⊂ G an arithmetic lattice. Then:

vcd(Γ) = dim(G/K)− rkQΓ.

In particular:
vcd(Γ) > dim(G/K)− rkRG.

Before moving on, note that we will often in this article consider groups
up to isogeny, and the philosophy behind it is that normal finite subgroups
do not change the dimensions, indeed we have:

Lemma 2.2.1. Let Γ be a virtually torsion-free discrete group, and N ⊂ Γ
a finite normal subgroup. Then:

gd(Γ) = gd (Γ/N) ,

vcd(Γ) = vcd (Γ/N) .

Proof. For the first equality: if X is a model for EΓ it follows easily that
XN is a model for E(Γ/N) of dimension lower than those of X, so:

gd(Γ) > gd (Γ/N) .

Reciprocally, a model for E(Γ/N) is also a model for EΓ and we have the
other inequality.

For the second equality, it suffices to recall that vcd(Γ) = cd(Γ′) where
Γ′ ⊂ Γ is a torsion-free subgroup of finite index, and in this case Γ′N/N is a
torsion-free subgroup of finite index of Γ/N isomorphic to Γ′.

We refer to [12] and [10] for facts about the (virtual) cohomological di-
mension and geometric dimension.
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Bredon cohomology
The Bredon cohomological dimension cd(Γ) is an algebraic counterpart

to the proper geometric dimension gd(Γ). We recall how cd(Γ) is defined and
a few of its properties.

Let Γ be a discrete group and F be the family of finite subgroups of Γ.
The orbit category OFΓ is the category whose objects are left coset spaces
Γ/H with H ∈ F and where the morphisms are all Γ-equivariant maps
between them. An OFΓ-module is a contravariant functor

M : OFΓ→ Z-mod

to the category of Z-modules. The category of OFΓ-modules, denoted by
Mod-OFΓ, has as objects all the OFΓ-modules and all the natural trans-
formations between them as morphisms. One can show that Mod-OFΓ is
an abelian category and that we can construct projective resolutions on it.
The Bredon cohomology of Γ with coefficients in M ∈ Mod-OFΓ, denoted by
H∗F(Γ,M), is by definition the cohomology associated to the cochain of com-
plexes HomOFΓ(C∗,M) where C∗ → Z is a projective resolution of the functor
Z which maps all objects to Z and all morphisms to the identity map. If X is
a model for EΓ, the augmented cellular chain complexes C∗(XH)→ Z of the
fixed points sets XH for H ∈ F form such a projective (even free) resolution
C∗(X−)→ Z. Thus we have

Hn
F(Γ,M) = Hn(HomOFΓ(C∗(X−),M)).

The Bredon cohomological dimension of Γ for proper actions, denoted by
cd(Γ) is defined as

cd(Γ) = sup{n ∈ N | ∃M ∈ Mod-OFΓ : Hn
F(Γ,M) 6= 0}.

As we said above, this invariant can be viewed as an algebraic counterpart
to gd(Γ). Indeed Lück and Meintrup proved in [35] the following theorem:

Theorem 2.2.3 (Lück-Meintrup). If Γ is a discrete group with cd(Γ) > 3,
then gd(Γ) = cd(Γ).

We explain now the strategy to prove that vcd(Γ) = cd(Γ), beginning
with some material and definitions. Recall that if G is the group of real
points of a semisimple algebraic group and Γ ⊂ G is a lattice, then the
Borel-bordification X is a model for EΓ. Note also that if H is a finite
subgroup of Γ, dim(XH) = dim(SH). If we denote F0 the family of finite
subgroups of Γ containing properly the kernel of Γ (that is the kernel of the
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action of Γ on X), Xsing the subspace of the Borel-bordification X consisting
of points whose stabilizer is stricly larger than the kernel of Γ, and

S = {XH | H ∈ F0 and @H ′ ∈ F0 with XH ( XH′},

then we have
Xsing =

⋃
XH∈S

XH .

Also every fixed point set XH ∈ S is of the form Xα where α ∈ Γ is of finite
order and non-central.

In general, computing cd(Γ) is not an easy task. However, if Γ admits a
cocompact model X for EΓ, then there is a version of the formula (2.2.1) for
the Bredon cohomological dimension. In fact, from [13, Th. 1.1] we get that

cd(Γ) = max{n ∈ N | ∃K ∈ F0 s.t. Hn
c (XK , XK

sing) 6= 0}

where XK is the fixed point set of X under K and XK
sing is the subcomplex

of XK consisting of those cells that are fixed by a finite subgroup of Γ that
strictly contains K.

Using the above characterisations of vcd(Γ) and cd(Γ), one can show (see
[1, Prop. 3.3])

Proposition 2.2.2. Let G be the group of real points of a semisimple alge-
braic group G of real rank at least two, Γ ⊂ G a non-uniform lattice of G,
K ⊂ G a maximal compact subgroup and S = G/K the associated Rieman-
nian symmetric space. If

1. dim(Xα) 6 vcd(Γ) for every Xα ∈ S, and

2. the homomorphism Hvcd(Γ)
c (X)→ Hvcd(Γ)

c (Xsing) is surjective

then vcd(Γ) = cd(Γ).

Note that in [1] the authors assume that G is connected but this hypoth-
esis is not needed as the Borel-Serre bordification is still a model for EΓ if
G is not connected (see [26, Th. 3.2]). As dim(Xα) = dim(Sα) we have
immediately the following lemma as a corollary of the previous proposition
(see [1, Cor. 3.4])

Lemma 2.2.2. With the same notations as above, if dimSα < vcd(Γ) for
all α ∈ Γ of finite order and non central, then cd(Γ) = vcd(Γ).

This lemma will be the key argument to prove the Main Theorem. How-
ever, as it is the case in [1], in some cases we will need the following result
(see [1, Cor 3.7])
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Lemma 2.2.3. With the same notations as above, suppose that

1. dim(Sα) 6 vcd(Γ) for every non-central finite order element α ∈ Γ,

2. dim(Sα ∩ Sβ) 6 vcd(Γ)− 2 for any distinct Sα, Sβ ∈ S, and

3. for any finite set of non-central finite order elements α1, . . . , αr with
Sαi 6= Sαj for i 6= j, dim(Sαi) = vcd(Γ), and such that CΓ(αi) is a
cocompact lattice in CG(αi), there exists a rational flat F in S that
intersects Sαi in exactly one point and is disjoint from Sαi for i ∈
{2, . . . , n}.

Then vcd(Γ) = cd(Γ).
We refer to [35] and [13] for other facts about Bredon cohomology.

2.3 Complex simple Lie algebras
In this section we prove the Main Theorem for all complex simple Lie

algebras:
Proposition 2.3.1. Let g be a complex simple Lie algebra, G = Aut(g) its
group of automorphisms and S the associated Riemannian symmetric space.
We assume that rkRG > 2. Then

dimSα < dimS − rkRG

for every α ∈ G of finite order and non central. In particular

gd(Γ) = vcd(Γ)

for every lattice Γ ⊂ G.

Recall that the adjoint group Gad is the identity component of G =
Aut(g). It agrees with the group of inner automorphisms, that is Gad =
Inn(g). Note that Gad is centerfree has the same dimension and real rank as
G, and their associated Riemannian symmetric spaces agree. The quotient
Aut(g)/Inn(g) is the group of outer automorphism Out(g) and can be realized
as a subgroup of Aut(g). The group Aut(g) is then the semi-direct product
of Inn(g) and Out(g) (see [21]). Recall also that if A ∈ Gad, SA is the fixed
point set of the inner automorphism Ad(A).

For further use, note that if ρ ∈ Aut(g) is an involution, then it is induced
by an involution on Gad that will be still denoted ρ. The group of its fixed
points Gρ

ad has Lie algebra gρ and the fixed point set Sρ is the associated
Riemannian symmetric space. In particular, dimSρ = 0 if Gρ

ad is compact.
The proof of Proposition 2.3.1 relies on the following lemmas:
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Lemma 2.3.1. Let g be a semisimple Lie algebra such that every element of
Out(g) has order at most 2. Let G be the group of automorphisms of g and
let S be the associated Riemannian symmetric space. If

dimSA < dimS − rkRG and dimSρ < dimS − rkRG (2.3.1)

for all A ∈ Gad non trivial of finite order, and for all involutions ρ ∈ G, then
we also have

dimSα < dimS − rkRG

for every α ∈ G of finite order and non central.

Proof. Every element α ∈ Aut(g) is of the form Ad(A)◦ρ where A ∈ Gad and
ρ ∈ Out(g) ⊂ Aut(g). We know that ρ is of order at most 2 by hypothesis.
Then α2 = Ad(Aρ(A)) is an inner automorphism and we have the inclusion
Sα ⊂ Sα

2 = SAρ(A). So, if Aρ(A) is not central in Gad, then we have

dimSα 6 dimSAρ(A) < dimS − rkRG.

Note now that if Aρ(A) is central, then it is actually the identity because Gad

is centerfree. This means that α2 = Id. In other words, α is an involution,
and we again have

dimSα < dimS − rkRG

by assumption. We have proved the claim.

To check the first part of (2.3.1) we will use the following:

Lemma 2.3.2. Let G be the group of complex points of a semisimple con-
nected algebraic group and K ⊂ G a maximal compact subgroup. Suppose that
there exists a Lie group H isogenous to a subgroup H ′ of K such that K/H ′
is an irreducible symmetric space, rkK = rkH, dimH < dimK − rkRG, and
satisfying

dimCH(A) < dimH − rkRG

for all A ∈ H of finite order and non central. Then we have

dimSA < dimS − rkRG

for every A ∈ G of finite order and non central.

Proof. As all maximal compact subgroups are conjugate, we can conjugate
such an A ∈ G into K. Since K is connected, A is then contained in a
maximal torus. Since all maximal tori are conjugate, we can conjugate A
into any one of them. Since the subgroup H ′ has the same rank as K, a
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maximal torus in H ′ is also maximal in K. We can then assume, up to
replacing A by a conjugate element, that A ∈ H ′.

Taking now into account that G is the group of complex points of a reduc-
tive algebraic group, CG(A) is the complexification of its maximal compact
subgroup CK(A) and then its dimension is twice that of CK(A). As a result
we get

dimSA = dimCG(A)− dimCK(A) = dimCK(A)
because SA ' CG(A)/CK(A) as seen in section 2.5.

Similarly we have

dimS = dim(G/K) = dimK.

In particular, the claim follows once we show that

dimCK(A) < dimK − rkRG.

Now, as H and H ′ are isogenous, assume for simplicity that H = H ′/F
with F a finite normal subgroup of H ′. We denote by A the class of A in
H ′/F . As F is finite, we have

dimCH′(A) = dimCH(A).

In fact, the elements in CH(A) are the classes of elements B ∈ H ′ such that
the commutator [A,B] belongs to the finite group F , so there are finitely
many connected components of the same dimension as CH′(A) in CH(A).

Suppose for a moment that A is non central in H ′, then we write

dimCK(A) 6 dimCH′(A) + dimK − dimH = dimCH(A) + dimK − dimH

and by assumption we have

dimCH(A) < dimH − rkRG

and finally
dimCK(A) < dimK − rkRG.

It remains to treat the case that A is central in H ′ but not in K, that is
H ′ ⊂ CK(A) ( K. Since the symmetric space K/H ′ is irreducible, it follows
that the identity component of H ′ is a maximal connected Lie group of K,
so dimCK(A) = dimH ′ = dimH, and we have

dimH < dimK − rkRG

by assumption.
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In the course of the proof of Proposition 2.3.1, the subgroups H will all be
classical groups of the forms SO(n) or SU(n) and we will need the following
bounds for the dimension of centralizers in those groups (see [1] section 5)

1. Let A ∈ SO(n) (n > 3) of finite order and non central, then

dimCSO(n)(A) 6 (n− 1)(n− 2)
2 . (2.3.2)

2. Let A ∈ SU(n) (n > 2) of finite order and non central, then

CSU(n)(A) 6 (n− 1)2. (2.3.3)

For more simplicity we will sometimes consider H as a subgroup of K
and denote K/H the symmetric space K/H ′. For the convenience of the
reader, we summarize in the following table the information we need to prove
Proposition 2.3.1 for exceptional Lie algebras. We refer to [50] for explicit
descriptions.

Gad K H dimK dimH rkH = rkK rkRGad

GC
2 G2 SO(4) 14 6 2 2

FC
4 F4 SO(9) 52 36 4 4

EC
6 E6 U(1)× SO(10) 78 46 6 6

EC
7 E7 SU(8) 133 63 7 7

EC
8 E8 SO(16) 248 120 8 8

Table 10: Exceptional complex simple centerless Lie groups Gad, maximal
compact subgroups K, classical subgroups H, dimensions and ranks.

We are now ready to launch the proof of Proposition 2.3.1.

Proof of Proposition 2.3.1. The second claim follows from Lemma 2.2.2 be-
cause we have

vcd(Γ) > dimS − rkRG

for every lattice Γ ⊂ G by Theorem 2.2.2. So it suffices to prove the first
claim.

Recall that every complex simple Lie algebra is isomorphic to either one
of the classical algebras sl(n,C), so(n,C) and sp(2n,C) (with conditions on
n to ensure simplicity), or to one of the 5 exceptional ones: gC2 , fC4 , eC6 , eC7
and eC8 .

To prove Proposition 2.3.1 we will consider all these cases individually.

Classical complex simple Lie algebras:
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Let g be a classical complex simple Lie algebra and Γ ⊂ G = Aut(g)
a lattice. From a brief inspection of Table 1 in section 2.3 we obtain that,
unless g = so(8,C), every outer automorphism of g has order 2. We will
assume that g 6= so(8,C) for a while, treating this case later.

To begin with note that we get from parts 6.1, 6.2 and 6.3 of [1] that

dimSA < dimS − rkRG

for all A ∈ Gad non trivial and of finite order. In other words, the first part
of condition (2.3.1) in Lemma 2.3.1 holds. To check the second part we make
use of the classification of local symmetric spaces in [7]. For instance if g =
sl(n,C) with n > 3 because of our assumption on the rank, and if ρ ∈ G is an
involution, then the Lie algebra gρ is isomorphic to either a Lie algebra whose
adjoint group is compact or to one of the following: so(n,C), s(gl(k,C) ⊕
gl(n − k,C)), sp(n,C), sl(n,R), su(p, n − p) and sl(n2 ,H), where sp(n,C)
and sl(n2 ,H) only appear if n is even. The associated Riemannian symmetric
space Sρ is obtained by taking the quotient of the adjoint group by a maximal
compact subgroup, for example in the case of so(n,C) it is PSO(n,C)/PSOn.
The Lie algebra gρ for which dimSρ is maximal is s(gl(1,C)⊕gl(n−1,C)) for
n 6= 4 (where dimSρ = (n−1)2), and sp(4,C) for n = 4 (where dimSρ = 10).
In all these cases we have

dimSρ < (n2 − 1)− (n− 1) = dimS − rkRG.

We get then by Lemma 2.3.1 that the first claim of Proposition 2.3.1 holds.
The cases of sp(2n,C) and so(n,C) for n 6= 8 are similar, we leave the details
to the reader.

Now we treat the case of the Lie algebra so(8,C). Its group of complex
outer automorphisms is isomorphic to the symmetric group S3 and contains
an order 3 element τ called triality. (See section 1.14 in [50] for an inter-
pretation of triality in terms of octonions.) The group Out(so(8,C)) of real
outer automorphisms is then isomorphic to S3×Z/2Z where the second factor
corresponds to complex conjugation. Consequently the only order 3 outer au-
tomorphisms are τ and τ−1 and those of order 6 are their compositions with
complex conjugation. If ρ ∈ Aut(so(8,C)) is of order 6 and α = Ad(A) ◦ ρ,
then α3 is the composition of an inner automorphism and ρ3. As ρ3 is of
order 2 and we have the inclusions Sα ⊂ Sα

3 , we can consider α3 instead of
α and we just have to treat the cases when ρ is of order 2 or 3.

If ρ is of order 2 we apply the same method than for other classical simple
Lie algebras, using the classification of local symmetric spaces. It remains
to treat the case when ρ = τ the triality automorphism (or its inverse). In
this case α = Ad(A) ◦ τ is a complex automorphism. Proceeding like in the
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proof of Lemma 2.3.1, α3 is an inner automorphism and the result follows
if it is non trivial. If α3 = 1 then α belongs to the set Aut3

C(so(8,C)) of
complex automorphisms of order 3. A result of Gray and Wolf (see [20, Thm.
5.5]) says that if ∼i is the equivalence relation of conjugation by an inner
automorphism in Aut3

C(so(8,C)), then Aut3
C(so(8,C))/ ∼i contains, besides

the classes of inner automorphisms, four other classes: those of τ and τ−1

and two others represented by order 3 automorphisms τ ′ and τ ′−1. The Lie
algebra of the fixed point set of triality is the exceptional Lie algebra gC2 , and
that of the fixed point set of τ ′ is isomorphic to the Lie algebra sl(3,C). In
both cases we have

dimSα < dimS − rkRG

and Proposition 2.3.1 holds for g = so(8,C).

Exceptional complex simple Lie algebras:
The proof for exceptional complex simple Lie algebras mainly relies on

Lemmas 2.3.1 and 2.3.2, Tables 5 to 10 and inequalites (2.3.2) and (2.3.3).

Lie algebra gC2 :
Here we consider the simple exceptional Lie algebra g = gC2 . Its outer

automorphism group is of order 2 and its adjoint group is Gad = GC
2 , a

connected algebraic group of real rank 2 and complex dimension 14. The
compact group G2 is a maximal compact subgroup of GC

2 .
The group G2 contains a subgroup H isomorphic to SO(4), fixed by an in-

volution of G2 which extends to a conjugation of GC
2 , giving the split real form

G2(2) (see section 1.10 of [50] for an explicit description). Then G2/SO(4) is
an irreducible symmetric space, rk(G2) = rk(SO(4)) = 2 and

dimH + rkRGad = 6 + 2 = 8 < 14 = dimK.

Moreover if A ∈ H is of finite order and non central in H ' SO(4) we have
by inequality (2.3.2)

dimCH(A) + rkRGad 6 3 + 2 = 5 < 6 = dimH.

So by Lemma 2.3.2, the first part of (2.3.1) in Lemma 2.3.1 holds.
To check the second part we have to list the local symmetric spaces as-

sociated to an involution ρ ∈ Aut(gC2 ). By the classification of Berger in [7],
the only non compact cases are when gρ is isomorphic to sl(2,C)⊕sl(2,C) or
g2(2). The associated Riemannian symmetric spaces are Sρ = (PSL(2,C) ×
PSL(2,C))/(PSU2 × PSU2) and G2(2)/SO(4) and we have in both cases

dimSρ < dimS − rkRG.
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So by Lemma 2.3.1, Proposition 2.3.1 holds for G = Aut(gC2 ).

Lie algebra fC4 :
We proceed like previously for the simple Lie algebra g = fC4 , with

|Out(fC4 )| = 2, Gad = FC
4 of maximal compact subgroup K = F4, rkRGad = 4

and dimK = 52. We know that there exists a subgroup H ⊂ K isogenous to
SO(9), with rkH = rkK = 4, and such that K/H is an irreducible symmetric
space. In addition to that

dimH + rkRGad = 36 + 4 = 40 < 52 = dimK

and if A ∈ H is of finite order and non central in H, we have

dimCH(A) + rkRGad 6 28 + 4 = 32 < 36 = dimH

by inequality (2.3.2).
So by Lemma 2.3.2, the first part of (2.3.1) in Lemma 2.3.1 holds.
Then by the classification of local symmetric spaces, the ones we have to

study is those when gρ is isomorphic to sp(6,C)⊕ sp(2,C), so(9,C), f4(4) or
f4(−20), in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.3.1 holds for G = Aut(fC4 ).

Lie algebra eC6 :
For the algebra g = eC6 , the outer automorphism group is a product of

two groups of order 2, Gad = EC
6 of maximal compact subgroup K = E6,

rkRGad = 6 and dimK = 78. We know there exists H ⊂ K isogenous to
U(1)×SO(10), with rkH = rkK = 6, K/H is an irreducible symmetric space
and we have the following

dimH + rkRGad = 46 + 6 = 52 < 78 = dimK

and if A ∈ H is of finite order and non central in H, by inequality (2.3.2) we
have

dimCH(A) + rkRGad 6 1 + 36 + 6 = 43 < 46 = dimH.

So by Lemma 2.3.2, the first part of (2.3.1) in Lemma 2.3.1 holds.
Then by the classification of local symmetric spaces, the ones we have to

study is those when gρ is isomorphic to sp(8,C), sl(6,C)⊕sl(2,C), so(10,C)⊕
so(2,C), fC4 , e6(6), e6(2), e6(−14) or e6(−26), in all cases

dimSρ < dimS − rkRG.
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So by Lemma 2.3.1, Proposition 2.3.1 holds for G = Aut(eC6 ).

Lie algebra eC7 :
Consider now the simple Lie algebra g = eC7 , of order 2 outer automor-

phism group, and of adjoint group Gad = EC
7 , whose compact maximal sub-

group is K = E7, rkRGad = 7 and dimK = 133. We know there exists
H ⊂ K isogenous to SU(8) with rkH = rkK = 7 and K/H is an irreducible
symmetric space. We have the inequality

dimH + rkRGad = 63 + 7 = 70 < 133 = dimK

and if A ∈ H is of finite order and non central in H, by inequality (2.3.3) we
have

dimCH(A) + rkRGad 6 49 + 7 < 63 = dimH.

So by Lemma 2.3.2, the first part of (2.3.1) in Lemma 2.3.1 holds.
Then by the classification of local symmetric spaces, the ones we have

to study is those when gρ is isomorphic to sl(8,C), so(12,C) ⊕ sp(2,C),
eC6 ⊕ so(2,C), e7(7), e7(5) or e7(−25), in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.3.1 holds for G = Aut(eC7 ).

Lie algebra eC8 :
The last exceptional Lie algebra is g = eC8 , again its outer automorphism

group is of order 2, its adjoint group is Gad = EC
8 , of maximal compact

subgroup K = E8, rkRGad = 8 and dimK = 248. We know there exists
H ⊂ K isogenous to SO(16), with rkH = rkK = 8 andK/H is an irreducible
symmetric space. We have also the inequality

dimH + rkRGad = 120 + 8 = 128 < 248 = dimK

and if A ∈ H is of finite order and non central in H, by inequality (2.3.2) we
have

dimCH(A) + rkRGad 6 105 + 8 < 120 = dimH.

So by Lemma 2.3.2, the first part of (2.3.1) in Lemma 2.3.1 holds.
Then by the classification of local symmetric spaces, the ones we have

to study is those when gρ is isomorphic to so(16,C), eC7 ⊕ sp(2,C), e8(8) or
e8(−24), in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.3.1 holds for G = Aut(eC8 ) and it con-
cluded its proof.
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2.4 Real simple Lie algebras
We will in this section extend the previous proposition to the real simple

Lie algebras. They are the real forms of the complex ones studied in the
previous section. The ideas of the proof are similar to those of the complex
case, although we face some additional difficulties. Maybe the reader can
skip this section in a first reading.

Proposition 2.4.1. Let g be a real simple Lie algebra, G = Aut(g) its group
of automorphisms and S the associated Riemannian symmetric space. Then

gd(Γ) = vcd(Γ)

for every lattice Γ ⊂ G. Moreover

dimSα 6 dimS − rkRG

for every α ∈ G of finite order and non central.

We will again use Lemma 2.3.1, but in the case of exceptional real simple
Lie algebras, we cannot use Lemma 2.3.2 to establish inequalities of the form

dimSA < dimS − rkRG

for A in the adjoint group Gad of g. The difficulty is that the dimension of
Gad is not anymore twice that of a maximal compact subgroup. To some
extent, we will bypass this problem using the following lemma:

Lemma 2.4.1. Let G be a connected Lie group which is the group of real
points of a semisimple algebraic group defined over R, and K ⊂ G a maximal
compact subgroup. Suppose there exists a subgroup G ⊂ G such that G/G is
an irreducible symmetric space and whose compact maximal subgroup K ⊂ K
has the same rank as K. Let S = G/K and S = G/K be the associated
Riemannian symmetric spaces. If we have

dimS < dimS − rkRG,

and
dimS

A
< dimS − rkRG

for every A ∈ K of finite order non central, then we also have

dimSA < dimS − rkRG

for every A ∈ G of finite order and non central.

51



Proof. As in the proof of Lemma 2.3.2 we can conjugate such an A into a
maximal torus in K.

If A is central in G: as G/G is irreducible, we have that the identity
component of G is a maximal connected Lie subgroup of G. It follows thus
from G ⊂ CG(A) ( G that the Riemannian symmetric spaces of CG(A) and
G are the same, that is SA = S. Then the result follows from the assumption

dimS < dimS − rkRG.

Suppose now that A is non central in G, then we have

dimS − dimSA > dimS − dimS
A

as SA = S ∩ SA. Then the result follows because

dimS − dimS
A
> rkRG

by assumption.

In all cases of interest, the group G will be a classical group. We will use
the following inequalities to majorate dimS

A (see [1] sections 6.5, 6.6 and
6.8):

1. Let A ∈ SU(p, q) (p 6 q, p + q > 3) of finite order non central, and
S = SU(p, q)/S(U(p)× U(q)) the associated symmetric space, then

dimSA 6 2p(q − 1). (2.4.1)

2. Let A ∈ Sp(p, q) (p 6 q, p + q > 3) of finite order non central, and
S = Sp(p, q)/(Sp(p)× Sp(q)) the associated symmetric space, then

dimSA 6 4p(q − 1). (2.4.2)

3. Let A ∈ SO∗(2n) (n > 2) of finite order non central, and S =
SO∗(2n)/U(n) the associated symmetric space, then

dimSA 6 n2 − n− 2(n− 1). (2.4.3)

The tables below list exceptional real simple Lie groups, the subgroups G
we will use and the informations we need to know for the proof of Proposition
2.4.1. Note that for more simplicity, the compact maximal subgroups K are
given up to isogeny. We refer to [50] for explicit descriptions.
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Gad K G K
E6(6) Sp(4) Sp(2, 2) Sp(2)× Sp(2)
E6(2) SU(6)× SU(2) SO∗(10)× SO(2) U(5)× SO(2)
E6(−14) SO(10)× SO(2) SO∗(10)× SO(2) U(5)× SO(2)
E6(−26) F4 Sp(1, 3) Sp(1)× Sp(3)
E7(7) SU(8) E6(2) × SO(2) SU(6)× SU(2)× SO(2)
E7(−5) SO(12)× SU(2) SU(4, 4) S(U(4)× U(4))
E7(−25) E6 × SO(2) SU(2, 6) S(U(2)× U(6))
E8(8) SO(16) SO∗(16) U(8)
E8(−24) E7 × SU(2) SO∗(16) U(8)
G2(2) SO(4) SL(2,R)× SL(2,R) SO(2)× SO(2)
F4(4) Sp(3)× Sp(1) SO(4, 5) S(O(4)×O(5))

Table 11: Real exceptional simple centerless Lie groups Gad, certain classical
subgroups G ⊂ Gad and the respective maximal compact subgroups

Gad dimS dimS rkK = rkK rkRGad

E6(6) 42 16 4 6
E6(2) 40 20 6 4
E6(−14) 32 20 6 2
E6(−26) 26 12 4 2
E7(7) 70 40 7 7
E7(−5) 64 32 7 4
E7(−25) 54 24 7 3
E8(8) 128 56 8 8
E8(−24) 112 56 8 4
G2(2) 8 4 2 2
F4(4) 28 20 4 4

Table 12: With the same notations as in Table 11, dimensions of the Rie-
mannian symmetric spaces associated to Gad and G, together with the ranks
of K, K and Gad

We are now ready to prove Proposition 2.4.1.

Proof of Proposition 2.4.1. Recall that the first claim holds when the adjoint
group has real rank 1 by Proposition 2.2.1, that is when g is isomorphic to
sl(2,R) ∼= sp(2,R), sl(2,H), so∗(4), so∗(6), so(1, n), su(1, n), sp(1, n) and
f4(−20). The second claim is also true because if α ∈ Aut(g) is of finite order
and non central, then Sα is a strict submanifold of S so we have

dimSα 6 dimS − 1.
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We suppose from now on that rkRG > 2. By inspection of Table 1 in
section 2.3, we see that every outer automorphism of g has order 2, except if
g = so(p, p) with p > 4 even.

As in the proof of Proposition 2.3.1, we will again do a case-by-case
analysis.

Classical real simple Lie algebras other that sl(n,R) and so(p, q):
We start dealing with the classical Lie algebras su(p, q), sl(n,H), sp(2n,R)

and so∗(2n). Note that we rule out su(2, 2) ∼= so(2, 4) and sp(4,R) ∼= so(2, 3).
We use again Lemma 2.3.1. We want then to establish

dimSA < dimS − rkRG and dimSρ < dimS − rkRG

for every A in the adjoint group Gad of finite order and non central and
for every involution ρ ∈ G = Aut(g). The first condition holds by the
computations in sections 6.4 to 6.7 of [1]. Using the classification of local
symmetric spaces, we can check the second condition as we did in the complex
case. For instance, if g = sp(2n,R) with n > 3, then gρ is either compact or
isomorphic to one of the following: sp(2k,R)⊕ sp(2(n− k),R), u(k, n− k),
gl(n,R) or sp(n,C), the last case only appearing if n is even. The Lie algebra
gρ for which dimSρ is maximal is sp(2(n − 1),R) ⊕ sp(2,R), for which we
have

dimSρ = n2 − n+ 2 < n2 = dimS − rkRG.

Hence by Lemma 2.3.1 and Lemma 2.2.2, Proposition 2.4.1 holds for G =
Aut(sp(2n,R)). The cases of su(p, q), sl(n,H) and so∗(2n) are similar.

Lie algebras sl(n,R) and so(p, q) The remaining classical cases are
sl(n,R) and so(p, q). If p > 6 is even, then Out(so(p, p)) is isomorphic to
D4 so every outer automorphism ρ has order 2 or 4. The only case where we
have order 3 outer automorphisms is so(4, 4), as Out(so(4, 4)) is isomorphic
to S4.

As already noted in [1], where the argument for lattices in SL(n,R) and
SO(p, q) was more involved than in the other cases, we face the problem that
there exists α ∈ Aut(g) such that

dimSα = dimS − rkRG.

Our next goal is to characterize the automorphisms α for which this happens.
Lemma 2.4.2. If g = sl(n,R) with n 6= 4 or so(p, q) with p + q = n and
(p, q) 6= (3, 3), and α ∈ Aut(g), then

dimSα 6 dimS − rkRG
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with equality if and only if n is odd and Sα = SA with A conjugate to

Qn−1,1 =
(
−In−1 0

0 1

)

in PSL(n,R) or PSO(p, q), or n is even and α is conjugate to the outer
automorphism corresponding to the conjugation by Qn−1,1.

By abusing notations we will still denote SA the fixed point set by the
automorphism corresponding to the conjugation by A with A conjugate to
Qn−1,1 even if it is not an inner automorphism.

Proof. We begin with the case g 6= so(4, 4) and we use the same strategy that
for the proof of Lemma 2.3.1. An automorphism α of g is the composition
of an inner automorphism and an outer automorphism ρ of order 2 or 4. If
ρ has order 4 then α2 is the composition of an inner automorphism and ρ2

which is of order 2, and we have the inclusion Sα ⊂ Sα
2 so we can replace

α by α2 and it will suffice to consider the outer automorphisms of order 2.
Then if ρ has order 2, α2 is an inner automorphism, that is α2 = Ad(A) with
A ∈ Gad. If A is not trivial, by the computations in sections 7 and 8 in [1]
we have

dimSα
2
6 dimSA 6 dimS − rkRG

with equality in the last inequality if and only if n is odd and A conjugate by
Qn−1,1. The first inequality is an equality if and only if Sα2 = SA. We have
proved the claim if A is not trivial. If A is trivial, then α is an involution,
so we use the classification of local symmetric spaces. For instance if g =
sl(n,R) with n 6= 4, the non-compact associated isotropy algebra h = gα are
so(k, n−k), s(gl(k,R)⊕gl(n−k,R)), gl

(
n
2 ,C

)
or sp(n,R), the last two cases

only appearing if n is even. In all these cases we have

dimSα 6 dimS − rkRG

with equality if and only if h = s(gl(1,R)⊕ gl(n− 1,R)), which corresponds
to an automorphism α conjugate to the inner automorphism Ad(Qn−1,1) if n
is odd or to the outer automorphism of conjugation by Qn−1,1 if n if even.

It remains to consider the case g = so(4, 4). In this case the group of
outer automorphism is isomorphic to the symmetric group S4 so we can have
elements of order 2, 3 or 4. If ρ is an outer automorphism of order 2 or 4,
and α = Ad(A) ◦ τ , we apply the same method using the classification of
local symmetric spaces and we see that

dimSα 6 dimS − rkRG
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with equality if and only if α is an outer automorphism corresponding to
the conjugation by a matrix conjugate to Q7,1. If ρ is of order 3 and α =
Ad(A)◦τ then α3 is inner and we have just to treat the case where it is trivial,
that is α is of order 3. Then its complexification αC is an order 3 complex
automorphism of gC = so(8,C), a case already treated in the previous section.
We know that the fixed point set (gC)αC is isomorphic to gC2 , sl(3,C) or is
compact. As gα is a real form of (gC)αC , it is isomorphic to g2(2), sl(3,R),
su(2, 1), s(u(dp, dq) ⊕ o(sp, sq)) with 2dp + sp = 4 and 2dq + sq = 4 or is
compact. In all these cases we have

dimSα < dimS − rkRG

so we have proved the claim.

Let us assume for a while that g 6= sl(3,R) and g 6= sl(4,R) ∼= so(3, 3).
We will conclude that vcd(Γ) = gd(Γ) using Lemma 2.2.3. The first condition
in the said lemma holds by Lemma 2.4.2. To check the second condition, take
Sα and Sβ maximal and distinct. We want to establish

dim(Sα ∩ Sβ) 6 vcd(Γ)− 2.

First remark that by maximality Sα and Sβ are not contained in each other.
If one of them is not of the form SA with A conjugate to Qn−1,1, let us say
Sα, then dimSα 6 vcd(Γ) − 1 and Sα ∩ Sβ is a strict submanifold of Sα so
the result holds. If we have Sα = SA and Sβ = SB with A and B conjugate
to Qn−1,1, then we refer to the computations in the proofs of Lemma 7.2 and
Lemma 8.4 in [1]. The proof of the third point is the same as for Lemma
7.5 and Lemma 8.8 in [1]. Note that in [1] the authors consider only inner
automorphisms, so the case n odd, but their argument also works without
modifications of any kind for n even.

It must be enlighted why the argument we just gave fails for sl(3,R) and
sl(4,R) ∼= so(3, 3). For sl(3,R), the second condition of Lemma 2.2.3 does
not hold anymore. In the case that sl(4,R) ∼= so(3, 3), the conclusion of
Lemma 2.4.2 does not apply, because we have that

dimSα = dimS − rkRG

when α is either the conjugation by Q5,1 in PSO(3, 3) or the conjugation by
Q3,1 in PSL(4,R). These two are not conjugate, as the conjugation by Q5,1 in
PSO(3, 3) corresponds in PSL(4,R) to an outer automorphism whose fixed
point set is isomorphic to PSp(4,R).

However the proof of Lemma 7.6 in [1] concerning lattices in SL(3,R) can
be adapted to Aut(sl(3,R)) and Aut(sl(4,R)). In fact it can be adapted to
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Aut(sl(n,R)) for all n > 3, because a lattice in PSL(n,R) of Q-rank n−1 can
be conjugate to a lattice commensurable to PSL(n,Z) (see the classification
of arithmetic groups of classical groups in Section 18.5 in [40]).

As a result Proposition 2.4.1 holds for all real classical simple Lie algebras.

Exceptional real simple Lie algebras:
The proof for exceptional real simple Lie algebras relies on Lemmas 2.3.1

and 2.4.1, Tables 5 to 9 and 11-12 and inequalities (2.4.1), (2.4.2) and (2.4.3).
As in the complex case, the proofs are quite similar, although the cases of
g2(2) and f4(4) are specific and treated separately in the end of this section.

Lie algebra e6(6):
Here we consider the simple exceptional Lie algebra g = e6(6). Its outer

automorphism group is of order 2 and its adjoint group is Gad = E6(6), which
is the group of real points of an algebraic group of real rank 6. This group
contains a maximal compact subgroup K isogenous to Sp(4). We will use
Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E6(6) contains a subgroup G isogenous to Sp(2, 2)
whose maximal compact subgroup is K = Sp(2) × Sp(2). We see in [7]
that E6(6)/Sp(2, 2) is an irreducible symmetric space, furthermore we have
rk(K) = rk(K) = 4 and

dimS = 16 < 42− 6 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.2)

dimS
A
6 8 < 16− 6 = dimS − rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.

To check the second condition we list the local symmetric spaces associ-
ated to an involution ρ ∈ Aut(e6(6)). By the classification of Berger in [7], the
only non compact cases are when gρ is isomorphic to sp(2, 2), sp(8,R), sl(6,R)⊕
sl(2,R), sl(3,H)⊕ su(2), so(5, 5)⊕ so(1, 1) or f4(4). We have in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e6(6)).

Lie algebra e6(2):
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Here we consider the simple exceptional Lie algebra g = e6(2). Its outer
automorphism group is of order 2 and its adjoint group is Gad = E6(2), which
is the group of real points of an algebraic group of real rank 4. This group
contains a maximal compact subgroup K isogenous to SU(6) × SU(2). We
will use Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E6(2) contains a subgroup G isogenous to SO∗(10) ×
SO(2) whose maximal compact subgroup is K = U(5)×SO(2). We see in [7]
that E6(2)/(SO∗(10)×SU(2)) is an irreducible symmetric space, furthermore
we have rk(K) = rk(K) = 6 and

dimS = 20 < 40− 4 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.3)

dimS
A
6 12 < 20− 4 = dimS − rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.

To check the second condition we list the local symmetric spaces associ-
ated to an involution ρ ∈ Aut(e6(2)). By the classification of Berger in [7], the
only non compact cases are when gρ is isomorphic to sp(1, 3), sp(8,R), su(2, 4)⊕
su(2), su(3, 3)⊕ sl(2,R), so(4, 6)⊕ so(2), so∗(10)⊕ so(2) or f4(4). We have in
all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e6(2)).

Lie algebra e6(−14):
Here we consider the simple exceptional Lie algebra g = e6(−14). Its outer

automorphism group is of order 2 and its adjoint group is Gad = E6(−14),
which is the group of real points of an algebraic group of real rank 2. This
group contains a maximal compact subgroup K isogenous to SO(10)×SO(2).
We will use Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E6(−14) contains a subgroup G isogenous to SO∗(10)×
SO(2) whose maximal compact subgroup is K = U(5)×SO(2). We see in [7]
that E6(−14)/(SO∗(10) × SU(2)) is an irreducible symmetric space, further-
more we have rk(K) = rk(K) = 6 and

dimS = 20 < 32− 2 = dimS − rkRGad
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where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.3)

dimS
A
6 12 < 20− 2 = dimS − rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.

To check the second condition we list the local symmetric spaces associ-
ated to an involution ρ ∈ Aut(e6(−14)). By the classification of Berger in [7],
the only non compact cases are when gρ is isomorphic to sp(2, 2), su(2, 4)⊕
su(2), su(1, 5)⊕ sl(2,R), so(2, 8)⊕ so(2), so∗(10)⊕ so(2) or f4(−20). We have
in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e6(−14)).

Lie algebra e6(−26):
Here we consider the simple exceptional Lie algebra g = e6(−26). Its outer

automorphism group is of order 2 and its adjoint group is Gad = E6(−26),
which is the group of real points of an algebraic group of real rank 2. This
group contains a maximal compact subgroup K isogenous to F4. We will use
Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E6(−26) contains a subgroup G isogenous to Sp(1, 3)
whose maximal compact subgroup is K = Sp(1) × Sp(3). We see in [7]
that E6(−26)/Sp(1, 3) is an irreducible symmetric space, furthermore we have
rk(K) = rk(K) = 4 and

dimS = 12 < 26− 2 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.2)

dimS
A
6 8 < 12− 2 = dimS − rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.

To check the second condition we list the local symmetric spaces associ-
ated to an involution ρ ∈ Aut(e6(−26)). By the classification of Berger in [7],
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the only non compact cases are when gρ is isomorphic to sp(1, 3), sl(3,H)⊕
sp(1), so(1, 9)⊕ so(1, 1), or f4(−20). We have in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e6(−26)).

Lie algebra e7(7):
Here we consider the simple exceptional Lie algebra g = e7(7). Its outer

automorphism group is of order 2 and its adjoint group is Gad = E7(7), which
is the group of real points of an algebraic group of real rank 7. This group
contains a maximal compact subgroup K isogenous to SU(8). We will use
Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E7(7) contains a subgroup G isogenous to E6(2)× SO(2)
whose maximal compact subgroup is K = SU(6)×SU(2)×SO(2). We see in
[7] that E7(7)/(E6(2)× SO(2)) is an irreducible symmetric space, furthermore
we have rk(K) = rk(K) = 7 and

dimS = 40 < 70− 7 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from the
results about e6(2)

dimS − dimS
A
> 20− 12 = 8 > rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.

To check the second condition we list the local symmetric spaces associ-
ated to an involution ρ ∈ Aut(e7(7)). By the classification of Berger in [7], the
only non compact cases are when gρ is isomorphic to su(4, 4), sl(8,R), sl(4,H), so(6, 6)⊕
sl(2,R), so∗(12)⊕ sp(1), e6(6) ⊕ so(1, 1) or e6(2) ⊕ so(2). We have in all cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e7(7)).

Lie algebra e7(−5):
Here we consider the simple exceptional Lie algebra g = e7(−5). Its outer

automorphism group is trivial so G = Aut(g) is equal to the adjoint group
Gad = E7(7), which is the group of real points of an algebraic group of real
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rank 4. Thus we only have to check the first condition of Lemma 2.3.1 and
we will again use Lemma 2.4.1.

The group Gad = E7(−5) contains a maximal compact subgroup K isoge-
nous to SO(12)×SU(2). It also contains a subgroup G isogenous to SU(4, 4)
whose maximal compact subgroup is K = S(U(4) × U(4)). We see in [7]
that E7(−5)/SU(4, 4) is an irreducible symmetric space, furthermore we have
rk(K) = rk(K) = 7 and

dimS = 32 < 64− 4 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.1)

dimS
A
6 24 < 32− 4 = dimS − rkRGad.

So by Lemma 2.4.1 and Lemma 2.3.1, Proposition 2.4.1 holds for G =
Aut(e7(−5)).

Lie algebra e7(−25):
Here we consider the simple exceptional Lie algebra g = e7(−25). Its outer

automorphism group is of order 2 and its adjoint group is Gad = E7(−25),
which is the group of real points of an algebraic group of real rank 3. This
group contains a maximal compact subgroup K isogenous to E6 × SO(2).
We will use Lemma 2.4.1 to check the first condition of Lemma 2.3.1.

The group Gad = E7(−25) contains a subgroup G isogenous to SU(2, 6)
whose maximal compact subgroup is K = S(U(2) × U(6)). We see in [7]
that E7(−25)/SU(2, 6) is an irreducible symmetric space, furthermore we have
rk(K) = rk(K) = 7 and

dimS = 24 < 54− 3 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.1)

dimS
A
6 20 < 24− 3 = dimS − rkRGad.

Lemma 2.4.1 applies and shows that the first condition of Lemma 2.3.1
holds.
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To check the second condition we list the local symmetric spaces asso-
ciated to an involution ρ ∈ Aut(e7(−25)). By the classification of Berger in [7],
the only non compact cases are when gρ is isomorphic to su(2, 6), sl(4,H), so(2, 10)⊕
sl(2,R), so∗(12) ⊕ sp(1), e6(−14) ⊕ so(2) or e6(−26) ⊕ so(1, 1). We have in all
cases

dimSρ < dimS − rkRG.

So by Lemma 2.3.1, Proposition 2.4.1 holds for G = Aut(e7(−25)).

Lie algebra e8(8):
Here we consider the simple exceptional Lie algebra g = e8(8). Its outer

automorphism group is trivial so G = Aut(g) is equal to the adjoint group
Gad = E8(8), which is the group of real points of an algebraic group of real
rank 8. Thus we only have to check the first condition of Lemma 2.3.1 and
we will again use Lemma 2.4.1.

The group Gad = E8(8) contains a maximal compact subgroup K isoge-
nous to SO(16). It also contains a subgroup G isogenous to SO∗(16) whose
maximal compact subgroup is K = U(8). We see in [7] that E8(8)/SO(16)
is an irreducible symmetric space, furthermore we have rk(K) = rk(K) = 8
and

dimS = 56 < 128− 8 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.3)

dimS
A
6 42 < 56− 8 = dimS − rkRGad.

So by Lemma 2.4.1 and Lemma 2.3.1, Proposition 2.4.1 holds for G =
Aut(e8(8)).

Lie algebra e8(−24):
Here we consider the simple exceptional Lie algebra g = e8(−24). Its outer

automorphism group is trivial so G = Aut(g) is equal to the adjoint group
Gad = E8(−24), which is the group of real points of an algebraic group of real
rank 4. Thus we only have to check the first condition of Lemma 2.3.1 and
we will again use Lemma 2.4.1.

The group Gad = E8(−24) contains a maximal compact subgroup K isoge-
nous to E7×SU(2). It also contains a subgroupG isogenous to SO∗(16) whose
maximal compact subgroup is K = U(8). We see in [7] that E8(−24)/SO(16)
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is an irreducible symmetric space, furthermore we have rk(K) = rk(K) = 8
and

dimS = 56 < 112− 4 = dimS − rkRGad

where S and S are the Riemannian symmetric spaces associated to respec-
tively Gad and G.

Moreover, if A ∈ K is of finite order and non central, we get from in-
equality (2.4.3)

dimS
A
6 42 < 56− 4 = dimS − rkRGad.

So by Lemma 2.4.1 and Lemma 2.3.1, Proposition 2.4.1 holds for G =
Aut(e8(−24)).

Lie algebra g2(2):
Here we consider the simple exceptional Lie algebra g = g2(2). Its outer

automorphism group is trivial, so the group G = Aut(g) equals the adjoint
group Gad = G2(2), which is the group of real points of an algebraic group of
real rank 2. Thus we only have to check the conditions of Lemma 2.3.2.

The group G2(2) contains a maximal compact subgroup K isomorphic
to SO(4). It also contains a subgroup G isogenous to SL(2,R) × SL(2,R)
whose maximal compact subgroup is K = SO(2)× SO(2). We see in [7] that
G2(2)/(SL(2,R) × SL(2,R)) is an irreducible symmetric space, furthermore
we have rk(K) = rk(K) = 2 and

dimS = 4 < 8− 2 = dimS − rkRG

where S and S are the Riemannian symmetric spaces associated to respec-
tively G = Gad and G.

Moreover, if A ∈ K is of finite order and non central, we have

dimS
A
6 2 = 4− 2 = dimS − rkRG.

The equality case in the last inequality happens when A is conjugate to
a matrix of the form: (

±I2 0
0 Rθ

)
with

Rθ =
(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)
.

Assume that A is of this form and that the first block is I2, we will prove
directly that

dimSA < dimS − rkRG.
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First of all, CK(A) = CSO(4)(A) = SO(2)× SO(2) is of dimension 2.
To study CG(A), we have to know to which element of G = G2(2) this

matrix corresponds. Recall that G2(2) is the group of automorphisms of
the (non associative) algebra O′ of split octonions, which is of dimension 8
over R, and equiped with a quadratic form of signature (4,4) (see section
1.13 of in [50]). We can decompose O′ into the direct sum H ⊕ He′4 where
H = Vect{1, e1, e2, e3} is the quaternion algebra.

So G is a subgroup of the special orthogonal group SO(3, 4) which pre-
serves the standard form of signature (4,4) over R8 and fixes 1.

The maximal compact subgroup K corresponds to the stabilizer of H,
meaning the elements α ∈ G such that α(H) = H. Automatically we have
α(He′4) = He′4 as this is the orthogonal of H. K is isomorphic to SO(4) via
the isomorphism who sends α to its restriction to He′4.

Consequently, the matrix A we consider corresponds to the matrix of the
restriction of an element α ∈ K to He′4. This element α is entirely determined
by the matrix A, indeed for example we have:

α(e1e
′
4) = α(e1)α(e′4) = α(e1)e′4 = e1e

′
4

so we deduce α(e1) = e1. Similarly we find:

α(e2) = cos(θ)e2 + sin(θ)e3,

α(e3) = − sin(θ)e2 + cos(θ)e3.

Knowing α(1) = 1, we have completely described α. The matrix of SO(3, 4)
which corresponds to is:

Ã =


1 0 0 0
0 Rθ 0 0
0 0 I2 0
0 0 0 Rθ

 .

Then we remark that CG(A) ⊂ CSO(3,4)(Ã) so:

dimCG(A) 6 dimCSO(3,4)(Ã) = dim S(O(1, 2)× U(1, 1)) = 6.

Finally:
dimSA 6 6− 2 = 4 < 6 = dimS − rkRG.

Thus we have that

dimSA < dimS − rkRG
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for every A ∈ G of finite order and non central. Then by Lemma 2.2.2,
Proposition 2.4.1 holds for g = g2(2).

Lie algebra f4(4):
Here we consider the simple exceptional Lie algebra g = f4(4). Its outer

automorphism group is trivial, so the group G = Aut(g) equals the adjoint
group Gad = F4(4), which is the group of real points of an algebraic group of
real rank 4. Thus we only have to check the conditions of Lemma 2.3.2.

The group F4(4) contains a maximal compact subgroup K isogenous to
Sp(3) × Sp(1). It also contains a subgroup G isogenous to SO(4, 5) whose
maximal compact subgroup is K = S(O(4) × O(5)). We see in [7] that
F4(4)/SO(4, 5) is an irreducible symmetric space, furthermore we have rk(K) =
rk(K) = 4 and

dimS = 20 < 28− 4 = dimS − rkRG

where S and S are the Riemannian symmetric spaces associated to respec-
tively G = Gad and G.

Moreover, if A ∈ K is of finite order and non central, we have by the
computations in section 8 of [1]

dimS
A
6 16 = 20− 4 = dimS − rkRG.

The equality case in the last inequality happens when A is conjugate to
the matrix: (

−I8 0
0 1

)
∈ SO(4)× SO(5).

Assuming that A is of this form, the conjugation by A is an involutive
automorphism of G = Gad = F4(4) so the quotient G/GA is a symmetric
space and we know by the classification in [7] that GA is isogenous to ei-
ther Sp(6,R)× Sp(2,R), Sp(2, 1)× Sp(1) or SO(4, 5). In all these cases the
inequality

dimSA < dimS − rkRG

holds (in fact GA is isogenous to SO(4, 5)).
Thus we have that

dimSA < dimS − rkRG

for every A ∈ G of finite order and non central. Then by Lemma 2.2.2,
Proposition 2.4.1 holds for g = f4(4), and it concludes the proof.

65



2.5 Semisimple Lie algebras
We prove in this section the Main Theorem:

Main Theorem Let g be a semisimple Lie algebra and G = Aut(g). Then

gd(Γ) = vcd(Γ)

for every lattice Γ ⊂ G.
Recall that if g is semisimple, it is isomorphic to a sum of simple Lie

algebras g1 ⊕ · · · ⊕ gr. The adjoint group Gad of g is then isomorphic to a
product of simple Lie groups, that is Gad = G1 × G2 × · · · × Gn where the
Gi are the adjoint groups of the gi. We can also assume that Gad has no
compact factors, indeed the symmetric spaces S and Sα do not change if we
replace Gad by its quotient by the compact factors. An automorphism of g
is the composition of a permutation σ of the isomorphic factors of g and a
diagonal automorphism ρ of the form ρ = ρ1 ⊕ · · · ⊕ ρr with ρi ∈ Aut(gi).

We now explain why the strategy used in the previous sections does not
work. The point is that the inequality

dimSα 6 dimS − rkRG

for α ∈ Aut(g) needed to apply Lemma 2.2.3 does not hold even in the
simplest cases.

In fact, if Gad = SL(3,R) × SL(3,R) and A =

I3,

−1 0 0
0 −1 0
0 0 1


, we

have dimSA = 5 + 3 = 8 > 6 = dimS − rkRG.
We bypass this this problem by improving the lower bound

vcd(Γ) > dimS − rkRG

used above. Remember that by Theorem 2.2.2

vcd(Γ) = dimS − rkQΓ

as long as Γ is arithmetic, so we want to majorate rkQΓ. To do that we
will restrict our study to irreducible lattices. Recall that in this context, a
lattice Γ in G is irreducible if ΓH is dense in G for every non-compact, closed,
normal subgroup H of Gad.

We prove the following result, which is probably known to experts:
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Proposition 2.5.1. Let g = g1 ⊕ · · · ⊕ gn be a semisimple Lie algebra and
Gi the adjoint group of gi for i = 1 . . . n. Then

rkQΓ 6 min
i=1...n

rkRGi

for every irreducible arithmetic lattice Γ ⊂ G = Aut(g).

Proposition 2.5.1 will follow from the following theorem proved in [27]

Theorem 2.5.1. Let G = G1×· · ·×Gn (n > 2) be a product of non-compact
connected simple Lie groups. The following statements are equivalent:

1. G contains an irreducible lattice.

2. G is isomorphic as a Lie group to (GR)0, where G is an Q-simple
algebraic group.

3. G is isotypic, that is the complexifications of the Lie algebras of the Gi

are isomorphic.

In addition to that, in this case G contains both cocompact and non cocompact
irreducible lattices.

Recall that an algebraic group G defined over Q is said to be Q-simple if
it does not contain non-trivial connected normal subgroups defined over Q.

Then we can prove Proposition 2.5.1.

Proof of Proposition 2.5.1. Remark that rkQΓ = rkQ(Γ ∩ Gad). Moreover if
Γ is an irreducible lattice of G then Γ ∩ Gad is an irreducible lattice of Gad,
so we can assume that Γ ⊂ Gad. Remember that Gad = G1 × · · · × Gn and
that we assumed that none of the Gi is compact. If n = 1 the result is trivial
so assume that n > 2. Then rkRGad > 2 so Γ is arithmetic by Theorem 2.2.1
and there exists a Lie group isomorphism ϕ : Gad → (GR)0, where G is Q-
simple by Theorem 2.5.1. Then we have rkQΓ = rkQG. The algebraic group
G is isomorphic to a product G1 × · · · ×Gn where the Gi are R-groups with
(Gi)R isomorphic to Gi for i = 1 . . . n (we can define Gi as the centralizer
in G of the product ∏k 6=iGk). We denote πi the canonical projection of G
on Gi. Let T ⊂ G be maximal Q-split torus. Our goal is to prove that the
restriction πi|T is of finite kernel. On the one hand, Ker(πi|GQ) ⊂ GQ is a
normal subgroup of GQ and G is defined over Q, so the Zariski closure of
Ker(πi|GQ) is defined over Q by the Galois rationality criterion. However it is
a non trivial normal subgroup of G which is Q-simple so Ker(πi|GQ) is finite
(it may be not connected). So Ker(πi|TQ) is finite too. But Ker(πi|T) is a
subgroup of the Q-split torus T, so its identity component is a Q-split torus,
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and we have just seen its group of rational points is finite, so Ker(πi|T) is
finite too.

Then the image of T by πi is a torus of Gi of the same dimension as T
(see [9, Cor. 8.4 p.114]). It may not be Q-split because the projection is not
defined over Q, but it is R-split as the projection is defined over R, so:

rkQG = dimT 6 rkRGi = rkRGi.

We can now conclude the proof of our Main Theorem.

Proof of the Main Theorem. If g is simple then the result follows from Propo-
sitions 2.2.1, 2.3.1 and 2.4.1. Then we assume that g = g1 ⊕ · · · ⊕ gn with
n > 2. We can also assume that the adjoint group Gad of g is of the form
Gad = G1 × · · · × Gn where the Gi are simple, non-compact and Gi is the
adjoint group of gi.

We begin with the case where Γ is irreducible. Then we have

rkQΓ 6 min
i=1...r

rkRGi.

As rkRG > 2, Γ is arithmetic by Theorem 2.2.1. Remember that Γ ∩ Gad

is also an irreducible arithmetic lattice of Gad. We can then assume that
Gad = (GR)0, where G = G1 × · · · × Gn is a semisimple Q-group, which is
Q-simple by Theorem 2.5.1. As Gad has trivial center, we can assume that
G is centerfree. In this case we have Γ ∩Gad ⊂ GQ.

We want to use Lemma 2.2.2. Let α ∈ Γ of finite order non central.
Then α is of the form σ ◦ ρ where σ is a permutation of the isomorphic
factors of g and ρ = ρ1 ⊕ · · · ⊕ ρr with ρi ∈ Aut(gi). Assume for a while
that σ is trivial. We identify α ∈ Aut(g) (resp. ρi ∈ Aut(gi)) with the
corresponding automorphism of Gad (resp. Gi). The key point is to remark
that for all i between 1 and n, the automorphism ρi is not trivial. In fact if
A ∈ Γ ∩ Gad ⊂ GQ, we can identify it with the inner automorphism Ad(A)
and we have

α ◦ Ad(A) ◦ α−1 = Ad(α(A)) ∈ Γ ∩Gad ⊂ GQ,

so α(A) lies also in GQ. Recall that we have seen in the proof of Proposition
2.5.1 that the projections πi|GQ : GQ → Gi are injective. So if ρi is trivial, we
have πi(A) = πi(α(A)) for each A ∈ Γ∩Gad ⊂ GQ, which leads to α(A) = A.
Then α is trivial on Γ ∩Gad which is Zariski-dense in Gad, so α is trivial.

68



Finally, α = ρ = ρ1⊕· · ·⊕ρn where each ρi is a non trivial automorphism
of Gi. By Proposition 2.5.1 we also have

rkQΓ 6 min
i=1...n

rkRGi.

Then if we denote S the symmetric space associated to G and Si those
associated to Gi and we have by Propositions 2.3.1 and 2.4.1

dimSα =
n∑
i=1

dimSρii 6
n∑
i=1

(dimSi − rkRGi)

6 dimS −
n∑
i=1

rkRGi

< dimS − rkQΓ.

as we assumed n > 2.
By Theorem 2.2.2, dimSA < vcd(Γ) and Lemma 2.2.2 gives us the result.
If σ is not trivial, the fixed point set will be even smaller. Indeed, assume

for simplicity that g = g1⊕g2 where g1 and g2 are isomorphic, and α ∈ Aut(g)
is of the form

α(x1, x2) = (ρ1(x2), ρ2(x1))

with ρ1, ρ2 ∈ Aut(g1) = Aut(g2). Then the fixed point set Sα is Sρ1ρ2
1 where

S1 is the symmetric space associated to g1. In fact the elements fixed by α
are of the form (x1, ρ2(x1)) where x1 is a fixed point of ρ1ρ2. So we have

dimSα 6 dimS1 < dimS − rkRG1 6 dimS − rkQΓ = vcd(Γ)

as dimS = 2 dimS1 and dimS1 > rkRG1. The same argument works for a
higher number of summands by decomposing the permutation σ into disjoint
cycles.

Finally if Γ is reducible, there exists a decomposition of G = H1 × H2
such that the projections π1(Γ) and π2(Γ) are lattices in H1 and H2, and
then Γ ⊂ π1(Γ) × π2(Γ) (see the proof of [40, Prop. 4.3.3]). It follows by
induction that Γ is contained in a product of irreducible lattices of factors of
G. We will treat the case where G = H1 ×H2, Γ ⊂ Γ1 × Γ2 and Γ1 and Γ2
are irreducible lattices of H1 and H2. As Γ is of finite index in G, it is also
of finite index in Γ1 × Γ2 so vcd(Γ) = vcd(Γ1 × Γ2). If we denote S, S1, S2
the symmetric spaces associated to G, H1, H2, by Theorem 2.2.2 we have:

vcd(Γ) = vcd(Γ1 × Γ2) = dimS1 + dimS2 − rkQΓ1 − rkQΓ2

= vcd(Γ1) + vcd(Γ2).
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Finally, we have:

gd(Γ) 6 gd(Γ1 × Γ2) 6 gd(Γ1) + gd(Γ2)

because if X1 and X2 are models for EΓ1 and EΓ2, X1 ×X2 is a model for
E(Γ1 × Γ2). As Γ1 and Γ2 are irreducible, we have gd(Γ1) = vcd(Γ1) and
gd(Γ2) = vcd(Γ2) so:

gd(Γ) 6 vcd(Γ).
The other inequality is always true, so it concludes the proof of the Main

Theorem.

We will end with the proof of Corollaries 2.1.1 and 2.1.2.

Proof of Corollary 2.1.1. The case of real rank 1 is treated in Proposition
2.6 in [1]. For higher real rank, we know by the Main Theorem that there
exists a model for EΓ of dimension vcd(Γ). We also know that the Borel-Serre
bordification is a cocompact model for EΓ. Then using the same construction
as in the proof of Corollary 1.1 in [1], one has a cocompact model for EΓ
of dimension vcd(Γ). As all models of EΓ are Γ-equivariantly homotopy
equivalent and the symmetric space S is also a model for EΓ, we conclude
that S is Γ-equivariantly homotopy equivalent to a cocompact model for EΓ
of dimension vcd(Γ).

Proof of Corollary 2.1.2. We have to prove that if Γ1 ⊂ Aut(g) and Γ2 have
a common subgroup Γ̃ of finite index, then gd(Γ2) = vcd(Γ2). To that end,
we will prove that Γ2 is essentially also a lattice in Aut(g). First note that
Γ̃ is a lattice in Aut(g), so we can assume that Γ̃ = Γ1 ⊂ Γ2. We can also
assume that Γ1 is a normal finite index subgroup of Γ2. Then Γ2 acts by
conjugation on Γ1. By Mostow rigidity Theorem (see for example [40, Thm.
15.1.2]), automorphisms of Γ1 can be extended to automorphisms of Gad, so
we have a morphism Γ2 → Aut(Gad). The kernel N of this morphism does
not intersect Γ1 (since Γ1 is centerfree, as it is a lattice and thus it is Zariski-
dense in Gad) and Γ1 is of finite index in Γ2, so N is finite. Then Γ2/N is
isomorphic to a lattice in Aut(Gad). The result follows now from the Main
Theorem and Lemma 2.2.1.

Note that Mostow rigidity theorem does not apply to the group PSL(2,R),
whose associated symmetric space is the hyperbolic plane. In this case the
lattice Γ1 is either a virtually free group or a virtually surface group. In the
first case the group Γ2 is also virtually free, so there exists a model for EΓ2
which is a tree (see [28]), and gd(Γ2) = vcd(Γ2) = 1. In the second case, Γ2
acts as a convergence group on S1 = ∂∞Γ1, so it is also a Fuchsian group (see
[19]), that is Γ2 is isomorphic to a cocompact lattice of PSL(2,R). Finally
we have gd(Γ2) = vcd(Γ2) = 2.
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Chapter 3

On the difficulty of finding
spines

3.1 Introduction

Let Γ be an infinite discrete group. A model for EΓ, or a classifying space
for proper actions, is a Γ-CW-complex W such that for every subgroup H ⊂
Γ, the fixed point set WH is contractible if H is finite and empty otherwise.
Models for EΓ always exist, and the minimal possible dimension of such a
model is the proper geometric dimension of Γ, denoted gd(Γ). Completing
earlier work in [1], we proved in [30] that if G is a semisimple linear Lie group
and Γ ⊂ G is a lattice, then gd(Γ) equals the virtual cohomological dimension
vcd(Γ) of Γ, that is the cohomological dimension of any torsionfree finite
index subgroup of Γ. If Γ is arithmetic and K ⊂ G is a maximal compact
subgroup, then vcd(Γ) equals the dimension of G/K minus the rational rank
of Γ (see [10]).

With the same notations, note that the symmetric space X = G/K is
itself a model for EΓ, but not of minimal dimension unless Γ is cocompact.
It is then a question to find concretely a cocompact model W for EΓ of
dimension vcd(Γ). Besides the intrinsic interest of the problem, one can use
such a model to compute the cohomology of Γ (see examples in [45], [4], [24],
[17]).

Because of the lack of another starting point, it is natural to try to con-
struct W as a subspace of the symmetric space X. In this case we call it a
spine. More precisely a spine for Γ is a Γ-equivariant deformation retract of
the symmetric space X = G/K, of dimension vcd(Γ) and on which Γ acts
cocompactly.

It might be surprising to the reader that such spines are known only in
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very few cases: basically only for Q-rank 1 groups (see [49]) and for SL(n,Z)
(and somewhat more generally for linear symmetric spaces, see [46], [3], [43]
and [44]) . The aim of this note is to maybe explain why it might not be
easy to find spines.

First recall the construction of SL(n,Z)’s spine. Indentify the symmetric
space Sn = SL(n,R)/SO(n) with the space of lattices in Rn of covolume 1
modulo isometries with a Z-basis. The systole of a lattice Λ = AZn, with
A ∈ SL(n,R), is defined as

syst(Λ) = min
v∈Zn\{0}

|Av|.

We will also call systoles (or minimal vectors) the vectors v which realize
the minimum. A lattice is well-rounded if its minimal vectors span Rn.
Generalizing a result of Soulé in [46], Ash proved in [3] that the well-rounded
retract, that is the set of all well-rounded lattices, is a spine for SL(n,Z).
The idea to realize the retraction is as follows: given a non well-rounded
lattice in Rn, expand the space spanned by the shortest vectors and contract
its orthogonal complement until we find an additional systole. In this way,
one can prove that if Xi is the set of lattices whose systoles span a subspace
of dimension at least i (for i = 1, . . . , n), then Xi+1 is a SL(n,Z)-equivariant
deformation retract of Xi for every i = 1, . . . , n − 1. Remark that X1 = Sn
and Xn is the set of well-rounded lattices, that is our well-rounded retract.

Some effort has been devoted to mimic the construction of the well-
rounded retract in other situations. For instance in [26] Ji constructed well-
rounded retracts for mapping class groups acting on Teichmüller spaces, and
Bavard proved in [6] that the symmetric space Sp(2g,R)/U(g) (also known
as the Siegel space hg), identified with the set of symplectic lattices in R2g

endowed with a symplectic basis, admits a Sp(2g,Z)-equivariant deformation
retract, consisting of the set of symplectic lattices whose systoles span a non-
isotropic subspace. In both cases, the retract has not minimal dimension.
For example, in the case of Sp(2g,Z) the virtual cohomological dimension is
g2 and Bavard’s retract has codimension one1: there are lattices there with
only two systoles which are non-isotropic. To retract into a higher codimen-
sion set it would be reasonable to expect that one should be able to retract
into the set of symplectic lattices with more linearly independent systoles.
We prove that we cannot do this:

Theorem 3.1.1. The set (X3 ∩ hg) of symplectic lattices in hg whose sys-
toles generate a vector space of dimension at least 3 in R2g does not contain

1Recall that in general, if Γ ⊂ G is not cocompact, one can always construct a cocom-
pact model for EΓ of codimension 1 in G/K, see Proposition 2.6 in [1].
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any model for ESp(2g,Z). In particular, it does not contain any Sp(2g,Z)-
equivariant deformation retract of hg.

We will also obtain that the same results holds if we replace Sp(2g,Z) by
Aut(SL(n,Z)):

Theorem 3.1.2. The set X3 ⊂ Sn = SL(n,R)/SO(n) (n > 3) of lattices in
Rn whose systoles generate a subspace of dimension greater than 3 does not
contain any model for EAut(SL(n,Z)).

This second result is noteworthy because SL(n,Z) and Aut(SL(n,Z)) only
differ by a finite group and both act by isometries on Sn.

The remaining of this note is devoted to the proofs of Theorem 3.1.1 and
Theorem 3.1.2.

3.2 Proofs of the results
We begin with the proof of Theorem 3.1.1:

Proof of Theorem 3.1.1. Recall that the group Sp(2g,R) is the set of matri-
ces A of size 2g such that tAJA = J where J is the block-diagonal matrix

(J2, J2, . . . , J2) and J2 =
(

0 −1
1 0

)
. In fact, J is the matrix of a symplectic

form ω of R2g in the canonical basis. A basis of R2g is said to be symplectic
if the associated matrix is symplectic, which is equivalent to the fact that
the matrix of the symplectic form ω in this basis is J . To prove the theorem,
we will show that there exists a finite subgroup H ⊂ Sp(2g,Z) such that the
fixed point set WH is not contractible, for every subset W ⊂ (X3 ∩ hg).

The result holds trivially for g = 1, but let us recall some facts about
the systole function in h1 = H2. First recall that we identify a point τ ∈ H2

with the lattice generated by 1 and τ rescaled to have covolume 1. The well-
rounded retract in H2 is then the Bass-Serre tree of SL(2,Z). Then, note that
the lattices with maximal systole in R2 are the hexagonal ones. They are
the translates by SL(2,Z) of the standard hexagonal lattice Λ0, associated
in H2 with τ0 = ei

π
3 . The point τ0 is the only fixed point by the homography

z 7→ 1− 1
z
associated to the matrix A0 =

(
1 −1
1 0

)
∈ SL(2,Z).

Let us continue with the case g = 2. A way to construct a symplectic
lattice in R4, with its canonical basis (e1, e2, e3, e4), is to sum two lattices
in Vect{e1, e2} and Vect{e3, e4}, which are orthogonal for both the sym-
plectic form ω and the usual euclidean scalar product. The correspond-
ing element in h2 = Sp(4,R)/U(2) belongs to a subspace homeomorphic to
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SL(2,R)/SO(2) × SL(2,R)/SO(2) which can be identified with the product
of two copies of the hyperbolic plane H2. This subspace is also the fixed
point set of the finite subgroup of Sp(4,Z) generated by the diagonal matrix
(I2,−I2).

A lattice Λ in R4 corresponding to an element in H2×H2 is a product of
two lattices Λ1×Λ2 which are orthogonal, so the systoles of Λ belong to the
subset (Γ1 × {0}) ∪ ({0} × Γ2). Λ has three linearly independent systoles if
and only if Λ1 and Λ2 have the same systole and one of them is well-rounded.

Claim: The fixed point set WH , with H being the subgroup of Sp(4,Z)
generated by (I2, A0), is either empty or not connected.

Proof of the claim. The fixed point set of H2 × H2 by the pair (I2, A0) ∈
SL(2,Z) × SL(2,Z) ⊂ Sp(4,Z) is H2 × {τ0}. If Λ = Λ1 × Λ0 has 3 linearly
independent systoles and lie in this set, then Λ0 is hexagonal and has maximal
systole, so Λ1 has to be hexagonal too. It follows that WH is either empty
or homeomorphic to the set of translates of τ0 by SL(2,Z) and hence is
discrete.

So WH is not contractible and W is not a model for ESp(4,Z). We have
proved the theorem in the case g = 2.

For the general case, we will explain which finite subgroup H of Sp(2g,Z)
we will take. It will be generated by some finite order matrices in SL(2,Z)×
· · · × SL(2,Z) ⊂ Sp(2g,Z). First consider the g diagonal matrices of the
form (I2, I2, . . . ,−I2, I2, . . . , I2). The fixed point set of the finite subgroup
generated by them is H2 × · · · × H2. Add to this subgroup the matrix
(I2, A0, . . . , A0). The fixed point set (hg)H is then homeomorphic to H2 ×
{τ0} × · · · × {τ0} and we can apply the preceeding argument.

Remark 3.2.1 The symmetric space H2 ×H2 admits a SL(2,Z)× SL(2,Z)-
equivariant deformation retract of dimension vcd(SL(2,Z) × SL(2,Z)) = 2
which is just the product of two copies of the well-rounded retract of H2, but
the associated lattices in R2 × R2 = R4 are not well-rounded in general.
Remark 3.2.2 It is worth mentioning that in the case g = 2, MacPherson
and McConnell have constructed in [36] a weak spine of h2, that is, for every
finite index torsionfree subgroup Γ ⊂ Sp(4,Z), a cocompact Γ-equivariant
deformation retract WΓ of h2 of dimension vcd(Sp(4,Z)) = cd(Γ) = 4. The
methods they used are slightly different as the ones for the well-rounded re-
tract, but do not yield a Sp(4,Z)-equivariant deformation retract. They used
the Voronoi decomposition of the symmetric space SL(4,R)/SO(4) (identi-
fied with the set of positive definite quadratic forms in R4 modulo homo-
theties) and studied the intersection of the cells with h2 = Sp(4,R)/U(2).
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It is the first example of a (weak) spine of a nonlinear symmetric space of
real rank greater than 1. Note that we can also use the Voronoi sets of
SL(2,R)/SO(2) = H2 to construct the well-rounded retract for SL(2,Z). See
Chap.VII of [38] for more about the Voronoi sets.

We continue with the proof of Theorem 3.1.2:

Proof of Theorem 3.1.2. Recall that for n > 3, the group Aut(SL(n,Z)) is
the semidirect product of the group of inner automorphism, which is iso-
morphic to PSL(n,Z), and the outer automorphism group generated by the
conjugation by the diagonal matrix with entries (−1, 1, . . . , 1) and the auto-
morphism σ defined by σ(X) = (tX)−1 forX ∈ SL(n,Z) (see [25]). The usual
action of PSL(n,Z) on Sn extends to an isometric action of Aut(SL(n,Z)).

We begin with the case where n = 2p is even. We see that the Siegel space
hp = Sp(2p,R)/U(p) is the fixed point set of the automorphism α defined by:

α(X) = J−1σ(X)J,

that is the composition of σ and an inner automorphism. Then we can take
the subgroup of Aut(SL(2p,Z)) generated by α and the subgroup H in the
proof of Theorem 3.1.1 and apply the same argument as before.

If n = 2p+ 1 is odd, we see that the fixed point set by the subgroup H̃ of
Aut(SL(n,Z)) generated by the inner automorphism of conjugation by the
diagonal matrix (1,−1, . . . ,−1) and the outer automorphism α̃ defined by:

α̃(X) =
(

1 0
0 J−1

)
(tX)−1

(
1 0
0 J

)
,

consists of all matrices of the form
(

1 0
0 B

)
with B ∈ Sp(2p,R). Then

if we consider the finite subgroup Ĥ generated by H̃, the diagonal matrices
(1, I2, I2, . . . ,−I2, I2, . . . , I2) and (1, A0, . . . , A0), the fixed point set is reduced
to the lattice {1}×Λ0×· · ·×Λ0 which has only one systole, so its intersection
with X3 is empty.

Remark 3.2.3 The proof of Theorem 3.1.2 only involves the outer automor-
phism σ. In fact, the well-rounded retract is also a spine for PGL(n,Z),
which is of index 2 in Aut(SL(n,Z)). Note also that in the case n = 2, σ is
an inner automorphism and the Bass-Serre tree is the unique minimal spine
for PGL(2,Z).
Remark 3.2.4 It follows from the proof of Theorem 3.1.2, that if W is a
Aut(SL(2g,Z))-equivariant deformation retract of S2g, then its intersection
with hg is a model for ESp(2g,Z). Then, to construct a spine for Sp(2g,Z),
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we could try to find one for Aut(SL(2g,Z)). As we just saw, one cannot do
this using just the systole function, but one can hope to succeed by using
other classical functions on the space of lattices. For instance we can think
to the k-systoles functions, which measure the volume of the k-dimensional
sections of the lattice (see [5] for definitions and properties). Note that like
the usual systole, the k-systoles are exponentials of Busemann functions.
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