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❥✉r②✱ ♣♦✉r ❧✬✐♥térêt q✉✬✐❧s ♦♥t ♣♦rté à ♠♦♥ tr❛✈❛✐❧✱ ❡t s✉rt♦✉t ❞❡ s✬êtr❡ ♣❧♦♥❣é ❞❛♥s ❧❛ ❧❡❝t✉r❡ ❞❡
❝❡ ♠é♠♦✐r❡ ✜♥❛❧❡♠❡♥t ❜✐❡♥ ♣❧✉s ❝♦♥séq✉❡♥t q✉❡ ❥❡ ❧✬❛✈❛✐s ✐♠❛❣✐♥é ✐❧ ② ❛ q✉❡❧q✉❡s ♠♦✐s✳ ❏❡ ❧❡s
r❡♠❡r❝✐❡ ♣♦✉r ❧❡✉rs q✉❡st✐♦♥s ❡t ❧❡✉rs ❝♦♠♠❡♥t❛✐r❡s q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞✬❛♠é❧✐♦r❡r ❧❛ ✈❡rs✐♦♥ ✜♥❛❧❡
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❞♦♥♥é ❧✬♦♣♣♦rt✉♥✐té ❞❡ tr❛✈❛✐❧❧❡r s✉r ❝❡ s✉❥❡t✱ ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❝♦♥✜❛♥❝❡✱ ❛✐♥s✐ q✉❡ ❞✬❛✈♦✐r t♦✉❥♦✉rs
été ❞✐s♣♦♥✐❜❧❡s ♣♦✉r ré♣♦♥❞r❡ à ♠❡s q✉❡st✐♦♥s✳ ❏❡ ❧❡✉r s✉✐s r❡❞❡✈❛❜❧❡ ❞❡ t♦✉t ❧❡ t❡♠♣s q✉✬✐❧s ♠✬♦♥t
❝♦♥s❛❝ré ❞✉r❛♥t ❝❡s tr♦✐s ❛♥s✳ ■❧s ♦♥t s✉ êtr❡ ❞❡ très ❜♦♥s ❝♦♥s❡✐❧❧❡rs t♦✉t ❡♥ s❛❝❤❛♥t ♠❡ ❧❛✐ss❡r ❞❡
❧❛ ❧✐❜❡rté✳ ❏❡ ♥✬♦✉❜❧✐❡r❛✐ ♣❛s ♥♦s ❞✐s❝✉ss✐♦♥s s❝✐❡♥t✐✜q✉❡s ❞✉r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s✱ q✉❡ ❝❡ s♦✐t ❞❡✈❛♥t
✉♥ ❝❛❢é ♦✉ ❞❡✈❛♥t ❧❡ t❛❜❧❡❛✉ ❞❡ ▼❛r✐❡✲❏♦✳ ❏❡ ♥✬♦✉❜❧✐❡r❛✐ ♣❛s ♥♦♥ ♣❧✉s t♦✉t❡s ❧❡s ❛✉tr❡s ❞✐s❝✉ss✐♦♥s
❡t ❧❡ ♣❧❛✐s✐r q✉❡ ❥✬❛✐ ❡✉ à ❧❡s ❝ôt♦②❡r ❛✉ q✉♦t✐❞✐❡♥✳ ❏✬❡s♣èr❡ ❛✈♦✐r ❧✬♦❝❝❛s✐♦♥ ❞❡ ❧❡s r❡❝r♦✐s❡r ❡t ❞❡
❝♦❧❧❛❜♦r❡r ❛✈❡❝ ❡✉① ❡♥❝♦r❡ ❞❡ ♥♦♠❜r❡✉s❡s ❢♦✐s ❞❛♥s ❧❡ ❢✉t✉r✳

❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❝❤❛❧❡✉r❡✉s❡♠❡♥t t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉ ♣ô❧❡ ét♦✐❧❡ ❞✉ ▲❊❙■❆ ♣♦✉r ❧❡✉r ❛❝❝✉❡✐❧✱
❧❡✉r ❝♦♥✈✐✈✐❛❧✐té ❡t ❧❡✉r s②♠♣❛t❤✐❡✳ ▼❡r❝✐ à ❈❛r♦❧✐♥❡✱ ♣♦✉r t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❝♦♥❝❡r♥❛♥t
❧✬❡♥s❡✐❣♥❡♠❡♥t ❀ à ➱r✐❝✱ ♣♦✉r ❛✈♦✐r ♣r✐s s♦✐♥ ❞❡s ❞❡✉① ♦✉ tr♦✐s ♠❛❝❤✐♥❡s à ❝❛❢é q✉✐ ♦♥t ♠❛❧❣ré t♦✉t
r❡♥❞✉ ❧✬â♠❡ ❡♥ tr♦✐s ❛♥s ❀ à ❘é③❛✱ ♣♦✉r ❧❡s ♥♦♠❜r❡✉① s❡r✈✐❝❡s r❡♥❞✉s✱ ♥♦t❛♠♠❡♥t ❡♥ ✐♥❢♦r♠❛t✐q✉❡ ❀
à ❇❡♥♦ît✱ ♣♦✉r t♦✉t❡s ♥♦s ❞✐s❝✉ss✐♦♥s s✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❀ à ❘✐❝❤❛r❞✱ ♣♦✉r ❛✈♦✐r r❡s♣❡❝té ❞❡s
♠♦♠❡♥ts ❞❡ ❝❛❧♠❡ ❞❛♥s ❧❡ ❝♦✉❧♦✐r ❞✉ ❧❛❜♦ ❀ à ❘❛♣❤❛ë❧✱ ♣♦✉r ♥❡ ❧❡s ❛✈♦✐r ♣❛s r❡s♣❡❝tés ❡t ♣♦✉r
❧❡s ♥♦♠❜r❡✉s❡s ♣❛✉s❡s ❝❛❢é ❀ à ▼❛t❤✐❡✉✱ ♣♦✉r s❡s t❛❧❡♥ts ❞❡ ♣❤♦t♦❣r❛♣❤❡ ❀ à ❚❛❦❛❢✉♠✐✱ ♣♦✉r s❛
❞✐s❝rét✐♦♥ à t♦✉t❡ é♣r❡✉✈❡ ❀ à ❉❛♥✐❡❧✱ ♣♦✉r ♠✬❛✈♦✐r r❡♥✈♦②é ❧❡s ❜♦✉❧❡tt❡s ❞❡ ♣❛♣✐❡r q✉❡ ❥❡ ❧✉✐ ❧❛♥ç❛✐s ❀
à ▼❛r②✱ ♣♦✉r s♦♥ r✐r❡ ❝♦♠♠✉♥✐❝❛t✐❢ ❀ à ❈❤❛r❧♦tt❡ ✭❡t ✏❈r✐❝r✐✑✮✱ ♣♦✉r ❛✈♦✐r ♣❛rt❛❣é ✉♥❡ ♦♠❡❧❡tt❡ ❛✉①
♠♦r✐❧❧❡s ❛✈❡❝ ♠♦✐ ❀ à ❙t❡✈❡♥✱ ♣♦✉r ♠✬❛✈♦✐r ❢♦✉r♥✐ ❡♥ ❝❛❢é ❡t ❛✉ss✐ ♣❛r❢♦✐s ❡♥ ♣✐♥t❡s✱ ❧♦rsq✉❡ ❥✬❡♥
❛✈❛✐s ❜❡s♦✐♥ ❡♥ ✜♥ ❞❡ t❤ès❡ ❀ à ❱✐❝t♦r✱ ♣♦✉r s❛ ❣❡♥t✐❧❧❡ss❡ ❡t s❛ ❜♦♥♥❡ ❤✉♠❡✉r ❀ à ❇r❛♠✱ ♣♦✉r s♦♥
❛♠✐t✐é ♠❛❧❣ré ❧❡ ❢❛✐t q✉❡ ❥❡ s✉✐s✱ s❡❧♦♥ ❝❡s ♠♦ts✱ ✉♥ ✏t❤é♦r✐t✐❝✐❡♥✑ ❀ à ❈♦r❛❧✐❡✱ ♣♦✉r ❛✈♦✐r t♦✉❥♦✉rs
♣❡♥sé à ♠♦✐ ❛✜♥ ❞❡ ❢❛✐r❡ ❞✐s♣❛r❛îtr❡ ❧❡s r❡st❡s à ❧❛ ✜♥ ❞❡s ♣♦ts ❀ à ▼♦r❣❛♥❡ ❡t ❘❤✐t❛ ♣♦✉r ❛✈♦✐r
été ❞✬é♣❤é♠èr❡s ♠❛✐s ❞✬❛❣ré❛❜❧❡s ✈♦✐s✐♥s ❞❡ ❜✉r❡❛✉✳ ❏❡ ♥✬♦✉❜❧✐❡ ♣❛s ❜✐❡♥ sûr ❨✈❡❧✐♥❡ q✉✐ ♠✬❛ ❢❛✐t
❞é❝♦✉✈r✐r ❧✬❛str♦♣❤②s✐q✉❡ ❡♥ ❧✐❝❡♥❝❡ à ❘❡♥♥❡s✱ q✉✐ ❛ s✉s❝✐té ❡♥ ♠♦✐ ❧✬❡♥✈✐❡ ❞❡ ❝♦♥t✐♥✉❡r ❞❛♥s ❝❡
❞♦♠❛✐♥❡ ❡t q✉✐ ♠✬❛ ❢❛✐t ❝♦♥♥❛îtr❡ ❧✬éq✉✐♣❡✳

▼❡r❝✐ é❣❛❧❡♠❡♥t à ❈♦♥st❛♥❝❡✱ ♣♦✉r s♦♥ ❛✐❞❡ ❛✈❡❝ ❧❡s ❞é♠❛r❝❤❡s ❛❞♠✐♥✐str❛t✐✈❡s ❡t s♦♥ ✐♥é❜r❛♥✲
❧❛❜❧❡ ❜♦♥♥❡ ❤✉♠❡✉r✱ ❛✐♥s✐ q✉✬à t♦✉t❡ ❧✬éq✉✐♣❡ ❞✬✐♥❣é♥✐❡✉r ❞✉ ❜ât✐♠❡♥t ✶✹ ♣♦✉r ❧❡s sé❛♥❝❡s ❞❡ ♠♦ts
✢é❝❤és ♣♦st✲❞é❥❡✉♥❡r ❡t ❧❡s ♠❛t❝❤❡s ❞❡ ❢♦♦t ❡♥✢❛♠♠és ❧♦rs ❞❡s ❜❡❛✉① ❥♦✉rs✳

❏✬❛✐ ♥❛t✉r❡❧❧❡♠❡♥t ✉♥❡ ♣❡♥sé❡ ❛♠✐❝❛❧❡ ♣♦✉r t♦✉s ❧❡s ❝♦♣❛✐♥s r❡♥❝♦♥trés ♣❡♥❞❛♥t ❧❡ ♠❛st❡r ✶ à
❖rs❛②✱ ❛✐♥s✐ q✉❡ ♣❡♥❞❛♥t ❧❡ ♠❛st❡r ✷ ❡t ❧❛ t❤ès❡ à ❧✬❖❜s❡r✈❛t♦✐r❡✳ ❏❡ ♥✬♦✉❜❧✐❡ ♣❛s ♥♦♥ ♣❧✉s ❧❛ ❜❛♥❞❡
❞❡ st❛❣✐❛✐r❡s ✈❡♥✉s ❞♦✉❜❧❡r ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬éq✉✐♣❡ ♣❡♥❞❛♥t ❝❡s ❞❡r♥✐❡rs ♠♦✐s ❞❡ t❤ès❡✳ ▲❛ ❧✐st❡
❞❡ ♥♦♠s ❡st ❧♦♥❣✉❡✱ ❥❡ ♣ré❢èr❡ é✈✐t❡r ✉♥❡ é♣r♦✉✈❛♥t❡ é♥✉♠ér❛t✐♦♥ ❞❡ ♣❡✉r ❞✬❡♥ ♦✉❜❧✐❡r ❝❡rt❛✐♥s✳
▼❡r❝✐ à ❆♥t♦✐♥❡ ❡t ❇❡♥❥❛♠✐♥✱ ♠❡s ❝♦❧♦❝❛t❛✐r❡s ❞✉r❛♥t ❝❡s tr♦✐s ❛♥s✱ ♣♦✉r t♦✉s ❧❡s ❜♦♥s ♠♦♠❡♥ts
♣❛ssés ❡♥s❡♠❜❧❡✱ à ●❛ë❧✱ ♣♦✉r s♦♥ ❛♠✐❝❛❧ s♦✉t✐❡♥ ❧♦rs ❞❡s ❝♦♥❢ér❡♥❝❡s✱ ❛✐♥s✐ q✉✬à ❖③❛✱ ♣♦✉r ♠✬❛✈♦✐r
❡♥s❡✐❣♥é q✉❡❧q✉❡s ♣❛s ❞❡ ❞❛♥s❡ ✐♥❞✐❡♥♥❡✳

P♦✉r ✜♥✐r✱ ❥❡ r❡♠❡r❝✐❡ ❞✉ ❢♦♥❞ ❞✉ ❝÷✉r ♠❛ ❢❛♠✐❧❧❡✱ ♠❡s ♣❛r❡♥ts✱ ♠❛ s÷✉r ❡t ▼❛r②❧✐♥❡✱ ❛✐♥s✐
q✉❡ t♦✉s ♠❡s ❛♠✐s✱ ♣♦✉r ❧❡✉r s♦✉t✐❡♥ ❡t ♣♦✉r t♦✉t ❝❡ q✉✬✐❧s ♦♥t ❞é❥à ♣✉ ♠✬❛♣♣♦rt❡r✳ ▼❡r❝✐ ✦

✐



✐✐



❘és✉♠é

▲❡s ♠✐ss✐♦♥s s♣❛t✐❛❧❡s ❈♦❘♦❚ ✭✷✵✵✻✲✷✵✶✹✮ ❡t ❑❡♣❧❡r ✭✷✵✵✾✮ ♦♥t ♣r♦❝✉ré ❞❡ ♥♦♠❜r❡✉s❡s ❞♦♥♥é❡s
s✐s♠✐q✉❡s ♣♦✉r ❞❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s é✈♦❧✉é❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s ♦♥t ❛♣♣♦rté ❞❡ ❢♦rt❡s
❝♦♥tr❛✐♥t❡s s✉r ❧✬✐♥tér✐❡✉r ❞❡ ❝❡s ét♦✐❧❡s ❣râ❝❡ ♥♦t❛♠♠❡♥t à ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s✱ ❝❛♣❛❜❧❡s
❞❡ s♦♥❞❡r ❛✉ss✐ ❜✐❡♥ ❧❡✉r ❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡ q✉❡ ❧❡✉rs ré❣✐♦♥s ❝❡♥tr❛❧❡s✳ ❈❡✉①✲❝✐ ♦♥t ♠♦♥tré ❡♥
♣❛rt✐❝✉❧✐❡r q✉❡ ❧❛ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡ ❛✉❣♠❡♥t❡ ❧é❣èr❡♠❡♥t ❛✈❡❝ ❧❡ t❡♠♣s ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s
❛✈❛♥t ❞❡ ❞✐♠✐♥✉❡r s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❈❡❝✐ ❡st ❡♥ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡s
♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡t s♦✉❧✐❣♥❡ ❧❛ ♥é❝❡ss✐té ❞✬② ✐♥❝❧✉r❡ ❞❡ ♥♦✉✈❡❛✉① ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt✳

❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ❥✬❛✐ ❞♦♥❝ ét✉❞✐é ❧✬✐♥✢✉❡♥❝❡ ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s
♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ❈❡s ♦♥❞❡s s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ❧❡s ③♦♥❡s
r❛❞✐❛t✐✈❡s st❛❜❧❡♠❡♥t str❛t✐✜é❡s ❡t s♦♥t ❝❛♣❛❜❧❡s ❞✬❡♥ ♠♦❞✐✜❡r ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥✳ ❖r✱ ❧✬❡✣❝❛❝✐té
❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞é♣❡♥❞ ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡t ❞♦♥❝ ❞✉ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✳ ❆❧♦rs q✉❡
❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ❝♦♥s✐❞ér❛✐❡♥t s❡✉❧❡♠❡♥t ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡✱ ❥✬❛✐ é❧❛❜♦ré ✉♥ ♠♦❞è❧❡ ❛✜♥ ❞✬❡st✐♠❡r ❧❛ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ tr❛♥s❢éré❡ s♦✉s
❢♦r♠❡ ❞✬♦♥❞❡s ❧♦rs ❞❡ ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ✭P✐♥ç♦♥
❡t ❛❧✳ ✷✵✶✻✮✳ ❈❡❧❛ ♠✬❛ ❞✬❛❜♦r❞ ♣❡r♠✐s ❞✬ét❛❜❧✐r q✉❡ ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❣é♥èr❡ ❞❡s ♦♥❞❡s ♣❧✉s
❡✣❝❛❝❡♠❡♥t q✉❡ ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✱ ❡t ❡♥s✉✐t❡ q✉❡ ❝❡s ♣r❡♠✐èr❡s s♦♥t ❝❛♣❛❜❧❡s✱ ♣❛r ❡❧❧❡s✲♠ê♠❡s✱
❞❡ s✬♦♣♣♦s❡r à ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉❡ à ❧❡✉r ❝♦♥tr❛❝t✐♦♥✱ ❞❡♣✉✐s ❧❛
séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ s✬❛✈èr❡ q✉❡
❧❡s ✈❛❧❡✉rs ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ♦❜s❡r✈é❡s ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ♣❡✉✈❡♥t êtr❡ ✐♥t❡r♣rété❡s
❝♦♠♠❡ ❧❡ rés✉❧t❛t ❞✬✉♥ ♠é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ❝♦♥trô❧é ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❞❡s ♣❛♥❛❝❤❡s✳
❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❡s ♦♥❞❡s é❝❤♦✉❡♥t à ❡①♣❧✐q✉❡r ♣❛r ❡❧❧❡s✲♠ê♠❡s ❧❡s
❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❀ ✉♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞♦✐t êtr❡ ✐♥✈♦q✉é ✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳

❉❛♥s ✉♥❡ s❡❝♦♥❞❡ ♣❛rt✐❡✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s✱
❝❡✉①✲❧à ♠ê♠❡ q✉✐ ♦♥t ♠♦t✐✈é ❧❡ tr❛✈❛✐❧ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡✳ ▲❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❢♦♥t ❧❡
❧✐❡♥ ❡♥tr❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✬✉♥❡ ét♦✐❧❡ ❡t s❡s ♣r♦♣r✐étés ✐♥t❡r♥❡s✳ ▼♦♥
❛tt❡♥t✐♦♥ s✬❡st ♣r❡♠✐èr❡♠❡♥t ❢♦❝❛❧✐sé❡ s✉r ❧❛ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ q✉✐ ❞é❝r✐t ❧❡ ❞❡❣ré ❞✬✐♥t❡r❛❝t✐♦♥
❡♥tr❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❧❛ ❝❛✈✐té ❝❡♥tr❛❧❡ ❡t ❝❡❧❧❡s ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❈❡ ♣❛r❛♠ètr❡ ♥✬❛ été✱ ❥✉sq✉❡
❧à✱ q✉❡ très ♣❡✉ ét✉❞✐é✳ ❯♥❡ ♣r❡♠✐èr❡ ét✉❞❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ s✉r ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ♣❛r
▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ❛ ❞é♠♦♥tré q✉❡ ❝❡ ❢❛❝t❡✉r ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❏✬❛✐ ❝♦♥tr✐❜✉é à
❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡♥ ♠♦♥tr❛♥t q✉❡ ❝❡ ❢❛❝t❡✉r ❡st s❡♥s✐❜❧❡ ❛✉① ❝❤❛♥❣❡♠❡♥ts str✉❝t✉r❛✉①
s✉❜✐s ♣❛r ❧❡s ét♦✐❧❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❛ ♥♦t❛♠♠❡♥t ❞é♠♦♥tré ❧❛ ♥é❝❡ss✐té ❞✬❛❧❧❡r ❛✉✲❞❡❧à ❞❡ ❧✬❛♣♣r♦①✐✲
♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❤❛❜✐t✉❡❧❧❡♠❡♥t ❛❞♦♣té❡ ❡t ❞❡ ❝♦♥s✐❞ér❡r ❧❡ ❝❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✱
t❡❧ q✉❡ ré❝❡♠♠❡♥t ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❏✬❛✐ ❞♦♥❝ ❡♥tr❡♣r✐s ✉♥❡ ✈❛❧✐❞❛t✐♦♥ ❞❡ ❝❡ ♥♦✉✈❡❛✉
❢♦r♠❛❧✐s♠❡ ❡♥ ❝♦♠♣❛r❛♥t s❡s ♣ré❞✐❝t✐♦♥s ❛✈❡❝ ❝❡❧❧❡s ♦❜t❡♥✉❡s ♣❛r ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦✉r ❞❡s
♠♦❞è❧❡s ❞✬ét♦✐❧❡s ❛❞❛♣tés✱ ♣ré❞✐❝t✐♦♥s q✉✐ s✬❛✈èr❡♥t ❡♥ ♠❡✐❧❧❡✉r ❛❝❝♦r❞ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢❛✐❜❧❡
❝♦✉♣❧❛❣❡✳ ❊♥✜♥✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✱ ❧✉✐ ❛✉ss✐ ❥✉sq✉✬✐❝✐
♣❡✉ ét✉❞✐é✳ ❏✬❛✐ ♠♦♥tré ♣❛r ❧❡ ❜✐❛✐s ❞✬✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é q✉❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡ ❝❡
♣❛r❛♠ètr❡ ❡t ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣❡r♠❡ttr❛✐t ❞❡ ❝♦♥tr❛✐♥❞r❡ s❛♥s ❛♠❜✐❣✉ïté ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛
ré❣✐♦♥ s✐t✉é❡ ❡♥tr❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳

▼♦ts ❝❧és ✿ ❛stér♦s✐s♠♦❧♦❣✐❡ ✕ ét♦✐❧❡s ✿ ♦s❝✐❧❧❛t✐♦♥s ✕ ét♦✐❧❡s ✿ r♦t❛t✐♦♥ ✕ ét♦✐❧❡s ✿ ✐♥tér✐❡✉rs ✕
ét♦✐❧❡s ✿ é✈♦❧✉t✐♦♥ ✕ ♦♥❞❡s ✕ ❤②❞r♦❞②♥❛♠✐q✉❡

✐✐✐



✐✈



❆❜str❛❝t

❚❤❡ s♣❛❝❡✲❜♦r♥❡ ♠✐ss✐♦♥s ❈♦❘♦❚ ✭✷✵✵✻✲✷✵✶✹✮ ❛♥❞ ❑❡♣❧❡r ✭✷✵✵✾✮ ♣r♦✈✐❞❡❞ ❛ ❧♦t ♦❢ s❡✐s♠✐❝ ❞❛t❛
❢♦r t❤♦✉s❛♥❞s ♦❢ ❧♦✇✲♠❛ss st❛rs✳ ❉❛t❛ ❛♥❛❧②s✐s ❡♥❛❜❧❡❞ ✉s t♦ st✉❞② t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡s❡ st❛rs ❞✉r✐♥❣
t❤❡✐r ❡✈♦❧✉t✐♦♥ ❛♥❞ ❜r♦✉❣❤t str✐♥❣❡♥t ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❛t ✇♦r❦ ✉♥❞❡r t❤❡✐r
s✉r❢❛❝❡s✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ♥♦t❛❜❧② r❡✈❡❛❧❡❞ t❤❛t t❤❡✐r ♠❡❛♥ ❝♦r❡ r♦t❛t✐♦♥ r❛t❡ ✇❡❛❦❧② ✐♥❝r❡❛s❡s
♦♥ t❤❡ s✉❜❣✐❛♥t ❜r❛♥❝❤ ❜❡❢♦r❡ ❞r♦♣♣✐♥❣ ♦♥ t❤❡ r❡❞ ❣✐❛♥t ❜r❛♥❝❤ ✇❤✐❧❡ t❤❡✐r ❝❡♥tr❛❧ ❧❛②❡rs ❛r❡
❝♦♥tr❛❝t✐♥❣✳ ❙✉❜s❡q✉❡♥t❧②✱ s❡✈❡r❛❧ ✇♦r❦s ❞❡♠♦♥str❛t❡❞ t❤❡ ✐♥❛❜✐❧✐t② ♦❢ t❤❡ ❝✉rr❡♥t st❡❧❧❛r ❡✈♦❧✉t✐♦♥
❝♦❞❡s t♦ r❡♣r♦❞✉❝❡ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ str❡ss❡❞ ♦✉t t❤❡ ♥❡❡❞ ❢♦r ❛♥ ❛❞❞✐t✐♦♥❛❧ tr❛♥s♣♦rt ♣r♦❝❡ss
♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ t♦ ❝♦✉♥t❡r❛❝t t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧ r♦t❛t✐♦♥ ❞r✐✈❡♥ ❜② t❤❡ ❝♦r❡
❝♦♥tr❛❝t✐♦♥ ❞✉r✐♥❣ t❤❡ ♣♦st✲♠❛✐♥ s❡q✉❡♥❝❡ ❡✈♦❧✉t✐♦♥✳

❚❤❡r❡❢♦r❡✱ ✐♥ ❛ ✜rst ♣❛rt ♦❢ ♠② P❤❉ t❤❡s✐s✱ ■ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠
tr❛♥s♣♦rt ❜② ✐♥t❡r♥❛❧ ❣r❛✈✐t② ✇❛✈❡s ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ♦❢ ❧♦✇✲♠❛ss st❛rs✳ ❚❤❡s❡ ✇❛✈❡s
❝❛♥ ♣r♦♣❛❣❛t❡ ✐♥t♦ st❛❜❧② str❛t✐✜❡❞ r❛❞✐❛t✐✈❡ ③♦♥❡s✱ ✇❤❡r❡ t❤❡② ❛r❡ ❛❜❧❡ t♦ ♠♦❞✐❢② t❤❡ r♦t❛t✐♦♥✳
❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ tr❛♥s♣♦rt ❜② ✇❛✈❡s ❞❡♣❡♥❞s ♦♥ t❤❡✐r ❛♠♣❧✐t✉❞❡ ❛♥❞ s♦
♦♥ t❤❡✐r ❣❡♥❡r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❲❤✐❧❡ s❡✈❡r❛❧ ✇♦r❦s ❤❛❞ ❛❧r❡❛❞② t❤❡♦r❡t✐❝❛❧❧② st✉❞✐❡❞ t❤❡ ✇❛✈❡
❡①❝✐t❛t✐♦♥ ❜② t✉r❜✉❧❡♥t ♣r❡ss✉r❡ ✐♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ ③♦♥❡✱ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✇❛✈❡ ❣❡♥❡r❛t✐♦♥ ❜②
♣❡♥❡tr❛t✐✈❡ ❝♦♥✈❡❝t✐✈❡ ♣❧✉♠❡s ✐♥t♦ t❤❡ ✉♣♣❡r ❧❛②❡rs ♦❢ t❤❡ r❛❞✐❛t✐✈❡ ③♦♥❡ ✇❛s st✐❧❧ ♠✐ss✐♥❣✳ ■ t❤✉s
❞❡✈❡❧♦♣❡❞ ❛ s❡♠✐✲❛♥❛❧②t✐❝❛❧ ❡①❝✐t❛t✐♦♥ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ t❤❡ ♣❛rt ♦❢ t❤❡ ♣❧✉♠❡s ❦✐♥❡t✐❝ ❡♥❡r❣②
tr❛♥s❢❡rr❡❞ ✐♥t♦ ✇❛✈❡s ❛t t❤❡ ❜❛s❡ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ③♦♥❡ ✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✻✮✳ ■ ✜rst ❢♦✉♥❞ t❤❛t
♣❡♥❡tr❛t✐✈❡ ❝♦♥✈❡❝t✐♦♥ ❣❡♥❡r❛t❡s ✇❛✈❡s ♠♦r❡ ❡✣❝✐❡♥t❧② t❤❛♥ t✉r❜✉❧❡♥t ♣r❡ss✉r❡✱ ❛♥❞ t❤❡♥ t❤❛t
♣❧✉♠❡✲✐♥❞✉❝❡❞ ✇❛✈❡s ❛r❡ ❛❜❧❡ t♦ ❝♦✉♥t❡r❛❝t t❤❡ s♣✐♥✲✉♣ ♦❢ t❤❡ ❝♦r❡ ❞r✐✈❡♥ ❜② ✐ts ❝♦♥tr❛❝t✐♦♥ ❢r♦♠
t❤❡ ♠❛✐♥✲s❡q✉❡♥❝❡ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛s❝❡♥t ♦❢ t❤❡ r❡❞ ❣✐❛♥t ❜r❛♥❝❤✳ ▼♦r❡♦✈❡r✱ ■ s❤♦✇❡❞ t❤❛t
t❤❡ r❛❞✐❛❧✲❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥ ♦❜s❡r✈❡❞ ✐♥ s✉❜❣✐❛♥t ❛♥❞ ❡❛r❧② r❡❞ ❣✐❛♥t st❛rs ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②
❛ r❡❣✉❧❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❧✉♠❡✲✐♥❞✉❝❡❞ ✐♥t❡r♥❛❧ ❣r❛✈✐t② ✇❛✈❡s
✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳

■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ■ ✇♦r❦❡❞ ♦♥ t❤❡ ❡❧❛❜♦r❛t✐♦♥ ❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ s❡✐s♠✐❝ ❞✐❛❣♥♦s❡s
❜② ♠✐①❡❞ ♠♦❞❡s t❤❛t ❤❛✈❡ t❤❡ ❛❜✐❧✐t② t♦ ♣r♦❜❡ ❜♦t❤ t❤❡ ❡♥✈❡❧♦♣❡ ❛♥❞ t❤❡ ❝♦r❡ ♦❢ st❛rs✳ ❙❡✐s♠✐❝
❞✐❛❣♥♦s❡s ❛✐♠ ❛t ❧✐♥❦✐♥❣ t❤❡ ❢❡❛t✉r❡s ♦❜s❡r✈❡❞ ✐♥ ♦s❝✐❧❧❛t✐♦♥ s♣❡❝tr❛ ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ♣r♦♣❡rt✐❡s
♦❢ st❛rs✳ ■♥ ❛ ✜rst st❡♣✱ ■ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r ♦❢ ♠✐①❡❞ ♠♦❞❡s t❤❛t ❡①♣r❡ss❡s t❤❡ ❧❡✈❡❧
♦❢ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr❛❧ ❛♥❞ t❤❡ ♦✉t❡r r❡s♦♥❛♥t ❝❛✈✐t✐❡s ❛♥❞ t❤❛t ❤❛❞ st✐❧❧ r❡♠❛✐♥❡❞
❧❛r❣❡❧② ✉♥❡①♣❧♦✐t❡❞✳ ❚❤❡ ✜rst ❧❛r❣❡✲s❝❛❧❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ♣❛r❛♠❡t❡r ❜② ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ s❤♦✇❡❞
t❤❛t t❤✐s ❢❛❝t♦r ✈❛r② ❞✉r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥✳ ■♥ t❤✐s ✇♦r❦✱ ■ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
t❤❡ r❡s✉❧ts ✈✐❛ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r ✐s ❞✐r❡❝t❧② s❡♥s✐t✐✈❡
t♦ str✉❝t✉r❛❧ r❡❛❞❥✉st♠❡♥ts ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ st❡❧❧❛r ❡✈♦❧✉t✐♦♥✳ ❚❤✐s st✉❞② ♥♦t❛❜❧② r❡✈❡❛❧❡❞ t❤❡
♥❡❝❡ss✐t② t♦ ❝♦♥s✐❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣✱ ❛s r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❜② ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ■
t❤❡♥ ✉♥❞❡rt♦♦❦ t♦ ✈❛❧✐❞❛t❡ t❤✐s ❢♦r♠❛❧✐s♠ ❜② ❝♦♠♣❛r✐♥❣ ✐ts ♣r❡❞✐❝t✐♦♥s ✇✐t❤ ❛♥ ♦s❝✐❧❧❛t✐♦♥ ❝♦❞❡ ❢♦r
❛♣♣r♦♣r✐❛t❡ ❡✈♦❧✈❡❞ ♠♦❞❡❧s✳ ❋✐♥❛❧❧②✱ ■ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♣❡r✐♦❞ ♦✛s❡t ♦❢ ♠✐①❡❞ ♠♦❞❡s t❤❛t ✇❛s ❛❧s♦
♣♦♦r❧② st✉❞✐❡❞ ✉♥t✐❧ ♥♦✇✳ ❯s✐♥❣ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✐♥❣✱ ■ s❤♦✇❡❞ t❤❛t t❤❡ s✐♠✉❧t❛♥❡♦✉s ❞❡t❡r♠✐♥❛t✐♦♥
♦❢ t❤✐s ♣❛r❛♠❡t❡r ✇✐t❤ t❤❡ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r ❝♦✉❧❞ ❝♦♥str❛✐♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❣✐♦♥ ❧♦❝❛t❡❞
❜❡t✇❡❡♥ t❤❡ ❤②❞r♦❣❡♥✲❜✉r♥✐♥❣ s❤❡❧❧ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❜❛s❡ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ③♦♥❡✳

❑❡② ✇♦r❞s ✿ ❛st❡r♦s❡✐s♠♦❧♦❣② ✕ st❛rs ✿ ♦s❝✐❧❧❛t✐♦♥s ✕ st❛rs ✿ r♦t❛t✐♦♥ ✕ st❛rs ✿ ✐♥t❡r✐♦rs ✕
st❛rs ✿ ❡✈♦❧✉t✐♦♥ ✕ ✇❛✈❡s ✕ ❤②❞r♦❞②♥❛♠✐❝s

✈



✈✐



❆✈❛♥t✲♣r♦♣♦s

▲❡s ét♦✐❧❡s ♥❛✐ss❡♥t ❞❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞❡ ♥✉❛❣❡s ♠♦❧é❝✉❧❛✐r❡s ❣é❛♥ts ❞❛♥s ❧❡s ré✲
❣✐♦♥s ❢r♦✐❞❡s ❡t ❞❡♥s❡s ❞✉ ♠✐❧✐❡✉ ✐♥t❡rst❡❧❧❛✐r❡✳ ❊❧❧❡s é✈♦❧✉❡♥t ❡♥s✉✐t❡ ❣❧♦❜❛❧❡♠❡♥t ♣r♦❝❤❡ ❞❡ ❧✬éq✉✐✲
❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡♥ r❛②♦♥♥❛♥t à ❧❡✉r s✉r❢❛❝❡ ❧✬é♥❡r❣✐❡ ♣r♦❞✉✐t❡ ❡♥ ❧❡✉r ✐♥tér✐❡✉r✳ ▲❡✉r ❧♦♥❣✉❡ ✈✐❡✱
s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ♣♦✉✈❛♥t ❛tt❡✐♥❞r❡ ♣❧✉s✐❡✉rs ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✱ ❡st ❧❡ rés✉❧t❛t ❞❡ ❧✬✐♠✲
♣♦rt❛♥t❡ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ ❞é❣❛❣é❡ ♣❛r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❞❛♥s ❧❡✉rs ❝÷✉rs✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥
❞❡ ❧❛ str✉❝t✉r❡ ❡t ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ t❡❧❧❡s ♠❛❝❤✐♥❡s t❤❡r♠✐q✉❡s ✐♠♣❧✐q✉❡ ❞❡ ♥♦♠❜r❡✉① ♣r♦❝❡ss✉s
♣❤②s✐q✉❡s✱ ❛✉ss✐ ❜✐❡♥ ♠✐❝r♦s❝♦♣✐q✉❡s q✉❡ ♠❛❝r♦s❝♦♣✐q✉❡s✱ ❛ss♦❝✐és à ❞❡s é❝❤❡❧❧❡s t❡♠♣♦r❡❧❧❡s ❡t s♣❛✲
t✐❛❧❡s très ❞✐✈❡rs❡s✳ ❊♥ ♦✉tr❡✱ ❧❡s ❝♦♥❞✐t✐♦♥s ♣❤②s✐q✉❡s ❡①trê♠❡s r❡♥❝♦♥tré❡s ❡♥ ❧❡✉r s❡✐♥ s✬❛✈èr❡♥t
très é❧♦✐❣♥é❡s ❞❡ ❝❡❧❧❡s r❡♥❝♦♥tré❡s s✉r ❧❛ ❚❡rr❡✳ ▲❡s ét♦✐❧❡s ❢♦♥t ❞♦♥❝ ✜❣✉r❡ ❞❡ ❧❛❜♦r❛t♦✐r❡s ❣é❛♥ts
❞♦♥♥❛♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ t❡st❡r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ♣❤②s✐q✉❡ s♦✉s t♦✉t❡s s❡s ❢♦r♠❡s✳ ▲❡s
❜❛s❡s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ st❡❧❧❛✐r❡ ♦♥t été ♣♦sé❡s ✐❧ ② ❛ ♠❛✐♥t❡♥❛♥t ♣❧✉s
❞✬✉♥ s✐è❝❧❡ ✭❡✳❣✳✱ ❊❞❞✐♥❣t♦♥ ✶✾✷✻❀ ❈♦① ✫ ●✐✉❧✐ ✶✾✻✽✮✳ ❉❡♣✉✐s✱ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ét♦✐❧❡s ❛ ♣✉ ♣r♦✜✲
t❡r ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡✱ ❞✬♦❜s❡r✈❛t✐♦♥s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♥♦♠❜r❡✉s❡s ❡t ♣ré❝✐s❡s✱
❛✐♥s✐ q✉❡ ❞❡ ♥♦♠❜r❡✉s❡s ❛✈❛♥❝é❡s✱ ❛✉ss✐ ❜✐❡♥ t❤é♦r✐q✉❡s q✉✬❡①♣ér✐♠❡♥t❛❧❡s✱ s✉r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡✱ ♣❛r
❡①❡♠♣❧❡✱ ❞❡s ♣r♦♣r✐étés ❞❡ ❧❛ ♠❛t✐èr❡ ♦✉ ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❡①trê♠❡s✳

❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❛ ❝♦♥❢r♦♥t❛t✐♦♥ ❞❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s ❛✉① ♦❜s❡r✈❛t✐♦♥s ♣❡r♠❡t ❞❡ t❡st❡r
❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡s ♠♦❞è❧❡s ❡t ❞✬❡♥ ❛♠é❧✐♦r❡r rétr♦s♣❡❝t✐✈❡♠❡♥t ❧❛ ❞❡s❝r✐♣t✐♦♥ ♣❤②s✐q✉❡✳ ❘é❝✐♣r♦q✉❡✲
♠❡♥t✱ ❧❡s ♣ré❞✐❝t✐♦♥s ❢❛✐t❡s ♣❛r ❧❡s ♠♦❞è❧❡s ❣✉✐❞❡♥t ❧❡s ♦❜s❡r✈❛t❡✉rs ✈❡rs ❞❡s ❝✐❜❧❡s ❛❞éq✉❛t❡s ❡t ♣❡r✲
♠❡tt❡♥t ❞✬♦✉✈r✐r ❞❡ ♥♦✉✈❡❛✉① ❝❤❛♠♣s ❞✬✐♥✈❡st✐❣❛t✐♦♥✳ ◆é❛♥♠♦✐♥s✱ ❧❡ ♠✐❧✐❡✉ st❡❧❧❛✐r❡ ❡st ❢♦rt❡♠❡♥t
♦♣❛q✉❡ ❛✉ r❛②♦♥♥❡♠❡♥t✳ ▲❛ ❧✉♠✐èr❡ ❞❡s ét♦✐❧❡s q✉✐ ♣❛r✈✐❡♥t ❥✉sq✉✬à ♥♦s ②❡✉① ♣r♦✈✐❡♥t ❡①❝❧✉s✐✈❡♠❡♥t
❞❡ ❧❡✉rs ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s✳ ❆✐♥s✐✱ ❧❡s ♦❜s❡r✈❛❜❧❡s st❛♥❞❛r❞ t❡❧❧❡s q✉❡ ❧❛ ❧✉♠✐♥♦s✐té ✐♥tr✐♥sèq✉❡✱
❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ♦✉ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❛t♠♦s♣❤ér✐q✉❡ ❞❡s ét♦✐❧❡s ❢♦✉r♥✐ss❡♥t ✉♥ ❞✐❛❣✲
♥♦st✐❝ ❞✐r❡❝t s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❡✉r s✉r❢❛❝❡✳ ❊❧❧❡s ♥❡ ♣❡✉✈❡♥t ♥é❛♥♠♦✐♥s q✉✬✐♥❞✐r❡❝t❡♠❡♥t ♥♦✉s
r❡♥s❡✐❣♥❡r s✉r ❧❡s ♣r♦❝❡ss✉s ✐♥t❡r♥❡s ♠♦②❡♥♥❛♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠♦❞è❧❡s ♣❧✉s ♦✉ ♠♦✐♥s ré❛❧✐st❡s✳
❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧✬✐♥❢♦r♠❛t✐♦♥ q✉✬❡❧❧❡s ❢♦✉r♥✐ss❡♥t s✉r ❧❛ ❞②♥❛♠✐q✉❡ ÷✉✈r❛♥t s♦✉s ❧❛ s✉r❢❛❝❡ ❞❡s
ét♦✐❧❡s r❡st❡ ♣♦✉r ❧❡ ♠♦✐♥s ❧✐♠✐té❡✳ ▲❡s ♥❡✉tr✐♥♦s ♣r♦❞✉✐ts ♣❛r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ♣❡✉✈❡♥t ❛✉ss✐
❞♦♥♥❡r ❛❝❝ès à ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ré❣✐♦♥s ✐♥t❡r♥❡s✳ ❈❡s ♣❛rt✐❝✉❧❡s ✐♥t❡r❛❣✐ss❡♥t très ♣❡✉ ❛✈❡❝
❧❡✉r ❡♥✈✐r♦♥♥❡♠❡♥t ❡t ♣❡✉✈❡♥t ❢❛❝✐❧❡♠❡♥t s✬é❝❤❛♣♣❡r ❞✉ ♠❛♥t❡❛✉ st❡❧❧❛✐r❡✳ ❊♥ ❝♦♥tr❡♣❛rt✐❡✱ ❧❡✉r
♣r♦❜❛❜✐❧✐té ❞❡ ❞ét❡❝t✐♦♥ r❡st❡ ❡①trê♠❡♠❡♥t ❢❛✐❜❧❡✳ ▲❡✉r ✉t✐❧✐s❛t✐♦♥ ❝♦♠♠❡ ✈❡❝t❡✉r ❞✬✐♥❢♦r♠❛t✐♦♥ ♥é✲
❝❡ss✐t❡ ❞♦♥❝ ❞❡s ✢✉① ❞❡ ♣❛rt✐❝✉❧❡s ✐♠♣♦rt❛♥ts ❡t s❡ ❧✐♠✐t❡ ❡♥ ♣❤②s✐q✉❡ st❡❧❧❛✐r❡ à ❧✬ét✉❞❡ ❞✉ ❝❡♥tr❡
❞✉ ❙♦❧❡✐❧✱ ♦✉ ❜✐❡♥ ❞❡s ♣❤❛s❡s ❡①♣❧♦s✐✈❡s à ❧❛ ✜♥ ❞❡ ✈✐❡ ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s✱ ❧❡s s✉♣❡r♥♦✈❛❡✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬❛✈è♥❡♠❡♥t ❞❡ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ à ❧❛ ✜♥ ❞✉ ❳❳è♠❡ s✐è❝❧❡ ❞✬❛❜♦r❞✱ ♣✉✐s ❞❡
❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❡♥s✉✐t❡✱ ❛ ❛♣♣♦rté ✉♥ ♥♦✉✈❡❛✉ s♦✉✤❡ ❡t ♦✉✈❡rt ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❛♥s
❧✬ét✉❞❡ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳ ▲✬❛stér♦s✐s♠♦❧♦❣✐❡ ❡st ❞é✜♥✐❡ ❧✐ttér❛❧❡✲
♠❡♥t ❝♦♠♠❡ ❧✬ét✉❞❡ s✐s♠✐q✉❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ❯♥❡ ét♦✐❧❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥❡
é♥♦r♠❡ ❝❛✈✐té rés♦♥❛♥t❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♣❡✉✈❡♥t s✬ét❛❜❧✐r ❞❡s ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s ✐♠♣♦sé❡s ♣❛r ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ sé❧❡❝t✐♦♥♥❡♥t ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❜✐❡♥ ♣ré❝✐s❡s ✿
❝❡ s♦♥t ❧❡s ♠♦❞❡s ♣r♦♣r❡s✳ ❈❡s ♠♦❞❡s ♣r♦♣r❡s ❣❧♦❜❛✉① ✐♥❞✉✐s❡♥t ❞❡s ♠♦✉✈❡♠❡♥ts ❞❡ ♠❛t✐èr❡ ♣ér✐♦✲
❞✐q✉❡s à ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s✱ q✉✐ s❡ tr❛❞✉✐s❡♥t é❣❛❧❡♠❡♥t s♦✉s ❢♦r♠❡ ❞❡ ✈❛r✐❛t✐♦♥s ❞❡ ❧✉♠✐♥♦s✐té✳
❉❡s ♠❡s✉r❡s ❞❡ ✈✐t❡ss❡s r❛❞✐❛❧❡s ✭s♣❡❝tr♦♠étr✐❡✮ ♦✉ ❞✬✐♥t❡♥s✐té ❧✉♠✐♥❡✉s❡ ✭♣❤♦t♦♠étr✐❡✮ s✉r ❧❡ ❞✐sq✉❡
st❡❧❧❛✐r❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ♣❡r♠❡tt❡♥t ❛❧♦rs✱ ♣❛r ✉♥❡ ❛♥❛❧②s❡ ❞❡ ❋♦✉r✐❡r✱ ❞❡ ❞é❞✉✐r❡ ❧❡✉r s♣❡❝tr❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ❆ ❧❛ ♠❛♥✐èr❡ ❞✬♦♥❞❡s s♦♥♦r❡s st❛t✐♦♥♥❛✐r❡s ♣✐é❣é❡s ❞❛♥s ✉♥ t✉❜❡ ❞❡ ❑✉♥❞t ❡t ❞♦♥t

✈✐✐



❆✈❛♥t✲♣r♦♣♦s

❧❡s ❢réq✉❡♥❝❡s ❞❡ rés♦♥❛♥❝❡ s♦♥t r❡❧✐é❡s à ❧❛ ❧♦♥❣✉❡✉r ❞✉ t✉❜❡✱ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥
❞❡s ét♦✐❧❡s ♣❡✉✈❡♥t ♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❧❡s ♣r♦♣r✐étés ❞✉ ♠✐❧✐❡✉ st❡❧❧❛✐r❡✳ ▲❡s ♣✉❧s❛t✐♦♥s st❡❧❧❛✐r❡s
♦✛r❡♥t ❞♦♥❝ ✉♥ ❞✐❛❣♥♦st✐❝ ❞✐r❡❝t s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s s❛♥s ❛✈♦✐r à ❢❛✐r❡ ❛♣♣❡❧ à ❞❡s
♠♦❞è❧❡s✳ ▲✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❡st✱ ❞❡ ♣❧✉s✱ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❞❡
❧✬ét♦✐❧❡ ♣❛r r❛♣♣♦rt à ❧✬♦❜s❡r✈❛t❡✉r✳ ❊♥ ❡✛❡t✱ ❝❡❧❧❡✲❝✐ r❡♣♦s❡ s✉r ❞❡s ♠❡s✉r❡s t❡♠♣♦r❡❧❧❡s✱ ❝❡ q✉✐ ❢❛✐t
❞✬❡❧❧❡ ✉♥❡ ♠ét❤♦❞❡ très ♣ré❝✐s❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ♥✬❡st ♣❛s ♥♦✉✈❡❧❧❡ ❡t ❛ ❞é❥à ❢❛✐t s❡s
♣r❡✉✈❡s ♣❛r ❧❡ ♣❛ssé✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ r❛♣♣❡❧❡r ❧❡s tr❛✈❛✉① ❞❡ ▲❡❛✈✐tt ✫ P✐❝❦❡r✐♥❣ ✭✶✾✶✷✮ q✉✐
♦♥t ❞é❝♦✉✈❡rt✱ ✐❧ ② ❛ ♠❛✐♥t❡♥❛♥t ♣❧✉s ❞✬✉♥ s✐è❝❧❡✱ ✉♥❡ r❡❧❛t✐♦♥ ❡♠♣✐r✐q✉❡ ❡♥tr❡ ❧❛ ♣ér✐♦❞❡ ❞❡ ✈❛r✐❛✲
t✐♦♥ ❞❡ ❧✬é❝❧❛t ❞❡s ❈é♣❤é✐❞❡s ❞❛♥s ❧❡ ♣❡t✐t ◆✉❛❣❡ ❞❡ ▼❛❣❡❧❧❛♥ ❡t ❧❡✉r ❧✉♠✐♥♦s✐té ✐♥tr✐♥sèq✉❡✳ ❈❡tt❡
r❡❧❛t✐♦♥ ❛ s❡r✈✐ ♣❧✉s t❛r❞ ❞❛♥s ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❞✐st❛♥❝❡s ❣❛❧❛❝t✐q✉❡s ❡t ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ♦❜✲
s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥ ❞❡ ❧✬❯♥✐✈❡rs ♣❛r ❍✉❜❜❧❡ ✭✶✾✷✾✮✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs s♦rt❡s ❞❡ ♣✉❧s❛t❡✉rs
st❡❧❧❛✐r❡s ❛ss♦❝✐és r❡s♣❡❝t✐✈❡♠❡♥t à ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❞✉ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ✭r❡♣ré✲
s❡♥t❛♥t ❧❛ ❧✉♠✐♥♦s✐té ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✮✳ ❈❡s ❞✐✈❡rs❡s ❝❧❛ss❡s ❞❡ ♣✉❧s❛t❡✉rs s❡
❞✐st✐♥❣✉❡♥t ♥♦t❛♠♠❡♥t ♣❛r ❧❛ ❢réq✉❡♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❛✐♥s✐ q✉❡ ♣❛r
❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❧❡s ♣✉❧s❛t❡✉rs ❝❧❛ss✐q✉❡s ❞❡ t②♣❡ ❈é✲
♣❤é✐❞❡s✱ ❘❘ ▲②r❛❡ ♦✉ ❡♥❝♦r❡ δ✲❙❝✉t✐ s♦♥t ❝❛r❛❝tér✐sé❡s ♣❛r ❞❡ ❧❛r❣❡s ❛♠♣❧✐t✉❞❡s ✭q✉❡❧q✉❡s ❦♠✴s ❡♥
✈✐t❡ss❡ r❛❞✐❛❧❡✮ ❛✈❡❝ ❞❡s ♣ér✐♦❞❡s ♣♦✉✈❛♥t ❛❧❧❡r ❞✬✉♥❡ ❤❡✉r❡ à ♣❧✉s✐❡✉rs ❥♦✉rs✳ ❈❡ t②♣❡ ❞✬♦s❝✐❧❧❛t✐♦♥
❡st ❣é♥éré ♣❛r ❞❡s ✐♥st❛❜✐❧✐tés t❤❡r♠✐q✉❡s ❧✐é❡s ❛✉① ré❣✐♦♥s ❞✬✐♦♥✐s❛t✐♦♥ ❡t ❛✉ ❝❤❛♥❣❡♠❡♥t ❞✬♦♣❛❝✐té
❛ss♦❝✐é ✭❧❡ κ✲♠é❝❛♥✐s♠❡✱ ❡✳❣✳✱ ❙❛♠❛❞✐ ❡t ❛❧✳ ✷✵✶✺✮✳ ▲❡s ♣✉❧s❛t❡✉rs ❞✐ts ❞❡ t②♣❡ s♦❧❛✐r❡✱ ❡✉①✱ ♦♥t
✉♥❡ ♣❧❛❝❡ à ♣❛rt ❡♥t✐èr❡ ♣✉✐sq✉✬✐❧s ♣rés❡♥t❡♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s s✐s♠✐q✉❡s s❡♠❜❧❛❜❧❡s à ❝❡❧❧❡s ❞❡
♥♦tr❡ ❙♦❧❡✐❧✳ ▲❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡ s❡ ❞✐st✐♥❣✉❡♥t ♣❛r ❧❡✉r ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ✭❞❡ q✉❡❧q✉❡s
❝♠✴s ❛✉ ♠✴s ♣♦✉r ❧❡s ét♦✐❧❡s ❣é❛♥t❡s✱ ❡♥ ✈✐t❡ss❡ r❛❞✐❛❧❡✮ ❡t ❞❡s ♣ér✐♦❞❡s t②♣✐q✉❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❛❧❧❛♥t
❞❡ ❧❛ ♠✐♥✉t❡ à q✉❡❧q✉❡s ❤❡✉r❡s ✭❡✳❣✳✱ ❆❡rts ❡t ❛❧✳ ✷✵✶✵✮✳ ❊❧❧❡s s♦♥t ❣é♥éré❡s ♣❛r ❧❡s ♠♦✉✈❡♠❡♥ts
t✉r❜✉❧❡♥ts ❞❛♥s ❧❡s ré❣✐♦♥s ❝♦♥✈❡❝t✐✈❡s ❡t s❡ r❡♥❝♦♥tr❡♥t ❞♦♥❝ ❞❛♥s t♦✉t❡s ét♦✐❧❡s ♣♦ssé❞❛♥t ✉♥❡
❝♦✉❝❤❡ ✐♥st❛❜❧❡ ❝♦♥✈❡❝t✐✈❡♠❡♥t ✿ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞✬❡①❝✐t❛t✐♦♥ st♦❝❤❛st✐q✉❡ ✭❡✳❣✳✱ ❙❛♠❛❞✐ ✫ ●♦✉♣✐❧
✷✵✵✶✮✳

▲❡ ♣♦t❡♥t✐❡❧ s❝✐❡♥t✐✜q✉❡ ❛✣❝❤é ❛❝t✉❡❧❧❡♠❡♥t ♣❛r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡ ❡st ❞❡s ♣❧✉s
♣r♦♠❡tt❡✉rs✳ ■❧ ❡st ❧❡ rés✉❧t❛t ❞✬✉♥ ❝❤❡♠✐♥❡♠❡♥t s❝✐❡♥t✐✜q✉❡ ❝♦♠♠❡♥❝é ✐❧ ② ❛ ♣❧✉s ❞❡ ✻✵ ❛♥s✱ à
❧✬❤❡✉r❡ ❞❡s ❞é❜✉ts ❞❡ ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✉ ❙♦❧❡✐❧✱ ♦✉ ❤é❧✐♦s✐s♠♦❧♦❣✐❡✳ ▲❛ ♣r❡♠✐èr❡ ❞ét❡❝t✐♦♥
✜❛❜❧❡ ❞✬✉♥ s✐❣♥❛❧ ♣ér✐♦❞✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✺ ♠✐♥✉t❡s ❧✐é à ❞❡s ♠♦✉✈❡♠❡♥ts ✈❡rt✐❝❛✉① à ❧❛ s✉r❢❛❝❡ ❞✉
❙♦❧❡✐❧ ❡st ❛ttr✐❜✉é❡ à ▲❡✐❣❤t♦♥ ❡t ❛❧✳ ✭✶✾✻✷✮ ❡t ❊✈❛♥s ✫ ▼✐❝❤❛r❞ ✭✶✾✻✷✮ ♣❛r ❧❡ ❜✐❛✐s ❞✬♦❜s❡r✈❛t✐♦♥s ❡♥
✈✐t❡ss❡ r❛❞✐❛❧❡ ❞❡♣✉✐s ❧❡ s♦❧✳ ❖♥ ♣❡♥s❡ ❛❧♦rs q✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡ s✐❣♥❛t✉r❡ ❛ss♦❝✐é❡ à ❧❛ ❣r❛♥✉❧❛t✐♦♥ ❞❡
s✉r❢❛❝❡✳ ■❧ ❢❛✉t ❛tt❡♥❞r❡ ♣r❡sq✉❡ ✶✵ ❛♥s ♣♦✉r ❛✈♦✐r ✉♥❡ ♣r❡♠✐èr❡ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ♠♦❞❡s
♣r♦♣r❡s ❛❝♦✉st✐q✉❡s ❣❧♦❜❛✉① ♣✐é❣és s♦✉s ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ✭❙t❡✐♥ ✫ ▲❡✐❜❛❝❤❡r ✶✾✻✾❀ ❯❧r✐❝❤ ✶✾✼✵❀
❉❡✉❜♥❡r ✶✾✼✺✮✳ ❙✉❝❝❡ss✐✈❡♠❡♥t✱ ❈❧❛✈❡r✐❡ ❡t ❛❧✳ ✭✶✾✼✾✮ ❡t ●r❡❝ ❡t ❛❧✳ ✭✶✾✽✵✱ ✶✾✽✸✮ ♦♥t ❝♦♥✜r♠é ❧❛
str✉❝t✉r❡ ♠♦❞❛❧❡ ❞✉ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❙♦❧❡✐❧✳ ▲❡✉rs ♦❜s❡r✈❛t✐♦♥s ♦♥t ❡♥ ❡✛❡t ♠✐s ❡♥ é✈✐❞❡♥❝❡
✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ ♣✐❝s ❞✐s❝r❡ts ❞❛♥s ❧❡ s♣❡❝tr❡✱ ✉♥✐❢♦r♠é♠❡♥t ❡s♣❛❝és ❡♥ ❢réq✉❡♥❝❡✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❧❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥
✭❡✳❣✳✱ ❚❛ss♦✉❧ ✶✾✽✵✮✳ P❛r ❧❛ s✉✐t❡✱ ❧❛ ❞ét❡❝t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✉ ❙♦❧❡✐❧ ❡st ❞❡✈❡♥✉❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s
♣ré❝✐s❡ ❣râ❝❡✱ ❞✬✉♥❡ ♣❛rt✱ à ❧✬❛✉❣♠❡♥t❛t✐♦♥ ♣r♦❣r❡ss✐✈❡ ❞❡ ❧❛ ❞✉ré❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❡t✱ ❞✬❛✉tr❡ ♣❛rt✱ à
❧❛ ❧✐♠✐t❛t✐♦♥ ❞❡s ✐♥t❡rr✉♣t✐♦♥s ❧✐é❡s à ❧✬❛❧t❡r♥❛♥❝❡ ❥♦✉r✴♥✉✐t✳ ❈❡tt❡ é✈♦❧✉t✐♦♥ ❡st ♥♦t❛♠♠❡♥t ♣❛ssé❡
♣❛r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♣❧✉s✐❡✉rs ♣r♦❥❡ts ❞✬♦❜s❡r✈❛t✐♦♥ ♠✉❧t✐✲s✐t❡s ❛✉ s♦❧ ❝♦♠♠❡ ■❘■❙ ✭❡✳❣✳✱ ❋♦ss❛t
✶✾✾✶✮✱ ❇■❙❖◆ ✭❡✳❣✳✱ ❈❤❛♣❧✐♥ ✶✾✾✼✮ ♦✉ ❡♥❝♦r❡ ●❖◆● ✭❡✳❣✳✱ ▲❡✐❜❛❝❤❡r ✫ ●❖◆● Pr♦❥❡❝t ❚❡❛♠ ✶✾✾✽✮✳
❈❡s ♣r♦❥❡ts✱ ❜❛sés s✉r ❞❡s rés❡❛✉① ❞❡ té❧❡s❝♦♣❡s ♦❜s❡r✈❛♥t ❡♥ ✈✐t❡ss❡ r❛❞✐❛❧❡ ❡t ❞✐str✐❜✉és ❧❡ ♣❧✉s
✉♥✐❢♦r♠é♠❡♥t ♣♦ss✐❜❧❡ ❛✉t♦✉r ❞✉ ❣❧♦❜❡✱ ♦♥t ♣❡r♠✐s à ❧❛ ❢♦✐s ❞✬❛❝❝r♦îtr❡ ❧❛ rés♦❧✉t✐♦♥ s♣❡❝tr❛❧❡ ❡♥
❢réq✉❡♥❝❡✱ ❞❡ s✉♣♣r✐♠❡r ❧❡s ❛❧✐❛s s♣❡❝tr❛✉① ❝❛✉sés ♣❛r ❧❡ ❝②❝❧❡ ❞✐✉r♥❡ ❡t ❞✬❛♠é❧✐♦r❡r ❧❡ r❛♣♣♦rt
s✐❣♥❛❧ s✉r ❜r✉✐t✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✜♥❡ ❞❡s ♣❛r❛♠ètr❡s ✐♥❞✐✈✐❞✉❡❧s
❞❡s ♠♦❞❡s ♣r♦♣r❡s ❡st ❞❡✈❡♥✉❡ ♣♦ss✐❜❧❡ ✭❢réq✉❡♥❝❡ ♣r♦♣r❡✱ ❛♠♣❧✐t✉❞❡✱ t❡♠♣s ❞❡ ✈✐❡✮✳ ❯♥❡ ♠❛r❝❤❡
s✉♣♣❧é♠❡♥t❛✐r❡ ❛ ❡♥❝♦r❡ été ❢r❛♥❝❤✐❡ ❛✈❡❝ ❧❡ ❧❛♥❝❡♠❡♥t ❡♥ ✶✾✾✺ ❞✉ té❧❡s❝♦♣❡ s♣❛t✐❛❧ ❙❖❍❖ ❞é❞✐é
à ❧✬ét✉❞❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ✭❡✳❣✳✱ ❉♦♠✐♥❣♦ ❡t ❛❧✳ ✶✾✾✺✮✳ ❈❡❧✉✐✲❝✐✱ t♦✉❥♦✉rs ♦♣ér❛t✐♦♥♥❡❧ ❡♥
✷✵✶✼✱ ❛ ♣❡r♠✐s ❞✬♦❜s❡r✈❡r ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ❞❡ ❢❛ç♦♥ ❝♦♥t✐♥✉❡ ♣❡♥❞❛♥t ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞✬❛♥♥é❡s✳

✈✐✐✐



❆✈❛♥t✲♣r♦♣♦s

▲✬♦❜s❡r✈❛t✐♦♥ ❞❡♣✉✐s ❧✬❡s♣❛❝❡ ❞♦♥♥❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ s❡ ❞é❣❛❣❡r ❞❡s ❝♦♥tr❛✐♥t❡s r❡♥❝♦♥tré❡s ❧♦rs
❞✬♦❜s❡r✈❛t✐♦♥s ❞❡♣✉✐s ❧❡ s♦❧✱ ❝♦♠♠❡ ❧❡s ❛❧é❛s ❝❧✐♠❛t✐q✉❡s ♦✉ ❧❡ ❜r✉✐t ❣é♥éré ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡
❛t♠♦s♣❤ér✐q✉❡✱ ❡t ❞♦♥❝ ❞✬♦❜t❡♥✐r ❞❡s ❝♦✉r❜❡s ❞❡ ❧✉♠✐èr❡ ❞❡ ♠❡✐❧❧❡✉r❡ q✉❛❧✐té✳ ●râ❝❡ à t♦✉t❡s ❝❡s
♦❜s❡r✈❛t✐♦♥s✱ ❧❡s ♣r♦♣r✐étés ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✉ ❙♦❧❡✐❧ s♦♥t ❛✉❥♦✉r❞✬❤✉✐ ❡①trê♠❡♠❡♥t ❜✐❡♥ ❝♦♥♥✉❡s
❛✈❡❝ ❞❡s ♠✐❧❧✐❡rs ❞❡ ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ✐❞❡♥t✐✜és✳ ❈❡s ❞♦♥♥é❡s s✐s♠✐q✉❡s ♦♥t ♣❡r♠✐s ❞❡ s♦♥❞❡r
❡♥ ♣r♦❢♦♥❞❡✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞✉ ❙♦❧❡✐❧✳ ❊❧❧❡s ♦♥t ♥♦t❛♠♠❡♥t ♣❡r♠✐s ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❡ ♣r♦✜❧
✐♥t❡r♥❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ✭❡✳❣✳✱ ❇❛s✉ ❡t ❛❧✳ ✷✵✵✵✮✱ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t
❧✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞✬♦✈❡rs❤♦♦t s♦✉s✲❥❛❝❡♥t❡ ✭❡✳❣✳✱ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ❡t ❛❧✳ ✶✾✾✶❀ ❇❛s✉ ✶✾✾✼✮✱
❧❡ ❝♦♥t❡♥✉ ❡♥ ❤é❧✐✉♠ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣ ❇❛s✉ ✫ ❆♥t✐❛ ✶✾✾✺❀ ❘✐❝❤❛r❞ ❡t ❛❧✳ ✶✾✾✽✮✱ ❧❡
♣r♦✜❧ ✐♥t❡r♥❡ ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭❡✳❣✳✱ ❇r♦✇♥ ❡t ❛❧✳ ✶✾✽✾❀ ●❛r❝í❛ ❡t ❛❧✳ ✷✵✵✼❀ ❋♦ss❛t ❡t ❛❧✳ ✷✵✶✼✮
♦✉ ❡♥❝♦r❡ ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ s♦❧❛✐r❡ ✭❡✳❣✳✱ ❙❛♠❛❞✐ ❡t ❛❧✳ ✷✵✵✶✮✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s
♦♥t ♠♦♥tré q✉❡ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧✬✐♥tér✐❡✉r ❞✉ ❙♦❧❡✐❧ ❡st ❛ss❡③ ❜✐❡♥ ❝♦♠♣r✐s❡ ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❀ ❡❧❧❡s
♦♥t ❛✉ss✐ ♠✐s ❡♥ ❡①❡r❣✉❡ ❧❡s ❧✐♠✐t❡s ❞✉ ♠♦❞è❧❡ s♦❧❛✐r❡ st❛♥❞❛r❞ ✶✳ ❉✬✉♥❡ ♣❛rt✱ ❡❧❧❡s ♦♥t ♠✐s ❡♥
é✈✐❞❡♥❝❡ ❧❛ ♥é❝❡ss✐té ❞✬✐♥❝❧✉r❡ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ♦✉ ❞✉ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ✐♥t❡r♥❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❡❧❧❡s ♦♥ ♠♦♥tré ❧❡ ❜❡s♦✐♥ ❞✬✉t✐❧✐s❡r ✉♥ tr❛✐t❡♠❡♥t ♣❧✉s ré❛❧✐st❡ ❞❡ ❧❛
❝♦♥✈❡❝t✐♦♥✱ ❡♥ ♣❛rt✐❝✉❧✐❡r à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ❡t ❛❧✳ ✷✵✶✶❀
❇✉❧❞❣❡♥ ❡t ❛❧✳ ✷✵✶✼✮ ❡t ❞❛♥s ❧❡s ré❣✐♦♥s ♣r♦❝❤❡s ❞❡ ❧❛ s✉r❢❛❝❡ ♦ù ❞❡s ♣♦✐♥ts ❞✬♦♠❜r❡ ♣❡rs✐st❡♥t ✭❡✳❣✳✱
❑❥❡❧❞s❡♥ ❡t ❛❧✳ ✷✵✵✽❀ ❙♦♥♦✐ ❡t ❛❧✳ ✷✵✶✼✮✳

▲✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡ ❞❛♥s ❞❡s ét♦✐❧❡s ❛✉tr❡s q✉❡ ❧❡ ❙♦❧❡✐❧ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s
ré❝❡♥t❡✳ ❆♣rès ❞❡ ♥♦♠❜r❡✉① ❡ss❛✐s ✐♥❢r✉❝t✉❡✉①✱ ❧❛ ♣r❡♠✐èr❡ ❞ét❡❝t✐♦♥ sér✐❡✉s❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡
s♦❧❛✐r❡ ❞❛♥s ✉♥❡ ❛✉tr❡ ét♦✐❧❡ ❡st ❛ttr✐❜✉é❡ à ▼❛rt✐➣ ❡t ❛❧✳ ✭✶✾✾✾✮ ❡t ❇❛r❜❛♥ ❡t ❛❧✳ ✭✶✾✾✾✮ s✉r Pr♦❝②♦♥✳
❈❡s ♦❜s❡r✈❛t✐♦♥s ❝♦♥s✐st❛✐❡♥t ❡♥ ❞❡s ♠❡s✉r❡s ❞❡ ✈✐t❡ss❡s r❛❞✐❛❧❡s ❛✈❡❝ ❧❡ s♣❡❝tr♦❣r❛♣❤❡ ❊▲❖❉■❊
à ❧✬❖❜s❡r✈❛t♦✐r❡ ❞❡ ❍❛✉t❡✲Pr♦✈❡♥❝❡✳ ▲❡s ❝♦♥❝❧✉s✐♦♥s ❞❡ ❝❡s tr❛✈❛✉① s♦♥t ♥é❛♥♠♦✐♥s r❡stés s✉❥❡t à
❞✐s❝✉ss✐♦♥ ❞❛♥s ❧❡s ❛♥♥é❡s q✉✐ ♦♥t s✉✐✈✐ ✭❡✳❣✳✱ ▼❛tt❤❡✇s ❡t ❛❧✳ ✷✵✵✹✮✳ ❆✉ ❞é❜✉t ❞✉ ❳❳■è♠❡ s✐è❝❧❡✱
✉♥❡ ✈ér✐t❛❜❧❡ ré✈♦❧✉t✐♦♥ ❛ ✈✉ ❧❡ ❥♦✉r ❡♥ ♣❤②s✐q✉❡ st❡❧❧❛✐r❡ ❛✈❡❝ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❡t ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡
♣❧✉s✐❡✉rs ♠✐ss✐♦♥s s♣❛t✐❛❧❡s ❞♦♥t ❧✬✉♥ ❞❡s ♦❜❥❡❝t✐❢s ét❛✐t ❧✬♦❜s❡r✈❛t✐♦♥ s✐s♠✐q✉❡ ❞❡s ét♦✐❧❡s ♣❛r ♣❤♦✲
t♦♠étr✐❡✳ ▲❡s s❛t❡❧❧✐t❡s ❲■❘❊ ✭❇✉③❛s✐ ❡t ❛❧✳ ✷✵✵✵✮ ❡t ▼❖❙❚ ✭▼❛tt❤❡✇s ❡t ❛❧✳ ✷✵✵✵✮ ♦♥t ❞✬❛❜♦r❞
é❧❛r❣✐ ❧✬é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ❝♦♥♥✉❡s ♣♦✉r ❡①❤✐❜❡r s❛♥s ❛♠❜✐❣✉ïté ✉♥ s♣❡❝tr❡ ❞❡ ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥
❞❡ t②♣❡ s♦❧❛✐r❡✳ ▲✬❡①♣ér✐❡♥❝❡ ❛❝q✉✐s❡ ♣❡♥❞❛♥t ❝❡s ❞❡✉① ♠✐ss✐♦♥s ❛ ❡♥s✉✐t❡ ❣r❛♥❞❡♠❡♥t ♣r♦✜té à ❧❛
♣ré♣❛r❛t✐♦♥ ❡t ❛✉ s✉❝❝ès ❞❡s ♠✐ss✐♦♥s s♣❛t✐❛❧❡s ❈♦❘♦❚ ✭❇❛❣❧✐♥ ❡t ❛❧✳ ✷✵✵✻❛✱❜✮✱ ♣✉✐s ❑❡♣❧❡r ✭❇♦r✉✲
❝❦✐ ❡t ❛❧✳ ✷✵✶✵✮✳ ●râ❝❡ à ❞❡s ❞✉ré❡s ❞✬♦❜s❡r✈❛t✐♦♥ ❛❧❧❛♥t ❞❡ ✶✺✵ ❥♦✉rs ♣♦✉r ❈♦❘♦❚ à ❡♥✈✐r♦♥ ✹ ❛♥s
♣♦✉r ❑❡♣❧❡r✱ ❡t ✉♥ ❝②❝❧❡ ✉t✐❧❡ ♣r♦❝❤❡ ❞❡ ✶✵✵✪✱ ❞❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s ❞✬❡♥✈✐r♦♥ ✉♥❡ à tr♦✐s ♠❛ss❡s
s♦❧❛✐r❡s✱ ❛❧❧❛♥t ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❧✬✐❣♥✐t✐♦♥ ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠✱ ♦♥t ♣✉ êtr❡
ét✉❞✐é❡s ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ❥✉sq✉✬✐❝✐ ✐♥é❣❛❧é❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ s✐s♠✐q✉❡✳ ▲❡s ❞♦♥♥é❡s s✐s♠✐q✉❡s
r❡❝✉❡✐❧❧✐❡s ♣❛r ❈♦❘♦❚ ❡t ❑❡♣❧❡r ♦♥t ❢♦✉r♥✐ ❞❡ ♥♦♠❜r❡✉s❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉r ❧✬é✈♦✲
❧✉t✐♦♥ ❡t ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s✱ ❡t ❢♦r♠❡♥t ♣♦✉r ❧❡s ❛♥♥é❡s à ✈❡♥✐r ✉♥❡ ♣ré❝✐❡✉s❡ ❜❛s❡ ❞❡
❞♦♥♥é❡s à ❡①♣❧♦✐t❡r✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s ♦♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞♦♥♥é ❧❛ ♣♦ss✐❜✐❧✐té ❞✬ét✉❞✐❡r ❧❡s ♣r♦♣r✐étés
s✐s♠✐q✉❡s ❞✬✉♥ é❝❤❛♥t✐❧❧♦♥ st❛t✐st✐q✉❡ ✐♠♣♦rt❛♥t ❞✬ét♦✐❧❡s à ❞✐✛ér❡♥ts st❛❞❡s ❞✬é✈♦❧✉t✐♦♥ ✿ ❝✬❡st ❝❡
q✉❡ ❧✬♦♥ ♥♦♠♠❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❞✬❡♥s❡♠❜❧❡✳ P♦✉r t♦✉t❡s ❝❡s ét♦✐❧❡s✱ ❧❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s
❣❧♦❜❛✉①✱ ❝✬❡st✲à✲❞✐r❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s r❡♠❛rq✉❛❜❧❡s ❞❡s s♣❡❝tr❡s ❞✬♦s❝✐❧❧❛t✐♦♥✱ ♦♥t ♣✉ êtr❡ ❡①✲
tr❛✐ts ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛✮✳ ❈❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ✈❛r✐❡♥t ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ ❀ ✐❧s ❛♣♣♦rt❡♥t
❞♦♥❝ ✉♥ ♣r❡♠✐❡r ❞✐❛❣♥♦st✐❝ s✉r ❧❡s ♣r♦♣r✐étés ❡t ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ♦❜s❡r✈é❡s✳ P❛r♠✐
❝❡s ✐♥❞✐❝❡s s✐s♠✐q✉❡s✱ ❧✬❡s♣❛❝❡♠❡♥t ❡♥ ❢réq✉❡♥❝❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♦✉ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥✱ ∆ν✱
❡t ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞✉ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ νmax✱ s♦♥t ❞✐r❡❝t❡♠❡♥t r❡✲
❧✐és ❛✉① ♣❛r❛♠ètr❡s ❣❧♦❜❛✉① ❞❡ ❧✬ét♦✐❧❡ ✭♠❛ss❡✱ r❛②♦♥ ❡t t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✮ ♣❛r ❞❡s r❡❧❛t✐♦♥s
❞✬é❝❤❡❧❧❡ ✭❡✳❣✳✱ ❑❥❡❧❞s❡♥ ✫ ❇❡❞❞✐♥❣ ✶✾✾✺✮✳ ▲✬♦r✐❣✐♥❡ ♣❤②s✐q✉❡ ❞❡ ❝❡s r❡❧❛t✐♦♥s ❡st ❞❛♥s ❧✬❡♥s❡♠❜❧❡
❜✐❡♥ ❝♦♠♣r✐s❡ t❤é♦r✐q✉❡♠❡♥t ✭❡✳❣✳✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✶✸✮✳ ❊❧❧❡s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛✲
t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ❡t ❞✉ r❛②♦♥ ❞❡s ét♦✐❧❡s à ♣❛rt✐r s❡✉❧❡♠❡♥t ❞❡ ❧✬❛♥❛❧②s❡ ❣❧♦❜❛❧❡ ❞❡ ❧❡✉r s♣❡❝tr❡

✶✳ ▲❡ ♠♦❞è❧❡ ✏st❛♥❞❛r❞✑ ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❡st ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é ❞❛♥s ❧❡q✉❡❧ ✉♥❡ ét♦✐❧❡ ❡st s✉♣♣♦sé❡ à
s②♠étr✐❡ s♣❤ér✐q✉❡✱ s❛♥s r♦t❛t✐♦♥ ❡t ♦ù ❛✉❝✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ♥✬❡st ♣r✐s ❡♥ ❝♦♠♣t❡✱ ♠✐s à ♣❛rt ❧❡ ♠é❧❛♥❣❡
t✉r❜✉❧❡♥t très r❛♣✐❞❡ ❞❡ ❧❛ ♠❛t✐èr❡ ❞❛♥s ❧❡s ré❣✐♦♥s ❝♦♥✈❡❝t✐✈❡s ✭q✉✐ s♦♥t ❞♦♥❝ s✉♣♣♦sé❡s ❤♦♠♦❣è♥❡s ❝❤✐♠✐q✉❡♠❡♥t✮✳

✐①



❆✈❛♥t✲♣r♦♣♦s

❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❡✉r t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ✭q✉✐ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ✈✐❛ ❞❡s ♠❡s✉r❡s
s♣❡❝tr♦s❝♦♣✐q✉❡s✮✳ ❆♥tér✐❡✉r❡♠❡♥t✱ ❧✬❡st✐♠❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡s r❛②♦♥s st❡❧❧❛✐r❡s ♣❛ss❛✐❡♥t ♥é✲
❝❡ss❛✐r❡♠❡♥t ♣❛r ❞❡s ♠❡s✉r❡s ❞❡ ♣❛r❛❧❧❛①❡ ♦✉ ❞❡s ♠❡s✉r❡s ✐♥t❡r❢ér♦♠étr✐q✉❡s ✭♣♦✉r ❧❡s ét♦✐❧❡s ❧❡s
♣❧✉s ♣r♦❝❤❡s✮✱ ❡t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✐r❡❝t❡ ❞❡ ❧❛ ♠❛ss❡ ♥✬ét❛✐t ♣♦ss✐❜❧❡ q✉❡ ♣♦✉r ❞❡s s②stè♠❡s ❜✐♥❛✐r❡s✳
▲❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ s✐s♠✐q✉❡s s♦♥t ❞♦♥❝ ✉♥ ♣✉✐ss❛♥t ♦✉t✐❧ q✉✐ ♥♦✉s ♣❡r♠❡t ❛✉❥♦✉r❞✬❤✉✐ ❞✬♦❜t❡✲
♥✐r ❞❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❣❧♦❜❛✉① ❞❡ ♥♦♠❜r❡✉s❡s ét♦✐❧❡s✳ ❉✬❛✉tr❡s ♣❛r❛♠ètr❡s
s✐s♠✐q✉❡s✱ ❝♦♠♠❡ ❧✬❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡ ❞✉ s♣❡❝tr❡ ♦✉ ❧❛ ❧❛r❣❡✉r ❞❡s ♠♦❞❡s✱ ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r
❧❡s ♠é❝❛♥✐s♠❡s ❞✬❡①❝✐t❛t✐♦♥ ❡t ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛❀ ❆♣♣♦✉r✲
❝❤❛✉① ❡t ❛❧✳ ✷✵✶✷❀ ❇❛✉❞✐♥ ❡t ❛❧✳ ✷✵✶✸❀ ❆♣♣♦✉r❝❤❛✉① ❡t ❛❧✳ ✷✵✶✹❀ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✼❛❀ ❱r❛r❞ ❡t ❛❧✳
✷✵✶✼✮✱ ❡t ❧✬❛♥❛❧②s❡ ❞❡s ❝♦✉r❜❡s ❞❡ ❧✉♠✐èr❡ ♣❡✉t ❛✉ss✐ ❞♦♥♥❡r ❛❝❝ès ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ❣r❛♥✉❧❛t✐♦♥
❞❡ s✉r❢❛❝❡ ✭❡✳❣✳✱ ❉❡ ❆ss✐s P❡r❛❧t❛ ✷✵✶✻❀ ❉❡ ❆ss✐s P❡r❛❧t❛ ❡t ❛❧✳ ✷✵✶✼✮✳ ❊♥✜♥✱ ♣♦✉r ✉♥ ♣❧✉s ♣❡t✐t
♥♦♠❜r❡ ❞✬ét♦✐❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ r❛♣♣♦rt s✐❣♥❛❧ s✉r ❜r✉✐t ❡st s✉✣s❛♥t✱ ❞❡s ❛♥❛❧②s❡s ♣❧✉s ✜♥❡s ❞❡s
s♣❡❝tr❡s ❞❡ ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♦♥t ♣✉ êtr❡ ré❛❧✐sé❡s✳ ❈❡❧❧❡s✲❝✐ ♦♥t ❛♣♣♦rté❡s ❞❡s ❝♦♥tr❛✐♥t❡s ♣❧✉s
♣ré❝✐s❡s s✉r ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉① ét♦✐❧❡s ❞✉ ❝❧✉♠♣✱ ❝✬❡st✲à✲❞✐r❡
❧❡s ét♦✐❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❛ ❞é♠❛rré✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ♥♦t❡r ❞❡s tr❛✈❛✉①
❞é❞✐és à ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❞❡ ❧❛ ③♦♥❡ ❞✬✐♦♥✐s❛t✐♦♥ ❞❡
❧✬❤é❧✐✉♠ ✭❡✳❣✳✱ ❱r❛r❞ ❡t ❛❧✳ ✷✵✶✺❀ ❱❡r♠❛ ❡t ❛❧✳ ✷✵✶✼✮✱ ❞❡ ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞✬♦✈❡rs❤♦♦t✐♥❣ s♦✉s
❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ✫ ●♦✉♣✐❧ ✷✵✶✷✮✱ ♦✉ ❡♥❝♦r❡ ❞❡ ❧✬❡①t❡♥s✐♦♥ ❞❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s
✭❡✳❣✳✱ ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✻✮✳

❊♥ ♦✉tr❡✱ ♣❛r♠✐ ❧❡s ♥♦♠❜r❡✉s❡s ❛✈❛♥❝é❡s ❛♣♣♦rté❡s ♣❛r ❧❡s ♠✐ss✐♦♥s ❈♦❘♦❚ ❡t ❑❡♣❧❡r✱ ❧❛ ❞é✲
t❡❝t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s ❡st s❛♥s ❛✉❝✉♥ ❞♦✉t❡ ❧✬✉♥❡ ❞❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s
✭❡✳❣✳✱ ❇❡❞❞✐♥❣ ❡t ❛❧✳ ✷✵✶✵❀ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❝✮✳ ▲❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❛✈❡❝
❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❛✉ss✐ ❜✐❡♥ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s q✉❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s✳ ▲❡✉r ♠❛♥✐❢❡s✲
t❛t✐♦♥ ❡♥ s✉r❢❛❝❡ ♣♦rt❡ ❞♦♥❝ ❧❛ s✐❣♥❛t✉r❡ ❞❡s ré❣✐♦♥s ❧❡s ♣❧✉s ♣r♦❢♦♥❞❡s✳ ❉❛♥s ❧❡ ❙♦❧❡✐❧ ❡t ❧❡s ét♦✐❧❡s
❞❡ t②♣❡ s♦❧❛✐r❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❧❡s ♣r♦♣r✐étés ❞❡ ❧✬❡①❝✐t❛t✐♦♥ st♦❝❤❛st✐q✉❡ ❝♦♠❜✐♥é❡s à
❝❡❧❧❡s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬♦❜s❡r✈❡r ❞❡ t❡❧s ♠♦❞❡s✳ ❙❡✉❧❡ ✉♥❡ ❞ét❡❝t✐♦♥ ✜❛❜❧❡
❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❝❡s ét♦✐❧❡s ♣❡r♠❡ttr❛✐t ❞❡ s♦♥❞❡r s✐s♠✐q✉❡♠❡♥t ❧❡✉rs ré❣✐♦♥s ❝❡♥tr❛❧❡s✳
❖r✱ à ❝❛✉s❡ ❞❡ ❧❡✉r ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❡♥ s✉r❢❛❝❡✱ ✉♥❡ t❡❧❧❡ ❞ét❡❝t✐♦♥ ❢❛✐t ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ❞é❜❛t
✭❡✳❣✳✱ ❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✷✵✵✹❀ ●❛r❝í❛ ❡t ❛❧✳ ✷✵✵✼❀ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✵✾❀ ❆♣♣♦✉r❝❤❛✉① ❡t ❛❧✳ ✷✵✶✵❀
●❛r❝í❛ ❡t ❛❧✳ ✷✵✶✶❀ ❆♣♣♦✉r❝❤❛✉① ✫ P❛❧❧é ✷✵✶✸✮✳ ▲❡ tr❛✈❛✐❧ ♦r✐❣✐♥❛❧ ré❝❡♠♠❡♥t ♣✉❜❧✐é ♣❛r ❋♦ss❛t
❡t ❛❧✳ ✭✷✵✶✼✮ s❡♠❜❧❡ ♥é❛♥♠♦✐♥s ❝♦♥✜r♠❡r ❛✈❡❝ ✉♥ ❜♦♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❧❡✉r s✐✲
❣♥❛t✉r❡ ❞❛♥s ❧❡ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❙♦❧❡✐❧✱ s✐❣♥❛t✉r❡ à ♣❛rt✐r ❞❡ ❧❛q✉❡❧❧❡ ✐❧s ♦♥t ♥♦t❛♠♠❡♥t ♣✉
❡st✐♠❡r ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡✳ ❉❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s ❛✉ ❝♦♥tr❛✐r❡✱
❞❡s ♠♦❞❡s ♠✐①t❡s ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈és ❡t ♥♦✉s ❞♦♥♥❡♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ s♦♥❞❡r s✐♠♣❧❡♠❡♥t ❡t ❞❡
❢❛ç♦♥ ❞✐r❡❝t❡ ❧❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s✳ ❈❡s ♠♦❞❡s s♦♥t ❛ss♦❝✐és à ✉♥ ♥♦✉✈❡❛✉ ♣❛r❛♠ètr❡ s✐s♠✐q✉❡ ❣❧♦❜❛❧✱
♥♦té ∆Π✱ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ sé♣❛r❛t✐♦♥ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té✳ ❈❡❧✉✐✲❝✐ ❡st ❞✐r❡❝t❡♠❡♥t
s❡♥s✐❜❧❡ à ❧❛ ❞❡♥s✐té ❞❡s ❝÷✉rs r❛❞✐❛t✐❢s✳ ■❧ ❛ ♣✉ êtr❡ ♠❡s✉ré ❞❛♥s ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ❡t
❛❥♦✉t❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ❝♦♥tr❛✐♥t❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ s✉r ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s ✭❱r❛r❞ ❡t ❛❧✳ ✷✵✶✺✮✳ ❆✈❡❝
❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ∆ν✱ q✉✐ ❡st ❡❧❧❡ s❡♥s✐❜❧❡ à ❧✬é♣❛✐ss❡✉r ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✱ ✐❧s ❢♦r♠❡♥t ✉♥ ❝♦✉♣❧❡ ❞❡
tr❛❝❡✉rs é✈♦❧✉t✐❢s ❛♣rès ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❆❧♦rs q✉❡ ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ à ❧❛ ✜♥ ❞❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❝❡❧❧❡s✱ ♣❧✉s â❣é❡s✱ ❛②❛♥t ♣❛ssé ❧❡ ✢❛s❤ ❞❡ ❧✬❤é❧✐✉♠ s♦♥t ✐♥❞✐ss♦❝✐❛❜❧❡s
❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧✱ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❝❡s ❞❡✉① ♣❛r❛♠ètr❡s ♣❡r♠❡t ❡♥tr❡ ❛✉tr❡
❞❡ ❞✐st✐♥❣✉❡r ❝❡s ❞❡✉① st❛❞❡s é✈♦❧✉t✐❢s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t ❡t s❛♥s ❛♠❜✐❣✉ïté ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳
✷✵✶✹✮✳ ❯♥ ❛✉tr❡ ❣r❛♥❞ s✉❝❝ès ♦❜t❡♥✉ ♣❛r ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s ❛ été ❞❡ ♣♦s❡r ❞❡ ❢♦rt❡s
❝♦♥tr❛✐♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✳ ■❧s ♦♥t
♥♦t❛♠♠❡♥t ♣❡r♠✐s ❞❡ ♠♦♥tr❡r q✉❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞✐♠✐♥✉❡ ❛✉ ❝♦✉rs
❞❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❛❧♦rs ♠ê♠❡ q✉✬❡❧❧❡s s♦♥t ❡♥ ❝♦♥tr❛❝t✐♦♥ à ❝❡tt❡
♣ér✐♦❞❡ ❞❡ ❧❡✉r ✈✐❡ ✭▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❜❀ ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✷✱ ✷✵✶✹✮✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡
♣♦✉r ❧❡ ❙♦❧❡✐❧✱ ❝❡s ♦❜s❡r✈❛t✐♦♥s ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❡✣✲
❝❛❝❡ ❞❛♥s ❝❡s ét♦✐❧❡s ❝❛♣❛❜❧❡s ❞✬❡①tr❛✐r❡ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s✳ ❈❡ ♠é❝❛♥✐s♠❡
❞✬❡①tr❛❝t✐♦♥ ♣♦✉rr❛✐t êtr❡ ❛ss♦❝✐é à ❧✬❡✛❡t ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✭❡✳❣✳✱ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧

①



❆✈❛♥t✲♣r♦♣♦s

✷✵✵✺❀ ❈❤❛r❜♦♥♥❡❧ ✫ ❚❛❧♦♥ ✷✵✵✽❀ ❈❤❛r❜♦♥♥❡❧ ❡t ❛❧✳ ✷✵✶✸❀ ▼❛t❤✐s ❡t ❛❧✳ ✷✵✶✸✮ ♦✉ ❡♥❝♦r❡ ❞❡ ❝❤❛♠♣s
♠❛❣♥ét✐q✉❡s ✭❡✳❣✳✱ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✷✵✵✺❀ ❈❛♥t✐❡❧❧♦ ❡t ❛❧✳ ✷✵✶✹❀ ❘ü❞✐❣❡r ❡t ❛❧✳ ✷✵✶✺✮✳ ◆é❛♥♠♦✐♥s✱
❛✉❝✉♥ s❝é♥❛r✐♦ ♥❡ ♣❛r✈✐❡♥t à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡ à ❡①♣❧✐q✉❡r q✉❛♥t✐t❛t✐✈❡♠❡♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡
❙♦❧❡✐❧ ❡t ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛✉ ❝♦✉rs ❞❡
❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ r❡st❡ ❛❝t✉❡❧❧❡♠❡♥t ✉♥❡ q✉❡st✐♦♥ ♦✉✈❡rt❡✳

❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉✱ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❡st ✉♥❡ t❡❝❤♥✐q✉❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❥❡✉♥❡✱ ♠❛✐s q✉✐ ❛ ❞é❥à
❢❛✐t s❡s ♣r❡✉✈❡s✳ ❊❧❧❡ ❛♣♣❛r❛ît ❛✉❥♦✉r❞✬❤✉✐ ❝♦♠♠❡ ✉♥ ♦✉t✐❧ ✐♥❞✐s♣❡♥s❛❜❧❡ à ❧✬ét✉❞❡ ❞❡s ♣r♦♣r✐étés
st❡❧❧❛✐r❡s✳ P❛r ❧❡✉r ❝❛♣❛❝✐té à s♦♥❞❡r ❡♥ ♣r♦❢♦♥❞❡✉r✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s s♦♥t ❝❛♣❛❜❧❡s ❞❡ ♠❡ttr❡
❡♥ ❡①❡r❣✉❡ ❧❛ ♥é❝❡ss✐té ❞❡ ♠✐❡✉① ❞é❝r✐r❡ ❞❡s ♣r♦❝❡ss✉s ✐♥t❡r♥❡s ❡①✐st❛♥ts ❞é❥à ❞❛♥s ❧❡s ♠♦❞è❧❡s st❡❧✲
❧❛✐r❡s✱ ✈♦✐r❡ ♠ê♠❡ ❞✬❡♥ ✐♥❝❧✉r❡ ❞❡ ♥♦✉✈❡❛✉①✳ ❉❡ ♣❧✉s✱ ❧❡s ét✉❞❡s s✐s♠✐q✉❡s ❢♦✉r♥✐ss❡♥t ❞❡ ♥♦✉✈❡❧❧❡s
❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s q✉✐ s✬❛❥♦✉t❡♥t ❛✉① ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s ✭❡✳❣✳✱ ❧✉♠✐♥♦s✐té✱ t❡♠♣ér❛✲
t✉r❡ ❡✛❡❝t✐✈❡✱ ❛❜♦♥❞❛♥❝❡s ❞❡ s✉r❢❛❝❡✮✳ ❈❡❧❛ t❡♥❞ à ré❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ♣♦✉r ❧❡sq✉❡❧s
❧❡s ♠♦❞è❧❡s✱ à ♣❤②s✐q✉❡ ❞♦♥♥é❡✱ s✬❛❥✉st❡♥t ❧❡ ♠✐❡✉① ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞✐s♣♦♥✐❜❧❡s✳ ❊♥
❝♦♥séq✉❡♥❝❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥tr❛✐♥t❡s s✐s♠✐q✉❡s ♥♦✉s ♦✉✈r❡ ❧❛ ✈♦✐❡ ✈❡rs ✉♥❡ ❡st✐♠❛t✐♦♥ ❜✐❡♥ ♣❧✉s
♣ré❝✐s❡ ❞❡s â❣❡s st❡❧❧❛✐r❡s✱ s♦rt❡ ❞❡ ❣r❛❛❧ ❞❡ ❧❛ ♣❤②s✐q✉❡ st❡❧❧❛✐r❡✳ ❊♥ ❡✛❡t✱ ✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❝♦♠✲
♣❧èt❡ ❞❡ ❧❛ ✈✐❡ ❞✬✉♥❡ ét♦✐❧❡✱ ♠❛✐s ❛✉ss✐ ❞❡ ❜❡❛✉❝♦✉♣ ❞✬❛✉tr❡s ♣❤é♥♦♠è♥❡s ❛str♦♣❤②s✐q✉❡s✱ ♥é❝❡ss✐t❡
❛✉ ♠♦✐♥s ❞❡ ❝♦♥♥❛îtr❡ ❧❛ s✉✐t❡ ❞❡s ❞✐✛ér❡♥ts é✈é♥❡♠❡♥ts ❞❛♥s ❧❡ ❜♦♥ ♦r❞r❡ t❡♠♣♦r❡❧ ❡t ❞❡ ❢❛ç♦♥
✜❛❜❧❡ ✭❡✳❣✳✱ ❙♦❞❡r❜❧♦♠ ✷✵✶✵✮✳ ▲✬â❣❡ ❞❡s ét♦✐❧❡s✱ q✉✐ r❡♣rés❡♥t❡♥t ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧❛ ♠❛t✐èr❡ ✈✐s✐❜❧❡ ❞❡
❧✬❯♥✐✈❡rs✱ ♣❡✉t ❢♦✉r♥✐r ✉♥❡ t❡❧❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ❖r✱ ❝❡❧✉✐✲❝✐ ♥❡ ♣❡✉t êtr❡ ♠❡s✉ré ❞✐r❡❝t❡♠❡♥t✱ ✐❧ ♥❡
♣❡✉t êtr❡ q✉✬❡st✐♠é✳ ❆✐♥s✐✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✭✷✵✶✹❜✮ ♦♥t ♠♦♥tré q✉❡ ❧✬❛❥♦✉t ❞❡s ❝♦♥tr❛✐♥t❡s s✐s♠✐q✉❡s
❞❛♥s ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧ ♣❡r♠❡t ❞❡ ❞✐♠✐♥✉❡r ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬â❣❡
❞✬✉♥❡ ét♦✐❧❡ ♦❜s❡r✈é❡ ❞✬❡♥✈✐r♦♥ ✶✵✵ ✪ à ♠♦✐♥s ❞❡ ✶✵✪✱ ❡t ❞♦♥❝ ❞✬❛✉❣♠❡♥t❡r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❝❡tt❡
❡st✐♠❛t✐♦♥✱ à ♣❤②s✐q✉❡ ❞♦♥♥é❡✳ ❉❡ ♣❧✉s✱ ❧❡s ét✉❞❡s s✐s♠✐q✉❡s ♣❡r♠❡tt❡♥t ❞✬❛♠é❧✐♦r❡r ❧❛ ❞❡s❝r✐♣t✐♦♥
♣❤②s✐q✉❡ ❞❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡t ❞♦♥❝ ❧✬❡①❛❝t✐t✉❞❡ ❞❡s â❣❡s ♦❜t❡♥✉s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬❛stér♦s✐s✲
♠♦❧♦❣✐❡ ❡st ♥♦♥ s❡✉❧❡♠❡♥t ✉♥ ❛t♦✉t ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧✬ét♦✐❧❡ ♣❡r s❡✱ ♠❛✐s ❛✉ss✐ ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧❡✉r
❡♥✈✐r♦♥♥❡♠❡♥t✱ q✉❡ ❝❡ s♦✐t à ❧✬é❝❤❡❧❧❡ ❣❛❧❛❝t✐q✉❡ ♦✉ ♣❧❛♥ét❛✐r❡ ✭❡✳❣✳✱ ❈❤❛♣❧✐♥ ✫ ▼✐❣❧✐♦ ✷✵✶✸✮✳

❉✬❛❜♦r❞✱ ❧✬ét✉❞❡ ❞❡ ❧❛ ❣❛❧❛①✐❡ ❡t ❞❡ s❛ ❢♦r♠❛t✐♦♥✱ ♦✉ ❛r❝❤é♦❧♦❣✐❡ ❣❛❧❛❝t✐q✉❡✱ ♣❡✉t t✐r❡r ♣r♦✜t
❞❡ ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ✭❡✳❣✳✱ ▼✐❣❧✐♦ ❡t ❛❧✳ ✷✵✶✸❀ ▲❛❣❛r❞❡ ❡t ❛❧✳ ✷✵✶✺❀
◆♦❡❧s ❡t ❛❧✳ ✷✵✶✻✮✳ ❊♥ ❡✛❡t✱ ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❢♦r♠❛t✐♦♥ ❞❡s ❣❛❧❛①✐❡s ♦♥t ✉♥❡ s✐❣♥❛t✉r❡ ❞❛♥s ❧❛
❞②♥❛♠✐q✉❡✱ ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡✱ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❡t ❧✬â❣❡ ❞❡s ét♦✐❧❡s q✉✬❡❧❧❡s ❝♦♥t✐❡♥♥❡♥t✳
❯♥❡ ❡st✐♠❛t✐♦♥ à ❧❛ ❢♦✐s ♣ré❝✐s❡ ❡t ❧❛ ♣❧✉s ❡①❛❝t❡ ♣♦ss✐❜❧❡ ❞❡ ❧❛ ♠❛ss❡✱ ❞✉ r❛②♦♥ ❡t ❞❡ ❧✬â❣❡ ❞✬✉♥
❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ♣❡r♠❡ttr❛✐t ❞❡ t❡st❡r ❧❡s ♠♦❞è❧❡s ❞❡ ❢♦r♠❛t✐♦♥ ❣❛❧❛❝t✐q✉❡ ❡t ❞❡ ♠✐❡✉①
❝♦♠♣r❡♥❞r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❛♠❛s ❣❧♦❜✉❧❛✐r❡s ♦✉ ❞❡s ❛♠❛s ♦✉✈❡rts ✭é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛
❞✐s♣❡rs✐♦♥ ❞❡ ✈✐t❡ss❡✱ ♣❡rt❡s ❞❡ ♠❛ss❡s✱ ❛❧✐❣♥❡♠❡♥t s♣✐♥✲♦r❜✐t❡✱ ❡t❝✳✳✳✮✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❞♦♥♥é❡s
s✐s♠✐q✉❡s ❡t ❞❡s ❞♦♥♥é❡s ❞❡ ❧❛ ♠✐ss✐♦♥ ●❛✐❛✱ q✉✐ ❞❡✈r❛✐t ❞é❧✐✈r❡r ❧❛ ❝❛rt♦❣r❛♣❤✐❡ ❞❡ ♣❧✉s ❞✬✉♥ ♠✐❧❧✐❛r❞
❞✬♦❜❥❡ts ❞❛♥s ❧❛ ❱♦✐❡ ▲❛❝té❡ ❛✈❡❝ ❧❡✉r ✈✐t❡ss❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t✱ ❧❛✐ss❡ ❛✐♥s✐ ❡♥tr❡✈♦✐r ❞✬✐♥tér❡ss❛♥t❡s
♣❡rs♣❡❝t✐✈❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧❛ ❣❛❧❛①✐❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡s ❣é❛♥t❡s r♦✉❣❡s ❛♣♣❛r❛✐ss❡♥t ❝♦♠♠❡
✉♥ ♦❜❥❡t ❞✬ét✉❞❡ ✐❞é❛❧ ✭❡✳❣✳✱ ▼♦ss❡r ✫ ▼✐❣❧✐♦ ✷✵✶✻❀ ❍❡❦❦❡r ✷✵✶✽✮✳ ❊♥ ❡✛❡t✱ ♣r❡♠✐èr❡♠❡♥t✱ ❡❧❧❡s
s♦♥t très ❧✉♠✐♥❡✉s❡s ❀ ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈é❡s ❞❡ ❧♦✐♥ ❞❡♣✉✐s ❧❛ ❚❡rr❡ ❡t ❞♦♥❝ ❡♥ ♣❧✉s ❣r❛♥❞
♥♦♠❜r❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❡❧❧❡s s❡ ❞✐st✐♥❣✉❡♥t ♣❛r ❧❡✉rs ♣r♦♣r✐étés s✐s♠✐q✉❡s ✐♥tér❡ss❛♥t❡s ❧✐é❡s à ❞❡s
❛♠♣❧✐t✉❞❡s r❡❧❛t✐✈❡♠❡♥t ♣❧✉s ❣r❛♥❞❡s ❡t à ❧❛ ♣rés❡♥❝❡ ❞❡ ♠♦❞❡s ♠✐①t❡s✳

❊♥s✉✐t❡✱ ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡ s❡♠❜❧❡ ♣❧✉s q✉❡ ❥❛♠❛✐s ✉♥ ♦✉t✐❧ ✐♥❝♦♥t♦✉r♥❛❜❧❡
♣♦✉r ❛♠é❧✐♦r❡r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❢♦r♠❛t✐♦♥ ❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s s②stè♠❡s ❡①♦♣❧❛♥ét❛✐r❡s✳
❊♥ ❡✛❡t✱ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❡①♦♣❧❛♥èt❡s ✭r❛②♦♥✱ ♠❛ss❡✱ â❣❡✮ ♥✬❡st ♣♦ss✐❜❧❡ q✉❡ s✐ ❧❡s ❝❛r❛❝tér✐s✲
t✐q✉❡s ❞❡ ❧✬ét♦✐❧❡ ❤ôt❡ s♦♥t ❜✐❡♥ ❝♦♥♥✉❡s ✭❡✳❣✳✱ ❇♦r✉❝❦✐ ❡t ❛❧✳ ✷✵✶✷❀ ❍✉❜❡r ✷✵✶✼✮✳ ▲❛ s②♥❡r❣✐❡ ❡♥tr❡
❧❡s ❝♦♠♠✉♥❛✉tés s✐s♠♦❧♦❣✉❡s ❡t ❡①♦♣❧❛♥èt♦❧♦❣✉❡s s❡ ❞é✈❡❧♦♣♣❡ ❛✐♥s✐ ♣r♦❣r❡ss✐✈❡♠❡♥t ❛✈❡❝ ❝♦♠♠❡
❞❡ss❡✐♥ ❧❛ ♣ré♣❛r❛t✐♦♥ ❞❡ ❧❛ ❢✉t✉r❡ ♠✐ss✐♦♥ P▲❆❚❖ ✭❘❛✉❡r ❡t ❛❧✳ ✷✵✶✹✮✳ ▲❛ ♠✐ss✐♦♥ P▲❆❚❖ ❛ ♣♦✉r
♦❜❥❡❝t✐❢ ❧✬ét✉❞❡ ❡t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s s②stè♠❡s ❡①♦♣❧❛♥ét❛✐r❡s✳ ▲❡s ❡①♦♣❧❛♥èt❡s s❡r♦♥t ❞ét❡❝té❡s
❡t ét✉❞✐é❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s tr❛♥s✐ts✱ t❛♥❞✐s ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬ét♦✐❧❡ s❡r♦♥t ♦❜t❡♥✉❡s ♣❛r ❧❡
❜✐❛✐s ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡✳ ▲❡s ❞♦♥♥é❡s ré❝♦❧té❡s ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ ♠✐ss✐♦♥ s❡r✈✐r♦♥t à ❝♦♥tr❛✐♥❞r❡
❧❡s ♠♦❞è❧❡s ❞❡ ❢♦r♠❛t✐♦♥✱ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣♦ss✐❜❧❡s ❡t ❧❛ st❛❜✐❧✐té ❞❡s s②stè♠❡s ♣❧❛♥é✲

①✐



❆✈❛♥t✲♣r♦♣♦s

t❛✐r❡s✳ ❊❧❧❡s s❡r✈✐r♦♥t ♣❛r ❡①❡♠♣❧❡ à ✉♥❡ ❞é✜♥✐t✐♦♥ ♣❧✉s ♣ré❝✐s❡ ❞❡ ❧❛ ③♦♥❡ ❤❛❜✐t❛❜❧❡✳ P♦✉r ❛tt❡✐♥❞r❡
❝❡s ♦❜❥❡❝t✐❢s✱ ❧❛ ♠❛ss❡✱ ❧❡ r❛②♦♥ ❡t ❧✬â❣❡ ❞❡s ét♦✐❧❡s ❞♦✐✈❡♥t êtr❡ ❝♦♥♥✉s à ♠✐❡✉① q✉❡ ✺✪✱ ✷✪ ❡t
✶✵✪ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆✈❡❝ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡✱ ❧❛ ♣ré❝✐s✐♦♥ r❡q✉✐s❡ ❡st ❛❜♦r❞❛❜❧❡✱ ♠❛✐s ❧✬❡st✐♠❛t✐♦♥
❞❡ ❧✬â❣❡ ❞❡s ét♦✐❧❡s ♥é❝❡ss✐t❡ t♦✉❥♦✉rs ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠♦❞è❧❡s st❡❧❧❛✐r❡s✳ ▲✬❡①❛❝t✐t✉❞❡ ❞❡ ❝❡tt❡ ❡st✐✲
♠❛t✐♦♥ ♣❛ss❡ ❡♥❝♦r❡ ♣❛r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❝♦rr❡❝t❡ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✱
❡t ❞♦♥❝ ♣❛r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✭❡✳❣✳✱ ◆♦❡❧s ❡t ❛❧✳ ✷✵✶✻✮✳

▲❡ tr❛✈❛✐❧ ❞❡ ❝❡tt❡ t❤ès❡ s✬✐♥s❝r✐t à ✉♥❡ é♣♦q✉❡ ♦ù ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡ s✬❛❢✲
✜r♠❡ ❝♦♠♠❡ ✉♥ ♣✐❧✐❡r ♠❛❥❡✉r ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✱ ❞❡ ❧❛ ●❛❧❛①✐❡ ❡t ❞❡s s②stè♠❡s
♣❧❛♥ét❛✐r❡s✱ ❡t ♦ù ❧❛ ♥é❝❡ss✐té ❞✬❛♠é❧✐♦r❡r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡st s✉♣♣♦rté❡ ♣❛r
❞❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s✳ ❉❛♥s ♠♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡✱ ♠❛ r❡❝❤❡r❝❤❡ s✬❡st ❢♦❝❛❧✐sé❡ s✉r
❞❡✉① t❤è♠❡s ❡♥ ♣❛rt✐❝✉❧✐❡r✳ Pr❡♠✐èr❡♠❡♥t✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞❡
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s st❡❧❧❛✐r❡s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s
s✐s♠✐q✉❡s ♠♦♥tr❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♦♣ér❛♥t ❡✣❝❛❝❡✲
♠❡♥t t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ❡t ❞♦♥t ❧❛ ♥❛t✉r❡ ❡①❛❝t❡ r❡st❡ à ❞ét❡r♠✐♥❡r ♣❛r♠✐ ❞✐✛ér❡♥t❡s
♣✐st❡s ❡①✐st❛♥t❡s ✭❡✳❣✳✱ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱✳✳✳✮✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦✲
❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s r❡st❡ ❞♦♥❝ ♣♦✉r ❧❡ ♠♦✐♥s ✐♥❝❡rt❛✐♥❡ ❛✉❥♦✉r❞✬❤✉✐✳ ▲✬✐♥✢✉❡♥❝❡
❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❛ str✉❝t✉r❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ét♦✐❧❡s ét❛♥t s✐❣♥✐✜❝❛t✐✈❡ ✭❡✳❣✳✱ ▼❛❡❞❡r ✫ ▼❡②✲
♥❡t ✷✵✵✵❀ ❊❣❣❡♥❜❡r❣❡r ✷✵✶✺❀ ▼❡②♥❡t ❡t ❛❧✳ ✷✵✶✻✮✱ ❝❡s ✐♥❝❡rt✐t✉❞❡s s❡ ré♣❡r❝✉t❡♥t ❞❡ ❢❛ç♦♥ ❝r✐t✐q✉❡
s✉r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ❡t ♦♥t ♣❛r ❡①❡♠♣❧❡ ❞❡ sér✐❡✉s❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❛
❞❛t❛t✐♦♥ ❞❡s â❣❡s st❡❧❧❛✐r❡s ✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❛✮✳ ❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧✱ ✐❧ ❡st ✐❝✐ ✐♥✉t✐❧❡
❞❡ r❛♣♣❡❧❡r ❧❛ ♥é❝❡ss✐té ❞✬❛♠é❧✐♦r❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ st❡❧❧❛✐r❡ ❡t ❞✬✐♥❝❧✉r❡ ❞❡ ♥♦✉✈❡❛✉①
♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt✳ P❛r♠✐ ❧❡s ♥♦♠❜r❡✉s❡s ❤②♣♦t❤ès❡s ❛✈❛♥❝é❡s✱ ♥♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ q✉❡ ❧❡s
♦♥❞❡s ✐♥t❡r♥❡s s♦♥t ❝❛♣❛❜❧❡s ❞✬✐♥t❡r❛❣✐r ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞❡s ét♦✐❧❡s✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ♠♦♥ tr❛✈❛✐❧ s✬❡st
❞♦♥❝ ❢♦❝❛❧✐sé s✉r ❧✬❡✛❡t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥✳ ❉❡✉①✐è♠❡♠❡♥t✱
✐❧ ❛ ❞é❥à été ♠❡♥t✐♦♥♥é à ♣❧✉s✐❡✉rs r❡♣r✐s❡s q✉❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s ♣❡r♠❡t ❞❡ r❡♠♦♥t❡r
❞✐r❡❝t❡♠❡♥t ❛✉① ♣r♦♣r✐étés ❞❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s✱ ❞♦♥t ❧❡✉r r♦t❛t✐♦♥ ✐♥t❡r♥❡✳
▲✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t à ❧❛ ❢♦✐s ❞✬❛♠é❧✐♦r❡r
❧❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡t ❞❡ ✈❛❧✐❞❡r ❧❡✉r ❞❡s❝r✐♣t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❡✉r s♣❡❝tr❡
❞✬♦s❝✐❧❧❛t✐♦♥ é✈♦❧✉❡♥t ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ ❡t ♣❡✉✈❡♥t ❛✉ss✐ s❡r✈✐r ❞✬❡st✐♠❛t❡✉rs ✜❛❜❧❡s ❞✉ st❛❞❡ é✈♦❧✉t✐❢
❞❡ ❝❡s ét♦✐❧❡s ✭❡✳❣✳✱ ✈♦✐r ❍❡❦❦❡r ✫ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✷✵✶✼✱ ♣♦✉r ✉♥❡ r❡✈✉❡✮✳ ◆é❛♥♠♦✐♥s✱ t♦✉t
❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❝❡s ♠♦❞❡s ♥✬❛ ♣❛s été ❡①♣❧♦ré✱ ❝♦♠♠❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡✉r ❝❛♣❛❝✐té à ❢♦✉r♥✐r ❞❡s
✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ❝♦✉❝❤❡s ✐♥t❡r♠é❞✐❛✐r❡s s✐t✉é❡s ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡
❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥ ❡✛❡t✱ ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♦❜t❡♥✉❡ ❛❝t✉❡❧❧❡♠❡♥t ♣❛r ❧✬ét✉❞❡ ❞❡s
♠♦❞❡s ♠✐①t❡s s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s ❧♦❝❛❧✐sé❡s à ❧❛ ♣ér✐♣❤ér✐❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t
s✉r ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡s ❝♦✉❝❤❡s ✐♥t❡r♠é❞✐❛✐r❡s✱ q✉❛♥t à ❡❧❧❡s✱ s♦♥t ✉♥❡ ré❣✐♦♥ ✐♠♣♦rt❛♥t❡
❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❝❡s ét♦✐❧❡s✳ ❊♥ ❡✛❡t✱ ❝❡tt❡ ré❣✐♦♥ ✐♥❝❧✉❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❣é♥é✲
r❛♥t ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧✬é♥❡r❣✐❡ à ❝❡ st❛❞❡ é✈♦❧✉t✐❢ ❀ ❡❧❧❡ ❡st ❞❡ ♣❧✉s ❧❡ s✐è❣❡ ❞❡ ♣r♦❝❡ss✉s ❞❡ ♠é❧❛♥❣❡ à
❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡ ❡t ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ❥❡ ♠✬✐♥tér❡ss❡r❛✐ ❞♦♥❝
❛✉ss✐ ❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡ ❡♥ ❝❤❡r❝❤❛♥t
q✉❡❧❧❡s ✐♥❢♦r♠❛t✐♦♥s ♣❡✉✈❡♥t ❛♣♣♦rt❡r ❝❡s ♠♦❞❡s s✉r ❧❡s ♣r♦♣r✐étés ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♠é❞✐❛✐r❡s ❡t
s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧✬ét♦✐❧❡✳

❏✬ét✉❞✐❡r❛✐ ❞♦♥❝ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ✐♥t❡r♥❡s s♦✉s ❞❡✉① ❛s♣❡❝ts ✿ s♦✐t ❝♦♠♠❡ ✉♥ ❛❝t❡✉r✱ s♦✐t ❝♦♠♠❡ ✉♥
✈❡❝t❡✉r ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ✐♥t❡r♥❡✳ ❆♣rès ❛✈♦✐r ❢❛✐t q✉❡❧q✉❡s r❛♣♣❡❧s s✉r ❧❡s r✉❞✐♠❡♥ts
❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ st❡❧❧❛✐r❡ ❡t ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❞❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ❥❡ ♠✬✐♥tér❡ss❡r❛✐ ❞❛♥s
✉♥❡ s❡❝♦♥❞❡ ♣❛rt✐❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t à ❧✬❡✛❡t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ❉❛♥s ✉♥❡ tr♦✐s✐è♠❡ ♣❛rt✐❡✱
❧❛ ❞✐s❝✉ss✐♦♥ ♣♦rt❡r❛ s✉r ❧✬é❧❛❜♦r❛t✐♦♥ ❡t ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s
♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ❏❡ ♠❡ ❢♦❝❛❧✐s❡r❛✐ s✉r ❞❡✉① ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ♣❡✉ ❡①♣❧♦✐tés
❥✉sq✉✬à ❛✉❥♦✉r❞✬❤✉✐✱ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡t ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✱ t♦✉s ❞❡✉①
s❡♥s✐❜❧❡s ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ré❣✐♦♥ s✐t✉é❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥✜♥✱ ❧❡s ❝♦♥❝❧✉s✐♦♥s ❡t ❧❡s ♣❡rs♣❡❝t✐✈❡s s❡r♦♥t ❢♦r♠✉❧é❡s ❞❛♥s ❧❛ q✉❛tr✐è♠❡ ♣❛rt✐❡✳
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❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘❡♠❡r❝✐❡♠❡♥ts ✐

❘és✉♠é ✐✐✐

❆❜str❛❝t ✈

❆✈❛♥t✲♣r♦♣♦s ✈✐✐

❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s ①✈✐✐

■ ❉✉ ❝♦♥t❡①t❡ ❛✉① ❡♥❥❡✉① ❞❡ ❧❛ t❤ès❡ ✶

✶ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s
ét♦✐❧❡s ✸
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✶✳✷ ➱q✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✸ ➱✈♦❧✉t✐♦♥ ❡t str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✹ ❱❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ✿ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s ✶✼
✷✳✶ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
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✷✳✸ ❘❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ ✿ ❧✐❡♥ ❡♥tr❡ ♦s❝✐❧❧❛t✐♦♥ ❡t ♣❛r❛♠ètr❡s st❡❧❧❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
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✸ ❊♥❥❡✉① ❡t ❛①❡s ❞❡ tr❛✈❛✐❧ ❞❡ ❧❛ t❤ès❡ ✸✾
✸✳✶ ❉❡s s✉❝❝ès ♣♦✉r ❧❡s ♠♦❞è❧❡s ❛❝t✉❡❧s✱ ♠❛✐s ❛✉ss✐ ❞❡s ✐♥s✉✣s❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
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■■ ❚r❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✹✺

✹ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧ ✹✼
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✹✳✸ ❙♦❧✉t✐♦♥s ❛✈❛♥❝é❡s ❡t ♣r♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✻✶
✺✳✶ ❖♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
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✺✳✸ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t ✳ ✼✸
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❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

✺✳✹ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✽✼
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✻✳✷ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
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❆rt✐❝❧❡ ✿ ●❡♥❡r❛t✐♦♥ ♦❢ ✐♥t❡r♥❛❧ ❣r❛✈✐t② ✇❛✈❡s ❜② ♣❡♥❡tr❛t✐✈❡ ❝♦♥✈❡❝t✐♦♥ ✶✶✺

✼ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ✶✸✼
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❈♦♥❝❧✉s✐♦♥s ❞❡ ❧❛ ♣❛rt✐❡ ■■ ✶✼✺

■■■ ❉✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ✶✼✼

✽ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡ ✶✼✾
✽✳✶ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵
✽✳✷ ■♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹
✽✳✸ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼
✽✳✹ Pr♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✸

✾ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✶✾✺
✾✳✶ ❖❜s❡r✈❛t✐♦♥s ♣♦✉r ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✺
✾✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✻
✾✳✸ ❘❡♠❛rq✉❡s ❝♦♥❝❧✉s✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

❆rt✐❝❧❡ ✿ P❡r✐♦❞ s♣❛❝✐♥❣s ✐♥ r❡❞ ❣✐❛♥ts ■■■✳ ❈♦✉♣❧✐♥❣ ❢❛❝t♦rs ♦❢ ♠✐①❡❞ ♠♦❞❡s ✷✵✾

✶✵ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ✷✶✾
✶✵✳✶ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❛✈❡❝ ❢♦rt ❝♦✉♣❧❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✾
✶✵✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✷
✶✵✳✸ ❈♦♥❝❧✉s✐♦♥s ♣ré❧✐♠✐♥❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✵

✶✶ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg ✷✸✶
✶✶✳✶ ❉é✜♥✐t✐♦♥s ❡t ♠♦❞é❧✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✶
✶✶✳✷ ❙✐❣♥❛t✉r❡ s✐s♠✐q✉❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✹
✶✶✳✸ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❝♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾

❈♦♥❝❧✉s✐♦♥s ❞❡ ❧❛ ♣❛rt✐❡ ■■■ ✷✹✸

■❱ ❙②♥t❤ès❡ ❡t ♣❡rs♣❡❝t✐✈❡s ✷✹✺

❆ ❉ér✐✈❛t✐♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ✷✺✸

❇ ➱q✉❛t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ✷✺✺

①✈✐



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❈ ❈♦♥tr✐❜✉t✐♦♥ s✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞é♣r✐♠és ❞❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s ✷✺✾

❆rt✐❝❧❡ ✿ ❉✐♣♦❧❡ ♠♦❞❡s ✇✐t❤ ❞❡♣r❡ss❡❞ ❛♠♣❧✐t✉❞❡s ✐♥ r❡❞ ❣✐❛♥ts ❛r❡ ♠✐①❡❞ ♠♦❞❡s ✷✻✶

❇✐❜❧✐♦❣r❛♣❤✐❡ ✷✽✼

①✈✐✐



①✈✐✐✐



Pr❡♠✐èr❡ ♣❛rt✐❡

❉✉ ❝♦♥t❡①t❡ ❛✉① ❡♥❥❡✉① ❞❡ ❧❛ t❤ès❡

✶



✷



❈❤❛♣✐tr❡ ✶

◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡
❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s

ét♦✐❧❡s

❙♦♠♠❛✐r❡
✶✳✶ ❚❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ➱q✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷✳✶ ➱q✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡t tr❛♥s♣♦rt ❞❡ ❧✬é♥❡r❣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷✳✷ ➱q✉❛t✐♦♥s ❞✬ét❛t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✸ ❘é❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❡t é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ✳ ✼

✶✳✷✳✹ ❈♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❡t ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ➱✈♦❧✉t✐♦♥ ❡t str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸✳✶ ❉✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸✳✷ ➱t♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ (0.5 M⊙ .M⋆ . 1.8 M⊙) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸✳✸ ➱t♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ (1.8 M⊙ .M⋆ . 8 M⊙) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✹ ❱❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ✿ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✶✸

■❧ s❡♠❜❧❡ ❧♦❣✐q✉❡ ❞❡ ❞é❜✉t❡r ❝❡ ♠❛♥✉s❝r✐t ❛✈❡❝ q✉❡❧q✉❡s ♠♦ts ✐♥tr♦❞✉❝t✐❢s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡
❡t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳ ❇✐❡♥ q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ét♦✐❧❡s r❡st❡ ❝♦♠♣❧❡①❡✱ ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥
s✐♠♣❧✐✜é❡ ♣❡r♠❡t ♥é❛♥♠♦✐♥s ❞❡ s❛✐s✐r ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞❡ ❧❡✉r é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❡✉r str✉❝t✉r❡
✐♥t❡r♥❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s ♣rés❡♥t❡r♦♥s ❧❡s éq✉❛t✐♦♥s ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❝♦♥st✐t✉❛♥t
❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❜❛s❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ◆♦✉s ❛❜♦r❞❡r♦♥s ❡♥s✉✐t❡ ❜r✐è✈❡♠❡♥t ❧❡s ❞✐✛ér❡♥t❡s
♣❤❛s❡s ❞❡ ❧❛ ✈✐❡ ❞✬✉♥❡ ét♦✐❧❡✳ ❊♥✜♥✱ ♥♦✉s ♠♦♥tr❡r♦♥s q✉❡ ❞❡s r❛✣♥❡♠❡♥ts ❡①✐st❡♥t ❡t ♠è♥❡♥t à ✉♥❡
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❝♦♠♣❧❡①❡✱ ♠❛✐s ❛✉ss✐ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ré❛❧✐st❡✳ ▼❛✐s ❞✬❛❜♦r❞✱ ❝♦♠♠❡
❞❛♥s t♦✉t ♣r♦❜❧è♠❡ ♣❤②s✐q✉❡✱ ✐♥tér❡ss♦♥s✲♥♦✉s ❛✉① t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ❛ss♦❝✐és✳

✶✳✶ ❚❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s

❉❛♥s t♦✉t❡ ❧❛ s✉✐t❡✱ ♥♦✉s s✉♣♣♦s❡r♦♥s q✉✬✉♥❡ ét♦✐❧❡ ❡st ✉♥❡ s♣❤èr❡ ❞❡ r❛②♦♥ R⋆ ❡t ❞❡ ♠❛ss❡M⋆✱
str✉❝t✉ré❡ ❡♥ ❝♦✉❝❤❡s ❝♦♥❝❡♥tr✐q✉❡s ❡t ❝♦♠♣♦sé❡ ❞✬✐♦♥s✱ ❞✬é❧❡❝tr♦♥s ❡t ❞❡ ♣❤♦t♦♥s✳ ❙❛ ❧✉♠✐♥♦s✐té✱
❝✬❡st✲à✲❞✐r❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ r❛②♦♥♥é❡ à s❛ s✉r❢❛❝❡ ♣❛r ✉♥✐té ❞❡ t❡♠♣s✱ ❡st ♥♦té❡ L⋆✳ ❆✐♥s✐✱ tr♦✐s
é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞✐✛ér❡♥t❡s ♣❡✉✈❡♥t êtr❡ ❞é✜♥✐❡s✳

▲❡ t❡♠♣s ❞②♥❛♠✐q✉❡ ✿ é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❛ss♦❝✐é❡ ❛✉① ♣❤é♥♦♠è♥❡s ❞②♥❛♠✐q✉❡s✱ ❞✉ ♠ê♠❡ ♦r❞r❡
❞❡ ❣r❛♥❞❡✉r✱ ♣❛r ❡①❡♠♣❧❡✱ q✉❡ ❧❡ t❡♠♣s ♥é❝❡ss❛✐r❡ ♣♦✉r rét❛❜❧✐r ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ s♦✉s ❧✬❡✛❡t

✸



❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥✳ ❈❡❧✉✐✲❝✐ ❞♦✐t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞✉ t❡♠♣s ❞❡ ❝❤✉t❡ ❧✐❜r❡✱ ❝✬❡st✲à✲❞✐r❡

τdyn =
1√
Gρ̄

✱ ✭✶✳✶✮

♦ù G ❡st ❧❛ ❝♦♥st❛♥t❡ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ❡t ρ̄ = 3M⋆/4πR
3
⋆ ❡st ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❞❡ ❧✬ét♦✐❧❡✳ ▲❡ t❡♠♣s

❞②♥❛♠✐q✉❡ ❡st ❡st✐♠é ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♠✐♥✉t❡s ❞❛♥s ❧❡ ❙♦❧❡✐❧ ❛✈❡❝ ρ̄ ≈ 103 kg m−3 à ❧✬â❣❡
❛❝t✉❡❧ ✭✐✳❡✳✱ ❡♥✈✐r♦♥ ✹✳✺✼ ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✮✱ ❡t ❛tt❡✐♥❞r❛ ❞❡s ✈❛❧❡✉rs ❞❡ ❧✬♦r❞r❡ ❞✉ ♠♦✐s ❧♦rsq✉❡ ❧❡
❙♦❧❡✐❧ ❛✉r❛ ✉♥ â❣❡ ♣❧✉s ❛✈❛♥❝é ❞❡ ❧✬♦r❞r❡ ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞❡ ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✳

▲❡ t❡♠♣s ❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✿ r❡♣rés❡♥t❡ ❧❡ t❡♠♣s ❞❡ ✈✐❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥❡ ét♦✐❧❡ s✐
❧✬é♥❡r❣✐❡ q✉✬❡❧❧❡ r❛②♦♥♥❛✐t ♥❡ ♣r♦✈❡♥❛✐t q✉❡ ❞❡ s♦♥ rés❡r✈♦✐r ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡✳
■❧ ❡st ❞♦♥♥é ♣❛r ❧❡ r❛♣♣♦rt ❞❡ ❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❞❡ ❣r❛✈✐té t♦t❛❧❡ s✉r ❧❛ ❧✉♠✐♥♦s✐té ❞❡ ❧✬ét♦✐❧❡✱
❝✬❡st✲à✲❞✐r❡ ❡♥ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r

τKH =
GM2

⋆

L⋆R⋆
✳ ✭✶✳✷✮

P♦✉r ❧❡ ❙♦❧❡✐❧ ❛❝t✉❡❧✱ ❛✈❡❝ R⊙ = 7 105 km✱ M⊙ = 2 1030 kg ❡t L⊙ = 4 1026 W✱ ❧❡ t❡♠♣s ❞❡
❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ τKH,⊙ ∼ 30 ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✱ ❝✬❡st✲à✲❞✐r❡ ♣r❡sq✉❡ ♦♥③❡ ♦r❞r❡s
❞❡ ❣r❛♥❞❡✉r ♣❧✉s ❣r❛♥❞ q✉❡ ❧❡ t❡♠♣s ❞②♥❛♠✐q✉❡✳ ■❧ ❝♦rr❡s♣♦♥❞ ❡♥✈✐r♦♥ à ❧❛ ❞✉ré❡ ❞❡ ❧❛ ♣❤❛s❡
✐♥✐t✐❛❧❡ ❞❡ ❝♦♥tr❛❝t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✱ ❛✈❛♥t q✉❡ ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ♥❡ s❡ ♠❡tt❡♥t ❡♥ ♣❧❛❝❡
❞❛♥s ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s✳

▲❡ t❡♠♣s ♥✉❝❧é❛✐r❡ ✿ é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❛ss♦❝✐é❡ ❛✉① ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡✳
❉✉r❛♥t ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡ ❧❡✉r ✈✐❡✱ ❧❡s ét♦✐❧❡s ❜rû❧❡♥t ❞❡ ❧✬❤②❞r♦❣è♥❡ ❞❛♥s ❧❡✉rs ré❣✐♦♥s ❝❡♥tr❛❧❡s✳
▲❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ♥✉❝❧é❛✐r❡ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ t❡♠♣s ❞❡ ✈✐❡ q✉✬✉♥❡ ét♦✐❧❡ ❛✉r❛✐t ❡♥ ❜rû❧❛♥t
❡♥✈✐r♦♥ ✶✵✪ ❞❡ s♦♥ ❤②❞r♦❣è♥❡✱ à ❧✉♠✐♥♦s✐té ❞♦♥♥é❡✳ ■❧ ❡st ❛❧♦rs ❞é✜♥✐ ♣❛r

τnuc = 0.1
ηM⋆c

2
L

L⋆
✱ ✭✶✳✸✮

♦ù cL ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐èr❡ ❡t η ❡st ❧❡ r❡♥❞❡♠❡♥t ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♣❛r ❧❡s ré❛❝t✐♦♥s
♥✉❝❧é❛✐r❡s ♣❛r r❛♣♣♦rt à ❧✬é♥❡r❣✐❡ ❞❡ ♠❛ss❡ ❞✐s♣♦♥✐❜❧❡✳ ❆✈❡❝ η = 0.7% ♣♦✉r ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡✱
❧❡ t❡♠♣s ♥✉❝❧é❛✐r❡ ❡st ❡st✐♠é à ❞✐① ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s ❞❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ❧❛
❞✉ré❡ q✉❡ ❧❡ ❙♦❧❡✐❧ ♣❛ss❡r❛ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ à ❜rû❧❡r s♦♥ ❤②❞r♦❣è♥❡ ❝❡♥tr❛❧ ❥✉sq✉✬à ❝❡ q✉❡
❝❡❧✉✐✲❝✐ ♥❡ s✬é♣✉✐s❡ t♦t❛❧❡♠❡♥t✳ ▲❡ t❡♠♣s ♥✉❝❧é❛✐r❡ ❡st ❞♦♥❝ ❡♥✈✐r♦♥ tr❡✐③❡ ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ♣❧✉s
❣r❛♥❞ q✉❡ ❧❡ t❡♠♣s ❞②♥❛♠✐q✉❡✳

❆✐♥s✐✱ ❧❡ t❡♠♣s ❞②♥❛♠✐q✉❡ ❡st très ✐♥❢ér✐❡✉r ❛✉① é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s r❡♣ré✲
s❡♥té❡s ♣❛r ❧❡ t❡♠♣s ♥✉❝❧é❛✐r❡ ❡t ❧❡ t❡♠♣s ❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③✳ ❉❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
✉♥❡ ét♦✐❧❡ ♣❡✉t ❞♦♥❝ êtr❡ ❝♦♥s✐❞éré❡ ❡♥ éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ à ❝❤❛q✉❡ ✐♥st❛♥t ❡t é✈♦❧✉❡r ❞❛♥s ❧❡
t❡♠♣s ❞❡ ❢❛ç♦♥ q✉❛s✐✲st❛t✐q✉❡✳

✶✳✷ ➱q✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞

❉❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞✱ ✉♥❡ ét♦✐❧❡ ❡st s✉♣♣♦sé❡ ❡♥ éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡t s❛♥s r♦t❛t✐♦♥✳
▲❡s éq✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡✱ ❝♦♠♠❡ ♥♦✉s ❛❧❧♦♥s ❧❡ ✈♦✐r✱ ❡♥ s♦♥t ❣r❛♥❞❡♠❡♥t s✐♠♣❧✐✜é❡s✳
❈❡tt❡ s❡❝t✐♦♥ s✉✐t ❧❡s ❧✐✈r❡s ❞❡ ▼❛❡❞❡r ✭✷✵✵✾✮ ❡t ❑✐♣♣❡♥❤❛❤♥ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❛✐♥s✐ q✉❡ ❝❡❧✉✐ ❞❡ ❈❧❛②t♦♥
✭✶✾✽✸✮ ♣♦✉r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✳

✶✳✷✳✶ ➱q✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡t tr❛♥s♣♦rt ❞❡ ❧✬é♥❡r❣✐❡

➱q✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✳ ❖♥ ♥♦t❡ m ❧❛ ♠❛ss❡ ❝♦♠♣r✐s❡ ❞❛♥s ❧❛ s♣❤èr❡ ❞❡ r❛②♦♥ r ❡t ρ(r) ❧❛
❞❡♥s✐té ✈♦❧✉♠✐q✉❡ ❡♥ r✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ❡st ❞♦♥❝ ❞♦♥♥é❡ à ❧✬éq✉✐❧✐❜r❡ ♣❛r

❞m
❞r

= 4πr2ρ ✳ ✭✶✳✹✮

✹



✶✳✷✳ ➱q✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞

➱q✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡✳ ❙♦✐t p ❧❛ ♣r❡ss✐♦♥ ❛✉ r❛②♦♥ r✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧✲
s✐♦♥ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ s✬é❝r✐t

❞p
❞r

= −ρg ❛✈❡❝ g =
Gm

r2
✱ ✭✶✳✺✮

♦ù g ❞és✐❣♥❡ ❧✬❛❝❝é❧ér❛t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ q✉✐ ❛ été ❞é❞✉✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥✳

➱q✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✳ ❙♦✐t ǫ ❧✬é♥❡r❣✐❡ ♣r♦❞✉✐t❡ ♣❛r s❡❝♦♥❞❡ ❡t ♣❛r ✉♥✐té
❞❡ ♠❛ss❡ ❞❛♥s ❧❛ ❝♦q✉✐❧❧❡ ❞❡ r❛②♦♥ r✳ ▲❛ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧✬✐♥tér✐❡✉r ❞❡s ét♦✐❧❡s ♣r♦✈✐❡♥t
❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ♦✉ ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ✭❞✐❧❛t❛t✐♦♥✮ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳ ▲❡ t❛✉①
❞❡ ♣r♦❞✉❝t✐♦♥ t♦t❛❧ ǫ ♣❡✉t ❞♦♥❝ s✬é❝r✐r❡ ❞❡ ❢❛ç♦♥ à ❞✐✛ér❡♥t✐❡r s❡s ❞❡✉① s♦✉r❝❡s ❞✬é♥❡r❣✐❡✱ s♦✐t
ǫ = ǫnuc + ǫg✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♣❡✉t ❞♦♥❝ s✬é❝r✐r❡

❞L
❞r

= 4πr2ρǫ ✱ ✭✶✳✻✮

♦ù L ❡st ❧❛ ❧✉♠✐♥♦s✐té ❞❡ ❧✬ét♦✐❧❡ ❛✉ r❛②♦♥ r✳ ▲❛ ❢❡r♠❡t✉r❡ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡
✐♥t❡r♥❡ ♥é❝❡ss✐t❡ ❞❡ r❡❧✐❡r ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❛✉① ❛✉tr❡s ✈❛r✐❛❜❧❡s ❞✉ ♣r♦❜❧è♠❡✳ ◆♦✉s ✈❡rr♦♥s ✉♥ ♣❡✉
♣❧✉s ❧♦✐♥ q✉❡ ❝❡❧✉✐✲❝✐ ❡st s✉♣♣♦sé êtr❡ ✉♥❡ ❢♦♥❝t✐♦♥ ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡✳ ❉❛♥s ❧❡s ✐♥tér✐❡✉rs
st❡❧❧❛✐r❡s✱ ♦♥ ❞✐st✐♥❣✉❡ tr♦✐s t②♣❡s ❞❡ tr❛♥s♣♦rt ❞❡ ❧✬é♥❡r❣✐❡ ✿ ❧❛ ❝♦♥❞✉❝t✐♦♥✱ ❧❛ ❝♦♥✈❡❝t✐♦♥ ♦✉ ❧❡
r❛②♦♥♥❡♠❡♥t✳ ▲❡ tr❛♥s♣♦rt ❝♦♥❞✉❝t✐❢ ❡st ♠❛❥♦r✐t❛✐r❡♠❡♥t ❛ss✉ré ♣❛r ❧❡s é❧❡❝tr♦♥s ❞✉ ❢❛✐t ❞❡ ❧❡✉r
❢❛✐❜❧❡ ♠❛ss❡✳ ❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛s✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ tr❛♥s♣♦rté ♣❛r ❝♦♥❞✉❝t✐♦♥ é❧❡❝tr♦♥✐q✉❡ ❡st
très ✐♥❢ér✐❡✉r ❛✉ ✢✉① r❛❞✐❛t✐❢✱ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ♠✐❧✐❡✉① ❞é❣é♥érés ❝♦♠♠❡ ❞❛♥s ❧❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✳
❉❛♥s ❧❛ s✉✐t❡✱ ❧❡ tr❛♥s♣♦rt ♣❛r ❧❛ ❝♦♥❞✉❝t✐♦♥ ♣♦✉rr❛ ❞♦♥❝ êtr❡ ♥é❣❧✐❣é ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ❛✉tr❡s
♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ❧✬é♥❡r❣✐❡✳

❚r❛♥s♣♦rt ❞✬é♥❡r❣✐❡ ♣❛r r❛②♦♥♥❡♠❡♥t✳ ▼❛❧❣ré ❧❡✉r ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ très r❛♣✐❞❡✱ ❧❡s
♣❤♦t♦♥s ♠❡tt❡♥t ✉♥ ❝❡rt❛✐♥s t❡♠♣s ❛✈❛♥t ❞❡ s✬é❝❤❛♣♣❡r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ♠✐❧✐❡✉
st❡❧❧❛✐r❡ ❡st ❢♦rt❡♠❡♥t ♦♣❛q✉❡ ❛✉ r❛②♦♥♥❡♠❡♥t✳ ▲❡ ❞❡❣ré ❞✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡ ❣❛③ st❡❧❧❛✐r❡ ❡st
❞ét❡r♠✐♥é ♣❛r ❧❛ ❞♦♥♥é❡ ❞❡ ❧✬♦♣❛❝✐té✱ q✉✐ ❡st ✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉ ♣r♦❞✉✐t ❞❡ ❧❛ ❞✐st❛♥❝❡
♠♦②❡♥♥❡ s✉r ❧❛q✉❡❧❧❡ ♣❡✉t s❡ ❞é♣❧❛❝❡r ✉♥ ♣❤♦t♦♥ ❡♥tr❡ ❞❡✉① ✐♥t❡r❛❝t✐♦♥s ❛✈❡❝ ❧❛ ❞❡♥s✐té ❞✉ ♠✐❧✐❡✉✳
▲✬♦♣❛❝✐té ❞✉ ♠✐❧✐❡✉ ❡st ❧❡ rés✉❧t❛t ❞❡ ♣❧✉s✐❡✉rs ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s ✿

✖ ❧✬❛❜s♦r♣t✐♦♥ ❧✐é✲❧✐é ✿ ❞❡s ♣❤♦t♦♥s s♦♥t ❛❜s♦r❜és ♣❛r ❞❡s é❧❡❝tr♦♥s q✉✐ ✈✐❡♥♥❡♥t ♦❝❝✉♣❡r ❞❡s
♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ♣❧✉s é❧❡✈é✳

✖ ❧✬❛❜s♦r♣t✐♦♥ ❧✐é✲❧✐❜r❡ ✿ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ❧✬✐♦♥✐s❛t✐♦♥ ❞✬✉♥ ❛t♦♠❡ ♣❛r ✉♥ ♣❤♦t♦♥✳
✖ ❧✬❛❜s♦r♣t✐♦♥ ❧✐❜r❡✲❧✐❜r❡ ✿ ❡✛❡t ❇r❡♠♠str❛❤❧✉♥❣ ✐♥✈❡rs❡✱ ✉♥ é❧❡❝tr♦♥ ❞✉ ❝♦♥t✐♥✉✉♠ ❛❜s♦r❜❡

✉♥ ♣❤♦t♦♥ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✬✉♥ ✐♦♥ ❡t tr❛♥s✐t❡ ✈❡rs ✉♥ ét❛t ❞✉ ❝♦♥t✐♥✉✉♠ ❞✬é♥❡r❣✐❡ ♣❧✉s é❧❡✈é❡✳
✖ ❧❛ ❞✐✛✉s✐♦♥ ♣❛r ❧❡s é❧❡❝tr♦♥s ❧✐❜r❡s ♦✉ ❞✐✛✉s✐♦♥ ❞❡ ❈♦♠♣t♦♥✳

▲✬♦♣❛❝✐té ✈❛r✐❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♣❤♦t♦♥s ❡t ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡s ❞✐✛ér❡♥ts ♣r♦❝❡ss✉s ❝✐tés
❝✐✲❞❡ss✉s ✈❛r✐❡♥t s✉✐✈❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s ♣❤②s✐q✉❡s✳

❉❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✱ ❧❡ ❧✐❜r❡ ♣❛r❝♦✉rs ♠♦②❡♥ ❞❡s ♣❤♦t♦♥s ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ❝♠✱ ❝✬❡st✲à✲
❞✐r❡ ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ✐♥❢ér✐❡✉r ❛✉① r❛②♦♥s st❡❧❧❛✐r❡s✳ ▲❡s ♣❤♦t♦♥s s❡ ♣r♦♣❛❣❡♥t ❛❧♦rs
s✉✐✈❛♥t ✉♥❡ ♠❛r❝❤❡ ❛✉ ❤❛s❛r❞ ✈❡rs ❧❛ s✉r❢❛❝❡✱ ❡♥ ❛❧❧❛♥t ❞❡ ❝♦❧❧✐s✐♦♥ à ❝♦❧❧✐s✐♦♥✳ ■❧s ♣❡✉✈❡♥t ♠❡ttr❡
♣rès ❞❡ ✶✵✵ ✵✵✵ ❛♥s à s♦rt✐r ❞✉ ♠❛♥t❡❛✉ st❡❧❧❛✐r❡✱ ❛❧♦rs q✉✬✐❧s ♥❡ ♠❡ttr❛✐❡♥t q✉❡ ❞❡✉① s❡❝♦♥❞❡s
s✐ ❧❡ ♠✐❧✐❡✉ ét❛✐t tr❛♥s♣❛r❡♥t✳ ➱t❛♥t ❞♦♥♥é❡ ❧❛ ✈✐t❡ss❡ ❞❡s ♣❤♦t♦♥s✱ ❧❡ t❡♠♣s ♠♦②❡♥ ❡♥tr❡ ❞❡✉①
✐♥t❡r❛❝t✐♦♥s ❡st très ❝♦✉rt ♣❛r r❛♣♣♦rt ❛✉① t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ❞②♥❛♠✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s✳ ❈❡❝✐
❥✉st✐✜❡ ❧✬❤②♣♦t❤ès❡ ❞✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❧♦❝❛❧ ✭❊❚▲✮ ❞❛♥s ❧❛q✉❡❧❧❡ ❝❤❛q✉❡ ♣❡t✐t ✈♦❧✉♠❡ ❞❡
♠❛t✐èr❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ❛②❛♥t ❧❡s ♠ê♠❡s ♣r♦♣r✐étés q✉✬✉♥ ❝♦r♣s ♥♦✐r✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥
❞✬❊❚▲ ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❡♥ ❝❤❛q✉❡ ♣♦✐♥t ❞❡ ❧✬ét♦✐❧❡ ❧❡s ✈❛r✐❛❜❧❡s ❞✬ét❛t
t❤❡r♠♦❞②♥❛♠✐q✉❡s ✉s✉❡❧❧❡s t❡❧❧❡s q✉❡ ❧❛ ♣r❡ss✐♦♥ p ♦✉ ❧❛ t❡♠♣ér❛t✉r❡ T ✱ ❛✐♥s✐ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s
❞✬ét❛t t❡❧❧❡s q✉❡ ❧✬❡♥tr♦♣✐❡ S✳ ▲✬❤②♣♦t❤ès❡ ❞✬❊❚▲ ♥♦✉s ♣❡r♠❡t ❛✉ss✐ ❞✬✉t✐❧✐s❡r ❧❛ ❧♦✐ ❞❡ P❧❛♥❝❦
❞✬é♠✐ss✐♦♥ ❞✬✉♥ ❝♦r♣s ♥♦✐r ❡♥ ❝❤❛q✉❡ ♣♦✐♥t ❞❡ ❧✬ét♦✐❧❡✳ ◆é❛♥♠♦✐♥s✱ ❝❡ r❛②♦♥♥❡♠❡♥t ❡st ♣❛r ❞é✜♥✐t✐♦♥

✺



❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

✐s♦tr♦♣❡ ❡t s❡ ❝❛r❛❝tér✐s❡ ❞♦♥❝ ♣❛r ✉♥ ✢✉① r❛❞✐❛t✐❢ t♦t❛❧ ♥✉❧✳ ❖r✱ ❝❡ ♥✬❡st ♠❛♥✐❢❡st❡♠❡♥t ♣❛s ❧❡ ❝❛s
❞❛♥s ✉♥❡ ét♦✐❧❡ ♦ù ❧✬é♥❡r❣✐❡ ❞♦✐t êtr❡ tr❛♥s♣♦rté❡ ❞✉ ❝÷✉r ✈❡rs ❧❛ s✉r❢❛❝❡✳ ▲✬❤②♣♦t❤ès❡ ❧❛ ♣❧✉s s✐♠♣❧❡
❡st ❞❡ ❝♦♥s✐❞ér❡r q✉❡ ❧✬é❝❛rt à ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❞✉ ❝♦r♣s ♥♦✐r ❡st ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ✭✐✳❡✳✱ ❧✐♥é❛✐r❡✮ ✿
❝❡❝✐ ❝♦♥st✐t✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❞✐✛✉s✐♦♥✳ ▲❛ ❧✉♠✐♥♦s✐té ❞✬é♥❡r❣✐❡ tr❛♥s♣♦rté❡ ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t✱
Lrad✱ ❡st ❛❧♦rs ❞♦♥♥é❡ ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r

Lrad =
4πr2σT 3

3κ

∇
Hp

✱ ✭✶✳✼✮

♦ù σ ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥✱ κ ❡st ❧✬♦♣❛❝✐té ❞❡ ❘♦ss❡❧❛♥❞✱ r❡♣rés❡♥t❛♥t ✉♥❡ ♠♦②❡♥♥❡
❤❛r♠♦♥✐q✉❡ ♣♦♥❞éré❡ ❞❡ ❧✬♦♣❛❝✐té s✉r ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♣❤♦t♦♥s✱ ∇ = (d lnT/d ln p✮ ❡st ❧❡ ❣r❛❞✐❡♥t
❞❡ t❡♠♣ér❛t✉r❡ ❡t Hp = −(d ln p/dr)−1 ❡st ❧✬é❝❤❡❧❧❡ ❞❡ ❤❛✉t❡✉r ❞❡ ♣r❡ss✐♦♥

❚r❛♥s♣♦rt ❝♦♥✈❡❝t✐❢✳ ❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦♥ ✈♦✐t q✉✬✉♥❡ ❢♦rt❡ ❧✉♠✐♥♦s✐té✱ ❧✐é❡ ♣❛r
❡①❡♠♣❧❡ à ✉♥❡ ✐♠♣♦rt❛♥t❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡✱ ♦✉ ✉♥❡ ♦♣❛❝✐té é❧❡✈é❡✱ ❡♥tr❛î♥❡ ✉♥ ❣r❛✲
❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ é❧❡✈é ❞❛♥s ❧❡ ❝❛s ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t✳ ❆✉✲❞❡❧à ❞✬✉♥ ❝❡rt❛✐♥
♣♦✐♥t✱ ❧❡ ♠✐❧✐❡✉ ❞❡✈✐❡♥t ✐♥st❛❜❧❡ ❝♦♥✈❡❝t✐✈❡♠❡♥t✳ ▲❡ tr❛♥s♣♦rt ❞❡ ❧✬é♥❡r❣✐❡ ❡st ❛❧♦rs ❛ss✉ré ♣❛r ❞❡s
♠♦✉✈❡♠❡♥ts ❞❡ ♠❛t✐èr❡ ❝♦♥✈❡❝t✐❢s✱ ♣❧✉s ❡✣❝❛❝❡s q✉❡ ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t✳ ❊♥ ❡✛❡t✱
♣❡rt✉r❜♦♥s ✉♥ é❧é♠❡♥t ✢✉✐❞❡ ✐♥✐t✐❛❧❡♠❡♥t à ❧✬éq✉✐❧✐❜r❡✳ P❛r ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❛✈❡❝ ❧❡ ♠✐❧✐❡✉ ❡①✲
tér✐❡✉r✱ ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡ s✬❛♣♣❧✐q✉❡ s✉r ❝❡t é❧é♠❡♥t✳ ❙✐ s❛ ❞❡♥s✐té ❝❤❛♥❣❡ ♠♦✐♥s ✈✐t❡ q✉❡ s♦♥
❡♥✈✐r♦♥♥❡♠❡♥t✱ ❛❧♦rs ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡ ❛❣✐t ❝♦♠♠❡ ✉♥❡ ❢♦r❝❡ ❞❡ r❛♣♣❡❧ ❡t r❛♠è♥❡ ❧✬é❧é♠❡♥t
✢✉✐❞❡ ✈❡rs s❛ ♣♦s✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ s✐ s❛ ❞❡♥s✐té ❝❤❛♥❣❡ ♠♦✐♥s ✈✐t❡ q✉❡ s♦♥ ❡♥✈✐r♦♥♥❡✲
♠❡♥t✱ ❛❧♦rs ❧✬é❧é♠❡♥t ❡st ✐♥st❛❜❧❡✱ ✐❧ r❡♥tr❡ ❡♥ ♠♦✉✈❡♠❡♥t ❡t ❧❛ ❝♦♥✈❡❝t✐♦♥ ♣❡✉t s❡ ❞é✈❡❧♦♣♣❡r✳ ❊♥
♥é❣❧✐❣❡❛♥t ❧❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡✱ ❧✬✐♥st❛❜✐❧✐té ❝♦♥✈❡❝t✐✈❡ ❛♣♣❛r❛ît s✐ ❧❡ ❝r✐tèr❡ ❞❡
❙❝❤✇❛r③s❝❤✐❧❞ ❡st ✈ér✐✜é✱ ❝✬❡st✲à✲❞✐r❡

∇ > ∇int ✱ ✭✶✳✽✮

♦ù ∇int ❡st ❧❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ à ❧✬✐♥tér✐❡✉r ❧✬é❧é♠❡♥t ✢✉✐❞❡✳ ❯♥❡ ✈❛r✐❛♥t❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡
❧❡ ❣r❛❞✐❡♥t ❝❤✐♠✐q✉❡ ❡①✐st❡✱ ❝✬❡st ❧❡ ❝r✐tèr❡ ❞❡ ▲❡❞♦✉①✳ ❉❡s ♣❤é♥♦♠è♥❡s ❞❡ s❡♠✐✲❝♦♥✈❡❝t✐♦♥✱ s♦✉s
❧✬✐♥✢✉❡♥❝❡ ❞✬✉♥ ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ✐♥st❛❜❧❡✱ ♣❡✉✈❡♥t ❛❧♦rs ❛✈♦✐r ❧✐❡✉✱ ♠❛✐s ❞❡ t❡❧s
♣r♦❝❡ss✉s s♦rt❡♥t ❞é❥à ❞✉ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ✭❡✳❣✳ ●❛r❛✉❞ ✷✵✶✸✮✳

P♦✉r ❞ét❡r♠✐♥❡r ❧❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❡t ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❧❡
♠♦❞è❧❡ st❛♥❞❛r❞ ✉t✐❧✐s❡ ❧❛ t❤é♦r✐❡ s✐♠♣❧✐✜é❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ ✭▼▲❚ ♣♦✉r ▼✐①✐♥❣✲▲❡♥❣t❤
❚❤❡♦r②✮ ♣r♦♣♦sé❡ ♣❛r ❇ö❤♠✲❱✐t❡♥s❡ ✭✶✾✺✽✮✳ ❉❛♥s ❝❡tt❡ ♣❤é♥♦♠é♥♦❧♦❣✐❡✱ ❧❡s t♦✉r❜✐❧❧♦♥s ❞❡ ♠❛t✐èr❡
❝♦♥✈❡❝t✐❢s ♦♥t ✉♥❡ t❛✐❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ ΛMLT ❡♥ ❝❤❛q✉❡ ❝♦q✉✐❧❧❡ ❞❡ r❛②♦♥ r✳ ▲❡s é❧é♠❡♥ts ❧❡s ♣❧✉s
❝❤❛✉❞s ❞❡ ❝❡tt❡ ❝♦q✉✐❧❧❡ s✬é❧è✈❡♥t s✉r ✉♥❡ ❞✐st❛♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ΛMLT ❛✈❛♥t ❞❡ s❡ ♠é❧❛♥❣❡r ❛✈❡❝
❧❛ ♠❛t✐èr❡ ❡♥✈✐r♦♥♥❛♥t❡✱ ❛❧♦rs q✉❡ ❧❡s ♣❧✉s ❢r♦✐❞s✱ ❡✉①✱ s✬❡♥❢♦♥❝❡♥t ❡♥ ♣r♦❢♦♥❞❡✉r✳ ▲❡ ❢♦r♠❛❧✐s♠❡
❞❡ ❇ö❤♠✲❱✐t❡♥s❡ ✭✶✾✺✽✮ r❡❧✐❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ à ❧✬é❝❤❡❧❧❡ ❞❡ ❤❛✉t❡✉r ❞❡ ♣r❡ss✐♦♥ Hp ❝♦♠♠❡
ΛMLT = αMLTHp✱ ♦ù αMLT ❡st ✉♥ ♣❛r❛♠ètr❡✳ ▲❛ ✈❛❧❡✉r ❞❡ ❝❡ ❞❡r♥✐❡r ❡st ❝❛❧✐❜ré❡ ❡♥ ❝♦✉♣❧❡ ❛✈❡❝
❧✬❛❜♦♥❞❛♥❝❡ ✐♥✐t✐❛❧❡ ❞✬❤é❧✐✉♠ à ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ à ♣❤②s✐q✉❡ ❞♦♥♥é❡✱ ❞❡ ❢❛ç♦♥ à r❡♣r♦❞✉✐r❡
❧❡s ♦❜s❡r✈❛❜❧❡s ✭✐✳❡✳✱ ❧✉♠✐♥♦s✐té ❡t r❛②♦♥ ❞✉ ❙♦❧❡✐❧ ❛❝t✉❡❧✮✳ ▲❛ ❞♦♥♥é❡ ❞❡ ❝❡ ♣❛r❛♠ètr❡ ♣❡r♠❡t ❞❡
❞é❞✉✐r❡ ❧❛ ✈❛❧❡✉r ❞❡ ∇int ❡t ❞❡ ❧❛ ❧✉♠✐♥♦s✐té ❝♦♥✈❡❝t✐✈❡ Lconv t❡❧❧❡ q✉❡

L = Lrad + Lconv ✳ ✭✶✳✾✮

▲✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ Lconv ♣❡✉t êtr❡ tr♦✉✈é❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ♦✉✈r❛❣❡s ❝♦♠♠❡ ▼❛❡❞❡r
✭✷✵✵✾✮ ♦✉ ❑✐♣♣❡♥❤❛❤♥ ❡t ❛❧✳ ✭✷✵✶✷✮✳ P♦✉r ✜♥✐r✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ r❡♠❛rq✉❡r q✉❡ ❧❡ tr❛♥s♣♦rt
♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥ s❡ ❢❛✐t s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s très ❝♦✉rt❡s ♣❛r r❛♣♣♦rt ❛✉① é❝❤❡❧❧❡s ❞❡ t❡♠♣s
❞✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ▼▲❚ ♣❡r♠❡t ❞✬❡st✐♠❡r q✉❡ ❧❡ t❡♠♣s ❞❡ ✈✐❡ ❞❡s é❧é♠❡♥ts
❝♦♥✈❡❝t✐❢s t✉r❜✉❧❡♥ts ✈❛ ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❥♦✉rs à ❧✬♦r❞r❡ ❞❡ ❧❛ ♠✐♥✉t❡ ❞❛♥s ❧❡s ❡♥✈❡❧♦♣♣❡s
❝♦♥✈❡❝t✐✈❡s✳ ▲❡ ♠é❧❛♥❣❡ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ❡st ❞♦♥❝ très ❡✣❝❛❝❡ ❞❛♥s ❝❡s ré❣✐♦♥s✳ ▲❡s ③♦♥❡s
❝♦♥✈❡❝t✐✈❡s ♣❡✉✈❡♥t êtr❡ s✉♣♣♦sé❡s ❝❤✐♠✐q✉❡♠❡♥t ❤♦♠♦❣è♥❡s ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉r❛♥t
t♦✉t❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳

✻



✶✳✷✳ ➱q✉❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞

✶✳✷✳✷ ➱q✉❛t✐♦♥s ❞✬ét❛t

▲❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞♦♥♥é ♣❛r ❊qs✳ ✭✶✳✹✮✲✭✶✳✾✮ ❞♦✐t êtr❡ ❢❡r♠é ♣❛r ❞❡s éq✉❛t✐♦♥s ❞✬ét❛t r❡❧✐❛♥t
❧❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s ❡♥tr❡ ❡❧❧❡s✱ ❛✐♥s✐ q✉❡ ❧✬♦♣❛❝✐té ❡t ❧❡s t❛✉① ❞❡ ré❛❝t✐♦♥s
♥✉❝❧é❛✐r❡s✱ ❞✉ t②♣❡

p(ρ, T,Xi) , S(ρ, T,Xi) , κ(ρ, T,Xi) ❡t ǫnuc(ρ, T,Xi) ✱ ✭✶✳✶✵✮

♦ù Xi ❡st ❧✬❛❜♦♥❞❛♥❝❡ ♠❛ss✐q✉❡ ❞❡ ❧✬i✲è♠❡ é❧é♠❡♥t ❝❤✐♠✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ✉♥ ❣❛③ ♣❛r❢❛✐t✱
❧✬éq✉❛t✐♦♥ ❞✬ét❛t ♣♦✉r ❧❛ ♣r❡ss✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

p =
ρkBT

µ
✱ ✭✶✳✶✶✮

♦ù kB = 1, 38 10−23 m2 kg s−2 K−1 ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡t µ ❡st ❧❛ ♠❛ss❡ ♠♦②❡♥♥❡ ♣❛r
♣❛rt✐❝✉❧❡✳ ❉❡s éq✉❛t✐♦♥s ❞✬ét❛t ♣❧✉s s♦♣❤✐st✐q✉é❡s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❞❡s ❡✛❡ts ♥♦♥✲✐❞é❛✉①✱ ❝♦♠♠❡
♣❛r ❡①❡♠♣❧❡ ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❈♦✉❧♦♠❜✐❡♥♥❡s ❡♥tr❡ ♣❛rt✐❝✉❧❡s✱ s♦♥t ✐♠♣❧é♠❡♥té❡s ❞❛♥s ❧❡s
❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ✭❡✳❣✳ ❘♦❣❡rs ✫ ◆❛②❢♦♥♦✈ ✷✵✵✷✮✳

✶✳✷✳✸ ❘é❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❡t é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡

▲♦rsq✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡ ❡t ❞❡ ❞❡♥s✐té s♦♥t ❛ss❡③ é❧❡✈é❡s✱ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s
♣❛rt✐❝✉❧❡s ♣❡✉t ❞❡✈❡♥✐r ❛ss❡③ ✐♠♣♦rt❛♥t❡ ♣♦✉r q✉❡ ❧❛ ❜❛rr✐èr❡ ❞❡ ré♣✉❧s✐♦♥ ❈♦✉❧♦♠❜✐❡♥♥❡ ❡♥tr❡ ❞❡✉①
♥♦②❛✉① ❝❤❛r❣és ♣♦s✐t✐✈❡♠❡♥t ♣✉✐ss❡ êtr❡ ❢r❛♥❝❤✐❡ ♣❛r ❡✛❡t t✉♥♥❡❧✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡ ❡♥tr❡ ❛❧♦rs ❡♥
❥❡✉ ❡t ❧❡s ♥♦②❛✉① ♣❡✉✈❡♥t ❢✉s✐♦♥♥❡r ♣♦✉r ❢♦r♠❡r ❞❡s é❧é♠❡♥ts ♣❧✉s ❧♦✉r❞s✳ ▲❡ ❞é✜❝✐t ❞✬é♥❡r❣✐❡ ❞❡
♠❛ss❡ ❞❡s é❧é♠❡♥ts ♣r♦❞✉✐ts ♣❛r r❛♣♣♦rt à ❧❛ s♦♠♠❡ ❞❡s é♥❡r❣✐❡ ❞❡ ♠❛ss❡ ❞❡s ré❛❝t✐❢s ❡st ❛❧♦rs
r❡st✐t✉é ❛✉ ♠✐❧✐❡✉ s♦✉s ❢♦r♠❡ ❞✬é♥❡r❣✐❡ ✭❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s é❧é♠❡♥ts ♣❧✉s ❧é❣❡rs q✉❡ ❧❡ ❢❡r✮✳ P❧✉s
❧✬é❧é♠❡♥t ❛ ✉♥ ♥♦♠❜r❡ ❛t♦♠✐q✉❡ é❧❡✈é✱ ♣❧✉s ❧❛ t❡♠♣ér❛t✉r❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ❢r❛♥❝❤✐r ❧❛ ❜❛rr✐èr❡ ❞❡
ré♣✉❧s✐♦♥ ❈♦✉❧♦♠❜✐❡♥♥❡ ❡st é❧❡✈é❡✳ ▲✬❤②❞r♦❣è♥❡ ❡st ❞♦♥❝ ❧❡ ♣r❡♠✐❡r é❧é♠❡♥t à ❢✉s✐♦♥♥❡r ❞✉r❛♥t ❧❛
✈✐❡ ❞❡ ❧✬ét♦✐❧❡✳

❯♥❡ q✉❛♥t✐té ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♣r♦❞✉✐t❡ ♣❛r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❡st
❧❡ t❛✉① ❞❡ ré❛❝t✐♦♥ rij ✱ q✉✐ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ ré❛❝t✐♦♥s ♣❛r ✉♥✐té ❞❡ ✈♦❧✉♠❡ ❡t ♣❛r ✉♥✐té
❞❡ t❡♠♣s ✐♠♣❧✐q✉❛♥t ❞❡✉① é❧é♠❡♥ts ❝❤✐♠✐q✉❡s i ❡t j ❞✬❛❜♦♥❞❛♥❝❡ Ni ❡t Nj ❡♥ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s
♣❛r ✉♥✐té ❞❡ ✈♦❧✉♠❡✳ ❖♥ ❞é✜♥✐t ❛✉ss✐ ❧❛ s❡❝t✐♦♥ ❡✣❝❛❝❡ ❞❡ ré❛❝t✐♦♥ σij(v) ♣♦✉r ✉♥❡ ✈✐t❡ss❡ r❡❧❛t✐✈❡
v ❡♥tr❡ ❞❡✉① ♣❛rt✐❝✉❧❡s i ❡t j ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❞✉ ♥♦♠❜r❡ ❞❡ ré❛❝t✐♦♥s ♣❛r ♥♦②❛✉① ♣❛r ✉♥✐té ❞❡
t❡♠♣s s✉r ❧❡ ✢✉① ❞❡ ♣❛rt✐❝✉❧❡s ✐♥❝✐❞❡♥t❡s ♣❛r ✉♥✐té ❞❡ s✉r❢❛❝❡ ❡t ♣❛r ✉♥✐té ❞❡ t❡♠♣s✳ ❈❡tt❡ ❞❡r♥✐èr❡
❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ♣r♦❜❛❜✐❧✐té q✉❡ ❧❛ ❜❛rr✐èr❡ ❞❡ ré♣✉❧s✐♦♥ ❈♦✉❧♦♠❜✐❡♥♥❡ s♦✐t ❢r❛♥❝❤✐❡ ♣❛r ❡✛❡t
t✉♥♥❡❧✳ ▲❡ t❛✉① ❞✬✉♥❡ ré❛❝t✐♦♥ ♥✉❝❧é❛✐r❡ ♣❡✉t ❛❧♦rs s✬❡①♣r✐♠❡r ❝♦♠♠❡

rij = NiNj < vσij(v) >
1

(1 + δij)
✱ ✭✶✳✶✷✮

♦ù ❧❡ ❢❛❝t❡✉r 1
1+δij

❡st ✐♥tr♦❞✉✐t ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① ré❛❝t✐❢s s♦♥t ❧❡ ♠ê♠❡ é❧é♠❡♥t✱ ❡t ♦ù ❧❛
♠♦②❡♥♥❡ ❞✉ ♣r♦❞✉✐t ❞❡ ❧❛ ✈✐t❡ss❡ ❛✈❡❝ ❧❛ s❡❝t✐♦♥ ❡✣❝❛❝❡ s✉r ❧❡s ✈✐t❡ss❡s ✈❛✉t

〈vσij(v)〉 = λij =

∫ ∞

0
vσij(v)φij(v)dv ✱ ✭✶✳✶✸✮

❛✈❡❝ φij(v) ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ▼❛①✇❡❧❧ ❞❡s ✈✐t❡ss❡s r❡❧❛t✐✈❡s ❡♥tr❡ ❧❡s é❧é♠❡♥ts i ❡t j ♣♦✉r ✉♥
❣❛③ s✉♣♣♦sé ♥♦♥✲❞é❣é♥éré ❡t à t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡✳ ◗✉❛❧✐t❛t✐✈❡♠❡♥t✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ▼❛①✇❡❧❧
❞é❝r♦ît ❛✈❡❝ ❧❛ ✈✐t❡ss❡ t❛♥❞✐s q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢r❛♥❝❤✐r ❧❛ ❜❛rr✐èr❡ ❈♦✉❧♦♠❜✐❡♥♥❡✱ ❡t ❞♦♥❝ ❧❛
s❡❝t✐♦♥ ❡✣❝❛❝❡✱ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❞❡s ♣❛rt✐❝✉❧❡s✳ ▲❡ ♣r♦❞✉✐t ❞❡s ❞❡✉① t❡r♠❡s ❢♦r♠❡ ❛✐♥s✐
✉♥❡ ❞✐str✐❜✉t✐♦♥ ♣✐q✉é❡ ❛✉t♦✉r ❞✬✉♥❡ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧✬é♥❡r❣✐❡ ✿ ❝✬❡st ❧❡ ♣✐❝ ❞❡ ●❛♠♦✇✳ ■❧
s✬❡♥s✉✐t ❛❧♦rs q✉❡ ❧❡ ❢❛❝t❡✉r λij ❡st ♠❛①✐♠❛❧ ❧♦rsq✉❡ ❧✬é♥❡r❣✐❡ t❤❡r♠✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s ❡st ♣r♦❝❤❡
❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ●❛♠♦✇✱ ❞é✜♥✐❡ ♣❛r

EG = 2mr
ijc

2
L(παSFZiZj)

2 ✱ ✭✶✳✶✹✮

✼



❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

♦ù mr
ij ❡st ❧❛ ♠❛ss❡ ré❞✉✐t❡ ❞❡s ❞❡✉① é❧é♠❡♥ts✱ αSF ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ str✉❝t✉r❡ ✜♥❡ ❡♥✈✐r♦♥ é❣❛❧❡

à 1/137 ❡t Zi ❡st ❧❛ ❝❤❛r❣❡ ❞✉ i−è♠❡ é❧é♠❡♥t✳ ▲✬é♥❡r❣✐❡ t❤❡r♠✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s ét❛♥t ❞❡ ❧✬♦r❞r❡
❞❡ kBT ✱ ♦♥ ✈♦✐t q✉✬✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬é❧❡✈❡r ❧❛ t❡♠♣ér❛t✉r❡ ❞✉ ♠✐❧✐❡✉ ♣♦✉r q✉❡ ❧❛ ❢✉s✐♦♥ ❞✬é❧é♠❡♥ts
♣❧✉s ❧♦✉r❞s q✉❡ ❧✬❤②❞r♦❣è♥❡ s♦✐t ♣r♦❜❛❜❧❡✳

❆ t✐tr❡ ❞✬❡①❡♠♣❧❡✱ ❝♦♥s✐❞ér♦♥s ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ✭H✮ ❡♥ ❤é❧✐✉♠ ✭He✮✳ ❉❛♥s ✉♥❡ ét♦✐❧❡
❞❡ t②♣❡ s♦❧❛✐r❡✱ ❝❡❧❧❡✲❝✐ ♣❡✉t ♣❛ss❡r ♣❛r ❞✐✛ér❡♥t❡s ❝❤❛î♥❡s ❞❡ ré❛❝t✐♦♥s✱ ❧❡s ❝❤❛î♥❡s ♣r♦t♦♥✲♣r♦t♦♥
✭■✱ ■■ ❡t ■■■✮ ♦✉ ❧❡ ❜✐✲❝②❝❧❡ ❈◆❖ ✭♠❡tt❛♥t ❡♥ ❥❡✉ ❧❡s é❧é♠❡♥ts ❈✱◆ ❡t ❖ ❝♦♠♠❡ ❝❛t❛❧②s❡✉r✮✱ s❡❧♦♥
♥♦t❛♠♠❡♥t ❧❛ t❡♠♣ér❛t✉r❡ ❞✉ ♠✐❧✐❡✉✳ ❈♦♠♠❡ ✐❧❧✉str❛t✐♦♥✱ ❧❡ ❝②❝❧❡ ■ ❞❡ ❧❛ ❝❤❛î♥❡ ♣r♦t♦♥✲♣r♦t♦♥
s✉✐t ❧❡ s②stè♠❡ ❞❡ ré❛❝t✐♦♥s s✉✐✈❛♥t

p+ + p+ → d+ e+ + νe ✭✶✳✶✺✮

d+ p+ → 3He + γ ✭✶✳✶✻✮
3He +

3 He → 4He + 2p+ ✱ ✭✶✳✶✼✮

♦ù p+ ❡st ♠✐s ♣♦✉r ❧❡ ♣r♦t♦♥ 1H✱ d ♣♦✉r ❧❡ ❞❡✉tér✐✉♠ 2H✱ γ ♣♦✉r ✉♥ ♣❤♦t♦♥✱ e+ ♣♦✉r ✉♥ ♣♦s✐tr♦♥✱
νe ♣♦✉r ✉♥ ♥❡✉tr✐♥♦✱ 3He ❡t 4He r❡s♣❡❝t✐✈❡♠❡♥t ♣♦✉r ❧✬❤é❧✐✉♠ ✸ ❡t ✹✳ ❊♥ ❜✐❧❛♥✱ ❧✬é♥❡r❣✐❡ ❞é❣❛❣é❡ ♣❛r
❝❡tt❡ ré❛❝t✐♦♥ ❡st é♠✐s❡ s♦✉s ❢♦r♠❡ ❞❡ ♣❤♦t♦♥s✱ ❞❡ ♣♦s✐tr♦♥s ❡t ❞❡ ♥❡✉tr✐♥♦s✳ ▲❡ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥
❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡✱ ǫnuc,ij✱ ❡st ❞♦♥❝ ♦❜t❡♥✉ ❡♥ ♠✉❧t✐♣❧✐❛♥t ❧❡ t❛✉① ❞❡ ré❛❝t✐♦♥ ❛✈❡❝ ❧✬é♥❡r❣✐❡ ❞é❣❛❣é❡
❧♦rs ❞✬✉♥❡ ré❛❝t✐♦♥✱ Qij ✳ ❈❡❧✉✐✲❝✐ ♣❡✉t ♣r❡♥❞r❡ ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ t❡❧❧❡ q✉❡

ǫnuc,ij = ǫ0nuc,ijρT
ν ✱ ✭✶✳✶✽✮

♦ù ❧✬❡①♣♦s❛♥t ν ❞é♣❡♥❞ ❞❡ ❧❛ ❣❛♠♠❡ ❞❡ t❡♠♣ér❛t✉r❡ ❡t ❞❡s ré❛❝t✐♦♥s ♠✐s❡s ❡♥ ❥❡✉✳ P♦✉r ❧❡ ❝②❝❧❡
♣✲♣✱ ν ∼ 4 t❛♥❞✐s ♣♦✉r ❧❡ ❝②❝❧❡ ❈◆❖✱ ν ∼ 15 ❀ ❧❡ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ♥✉❝❧é❛✐r❡ ♣❛r ❧❡ ❝②❝❧❡ ❈◆❖ ❡st
❞♦♥❝ ❜❡❛✉❝♦✉♣ ♣❧✉s s❡♥s✐❜❧❡ à ❧❛ t❡♠♣ér❛t✉r❡ q✉❡ ♣❛r ❧❡ ❝②❝❧❡ ♣♣✳ ▲❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❡♥
❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s q✉✐ tr❛❞✉✐s❡♥t ❧❡s éq✉✐❧✐❜r❡s ❊qs✳ ✭✶✳✶✺✮✲✭✶✳✶✼✮ s♦♥t ❞♦♥♥é❡s ♣❛r

dNd

dt
= λpp

(Np)
2

2
− λpdNdNp

dNp

dt
= 2λ33

(N3)
2

2
− λpdNpNd − λpp

(Np)
2

2
dN3

dt
= λpdNpNd − 2λ33

(N3)
2

2
dN4

dt
= λ33

(N3)
2

2

♦ù ❧❡s ✐♥❞✐❝❡s 3 ❡t 4 ♦♥t été ♠✐s ♣♦✉r ❧❡s ❛❜♦♥❞❛♥❝❡s ❞❡ 3He ❡t 4He r❡s♣❡❝t✐✈❡♠❡♥t✳ ❊♥ ♣r❡♥❛♥t
❡♥ ❝♦♠♣t❡ ❧❡s ✸ ❝❤❛î♥❡s ♣r♦t♦♥✲♣r♦t♦♥ ❡t ❧❡ ❜✐✲❝②❝❧❡ ❈◆❖✱ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❞♦✐t rés♦✉❞r❡ ✉♥
s②stè♠❡ ❞❡ ✶✺ éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❝♦✉♣❧é❡s✳ ❙❡❧♦♥ ❧❡s ❝♦♥❞✐t✐♦♥s ♣❤②s✐q✉❡s✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ t❡❧❧❡
♦✉ t❡❧❧❡ ❡s♣è❝❡ ❡st ♣❧✉s ♦✉ ♠♦✐♥s r❛♣✐❞❡✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡s ❡s♣è❝❡s ❝❤✐♠✐q✉❡s ♣❡✉t ♣rés❡♥t❡r ❞❡
♠✉❧t✐♣❧❡s ♣❤❛s❡s ❞❡ ♠✐s❡ ❡♥ éq✉✐❧✐❜r❡ ❞✬❛❜♦♥❞❛♥❝❡ ❝♦♥❝❡r♥❛♥t ✉♥ ❡♥s❡♠❜❧❡ ♣❛rt✐❝✉❧✐❡r ❞✬é❧é♠❡♥ts✳
▲✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡s ét♦✐❧❡s ❡st ❞♦♥❝ ❞✐❝té❡ ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡ ♣❛r ❧✬é✈♦❧✉t✐♦♥
❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ s♦✉s ❧✬❡✛❡t ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✳

✶✳✷✳✹ ❈♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❡t ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s

▲❛ rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ♥é❝❡ss✐t❡ ❧❛ ❞♦♥♥é❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s
❛✉① ❜♦r❞s ❞❡ ❧✬ét♦✐❧❡✳ ▲❡ ♣❧✉s s✐♠♣❧❡♠❡♥t ♣♦ss✐❜❧❡✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❝❡♥tr❡ s♦♥t m→ 0 ❡t L→ 0✳
▲❡s ❝♦♥❞✐t✐♦♥s à ❧❛ s✉r❢❛❝❡ s♦♥t ❣é♥ér❛❧❡♠❡♥t ♣❧✉s ❝♦♠♣❧❡①❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ♠✐❧✐❡✉ ❞❡✈✐❡♥t ♦♣t✐q✉❡✲
♠❡♥t ♠✐♥❝❡ à ❧❛ s✉r❢❛❝❡ ❡t ❧✬éq✉❛t✐♦♥ ❞❡ ❞✐✛✉s✐♦♥ ❞❛♥s ❊q✳ ✭✶✳✼✮ ♥✬❡st ♣❧✉s ✈❛❧✐❞❡✳ ❉❡s ♠♦❞è❧❡s
❞✬❛t♠♦s♣❤èr❡ s♦♥t ❞♦♥❝ ✉t✐❧✐sés ❡t ❞♦✐✈❡♥t êtr❡ r❛❝❝♦r❞és ❛✉① ré❣✐♦♥s s✉♣❡r✜❝✐❡❧❧❡s ❞❡ ❧❛ str✉❝t✉r❡
✐♥t❡r♥❡ ❞❡ ❧✬ét♦✐❧❡✳

P♦✉r ✜♥✐r✱ ♣♦✉r ✉♥❡ ✈❛❧❡✉r ❞❡ αMLT ❞♦♥♥é❡✱ ❧✬é✈♦❧✉t✐♦♥ ❡t ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ s♦♥t ✜♥❛❧❡♠❡♥t
❡♥t✐èr❡♠❡♥t ❞ét❡r♠✐♥é❡s ♣❛r ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ❞❡ ❧❛ ♠❛ss❡ ❡t ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡✳ ❈❡❝✐
❝♦♥st✐t✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❱♦❣t✲❘✉ss❡❧❧✳
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✶✳✸✳ ➱✈♦❧✉t✐♦♥ ❡t str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❋✐❣✉r❡ ✶✳✶✿ ❚r❛❝é é✈♦❧✉t✐❢ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ✶ M⊙ ✭❞✬❛♣rès ▲❡✲
❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❛✱ ❛❞❛♣té ❞❡ ▼❛❡❞❡r ✷✵✵✾✮✳ ▲❡s ✐s♦r❛②♦♥s ♦❜t❡♥✉s s✉✐✈❛♥t ❊q✳ ✭✶✳✶✾✮ s♦♥t
✐♥❞✐q✉és ♣❛r ❧❡s tr❛✐ts ✜♥s ♣♦✐♥t✐❧❧és✳ ▲✬â❣❡ ❞❡ ❧✬ét♦✐❧❡ ❡st ✐♥❞✐q✉é à ❞✐✛ér❡♥ts ♣♦✐♥ts ❞✉ tr❛❝é
é✈♦❧✉t✐❢✳ ▲❛ ♣❤❛s❡ ❞❡ ♣ré✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✭P▼❙✮ ❡st r❡♣rés❡♥té❡ ♣❛r ❧❡ tr❛✐t é♣❛✐s ♣♦✐♥✲
t✐❧❧é✱ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✭▼❙✮ ♣❛r ❧❡ tr❛✐t é♣❛✐s ❝♦♥t✐♥✉ ❡♥tr❡ 0.1 ❡t 10 ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✱
❧❛ ♣❤❛s❡ ❞❡ s♦✉s✲❣é❛♥t❡ ✭❙●✮ ❡t ❞❡ ❣é❛♥t❡ r♦✉❣❡ ✭❘●❇✮ ❡♥ tr❛✐t ❝♦♥t✐♥✉ ♥♦✐r✱ ❧❡ r❡❞ ❝❧✉♠♣
♦ù ❧✬❤é❧✐✉♠ ❢✉s✐♦♥♥❡ ❡♥ tr❛✐t ❝♦♥t✐♥✉ ♥♦✐r é♣❛✐s ❡♥tr❡ ✶✸✳✷✺ ❡t ✶✸✳✸✷ ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✱ ❡t ❧❛
♠♦♥té❡ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♣❛r ❧❡s t✐r❡ts é♣❛✐s ♥♦✐rs✳

✶✳✸ ➱✈♦❧✉t✐♦♥ ❡t str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❇✐❡♥ q✉✬✐❧ r❡♣♦s❡ s✉r ❞❡ ♥♦♠❜r❡✉s❡s ❤②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s✱ ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✬é✈♦❧✉t✐♦♥
st❡❧❧❛✐r❡ ♣❡r♠❡t ❞❡ r❡♣r♦❞✉✐r❡ ❞❡ ❢❛ç♦♥ ❣❧♦❜❛❧❡ ❧❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ❞❡ ❧❛ ✈✐❡ ❞✬✉♥❡ ét♦✐❧❡ ❛✐♥s✐ q✉❡
s❛ str✉❝t✉r❡ ✐♥t❡r♥❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s❡ ❢♦❝❛❧✐s❡ s✉r ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ (0.5 M⊙ . M⋆ .

1.8 M⊙) ✶ ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ (1.8 M⊙ .M⋆ . 8 M⊙✮ ✷✳

✶✳✸✳✶ ❉✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧

▲❛ ✈✐❡ ❞✬✉♥❡ ét♦✐❧❡ ❡st ✉s✉❡❧❧❡♠❡♥t r❡♣rés❡♥té❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧✳ ❈❡
❞✐❛❣r❛♠♠❡ r❡♣♦rt❡ ❧❛ ❧✉♠✐♥♦s✐té ✭♦✉ ❧❛ ♠❛❣♥✐t✉❞❡ ♦❜s❡r✈é❡✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡
❞❡ ❧✬ét♦✐❧❡ ✭✈♦✐r ❋✐❣✉r❡ ✶✳✶ ♣♦✉r ✉♥ ❡①❡♠♣❧❡✮✳ ▲❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✱ Teff ✱ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ❧❛
t❡♠♣ér❛t✉r❡ q✉✬❛✉r❛✐t ✉♥ ❝♦r♣s ♥♦✐r ❛✈❡❝ ❧❛ ♠ê♠❡ ❧✉♠✐♥♦s✐té ❡t ❧❡ ♠ê♠❡ r❛②♦♥ q✉❡ ❧✬ét♦✐❧❡✳ ❈❡❧❧❡✲❝✐

✶✳ ▲❛ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ ❡♥ ♠❛ss❡ ❡st ❝❤♦✐s✐❡ ✐❝✐ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à êtr❡ s✉♣ér✐❡✉r❡ à ❧❛ ❣❛♠♠❡ ❞❡ ♠❛ss❡ ❞❡s ét♦✐❧❡s
❞✐t❡s ❞❡ très ❢❛✐❜❧❡ ♠❛ss❡ ❝♦♠♣❧èt❡♠❡♥t ❝♦♥✈❡❝t✐✈❡s✱ ✐✳❡✳ ❞❡ ♠❛ss❡ ♣r♦❝❤❡ ♦✉ ✐♥❢ér✐❡✉r❡ à 0.4 M⊙ ✭❡✳❣✳✱ ❙✐❡ss ❡t ❛❧✳

✷✵✵✵✮✱ ❡t ❞♦♥❝ ❞❡s ♥❛✐♥❡s ❜r✉♥❡s ❞❡ ♠❛ss❡ ✐♥❢ér✐❡✉r❡ à ❡♥✈✐r♦♥ 0.08 M⊙✳
✷✳ ▲❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥✐t✐❛❧❡ s✉♣ér✐❡✉r❡ à ❡♥✈✐r♦♥ 8 M⊙ s♦♥t ❛ss❡③ ♠❛ss✐✈❡s ♣♦✉r ♣♦✉✈♦✐r ❞é♠❛rr❡r ❧❛ ❢✉s✐♦♥

❞✉ ❝❛r❜♦♥❡ ❞❛♥s ❧❡✉rs ❝÷✉rs ❡t ✜♥✐r ❧❡✉r ✈✐❡✱ à ♠❛ss❡ ❝r♦✐ss❛♥t❡✱ s♦✉s ❢♦r♠❡ ❞❡ ♥❛✐♥❡s ❜❧❛♥❝❤❡s ❝♦♠♣♦sé❡s ❞❡ ♥é♦♥
❡t ❞✬♦①②❣è♥❡✱ ❞✬ét♦✐❧❡s à ♥❡✉tr♦♥s ♦✉ ❡♥❝♦r❡ ❞❡ tr♦✉s ♥♦✐rs ✭❡✳❣✳✱ ❑✐♣♣❡♥❤❛❤♥ ❡t ❛❧✳ ✷✵✶✷✮✳
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❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

✈ér✐✜❡ ❞♦♥❝ ❧❛ ❧♦✐ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥✱ s♦✐t

L⋆ = 4πR2
⋆σT

4
eff ✳ ✭✶✳✶✾✮

▲❡ tr❛❝é é✈♦❧✉t✐❢ ❞✬✉♥❡ ét♦✐❧❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ♣❡r♠❡t ❞❡ ❞✐✛ér❡♥t✐❡r ❧❡s
❞✐✛ér❡♥t❡s ♣❤❛s❡s ❞❡ s❛ ✈✐❡ ❡t ❞❡ ♠❡ttr❡ ❡♥ ❡①❡r❣✉❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♥ér❛❧❡s ❞❡ s❛ str✉❝t✉r❡
✐♥t❡r♥❡✳ ❈❡ t②♣❡ ❞❡ ❞✐❛❣r❛♠♠❡ ❛ été ✐♥✈❡♥té ♣❛r ❊❥♥❛r ❍❡rt③s♣r✉♥❣ ❡t ❍❡♥r② ◆♦rr✐s ❘✉ss❡❧❧ ❛✉
❞é❜✉t ❞✉ ❳❳eme s✐è❝❧❡ ♣♦✉r ❧✬ét✉❞❡ ❞❡s ♣♦♣✉❧❛t✐♦♥s st❡❧❧❛✐r❡s ❡t ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳
P♦✉r ❞❡s r❛✐s♦♥s ❤✐st♦r✐q✉❡s✱ ❧✬❛①❡ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ♣♦✐♥t❡ ✈❡rs ❧❛ ❣❛✉❝❤❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ✐❧
✈❛ ♥♦✉s s❡r✈✐r ❞❡ s✉♣♣♦rt ♣♦✉r ❞é❝r✐r❡ ❜r✐è✈❡♠❡♥t ❡t q✉❛❧✐t❛t✐✈❡♠❡♥t ❧❡s ❞✐✛ér❡♥ts st❛❞❡s é✈♦❧✉t✐❢s
❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ❝♦♠♣r✐s❡ ❡♥✈✐r♦♥ ❡♥tr❡ 0.5M⊙ ❡t 8M⊙ ✭❡✳❣✳✱ ❑✐♣♣❡♥❤❛❤♥ ❡t ❛❧✳ ✷✵✶✷✱
♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳

✶✳✸✳✷ ➱t♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ (0.5 M⊙ . M⋆ . 1.8 M⊙)

▲❡s ét♦✐❧❡s ♥❛✐ss❡♥t ❞❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞✬✉♥ ♥✉❛❣❡ ♠♦❧é❝✉❧❛✐r❡ ❣é❛♥t q✉✐ s❡ ❢r❛❣✲
♠❡♥t❡ ❡♥ ♣❧✉s✐❡✉rs ♥✉❛❣❡s ♣❧✉s ♣❡t✐ts✳ ❉✉r❛♥t ❝❡t ❡✛♦♥❞r❡♠❡♥t✱ ❧❡s ♥✉❛❣❡s s✬é❝❤❛✉✛❡♥t ♣❛r ❝♦♠✲
♣r❡ss✐♦♥ ❡t ❧❡s ♣♦✉ss✐èr❡s ❡t ♠♦❧é❝✉❧❡s s❡ ✈❛♣♦r✐s❡♥t✳ ▲♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❛✉ ❝÷✉r ❞✉ ♥✉❛❣❡ ❡st
❛ss❡③ é❧❡✈é❡✱ ❧❡ ♥✉❛❣❡ ♥✬❡st ♣❧✉s ❝♦♠♣♦sé q✉❡ ❞✬❛t♦♠❡s ❡t ✉♥ éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ s✬ét❛❜❧✐t✳ ▲❡
♥✉❛❣❡ ❡♥tr❡ ❛❧♦rs ❡♥ ❝♦♥tr❛❝t✐♦♥ q✉❛s✐✲st❛t✐q✉❡ ✿ ✐❧ s✬❛❣✐t ❞❡ ❧✬â❣❡ ③ér♦ ❞❡ ❧✬ét♦✐❧❡ à ♣❛rt✐r ❞✉q✉❡❧
❧❛ t❤é♦r✐❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❞❡✈✐❡♥t ✈❛❧✐❞❡✳ ■❧ s✬❡♥s✉✐t ✉♥❡ séq✉❡♥❝❡ ❞❡ ♣❤❛s❡s é✈♦❧✉t✐✈❡s ❜✐❡♥
❞✐st✐♥❝t❡s ✐❧❧✉stré❡s s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❍✲❘ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✶ ❡t s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❑✐♣♣❡♥❤❛❤♥
❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✸✳

Pré✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❆ ❧✬â❣❡ ③ér♦✱ ❧✬ét♦✐❧❡ ❡st ❡♥ ❝♦♥tr❛❝t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳ ❙❛ t❡♠♣é✲
r❛t✉r❡ ✐♥t❡r♥❡ ❡st ❡♥❝♦r❡ ❛ss❡③ ❢❛✐❜❧❡ ❡t ❧❡ ♠✐❧✐❡✉ ❡st ❢♦rt❡♠❡♥t ♦♣❛q✉❡ ❛✉ r❛②♦♥♥❡♠❡♥t ❞✉ ❢❛✐t✱
❡♥tr❡ ❛✉tr❡✱ ❞❡ ❧❛ ♣❤♦t♦✲✐♦♥✐s❛t✐♦♥ ❞❡ ❧✬✐♦♥ H−✳ ▲❡ tr❛♥s♣♦rt ♣❛r r❛②♦♥♥❡♠❡♥t ♥✬❡st ♣❛s ❛ss❡③ ❡❢✲
✜❝❛❝❡ ❡t ❧❛ ❝♦♥✈❡❝t✐♦♥ ♣❡✉t s❡ ❞é✈❡❧♦♣♣❡r✳ ❆✉ ❞é❜✉t ❞❡ ❧❡✉r ✈✐❡✱ ❧❡s ét♦✐❧❡s s♦♥t ❞♦♥❝ ❡♥t✐èr❡♠❡♥t
❝♦♥✈❡❝t✐✈❡s ❡t ❤♦♠♦❣è♥❡s ❝❤✐♠✐q✉❡♠❡♥t✳ ❊❧❧❡s s❡ ❞é♣❧❛❝❡♥t ❛❧♦rs s✉✐✈❛♥t ✉♥❡ ❧✐❣♥❡ q✉❛s✐ ✈❡rt✐❝❛❧❡
à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍✲❘ ✿ ❝✬❡st ❧❡ tr❛❝é ❞✬❍❛②❛s❤✐✳ ❆ ❝❡ st❛❞❡ é✈♦❧✉✲
t✐❢✱ ❧❡ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ ❞✐♠✐♥✉❡ à t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❞♦♥♥é❡ ✿ s✉✐✈❛♥t ❊q✳ ✭✶✳✶✾✮✱ s❛ ❧✉♠✐♥♦s✐té
❞♦✐t ❞♦♥❝ ❞✐♠✐♥✉❡r✳ ❉✬❛♣rès ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡t ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✱ ❧❛ t❡♠♣ér❛t✉r❡
❝❡♥tr❛❧❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❛✉ r❛♣♣♦rt M⋆/R⋆✳ ❆✐♥s✐✱ à ♠❡s✉r❡ q✉❡ ❧✬ét♦✐❧❡
s❡ ❝♦♥tr❛❝t❡✱ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s s❡ ré❝❤❛✉✛❡♥t ❡♥ ✈❡rt✉ ❞✉ t❤é♦rè♠❡ ❞✉ ✈✐r✐❡❧ ✸✳ ❆✐♥s✐✱ ✉♥ ❝÷✉r
r❛❞✐❛t✐❢ s❡ ❞é✈❡❧♦♣♣❡ ♣❡t✐t à ♣❡t✐t s♦✉s ✉♥❡ ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ q✉✐✱ ❛✉ ❝♦♥tr❛✐r❡✱ s❡ ré❞✉✐t✳ ▲❡ ❞é✲
✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥ ❝÷✉r r❛❞✐❛t✐❢ ❡st ❞✬❛✉t❛♥t ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♠❛ss❡ ❞❡ ❧✬ét♦✐❧❡ ❡st ❣r❛♥❞❡ ♣✉✐sq✉❡
❧❛ t❡♠♣ér❛t✉r❡ ❝❡♥tr❛❧❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ♠❛ss❡ ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r✳ ❉✉r❛♥t ❝❡tt❡ ♣❤❛s❡✱ ❧❛
t❡♠♣ér❛t✉r❡ ❝❡♥tr❛❧❡ ♣❡✉t ❛tt❡✐♥❞r❡ ✉♥❡ ✈❛❧❡✉r s✉✣s❛♥t❡ ♣♦✉r q✉❡ ❞❡s é❧é♠❡♥ts ❧é❣❡rs ✭❡✳❣✳✱ ❞❡✉té✲
r✐✉♠✱ ❧✐t❤✐✉♠ ✻✱ ❧✐t❤✐✉♠ ✼✮ ❡♥ ❛❜♦♥❞❛♥❝❡ ♠✐♥❡✉r❡ s♦✐❡♥t ❜rû❧és ♣❛r ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✳ ❈❡tt❡
♣❤❛s❡ s✬❛❝❤è✈❡ à ❧❛ ❩❆▼❙ ✭❩❡r♦ ❆❣❡ ▼❛✐♥ ❙❡q✉❡♥❝❡✮ q✉❛♥❞ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ❞é♠❛rr❡ ❞❛♥s
❧❡ ❝÷✉r✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❝❡♥tr❛❧❡ ❞✬❡♥✈✐r♦♥ 1.5 106 ❑✳ ❉❛♥s ❧❡ ❙♦❧❡✐❧✱ ❧❡s ♠♦❞è❧❡s
♠♦♥tr❡♥t q✉❡ ❝❡tt❡ ♣❤❛s❡ ❞✉r❡ ❡♥✈✐r♦♥ ✸✵ ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞✉
t❡♠♣s ❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③✳

❙éq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ▲❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ♣❤❛s❡ ♦ù ❧✬❤②❞r♦❣è♥❡ ❡st tr❛♥s✲
❢♦r♠é ❡♥ ❤é❧✐✉♠ ♣❛r ❧❛ ❢✉s✐♦♥ ♥✉❝❧é❛✐r❡ ❞❛♥s ❧❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s✳ ▲❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ❢♦✉r♥✐t
❧✬é♥❡r❣✐❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s ♣❡rt❡s r❛❞✐❛t✐✈❡s à ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡✳ ❙✉r ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡✱ ❧❡s ré❛❝t✐♦♥s t❤❡r♠♦♥✉❝❧é❛✐r❡s s♦♥t st❛❜❧❡s✳ ❊♥ ❡✛❡t✱ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡

✸✳ ❯♥❡ ét♦✐❧❡ ❡♥ éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ s✉✐t ❧❡ t❤é♦rè♠❡ ❞✉ ✈✐r✐❡❧✳ ❈❡❧✉✐✲❝✐ st✐♣✉❧❡ q✉❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ t♦t❛❧❡
✭♠❛❝r♦s❝♦♣✐q✉❡ ❡t ♠✐❝r♦s❝♦♣✐q✉❡✮ ❞✉ s②stè♠❡ ❡st é❣❛❧❡ à ❧❛ ♠♦✐t✐é ❞❡ ❧✬♦♣♣♦sé ❞❡ ❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳
▲❛ ❝♦♥tr❛❝t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ❞✐♠✐♥✉❡ ❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ✿ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s ❞♦✐t ❞♦♥❝ ❛✉❣♠❡♥t❡r✱
❛✐♥s✐ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡✳

✶✵



✶✳✸✳ ➱✈♦❧✉t✐♦♥ ❡t str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❋✐❣✉r❡ ✶✳✷✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞✬✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ s♦❧❛✐r❡ ❡t ❞✬✉♥❡
ét♦✐❧❡ ♣❧✉s ♠❛ss✐✈❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✭❞✬❛♣rès ❙✳ ▼❛t❤✐s ✫ ❏✳▼✳
❇♦♥♥❡t✲❇✐❞❛✉❞✱ ✷✵✶✵✳ ✏▲❡ ♠❛❣♥ét✐s♠❡ ❢♦ss✐❧❡ ❞❡s ét♦✐❧❡s✑✳ ❬■♠❛❣❡ ❡♥ ❧✐❣♥❡❪
❤tt♣ ✿✴✴✐r❢✉✳❝❡❛✳❢r✴❙❛♣✴P❤♦❝❡❛✴❱✐❡❴❞❡s❴❧❛❜♦s✴❆st✴❛st✳♣❤♣ ❄t❂❛❝t✉✫✐❞❴❛st❂✷✾✸✷✱ ❝♦♥s✉❧✲
té❡ ❧❡ ✶✶✴✵✼✴✷✵✶✼✮✳

❝❤❛✉✛❡ ❧♦❝❛❧❡♠❡♥t ❧❡ ♠✐❧✐❡✉✳ ▲❡ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡ ét❛♥t ♣r♦♣♦rt✐♦♥♥❡❧ à ρT ν

❛✈❡❝ ν ❛ss❡③ ❣r❛♥❞✱ ǫnuc ❛✉❣♠❡♥t❡✳ ◆é❛♥♠♦✐♥s✱ ❞❛♥s ❧❡ ❝❛s ❧✐♠✐t❡ ❞✬✉♥ ❣❛③ ♣❛r❢❛✐t✱ ❝❡tt❡ ❛✉❣♠❡♥✲
t❛t✐♦♥ ❞❡ t❡♠♣ér❛t✉r❡ ♠è♥❡ à ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥✳ ▲❡ ♠✐❧✐❡✉ s❡ ❞✐❧❛t❡ ❡t ❧❛ t❡♠♣ér❛t✉r❡
❞✐♠✐♥✉❡ ✿ ǫnuc ❞✐♠✐♥✉❡ ♣♦✉r r❡tr♦✉✈❡r s❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ❡t ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s s✬❛✉t♦✲ré❣✉❧❡♥t✳ ▲❡s
ét♦✐❧❡s ♣❛ss❡♥t ❛❧♦rs ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡ ❧❡✉r ✈✐❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❛✈❡❝ ✉♥❡ ❞✉ré❡ ❞❡
❧✬♦r❞r❡ ❞✉ t❡♠♣s ♥✉❝❧é❛✐r❡✳ ❈♦♠♠❡ ✐❧❧✉stré s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✱ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ s✉r ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡ ❞é♣❡♥❞ ❞❡ ❧❛ ♠❛ss❡ ❞❡ ❧✬ét♦✐❧❡✳ ▲❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ M⋆ . 1.3 M⊙ s♦♥t ❝♦♠♣♦sé❡s ❞✬✉♥
❝÷✉r r❛❞✐❛t✐❢ ❡t ❞✬✉♥❡ ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ M⋆ & 1.3 M⊙✱
❡❧❧❡s✱ s♦♥t ❝♦♥st✐t✉é❡s ❞✬✉♥❡ ❡♥✈❡❧♦♣♣❡ ❣❧♦❜❛❧❡♠❡♥t r❛❞✐❛t✐✈❡ ❛✈❡❝ ✉♥ ❝÷✉r ❝♦♥✈❡❝t✐❢ ✭❡♥ s✉r❢❛❝❡✱
✉♥❡ ❝♦✉❝❤❡ ❝♦♥✈❡❝t✐✈❡ s✉♣❡r✜❝✐❡❧❧❡ ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ❡①✐st❡ ♥é❛♥♠♦✐♥s✮✳ ❈❡tt❡ ❞✐✛ér❡♥❝❡ ♣r♦✈✐❡♥t ❞✉
❝②❝❧❡ ❞❡ ré❛❝t✐♦♥s ♠✐s ❡♥ ❥❡✉✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❧❡s ♣❧✉s ❢❛✐❜❧❡s ♠❛ss❡s✱ ❧❡ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ♣❛ss❡
♣❛r ❧❡ ❝②❝❧❡ ♣♣✳ P♦✉r ❧❡s ét♦✐❧❡s ♣❧✉s ♠❛ss✐✈❡s✱ ❧❛ t❡♠♣ér❛t✉r❡ ❡st s✉✣s❛♥t❡ ♣♦✉r q✉❡ ❧❡ ❝②❝❧❡ ❈◆❖
❧✬❡♠♣♦rt❡ s✉r ❧❡ ❝②❝❧❡ ♣♣ ❛✈❡❝ ❞❡s t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞s ❡t ♣❧✉s s❡♥✲
s✐❜❧❡s à ❧❛ t❡♠♣ér❛t✉r❡ q✉❡ ❧❡ ❝②❝❧❡ ♣♣✳ ▲❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❞❡✈✐❡♥t ❞♦♥❝ ♣❧✉s ❢♦rt ❞❛♥s ❧❡
❝÷✉r ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❧❡ tr❛♥s❢❡rt ❞✬é♥❡r❣✐❡ ❡st ❛❧♦rs ❛ss✉ré ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥✳

❙t❛❞❡s é✈♦❧✉és✳ ▲♦rsq✉❡ ❧✬❤②❞r♦❣è♥❡ ❝❡♥tr❛❧ ❡st é♣✉✐sé✱ ❧✬ét♦✐❧❡ q✉✐tt❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
♣♦✉r ❝♦♥t✐♥✉❡r s♦♥ ❝❤❡♠✐♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ▲❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡st ❞és♦r♠❛✐s
s✐♠✐❧❛✐r❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❝♦♥s✐❞éré✳ ❆ ❝❡ ♠♦♠❡♥t✱ ❧❛ t❡♠♣ér❛t✉r❡ ❝❡♥tr❛❧❡
♥✬❡st ♣❛s ❛ss❡③ é❧❡✈é❡ ♣♦✉r q✉❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞é♠❛rr❡✳ ▲❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ❡♥ ❤é❧✐✉♠
♣r❡♥❞ ❛❧♦rs ♣❧❛❝❡ ❞❛♥s ✉♥❡ ✜♥❡ ❝♦✉❝❤❡ ❛✈❡❝ ✉♥❡ t❡♠♣ér❛t✉r❡ s✉✣s❛♥t❡✱ s✐t✉é❡ ❥✉st❡ ❛✉✲❞❡ss✉s ❞✬✉♥
❝÷✉r ❞✬❤é❧✐✉♠ ✐♥❡rt❡ ❞♦♥t ❧❡ r❛②♦♥ s❡ ❝♦♥tr❛❝t❡ ❡t ❧❛ ♠❛ss❡ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❡ t❡♠♣s✳ ❊♥ ♠ê♠❡
t❡♠♣s✱ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s✬❡♥❢♦♥❝❡ ✈❡rs ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❛✈❛♥t ❞❡ r❡♠♦♥t❡r ✈❡rs ❧❛
s✉r❢❛❝❡ ✭❡♥ t❡r♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❞❡ ♠❛ss❡✱ ✈♦✐r ❋✐❣✉r❡ ✶✳✸✮✳ ▲à✱ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
♣❡✉t ❛tt❡✐♥❞r❡ ❞❡s ré❣✐♦♥s ♦ù ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ♦♥t ❞é❥à ❡✉ ❧✐❡✉✳ ▲❡s ♣r♦❞✉✐ts ❞❡ ❝❡s ré❛❝t✐♦♥s
s♦♥t ❛❧♦rs r❡❞✐str✐❜✉és à tr❛✈❡rs t♦✉t❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❝❤❛♥❣❡❛♥t ❛✐♥s✐ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡
❞❡ s✉r❢❛❝❡ ✿ ❝✬❡st ❧❡ ♣r❡♠✐❡r ❞r❛❣❛❣❡ ❝♦♥✈❡❝t✐❢✱ ♣❧✉s ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❛♥❣❧❛✐s ✜rst ❞r❡❞❣❡✲✉♣✳
▲♦rs ❞❡ s♦♥ r❡tr❛✐t✱ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❧❛✐ss❡ ❛❧♦rs ❞❡rr✐èr❡ ❡❧❧❡ ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❡
❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❛♥s ❧❛ ❝♦✉❝❤❡ ❧❛ ♣❧✉s ♣r♦❢♦♥❞❡ q✉✬❡❧❧❡ ❛ ré✉ss✐ à ❛tt❡✐♥❞r❡✳ P❛r❛❧❧è❧❡♠❡♥t✱
❧✬ét♦✐❧❡ ❝♦♠♠❡♥❝❡ ❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉❛♥s ❝❡tt❡ ♣❤❛s❡✱ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠
s❡ ❝♦♥tr❛❝t❡ ❛❧♦rs q✉❡ ❧❡ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ s❡ ❞✐❧❛t❡ ❢♦rt❡♠❡♥t✱ ❥✉sq✉✬à ✶✵✵ ❢♦✐s ❢♦✐s s❛ ✈❛❧❡✉r s✉r ❧❛

✶✶



❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❋✐❣✉r❡ ✶✳✸✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❑✐♣♣❡♥❤❛❤♥ ♣♦✉r ✉♥❡ ét♦✐❧❡ ❞❡ ✶ M⊙ ✭❞✬❛♣rès ▼❛❡❞❡r ✷✵✵✾✮✳ ▲❛ ♠❛ss❡ ♥♦r✲
♠❛❧✐sé❡ à ❧❛ ♠❛ss❡ ❞✉ ❙♦❧❡✐❧ ❡st ❡♥ ♦r❞♦♥♥é❡ ❡t ❧✬â❣❡ ❡♥ ❛❜s❝✐ss❡ ✭❡♥ ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✮✳
▲❡s ré❣✐♦♥s ♥✉❛❣❡✉s❡s r❡♣rés❡♥t❡♥t ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s✳ ▲❡s ré❣✐♦♥s ❤❛❝❤✉ré❡s ❡♥ ❞✐❛❣♦♥❛❧❡
s②♠❜♦❧✐s❡♥t ❧❡s ③♦♥❡s ♦ù ❧❡ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡ ❛ ✉♥❡ ✈❛❧❡✉r ❡♥tr❡ 10−3

❡t 10−2 ❲ ❦❣−1✱ ❝❡❧❧❡s ❤❛❝❤✉ré❡s ✈❡rt✐❝❛❧❡♠❡♥t s②♠❜♦❧✐s❡♥t ❧❡s ré❣✐♦♥s ♦ù ✐❧ ❡st s✉♣ér✐❡✉r à
10−2 ❲ ❦❣−1✳

séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❀ ❝✬❡st ❧✬❡✛❡t ♠✐r♦✐r✳ ❊♥ s❡ ❝♦♥tr❛❝t❛♥t✱ ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❧❛ ❞❡♥s✐té ❞✉ ❝÷✉r
❛✉❣♠❡♥t❡♥t✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❛♥s ❧❡ ❝÷✉r ❡st t❡❧❧❡ q✉❡ ❧❡s é❧❡❝tr♦♥s s♦♥t ❞é❣é♥érés
❧♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞❡ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ✭T = 108 ❑✮ ❡st ❛tt❡✐♥t❡✳ ❉❛♥s ✉♥ t❡❧ ♠✐❧✐❡✉✱ ❧❛ ♣r❡ss✐♦♥
❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❀ q✉❛♥❞ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❝♦♠♠❡♥❝❡✱ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡
❢❛✐t ♠♦♥t❡r ❧❛ t❡♠♣ér❛t✉r❡✳ ▲❡ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ♥✉❝❧é❛✐r❡ ét❛♥t ♣r♦♣♦rt✐♦♥♥❡❧ à T ν ❛✈❡❝ ν ∼ 17
à ❝❡ st❛❞❡ é✈♦❧✉t✐❢✱ ✐❧ ❛✉❣♠❡♥t❡ à s♦♥ t♦✉r ❡♥ é❧❡✈❛♥t ❞✬❛✉t❛♥t ♣❧✉s ❧❛ t❡♠♣ér❛t✉r❡✳ ▲❛ ❢✉s✐♦♥ ❞❡
❧✬❤é❧✐✉♠ s✬❡♠❜❛❧❧❡ ❣é♥ér❛♥t ✉♥❡ ❢♦rt❡ ❤❛✉ss❡ ❞❡ ❧✉♠✐♥♦s✐té très ❜rè✈❡ ✿ ❝✬❡st ❧❡ ✢❛s❤ ❞❡ ❧✬❤é❧✐✉♠✳
❆ ❝❡ ♠♦♠❡♥t ♣ré❝✐s✱ ❧❛ ♠❛ss❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡st ✐❞❡♥t✐q✉❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡ ✐♥✐t✐❛❧❡ ❞❡
❧✬ét♦✐❧❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❝♦♥s✐❞éré✱ ❞✉ ❢❛✐t ❞❡s ♣r♦♣r✐étés ❞✉ ❣❛③ ❞é❣é♥éré✳ ▲❡ ❝÷✉r s❡ ❞✐❧❛t❡ ❛❧♦rs à
❝❛✉s❡ ❞✉ ❢♦rt ❞é❣❛❣❡♠❡♥t ❞✬é♥❡r❣✐❡ ❡t ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❡st ❧❡✈é❡ ✿ ❧✬ét♦✐❧❡ ✈✐❡♥t ❛❧♦rs ❝♦♥t✐♥✉❡r s❛
✈✐❡ ❡♥ tr❛♥s❢♦r♠❛♥t ❧✬❤é❧✐✉♠ ❡♥ ❝❛r❜♦♥❡ ❡t ❡♥ ♦①②❣è♥❡ ❞❛♥s s♦♥ ❝÷✉r s✉r ✉♥❡ ré❣✐♦♥ ♣❛rt✐❝✉❧✐èr❡
❞✉ ❞✐❛❣r❛♠♠❡ ❍✲❘✱ ❡♥❝♦r❡ ❛♣♣❡❧é❡ r❡❞ ❝❧✉♠♣ ❡♥ ❛♥❣❧❛✐s✳ ❚♦✉t❡s ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥❢ér✐❡✉r❡ à
❡♥✈✐r♦♥ ✶✳✽ M⊙ ❛✈❡❝ ✉♥❡ ♠ét❛❧❧✐❝✐té ✹ ♣❛s tr♦♣ é❧♦✐❣♥é❡ ❞❡ ❝❡❧❧❡ ❞✉ ❙♦❧❡✐❧ s❡ r❡tr♦✉✈❡♥t ❞❛♥s ❝❡tt❡
♠ê♠❡ ré❣✐♦♥ ❞✉ ❞✐❛❣r❛♠♠❡ ❍✲❘✱ ❛✈❡❝ ✉♥❡ t❡♠♣ér❛t✉r❡ ♣r♦❝❤❡ ❞❡ ✺✵✵✵ ❑ ❡t ✉♥❡ ❧✉♠✐♥♦s✐té ♣r♦❝❤❡
❞❡ ✺✵ L⊙✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ✐❧ ✈✐❡♥t ❞✬êtr❡ ❞✐t ❝✐✲❞❡ss✉s✱ ❧❛ ♠❛ss❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡st très s✐♠✐❧❛✐r❡
♣♦✉r t♦✉t❡s ❝❡s ét♦✐❧❡s ❛②❛♥t ♣❛ssé ❧❡ ✢❛s❤ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ♠❛ss❡ ❝♦♥s✐❞éré ❀ ❡❧❧❡s
♣❛rt❛❣❡♥t ❞♦♥❝ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s s✐♠✐❧❛✐r❡s✱ ❞♦♥t ❧❛ ❧✉♠✐♥♦s✐té ❡t ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✳ ❖♥
♣❡✉t ❡♥❝♦r❡ ♥♦t❡r q✉❡ ❧❛ ♠❛ss❡ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ♣❛ss❛♥t ❧❡ ✢❛s❤ ❞❡
❧✬❤é❧✐✉♠✱ ❛✐♥s✐ q✉❡ ❧❡✉rs ❝❛r❛❝tér✐st✐q✉❡s s✉r ❧❡ r❡❞ ❝❧✉♠♣✱ ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ♠ét❛❧❧✐❝✐té ✭❡✳❣✳✱ ✈♦✐r
●✐r❛r❞✐ ✷✵✶✻✱ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳

❋✐♥ ❞❡ ✈✐❡✳ ▲♦rsq✉❡ ❧✬❤é❧✐✉♠ ❡st é♣✉✐sé ❞❛♥s ❧❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s ❛❧♦rs ❝♦♠♣♦sé❡s ❞❡ ❝❛r❜♦♥❡
❡t ❞✬♦①②❣è♥❡✱ ❧✬ét♦✐❧❡ é✈♦❧✉❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❆●❇✮ ❡♥ ❜rû❧❛♥t
❧✬❤é❧✐✉♠ ❡♥ ❝♦✉❝❤❡ ❛✉✲❞❡ss✉s ❞✬✉♥ ❝÷✉r ✐♥❡rt❡ ❡♥ ❝♦♥tr❛❝t✐♦♥✳ ▲❛ ❧✉♠✐♥♦s✐té ❛✉❣♠❡♥t❡ ❛✐♥s✐ q✉❡
❧❡ r❛②♦♥ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ◆é❛♥♠♦✐♥s✱ ♣♦✉r ❧❡s ét♦✐❧❡s
❞❡ ♠❛ss❡ ✐♥❢ér✐❡✉r❡ à 8 M⊙✱ ❧❛ t❡♠♣ér❛t✉r❡ ♥é❝❡ss❛✐r❡ à ❧✬✐❣♥✐t✐♦♥ ❞❡ ❧❛ ❢✉s✐♦♥ ❞✉ ❝❛r❜♦♥❡ ♥✬❡st

✹✳ ▲❛ ♠ét❛❧❧✐❝✐té ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ❧✬❛❜♦♥❞❛♥❝❡ ♠❛ss✐q✉❡ ❞❡ t♦✉s ❧❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ♣❧✉s ❧♦✉r❞s q✉❡ ❧✬❤é❧✐✉♠✳

✶✷



✶✳✹✳ ❱❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ✿ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞

❥❛♠❛✐s ❛tt❡✐♥t❡✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✉♠✐♥♦s✐té ❡st t❡❧❧❡ q✉❡ ❧❛ ♣r❡ss✐♦♥ ❞❡ r❛❞✐❛t✐♦♥ ♣♦✉ss❡ ❧❡s
❝♦✉❝❤❡s ❡①t❡r♥❡s ✈❡rs ❧✬❡①tér✐❡✉r✳ ▲✬❡♥✈❡❧♦♣♣❡ ❡st ✜♥❛❧❡♠❡♥t é❥❡❝té❡ ❛✉t♦✉r ❞✉ ❝÷✉r ❞❡ ❝❛r❜♦♥❡ ❡t
❞✬♦①②❣è♥❡✳ ▲✬ét♦✐❧❡ ✜♥✐t ❛❧♦rs s❛ ✈✐❡ s♦✉s ❢♦r♠❡ ❞✬✉♥❡ ♥é❜✉❧❡✉s❡ ♣❧❛♥ét❛✐r❡ ❝♦♠♣♦sé❡ ❞✬✉♥❡ ♥❛✐♥❡
❜❧❛♥❝❤❡ ❝❡♥tr❛❧❡ ❞❡ ❝❛r❜♦♥❡ ❡t ❞✬♦①②❣è♥❡ ❡♥ ❧❡♥t r❡❢r♦✐❞✐ss❡♠❡♥t✱ q✉✐ ❡st ❡♥❣❧♦❜é❡ ♣❛r ✉♥ ♥✉❛❣❡ ❞❡
❣❛③ ❝♦♠♣♦sé ❞✬❤②❞r♦❣è♥❡✱ ❞✬❤é❧✐✉♠ ❡t ❞✬♦①②❣è♥❡ ✐♦♥✐sés✱ rés✐❞✉ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ st❡❧❧❛✐r❡✳

✶✳✸✳✸ ➱t♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ (1.8 M⊙ . M⋆ . 8 M⊙)

❆ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✱ ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ❡♥ ♣❧✉s ❞✬é✈♦❧✉❡r
♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❧❡s ❛✉tr❡s✱ ❞é♠❛rr❡♥t ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ✉♥ ♠✐❧✐❡✉ ♥♦♥✲❞é❣é♥éré✳ ❊♥
❡✛❡t✱ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞❡ ❝❡s ét♦✐❧❡s s♦♥t ♣❧✉s ❝❤❛✉❞❡s ❡t ♠♦✐♥s ❞❡♥s❡s✱ ❡t ❧❛ t❡♠♣ér❛t✉r❡ ❞❡s
é❧❡❝tr♦♥s ♣❡✉t r❡st❡r s✉♣ér✐❡✉r❡ à ❧❛ t❡♠♣ér❛t✉r❡ ❞❡ ❋❡r♠✐✳ ❆✐♥s✐✱ ❧❡ ✢❛s❤ ❞❡ ❧✬❤é❧✐✉♠ ♥✬❛ ♣❛s ❧✐❡✉
♣♦✉r ❝❡s ét♦✐❧❡s ❡t ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞é♠❛rr❡ ❞❡ ❢❛ç♦♥ t❡♠♣éré❡✳ ❈❡s ét♦✐❧❡s tr❛♥s✐t❡♥t ❞♦♥❝
❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ❘●❇ à ✉♥❡ ré❣✐♦♥ ✉♥ ♣❡✉ ♣❧✉s ❝❤❛✉❞❡ q✉❡ ❧❡ r❡❞ ❝❧✉♠♣✱ ❡t s✐♠♣❧❡♠❡♥t ❛♣♣❡❧é❡
s❡❝♦♥❞❛r② r❡❞ ❝❧✉♠♣✳ ▲à✱ ❡❧❧❡s tr❛♥s❢♦r♠❡♥t ❧❡✉r ❤é❧✐✉♠ ❝❡♥tr❛❧❡ ❡♥ ❝❛r❜♦♥❡ ❡t ♦①②❣è♥❡ ❡t ✜♥✐ss❡♥t
❧❡✉r ✈✐❡ ❡♥ ♥❛✐♥❡s ❜❧❛♥❝❤❡s ❞❡ ❝❛r❜♦♥❡ ❡t ❞✬♦①②❣è♥❡✱ t♦✉t ❝♦♠♠❡ ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳

✶✳✹ ❱❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ✿ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞

▲❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞♦♥♥❡ ✉♥❡ ✈✐s✐♦♥ s✐♠♣❧✐✜é❡ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s✳ ❇✐❡♥ q✉✬✐❧ s♦✐t s✉✣s❛♥t
♣♦✉r ❞é❝r✐r❡ ❞❡ ❢❛ç♦♥ ❣❧♦❜❛❧❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✱ ✐❧ ❡st ♥é❛♥♠♦✐♥s ❧✐♠✐té ❧♦rsq✉✬✐❧ s✬❛❣✐t ❞❡ q✉❛♥t✐✜❡r
❛✈❡❝ ♣ré❝✐s✐♦♥ ❧❡s ♣r♦♣r✐étés st❡❧❧❛✐r❡s✳ ❊♥ ❡✛❡t✱ ❞✐✛ér❡♥ts ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s ❛❞❞✐t✐♦♥♥❡❧s✱ ❞✐ts ♥♦♥✲
st❛♥❞❛r❞✱ ♣❡✉✈❡♥t ♠♦❞✐✜❡r ❞❡ ❢❛ç♦♥ s✐❣♥✐✜❝❛t✐✈❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s✱ ❡t
❛✈♦✐r ❞❡ sér✐❡✉s❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❡✉rs ♣r♦♣r✐étés✱ ❡t ♥♦t❛♠♠❡♥t ❞❡ ❧❡✉r â❣❡
✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❛✮✳ ❈❡✉①✲❝✐ s♦♥t ❛ss♦❝✐és ❡♥ ❣é♥ér❛❧ à ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt✳ P❛r♠✐
❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts✱ ♦♥ ♣❡✉t ♥♦t❡r ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡✱ ❧❡ ♠é❧❛♥❣❡ t✉r❜✉❧❡♥t ❞❛♥s ❧❡s ré❣✐♦♥s
❛✉① ✐♥t❡r❢❛❝❡s ❡♥tr❡ ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s ❡t r❛❞✐❛t✐✈❡s✱ ❛✐♥s✐ q✉❡ ❧❡s ♣❤é♥♦♠è♥❡s ✐♥❞✉✐ts ♣❛r ❧❛
r♦t❛t✐♦♥ ✭❡✳❣✳✱ ◆♦❡❧s ❡t ❛❧✳ ✷✵✶✻✮✳

❉✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡✳ ▲❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ ❝♦rr❡s♣♦♥❞ ❛✉ tr❛♥s♣♦rt ❞❡s é❧é♠❡♥ts
❝❤✐♠✐q✉❡s ❧❡s ✉♥s ♣❛r r❛♣♣♦rt ❛✉① ❛✉tr❡s✱ s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ ✭♣❛r ❞✐✛ér❡♥❝❡ ❞❡ ♠❛ss❡✮✱
❞✉ ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ♦✉ ❞❡ t❡♠♣ér❛t✉r❡ ✭❡✳❣✳✱ ❱❛✉❝❧❛✐r ✫ ❱❛✉❝❧❛✐r ✶✾✽✷✮✳ ❉❛♥s
❧❡s ét♦✐❧❡s ❛ss❡③ ♠❛ss✐✈❡s ♣♦✉r q✉❡ ❧❛ ♣r❡ss✐♦♥ ❞❡ r❛❞✐❛t✐♦♥ s♦✐t ✐♠♣♦rt❛♥t❡✱ ✐❧ ♥❡ ❢❛✉t ♣❛s ♥♦♥
♣❧✉s ♦✉❜❧✐❡r ❧✬❡✛❡t ❞❡s ❛❝❝é❧ér❛t✐♦♥s r❛❞✐❛t✐✈❡s ✭❡✳❣✳✱ ▼✐❝❤❛✉❞ ✶✾✼✵✮✳ ▲✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡
❧✬❛❜♦♥❞❛♥❝❡ ♠❛ss✐q✉❡ ❞✉ i✲è♠❡ é❧é♠❡♥t ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳
✷✵✶✹❛✮

∂Xi

∂t
=
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∂Xi

∂t

)

nuc

+
1

r2
∂

∂r

(
r2ρXi

~Vi

)
+

1

r2
∂

∂r

(
r2ρDi

∂Xi

∂r

)
✱ ✭✶✳✷✵✮

♦ù ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ♣r♦✈✐❡♥t ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✱ ~Vi ❡st ❧❛ ✈✐t❡ss❡ ♠✐✲
❝r♦s❝♦♣✐q✉❡ ♣❛r r❛♣♣♦rt à ❧✬é❧é♠❡♥t ❧❡ ♣❧✉s ❛❜♦♥❞❛♥t✱ ❡t Di ❡st ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥ ❛ss♦❝✐é
à ❞✬❛✉tr❡s ♣r♦❝❡ss✉s t✉r❜✉❧❡♥ts ✭❝♦♠♠❡ ❧❛ ❝♦♥✈❡❝t✐♦♥✮ ❡t✴♦✉ ❞✐✛✉s✐❢s✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ tr✐❛❣❡ ❣r❛✲
✈✐t❛t✐♦♥♥❡❧✱ ♣❛r ❡✛❡t ❞❡ ♠❛ss❡✱ ❛✉r❛ t❡♥❞❛♥❝❡ à ❢❛✐r❡ ❞✐♠✐♥✉❡r ❧✬❛❜♦♥❞❛♥❝❡ ❞❡ ❧✬❤é❧✐✉♠ ❛✉ ♣r♦✜t
❞❡ ❧✬❤②❞r♦❣è♥❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ❈❡❧❛ ❛✉r❛ ♥♦t❛♠♠❡♥t ❞❡s
❝♦♥séq✉❡♥❝❡s s✉r ❧✬♦♣❛❝✐té ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ❡t s❡ ré♣❡r❝✉t❡r❛ s✉r ❧❛ ❧✉♠✐♥♦s✐té ❞❡ ❧✬ét♦✐❧❡
✭❡✳❣✳✱ ✈♦✐r ❋✐❣✉r❡ ✶✳✹✮✱ s✉r ❧❛ ✈❛❧❡✉r ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❡t ❞♦♥❝ s✉r ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ❇❛❤❝❛❧❧ ✫ P✐♥s♦♥♥❡❛✉❧t ✶✾✾✷✮✳ ❆✉tr❡ ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡s ét♦✐❧❡s ♣❧✉s ♠❛ss✐✈❡s✱ ❧❡ ❥❡✉
❞✉ tr✐❛❣❡ ❣r❛✈✐t❛t✐♦♥♥❡❧ ✭✈❡rs ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡✮ ❡t ❞❡s ❛❝❝é❧ér❛t✐♦♥s r❛❞✐❛t✐✈❡s ✭✈❡rs ❧✬❡①tér✐❡✉r
❞❡ ❧✬ét♦✐❧❡✮ ♣❡✉t ♣r♦✈♦q✉❡r ✉♥❡ ❛❝❝✉♠✉❧❛t✐♦♥ ❞✬é❧é♠❡♥ts ❝❤✐♠✐q✉❡s t❡❧s q✉❡ ❧❡ ❢❡r ❞❛♥s ❝❡rt❛✐♥❡s ré✲
❣✐♦♥s ♣❛rt✐❝✉❧✐èr❡s✳ ▲à✱ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬♦♣❛❝✐té ✐♥❞✉✐t❡ ♣❡✉t ❞♦♥♥❡r ♥❛✐ss❛♥❝❡ à ✉♥❡ ✜♥❡ ❝♦✉❝❤❡
❝♦♥✈❡❝t✐✈❡ ❡t ❞♦♥❝ ✉♥ ♠é❧❛♥❣❡ t✉r❜✉❧❡♥t ❡✣❝❛❝❡ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ✭❡✳❣✳✱ ❉❡❛❧ ❡t ❛❧✳ ✷✵✶✻✮✳
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❈❤❛♣✐tr❡ ✶✳ ◗✉❡❧q✉❡s ♠♦ts s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s

❋✐❣✉r❡ ✶✳✹✿ ❚r❛❝é é✈♦❧✉t✐❢ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❘ ♣♦✉r ❞❡s ♠♦❞è❧❡s ❞❡ ✶ M⊙ ✭❞✬❛♣rès ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳

✷✵✶✵✮✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ ❡t ❧❡s t✐r❡ts ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ❞❡s ♠♦❞è❧❡s s❛♥s r♦t❛✲
t✐♦♥ ❝❛❧❝✉❧és ❛✈❡❝ ❡t s❛♥s ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡✳ ▲❡s ❧✐❣♥❡s ♣♦✐♥t✐❧❧é❡s ❡t ❡♥ t✐r❡ts✲♣♦✐♥t✐❧❧és
✐♥❞✐q✉❡♥t ❞❡s ♠♦❞è❧❡s ❡♥ r♦t❛t✐♦♥✱ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡ ✺✵ ❦♠ s−1✱ ❝❛❧❝✉✲
❧és ❛✈❡❝ ❡t s❛♥s ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s tr❛❝és s✬❛rrêt❡♥t à ❧❛ ✜♥ ❞❡ ❧❛
séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳

❈❡s ❡①❡♠♣❧❡s ♠♦♥tr❡♥t ❧❛ ♥é❝❡ss✐té ❞❡ ❝♦♥s✐❞ér❡r ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s ♣♦✉r
♣♦✉✈♦✐r q✉❛♥t✐✜❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ✐♥t❡r♥❡ ❡t s♦♥ ✐♠♣❛❝t s✉r ❧❛ str✉❝t✉r❡ ❞❡
❧✬ét♦✐❧❡✳

■♥t❡r❢❛❝❡s ❝♦♥✈❡❝t✐✈❡✲r❛❞✐❛t✐✈❡✳ ❯♥ ❞❡s ❣r❛♥❞s ♣♦✐♥ts ❢❛✐❜❧❡s ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❡st ❧✐é à ❧❛
❞❡s❝r✐♣t✐♦♥ ✉t✐❧✐sé❡ ♣♦✉r ❧❛ ❝♦♥✈❡❝t✐♦♥✳ ▲❡ ❝❛r❛❝tèr❡ ❧♦❝❛❧ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡
♣♦s❡ ♥♦t❛♠♠❡♥t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ q✉❡st✐♦♥s ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ tr❛✐t❡♠❡♥t ❞❡s ré❣✐♦♥s
❝♦♥✈❡❝t✐✈❡s à ❧❛ ❢r♦♥t✐èr❡ ❛✈❡❝ ✉♥❡ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡tt❡ t❤é♦r✐❡✱ ❧❛ ✈✐t❡ss❡ ❞❡s é❧é♠❡♥ts
❝♦♥✈❡❝t✐❢s ❡t ❧❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❞é♣❡♥❞❡♥t ❞❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s ❞é✜♥✐❡s ❞❛♥s ✉♥❡ ♠ê♠❡
❝♦✉❝❤❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✉♥ é❧é♠❡♥t ✢✉✐❞❡ ❞♦✐t ❛rrêt❡r s❛ ❝♦✉rs❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❧✐♠✐t❡ ❞♦♥♥é❡ ♣❛r
❧❡ ❝r✐tèr❡ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ ❖r✱ ❞❛♥s ❧❛ ré❛❧✐té✱ ✐❧ ♣❡✉t ♣é♥étr❡r ♣❛r ✐♥❡rt✐❡ s✉r ✉♥❡ ❝❡rt❛✐♥❡ ❞✐st❛♥❝❡
❞❛♥s ❧❡s ❝♦✉❝❤❡s r❛❞✐❛t✐✈❡s ❛❞❥❛❝❡♥t❡s st❛❜❧❡♠❡♥t str❛t✐✜é❡s ✿ ❝✬❡st ❝❡ q✉❡ ❧✬♦♥ ♥♦♠♠❡ ❧✬♦✈❡rs❤♦♦t✐♥❣
✭❡✳❣✳✱ ❉✐♥tr❛♥s ✷✵✵✾✮✳ ❈❡ ♣❤é♥♦♠è♥❡ ❛ ❞é❥à été ♦❜s❡r✈é ❡t ét✉❞✐é ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
✭❡✳❣✳✱ ❇r✉♠♠❡❧❧ ❡t ❛❧✳ ✷✵✵✷❀ ❘♦❣❡rs ❡t ❛❧✳ ✷✵✵✻❀ Pr❛tt ❡t ❛❧✳ ✷✵✶✼✮✳ ❉❛♥s ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥
st❡❧❧❛✐r❡ ✶❉✱ ❝❡ ♣r♦❝❡ss✉s ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ❡♥ ❛✉t♦r✐s❛♥t ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s✉r ✉♥❡
❝❡rt❛✐♥❡ ❞✐st❛♥❝❡✱ ♥♦té❡ dov✱ ❛✉✲❞❡❧à ❞✉ ♥✐✈❡❛✉ ♦ù ❧❡ ❝r✐tèr❡ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡st ✈ér✐✜é✳ ▲❛ ❞✐st❛♥❝❡
❝❛r❛❝tér✐st✐q✉❡ ❞✬❡①t❡♥s✐♦♥ ❡st s✉♣♣♦sé❡ êtr❡ ❞❡ ❧❛ ❢♦r♠❡

dov = αov min(Hp, r) ✱ ✭✶✳✷✶✮

♦ù αov ❡st ❧❡ ♣❛r❛♠ètr❡ ❞✬♦✈❡rs❤♦♦t✐♥❣✳ ❉✐✛ér❡♥t❡s ♣r❡s❝r✐♣t✐♦♥s ❛♥❛❧②t✐q✉❡s ❡①✐st❡♥t✳ ❈❡rt❛✐♥❡s
♣r♦♣♦s❡♥t ♣❛r ❡①❡♠♣❧❡ ✉♥❡ s✐♠♣❧❡ ❡①t❡♥s✐♦♥ ❛❞✐❛❜❛t✐q✉❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ❩❛❤♥ ✶✾✾✶✮
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✶✳✹✳ ❱❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ✿ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞

♦✉ ❡♥❝♦r❡ ✉♥❡ tr❛♥s✐t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ ❛ss♦❝✐é❡ à ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t à ♣r❡♥❞r❡
❡♥ ❝♦♠♣t❡ ❞❛♥s ❊q✳ ✭✶✳✷✵✮ ✭❡✳❣✳✱ ❩❤❛♥❣ ✫ ▲✐ ✷✵✶✷✮✳ ❈❡ ♣r♦❝❡ss✉s ❡st ❞✬✐♠♣♦rt❛♥❝❡ ♠❛❥❡✉r❡ s✉r ❧❛
❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❡s ét♦✐❧❡s ❡t ❧❡✉r é✈♦❧✉t✐♦♥✳ ■❧ ♣❡r♠❡t ♣❛r ❡①❡♠♣❧❡ ❞❡ ré❛❧✐♠❡♥t❡r ❧❡s ❝÷✉rs
❝♦♥✈❡❝t✐❢s ❡♥ ❝♦♠❜✉st✐❜❧❡✳ ▲❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❞❛♥s ❧❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s ♣❡✉✈❡♥t ❞♦♥❝ êtr❡
❡♥tr❡t❡♥✉❡s ♣❧✉s ❧♦♥❣t❡♠♣s✱ rés✉❧t❛♥t ❡♥ ✉♥ ❛❧❧♦♥❣❡♠❡♥t ❞✉ t❡♠♣s ❞❡ ✈✐❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
♣♦✉r ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ s✉♣ér✐❡✉r❡ à ✶✳✸ M⊙✳

❘♦t❛t✐♦♥ ❡t ♣r♦❝❡ss✉s ❛ss♦❝✐és✳ ▲♦rs ❞✉ ♣r♦❝❡ss✉s ❞❡ ❢♦r♠❛t✐♦♥ st❡❧❧❛✐r❡✱ ❧❡s ❢r❛❣♠❡♥ts ❞✉
♥✉❛❣❡ ♠♦❧é❝✉❧❛✐r❡ ♦r✐❣✐♥❡❧ ♣♦ssè❞❡♥t ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡ très ❢❛✐❜❧❡ ✈❛❧❡✉r✱ ♠❛✐s
q✉✐✱ ♣❛r ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❞✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧✱ ♣❡✉t
rés✉❧t❡r ❡♥ ❞❡ ♣❧✉s ♦✉ ♠♦✐♥s ❢♦rt❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ ❛✉ ❞é❜✉t ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s✳ ❉❛♥s ❧❡ ❝❛s
❞❡s r♦t❛t❡✉rs r❛♣✐❞❡s✱ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❡st ❛ss❡③ ❢♦rt❡ ♣♦✉r ❛♣❧❛t✐r ❞❡ ❢❛ç♦♥ ♥♦t❛❜❧❡ ❧❛ ❢♦r♠❡ ❞❡
❧✬ét♦✐❧❡ ❡t r❡♠❡ttr❡ ❡♥ q✉❡st✐♦♥ ❧✬❤②♣♦t❤ès❡ ❞❡ s②♠étr✐❡ s♣❤ér✐q✉❡ ✭❡✳❣✳✱ ▼❛❡❞❡r ✷✵✵✾❀ ❘❡❡s❡ ✷✵✶✺✮✳
❉❡ ♣❧✉s✱ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡s r♦t❛t❡✉rs ❢❛✐❜❧❡s ♦ù ❧❛ ❞✐st♦rs✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ♣❛r ❧❛
❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ♣❡✉t êtr❡ ♥é❣❧✐❣é❡✱ ❧❛ r♦t❛t✐♦♥ ♣❡✉t ❛✈♦✐r ✉♥ ✐♠♣❛❝t s✉r ❧❛ ✈✐❡ ❞❡ ❧✬ét♦✐❧❡ ❡t ❞♦✐t
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ✭❡✳❣✳✱ ▼❛❡❞❡r ✫ ▼❡②♥❡t ✷✵✵✵❀ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✷✵✶✵❀ ❊❣❣❡♥❜❡r❣❡r ✷✵✶✺❀
▼❡②♥❡t ❡t ❛❧✳ ✷✵✶✻✮✳ ❊♥ ❡✛❡t✱ ♥♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ q✉❡ ❧❛ r♦t❛t✐♦♥ ✐♥❞✉✐t ❞✐✛ér❡♥ts ♣r♦❝❡ss✉s
❞❡ tr❛♥s♣♦rt ✐♥t❡r♥❡s✳ ❈❡✉①✲❝✐ ✈♦♥t ✐♥✢✉❡r s✉r ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❡ s✉r❢❛❝❡ ♦✉ ❧❛ ♣♦s✐t✐♦♥
❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍✲❘ à ✉♥ â❣❡ ❞♦♥♥é ✭✈♦✐r ❋✐❣✉r❡ ✶✳✹✮✳ ■❧s ♣❡✉✈❡♥t ❛✉ss✐✱ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à
❧✬♦✈❡rs❤♦♦t✐♥❣✱ ré❛♣♣r♦✈✐s✐♦♥♥❡r ❧❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s ❡♥ ❤②❞r♦❣è♥❡✱ ❛✉❣♠❡♥t❛♥t ❞❡ ❝❡ ❢❛✐t ❧❡ t❡♠♣s
❞❡ ✈✐❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❝❡s ét♦✐❧❡s✳ ❊♥ ♣❛r❛❧❧è❧❡✱ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r
❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ♥é❝❡ss✐t❡ ❛✉ss✐✱ ❞❛♥s ✉♥ s♦✉❝✐ ❞❡ ❝♦❤ér❡♥❝❡✱ ❞❡ s✉✐✈r❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ✐♥t❡r♥❡✳ ❈❡❝✐ ❞♦✐t ❡♥❝♦r❡ ❢❛✐r❡ ❛♣♣❡❧ à ❞✬❛✉tr❡s ♣r♦❝❡ss✉s ❛❞❞✐t✐♦♥♥❡❧s ✭✈♦✐r ❈❤❛♣✐tr❡ ✹✮✳

❚♦✉s ❝❡s ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞ ♦♥t ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ❡t s✉r
❧❡✉rs ♣r♦♣r✐étés ✐♥tr✐♥sèq✉❡s ♦❜s❡r✈❛❜❧❡s✳ ■❧s ✈♦♥t ❞♦♥❝ ♠♦❞✐✜❡r ❧❡ tr❛❝é é✈♦❧✉t✐❢ ❞❡s ét♦✐❧❡s ❞❛♥s ❧❡
❞✐❛❣r❛♠♠❡ ❍✲❘ ✭❡✳❣✳✱ ✈♦✐r ❋✐❣✉r❡ ✶✳✹ ♣♦✉r ❧❛ r♦t❛t✐♦♥ ❡t ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❧❛ ❞❛t❛t✐♦♥ ❞❡s ét♦✐❧❡s ❜❛sé❡ s✉r ❧❡s ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s ✭❧✉♠✐♥♦s✐té✱ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❡t
❛❜♦♥❞❛♥❝❡s✮ ❡♥ ❡st s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❛✛❡❝té❡ ❛✈❡❝ ✉♥❡ ✐♥❝❡rt✐t✉❞❡ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬â❣❡ q✉✐ ♣❡✉t
❞é♣❛ss❡r ❧❡s ✸✵✪✱ ❡t ❝❡ ❡♥ ♥❡ ❝♦♥s✐❞ér❛♥t ❧✬❡✛❡t q✉❡ ❞✬✉♥ s❡✉❧ ♣r♦❝❡ss✉s à ❧❛ ❢♦✐s ✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳
✷✵✶✹❛❀ ▼❡②♥❡t ❡t ❛❧✳ ✷✵✶✻✮✳ ❯♥❡ ♠❡✐❧❧❡✉r❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❝❡s ♣r♦❝❡ss✉s ♥é❝❡ss✐t❡ ❞❡ ♥♦♠❜r❡✉s❡s
❝♦♥tr❛✐♥t❡s ❡t ✉♥ ♠♦②❡♥ ❡✣❝❛❝❡ ❞❡ s♦♥❞❡r ❧❡s ré❣✐♦♥s ✐♥t❡r♥❡s✳ ❈✬❡st ❝❡ q✉❡ ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s
st❡❧❧❛✐r❡s ❛ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♥♦✉s ♣r♦❝✉r❡r✳

✶✺



✶✻



❈❤❛♣✐tr❡ ✷

❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡
❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

❙♦♠♠❛✐r❡
✷✳✶ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶✳✶ ❙tr✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶✳✷ P❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❡ ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶✳✸ ➱q✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶✳✸✳❛ ➱q✉❛t✐♦♥s ♣❡rt✉r❜é❡s ❡t ❛♣♣r♦①✐♠❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶✳✸✳❜ ❍②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✶✳✸✳❝ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✷✳✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✷✳✷ ❊①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ✳ ✳ ✳ ✷✼

✷✳✷✳✸ ❊①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❡t ❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡ ✳ ✷✾

✷✳✷✳✹ ❙♣❡❝tr❡ ♦❜s❡r✈é ❡t ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸ ❘❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ ✿ ❧✐❡♥ ❡♥tr❡ ♦s❝✐❧❧❛t✐♦♥ ❡t ♣❛r❛♠ètr❡s st❡❧❧❛✐r❡s ✳ ✳ ✸✷

✷✳✹ ❈♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✿ q✉❡❧q✉❡s ❡①❡♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹✳✶ ❊♥s❡♠❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ✐♥❞✐✈✐❞✉❡❧❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹✳✷ ●❧✐t❝❤ ❡t ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ré❣✐♦♥s à ❢♦rt ❣r❛❞✐❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹✳✸ ❙♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

❆ ❧❛ s✉✐t❡ ❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥✱ ✉♥❡ ét♦✐❧❡ ♣❡✉t ♦s❝✐❧❧❡r ❛✉t♦✉r ❞❡ s♦♥ ét❛t ❞✬éq✉✐❧✐❜r❡✳ ▲❡s ♣r♦✲
♣r✐étés ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞é♣❡♥❞❡♥t ❞❡s ♣r♦♣r✐étés ❞✉ ♠✐❧✐❡✉ st❡❧❧❛✐r❡ ❀ ❧❡✉r ♦❜s❡r✈❛t✐♦♥ ♥♦✉s ♣❡r♠❡t
❞♦♥❝ ❞❡ s♦♥❞❡r ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s ❞❡ ❧✬ét♦✐❧❡✱ ✐♥❛❝❝❡ss✐❜❧❡s ❡♥ t❡♠♣s ♥♦r♠❛❧✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱
❧❛ t❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s ❡st ✐♥tr♦❞✉✐t❡✳ ❯♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞✬❤②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s
s❡r❛ ✉t✐❧✐sé ♣♦✉r r❡♥❞r❡ ❧❡ ♣r♦❜❧è♠❡ s♦❧✉❜❧❡ ❛♥❛❧②t✐q✉❡♠❡♥t✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❡s ♣r♦♣r✐étés
❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ s❡r♦♥t ❛♥❛❧②sé❡s✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ❧✬❛♣♣♦rt ❞❡s ♦❜s❡r✈❛t✐♦♥s s✐s✲
♠✐q✉❡s à ❧✬ét✉❞❡ ❞❡ ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s s❡r❛ ❞✐s❝✉té✳ ❊♥ s❡ ❜❛s❛♥t s✉r ❞❡s ❛r❣✉♠❡♥ts s✐♠♣❧❡s✱ ♦♥
♠♦♥tr❡r❛ q✉❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ♣❡✉t ❢♦✉r♥✐r ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ✐♥tr✐♥sèq✉❡s
❞❡s ét♦✐❧❡s✱ ❡t q✉❡ ❞❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❛♣♣r♦♣r✐és ♣❡✉✈❡♥t ❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s ❛✉ss✐ ❜✐❡♥
s✉r ❧❡s ♣r♦♣r✐étés st❡❧❧❛✐r❡s ❢♦♥❞❛♠❡♥t❛❧❡s ✭♠❛ss❡✱ r❛②♦♥✮✱ q✉❡ s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✭❡✳❣✳✱ r♦t❛t✐♦♥✱
✐♥t❡r❢❛❝❡ r❛❞✐❛t✐✈❡✲❝♦♥✈❡❝t✐✈❡✱ ❡t❝✳✮✳

✶✼



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

✷✳✶ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s

✷✳✶✳✶ ❙tr✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡

❆ ❧❛ ❞✐✛ér❡♥❝❡ ❞✉ ❈❤❛♣✐tr❡ ✶✱ ❧✬❡①✐st❡♥❝❡ ♣♦ss✐❜❧❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❞❛♥s ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡ ❝❛r❛❝✲
tér✐sé ♣❛r ✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ~V0(~r) ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ▲❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥t✐♥✉✐té✱ ❞❡ ❧✬éq✉✐❧✐❜r❡
❤②❞r♦st❛t✐q✉❡ ❡t ❞❡ P♦✐ss♦♥ s♦♥t ❛❧♦rs ❞♦♥♥é❡s ♣❛r

~∇ · (ρ0~V0) = 0 ✭✷✳✶✮

ρ(~V0 · ~∇)~V0 = −~∇p0 − ρ~∇Ψ0 ✭✷✳✷✮

∆Ψ0 = 4πGρ0 ✱ ✭✷✳✸✮

♦ù ~∇ ❡st ❧✬♦♣ér❛t❡✉r ♥❛❜❧❛✱ ❡t ρ0✱ ψ0 ❡t p0 r❡♣rés❡♥t❡♥t ❧❛ ❞❡♥s✐té✱ ❧❡ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡t ❧❛
♣r❡ss✐♦♥ à ❧✬éq✉✐❧✐❜r❡✳ P♦✉r êtr❡ ❝♦♠♣❧❡t✱ ❝❡s ❞❡✉① éq✉❛t✐♦♥s ❞♦✐✈❡♥t êtr❡ ❝♦♠♣❧été❡s ♣❛r ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ✉♥❡ éq✉❛t✐♦♥ ❞✬ét❛t p(ρ, T,Xi)✱ ❝♦♠♠❡ r❛♣♣❡❧é ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✳

✷✳✶✳✷ P❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❡ ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡

❙✉♣♣♦s♦♥s q✉✬à ✉♥ ♠♦♠❡♥t ❞❡ s♦♥ é✈♦❧✉t✐♦♥✱ ✉♥❡ ét♦✐❧❡ s♦✐t ❧é❣èr❡♠❡♥t ♣❡rt✉r❜é❡ ❞❡ s❛ ♣♦s✐t✐♦♥
❞✬éq✉✐❧✐❜r❡✳ ▲❡ t❡♠♣s ❞❡ ré♣♦♥s❡ à ❝❡tt❡ ♣❡rt✉r❜❛t✐♦♥ ❞♦✐t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s
❞②♥❛♠✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ très ✐♥❢ér✐❡✉r ❛✉① é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳
▲✬ét♦✐❧❡ ✈❛ ❞♦♥❝ ♦s❝✐❧❧❡r ❛✉t♦✉r ❞❡ s♦♥ ét❛t ❞✬éq✉✐❧✐❜r❡✳ ❙✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s ❞❡ ❧✬♦r❞r❡ ❞❡
♣❧✉s✐❡✉rs ♣ér✐♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ♣❡✉t ❞❡ ♣❧✉s êtr❡ s✉♣♣♦sé❡ ✐♥❞é♣❡♥❞❛♥t❡
❞✉ t❡♠♣s✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ♥♦t❡ ~ξ ❧❡ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ❞✬✉♥ é❧é♠❡♥t ✢✉✐❞❡ ♣❛r r❛♣♣♦rt à s❛ ♣♦s✐t✐♦♥
❞✬éq✉✐❧✐❜r❡✱ ♥♦té❡ ~r0✱ t❡❧ q✉❡

~ξ(~r, t) = ~r − ~r0 ✳ ✭✷✳✹✮

▲❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ X ′ ❞❡ t♦✉t❡ q✉❛♥t✐té ♣❤②s✐q✉❡ X ❡st é❣❛❧❡ à

X ′(~r, t) = X(~r, t)−X0(~r) ✱ ✭✷✳✺✮

♦ù X0 ❡st ❧❛ ✈❛❧❡✉r à ❧✬éq✉✐❧✐❜r❡✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥
▲❛❣r❛♥❣✐❡♥♥❡ ❡st q✉❛♥t à ❡❧❧❡ ❞♦♥♥é❡ ♣❛r

δX(~r, t) = X(~r + ~ξ, t)−X0(~r, t)

≈ X ′(~r, t) + (~ξ · ~∇)X0(~r) ✳ ✭✷✳✻✮

❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ❞✬✉♥ ét❛t ❞✬éq✉✐❧✐❜r❡ ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ✈✐t❡ss❡ ❞✬é❝♦✉❧❡♠❡♥t ~V0✱ ❧❛ ✈✐t❡ss❡
t♦t❛❧❡ ~Vtot = ~V0 + ~v✱ ♦ù ~v ❡st ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ❡st é❣❛❧❡ à

~Vtot =
❞~r
❞t

✱ ✭✷✳✼✮

♦ù d/dt ❡st ❧❛ ❞ér✐✈é❡ ▲❛❣r❛♥❣✐❡♥♥❡✱ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡✱ ♣♦✉r t♦✉t❡ q✉❛♥t✐té ❛ss♦❝✐é❡ à ❧✬♦♥❞❡ X ′

✭♦✉ δX✮✱ ♦♥ ♦❜t✐❡♥♥❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡

❞X ′

❞t
=
∂X ′

∂t
+
(
~Vtot · ~∇

)
X ′ ≈ ∂X ′

∂t
+
(
~V0 · ~∇

)
X ′ ✳ ✭✷✳✽✮

■❧ ❡st ❛✉ss✐ ✉t✐❧❡ ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❞é✜♥✐r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ✈✐t❡ss❡ δ~v ❝♦♠♠❡

δ~v = ~Vtot(~r0 + ~ξ)− ~V0(~r0)

=
❞~r
❞t
− ❞~r0

❞t
=

❞~ξ
❞t

✭✷✳✾✮

≈ ∂~ξ

∂t
+
(
~V0 · ~∇

)
~ξ ✳ ✭✷✳✶✵✮

✶✽



✷✳✶✳ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s

❙❡❧♦♥ ❊q✳ ✭✷✳✻✮✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡ ✈✐t❡ss❡ ❡st ❛❧♦rs r❡❧✐é❡ ❛✉ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ♣❛r

~v = δ~v −
(
~ξ · ~∇

)
~V0 ✳ ✭✷✳✶✶✮

✷✳✶✳✸ ➱q✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s

✷✳✶✳✸✳❛ ➱q✉❛t✐♦♥s ♣❡rt✉r❜é❡s ❡t ❛♣♣r♦①✐♠❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡

❊♥ ♥❡ ❣❛r❞❛♥t q✉❡ ❧❡s t❡r♠❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t ❡♥ ♦✉❜❧✐❛♥t ❞❛♥s ❧❛ s✉✐t❡ ❧✬✐♥❞✐❝❡ 0 ♣♦✉r
t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s à ❧✬éq✉✐❧✐❜r❡ ❡①❝❡♣té❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❧❡s éq✉❛t✐♦♥s ♣❡rt✉r❜é❡s ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❡t ❞❡ P♦✐ss♦♥ s♦♥t é❣❛❧❡s à

∂~v

∂t
+
(
~V0 · ~∇

)
~v +

(
~v · ~∇

)
~V0 = −

1

ρ
~∇p′ − ρ′

ρ2
~∇p− ~∇Ψ′ ✭✷✳✶✷✮

∆Ψ′ = 4πGρ′ ✱ ✭✷✳✶✸✮

♦ù ❊qs✳ ✭✷✳✷✮ ❡t ✭✷✳✸✮ ♦♥t été ✉t✐❧✐sé❡s✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ réé❝r✐r❡ ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥t✐♥✉✐té ♣❡rt✉r❜é❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ▲❛❣r❛♥❣✐❡♥✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❝❡❧❧❡✲❝✐ ♣❡✉t s✬é❝r✐r❡ ❡♥
✉t✐❧✐s❛♥t ❊q✳ ✭✷✳✽✮ ❝♦♠♠❡

❞δρ
❞t

+ δρ~∇ · ~V0 + ρ~∇ · δ~v = 0

∂δρ

∂t
+ ~V0 · ~∇δρ+ ~∇ ·

(
δρ

ρ
ρ~V0

)
− ~V0 · ~∇δρ+ ρ~∇ · δ~v = 0

∂δρ

∂t
+ ρ~V0 · ~∇

(
δρ

ρ

)
+
δρ

ρ
~∇ ·
(
ρ~V0

)
+ ρ~∇ · δ~v = 0 ✳

❊♥ ❞✐✈✐s❛♥t ♣❛r ρ ❧❛ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ❡t ❡♥ ✉t✐❧✐s❛♥t ❊qs✳ ✭✷✳✶✮ ❡t ✭✷✳✾✮✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té
❧✐♥é❛r✐sé❡ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ❝♦♠♠❡

❞
❞t

(
δρ

ρ

)
+ ~∇ ·

(
❞~ξ
❞t

)
= 0 ✳ ✭✷✳✶✹✮

❊♥✜♥✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s s♦♥t s✉♣♣♦sé❡s ❛❞✐❛❜❛t✐q✉❡s✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❥♦✉❡ ❧❡ rô❧❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡
❧✬é♥❡r❣✐❡✳ ❊♥ ❞✬❛✉tr❡s ♠♦ts✱ ❧❡s é❝❤❛♥❣❡s ❞❡ ❝❤❛❧❡✉r ❡♥tr❡ ❧❡ ♠✐❧✐❡✉ ❡♥✈✐r♦♥♥❛♥t ❡t t♦✉t é❧é♠❡♥t
✢✉✐❞❡ ❞é♣❧❛❝é ❞❡ s❛ ♣♦s✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡ s♦♥t ♥✉❧s✳ ❈❡❧❛ r❡✈✐❡♥t à ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ✈❛r✐❛t✐♦♥
▲❛❣r❛♥❣✐❡♥♥❡ ❞✬❡♥tr♦♣✐❡ s♣é❝✐✜q✉❡ ❡st ♥✉❧❧❡✱ s♦✐t δS = 0✳ ❈❡❧❛ ♣❡r♠❡t ❞❡ r❡❧✐❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s
▲❛❣r❛♥❣✐❡♥♥❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❞❡♥s✐té ♣❛r

δp = c2δρ ✱ ✭✷✳✶✺✮

♦ù c = (Γ1p/ρ)
1/2 ❡st ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✱ ❛✈❡❝ Γ1 = (∂ ln p/∂ρ)S,µ ❧❡ ♣r❡♠✐❡r ✐♥❞✐❝❡ ❛❞✐❛❜❛t✐q✉❡✳ ❊♥

t❡r♠❡ ❞❡ ✈❛r✐❛❜❧❡s ❊✉❧ér✐❡♥♥❡s✱ ❝❡❧❛ s❡ tr❛❞✉✐t ♣❛r ❧❛ r❡❧❛t✐♦♥

p′

p
= Γ1

(
ρ′

ρ
+ ~ξ · ~A

)
✱ ✭✷✳✶✻✮

♦ù ❧✬♦♥ ❛ ❞é✜♥✐ ❧❡ ❞✐s❝r✐♠✐♥❛♥t ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞

~A = ~∇ ln ρ− 1

Γ1

~∇ ln p ✳ ✭✷✳✶✼✮

❊♥ ❛♥t✐❝✐♣❛♥t s✉r ❧❛ s✉✐t❡✱ ❝❡ ❞❡r♥✐❡r ♥♦✉s ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧❛ ❢réq✉❡♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❇r✉♥t✲
❱ä✐sä❧ä✱ N ✱ t❡❧❧❡ q✉❡ s♦♥ ❝❛rré s♦✐t é❣❛❧ à

N2 = ~g · ~A ✳ ✭✷✳✶✽✮

✶✾



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

✷✳✶✳✸✳❜ ❍②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ♣♦✉r ♣♦✉✈♦✐r tr❛✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡
❢❛ç♦♥ ❛♥❛❧②t✐q✉❡ ❡t ❞❡ ❢❛ç♦♥ s✐♠♣❧❡ ✿

✶✳ ❘♦t❛t✐♦♥ ❛①✐s②♠étr✐q✉❡ r❛❞✐❛❧❡ ✿ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ ❛①✐s②♠étr✐q✉❡✱ ♥❡ ❞é✲
♣❡♥❞❛♥t q✉❡ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ r❛❞✐❛❧❡ ❡t ❝❛r❛❝tér✐sé❡ ♣❛r ❧❡ ✈❡❝t❡✉r r♦t❛t✐♦♥ ~Ω = Ω(r)~ez✱ ♦ù
~ez ❡st ❧❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ z ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❈❛rtés✐❡♥
❞♦♥t ❧✬♦r✐❣✐♥❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✳ ▲❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❡st ❛❧♦rs é❣❛❧❡ à ✭❡✳❣✳✱
❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮

~V0 = ~r ∧ ~Ω = r sin θΩ~eϕ ✱ ✭✷✳✶✾✮

♦ù ~eϕ ❡st ❧❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡ ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s
s♣❤ér✐q✉❡s✳

✷✳ ▲✐♠✐t❡ ❞❡s r♦t❛t❡✉rs ❧❡♥ts ✶ ✿ ❧❛ r♦t❛t✐♦♥ ❡st s✉♣♣♦sé❡ ❛ss❡③ ❢❛✐❜❧❡ ♣♦✉r q✉❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡
❝❡♥tr✐❢✉❣❡ s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ♣✉✐ss❡ êtr❡ ♥é❣❧✐❣é✳ ▲✬ét♦✐❧❡ à ❧✬éq✉✐❧✐❜r❡ ❝♦♥s❡r✈❡ ❞♦♥❝
❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ ❡t ❧❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s ✐♥t❡r♥❡s r❡st❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t r❛❞✐❛❧❡s✳
▲✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡st ❛❧♦rs ❞♦♥♥é ♣❛r ❧❛ r❡❧❛t✐♦♥ ❤❛❜✐t✉❡❧❧❡✱ dp/dr ≈ −ρg✳

✸✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ✿ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡st ♥é❣❧✐❣é❡ ✭✐✳❡✳✱
Ψ′ ≈ 0✮✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❡st ♥♦t❛♠♠❡♥t ✈❛❧✐❞❡ ♣♦✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
❤♦r✐③♦♥t❛❧❡ ♦✉ r❛❞✐❛❧❡ ❡st très ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt à ❧✬é❝❤❡❧❧❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡
à ❧✬éq✉✐❧✐❜r❡✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ s✐♠♣❧✐✜❡ ❣r❛♥❞❡♠❡♥t ❧✬❛♥❛❧②s❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s
♣✉✐sq✉✬❡❧❧❡ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✉ q✉❛tr✐è♠❡ ♦r❞r❡ r❡♣rés❡♥té ♣❛r
❊qs✳ ✭✷✳✶✷✮✱ ✭✷✳✶✸✮✱ ✭✷✳✶✹✮ ❡t ✭✷✳✶✺✮ à ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ❈❡tt❡ ❤②♣♦t❤ès❡
❛ été ♣r♦♣♦sé❡ ❡♥ ♣r❡♠✐❡r ♣❛r ❈♦✇❧✐♥❣ ✭✶✾✹✶✮ ♣✉✐s ✈ér✐✜é❡ ♥✉♠ér✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s
❞❡s ❤❛✉ts ♦r❞r❡s r❛❞✐❛✉① ✭❡✳❣✳✱ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✶✾✾✶✮✳ ◆♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ q✉✬✉♥❡
rés♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞✬♦♥❞❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ ❡st ♥é❛♥♠♦✐♥s ♣♦ss✐❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♦s❝✐❧❧❛t✐♦♥s r❛❞✐❛❧❡s ❡t ❞✐♣♦❧❛✐r❡s✳

✹✳ ❊♥tr❛î♥❡♠❡♥t ❞❡s ♦♥❞❡s ♣❛r ❧❡ ✢✉✐❞❡ ✿ ❡♥✜♥✱ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❡t ❞✉ ❣r❛❞✐❡♥t
❞❡ r♦t❛t✐♦♥ s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡st ♥é❣❧✐❣é❡✳ ❙❡✉❧ ❧✬❡♥tr❛î♥❡♠❡♥t ♣❛r ❧❛ r♦t❛t✐♦♥
❡st ♣r✐s ❡♥ ❝♦♠♣t❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ✭❝✬❡st✲à✲
❞✐r❡ ❧❛ ❢réq✉❡♥❝❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ❧♦❝❛❧ ❡♥ ❝♦✲r♦t❛t✐♦♥✮ ♣❛r ❡✛❡t ❉♦♣♣❧❡r✳ ❈❡tt❡ ❤②♣♦t❤ès❡
❡st ✈❛❧❛❜❧❡ s✐ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡st ♣❧✉s ❞❡ ❞❡✉① ❢♦✐s s✉♣ér✐❡✉r❡ ❛✉
t❛✉① ❞❡ r♦t❛t✐♦♥ ❧♦❝❛❧✳

❈❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦①✐♠❛t✐♦♥s ✈♦♥t ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ rés♦✉❞r❡ ❛♥❛❧②t✐q✉❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡
❡♥ s✉✐✈❛♥t ✉♥❡ ♠ét❤♦❞❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ✉t✐❧✐sé❡ ♣❛r ❖s❛❦✐ ✭✶✾✼✺✮ ❡t ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮✱ ♠❛✐s ❡♥
♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ♣❛r ❡✛❡t ❉♦♣♣❧❡r✳

✷✳✶✳✸✳❝ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡

❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ♣ré❝é❞❡♥t❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡ttr❡ ❧❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛r✐sé❡s
s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❞❡ ♥♦♠❜r❡✉s❡s
♠ét❤♦❞❡s ❞❡ rés♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡s ❡①✐st❡♥t✳ ❖♥ s✉✐t ✐❝✐ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣r♦♣♦sé ♣❛r ❖s❛❦✐ ✭✶✾✼✺✮
❡t ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮✳ ❉✬❛❜♦r❞✱ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣ré❝é❞❡♥t❡s ♣❡r♠❡tt❡♥t ❞❡ ré❞✉✐r❡ ❧❡ s②stè♠❡

✶✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡s r♦t❛t❡✉rs r❛♣✐❞❡s s♦♥t ❞❡s ét♦✐❧❡s ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ♣r♦❝❤❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❝r✐t✐q✉❡✱ ✐✳❡✳
❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❝♦♥tr❡❜❛❧❛♥❝❡ ❧✬❛ttr❛❝t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ✭❡✳❣✳✱ ▼❛❡❞❡r
✷✵✵✾✮✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✉ ❙♦❧❡✐❧ ❡st ❞✬❡♥✈✐r♦♥ ✶✳✾ ❦♠ s−1 ❡♥ s✉r❢❛❝❡✱ ✐✳❡✳ ❡♥✈✐r♦♥ ✵✳✺✪ ❞❡ s❛
✈✐t❡ss❡ ❝r✐t✐q✉❡ ✭r♦t❛t❡✉r ❧❡♥t✮✱ t❛♥❞✐s q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ✭♣r♦❥❡té❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❧✐❣♥❡ ❞❡ ✈✐sé❡✮ à ❧❛ s✉r❢❛❝❡ ❞❡
❧✬ét♦✐❧❡ ❆❧t❛ïr ❡st ♣r♦❝❤❡ ❞❡ ✷✹✵ ❦♠ s−1 ✭❡✳❣✳✱ ❇♦✉✈✐❡r ✷✵✶✸✱ ♣♦✉r ✉♥❡ r❡✈✉❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ r♦t❛t✐♦♥ st❡❧❧❛✐r❡✮✱
✐✳❡✳ ❡st✐♠é❡ à ♣❧✉s ❞❡ ✽✵✪ ❞❡ s❛ ✈✐t❡ss❡ ❝r✐t✐q✉❡ ✭r♦t❛t❡✉r r❛♣✐❞❡✮✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r♦t❛t❡✉rs r❛♣✐❞❡s ❡t ❧❡ ❝❛❧❝✉❧
❞❡ ❧❡✉rs ♦s❝✐❧❧❛t✐♦♥s s♦♥t ❡♥ ❣é♥ér❛❧ ❝♦♠♣❧❡①❡s ❡t ♥é❝❡ss✐t❡♥t ❞❡ tr❛✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❡♥ ✷❉ ✭❡✳❣✳✱ ❘❡❡s❡ ✷✵✶✺✮✳

✷✵



✷✳✶✳ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s

❋✐❣✉r❡ ✷✳✶✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s Yl,m ♣♦✉r l = 6 ❡t ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ m✳ ▲❡s
♣❛rt✐❡s s♦♠❜r❡s r❡♣rés❡♥t❡♥t ❧❡s ③ér♦s ❡t ❧❡s ③♦♥❡s ❝♦❧♦ré❡s s②♠❜♦❧✐s❡♥t ❧❡s ③♦♥❡s ♣♦s✐t✐✈❡s ♦✉
♥é❣❛t✐✈❡s ✭❈ré❞✐t ✿ ❏✳ ❲✳ ▲❡✐❜❛❝❤❡r✱ ◆❛t✐♦♥❛❧ ❙♦❧❛r ❖❜s❡r✈❛t♦r②✮✳

❞✬éq✉❛t✐♦♥s à rés♦✉❞r❡ à ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮

ρ
❞~v
❞t

+ ~∇p′ − ρ′~g = 0 ✭✷✳✷✵✮

❞
❞t

(
δρ

ρ

)
+ ~∇ ·

(
❞~ξ
❞t

)
= 0 ✭✷✳✷✶✮

δp− c2δρ = 0 ✱ ✭✷✳✷✷✮

♦ù d/dt = ∂/∂t+Ω∂/∂ϕ ❡st ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥ ❛✈❡❝
❧✬ét♦✐❧❡✱ ❡t ~g = −~∇Ψ = −g ~er ❡st ❧✬❛❝❝é❧ér❛t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳ ▲❡ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à
❧✬♦♥❞❡ ❡st ❞é✈❡❧♦♣♣é s✉r ❧❛ ❜❛s❡ ❣é♥ér❛❧✐sé❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ✭✈♦✐r ❋✐❣✉r❡ ✷✳✶ ♣♦✉r ✉♥❡
✐❧❧✉str❛t✐♦♥✮ t❡❧ q✉❡

~ξ(~r, t) =
∑

l,m

ξr,l,m(r, t) Y m
l (θ, φ) ~er + ξP,l,m(r, t) r~∇Y m

l (θ, φ)

+ ξT,l,m(r, t) ~∇∧ [Y m
l (θ, φ) r~er] ✱ ✭✷✳✷✸✮

♦ù (r, θ, φ) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s✱ l ❡st ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡✱ m ❡st ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧✱
~er ❡st ❧❡ ✈❡❝t❡✉r r❛❞✐❛❧ ✉♥✐t❛✐r❡✱ ❡t ξr,l,m✱ ξP,l,m ❡t ξT,l,m s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥t❡s
r❛❞✐❛❧❡✱ ♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à ❧✬♦♥❞❡✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❧❡s
♣❡rt✉r❜❛t✐♦♥s ❊✉❧ér✐❡♥♥❡s ❞❡ ♣r❡ss✐♦♥ ♦✉ ❞❡ ❞❡♥s✐té s♦♥t ❞é❝♦♠♣♦sé❡s s✉r ❧❛ ❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥✱

p′(~r, t) =
∑

l,m

p′l,m(r, t)Y m
l (θ, φ) ✳ ✭✷✳✷✹✮

✷✶



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

❊♥ ♣r❡♥❛♥t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✷ ❞❡ ❊qs✳ ✭✷✳✷✵✮✲✭✷✳✷✷✮ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡s ❞ér✐✈é❡s
♣❛r r❛♣♣♦rt ❛✉ ❝♦♦r❞♦♥♥é❡s s♣❛t✐❛❧❡s ❝♦♠♠✉t❡♥t ❛✈❡❝ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✱ ♦♥ ♦❜t✐❡♥t

−σ̂2~̂ξ +
~∇p̂′
ρ
− ρ̂′

ρ
~g = 0 ✭✷✳✷✺✮

δρ̂

ρ
+ ~∇ · ~̂ξ = 0 ✭✷✳✷✻✮

δρ̂ = ρ̂′ + ξ̂r
❞ρ
❞r

= δp̂/c2 = (p̂′ − ρgξ̂r)/c2 ✱ ✭✷✳✷✼✮

♦ù σ̂ = σ −mΩ ❡st ❧❡ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ♠♦❞✐✜é❡ ♣❛r ❧✬❡✛❡t ❉♦♣♣❧❡r r❡❧❛t✐✈❡♠❡♥t à
✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡ q✉❡ ♠❡s✉ré❡ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❧♦❝❛❧ ❡♥ ❝♦✲r♦t❛t✐♦♥ ❛✈❡❝
❧✬ét♦✐❧❡✱ ❡t ξr ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à ❧✬♦♥❞❡✳ ▲❛ ♣❛rt✐❡ ❤♦r✐③♦♥t❛❧❡ ❞❡
❊q✳ ✭✷✳✷✺✮ ♣❡r♠❡t ❞❡ r❡❧✐❡r ❧❡ ❝❤❛♠♣ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❤♦r✐③♦♥t❛❧ à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥ p̂′l,m
♣❛r

~̂ξh =
1

ρσ̂2
~∇⊥p̂

′ =
∑

l,m

p′l,m(r, t)

ρσ̂2
~∇⊥Y

m
l (θ, φ) ✱ ✭✷✳✷✽✮

❛✈❡❝ ~∇⊥ ❧✬♦♣ér❛t❡✉r ♥❛❜❧❛ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡✳ P❛r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛✈❡❝ ❊q✳ ✭✷✳✷✸✮✱ ♦♥ ❡♥
❞é❞✉✐t q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡ ❞✉ ❞é♣❧❛❝❡♠❡♥t ❡st ♥✉❧❧❡ q✉❡❧s q✉❡ s♦✐❡♥t l ❡t m✱ s♦✐t ξT,l,m = 0✳
▲❡ ❞é♣❧❛❝❡♠❡♥t ❤♦r✐③♦♥t❛❧ ❡st ❞♦♥❝ ♣✉r❡♠❡♥t ♣♦❧♦ï❞❛❧ ❡t s❛ ♠❛❣♥✐t✉❞❡ ❡st ♥♦té❡ ♣♦✉r t♦✉t l ❡t m

ξh,l,m ≡ ξP,l,m =
p′l,m(r, t)

ρrσ̂2
✳ ✭✷✳✷✾✮

P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ♦♥ ♣r♦❝è❞❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✱ ✈♦✐r ❊q✳ ✶✸✳✹✵✮✳ ❖♥
♣r❡♥❞ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❊q✳ ✭✷✳✷✺✮✱ ♦♥ r❡♠♣❧❛❝❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ✈❡❝t❡✉r
❞é♣❧❛❝❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❊q✳ ✭✷✳✷✻✮✱ ♣✉✐s ♦♥ ❡①♣r✐♠❡ δ̂ρ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ p′ s✉✐✈❛♥t ❊q✳ ✭✷✳✷✼✮✱ ❞❡ ❢❛ç♦♥
à ♦❜t❡♥✐r

p̂′

Γ1p
− g

c2
ξ̂r +

1

r2
∂

∂r

(
r2ξ̂r

)
+

1

ρσ̂2
~∇2

⊥p̂
′ = 0 ✳ ✭✷✳✸✵✮

❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡✱ ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✷✳✷✼✮ ♣♦✉r ❡①♣r✐♠❡r ρ̂′ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ p̂′✱ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡
❞❡ ❊q✳ ✭✷✳✷✺✮ ♣❡✉t s✬é❝r✐r❡

1

ρ

∂p̂′

∂r
+

g

ρc2
p̂′ + g

(
1

Γ1

❞ ln p
❞r
− ❞ ln ρ

❞r
− σ̂2

g

)
ξ̂r = 0 ✳ ✭✷✳✸✶✮

❊♥✜♥✱ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❧✐♥é❛✐r❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s ξ̂r,l,m(r, ω) ❡t p̂′l,m(r, ω) ❡st
♦❜t❡♥✉ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s s✉✐✈❛♥t ❊q✳ ✭✷✳✷✹✮ ❡t ❡♥ ♣r♦❥❡t❛♥t
s✉r Y m

l (θ, φ) ♣♦✉r ❛❜♦✉t✐r à

1

r2
d

dr

(
r2ξ̂r,l,m

)
− g

c2
ξ̂r,l,m +

(
1− S2

l

σ̂2

)
p̂′l,m
ρc2

= 0 ✭✷✳✸✷✮

1

ρ

dp̂′l,m
dr

+
g

ρc2
p̂′l,m + (N2 − σ̂2)ξ̂r,l,m = 0 ✱ ✭✷✳✸✸✮

✷✳ ▲❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞✬✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ ~X(~r, t) ❡st ❞é✜♥✐❡ ♣❛r

~̂X(~r, σ) =

∫ +∞

−∞

~X(~r, t)e−iσtdt ✱

♦ù i ❡st ❧❡ ♥♦♠❜r❡ ✐♠❛❣✐♥❛✐r❡ ♣✉r ❡t σ ❡st ❧❛ ♣✉❧s❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ ♣❛r r❛♣♣♦rt à ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧✳

✷✷



✷✳✶✳ ❚❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s

♦ù Sl ❡t N s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❢réq✉❡♥❝❡s ❞❡ ▲❛♠❜ ❡t ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞♦♥♥é❡s ♣❛r

S2
l =

l(l + 1)c2

r2
✭✷✳✸✹✮

N2 = g

(
1

Γ1

❞ ln p
❞r
− ❞ ln ρ

❞r

)
✳ ✭✷✳✸✺✮

P♦✉r ❧❛ s✉✐t❡✱ ✐❧ ♣❡✉t êtr❡ ✉t✐❧❡ ❞❡ réé❝r✐r❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❝♦♠♠❡

N2 =
gδ

Hp
(∇ad −∇+

ϕ

δ
∇µ) ✱ ✭✷✳✸✻✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s s✉✐✈❛♥t❡s ✭❡✳❣✳ ▼❛❡❞❡r ✷✵✵✾❀ ❑✐♣♣❡♥❤❛❤♥ ❡t ❛❧✳
✷✵✶✷✮

δ = −
(
∂ ln ρ

∂ lnT

)

p,µ

✱ ϕ =

(
∂ ln ρ

∂ lnµ

)

p,T

❡t ∇µ =

(
❞ lnµ
❞ ln p

)
✳ ✭✷✳✸✼✮

❊♥ s✉✐✈❛♥t ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✱ ❙❡❝t✐♦♥ ✶✺✳✶✮✱ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ s✉✐✈❛♥t

y1 = r2ξ̂r,l,m exp

(
−
∫ r

0

g

c2
dr

)
✭✷✳✸✽✮

y2 =
p̂′l,m
ρ

exp

(
−
∫ r

0

N2

g
dr

)
✱ ✭✷✳✸✾✮

❡st ✉t✐❧✐sé ♣♦✉r tr❛♥s❢♦r♠❡r ❊qs✳ ✭✷✳✸✷✮ ❡t ✭✷✳✸✸✮ s♦✉s ❧❛ ❢♦r♠❡ ❝❛♥♦♥✐q✉❡

❞y1
❞r

= q1y2 ✭✷✳✹✵✮

❞y2
❞r

= q2y1 ✱ ✭✷✳✹✶✮

❛✈❡❝

q1 = h(r)
r2

c2

(
S2
l

σ̂2
− 1

)
✭✷✳✹✷✮

q2 =
σ̂2

r2h(r)

(
1− N2

σ̂2

)
✭✷✳✹✸✮

h(r) = exp

[∫ r

0

(
N2

g
− g

c2

)
dr

]
✳ ✭✷✳✹✹✮

❊♥✜♥✱ ♣♦✉r r❡tr♦✉✈❡r ✉♥❡ éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s s❛ ❢♦r♠❡ ❧❛ ♣❧✉s ✉s✉❡❧❧❡✱ ♦♥ ❞ér✐✈❡
❞✬❛❜♦r❞ ❊q✳ ✭✷✳✹✵✮ ♣❛r r❛♣♣♦rt à r ♣✉✐s ♦♥ ❡①♣r✐♠❡ y2 ❡t s❛ ❞ér✐✈é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ y1 ❡t ❞❡ s❛
❞ér✐✈é❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❊qs✳ ✭✷✳✹✵✮✲✭✷✳✹✶✮✳ ❖♥ ♣r♦❝è❞❡ ❞✬✉♥❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ à ♣❛rt✐r ❝❡tt❡ ❢♦✐s ❞❡
❊q✳ ✭✷✳✹✶✮✳ P♦✉r ✜♥✐r✱ ♦♥ ♣r♦❝è❞❡ ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡

vl,m(r) = |q1|−1/2y1 =

(
ρ

ρc

)1/2

rc

∣∣∣∣
S2
l

σ̂2
− 1

∣∣∣∣
−1/2

ξ̂r,l,m ✭✷✳✹✺✮

wl,m(r) = |q2|−1/2y2 = (ρcρ)
−1/2r

∣∣N2 − σ̂2
∣∣−1/2

p̂′l,m ✱ ✭✷✳✹✻✮

❛✈❡❝ ρc ❧❛ ❞❡♥s✐té ❛✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✱ ❝❡ q✉✐ ♠è♥❡ ❛✉① ❞❡✉① éq✉❛t✐♦♥s s✉✐✈❛♥t❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡
♣♦✉r vl,m ❡t ♣♦✉r wl,m

❞2vl,m
❞r2

+
[
k2r − f(q1)

]
vl,m = 0 s✐ q1 6= 0 ✭✷✳✹✼✮

❞2wl,m

❞r2
+
[
k2r − f(q2)

]
wl,m = 0 s✐ q2 6= 0 ✱ ✭✷✳✹✽✮

✷✸



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

♦ù k2r ❡st ❞♦♥♥é❡ ♣❛r

k2r = −q1q2 =
σ̂2

c2

(
S2
l

σ̂2
− 1

)(
N2

σ̂2
− 1

)
✱ ✭✷✳✹✾✮

❡t ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❞é✜♥✐❡ ♣❛r

f(X) = |X|1/2❞
2|X|−1/2

❞r2
= − 1

2X

❞2X
❞r2

+
3

4

(
❞ ln |X|

❞r

)2

✳ ✭✷✳✺✵✮

P♦✉r ❝♦♠♣❧ét❡r ❊qs✳ ✭✷✳✹✼✮ ❡t ✭✷✳✹✽✮✱ ❧❡s ✈❛r✐❛❜❧❡s vl,m ❡t wl,m s♦♥t r❡❧✐é❡s ❧✬✉♥❡ à ❧✬❛✉tr❡ ♣❛r
❊qs✳ ✭✷✳✹✵✮ ❡t ✭✷✳✹✶✮✱ ❝✬❡st✲à✲❞✐r❡

vl,m(r) = sgn(σ̂2 −N2)|kr|−1

(
dwl,m

dr
+

1

2

❞ ln |q2|
❞r

)
✭✷✳✺✶✮

wl,m(r) = sgn(S2
l − σ̂2)|kr|−1

(
dvl,m
dr

+
1

2

❞ ln |q1|
❞r

)
✳ ✭✷✳✺✷✮

▲✬❡♥s❡♠❜❧❡ ❞❡s éq✉❛t✐♦♥s ✭✷✳✹✺✮✲✭✷✳✺✷✮ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞✬ét✉❞✐❡r ❧❡s ♣r♦♣r✐étés ❞❡s ♦s❝✐❧❧❛t✐♦♥s
st❡❧❧❛✐r❡s ❞❛♥s ❧❡s s❡❝t✐♦♥s ❡t ❝❤❛♣✐tr❡s s✉✐✈❛♥ts✳

✷✳✷ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡

✷✳✷✳✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❛❞✐❛❧❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡st ❜❡❛✉❝♦✉♣
♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ ❞✐st❛♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ q✉✐ ❞♦✐t êtr❡ ❞❡
❧✬♦r❞r❡ ❞❡ Hp✱ ❧✬é❝❤❡❧❧❡ ❞❡ ❤❛✉t❡✉r ❞❡ ♣r❡ss✐♦♥✳ ❈❡❧❛ ♥♦✉s ❛✉t♦r✐s❡ ❞♦♥❝ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥
à ♥é❣❧✐❣❡r ❧❡s ❢♦♥❝t✐♦♥s f(q1) ❡t f(q2) ❞❛♥s ❊qs✳ ✭✷✳✹✼✮ ❡t ✭✷✳✹✽✮✱ ♣✉✐sq✉✬❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r
f(q1) ∼ 1/H2

p ∼ f(q2)✳ ▲♦❝❛❧❡♠❡♥t✱ ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❡st ❛✐♥s✐ é❣❛❧ à k2r ❞♦♥♥é ♣❛r ❊q✳ ✭✷✳✹✾✮✳
❈❡❧❛ ♥♦✉s ❢❛✐t ❛❧♦rs ❝♦♥s✐❞ér❡r ❞❡✉① t②♣❡s ❞❡ ré❣✐♦♥s ✿

• ❘é❣✐♦♥s ♦ù k2r < 0 ✿ ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❞é♣❡♥❞❡♥t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❞✉
r❛②♦♥✳ ◆é❛♥♠♦✐♥s✱ s❡✉❧❡ ❧❛ s♦❧✉t✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡st ❝♦♥s✐❞éré❡ ❝❛r s✐♥♦♥✱ ❧❛ s♦❧✉t✐♦♥ ❞✐✈❡r✲
❣❡r❛✐t ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❧✐♥é❛✐r❡ ♥❡ s❡r❛✐t ♣❧✉s ✈ér✐✜é❡✳ ❈❡❧❛ ❡st ✈r❛✐ ❞❛♥s ❧❡s ré❣✐♦♥s q✉✐
s❛t✐s❢♦♥t

(σ̂2 > N2 ❡t σ̂2 < S2
l ) ♦✉ (σ̂2 < N2 ❡t σ̂2 > S2

l ) ✳ ✭✷✳✺✸✮

• ❘é❣✐♦♥s ♦ù k2r > 0 ✿ ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ s♦♥t ♦s❝✐❧❧❛♥t❡s✳ ❈❡❧❛ ❡st ✈r❛✐ ❞❛♥s
❧❡s ré❣✐♦♥s q✉✐ s❛t✐s❢♦♥t

(σ̂2 > N2 ❡t σ̂2 > S2
l ) ♦✉ (σ̂2 < N2 ❡t σ̂2 < S2

l ) ✱ ✭✷✳✺✹✮

❡t q✉✐ ❝♦♥st✐t✉❡♥t ❧❡s ❝❛✈✐tés rés♦♥❛♥t❡s✳

▲❡s ❝❛✈✐tés rés♦♥❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥t ❞♦♥❝ ❛✉① ré❣✐♦♥s ♦ù ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❞❡s ♦♥❞❡s ♣r♦❣r❡s✲
s✐✈❡s ♦✉ s✬ét❛❜❧✐r ❞❡s ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s✳ ❊❧❧❡s ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡s ♣r♦✜❧s ✐♥t❡r♥❡s ❞❡s ❢réq✉❡♥❝❡s
❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜✳ ❈❡❧❧❡s✲❝✐ s♦♥t r❡♣rés❡♥té❡s ♣♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ s✉r ❧❛ ❋✐❣✉r❡ ✷✳✷✳
❉❛♥s ✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ s♦❧❛✐r❡✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s à ❜❛ss❡s ❢réq✉❡♥❝❡s ♣❡✉✈❡♥t ❡①✐st❡r ❞❛♥s ❧❛ ré❣✐♦♥
r❛❞✐❛t✐✈❡ ✐♥t❡r♥❡✱ ❡♥✲❞❡ss♦✉s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♦ù ❧❛ ✈❛❧❡✉r ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❡st
q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡ ✭✐✳❡✳✱ N2 ≈ 0✮ ✿ ❡❧❧❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❛②❛♥t ❝♦♠♠❡
❢♦r❝❡ ❞❡ r❛♣♣❡❧ ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡ ✭✈♦✐r ❧❡ ❈❤❛♣✐tr❡ ✺✮✳ ▲❡s ♦s❝✐❧❧❛t✐♦♥s à ❤❛✉t❡s ❢réq✉❡♥❝❡s✱
❡❧❧❡s✱ ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❡♥ s✉r❢❛❝❡✳ ❊❧❧❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♦♥❞❡s ❛②❛♥t ❝♦♠♠❡ ❢♦r❝❡ ❞❡ r❛♣♣❡❧

✷✹



✷✳✷✳ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡

❋✐❣✉r❡ ✷✳✷✿ ❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ❝❛❧❝✉❧é ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ ❈❊❙❚❆▼
✭▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮✳ ▲❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡ ❜❧❡✉❡✮ ❡t ❞❡ ▲❛♠❜
✭t✐r❡ts✮ s♦♥t r❡♣rés❡♥té❡s✳ ▲❡s ❝♦✉❧❡✉rs r♦✉❣❡✱ ✈❡rt ❡t ♠❛❣❡♥t❛ ❝♦rr❡s♣♦♥❞❡♥t à l = 1, 5 ❡t 20
r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ✢è❝❤❡s ❞é❧✐♠✐t❡♥t ❧❡s ❝❛✈✐tés ❞❡ ♣r♦♣❛❣❛t✐♦♥ ♣♦✉r ✉♥ ♠♦❞❡ ❞❡ ❣r❛✈✐té ❞❡
❢réq✉❡♥❝❡ ν = 50 µ❍③ ✭❡♥ ❜❧❡✉✮✱ ❡t ✉♥ ♠♦❞❡ ❞❡ ♣r❡ss✐♦♥ ❞❡ ❢réq✉❡♥❝❡ ν = 1000 µ❍③ ❡t ❞❡
❞❡❣ré ❛♥❣✉❧❛✐r❡ l = 5 ✭❡♥ ✈❡rt✮✳

✷✺



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

❋✐❣✉r❡ ✷✳✸✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ♣r❡ss✐♦♥ ❞❛♥s ✉♥ ♣❧❛♥ ♣❛ss❛♥t ♣❛r ❧❡ ❝❡♥tr❡
❞✬✉♥❡ ét♦✐❧❡ ✭❞✬❛♣rès ❏✳ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞✮✳ P❧✉s ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❡st é❧❡✈é✱ ♣❧✉s ❧❡
♥♦♠❜r❡ ❞❡ ré✢❡①✐♦♥ s✉❜✐❡ à ❧❛ s✉r❢❛❝❡ ❡st é❧❡✈é✱ ❡t ♠♦✐♥s ❧✬♦♥❞❡ ♣❡✉t s❡ ♣r♦♣❛❣❡r ❡♥ ♣r♦❢♦♥✲
❞❡✉r✳

❧❛ ♣r❡ss✐♦♥✳ ❈❡s ♦♥❞❡s ❧♦♥❣✐t✉❞✐♥❛❧❡s s♦♥t ❝❛r❛❝tér✐sé❡s ♣❛r ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ r❡❧✐❛♥t ❧❡
✈❡❝t❡✉r ❞✬♦♥❞❡ à ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ q✉✐ ✈❛✉t

k2r ≈
σ̂2

c2
− k2h ✱ ✭✷✳✺✺✮

♦ù kr ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡t kh =
√
l(l + 1)/r2 ❡st ❧❛ ♥♦r♠❡ ❞❡ ❧❛ ❝♦♠♣♦✲

s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ✭q✉✐ s❡ ❞é❞✉✐t ❞❡ ❧✬éq✉❛t✐♦♥ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s✱ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r ▲❛♣❧❛❝✐❡♥ ❤♦r✐③♦♥t❛❧✮✳ ❈❡❧❧❡✲❝✐ ♣❡✉t êtr❡ réé❝r✐t❡ s♦✉s
❧❛ ❢♦r♠❡ ♣❧✉s ❝♦♥♥✉❡ ~k2 ≈ σ̂2/c2✳ ❈❡s ♦♥❞❡s s♦♥t ❞♦♥❝ ♥♦♥✲❞✐s♣❡rs✐✈❡s✱ ❧❡✉r ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥
♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❡t ❡st é❣❛❧❡ à ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✳ ❊♥ s✉r❢❛❝❡✱ ❧❛ ❞é❝r♦✐ss❛♥❝❡ r❛♣✐❞❡
❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✱ ❞✉❡ à ❧❛ ❝❤✉t❡ ❞❡ ❧❛ ❞❡♥s✐té✱ ♣r♦✈♦q✉❡ ❧❛ ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ♣r❡ss✐♦♥ ✭♦ù
k2r = 0✮✳ ❆✉ ❝♦♥tr❛✐r❡✱ à ♠❡s✉r❡ q✉✬❡❧❧❡s s❡ ♣r♦♣❛❣❡♥t ✈❡rs ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡✱ ❧✬❛✉❣♠❡♥t❛t✐♦♥
♣r♦❣r❡ss✐✈❡ ❞✉ r❛♣♣♦rt c/r ♣r♦✈♦q✉❡ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡
❛❧♦rs q✉❡ s❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❛✉❣♠❡♥t❡ ❝♦♠♠❡ 1/r ❀ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❞❡ ♣r❡ss✐♦♥ ❡st ❞♦♥❝
♣❡t✐t à ♣❡t✐t ré❢r❛❝té❡ ✈❡rs ❧❛ s✉r❢❛❝❡ ❥✉sq✉✬à ❝❡ q✉✬❡❧❧❡s ❛tt❡✐❣♥❡♥t ❧❡✉r ♣♦✐♥t ❞❡ ré✢❡①✐♦♥ ✐♥tér✐❡✉r
♦ù k2r = 0✱ ❝✬❡st✲à✲❞✐r❡ ♦ù Sl ≈ σ̂ ❞é✜♥✐ss❛♥t ❧❡ r❛②♦♥ ❞❡ ré✢❡①✐♦♥ rf =

√
l(l + 1)c/σ̂✳ ❊♥ ❝❡ ♣♦✐♥t✱

❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❤♦r✐③♦♥t❛❧✱ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❝❤❛♥❣❡ ❞❡ s❡♥s ❞❡ ♣r♦♣❛❣❛t✐♦♥
❡t r❡t♦✉r♥❡ ✈❡rs ❧❛ s✉r❢❛❝❡ ✭✈♦✐r ❋✐❣✉r❡ ✷✳✸ ♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳ ❉❡ ♣❧✉s✱ ♣❧✉s ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡
❡st ❜❛s✱ ♣❧✉s ❧❡s ♦♥❞❡s ❞❡ ♣r❡ss✐♦♥ ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❡♥ ♣r♦❢♦♥❞❡✉r✳

❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♦ù ❧❡s ❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s s♦♥t ❢❛✐❜❧❡s✱ ❧❡s ♦♥❞❡s ✈♦♥t ❢❛✐r❡ ❞❡ ♠✉❧t✐♣❧❡s
❛❧❧❡rs✲r❡t♦✉rs ❞❛♥s ❧❡s ❝❛✈✐tés rés♦♥❛♥t❡s✳ ❊♥ ✐♠♣♦s❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❛✉ ❝❡♥tr❡ ❡t ❧❛ s✉r❢❛❝❡
❞❡ ❧✬ét♦✐❧❡✱ s❡✉❧❡s ❧❡s ♦♥❞❡s ❛✈❡❝ ❞❡s ❢réq✉❡♥❝❡s ♣❛rt✐❝✉❧✐èr❡s ✈♦♥t ♣♦✉✈♦✐r ✐♥t❡r❢ér❡r ❝♦♥str✉❝t✐✈❡♠❡♥t
❡t ❡♥tr❡r ❡♥ rés♦♥❛♥❝❡✳ ❉❡s ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s ♣❡✉✈❡♥t ❛❧♦rs s✬ét❛❜❧✐r ✿ ❝❡ s♦♥t ❧❡s ♠♦❞❡s ♣r♦♣r❡s✳
◆♦✉s ❛❧❧♦♥s ✈♦✐r ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s s❡❝t✐♦♥s q✉❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡ ❝❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥
♣♦rt❡♥t ❧❛ s✐❣♥❛t✉r❡ ❞❡s ♣r♦♣r✐étés st❡❧❧❛✐r❡s ❡t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡✳
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✷✳✷✳ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡

✷✳✷✳✷ ❊①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❣r❛♥❞❡ sé♣❛r❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♣♦✉r ❧❡s ♠♦❞❡s ❞❡
♣r❡ss✐♦♥ ♣r♦♣♦sé❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡t ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮ ❡st r❡♣r♦❞✉✐t❡✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s
❛✉① ❜♦r❞s ❞❡ ❧✬ét♦✐❧❡ ♣♦✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❛ss♦❝✐é❡s ❛✉① ♠♦❞❡s s♦♥t s✉♣♣♦sé❡s êtr❡ ♥✉❧❧❡s✳ ▲❛
❞é♠♦♥str❛t✐♦♥ s✉✐t ❧❛ ♠ét❤♦❞❡ ❏❲❑❇ ✭♣♦✉r ❏❡✛r❡②s✲❲❡♥t③❡❧✲❑r❛♠❡rs✲❇r✐❧❧♦✉✐♥✮ ❡t s✉♣♣♦s❡ q✉❡
❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❛❞✐❛❧❡ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ❧✬é❝❤❡❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛
str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡s ré❣✐♦♥s ❧♦✐♥ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳ ▲❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❝♦rr❡s♣♦♥❞❡♥t
❛✉① ré❣✐♦♥s ♦ù k2r − f(q1) = 0 = k2r − f(q2)✳ ❈❡❧❛ r❡✈✐❡♥t ❞♦♥❝ à ♥é❣❧✐❣❡r f(q1) ❡t f(q2) ♣❛r r❛♣♣♦rt
à k2r ❞❛♥s ❊qs✳ ✭✷✳✹✼✮ ❡t ✭✷✳✹✽✮ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❛✐♥s✐ q✉❡ ❧❡s ❞ér✐✈é❡s ❞❡ q2 ❡t q1 ❞❛♥s ❊qs✳ ✭✷✳✺✶✮ ❡t
✭✷✳✺✷✮ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❉❛♥s ❧❡s ré❣✐♦♥s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✱ q✉❡❧q✉❡s ♣ré❝❛✉t✐♦♥s s♦♥t
à ♣r❡♥❞r❡ ♥é❛♥♠♦✐♥s✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡s ♣♦✐♥ts ♦ù q1 ♦✉ q2 s✬❛♥♥✉❧❡♥t s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t s✐♥❣✉❧✐❡rs
♣♦✉r ❊qs✳ ✭✷✳✹✼✮ ❡t ✭✷✳✹✽✮✳ ❆✐♥s✐✱ ❞❛♥s ✉♥❡ ré❣✐♦♥ ♦ù q1 ♣♦ssè❞❡ ✉♥ ③ér♦ ✭✐✳❡✳✱ ♦ù S2

l = σ̂2✮✱ ❧✬éq✉❛t✐♦♥
✭✷✳✹✽✮ ❞♦✐t ❞✬❛❜♦r❞ êtr❡ ❝♦♥s✐❞éré❡ ♣♦✉r ♦❜t❡♥✐r wl,m✱ ❛✈❛♥t ❞✬✉t✐❧✐s❡r ❊q✳ ✭✷✳✺✶✮ ♣♦✉r ♦❜t❡♥✐r vl,m✳
❉❡ ♠ê♠❡✱ ❞❛♥s ✉♥❡ ré❣✐♦♥ ♦ù q2 ♣♦ssè❞❡ ✉♥ ③ér♦ ✭✐✳❡✳✱ ♦ù N2 = σ̂2✮✱ ❧✬éq✉❛t✐♦♥ ✭✷✳✹✼✮ ❞♦✐t ❞✬❛❜♦r❞
êtr❡ ❝♦♥s✐❞éré❡ ♣♦✉r ♦❜t❡♥✐r vl,m✱ ❛✈❛♥t ❞✬✉t✐❧✐s❡r ❊q✳ ✭✷✳✺✷✮ ♣♦✉r ♦❜t❡♥✐r wl,m✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❛✉
✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ré❣✐♦♥ ♦ù q2 s✬❛♥♥✉❧❡ ♣❛r ❡①❡♠♣❧❡✱ ❧❛ ✈❛❧❡✉r ❞❡ k2r t❡♥❞ ✈❡rs ✵ ❡t f(q1) ♥❡ ♣❡✉t
♣❧✉s êtr❡ ❢♦r♠❡❧❧❡♠❡♥t ♥é❣❧✐❣é✳ ◆é❛♥♠♦✐♥s✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❡ ❣r❛❞✐❡♥t ❞❡s q✉❛♥t✐tés
à ❧✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❝❡ ♣♦✐♥t r❡st❡ à ♣❡✉ ♣rès ❝♦♥st❛♥t ❡t ❞❡ ❧✬♦r❞r❡ ❞❡ 1/Hp✱ ❞❡ t❡❧❧❡
❢❛ç♦♥ q✉❡ ❧❡ t❡r♠❡ f(q1) ❛✐t ♣♦✉r ✉♥✐q✉❡ ❝♦♥séq✉❡♥❝❡ ✉♥ ❢❛✐❜❧❡ ❞é❝❛❧❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ♦ù
kr − f(q1) = 0 ♣❛r r❛♣♣♦rt ❛✉ ♣♦✐♥t ♦ù k2r = 0✳ ❉❛♥s ✉♥ s♦✉❝✐ ❞❡ s✐♠♣❧✐❝✐té✱ ❧✬✐♠♣❛❝t ❞❡ ❝❡ ❢❛❝t❡✉r
♣❡✉t ❞♦♥❝ êtr❡ ♥é❣❧✐❣é ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té✳
❉❛♥s ❧❛ s✉✐t❡✱ ❧❡s t❡r♠❡s f(qi)✱ ❛✈❡❝ i = 1 ♦✉ 2✱ s❡r♦♥t ❞♦♥❝ ♥é❣❧✐❣és ❡t ♦♥ ❢❡r❛ ❝♦rr❡s♣♦♥❞r❡ ❧❡s
♣♦✐♥ts t♦✉r♥❛♥ts ❛✉① ♣♦✐♥ts ♦ù qi = 0✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ q✉✬✉♥❡ t❡❧❧❡ ❤②♣♦t❤ès❡
❡st ❝❡♣❡♥❞❛♥t ✐♥✈❛❧✐❞❡ ❧♦rsq✉❡ ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts s♦♥t ♣r♦❝❤❡s ❧✬✉♥ ❞❡ ❧✬❛✉tr❡✱ ❝❡ q✉✐ ♣❡✉t êtr❡
❧❡ ❝❛s ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳

▲❛ ♠ét❤♦❞❡ ❝♦♥s✐st❡ ❞♦♥❝ à ❞ét❡r♠✐♥❡r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ ♣♦✐♥t t♦✉r♥❛♥t
✈ér✐✜❛♥t qi = 0 ❛✉① ❞❡✉① ❜♦r❞s ❞❡ ❧❛ ❝❛✈✐té✱ ♣✉✐s à r❡❧✐❡r ❛s②♠♣t♦t✐q✉❡♠❡♥t ❧❡s ❞❡✉① s♦❧✉t✐♦♥s
❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ❝❛✈✐té✳ ❯♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❛♣♣r♦❝❤é❡ ❡st ❛❧♦rs ♦❜t❡♥✉❡ ❡t ♣❡r♠❡t ❞❡ ❞ér✐✈❡r ❧❛
❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡✱ ❡♥❝♦r❡ ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✱ ❡♥ ✐♠♣♦s❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s
❧✐♠✐t❡s✳ ▲❛ ♣r♦❝é❞✉r❡ ❞❡ rés♦❧✉t✐♦♥ ♣❡✉t êtr❡ rés✉♠é❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ❝❛s ❣é♥ér❛❧ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ y
✈ér✐✜❛♥t ✉♥❡ éq✉❛t✐♦♥ ❞✉ t②♣❡ ❞❡ ❊qs✳ ✭✷✳✹✼✮ ❡t ✭✷✳✹✽✮ ❡t q✉✐ ❡st ❞é✜♥✐❡ ❛✉t♦✉r ❞✬✉♥ ♣♦✐♥t t♦✉r♥❛♥t
ri t❡❧ q✉❡ qi(ri) = 0✳ ▲❛ ♠ét❤♦❞❡ ✉s✉❡❧❧❡ ❝♦♥s✐st❡ à ❢❛✐r❡ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ●r❡❡♥✲▲✐♦✉✈✐❧❧❡
t❡❧❧❡ q✉❡

Y =

∣∣∣∣
❞r
❞ζ

∣∣∣∣
−1/2

y ❛✈❡❝ ζ =

(
❞r
❞ζ

)2 [
k2r − f(qj 6=i)

]
✱ ✭✷✳✺✻✮

❝❡ q✉✐ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ éq✉❛t✐♦♥ ♣♦✉r ❧❛ ✈❛r✐❛❜❧❡ Y ✈ér✐✜❛♥t

❞2Y
❞ζ2

+

[
ζ − f

(
❞r
❞ζ

)]
Y = 0 ✳ ✭✷✳✺✼✮

❊♥ ♥é❣❧✐❣❡❛♥t ♣♦✉r ❧❡s ♠ê♠❡s r❛✐s♦♥s q✉❡ ❝❡❧❧❡s ❞♦♥♥é❡s ❞❛♥s ❧❛ ❞✐s❝✉ss✐♦♥ ♣ré❝é❞❡♥t❡ ❧❡s t❡r♠❡
❛ss♦❝✐és à ❧❛ ❢♦♥❝t✐♦♥ f ✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

Y = a Ai(ζ) + b Bi(ζ) ✱ ✭✷✳✺✽✮

♦ù Ai(ζ) ❡t Bi(ζ) s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞✬❆✐r②✱ ❡t ❧❛ ✈❛r✐❛❜❧❡ ζ ❡st r❡❧✐é❡ à r ♣❛r

ζ = sgn(k2r)

∣∣∣∣
3

2

∫ r

ri

|kr|dr
∣∣∣∣
2/3

✱ ✭✷✳✺✾✮

❛✈❡❝ ri ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❝♦♥s✐❞éré ♦ù k2r s✬❛♥♥✉❧❡✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ♥✉❧❧❡s ✐♠♣♦s❡♥t b = 0
♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ Bi(ζ) ❞✐✈❡r❣❡ ❧♦rsq✉❡ ζ → −∞✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉① ré❣✐♦♥s é✈❛♥❡s❝❡♥t❡s ♦ù

✷✼



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

k2r < 0✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ Ai(ζ) ❡♥ +∞ ❡t ❧✬❡①♣r❡ss✐♦♥ ❞❡ ζ ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✷✳✺✾✮✱ ❧❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ y ❡st ❛❧♦rs ❞♦♥♥é❡ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❛ss❡③ é❧♦✐❣♥é❡ ❞❡s ♣♦✐♥ts
t♦✉r♥❛♥ts ♦ù k2r > 0 ♣❛r

y ∼ a√
π
|kr|−1/2 cos

(∣∣∣∣
∫ r

ri

krdr

∣∣∣∣−
π

4

)
✱ ✭✷✳✻✵✮

s✐ ❜✐❡♥ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ ❛ss♦❝✐é❡ z ❞é✜♥✐❡ s✐♠✐❧❛✐r❡♠❡♥t à ❊q✳ ✭✷✳✺✷✮ ❡st ❞♦♥♥é❡ ♣❛r

z ≈ sgn(qj 6=i)|kr|−1dy

dr
∼ −sgn(r − ri)sgn(qj 6=i)

a√
π
|kr|−1/2 sin

(∣∣∣∣
∫ r

ri

krdr

∣∣∣∣−
π

4

)
✳ ✭✷✳✻✶✮

❆♣♣❧✐q✉♦♥s ❝❡s rés✉❧t❛ts ❛✉ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡
♥♦té rint ❡st t❡❧ q✉❡ q1 = 0 ❡t ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❡①t❡r♥❡ ♥♦té rext ❡st t❡❧ q✉❡ q2 = 0✳ ❉❛♥s ✉♥❡ ré❣✐♦♥
❛ss❡③ é❧♦✐❣♥é❡ ❞❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts✱ ❞✐s♦♥s ❡♥ r✱ ♦♥ ❞♦✐t ❛✈♦✐r ❧✬é❣❛❧✐té ❞❡s ❢♦♥❝t✐♦♥s vl,m ❡t
wl,m ✐ss✉❡s ❞❡ rint ❡t rext✱ ❝❡ q✉✐ ❞♦♥♥❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❊qs✳ ✭✷✳✻✵✮ ❡t ✭✷✳✻✶✮ ♦ù ❝❡❧❛ ❡st ♣♦ss✐❜❧❡

wl,m ∼
a√
π
|kr|−1/2 cos

(∫ r

rint

krdr −
π

4

)
∼ − c√

π
|kr|−1/2 sin

(∫ rext

r
krdr −

π

4

)
✭✷✳✻✷✮

vl,m ∼ −
a√
π
|kr|−1/2 sin

(∫ r

rint

krdr −
π

4

)
∼ c√

π
|kr|−1/2 cos

(∫ rext

r
krdr −

π

4

)
✳ ✭✷✳✻✸✮

❊♥ ♠✉❧t✐♣❧✐❛♥t ❊qs✳ ✭✷✳✻✷✮ ❡t ✭✷✳✻✸✮ ❛✈❡❝ cos
(∫ rext

r krdr − π
4

)
❡t sin

(∫ rext
r krdr − π

4

)
r❡s♣❡❝t✐✈❡♠❡♥t✱

♣✉✐s ❡♥ ❛❞❞✐t✐♦♥♥❛♥t✱ ♦♥ ♦❜t✐❡♥t ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥

sin

(∫ rext

rint

krdr

)
= 0 ⇒

∫ rext

rint

krdr = nπ ✱ ✭✷✳✻✹✮

♦ù n ❡st ✉♥ ❡♥t✐❡r✳ ▲❛ rés♦♥❛♥❝❡ ❛♣♣❛r❛ît ❞♦♥❝ ❧♦rsq✉❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ❝❛✈✐té ❡st é❣❛❧❡ à ✉♥ ♥♦♠❜r❡
s❡♠✐✲❡♥t✐❡r ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ P♦✉r ❞ét❡r♠✐♥❡r ❧✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s✱
❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮ ♦♥t ❝❛❧❝✉❧é ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❡♥ s✉♣♣♦s❛♥t q✉❡ rext ∼ R⋆ à ❧❛
s✉r❢❛❝❡ ❡t q✉✬✐❧ ❡①✐st❡ ✉♥ r❛②♦♥ r⋆ ❡♥tr❡ rint ❡t ❧❛ s✉r❢❛❝❡ t❡❧ q✉❡

kr ≈





σ̂
c ♣♦✉r r⋆ ≪ r . R⋆

σ̂
c

(
1− S2

l

σ̂2

)1/2
♣♦✉r rint ≤ r . r⋆

✱ ✭✷✳✻✺✮

❡t t❡❧ q✉❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ s♦✐t ❝♦♥st❛♥t❡ ❡t é❣❛❧❡ à s❛ ✈❛❧❡✉r ❛✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✱ c0✱ ♣♦✉r r . r⋆✳
❆✐♥s✐✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❛ r♦t❛t✐♦♥ ✭✐✳❡✳✱ σ̂ = σ✮✱ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t
é❣❛❧❡ à

∫ rext

rint

krdr ≈
∫ r⋆

rint

σ

c

(
1− S2

l

σ2

)1/2

dr +

∫ R⋆

r⋆

σ

c
dr

≈
∫ r⋆

rint

σ

c0

(
1− Λ2c20

σ2r2

)1/2

dr +

∫ R⋆

r⋆

σ

c
dr ✱ ✭✷✳✻✻✮

♦ù Λ =
√
l(l + 1)✳ ▲❛ ♣r❡♠✐èr❡ ✐♥té❣r❛❧❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❡✉t ❛❧♦rs

êtr❡ ♦❜t❡♥✉❡ ❡♥ ❢❛✐s❛♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x = Λc0/σr✱ ❛✈❡❝ x ❛❧❧❛♥t ❞❡ 1 à x⋆ = rint/r⋆
♣✉✐sq✉❡ ♣♦✉r ❧❡ ♣♦✐♥t ❞❡ ré✢❡①✐♦♥ ✐♥t❡r♥❡ rint = c0Λ/σ✳ ❈❡tt❡ ✐♥té❣r❛❧❡ ❞♦♥♥❡ ❛❧♦rs

Λ

∫ r⋆

rint

σr

Λc0

(
1− Λ2c20

σ2r2

)1/2
dr

r
= Λ

∫ 1

x⋆

(
1− x2

)1/2 dx
x2

= Λ

[
−π
2
+

√
1− x2⋆
x⋆

+ arcsin(x⋆)

]

≈ Λ

[
−π
2
+

r⋆
rint

]
✱ ✭✷✳✻✼✮

✷✽



✷✳✷✳ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡

❛✈❡❝ ❧✬❤②♣♦t❤ès❡ x⋆ ≪ 1✳ ❊♥ r❡♠❛rq✉❛♥t q✉❡✱ s♦✉s ❧❡s ❤②♣♦t❤ès❡s ♣ré❝é❞❡♥t❡s✱ ♦♥ ❛ r⋆/rint =
r⋆σ/Λc0 ≈

∫ r⋆
0 σdr/Λc✱ ♦♥ ♦❜t✐❡♥t ❞✬❛♣rès ❊qs✳ ✭✷✳✻✹✮✱ ✭✷✳✻✻✮ ❡t ✭✷✳✻✼✮

∫ rext

rint

|kr|dr ≈ σ
∫ R⋆

0

dr

c
− Λ

π

2
= nπ ✳ ✭✷✳✻✽✮

❊♥ ❞é✜♥✐ss❛♥t ❛❧♦rs ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ t❡❧❧❡ q✉❡

∆ν =

(
2

∫ R⋆

0

dr

c

)−1

✱ ✭✷✳✻✾✮

q✉✐ r❡♣rés❡♥t❡ ❧❡ t❡♠♣s ❞❡ tr❛✈❡rsé❡ ❞❡ ❧✬ét♦✐❧❡ ♣❛r ✉♥❡ ♦♥❞❡ s♦♥♦r❡✱ ❧✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s
❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❞❡ ❜❛s ❞❡❣rés ❛♥❣✉❧❛✐r❡s l s✬❡①♣r✐♠❡ ❛❧♦rs s♦✉s ❧❛ ❢♦r♠❡

νnlm ≈
(
n+

√
l(l + 1)

2

)
∆ν ❛✈❡❝ n ∈ N ✳ ✭✷✳✼✵✮

▲✬❡♥t✐❡r n ❡st ❛♣♣❡❧é ❧✬♦r❞r❡ r❛❞✐❛❧ ❡t ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ♥÷✉❞s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡✳ ▲❡s
❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡ ♠ê♠❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ♠❛✐s ❞✬♦r❞r❡s r❛❞✐❛✉① ❞✐✛ér❡♥ts s♦♥t ❞♦♥❝ ❡s♣❛❝é❡s
♣ér✐♦❞✐q✉❡♠❡♥t ❞❡∆ν ✭✈♦✐r ❋✐❣✉r❡ ✷✳✹ ♦✉ ❋✐❣✉r❡ ✷✳✻ ♣♦✉r ❞❡s ❡①❡♠♣❧❡s ❞❡ s♣❡❝tr❡s ♦❜s❡r✈és✮✳ ❉❡
♣❧✉s✱ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s s♦♥t ❞é❣é♥éré❡s ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ s②♠étr✐❡
s♣❤ér✐q✉❡ ✭✐❝✐✱ ❧❛ r♦t❛t✐♦♥ ❛ été s✉♣♣♦sé❡ ♥✉❧❧❡✮✳ ▲❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❝❡tt❡ ❞❡r♥✐èr❡ ❡①♣r❡ss✐♦♥ ♥✬❡st ♣❛s
t♦✉t à ❢❛✐t ✈❛❧✐❞❡ ♣♦✉r ❧❡s ♠♦❞❡s r❛❞✐❛✉① l = 0 ❝❛r ❧❡ tr❛✐t❡♠❡♥t ❛✉ ❝❡♥tr❡ ❞❛♥s ❝❡ ❝❛s ❡st ✉♥ ♣❡✉
❞✐✛ér❡♥t✳ ◆é❛♥♠♦✐♥s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t s✉✐✈❛♥t ✈❛❧✐❞❡ ♣♦✉r l & 1

√
l(l + 1) ∼ l + 1

2
− 1

8(l + 1)
+O

(
1

(l + 1)2

)
✱ ✭✷✳✼✶✮

❧✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ♣❧✉s ❝♦♥♥✉❡ ❞♦♥♥é❡ ♣❛r ❚❛ss♦✉❧
✭✶✾✽✵✮

νnlm ≈
(
n+

l

2
+

1

4
+ αp,lm

)
∆ν ✱ ✭✷✳✼✷✮

q✉✐ s✬❛✈èr❡ êtr❡ ❛✉ss✐ ✈❛❧✐❞❡ ♣♦✉r ❧❡s ♠♦❞❡s r❛❞✐❛✉① ✭❚❛ss♦✉❧ ✫ ❚❛ss♦✉❧ ✶✾✻✽✮✳ ▲❡ t❡r♠❡ αp,lm

r❡❣r♦✉♣❡ ❧❡s t❡r♠❡s rés✐❞✉❡❧s ❞✬♦r❞r❡ ♣❧✉s é❧❡✈é✱ ❛✐♥s✐ q✉❡ ❧❡s ✐♥❝❡rt✐t✉❞❡s ❧✐é❡s ❛✉① ❝♦✉❝❤❡s s✉♣❡r✲
✜❝✐❡❧❧❡s ✭❡✳❣✳✱ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✫ P❡r❡③ ❍❡r♥❛♥❞❡③ ✶✾✾✷❀ ❑❥❡❧❞s❡♥ ❡t ❛❧✳ ✷✵✵✽✮✳ ❙♦✉s ❝❡tt❡
❢♦r♠❡✱ ♦♥ ✈♦✐t q✉❡ νn+1lm ≈ νnl+2m ❀ ❧✬é❣❛❧✐té str✐❝t❡ ♥✬❡st ♥é❛♥♠♦✐♥s ♣❛s ✈❛❧✐❞❡ ♣✉✐sq✉❡ ❧❡s t❡r♠❡s
❞✬♦r❞r❡ ♣❧✉s é❧❡✈é ❞❛♥s αp,lm ❧è✈❡♥t ❝❡tt❡ ❞é❣é♥ér❡s❝❡♥❝❡✳

✷✳✷✳✸ ❊①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❡t ❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡

▲❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té s✬ét❛❜❧✐ss❡♥t ❞❛♥s ❧❛ ❝❛✈✐té ❢♦r♠é❡ ♣❛r ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✱
❡♥tr❡ ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts ra ❡t rb ♣♦✉r ❧❡sq✉❡❧s q2 = 0✳ ❊♥ ♣r♦❝é❞❛♥t ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡
♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ❡st ❞♦♥♥é❡ ♣❛r ✭❡✳❣✳✱ ❙❤✐❜❛❤❛s❤✐
✶✾✼✾❀ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮

cos

(∫ rb

ra

krdr

)
= 0 ⇒

∫ rb

ra

krdr =

(
s− 1

2

)
π ✱ ✭✷✳✼✸✮

♦ù s ❡st ✉♥ ❡♥t✐❡r✳ ▲✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞✬♦r❞r❡ r❛❞✐❛❧ s é❧❡✈é ❡st ❛❧♦rs
❞♦♥♥é❡ ♣❛r ✭❡✳❣✳✱ ❚❛ss♦✉❧ ✶✾✽✵✮

Pn,l ≈ ∆Πl

(
s+

l

2
+ αg

)
✱ ✭✷✳✼✹✮

✷✾



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

♦ù αg ❡st ✉♥ t❡r♠❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té q✉✐ ❞é♣❡♥❞ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✱ ❡t
∆Πl ❡st ❧✬❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡✱ ♦✉ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ❡♥ ❛♥❣❧❛✐s✱ ❞é✜♥✐ ♣❛r

∆Πl =
2π2

Λ

(∫ rb

ra

N
dr

r

)−1

✱ ✭✷✳✼✺✮

♦ù ♦♥ r❛♣♣❡❧❧❡ q✉❡ Λ =
√
l(l + 1)✳ ▲❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té✱ ❡✉①✱ s♦♥t ❞♦♥❝ ✉♥✐❢♦r♠é♠❡♥t ❡s♣❛❝és ❡♥

♣ér✐♦❞❡ à ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❞♦♥♥é✱ ❡t ❝❡ ❛✈❡❝ ✉♥❡ ♣ér✐♦❞✐❝✐té é❣❛❧❡ à ∆Πl ✭s✐ ♦♥ ♥é❣❧✐❣❡ ❧❛ ❞é♣❡♥❞❛♥❝❡
❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ra ❡t rb ❛✈❡❝ ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ♠♦❞❡✮✳ ❉❡ ♣❧✉s✱ ❛❧♦rs q✉❡ ∆ν ❞❛♥s ❧❡
❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t s❡♥s✐❜❧❡ ❞✬❛♣rès ❊q✳ ✭✷✳✻✾✮ ❛✉① ♣r♦♣r✐étés ❞❡s ❝♦✉❝❤❡s
s✉♣❡r✜❝✐❡❧❧❡s ✭✐✳❡✳✱ ❧à ♦ù ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ♣r❡♥❞ ❧❡s ✈❛❧❡✉rs ❧❡s ♣❧✉s ❢❛✐❜❧❡s ❞❛♥s ❧✬ét♦✐❧❡✮✱ ♦♥ ♣❡✉t
♥♦t❡r ❛✉ ❝♦♥tr❛✐r❡ q✉❡ ∆Πl ❡st✱ ❧✉✐✱ ❞✐r❡❝t❡♠❡♥t s❡♥s✐❜❧❡ ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ❝❛✈✐té r❛❞✐❛t✐✈❡✳

✷✳✷✳✹ ❙♣❡❝tr❡ ♦❜s❡r✈é ❡t ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡

❉❛♥s ✉♥ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ t♦✉s ❧❡s ♠♦❞❡s ♥❡ s♦♥t ♣❛s ♦❜s❡r✈és✳ ❙❡✉❧s ❝❡✉① ❛✈❡❝ ❛ss❡③ ❞✬é♥❡r❣✐❡
❡t ✉♥ t❡♠♣s ❞❡ ✈✐❡ ❛ss❡③ ❧♦♥❣ ♣❛r r❛♣♣♦rt à ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♣❡✉✈❡♥t ❡✣❝❛❝❡♠❡♥t s✬ét❛❜❧✐r
❞❛♥s ❧✬ét♦✐❧❡✳ ▲❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞♦✐t ❞♦♥❝ rés✉❧t❡r à ❧❛ ❢♦✐s ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❡t ❞❡
❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♠♦❞❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ❛✈❡❝ ✉♥❡ ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡
❞é✈❡❧♦♣♣é❡✱ ❧❡s ♠♦❞❡s s♦♥t ❡①❝✐tés ♣❛r ❧❡ ♠♦✉✈❡♠❡♥t st♦❝❤❛st✐q✉❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s q✉✐
♣❡✉✈❡♥t ❝é❞❡r ✉♥❡ ♣❛rt ❞❡ ❧❡✉r é♥❡r❣✐❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s✳ P❛r❛❞♦①❛❧❡♠❡♥t✱ ❝✬❡st ❛✉ss✐ ❧❛ ❝♦♥✈❡❝t✐♦♥
t✉r❜✉❧❡♥t❡ q✉✐ ❛♠♦rt✐t ❡♥ ♣❛rt✐❡ ❧❡s ♠♦❞❡s ❡♥ ❝ré❛♥t ❞❡s ❞é❝❛❧❛❣❡s ❞❡ ♣❤❛s❡✳ ▲❡ s♣❡❝tr❡ ❞❡ ♠♦❞❡s
♣r♦♣r❡s rés✉❧t❛♥t ❞❡ ❧✬❡①❝✐t❛t✐♦♥ st♦❝❤❛st✐q✉❡ ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ ❡st ❞♦♥❝ ❧❛ ❝♦♥séq✉❡♥❝❡
❞✬✉♥ éq✉✐❧✐❜r❡ ❡♥tr❡ ❢♦rç❛❣❡ ❡t ❛♠♦rt✐ss❡♠❡♥t✳ ▲✬é♥❡r❣✐❡ ❝♦♥t❡♥✉❡ ❞❛♥s ✉♥ ♠♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡
❢réq✉❡♥❝❡ ν = σ/2π ♣❡✉t ❡♥ ❡✛❡t êtr❡ é❝r✐t❡ ❝♦♠♠❡ ✭❡✳❣✳✱ ❙❛♠❛❞✐ ❡t ❛❧✳ ✷✵✶✺✮✱

Eosc(ν) =
P(ν)
2η(ν)

✱ ✭✷✳✼✻✮

♦ù P r❡♣rés❡♥t❡ ❧❛ ♣✉✐ss❛♥❝❡ ✐♥❥❡❝té❡ ❞❛♥s ❧❡ ♠♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t η r❡♣rés❡♥t❡ ❧❡ t❛✉① ❞✬❛♠♦rt✐s✲
s❡♠❡♥t ♣❛r ✉♥✐té ❞❡ t❡♠♣s✳ ▲❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡ ❙♦❧❡✐❧ ♠♦♥tr❡♥t
q✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ✐♥❥❡❝té❡ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♠♦❞❡s ❡♥ t❡♥❞❛♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✈❡rs
✉♥❡ ✈❛❧❡✉r ❝♦♥st❛♥t❡ à ❤❛✉t❡s ❢réq✉❡♥❝❡s ✭❡✳❣✳✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✶✵✮✳ ▲❡ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t✱ ❧✉✐✱
❛✉❣♠❡♥t❡ ❛✉ss✐ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡✱ ♠❛✐s ♣rés❡♥t❡ ✉♥ ♣❧❛t❡❛✉ ❛✉t♦✉r ❞✬✉♥❡ ❝❡rt❛✐♥❡ ❢réq✉❡♥❝❡ ♥♦té❡
νmax✳ ❈❡ ❞❡r♥✐❡r té♠♦✐❣♥❡ ❞✬✉♥ ❡✛❡t ❞❡ rés♦♥❛♥❝❡ ❡♥tr❡ ❧❡ ♠♦❞❡ ♣r♦♣r❡ ❡t ❧❛ ❝♦♥✈❡❝t✐♦♥ ❞❛♥s ❧❡s
❝♦✉❝❤❡s s✉♣❡r✲❛❞✐❛❜❛t✐q✉❡s à ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s ✭❡✳❣✳✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✶✷✮✳ ▲✬❡✛❡t ❝♦♠❜✐♥é ❞❡
P ❡t η rés✉❧t❡ ❞♦♥❝ ❡♥ ✉♥ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❝♦♥❝❡♥tré ❞❛♥s ✉♥❡ ❡♥✈❡❧♦♣♣❡ ♠❛①✐♠❛❧❡
❛✉t♦✉r ❞❡ νmax ✭✈♦✐r ❋✐❣✉r❡ ✷✳✹✮✳ ▲✬ét✉❞❡ ♣❛r ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛ ♠♦♥tré ♣❧✉s ♣ré❝✐sé♠❡♥t
q✉❡ νmax ❡st ✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉ t❡♠♣s t❤❡r♠✐q✉❡ τth ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s✱ ❡t
❞♦✐t ❞❡ ❝❡ ❢❛✐t s✉✐✈r❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣r♦♣♦rt✐♦♥♥❛❧✐té

νmax ∝
1

τth
∝
( Ma

αMLT

)3

νc ✱ ✭✷✳✼✼✮

♦ù Ma ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ▼❛❝❤ ❝♦♥✈❡❝t✐❢ ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s s✉♣❡r✲❛❞✐❛❜❛t✐q✉❡s✱ αMLT

❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❧❛ ▼▲❚ ❡t νc ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❛❝♦✉st✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡✳
❈❡tt❡ ❞❡r♥✐èr❡ ❡st ❞é✜♥✐❡ ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✭❡✳❣✳✱ ●♦✉❣❤ ✶✾✾✸✮

νc =
c

4πHρ

√
1− 2

❞Hρ

❞r
≈ c

4πHp
✱ ✭✷✳✼✽✮

♦ù ♦♥ ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡ ❞❡ ❤❛✉t❡✉r ❞❡ ❞❡♥s✐té✱ Hρ✱ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❡t q✉❡
❝❡❧❧❡✲❝✐ ❡st ❡♥✈✐r♦♥ é❣❛❧❡ Hp✳ ❈❡❧❛ ❡st ❡♥ ❢❛✐t r✐❣♦✉r❡✉s❡♠❡♥t ❧❡ ❝❛s ❞❛♥s ✉♥❡ ❛t♠♦s♣❤èr❡ ✐s♦t❤❡r♠❡
✉♥✐q✉❡♠❡♥t✳ ▲❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❛❝♦✉st✐q✉❡ r❡♣rés❡♥t❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉✲❞❡❧à ❞❡ ❧❛q✉❡❧❧❡ ✉♥❡
♦♥❞❡ ♥✬❡st ♣❧✉s ré✢é❝❤✐❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ❡t ♥❡ ♣❡✉t ❞♦♥❝ ♣❧✉s ❞♦♥♥❡r ❧✐❡✉ à ✉♥❡ ♦♥❞❡
st❛t✐♦♥♥❛✐r❡✳

✸✵



✷✳✷✳ ▼♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡

❋✐❣✉r❡ ✷✳✹✿ ❙♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ ❑■❈ ✶✷✵✵✽✾✶✻ ♦❜s❡r✈é❡ ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r

✭❞✬❛♣rès ❉❛✈✐❡s ✫ ▼✐❣❧✐♦ ✷✵✶✻✮✳ ▲❡s ♣✐❝s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ♦♥t été ✐❞❡♥t✐✜és
♣❛r ❧❡✉r ❞❡❣ré ❛♥❣✉❧❛✐r❡✳ ▲❡s ♠♦❞❡s r❛❞✐❛✉① l = 0 s♦♥t r❡♣rés❡♥tés ♣❛r ❧❡s ❝❛rrés r♦✉❣❡s✱ ❧❡s
♠♦❞❡s ❞✐♣♦❧❛✐r❡s l = 1 ♣❛r ❧❡s tr✐❛♥❣❧❡s ✈❡rts ❛✈❡❝ ✉♥❡ ❜❛rr❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬ét❡♥❞✉❡ ❞❡ ❧❛
❢♦rêt ❞❡ ♠♦❞❡s ♠✐①t❡s ✭✈♦✐r ❈❤❛♣✐tr❡ ✽✮✱ ❧❡s ♠♦❞❡s q✉❛❞r✐♣♦❧❛✐r❡s l = 2 ♣❛r ❞❡s ♣❡♥t❛❣♦♥❡s
❜❧❡✉s ❡t ❧❡s ♠♦❞❡s l = 3 ♣❛r ❞❡s ❤❡①❛❣♦♥❡s ❥❛✉♥❡s✳ ▲❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ∆ν ❡st ✐♥❞✐q✉é❡ ♣♦✉r
❧❡s ♠♦❞❡s r❛❞✐❛✉①✱ ❛✐♥s✐ q✉❡ ❧✬❡♥✈❡❧♦♣♣❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❧❛❜❡❧❧✐sé❡ ♣❛r ❧❛ ❢réq✉❡♥❝❡
❛✉ ♠❛①✐♠✉♠✳

✸✶



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

✷✳✸ ❘❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ ✿ ❧✐❡♥ ❡♥tr❡ ♦s❝✐❧❧❛t✐♦♥ ❡t ♣❛r❛♠ètr❡s st❡❧✲
❧❛✐r❡s

▲❡s ré❣✉❧❛r✐tés ❞❛♥s ❧❡s s♣❡❝tr❡s ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥s✱ r❡♣rés❡♥té❡s ♣❛r ❧❛ ❣r❛♥❞❡ sé♣❛r❛✲
t✐♦♥ ❡t ❧✬❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡✱ ❢♦r♠❡♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s r❡♠❛rq✉❛❜❧❡s r❡❧❛t✐✈❡♠❡♥t ❢❛❝✐❧❡s à
✐❞❡♥t✐✜❡r ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t✳ ❆ ❝❡❧❛ ♣❡✉t êtr❡ ❛❥♦✉té❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❝❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ♣❡✉t ❛♣♣♦rt❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s
♣❛r❛♠ètr❡s ❣❧♦❜❛✉① ❞❡s ét♦✐❧❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥✱ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ∆ν ❡t νmax

♣❡r♠❡t ♣❛r ❡①❡♠♣❧❡ ❞✬❡st✐♠❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ♠❛ss❡ ❡t ❧❡ r❛②♦♥ ♣❛r ❧❡ ❜✐❛✐s ❞❡ r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡✳
❈❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ s♦♥t ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞✬❤♦♠♦❧♦❣✐❡ s✉✐✈✐❡ ♣❛r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡
❞✬ét♦✐❧❡s ❞❡ ♠❛ss❡s ❞✐✛ér❡♥t❡s à ✉♥ st❛❞❡ é✈♦❧✉t✐❢ ❞♦♥♥é✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❞❡✉① ét♦✐❧❡s s♦♥t ❞✐t❡s
❤♦♠♦❧♦❣✉❡s s✐ à ✈❛❧❡✉r ✐❞❡♥t✐q✉❡ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ ❞❡ ♠❛ss❡ ♥♦r♠❛❧✐sé❡ à ❧❛ ♠❛ss❡ ❞❡ ❧✬ét♦✐❧❡ m/M⋆

❝♦rr❡s♣♦♥❞ ✉♥❡ ✈❛❧❡✉r ✐❞❡♥t✐q✉❡ ❞✉ r❛②♦♥ ♥♦r♠❛❧✐sé ❛✉ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ r/R⋆ ✭❡✳❣✳✱ ❑✐♣♣❡♥❤❛❤♥
❡t ❛❧✳ ✷✵✶✷✮✳ ▲❡s r❡❧❛t✐♦♥s ❞✬❤♦♠♦❧♦❣✐❡ ♥♦✉s ♣❡r♠❡tt❡♥t ❛❧♦rs ❞❡ réé❝r✐r❡ ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥t✐✲
♥✉✐té ❡t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❞♦♥♥é❡s ♣❛r ❊qs✳ ✭✶✳✹✮ ❡t ✭✶✳✺✮ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ r❡❧❛t✐♦♥s ❞❡
♣r♦♣♦rt✐♦♥♥❛❧✐té✱ ❝✬❡st✲à✲❞✐r❡

❞m
❞r

= 4πr2ρ ⇒ ρ ∝ M⋆

R3
⋆

✭✷✳✼✾✮

❞p
❞r

= −ρGm
r2

⇒ p ∝ M2
⋆

R4
⋆

✳ ✭✷✳✽✵✮

❊♥ ❝♦♥s✐❞ér❛♥t ❝❡s ❞❡✉① r❡❧❛t✐♦♥s✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥

∆ν =

(
2

∫ R⋆

0

dr

c

)−1

=

(
2

∫ R⋆

0

√
Γ1p

ρ
dr

)−1

⇒ ∆ν ∝
(
R⋆

√
M⋆

R3
⋆

R4
⋆

M2
⋆

)−1

✭✷✳✽✶✮

⇒ ∆ν ∝
√
M⋆

R3
⋆

∝ ρ̄1/2⋆ ✱ ✭✷✳✽✷✮

♦ù ♦♥ ❛ s✉♣♣♦sé ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ Γ1 ❡st ❝♦♥st❛♥t ❡t ♦ù ρ̄⋆ ❡st ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡
❞❡ ❧✬ét♦✐❧❡✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡ ∆ν ❞♦♥♥❡ ❞♦♥❝ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐r❡❝t❡ s✉r ❧❛
❞❡♥s✐té ♠♦②❡♥♥❡ ❞❡ ❧✬ét♦✐❧❡✳ ❉❡ ♠ê♠❡✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉
♥♦♠❜r❡ ▼❛❝❤✱ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡✈✐❡♥t ❞✬❛♣rès ❊qs✳ ✭✷✳✼✼✮ ❡t ✭✷✳✼✽✮

νmax ∝ νc ∝
c

Hp
∝
√
Teff
p

dp

dr
∝
√
Teff

ρTeff
ρg ⇒ νmax ∝

g√
Teff

✱ ✭✷✳✽✸✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❛ ❧♦✐ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❡t ❧❛ ❧♦✐ ❞❡s ❣❛③ ♣❛r❢❛✐ts ❛✈❡❝ ✉♥ ♣♦✐❞s ♠♦❧é❝✉❧❛✐r❡
♠♦②❡♥ s✉♣♣♦sé ❝♦♥st❛♥t✳ ▲❡s ♣❛r❛♠ètr❡s ∆ν ❡t νmax ❞é♣❡♥❞❡♥t ❞♦♥❝ ❞❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s
❣❧♦❜❛❧❡s ❝❛r❛❝tér✐s❛♥t ❧❡s ét♦✐❧❡s ❡t ❞♦✐✈❡♥t ❞♦♥❝ é✈♦❧✉❡r ❛✉ ❝♦✉rs ❞❡ ❧❡✉r ✈✐❡✱ ❢♦r♠❛♥t ❛✐♥s✐ ❞❡
♣♦t❡♥t✐❡❧s tr❛❝❡✉rs ❞❡ ❧❡✉r é✈♦❧✉t✐♦♥✳ ❉❡ ♣❧✉s✱ ❡♥ ❝♦♠❜✐♥❛♥t ❊qs✳ ✭✷✳✽✷✮ ❡t ✭✷✳✽✸✮✱ ❧❛ ♠❛ss❡ ❡t
❧❡ r❛②♦♥ ❞❡s ét♦✐❧❡s ♣❡✉✈❡♥t êtr❡ ❡①♣r✐♠é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ∆ν✱ νmax ❡t Teff s✉✐✈❛♥t ❧❡s r❡❧❛t✐♦♥s
❞✬é❝❤❡❧❧❡ ✭❡✳❣✳✱ ❑❥❡❧❞s❡♥ ✫ ❇❡❞❞✐♥❣ ✶✾✾✺❀ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✶✸✮

(
R⋆

Rref

)
≈
(

νmax

νmax,ref

)(
∆ν

∆νref

)−2( Teff
Teff,ref

)1/2

✭✷✳✽✹✮

(
M⋆

Mref

)
≈
(
νmax,ref

νmax,ref

)3( ∆ν

∆νref

)−4( Teff
Teff,ref

)3/2

✱ ✭✷✳✽✺✮

♦ù νmax,ref ❡t Teff,ref s♦♥t ❞❡s ✈❛❧❡✉rs ❞❡ ré❢ér❡♥❝❡ ✭νmax,⊙ ≈ 3.1 ♠❍③ ❡t Teff,⊙ = 5776 ❑ ❞❛♥s ❧❡ ❝❛s
❞✉ ❙♦❧❡✐❧✮✳ ▲✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✬✉♥❡ ét♦✐❧❡ ❝♦♠❜✐♥é❡ à ❧✬❡st✐♠❛t✐♦♥ ❞❡ s❛ t❡♠♣ér❛t✉r❡
❡✛❡❝t✐✈❡ ✈✐❛ ❞❡s ❛♥❛❧②s❡s s♣❡❝tr♦s❝♦♣✐q✉❡s ♣❡r♠❡t ❞♦♥❝ ❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ s❛ ♠❛ss❡ ❡t ❞❡

✸✷



✷✳✹✳ ❈♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✿ q✉❡❧q✉❡s ❡①❡♠♣❧❡s

s♦♥ r❛②♦♥✱ ❡t ❝❡ s❛♥s ♠ê♠❡ ❛✈♦✐r ❜❡s♦✐♥ ❞❡ ❝♦♥♥❛îtr❡ ❧❛ ❞✐st❛♥❝❡✱ ❧❛ ❧✉♠✐♥♦s✐té ✐♥tr✐♥sèq✉❡ ♦✉ ❞❡
s❡ r❡tr❡✐♥❞r❡ ❛✉① s②stè♠❡s ❜✐♥❛✐r❡s✳ ❈❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ s✬❛✈èr❡♥t êtr❡ ♣ré❝✐s❡s ♠❛❧❣ré ❧❡s ❢♦rt❡s
❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❡✉r ❞ér✐✈❛t✐♦♥ ✭❡✳❣✳✱ ❑❛❧❧✐♥❣❡r ❡t ❛❧✳ ✷✵✶✵✮✱ ♠❛✐s ♥é❝❡ss✐t❡♥t ♥é❛♥♠♦✐♥s
❞✬êtr❡ ❝❛❧✐❜ré❡s ✭❡✳❣✳✱ ❍✉❜❡r ❡t ❛❧✳ ✷✵✶✷❀ ●❛✉❧♠❡ ❡t ❛❧✳ ✷✵✶✸✮✳

✷✳✹ ❈♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✿ q✉❡❧q✉❡s ❡①❡♠♣❧❡s

❊♥ ♣❧✉s ❞✬❛♣♣♦rt❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ♣r♦♣r✐étés ❣❧♦❜❛❧❡s ❞❡s ét♦✐❧❡s✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧✲
❧❛✐r❡s ♣❡r♠❡tt❡♥t ❛✉ss✐ ❞❡ s♦♥❞❡r ❞❡s ♣r♦❝❡ss✉s ❞②♥❛♠✐q✉❡s ✐♥t❡r♥❡s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ r♦t❛t✐♦♥
♦✉ ❧❡s ③♦♥❡s ❞❡ ♠é❧❛♥❣❡ ❛✉① ✐♥t❡r❢❛❝❡s ❞❡s ré❣✐♦♥s r❛❞✐❛t✐✈❡s ❡t ❝♦♥✈❡❝t✐✈❡s✳ ❊❧❧❡s ❢♦✉r♥✐ss❡♥t ❛✐♥s✐
❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s q✉✐ s✬❛❥♦✉t❡♥t ❛✉① ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s✳

✷✳✹✳✶ ❊♥s❡♠❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ✐♥❞✐✈✐❞✉❡❧❧❡s

P♦✉r ❝❛r❛❝tér✐s❡r ✉♥❡ ét♦✐❧❡✱ ❧❛ ♠ét❤♦❞❡ ✉s✉❡❧❧❡ ❡st ❞❡ r❡❝❤❡r❝❤❡r ✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧✱ à ♣❤②s✐q✉❡
❞♦♥♥é❡✱ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ❝❡ q✉✬✐❧ s✬❛❥✉st❡ ❛✉ ♠✐❡✉① ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞✐s♣♦♥✐❜❧❡s✱ ♥♦té❡
yobsi ✳ ❈❡❧❛ r❡✈✐❡♥t ❞♦♥❝ à ♠✐♥✐♠✐s❡r ✉♥❡ ❢♦♥❝t✐♦♥✱ q✉✐ ❡st✐♠❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♦❜s❡r✈❛❜❧❡s ❡t ❧❡s
✈❛❧❡✉rs ❢♦✉r♥✐❡s ♣❛r ❧❡ ♠♦❞è❧❡✱ ♥♦té❡s ymod

i (~p)✱ ♦ù ~p ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ✭â❣❡✱
♠❛ss❡✱ ❝♦♠♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ✳✳✳✮✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ♠ét❤♦❞❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ✈✐s❡ à ♠✐♥✐♠✐s❡r ❧❛
❢♦♥❝t✐♦♥

χ2 =
∑

i

[
ymod
i (~p)− yobsi

∆i

]2
✱ ✭✷✳✽✻✮

♦ù ∆i ❡st ❧❛ ❞é✈✐❛t✐♦♥ st❛♥❞❛r❞ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬♦❜s❡r✈❛❜❧❡ yobsi ✳ P❛r ❧❡ ❜✐❛✐s ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡
♠✐♥✐♠✐s❛t✐♦♥✱ ❧❡ ❜✉t ❡st ❛❧♦rs ❞❡ tr♦✉✈❡r ❧❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s ~p ♦♣t✐♠❛❧ t❡❧ q✉❡ ❧❡ ♠♦❞è❧❡ r❡♣r♦❞✉✐s❡
❛✉ ♠✐❡✉① ❧❡s ♦❜s❡r✈❛❜❧❡s✳ ▲❛ ♠ét❤♦❞❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ♣❡✉t s❡ ❜❛s❡r s✉r ❞❡s ❣r✐❧❧❡s ❞❡ ♠♦❞è❧❡s ♦✉
❞❡s ❛❧❣♦r✐t❤♠❡s ♣❧✉s s♦♣❤✐st✐q✉és ❞♦♥t ❧❡ ❜✉t ❡st ❞❡ ❝♦♥✈❡r❣❡r ♣❧✉s r❛♣✐❞❡♠❡♥t ✈❡rs ❧❛ s♦❧✉t✐♦♥✳
❆❧♦rs q✉❡ ❧❡s ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s s❡ ré❞✉✐s❡♥t ❧❡ ♣❧✉s s♦✉✈❡♥t à ❧❛ ❧✉♠✐♥♦s✐té✱ ❧❛ t❡♠♣ér❛t✉r❡
❡✛❡❝t✐✈❡ ❡t ❧❛ ♠ét❛❧❧✐❝✐té✱ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❢♦✉r♥✐t ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ❝♦♠♠❡∆ν✱∆Π✱ νmax ♦✉
❡♥❝♦r❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞ét❡❝té❡s ④νnlm⑥✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐✛ér❡♥❝❡s ❡♥tr❡ ❝❡s
❢réq✉❡♥❝❡s ♣❡✉t ❛✉ss✐ s✬❛✈ér❡r ♣❡rt✐♥❡♥t❡✳ ❆✈❡❝ ❝❡s ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s✱ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ♣❡r♠❡t
❞♦♥❝ ❞✬❛♠é❧✐♦r❡r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ét♦✐❧❡s ✭❡✳❣✳✱ ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❛✮✳ ◆♦✉s
❛❧❧♦♥s ✈♦✐r q✉✬❡❧❧❡ ♣❡r♠❡t ❛✉ss✐ ❞✬❛♠é❧✐♦r❡r s♦♥ ❡①❛❝t✐t✉❞❡✳ ❊♥ ❡✛❡t✱ ❧❡s ét✉❞❡s s✐s♠✐q✉❡s ♣❡r♠❡tt❡♥t
❞❡ s♦♥❞❡r ❧❡s ♣r♦❝❡ss✉s ✐♥t❡r♥❡s✱ ❝♦♠♠❡ ❧❛ r♦t❛t✐♦♥ ♦✉ ❧❛ ❧✐♠✐t❡ ❞❡s ré❣✐♦♥s ❝♦♥✈❡❝t✐✈❡s✱ ❡t ❞♦♥❝
❞✬❛♠é❧✐♦r❡r ❧❡s ✐♥❣ré❞✐❡♥ts ♣❤②s✐q✉❡s ✐♥❝❧✉s ❞❛♥s ❧❡s ♠♦❞è❧❡s✳

✷✳✹✳✷ ●❧✐t❝❤ ❡t ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ré❣✐♦♥s à ❢♦rt ❣r❛❞✐❡♥t

❖♥ ❛♣♣❡❧❧❡ ❣❧✐t❝❤ ❧❛ s✐❣♥❛t✉r❡ s♣❡❝tr❛❧❡ ❞✬✉♥❡ ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ✉♥❡
ré❣✐♦♥ très ❧♦❝❛❧✐sé❡ ❞❡ ❧✬ét♦✐❧❡✳ ❖♥ ❡♥t❡♥❞ ♣❛r ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ✉♥❡ ✈❛r✐❛t✐♦♥ s✉r ✉♥❡ é❝❤❡❧❧❡ s♣❛t✐❛❧❡
✐♥❢ér✐❡✉r❡ ♦✉ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❉❛♥s ✉♥❡ t❡❧❧❡ ré❣✐♦♥✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ♥✬❡st
♣❧✉s ✈❛❧✐❞❡ ❡t ❧✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❡st ❧é❣èr❡♠❡♥t ♣❡rt✉r❜é❡ ♣❛r ❝❡tt❡
③♦♥❡ à ❢♦rt ❣r❛❞✐❡♥t✳ ❖♥ ♣r♦♣♦s❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❧❡ ♠♦♥tr❡r ❞❡ ❢❛ç♦♥ ♦r✐❣✐♥❛❧❡ ❡♥ s✬✐♥s♣✐r❛♥t ❞✉
tr❛✈❛✐❧ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❜✮✱ ❛ss♦❝✐é à ❧❛ ❢♦r♠✉❧❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✳

▲✬ét♦✐❧❡ ❡st ♠♦❞é❧✐sé❡ ❝♦♠♠❡ ✉♥ ❝❛✈✐té rés♦♥❛♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❞❛♥s ❧❛q✉❡❧❧❡ s❡ ♣r♦♣❛❣❡♥t
❞❡s ♦♥❞❡s ♣❧❛♥❡s✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇✱ ✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞❡ ❝❤♦✐s✐r ❧❛ ✈❛r✐❛❜❧❡
❞é♣❡♥❞❛♥t❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉✬❡❧❧❡ ♣✉✐ss❡ s✬❡①♣r✐♠❡r ❝♦♠♠❡ ❧❡ ♣r♦❞✉✐t ❞✬✉♥❡ ❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡
❝♦♥st❛♥t❡ α ❛✈❡❝ ✉♥ t❡r♠❡ exp[iQ(M,N)]✱ ♦ù Q(M,N) ❝♦rr❡s♣♦♥❞ à ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡
r❛❞✐❛❧ s✉r ❧❡ tr❛❥❡t ❞❡ ❧✬♦♥❞❡ ❡♥tr❡ ✉♥ ♣♦✐♥t ▼ ❡t ✉♥ ♣♦✐♥t ◆✳ ▲❛ s✐t✉❛t✐♦♥ ❡st r❡♣rés❡♥té❡ s✉r ❧❛
❋✐❣✉r❡ ✷✳✺✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❜♦r❞s ❞❡ ❧❛ ❝❛✈✐té ❡♥ A ❡t ❡♥ B s♦♥t ❝❤♦✐s✐❡s ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ❝❡
q✉❡ ❧✬é♥❡r❣✐❡ ✐♥❝✐❞❡♥t❡ s♦✐t t♦t❛❧❡♠❡♥t r❡st✐t✉é❡ à ❧❛ ré✢❡①✐♦♥ ✭✐✳❡✳✱ s❛♥s ❡✛❡t ♥♦♥✲❛❞✐❛❜❛t✐q✉❡ ♦✉

✸✸



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

❋✐❣✉r❡ ✷✳✺✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s ❧❛ ❝❛✈✐té rés♦♥❛♥t❡ ❞✬✉♥❡
ét♦✐❧❡✳ ▲❛ ❝❛✈✐té ♣r✐♥❝✐♣❛❧❡ ❡st ❞✐✈✐sé❡ ❡♥ ❞❡✉① s♦✉s✲❝❛✈✐tés✱ ♥♦té❡s A ❡t B✱ ♣❛r ✉♥❡ ré❣✐♦♥
❞✬ét❡♥❞✉❡ ♥é❣❧✐❣❡❛❜❧❡ ♦ù ❧❡ ♠✐❧✐❡✉ ❡st s✉♣♣♦sé ✈❛r✐❡r r❛♣✐❞❡♠❡♥t ❡♥ ✉♥ ♣♦✐♥t ♥♦té G✳ ❈❡tt❡
ré❣✐♦♥ ❡st ❢♦r♠❡❧❧❡♠❡♥t ❞é❝r✐t❡ ♣❛r ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ré✢❡①✐♦♥ ❞❡ ♠♦❞✉❧❡ RG ❡t ❞❡ ♣❤❛s❡ δG✳
▲❡s ❜♦r❞s ❞❡ ❧❛ ❝❛✈✐té ❛✉① ♣♦✐♥ts A ❡t B s♦♥t s✉♣♣♦sés ✐♠♣❡r♠é❛❜❧❡s✳ ▲❛ ré✢❡①✐♦♥ ❡st ❞♦♥❝
t♦t❛❧❡✳ ▲❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré✢❡①✐♦♥ ❡♥ ❝❡s ❞❡✉① ♣♦✐♥ts s♦♥t ❞♦♥❝ ❝❛r❛❝tér✐sés ♣❛r ❞❡s ♠♦❞✉❧❡s
RA ❡t RB ✈❛❧❛♥t ❧✬✉♥✐té✱ ❡t ❞❡s ♣❤❛s❡s ✈❛❧❛♥t δA ❡t δB r❡s♣❡❝t✐✈❡♠❡♥t✳

❞❡ ♣❡rt❡s ♣❛r é♠✐ss✐♦♥ ❞✬♦♥❞❡s✮✳ ▲❡s ♠♦❞✉❧❡s ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré✢❡①✐♦♥ ❛✉① ♣♦✐♥ts A ❡t B✱ ♥♦tés
r❡s♣❡❝t✐✈❡♠❡♥t RA ❡t RB✱ s♦♥t ❞♦♥❝ é❣❛✉① à ❧✬✉♥✐té✳ ❖♥ ❛❞♠❡t ♥é❛♥♠♦✐♥s q✉❡ ❧❛ ré✢❡①✐♦♥ ♣❡✉t
s✬❛❝❝♦♠♣❛❣♥❡r ❞✬✉♥ ❞é♣❤❛s❛❣❡ ❞❡ ❧✬♦♥❞❡ ré✢é❝❤✐❡ ♣❛r r❛♣♣♦rt à ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ✈❛❧❛♥t r❡s♣❡❝t✐✈❡✲
♠❡♥t δA ❡t δB✳ ▲❛ s✐t✉❛t✐♦♥ ❡st ❞♦♥❝ éq✉✐✈❛❧❡♥t❡ ❡♥ ♦♣t✐q✉❡ à ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❞❡ ❋❛❜r②✲Pér♦t
✐s♦❧é✱ s❛♥s ❣❛✐♥ ♥✐ ♣❡rt❡ ❞✬é♥❡r❣✐❡ ❧✉♠✐♥❡✉s❡✳

❖♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉✬à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ ❝❛✈✐té✱ ❞✐s♦♥s ❞❛♥s ✉♥❡ ré❣✐♦♥ ❞❡ ❢❛✐❜❧❡ ❡①t❡♥s✐♦♥
✭✐✳❡✳✱ s✉r ✉♥❡ é❝❤❡❧❧❡ s♣❛t✐❛❧❡ ✐♥❢ér✐❡✉r❡ à ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✮ ❧♦❝❛❧✐sé❡ ❛✉t♦✉r ❞✬✉♥ ♣♦✐♥t ♥♦té G✱
❡①✐st❡ ✉♥❡ ❢♦rt❡ ✈❛r✐❛t✐♦♥ ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs q✉❛♥t✐tés ❞✉ ♠✐❧✐❡✉ à ❧✬éq✉✐❧✐❜r❡ q✉✐ ♣❡✉✈❡♥t ✐♥✢✉❡r
❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ✭✐✳❡✳✱ ✈✐t❡ss❡ ❞✉ s♦♥✱ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡✱✳✳✳✮✳ ❈❡tt❡ ✈❛r✐❛t✐♦♥
r❛♣✐❞❡ ✈❛ ❝ré❡r ✉♥❡ ré✢❡①✐♦♥ ♣❛rt✐❡❧❧❡ ❞❡ ❧✬♦♥❞❡✳ ▲❡ ❝♦❡✣❝✐❡♥t ❞❡ ré✢❡①✐♦♥ ❡♥ ❛♠♣❧✐t✉❞❡ ❧✐é à ❝❡tt❡
ré❣✐♦♥ ❛ ♣♦✉r ♠♦❞✉❧❡ RG✱ ❡t ❡st ❛ss♦❝✐é à ✉♥ ❞é♣❤❛s❛❣❡ ♥♦té δG ♣♦✉r ✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥t❡ ✈❡♥❛♥t ❞❡
❧❛ ❝❛✈✐té A✱ s✐t✉é❡ à ❣❛✉❝❤❡ ❞❡ ❧❛ ③♦♥❡ ❞✉ ❣❧✐t❝❤ ✭✈♦✐r ❋✐❣✉r❡ ✷✳✺✮✳ ▲❡ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥
❡♥ ❛♠♣❧✐t✉❞❡✱ ❧✉✐✱ ❛ ♣♦✉r ♠♦❞✉❧❡ TG✱ ❡t ❡st ❛ss♦❝✐é à ✉♥ ❞é♣❤❛s❛❣❡ q✉✐ ❡st s✉♣♣♦sé êtr❡ ♥✉❧ ♣♦✉r
s✐♠♣❧✐✜❡r ✭❡♥ t♦✉t❡ r✐❣✉❡✉r✱ ✉♥ ❞é♣❤❛s❛❣❡ ♣❡✉t ♥é❛♥♠♦✐♥s ❡①✐st❡r ❡t ❛♣♣❛r❛îtr❡ ❞❛♥s ❧❛ ♣❤❛s❡
t♦t❛❧❡ ❞❡ ❧✬♦♥❞❡✮✳ ❆ ♣❛rt✐r ❞❡s ❤②♣♦t❤ès❡s ❞❡ ❜❛s❡ ❝♦♥❝❡r♥❛♥t ❧❡s ♦♥❞❡s ❧✐♥é❛✐r❡s✱ ❝✬❡st✲à✲❞✐r❡ ❧❛
s②♠étr✐❡ ♣❛r ✐♥✈❡rs✐♦♥ ❞❡ ❧✬❛①❡ ❞✉ t❡♠♣s✱ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r❛♣♣♦rt à ❧✬♦r✐❣✐♥❡ ❞✉ t❡♠♣s✱ ❧❡ ♣r✐♥❝✐♣❡
❞❡ s✉♣❡r♣♦s✐t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ✭✐✳❡✳✱ R2

G + T 2
G = 1✮✱ ❚❛❦❛t❛ ✭✷✵✶✻❜✮ ❛

❞é♠♦♥tré q✉❡ ❧❡ ❞é♣❤❛s❛❣❡ ❞✬✉♥❡ ♦♥❞❡ ré✢é❝❤✐❡ ❡♥ G ♣❛r r❛♣♣♦rt à ✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥t❡ ♣r♦✈❡♥❛♥t
❞❡ ❧❛ ❝❛✈✐té B✱ s✐t✉é❡ ❡❧❧❡ à ❞r♦✐t❡ ❞❡ ❧❛ ③♦♥❡ ❞✉ ❣❧✐t❝❤✱ ❡st é❣❛❧ à (π − δG)✳ ▲❡ ❝❛❞r❡ ét❛♥t ✜①é✱
♦♥ ❝❤❡r❝❤❡ à ❞ét❡r♠✐♥❡r ❝♦♠♠❡♥t ❧❡ ❣❧✐t❝❤ ♣❡rt✉r❜❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ✈ér✐✜é❡ ♣❛r ❧❡s ♠♦❞❡s
st❛t✐♦♥♥❛✐r❡s✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s✱ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ❝♦♥❞✐t✐♦♥ ♣♦✉r
❣é♥ér❡r ❞❡s ✐♥t❡r❢ér❡♥❝❡s ❝♦♥str✉❝t✐✈❡s✱ ❡st ♦❜t❡♥✉❡ ❧♦rsq✉❡ ❧✬♦♥❞❡ é♠✐s❡ à ✉♥ ♣♦✐♥t A ♣❛r❝♦✉rt
❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ❝❛✈✐té ♣♦✉r r❡✈❡♥✐r ❛✉ ♠ê♠❡ ♣♦✐♥t A ❛✈❡❝ ❧❛ ♠ê♠❡ ♣❤❛s❡ ✐♥✐t✐❛❧❡✳ P✉✐sq✉❡ t♦✉t
❡✛❡t ❞❡ ♣❡rt❡ ❞✬é♥❡r❣✐❡ ❡st ♥é❣❧✐❣é✱ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞♦✐t ❛✉ss✐ êtr❡ ✈ér✐✜é❡✳

✸✹



✷✳✹✳ ❈♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✿ q✉❡❧q✉❡s ❡①❡♠♣❧❡s

❈❛✈✐té s✐♠♣❧❡ s❛♥s ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ✭RG = 0✱ δG = 0✮✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ s✬✐♥tér❡ss❡
à ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ✈ér✐✜é❡ ♣❛r ❧❡s ♠♦❞❡s st❛t✐♦♥♥❛✐r❡s ❞❛♥s ❧❡ ❝❛s ♥♦r♠❛❧✱ s❛♥s ❣❧✐t❝❤✳ ❯♥❡ ♦♥❞❡
❡st é♠✐s❡ ❛✉ ♣♦✐♥t A ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ α0 ✈❡rs ❧❛ ❝❛✈✐té B✳ ❊❧❧❡ ♣❛r❝♦✉rt ❧❡s ❞❡✉① ❝❛✈✐tés ❡♥tr❡ A
❡t B ❛✈❛♥t ❞✬êtr❡ ré✢é❝❤✐❡ ❡♥ B ❛✈❡❝ ✉♥ ❞é♣❤❛s❛❣❡ δB ♣❛r r❛♣♣♦rt à ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡✳ ❊❧❧❡ ♣❛r❝♦✉rt
❡♥s✉✐t❡ ❧❡s ❞❡✉① ❝❛✈✐tés ❞❡ B à A ♦ù ❡❧❧❡ ❡st ré✢é❝❤✐❡ ❡t ❞é♣❤❛sé❡ ❞❡ δA ♣❛r r❛♣♣♦rt à ❧✬♦♥❞❡
✐♥❝✐❞❡♥t❡✱ ❡t r❡tr♦✉✈❡ ❡♥✜♥ s♦♥ ét❛t ✐♥✐t✐❛❧✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ♣♦st✉❧❡ ❧✬é❣❛❧✐té ❡♥tr❡ ❧❡s
❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ✐♥✐t✐❛❧❡ ❡t ✜♥❛❧❡✱ ❝✬❡st✲à✲❞✐r❡

α0 = α0 exp [i(2ΘA + 2ΘB + δA + δB)] ✱ ✭✷✳✽✼✮

♦ù ΘA = Q(A,G) ❡t ΘB = Q(G,B) s♦♥t ❧❡s ✐♥té❣r❛❧❡s ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❡♥tr❡ ❧❡s ♣♦✐♥ts A
❡t G✱ ❡t ❡♥tr❡ G ❡t B r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ♠♦❞❡s ♣r♦♣r❡s ❞♦✐✈❡♥t ❛❧♦rs ✈ér✐✜❡r

(
ΘA +ΘB +

δA + δB
2

)
= nπ ✱ ✭✷✳✽✽✮

♦ù n ❡st ✉♥ ❡♥t✐❡r✳

Prés❡♥❝❡ ❞❡ ❢♦rt ❣r❛❞✐❡♥ts ❞❛♥s ✉♥❡ ré❣✐♦♥ ❧♦❝❛❧✐sé❡ ✭RG 6= 0✱ δG 6= 0✮✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡
t❡♠♣s✱ ♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡ ❣❧✐t❝❤✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ♦♥❞❡ é♠✐s❡ ❛✉ ♣♦✐♥t
A q✉✐ s❡ ♣r♦♣❛❣❡ ✈❡rs ❧❡ ♣♦✐♥t G✳ ▲✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❛✉ ♣♦✐♥t G ❡st ❛❧♦rs é❣❛❧❡ à αI = α0e

iΘA ✳
❖♥ ❞és✐r❡ ❝♦♥♥❛îtr❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬♦♥❞❡ ré✢é❝❤✐❡ ❡♥ G✱ ♥♦té❡ αT ✳ P♦✉r ❝❡ ❢❛✐r❡ ♣r♦❝é❞♦♥s ❡♥
♣❧✉s✐❡✉rs ét❛♣❡s✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡st ❞✐r❡❝t❡♠❡♥t ré✢é❝❤✐❡ ❡t ✈❛✉t ❛♣rès ré✢❡①✐♦♥
αIe

iδG ✳ ▲✬❛✉tr❡ ♣❛rt✐❡ ❡st tr❛♥s♠✐s❡✱ ♣❛r❝♦✉rt ❧❛ ❝❛✈✐té ❞❡ G à B ♦ù ❡❧❧❡ ❡st ré✢é❝❤✐❡ ❛✈❛♥t ❞❡
r❡✈❡♥✐r ✈❡rs ❧❡ ♣♦✐♥t G✳ ■❝✐✱ ✉♥❡ ♣❛rt✐❡ é❣❛❧❡ à αIT

2
Ge

i(δA+2ΘB) ❡st tr❛♥s♠✐s❡✳ ▲✬❛✉tr❡ ♣❛rt✐❡ ❡st
ré✢é❝❤✐❡ ❡t ❞é♣❤❛sé❡ ❞❡ π− δG ❛✈❛♥t ❞❡ s❡ ♣r♦♣❛❣❡r ❞❡ ♥♦✉✈❡❛✉ ✈❡rs ❧❡ ♣♦✐♥t B✳ ❈❡tt❡ ❝♦♠♣♦s❛♥t❡
r❡❢❛✐t ✉♥ ❛❧❧❡r✲r❡t♦✉r ❞❛♥s ❧❛ ❝❛✈✐té B✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳✳✳ ❋✐♥❛❧❡♠❡♥t✱ ❧✬♦♥❞❡ t♦t❛❧❡ ré✢é❝❤✐❡ ♣❡✉t
❞♦♥❝ s✬é❝r✐r❡ ❡♥ s✉♣❡r♣♦s❛♥t t♦✉t❡s ❧❡s ❝♦♥tr✐❜✉t✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡

αT = αI

(
RGe

iδG + T 2
Ge

i(2ΘB+δB)
+∞∑

k=0

(
RGe

i(2ΘB+[π−δG]+δB)
)k
)

= αI

(
RGe

iδG +
T 2
Ge

i(2ΘB+δB)

1 +RGei(2ΘB−δG+δB)

)
= αI

(
RGe

iδG + (T 2
G +R2

G)e
iδB+2iΘB

1 +RGei(2ΘB−δG+δB)

)

= αIe
iδG

(
e−i(ΦB−iµG) + ei(ΦB−iµG)

e−i(ΦB+iµG) + ei(ΦB+iµG)

)
= αIe

iδG

[
cos (ΦB − iµG)
cos (ΦB + iµG)

]

= αIe
iδG

(
cos(ΦB) cosh(µG) + i sin(ΦB) sinh(µG)

cos(ΦB) cosh(µG)− i sin(ΦB) sinh(µG)

)
✱ ✭✷✳✽✾✮

♦ù ❧❛ ❝♦♥❞✐t✐♦♥ T 2
G +R2

G = 1 ❛ été ✉t✐❧✐sé❡ ❡t ♦ù ♦♥ ❛ ❞é✜♥✐

RG = e−2µG ❡t ΦB = ΘB +
δB
2
− δG

2
✳ ✭✷✳✾✵✮

Pr❡♠✐èr❡♠❡♥t✱ ♦♥ ✈ér✐✜❡ q✉❡ |αI/αT | = 1 ❡t ❞♦♥❝ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❧❡
❞é♣❤❛s❛❣❡ t♦t❛❧ ❡♥ s♦rt✐❡ ❛✉ ♣♦✐♥t G ❧✐é ❛✉ ♣❛ss❛❣❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❛ ❝❛✈✐té B ❡st ❞♦♥♥é ♣❛r

∆G = arg

(
αT

αI

)
= δG + 2arg [cos(ΦB) cosh(µG) + i sin(ΦB) sinh(µG)] ✭✷✳✾✶✮

= δG + 2arctan (qG tan(ΦB)) ✱ ✭✷✳✾✷✮

♦ù qG r❡♣rés❡♥t❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❛ ❝❛✈✐té A ❡t B ❧✐é à ❧❛ ♣rés❡♥❝❡ ❞✉ ❣❧✐t❝❤✳ ❙♦♥
❡①♣r❡ss✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

qG = tanh (µG) =
1−RG

1 +RG
✳ ✭✷✳✾✸✮
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❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

▲✬♦♥❞❡ ❝♦♥t✐♥✉❡ ❛❧♦rs s❛ r♦✉t❡ ❞❡ B ✈❡rs A ♦ù ❡❧❧❡ ❡st ré✢é❝❤✐❡ ❛✈❛♥t ❞❡ r❡tr♦✉✈❡r s❛ ♣♦s✐t✐♦♥
✐♥✐t✐❛❧❡✳ ▲❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ✜♥❛❧❡ ❡♥ A ❡st ❞♦♥❝ é❣❛❧❡ à

αA,fin = eiδAαF = eiδAeiΘAαT = eiδAeiΘAei∆GαI = eiδAeiΘAei∆GeiΘAα0 ✱ ✭✷✳✾✹✮

q✉✐ ❞♦✐t êtr❡ é❣❛❧ à α0 ♣♦✉r s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡✱ ❝❡ q✉✐ ♠è♥❡ à

ΦA + arctan (qG tan(ΦB)) = mπ ✱ ✭✷✳✾✺✮

❛✈❡❝ m ✉♥ ❡♥t✐❡r ❡t

ΦA = ΘA +
δA
2

+
δG
2

✳ ✭✷✳✾✻✮

❋✐♥❛❧❡♠❡♥t✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ♣❡✉t êtr❡ réé❝r✐t❡

cot
(
ΦA +

π

2

)
tan

(
ΦB +

π

2

)
= −qG ⇒ sin(ΦA +ΦB) = RG cos(ΦA − ΦB) ✳ ✭✷✳✾✼✮

▲✬❡✛❡t ❞✉ ❣❧✐t❝❤ ♠♦❞✐✜❡ ❞♦♥❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ✉♥ ❞é♣❤❛s❛❣❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞❛♥s
ΦA ❡t ΦB ❛✐♥s✐ q✉✬❡♥ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ✉♥ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❛ ❝❛✈✐té A ❡t ❧❛ ❝❛✈✐té B✳ ❈❡tt❡
é❝r✐t✉r❡ ❡st s✐♠✐❧❛✐r❡ à ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❡t s❡r❛ ♣❧✉s ❛♠♣❧❡♠❡♥t ❞✐s❝✉té❡ ❞❛♥s
❧❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾❀ ❚❛❦❛t❛ ✷✵✶✻❜✮✳ ❘❡❣❛r❞♦♥s ♠❛✐♥t❡♥❛♥t ♣❧✉s ♣ré❝✐sé♠❡♥t
❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❧❡ ❣❧✐t❝❤ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❢❛✐❜❧❡ ♣❡rt✉r❜❛t✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s
❞❡ ♣r❡ss✐♦♥✳

❋❛✐❜❧❡ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ❧❡s ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ✭RG ≪ 1✮✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❛
❢réq✉❡♥❝❡ ♣r♦♣r❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st ❧é❣èr❡♠❡♥t ♣❡rt✉r❜é❡ ♣❛r ❧❡ ❣❧✐t❝❤✱ s♦✐t ν = ν0 + δν✱ ♦ù ν0 ❡st
❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ♥♦♥ ♣❡rt✉r❜é ✈ér✐✜❛♥t ❊q✳ ✭✷✳✽✽✮ ❡t δν ❡st ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡
❢réq✉❡♥❝❡✳ ❙♦✉s ❝❡s ❤②♣♦t❤ès❡s✱ ♦♥ ❞é✜♥✐t Φ(ν) = ΦA(ν) + ΦB(ν)✳ ▲✬éq✉❛t✐♦♥ ✭✷✳✽✽✮ ♣❡✉t ❛❧♦rs s❡
réé❝r✐r❡ Φ(ν0) = nπ✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✈❡❝ RG ≪ 1 ❡t ❛✈❡❝
❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❧✬♦♥❞❡ ✐♥❞✉✐t❡ ♣❛r ❧❡ ❣❧✐t❝❤ ❡st ❢❛✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡
(∂Φ/∂ν)ν0 ≪ 1/δν✱ ❊q✳ ✭✷✳✾✼✮ ♣❡✉t s❡ réé❝r✐r❡

sin

(
Φ(ν0) + δν

∂Φ

∂ν
(ν0)

)
≈ RG cos (Φ(ν0)− 2ΦB(ν0))

sin

(
nπ + δν

∂Φ

∂ν
(ν0)

)
≈ RG cos (nπ − 2ΦB(ν0))

δν
∂Φ

∂ν
(ν0) ≈ RG cos [2ΦB(ν0)] ✳ ✭✷✳✾✽✮

❈♦♥s✐❞ér♦♥s ❛❧♦rs ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❞✬♦r❞r❡ r❛❞✐❛❧ é❧❡✈é✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❢♦♥❝t✐♦♥ Φ ❡st
❞♦♥♥é❡ à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t ♣❛r

Φ(ν0) ≈
πν0
∆ν

⇒ ∂Φ

∂ν
(ν0) ≈

π

∆ν
✱ ✭✷✳✾✾✮

❡t ΦB(ν0) ❡st ❞♦♥♥é❡ ♣❛r

ΦB(ν0) = 2πν0τa,G +
δB − δG

2
❛✈❡❝ τa,G =

(∫ B

G

dr

c

)−1

✱ ✭✷✳✶✵✵✮

♦ù τa,G ❡st ❧❛ ♣r♦❢♦♥❞❡✉r ❛❝♦✉st✐q✉❡ ❞❡ ❧❛ ré❣✐♦♥ ♦ù s❡ ❧♦❝❛❧✐s❡ ❧❡ ❢♦rt ❣r❛❞✐❡♥t✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❛
♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st é❣❛❧❡ à

δν ≈ RG
∆ν

π
cos (4πν0τa,G + δB − δG) ✳ ✭✷✳✶✵✶✮

✸✻



✷✳✹✳ ❈♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ✿ q✉❡❧q✉❡s ❡①❡♠♣❧❡s

▲✬❡①♣r❡ss✐♦♥ ❞ér✐✈é❡ ❡st s✐♠✐❧❛✐r❡ à ❧❛ ❢♦r♠❡ ✉t✐❧✐sé❡ ❞❛♥s ❞❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts ✭❡✳❣✳✱ ▼♦♥t❡✐r♦ ✫
❚❤♦♠♣s♦♥ ✷✵✵✺❀ ❱r❛r❞ ❡t ❛❧✳ ✷✵✶✺✮✳ ❖♥ ✈♦✐t q✉❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❢♦rt ❣r❛❞✐❡♥t ♦✉ ❞✬✉♥❡ ❞✐s❝♦♥t✐♥✉✐té
♣r♦✈♦q✉❡ ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❞❡✉① ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡ ✈❛❧❡✉rs ♣r♦❝❤❡s✱ ❛✈❡❝
✉♥❡ ♣ér✐♦❞❡ ❞❡ ✈❛r✐❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ❞✬♦s❝✐❧❧❛t✐♦♥ q✉✐ ❡st é❣❛❧❡ à ❧❛ ♣r♦❢♦♥❞❡✉r
❛❝♦✉st✐q✉❡ ❞❡ ❧❛ ré❣✐♦♥ ❡♥ q✉❡st✐♦♥✳ ▲✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❡st ❞✐r❡❝t❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉
❝♦❡✣❝✐❡♥t ❞❡ ré✢❡①✐♦♥✱ q✉✐ ❞♦✐t ❞é♣❡♥❞r❡ à ❧❛ ❢♦✐s ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❞❡ ❧❛ ♠❛❣♥✐t✉❞❡
❞✉ ❣r❛❞✐❡♥t✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥ t❡❧ ❝♦♠♣♦rt❡♠❡♥t ♣❡✉t ♥♦✉s ♣❡r♠❡ttr❡ ♣❛r ❡①❡♠♣❧❡ ❞❡ s♦♥❞❡r
❧❛ ♣♦s✐t✐♦♥ ❞❡s ❧✐♠✐t❡s ❞❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s ♦ù ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞✉ ♣♦✐❞s ♠♦❧é❝✉❧❛✐r❡ ♠♦②❡♥ ♣❡✉t
❡①✐st❡r ❡t ♣r♦✈♦q✉❡r ✉♥❡ ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✳ ❯♥ ♣❤é♥♦♠è♥❡ ✐❞❡♥t✐q✉❡ ♣❡✉t êtr❡
♣r♦✈♦q✉é ♣❛r ❧❡s ré❣✐♦♥s ❞✬✐♦♥✐s❛t✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ♦✉ ♣❛r ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❛♥s ❧❛ ❢réq✉❡♥❝❡ ❞❡
❇r✉♥t✲❱ä✐sä❧ä ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ✭❡✳❣✳✱ ▼✐❣❧✐♦ ❡t ❛❧✳ ✷✵✵✽❀ ❈✉♥❤❛ ❡t ❛❧✳ ✷✵✶✺❀ ❱r❛r❞
❡t ❛❧✳ ✷✵✶✺✮✳

✷✳✹✳✸ ❙♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s

Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ❢❛✐❜❧❡ r♦t❛t✐♦♥✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡
❞❛♥s ❝❡t ❡①❡♠♣❧❡ s✐♠♣❧❡✱ ❧❛ r♦t❛t✐♦♥ ❡st ♥❡ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥✱ ❡t q✉❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s
❡t ❞✉ ❣r❛❞✐❡♥t ❞❡ r♦t❛t✐♦♥ s✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❡st ♥é❣❧✐❣é✳ ❙❡✉❧ ❧✬❡✛❡t ❉♦♣♣❧❡r s✉r ❧❛ ❢réq✉❡♥❝❡ ❞❡s
♦s❝✐❧❧❛t✐♦♥s ❡st ♣r✐s ❡♥ ❝♦♠♣t❡✳ ❉❛♥s ❝❡ ❝❛❞r❡ s✐♠♣❧✐✜é✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ❞♦♥♥é❡ ❞❛♥s
❊q✳ ✭✷✳✻✹✮ ❞♦✐t êtr❡ ♠♦❞✐✜é❡ ❡♥ s✉❜st✐t✉❛♥t ❧❛ ❢réq✉❡♥❝❡ σ ♣❛r ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ σ̂✳ ❊♥
sé♣❛r❛♥t ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❡♥ ❞❡✉① ♣❛rt✐❡s ✭✐✳❡✳✱ ✉♥❡ ♣r❡♠✐èr❡ ❞é♣❡♥❞❛♥t ❞❡ σ ❡t ✉♥❡ s❡❝♦♥❞❡
❞é♣❡♥❞❛♥t ❞❡ Ω✮ ❡t ❡♥ s✉✐✈❛♥t ❧❡ ♠ê♠❡ ❝❤❡♠✐♥❡♠❡♥t q✉✐ ❛❜♦✉t✐t à ❊q✳ ✭✷✳✼✵✮✱ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s
♣❡✉✈❡♥t ♠❛✐♥t❡♥❛♥t êtr❡ réé❝r✐t❡s ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❝♦♠♠❡

σnlm ≈ σ0,nl +m
〈Ω〉p
2π

✱ ✭✷✳✶✵✷✮

♦ù σ0,nl ❡st ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s s❛♥s r♦t❛t✐♦♥ ❡t 〈Ω〉p ❡st ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡
❞❡ ❧❛ r♦t❛t✐♦♥ s♦♥❞é❡ ♣❛r ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞é✜♥✐❡ ❝♦♠♠❡

〈Ω〉p = 2∆ν

∫ R⋆

rint

Ω(r)
dr

c
✳ ✭✷✳✶✵✸✮

❖♥ ✈♦✐t ❞♦♥❝ q✉❡ ❧❛ r♦t❛t✐♦♥ ❧è✈❡ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❛✈❡❝ ❧❡
♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✳ ❈❡❧❛ ❡st éq✉✐✈❛❧❡♥t à ❧✬❡✛❡t ❩❡❡♠❛♥ ❡♥ ♠é❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ❧♦rsq✉✬✉♥ ❛t♦♠❡
❡st ♣❧♦♥❣é ❞❛♥s ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ s♣❡❝tr❡✱ ♦♥ ✈♦✐t ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ♠✉❧t✐♣❧❡ts
❞✬♦s❝✐❧❧❛t✐♦♥✱ t♦✉s ❛ss♦❝✐és à ✉♥ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ ❡t q✉✐ s❡ ❞✐s♣♦s❡♥t ❞❡ ❢❛ç♦♥ s②♠étr✐q✉❡ ❛✉t♦✉r
❞❡ ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s s❛♥s r♦t❛t✐♦♥ ✭✈♦✐r ❋✐❣✉r❡ ✷✳✻ ♣♦✉r ✉♥ ❡①❡♠♣❧❡✮✳ ▲✬♦❜✲
s❡r✈❛t✐♦♥ ❞❡ ❝❡ s♣❧✐tt✐♥❣ r♦t❛t✐♦♥♥❡❧ ♣❡r♠❡t ❞♦♥❝ ❞❡ r❡♠♦♥t❡r à ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧❛ r♦t❛t✐♦♥✳
◆é❛♥♠♦✐♥s✱ ❧✬éq✉❛t✐♦♥ ✭✷✳✶✵✸✮ ♠♦♥tr❡ q✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧❡s ♠♦❞❡s ❡st ❧♦❝❛❧✐sé❡✳ ❊♥
❡✛❡t✱ ♦♥ ✈♦✐t q✉❡ ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ s♦♥❞❡♥t ❧❛ r♦t❛t✐♦♥ ❞❡ ♣ré❢ér❡♥❝❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✉♣❡r✲
✜❝✐❡❧❧❡s ❞❡ ❧✬ét♦✐❧❡ ♦ù ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ❝❤✉t❡ ❢♦rt❡♠❡♥t ❡t ♦ù ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡st ♠❛①✐♠❛❧❡✳ ❯♥❡
✐♥✈❡rs✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♥é❝❡ss✐t❡ ❞♦♥❝ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ♥♦♠❜r❡✉① ♠✉❧t✐♣❧❡ts r♦t❛t✐♦♥♥❡❧s
❛ss♦❝✐és à ❞❡s ♠♦❞❡s ♣❧✉s ♦✉ ♠♦✐♥s s❡♥s✐❜❧❡s à ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❞❡ ❧✬ét♦✐❧❡✳

✸✼



❈❤❛♣✐tr❡ ✷✳ ❆♣♣♦rts ❞❡ ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ à ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

❋✐❣✉r❡ ✷✳✻✿ ❙♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❧✬ét♦✐❧❡ ❞❡ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✶✻❈②❣♥✐❆ ♦❜t❡♥✉ ❣râ❝❡ ❛✉① ♦❜s❡r✈❛✲
t✐♦♥s ❞✉ s❛t❡❧❧✐t❡ ❑❡♣❧❡r ✭❞✬❛♣rès ❈❤❛♣❧✐♥ ✫ ▼✐❣❧✐♦ ✷✵✶✸✮✳ ▲❡ s♣❡❝tr❡ ♣r✐♥❝✐♣❛❧ ❛ été ❧✐ssé
❡t r❡♣rés❡♥t❡ ❧❡s ♣✐❝s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞♦♠✐♥❛♥ts q✉✐ s♦♥t ❛♥♥♦tés ♣❛r ❧❡✉r ❞❡❣ré ❛♥❣✉❧❛✐r❡✳ ▲❛
❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s r❛❞✐❛✉① ❡t ❧❛ ♣❡t✐t❡ sé♣❛r❛t✐♦♥ ❡♥tr❡ ❧❡s ♠♦❞❡s l = 0 ❡t
l = 2 s♦♥t ✐♥❞✐q✉é❡s✳ ▲✬❡♥❝❛❞ré ❡♥ ❤❛✉t à ❣❛✉❝❤❡ ♠♦♥tr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ▲✬❡♥❝❛❞ré ❡♥ ❤❛✉t à ❞r♦✐t❡ ❡st ✉♥ ③♦♦♠ s✉r ❧❡ ♣✐❝ ❞✬✉♥ ♠♦❞❡ l = 1 ❞♦♥t
❧❡s ❝♦♠♣♦s❛♥t❡s ❛③✐♠✉t❛❧❡s m = −1, 0, 1 s♦♥t sé♣❛ré❡s ♣❛r ❧❛ r♦t❛t✐♦♥✳ ▲❡ s♣❡❝tr❡ ❧✐ssé ❡st
r❡♣rés❡♥té ❡♥ ❜❧❡✉ ❡t ❧❛ ✈❛❧❡✉r ❞✉ s♣❧✐tt✐♥❣ r♦t❛t✐♦♥♥❡❧ ❡st ✐♥❞✐q✉é❡✳ ▲✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❝❡tt❡
ét♦✐❧❡ ❡st ✐♥❝❧✐♥é ♣❛r r❛♣♣♦rt à ❧✬❛①❡ ❞❡ ✈✐sé❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s |m| = 1 s♦♥t
❜✐❡♥ ✈✐s✐❜❧❡s✱ ❛✉ ❝♦♥tr❛✐r❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❝❡♥tr❛❧❡ m = 0✳

✸✽



❈❤❛♣✐tr❡ ✸

❊♥❥❡✉① ❡t ❛①❡s ❞❡ tr❛✈❛✐❧ ❞❡ ❧❛ t❤ès❡

❙♦♠♠❛✐r❡
✸✳✶ ❉❡s s✉❝❝ès ♣♦✉r ❧❡s ♠♦❞è❧❡s ❛❝t✉❡❧s✱ ♠❛✐s ❛✉ss✐ ❞❡s ✐♥s✉✣s❛♥❝❡s ✳ ✳ ✳ ✸✾

✸✳✶✳✶ ❉❡s ♣ré❞✐❝t✐♦♥s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✉ ❙♦❧❡✐❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✶✳✷ ❉❡s q✉❡st✐♦♥s t♦✉❥♦✉rs ♦✉✈❡rt❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✷ ❉❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s ♣❛r ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✸ ❆①❡s ❞❡ tr❛✈❛✐❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✱ ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧❡s ❣r❛♥❞❡s
♣❤❛s❡s ❞❡ ❧❛ ✈✐❡ ❞✬✉♥❡ ét♦✐❧❡✳ ❉❡ ♣❧✉s✱ ❝❡rt❛✐♥s ❢❛✐ts ♦❜s❡r✈❛t✐♦♥♥❡❧s ♦♥t ❝♦♥✜r♠é s❡s ♣ré❞✐❝t✐♦♥s ❛✈❡❝
✉♥ ❜♦♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡✳ ❉✬❛✉tr❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t ❝❡♣❡♥❞❛♥t q✉❡ ❝❡ ♠♦❞è❧❡ ❡st ✐♥❝♦♠♣❧❡t
❡t ❞♦✐t êtr❡ r❛✣♥é✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s t✐❡♥♥❡♥t ✉♥❡ ♣❧❛❝❡ ✐♠♣♦rt❛♥t❡✳ ❊❧❧❡s
♣❡r♠❡tt❡♥t ❞❡ t❡st❡r ❧❡s ♠♦❞è❧❡s ❡t ❞✬❛♠é❧✐♦r❡r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ✐♥t❡r♥❡ ❞❡s
ét♦✐❧❡s✳ ▲❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞✉r❛♥t ♠❛ t❤ès❡ ❛ été ❣✉✐❞é ❡♥ ♣❛rt✐❝✉❧✐❡r ♣❛r ❧❡s rés✉❧t❛ts ♣ré❝é❞❡♠♠❡♥t
♦❜t❡♥✉s ♣❛r ❧✬❛stér♦s✐s♠♦❧♦❣✐❡✳ ❆❧♦rs q✉❡ ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ ❛❝t✉❡❧s ✐♥❝❧✉❡♥t ❞é❥à ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ ♣r♦❝❡ss✉s ♥♦♥✲st❛♥❞❛r❞✱ ❞❡s ❞és❛❝❝♦r❞s ❛✈❡❝ ❧❡s ét✉❞❡s s✐s♠✐q✉❡s s✉❜s✐st❡♥t ❡t ♠♦♥tr❡♥t
❧❛ ♥é❝❡ss✐té ❞❡ ♣❛r❢❛✐r❡ ❧❡s ♠♦❞è❧❡s✳ ❉❡ ♣❧✉s✱ ✉♥❡ ✈✐s✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞ét❛✐❧❧é❡ ❞❡s ✐♥tér✐❡✉rs
st❡❧❧❛✐r❡s ❞❡♠❛♥❞❡ ❞❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❢♦rt❡s✱ ❝❡ q✉❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t
❞❡ ♥♦✉✈❡❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣♦✉rr❛✐t ♣r♦❝✉r❡r✳ ❈❡❝✐ ❝♦♥st✐t✉❡ ❧❡s ❞❡✉① ❛①❡s ❞❡ tr❛✈❛✐❧ s✉✐✈✐s
❞✉r❛♥t ♠❛ t❤ès❡ ❡t q✉✐ s♦♥t ❜r✐è✈❡♠❡♥t ✐♥tr♦❞✉✐ts ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳

✸✳✶ ❉❡s s✉❝❝ès ♣♦✉r ❧❡s ♠♦❞è❧❡s ❛❝t✉❡❧s✱ ♠❛✐s ❛✉ss✐ ❞❡s ✐♥s✉✣s❛♥❝❡s

✸✳✶✳✶ ❉❡s ♣ré❞✐❝t✐♦♥s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✉ ❙♦❧❡✐❧

▲❡ ♠♦❞è❧❡ st❛♥❞❛r❞✱ ♠❛❧❣ré s❡s ❤②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s✱ ♣❡r♠❡t ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❝❡r✲
t❛✐♥❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ♦❜t❡♥✉❡s ❞❛♥s ❧❡ ❙♦❧❡✐❧ ❛✈❡❝ ✉♥ ❜♦♥♥❡ ♣ré❝✐s✐♦♥✳ ❉❡s ❞és❛❝❝♦r❞s
❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ♦♥t ❛✉ss✐ ❞✬♦r❡s ❡t ❞é❥à été rés♦❧✉s ♣❛r ❧✬✐♥❝❧✉s✐♦♥ ❞❡ ♥♦✉✈❡❛✉① ♣r♦✲
❝❡ss✉s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡✳ ❈❡❝✐ ❡st ✐❧❧✉stré ❞❛♥s ❧❡s ❡①❡♠♣❧❡s s✉✐✈❛♥ts✳

Pr♦✜❧ ✐♥t❡r♥❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✳ ▲✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ❛ ♣❡r♠✐s ❞❡ t❡st❡r ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ✈✐t❡ss❡
❞✉ s♦♥ ♦❜t❡♥✉ t❤é♦r✐q✉❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ♠ét❤♦❞❡s ❞✬✐♥✈❡rs✐♦♥✱ ❧✬é❝❛rt ❡♥tr❡ ❧❛ ✈✐t❡ss❡
❞✉ s♦♥ ♣ré❞✐t❡ ♣❛r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ❡t ❝❡❧❧❡ ✐♥❢éré❡ ✈✐❛ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ♣❡✉t
êtr❡ ❡st✐♠é ❛✈❡❝ ♣ré❝✐s✐♦♥✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ♠♦❞è❧❡s ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s s✬❛✈èr❡
❛❧♦rs êtr❡ ✐♥❢ér✐❡✉r❡ à ✸✪✱ ❡t ❝❡ q✉❡❧ q✉❡ s♦✐t ❧❛ ♣❤②s✐q✉❡ ❝♦♥s✐❞éré❡ ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ✭✈♦✐r
❋✐❣✉r❡ ✸✳✶✮✳ ❈❡ rés✉❧t❛t ❝♦♥❢♦rt❡ ❛✐♥s✐ ❛✈❡❝ ✉♥ ❜♦♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❧❡s ♣ré❞✐❝t✐♦♥s ♦❜t❡♥✉❡s

✸✾



❈❤❛♣✐tr❡ ✸✳ ❊♥❥❡✉① ❡t ❛①❡s ❞❡ tr❛✈❛✐❧ ❞❡ ❧❛ t❤ès❡

❋✐❣✉r❡ ✸✳✶✿ ❉✐✛ér❡♥❝❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ♦❜t❡♥✉❡ ♣❛r ❧❡ ❜✐❛✐s ❞✬✉♥❡ ✐♥✈❡rs✐♦♥ s✐s♠✐q✉❡ ré❛❧✐sé❡
♣❛r ❇❛s✉ ❡t ❛❧✳ ✭✷✵✵✵✮ ❡t ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ♦❜t❡♥✉❡ ♣❛r ❞✐✛ér❡♥ts ♠♦❞è❧❡s s♦❧❛✐r❡s✱ q✉✐ ♦♥t
été ❝❛❧❝✉❧és ❛✈❡❝ ❞✐✛ér❡♥ts ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ ✭❈❊❙❆▼✷❑✱ ❈▲❊❙✮✶✱ ❞✐✛ér❡♥t❡s ❝♦♠♣♦s✐t✐♦♥s
❝❤✐♠✐q✉❡s ✭❆●❙✵✾✱ ❆●❙✵✺✱ ●◆✾✸✮✷ ❡t ❞✐✛ér❡♥t❡s t❛❜❧❡s ❞✬♦♣❛❝✐té ✭❖P❆▲✱ ❖P✮✸ ❡♥ ❡♥tré❡
✭❞✬❛♣rès ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❛✮✳

♣❛r ❧❡ ♠♦❞è❧❡ s♦❧❛✐r❡ st❛♥❞❛r❞✳

Pr♦❜❧è♠❡ ❞❡s ♥❡✉tr✐♥♦s s♦❧❛✐r❡s✳ ❈❡ ♣r♦❜❧è♠❡ ❡st ❛♣♣❛r✉ à ❧❛ ✜♥ ❞❡s ❛♥♥é❡s ✶✾✻✵ ❝♦♥sé❝✉✲
t✐✈❡♠❡♥t à ❧✬❡①♣ér✐❡♥❝❡ ♣r♦♣♦sé❡ ♣❛r ❏♦❤♥ ◆✳ ❇❛❤❝❛❧❧ ❡t ❘❛②♠♦♥❞ ❉❛✈✐❡s✳ ▲✬❡①♣ér✐❡♥❝❡ ❝♦♥s✐st❛✐t
à ❞ét❡r♠✐♥❡r ❧❛ q✉❛♥t✐té ❞❡ ♥❡✉tr✐♥♦s ♣r♦❞✉✐ts ♣❛r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❞❛♥s ❧❡ ❝÷✉r ❞✉ ❙♦❧❡✐❧✳
▲❡ ❞ét❡❝t❡✉r s❡ ❝♦♠♣♦s❛✐t ❞✬✉♥ ✈❛st❡ rés❡r✈♦✐r ❞❡ s♦❧✉t✐♦♥ ❝❤❧♦ré❡ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥❡ ❢❛✐❜❧❡ ♠❛✐s
s✐❣♥✐✜❝❛t✐✈❡ q✉❛♥t✐té ❞✬✐s♦t♦♣❡s ❞❡ ❧✬❛r❣♦♥ ♣♦✉✈❛✐t êtr❡ ♣r♦❞✉✐t❡ ♣❛r ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ♥❡✉tr✐♥♦s✳
▲❡s ❞❡✉① ♣❤②s✐❝✐❡♥s ♦♥t ❛❧♦rs ♣✉ ♠♦♥tr❡r q✉❡ ❧❛ q✉❛♥t✐té ❞❡ ♥❡✉tr✐♥♦s ❞ét❡❝tés ét❛✐t ✐♥❢ér✐❡✉r❡
❞✬❡♥✈✐r♦♥ ✉♥ ❢❛❝t❡✉r tr♦✐s ♣❛r r❛♣♣♦rt ❛✉① ♣ré❞✐❝t✐♦♥s ❞❡s ♠♦❞è❧❡s s♦❧❛✐r❡s✳ ❈❡tt❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡
❧❛ t❤é♦r✐❡ ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s ✐♥❞✐q✉❛✐t s♦✐t q✉❡ ❧❡ ♠♦❞è❧❡ s♦❧❛✐r❡ ét❛✐t ♠✐s à ❞é❢❛✉t✱ s♦✐t q✉❡ ❧❛
♣❤②s✐q✉❡ ❞❡s ♥❡✉tr✐♥♦s ét❛✐t ✐♥❝♦♠♣❧èt❡✳ ❉✬❛✉tr❡s ❡①♣ér✐❡♥❝❡s ❞✬❡♥✈❡r❣✉r❡ ♦♥t ✈✉ ❧❡ ❥♦✉r ❞❛♥s ❧❡s
❛♥♥é❡s q✉✐ s✉✐✈✐r❡♥t ❡t ❝♦♥✜r♠èr❡♥t ❝❡t é❝❛rt s✐❣♥✐✜❝❛t✐❢ ✭❡✳❣✳✱ ❇❛❤❝❛❧❧ ✫ ❉❛✈✐s ✷✵✵✵✮✳ P❛r❛❧❧è❧❡✲
♠❡♥t✱ ❧✬❛✈è♥❡♠❡♥t ❞❡ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✾✵ ❛ ❝♦♥❢♦rté ❧❡s ♣ré❞✐❝t✐♦♥s ❞✉ ♠♦❞è❧❡
s♦❧❛✐r❡✱ r❡♥✈❡rs❛♥t ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝ôté ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✳ ❊t ❡♥ ❡✛❡t✱ ♦♥ s❛✐t ❛✉❥♦✉r✲
❞✬❤✉✐ q✉❡ ❧❡ ❞é✜❝✐t ❞❡ ♥❡✉tr✐♥♦s ♣❛r r❛♣♣♦rt à ❧❛ ✈❛❧❡✉r ❛tt❡♥❞✉❡ s✬❡①♣❧✐q✉❡ ♣❛r ❧✬❡①✐st❡♥❝❡ ❞❡ tr♦✐s
s❛✈❡✉rs ❞❡ ♠❛ss❡s ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡s ✭é❧❡❝tr♦♥✐q✉❡✱ ♠✉♦♥✐q✉❡ ❡t t❛✉✐q✉❡✮✳ ❉✉r❛♥t ❧❡✉r tr❛❥❡t
❡♥tr❡ ❧❡ ❙♦❧❡✐❧ ❡t ❧❛ ❚❡rr❡✱ ❧❡s ♥❡✉tr✐♥♦s ♣❡✉✈❡♥t ❛✐♥s✐ ♦s❝✐❧❧❡r ❡♥tr❡ ❝❡s tr♦✐s ét❛ts✱ ❡t ❝❡ ❞❡ ❢❛ç♦♥

✶✳ ❈❊❙❆▼✷❑ ❝♦rr❡s♣♦♥❞ ❛✉ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❢r❛♥ç❛✐s ❞é✈❡❧♦♣♣é à ❧✬❖❜s❡r✈❛t♦✐r❡ ❞❡ ▼❡✉❞♦♥ ✭▼♦r❡❧ ✫
▲❡❜r❡t♦♥ ✷✵✵✽✮ ❡t ❈▲❊❙ ❝♦rr❡s♣♦♥❞ ❛✉ ❈♦❞❡ ▲✐é❣❡♦✐s ❞✬➱✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ✭❙❝✉✢❛✐r❡ ❡t ❛❧✳ ✷✵✵✽✮✳

✷✳ ▲❡s ❛❜ré✈✐❛t✐♦♥s ❆●❙✵✾✱ ❆●❙✵✺ ❡t ●◆✾✸ r❡♥✈♦✐❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① ❝♦♠♣♦s✐t✐♦♥s ❝❤✐♠✐q✉❡s s♦❧❛✐r❡s ❞♦♥✲
♥é❡s ♣❛r ❆s♣❧✉♥❞ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❆s♣❧✉♥❞ ❡t ❛❧✳ ✭✷✵✵✺✮ ❡t ●r❡✈❡ss❡ ❡t ❛❧✳ ✭✶✾✾✸✮✳

✸✳ ▲❡s ❛❜ré✈✐❛t✐♦♥s ❖P❆▲ ❡t ❖P ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① t❛❜❧❡s ❞✬♦♣❛❝✐té ❞é❧✐✈ré❡s ♣❛r ❧❡s ❣r♦✉♣❡s
❖P❆▲ ✭■❣❧❡s✐❛s ✫ ❘♦❣❡rs ✶✾✾✻✮ ❡t ❖P ✭❇❛❞♥❡❧❧ ❡t ❛❧✳ ✷✵✵✺✮✳

✹✵



✸✳✶✳ ❉❡s s✉❝❝ès ♣♦✉r ❧❡s ♠♦❞è❧❡s ❛❝t✉❡❧s✱ ♠❛✐s ❛✉ss✐ ❞❡s ✐♥s✉✣s❛♥❝❡s

éq✉✐♣r♦❜❛❜❧❡✳ ▲✬❡①♣ér✐❡♥❝❡ ♣r♦♣♦sé❡ ♣❛r ❏♦❤♥ ◆✳ ❇❛❤❝❛❧❧ ❡t ❘❛②♠♦♥❞ ❉❛✈✐❡s ♥❡ ♣❡r♠❡tt❛✐t ♣❛s
❞❡ ❞ét❡❝t❡r ❧❡s ét❛ts t❛✉✐q✉❡ ❡t ♠✉♦♥✐q✉❡✱ ❞✬♦ù ❧❡ ❢❛❝t❡✉r tr♦✐s ♣❛r r❛♣♣♦rt ❛✉① ♣ré❞✐❝t✐♦♥s ❞✉
♠♦❞è❧❡ s♦❧❛✐r❡ st❛♥❞❛r❞✳ ▲❛ rés♦❧✉t✐♦♥ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❞❡s ♥❡✉tr✐♥♦s s♦❧❛✐r❡s ❢❛✐t s❛♥s ❛✉❝✉♥ ❞♦✉t❡
♣❛rt✐❡ ❞❡s s✉❝❝ès ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞✱ ♣✉✐sq✉❡ s❡s ♣ré❞✐❝t✐♦♥s ♦♥t ♣❛rt✐❝✐♣é ❞❡ ❢❛ç♦♥ ♥♦t❛❜❧❡ à ❢❛✐r❡
❛✈❛♥❝❡r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✳

❆❜♦♥❞❛♥❝❡ ❞✬❤é❧✐✉♠ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❞✉ ❙♦❧❡✐❧✳ ▲✬❛❜♦♥❞❛♥❝❡ ❞✬❤é❧✐✉♠ ♥❡ ♣❡✉t êtr❡ ❞✐r❡❝✲
t❡♠❡♥t ♠❡s✉ré❡ ❞❛♥s ❧✬❛t♠♦s♣❤èr❡ ❞❡s ét♦✐❧❡s à ❝❛✉s❡ ❞❡ ❧✬❛❜s❡♥❝❡ ❞❡ r❛✐❡s ❛ss♦❝✐é❡s✳ ▲✬❛❜♦♥❞❛♥❝❡
❞✬❤é❧✐✉♠ ❡st ❞♦♥❝ ❤❛❜✐t✉❡❧❧❡♠❡♥t ✉♥ ♣❛r❛♠ètr❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s q✉✐ ♥é❝❡ss✐t❡ ❞✬êtr❡ ❛❥✉sté ❡♥
❝♦✉♣❧❡ ❛✈❡❝ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ αMLT ♣♦✉r r❡♣r♦❞✉✐r❡ ❛✉ ♠✐❡✉① ❧❡s ♦❜s❡r✲
✈❛❜❧❡s✳ ▲✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ❛ ♥é❛♥♠♦✐♥s ♣❡r♠✐s ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ✜❛❜❧❡
❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞✬❤é❧✐✉♠ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❞✉ ❙♦❧❡✐❧ ❛❝t✉❡❧ é❣❛❧❡ à YE,⊙ ≈ 0.2485 ± 0.0034 ✭❡✳❣✳✱
❇❛s✉ ✫ ❆♥t✐❛ ✶✾✾✺❀ ❘✐❝❤❛r❞ ❡t ❛❧✳ ✶✾✾✽❀ ❇❛s✉ ✫ ❆♥t✐❛ ✷✵✵✹✮✳ ❈❡❧❛ ❛ ♥♦t❛♠♠❡♥t ♠✐s ❡♥ ❡①❡r❣✉❡ ❧❛
♥é❝❡ss✐té ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ ❡t ❧❡ tr✐❛❣❡ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♣♦✉r r❡♣r♦❞✉✐r❡
❧❛ ✈❛❧❡✉r ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞✬❤é❧✐✉♠ ❞ér✐✈é❡ ♣❛r ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ✭❡✳❣✳✱ ❘✐❝❤❛r❞ ❡t ❛❧✳ ✶✾✾✻✮✳

▲❡s ♣ré❝é❞❡♥ts ❡①❡♠♣❧❡s ♠♦♥tr❡♥t q✉❡ ❧❡s ❜❛s❡s ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ st❡❧❧❛✐r❡ s♦♥t ❜✐❡♥ ❝♦♠♣r✐s❡s✳
◆é❛♥♠♦✐♥s✱ ❧❡s ♠♦❞è❧❡s s♦♥t ❡♥❝♦r❡ ❧♦✐♥ ❞✬êtr❡ ré❛❧✐st❡s✳ ▼ê♠❡ s✐ ❝❡s ♣r❡♠✐❡rs s✉❝❝ès s♦♥t ❡♥❝♦✉✲
r❛❣❡❛♥ts✱ ❞❡s ❡✛♦rts ❞♦✐✈❡♥t ❡♥❝♦r❡ êtr❡ ❢♦✉r♥✐s ♣♦✉r ❛♠é❧✐♦r❡r ❧❛ ♣ré❝✐s✐♦♥ ❡t ❧✬❡①❛❝t✐t✉❞❡ ❞❡ ♥♦tr❡
❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳

✸✳✶✳✷ ❉❡s q✉❡st✐♦♥s t♦✉❥♦✉rs ♦✉✈❡rt❡s

❉❡ ♥♦♠❜r❡✉① ♣♦✐♥ts ❞✬✐♥t❡rr♦❣❛t✐♦♥ s✉❜s✐st❡♥t à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡ ❛✉ s✉❥❡t ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥
❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ❉✬❛❜♦r❞✱ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ ♣❛r ❧❛ t❤é♦r✐❡ s✐♠♣❧✐✜é❡ ❞❡ ❧❛
❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ ❡st ♣❛r♠✐ ❧❡s ♣r✐♥❝✐♣❛❧❡s s♦✉r❝❡s ❞✬✐♥❝❡rt✐t✉❞❡✳ ❊♥ ❡✛❡t✱ ❝❡❧❧❡✲❝✐ é❝❤♦✉❡ à
❞é❝r✐r❡ ❧❡s ✐♥t❡r❢❛❝❡s ❡♥tr❡ ❧❡s ré❣✐♦♥s ❝♦♥✈❡❝t✐✈❡s ❡t ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s st❛❜❧❡♠❡♥t str❛t✐✜é❡s✳ ▲❡s
s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣♦✉rr❛✐❡♥t ❛✐❞❡r à ♠✐❡✉① ❞é❝r✐r❡ ❝❡s ré❣✐♦♥s s✐ ❡❧❧❡s ♣❛r✈❡♥❛✐❡♥t à ❛tt❡✐♥❞r❡
❞❡s ré❣✐♠❡s à ♣❛rt✐r ❞❡sq✉❡❧s ❧✬❡①tr❛♣♦❧❛t✐♦♥ ✈❡rs ❧❡s ❝♦♥❞✐t✐♦♥s st❡❧❧❛✐r❡s ❞❡✈❡♥❛✐t ♣♦ss✐❜❧❡ ✭❡✳❣✳✱
❇r✉♠♠❡❧❧ ❡t ❛❧✳ ✷✵✵✷❀ ❘❡♠♣❡❧ ✷✵✵✹✮✳ ▲✬❛stér♦s✐s♠♦❧♦❣✐❡ ♣❡r♠❡t ❜✐❡♥ ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧✬❡①t❡♥s✐♦♥
♠♦②❡♥♥❡ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ❇❛s✉ ✶✾✾✼❀ ▲❡❜r❡t♦♥ ✫ ●♦✉♣✐❧ ✷✵✶✷✮✱ ♠❛✐s
❧❡ ♣r♦✜❧ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡✱ q✉✐ ♣❛ss❡ ❞✬✉♥❡ ✈❛❧❡✉r ❝♦♥✈❡❝t✐✈❡ à ✉♥❡
✈❛❧❡✉r r❛❞✐❛t✐✈❡✱ r❡st❡ t♦✉❥♦✉rs ✐♥❝❡rt❛✐♥ ✭❡✳❣✳✱ ❘❡♠♣❡❧ ✷✵✵✹❀ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ❡t ❛❧✳ ✷✵✶✶✮✳ ▲❛
▼▲❚ é❝❤♦✉❡ ❛✉ss✐ à ❞é❝r✐r❡ ❧❡s ré❣✐♦♥s s✉♣❡r✜❝✐❡❧❧❡s ♦ù ❧✬♦♥ ♣❛ss❡ ❞✬✉♥ ♠✐❧✐❡✉ ♦♣❛q✉❡ à ✉♥ ♠✐❧✐❡✉
tr❛♥s♣❛r❡♥t à ❧❛ ❧✉♠✐èr❡✳ ❈❡s ré❣✐♦♥s ♦♥t ✉♥ ✐♠♣❛❝t s✉r ❧❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ✭❡✳❣✳ ❑❥❡❧❞s❡♥
❡t ❛❧✳ ✷✵✵✽✮ ❡t ♥♦tr❡ ✐❣♥♦r❛♥❝❡ s✉r ❝❡s ❡✛❡ts ❞❡ s✉r❢❛❝❡ s❡ ré♣❡r❝✉t❡ s✉r ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ét✉❞❡s
s✐s♠✐q✉❡s✳ ❉❡s ♣r♦❣rès s♦♥t ♥é❛♥♠♦✐♥s ❡♥ ❝♦✉rs ♣♦✉r ❝♦rr✐❣❡r s❡s ❡✛❡ts ❡t ♣❛ss❡♥t ♥♦t❛♠♠❡♥t ♣❛r
❞❡s s✐♠✉❧❛t✐♦♥s ✸❉ ré❛❧✐st❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s ✭❡✳❣✳✱ ❙♦♥♦✐ ❡t ❛❧✳ ✷✵✶✺✱ ✷✵✶✼✮✳ ❊♥s✉✐t❡✱ ♦♥ ♣❡✉t
❡♥❝♦r❡ ♥♦t❡r q✉❡ ❞❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥❞❛♥❝❡ ♦❜s❡r✈é❡s ❡♥ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s s♦♥t ✐♥❝♦❤ér❡♥t❡s ❛✈❡❝
❧❡ s❡✉❧ ❞r❛❣❛❣❡ ❝♦♥✈❡❝t✐❢ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s✱ ❝♦♠♠❡ ❝❡❧❛ ❡st s✉♣♣♦sé ❞❛♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞✳
❉❡ ♣❧✉s✱ ❧❛ ❞✐✛✉s✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ ♥✬❡st ♣❛s s✉✣s❛♥t❡✱ s❡✉❧❡✱ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s ❢❛✐ts
♦❜s❡r✈❛t✐♦♥♥❡❧s✳ ❉✬❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞♦✐✈❡♥t êtr❡ ✐♥✈♦q✉és✱ t❡❧s q✉❡ ❧❡ ♠é❧❛♥❣❡ t✉r❜✉❧❡♥t
♦✉ ❡♥❝♦r❡ ❧❡s ♣r♦❝❡ss✉s ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛t✐♦♥ ✭❡✳❣✳✱ ❈❤❛r❜♦♥♥❡❧ ✫ ❚❛❧♦♥ ✷✵✵✽✮✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱
❞❡ ♥♦♠❜r❡✉s❡s ✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t s✉r ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s✳
◆♦✉s ✈❡rr♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹ q✉❡ ❧❡s ♠♦❞è❧❡s ❛❝t✉❡❧s ❧❡s ♣❧✉s s♦♣❤✐st✐q✉és ♥❡
♣❛r✈✐❡♥♥❡♥t ♣❛s à r❡♣r♦❞✉✐r❡ ❧❡s ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❞❛♥s ❧❡ ❙♦❧❡✐❧ ❡t ❧❡s
ét♦✐❧❡s é✈♦❧✉é❡s ❞❡ ❢❛✐❜❧❡s ♠❛ss❡ ❞ér✐✈és ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s✳ ❯♥ ♦✉ ♣❧✉s✐❡✉rs ♣r♦❝❡ss✉s ❞❡
tr❛♥s♣♦rt ❡♥❝♦r❡ ✐♥❝♦♥♥✉s ❞♦✐✈❡♥t ❛❣✐r ❡✣❝❛❝❡♠❡♥t ♣♦✉r r❛❧❡♥t✐r ❧❛ r♦t❛t✐♦♥ ❞❡s ré❣✐♦♥s ✐♥t❡r♥❡s✳
▲❛ r♦t❛t✐♦♥ ❡st ✉♥ ✐♥❣ré❞✐❡♥t ❞②♥❛♠✐q✉❡ ✐♠♣♦rt❛♥t ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ✭✈♦✐r ❈❤❛♣✐tr❡ ✶✱ ❡t ❧❡
♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s r❡st❡ ✉♥❡ q✉❡st✐♦♥
♦✉✈❡rt❡ ♠❛❥❡✉r❡✱ ❝♦♠♠❡ ❡♥ té♠♦✐❣♥❡♥t ❧❡s ♥♦♠❜r❡✉s❡s ét✉❞❡s ♣❛r✉❡s à ❝❡ s✉❥❡t ❞❛♥s ❧❡s ❞❡r♥✐èr❡s
❛♥♥é❡s ✭✈♦✐r ❈❤❛♣✐tr❡ ✹✮✳

✹✶



❈❤❛♣✐tr❡ ✸✳ ❊♥❥❡✉① ❡t ❛①❡s ❞❡ tr❛✈❛✐❧ ❞❡ ❧❛ t❤ès❡

✸✳✷ ❉❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s ♣❛r ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s

❈♦♠♠❡ ✐❧ ❛ ❞é❥à été ♠❡♥t✐♦♥♥é à ♠❛✐♥t❡s r❡♣r✐s❡s✱ ❧✬ét✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s ♣❡r♠❡t
❞❡ s♦♥❞❡r ❧✬✐♥tér✐❡✉r ❞❡s ét♦✐❧❡s ❡t ❞❡ ❢♦rt❡♠❡♥t ❝♦♥tr❛✐♥❞r❡ ❧❡s ♠♦❞è❧❡s✳ ❈❡❧❛ ♣❛ss❡ ♥♦t❛♠♠❡♥t
♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s q✉✐ ❢♦♥t ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ s♣❡❝tr❡
❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❧❡s ♣r♦♣r✐étés ❞❡ ❧✬ét♦✐❧❡ ♦❜s❡r✈é❡✳ ▲❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❞✉ ❈❤❛♣✐tr❡ ✷ ♦♥t ♥♦t❛♠♠❡♥t
♠♦♥tré ❧❡✉r ❝❛♣❛❝✐té à r❡♥s❡✐❣♥❡r s✉r ❧❡s ♣r♦♣r✐étés st❡❧❧❛✐r❡s ❢♦♥❞❛♠❡♥t❛❧❡s ✭❡✳❣✳✱ ♠❛ss❡✱ r❛②♦♥✱✳✳✳✮✱
s✉r ❧❡ st❛❞❡ é✈♦❧✉t✐❢ ✭❡✳❣✳✱ t❛✐❧❧❡ ❞✉ ❝÷✉r r❛❞✐❛t✐❢✱ ❞❡♥s✐té ♠♦②❡♥♥❡✱✳✳✳✮✱ ❧♦❝❛❧✐s❡r ❧❡s ③♦♥❡s à ❢♦rts
❣r❛❞✐❡♥ts ✈✐❛ ❧❡s ❣❧✐t❝❤❡s ✭❡✳❣✳✱ ❧✐♠✐t❡ ❞❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s✱ ré❣✐♦♥s ❞✬✐♦♥✐s❛t✐♦♥✱✳✳✳✮ ❡t ♠❡s✉r❡r ❧❛
r♦t❛t✐♦♥ ♠♦②❡♥♥❡✳ ▲✬✐♥❢♦r♠❛t✐♦♥ ♦❜t❡♥✉❡ ❢♦r♠❡ ✉♥❡ ♠✐♥❡ ❞✬♦r ♣♦✉r ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧✬❡♥s❡♠❜❧❡
❞❡s ♣r♦❝❡ss✉s ✐♥t❡r♥❡s✱ ❡t ♣♦✉r t❡♥❞r❡ ♣r♦❣r❡ss✐✈❡♠❡♥t ✈❡rs ❞❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ✶❉ ❞❡
♣❧✉s ❡♥ ♣❧✉s ré❛❧✐st❡s ❡t s❛t✐s❢❛✐s❛♥ts✳

❆ ♣❤②s✐q✉❡ ❞♦♥♥é❡✱ ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❢♦✉r♥✐ss❡♥t ❛✉ss✐ ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛✲
t✐♦♥♥❡❧❧❡s q✉✐ ❞♦♥♥❡♥t ❜✐❡♥ sûr ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛❥✉st❡r ✉♥ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ♣❧✉s ❣r❛♥❞✱ ♠❛✐s
q✉✐ ♦✉✈r❡♥t ❛✉ss✐ ❧❛ ♣♦rt❡ ✈❡rs ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♣r♦♣r✐étés st❡❧❧❛✐r❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣ré❝✐s❡✳
❯♥❡ ❜♦♥♥❡ ♠❛♥✐èr❡ ❞❡ s✬❡♥ ❝♦♥✈❛✐♥❝r❡ ❡st ❞❡ ❝♦♥s✐❞ér❡r ❧✬✐♠♣❛❝t q✉✬♦♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s
s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s â❣❡s st❡❧❧❛✐r❡s✳ ▲✬❛❣❡ ❞❡s ét♦✐❧❡s ♥❡ ♣❡✉t êtr❡ ❞✐r❡❝t❡♠❡♥t ❞é❞✉✐t ❞❡s ♦❜s❡r✈❛✲
t✐♦♥s✱ ❡t ❞♦✐t êtr❡ ❡st✐♠é ♣❛r ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧ r❡♣r♦❞✉✐s❛♥t ❛✉ ♠✐❡✉① ❧❡s ❞♦♥♥é❡s
❞✐s♣♦♥✐❜❧❡s✳ ▲✬ét✉❞❡ ❞❡ ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✭✷✵✶✹❛✮ s✉r ❧✬ét♦✐❧❡ ❞❡ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❍❉ ✺✷✷✻✺✱ ♦❜✲
s❡r✈é❡ ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❈♦❘♦❚✱ ❛ ❡♥ ❡✛❡t ♠♦♥tré q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s
✭❝♦rr✐❣és ❞❡s ❡✛❡ts ❞❡ s✉r❢❛❝❡✮ ❡♥ ♣❧✉s ❞❡s ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s ✭t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✱ ❧✉♠✐♥♦s✐té
❡t ♠ét❛❧❧✐❝✐té✮ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s â❣❡s st❡❧❧❛✐r❡s ❞❡ ✶✵✵✪ à ♠♦✐♥s
❞❡ ✶✵✪✱ ❡t ❝❡ ♠❛❧❣ré ❧❛ ❧❛r❣❡ ❣❛♠♠❡ ❞✬✐♥❣ré❞✐❡♥ts ♣❤②s✐q✉❡s ❝♦♥s✐❞érés ❞❛♥s ❧❡s ♠♦❞è❧❡s ✭✈♦✐r
❋✐❣✉r❡ ✸✳✷✮✳ ❉❡ ♣❧✉s✱ s❡❧♦♥ ❧❡s ❛✉t❡✉r❡s✱ ❧❡ ♣r♦❝❡ss✉s ❞✬♦♣t✐♠✐s❛t✐♦♥ ♠♦♥tr❡ q✉❡ ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs
❞❡ ❧❛ ♠❛ss❡ ❡t ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞✬❤é❧✐✉♠ s♦♥t ♣♦ss✐❜❧❡s✱ ♠❛✐s q✉❡ ❝❡tt❡ ❞é❣é♥ér❡s❝❡♥❝❡ ♥✬❛✛❡❝t❡ ♣❛s
❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬â❣❡✳ ❊❧❧❡ ❛✛❡❝t❡ ♥é❛♥♠♦✐♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ❛✈❡❝ ✉♥❡ ✐♥✲
❝❡rt✐t✉❞❡ ❛✉t♦✉r ❞❡ ✼✪✳ ❈❡❝✐ ♠♦♥tr❡ s❛♥s éq✉✐✈♦q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❡t ❧❛
♥é❝❡ss✐té ❞❡ ❧❡s ❝♦♥s✐❞ér❡r ❞❛♥s ❧✬ét✉❞❡ ❞❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳
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▼♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡ s✬❡st ❛rt✐❝✉❧é ❛✉t♦✉r ❞❡ ❞❡✉① ❛①❡s ♣r✐♥❝✐♣❛✉① ✿ ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s
♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳

Pr❡♠✐èr❡♠❡♥t✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ♣r♦❜❧è♠❡ ❞❡ r❡❞✐str✐❜✉t✐♦♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s
❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ♠♦♥tr❡♥t ❧✬❡①✐st❡♥❝❡ ❞❡ ♣r♦❝❡ss✉s ✐♥t❡r♥❡s
❡♥❝♦r❡ ✐♥❝♦♠♣r✐s ❝❛♣❛❜❧❡s ❞❡ ❢r❡✐♥❡r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡ ❛✉ ❝♦✉rs ❞❡
❧✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❣r❛❞✉❡❧❧❡ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ❥❡ r❛♣♣❡❧❧❡r❛✐
❧❡s rés✉❧t❛ts ❞❡s ❞✐✛ér❡♥ts tr❛✈❛✉① q✉✐ s❡ s♦♥t ❞é❥à ♣❡♥❝❤és s✉r ❧❛ q✉❡st✐♦♥✱ ❡t ♠♦♥tr❡r❛✐ q✉❡ ♠❛❧❣ré
❝❡s ♥♦♠❜r❡✉s❡s ét✉❞❡s✱ ❧❡ ♣r♦❜❧è♠❡ ❡st t♦✉❥♦✉rs ❞✬❛❝t✉❛❧✐té✳ ❏❡ ♠❡ ❢♦❝❛❧✐s❡r❛✐ ❛❧♦rs s✉r ❧❡ tr❛♥s♣♦rt
❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱ q✉✐ s♦♥t ❝♦♥♥✉❡s ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ♣♦✉r êtr❡
❝❛♣❛❜❧❡s ❞✬❛✛❡❝t❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s✳ ▲❡s ♣r♦♣r✐étés ❞❡ ❝❡s ♦♥❞❡s ❛✐♥s✐ q✉❡ ❧❡
❜❛❣❛❣❡ t❤é♦r✐q✉❡ ♥é❝❡ss❛✐r❡ ♣♦✉r tr❛✐t❡r ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❝❡s ❞❡r♥✐èr❡s s❡r♦♥t
✐♥tr♦❞✉✐ts ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✳ ▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞é♣❡♥❞ ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡✱ ❡t
❞♦♥❝ ❞✉ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✳ ❏✬❡①♣❧♦r❡r❛✐ ❛❧♦rs ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻✳ ❏❡ ❞é✈❡❧♦♣♣❡r❛✐ ✉♥ ♠♦❞è❧❡ s❡♠✐✲❛♥❛❧②t✐q✉❡ ❞✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s
♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❛♥s ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ♠♦❞è❧❡ q✉✐ ❥✉sq✉✬à
♠❛✐♥t❡♥❛♥t r❡st❛✐t ♠❛♥q✉❛♥t✳ ❈❡ ♠♦❞è❧❡ ♠❡ ♣❡r♠❡ttr❛ ❛❧♦rs ❞✬❡st✐♠❡r ❧✬✐♥✢✉❡♥❝❡ ❞✉ tr❛♥s♣♦rt ♣❛r
❝❡s ♦♥❞❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✼✳

▲❡ ❞❡✉①✐è♠❡ ❛①❡ s✉✐✈✐ ❞✉r❛♥t ♠❛ t❤ès❡ ❝♦♥❝❡r♥❡ ❧✬é❧❛❜♦r❛t✐♦♥ ❡t ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡s ❞✐❛❣♥♦st✐❝s
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❋✐❣✉r❡ ✸✳✷✿ ■♥t❡r✈❛❧❧❡ ❞✬â❣❡ ❡st✐♠é ♣❛r ❧❡ ♣r♦❝❡ss✉s ❞❡ r❡❝❤❡r❝❤❡ ❞✬✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧ ♣♦✉r ❧✬ét♦✐❧❡ ❍❉
✺✷✷✻✺ ✭❞✬❛♣rès ▲❡❜r❡t♦♥ ❡t ❛❧✳ ✷✵✶✹❜✱ ✈♦✐r ❚❛❜❧❡ ✶ ❡t ✷ ❛✐♥s✐ q✉❡ ❋✐❣✳ ✶✸ ❞❡ ❝❡t ❛rt✐❝❧❡✮✳
▲❡s s②♠❜♦❧❡s r❡♣rés❡♥t❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❞✐✛ér❡♥ts ✐♥❣ré❞✐❡♥ts ♣❤②s✐q✉❡s ❞✬❡♥tré❡
♣♦✉r ❧❡s ♠♦❞è❧❡s✳ ❊♥ ❛❜s❝✐ss❡ ❡st r❡♣rés❡♥té ❧❡ ❞❡❣ré ❞❡ ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✉t✐❧✐sé❡s✳
❈❛s a ✿ ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s ✭❧✉♠✐♥♦s✐té✱ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✱ ♠ét❛❧❧✐❝✐té✮✳ ❈❛s b ✿ ❛❥♦✉t
❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥✳ ❈❛s c ❡t d ✿ ❛❥♦✉t ❞❡ ❧❛ ♣❡t✐t❡ sé♣❛r❛t✐♦♥✱ ❡t ❞❡ s♦♥ r❛♣♣♦rt ❛✈❡❝ ❧❛
❣r❛♥❞❡ sé♣❛r❛t✐♦♥✳ ❈❛s e ✿ ✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ✐♥❞✐✈✐❞✉❡❧❧❡s ♦❜s❡r✈é❡s✱ ❧❛
❝r♦✐① r♦✉❣❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♠♦❞è❧❡ ♦ù ❧❡s ❡✛❡ts ❞❡ s✉r❢❛❝❡ ♥✬♦♥t ♣❛s été ❝♦rr✐❣és✳
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s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s✳ ▲❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ❞❡s ♠♦❞❡s ❞✬♦s✲
❝✐❧❧❛t✐♦♥ s❡ ❝♦♠♣♦rt❛♥t ❝♦♠♠❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s ❡t ❝♦♠♠❡ ❞❡s
♠♦❞❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡✉r ❝÷✉r r❛❞✐❛t✐❢✳ ❈❡s ♠♦❞❡s ♦♥t ❞♦♥❝ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ à ❧❛ ❢♦✐s à ❧❛ s✉r❢❛❝❡
❞❡s ét♦✐❧❡s ❡t ❞❛♥s ❧❡✉rs ❝÷✉rs✳ ▲❛ ❞ét❡❝t✐♦♥ ❞❡ ❝❡s ♦s❝✐❧❧❛t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s à ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s
é✈♦❧✉é❡s ♣❡r♠❡t ❛❧♦rs ❞❡ s♦♥❞❡r ❞✐r❡❝t❡♠❡♥t ❧❡s ♣r♦♣r✐étés ❞❡ ❧❡✉rs ❝♦✉❝❤❡s ❧❡s ♣❧✉s ♣r♦❢♦♥❞❡s✳ ❉❛♥s
❧❡ ❈❤❛♣✐tr❡ ✽✱ ❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ♠✐①t❡s s❡r♦♥t ❜r✐è✈❡♠❡♥t r❛♣♣❡❧é❡s✱ t♦✉t ❡♥ ♠❡tt❛♥t ❧✬❛❝❝❡♥t
s✉r ❧✬✐♥❢♦r♠❛t✐♦♥ q✉❡ ❧❡s ♣ré❝é❞❡♥t❡s ét✉❞❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ♦♥t ❞é❥à ♣❡r♠✐s ❞✬❛♣♣♦rt❡r✳ ▲❡ ❝❛s
❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s s❡r❛ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ét✉❞✐é✳ ▲❛ ♣r❡♠✐èr❡ ét✉❞❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s s❡r❛ ♣rés❡♥té❡ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡ ♣❛r❛♠ètr❡
♦✛r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ s♦♥❞❡r ❧❛ ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛
❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡s rés✉❧t❛ts s❡r♦♥t ✐♥t❡r♣rétés à ❧❛ ❧✉♠✐èr❡ ❞✬✉♥ ♠♦❞è❧❡ s✐♠♣❧❡
♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❢♦r♠❛❧✐s♠❡ t❤é♦r✐q✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛
✭✷✵✶✻❜✮✱ q✉✐ s✬❛✈èr❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✵✱ ❝❡ ❢♦r♠❛❧✐s♠❡
s❡r❛ ♣❧✉s ❛♠♣❧❡♠❡♥t t❡sté ❡♥ ❝♦♥❢r♦♥t❛♥t s❡s ♣ré❞✐❝t✐♦♥s à ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥
♠♦❞è❧❡ ❛♣♣r♦♣r✐é✳ ❊♥✜♥✱ ❧❡ ❈❤❛♣✐tr❡ ✶✶ s❡r❛ ❞é❞✐é à ❧✬ét✉❞❡ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡
❞❡s ♠♦❞❡s ♠✐①t❡s ❥✉sq✉✬✐❝✐ très ♣❡✉ ét✉❞✐é✱ ❧❡ ❜✉t ét❛♥t ❞❡ ♠❡ttr❡ ❡♥ ❧✉♠✐èr❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣♦rté❡
♣❛r ❝❡ ♣❛r❛♠ètr❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡ ♣❛r❛♠ètr❡ ❛ ♥♦t❛♠♠❡♥t ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ s♦♥❞❡r ❧❛ ré❣✐♦♥
✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✱ ❡t ❝❡ ❞❡
❢❛ç♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❛✈❡❝ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳

✹✹



❉❡✉①✐è♠❡ ♣❛rt✐❡

❚r❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s
♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✹✺



✹✻



❈❤❛♣✐tr❡ ✹

◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❙♦♠♠❛✐r❡
✹✳✶ ❈♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✶✳✶ ❘♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✳ ✳ ✳ ✹✼
✹✳✶✳✷ ➱✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❛♣rès ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✳ ✳ ✳ ✹✾

✹✳✷ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛❝t✉❡❧❧❡♠❡♥t ✐♥s✉✣s❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷✳✶ ➱❝❤❡❝ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❤②❞r♦❞②♥❛♠✐q✉❡s ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛t✐♦♥ ✺✷
✹✳✷✳✷ ■♥❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣é♥éré ♣❛r ❧❡ ♠é❝❛♥✐s♠❡

❞❡ ❚❛②❧❡r✲❙♣r✉✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✹✳✷✳✸ Pré❝é❞❡♥ts tr❛✈❛✉① s✉r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✹✳✷✳✹ ❚❡st ❞✬❤②♣♦t❤ès❡s s✉r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸ ❙♦❧✉t✐♦♥s ❛✈❛♥❝é❡s ❡t ♣r♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✸✳✶ ❈❤❛♠♣s ♠❛❣♥ét✐q✉❡s✱ t✉r❜✉❧❡♥❝❡✱ ♠♦❞❡s ♠✐①t❡s✱ ♦♥❞❡s ❞❡ ❣r❛✈✐té✳✳✳ ❄ ✳ ✳ ✳ ✺✽
✹✳✸✳✷ Pr♦❜❧é♠❛t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s ❝♦♥tr❛✐♥t❡s ❛♣♣♦rté❡s ❛❝t✉❡❧❧❡♠❡♥t ♣❛r
❧✬❛stér♦s✐s♠♦❧♦❣✐❡ s✉r ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t
♥♦♠❜r❡✉s❡s ❡t ❡♥ ❞és❛❝❝♦r❞ s✉r ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❛✈❡❝ ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧✲
❧❛✐r❡ ❛❝t✉❡❧s✳ ❉❛♥s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉① t❤é♦r✐q✉❡s ♦♥t ❡ss❛②é ❞✬❡①♣❧✐q✉❡r
❝❡s ❢❛✐ts ♦❜s❡r✈❛t✐♦♥♥❡❧s ❡♥ ✐♥✈♦q✉❛♥t ❞❡ ♥♦✉✈❡❛✉① ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳
▲❡s s♦❧✉t✐♦♥s ❛✈❛♥❝é❡s ❢♦♥t ❛♣♣❡❧ à ❧✬❡✛❡t ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s✱ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ♦✉ ❡♥❝♦r❡ ❞❡
♣r♦❝❡ss✉s t✉r❜✉❧❡♥ts✳ ◆é❛♥♠♦✐♥s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s
✐♥tér✐❡✉rs st❡❧❧❛✐r❡s r❛❞✐❛t✐❢s r❡st❡ t♦✉❥♦✉rs ❛✉❥♦✉r❞✬❤✉✐ ✉♥❡ q✉❡st✐♦♥ ♦✉✈❡rt❡✳ ◆♦✉s r❛♣♣❡❧♦♥s ✐❝✐
❧✬ét❛t ❞✬❛✈❛♥❝❡♠❡♥t ❣é♥ér❛❧ ❛♣♣♦rté ♣❛r ❝❡s ❞✐✛ér❡♥t❡s ét✉❞❡s✳ ❊♥✜♥✱ ❞❛♥s ❝❡ ❝♦♥t❡①t❡✱ ♥♦✉s ✐♥tr♦✲
❞✉✐s♦♥s ❧❛ ♣r♦❜❧é♠❛t✐q✉❡ q✉✐ s✬❡st ♣♦sé❡ ❛✉ ❞é❜✉t ❞✉ tr❛✈❛✐❧ ❞❡ t❤ès❡ s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡t q✉✐ ❢❡r❛ ❧✬♦❜❥❡t ❞❡ ❝❡tt❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✳

✹✳✶ ❈♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s

✹✳✶✳✶ ❘♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡

●râ❝❡ ❛✉① ♥♦♠❜r❡✉s❡s ❞♦♥♥é❡s s✐s♠✐q✉❡s ❢♦✉r♥✐❡s ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❙❖❍❖✱ ❧❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥✲
♥❡❧s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❞✉ ❙♦❧❡✐❧ ♦♥t ♣✉ êtr❡ ♠❡s✉rés ❛✈❡❝ ✉♥❡ ❣r❛♥❞❡ ♣ré❝✐s✐♦♥✳ P❛r ❧❡ ❜✐❛✐s ❞❡
t❡❝❤♥✐q✉❡s ❞✬✐♥✈❡rs✐♦♥✱ ✐❧ ❛ été ♣♦ss✐❜❧❡ ❞❡ r❡♠♦♥t❡r ❛✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ s♦❧❛✐r❡ ❡t ❛✐♥s✐ ❞✬♦❜t❡♥✐r ❞❡
♣ré❝✐❡✉s❡s ✐♥❢♦r♠❛t✐♦♥s s✉r s❛ str✉❝t✉r❡ ✐♥t❡r♥❡✳ ❯♥ ❡①❡♠♣❧❡ ♣r✐s à ●❛r❝í❛ ❡t ❛❧✳ ✭✷✵✵✼✮ ❡st ❞♦♥♥é
❡♥ ❋✐❣✉r❡ ✹✳✶✳

✹✼



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❋✐❣✉r❡ ✹✳✶✿ ❋réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞✉ ❙♦❧❡✐❧ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♥♦r♠❛❧✐sé ❛✉ r❛②♦♥ s♦❧❛✐r❡ ❞✬❛♣rès
●❛r❝í❛ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ▲❡ ♣r♦✜❧ ❛ été ❞é❞✉✐t ❞❡s ❞♦♥♥é❡s s✐s♠✐q✉❡s ♦❜t❡♥✉❡s ♣❛r ❧❡s ✐♥str✉♠❡♥ts
▼❉■ ❡t ●❖▲❋ s✉r ❧❡ s❛t❡❧❧✐t❡ ❙❖❍❖✳ ❉❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st
r❡♣rés❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❡t ❞❡ ❧❛ ❝♦❧❛t✐t✉❞❡✳ ❉❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t r❛❞✐❛❧❡✳ ▲❡s ❜❛rr❡s ❞✬❡rr❡✉r s✉r ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❡t ❧❛
❧♦❝❛❧✐s❛t✐♦♥ ❡♥ r❛②♦♥ s♦♥t ✐♥❞✐q✉é❡s✳

✹✽



✹✳✶✳ ❈♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s

❉❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡①t❡r♥❡ ✭r & 0.7 R⊙✮✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❞é♣❡♥❞ ❞❡ ❧❛ ❝♦❧❛t✐✲
t✉❞❡✳ ▲❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s s♦♥t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧✬♦❜s❡r✈❛t✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥t ❞❡s tâ❝❤❡s s♦❧❛✐r❡s à
❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧✳ ❆ ❝♦❧❛t✐t✉❞❡ ❞♦♥♥é❡✱ ❡❧❧❡ r❡st❡ ♥é❛♥♠♦✐♥s q✉❛s✐ ✉♥✐❢♦r♠❡ r❛❞✐❛❧❡♠❡♥t✳ P❧✉s
❜❛s ✭r ∼ 0.7 R⊙✮✱ ❧❛ ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥ ✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ❧❡ s✐è❣❡ ❞✬✉♥ ❢♦rt ❝✐s❛✐❧❧❡♠❡♥t
r♦t❛t✐♦♥♥❡❧✳ ▲❛ ❢❛✐❜❧❡ é♣❛✐ss❡✉r ❡t ❧❛ st❛❜✐❧✐té ❞❡ ❝❡tt❡ ③♦♥❡✱ ♣❧✉s ❝♦♠♠✉♥é♠❡♥t ❛♣♣❡❧é❡ t❛❝❤♦❝❧✐♥❡✱
♥❡ s♦♥t ❡♥❝♦r❡ ♣❛s t♦t❛❧❡♠❡♥t ❝♦♠♣r✐s❡s ❛✉❥♦✉r❞✬❤✉✐ ❞❡♣✉✐s ❧❡ tr❛✈❛✐❧ ❢♦♥❞❛t❡✉r ❞❡ ✭❙♣✐❡❣❡❧ ✫ ❩❛❤♥
✶✾✾✷✮✳ ❊❧❧❡ ❡st ♣♦✉rt❛♥t ❝♦♥♥✉❡ ♣♦✉r êtr❡ ✉♥❡ ré❣✐♦♥ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❙♦❧❡✐❧ ✭❣é♥é✲
r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ♦✉ ❡♥❝♦r❡ ♠é❧❛♥❣❡ ✐♥❞✉✐t ♣❛r ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡✮ ❡t ❢❛✐t ❛❝t✉❡❧❧❡♠❡♥t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ✭❡✳❣✳ ❇r✉♥ ✫ ❩❛❤♥ ✷✵✵✻❀ ❇❛r♥❛❜é
❡t ❛❧✳ ✷✵✶✼✮✳ ❊♥✜♥✱ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ✐♥t❡r♥❡✱ ❧❛ ❋✐❣✉r❡ ✹✳✶ ♠♦♥tr❡ q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛✲
t✐♦♥ ❡st q✉❛s✐ ✉♥✐❢♦r♠❡ ❥✉sq✉✬à ❡♥✈✐r♦♥ ✵✳✷ ❘⊙✳ ❊♥✲❞❡ss♦✉s ❞❡ ❝❡tt❡ ❧✐♠✐t❡✱ ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s
s♦♥t ✐♥❝❛♣❛❜❧❡s ❞❡ ♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥✳ ❊♥ ❡✛❡t✱ ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ s♦♥t s❡♥✲
s✐❜❧❡s ❛✉① ♣r♦♣r✐étés ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❡t ♣♦rt❡♥t ♣❡✉ ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ✭❝♦♠♠❡
❧❡ ♠♦♥tr❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡s ❜❛rr❡s ❞✬❡rr❡✉r ❛✈❡❝ ❧❛ ♣r♦❢♦♥❞❡✉r s✉r ❧❛ ❋✐❣✉r❡ ✹✳✶✮✳ ▲✬♦❜s❡r✈❛t✐♦♥
❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞✉ ❙♦❧❡✐❧ ♣❡r♠❡ttr❛✐t ❞❡ ♣❛❧❧✐❡r ❝❡ ♣r♦❜❧è♠❡ ♣✉✐sq✉❡ ❝❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥
s✬ét❛❜❧✐ss❡♥t ❞❛♥s ❧❡s ♣❛rt✐❡s ✐♥t❡r♥❡s ❞✉ ❙♦❧❡✐❧✳ ❊♥ ❝♦♥tr❡♣❛rt✐❡✱ ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡st très ❢❛✐❜❧❡ ❡♥
s✉r❢❛❝❡ ❡t ❧❛ ❞ét❡❝t✐♦♥ ❞✐r❡❝t❡ ❞❡ ❧❡✉r s✐❣♥❛t✉r❡ ❞❛♥s ❧❡s s♣❡❝tr❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❙♦❧❡✐❧ ❡st ❞❡♣✉✐s
❧♦♥❣t❡♠♣s s✉❥❡t à ❞é❜❛t ✭❡✳❣✳✱ ❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✷✵✵✹❀ ●❛r❝í❛ ❡t ❛❧✳ ✷✵✵✼❀ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✵✾❀
❆♣♣♦✉r❝❤❛✉① ❡t ❛❧✳ ✷✵✶✵❀ ●❛r❝í❛ ❡t ❛❧✳ ✷✵✶✶❀ ❆♣♣♦✉r❝❤❛✉① ✫ P❛❧❧é ✷✵✶✸✮✳ ❘é❝❡♠♠❡♥t✱ ❋♦ss❛t ❡t ❛❧✳
✭✷✵✶✼✮ ♦♥t r❡♣♦rté ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ❝❡♥t❛✐♥❡s ❞❡ ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡ ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ à
♣❛rt✐r ❞❡ ❧✬ét✉❞❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ✭∆ν✮ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ s♦✲
❧❛✐r❡s✳ ▲✬❛♥❛❧②s❡ ❞❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❧❡✉r ❛ ♠ê♠❡ ♣❡r♠✐s ❞✬❡st✐♠❡r q✉❡
❧❛ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡ ❡st ❡♥✈✐r♦♥ q✉❛tr❡ ❢♦✐s s✉♣ér✐❡✉r❡ à ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳

▲❡s ♦❜s❡r✈❛t✐♦♥s ❛❝t✉❡❧❧❡s ❞✉ ❙♦❧❡✐❧ ♣♦s❡♥t ❞é❥à ❞❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥
st❡❧❧❛✐r❡ ✭❡✳❣✳✱ P✐♥s♦♥♥❡❛✉❧t ❡t ❛❧✳ ✶✾✽✾❀ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✷✵✵✺❀ ❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✷✵✶✵✮✳ ▲❡ ♣r♦✜❧
❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈é ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♦✉ ♣❧✉s✐❡✉rs ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❡✣❝❛❝❡ ❝❛♣❛❜❧❡
❞✬❡①tr❛✐r❡ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✉ ❝÷✉r ✈❡rs ❧✬❡♥✈❡❧♦♣♣❡ ❧♦rs ❞❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞✉ ❙♦❧❡✐❧✳ ❊♥ ❡✛❡t✱
❧❡ ❙♦❧❡✐❧ ♥❛ît ❞❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞✬✉♥ ♥✉❛❣❡ ♠♦❧é❝✉❧❛✐r❡ ❣é❛♥t✳ ■❧ tr♦✉✈❡ s❛ st❛❜✐❧✐té
s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❣râ❝❡ à ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ❞❛♥s s♦♥ ❝÷✉r ❞♦♥t ❧✬❛❧❧✉♠❛❣❡ ♥é❝❡ss✐t❡
✉♥❡ ❢♦rt❡ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✳ ❙✬✐❧ ② ❛✈❛✐t ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✱ ❧❛
r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧❛ ③♦♥❡ ✐♥t❡r♥❡ r❛❞✐❛t✐✈❡ s❡r❛✐t ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡
❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ✭✐✳❡✳✱ ❜✐❡♥ s✉♣ér✐❡✉r❡ à ✉♥ ❢❛❝t❡✉r q✉❛tr❡✮✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ♣r♦❝❡s✲
s✉s ❞❡ ❢r❡✐♥❛❣❡ ♠❛❣♥ét✐q✉❡ ♣❛r ❞❡s ✈❡♥ts st❡❧❧❛✐r❡s ❡♥ s✉r❢❛❝❡ ✭❡✳❣✳✱ ❙❝❤❛t③♠❛♥ ✶✾✻✷❀ ❆♠❛r❞ ❡t ❛❧✳
✷✵✶✻✮✱ ❡♥ ❢❛✐s❛♥t ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ♣❡♥sé❡ q✉✬❛✉❝✉♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ♥✬❡①✐st❡✱ ❛✉❣♠❡♥t❡✲
r❛✐❡♥t ❡♥❝♦r❡ ❞❛✈❛♥t❛❣❡ ❧❡ ❝♦♥tr❛st❡ ❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♦♥s ♣✉✐sq✉✬✐❧s ❞✐♠✐♥✉❡r❛✐❡♥t ❞✬❛✉t❛♥t ♣❧✉s
❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✏♣❧❛t✑ ❞❛♥s ❧❡ ❙♦❧❡✐❧ ♥♦✉s
✐♥❞✐q✉❡ ❞♦♥❝ q✉✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❛ été à ❧✬÷✉✈r❡ ❞❛♥s ❧❛ ✈✐❡ ♣❛ssé❡ ❞✉ ❙♦❧❡✐❧✳

▲❡ ❙♦❧❡✐❧ ♥✬❡st ♣❛s ✉♥ ❝❛s ✐s♦❧é s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❊♥ ❡✛❡t✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❡s s❛t❡❧❧✐t❡s
❈♦❘♦❚ ❡t ❑❡♣❧❡r ♦♥t ♣❡r♠✐s ❞✬é❧❛r❣✐r ❧✬é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ♣♦✉r ❧❡sq✉❡❧❧❡s
❧❡ ❝♦♥tr❛st❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❛ ♣✉ êtr❡ ❡st✐♠é✳ ❇❡♥♦♠❛r ❡t ❛❧✳ ✭✷✵✶✺✮ ✭✈♦✐r
❛✉ss✐ ◆✐❡❧s❡♥ ❡t ❛❧✳ ✷✵✶✹✮ ♦♥t ♠♦♥tré q✉❡✱ ♣♦✉r ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞✬ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❧❡
r❛♣♣♦rt ❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s s✉r ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ♦❜t❡♥✉
♣❛r ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❞❡ ❢❛✐❜❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ✭✐✳❡✳✱
s❡♥s✐❜❧❡s à ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✮ ❡st ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té✳ ❈❡ rés✉❧t❛t ✐♥❞✐q✉❡ ✉♥❡
❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ♣♦✉r ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ r❛❞✐❛❧❡ ❡t ♠♦♥tr❡ ✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❧❡ ❞és❛❝❝♦r❞ ❛✈❡❝
❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧❛ ♥❛✐ss❛♥❝❡ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡
❥✉sq✉✬à ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳

✹✳✶✳✷ ➱✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❛♣rès ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡

●râ❝❡ à ❧❛ ♣ré❝✐s✐♦♥ ❛tt❡✐♥t❡ ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ✐♥❞✉✐t❡s ♣❛r ❧❛ r♦t❛t✐♦♥ s✉r
❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡s ♠♦❞❡s ♠✐①t❡s ♦♥t ♣✉ êtr❡ ❞ét❡❝té❡s ❛✈❡❝ ✉♥ ❜♦♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❞❛♥s

✹✾



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❋✐❣✉r❡ ✹✳✷✿ ❘♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ✭r♦✉❣❡✮ ❡t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ✭❜❧❡✉✮ ❞❡ s✐① ét♦✐❧❡s s✉r ❧❛ ❜r❛♥❝❤❡
❞❡s s♦✉s✲❣é❛♥t❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ log g s✐s♠✐q✉❡✱ ❞✬❛♣rès ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✹✮✳ ▲❡s ❜❛rr❡s
❞✬❡rr❡✉r s✉r ❧❛ r♦t❛t✐♦♥ ❡t ❧❡ log g s♦♥t r❡♣rés❡♥té❡s✳

❋✐❣✉r❡ ✹✳✸✿ ❘♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❞❡ ❝❡♥t❛✐♥❡s ❞✬ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ✭❝❡r❝❧❡s
♣❧❡✐♥s ❡t ❝r♦✐①✮✱ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❝❡r❝❧❡s ✈✐❞❡s✮ ❡t ❞✉ ❝❧✉♠♣ ✭❝❛rrés✮ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r r❛②♦♥ s✐s♠✐q✉❡ ♦❜t❡♥✉ ♣❛r ❞❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ ❡t ♥♦r♠❛❧✐sé ♣❛r ❧❡ r❛②♦♥
s♦❧❛✐r❡✱ ❞✬❛♣rès ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❜✮ ❡t ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✱ ✷✵✶✹✮✳ ▲❛ ❝♦✉❧❡✉r ✐♥❞✐q✉❡ ❧❛
♠❛ss❡ ❞❡s ét♦✐❧❡s ♦❜t❡♥✉❡ ❛✉ss✐ ♣❛r ❧❡ ❜✐❛✐s ❞❡ r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡✳

✺✵



✹✳✶✳ ❈♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s

❞❡ ♥♦♠❜r❡✉s❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ❈❡❝✐ ❛ ♣❡r♠✐s ❞✬❛♣♣♦rt❡r ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥
❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❛♣rès ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ◆♦✉s r❛♣♣❡❧♦♥s ✐❝✐ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts✳

❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✱ ✷✵✶✹✮ ♦♥t ét✉❞✐é ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡ s❡♣t ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ♦✉
❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦❜s❡r✈é❡s ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡❧♣❧❡r✱ ❛✈❡❝ ❞❡s ♠❛ss❡s ❛❧❧❛♥t ❞✬❡♥✈✐r♦♥ ✵✳✽ à
✶✳✺ M⊙✳ ▲❡s ❛✉t❡✉rs ♦♥t ❛♥❛❧②sé ❧❡s ❝♦✉r❜❡s ❞❡ ❧✉♠✐èr❡ ❡t ♦♥t ♣✉ ❞ét❡r♠✐♥é ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡
s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ♣♦✉r ❝❤❛q✉❡ ét♦✐❧❡✳ ❈❡❧❛ ❧❡✉r ❛ ♣❡r♠✐s ❞✬❡st✐♠❡r ❧❡s r♦t❛t✐♦♥s ♠♦②❡♥♥❡s
❞✉ ❝÷✉r ❡t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ s✉✐✈❛♥t ❞❡✉① ♠ét❤♦❞❡s ✿ s♦✐t ♣❛r ✉♥ ❝❛❧❝✉❧ ❞✐r❡❝t s✉r ❧❡s s♣❧✐tt✐♥❣s
❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ❛s②♠♣t♦t✐q✉❡ ❞é✈❡❧♦♣♣é ♣❛r ●♦✉♣✐❧ ❡t ❛❧✳ ✭✷✵✶✸✮✱ s♦✐t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡
♠ét❤♦❞❡ ❞✬✐♥✈❡rs✐♦♥ à ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧ ❛❥✉sté ❛✉① ♦❜s❡r✈❛❜❧❡s✳ ▲❡s rés✉❧t❛ts ❞♦♥♥és
♣❛r ❧❡s ❞❡✉① ♠ét❤♦❞❡s s♦♥t s✐♠✐❧❛✐r❡s ❡t s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✉r❡ ✹✳✷✳ ❉❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲
❣é❛♥t❡s✱ ✐❧ s✬❛✈èr❡ q✉❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❡ t❡♠♣s ❛❧♦rs q✉❡ ❧❛ r♦t❛t✐♦♥
❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❞✐♠✐♥✉❡✳ ▼❛❧❣ré ❧✬✐♥✈❡rs✐♦♥ ❞✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♣♦✉r ❝❡s ét♦✐❧❡s✱ ❧❛ q✉❛❧✐té ❞❡s
❞♦♥♥é❡s ♥✬ét❛✐t ♥é❛♥♠♦✐♥s ♣❛s ❛ss❡③ ❜♦♥♥❡ ♣♦✉r ♣♦✉✈♦✐r ❞✐s❝r✐♠✐♥❡r ❡♥tr❡ ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥
❞é❝r♦✐ss❛♥t q✉❛s✐ ❧✐♥é❛✐r❡♠❡♥t ❡♥tr❡ ❧❡ ❝❡♥tr❡ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❡t ✉♥ ♣r♦✜❧ q✉❛s✐
❞✐s❝♦♥t✐♥✉ ♣rés❡♥t❛♥t ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✱ ❝✬❡st✲à✲
❞✐r❡ s❡♠❜❧❛❜❧❡ à ✉♥ ♣r♦✜❧ ♦❜t❡♥✉ ❡♥ s✉♣♣♦s❛♥t ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡♣✉✐s
❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ♠❛✐s ❛✈❡❝ ✉♥❡ ♣❧✉s ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡✳ ▲❡s ✈❛❧❡✉rs ❞❡ ❧✬❛♠♣❧✐t✉❞❡
♦❜s❡r✈é❡s ♣♦s❡♥t ❞❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❡♥tr❡ ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡ ❡t ❧❡ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s q✉❡ ❧❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✐♥✈♦q✉és ❞❛♥s
❧❡s ♠♦❞è❧❡s ❞❡✈r♦♥t r❡♣r♦❞✉✐r❡✳

▲✬♦❜s❡r✈❛t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❞✉ ❝❧✉♠♣
❛ ❛✉ss✐ ♣❡r♠✐s ❞✬♦❜t❡♥✐r ✉♥ ❛♣❡rç✉ s❛♥s ♣ré❝é❞❡♥t s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧❡s st❛❞❡s
é✈♦❧✉t✐❢s ❛✈❛♥❝és✳ ▲✬ét✉❞❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❜✮ ❛ ❢♦✉r♥✐ ❞❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥
♠♦②❡♥♥❡s ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ♣♦✉r ❞❡s ❝❡♥t❛✐♥❡s ❞✬ét♦✐❧❡s ❛❧❧❛♥t ❞✉ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❥✉sq✉✬❛✉ ❝❧✉♠♣✱ ❛✈❡❝ ❞❡s ♠❛ss❡s ❡♥tr❡ ✶ ❡t ✷✳✺ M⊙✳ ❈❡s ✈✐t❡ss❡s ❞❡
r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ♦♥t été ❞é❞✉✐t❡s ❞❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ❞ét❡❝tés ❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡s ♠♦❞❡s
♠✐①t❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❛s②♠♣t♦t✐q✉❡ ♣r♦♣♦sé❡ ♣❛r ●♦✉♣✐❧ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ ét✉❞❡
s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✉r❡ ✹✳✸ s✉r ❧❛q✉❡❧❧❡ ✜❣✉r❡♥t ❛✉ss✐ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈é❡s
♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✱ ✷✵✶✹✮✳ ❉❛♥s ❝❡s st❛❞❡s é✈♦❧✉t✐❢s✱ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s s♦♥t ❡♥ ❝♦♥tr❛❝t✐♦♥
t❛♥❞✐s q✉❡ ❧✬❡♥✈❡❧♦♣♣❡ s❡ ❞✐❧❛t❡✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ r❛②♦♥ ♣r♦❝✉r❡ ❞♦♥❝ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ st❛❞❡
é✈♦❧✉t✐❢ ❡t ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s s✉r ❧❛ ❋✐❣✉r❡ ✹✳✸ ❡st éq✉✐✈❛❧❡♥t à ❧✬❛①❡ ❞✉ t❡♠♣s✳ ❙✉r ❧❛ ❜r❛♥❝❤❡
❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r t❡♥❞ à ❞✐♠✐♥✉❡r ❛✈❡❝ ❧❡ t❡♠♣s✳
P❛r ❝♦♥séq✉❡♥t✱ ✐❧ ❡st ❝❧❛✐r q✉✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❡✣❝❛❝❡ ❡st à ❧✬÷✉✈r❡ ❞❛♥s ❧✬✐♥tér✐❡✉r ❞❡s
ét♦✐❧❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❈❡ ❞❡r♥✐❡r ❞♦✐t êtr❡ ❝❛♣❛❜❧❡ ❞❡ ❝♦♥tr❡r ❧✬❛❝❝é❧ér❛t✐♦♥ ❞✉❡
à ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✱ ✈♦✐r❡ ❞✬❡①♣❧✐q✉❡r ❧❡ r❛❧❡♥t✐ss❡♠❡♥t ♣r♦❣r❡ss✐❢ ❞❡ ❧❡✉r ✈✐t❡ss❡
❞❡ r♦t❛t✐♦♥ s✐ ❝♦♥✜r♠é ✭❡✳❣✳✱ ✈♦✐r ❧❡s ré❝❡♥ts rés✉❧t❛ts ❞❡ ●❡❤❛♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ▲❛ tr❛♥s✐t✐♦♥ ❞❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✈❡rs ❧❡ ❝❧✉♠♣ ❡t ❧❡ ❝❧✉♠♣ s❡❝♦♥❞❛✐r❡ ✭✈♦✐r ❈❤❛♣✐tr❡ ✶ ♣♦✉r ❧❡s ❞é✜♥✐t✐♦♥s✮
s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥❡ ❝❤✉t❡ ❡♥ ♠♦②❡♥♥❡ ❞✬✉♥ ❢❛❝t❡✉r ✻ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r✳
❉✬❛♣rès ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❜✮✱ ❝❡tt❡ ❝❤✉t❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ♣❡✉t s✬❡①♣❧✐q✉❡r ❡♥ ♣❛rt✐❡
♣❛r ❧❡s ❝❤❛♥❣❡♠❡♥ts str✉❝t✉r❛✉① s✉❜✐s ♣❛r ❝❡s ét♦✐❧❡s ❛♣rès ❧✬❛❧❧✉♠❛❣❡ ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠✱
❡t ♥♦t❛♠♠❡♥t ♣❛r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ r❛②♦♥ ❞✉ ❝÷✉r✱ ♠❛✐s ❝❡t ❡✛❡t s❡✉❧ ♥❡ s❡♠❜❧❡ ♣❛s s✉✣s❛♥t✳
❯♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞♦✐t ❛❣✐r✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡s ❢❛✐❜❧❡s ❢réq✉❡♥❝❡s
❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈é❡s ❞❛♥s ❧❡ ❝÷✉r ❞❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣ s♦♥t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥
♦❜s❡r✈és ❞❛♥s ❧❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✱ rés✐❞✉s ❞❡s ❝÷✉rs st❡❧❧❛✐r❡s ✭❡✳❣✳ ❑❛✇❛❧❡r ❡t ❛❧✳ ✶✾✾✾❀ ●r❡✐ss ❡t ❛❧✳
✷✵✶✹✮✳ ❈❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♣❡✉✈❡♥t ❡♥ ❡✛❡t êtr❡ ♠❛r❣✐♥❛❧❡♠❡♥t r❡♣r♦❞✉✐ts ❡♥ ❧❛✐ss❛♥t é✈♦❧✉❡r ❧❡s
❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞❡ ❧✬ét♦✐❧❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ à ♣❛rt✐r
❞✉ ❝❧✉♠♣✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ♣♦✉r ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r s✐♠✐❧❛✐r❡s ❛✉① ♦❜s❡r✈❛t✐♦♥s à ❝❡
st❛❞❡ é✈♦❧✉t✐❢ ✭✈♦✐r ❧❛ ✜❣✉r❡ ✺ ❞❡ ❈❛♥t✐❡❧❧♦ ❡t ❛❧✳ ✷✵✶✹✮✳ ❈❡❧❛ s✉❣❣èr❡ ❞♦♥❝ q✉❡ ❧✬❡✛❡t ✐♥❞✉✐t ♣❛r
❧❡✭s✮ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❛❞❞✐t✐♦♥♥❡❧✭s✮ ♥é❝❡ss❛✐r❡✭s✮ ♣♦✉r r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s
❣é❛♥t❡s r♦✉❣❡s ❞♦✐t s✬❛tté♥✉❡r ❛♣rès ❧❛ ✜♥ ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ♣♦✉r êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r
❞❡ ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ s✉r ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✳

✺✶



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

✹✳✷ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛❝t✉❡❧❧❡♠❡♥t ✐♥s✉✣s❛♥t❡

❈♦♥sé❝✉t✐✈❡♠❡♥t ❛✉① ♦❜s❡r✈❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❧❡ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❛ q✉❡st✐♦♥ ❢✉t ❞❡
s❛✈♦✐r s✐ ❧❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✐♥❝❧✉s ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❞✉ ♠♦♠❡♥t ét❛✐❡♥t
❝❛♣❛❜❧❡s ❞❡ r❡♣r♦❞✉✐r❡ ♦✉ ♥♦♥ ❝❡s ❝♦♥tr❛✐♥t❡s✳ ❖♥ ♣rés❡♥t❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ♣r✐♥❝✐♣❛✉① tr❛✈❛✉①
q✉✐ s❡ s♦♥t ♣❡♥❝❤és s✉r ❧❡ ♣r♦❜❧è♠❡✳ ▲❛ ♣❧✉♣❛rt ❞✬❡♥tr❡ ❡✉① s❡ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ssés à
❧✬✐♠♣❛❝t ❞❡ ♣r♦❝❡ss✉s ♣✉r❡♠❡♥t ❤②❞r♦❞②♥❛♠✐q✉❡s ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛t✐♦♥✱ à ❧✬❡✛❡t ❞✬✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❣é♥éré ♣❛r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❚❛②❧❡r✲❙♣r✉✐t ♦✉ ❡♥❝♦r❡ à ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té✳ ❉✬❛✉tr❡s ét✉❞❡s ♦♥t ✉t✐❧✐sé ✉♥❡ ❛♣♣r♦❝❤❡ ❞✐✛ér❡♥t❡ ❡t ❝♦♠♣❧é♠❡♥t❛✐r❡ q✉✐ ❝♦♥s✐st❡ à t❡st❡r
❞✐✛ér❡♥t❡s ❤②♣♦t❤ès❡s s✉r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ tr❛♥s♣♦rt ✐♥❝♦♥♥✉ ❡t à ❝♦♥tr❛✐♥❞r❡ s❡s ❝❛r❛❝tér✐st✐q✉❡s
♣❛r ✉♥ ❛❥✉st❡♠❡♥t ❛✉① ♦❜s❡r✈❛t✐♦♥s✳

✹✳✷✳✶ ➱❝❤❡❝ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❤②❞r♦❞②♥❛♠✐q✉❡s ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛✲
t✐♦♥

❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❙❡❝t✐♦♥ ✹✳✶✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ✐♥❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧✬❤②♣♦t❤ès❡ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ✐♠♣❧✐q✉❡♥t ✉♥ ♦✉ ♣❧✉s✐❡✉rs ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt
❡✣❝❛❝❡s ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s✳ ❉❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥✱ ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❡st
❛❞✈❡❝té ♣❛r ❞❡s ❜♦✉❝❧❡s ❞❡ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ ❡♥tr❡t❡♥✉❡s ♣❛r ❧❡s ♣❡rt❡s ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
❡♥ s✉r❢❛❝❡ ✭❡✳❣✳✱ ❉❡❝r❡ss✐♥ ❡t ❛❧✳ ✷✵✵✾❀ ▼❛t❤✐s ❡t ❛❧✳ ✷✵✶✸✮✱ ♦✉ ❡♥❝♦r❡ ❞✐✛✉sé s♦✉s ❧✬❛❝t✐♦♥ ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡ ❣é♥éré❡ ♣❛r ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ❝✐s❛✐❧❧❡♠❡♥t✳ ▲✬❡✛❡t ❞❡ ❝❡s ♣r♦❝❡ss✉s ❡st ✉s✉❡❧❧❡♠❡♥t
✐♠♣❧é♠❡♥té ❞❛♥s ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé ♣❛r ❩❛❤♥ ✭✶✾✾✷✮ ✭✈♦✐r
❛✉ss✐ ▼❛❡❞❡r ✫ ❩❛❤♥ ✶✾✾✽❀ ▼❛t❤✐s ✫ ❩❛❤♥ ✷✵✵✹✮✳ ❉✐✛ér❡♥ts tr❛✈❛✉① ♦♥t ét✉❞✐é ❧✬é✈♦❧✉t✐♦♥ ❞❡
❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❝❡s ❞❡✉① ♣r♦❝❡ss✉s✳ ❉❛♥s ❧❡ ❙♦❧❡✐❧✱ ❝❡s
❞❡✉① ♠é❝❛♥✐s♠❡s s❡✉❧s ♥❡ ♣❛r✈✐❡♥♥❡♥t ♣❛s à ❡①tr❛✐r❡ s✉✣s❛♠♠❡♥t ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ❝♦✉❝❤❡s
✐♥t❡r♥❡s ♣♦✉r r❡♣r♦❞✉✐r❡ ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈é ♣❛r ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ✭❡✳❣✳✱ P❛❧❛❝✐♦s ❡t ❛❧✳ ✷✵✵✻❀
❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✷✵✶✵❀ ❆♠❛r❞ ❡t ❛❧✳ ✷✵✶✻✱ ✈♦✐r ❋✐❣✉r❡ ✹✳✹✮✳ ❈❡✉①✲❝✐ s♦♥t ❡♥ ❡✛❡t ✐♥❝❛♣❛❜❧❡s
❞✬❡♠♣ê❝❤❡r ❧✬ét❛❜❧✐ss❡♠❡♥t ❞✬✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡ ❝❡♥tr❡ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✱ rés✉❧t❛♥t ❞❡ ❧✬❡✛❡t ❝♦♠❜✐♥é ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❡t ❞✉ r❛❧❡♥t✐ss❡♠❡♥t
❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ♣❛r ❢r❡✐♥❛❣❡ ♠❛❣♥ét✐q✉❡ ✭❡✳❣✳✱ ✈♦✐r ❋✐❣✳ ✽ ❞❛♥s ▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮✳ ❉❡
♠ê♠❡✱ ♣♦✉r ❧❡s ét♦✐❧❡s ❡♥tr❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❡s tr❛✈❛✉①
❞❡ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❈❡✐❧❧✐❡r ❡t ❛❧✳ ✭✷✵✶✸✮ ❡t ▼❛rq✉❡s ❡t ❛❧✳ ✭✷✵✶✸✮ ♦♥t t♦✉s ♠♦♥tré q✉❡
❝❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt s❡✉❧s r❡st❡♥t ✐♥s✉✣s❛♥ts ♣✉✐sq✉✬✐❧s ♣ré❞✐s❡♥t ❞❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ❞❛♥s
❧❡ ❝÷✉r s✉♣ér✐❡✉rs ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❛✉① ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ✭✈♦✐r ❋✐❣✉r❡ ✹✳✺✮✳
▼ê♠❡ ❡♥ ✐♠♣♦s❛♥t ❛r❜✐tr❛✐r❡♠❡♥t ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❡♥tr❡ ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡ ❡t ❧✬❡♥✈❡❧♦♣♣❡
❝♦♥✈❡❝t✐✈❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❝♦♠♠❡
s✉❣❣éré ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s ✭✈♦✐r ❙❡❝t✐♦♥ ✹✳✶✳✶✮✱ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ❧❡s ✐♥st❛❜✐❧✐tés ❞❡
❝✐s❛✐❧❧❡♠❡♥t é❝❤♦✉❡♥t t♦✉❥♦✉rs à r❡♣r♦❞✉✐r❡ ❧❡s ❝♦♥tr❛✐♥t❡s s✐s♠✐q✉❡s s✉r ❧❛ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
✭✈♦✐r ❋✐❣✉r❡ ✹✳✻✮✳ ▲✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✉❡ à ❧❛ ❢♦rt❡ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s
❝❡♥tr❛❧❡s ❡♥ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧❛ ❝❛✉s❡ ✭✈♦✐r ❋✐❣s✳ ✼ ❡t ✽ ❞❛♥s ❈❡✐❧❧✐❡r ❡t ❛❧✳ ✷✵✶✸✮✳ ❈❡s rés✉❧t❛ts
♠♦♥tr❡♥t q✉✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❡✣❝❛❝❡ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s ❢❛✐❜❧❡s t❛✉① ❞❡
r♦t❛t✐♦♥ ♦❜s❡r✈és ❡t ❝♦♥tr❡r ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉ ❞é❜✉t ❞❡ ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✷✮ ❛ ♥♦t❛♠♠❡♥t ❡st✐♠é
q✉✬✉♥ ♣r♦❝❡ss✉s ❛rt✐✜❝✐❡❧ ❛✈❡❝ ✉♥❡ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡ ❝♦♥st❛♥t❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 104 − 105 ❝♠2 s−1

s❡r❛✐t s✉✣s❛♥t ♣♦✉r rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❡ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥
❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳

❖♥ r❛♣♣❡❧❧❡ ✐❝✐ q✉❡ ❝❡s rés✉❧t❛ts s♦♥t ✈❛❧❛❜❧❡s ♠❛❧❣ré ❧❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛✲
t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡s ét♦✐❧❡s✳ ❊♥ ❡✛❡t✱ ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ❛rr✐✈❛♥t ❛✉ ❞é❜✉t ❞❡
❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ s✉❜✐ss❡♥t ❞❡ ❢♦rt❡s ♣❡rt❡s ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❞❡s ✈❡♥ts st❡❧❧❛✐r❡s ♠❛✲
❣♥ét✐sés✳ P✉✐sq✉❡ ❧❡s ❧♦✐s ❞❡ ❢r❡✐♥❛❣❡ ♠❛❣♥ét✐q✉❡ ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ à ❧❛ s✉r❢❛❝❡
❞❡s ét♦✐❧❡s s✉✐✈❛♥t ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ à ❡①♣♦s❛♥ts ♣♦s✐t✐❢s ✭❡✳❣✳✱ ❙❝❤❛t③♠❛♥ ✶✾✻✷❀ ❑❛✇❛❧❡r ✶✾✽✽❀
❘❡✐♥❡rs ✫ ▼♦❤❛♥t② ✷✵✶✷❀ ▼❛tt ❡t ❛❧✳ ✷✵✶✷✱ ✷✵✶✺✮✱ ❧❡s r♦t❛t❡✉rs r❛♣✐❞❡s ❡♥ s✉r❢❛❝❡ s♦♥t ❢r❡✐♥és

✺✷



✹✳✷✳ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛❝t✉❡❧❧❡♠❡♥t ✐♥s✉✣s❛♥t❡

❋✐❣✉r❡ ✹✳✹✿ Pr♦✜❧ ❞❡ r♦t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ ✶ M⊙ à ❧✬â❣❡ ❛❝t✉❡❧ ❞✉ ❙♦❧❡✐❧✱
❞✬❛♣rès ❧❡ tr❛✈❛✐❧ ❞❡ ❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ■❧ ❛ été ♦❜t❡♥✉ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡
tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t
s❡❧♦♥ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ▼❛t❤✐s ✫ ❩❛❤♥ ✭✷✵✵✹✮✳ ▲❡s ♣r♦✜❧s ❆ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① rés✉❧t❛ts
❞✬❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s ♥♦♥✲ré❛❧✐st❡s ❞❛♥s ❧❡sq✉❡❧❧❡s ❧❡ ❢r❡✐♥❛❣❡ ♠❛❣♥ét✐q✉❡ ♣❛r ❞❡s ✈❡♥ts
st❡❧❧❛✐r❡s ❡♥ s✉r❢❛❝❡ ❡st ♥é❣❧✐❣é✱ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ éq✉❛t♦r✐❛❧❡ à ❧❛ ❩❆▼❙ é❣❛❧❡ à ❡♥✈✐r♦♥
✷ ❦♠ s−1✳ ▲❡s ♣r♦✜❧s ❇ ❡t ❈ ♦♥t été ♦❜t❡♥✉s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❢r❡✐♥❛❣❡ ♠❛❣♥ét✐q✉❡✱ ❛✈❡❝
❞❡s ✈✐t❡ss❡s éq✉❛t♦r✐❛❧❡s à ❧❛ ❩❆▼❙ é❣❛❧❡ à ❡♥✈✐r♦♥ ✷✵ ❦♠ s−1 ❡t ✺✵ ❦♠ s−1✱ r❡s♣❡❝t✐✈❡♠❡♥t✱
❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ✭❡✳❣✳✱ ❇♦✉✈✐❡r ✷✵✶✸✮✳ ▲❡s ✐♥❞✐❝❡s ❈ ♦✉ ❙ ✐♥❞✐q✉❡♥t q✉❡ ❧❡ ♠♦❞è❧❡
❛ été ❝❛❧❝✉❧é s♦✐t ❛✈❡❝ ❧❡ ❝♦❞❡ ❈❊❙❚❆▼ ✭▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮✱ s♦✐t ❛✈❡❝ ❧❡ ❝♦❞❡ ❙❚❆❘❊❱❖▲
✭❡✳❣✳✱ P❛❧❛❝✐♦s ❡t ❛❧✳ ✷✵✵✸✮✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ♣♦✐♥ts ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✈❛❧❡✉rs ❞é❞✉✐t❡s
❞❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ♦❜s❡r✈és ♣❛r ❧❡s ✐♥str✉♠❡♥ts ●❖▲❋✱ ▼❉■ ❡t ●❖◆●✳ ❊♥tr❡ ✵✳✷ R⊙

❡t ❧❛ s✉r❢❛❝❡✱ ❧❡s ❞♦♥♥é❡s s♦♥t t✐ré❡s ❞❡ ❧✬❛♥❛❧②s❡ ❞✉ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ✭❞✬❛♣rès
❊✛✲❉❛r✇✐❝❤ ❡t ❛❧✳ ✷✵✵✽✮ ❀ ❡♥✲❞❡ss♦✉s✱ ❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ❡st ❞é❞✉✐t ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♠♦❞❡s
❞❡ ❣r❛✈✐té✱ ♦❜s❡r✈❛t✐♦♥ r❡st❛♥t t♦✉t❡❢♦✐s à ❝♦♥✜r♠❡r ✭❡✳❣✳ ❚✉r❝❦✲❈❤✐è③❡ ❡t ❛❧✳ ✷✵✵✹❀ ●❛r❝í❛
❡t ❛❧✳ ✷✵✵✼✮✳

✺✸



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❋✐❣✉r❡ ✹✳✺✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡ ✭❜❧❡✉✮ ❡t ❞❡ s✉r❢❛❝❡ ✭✈❡rt✮ ♣♦✉r ✉♥❡ séq✉❡♥❝❡ ❞❡ ♠♦❞è❧❡s
❞❡ ✶✳✸ M⊙ ✐♥❝❧✉❛♥t ❧❡ tr❛♥s♣♦rt ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ❧❛ t✉r❜✉❧❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r
❝✐s❛✐❧❧❡♠❡♥t✱ ❞❡ ❧❛ ♣ré✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❡♥❝❛❞ré ❡♥
❤❛✉t à ❣❛✉❝❤❡✮✱ ❞✬❛♣rès ❧❡ tr❛✈❛✐❧ ❞❡ ▼❛rq✉❡s ❡t ❛❧✳ ✭✷✵✶✸✮✳

❋✐❣✉r❡ ✹✳✻✿ Pr♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❡ ♠♦❞è❧❡s ❞❡ ❧✬ét♦✐❧❡ ❑■❈ ✼✸✹✶✷✸✶ ❞✬❛♣rès ❈❡✐❧❧✐❡r ❡t ❛❧✳ ✭✷✵✶✸✮ ✐♥❝❧✉❛♥t ❧❡
tr❛♥s♣♦rt ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❝✐s❛✐❧❧❡♠❡♥t ✭♥♦✐r❡✮✳
▲❛ ❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡ ❜❧❡✉❡ ✭♠❛❣❡♥t❛✮ r❡♣rés❡♥t❡ ❧❡ rés✉❧t❛t ♦❜t❡♥✉ ❡♥ s✉♣♣♦s❛♥t ✉♥❡ r♦t❛t✐♦♥
✉♥✐❢♦r♠❡ ❞✉ ❞é❜✉t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❥✉sq✉✬à Xc = 0.1 ✭Xc = 0✮✱ ♦ù Xc ❡st ❧❛ ❢r❛❝t✐♦♥ ♠❛ss✐q✉❡
❝❡♥tr❛❧❡ ❞✬❤②❞r♦❣è♥❡✳ ▲❡s ❞❡✉① ❧✐❣♥❡s ♣♦✐♥t✐❧❧é❡s ♥♦✐r❡s r❡♣rés❡♥t❡♥t ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥
❞✉ ❝÷✉r ❡t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ♦❜s❡r✈é❡s ❞❛♥s ❝❡tt❡ ét♦✐❧❡ ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✮✳

✺✹



✹✳✷✳ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛❝t✉❡❧❧❡♠❡♥t ✐♥s✉✣s❛♥t❡

♣❧✉s ❡✣❝❛❝❡♠❡♥t q✉❡ ❧❡s r♦t❛t❡✉rs ❧❡♥ts s✐ ❜✐❡♥ q✉✬❛♣rès q✉❡❧q✉❡s ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s ♣❛ssé❡s s✉r
❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ét♦✐❧❡s ♥❡ ❞é♣❡♥❞ ♣❧✉s ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s
✭❡✳❣✳✱ ▼❛rq✉❡s ✫ ●♦✉♣✐❧ ✷✵✶✸❀ ❆♠❛r❞ ❡t ❛❧✳ ✷✵✶✻✮✳ ❈❡❧❛ t✐❡♥t ❛✉ss✐ ❜✐❡♥ ♣♦✉r ❧❛ r♦t❛t✐♦♥ ❡♥ s✉r❢❛❝❡
q✉❡ ❧❛ r♦t❛t✐♦♥ ❛✉ ❝❡♥tr❡ ♣✉✐sq✉❡ ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ s♦♥t ❡♥t✐èr❡♠❡♥t ❝♦♥✈❡❝t✐✈❡s s✉r ❧❛
♣ré✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❡t ❞♦♥❝ ❡♥ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

✹✳✷✳✷ ■♥❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣é♥éré ♣❛r ❧❡ ♠é❝❛✲
♥✐s♠❡ ❞❡ ❚❛②❧❡r✲❙♣r✉✐t

❉❡✉① ♦r✐❣✐♥❡s s♦♥t ❤❛❜✐t✉❡❧❧❡♠❡♥t ✐♥✈♦q✉é❡s ♣♦✉r ✉♥ t❡❧ ❝❤❛♠♣ ✿ ✐❧ ♣♦✉rr❛✐t êtr❡ ❧❡ rés✐❞✉ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ♥é❜✉❧❡✉s❡ ♣r✐♠♦r❞✐❛❧❡ ✭❝❤❛♠♣ ❢♦ss✐❧❡✮ ♦✉ ❧❡ rés✉❧t❛t ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡
❣é♥ér❛t✐♦♥ t✐r❛♥t s♦♥ é♥❡r❣✐❡ ❞❡ ♣r♦❝❡ss✉s ❞②♥❛♠✐q✉❡s ✐♥t❡r♥❡s ✭❝♦♥✈❡❝t✐♦♥✱ r♦t❛t✐♦♥✳✳✳✮✳ ❙♣r✉✐t
✭✷✵✵✷✮ ❛ ♣r♦♣♦sé ✉♥ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦ q✉✐ t✐r❡ s♦♥
é♥❡r❣✐❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❡s ét♦✐❧❡s✳ ❉❛♥s ❝❡ ♠é❝❛♥✐s♠❡✱ ✉♥ ❝❤❛♠♣
♣✉r❡♠❡♥t t♦r♦ï❞❛❧ ✭❛③✐♠✉t❤❛❧✮ ❞❡ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ♣❡✉t êtr❡ s✉❥❡t à ❧✬✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r✳ ❈❡tt❡
✐♥st❛❜✐❧✐té ❝ré❡ ❛❧♦rs ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞✉ ❝❤❛♠♣ ✈❡rt✐❝❛❧❡ q✉✐ ✈❛ s✬❡♥r♦✉❧❡r s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❡t s❡ s✉♣❡r♣♦s❡r ✉♥ ❝❤❛♠♣ ❛③✐♠✉t❤❛❧ ❡①✐st❛♥t✳ ▲✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✈❛
❞♦♥❝ ❛✉❣♠❡♥t❡r s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ▲❡ ❝♦✉♣❧❡ ♠❛❣♥ét✐q✉❡ ❛✐♥s✐ ❣é♥éré ♣❡✉t à
s♦♥ t♦✉r ♠♦❞✐✜❡r ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s✳

❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✵✺✮ ❛ ét✉❞✐é ❧✬❡✛❡t ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ❙♦❧❡✐❧ ❡♥ s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❙♣r✉✐t ✭✷✵✵✷✮✳ ■❧ ❛ tr♦✉✈é q✉❡ ❧✬❡✛❡t ❞✬✉♥
t❡❧ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r❛❧❧è❧❡♠❡♥t ❛✉ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧❛ r♦t❛t✐♦♥ ❞✉ ❞é❜✉t ❞❡ ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❧✬â❣❡ ❞✉ ❙♦❧❡✐❧✱ ♣❡✉t ❥♦✉❡r ✉♥ rô❧❡ ❡t ♣❡r♠❡t ❡♥ ♣❛rt✐❡ ❞❡ r❡tr♦✉✈❡r ✉♥ ♣r♦✜❧ ❞❡
r♦t❛t✐♦♥ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡✳ ▲❡s ♠♦❞è❧❡s ✐♥❝❧✉❛♥t ❝❡ ♠é❝❛♥✐s♠❡ ❞❡ tr❛♥s♣♦rt ♣ré❞✐s❡♥t
❛✉ss✐ ❞❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ❡♥ ❜✐❡♥ ♠❡✐❧❧❡✉r ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ♣✉❧s❛rs ❡t ❧❡s ♥❛✐♥❡s
❜❧❛♥❝❤❡s ✭❍❡❣❡r ❡t ❛❧✳ ✷✵✵✺❀ ❙✉✐❥s ❡t ❛❧✳ ✷✵✵✽✮✳ ◗✉✬❡♥ ❡st✲✐❧ ❞❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❝❡s ♠♦❞è❧❡s ❞❛♥s ❧❡s
st❛❞❡s é✈♦❧✉t✐❢s ✐♥t❡r♠é❞✐❛✐r❡s✱ ❡♥tr❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❧❡s ♦❜❥❡ts ❝♦♠♣❛❝ts ❞❡ ✜♥ ❞❡ ✈✐❡ ❄

❈❛♥t✐❡❧❧♦ ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ❡①♣❧♦ré ♣❧✉s ❡♥ ❞ét❛✐❧ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ s♦✉s
❧✬❡✛❡t s✐♠✉❧t❛♥é ❞❡ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❧✐é❡ ❛✉① ✐♥st❛❜✐❧✐tés ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❡t
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣é♥éré ♣❛r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❚❛②❧♦r✲❙♣r✉✐t ❞❡ ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
❥✉sq✉✬❛✉① ét♦✐❧❡s ❞✉ ❝❧✉♠♣✳ ■❧s ♦♥t ♠♦♥tré q✉❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❚❛②❧❡r✲❙♣r✉✐t ❡st ✐♥s✉✣s❛♥t ♣♦✉r
❡①♣❧✐q✉❡r ❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ♦❜s❡r✈és ❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s✱ ❧❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❧❡s
ét♦✐❧❡s ❞✉ ❝❧✉♠♣✱ ❡t ❝❡❧❛ ♠ê♠❡ s✐ ❧❛ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡ ❧✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡st ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❛✉❣♠❡♥té❡ ❞✬✉♥ ❢❛❝t❡✉r ✶✵✵✳ ▲❡s ❛✉t❡✉rs ♦♥t ❝♦♥✜r♠é q✉✬✉♥❡ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡
❝♦♥st❛♥t❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 104 − 105 ❝♠2 s−1 ♣❡r♠❡ttr❛✐t ❞❡ r❡♣r♦❞✉✐r❡ ❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és
❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✵✺✮✳ ◆é❛♥♠♦✐♥s✱
❧❡✉rs tr❛✈❛✉① ♦♥t ❛✉ss✐ ♠♦♥tré q✉❡ ❝❡tt❡ ✈❛❧❡✉r ❛rt✐✜❝✐❡❧❧❡ ♣♦✉r ❧❛ ❞✐✛✉s✐✈✐té ❛❞❞✐t✐♦♥♥❡❧❧❡ ❡st tr♦♣
❢❛✐❜❧❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣ ❡t ❧❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✳

▲❡ tr❛♥s♣♦rt ♣❛r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣é♥éré ♣❛r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❚❛②❧❡r✲❙♣r✉✐t ♣❡r♠❡t ❞❡
r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❞❛♥s ❧❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✱
t♦✉t ❞✉ ♠♦✐♥s ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ♥✬❛♣♣♦rt❡ ♣❛s ❞❡ ré♣♦♥s❡ ❝♦♠♣❧èt❡ ❛✉ ♣r♦❜❧è♠❡
❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣✉✐sq✉✬✐❧ é❝❤♦✉❡ s✉r ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r à r❡♣r♦❞✉✐r❡ ❧❡s
t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ♦❜s❡r✈és ♣❛r ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❞❛♥s ❧❡s st❛❞❡s é✈♦❧✉t✐❢s ✐♥t❡r♠é❞✐❛✐r❡s✳
❉✬❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞♦✐✈❡♥t ❞♦♥❝ êtr❡ ✐♥✈♦q✉és✳ P♦✉r ✜♥✐r✱ ✐❧ s❡♠❜❧❡ ✐♠♣♦rt❛♥t ❞❡
♥♦t❡r q✉❡ ❞❡s ❞♦✉t❡s s✉❜s✐st❡♥t s✉r ❧✬❡①✐st❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥ t❡❧ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s st❡❧❧❛✐r❡s ✭❡✳❣✳✱ ❇r❛✐t❤✇❛✐t❡ ✫ ❙♣r✉✐t ✷✵✶✼✮✳ ❊♥
❧✬❛❜s❡♥❝❡ ❞❡ ❝♦♥✜r♠❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ♦✉ t❤é♦r✐q✉❡✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❡t ♣rés❡♥tés ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥ s♦♥t à ❝♦♥s✐❞ér❡r ❛✈❡❝ ♣r✉❞❡♥❝❡✳

✺✺



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❋✐❣✉r❡ ✹✳✼✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❛ ♠❛ss❡ ❞❡ ❧✬ét♦✐❧❡✱
♣♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ ✶✳✷ M⊙ ✐♥❝❧✉❛♥t ❧❡ tr❛♥s♣♦rt ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ ❧❛ t✉r❜✉❧❡♥❝❡
✐♥❞✉✐t❡ ♣❛r ❞✉ ❝✐s❛✐❧❧❡♠❡♥t ❡t ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡①❝✐té❡s ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❞✬❛♣rès ❧❡ tr❛✈❛✐❧ ❞❡ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✷✵✵✺✮✳ ▲❡ ❝❛❧❝✉❧ é✈♦❧✉t✐❢ ❝♦♠♠❡♥❝❡
❡♥ ❞é❜✉t ❞❡ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ ✐♥✐t✐❛❧❡ ❞❡ ✺✵ ❦♠ s−1 ❡♥ s✉r❢❛❝❡✳ ▲✬â❣❡ ❡st
✐♥❞✐q✉é ♣♦✉r ❝❤❛q✉❡ ❝♦✉r❜❡ ❡♥ ♠✐❧❧✐❛r❞ ❞✬❛♥♥é❡s✳

✺✻



✹✳✷✳ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛❝t✉❡❧❧❡♠❡♥t ✐♥s✉✣s❛♥t❡

✹✳✷✳✸ Pré❝é❞❡♥ts tr❛✈❛✉① s✉r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❉❡s ♦♥❞❡s ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❞❛♥s ❧❡s ét♦✐❧❡s ❡t s♦♥t ❝❛♣❛❜❧❡s ❞✬✐♥t❡r❛❣✐r ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞✉
♠✐❧✐❡✉ ✭❡✳❣✳✱ ❆♥❞♦ ✶✾✽✸❀ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮✳ P❛r♠✐ ❡❧❧❡s✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱ ❝✬❡st✲à✲❞✐r❡
❛②❛♥t ❝♦♠♠❡ ❢♦r❝❡ r❛♣♣❡❧ ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡✱ ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s r❡❝❤❡r❝❤❡s ❞❛♥s
❧❡ ❝♦♥t❡①t❡ ❛str♦♣❤②s✐q✉❡ ❞❡♣✉✐s ❧❡ tr❛✈❛✐❧ ✐♥✐t✐❛❧ ❞❡ Pr❡ss ✭✶✾✽✶✮✳ ▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
s♦♥t ❡①❝✐té❡s ♣❛r ❧❡s ♠♦✉✈❡♠❡♥ts ❞❡ ♠❛t✐èr❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❀ ❡❧❧❡s s♦♥t tr❛♥s♠✐s❡s ♣❛r ❡✛❡t
t✉♥♥❡❧ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♦ù ❡❧❧❡s ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❡t ♠♦❞✐✜❡r ❧❛ r♦t❛t✐♦♥✳ ▲✬❡✣❝❛❝✐té ❞✉
tr❛♥s♣♦rt ♣❛r ❝❡s ♦♥❞❡s ❛ ❞é❥à ❢❛✐t s❡s ♣r❡✉✈❡s ❞❛♥s ❧❡ ❝❛s s♦❧❛✐r❡✳ ❚❛❧♦♥ ✫ ❩❛❤♥ ✭✶✾✾✽✮ ❡t ❚❛❧♦♥ ❡t ❛❧✳
✭✷✵✵✷✮ ♦♥t ❡♥ ❡✛❡t ♠♦♥tré q✉❡ ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❝♦♥❥✉❣✉é à ❧❛ ❞✐✛✉s✐♦♥
t✉r❜✉❧❡♥t❡ ❛✉r❛✐t ♣♦✉r ❡✛❡t ❞✬❛♣❧❛t✐r ❡✣❝❛❝❡♠❡♥t ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ s♦❧❛✐r❡✳
P❧✉s t❛r❞✱ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✭✷✵✵✺✮ ❡t ❈❤❛r❜♦♥♥❡❧ ✫ ❚❛❧♦♥ ✭✷✵✵✺✮ ♦♥t ❝♦♥✜r♠é ❝❡ rés✉❧t❛t ♣❛r
✉♥ ❝❛❧❝✉❧ ♣❧✉s ❝♦♠♣❧❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ✐♥❝❧✉❛♥t ❧❡ tr❛♥s♣♦rt ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥
♠ér✐❞✐❡♥♥❡✱ ❧❛ t✉r❜✉❧❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❧❡ ❝✐s❛✐❧❧❡♠❡♥t ❡t ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✭❋✐❣✉r❡ ✹✳✼✮✳
▲❡s ❛✉t❡✉r❡s ♦♥t ♠♦♥tré q✉❡ ❝❡s ♦♥❞❡s s♦♥t ❝❛♣❛❜❧❡s ❞✬✉♥✐❢♦r♠✐s❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡
❞❡ ✶✳✷ M⊙ ❛♣rès ♠♦✐♥s ❞✬✉♥ ♠✐❧❧✐❛r❞ ❞✬❛♥♥é❡s ♣❛ssé❡s s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ✭✈♦✐r ❛✉ss✐ ▼❛t❤✐s ❡t ❛❧✳ ✷✵✶✸✮✳ ▲❡ ♠é❧❛♥❣❡ ✐♥❞✉✐t ♣❛r
❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❡r♠❡t ❞❛♥s ❧❡ ♠ê♠❡ t❡♠♣s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥
♠❛ss❡ ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞❡ ❧✐t❤✐✉♠ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ❞❡ ♣♦♣✉❧❛t✐♦♥ ■ ✭✐✳❡✳✱ ❞❡
♠ét❛❧❧✐❝✐té é❧❡✈é❡ ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞✉ ❙♦❧❡✐❧✮✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧✬❛♠❛s ♦✉✈❡rt ❞❡s ❍②❛❞❡s ✭❡✳❣✳✱
❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✶✾✾✽✱ ✷✵✵✸✱ ✷✵✵✺✮✳ ❈❡ ♣r♦❝❡ss✉s ❛♣♣♦rt❡ é❣❛❧❡♠❡♥t ✉♥❡ ♣♦ss✐❜❧❡ ❡①♣❧✐❝❛t✐♦♥
à ❧❛ ❢❛✐❜❧❡ ❞✐s♣❡rs✐♦♥ ❞❛♥s ❧✬❛❜♦♥❞❛♥❝❡ ❞❡ ❧✐t❤✐✉♠ ❞❛♥s ❧❡s ♥❛✐♥❡s ❞❡ ♣♦♣✉❧❛t✐♦♥ ■■ ✭✐✳❡✳✱ ❞❡ ♣❧✉s
❢❛✐❜❧❡ ♠ét❛❧❧✐❝✐té✮✱ ❛✐♥s✐ q✉✬❛✉① ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ é❧❡✈é❡s ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❤♦r✐③♦♥t❛❧❡
❞❡ ❞✐✛ér❡♥ts ❛♠❛s ❣❧♦❜✉❧❛✐r❡s ✭❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✷✵✵✹✮✳ ❈❤❛r❜♦♥♥❡❧ ❡t ❛❧✳ ✭✷✵✶✸✮ ♦♥t ❡♥ ♦✉tr❡
❞é♠♦♥tré ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❧❡✉r ✐♠♣❛❝t s✉r ❧❛ r♦t❛t✐♦♥ ❡st s✐❣♥✐✜❝❛t✐❢ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡
♠❛ss❡ s✉r ❧❛ ♣ré✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❉❛♥s ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ✭✐✳❡✳✱ ❡♥✈✐r♦♥ ✸ M⊙✮✱
❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✭✷✵✵✽✮ s♦♥t ❛rr✐✈és à ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉❡ ❝❡s ♦♥❞❡s ♣❡✉✈❡♥t ❛✈♦✐r ✉♥ ✐♠♣❛❝t s✉r
❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❡t ❧❡ ♠é❧❛♥❣❡ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❞❡ s♦✉s✲❣é❛♥t❡s ❛✐♥s✐ q✉❡
s✉r ❧❡ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❣é❛♥t❡s ✭❆●❇✮✱ ❡t ♣❛r ❝♦♥séq✉❡♥t s✉r ❧❡s ♣r♦♣r✐étés
❞❡s st❛❞❡s ♣❧✉s é✈♦❧✉é❡s✳ ❈♦♠♠❡ ♠❡♥t✐♦♥♥é ❞❛♥s ❈❤❛r❜♦♥♥❡❧ ✫ ❚❛❧♦♥ ✭✷✵✵✽✮✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té ♣♦✉rr❛✐❡♥t ❛✐♥s✐ ❥♦✉❡r ✉♥ rô❧❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s ❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈é❡s ❞❛♥s ❧❡s
♥❛✐♥❡s ❜❧❛♥❝❤❡s ✭❡✳❣✳✱ ❙✉✐❥s ❡t ❛❧✳ ✷✵✵✽✮ ❡t ❧❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥❞❛♥❝❡ ♣♦✉r ❧❡s é❧é♠❡♥ts tr❛♥s❢♦r♠és
♣❛r ❧❡ ♣r♦❝❡ss✉s✲s ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❆●❇ ✭❡✳❣✳✱ ❙✐❡ss ❡t ❛❧✳ ✷✵✵✹✮✳ ❉❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡
♣❧✉s é✈♦❧✉é❡s✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ s♦♥t ♥é❛♥♠♦✐♥s ❛rr✐✈és à ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉❡ ❧❡ tr❛♥s♣♦rt ♣❛r ❝❡s
♦♥❞❡s ♥❡ ♣❡r♠❡t ♣❛s ❞✬❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ✭❡✳❣✳✱ ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✹❀ ▼♦ss❡r
❡t ❛❧✳ ✷✵✶✷❜✮✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧ s✉r ❝❡ ♣♦✐♥t ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✼✳✷✳

✹✳✷✳✹ ❚❡st ❞✬❤②♣♦t❤ès❡s s✉r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡

❚❛②❛r ✫ P✐♥s♦♥♥❡❛✉❧t ✭✷✵✶✸✮ ❡t ❙♣❛❞❛ ❡t ❛❧✳ ✭✷✵✶✻✮ s❡ s♦♥t ✐♥tér❡ssés à ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦✲
t❛t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s ❡♥ s❡ s❡r✈❛♥t ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ♣♦✉r
❝♦♥tr❛✐♥❞r❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❡♥❝♦r❡ ✐♥❝♦♥♥✉ ❡t t❡st❡r ❞✐✛ér❡♥t❡s ❤②✲
♣♦t❤ès❡s s✉r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ❝❡❧✉✐ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡
❝♦♥✈❡❝t✐✈❡✳

❚❛②❛r ✫ P✐♥s♦♥♥❡❛✉❧t ✭✷✵✶✸✮ ♦♥t s✉♣♣♦sé ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ✭✐✳❡✳✱ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡✮ ❧❡
❧♦♥❣ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❝♦♠♠❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
♣❡✉✈❡♥t ❧❡ s✉❣❣ér❡r✳ ■❧s ♦♥t ❡♥s✉✐t❡ ❝♦♥s✐❞éré ❞❡✉① ❤②♣♦t❤ès❡s ♣♦✉r ❧❡ ❝♦✉♣❧❛❣❡✳ ❉✬❛❜♦r❞✱ ✐❧s ♦♥t
♠♦♥tré q✉✬✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❧❡ ❧♦♥❣ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❛✉t♦✉r
❞❡ ✷✳✺ M⊙ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ❧❡s ❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❞❛♥s ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣
❞❡ ♠❛ss❡ s✉♣ér✐❡✉r❡ à ✷ M⊙ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❜✮✱ ❡t ❝❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡
r♦t❛t✐♦♥ ♠♦②❡♥♥❡ à ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❈❡tt❡ ❤②♣♦t❤ès❡ s✬❡st ❛✈éré❡ tr♦♣ ❢♦rt❡ ♣♦✉r
r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❞❛♥s ❧❛ ❥❡✉♥❡ ❣é❛♥t❡ r♦✉❣❡ ❑■❈ ✼✸✹✶✷✸✶ ❞❡ ♣❧✉s ❢❛✐❜❧❡ ♠❛ss❡

✺✼



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

✭❛✉t♦✉r ❞❡ ✶ M⊙✮ ♦❜s❡r✈é❡ ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ✐❧s ♦♥t ❞♦♥❝
❝♦♥s✐❞éré ✉♥ ❝♦✉♣❧❛❣❡ ♥✉❧ ✭✐✳❡✳✱ ❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✮ ❞ès ❧❛ ✜♥ ❞❡
❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ✿ ❝❡tt❡ ❤②♣♦t❤ès❡ ♣ré❞✐t ❝❡tt❡ ❢♦✐s✲❝✐ ✉♥❡ tr♦♣ ❢♦rt❡ ❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥
❞✉ ❝÷✉r✳ ❚❛②❛r ✫ P✐♥s♦♥♥❡❛✉❧t ✭✷✵✶✸✮ ♦♥t ❛❧♦rs ♠♦♥tré q✉✬✉♥ ♣r♦❧♦♥❣❡♠❡♥t ❞❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥
❢♦rt ❝♦✉♣❧❛❣❡ ✭✐✳❡✳✱ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡✮ ❛♣rès ❧❛ ✜♥ ❞❡ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ✉♥❡
r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❡♥ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❡
❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❉❡ ❢❛ç♦♥ ❛ss❡③ ✐♥tér❡ss❛♥t❡✱ ❧✬é♣♦q✉❡ ❞✉ ❞é❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ❝÷✉r r❛❞✐❛t✐❢
❡t ❧✬❡♥✈❡❧♦♣♣❡ s❡♠❜❧❡ ❛✈♦✐r ❧✐❡✉ ♣❡♥❞❛♥t ❧❡ ✜rst ❞❡❞❣❡✲✉♣✱ q✉❛♥❞ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❛♣rès
❛✈♦✐r ♠✐❣ré ❡♥ ♣r♦❢♦♥❞❡✉r✱ ❝♦♠♠❡♥❝❡ à r❡♠♦♥t❡r ❡♥ s✉r❢❛❝❡✱ ❞♦♥♥❛♥t ♥❛✐ss❛♥❝❡ à ✉♥ ❢♦rt ❣r❛❞✐❡♥t
❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❙❡❧♦♥ ❧❡s ❛✉t❡✉rs✱ ❝❡❧❛ ♣♦✉rr❛✐t ✐♥❞✐q✉❡r q✉❡ ❧❡
♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❤②♣♦t❤ét✐q✉❡✱ r❡s♣♦♥s❛❜❧❡ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
❡t ❧❡ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✱ ❡st s❡♥s✐❜❧❡ à ❝❡ ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❀ ❝❡
❣r❛❞✐❡♥t s❡r❛✐t ❛❧♦rs ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❛ss❡③ ❢♦rt ♣♦✉r êtr❡ ❝❛♣❛❜❧❡ ❞✬✐♥❤✐❜❡r ❝❡ ♠é❝❛♥✐s♠❡ ❛✉ ♠♦♠❡♥t
❞✉ ❞é❝♦✉♣❧❛❣❡✳

❙♣❛❞❛ ❡t ❛❧✳ ✭✷✵✶✻✮ ♦♥t s✉✐✈✐ ✉♥❡ ❛♣♣r♦❝❤❡ s✐♠✐❧❛✐r❡ à ❧✬ét✉❞❡ ♣ré❝é❞❡♥t❡✱ ♠❛✐s ❡♥ s✉♣♣♦s❛♥t
❝❡tt❡ ❢♦✐s✲❝✐ q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ❝÷✉r r❛❞✐❛t✐❢ ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ♣❡♥❞❛♥t ❧❛ ♣♦st✲séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡ ❡st ❧❡ rés✉❧t❛t ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ ❞♦♥t ❧❛ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡
❛✉ ❝♦♥tr❛st❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❢♦r♠❡

Deff = D0

(
Ωrad

Ωenv

)α

✱ ✭✹✳✶✮

♦ù Ωrad ❡t Ωenv s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♠♦②❡♥s ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❡t ❝♦♥✈❡❝✲
t✐✈❡s✱ ❡t D0 ❡t α s♦♥t ❞❡s ❝♦❡✣❝✐❡♥ts à ❞ét❡r♠✐♥❡r ♣❛r ✉♥ ❛❥✉st❡♠❡♥t ❛✉① ♦❜s❡r✈❛t✐♦♥s✳ ❊♥❝♦r❡ ✉♥❡
❢♦✐s✱ ❧❡s ❛✉t❡✉rs ♦♥t s✉♣♣♦sé q✉❡ ❧✬ét♦✐❧❡ ❡st ❡♥ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱
❤②♣♦t❤ès❡ s✉♣♣♦rté❡ ♣❛r ❞✐✛ér❡♥t❡s ♦❜s❡r✈❛t✐♦♥s ✭✈♦✐r ❙❡❝t✐♦♥ ✹✳✶✳✶✮✳ ❯♥❡ t❡❧❧❡ ♠♦❞é❧✐s❛t✐♦♥ ❛✈❡❝
✉♥ ❡①♣♦s❛♥t α ≈ 3 − 4 ♣❡r♠❡t ❞❡ r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳
❈❡♣❡♥❞❛♥t✱ ❡❧❧❡ é❝❤♦✉❡ à ♣ré❞✐r❡ ❧❡s r♦t❛t✐♦♥s ❝❡♥tr❛❧❡s ♦❜s❡r✈é❡s ❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s✳ ❈❡❧❛ ❡st
♥♦t❛♠♠❡♥t ❞✉❡ ❛✉ r❛♣✐❞❡ ❞é❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❛✉ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s
s♦✉s✲❣é❛♥t❡s q✉❛♥❞ ❧❡ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ ❝♦♠♠❡♥❝❡ à ❛✉❣♠❡♥t❡r t❛♥❞✐s q✉❡ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s
❡♥tr❡♥t ❡♥ ❝♦♥tr❛❝t✐♦♥✳ ▲❡s ❛✉t❡✉rs ♦♥t ❛❧♦rs ♠♦♥tré q✉✬✉♥ ♣r♦❧♦♥❣❡♠❡♥t ❞❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt
❝♦✉♣❧❛❣❡ ✭✐✳❡✳✱ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡✮ ❛✉ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ♣❡r♠❡t ❞❡ r❡♠é❞✐❡r à
❝❡s ❞✐✛ér❡♥❝❡s✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧✬ét✉❞❡ ❞❡ ❚❛②❛r ✫ P✐♥s♦♥♥❡❛✉❧t ✭✷✵✶✸✮✳

❉❡ t❡❧s tr❛✈❛✉① ♥❡ ❞♦♥♥❡♥t ♣❛s ❞❡ ré♣♦♥s❡ ❝♦♠♣❧èt❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ■❧s ♣❡r♠❡tt❡♥t ♥é❛♥♠♦✐♥s ❞✬❡①♣❧♦r❡r ❧❡s ❞✐✛ér❡♥ts s❝❡♥❛r✐✐
♣♦ss✐❜❧❡s✳ ■❧s ♦♥t ♥♦t❛♠♠❡♥t ♠♦♥tré q✉✬✉♥ ♠é❝❛♥✐s♠❡ ❝❛♣❛❜❧❡ ❞✬✐♥❞✉✐r❡ ✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡♥tr❡
❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❡t ❝♦♥✈❡❝t✐✈❡s s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❛✉ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲
❣é❛♥t❡s✱ ❡t q✉✐ ♣❧✉s ❡st✱ ❞é♣❡♥❞ ❞✉ ❝♦♥tr❛st❡ ❞❡ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡✱ ♣❡✉t
♣♦t❡♥t✐❡❧❧❡♠❡♥t ❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ■❧ r❡st❡ t♦✉❥♦✉rs ♥é❛♥♠♦✐♥s à
❝♦♠♣r❡♥❞r❡ ❧❛ ♥❛t✉r❡ ♣❤②s✐q✉❡ ❞✬✉♥ t❡❧ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt✳

✹✳✸ ❙♦❧✉t✐♦♥s ❛✈❛♥❝é❡s ❡t ♣r♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■

✹✳✸✳✶ ❈❤❛♠♣s ♠❛❣♥ét✐q✉❡s✱ t✉r❜✉❧❡♥❝❡✱ ♠♦❞❡s ♠✐①t❡s✱ ♦♥❞❡s ❞❡ ❣r❛✈✐té✳✳✳ ❄

❆✉❥♦✉r❞✬❤✉✐✱ ❞✐✛ér❡♥ts ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s s♦♥t ✐♥✈♦q✉és ♣♦✉r rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡✳ ▲❡s ♣r✐♥✲
❝✐♣❛❧❡s s♦❧✉t✐♦♥s ❢♦♥t ❛♣♣❡❧ à ❧✬❡✛❡t ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s✱ à ✉♥❡ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡ ♣❧✉s ❡✣❝❛❝❡
♦✉ ❡♥❝♦r❡ à ❧✬✐♥✢✉❡♥❝❡ ❞✬♦♥❞❡s ✐♥t❡r♥❡s✳

❈❤❛♠♣s ♠❛❣♥ét✐q✉❡s✳ ❊♥ ré♣♦♥s❡ ❛✉ ❝✐s❛✐❧❧❡♠❡♥t✱ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ✐♥t❡r♥❡s ♣❡✉✈❡♥t
❣é♥ér❡r ✉♥ ❝♦✉♣❧❡ ❝❛♣❛❜❧❡ ❞❡ s✬♦♣♣♦s❡r à ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s✳
▲✬❡✣❝❛❝✐té ❞❡ ❝❡ ❝♦✉♣❧❡ ❞é♣❡♥❞ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈♦♠♠❡ ✐❧

✺✽
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❛ ❞é❥à été ♠❡♥t✐♦♥♥é ♣❧✉s ❤❛✉t✱ ❝❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♦♥t ♣♦ss✐❜❧❡♠❡♥t ❞❡✉① ♦r✐❣✐♥❡s ✿ ✐❧s ♣❡✉✈❡♥t
s♦✐t êtr❡ ❧❡ r❡❧✐q✉❛t ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♠♦r❞✐❛❧✱ s♦✐t ❧❡ rés✉❧t❛t ❞❡ ♣r♦❝❡ss✉s ❞②♥❛♠✐q✉❡s
✐♥t❡r♥❡s✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s s♦♥t ♣❡✉ ❝♦♥♥✉s ❞❛♥s ❧❡s
ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ❡t ❞❡s ✐♥❝❡rt✐t✉❞❡s ♣❡rs✐st❡♥t s✉r ❧❡✉r ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡
✭❡✳❣✳✱ ▼❛t❤✐s ❡t ❛❧✳ ✷✵✶✶❀ ❇r❛✐t❤✇❛✐t❡ ✫ ❙♣r✉✐t ✷✵✶✼✮✳ ◆é❛♥♠♦✐♥s✱ ❝❡rt❛✐♥s ♣r♦❝❡ss✉s ❞❡ ❣é♥ér❛t✐♦♥
♣❛r ❧❡ ❜✐❛✐s ❞✬✐♥st❛❜✐❧✐tés ♠❛❣♥ét✐q✉❡s ❡t ❞✬❡✛❡t ❞②♥❛♠♦ ♦♥t ❞é❥à été ét✉❞✐és t❤é♦r✐q✉❡♠❡♥t ❡t
♥✉♠ér✐q✉❡♠❡♥t✳ ❖♥ ❛ ✈✉ ❞❛♥s ❙❡❝t✐♦♥ ✹✳✷✳✷ q✉❡ ❧❡ ♠é❝❛♥✐s♠❡ ♣r♦♣♦sé ♣❛r ❚❛②❧❡r✲❙♣r✉✐t s❡✉❧ ♥✬❡st
♣❛s s✉✣s❛♥t ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❚♦✉t❡❢♦✐s✱ ❘ü❞✐❣❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t ré❝❡♠♠❡♥t ♠♦♥tré
✈✐❛ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ▼❍❉ q✉❡ ❧✬✐♥st❛❜✐❧✐té ♠❛❣♥ét♦✲r♦t❛t✐♦♥♥❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❛③✐♠✉t❤❛❧ ✭❆▼❘■✮ ♣❡✉t ✐♥❞✉✐r❡ ✉♥❡ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 104 − 105 ❝♠2 s−1✱ s✉✣s❛♥t❡
♣♦✉r ❝♦♥tr❡❜❛❧❛♥❝❡r ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉❡ à ❧❡✉r ❝♦♥tr❛❝t✐♦♥ ❞❛♥s
❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s s❡❧♦♥ ❊❣❣❡♥❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✷✮ ✭✈♦✐r ❙❡❝t✐♦♥ ✹✳✷✮✳
❉❡ ♣❧✉s✱ ❧❡✉rs tr❛✈❛✉① ♦♥t ♠♦♥tré q✉❡ ❧❛ ❞✐✛✉s✐✈✐té ❡✛❡❝t✐✈❡ ❧✐é❡ à ❝❡tt❡ ✐♥st❛❜✐❧✐té ❞é♣❡♥❞ ❞✉
❝♦♥tr❛st❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ♣❛r ✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡✳ ❯♥ t❡❧ ❝♦♠♣♦rt❡♠❡♥t
❡st s✉♣♣♦rté ♣❛r ❧✬ét✉❞❡ ❞❡ ❙♣❛❞❛ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ■❧ ❡st ❝❧❛✐r✱ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❝❡t ❡①❡♠♣❧❡✱ q✉❡ ❧✬❡✛❡t ❞✬✉♥
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥t❡r♥❡ ❡st ✉♥ ❝❛♥❞✐❞❛t sér✐❡✉① ♣♦✉r ré❝♦♥❝✐❧✐❡r ❧❛ t❤é♦r✐❡ ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s✳
◆é❛♥♠♦✐♥s✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡s ♣r♦♣r✐étés ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♠❛♥t❡❛✉
st❡❧❧❛✐r❡ ❡st ❡♥❝♦r❡ ❛❝t✉❡❧❧❡♠❡♥t ❤♦rs ❞❡ ♣♦rté❡ ❡t ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t ❞❛♥s ❧❡✉r ♠♦❞é❧✐s❛t✐♦♥✳
❇❡❛✉❝♦✉♣ ❞❡ ❝❤♦s❡s s♦♥t ❡♥❝♦r❡ à ❞é❝♦✉✈r✐r à ❧❡✉r ♣r♦♣♦s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♥✬❛❜♦r❞❡r♦♥s ♣❛s ❝❡
s✉❥❡t q✉✐ s❡r❛✱ s❛♥s ❛✉❝✉♥ ❞♦✉t❡✱ ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s r❡❝❤❡r❝❤❡s ❞❛♥s ❧❡s ❛♥♥é❡s à ✈❡♥✐r✳

❉✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡✳ ▲❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt t✉r❜✉❧❡♥t q✉✐ s♦♥t ✐♥❞✉✐ts ♣❛r ❞❡s ✐♥st❛❜✐❧✐tés
❞❡ ❝✐s❛✐❧❧❡♠❡♥t s♦♥t ❞é❝r✐ts ♣❛r ❞❡s ♣r❡s❝r✐♣t✐♦♥s s✐♠♣❧✐✜é❡s ❞❛♥s ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡
✭❡✳❣✳✱ ❚❛❧♦♥ ✫ ❩❛❤♥ ✶✾✾✼❀ ▼❛t❤✐s ✫ ❩❛❤♥ ✷✵✵✹✮✳ ▲❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❞✐✛✉s✐♦♥
✈❡rt✐❝❛❧ ❡t ❤♦r✐③♦♥t❛❧ ❝♦rr❡s♣♦♥❞❛♥ts✱ ❛✐♥s✐ q✉❡ ❧❡✉r r❛♣♣♦rt ✭✐✳❡✳✱ ❧✬❛♥✐s♦tr♦♣✐❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥✮✱
r❡st❡♥t ❛❝t✉❡❧❧❡♠❡♥t ✐♠♣♦rt❛♥t❡s✳ ❉❡s tr❛✈❛✉① ❡♥ ❝♦✉rs ✈✐s❡♥t à ❡st✐♠❡r ♣r♦♣r❡♠❡♥t ❝❡s ❝♦❡✣❝✐❡♥ts
❞❡ ❞✐✛✉s✐♦♥✳ ❯♥❡ ré✈✐s✐♦♥ à ❧❛ ❤❛✉ss❡ ❞❡ ❝❡s ❝♦❡✣❝✐❡♥ts ♣♦✉rr❛✐t ❛✈♦✐r ❞❡ ❢♦rt❡s ❝♦♥séq✉❡♥❝❡s s✉r
❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❡t t❡♥❞r❛✐t à ré❞✉✐r❡ ❧❡ ❝♦♥tr❛st❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡ ❝÷✉r
❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s✳

▼♦❞❡s ♠✐①t❡s✳ ❆❧♦rs q✉❡ ❧❡s ♠♦❞❡s ♠✐①t❡s ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❞❡s
ét♦✐❧❡s é✈♦❧✉é❡s✱ ✐❧s s♦♥t ❛✉ss✐ ❝❛♣❛❜❧❡s ❞❡ ❧❛ ♠♦❞✐✜❡r✳ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✺❛✱❜✮ ♦♥t ❡①♣❧♦ré ❧✬❡✛❡t
❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s s✉r ❧❛ r♦t❛t✐♦♥ ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✳ P♦✉r
❝❡❧❛✱ ✐❧s ♦♥t ❞é✈❡❧♦♣♣é ❡t ✉t✐❧✐sé ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ t❤é♦r✐q✉❡ ❡♠♣r✉♥té❡ à ❧❛ ❣é♦♣❤②s✐q✉❡ q✉✐ ♣❡r♠❡t
❞❡ tr❛ît❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❢❛ç♦♥ ❝♦❤ér❡♥t❡ ❡t s❡♠✐✲❛♥❛❧②t✐q✉❡✳ ❉❡ ♣❧✉s✱ ❧❡s ❛✉t❡✉rs ♦♥t ✉t✐❧✐sé ❧❡s
♦❜s❡r✈❛t✐♦♥s ♣❛r ❈♦❘♦❚ ❡t❑❡♣❧❡r ♣♦✉r ❞ét❡r♠✐♥❡r ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ❈❡❧❛ ❧❡✉r ❛ ♣❡r♠✐s
❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ q✉❛♥t✐t❛t✐✈❡ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❛✉ ❝♦✉rs
❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❋✐♥❛❧❡♠❡♥t✱ ✐❧s ♦♥t tr♦✉✈é q✉❡ ❝❡ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt é❝❤♦✉❡ à ❝♦♥tr❡❜❛❧❛♥❝❡r
❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉❡s à ❧❡✉r ❝♦♥tr❛❝t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s
❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s✱ ✐❧s ♦♥t ♠♦♥tré ❛✉ ❝♦♥tr❛✐r❡ q✉❡
❧❡s ♠♦❞❡s ♠✐①t❡s ♣❡✉✈❡♥t ❧♦❝❛❧❡♠❡♥t r❛❧❡♥t✐r ❧❛ r♦t❛t✐♦♥ ❛✉① ❛❧❡♥t♦✉rs ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥
❢✉s✐♦♥ ❛✉✲❞❡ss✉s ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✳ ❉❡s tr❛✈❛✉① s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ♣♦✉r ❡st✐♠❡r ❧✬✐♠♣❛❝t
❞❡s ♠♦❞❡s ♠✐①t❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❛✈❡❝ ❧❡ t❡♠♣s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡
❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✭♣❛r ❡①❡♠♣❧❡✱ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ❧❛
t✉r❜✉❧❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❧❡ ❝✐s❛✐❧❧❡♠❡♥t✮✳

❖♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ▲❡s rés✉❧t❛ts ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❙❡❝t✐♦♥ ✹✳✷✳✸ ❞é♠♦♥tr❡♥t
❧❛ ❝❛♣❛❝✐té ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té à ✉♥✐❢♦r♠✐s❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡ s✉r ❧❛ séq✉❡♥❝❡
♣r✐♥❝✐♣❛❧❡✳ ❈❡s tr❛✈❛✉① ♦♥t ❛✉ss✐ ♠♦♥tré q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té ♣❡r♠❡t ❞❡ r❡♣r♦❞✉✐r❡ ❧❛ ❜rè❝❤❡ ❞❛♥s ❧❡s ❛❜♦♥❞❛♥❝❡s ❞❡ ❧✐t❤✐✉♠ à ❢❛✐❜❧❡ t❡♠♣ér❛t✉r❡
❡✛❡❝t✐✈❡ t❡❧❧❡ q✉✬♦❜s❡r✈é❡ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❧✬❛♠❛s ❞❡s ❍②❛❞❡s✱

✺✾



❈❤❛♣✐tr❡ ✹✳ ◆é❝❡ss✐té ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛❞❞✐t✐♦♥♥❡❧

❝❡ q✉❡ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❡t ❧❛ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡ s❡✉❧❡s ♥❡ ♣❛r✈❡♥❛✐❡♥t ♣❛s à ❢❛✐r❡ ✭❡✳❣✳✱ ✈♦✐r
❈❤❛r❜♦♥♥❡❧ ✫ ❚❛❧♦♥ ✷✵✵✽✱ ♣♦✉r ✉♥❡ r❡✈✉❡✮✳ ❈❡ s✉❝❝ès ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
♦❜t❡♥✉ ❞❛♥s ❧❡ ❝❛s s♦❧❛✐r❡ ❡st ❡♥ ❢♦rt ❝♦♥tr❛st❡ ❛✈❡❝ ❧❡✉r ❢❛✐❜❧❡ ❡✣❝❛❝✐té ❡st✐♠é❡ ❞❛♥s ❧❡s ét♦✐❧❡s
é✈♦❧✉é❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ✭❋✉❧❧❡r ❡t ❛❧✳ ✷✵✶✹✮✳ ◆é❛♥♠♦✐♥s✱ ✉♥ ❞❡s ♣♦✐♥ts ❢❛✐❜❧❡s ❛❝t✉❡❧s ❝♦♥❝❡r♥❡ ❧❛
❣é♥ér❛t✐♦♥ ❞❡ ❝❡s ♦♥❞❡s✳ ❊♥ ❡✛❡t✱ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞é♣❡♥❞ ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡
❡t ❞♦♥❝ ❞✉ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❧✉s t❛r❞✱ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
❛❝t✉❡❧❧❡s ♥❡ s♦♥t ♣❛s ré❛❧✐st❡s ❡t ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬♦❜t❡♥✐r ❞✬✐♥❢♦r♠❛t✐♦♥ q✉❛♥t✐t❛t✐✈❡ s✉r ❧✬❡①❝✐✲
t❛t✐♦♥ ❞❡ ❝❡s ♦♥❞❡s✳ ❯♥❡ ❡st✐♠❛t✐♦♥ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❡♥ ♣❛ss❛♥t ♣❛r ❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s✱
♠❛✐s ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t s✉r ❧❡s ♣r❡s❝r✐♣t✐♦♥s ❛❝t✉❡❧❧❡s✳ ❈❡❧❛ ♣❡✉t ❛✈♦✐r ❞❡s ❝♦♥séq✉❡♥❝❡s
s✉r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ♠ér✐t❡ ❞❡ ♣❧✉s ❛♠♣❧❡s ✐♥✈❡st✐❣❛t✐♦♥s✳

✹✳✸✳✷ Pr♦❜❧é♠❛t✐q✉❡

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ❢♦❝❛❧✐s❡r♦♥s s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❆♣rès ❛✈♦✐r ❢❛✐t ❞❡ ❜r❡❢s r❛♣♣❡❧s s✉r ❧❡s ♣r♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡ ❝❡s ♦♥❞❡s✱
♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❞✬❛❜♦r❞ à ❧❛ q✉❡st✐♦♥ ❞❡ ❧❡✉r ❣é♥ér❛t✐♦♥✳ ❆❧♦rs q✉❡ ❧❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts
♦♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❝♦♥s✐❞éré ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡
✭Pr❡ss ✶✾✽✶❀ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✶✾✾✶❀ ❩❛❤♥ ❡t ❛❧✳ ✶✾✾✼❀ ❑✉♠❛r ❡t ❛❧✳ ✶✾✾✾❀ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt
✷✵✶✸✮✱ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s
❡t r❛❞✐❛t✐✈❡s ♣❡✉t ❛✉ss✐ ❣é♥ér❡r ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❈❡ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥ ❛ ♥♦t❛♠✲
♠❡♥t été ♦❜s❡r✈é ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✭❡✳❣✳✱ ❑✐r❛❣❛ ❡t ❛❧✳ ✷✵✵✸✱ ✷✵✵✺❀ ❉✐♥tr❛♥s ❡t ❛❧✳
✷✵✵✺❀ ❘♦❣❡rs ✫ ●❧❛t③♠❛✐❡r ✷✵✵✺✱ ✷✵✵✻❀ ❘♦❣❡rs ❡t ❛❧✳ ✷✵✶✸❀ ❆❧✈❛♥ ❡t ❛❧✳ ✷✵✶✹✮ ♦✉ ❡♥ ❣é♦♣❤②s✐q✉❡
✭❡✳❣✳✱ ❚♦✇♥s❡♥❞ ✶✾✻✻❀ ❙t✉❧❧ ✶✾✼✻❀ ❋r✐tts ✫ ❆❧❡①❛♥❞❡r ✷✵✵✸❀ ❱❛❞❛s ✫ ▲✐✉ ✷✵✶✸✮✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r
t❡♠♣s✱ ❥❡ ❞é✈❡❧♦♣♣❡r❛✐ ❞♦♥❝ ✉♥ ♠♦❞è❧❡ s❡♠✐✲❛♥❛❧②t✐q✉❡ ❞✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ♣❛r ❧❛ ♣é✲
♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ❈❡❧✉✐✲❝✐ ♠❡ ♣❡r♠❡ttr❛ ❞✬❡st✐♠❡r ❧❡ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s à ❧❛
❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣❛r ❝❡ ♠é❝❛♥✐s♠❡✳ ❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ❥❡ ❝❤❡r❝❤❡r❛✐ à ré♣♦♥❞r❡ ❛✉①
q✉❡st✐♦♥s s✉✐✈❛♥t❡s ✿

• ◗✉❡❧ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ❡st ❧❡ ♣❧✉s ❡✣❝❛❝❡ ✿ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ♦✉ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝✲
t✐✈❡ ❄
❙✬✐❧ s✬❛✈èr❡ q✉❡ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡st ❣❧♦❜❛❧❡♠❡♥t ♣❧✉s ❡✣❝❛❝❡✱ ❧❡s
rés✉❧t❛ts ❞❡s ♣ré❝é❞❡♥ts tr❛✈❛✉① ❞❡✈r♦♥t êtr❡ ré✈✐sés ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❝❡ ♠é❝❛♥✐s♠❡✳

• ◗✉❡❧ ❡st ❧✬✐♠♣❛❝t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❛✐♥s✐ ❣é♥éré❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡
r♦t❛t✐♦♥ ❞✉ ❙♦❧❡✐❧ ❄
❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❧✉s ❧♦✐♥✱ ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ❞é♣❡♥❞
❞❡ ❧✬❛♠♣❧✐t✉❞❡ ✭✐✳❡✳✱ ❧✬❡✣❝❛❝✐té t♦t❛❧❡ ❞✉ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✮ ❡t ❞❡ ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡
❞✬é♥❡r❣✐❡ ✭✐✳❡✳✱ ❧✬❡✣❝❛❝✐té ❞✬❡①❝✐t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♦♥❞❡s✮✳ ■❧ ❝♦♥✈✐❡♥t
❛❧♦rs ❞❡ ❝♦♠♣❛r❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❡t
❝❡❧❧❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ❙✐ ❧❡ tr❛♥s♣♦rt ♣❛r ❝❡s ❞❡r♥✐èr❡s s✬❛✈èr❡ ♣❧✉s
❡✣❝❛❝❡✱ ❛❧♦rs ❝❡s ♦♥❞❡s ❞❡✈r♦♥t êtr❡ ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳

• ▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ♣❡✉✈❡♥t✲❡❧❧❡s
❡①♣❧✐q✉❡r ❧❡s ❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❡s ❣é❛♥t❡s r♦✉❣❡s ❄
❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ❡st✐♠é q✉❡ ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ét❛✐t ✐♥❡✣❝❛❝❡
❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ❈❡s ❛✉t❡✉rs ♥✬♦♥t ❝❡♣❡♥❞❛♥t ❝♦♥s✐❞éré q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛
♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ◆♦✉s ❡✛❡❝t✉❡r♦♥s ❞♦♥❝ ✉♥❡ ét✉❞❡ s✐♠✐❧❛✐r❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❝❡tt❡ ❢♦✐s✲❝✐
❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ▲❡ rés✉❧t❛t ♥♦✉s ✐♥❞✐q✉❡r❛ ❛❧♦rs s✐ ❧❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s❡✉❧❡s ♣❡✉✈❡♥t êtr❡ ❧✬✐♥❣ré❞✐❡♥t ♠❛♥q✉❛♥t ❛❝t✉❡❧❧❡♠❡♥t à ❧❛ ♠♦❞é❧✐s❛t✐♦♥
❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s ♦✉ s✐ ✉♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞♦✐t ❡♥❝♦r❡ êtr❡
✐♥✈♦q✉é✳

✻✵



❈❤❛♣✐tr❡ ✺

Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❙♦♠♠❛✐r❡
✺✳✶ ❖♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✺✳✶✳✶ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ❡t r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✺✳✶✳✷ P❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ✐♥❝♦♠♣r❡ss✐❜✐❧✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺✳✷ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✺✳✷✳✶ ◆♦t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✷✳✶✳❛ Pr❡♠✐èr❡ ❛♣♣r♦❝❤❡ à ❞❡✉① ♦♥❞❡s ♣❧❛♥❡s ♠♦♥♦❝❤r♦♠❛t✐q✉❡s ✳ ✳ ✳ ✻✺
✺✳✷✳✶✳❜ ❙♣❡❝tr❡ ❝♦♥t✐♥✉ ❡t tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✺✳✷✳✶✳❝ ❈♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✬✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷✳✷ ❚❤é♦r✐❡ ❞✉ tr❛❝é ❞❡ r❛②♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
✺✳✷✳✸ ❈❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✸ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s
✉♥ é❝♦✉❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✸✳✶ ❋❧✉① ❞✬é♥❡r❣✐❡ ❞✬✉♥❡ ♦♥❞❡ ❣r❛✈✐t♦✲❛❝♦✉st✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✺✳✸✳✷ ❈♦♥s❡r✈❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✺✳✸✳✸ ▲✐❡♥ ❛✈❡❝ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ ❞❡ ❧✬♦♥❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✺✳✹ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ✳ ✳ ✳ ✳ ✳ ✼✾
✺✳✹✳✶ ❚❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t s✉✐✈❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ Pr❡ss ✭✶✾✽✶✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✺✳✹✳✷ ❉ér✐✈❛t✐♦♥ s✉✐✈❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✽✵
✺✳✹✳✸ ❊①♣r❡ss✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡ ❝❛s ♥♦♥✲

❛❞✐❛❜❛t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s r❛♣♣❡❧♦♥s q✉❡❧q✉❡s ♣r♦♣r✐étés ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❈❡s ♦♥❞❡s
♦♥t ♣♦✉r ❢♦r❝❡ ❞❡ r❛♣♣❡❧ ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡ ❀ ❡❧❧❡s s♦♥t ❞♦♥❝ é✈❛♥❡s❝❡♥t❡s ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡
❝♦♥✈❡❝t✐✈❡ ❞❡s ét♦✐❧❡s ♠❛✐s ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❞❛♥s ❧❡✉r ✐♥tér✐❡✉r r❛❞✐❛t✐❢ st❛❜❧❡♠❡♥t str❛t✐✜é✳ ▲à✱
❧❡s ♦♥❞❡s s✉❜✐ss❡♥t ❞❡s ♣❡rt❡s r❛❞✐❛t✐✈❡s ❀ ❡❧❧❡s s♦♥t ❞♦♥❝ ❛♠♦rt✐❡s ❛✉ ❝♦✉rs ❞❡ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s
❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ♣❡✉✈❡♥t ❞é♣♦s❡r ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ❧❡ ♠✐❧✐❡✉ st❡❧❧❛✐r❡✳ ❈❡ ❝❤❛♣✐tr❡ ❛ ♣♦✉r ❜✉t
❞✬❛♠❡♥❡r ❛✉ ❢♦r♠❛❧✐s♠❡ t❤é♦r✐q✉❡ q✉✐ ♥♦✉s s❡r❛ ✉t✐❧❡ ❞❛♥s ❧❡s ❞❡✉① ❝❤❛♣✐tr❡s s✉✐✈❛♥ts✱ ♥♦t❛♠♠❡♥t
♣♦✉r ❞é❝r✐r❡ ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳

✺✳✶ ❖♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇

▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t ❞❡s ♦♥❞❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s ❞♦♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s
❛ss♦❝✐é❡s s✉✐✈❡♥t ✉♥❡ éq✉❛t✐♦♥ ❧✐♥é❛✐r❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❡st
rés♦❧✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s s♦♥t ❡①♣r✐♠é❡s ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✳

✻✶



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✺✳✶✳✶ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ❡t r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥

❉❛♥s ✉♥ s♦✉❝✐ ❞❡ s✐♠♣❧✐❝✐té✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ s♦✉s ❧❡s ♠ê♠❡s ❤②♣♦t❤ès❡s
q✉❡ ❝❡❧❧❡s s✉♣♣♦sé❡s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✷✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ s✉r ❧❛ str✉❝t✉r❡
✐♥t❡r♥❡ ❞❡ ❧✬ét♦✐❧❡ à ❧✬éq✉✐❧✐❜r❡ ❡st ♥é❣❧✐❣é✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❡t ❝❡❧❧❡ ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧❛
✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♦♥❞❡s s♦♥t ❛✉ss✐ ♥é❣❧✐❣é❡s✱ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣
❡st ❝♦♥s✐❞éré❡✳ ❙❡✉❧❡ ❧✬❛❞✈❡❝t✐♦♥ ♣❛r ❧❛ r♦t❛t✐♦♥ ✭éq✉✐✈❛❧❡♥t❡ à ❧✬❡✛❡t ❉♦♣♣❧❡r✮ ❡st ❝♦♥s✐❞éré❡✳ ❉❡
♣❧✉s✱ ♦♥ ❝♦♥s✐❞èr❡ ✐❝✐ ❧❡ ré❣✐♠❡ ❞❡s ♦♥❞❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s✱ ❝✬❡st✲à✲❞✐r❡ σ̂2 ≪ S2

l ✱ ❛✈❡❝ σ̂ ❧❛
❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡✳

➱t❛♥t ❞♦♥♥é ❧❛ ♥❛t✉r❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❞❛♥s ❧❡ ❝❛s ♦ù σ̂2 ≪ S2
l ✱ ❝✬❡st✲à✲❞✐r❡ ❧à ♦ù σ̂2 = N2✱

✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥s✐❞ér❡r ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ s✉r ❧❛ ✈❛r✐❛❜❧❡ vl,m ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭✷✳✹✺✮ ❡t ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✷✳✹✼✮✳ ▲✬éq✉❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ❡st ❞♦♥❝ ❞♦♥♥é❡ ♣❛r

❞2vl,m
❞r2

+

(
N2

σ̂2
− 1

)
k2hvl,m = 0 ✱ ✭✺✳✶✮

❛✈❡❝ kh =
√
l(l + 1)/r ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❧♦❝❛❧✳ ❊♥ é❝r✐✈❛♥t ❊q✳ ✭✺✳✶✮✱

❧❡ t❡r♠❡ f(q1) ❛ été ♥é❣❧✐❣é ❞❛♥s ❊q✳ ✭✷✳✹✼✮✳ ❈❡❧❛ r❡✈✐❡♥t à s✉♣♣♦s❡r q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡st
❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ❧✬é❝❤❡❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ à ❧✬éq✉✐❧✐❜r❡✳
❊♥ ❞✬❛✉tr❡s ♠♦ts✱ s✉✐✈❛♥t ❊q✳ ✭✺✳✶✮✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ❝♦♥s✐❞ér❡r ❞❡ très ❜❛ss❡s ❢réq✉❡♥❝❡s✱ t❡❧❧❡s
q✉❡ σ̂2 ≪ N2✱ ♦✉ ❞❡ ❤❛✉ts ❞❡❣rés ❛♥❣✉❧❛✐r❡s✱ t❡❧s q✉❡ khr ≫ 1✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡
❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù σ̂2 ≪ N2 à tr❛✈❡rs ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❝♦♠♠❡ ❛tt❡♥❞✉ ❞✬❛♣rès
❧❡s ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✭✈♦✐r ❈❤❛♣✐tr❡ ✻✮✳ ❈❡❧❛ ❡st éq✉✐✈❛❧❡♥t à ❝♦♥s✐❞ér❡r ❧❛ ✈✐t❡ss❡ ❞✉
s♦♥ ❝♦♠♠❡ ét❛♥t ✐♥✜♥✐❡✳ ❆✐♥s✐✱ ❞❛♥s ❝❡ ré❣✐♠❡✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❝❡ q✉✬✉♥❡ ❜✉❧❧❡ ❞❡ ♠❛t✐èr❡
❞é♣❧❛❝é❡ ❞❡ s♦♥ ♣♦✐♥t ❞✬éq✉✐❧✐❜r❡ s✬❛❥✉st❡ q✉❛s✐ ✐♥st❛♥t❛♥é♠❡♥t à ❧❛ ♣r❡ss✐♦♥ ❞✉ ♠✐❧✐❡✉ ❛♠❜✐❛♥t✳

❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥✬❡st ❝❡♣❡♥❞❛♥t ♣❧✉s ✈❛❧✐❞❡ ♣r♦❝❤❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ✭♦ù σ̂2 = N2✮✱
✭✈♦✐r ❧❛ ❞✐s❝✉ss✐♦♥ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✷✳✷✮✳ ◆é❛♥♠♦✐♥s✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❡ ❣r❛❞✐❡♥t ❞❡s
q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts r❡st❡ à ♣❡✉ ♣rès ❝♦♥st❛♥t ❡t ❞❡ ❧✬♦r❞r❡
❞❡ 1/r ✭❡♥ s✉♣♣♦s❛♥t ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ ❧❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ s✉✐✈❡♥t ❞❡s ❧♦✐s
❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❧❡ r❛②♦♥✮✳ ❈❡❧❛ ❞♦✐t ❞♦♥❝ êtr❡ ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♦✉ ♣❧✉s ♣❡t✐t q✉❡
kh =

√
l(l + 1)/r✱ ❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡ ❧❡ t❡r♠❡ f(q1) ❛✐t ♣♦✉r ✉♥✐q✉❡ ❝♦♥séq✉❡♥❝❡ ✉♥ ❢❛✐❜❧❡ ❞é❝❛❧❛❣❡

❡♥tr❡ ❧❡ ♣♦✐♥t ♦ù k2r − f(q1) = 0 ❡t ❝❡❧✉✐ ♦ù k2r = 0✳ ❊♥ ❡✛❡t✱ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❧♦❝❛❧✐sé❡ ❛✉t♦✉r ❞✉
♣♦✐♥t t♦✉r♥❛♥t ✭✐✳❡✳✱ ❞✐s♦♥s ♣❧✉s ♣❡t✐t❡ q✉❡ 1/kh✮✱ k2r ♣♦ssè❞❡ ✉♥❡ ✈❛❧❡✉r ♣❧✉s ❣r❛♥❞❡ q✉❡ k

2
h✱ ❡t ❞♦♥❝

1/r2✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s très ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ❊♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧✬✐♠♣❛❝t ❞❡ ❝❡
❢❛❝t❡✉r ♣❡✉t ❞♦♥❝ êtr❡ ♥é❣❧✐❣é ❡t ❊q✳ ✭✺✳✶✮ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ❞é❝r✐r❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❛ss♦❝✐é❡s
à ❧✬♦♥❞❡ ❞❛♥s t♦✉t❡ ❧✬ét♦✐❧❡✳

P❛r ❝♦♥séq✉❡♥t✱ ❞✬❛♣rès ❊q✳ ✭✺✳✶✮✱ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❡st ❞♦♥♥é ❧♦❝❛❧❡♠❡♥t
♣❛r

kr(r, σ, l) =

(
N2

σ̂2
− 1

)1/2

kh ✳ ✭✺✳✷✮

▲✬éq✉❛t✐♦♥ ✭✺✳✷✮ r❡♣rés❡♥t❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ♣♦✉r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❈❡tt❡ ❞❡r✲
♥✐èr❡ ❛ss♦❝✐❡ ❧♦❝❛❧❡♠❡♥t à ✉♥❡ ♦♥❞❡ ❞❡ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ σ̂ ❡t ❞❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ kh
❞♦♥♥és✱ ✉♥ ✉♥✐q✉❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ✈❡rt✐❝❛❧ kr ✭❛✉ s✐❣♥❡ ♣rès✮✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù σ̂2 ≪ N2✱ ❧❡
✈❡❝t❡✉r ❞✬♦♥❞❡ ❡st ♣r❡sq✉❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t r❛❞✐❛❧✱ ❛✈❡❝ kr ≫ kh✳

✺✳✶✳✷ P❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ✐♥❝♦♠♣r❡ss✐❜✐❧✐té

▲✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ♣❡✉t êtr❡ rés♦❧✉❡ ❞❡ ❢❛ç♦♥ ❛ss❡③ s✐♠♣❧❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❏❲❑❇ ❞❛♥s ✉♥❡ ré❣✐♦♥
❛ss❡③ é❧♦✐❣♥é❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳ ❆ ❧❛ ♣❧❛❝❡ ❞✬✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞ér✐✈❛t✐♦♥ ♣rés❡♥té❡ ❞❛♥s ❧❛
❙❡❝t✐♦♥ ✷✳✷✳✷ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥✱ ♦♥ ♣ré❢èr❡ ✐❝✐ r❡♣r♦❞✉✐r❡ ❧❛ ❞ér✐✈❛t✐♦♥ ❞♦♥♥é❡ ❞❛♥s ❆❡rts
❡t ❛❧✳ ✭✷✵✶✵✮ q✉✐ ❡st ♠♦✐♥s t❡❝❤♥✐q✉❡ ❡t ♣❧✉s ✐♥t✉✐t✐✈❡✳ ▲❛ ✈❛r✐❛❜❧❡ vl,m ♣❡✉t êtr❡ ❢♦r♠❡❧❧❡♠❡♥t é❝r✐t❡
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✺✳✶✳ ❖♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇

❝♦♠♠❡ ❧❡ ♣r♦❞✉✐t ❞✬✉♥❡ ❛♠♣❧✐t✉❞❡ ❡t ❞✬✉♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ✈❛r✐❛♥t ♣❧✉s r❛♣✐❞❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❞❡
❧❛ ❢♦r♠❡

vl,m(r) = a(r) exp [iψ(r)] ✱ ✭✺✳✸✮

❛✈❡❝ ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥ dψ/dr ≫ d ln a/dr✳ ❊♥ ✐♥sér❛♥t ❊q✳ ✭✺✳✸✮ ❞❛♥s ❊q✳ ✭✺✳✶✮✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs
[
❞2a
❞r2

+ 2i
❞ψ
❞r

❞a
❞r

+ ia
❞2ψ
❞r2
−
(
❞ψ
❞r

)2

a

]
= −k2ra ✳ ✭✺✳✹✮

❊♥ r❡❣r♦✉♣❛♥t ❧❡s ❞✐✛ér❡♥ts t❡r♠❡s ♣❛r ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❡♥ dψ/dr✱ ♦♥ ♦❜t✐❡♥t
(
❞ψ
❞r

)2

= k2r ✭✺✳✺✮

−2a−1❞a
❞r

=

(
❞ψ
❞r

)−1 ❞2ψ
❞r2

✱ ✭✺✳✻✮

♦ù ❧❛ ❞ér✐✈é❡ s❡❝♦♥❞❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❛ été ♥é❣❧✐❣é❡ ❞❛♥s ❊q✳ ✭✺✳✹✮✳ ❋✐♥❛❧❡♠❡♥t✱ ❧✬❛♠♣❧✐t✉❞❡ ♣❡✉t
êtr❡ ❛♣♣r♦①✐♠é❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❝♦♠♣❧❡①❡ ♣rès✱ C✱ ♣❛r ❧✬❡①♣r❡ss✐♦♥ s✉✐✈❛♥t❡

a(r) ≈ C |kr|−1/2 ✳ ✭✺✳✼✮

❊♥ ✉t✐❧✐s❛♥t ❊qs✳ ✭✷✳✹✺✮✱ ✭✷✳✹✻✮ ❡t ✭✷✳✺✷✮ ❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡ t❡r♠❡ ❧✐é ❛✉ ❣r❛❞✐❡♥t ❞❡s q✉❛♥t✐tés à
❧✬éq✉✐❧✐❜r❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❧✐❡r vl,m ❛✉ ❞é♣❧❛❝❡♠❡♥t r❛❞✐❛❧ ▲❛❣r❛♥❣✐❡♥ ❛✐♥s✐ q✉✬à ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞❡ ♣r❡ss✐♦♥✳ ▲✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ✈✐t❡ss❡ r❛❞✐❛❧❡ ❛✐♥s✐ q✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡
♣r❡ss✐♦♥ s♦♥t ✜♥❛❧❡♠❡♥t é❣❛❧❡s à

v̂r,l,m ≈ iCρ−1/2r−3/2[l(l + 1)]1/4
∣∣∣∣
N2

σ̂2
− 1

∣∣∣∣
−1/4

exp

(
±i
∫ rt

r
krdr

)
✭✺✳✽✮

p̂′l,m ≈ ∓iCρ1/2r−1/2σ̂[l(l + 1)]−1/4

∣∣∣∣
N2

σ̂2
− 1

∣∣∣∣
1/4

exp

(
±i
∫ rt

r
krdr

)
✱ ✭✺✳✾✮

♦ù rt ❡st ❧❡ r❛②♦♥ ❞✉ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ ❡st ❛❧♦rs
❞♦♥♥é❡ ♣❛r

v̂h,l,m(r, σ) = i
p̂′l,m(r, σ)

ρrσ̂

≈ ±Cρ−1/2r−3/2[l(l + 1)]−1/4

∣∣∣∣
N2

σ̂2
− 1

∣∣∣∣
1/4

exp

(
±i
∫ rt

r
krdr

)
✳ ✭✺✳✶✵✮

❖♥ ✈♦✐t q✉❡ v̂h,l,m(r) ❡st ❞é♣❤❛sé ❞❡ π/2 ❛✈❡❝ p̂′l,m(r) ❡t v̂r,l,m(r)✳ ◆é❛♥♠♦✐♥s✱ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡
❡t ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ t♦t❛❧❡✱ ❛✐♥s✐ q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥ t♦t❛❧❡✱ s♦♥t
❜✐❡♥ ❡♥ ♣❤❛s❡✳ ❊♥ ❡✛❡t✱ ✐❧ ❢❛✉t s❡ s♦✉✈❡♥✐r q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é à ❧✬♦♥❞❡ ♣❡✉t êtr❡
❞é❝♦♠♣♦sé s✉✐✈❛♥t ✉♥❡ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❡t ♣♦❧♦ï❞❛❧❡ s✉r ❧❛ ❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s
✭✈♦✐r ❙❡❝t✐♦♥ ✷✳✶✳✸✳❝✮✱ ❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡

v̂r(~r, σ) =
∑

l,m

v̂r,l,m(r, σ) Y m
l (θ, φ) ✭✺✳✶✶✮

v̂h(~r, σ) =
∑

l,m

v̂h,l,m(r, σ) r~∇⊥Y
m
l (θ, φ) ✳ ✭✺✳✶✷✮

❈❡ ❞é♣❤❛s❛❣❡ ❞❡ π/2 ❡st ❞♦♥❝ ❝♦♠♣❡♥sé ♣❛r ❧❡ ❞é♣❤❛s❛❣❡ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ Yl,m ❡t ~∇⊥Yl,m✳ ▲❡s
♣❡rt✉r❜❛t✐♦♥s ❞❡ ✈✐t❡ss❡ ❡t ❞❡ ♣r❡ss✐♦♥ ❛ss♦❝✐é❡s ❛✉① ♦♥❞❡s s♦♥t ❞♦♥❝ ❜✐❡♥ ❡♥ ♣❤❛s❡ ✭❡✳❣✳✱ ▼✉r❛s❝❤❦♦
❡t ❛❧✳ ✷✵✶✺✱ ♣♦✉r ✉♥❡ ❞é♠♦♥str❛t✐♦♥ r✐❣♦✉r❡✉s❡✮✳
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❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ❞é♠♦♥tr❡r ✉♥ ♣r❡♠✐❡r rés✉❧t❛t
✐♥tér❡ss❛♥t s✉r ❧❡ ❝❛r❛❝tèr❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❈❡tt❡ ♣r♦♣r✐été ❡st r❡✲
♠❛rq✉❛❜❧❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t ❞❡ ❣r❛♥❞❡♠❡♥t s✐♠♣❧✐✜❡r ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧❛
♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ ♣❡✉t êtr❡ ♥é❣❧✐❣é❡ ♣❛r r❛♣♣♦rt à ❧❛ ✈❛r✐❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞✉❡
❛✉ ❞é♣❧❛❝❡♠❡♥t ❝❛r✱ ❞✬❛♣rès ❊qs✳ ✭✺✳✽✮ ❡t ✭✺✳✾✮✱ ♦♥ ❛

∣∣∣∣∣
p̂l,m

ξ̂r,l,m
❞p
❞r

∣∣∣∣∣ =
∣∣∣∣∣
p̂l,m

ρgξ̂r,l,m

∣∣∣∣∣ ≈
rσ̂2√
l(l + 1)g

∣∣∣∣
N2

σ̂2
− 1

∣∣∣∣
1/2

≈ σ̂

N
√
l(l + 1)

≪ 1 ✱ ✭✺✳✶✸✮

♦ù ❧✬❛♣♣r♦①✐♠❛t✐♦♥ N2 ∼ g/r ❛ été ✉t✐❧✐sé❡✳ ❖♥ r❡tr♦✉✈❡ ❞♦♥❝ ❜✐❡♥ q✉❡ ❧✬❤②♣♦t❤ès❡ ❞✬♦♥❞❡s à
❜❛ss❡s ❢réq✉❡♥❝❡s ✐♠♣♦s❡ ✉♥ ré❛❥✉st❡♠❡♥t q✉❛s✐ ✐♥st❛♥t❛♥é ❞❡ ❧❛ ♣r❡ss✐♦♥ ❡♥tr❡ ✉♥❡ ❜✉❧❧❡ ❞❡ ♠❛t✐èr❡
❞é♣❧❛❝é❡ ❞❡ s♦♥ ♣♦✐♥t ❞✬éq✉✐❧✐❜r❡ ❡t ❧❡ ♠✐❧✐❡✉ ❛♠❜✐❛♥t✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ❧✬♦♥t ♠♦♥tré ❉✐♥tr❛♥s ✫
❘✐❡✉t♦r❞ ✭✷✵✵✶✮✱ ❝❡❧❛ ✐♠♣❧✐q✉❡ ❛✉ss✐ q✉❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s s♦♥t ❛♥é❧❛st✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ ✈ér✐✜❛♥t ❞❛♥s
✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ~∇ · (ρ~v) ≈ 0✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ♣❡✉t
êtr❡ ♥é❣❧✐❣é❡ s✉r ✉♥❡ é❝❤❡❧❧❡ s♣❛t✐❛❧❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ♣❡✉✈❡♥t êtr❡
❝♦♥s✐❞éré❡s ❝♦♠♠❡ ✐♥❝♦♠♣r❡ss✐❜❧❡s✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té s✬é❝r✐t ❛❧♦rs

~∇ · ~v ≈ 0 ✳ ✭✺✳✶✹✮

❊♥ ✐♥❥❡❝t❛♥t ❊qs✳ ✭✺✳✶✶✮ ❡t ✭✺✳✶✷✮ ❞❛♥s ❊q✳ ✭✺✳✶✹✮ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦♣r✐étés ❞❡s ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t q✉❡❧s q✉❡ s♦✐❡♥t l ❡t m ❧✬é❣❛❧✐té

|krvr,l,m| ≈ |kh
√
l(l + 1)vh,l,m| ✳ ✭✺✳✶✺✮

❈❡tt❡ ❞❡r♥✐èr❡ é❣❛❧✐té ♣❡✉t êtr❡ r❡tr♦✉✈é❡ ❡♥ ❝❛❧❝✉❧❛♥t ❧❡ r❛♣♣♦rt ❞❡ ❧❛ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ s✉r ❧❛
✈✐t❡ss❡ r❛❞✐❛❧❡✳ ❊♥ ❡✛❡t✱ ❞✬❛♣rès ❊qs✳ ✭✺✳✽✮ ❡t ✭✺✳✶✵✮✱ ❝❡ r❛♣♣♦rt ✈❛✉t ✜♥❛❧❡♠❡♥t

∣∣∣∣∣

√
l(l + 1)vh,lm
vr,l,m

∣∣∣∣∣ ≈
∣∣∣∣
N2

σ̂2
− 1

∣∣∣∣
1/2

≫ 1 ✳ ✭✺✳✶✻✮

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ✈❡❝t❡✉r ❞✬♦♥❞❡✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ✈❡❝t❡✉r ✈✐t❡ss❡ ❛ss♦❝✐é ❛✉① ♦♥❞❡s
❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✈❡rt✐❝❛❧❡ ét❛♥t ❞♦♥♥é q✉❡ σ2 ≫ N2 ♣❛r ❤②♣♦t❤ès❡
❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❈❡❝✐ ♠❡t ❡♥ ❡①❡r❣✉❡ ❧❡ ❝❛r❛❝tèr❡ tr❛♥s✈❡rs❛❧ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳
❈❡❧❛ ❡st éq✉✐✈❛❧❡♥t ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❧❛♥❡s à é❝r✐r❡ ~∇ · ~v = 0 ⇔ ~k · ~v = 0✳ ❈❡tt❡
♣r♦♣r✐été ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ q✉✐ ❡st ❡❧❧❡✲♠ê♠❡ ❧❡ rés✉❧t❛t
❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡s très ❜❛ss❡s ❢réq✉❡♥❝❡s s✉✐✈❛♥t ❊q✳ ✭✺✳✶✸✮✳

P♦✉r ✜♥✐r✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬❛♥é❧❛st✐❝✐té ♦✉ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té✱
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡st ♥❛t✉r❡❧❧❡♠❡♥t ❥✉st✐✜é❡✳ ❊♥ ❡✛❡t✱ ❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✭✷✵✵✶✮ ♦♥t
♠♦♥tré q✉❡ ❞❛♥s ❝❡ ❝❛s✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é ❛✉① ♦♥❞❡s ❡st t♦t❛❧❡♠❡♥t
❞é❝♦✉♣❧é❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥✳ ▲✬❡✛❡t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ s✉r ❧❡s
♦♥❞❡s r❡st❡ ❞♦♥❝ ♥é❣❧✐❣❡❛❜❧❡✳

❊♥ rés✉♠é✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t ❞❡s ♦♥❞❡s ❞✐s♣❡rs✐✈❡s✱ ❝✬❡st✲à✲❞✐r❡ s✉✐✈❛♥t ✉♥❡ ❧♦✐ ❞✉
t②♣❡ σ(~k)✱ à très ❜❛ss❡s ❢réq✉❡♥❝❡s ✭✐✳❡✳✱ t❡❧❧❡s q✉❡ σ̂ ≪ N2 ❡t S2

l ✮ s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ❧❡s ③♦♥❡s
r❛❞✐❛t✐✈❡s✳ ❊❧❧❡s s♦♥t ❞❡ ♣❧✉s ✐♥❝♦♠♣r❡ss✐❜❧❡s ❡t tr❛♥s✈❡rs❛❧❡s✳

✺✳✷ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

▲✬❛♥❛❧②s❡ ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❛ ♣❡r♠✐s ❞❡ r❡♠♦♥t❡r à ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❡t ❞❡ ♠♦♥tr❡r
❧❡ ❝❛r❛❝tèr❡ tr❛♥s✈❡rs❛❧ ❡t ✐♥❝♦♠♣r❡ss✐❜❧❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ◆é❛♥♠♦✐♥s✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡
s❡ ❢❛✐r❡ ✉♥❡ ✐❞é❡ ❞❡ ❧❛ ❢❛ç♦♥ ❞♦♥t s❡ ♣r♦♣❛❣❡♥t ❝❡s ♦♥❞❡s ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❛✈❡❝ ❝❡s s❡✉❧❡s ✐♥❢♦r♠❛t✐♦♥s✳
❯♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞❡ ré♣♦♥❞r❡ à ❝❡tt❡ q✉❡st✐♦♥ ♣❛ss❡ ♣❛r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✱
❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✬✉♥❡ ♦♥❞❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❧❛ ♥♦t✐♦♥
❞❡ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❡st ❞✬❛❜♦r❞ ✐♥tr♦❞✉✐t❡ ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ❡♥ s✬✐♥s♣✐r❛♥t ❧❛r❣❡♠❡♥t ❞✉ tr❛✈❛✐❧
❞❡ ▲✐❣❤t❤✐❧❧ ✭✶✾✼✽✮✳ ❊❧❧❡ ♥♦✉s ♣❡r♠❡ttr❛ ❡♥s✉✐t❡ ❞❡ ❞✐s❝✉t❡r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳

✻✹



✺✳✷✳ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✺✳✷✳✶ ◆♦t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡

✺✳✷✳✶✳❛ Pr❡♠✐èr❡ ❛♣♣r♦❝❤❡ à ❞❡✉① ♦♥❞❡s ♣❧❛♥❡s ♠♦♥♦❝❤r♦♠❛t✐q✉❡s

❈♦♥s✐❞ér♦♥s ❞❡✉① ♦♥❞❡s s✐♥✉s♦ï❞❛❧❡s s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ s✉✐✈❛♥t ❧❛ ❝♦♦r❞♦♥♥é❡ z✱
❞❡ ♠ê♠❡ ❛♠♣❧✐t✉❞❡ a ❡t ❞❡ ♥♦♠❜r❡s ❞✬♦♥❞❡ k1 ❡t k2 ❛ss❡③ ♣r♦❝❤❡s✳ ▲❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ❝❡s ❞❡✉①
❝♦♠♣♦s❛♥t❡s ❡st é❣❛❧❡ à

a cos(σ1t− k1z) + a cos(σ2t− k2z) = {2a cos (δσ t− δk z)} cos
(
σ̄t− k̄z

)
✱ ✭✺✳✶✼✮

❛✈❡❝ δσ = (σ1 − σ2)/2✱ δk = (k1 − k2)/2✱ σ̄ = (σ1 + σ2)/2 ❡t k̄ = (k1 + k2)/2✳ ▲❛ s✉♣❡r♣♦s✐t✐♦♥
♣r❡♥❞ ❛❧♦rs ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♦s❝✐❧❧❛t✐♦♥ r❛♣✐❞❡ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❞✬♦♥❞❡ k̄ ≈ k1 ≈ k2 ❡t ✉♥❡ ❢réq✉❡♥❝❡
σ̄ ≈ σ1 ≈ σ2✱ ❞♦♥t ❧✬❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡ ✭t❡r♠❡ ❡♥tr❡ ❛❝❝♦❧❛❞❡✮ ✈❛r✐❡ s✉r ❞❡s é❝❤❡❧❧❡s s♣❛t✐❛❧❡ ❡t
t❡♠♣♦r❡❧❧❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡s✱ ❝✬❡st✲à✲❞✐r❡ 1/δk ≫ 1/k̄ ❡t 1/δσ ≫ 1/σ̄ r❡s♣❡❝t✐✈❡♠❡♥t ✭✈♦✐r
❋✐❣✉r❡ ✺✳✶✮✳ ▲✬❡♥✈❡❧♦♣♣❡ ❞❡ ❝❡ ♣❛q✉❡t ❞✬♦♥❞❡ s❡ ♣r♦♣❛❣❡ à ❧❛ ✈✐t❡ss❡

Venv =
δσ

δk
✱ ✭✺✳✶✽✮

❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉✬✉♥ ♣♦✐♥t ♠♦❜✐❧❡ ✈ér✐✜❛♥t à ❝❤❛q✉❡ ✐♥st❛♥t

z

t
= Venv ✭✺✳✶✾✮

✈♦✐t ✉♥❡ ❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡ ❝♦♥st❛♥t❡ ❧❡ ❧♦♥❣ ❞❡ s♦♥ tr❛❥❡t ❡t é❣❛❧❡ à 2a✳ ❖♥ ♣❡✉t ❞♦♥❝ ❡♥ ❞é❞✉✐r❡
q✉❡ ❧✬é♥❡r❣✐❡ ❞✉ s②stè♠❡ ❝♦♥st✐t✉é ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s s✐♥✉s♦ï❞❛❧❡s✱ q✉✐ ❡st
♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❛✉ ❝❛rré s✉r ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✱ s❡ ♣r♦♣❛❣❡ à
❧❛ ✈✐t❡ss❡ Venv✳ ❉❡ ♣❧✉s✱ ✉♥ ♣♦✐♥t t❡❧ q✉❡ z/t = Venv ✈♦✐t ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s ♠♦♥♦❝❤r♦♠❛t✐q✉❡s
❡♥ ♣❤❛s❡ ❡t ✐♥t❡r❢ér❡r ❝♦♥str✉❝t✐✈❡♠❡♥t à t♦✉t ✐♥st❛♥t✳ ❊♥ ❡✛❡t✱ ♣♦✉r ✉♥ t❡❧ ♣♦✐♥t✱ ♦♥ ❛

σ1t− k1z = σ2t− k2z = (k1σ2 − σ1k2)t/(k1 − k2) ✳ ✭✺✳✷✵✮

❈❡tt❡ s✐♠♣❧❡ ❛♥❛❧②s❡ ❛♠è♥❡ ❞♦♥❝ à ❧✬✐❞é❡ q✉❡ ❧✬é♥❡r❣✐❡ ❞✬✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ s❡ ♣r♦♣❛❣❡ à ❧❛ ♠ê♠❡
✈✐t❡ss❡ q✉✬✉♥ ♣♦✐♥t ♣♦✉r ❧❡q✉❡❧ ❧❛ ♣❤❛s❡ ❡st st❛t✐♦♥♥❛✐r❡ ♣❛r r❛♣♣♦rt à ❧❛ ❢réq✉❡♥❝❡ ❡t ❛✉ ♥♦♠❜r❡
❞✬♦♥❞❡✳ ❈❡❧❛ ❞♦♥♥❡ ❛❧♦rs ✉♥❡ ♣r❡♠✐èr❡ ❞é✜♥✐t✐♦♥ ♣♦✉r ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳

✺✳✷✳✶✳❜ ❙♣❡❝tr❡ ❝♦♥t✐♥✉ ❡t tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r

▲❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ ❝❛s ♣ré❝é❞❡♥t à ✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ ❛✉ s♣❡❝tr❡ ❝♦♥t✐♥✉ ❡st ♣♦ss✐❜❧❡ ❡♥ ♣❛ss❛♥t
♣❛r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ s♦✉s ❢♦r♠❡ ❞✬✐♥té❣r❛❧❡ ❞❡ ❋♦✉r✐❡r✳ ❙♦✐t ~ζ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é à ✉♥❡
♦♥❞❡✳ ❈❡❧✉✐✲❝✐ ♣❡✉t ❢♦r♠❡❧❧❡♠❡♥t s✬❡①♣r✐♠❡r s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ✐♥té❣r❛❧❡ ❞❡ ❋♦✉r✐❡r✱ ❝✬❡st✲à✲❞✐r❡

~ζ(~r, t) =

∫∫∫∫
~̂ζ(~k, σ) exp

[
i
(
σt− ~k · ~r

)]
dσd3~k ✳ ✭✺✳✷✶✮

❖♥ s✉♣♣♦s❡ ❛❧♦rs q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❡t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ s♦♥t r❡❧✐és ♣❛r ✉♥❡ r❡❧❛t✐♦♥ ❞❡
❞✐s♣❡rs✐♦♥✱ σ = σ(~k)✳ ❖♥ s✉♣♣♦s❡ ❛✉ss✐ q✉❡ ♣♦✉r t♦✉t❡ ✈❛❧❡✉r ❞❡ ~k ♥❡ ❝♦rr❡s♣♦♥❞❡ q✉✬✉♥❡ s❡✉❧❡
✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ σ✳ ▲✬éq✉❛t✐♦♥ ✭✺✳✷✶✮ ♣❡✉t ❛❧♦rs êtr❡ réé❝r✐t❡ ❝♦♠♠❡

~ζ(~r, t) =

∫∫∫
d3~k

(∫ +∞

∞
~̂ζ(~k)δ(σ − σ(~k)) exp

[
i
(
σ(~k)t− ~k · ~r

)]
dσ

)

=

∫∫∫
~̂ζ(~k) exp

[
i
(
σ(~k)t− ~k · ~r

)]
d3~k ✱ ✭✺✳✷✷✮

♦ù ❧✬♦♥ ❛ ♣♦sé ~̂ζ(~k, σ) = ~̂ζ(~k)δ(σ − σ(~k))✱ ❛✈❡❝ δ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❉✐r❛❝✳ ❉é❝♦✉♣♦♥s ❛❧♦rs ❧✬❡s♣❛❝❡ ❞❡s
✈❡❝t❡✉rs ❞✬♦♥❞❡ ❡♥ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❡t✐ts ✈♦❧✉♠❡s ④∆~ki⑥ ❛✉t♦✉r ❞❡ ✈❛❧❡✉rs ❞✐s❝rèt❡s ④~ki⑥ ❞❡ t❡❧❧❡

✻✺



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐❣✉r❡ ✺✳✶✿ P❛q✉❡t ❞✬♦♥❞❡ ❝♦♥st✐t✉é ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ♦s❝✐❧❧❛♥t r❛♣✐❞❡♠❡♥t ❞❛♥s ✉♥❡ ❡♥✈❡❧♦♣♣❡ ✈❛r✐❛♥t ♣❧✉s
❧❡♥t❡♠❡♥t✳

❢❛ç♦♥ q✉❡ ~̂ζ(~k) s♦✐t à ♣❡✉ ♣rès ❝♦♥st❛♥t ❡t é❣❛❧ à ~̂ζ(~ki) ❞❛♥s ❞❡ t❡❧s ❝✉❜❡s✳ ❙♦✉s ❝❡tt❡ ❤②♣♦t❤ès❡✱ ♦♥
♦❜t✐❡♥t ❛❧♦rs ♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡

~ζ(~r, t) ≈
+∞∑

i=−∞

∫∫∫

∆~ki

~̂ζ(~ki) exp
[
i
(
σ(~ki + δ~k)t− (~ki + δ~k) · ~r

)]
d3(δ~k)

≈
+∞∑

i=−∞

~̂ζ(~ki) exp
[
i
(
σ(~ki)t− ~ki · ~r

)] ∫∫∫

∆~ki

exp
[
iδ~k ·

(
t~∇σ(~ki)− ~r

)](
1 + o(δ~k)

)
d3(δ~k)

≈
+∞∑

i=−∞

~̂ζ(~ki) exp
[
i
(
σ(~ki)t− ~ki · ~r

)]
|∆~ki|

︸ ︷︷ ︸
❖♥❞❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡

× A
(
~Vg(~ki)t− ~r

)

︸ ︷︷ ︸
▼♦❞✉❧❛t✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡

✱ ✭✺✳✷✸✮

♦ù ~Vg = ~∇~k
σ ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✱ ❛✈❡❝ ~∇~k

❧✬♦♣ér❛t❡✉r ♥❛❜❧❛ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡✳
P♦✉r t♦✉t❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❝♦♠♣r✐s❡s ❞❛♥s ✉♥ ♣❡t✐t ✈♦❧✉♠❡ ④∆~ki⑥ ❛✉t♦✉r ❞✬✉♥❡
✈❛❧❡✉r ~ki✱ ❧❡✉r s✉♣❡r♣♦s✐t✐♦♥ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞✬✉♥ ♣r♦❞✉✐t ❞✬✉♥❡ ♦♥❞❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡ ❞❡ ♥♦♠❜r❡
❞✬♦♥❞❡ ~ki ❛✈❡❝ ✉♥❡ ❡♥✈❡❧♦♣♣❡ A s❡ ♣r♦♣❛❣❡❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✱ ❞❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ à ❧❛
s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ❞❡✉① ♦♥❞❡s ♠♦♥♦❝❤r♦♠❛t✐q✉❡s ❞❡ ♥♦♠❜r❡s ❞✬♦♥❞❡ très ♣r♦❝❤❡s✳ ▲✬é♥❡r❣✐❡ ❝♦♥t❡♥✉❡
❞❛♥s ❝❤❛q✉❡ ♣❡t✐t ✈♦❧✉♠❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ④∆~ki⑥ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ♠♦②❡♥♥❡
❞✉ ❝❛rré ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❡t s❡ ♣r♦♣❛❣❡ ❞♦♥❝ à ❧❛ ✈✐t❡ss❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✱ ❝✬❡st✲à✲❞✐r❡
à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳

✺✳✷✳✶✳❝ ❈♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✬✉♥ ♣❛q✉❡t ❞✬♦♥❞❡

▲❡s ❛♣♣r♦❝❤❡s ♣ré❝é❞❡♥t❡s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♠♣r❡♥❞r❡ ✏❛✈❡❝ ❧❡s ♠❛✐♥s✑ ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❞❡ ❧❛
✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳ ❊❧❧❡ ♥❡ ❢♦✉r♥✐t ♣❛s ♥é❛♥♠♦✐♥s ❞❡ ❞é♠♦♥str❛t✐♦♥ r✐❣♦✉r❡✉s❡✳ ❯♥❡ ♣r❡✉✈❡ ♠❛t❤é✲
♠❛t✐q✉❡ ❡st ❞♦♥♥é❡ ♣❛r ▲✐❣❤t❤✐❧❧ ✭✶✾✼✽✮✳ ❈❡❧❧❡✲❝✐ ❢❛✐t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛♣♣❡❧ ❛✉ t❤é♦rè♠❡ ✐♥té❣r❛❧
❞❡ ❈❛✉❝❤②✳ ❖♥ ♣r♦♣♦s❡ ✐❝✐ ❞❡ r❡♣r♦❞✉✐r❡ s❛ ❞é♠♦♥str❛t✐♦♥✳ P♦✉r s✐♠♣❧✐✜❡r✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡
❝❛s ❞✬✉♥❡ ♦♥❞❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❛✈❡❝ ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ σ(k)✱ ❛✈❡❝ σ ❧❛ ❢réq✉❡♥❝❡ ❡t k ❧❡
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✺✳✷✳ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

♥♦♠❜r❡ ❞✬♦♥❞❡✱ s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣è♥❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ x✳ ▲❡
rés✉❧t❛t ❞❡ ❝❡tt❡ ❛♥❛❧②s❡ ♥✬❡st ♣❛s r❡str✐❝t✐❢ à ❝❡ s❡✉❧ ❝❛s ❡t ❡st ❣é♥ér❛❧✐s❛❜❧❡ à ✉♥❡ ♦♥❞❡ tr✐❞✐♠❡♥✲
s✐♦♥♥❡❧❧❡ ❞❛♥s ✉♥ ♠✐❧✐❡✉ ♥♦♥✲❤♦♠♦❣è♥❡ ✭✈♦✐r ▲✐❣❤t❤✐❧❧ ✶✾✼✽✱ ♣♦✉r ❧❡s ❞ét❛✐❧s✮✳ P♦✉r ❝♦♠♠❡♥❝❡r✱
❧❛ ✈✐t❡ss❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é❡ à ✉♥❡ t❡❧❧❡ ♣❡rt✉r❜❛t✐♦♥ ♣❡✉t s✬❡①♣r✐♠❡r s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡
✐♥té❣r❛❧❡ ❞❡ ❋♦✉r✐❡r

ζ(x, t) =

∫ +∞

−∞
F (k) exp [i (σ(k)t− kx)] dk ✱ ✭✺✳✷✹✮

♦ù F (k) ❡st ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡ ζ✳ ❖♥ s♦✉❤❛✐t❡ ❝♦♥♥❛îtr❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t é♥❡r❣ét✐q✉❡ ❞❡
❧✬♦♥❞❡ q✉❛♥❞ t ❞❡✈✐❡♥t très ❣r❛♥❞✳ ❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧✬é♥❡r❣✐❡ ❞✬✉♥❡ ♦♥❞❡ ❡♥ ✉♥ ♣♦✐♥t x ❡t ❡♥ ✉♥
✐♥st❛♥t t ♣❡✉t s✬é❝r✐r❡

Ew(x, t) = ρ(x)ζ(x, t)2 = ρ(x)

∣∣∣∣
∫ +∞

−∞
F (k) exp [itψ(k;x, t)] dk

∣∣∣∣
2

✱ ✭✺✳✷✺✮

♦ù ρ ❡st ❧❛ ❞❡♥s✐té ❞✉ ♠✐❧✐❡✉ ❡t ψ ❡st ✉♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ❞é✜♥✐ ♣❛r

ψ(k;x, t) = σ(k)− kx
t
✳ ✭✺✳✷✻✮

▲❛ ❞é♠♦♥str❛t✐♦♥ ❢❛✐t ❛❧♦rs ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ σ(k) ❡t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡
❋♦✉r✐❡r F (k) s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❛♥❛❧②t✐q✉❡s ✭✐✳❡✳✱ ❞ér✐✈❛❜❧❡s ❞❛♥s ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡✮ ✶✳ ❆✐♥s✐✱ ❧✬✐♥té✲
❣r❛♥❞❡ ❞❛♥s ❊q✳ ✭✺✳✷✹✮ ❡st ❛✉ss✐ ❛♥❛❧②t✐q✉❡ ❡t ❧❡ t❤é♦rè♠❡ ✐♥té❣r❛❧❡ ❞❡ ❈❛✉❝❤② ❡st ❛♣♣❧✐❝❛❜❧❡ ♣♦✉r
❡st✐♠❡r ❧✬✐♥té❣r❛❧❡✳ ❈❡ t❤é♦rè♠❡ st✐♣✉❧❡ q✉❡ ❧✬✐♥té❣r❛❧❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❛♥❛❧②t✐q✉❡ s✉r t♦✉t ❝❤❡♠✐♥
❢❡r♠é ❞❛♥s s♦♥ ❡♥s❡♠❜❧❡ ❞❡ ❞é✜♥✐t✐♦♥ ❡st ♥✉❧❧❡✳ ❈♦♠♠❡ ❞❡ ♣❧✉s F (k) ❡st ♣❛r ❞é✜♥✐t✐♦♥ ✐♥té❣r❛❜❧❡
❡t ❞♦♥❝ t❡♥❞ ✈❡rs ✵ ♣❧✉s ✈✐t❡ q✉❡ 1/|k| q✉❛♥❞ k t❡♥❞ ✈❡rs ±∞✱ ❝❡ t❤é♦rè♠❡ ♥♦✉s ❛✉t♦r✐s❡ à ❝❤❛♥❣❡r
❧❡ ❝❤❡♠✐♥ ❞✬✐♥té❣r❛t✐♦♥ ❞❡ ❧✬❛①❡ ❞❡s k ré❡❧s à ✉♥ ❛①❡ tr❛♥s❧❛té ❞✬✉♥❡ ♣❡t✐t❡ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡ iδ(k)✱
q✉✐ ♣❡✉t ❞é♣❡♥❞r❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ k✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs
∫ +∞

−∞
F (k) exp[itψ(k)]dk = −

∫ +∞

−∞
F (k + iδ) exp[itψ(k + iδ)]d(k + iδ) ✭✺✳✷✼✮

≈ −
∫ +∞

−∞
F (k) exp

[
itψ(k)− tψ′(k)δ +O(tδ2)

]
{1 +O(δ)}dk ✱ ✭✺✳✷✽✮

♦ù ❧❛ ❞❡✉①✐è♠❡ é❣❛❧✐té ❛ été ♦❜t❡♥✉❡ ♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ δ✳ ◆♦✉s
❛❧❧♦♥s ✈♦✐r q✉✬✉♥❡ t❡❧❧❡ é❝r✐t✉r❡ ♣❡r♠❡t ❞✬❡st✐♠❡r ❊q✳ ✭✺✳✷✺✮ ❧♦rsq✉❡ t→ +∞ à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t✱ ❡♥
❝❤♦✐s✐ss❛♥t ❞❡ ❢❛ç♦♥ ❛st✉❝✐❡✉s❡ ❧❛ ✈❛❧❡✉r ❞❡ δ✳ ❘❛✐s♦♥♥♦♥s à x/t ❞♦♥♥é✳ ❈♦♥s✐❞ér♦♥s ❞✬❛❜♦r❞ t♦✉t
✐♥t❡r✈❛❧❧❡ ré❡❧ I = [k1, k2] t❡❧s q✉❡ ✿

✶✳ ψ(k) ❡st ♠♦♥♦t♦♥❡ s✉r ❝❡t ✐♥t❡r✈❛❧❧❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ t♦✉s ♣♦✐♥ts st❛t✐♦♥♥❛✐r❡s✱ ❝✬❡st✲à✲❞✐r❡
♦ù ψ′(k) = 0✱ ❡♥ s♦♥t ❡①❝❧✉s✳

✷✳ k1 ❡t k2 s♦♥t ❛ss❡③ é❧♦✐❣♥és ❞❡s ♣♦✐♥ts st❛t✐♦♥♥❛✐r❡s✳

❖♥ ✈❡✉t δ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ψ′(k)δ(k) > 0 ❡t q✉❡ ❧✬✐♥té❣r❛♥❞❡ ❞❡✈✐❡♥♥❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ♣❡t✐t❡
q✉❛♥❞ t t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ P♦✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ❝❡ t②♣❡✱ ♦♥ ♣❡✉t ❝❤♦✐s✐r δ = ǫ/ψ′(k) ❛✈❡❝ ǫ ✉♥❡
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ t❡❧❧❡ q✉❡ δ r❡st❡ ❛ss❡③ ♣❡t✐t ♣♦✉r q✉✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❛✉ ♣r❡♠✐❡r ♦r❞r❡ r❡st❡
✈❛❧✐❞❡ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡✳ ❖♥ ❛ ❛❧♦rs s✉r ❝❡ t②♣❡ ✐♥t❡r✈❛❧❧❡

∣∣∣∣
∫

I
F (k) exp [itψ(k;x, t)] dk

∣∣∣∣
2

≤ exp [−tǫ]
∫

I
|F (k)|2 dk. ✭✺✳✷✾✮

❆s②♠♣t♦t✐q✉❡♠❡♥t✱ q✉❛♥❞ t → +∞✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ♥♦♠❜r❡s ❞✬♦♥❞❡ k ∈ I
à ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❞✐♠✐♥✉❡ ❞❡ ❢❛ç♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ à x/t ❝♦♥st❛♥t✳ ❙✬✐❧ ♥✬② ❛ ♣❛s ❞❡ tr❛♥s❢❡rt

✶✳ ▲❛ ❞❡✉①✐è♠❡ ❝♦♥❞✐t✐♦♥ ❡st ❢❛❝✐❧❡♠❡♥t ré❛❧✐s❛❜❧❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ✐♥✐t✐❛❧❡ ❡st ❧♦❝❛❧✐sé❡ s♣❛t✐❛✲
❧❡♠❡♥t✳

✻✼



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❞✬é♥❡r❣✐❡ ❞✬✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧✬♦♥❞❡ à ✉♥❡ ❛✉tr❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s s✐ ❧✬♦♥❞❡
s✉✐t ✉♥❡ éq✉❛t✐♦♥ ❧✐♥é❛✐r❡ à ❝♦❡✣❝✐❡♥ts ❝♦♥st❛♥ts ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s✱ ❝❡❧❛ s✬❛♣♣❧✐q✉❡ q✉❡❧ q✉❡
s♦✐t ❧✬✐♥st❛♥t t✳ ▲❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❧✬♦♥❞❡ ❞❛♥s ✉♥ t❡❧ ✐♥t❡r✈❛❧❧❡ ✐♥t❡r❢èr❡♥t ❞❡str✉❝t✐✈❡♠❡♥t ❡t ♥❡
❝♦♥tr✐❜✉❡♥t ❞♦♥❝ ♣❛s à ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ♣♦✉r ❝❡tt❡ ✈❛❧❡✉r ❞❡ x/t✳

❘❡❣❛r❞♦♥s ♠❛✐♥t❡♥❛♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ à ❧✬✐♥té❣r❛❧❡ ❞✬✉♥ ✐♥t❡r✈❛❧❧❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✬✉♥ ♣♦✐♥t st❛✲
t✐♦♥♥❛✐r❡ k0✱ ❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡ ψ′(k0) = σ′(k0)−x/t = 0✳ ❈❡❧❧❡✲❝✐ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥ ❝❤♦✐s✐ss❛♥t
✉♥ ❝❤❡♠✐♥ ❞✬✐♥té❣r❛t✐♦♥ L ❞❡ t❡❧❧❡ ♠❛♥✐èr❡ q✉❡

k − k0 = s exp
[
i
π

4
sgn(ψ′′(k0))

]
✱ ✭✺✳✸✵✮

♦ù s❣♥✭✮ ❡st ❧❛ ❢♦♥❝t✐♦♥ s✐❣♥❡✳ ❖♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ s ❡st ✉♥ ré❡❧ ❛ss❡③ ♣❡t✐t ♣♦✉r q✉✬✉♥ ❞é✈❡✲
❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ s❡❝♦♥❞ ♦r❞r❡ s✉r ❝❡ ❝❤❡♠✐♥ ❞✬✐♥té❣r❛t✐♦♥ s♦✐t ✈❛❧❛❜❧❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛❜♦✉t✐r
à

exp[itψ(k)] = exp

[
itψ(k0)−

1

2
ts2|ψ′′(k0)|+O(its3)

]
✳ ✭✺✳✸✶✮

▲✬✐♥té❣r❛❧❡ s✉r ❝❡ ❝❤❡♠✐♥ ❞❡✈✐❡♥t ❛❧♦rs
∫

L
(F (k0) +O(s)) exp

[
itψ(k0)−

1

2
ts2|ψ′′(k0)|+ i

π

4
sgn(ψ′′(k0))

]
(1 +O(ts3))ds ✳ ✭✺✳✸✷✮

❖♥ ❡st✐♠❡ ❝❡tt❡ ✐♥té❣r❛❧❡ ❡♥ é❧❛r❣✐ss❛♥t ❧❡s ❜♦r♥❡s ❞❡ −∞ à +∞✳ ▲✬❡rr❡✉r ❢❛✐t❡ ❡st ♥é❣❧✐❣❡❛❜❧❡
♣✉✐sq✉❡ ❛✉① ❜♦r♥❡s ❞✉ ❝❤❡♠✐♥ L✱ ❧✬✐♥té❣r❛❧❡ ❡st ❞é❥à ❞❡ ❧✬♦r❞r❡ ❞❡ exp[−tǫ] ≪ 1 q✉❛♥❞ t → +∞✳
▲✬✐♥té❣r❛❧❡ ❞❡ ●❛✉ss ❞♦♥♥❡ ❛❧♦rs

∫ +∞

−∞
exp

[
−1

2
ts2|ψ′′(k0)|

]
ds =

(
2π

t|ψ′′(k0)|

)1/2

✳ ✭✺✳✸✸✮

❉❡ ♣❧✉s✱ ❧❡s ❝♦rr❡❝t✐♦♥s ❞✬♦r❞r❡ O(s) ❡t O(ts3) ❞♦♥♥❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❞❡s ❝♦♥tr✐❜✉t✐♦♥s à ❧✬♦r❞r❡
t−1✳ ▲✬éq✉❛t✐♦♥ ✭✺✳✸✷✮ ❡st ❛❧♦rs ❡♥✈✐r♦♥ é❣❛❧❡ à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t q✉❛♥❞ t→ +∞ à

F (k0)

(
2π

t|ψ′′(k0)|

)1/2

exp
[
itψ(k0) + i

π

4
sgn(ψ′′(k0))

]
✳ ✭✺✳✸✹✮

❈❤❛q✉❡ ♣♦✐♥t st❛t✐♦♥♥❛✐r❡ {kn} t❡❧ q✉❡ σ′(kn) = x/t ❞♦♥♥❡ ✉♥❡ t❡❧❧❡ ❝♦♥tr✐❜✉t✐♦♥ ❛s②♠♣t♦t✐q✉❡
à ❧✬✐♥té❣r❛❧❡✳ ▲✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❊q✳ ✭✺✳✷✺✮ à x/t ❞♦♥♥é ❡st ❞♦♥❝ é❣❛❧❡ à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t✱ ❡♥
♥é❣❧✐❣❡❛♥t ❡♥ ♠♦②❡♥♥❡ ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❡♥tr❡ ❝❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s✱ à

Ew(x, t) ≈ ρ(x)
∑

n

|F (kn)|2
(

2π

t|ψ′′(kn)|

)
✱ ✭✺✳✸✺✮

❡t ❡st ❞♦♥❝ ❞♦♠✐♥é❡ ♣❛r ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ♣♦✐♥ts st❛t✐♦♥♥❛✐r❡s q✉❛♥❞ t→ +∞✳ ❈❡s ♣♦✐♥ts ✈ér✐✜❡♥t

σ′(kn) =
x

t
=
∂σ

∂k
(kn) = Vg(kn) ✱ ✭✺✳✸✻✮

❡t s❡ ♣r♦♣❛❣❡♥t ❞♦♥❝ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳
P♦✉r ✜♥✐r✱ ✐❧ r❡st❡ à s❡ ❝♦♥✈❛✐♥❝r❡ q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✬✉♥ t❡❧ ♣❛q✉❡t ❞✬♦♥❞❡

q✉❛♥❞ t→ +∞ ❡st ❡♥ ❢❛✐t ✈❛❧✐❞❡ à ♥✬✐♠♣♦rt❡ q✉❡❧ ✐♥st❛♥t t✳ ❊♥ ❡✛❡t✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬éq✉❛t✐♦♥
❞✬♦♥❞❡ ❡st ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ à ❝♦❡✣❝✐❡♥ts ❝♦♥st❛♥ts ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s✱ ❧❡
s②stè♠❡ ❡st ✐♥✈❛r✐❛♥t ♣❛r ❝❤❛♥❣❡♠❡♥t ❞❡ ❧✬♦r✐❣✐♥❡ ❞✉ t❡♠♣s ❡t ✐❧ ♥✬② ❛ ♣❛s ❞✬é❝❤❛♥❣❡ ❞✬é♥❡r❣✐❡ ❡♥tr❡
❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s s♣❡❝tr❛❧❡s ❞❡ ❧✬♦♥❞❡✳ ❈❡❧❛ r❡st❡ ❞♦♥❝ ✈r❛✐ q✉❡❧ q✉❡ s♦✐t ❧✬✐♥st❛♥t t✳ ▲❡
❞❡r♥✐❡r ❢❛❝t❡✉r ❡♥tr❡ ♣❛r❡♥t❤ès❡s ❞❛♥s ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✺✳✸✺✮ ❝♦rr❡s♣♦♥❞ ❛✉ ❢❛❝t❡✉r ❞❡
❞✐❧✉t✐♦♥ ❞✉ ♣❛q✉❡t ❞✬♦♥❞❡ ❛✈❡❝ ❧❡ t❡♠♣s✳ ❊♥ ❡✛❡t✱ à ❝❛✉s❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞✐s♣❡rs✐❢ ❞❡ ❧✬♦♥❞❡✱
❧✬é♥❡r❣✐❡ tr❛♥s♣♦rté❡ ♣❛r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s ♠♦♥♦❝❤r♦♠❛t✐q✉❡s ❞❛♥s ✉♥ ♣❡t✐t ✐♥t❡r✈❛❧❧❡ dk
s✬ét❛❧❡ s♣❛t✐❛❧❡♠❡♥t ❡t ♣r♦❣r❡ss✐✈❡♠❡♥t ❧♦rs ❞❡ s❛ ♣r♦♣❛❣❛t✐♦♥✳

✻✽



✺✳✷✳ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐♥❛❧❡♠❡♥t✱ ❧✬❛♥❛❧②s❡ ♣r♦♣♦sé❡ ♣❛r ▲✐❣❤t❤✐❧❧ ✭✶✾✼✽✮ ❛rr✐✈❡ à ✉♥ rés✉❧t❛t s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ♦❜t❡♥✉
♣❛r ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧✐✜é❡s ❞é❝r✐t❡s ❞❛♥s ❧❡s s❡❝t✐♦♥s ✺✳✷✳✶✳❛ ❡t ✺✳✷✳✶✳❜✳ ▲✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ s❡ ♣r♦✲
♣❛❣❡ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❞é✜♥✐❡ ♣❛r ~Vg = ~∇~k

σ✳ ❆♣rès s✬êtr❡ ❝♦♥✈❛✐♥❝✉ ♣❛r ❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s
❞❡ ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✱ ❝❡tt❡ ♥♦t✐♦♥ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞✬ét✉❞✐❡r ❞❡
❢❛ç♦♥ s✐♠♣❧❡ ❧❛ ♠❛♥✐èr❡ ❞♦♥t ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳
❆✈❛♥t ❞❡ ❞✐s❝✉t❡r ❧❡ ❝❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱ ♥♦✉s r❡✈❡♥♦♥s ❜r✐è✈❡♠❡♥t s✉r ❧❡ ❝❛s ❣é♥ér❛❧
❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ ✈✐❛ ❧❛ t❤é♦r✐❡ ❞✉ tr❛❝é ❞❡ r❛②♦♥✳

✺✳✷✳✷ ❚❤é♦r✐❡ ❞✉ tr❛❝é ❞❡ r❛②♦♥

❉❛♥s ❝❡tt❡ t❤é♦r✐❡✱ ❧❡ ❝❛s ❞✬✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ ❞✐s♣❡rs✐❢ s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥ ♠✐❧✐❡✉ ♥♦♥✲
❤♦♠♦❣è♥❡ ❡t ❛♥✐s♦tr♦♣❡ ❡st ❝♦♥s✐❞éré✳ ▲❡s ♣r♦♣r✐étés ♣❤②s✐q✉❡s s♦♥t s✉♣♣♦sé❡s ✈❛r✐❡r s✉r ✉♥❡ é❝❤❡❧❧❡
❝❛r❛❝tér✐st✐q✉❡ s♣❛t✐❛❧❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝❛r❛❝tér✐st✐q✉❡ ❞♦♠✐♥❛♥t❡ ❞✉
♣❛q✉❡t ❞✬♦♥❞❡✳ ❈❡❧❛ ❡st éq✉✐✈❛❧❡♥t à s❡ ♣❧❛❝❡r ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇✳ ❖♥ ❝♦♥s✐❞èr❡ ❞❡ ♣❧✉s
✐❝✐ q✉❡ ❧❡s ♣r♦♣r✐étés ❞✉ ♠✐❧✐❡✉ s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞✉ t❡♠♣s✳ ❉❛♥s ❞❡ t❡❧❧❡s ❤②♣♦t❤ès❡s✱ ❧✬♦♥❞❡
♣❡✉t ♣r❡♥❞r❡ ✉♥❡ ❢♦r♠❡ st❛♥❞❛r❞

ζ(x1, x2, x3, t) = A(x1, x2, x3, t) exp [iα(x1, x2, x3, t)] ✱ ✭✺✳✸✼✮

♦ù {xi}i=1,2,3 s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❛t✐❛❧❡s ❡t A ❡st ✉♥❡ ❛♠♣❧✐t✉❞❡ q✉✐ ✈❛r✐❡ ❧❡♥t❡♠❡♥t ♣❛r r❛♣♣♦rt
à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❤❛s❡ α✱ ❝✬❡st✲à✲❞✐r❡

∂ ln(A)
∂xi

≪ ∂α

∂xi
✳ ✭✺✳✸✽✮

▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❤❛s❡ ❡st ❛❧♦rs s✉♣♣♦sé❡ ✈ér✐✜❡r

∂α

∂xi
= −ki ❡t

∂α

∂t
= σ ✱ ✭✺✳✸✾✮

♦ù ki ❡st ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ s✉✐✈❛♥t ❧❛ ❝♦♦r❞♦♥♥é❡ xi ❡t σ ❧❛ ♣✉❧s❛t✐♦♥ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧✳
❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ki ❡t σ s♦♥t ❧❡s ❝❛r❛❝tér✐st✐q✉❡s s♣❡❝tr❛❧❡s ❞♦♠✐♥❛♥t❡s ❞✉ ♣❛q✉❡t ❞✬♦♥❞❡✳ ❈❡s
❞❡r♥✐❡rs s♦♥t ❣é♥ér❛❧❡♠❡♥t r❡❧✐és ♣❛r ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡ ❧❛ ❢♦r♠❡

σ = σ̃(x1, x2, x3, k1, k2, k3)

= σ̃(x1, x2, x3,−
∂α

∂x1
,− ∂α

∂x2
,− ∂α

∂x3
) ✳ ✭✺✳✹✵✮

❖♥ r❡♣r❡♥❞ ❞❛♥s ❧❛ s✉✐t❡ ✉♥❡ ♣❛rt✐❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ♣r♦♣♦sés ❡♥❝♦r❡ ♣❛r ▲✐❣❤t❤✐❧❧ ✭✶✾✼✽✮ q✉✐
❞♦♥♥❡ ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ s✐♠♣❧❡ à ❝❡ ❢♦r♠❛❧✐s♠❡✳ ▲❡ ❝❛s ❣é♥ér❛❧ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ ❡st ❞✬❛❜♦r❞
ét✉❞✐é ❛✈❛♥t ❞❡ s❡ ♣❧❛❝❡r ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❧♦❝❛❧ ❡♥ ♠♦✉✈❡♠❡♥t ❛✈❡❝ ✉♥ é❝♦✉❧❡♠❡♥t q✉❡❧❝♦♥q✉❡✳

❉❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧✳ ❊♥ ❞✐✛ér❡♥t✐❛♥t σ ♣❛r r❛♣♣♦rt à xi✱ ✐❧ ✈✐❡♥t

∂σ

∂xi
=

(
∂σ̃

∂xi

)

~k

+

(
∂σ̃

∂kj

)

~x

∂kj
∂xi

✳ ✭✺✳✹✶✮

❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ rè❣❧❡ ❞❡ s♦♠♠❛t✐♦♥ ❞✬❊✐♥st❡✐♥ ❛ été ✉t✐❧✐sé❡✳ ❊♥ r❡♠♣❧❛ç❛♥t σ ♣❛r s❛ ❞é✜♥✐t✐♦♥
❞❛♥s ❊q✳ ✭✺✳✸✾✮ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❙❝❤✇❛r③ s✉r ❧❡s ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✱ ♦♥ ♦❜t✐❡♥t

∂ki
∂t

+ Uj
∂ki
∂xj

= −
(
∂σ̃

∂xi

)

~k

✱ ✭✺✳✹✷✮

♦ù ~U ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ ❞é✜♥✐❡ ♣❛r Ui = (∂σ̃/∂ki)~x✳ ❆✐♥s✐✱ ✉♥ ♣♦✐♥t
✈♦②❛❣❡❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❡t s❛t✐s❢❛✐s❛♥t

❞xi
❞t

= Ui =

(
∂σ̃

∂ki

)

~x

✱ ✭✺✳✹✸✮
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❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✈♦✐t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ é✈♦❧✉❡r ❞❛♥s ❧❡ t❡♠♣s s❡❧♦♥ ❧✬éq✉❛t✐♦♥

❞ki
❞t

= −
(
∂σ̃

∂xi

)

~k

✳ ✭✺✳✹✹✮

❈♦♠♠❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✱ ❝❡tt❡ ❞❡r♥✐èr❡ r❡❧❛t✐♦♥ s♣é❝✐✜❡
❧❛ ❧♦✐ ❞❡ ré❢r❛❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✳ ❊❧❧❡ ♠♦♥tr❡ ❛✉ss✐ q✉❡ s✐ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ σ̃(~r,~k)
❡st ✐♥✈❛r✐❛♥t❡ ❞❛♥s ✉♥ ♣❧❛♥ ❞❡ ❧✬❡s♣❛❝❡ ❈❛rtés✐❡♥✱ ❛❧♦rs ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ s❡ ♣r♦♣❛❣❡ ❞❛♥s ✉♥ ♣❧❛♥
♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❝❡ ❞❡r♥✐❡r✳

❊♥✜♥✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧✬❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡s s②stè♠❡s ❞②♥❛♠✐q✉❡s ❝♦♥s❡r✲
✈❛t✐❢s ❍❛♠✐❧t♦♥✐❡♥✳ ❯♥ t❡❧ s②stè♠❡ ❞✬❍❛♠✐❧t♦♥✐❡♥ H(q1, q2, q3, p1, p2, p3)✱ ♦ù ❧❡s {qi} s♦♥t ❧❡s ❝♦♦r✲
❞♦♥♥é❡s ❣é♥ér❛❧✐sé❡s ❡t ❧❡s {pi} s♦♥t ❧❡s ✐♠♣✉❧s✐♦♥s✱ s✉✐t ❧❡s éq✉❛t✐♦♥s ❞✬❍❛♠✐❧t♦♥✱ ❝✬❡st✲à✲❞✐r❡

dpi
dt

= −∂H
∂qi

❡t
dqi
dt

=
∂H
∂pi

✳ ✭✺✳✹✺✮

▲❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❝♦♠♣♦sé ❞❡ ❊qs✳ ✭✺✳✹✸✮ ❡t ✭✺✳✹✹✮ ❛ ❧❛ ♠ê♠❡ str✉❝t✉r❡ s✐ ♦♥ ❢❛✐t ❝♦rr❡s♣♦♥❞r❡
{xi} ❛✈❡❝ {qi}✱ {ki} ❛✈❡❝ {pi} ❡t σ ❛✈❡❝ H✳ ❖♥ r❡tr♦✉✈❡ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡ ❧❛
♠é❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ❞❛♥s ❧❡q✉❡❧ ✉♥❡ ♦♥❞❡ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥❡ ♣❛rt✐❝✉❧❡ ❞♦♥t ❧✬✐♠♣✉❧s✐♦♥ ❡t
❧✬é♥❡r❣✐❡ s✬♦❜t✐❡♥♥❡♥t ❡♥ ♠✉❧t✐♣❧✐❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡t ❧❛ ❢réq✉❡♥❝❡ ♣❛r ✉♥ ❢❛❝t❡✉r
~✳ ❉❡ ♣❧✉s✱ ❧❛ ❞ér✐✈é❡ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ σ ♣❛r r❛♣♣♦rt à ✉♥ ♣♦✐♥t ✈♦②❛❣❡❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡
❡st é❣❛❧❡ à

❞σ
❞t

=

(
∂σ̃

∂xi

)

~k

❞xi
❞t

+

(
∂σ̃

∂ki

)

~x

❞ki
❞t

= 0 ✱ ✭✺✳✹✻✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❊qs✳ ✭✺✳✹✸✮ ❡t ✭✺✳✹✹✮✳ ▲❛ ❢réq✉❡♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✉ ♣❛q✉❡t ❞✬♦♥❞❡ ✈✉❡ ♣❛r ✉♥
♣♦✐♥t ✈♦②❛❣❡❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❡st ❞♦♥❝ ✉♥❡ ❝♦♥st❛♥t❡ ❞✉ ♠♦✉✈❡♠❡♥t✱ ❝♦♠♠❡ ❧❡ s❡r❛✐t
❧✬❍❛♠✐❧t♦♥✐❡♥ ♣♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ✉♥ s②stè♠❡ ❝♦♥s❡r✈❛t✐❢✳

❉❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ♠♦✉✈❡♠❡♥t ❛✈❡❝ ✉♥ é❝♦✉❧❡♠❡♥t✳ ❯♥ é❝♦✉❧❡♠❡♥t à tr♦✐s ❞✐♠❡♥✲
s✐♦♥s ❞❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ~V = (V1, V2, V3) ❡st ♠❛✐♥t❡♥❛♥t ❝♦♥s✐❞éré✳ ❉❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❝♦✲
♠♦❜✐❧❡ ❛✈❡❝ ❧❡ ✢✉✐❞❡✱ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ❡st ♠♦❞✐✜é❡ ♣❛r ❡✛❡t ❉♦♣♣❧❡r à ❝❛✉s❡
❞❡ ❧✬❛❞✈❡❝t✐♦♥ ♣❛r ❧✬é❝♦✉❧❡♠❡♥t✳ ❈❡❧❧❡✲❝✐ ❡st ❞♦♥♥é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣❛r
σ̂ = σ − kjVj = σ̃(~x,~k)− kjVj(~x)✳ ▲❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ❝♦✲♠♦❜✐❧❡ à ❧✬é❝♦✉❧❡♠❡♥t
❡st ❞♦♥❝ r❡❧✐é❡ à ❝❡❧❧❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ ♣❛r

Vg,i =

(
∂σ̂

∂ki

)

~x

= Ui − Vi ✱ ✭✺✳✹✼✮

❝♦rr❡s♣♦♥❞❛♥t s✐♠♣❧❡♠❡♥t à ❧❛ ❧♦✐ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ✈✐t❡ss❡s ❡♥tr❡ ❧❡s ❞❡✉① ré❢ér❡♥t✐❡❧s✱ ❛✈❡❝ Ui ❧❛
✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭✺✳✹✸✮✳ ❊♥ s✉✐✈❛♥t ❧❛ ♠ê♠❡ ♠ét❤♦❞❡
q✉❡ ❝❡❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r ❞ér✐✈❡r ❊q✳ ✭✺✳✹✻✮✱ ❧❛ ✈❛r✐❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡
❧✬♦♥❞❡ ✈✉❡ ♣❛r ✉♥ ♣♦✐♥t ✈♦②❛❣❡❛♥t à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ t♦t❛❧❡ Ui ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ ❡st
é❣❛❧❡ à

❞σ̂
❞t

=

(
∂σ̂

∂xi

)

~k

❞xi
❞t

+

(
∂σ̂

∂ki

)

~x

❞ki
❞t

=

(
∂σ̂

∂xi

)

~k

(Vi + Vg,i)− Vg,i
(
∂(σ̂ + kjVj)

∂xi

)

~k

= Vi

(
∂σ̃

∂xi

)

~k

− Uikj
∂Vj
∂xi

✳ ✭✺✳✹✽✮

▲❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ♥✬❡st ❜✐❡♥ sûr ♣❛s ❝♦♥s❡r✈é❡ s✉r ❧❛ tr❛❥❡❝t♦✐r❡ ❝♦♥s✐❞éré❡✱ ❝♦♥tr❛✐r❡♠❡♥t à
❧❛ ❢réq✉❡♥❝❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ σ✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳✸ q✉❡ ❊q✳ ✭✺✳✹✽✮ ♣♦ssè❞❡

✼✵



✺✳✷✳ Pr♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✉♥❡ ❢♦rt❡ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✳ ❊♥ ❡✛❡t✱ ♥♦✉s
✈❡rr♦♥s q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡ q✉❛♥t✐té ♥✬❡st ♣❛s ❝♦♥s❡r✈é❡ ❞❛♥s ✉♥❡ ♣❛rt✐❝✉❧❡ ✢✉✐❞❡ ❡♥ ♠♦✉✈❡♠❡♥t
❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t✱ ♠ê♠❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❛❞✐❛❜❛t✐q✉❡✳ ▲✬éq✉❛t✐♦♥ ✭✺✳✹✽✮ ♥♦✉s s❡r✈✐r❛ ❛❧♦rs ♣♦✉r
r❡♠♦♥t❡r à ✉♥❡ ❛✉tr❡ q✉❛♥t✐té ❝♦♥s❡r✈é❡ ❧♦rs ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡✱ q✉✐ s❡ ♥♦♠♠❡ ❧✬❛❝t✐♦♥ ❞❡
❧✬♦♥❞❡✳

❉❛♥s ❧❛ t❤é♦r✐❡ ❞✉ tr❛❝é ❞❡ r❛②♦♥✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❛♣♣❛r❛ît ❞♦♥❝ ♥❛t✉r❡❧❧❡♠❡♥t ❝♦♠♠❡ ✉♥❡
q✉❛♥t✐té ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♦♥❞✉❧❛t♦✐r❡✳ ▲❡s ❛①✐♦♠❡s ✉t✐❧✐sés ❞❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡ ♠♦♥tr❡♥t
❞❡ ♣❧✉s ❞❡ ❢❛ç♦♥ é✈✐❞❡♥t❡ ✉♥❡ ❞✐✛ér❡♥❝❡ ❞❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❛ss♦❝✐é❡ à ❧✬♦♥❞❡ s✉✐✈❛♥t q✉❡ ❧✬♦♥
s❡ s✐t✉❡ ❞❛♥s ✉♥ ♠✐❧✐❡✉ ❛✉ r❡♣♦s ♦✉ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t✳ ❈❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ s❡r❛ ♣❧✉s
❛♠♣❧❡♠❡♥t ❞✐s❝✉té❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳✸✳

✺✳✷✳✸ ❈❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❈♦♥♥❛✐ss❛♥t ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱ ❧❡s éq✉❛t✐♦♥s ❞❡ ♣r♦♣❛❣❛t✐♦♥
❡t ❞❡ ré❢r❛❝t✐♦♥ ❞♦♥♥é❡s ❞❛♥s ❊qs✳ ✭✺✳✹✸✮ ❡t ✭✺✳✹✹✮ ♣❡r♠❡tt❡♥t ❞❡ ❞é❝r✐r❡ ❧❡ ♣❛r❝♦✉rs ❞❡s ♦♥❞❡s ❛✉
❝♦✉rs ❞✉ t❡♠♣s✳ ■❝✐✱ ♦♥ s❡ ❝♦♥t❡♥t❡ ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ♣❧✉s ❞❡s❝r✐♣t✐✈❡✳ ▲❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❞❛♥s ❧❡ ❝❛s
❞❡ ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡st ♦❜t❡♥✉❡ ❡♥ ❞ér✐✈❛♥t ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✺✳✷✮✳
❉❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥ ❛✈❡❝ ❧✬ét♦✐❧❡✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ❡st ❞♦♥♥é❡ ♣❛r

Vg,r(r, σ, l) =
∂σ̂

∂kr
= − Nkrkh

(k2r + k2h)
3/2

= −sgn(kr)
σ̂2

N2

(N2 − σ̂2)1/2
kh

✱ ✭✺✳✹✾✮

t❛♥❞✐s q✉❡ s❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❡st é❣❛❧❡ à

~Vgh(r, σ, l) =
∂σ̂

∂~kh
=

Nk2r
(k2r + k2h)

3/2

~kh
kh

=
σ̂

N2

|N2 − σ̂2|
kh

~kh
kh

✱ ✭✺✳✺✵✮

♦ù ♦♥ r❛♣♣❡❧❧❡ ✐❝✐ q✉❡ ~kh ❡st ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ ❡t kh s❛ ♥♦r♠❡✳ ❖♥ ✈♦✐t q✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐✲
♠❛t✐♦♥ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ✭N2 ≫ σ̂2✮✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❡st très
s✉♣ér✐❡✉r❡ à ❧❛ ❝♦♠♣♦s❛♥t❡ ✈❡rt✐❝❛❧❡✳ ▲❛ ✈✐t❡ss❡ ❞❡ ♣❤❛s❡ ❡st q✉❛♥t à ❡❧❧❡ ❞é✜♥✐❡ ♣❛r ~Vϕ = (σ/|~k|2)~k
❡t ❡st ❞♦♥❝ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳ ▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t ❞♦♥❝ ❞❛♥s
✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù ❧✬é♥❡r❣✐❡ ❡st tr❛♥s♣♦rté❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉① ♣❧❛♥s éq✉✐♣❤❛s❡s✳ P❛r♠✐
❞✬❛✉tr❡s ❝❛r❛❝tér✐st✐q✉❡s ✐♥tér❡ss❛♥t❡s✱ ❧❛ ✈✐t❡ss❡ ❞❡ ♣❤❛s❡ r❛❞✐❛❧❡ ❡st t♦✉❥♦✉rs ❞❡ s✐❣♥❡ ♦♣♣♦sé à
❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ✭✈♦✐r ❋✐❣✉r❡ ✺✳✷ ♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳ ❆✐♥s✐✱ ❞❡s ♦♥❞❡s s❡ ♣r♦♣❛✲
❣❡❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❡ss❡♠❜❧❡♥t ♣❛r❛❞♦①❛❧❡♠❡♥t à ❞❡s ✈❛❣✉❡s
❝♦♥❝❡♥tr✐q✉❡s q✉✐ s❡♠❜❧❡♥t ✈✐s✉❡❧❧❡♠❡♥t r❡♠♦♥t❡r ✈❡rs ❧❛ s✉r❢❛❝❡✳

❉❡ ♣❧✉s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠♦♥tr❡r ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡ ❞❡ tr❛❝é ❞❡ r❛②♦♥ ❞é✈❡❧♦♣♣é❡ ❞❛♥s
❙❡❝t✐♦♥ ✺✳✷✳✷ ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡ q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ✉♥ ♣❧❛♥
♣❛ss❛♥t ♣❛r ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡ ♣✉✐sq✉❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡
r❛❞✐❛❧❡ ✭❡✳❣✳✱ ●♦✉❣❤ ✶✾✾✸❀ ❆❧✈❛♥ ❡t ❛❧✳ ✷✵✶✺✮✳ ❖♥ ❛ ❞é❥à ✈✉ ❞✬❛♣rès ❊q✳ ✭✺✳✹✹✮ q✉✬✉♥ rés✉❧t❛t ❛♥❛❧♦❣✉❡
❡①✐st❡ ❡♥ ❣é♦♠étr✐❡ ❈❛rtés✐❡♥♥❡✳ ❉❛♥s ✉♥ t❡❧ ♣❧❛♥✱ ❧❡s r❛②♦♥s ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s
❢♦r♠❡♥t ✉♥ ❛♥❣❧❡ θe ❛✈❡❝ ❧❛ ✈❡rt✐❝❛❧❡✱ ❛♥❣❧❡ q✉✐ ❡st é❣❛❧ à

θe = arccos

(
|Vg,r|
|~Vg|

)
= arccos

(
σ̂

N

)
✳ ✭✺✳✺✶✮

❆✐♥s✐✱ ❧✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ✉♥❡ s♦✉r❝❡ ♣♦♥❝t✉❡❧❧❡ ♣ér✐♦❞✐q✉❡ ❞❛♥s ✉♥ ♠✐❧✐❡✉
st❛❜❧❡♠❡♥t str❛t✐✜é ❞♦✐t ❞♦♥❝ rés✉❧t❡r ❡♥ ❧❛ ❢♦r♠❛t✐♦♥ ❞✬✉♥ ❝ô♥❡ ❞✬é♥❡r❣✐❡ ✈❡rt✐❝❛❧ ❞♦♥t ❧❡ ❝❡♥tr❡
❡st ❧❛ ③♦♥❡ ❞✬❡①❝✐t❛t✐♦♥✳ ❉❛♥s ✉♥ ♣❧❛♥ ❝♦♥t❡♥❛♥t ✉♥❡ ❣é♥ér❛tr✐❝❡ ❞✉ ❝ô♥❡✱ ❝❡❧❛ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞✬✉♥❡
❝r♦✐① ❞❡ ✏❙❛✐♥t✲❆♥❞r❡✇✑ ✭✈♦✐r ❋✐❣✉r❡ ✺✳✸✮✳ ❈♦♠♠❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡
❣r♦✉♣❡ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s très ❜❛ss❡s ❢réq✉❡♥❝❡s✱
❧✬❛♥❣❧❡ θe ❡st ♣r♦❝❤❡ ❞❡ π/2✳ ▲✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s❡ ♣r♦♣❛❣❡ ❞♦♥❝ ♠❛❥♦r✐t❛✐r❡♠❡♥t

✼✶



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐❣✉r❡ ✺✳✷✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ✉♥ ♣❧❛♥
✭❞✬❛♣rès ■r✐❜❛r♥❡ ✷✵✶✺✮✳ ▲❛ ✈✐t❡ss❡ ❞❡ ♣❤❛s❡ cϕ✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ cg ❡t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡
k s♦♥t r❡♣rés❡♥tés ❞❛♥s ❧❡s q✉❛tr❡ ❝❛s ♣♦ss✐❜❧❡s✳ ❉❛♥s t♦✉s ❧❡s ❝❛s✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ✭❞❡
♣❤❛s❡✮ ❡st ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✭♣❛r❛❧❧è❧❡ ❡t ❞❡ ♠ê♠❡ s❡♥s✮ ❛✉ ✈❡❝t❡✉r ❞✬♦♥❞❡✱ ❡t s❛ ❝♦♠♣♦s❛♥t❡
✈❡rt✐❝❛❧❡ ✭s✉✐✈❛♥t ❧❛ ❝♦♦r❞♦♥♥é❡ z✮ ❡st ♦♣♣♦sé❡ à ❝❡❧❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ♣❤❛s❡✳ ▲❡s tr❛✐ts ✜♥s
♦❜❧✐q✉❡s s②♠❜♦❧✐s❡♥t ❧❡s ♣❧❛♥s éq✉✐♣❤❛s❡s✳

❋✐❣✉r❡ ✺✳✸✿ ❈r♦✐① ❞❡ ❙❛✐♥t✲❆♥❞r❡✇ ♦❜s❡r✈é❡ ❛✈❡❝ ✉♥ ❛♣♣❛r❡✐❧ ❞❡ ❙❝❤❧✐❡r❡♥ ✭❞✬❛♣rès ●♦st✐❛✉① ❡t ❛❧✳ ✷✵✵✼✮✳
▲❡s ❝♦✉❧❡✉rs ✭é❝❤❡❧❧❡ s✐s♠✐q✉❡ ❛❧❧❛♥t ❞✉ ❜❧❡✉ ❛✉ r♦✉❣❡✮ r❡♣rés❡♥t❡♥t ❧✬✐♥t❡♥s✐té ❞❡s ♣❡rt✉r❜❛✲
t✐♦♥s ❞❡ ❞❡♥s✐té ❧✐é❡s à ❧❛ ♣rés❡♥❝❡ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ✉♥❡ s♦❧✉t✐♦♥ s❛❧é❡ ❛✈❡❝
✉♥ ❣r❛❞✐❡♥t ✈❡rt✐❝❛❧ ❞❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ ▲❡s ♦♥❞❡s s♦♥t ❡①❝✐té❡s ✐❝✐ ♣❛r ✉♥ ❝②❧✐♥❞r❡ ✈❡rt✐❝❛❧
♦s❝✐❧❧❛♥t à ❧❛ ❢réq✉❡♥❝❡ ω✳

✼✷



✺✳✸✳ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t

❋✐❣✉r❡ ✺✳✹✿ ❱✉❡s ✸❉ ❡t ✷❉ ❞✉ ♣❧❛♥ éq✉❛t♦r✐❛❧ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞✉ ❙♦❧❡✐❧ ❞✬❛♣rès
❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ▲❡s rés✉❧t❛ts ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧ s♦♥t r❡♣rés❡♥tés
❡♥ ❢♦♥❞ ❣r✐s s✉r ❧❡q✉❡❧ s♦♥t s✉♣❡r♣♦sé❡s ❧❡s tr❛❥❡❝t♦✐r❡s ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ♣ré❞✐t❡s ♣❛r
❧❛ t❤é♦r✐❡ ❞✉ tr❛❝é ❞❡ r❛②♦♥✳ ▲❛ ❢réq✉❡♥❝❡ ❛ ♣✉ êtr❡ sé❧❡❝t✐♦♥♥é❡ ❛✉t♦✉r ❞❡ 0.05 ♠❍③ ❣râ❝❡
à ✉♥❡ t❡❝❤♥✐q✉❡ ❞❡ ✜❧tr❛❣❡✳ ❈❡tt❡ ❢réq✉❡♥❝❡ ❡st ❛ss❡③ é❧❡✈é❡ ♣♦✉r q✉❡ ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥
s♦❧❛✐r❡ s✉r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s s♦✐t ♥é❣❧✐❣❡❛❜❧❡✳

s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡✱ ❡♥ s✬❡♥❢♦♥ç❛♥t ♠❛❧❣ré t♦✉t ♣❡t✐t à ♣❡t✐t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡
❣râ❝❡ à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❢❛✐❜❧❡ ❝♦♠♣♦s❛♥t❡ ✈❡rt✐❝❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳ ▲✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s✉✐t ❞♦♥❝ ❞❡s ❝❡r❝❧❡s ❝♦♥❝❡♥tr✐q✉❡s ❞❛♥s ❧❡ ♣❧❛♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥✳ ❯♥❡ ❢♦✐s q✉✬❡❧❧❡s
s❡ r❛♣♣r♦❝❤❡♥t ❞✉ ♣♦✐♥t ❝❡♥tr❛❧ ♦ù N2 = σ̂2✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ✈❡rt✐❝❛❧❡ s✬❛♥♥✉❧❡✱ ❧❡s ♦♥❞❡s s♦♥t
ré✢é❝❤✐❡s ❡t r❡♣r❡♥♥❡♥t ✉♥ ❝❤❡♠✐♥ ✈❡rs ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ✭✈♦✐r ❋✐❣✉r❡ ✺✳✹✮✳ ❚♦✉t❡s
❝❡s ❝❛r❛❝tér✐st✐q✉❡s s♦♥t ❜✐❡♥ ♦❜s❡r✈é❡s ♣❛r ❞❡s ❡①♣ér✐❡♥❝❡s ❡♥ ❧❛❜♦r❛t♦✐r❡s ✭❡✳❣✳✱ ✈♦✐r ❋✐❣✉r❡ ✺✳✸✮
❡t ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✸❉ ✭❡✳❣✳✱ ❆❧✈❛♥ ❡t ❛❧✳ ✷✵✶✺✱ ✈♦✐r ❋✐❣✉r❡ ✻✳✸✮✱ ❝♦♥✜r♠❛♥t ❛✐♥s✐ ❧❛
❞❡s❝r✐♣t✐♦♥ ❞♦♥♥é❡ ♣❛r ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡ ❞❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té✳

❊♥ rés✉♠é✱ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡st tr❛♥s♣♦rté❡ ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ~Vg = ~∇~k
σ✳

❉❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✱ ❧✬é♥❡r❣✐❡ s❡ ♣r♦♣❛❣❡ ❞❛♥s ❞❡s ♣❧❛♥s ♣❛ss❛♥t ♣❛r ❧❡ ❝❡♥tr❡
❞❡ ❧✬ét♦✐❧❡ ❡♥ s✉✐✈❛♥t ❞❡s tr❛❥❡❝t♦✐r❡s ❡♥ ❢♦r♠❡ ❞❡ s♣✐r❛❧❡s ❝♦♥❝❡♥tr✐q✉❡s ❡t ♣❡✉t ❛tt❡✐♥❞r❡ ❞❡s

❝♦✉❝❤❡s très ♣r♦❢♦♥❞❡s✳

✺✳✸ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡
❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t

❉❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ q✉❛❧✐t❛t✐✈❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❛ été ❞♦♥♥é❡✳
■❧ ❛ été ♠♦♥tré q✉❡ ❧❡s ♦♥❞❡s ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r ❞❛♥s t♦✉t❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❥✉sq✉❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s
❧❡s ♣❧✉s ♣r♦❢♦♥❞❡s✳ ▲✬ét✉❞❡ ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ♥é❝❡ss✐t❡ ♥é❛♥♠♦✐♥s ✉♥❡
❞❡s❝r✐♣t✐♦♥ é♥❡r❣ét✐q✉❡ ❡t ❞②♥❛♠✐q✉❡ ♣❧✉s ❞ét❛✐❧❧é❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡
❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s ❣r❛✈✐t♦✲❛❝♦✉st✐q✉❡s s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t ❞❡
✈✐t❡ss❡ ~Vh ❡st ét✉❞✐é❡✳ P♦✉r s✐♠♣❧✐✜❡r ❧❡s ❞é✈❡❧♦♣♣❡♠❡♥ts✱ ❧✬é❝♦✉❧❡♠❡♥t ❡st s✉♣♣♦sé ♣❡r♣❡♥❞✐❝✉❧❛✐r❡
à ❧❛ ✈❡rt✐❝❛❧❡ ❡t s♦❧é♥♦ï❞❛❧❡✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡ q✉❡ ~∇ · ~Vh = 0 ♦ù ~∇ ❡st ❧✬♦♣ér❛t❡✉r ♥❛❜❧❛ ❞❛♥s
❧✬❡s♣❛❝❡ ré❡❧✳ ▲✬é❝♦✉❧❡♠❡♥t ❡st ❞❡ ♣❧✉s s✉♣♣♦sé st❛t✐♦♥♥❛✐r❡✳ ❈❡❧❛ ❡st éq✉✐✈❛❧❡♥t à s✉♣♣♦s❡r q✉✬✐❧
♥✬② ❛ ♣❛s ❞❡ tr❛♥s❢❡rt ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❡♥tr❡ ❧❡ ♠✐❧✐❡✉ ❡t ❧❡s ♦♥❞❡s✳ ❊♥ ❞✬❛✉tr❡s ♠♦ts✱ ❧❡s
♦s❝✐❧❧❛t✐♦♥s s♦♥t s✉♣♣♦sé❡s ❛❞✐❛❜❛t✐q✉❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ r❡♠♦♥t❡r à ❧✬❡①♣r❡ss✐♦♥
❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❡t ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡✳ ❈❡s rés✉❧t❛ts ♥♦✉s s❡r♦♥t

✼✸



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✉t✐❧❡s ❞❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s ♣♦✉r tr❛✐t❡r ❞✉ ❝❛s ♥♦♥✲❛❞✐❛❜❛t✐q✉❡ ❡t ♠♦❞é❧✐s❡r ❧❡s é❝❤❛♥❣❡s ❞❡
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡♥tr❡ ❧❡s ♦♥❞❡s ❡t ❧❡ ♠✐❧✐❡✉ st❡❧❧❛✐r❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳✹✳

✺✳✸✳✶ ❋❧✉① ❞✬é♥❡r❣✐❡ ❞✬✉♥❡ ♦♥❞❡ ❣r❛✈✐t♦✲❛❝♦✉st✐q✉❡

▲✬éq✉❛t✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥t ❧✐♥é❛r✐sé❡ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ s✬é❝r✐t ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧

ρ

(
∂~v

∂t
+ (~Vh · ~∇)~v + (~v · ~∇)~Vh

)
= −~∇p′ + ρ′~g − ρ~∇Ψ′ ✱ ✭✺✳✺✷✮

♦ù ❧✬♦♥ ❛ ♥é❣❧✐❣é ❧❡ t❡r♠❡ ρ′(~Vh · ~∇)~Vh✱ r❡♣rés❡♥t❛♥t ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✳ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s
❞✬ét✉❞❡✱ ❝❡❧❛ ❡st éq✉✐✈❛❧❡♥t à s✉♣♣♦s❡r q✉❡ ❧❡ ♠✐❧✐❡✉ ❡st ❜❛r♦tr♦♣❡ ✭✐✳❡✳✱ ♣♦✉r ❧❡q✉❡❧ ❧❡s ✐s♦❜❛r❡s s♦♥t
♣❛r❛❧❧è❧❡s ❛✉① ✐s♦♣②❝♥❡s✮✳ ❉❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ ❛①✐s②♠étr✐q✉❡✱ ❝❡❧❛ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r q✉❡
❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❡st ❛ss❡③ ❢❛✐❜❧❡ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r q✉❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡
❝♦♥s❡r✈❡ ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡✳ ❊♥ ♣r♦❝é❞❛♥t ❛✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ❛✈❡❝ ~v✱ ❧✬éq✉❛t✐♦♥ ❞❡✈✐❡♥t

∂

∂t

(
1

2
ρ~v2
)
+ ~∇ ·

(
1

2
ρ~v2~Vh + (p′ + ρΨ′)~v

)
= p′~∇ · ~v + ρ′~g · ~v −Ψ′❞ρ

′

❞τ
− ρ~v ·

[
(~v · ~∇)~Vh

]
✭✺✳✺✸✮

♦ù ❧✬♦♥ ❛ ❞é✜♥✐ ❧❛ ❞ér✐✈é❡ ♣❛rt✐❝✉❧❛✐r❡ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❝♦✲♠♦❜✐❧❡ à ❧✬é❝♦✉❧❡♠❡♥t d/dτ = (∂/∂t+
(~Vh · ~∇))✱ ❡t ♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ ~∇ · ~Vh = 0✱ ❛✐♥s✐ q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ❧✐♥é❛r✐sé❡ q✉✐
✈❛✉t

~∇ · ~v = −1

ρ

(
∂ρ′

∂t
+ ~Vh · ~∇ρ′ + ~v · ~∇ρ

)
✳ ✭✺✳✺✹✮

❙✐ ❧✬♦♥ s✉♣♣♦s❡ ❡♥ ♣❧✉s q✉❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s s♦♥t ❛❞✐❛❜❛t✐q✉❡s✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❊✉❧ér✐❡♥♥❡s ❞❡
♣r❡ss✐♦♥ ❡t ❞❡ ❞❡♥s✐té s♦♥t r❡❧✐é❡s ❛✉ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ~ξ ♣❛r ❊q✳ ✭✷✳✶✻✮✱ ❝✬❡st✲à✲❞✐r❡

p′

c2
= ρ′ + ρ~ξ ·

(
~∇ ln ρ− 1

Γ1

~∇ ln p

)
= ρ′ − ρN2

g
ξv ✱ ✭✺✳✺✺✮

♦ù ♦♥ ❛ ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ é❣❛❧✐té q✉❡ ❧❛ ♣r❡ss✐♦♥ p ❡t ❧❛ ❞❡♥s✐té ρ s♦♥t r❡❧✐é❡s ♣❛r
❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ~∇p = ρ~g = −ρg ~ev s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡ ❞❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ~ev✱
❛✈❡❝ ξv ❧❛ ❝♦♠♣♦s❛♥t❡ ✈❡rt✐❝❛❧❡ ❞✉ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à ❧✬♦♥❞❡✱ ❡t ♦ù ♦♥ ❛ ✐♥tr♦❞✉✐t ❧❛ ❢réq✉❡♥❝❡
❞❡ ❇r✉♥t✲❱ä✐sä❧ä

N2 = g

(
− g

c2
− ❞ ln ρ

❞r

)
✳ ✭✺✳✺✻✮

❊♥ ♣r❡♥❛♥t ❧❛ ❞ér✐✈é❡ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ❊q✳ ✭✺✳✺✺✮✱ ✐❧ ✈✐❡♥t ❛❧♦rs

∂p′

∂t
+ ~Vh · ~∇p′ +

❞~ξ
❞t
· ~∇p = c2

(
∂ρ′

∂t
+ ~Vh · ~∇ρ′ +

❞~ξ
❞t
· ~∇ρ

)
✳ ✭✺✳✺✼✮

❊♥ s❡ r❛♣♣❡❧❛♥t q✉❡ ❧❛ ✈✐t❡ss❡ ❛ss♦❝✐é❡ à ❧✬♦♥❞❡ ❡st r❡❧✐é❡ ❛✉ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ♣❛r ❊qs✳ ✭✷✳✾✮ ❡t
✭✷✳✶✶✮✱ ❝✬❡st✲à✲❞✐r❡

~v =
❞~ξ
❞t
− (~ξ · ~∇)~Vh =

∂~ξ

∂t
+ (~Vh · ~∇)~ξ − (~ξ · ~∇)~Vh ✱ ✭✺✳✺✽✮

❧✬❊q✳ ✭✺✳✺✹✮ ♣❡✉t s❡ réé❝r✐r❡ à ♣❛rt✐r ❞❡ ❊q✳ ✭✺✳✺✼✮✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡s ❣r❛❞✐❡♥ts ❞❡ ρ ❡t p s♦♥t
✈❡rt✐❝❛✉①✱ ❝♦♠♠❡

~∇ · ~v = − 1

ρc2

(
∂p′

∂t
+ ~Vh · ~∇p′ + ~v · ~∇p

)
✳ ✭✺✳✺✾✮

✼✹



✺✳✸✳ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t

❊♥ ✐♥sér❛♥t ❝❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ❞❛♥s ❊q✳ ✭✺✳✺✸✮✱ ♦♥ ❛❜♦✉t✐t ❛❧♦rs à

∂

∂t

(
1

2
ρ~v2 +

1

2

p′2

ρc2

)
+~∇·

[
1

2

(
ρ~v2 +

p′2

ρc2

)
~Vh + (p′ + ρΨ′)~v

]
= − p′

ρc2
~∇p·~v+ρ′~g·~v−Ψ′❞ρ

′

❞τ
−ρ~v·

[
(~v · ~∇)~Vh

]
✳

✭✺✳✻✵✮
❆✐♥s✐✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡✱ ❧❛ ❞❡✉①✐è♠❡ é❣❛❧✐té ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✺✳✺✺✮✱ ❊q✳ ✭✺✳✺✽✮ ❡t ❧❛ ❝♦♥❞✐t✐♦♥ ~∇· ~Vh = 0✱ ❧❡s ❞❡✉① ♣r❡♠✐❡rs t❡r♠❡s ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡
❞❛♥s ❊q✳ ✭✺✳✻✵✮ ♠è♥❡♥t à

− p′

ρc2
~∇p · ~v + ρ′~g · ~v =

(
− p

′

c2
+ ρ′

)
~g · ~v = −ρN2ξv

(
∂ξv
∂t

+ (~Vh · ~∇)ξv
)

= − ∂

∂t

(
ρN2

2
ξ2v

)
− ~∇ ·

(
ρN2

2
ξ2v ~Vh

)
✱ ✭✺✳✻✶✮

❝❡ q✉✐✱ ✐♥séré ❞❛♥s ❊q✳ ✭✺✳✻✵✮✱ ♣❡r♠❡t ❞✬❛❜♦✉t✐r à ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t ❤♦r✐③♦♥t❛❧ ❡t s♦❧é♥♦ï❞❛❧✱ ❝✬❡st✲à✲❞✐r❡

∂Ew

∂t
+ ~∇ · ~FE,w = −ρ~v ·

[
(~v · ~∇)~Vh

]
−Ψ′❞ρ

′

❞τ
✱ ✭✺✳✻✷✮

♦ù

Ew =
1

2
ρ~v2 +

1

2

p′2

ρc2
+

1

2
ρN2ξ2v ✭✺✳✻✸✮

~FE = Ew
~Vh + (p′ + ρΨ′)~v ✭✺✳✻✹✮

s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❡t ❧❡ ✢✉① ❞✬é♥❡r❣✐❡✳ ❈❡ ❞❡r♥✐❡r s✬❡①♣r✐♠❡ s✐♠♣❧❡✲
♠❡♥t ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞✬✉♥ t❡r♠❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬❛❞✈❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
♣❛r ❧✬é❝♦✉❧❡♠❡♥t ❛✈❡❝ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✳ ❈❡❧✉✐✲❝✐ ✈❛✉t ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧

~Fw = (p′ + ρΨ′)~v ✳ ✭✺✳✻✺✮

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❊q✳ ✭✺✳✻✷✮ ❡st ✈❛❧❛❜❧❡ ♣♦✉r ✉♥ ✢✉✐❞❡ ❡♥ r♦t❛t✐♦♥ ❛①✐s②♠étr✐q✉❡✱ à ❧❛
❝♦♥❞✐t✐♦♥ q✉❡ ❧❛ r♦t❛t✐♦♥ s♦✐t ❛ss❡③ ❧❡♥t❡ ♣♦✉r ♣♦✉✈♦✐r ♥é❣❧✐❣❡r ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ s✉r ❧❛
str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡✳ ❊♥ ❡✛❡t✱ s✐ ♦♥ ❝♦♥s✐❞èr❡ ✉♥ ✈❡❝t❡✉r r♦t❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ ~Ω = Ω(r, θ)~ez ❡♥
❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s✱ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❡st ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧❛ ✈❡rt✐❝❛❧❡ ❡t ✈ér✐✜❡ ❜✐❡♥ ✭❡✳❣✳✱
❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮

~∇ · ~Vh = ~∇ ·
(
~r ∧ ~Ω

)
= 0 ✳ ✭✺✳✻✻✮

▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣ré❝é❞❡♥t ♣❡✉t ❞♦♥❝ s✬❛♣♣❧✐q✉❡r ❛✉ ❝❛s ❞✬ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ ❛①✐s②♠étr✐q✉❡ ❧❡♥t❡✳
P❧✉s✐❡✉rs ❡♥s❡✐❣♥❡♠❡♥ts ✐♥tér❡ss❛♥ts s♦♥t à t✐r❡r ❞❡ ❝❡tt❡ ❛♥❛❧②s❡ ❞❛♥s ❧❡s ❝❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té ❛❞✐❛❜❛t✐q✉❡s à ❜❛ss❡s ❢réq✉❡♥❝❡s ✿

✶✳ ❊q✉✐♣❛rt✐t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ✿ ❧❡ ❝❛r❛❝tèr❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❡r✲
♠❡t ❞❡ ♥é❣❧✐❣❡r ❧❡ t❡r♠❡ p′2/ρc2 ❞❛♥s ❊q✳ ✭✺✳✻✸✮✱ ❝❡ q✉✐ ❛❜♦✉t✐t ❡♥ ♠♦②❡♥♥❡ ✭❞❛♥s ❧❡ t❡♠♣s
❡t ❧✬❡s♣❛❝❡✮ à ❧✬éq✉✐♣❛rt✐t✐♦♥ ❡♥tr❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s ❡t ❧❡✉r é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❧✐é❡
à ❧❛ P♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡✳ ❊♥ ❡✛❡t✱ ❧♦rsq✉❡ ~v2 ❡st ♥✉❧❧❡✱ ❧❡ ❞é♣❧❛❝❡♠❡♥t ▲❛❣r❛♥❣✐❡♥ ✈❡rt✐❝❛❧
❡st ❡①tr❡♠✉♠ ❝❛r ❞✬❛♣rès ❊q✳ ✭✺✳✺✽✮✱ dξv/dt = 0✱ ❡t ✈✐❝❡✲✈❡rs❛ ❀ ✐❧ ❡st ❛❧♦rs r❛✐s♦♥♥❛❜❧❡ ❞❡
♣❡♥s❡r q✉❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞❡s ♦♥❞❡s s❡ ré♣❛rt✐t éq✉✐t❛❜❧❡♠❡♥t ❡♥tr❡ ❝❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❧❡ ♠♦♥tr❡r r✐❣♦✉r❡✉s❡♠❡♥t ❡♥ ❝❛❧❝✉❧❛♥t ❧❛ s♦♠♠❡ ❞❡s ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s
q✉❛❞r❛t✐q✉❡s à ❧✬❛✐❞❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ✭❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✮ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✺✳✶✻✮ ❡t ❡♥
♠♦②❡♥♥❛♥t s✉r ❧✬❛♥❣❧❡ s♦❧✐❞❡ ✭❞❛♥s ❧❡ ❝❛s s♣❤ér✐q✉❡✮✳

✼✺



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✷✳ ❋❧✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ✿ ♣♦✉r ❧❡s ♦♥❞❡s ✐♥❝♦♠✲
♣r❡ss✐❜❧❡s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ✭✐✳❡✳✱ Ψ′ = 0✮ ❡st ✈❛❧✐❞❡ ✭❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✷✵✵✶✮✳
▲❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ s❡ ré❞✉✐t ❛❧♦rs à ❧✬❡①♣r❡ss✐♦♥ s✐♠♣❧❡

~Fw ≈ p′~v ✱ ✭✺✳✻✼✮

❝✬❡st✲à✲❞✐r❡ ❛✉ ♣r♦❞✉✐t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❛ss♦❝✐é❡ à
❧✬♦♥❞❡✳ ❈❡ rés✉❧t❛t ❡st r❡♠❛rq✉❛❜❧❡ ♣❛r s❛ s✐♠♣❧✐❝✐té ❡t ♣❛r s♦♥ ❝ôté ❝♦♥tr❡✲✐♥t✉✐t✐❢✳ ❊♥ ❡✛❡t✱
❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❧✐é❡ à ❧❛ ❢♦r❝❡ ❞❡ ♣r❡ss✐♦♥ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té✱ ♠❛✐s ❝✬❡st ♣♦✉rt❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ q✉✐ ❝♦♥trô❧❡ ❡♥ ♣❛rt✐❡
❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✳

✸✳ ■♥t❡r❛❝t✐♦♥ é♥❡r❣ét✐q✉❡ ❛✈❡❝ ❧✬é❝♦✉❧❡♠❡♥t ✿ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ t♦✉❥♦✉rs✱
❧✬éq✉❛t✐♦♥ ✭✺✳✻✷✮ ♠♦♥tr❡ q✉❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ♥✬❡st ♣❛s ❝♦♥s❡r✈é❡ ❞❛♥s t♦✉t ✈♦❧✉♠❡ ▲❛✲
❣r❛♥❣✐❡♥ ❡♥ ♠♦✉✈❡♠❡♥t ❛✈❡❝ ❧❡ ✢✉✐❞❡ ❡t ❞♦✐t é✈♦❧✉❡r ❛✈❡❝ ❧❡ t❡♠♣s✳ ❈❡tt❡ ❛✣r♠❛t✐♦♥ ❡st
✈❛❧❛❜❧❡ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ❞✬♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s ✦ ❈❡❧❛ ❡st ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥
❡♥tr❡ ❧❡ ✢✉✐❞❡ ❡t ❧✬♦♥❞❡ r❡♣rés❡♥té❡ ♣❛r ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✺✳✻✷✮ ❀
❝❡ ❞❡r♥✐❡r ♣r♦✈✐❡♥t ❞❡ ❧❛ ❢♦r❝❡ ✐♥❡rt✐❡❧❧❡ ❡①❡r❝é❡ ♣❛r ❧❡ ✢✉✐❞❡ s✉r ❧✬♦♥❞❡ ❡t ❡st ♥♦♥✲♥✉❧ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ ~Vh ✈❛r✐❡ s♣❛t✐❛❧❡♠❡♥t✳

❈❡ ❞❡r♥✐❡r ♣♦✐♥t ❡st ❝♦♥tr❡✲✐♥t✉✐t✐❢✳ P♦✉r s✬❡♥ ❝♦♥✈❛✐♥❝r❡✱ ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s s✐♠♣❧❡ ❞✬✉♥❡ ♦♥❞❡
♣r♦❣r❡ss✐✈❡ ❞❡ ♣✉❧s❛t✐♦♥ ✉♥✐q✉❡ σ ❞❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✳ ❉✬❛❜♦r❞✱ ❧❛ ♠♦②❡♥♥❡ s✉r
❧✬❛♥❣❧❡ s♦❧✐❞❡ ❞❡ ❊q✳ ✭✺✳✻✷✮ ❡♥ ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ✈❛✉t ❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡ ✭✐✳❡✳✱ s❛♥s ♣❡rt❡
♥✐ ❣❛✐♥ ❞✬é♥❡r❣✐❡ ❧♦❝❛❧❡♠❡♥t✮

∂Ew

∂t
= − 1

r2
∂

∂r

(
r2Fr,w

)
− ρ~v ·

[
(~v · ~∇)~Vh

]
= 0 ✭✺✳✻✽✮

♦ù X =
∫∫

X sin θdθdϕ/4π ❡st ❧❛ ♠♦②❡♥♥❡ s✉r ❧✬❛♥❣❧❡ s♦❧✐❞❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ X✳ ❊♥ ❞é❝♦♠♣♦s❛♥t ❧❡s
♣❡rt✉r❜❛t✐♦♥s ❛ss♦❝✐é❡s à ❧✬♦♥❞❡ s✉r ❧❛ ❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❝♦♠♠❡ ❞❛♥s ❊qs✳ ✭✺✳✶✶✮
❡t ✭✺✳✶✷✮✱ ❧❡ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✱ ♣♦✉r ✉♥❡ ♣✉❧s❛t✐♦♥ σ✱ ♣♦✉r ✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l
❡t ✉♥ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ ❡st ♦❜t❡♥✉ ❡♥ ❝❛❧❝✉❧❛♥t ❧❡ ♣r♦❞✉✐t ❞❡ ❊q✳ ✭✺✳✽✮ ♣❛r ❧❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é
♥♦té ✭⋆✮ ❞❡ ❊q✳ ✭✺✳✾✮✱ ❝❡ q✉✐ ❞♦♥♥❡ ♣♦✉r ✉♥❡ ♦♥❞❡ s❡ ♣r♦♣❛❣❡❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡ ✭✐✳❡✳✱ ❛✈❡❝
✉♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ❡♥ exp[iσt− i

∫ rt
r |kr|dr] ❛✈❡❝ ❧❛ ❝♦♥✈❡♥t✐♦♥ ❝❤♦✐s✐❡✮

Fr,w =
|C|2
4πr2

σ̂ ✱ ✭✺✳✻✾✮

❝✬❡st✲à✲❞✐r❡ ✉♥ ✢✉① ♠♦♥t❛♥t✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ❙❡❝t✐♦♥ ✺✳✷✳✸✳ ❆ ❝❛✉s❡ ❞❡s é❝❤❛♥❣❡s ❞✬é♥❡r❣✐❡ ❛✈❡❝ ❧❡
✢✉✐❞❡ ❡♥ r♦t❛t✐♦♥✱ ❧❛ ❞✐✈❡r❣❡♥❝❡ r❛❞✐❛❧❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❡st ♥♦♥ ♥✉❧❧❡✳ ❊♥tr❡ ♣❛r❡♥t❤ès❡s✱
✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡♠❛rq✉❡r q✉❡ ❧❡ ♣r♦❞✉✐t p̂′l,m

⋆v̂r,l,m ❞❛♥s ❝❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t
❛✉ ♣r♦❞✉✐t ❞❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡✱ ❝❡ q✉✐
♣❡✉t êtr❡ ❛✐sé♠❡♥t ❞é♠♦♥tré ❡♥ r❡♣r❡♥❛♥t ✉♥ ❝❛❧❝✉❧ s✐♠✐❧❛✐r❡ à ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✳ ❈❡❝✐ ❝♦♥✜r♠❡✱
✉♥❡ ❢♦✐s ❞❡ ♣❧✉s✱ q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡
❧✬♦♥❞❡✳ ❋✐♥❛❧❡♠❡♥t✱ ❝❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ♠♦♥tr❡ q✉❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❛✉ ❝♦✉rs ❞❡
s❛ ♣r♦♣❛❣❛t✐♦♥ ❡st ❞✐r❡❝t❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ s❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ♣❛r
❡✛❡t ❉♦♣♣❧❡r✳ ❈♦♠♠❡ ♥♦✉s ❛❧❧♦♥s ❧❡ ✈♦✐r ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡
❞❡ ❧✬♦♥❞❡ ❡st ❡♥ ❢❛✐t ✉♥❡ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉❡ ❧❡ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ s♦✐t
❝♦♥s❡r✈é✳

✺✳✸✳✷ ❈♦♥s❡r✈❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ✢✉① ❞✬é♥❡r❣✐❡✱ ❧❡ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❡st ❝♦♥s❡r✈é ❞❛♥s ✉♥
é❝♦✉❧❡♠❡♥t st❛t✐♦♥♥❛✐r❡✳ ❈❡❧❛ ❛ été ♠♦♥tré ❞❛♥s ❧❡ tr❛✈❛✐❧ ♣✐♦♥♥✐❡r ❞❡ ❊❧✐❛ss❡♥ ✫ P❛❧♠ ✭✶✾✻✷✮ ❞❛♥s

✼✻



✺✳✸✳ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t

✉♥ ❝❛s très s✐♠♣❧❡✳ ❉❛♥s ❧❡✉r ❞é♠♦♥str❛t✐♦♥✱ ❧❡s ❛✉t❡✉rs s✉♣♣♦s❡♥t q✉❡ ❧❡s ♦♥❞❡s s❡ ♣r♦♣❛❣❡♥t
❞❛♥s ✉♥ ♣❧❛♥ ❈❛rtés✐❡♥ à ❞❡✉① ❞✐♠❡♥s✐♦♥s (Oxz)✱ ❛✈❡❝ Oz ❧✬❛①❡ ✈❡rt✐❝❛❧✳ ▲✬é❝♦✉❧❡♠❡♥t ❡st s✉♣♣♦sé
❤♦r✐③♦♥t❛❧ ❡t ♥❡ ❞é♣❡♥❞❛♥t q✉❡ ❧❛ ❝♦♦r❞♦♥♥é❡ ✈❡rt✐❝❛❧❡ z✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ❢♦r♠❡ ~Vh = Vh(z)~ex✱
❛✈❡❝ ✭~ex, ~ez✮ ❧❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❞❡s ❝♦♦r❞♦♥♥é❡s x ❡t z r❡s♣❡❝t✐✈❡♠❡♥t✳ P♦✉r
❝♦♥s❡r✈❡r ❧❡s ♠ê♠❡ ♥♦t❛t✐♦♥s q✉❡ ❧❡s ❛✉t❡✉rs✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é❡ à ❧✬♦♥❞❡ ❡st ♥♦té❡
~v = u~ex+w~ez✳ ▲❡ ♣r♦❜❧è♠❡ ❡st s✉♣♣♦sé st❛t✐♦♥♥❛✐r❡✳ ❈❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ ❧❛ ♠♦②❡♥♥❡ ❞✬✉♥❡ q✉❛♥t✐té
❧✐é❡ à ❧✬♦♥❞❡ s✉r ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧❡ ❝❛r❛❝tér✐st✐q✉❡✱ ❞✐s♦♥s λx✱ ❛✉t♦✉r ❞❡ t♦✉t ♣♦✐♥t
❞❡ ❝♦♦r❞♦♥♥é❡ ❤♦r✐③♦♥t❛❧❡ x0✱ ❡st s✉♣♣♦sé❡ ❝♦♥st❛♥t❡ ❞❛♥s ❧❡ t❡♠♣s✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♣♦✉r t♦✉t❡
♣❡rt✉r❜❛t✐♦♥ X

〈X〉(z, t;x0) =
1

λx

∫ x0+λx/2

x0−λx/2
X(x, z, t)dx ✭✺✳✼✵✮

∂〈X〉
∂t

(z, t;x0) = 0 ✳ ✭✺✳✼✶✮

▲❡ ♣r♦❜❧è♠❡ ❡st ❞❡ ♣❧✉s s✉♣♣♦sé ✐♥✈❛r✐❛♥t ❤♦r✐③♦♥t❛❧❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡

∂〈X〉
∂x0

(z, t;x0) = 0 ✱ ✭✺✳✼✷✮

s✐ ❜✐❡♥ q✉❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ t♦✉t X ❛✈❡❝ x0 ♣❡✉t êtr❡ ♦✉❜❧✐é❡ ❞❛♥s ❧❛ s✉✐t❡✳ Pr❡♠✐èr❡♠❡♥t✱ ❡♥
♠♦②❡♥♥❛♥t ❤♦r✐③♦♥t❛❧❡♠❡♥t ❊q✳ ✭✺✳✻✷✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡
~Vh ❡st s✉✐✈❛♥t ~ex ❡t ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ ✈❡rt✐❝❛❧❡ s❡✉❧❡♠❡♥t✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❞✉ ✢✉① ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ❝♦♠♠❡

∂

∂z
〈pw〉(z, t) = −ρ∂Vh

∂z
〈uw〉(z, t) ✱ ✭✺✳✼✸✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ ❧❡s t❡r♠❡s ❧✐és ❛✉① ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s s♦♥t ♥✉❧s ❡♥ ♠♦②❡♥♥❡✱
❛✐♥s✐ q✉❡ ❊q✳ ✭✺✳✼✷✮✳ ❉❡✉①✐è♠❡♠❡♥t✱ s✉✐✈❛♥t ❊q✳ ✭✺✳✺✷✮✱ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s✉✐✈❛♥t ❧❛
❞✐r❡❝t✐♦♥ x ❡st ❞♦♥♥é❡ ♣❛r

ρ

(
∂u

∂t
+ Vh

∂u

∂x
+
∂Vh
∂z

w

)
+
∂p′

∂x
= 0 ✳ ✭✺✳✼✹✮

P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ❝❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ❡st ♠✉❧t✐♣❧✐é❡ ♣❛r (ρVhu + p′) ❞❡ t❡❧❧❡ s♦rt❡ q✉✬❛♣rès
♣❧✉s✐❡✉rs ♠❛♥✐♣✉❧❛t✐♦♥s ♦♥ ♦❜t✐❡♥♥❡

ρp′
∂u

∂t
+

∂

∂x

(
ρVhp

′u+
p′2

2
+ ρV 2

h

u2

2

)
+ ρ

∂Vh
∂z

(
p′w + ρVhuw

)
= 0 ✳ ✭✺✳✼✺✮

❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♠♦②❡♥♥❡ ❧❛ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ❤♦r✐③♦♥t❛❧❡♠❡♥t s✉r ❧✬é❝❤❡❧❧❡
❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❖♥ ✉t✐❧✐s❡ ❞❡ ♣❧✉s q✉❡ 〈p∂u/∂t〉 = 0✳ ❈❡❧❛ r❡✈✐❡♥t à ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s
♣❡rt✉r❜❛t✐♦♥s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ✈✐t❡ss❡ s♦♥t ❡♥ ♣❤❛s❡✱ ❝❡ q✉✐ ❡st ✈❛❧✐❞❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇
❡t ❧✬❤②♣♦t❤ès❡ ❛❞✐❛❜❛t✐q✉❡ ✭❡✳❣✳✱ ▼✉r❛s❝❤❦♦ ❡t ❛❧✳ ✷✵✶✺✱ ✈♦✐r ❛✉ss✐ ❧❛ ❙❡❝t✐♦♥ ✺✳✶✳✷✮✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs
❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ♣♦✉r ❧❡ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡

〈p′w〉(z, t) = −ρVh〈uw〉(z, t) ✳ ✭✺✳✼✻✮

❊♥ ❞ér✐✈❛♥t ❧❛ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ♣❛r z✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs

∂

∂z
〈pw〉 = −ρ∂Vh

∂z
〈uw〉 − Vh

∂

∂z
(ρ〈uw〉) ✱ ✭✺✳✼✼✮

❝❡ q✉✐✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥ à ❊q✳ ✭✺✳✼✸✮✱ ❡st ✈❛❧❛❜❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ρ〈uw〉(z, t) ❡st ❝♦♥s❡r✈é ❡t ♥❡
❞é♣❡♥❞ ♣❛s ❞❡ ❧✬❛❧t✐t✉❞❡ z✳ ❈❡tt❡ ❞❡r♥✐èr❡ q✉❛♥t✐té r❡♣rés❡♥t❡ ❧❡ ✢✉① ✈❡rt✐❝❛❧ t♦t❛❧ ❞❡ q✉❛♥t✐té ❞❡

✼✼



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

♠♦✉✈❡♠❡♥t ❞❡ ❧✬♦♥❞❡✳ ❈♦♠♠❡ ❝❡❧✉✐✲❝✐ ❡st ❝♦♥s❡r✈é✱ ❧❡ ✢✉① ✈❡rt✐❝❛❧ t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✱ ❝✬❡st✲à✲
❞✐r❡ 〈p′w〉(z, t) ❞❛♥s ❧❡ ♠❡♠❜r❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❊q✳ ✭✺✳✼✻✮✱ ❞♦✐t ✈❛r✐❡r ❡♥ ♣r♦♣♦rt✐♦♥ ❞❡ Vh(z) à ♠❡s✉r❡
q✉❡ ❧✬♦♥❞❡ s❡ ♣r♦♣❛❣❡✳ ❉❡ ♣❧✉s✱ ❧❡ t❡r♠❡ ❞❡ ❞r♦✐t❡ ❞❛♥s ❊q✳ ✭✺✳✼✸✮✱ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ ♠❡♠❜r❡ ❞❡
❞r♦✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣❧✉s ❣é♥ér❛❧❡ ❞❛♥s ❊q✳ ✭✺✳✻✷✮✱ ❛❣✐t ❝♦♠♠❡ ✉♥❡ s♦✉r❝❡ ❞✬é♥❡r❣✐❡
s❡❝♦♥❞❛✐r❡✳ ■❧ ♥❡ ❞é♣❡♥❞ q✉❡ ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t s❡❧♦♥ ❧❛ ✈❡rt✐❝❛❧❡✳

❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥ s✐♠♣❧✐✜é❡ s✉♣♣♦sé❡ st❛t✐♦♥♥❛✐r❡✱ ❧❡ ✢✉① t♦t❛❧ ✈❡rt✐❝❛❧ ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✲
✈❡♠❡♥t ❞❡ ❧✬♦♥❞❡ ❡st ❝♦♥s❡r✈é✳ ▲❛ ♣r♦♣♦s✐t✐♦♥ ❝♦♥tr❛♣♦sé❡ ❛✣r♠❡ ❞♦♥❝ q✉❡ s✐ ❧❡ ✢✉① ❞❡ q✉❛♥t✐té
❞❡ ♠♦✉✈❡♠❡♥t ❞❡s ♦♥❞❡s ♥✬❡st ♣❛s ❝♦♥s❡r✈é✱ ❛❧♦rs ❧✬é❝♦✉❧❡♠❡♥t ♥❡ ♣❡✉t ♣❧✉s êtr❡ ❝♦♥s✐✲
❞éré ❝♦♠♠❡ st❛t✐♦♥♥❛✐r❡ ❡t ❞❡s é❝❤❛♥❣❡s ❞✬✐♠♣✉❧s✐♦♥ ❞♦✐✈❡♥t ❛✈♦✐r ❧✐❡✉ ❡♥tr❡ ❧❡ ✢✉✐❞❡
❡t ❧❡s ♦♥❞❡s✳ ❆✐♥s✐✱ ❡♥ ♣rés❡♥❝❡ ❞❡ ♣r♦❝❡ss✉s ❞❡ ❞✐ss✐♣❛t✐♦♥✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ♣❡✉✈❡♥t
❞é♣♦s❡r ✉♥❡ ♣❛rt ❞❡ ❧❡✉r q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❡t ♠♦❞✐✜❡r ❧❛ ✈✐t❡ss❡
❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❈❡ rés✉❧t❛t ♦❜t❡♥✉ ✐❝✐ ❞❛♥s ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❡st ✉♥ rés✉❧t❛t ♣❧✉s ❣é♥ér❛❧ ❞✉
t❤é♦rè♠❡ ❞❡ ♥♦♥✲❛❝❝é❧ér❛t✐♦♥ é♥♦♥❝é ♣❛r ❆♥❞r❡✇s ✫ ▼❝■♥t②r❡ ✭✶✾✼✽❛✮✳ ▲✬ét✉❞❡ ❞✉ tr❛♥s♣♦rt ❞❡
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♥é❝❡ss✐t❡ ❞♦♥❝ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts
♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✳ ❈❡❧❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✳

P♦✉r ❝♦♥❝❧✉r❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡
❧✬♦♥❞❡✱ FJ,w✱ ♣❡✉t êtr❡ ❢❛❝✐❧❡♠❡♥t ✈ér✐✜é❡ ❞❛♥s ❧❡ ❝❛s ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❛❞✐❛❜❛t✐q✉❡s ❞❡
♣✉❧s❛t✐♦♥ σ✱ ❞❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❡t ❞❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡ ❡t s♦✉s ❧❡s
❤②♣♦t❤ès❡s ❞❡ ❧❛ ❙❡❝t✐♦♥ ✺✳✶✳ ❙❡❧♦♥ ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ❧❡ ✢✉① r❛❞✐❛❧ ❧♦❝❛❧ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡st
❞♦♥♥é ♣❛r ❧❡ ♣r♦❞✉✐t ρr sin θvrvϕ✱ ♦ù vϕ ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ ❛③✐♠✉t❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❛ss♦❝✐é❡ à ❧✬♦♥❞❡✳
❙✉✐✈❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❡t ❞✬❛♣rès ❊q✳ ✭✺✳✽✮ ❡t ❧❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é ❞❡
❊q✳ ✭✺✳✶✵✮ ✭❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✮ à ❧❛q✉❡❧❧❡ ♦♥ ❢❛✐t ❝♦rr❡s♣♦♥❞r❡ ❧❛ ♣❛rt✐❡ ❛③✐♠✉t❛❧❡ ❞✉ ❣r❛❞✐❡♥t
❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ imY m

l /r sin θ✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r ✉♥❡ ♦♥❞❡ ❞❡ ♣✉❧s❛t✐♦♥ σ✱
❞❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❡t ❞❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ s❡ ♣r♦♣❛❣❡❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✱

FJ,w =
1

4π

∫∫
ρr sin θ v̂r,l,m(r)Y m

l v̂h,l,m
⋆(r)

(−imY m
l

⋆

r sin θ

)
sin θdθdϕ

=
−im
4π

∫∫
ρv̂r,l,m(r)v̂h,l,m

⋆(r) |Y m
l |2 sin θdθdϕ

=
|C|2m
4πr2

=
m

σ̂
FE,w ✳ ✭✺✳✼✽✮

▲❛ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ ❡st é❣❛❧ ❛✉ ♣r♦❞✉✐t ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
❛✈❡❝ ❧❡ ❢❛❝t❡✉rm/σ̂✱ ❝♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t ♠♦♥tré ♣❛r ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✳ ❈❡ ✢✉① ❡st ♣r♦♣♦rt✐♦♥♥❡❧
à 1/r2 ❡t ❡st ❞♦♥❝ à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ❡♥ ❝♦♦r❞♦♥♥é❡ s♣❤ér✐q✉❡✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡
rés✉❧t❛t ❛ été ♦❜t❡♥✉ ❞❛♥s ✉♥ ❝❛s s✐♠♣❧✐✜é✱ ♦ù ♣❛r ❡①❡♠♣❧❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❛ été ♥é❣❧✐❣é❡✳
❯♥ tr❛✐t❡♠❡♥t ♣❧✉s r✐❣♦✉r❡✉① ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ✉♥❡ ♦♥❞❡ ❡t ✉♥ é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❡st ❞♦♥♥é
❣râ❝❡ ❛✉ ❢♦r♠❛❧✐s♠❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❊✉❧ér✐❡♥♥❡ tr❛♥s❢♦r♠é❡ ✭❚r❛♥s❢♦r♠❡❞ ❊✉❧❡r✐❛♥ ▼❡❛♥✮ ✭❡✳❣✳✱
❆♥❞r❡✇s ✫ ▼❝■♥t②r❡ ✶✾✼✽❜❀ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✶✺❜✮✳ ▲✬❡①♣r❡ss✐♦♥ ❞✉ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡
❧✬♦♥❞❡ ❡st ♥♦t❛♠♠❡♥t ♠♦❞✐✜é❡ ♣❛r ✉♥ t❡r♠❡ ❧✐é à ❧❛ ♣rés❡♥❝❡ ❞❡ ❧❛ ❢♦r❝❡ ✐♥❡rt✐❡❧❧❡ ❞❡ ❈♦r✐♦❧✐s✳ ◆♦✉s
r❡✈✐❡♥❞r♦♥s ❜r✐è✈❡♠❡♥t s✉r ❝❡ ♣♦✐♥t ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✼✳

✺✳✸✳✸ ▲✐❡♥ ❛✈❡❝ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ ❞❡ ❧✬♦♥❞❡

▲❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ✢✉① ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❞❡s ♦♥❞❡s ❡st ✐♥tr✐♥sèq✉❡♠❡♥t ❧✐é❡ à ❧❛
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ ❞❡ ❧✬♦♥❞❡✱ ♣❛r❢♦✐s ❛♣♣❡❧é❡ ❛❝t✐✈✐té ❞❡ ❧✬♦♥❞❡ ♣❛r ❝❡rt❛✐♥s ❛✉t❡✉rs✳ P♦✉r ✉♥
♣❛q✉❡t ❞✬♦♥❞❡ ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ❢réq✉❡♥❝❡ ❡t ✉♥ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❞♦♠✐♥❛♥ts✱ ❧✬❛❝t✐♦♥ ❡st ❞é✜♥✐❡
❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❞❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡✱ Ew✱ s✉r ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡✱ σ̂ ✭❡✳❣✳✱ ▲✐❣❤t❤✐❧❧ ✶✾✼✽✮✳
▲❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ ❞❡ ❧✬♦♥❞❡ ♣❡✉t êtr❡ r❡tr♦✉✈é❡ ❞❛♥s ✉♥ ❝❛❞r❡ s✐♠♣❧✐✜é s✐♠✐❧❛✐r❡ à
❝❡❧✉✐ ✉t✐❧✐sé ♣❛r ❊❧✐❛ss❡♥ ✫ P❛❧♠ ✭✶✾✻✷✮ ❡t ♣rés❡♥té ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳✸✳✷✳ P♦✉r ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❛
❙❡❝t✐♦♥ ✺✳✷✳✷✱ ✐❧ s✉✣t ❞❡ r❡♥♦♠♠❡r ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❤♦r✐③♦♥t❛❧ Vh(z) ♣❛r Vx(z)✳

❖♥ ❝♦♥s✐❞èr❡ ❞♦♥❝ ✉♥ t❡❧ ♣❛q✉❡t ❞✬♦♥❞❡✱ ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ❢réq✉❡♥❝❡ ❡t ✉♥ ♥♦♠❜r❡ ❞✬♦♥❞❡
❞♦♠✐♥❛♥ts✳ ❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ s❡ ♣r♦♣❛❣❡ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳ ▲❛

✼✽



✺✳✹✳ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té

❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞✉ ♣❛q✉❡t ❞✬♦♥❞❡ ♣❡✉t ❞♦♥❝ s✬é❝r✐r❡ ❞✬❛♣rès ❊q✳ ✭✺✳✻✷✮
s✉✐✈❛♥t ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡

∂Ew

∂t
+ ~∇ ·

(
Ew

~U
)
= −ρuw∂Vx

∂z
✱ ✭✺✳✼✾✮

♦ù ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s ✐♥tr♦❞✉✐t❡s ❞❛♥s ❙❡❝t✐♦♥ ✺✳✸✳✷ ♦♥t été ✉t✐❧✐sé❡s ❡t ♦ù ~U = ~Vx + ~Vg ❡st ❧❛
✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ t♦t❛❧❡ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ q✉✐ ❛ été ❞é✜♥✐❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳✷✳✷✳ ▲❡ ♠❡♠❜r❡
❞❡ ❞r♦✐t❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ s♦✉r❝❡ ❞✬é♥❡r❣✐❡ s❡❝♦♥❞❛✐r❡ ♣♦✉r ❧✬♦♥❞❡ rés✉❧t❛♥t ❞❡ ❧❛ ❢♦r❝❡ ✐♥❡rt✐❡❧❧❡
❡①❡r❝é❡ ♣❛r ❧✬é❝♦✉❧❡♠❡♥t s✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s✳ P♦✉r ❡st✐♠❡r s❛ ✈❛❧❡✉r ❞❛♥s ✉♥ t❡❧ ✢♦t ❤♦r✐③♦♥t❛❧✱ ♦♥
✉t✐❧✐s❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ x q✉✐ ✈❛✉t

ρ

(
∂u

∂t
+ ~Vh

∂u

∂x

)
= −∂p

′

∂x
✳ ✭✺✳✽✵✮

❊♥ s❡ r❛♣♣❡❧❛♥t ❞❡s ❞é✜♥✐t✐♦♥s ❞♦♥♥é❡s ❞❛♥s ❊q✳ ✭✺✳✸✾✮ ♣♦✉r ✉♥ ♣❛q✉❡t ❞✬♦♥❞❡ ❡t ❡♥ ❢❛✐s❛♥t ❝♦r✲
r❡s♣♦♥❞r❡ p′w ❛✈❡❝ EwVg,z✱ ❧❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ♠✉❧t✐♣❧✐é❡ ♣❛r w ♠è♥❡ à

ρσ̂uw = kxwp
′ = kxEwVg,z ✳ ✭✺✳✽✶✮

♦ù kx ❡st ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧✳ ❆✐♥s✐✱ ❧✬❊q✳ ✭✺✳✼✾✮ ♣❡✉t êtr❡ réé❝r✐t❡ ❝♦♠♠❡

∂Ew

∂t
+ ~∇ ·

(
Ew

~U
)
= −Ew

σ̂
Uikj

∂Vj
∂xi

✱ ✭✺✳✽✷✮

♦ù ❧❛ rè❣❧❡ ❞❡ s♦♠♠❛t✐♦♥ ❞✬❊✐♥st❡✐♥ ❛ été ✉t✐❧✐sé❡ ♣♦✉r ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❊q✳ ✭✺✳✹✽✮✱ ❞❛♥s ❧❛q✉❡❧❧❡
❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❡st ♥✉❧ ❞❛♥s ❝❡ ❝❛s ❝❛r σ̂ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡
✈❡rt✐❝❛❧❡ ❡t ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❤♦r✐③♦♥t❛❧✳ ❆✐♥s✐✱ ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❛♥s ❊q✳ ✭✺✳✽✷✮
♣❡✉t êtr❡ ❡①♣r✐♠é ♣❛r ❊q✳ ✭✺✳✹✽✮ ❞❛♥s ❧❛q✉❡❧❧❡ d/dt = ∂/∂t+ ~U · ~∇✱ ❞❡ t❡❧❧❡ s♦rt❡ à ♦❜t❡♥✐r ❛✉ ✜♥❛❧

∂

∂t

(
Ew

σ̂

)
+ ~∇ ·

(
Ew

σ̂
~U

)
= 0 ✳ ✭✺✳✽✸✮

▲❡ r❛♣♣♦rt ❞❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞✉ ♣❛q✉❡t ❞✬♦♥❞❡ ❡st ❞♦♥❝ ❝♦♥s❡r✈é
❞❛♥s t♦✉t ✈♦❧✉♠❡ ❛r❜✐tr❛✐r❡ s❡ ❞é♣❧❛ç❛♥t à ❧❛ ✈✐t❡ss❡ ~U ✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ s♦♠♠❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬é❝♦✉✲
❧❡♠❡♥t ❡t ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✱ q✉✐ ❡st ❡♥❝♦r❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ✉♥
ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧✳ ❈❡❧❛ ❞é✜♥✐t ❧✬❛❝t✐♦♥ ❞❡ ❧✬♦♥❞❡✱ ❞✬❛❜♦r❞ ❢♦r♠❛❧✐sé❡ ♣♦✉r ❞❡s tr❛✐♥s ❞✬♦♥❞❡ ❡t ❞✐❢✲
❢ér❡♥ts s②stè♠❡s ❞②♥❛♠✐q✉❡s ❝♦♥s❡r✈❛t✐❢s ♣❛r ❇r❡t❤❡rt♦♥ ✫ ●❛rr❡tt ✭✶✾✻✽✮❀ ❇r❡t❤❡rt♦♥ ✭✶✾✻✾✮✱ ♣✉✐s
❣é♥ér❛❧✐sé ♣❛r ❆♥❞r❡✇s ✫ ▼❝■♥t②r❡ ✭✶✾✼✽❜✮ à t♦✉t t②♣❡ ❞✬♦♥❞❡s s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t st❛t✐♦♥♥❛✐r❡✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞✬✉♥❡
♦♥❞❡ ♥✬❡st ♣❛s ❝♦♥s❡r✈é ✱ ❡t ❝❡ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡✳ ❈❡❝✐ ❡st ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡

❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧✬é❝♦✉❧❡♠❡♥t ❡t ❧✬♦♥❞❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡✱ ❧✉✐✱
❡st ❝♦♥s❡r✈é ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡✳ P❛r ❝♦♥tr❛♣♦sé❡✱ ♦♥ ❝♦♠♣r❡♥❞ q✉❡ s✐ ❧❡ ✢✉① ❞❡
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞✬✉♥❡ ♦♥❞❡ ♥✬❡st ♣❛s ❝♦♥s❡r✈é ❡♥ ♣rés❡♥❝❡ ❞✬❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✱ ❧❡s ♦♥❞❡s

♣❡✉✈❡♥t ❞é♣♦s❡r ✉♥❡ ♣❛rt ❞❡ ❧❡✉r q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❡t ❛✐♥s✐ ❛✛❡❝t❡r ❧❛
r♦t❛t✐♦♥ ✐♥t❡r♥❡✳

✺✳✹ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té

■❧ r❡ss♦rt ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ q✉❡ ❧✬ét✉❞❡ ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s
♥é❝❡ss✐t❡ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛✲
❧②t✐q✉❡ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ♣❛r ♣❡rt❡s r❛❞✐❛t✐✈❡s ❡st ❞ér✐✈é❡✳ ❈❡❧❛ ♥♦✉s
♣❡r♠❡ttr❛ à t❡r♠❡ ❞✬❡st✐♠❡r ❧❛ q✉❛♥t✐té ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ tr❛♥s♠✐s❡ ❞❛♥s ❧❡ ♠✐❧✐❡✉ r❛❞✐❛t✐❢ ❡t
❧✬✐♥✢✉❡♥❝❡ ❞❡s ♦♥❞❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥✳

✼✾



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✺✳✹✳✶ ❚❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t s✉✐✈❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ Pr❡ss ✭✶✾✽✶✮

Pr❡ss ✭✶✾✽✶✮ ❛ ❞ér✐✈é ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t s✉❜✐ ♣❛r ❧❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❧♦rs ❞❡ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❊♥ s❡ ♣❧❛ç❛♥t ❞❛♥s ❧✬❤②♣♦t❤ès❡
❛♥é❧❛st✐q✉❡ ✭✐✳❡✳✱~∇ · (ρ~v) = 0✮ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇✱ Pr❡ss ✭✶✾✽✶✮ ❛ ♠♦♥tré q✉✬✐❧ ét❛✐t ♣♦ss✐❜❧❡
❞❡ ❝♦✉♣❧❡r ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✳
▲✬❛✉t❡✉r ❛ ✉t✐❧✐sé ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✱ ❝❡ q✉✐ ❡st ❥✉st✐✜é❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❛♥é❧❛st✐q✉❡
✭❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✷✵✵✶✮✳ ■❧ ❛ ❞❡ ♣❧✉s ♥é❣❧✐❣é ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❊✉❧ér✐❡♥♥❡s ❞❡ ♣r❡ss✐♦♥ ❞❛♥s
❧✬éq✉❛t✐♦♥ ❞✬ét❛t✳ ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮ ❛ ❛❥♦✉té à ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥ ❧✬❡✛❡t ❞❡s ❣r❛❞✐❡♥ts ❞❡ ❝♦♠♣♦s✐t✐♦♥
❝❤✐♠✐q✉❡✱ t♦✉t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❛ ❞✐✛✉s✐♦♥ ❞❡s é❧é♠❡♥ts ❧♦rs ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ❞✬✉♥❡ ❜✉❧❧❡ ❞❡ ♠❛t✐èr❡✳
▲❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❞❛♥s ❧❡ ❝❛s ♥♦♥✲❛❞✐❛❜❛t✐q✉❡✱ Kr✱ ♣❡✉t ❛❧♦rs êtr❡ ❧♦❝❛❧❡♠❡♥t ❞ét❡r♠✐♥é ♣❛r
❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ❞❡❣ré ♣♦✉r K2

r ✭❡✳❣✳✱ ▼❛❡❞❡r ✷✵✵✾✮

K2
r − k2h

(
N2

σ2
− 1

)
− iK

σ
(K2

r + k2h)

[
K2

r − k2h

(
N2

µ

σ2
− 1

)]
= 0 ✱ ✭✺✳✽✹✮

❛✈❡❝ K ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ r❛❞✐❛t✐✈❡ ❡t N2
µ ❧❛ ♣❛rt✐❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä s❡♥s✐❜❧❡

❛✉ ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡

K =
16σT 3

3ρκCp
et N2

µ =
gϕ

Hp
∇µ ✱ ✭✺✳✽✺✮

♦ù σ ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥✱ T ❡st ❧❛ t❡♠♣ér❛t✉r❡✱ κ ❡st ❧✬♦♣❛❝✐té✱ Cp ❡st ❧❛ ❝❛♣❛❝✐té
❝❛❧♦r✐q✉❡ s♣é❝✐✜q✉❡ à ♣r❡ss✐♦♥ ❝♦♥st❛♥t❡✱ g ❧✬❛❝❝é❧ér❛t✐♦♥ r❛❞✐❛t✐✈❡✱ Hp ❧✬é❝❤❡❧❧❡ ❞❡ ❤❛✉t❡✉r ❞❡
♣r❡ss✐♦♥✱ ∇µ ❧❡ ❣r❛❞✐❡♥t ❞❡ ♣♦✐❞s ♠♦❧é❝✉❧❛✐r❡ ♠♦②❡♥ ❡t ϕ ❧❡ ❝♦❡✣❝✐❡♥t t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞é✜♥✐s
❞❛♥s ❊q✳ ✭✷✳✸✼✮✳ ❯♥❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ s✐♠♣❧❡ ❡st ❤❛❜✐t✉❡❧❧❡♠❡♥t ❞♦♥♥é❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡ t❛✉①
❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❡st ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt ❛✉ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❧✬♦♥❞❡✳ ❊❧❧❡
❡st ♦❜t❡♥✉❡ ❡♥ ❞é✈❡❧♦♣♣❛♥t ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ K✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ❢♦r♠❡
Kr = A+BK+ ...✱ ❡t ❡♥ r❡❣r♦✉♣❛♥t ❧❡s t❡r♠❡s ❞✬♦r❞r❡ ③ér♦ ❡t ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ✭✈♦✐r ❡♥❝♦r❡ ▼❛❡❞❡r
✷✵✵✾✮✳ ▲❡ t❡r♠❡ ❞✬♦r❞r❡ ③ér♦ ❝♦rr❡s♣♦♥❞ à ❧❛ s♦❧✉t✐♦♥ ✉s✉❡❧❧❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✺✳✷✮ ❡t ❧❡ t❡r♠❡ ❞✉
♣r❡♠✐❡r ♦r❞r❡ ❡st ✉♥ ♥♦♠❜r❡ ✐♠❛❣✐♥❛✐r❡ ♣✉r❡ ❝♦rr❡s♣♦♥❞❛♥t à ❞❡s ♣❡rt❡s ❞✬é♥❡r❣✐❡✳ ▲❛ s♦❧✉t✐♦♥
tr♦✉✈é❡ ❞❛♥s ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✈ér✐✜❡ ❞♦♥❝ à ♣♦st❡r✐♦r✐ ❧❛ ✈❛❧✐❞✐té ❞❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ♣❛r
❧✬❛✉t❡✉r✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ✈❛❧✐❞✐té ❞❡ ❊q✳ ✭✺✳✽✹✮ ♣❡✉t ♣♦s❡r q✉❡st✐♦♥ ❧♦rsq✉❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡✈✐❡♥t
très ❢♦rt ✭❡✳❣✳✱ à très ❜❛ss❡s ❢réq✉❡♥❝❡s✮ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦♥❞❡ ❡st ❧♦❝❛❧❡♠❡♥t très ❛tté♥✉é❡ ❀ ❝❡❧❛
♠ér✐t❡r❛ ❞✬êtr❡ ❝❧❛r✐✜é❡ ❞❛♥s ❞❡ ❢✉t✉rs tr❛✈❛✉①✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ♣r♦♣♦s❡ ❞❡ ❞ér✐✈❡r ❛✈❡❝ ✉♥❡ ♠ét❤♦❞❡ ❛❧t❡r♥❛t✐✈❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❛♠♦rt✐ss❡✲
♠❡♥t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s
❧✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✳ ❯♥❡ ❝♦♠♣❛r❛✐s♦♥ à ❧✬❡①♣r❡ss✐♦♥ ❞ér✐✈é❡ s❡❧♦♥ ✉♥❡ ♠ét❤♦❞❡ ❞✐❢✲
❢ér❡♥t❡ ♣❛r Pr❡ss ✭✶✾✽✶✮ s❡r❛ ❛❧♦rs ♣♦ss✐❜❧❡✳ ❉❡ ♣❧✉s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❛✉①
ét♦✐❧❡s é✈♦❧✉é❡s ❝♦♠♣♦sé❡s ❞✬✉♥ ❝÷✉r ❞✬❤é❧✐✉♠ r❡❝♦✉✈❡rt ❞✬✉♥❡ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✳ ❉❛♥s
❝❡tt❡ ❝♦✉❝❤❡✱ ❧❡ ❣r❛❞✐❡♥t ❞❡ ❧✉♠✐♥♦s✐té ♣❡✉t êtr❡ ✐♠♣♦rt❛♥t✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧✬❛♣♣r♦❝❤❡ ✉t✐❧✐sé❡ ♣❛r
Pr❡ss ✭✶✾✽✶✮✱ ♥♦✉s ♣r❡♥❞r♦♥s ❡♥ ❝♦♠♣t❡ ❧❛ ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧❛ ❧✉♠✐♥♦s✐té ❞❛♥s ❝❡tt❡ ❝♦✉❝❤❡ ❡t
❡st✐♠❡r♦♥s s♦♥ ✐♠♣❛❝t s✉r ❧❡ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t✳

✺✳✹✳✷ ❉ér✐✈❛t✐♦♥ s✉✐✈❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ ♣r❡♠✐❡r ♦r❞r❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❧❡s ❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s s♦♥t ❝♦♥s✐❞érés ❝♦♠♠❡ ❞❡ ❢❛✐❜❧❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉
❝❛s ❛❞✐❛❜❛t✐q✉❡✳ ▲❡ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❡st ♦❜t❡♥✉ ❡♥ ✐♥❥❡❝t❛♥t ❧❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ❛❞✐❛❜❛t✐q✉❡s
✭♥♦♥✲♣❡rt✉r❜é❡s✮ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♣♦✉r ❛❜♦✉t✐r à ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛
✈❛r✐❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞✬❡♥tr♦♣✐❡✳ ❈❡ ❢♦r♠❛❧✐s♠❡✱ ❞✐t q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✱ ♥♦✉s ♣❡r♠❡t ❡♥ ♣❧✉s ❞❡
♣r❡♥❞r❡ ❢❛❝✐❧❡♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ❧✉♠✐♥♦s✐té q✉✐ ♣♦✉rr❛✐t êtr❡ ✐♠♣♦rt❛♥t❡ ❞❛♥s
❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✳

✽✵



✺✳✹✳ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té

◗✉❡❧q✉❡s r❛♣♣❡❧s ❡t ❞é✜♥✐t✐♦♥s✳ P♦✉r ✉♥❡ ♦♥❞❡ é♠✐s❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡t
q✉✐ s❡ ♣r♦♣❛❣❡ ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✱ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ t♦✉t❡ q✉❛♥t✐té X ♣❡✉t ❢♦r♠❡❧❧❡♠❡♥t êtr❡ é❝r✐t❡ ❝♦♠♠❡

δX̂ = X̃(r, σ) exp

(
−i
∫ rt

r
Krdr

)
✱ ✭✺✳✽✻✮

❛✈❡❝ rt ❧❡ r❛②♦♥ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t X̃(r, σ) ❧✬❛♠♣❧✐t✉❞❡ à ✈❛❧❡✉r ré❡❧❧❡✱ ❡t ♦ù ❧❛ ❞é✲
♣❡♥❞❛♥❝❡ ❛♥❣✉❧❛✐r❡ s✉✐✈❛♥t ❧✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ Y m

l (θ, ϕ)✱ ❞❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❡t ❞❡ ♥♦♠❜r❡
❛③✐♠✉t❛❧ m✱ ❡st ✐♠♣❧✐❝✐t❡ ✐❝✐✳ ▲❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❝♦♠♣❧❡①❡✱ Kr✱ ❡st é❣❛❧ à s❛ ✈❛❧❡✉r ❞❛♥s ❧❡ ❝❛s
❛❞✐❛❜❛t✐q✉❡✱ kr✱ ♣❧✉s ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❧✐é❡ ❛✉① ❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ Kr = kr − γ✳
❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✱ |γ| ❡st s✉♣♣♦sé ♣❡t✐t ♣❛r r❛♣♣♦rt à |kr|✳ ❚♦✉t❡ ♣❡rt✉r❜❛t✐♦♥
▲❛❣r❛♥❣✐❡♥♥❡ ✭❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✮ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ❝♦♠♠❡

δX̂ ≈ X̃(r, σ) exp

(
−i
∫ rt

r
[kr −Re(γ)] dr

)
exp

(
−
∫ rt

r
η dr

)
✱ ✭✺✳✽✼✮

♦ù η = Im(γ)✱ ❡tRe() ❡t Im() r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ♣❛rt✐❡s ré❡❧❧❡ ❡t ✐♠❛❣✐♥❛✐r❡✳ ▲❡ ❞❡r♥✐❡r
t❡r♠❡ ❡st ❧✐é ❛✉① ♣❡rt❡s ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ s♦✉❧✐❣♥❡r q✉❡ ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❞❡
η ✐❝✐ ❡st ❞✐✛ér❡♥t❡ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ✉s✉❡❧❧❡♠❡♥t ❞é✜♥✐ ♣♦✉r ❧❡s ♠♦❞❡s st❛t✐♦♥♥❛✐r❡s✳ ❊♥
❡✛❡t✱ η r❡♣rés❡♥t❡ ❧❡ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ♣❛r ✉♥✐té ❞❡ ❞✐st❛♥❝❡ ♣❛r❝♦✉r✉❡✱ t❛♥❞✐s q✉❡ ❧❡ t❛✉①
❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♠♦❞❡s ❞♦♥♥❡ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡ ♣❛r ✉♥✐té ❞❡ t❡♠♣s✳ ❙❛
❞ét❡r♠✐♥❛t✐♦♥ ❢❛✐t ❧✬♦❜❥❡t ❞❡s ♣r♦❝❤❛✐♥s ♣❛r❛❣r❛♣❤❡s✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ à ❝❡❧❧❡ ❞❡
●♦❞❛rt ❡t ❛❧✳ ✭✷✵✵✾✮ ♣♦✉r ❧❡s ♠♦❞❡s✱ ♠❛✐s ❛❞❛♣té❡ ❛✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❛✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡
❝♦♥t✐♥✉✳

❊①♣r❡ss✐♦♥ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t η✳ P♦✉r ❧❛ s✉✐t❡✱ ✐❧ ❡st ♣r❛t✐q✉❡ ❞✬é❝r✐r❡ ❧❡s éq✉❛t✐♦♥s
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❡t ❞❡ ❝♦♥t✐♥✉✐té s♦✉s ❢♦r♠❡ ▲❛❣r❛♥❣✐❡♥♥❡✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡s q✉❡

σ2ξ̂r =
❞δΨ̂
❞r

+
1

ρ

❞δp̂
❞r

+
δρ̂

ρ
g ✭✺✳✽✽✮

σ2ξ̂h =
1

r

(
δp̂

ρ
+ δΨ̂

)
✭✺✳✽✾✮

δρ̂

ρ
= − 1

r2
❞(r2ξ̂r)
❞r

+
ℓ(ℓ+ 1)

σ2r2

(
δp̂

ρ
+ δΨ̂

)
✱ ✭✺✳✾✵✮

♦ù ❧❛ ♣r♦❥❡❝t✐♦♥ s✉r ❧✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ Y m
l (θ, ϕ) ❛ ✐♠♣❧✐❝✐t❡♠❡♥t été ❡✛❡❝t✉é❡ ✐❝✐ ✭✈♦✐r ❙❡❝✲

t✐♦♥ ✷✳✶ ♣♦✉r ❧❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ❡t ❧❡s ❞ét❛✐❧s ❞❡ ❞ér✐✈❛t✐♦♥✮✳ ❊♥ ♠✉❧t✐♣❧✐❛♥t ❊q✳ ✭✺✳✽✽✮ ♣❛r ξ̂⋆r
❡t ❡♥ ❡①♣r✐♠❛♥t ❧❛ ❞ér✐✈é❡ ❞❡ ξ̂r ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❊q✳ ✭✺✳✾✵✮✱ ❝❡tt❡ éq✉❛t✐♦♥ ♣❡✉t êtr❡ réé❝r✐t❡ ❝♦♠♠❡

σ2
(∣∣∣ξ̂r

∣∣∣
2
+ ℓ(ℓ+ 1)

∣∣∣ξ̂h
∣∣∣
2
)

=
❞
❞r

(
ξ̂⋆rδΨ

)
+

1

ρ

❞
❞r

(
ξ̂⋆rδp̂

)
+
δρ̂⋆

ρ

(
δp̂

ρ
+Ψ′

)
+ 2Re

{
gξ̂⋆r

δρ̂

ρ

}
✱

✭✺✳✾✶✮

♦ù ξ̂h ♣r♦✈✐❡♥t ❞❡ ❊q✳ ✭✺✳✽✾✮ ❡t ♦ù ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ❛ été ✉t✐❧✐sé❡✱ ❝✬❡st✲à✲❞✐r❡ ♦ù ❧✬❤②♣♦t❤ès❡
ξ̂r/r ≪ dξ̂r/dr ❛ été ❢❛✐t❡✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ❧❡s ♦♥❞❡s s♦♥t s✉♣♣♦sé❡s s✉✐✈r❡ ✉♥❡ r❡❧❛t✐♦♥ ❞❡
❞✐s♣❡rs✐♦♥ σ(r,Kr, kh) = σ(r, kr − γ, kh)✳ ❊♥ ❢❛✐s❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✉①
❛❧❡♥t♦✉rs ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ♦❜t❡♥✉ ❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡ kr✱ ✐❧ ✈✐❡♥t

σ(r,Kr, kh) ≈ σ(r, kr, kh)−
∂σ

∂kr
(r, kr, kh)γ = σad − Vg,r(r, kr, kh)γ ✱ ✭✺✳✾✷✮

♦ù Vg,r ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ❡t σad ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❡ ❝❛s ❞✬♦s❝✐❧❧❛t✐♦♥s
❛❞✐❛❜❛t✐q✉❡s✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❧❡s ♦♥❞❡s ❞❡ ❜❛ss❡s ❢réq✉❡♥❝❡s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ✭✐✳❡✳✱ Ψ′ = 0✮

✽✶



❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❡st ❥✉st✐✜é❡✱ ❛✐♥s✐ q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ δp̂ ≈ ξ̂rdp/dr ✭❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✷✵✵✶✮✳ ❆✐♥s✐✱ ❡♥ ✐♥❥❡❝t❛♥t
❊q✳ ✭✺✳✾✷✮ ❞❛♥s ❊q✳ ✭✺✳✾✶✮ ❡t ❡♥ ♣r❡♥❛♥t s❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡✱ ✐❧ ✈✐❡♥t

η = −
Im
{

δρ̂⋆

ρ
δp̂
ρ

}

2Vg,rσad

(
|ξr|2 + ℓ(ℓ+ 1) |ξh|2

) ✳ ✭✺✳✾✸✮

❋✐♥❛❧❡♠❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞✬ét❛t

δp̂

p
= Γ1

δρ̂

ρ
+ PT

δŜ

cv
✱ ✭✺✳✾✹✮

♦ù Γ1 ❡st ❧❡ ♣r❡♠✐❡r ❝♦❡✣❝✐❡♥t ❛❞✐❛❜❛t✐q✉❡✱ ❛✐♥s✐ q✉❡ ❧✬✐❞❡♥t✐té PT = Γ1∇adcvρT/p ✭❡✳❣✳✱ ❯♥♥♦
❡t ❛❧✳ ✶✾✽✾✮✱ ♦♥ ♦❜t✐❡♥t

η =
∇adIm

{
δp̂
p TδŜ

⋆
}

2Vg,rσad

(∣∣∣ξ̂r
∣∣∣
2
+ ℓ(ℓ+ 1)

∣∣∣ξ̂h
∣∣∣
2
) ✳ ✭✺✳✾✺✮

❊①♣r❡ss✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✬❡♥tr♦♣✐❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡ ❊♥
♥é❣❧✐❣❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♣❛rt✐❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ✢✉① r❛❞✐❛t✐❢✱ ❝❡ q✉✐ ❡st ❥✉st✐✜é
❞❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❧❡ ♥♦♠❜r❡ r❛❞✐❛❧ ❡st ♣❧✉s ❣r❛♥❞ q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧✱ ❧✬éq✉❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡ ❡st é❣❛❧❡ à ✭❡✳❣✳✱ ❉✉♣r❡t ✷✵✵✸✮

iσadTδŜ = − 1

4πr2ρ

❞δL̂
❞r

+ ǫ

(
δǫ̂

ǫ
+
δρ̂

ρ
+

1

r2
❞(r2ξ̂r)

❞r

)
✭✺✳✾✻✮

= − L

4πr2ρ

❞
❞r

(
δL̂

L

)
− 1

4πr2ρ

❞L
❞r

(
δL̂

L

)
+ ǫ

(
δǫ̂

ǫ
+
ℓ(ℓ+ 1)

r
ξ̂h

)
✱ ✭✺✳✾✼✮

♦ù ❊q✳ ✭✺✳✾✵✮ ❛ été ✉t✐❧✐sé❡✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧✬❤②♣♦t❤ès❡ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ t❛✉①
❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♣❡✉t êtr❡ r❡❧✐é❡ ✉♥✐q✉❡♠❡♥t à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ ❡♥
♥é❣❧✐❣❡❛♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✬❡♥tr♦♣✐❡ ♣❛r ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✱ ♣♦✉r ❧❡s ✐❞❡♥t✐tés t❤❡r♠♦❞②♥❛✲
♠✐q✉❡s✮

δǫ̂

ǫ
= ǫT

δT

T
+ ǫρ

δρ̂

ρ
✭✺✳✾✽✮

≈ ǫT∇ad
δp̂

p
+
ǫρ
Γ1

δp̂

p
≈
(
ǫT∇ad +

ǫρ
Γ1

)
δp̂

p
✳ ✭✺✳✾✾✮

❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ❧✉♠✐♥♦s✐té ♣❡✉t êtr❡ r❡❧✐é❡ ❛✉ ❞é♣❧❛❝❡♠❡♥t
✈❡rt✐❝❛❧✱ ❡♥ ♣r❡♥❛♥t ❛✉ss✐ ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ❧✬♦♣❛❝✐té q✉✐ ♣❡✉t ✈❛r✐❡r r❛♣✐❞❡♠❡♥t ♣rès
❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✱ ♣❛r ✭❡✳❣✳✱ ●♦❞❛rt ❡t ❛❧✳ ✷✵✵✾✮

δL̂

L
≈
(∇ad

∇ − 1

)
❞ξ̂r
❞r
−
(
∇adκT +

κρ
Γ1

)
δp̂

p
✱ ✭✺✳✶✵✵✮

❡t s❛ ❞ér✐✈é❡ ❡st ❞♦♥❝ é❣❛❧❡ à

❞
❞r

(
δL̂

L

)
≈
(∇ad

∇ − 1

)
❞2ξ̂r
❞r2
−
(
∇adκT +

κρ
Γ1

)
❞ ln p
❞r

❞ξ̂r
❞r

≈ −
(∇ad

∇ − 1

)
k2r ξ̂r −

(
∇adκT +

κρ
Γ1

)
❞ ln p
❞r

❞ξ̂r
❞r

✱ ✭✺✳✶✵✶✮

✽✷



✺✳✹✳ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té

♦ù ♦♥ ❛ ♥é❣❧✐❣é ❧❡s ✈❛r✐❛t✐♦♥s ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ❡t ♦♥ ❛ ✉t✐❧✐sé ❧✬❛♣♣r♦①✐♠❛t✐♦♥ δp̂ ≈ ξ̂r ❞p❞r ✳ ❋✐✲
♥❛❧❡♠❡♥t✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✬❡♥tr♦♣✐❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✺✳✾✼✮ ♣❡✉t s✬é❝r✐r❡ ❞✬❛♣rès ❧❡s tr♦✐s éq✉❛t✐♦♥s
♣ré❝é❞❡♥t❡s ❝♦♠♠❡

TδŜ⋆ ≈ iL

4πr2ρσad

{(∇ad

∇ − 1

)
k2r ξ̂

⋆
r +

(
∇adκT +

κρ
Γ1

)
❞ ln p
❞r

❞ξ̂r
❞r

⋆}

− i

4πr2ρσad

❞L
❞r

{(∇ad

∇ − 1

)
❞ξ̂⋆r
❞r
−
(
∇adκT +

κρ
Γ1

)
❞ ln p
❞r

ξ̂⋆r

}

+
iǫ

σad

(
ǫT∇ad +

ǫρ
Γ1

)
❞ ln p
❞r

ξ̂⋆r + i
ℓ(ℓ+ 1)

rσad
ǫξ̂⋆h ✱ ✭✺✳✶✵✷✮

❞✬♦ù

Im
{
δp̂

p
TδŜ⋆

}
≈ ℓ(ℓ+ 1)LN2

4πr4ρσ3ad

❞ ln p
❞r

(∇ad

∇ − 1

) ∣∣∣ξ̂r
∣∣∣
2

+
1

4πr2ρσad

❞L
❞r

(
❞ ln p
❞r

)2(
∇adκT +

κρ
Γ1

) ∣∣∣ξ̂r
∣∣∣
2

+
ǫ

σad

(
ǫT∇ad +

ǫρ
Γ1

)(
❞ ln p
❞r

)2 ∣∣∣ξ̂r
∣∣∣
2
✱ ✭✺✳✶✵✸✮

♦ù ♦♥ ❛ ✉t✐❧✐sé kr ≈
√
l(l + 1)N/rσad ❡t

Im
{
iξ̂r

❞ξ̂⋆r
❞r

}
= Im

{
−kr|ξ̂r|2

}
= 0 ✭✺✳✶✵✹✮

Im
{
iξ̂⋆hξ̂r

}
∝ Im

{
i
❞ξ̂⋆r
❞r

ξ̂r

}
= 0 ✱ ✭✺✳✶✵✺✮

❛✈❡❝ ❧❛ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ♦❜t❡♥✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ♣♦✉r ❧❡s ♦♥❞❡s à ❜❛ss❡s
❢réq✉❡♥❝❡s✳ ❊♥ ❡✛❡t✱ ❧✬✐♥❝♦♠♣r❡ss✐❜❧✐té ✭✐✳❡✳✱ ~∇ · ~v = 0✱ ✈♦✐r ❙❡❝t✐♦♥ ✺✳✶✳✷✮ ❛✉t♦r✐s❡ à ♥é❣❧✐❣❡r ❧❛
♣❡rt✉r❜❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ❞❡♥s✐té ❞❛♥s ❊q✳ ✭✺✳✾✵✮✱ ❝❡ q✉✐ ❞♦♥♥❡

❞ξ̂r
❞r
≈ ℓ(ℓ+ 1)

r
ξ̂h ✳ ✭✺✳✶✵✻✮

❉❡ ♣❧✉s✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥ ♣♦✉r ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ❞❛♥s ❊q✳ ✭✺✳✹✾✮ ✭❛✈❡❝ kr > 0
❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♦♥❞❡ s❡ ♣r♦♣❛❣❡❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✮ ❡t ❧❡ ❢❛✐t q✉❡ dL/dm = ǫ✱ ♦♥ ♦❜t✐❡♥t
✜♥❛❧❡♠❡♥t

η = −∇ad

√
ℓ(ℓ+ 1)

2σ2adr

σad
(N2 − σ2ad)1/2

(
CZ97 + Cǫ

)
✱ ✭✺✳✶✵✼✮

❛✈❡❝

CZ97 =
ℓ(ℓ+ 1)LN2

4πr4ρσ3ad

❞ ln p
❞r

(∇ad

∇ − 1

)
✭✺✳✶✵✽✮

Cǫ =
ǫ

σad

(
(ǫT + κT )∇ad +

ǫρ + κρ
Γ1

)(
❞ ln p
❞r

)2

✱ ✭✺✳✶✵✾✮

♦ù CZ97 ❡t Cǫ ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉ t❡r♠❡ ❞ér✐✈é ♣❛r ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮ ❡t ❛✉ t❡r♠❡
❛❞❞✐t✐♦♥♥❡❧ ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ t❛✉① ❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡✳ P♦✉r ❡st✐♠❡r
❧✬❡✛❡t ❞✉ t❡r♠❡ Cǫ✱ ✐❧ ❡st ♣r❛t✐q✉❡ ❞❡ ❞é✜♥✐r ❧❛ ❢réq✉❡♥❝❡ σǫ,l ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ σad✱ t❡❧❧❡ q✉❡

√
CZ97

Cǫ
=
σǫ,l
σad

✱ ✭✺✳✶✶✵✮
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❈❤❛♣✐tr❡ ✺✳ Pr♦♣r✐étés ❞②♥❛♠✐q✉❡s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐❣✉r❡ ✺✳✺✿ P✉❧s❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ σǫ,l ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭✺✳✶✶✵✮ ♣♦✉r l = 1✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♥♦r✲
♠❛❧✐sé ❛✉ r❛②♦♥ ❞✉ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❡s ♠♦❞è❧❡sM0 ✭r♦✉❣❡✮ ❡tM2 ✭❜❧❡✉❡✮ ❞❡ ♠❛ss❡
✶✳✸ M⊙ ✉t✐❧✐sés ❞❛♥s ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✺❜✮✱ r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s
❡t ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ s♦♥t ❝♦♥s✐❞érés✳ ▲❡s ♣♦rt✐♦♥s ❡♥ t✐r❡ts ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ✈❛❧❡✉rs
♥é❣❛t✐✈❡s ♣♦✉r Cǫ q✉✐ ❛ ❞♦♥❝ t❡♥❞❛♥❝❡ à s✬♦♣♣♦s❡r à ❧❛ ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡ r❡♣rés❡♥té❡ ♣❛r ❧❡
t❡r♠❡ CZ97✳ ▲❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡st r❡♣rés❡♥té ❡♥ ♣♦✐♥t✐❧❧és✳

❡t ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ♣♦✉r σad < σǫ,l✱ ❧❡ t❡r♠❡ Cǫ ❡st ♥é❣❧✐❣❡❛❜❧❡ ♣❛r r❛♣♣♦rt à CZ97✳ ❈❡tt❡ ❞❡r♥✐èr❡
❡st r❡♣rés❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ s✉r ❧❛ ❋✐❣✉r❡ ✺✳✺ ♣♦✉r ❞❡✉① ♠♦❞è❧❡s
❞❡ ♠❛ss❡ ✶✳✸ M⊙✱ r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱
❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♠♦❞è❧❡s M0 ❡t M2 ❞❡ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✺❜✮✳ ❖♥ ✈♦✐t q✉❡ σǫ,1 ❡st ♣❛rt♦✉t
s✉♣ér✐❡✉r❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✳ ❈♦♠♠❡ ♣❛r ❤②♣♦t❤ès❡ ✱ σad ≪ N ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱
♦♥ ❡♥ ❝♦♥❝❧✉t q✉❡ ❧❡ t❡r♠❡ Cǫ ❡st ♥é❣❧✐❣❡❛❜❧❡ ♣❛r r❛♣♣♦rt ❛✉ t❡r♠❡ CZ97 ❡t ♣❡✉t êtr❡ ♦✉❜❧✐é ❞❛♥s ❧❛
s✉✐t❡✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ♣♦✉r r❡tr♦✉✈❡r ❧❛ ♠ê♠❡ ❢♦r♠❡ q✉❡ ❝❡❧❧❡ ❞♦♥♥é❡ ♣❛r ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ✐❧
s✉✣t ❞✬✉t✐❧✐s❡r ❞❛♥s ❊q✳ ✭✺✳✶✵✽✮ ❧❡s ✐❞❡♥t✐tés s✉✐✈❛♥t❡s ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾❀ ▼❛❡❞❡r ✷✵✵✾✮

L = −4πr2KρCp
❞T
❞r

= 4πr2KρCpT
∇
Hp

✭✺✳✶✶✶✮

N2
T =

δg

Hp
(∇ad −∇) ✭✺✳✶✶✷✮

δ = ∇ad
ρTCp

p
= −∇adCpT

g

❞ ln p
❞r

✭✺✳✶✶✸✮

N2 = N2
T +N2

µ ✱ ✭✺✳✶✶✹✮

❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❡ t❡r♠❡ ❞✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❞❡s ♦♥❞❡s ✐♥té❣ré ❞❡♣✉✐s ❧❡✉r é♠✐ss✐♦♥ ❡♥ ❤❛✉t
❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ t❛✉① ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡ ✭✐✳❡✳✱ ❞✉ ❣r❛❞✐❡♥t ❞❡
❧✉♠✐♥♦s✐té✮✱ s✬❡①♣r✐♠❡ ❞❡ ❧❛ ❢♦r♠❡

τ(r, σ̂, l) =
1

2
[l(l + 1)]3/2

∫ rt

r
K
NN2

T

σ̂4

(
N2

N2 − σ̂2
)1/2

dr

r3
✱ ✭✺✳✶✶✺✮

♦ù ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✏❛❞✐❛❜❛t✐q✉❡✑ σad ❛ été r❡♠♣❧❛❝é❡ ♣❛r ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡
σ̂✳ ❖♥ ✈♦✐t ❞♦♥❝ q✉❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡ ❧✬♦♥❞❡ ❡st ❢♦rt❡♠❡♥t s❡♥s✐❜❧❡ à ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡
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✺✳✹✳ ❆♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡t tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té

❧✬♦♥❞❡ ♣✉✐sq✉✬✐❧ ❡♥ ❞é♣❡♥❞ ❝♦♠♠❡ σ̂−4✳ P♦✉r ❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s✱ ❧✬✐♥té❣r❛♥❞❡ ♣❡✉t ♥♦t❛♠♠❡♥t
❞❡✈❡♥✐r s✐ ❣r❛♥❞❡ q✉❡ ❧✬❤②♣♦t❤ès❡ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡ ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡✳ ❈❡❧❛ ❡st ♥♦t❛♠♠❡♥t ✈r❛✐
♣♦✉r ❧❡s ♦♥❞❡s ♣r♦❝❤❡s ❞✬✉♥❡ ❝♦✉❝❤❡ ❝r✐t✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ à ✉♥ ♥✐✈❡❛✉ ♦ù ❧❡✉r ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡
s✬❛♥♥✉❧❡✳ ❙❡❧♦♥ ▲✐❣❤t❤✐❧❧ ✭✶✾✼✽✮ ♦✉ ❘✐♥❣♦t ✭✶✾✾✽✮✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ t❡♥❞ ✈❡rs ③ér♦ ♣r♦❝❤❡
❞✬✉♥❡ t❡❧❧❡ ❝♦✉❝❤❡ ❡t ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ♠❡t ✉♥ t❡♠♣s ✐♥✜♥✐ à ❛tt❡✐♥❞r❡ ❧❛ ❝♦✉❝❤❡ ❝r✐t✐q✉❡✳ ❊♥
♣rés❡♥❝❡ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦❝❡ss✉s ❞✐ss✐♣❛t✐❢✱ ❝❡tt❡ é♥❡r❣✐❡ s❡r❛ ❞♦♥❝ t♦t❛❧❡♠❡♥t ❛❜s♦r❜é❡ ♣❛r ❧❡
♠✐❧✐❡✉✱ ❝❡ q✉✐ ❡st q✉❛❧✐t❛t✐✈❡♠❡♥t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❊q✳ ✭✺✳✶✶✺✮✳

✺✳✹✳✸ ❊①♣r❡ss✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡ ❝❛s
♥♦♥✲❛❞✐❛❜❛t✐q✉❡

P♦✉r ❝♦♥❝❧✉r❡ ❝❡tt❡ ♣❛rt✐❡✱ ✐❧ ❡st ♠❛✐♥t❡♥❛♥t ❡♥✈✐s❛❣❡❛❜❧❡✱ ❡♥ ✈✉❡ ❞❡s rés✉❧t❛ts ♣ré❝é❞❡♥ts✱
❞✬❡①♣r✐♠❡r ❧❡ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❊♥ ❡✛❡t✱
❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡✱ ❧❛ ❧✉♠✐♥♦s✐té ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ ❡st ❝♦♥s❡r✈é❡ ❞❛♥s t♦✉t❡ ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡✱ ❡t ❡st ❞♦♥❝ é❣❛❧❡ à s❛ ✈❛❧❡✉r ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❉❛♥s ❧❡ ❝❛s ♥♦♥✲❛❞✐❛❜❛t✐q✉❡✱
❧❡ ✢✉① r❛❞✐❛❧ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡ ♣❡✉t êtr❡ ❡①♣r✐♠é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✢✉①
❞❛♥s ❧❡ ❝❛s ❛❞✐❛❜❛t✐q✉❡✱ ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❛tté♥✉é❡ ♣❛r ✉♥ t❡r♠❡ ❞✬❛♠♦rt✐ss❡♠❡♥t✳ ❊♥ ✉t✐❧✐s❛♥t
❧❡s ❊qs✳ ✭✺✳✼✽✮ ❡t ✭✺✳✶✶✺✮✱ ❧❡ ✢✉① r❛❞✐❛❧ t♦t❛❧ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬♦♥❞❡✱ ♠♦②❡♥♥é s✉r ❧✬❛♥❣❧❡
s♦❧✐❞❡✱ ♣❡✉t êtr❡ é❝r✐t ❝♦♠♠❡

FJ,w(r) =
∑

l

m=+l∑

m=−l

∫ +∞

−∞

m

ω

r2t
r2
FE,w(rt, ω, l,m)e−2τ(r,ω̂,l)dω ✱ ✭✺✳✶✶✻✮

♦ù rt ❡st ❧❡ r❛②♦♥ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ l ❡t m s♦♥t ❧❡ ❞❡❣ré ❡t ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ ❞❡s ❤❛r✲
♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱ ❡t FE,w(rt, ω, l,m) ❡st ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ♣❛r ✉♥✐té ❞❡ ❢réq✉❡♥❝❡ ♣♦✉r ✉♥ ❞❡❣ré
l ❡t ✉♥ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❡ ❢❛❝t❡✉r ❞❡✉① ❞❡✈❛♥t ❧✬❛♠♦rt✐ss❡♠❡♥t
❡st ✐♥tr♦❞✉✐t ♣✉✐sq✉❡ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❡✉r ❛♠♣❧✐t✉❞❡ ❛✉ ❝❛rré ❞✬❛♣rès
❊q✳ ✭✺✳✻✾✮✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❞❡s r❛✐s♦♥s ♣r❛t✐q✉❡s✱ ♦♥ ❛ ❝❤♦✐s✐ ❞✬❡①♣r✐♠❡r ❊q✳ ✭✺✳✶✶✻✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ω
q✉✐ ❡st ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥ ❛✈❡❝ ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡ ❡t q✉✐ ❡st r❡❧✐é❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ✐♥❡rt✐❡❧ σ ♣❛r ω = σ−mΩ(rt)✱
❛✈❡❝ Ω(rt) ❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❈❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❝♦rr❡s♣♦♥❞
❞♦♥❝ ❥✉st❡ à ✉♥ ❞é❝❛❧❛❣❡ ❞❡ ❧✬♦r✐❣✐♥❡ ❞❡s ❢réq✉❡♥❝❡s ❞❛♥s ❧✬✐♥té❣r❛❧❡ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✺✳✶✶✻✮✳ ❊♥
❡✛❡t✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡ ❝❡s ♦♥❞❡s s♦♥t ❣é♥éré❡s à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡✱ ❡t ✉♥❡ t❡❧❧❡ é❝r✐t✉r❡ ❛♣♣❛r❛ît ❞♦♥❝ ♥❛t✉r❡❧❧❡♠❡♥t ❝♦♠♠❡ ❧❛ ♣❧✉s s✐♠♣❧❡✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ❞é✲
✜♥✐ ω̂ ❝♦♠♠❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ♠❡s✉ré❡ ♣❛r r❛♣♣♦rt à ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥
❛✈❡❝ ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ ω̂ = ω −mδΩ✱ ♦ù δΩ = Ω(r) − Ω(rt) ❡st ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❛r r❛♣♣♦rt à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❖♥ ♣❡✉t ♥♦t❛♠♠❡♥t
✈ér✐✜❡r q✉❡ ω̂ = ω−mδΩ(r) = [σ−mΩ(rt)]−m[Ω(r)−Ω(rt)] = σ−mΩ(r) = σ̂✳ ▲✬éq✉❛t✐♦♥ ✭✺✳✶✶✻✮
✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞✬❡st✐♠❡r ❧✬❡✛❡t ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té ❞❛♥s ❝❤❛q✉❡ ❝♦✉❝❤❡ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ P♦✉r ❝❡❧❛✱ ✐❧ ❢❛✉t ❡♥❝♦r❡ ❝♦♥♥❛îtr❡ ❧❛ ✈❛❧❡✉r ❞❡
❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❝♦♥st❛♥t❡ C ❞❛♥s ❊q✳ ✭✺✳✻✾✮✱ ❡t
❞♦♥❝ ❝♦♠♣r❡♥❞r❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✱ ❝❡ q✉✐ ❢❛✐t ❧✬♦❜❥❡t ❞✉ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✳

❊♥ rés✉♠é✱ ♦♥ ❛ ✈✉ q✉✬❡♥ s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❧❡s ♦♥❞❡s s✉❜✐ss❡♥t ❞❡s ♣❡rt❡s
r❛❞✐❛t✐✈❡s✳ ❊❧❧❡s s♦♥t ❞♦♥❝ ❝❛♣❛❜❧❡s ❞❡ ❞é♣♦s❡r ♦✉ ❞✬❡①tr❛✐r❡ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡ ♠✐❧✐❡✉✳

▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✈❛ ❞é♣❡♥❞r❡ ❞✬✉♥❡ ♣❛rt ❞✉ t❛✉①
❞✬❛♠♦rt✐ss❡♠❡♥t✳ ❈❡❧✉✐✲❝✐ ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ✭✈✐❛ ❧❡ r❛♣♣♦rt KN3/r2✮✱ ❞✉ ❞❡❣ré
❛♥❣✉❧❛✐r❡ ✭τ ∝ l3✮ ❡t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ✭τ ∝ ω̂−4 = (ω −mδΩ)−4✮✳ ▲✬❡✣❝❛❝✐té
❞✉ tr❛♥s♣♦rt ✈❛ ❞é♣❡♥❞r❡ ❞✬❛✉tr❡ ♣❛rt ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧✬♦♥❞❡ ❡t ❞♦♥❝ ❞❡

s♦♥ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡✳

✽✺



✽✻



❈❤❛♣✐tr❡ ✻

▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❙♦♠♠❛✐r❡
✻✳✶ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✻✳✶✳✶ ❖❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s à ❞❡✉① ③♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✻✳✶✳✷ ❉❡s s✐♠✉❧❛t✐♦♥s ❡♥❝♦r❡ tr♦♣ é❧♦✐❣♥é❡s ❞❡s ré❣✐♠❡s st❡❧❧❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻✳✷ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✾✷
✻✳✷✳✶ ❚r❛✈❛✐❧ ♣✐♦♥♥✐❡r ❞❡ Pr❡ss ✭✶✾✽✶✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✻✳✷✳✷ ▼♦❞è❧❡s ❞❡ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮ ❡t ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸
✻✳✷✳✸ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ st♦❝❤❛st✐q✉❡ ♣❛r ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
✻✳✷✳✹ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ♦✈❡rs❤♦♦t✐♥❣ s✉✐✈❛♥t ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮ ✾✼

✻✳✸ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ✳ ✳ ✳ ✳ ✾✽
✻✳✸✳✶ ❉é✜♥✐t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ✉♥ ❡♥✲

s❡♠❜❧❡ ❞❡ ♣❛♥❛❝❤❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
✻✳✸✳✷ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❛✈❡❝ t❡r♠❡ s♦✉r❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
✻✳✸✳✸ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡ ❞❡s ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✻✳✸✳✸✳❛ Pr♦✜❧ ❞❡ ✈✐t❡ss❡ ❞✉ ♣❛♥❛❝❤❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ✳ ✳ ✳ ✳ ✶✵✶
✻✳✸✳✸✳❜ ▼♦❞è❧❡ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❡ ❘✐❡✉t♦r❞ ✫ ❩❛❤♥ ✭✶✾✾✺✮ ✳ ✳ ✳ ✶✵✶
✻✳✸✳✸✳❝ Pr♦✜❧ ❞❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✶✵✷
✻✳✸✳✸✳❞ ❚❡♠♣s ❞❡ ✈✐❡ ❞✉ ♣❛♥❛❝❤❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✻✳✸✳✹ ❉ér✐✈❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹
✻✳✸✳✹✳❛ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ❡t ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥ ✶✵✹
✻✳✸✳✹✳❜ ❊①♣r❡ss✐♦♥ ✜♥❛❧❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✻✳✸✳✹✳❝ ❊①♣r❡ss✐♦♥ s✐♠♣❧✐✜é❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✻✳✹ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ ❝❛s s♦❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✻✳✹✳✶ ❋❧✉① ❞✬é♥❡r❣✐❡ ❡t ✐♥✢✉❡♥❝❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♣❛♥❛❝❤❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✻✳✹✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❞❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ♣❡✉✈❡♥t s❡ ♣r♦♣❛❣❡r
❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s st❡❧❧❛✐r❡s ❡t ♠♦❞✐✜❡r ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡✳ ▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s✲
♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❝❡s ♦♥❞❡s ❞é♣❡♥❞ ❞❡ ❧❡✉r é♥❡r❣✐❡ ❡t ❞♦♥❝ ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡✳ ❉❡
♣❧✉s✱ ❧❡ tr❛♥s♣♦rt ♥✬❡st ♣♦ss✐❜❧❡ q✉✬❡♥ ♣rés❡♥❝❡ ❞❡ ♣r♦❝❡ss✉s ❞✐ss✐♣❛t✐❢s q✉✐ ♣❡r♠❡tt❡♥t ❞❡s é❝❤❛♥❣❡s
❞✬é♥❡r❣✐❡ ❡t ❞✬✐♠♣✉❧s✐♦♥ ❡♥tr❡ ❧❡s ♦♥❞❡s ❡t ❧❡ ♠✐❧✐❡✉ st❡❧❧❛✐r❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té✱ ❧❡ t❛✉① ❧♦❝❛❧ ❞✬❛♠♦rt✐ss❡♠❡♥t ♣❛r ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡ ❞é♣❡♥❞ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♦♥❞❡s
❛✐♥s✐ q✉❡ ❞❡ ❧❡✉r ✈❡❝t❡✉r ❞✬♦♥❞❡✳ ▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞é♣❡♥❞ ❞♦♥❝ ❛✉ss✐
❞❡ ❧❡✉r ❞✐str✐❜✉t✐♦♥ s♣❡❝tr❛❧❡ ❡♥ é♥❡r❣✐❡✳ ❖r✱ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ s♦♥t t♦✉t❡s ❞❡✉① ❧❡
rés✉❧t❛t ❞✉ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ♠✐s ❡♥ ❥❡✉✳

✽✼



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳
❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉① ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ t②♣❡ s♦❧❛✐r❡✱ ❝❡s ♦♥❞❡s s♦♥t ❡①❝✐té❡s ♣❛r ❧❡s ♠♦✉✈❡✲
♠❡♥ts ❞❡ ♠❛t✐èr❡ t✉r❜✉❧❡♥ts ❞❛♥s ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s ❞❡s ét♦✐❧❡s✳ ❖♥ ❞✐st✐♥❣✉❡ ❞❡✉① ♦r✐❣✐♥❡s ♣♦✉r
❧❡ t❡r♠❡ ❞❡ ❢♦rç❛❣❡ ✿ s♦✐t ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ✭♦✉ ❧❡ str❡ss ❞❡ ❘❡②♥♦❧❞s✮ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
s♦✐t ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❛♥s ❧❡s ❝♦✉❝❤❡s r❛❞✐❛t✐✈❡s ❛❞❥❛❝❡♥t❡s✳ ❆❧♦rs q✉❡ ❧❡s s✐♠✉✲
❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ ♣❡✉✈❡♥t êtr❡ ❞❡ ❜♦♥s ❣✉✐❞❡s✱ ♥♦✉s ✈❡rr♦♥s ♥é❛♥♠♦✐♥s
q✉✬❡❧❧❡s ♥❡ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ♣❛s ❛ss❡③ ré❛❧✐st❡s ♣♦✉r ♣♦✉✈♦✐r ♥♦✉s ❢♦✉r♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s q✉❛♥t✐✲
t❛t✐✈❡s s✉r ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❯♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❛r
❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ❡st ♥é❛♥♠♦✐♥s ♣♦ss✐❜❧❡ ❡t ❝♦♠♣❧é♠❡♥t❛✐r❡✳ ❊♥ ❡✛❡t✱ ❞❡ t❡❧s ♠♦❞è❧❡s
♦♥t ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣♦✉✈♦✐r ♠❡ttr❡ s✐♠♣❧❡♠❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧❡s ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s r❡s♣♦♥s❛❜❧❡s ❞✉
tr❛♥s❢❡rt ❞✬é♥❡r❣✐❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ❞❡ ♣♦✉✈♦✐r ❢❛❝✐❧❡♠❡♥t ❧❡ q✉❛♥t✐✜❡r✳
P❧✉s✐❡✉rs ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡①✐st❡♥t à ❧✬❤❡✉r❡
❛❝t✉❡❧❧❡ ❡t ♦♥t ❞é❥à ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉①✳ ◆♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❧❛ s✉✐t❡ ✉♥❡ ♣rés❡♥t❛t✐♦♥
❞❡ ❝❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❞❛♥s ❧✬♦r❞r❡ ❝❤r♦♥♦❧♦❣✐q✉❡ ❞✬❛♣♣❛r✐t✐♦♥✳ ❊♥✜♥✱ ✉♥ ♠♦❞è❧❡ s❡♠✐✲❛♥❛❧②t✐q✉❡
❞❡ ❣é♥ér❛t✐♦♥ ❞✬♦♥❞❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❞é✈❡❧♦♣♣é ♣❡♥❞❛♥t ♠❛ t❤ès❡ s❡r❛ ❞é❝r✐t ❛✈❡❝
♣❧✉s ❞❡ ♣ré❝✐s✐♦♥s✳ ▲❡ s♣❡❝tr❡ é♠✐s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣❛r ❝❡ ♠é❝❛♥✐s♠❡ s❡r❛ ❛❧♦rs
❞✐s❝✉té ❡t ❝♦♠♣❛ré ❛✉① ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ❈❡ tr❛✈❛✐❧ ❛ ♥♦t❛♠♠❡♥t
❞♦♥♥é ❧✐❡✉ à ✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ✭P✐♥ç♦♥ ❡t ❛❧✳✱ ✷✵✶✻✮✳

✻✳✶ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s

✻✳✶✳✶ ❖❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s à ❞❡✉① ③♦♥❡s

▲❛ ❣é♥ér❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❛ ❞❡♣✉✐s ❧♦♥❣t❡♠♣s été ♦❜s❡r✈é❡ ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s ❈❛rtés✐❡♥♥❡s à ❞❡✉① ③♦♥❡s✳ ▲❡s ♣r❡♠✐èr❡s ét✉❞❡s ❞❡ ❝❡ t②♣❡ ❡♥ ✷❉ ✭❡✳❣✳✱ ❍✉r❧❜✉rt ❡t ❛❧✳
✶✾✽✻❀ ❆♥❞❡rs❡♥ ✶✾✾✹✮ ♦✉ ❡♥ ✸❉ ✭❡✳❣✳✱ ❇r✉♠♠❡❧❧ ❡t ❛❧✳ ✷✵✵✷✮ ❝♦♥s✐st❛✐❡♥t ❡♥ ❞❡✉① ré❣✐♦♥s ♣♦❧②tr♦✲
♣✐q✉❡s à ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡✱ ❧❛ ré❣✐♦♥ ✐♥st❛❜❧❡ ❝♦♥✈❡❝t✐✈❡♠❡♥t r❡♣♦s❛♥t s✉r ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡
str❛t✐✜é❡ st❛❜❧❡♠❡♥t✳ ❈❡s s✐♠✉❧❛t✐♦♥s s❡ ❢♦❝❛❧✐s❛✐❡♥t ❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❧✬ét✉❞❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ♣é✲
♥étr❛t✐♦♥ ❞❡s ❝♦✉r❛♥ts ❝♦♥✈❡❝t✐❢s ❞❡s❝❡♥❞❛♥ts ❞❛♥s ❧❡s ❝♦✉❝❤❡s st❛❜❧❡s s♦✉s✲❥❛❝❡♥t❡s✱ ❛✐♥s✐ q✉❡ ❞❡
❧❛ str✉❝t✉r❡ ❞❡ ❝❡tt❡ ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥✳ ❯♥❡ t❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥ rés✉❧t❡ ❞❡ ♣❧✉s ♥❛t✉r❡❧❧❡♠❡♥t à
❧✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡t à ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡ ✐♥❢ér✐❡✉r❡✳
❈❡s ♣r❡♠✐❡rs tr❛✈❛✉① ♥✬♦♥t ♥é❛♥♠♦✐♥s ♣r♦♣♦sé q✉✬✉♥❡ ét✉❞❡ q✉❛❧✐t❛t✐✈❡ ❞❡ ❝❡s ♦s❝✐❧❧❛t✐♦♥s✳ P❧✉s
ré❝❡♠♠❡♥t✱ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ❜♦ît❡s ❈❛rtés✐❡♥♥❡s ✷❉ ✭❑✐r❛❣❛ ❡t ❛❧✳ ✷✵✵✸❀ ❉✐♥tr❛♥s
❡t ❛❧✳ ✷✵✵✺✮ ❡t ✸❉ ✭❑✐r❛❣❛ ❡t ❛❧✳ ✷✵✵✺✮ s❡ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ssé❡s à ❧✬❡st✐♠❛t✐♦♥ ❞✉ ✢✉①
❞✬é♥❡r❣✐❡ tr❛♥s♠✐s s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡ ❞❡❣ré ❞❡ ré❛❧✐s♠❡ ❛ ❞❡
♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t été ❛♠é❧✐♦ré ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❛✈❡❝ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
❝❤❡r❝❤❛♥t à r❡♣r♦❞✉✐r❡ ❛✉ ♠✐❡✉① ❧❛ str❛t✐✜❝❛t✐♦♥ ✈❡rt✐❝❛❧❡ ❞✉ ❙♦❧❡✐❧✱ ❡♥ ❣é♦♠étr✐❡ ♣♦❧❛✐r❡ ❞✬❛❜♦r❞
✭❘♦❣❡rs ✫ ●❧❛t③♠❛✐❡r ✷✵✵✺✱ ✷✵✵✻✮✱ ♣✉✐s ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡ ✭❆❧✈❛♥ ❡t ❛❧✳ ✷✵✶✹✮✳ ❖♥ ♣❡✉t ❛✉ss✐
♥♦t❡r ❧❡s tr❛✈❛✉① ❞❡ ❘♦❣❡rs ❡t ❛❧✳ ✭✷✵✶✸✮ s✉r ❧✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ♣❛r ❧❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s
❞❛♥s ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s ✈✐❛ ❞❡s s✐♠✉❧❛t✐♦♥s ✷❉ ❛✈❡❝ ✉♥❡ str❛t✐✜❝❛t✐♦♥ ré❛❧✐st❡✳

❚♦✉t❡s ❝❡s s✐♠✉❧❛t✐♦♥s ❡①❤✐❜❡♥t ❞❡✉① s♦rt❡s ❞❡ ♠♦✉✈❡♠❡♥ts ❝♦♥✈❡❝t✐❢s✳ ▲❛ ❋✐❣✉r❡ ✻✳✶ ♠♦♥tr❡
❧✬❡①❡♠♣❧❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❡♥ ❜♦ît❡ ❈❛rtés✐❡♥♥❡ ✷❉ ré❛❧✐sé❡ ♣❛r ❉✐♥tr❛♥s ❡t ❛❧✳ ✭✷✵✵✺✮ ❞❛♥s ❧❡q✉❡❧
❝❡s ❞❡✉① t②♣❡s ❞❡ ♠♦✉✈❡♠❡♥ts ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈és s✐♠✉❧t❛♥é♠❡♥t✳ ❆✉t♦✉r ❞❡ x = 2 ✭♦✉ ❞❡
❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡✱ ❛✉t♦✉r ❞❡ x = −2 ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❛✉① ❜♦r❞s ♣ér✐♦❞✐q✉❡s✮✱ ❧✬❛❣✐t❛t✐♦♥
t✉r❜✉❧❡♥t❡ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞❡ ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s s✬ét❛❧❛♥t s✉r ♣r❡sq✉❡ t♦✉t❡ ❧✬é♣❛✐ss❡✉r ❞❡
❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ❆ ❧✬✐♥✈❡rs❡✱ ✉♥ ❢♦rt ❝♦✉r❛♥t ❞❡s❝❡♥❞❛♥t✱ ❞❡ str✉❝t✉r❡ ❝♦❤ér❡♥t❡ ❡t ❞❡ ❧♦♥❣✉❡
✈✐❡✱ s❡ ❞é✈❡❧♦♣♣❡ ❡t tr❛✈❡rs❡ ❧✬✐♥té❣r❛❧✐té ❞❡ ❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❛✉t♦✉r ❞❡ x = −0.5✳ ❈❡s ♣❛♥❛❝❤❡s
❝♦♥✈❡❝t✐❢s ♣r❡♥♥❡♥t ♥❛✐ss❛♥❝❡ à ❧❛ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s ♦ù ❧❡ ♠✐❧✐❡✉ ❡st ♦♣t✐q✉❡♠❡♥t ✜♥✳ ▲à✱ ❞❡s
❣r❛♥✉❧❡s ❝♦♥✈❡❝t✐✈❡s ❛s❝❡♥❞❛♥t❡s s❡ r❡❢r♦✐❞✐ss❡♥t ♣❛r r❛②♦♥♥❡♠❡♥t ❡t ❞❡✈✐❡♥♥❡♥t ♣❧✉s ❞❡♥s❡s q✉❡
❧❡✉r ❡♥✈✐r♦♥♥❡♠❡♥t✳ ❊❧❧❡s s✬❡♥❢♦♥❝❡♥t ❛❧♦rs ❡♥ ♣r♦❢♦♥❞❡✉r ❡t ❛♠♦r❝❡♥t ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s✳
▲♦rs ❞❡ ❧❡✉r tr❛✈❡rsé❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❧❡s ♣❛♥❛❝❤❡s s❡ ❞é✈❡❧♦♣♣❡♥t ❡t ❣r♦ss✐ss❡♥t ❧❛tér❛❧❡♠❡♥t
♣❛r ❡♥tr❛î♥❡♠❡♥t t✉r❜✉❧❡♥t ❞❡ ♠❛t✐èr❡ ❥✉sq✉✬à ❛tt❡✐♥❞r❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳

✽✽



✻✳✶✳ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s

❋✐❣✉r❡ ✻✳✶✿ ❊①❡♠♣❧❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ✷❉ ❡♥ ❜♦ît❡ ❈❛rtés✐❡♥♥❡
❞✬❛♣rès ❉✐♥tr❛♥s ❡t ❛❧✳ ✭✷✵✵✺✮✳ P♦✉r ❝❤❛q✉❡ ❝❧✐❝❤é ♣r✐s à q✉❛tr❡ t❡♠♣s ❞✐✛ér❡♥ts✱ ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡ ❡st r❡♣rés❡♥té ♣❛r ❞❡s ✈❡❝t❡✉rs s✉♣❡r♣♦sés à ✉♥❡ é❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉r ❣r✐s❡ ❝♦rr❡s♣♦♥❞❛♥t
❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✳ ▲❡ tr❛✐t ❞✐s❝♦♥t✐♥✉ ❜❧❛♥❝ ♠♦♥tr❡ ❧❛ ❢r♦♥t✐èr❡ ❡♥tr❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡ s✉♣ér✐❡✉r❡ ❡t ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ s♦✉s✲❥❛❝❡♥t❡✳

❚♦✉r❜✐❧❧♦♥s ❡t ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ♣❡rt✉r❜❡♥t t♦✉s ❞❡✉① ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❡t ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❙✐ ❧❡ ❝r✐tèr❡ ❞✬✐♥st❛❜✐❧✐té ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ét❛✐t r✐❣♦✉r❡✉s❡♠❡♥t r❡s♣❡❝té✱ ❝❡s
❝♦✉r❛♥ts ❞❡ ♠❛t✐èr❡ ❞❡✈r❛✐❡♥t ✐♥st❛♥t❛♥é♠❡♥t s✬❛rrêt❡r à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s ❧❛
ré❛❧✐té✱ ✐❧s ♣❡✉✈❡♥t ♣é♥étr❡r ♣❛r ✐♥❡rt✐❡ s✉r ✉♥❡ ❝❡rt❛✐♥❡ ❞✐st❛♥❝❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ❧✐❜ér❡r
✉♥❡ ♣❛rt ❞❡ ❧❡✉r é♥❡r❣✐❡ ♠é❝❛♥✐q✉❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ✐♥t❡r♥❡s✳ ❈✬❡st ❝❡ q✉❡ ❧✬♦♥ ♣❡✉t ♦❜s❡r✈❡r
♣❛r ❡①❡♠♣❧❡ s✉r ❧❛ ❋✐❣✉r❡ ✻✳✷✳ ❈❡tt❡ ✜❣✉r❡ r❡♣rés❡♥t❡ ✉♥❡ tr❛♥❝❤❡ éq✉❛t♦r✐❛❧❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥
♥✉♠ér✐q✉❡ ✸❉ ❞✉ ❙♦❧❡✐❧ ré❛❧✐sé❡ ♣❛r ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❙✉r ❝❡tt❡ ✈✉❡ ✐♥st❛♥t❛♥é❡✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✉ ❙♦❧❡✐❧ ❡st ♣❡✉♣❧é❡ ❞❡ ♥♦♠❜r❡✉① ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❡s❝❡♥❞❛♥ts ✭str✉❝t✉r❡s
✈❡rt✐❝❛❧❡s ❜❧❡✉❡s✮ sé♣❛rés ♣❛r ✉♥ ♠✐❧✐❡✉ ♣❧✉s ❝❛❧♠❡ ❛✉ ♠♦✉✈❡♠❡♥t ❛s❝❡♥❞❛♥t✳ ❈❡s ♣❛♥❛❝❤❡s ✈✐❡♥♥❡♥t
✐♠♣❛❝t❡r ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡♥ ❣é♥ér❛♥t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s❡ ♣r♦♣❛❣❡❛♥t s♦✉s
❢♦r♠❡ ❞❡ ❝❡r❝❧❡s ❝♦♥❝❡♥tr✐q✉❡s ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❜✐❡♥ ✈✐s✐❜❧❡s s✉r ❝❡tt❡ ✈✉❡ ✐♥st❛♥t❛♥é❡✳

✻✳✶✳✷ ❉❡s s✐♠✉❧❛t✐♦♥s ❡♥❝♦r❡ tr♦♣ é❧♦✐❣♥é❡s ❞❡s ré❣✐♠❡s st❡❧❧❛✐r❡s

❯♥❡ ♣r❡♠✐èr❡ ét✉❞❡ q✉❛♥t✐t❛t✐✈❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❛ été ❡♥tr❡♣r✐s❡ ♣❛r ❑✐r❛❣❛ ❡t ❛❧✳ ✭✷✵✵✸✮✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧❡s ❛✉t❡✉rs
♦♥t ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❛❥♦✉té ✉♥❡ ❝♦✉❝❤❡ ❢♦rt❡♠❡♥t ✈✐sq✉❡✉s❡ ❡♥ ❜❛s ❞❡ ❧❡✉r ❞♦♠❛✐♥❡ ❈❛rtés✐❡♥ ✷❉ ♣♦✉r
é✈✐t❡r ❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡ ♠♦❞❡s ♣r♦♣r❡s rés♦♥❛♥ts✳ ■❧s ♦♥t ❛❧♦rs ♣✉ ❞ét❡r♠✐♥❡r ❧❡ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞❡s
♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❞❛♥s t♦✉t❡ ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡ st❛❜❧❡ ❡t ❧❡ ❝♦♠♣❛r❡r ❛✈❡❝ ❧❡s ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥
s❡♠✐✲❛♥❛❧②t✐q✉❡s ❝♦♥s✐❞ér❛♥t ❧❡ str❡ss ❞❡ ❘❡②♥♦❧❞s ❡①❡r❝é ♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❝♦♠♠❡
t❡r♠❡ s♦✉r❝❡ ✭✈♦✐r ❙❡❝t✐♦♥ ✻✳✷✮✳ ■❧s ♦♥t ♥♦t❛♠♠❡♥t ♠♦♥tré q✉❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ♦❜s❡r✈é❡s ❞❛♥s
❧❡✉rs s✐♠✉❧❛t✐♦♥s ét❛✐t ✶✵ à ✶✵✵ ❢♦✐s s✉♣ér✐❡✉r❡ ❛✉① ❡st✐♠❛t✐♦♥s t❤é♦r✐q✉❡s ❡t q✉✬❡❧❧❡ ét❛✐t ❞✐str✐❜✉é❡
s✉r ✉♥❡ ♣❧✉s ❧❛r❣❡ ❜❛♥❞❡ ❞❡ ❢réq✉❡♥❝❡✳ ❯♥❡ ét✉❞❡ s✐♠✐❧❛✐r❡✱ ❝❡tt❡ ❢♦✐s✲❝✐ ❡♥ ✸❉✱ ♣❛r ❑✐r❛❣❛ ❡t ❛❧✳
✭✷✵✵✺✮ s❡♠❜❧❡ ré❞✉✐r❡ ❧❡ ❞és❛❝❝♦r❞✱ ❞✉ ♠♦✐♥s ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r✱ ❞✉ ❢❛✐t ❞✬✉♥❡ ❝♦♥✈❡❝t✐♦♥ ♠♦✐♥s
✈✐❣♦✉r❡✉s❡ q✉❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ✷❉✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ s♣❡❝tr❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❡t ❞✉
❞❡❣ré ❛♥❣✉❧❛✐r❡ ♦❜t❡♥✉ ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♣❧✉s ré❝❡♥t❡s ❞✉ ❙♦❧❡✐❧ ❛✈❡❝ ✉♥❡ str❛t✐✜❝❛t✐♦♥ ré❛❧✐st❡
❡st ❞♦♥♥é s✉r ❧❛ ❋✐❣✉r❡ ✻✳✸ ❞✬❛♣rès ❧❡s tr❛✈❛✉① ❞❡ ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ❈❡❧✉✐✲❝✐ ❛ été ♠❡s✉ré à
❡♥✈✐r♦♥ 0.2 R⊙ ❡♥✲❞❡ss♦✉s ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✉ ♠♦❞è❧❡ s♦❧❛✐r❡ ♦ù ♦♥t été ❡①❝✐té❡s

✽✾



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐❣✉r❡ ✻✳✷✿ ❆♣❡rç✉ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ✸❉ ❞✉ ❙♦❧❡✐❧ ❞❛♥s ✉♥ ♣❧❛♥ éq✉❛t♦r✐❛❧ ❞✬❛♣rès ❧❡s tr❛✈❛✉①
❞✬❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ▲✬é❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉r ❝♦rr❡s♣♦♥❞ ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ✈✐t❡ss❡ r❛❞✐❛❧❡✳ ▲❡
❜❧❡✉ ❡t ❧❡ r♦✉❣❡ ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ❞❡s ✈✐t❡ss❡s ♥é❣❛t✐✈❡s ❡t ♣♦s✐t✐✈❡s✳ ▲✬❡♥❝❛✲
❞ré ♠♦♥tr❡ ✉♥ ③♦♦♠ s✉r ❧❛ ré❣✐♦♥ ❞✬❡①❝✐t❛t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞✬✉♥ ♣❛♥❛❝❤❡
❝♦♥✈❡❝t✐❢ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ✭str✉❝t✉r❡ ❡♥ t✉❜❡ ❜❧❡✉❡✮✳

❋✐❣✉r❡ ✻✳✸✿ ❙♣❡❝tr❡ ❞✬é♥❡r❣✐❡ à ✉♥ r❛②♦♥ r = 0.5 R⊙ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞✉ ❙♦❧❡✐❧✱ ✐✳❡✳ à ❡♥✈✐r♦♥ 0.2 R⊙

❡♥✲❞❡ss♦✉s ❞❡ ❧❛ ③♦♥❡ ❞✬❡①❝✐t❛t✐♦♥✱ t❡❧ q✉✬✐❧ ❡st ♦❜s❡r✈é ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✸❉
❞❡ ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ ♥♦✐r❡ s②♠❜♦❧✐s❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ♠♦❞❡s ♣r♦♣r❡s
❞❡ ❣r❛✈✐té à ❤❛✉t❡s ❢réq✉❡♥❝❡s ❡t ❧❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s à ❜❛ss❡s ❢réq✉❡♥❝❡s✳

✾✵



✻✳✶✳ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s

❧❡s ♦♥❞❡s✳ ❉❡✉① ♣❛rt✐❡s s♦♥t à ❞✐st✐♥❣✉❡r✳ ❉✬❛❜♦r❞✱ ❧❛ ♣❛rt✐❡ ❞✉ s♣❡❝tr❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠♦❞❡s
♣r♦♣r❡s à ❤❛✉t❡s ❢réq✉❡♥❝❡s✱ q✉✐ s♦♥t ❢❛✐❜❧❡♠❡♥t ❛♠♦rt✐s ❡t ♣❡✉✈❡♥t ❢♦r♠❡r ✉♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡
♣❛r ré✢❡①✐♦♥s s✉❝❝❡ss✐✈❡s ❛✉① ❜♦r❞s ❞❡ ❧❛ ❝❛✈✐té ❞❡ ♣r♦♣❛❣❛t✐♦♥✳ P✉✐s ❧❛ ♣❛rt✐❡ à ❜❛ss❡s ❢réq✉❡♥❝❡s
❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s r❛♣✐❞❡♠❡♥t ❛♠♦rt✐❡s ❧♦rs ❞❡ ❧❡✉r ♣r❡♠✐❡r ✈♦②❛❣❡ ✈❡rs ❧❡ ❝❡♥tr❡
❞❡ ❧✬ét♦✐❧❡✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡t ❛♠♦rt✐ss❡♠❡♥t ❡st ❡♥ ❢❛✐t ❞✐r❡❝t❡♠❡♥t ✈✐s✐❜❧❡ s✉r ❧❛ ❋✐❣✉r❡ ✺✳✹ ♦ù
❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❝❤✉t❡ ❢♦rt❡♠❡♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ❡t ❞❡s ❞❡❣rés
❛♥❣✉❧❛✐r❡s é❧❡✈és✳ ❈❡❧❛ s✬❡①♣❧✐q✉❡ ♥♦t❛♠♠❡♥t ♣❛r ❧✬❡①♣r❡ss✐♦♥ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✺✳✶✶✺✮ q✉✐ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ r❛♣♣♦rt l3/ω4✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧❡s ❛✉t❡✉rs tr♦✉✈❡♥t q✉✬❛✉
t♦t❛❧ ❡♥✈✐r♦♥ ✵✳✹ ✪ ❞❡ ❧❛ ❧✉♠✐♥♦s✐té s♦❧❛✐r❡ ❡st é♠✐s❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡s ❡st✐♠❛t✐♦♥s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡s ♠♦❞è❧❡s t❤é♦r✐q✉❡s
❞❡ ❣é♥ér❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ■❧ ♠♦♥tr❡♥t ❛✉ss✐ q✉❡ ❧❡ s♣❡❝tr❡
❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ✭✐✳❡✳✱ à ❜❛ss❡s ❢réq✉❡♥❝❡s✮ é♠✐s❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❞é❝r♦ît ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ s✉✐✈❛♥t ✉♥ ♣r♦✜❧ ●❛✉ss✐❡♥ ❀ ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡st
❞♦♥❝ ❞✐str✐❜✉é❡ s✉r ❧❡s très ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ❉❡ ♣❧✉s✱ ❧❡ s♣❡❝tr❡ ❡st ♠❛①✐♠✉♠ ❛✉t♦✉r ❞✬✉♥ ❞❡❣ré
❛♥❣✉❧❛✐r❡ l ≈ 30 ❛✉✲❞❡❧à ❞✉q✉❡❧ ✐❧ ❝❤✉t❡ ✈✐♦❧❡♠♠❡♥t✳ ❈❡s ❝❛r❛❝tér✐st✐q✉❡s s♣❡❝tr❛❧❡s✱ ❛✉ ❝♦♥tr❛✐r❡✱
♥❡ s♦♥t ♣❛s r❡♣r♦❞✉✐t❡s ♣❛r ❧❡s ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡
r❡♠❛rq✉❡r q✉❡ ❝❡s ❞✐✛ér❡♥ts rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✺✮ s♦♥t q✉❛❧✐t❛t✐✈❡♠❡♥t ❡♥
❛❝❝♦r❞ ❛✈❡❝ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✷❉ ✭❡♥ ❣é♦♠étr✐❡ ♣♦❧❛✐r❡ ❡t ❛✈❡❝ ✉♥❡ str❛t✐✜❝❛t✐♦♥ ré❛❧✐st❡✮
à ❧❛ ❧✐♠✐t❡ ❞❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s ❞❛♥s ❞❡s ét♦✐❧❡s ♣❧✉s ♠❛ss✐✈❡s s❡❧♦♥ ❧❡s tr❛✈❛✉① ❞❡ ❘♦❣❡rs ❡t ❛❧✳
✭✷✵✶✸✮✳ P❛r ❝♦♠♣❛r❛✐s♦♥✱ ❞❡ t❡❧❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✷❉ ❞❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧ ♣❛r ❘♦❣❡rs ✫
●❧❛t③♠❛✐❡r ✭✷✵✵✺✱ ✷✵✵✻✮ ♠♦♥tr❡♥t ✉♥ ❢♦rt ❞és❛❝❝♦r❞ ❛✈❡❝ ❝❡s ❞❡✉① ♣ré❝é❞❡♥ts tr❛✈❛✉① ❡t ❧❡s ♠♦❞è❧❡s
s❡♠✐✲❛♥❛❧②t✐q✉❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✱ t❛♥t s✉r ❧✬❛♠♣❧✐t✉❞❡ q✉❡ s✉r ❧❛ ❢♦r♠❡ ❞✉
s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ q✉✐ ❡st q✉❛s✐ ✉♥✐❢♦r♠❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❞✬✐♥térêt✳ ❈❡❧❛ ♣❡✉t ♣❡✉t✲êtr❡
s✬❡①♣❧✐q✉❡r ♣❛r ❧❡ ré❣✐♠❡ très ♥♦♥✲❧✐♥é❛✐r❡ ✐♠♣♦sé ❞❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s✳

❆✐♥s✐✱ ♠ê♠❡ s✐ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s r❡st❡♥t ✉♥ ♦✉t✐❧ ❡✣❝❛❝❡ ♣♦✉r ét✉❞✐❡r ❡t ✈✐s✉❛❧✐s❡r
❧❛ ❣é♥ér❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ét♦✐❧❡s✱ ❞❡s ♣♦✐♥ts ❞✬♦♠❜r❡ ♣❡rs✐st❡♥t✱ ❝♦♠♠❡ ❧❡
♠♦♥tr❡ ❧❡ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❡st✐♠❛t✐♦♥s t❤é♦r✐q✉❡s✱ ❡t ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s
❡❧❧❡s✲♠ê♠❡s✳ ❊♥ ♦✉tr❡✱ ❧❡s ❝♦♥tr❛✐♥t❡s ♥✉♠ér✐q✉❡s ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❛✉① s✐♠✉❧❛t✐♦♥s ❞✬❛tt❡✐♥❞r❡
❛❝t✉❡❧❧❡♠❡♥t ❧❡s ré❣✐♠❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❛tt❡♥❞✉s ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✱ ❡t ❝❡ ♠❛❧❣ré ✉♥❡
str❛t✐✜❝❛t✐♦♥ ré❛❧✐st❡✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s ✷❉ ❞❡ ❘♦❣❡rs ✫ ●❧❛t③♠❛✐❡r ✭✷✵✵✺✱ ✷✵✵✻✮ ❛t✲
t❡✐❣♥❡♥t ❞❡s ♥♦♠❜r❡s ❞❡ ❘❛②❧❡✐❣❤ ❞❡ ❧✬♦r❞r❡ ❞❡ 107 t❛♥❞✐s q✉❡ ❝❡❧✉✐✲❝✐ ❡st ❡st✐♠é à 1023 ❞❛♥s ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞❡ ❙♦❧❡✐❧✳ ❉❡ ♠ê♠❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s ✸❉ ❞❡ ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮ ♥✬❛tt❡✐❣♥❡♥t q✉❡
❞❡s ♥♦♠❜r❡s ❞❡ ❘❛②❧❡✐❣❤ ❞❡ ❧✬♦r❞r❡ ❞❡ 107✳ ❈❡❧❛ ♣r♦✈✐❡♥t ♥♦t❛♠♠❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❞✐✛✉s✐✈✐té
t❤❡r♠✐q✉❡ ❛rt✐✜❝✐❡❧❧❡♠❡♥t s✉ré❧❡✈é❡s ❞✬✉♥ ❢❛❝t❡✉r 105 ♣❛r r❛♣♣♦rt à ❧❛ ré❛❧✐té✱ ♠❛✐s ♥é❝❡ss❛✐r❡s à ❧❛
st❛❜✐❧✐té ♥✉♠ér✐q✉❡✳ ❈❡❧❛ rés✉❧t❡ ❞♦♥❝ ❡♥ ❞❡s ✈❛❧❡✉rs ♣♦✉r ❧❡ ✢✉① ❝♦♥✈❡❝t✐❢ 105 ❢♦✐s ♣❧✉s é❧❡✈é❡s ❡t
❞♦♥❝ ❞❡s ✈✐t❡ss❡s ❝♦♥✈❡❝t✐✈❡s ♣❧✉s ❣r❛♥❞❡s✳ ❈♦♠♠❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ❞é♣❡♥❞ ❞❡s ♣r♦♣r✐étés ❞✉
❢♦rç❛❣❡✱ ❝❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ ❛✉r♦♥t ✉♥ ✐♠♣❛❝t s✉r ❧❡ s♣❡❝tr❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s✳
▲❛ str✉❝t✉r❡ ❞❡ ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ré❣✐♦♥s ❝♦♥✈❡❝t✐✈❡s ❡t r❛❞✐❛t✐✈❡s✱ ❝✬❡st✲à✲❞✐r❡ ❧à ♦ù ❡st ❡①❝✐té❡ ❧❛
♠❛❥♦r✐té ❞❡s ♦♥❞❡s✱ ❞é♣❡♥❞ ❛✉ss✐ ❢♦rt❡♠❡♥t ❞❡ ❝❡s ♣r♦♣r✐étés✳ ❊♥ ❡✛❡t✱ ❧❡ ♠♦❞è❧❡ s❡♠✐✲❛♥❛❧②t✐q✉❡
♣r♦♣♦sé ♣❛r ❘❡♠♣❡❧ ✭✷✵✵✹✮ ❛ ♠♦♥tré q✉❡ ❝❡s ❧❛r❣❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ✭♠❡♥❛♥t à ✉♥
♥♦♠❜r❡ ❞❡ Pé❝❧❡t ❢❛✐❜❧❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té✮ ♣❡✉t ❡①♣❧✐q✉❡r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ tr❛♥s✐t✐♦♥ ❞♦✉❝❡
❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❞✬✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡ à ✉♥❡ ✈❛❧❡✉r r❛❞✐❛t✐✈❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡ t❡❧❧❡ q✉✬♦❜s❡r✈é❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❡t ❧❛ tr❛♥s✐t✐♦♥ ♣❧✉s ❜r✉t❛❧❡ ❛tt❡♥❞✉❡
t❤é♦r✐q✉❡♠❡♥t à ❝❛✉s❡ ❞❡ ❧❛ ✈❛❧❡✉r é❧❡✈é❡ ❞✉ ♥♦♠❜r❡ ❞❡ Pé❝❧❡t ✭❞❡ ❧✬♦r❞r❡ ❞❡ 106✮ ❞❛♥s ❧❡ ❝❛s ❞✉
❙♦❧❡✐❧ ✭❩❛❤♥ ✶✾✾✶❀ ❉✐♥tr❛♥s ❡t ❛❧✳ ✷✵✵✺✮✳

❈❡s ét✉❞❡s ♠♦♥tr❡♥t ❞♦♥❝ q✉❡ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣❡✉✈❡♥t ❛❝t✉❡❧❧❡♠❡♥t êtr❡ ❞❡ ❜♦♥s
❣✉✐❞❡s✱ ♠❛✐s q✉❡ ❧❡✉rs rés✉❧t❛ts s♦♥t à ❝♦♥s✐❞ér❡r ❛✈❡❝ ♣ré❝❛✉t✐♦♥✳ ❊❧❧❡s ♥❡ ♣❡r♠❡tt❡♥t ♣❛s à ❧✬❤❡✉r❡
❛❝t✉❡❧❧❡ ❞✬♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s q✉❛♥t✐t❛t✐✈❡s s✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ❡t s✉r ❧❛ str✉❝t✉r❡ ❞❡
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❯♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡ ♣❛r ❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s s❡♠❜❧❡ ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❡t ❝♦♠♣❧é♠❡♥t❛✐r❡✳

✾✶



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✻✳✷ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥
t✉r❜✉❧❡♥t❡ s♦♥t ♣rés❡♥tés✳ P♦✉r t♦✉s ❝❡s ♠♦❞è❧❡s✱ ❧❡ t❡r♠❡ ❞❡ ❢♦rç❛❣❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ♣r❡ss✐♦♥
t✉r❜✉❧❡♥t❡ ✐♥❞✉✐t❡ ♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ♠♦❞è❧❡s ❡st ❢❛✐t❡ ❞❛♥s ✉♥ ♦r❞r❡
❝❤r♦♥♦❧♦❣✐q✉❡ ❡t s✉✐t ✉♥ ❞❡❣ré ❞❡ s♦♣❤✐st✐❝❛t✐♦♥ ❝r♦✐ss❛♥t✳

✻✳✷✳✶ ❚r❛✈❛✐❧ ♣✐♦♥♥✐❡r ❞❡ Pr❡ss ✭✶✾✽✶✮

❇✐❡♥ q✉✬✐❧ s✬✐♥tér❡ss❛✐t ❛✉ ♠é❧❛♥❣❡ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ♣❧✉tôt q✉✬à ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥
✐♥t❡r♥❡✱ Pr❡ss ✭✶✾✽✶✮ ❛ été ❧✬✉♥ ❞❡s ♣r❡♠✐❡rs à ❝♦♥s✐❞ér❡r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❝♦♠♠❡
✉♥ ♣♦t❡♥t✐❡❧ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ❉❛♥s s♦♥ ♠♦❞è❧❡✱ ❧❡s ♦♥❞❡s s♦♥t
s✉♣♣♦sé❡s êtr❡ ❡①❝✐té❡s ♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭✈♦✐r ❋✐❣✉r❡ ✻✳✹
♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳ ▲❡ ✢✉① ❞✬é♥❡r❣✐❡ ❣é♥éré s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❞❛♥s ❝❡tt❡ ré❣✐♦♥ ❡st ❡st✐♠é ❡♥
❝♦♥s✐❞ér❛♥t q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ ❛ss♦❝✐é❡ ❛✉① ♦♥❞❡s s✬❛❥✉st❡ à ❧❛ ✢✉❝t✉❛t✐♦♥ ❞❡
♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡ ❡t ❝♦♥✈❡❝t✐✈❡✳ ❖♥ ♣r♦♣♦s❡ ✐❝✐ ❞❡ r❡♣r♦❞✉✐r❡
❜r✐è✈❡♠❡♥t s❛ ❞ér✐✈❛t✐♦♥✳

Pr❡ss ✭✶✾✽✶✮ s❡ ♣❧❛❝❡ ❞✬❛❜♦r❞ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ♦♥❞❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s ❞❛♥s
❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ω2 ≪ N2✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ❡st ✈❛❧✐❞❡ ✭✈♦✐r ❙❡❝✲
t✐♦♥ ✺✳✶✳✷✮✳ ❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬♦♥❞❡s ♣❧❛♥❡s

~∇ · ~u = ~k · ~u = 0 ✱ ✭✻✳✶✮

♦ù ~u ❡t ~k s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡✳ ▲❡s ❝♦♠✲
♣♦s❛♥t❡s r❛❞✐❛❧❡ ur ❡t ❤♦r✐③♦♥t❛❧❡ uh s♦♥t ❞♦♥❝ r❡❧✐é❡s ♣❛r ❧❛ r❡❧❛t✐♦♥

∣∣∣∣
ur
uh

∣∣∣∣ =
∣∣∣∣
kh
kr

∣∣∣∣ =
ω

(N2 − ω2)1/2
✱ ✭✻✳✷✮

♦ù kr ❡t kh s♦♥t ❧❡s ❝♦♠♣♦s❛♥t❡s r❛❞✐❛❧❡ ❡t ❤♦r✐③♦♥t❛❧❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡✳ ❊♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✻✳✷✮✱
❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡✱ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✱
♣❡✉t êtr❡ réé❝r✐t❡ ❝♦♠♠❡ ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✱ ♣✳ ✷✸✻✮

E =
1

2

(
ρ~u2 +

(
p′

ρcs

)2

+
N2

ω2
u2r

)

≈ ρ
(
N

ω

)2

u2r ≈ ρ~u2 ✱ ✭✻✳✸✮

♦ù ❧❡ t❡r♠❡ p′/ρcs ❛ ♣✉ êtr❡ ♥é❣❧✐❣é ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té✳ ▲✬éq✉❛t✐♦♥ ✻✳✸ ✈ér✐✜❡
❧✬éq✉✐♣❛rt✐t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❡t ❞❡ ❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❞❡ ❧✬♦♥❞❡ q✉✐ ❛ été ❞✐s❝✉té❡ ❞❛♥s ❧❛
❙❡❝t✐♦♥ ✺✳✸✳✶✳ ❊♥✜♥✱ ♣♦✉r ✉♥ ♣❛q✉❡t ❞✬♦♥❞❡✱ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞❡ ✢✉① ❞✬é♥❡r❣✐❡ ❡♥tr❛♥t ❞❛♥s
❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ♦❜t❡♥✉❡ ❡♥ ♠✉❧t✐♣❧✐❛♥t ❊q✳ ✭✻✳✸✮ ♣❛r ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ ✈❡rt✐❝❛❧❡ ❞♦♥♥é❡ ❞❛♥s
❊q✳ ✭✺✳✹✾✮✱ ❝✬❡st✲à✲❞✐r❡

F = ρ
(N2 − ω2)1/2

kh
u2r ✳ ✭✻✳✹✮

▲✬❡st✐♠❛t✐♦♥ ❞✉ ✢✉① ♣❛ss❡ ❞♦♥❝ ♣❛r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ✈✐t❡ss❡ r❛❞✐❛❧❡ ❞❡ ❧✬♦♥❞❡
❞❛♥s ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡✳ P♦✉r ❝❡❧❛✱ Pr❡ss ✭✶✾✽✶✮ ❢❛✐t ❝♦rr❡s♣♦♥❞r❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥ ❞❡
❧✬♦♥❞❡✱ p′c✱ à ❧❛ ✢✉❝t✉❛t✐♦♥ t✉r❜✉❧❡♥t❡ ❞❡ ♣r❡ss✐♦♥✱ pt✱ à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡ ❡t
r❛❞✐❛t✐✈❡✱ s♦✐t

p′c ∼ pt ∼ ρcv3c ∼ ρc
ω2
c

k2c
✱ ✭✻✳✺✮

✾✷



✻✳✷✳ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡

❛✈❡❝ ρc ❧❛ ❞❡♥s✐té à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ vc ❧❛ ✈✐t❡ss❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡s ♣❧✉s ❣r♦s
t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s✱ kc = 2π/Λc ♦ù Λc ❡st ❧❡✉r t❛✐❧❧❡ ❡t ωc ❧❡✉r ❢réq✉❡♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡
r❡t♦✉r♥❡♠❡♥t ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ▲❛ ✈✐t❡ss❡ ❞❡ ❧✬♦♥❞❡ ur ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❡✉t ❛❧♦rs
êtr❡ ♦❜t❡♥✉❡ ♣❛r ❧❛ ❞♦♥♥é❡ ❞❡ ❧✬✐♠♣é❞❛♥❝❡ ❛❝♦✉st✐q✉❡✳ ▲✬✐♠♣é❞❛♥❝❡ ❛❝♦✉st✐q✉❡✱ Z✱ ❝❛r❛❝tér✐s❡ ❧❛
rés✐st❛♥❝❡ ❞✉ ♠✐❧✐❡✉ ❛✉ ♣❛ss❛❣❡ ❞✬✉♥❡ ♦♥❞❡✳ ❊❧❧❡ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞❡ ♣r❡ss✐♦♥ s✉r ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬♦♥❞❡ ❡t ❡st é❣❛❧❡ ♣♦✉r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥
r❛❞✐❛❧❡ à

Zr =
p′

ur
= ρ

N

kh
✳ ✭✻✳✻✮

❊♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ❝❡❧❛ ♠è♥❡✱ ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✻✳✺✮✱ à

ur,c =
p′c
Zr,c
∼ ptkh
ρcNc

∼ ω2
ckh

k2cNc
✱ ✭✻✳✼✮

♦ù Nc ❡st ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳
▲❡ ♣r♦✜❧ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ③♦♥❡s ❡st s✉♣♣♦sé très ❛❜r✉♣t✳ ■❧ ♣❛ss❡
r❛♣✐❞❡♠❡♥t ❞❡ N ≈ 0 ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ à Nc ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ❡st t❡❧ q✉❡
ω ≪ Nc ❡t q✉❡ ❧✬♦♥❞❡ ♣❡✉t s❡ ♣r♦♣❛❣❡r ❞ès ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ P♦✉r ✜♥✐r✱ ❧✬❛✉t❡✉r s✉♣♣♦s❡
q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧❡ ❡t ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ q✉✐ ❡st ❧❛ ♣❧✉s ❡✣❝❛❝❡♠❡♥t ❡①❝✐té❡ s♦♥t
♣r♦❝❤❡s r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s Λc ❡t ❞❡ ❧❡✉r ❢réq✉❡♥❝❡
❝❛r❛❝tér✐st✐q✉❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ωc✱ s♦✐t

kh ∼ kc et ωc ∼ ω ✳ ✭✻✳✽✮

▲✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✈❡rt✐❝❛❧❡ ❞❡ ✈✐t❡ss❡ ❞❡ ❧✬♦♥❞❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ❞♦♥❝
é❣❛❧❡✱ ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✻✳✼✮✱ à

ur,c ∼
ω2
c

kcN
✳ ✭✻✳✾✮

❊♥ ✐♥sér❛♥t ❊q✳ ✭✻✳✾✮ ❞❛♥s ❊q✳ ✭✻✳✹✮ ❡t ❡♥ ❝♦♥s✐❞ér❛♥t t♦✉❥♦✉rs ❧❡s ❤②♣♦t❤ès❡s ❞♦♥♥é❡s ♣❛r ❊q✳ ✭✻✳✽✮✱
❧✬❛✉t❡✉r ♦❜t✐❡♥t ❧✬❡①♣r❡ss✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r ❧❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❥✉st❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡

Fc ∼ ρcv3c
ω

Nc
✳ ✭✻✳✶✵✮

❈❡ ❞❡r♥✐❡r ❡st é❣❛❧ ❛✉ ♣r♦❞✉✐t ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❝♦♥✈❡❝t✐❢ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ρcv3c ✱ ❡t
❞✉ ❢❛❝t❡✉r ω/Nc✳ ❈❡ ❢❛❝t❡✉r ❝♦rr❡s♣♦♥❞ ❛✉ss✐ ❛✉ ♥♦♠❜r❡ ❞❡ ❋r♦✉❞❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❡t q✉✐ q✉❛♥t✐✜❡ ✐❝✐ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s❢❡rt ❞✬é♥❡r❣✐❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳

❉❛♥s ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡✱ ❧❡ r❛♣♣♦rt ωc/Nc ❡st t②♣✐q✉❡♠❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡ 10−3− 10−2✳ ▲❡s ♦♥❞❡s
❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s❡❧♦♥ ❧❡ ♠♦❞è❧❡ ❞❡ Pr❡ss ✭✶✾✽✶✮ tr❛♥s♣♦rt❡♥t ❞♦♥❝ ❡♥✈✐r♦♥ ❡♥tr❡
✵✳✶ ❡t ✶✪ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ✢✉① ❝♦♥✈❡❝t✐❢ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❇✐❡♥ q✉❡ ❧❛ ❞é♠♦♥str❛t✐♦♥
❢❛✐t ❛♣♣❡❧ à ❞❡s ❛r❣✉♠❡♥ts s✐♠♣❧❡s✱ ♥♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ Pr❡ss ✭✶✾✽✶✮ ❞♦♥♥❡
✉♥❡ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ❧❛ ♣r❡ss✐♦♥
t✉r❜✉❧❡♥t❡✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❡st✐♠❛t✐♦♥s ♦❜t❡♥✉❡s ❛✈❡❝ ❞❡s ♠♦❞è❧❡s ♣❧✉s ❝♦♠♣❧❡①❡s✳

✻✳✷✳✷ ▼♦❞è❧❡s ❞❡ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮ ❡t ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮

❈♦♠♠❡ Pr❡ss ✭✶✾✽✶✮✱ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮ s✬✐♥tér❡ss❛✐❡♥t ❛✉ ♠é❧❛♥❣❡ ❞✬é❧é♠❡♥ts ❝❤✐✲
♠✐q✉❡s ✐♥❞✉✐t ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ❝♦✉❝❤❡s r❛❞✐❛t✐✈❡s ❛❞❥❛❝❡♥t❡s à ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✳ ▲❡✉r ❛♣♣r♦❝❤❡ ♣♦✉r ❡st✐♠❡r ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛✲
t✐✈❡ ❡st ♥é❛♥♠♦✐♥s ✉♥ ♣❡✉ ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ ❞❡ Pr❡ss ✭✶✾✽✶✮✳

Pr❡♠✐èr❡♠❡♥t✱ ❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s s♦♥t s✉♣♣♦sés ♣♦✉✈♦✐r ❛✈♦✐r ❞❡s t❛✐❧❧❡s ❞✐✛ér❡♥t❡s✱ λ✱
♣❧✉s ♣❡t✐t❡s q✉❡ ❧✬é❝❤❡❧❧❡ ❞✬✐♥❥❡❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ t✉r❜✉❧❡♥t❡✱ s♦✐t λ ≤ Λc✳ ▲❛ ❞✐st❛♥❝❡ Λc ❝♦rr❡s♣♦♥❞

✾✸



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❋✐❣✉r❡ ✻✳✹✿ ●❛✉❝❤❡ ✿ ❱✉❡ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ à ❧✬✐♥t❡r❢❛❝❡
❡♥tr❡ ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡ ❡t r❛❞✐❛t✐✈❡✳ ▲❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ♣❡rt✉r❜❡♥t ❧✬✐♥t❡r❢❛❝❡ ❡t
✉♥❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ é♥❡r❣✐❡ ❡st é♠✐s❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s q✉✐ ♣❡✉✈❡♥t ❛❧♦rs s❡ ♣r♦♣❛❣❡r ✈❡rs
❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✳ ❉r♦✐t❡ ✿ P❤é♥♦♠é♥♦❧♦❣✐❡ ♣r♦♣♦sé❡ ♣❛r ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮✳
❉❛♥s ❧❡ ❝❛s ❞❡ t♦✉r❜✐❧❧♦♥s ❝♦❤ér❡♥ts ❡♥tr❡ ❡✉① ✭❡♥ ❤❛✉t✮✱ ❧❛ ✈✐t❡ss❡ rés✉❧t❛♥t❡ ❛ss♦❝✐é❡ ❛✉①
♦♥❞❡s ❡st ♠❛①✐♠❛❧❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❝❡✉①✲❝✐ s♦♥t ✐♥❝♦❤ér❡♥ts ✭❡♥ ❜❛s✮✱ ❧❡s ❞é♣❤❛s❛❣❡s ❡♥tr❡ ❧❡s
t♦✉r❜✐❧❧♦♥s ❣é♥èr❡♥t ❞❡s ✐♥t❡r❢ér❡♥❝❡s ❞❡str✉❝t✐✈❡s ❡t ❧❛ ✈✐t❡ss❡ rés✉❧t❛♥t❡ ❛ss♦❝✐é❡ ❛✉① ♦♥❞❡s
❡st ré❞✉✐t❡ ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ♣ré❝é❞❡♥t✳

à ❧❛ t❛✐❧❧❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❡t ♣❡✉t êtr❡ ✐❞❡♥t✐✜é❡ à ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡✳ ❉❡
♣❧✉s✱ ❧❛ ✈✐t❡ss❡ v(λ) ❞❡ ❝❤❛q✉❡ t♦✉r❜✐❧❧♦♥ ❡st ❞é❝r✐t❡ ♣❛r ✉♥ s♣❡❝tr❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱ s♦✐t

v(λ) = vc

(
λ

Λc

)1/3

❛✈❡❝ v(λ) ≤ vc ✱ ✭✻✳✶✶✮

♦ù vc ❡st ❧❛ ✈✐t❡ss❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s✳
❉❡✉①✐è♠❡♠❡♥t✱ ❧❡s ❛✉t❡✉rs ❞ét❡r♠✐♥❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧✬♦♥❞❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡

r❛❞✐❛t✐✈❡ ❡♥ ❢❛✐s❛♥t ❝♦rr❡s♣♦♥❞r❡ ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❞❡ ♣r❡ss✐♦♥ ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝✲
t✐✈❡✱ ρv2(λ)✱ à ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✱ ρ~u2✳ ❈♦♠♠❡ ❧❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❡st ❝♦♥t✐♥✉ ❞❛♥s ❝❡tt❡
ré❣✐♦♥ ❛✈❡❝ ρ ≈ ρc✱ ❝❡❧❛ r❡✈✐❡♥t à ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ❧❛ ❝♦♥t✐♥✉✐té ❞❡s ✈✐t❡ss❡s à ❧✬✐♥t❡r❢❛❝❡✱ s♦✐t

u(λ) ≈ v(λ) ✱ ✭✻✳✶✷✮

♦ù u(λ) = (u2r+u
2
h)

1/2 r❡♣rés❡♥t❡ ❧❡ ♠♦❞✉❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❛ss♦❝✐é❡ à ❧✬♦♥❞❡ ❣é♥éré❡ ♣❛r ✉♥ t♦✉r❜✐❧❧♦♥
❞❡ t❛✐❧❧❡ λ✳

❊♥✜♥✱ ❞❛♥s ❧❡✉r ♣❤é♥♦♠é♥♦❧♦❣✐❡✱ ✐❧s s✉♣♣♦s❡♥t q✉❡ t♦✉t t♦✉r❜✐❧❧♦♥ ❞❡ t❛✐❧❧❡ λ ❞é❢♦r♠❡ ❧✬✐♥t❡r❢❛❝❡
❡♥tr❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣♦✉r ❣é♥ér❡r ✉♥❡ ♦♥❞❡ ❛✈❡❝ ✉♥❡ ❢réq✉❡♥❝❡ é❣❛❧❡ à ❧❛
❢réq✉❡♥❝❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞✉ t♦✉r❜✐❧❧♦♥ ω = πv(λ)/λ ❡t ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧❡ λh t❡❧❧❡
q✉❡ λh ≥ λ(ω)✳ ■❝✐✱ ✐❧s ❝♦♥s✐❞èr❡♥t ❞♦♥❝✱ ❞✬✉♥❡ ♣❛rt✱ q✉❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ✉♥ t♦✉r❜✐❧❧♦♥ ❞❡ t❛✐❧❧❡
λ ❡t ✉♥❡ ♦♥❞❡ ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✐♥❢ér✐❡✉r❡ à λ ❡st ♥✉❧❧❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧s ❢♦♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡
❝♦♠♣♦rt❡♠❡♥t ❛❧é❛t♦✐r❡ ❡t ✐♥❝♦❤ér❡♥t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❞❡ t❛✐❧❧❡ λ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬✐♥t❡r✲
❢❛❝❡ ♣❡✉t ❡①❝✐t❡r ❞❡s ♦♥❞❡s ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ s✉♣ér✐❡✉r❡s à λ✳ ❉❛♥s ❧❡ ❝❛s ❞❡ t♦✉r❜✐❧❧♦♥s ❝♦❤ér❡♥ts
❡♥tr❡ ❡✉①✱ ❧✬♦♥❞❡ ❣é♥éré❡ ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s t♦✉r❜✐❧❧♦♥s s❡r❛✐t ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
❤♦r✐③♦♥t❛❧❡ λh ≈ λ ❡t ✉♥❡ ✈✐t❡ss❡ ucoherent ∼ v(λ)✳ ❉❛♥s ❧❡ ❝❛s ❞❡ t♦✉r❜✐❧❧♦♥s ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉①✱
❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧✬♦♥❞❡ ❣é♥éré❡ ♣❛r ✉♥ t♦✉r❜✐❧❧♦♥ ♣❛rt✐❝✉❧✐❡r ❡st ❞é❝❛❧é❡ ❡♥ ♣❤❛s❡ ❞❡ ❢❛ç♦♥
❛❧é❛t♦✐r❡ ♣❛r r❛♣♣♦rt à ✉♥❡ ❛✉tr❡✳ ▲❡s ❛✉t❡✉rs ❡st✐♠❡♥t ❛❧♦rs q✉❡ ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ✈✐t❡ss❡ rés✉❧t❛♥t❡
❛✉ ❝❛rré ❞❛♥s ❧❡ ❝❛s ❞❡ t♦✉r❜✐❧❧♦♥s ✐♥❝♦❤ér❡♥ts ❡st é❣❛❧❡ ❛✉ r❛♣♣♦rt ❞❡ s❛ ✈❛❧❡✉r ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s
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✻✳✷✳ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡

t♦✉r❜✐❧❧♦♥s s♦♥t ❝♦❤ér❡♥ts s✉r ❧❡ ♥♦♠❜r❡ ❞❡ t♦✉r❜✐❧❧♦♥s ✭✈♦✐r ❋✐❣✉r❡ ✻✳✹ ♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮

u2incoherent ∼
1

n
u2coherent ∼

1

n
v2(λ) ✳ ✭✻✳✶✸✮

▲❡ ♥♦♠❜r❡ ❞❡ t♦✉r❜✐❧❧♦♥s ✐♠♣❧✐q✉és ❞❛♥s ❧✬❡①❝✐t❛t✐♦♥ ❡st ❡st✐♠é ♣❛r ❧❡ r❛♣♣♦rt ❞❡ ❧✬❛✐r❡ ♦❝❝✉♣é❡
♣❛r ✉♥ ♠♦t✐❢ ♣ér✐♦❞✐q✉❡ ❤♦r✐③♦♥t❛❧ ❞❡ ❧✬♦♥❞❡ s✉r ❧✬❛✐r❡ ♦❝❝✉♣é❡ ♣❛r ✉♥ t♦✉r❜✐❧❧♦♥ ❞❡ t❛✐❧❧❡ λ✱ s♦✐t
n ≈ λ2h/λ2 ❞❛♥s ❧❡ ❝❛s ❧❡ ♠♦✐♥s ❢❛✈♦r❛❜❧❡ ✭✈♦✐r ❞✐s❝✉ss✐♦♥ ❞❛♥s ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✶✾✾✶✮✳

P♦✉r ❝♦♥❝❧✉r❡✱ ❡♥ ♠✉❧t✐♣❧✐❛♥t ❊q✳ ✭✻✳✸✮ ♣❛r ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ❞❛♥s ❊q✳ ✭✺✳✹✾✮✱ ❧❡ ✢✉①
r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❡✉t êtr❡ réé❝r✐t ❝♦♠♠❡

Fc =
ρc
2π

(N2
c − ω2)1/2

N2
c

λhω
2u2 ✳ ✭✻✳✶✹✮

❊♥ r❡♠♣❧❛ç❛♥t u ♣❛r ❊q✳ ✭✻✳✶✸✮✱ ❧❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✱ ❞❡ ❢réq✉❡♥❝❡ ω ❡t ❞❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧❡ λh✱ ❣é♥éré ♣❛r ❞❡s t♦✉r❜✐❧❧♦♥s ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉① ❞❡ t❛✐❧❧❡ λ ≤ λh✱ ✈❛✉t ❡♥
❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡

Fc ∼
ρc
2π

(N2
c − ω2)1/2

N2
c

(
λ

λh

)2

λhω
2v2(λ)

∼ 1

2
ρcv

3(λ)

(
λ

λh

)
ω

Nc
✱ ✭✻✳✶✺✮

♦ù v = ωλ/π ❡t ♦ù ♦♥ ❛ ✉t✐❧✐sé ω2 ≪ N2✳ ❆✉ ❝♦♥tr❛✐r❡✱ s✐ λh ≤ λ✱ Fc = 0✳
▲✬❡①♣r❡ss✐♦♥ ❞ér✐✈é❡ ♣❛r ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮ ❛ ✉♥❡ ❢♦r♠❡ s✐♠✐❧❛✐r❡ à ❧✬❡①♣r❡ss✐♦♥

♦❜t❡♥✉❡ ♣❛r Pr❡ss ✭✶✾✽✶✮ ❞❛♥s ❊q✳ ✭✻✳✶✵✮✳ ▲❡s ❛✉t❡✉rs ♦♥t tr♦✉✈é q✉❡ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st é❣❛❧ ❛✉ ♣r♦❞✉✐t ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❝♦♥✈❡❝t✐❢ ❛ss♦❝✐é à ❧✬é❝❤❡❧❧❡ λ✱
❝✬❡st✲à✲❞✐r❡ ρv3(λ)✱ ❛✈❡❝ ❧❡ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡ ❡♥tr❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❡t ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ω/Nc✱ ❡t ✉♥ ♥♦✉✈❡❛✉ ❢❛❝t❡✉r r❡♣rés❡♥t❛t✐❢ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ✐♥❝♦❤ér❡♥t ❞❡s
t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❡♥tr❡ ❡✉① ❡t é❣❛❧ à (λ/λh) ≤ 1✳ ❈❡ ❢❛❝t❡✉r ❛ ❝♦♠♠❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❞✐♠✐♥✉❡r
❧✬é♠✐ss✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳

❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮ ♦♥t ❣é♥ér❛❧✐sé ❧❡ ♠♦❞è❧❡ ❞❡ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮ à t♦✉t ❧❡ s♣❡❝tr❡
❝♦♥t✐♥✉ ❡♥ ❢réq✉❡♥❝❡s t❡♠♣♦r❡❧❧❡ ❡t s♣❛t✐❛❧❡✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ♣ré❝é❞❡♥t ♠♦❞è❧❡✱ ❧❡ ❝❛rré ❞❡ ❧❛
✈✐t❡ss❡ ❡st s✉♣♣♦sé ❝♦♥t✐♥✉ à ❧✬✐♥t❡r❢❛❝❡ ❡t ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❣é♥éré❡ ❡st é❣❛❧❡ à ❧❛ ❢réq✉❡♥❝❡
❞❡ r❡t♦✉r♥❡♠❡♥t ❞✉ t♦✉r❜✐❧❧♦♥ ❡①❝✐t❛t❡✉r✳ ▲❛ t✉r❜✉❧❡♥❝❡ ❡st s✉♣♣♦sé❡ s✉✐✈r❡ ✉♥ s♣❡❝tr❡ ❡♥ é♥❡r❣✐❡
❞❡ ❑♦❧♠♦❣♦r♦✈ ♣❛r ✉♥✐té ❞❡ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ❧❡q✉❡❧

E(ω) =
v2c
ωc

(
ω

ωc

)−2

✭✻✳✶✻✮

♦ù vc = ωc/kc ❡st ❧❛ ✈✐t❡ss❡ ❞✉ ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥ ❝♦♥✈❡❝t✐❢✱ ❡t ♣♦✉r ❧❡q✉❡❧ ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡st
r❡❧✐é à ❧❛ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡ ♣❛r ❧❛ r❡❧❛t✐♦♥ ❞✬é❝❤❡❧❧❡

ω = ωc

(
k

kc

)2/3

✳ ✭✻✳✶✼✮

❉❡ ♣❧✉s✱ ❧❡s t♦✉r❜✐❧❧♦♥s s♦♥t s✉♣♣♦sés ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉①✳ ▲❡s t♦✉r❜✐❧❧♦♥s ❞❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ k(ω)
♣❡✉✈❡♥t ❛❧♦rs ❣é♥ér❡r ❞❡s ♦♥❞❡s ❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛✉① ✐♥❢ér✐❡✉rs✱ kh < k(ω)✳ ❆✉
❝♦♥tr❛✐r❡✱ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬é♥❡r❣✐❡ ✈❡rs ❞❡s ♦♥❞❡s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ ♣❧✉s ❣r❛♥❞ ❡st
s✉♣♣♦sé❡ ✐♥❡✣❝❛❝❡✳

❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❛r ✉♥✐té ❞❡
♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ ❡t ♣❛r ✉♥✐té ❞❡ ♣✉❧s❛t✐♦♥ ♣❡✉t s✬é❝r✐r❡ ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ❝♦♠♠❡

Fc(ω, kh) = ρcE(ω) gω(kh)

(
ω2

N2
c

(N2
c − ω2)1/2

kh

)
✱ ✭✻✳✶✽✮

✾✺



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

♦ù ❧❡ t❡r♠❡ ❡♥tr❡ ♣❛r❡♥t❤ès❡s ❝♦rr❡s♣♦♥❞ à ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱
❡t gω(kh) r❡♣rés❡♥t❡ ❧❛ ❢r❛❝t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❞❡ ❢réq✉❡♥❝❡ ω q✉✐ ❡st tr❛♥s♠✐s❡ ❛✉①
❝♦♠♣♦s❛♥t❡s ♦♥❞✉❧❛t♦✐r❡s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ kh < k(ω) ❞❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❝❡s
t♦✉r❜✐❧❧♦♥s s♦♥t ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉①✳ ❉✬❛♣rès ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮✱ gω(kh) ❞♦✐t êtr❡
♣r♦♣♦rt✐♦♥♥❡❧ à k2h/k(ω)

2 à kh ✜①é✳ ❉❡ ♣❧✉s✱ ❝❡ t❡r♠❡ ❞♦✐t ✈ér✐✜❡r ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ q✉❡❧
q✉❡ s♦✐t ω✱ ❝✬❡st✲à✲❞✐r❡

∫ k(ω)

0
gω(kh)dkh = 1 ✳ ✭✻✳✶✾✮

▲✬✉♥✐q✉❡ ❢♦♥❝t✐♦♥ s❛t✐s❢❛✐s❛♥t ❝❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s ❡st ❞♦♥♥é❡ ♣❛r

gω(kh) =
2

kh

[
kh

k(ω))

]2
✳ ✭✻✳✷✵✮

❊♥✜♥✱ s❡❧♦♥ ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ❧✬é♥❡r❣✐❡ s♣é❝✐✜q✉❡ ❝❛❧❝✉❧é❡ ♣♦✉r ✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❞♦✐t s❡ ré♣❛rt✐r
❞❡ ❢❛ç♦♥ ✉♥✐❢♦r♠❡ s✉r ❧❡s ♦r❞r❡s ❛③✐♠✉t❛✉①m t❡❧s q✉❡ −l ≤ m ≤ +l✱ ❝❤❛❝✉♥ ❛②❛♥t ❛❧♦rs ✉♥ ♣♦✐❞s ❞❡
1/2l✳ ▲❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❡st ❞é✜♥✐ ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♠♠❡ l = rckh ❡t ❡st ❝♦♥s✐❞éré
❝♦♥t✐♥✉✱ ❛✈❡❝ rc ❧❡ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥ ✉t✐❧✐s❛♥t ❊qs✳ ✭✻✳✶✻✮✲✭✻✳✶✽✮ ❡t ✭✻✳✷✵✮✱
❧❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦♠♣r✐s ❡♥tr❡ ω ❡t ω + dω✱ ✉♥
✐♥t❡r✈❛❧❧❡ ❞❡ ❞❡❣rés ❛♥❣✉❧❛✐r❡s ❝♦♠♣r✐s ❡♥tr❡ l ❡t l+dl ❡t ✉♥ ✐♥t❡r✈❛❧❧❡ ❞✬♦r❞r❡s ❛③✐♠✉t❛✉① ❝♦♠♣r✐s
❡♥tr❡ m ❡t m+ dm✱ ♣❡✉t s✬❡①♣r✐♠❡r ❝♦♠♠❡

dFc(ω, l,m) = 2ρcv
3
c

ωc

Nc

(N2
c − ω2)1/2

Nc

(ωc

ω

)3 dω
ωc

dl

lc

dm

2l
✱ ✭✻✳✷✶✮

♦ù ω ≥ ωc ❡t kh < k(ω)✱ q✉✐ éq✉✐✈❛✉t à 0 ≤ l ≤ lu = lc(ω/ωc)
3/2 ❛✈❡❝ lc = rckc✳ ❙❡❧♦♥ ❧❡

❢♦r♠❛❧✐s♠❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱ s❡✉❧❡s ❧❡s é❝❤❡❧❧❡s s♣❛t✐❛❧❡s ✐♥❢ér✐❡✉r❡s à ❧✬é❝❤❡❧❧❡ ❞✬✐♥❥❡❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡
Λc ♣❛rt✐❝✐♣❡♥t à ❧❛ ❝❛s❝❛❞❡ é♥❡r❣ét✐q✉❡✳ ▲❡ ✢✉① ❡st ❞♦♥❝ ❧❛✐ssé ♥✉❧ ♣♦✉r ω < ωc✳ ■❧ ❡st é❣❛❧❡♠❡♥t ♥✉❧
♣♦✉r ω > Nc ♣✉✐sq✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t é✈❛♥❡s❝❡♥t❡s ❡t ♥❡ ♣❡✉✈❡♥t ♣❧✉s s❡ ♣r♦♣❛❣❡r
❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳

❊♥ ✐♥té❣r❛♥t s✉r t♦✉t ❧❡ s♣❡❝tr❡✱ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s❡s ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡ ❡st ❛❧♦rs ❞♦♥♥é ♣❛r

Fc = 2ρcv
3
c

ωc

Nc

∫ Nc

ωc

dω

ωc

(N2
c − ω2)1/2

Nc

(ωc

ω

)3 ∫ lu

0

dl

lc

∫ +l

−l

dm

2l
✭✻✳✷✷✮

= 4ρcv
3
c

ωc

Nc
✱ ✭✻✳✷✸✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ ω2
c ≪ Nc✳ ▲✬❡st✐♠❛t✐♦♥ ❞✉ ✢✉① t♦t❛❧ ♣❛r ❝❡ ♠♦❞è❧❡ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝

❧✬❡st✐♠❛t✐♦♥ ❞❡ Pr❡ss ✭✶✾✽✶✮ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✻✳✶✵✮ ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r s❡✉❧❡♠❡♥t✳ ❊♥ ❡✛❡t✱ s❡❧♦♥
❧❡ ♠♦❞è❧❡ ❞❡ ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞✉ s♣❡❝tr❡ ❝♦♥t✐♥✉ ❛✉❣♠❡♥t❡ ❧❡
✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❛r ✉♥ ❢❛❝t❡✉r q✉❛tr❡✳

✻✳✷✳✸ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ st♦❝❤❛st✐q✉❡ ♣❛r ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮

▲✬❛♣♣r♦❝❤❡ ❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮ ❡st ❞✐✛ér❡♥t❡ ❞❡s ❛♣♣r♦❝❤❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❡s ♣ré❝é❞❡♥ts
♠♦❞è❧❡s✳ ❊❧❧❡ s✬✐♥s♣✐r❡ ❞✬✉♥ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡①t❡r♥❡ ❞❡s ét♦✐❧❡s q✉✐ ❛✈❛✐t été ♣ré❝é❞❡♠♠❡♥t é❧❛❜♦ré ♣❛r ●♦❧❞r❡✐❝❤ ❡t ❛❧✳ ✭✶✾✾✹✮✳
❉❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡✱ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ✐♥❤♦♠♦❣è♥❡ ❡st rés♦❧✉❡ ❛✈❡❝ ♣♦✉r t❡r♠❡
❞❡ ❢♦rç❛❣❡ ❧❡ str❡ss ❞❡ ❘❡②♥♦❧❞s ❞û à ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ▲❡ ❝♦♠♣♦rt❡♠❡♥t st♦❝❤❛st✐q✉❡ ❞❡
❧❛ ❝♦♥✈❡❝t✐♦♥ ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ❡t ❧✬❛♥❛❧②s❡ ♣❡r♠❡t ❞❡ r❡♠♦♥t❡r à ❧❛ ✈❛❧❡✉r st❛t✐st✐q✉❡ ♠♦②❡♥♥❡
❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s✳ ▲❡ s♣❡❝tr❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡st t♦✉❥♦✉rs s✉♣♣♦sé êtr❡ ❝❡❧✉✐ ❞❡
❑♦❧♠♦❣♦r♦✈✳

✾✻



✻✳✷✳ ▼♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡

▲✬❡①♣r❡ss✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✈❛✉t✱
s✉✐✈❛♥t ❧❡✉rs tr❛✈❛✉①✱

Fc(ω, l,m) =
ω2

4π

∫ R⋆

rc

dr
ρ2

r2

[(
∂ξr
∂r

)2

+ l(l + 1)

(
∂ξh
∂r

)2
]
exp

[
−h

2
ωl(l + 1)

2r2

]
v3L4

1 + (ωτL)15/2
✱

✭✻✳✷✹✮
♦ù rc ❡t R⋆ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❝❡❧✉✐ ❞❡ ❧✬ét♦✐❧❡✱ ξr ❡t ξh s♦♥t
r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ❞é♣❧❛❝❡♠❡♥t ❤♦r✐③♦♥t❛❧ ❡t ❧❡ ❞é♣❧❛❝❡♠❡♥t ✈❡rt✐❝❛❧ ♥♦r♠❛❧✐sés ❛✉ ✢✉① ❞✬é♥❡r❣✐❡
❥✉st❡ s♦✉s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ v ❡t L s♦♥t ❧❛ ✈✐t❡ss❡ ❡t ❧❛ t❛✐❧❧❡ ❞❡s ♣❧✉s ❣r❛♥❞s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s
❞❛♥s ❧❛ ❝♦✉❝❤❡ ❞❡ r❛②♦♥ r✱ τL = L/v ❡st ❧❡ t❡♠♣s ❝♦♥✈❡❝t✐❢ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ r❡t♦✉r♥❡♠❡♥t✱ ❡t
hω = Lmin[1, 2(ωτL)

−3/2] ❡st ❧❛ t❛✐❧❧❡ ❞✉ ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥ ❝♦♥✈❡❝t✐❢ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ω ❛✉
r❛②♦♥ r✳ ▲❡ ♣r❡♠✐❡r t❡r♠❡ ❡♥tr❡ ❝r♦❝❤❡t ❞❛♥s ❧✬✐♥té❣r❛❧❡ r❡♣rés❡♥t❡ ❧❛ ❝♦♠♣r❡ss✐❜✐❧✐té ❞❡ ❧✬♦♥❞❡✱ ❧❡
t❡r♠❡ ❣❛✉ss✐❡♥ r❡♣rés❡♥t❡ ❧❛ ❝♦rré❧❛t✐♦♥ s♣❛t✐❛❧❡ ❤♦r✐③♦♥t❛❧❡ ❡♥tr❡ ❧✬♦♥❞❡ ❡t ❧❡s t♦✉r❜✐❧❧♦♥s✱ t❛♥❞✐s
q✉❡ ❧❡ r❛♣♣♦rt ✜♥❛❧ ❝♦rr❡s♣♦♥❞ à ❧❛ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❡♥tr❡ ❧❡s ❞❡✉①✳ P♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡✱
❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮ ♦♥t ❡st✐♠é ♣❛r ❝❡ ❢♦r♠❛❧✐s♠❡ q✉❡ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s ❡♥
❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ r❡♣rés❡♥t❡ ❡♥✈✐r♦♥ ✵✳✶✪ ❞✉ ✢✉① s♦❧❛✐r❡ t♦t❛❧ ✭q✉✐ ❡st ❡♥✈✐r♦♥ ✉♥ ♦r❞r❡ ❞❡
❣r❛♥❞❡✉r s✉♣ér✐❡✉r ❛✉ ✢✉① ❝♦♥✈❡❝t✐❢ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✮✳ ❈❡tt❡ ❡st✐♠❛t✐♦♥ ❡st é❣❛❧❡♠❡♥t
❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ Pr❡ss ✭✶✾✽✶✮✳

✻✳✷✳✹ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ♦✈❡rs❤♦♦t✐♥❣ s✉✐✈❛♥t ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮

P❧✉s ré❝❡♠♠❡♥t✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ❧❛
❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ ❛ été ♦❜t❡♥✉❡ ♣❛r ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧✬❛♠♣❧✐t✉❞❡
❞❡ ❧✬♦♥❞❡ ❡st ❞ér✐✈é❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ str❡ss ❞❡ ❘❡②♥♦❧❞s ❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡✳ ▲✬éq✉❛t✐♦♥ ❞✬♦♥❞❡
✐♥❤♦♠♦❣è♥❡ ❡st ❛❧♦rs rés♦❧✉❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ●r❡❡♥✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❡st✐♠❛t✐♦♥ s❡
❞✐st✐♥❣✉❡ ❞❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ♣❛r ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮ ♣❛r ❞❡✉① ♣r✐♥❝✐♣❛✉① ♣♦✐♥ts✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡s
❛✉t❡✉rs s❡ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❢♦❝❛❧✐sés s✉r ❧✬❡①❝✐t❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ ❞✬♦✈❡rs❤♦♦t✳ ❉❡✉①✐è♠❡♠❡♥t✱
✐❧s ♦♥t ♣r✐s ❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❞❛♥s ❝❡tt❡ ❝♦✉❝❤❡ ❞❡ ❧✬ét♦✐❧❡
s✉r ❧❡ tr❛♥s❢❡rt ❞❡ ❧✬é♥❡r❣✐❡ ❝♦♥✈❡❝t✐✈❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❊♥ ❞✬❛✉tr❡s
♠♦ts✱ ✐❧s ♦♥t ♠♦❞é❧✐sé ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱äïsä❧ä à ❧✬✐♥t❡r❢❛❝❡ r❛❞✐❛t✐✈❡✲❝♦♥✈❡❝t✐✈❡✳
❊♥ ❡✛❡t✱ ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t ❞❛♥s ❝❡tt❡ ré❣✐♦♥ s✉r ❧❡ ♣r♦✜❧ ❞❡ tr❛♥s✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t ❞❡
t❡♠♣ér❛t✉r❡✱ q✉✐ ♣❛ss❡ ❞✬✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡ à ✉♥❡ ✈❛❧❡✉r r❛❞✐❛t✐✈❡✳ ▲❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥
st❡❧❧❛✐r❡ ♣ré❞✐s❡♥t ✉♥ ♣r♦✜❧ ❞✐s❝♦♥t✐♥✉ rés✉❧t❛♥t ❞✬✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ ✭❡✳❣✳✱
▼▲❚✮✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❡❧❧❡s✱ ♠♦♥tr❡♥t ✉♥❡ tr❛♥s✐t✐♦♥ ❞♦✉❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♠❡s à
❝❛✉s❡ ❞❡s ❢♦rts ✢✉① ❝♦♥✈❡❝t✐❢s ♥♦♥✲ré❛❧✐st❡s ✐♠♣♦sés ♣❛r ❧❡s ❝♦♥tr❛✐♥t❡s ♥✉♠ér✐q✉❡s ✭❡✳❣✳ ❇r✉♠♠❡❧❧
❡t ❛❧✳ ✷✵✵✷❀ ❘♦❣❡rs ✫ ●❧❛t③♠❛✐❡r ✷✵✵✺✮✳ ◆é❛♥♠♦✐♥s✱ ❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ❞❡ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ ✭❘❡♠♣❡❧ ✷✵✵✹✮ ❛✐♥s✐ q✉❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s s✉r ❧❡ ❙♦❧❡✐❧ ✭❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞
❡t ❛❧✳ ✷✵✶✶✮ ♦♥t ♠♦♥tré q✉✬✉♥ ♣r♦✜❧ ♠♦✐♥s ❛❜r✉♣t ❡st t♦✉t ❛✉ss✐ ♣r♦❜❛❜❧❡ ❞❛♥s ❧❡s ré❣✐♠❡s st❡❧❧❛✐r❡s✳
❉❛♥s ❧❡✉r ♠♦❞è❧❡✱ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮ ♦♥t ❞♦♥❝ ❝♦♥s✐❞éré tr♦✐s ❝❛s ✿ s♦✐t ✉♥❡ tr❛♥s✐t✐♦♥
❞✐s❝♦♥t✐♥✉❡✱ s♦✐t ✉♥ ♣r♦✜❧ ♠♦✐♥s ❛❜r✉♣t ❞❡ ❢♦r♠❡ ❧✐♥é❛✐r❡ ♦✉ ✉♥ ♣r♦✜❧ ❡♥❝♦r❡ ♣❧✉s ❞♦✉① s✉✐✈❛♥t ✉♥❡
t❛♥❣❡♥t❡ ❤②♣❡r❜♦❧✐q✉❡✳ ■❧s ♦♥t ♠♦♥tré q✉❡ ♣❧✉s ❧❛ tr❛♥s✐t✐♦♥ ❡st ❞♦✉❝❡✱ ♣❧✉s ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ t♦t❛❧
❞❡ ❧✬♦♥❞❡ ❣é♥éré ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ❣r❛♥❞✱ ❡t ❝❡ ❞✬✉♥ ❢❛❝t❡✉r ✷ ✭❝❛s ❧✐♥é❛✐r❡✮ à ✺ ✭❝❛s
t❛♥❣❡♥t❡ ❤②♣❡r❜♦❧✐q✉❡✮ ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ❞✐s❝♦♥t✐♥✉✳

P❛r ❡①❡♠♣❧❡✱ ❧❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡
tr❛♥s✐t✐♦♥ t❤❡r♠✐q✉❡ ❧✐♥é❛✐r❡✱ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ♣✉❧s❛t✐♦♥ ❝♦♠♣r✐s ❡♥tr❡ ω ❡t ω+dω ❡t ❧✬✐♥t❡r✈❛❧❧❡
❞❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧ ❝♦♠♣r✐s ❡♥tr❡ kh ❡t kh +dkh✱ ❡st ❞♦♥♥é ❞❛♥s ❊q✳ ✭✹✷✮ ❞❡ ❧❡✉r ♣❛♣✐❡r✱
❝✬❡st✲à✲❞✐r❡

dFc(ω, kh) ∼ ρv3c
(
ωc

Nc

)2/3

(khH
⋆
l,ω)

4

(
ω

ωc

)−41/6

(khd)
1/3 dωdkh

khω
✱ ✭✻✳✷✺✮

✾✼



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

q✉✐ ♣❡✉t ❡♥❝♦r❡ êtr❡ réé❝r✐t ❝♦♠♠❡

dFc(ω, kh) ∼ ρv3c
vckc
Nc

(
kh
kc

)13/3(H⋆
l,ω

H

)4(
ω

ωc

)−41/6(kcNcd

ωc

)1/3 dωdkh
khω

✱ ✭✻✳✷✻✮

❛✈❡❝ ω ≥ ωc ❡t kh ≤ kh,max(ω) = H−1(ω/ωc)
3/2✱ ❡t ♦ù vc = ωc/kc✱ kc ∼ 1/H ❡t H ❡st ❧✬é❝❤❡❧❧❡

s♣❛t✐❛❧❡ t②♣✐q✉❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❞♦♥♥é❡ ♣❛r ❧❛ ▼▲❚ ✭H ∼ αMLTHp✮✳ ▲❡ ♣❛r❛✲
♠ètr❡ H⋆

l,ω ❝♦rr❡s♣♦♥❞ à ❧✬é❝❤❡❧❧❡ s♣❛t✐❛❧❡ ❞✬✐♥❥❡❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ❧❛ ❝❛s❝❛❞❡ t✉r❜✉❧❡♥t❡ à ❧❛
❢r♦♥t✐èr❡ ❛✈❡❝ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❊♥ ❡✛❡t✱ ❧❡s ❛✉t❡✉rs ♦♥t ét✉❞✐é ❧❡ ❝❛s ♦ù H⋆

l,ω ❡st ❞✉ ♠ê♠❡ ♦r❞r❡
❞❡ ❣r❛♥❞❡✉r q✉❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ré❣✐♦♥ ❞✬♦✈❡rs❤♦♦t ✭❝✬❡st✲à✲❞✐r❡✱ ♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡
♠é❧❛♥❣❡ ❤❛❜✐t✉❡❧❧❡♠❡♥t ✉t✐❧✐sé❡✮ t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧❛ ♠ê♠❡ é♥❡r❣✐❡ t✉r❜✉❧❡♥t❡ ✭❝✬❡st✲à✲❞✐r❡✱ ❛✈❡❝
❧❛ ♠ê♠❡ ✈✐t❡ss❡ ❝♦♥✈❡❝t✐✈❡✮✳ ❊♥ ❞✬❛✉tr❡s ♠♦ts✱ ✐❧s ♦♥t ❝♦♥s✐❞éré ✉♥ ❝❛s ♦ù ❧❛ ✈✐t❡ss❡ t②♣✐q✉❡ ❞❡s
t♦✉r❜✐❧❧♦♥s ❛✈❡❝ ✉♥❡ t❛✐❧❧❡ h < H à ❧❛ ❢r♦♥t✐èr❡ ❛✈❡❝ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ♣❧✉s ❣r❛♥❞❡ q✉❡ ❞❛♥s
❧❡ ❝❛s ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣❛r ❧❛ ▼▲❚✱ ❝♦♠♠❡ s✉♣♣♦sé ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥
❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✳ ▲❡s ❛✉t❡✉rs ♦♥t ♠♦♥tré q✉❡ ❝❡❧❛ ✐♠♣❧✐q✉❡ ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡
❧✬♦♥❞❡✱ ♥♦t❛♠♠❡♥t ❛✈❡❝ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✐str✐❜✉é❡ ✈❡rs ❧❡s ♣❧✉s ❤❛✉t❡s ❢réq✉❡♥❝❡s✳

✻✳✸ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

❆♣rès ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡ ❝❡ ❧❛r❣❡ é✈❡♥t❛✐❧ ❞❡ ♠♦❞è❧❡s ❞✬❡①❝✐t❛t✐♦♥ ❞✬♦♥❞❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r✲
❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♠❛✐♥t❡♥❛♥t à ❧❡✉r ❣é♥ér❛t✐♦♥ ❧♦rs ❞❡ ❧❛
♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ st❛❜❧❡♠❡♥t str❛t✐✜é❡ ❛❞❥❛❝❡♥t❡✳ ❈❡ ♠é❝❛✲
♥✐s♠❡ ❛ ❞é❥à été ❜✐❡♥ ♦❜s❡r✈é ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✭✈♦✐r ❙❡❝t✐♦♥ ✻✳✶✮ ❡t ❡♥ ❣é♦♣❤②s✐q✉❡
✭❡✳❣✳✱ ❙t✉❧❧ ✶✾✼✻❀ ❋r✐tts ✫ ❆❧❡①❛♥❞❡r ✷✵✵✸✮✳ P❛r ❡①❡♠♣❧❡✱ ❉✐♥tr❛♥s ❡t ❛❧✳ ✭✷✵✵✺✮ ♦♥t ❛♥❛❧②sé ❞❡ ❢❛ç♦♥
✐s♦❧é❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬♦♥❞❡s ❧♦rs ❞❡ ❧❛ ♣é♥étr❛t✐♦♥ ❞✬✉♥ ✉♥✐q✉❡ ♣❛♥❛❝❤❡ ❝♦♥✈❡❝t✐❢ ❞❛♥s ❞❡s s✐♠✉❧❛✲
t✐♦♥s ✷❉✳ ■❧s ♦♥t ❛✐♥s✐ ♣✉ ♠♦♥tr❡r q✉✬✉♥❡ ❧❛r❣❡ ♣❛rt✐❡ ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞✉ ♣❛♥❛❝❤❡ ✭❥✉sq✉✬à
✹✵✪✮ ♣❡✉t êtr❡ tr❛♥s♠✐s❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s✳ ❈❡ rés✉❧t❛t ♣❡✉t ♥♦✉s ❧❛✐ss❡r ♣❡♥s❡r q✉✬✉♥ t❡❧ ♠é❝❛✲
♥✐s♠❡ ♣✉✐ss❡ ❥♦✉❡r ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❡s ét♦✐❧❡s✳ P♦✉r ré♣♦♥❞r❡ à ❝❡tt❡ q✉❡st✐♦♥✱ ✉♥ ♠♦❞è❧❡
❞✬❡①❝✐t❛t✐♦♥ s❡♠✐✲❛♥❛❧②t✐q✉❡ ❛ été ❞é✈❡❧♦♣♣é ❞✉r❛♥t ❧❛ t❤ès❡ ❡t ❡st ❞é❝r✐t ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡
s❡❝t✐♦♥✳ ▲❡ ❜✉t ❡st ❞✬❡st✐♠❡r ❧❛ ♣❛rt ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s q✉✐
❡st tr❛♥s♠✐s❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❧♦rs ❞❡ ❧❡✉r ✐♠♣❛❝t s✉r ❧✬✐♥t❡r❢❛❝❡ ❛✈❡❝ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❛❞❥❛❝❡♥t❡
✭✈♦✐r ❋✐❣✉r❡ ✻✳✺ ♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳

✻✳✸✳✶ ❉é✜♥✐t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ✉♥
❡♥s❡♠❜❧❡ ❞❡ ♣❛♥❛❝❤❡s

❖♥ ❝❤❡r❝❤❡ ❞❛♥s ❧❛ s✉✐t❡ à ❞ét❡r♠✐♥❡r ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s❡s
♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛♥❛❝❤❡s ♣é♥étr❛♥t ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❡ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥ ❡st
s✉♣♣♦sé ❛❧é❛t♦✐r❡✱ st❛t✐♦♥♥❛✐r❡ ❡t ❡r❣♦❞✐q✉❡✳ ❯♥❡ ❛♣♣r♦❝❤❡ st❛t✐st✐q✉❡ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡✳ ▲✬é♥❡r❣✐❡
s♣é❝✐✜q✉❡ ♠♦②❡♥♥❡ ❛ss♦❝✐é❡ ❛✉① ♦♥❞❡s ❡st ❞é✜♥✐❡ à ✉♥ ♣♦✐♥t ♣❛rt✐❝✉❧✐❡r ~r ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡
♣❛r

〈E〉 (~r) = lim
T→+∞

1

T

∫ +∞

−∞
ρ(r)|~vT (~r, t)|2dt ✱ ✭✻✳✷✼✮

♦ù ~vT (~r, t) ❡st é❣❛❧❡ à ❧❛ tr♦♥❝❛t✉r❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é ❛✉① ♦♥❞❡s ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❞❡
t❡♠♣s [−T/2, T/2] ❡t ❡st ♥✉❧❧❡ ❡♥ ❞❡❤♦rs ❞❡ ❝❡t ✐♥t❡r✈❛❧❧❡✳ ▲❡ t❤é♦rè♠❡ ❞❡ P❛rs❡✈❛❧✲P❧❛♥❝❤❡r❡❧ ♥♦✉s
❛✉t♦r✐s❡ ❛❧♦rs à é❝r✐r❡

∫ ∞

−∞

〈
|~vT (~r, t)|2

〉
dt =

1

2π

∫ ∞

−∞

〈
|~̂vT (~r, ω)|2

〉
dω ✱ ✭✻✳✷✽✮

✾✽



✻✳✸✳ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

❋✐❣✉r❡ ✻✳✺✿ ❱✐s✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ s♦❧❛✐r❡ ❛✈❡❝ ✉♥❡ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣❡✉♣❧é❡ ❞❡ ♣❛♥❛❝❤❡s
❝♦♥✈❡❝t✐❢s q✉✐ s♦♥t ✐❞❡♥t✐✜és ♣❛r ❧❡✉rs ❝♦♦r❞♦♥♥é❡s (θn, ϕn)✳ ❈❡✉①✲❝✐ s♦♥t ❝réés à ❧❛ s✉r❢❛❝❡ ❞❡
❧✬ét♦✐❧❡ ❛✈❛♥t ❞❡ ♣❧♦♥❣❡r ✈❡rs s♦♥ ❝❡♥tr❡ ❡t ❞❡ ❣r♦ss✐r ♣❛r ❡♥tr❛î♥❡♠❡♥t t✉r❜✉❧❡♥t ❞❡ ♠❛t✐èr❡
s✉r ❧❡✉rs ✢❛♥❝s✳ ❊♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ✐❧s s♦♥t ❢♦rt❡♠❡♥t ❢r❡✐♥és ❡t ♣❡✉✈❡♥t ❧✐❜ér❡r
✉♥❡ ♣❛rt✐❡ ❞❡ ❧❡✉r é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s✳

♦ù ω ❡st ❧❛ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡ t❡♠♣♦r❡❧❧❡ ❡t ❧❡ s②♠❜♦❧❡ ✭ˆ✮ ✐♥❞✐q✉❡ ❧❛ tr❛♥s❢♦r♠é❡ ❋♦✉r✐❡r ✶✳ ❆✐♥s✐✱
❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✻✳✷✽✮✱ ❊q✳ ✭✻✳✷✼✮ ❞❡✈✐❡♥t✱ ♣✉✐sq✉❡ ❧✬✐♥té❣r❛❧❡ ❡t ❧❛ ❧✐♠✐t❡ ❝♦♠♠✉t❡♥t✱

〈E〉(~r) =
∫ ∞

−∞
ǫ(~r, ω) dω ✱ ✭✻✳✷✾✮

♦ù ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❛ été ❞é✜♥✐❡ ♣❛r

ǫ(~r, ω) = lim
T→+∞

ρ(r)

T

〈
|~̂vT (~r, ω)|2

〉

2π
✳ ✭✻✳✸✵✮

P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ❧❡s ♣❛♥❛❝❤❡s s♦♥t s✉♣♣♦sés ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉①✱ ✉♥✐❢♦r♠é♠❡♥t ré♣❛rt✐s s✉r
❧❛ s♣❤èr❡✱ ❡t ❛✈❡❝ ✉♥ t❡♠♣s ❞❡ ✈✐❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ é❣❛❧ à τp✳ ❙✉r ✉♥
✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s éq✉✐✈❛❧❡♥t à τp✱ ✉♥ ♥♦♠❜r❡ ♠♦②❡♥ N ❞❡ ♣❛♥❛❝❤❡s ❣é♥èr❡ ❛❧♦rs ❞❡s ♦♥❞❡s✳
❉❡ ♣❧✉s✱ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❡r❣♦❞✐q✉❡✱ ❧❛ ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡ ❡st é❣❛❧❡ à ❧❛ ♠♦②❡♥♥❡ ❞✬❡♥s❡♠❜❧❡✳
❊♥ ❛♣♣❧✐q✉❛♥t ❝❡s ❞✐✛ér❡♥t❡s ♣r♦♣♦s✐t✐♦♥s✱ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❡♥ é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❝♦♥✈❡r❣❡ ❡♥
♠♦②❡♥♥❡ ✈❡rs ✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✮

ǫ(~r, ω) = N νp
2π
ρ(r)

∫

Ω0

∣∣∣~̂v0(~r, ω; θ0, φ0, t0 = 0)
∣∣∣
2 sin θ0dθ0dφ0

4π
✱ ✭✻✳✸✶✮

♦ù νp = 1/τp✱ ~̂v0(~r, ω; θ0, φ0, t0 = 0) ❡st ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é ❛✉① ♦♥❞❡s ❡♥ ✉♥ ♣♦✐♥t ~r
❣é♥éré ♣❛r ✉♥ ♣❛♥❛❝❤❡ à ❧✬✐♥st❛♥t t = 0 ❡t ❞❡ ❝♦♦r❞♦♥♥é❡s ❤♦r✐③♦♥t❛❧❡s (θ0, ϕ0)✳ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s

✶✳ ▲❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r t❡♠♣♦r❡❧❧❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ X(~r, t) ♣❛r r❛♣♣♦rt à ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥ ❛✈❡❝
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❡st ❞é✜♥✐❡ ❝♦♠♠❡

T F [X] = X̂(~r, ω) =

∫
∞

−∞

X(~r, t)e−iωt
dt

♦ù ω ❡st ❧❛ ♣✉❧s❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ ♠❡s✉ré❡ ♣❛r r❛♣♣♦rt à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ q✉✐ ❡st ❛✉ss✐ ❧❛ ③♦♥❡ ❞✬❡①❝✐t❛t✐♦♥✳

✾✾



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

♣ré❝é❞❡♥t❡s✱ ✐❧ s✉✣t ❞♦♥❝ ❡♥ ♣r❛t✐q✉❡ ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ ❣é♥éré❡ ♣❛r ✉♥
✉♥✐q✉❡ ♣❛♥❛❝❤❡✳ ▲❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛♥❛❝❤❡s ❡st
❛❧♦rs ♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ✉♥ s❡✉❧ ♣❛♥❛❝❤❡ ♠✉❧t✐♣❧✐é❡ ♣❛r
❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ♣❛♥❛❝❤❡s N ✳ ❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ ♠♦❞è❧❡ ❞❡ ●❛r❝✐❛ ▲♦♣❡③ ✫ ❙♣r✉✐t ✭✶✾✾✶✮✱
❝❡❧❛ rés✉❧t❡ ❞❡ ❧✬✐♥❝♦❤ér❡♥❝❡ ❞❡s ♣❛♥❛❝❤❡s ❡♥tr❡ ❡✉①✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ ❝❛s ❝♦❤ér❡♥t✱ ❝❡❧❧❡✲❝✐ s❡r❛✐t
♣r♦♣♦rt✐♦♥♥❡❧❧❡ à N 2✳

P♦✉r ✜♥✐r✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ~v0 ❡st ❞é✈❡❧♦♣♣é❡ s✉r ❧❛ ❜❛s❡s ❞❡s ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s

~v0(~r, t) =
∑

l,m

vr,l,m(r, t)Y m
l (θ, φ) ~er + vP,l,m(r, t)r~∇Y m

l (θ, φ)

+ vT,l,m(r, t)~∇∧ (Y m
l (θ, φ) r~er) ✱ ✭✻✳✸✷✮

♦ù (r, θ, φ) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s✱ l ❡st ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡✱ m ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧✱ ~er ❡st
❧❡ ✈❡❝t❡✉r r❛❞✐❛❧ ✉♥✐t❛✐r❡✱ ❡t vr,l,m✱ vP,l,m ❡t vT,l,m s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥t❡s r❛❞✐❛❧❡✱
♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛ss♦❝✐é ❛✉① ♦♥❞❡s✳ ➱t❛♥t ❞♦♥♥é❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❢❛✐t❡
❞❛♥s ❊q✳ ✭✻✳✸✷✮✱ ❧❛ ♠♦②❡♥♥❡ ❞❡ ❊q✳ ✭✻✳✸✶✮ s✉r ❧✬❛♥❣❧❡ s♦❧✐❞❡ r❡♣rés❡♥t❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❛♥❣✉❧❛✐r❡ ❞❡
❧✬é♥❡r❣✐❡ ❡t s✬é❝r✐t

E(r, ω) = 1

4π

∫

Ω
ǫ(r, θ, φ, ω)dΩ

=
∑

l,m

Ẽl,m(r, ω) ✱ ✭✻✳✸✸✮

❞❛♥s ❧❛q✉❡❧❧❡ ❛ été ❞é✜♥✐

Ẽl,m(r, ω) = N νp
8π2

ρ(r)

∫

Ω0

(
|v̂r,l,m|2 + l(l + 1) |v̂h,l,m|2

) dΩ0

4π
✱ ✭✻✳✸✹✮

❛✈❡❝ |v̂h,l,m|2 = |v̂P,l,m|2 + |v̂T,l,m|2✳ ▲❡ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ♠♦②❡♥♥é s✉r ❧✬❛♥❣❧❡ s♦❧✐❞❡
♣❛r ✉♥✐té ❞❡ ❢réq✉❡♥❝❡ ω✱ ♣♦✉r ✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❡t ✉♥ ❞❡❣ré ❛③✐♠✉t❛❧ m✱ ❡st ❛❧♦rs ♦❜t❡♥✉
❡♥ ♠✉❧t✐♣❧✐❛♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✬✉♥❡ ♣❛✐r❡ (l,m) ❞❛♥s ❊q✳ ✭✻✳✸✹✮ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥
❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡ r❛❞✐❛❧❡ ✭✈♦✐r ❙❡❝t✐♦♥ ✺✳✷✮✱ ❛✜♥
❞✬♦❜t❡♥✐r

Fr(r, ω, l,m) = Ẽl,m(r, ω) Vgr(r, ω, l) ✳ ✭✻✳✸✺✮

❈❡tt❡ ❞é✜♥✐t✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❢❛✐t ❛♣♣❡❧ à ❧❛ ♥♦t✐♦♥ ❞❡ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳
❖♥ ♥♦t❡ q✉✬✐❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ r❡♠♦♥t❡r à ❧❛ ♠ê♠❡ ❡①♣r❡ss✐♦♥ ♣❛r ✉♥❡ ♠ét❤♦❞❡ s✐♠✐❧❛✐r❡ ❡♥
✉t✐❧✐s❛♥t ❞✐r❡❝t❡♠❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✢✉① r❛❞✐❛❧ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡✱ p′vr✳ ❊♥ ❡✛❡t✱ ✐❧ ❛ été ♠♦♥tré
❞❛♥s ❙❡❝t✐♦♥ ✺✳✸✳✶ q✉❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ ❛✉ ♣r♦❞✉✐t ❞❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡
❞✬✉♥❡ ♦♥❞❡ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❞❡ ❣r♦✉♣❡✳

✻✳✸✳✷ ➱q✉❛t✐♦♥ ❞✬♦♥❞❡ ❛✈❡❝ t❡r♠❡ s♦✉r❝❡

▲✬❡st✐♠❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♥é❝❡ss✐t❡ ❞❡ ❝♦♥♥❛îtr❡ ❧❡✉rs
❛♠♣❧✐t✉❞❡s✱ q✉✐ ❡❧❧❡s✲♠ê♠❡s ❞é♣❡♥❞❡♥t ❞✉ ♠é❝❛♥✐s♠❡ ❞❡ ❢♦rç❛❣❡✳ ◗✉❛♥❞ ❧❡s ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s
♣é♥ètr❡♥t ❞❛♥s ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ✐❧s ♣❡rt✉r❜❡♥t ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡ ❡t ✉♥❡ ♣❛rt✐❡ ❞❡ ❧❡✉r
é♥❡r❣✐❡ ❡st tr❛♥s❢éré❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣❡✉t êtr❡ sé♣❛ré ❡♥
❞❡✉① ❝♦♠♣♦s❛♥t❡s ✿ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❛ss♦❝✐é❡ ❛✉① ♦♥❞❡s ~v(~r, t)✱ ❡t ✉♥❡ ❛✉tr❡ ❛ss♦❝✐é❡ ❛✉① ♣❛♥❛❝❤❡s
~Vp(~r, t)✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❝❡❧❛ r❡✈✐❡♥t à ♥é❣❧✐❣❡r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✳ ❉❡ ♣❧✉s✱
♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ♦♥❞❡s ♥✬♦♥t ❛✉❝✉♥ ❡✛❡t ❞❡ rétr♦❛❝t✐♦♥ s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❛♥❛❝❤❡s✳ ❈❡❧❛
s✉❣❣èr❡ ❛✉ss✐ q✉✬✐❧s s✉✐✈❡♥t ❧❡✉r ♣r♦♣r❡ éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ✐♥❞é♣❡♥❞❛♠♠❡♥t ❧✬✉♥ ❞❡ ❧✬❛✉tr❡✳
❈❡❝✐ ❡st ❡♥ ❢❛✐t ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ s✐ ❧❛ ✈✐t❡ss❡ ❞❡s ♦♥❞❡s ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ❝❡❧❧❡
❞❡s ♣❛♥❛❝❤❡s✱ ❝✬❡st✲à✲❞✐r❡ s✐ |~v| ≪ |~Vp|✱ ❝❡ q✉✐ s❡r❛ ✈ér✐✜é à ♣♦stér✐♦r✐✳

✶✵✵



✻✳✸✳ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

❙♦✉s ❝❡s ❤②♣♦t❤ès❡s✱ ♥♦tr❡ ❛tt❡♥t✐♦♥ s❡ ❢♦❝❛❧✐s❡ s✉r ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ ❞②♥❛✲
♠✐q✉❡ ❡①❡r❝é❡ ♣❛r ❧❡s ♣❛♥❛❝❤❡s ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✱ ❡t r❡♣rés❡♥té❡ ♣❛r ❧❡ t❡r♠❡ ~∇·(ρ~Vp⊗~Vp)
❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡✱ ♦ù ✭⊗✮ ❡st ❧❡ ♣r♦❞✉✐t t❡♥s♦r✐❡❧✳ P♦✉r s✐♠♣❧✐✜❡r✱ ❧✬❡❢✲
❢❡t ❞❡ ❧❛ r♦t❛t✐♦♥ ❡st ♥é❣❧✐❣é✳ ❉❡ ♣❧✉s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡st ✉t✐❧✐sé❡✱ ❝❡ q✉✐ ❡st ❥✉st✐✜é
❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ✭♣✉✐sq✉✬❡❧❧❡s s♦♥t ✐♥❝♦♠♣r❡ss✐❜❧❡s✱ ✈♦✐r ❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞
✷✵✵✶✮✳ ❆✐♥s✐✱ ❧✬éq✉❛t✐♦♥ ❞✉ ♠♦♠❡♥t ❡t ❝❡❧❧❡ ❞❡ ❝♦♥t✐♥✉✐té ❧✐♥é❛r✐sé❡s ♣❛r r❛♣♣♦rt à ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡
s✬é❝r✐✈❡♥t

∂~v

∂t
+
~∇p′
ρ
− ρ′

ρ
~g = −1

ρ
~∇ · (ρ~Vp ⊗ ~Vp) ✭✻✳✸✻✮

∂

∂t

(
δρ

ρ

)
+ ~∇ · ~v = 0 ✱ ✭✻✳✸✼✮

♦ù t♦✉t❡s ❧❡s q✉❛♥t✐tés ♦♥t ❧❡✉r s✐❣♥✐✜❝❛t✐♦♥ ❤❛❜✐t✉❡❧❧❡✳ ▲❡ s②stè♠❡ ❡st ❛❧♦rs ❢❡r♠é ♣❛r ❧✬❤②♣♦t❤ès❡
❞✬♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ s❛♥s é❝❤❛♥❣❡ ❞❡ ❝❤❛❧❡✉r ❛✈❡❝ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t✱ ❞♦♥♥é❡ ♣❛r

δρ = δp/c2 = (p′ − ρgξr)/c2 ✳ ✭✻✳✸✽✮

▲❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s ♣❛ss❡ ♣❛r ❧❛ rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❢♦r♠é ❞❡s éq✉❛t✐♦♥s
❊qs✳ ✭✻✳✸✻✮✲✭✻✳✸✽✮ ❡t ♥é❝❡ss✐t❡ ❞♦♥❝ ❞❡ ♠♦❞é❧✐s❡r ❧❡ t❡r♠❡ s♦✉r❝❡ ❞❛♥s ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡
❊q✳ ✭✻✳✸✻✮✳

✻✳✸✳✸ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡ ❞❡s ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

✻✳✸✳✸✳❛ Pr♦✜❧ ❞❡ ✈✐t❡ss❡ ❞✉ ♣❛♥❛❝❤❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥

▲❡ t❡r♠❡ s♦✉r❝❡ ❞❛♥s ❊q✳ ✭✻✳✸✻✮ ❡st ♠❛①✐♠❛❧ ❞❛♥s ❧❛ ré❣✐♦♥ ♦ù ❧❡s ♣❛♥❛❝❤❡s s♦♥t r❛♣✐❞❡♠❡♥t
❞é❝é❧érés✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rs ❞❡ ❧❡✉r ♣é♥étr❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❉❡ ♣❧✉s✱ ❧❡s ♦♥❞❡s s♦♥t é✈❛✲
♥❡s❝❡♥t❡s ❞❛♥s ❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❀ ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡st ❞♦♥❝ ♠❛①✐♠❛❧❡ ❞❛♥s ❧❡ ❜❛s ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✳ ■❧ s❡♠❜❧❡ ❞♦♥❝ r❛✐s♦♥♥❛❜❧❡ ❞❡ s✉♣♣♦s❡r q✉❡ ❧❡ ❢♦rç❛❣❡ ❞❡s ♦♥❞❡s ❡st ♠❛①✐♠❛❧ ❞❛♥s ❝❡tt❡
ré❣✐♦♥✳ ■❧ s✉✣t ❞♦♥❝ ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ♠♦❞é❧✐s❡r ❧❡ ♣r♦✜❧ ❞❡ ✈✐t❡ss❡ ❞❡s ♣❛♥❛❝❤❡s ❞❛♥s ❧❛ ③♦♥❡ ❞❡
♣é♥étr❛t✐♦♥✳

❙✉✐✈❛♥t ❚♦✇♥s❡♥❞ ✭✶✾✻✻✮✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❛ ✈✐t❡ss❡ ❞✬✉♥ ♣❛♥❛❝❤❡ ❡st ✈❡rt✐❝❛❧❡ s✉r ❧❛ ♠❛❥♦r✐té
❞✉ ✈♦❧✉♠❡ q✉✬✐❧ ♦❝❝✉♣❡ ✭❝❡ q✉✐ ❡st ❞✐s❝✉t❛❜❧❡ ♣rès ❞❡ ❝❡s ✢❛♥❝s✮✱ q✉✬✐❧ s✉✐t ✉♥ ♣r♦✜❧ ●❛✉ss✐❡♥ ❛✈❡❝
✉♥❡ ❧❛r❣❡✉r ❝❛r❛❝tér✐st✐q✉❡ b ❡t ✉♥ t❡♠♣s ❞❡ ✈✐❡ τp✱ ❡t q✉❡ ❝❡ ♣r♦✜❧ ❡st ♠❛✐♥t❡♥✉ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡
♣é♥étr❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ❢♦r♠❡

~Vp(~r) = −V0(r) e−S2
h
/2b2e−t2/τ2p ~er ✱ ✭✻✳✸✾✮

❛✈❡❝
Sh(~r; θ0, φ0) = r arccos [sin θ0 sin θ cos(φ− φ0) + cos θ cos θ0] ✱ ✭✻✳✹✵✮

♦ù (θ0, φ0) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ❛♥❣✉❧❛✐r❡s ❞✉ ❝❡♥tr❡ ❞❡ ❧❛ ♣❧✉♠❡ ❡t Sh ❝♦rr❡s♣♦♥❞ à ❧❛
❞✐st❛♥❝❡ s✉r ❧❛ s♣❤èr❡ ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ♣❧✉♠❡✳

✻✳✸✳✸✳❜ ▼♦❞è❧❡ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❡ ❘✐❡✉t♦r❞ ✫ ❩❛❤♥ ✭✶✾✾✺✮

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧❡ r❛②♦♥ b ❡t ❧❛ ✈✐t❡ss❡ Vb ❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦♥t
❞é❝r✐ts ♣❛r ❧❡ ♠♦❞è❧❡ ❞❡ ♣❛♥❛❝❤❡s ❞❡ ❘✐❡✉t♦r❞ ✫ ❩❛❤♥ ✭✶✾✾✺✮✳ ❉❛♥s ❧❡✉r ♠♦❞è❧❡✱ ❧❡s ♣❛♥❛❝❤❡s
s♦♥t s✉♣♣♦sés st❛t✐♦♥♥❛✐r❡s ❡t ❛①✐s②♠étr✐q✉❡s✳ ■❧s s❡ ❞é✈❡❧♦♣♣❡♥t ❞❛♥s ✉♥❡ ❛t♠♦s♣❤èr❡ ✐s❡♥tr♦♣✐q✉❡
str✉❝t✉ré❡ ❡♥ ❝♦✉❝❤❡s ♣❛r❛❧❧è❧❡s ❡t à ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡✳ ❚♦✉t❡s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❛ss♦❝✐é❡s à
❧❛ ♣rés❡♥❝❡ ❞❡ ♣❛♥❛❝❤❡s ✭✈✐t❡ss❡✱ ❞❡♥s✐té✱ ❡♥t❤❛❧♣✐❡✮ s♦♥t s✉♣♣♦sé❡s ❛✈♦✐r ❧❡ ♠ê♠❡ ♣r♦✜❧ ❤♦r✐③♦♥t❛❧
q✉❡ ❞❛♥s ❊q✳ ✭✻✳✸✾✮ à ❝❤❛q✉❡ ❛❧t✐t✉❞❡✱ s❛✉❢ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥ q✉✐ ❡st s✉♣♣♦sé❡ ♥✉❧❧❡ ❡♥
♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡s ❛✉t❡✉rs ✉t✐❧✐s❡♥t ❧✬❤②♣♦t❤ès❡ ❞✬❡♥tr❛î♥❡♠❡♥t t✉r❜✉❧❡♥t ❞❡ ♠❛✲
t✐èr❡ ✭▼♦rt♦♥ ❡t ❛❧✳ ✶✾✺✻✮✳ ❈❡❧❧❡✲❝✐ ♣♦st✉❧❡ q✉❡ ❧❡ ✢✉① ❤♦r✐③♦♥t❛❧ ❞❡ ♠❛t✐èr❡ ❡♥tr❛î♥é❡ ❧❛tér❛❧❡♠❡♥t

✶✵✶



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

s✉r ❧❡s ✢❛♥❝s ❞✉ ♣❛♥❛❝❤❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ❛✉ ❝❡♥tr❡ ❞✉ ♣❛♥❛❝❤❡✳ ▼❛t❤é♠❛✲
t✐q✉❡♠❡♥t✱ ❝❡❧❧❡✲❝✐ s✬❡①♣r✐♠❡ ❡♥ ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s✱ ♣♦✉r ✉♥ ♣❛♥❛❝❤❡ ❝❡♥tré ❡♥ (θ0, φ0) = (0, 0)
♣♦✉r s✐♠♣❧✐✜❡r✱ ♣❛r ✭▲♦ ✫ ❙❝❤❛t③♠❛♥ ✶✾✾✼✮

2πrθbVp,θ(r, θb, φ) = −2πb(r)αE |Vp,r(r, 0, 0)| ✱ ✭✻✳✹✶✮

♦ù Vp,θ ❡t Vp,r s♦♥t ❧❡s ❝♦♠♣♦s❛♥t❡s ❧❛t✐t✉❞✐♥❛❧❡ ❡t r❛❞✐❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ ♣❛♥❛❝❤❡ ❝♦♥s✐❞éré✱ αE

❡st ❧❡ ❝♦❡✣❝✐❡♥t ❞✬❡♥tr❛î♥❡♠❡♥t ❡t θb ∼
√
2b(r)/r ❡st ❧❛ ❧❛t✐t✉❞❡ ❞✉ ✢❛♥❝ ❞✉ ♣❛♥❛❝❤❡ ❛✉ ♥✐✈❡❛✉ r✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡ s✐♠♣❧✐✜é✱ ❧❡s s♦❧✉t✐♦♥s ✈ér✐✜❛♥t ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♣❡✉✈❡♥t êtr❡
❡①♣r✐♠é❡s ❛s②♠♣t♦t✐q✉❡♠❡♥t ❡♥ ♣r♦❢♦♥❞❡✉r ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦✉s ❢♦r♠❡ ❞❡ ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡✳
▲❛ r❡❝❤❡r❝❤❡ ❞❡ s♦❧✉t✐♦♥s s♦✉s ❝❡tt❡ ❢♦r♠❡ ♣❛rt✐❝✉❧✐èr❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ❡①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s
❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♣❛♥❛❝❤❡ ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❡t ❞♦♥❝ ❛✉ ❞é❜✉t ❞❡ ❧❛ ③♦♥❡ ❞❡
♣é♥étr❛t✐♦♥✳ ❆✐♥s✐✱ ❧❡ r❛②♦♥ ❞✉ ♣❛♥❛❝❤❡ ♣❡✉t êtr❡ ❡①♣r✐♠é ♣❛r

b =
(R− rt)√

2

3αE(Γ1 − 1)

2Γ1 − 1
✱ ✭✻✳✹✷✮

♦ù (R − rt) ❡st é❣❛❧❡ à ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t Γ1 ❡st ❧❡ ❝♦❡✣❝✐❡♥t ❛❞✐❛❜❛t✐q✉❡✳ ▲❡
❝♦❡✣❝✐❡♥t ❞✬❡♥tr❛î♥❡♠❡♥t αE ❛ été ét✉❞✐é t❤é♦r✐q✉❡♠❡♥t ❡t ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ♥♦t❛♠♠❡♥t ❡♥
❣é♦♣❤②s✐q✉❡✱ ❡t ❞é♣❡♥❞ ❞❡s ♣r♦♣r✐étés ❞✉ ✢✉✐❞❡✳ ❙❛ ✈❛❧❡✉r ♣♦✉r ✉♥ ❣❛③ ♣❛r❢❛✐t ❡st ✉s✉❡❧❧❡♠❡♥t ♣r✐s❡
é❣❛❧❡ à 0.083 ✭❚✉r♥❡r ✶✾✽✻✮✳ P♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ❡t ✉♥ ❣❛③ ♠♦♥♦❛t♦♠✐q✉❡ ✭Γ1 = 5/3✮✱ ♦♥ tr♦✉✈❡
b ≈ 104 ❦♠✱ ❝❡ q✉✐ ❡st ❡♥✈✐r♦♥ ❝✐♥q ❢♦✐s ♣❧✉s ♣❡t✐t q✉❡ ❧❛ t❛✐❧❧❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s
❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s❡❧♦♥ ❧❛ ▼▲❚✳ ❙❛ ✈✐t❡ss❡ ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st q✉❛♥t à ❡❧❧❡
é❣❛❧❡ à

Vb =

(
8L1p

πρbb2

)1/3

✱ ✭✻✳✹✸✮

♦ù L1p r❡♣rés❡♥t❡ ❧❛ ❧✉♠✐♥♦s✐té t♦t❛❧❡ ✭é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ✰ ❡♥t❤❛❧♣✐q✉❡✮ tr❛♥s♣♦rté❡ ♣❛r ✉♥ s❡✉❧
♣❛♥❛❝❤❡ ❡t ρb ❡st ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ P♦✉r ❡st✐♠❡r L1p✱ ♦♥ ♣❡✉t
s✉♣♣♦s❡r q✉❡ ❝❤❛q✉❡ ♣❛♥❛❝❤❡ tr❛♥s♣♦rt❡ ✉♥❡ é♥❡r❣✐❡ q✉✐ ❡st é❣❛❧❡✱ ❡♥ ♠♦②❡♥♥❡✱ à ❝❡❧❧❡ tr❛♥s♣♦rté❡
♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s t✉r❜✉❧❡♥ts ❞❛♥s ❧✬❡s♣❛❝❡ s✐t✉é ❡♥tr❡ ❧❡s ♣❛♥❛❝❤❡s✱ s♦✐t

NL1p ≈ L∗A ✱ ✭✻✳✹✹✮

♦ù L∗ ❡st ❧❛ ❧✉♠✐♥♦s✐té ❞❡ ❧✬ét♦✐❧❡ ❡t A = N b2/4r2b ❡st ❧❡ ❢❛❝t❡✉r ❞❡ r❡♠♣❧✐ss❛❣❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛
❢r❛❝t✐♦♥ ❞❡ ❧✬❛✐r❡ ♦❝❝✉♣é❡ ♣❛r ❧❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ▲✬éq✉❛t✐♦♥ ✭✻✳✹✸✮ ♣❡✉t
❛❧♦rs êtr❡ réé❝r✐t❡ ❝♦♠♠❡

Vb =

(
2L∗
πρbr

2
b

)1/3

✱ ✭✻✳✹✺✮

q✉✐ ❞♦♥♥❡ Vb ≈ 185 ♠ s−1 ❞❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✱ ❝✬❡st✲à✲❞✐r❡ ♣r❡sq✉❡ s❡♣t ❢♦✐s ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛
✈✐t❡ss❡ ❝♦♥✈❡❝t✐✈❡ ❞❡s t♦✉r❜✐❧❧♦♥s ♣ré❞✐t❡ ♣❛r ❧❛ ▼▲❚ ❞❛♥s ❝❡tt❡ ré❣✐♦♥ ❡t é❣❛❧❡ à vc ∼ 25 ♠ s−1✳

✻✳✸✳✸✳❝ Pr♦✜❧ ❞❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥

❆ ♣❛rt✐r ❞✉ ♠♦♠❡♥t ♦ù ❧❡s ♣❛♥❛❝❤❡s ♣é♥ètr❡♥t ❞❛♥s ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ✐❧s s♦♥t
♠♦✐♥s ❞❡♥s❡s q✉❡ ❧❡ ♠✐❧✐❡✉ ❛♠❜✐❛♥t✳ ❈♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ Pé❝❧❡t ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st
é❧❡✈é ✭Pe ∼ 105 − 107✮✱ ❧❡s ♣❛♥❛❝❤❡s ❣❛r❞❡♥t ❧❡✉r ✐❞❡♥t✐té t❤❡r♠✐q✉❡ ❡♥ ♣é♥étr❛♥t ✿ ✐❧s s♦♥t ❛❧♦rs
❢♦rt❡♠❡♥t ❢r❡✐♥és ♣❛r ❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡✳ P♦✉r ❧❡s ♠ê♠❡s r❛✐s♦♥s✱ ✐❧s ✐♠♣♦s❡♥t ❧✬ét❛❜❧✐ss❡♠❡♥t
❞✬✉♥ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❛❞✐❛❜❛t✐q✉❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ❣r❛❞✐❡♥t
✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥ s✉♣♣♦s❛♥t ❞❡ ♣❧✉s ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡✱ ❧❡ ♣r♦✜❧ ❞✉
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞✉ ♣❛♥❛❝❤❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ rés✉❧t❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❡♥tr❡ ❧✬❛❞✈❡❝t✐♦♥ ❡t
❧❛ ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ❩❛❤♥ ✭✶✾✾✶✮ ❛ s✉♣♣♦sé q✉❡ t♦✉t❡s ❧❡s ♣❡rt✉r❜❛t✐♦♥s

✶✵✷



✻✳✸✳ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

❞❡ ❧✬ét❛t ❞✬éq✉✐❧✐❜r❡ ♣❛r ❧❡s ♣❛♥❛❝❤❡s s♦♥t s♣❛t✐❛❧❡♠❡♥t ❝♦rré❧é❡s✳ ❆♣rès ❛✈♦✐r ♠♦②❡♥♥é s❡❧♦♥ ❧❛
❝♦♦r❞♦♥♥é❡ ❤♦r✐③♦♥t❛❧❡✱ ❧✬éq✉❛t✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥t s✬é❝r✐t ❛❧♦rs

1

2

dV 2
0

dz
= −1

c
gQ

δT

T
✱ ✭✻✳✹✻✮

♦ù z = rb − r ❛✈❡❝ rb ❧❡ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ t❡❧ q✉❡ ❞♦♥♥é ♣❛r ❧❡ ❝r✐tèr❡
❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ δT ❡st ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ t❡♠♣ér❛t✉r❡ ❡♥tr❡ ❧❡ ♣❛♥❛❝❤❡ ❡t ❧❡ ♠✐❧✐❡✉ ❡♥✈✐r♦♥♥❛♥t✱
Q = −(∂ log ρ/∂ log T )p ❡t c ❡st ✉♥ ♣❛r❛♠ètr❡ r❡♣rés❡♥t❛♥t ❧✬❛s②♠étr✐❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳
❉❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ s✉♣♣♦sé❡ ❛❞✐❛❜❛t✐q✉❡✱ ❧❡ ✢✉① ❝♦♥✈❡❝t✐❢ ♣❡✉t êtr❡ é❝r✐t ❝♦♠♠❡

Fconv = F0 − Frad ✱ ✭✻✳✹✼✮

♦ù F0 ❡st ❧❡ ✢✉① t♦t❛❧ ❡t Frad = χ∇ad ❡st ❧❡ ✢✉① r❛❞✐❛t✐❢ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥✱ ❛✈❡❝ χ
❧❛ ❝♦♥❞✉❝t✐✈✐té r❛❞✐❛t✐✈❡ ❡t ∇ad = (∂ log T/∂ log p)s ❧❡ ❣r❛❞✐❡♥t ❛❞✐❛❜❛t✐q✉❡✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡
♥♦t❡r q✉❡✱ ♣♦✉r s✐♠♣❧✐✜❡r✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❛ été ♥é❣❧✐❣é ❞❛♥s ❊q✳ ✭✻✳✹✼✮✳ ❊♥ ❡✛❡t✱ ❩❛❤♥
✭✶✾✾✶✱ ✈♦✐r ❆♥♥❡①❡✮ ❛ ♠♦♥tré q✉❡ s♦♥ ✐♠♣❛❝t s✉r ❧❡ ♣r♦✜❧ ❞❡ ✈✐t❡ss❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥
❡st ♥é❣❧✐❣❡❛❜❧❡✳ P♦✉r ❝♦♥t✐♥✉❡r✱ ❧❡ ✢✉① ❝♦♥✈❡❝t✐❢ s✬❛♥♥✉❧❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛✈❛♥t ❞❡
❞❡✈❡♥✐r ♥é❣❛t✐❢ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✱ ❞♦♥❝ ♦♥ ❛ F0 = Frad(r = rb)✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✉t♦✉r
❞❡ z = 0✱ ❧❡ ✢✉① ❝♦♥✈❡❝t✐❢ ❡st ❞♦♥❝ ❞♦♥♥é ❡♥ ❞✐✛ér❡♥t✐❛♥t ❊q✳ ✭✻✳✹✼✮ ♣❛r

Fconv = −F0χp
z

Hp
✱ ✭✻✳✹✽✮

♦ù χp = (∂ logχ/∂ log p)s✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ♣❛♥❛❝❤❡s tr❛♥s♣♦rt❡♥t t♦✉t ❧❡
✢✉① ❝♦♥✈❡❝t✐❢ ✭✐✳❡✳✱ ❡♥t❤❛❧♣✐q✉❡✮ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✱ s♦✐t

Fconv = −ACpρbV0δT ✱ ✭✻✳✹✾✮

♦ù Cp ❡st ❧❛ ❝❛♣❛❝✐té ❝❛❧♦r✐✜q✉❡ s♣é❝✐✜q✉❡ à ♣r❡ss✐♦♥ ❝♦♥st❛♥t❡✳ ▲❡ ♣r♦✜❧ ❞❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ♣❡✉t
❛❧♦rs êtr❡ ❞ér✐✈é ❡♥ ✐♥té❣r❛♥t ❊q✳ ✭✻✳✹✻✮ ❛✈❡❝ ❧✬❛✐❞❡ ❞❡ ❊qs✳ ✭✻✳✹✽✮✲✭✻✳✹✾✮ ❛✐♥s✐ q✉❡ ❞❡ ❧✬✐❞❡♥t✐té
t❤❡r♠♦❞②♥❛♠✐q✉❡ gQ/Cp = T∇ad/Hp✱ ♣♦✉r ❛❜♦✉t✐r à

V 3
0 (z) = −

(
3F0χp∇ad

2AcH2
pρb

)
z2 + V 3

b = V 3
b

(
1− z2

L2
p

)
✳ ✭✻✳✺✵✮

❈✬❡st ❧✬❡①♣r❡ss✐♦♥ tr♦✉✈é❡ ♣❛r ❩❛❤♥ ✭✶✾✾✶✮ ❛✈❡❝ ❧❛q✉❡❧❧❡ ✐❧ ❛ ♣✉ ❡st✐♠❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥
Lp✳ ■❧ ❛ tr♦✉✈é q✉❡ ❝❡❧❧❡✲❝✐ ❞❡✈r❛✐t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡ Hp✳ ❉❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s
❞✉ ❙♦❧❡✐❧ ♦♥t ♠♦♥tré q✉❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ♣é♥étr❛t✐♦♥ ét❛✐t s✉r❡st✐♠é❡ ♣❛r s♦♥ ♠♦❞è❧❡✳ ❆②❛♥t ♣❡✉ ❞❡
❝♦♥♥❛✐ss❛♥❝❡ s✉r ❝❡tt❡ ré❣✐♦♥✱ ♦♥ ❝♦♥s✐❞ér❡r❛ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥ r❡st❡ ✉♥ ♣❛r❛♠ètr❡ ❞✉
♠♦❞è❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ❞♦♥♥❡♥t ✉♥❡ ✈❛❧❡✉r ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ♣♦✉r
Lp é❣❛❧❡ à 0.05 Hp ✭❡✳❣✳✱ ❇❛s✉ ✶✾✾✼✮✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❛ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥
♣♦✉r z ∈ [0, Lp] s✬❡①♣r✐♠❡r❛ ❞❛♥s ❧❛ s✉✐t❡ ❝♦♠♠❡

V0(z) = Vb

[
1−

(
z

Lp

)2
]1/3

✭✻✳✺✶✮

♦ù Vb ❡st ❞♦♥♥é ♣❛r ❊q✳ ✭✻✳✹✺✮✳

✻✳✸✳✸✳❞ ❚❡♠♣s ❞❡ ✈✐❡ ❞✉ ♣❛♥❛❝❤❡

▲❡ t❡♠♣s ❞❡ ✈✐❡ ❞❡s ♣❛♥❛❝❤❡s ❡st ❛ss✉ré♠❡♥t ❧❡ ♣❛r❛♠ètr❡ ❧❡ ♣❧✉s ❞✐✣❝✐❧❡ à ❡st✐♠❡r✳ ❆♣rès
❛✈♦✐r ❛tt❡✐♥t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ✉♥ ♣❛♥❛❝❤❡ ♣é♥ètr❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ st❛❜❧❡♠❡♥t
str❛t✐✜é❡✳ ▲à✱ ✐❧ ❡st ❞✬❛❜♦r❞ ❢♦rt❡♠❡♥t ❢r❡✐♥é ♣✉✐s ❞étr✉✐t ❛♣rès ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ τp✳ P♦✉r
s✐♠♣❧✐✜❡r✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ tr❛✐t❡r ❧❛ q✉❡st✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❡t ❞❡s é❝❤❡❧❧❡s ❞❡
t❡♠♣s✳ ◆♦✉s ✐❞❡♥t✐✜♦♥s tr♦✐s ♣r♦❝❡ss✉s ♣♦t❡♥t✐❡❧❧❡♠❡♥t r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛ ❞❡str✉❝t✐♦♥ ❞✉ ♣❛♥❛❝❤❡
❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ ✿

✶✵✸



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

✶✳ ❚❤❡r♠❛❧✐s❛t✐♦♥ ♣❛r ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡ ✿ ▲❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ s✉r ❧❡q✉❡❧ ✉♥ ♣❛♥❛❝❤❡
❡st t❤❡r♠❛❧✐sé ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ ♣❡✉t êtr❡ ❡st✐♠é ♣❛r

trad ≡
L2
p

Kb
✱ ✭✻✳✺✷✮

♦ù Kb ❡st ❧❛ ❞✐✛✉s✐✈✐té r❛❞✐❛t✐✈❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ P♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ❡♥
✉t✐❧✐s❛♥t Lp ∼ 0.05 Hp✱ ♦♥ tr♦✉✈❡ trad,⊙ ∼ 1010 s✱ ❝✬❡st✲à✲❞✐r❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❧♦♥❣ q✉❡ ❧❡
t❡♠♣s ❞②♥❛♠✐q✉❡ tdyn,⊙ ∼ Lp/Vb ∼ 104 s✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ❞é❥à ♠❡♥t✐♦♥♥é ♣ré❝é❞❡♠♠❡♥t✱
❧❡ ♥♦♠❜r❡ ❞❡ Pé❝❧❡t ❡st très ❣r❛♥❞ ❞❛♥s ❝❡tt❡ ré❣✐♦♥ ❡t ❧❛ ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡ ❡st ✐♥❡✣❝❛❝❡✳

✷✳ ❚✉r❜✉❧❡♥❝❡ à ❧✬✐♥tér✐❡✉r ❞✉ ♣❛♥❛❝❤❡ ✿ ❇✐❡♥ q✉❡ ❧❡s ♣❛♥❛❝❤❡s s♦♥t ❞é❝r✐ts ❝♦♠♠❡ ❞❡s
❝♦✉r❛♥ts ❞❡s❝❡♥❞❛♥ts ❝♦❤ér❡♥ts ❛✈❡❝ ✉♥ ♣r♦✜❧ ❜✐❡♥ ❞é✜♥✐✱ ✐❧s s♦♥t ❡♥ ❢❛✐t t✉r❜✉❧❡♥ts à ♣❧✉s
♣❡t✐t❡ é❝❤❡❧❧❡✳ ❉❡s t♦✉r❜✐❧❧♦♥s✱ ❞♦♥t ❧❡s ♣❧✉s ❣r♦s ♦♥t ✉♥❡ t❛✐❧❧❡ ❡t ✉♥❡ ✈✐t❡ss❡ ❝❛r❛❝tér✐st✐q✉❡
❧é❣èr❡♠❡♥t ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❝❡❧❧❡s ❞❡s ♣❛♥❛❝❤❡s✱ ♣❡✉✈❡♥t ❛❧♦rs ❡♥tr❛î♥❡r ❧❡✉r ❞éstr✉❝t✉r❛t✐♦♥
❡t ❧❡✉r ❞✐s♣❛r✐t✐♦♥✳ ▲✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❛ss♦❝✐é❡ ♣❡✉t ❞♦♥❝ êtr❡ ❡st✐♠é❡ ♣❛r

tturb ≡
b

Vb
✳ ✭✻✳✺✸✮

P♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡✱ ♦♥ tr♦✉✈❡ tturb,⊙ ∼ 105 s✱ t♦✉❥♦✉rs ✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❛✉✲❞❡ss✉s
❞❡ tdyn,⊙✳

✸✳ ❘❡str❛t✐✜❝❛t✐♦♥ ♣❛r ❞❡s ✐♥st❛❜✐❧✐tés ❜❛r♦❝❧✐♥✐q✉❡s ✿ ❊♥✜♥✱ ❝❡ tr❛✈❛✐❧ ♥♦✉s ❛ ♠❡♥é à
♥♦✉s ✐♥tér❡ss❡r ❛✉ ♣❤é♥♦♠è♥❡ ❞❡ r❡str❛t✐✜❝❛t✐♦♥ ❛②❛♥t ❧✐❡✉ ❞❛♥s ❧❡s ♦❝é❛♥s t❡rr❡str❡s ✭❡✳❣✳✱
❏♦♥❡s ✫ ▼❛rs❤❛❧❧ ✶✾✾✼✮✳ ❊♥ ❡✛❡t✱ ❜✐❡♥ q✉❡ ❧❡s ♦❝é❛♥s s♦♥t ❧❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s str❛t✐✜és st❛✲
❜❧❡♠❡♥t✱ ✐❧ ❛rr✐✈❡ q✉❡ ❝❡rt❛✐♥s ❡♥❞r♦✐ts s♦✐❡♥t ✐♥st❛❜❧❡s ❝♦♥✈❡❝t✐✈❡♠❡♥t✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡
s♦✉s ❧✬❡✛❡t ❞✬✉♥ r❡❢r♦✐❞✐ss❡♠❡♥t ❡♥ s✉r❢❛❝❡✳ ❈♦♠♠❡ ❞❛♥s ❧❡s ét♦✐❧❡s✱ ❞❡s ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s
♣❡✉✈❡♥t ❛❧♦rs s❡ ❞é✈❡❧♦♣♣❡r✳ ◗✉❛♥❞ ❧✬✐♥st❛❜✐❧✐té ❝♦♥✈❡❝t✐✈❡ s✬❛rrêt❡✱ ❧❛ ♣❤❛s❡ ❞✉r❛♥t ❧❛q✉❡❧❧❡
❧❡ ♣❛♥❛❝❤❡ ❡st ❞étr✉✐t ❡st ❛♣♣❡❧é❡ r❡str❛t✐✜❝❛t✐♦♥✳ ❉❛♥s ❝❡ ♣r♦❝❡ss✉s✱ ❧❡ ❣r❛❞✐❡♥t ❞❡ ❞❡♥s✐té
❡♥tr❡ ❧❡ ♣❛♥❛❝❤❡ ❡t ❧❡ ♠✐❧✐❡✉ ❡♥✈✐r♦♥♥❛♥t ❣é♥èr❡ ✉♥ ✈❡♥t t❤❡r♠✐q✉❡ q✉✐ ♣❡✉t êtr❡ s✉❥❡t à ✉♥❡
✐♥st❛❜✐❧✐té ❜❛r♦❝❧✐♥✐q✉❡✳ ❉❡s t♦✉r❜✐❧❧♦♥s s♦♥t ❛❧♦rs ❝réés ❡t ♣❡✉✈❡♥t ❤♦♠♦❣é♥é✐s❡r ❧❛ ③♦♥❡✳
❊♥ ❛♣♣❧✐q✉❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❏♦♥❡s ✫ ▼❛rs❤❛❧❧ ✭✶✾✾✼✮ ❛✉ ❝❛s ❞✉ ❙♦❧❡✐❧✱ ♦♥ tr♦✉✈❡ ✉♥ t❡♠♣s
❞❡ r❡str❛t✐✜❝❛t✐♦♥ é❣❛❧ à tres,⊙ ∼ 106 − 107 s✳

▲❡ t❡♠♣s ❞❡ ✈✐❡ ❞✉ ♣❛♥❛❝❤❡ ❡st s❛♥s ❞♦✉t❡ ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ♣❧✉s✐❡✉rs ♣r♦❝❡ss✉s✳ ❉❛♥s ❧❡ ❝❛s
s♦❧❛✐r❡✱ ❧❡s ❡st✐♠❛t✐♦♥s ❞♦♥♥❡♥t ✉♥ t❡♠♣s ❞❡ ✈✐❡ ❛✉t♦✉r ❞❡ 105 − 107 s✱ ❝✬❡st✲à✲❞✐r❡ ❛✉t♦✉r ❞✉
t❡♠♣s ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ♣ré❞✐t ♣❛r ❧❛ ▼▲❚ q✉✐ ❡st ❛✉t♦✉r ❞❡ 106 s✳ ▲❡
t❡♠♣s ❞❡ ✈✐❡ ❞✉ ♣❛♥❛❝❤❡ s❡r❛ ❞♦♥❝ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ♣❛r❛♠ètr❡ ❞✉ ♠♦❞è❧❡ ❞♦♥t ❧❛ ✈❛❧❡✉r s❡r❛
é✈❛❧✉é❡ ❛✉t♦✉r ❞✉ t❡♠♣s ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❝♦♠♠❡ ❞♦♥♥é ♣❛r ❧❛ ▼▲❚✳
■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ t♦✉t❡s ❧❡s ❡st✐♠❛t✐♦♥s ❢❛✐t❡s ❛✉✲❞❡ss✉s ❞♦♥♥❡♥t ❞❡s t❡♠♣s ❞❡ ✈✐❡
❝❛r❛❝tér✐st✐q✉❡s ❞❡ ♣❧✉s ❞✬✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❛✉✲❞❡ss✉s ❞✉ t❡♠♣s ❞②♥❛♠✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡
t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉✬✉♥ é❧é♠❡♥t ✢✉✐❞❡ ❛♣♣❛rt❡♥❛♥t à ✉♥ ♣❛♥❛❝❤❡ ♣❛r❝♦✉rt ❧❛
ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥✳ ❈❡❝✐ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧✬❤②♣♦t❤ès❡ ❞❡ st❛t✐♦♥♥❛r✐té ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ✉t✐❧✐sé❡
❞❛♥s ❧❡s s❡❝t✐♦♥s ✭✻✳✸✳✸✳❜✮ ❡t ✭✻✳✸✳✸✳❝✮✳

✻✳✸✳✹ ❉ér✐✈❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s

✻✳✸✳✹✳❛ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ❡t ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥

▲❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❢♦r♠é ❞❡ ❊qs✳ ✭✻✳✸✻✮✲✭✻✳✸✽✮ ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ❞❡ ❧✬ét♦✐❧❡✳
P♦✉r ❜✐❡♥ ❞é❝r✐r❡ ❧❡ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥✱ ✐❧ ❝♦♥✈✐❡♥t ❞♦♥❝ ❞❡ ♠♦❞é❧✐s❡r ❝♦♥✈❡♥❛❜❧❡♠❡♥t ❧❛ ré❣✐♦♥
❞❡ ♣é♥étr❛t✐♦♥✳ ▲❡ s❝é♥❛r✐♦ ❡st s✉♣♣♦sé s✉✐✈r❡ ❡♥ ♣❛rt✐❡ ❧❡ ♠♦❞è❧❡ ❞❡ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❞❡ ❩❛❤♥
✭✶✾✾✶✮✱ q✉✐ ❛ ❞é❥à été ♣rés❡♥té ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳✸✳✸✳❝✳ ▲❛ s✐t✉❛t✐♦♥ ❡st r❡♣rés❡♥té❡ ❡♥ ❋✐❣✉r❡ ✻✳✻✳
▲♦rsq✉✬✉♥ ♣❛♥❛❝❤❡ ❛rr✐✈❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞❡ r❛②♦♥ rb✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ✈❛❧❡✉r
❞♦♥♥é❡ ♣❛r ❧❡ ❝r✐tèr❡ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ✐❧ ♣é♥ètr❡ ♣❛r ✐♥❡rt✐❡ ❞❛♥s ❧❛ ré❣✐♦♥ st❛❜❧❡♠❡♥t str❛t✐✜é❡

✶✵✹



✻✳✸✳ ▼♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s

❋✐❣✉r❡ ✻✳✻✿ ▼♦❞é❧✐s❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✉ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ✭✈♦✐r ❙❡❝t✐♦♥ ✻✳✸✳✹✳❛✮✳

s♦✉s✲❥❛❝❡♥t❡ s✉r ✉♥❡ ❧♦♥❣✉❡✉r Lp✳ ❈♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ Pé❝❧❡t ❡st très é❧❡✈é ❞❛♥s ❝❡tt❡ ré❣✐♦♥✱
❧✬❛❞✈❡❝t✐♦♥ ❞❡ ♠❛t✐èr❡ ♣❛r ❧❡ ♣❛♥❛❝❤❡ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❡✣❝❛❝❡ q✉❡ ❧❛ ❞✐✛✉s✐♦♥ t❤❡r♠✐q✉❡✳ ▲❡
♣❛♥❛❝❤❡ ❣❛r❞❡ ❞♦♥❝ s♦♥ ✐❞❡♥t✐té ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ ❡t ✐♠♣♦s❡ ✉♥ ❣r❛❞✐❡♥t ❛❞✐❛❜❛t✐q✉❡✱
❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡ N2 ≈ 0✳ ❯♥❡ ❢♦✐s q✉❡ ❧❡ ♣❛♥❛❝❤❡ ❛ été s✉✣s❛♠♠❡♥t ❢r❡✐♥é ❡t q✉❡ s❛ ✈✐t❡ss❡ ❡st
❞❡✈❡♥✉❡ très ✐♥❢ér✐❡✉r❡ à s❛ ✈✐t❡ss❡ ❞✬❡♥tré❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ Vb✱ ❧❛ ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡
t❤❡r♠❛❧✐s❡ ❧❡ ♣❛♥❛❝❤❡ ❀ ❧❡ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ♣❛ss❡ ❞✬✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡ à ✉♥❡ ✈❛❧❡✉r
r❛❞✐❛t✐✈❡ t❡❧❧❡ q✉❡ N2 = N2

0 à tr❛✈❡rs ✉♥❡ ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥ ❞✬é♣❛✐ss❡✉r d✳ ❩❛❤♥ ✭✶✾✾✶✮ ❛ ❡st✐♠é
❛♥❛❧②t✐q✉❡♠❡♥t d ❝♦♠♠❡ ét❛♥t ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❦✐❧♦♠ètr❡s✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉♥❡ tr❛♥s✐t✐♦♥
t❤❡r♠✐q✉❡ q✉❛s✐ ❞✐s❝♦♥t✐♥✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ❡t ❛❧✳ ✭✷✵✶✶✮ ♦♥t ♠♦♥tré q✉✬✉♥❡
tr❛♥s✐t✐♦♥ ♠♦✐♥s ❛❜r✉♣t❡ ♣❡r♠❡t ❞❡ ♠✐❡✉① r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ❞✉ ❙♦❧❡✐❧✳ ❯♥❡ t❡❧❧❡
tr❛♥s✐t✐♦♥ ❡st ♥♦t❛♠♠❡♥t s♦✉t❡♥✉❡ ♣❛r ❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ♣❧✉s ré❛❧✐st❡s ❞❡ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ ❝♦♠♠❡ ❝❡❧✉✐ ♣r♦♣♦sé ♣❛r ❘❡♠♣❡❧ ✭✷✵✵✹✮✱ q✉✐ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s
♣❛♥❛❝❤❡s ❡t ❧❡s ❝♦✉r❛♥ts ♠♦♥t❛♥ts ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❛✐♥s✐ q✉✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ♣♦✉r ❧❡s ✈✐t❡ss❡s
❞❡ ♣é♥étr❛t✐♦♥✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s s✉♣♣♦s❡r♦♥s ❞♦♥❝ q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✈❛r✐❡
❧✐♥é❛✐r❡♠❡♥t ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥✱ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ tr❛✈❛✐❧ ❞❡ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt
✭✷✵✶✸✮✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡
❞é♣❡♥❞ ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧❛ tr❛♥s✐t✐♦♥ t❤❡r♠✐q✉❡ ❡♥tr❡ ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡ ❡t r❛❞✐❛t✐✈❡✳

❚♦✉s ❧❡s ✐♥❣ré❞✐❡♥ts s♦♥t ♠❛✐♥t❡♥❛♥t ré✉♥✐s ♣♦✉r ♣♦✉✈♦✐r ❞ét❡r♠✐♥❡r ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s✳
❖♥ rés✉♠❡ ✐❝✐ ❜r✐è✈❡♠❡♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❞ér✐✈❛t✐♦♥✱ ♠❛✐s ❧❡s ❞ét❛✐❧s ♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s
❧✬❛♥♥❡①❡ ❞❡ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✻✮✳ Pr❡♠✐èr❡♠❡♥t✱ ♦♥ ❞é❝♦♠♣♦s❡ ❧❡s ✈❛r✐❛❜❧❡s p′✱ ρ′ ❡t vr s✉✐✈❛♥t ❧❛
❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❝♦♠♠❡ ❞❛♥s ❊q✳ ✭✻✳✸✷✮✱ ♣✉✐s ♦♥ ❝❛❧❝✉❧❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r
t❡♠♣♦r❡❧❧❡ ❞❡ ❊qs✳ ✭✻✳✸✻✮✲✭✻✳✸✽✮✳ ❈❡❧❛ ♣❡r♠❡t ❞✬❛❜♦✉t✐r ❛✉ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ s✉✐✈❛♥t

❞~z
❞r

(r, ω) = ~A(r, ω)~z(r, ω) +~b(r, ω) ✭✻✳✺✹✮

❛✈❡❝

~z =

(
v̂r,l,m
v̂h,l,m

)
✱ ~b =

(
0

iF2/rω

)
✱ ✭✻✳✺✺✮

~A =

(
2/r − g/c2

(
S2
l − ω2

)
r/c2(

ω2 −N2
)
/rω2 −dr ln (ρr)− g/c2

)
✱ ✭✻✳✺✻✮
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❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

♦ù dr ≡ d/dr ❡st ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à r ❡t F2 ❡st ✉♥ t❡r♠❡ r❡♣rés❡♥t❛♥t ❧❡ ❢♦rç❛❣❡ ♣❛r ❧❡s
♣❛♥❛❝❤❡s✳ ❖♥ s❡ ♣❧❛❝❡ ❡♥s✉✐t❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ▲✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❤♦♠♦❣è♥❡
❡st ❞✬❛❜♦r❞ rés♦❧✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❏❲❑❇ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣♦✉r r ≤ rd = rb−Lp−d✱ ♣✉✐s ❞❛♥s
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣♦✉r r ≥ rb✳ ❉❛♥s ❧❛ ③♦♥❡ ❞❡ tr❛♥s✐t✐♦♥✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ♥✬❡st ♣❧✉s ✈❛❧✐❞❡
❡t ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❞♦✐✈❡♥t êtr❡ ❡①♣r✐♠é❡s ❡♥ t❡r♠❡ ❞❡ ❢♦♥❝t✐♦♥ ❞✬❆✐r②✳ ❉❛♥s ❧❛
③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥✱ ❧✬éq✉❛t✐♦♥ ✐♥❤♦♠♦❣è♥❡ ❡st rés♦❧✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡✳
P♦✉r ❝♦♥t✐♥✉❡r✱ ❧❛ ❝♦♥t✐♥✉✐té ❞✉ ❞é♣❧❛❝❡♠❡♥t r❛❞✐❛❧ ❡t ❞✉ ❞é♣❧❛❝❡♠❡♥t ❤♦r✐③♦♥t❛❧ ❡st ✐♠♣♦sé❡ ❡♥ rd
❡t rb✱ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à r❡❧✐❡r ❧❡s tr♦✐s ré❣✐♦♥s ❡♥tr❡ ❡❧❧❡s✳ ❊♥✜♥✱ ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s✱ ✉♥❡ ♦♥❞❡
ré❣r❡ss✐✈❡ s❡ ♣r♦♣❛❣❡❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡t ✉♥❡ ♦♥❞❡ é✈❛♥❡s❝❡♥t❡ s✬❛♥♥✉❧❛♥t
✈❡rs ❧❛ s✉r❢❛❝❡ ♦♥t été ❝♦♥s✐❞éré❡s✳

✻✳✸✳✹✳❜ ❊①♣r❡ss✐♦♥ ✜♥❛❧❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s

❆♣rès ✉♥❡ ❧♦♥❣✉❡ sér✐❡ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥ts ❞ét❛✐❧❧é❡ ❞❛♥s ❧✬❛♥♥❡①❡ ❇ ❞❡ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✻✮✱
❧❡ ✢✉① r❛❞✐❛❧ ♠♦②❡♥ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ N ♣❛♥❛❝❤❡s✱ ♣❛r ✉♥✐té ❞❡
♣✉❧s❛t✐♦♥ ω✱ ♣♦✉r ✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ❡t ✉♥ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✱ s✬é❝r✐t

Fr(r, ω, l,m) = f(γd)
N
4

√
l(l + 1

4πr2

(
N2

0 − ω2
)1/2

N2
0

e−ω2/4ν2p

νp
BlH2

l ✱ ✭✻✳✺✼✮

❛✈❡❝

Hl =
1

4π

∫ rb

rb−Lp

1

ρ

d

dr

(
ρV 2

0

)
ρ−1/2r−3/2

(
rb − Lp

r

)Λ

dm ✭✻✳✺✽✮

Bl =
1

4π

∫

Ω0

|βml |2 dΩ0 ✭✻✳✺✾✮

βml (θ0, φ0) =

∫

Ω
e−s2

b
/b2Y m

l dΩ ✭✻✳✻✵✮

γd =

(
khdN0

ω

)2/3 N2
0 − ω2

N2
0

∼ (krd)
2/3 ✭✻✳✻✶✮

f(x) =

{
1 s✐ x . 1

D
√
x
(
1− ω2/N2

0

)−1 s✐ x & 1
✭✻✳✻✷✮

♦ù Λ =
√
l(l + 1)✱ dm = 4πρr2dr✱ D ≈ 3.7 ❡st ✉♥ ❢❛❝t❡✉r ♥✉♠ér✐q✉❡✱ sb = Sh(rb, θ, φ; θ0, φ0)

s✉✐✈❛♥t ❊q✳ ✭✻✳✹✵✮ ❡t d ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥ ✭✈♦✐r ❋✐❣✉r❡ ✻✳✻✮✳ ❈❡s ❞✐✛ér❡♥ts
t❡r♠❡s s❡r♦♥t ❞✐s❝✉tés ❡t ❡st✐♠és ♣♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳✹✳

✻✳✸✳✹✳❝ ❊①♣r❡ss✐♦♥ s✐♠♣❧✐✜é❡

■❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♣♣r♦①✐♠❡r ❊q✳ ✭✻✳✺✼✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉
♣r♦❜❧è♠❡✳ ❈❡❧❛ ♣❡r♠❡t ❡♥tr❡ ❛✉tr❡ ✉♥❡ ❡st✐♠❛t✐♦♥ s✐♠♣❧❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r
❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✱ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ♣♦✉✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❢❛❝✐❧❡♠❡♥t ❧✬✐♠♣❧é♠❡♥t❡r ❞❛♥s ✉♥
❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ✶❉✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡ t❡r♠❡ r❡♣rés❡♥té ♣❛r ❊q✳ ✭✻✳✺✾✮ ♣❡✉t êtr❡ ❛♣♣r♦❝❤é
❞❛♥s ❧❡ ❝❛s ♦ù l≪ lcrit ∼ 2πrb/b ♣❛r

Bl ∼
π

4

(
b

rb

)4

e−l(l+1)b2/2r2
b ♣♦✉r l≪ lcrit ✱ ✭✻✳✻✸✮

q✉✐✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡✱ ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❞❡s ❡st✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ ❉❡ ♣❧✉s✱
❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡
❞❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ ❧✬♦♥❞❡ é✈❛♥❡s❝❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ Lp ≪ rb/Λ✱ ❊q✳ ✭✻✳✺✽✮
♣❡✉t êtr❡ ❛♣♣r♦❝❤é❡ ♣❛r

H2
l ∼ rbρbV 4

b ✳ ✭✻✳✻✹✮

✶✵✻



✻✳✹✳ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ ❝❛s s♦❧❛✐r❡

▲✬éq✉❛t✐♦♥ ✭✻✳✺✼✮ ❡st ❞♦♥❝ é❣❛❧❡ ❞❛♥s ✉♥ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ à

Fr(r, ω, l,m) ∼ π

16

NρbV 4
b

4πr2
b4

r4b

rb
N0

e−ω2/4ν2p

νp

√
l(l + 1)e−l(l+1)b2/2r2

b

∼ 1

4πr2
ASp
2

ρbV
3
b

2
FR,l

e−ω2/4ν2p

νp
e−l(l+1)b2/2r2

b ✱ ✭✻✳✻✺✮

♦ù Sp = πb2 ❡st ❧✬❛✐r❡ ❤♦r✐③♦♥t❛❧❡ ♦❝❝✉♣é❡ ♣❛r ✉♥ s❡✉❧ ♣❛♥❛❝❤❡✱ ρbV 3
b /2 r❡♣rés❡♥t❡ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡

❝✐♥ét✐q✉❡ ❞✬✉♥ ♣❛♥❛❝❤❡ ❡t FR,l = Vbkh,b/N0 ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❋r♦✉❞❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
❛✈❡❝ kh,b =

√
l(l + 1)/rb ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧✳ ❈❡ ❞❡r♥✐❡r r❡♣rés❡♥t❡ ❧❡ r❛♣♣♦rt ❞❡ ❧✬❡✛❡t

❞❡ ❧✬❛❞✈❡❝t✐♦♥ ♣❛r ❧❡ ♣❛♥❛❝❤❡ s✉r ❧❛ ré♣♦♥s❡ ❞✉ ♠✐❧✐❡✉ ♣❛r ♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡ ❡♥ ❤❛✉t ❞❡ ❧❛
③♦♥❡ r❛❞✐❛t✐✈❡✳ ■❧ ❝♦♥trô❧❡ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s❢❡rt ❞✬é♥❡r❣✐❡ ❞✉ ♣❛♥❛❝❤❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s✱ ❡t ❡st
éq✉✐✈❛❧❡♥t ❛✉ r❛♣♣♦rt ωc/Nc ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ✭✈♦✐r ❙❡❝t✐♦♥ ✻✳✷✮✳
❉❛♥s ❧❡ ❙♦❧❡✐❧✱ ♦♥ tr♦✉✈❡ FR,1 ∼ 10−3 ♣♦✉r l = 1✳

✻✳✹ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ ❝❛s s♦❧❛✐r❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❞✐s❝✉t♦♥s ❧❡s ❞✐✛ér❡♥ts t❡r♠❡s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❊q✳ ✭✻✳✺✼✮ ❡t ❧✬✐♥✢✉❡♥❝❡
❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ✭b✱ νp ❡t Lp✮ s✉r ❧❡ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s✳ ❊♥✜♥✱ ♥♦✉s ❝♦♠♣❛r♦♥s
❧❡ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❛✈❡❝ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡
s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✳

✻✳✹✳✶ ❋❧✉① ❞✬é♥❡r❣✐❡ ❡t ✐♥✢✉❡♥❝❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♣❛♥❛❝❤❡

❯♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❛ été ♦❜t❡♥✉❡ ♣♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ st❛♥❞❛r❞✳
❈❡ ❞❡r♥✐❡r ❛ été ❝❛❧❝✉❧é ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❈❊❙❚❆▼ ✭▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮✱ ♣♦✉r
✉♥❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ s♦❧❛✐r❡ ✭✈♦✐r P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✱ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳ ▲❡s ♣❛r❛♠ètr❡s
❞é❝r✐✈❛♥t ❧❡s ♣❛♥❛❝❤❡s ♦♥t été ❝❤♦✐s✐s ♣❛r ❞é❢❛✉t ❝♦♠♠❡ ét❛♥t é❣❛✉① ❛✉① ❡st✐♠❛t✐♦♥s ♦❜t❡♥✉❡s
❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳✸✳✸✱ ❝✬❡st✲à✲❞✐r❡ b = 104 ❦♠✱ νp = 1µ❍③✱ Vb = 185 m s−1 ❞❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✳
▲❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥ ❛ été ❝❤♦✐s✐❡ é❣❛❧❡ à ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ♦❜t❡♥✉❡ ♣❛r ❇❛s✉ ✭✶✾✾✼✮✱
s♦✐t Lp = 0.05 Hp✳ ▲❛ ✈❛❧❡✉r ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❛ été ❡st✐♠é❡ ❝♦♠♠❡
ét❛♥t é❣❛❧❡ à N0 ∼ 300 µ❍③✳ ❊♥✜♥✱ ❧❡ ❢❛❝t❡✉r ❞❡ r❡♠♣❧✐ss❛❣❡ ❛ été ✜①é à A ∼ 0.1 ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ ❡♥ ❜♦ît❡ ❈❛rtés✐❡♥♥❡ ✭❡✳❣✳✱ ❙t❡✐♥ ✫ ◆♦r❞❧✉♥❞
✶✾✾✽❀ ❇r✉♠♠❡❧❧ ❡t ❛❧✳ ✷✵✵✷✮✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ ✉♥ ❡♥s❡♠❜❧❡ ❞✬❡♥✈✐r♦♥ ✶✵✵✵ ♣❛♥❛❝❤❡s ♣é♥étr❛♥ts à
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ♣❛r ❞é❢❛✉t ✉♥❡ tr❛♥s✐t✐♦♥
❞✐s❝♦♥t✐♥✉❡ ✭✐✳❡✳✱ d = 0✮✳

❆✈❡❝ ❝❡s ✈❛❧❡✉rs ♣❛r ❞é❢❛✉t ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ t♦t❛❧ é♠✐s s♦✉s
❢♦r♠❡ ❞✬♦♥❞❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♦❜t❡♥✉ ❡♥ ✐♥té❣r❛♥t ❊q✳ ✭✻✳✺✼✮ ♣♦✉r ω ❝♦♠♣r✐s ❡♥tr❡
0 ❡t 25 µrad s−1 ❡t l ❝♦♠♣r✐s ❡♥tr❡ 1 ❡t 100✱ ❡st ❡st✐♠é à Fr ∼ 3 106 ❲ ♠−2✳ ❈❡❧❛ r❡♣rés❡♥t❡
❡♥✈✐r♦♥ ✶✪ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡
AρbV 3

b /2✱ q✉✐ ❝♦rr❡s♣♦♥❞ q✉❛♥t à ❧✉✐ à ❡♥✈✐r♦♥ ✹✵✪ ❞✉ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ s♦❧❛✐r❡✳ ❈❡s rés✉❧t❛ts
❥✉st✐✜❡♥t à ♣♦st❡r✐♦r✐ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❧✬❤②♣♦t❤ès❡ ❞✬❛❜s❡♥❝❡ ❞❡ rétr♦❛❝t✐♦♥ ❞❡s ♦♥❞❡s
s✉r ❧❡s ♣❛♥❛❝❤❡s✳

P♦✉r ❝♦♥t✐♥✉❡r✱ ♥♦✉s ❞✐s❝✉t♦♥s ❧✬♦r✐❣✐♥❡ ❞❡s ❞✐✛ér❡♥ts t❡r♠❡s ❛♣♣❛r❛✐ss❛♥t ❞❛♥s ❊q✳ ✭✻✳✺✼✮ ❡t
é✈❛❧✉♦♥s ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ s✉r ❧❡ ✢✉① ❣é♥éré ❡♥ ❧❡s ❢❛✐s❛♥t ✈❛r✐❡r ❛✉t♦✉r ❞❡ ❧❡✉r
✈❛❧❡✉r ♣❛r ❞é❢❛✉t✳

✶✳ ❈♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❡♥tr❡ ❧❡s ♦♥❞❡s ❡t ❧❡s ♣❛♥❛❝❤❡s ✿ ❝❡❧❧❡✲❝✐ ❡st r❡♣rés❡♥té❡ ♣❛r ❧❡ t❡r♠❡
e−ω2/4ν2p/νp✳ ▲❡ ♣r♦✜❧ ●❛✉ss✐❡♥ rés✉❧t❡ ❞✉ ♣r♦✜❧ t❡♠♣♦r❡❧ q✉✐ ❛ été s✉♣♣♦sé ♣♦✉r ❧❛ ✈✐t❡ss❡
❞❡s ♣❛♥❛❝❤❡s✳ ▲❛ ❧❛r❣❡✉r ❞✉ s♣❡❝tr❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ νp = 1/τp t❛♥❞✐s q✉❡ s♦♥ ❛♠♣❧✐t✉❞❡
❡st ✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à νp✳ ❯♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ νp rés✉❧t❡ ❞♦♥❝ ❡♥
✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✐str✐❜✉é❡ s✉r ❧❡s ❢réq✉❡♥❝❡s q✉✐ s♦♥t s✉♣ér✐❡✉r❡s à νp ❛✉①

✶✵✼







❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❞é♣❡♥s ❞❡s ❢réq✉❡♥❝❡s q✉✐ ❡♥ s♦♥t ✐♥❢ér✐❡✉r❡s✳ ◆é❛♥♠♦✐♥s✱ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
❡st ❝♦♥s❡r✈é ♣✉✐sq✉✬✐❧ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ νp✳ ❈❡❝✐ ❡st ❧❛ ❝♦♥séq✉❡♥❝❡ ❞✉ ❝❛r❛❝tèr❡ st❛t✐♦♥♥❛✐r❡
❞✉ ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥✳ ❙✉r ❧❛ ❋✐❣✉r❡ ✻✳✼ ✭❡♥ ❤❛✉t✮✱ ♦♥ ♣❡✉t ❝♦♥st❛t❡r q✉❡ ❧❛ ✈❛❧❡✉r ❞❡
νp ❛ ✉♥ ✐♠♣❛❝t ✐♠♣♦rt❛♥t s✉r ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❞♦♥♥é✳

✷✳ ❈♦rré❧❛t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ♠♦②❡♥♥❡ ✿ ❈❡❧❧❡✲❝✐ ❡st r❡♣rés❡♥té❡ ♣❛r ❧❡ t❡r♠❡ Bl✳ ❈♦♠♠❡ ❧❡s ♣❛✲
♥❛❝❤❡s s♦♥t s✉♣♣♦sés êtr❡ ✉♥✐❢♦r♠é♠❡♥t ❞✐str✐❜✉és s✉r ❧❛ s♣❤èr❡✱ ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ ❡st
❝♦♥s❡r✈é❡ ❡♥ ♠♦②❡♥♥❡ ❡t ❝❡ t❡r♠❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m✳ ❈❡tt❡ ❢♦♥❝t✐♦♥ ❡st
❞é❝r♦✐ss❛♥t❡ ❛✈❡❝ ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l ♣✉✐sq✉❡ ❧❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❞❛♥s ❊q✳ ✭✻✳✻✵✮
♣♦ssè❞❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞❡ ③ér♦s s✉r ❧❛ s♣❤èr❡ q✉❛♥❞ l ❛✉❣♠❡♥t❡✳ ❉❡ ♣❧✉s✱ ✉♥ ❝❤❛♥❣❡♠❡♥t
❞❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ❛tt❡♥❞✉ q✉❛♥❞ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❤♦r✐③♦♥t❛❧❡ ❞❡✈✐❡♥t ♣❧✉s ♣❡t✐t❡ q✉❡
❧❛ ❧❛r❣❡✉r ❞✉ ♣❛♥❛❝❤❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❛♥❞ l & 2πrb/b✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ ❛✉ ❞❡❣ré ❝r✐t✐q✉❡✱ lcrit✱
❡♥✲❞❡ss♦✉s ❞✉q✉❡❧ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✻✳✻✸✮ ❡st ✈❛❧✐❞❡✳ ❊♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✻✳✻✸✮
❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ Hl ❛✈❡❝ l ❞❛♥s ❊q✳ ✭✻✳✺✼✮✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡st
♣r♦♣♦rt✐♦♥♥❡❧ à ΛBl ❀ ✐❧ ❡st ❞♦♥❝ ♠❛①✐♠✉♠✱ à ω ✜①é✱ ♣♦✉r ✉♥ ❞❡❣ré lmax ∼ rb/b✳ ❈❡s ❝❛r❛❝✲
tér✐st✐q✉❡s s♦♥t ❜✐❡♥ ✈ér✐✜é❡s s✉r ❧❛ ❋✐❣✉r❡ ✻✳✼ ✭❡♥ ❜❛s✮ ♦ù ❧✬♦♥ ❛ ❝♦♥s✐❞éré q✉❛tr❡ ✈❛❧❡✉rs
♣♦✉r ❧❛ ❧❛r❣❡✉r ❞❡s ♣❛♥❛❝❤❡s✱ b = 0.5, 1, 2.5 ❡t 5 104 ❦♠✱ ❡♥ ❧❛✐ss❛♥t ❧❡ ❢❛❝t❡✉r ❞❡ r❡♠♣❧✐ss❛❣❡
✜①❡✳ ▲❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡
❞❡ ❢réq✉❡♥❝❡s ω = 0− 25 10−6 r❛❞ s−1 ❡t ❞❡ ❞❡❣rés ❛♥❣✉❧❛✐r❡s l = 1− 200 r❡♣rés❡♥t❡ ❛❧♦rs
r❡s♣❡❝t✐✈❡♠❡♥t 1.3%, 1%, 0.5% ❡t 0.25% ❞✉ ✢✉① t♦t❛❧ s♦❧❛✐r❡✳ ❈❡tt❡ ❞✐♠✐♥✉t✐♦♥ ❛✈❡❝ ❧❛ ❧❛r✲
❣❡✉r ❞✉ ♣❛♥❛❝❤❡ ♣r♦✈✐❡♥t ♠❛❥♦r✐t❛✐r❡♠❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛♥❛❝❤❡s ❞✐♠✐♥✉❡ à
❢❛❝t❡✉r ❞❡ r❡♠♣❧✐ss❛❣❡ ❝♦♥st❛♥t✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❝❡s q✉❛tr❡ ✈❛❧❡✉rs ❞❡ b✱ ♦♥ ❛ r❡s♣❡❝t✐✈❡♠❡♥t
N = 4000, 1000, 160 ❡t 40 ❛✈❡❝ A = 0.1✳

✸✳ ❚❡r♠❡ ❞❡ ❢♦rç❛❣❡ ✿ ❝❡❧✉✐✲❝✐ ❡st r❡♣rés❡♥té ♣❛r ❧❡ t❡r♠❡ Hl ❞❛♥s ❊q✳ ✭✻✳✺✼✮✳ ■❧ ❡st é❣❛❧ à
❧❛ ♣✉✐ss❛♥❝❡ ✐♥st❛♥t❛♥é❡ ✐♥❥❡❝té❡ ♣❛r ✉♥ ♣❛♥❛❝❤❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é✲
♥étr❛t✐♦♥✳ ❙❡❧♦♥ ❊q✳ ✭✻✳✺✽✮✱ ❝❡ t❡r♠❡ ❞é❝r♦ît ❛✈❡❝ ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ♣✉✐sq✉❡ ❧❛ ❧♦♥❣✉❡✉r
❝❛r❛❝tér✐st✐q✉❡ ❞✬é✈❛♥❡s❝❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à Λ−1✳
❈✬❡st ❧❡ s❡✉❧ t❡r♠❡ q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥✳ ❙✐ Lp ❞✐♠✐♥✉❡✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡
❧❡ ♣❛♥❛❝❤❡ ❡st ♣❧✉s ❢♦rt❡♠❡♥t ❢r❡✐♥é ❀ ❧✬❡①❝✐t❛t✐♦♥ ❡st ❛❧♦rs ♣❧✉s ❡✣❝❛❝❡ ♣✉✐sq✉❡ ❧❡ ♣❛♥❛❝❤❡
tr❛♥s❢èr❡ s♦♥ é♥❡r❣✐❡ ❞❛♥s ✉♥❡ ré❣✐♦♥ ♦ù ❧❡s ♦♥❞❡s ♦♥t ✉♥❡ ❛♠♣❧✐t✉❞❡ ♣❧✉s ❣r❛♥❞❡✳ ❉❡ ❢❛ç♦♥
éq✉✐✈❛❧❡♥t❡✱ s✐ Lp ❛✉❣♠❡♥t❡✱ ❧✬é♥❡r❣✐❡ ❞✉ ♣❛♥❛❝❤❡ ❡st tr❛♥s❢éré❡ s✉r ✉♥❡ ré❣✐♦♥ ♣❧✉s ❣r❛♥❞❡
♦ù ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s ❞é❝r♦ît r❛♣✐❞❡♠❡♥t✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ✈ér✐✜é s✉r ❧❛ ❋✐❣✉r❡ ✻✳✽
✭❡♥ ❤❛✉t✮✳ ❉✬❛❜♦r❞✱ ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❞❡ Hl ❛✈❡❝ l à Lp ❞♦♥♥é ❡♥tr❛î♥❡ ✉♥❡ ❧é❣èr❡ ❞✐♠✐♥✉t✐♦♥
❞✉ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❛✉ ♠❛①✐♠✉♠ ❞✉ ✢✉①✱ lmax✱ ♣❛r r❛♣♣♦rt à s❛ ✈❛❧❡✉r rb/b ♦❜t❡♥✉❡ q✉❛♥❞
Lp → 0✱ ❝✬❡st✲à✲❞✐r❡ s✉✐✈❛♥t ❊q✳ ✭✻✳✻✺✮✳ ❊♥s✉✐t❡✱ ♣♦✉r tr♦✐s ✈❛❧❡✉rs ❞❡ Lp ❝♦✉✈r❛♥t ❞❡✉①
♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r✱ s♦✐t Lp = 0.01, 0.1 ❡t 1Hp✱ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✐♥té❣ré s✉r
✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ω = 0 − 25 10−6 r❛❞ s−1 ❡t ❞❡ ❞❡❣rés ❛♥❣✉❧❛✐r❡s l = 1 − 200
❞♦♥♥❡ r❡s♣❡❝t✐✈❡♠❡♥t 1.3%, 0.8% ❡t 0.2% ❞✉ ✢✉① t♦t❛❧ s♦❧❛✐r❡✳ ❖♥ r❡tr♦✉✈❡ ❜✐❡♥ q✉❡ ♣❧✉s ❧❛
❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥ ❡st ♣❡t✐t❡✱ ♣❧✉s ❧✬❡①❝✐t❛t✐♦♥ ❡st ❡✣❝❛❝❡✳

✹✳ ❋❛❝t❡✉r ❞❡ tr❛♥s✐t✐♦♥ ✿ ❝❡❧✉✐✲❝✐ ❡st r❡♣rés❡♥té ♣❛r ❧❡ t❡r♠❡ f(γd) ❞♦♥♥é ❞❛♥s ❊q✳ ✭✻✳✻✷✮✳ ❈❡
❢❛❝t❡✉r ❞✐st✐♥❣✉❡ ❧❡ ❝❛s ♦ù ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡st ❞✐s❝♦♥t✐♥✉ ❡♥ ❜❛s
❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭f(γd)≪ 1✮ ❛✉ ❝❛s ♦ù ❧❛ tr❛♥s✐t✐♦♥ ❡st ♣❧✉s ❞♦✉❝❡ ✭f(γd)≫ 1✮✳ ❉❛♥s
❧❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ q✉❛s✐ ❞✐s❝♦♥t✐♥✉❡✱ ❧❡ ✢✉① ❣é♥éré ❡st ✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧ à N0

à tr❛✈❡rs ❧❡ t❡r♠❡ FR,l✳ ❊♥ ❡✛❡t✱ ♣❧✉s ❧❛ ✈❛❧❡✉r ❞❡ N0 ❡st ❣r❛♥❞❡✱ ♣❧✉s ❧✬✐♠♣é❞❛♥❝❡ ❞❡s ♦♥❞❡s
❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st é❧❡✈é❡ ✭Pr❡ss ✶✾✽✶✮ ❡t ♣❧✉s ❧✬é♥❡r❣✐❡ tr❛♥s❢éré❡ s♦✉s ❢♦r♠❡
❞✬♦♥❞❡s ❡st ♣❡t✐t❡✳ ▲❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ♣❧✉s ❞♦✉❝❡ ❝♦♥❝❡r♥❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ♦♥❞✉❧❛t♦✐r❡s
♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ❞✐st❛♥❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❛❞✐❛❧❡✳ ❉❛♥s
❧❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❧✐♥é❛✐r❡✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❣é♥éré ❡st ❛❧♦rs é❣❛❧ ❛✉ ♣r♦❞✉✐t ❞❡ ❧❛ ✈❛❧❡✉r
❞✉ ✢✉① ♦❜t❡♥✉❡ ❞❛♥s ❧❛ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞✐s❝♦♥t✐♥✉❡ ❛✈❡❝ ✉♥ ❢❛❝t❡✉r é❣❛❧ à (krd)

1/3 & 1✱
❡♥ ❛❝❝♦r❞ ❛✈❡❝ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮✳ ❆✐♥s✐✱ ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ✢✉① ❣é♥éré ❞é♣❡♥❞ ❞✉

✶✶✵



✻✳✹✳ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ ❝❛s s♦❧❛✐r❡

❣r❛❞✐❡♥t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞❛♥s ❧❛ ③♦♥❡ ❞❡ tr❛♥s✐t✐♦♥ s✉✐✈❛♥t

Fr ∝
(
d

N2
0

)1/3

≈
∣∣∣∣
dN2

dr

∣∣∣∣
−1/3

✱ ✭✻✳✻✻✮

s✐ ❜✐❡♥ q✉❡ ♣❧✉s ❧❛ tr❛♥s✐t✐♦♥ ❡st ❞♦✉❝❡✱ ♣❧✉s ❧❡ tr❛♥s❢❡rt ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✈❡rs ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡ ❡st ✐♠♣♦rt❛♥t✳ ▲❡ ❢❛❝t❡✉r ❞❡ tr❛♥s✐t✐♦♥ ❡st r❡♣rés❡♥té ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡
❧✬♦♥❞❡ s✉r ❧❛ ❋✐❣✉r❡ ✻✳✽ ✭❡♥ ❜❛s✮✳ ▲❛ ❞✐st❛♥❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❛ été ❝❤♦✐s✐❡ ❝♦♠♠❡ ét❛♥t é❣❛❧❡
à d ∼ 0.01Hp ∼ 500 ❦♠✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❞❡s ❡st✐♠❛t✐♦♥s ♣❛r ❞❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s
✭❙❝❤♠✐tt ❡t ❛❧✳ ✶✾✽✹❀ ❘❡♠♣❡❧ ✷✵✵✹✮✳ ❖♥ ✈♦✐t q✉❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ✢✉① tr❛♥s♠✐s ❞✉❡ à ❧✬❡✛❡t
❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❡st ♣❧✉s ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ❡t ♣♦✉r ❧❡s ❤❛✉ts ❞❡❣rés✳ ❈❡❝✐
s✬❡①♣❧✐q✉❡ ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❛❞✐❛❧❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ω/Λ ♣♦✉r ❧❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❆✈❡❝ ❝❡tt❡ ✈❛❧❡✉r ♣♦✉r d✱ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✐♥té❣ré s✉r
❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ω = 2−25 10−6 r❛❞ s−1 ♣♦✉r l = 1−200 r❡♣rés❡♥t❡ ❡♥✈✐r♦♥ 1.2% ❞✉
✢✉① s♦❧❛✐r❡ t♦t❛❧✱ ❝❡ q✉✐ ❡st ❡♥✈✐r♦♥ ❞✐① ❢♦✐s s✉♣ér✐❡✉r ❛✉ ❝❛s ♦ù ❧❛ tr❛♥s✐t✐♦♥ ❡st ❞✐s❝♦♥t✐♥✉❡
✭❡♥ r❡st❛♥t ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❝♦♥s✐❞éré✮✳ P♦✉r ω = 0 − 25 10−6 r❛❞ s−1 ❡t l = 1 − 200✱ ❧❡
✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❡st ❡st✐♠é à ❡♥✈✐r♦♥ 11% ❞✉ ✢✉① s♦❧❛✐r❡ t♦t❛❧✱ s♦✐t ❡♥✈✐r♦♥
✉♥ q✉❛rt ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s ♣❛♥❛❝❤❡s ❡♥ ❜❛s ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ◆é❛♥♠♦✐♥s✱ ❝❡
rés✉❧t❛t ❡st ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t s✉r❡st✐♠é ❡t ❞♦✐t êtr❡ ❝♦♥s✐❞éré ❛✈❡❝ ♣ré❝❛✉t✐♦♥✳ ❊♥ ❡✛❡t✱ ❞❡
♥♦♠❜r❡✉① ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s ♥✬♦♥t ♣❛s été ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s
❝❡tt❡ ❡st✐♠❛t✐♦♥✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡s ❡✛❡ts ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✱ ❧❛ r♦t❛t✐♦♥ ♦✉ ❡♥❝♦r❡ ❞❡s
❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❣é♥èr❡ ❞❡s ♦♥❞❡s tr❛♥s♣♦rt❛♥t ❡♥✈✐r♦♥
✶✪ ❞✉ ✢✉① t♦t❛❧ s♦❧❛✐r❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❛ ✈❛r✐❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s νp✱ b ❡t Lp

❞❛♥s ❞❡ ❧❛r❣❡s ✐♥t❡r✈❛❧❧❡s ❛✉t♦✉r ❞❡s ✈❛❧❡✉rs ♣❛r ❞é❢❛✉t ❛ ♣❡✉ ❞✬✐♥✢✉❡♥❝❡ s✉r ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡
❣é♥éré✳ ▲✬✐♠♣❛❝t ❞❡ ❝❡s ♣❛r❛♠ètr❡s s✬❛✈èr❡ ♥é❛♥♠♦✐♥s ✐♠♣♦rt❛♥t s✉r ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡✳ ❈❡❧❛
♣❡✉t ❛✈♦✐r ❞✬✐♠♣♦rt❛♥t❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ❡t s❡r❛
♣❧✉s ❛♠♣❧❡♠❡♥t ❞✐s❝✉té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✼✳ ❉❡ ♣❧✉s✱ ❧✬❛♥❛❧②s❡ ♣ré❝é❞❡♥t❡ ✈❛❧✐❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡
❧✬❡①♣r❡ss✐♦♥ ❛♣♣r♦❝❤é❡ ♣♦✉r ❧❡ ✢✉① ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✻✳✻✺✮✳ ❊♥✜♥✱ ♦♥ ❛ ✈✉ q✉❡ ♣❧✉s ❧❡ ❣r❛❞✐❡♥t ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä❡st ❢❛✐❜❧❡ ✭❡♥ ✈❛❧❡✉r ❛❜s♦❧✉❡✮ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♣❧✉s
❧❡ ✢✉① é♠✐s s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❡st é❧❡✈é❡✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❛❝t✉❡❧❧❡s
❞❡ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ✐♥❝❛♣❛❜❧❡s ❞❡ q✉❛♥t✐✜❡r ❧✬❡①t❡♥s✐♦♥ ❞❡ ❝❡tt❡ ré❣✐♦♥ ❞❛♥s ❧❡s ré❣✐♠❡s
st❡❧❧❛✐r❡s ♣♦✉r✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ♦✉ ❞❡ Pr❛♥❞t❧ ✭❡✳❣✳ ❇r✉♠♠❡❧❧ ❡t ❛❧✳ ✷✵✵✷✮✳
◗✉❡❧q✉❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ♣❡✉✈❡♥t ❛❝t✉❡❧❧❡♠❡♥t ♥♦✉s ❛✐❞❡r à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❝❡tt❡
ré❣✐♦♥ ✭❡✳❣✳ ❙❝❤♠✐tt ❡t ❛❧✳ ✶✾✽✹❀ ❘❡♠♣❡❧ ✷✵✵✹✮✳ ❈❡ ♣♦✐♥t ♠ér✐t❡ ♥é❛♥♠♦✐♥s ❞❡ ❢✉t✉r❡s ✐♥✈❡st✐❣❛t✐♦♥s✳

✻✳✹✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡

P♦✉r ❝♦♥❝❧✉r❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❝♦♠♣❛r♦♥s ❧❡ rés✉❧t❛t ♦❜t❡♥✉ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛
♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ♣rés❡♥té ❥✉st❡ ❛✈❛♥t ❛✈❡❝ ❝❡❧✉✐ ♦❜t❡♥✉ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡
❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❝♦♠♠❡ t❡r♠❡ ❞❡ ❢♦rç❛❣❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé
♣❛r ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✱ ❝❡ ❞❡r♥✐❡r ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❧❡ ♣❧✉s ✉t✐❧✐sé ❞❛♥s ❧❡s
♣ré❝é❞❡♥ts tr❛✈❛✉① ✭❡✳❣✳ ❚❛❧♦♥ ❡t ❛❧✳ ✷✵✵✷❀ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✷✵✵✺❀ ❈❤❛r❜♦♥♥❡❧ ❡t ❛❧✳ ✷✵✶✸✮✳ P♦✉r
❝❛❧❝✉❧❡r ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✢✉① ❞♦♥♥é ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳✷✳✸✱ L ❡t v s♦♥t ❞é❞✉✐ts à ♣❛rt✐r ❞❡ ❧❛ ▼▲❚
❡t ❧❡ ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à ❧✬♦♥❞❡ ❡st ❛♣♣r♦❝❤é ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ❲❑❇ ♥♦r♠❛❧✐sé❡s✱
❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ❧✬❊q✳ ✭✷✺✮ ❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✳ ❉❛♥s ♥♦tr❡ ♠♦❞è❧❡ s♦❧❛✐r❡✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡
r❡t♦✉r♥❡♠❡♥t ❝♦♥✈❡❝t✐❢ ✈❛✉t ωc ≈ 0.8 10−6 r❛❞ s−1 ❡t ❧❛ ✈✐t❡ss❡ ❝♦♥✈❡❝t✐✈❡ ✈❛✉t vc ≈ 25 ♠ s−1 à
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥ ✢✉① ❝♦♥✈❡❝t✐❢ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐❢
❡♥✈✐r♦♥ é❣❛❧ à ✺✪ ❞✉ ✢✉① t♦t❛❧ s♦❧❛✐r❡✳ ▲❡s s♣❡❝tr❡s ♦❜t❡♥✉s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❝❛s s♦♥t ❝♦♠♣❛rés
s✉r ❧❛ ❋✐❣✉r❡ ✻✳✾ ❡t ❧❛ ❋✐❣✉r❡ ✻✳✶✵✳

❉✬❛❜♦r❞✱ ♥♦✉s tr♦✉✈♦♥s q✉❡ ❧❡ ✢✉① r❛❞✐❛❧ t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥
t✉r❜✉❧❡♥t❡✱ ✐♥té❣ré s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ω = 0.8− 25 10−6 r❛❞ s−1 ❡t ❞❡ ❞❡❣rés ❛♥❣✉❧❛✐r❡s

✶✶✶



❈❤❛♣✐tr❡ ✻✳ ▼é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

l = 1 − 200✱ ❡st é❣❛❧ à 0.1% ❞✉ ✢✉① t♦t❛❧ s♦❧❛✐r❡✳ ❙✉r ❝❡ ♠ê♠❡ ✐♥t❡r✈❛❧❧❡✱ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛
♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡st s✐① ❢♦✐s ♣❧✉s ❡✣❝❛❝❡✳ ❙✉r ❧✬✐♥t❡r✈❛❧❧❡ ω = 1 − 25 10−6 r❛❞ s−1✱ ❧❡ ✢✉①
❣é♥éré ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❝❤✉t❡ à ✵✳✵✷ ✪ ❞✉ ✢✉① s♦❧❛✐r❡ t♦t❛❧✱ t❛♥❞✐s q✉❡ ❝❡❧✉✐ ❣é♥éré ♣❛r ❧❛
♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ r❡st❡ ❛✉t♦✉r ❞❡ ✵✳✺✪✳ ❈❡❧❛ ❡st ♥♦t❛♠♠❡♥t ❞û ❛✉ ❢❛✐t q✉❡ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s
♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❛ ✉♥❡ ❛♠♣❧✐t✉❞❡ ♣r❡sq✉✬✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❡♥✲❞❡ss♦✉s
❞❡ ❝❡❧✉✐ ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦♠♣r✐s ❡♥tr❡
2 ❡t 5 10−6 r❛❞ s−1✱ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r s✉r ❧❛ ❋✐❣✉r❡ ✻✳✾✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❡♥ é♥❡r❣✐❡ s✉✐✈❛♥t
❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❡st ❛✉ss✐ ❞✐✛ér❡♥t❡ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s✳ ❙✉r ❧❛ ❋✐❣✉r❡ ✻✳✶✵✱ ♦♥ ✈♦✐t q✉❡ ❧❡
✢✉① ❡st ♠❛①✐♠❛❧ ❛✉t♦✉r ❞❡ l ∼ 5 ❞❛♥s ❧❡ ❝❛s ❞✉ ♠♦❞è❧❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮ ❀ ❝❡❧❛
❝♦rr❡s♣♦♥❞ à ❧✬é❝❤❡❧❧❡ ❞❡ t❛✐❧❧❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ♣ré❞✐t❡ à ♣❛rt✐r ❞❡ ❧❛ ▼▲❚✳ ▲❡
✢✉① ❞✬é♥❡r❣✐❡ ❣é♥éré ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡st q✉❛♥t à ❧✉✐ ♠❛①✐♠❛❧ ❛✉t♦✉r ❞❡ l ∼ 50 ❀ ❝❡❧❛
❝♦rr❡s♣♦♥❞ à ❧✬é❝❤❡❧❧❡ ❞❡ ❧❛r❣❡✉r ❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♣❧✉s ♣❡t✐t❡ ❞❡ ❝❡❧❧❡
❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❞✬❡♥✈✐r♦♥ ✉♥ ❢❛❝t❡✉r ✺✳

❙✉r ❧❡s ❞❡✉① ✜❣✉r❡s ♣ré❝é❞❡♥t❡s✱ ♦♥ ✈♦✐t ❛✉ss✐ q✉❡ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❡✈✐❡♥t
♣ré❞♦♠✐♥❛♥t❡ à ❤❛✉t❡s ❢réq✉❡♥❝❡s ❡t ♣♦✉r ❞❡s ❤❛✉ts ❞❡❣rés ❛♥❣✉❧❛✐r❡s✱ ❧à ♦ù ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s
♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❝❤✉t❡ ❞r❛st✐q✉❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s
❛✈♦♥s s✉♣♣♦sé q✉❡ ❧❡s ♣❛♥❛❝❤❡s s♦♥t ❞❡s str✉❝t✉r❡s ❝♦❤ér❡♥t❡s ❛✈❡❝ ✉♥❡ t❛✐❧❧❡ ❡t ✉♥ t❡♠♣s ❞❡ ✈✐❡
❜✐❡♥ ❞é✜♥✐✳ ❊♥ ❞✬❛✉tr❡s ♠♦ts✱ ❧❛ t✉r❜✉❧❡♥❝❡ à ❧✬✐♥tér✐❡✉r ❞❡s ♣❛♥❛❝❤❡s ❛ été ♥é❣❧✐❣é❡✳ ▲❛ ❝♦rré❧❛t✐♦♥
❡♥tr❡ ❧❡s ♣❛♥❛❝❤❡s ❡t ❧❡s ♦♥❞❡s t❡♥❞ ❞♦♥❝ r❛♣✐❞❡♠❡♥t ✈❡rs ③ér♦ ♣♦✉r ❞❡s ❢réq✉❡♥❝❡s s✉♣ér✐❡✉r❡s à
❡♥✈✐r♦♥ νp ❡t ❞❡s ❞❡❣rés s✉♣ér✐❡✉rs à ❡♥✈✐r♦♥ rb/b✳ ❉❛♥s ❧❛ ré❛❧✐té✱ ❧❛ t✉r❜✉❧❡♥❝❡ ❞♦✐t s❡ ❞é✈❡❧♦♣♣❡r
à ♣❧✉s ♣❡t✐t❡ é❝❤❡❧❧❡ ❞❛♥s ❧❡s ♣❛♥❛❝❤❡s ❡t ❣é♥ér❡r ❞❡s ♦♥❞❡s✳ ❈❡❧❛ ❡①♣❧✐q✉❡ ♣♦✉rq✉♦✐ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡
❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞❡✈✐❡♥t ♣ré❞♦♠✐♥❛♥t ❞❛♥s ❧❡
❞♦♠❛✐♥❡ ❞❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s✳

P♦✉r ❝♦♥❝❧✉r❡✱ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡st ❝✐♥q
à ❞✐① ❢♦✐s ♣❧✉s ❡✣❝❛❝❡ q✉❡ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ t❡❧❧❡ q✉❡ ♣r♦♣♦sé❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❑✉♠❛r
❡t ❛❧✳ ✭✶✾✾✾✮✳ ❆❧♦rs q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ♦♥t ❧❛ ♣❧✉♣❛rt ❞❡ ❧❡✉r é♥❡r❣✐❡
❞❛♥s ❧❡s ❢réq✉❡♥❝❡s ❛✉t♦✉r ❞❡ ωc✱ ❝❡❧❧❡s ❡①❝✐té❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ♣❡✉✈❡♥t ❛✈♦✐r ❞❡
❧❛r❣❡s ❛♠♣❧✐t✉❞❡s s✉r ✉♥❡ ♣❧✉s ❣r❛♥❞❡ tr❛♥❝❤❡ ❞❡ ❢réq✉❡♥❝❡s✳ ❈❡❝✐ ❞é♣❡♥❞ ♥é❛♥♠♦✐♥s ❞❡ ❧❛ ✈❛❧❡✉r
❞❡ νp ♣❛r r❛♣♣♦rt à ωc✳ ❊♥✜♥✱ ❞✉ ❢❛✐t ❞✬✉♥❡ ❡①t❡♥s✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♣❛♥❛❝❤❡s ❞❛♥s ❧❡ ♣❧❛♥ ❤♦r✐③♦♥t❛❧
♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❛ t❛✐❧❧❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❧❡s
♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❡✣❝❛❝❡♠❡♥t ❡①❝✐té❡s à ❞❡s ♣❧✉s ❤❛✉ts ❞❡❣rés
❛♥❣✉❧❛✐r❡s✳ ❊♥✜♥✱ ❝❡s rés✉❧t❛ts r❡st❡♥t ✈❛❧✐❞❡s ♠❛❧❣ré ❧❡ ❧❛r❣❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ✈❛❧❡✉rs ❝♦♥s✐❞éré❡s ♣♦✉r
❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳✹✳✶✳ ❊♥ ❡✛❡t✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s
❣é♥éré❡s ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st✱ ❞❛♥s t♦✉s ❧❡s ❝❛s✱ s✉♣ér✐❡✉r à 0.2 ✪ ❞✉ ✢✉① s♦❧❛✐r❡ t♦t❛❧✱
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ABSTRACT

Context. The rich harvest of seismic observations over the past decade provides evidence of angular momentum redistribution in
stellar interiors that is not reproduced by current evolution codes. In this context, transport by internal gravity waves can play a role
and could explain discrepancies between theory and observations.
Aims. The efficiency of the transport of angular momentum by waves depends on their driving mechanism. While excitation by
turbulence throughout the convective zone has already been investigated, we know that penetrative convection into the stably stratified
radiative zone can also generate internal gravity waves. Therefore, we aim at developing a semianalytical model to estimate the
generation of IGW by penetrative plumes below an upper convective envelope. The formalism is developed with the purpose of being
implemented in 1D stellar evolution codes.
Methods. We derive the wave amplitude considering the pressure exerted by an ensemble of plumes on the interface between the
radiative and convective zones as source term in the equation of momentum. We consider the effect of a thermal transition from a
convective gradient to a radiative one on the transmission of the wave into the radiative zone. The plume-induced wave energy flux at
the top of the radiative zone is computed for a solar model and is compared to the turbulence-induced one.
Results. We show that, for the solar case, penetrative convection generates waves more efficiently than turbulence and that plume-
induced waves can modify the internal rotation rate on shorter time scales. The result is solid since it holds despite a wide range of
values considered for the parameters of the model. We also show that a smooth thermal transition significatively enhances the wave
transmission compared to the case of a steep transition.
Conclusions. Driving by penetrative convection must be taken into account as much as turbulence-induced waves for the transport of
internal angular momentum. We propose a simple prescription that has the advantage of being easily implementable into 1D stellar
evolution codes. We expect this mechanism to work in evolved stars, which will be subject to future investigations.

Key words. hydrodynamics – stars: interiors – stars: rotation – waves – convection

1. Introduction

Rotation is a fundamental ingredient of stellar evolution. It in-
duces transport of angular momentum and of chemical elements
that modifies the internal structure of stars (e.g., Maeder 2009).
For instance, rotationally induced mixing is able to refresh nu-
clear burning cores with hydrogen and thus to increase the star
lifetime on the main sequence. Among other consequences, stel-
lar age-dating is significantly affected by rotation (e.g., Lebreton
et al. 2014) such that the rotational history of stars has to be
fully understood to obtain a relevant and complete picture of
their evolution.

This requirement is supported by an increasing number of
observational facts. First, indirect constraints, such as anoma-
lies in surface chemical abundances observed in stellar clus-
ters, highlighted the importance of rotationally induced mixing
(see Charbonnel & Talon 2008, for a review). Second, the de-
velopment of asteroseismology made direct measurements of
the internal rotation profile possible. In the Sun, seismic mea-
surements showed that its internal radiative zone rotates almost
as a solid body (e.g., Brown et al. 1989; García et al. 2007).
More recently, seismic data provided by the space-borne mis-
sions CoRoT (Baglin et al. 2006a,b) and Kepler (Borucki et al.
2010) enabled us to extend the study from the main sequence up
to the red giant evolutionary phase. Thanks to the detection of
mixed-modes (e.g., Bedding et al. 2010; Mosser et al. 2012b),

it has been possible to estimate the core rotation rate of several
subgiant stars observed by Kepler (Deheuvels et al. 2012, 2014)
as well as the spinning down of the red giants core during their
ascent of the vertical branch (Mosser et al. 2012a).

All these observational constraints emphasized the need for
including transport of angular momentum as well as rotational
mixing in stellar models. However, stellar evolution codes that
take meridional circulation and shear-induced turbulence into
account are unable to reproduce the observations by several or-
ders of magnitude (Eggenberger et al. 2012; Marques et al. 2013;
Ceillier et al. 2013). This suggests that other efficient transport
processes must be included. Several mechanisms have already
been investigated such as the effects of magnetic fields (Spruit
2002; Heger et al. 2005; Cantiello et al. 2014; Rüdiger et al.
2015) or mixed modes (Belkacem et al. 2015a,b). Internal grav-
ity waves (hereafter IGW) can also play a role in the radiative
zone of stars. They have been shown to be able to explain the
nearly flat internal rotation profile observed in the Sun (Zahn
1997; Talon et al. 2002) and to be responsible for the cold side of
the lithium dip observed in low-mass stars (Talon & Charbonnel
1998a,b, 2003, 2004, 2005).

The efficiency of the transport by IGW crucially depends on
the excitation mechanism. IGW are preferentially generated at
the boundary between the convective and radiative regions by
convective motions. Press (1981) considered turbulent pressure
at the base of the convective zone as driving process. He found
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that the wave energy flux could be expressed as the product of
the mechanical convective energy flux at the base of the con-
vection region with the ratio of the wave impedances in both re-
gions (i.e., in the convective and the radiative regions). Garcia
Lopez & Spruit (1991) followed a similar approach but con-
sidered a distribution of convective eddies. They assumed the
turbulence to follow a Kolmogorov spectrum and took into ac-
count the incoherent behavior of the eddies. Later, Zahn (1997)
generalized this model to a continuous wave spectrum. Finally,
Kumar et al. (1999) adapted the work of Goldreich et al. (1994)
to the case of the excitation of IGW. In this model, IGW are
generated by Reynold’s stress throughout the convective zone
and the approach has the advantage of clearly taking into ac-
count the spatial and temporal correlations between the turbu-
lent stochastic source and the waves. Most of the estimates of the
transport by IGW used the latter formulation to include the ef-
fects of IGW in stellar radiative zones (e.g., Talon & Charbonnel
2005; Charbonnel et al. 2013; Mathis et al. 2013; Fuller et al.
2014).

However, penetration of convective plumes into stably strat-
ified layers can also generate IGW. Indeed, in the penetration
region, plumes are decelerated by buoyancy braking and can re-
lease a part of their kinetic energy into waves. In the geophysical
context, this mechanism has already been observed in laboratory
experiments and investigated theoretically for atmospheric flows
(Townsend 1966; Stull 1976). In astrophysics, excitation of in-
ternal waves by penetrative convection has been investigated
by means of 2D numerical simulations (Hurlburt et al. 1986;
Andersen 1994; Dintrans et al. 2005; Rogers & Glatzmaier 2006;
Rogers et al. 2013) and more recently, in 3D, spherical numeri-
cal simulations for the Sun (Brun et al. 2011; Alvan et al. 2014,
2015). Nevertheless, it is difficult today to extrapolate numeri-
cal results to stellar regimes. For instance, numerical constraints
require higher thermal diffusivities than in stellar interiors, re-
sulting in much more important convective energy flux (Rempel
2004; Dintrans et al. 2005) and so an expected overestimated
wave energy flux.

In this work, we propose a complementary approach and
elaborate a semianalytical model of excitation of IGW by pene-
trative convection. We consider the impact of the plumes on the
stably stratified layers as the driving mechanism. The effect of
the thermal transition on the transmission of the wave into the
radiative zone is taken into account at the interface between the
radiative and convective regions (hereafter, radiative/convective
interface). Our goal is to estimate how efficient is this mecha-
nism compared to the excitation by turbulence as proposed by
Kumar et al. (1999). If it is shown to be as efficient or more than
the latter, such a simplified description will enable us to account
for the transport of angular momentum by plume-induced waves
in 1D stellar evolution codes.

The article is organized as follows. In Sect. 2, we intro-
duce the theoretical formalism. Section 3 presents the charac-
teristics of the plumes and describes buoyancy braking process
in the penetration zone. In Sect. 4, we summarize the method
used to derive the wave energy flux and the main results are
given. The wave energy flux is computed for a solar model in
Sect. 5. The results are discussed and compared to those ob-
tained with the formalism of Kumar et al. (1999) in Sect. 6.
Conclusions are formulated in Sect. 7.

2. Theoretical formalism

Our objective is to estimate the amount of plume kinetic en-
ergy transferred into wave energy in the penetration region. For

this purpose, we introduce the theoretical formalism and general
concepts regarding IGW and spectral analysis. In the following,
we will deal with a stationary random process of excitation by
an ensemble of plumes and will use a statistical approach.

2.1. Wave equation and source term

The determination of the wave energy flux requires the calcu-
lation of the wave amplitude, which depends on the excitation
mechanism. As convective plumes penetrate into the stably strat-
ified medium, they perturbate the equilibrium state and generate
waves by exerting pressure on the radiative/convective interface.
We assume that the total velocity field can be split into two com-
ponents: the wave velocity field u(r, t), and the plume velocity
field Vp(r, t). This actually corresponds to neglecting the dy-
namical effect of the turbulence inside the plumes. Moreover, we
assume that the plumes evolve independently of the wave veloc-
ity and that there is no feedback from the waves on the plumes.
This also suggests that the plumes and the waves follow their
own continuity equation independently of each other. This is ac-
tually a good approximation if the wave velocity field is much
smaller than the plume velocity field |u| ≪ |Vp|, which will be
verified a posteriori.

Under all this set of approximations, we will then focus our
attention on the generation of waves by the stress exerted by the
convective plumes, represented by ∇ · (ρVp ⊗ Vp) as the source
term in the momentum equation, with ρ the density at the equi-
librium, ∇ the nabla operator and (⊗) the tensorial product. For
sake’s of simplicity, we neglect any effects of rotation and adopt
the Cowling approximation. Therefore, the linearized equations
of momentum and of continuity with respect to the equilibrium
state for the wave perturbations read

∂u

∂t
+
∇p′

ρ
− ρ

′

ρ
g = −1

ρ
∇ · (ρVp ⊗ Vp) (1)

∂

∂t

(
δρ

ρ

)
+ ∇ · u = 0, (2)

where p′ and ρ′ denotes Eulerian perturbations of pressure and
density, δρ is the Lagrangian perturbation of density and g the
gravitational acceleration at equilibrium.

2.2. Spectral density of the wave specific energy

In the following, we want to determine the spectral distribution
of the wave energy flux at each level in the star, generated by a
population of penetrative plumes.

2.2.1. Stationarity and ergodicity

We assume that at each time, an ensemble of several uniformly
distributed incoherent plumes generate waves by penetrative
convection (see Fig. 1, for a schematic representation). The pro-
cess of excitation is then supposed to be random, stationary and
ergodic, and a statistical approach is valid since the number of
plumes is high enough. Hence, we can define the mean specific
wave energy at a point r as

〈E〉 (r) = lim
T→+∞

1
T

∫ +∞

−∞
ρ(r)|uT (r, t)|2dt, (3)

where uT (r, t) is equal to the truncated part of the wave veloc-
ity field in the interval [−T/2,T/2] and is null outside. The
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Fig. 1. Schematic view of the star. The convective plumes occur in the
upper layers of the star and go deeper into the convective region. They
grow by turbulent entrainment of matter at their edges and reach the top
of the radiative zone. There, each of them, characterized by their angu-
lar position (θi, φi), releases a part of their kinetic energy and generate
internal waves which can propagate towards the center. In our work, we
suppose that there are no reflected waves propagating from the center
to the radiative/convective interface.

Parseval-Plancherel’s theorem allows us to write∫ ∞

−∞

〈
|uT (r, t)|2

〉
dt =

1
2π

∫ ∞

−∞

〈
|ûT (r, ω)|2

〉
dω, (4)

where ω is the temporal radian frequency and the symbol (ˆ) de-
notes the time Fourier transform1. Then, using Eq. (4) and since
the integral and the limit commute, Eq. (3) becomes

〈E〉(r) =
∫ ∞

−∞
ǫ(r, ω) dω, (5)

where we have defined the spectral density of the wave specific
energy

ǫ(r, ω) = lim
T→+∞

ρ(r)
T

〈
|ûT (r, ω)|2

〉

2π
· (6)

2.2.2. Ensemble of N plumes

At each time, we assume that, on average, N identical plumes
are penetrating into the stably stratified zone. We note (θi, φi)
the angular position of the center of the plume i, that penetrates
at the time ti with a velocity field Vp,i(r, t). Since the plumes
are spatially and temporally well separated with each other, the
source term in Eq. (1) can be rewritten as

∇ · (ρVp ⊗ Vp) =
+∞∑

i=1

∇ · (ρVp,i ⊗ Vp,i). (7)

1 The time Fourier transform of a function X(r, t) is defined as
TF [X] = X̂(r, ω) =

∫ ∞
−∞ X(r, t)e−iωtdt .

Each plume i generates a wave velocity field ui(r, t; θi, φi,∆t = ti)
where ∆t denotes the time shift of the excitation event compared
to the instant t = 0. Given the linearity of the wave equation, the
total wave velocity field is the superposition of all the contribu-
tions. In a similar way, at a fixed position r, the truncated wave
velocity field, uT , in the interval [−T/2,T/2], must be the super-
position of the wave velocity fields generated by a finite number
NT of plumes at different times2

uT (r, t) =
NT∑

i=1

ui(r, t; θi, φi,∆t = ti). (8)

When writing Eq. (8), we assume that the plume-induced wave
packet ui at any point r has a finite lifetime (otherwise, this would
lead to an accumulation of wave energy in the radiative zone un-
der the adiabatic hypothesis). Indeed, as suggested by the mo-
mentum equation Eq. (1), it must be close to the characteristic
plume lifetime; this is the consequence of the temporal correla-
tion with the plume and the fact that no reflected wave is consid-
ered, but only propagative ones towards the center of the star.

By the linearity and the time shift properties of Fourier trans-
form, we then obtain3

〈
|ûT (r, ω)|2

〉
=

NT∑

i=1

〈
|ûi(∆t = 0)|2

〉

+

NT∑

i=1, j,i

〈
e−iω(ti−t j)ûi(∆t = 0)û j(∆t = 0)

〉
, (9)

where the bar denotes the complex conjugate. The statistical av-
erage covers the spatial and temporal distribution of the plumes.
The plumes are incoherent with each other and so the phase lag
between each component is randomly distributed. Note that the
same assumptions were first used by Garcia Lopez & Spruit
(1991). As a consequence, the second term in the right-hand
side of Eq. (9) vanishes. Moreover, the plumes being uniformly
distributed and independent with each other, the probability
for the plumes 1, 2, ...,NT to be located in the solid angles
dΩ1, dΩ2, ..., dΩNT

, respectively, is equal to
∏NT

i=1 dΩi/ (4π)NT .
Thus, using Eq. (9), Eq. (6) becomes

ǫ(r, ω) = lim
T→+∞

1
T

ρ(r)
2π

NT∑

i=1


1

(4π)NT

∫

Ω j

|ûi(∆t = 0)|2
NT∏

j=1

dΩ j


.

(10)

Since we suppose that the plumes are identical and differ from
each other only by their angular position, Eq. (10) becomes

ǫ(r, ω) = lim
T→+∞

NT

T

ρ(r)
8π2

∫

Ω0

|û0(r, ω; θ0, φ0,∆t = 0)|2 dΩ0, (11)

where û0 is the Fourier transform of the wave velocity field gen-
erated by one single plume with the angular position (θ0, φ0) at
t0 = 0.

To go further, the plume destruction rate must equal the
plume emerging rate in order to ensure a constant number of pen-
etrating plumes over time. If τp denotes the characteristic plume
lifetime and if it is supposed to be the same for all of them, this

2 The choice of the plume ensemble depends on the position r since
we have to consider the travel time of each plume-induced wave packet
from its excitation site to this point r.
3 We use the simplifying notation ûi(r, ω; θi, φi,∆t) = ûi(∆t).
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rate is equal to N/τp. In other words, over a time T ≫ τp, a to-
tal number of NT ∼ NT/τp plumes occur and contribute to the
wave energy in Eq. (11). Finally, the spectral density of specific
wave energy converges on average to

ǫ(r, ω) = N
νp

2π
ρ(r)

∫

Ω0

|û0(r, ω; θ0, φ0, t0 = 0)|2 dΩ0

4π
, (12)

where νp = 1/τp.
We first notice that the spectral density of wave specific en-

ergy is proportional to the number of plumes, which is the con-
sequence of their incoherent behavior (in the case of coherent
plumes, the wave specific energy would be proportional to N2).
Second, we see that the use of a statistical approach simplifies
the calculation since the case of an ensemble of several plumes
is reduced to the study of the excitation by one single plume.

2.3. Mean radial wave energy flux per unit of frequency

For convenience, the Eulerian wave velocity field u0 is expanded
onto the spherical harmonics

u0(r, t) =
∑

l,m

vr,l,m(r, t)Ym
l (θ, φ) er + vP,l,m(r, t)∇Ym

l (θ, φ)

+ vT,l,m(r, t)∇ ∧
(
Ym

l (θ, φ) er

)
, (13)

where (r, θ, φ) are the spherical coordinates, l is the angular de-
gree, m the azimuthal number, er the radial unit vector, and
where vr,l,m, vP,l,m and vT,l,m are the radial, poloidal and toroidal
components of the wave velocity field, respectively. Given the
decomposition in Eq. (13), Eq. (12) averaged over the solid an-
gle represents the angular distribution of energy and reads

E(r, ω) =
1

4π

∫

Ω

ǫ(r, θ, φ, ω)dΩ

= N
∑

l,m

Ẽl,m(r, ω), (14)

where we have defined

Ẽl,m(r, ω) =
νp

8π2
ρ(r)

∫

Ω0

{∣∣∣v̂r,l,m
∣∣∣2 + l(l + 1)

∣∣∣v̂h,l,m
∣∣∣2
} dΩ0

4π
, (15)

with
∣∣∣v̂h,l,m

∣∣∣2 =
∣∣∣v̂P,l,m

∣∣∣2 +
∣∣∣v̂T,l,m

∣∣∣2. The mean radial wave energy
flux by unit of frequency for an angular degree l and an az-
imuthal number m is thus obtained by multiplying the (l,m) con-
tribution to the spectral density of the specific wave energy with
the radial group velocity Vgr in a similar way to Zahn (1997)

Fr(r, ω, l,m) = N Ẽl,m(r, ω) Vgr(r, ω, l). (16)

Indeed, IGW are dispersive waves and the energy carried in the
radial direction by such a wave packet travels at first order with
the radial group velocity (see Lighthill 1978) given by

Vgr(r, ω, l) =
∂ω

∂kr

=
ω2

N2

(N2 − ω2)1/2

kh

, (17)

where kr is the local radial component of the wave vector (Press
1981)

kr(r, ω) =
(

N2

ω2
− 1

)1/2

kh, (18)

with kh =
√

l(l + 1)/r the horizontal component of the wave vec-
tor and N the Brunt-Väisälä frequency. The total mean radial
wave energy flux per unit of frequency due to the penetration of
several plumes is then obtained by summing all the (l,m) com-
ponents given by Eq. (16).

3. A simple description of convective plumes

The computation of the wave energy flux requires the knowledge
of the wave velocity field whose the amplitude directly depends
on the excitation mechanism. We then need to model the driv-
ing process expressed by the plume-related term in Eq. (1). For
this purpose, we present here a simple physical description of
convective plumes and their velocity profile in the penetration
zone.

3.1. Plume velocity field

The disturbance of the radiative/convective interface due to a sin-
gle plume is localized in space and in time. Therefore, a plume
is described by a characteristic radius b and a characteristic life-
time τp in the penetration region. We assume that the plume ve-
locity field follows the Gaussian form4 proposed by Townsend
(1966) and we also assume that the horizontal profile is main-
tained in the penetration region

Vp(r) = V0(r) e−S 2
h
/2b2

e−t2/τ2
p er, (19)

with

S h(r; θ0, φ0) = r arccos
[
sin θ0 sin θ cos(φ − φ0) + cos θ cos θ0

]
,

(20)

where (θ0, φ0) are the angular coordinates of the center of the
plume and S h corresponds to the distance on the sphere from the
center of the plume.

3.2. Plume radius

The plume radius at the bottom of the convective zone is esti-
mated from the model of turbulent plumes by Rieutord & Zahn
(1995) who derived the expression

b =
z0√

2

3αE(Γ1−1)
2Γ1−1

, (21)

where z0 is the thickness of the convective zone, Γ1 the adia-
batic coefficient and αE the entrainment coefficient whose value
is usually taken as 0.083 (Turner 1986). In the solar case and
for a monoatomic gas (Γ1 = 5/3), we find b ≈ 104 km, which
is about five times smaller than the size of the biggest turbulent
eddies at this radius as given by the MLT.

3.3. Vertical velocity profile in the penetration zone

Once the plume has penetrated into the stably stratified layers, it
is less dense than the surrounding medium and is slowed down
by buoyancy braking. We adopt the description of Zahn (1991)
who considers a stationary flow in balance with buoyancy. Such
an approach is justified by the high Péclet number at the base
of the convective zone. Zahn (1991) could estimate the penetra-
tion length Lp and showed that it depends on a filling factor, the
radiative diffusivity scale height, the total energy flux and the
plume kinetic energy at the base of the convective envelope. In
the solar case, he found Lp ∼ 0.5Hp ∼ 104 km. Nevertheless,
using helioseismology, Basu (1997) set an upper limit for the
overshoot at 0.05Hp, with Hp the pressure scale height. In the

4 Under the assumption of a bell-shaped temporal profile, τp is defined
as the time during which the plume kinetic energy is higher than about
60% of its maximal value.
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framework of the model proposed by Zahn (1991), Basu (1997)
used stellar models with a simple adiabatic extent of the convec-
tive zone above a discontinuous thermal transition. In contrast,
Christensen-Dalsgaard et al. (2011) demonstrated that smoother
transitions were also possible to explain seismic observations of
the Sun. Such a kind of transition is supported by more realis-
tic models of penetrative convection taking into account interac-
tion with the upflows and a distribution for the velocities of the
plumes (e.g., Rempel 2004). Therefore, given the lack of knowl-
edge and constraints about the penetration process, we will con-
sider the penetration length as a parameter of the model whose
value will be chosen around 0.1Hp.

Following the work of Zahn (1991), the vertical plume ve-
locity V0 in the penetration region is given by5

V0(z) = Vb

1 −
(

z

Lp

)2
1/3

, (22)

where z = rb − r with rb the radius of the base of the convective
zone as given by the Schwarzschild’s criterion and Vb the initial
vertical plume velocity in the penetration region, at the radius rb.
To go further, we use the model of Rieutord & Zahn (1995), so
that

Vb =

(
8F1p

πρbb2

)1/3

, (23)

where F1p represents the total luminosity (kinetic + enthalpic)
carried by one single plume and ρb is the mean density at the
base of the convection zone. To estimate F1p, we assume that
each plume carries an energy that is equal, on average, to the
one carried by turbulent eddies in the interplume medium such
that

NF1p ≈ L∗A, (24)

where L∗ is the star luminosity and A = Nb2/4r2
b

is the filling
factor related to the fraction of the area occupied by the down-
drafts at the base of the convective zone. Then, Eq. (23) becomes

Vb =


2L∗

πρbr2
b


1/3

, (25)

which leads to Vb ≈ 185 m s−1 in the case of the Sun, i.e about
7 times higher than the convective velocity vc ∼ 25 m s−1 as
given by the MLT at the base of the convective zone.

3.4. Plume lifetime

The plume lifetime is certainly the more difficult plume charac-
teristic to estimate. After having reached the base of the convec-
tive zone, the plume penetrates into the stably stratified zone.
There, it is slowed down and destroyed after a characteristic
time τp. For sake’s of simplicity, we prefer here to tackle the
issue by using orders of magnitude. We identify three potential
processes working on the destruction of the plume:

1. Radiative thermalization: in the penetration zone, the plume
loses its identity due to radiative thermal diffusion on a time
scale, trad. It can be estimated by

trad ∼
L2

p

Kb

, (26)

5 We conserve the same velocity profile than in Zahn (1991), but we
consider the penetration length Lp as a free parameter of the model.

where Kb is the radiative conductivity at the top of the sta-
bly stratified layer. In the Sun, we find trad,⊙ ∼ 1010 s,
so it is much longer than the dynamical time scale td,⊙ ∼
Lp/Vb ∼ 104 s. As already mentioned, advection of adia-
batic convective matter is faster than thermal exchange be-
cause of a high Péclet number at the base of the convective
zone. Plume thermalization by radiative diffusion is thus in-
efficient, except in the transition region where the plume is
slowed down enough for the dynamical time scale to be large
enough.

2. Turbulence inside the plume: although the plume is described
like a coherent flow with well-defined radius and vertical
profile, it is in fact turbulent at small scales as explained
in Montalbán & Schatzman (2000) who suppose that tur-
bulence is generated by shear flow in the penetration zone.
In this case, the plume lifetime should be equal to a few
turnover time scales of the biggest turbulent eddies whose
the velocity and the size are about the ones of the plume,
Vb and b, respectively. The turbulent time scale, tturb, can be
then approximated by

tturb ∼
b

Vb

· (27)

For the Sun, we find tturb,⊙ ∼ 105 s, which is much lower
than the radiative time scale, but still one order of magnitude
higher than dynamical time scale. Note that this value is
close to the convective turnover time scale as predicted by
the MLT, i.e., tc ∼ 106 s at the base of the solar convective
envelope.

3. Restratification by lateral baroclinic eddies: finally, it is
worth considering the restratification phenomenon observed
in the terrestrial oceans (Jones & Marshall 1997) as a po-
tential process operating in the stellar penetration region. In
most locations in the oceans, the surface layers are stably
stratified. However, convection driven by cooling at the sea-
surface can occur in some particular region. Then, convective
plumes develop by turbulent entrainment of matter while go-
ing deep in the sea. When convection stops, the phase during
which the plume is destroyed and loses its identity is called
restratification. At this point, the density gradient between
the plume and the surrounding stable medium generates a
thermal wind. This latter is subject to a baroclinic instability
creating lateral eddies able to transfer density between both
mediums and thus able to homogenize the region. By adopt-
ing the model of Jones & Marshall (1997) to the solar case
(see Appendix A for details), the restratification time scale is
about tres ∼ 106−107s, which is in the order of magnitude of
the convective eddy turnover.

The plume lifetime is likely to be the consequence of all these
potential processes. The simple abovementioned estimates give
reasonable values in the range of 105−107 s for the Sun, i.e
around the convective turnover time scale as given by the MLT.
Thus, the plume lifetime will be considered as a parameter of
the model whose the value will be chosen to be of the order of
magnitude of the convective turnover time scale.

4. Generation of IGW by penetrative convection

4.1. Modeling the penetration zone

Penetrative convection generates IGW at the radia-
tive/convective interface and modifies the stellar equilibrium
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Fig. 2. Modeling of the interface between the radiative zone an the con-
vective zone. rb corresponds to the radius at the base of the convective
envelope as given by the Schwarzschild’s criterion, Lp is the penetra-
tion length over which the plume is decelerated and generates waves,
d denotes the extent of the transition region (where the plume velocity
is negligible compared to Vb, its value at the entry of the penetration
region) and rd is the radius at the top of the radiative zone.

stratification. Therefore, we need to model this region to prop-
erly describe the excitation process. The scenario we consider in
this work follows in part the description given by Zahn (1991).
The situation is illustrated in Fig. 2. The plume reaches the base
of the convective zone located at the radius rb as prescribed by
the Schwarzschild’s criterion. By inertia, the column of fluid
penetrates into the stably stratified zone over a penetration
length Lp. The density contrast between the plume and the
surrounding medium causes buoyancy braking and the plume
slows down, releasing a part of its kinetic energy into waves.
Indeed, as explained by Zahn (1991), since the Péclet number at
the bottom of the convective zone is very high (Pe ∼ 105−106),
advection of convective matter is more efficient than thermal
exchanges so that the plume keeps its identity. Then, it imposes
a quasi-adiabatic stratification in the penetration zone, resulting
in a nearby vanishing Brunt-Väisälä frequency N2 ≈ 0. Once
its velocity is small enough (i.e., much smaller than its value
at the entry of the penetration zone, Vb), the Péclet number
decreases and the thermalization of the plume’s material occurs
in a thermal transition region; there, the temperature gradient
switches from quasi-adiabatic one to radiative one over a
distance d. In a first approach, we merely suppose that the
Brunt-Väisälä frequency N2 increases linearly to N2

0 , the value
at the top of the radiative zone, as in the work of Lecoanet &
Quataert (2013). By this way, we aim at investigating how the
plume-induced wave energy depends on the steepness of the
transition.

4.2. Methodological approach

We now have to derive the time Fourier transform of the wave
velocity field which leads to the spectral description of the wave
energy flux through Eq. (6). For this purpose, we take the time
Fourier transform of Eq. (1) and Eq. (2). We also assume that
the oscillations are adiabatic so as to close the system. The
first-order system of two differential equations obtained can be
rewritten in the following form (see Appendix B.1 and B.2 for a
detailed derivation)

dz

dr
(r, ω) = A(r, ω)z(r, ω) + b(r, ω) (28)

where we have defined

z =

(
v̂r,l,m
v̂h,l,m

)
, b =

(
0

iF2/rω

)
, (29)

A =


2/r − g/c2

(
S 2

l
− ω2

)
r/c2

(
ω2 − N2

)
/rω2 −dr ln (ρr) − g/c2

 , (30)

where g is the gravitational acceleration, c is the sound speed,
S l is the Lamb frequency and dr ≡ d/dr is the derivative with
respect to r. The term F2 is defined by Eq. (B.12); it contains in-
formation on the spatial and temporal correlations between the
wave and the plume, and we assume that it only exists in the
penetration region where the wave driving is stronger. In this re-
gion, the inhomogeneous equations are solved using the method
of variation of parameters and using the plume description pre-
sented in Sect. 3. In the convective and radiative zones, we use
the WKB asymptotic solution for the homogeneous differential
system, which is valid in these regions contrary to the transition
region where Airy functions are considered.

To go further, we impose the continuity of the radial and hor-
izontal displacements at the top of the radiative zone in rd and
at the beginning of the transition region in rd + d. For bound-
ary conditions, we first consider a pure regressive wave propa-
gating towards the center in the radiative zone. That means we
do not consider the possible reflection of the wave in the center
of the star and so do not allow for standing waves to establish.
Finally, in the convective zone, we consider a pure evanescent
wave which is generated in the penetration zone and is damped
towards the surface.

4.3. Wave energy flux

In the following, we summarize the main results of the detailed
calculation given in Appendix B. The mean radial wave energy
flux per unit of frequency generated byN plumes for an angular
degree l and an azimuthal number m reads

Fr(r, ω, l,m) = f (γd)
N
4

√
l(l + 1
4πr2

(
N2

0 − ω2
)1/2

N2
0

e−ω
2/4ν2p

νp

BlH2
l ,

(31)

with

Hl =
1

4π

∫ rb

rb−Lp

1
ρ

d
dr

(
ρV2

0

)
ρ−1/2r−3/2

(
rb − Lp

r

)Λ
dm (32)

Bl =
1

4π

∫

Ω0

∣∣∣βm
l

∣∣∣2 dΩ0 (33)

βm
l (θ0, φ0) =

∫

Ω

e−s2
b
/b2

Ym
l

dΩ (34)

γd =

(
khdN0

ω

)2/3 N2
0 − ω2

N2
0

∼ (krd)2/3 (35)

f (x) =



1 if x < 1

D
√

x
(
1 − ω2/N2

0

)−1
if x > 1

(36)

where Λ =
√

l(l + 1), dm = 4πρr2dr, D ≈ 3.7 a numerical fac-
tor, sb = S h(rb, θ, φ; θ0, φ0) following Eq. (20) and d is the length
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of the transition region (see Fig. 2) . We can first notice that the
spectral density of wave luminosity, L = 4πr2Fr, is conserved
at each level in the star, which is the consequence of the adia-
batic hypothesis for the waves in a non-rotating star. Now, let us
discuss the different terms:

1. Hl corresponds to the wave driving term and it is represen-
tative of the instantaneous power injected into the wave in
the whole penetration zone6. It decreases with the angular
degree l since the decay length of an evanescent wave in the
penetration zone scales as Λ−1. In our model, it is also the
only term which depends on the penetration length through
the domain of integration and the plume velocity. If Lp de-
creases, the buoyancy braking is stronger and the excitation
is more efficient since the plume deposits its energy where
the evanescent wave has a higher amplitude. Inversely, if
Lp increases, the plume energy is transferred into wave on a
longer distance where the wave amplitude decreases rapidly.

2. e−ω
2/4ν2p/νp represents the temporal correlation term. The

width of the spectral envelope is around νp, which means
that the transit time at a point r of a wave packet generated
by one single plume is around 1/νp = τp, so that the as-
sumptions made in Sect. 2.2.2 are verified. An increase of
the characteristic plume lifetime causes an increase of the
spectrum amplitude but a decrease of the spectrum width. In
other words, the plume energy is transferred into higher fre-
quencies at the expense of the lower ones, but the total wave
energy is conserved since the integration of the flux over ω
does not depend on νp. This is the consequence of the hy-
pothesis of stationarity for the driving mechanism.

3. βm
l

expresses the horizontal spatial correlation between the
wave and the plume.

4. Bl corresponds to the horizontal correlation term averaged
over the angular position of the plume (θ0, φ0). Since the
plumes are supposed to be horizontally, uniformly dis-
tributed at each time, the spherical symmetry is conserved
and Bl does not depend on the azimuthal order m. This term
decreases with l since the spherical harmonics presents more
and more zeros with higher degrees. Moreover, a change
of behavior is expected when the horizontal wavelength,
λh = 2πrb/Λ, becomes smaller than plume radius, i.e., for
a degree lcrit ∼ 2πrb/b. In the case of small degrees l ≪ lcrit,
an approximated analytical expression in agreement with the
numerical integration is given by

Bl ∼
π

4

(
b

rb

)4

e−l(l+1)b2/2r2
b for l ≪ lcrit. (37)

Since the wave energy flux per unit of frequency is pro-
portional to ΛBl (neglecting the dependence of Hl with l),
Eq. (37) shows that the energy flux should be maximal for a
degree lmax ∼ rb/b.

5. f (γd) is a transmission function. It discriminates between the
limiting case of a very sharp, almost discontinuous transition
for γd ≪ 1 and the one of a smoother transition for γd ≫ 1. It
physically corresponds to the ratio of the transmission coef-
ficients in both cases. A very sharp transition has no effect on
the wave dynamics. In this case, the flux is inversely propor-
tional to the value of the Brunt-Väisälä frequency at the top
of the radiative zone, N0. That means that the higher is the

6 Indeed, the integrand in Eq. (32) is the product of a first term related
to the plume-induced vertical force per unit of mass with a second term
proportional to the radial wave velocity field, solution of the homoge-
neous wave equation in the WKB approximation.

step, the higher is the wave impedance in the radiative zone
(Press 1981) and the smaller is the wave energy transferred.
The smoother case occurs when the distance of the transition,
d, is in the same order of magnitude or larger than the radial
wavelength, so that the transition has an impact on the waves
and improves its transmission into the propagative zone. In
the special case of a linear transition profile, the transmission
of the wave energy flux is enhanced by a multiplying factor
(krd)1/3 compared to the discontinuous case, in agreement
with Lecoanet & Quataert (2013). We highlight here the ef-
fect of the steepness of the transition on the flux; this latter
depends on the slope of the Brunt-Väisälä frequency in the
transition zone which plays the role of a pseudo-impedance

Fr ∝


d

N2
0


1/3

≈
∣∣∣∣∣∣
dN2

dr

∣∣∣∣∣∣
−1/3

, (38)

so that the smoother the transition, the higher the transmis-
sion of the wave energy.

4.4. Simplified expression for the wave energy flux

Finally, it is possible to derive an approximate expression for
Eq. (31) in the whole radiative zone. This gives the advantage
of expressing the result in terms of the characteristic physical
quantities of the problem and it permits to avoid the numerical
calculations of integrals. By using Eq. (37) for l ≪ lcrit and the
assumptionH2

l
∼ rbρbV4

b
(which is valid for a penetration length

much smaller than the characteristic decay length of the evanes-
cent wave, i.e., Lp ≪ rb/Λ ), we find

Fr(r, ω, l,m) ∼ π
16

NρbV4
b

4πr2

b4

r4
b

rb

N0

e−ω
2/4ν2p

νp

√
l(l + 1)e−l(l+1)b2/2r2

b

∼ 1
4πr2

ASp

2

ρbV3
b

2
FR,l

e−ω
2/4ν2p

νp

e−l(l+1)b2/2r2
b , (39)

where Sp = πb
2 is the area occupied by a single plume, ρbV3

b
/2

represents the plume kinetic energy flux and FR,l = Vbkh,b/N0
is the Froude number at the top of the base of the convective
zone, with kh,b =

√
l(l + 1)/rb the horizontal wavenumber. This

latter represents the ratio of the advection by the mean plume
flow to the buoyancy force at the top of the radiative zone when
the plume penetrates into. In the Sun, we find FR,1 ∼ 10−3 for
l = 1. In the following Sect. 5, we will demonstrate the validity
of this expression (for a penetration length small enough) since
the major part of the wave energy flux is distributed over angular
degrees below the critical angular degree lcrit. Therefore, the im-
plementation of angular momentum transport by plume-induced
waves in a stellar evolution code will be easier using this simpli-
fied expression.

5. The solar case

In this section, we use a solar model to compute the wave energy
flux given by Eq. (31). We analyze the effects of the plume char-
acteristics on the excitation process and of the thermal transition
length, d, on the wave transmission into the radiative zone (see
Fig. 2).

5.1. Input physics

The calibrated solar model used here was obtained using the
stellar evolution code CESTAM (Marques et al. 2013), with a
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which we can rewrite as

F L13
r (ω, l) ∼ ρv3c

vckc

N0

(
kh

kc

)17/3 
H⋆

l,ω

Hp


4 (
ω

ωc

)−41/6 1
ω

(
kcN0d

ωc

)1/3

,

(46)

with ω ≥ ωc and kh ≤ kh,max(ω), where we have used vc = ωc/kc

and kc ∼ 1/Hp, the typical convective scales as given by the
MLT. We have also defined H⋆

l,ω
which depends on the character-

istic length scales of the turbulence that is considered in the exci-
tation zone (H⋆

l,ω
= αMLTHp in the case of the MLT). Lecoanet &

Quataert (2013) showed that such considerations may enhance
the wave flux by a factor two to five. The excitation model of
Lecoanet & Quataert (2013) differs from the present one by sev-
eral points:

4. The points 1 and 3 mentioned hereabove are still valid in this
case.

5. Equation (46) depends on ω and kh as power laws coming
from the assumption of a Kolmogorov’s spectrum for the
turbulence, whereas Eq. (39) depends on them as exponen-
tial laws coming from the Gaussian profile used to model the
plume velocity in the penetration region.

6. The last term in Eq. (46) is related to the effect of the ther-
mal adjustment layer of length d on the wave transmission
into the radiative zone. As a consequence, Eq. (46) is pro-
portional to (d/N2

0 )1/3, which is consistent with our model.

Finally, the expressions derived by Press (1981) and Lecoanet
& Quataert (2013) for the wave energy flux at the top of the ra-
diative zone scale as v4c whereas the plume-induced wave energy
flux depends on the plume velocity as V4

b
. With a plume velocity

one order of magnitude higher than the convective velocity in
the solar case, we can conclude that the driving by penetrative
plumes is more efficient than the excitation by turbulent eddies
at the radiative/convective boundary as in the model proposed by
Press (1981) and Lecoanet & Quataert (2013).

6.3. Efficiency of the angular momentum transport
by plume-induced IGW

IGW are able to carry angular momentum in the radiative zone
and to modify the mean rotation rate. The wave flux of angular
momentum is deduced from the wave energy flux through the
relation (Zahn 1997)

FJ(r, ω, l,m) =
m

ω
FE(r, ω, l,m). (47)

In the adiabatic case, the wave luminosity of angular momentum
is conserved through the whole star and no exchange is possi-
ble with the mean flow. However, as they propagate towards the
center of the star, IGW are radiatively damped from the top of
the radiative zone. The total wave flux of angular momentum is
deduced at each depth from the one at the top of the radiative
zone, modulated by a damping term

F T
J (r) =

∑

l,m

∫
FJ(rd, ω, l,m)e−τ(r,ω̂,l)dω. (48)

Press (1981) investigated the damping of IGW and found in the
quasi-adiabatic approximation

τ(r, ω̂, l) = [l(l + 1)]3/2
∫ rd

r

K
N3

ω̂4

(
N2

N2 − ω̂2

)1/2 dr

r3
, (49)

where K is the radiative diffusion coefficient and

ω̂(r, ω,m) = ω − mδΩ(r) (50)

is the Doppler-shifted frequency in the corotating frame, with
δΩ the differential rotation with respect to rotation rate at the
base of the convective zone. Hence, IGW can deposit angular
momentum in presence of differential rotation since prograde
waves (m > 0) and retrograde waves (m < 0) are asymmetri-
cally damped.

The transport of angular momentum follows an advective-
diffusive equation (e.g., Maeder 2009). Solving numerically the
problem is out of scope here but a preliminary study can give
some clues on the efficiency of the transport by waves. The
characteristic time scale, TL, on which IGW can affect the ro-
tation mean-flow can be estimated through (e.g., Belkacem et al.
2015a)

TL(r) ∼ ρr
2δΩ

J̇
, (51)

where J̇ represents the divergence of the total mean radial wave
flux of angular momentum

J̇ =
1
r2

∂

∂r

(
r2F T

J (r)
)
. (52)

In order to get an order of magnitude and to simplify the cal-
culation, we assume that the radiative zone rotates like a solid
body, so that δΩ is constant in the whole radiative zone. We con-
sider the case of a low differential rotation with respect to the
base of the convective zone, δΩ = 0.15 × 10−6 rad s−1 (here-
after, case l), and the case of a stronger differential rotation,
δΩ = 10−6 rad s−1 (hereafter, case s). The case l is almost sim-
ilar to the initial rotation profile in Talon et al. (2002, Fig. 3).
We assume also that the waves deposit all their angular momen-
tum when they meet a critical layer (i.e., ω̂ = 0) and that they
only travel one-way towards the core of the star. We take into
account only degrees from 1 to 50 since we consider it is rep-
resentative of the wave spectrum in both processes of excita-
tion. The frequency range of integration is taken between 1 and
6 × 10−6 rad s−1, since most of the wave energy is concentrated
in this range and since theory is uncertain below. The result is
plotted in Fig. 9.

We find that transport by plume-induced waves is able to
considerably affect the internal rotation rate in the Sun in less
than 0.1 Gyr in the case l and in less than 0.01 Myr in the case s.
Just below the convective envelope, characteristic time scale is
of the order of the year; this is the result of the rapid damp-
ing of very high degree and low frequency prograde waves; this
can generate a shear layer oscillation as obtained, for instance,
in Talon et al. (2002). In the radiative interior, plume-induced
waves can affect the rotation mean-flow on time scales about
one order of magnitude shorter than turbulence-induced ones.
Note that the core could be decelerated in less than 0.01 Gyr
in the case l and in less than 1000 yrs in the case s whatever
the excitation process is considered because the specific angular
momentum becomes weaker and weaker in the innermost layers
as it decreases as r2. Moreover, the comparison between both
cases l and s emphasizes the character of IGW which tends to
work against strong rotation rate gradients. The stronger the dif-
ferential rotation, the shorter the time scale on which IGW can
affect the rotation profile.

Therefore, we conclude that penetrative convection can gen-
erate waves able to affect the rotation profile of solar-like stars
over time scales much shorter than their lifetime on the main
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Since d plays the same role in both excitation processes, the
turbulence-induced wave energy flux is expected to be between
0.1% to 1% of the solar flux for the same range of values for
d. In the case of a linear smooth transition (γd ≫ 1), we have
seen that the wave energy flux is proportional to d1/3, so that
a decrease of one order of magnitude for d induces only a de-
crease by about a factor two for the wave energy flux. However,
the sensitivity of the wave transmission to the parameter d de-
pends on the profile of the transition. For instance, Lecoanet &
Quataert (2013) showed that the wave energy flux is actually
proportional to d in the case of a smooth hyperbolic tangent pro-
file for the Brunt-Väisälä frequency at the base of the convective
zone. It is thus more strongly sensitive to the value of d than
for a linear transition profile. At last, these results could explain
the very large wave energy flux observed in numerical simula-
tions. For example, Dintrans et al. (2005) found that IGW could
carry up to 40% of the total kinetic energy despite a very low
Péclet number at the base of the convective zone (imposed by
numerical constraints). As explained in Dintrans et al. (2005), a
low Péclet number means a weak buoyancy braking of the plume
(and so an inefficient excitation by penetrative convection), but it
also means a very smooth transition (e.g., Brummell et al. 2002)
which can considerably enhance the transmission of IGW into
the radiative zone.

Finally, despite the wide range of values considered in
Sect. 5.2 and in this section for the parameters of the excita-
tion model, the same result holds true: excitation by penetrative
convection remains more efficient than by turbulent pressure in
the Sun and generates a total wave energy flux larger than 0.1%
of the solar flux.

6.5. Limits of the model

It remains to discuss the limits of the model and the
improvements to be done in the future. First, in Sect. 6.4, we
have mentioned the dependence of the plume-induced wave en-
ergy spectrum on the parameters and the plume characteristics
by assuming that they were independent. However, the reality
is much more complex. For example, the penetration length has
been shown to depend on the filling factor and the plume veloc-
ity at the base of the convective zone. Schmitt et al. (1984) and,
later, Zahn (1991) demonstrated that Lp is in fact proportional to
A1/2V

3/2
b

. Besides, we can intuitively understand that the plume
radius and the plume lifetime must be correlated. The larger the
plume, the longer its lifetime. For instance, the characteristic de-
struction time of the plume by baroclinic eddies is proportional
to the plume radius from the model of Jones & Marshall (1997)
in Eq. (A.15).

Second, the plume characteristics are not unique and must
be distributed around mean values. This is contradictory with
the assumption that all the plumes are identical. For example,
a distribution of plume velocities at the base of the convec-
tive zone could affect the penetration length and the steepness
of the thermal transition (Rempel 2004). A distribution of the
plume parameters could also have an impact on the shape of the
wave energy spectrum at the top of the radiative zone. Numerical
simulations of convection will be essential to answer these ques-
tions. Exhaustive studies could be done by varying parameters
such as the Reynolds or the Péclet number of the simulations
in order to find scaling relations and to extrapolate to stellar
regimes.

Lastly, we have found that the total wave energy flux at the
top of the radiative zone represents one fourth of the mean plume

kinetic energy flux in the case of a smooth thermal transition
(d = 500 km). However, this result has to be taken with caution
since it accounts for very low frequencies at which the present
description is not valid. For example, physical processes like
non-adiabatic effects cannot be neglected for frequencies that are
typically lower than 10−6 rad s−1. In addition, the derived wave
transmission coefficient diverges when ω → 0 in the case of a
very smooth transition (see Fig. 7). As a consequence, the am-
plitude of the transmitted low-frequency waves rises steeply and
the linear approximation is no more valid as soon as krξr ≈ 1
and non-linear processes like wave breaking can occur. Finally,
while beyond the scope of this article, we note that the Coriolis
acceleration is to be taken into account in the modeling of the
driving processes for wave frequencies around (or lower) than
twice the internal rotation rate. This is however a challenging
task since it requires a full two-dimensional description of both
the wave field and the plume dynamics.

7. Conclusion and perspectives

In this paper, we propose a semianalytical model of excitation
of IGW by penetrative plumes. We consider the pressure exerted
by an ensemble of plumes at the radiative/convective interface
as the driving mechanism that is supposed to be random and sta-
tionary. The wave equation with source term is solved by taking
into account the thermal transition from a convective to a radia-
tive gradient at the base of the convective zone. We then deter-
mine the amplitude of the waves and investigate the effect of
the steepness of the thermal adjustment layer on the wave trans-
mission into the radiative zone. The description of the plumes
at the base of the upper convective region follows the model of
Rieutord & Zahn (1995). We thus obtain the expression of the
wave energy flux per unit of frequency in the whole radiative
zone in Eq. (31) as well as its approximated version in Eq. (39).
Finally, the model depends on four free parameters: the filling
factor, the plume lifetime, the length of penetration and the one
of the thermal transition layer.

Numerical calculations for a solar model with reasonable
values for the parameters show that the excitation by penetrative
convection is five to ten times more efficient than the driving
by turbulence in the convective zone as formulated by Kumar
et al. (1999). Moreover, we demonstrate that plume-induced
waves are able to modify the internal rotation profile of the
Sun in about 0.1 Gyr, which is more than ten times faster than
with turbulence-induced waves. Plume-induced waves are thus
able to considerably affect the internal rotation rate of solar-like
stars on times shorter than their lifetime on the main-sequence.
Furthermore, we show that these results are conservative de-
spite a wide range of values considered for the parameters of
the model.

These preliminary results on the Sun will have to be numer-
ically quantified including transport by meridional circulation
and shear-induced turbulence with plume-induced waves, and
turbulence-induced waves. The study will have to be extended
to subgiant and red giant stars with appropriate values of the
free parameters. The present excitation model enables an easy
implementation in 1D stellar evolution codes, and could be used
to investigate the redistribution of angular momentum all along
the evolution of stars taking into account transport by plume-
induced internal gravity waves as well as turbulence-induced
ones, and other mechanisms.

At last, the effect of rotation on the wave dynamics will have
to be included in order to get a more realistic view of the trans-
port by internal waves in stars. Indeed, whatever the driving
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process is, low frequency waves are affected by the Coriolis
force. Thus, it cannot be neglected and it will have an impact
on the transport by gravito-inertial waves in the radiative zone
(Mathis & Zahn 2004; Mathis 2009) and on the excitation pro-
cess (e.g., Mathis et al. 2014). Such a development represents a
theoretical challenge for the future since we will have to go be-
yond the traditional approximation for sub-inertial waves (i.e.,
ω ≤ 2Ω) and to tackle the problem in 2D, as a function of the
radial and latitudinal variables.
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Fig. A.1. Schematic view of the plume (in blue) in the penetration re-
gion, surrounded by a stable stratitfied medium. µ represents the hori-
zontal length scale of the density contrast between the two distinct parts.

Appendix A: Plume lifetime and restratification
in the Sun

We adapt the model developed by Jones & Marshall (1997) in
the penetration zone of the Sun where a lateral density contrast
exists between the plume and the surroundings. We consider a
fluid cylinder of height and radius equal to Lp and b, respectively
(see Fig. A.1)

A.1. Geostrophic wind in the solar penetration zone

Jones & Marshall (1997) investigated the restratification of con-
vective patches in the oceans for which the geostrophic ap-
proximation is valid. Under these conditions, the flows follow
the geostrophic wind equations resulting in a balance between
the pressure gradient and the Coriolis force. In order to adopt
their model to the Sun, we must first verify the validity of the
geostrophic approximation in the solar penetration zone.

1. Acceleration in the corotating frame with the base of the
convection zone must be negligible compared to the Coriolis
force, so that the Rossby number

Ro =
U

2ΩL
(A.1)

is smaller than unity, with Ω the mean angular rotation rate,
L the characteristic horizontal length scale and U the zonal
velocity in the corotating frame. In the solar tachocline case,
taking Ω ≈ 2.5× 10−6 rad s−1, L ≈ 2b ≈ 2× 104 km, we will
verify a posteriori that Ro ≪ 1 provided that U ≪ 100 m s−1.

2. Viscous stress can be neglected compared to the Coriolis
term in the equation of motion, the Ekman number

Ek =
ν

2ΩL2
, (A.2)

with ν the viscosity, is much smaller than unity. Even with a
turbulent viscosity due to local shear expected to be around
νt ∼ 106 cm2 s−1, the Ekman number stays very small.

3. Finally, the vertical length scale must be negligible com-
pared to horizontal one. In the solar case, taking Lp ≈ 0.1Hp,
Hp ≈ 5× 104 km, the pressure scale height at the base of the
convective zone, and b ≈ 104 km, the ratio is equal to

Lp

2b
≈ 10−1. (A.3)

Thus, the geostrophic approximation in the solar penetration
zone will be valid on condition that the zonal wind in the coro-
tating frame is slow enough; this will be verified a posteriori.

A.2. Plume destruction time scale by geostrophic eddies
(Jones & Marshall 1997)

By assuming vertical hydrostatic balance (which is possible in-
side the plume if we consider an almost uniform and stationary
flow), we can then use the thermal wind equation

u =
1
fρ

k × ∇h p

∂u

∂z
=
g

fρ
k × ∇hρ, (A.4)

where f = 2 sin θΩ is the Coriolis parameter, ρ the density, p
the pressure and k the unit vector perpendicular to the surface of
the sphere. The density contrast δρ between the plume and the
surrounding medium creates a vertical shear, which obeys to

∂u

∂z
≈ g

fµ

δρ

ρ
= − 1

fµ
δb, (A.5)

where µ is the horizontal length scale on which density ex-
changes take place and δb = −gδρ/ρ represents buoyancy ac-
celeration. To go further, we use a first order expansion at z ∼ Lp

of δb,

δb ≈ (δb)Lp
+

(
dδb
dz

)

Lp

(z − Lp) = −N2
t Lp

(
z

Lp

− 1
)
, (A.6)

where we impose (δb)Lp
= 0 and we note

(
dδb
dz

)

Lp

= −N2
t , (A.7)

with N2
t the mean Brunt-Väisälä frequency in the penetration

zone. By injecting Eq. (A.6) in Eq. (A.5), we obtain the zonal
wind as a function of the altitude

u =
N2

t L2
p

fµ


z2

2L2
p

− z

Lp

+
1
3

 , (A.8)

where the constant of integration is chosen to satisfy∫ Lp

0
u(z)dz = 0. Jones & Marshall (1997) showed that the ther-

mal wind undergoes a baroclinic instability when the radius
of the fluid column is longer than the Rossby length scale of
deformation

LD ≈
NtLp

f
· (A.9)

In the penetration zone, injection of convective material imposes
a quasi-adiabatic gradient before reaching a radiative regime
where the Brunt-Väisälä frequency reaches N0 ≈ 300 µHz.
Hence, we can estimate Nt ∼ 1−10 µHz. With Lp ∼ 0.1Hp,
we find LD ≈ 102−103 km ≤ b and the fluid column in the Sun
undergoes a baroclinic instability. Moreover, at z = 0 , we find

u(z = 0) =
NtLp

3
LD

µ
· (A.10)

We then assume that the density exchanges take place on a more
expanded length scale than the Rossby radius of deformation, so
µ ≥ LD. Therefore, u(z = 0) ≤ 10 m s−1, the Rossby number
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Ro ≪ 1 and we verify a posteriori the thermal wind approxima-
tion (cf. paragraph on Rossby number Eq. (A.1)).

By conservation of potential buoyancy, δb is conserved in
the cylinder of fluid, where the bar denotes time average over
a characteristic time scale. Let u be the eddies-induced velocity
field. The Reynolds transport theorem enables us to write

∂

∂t



∫

cylinder

(δb) dV

 = 2πb
∫ Lp

0
(δb) u · ndz, (A.11)

where n is the unit vector perpendicular to the lateral surface and
where we have neglected the contribution of the buoyancy fluxes
through the top and the bottom of the cylinder. To go further, we
suppose

(δb) u · n = ce(δb)uz= 0, (A.12)

with ce representing the efficiency coefficient of the transport by
geostrophic eddies. The right-hand side of Eq. (A.12) becomes
after integration

2πb
∫ Lp

0
(δb) u · ndz = 2πb

ceN3
t L3

p

6
LD

µ
· (A.13)

The left-hand side of Eq. (A.12) gives

∂

∂t



∫

cylinder

(δb) dV

 ≈
1
τres

πb2N2
t L2

p

2
, (A.14)

whence we can deduce the restratification time scale

τres ≈
3
2

b

ceNtLp

µ

LD

· (A.15)

From numerical experiments and observations, Jones &
Marshall (1997) derived ce = 0.027 in the case of the oceans.
Given the lack of knowledge about this process in the Sun, we
use this value to estimate the plume lifetime in our case. We find
tres ∼ 106−107 s with µ ∼ LD, i.e νp = 1/τp ∼ 0.1−1 µHz.
Note that this value is of the same order of magnitude than the
turnover convective frequency, ωc = vc/lc, as given by the MLT
in a standard model, with vc the convective velocity and lc the
mixing length.

Appendix B: Derivation of the wave energy flux

In the following, we detail the derivation of the wave power
spectrum in the radiative zone. We will focus on the pressure
due to convective plumes as driving mechanism in the penetra-
tion zone, and we will take into account the effect of the thermal
transition on the transmission of the generated waves, as illus-
trated in Fig. 2.

B.1. Adiabatic wave equation with source term

As explained in Sect. 2.1, the total velocity field is split into a
wave component u and a plume component Vp. We neglect the
non-linear wave term ∇ · (ρu⊗ u) and the plume-related coupling
terms, like ∇ · (ρVp ⊗ u). We also assume that the time variation
of the plume impulsion in the penetration zone, ∂t(ρVp), does
not participate into the excitation of the wave, and that the plume
destruction is mainly due to instabilities and turbulent motions in

this region. The equations of dynamics are then given by Eq. (1)
and Eq. (2).

To go further, we adapt the procedure used by Unno et al.
(1989) in order to include the forcing term and the continuous
frequency spectrum of the plume-induced wave packet. We in-
troduce the Lagrangian wave displacement vector ξ(r, t) related
to the wave velocity field by u = ∂tξ. The Eulerian perturbations
are decomposed onto the spherical harmonics, like the wave ve-
locity field in Eq. (13) or, for example, the radial Lagrangian
displacement

ξr(r, t) =
∑

l,m

ξr,l,m(r, t)Ym
l (θ, φ). (B.1)

Deriving the spectral density of the wave specific energy Eq. (12)
requires the computation of the time Fourier transform of the
wave velocity field. By taking the time Fourier transform of
Eqs. (1) and (2) and using the fact that spatial differential op-
erators commute with time Fourier transform, we obtain

−ω2ξ̂ +
∇p̂′

ρ
− ρ̂

′

ρ
g = −TF

[
1
ρ
∇ ·

(
ρVp ⊗ Vp

)]
(B.2)

δρ̂

ρ
+ ∇ · ξ̂ = 0. (B.3)

The horizontal part of Eq. (B.2) enables to link the horizontal
displacement vector ξ̂h,l,m to p̂′

l,m
and the horizontal part of the

forcing term

ξ̂h =
1
ω2

{
∇⊥

(
p̂′

ρ

)
+ TF

[
1
ρ

(
∇ ·

(
ρVp ⊗ Vp

))
⊥

]}
, (B.4)

with ∇⊥ the horizontal nabla operator. To continue, we proceed
in the same way than Unno et al. (1989, Eq. (13.40)). We com-
pute the horizontal divergence of Eq. (B.2) and replace ∇⊥ · ξ̂h

from Eq. (B.3) to find

δρ̂

ρ
+

1
r2

∂

∂r

(
r2ξ̂r

)
+∇2

⊥

(
p̂′

ρω2

)
=− 1
ω2
∇⊥·

{
TF

[
1
ρ
∇·(ρVp⊗Vp)

]}

(B.5)

Using the adiabatic closure hypothesis (in Fourier space),

δρ̂ = δ p̂/c2 = ( p̂′ − ρgξ̂r)/c2, (B.6)

and the decomposition onto spherical harmonics Eq. (B.1),
Eq. (B.5) can be rewritten

∑

l,m


1
r2

d
dr

(
r2ξ̂r,l,m

)
− g

c2
ξ̂r,l,m +

1 −
S 2

l

ω2


p̂′

l,m

ρc2

 Ym
l (θ, φ) =

− 1
ω2
∇⊥ ·

{
TF

[
1
ρ
∇ · (ρVp ⊗ Vp)

]}
. (B.7)

Similarly, using ρ̂′ = δρ̂ − ξr∇ρ and Eq. (B.6), the radial part of
Eq. (B.2) becomes

∑

l,m

[
1
ρ

dp̂′
l,m

dr
+
g

ρc2
p̂′l,m + (N2 − ω2)ξ̂r,l,m

]
Ym

l (θ, φ) =

− er · TF
[
1
ρ
∇ · (ρVp ⊗ Vp)

]
, (B.8)
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with c the sound speed, S l the Lamb frequency and N the
Brunt-Väisälä frequency. After projecting onto Ym

l
(θ, φ), we ob-

tain a first-order linear system of two differential equations for
ξ̂r,l,m(r, ω) and p̂′

l,m
(r, ω)

1
r2

d
dr

(
r2ξ̂r,l,m

)
− g

c2
ξ̂r,l,m +

1 −
S 2

l

ω2


p̂′

l,m

ρc2
= F1 (B.9)

1
ρ

d p̂′
l,m

dr
+
g

ρc2
p̂′l,m + (N2 − ω2)ξ̂r,l,m = F2. (B.10)

The differential system is similar to Eq. (14.2) and (14.3) in
Unno et al. (1989), with the additional right-hand side source
terms F1 and F2, given by

F1 = −
∫

1
ω2
∇⊥ ·

{
TF

[
1
ρ
∇ · (ρVp ⊗ Vp)

]}
Ym

l
dΩ (B.11)

F2 = −
∫

er · TF
[
1
ρ
∇ · (ρVp ⊗ Vp)

]
Ym

l
dΩ, (B.12)

with the solid angle given by dΩ = sin θdθdφ.

B.2. Modeling of the source term in the wave equation

Considering the velocity profile in Eq. (19), the pressure gradient
due to a single plume is given by

∇ · (ρVp ⊗ Vp) = e−2ν2pt2

[
∂

∂r
+

2
r

] (
ρV2

0 e−S 2
h
/b2)

er. (B.13)

We assume that the radius at the interface, rb, is much larger than
the penetration length, Lp ≪ rb. Hence, the operator 2/r can be
neglected compared to ∂r, and the radius is taken constant in this
region. Therefore, using Eq. (B.13), Eq. (B.12) can be written as

F2 = −
α(ω)
ρ
βm

l

d
dr

(
ρV2

0

)
, (B.14)

where we have defined

α(ω) = TF
[
e−2ν2pt2]

=

√
π

2
e−ω

2/8ν2p

νp

(B.15)

βm
l =

∫
e−s2

b
/b2

Ym
l

dΩ = βm
l (θ0, φ0), (B.16)

with sb = S h(rb, θ, φ; θ0, φ0) following Eq. (20). We also find that
Eq. (B.11) cancels, F1 = 0, since Eq. (B.13) is collinear with
the radial direction. For the same reason, using Eq. (B.13) in
Eq. (B.4), we see that the toroidal part of the displacement vector
is null, ξT,l,m = 0, and that the poloidal part, renamed ξ̂h,l,m, is
linked to the perturbation of pressure through the expression

ξ̂P,l,m(r, ω) = ξ̂h,l,m(r, ω) =
p̂′

l,m
(r, ω)

ρrω2
· (B.17)

Finally, Eqs. (B.9) and (B.10) can be rewritten in the form of the
following non-homogeneous first-order differential system

dz

dr
(r, ω) = A(r, ω)z(r, ω) + b(r, ω), (B.18)

where z, b and A are given by Eq. (29) and Eq. (30).

B.3. Homogeneous equation

To solve the homogeneous differential system, i.e., Eq. (B.18)
with b = 0, we use the change of variables (Unno et al. 1989)

vl,m(r) = ρ1/2rc

∣∣∣∣∣∣
S 2

l

ω2
− 1

∣∣∣∣∣∣

−1/2

ξ̂r,l,m (B.19)

wl,m(r) = ρ−1/2r
∣∣∣N2 − ω2

∣∣∣−1/2
p̂′l,m. (B.20)

This leads to a more tractable second-order differential linear
equation for vl,m

d2vl,m

dr2
+ k2

r vl,m = 0, (B.21)

with kr given by Eq. (18) and where we have neglected the term
f (P) in Eq. (16.11) of Unno et al. (1989). Therefore, ξ̂r,l,m is
obtained through Eq. (B.19) by solving Eq. (B.21), and ξ̂h,l,m is
deduced from Eq. (B.17), Eq. (B.20) and the relation

wl,m(r) ≈ sgn(S 2
l − ω2)|kr |−1 dvl,m

dr
(B.22)

which comes from Eq. (B.7). This approach will be used in the
following paragraphs to find the two linearly independent solu-
tions (subscript 1 or 2) of the homogeneous differential system
for each region: the quasi-adiabatic region, composed of the pen-
etration zone and the convective zone, the transition region and
the radiative interior (see Fig. 2).

B.3.1 Quasi-adiabatic region (rb − Lp ≤ r )

In the convective zone and the penetration zone, we assume
that the temperature gradient is quasi-adiabatic, N2 ∼ 0 and
the waves are evanescent. In this region, the WKB solutions of
Eq. (B.21) are a good approximation. The wave functions, za

1
and za

2, in the quasi-adiabatic region (superscript a) are then es-
timated up to a constant by


za
1,r

za
1,h

 = iρ−1/2r−3/2

(
r

rb − Lp

)Λ 
Λ1/2

Λ−1/2

 (B.23)


za

2,r

za
2,h

 = iρ−1/2r−3/2

(
rb − Lp

r

)Λ 
Λ1/2

−Λ−1/2

 , (B.24)

where the subscripts r and h refer to the radial and horizontal
components of the vectors, rb is the radius of the base of the
convective zone (as prescribed by the Schwarzschild’s criterion),
Lp is the penetration length and Λ =

√
l(l + 1).

B.3.2 Radiative interior (r ≤ rd )

In the same way, in the radiative zone (superscript r), propaga-
tive waves are estimated with the WKB solutions of Eq. (B.21).
The inward and outward wave functions, zr

1 and zr
2, are respec-

tively given up to a constant by


zr

1,r

zr
1,h

 = iρ−1/2r−3/2 exp
(
−i

∫ rd

r

krdr

) 
Λ1/2

(
N2

ω2 − 1
)−1/4

iΛ−1/2
(

N2

ω2 − 1
)1/4



(B.25)


zr
2,r

zr
2,h

 = iρ−1/2r−3/2 exp
(
+i

∫ rd

r

krdr

) 
Λ1/2

(
N2

ω2 − 1
)−1/4

−iΛ−1/2
(

N2

ω2 − 1
)1/4



(B.26)
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where rd represents the radius at the top of the radiative zone
rd = rb − Lp − d.

B.3.3 Thermal transition layer (rd ≤ r ≤ rb − Lp)

Once the plume is slowed down enough, radiative diffusion can
operates efficiently. In this so-called thermal adjustment layer,
the temperature gradient undergoes a transition from a quasi-
adiabatic gradient to a radiative one. We follow here the work of
Lecoanet & Quataert (2013) and assume that the Brunt-Väisälä
frequency varies linearly in the layer (Fig. 2)

N2 = −
N2

0

d

(
z′ − d

2

)
, (B.27)

with z′ = r−(rb−Lp)+d/2. By injecting Eq. (B.27) in the expres-
sion of the radial wavenumber Eq. (18), Eq. (B.21) becomes:

d2vl,m

dz′2
+

−
k2

h
N2

0

ω2d
z′ +

k2
h
N2

0

ω2d

d(N2
0−2ω2)

2N2
0

 vl,m = 0. (B.28)

As in Lecoanet & Quataert (2013), we define

K1 =
k2

h
N2

0

dω2
(B.29)

zt =
d(N2

0−2ω2)

2N2
0

, (B.30)

with zt the wave turning point (where N2 = ω2) and kh ≈ Λ/rb

the horizontal wavelength, supposed to be constant in the transi-
tion layer. Then, using the change of variable χ = K1/3(z′ − zt),
we find that Eq. (B.28) verifies the equation of Airy:

d2vl,m

dχ2
− χvl,m = 0, (B.31)

whose the solution is a linear combination of the Airy functions
Ai(χ) and Bi(χ). To determine the horizontal part ξ̂h,l,m, we use
Eq. (B.22) that can be written as a function of the variable χ

wl,m =
1

K
1/3
1 |χ|1/2

dχ
dr

dvl,m
dχ
=

1
|χ|1/2

dvl,m
dχ
· (B.32)

Therefore, the two linearly independent7 solutions of the homo-
geneous wave equation, zt

1 and zt
2, in the transition layer (super-

script t) read up to a constant


zt

1,r

zt
1,h

 = iρ−1/2r−2



√
l(l + 1)Ai(χ)

K
1/3
1
kh

dAi

dχ (χ)

 (B.33)


zt

2,r

zt
2,h

 = iρ−1/2r−2



√
l(l + 1)Bi(χ)

K
1/3
1
kh

dBi

dχ (χ)

 . (B.34)

7 The Wronskian W of zt
1 and zt

2 is equal to

W = −ρ−1r−3K
1/3
1

(
Ai(χ)

dBi

dχ
(χ) − Bi(χ)

dAi

dχ
(χ)

)
= −ρ−1r−3K

1/3
1

1
π

which is a non-zero value whatever the radius is, meaning that they are
well linearly independent.

B.4. Particular solution of the non-homogeneous system

We suppose that wave driving occurs exclusively in the penetra-
tion zone where buoyancy braking is the strongest (i.e., b , 0
for rb − Lp < r < rb). We derive a particular solution of the
non-homogeneous system thanks to the method of variation of
parameters. In the quasi-adiabatic region (rb ≤ r), we search a
solution in the form of

za
0(r) = µ(r)za

1(r) + λ(r)za
2(r). (B.35)

By injecting Eq. (B.35) in Eq. (B.18), the functions µ and λmust
verify the linear system

dµ
dr

za
1 +

dλ
dr

za
2 = b (B.36)

whose the solution is obtained by using the Cramer’s rule

dµ
dr
=

−za
2,rb

za
1,rz

a
2,h − za

2,rz
a
1,h

(B.37)

dλ
dr
=

za
1,rb

za
1,rz

a
2,h − za

2,rz
a
1,h

, (B.38)

where b = iF2/rω. From Eqs. (B.14), (B.23) and (B.24), inte-
gration leads to

µ(r) =
α(ω)
2ω
βl,mΛ

1/2
∫ rb

r

d
dr

(
ρV2

0

)
ρ−1/2r1/2

(
rb − Lp

r

)Λ
dr

(B.39)

λ(r) = −α(ω)
2ω
βl,mΛ

1/2
∫ rb

r

d
dr

(
ρV2

0

)
ρ−1/2r1/2

(
r

rb − Lp

)Λ
dr

(B.40)

where α(ω) and βm
l

are given by Eq. (B.15) and Eq. (B.16), and
where we have arbitrarily chosen µ(rb) = λ(rb) = 0.

B.5. General solution and boundary conditions

The general wave function is obtained by ensuring the continu-
ity of the radial and the horizontal displacements at the limits
between each region. We have also to consider two boundary
conditions which are taken at surface and at the center of the
star. In the quasi-adiabatic region (rb − Lp ≤ r), the general so-
lution z reads

z = A1 za
1 + A2 za

2 + za
0(r). (B.41)

We impose A1 = 0, since we assume that there is no evanescent
inward component coming from the surface of the star. In the
transition layer (rd ≤ r ≤ rb − Lp), the general solution reads

z = C1 zt
1 +C2 zt

2, (B.42)

and in the radiative interior (r ≤ rd),

z = B1 zr
1 + B2 zr

2. (B.43)

We choose B2 = 0 because we only consider the inward compo-
nent of the wave (travelling towards the center). In other words,
we suppose that the waves will be damped before being reflected
in the core, so that the emergence of modes is not allowed.
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B.6. Continuity of the wave function

To derive the wave energy flux at the top of the radiative zone
(r = rd), we need to determine the modulus of the constant B1.
By imposing the continuity of the radial and the horizontal dis-
placement (which is equivalent to continuity of the perturbation
of pressure) at the points rp = rb − Lp and rd, we get four lin-
ear equations linking B1 to A2, C1 and C2, so that we close the
system.

At the point r = rp, corresponding to z′ = d/2 in Eq. (B.27),
the argument of the Airy functions is equal to

χp = χ(rp) =


khdω2

N2
0


2/3

≪ 1, (B.44)

since khd ≤ 1 and ω/N0 ≪ 1. Therefore, we can use the first-
order Taylor expansion at 0 of the functions Ai(χ) et Bi(χ) and
their derivatives8

vl,m = C′1 +C′2χ + O
(
χ3

)
(B.45)

dvl,m
dχ
= C′2 + O

(
χ2

)
, (B.46)

where C′1 and C′2 are linked to C1 and C2 following the Taylor
expansion of the Airy functions

C1 =
32/3

2
Γ(2/3)Γ(1/3)

(
C′1
Γ(1/3)

−
C′2

31/3Γ(2/3)

)
(B.47)

C2 =
31/6

2
Γ(2/3)Γ(1/3)

(
C′1
Γ(1/3)

+
C′2

31/3Γ(2/3)

)
· (B.48)

The continuity at the radius rp between the adiabatic region to
the transition layer yields to

µp za
1(rp) + λp za

2(rp) + A2 za
2(rp) = C1 zt

1(rp) +C2 zt
2(rp), (B.49)

where µp = µ(rp) and λp = λ(rp). The second line of the system
Eq. (B.49) gives

C′2 =
k

1/2
h

K
1/3
1

[
µp − (λp + A2)

]
. (B.50)

Using Eq. (B.50) in the first line of Eq. (B.49), we obtain

C′1 = k
−1/2
h

µp

1 −
khdω2

N2
0

 + (λp + A2)

1 +
khdω2

N2
0


 (B.51)

At the point r = rd (z′ = −d/2), the argument of the Airy func-
tions is equal to

χd = χ(rd) = −
(

khdN0

ω

)2/3 N2
0 − ω2

N2
0

, (B.52)

and the continuity condition between the top of the radiative
zone and the transition layer at rd yields

B1 zr
1(rd) = C1 zt

1(rd) +C2 zt
2(rd). (B.53)

8 Note that A′i
′(0) = B′i

′(0) = 0, so that the first-order Taylor expansion
of the derivatives of the Airy functions around 0 is equal to their zero-
order Taylor expansion.

B.6.1 Case of a sharp transition

In the case of a sharp transition, i.e |χd | ≪ 1, we can use again the
first order Taylor expansion of the Airy functions. The second
line of the system Eq. (B.53) gives directly C′2 as a function of B1

C′2 = i
k

1/2
h

K
1/3
1


N2

0

ω2
− 1


1/4

B1. (B.54)

Then, using Eqs. (B.54) and (B.50), we can deduce A2

A2 = −iB1


N2

0

ω2
− 1


1/4

+ µp − λp. (B.55)

Now, Eq. (B.51) enables us to determine C′1 as a function of B1
by replacing A2 by Eq. (B.55)

C′1 = k
−1/2
h

2µp − iB1


N2

0

ω2
− 1


1/4 1 +

khdω2

N2
0



 · (B.56)

To go further, C′1 and C′2 are replaced by Eqs. (B.56) and (B.54)
in the first line of the system Eq. (B.53) to obtain B1

B1 = 2µp


N2

0

ω2
− 1


1/4 1 + i


N2

0

ω2
− 1


1/2

(1 + khd)



−1

. (B.57)

In the case of a sharp transition, we have khd ≪ 1, and the mod-
ulus square of B1 is finally given by

|B1|2 ≈ 4|µp|2


N2
0

ω2
− 1


1/2
ω2

N2
0

· (B.58)

B.6.2 Case of a smooth transition

We focus now on the case of a smooth transition, i.e., |χd | ≫ 1,
which is equivalent to krd ≫ 1. We use the asymptotic expansion
of the Airy functions and the one of their derivatives for x→ +∞

Ai(−x) ∼ x−1/2B′i(−x) ∼ x−1/4

√
π

sin
(

2
3

x3/2 +
π

4

)
(B.59)

Bi(−x) ∼ −x−1/2A′i(−x) ∼ x−1/4

√
π

cos
(

2
3

x3/2 +
π

4

)
· (B.60)

Using Eq. (B.59), Eq. (B.60) and the relation |kr | = K
1/3
1 |χ|1/2,

Eq. (B.53) can be rewritten as

B1 = K
1/6
1 |χd |1/4

[
C1Ai(χd) +C2Bi(χd)

]
(B.61)

iB1 = K
1/6
1 |χd |1/4

[−C1Bi(χd) +C2Ai(χd)
]
. (B.62)

After some algebra, we find

B1 = K
1/6
1 |χd |−1/4 C2

π

[
Bi(χd) + iAi(χd)

]−1 (B.63)

B1 = K
1/6
1 |χd |−1/4 C1

π

[
Ai(χd) − iBi(χd)

]−1
. (B.64)

By computing the modulus of Eqs. (B.63) and (B.64), and divid-
ing Eqs. (B.63) by (B.64), we obtain

|B1|2 = K
1/3
1 |C1|2 = K

1/3
1 |C2|2 (B.65)

C2

C1
= +i. (B.66)
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To go further, we inject Eqs. (B.51) and (B.50) into Eqs. (B.47)
and (B.48), and we calculate9

−C1 +
√

3C2 = −2C1e−iπ/3

=
2π

31/6Γ(2/3)

k
1/2
h

K
1/3
1

{
µp − (λp + A2)

}
(B.67)

C1 +
√

3C2 = 2C1e+iπ/3

=
2π31/6

Γ(1/3)
k
−1/2
h

µp

1 −
khdω2

N2
0



+(λp + A2)

1 +
khdω2

N2
0


 · (B.68)

Using Eq. (B.67), we get A2 as a function of C1 that we reinject
into Eq. (B.68) to find

C1e+iπ/3

1−31/3e−2iπ/3 Γ(2/3)
Γ(1/3)

K
1/3
1

kh

1 +
khdω2

N2
0


 =

2π31/6

Γ(1/3)
k
−1/2
h
µp. (B.69)

Finally, we can assume

K
1/3
1

kh

=


N2

0

khdω2


1/3

≫ 1, (B.70)

and we compute the absolute square of Eq. (B.69) to obtain, us-
ing Eq. (B.65),

|B1|2 ≈
(

3−1/6π

Γ(2/3)

)2

4|µp|2


khdω2

N2
0


1/3

. (B.71)

Thus, we find a similar expression for |B1|2 to what we obtained
in the case of a sharp transition. They differ from each other
according to a structural factor, corresponding to the ratio of the
transmission coefficients in both cases,

(
|B1|2

)
smooth

= D

(
khdN0

ω

)1/3 
N2

0

N2
0 − ω2


1/2 (
|B1|2

)
sharp

∼ D (krd)1/3
(
|B1|2

)
sharp
, (B.72)

9 We used the equality Γ(1/3)Γ(2/3) = 2π/
√

3.

where D is a numerical factor

D =

(
3−1/6π

Γ(2/3)

)2

∼ 3.7. (B.73)

B.7. Final expression for the wave energy flux

In the radiative zone, the wave function is equal to B1 zr
1. Then,

using Eq. (B.25), Eq. (15) becomes

Ẽl,m(r, ω) =
νp

8π2
ρ

∫

Ω0

{∣∣∣v̂r,l,m
∣∣∣2 + l(l + 1)

∣∣∣v̂h,l,m
∣∣∣2
} dΩ0

4π
, (B.74)

=
νp

8π2

√
l(l + 1
r3

N2

ω2

(
N2

ω2
− 1

)−1/2 ∫

Ω0

|B1|2
dΩ0

4π
·

(B.75)

Given Eqs. (16) and (17), the mean radial wave energy flux reads

Fr(r, ω, l,m) = N
νp

8π2

ω

r2

∫

Ω0

|B1|2
dΩ0

4π
· (B.76)

In the case of a sharp transition, using Eqs. (B.58), (B.39), (B.15)
and (B.16), (B.76) becomes

Fr(r, ω, l,m) =
N
4

√
l(l + 1
4πr2

(
N2

0 − ω2
)1/2

N2
0

e−ω
2/4ν2p

νp

Bm
l H2

l , (B.77)

where we have defined

Bm
l =

1
4π

∫ ∣∣∣βm
l

∣∣∣2 sin θ0dθ0dφ0 (B.78)

Hl =

∫ rb

rb−Lp

d
dr

(
ρV2

0

)
ρ−1/2r1/2

(
rb − Lp

r

)Λ
dr. (B.79)

In the case of a smoother transition, the derivation is similar and
simple if we use Eq. (B.72), so that we obtain

Fr,smooth = D

(
khdN0

ω

)1/3 
N2

0

N2
0 − ω2


1/2

Fr,sharp. (B.80)
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tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡st ❣r❛♥❞❡♠❡♥t s✐♠♣❧✐✜é ♣❛r ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❡
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♣❧✉s ❢♦rt❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡ q✉❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ t♦✉t❡
✐♥❤♦♠♦❣é♥é✐té q✉✐ ❡st ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❝réé❡ ❞❛♥s ❧❡ ♣❧❛♥ ❤♦r✐③♦♥t❛❧ ♣❛r ❧❡s ❝♦✉r❛♥ts ♠ér✐❞✐❡♥s
s♦♥t r❛♣✐❞❡♠❡♥t ❡✛❛❝é❡s s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ▲❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♣❡✉t ❞♦♥❝ êtr❡ s✉♣♣♦sé
à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t ♥❡ ❞é♣❡♥❞r❡ q✉❡ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ r❛❞✐❛❧❡✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❡st ♥♦t❛♠♠❡♥t
s♦✉t❡♥✉❡ ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞✉ ❙♦❧❡✐❧ ❡t ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬✉♥❡
ré❣✐♦♥ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❢❛✐❜❧❡ é♣❛✐ss❡✉r à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛♣♣❡❧é❡ t❛❝❤♦❝❧✐♥❡✱ q✉✐ ❢❛✐t
❧❡ ❧✐❡♥ ❡♥tr❡ ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❞❛♥s ❧✬✐♥tér✐❡✉r r❛❞✐❛t✐❢ ❡t ✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❧❛t✐t✉❞❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡s tr❛✈❛✉① ❞❡ ❙♣✐❡❣❡❧ ✫ ❩❛❤♥ ✭✶✾✾✷✮ ♦♥t
♠♦♥tré q✉✬✉♥❡ ❢♦rt❡ ✈❛❧❡✉r ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡
❡st ✉♥❡ s♦❧✉t✐♦♥ ❡♥✈✐s❛❣❡❛❜❧❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡ ❢♦rt ❝♦♥✜♥❡♠❡♥t ❞❡ ❧❛ t❛❝❤♦❝❧✐♥❡ ❡t ❡♠♣ê❝❤❡r ❝❡tt❡
ré❣✐♦♥ ❞❡ s✬ét❛❧❡r s♣❛t✐❛❧❡♠❡♥t ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥✳

❊♥ ♣❧✉s ❞❡ ❝❡tt❡ s✐♠♣❧✐✜❝❛t✐♦♥✱ ✉♥ tr❛✐t❡♠❡♥t ❝♦rr❡❝t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡
❡t ❧❡s ♦♥❞❡s ❡st ♣♦ss✐❜❧❡ ♣❛r ❧❡ ❢♦r♠❛❧✐s♠❡ ❊✉❧ér✐❡♥ ❡♥ ♠♦②❡♥♥❡ ③♦♥❛❧❡ ♦✉ ❛③✐♠✉t❛❧❡ ✭♦✉ ❚❊▼ ♣♦✉r
❚r❛♥s❢♦r♠ ❊✉❧❡r✐❛♥ ▼❡❛♥✮ ✐♥tr♦❞✉✐t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❣é♦♣❤②s✐q✉❡ ♣❛r ❆♥❞r❡✇s ✫ ▼❝■♥t②r❡ ✭✶✾✼✻✱
✶✾✼✽❛✮✳ ❈❡ ❢♦r♠❛❧✐s♠❡ ❛ ♥♦t❛♠♠❡♥t ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣r❡♥❞r❡ r✐❣♦✉r❡✉s❡♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝♦✉♣❧❛❣❡
❡♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✳ ❘é❝❡♠♠❡♥t✱ ❇❡❧✲
❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✺❜✱❛✮ ♦♥t r❡♣r✐s ❝❡ ❢♦r♠❛❧✐s♠❡ ♣♦✉r ét✉❞✐❡r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r
❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❡ t②♣❡ s❤❡❧❧✉❧❛r✳
❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡✱ ♥♦té❡ Ω(r, t)✱ ❡st ❞♦♥♥é❡ à ❧✬♦r❞r❡
❞♦♠✐♥❛♥t✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❧✬✐♥✢✉❡♥❝❡ ❞❡ t♦✉t ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣❛r

ρ
❞
❞t

(
r2Ω

)
= − 1

r2
∂

∂r

(
r2[Fcirc + Fturb + FJ,w]

)
+ J̇ext ✱ ✭✼✳✶✮

♦ù d/dt = ∂/∂t + ṙ∂/∂r ❡st ❧❛ ❞ér✐✈é❡ ♣❛rt✐❝✉❧❛✐r❡ ▲❛❣r❛♥❣✐❡♥♥❡✱ ṙ ❡st ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥tr❛❝t✐♦♥
♦✉ ❞✬❡①♣❛♥s✐♦♥✱ Fcirc ❡st ✉♥ t❡r♠❡ ❞✬❛❞✈❡❝t✐♦♥ ♣❛r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ Fturb ❡st ✉♥ t❡r♠❡
❞❡ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡✱ J̇ext ❝♦rr❡s♣♦♥❞ ❛✉① t❡r♠❡s ❞❡ ♣❡rt❡ ♦✉ ❞❡ ❣❛✐♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡♥
s✉r❢❛❝❡ ✭✈❡♥ts st❡❧❧❛✐r❡s✱ ❛❝❝rét✐♦♥✱✳✳✳✮✱ ❡t FJ,w ❡st ❧❡ ✢✉① ♠♦②❡♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s
❞♦♥t ❧✬❡①♣r❡ss✐♦♥ ❝♦♠♣❧èt❡ ❡st ❞♦♥♥é❡ ♣❛r

FJ,w =

〈
ρr sin θ

(
vφvr + 2 cos θΩvθs

′
[
❞〈s〉
❞r

]−1
)〉

✱ ✭✼✳✷✮

❛✈❡❝ 〈〉 r❡♣rés❡♥t❛♥t ❧❛ ♠♦②❡♥♥❡ s✉r ❧✬❛♥❣❧❡ s♦❧✐❞❡ ❞é✜♥✐❡ ♣♦✉r t♦✉t❡ q✉❛♥t✐té X ♣❛r

〈X〉(r) = 1

4π

∫∫
X(r, θ, φ) sin θdθdφ ✳ ✭✼✳✸✮

❉❛♥s ❊q✳ ✭✼✳✷✮✱ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❝♦rr❡s♣♦♥❞ ❛✉ str❡ss ❞❡ ❘❡②♥♦❧❞s ❡①❡r❝é
♣❛r ❧❡s ♦♥❞❡s✱ éq✉✐✈❛❧❡♥t à ❧✬❡①♣r❡ss✐♦♥ tr♦✉✈é❡ ❞❛♥s ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ ❙❡❝t✐♦♥ ✺✳✸✳✷ ❡♥ ❝♦♦r❞♦♥♥é❡s
❈❛rtés✐❡♥♥❡s✳ ❆ ❝❡❧✉✐✲❝✐ s✬❛❥♦✉t❡ ✉♥ t❡r♠❡ ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ❢♦r❝❡ ✐♥❡rt✐❡❧❧❡ ❞❡ ❈♦r✐♦❧✐s ❞❛♥s ✉♥
ré❢ér❡♥t✐❡❧ t♦✉r♥❛♥t ❡t q✉✐ s❡r❛ ♥é❣❧✐❣é ♣♦✉r s✐♠♣❧✐✜❡r ❞❛♥s t♦✉t❡ ❧❛ s✉✐t❡ ❞✉ ❝❤❛♣✐tr❡✳

✼✳✶✳✷ ➱❝❤❡❧❧❡s ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ❛ss♦❝✐é❡s ❛✉ tr❛♥s♣♦rt

P♦✉r ❡st✐♠❡r ❧❡ ♣♦✐❞s ❞❡ ❝❤❛q✉❡ t❡r♠❡ ❞❛♥s ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✼✳✶✮✱ ✐❧ ❡st ♣r❛t✐q✉❡ ❞❡
❞é✜♥✐r ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❛ss♦❝✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❝❤❛❝✉♥ ❞❡ ❝❡s ♣r♦❝❡ss✉s✳ ❉❡✉①
❞✬❡♥tr❡ ❡✉① s❡r♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✉t✐❧❡s ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❉✬❛❜♦r❞✱ ♦♥ ♣❡✉t ❧♦❝❛❧❡♠❡♥t
❞é✜♥✐r ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❝♦♥tr❛❝t✐♦♥ ✭♦✉ ❞✬❡①♣❛♥s✐♦♥✮ ❞❛♥s ❧✬ét♦✐❧❡✳ ■❧ ❝♦rr❡s♣♦♥❞ ❛✉ t❡♠♣s
❞✬é✈♦❧✉t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡✳ ■❧ ❡st r❡♣rés❡♥té ♣❛r ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ✭♦✉ ❞❡ ❧✬❡①♣❛♥s✐♦♥✮ ❞❛♥s ❊q✳ ✭✼✳✶✮ ❡t ❡st ❞♦♥❝
❞♦♥♥é✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡ ❣r❛❞✐❡♥t ❞❡ r♦t❛t✐♦♥✱ ♣❛r

tcont(r) =
∣∣∣ r
2ṙ

∣∣∣ ✳ ✭✼✳✹✮

✶✸✽



✼✳✶✳ ➱q✉❛t✐♦♥ ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡

❊♥s✉✐t❡✱ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❧♦❝❛❧ ❛ss♦❝✐é ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ♣❡✉t êtr❡ ❡st✐♠é ♣❛r

tw(r) =

∣∣∣∣
ρr2Ω(r)

J̇w(r)

∣∣∣∣ ✱ ✭✼✳✺✮

♦ù ❧✬♦♥ ❛ ❞é✜♥✐

J̇w =
1

r2
∂

∂r

(
r2FJ,w

)
✳ ✭✼✳✻✮

❙✐ J̇w < 0✱ ❧❡s ♦♥❞❡s ♦♥t t❡♥❞❛♥❝❡ à ❛✉❣♠❡♥t❡r ❧♦❝❛❧❡♠❡♥t ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞❛♥s ❧✬ét♦✐❧❡✳
❆✉tr❡♠❡♥t✱ ❡❧❧❡s t❡♥❞❡♥t à ❧❛ r❛❧❡♥t✐r✳ ❆✐♥s✐✱ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s r❡❧❛t✐✈❡♠❡♥t
à ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ♦✉ ❡①♣❛♥s✐♦♥ ❞❛♥s ❧✬ét♦✐❧❡ ♣❡✉t êtr❡ ❡st✐♠é❡ ❧♦❝❛❧❡♠❡♥t ♣❛r ❧❡ r❛♣♣♦rt
ε(r) = tcont/tw✳ ❙✐ ε > 1✱ ❧✬✐♥✢✉❡♥❝❡ ❞✉ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧❡s ♦♥❞❡s ❡st ♣ré❞♦♠✐♥❛♥t❡✱ ❡t s✐ ❞❡
♣❧✉s J̇w ❡t ṙ s♦♥t ❞❡ s✐❣♥❡s ♦♣♣♦sés ✭❛✈❡❝ Ω s✉♣♣♦sé ♣♦s✐t✐❢✮✱ ❧❡✉r ❡✛❡t s✬♦♣♣♦s❡ à ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡s
❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉❡ à ❧❛ ❝♦♥tr❛❝t✐♦♥ ♦✉ ❡①♣❛♥s✐♦♥ ❞❛♥s ❧✬ét♦✐❧❡✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❧❛
❝♦♠♣❛r❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ❡st ♣❡rt✐♥❡♥t❡ ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉
tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥❞✉✐t ♣❛r ❧❡s ♦♥❞❡s✳

✼✳✶✳✸ ❉✐❛❣♥♦st✐❝ s✐♠♣❧❡ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s

❘és♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❞❡ tr❛♥s♣♦rt ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s
❡♥ ✐♥❝❧✉❛♥t ❧✬❡✛❡t ❞❡s ♦♥❞❡s ❡st ❞✐✣❝✐❧❡ ♥✉♠ér✐q✉❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♠♣❧✐q✉❡
❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s q✉✐ ❞✐✛èr❡♥t ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r✱ ❞✬✉♥❡ ♣❛rt✱ ❛✈❡❝
❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt✱ s❡❧♦♥ ❧✬❡♥❞r♦✐t ♦ù ❧✬♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❛
③♦♥❡ r❛❞✐❛t✐✈❡ ❞❡ ❧✬ét♦✐❧❡✳ ❖♥ ♣❡✉t ❡♥ ♣❛rt✐❝✉❧✐❡r ♥♦t❡r ❧❡s très ❢❛✐❜❧❡s t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s à ❧❛
❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❡✳❣✳✱ ❑✉♠❛r ❡t ❛❧✳ ✶✾✾✾✮✳ ❉❛♥s ❝❡tt❡ ré❣✐♦♥✱ ❧❡ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧❡s
♦♥❞❡s ❝♦♠❜✐♥é à ❧❛ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡ ♣r♦✈♦q✉❡ ❧♦❝❛❧❡♠❡♥t ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥
❞❡ ♣ér✐♦❞❡ ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❛♥♥é❡s✳ ❈❡tt❡ ♦s❝✐❧❧❛t✐♦♥ ❞❡ ❝♦✉rt❡ ♣ér✐♦❞❡ ❡st ♣❧✉s ❝♦♥♥✉❡ s♦✉s ❧❡
♥♦♠ ❞❡ ❙❤❡❛r ▲❛②❡r ❖s❝✐❧❧❛t✐♦♥ ✭♦✉ ❙▲❖ ❑✉♠❛r ❡t ❛❧✳ ✶✾✾✾❀ ❚❛❧♦♥ ❡t ❛❧✳ ✷✵✵✷❀ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧
✷✵✵✹✱ ✈♦✐r ❋✐❣✉r❡ ✼✳✶✮✳

❈❡tt❡ ❝♦✉❝❤❡ ♦s❝✐❧❧❛♥t❡ ❡st ❧❡ rés✉❧t❛t ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛♣✐❞❡ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
❛✈❡❝ ❞❡ ❤❛✉ts ❞❡❣rés ❛♥❣✉❧❛✐r❡s l ❡t ❞❡ ❜❛ss❡s ❢réq✉❡♥❝❡s ❥✉st❡ ❛♣rès ❧❡✉r é♠✐ss✐♦♥ à ❧❛ ❜❛s❡ ❞❡
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥ ❡✛❡t✱ ❞✬❛♣rès ❊q✳ ✭✺✳✶✶✺✮✱ ❧✬❛♠♦rt✐ss❡♠❡♥t ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à l3/ω̂4✱ ♦ù
ω̂ = ω−mδΩ(r) ❡st ❧❛ ❢réq✉❡♥❝❡ ❧♦❝❛❧❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ ♣❛r r❛♣♣♦rt ❛✉ ré❢ér❡♥t✐❡❧ ❡♥ ❝♦✲r♦t❛t✐♦♥
❛✈❡❝ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❧✐❡✉ ❞✬é♠✐ss✐♦♥ ❞❡s ♦♥❞❡s✱ ❡t δΩ = Ω(r) − Ω(rt)
❡st ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣❛r r❛♣♣♦rt à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
❛✈❡❝ Ω(rt) ❧❛ t❛✉① ❞❡ r♦t❛t✐♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ■♥✐t✐❛❧❡♠❡♥t✱ s✐ δΩ > 0✱ ❧❡s ♦♥❞❡s
♣r♦❣r❛❞❡s ✭m > 0✮ s♦♥t ♣❧✉s r❛♣✐❞❡♠❡♥t ❛♠♦rt✐❡s q✉❡ ❧❡s ♦♥❞❡s rétr♦❣r❛❞❡s ✭m < 0✮✳ ▲❡s ♣r❡♠✐èr❡s
❞é♣♦s❡♥t ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣♦s✐t✐❢ ❡t ♣r♦✈♦q✉❡♥t ❛✐♥s✐ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❥✉st❡
s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ à ❧✬✐♥✈❡rs❡ ❞❡s s❡❝♦♥❞❡s ❛❜s♦r❜é❡s ✉♥ ♣❡✉ ♣❧✉s ❡♥ ♣r♦❢♦♥❞❡✉r ✿
✉♥ ❢♦rt ❝✐s❛✐❧❧❡♠❡♥t s❡ ❢♦r♠❡ ❛❧♦rs ❥✉sq✉✬à ❝❡ q✉❡ ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❡✈✐❡♥♥❡ ✐♥st❛❜❧❡ ❡t q✉❡ ❧❛
ré❣✐♦♥ ❝♦♥s✐❞éré❡ ❞✐✛✉s❡ ✈❡rs ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡①t❡r♥❡ s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡✳ ▲❛
s✐t✉❛t✐♦♥ s✬✐♥✈❡rs❡ ❛❧♦rs✳ ▲❡s ♦♥❞❡s ♣r♦❣r❛❞❡s s♦♥t ❛♠♦rt✐❡s ♣❧✉s ❡♥ ♣r♦❢♦♥❞❡✉r q✉❡ ❧❡s rétr♦❣r❛❞❡s✳
▲❡s ✐♥st❛❜✐❧✐tés ❞❡ ❝✐s❛✐❧❧❡♠❡♥t s❡ ❞é✈❡❧♦♣♣❡♥t ❡t ❧❡ ❝②❝❧❡ r❡❝♦♠♠❡♥❝❡✳ ▲❛ ❙▲❖ ✈❛ ❥♦✉❡r ❧❡ rô❧❡ ❞❡
✜❧tr❡ ❡t ❢❛✈♦r✐s❡r ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❛♥s ❧❡s ré❣✐♦♥s ♣r♦❢♦♥❞❡s ❞❡s ♦♥❞❡s rétr♦❣r❛❞❡s q✉✐ ♣❡✉✈❡♥t s✉r
❞❡s t❡♠♣s ❧♦♥❣s r❛❧❡♥t✐r ❧❛ ✈✐t❡ss❡ r♦t❛t✐♦♥ ✭❚❛❧♦♥ ❡t ❛❧✳ ✷✵✵✷✮✳ ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✭✷✵✵✺✮ ♦♥t
♣r♦♣♦sé ❞❡ tr❛✐t❡r ❧✬❡✛❡t ❞❡s ♦♥❞❡s s✉r ❝❡tt❡ ❝♦✉❝❤❡ ❝♦♠♠❡ ét❛♥t éq✉✐✈❛❧❡♥t à ✉♥ ♣r♦❝❡ss✉s ❞❡
❞✐✛✉s✐♦♥ ❞♦♥t ❧❡ ❝♦❡✣❝✐❡♥t ❡st ❡st✐♠é ❡♥ ♠♦②❡♥♥❡ s✉r ♣❧✉s✐❡✉rs ❝②❝❧❡s ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡tt❡ ❢❛ç♦♥
❞❡ ♣r♦❝é❞❡r r❡st❡ ♥é❛♥♠♦✐♥s s✐♠♣❧✐✜é❡ ❡t ✉♥ tr❛✐t❡♠❡♥t ♣❧✉s r✐❣♦✉r❡✉① ❞❡✈r❛ êtr❡ ❡♥✈✐s❛❣é ❞❛♥s ❧❡
❢✉t✉r✳

P❛r ❝♦♥séq✉❡♥t✱ ❛✜♥ ❞✬é✈✐t❡r ❞❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❢❛✐r❡ ❢❛❝❡ ❛✉① ❞✐✣❝✉❧tés r❡♥❝♦♥tré❡s
❞❛♥s ✉♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣r♦❝é❞❡r à ✉♥❡ ét✉❞❡ ♣ré❧✐♠✐♥❛✐r❡ q✉✐ ❝♦♥s✐st❡ à ❡st✐♠❡r
❡t à ❝♦♠♣❛r❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❛✉① ❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt✱ ♣♦✉r ✉♥

✶✸✾



❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✶✿ ❖s❝✐❧❧❛t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦✉s ❧✬❡✛❡t ❝♦♠❜✐♥é
❞❡s ♦♥❞❡s ❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ ✶✳✷ M⊙✳ ▲❛ ❧✐❣♥❡ ❡♥ ♣♦✐♥t✐❧❧és ♠♦♥tr❡ ❧❡
♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✐♥✐t✐❛❧✳ ▲❡ t❡♠♣s é❝♦✉❧é ❞❡♣✉✐s ❧❡ ❞é❜✉t ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ❡st ✐♥❞✐q✉é ❞❛♥s
❝❤❛q✉❡ ❡♥❝❛❞ré ✭❞✬❛♣rès ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✷✵✵✹✮✳

♠♦❞è❧❡ ❞♦♥♥é ❡t à ✉♥ st❛❞❡ é✈♦❧✉t✐❢ ♣❛rt✐❝✉❧✐❡r✳ ❈❡❧❛ r❡✈✐❡♥t à ❝♦♠♣❛r❡r ❧❡s ❞✐✛ér❡♥t❡s é❝❤❡❧❧❡s ❞❡
t❡♠♣s ❛ss♦❝✐é❡s à ❝❤❛❝✉♥ ❞❡ ❝❡s ♣r♦❝❡ss✉s✳ ❯♥❡ t❡❧❧❡ ét✉❞❡ ❢♦✉r♥✐t ✉♥❡ ♣r❡♠✐èr❡ ✐❞é❡ s✉r ❧✬❡✣❝❛❝✐té
❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s✳ ❈♦♠♠❡ ✐❧ ❛ ❞é❥à été ❞✐s❝✉té ❞❛♥s ❈❤❛♣✐tr❡ ✹✱ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s
✐♥t❡r♥❡s ❡st ❧❡ ♣r✐♥❝✐♣❛❧ r❡s♣♦♥s❛❜❧❡ ❞❡s ❢♦rts t❛✉① ❞❡ r♦t❛t✐♦♥ ♣ré❞✐ts ♣❛r ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥
st❡❧❧❛✐r❡ ✭❈❡✐❧❧✐❡r ❡t ❛❧✳ ✷✵✶✸❀ ▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡
❛ss♦❝✐é ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❡t ❧❡ t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥ ❧♦❝❛❧ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❡s ét♦✐❧❡s
❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥ ❞✐❛❣♥♦st✐❝ ♣❡rt✐♥❡♥t ♣♦✉r ❡st✐♠❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s✳ ❈❡ ❝r✐tèr❡
❛ ❞é❥à été ✉t✐❧✐sé ❞❛♥s ❞❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts ❞❛♥s ❧❡ ❝❛s s♦❧❛✐r❡ ❡t ♣♦✉r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
❡①❝✐té❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❩❛❤♥ ❡t ❛❧✳ ✶✾✾✼❀ ❑✉♠❛r ❡t ❛❧✳ ✶✾✾✾❀
❋✉❧❧❡r ❡t ❛❧✳ ✷✵✶✹✮✳ ❈❡s tr❛✈❛✉① ♦♥t ❞é♠♦♥tré ❧❛ ❝❛♣❛❝✐té ❞❡ ❝❡s ♦♥❞❡s à ♠♦❞✐✜❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥
❞✉ ❙♦❧❡✐❧ s✉r ❞❡s t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s ✐♥❢ér✐❡✉rs ❛✉ ♠✐❧❧✐❛r❞ ❞✬❛♥♥é❡✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts
♦❜t❡♥✉s ✈✐❛ ✉♥ ❝❛❧❝✉❧ ❝♦♠♣❧❡t ♣❛r ❚❛❧♦♥ ✫ ❈❤❛r❜♦♥♥❡❧ ✭✷✵✵✺✱ ✈♦✐r ❈❤❛♣✐tr❡ ✹✮✳ ❉❛♥s ❧❛ s✉✐t❡ ❞❡
❝❡ ❝❤❛♣✐tr❡✱ ❝❡ ❞✐❛❣♥♦st✐❝ ❡st ét❡♥❞✉ ❛✉ ❝❛s ❞❡s ét♦✐❧❡s ♣❧✉s é✈♦❧✉é❡s ❞✬✉♥❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ❋✉❧❧❡r
❡t ❛❧✳ ✭✷✵✶✹✮✱ ♠❛✐s ❡♥ ❝♦♥s✐❞ér❛♥t ❝❡tt❡ ❢♦✐s✲❝✐ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳

✼✳✷ ❊✣❝❛❝✐té ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡

✼✳✷✳✶ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❛♣♣r♦❝❤❡ ✉t✐❧✐sé❡ ♣❛r ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮

❘é❝❡♠♠❡♥t✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ❡①♣❧♦ré ❧✬✐♥✢✉❡♥❝❡ ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r
❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❛✉ ❝♦✉rs ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ❞❡
❢❛✐❜❧❡ ♠❛ss❡✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧❡s ❛✉t❡✉rs ♦♥t ❝♦♥s✐❞éré ✉♥ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞✬♦♥❞❡s s✐♠✐❧❛✐r❡ à ❝❡❧✉✐
♦❜t❡♥✉ ♣❛r ❧❡ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❞❡ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✱ ✈♦✐r ❙❡❝t✐♦♥ ✻✮✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛
❢♦r♠❡ ❞✬✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❞é❝r♦✐ss❛♥t❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❡t ♣❛r❛♠étré❡ ♣❛r ✉♥ ❡①♣♦s❛♥t

✶✹✵



✼✳✷✳ ❊✣❝❛❝✐té ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡

✭❞♦♥t ❧❛ ✈❛❧❡✉r ❡st ❝❤♦✐s✐❡ ❡♥tr❡ ✸ ❡t ✼✳✺✮✳ ▲❡ ✢✉① ❞✬é♥❡r❣✐❡ t♦t❛❧ ❞❡s ♦♥❞❡s é♠✐s❡s ❛ été ❝❤♦✐s✐ ❝♦♠♠❡
ét❛♥t é❣❛❧ à ηM ❢♦✐s ❧❡ ✢✉① ❝♦♥✈❡❝t✐❢ ❞❡ ❧✬ét♦✐❧❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣❛r ❧❡s ❛✉t❡✉rs✱
♦ùM ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ▼❛❝❤ ❝♦♥✈❡❝t✐❢ ❞❛♥s ❧❛ ré❣✐♦♥ ❞✬❡①❝✐t❛t✐♦♥ ❡t η ❡st ✉♥ ❢❛❝t❡✉r ❞✬❡✣❝❛❝✐té✱
❞♦♥t ❧❛ ✈❛❧❡✉r ❞é♣❡♥❞ ❞❡ ❧❛ ♣❛rt✐❡ ❞✉ s♣❡❝tr❡ ❛♥❣✉❧❛✐r❡ ❝♦♥s✐❞éré✳ ❊♥ ❡✛❡t✱ s❡✉❧❡s ❧❡s ♦♥❞❡s ❞❡ ❜❛s
❞❡❣rés ❛♥❣✉❧❛✐r❡s l ∼ 1 ❡t |m| ∼ 1 ♦♥t été ❝♦♥s✐❞éré❡s ♣❛r ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮✱ q✉✐ ♦♥t ❛❧♦rs ❡st✐♠é
η ♣r♦❝❤❡ ❞❡ ✵✳✶✳ ▲❡s ❛✉t❡✉rs ♦♥t ❥✉st✐✜é ❝❡ ❝❤♦✐① ❡♥ r❛♣♣❡❧❛♥t q✉❡ ❧❛ ♠❛❥♦r✐té ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
♦♥❞❡s ❡st ❝♦♥t❡♥✉❡ ❞❛♥s ❧❡s ❜❛s ❞❡❣rés ❛♥❣✉❧❛✐r❡s✳ ❊♥ ❡✛❡t✱ ❝❡✉①✲❝✐ s♦♥t✱ ❞✬✉♥❡ ♣❛rt✱ ❡✣❝❛❝❡♠❡♥t
❡①❝✐tés ♣❛r ❧❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s ❡t ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ✐♥❝♦❤ér❡♥t❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡
♣❧✉s ♣❡t✐ts t♦✉r❜✐❧❧♦♥s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ❜❛s ❞❡❣rés ❛♥❣✉❧❛✐r❡s s♦♥t s✉s❝❡♣t✐❜❧❡s ❞❡ ♣é♥étr❡r ❧❡ ♣❧✉s
♣r♦❢♦♥❞é♠❡♥t ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞❡ ❧✬ét♦✐❧❡ ♣✉✐sq✉❡ ❧❡ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦♥❞❡s ❡st
♣r♦♣♦rt✐♦♥♥❡❧ à l3✳

❙♦✉s ❝❡s ❤②♣♦t❤ès❡s✱ ❧❡s ❛✉t❡✉rs ♦♥t ❛❧♦rs ♣✉ ❝❛❧❝✉❧❡r ✉♥❡ é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡
♠♦②❡♥♥❡ ❛ss♦❝✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❝❡s ♦♥❞❡s ❡t ❧❛ ❝♦♠♣❛r❡r ❛✉ t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥ ❞❛♥s ❞✐✛ér❡♥ts
♠♦❞è❧❡s ❞✬ét♦✐❧❡s✳ ▲❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ♠♦②❡♥ ❛ss♦❝✐é ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s à ❧✬✐♥tér✐❡✉r
❞✬✉♥❡ s♣❤èr❡ ❞❡ r❛②♦♥ r ❡st ❞é✜♥✐ ❞❛♥s ❧❡✉r ♣❛♣✐❡r ♣❛r

T⋆(r) =
ΩsI(r)

4πr2FJ,w
✱ ✭✼✳✼✮

♦ù Ωs ❡st ❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ❡♥ r ❡t I(r) ❡st ❧✬✐♥❡rt✐❡ ❞❡ ❧❛ ❜♦✉❧❡ ❞❡ r❛②♦♥ r✳ ❈❡tt❡ ❞é✜♥✐t✐♦♥ ❞✐✛èr❡
❞❡ ❊q✳ ✭✼✳✻✮✳ ❊♥ ❡✛❡t✱ ❊q✳ ✭✼✳✼✮ ❡st r❡♣rés❡♥t❛t✐✈❡ ❞❡ ❧✬❡✛❡t ♠♦②❡♥ ❞✉ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧❡s ♦♥❞❡s
à ❧✬✐♥tér✐❡✉r ❞✬✉♥❡ s♣❤èr❡ ❞❡ r❛②♦♥ r t❛♥❞✐s q✉❡ ❊q✳ ✭✼✳✻✮ ❡st✐♠❡ ❧♦❝❛❧❡♠❡♥t ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt
♣❛r ❧❡s ♦♥❞❡s✳ ▲❡s ❛✉t❡✉rs ♣❧❛✐❞❡♥t ❡♥ ❢❛✈❡✉r ❞❡ ❝❡tt❡ ♣r❡♠✐èr❡ ❞é✜♥✐t✐♦♥ ♣✉✐sq✉✬❡❧❧❡ ♥❡ ❞é♣❡♥❞ ♣❛s
❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❡①✐st❛♥t s♦✉s ❧❛ ❝♦q✉✐❧❧❡ ❞❡ r❛②♦♥ r✱ q✉✐ ♥✬❡st ❣é♥ér❛❧❡♠❡♥t ♣❛s ❝♦♥♥✉✳ ◆♦✉s
✈❡rr♦♥s ❝❡♣❡♥❞❛♥t ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡ q✉❡ ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❛✐♥s✐ q✉❡ s♦♥ ❛♠♣❧✐t✉❞❡ ❡♥tr❡
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❧❛ ❝♦✉❝❤❡ ❞❡ ❧✬ét♦✐❧❡ ❝♦♥s✐❞éré❡ ❛ ✉♥ rô❧❡ ✐♠♣♦rt❛♥t à ❥♦✉❡r ❞❛♥s ❧❡
tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ❡t q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❊q✳ ✭✼✳✻✮ à ❧❛ ♣❧❛❝❡ ❞❡ ❊q✳ ✭✼✳✼✮
❛♣♣❛r❛ît ♣❡rt✐♥❡♥t❡ ❡t ❝♦♠♣❧é♠❡♥t❛✐r❡✳

✼✳✷✳✷ Pr✐♥❝✐♣❛✉① ❡♥s❡✐❣♥❡♠❡♥ts ❛♣♣r✐s ❞❡ ❝❡tt❡ ét✉❞❡

❊♥ s✉✐✈❛♥t ❝❡tt❡ ❛♣♣r♦❝❤❡✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ♥é❛♥♠♦✐♥s ♣✉ ❡st✐♠❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt
♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ♣❧✉s✐❡✉rs ♠♦❞è❧❡s ❞❡ ✵✳✾ à
✷✳✺M⊙✱ ❛❧❧❛♥t ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ st❛❞❡ ❞❡ ❣é❛♥t❡s r♦✉❣❡s✳ ▲❡✉r ♣r✐♥❝✐♣❛❧❡ ❝♦♥❝❧✉s✐♦♥
❡st q✉❡ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s é✈♦❧✉❡ ❛✈❡❝ ❧✬â❣❡ ❞❡ ❧✬ét♦✐❧❡✳ ❈❡❝✐ ❡st ❜✐❡♥ rés✉♠é ♣❛r
❧❛ ❋✐❣✉r❡ ✼✳✷✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ✈♦✐t q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s ❞❡ r❡❞✐str✐❜✉❡r ❡✣❝❛❝❡♠❡♥t ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❞✉r❛♥t
t♦✉t❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❡♥ ♠♦②❡♥♥❡ ❧❡ ♠✐❧✐❡✉ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❊♥s✉✐t❡✱
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s s❡ ❞é❝♦✉♣❧❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s
q✉✐ ♥❡ s♦♥t ❛❧♦rs ♣❧✉s ❝❛♣❛❜❧❡s ❞✬❡♠♣ê❝❤❡r q✉✬✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❡ r♦t❛t✐♦♥ s✬ét❛❜❧✐ss❡ ❡♥tr❡ ❧❡s
ré❣✐♦♥s ❝❡♥tr❛❧❡s ❡♥ ❝♦♥tr❛❝t✐♦♥ ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❡♥ ❡①♣❛♥s✐♦♥✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t
❞✉❡ à ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦♥❞❡s ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ q✉✐ ❧❡s ❡♠♣ê❝❤❡
❞✬❛tt❡✐♥❞r❡ ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s ❞❡ ❧✬ét♦✐❧❡ ❡t ❞♦♥❝ ❞✬❡♥ ♠♦❞✐✜❡r ❧❛ r♦t❛t✐♦♥✳ P♦✉r ❧❡ ✈♦✐r✱ ✐❧ ❡st
♣r❛t✐q✉❡ ❞❡ ❞é✜♥✐r ❧❛ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡ r❛❞✐❛❧❡ ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s✱ ♥♦té❡
LD✳ ❈❡❧❧❡✲❝✐ ❡st é❣❛❧❡ à ❧✬✐♥✈❡rs❡ ❞❡ ❧✬✐♥té❣r❛♥❞❡ ❞❛♥s ❊q✳ ✭✺✳✶✶✺✮ ❡t ❡st ❞♦♥❝ ❞♦♥♥é❡ ♣❛r

LD(r, ω̂, l) ≈
ω̂4r3

[l(l + 1)]3/2KN2NT
✳ ✭✼✳✽✮

❊❧❧❡ ❡st r❡♣rés❡♥té❡ s✉r ❧❛ ❋✐❣✉r❡ ✼✳✸ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❡ ❞❡✉① ♠♦❞è❧❡s
❞❡ ✶ M⊙✱ ❧✬✉♥ ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❛✈❡❝ log Teff = 3.70 ❡t log L/L⊙ = 0.35✱ ❡t
❧✬❛✉tr❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❛✈❡❝ log Teff = 3.16 ❡t log L/L⊙ = 0.92 ✭✈♦✐r P✐♥ç♦♥ ❡t ❛❧✳
✷✵✶✼✱ ♣♦✉r ❧❡s ❞ét❛✐❧s✮✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❡t ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ♦♥t été ✜①és à
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❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✷✿ ❉✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ r❡♣rés❡♥t❛♥t ❧❡s tr❛❝és é✈♦❧✉t✐❢s ❞❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ✉t✐✲
❧✐sés ♣❛r ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮✳ ▲❡s ❧✐❣♥❡s ♥♦✐r❡s s②♠❜♦❧✐s❡♥t ❧❡ ♠♦♠❡♥t ♦ù ❧❡ ❝÷✉r r❛❞✐❛t✐❢
s❡ ❞é❝♦✉♣❧❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♦♥❞❡s é♠✐s❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✳ ▲❡ ✢✉① ❞✬é♥❡r❣✐❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ s✉✐t ❧❡ ♠♦❞è❧❡ ❡♥ ❧♦✐ ❞❡
♣✉✐ss❛♥❝❡ ❞é❝r♦✐ss❛♥t❡ ❞❡ ▲❡❝♦❛♥❡t ✫ ◗✉❛t❛❡rt ✭✷✵✶✸✮ ❡t ❡st ♣❛r❛♠étré ♣❛r ❞✐✛ér❡♥t❡s ✈❛✲
❧❡✉rs ♣♦✉r ❧✬❡①♣♦s❛♥t a = 3.5, 4.5 ❡t 7.5✱ ❝♦rr❡s♣♦♥❞❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① ❧✐❣♥❡s ♣♦✐♥t✐❧❧é❡✱
❝♦♥t✐♥✉❡ ❡t ❡♥ t✐r❡ts✳ ▲❡s s②♠❜♦❧❡s ét♦✐❧és r❡♣rés❡♥t❡♥t ❞❡s ét♦✐❧❡s ❝♦♥♥✉❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛
r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❛ été ❞ét❡r♠✐♥é❡ ♣❛r ❞❡ ♣ré❝é❞❡♥ts tr❛✈❛✉① ✭❞✬❛♣rès ❋✉❧❧❡r ❡t ❛❧✳ ✷✵✶✹✮✳

❋✐❣✉r❡ ✼✳✸✿ ❘❛♣♣♦rt ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡ r❛❞✐❛❧❡ ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❞♦♥♥é❡
♣❛r ❊q✳ ✭✼✳✸✮ s✉r ❧❡ r❛②♦♥✱ ♣♦✉r ❞❡✉① ♠♦❞è❧❡s ❞❡ ✶ M⊙ ❝♦♥s✐❞érés ❞❛♥s ❙❡❝t✐♦♥ ✼✳✸✳✸✳ ■❧ ❡st
r❡♣rés❡♥té ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♥♦r♠❛❧✐sé ♣❛r ❧❡ r❛②♦♥ ❞✉ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ rt✱ ♣♦✉r
✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l = 1 ❡t ✉♥❡ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ é❣❛❧❡ à ω̂ = 1 µr❛❞ s−1✳ ▲❡s
❧✐❣♥❡s ✈❡rt✐❝❛❧❡s ❡♥ ♣♦✐♥t✐❧❧és ❧♦❝❛❧✐s❡♥t ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❞❛♥s ❧❡s ❞❡✉① ♠♦❞è❧❡s
✭❞✬❛♣rès P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳
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✼✳✸✳ ■♠♣❛❝t ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥

l = 1 ❡t ω̂ = 1 µr❛❞ s−1✳ ❉❡✉① ❝❤♦s❡s r❡ss♦rt❡♥t ❝❧❛✐r❡♠❡♥t ❞❡ ❝❡ ❣r❛♣❤❡✳ Pr❡♠✐èr❡♠❡♥t✱ ♦♥ ✈♦✐t q✉❡
♣♦✉r ✉♥ ♠♦❞è❧❡ ❞♦♥♥é✱ à l ❡t ω̂ ✜①és✱ ❧✬❛♠♦rt✐ss❡♠❡♥t ❡st ♠❛①✐♠❛❧ ❛✉t♦✉r ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡
❡♥ ❢✉s✐♦♥ ❡t ❡st ♣❧✉s ✐♥t❡♥s❡ ❞❡ ♣rès ❞❡ q✉❛tr❡ ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r q✉❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❡♥ ❤❛✉t ❞❡
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❡ ♣❧✉s✱ ❧❛ ♠❛❣♥✐t✉❞❡ ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❛✉❣♠❡♥t❡ ❞❡ ♣❧✉s ❞❡ ❞❡✉① ♦r❞r❡s ❞❡
❣r❛♥❞❡✉r ❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❝❡❧❧❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❊♥ ❡✛❡t✱ ❡♥tr❡ ❝❡s ❞❡✉①
✐♥st❛♥ts✱ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s s❡ s♦♥t ❢♦rt❡♠❡♥t ❝♦♥tr❛❝té❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡♠❡♥t ❡t ❧❡ ❝♦♥tr❛st❡ ❞❡
❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❛ ❛✉❣♠❡♥té✳ ❈❡❧❛ ❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞✉ r❛②♦♥
❞✬✉♥❡ ❝♦✉❝❤❡ ❞♦♥♥é❡ ❡t ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✱ ❝❡ q✉✐ ❛❜♦✉t✐t
à ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ LD ❞✬❛♣rès ❊q✳ ✭✼✳✽✮✳ ▲❡s ♦♥❞❡s s♦♥t ❞♦♥❝ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❛♠♦rt✐❡s ❛✈❡❝
❧✬é✈♦❧✉t✐♦♥ ❥✉sq✉✬❛✉ ♠♦♠❡♥t ♦ù ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡✈✐❡♥t s✐ ❢♦rt❡ ❛✉t♦✉r ❞❡ ❧❛ ❝♦✉❝❤❡
♦ù ❧✬❤②❞r♦❣è♥❡ ❜rû❧❡ q✉❡ ❧❡s ♦♥❞❡s ♥❡ s♦♥t ♣❧✉s ❝❛♣❛❜❧❡s ❞✬❛tt❡✐♥❞r❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❞✬② ❞é♣♦s❡r
❧❡✉r ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ❛✉ss✐ ♠♦♥tré q✉❡ ❧✬✐♥st❛♥t ❞❡ ❞é❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡
❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞é♣❡♥❞ ❞✉ t❛✉① ❞❡ ❞é❝r♦✐ss❛♥❝❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡
❞❡ ❧✬♦♥❞❡✳ P❧✉s ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❞✉ s♣❡❝tr❡ ❡♥ é♥❡r❣✐❡ ❡st r❛♣✐❞❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡✱ ♣❧✉s
❧❡ ❞é❝♦✉♣❧❛❣❡ ❛rr✐✈❡ tôt s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❊♥ ❡✛❡t✱ ♣❧✉s ❧❡ t❛✉① ❞❡ ❞é❝r♦✐ss❛♥❝❡
❞✉ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❡st ❢❛✐❜❧❡✱ ♣❧✉s ❧❛ ♣❛rt ❞✬é♥❡r❣✐❡ ❞✐str✐❜✉é❡ s✉r ❧❡s ❤❛✉t❡s
❢réq✉❡♥❝❡s ❛✉❣♠❡♥t❡ ❛✉① ❞é♣❡♥s ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s à é♥❡r❣✐❡ t♦t❛❧❡ ❞♦♥♥é❡✳ ❈♦♠♠❡ LD ❡st
♣r♦♣♦rt✐♦♥♥❡❧ à ω̂4✱ ❧❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s s♦♥t ❝❛♣❛❜❧❡s ❞✬❛tt❡✐♥❞r❡ ❞❡s ❝♦✉❝❤❡s ♣❧✉s ♣r♦❢♦♥❞❡s q✉❡
❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ❆✐♥s✐✱ ✉♥ t❛✉① ❞❡ ❞é❝r♦✐ss❛♥❝❡ ♣❧✉s ❢❛✐❜❧❡ ♣❡r♠❡t ❞❡ ❝♦♥tr❡r ❧✬❛✉❣♠❡♥t❛t✐♦♥
❞❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❥✉sq✉✬à ✉♥ st❛❞❡ é✈♦❧✉t✐❢ ♣❧✉s ❛✈❛♥❝é✳ ▲❡ ❞é❝♦✉♣❧❛❣❡ ❡♥tr❡
❧❡s ♦♥❞❡s ❡t ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❛rr✐✈❡ ❞♦♥❝ ♣❧✉s t❛r❞✐✈❡♠❡♥t ❞❛♥s ❧❛ ✈✐❡ ❞❡ ❧✬ét♦✐❧❡✳ ❈❡ rés✉❧t❛t ♠❛rq✉❡
❛✐♥s✐ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❣é♥éré❡s à ❧❛ ❜❛s❡ ❞❡ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
s✉r ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ♣❛r ❝❡s ❞❡r♥✐èr❡s✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t ♠♦♥tré q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r
❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣❡✉✈❡♥t ❡♠♣ê❝❤❡r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ❢♦rt❡
r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡♣✉✐s ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬à ❡♥✈✐r♦♥ ❧❛
♠♦✐té ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❈❡ t②♣❡ ❞✬♦♥❞❡s s❡♠❜❧❡ ♥é❛♥♠♦✐♥s ✐♥❝❛♣❛❜❧❡ ❞✬❡①♣❧✐q✉❡r ❧❡s
❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❞❛♥s ❧❡ ❝÷✉r ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❛✮ ♣✉✐sq✉❡
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ♣❡✉t s❡ ❞é❝♦✉♣❧❡r ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♦♥❞❡s ❡♥✈✐r♦♥ ❛✉ ♠✐❧✐❡✉ ❞❡
❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❈♦♠♠❡ ♥♦té ♣❛r ❙♣❛❞❛ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❧❛ r❡❧❛①❛t✐♦♥ ❞❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥
❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❡♥tr❡ ❧✬❡♥✈❡❧♦♣♣❡ ❡t ❧❡ ❝÷✉r ✭✐✳❡✳✱ ✉♥❡ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡✮ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉❡ ❧❡✉r
♠♦❞è❧❡ s✬❛❥✉st❡ ❛✉① ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s ✐♥t❡r✈✐❡♥t à ♣❡✉
♣rès ❛✉ ♠ê♠❡ ♠♦♠❡♥t q✉❡ ❧❡ ❞é❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ♦♥❞❡s ❡t ❧❡ ❝÷✉r ❞ér✐✈é ♣❛r ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮✳
▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ♣♦✉rr❛✐❡♥t ❞♦♥❝ êtr❡ r❡s♣♦♥s❛❜❧❡s
❞✉ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ♥é❝❡ss❛✐r❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❙♣❛❞❛ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ◆é❛♥♠♦✐♥s✱ ❧❡✉r ♠♦❞è❧❡
r❡♣♦s❡ s✉r ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ tr❛♥s♣♦rt ❞✐✛✉s✐❢ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❞❡ ♣❧✉s ❛♠♣❧❡s
✐♥✈❡st✐❣❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❞é✜♥✐t✐✈❡♠❡♥t ❝♦♥❝❧✉r❡✳

✼✳✸ ■♠♣❛❝t ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉r
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❡①♣❧♦r♦♥s ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s✳ ▲❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s à ❧❛ ❜❛s❡
❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st s✉♣♣♦sé s✉✐✈r❡ ❧✬❡①♣r❡ss✐♦♥ ♦❜t❡♥✉❡ ❣râ❝❡ ❛✉ ♠♦❞è❧❡ s❡♠✐✲❛♥❛❧②t✐q✉❡
♣rés❡♥té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻✳ ❆♣rès ❛✈♦✐r tr❛✐té ❧❡ ❝❛s s♦❧❛✐r❡✱ ❧✬ét✉❞❡ s❡ ❢♦❝❛❧✐s❡r❛ s✉r ❞❡s ét♦✐❧❡s ❞❡
❢❛✐❜❧❡s ♠❛ss❡s ❝♦♠♣r✐s❡s ❡♥tr❡ ✶ ❡t ✶✳✹✺ M⊙✱ ❝✬❡st✲à✲❞✐r❡ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ♠❛ss❡s r❡♣rés❡♥t❛t✐❢
❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦❜s❡r✈é❡s ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛❀ ❉❡❤❡✉✈❡❧s
❡t ❛❧✳ ✷✵✶✹✮✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♠♦❞è❧❡s ❝♦♥s✐❞érés ❞❛♥s ❧❛ s✉✐t❡ ❝♦✉✈r❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s
❡t ❧❡ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ■❧ ❡st r❡♣rés❡♥té s✉r ❧❡ ❞✐❛❣r❛♠♠❡
❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ❡♥ ❋✐❣✉r❡ ✼✳✹✳ ❉❡ ♣❧✉s✱ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❢♦r♠❡ ❡t ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ♣r♦✜❧ ❞❡
r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❡r❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳

✶✹✸



❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✹✿ ●❛✉❝❤❡ ✿ ▲♦❝❛t✐♦♥ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉♥❣✲❘✉ss❡❧❧ ❞❡s ♠♦❞è❧❡s ❝♦♥s✐❞érés ❞❛♥s ❝❡
tr❛✈❛✐❧ ✭❝❡r❝❧❡s ♣❧❡✐♥s✮✳ ▲❡s tr❛❝és é✈♦❧✉t✐❢s ❞❡♣✉✐s ❧❡ ❞é❜✉t ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❡♥
❤❛✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s s♦♥t r❡♣rés❡♥tés ♣❛r ❧❡s ❧✐❣♥❡s ❝♦♥t✐♥✉❡s✳ ▲❡s ♠♦❞è❧❡s
♦♥t été ❝❛❧❝✉❧és ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❈❊❙❚❆▼ ✭▼❛rq✉❡s ❡t ❛❧✳ ✷✵✶✸✮ ❛✈❡❝ ❞❡s
✈❛❧❡✉rs ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s (αMLT , Y0) ❝❛❧✐❜ré❡s s✉r ❧❡ ❙♦❧❡✐❧✳ ❉r♦✐t❡ ✿ Pr♦✜❧ ❞❡ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ♥♦r♠❛❧✐sé ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♥♦r♠❛❧✐sé ♣❛r ❧❡ r❛②♦♥ ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛✲
❞✐❛t✐✈❡✱ rt ✱ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ s♦✉s✲❣é❛♥t❡ ❞❡ ✶ M⊙ ❝❛r❛❝tér✐sé ♣❛r log Teff = 3.70 ❡t
logL/L⊙ = 0.35✳ ▲❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❧✐ss❡ ✉t✐❧✐sé ♣❛r ❞é❢❛✉t ✭❧✐❣♥❡ r♦✉❣❡✮ ❡st ❝♦♠♣❛ré ❛✉
♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ r❛✐❞❡ ♦❜t❡♥✉ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
✭❧✐❣♥❡ ✈❡rt❡✮

✼✳✸✳✶ ❈❤♦✐① ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥

P♦✉r ❝❛❧❝✉❧❡r ❊q✳ ✭✼✳✻✮✱ ♥♦✉s s✉♣♣♦s❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♣♦✉r ❝❤❛q✉❡ ♠♦❞è❧❡
❝♦♥s✐❞éré✳ ◆♦✉s ♥♦✉s ♣❧❛❝❡r♦♥s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❢❛✐❜❧❡s r♦t❛t❡✉rs ❞❡ t❡❧❧❡ s♦rt❡ à ♣♦✉✈♦✐r
♥é❣❧✐❣❡r ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡ ❝❡s ét♦✐❧❡s✳ ◆é❛♥♠♦✐♥s✱ à ❧✬❡①❝❡♣t✐♦♥
❞✉ ❙♦❧❡✐❧ ♦ù ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡st ❛ss❡③ ❜♦♥♥❡ ♣♦✉r ✐♥✈❡rs❡r ❧❛ q✉❛s✐ t♦t❛❧✐té ❞✉ ♣r♦✜❧ ❞❡
r♦t❛t✐♦♥ ❞❛♥s ❧✬✐♥tér✐❡✉r r❛❞✐❛t✐❢ ✭✈♦✐r ❈❤❛♣✐tr❡ ✹✮✱ ♣❡✉ ❞❡ ❝❤♦s❡s s♦♥t ❝♦♥♥✉❡s s✉r s❛ ❢♦r♠❡ ❞❛♥s
❧❡s ét♦✐❧❡s ♣❧✉s é✈♦❧✉é❡s✳ ❆❧♦rs q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥
❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❡t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✱ ❞❡s
❞✐✣❝✉❧tés ❞❡♠❡✉r❡♥t ♣♦✉r ❞✐s❝r✐♠✐♥❡r ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t ❡♥tr❡ ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♣❧✉tôt ❞♦✉①
❡t ✉♥ ❛✉tr❡ ♣❧✉s ❛❜r✉♣t ✭❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✹✮✳ P♦✉r ♣❛❧❧✐❡r à ❝❡ ♠❛♥q✉❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ♥♦✉s
❝♦♥s✐❞ér❡r♦♥s ❞♦♥❝ ❞❛♥s ❧❛ s✉✐t❡ ❞❡✉① ❝❛s ❧✐♠✐t❡s✳ Pr❡♠✐èr❡♠❡♥t✱ ♣✉✐sq✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s
♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❡✣❝❛❝❡ ❝❛♣❛❜❧❡ ❞❡ ❝♦♥tr❡r ❧✬ét❛❜❧✐ss❡♠❡♥t ❞✬✉♥❡ ❢♦rt❡
r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉❡ à ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ♣❡♥❞❛♥t ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s✱ ✐❧ ♣❛r❛ît
r❛✐s♦♥♥❛❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❧✐ss❡✳ P❛r ❞é❢❛✉t✱ ♥♦✉s ❝❤♦✐s✐r♦♥s ✉♥ ♣r♦✜❧ ❞❡ t❡❧❧❡
❢❛ç♦♥ à ❛ss✉r❡r ✉♥ ❣r❛❞✐❡♥t ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ♥✉❧ ❛✉ ❝❡♥tr❡ ❡t à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ❢♦r♠❡

δΩ(r) = ∆Ωcos2
(
π

2

r

rt

)
pour r ≤ rt ✱ ✭✼✳✾✮

❛✈❡❝ ∆Ω ❧✬❛♠♣❧✐t✉❞❡ ♠❛①✐♠✉♠ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ♥♦✉s ét✉❞✐❡r♦♥s ❧✬❡✛❡t
❞✬✉♥ ♣r♦✜❧ ♣❧✉s ❛❜r✉♣t s✉r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s✳ ❈❡❧✉✐✲❝✐ s❡r❛ ❝❤♦✐s✐ ❝♦♠♠❡ ❛②❛♥t
❧❛ ❢♦r♠❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♦❜t❡♥✉ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
❞❡♣✉✐s ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ♠❛✐s ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❞✐✛ér❡♥t❡✳ ❯♥ t❡❧ ♣r♦✜❧ ❡st ♦❜t❡♥✉
♣❛r ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❊q✳ ✭✼✳✶✮ ❡♥ ♥❡ ❝♦♥s✐❞ér❛♥t ✉♥✐q✉❡♠❡♥t q✉❡ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡
❞r♦✐t❡ ❡t ❡♥ s✉♣♣♦s❛♥t ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ à ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡

✶✹✹



✼✳✸✳ ■♠♣❛❝t ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥

♣r✐♥❝✐♣❛❧❡✱ ❝❡ q✉✐ ❞♦♥♥❡

δΩ(r) = ∆Ω
C2(mr)− C2(mr,t)

max [C2(mr)− C2(mr,t)]
pour r < rt ✱ ✭✼✳✶✵✮

❛✈❡❝

C(mr) =
r0(mr)

r(mr)
✱ ✭✼✳✶✶✮

♦ù r0(mr) ❡st ❧❡ r❛②♦♥ ❞❡ ❧❛ ❝♦q✉✐❧❧❡ ❞❡ ♠❛ss❡ mr à ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t mr,t ❡st ❧❛
❝♦♦r❞♦♥♥é❡ ▲❛❣r❛♥❣✐❡♥♥❡ ❞✉ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ▲❡s ❞❡✉① t②♣❡s ❞❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ s♦♥t
r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✉r❡ ✼✳✹ ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❞❡ ✶M⊙✳ ❈❤♦✐s✐r ❛r❜✐tr❛✐r❡♠❡♥t
❞❡ t❡❧s ♣r♦✜❧s ❡st ❞✐s❝✉t❛❜❧❡ ♠❛✐s ❝❡❧❛ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉
tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✱ t♦✉t ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡
❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s✉r ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s✳ ❯♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ∆Ω t❡❧❧❡
q✉❡ s✉♣♣♦sé❡ ❞❛♥s ❝❡ tr❛✈❛✐❧ ❛✉① t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és ❣râ❝❡ à ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ♥é❝❡ss✐t❡
❛✉ss✐ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ❊♥ ❡✛❡t✱ ❧❡s
♠♦❞❡s ♠✐①t❡s s♦♥❞❡♥t ❧❛ r♦t❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ré❣✐♦♥s ♣❛rt✐❝✉❧✐èr❡s ❞❡s ét♦✐❧❡s✳ ▲❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s
♥❡ ❝♦rr❡s♣♦♥❞❡♥t ❞♦♥❝ ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t à ❧❛ r♦t❛t✐♦♥ ❝❡♥tr❛❧❡ ❡t à ❧❛ r♦t❛t✐♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s✉✐✈❛♥t ❧❛ ❢♦r♠❡ ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥✳ ❊♥ s✉✐✈❛♥t ●♦✉♣✐❧ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❧✬❛♠♣❧✐t✉❞❡
♠♦②❡♥♥❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♠❡s✉ré❡ ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❡st ❞♦♥♥é❡ ♣❛r

∆Ω ≈ 1

γ

∫ rt

0
δΩ

N

r
dr with γ =

∫ rt

0

N

r
dr ✱ ✭✼✳✶✷✮

q✉✐ ❛ été ❞ér✐✈é❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ r♦t❛t✐♦♥ ❡st ✉♥✐❢♦r♠❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ▲✬éq✉❛✲
t✐♦♥ ✭✼✳✶✷✮ ♠♦♥tr❡ q✉❡ ❧❡s ♠♦❞❡s ♠✐①t❡s s♦♥❞❡♥t ❧❛ ✈❛❧❡✉r ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞❛♥s ✉♥❡ ré❣✐♦♥
❝♦♥✜♥é❡ ❛✉t♦✉r ❞✉ ♣✐❝ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✳ P♦✉r q✉❡ ❝❡❧❛ ❛✐t ✉♥ s❡♥s✱ ❧❡s ✈❛❧❡✉rs
s✐s♠✐q✉❡s ♦❜s❡r✈é❡s ❣râ❝❡ à ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ❞❡✈r♦♥t ❞♦♥❝ êtr❡ ❝♦♠♣❛ré❡s à ∆Ω✱ ❝❛❧❝✉❧é❡ ✈✐❛
❊q✳ ✭✼✳✶✷✮✳

✼✳✸✳✷ ❈❛s ❞✉ ❙♦❧❡✐❧ ❡t ❞❡s ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❧♦❝❛❧❡ ❛ss♦❝✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❡t ❞♦♥♥é❡
♣❛r ❊q✳ ✭✼✳✻✮ ❛ été ❝❛❧❝✉❧é❡ ♣♦✉r ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ ✭✈♦✐r P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✻✱ ♣♦✉r ❧❡s ❞ét❛✐❧s✮✳
▲❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❝♦♥s✐❞éré ❝♦rr❡s♣♦♥❞ à ❊q✳ ✭✼✳✾✮✳ ▲❡ rés✉❧t❛t ❡st ❞♦♥♥é s✉r ❧❛ ❋✐❣✉r❡ ✼✳✺✳
▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉✐✈❛♥t P✐♥ç♦♥ ❡t ❛❧✳
✭✷✵✶✻✮ ❡st ❝♦♠♣❛ré❡ ❛✉① ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❑✉♠❛r
❡t ❛❧✳ ✭✶✾✾✾✮✳ ▲❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♦♥t été ❝❤♦✐s✐s ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s
❧❛ ❙❡❝t✐♦♥ ✻✳✹✳✶✳ ▲❡ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ♦♥❞❡s ❛ été ♦❜t❡♥✉ ❞❛♥s t♦✉t❡ ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡
❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❞✬❛♣rès ❧✬❡①♣r❡ss✐♦♥ ❊q✳ ✭✺✳✶✶✻✮✳ ❉❡✉① ✈❛❧❡✉rs ♣♦✉r
❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♦♥t été ❝❤♦✐s✐❡s ✿ ✉♥❡ ❢❛✐❜❧❡ t❡❧❧❡ q✉❡ ∆Ω = 0.15 µrad s−1✱
❡t ✉♥❡ ❢♦rt❡ t❡❧❧❡ q✉❡ ∆Ω = 1 µrad s−1✳

▲❛ ❋✐❣✉r❡ ✼✳✺ ♠♦♥tr❡ ❞✬✉♥❡ ♣❛rt q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t ❝❛♣❛❜❧❡s ❞❡ r❛❧❡♥t✐r ❧❛
r♦t❛t✐♦♥ ✐♥t❡r♥❡ s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ✐♥❢ér✐❡✉r❡s à ❞✐① ♠✐❧❧✐❛r❞s ❞✬❛♥♥é❡s✱ ❝✬❡st✲à✲❞✐r❡ ❞❡s t❡♠♣s
♣❧✉s ❝♦✉rts q✉❡ ❧❡ t❡♠♣s q✉❡ ♣❛ss❡ ❧❡ ❙♦❧❡✐❧ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❉✬❛✉tr❡ ♣❛rt✱ q✉❡❧❧❡ q✉❡ s♦✐t
❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ s♦♥t ♣❧✉s ❡✣❝❛❝❡s q✉❡ ❝❡❧❧❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ❊♥ ❡✛❡t✱ ❧❡s ♣r❡♠✐èr❡s
s♦♥t ❝❛♣❛❜❧❡s ❞❡ ♠♦❞✐✜❡r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞✉ ❙♦❧❡✐❧ ❞✐① ❢♦✐s ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❧❡s ❞❡✉①✐è♠❡s✳
❊♥✜♥✱ ❧❛ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ♣❧✉s ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st ❢♦rt❡✱ ♣❧✉s ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡st ❡✣❝❛❝❡✳ ❈♦♠♠❡ ❧✬♦♥t ❞é❥à ♠♦♥tré ❚❛❧♦♥ ✫ ❈❤❛r✲
❜♦♥♥❡❧ ✭✷✵✵✺✮ ✭✈♦✐r ❋✐❣✳ ✼ ❞❡ ❧❡✉r ♣❛♣✐❡r✮✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té t❡♥❞❡♥t ❛✐♥s✐ à s✬♦♣♣♦s❡r à
❧✬ét❛❜❧✐ss❡♠❡♥t ❞✬✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❢♦rt❡ ❛♠♣❧✐t✉❞❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞❡ ❧✬ét♦✐❧❡ ❡t ❧❛ ❜❛s❡

✶✹✺



❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✺✿ ➱❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✼✳✻✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ❧❛ ③♦♥❡
r❛❞✐❛t✐✈❡ ❞✬✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡✳ ▲❡ rés✉❧t❛t ♦❜t❡♥✉ ❛✈❡❝ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✻✮ ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡✮ ❡st ❝♦♠♣❛ré à ❝❡❧✉✐
♦❜t❡♥✉ ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❑✉♠❛r ❡t ❛❧✳

✭✶✾✾✾✮ ✭❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡✮✳ ▲❛ ❝♦✉❧❡✉r ❜❧❡✉ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ❞✬✉♥❡ ❢❛✐❜❧❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱
✐✳❡✳ ❛✈❡❝∆Ω = 0.15 µrad s−1✱ ❡t ❧❛ ❝♦✉❧❡✉r r♦✉❣❡ ❛✉ ❝❛s ❞✬✉♥❡ ♣❧✉s ❢♦rt❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱
✐✳❡✳ ❛✈❡❝ ∆Ω = 1 µrad s−1✳

❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❖♥ ♣❡✉t ❛✉ss✐ ♥♦t❡r q✉✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❧✐ss❡ ❝♦♠♠❡ ❞❛♥s ❊q✳ ✭✼✳✾✮ ❡st
❜❡❛✉❝♦✉♣ ♣❧✉s st❛❜❧❡ q✉✬✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ t❡❧ q✉❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡ ❧❡ ❝❡♥tr❡ ❡t ❧❛
❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦✐t ❝♦♥st❛♥t❡✱ ❝♦♠♠❡ ✉t✐❧✐sé ❞❛♥s P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✻✮ ✭✈♦✐r ❧❛ ❋✐❣✳ ✾
❞❡ ❧❡✉r ♣❛♣✐❡r✮✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s
❞❡ ♠♦❞✐✜❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❡t ❝❡ ♣❧✉s
❡✣❝❛❝❡♠❡♥t q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❑✉♠❛r ❡t ❛❧✳
✭✶✾✾✾✮✳ ❖♥ ♣❡✉t ❛❧♦rs s❡ ❞❡♠❛♥❞❡r q✉❡❧ ♣❡✉t êtr❡ ❧✬✐♠♣❛❝t ❞❡ t❡❧❧❡s ♦♥❞❡s s✉r ❧❛ r♦t❛t✐♦♥ ❞❡s ét♦✐❧❡s
s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s ❡t s✐ ❧❡s ❝♦♥❝❧✉s✐♦♥s ❞♦♥♥é❡s ♣❛r ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ❞❛♥s ❧❡ ❝❛s ❞❡s
♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s♦♥t ❣é♥ér❛❧✐s❛❜❧❡s à ❧❡✉r ❝❛s✳

✼✳✸✳✸ ❊✣❝❛❝✐té ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s

▲✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❛ss♦❝✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❡t ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✼✳✻✮ ❡st
♠❛✐♥t❡♥❛♥t ❝♦♠♣❛ré❡ ❛✉ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❝♦♥tr❛❝t✐♦♥ à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞✬ét♦✐❧❡s
s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✳ ▲❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♣❛r ❞é❢❛✉t s✉✐t ❊q✳ ✭✼✳✾✮✳ P♦✉r t♦✉s ❧❡s ♠♦❞è❧❡s
❝♦♥s✐❞érés✱ ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❛ été ❡st✐♠é à ♣❛rt✐r ❞❡ ❧✬❡①♣r❡ss✐♦♥ s✐♠♣❧✐✜é❡ ❞♦♥♥é❡ ♣❛r
❊q✳ ✭✻✳✻✺✮✳ ▲❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♦♥t été ❝❤♦✐s✐s ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ❙❡❝t✐♦♥ ✻✳✹✳✶✳
▲❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ r❡♠♣❧✐ss❛❣❡ ❛ été ❣❛r❞é❡ ❝♦♥st❛♥t❡ ❡t é❣❛❧❡ à A = 0.1 ❞❛♥s ❝❡s ét♦✐❧❡s
✭❡✳❣✳✱ ▲✉❞✇✐❣ ✫ ❑✉↔✐♥s❦❛s ✷✵✶✷✮✱ ❡t ❧❛ ✈❛❧❡✉r ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡♥ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❛ ♣✉
êtr❡ ❡st✐♠é❡ ♣♦✉r ❝❤❛q✉❡ ♠♦❞è❧❡✳ ❊♥✜♥✱ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❛ été ❝❤♦✐s✐❡ ❡♥tr❡
✵ ❡t ✶✷ µrad s−1✱ ❝✬❡st✲à✲❞✐r❡ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s
s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s✱ ❛✈❡❝ ✉♥❡ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❧é❣èr❡♠❡♥t ♣❧✉s é❧❡✈é❡ ✭❉❡❤❡✉✈❡❧s ❡t ❛❧✳
✷✵✶✷✱ ✷✵✶✹❀ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛✮✳
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✼✳✸✳ ■♠♣❛❝t ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥

❈❛s ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s ✭log g . 3,55✮✳ Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥ ♠♦❞è❧❡
❞✬ét♦✐❧❡ ❣é❛♥t❡s r♦✉❣❡s ❞❡ ✶M⊙ ❛✈❡❝ log Teff = 3.16 ❡t log L/L⊙ = 0.92✳ ▲❡ rés✉❧t❛t ❡st r❡♣rés❡♥té
s✉r ❧❛ ❋✐❣✉r❡ ✼✳✻ ✭à ❞r♦✐t❡✮✳ ❖♥ ✈♦✐t s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ tw ❛✉❣♠❡♥t❡ ❞r❛st✐q✉❡♠❡♥t ❞❡♣✉✐s ❧❛
❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡♥ ❛❧❧❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✳ ■❧ ❞❡✈✐❡♥t ♠ê♠❡ très s✉♣ér✐❡✉r ❛✉
t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥ s♦✉s ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ✈❛❧❡✉r ❞❡ ∆Ω
❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉① ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❧❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❞♦♥❝ ✐♥❝❛♣❛❜❧❡s ♣❛r ❡❧❧❡s✲♠ê♠❡s ❞❡
❝♦♥tr❡❜❛❧❛♥❝❡r ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ s✉r ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s
r♦✉❣❡s✳ ❈♦♠♠❡ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ❧✬❛✈❛✐t ❞é❥à ❢❛✐t r❡♠❛rq✉❡r✱ ❝❡❧❛ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞û ❛✉ ❢♦rt
❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ s✉❜✐ ♣❛r ❧❡s ♦♥❞❡s ❛✈❛♥t ❞✬❛tt❡✐♥❞r❡ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✳ ▲❡s ♦♥❞❡s ❞é♣♦s❡♥t
❞♦♥❝ ❧❡✉r ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❜✐❡♥ ❛✈❛♥t ❞❡ ❢r❛♥❝❤✐r ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❜rû❧❛♥t ❡♥ ❝♦✉❝❤❡✳ ❊♥
❢❛✐t✱ ✉♥❡ ✈❛❧❡✉r ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♣r♦❝❤❡ ❞❡ ✷✵ µrad s−1 ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r
❝♦♥tr❡❜❛❧❛♥❝❡r ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦♥❞❡s ❡t ❧❡✉r ♣❡r♠❡ttr❡ ❞❡ ♠♦❞✐✜❡r ❧❛ r♦t❛t✐♦♥ ❞✉ ❝÷✉r✱ ❝❡ q✉✐
❡st ❜✐❡♥ s✉♣ér✐❡✉r❡ ❛✉① ✈❛❧❡✉rs ♦❜s❡r✈é❡s✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s ♣ré❝✐sé♠❡♥t s✉r ❝❡ ❝♦♠♣♦rt❡♠❡♥t
❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t✳

❈❛s ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ✭log g & 3,55✮✳ P♦✉r ✐❧❧✉str❡r ❝❡ ❝❛s✱
♥♦✉s ❝♦♥s✐❞ér♦♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ✶M⊙ ❝❛r❛❝tér✐sé ♣❛r log Teff = 3.70 ❡t log L/L⊙ = 0.35✳
▲❡ rés✉❧t❛t ❡st r❡♣rés❡♥té s✉r ❧❛ ❋✐❣✉r❡ ✼✳✻✳ P♦✉r ❞❡ ❢❛✐❜❧❡s ❛♠♣❧✐t✉❞❡s ❞❡ ∆Ω✱ ❧❛ s✐t✉❛t✐♦♥ ❡st
s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s✳ ▲❡s ♦♥❞❡s s♦♥t tr♦♣ ❢♦rt❡♠❡♥t ❛♠♦rt✐❡s ♣♦✉r
♣♦✉✈♦✐r ❛tt❡✐♥❞r❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠✳ ◆é❛♥♠♦✐♥s✱ à ♣❛rt✐r ❞✉ ♠♦♠❡♥t ♦ù ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
❞é♣❛ss❡ ✉♥ ❝❡rt❛✐♥ s❡✉✐❧✱ ♥♦té ❞❛♥s ❧❛ s✉✐t❡ ∆Ωth✱ ♦♥ ♦❜s❡r✈❡ q✉❡ tw ❞❡✈✐❡♥t ♣❧✉s ♣❡t✐t q✉❡ tcont à
tr❛✈❡rs ❧❛ ré❣✐♦♥ ❡♥✲❞❡ss♦✉s ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✳ P♦✉r ❧❡ ♠♦❞è❧❡ ❝♦♥s✐❞éré✱ ❝❡❧❛ s❡
♣❛ss❡ q✉❛♥❞ ∆Ωth ∼ 5 µrad s−1✳ ❈❡tt❡ ✈❛❧❡✉r ❡st ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s
❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❖♥ ❝♦♥❝❧✉t ❞♦♥❝ q✉❡ ❞❛♥s ❝❡ t②♣❡ ❞✬ét♦✐❧❡s✱ ❧❡s
♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s ❞❡ ❝♦♥tr❡❜❛❧❛♥❝❡r
❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ❞✉❡ à ❧❡✉r ❝♦♥tr❛❝t✐♦♥✳ ❈❡s ♦♥❞❡s s❡♠❜❧❡♥t
❞♦♥❝ ❛✈♦✐r ✉♥ rô❧❡ à ❥♦✉❡r ❞❛♥s ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✳

❊♥ ❢❛✐t✱ ❝❡ rés✉❧t❛t ♣❡✉t êtr❡ ét❡♥❞✉ à t♦✉t❡s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s
✭✐❝✐ ❞é✜♥✐❡s t❡❧❧❡s q✉❡ log g & 3, 55✮✳ ▲❛ ✈❛❧❡✉r s❡✉✐❧ t❤é♦r✐q✉❡ ♣♦✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡✱ ∆Ωth✱ ❡st ❢♦r♠❡❧❧❡♠❡♥t ❞é✜♥✐❡ ❝♦♠♠❡ ❧✬❛♠♣❧✐t✉❞❡ ❛✉✲❞❡ss✉s ❞❡ ❧❛q✉❡❧❧❡ tw ❞❡✈✐❡♥t
♣❧✉s ♣❡t✐t q✉❡ tcont ❞❛♥s t♦✉t ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠✳ ❊♥ ❡✛❡t✱ à ♠❡s✉r❡ q✉❡ ∆Ω ❛✉❣♠❡♥t❡✱ ❧✬❛s②♠étr✐❡
❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❡♥tr❡ ❧❡s ♦♥❞❡s ♣r♦❣r❛❞❡s ✭m > 0✮ ❡t rétr♦❣r❛❞❡s ✭m < 0✮ ❛✉❣♠❡♥t❡✳ ▲❡s ♦♥❞❡s
♣r♦❣r❛❞❡s s♦♥t ❛♠♦rt✐❡s ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❧❡s ♦♥❞❡s rétr♦❣r❛❞❡s ❧♦rs ❞❡ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ✈❡rs ❧❡
❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✳ ❉❡ ♣❧✉s✱ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ∆Ω rés✉❧t❡ ❡♥ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡
✐♥tr✐♥sèq✉❡ ❞❡s ♦♥❞❡s rétr♦❣r❛❞❡s✳ ❉❛♥s ✉♥❡ ❝♦✉❝❤❡ ❞♦♥♥é❡✱ ❧❡s ♦♥❞❡s rétr♦❣r❛❞❡s q✉✐ ❞é♣♦s❡♥t ❧❡✉r
♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✭♥é❣❛t✐❢✮ ♦♥t ❞♦♥❝ ❞❡s ❢réq✉❡♥❝❡s ✭ω✮ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣❡t✐t❡s✳ ❈♦♠♠❡ ❧❡ s♣❡❝tr❡
❞✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ❡st ❞é❝r♦✐ss❛♥t ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡✱ ❝❡❧❧❡s✲❝✐ ♦♥t ❞❡s ❛♠♣❧✐t✉❞❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s
❣r❛♥❞❡s ❡t ❧❡✉r ✐♠♣❛❝t s✉r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❡st ❞♦♥❝ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❢♦rt✳ ❊♥ ❞é✜♥✐t✐❢✱ ❧✬✐♥✢✉❡♥❝❡
❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s✉r ❧❡ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡st
♣r✐♠♦r❞✐❛❧❡ ❡t ❞♦✐t êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ❊♥ ✈✉❡ ❞❡ ❧❛ ❢♦rt❡ s❡♥s✐❜✐❧✐té ❞❡ tw à ∆Ω à tr❛✈❡rs ❧❡ ❝÷✉r
❞✬❤é❧✐✉♠ ♦❜s❡r✈é❡ ❞❛♥s ❧❛ ❋✐❣✉r❡ ✼✳✻✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ ❝r✐tèr❡ ❞❡
sé❧❡❝t✐♦♥ ❞✉ s❡✉✐❧ ❛✉✲❞❡❧à ❞❡ ❧❛q✉❡❧❧❡ ❧❡s ♦♥❞❡s s♦♥t ♣❧✉s ❡✣❝❛❝❡s q✉❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥
✐♥t❡r♥❡ ✭✐✳❡✳✱ s✐ ❧✬♦♥ ❝♦♠♣❛r❡ tw à tcont à tr❛✈❡rs ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡♥ ❡♥t✐❡r ❝♦♠♠❡ ✐❝✐✱ ♦✉ s✐ ♦♥
❧✬♦♥ r❡❣❛r❞❡ ❞❛♥s ✉♥❡ ❝♦✉❝❤❡ ♣ré❝✐s❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✮ ❛ ♣❡✉
❞✬✐♥✢✉❡♥❝❡ s✉r ❧❛ ✈❛❧❡✉r ❞❡ ∆Ωth✳

■♠♣❛❝t ❞❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❡t ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥✳ ▲❡s
✐♥❝❡rt✐t✉❞❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ✭t❡♠♣s ❞❡ ✈✐❡✱ ❧❛r❣❡✉r ❡t ✈✐t❡ss❡ ❞❡s ♣❛✲
♥❛❝❤❡s✱✳✳✳✮ ♦♥t ♣❡✉ ❞✬✐♠♣❛❝t s✉r ❧❡ rés✉❧t❛t✳ ❈❡❧❛ ❡st ❡♥❝♦r❡ ❞û à ❧❛ ❢♦rt❡ s❡♥s✐❜✐❧✐té ❞❡ tw ❛✈❡❝
∆Ω✳ ❆✐♥s✐✱ ❧✬❡✛❡t ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❞❛♥s ✉♥ ❧❛r❣❡ ✐♥t❡r✈❛❧❧❡ ♥❡

✶✹✼



❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✻✿ ●❛✉❝❤❡ ✿ ➱❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❛ss♦❝✐é❡ ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✭❧✐❣♥❡ ❝♦♥t✐✲
♥✉❡✮✱ ❝❛❧❝✉❧é ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✼✳✻✮✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♥♦r♠❛❧✐sé ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡
❞✬✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ ❞❡ ✶ M⊙✱ ❛✈❡❝ log Teff = 3.16 ❡t log L/L⊙ = 0.92✳ ▲❡s
❝♦✉❧❡✉rs ❝♦rr❡s♣♦♥❞❡♥t à ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ∆Ω✳
▲❡s ❧✐❣♥❡s ❡♥ t✐r❡ts r♦✉❣❡ ❡t ❜❧❡✉❡ r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡
❝♦♥tr❛❝t✐♦♥ ✭♦✉ ❞❡ ❞✐❧❛t❛t✐♦♥✮ ❡t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✳ ❉r♦✐t❡ ✿
▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ❧❡ ♣❛♥♥❡❛✉ ❞❡ ❣❛✉❝❤❡✱ ♠❛✐s ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ s♦✉s✲❣é❛♥t❡ ❞❡ ✶ M⊙✱
❛✈❡❝ log Teff = 3.70 ❡t log L/L⊙ = 0.35✳

rés✉❧t❡ q✉✬❡♥ ✉♥❡ ❢❛✐❜❧❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r s❡✉✐❧ t❤é♦r✐q✉❡ ∆Ωth✳ ▲❡s ❝♦♥❝❧✉s✐♦♥s ❢❛✐t❡s ❞❛♥s ❧❡s
♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts ♥✬❡♥ s♦♥t ❞♦♥❝ ♣❛s ♠♦❞✐✜é❡s✳ ❉❡ ♣❧✉s✱ ✉♥❡ ét✉❞❡ s✐♠✐❧❛✐r❡ ❛ été ré❛❧✐sé❡ ❛✈❡❝
❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞é✜♥✐ ♣❛r ❊q✳ ✭✼✳✶✵✮✳ ❯♥ t❡❧ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❡st s❡♠❜❧❛❜❧❡ à ✉♥ ♣r♦✜❧ à ❞❡✉①
③♦♥❡s sé♣❛ré❡s ♣❛r ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❛✉t♦✉r ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ✭✈♦✐r ❋✐❣✉r❡ ✼✳✹✮✳
P♦✉r t♦✉s ❧❡s ♠♦❞è❧❡s ❝♦♥s✐❞érés✱ ♥♦✉s ❛✈♦♥s tr♦✉✈é q✉✬✉♥ t❡❧ ♣r♦✜❧ ✐♥❤✐❜❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♦♥❞❡s
✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡ ❝÷✉r à ♠♦✐♥s q✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s♦✐t s✉♣ér✐❡✉r❡
❞❡ ♣❧✉s ❞✬✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❛✉① ♦❜s❡r✈❛t✐♦♥s✳ ❊♥ ❡✛❡t✱ ✉♥ t❡❧ ♣r♦✜❧ ❞✐♠✐♥✉❡ ❧✬❛s②♠étr✐❡ ❡♥tr❡
❧❡s ♦♥❞❡s ♣r♦❣r❛❞❡s ❡t rétr♦❣r❛❞❡s ❧♦rs ❞❡ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ❛✉✲❞❡ss✉s ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡
❡♥ ❢✉s✐♦♥✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s ♦♥❞❡s ♣r♦❣r❛❞❡s s♦♥t ♠♦✐♥s ❛♠♦rt✐❡s t❛♥❞✐s ❧❡s rétr♦❣r❛❞❡s s♦♥t ♣❧✉s
❛♠♦rt✐❡s q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣r♦✜❧ ❧✐ss❡ ❝♦♠♠❡ ❞❛♥s ❊q✳ ✭✼✳✾✮✳ ▲❡ ✢✉① ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s
♦♥❞❡s ❡st ❞♦♥❝ ❞é❥à t♦t❛❧❡♠❡♥t ❛♠♦rt✐ ❛✈❛♥t q✉❡ ❧❡s ♦♥❞❡s ♥❡ ♣✉✐ss❡♥t ❛tt❡✐♥❞r❡ ❧❛ ♣ér✐♣❤ér✐❡ ❞✉
❝÷✉r ❞✬❤é❧✐✉♠✱ à ♠♦✐♥s ❞✬❛✈♦✐r ✉♥❡ ❛♠♣❧✐t✉❞❡ très é❧❡✈é❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳

✼✳✸✳✹ ▼é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❝♦❡✉r ❞❡s s♦✉s✲❣é❛♥t❡s ❄

▲❡s ✈❛❧❡✉rs s❡✉✐❧s t❤é♦r✐q✉❡s ∆Ωth ♦♥t ♣✉ êtr❡ ❞ét❡r♠✐♥é❡s ♣♦✉r t♦✉s ❧❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡s ❞❡
✶✱ ✶✳✶✺✱ ✶✳✸ ❡t ✶✳✹✺ M⊙ r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✉r❡ ✼✳✹✳ ❊❧❧❡s ♦♥t été ♦❜t❡♥✉❡s ❛✈❡❝ ❞❡s ✈❛❧❡✉rs
st❛♥❞❛r❞ ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❡t ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞♦♥♥é
❞❛♥s ❊q✳ ✭✼✳✾✮✳ ❊❧❧❡s s♦♥t r❡♣rés❡♥té❡s s✉r ❧❛ ❋✐❣✉r❡ ✼✳✼ ❡t ❝♦♠♣❛ré❡s ❛✉① ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s
s✐① s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦❜s❡r✈é❡s ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✱ ✷✵✶✹✮✱ ❛✐♥s✐ q✉✬à ❧❛
✈❛❧❡✉r s✉♣ér✐❡✉r❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❛✮✳

❉é♣❡♥❞❛♥❝❡ ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ ❡t ❧❛ ♠❛ss❡✳ ▲❛ ❋✐❣✉r❡ ✼✳✼ ♠♦♥tr❡ q✉❡ ∆Ωth ❞é♣❡♥❞ ❞✉ st❛❞❡
é✈♦❧✉t✐❢ ❡t ❞❡ ❧❛ ♠❛ss❡✳ ❉✬❛❜♦r❞✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ✈❛❧❡✉r s❡✉✐❧ t❤é♦r✐q✉❡ ♣♦✉r ❧✬❛♠♣❧✐t✉❞❡ ❛✉❣♠❡♥t❡
❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❙❡❝t✐♦♥ ✼✳✷✱ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t
r❛❞✐❛t✐❢ ❞❡s ♦♥❞❡s ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧✬â❣❡ ❞❡ ❧✬ét♦✐❧❡✳ ❉✬❛♣rès ❊q✳ ✭✼✳✽✮✱ ❝❡tt❡ ❛✉❣♠❡♥t❛t✐♦♥ ♣❡✉t êtr❡
❝♦♥tr❡❜❛❧❛♥❝é❡ ♣❛r ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡✳ ❉❡s ✈❛❧❡✉rs ❞❡ ♣❧✉s ❡♥
♣❧✉s é❧❡✈é❡s ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s♦♥t ❞♦♥❝ ♥é❝❡ss❛✐r❡s ♣♦✉r ♣❡r♠❡ttr❡ ❛✉①

✶✹✽



✼✳✹✳ ❘❡♠❛rq✉❡s ❝♦♥❝❧✉s✐✈❡s

♦♥❞❡s ❞✬❛tt❡✐♥❞r❡ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❧❡ ❧♦♥❣ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❉❡✉①✐è♠❡✲
♠❡♥t✱ ♦♥ ✈♦✐t q✉❡ ∆Ωth ❞é♣❡♥❞ ❞❡ ❧❛ ♠❛ss❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❈❡tt❡ ❞é♣❡♥❞❛♥❝❡
♣❡✉t s✬❡①♣❧✐q✉❡r ♣❛r ❧❡ ❢❛✐t q✉❡ ♣❧✉s ❧✬ét♦✐❧❡ ❡st ♠❛ss✐✈❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✱ ♣❧✉s ❡❧❧❡
❡st ❧✉♠✐♥❡✉s❡✱ ❡t ❞♦♥❝ ♣❧✉s ❧❡s ✢✉① ❝♦♥✈❡❝t✐❢s s♦♥t ✐♠♣♦rt❛♥ts✳ ▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t
❞♦♥❝ ♣❧✉s ❡✣❝❛❝❡♠❡♥t ❡①❝✐té❡s ❡t ❧❡✉r ❡✣❝❛❝✐té ❞❡ tr❛♥s♣♦rt ❡♥ ❡st q✉❡ ♠❡✐❧❧❡✉r❡✱ ❞✬♦ù ❞❡s ✈❛❧❡✉rs
♣❧✉s ❢❛✐❜❧❡s ♣♦✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ q✉✐ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ❧❡✉r ♣❡r♠❡ttr❡
❞✬❛tt❡✐♥❞r❡ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ✭✈♦✐r P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✱ ♣♦✉r ✉♥❡ ❞✐s❝✉ss✐♦♥ ♣❧✉s ❞ét❛✐❧❧é❡✮✳ ❊♥✜♥✱
s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ∆Ωth ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ ♠ê♠❡ ✈❛❧❡✉r q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡
❞❡ ❧✬ét♦✐❧❡ à log g ❞♦♥♥é✳ ❊♥ ❡✛❡t✱ à ❝❡ st❛❞❡ é✈♦❧✉t✐❢✱ ❧❡s ét♦✐❧❡s r❡♠♦♥t❡♥t ❧❡ tr❛❝é ❞✬❍❛②❛s❤✐ ❞❛♥s
❧❡ ❞✐❛❣r❛♠♠❡ ❍❡rt③s♣r✉❣✲❘✉ss❡❧❧ ✭✈♦✐r ❋✐❣✉r❡ ✼✳✹✮✳ ❊❧❧❡s s❡ ❧♦❝❛❧✐s❡♥t ❞♦♥❝ ❞❛♥s ❧❛ ♠ê♠❡ ♣❛rt✐❡
❞✉ ❞✐❛❣r❛♠♠❡ ❍✲❘ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡ ❡t ♦♥t ❞♦♥❝ ❞❡s ♣r♦♣r✐étés s✐♠✐❧❛✐r❡s✱ ♥♦t❛♠♠❡♥t ❡♥
❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❡t ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢✳
▲❛ ✈❛❧❡✉r s❡✉✐❧ ♣♦✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ q✉✐ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ♣❡r♠❡ttr❡ ❛✉①
♦♥❞❡s ❞✬❛tt❡✐♥❞r❡ ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❡st ❞♦♥❝ ✐❞❡♥t✐q✉❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡✳

❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ✿ ✉♥❡ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ♣❛r ❧❡s ♦♥❞❡s s✉r ❧❛
❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❄ ❙✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ✐❧ ❞é❥à été ♠❡♥t✐♦♥♥é ♣❧✉s tôt
q✉❡ ❧❡s ❛♠♣❧✐t✉❞❡s ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥é❝❡ss❛✐r❡s ♣♦✉r ♣❡r♠❡ttr❡ ❛✉① ♦♥❞❡s ❞✬❛tt❡✐♥❞r❡
❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ s♦♥t ❜✐❡♥ s✉♣ér✐❡✉r❡s ❛✉① ♦❜s❡r✈❛t✐♦♥s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❛✮✳ ❆✉ ❝♦♥tr❛✐r❡✱
❧❛ ❋✐❣✉r❡ ✼✳✼ ♠♦♥tr❡ ✉♥❡ ❢r❛♣♣❛♥t❡ s✐♠✐❧✐t✉❞❡ ❡♥tr❡ ❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❡s
s✐① s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦❜s❡r✈é❡s ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✷✱ ✷✵✶✹✮✳ ❙❡✉❧❡ ❧✬ét♦✐❧❡
❞❡ ✶✳✷✻ M⊙ ♠♦♥tr❡ ✉♥ é❝❛rt ♣❛r r❛♣♣♦rt ❛✉① ❝♦✉r❜❡s t❤é♦r✐q✉❡s ❀ ❡❧❧❡ ♥✬❡st ❝❡♣❡♥❞❛♥t ♣❛s ❛ss❡③
é❧♦✐❣♥é❡ ♣♦✉r ♠❡ttr❡ ❡♥ ❞é❢❛✉t ❧❡ ❜♦♥ ❛❝❝♦r❞ ❣❧♦❜❛❧ ét❛♥t ❞♦♥♥é ❧❡s ✐♥❝❡rt✐t✉❞❡s ❝♦♥❝❡r♥❛♥t ❧❛
❞ét❡r♠✐♥❛t✐♦♥ t❤é♦r✐q✉❡ ❞❡ ∆Ωth ♦✉ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❈❡❧❛ ♥♦✉s ❛ ❞♦♥❝ ♠❡♥é à é♠❡ttr❡ ❧✬✐❞é❡ q✉❡
❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s s♦✉s✲❣é❛♥t❡s ♣❡✉t êtr❡ ❧❡ rés✉❧t❛t ❞✬✉♥
♠é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ❝♦♥trô❧é ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s ✈✐❛ ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳

▲❡ s❝é♥❛r✐♦ ♣❡✉t s❡ ♣rés❡♥t❡r ❝♦♠♠❡ ❝❡❝✐✳ ❈♦♥s✐❞ér♦♥s ✉♥❡ ét♦✐❧❡ à ❧❛ ✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥✲
❝✐♣❛❧❡ ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ∆Ω0✳ ▲❡ s②stè♠❡ ♣❡✉t ❛❧♦rs é✈♦❧✉❡r s✉✐✈❛♥t
❞❡✉① ✈♦✐❡s✳ ❙✐ ∆Ω0 . ∆Ωth✱ ❛❧♦rs ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❧✬❡♠♣♦rt❡ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞❡
❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❛✉❣♠❡♥t❡ s✉r ✉♥❡ é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❞❡ ❧✬♦r❞r❡ ❞✉ t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥✳ ❙✐✲
♥♦♥✱ s✐ ∆Ω0 & ∆Ωth✱ ❛❧♦rs ❧❡ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧❡s ♦♥❞❡s ❧✬❡♠♣♦rt❡ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❝❡tt❡ ❢♦✐s✲❝✐ ❞✐♠✐♥✉❡ s✉r ✉♥❡ é❝❤❡❧❧❡ ❞❡ t❡♠♣s ✐♥❢ér✐❡✉r❡ ❛✉ t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥✳ ▲❡s
ét♦✐❧❡s ❝♦♥s✐❞éré❡s ✐❝✐ s♦♥t ❞❡s r♦t❛t❡✉rs t❡❧s q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ♥✬❛ q✉❡ ♣❡✉ ❞✬✐♥✲
✢✉❡♥❝❡ s✉r ❧❡✉r str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞♦♥❝ s✉r ❧❛ ✈❛❧❡✉r ❞❡ ∆Ωth à ✉♥ ✐♥st❛♥t ❞♦♥♥é✳ ❆✐♥s✐✱ ♣✉✐sq✉❡
∆Ωth é✈♦❧✉❡ s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❧❡ t❡♠♣s ❞❡ ❝♦♥tr❛❝t✐♦♥✱ ∆Ω ✈❛ s❡
r❛♣♣r♦❝❤❡r ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞❡ ∆Ωth ❞❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❤❛s❡ tr❛♥s✐t♦✐r❡✳ ❆♣rès ✉♥ ❝❡rt❛✐♥ ❧❛♣s ❞❡
t❡♠♣s✱ ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡ ❡st ❛❧♦rs ❛tt❡✐♥t ♣♦✉r ❧❡q✉❡❧ ∆Ω ∼ ∆Ωth✳ ▲❛ st❛❜✐❧✐té ❞❡ ❝❡t éq✉✐❧✐❜r❡
❡st ❧❡ rés✉❧t❛t ❞❡ ❧✬❡✛❡t ❝♦♠❜✐♥é ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❡t ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s q✉✐ ❛❣✐ss❡♥t t♦✉s
❞❡✉① ❞❡ ❢❛ç♦♥ à ❝♦♥tr❡r t♦✉t é❝❛rt à ❝❡t éq✉✐❧✐❜r❡✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡
❝♦♥tr❛❝t✐♦♥ ❡st ❜✐❡♥ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❡ t❡♠♣s ❞✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✱ ❧✬éq✉✐❧✐❜r❡
❡st ❛tt❡✐♥t ❜✐❡♥ ❛✈❛♥t ❧❡ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❞✬♦ù ❧✬❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳

✼✳✹ ❘❡♠❛rq✉❡s ❝♦♥❝❧✉s✐✈❡s

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❝♦♥❝❧✉s✐♦♥s ♦♥t été ♦❜t❡♥✉❡s✳ ❉✬❛❜♦r❞✱ ❥✬❛✐ ♠♦♥tré q✉❡
❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ✐♥❝❛♣❛❜❧❡s✱ ♣❛r ❡❧❧❡s✲♠ê♠❡s✱
❞✬❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s à ❝❛✉s❡ ❞✬✉♥ ❛♠♦rt✐ss❡♠❡♥t r❛✲
❞✐❛t✐❢ tr♦♣ ✐♠♣♦rt❛♥t✳ ❈❡❧❛ r❡❥♦✐♥t ❧❡ rés✉❧t❛t ❞❡ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❯♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt
❡✣❝❛❝❡ ❞♦✐t êtr❡ ✐♥✈♦q✉é ♣♦✉r ❝❡s ét♦✐❧❡s✳ ◆é❛♥♠♦✐♥s✱ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝✲
t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s ❞❡ ❥♦✉❡r ✉♥ rô❧❡ ❞❛♥s ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡
❢❛✐❜❧❡ ♠❛ss❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❈❡s ♦♥❞❡s s♦♥t ♣❧✉s ❡✣❝❛❝❡s

✶✹✾



❈❤❛♣✐tr❡ ✼✳ ❊✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡

❋✐❣✉r❡ ✼✳✼✿ ❱❛❧❡✉r s❡✉✐❧ t❤é♦r✐q✉❡ ♣♦✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ r❛❞✐❛❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
log g ♣♦✉r ❧❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❝♦♥s✐❞érés✳ ❈❡❧❧❡✲❝✐ ❛ été ❞ét❡r♠✐♥é❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ✈❛❧❡✉rs
♣❛r ❞é❢❛✉t ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❡t ❡♥ s✉♣♣♦s❛♥t ✉♥ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❧✐ss❡ t❡❧ q✉❡
❞é✜♥✐ ❞❛♥s ❊q✳ ✭✼✳✾✮✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✱ ∆Ωobs✱ s♦♥t r❡♣rés❡♥té❡s
❛✈❡❝ ❧❡✉rs ❜❛rr❡s ❞✬❡rr❡✉r ❡t ❧❛ ♠❛ss❡ ❡♥ ✉♥✐té s♦❧❛✐r❡ ✭❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✹✮✳ ▲❛ ❧✐❣♥❡ ❡♥
t✐r❡ts ✈❡rt✐❝❛❧❡ r♦✉❣❡ s②♠❜♦❧✐s❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❛ ♣❤❛s❡ ❞❡ s♦✉s✲❣é❛♥t❡ ❡t ❧❡ ❞é❜✉t ❞❡ ❧❛
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ABSTRACT

Context. The seismic data provided by the space-borne missions CoRoT and Kepler enabled us to probe the internal rotation of
thousands of evolved low-mass stars. Subsequently, several studies showed that current stellar evolution codes are unable to reproduce
the low core rotation rates observed in these stars. These results indicate that an additional angular momentum transport process is
necessary to counteract the spin up due to the core contraction during the post-main sequence evolution. For several candidates, the
transport induced by internal gravity waves (IGW) could play a non-negligible role.
Aims. We aim to investigate the effect of IGW generated by penetrative convection on the internal rotation of low-mass stars from the
subgiant branch to the beginning of the red giant branch.
Methods. A semi-analytical excitation model was used to estimate the angular momentum wave flux. The characteristic timescale
associated with the angular momentum transport by IGW was computed and compared to the contraction timescale throughout the
radiative region of stellar models at different evolutionary stages.
Results. We show that IGW can efficiently counteract the contraction-driven spin up of the core of subgiant stars if the amplitude
of the radial-differential rotation (between the center of the star and the top of the radiative zone) is higher than a threshold value.
This threshold depends on the evolutionary stage and is comparable to the differential rotation rates inferred for a sample of subgiant
stars observed by the satellite Kepler. Such an agreement can therefore be interpreted as the consequence of a regulation mechanism
driven by IGW. This result is obtained under the assumption of a smooth rotation profile in the radiative region and holds true even
if a wide range of values is considered for the parameters of the generation model. In contrast, on the red giant branch, we find that
IGW remain insufficient, on their own, to explain the observations because of an excessive radiative damping.
Conclusions. IGW generated by penetrative convection are able to efficiently extract angular momentum from the core of stars on the
subgiant branch and accordingly have to be taken into account. Moreover, agreements with the observations reinforce the idea that
their effect is essential to regulate the amplitude of the radial-differential rotation in subgiant stars. On the red giant branch, another
transport mechanism must likely be invoked.

Key words. stars: rotation – stars: evolution – stars: interiors – waves – hydrodynamics

1. Introduction

The detection of mixed modes in thousands of stars (e.g.,
Mosser et al. 2012b) observed by the satellites CoRoT and
Kepler have provided insights into the internal rotation of
evolved stars. Ensemble asteroseismology notably revealed that
the mean core rotation weakly increases with time on the
subgiant branch (Deheuvels et al. 2012, 2014) before dropping
sharply along the evolution on the red giant branch (Mosser et al.
2012a). These observations have had a major impact since they
question our knowledge about the angular momentum evolu-
tion and redistribution in stellar interiors. Indeed, the current
stellar evolution codes taking transport of angular momentum
by shear-induced turbulence and meridional circulation into ac-
count are not able to reproduce the low rotation rates observed
in evolved stars (Eggenberger et al. 2012; Ceillier et al. 2013;
Marques et al. 2013). These processes are also insufficient to ex-
plain the quasi solid-body rotation observed in the solar radiative
zone (e.g., Brown et al. 1989; García et al. 2007). These discrep-
ancies stress out the need for considering additional transport
mechanisms to efficiently extract angular momentum from the
stellar cores. Among the hypotheses advanced to explain the spin

down of the core, several works investigated the effect of mag-
netic fields (e.g., Spruit 2002; Heger et al. 2005; Cantiello et al.
2014; Rüdiger et al. 2015; Spada et al. 2016) or the influence of
mixed modes (Belkacem et al. 2015a,b). In addition, it has been
known for decades that a possible solution may also come from
internal gravity waves (e.g., Schatzman 1996).

The restoring force of internal gravity waves (IGW) is buoy-
ancy so that they can propagate in radiative zones of stars. In
these regions, they are damped by radiative diffusion and can
deposit (or extract) momentum. They are thus able to trans-
port angular momentum in presence of differential rotation.
The efficiency of this mechanism depends on the wave en-
ergy spectrum whose amplitude and shape results, on the one
hand, from the excitation process, and on the other hand, from
the wave damping. Two processes have been proposed to gen-
erate IGW: turbulent pressure in the convective bulk (Press
1981; Garcia Lopez & Spruit 1991; Zahn 1997; Kumar et al.
1999; Lecoanet & Quataert 2013) or penetrative convection at
the interface between the convective and the radiative zones
(Townsend 1966; Pinçon et al. 2016). For both mechanisms,
excitation models are available to estimate the wave energy flux
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emitted at the base of the convective zone. These models have
already demonstrated the ability of IGW to efficiently affect the
evolution of the internal rotation in the solar case (Zahn 1997;
Talon et al. 2002; Talon & Charbonnel 2005; Fuller et al. 2014;
Pinçon et al. 2016). This reinforces the idea that IGW could be
one important missing ingredient in the modeling of the angular
momentum evolution of stars.

Solving the transport of angular momentum equations in-
cluding the effects of IGW is numerically difficult. Indeed, it
involves very small timescales differing from the stellar evolu-
tion timescale by several orders of magnitude. A first step in the
investigation thus consists in estimating and comparing the ef-
ficiency of the angular momentum transport by IGW with the
other transport processes, for a given stellar equilibrium struc-
ture and at a peculiar evolutionary stage. Since the core con-
traction drives the increase of the inner rotation in current stel-
lar modeling, this is equivalent to compare the characteristic
timescale associated with the transport by IGW to the contrac-
tion timescale. This has already been done in the solar case
by previous works (Zahn 1997; Kumar et al. 1999; Fuller et al.
2014; Pinçon et al. 2016). Such a comparison provides a first in-
dication on the efficiency of the angular momentum transport by
IGW in stars at different evolutionary stages.

Fuller et al. (2014) followed such an approach in the case of
evolved low-mass stars. Considering only turbulent pressure in
the convective zone as the excitation mechanism, they showed
that the inner radiative interior may decouple from the effect of
incoming IGW when stars reach about the middle of the sub-
giant branch. This mainly results from the wave radiative damp-
ing that crucially increases as stars evolve. As a consequence, it
prevents IGW from reaching the innermost layers and therefore,
from modifying their rotation.

However, as shown in Pinçon et al. (2016) in the solar case,
the result of such a study depends both on the wave excitation
mechanism and on the amplitude of the radial-differential rota-
tion in the radiative zone. Here, we consider the effect of IGW
generated by penetrative convection and investigate whether
they can counteract the core contraction and brake the devel-
opment of a strong differential rotation in subgiant and red giant
stars. The influence of both amplitude and shape of the radial-
differential rotation on the transport by IGW toward the central
regions is considered.

The article is organized as follows. Section 2 introduces the
theoretical background. An analytical description of the angu-
lar momentum transport by plume-induced IGW is developed.
Section 3 briefly presents the input physics and stellar models
used in this work. The efficiency of the transport by plume-
induced IGW is investigated in Sect. 4. The study is based on
timescales comparison for 1 M⊙ stellar models covering the
subgiant branch and the beginning of the ascent of the red gi-
ant branch. The influence of the uncertainties on the excitation
model parameters and of the shape of the rotation profile on the
results is widely explored. In Sect. 5, the effect of stellar mass
is analyzed and a comparison with observations is performed.
Section 6 is devoted to discussions. Conclusions are finally for-
mulated in Sect. 7.

2. Characteristic timescales and wave flux
generated by penetrative convection

2.1. Transport timescales

The contraction of the central layers during the post-main se-
quence turns out to be mostly responsible for the strong rotation

contrast between the core and the envelope observed in stellar
evolution codes (e.g., Ceillier et al. 2013; Marques et al. 2013).
To estimate the efficiency of the angular momentum transport by
IGW in stellar interiors, we can thus compare the influence of
IGW versus the contraction or expansion in stars on the evolu-
tion of the internal rotation. The angular momentum transport
in stellar interiors obeys an advection-diffusion equation. Within
the shellular rotation approximation (Zahn 1992) and consider-
ing only the effect of both the contraction or expansion and the
transport by waves, the Lagrangian evolution of the mean rota-
tion rate, Ω(r), in a spherical mass shell, can be written such as
(e.g., Belkacem et al. 2015b)

dΩ
dt
= −2

ṙ

r
Ω − J̇w

ρr2
, (1)

with

J̇w =
1
r2

∂

∂r

(
r2FJ,w

)
, (2)

where r is the radius, ṙ is the contraction or expansion velocity,
ρ is the density of the equilibrium structure and FJ,w is the mean
radial wave flux of angular momentum.

Following Eq. (1), the local contraction or expansion
timescale at a radius r is given by

tcont ∼
∣∣∣∣∣

r

2ṙ

∣∣∣∣∣ · (3)

It corresponds to the evolution timescale of the rotation rate un-
der the hypothesis of local conservation of angular momentum.
Similarly, the wave-related timescale, or the timescale associ-
ated with the transport of angular momentum by IGW, given a
rotation profile Ω(r), can be estimated by

tw ∼
∣∣∣∣∣∣
ρr2Ω

J̇w

∣∣∣∣∣∣ · (4)

It corresponds to the ratio of the density of angular momentum
to the divergence of the radial angular momentum wave flux.
If J̇w(r) < 0, waves tend to increase the rotation rate follow-
ing Eq. (1), otherwise, they tend to decrease it. The effect of the
angular momentum transport induced by IGW on the rotation is
said to be locally more efficient than the influence of the contrac-
tion or the dilatation in the star if ǫ(r) = tcont/tw > 1. Therefore,
the comparison between Eqs. (3) and (4) provides us with an es-
timate of the efficiency of the angular momentum redistribution
by IGW throughout the radiative zone of the stars.

2.2. Plume-induced wave flux of angular momentum

The computation of Eq. (4) requires the knowledge of the angu-
lar momentum wave flux, and hence the wave excitation rate.
In this work, we consider only the penetration of convective
plumes as the generation mechanism. Convective plumes are
strong, coherent, downwards flows that originate from matter
cooled at the surface of stars. They grow by turbulent entrain-
ment of matter at their edges when descending through the con-
vective zone (Morton et al. 1956). Once they reach the base of
the convective zone, they penetrate by inertia into the under-
lying stably stratified layers at the top of the radiative region
where they are slowed down by buoyancy braking. This is the
so-called penetration zone. There, a part of their kinetic energy
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is converted into waves that can then propagate toward the cen-
ter of the star (e.g., Brummell et al. 2002; Dintrans et al. 2005;
Rogers & Glatzmaier 2005; Alvan et al. 2015). To model this
process, Pinçon et al. (2016) considered the ram pressure exerted
by an ensemble of convective plumes in the penetration region
as the source term in the wave equation. In the solar case, they
found that this mechanism can generate a wave energy flux rep-
resenting about 1% of the solar convective flux at the top of the
radiative zone. In the following, the mean radial wave energy
flux at the top of the radiative zone, per unit of cyclic frequency
ω, for an angular degree l, and for an azimuthal number m, is
estimated by Eq. (39) of their paper, that is

FE,w(rt, ω, l,m) ∼ F0
e−ω

2/4ν2p

νp

√
l(l + 1)e−l(l+1)b2/2r2

t , (5)

with

F0 = −
1

2π
A

4πr2
t

ρtV
3
pSp

2
FR, (6)

where rt is the radius at the top of the radiative zone, νp is the
plume occurrence frequency, b is the plume radius, A is the
plumes filling factor, and Sp = πb

2 is the horizontal area occu-
pied by one single plume, in the excitation region. ρt and Vp are
respectively the density and the velocity of the plumes at the base
of the convective zone. The dimensionless quantity FR is equiv-
alent to the Froude number at the top of the radiative region. It
is equal to FR = πVp/rtNt, with Nt the Brunt-Väisälä frequency
at the top of the radiative zone (see Sect. 3.2 for details on its es-
timate). It controls the efficiency of the energy transfer from the
convective plumes into waves inside the penetration region (as it
also does in the case of IGW generated by turbulent pressure).
By writing Eq. (5), we have assumed that the Péclet number at
the base of the convective zone is very high, such that the plumes
suffer a strong buoyancy braking leading to a very small penetra-
tion length. Indeed, using various stellar models on the subgiant
and red giant branches, we have estimated the Péclet number by
Pe ∼ VpHt/Kt, where Vp was computed following Sect. 3.2, Kt is
the radiative diffusion coefficient (see below) and Ht the pressure
scale height in this region. We have found Pe ∼ 106−107 for
all the models, which justifies the latter assumption (see also the
discussion by Dintrans et al. 2005). Moreover, we have assumed
a quasi discontinuous profile for the Brunt-Väisälä frequency in
this region. Since the smoother the transition of the temperature
gradient from an adiabatic to a radiative value at the base of the
convective zone, the higher the wave transmission into the radia-
tive zone, this corresponds to consider a lower limit of the wave
energy flux regarding the transition length.

In the adiabatic limit, the angular momentum luminosity of
each wave component, Lw, is conserved when propagating into
the stellar interior (e.g., Bretherton 1969; Zahn 1997; Ringot
1998), that is

Lw = 4πr2 m

ω̂
FE,w(r, ω̂, l,m) = const., (7)

where

ω̂(r, ω,m) = ω − mδΩ(r) (8)

is the Doppler-shifted intrinsic wave frequency1 with respect to
the excitation site and δΩ = Ω(r)−Ω(rt) is the radial-differential
1 As a convention, we adopt a plane-wave description in the form
of ei(σt−mϕ), with σ and ϕ as the wave frequency and the longitudinal
coordinate in an inertial frame, respectively. The intrinsic wave fre-
quency in a frame co-rotating with the excitation zone is then given
by ω = σ − mΩ(rt). Therefore, prograde waves are such as mδΩ > 0,
while retrograde waves are such as mδΩ < 0.

rotation between the radius r and the top of the radiative zone.
Therefore, using Eq. (7), the wave flux of angular momentum
can be written in each layer of the radiative zone such as

m

ω̂
FE,w(r, ω̂, l,m) =

m

ω

r2
t

r2
FE,w(rt, ω, l,m). (9)

Without any dissipative process, we thus recover that J̇w = 0 in
Eq. (1) and that the angular momentum transport by waves is
null.

In the non-adiabatic case, each spectral component of the to-
tal wave energy flux emitted from the top of the radiative zone
undergoes a radiative damping as it propagates toward the center
of the star and so contributes to the transport of angular momen-
tum in presence of differential rotation. The wave flux of angular
momentum as a function of the depth in the radiative zone can
then be derived from the wave energy flux, generated in the ex-
citation region, and modulated by a damping term2 (e.g., Press
1981; Zahn 1997), that is

FJ,w(r) =
∑

l

m=+l∑

m=−l

∫ +∞

−∞

m

ω

r2
t

r2
FE,w(rt, ω, l,m)e−τ(r,ω̂,l)dω, (10)

with

τ(r, ω̂, l) = [l(l + 1)]3/2
∫ rt

r

K
NN2

T

ω̂4

(
N2

N2 − ω̂2

)1/2 dr

r3
, (11)

where N is the Brunt-Väisälä frequency, with NT its thermal part
that does not take the gradient in the chemical composition into
account, and K (in units of m2 s−1) is the radiative diffusion co-
efficient (e.g. Maeder 2009). We note that the wave flux of angu-
lar momentum depends on the Doppler-shifted frequency ω̂(r)
only through the wave damping. We also emphasize, following
Eq. (11), that IGW deposit all the angular momentum they carry
just above their critical layers (i.e. where ω̂ = 0) and cannot
propagate further downwards.

In the following, we will neglect wave reflection and will as-
sume that each wave component is lost the first time it reaches
a reflection point near the center (i.e. where N2 = ω̂2). In other
words, it is supposed either to be absorbed into the medium be-
fore or to be so weakly damped in its propagation cavity that it
does not quantitatively contribute to the transport. Moreover, we
stress that the modeling of the transport by IGW represented by
Eqs. (5), (10) and (11) neglects the Coriolis force and the wave
heat flux. The implications of these hypotheses on the results are
discussed a posteriori in Sect. 6.4.

3. Input physics

3.1. Stellar models

We considered evolutionary sequences of 1, 1.15, 1.3 and
1.45 M⊙ models computed with the stellar evolution code CES-
TAM (Marques et al. 2013). The sequences cover the subgiant
branch and the beginning of the ascent of the red giant branch.
The mass range was chosen to be representative of observed
low-mass subgiant and red giant stars (Mosser et al. 2012a;
Deheuvels et al. 2014). Their location in the Hertzsprung-Russel
diagram is displayed in Fig. 1. Their chemical composition is
similar to the solar mixture as given in Asplund et al. (2009),

2 The right-hand side of Eq. (48) in Pinçon et al. (2016) contains a
typo and must be corrected by a factor r2

d/r
2 (here, rd = rt). We note

that the numerical computations properly took this factor into account.
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a sphere of radius r. It is therefore representative of the mean
effect induced by the transport by IGW on each mass shell over
this region and does not account for local effects. The authors
argued in favor of this timescale because it does not depend on
the rotation profile below the radius r, which is generally un-
known. However, we stress that it depends on the rotation pro-
file above the radius r. Indeed, the differential rotation creates
the asymmetry between prograde and retrograde waves and op-
erates like a wave filter via the wave damping in Eq. (11) (see
the difference between the results obtained considering either a
smooth or a sharp rotation profile in Fig. 5). Furthermore, we
have seen in Sects. 4 and 5 that its influence on the transport by
IGW is predominant in the innermost layers of stars. Therefore,
we preferred to use the local wave-related timescale, as defined
in Eq. (4), and assumed a given rotation profile. To compensate
our lack of knowledge about the rotation profile, we considered
a smooth and a sharp shape for the profile. Although both ap-
proaches are complementary, the one used in this work has the
advantage of taking into account the amplitude of the differential
rotation whose value can be constrained by seismic observations.

In this framework, it is worth investigating the efficiency of
the angular momentum transport by turbulent-induced IGW us-
ing the comparison between the contraction timescale and the
local wave-related timescale as given in Eq. (4). We consid-
ered four models on the subgiant branch with log g ∼ 3.75
and masses of 1, 1.15, 1.3 and 1.45 M⊙. We used the generation
model by turbulent pressure as described in Kumar et al. (1999),
with wavefunctions estimated in the WKB approximations, and
considered a smooth rotation profile as given in Eq. (12). Finally,
we found that turbulence-induced IGW can counteract the spin
up of the region below the hydrogen-burning shell if the am-
plitude of the differential rotation is higher than 12, 10, 8 and
6 µrad s−1 for 1, 1.15, 1.3 and 1.45 M⊙, respectively. These val-
ues are well above observations at this value of log g. This result
is in agreement with the conclusions of Fuller et al. (2014). They
are also higher than the threshold amplitudes obtained by consid-
ering IGW generated by penetrative convection. Therefore, we
can conclude that plume-induced IGW are more efficient than
turbulence-induced ones on the subgiant branch. Unlike plume-
induced IGW, turbulence-induced IGW seem unable, on their
own, to explain the observations in subgiant stars.

6.2. Extraction mechanism and influence of the differential
rotation amplitude in the inner radiative region

In the theoretical framework used in this work, IGW and rota-
tion are intricately related. The role of the amplitude of the dif-
ferential rotation on the transport by IGW has been shown to be
essential. Nevertheless, the interpretation of the behavior of tw
with ∆Ω in Sect. 4.1.2 is not straightforward. Indeed, following
Eq. (10), the angular momentum transport by IGW is the conse-
quence of the competition between three main physical ingredi-
ents: the magnitude of the radiative diffusion, the excitation wave
spectrum and the oscillation frequency Doppler-shift. In order
to grasp the extraction mechanism by IGW, a semi-analytical
toy model has been developed and is described in Appendix B.
Hereafter, we summarize the main points learned from the toy
model.

The efficiency of the angular momentum transport in-
duced by IGW in Eq. (1) is represented by the divergence
of the wave flux, J̇w. This latter can be approximated
by J̇w(r) ≈ τ(r)Fr,w(rt)e−τ(r)/r, with Fr,w given by Eq. (10),
τ(r) ∼ r/LD(r) and LD the local radial wave damping length-
scale (see Appendix A for details). Therefore, the radiative

damping must be neither too high nor too low for J̇w to be high
enough. Consequently, the balance is reached and IGW are effi-
ciently absorbed into the medium if the wave radiative damping
in Eq. (11), or the acoustic damping depth, is close to unity (i.e.,
τ ∼ 1). From this statement, we can deduce several features of
the transport by IGW whittled down to the four following points:

1. Since the wave frequency Doppler-shift is quasi null at
the top of the radiative zone (i.e., δΩ(rt) ≈ 0), very low-
frequency high-degree IGW rapidly satisfy τ ∼ 1 as they
travel downwards. They are then absorbed just below the
base of the convective zone. As mentioned in Sect. 4.1.1, the
wave-related timescale is very low in this region. IGW are
thus able to modify the rotation rate on very short timescales.

2. Deeper in the star, the retrograde IGW (m < 0) satisfying
τ ∼ 1 have lower frequencies ω than progade ones (m > 0)
at given |m| and l. Since the excitation wave spectrum is a de-
creasing function of ω, retrograde IGW deposit more angu-
lar momentum than prograde ones. As a result, the net wave
flux of angular momentum is negative, J̇w > 0 in Eq. (1)
and IGW can therefore counteract the spin up due to the core
contraction.

3. At given l, |m| and ω, an increase in ∆Ω leads to a decrease
in the wave radiative damping in Eq. (11) for the retrograde
IGW that can therefore go deeper into the star. In other
words, in a given layer, the higher ∆Ω, the lower the wave
frequencies absorbed into the medium and thus the higher
the momentum transferred into the mean flow. As a conse-
quence, an increase in the amplitude of the differential rota-
tion results in an increase in the efficiency of the transport by
IGW, and so a decrease in the wave-related timescale in deep
layers of the radiative zone.

4. The absorption condition τ ∼ 1 in the helium core can be
satisfied by IGW with high angular degrees on the condition
that the Doppler-shift |m|∆Ω is large enough and that their
frequencies ω are high enough to overcome the damping at
the top of the radiative zone (where δΩ(r) ≈ 0). Moreover,
since the wave excitation spectrum Eq. (5) is maximum for
lmax ∼ rt/b ≫ 1, high-l high-|m| retrograde IGW can be re-
sponsible for the larger deposit of angular momentum in the
helium core. This is what is observed in the subgiant models
considered in this work when the amplitude of the differ-
ential rotation is of the order of magnitude of the threshold
value (see also discussions in Sect. 6.4 and Appendix 2.4.6).
This statement goes against the commonly adopted view in
which only low-degrees IGW can affect the rotation of the
inner layers because of the wave damping depending on l3.

Therefore, simple arguments based on the condition of absorp-
tion given by τ ∼ 1 enable us to understand the influence of
the differential rotation amplitude on the efficiency of the trans-
port by IGW. It is also worth mentioning the high sensitivity
of the wave-related timescale in the helium core to the value of
the differential rotation amplitude. An explanation is given in
Appendix 2.4.8. Such features are consistent with the behavior
observed in Sect. 4. We refer to Appendix B for a more thorough
and technical analysis.

6.3. Uncertainties related to the generation of IGW
in evolved stars

The modeling of the transfer of energy from convective plumes
into waves relies on simplifying assumptions. Here, we briefly
address the main issues concerning the generation model and
refer to Pinçon et al. (2016) for a more detailed discussion.
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As a first check, we found that the estimate of the wave en-
ergy flux induced by penetrative convection at the base of the
convective zone is lower than 1% of the stellar energy flux for
all the considered models, that is well lower than the plume ki-
netic energy flux. The assumption of no feedback from the waves
on the plumes in the penetration region is thus verified, as well
as the conservation of energy.

Following Eq. (5), the model also depends on several param-
eters. Considering a wide range of values for the model parame-
ters, we have shown in Sect. 4.2 that the uncertainties related to
their estimate do not qualitatively modify the conclusions made
from the timescales comparison in Sect. 4.1.

Lastly, the generation model neglects the effect of the
Coriolis force on the waves in the excitation region. This hy-
pothesis is valid for wave frequencies verifying ω & 2Ω(rt), with
Ω(rt) the rotation rate at the top of the radiative zone. Near the
top of the radiative zone, Deheuvels et al. (2014) found rotation
rates going from about 1 to 0.5 µrad s−1 for values of log g going
from 3.85 to 3.6 on the subgiant branch. This is in the same order
of magnitude as the convective turnover frequency, and so, by
assumption, as the plume occurrence frequency νp (see Fig. 7).
Therefore, a non-negligible part of the wave excitation spectrum
at low frequencies, say forω below more or less 1 µrad s−1 for all
the considered models, is affected by rotation. However, the low-
frequency waves such as ω . 2Ω(rt) are expected to be absorbed
just below the base of the convective zone, so that only the up-
permost layers of the radiative zone are concerned by the uncer-
tainties related to this point. Indeed, as discussed in Sect. 6.4,
this range of low frequencies is not responsible for the deposit
of angular momentum below the hydrogen-burning shell and,
therefore, has no effect on the results obtained in this region.

6.4. Influence of the Coriolis force on the propagation of IGW

For the sake of simplicity, the modeling of the angular momen-
tum transport by IGW and the derivation of Eq. (10) also ne-
glect the effect of the Coriolis force on the propagation of the
waves (e.g., Mathis 2009), as well as the wave heat flux (e.g.,
Belkacem et al. 2015a,b). Such approximations remain valid if
the wave intrinsic frequency with respect to the co-rotating
frame is higher than twice the rotation rate, or in other words,
ω − mδΩ(r) & 2Ω(r). While this is justified in the case of mixed
modes with high oscillation frequencies, this is verified neither
for waves near their critical layers (i.e., where ω = mδΩ), nor for
low-frequency waves. However, it turns out a posteriori that the
retrograde IGW (m < 0) that efficiently deposit angular momen-
tum into the medium below the hydrogen-burning shell, when
the differential rotation amplitude is equal to about the threshold
∆Ωth, respect the condition ω + |m|δΩ(r) & 2Ω(r) throughout
the radiative zone, or equivalently ω + (|m| − 2)δΩ(r) & 2Ω(rt)
whatever r. Indeed, at the very beginning of the subgiant branch
where ∆Ωth . νp, we find that retrograde IGW such as ω &
7 µrad s−1 and l ∼ |m| ∼ 1 are mainly responsible for the deposit
of angular momentum below the hydrogen-burning shell. Later
on the subgiant branch where ∆Ωth & νp, we find this time that
retrograde IGW such as 2 . ω . 6 µrad s−1 and l ∼ |m| & 20 effi-
ciently transport angular momentum into the helium core. Such
high azimuthal numbers are possible because the wave energy
flux generated at the base of the convective zone, Eq. (5), is max-
imum for lmax ∼ rt/b ≫ 1 (see Fig. 7). Such types of behavior are
confirmed and discussed through the toy model in Appendix B.4.
Moreover, since the rotation rate at the top of the radiative zone,
Ω(rt), is about or lower than 1 µrad s−1 over the subgiant branch
from the observations by Deheuvels et al. (2014; see discussion
in Sect. 6.3), we checked in all the considered cases that these

wave components satisfy ω+ (|m|−2)δΩ(r) & 2Ω(rt) whatever r.
This suggests that the results of the timescales comparison in the
helium core of the considered models is only slightly impacted
by the effect of the Coriolis force. Therefore, although further
work is needed to properly tackle the issue, neglecting the Cori-
olis force seems reasonable for a first estimate.

7. Conclusions and perspectives
In this work, we explored the efficiency of the angular momen-
tum transport induced by IGW from the subgiant branch to the
beginning of the red giant branch of low-mass stars. We con-
sidered several models chosen at different evolutionary stages
and assumed a given internal rotation profile for each of them.
The wave flux of angular momentum was estimated using the
semi-analytical generation model by penetrative convection as
proposed in Pinçon et al. (2016). As a result, the local timescale
associated with the transport induced by IGW, tw, was computed
and compared to the contraction timescale, tcont, throughout the
radiative zone of the considered models.

We found that IGW can counteract the spin up due to the con-
traction of the layers throughout the helium core (i.e., tw < tcont)
when the amplitude of the radial-differential rotation between
the center of the star and the top of the radiative zone is higher
than a threshold value. Indeed, an increase in the differential
rotation amplitude lowers the radiative damping of retrograde
IGW that can thus reach deeper layers and extract more angu-
lar momentum from the helium core. In subgiant stars, we ob-
tained theoretical thresholds for the radial-differential rotation
amplitude that are consistent with the values of the differen-
tial rotation observed by Deheuvels et al. (2014). We also found
that the angular momentum transport by plume-induced IGW is
more efficient than the one by turbulence-induced IGW. We then
conclude that plume-induced IGW are able to hinder, on their
own, the establishment of a strong differential rotation driven by
the core contraction along the evolution on the subgiant branch.
Unlike subgiant stars, the theoretical thresholds obtained in red
giant stars turned out to be well above the core rotation rates
inferred by Mosser et al. (2012b). This mainly results from an
excessive magnitude of the radiative damping in these stars (see
also Fuller et al. 2014, for turbulence-induced IGW). This dis-
crepancy leads to the conclusion that IGW are unable, on their
own, to affect the innermost rotation of red giant stars. An ad-
ditional mechanism must be found to efficiently spin down their
core. In both cases, the results remain valid under the assumption
of a smooth rotation profile between the base of the convective
zone and the center of the star. We also checked that these con-
clusions qualitatively hold for a wide range of values considered
for the excitation model parameters.

The theoretical thresholds for the radial-differential rotation
amplitude were shown to match in a noteworthy way the obser-
vations in the six Kepler subgiant and early red giant stars stud-
ied by Deheuvels et al. (2014). Such similarities are interpreted
as the result of a regulation process driven by plume-induced
IGW during the subgiant stage. In this scenario, the combined
effects of the core contraction (inducing a spin up of the core)
and of the transport by IGW (inducing a spin down of the core)
lead to a stable steady state in which the radial-differential rota-
tion amplitude remains close to the threshold values (see Sect. 5
and Fig. 6). If such a wave-driven process is further confirmed,
it will have several consequences. First, the existence of a sharp
rotation profile, with a strong gradient in the vicinity of the
hydrogen-burning shell, will be excluded since it prevents IGW
from reaching the innermost layers of stars. Second, the increase
in the number of observations in subgiant stars will provide a
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diagnosis to constrain the parameters of the generation model
by penetrative convection. Indeed, the matching between the ob-
served amplitudes of the differential rotation and the theoretical
thresholds will bring information on the plume parameters and
will give us the interesting opportunity to indirectly probe the
convective plumes at the base of the convective zone along the
subgiant branch. Even though this interpretation is based on a
comparison with only six observed subgiant stars, such a regu-
lation mechanism is promising and stresses out the major role
that IGW can play in the rotation history of stars. Additional ob-
servational constraints, as well as more exhaustive computations
are needed in future to asses the relevance of this process.

The study performed in this work demonstrates that the an-
gular momentum transport by plume-induced IGW in subgiant
and early red giant stars is efficient and calls for more sophisti-
cated investigations. The next step is to properly implement the
transport by IGW generated by penetrative convection with the
other transport mechanisms in a 1D stellar evolution code. While
the timescales comparison as it is used in this work gives a hint
about the global influence of IGW on the innermost layers of
stars, the resulting conclusions ignore effects induced by IGW
in very localized regions of the radiative zone, as well as the
coupling between the various transport processes. For instance,
we do not exclude that IGW that are responsible for the large
deposit of angular momentum above the hydrogen-burning shell
in red giant stars (tw/tcont ≪ 1 in Fig. 3) could interact with
another transport process, for instance the meridional circula-
tion, and could indirectly boost the extraction of angular mo-
mentum from the core. As another example, we have shown
that IGW can efficiently slow down the rotation mean flow in
the vicinity of the center in the subgiant stars (tw/tcont ≪ 1 in
Fig. 3, see also Appendix A.3 for explanations). This trend has
already been observed in previous numerical computations (e.g.,
Talon & Charbonnel 2005; Charbonnel et al. 2013; Mathis et al.
2013). We can thus wonder how this could influence the global
evolution over time of the rotation profile throughout the radia-
tive zone of subgiant stars. Modeling the dynamical evolution of
the rotation profile with the interactions between all the trans-
port processes along stellar lifetimes is needed to answer such
questions and is a necessary step toward a full and complete un-
derstanding of the rotation history of stars.

On a long term, investigations will have to go beyond the
simplifying assumptions used for the description of the convec-
tive plumes and the propagation of internal waves. The influ-
ence of the interaction with the upflow and of the sphericity
in evolved stars will have to be included in the estimate of the
plume parameters. Further theoretical efforts are also necessary
to describe the plume destruction process, which remains still
poorly known. In this framework, 3D numerical simulations of
extended convective envelopes with more realistic Prandtl and
Reynolds numbers (or in a regime from which we can scale to
the realistic dimensionless numbers in stars) would help to con-
strain the plume parameters. Moreover, the coupling between
IGW and shear-induced turbulence near the critical layers (see
Alvan et al. 2013, for an exhaustive description) and the effect
of the over-transmission or reflection processes on the transport
by IGW will have to be investigated. Also, the contribution of
the wave heat flux to the angular momentum transport equation
(e.g., Belkacem et al. 2015b), as well as the effect of the Coriolis
force and of the rotation gradient on the propagation of the waves
(e.g., Mathis 2009), will have to be properly taken into account.
Undertaking a global study of the transport by internal waves in
stellar radiative interiors that tackles with the abovementioned
issues is challenging since it requires a 2D description of the

internal waves and of the plume dynamics throughout an ex-
tended convective envelope.
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Ludwig, H.-G., & Kučinskas, A. 2012, A&A, 547, A118
Maeder, A. 2009, Physics, Formation and Evolution of Rotating Stars (Berlin,

Heidelberg: Springer)
Marques, J. P., Goupil, M. J., Lebreton, Y., et al. 2013, A&A, 549, A74
Mathis, S. 2009, A&A, 506, 811
Mathis, S., Decressin, T., Eggenberger, P., & Charbonnel, C. 2013, A&A, 558,

A11
Morton, B. R., Taylor, G., & Turner, J. S. 1956, Roy. Soc. London Proc. Ser. A,

234, 1
Mosser, B., Goupil, M. J., Belkacem, K., et al. 2012a, A&A, 548, A10
Mosser, B., Goupil, M. J., Belkacem, K., et al. 2012b, A&A, 540, A143
Mosser, B., Pinçon, C., Belkacem, K., Takata, M., & Vrard, M. 2017, A&A, 600,

A1
Palacios, A. 2012, Astrophys. Space Sci. Proc., 26, 105
Pinçon, C., Belkacem, K., & Goupil, M. J. 2016, A&A, 588, A122
Press, W. H. 1981, ApJ, 245, 286
Rieutord, M., & Zahn, J.-P. 1995, A&A, 296, 127
Ringot, O. 1998, A&A, 335, L89
Rogers, T. M., & Glatzmaier, G. A. 2005, MNRAS, 364, 1135
Rüdiger, G., Gellert, M., Spada, F., & Tereshin, I. 2015, A&A, 573, A80
Schatzman, E. 1996, Sol. Phys., 169, 245
Spada, F., Gellert, M., Arlt, R., & Deheuvels, S. 2016, A&A, 589, A23
Spruit, H. C. 2002, A&A, 381, 923
Stein, R. F., & Nordlund, A. 1998, ApJ, 499, 914
Talon, S., & Charbonnel, C. 2005, A&A, 440, 981
Talon, S., Kumar, P., & Zahn, J.-P. 2002, ApJ, 574, L175
Townsend, A. A. 1966, J. Fluid Mech., 24, 307
Zahn, J.-P. 1992, A&A, 265, 115
Zahn, J.-P. 1997, in SCORe’96: Solar Convection and Oscillations and their

Relationship, eds. F. P. Pijpers, J. Christensen-Dalsgaard, & C. S. Rosenthal,
Astrophys. Space Sci. Libr., 225, 187

A31, page 12 of 22





A&A 605, A31 (2017)

Table A.1. Parameters extracted from the 1 M⊙ subgiant model consid-
ered in Sect. 4.1, with log g = 3.86 and log L/L⊙ = 0.35.

1 M⊙ subgiant model parameters

Nt/2π 85 µHz β 5

rt 6.6 × 108 m rt/b 19.2

rHS 3.1 × 107 m ∆Ωth/2π 780 nHz

Kt 2.8 × 103 m2 s−1 νp ∼ ωc 0.6 µHz

R 2.1 × 103 m Vp 174 m s−1

Al=1 3.4 × 10−11 Nt/∆Ωth 109

provided that ω̂ > 0. Using Eq. (10), we thus find that Eq. (2)
is almost proportional to 1/r2 when r . rHS. Therefore, tak-
ing ρ ≈ ρ(r = 0) and Ω ∼ Ω(r = 0) in this region, the wave-
related timescale, Eq. (4), becomes proportional to r4. As a con-
sequence, the influence of the transport by IGW on the rotation
increases as r . rHS and r tends to zero, and the wave-related
timescale can become much lower than the contraction timescale
in the vicinity of the center. Such a trend is well reproduced by
numerical computations (see Fig. 3). It results from the fact that
the moment of inertia of a mass shell behaves as r2 as r de-
creases, and that the wave flux increases as 1/r2 as it focuses
toward the center. This result holds true on the condition that δΩ
is constant in the vicinity of the center.

To go further, a more detailed analysis of the wave spectrum
and the amplitude wave flux requires accounting for the wave
damping from the base of the convective zone to the hydrogen-
burning shell and modeling the rotation profile. This will be sub-
ject to the next section.

Appendix B: Angular momentum transport by IGW
in a semi-analytical toy model

In this section, we present simplified analytical expressions of
the wave damping integral (or the damping acoustic depth), τ,
and of the divergence of the angular momentum wave flux, J̇w,
between the hydrogen-burning shell and the base of the convec-
tive envelope. The following developments rely on two basic as-
sumptions. Firstly, the differential rotation is supposed to lin-
early vary throughout the radiative zone of the star,

δΩ(r) = ∆Ω
(
1 − r

rt

)
for r ≤ rt, (B.1)

where ∆Ω > 0 is the maximum amplitude and rt is the radius
at the top of the radiative zone. Secondly, the radial damping
lengthscale of the wave energy is approximated by power laws
as given by Eq. (A.3). Such a toy model enables us to easily
identify the important parameters of the transport by IGW and to
investigate their influence on its efficiency. In particular, it high-
lights the role of the amplitude of the differential rotation and
facilitates the interpretation of the results delivered in the main
text.

B.1. Wave damping integral above the hydrogen-burning
shell (rHS . r ≤ rt)

The above assumptions make the computation of the wave
damping integral possible in a semi-analytical way. Using

Eqs. (B.1) and (A.3) for rHS < r < rt, Eq. (A.2) can be expressed
as

τ(r, ω̂, l) = Al χ
4
|m| Iβ

(
r

rt
,
ω

m∆Ω

)
, (B.2)

provided that ω > mδΩ(r) and where we have defined

Al =
[l(l + 1)]3/2Kt

r2
t Nt

(B.3)

χ|m| =
Nt

|m|∆Ω (B.4)

Iβ (z, X) =
∫ 1

z

y−β

[X − (1 − y)]4
dy. (B.5)

If ω < mδΩ(r), the waves have already been dissipated in up-
per layers (cf. critical layers). The damping process is thus con-
trolled by two main parameters, Al and χ|m|. The first one is rep-
resentative of the intensity of the radiative diffusion whereas the
second one measures the frequency Doppler-shift.

B.1.1. Exact solution for Iβ(z,X)

The solutions of Eq. (B.5) can be expressed in different ways
depending on the exponent β and the quantity a = X − 1.

Case when β ∈ N: Iβ is directly deduced by a recurrence rela-
tion. We found, following Gradshteyn et al. (2007),

Iβ(z, X) =
1

1 − β


[
y1−β

a(a + y)3

]1

z

+
β + 2

a
Iβ−1(z, X)

 , (B.6)

with the initial condition for β = 1 given by

I1(z, X) =
[
11a2 + 15ay + 6y2

6a3(a + y)3
− ln |a + y| − ln y

a4

]1

z

· (B.7)

Case when β < N: then, if a ≥ −1,

Iβ(z, X) =

−
2F1

(
β, β + 3, β + 4; a

y+a

)

(β + 3)(y + a)β+3



1

z

, (B.8)

which is also valid when β is an integer, or otherwise

Iβ(z, X) =

−y
1−β 2F1

(
4, 1 − β, 2 − β;− y

a

)

a4(β − 1)



1

z

, (B.9)

where 2F1 is the hypergeometric function.
As an illustration, the integral is displayed in Fig. B.1 for

β = 5 with z = r/rt and X = ω/m∆Ω. Two values of z are
considered. Negative values of X correspond to retrograde IGW
(m < 0) and positive values of X correspond to prograde IGW
(m > 0), on the condition that they have not been dissipated near
their critical layers yet (i.e., such as X > 1 − r/rt or, similarly,
ω̂/m∆Ω > 0).
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displayed in Fig. B.2. Indeed, following Eqs. (B.16), (B.19) and
(B.20), a map of the Dl,|m| function in the (σ, χ|m|) plane asso-
ciated with a parameter A′

l
is deduced from the one associated

with the parameter Al, such as Al < A′
l
, through a horizontal

dilatation of the σ-axis by a factor α = (A′
l
/Al)1/4 and a verti-

cal contraction of the χ|m|-axis by a factor 1/α (i.e., ensuring
Alχ

4
|m| = cst.). In logarithmic scales, it corresponds to a transla-

tion [0.25 logα,−0.25 logα] (see Fig. 3 for an illustration). This
explains our choice to first consider l = |m| = 1 as example and
to represent the effect of the variation in χ1 only.

In the following, we use the approximate expressions given
in Sect. B.1.2 to discuss the dependence of the damping
term Dl,|m| on both parameters Al and χ|m|. The case l = 1 dis-
played in Fig. B.2 is used as an illustration. Retrograde and pro-
grade IGW are treated separately.

B.3.2. Retrograde IGW (m < 0)

Near the hydrogen-burning shell, z = r/rt ≪ 1 and the retro-
grade part of Eq. (B.16) can thus be estimated with the help of
Eq. (B.11). Recalling that |X| = ω/|m|∆Ω in Eq. (B.11), the tran-
sition frequency between the two regimes given in Eq. (B.11)
can be rewritten

σR
t ∼


Alχ|m|/3

Alχ
4
|m| (rt/r)β−1 /(β − 1)



1/3

. (B.21)

Therefore, this makes us to consider the two following cases.

Case 1: Wave frequencies such as σ > σR
t . As discussed

in Sect. B.1.3, this range of frequencies corresponds to the
wave frequencies for which the wave damping integral is dom-
inated by the local damping. Using Eq. (B.11) with σ > σR

t in
Eq. (B.20), the wave radiative damping can be approximated by

τ ≈
Alχ

4
|m|

(β − 1)
(rt/r)β−1

(σχ|m| + 1)4
, (B.22)

and Eq. (B.19) for retrograde IGW (m < 0) can be rewritten

D̃l,m ≈ (β − 1)τe−τ, (B.23)

where we have neglected r/rt compared to σχ|m| + 1 in the de-
nominator. Therefore, D̃l,m is minimum for τ ≈ 1. Its peak
amplitude is thus equal to (β − 1)/e. Following Eq. (B.22), the
frequency of retrograde IGW at maximum damping satisfying
τ ≈ 1 is given by

σR
max ≈ σ

sym
l
− 1
χ|m|
, (B.24)

provided that σR
max > σ

R
t and where we have defined

σ
sym
l
=

(
Al

β − 1

(
rt

r

)β−1
)1/4

· (B.25)

This latter frequency corresponds to the frequency satisfying
τ = 1 when χ|m| → +∞ (i.e., when the prograde and retro-
grade IGW suffered a symmetrical damping). We note that we
can show that the full width at half maximum of the retrograde
peak is about 0.6 σsym

l
around σR

max. Equations (B.24) and (B.25)
show that an increase either in Al (i.e., in the magnitude of the
radiative diffusion) or in rt/r (i.e., in the distance covered by the
waves) results in a shift of σsym

l
and σR

max toward higher val-
ues. Equation (B.24) also tells us that a decrease in χ|m| (i.e.,

an increase in the Doppler-shift) results in a shift of the retro-
grade damping peak toward lower frequencies. More precisely,
Eq. (B.24) makes us to distinguish three qualitative regimes:

1. Case σsym
l
≫ 1/χ|m|: the retrograde damping peak is closely

located near σsym
l

, or in other words, σR
max ∼ σ

sym
l

. Using the
values in Table A.1 and l = 1, we found ωsym

l=1 /Nt ∼ 0.034, in
agreement with Fig. B.2.

2. Case σsym
l
∼ 1/χ|m|: σR

max migrates toward lower frequencies
as χ|m| decreases (or |m|∆Ω increases).

3. Case σsym
l
≪ 1/χ|m|: σR

max becomes lower than σR
t . The wave

frequencies such as σ & σR
t have not suffered an efficient

damping yet since τ ≈ (σsym
l
χ|m|)4 ≪ 1 from Eq. (B.22).

Therefore, following Eq. (B.23), the retrograde damping
term D̃l,m rapidly vanishes as χ|m| decreases.

These three regimes are well observed in Fig. B.2.

Case 2: wave frequencies such as σ < σR
t . This range of

frequencies corresponds to the wave frequencies for which the
wave damping integral is dominated by the contribution of the
top of the radiative zone. Using Eq. (B.11) with σ < σR

t in
Eq. (B.20), we obtain

τ ≈
(σtop

σ

)3
, (B.26)

with

σtop ≈
(

Alχ|m|
3

)1/3

=

(
[l(l + 1)]3/2Kt

3r3
t

rt

m∆Ω

)1/3

· (B.27)

This latter is representative of the magnitude of the wave damp-
ing at the top of the radiative zone and of the competing effect
between the radiative diffusion and the Doppler-shift in this re-
gion. The larger the radiative diffusion (i.e., Kt) at the top of
the radiative zone, the larger σtop and τ. Conversely, the larger
the gradient in the wave intrinsic frequency (i.e., m∆Ω/rt), the
lower σtop and τ since ω̂ increases more rapidly as retrograde
IGW propagate downwards.

If σ < σR
t , we can assume σχ|m| < σR

t χ|m| ≪ 1 using
Eq. (B.21) with r/rt ≪ 1. Then, by approximating the denomi-
nator of Eq. (B.19) by unity, we obtain

D̃l,m ≈ Alχ
4
|m|

(
rt

r

)β−1
exp

−
σ3

top

σ3

 · (B.28)

Therefore, using Eqs. (B.21), (B.24), (B.25) and (B.27), we can
notice that

σR
t =

σtop

(χ|m|σ
sym
l

)4/3
=

σtop

(χ|m|σR
max + 1)4/3

, (B.29)

and we find using again Eq. (B.25) that Eq. (B.28) is approxi-
mately equal to

D̃l,m(σ < σR
t , r) ≈ (β − 1)

(
σtop

σR
t

)3

exp

−
σ3

top

σ3



. (β − 1)
(σtop

σ

)3
exp

−
σ3

top

σ3

 · (B.30)

Equation (B.30) is thus a decreasing function of σ that drasti-
cally vanishes as σ becomes smaller than σtop. Indeed, follow-
ing Eq. (B.26), the wave damping integral is much higher than
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unity for frequencies such that σ . σtop (i.e., τ ≫ 1). Thus,
this range of low frequencies have already been significantly ab-
sorbed into the layers at the top of the radiative zone. We note
that if σsym

l
≥ 1/χ|m|, or equivalently σR

max ≥ 0, Eq. (B.29) shows
that σR

t ≤ σtop. As a result, Eq. (B.30) tends rapidly to zero as
soon as σ ≤ σR

t . Otherwise, in the case σsym
l
≤ 1/χ|m|, or equiv-

alently σR
max ≤ 0, retrograde IGW such as σtop ≤ σ ≤ σR

t have
not suffered an efficient damping yet since they verify τ ≤ 1.
We note also that if σsym

l
≥ 1/χ|m|, we always have σsym

l
≥ σR

t
following Eq. (B.21) with r/rt ≪ 1. With the parameters of
subgiant model given in Table A.1, we find σtop ≈ 8 × 10−4 and
σR

t ≈ 7 × 10−4 for χ|m| = 30, in agreement with Fig. B.2.
In summary, retrograde IGW deposit momentum into the

deep layers of the radiative zone where their damping acoustic
depth satisfy τ ≈ 1 provided that σ & σR

t . This also implies that
σ

sym
l
χ|m| & 1. IGW such as σR

t & σ or σsym
l
χ|m| ≪ 1 either have

already been absorbed at the top of the radiative zone or are not
damped enough to locally deposit momentum.

B.3.3. Prograde IGW (m > 0)

The prograde part of Eq. (B.16), D̃l,m, can be estimated using
Eq. (B.12). In the case r/rt ≪ 1, the transition frequency be-
tween the two regimes for prograde waves, σP

t , can be defined
by

σP
t χ|m| − 1 + r/rt ∼

3
(β − 1)

r

rt
· (B.31)

Then, injecting Eq. (B.12) into Eq. (B.20), we obtain forσ > σP
t ,

τ ≈
Alχ

4
|m|

β − 1
(rt/r)β−1

(σχ|m| − 1 + r/rt)4
, (B.32)

and for σ < σP
t ,

τ ≈
Alχ

4
|m|

3
(rt/r)β

(σχ|m| − 1 + r/rt)3
, (B.33)

on the condition that σχ|m| > 1 − r/rt (which is imposed by the
presence of critical layers). For our purpose, it is convenient to
remark that σP

t ∼ 1/χ|m| with r/rt ≪ 1, so that the transition
frequency is very close to the frequency of the waves at their
critical layers. In this framework, it is sufficient to consider only
the case σP

t . σ and the expression Eq. (B.32). In this case,
Eq. (B.19) for prograde IGW (m > 0) can be rewritten such as

D̃l,m ≈ (β − 1) τe−τ. (B.34)

Therefore, we conclude that the prograde part of the damping,
D̃l,m, is maximum when τ ≈ 1 and that its peak amplitude is
equal to (β − 1)/e. The frequency at the maximum is thus equal
to

σP
max ≈ σ

sym
l
+

(1 − r/rt)
χ|m|

, (B.35)

with σsym
l

given by Eq. (B.25). Equation (B.35) shows that an
increase in Al or rt/r leads to an increase in the frequency at
the maximum. Similarly, the prograde peak migrates toward
higher frequencies as χ|m| decreases (i.e., m∆Ω increases), un-
like the retrograde peak according to Eq. (B.24). Moreover, for
χ|m|σ

sym
l
≫ 1, Eqs. (B.24) and (B.35) show that the prograde and

retrograde peaks overlap around σsym
l

. Since they have identical
values, both terms in Eq. (B.16) progressively cancel each other

out as χ|m| tends to infinity. Finally, for χ|m|σ
sym
l
≪ 1, the pro-

grade damping peak is associated with the waves that are dis-
sipated close to their critical layers such as σP

max ∼ σP
t ∼ 1/χ|m|.

All these features can be observed in Fig. B.2.
In summary, prograde IGW are absorbed into the deep layers

of the radiative zone where they satisfy τ ≈ 1, that is either at
frequencies around σsym

l
if χ|m|σ

sym
l
≫ 1 or at frequencies near

their critical layers if χ|m|σ
sym
l
≪ 1.

B.4. Key points for the transport by IGW near
the hydrogen-burning shell

The analysis of the previous sections enables us to discuss in
simple words the behavior of the transport by IGW in the vicinity
of the hydrogen-burning shell. We summarize here the key points
learned from the toy model.

To begin with, we remind that the rotation profile is supposed
to linearly decrease with respect to the radius and that the ra-
dius of the hydrogen-burning shell, rHS, is assumed to be much
smaller than the radius at the top of the radiative zone, rt, so that
the differential rotation is nearly maximum in this region (i.e.,
δΩ(r . rHS) ≈ ∆Ω).

B.4.1. Divergence of the wave flux

The angular momentum transport induced by IGW in Eq. (1) is
carried out by the divergence of the wave flux of angular mo-
mentum, J̇w. Following Eq. (B.13), this latter results from the
correlation between the wave excitation spectrum, represented
by S and Fl,|m|, and the wave radiative damping, represented by
Dl,|m|. Following Eqs. (1)–(2), (5)–(6) and (10) and the conven-
tion adopted in the footnote 1 with δΩ(r) > 0, retrograde IGW
(m < 0) carrying negative angular momentum downwards tend
to slow down the rotation since J̇w(m < 0) > 0, while prograde
IGW (m > 0) carrying positive angular momentum downwards
tend to increase the rotation rate since J̇w(m > 0) < 0.

B.4.2. Damping efficiency and absorption criterion.

To modify the rotation in a mass shell of radius r ≪ rt, IGW
must be sufficiently damped to locally deposit angular momen-
tum into the medium while having conserved enough energy
during its travel from the top of the radiative zone to be effi-
cient. Following Eqs. (B.24) and (B.35), the damping is efficient
at a depth r ≪ rt for the wave components whose the damping
acoustic depth is close to unity

τ ≈
∫ rt

r

[l(l + 1)]3/2KN3

(ω − m∆Ω)4

dr

r3
∼ 1, (B.36)

with −l ≤ m ≤ +l. At fixed l and |m|∆Ω, lower frequencies such
as τ ≫ 1 have already been partly absorbed into upper layers
whereas higher frequencies such as τ ≪ 1 have not suffered an
efficient damping yet during their travel. Moreover, since the ro-
tation profile is assumed to decrease with the radius (∆Ω > 0),
the prograde IGW (m > 0) that are efficiently absorbed have al-
ways higher frequencies than the retrograde ones (m < 0). For a
given value of ∆Ω, since retrograde (prograde) IGW carry neg-
ative (positive) angular momentum, the damping term, Dl,|m| is
therefore composed of a negative extremum associated with ret-
rograde IGW and a positive one associated with prograde IGW
located at a higher frequency. This is illustrated in Fig. B.2 for
l = 1 and |m| = 1.
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To summarize, the prograde and retrograde IGW that are ef-
ficiently absorbed near the hydrogen burning shell satisfy τ ∼ 1.

B.4.3. Low cut-off frequency for retrograde IGW

For retrograde IGW, the condition of absorption represented by
Eq. (B.36) applies if the wave frequency is higher than a cut-off
frequency, denoted ωinf

m in the following. In the framework of the
toy model and Eq. (B.21), it is found to be equal to

ωinf
m (r) ≈ α(r)|m|∆Ω with α(r) =


(β − 1)

3

(
r

rt

)β−1
1/3

·

(B.37)

It is defined as the wave frequency below which τ is domi-
nated by the damping near the top of the radiative zone, and
above which τ is dominated by the local damping. Therefore, if
ω . ωinf

m , either IGW have already been absorbed by the medium
at the top of the radiative zone, or they are not damped enough to
efficiently deposit momentum into the local medium. Therefore,
the damping function Dl,|m| drastically vanishes for the frequen-
cies lower than ωinf

m (see Fig. B.2 for an illustration).
Retrograde IGW meeting the condition τ ∼ 1 must also

satisfy ω & ωinf
m to be efficiently absorbed near the hydrogen-

burning shell. This defines the conditions of absorption for ret-
rograde IGW. Conversely, prograde IGW are efficiently damped
provided only that τ ∼ 1.

B.4.4. Effect of the frequency Doppler-shift on the wave
damping

To describe the role of the differential rotation amplitude in the
wave damping process, it is convenient to define the characteris-
tic frequency, ωsym

l
, for which τ = 1 is satisfied with |m|∆Ω = 0,

that is

ω
sym
l

(r) ≡
(∫ rt

r

[l(l + 1)]3/2KN3 dr

r3

)1/4

. (B.38)

The condition τ ∼ 1 can then be rewritten as ωsym
l
∼ (ω − m∆Ω),

which makes us to consider four cases (see Fig. B.2 for an ex-
ample):

1. Case ∆Ω = 0: In this limiting case, both prograde and retro-
grade damping peaks (i.e., where τ ∼ 1) of theDl,|m| function
overlap at ω = ωsym

l
. Since retrograde and prograde IGW are

supposed to be symmetrically generated, they transport an
opposite amount of angular momentum. Hence, the compo-
nents cancel each other out such as Dl,|m| = 0 whatever l
and |m|; therefore, J̇w = 0 and the angular momentum trans-
port by IGW vanishes, as expected (see also discussion in
Sect. 2.2).

2. Case |m|∆Ω ≪ ωsym
l

: as ∆Ω slightly increases, both peaks
of the Dl,|m| function gradually separate but remain closely
located on both sides of ωsym

l
in this regime.

3. Case |m|∆Ω ≫ ωsym
l

: in this regime, the Doppler-shift is
so important that the wave damping is not efficient and
Eq. (B.36) cannot be satisfied for retrograde IGW (τ ≪ 1).
Only prograde IGW near their critical layers, such as
ω ∼ |m|∆Ω, are locally absorbed.

4. Case |m|∆Ω ∼ ωsym
l

: when |m|∆Ω is of the order of ωsym
l

and
gradually increases, the asymmetry between the prograde
and retrograde damping peaks becomes more and more pro-
nounced, as illustrated in Fig. B.2. Indeed, the retrograde

IGW satisfying τ ≈ 1 at given |m| and l are shifted toward
lower frequencies than ωsym

l
, while the prograde ones mi-

grate toward higher frequencies. In other words, at fixed ω, l
and |m|, an increase in ∆Ω leads to a decrease in the damp-
ing of retrograde IGW; they are thus absorbed into deeper
layers of the star. In this regime, retrograde IGW are ab-
sorbed in the frequency range ωinf

m . ω . ω
sym
l

. We note
that for |m|∆Ω . ωsym

l
, we always have ωinf

m ≪ ω
sym
l

with
r ≪ rt in Eq. (B.37), so that both conditions τ ≈ 1 and
ωinf

m . ω . ω
sym
l

can always be simultaneously satisfied in
this regime. Conversely, an increase in ∆Ω results in an in-
crease in the damping of prograde IGW; they are thus ab-
sorbed into upper layers at frequencies ω & ωsym

l
.

The condition of absorption τ ∼ 1 for retrograde IGW implies
|m|∆Ω . ωsym

l
. When |m|∆Ω ≫ ωsym

l
, only prograde IGW near

their critical layers are absorbed. An increase in ∆Ω leads to
a shift of the retrograde (prograde) IGW that are absorbed to-
ward lower (higher) frequencies; the asymmetry between pro-
grade and retrograde IGW is thus accentuated.

B.4.5. Transport by IGW resulting from a balance
between damping and driving

In the following, we will assume that νp ≪ ωsym
l=1 ≤ ω

sym
l

what-
ever l. Since νp is chosen around ωc, this is verified in almost all
the models considered in the main text, except maybe at the very
beginning of the subgiant branch (see Figs. 1 and 7).

Sign of J̇w. Following Eq. (B.13), the angular momentum trans-
port by IGW and its efficiency depends on the correlation be-
tween the wave excitation spectrum and the wave damping. Ex-
citation models show that the wave spectrum at the top of the
radiative zone, S in Eq. (B.13), is decreasing with the wave fre-
quency, whatever the generation mechanism (turbulent pressure
or penetrative convection). When |m|∆Ω . ωsym

l
at given l and

|m|, the retrograde IGW that are absorbed into a given layer of
the helium core have lower frequencies than the prograde ones
whose frequencies are always higher than ωsym

l
. Given that S is a

decreasing function of ω, they have higher amplitudes compared
to prograde IGW. Since they carry negative angular momentum,
the total deposit of angular momentum is negative. Moreover,
even if |m|∆Ω ≪ ωsym

l
and both opposite absorption peaks are

in the vicinity of ωsym
l

, the amplitude of the retrograde IGW
that are absorbed remains much higher than the amplitude of
the prograde ones. Indeed, the full width at half maximum of
the absorption peaks is about 0.6 ωsym

l
(see Appendix B.3.2).

Therefore, the separation in frequency between both prograde
and retrograde peaks is large enough for the difference of am-
plitudes to remain important since the S function sharply de-
creases in this range of frequency with νp ≪ ωsym

l
. Finally, when

|m|∆Ω ≫ ωsym
l

, only the prograde IGW near their critical layers
are absorbed into the medium. However, since these waves are
such that ω ∼ |m|∆Ω≫ νp in this regime, the S function drasti-
cally vanishes and their amplitude is quasi null, and so does their
transport efficiency.

The transport of angular momentum near the hydrogen-
burning shell is ensured only by retrograde wave components.
Therefore, the net wave flux of angular momentum directed
downwards is negative, J̇w & 0 in Eq. (1) and retrograde IGW
tend to counter the contraction-driven spin up of the helium core,
as expected.
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Influence of ∆Ω on the transport by one wave component.
At given l and |m|, the higher ∆Ω, the lower the frequencies of
the retrograde IGW that efficiently deposit momentum provided
that ωsym

l
& |m|∆Ω, and the higher the frequencies of the pro-

grade ones. Since the excitation wave spectrum is a decreasing
function of frequency, an increase in ∆Ω leads to an increase
in the amount of negative angular momentum absorbed into the
medium. The effect on the rotation is thus more important.

At given l and |m|, the efficiency of the transport by retro-
grade IGW increases as the amplitude of the Doppler-shift in-
creases while remaining lower than about ωsym

l
.

Influence of ∆Ω on the whole spectrum. The previous scenario
holds true if |m|∆Ω remains lower than ωsym

l
. Actually, to prop-

erly understand the influence of the differential rotation ampli-
tude on the transport by IGW, we need to take the collective
effect of the whole wave angular degrees l and azimuthal num-
bers such as 1 ≤ |m| ≤ l into account, as well as their energy
distribution represented by Fl,|m|. We remind that the angular
degree at the maximum of the Fl,|m| function can be estimated
by lmax ∼ rt/b. Following Table A.1, lmax ∼ 20 in the subgiant
model used as example in this appendix. As an illustration, it is
instructive to represent the sum of the damping terms over a few
distinct values of l. Here, we consider only four angular degrees
l = 1, 25, 100 and 400. The result is displayed in Fig. 3 as a
function of σ and χ|m|. As already discussed in Appendix B.3.1,
we retrieve that an increase in l results in a shift of the related
damping pattern toward lower χ|m| values and higher frequen-
cies. In the following discussion, we assume that νp ≪ ωsym

l=1 and
that the deposit of angular momentum is ensured only by retro-
grade IGW satisfying the absorption conditions, such as τ ∼ 1
(which implies |m|∆Ω . ωsym

l
) and ω & ωinf

m . As a result, follow-
ing Eqs. (B.13) and (B.16), and using Eq. (B.23) with τ ∼ 1,
the contribution of each of these components to the divergence
of the wave flux is about proportional to the product Fl,mS(ω).
Therefore, Fig. 3 makes us to consider three regimes classified
by ascending value of ∆Ω:

1. Very low-∆Ω regime: The case |m|∆Ω ∼ ωsym
l
∼ l3/4ω

sym
l=1 ,

as described in Appendix B.4.4, can be satisfied (with
|m| ≤ l) by angular degrees and azimuthal numbers such as
l ≥ |m| & (ωsym

l=1 /∆Ω)4. This also implies ωinf
m ≈ α|m|∆Ω ∼

αl3/4ω
sym
l=1 . Therefore, in this first regime, we assume that

the amplitude of the differential rotation is so low that
|m|∆Ω ∼ ωsym

l
is only satisfied for very high values of l such

as l ≫ lmax and ωinf
m ≫ ω

sym
l=1 (see for example l = 400 in

Fig. 3), that is

∆Ω ≪ ωsym
l=1 min

(
l−1/4
max , α

1/3
)
. (B.39)

In turn, angular degrees such as l . (ωsym
l=1 /∆Ω)4 can sat-

isfy only the case |m|∆Ω ≪ ωsym
l

with a peak of absorption
around the frequency ωsym

l
.

On the one hand, since Fl,|m| and S sharply decrease be-
yond lmax and νp respectively, the amplitude of the wave
components satisfying |m|∆Ω ∼ ωsym

l
, such as l ≫ lmax and

ωinf
m & ω

sym
l=1 ≫ νp in this regime, as well as the conditions of

absorption τ ∼ 1 and ω & ωinf
m , is negligible compared to the

low degrees l ∼ 1 satisfying |m|∆Ω ≪ ωsym
l

, τ ∼ 1 and so
ω ∼ ωsym

l=1 .
On the other hand, among the other wave components satis-
fying |m|∆Ω ≪ ωsym

l
, as well as τ ∼ 1 with ω ∼ ωsym

l
, the de-

posit of angular momentum into the medium is again mainly
ensured by retrograde IGW with low angular degrees l ∼ 1

such as ω ∼ ωsym
l=1 since the product Fl,|m|S(ωsym

l
) sharply in-

creases as l decreases. Indeed, given that νp ≪ ωsym
l=1 ≤ ω

sym
l

,
we can show for l . lmax that the decrease in Fl,|m| as l de-
creases can be largely outweighed by the increase in S eval-
uated at ω ∼ ωsym

l
.

Therefore, low angular degrees l ∼ 1 with frequencies
around ω ∼ ωsym

l=1 provide, in this regime, the main contri-
bution to the total divergence of the wave flux, J̇w.

2. Moderate-∆Ω regime: As ∆Ω increases, |m|∆Ω ∼ ωsym
l
∼

l3/4ω
sym
l=1 with |m| ≤ l can be satisfied by lower and lower

azimuthal numbers at a given l, as well as by lower and
lower angular degrees with lower and lower cut-off frequen-
cies since ωinf

m ≈ α|m|∆Ω ∼ αl3/4ω
sym
l=1 in this case.

In a first step, we consider only the wave components such
as ω & νp or l & lmax. Among these wave components satis-
fying |m|∆Ω ∼ ωsym

l
, τ ∼ 1 and ωinf

m . ω, the lowest angular
degrees with |m| ∼ l and ω ∼ ωinf

l
have the highest ampli-

tude. Indeed, on the one hand, S decreases with frequency,
so that the waves with frequencies ω ∼ ωinf

m have the largest
amplitude at given l and |m|. On the other hand, the prod-
uct Fl,|m|S(ωinf

m ) with ωinf
m ∼ αl3/4ω

sym
l=1 sharply increases as l

decreases if ω & νp or l & lmax, since the variations in the
Gaussian terms of Fl,|m| or S predominate. Hence, the low-
est degrees among the components satisfying |m|∆Ω ∼ ωsym

l
,

so with |m| ∼ l, have the highest amplitude. Therefore, when
∆Ω becomes large enough, the conditions l∆Ω ∼ ωsym

l
, τ ∼ 1

and ω ∼ ωinf
l

can be satisfied by angular degrees such as
the product Fl,lS(ωinf

l
) & F1,1S(ωsym

l=1 ), so that they have a
higher amplitude than the components l ∼ 1 with ω ∼ ωsym

l=1 .
These components thus start giving the most effective contri-
bution to the angular momentum transport: this corresponds
to the transition from the very low-∆Ω to the moderate-∆Ω
regime. Using the inequality Fl,lS(ωinf

l
) & F1,1S(ωsym

l=1 ) with
νp ≪ ωinf

l=1, we find that this regime corresponds to values of
∆Ω such as3

ω
sym
l=1 max



νp

ω
sym
l=1 lmax


1/4

, α1/3

 . ∆Ω . ω
sym
l=1 , (B.40)

with the upper limit obtained in the limiting case where the
conditions l∆Ω ∼ ωsym

l
is satisfied for l = 1. In this regime,

with in addition the condition ω & νp or l & lmax, the trans-
port of angular momentum is thus ensured by retrograde
IGW such as

|m| ∼ l, ω ∼ ωinf
l ∼ αl3/4ω

sym
l=1 , l ∼


ω

sym
l=1

∆Ω


4

·

In this case, a gradual increase in ∆Ω extends the domain
of the (l,ω) plan satisfying the conditions of absorption to-
ward lower and lower angular degrees and wave frequencies.
Therefore, the sum in Eq. (B.13) as well as the total amount
of angular momentum deposited into the medium increases
since the product Fl,lS(ωinf

l
) increases as l decreases in this

case.
In a second step, we consider only the wave components such
asω . νp and l . lmax (see for example l = 1 in Fig. 3). These
components can satisfy the case |m|∆Ω ∼ ωsym

l
as soon as4

ω
sym
l=1 max

l
−1/4
max ,


ω

sym
l=1 α

νp


1/3 . ∆Ω. (B.41)

3 We also used the relations ω ∼ αl3/4ω
sym
l=1 and l ∼ (ωsym

l=1 /∆Ω)4 (ob-
tained with |m| ∼ l).
4 We note that since νp ≪ ωsym

l=1 , Eq. (B.41) is included in Eq. (B.40).
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at a given value of |m|∆Ω, the wave frequencies satisfying the
absorption conditions will increase for both retrograde and pro-
grade IGW. The part of the wave spectrum that is suscepti-
ble to locally affect the rotation in a given mass shell will be
thus shifted toward higher frequencies. Since the wave excita-
tion spectrum is a decreasing function of ω, the amplitude of the
wave components absorbed into the medium and the transport
efficiency (J̇w) will decrease. Nevertheless, we have shown in
Appendix B.4.4 that, for retrograde IGW at given l, |m| and ω,
an increase in the magnitude of the damping can be counterbal-
anced by an increase in the amplitude of the differential rotation
(provided also that |m|∆Ω . ωsym

l
and ω & ωinf

m ). Thus, for simi-
lar wave excitation spectra Fl,|m| and S in Eq. (B.13) (i.e., similar
plume parameters), the higher the magnitude of the damping, the
higher the value of ∆Ω required to conserve the same value of
J̇w and thus of tw in Eq. (4) near the hydrogen-burning shell.
For the 1 M⊙ evolutionary sequence considered in this work,
tcont remains quasi constant around 0.5 Gyr and the radius of the
hydrogen-burning shell only slightly changes from the subgiant
to the early red giant branch (see Fig. 3). Nevertheless, Fig. 7
show that νp increases by about a factor of two and that lmax de-
creases by about a factor of ten. If we assume that the magnitude
of the radiative damping does not change over time, the results
obtained in Sect. 4.2 show that such variations in νp and lmax
cannot explain the increase in the value of ∆Ω by about a factor
of five that is required to conserve tw ∼ tcont in the helium core
during this time span (see Figs. 4 and 6). Therefore, we con-
clude that an increase in the magnitude of the radiative damping
is needed to explain such a trend. This increase is well observed
in stellar models (see Appendix A).

The increase in the threshold value for the differential ro-
tation amplitude over time, as observed in Fig. 6, mainly re-
sults from the increase in the magnitude of the radiative damping
along the evolution.

2.4.8. Sensitivity of J̇w to the differential rotation amplitude

The high sensitivity of the wave-related timescale to ∆Ω
observed in Sect. 4 can be explained by two main points. First,

since the wave radiative damping depends on the wave intrin-
sic frequency to the power minus four, the full width at half
maximum of the absorption peaks for given values of l and |m|
is quite low so that they remain confined around the wave fre-
quency satisfying τ = 1. Second, a small change in ∆Ω can lead
to a huge variation in the wave spectrum functions evaluated at
the maximum of absorption. Indeed, guided by numerical com-
putations and the analysis in Appendix 2.4.6, we can assume to
be in the moderate-∆Ω regime and that the absorbed wave com-
ponents are such as ω & νp or l & lmax. In this regime, IGW
that the most efficiently participate to the transport in a given
layer of radius r satisfy τ ∼ 1, |m| ∼ l and ω ∼ ωinf

l
∼ αl∆Ω (see

Appendix B.4.5). This also implies l∆Ω ∼ ωsym
l

or equivalently,
l1/4∆Ω ∼ ωsym

l=1 . Hence, it is possible to express ω and l of the
absorbed wave components as a function of ∆Ω only to obtain

ω ∼ αωsym
l=1


ω

sym
l=1

∆Ω


3

(B.46)

l ∼

ω

sym
l=1

∆Ω


4

· (B.47)

Therefore, the frequency ω and the degree l of the most effi-
ciently absorbed components are quite sensitive to the value of
∆Ω. A small relative variation in ∆Ω thus can lead to a huge
variation in the S (or Fl,|m|) function at the maximum of absorp-
tion if ω & νp (or l & lmax) since it depends on exp[−ω2/4ν2p]
(or exp[−l2/2l2max]). Equivalently, since the sensitivity of tw is
linked to S and Fl,|m|, we deduce that a small variation in νp or
b at fixed ∆Ω must result in a huge variation in tw. This is con-
firmed in Fig. 5. For this model, we observe that the effect of a
variation in νp is much larger than the one induced by a varia-
tion in b. This is expected since ω ≫ νp and l ∼ lmax for the
most efficient wave components (see Appendix 2.4.6) so that the
variation in S is larger.

Therefore, a small increase in ∆Ω can result in a huge in-
crease in J̇w and so in the efficiency of the angular momentum
transport by IGW in the helium core.
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❈♦♥❝❧✉s✐♦♥s ❞❡ ❧❛ ♣❛rt✐❡ ■■

▲❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ♠♦♥tr❡♥t q✉✬✉♥ ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞♦✐t êtr❡
✐♥✈♦q✉é ♣♦✉r ❢r❡✐♥❡r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✉ ❝÷✉r ❡♥ ❝♦♥tr❛❝t✐♦♥ ❞❛♥s ❧❡s ét♦✐❧❡s
❞❡ ❢❛✐❜❧❡ ♠❛ss❡✱ ❡t ❝❡ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ ❝❧✉♠♣✳ ▲❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té
s♦♥t ❝♦♥♥✉❡s ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ♣♦✉r êtr❡ ❝❛♣❛❜❧❡s ❞❡ tr❛♥s♣♦rt❡r ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s
✐♥tér✐❡✉rs r❛❞✐❛t✐❢s✳ ▼♦♥ tr❛✈❛✐❧ ❛ ❝♦♥s✐sté à ét✉❞✐❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
♣❛r ❝❡s ♦♥❞❡s ❞❛♥s ❝❡s ét♦✐❧❡s✳

▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞é♣❡♥❞ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦♥❞❡s✳ ❉❛♥s ✉♥❡
♣r❡♠✐èr❡ ét❛♣❡✱ ❥❡ ♠❡ s✉✐s ❞♦♥❝ ✐♥tér❡ssé ❛✉① ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳
❆❧♦rs q✉❡ ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❢♦rç❛❣❡ ❤❛❜✐t✉❡❧❧❡♠❡♥t ❝♦♥s✐❞érés ❢♦♥t ❛♣♣❡❧ à ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡
❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡t ❞❡s ét✉❞❡s ❣é♦♣❤②s✐q✉❡s ♠♦♥tr❡♥t q✉❡ ❧❡s
♦♥❞❡s ❞❡ ❣r❛✈✐té ♣❡✉✈❡♥t ❛✉ss✐ êtr❡ ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s à ❧✬✐♥t❡r❢❛❝❡
❡♥tr❡ ❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡ ❡t ❧❛ ré❣✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ❏✬❛✐ ❞♦♥❝ ❞é✈❡❧♦♣♣é ✉♥ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❡♥
❝♦♥s✐❞ér❛♥t ❧❛ ♣r❡ss✐♦♥ ❞②♥❛♠✐q✉❡ ❡①❡r❝é❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛♥❛❝❤❡s ✐♥❝♦❤ér❡♥ts ❡♥tr❡ ❡✉① à
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡✳ ❈❡❝✐ ♠✬❛ ♣❡r♠✐s ❞❡
r❡♠♦♥t❡r à ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♣♦✉r ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✉ ✢✉① ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s à ❧❛ ❜❛s❡
❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ▲✬❡✛❡t ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡ ❞✬✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡
à ✉♥❡ ✈❛❧❡✉r r❛❞✐❛t✐✈❡ ❞❛♥s ❝❡tt❡ ré❣✐♦♥ ❛ été ♣r✐s ❡♥ ❝♦♠♣t❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❧❛
tr❛♥s✐t✐♦♥ ❝♦♠♠❡ ✉♥ ♣❛r❛♠ètr❡ ❞✉ ♠♦❞è❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✱ ❥✬❛✐ ♠♦♥tré q✉❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s
♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❡st ♣❧✉s ❞❡ ✺ ❢♦✐s s✉♣ér✐❡✉r❡ à
❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ❈❡❝✐ ❡st ❡♥ ♣❛rt✐❡ ❞û ❛✉ ❢❛✐t q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡s ♣❛♥❛❝❤❡s à
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st ♣rès ❞❡ ❞✐① ❢♦✐s s✉♣ér✐❡✉r❡ à ❧❛ ✈✐t❡ss❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s
❞♦♥♥é❡ ♣❛r ❧❛ ▼▲❚✳ ❈❡ rés✉❧t❛t ❞é♠♦♥tr❡ ❧❛ ♥é❝❡ss✐té ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❝❡ ♣r♦❝❡ss✉s✳ ❉❡ ♣❧✉s✱
❧❡ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ❛✐♥s✐ ❣é♥éré ❛ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✐✛ér❡♥t❡s ❞✉ s♣❡❝tr❡ ❣é♥éré ♣❛r
❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❝❡ ♠é❝❛♥✐s♠❡ ❡st ♠❛①✐♠❛❧❡ ♣♦✉r ❞❡s ❤❛✉ts
❞❡❣rés ❛♥❣✉❧❛✐r❡s✱ ❜✐❡♥ ♣❧✉s é❧❡✈és q✉❡ ♣♦✉r ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s✳ ❈❡❧❛ ✈✐❡♥t ❞✉
❢❛✐t q✉❡ ❧❛ t❛✐❧❧❡ ❞❡s ♣❛♥❛❝❤❡s ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ❝❡❧❧❡ ❞❡s ♣❧✉s ❣r♦s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s
à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥✜♥✱ ❥✬❛✐ ♠♦♥tré q✉✬✉♥❡ tr❛♥s✐t✐♦♥ ❞♦✉❝❡ ♣♦✉r ❧❡ ❣r❛❞✐❡♥t ❞❡
t❡♠♣ér❛t✉r❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛✉❣♠❡♥t❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s é♠✐s❡s
à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❚♦✉t❡s ❝❡s ♣r♦♣r✐étés ♣❡✉✈❡♥t ♥♦t❛♠♠❡♥t ❛✈♦✐r ❞❡s ❝♦♥séq✉❡♥❝❡s
s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s✳

❆✐♥s✐✱ ❞❛♥s ✉♥❡ s❡❝♦♥❞❡ ét❛♣❡✱ ❥✬❛✐ été ❛♠❡♥é à ❡st✐♠❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ♣❛r ❝❡s ♦♥❞❡s ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✱ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥✲
s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ▲✬ét✉❞❡ ❛ ❝♦♥s✐sté à ❝♦♠♣❛r❡r ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❛ss♦❝✐é❡ ❛✉
tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❛✉ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣♦✉r
❞✐✛ér❡♥ts ♠♦❞è❧❡s✳ ❯♥❡ t❡❧❧❡ ét✉❞❡ r❡♣rés❡♥t❡ ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉
tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧✱ ✐❧ r❡ss♦rt ❞❡ ❝❡tt❡ ét✉❞❡ q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛
♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s ❞❡ ♠♦❞✐✜❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡✱ ❡t ❝❡ ♣❧✉s ❡✣❝❛❝❡♠❡♥t
q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ❉❡ ♣❧✉s✱ ❧❡ ❞❡❣ré ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❧❡ ❝❡♥tr❡ s✬❛✈èr❡ ❛✈♦✐r ✉♥ ❡✛❡t ✐♠♣♦rt❛♥t s✉r ❧✬❡✣❝❛❝✐té ❞❡s ♦♥❞❡s✳
❊♥ ❡✛❡t✱ ♣❧✉s ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st ❢♦rt❡✱ ♣❧✉s ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s s✉r ❧❡sq✉❡❧❧❡s ❧❡s ♦♥❞❡s
♣❡✉✈❡♥t r❛❧❡♥t✐r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ s♦♥t ❝♦✉rt❡s✳ ❉❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s✱ ❝❡s ♦♥❞❡s
s♦♥t ✐♥❝❛♣❛❜❧❡s ❞❡ ❝♦♥tr❡❜❛❧❛♥❝❡r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝✲

✶✼✺



t✐♦♥ ❞✉ ❝÷✉r ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✐♥❢ér✐❡✉r❡s à ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡
❞♦♥♥é❡ ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡s ét♦✐❧❡s✱ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❡st tr♦♣ ❢♦rt ♣♦✉r
♣❡r♠❡ttr❡ à ❝❡s ♦♥❞❡s ❞✬❛tt❡✐♥❞r❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❞✬② ❡①tr❛✐r❡ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✱ ❡♥ ❛❝❝♦r❞
❛✈❡❝ ❧❡s ❝♦♥❝❧✉s✐♦♥s ❞❡ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ❞❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳
❉❛♥s ❝❡s ét♦✐❧❡s✱ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té s♦♥t ❞♦♥❝ ✐♥❝❛♣❛❜❧❡s✱ ♣❛r ❡❧❧❡s✲♠ê♠❡s✱ ❞✬❡①♣❧✐q✉❡r
❧❡s ❢❛✐❜❧❡s t❛✉① ❞❡ r♦t❛t✐♦♥ ♦❜s❡r✈és✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s
r♦✉❣❡s✱ ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s ✈✐❛ ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ❡st
❝❛♣❛❜❧❡ ❞❡ ❝♦♥tr❡r ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉❡ à ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✱ ❡t ❝❡ ♣❧✉s
❡✣❝❛❝❡♠❡♥t q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✳ ❈❡❝✐ ❡st ♣♦ss✐❜❧❡ ❧♦rsq✉❡ ❧❛ ✈❛❧❡✉r
❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st s✉♣ér✐❡✉r❡ à ✉♥ s❡✉✐❧✳ ▲❛ ✈❛❧❡✉r s❡✉✐❧ ❞é♣❡♥❞ ❞✉ st❛❞❡ é✈♦❧✉t✐❢
❡t ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❉❡ t❡❧❧❡s s✐♠✐❧✐t✉❞❡s ♣❡✉✈❡♥t
êtr❡ ✐♥t❡r♣rété❡s ❝♦♠♠❡ rés✉❧t❛♥t❡s ❞✬✉♥ ♠é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ❝♦♥trô❧é ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té✳ ❉❛♥s ❝❡ s❝é♥❛r✐♦✱ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s✱ ✐♥❞✉✐s❛♥t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡
❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥✱ ❡t ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❛ss♦❝✐é ❛✉① ♦♥❞❡s✱ q✉✐ t❡♥❞ à ❢r❡✐♥❡r
❧❛ r♦t❛t✐♦♥✱ ♠è♥❡ à ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡ ❞❛♥s ❧❡q✉❡❧ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞♦✐t r❡st❡r ♣r♦❝❤❡ ❞❡
❧❛ ✈❛❧❡✉r s❡✉✐❧ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ❉❡ t❡❧s rés✉❧t❛ts s♦✉❧✐❣♥❡♥t
❧❡ rô❧❡ ✐♠♣♦rt❛♥t q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ ♣❡✉✈❡♥t
❥♦✉❡r ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ❞é♠♦♥tr❡♥t q✉✬❡❧❧❡s ❞♦✐✈❡♥t
êtr❡ ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ ❞é❜✉t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳

▲✬ét✉❞❡ ré❛❧✐sé❡ ❞❛♥s ❝❡tt❡ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ♠❛ t❤ès❡ ❛♣♣❡❧❧❡ à ❞❡s tr❛✈❛✉① à ✉♥ ❞❡❣ré ❞❡
❝♦♠♣❧❡①✐té s✉♣ér✐❡✉r✳ ▲❛ ♣r♦❝❤❛✐♥❡ ét❛♣❡ ❝♦♥s✐st❡ à ✐♠♣❧é♠❡♥t❡r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
♣❛r ❝❡s ♦♥❞❡s ❞❛♥s ✉♥ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ❈❡❝✐ ♣❡r♠❡ttr❛ ❞❡ ❝❛❧❝✉❧❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦✲
t❛t✐♦♥ ✐♥t❡r♥❡ s♦✉s ❧✬❡✛❡t ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s
❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✭❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ ❞✐✛✉s✐♦♥ t✉r❜✉❧❡♥t❡✱ ✳✳✳✮ ❡t ❛✐♥s✐ ❞✬é✈❛❧✉❡r
❧❛ ♣❡rt✐♥❡♥❝❡ ❞✉ ♠é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ♣❛r ❧❡s ♦♥❞❡s q✉✐ ❛ été ♣r♦♣♦sé✳ ❆ ♣❧✉s ❧♦♥❣ t❡r♠❡✱ ❧❛
♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡✈r❛ ❛✉ss✐ êtr❡ ❛♠é❧✐♦ré❡ ❡♥ ❛❧❧❛♥t ❛✉✲❞❡❧à ❞❡s
❤②♣♦t❤ès❡s s✐♠♣❧✐✜❝❛tr✐❝❡s ✉t✐❧✐sé❡s ❞❛♥s ❝❡tt❡ ét✉❞❡✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❡t ❞✉
♣r♦❝❡ss✉s ❞❡ ♣é♥étr❛t✐♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♥é❝❡ss✐t❡ ❞❡ ♣❧✉s ✉♥❡ ♠❡✐❧❧❡✉r❡ ♠♦❞é❧✐✲
s❛t✐♦♥✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ♥♦t❡r ❧✬❡✛❡t ❞❡ ❧❛ s♣❤ér✐❝✐té ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ét❡♥❞✉❡ ❞❡s
ét♦✐❧❡s é✈♦❧✉é❡s ♦✉ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ✢♦t ♠♦♥t❛♥t s✉r ❧❛ ✈✐t❡ss❡ ❞❡s ♣❛♥❛❝❤❡s à ❧✬❡♥tré❡ ❞❡ ❧❛ ③♦♥❡ ❞❡
♣é♥étr❛t✐♦♥✱ ❧❡✉r t❛✐❧❧❡ ❡t ❧❡✉r ❞✐str✐❜✉t✐♦♥✳ ❉❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❞❛♥s ❞❡s
ré❣✐♠❡s à ♣❛rt✐r ❞❡sq✉❡❧s ✉♥❡ ❡①tr❛♣♦❧❛t✐♦♥ ✈❡rs ❧❡s ré❣✐♠❡s st❡❧❧❛✐r❡s s❡r❛✐t ♣♦ss✐❜❧❡ ♣♦✉rr❛✐❡♥t
❛✐❞❡r à ré♣♦♥❞r❡ à ❝❡s q✉❡st✐♦♥s ❡t ♣❡r♠❡ttr❛✐❡♥t ❞❡ ♣❧✉s à ❝♦♥tr❛✐♥❞r❡ ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡s✱
❝♦♠♠❡ ❧❛ ✈❛❧❡✉r ❞✉ t❡♠♣s ❞❡ ✈✐❡ ❞✉ ♣❛♥❛❝❤❡ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❞❡ ❢♦rt❡s
✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t✳ ❊♥✜♥✱ ❞❡s ❡✛♦rts ❞❡✈r♦♥t êtr❡ ❢❛✐ts ♣♦✉r ❛♠é❧✐♦r❡r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ♣r♦✲
♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s✳ ▲✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❡t ❞✉ ❣r❛❞✐❡♥t ❞❡ r♦t❛t✐♦♥
❞❡✈r❛ êtr❡ ❝♦♥s✐❞éré ✭❡✳❣✳ ▼❛t❤✐s ✷✵✵✾✮✱ ❡t ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❝♦✉❝❤❡s ❝r✐t✐q✉❡s ❞❡✈r❛ êtr❡ ét✉❞✐é❡ ✭❡✳❣✳✱
❆❧✈❛♥ ❡t ❛❧✳ ✷✵✶✸✮✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s ♣ré❝✐sé♠❡♥t s✉r ❝❡s ♣♦✐♥ts ❧♦rs ❞❡s ♣❡rs♣❡❝t✐✈❡s ❣é♥ér❛❧❡s
❞♦♥♥é❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ■❱✳

✶✼✻



❚r♦✐s✐è♠❡ ♣❛rt✐❡

❉✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s
♠✐①t❡s

✶✼✼



✶✼✽



❈❤❛♣✐tr❡ ✽

▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡
❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

❙♦♠♠❛✐r❡
✽✳✶ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵

✽✳✶✳✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵
✽✳✶✳✷ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❡t str✉❝t✉r❡ ♠♦❞❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵

✽✳✷ ■♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹
✽✳✷✳✶ ■♥❞✐❝❛t✐♦♥ s✉r ❧❡ st❛❞❡ é✈♦❧✉t✐❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹
✽✳✷✳✷ ❊st✐♠❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✻

✽✳✸ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼
✽✳✸✳✶ ❙tr✉❝t✉r❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼
✽✳✸✳✷ ■♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✽
✽✳✸✳✸ ❋♦r♠❡ ❝❛♥♦♥✐q✉❡ ❡t éq✉❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✵
✽✳✸✳✹ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ s✉r ❧❡s ♠♦❞❡s ✳ ✳ ✶✾✵

✽✳✹ Pr♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✸

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s✳ ▲❛
❞ét❡❝t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ét♦✐❧❡s é✈♦❧✉é❡s ❣râ❝❡ ❛✉① ❞♦♥♥é❡s r❡❝✉❡✐❧❧✐❡s ♣❛r
❧❡s ♠✐ss✐♦♥s s♣❛t✐❛❧❡s ❈♦❘♦❚ ❡t ❑❡♣❧❡r s✬❡st ❛✈éré❡ r✐❝❤❡ ❡♥ ❡♥s❡✐❣♥❡♠❡♥ts ✭❡✳❣✳✱ ❈❤❛♣❧✐♥ ✫ ▼✐❣❧✐♦
✷✵✶✸✮✳ ❈❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ s✬ét❛❜❧✐ss❡♥t ❞❛♥s ❞❡✉① ❝❛✈✐tés rés♦♥❛♥t❡s ❞✐st✐♥❝t❡s ✭✐✳❡✳✱ ❧✬❡♥✈❡❧♦♣♣❡
❝♦♥✈❡❝t✐✈❡ ❡t ❧❡ ❝÷✉r r❛❞✐❛t✐❢✮✱ ❝♦✉♣❧é❡s ♣❛r ✉♥❡ ③♦♥❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ▲❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❡✉r
s♣❡❝tr❡ ♣♦rt❡♥t ❞♦♥❝ à ❧❛ ❢♦✐s ❧❛ s✐❣♥❛t✉r❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡ ❡t ❝❡❧❧❡ ❞❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s✳
▲❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s s❡r✈❡♥t ❛❧♦rs à ❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♦❜s❡r✈é❡s ❡t ❧❡s
♣r♦♣r✐étés ✐♥t❡r♥❡s ❞❡s ét♦✐❧❡s✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s ❛ ♣❡r♠✐s✱ ❡♥tr❡ ❛✉tr❡s✱ ❞❡ ❞ét❡r♠✐♥❡r
s❛♥s ❛♠❜✐❣✉ïté ❧❡ st❛❞❡ é✈♦❧✉t✐❢ ❞❡s ét♦✐❧❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❧❡ ❝❧✉♠♣ ✭❡✳❣✳✱
❇❡❞❞✐♥❣ ❡t ❛❧✳ ✷✵✶✶❀ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❝✮✱ ❡t ❞❡ s♦♥❞❡r ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧❡✉r ❝÷✉r r❛❞✐❛t✐❢
✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❜❀ ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✷✱ ✷✵✶✹❀ ●❡❤❛♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ❈❡s ✐♥❢♦r♠❛t✐♦♥s s♦♥t ♥♦♥
s❡✉❧❡♠❡♥t ✐♠♣♦rt❛♥t❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♠❛✐s ❛✉ss✐ ♣♦✉r ❧✬ét✉❞❡
❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡ ❡♥ ❣é♥ér❛❧✳ ❊♥ ❡✛❡t✱ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡ ❝❡s ét♦✐❧❡s
té♠♦✐❣♥❡ ❞✬✉♥❡ ♣❛rt ❞❡ ❧❡✉r ♣❛ssé✱ ❡t ❞✬❛✉tr❡ ♣❛rt✱ ❝❡s ♦❜s❡r✈❛t✐♦♥s s❡r✈❡♥t ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡s
❝♦♥✜❣✉r❛t✐♦♥s ✐♥✐t✐❛❧❡s ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s st❛❞❡s é✈♦❧✉t✐❢s ♣❧✉s ❛✈❛♥❝és ✭❡✳❣✳✱ ▼♦♥t❛❧❜á♥ ❡t ❛❧✳
✷✵✶✸❀ ❈❛♥t✐❡❧❧♦ ❡t ❛❧✳ ✷✵✶✹✮✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ♠✐①t❡s s❡r♦♥t ♣rés❡♥té❡s✳ ▲❛
r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ✉s✉❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡ ✈ér✐✜é❡ ♣❛r ❧❡s ♠♦❞❡s
♣r♦♣r❡s ❡t ✐♠♣♦sé❡ ♣❛r ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ s❡r❛ ✐♥tr♦❞✉✐t❡✳ ▲❛ str✉❝t✉r❡ ❞❡ ❧❡✉r s♣❡❝tr❡ s❡r❛
❜r✐è✈❡♠❡♥t ❞é❝r✐t❡ ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❞❡s ♠♦❞❡s ♠✐①t❡s à s♦♥❞❡r ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s ❞❡s ét♦✐❧❡s s❡r❛
s♦✉❧✐❣♥é à tr❛✈❡rs ❞❡✉① ❡①❡♠♣❧❡s ♣ré❝✐s✳ ❊♥s✉✐t❡✱ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s
✭l = 1✮ s❡r❛ ❛❜♦r❞é✳ ▲❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥✱ ♣❛r♠✐ ❧❡s

✶✼✾



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

♠♦❞❡s q✉✐ s♦♥t ❧❡s ♣❧✉s s❡♥s✐❜❧❡s ❛✉① ♣r♦♣r✐étés ❞❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s✱ ❛✈❡❝ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❛♠♣❧✐t✉❞❡
❞❛♥s ❧❡ s♣❡❝tr❡ ✭❉✉♣r❡t ❡t ❛❧✳ ✷✵✵✾✮✳ ◆é❛♥♠♦✐♥s✱ ✐❧s ♥é❝❡ss✐t❡♥t ❞✬❛❧❧❡r ❛✉✲❞❡❧à ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❈♦✇❧✐♥❣✳ ■❧s ♠ér✐t❡♥t ❞♦♥❝ ✉♥❡ ❛tt❡♥t✐♦♥ ❡t ✉♥ tr❛✐t❡♠❡♥t t❤é♦r✐q✉❡ ♣❛rt✐❝✉❧✐❡r✳ ▲❡s tr❛✈❛✉① ❞❡
❚❛❦❛t❛ ✭✷✵✵✺✱ ✷✵✵✻❛✱❜✮ ❢♦✉r♥✐ss❡♥t ✉♥ ❢♦r♠❛❧✐s♠❡ q✉✐ ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ t♦✉t ❡♥ ❧❛✐ss❛♥t ❧❡ ♣r♦❜❧è♠❡ s♦❧✉❜❧❡
❛♥❛❧②t✐q✉❡♠❡♥t✳ ❈❡ ❢♦r♠❛❧✐s♠❡ s❡r❛ ♣rés❡♥té ❡♥ ❞ét❛✐❧ ❞❛♥s ❧✬❛✈❛♥t✲❞❡r♥✐èr❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳
❊♥✜♥✱ ❧❛ ♣r♦❜❧é♠❛t✐q✉❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡ s❡r❛ ♣♦sé❡ ❞❛♥s ❧❛ ❞❡r♥✐èr❡ s❡❝t✐♦♥✳

✽✳✶ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡

✽✳✶✳✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥

▲❡s ♠♦❞❡s ♠✐①t❡s ❡①❤✐❜❡♥t ♣❛r ❞é✜♥✐t✐♦♥ ❞❡✉① t②♣❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ✿ ✐❧s ♣♦ssè❞❡♥t ✉♥ ❝❛r❛❝tèr❡
❞❡ ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✱ ❝✬❡st✲à✲❞✐r❡ ♦ù σ ≤ Sl, N ✱ ❡t ✉♥ ❝❛r❛❝tèr❡ ❞❡ ♠♦❞❡
❞❡ ♣r❡ss✐♦♥ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡ ❞❡ ❧✬ét♦✐❧❡✱ ❝✬❡st✲à✲❞✐r❡ ♦ù σ ≥ Sl, N

✶ ❯♥ ♠♦❞❡ ❡st ❞♦♥❝
♠✐①t❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ s❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ ❧❡ ♣❡r♠❡tt❡♥t✳ ❊♥tr❡
❝❡s ❞❡✉① ré❣✐♦♥s✱ ❧❡s ♠♦❞❡s ♥❡ s♦♥t ♣❧✉s ♦s❝✐❧❧❛♥ts ❡t s❡ ❝♦♠♣♦rt❡♥t ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉①
❢♦♥❝t✐♦♥s ❡①♣♦♥❡♥t✐❡❧❧❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t ❝r♦✐ss❛♥t❡s ❡t ❞é❝r♦✐ss❛♥t❡s ❛✈❡❝ ❧❛ ♣r♦❢♦♥❞❡✉r✳ ❉❡ ❢❛ç♦♥
s✐♠✐❧❛✐r❡ à ❧✬❡✛❡t t✉♥♥❡❧ ❡♥ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡✱ ✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉r ❝❡tt❡ ③♦♥❡ ✐♥t❡r♠é❞✐❛✐r❡
❡st à ❧❛ ❢♦✐s ré✢é❝❤✐❡ ✈❡rs s❛ ❝❛✈✐té ❞✬♦r✐❣✐♥❡ ❡t tr❛♥s♠✐s❡ ✈❡rs ❧✬❛✉tr❡ ❝❛✈✐té✳ ❈❡tt❡ ③♦♥❡ ❛ss✉r❡
❞♦♥❝ ❧❡ ❝♦✉♣❧❛❣❡ ❞❡s ♦♥❞❡s ❡♥tr❡ ❧❛ ré❣✐♦♥ ✐♥t❡r♥❡ ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡✳ ❯♥ t❡❧ ❝♦✉♣❧❛❣❡ ❡♥tr❡
❧❡s ❞❡✉① ❝❛✈✐tés ❡st str✉❝t✉r❡❧❧❡♠❡♥t ♣♦ss✐❜❧❡ ❛✉ss✐ ❜✐❡♥ ❞❛♥s ✉♥❡ ét♦✐❧❡ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
q✉❡ ❞❛♥s ✉♥❡ ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ ✭✈♦✐r ❋✐❣✉r❡ ✽✳✶✮✳ ◆é❛♥♠♦✐♥s✱ ✉♥❡ ❛✉tr❡ ❝♦♥❞✐t✐♦♥ ♣♦✉r q✉❡
❝❡s ♠♦❞❡s s♦✐❡♥t ♦❜s❡r✈❛❜❧❡s ❡st q✉✬✐❧s s♦✐❡♥t ❡✣❝❛❝❡♠❡♥t ❡①❝✐tés✳ ❙✉r ❧❛ ❋✐❣✉r❡ ✽✳✶✱ ♦♥ ✈♦✐t
q✉❡ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❡✣❝❛❝❡♠❡♥t ❡①❝✐té ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡ ✭❛✉t♦✉r ❞❡ νmax✮
♥❡ ♣❡r♠❡t ♣❛s ❞❡ ❝♦✉♣❧❡r ❧❡s ❞❡✉① ❝❛✈✐tés ❡♥tr❡ ❡❧❧❡s ❞❛♥s ❧❡ ❙♦❧❡✐❧ ❛❝t✉❡❧✳ ▲❡s ♠♦❞❡s ♦❜s❡r✈és
❞❛♥s ❧❡ ❝❛s s♦❧❛✐r❡ s♦♥t ❞♦♥❝ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♣✉rs✳ ❉❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❛ s✐t✉❛t✐♦♥ ❡st
❞✐✛ér❡♥t❡✳ ❊♥ ❡✛❡t✱ ❞✉r❛♥t ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s s❡
❞✐❧❛t❡✱ ❧❡✉r t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❞✐♠✐♥✉❡ ❡t ❧❡✉r ❧✉♠✐♥♦s✐té ❛✉❣♠❡♥t❡✳ ❉✬❛♣rès ❧❛ ❧♦✐ ❞❡ ❙t❡❢❛♥✲
❇♦❧t③♠❛♥♥ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✶✳✶✾✮✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❞✐♠✐♥✉❡ ♠♦✐♥s ✈✐t❡ q✉❡
1/
√
R⋆✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ νmax ∝M⋆/R

2
⋆

√
Teff ✱

❞✐♠✐♥✉❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❊♥ ♣❛r❛❧❧è❧❡✱ ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡
❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❛✉❣♠❡♥t❡ ♣✉✐sq✉❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ s❡ ❝♦♥tr❛❝t❡ t♦✉t ❡♥ ❣❛❣♥❛♥t
❡♥ ♠❛ss❡✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❝❤❛♥❣❡♠❡♥ts str✉❝t✉r❛✉① ❡t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬❡①❝✐t❛t✐♦♥
st♦❝❤❛st✐q✉❡ ❛✉t♦r✐s❡ ❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡ ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❡s
♣r♦♣r✐étés ❛s②♠♣t♦t✐q✉❡s ❞❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ♣rés❡♥té❡s✱ ❡t ♦♥ ♥♦t❡ ra ❡t rb ❧❡s ❞❡✉① ♣♦✐♥ts
t♦✉r♥❛♥ts ✐♥t❡r♥❡s✱ ❡t rc ❡t rd ❧❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts ❡①t❡r♥❡s ✭✈♦✐r ❋✐❣✉r❡ ✽✳✶✮✳

✽✳✶✳✷ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❡t str✉❝t✉r❡ ♠♦❞❛❧❡

❈❛s ❣é♥ér❛❧✳ ❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❛ s✐t✉❛t✐♦♥ ❡st s✐♠✐❧❛✐r❡ à ❧❛ r❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞♦♥♥é❡
s✉r ❧❛ ❋✐❣✉r❡ ✷✳✺ ❡♥ s✉❜st✐t✉❛♥t ❧❛ ③♦♥❡ ♦ù ❡①✐st❡ ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ✭♦✉
❣❧✐t❝❤✮ ♣❛r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ▲❛ ❝❛✈✐té ❞❡ rés♦♥❛♥❝❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❡st ❞♦♥❝ éq✉✐✈❛❧❡♥t❡ ❞❛♥s
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ à ❞❡✉① ❝❛✈✐tés rés♦♥❛♥t❡s P ❡t G ❞❛♥s ❧❡sq✉❡❧❧❡s ❧❡s s♦❧✉t✐♦♥s ♣❡✉✈❡♥t
s✬❡①♣r✐♠❡r s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ♣❧❛♥❡s✱ sé♣❛ré❡s ❡♥tr❡ ❡❧❧❡s ♣❛r ✉♥❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❝❛r❛❝tér✐sé❡ ♣❛r
✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ré✢❡①✐♦♥ ❞❡ ♠♦❞✉❧❡ R ❡t ❞❡ ♣❤❛s❡ δ✱ ❡t ♣❛r ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ♠♦❞✉❧❡
T ❡t ❞❡ ♣❤❛s❡ γ✳ ▲❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✱ ♦✉ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡✱ ❡st ❛❧♦rs ❞♦♥♥é❡ ♣❛r ✉♥❡ r❡❧❛t✐♦♥

✶✳ ▲❡ ❞é❝❛❧❛❣❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞✬✉♥❡ ♦♥❞❡ s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ ❡st ♥é❣❧✐❣é ❞❛♥s ❝❡tt❡ ♣❛rt✐❡
✭✐✳❡✳✱ σ̂ ≈ σ✮✳ ❈❡❧❛ ❡st ❥✉st✐✜é ♣✉✐sq✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s s♦♥t très s✉♣ér✐❡✉r❡s ❛✉① ❢réq✉❡♥❝❡s ❞❡
r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s q✉✐ s♦♥t ❝♦♥s✐❞éré❡s ✐❝✐✳

✶✽✵



✽✳✶✳ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡

❋✐❣✉r❡ ✽✳✶✿ Pr♦✜❧ ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ♣♦✉r l = 1 ❞❛♥s ❞❡✉① ♠♦❞è❧❡s ❞❡ 1M⊙

r❡♣rés❡♥t❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ❙♦❧❡✐❧ ❛❝t✉❡❧ ❡t ❧❡ ❙♦❧❡✐❧ ❧♦rs ❞✉ ❞é❜✉t ❞❡ s♦♥ ❛s❝❡♥s✐♦♥ ❞❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❛✈❡❝ log Teff = 3.68 ❡t log L/L⊙ = 0.575✮✳ ▲❡s ❧✐❣♥❡s ❤♦r✐③♦♥t❛❧❡s
♠❛❣❡♥t❛ r❡♣rés❡♥t❡♥t ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❞❛♥s ❧❡q✉❡❧ ❧❡s ♠♦❞❡s s♦♥t ❡✣❝❛❝❡♠❡♥t ❡①❝✐tés
♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ s②♠❜♦❧✐s❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡
♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ νmax✱ q✉✐ ❛ été ❞ét❡r♠✐♥é❡ à ❧✬❛✐❞❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✷✳✽✸✮✱ r❡❞✐♠❡♥s✐♦♥♥é❡ ♣❛r ❧❡s ✈❛❧❡✉rs s♦❧❛✐r❡s✳ ▲❛ ❧✐❣♥❡ ❞✐s❝♦♥t✐♥✉❡ r❡♣rés❡♥t❡ ❧❛
♠♦✐t✐é ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ νmax✳ ▲❛ ❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡ ✐♥❞✐q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡
❡♥ s✉r❢❛❝❡✳ ◆♦t❡r ❧❛ ❞✐✛ér❡♥❝❡ ❞✬é❝❤❡❧❧❡ ❡♥ ❛❜s❝✐ss❡ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s✳ P♦✉r ❧❡ ♠♦❞è❧❡
❞❡ ❣é❛♥t❡ r♦✉❣❡✱ ❧❡s ♣♦✐♥ts r♦✉❣❡s s②♠❜♦❧✐s❡♥t ❧❡s q✉❛tr❡ ♣♦✐♥ts t♦✉r♥❛♥ts ❞✬✉♥ ♠♦❞❡ ♠✐①t❡
❞❡ ❢réq✉❡♥❝❡ ♣r♦❝❤❡ ❞❡ νmax✳

✶✽✶



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

s✐♠✐❧❛✐r❡ à ❊q✳ ✭✷✳✾✼✮✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s tr❛✈❛✉① ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❜✮✱ ❝✬❡st✲à✲❞✐r❡

cot (ΞG) tan (ΞP ) = q ✱ ✭✽✳✶✮

♦ù ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ❡st ❞♦♥♥é❡ ♣❛r ✭❚❛❦❛t❛ ✷✵✶✻❜✮

q =
1−R
1 +R

✱ ✭✽✳✷✮

❡t ♦ù ΞG ❡t ΞP s♦♥t ❞❡s t❡r♠❡s ❞❡ ♣❤❛s❡s q✉✐ ❞é♣❡♥❞❡♥t ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡s
❝❛✈✐té G ❡t P r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t ❞❡s ❞é♣❤❛s❛❣❡s ✐♥tr♦❞✉✐ts ❛✉① q✉❛tr❡ ♣♦✐♥ts t♦✉r♥❛♥ts✳

❍②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ■♥✐t✐❛❧❡♠❡♥t✱ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❛ ❞ér✐✈é ✉♥❡ ❡①♣r❡ss✐♦♥
❛s②♠♣t♦t✐q✉❡ ♣♦✉r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉①
❝❛✈✐tés ❡st ❢❛✐❜❧❡✳ ❊♥ ❞✬❛✉tr❡s ♠♦ts✱ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st s✉♣♣♦sé❡ ❛ss❡③ ❧❛r❣❡ ♣♦✉r q✉❡ ❧❡s ❞❡✉①
♣♦✐♥ts t♦✉r♥❛♥ts ✐♥t❡r♠é❞✐❛✐r❡s rb ❡t rc ♣✉✐ss❡♥t êtr❡ tr❛✐tés ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ▲❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡
♣❛r ❧❡s ❛✉t❡✉rs ❡st s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ♣rés❡♥té❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✷✳✷✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❛✉ ❝❡♥tr❡
❡t à ❧❛ s✉r❢❛❝❡ s♦♥t s✉♣♣♦sé❡s êtr❡ ♥✉❧❧❡s✳ ▲❛ s♦❧✉t✐♦♥ ✐ss✉❡ ❞❡ ra ❡st r❡❧✐é❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t à ❧❛
s♦❧✉t✐♦♥ ✐ss✉❡ ❞❡ rb ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❝❛✈✐té G✳ ▲❛ s♦❧✉t✐♦♥ ✐ss✉❡ ❞❡ rb ❡st r❡❧✐é❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t
à ❝❡❧❧❡ ✐ss✉❡ ❞❡ rc ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❀ ❡t ❡♥✜♥ ❧❛ s♦❧✉t✐♦♥ ✐ss✉❡ ❞❡ rc ❡st r❡❧✐é❡
❛s②♠♣t♦t✐q✉❡♠❡♥t à ❝❡❧❧❡ ✐ss✉❡ ❞❡ rd ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❝❛✈✐té P ✳ ▲✬✉♥✐q✉❡ ❞✐✛ér❡♥❝❡ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡
❧❡s s♦❧✉t✐♦♥s ✐ss✉❡s ❞❡ rb ❡t rc s✬❡①♣r✐♠❡♥t ❝❡tt❡ ❢♦✐s✲❝✐ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ s♦♠♠❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥
❞✬❆✐r② ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡ Ai ❡t ❞✬✉♥❡ ❞❡ s❡❝♦♥❞❡ ❡s♣è❝❡ Bi✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s tr♦✐s é❣❛❧✐tés ✈ér✐✜❛♥t
❞✬✉♥❡ ♣❛rt✱ ❧❡ r❛❝❝♦r❞ ❞❡s s♦❧✉t✐♦♥s ✐ss✉❡s ❞❡s q✉❛tr❡ ♣♦✐♥ts t♦✉r♥❛♥ts ❡t ❞✬❛✉tr❡ ♣❛rt✱ ❧❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s✱ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❛ ❛❜♦✉t✐ à ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡

cot

(∫ rb

ra

krdr

)
tan

(∫ rd

rc

krdr

)
=

1

4
exp

(
−2
∫ rc

rb

krdr

)
✱ ✭✽✳✸✮

♦ù kr ❡st ❧❡ ♠♦❞✉❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❞♦♥♥é ♣❛r ❊q✳ ✭✷✳✹✾✮ q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❢réq✉❡♥❝❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡tt❡ s♦❧✉t✐♦♥ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✽✳✶✮✳ ❊♥ ❡✛❡t✱
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ❧❡ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ♣❡✉t êtr❡
s✉♣♣♦sé ❢❛✐❜❧❡✱ s♦✐t T ≪ 1✱ ❡t ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣❡✉t s✬❡①♣r✐♠❡r à ♣❛rt✐r ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ✭✐✳❡✳✱ R2 + T 2 = 1✮ ❝♦♠♠❡

q =
1−
√
1− T 2

1 +
√
1− T 2

≈ T 2

4
✳ ✭✽✳✹✮

❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇ ❡t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥❡ ❧❛r❣❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ ❧❡ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥
❡st ❞♦♥♥é ❡♥ r❡❧✐❛♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ❧❡s ❞❡✉① ❢♦♥❝t✐♦♥s ❞✬❆✐r② ✐ss✉❡s ❞❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts
rb ❡t rc ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❜❛rr✐èr❡ é✈❛♥❡s❝❡♥t❡✱ ❝✬❡st✲à✲❞✐r❡ ✭❡✳❣✳✱ P❤✐♥♥❡② ✶✾✼✵❀ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮

T = exp

(
−
∫ rc

rb

|kr|dr
)

✱ ✭✽✳✺✮

❝❡ q✉✐ ✐♥séré ❞❛♥s ❊q✳ ✭✽✳✹✮ r❡st❡ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✽✳✸✮✳

❊①❡♠♣❧❡ ❞❡ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♦❜s❡r✈é ❞❛♥s ✉♥❡ ét♦✐❧❡
❣é❛♥t❡ r♦✉❣❡ ❡st ❞♦♥♥é ❞❛♥s ❧❛ ❋✐❣✉r❡ ✷✳✹✳ ❙✉r ❝❡ s♣❡❝tr❡✱ ♦♥ ♣❡✉t ✈♦✐r ✉♥❡ ❢♦rêt ❞❡ ♠♦❞❡s ❛✉t♦✉r
❞❡ ❧❛ ❢réq✉❡♥❝❡ t❤é♦r✐q✉❡ ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ♠♦❞❡ ❞❡ ♣r❡ss✐♦♥ ♣✉r ❞✐♣♦❧❛✐r❡ ❛✈❡❝ l = 1✳ ❈❡ t②♣❡ ❞❡
♠♦t✐❢ ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❡t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♣ré❞✐t❡s ♣❛r
❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡✳ P♦✉r ❞ét❡r♠✐♥❡r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡s ♠♦❞❡s ♠✐①t❡s✱ ✐❧
s✉✣t ❞❡ rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ✐♠♣❧✐❝✐t❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✽✳✶✮ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ♦✉ ❊q✳ ✭✽✳✸✮ ❞❛♥s ❧❡
❝❛s ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ➱t❛♥t ❞♦♥♥é❡s ❧❡s ❡①♣r❡ss✐♦♥s ❛s②♠♣t♦t✐q✉❡s ♦❜t❡♥✉❡s ♣♦✉r ❧❡s ♠♦❞❡s ❞❡

✶✽✷



✽✳✶✳ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡

❋✐❣✉r❡ ✽✳✷✿ ●❛✉❝❤❡ ✿ ❊s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❞✐♣♦❧❛✐r❡s l = 1 ❝♦♥sé❝✉t✐❢s ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❢réq✉❡♥❝❡ ✭r♦♥❞s ❜❧❡✉s✮✳ ▲❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♦♥t été ♦❜t❡♥✉❡s ♣❛r ❧❛ rés♦❧✉t✐♦♥ ❞❡
❊q✳ ✭✽✳✶✮ ❡t ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡s ❡①♣r❡ss✐♦♥s ❞♦♥♥é❡s ❞❛♥s ❊q✳ ✭✽✳✻✮ ❛✈❡❝ ǫp = 0 ❡t ǫg = 0✳ ▲❡s
♣❛r❛♠ètr❡s ✉t✐❧✐sés s♦♥t r❡♣rés❡♥t❛t✐❢s ❞✬✉♥❡ ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ é✈♦❧✉é❡ ❛✈❡❝ ∆Π = 60 s✱
∆ν = 5 µ❍③ ❡t q = 0.15✳ ▲❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s r❛❞✐❛✉① l = 0 s♦♥t ✐♥❞✐q✉é❡s ♣❛r ❞❡s
ét♦✐❧❡s✳ ❉r♦✐t❡ ✿ ❉✐❛❣r❛♠♠❡ é❝❤❡❧❧❡ ❡♥ ♣ér✐♦❞❡ ♣♦✉r ❧❡s ♠ê♠❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s✳

♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té ♣✉rs ❞❛♥s ❊qs✳ ✭✷✳✼✷✮ ❡t ✭✷✳✼✹✮✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞✬❡①♣r✐♠❡r
❧❡s t❡r♠❡s ❞❡ ♣❤❛s❡ ΞG ❡t ΞP ❝♦♠♠❡ ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✺✮

ΞG = π

(
1

ν∆Π
− ǫg

)

ΞP = π

(
ν

∆ν
− l

2
− ǫp

)
✱ ✭✽✳✻✮

♦ù ǫg ❡t ǫp s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❞❡s t❡r♠❡s ❞❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❡t ❡♥ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡
❧✬✉♥✐té✳ ❈❡s t❡r♠❡s ❞é♣❡♥❞❡♥t ❞❡s ♣r♦♣r✐étés ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❛✐♥s✐ q✉❡ ❞❡s ❞é♣❤❛s❛❣❡s ❛ss♦❝✐és
à ❧❛ ré✢❡①✐♦♥ ♦✉ à ❧❛ tr❛♥s♠✐ss✐♦♥ ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❡s ré❣✐♦♥s✳ ❖♥ ♥♦t❡ ❛✉ss✐ ❞❛♥s ❧❛ s✉✐t❡ ∆Π ≡ ∆Π1✱
❧✬❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s✱ ❡♥ ♦✉❜❧✐❛♥t ❧✬✐♥❞✐❝❡ ✶ ♣♦✉r s✐♠♣❧✐✜❡r✳ ▲❡s ❢réq✉❡♥❝❡s
♣r♦♣r❡s ♦❜t❡♥✉❡s ❡♥ ❝♦♥s✐❞ér❛♥t ❞❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❛✈❡❝ ❞❡s ✈❛❧❡✉rs t②♣✐q✉❡s ❞❡s ❣é❛♥t❡s
r♦✉❣❡s é✈♦❧✉é❡s✱ ❝✬❡st✲à✲❞✐r❡ ∆Π = 60 s✱ ∆ν = 5 µ❍③ ❡t q = 0.15 ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✼❜✮✱
s♦♥t r❡♣rés❡♥té❡s s✉r ❧❛ ❋✐❣✉r❡ ✽✳✷✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♣ér✐♦❞❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s
❝♦♥sé❝✉t✐❢s✱ ∆Pi(νi) = Pi − Pi−1✱ ❡st tr❛❝é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡✱ ❛✐♥s✐ q✉❡ ❧❡ ❞✐❛❣r❛♠♠❡
é❝❤❡❧❧❡ ❡♥ ♣ér✐♦❞❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❢réq✉❡♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ♠♦❞✉❧♦ ∆Π✳ ❉❡✉① t②♣❡s ❞❡
♠♦❞❡s ♣❡✉✈❡♥t êtr❡ ❞✐st✐♥❣✉és s✉r ❝❡s ❣r❛♣❤❡s✳ ❉✬✉♥❡ ♣❛rt✱ ♦♥ ✈♦✐t ❞❡s ♠♦❞❡s ♣♦✉r ❧❡sq✉❡❧s ❧❛ ✈❛❧❡✉r
❞❡ ∆P ❡st très ♣r♦❝❤❡ ❞❡ ∆Π✳ ❙✉r ❧❡ ❞✐❛❣r❛♠♠❡ é❝❤❡❧❧❡ ❡♥ ♣ér✐♦❞❡✱ ❝❡s ♠♦❞❡s s❡ ré♣❛rt✐ss❡♥t q✉❛s✐
✈❡rt✐❝❛❧❡♠❡♥t ❛✉t♦✉r ❞❡ ✸✵ s ✭♠♦❞✉❧♦ ∆Π✮✳ ▲❡ s♣❡❝tr❡ ❞❡ ❝❡s ♠♦❞❡s ❡st ♣r♦❝❤❡ ❞❡ ❝❡❧✉✐ q✉✬❛✉r❛✐❡♥t
❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ♣✉rs ♣♦✉r ❧❡sq✉❡❧s∆P/∆Π = 1 ✿ ♦♥ ❞✐t q✉❡ ❝❡s ♠♦❞❡s ♠✐①t❡s s♦♥t à ❞♦♠✐♥❛♥❝❡
❞❡ ❣r❛✈✐té✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❝❡rt❛✐♥s ♠♦❞❡s ❞é❝❛❧és ❡♥ ❢réq✉❡♥❝❡ ❞✬❡♥✈✐r♦♥ ❧❛ ♠♦✐t✐é ❞❡ ❧❛ ✈❛❧❡✉r ❞❡
❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉① ♠♦❞❡s r❛❞✐❛✉① ♠♦♥tr❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ ∆P ♣❧✉s ♣❡t✐t❡
q✉❡ ∆Π✳ ▲❛ ♣ér✐♦❞❡ ❞❡ ❝❡s ♠♦❞❡s ❞é✈✐❡♥t très ❧❛r❣❡♠❡♥t ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ✸✵ s ♠♦❞✉❧❡ ∆Π ❞❛♥s
❧❡ ❞✐❛❣r❛♠♠❡ é❝❤❡❧❧❡ ❡♥ ♣ér✐♦❞❡✳ ❈❡s ♠♦❞❡s ♦♥t ❞♦♥❝ ✉♥ s♣❡❝tr❡ ♣❧✉s ♣r♦❝❤❡ ❞❡ ❝❡❧✉✐ q✉✬❛✉r❛✐❡♥t
❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♣✉rs ✿ ♦♥ ❞✐t q✉❡ ❝❡s ♠♦❞❡s ♠✐①t❡s s♦♥t à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥✳ ❊♥ ❡✛❡t✱
▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t ♠♦♥tré q✉❡ ❧❡ r❛♣♣♦rt ∆P/∆Π ❡st r❡❧✐é à ❧✬✐♥❡rt✐❡ ❞✉ ♠♦❞❡ ❞❛♥s ❧❛ ❝❛✈✐té
❝❡♥tr❛❧❡✱ IG✱ ♦✉ ♣❧✉s ♣ré❝✐sé♠❡♥t

∆P

∆Π
= ζ(ν) =

IG
I⋆

✱ ✭✽✳✼✮
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❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

♦ù ❧✬♦♥ ❛ ❞é✜♥✐ ❧✬✐♥❡rt✐❡ t♦t❛❧❡ ❞✉ ♠♦❞❡ ❡t ❧✬✐♥❡rt✐❡ ♣❛rt✐❡❧❧❡ ❞❛♥s ❧❛ ❝❛✈✐té G r❡s♣❡❝t✐✈❡♠❡♥t ❝♦♠♠❡

I⋆ =

∫ R⋆

0
|~ξ|2dm ❡t IG =

∫ rcoeur

0
|~ξ|2dm ✱ ✭✽✳✽✮

❛✈❡❝ ~ξ ❧❡ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t ❛ss♦❝✐é à ❧✬♦♥❞❡✱ ❡t rcoeur ❧❡ r❛②♦♥ ❞é❧✐♠✐t❛♥t ❧❛ ❝❛✈✐té ❝❡♥tr❛❧❡ ❡t
❛✉✲❞❡ss✉s ❞✉q✉❡❧ ❧❡ ♠♦❞❡ ♠✐①t❡ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥ ♠♦❞❡ ❞❡ ♣r❡ss✐♦♥✳ ❉✬❛♣rès ❝❡s ❞é✜♥✐t✐♦♥s✱
I⋆ ❡st r❡♣rés❡♥t❛t✐❢ ❞❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞✉ ♠♦❞❡ ❡t IG ❡st r❡♣rés❡♥t❛t✐❢ ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ♠♦❞❡ ♣✐é❣é❡
❞❛♥s ❧❛ ❝❛✈✐té ❝❡♥tr❛❧❡✳ ▲❛ ❢♦♥❝t✐♦♥ ζ ❞♦♥♥❡ ❞♦♥❝ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞✉ ♠♦❞❡ q✉✐ ❡st
♣✐é❣é❡ ❞❛♥s ❧❛ ❝❛✈✐té G✳ ❆✐♥s✐✱ ♣♦✉r ❧❡s ♠♦❞❡s t❡❧s q✉❡ ∆P/∆Π ∼ 1 s✉r ❧❛ ❋✐❣✉r❡ ✽✳✷✱ ♦♥ ❛ ζ ∼ 1
❞✬❛♣rès ❊q✳ ✭✽✳✼✮✱ ❝❡ q✉✐ ❝♦♥✜r♠❡ q✉❡ ❝❡s ♠♦❞❡s s♦♥t ❜✐❡♥ à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✳ ❊♥ s✉♣♣♦s❛♥t
❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❡♥tr❡ ✉♥ ♠♦❞❡ à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té
❡t ❧❡ ♠♦❞❡ à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❧❡ ♣❧✉s ♣r♦❝❤❡ ❡♥ ❢réq✉❡♥❝❡ ❡st ❛ss❡③ ❢❛✐❜❧❡ ♣♦✉r q✉❡ ❧❛ ♣✉✐ss❛♥❝❡
✐♥❥❡❝té❡ ❞❛♥s ❧❡s ❞❡✉① ♣✉✐ss❡ êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✐❞❡♥t✐q✉❡✱ ♦♥ ❝♦♠♣r❡♥❞ ❛❧♦rs q✉❡ ❧✬❛♠♣❧✐t✉❞❡
❞❡s ♣r❡♠✐❡rs ❡♥ s✉r❢❛❝❡ ❡st ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡ ❞❡s s❡❝♦♥❞s ✭❡✳❣✳✱ ❉✉♣r❡t ❡t ❛❧✳ ✷✵✵✾❀ ●r♦s❥❡❛♥
❡t ❛❧✳ ✷✵✶✹✱ ✈♦✐r ❛✉ss✐ ❧❛ ❋✐❣✉r❡ ✷✳✹✮✳ ❊♥✜♥✱ ♦♥ ♣❡✉t ❡♥❝♦r❡ ♥♦t❡r q✉❡ ♣♦✉r ✉♥❡ ét♦✐❧❡ ❝❛r❛❝tér✐sé❡
♣❛r ❞❡ t❡❧s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s✱ ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té s♦♥t ❜✐❡♥ ♣❧✉s ♥♦♠❜r❡✉① ❞❛♥s
❧❡ s♣❡❝tr❡ q✉❡ ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥✳ ❊♥ ❡✛❡t✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡
❣r❛✈✐té ré♣❛rt✐s ❛✉t♦✉r ❞✬✉♥ ♠♦❞❡ à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❞❡ ❢réq✉❡♥❝❡ ν ❡t ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡
❞❡ ❢réq✉❡♥❝❡s ∆ν ♣❡✉t êtr❡ ❡st✐♠é ❡♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❛ss❡③ s✐♠♣❧❡♠❡♥t✳ ➱t❛♥t ❞♦♥♥é q✉❡ ♣❛r
❤②♣♦t❤ès❡ ❧❡s ♠♦❞❡s ❝♦♥s✐❞érés ♦♥t ❞❡s ♦r❞r❡s r❛❞✐❛✉① é❧❡✈és✱ ♦♥ ♣❡✉t é❝r✐r❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♣ér✐♦❞❡
❡♥tr❡ ❞❡✉① ♠♦❞❡s ❝♦♥sé❝✉t✐❢s ❝♦♠♠❡ ∆Pn = 1/νn − 1/νn−1 ∼ |δνn|/ν2n✱ ♦ù δνn ❡st ❧❛ ❞✐✛ér❡♥❝❡
❞❡ ❢réq✉❡♥❝❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❝♦♥sé❝✉t✐❢s✳ ❊♥ s✉♣♣♦s❛♥t ♠❛✐♥t❡♥❛♥t q✉❡ νn ∼ ν✱ ∆Pn ∼ ∆Π ❡t
Ngδνn ∼ ∆ν✱ ❛✈❡❝ Ng ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡
❢réq✉❡♥❝❡s ❞❡ ❧❛r❣❡✉r ∆ν✱ ♦♥ ♦❜t✐❡♥t

Ng(ν) ∼
∆ν

∆Πν2
✳ ✭✽✳✾✮

❊♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ✈❛❧❡✉r t②♣✐q✉❡ ♣♦✉r νmax ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♦r❞r❡ r❛❞✐❛❧ ♣r♦❝❤❡ ❞❡ ✶✵ ✭✐✳❡✳✱
νmax ∼ 10∆ν✮✱ ♦♥ ♦❜t✐❡♥t ❛✈❡❝ ❧❡s ✐♥❞✐❝❡s s✐s♠✐q✉❡s ♣ré❝é❞❡♥ts Ng(νmax) ∼ 30✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❧❛ ❋✐❣✉r❡ ✽✳✷✳ P♦✉r ✜♥✐r✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❛ ❞❡♥s✐té ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té
❛✉❣♠❡♥t❡ s✉r ❧❛ ❜r❛♥❝❤❡s ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♣r✐♥❝✐♣❛❧❡♠❡♥t à ❝❛✉s❡ ❞❡ ❧❛
❞✐♠✐♥✉t✐♦♥ ❞❡ νmax ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❆✐♥s✐✱ à ❧❛ ✜♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✱ ♦♥ ♣❡✉t
♠♦♥tr❡r q✉❡ Ng(νmax) ♣r❡♥❞ ✉♥❡ ✈❛❧❡✉r ❜✐❡♥ ♣❧✉s ❢❛✐❜❧❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té✱ rés✉❧t❛♥t ❡♥ ✉♥ s♣❡❝tr❡
♠♦✐♥s ré❣✉❧✐❡r q✉❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✷ ❡t ❞♦♥❝ ♣❧✉s ❝♦♠♣❧❡①❡ à ❛♥❛❧②s❡r ✭✈♦✐r ❛✉ss✐ ❧❛ ❞✐s❝✉ss✐♦♥
❞❛♥s ❧❡ ❙❡❝t✐♦♥ ✶✵✳✷✳✶✮✳

✽✳✷ ■♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s

❆❧♦rs q✉❡ ❧❡s ♠♦❞❡s r❛❞✐❛✉① ✭l = 0✮ s♦♥t s❡♥s✐❜❧❡s ❛✉① ♣r♦♣r✐étés ❣❧♦❜❛❧❡s ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✱
❧❡s ♠♦❞❡s ♠✐①t❡s ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r ❧❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s✳ ◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❞❡✉① ❡①❡♠♣❧❡s
✐♠♣♦rt❛♥ts ❞✬❛✈❛♥❝é❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s r❡♥❞✉❡s ♣♦ss✐❜❧❡s ♣❛r ❧✬ét✉❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s s✉r ✉♥
✈❛st❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s✳

✽✳✷✳✶ ■♥❞✐❝❛t✐♦♥ s✉r ❧❡ st❛❞❡ é✈♦❧✉t✐❢

❉✬❛♣rès ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧✬❛♥❛❧②s❡ ❞✉ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ♣❡r♠❡t ❞❡ r❡♠♦♥t❡r ❛✉①
❞❡✉① ✐♥❞✐❝❡s s✐s♠✐q✉❡s ∆ν ❡t ∆Π✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✸✱ ∆ν ❡st ❞✐r❡❝t❡♠❡♥t
♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ r❛❝✐♥❡ ❝❛rré❡ ❞❡ ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❞❡ ❧✬ét♦✐❧❡✳ ▲✬❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡✱ ∆Π✱
❞♦♥t ❧❛ ❞é✜♥✐t✐♦♥ ❡st ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✷✳✼✺✮✱ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✱ ♥♦té❡ NM ✳ ❈❡❝✐ ♣❡✉t êtr❡ ❛✐sé♠❡♥t ♠♦♥tré ❡♥
❝♦♥s✐❞ér❛♥t q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✈❛r✐❡ ❝♦♠♠❡ ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ♣❛rt ❡t ❞✬❛✉tr❡

✶✽✹



✽✳✷✳ ■♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s

❋✐❣✉r❡ ✽✳✸✿ ❉✐❛❣r❛♠♠❡ ∆ν −∆Π ♦❜t❡♥✉ ♣♦✉r ✻✶✵✵ ét♦✐❧❡s ♦❜s❡r✈é❡s ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r ✭❛❞❛♣té ❞❡
❱r❛r❞ ❡t ❛❧✳ ✷✵✶✻✮✳ ▲❡ ❝♦❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ❧❛ ♠❛ss❡ ♦❜t❡♥✉❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡s r❡❧❛t✐♦♥s
❞✬é❝❤❡❧❧❡ s✐s♠✐q✉❡s✳

✶✽✺



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

❞❡ s♦♥ ♠❛①✐♠✉♠ ✭✈♦✐r ❋✐❣✉r❡ ✽✳✶ ❡t ❧❡ ❈❤❛♣✐tr❡ ✶✶✮✳ ▲❛ ré❣✐♦♥ ♦ù ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä
❡st ♠❛①✐♠❛❧❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ❢r♦♥t✐èr❡ ❡①tér✐❡✉r❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ♦ù
❧✬❤②❞r♦❣è♥❡ ❜rû❧❡✳ ❊♥ ✉t✐❧✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ N2 ∼ g/r✱ s❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ✈❛✉t ❡♥ ♦r❞r❡ ❞❡
❣r❛♥❞❡✉r N2

M ∼ GMHe/r
3
He

✱ ♦ùMHe ❡st ❧❛ ♠❛ss❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t rHe ❡st s♦♥ r❛②♦♥ ❡①tér✐❡✉r✳
▲✬❡s♣❛❝❡♠❡♥t ❡♥ ♣ér✐♦❞❡ ∆Π ♥♦✉s r❡♥s❡✐❣♥❡ ❞♦♥❝ s✉r ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✱ ρHe

✭♣❧✉s ♣ré❝✐sé♠❡♥t✱ ∆Π ∝ 1/NM ∝ ρ−1/2
He

✮✳ ▲♦rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❡
r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ s❡ ❞✐❧❛t❡ ❛❧♦rs q✉❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ s❡ ❝♦♥tr❛❝t❡✳ ❖♥ ♣❡✉t ❞♦♥❝ s✬❛tt❡♥❞r❡ à ❝❡
q✉❡ ∆ν ❡t ∆Π ❞✐♠✐♥✉❡♥t✳ P❧✉s t❛r❞✱ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✈❡rs ❧❡ ❝❧✉♠♣
s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥ ré❛❥✉st❡♠❡♥t str✉❝t✉r❡❧ ❧✐é à ❧✬❛❧❧✉♠❛❣❡ ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧❡ ❝÷✉r✳
▲❡ ❞é❣❛❣❡♠❡♥t ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s rés✉❧t❡ ❡♥ ✉♥❡ ❞✐❧❛t❛t✐♦♥ ❞✉ ❝÷✉r
❞✬❤é❧✐✉♠✳ ▲❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① st❛❞❡s é✈♦❧✉t✐❢s ❞♦✐t ❞♦♥❝ s✬❛❝❝♦♠♣❛❣♥❡r ❞✬✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥
❞❡ ∆Π✳ ❈❡s ♣ré✈✐s✐♦♥s t❤é♦r✐q✉❡s ♦♥t ❡♥ ❡✛❡t été ❝♦♥✜r♠é❡s ♣❛r ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❞❡s ♠✐❧❧✐❡rs
❞✬ét♦✐❧❡s✳ ❈❡❝✐ ❡st rés✉♠é s✉r ❧❛ ❋✐❣✉r❡ ✽✳✸ q✉✐ r❡♣rés❡♥t❡ ❧❡ ❞✐❛❣r❛♠♠❡ ∆ν−∆Π ❛❞❛♣té ❞✉ tr❛✈❛✐❧
❞❡ ❱r❛r❞ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ❈❡ t②♣❡ ❞❡ ❞✐❛❣r❛♠♠❡ ♣❡r♠❡t ❞♦♥❝ ❞❡ s✉✐✈r❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s
❣é❛♥t❡s r♦✉❣❡s ❥✉sq✉✬❛✉ ❞é❜✉t ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠✳ ▲❛ ♣❛✐r❡ ❞✬✐♥❞✐❝❡s s✐s♠✐q✉❡s (∆ν,∆Π)
❢❛✐t ❞♦♥❝ ♦✣❝❡ ❞❡ tr❛❝❡✉r é✈♦❧✉t✐❢ ❡t ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❝❡s ✐♥❞✐❝❡s ❛♣♣♦rt❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥
♣ré❝✐❡✉s❡ ♣♦✉r ❡st✐♠❡r ❧❡ st❛❞❡ é✈♦❧✉t✐❢ ❞✬✉♥❡ ét♦✐❧❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧s ♣❡r♠❡tt❡♥t ❞❡ ❞✐st✐♥❣✉❡r
s❛♥s ❛♠❜✐❣✉ïté ❧❛ ♣❤❛s❡ ❣é❛♥t❡ r♦✉❣❡ ✭♦ù ❧✬❤②❞r♦❣è♥❡ ❜rû❧❡ ❡♥ ❝♦✉❝❤❡✮ ❡t ❧❛ ♣❤❛s❡ ❞❡ ❢✉s✐♦♥ ❞❡
❧✬❤é❧✐✉♠✱ ❝❡ q✉✐ r❡st❡ ❞✐✣❝✐❧❡ à ♣❛rt✐r ❞✉ ❞✐❛❣r❛♠♠❡ ❍✲❘ ❝❧❛ss✐q✉❡✳

✽✳✷✳✷ ❊st✐♠❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡

❉❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ ❛✉① ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ✭✈♦✐r ❙❡❝t✐♦♥ ✷✳✹✳✸✮✱ ❧❡s ♠♦❞❡s ♠✐①t❡s ♦♥t ❧❡ ♣♦t❡♥t✐❡❧
❞❡ s♦♥❞❡r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡✳ ▼❛✐s ❝♦♥tr❛✐r❡♠❡♥t à ❝❡s ♣r❡♠✐❡rs✱ ❝❡s ❞❡r♥✐❡rs ♣❡✉✈❡♥t ❛✉ss✐ ❜✐❡♥
♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❧❛ r♦t❛t✐♦♥ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ q✉❡ s✉r ❧❛ r♦t❛t✐♦♥ ❞❡s ❝♦✉❝❤❡s très ♣r♦❢♦♥❞❡s✳ ❊♥
❡✛❡t✱ ●♦✉♣✐❧ ❡t ❛❧✳ ✭✷✵✶✸✮ ✭✈♦✐r ❛✉ss✐ ❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✹✮ ♦♥t ♠♦♥tré q✉❡ ❧❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s
❞❡s ♠♦❞❡s ♠✐①t❡s ♣❡✉✈❡♥t êtr❡ réé❝r✐ts ❞❡ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡

δν(ν) = ζ(ν)

(
Ωg

4π
− Ωp

2π

)
+

Ωp

2π
✱ ✭✽✳✶✵✮

♦ù ❧❛ ❢♦♥❝t✐♦♥ ζ ❡st ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭✽✳✼✮✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❧❡s ♠♦❞❡s ♠✐①t❡s ♦♥t ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞❡ ♥÷✉❞s à ❧❛ ❢♦✐s ❞❛♥s ❧❛ ❝❛✈✐téG ❡t ❞❛♥s ❧❛ ❝❛✈✐té P ✱ ❧❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉
❝÷✉r ❡t ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ t❡❧❧❡s q✉✬❡❧❧❡s s♦♥t s♦♥❞é❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s s✬❡①♣r✐♠❡♥t r❡s♣❡❝t✐✈❡♠❡♥t
❝♦♠♠❡

Ωg ≈
1

γg

∫ rcoeur

0
ΩN

dr

r
❛✈❡❝ γg =

∫ rcoeur

0
N

dr

r
✭✽✳✶✶✮

Ωp ≈
1

γp

∫ R⋆

rcoeur

Ω
dr

c
❛✈❡❝ γp =

∫ R⋆

rcoeur

dr

c
✳ ✭✽✳✶✷✮

▲❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ❞♦♥❝ s❡♥s✐❜❧❡s à ❧❛ r♦t❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ③♦♥❡s ❧♦❝❛❧✐sé❡s ❞❡ ❧✬ét♦✐❧❡✱ q✉✐
❝♦rr❡s♣♦♥❞❡♥t ❛✉① ré❣✐♦♥s ♦ù ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡st ♠❛①✐♠❛❧❡✳ P❛r ❡①❡♠♣❧❡✱ Ωg ❝♦rr❡s♣♦♥❞ à ❧❛ ✈❛❧❡✉r
♠♦②❡♥♥❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✱ ♦ù ❧❛ ❢réq✉❡♥❝❡ ❞❡
❇r✉♥t✲❱ä✐sä❧ä ❡st ♠❛①✐♠❛❧❡✳ ◆é❛♥♠♦✐♥s✱ ❧❡s ♠♦❞❡s ♠✐①t❡s ❞♦♥♥❡♥t ❡♥ ♣❧✉s ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❡st✐♠❡r
❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡ ❧❡ ❝❡♥tr❡ ❡t ❧✬❡♥✈❡❧♦♣♣❡✳ ❉✬✉♥❡ ♣❛rt✱ ❧❡s ♠♦❞❡s ♠✐①t❡s à
❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té s♦♥t ♣❧✉tôt s❡♥s✐❜❧❡s à ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❧❡s ♠♦❞❡s
à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ζ ∼ 1 ❞✬❛♣rès ❊q✳ ✭✽✳✼✮✱ ❡t ❧❡s s♣❧✐tt✐♥❣s r♦t❛t✐♦♥♥❡❧s ✈❛❧❡♥t δν ≈ Ωg/4π
s✉✐✈❛♥t ❊q✳ ✭✽✳✶✵✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ s♦♥t ♣❧✉tôt s❡♥s✐❜❧❡s
à ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✳ P♦✉r ♦❜t❡♥✐r Ωp✱ ✐❧ s✉✣t ❛❧♦rs ❞❡ ❝♦♥♥❛îtr❡ s✐♠✉❧t❛♥é♠❡♥t
δν(ν) ❛✐♥s✐ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ζ(ν) ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s r❡❣r♦✉♣❛♥t à ❧❛ ❢♦✐s ❞❡s ♠♦❞❡s à
❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té ✭♣♦✉r q✉❡ ζ ♣r❡♥♥❡ ❞❡s ✈❛❧❡✉rs ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❧❡ ♣❧✉s ❧❛r❣❡
♣♦ss✐❜❧❡ ❡♥tr❡ ✵ ❡t ✶✮✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡s s♣❧✐tt✐♥❣s δν(ν) ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t✳

✶✽✻



✽✳✸✳ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1

❉❡✉①✐è♠❡♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥ ζ(ν) ♣❡✉t êtr❡ ❡st✐♠é❡ à ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ ♦♣t✐♠❛❧ ❞❡ ❧✬ét♦✐❧❡ ❝♦♥s✐❞éré❡
♦✉ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♣ér✐♦❞❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❝♦♥sé❝✉t✐❢s ❞✬❛♣rès ❊q✳ ✭✽✳✼✮✳ ❉❡ t❡❧❧❡s ♠❡s✉r❡s ♦♥t
❞é❥à été ré❛❧✐sé❡s ❞❛♥s ❞❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✷❜✱ ✈♦✐r ❋✐❣✉r❡ ✹✳✸✮
❡t ♣♦✉r ✉♥❡ ♣♦✐❣♥é❡ ❞✬ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦❜s❡r✈é❡s ♣❛r ❉❡❤❡✉✈❡❧s ❡t ❛❧✳
✭✷✵✶✹✱ ✈♦✐r ❋✐❣✉r❡ ✹✳✷✮✳ ❚♦✉t❡s ❝❡s ♦❜s❡r✈❛t✐♦♥s ♦♥t ♠♦♥tré ❧❛ ♥é❝❡ss✐té ❞✬✐♥✈♦q✉❡r ❞❡ ♥♦✉✈❡❛✉①
♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡t ♣♦s❡♥t ❛❝t✉❡❧❧❡♠❡♥t ❞❡
sér✐❡✉s❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡✉r ❡✣❝❛❝✐té ✭✈♦✐r ❈❤❛♣✐tr❡ ✹✮✳

✽✳✸ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1

▲❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ♦♥t ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♥♦✉s ❛♣♣♦rt❡r ❞❡ ♣ré❝✐❡✉s❡s ✐♥❢♦r✲
♠❛t✐♦♥s s✉r ❧✬✐♥tér✐❡✉r r❛❞✐❛t✐❢ ❞❡s ét♦✐❧❡s✳ ◆é❛♥♠♦✐♥s✱ ❧✬é♥❡r❣✐❡ ❞❡ ❝❡s ♠♦❞❡s ❡st ♠❛❥♦r✐t❛✐r❡♠❡♥t
♣✐é❣é❡ ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ❀ ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡♥ s✉r❢❛❝❡ ❡st ❞♦♥❝ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡ ❞❡s ♠♦❞❡s à
❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥✳ ❉❡ ♣❧✉s✱ ♣❛r♠✐ ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ♣❧✉s ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡
❡st é❧❡✈é✱ ♣❧✉s ❧✬❛♠♣❧✐t✉❞❡ ❡♥ s✉r❢❛❝❡ ❡st ❢❛✐❜❧❡ ❞✬✉♥❡ ♣❛rt✱ à ❝❛✉s❡ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ♣❧✉s ❢❛✐❜❧❡ ✭③♦♥❡
é✈❛♥❡s❝❡♥t❡ ♣❧✉s ❧❛r❣❡✮✱ ❡t ❞✬❛✉tr❡ ♣❛rt✱ à ❝❛✉s❡ ❞✬✉♥❡ ✐♥❡rt✐❡ ❞❛♥s ❧❡ ❝÷✉r ♣❧✉s é❧❡✈é❡✳ ▲❡s ♠♦❞❡s
♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❧❡s ♣❧✉s ❢❛❝✐❧❡♠❡♥t ♦❜s❡r✈és s♦♥t ❞♦♥❝ ❞✐♣♦❧❛✐r❡s l = 1 ✭❡✳❣✳✱ ❉✉♣r❡t
❡t ❛❧✳ ✷✵✵✾✮✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ❝❡s ♠♦❞❡s ❞❡ ❜❛s ❞❡❣rés ❛♥❣✉❧❛✐r❡s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ q✉✐
❝♦♥s✐st❡ à ♥é❣❧✐❣❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♥✬❡st ♣❧✉s ✈❛❧✐❞❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ♣r♦✲
❢♦♥❞❡s ❞❡s ét♦✐❧❡s✳ ❊♥ ❡✛❡t✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡st ✈❛❧✐❞❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝♦♥❝❡♥tr✐q✉❡s à
❧✬✐♥tér✐❡✉r ❞❡sq✉❡❧❧❡s ❧❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦ssè❞❡♥t ✉♥ ♥♦♠❜r❡ ❞❡ ♥÷✉❞s s✉✣s❛♠♠❡♥t é❧❡✈é à ❧❛
❢♦✐s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡ ❡t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡✳ P❛r ❡✛❡t ❞❡ ♠♦②❡♥♥❡ s✉r ❧✬❡♥s❡♠❜❧❡
❞❡ s♦♥ ✈♦❧✉♠❡✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞❡✈✐❡♥t ❞♦♥❝ ♥é❣❧✐❣❡❛❜❧❡ ❛✉ ♥✐✈❡❛✉ ❞❡
❝❡tt❡ ❝♦✉❝❤❡✳ ❈❡ ♥✬❡st ♥é❛♥♠♦✐♥s ♣❧✉s ❧❡ ❝❛s ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s✱ ❞✬✉♥❡ ♣❛rt✱ ♣❛r❝❡
q✉❡ ❝❡s ♠♦❞❡s s♦♥t ❛♥t✐s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt à ✉♥ ♣❧❛♥ ❡t ♥❡ ♣♦ssè❞❡♥t ❞♦♥❝ q✉✬✉♥❡ s❡✉❧❡ ❧✐❣♥❡
❞❡ ♥÷✉❞s s✉r ❧❛ s♣❤èr❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt✱ ♣❛r❝❡ q✉✬✐❧s s✬ét❛❜❧✐ss❡♥t ❞❛♥s ❞❡s ❝♦✉❝❤❡s très ♣r♦❢♦♥❞❡s ❞❡
❧✬ét♦✐❧❡✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✬♦s❝✐❧❧❛t✐♦♥
❛❞✐❛❜❛t✐q✉❡s ❞✉ q✉❛tr✐è♠❡ ♦r❞r❡ à ✉♥ ♣r♦❜❧è♠❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ s♦❧✉❜❧❡ ❛♥❛❧②t✐q✉❡♠❡♥t✱ ♥✬❡st
❞♦♥❝ ♣❧✉s ❥✉st✐✜é❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s✳ ◆é❛♥♠♦✐♥s✱ ❚❛❦❛t❛ ✭✷✵✵✺✱ ✷✵✵✻❜✱❛✮ ❛
♠♦♥tré q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s❡r✈❡r ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r
❞é❝r✐r❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s t♦✉t ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥✲
t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❜r✐è✈❡♠❡♥t ❝❡ ❢♦r♠❛❧✐s♠❡ ❡t ❧❡s ❝♦♥séq✉❡♥❝❡s ❞✐r❡❝t❡s ❞❡ ❧❛
♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ s✉r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s✳

✽✳✸✳✶ ❙tr✉❝t✉r❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❛❞✐❛❜❛t✐q✉❡s

▲❡s ♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s s♦♥t ❞é❝r✐t❡s ♣❤②s✐q✉❡♠❡♥t ♣❛r ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥✲
t✐❡❧❧❡s ❞✉ q✉❛tr✐è♠❡ ♦r❞r❡ ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s ρ′✱ ξr✱ ξh✱ p′ ❡t dΨ′/dr✳ ❈❡❧✉✐✲❝✐ s❡ ❝♦♠♣♦s❡ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥t✐♥✉✐té✱ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡ ❡t ❧❛ ❞✐r❡❝✲
t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ✭❡♥ s②♠étr✐❡ s♣❤ér✐q✉❡✮✱ ❡t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥✳ ▲❡ s②stè♠❡ ❡st ❢❡r♠é ♣❛r
❧✬❤②♣♦t❤ès❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s q✉✐ ♣❡r♠❡t ❞❡ r❡❧✐❡r ❧❡s ✈❛r✐❛❜❧❡s p′ ❡t ρ′✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❈♦✇❧✐♥❣ ✭✐✳❡✳✱ Ψ′ ≈ 0✮ ♣❡r♠❡t ❛❧♦rs ré❞✉✐r❡ ❧❡ ♣r♦❜❧è♠❡ à ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s
❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s ξr ❡t p′✱ ❝♦♠♣♦sé ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ❡t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡✳ ❊♥ ❡✛❡t✱ s♦✉s ❝❡tt❡ ❤②♣♦t❤ès❡✱ ❧❛ ✈❛r✐❛❜❧❡ ξh
❡st r❡❧✐é❡ à p′ ❣râ❝❡ à ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ q✉✐ ♠è♥❡ à ❊q✳ ✭✷✳✷✾✮✳

◆é❛♥♠♦✐♥s✱ ♦♥ s❛✐t ❞❡♣✉✐s ❧♦♥❣t❡♠♣s q✉❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s r❛❞✐❛❧❡s ✭✐✳❡✳✱ l = 0✮ s♦♥t ❞é❝r✐t❡s
♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✬♦r❞r❡ ❞❡✉① ♠ê♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ ✭❡✳❣✳✱ ❯♥♥♦ ❡t ❛❧✳ ✶✾✽✾✮✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s r❛❞✐❛✉①✱ ❧❡s éq✉❛t✐♦♥s
❧✐♥é❛r✐sé❡s ❞❡ P♦✐ss♦♥ ❡t ❞❡ ❝♦♥t✐♥✉✐té ❝♦♠❜✐♥é❡s ♣❡r♠❡tt❡♥t ❞❡ r❡❧✐❡r dΨ′/dr ❞✐r❡❝t❡♠❡♥t à ξr✳ ❊♥

✶✽✼



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

❡✛❡t✱ ♦♥ ♣❡✉t é❝r✐r❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♠♦❞❡s r❛❞✐❛✉①

1

r2
∂

∂r

(
r2
∂Ψ′

∂r

)
= 4πGρ′ = −4πG 1

r2
∂

∂r

(
r2ρξr

)
✱ ✭✽✳✶✸✮

❝❡ q✉✐✱ ❛♣rès ✐♥té❣r❛t✐♦♥ ❡♥tr❡ 0 ❡t r✱ ❡♥ s✉♣♣♦s❛♥t dΨ′/dr = 0 ❛✉ ❝❡♥tr❡✱ ❞♦♥♥❡

∂Ψ′

∂r
+ 4πGρξr = 0 ✳ ✭✽✳✶✹✮

❆✈❡❝ ✉♥❡ t❡❧❧❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❞❡✉① ✈❛r✐❛❜❧❡s✱ t♦✉t ♣r♦❜❧è♠❡ ❞✐✛ér❡♥t✐❡❧ ♦r❞✐♥❛✐r❡ ❞✉ q✉❛tr✐è♠❡ ♦r❞r❡
s❡ ré❞✉✐t ❛✉ ♠♦✐♥s à ✉♥ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✉ tr♦✐s✐è♠❡ ♦r❞r❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❛❞✐❛❜❛✲
t✐q✉❡s✱ ❧❡ ♣r♦❜❧è♠❡ s❡ ré❞✉✐t à ✉♥ s②stè♠❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ❈♦♠♠❡ ❧✬❛ ♠♦♥tré ❚❛❦❛t❛ ✭✷✵✵✻❜✮✱ ❝❡tt❡
♣r♦♣r✐été ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ♣❡✉✈❡♥t
êtr❡ ❢♦r♠✉❧é❡s s✉✐✈❛♥t ✉♥ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❍❛♠✐❧t♦♥✐❡♥✳ ❉❛♥s ✉♥ t❡❧ s②stè♠❡✱ ✉♥ ❝❤❛♥❣❡♠❡♥t
❞❡ ✈❛r✐❛❜❧❡ ❝❛♥♦♥✐q✉❡ q✉✐ ❝♦♥s❡r✈❡ ❧❛ str✉❝t✉r❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ❡t ❞♦♥t ❧✬✉♥❡ ❞❡s ♥♦✉✈❡❧❧❡s ✈❛r✐❛❜❧❡s
❞é♣❡♥❞❛♥t❡s ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ✭✐✳❡✳✱ à ✉♥❡ ❝♦♥st❛♥t❡✮ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ s②s✲
tè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✬❛✉ ♠♦✐♥s ❞❡✉① ♦r❞r❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s r❛❞✐❛✉①✱ ❊q✳ ✭✽✳✶✹✮ ❝♦rr❡s♣♦♥❞
à ❧✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ❡♥ q✉❡st✐♦♥✳ ❆✐♥s✐✱ s✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ tr♦✉✈❡r ✉♥❡ ✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ❞❛♥s
❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s✱ ❛❧♦rs ❧❛ ♠ê♠❡ ♦♣ér❛t✐♦♥ s❡r❛ ♣❡r♠✐s❡ ❡t ♣❡r♠❡ttr❛ ❞❡ r❡tr♦✉✈❡r ✉♥
s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧✱ s♦❧✉❜❧❡ ♣❛r ❧❡s ♠ét❤♦❞❡s ❞❡ rés♦❧✉t✐♦♥ ❤❛❜✐t✉❡❧❧❡s✳

✽✳✸✳✷ ■♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s

❆✈❛♥t ❞✬❛✈♦✐r ♠♦♥tré q✉❡ ❧❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ ♣❡✉✈❡♥t s❡ ❢♦r♠✉❧❡r
s✉✐✈❛♥t ✉♥❡ str✉❝t✉r❡ ❍❛♠✐❧t♦♥✐❡♥♥❡✱ ❚❛❦❛t❛ ✭✷✵✵✺✮ ❛✈❛✐t ❡♥ ❢❛✐t ❞é❥à ❞ér✐✈é ✉♥❡ ✐♥té❣r❛❧❡ ♣r❡♠✐èr❡
♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s✳ ❖♥ s❡ ♣r♦♣♦s❡ ✐❝✐ ❞❡ r❡♣r♦❞✉✐r❡ s❛ ❞ér✐✈❛t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ é❝r✐t✉r❡
✈❡❝t♦r✐❡❧❧❡✱ q✉✐ ♣❡✉t s❡♠❜❧❡r ♣❧✉s ❢❛♠✐❧✐èr❡ q✉✬✉♥❡ ♥♦t❛t✐♦♥ t❡♥s♦r✐❡❧❧❡✳ ▲✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣r♦✈✐❡♥t
❡♥ ❢❛✐t ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❞✬✉♥❡ ❝♦q✉✐❧❧❡ ❞❡ ♠❛ss❡ ❡t ❞❡ ✈♦❧✉♠❡ ❞♦♥♥és✳
▲❡ ❜✉t ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥s ♣❛r❛❣r❛♣❤❡s ❡st ❞♦♥❝ ❞✬é❝r✐r❡ ❝❡tt❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❞❡✉① ❢❛ç♦♥s
❞✐✛ér❡♥t❡s✳

❘éé❝r✐t✉r❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥✳ ▲❛ ❞é♠❛r❝❤❡ ❝♦♥s✐st❡ à r❡♣❛rt✐r
❞❡s éq✉❛t✐♦♥s ❧✐♥é❛r✐sé❡s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❡t ❞❡ ❝♦♥t✐♥✉✐té✱ ❝✬❡st✲à✲❞✐r❡

∂

∂t

(
ρ
∂~ξ

∂t

)
= −~∇p′ − ρ′~∇Ψ− ρ~∇Ψ′ ✭✽✳✶✺✮

ρ′ + ~∇ · (ρ~ξ) = 0 ✳ ✭✽✳✶✻✮

❊♥ r❡♠♣❧❛ç❛♥t ρ′ ❡t ρ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ❧✐♥é❛r✐sé❡ ❡t à ❧✬éq✉✐❧✐❜r❡ ❞❛♥s ❊qs✳ ✭✽✳✶✺✮ ❡t ✭✽✳✶✻✮✱
❝✬❡st✲à✲❞✐r❡ ρ′ = ∆Ψ′/4πG ❡t ρ = ∆Ψ/4πG✱ ♦♥ ♦❜t✐❡♥t

∂

∂t

(
ρ
∂~ξ

∂t

)
+ ~∇p′ = − 1

4πG

(
∆Ψ′~∇Ψ+∆Ψ~∇Ψ′

)
✭✽✳✶✼✮

~∇ ·
(
ρ~ξ +

~∇Ψ′

4πG

)
= 0 ✳ ✭✽✳✶✽✮

❊♥ ✉t✐❧✐s❛♥t ❧❡s ✐❞❡♥t✐tés ✈❡❝t♦r✐❡❧❧❡s s✉✐✈❛♥t❡s

∆Ψ′~∇Ψ =
(
~∇ · ~∇Ψ′

)
~∇Ψ = ~∇ ·

(
~∇Ψ⊗ ~∇Ψ′

)
−
(
~∇Ψ′ · ~∇

)
~∇Ψ ✭✽✳✶✾✮

(
~∇Ψ′ · ~∇

)
~∇Ψ+

(
~∇Ψ · ~∇

)
~∇Ψ′ = ~∇(~∇Ψ · ~∇Ψ′) ✱ ✭✽✳✷✵✮

✶✽✽



✽✳✸✳ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1

♦ù (⊗) ❡st ❧❡ ♣r♦❞✉✐t t❡♥s♦r✐❡❧✱ ❊q✳ ✭✽✳✶✼✮ ♣❡✉t êtr❡ réé❝r✐t❡ ❝♦♠♠❡

∂

∂t

(
ρ
∂~ξ

∂t

)
+ ~∇ ·Π = 0 ✭✽✳✷✶✮

❛✈❡❝

Π = p′ ¯̄I +
1

4πG

(
~∇Ψ′ ⊗ ~∇Ψ+ ~∇Ψ⊗ ~∇Ψ′ − ~∇Ψ′ · ~∇Ψ ¯̄I

)
✱ ✭✽✳✷✷✮

❡t ( ¯̄I) ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✳ ❖♥ ❝♦♥s✐❞èr❡ ❞❛♥s ❧❛ s✉✐t❡ ✭s❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✮ ❧❡ ❝❛s ❞✬✉♥ ♠♦❞❡
❞✐♣♦❧❛✐r❡ ❛✈❡❝ ✉♥ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l = 1 ❡t ✉♥ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = 0✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ✉♥ ❛①❡ ❞❡
s②♠étr✐❡ ❝♦♥❢♦♥❞✉ ❛✈❡❝ ❧✬❛①❡ O~ez ❞❡ ✈❡❝t❡✉r ❞✐r❡❝t✐♦♥♥❡❧ ✉♥✐t❛✐r❡ ~ez ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❈❛rtés✐❡♥✳
❊♥ ❡✛❡t✱ ♣✉✐sq✉❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ❡st s✉♣♣♦sé❡ à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ❧❛ ♠ê♠❡ ❝♦♥✜❣✉r❛t✐♦♥
♣♦✉rm 6= 0 ♣❡✉t êtr❡ r❡tr♦✉✈é❡ ✈✐❛ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ r❡♣èr❡ ♣❛r ✉♥❡ r♦t❛t✐♦♥ ❞❡ π/2 ❛✉t♦✉r ❞❡ ❧✬❛①❡
O~x ♦✉ O~y✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❧❛t✐t✉❞✐♥❛❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❡st ❞♦♥❝ r❡♣rés❡♥té❡ ♣❛r ❧✬❤❛r♠♦♥✐q✉❡
s♣❤ér✐q✉❡ Y 0

1 (θ) ❞♦♥♥é❡ ♣❛r

Y 0
1 (θ) =

√
3

4π
cos θ ✳ ✭✽✳✷✸✮

P♦✉r ❞❡s r❛✐s♦♥s ❞❡ s②♠étr✐❡✱ ❧❡ ✈❡❝t❡✉r q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❛✐♥s✐ q✉❡ ❧❡ ✈❡❝t❡✉r ❞é♣❧❛❝❡♠❡♥t
❞✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ❞❡ ❧❛ s♣❤èr❡ ❝♦♥❝❡♥tr✐q✉❡ ❞❡ r❛②♦♥ r✱ ❞❡ ♠❛ss❡Mr ❡t ❞❡ ✈♦❧✉♠❡ Vr s♦♥t s✉✐✈❛♥t
❧✬❛①❡ O~ez✳ ▲❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ✈❡❝t❡✉r q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t s✉✐✈❛♥t ❝❡t ❛①❡ ♣❡✉t êtr❡ ❡①♣r✐♠é❡
❝♦♠♠❡

Pr =

∫

Vr

ρ
∂~ξ

∂t
· ~ezdV ✳ ✭✽✳✷✹✮

❊♥ ❞ér✐✈❛♥t ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s✱ ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✽✳✷✶✮ ❡t ❧❡ t❤é♦rè♠❡ ❞❡
●r❡❡♥✲❖str♦❣r❛❞s❦✐✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs

∂Pr

∂t
= −~ez ·

(∫

Sr

Πd~S

)
✳ ✭✽✳✷✺✮

❯♥❡ ❛✉tr❡ ❡①♣r❡ss✐♦♥ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥ ✐♠♣♦s❛♥t ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❡♥
exp(iσt) t❡❧❧❡s q✉❡ ∂~ξ/∂t = iσ~ξ✳ ❖♥ ❛❜♦✉t✐t ❛❧♦rs à

∂Pr

∂t
= −σ2Dr ✱ ✭✽✳✷✻✮

❛✈❡❝

Dr = ~ez ·
(∫

Vr

ρ~ξdV

)
✱ ✭✽✳✷✼✮

q✉✐✱ ❞✐✈✐sé ♣❛r Mr✱ ❝♦rr❡s♣♦♥❞ ❛✉ ❞é♣❧❛❝❡♠❡♥t ❞✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ~ez ❞❡ ❧❛
s♣❤èr❡ ❞❡ ✈♦❧✉♠❡ Vr✳

■♥té❣r❛❧❡ ♣r❡♠✐èr❡✳ ▲✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ❡st ❛❧♦rs ♦❜t❡♥✉❡ ❡♥ ❡①♣r✐♠❛♥t ∂Pr/∂t ❞❡ ❞❡✉① ❢❛ç♦♥s
❞✐✛ér❡♥t❡s✳ ▲❛ ♣r❡♠✐èr❡ ♣r♦✈✐❡♥t ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♠❡♠❜r❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✽✳✷✺✮ ❝❛❧❝✉❧é❡ à ❧✬❛✐❞❡
❞❡ ❊q✳ ✭✽✳✷✷✮✳ ▲❛ ❞❡✉①✐è♠❡ ❡st ♦❜t❡♥✉❡ ❡♥ ❡①♣r✐♠❛♥t ❊q✳ ✭✽✳✷✼✮ ✈✐❛ ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥t✐♥✉✐té ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✽✳✶✻✮✳ ▲❡s ❞ét❛✐❧s ❞❡ ❧❛ ❞ér✐✈❛t✐♦♥ s♦♥t ❞♦♥♥és ❞❛♥s ❧✬❆♥♥❡①❡ ❆✳
❋✐♥❛❧❡♠❡♥t✱ ❧✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s r❡❧✐❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥✱ ❧❡
❞é♣❧❛❝❡♠❡♥t r❛❞✐❛❧ ❡t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♣❛r ❧✬é❣❛❧✐té ✭❚❛❦❛t❛ ✷✵✵✺✮

p̃+
g

4π

(
❞Ψ̃
❞r

+
2

r
Ψ̃

)
= σ2r

[
ρξ̃r +

1

4πG

(
❞Ψ̃
❞r
− Ψ̃

r

)]
✱ ✭✽✳✷✽✮

❞❛♥s ❧❛q✉❡❧❧❡ t♦✉t❡ ♣❡rt✉r❜❛t✐♦♥ ❊✉❧ér✐❡♥♥❡ X ′ ❛ été ❡①♣r✐♠é❡ s♦✉s ❧❛ ❢♦r♠❡ X ′ = X̃(r)Y 0
1 (θ)✳

✶✽✾



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

✽✳✸✳✸ ❋♦r♠❡ ❝❛♥♦♥✐q✉❡ ❡t éq✉❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡

❚❛❦❛t❛ ✭✷✵✵✻❜✮ ❛ r✐❣♦✉r❡✉s❡♠❡♥t ❞é♠♦♥tré q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ❞♦♥♥é❡ ❞❛♥s
❊q✳ ✭✽✳✷✽✮ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✉ q✉❛tr✐è♠❡ ♦r❞r❡ ❝♦♠♣♦sé ❞❡s éq✉❛t✐♦♥s
❞✬♦s❝✐❧❧❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡ à s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ▲❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥✲
t✐❡❧❧❡s ❞é❝r✐✈❛♥t ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s ♣❡✉t ❛❧♦rs êtr❡ é❝r✐t s♦✉s ✉♥❡ ❢♦r♠❡ ❝❛♥♦♥✐q✉❡ s✐♠✐❧❛✐r❡
à ❊qs✳ ✭✷✳✹✵✮ ❡t ✭✷✳✹✶✮ t❡❧❧❡ q✉❡ ✭✈♦✐r ❆♥♥❡①❡ ❇✮

❞Y1
❞r

= Q1Y2 ✭✽✳✷✾✮

❞Y2
❞r

= Q2Y1 ✱ ✭✽✳✸✵✮

♦ù Y1 ❡t Y2 s♦♥t ❧❡s ♥♦✉✈❡❧❧❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s ❡t ♦ù ❧✬♦♥ ❛ ❞é✜♥✐

Q1 =
r2H2

c2

(
S̃2
1

σ2
− 1

)
✭✽✳✸✶✮

Q2 =
1

r2H2

(
σ2 − Ñ2

)
✱ ✭✽✳✸✷✮

❛✈❡❝ H ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ q✉✐ ❡st ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭❇✳✷✸✮✱
S̃1 ❡t Ñ ❧❡s ❢réq✉❡♥❝❡s ❞❡ ▲❛♠❜ ❡t ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ♠♦❞✐✜é❡s ♣❛r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ t❡❧❧❡s q✉❡

S̃1 = S1J ✭✽✳✸✸✮

Ñ =
N

J
✱ ✭✽✳✸✹✮

❡t ❧❡ ❢❛❝t❡✉r J ❞♦♥♥é ♣❛r

J = 1− 4πρr3

3m
= 1− 1

3

❞ lnm
❞ ln r

✳ ✭✽✳✸✺✮

❚❛❦❛t❛ ✭✷✵✵✻❜✮ ❛ ♠♦♥tré q✉❡ ❧❡s ✈❛r✐❛❜❧❡s Y1 ❡t Y2 s♦♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡s r❡s♣❡❝t✐✈❡♠❡♥t ❛✉①
❞é♣❧❛❝❡♠❡♥ts ✈❡rt✐❝❛❧ ❡t ❤♦r✐③♦♥t❛❧ ♣❛r r❛♣♣♦rt ❛✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ❞❡ ❧❛ ❝♦q✉✐❧❧❡ ❝♦♥❝❡♥tr✐q✉❡ ❞❡
♠❛ss❡ m(r)✳ ❉❡ ❢❛ç♦♥ r❡♠❛rq✉❛❜❧❡✱ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❛ ✉♥❡ str✉❝t✉r❡ ✐❞❡♥t✐q✉❡
❛✉ s②stè♠❡ ♦❜t❡♥✉ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡t ❞♦♥♥é ❞❛♥s ❊qs✳ ✭✷✳✹✵✮✲✭✷✳✹✹✮✳ ▲❛ s❡✉❧❡
❞✐✛ér❡♥❝❡ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ s♦♥t ♠♦❞✐✜é❡s ♣❛r ❧❡
❢❛❝t❡✉r J ✳ ▲❛ t❡❝❤♥✐q✉❡ ❞❡ rés♦❧✉t✐♦♥ ❤❛❜✐t✉❡❧❧❡ ❞❡s s②stè♠❡s ❞✐✛ér❡♥t✐❡❧s ❧✐♥é❛✐r❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡
❡st ❞♦♥❝ ❛♣♣❧✐❝❛❜❧❡ ♣♦✉r rés♦✉❞r❡ ❝❡ s②stè♠❡✳ ▲❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❞♦♥♥é ❞❛♥s ❊qs✳ ✭✷✳✹✺✮✲
✭✷✳✹✻✮ ♣❡✉t ♥♦t❛♠♠❡♥t êtr❡ ✉t✐❧✐sé ♣♦✉r r❡tr♦✉✈❡r ❞❡s éq✉❛t✐♦♥s ❞❡ s❡❝♦♥❞ ♦r❞r❡ s✐♠✐❧❛✐r❡s ❛✉①
❊qs✳ ✭✷✳✹✼✮✲✭✷✳✺✷✮ ✭✈♦✐r ❆♥♥❡①❡ ❇ ♣♦✉r ❧❡s ❞ét❛✐❧s✮✳

✽✳✸✳✹ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ s✉r ❧❡s ♠♦❞❡s

❉✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ ✈❛r✐❡ s✉r ❞❡s é❝❤❡❧❧❡s
s♣❛t✐❛❧❡s ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡s q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❛❞✐❛❧❡✱ ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ❧♦❝❛❧ ❡st
❞♦♥♥é ♣❛r ✭✈♦✐r ❆♥♥❡①❡ ❇✮

k̃2r = −Q1Q2 =
σ2

c2

(
Ñ2

σ2
− 1

)(
S̃2
1

σ2
− 1

)
✳ ✭✽✳✸✻✮

▲❡s ♣♦✐♥ts t♦✉r♥❛♥ts s♦♥t ❞♦♥❝ s✐t✉és ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❧à ♦ù σ2 = Ñ2 ❡t σ2 = S̃2
1 ✳ ▲❡s

♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜✱ ❛✐♥s✐ q✉❡ ❧❡ ❢❛❝t❡✉r J ✱ s♦♥t r❡♣rés❡♥tés s✉r

✶✾✵



✽✳✸✳ ❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s l = 1

❋✐❣✉r❡ ✽✳✹✿ ●❛✉❝❤❡ ✿ Pr♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ✭♣♦✉r l = 1✮ ❞é✜♥✐❡s
❞❛♥s ❊qs✳ ✭✽✳✸✸✮ ❡t ✭✽✳✸✹✮✳ ❉❡✉① ♠♦❞è❧❡s ❞❡ 1M⊙ ❝♦rr❡s♣♦♥❞❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉ ❙♦❧❡✐❧
❛❝t✉❡❧ ❡t à ✉♥❡ ét♦✐❧❡ ❛✉ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❛✈❡❝ log Teff =
3.68 ❡t log L/L⊙ = 0.575✮ ♦♥t été ❝♦♥s✐❞érés✳ ▲❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ♣❛r ❧❛ ❞é✜♥✐t✐♦♥
❤❛❜✐t✉❡❧❧❡ ❞❡ N ❡t S1 s♦♥t tr❛❝é❡s ❡♥ ♣♦✐♥t✐❧❧és✳ ▲❡s ❧✐❣♥❡s ❝♦♥t✐♥✉❡s r♦✉❣❡s s②♠❜♦❧✐s❡♥t ❧❡s
❝❛✈✐tés rés♦♥❛♥t❡s ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ✭♣r❡ss✐♦♥✱ ❣r❛✈✐té ❡t ♠✐①t❡s✮✳ ❉r♦✐t❡ ✿ ❋❛❝t❡✉r J
❞é✜♥✐ ❞❛♥s ❊q✳ ✭✽✳✸✺✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ♣♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s✳

✶✾✶



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

❧❛ ❋✐❣✉r❡ ✽✳✹ ♣♦✉r ❞❡✉① ♠♦❞è❧❡s ❞❡ 1 M⊙ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❛✉ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥
❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉✬❛❜♦r❞✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❢❛❝t❡✉r J ❡st ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té ❞❛♥s
❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡ ❡t t❡♥❞ ✈❡rs ③ér♦ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ ❛ ❞♦♥❝ ♣❡✉ ❞✬✐♠♣❛❝t s✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❡♥ s✉r❢❛❝❡ ♠❛✐s ❥♦✉❡ ❛✉ ❝♦♥tr❛✐r❡ ✉♥ rô❧❡
✐♠♣♦rt❛♥t ❞❛♥s ❧❡s ré❣✐♦♥s ✐♥t❡r♥❡s✳ ◆é❛♥♠♦✐♥s✱ ❞❡ ❢❛ç♦♥ s✉r♣r❡♥❛♥t❡✱ ♦♥ ♣❡✉t ✈♦✐r s✉r ❝❡tt❡ ✜❣✉r❡
q✉❡ ❧❛ str✉❝t✉r❡ ❞❡s ❝❛✈✐tés rés♦♥❛♥t❡s ❡st ♣❡✉ ♠♦❞✐✜é❡ ♣❛r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡✱ ❧❡ ❢❛❝t❡✉r J ❡st ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té
s✐ ❜✐❡♥ q✉❡ S̃1 ≈ S1 ❡t Ñ ≈ N ✳ ❉❛♥s ❧❡s ré❣✐♦♥s ♣r♦❢♦♥❞❡s✱ ❧❡ ❢❛❝t❡✉r J t❡♥❞ ✈❡rs ✵✱ ♠❛✐s ♦♥
❝♦♥st❛t❡ ❡♥ ❢❛✐t q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜ ✭❇r✉♥t✲❱ä✐sä❧ä✮ ♠♦❞✐✜é❡ é❣❛❧❡ à ♣❡✉ ♣rès ❧❛ ❢réq✉❡♥❝❡
❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✭▲❛♠❜✮ ❤❛❜✐t✉❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ S̃1 ≈ N ✭Ñ ≈ S1✮✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❧❡ ♠♦♥tr❡r
♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❡♥ r = 0✳ ❉✬❛♣rès ❊q✳ ✭✽✳✸✻✮✱ ❝❡tt❡ s✉❜st✐t✉t✐♦♥ ♥❡ ♠♦❞✐✜❡ ❞♦♥❝ ♣❛s ❡♥
♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❧❛ ✈❛❧❡✉r ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧❡ ❞❛♥s ❧❛ ❝❛✈✐té ✭✈♦✐r ❛✉ss✐ ♣❛r❛❣r❛♣❤❡
s✉✐✈❛♥t✮✳ ❙❡✉❧❡ ❧❛ ♥❛t✉r❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ❧❡ ♣❧✉s ✐♥t❡r♥❡ ❝❤❛♥❣❡✱ ❡t ❝❡ q✉❡❧ q✉❡ s♦✐t ❧❛ ♥❛t✉r❡
❞✉ ♠♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✭♣r❡ss✐♦♥✱ ❣r❛✈✐té ♦✉ ♠✐①t❡✮✳ P❛r ❡①❡♠♣❧❡ ♣♦✉r ✉♥ ♠♦❞❡ ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡
❙♦❧❡✐❧✱ ❛✉ ❧✐❡✉ ❞✬❛✈♦✐r ✉♥ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡ t❡❧ q✉❡ q2 = 0 ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✱
❧❡ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡ ✐❝✐ ❡st t❡❧ q✉❡ Q1 = 0✳ ➱t❛♥t ❞♦♥♥é ❧❛ str✉❝t✉r❡ s✐♠✐❧❛✐r❡ ❞✉ s②stè♠❡
❞✐✛ér❡♥t✐❡❧ ❞❛♥s ❧❡s ❞❡✉① ❝❛s✱ ♦♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ ❝❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ♥❛t✉r❡ ❞✉ ♣♦✐♥t
t♦✉r♥❛♥t ✐♥t❡r♥❡ ❛✉r❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ✉♥ ❞é♣❤❛s❛❣❡ ❛❞❞✐t✐♦♥♥❡❧ à ❧❛ ré✢❡①✐♦♥✳ ❈✬❡st
❝❡ q✉❡ ♥♦✉s ❛❧❧♦♥s ♣♦✉✈♦✐r ❝♦♥st❛t❡r ❞❛♥s q✉❡❧q✉❡s ❧✐❣♥❡s✳ ❊♥✜♥✱ ♣♦✉r êtr❡ ❝♦♠♣❧❡t✱ ♦♥ ♣❡✉t ♥♦t❡r
q✉✬✐❧ ♣❡✉t ❡①✐st❡r ✉♥❡ ❧é❣èr❡ ❞é✈✐❛t✐♦♥ ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡ Ñ ❡t ❝❡❧❧❡ ❞❡ S1✱ ♦✉ ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡
S̃1 ❡t ❝❡❧❧❡ ❞❡ N ✱ ❞❛♥s ❧❡s ré❣✐♦♥s ♣r♦❢♦♥❞❡s✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ ♣❡✉t ❞♦♥❝ ♠❡♥❡r à ✉♥ ❧é❣❡r ❞é❝❛❧❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ❧❡ ♣❧✉s ✐♥t❡r♥❡ ♣❛r r❛♣♣♦rt ❛✉
❝❛s ♦ù ❡❧❧❡ ❡st ♥é❣❧✐❣é❡ ✭✈♦✐r ❧✬❡①❡♠♣❧❡ ❞✉ ♠♦❞❡ ❞❡ ♣r❡ss✐♦♥ ❞❛♥s ❧❡ ❙♦❧❡✐❧ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✹✮✳ ❈❡❧❛
rés✉❧t❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s q✉✐ ♠♦❞✐✜❡
❧é❣èr❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞✬ét✉❞✐❡r ❧✬✐♠♣❛❝t ❞❡ ❝❡
❞é❝❛❧❛❣❡ s✉r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❡t ❞❡ s❛✈♦✐r s✐ ❝❡❧❛ ♣♦✉rr❛✐t ♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❧❡ ❣r❛❞✐❡♥t ❞✉
♣♦✐❞s ♠♦❧é❝✉❧❛✐r❡ ♠♦②❡♥ ♣r♦❝❤❡ ❞✉ ❝❡♥tr❡✳

❈❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s très ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s
s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥❡ ré❣✐♦♥ ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❛ss❡③ é❧♦✐❣♥é❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ✭✐✳❡✳✱ ♦ù
σ2 ≪ Ñ , S̃2

1✮✱ ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ r❛❞✐❛❧ ✈❛✉t

k̃2r =
σ2

c2

(
N2

J2σ2
− 1

)(
2c2J2

r2σ2
− 1

)
≈ 2N2

r2σ2
✳ ✭✽✳✸✼✮

❈❡tt❡ ❞❡r♥✐èr❡ ❡①♣r❡ss✐♦♥ ❡st ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡t ❞♦♥♥é❡
♣❛r ❊q✳ ✭✷✳✹✾✮ ❛✈❡❝ l = 1✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ✐❧ ❛ ❞é❥à été ♠❡♥t✐♦♥♥é ❞❛♥s ❧❡ ❙❡❝t✐♦♥ ✺✳✶✳✷✱ ❧❡ ❝❛r❛❝tèr❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ❞❡s ♦♥❞❡s à très ❜❛ss❡s ❢réq✉❡♥❝❡s ✐♠♣❧✐q✉❡ q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ❡t ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s♦♥t ❞é❝♦✉♣❧é❡s ✭❉✐♥tr❛♥s ❡t ❛❧✳ ✷✵✵✺✮✱ ❥✉st✐✜❛♥t ❛✐♥s✐ ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✳ ❈❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ✈ér✐✜❡ ❞♦♥❝ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥✳ ❈❡❧❛ r❡st❡
✈❛❧❛❜❧❡ ❛✉ss✐ ❜✐❡♥ ♣♦✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s st❛t✐♦♥♥❛✐r❡s q✉❡ ♣♦✉r ❧❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s✳

❈♦♥❞✐t✐♦♥s ❞❡ rés♦♥❛♥❝❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ rés♦♥❛♥❝❡
♣♦✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té ✭❞❛♥s ❧❡ ❝❛s ❞✉ ❙♦❧❡✐❧ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✹✮ ♣❡✉t êtr❡
♦❜t❡♥✉❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡t ♣rés❡♥té❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ♠❛✐s ❡♥
❝♦♥s✐❞ér❛♥t ❝❡tt❡ ❢♦✐s✲❝✐ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ✭❡♥ ✉t✐❧✐s❛♥t ❧❡s éq✉❛t✐♦♥s ❞❡
❧✬❆♥♥❡①❡ ❇✮✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞✐t t♦✉t à ❧✬❤❡✉r❡✱ ❧❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❈♦✇❧✐♥❣ rés✐❞❡ ❞❛♥s ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ♥❛t✉r❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡✳ ❊♥ ✉t✐❧✐s❛♥t ❞❡ ❢❛ç♦♥
s✐♠✐❧❛✐r❡ ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ❥✬❛✐ ♦❜t❡♥✉ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥✱

cos

(∫ rext

rint

k̃rdr

)
= 0 ⇒

∫ rext

rint

k̃rdr =

(
n+

1

2

)
π ✱ ✭✽✳✸✽✮

✶✾✷



✽✳✹✳ Pr♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■■

❡t ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té

sin

(∫ rb

ra

k̃rdr

)
= 0 ⇒

∫ rb

ra

k̃rdr = sπ ✳ ✭✽✳✸✾✮

▲♦✐♥ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r ❞✬❛♣rès ❊q✳ ✭✽✳✸✼✮ ❡t ❧❛ ❋✐❣✉r❡ ✽✳✹ ❞❛♥s ❧❡ ❝❛s ❞✉
❙♦❧❡✐❧ q✉❡ k̃r ≈ kr✱ ❛✈❡❝ kr ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ s♦✉s ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❈♦✇❧✐♥❣✳ Près ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡✱ ♦♥ ❛ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛s S̃1 ≈ N ❡t Ñ ≈ S1✱ ❞♦♥❝
❞✬❛♣rès ❊q✳ ✭✽✳✸✻✮✱ ♦♥ ❛ ❧à ❡♥❝♦r❡ k̃r ≈ kr ✭✐✳❡✳✱ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s t❡r♠❡s f(qi) ❡t f(Qi)✮✳ ▲❡s
✐♥té❣r❛❧❡s ❞❛♥s ❊qs✳ ✭✽✳✸✽✮ ❡t ✭✽✳✸✾✮ ♣❡✉✈❡♥t ❞♦♥❝ ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ êtr❡ ❝♦♥s✐❞éré❡s
❝♦♠♠❡ ✐♥❝❤❛♥❣é❡s ♣❛r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ✭♣♦✉r s✬❡♥
❝♦♥✈❛✐♥❝r❡✱ ✈♦✐r ❧❡s rés✉❧t❛ts ❞✉ ❈❤❛♣✐tr❡ ✶✶✮✳ ❉❡ ❢❛ç♦♥ r❡♠❛rq✉❛❜❧❡✱ ❧✬✐♠♣❛❝t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ s✉r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ❡t ❞❡ ❣r❛✈✐té s❡ rés✉♠❡
❞♦♥❝ à ✉♥ ❞é❝❛❧❛❣❡ ❞❡ ♣❤❛s❡ ❞❡ π/2 ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ♦ù ♦♥ ✉t✐❧✐s❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✱
❝✬❡st✲à✲❞✐r❡ ♣❛r r❛♣♣♦rt ❛✉① ❊qs✳ ✭✷✳✻✹✮ ❡t ✭✷✳✼✸✮ ✭t♦✉❥♦✉rs ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s t❡r♠❡s f(qi) ❡t f(Qi)✮✳

❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ❉❡ ♠ê♠❡✱ ♣♦✉r
❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ✉♥❡ ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ t❡❧❧❡ q✉❡ r❡♣rés❡♥té❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✹✱ ❥✬❛✐ r❡❞ér✐✈é
❧❡ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❧❛r❣❡ ③♦♥❡
é✈❛♥❡s❝❡♥t❡✱ ❡♥ ♥é❣❧✐❣❡❛♥t t♦✉❥♦✉rs ❧❡s t❡r♠❡s f(Qi)✱ ♠❛✐s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❖♥ ❛❜♦✉t✐t ❛❧♦rs à

cot

(∫ rb

ra

k̃rdr −
π

2

)
tan

(∫ rd

rc

k̃rdr

)
=

1

4
exp

(
−2
∫ rc

rb

|k̃r|dr
)

✳ ✭✽✳✹✵✮

▲❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❧✐é à ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ❡st ✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❞é♣❤❛sé ❞❡ π/2 ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ♦ù
♦♥ ✉t✐❧✐s❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✱ ❡t ❝❡ t♦✉❥♦✉rs à ❝❛✉s❡ ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ♥❛t✉r❡ ❞✉ ♣♦✐♥t
t♦✉r♥❛♥t ✐♥t❡r♥❡✳ ◆é❛♥♠♦✐♥s✱ ❞❛♥s ❝❡ t②♣❡ ❞✬ét♦✐❧❡s✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧
s❡♠❜❧❡ ❛✉ss✐ ♣♦✉✈♦✐r ❛✈♦✐r ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❧❡s ré❣✐♦♥s ❛✉t♦✉r ❞❡s ♣♦✐♥ts
t♦✉r♥❛♥ts ❛ss♦❝✐és ✭✐✳❡✳✱ rb ❡t rc✮✳ ❊♥ ❡✛❡t✱ ❧❛ ❋✐❣✉r❡ ✽✳✹ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬ét♦✐❧❡ ❣é❛♥t❡ r♦✉❣❡ ♠♦♥tr❡
q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♣❡✉t ♠♦❞✐✜❡r ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
❡t ❞♦♥❝ ❛✈♦✐r ✉♥ ✐♠♣❛❝t s✉r ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳

✽✳✹ Pr♦❜❧é♠❛t✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❡ ■■■

❉❛♥s ❝❡tt❡ ❝♦✉rt❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡s ♠♦❞❡s ♠✐①t❡s ♣♦✉r s♦♥❞❡r ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s
❛ été ♠✐s ❡♥ ❡①❡r❣✉❡✱ ❡t ♥♦t❛♠♠❡♥t ❧❡✉r ❝❛♣❛❝✐té à ❢♦✉r♥✐r ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s
❞❡s ét♦✐❧❡s✳ ■❧s ♥♦✉s ♦♥t ❞✬♦r❡s✲❡t✲❞é❥à ❛♣♣♦rté ❞❡ ❢♦rt❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s
é✈♦❧✉é❡s✱ ❝❡ q✉✐ ❛ ❡♥ ♣❛rt✐❝✉❧✐❡r ♠♦t✐✈é ❧❡ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❧❛ ♣❛rt✐❡ ■■ ❛✉ s✉❥❡t ❞✉ tr❛♥s♣♦rt
❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s s✉r ❞❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s
♦♥t ❛✉ss✐ ❞é♠♦♥tré q✉❡ ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ✉♥ ♣✉✐ss❛♥t ♦✉t✐❧ ♣♦✉r
❝♦♥tr❛✐♥❞r❡ ❧❡ st❛❞❡ é✈♦❧✉t✐❢✱ ♥♦t❛♠♠❡♥t ❣râ❝❡ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡s ✐♥❞✐❝❡s
s✐s♠✐q✉❡s ∆Π ❡t ∆ν✱ q✉✐ s♦♥t s❡♥s✐❜❧❡s r❡s♣❡❝t✐✈❡♠❡♥t à ❧❛ t❛✐❧❧❡ ❞✉ ❝÷✉r r❛❞✐❛t✐❢ ❡t ❛✉ r❛②♦♥ ❞❡
❧✬❡♥✈❡❧♦♣♣❡ ❡①t❡r♥❡✳ ◆é❛♥♠♦✐♥s✱ ❞✬❛✉tr❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s q✉✐ ♦♥t été ❥✉sq✉❡✲❧à q✉❡ très ♣❡✉
ét✉❞✐és ♣♦✉rr❛✐❡♥t ❛♣♣♦rt❡r ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t s♦♥❞❡r ❞❡ ♥♦✉✈❡❧❧❡s
ré❣✐♦♥s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♥♦✉s ❢♦❝❛❧✐s❡r♦♥s ♥♦t❛♠♠❡♥t s✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s
♠✐①t❡s✱ ♥♦té q✱ ❡t ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ♥♦té ǫg✱ à ❧❛ ❧✉♠✐èr❡
❞❡s ❛✈❛♥❝é❡s t❤é♦r✐q✉❡s s✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ❛♣♣♦rté❡s ♣❛r ❧❡s tr❛✈❛✉① ❞❡ ❚❛❦❛t❛ ✭✷✵✵✺✱
✷✵✵✻❜✱❛✮ q✉✐ ♣❡r♠❡tt❡♥t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❏❡
❝❤❡r❝❤❡r❛✐ ❛❧♦rs à ré♣♦♥❞r❡ ❛✉① q✉❡st✐♦♥s s✉✐✈❛♥t❡s ✿

• ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣❡✉t✲✐❧ ♥♦✉s ❞♦♥♥❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❛ ③♦♥❡ ✐♥t❡r♠é❞✐❛✐r❡ é✈❛✲
♥❡s❝❡♥t❡ ❄ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❡st✲❡❧❧❡ ✈❛❧✐❞❡ ♣♦✉r t♦✉t❡s ❧❡s ét♦✐❧❡s ❄

✶✾✸



❈❤❛♣✐tr❡ ✽✳ ▼♦❞❡s ♠✐①t❡s✱ ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❡t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✐♣♦❧❛✐r❡

▲❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ s❡ s✐t✉❡ ❞❛♥s ❧❛ ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ③♦♥❡
✐♥❢ér✐❡✉r❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ❆❧♦rs q✉❡ ∆Π ❡t ∆ν ♣❡✉✈❡♥t ♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❝❡s
❞❡✉① ❞❡r♥✐èr❡s ré❣✐♦♥s✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r s✐ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ s♦♥✲
❞❡r ❧❛ ♣r❡♠✐èr❡✳ ❊♥ ❡✛❡t✱ ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧✬ét♦✐❧❡ ❡st ✉♥❡ ré❣✐♦♥ ✐♠♣♦rt❛♥t❡ ♣✉✐sq✉✬❡❧❧❡ ✐♥❝❧✉❡
❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❡t q✉✬❡❧❧❡ ❡st ❧❡ s✐è❣❡ ❞❡ ♣r♦❝❡ss✉s ❞❡ ♠é❧❛♥❣❡ à ❧✬✐♥t❡r❢❛❝❡
❡♥tr❡ ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡ ❡t ❝♦♥✈❡❝t✐✈❡✳ ❈♦♠♠❡ s♦✉✈❡♥t✱ ✉♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ré♣♦♥s❡ s❡r❛ ❞✬❛❜♦r❞
❞♦♥♥é❡ ❣râ❝❡ ❛✉① ♦❜s❡r✈❛t✐♦♥s ❡t ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣♦✉r ❞❡s ♠✐❧❧✐❡rs
❞✬ét♦✐❧❡s ♣❛r ▼♦ss❡r✱ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❥✬❛✐ ♣❛rt✐❝✐♣é à ❧✬✐♥t❡r♣rét❛t✐♦♥
❞❡s rés✉❧t❛ts ♣❛r ❧❡ ❜✐❛✐s ❞✬✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é q✉✐ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡ q
❡t ❧❡s ♣r♦♣r✐étés str✉❝t✉r❡❧❧❡s ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡✳ ▲❡s ♣r✐♥❝✐♣❛✉① ♣♦✐♥ts ❞❡ ❝❡tt❡ ét✉❞❡
s❡r♦♥t ❞✐s❝✉tés ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✳

• ◗✉❡❧ ❡st ❧✬✐♠♣❛❝t ❞✉ ❢♦rt ❝♦✉♣❧❛❣❡ s✉r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❄ ▲❡ ❢♦r♠❛❧✐s♠❡ ❡①✐st❛♥t ♣❡r♠❡t✲
✐❧ ❞✬♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ❛ss❡③ ♣ré❝✐s❡s ❄
❙✐♠✉❧t❛♥é♠❡♥t ❛✉ tr❛✈❛✐❧ ♣ré❝é❞❡♥t✱ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❛ ♣r♦♣♦sé ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣✲
t♦t✐q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✜♥❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ❯♥ t❡❧ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡t ❞❡ ♣ré❞✐r❡ ❞❡s
✈❛❧❡✉rs ❞❡ q ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❞❡ ♣ré❝é❞❡♥t❡s ♦❜s❡r✈❛t✐♦♥s ♠❛❧❣ré t♦✉t ♣❡✉ ♥♦♠❜r❡✉s❡s ✭❡✳❣✳✱
▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❝❀ ❱r❛r❞ ❡t ❛❧✳ ✷✵✶✻❀ ❇✉②ss❝❤❛❡rt ❡t ❛❧✳ ✷✵✶✻✮✳ ❏❡ ♣rés❡♥t❡r❛✐ ❞✬❛❜♦r❞
❜r✐è✈❡♠❡♥t ❝❡ ❢♦r♠❛❧✐s♠❡ ❡t ♣✉✐s ❥❡ ❝♦♠♣❛r❡r❛✐ ❝❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s ❞❛♥s ✉♥ ❝❛s ♦ù
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ♥é❝❡ss❛✐r❡ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♦❜t❡♥✉❡s ♣❛r ✉♥
❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❝❡❧❧❡ ♦❜t❡♥✉❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ▲❡s rés✉❧t❛ts
♣ré❧✐♠✐♥❛✐r❡s ❞❡ ❝❡ tr❛✈❛✐❧ s❡r♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✵✳

• ▲❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✱ ǫg✱ ♣❡✉t✲✐❧ ♥♦✉s ❛♣♣♦rt❡r ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s
ré❣✐♦♥s ❛✉t♦✉r ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❄
❊♥✜♥✱ ❥❡ ♠✬✐♥tér❡ss❡r❛✐ ❛✉ t❡r♠❡ ǫg ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s
♠✐①t❡s ❡t ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té✳ ❈❡ t❡r♠❡ ❡st s♦✉✈❡♥t ✐♥tr♦❞✉✐t ♣❛r ❞é❢❛✉t ♣♦✉r r❡♣rés❡♥t❡r
❧❡s t❡r♠❡s ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❞❛♥s ❧❛
r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✶✱ ❥❡ ❞ér✐✈❡r❛✐ s♦♥ ❡①♣r❡ss✐♦♥ t❤é♦r✐q✉❡ ❡♥ ♠♦❞é❧✐s❛♥t
❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✳ ■❧ s❡r❛ ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ s❛✈♦✐r s✐ ❝❡ t❡r♠❡ ♣❡✉t ♥♦✉s ❛♣♣♦rt❡r
❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ré❣✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ ❧❛ ❝❛✈✐té ♦✉ ♥♦♥✳

✶✾✹



❈❤❛♣✐tr❡ ✾

▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡
s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❙♦♠♠❛✐r❡
✾✳✶ ❖❜s❡r✈❛t✐♦♥s ♣♦✉r ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✺

✾✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ✶✾✻

✾✳✷✳✶ ❍②♣♦t❤ès❡ s✉r ❧❡s ♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ✳ ✳ ✶✾✻

✾✳✷✳✷ ❘❡❧❛t✐♦♥ ❡♥tr❡ q ❡t ❧❡s ♣r♦♣r✐étés ♣❤②s✐q✉❡s ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✳ ✳ ✳ ✳ ✶✾✾

✾✳✷✳✸ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✻

✾✳✸ ❘❡♠❛rq✉❡s ❝♦♥❝❧✉s✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s✳
❉✬❛♣rès ❊qs✳ ✭✽✳✷✮✱ ❝❡ ❢❛❝t❡✉r ❞é♣❡♥❞ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥❡ ♦♥❞❡ à tr❛✈❡rs ❧❛ ③♦♥❡
é✈❛♥❡s❝❡♥t❡ ❡t ♣❛r ❝♦♥séq✉❡♥t ❞❡s ♣r♦♣r✐étés ❞❡ ❝❡tt❡ ré❣✐♦♥ ❞❡ ❧✬ét♦✐❧❡ ✭❚❛❦❛t❛ ✷✵✶✻❜✮✳ ❆❧♦rs q✉❡
∆Π ❡t ∆ν ♥♦✉s r❡♥s❡✐❣♥❡♥t r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❡s ❝❛✈✐tés rés♦♥❛♥t❡s ✐♥t❡r♥❡ ❡t ❡①t❡r♥❡✱ ❧❡ ❢❛❝t❡✉r q
❛ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♥♦✉s ❛♣♣♦rt❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❛ ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡✱ s✐t✉é❡ ❡♥tr❡ ❧❡ ♣r♦✜❧ ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❝❡❧✉✐ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜✳ ❏✉sq✉✬à ré❝❡♠♠❡♥t✱ ❝❡ ♣❛r❛♠ètr❡
❛✈❛✐t été ♣❡✉ ét✉❞✐é ❡t ❛✈❛✐t ♣✉ êtr❡ ❞ét❡r♠✐♥é ♣♦✉r ✉♥❡ ♣♦✐❣♥é❡ ❞✬ét♦✐❧❡s s❡✉❧❡♠❡♥t ✭❡✳❣✳✱ ▼♦ss❡r
❡t ❛❧✳ ✷✵✶✷❝❀ ❱r❛r❞ ❡t ❛❧✳ ✷✵✶✻❀ ❇✉②ss❝❤❛❡rt ❡t ❛❧✳ ✷✵✶✻✮✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s ♦♥t ♥♦t❛♠♠❡♥t ♠✐s ❡♥
❡①❡r❣✉❡ ❞❡s ✈❛❧❡✉rs ❞❡ q s✉♣ér✐❡✉r❡s à ✉♥ q✉❛rt✱ ❝✬❡st✲à✲❞✐r❡ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❧✐♠✐t❡ t❤é♦r✐q✉❡
s✉♣ér✐❡✉r❡ ♣ré❞✐t❡ ♣❛r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡
❝♦✉♣❧❛❣❡ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✽✳✸✮✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❞é✜♥✐ ❝♦♠♠❡ ét❛♥t ❢❛✐❜❧❡ ❧♦rsq✉❡ ❧❡
❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥t❡ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt à
❧✬✉♥✐té✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❝❡tt❡ ré❣✐♦♥ ❡st ❣r❛♥❞❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❞é✜♥✐
❝♦♠♠❡ ét❛♥t ❢♦rt ❧♦rsq✉❡ ❧❡ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à
✉♥❡ ❢❛✐❜❧❡ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ P❧✉s ré❝❡♠♠❡♥t✱ ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ♦♥t ♣r♦♣♦sé ✉♥❡
♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❛✉t♦♠❛t✐q✉❡ ❛✉t♦r✐s❛♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ q s✉r ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥
❞✬ét♦✐❧❡s✳ ❆✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✱ ✐❧s ♦♥t ♣✉ ❞ét❡r♠✐♥❡r ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ✺✷✵✵ ét♦✐❧❡s
♦❜s❡r✈é❡s ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r✳ ❉✉r❛♥t ♠❛ t❤ès❡✱ ❥✬❛✐ ♣❛rt✐❝✐♣é à ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ✈✐❛
✉♥ ♠♦❞è❧❡ s✐♠♣❧❡ ♣❡r♠❡tt❛♥t ❞❡ r❡❧✐❡r ❧❛ ✈❛❧❡✉r ❞❡ q ❛✉① ♣r♦♣r✐étés ❞❡ ❝❡tt❡ ré❣✐♦♥✳ ❏❡ rés✉♠❡ ✐❝✐
❧❡s ♣r✐♥❝✐♣❛✉① ❡♥s❡✐❣♥❡♠❡♥ts ❞ér✐✈és ❞❡ ❝❡tt❡ ét✉❞❡ q✉✐ ❛ ❞♦♥♥é ❧✐❡✉ à ✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ✭▼♦ss❡r✱
P✐♥ç♦♥✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳✱ ✷✵✶✼❜✮✳

✾✳✶ ❖❜s❡r✈❛t✐♦♥s ♣♦✉r ✉♥ ❧❛r❣❡ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s

▲❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ❛ ♣❡r♠✐s ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ✉♥❡ ét✉❞❡ à ❣r❛♥❞❡
é❝❤❡❧❧❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣♦✉r ❞❡s ét♦✐❧❡s ❛❧❧❛♥t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❥✉sq✉✬❛✉ r❡❞

✶✾✺



❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❝❧✉♠♣ ❡t s❡❝♦♥❞❛r② r❡❞ ❝❧✉♠♣✳ ❈❡❧❧❡ ♠ét❤♦❞❡ r❡♣♦s❡ s✉r ✉♥ ♣r♦❝❡ss✉s ❞✬♦♣t✐♠✐s❛t✐♦♥✳ ❊♥ q✉❡❧q✉❡s
♠♦ts✱ ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ P (ν)✱ ❡st r❡♣rés❡♥té ❡♥ ❢♦♥❝t✐♦♥ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ✈❛r✐❛❜❧❡✱
τ ✱ ❝❤♦✐s✐❡ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à r❡tr♦✉✈❡r ✉♥ ❡s♣❛❝❡♠❡♥t ré❣✉❧✐❡r ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ♣✐❝s ❞✬♦s❝✐❧❧❛t✐♦♥✳
▲❛ r❡❧❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ♣❡r♠❡t ❞❡ ❞é✜♥✐r ✉♥❡ t❡❧❧❡ ✈❛r✐❛❜❧❡ q✉✐ ❞é♣❡♥❞ ❞✉
❢❛❝t❡✉r q ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✺✮✳ ▲✬✐❞é❡ ❡st ❛❧♦rs ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ✈❛❧❡✉r ❞❡ q ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ❝❡ q✉❡
❧❛ ré❣✉❧❛r✐té ❞❡ P (τ) s♦✐t ♦♣t✐♠❛❧❡✳ ▲❡ rés✉❧t❛t ♦❜t❡♥✉ ❡st r❡♣rés❡♥té s✉r ❧❡s ❋✐❣✉r❡s ✾✳✶ ❡t ✾✳✷
❡♥ ❢♦♥❝t✐♦♥ r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❡t ❞❡ ❧❛ ❣r❛♥❞❡
sé♣❛r❛t✐♦♥✳ ❈❡s ❞❡✉① ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❞✐♠✐♥✉❡♥t ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s
❣é❛♥t❡s ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t s❡r✈❡♥t ❞♦♥❝ ✐❝✐ ❞✬✐♥❞✐❝❛t❡✉r é✈♦❧✉t✐❢✳ ▲❛ ❋✐❣✉r❡ ✾✳✷
♠♦♥tr❡ q✉❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣♦ssè❞❡ ✉♥❡ s✐❣♥❛t✉r❡ s✐♠✐❧❛✐r❡ à ∆Π ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ∆ν q✉✐
♠❛rq✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s q✉✐ ❜rû❧❡♥t ❧❡✉r ❤②❞r♦❣è♥❡
❡♥ ❝♦✉❝❤❡ ❡t ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣ q✉✐ ♦♥t ❝♦♠♠❡♥❝é ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧❡✉r ❝÷✉r ✭à ❝♦♠♣❛r❡r
❛✈❡❝ ❧❛ ❋✐❣✉r❡ ✽✳✸✮✳ ▲❡s ✈❛❧❡✉rs ❞❡ q ♠❡s✉ré❡s ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s
s♦♥t s✐t✉é❡s ❡♥tr❡ 0.12 ❡t 0.18 ❀ ❝❡s ✈❛❧❡✉rs s♦♥t ❞♦♥❝ ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s
♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❞ér✐✈é❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡t ❞♦♥♥é❡
❞❛♥s ❊q✳ ✭✽✳✸✮✳ ▲❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣✱ ❡❧❧❡s✱ ♣rés❡♥t❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ q s✐t✉é❡s ❡♥tr❡ ✵✳✷ ❡t ✵✳✹✺✱ ❛✈❡❝
✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ à é❣❛❧❡ à ✵✳✸✷✳ P❧✉s ❞❡ ✼✵✪ ❞❡s ✈❛❧❡✉rs ❞❡ q ♠❡s✉ré❡s ❞❛♥s ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣
s♦♥t s✉♣ér✐❡✉r❡s à ✉♥ q✉❛rt✱ ❝♦♥✜r♠❛♥t ❛✐♥s✐ ❧❡s ♣ré❝é❞❡♥t❡s ♦❜s❡r✈❛t✐♦♥s ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❝❀
❱r❛r❞ ❡t ❛❧✳ ✷✵✶✻❀ ❇✉②ss❝❤❛❡rt ❡t ❛❧✳ ✷✵✶✻✮✳ ❈❡s ❢❛✐ts ♦❜s❡r✈❛t✐♦♥♥❡❧s s♦♥t ❞♦♥❝ ✐♥❝♦♠♣❛t✐❜❧❡s ❛✈❡❝
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ❊♥ ♦✉tr❡✱ s✉r ❧❛ ❋✐❣✉r❡ ✾✳✶✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ ❧❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s s✬❛❝❝♦♠♣❛❣♥❡♥t ❞✬✉♥ ♣✐❝ ❞❛♥s ❧❛ ✈❛❧❡✉r
❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❆✈❡❝ ❞❡s ✈❛❧❡✉rs ❡♥tr❡ ✵✳✷ ❡t ✵✳✻✺✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ ❛✉① ✈❛❧❡✉rs ❞❡ q ❧❡s
♣❧✉s é❧❡✈é❡s s✉r t♦✉t ❧✬é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s✳ P♦✉r ❝❡s ét♦✐❧❡s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡
❞❡♠❡✉r❡ ❞♦♥❝ ❡♥❝♦r❡ ✐♥s✉✣s❛♥t❡✳ ❈❡❧❛ ❛ ♥♦t❛♠♠❡♥t ♠♦t✐✈é ❧❡ tr❛✈❛✐❧ t❤é♦r✐q✉❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮
q✉✐✱ ♣❛r❛❧❧è❧❡♠❡♥t à ❝❡tt❡ ét✉❞❡✱ ❛ ❞ér✐✈é ✉♥❡ ❡①♣r❡ss✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ à tr❛✈❡rs ❧❛
❜❛rr✐èr❡ é✈❛♥❡s❝❡♥t❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❢♦rt✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❛
✉♥❡ ❧❛r❣❡✉r très ❢❛✐❜❧❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❝❡s ♦❜s❡r✈❛t✐♦♥s s❡r♦♥t ✐♥t❡r♣rété❡s ❡♥ t❡r♠❡ ❞❡ str✉❝t✉r❡
✐♥t❡r♥❡ ✈✐❛ ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡✳ ▲❡ ❝❛s ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ t❡❧ q✉❡ ❞ér✐✈é ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡t
❝❡❧✉✐ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❢♦rt t❡❧ q✉❡ ❞ér✐✈é ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s❡r♦♥t t♦✉s ❞❡✉① ❝♦♥s✐❞érés ❡t ❝♦♠♣❛rés✳

✾✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜✲
s❡r✈❛t✐♦♥s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ❝❤❡r❝❤❡ à ❝♦♠♣r❡♥❞r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s
♠✐①t❡s ❡t ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡✳ ❯♥❡ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ♠♦❞é❧✐s❡r
❧❡s ♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ❞❛♥s ❝❡tt❡ ré❣✐♦♥ ❡♥ s✬❛♣♣✉②❛♥t s✉r ❧❡s
♠♦❞è❧❡s st❡❧❧❛✐r❡s✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡ttr❛ ❞✬♦❜t❡♥✐r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ q q✉✐ ❞é♣❡♥❞❡♥t
❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❣❧♦❜❛❧❡s ❞❡ ❝❡tt❡ ③♦♥❡ ❡t ❞❡ ❞✐s❝✉t❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❧❛ s❡❝t✐♦♥
♣ré❝é❞❡♥t❡✳

✾✳✷✳✶ ❍②♣♦t❤ès❡ s✉r ❧❡s ♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜

▲❛ ❋✐❣✉r❡ ✾✳✸ ♠♦♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜✱ Ñ ❡t S̃1✱ ❞❛♥s tr♦✐s
♠♦❞è❧❡s ❞❡ 1.3 M⊙ r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s M0 ✭❝✐✲❛♣rès✱ ❙●✮✱ ❛✉ ❞é❜✉t ❞❡
❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s M1 ✭❝✐✲❛♣rès✱ ❇❛s❡ ❘●❇✮ ❡t ♣❧✉s ❤❛✉t s✉r ❧❛ ❜r❛♥❝❤❡
❞❡s ❣é❛♥t❡s r♦✉❣❡s ❥✉st❡ ❛✈❛♥t ❧❡ ❜✉♠♣ ❞❡ ❧✉♠✐♥♦s✐té M2 ✭❝✐✲❛♣rès✱ ❇✉♠♣ ❀ ✐✳❡✳✱ ❧❛ ✈❛r✐❛t✐♦♥ r❛♣✐❞❡
❞❡ ❧✉♠✐♥♦s✐té q✉❛♥❞ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❛tt❡✐♥t ❧❛ ❞✐s❝♦♥t✐♥✉✐té ❞❡ ♣♦✐❞s ♠♦❧é❝✉❧❛✐r❡
♠♦②❡♥ ❢♦r♠é ♣❛r ❧❡ ✜rst ❞r❡❞❣❡✲✉♣✱ ✈♦✐r ❧❡ tr❛❝é é✈♦❧✉t✐❢ ❛✉t♦✉r ❞❡ log Teff = 3.66 s✉r ❧❡ ❞✐❛❣r❛♠♠❡
❍✲❘ ❞❡ ❧❛ ❋✐❣✉r❡ ✾✳✹✮✳ ❙✉r ❧❛ ❋✐❣✉r❡ ✾✳✸✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡s ❝❛✈✐tés rés♦♥❛♥t❡s ❡♥tr❡ ❧❛
✜♥ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❧❡ ✢❛s❤ ❞❡ ❧✬❤é❧✐✉♠ ❡st ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡✳ ❉✉ ❢❛✐t ❞❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥
❞✉ r❛②♦♥ st❡❧❧❛✐r❡ ❞✉r❛♥t ❝❡tt❡ ♣❤❛s❡✱ ❧❛ ✈❛❧❡✉r ❞✉ r❛②♦♥ ♠♦②❡♥ ❞❡ ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ♥♦r♠❛❧✐sé ♣❛r ❧❡
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✾✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s

❋✐❣✉r❡ ✾✳✶✿ ❋❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❞é✜♥✐❡
❞❛♥s ❊q✳ ✭✽✳✾✮✱ ❞✬❛♣rès ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮✳ ▲❡ ❝♦❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ❧❛ ♠❛ss❡ ❡st✐♠é❡
✈✐❛ ❧❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ s✐s♠✐q✉❡s✳ ▲❛ ❧✐❣♥❡ ✈❡rt✐❝❛❧❡ ❞✐s❝♦♥t✐♥✉❡ ✐♥❞✐q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡
❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❝❡❧❧❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ▲❡s tr✐❛♥❣❧❡s s②♠❜♦❧✐s❡♥t ❧❡s ét♦✐❧❡s
s♦✉s✲❣é❛♥t❡s ❀ ❧❡s ❝❛rrés r❡♣rés❡♥t❡♥t ❧❡s ét♦✐❧❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❙❡❧♦♥ ❧❡s
❛✉t❡✉rs✱ ❧❡s ❜❛rr❡s ❞✬❡rr❡✉r s✉r ❝❡s ✈❛❧❡✉rs s♦♥t ✐♥❢ér✐❡✉r❡s à ✷✵✪✳ ❚r♦✐s ✈❛❧❡✉rs ❞❡ q ♦❜t❡♥✉❡s
❞❛♥s tr♦✐s ♠♦❞è❧❡s ❞❡ 1.3 M⊙ ❡♥ s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s♦♥t
✐♥❞✐q✉é❡s ♣❛r ❞❡s ❝r♦✐①✳

❋✐❣✉r❡ ✾✳✷✿ ❋❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ✭❞✬❛♣rès ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✼❜✮✳ ▲❡
❝♦❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ❧❛ ♠❛ss❡ ❡st✐♠é❡ ✈✐❛ ❧❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡ s✐s♠✐q✉❡s✳ ▲✬❛①❡ ✈❡rt✐❝❛❧ à
❞r♦✐t❡ ❢♦✉r♥✐t ❧❛ ✈❛❧❡✉r ❝♦rr❡s♣♦♥❞❛♥t❡ ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ s✉✐✈❛♥t ❊q✳ ✭✽✳✷✮✳ ▲❛ ❧✐❣♥❡
❝♦♥t✐♥✉❡ ❜❧❡✉❡ ♠❛rq✉❡ ❧❛ sé♣❛r❛t✐♦♥ ❡♥tr❡ ❧❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ s✐t✉é❡s
❡♥✲❞❡ss♦✉s✱ ❡t ❝❡❧❧❡s ❢❛✐s❛♥t ♣❛rt✐❡ ❞✉ r❡❞ ❝❧✉♠♣ ❡t ❞✉ s❡❝♦♥❞❛r② r❡❞ ❝❧✉♠♣✱ s✐t✉é❡s ❛✉✲❞❡ss✉s✳
▲❡s ❜❛rr❡s ❞✬❡rr❡✉r s♦♥t r❡♣rés❡♥té❡s ❡♥ ❣r✐s ❝❧❛✐r✳
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❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ ❡st ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❢❛✐❜❧❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠✱ ❞♦♥t ❧❛ ❧✐♠✐t❡ ❡①tér✐❡✉r❡
s❡ s✐t✉❡ ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✱ s❡ ❝♦♥tr❛❝t❡ ❡t ❧❛ t❡♠♣ér❛t✉r❡ ❝❡♥tr❛❧❡
❛✉❣♠❡♥t❡ ❀ ♣❛r ❝♦♥séq✉❡♥❝❡✱ ❧❡s ✈❛❧❡✉rs ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ❛✉❣♠❡♥t❡♥t
❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❡♥ s✉r❢❛❝❡✱ ❧❛ ❞❡♥s✐té ❡t ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡ ❞✐♠✐♥✉❡♥t✱
rés✉❧t❛♥t ❡♥ ✉♥❡ ❜❛✐ss❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜ ♣rès ❞❡ ❧❛ s✉r❢❛❝❡✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛
✜❣✉r❡✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ✈✉ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✽ q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ❞✐♠✐♥✉❡
❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ▲✬é✈♦❧✉t✐♦♥ ✐♥✈❡rs❡ ❞❡s ❞❡✉① ❢réq✉❡♥❝❡s Ñ ❡t S̃1 ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ♣❛r
r❛♣♣♦rt à νmax ♠è♥❡♥t à ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ❝♦✉♣❧❛❣❡ ♣♦ss✐❜❧❡s✳ ❊♥ ❡✛❡t✱ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s
s♦✉s✲❣é❛♥t❡s ❡t ❛✉ ❞é❜✉t ❞❡ ❧✬❛s❝❡♥s✐♦♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❡✳❣✳✱ ♠♦❞è❧❡s M0 ❡t M1✮✱
❧❛ ✈❛❧❡✉r ❞❡ νmax ❡st ❛ss❡③ é❧❡✈é❡ ♣♦✉r q✉❡ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡ ❛ss♦❝✐é à ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
✭✐✳❡✳✱ ❧❡ ♣♦✐♥t rb s✉r ❧❛ ❋✐❣✉r❡ ✽✳✶✮ s♦✐t ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❡ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
rBCZ✱ ❛✉✲❞❡ss✉s ❞✉q✉❡❧ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞❡✈✐❡♥t q✉❛s✐ ♥✉❧❧❡ ✭♣✉✐sq✉❡ ❧❡ ❣r❛❞✐❡♥t ❞❡
t❡♠♣ér❛t✉r❡ ♣r❡♥❞ ✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡✮✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❡st ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣
✭❡✳❣✳✱ ✈♦✐r ❋✐❣✳ ✸✸ ❞❛♥s ❍❡❦❦❡r ✫ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✷✵✶✼✮✳ ❉✬❛♣rès ❧❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s✱ ♦♥
♣❡✉t ❞♦♥❝ s✉♣♣♦s❡r ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ Ñ ❡t S̃1 s✉✐✈❡♥t ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥
❞✉ r❛②♦♥ ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❞❡ ❝❡s ét♦✐❧❡s✳ ❉❛♥s ❝❡ ❝❛s✱ ✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ♣♦ss✐❜❧❡✳ ❉❛♥s
❧❡s ét♦✐❧❡s é✈♦❧✉é❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❡✳❣✳✱ ♠♦❞è❧❡M2✮✱ ❧❛ ✈❛❧❡✉r ❞❡ νmax ❡st s✐ ❢❛✐❜❧❡
q✉❡ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ✐♥t❡r♥❡ ❛ss♦❝✐é à ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ❡♥✈✐r♦♥ é❣❛❧ ❛✉ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❖♥ ♣❡✉t ❛❧♦rs s✉♣♣♦s❡r q✉❡ Ñ ≈ 0 ❡t q✉❡ s❡✉❧❡ S̃1 s✉✐t ✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡
❛✈❡❝ ❧❡ r❛②♦♥ ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ❣é♥ér❛❧❡♠❡♥t ❧❛r❣❡
❡t s❡✉❧❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❡st ❥✉st✐✜é❡✳ P♦✉r rés✉♠❡r✱ ❞❡✉① ❝❛s s❡r♦♥t ❝♦♥s✐❞érés ❡♥
♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✿

✶✳ ❈❛s ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✱ ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❞✉ ❝❧✉♠♣✱ ♦ù rb . rBCZ ✿ ❧❡s ❢réq✉❡♥❝❡s
♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ s♦♥t s✉♣♣♦sé❡s s✉✐✈r❡ ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❛
ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❛✈❡❝ ✉♥ ❡①♣♦s❛♥t ❝♦♥st❛♥t ❡t é❣❛❧ à β✱ ❝✬❡st✲à✲❞✐r❡

Ñ(r) ≈ Ñ(rb)
(rb
r

)β
❡t S̃1(r) ≈ S̃1(rc)

(rc
r

)β
✳ ✭✾✳✶✮

❉❛♥s ❝❡ ❝❛s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ♦✉ ❝❡❧❧❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s♦♥t t♦✉t❡s ❧❡s ❞❡✉①
♣♦ss✐❜❧❡s✳

✷✳ ❈❛s ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ♦ù rb ∼ rBCZ ✿ ❧❛ ❢réq✉❡♥❝❡
♠♦❞✐✜é❡ ❞❡ ▲❛♠❜ ❡st s✉♣♣♦sé❡ s✉✐✈r❡ ✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ❊q✳ ✭✾✳✶✮✱
♠❛✐s ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡st s✉♣♣♦sé❡ ♥✉❧❧❡ ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡✳ ❉❛♥s
❝❡ ❝❛s✱ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ❣é♥ér❛❧❡♠❡♥t ❧❛r❣❡ ❡t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❡st
❥✉st✐✜é❡✳

▲❡ ❝♦♠♣♦rt❡♠❡♥t ❛♣♣r♦❝❤é ❞❡ Ñ ❡t S̃1 s❡❧♦♥ ✉♥❡ ♠ê♠❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❡♥ ❢❛✐t éq✉✐✈❛❧❡♥t à
s✉♣♣♦s❡r q✉❡ ❧❡s tr♦✐s q✉❛♥t✐tés J ✭✐✳❡✳✱ d lnm/d ln r✮✱ d ln p/d ln r ❡t d ln ρ/d ln r ✈❛r✐❡♥t très ♣❡✉
❡♥tr❡ ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥ ❡✛❡t✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠♦♥tr❡r q✉❡ ❧❡s ❞ér✐✈é❡s ❧♦❣❛r✐t❤♠✐q✉❡s ❞❡ Ñ ❡t S̃1 ♣❛r r❛♣♣♦rt à r ♥❡ ❞é♣❡♥❞❡♥t
q✉❡ ❞❡s ❝❡s tr♦✐s q✉❛♥t✐tés✳ ❆✐♥s✐✱ s✐ Ñ ❡t S̃1 s✉✐✈❡♥t ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡✱
❛❧♦rs ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❝❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ J ✱ d ln p/d ln r ❡t d ln ρ/d ln r s♦♥t q✉❛s✐ ❝♦♥st❛♥ts✳
❘é❝✐♣r♦q✉❡♠❡♥t✱ ❡♥ s✉♣♣♦s❛♥t ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ J ✱ d ln p/d ln r ❡t d ln ρ/d ln r s♦♥t à
♣❡✉ ♣rès ❝♦♥st❛♥ts ❡♥tr❡ ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♦♥
❛ ❛❧♦rs✱ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞❡ ▲❛♠❜ ❡t ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞♦♥♥é❡s ❞❛♥s ❊qs✳ ✭✷✳✸✹✮
❡t ✭✷✳✸✺✮✱

Ñ2 ∝ g

r
⇒ ❞ ln Ñ

❞ ln r
=

1

2

(
−3 + ❞ lnm

❞ ln r

)
= −3J

2
✭✾✳✷✮

S̃2
1 ∝

c2

r2
∝ p

ρr2
∝

(
❞p
❞r

)

ρr
(
❞ ln p
❞ ln r

) ∝ g

r
⇒ ❞ ln S̃1

❞ ln r
= −3J

2
✱ ✭✾✳✸✮

✶✾✽



✾✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s

♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❞❛♥s ❧❛ s❡❝♦♥❞❡ ✐♠♣❧✐❝❛t✐♦♥ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ✭t♦✉t ❡♥ ❝♦♥s✐❞ér❛♥t
Γ1 ❝♦♥st❛♥t✮ ❡t ❧✬éq✉❛t✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❤②❞r♦st❛t✐q✉❡✳ ❖♥ r❡tr♦✉✈❡ ❞♦♥❝ ❜✐❡♥ q✉❡ Ñ ❡t S̃1 s✉✐✈❡♥t
❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡✱ ❛✈❡❝ ✉♥ ❡①♣♦s❛♥t ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s ❞❡✉①✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡ ♣♦✉r
Ñ ❡t S̃1 ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ♣r♦✈✐❡♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❡✉r
❞é♣❡♥❞❛♥❝❡ ❡♥ g/r✳ ❉❡ ♣❧✉s✱ ♦♥ tr♦✉✈❡ q✉❡ ❞❛♥s ❝❡ ❝❛s✱ ✉♥ ❧✐❡♥ ❡①✐st❡ ❡♥tr❡ ❧✬❡①♣♦s❛♥t β ❡t ❧❡
❢❛❝t❡✉r J ❞é✜♥✐ ❞❛♥s ❊q✳ ✭✽✳✸✺✮✱ t❡❧ q✉❡ β = 3J/2 ✭❚❛❦❛t❛ ✷✵✶✻❛✮✳ ❈❡tt❡ r❡❧❛t✐♦♥ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡
❞❡ s✐♠♣❧✐✜❡r ❧❡ ❝❛❧❝✉❧ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥s ♣❛r❛❣r❛♣❤❡s✳

✾✳✷✳✷ ❘❡❧❛t✐♦♥ ❡♥tr❡ q ❡t ❧❡s ♣r♦♣r✐étés ♣❤②s✐q✉❡s ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ♣ré❝é❞❡♥t❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡①♣r✐♠❡r ❛♥❛❧②t✐q✉❡♠❡♥t ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡t ❞❡ ❧✬❡①♣♦s❛♥t β✳ ❉✬❛♣rès ❊qs✳ ✭✽✳✸✮✲✭✽✳✺✮ ❡t
❊q✳ ✭✽✳✹✵✮ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ❧❡ ❢❛❝t❡✉r q ❞é♣❡♥❞ ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡♥tr❡
❧❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts rb ❡t rc ❞é❧✐♠✐t❛♥t ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡ ❝✬❡st ❛✉ss✐
❧❡ ❝❛s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ❆✈❛♥t ❞✬❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬❡st✐♠❡r
❝❡tt❡ ✐♥té❣r❛❧❡ ✳

■♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦ù
rb . rBCZ ✭❝❛s ✶ ♣ré❝é❞❡♥t✮✱ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡✱ I1✱ ❡st é❣❛❧❡ ❞✬❛♣rès ❊q✳ ✭✽✳✸✻✮ à

I1 =
∫ rc

rb

|k̃r|dr =
∫ rc

rb

σ

c

(
1− Ñ2

σ2

)1/2(
S̃2
1

σ2
− 1

)1/2

dr

=

∫ rc

rb

√
2J

σr√
2Jc

(
1− Ñ2

S̃2
1

S̃2
1

σ2

)1/2(
S̃2
1

σ2
− 1

)1/2
dr

r

=

∫ rc

rb

√
2J

σ

S̃1

(
1− α2

1

S̃2
1

σ2

)1/2(
S̃2
1

σ2
− 1

)1/2
dr

r
✱ ✭✾✳✹✮

♦ù ❧✬♦♥ ❛ ❞é✜♥✐ ❧❡ r❛♣♣♦rt α1 = Ñ/S̃1 q✉✐ ❞♦✐t r❡st❡r ❝♦♥st❛♥t q✉❡❧ q✉❡ s♦✐t ❧❡ r❛②♦♥ ❡♥tr❡ ❧❛ ❧✐♠✐t❡
s✉♣ér✐❡✉r❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✬❛♣rès ❊q✳ ✭✾✳✶✮✳ ❊♥ ♣r♦❝é❞❛♥t ❛✉
❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x = σ/S̃1✱ ❡♥ s❡ s♦✉✈❡♥❛♥t q✉✬❛✉① ♣♦✐♥ts t♦✉r♥❛♥ts σ = Ñ(rb) = S̃1(rc)
❞❛♥s ❧❡s ❜♦r♥❡s ❞❡ ❧✬✐♥té❣r❛❧❡✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡❧❛t✐♦♥ β = 3J/2✱ ♦♥ ❛❜♦✉t✐t ❛❧♦rs à

I1(α1) =

∫ 1

α1

√
2J

β

√
1− x2

√
x2 − α2

1

dx

x2

=
2
√
2

3

[
(α2

1 + 1)K(1− α2
1)− 2E(1− α2

1)
]
✱ ✭✾✳✺✮

♦ù K ❡t E s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✐♥té❣r❛❧❡s ❡❧❧✐♣t✐q✉❡s ❝♦♠♣❧èt❡s ❞❡ ♣r❡♠✐èr❡ ❡t ❞❡ ❞❡✉①✐è♠❡ s♦rt❡
✭❡✳❣✳✱ ❆❜r❛♠♦✇✐t③ ✫ ❙t❡❣✉♥ ✶✾✼✷✮✳

❉❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s ♦ù rb ∼ rBCZ ✭❝❛s ✷ ♣ré❝é❞❡♥t✮✱ ❧✬✐♥té❣r❛❧❡ ❞✉

♥♦♠❜r❡ ❞✬♦♥❞❡✱ I2✱ ❡st é❣❛❧❡ ❛✈❡❝ Ñ ≈ 0 ❞❛♥s ❊q✳ ✭✽✳✸✻✮ à

I2 =
∫ rc

rb

2J

(
1− σ2

S̃2
1

)1/2
dr

r
=

∫ 1

α2

√
2J

β

(
1− x2

)1/2 dx
x

=
2
√
2

3

∫ 1

α2

(
1− x2

)1/2 dx
x

✱ ✭✾✳✻✮

♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♣ré❝é❞❡♥t ❡t ❧❛ r❡❧❛t✐♦♥ β = 3J/2✱ ❡t ♦ù ❧✬♦♥ ❛ ❞é✜♥✐
α2 = S̃1(rc)/S̃1(rb)✳ ❖♥ ♦❜t✐❡♥t ✜♥❛❧❡♠❡♥t

I2(α2) =
2
√
2

3

[
ln

(√
1− α2

2 + 1

)
− lnα2 −

√
1− α2

2

]
✳ ✭✾✳✼✮

✶✾✾



❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❋✐❣✉r❡ ✾✳✸✿ Pr♦✜❧ ❞❡s ❢réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✱ Ñ/2π ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡ ♥♦✐r❡✮✱ ❡t ❞❡ ▲❛♠❜✱
S̃1/2π ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡ ♦r❛♥❣❡✮✱ ❞❛♥s ❧❡s tr♦✐s ♠♦❞è❧❡s ❞❡ 1.3 M⊙ ❝♦♥s✐❞érés ❞❛♥s ❇❡❧❦❛❝❡♠
❡t ❛❧✳ ✭✷✵✶✺❛✱❜✮✳ ▲❡s t✐r❡ts r♦✉❣❡s r❡♣rés❡♥t❡♥t νmax ❞❛♥s ❧❡s tr♦✐s ❝❛s✳ ▲❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡ ❡st ✐♥❞✐q✉é❡ ♣❛r ✏❇❈❩✑ ❡t ❧❡s ❧✐❣♥❡s ✈❡rt✐❝❛❧❡s ❞✐s❝♦♥t✐♥✉❡s s②♠❜♦❧✐s❡♥t ❧❛ ❝♦✉❝❤❡
❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✳

✷✵✵





❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

ét♦✐❧❡s é✈♦❧✉é❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✮✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ♦♥ tr♦✉✈❡ ❞✬❛♣rès ❊q✳ ✭✾✳✽✮
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ très ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡

q ≈ 1

4
exp

{
4
√
2

3

[
ln
(α
2

)
+ 1
]}
≈ e4

√
2(1−ln 2)/3

4
α4

√
2/3 ≈ 0.45 α4

√
2/3 ✳ ✭✾✳✶✸✮

❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ α ❞❛♥s ❊q✳ ✭✾✳✾✮✱ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞é♣❡♥❞ ❞♦♥❝ ❞❡ ❧❛ ❧❛r❣❡✉r
r❡❧❛t✐✈❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ r❡♣rés❡♥té❡ ♣❛r ∆r/rev✱ ❡t ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡
❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✱ r❡♣rés❡♥té ♣❛r β✳ ❊♥ ❡✛❡t✱ s♦✉s
❧✬❤②♣♦t❤ès❡ q✉❡ Ñ ❡t S̃1 s✉✐✈❡♥t ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡✱ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ β ❡t ❧❡ ❢❛❝t❡✉r J ❡♥tr❡ ❧❛ ❧✐♠✐t❡
s✉♣ér✐❡✉r❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✐♠♣❧✐q✉❡ q✉❡m =Mc(r/rHe)

(3−2β)✱ ♦ù
m ❡st ❧❛ ♠❛ss❡ ❞✬✉♥❡ s♣❤èr❡ ❝♦♥❝❡♥tr✐q✉❡✱ ❡tMHe ❡t rHe s♦♥t ❧❛ ♠❛ss❡ ❡t ❧❡ r❛②♦♥ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✳
➱t❛♥t ❞♦♥♥é q✉❡ ❧❛ ♠❛ss❡ ❡st très ❝♦♥❝❡♥tré❡ ❞❛♥s ❧❡ ❝÷✉r s✉r ❧❛ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ ♦♥ ❡♥
❞é❞✉✐t q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ β ❞♦✐t êtr❡ ♣r♦❝❤❡ ❞❡ ✸✴✷✱ ❝✬❡st✲à✲❞✐r❡ s❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡✱ ♣♦✉r ❛ss✉r❡r q✉❡
m ❝r♦ît ♣❡✉ ❛✈❡❝ ❧❡ r❛②♦♥✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ❝❤♦✐s✐r❛ ❞♦♥❝ ❧❛ ✈❛❧❡✉r ❞❡ β ❡♥tr❡ ✶✳✸ ❡t ✶✳✺✳ P✉✐sq✉❡ ❧❛
✈❛r✐❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧❛ ♠❛ss❡ ❞✬✉♥❡ s♣❤èr❡ ❝♦♥❝❡♥tr✐q✉❡ ❛✈❡❝ ❧❡ r❛②♦♥ ❡st ❞✐r❡❝t❡♠❡♥t ❧✐é❡ à ❧❛ ❞❡♥s✐té
♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✱ β ♥♦✉s ❢♦✉r♥✐t ❞♦♥❝ ❜✐❡♥ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té
❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✳ ❖♥ ♥♦t❡ ❛✉ss✐ q✉❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♥❡ ❞é♣❡♥❞ ♣❛s
❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s ❞❛♥s ❧❡ ❝❛s ✶✱ ♣✉✐sq✉❡ ❧✬✐♥té❣r❛❧❡ ❞❛♥s ❊q✳ ✭✾✳✺✮ ❡t α1 = α
♥✬❡♥ ❞é♣❡♥❞❡♥t ♣❛s ❞❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡ ❝❛s ✷✱ q ❞é♣❡♥❞ ❞❡ ❧❛ ❢réq✉❡♥❝❡
à tr❛✈❡rs ❧❡ ♣♦✐♥t t♦✉r♥❛♥t rc ✭♣✉✐sq✉❡ rb ∼ rBCZ ❡t ❡st ❞♦♥❝ à ♣❡✉ ♣rès ❝♦♥st❛♥t✮✳

❍②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ◗✉❛♥❞ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st très ❢❛✐❜❧❡✱ ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡st ✐♥❝♦rr❡❝t❡ ❡t
❧✬❛♣♣r♦❝❤❡ ✉t✐❧✐sé❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡st ✐♥✈❛❧✐❞❡✳ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❛ ♣r♦♣♦sé ✉♥ ❢♦r♠❛❧✐s♠❡
❞✐✛ér❡♥t ❞❛♥s ❧❡q✉❡❧ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡st s✉♣♣♦sé❡ très ❢❛✐❜❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ ❛ ❛❧♦rs
♠♦♥tré q✉❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✬✉♥❡ ♦♥❞❡ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡

T = exp

(
−
∫ rc

rb

|k̃r|dr + XR

)
✱ ✭✾✳✶✹✮

♦ù XR ❡st ✉♥ t❡r♠❡ ♣r♦✈❡♥❛♥t ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ❞❛♥s ❧❛
③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ❊♥ ❡✛❡t✱ ♠ê♠❡ ♣♦✉r ✉♥❡ ✉♥❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞❡ ❧❛r❣❡✉r ♥✉❧❧❡ ✭✐✳❡✳✱ rc = rb✮✱
✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉❜✐t ✉♥❡ ré✢❡①✐♦♥ ❛✉ ♣♦✐♥t ♦ù k̃r = 0✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡
♦ù ❧❛ ❜❛rr✐èr❡ é✈❛♥❡s❝❡♥t❡ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ♣❛r❛❜♦❧✐q✉❡ s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt ❛✉
♣♦✐♥t t♦✉r♥❛♥t ✉♥✐q✉❡ ❝❡♥tr❛❧ ✭✐✳❡✳✱ ❞❡ ❧❛ ❢♦r♠❡ k2r ∝ [r − rev]2✮✱ ✉♥❡ ♠♦✐t✐é ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬♦♥❞❡
❡st tr❛♥s♠✐s❡ ❡t ❧✬❛✉tr❡ ♠♦✐t✐é ❡st ré✢é❝❤✐❡ ✭❡✳❣✳✱ ❍❡✐♠ ❡t ❛❧✳ ✷✵✶✸✮✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❡s ❝❛s ❞❡s ♦♥❞❡s
❣r❛✈✐t♦✲❛❝♦✉st✐q✉❡s✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❛♥s ❝❡tt❡ ✜♥❡ ré❣✐♦♥ ♥❡ ♣❡✉t ♣❧✉s êtr❡
♥é❣❧✐❣é❡✱ ❞✬♦ù ❧✬❛♣♣❛r✐t✐♦♥ ❞✉ t❡r♠❡ XR✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù ❧❡s ❢réq✉❡♥❝❡s ❞❡ ▲❛♠❜ ❡t ❞❡ ❇r✉♥t✲
❱ä✐sä❧ä s✉✐✈❡♥t ✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ s✐♠✐❧❛✐r❡✱ ❝❡ t❡r♠❡ ❡st ❞♦♥♥é ♣❛r ✭❚❛❦❛t❛ ✷✵✶✻❛✱ ❊q✳ ✭❆✼✽✮✮

XR(β) =
π
√
2

48

(
5

2
−
√

81

4β2
− 8

)2

✳ ✭✾✳✶✺✮

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡ ❡①♣r❡ss✐♦♥ ❛ été ♦❜t❡♥✉❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ❧❛r❣❡✉r ❞❡
❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡st ♥✉❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡
❞é✈❡❧♦♣♣é ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❖♥ s✉♣♣♦s❡r❛ ❞♦♥❝ ❞❛♥s ❧❛ s✉✐t❡✱ ♣♦✉r s✐♠♣❧✐✜❡r✱ q✉❡ ❝❡ t❡r♠❡ ♥❡
❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ❧❛r❣❡✉r é✈❛♥❡s❝❡♥t❡ ❡t r❡st❡ é❣❛❧ à ❝❡tt❡ ✈❛❧❡✉r✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡st ❛❧♦rs
♦❜t❡♥✉ ❡♥ ❝♦♥s✐❞ér❛♥t ❧✬❡①♣r❡ss✐♦♥ ❣é♥ér❛❧❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✽✳✷✮ ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ R2 = 1−T 2 ✭✐✳❡✳✱
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✮✱ ❝✬❡st✲à✲❞✐r❡

q =
1−
√
1− T 2

1 +
√
1− T 2

=
1−

√
1− e−2X̃

1 +
√

1− e−2X̃
✱ ✭✾✳✶✻✮

✷✵✷



✾✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s

♦ù X̃ ✈❛✉t ❞✬❛♣rès ❊qs✳ ✭✾✳✺✮ ❡t ✭✾✳✶✺✮ ❞❛♥s ❧❡ ❝❛s ✶

X̃ = I1(α) +XR(β) ✳ ✭✾✳✶✼✮

❉❡ ♠ê♠❡✱ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✱ q ❞é♣❡♥❞ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t
❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✱ ❡t r❡st❡ ✐♥❞é♣❡♥❞❛♥t ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳

❈♦♠♣❛r❛✐s♦♥ ❞❡s ❢♦r♠❛❧✐s♠❡s✳ ▲❡s ❞✐✛ér❡♥t❡s ❡①♣r❡ss✐♦♥s ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ s♦♥t r❡♣ré✲
s❡♥té❡s s✉r ❧❡s ❋✐❣✉r❡s ✾✳✺ ❡t ✾✳✻ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s α2✱ β ❡t ∆r/rev✳ ▲❛ ✈❛❧❡✉r ♣♦✉r
β ❡st ❝♦♠♣r✐s❡ ❡♥tr❡ 1.3 ❡t 1.5✱ ❝✬❡st✲à✲❞✐r❡ ❡♥tr❡ s❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ t❤é♦r✐q✉❡ ❡t ✉♥❡ ✈❛❧❡✉r r❡✲
♣rés❡♥t❛t✐✈❡ ❞❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❛❧❧❛♥t ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❛✉ ❝❧✉♠♣✳ ❉❡✉① t②♣❡s ❞❡
❝♦♠♣❛r❛✐s♦♥ s♦♥t ❛❧♦rs ♣♦ss✐❜❧❡s ✿ ✉♥❡ ♣r❡♠✐èr❡ ❡♥tr❡ ❧❡ ❝❛s ✶ ❡t ❧❡ ❝❛s ✷ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥
❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ✉♥❡ ❞❡✉①✐è♠❡ ❡♥tr❡ ❧✬❡①♣r❡ss✐♦♥ ♦❜t❡♥✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ♣❛r
❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡t ❝❡❧❧❡ ♦❜t❡♥✉❡ ❡♥ s✉♣♣♦s❛♥t ✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳

✶✳ ❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❡s ❝❛s ✶ ❡t ✷ s♦✉s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ✿ ❈❡❧❛ r❡✈✐❡♥t à
❝♦♠♣❛r❡r ❧❡ ❧✐❡♥ q✉✬✐❧ ❡①✐st❡✱ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ✭✐✳❡✳✱ ❞✐s♦♥s ♣♦✉r q . 0.2✮✱
❡♥tr❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡t ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✱
❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❞✉ ❝❧✉♠♣ ♣♦✉r ❧❡sq✉❡❧❧❡s rb . rBCZ✱ ❛✈❡❝ ❝❡❧✉✐ ❞❛♥s ❧❡s ét♦✐❧❡s
é✈♦❧✉é❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♣♦✉r ❧❡sq✉❡❧❧❡s rb ∼ rBCZ✳ ❖♥ ♣❡✉t ✈♦✐r s✉r ❧❛
❋✐❣✉r❡ ✾✳✺ q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❣❧♦❜❛❧ ❞❡ q ❞❛♥s ❝❡s ❞❡✉① ❝❛s ❡st s✐♠✐❧❛✐r❡✳ ❆ ✈❛❧❡✉r ❞❡
α ❞♦♥♥é❡✱ ❧❛ ✈❛❧❡✉r ❞❡ q ❞❛♥s ❧❡ ❝❛s ✷ ❡st t♦✉❥♦✉rs ✐♥❢ér✐❡✉r❡ à ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s ✶✳
❈❡t é❝❛rt rés✉❧t❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ♣rès ❞✉ ♣♦✐♥t t♦✉r♥❛♥t rb ✭✐✳❡✳✱ Ñ ≈ 0
❞❛♥s ❧❡ ❝❛s ✷✮✳ ❉❡ ♣❧✉s✱ ❛❧♦rs q✉❡ ❧❡ ❧✐❡♥ ❡♥tr❡ q ❡t α ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ β✱ ❧❛
❋✐❣✉r❡ ✾✳✻ ♠♦♥tr❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ❞é❣é♥éré❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ β ❡t ∆r/rev✳ ❆ ✈❛❧❡✉rs
❞❡ β ❡t ❞❡ q ❞♦♥♥é❡s✱ ❧❛ ❞✐✛ér❡♥❝❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡ ∆r/rev ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s ✶
❡t ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s ✷ ❛tt❡✐♥t ❡♥✈✐r♦♥ ✺✵✪ ♣♦✉r q ∼ 0.1✱ ❡t ❡st ✐♥❢ér✐❡✉r❡ ❞✬❡♥✈✐r♦♥
✶✵✪ ♣♦✉r q . 0.05✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❝❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❡st s✐❣♥✐✜❝❛t✐✈❡ ❡t ❞♦✐t ❞♦♥❝
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣♦✉r ❢❛✐r❡ ✉♥ ❧✐❡♥ ♣ré❝✐s ❡♥tr❡ ✉♥❡ ✈❛❧❡✉r ❞❡ q ♦❜s❡r✈é❡ ❡t ❧❛ ❧❛r❣❡✉r ❞❡
❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ▲❛ ❋✐❣✉r❡ ✾✳✻ ♠♦♥tr❡ ❞❡ ♣❧✉s q✉❡ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❝❛s✱ à ✈❛❧❡✉r ❞❡ q
❞♦♥♥é❡✱ ❧✬é❝❛rt ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡ ∆r/rev ♦❜t❡♥✉❡ ❛✈❡❝ β = 1.3 ❡t ❝❡❧❧❡ ♦❜t❡♥✉❡ ❛✈❡❝ β = 1.5
♣❡✉t ❛tt❡✐♥❞r❡ ✷✵✪✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ β s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ∆r/rev ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s êtr❡
♥é❣❧✐❣é❡ é❣❛❧❡♠❡♥t✳

✷✳ ❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❡t ❝❡❧❧❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ✿ P❧✉s ❣é♥ér❛✲
❧❡♠❡♥t✱ ❧❡s ❋✐❣✉r❡s ✾✳✺ ❡t ✾✳✻ ♣❡r♠❡tt❡♥t ❞❡ ❝♦♠♣❛r❡r ❧✬❡①♣r❡ss✐♦♥ ♦❜t❡♥✉❡ ♣❛r ❙❤✐❜❛❤❛s❤✐
✭✶✾✼✾✮ ❡t ❝❡❧❧❡ ❞ér✐✈é❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❉✬❛❜♦r❞✱ ❝❡s ❞❡✉① ❡①♣r❡ss✐♦♥s ❝♦♥✈❡r❣❡♥t q✉❛♥❞ ❧❡
❝♦✉♣❧❛❣❡ ❞❡✈✐❡♥t ❢❛✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❛♥❞ α→ 0 ♦✉ ∆r/rev → 2✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ❞é♠♦♥tré
♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✱ ❧♦rsq✉❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ s✬é❧❛r❣✐t✱ ❧❡ t❡r♠❡XR ❞❛♥s ❊q✳ ✭✾✳✶✼✮ ❞❡✈✐❡♥t
♥é❣❧✐❣❡❛❜❧❡ ♣❛r r❛♣♣♦rt à ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡t ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ à tr❛✲
✈❡rs ❧❛ ❜❛rr✐èr❡ é✈❛♥❡s❝❡♥t❡ ❞❡✈✐❡♥t ❢❛✐❜❧❡ ❀ ❧✬❡①♣r❡ss✐♦♥ tr♦✉✈é❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❝♦♥✈❡r❣❡
❞♦♥❝ ✈❡rs ❝❡❧❧❡ ❞ér✐✈é❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮✳ ❊♥s✉✐t❡✱ ❧❡s ❋✐❣✉r❡s ✾✳✺ ❡t ✾✳✻ ♠♦♥tr❡♥t q✉❡
♣❧✉s ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❢♦rt✱ ❝✬❡st✲à✲❞✐r❡ ♣❧✉s α → 1 ♦✉ ∆r/rev → 0✱ ♣❧✉s ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❞❡✈✐❡♥t ✐♠♣♦rt❛♥t❡✳
▲✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❛✉t♦r✐s❡ ❞❡s ✈❛❧❡✉rs s✉♣ér✐❡✉r❡s à ✉♥ q✉❛rt✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ t❡❧ ❢♦r♠❛❧✐s♠❡ ❡st ❞♦♥❝ ♦❜❧✐❣❛t♦✐r❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s
♦❜s❡r✈❛t✐♦♥s✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ❧❛ ✈❛❧❡✉r ❞❡ q
❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ❞é❣é♥éré❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦✉♣❧❡ ❞❡ ♣❛r❛♠ètr❡s β ❡t
∆r/rev✱ ♠❛✐s ❛✉ss✐ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦✉♣❧❡ ❞❡ ♣❛r❛♠ètr❡s α ❡t β✳ ▲❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡ q ❡st
❛tt❡✐♥t❡ q✉❛♥❞ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ♥✉❧❧❡ ❡t ❛✉❣♠❡♥t❡ ❧♦rsq✉❡ β ❞✐♠✐♥✉❡✳
P❛r ❝♦♥séq✉❡♥t✱ ♣❧✉s β ❡st ♣❡t✐t✱ ♣❧✉s ❧✬❡rr❡✉r ❢❛✐t❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡
❡st ✐♠♣♦rt❛♥t❡✳ ❉❡✉① s✐t✉❛t✐♦♥s ♣❡✉✈❡♥t ❛❧♦rs s❡ ♣rés❡♥t❡r à ✈❛❧❡✉r ❞❡ q ❞♦♥♥é❡✳ ❙♦✐t q ❡st
s✉♣ér✐❡✉r à ✶✴✹ ❡t ❛❧♦rs ❧✬❤②♣♦t❤ès❡ ❞❡ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ♦❜❧✐❣❛t♦✐r❡✳ ▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ q

✷✵✸



❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❛✈❡❝ β ❞❛♥s ❝❡ ❝❛s ♠è♥❡ ❛❧♦rs à ✉♥❡ ✐♥❝❡rt✐t✉❞❡ s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡∆r/rev ♣❧✉s ❢♦rt❡ q✉❡
❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r q = 0.40✱ ❧❛ ✈❛❧❡✉r ❞❡ ∆r/rev
♦❜t❡♥✉❡ ❛✈❡❝ β = 1.3 ❡st ♣❧✉s ❣r❛♥❞❡ q✉❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ❛✈❡❝ β = 1.5 ❡♥✈✐r♦♥ ❞✬✉♥ ❢❛❝t❡✉r
❞❡✉①✳ ❙♦✐t ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ✐♥❢ér✐❡✉r❡ à ✶✴✹✱ ❡t ❧❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s ❞♦♥♥❡♥t ✉♥ rés✉❧t❛t
❞✐✛ér❡♥t✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r q = 0.20 ❡t ❡♥ ♣r❡♥❛♥t β ≈ 1.3✱ ❧❛ ✈❛❧❡✉r ❞❡ ∆r/rev ♦❜t❡♥✉❡ ♣❛r
❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❡st tr♦✐s ❢♦✐s s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ♦❜t❡♥✉❡ ❛✈❡❝ ❧✬❡①♣r❡ss✐♦♥
❞❡ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❞❛♥s ❧❡ ❝❛s ✶✳ ❉❛♥s ❝❡ ❝❛s ❞❡ ❝♦✉♣❧❛❣❡ ❞❡ ❢♦r❝❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ✐❧ ❡st
❞✐✣❝✐❧❡ ❞❡ ❞✐r❡ ❧❛q✉❡❧❧❡ ❞❡s ❞❡✉① ✈❛❧❡✉rs ❡st ❧❛ ♣❧✉s ré❛❧✐st❡ ♣✉✐sq✉❡ ❧❡s ❤②♣♦t❤ès❡s ❞✬✉♥ ❢♦rt
❡t ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ s♦♥t t♦✉t❡s ❧❡s ❞❡✉① ❞✐s❝✉t❛❜❧❡s✳ ❊♥ ❡✛❡t✱ ❜✐❡♥ q✉❡ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡
❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❝♦♥✈❡r❣❡ ✈❡rs ❝❡❧✉✐ ❞❡ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ q✉❛♥❞ ♦♥ ❢❛✐t t❡♥❞r❡ ❛rt✐✜❝✐❡❧❧❡♠❡♥t
❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✈❡rs ❧✬✐♥✜♥✐✱ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❢❛✐t ❡①♣❧✐❝✐t❡♠❡♥t ❧✬❤②♣♦t❤ès❡
q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡ ❡st très ❢❛✐❜❧❡ ✭✈♦✐r ❈❤❛♣✐tr❡ ✶✵ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳ ❈❡tt❡ ✐♥❝♦❤ér❡♥❝❡
❞❛♥s ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❢♦r♠❛❧✐s♠❡ ♣❡✉t ❧❛✐ss❡r q✉❡❧q✉❡s ❞♦✉t❡s s✉r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞✉ rés✉❧t❛t
❞❛♥s ✉♥ ❝❛s ❞❡ ❝♦✉♣❧❛❣❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❈❡ ♣♦✐♥t ♠ér✐t❡ ❞❡ ❢✉t✉r❡s ✐♥✈❡st✐❣❛t✐♦♥s✱ ❤♦rs ❞✉
❝❛❞r❡ ❞❡ ❝❡tt❡ ét✉❞❡✳ ◆é❛♥♠♦✐♥s✱ ♦♥ ✈♦✐t q✉❡ ♣♦✉r β = 1.5✱ ❧❡s ✈❛❧❡✉rs ❞❡ q rés✉❧t❛♥t❡s ❞❡
❧✬✉♥❡ ♦✉ ❧✬❛✉tr❡ ❞❡s ❡①♣r❡ss✐♦♥s s♦♥t très s✐♠✐❧❛✐r❡s✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ r❛✐s♦♥s ♣❤②s✐q✉❡s é✈✐✲
❞❡♥t❡s à ❝❡tt❡ s✐♠✐❧✐t✉❞❡ ♣r♦✈❡♥❛♥t ♣❧✉s ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ❞✬✉♥❡ ❝♦ï♥❝✐❞❡♥❝❡✳ ❯♥❡ ✈❛❧❡✉r
❞❡ β ≈ 1.5 ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈❛❧❡✉r ❞❡ J ≈ 1✱ t❡❧❧❡ q✉❡ d lnm/d ln r ≈ 0✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝
✉♥ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ très ❢❛✐❜❧❡✱
❡t ❞♦♥❝ ✉♥ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té très é❧❡✈é✳ ▲❛ ✈❛❧❡✉r ❞❡ ✶✳✺ ❝♦rr❡s♣♦♥❞ ❞♦♥❝ à ✉♥❡ ✈❛❧❡✉r
❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ♣♦✉r β✳ ❈❡tt❡ s✐t✉❛t✐♦♥ ♣❡✉t ♥♦t❛♠♠❡♥t s❡ r❡♥❝♦♥tr❡r ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡
❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭❡✳❣✳✱ ❧❡ ♠♦❞è❧❡ M1 s✉r ❧❛ ❋✐❣✉r❡ ✾✳✸✮✳

▲❛ ♥é❝❡ss✐té ❞✬✉♥❡ ❢♦r♠✉❧❛t✐♦♥ t❤é♦r✐q✉❡ ❝♦♥s✐❞ér❛♥t ✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ♣♦✉r
r❡♥❞r❡ ❝♦♠♣t❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❯♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛✉t♦✉r ❞❡ νmax ❞❛♥s ❧❡s
tr♦✐s ♠♦❞è❧❡s ❞❡ 1.3 M⊙ ♣♦s✐t✐♦♥♥és ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍✲❘ ❞❡ ❧❛ ❋✐❣✉r❡ ✾✳✹ ❛ été ♦❜t❡♥✉❡ ❡♥
✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞♦♥♥é❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ♣♦✉r ❧❡ ♠♦❞è❧❡ M0 ✭❙●✮ ❡t M1 ✭❇❛s❡ ❘●❇✮✱ ❡t
❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞♦♥♥é❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ♣♦✉r ❧❡ ♠♦❞è❧❡M2 ✭❇✉♠♣✮✳ ❖♥ ♥♦t❡ q✉❡ ❞❛♥s ❝❡s tr♦✐s
♠♦❞è❧❡s✱ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ s✬❛✈èr❡ ✈❛r✐❡r ❧é❣èr❡♠❡♥t ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡❧❛ ✈✐❡♥t
❞✉ ❢❛✐t q✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ♥❡ s✉✐✈❡♥t ♣❛s r✐❣♦✉r❡✉s❡♠❡♥t ❧❛ ♠ê♠❡
❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ✭❡✳❣✳✱ ✈♦✐r ❋✐❣✉r❡ ✾✳✸✮✳ ▲❡✉rs ✈❛❧❡✉rs ♠♦②❡♥♥é❡s s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s
❛✉t♦✉r ❞❡ νmax s♦♥t r❡♣rés❡♥té❡s ♣❛r ❞❡s ❝r♦✐① ❜❧❡✉❡s ❡t ❝♦♠♣❛ré❡s ❛✉① ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❧❡s ét♦✐❧❡s
s♦✉s✲❣é❛♥t❡s ❡t ❣é❛♥t❡s r♦✉❣❡s s✉r ❧❛ ❋✐❣✉r❡ ✾✳✶✳ P♦✉r ❧❡ ♠♦❞è❧❡ M0✭❙●✮✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❢♦rt ❡t
❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞♦♥♥❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s✳ P♦✉r ❧❡
♠♦❞è❧❡ M1 ✭❇❛s❡ ❘●❇✮✱ ❧❛ ❋✐❣✉r❡ ✾✳✸ ♠♦♥tr❡ q✉❡ β ≈ 1.5✳ ❈♦♠♠❡ ✐❧ ❛ été ♠❡♥t✐♦♥♥é ♣❧✉s ❤❛✉t✱
❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❡t ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ♣ré❞✐s❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ q s✐♠✐❧❛✐r❡s✳ ❇✐❡♥ q✉❡
❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s s♦✐❡♥t ❢♦r♠❡❧❧❡♠❡♥t ❞✐s❝✉t❛❜❧❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❞❡
❢♦r❝❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ❡♥❝♦r❡ ✉♥❡ ❢♦✐s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ P♦✉r ❧❡ ♠♦❞è❧❡
M2 ✭❇✉♠♣✮✱ ❧❛ ✈❛❧❡✉r ❡st✐♠é❡ ❡st ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♦❜s❡r✈é❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s
❣é❛♥t❡s r♦✉❣❡s ✭✈♦✐r ❋✐❣✉r❡ ✾✳✶✮✳ ❈❡ ♠♦❞è❧❡ ❡st ♥é❛♥♠♦✐♥s ❧é❣èr❡♠❡♥t ♣❧✉s é✈♦❧✉é q✉❡ ❧✬❡♥s❡♠❜❧❡
❞❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛ ♣✉ êtr❡ ♠❡s✉ré✱
✐✳❡✳ ❛✈❡❝ ✉♥❡ ♣❧✉s ❢❛✐❜❧❡ ✈❛❧❡✉r ❞❡ ∆ν✳ P✉✐sq✉✬✉♥❡ ❢❛✐❜❧❡ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ rés✉❧t❡ ❡♥
✉♥❡ ✈❛❧❡✉r é❧❡✈é❡ ❞❡ ❧✬✐♥❡rt✐❡ ❞✉ ♠♦❞❡ ❞❛♥s ❧❡ ❝÷✉r✱ ❡t ❞♦♥❝ ❡♥ ✉♥❡ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❡♥ s✉r❢❛❝❡
✭❡✳❣✳✱ ❉✉♣r❡t ❡t ❛❧✳ ✷✵✵✾❀ ●r♦s❥❡❛♥ ❡t ❛❧✳ ✷✵✶✹✮✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡
❣r❛✈✐té s♦♥t ❛✉ss✐ ♣❧✉s ❞✐✣❝✐❧❡♠❡♥t ❞ét❡❝t❛❜❧❡s à ✉♥❡ t❡❧❧❡ ✈❛❧❡✉r ❞❡ q✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ ✈❛❧❡✉r
❞❡ q ❡st✐♠é❡ ❞❛♥s M2 ✭❇✉♠♣✮ ❡t ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♦❜s❡r✈é❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s
♣♦✉rr❛✐t ❞♦♥❝ s✐♠♣❧❡♠❡♥t êtr❡ ❞✉❡ à ✉♥ ❜✐❛✐s ♦❜s❡r✈❛t✐♦♥♥❡❧ ❛ss♦❝✐é à ❞❡ tr♦♣ ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞❡ q
❞❛♥s ❝❡tt❡ ❣❛♠♠❡ ❞❡ ✈❛❧❡✉rs ❞❡ ∆ν✳ ❈❡ ♣♦✐♥t ♠ér✐t❡ ♥é❛♥♠♦✐♥s ❞❡ ♣❧✉s ❛♠♣❧❡s ✐♥✈❡st✐❣❛t✐♦♥s ❞❛♥s
❧❡ ❢✉t✉r✳
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✾✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s

❋✐❣✉r❡ ✾✳✺✿ ❋❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛♣♣♦rt α2✳ ▲❡s ❞✐✛ér❡♥t❡s ❡①♣r❡ss✐♦♥s ❞❡ q s♦♥t ❝♦♠✲
♣❛ré❡s ✿ ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❞é✜♥✐❡ ❞❛♥s ❊q✳ ✭✾✳✶✷✮✱ ♦ù
❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡st ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✾✳✺✮ ❞❛♥s ❧❡ ❝❛s ✶ ✭❧✐❣♥❡ ❞✐s❝♦♥t✐♥✉❡✮ ❡t
❞♦♥♥é❡ ♣❛r ❊q✳ ✭✾✳✼✮ ❞❛♥s ❧❡ ❝❛s ✷ ✭❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡✮ ❀ ❝❡❧❧❡ ♦❜t❡♥✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt
❝♦✉♣❧❛❣❡ ❞é✜♥✐❡ ♣❛r ❊qs✳ ✭✾✳✶✻✮ ❡t ✭✾✳✶✼✮ ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡✮✳ P♦✉r ❝❡ ❞❡r♥✐❡r ❝❛s✱ tr♦✐s ✈❛❧❡✉rs
❞❡ β ♦♥t été ❝♦♥s✐❞éré❡s✳

❋✐❣✉r❡ ✾✳✻✿ ▲❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ♥♦r♠❛❧✐sé❡ ♣❛r s♦♥ r❛②♦♥ ❝❡♥tr❛❧✱ ∆r/rev✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ▲❡ ❧✐❡♥ ❡♥tr❡ ❧❡s ❞❡✉① ❛ été ♦❜t❡♥✉ à ❧✬❛✐❞❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞♦♥♥é❡ ❞❛♥s
❊q✳ ✭✾✳✶✵✮✳ ▲❡s ❝♦✉❧❡✉rs ❝②❛♥✱ ♠❛❣❡♥t❛ ❡t ❜❧❡✉ ❝♦rr❡s♣♦♥❞❡♥t à β = 1.3, 1.4 ❡t 1.5 r❡s♣❡❝✲
t✐✈❡♠❡♥t✳ ▲❡s ❧✐❣♥❡s ✈❡rt✐❝❛❧❡s ♣♦✐♥t✐❧❧é❡s r❡♣rés❡♥t❡♥t ❧❡s ✈❛❧❡✉rs ❞❡s ❢❛❝t❡✉rs ❞❡ ❝♦✉♣❧❛❣❡
❞ét❡r♠✐♥é❡s ❞❛♥s ❧❡s tr♦✐s ♠♦❞è❧❡s ❞✉ ❞✐❛❣r❛♠♠❡ ❍✲❘ ❞❡ ❧❛ ❋✐❣✉r❡ ✾✳✹✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡
♣♦✉r ❧❡s ♠♦❞è❧❡s M0 ✭❙●✮ ❡t M1 ✭❇❛s❡ ❘●❇✮✱ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❞♦✐t êtr❡ ❝♦♥s✐✲
❞éré❡✳ ▲❡ ♠♦❞è❧❡ M2 ✭❇✉♠♣✮✱ ❧✉✐✱ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ✷ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡
❝♦✉♣❧❛❣❡✳
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❈❤❛♣✐tr❡ ✾✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝♦♠♠❡ ♠♦②❡♥ ❞❡ s♦♥❞❡r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

✾✳✷✳✸ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts✳

▲❛ ♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧✐✜é❡ ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ♠♦♥tr❡ ❝❧❛✐r❡♠❡♥t q✉❡ ❧❛
❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ✐♥❞✐❝❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡
❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ ❝♦♠♠❡ ♣❡✉✈❡♥t ❧❡ ❢❛✐r❡ ∆Π ❡t ∆ν ♣♦✉r ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧✬❡♥✈❡❧♦♣♣❡✳ ❉❛♥s
❧❛ s✉✐t❡✱ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ❡t r❡♣rés❡♥té❡s s✉r ❧❡s ❋✐❣✉r❡s ✾✳✶ ❡t ✾✳✷
s♦♥t ❞✐s❝✉té❡s à ❧❛ ❧✉♠✐èr❡ ❞❡ ❝❡ ♠♦❞è❧❡✳

❚r❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ♣❤❛s❡s ❞❡ s♦✉s✲❣é❛♥t❡s ❡t ❞❡ ❣é❛♥t❡s r♦✉❣❡s✳ ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ♦♥t
♠♦♥tré q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❝❡❧❧❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s s✬❛❝❝♦♠♣❛❣♥❡
❞✬✉♥❡ s✐❣♥❛t✉r❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ∆Π − ∆ν✳ ❆❧♦rs q✉❡ ❝❡s ❞❡✉① ♣❛r❛♠ètr❡s s❡
ré♣❛rt✐ss❡♥t ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ✈❛❧❡✉rs r❡ss❡rré s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ✐❧s ♠♦♥tr❡♥t
❛✉ ❝♦♥tr❛✐r❡ ✉♥❡ ❧❛r❣❡ ❞✐s♣❡rs✐♦♥ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✳ ▲❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♠♦♥tr❡ ✉♥
❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❆ ❧❛ ✜♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s✱ ❧❡ ❢❛❝t❡✉r
❞✉ ❝♦✉♣❧❛❣❡ ♣rés❡♥t❡ ✉♥ ♠❛①✐♠✉♠✳ ❉❡ ❢❛ç♦♥ ❛ss❡③ ✐♥tér❡ss❛♥t❡✱ ❝❡❧❛ s❡ ♣❛ss❡ q✉❛s✐ s✐♠✉❧t❛♥é♠❡♥t
❛✉ ✜rst ❞r❡❞❣❡✲✉♣✱ ❧❡ ♠♦♠❡♥t ♦ù ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛tt❡✐♥t s♦♥ ♥✐✈❡❛✉ ❧❡ ♣❧✉s ♣r♦❢♦♥❞✳
❯♥❡ ✈❛❧❡✉r é❧❡✈é❡ ❞❡ q ✐♥❞✐q✉❡ q✉❡ ❧❡s ♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ s♦♥t
t♦✉s ❧❡s ❞❡✉① très ♣r♦❝❤❡s à ❝❡t ✐♥st❛♥t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❧❡ ♠♦❞è❧❡ M0 ✭❙●✮ s✉r ❧❛
❋✐❣✉r❡ ✾✳✸ ♦✉ ❧❡ ♠♦❞è❧❡ ❞❡ ❥❡✉♥❡ ❣é❛♥t❡ r♦✉❣❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✹✮✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞❡ ✈❛❧❡✉rs ❞❡ q
❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [0.40, 0.65] ❛✉① ❛❧❡♥t♦✉rs ❞❡ ❧❛ ♣❤❛s❡ ❞❡ tr❛♥s✐t✐♦♥ ❝♦rr❡s♣♦♥❞✱ s❡❧♦♥ ❧❛ ♠♦❞é❧✐s❛t✐♦♥
♣ré❝é❞❡♥t❡ ❡t ❧❛ ❋✐❣✉r❡ ✾✳✺✱ à ✉♥❡ ✈❛❧❡✉r ❞❡ β ✐♥❢ér✐❡✉r❡ à ✶✳✹ ❡t ✉♥❡ ✈❛❧❡✉r ♣♦✉r α2 s✉♣ér✐❡✉r❡
à ✵✳✺✳ ▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s α ❡t β ♥❡ ♥♦✉s
♣❡r♠❡t ♣❛s ❞❡ ❝♦♥❝❧✉r❡ ♣❧✉s ♣ré❝✐sé♠❡♥t ✐❝✐✳

➱t♦✐❧❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉✉r❛♥t ❝❡tt❡ ♣❤❛s❡✱ ❧✬❡♥✈❡❧♦♣♣❡ s❡ ❞✐❧❛t❡ t❛♥❞✐s
q✉❡ ❧❡ ❝❛✈✐té r❛❞✐❛t✐✈❡ s❡ ❝♦♥tr❛❝t❡✳ ▲❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❛✉❣♠❡♥t❡
❡♥ ❝♦♥séq✉❡♥❝❡ ❞✉r❛♥t ❝❡tt❡ ♣ér✐♦❞❡ ❞❛♥s ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ▲❛ ❞ér✐✈é❡ d lnm/d ln r t❡♥❞ ✈❡rs
✵✱ ❧❡ ❢❛❝t❡✉r J t❡♥❞ ✈❡rs ✶ ❡t ❧✬❡①♣♦s❛♥t β ❛✉❣♠❡♥t❡ ✈❡rs s❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ 3/2 ✭♣✉✐sq✉❡ ❞❛♥s
✉♥❡ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ β ≈ 3J/2✮✳ ▲❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ q ♦❜s❡r✈é❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s
r♦✉❣❡s ♣❡✉t ❞♦♥❝ s✬❡①♣❧✐q✉❡r s♦✐t ♣❛r ✉♥ é❧❛r❣✐ss❡♠❡♥t ❞❡ ❧❛ ré❣✐♦♥ s✐t✉é❡ ❡♥tr❡ ❧❡ ♣r♦✜❧ ❞❡ ❧❛
❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❝❡❧✉✐ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜✱ s♦✐t ♣❛r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r
❞❡ β✱ ♦✉ s♦✐t ♣❛r ❧❛ ❝♦♥tr✐❜✉t✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡s ❞❡✉① ♣r♦❝❡ss✉s✳ P♦✉r ❧❡s ét♦✐❧❡s ❧❡s ♣❧✉s é✈♦❧✉é❡s
s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧❛ ✈❛❧❡✉r ❞❡ νmax ♣❡✉t ❞❡✈❡♥✐r s✐ ❢❛✐❜❧❡ q✉❡ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t
✐♥t❡r♥❡ ❛ss♦❝✐é à ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❞❡s ♠♦❞❡s ♦❜s❡r✈és ❝♦rr❡s♣♦♥❞❡ ❛✉ r❛②♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡
❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐❧ s❡♠❜❧❡ ♣ré❢ér❛❜❧❡ ❞✬✉t✐❧✐s❡r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥
❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡ ❝❛s ✷ ❞é✜♥✐ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✾✳✷✳✶ ❡t r❡♣rés❡♥té ♣❛r ❧❛ ❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡ s✉r ❧❛
❋✐❣✉r❡ ✾✳✺✳ ▲❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ q ♦❜s❡r✈é❡ ❝♦rr❡s♣♦♥❞ ❞❛♥s ❝❡ ❝❛s à ✉♥ é❧❛r❣✐ss❡♠❡♥t
❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ◆é❛♥♠♦✐♥s✱ ❧❛ r❛✐s♦♥ ♣❤②s✐q✉❡ s♦✉s✲❥❛❝❡♥t❡ à ❝❡t é❧❛r❣✐ss❡♠❡♥t ♥✬❡st ♣❛s
✉♥✐q✉❡✳ ❊♥ ❡✛❡t✱ ✐❧ ♣❡✉t rés✉❧t❡r s♦✐t ❞❡ ❧✬❡①♣❛♥s✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ s✐t✉é❡ ❡♥tr❡ ❧❡ ♣r♦✜❧ ❞❡ Ñ ❡t
❝❡❧✉✐ ❞❡ S̃1✱ s♦✐t ❞❡ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ νmax✱ ♦✉ s♦✐t ❞❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ❞❡✉① ♣❤é♥♦♠è♥❡s✳ ❉❡
♣❧✉s ❛♠♣❧❡s ✐♥✈❡st✐❣❛t✐♦♥s✱ ♣❛r ❧❡ ❜✐❛✐s✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡ ♠♦❞è❧❡s st❡❧❧❛✐r❡s✱ s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r
❝♦♥❝❧✉r❡ ❞é✜♥✐t✐✈❡♠❡♥t✳ ❊♥✜♥✱ ♦♥ ♣❡✉t ❡♥❝♦r❡ ♥♦t❡r q✉❡ ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ♦♥t ♦❜s❡r✈é ✉♥❡
❞é♣❡♥❞❛♥❝❡ ❞❡ q ❛✈❡❝ ❧❛ ♠❛ss❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉❡ ❢❛ç♦♥ ❛ss❡③ ✐♥tér❡ss❛♥t❡✱ q
❞✐♠✐♥✉❡ ❛✈❡❝ ❧❛ ♠❛ss❡ ♣♦✉r ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥❢ér✐❡✉r❡ à ❡♥✈✐r♦♥ 1.8 M⊙✳ ❆ ❧✬✐♥✈❡rs❡✱ ♣♦✉r
❞❡s ♠❛ss❡s s✉♣ér✐❡✉r❡s✱ ♣❧✉s ❧❛ ♠❛ss❡ ❡st ❣r❛♥❞❡✱ ♣❧✉s ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡st é❧❡✈é❡✳
❈❡ ❝❤❛♥❣❡♠❡♥t ❛♣♣❛r❛ît ♣rès ❞❡ ❧❛ ♠❛ss❡ ❧✐♠✐t❡ ❞❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ét♦✐❧❡s ❞✉ r❡❞ ❝❧✉♠♣ ✭✐✳❡✳✱
♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞é♠❛rr❡ ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❞é❣é♥éré❡s✮ ❡t ❝❡❧❧❡s ❞✉ s❡❝♦♥❞❛r②
r❡❞ ❝❧✉♠♣ ✭✐✳❡✳✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞é♠❛rr❡ ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s ♥♦♥✲❞é❣é♥éré❡s✮✳
❈❡tt❡ ❝♦♥st❛t❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ r❡st❡ à êtr❡ ❝♦♥✜r♠é❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s✳

➱t♦✐❧❡s ❞✉ ❝❧✉♠♣✳ ▲♦rs ❞❡ ❧✬✐❣♥✐t✐♦♥ ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧❡ ❝÷✉r✱ ❧✬ét♦✐❧❡ s✉❜✐t ✉♥
ré❛❥✉st❡♠❡♥t str✉❝t✉r❡❧✳ ❊♥ ❡✛❡t✱ ❧❡ ❞é❣❛❣❡♠❡♥t ❞✬é♥❡r❣✐❡ ❧✐❜éré❡ ♣❛r ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❢❛✐t

✷✵✻
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s❡ ❞✐❧❛t❡r ❧❡ ❝÷✉r q✉✐ ❞❡✈✐❡♥t ♠♦✐♥s ❞❡♥s❡✱ rés✉❧t❛♥t ❡♥ ✉♥❡ ✈❛❧❡✉r ♣❧✉s é❧❡✈é❡ ❞❡ ∆Π ✭❡✳❣✳✱ ✈♦✐r
❋✐❣✉r❡ ✽✳✸✮✳ ❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡✱ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛✉❣♠❡♥t❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧♦rs ❞❡
❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① st❛❞❡s é✈♦❧✉t✐❢s✳ ❈❡❧❛ ❡st ♣r♦❜❛❜❧❡♠❡♥t ❧❛ ❝♦♥séq✉❡♥❝❡ ❞✬✉♥❡ ✈❛r✐❛t✐♦♥
s✐♠✉❧t❛♥é❡ ❞❡ β ❡t ❞❡ α✳ ❊♥ ❡✛❡t✱ ♣✉✐sq✉❡ ❧❛ ❝❛✈✐té r❛❞✐❛t✐✈❡ s❡ ❞✐❧❛t❡ ❧♦rs ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✈❡rs ❧❡ ❝❧✉♠♣✱ ♦♥ ♣❡✉t ❞♦♥❝ s✬❛tt❡♥❞r❡ ❞✬✉♥❡ ♣❛rt à ❝❡ q✉❡ ❧❡ ❝♦♥tr❛st❡
❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❛ ❝❛✈✐té r❛❞✐❛t✐✈❡ ❡t ❧✬❡♥✈❡❧♦♣♣❡✱ ❡t ❞♦♥❝ β✱ ❞✐♠✐♥✉❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt à ❝❡ q✉❡ ❧❛
❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞✐♠✐♥✉❡✳ ▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝
❝❡tt❡ ♣❛✐r❡ ❞❡ ♣❛r❛♠ètr❡s ♥❡ ♣❡r♠❡t ❞♦♥❝ ♣❛s ❞❡ r❡♠♦♥t❡r ❞✐r❡❝t❡♠❡♥t à ❧❡✉rs ✈❛❧❡✉rs ❞❛♥s ❝❡s
ét♦✐❧❡s✳
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▲❛ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ❛ ♣❡r♠✐s ❞❡ ♠❡s✉r❡r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉✲
♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ♣♦✉r ❞❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s ♦❜s❡r✈é❡s ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r✳ ❊♥✈✐r♦♥ ✺✷✵✵
✈❛❧❡✉rs ♦♥t été ♦❜t❡♥✉❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❥✉sq✉✬❛✉ ❝❧✉♠♣✳ ❆❧♦rs q✉❡ ❧❡s ♣❛r❛♠ètr❡s
s✐s♠✐q✉❡s ✉s✉❡❧s ∆ν ❡t ∆Π ❞♦♥♥❡♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧✬❡♥✈❡❧♦♣♣❡ ❡t s✉r ❧❛ ❝❛✈✐té
r❛❞✐❛t✐✈❡✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♠♦♥tr❡♥t q✉❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡st ❝❛♣❛❜❧❡
❞❡ s♦♥❞❡r ❧❛ ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡ s✐t✉é❡ ❡♥tr❡ ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❝❡❧✉✐ ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜✳ ❈❡ ♣❛r❛♠ètr❡ ❡st ♥♦t❛♠♠❡♥t s❡♥s✐❜❧❡ à ❧❛ ❧❛r❣❡✉r ❞❡ ❝❡tt❡ ré❣✐♦♥ ✭♠❡s✉ré❡
♣❛r α✮ ❡t ❛✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ✭♠❡s✉ré ♣❛r
β✮✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ✈❛r✐❡ ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥
❡t q✉✬✐❧ ♣♦ssè❞❡ ✉♥❡ s✐❣♥❛t✉r❡ ♣❛rt✐❝✉❧✐èr❡ ❛✉ ♠♦♠❡♥t ❞✉ ✜rst ❞r❡❞❣❡✲✉♣✱ ❛✐♥s✐ q✉✬à ❧❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❧❡ r❡❞ ❝❧✉♠♣✳ ❙❛ ❞ét❡r♠✐♥❛t✐♦♥ ❢♦✉r♥✐t ❞♦♥❝ ❞❡ ♥♦✉✈❡❧❧❡s
❝♦♥tr❛✐♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ◆é❛♥♠♦✐♥s✱ ✐❧ ♥✬❡st ♣❛s t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ✐♥❢♦r✲
♠❛t✐♦♥s ♣ré❝✐s❡s s✉r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ à ♣❛rt✐r s❡✉❧❡♠❡♥t ❞❡ ❧❛ ♠❡s✉r❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳
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ABSTRACT

Context. The power of asteroseismology relies on the capability of global oscillations to infer the stellar structure. For evolved stars,
we benefit from unique information directly carried out by mixed modes that probe their radiative cores. This third article of the series
devoted to mixed modes in red giants focuses on their coupling factors, which have remained largely unexploited up to now.
Aims. With the measurement of coupling factors, we intend to give physical constraints on the regions surrounding the radiative core
and the hydrogen-burning shell of subgiants and red giants.
Methods. A new method for measuring the coupling factor of mixed modes was implemented, which was derived from the method
recently implemented for measuring period spacings. This new method was automated so that it could be applied to a large sample of
stars.
Results. Coupling factors of mixed modes were measured for thousands of red giants. They show specific variation with mass and
evolutionary stage. Weak coupling is observed for the most evolved stars on the red giant branch only; large coupling factors are
measured at the transition between subgiants and red giants as well as in the red clump.
Conclusions. The measurement of coupling factors in dipole mixed modes provides a new insight into the inner interior structure
of evolved stars. While the large frequency separation and the asymptotic period spacings probe the envelope and core, respectively,
the coupling factor is directly sensitive to the intermediate region in between and helps determine its extent. Observationally, the
determination of the coupling factor is a prior to precise fits of the mixed-mode pattern and can now be used to address further
properties of the mixed-mode pattern, such as the signature of buoyancy glitches and core rotation.

Key words. stars: oscillations – stars: interiors – stars: evolution

1. Introduction

The seismic observations of large sets of stars with the CoRoT
and Kepler missions, from the main sequence (Chaplin et al.
2011) up to the red giant branch (De Ridder et al. 2009), has mo-
tivated intense work in stellar physics, which includes ensemble
asteroseismology (e.g., Kallinger et al. 2010; Mosser et al. 2010;
Huber et al. 2011; Silva Aguirre et al. 2011; Kallinger et al.
2014). Ensemble asteroseismology is efficient for evolved stars
because they host mixed modes that behave as gravity modes
in the core and pressure modes in the envelope. These modes
directly probe the stellar core and, therefore, reveal unique
information.

Contrary to pressure modes, evenly spaced in frequency, and
to gravity modes, evenly spaced in period, mixed modes show
a more complicated frequency pattern. Since, for red giants, the
density of gravity modes is large compared to the density of pres-
sure modes, the mixed-mode pattern resembles a pure gravity-
mode pattern perturbed by the pressure-mode pattern. The period
spacings are close to the asymptotic value for gravity-dominated
mixed modes, but are significantly smaller near expected pure
pressure modes (e.g., Mosser et al. 2015). Pressure-dominated
mixed modes have lower inertia than gravity-dominated mixed

modes; hence, the former show larger amplitudes (Dupret et al.
2009; Grosjean et al. 2014). Even with period spacings far from
the asymptotic values, mixed modes allowed us in a first step
to distinguish stars with hydrogen-burning shell from stars with
core helium-burning (Bedding et al. 2011; Mosser et al. 2011a).
In a second step, the asymptotic analysis of the mixed-mode
pattern allowed us to derive precise information on the Brunt-
Väisälä frequency profile in the radiative core (Mosser et al.
2012b). Indeed, the asymptotic expansion (Shibahashi 1979;
Unno et al. 1989; Mosser et al. 2012b; Takata 2016) is a pow-
erful tool for investigating mixed modes in red giants observed
by the space missions CoRoT and Kepler, despite the fact that
observations are not conducted in an asymptotic regime. Ob-
served radial pressure orders are small; in fact, they are too
small to lie in the asymptotic regime, as shown by CoRoT obser-
vations (e.g., De Ridder et al. 2009; Mosser et al. 2010). How-
ever, Mosser et al. (2013b) have demonstrated that the second-
order asymptotic expansion provides a coherent view on the
pressure mode pattern, even for the most evolved red giants
(Mosser et al. 2013a). Conversely, high radial gravity orders are
observed in mixed modes, except in subgiants, so that consider-
ing a first-order expansion for the gravity contribution is relevant
(Mosser et al. 2014).
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This work allowed us to measure asymptotic period spac-
ings and to derive unique information on stellar evolution. The
contraction of the helium core of hydrogen-shell-burning red gi-
ants is marked by the decrease of the asymptotic period spacing.
Moreover, stars with a degenerate helium core (with a mass in-
ferior to about 1.8 M⊙) on the red giant branch (RGB) show a
close relationship between the large separation and period spac-
ing, which is the seismic signature of the mirror effect between
the core and envelope structures. In the red clump, contrary to
more massive stars, core-helium burning stars with a mass lower
than about 1.8 M⊙ show a tight mass-dependent relation between
the asymptotic large separation and period spacing.

The use of the mixed modes for assessing the inner interior
structure of red giants is, however, still in its infancy. Up to
now, only the period spacings have benefitted from large-scale
measurements (Vrard et al. 2016). Another important parameter,
the coupling factor q, was precisely determined for just a hand-
ful of stars (Buysschaert et al. 2016). This parameter benefitted
from a recent breakthrough since Takata (2016) could derive an
asymptotic expression for dipole modes using the JWKB method
(Jeffreys, Wentzel, Kramers, and Brillouin), taking the perturba-
tion of the gravitational potential into account; but this investi-
gation did not use the weak-coupling approximation, contrary to
the previous work by Unno et al. (1989).

Here, we use the method developed by Mosser et al. (2015,
Paper I of the series) to complete the large-scale analysis of
Vrard et al. (2016, Paper II of the series). We specifically address
the measurement of the coupling factor q of mixed modes. This
parameter plays an important role in the asymptotic expansion:
it expresses the link between the pressure and gravity contribu-
tions to the mixed mode, which is expressed by their phases θp
and θg, respectively. Following Unno et al. (1989), the asymp-
totic expansion is written

tan θp = q tan θg, (1)

with the phases defined as

θg = π
1
∆Π1

(
1
ν
− 1
νg

)
, (2)

θp = π
ν − νp
∆νp

, (3)

where νp and νg are the asymptotic frequencies of pure pressure
and gravity modes, respectively, and ∆νp is the frequency differ-
ence between the consecutive pure pressure radial modes with
radial orders np and np + 1, as defined by Mosser et al. (2015).

While θp and θg account for the propagation of the wave in
the envelope and core, respectively, the coupling factor comes
from the contribution of the region between the Brunt-Väisälä
cavity and the Lamb profile S ℓ =

√
ℓ(ℓ + 1) c/r, where the oscil-

lation is evanescent. Hence, studying the coupling factor q pro-
vides a direct way to examine the evanescent region, namely
the physical regions surrounding the hydrogen-burning shell,
where most of the stellar luminosity is produced. This param-
eter also plays a crucial role in examining rotational splittings
(Goupil et al. 2013; Deheuvels et al. 2015) and mode visibilities
(Mosser et al. 2017), so that its thorough examination becomes
crucial in red giant seismology.

The article is organized as follows. Section 2 presents the
framework of our analysis. We use the weak-coupling cases to
illustrate and emphasize how q is linked to stellar interior prop-
erties. We also introduce the strong-coupling case, which is nec-
essary at various evolutionary stages. In Sect. 3, we develop a

Fig. 1. Brunt-Väisälä and Lamb frequency profiles for a 1.3-M⊙ stel-
lar model on the RGB, corresponding to model M1 of Belkacem et al.
(2015, see also Table 3). The horizontal dashed lines delimit the fre-
quency range in which oscillations are expected, around νmax; the verti-
cal dotted lines indicate the locations of the hydrogen-burning shell and
base of the convection zone (BCZ), respectively.

specific method for measuring the coupling factors in an auto-
mated way. Section 4 presents the results derived from the set
of Kepler red giants analyzed by Vrard et al. (2016). The results
are discussed in Sect. 5.

2. Coupling factor of mixed modes

In this section, we show how the coupling factor of mixed modes
can be used to probe the stellar interior. We restrain the analysis
to dipole mixed modes (ℓ = 1).

2.1. Evanescent region

The coupling factor in Eq. (1) measures the decay of the wave in
the region between the cavities delimited by the Brunt-Väisälä
frequency NBV and the Lamb frequency S 1 (Fig. 1). This in-
termediate zone is called the evanescent region. In the JWKB
approximation, thus assuming that the wavelength of the oscil-
lations is much shorter than the scale height of the equilibrium
stellar structure, the radial component of the wave vector κ in the
evanescent region can be written

κ =

√
(S 2

1 − ω2)(ω2 − N2
BV)

cω
, (4)

where c is the sound speed and ω is the angular frequency.
We assume in the following that the evanescent zone is lo-

cated between the hydrogen-burning shell and the base of the
convective envelope. The Brunt-Väisälä and Lamb frequencies
show similar radial variations in this region probed by the mixed
modes (Fig. 1 and, e.g., Fig. 2 of Montalbán et al. 2012). Both
can be approximated with a power law with similar exponent,

−dln NBV

dln r
= βN ≃ β ≃ βS = −

dln S 1

dln r
· (5)

In fact, the exponent β measures the density contrast between
the core and the envelope: the higher the contrast, the higher β.
We expect β to increase with the evolution and contraction of the
core. In evolved red giants, where the density contrast between
the envelope and the core is high enough to ensure that the local
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Fig. 2. Relationship between the coupling factor q and the ratio α2 =

(NBV/S 1)2 defined under the assumption that both frequencies have
the same slope varying as r−β in the region surrounding the hydrogen-
burning shell; q is computed for three different values of β (1.3, 1.4,
and 1.5) in three cases: very weak (dotted lines, Eqs. (10), (11)), weak
(dashed lines, Eqs. (7)–(9)), or strong coupling (full lines, Eqs. (12)–
(14)). The very weak and weak coupling values hardly depend on β,
unlike the strong-coupling case.

gravity varies as r−2 in the evanescent region, β is expected to be
close to the upper limit of 3/2 (Takata 2016).

As a consequence of the parallel variations of NBV and S 1,
the ratio

α = NBV/S 1 (6)

can be considered as nearly uniform in the region above the
hydrogen-burning shell where the oscillation is evanescent. A
very thin evanescent zone means α is close to unity, whereas a
wide one has a small α. In the following, we use this ratio α as a
measure of the extent of the evanescent region and aim at linking
α and β with q.

2.2. Weak coupling

In the case of weak coupling, the decay of the wave amplitude in
the evanescent region E is expressed by the transmission factor
defined as

T ≡ exp
(
−

∫

E
κ dr

)
, (7)

which is linked to the coupling factor q of the asymptotic expan-
sion (Eq. (1)) by

q =
T 2

4
, (8)

as computed by Shibahashi (1979) and Unno et al. (1989).
Weak coupling is ensured if the transition region between S 1

and NBV is wide enough. Indeed, as shown by Eqs. (7) and (8),
the value of q in the case of weak coupling is necessarily below
1/4. Conversely, a value of q above 1/4 implies that the weak-
coupling approach is insufficient.

With the assumptions made in Sect. 2.1, so with the defini-
tions of α (Eq. (6)) and β (Eq. (5)), the integral term in Eq. (7)
can be rewritten
∫

E
κ dr =

√
2
β

∫ 1

α

√
1 − x2

√
x2 − α2 dx

x2
, (9)

where x is the normalized frequency ω/S 1. Consequently, the
coupling factor only depends on α and β, but does not vary in
the frequency range in which modes are observed. Although the
evanescent region is probed at different depths by the different
mixed modes, the wave transmissions through the barrier, hence
q, are the same for each frequency because of the parallel varia-
tions of NBV and S 1. This result confirms that q is directly related
to the interior structure properties (Fig. 2).

In the case of very weak coupling, the influence of the turn-
ing points can be neglected in Eq. (7). In practice, we consider
that S 1 ≫ ω ≫ NBV almost everywhere between the boundaries
of the evanescent region r1 and r2, so that q reduces to a simple
function of these boundaries

q ≃ 1
4

(
r1

r2

)2
√

2

· (10)

Combined with the assumption on the variations of NBV and S 1,
it can be rewritten in terms of the coefficients α and β as follows:

q ≃ 1
4
α2
√

2/β. (11)

This simplified relation shows again that q does not vary in the
frequency range in which mixed modes are observed. It also
proves that q provides another diagnostic parameter of red gi-
ants, complementary to the period spacing ∆Π1 that probes the
Brunt-Väisälä cavity.

2.3. Strong coupling

In the strong coupling case studied by Takata (2016), the expres-
sion of the transmission T is not as simple as Eq. (7) and must
be replaced by a more precise expression. The relation between
q and T becomes

T 2 =
4q

(1 + q)2
· (12)

The factor q is connected to interior structure properties in the
general case

q =
1 −

√
1 − exp(−2πX)

1 +
√

1 − exp(−2πX)
, (13)

following Eq. (133) of Takata (2016). The new variable X de-
fined by Eq. (61) of this paper expresses

X ∝
∫

E
κ dr + XR, (14)

where the additional term XR is only important when the fre-
quencies NBV and S 1 are very close to each other. This term
comes from the gradient of NBV and S 1 in the evanescent region.
In practice, XR takes the reflection of the wave at the boundaries
into account and thereby explains that the transmission cannot be
equal to unity even when NBV and S 1 have very close values. As
a result, a very narrow evanescent region characterized by α ≃ 1
is not associated with a coupling factor close to one.

The variation of X and the relation between X and q make it
possible to have values of q significantly above the limit of 1/4
fixed by the weak-coupling case (Eq. (8)). Under the assumption
that NBV and S 1 show similar radial variations, the computation
of X, hence q, depends only on α and β. The variations of q
with α2 are shown in Fig. 2, computed with Eq. (A80) of Takata
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(2016). This equation takes into account the perturbation of the
gravitational potential that modifies the values of NBV and S 1.
The comparison of the weak and strong coupling also shows that
the use of the weak-coupling case is relevant for very low values
of q only.

We note that, the lower the β, the larger the correction on q in
the strong-coupling case. Moreover, the observations of q values
larger than 1/4 are associated with β values of less than 1.5. Also,
the correction increases when α increases.

As in the weak-coupling case, q does not show variation in
the frequency range in which modes are observed. This is the
consequence of parallel variations of NBV and S 1. In the follow-
ing, we consider that the variation of q with frequency is small
enough, so that fitting the whole mixed-mode spectrum with a
fixed coupling factor makes sense.

3. Method

In previous work (Mosser et al. 2012b, 2014), coupling factors
in red giants were derived from the fit of the oscillation pattern.
This fitting method, even if made precise and easy with the new
view exposed in Mosser et al. (2015), cannot be automated and,
therefore, we have to provide a new method for dealing with the
amount of Kepler data.

3.1. Correlations between mixed-mode parameters

The method of Vrard et al. (2016) developed for measuring the
period spacing ∆Π1 offers an efficient basis for obtaining a rel-
evant measure of q. According to Eq. (1), the measurements of
the mixed-mode parameters q and ∆Π1 are a priori independent:
∆Π1 measures the period spacings between the mixed modes
whereas q measures the deformation of these spacings close to
the pure pressure modes (see, e.g., Fig. 2 of Vrard et al. 2016).
When buoyancy glitches, rotational splittings, or simply noise,
locally modify the frequency interval between two consecutive
mixed modes; this independence is however not ensured. In fact,
buoyancy glitches introduce a crosstalk between the determina-
tion of q and ∆Π1, which induces spurious fluctuations of q when
computing ∆Π1. Vrard et al. (2016), who considered q a free pa-
rameter when measuring period spacings ∆Π1, obtained q with
large uncertainties. In order to get q in a robust manner, we first
had to circumvent this crosstalk. To do so, we chose to measure
q and ∆Π1 in an independent manner. For measuring q, we con-
sidered first ∆Π1 as a fixed parameter, adopting the values of
Vrard et al. (2016).

3.2. Measuring q

In practice, the first step of the method consists in a stretching
of the power spectrum P(ν) by using the change of variable in-
troduced by Mosser et al. (2015). The frequency ν is replaced by
the stretched period τ according to

dτ =
1
ζ

dν
ν2
, (15)

where the function ζ is obtained from the interpolation of the
values obtained for the dipole mixed-mode frequencies νm,

ζ(νm) =
[
1 +

1
q

ν2m∆Π1

∆νp

cos2 θg

cos2 θp

]−1

· (16)

The way to obtain a precise continuous function of ζ is ex-
plained by Mosser et al. (2015). It importantly depends on the

Fig. 3. Variation of the stretching function ζ with q. The locations of
the local minima of ζ, which correspond to the expected pure pressure
modes, do not depend on the value of q.

Fig. 4. Variation of the signal Q with the coupling factor qtest used in the
stretching function ζ considered as a free parameter, for a typical clump
star (KIC 1717994). The region with maximum Q values (full symbols)
is used to define the optimum value of q and the associated uncertainty
δq. The dotted lines delimit the range q ± δq.

correct location of the pure dipole modes, which is carried out
by the use of the red giant universal pattern (Mosser et al. 2011b;
Corsaro et al. 2012).

The power spectrum P(τ) expressed as a function of the
stretched period τ is composed of M blended comb-like pat-
terns, whereM is the number of visible azimuthal orders. For a
star seen equator-on,M = 2, only 1 when the star is seen pole-
on, and 3 in the intermediate case.

The regularity of theM comb(s) is optimized when the value
of ζ used for stretching the spectrum matches the correct cou-
pling (Fig. 3). So, we varied the coupling factor qtest to obtain a
varying correction ζ and searched to optimize the regularity of
the comb. The optimum signal is inferred from the maximum of
the Fourier transform of P(τ), noted Q (Fig. 4). As is clear from
Fig. 3, the regularization is only slightly affected by q, so that the
measurement is only possible for high signal-to-noise spectra.

3.3. Individual check and limitations

The robustness of the method was verified with individual
checks based on typical red giant oscillation spectra observed
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at various evolutionary stages. This check first allowed us to
verify that more than 96% of the prior values of ∆Π1 automat-
ically measured by Vrard et al. (2016) are safe. Wrong initial
values of ∆Π1 were identified by spurious measures of q. For
oscillation spectra with a low signal-to-noise ratio, measuring
the period spacing ∆Π1 still remains possible, but identifying
the small variations due to the coupling is demanding. For high
signal-to-noise ratio oscillation spectra, we identified three ma-
jor cases providing us with incorrect measurements for q: pres-
sure glitches, buoyancy glitches, and rotation. All these effects
perturb the regularity of the function ζ.

3.3.1. Pressure glitches

Pressure glitches occur when rapid variations of the sound speed
modify the regularity of pressure modes. They contribute by
adding a small modulation to the pressure mode pattern. The
shift remains less than 2% of ∆ν, as measured in the radial modes
of a large set of red giants by Vrard et al. (2015). The modula-
tion of the pure dipole pressure modes is similar to that of radial
modes, so that the location of pressure-dominated mixed modes
are shifted. As a result, the local minima of the stretching func-
tion ζ are shifted (Fig. 7 of Mosser et al. 2015). This change may
induce a spurious variation of Q, so that the method fails. More
importantly, the method often produced very low or very large
spurious values of q in that case.

3.3.2. Buoyancy glitches

Buoyancy glitches occur when rapid variations of the
Brunt-Väisälä frequency modify the regularity of the gravity-
mode pattern. This effect was theoretically investigated by
Cunha et al. (2015); it affects mixed modes since it locally mod-
ifies the period of the stretched spectrum, with a clear signature
on the function ζ (Figs. 8 and 10 of Mosser et al. 2015). Measur-
ing a mean period spacing in the presence of buoyancy glitches
is often possible, but measuring its optimization for deriving q is
more challenging, since variations of the period spacings due to
the buoyancy glitch mimic variations because of an inadequate
value of q. This situation most often occurs for red clump stars
and may explain part of the large spread of q observed for these
stars.

3.3.3. Rotational splittings

Rotational splittings also perturb the measurements of q. In
the case of low rotation (Mosser et al. 2012a), each family of
stretched peaks associated with a given azimuthal order m pro-
vides a comb spectrum with a period close to ∆Π1 (Fig. 6 of
Mosser et al. 2015), so that the identification of ∆Π1 and of q
is clearly derived from the optimization of the Fourier analy-
sis of P(τ). However, the signature of the period spacings be-
tween the different peaks with different azimuthal orders some-
times dominates and hampers the measurement of q. This most
often appears on the RGB, when the rotational splittings of
the largest peaks near νmax are comparable to a simple frac-
tion of the frequency differences between two consecutive mixed
modes.

Individual checks based on the fit of the mixed-mode pattern
and on échelle diagrams were performed on 5% of the target to
correct spurious values.

3.4. Threshold and uncertainties

The examination of various stars at different evolutionary stages
allowed us to define a relevant threshold value Q ≥ 25, char-
acterizing a reliable measurement of q. Since we noticed that
very low or very high values of q are artefacts, we introduced
a penalty function for those values. Uncertainties were empiri-
cally derived from the examination of the power spectrum Q of
the stretched spectrum P(τ) and by comparison with individual
fittings. Variations of Q less than 4% of the maximum value were
used to derive an estimate of the uncertainties δq (Fig. 4). This
is a conservative value.

We are aware that a more sophisticated statistical analysis is
desirable for deriving stronger estimates of the uncertainties on
q, as recently carried out by Buysschaert et al. (2016). These au-
thors chose three bright stars seen pole-on, so with a high signal-
to-noise ratio oscillation pattern free of any rotational splitting.
Despite these favorable conditions, their analysis was computa-
tionally very demanding (Buysschaert, priv. comm.). An analy-
sis aiming at measuring precise uncertainties for a large set of
stars is beyond the scope of our work, which is mainly intended
to provide a coherent view of a large set of stars.

4. Results

4.1. Data set

We used the data of Vrard et al. (2016), namely a catalog
of about 6100 red giants with measured period spacings and
duly identified evolutionary stages. We also considered 33 sub-
giants, defined as subgiants according to the seismic criterion
(∆ν/36.5 µHz)(∆Π1/126 s) > 1 introduced by Mosser et al.
(2014). This latter work also provided us with the criteria
necessary to identify the other evolutionary stages (RGB and
clump stars). Stellar masses were estimated with the method of
Mosser et al. (2013b), which uses the homology of red giant os-
cillation spectra to lower the uncertainties induced by pressure
glitches that are present at all evolutionary stages (Vrard et al.
2015). This procedure benefits from a calibration on a large set of
stars and has proved to be less biased than similar methods only
calibrated on the Sun. The calibration does not depend on the
evolutionary stage, which can lower its precision (Miglio et al.
2012). Recent studies all converge to state that seismic masses
are slightly overestimated by about 5–15% (e.g., Epstein et al.
2014; Lagarde et al. 2015; Gaulme et al. 2016); such a result
does not invalidate the relevance of the seismic estimate.

4.2. Iterations for the RGB and the red clump

An iteration process allowed us to correct values of q affected
by an initial incorrect estimate of ∆Π1. Finally, we obtained
5200 values of q, corresponding to a maximum Q value that is
higher than 25. High-quality values characterized by Q ≥ 50
were obtained for about 3700 stars. The results are shown in
Fig. 5, where the RGB and clump stars can be easily identified
since they show different variations with stellar evolution. The
mass dependence visible in Fig. 5 is a consequence of the evo-
lution dependence, so that its study requires some attention (see
Sect. 5).

The mean value of q on the RGB decreases with stellar evo-
lution from 0.18 to 0.12. Coupling factors in the red clump are
most often in the range [0.2–0.45], with a mean value of about
0.32; more than 70% of the red-clump values are above 1/4.
This indicates that weak coupling (Eq. (8)) does not hold at this
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Fig. 5. Coupling factor q as a function of the large separation ∆ν. Asymptotic values of ∆ν and ∆Π1 come from Vrard et al. (2016). The color
codes the mass, which is determined with seismic scaling relations. The right vertical axis provides the corresponding values of the transmission
factor T .

Fig. 6. Coupling factor q as a function of the mixed-mode density
N = ∆ν/(∆Π1 ν

2
max). The vertical dashed lines indicate the transition

from subgiants to red giants defined by Mosser et al. (2014). Triangles
indicate subgiants; squares indicate stars on the RGB (small squares for
long-cadence Kepler data and big squares for short-cadence data). Three
values of q obtained for a synthetic 1.3-M⊙ evolutionary sequence are
also shown with × (see Sect. 5.3 and Table 3).

evolutionary stage. For interpreting observed coupling factors of
clump stars, a theoretical study of strong coupling must be con-
sidered (Takata 2016).

When the threshold level of the detection is increased, the
spread in q decreases for clump stars. We observed that low Q
values are often associated with unevenly spaced period spectra,

regardless of the signal-to-noise ratio of photometric time series.
As a result, low or high q values are most often related to buoy-
ancy glitches, as observed in Mosser et al. (2015).

4.3. Subgiants

Subgiants were also considered. In that case, coupling factors
were not measured with the aforementioned method, but were
directly determined from the fit of the mixed-mode pattern. The
validity of the asymptotic expression is questionable for mixed
modes with low-radial gravity orders observed in red giants. It
however provides period spacings that fully agree with modeled
values (Benomar et al. 2013, 2014; Deheuvels et al. 2014). In
fact, even if the density of gravity modes expressed by the num-
ber N = ∆ν/(ν2max∆Π1) is small, the distribution of the period
spacings is well reproduced by the asymptotic expression and is
sensitive to q. From the quality of the fit of the mixed mode, we
could measure this parameter and estimate relative uncertainties
that are smaller than 20%. The identification of high q values
is especially clear: in such cases, the period spacings hardly de-
pend on the nature of the mixed mode (Fig. 3). In Fig. 6, q is
plotted as a function of the mixed-mode densityN instead of ∆ν
to emphasize the change of physics when a subgiant evolves into
a red giant. The strongest values of q, close to unity, are obtained
at the transition from subgiants to red giants.

4.4. Outliers

A limited number of stars have coupling factors significantly dif-
ferent from the mean behavior. We stress that their identification
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Fig. 7. Échelle diagram of the very low metallicity RGB star KIC
4671239, with the stretched period τ modulo ∆Π1 on the x-axis and
frequency on the y-axis. All dark symbols indicate dipole modes with a
height above 5 times the local stellar background; their sizes depend on
the mode height. When the azimuthal order can be automatically iden-
tified, triangles correspond to m = −1, squares to m = 0, diamonds to
m = +1. Light gray symbols correspond to unidentified modes: most of
these are located in the region of pressure-dominated mixed modes; a
few unidentified modes may also be ℓ = 3 modes. All components of
the rotational multiplets intersect at 112 µHz; the m = ±1 components
intersect at 91 µHz. The oscillation spectrum is plotted in gray top to
bottom in the background of the figure to link the stretched periods and
the mixed-mode frequency.

in this work dedicated to ensemble asteroseismology is certainly
incomplete; outliers are however rare. The stars we identified
deserve future attention.

4.4.1. KIC 4671239

KIC 4671239 has been identified by Thygesen et al. (2012) as
one of the less metallic red giants observed by Kepler, with
[Fe/H] = −2.45 and Teff = 4900 K. The seismic parameters
of this star are highly atypical. Apart from the high coupling
value for an RGB star at a similar evolutionary stage (q ≃ 0.25
instead of less than 0.15), the analysis of its mixed-mode pat-
tern has revealed a period spacing ∆Π1 ≃ 66.6 s, which is much
smaller than for RGB stars with similar ∆ν (Mosser et al. 2014;
Vrard et al. 2016), and a much higher core rotation (Mosser et al.
2012a) with δνrot ≃ 830 nHz. These parameters translate in a
complex mixed-mode pattern, in which the different azimuthal
orders show intricate structures. Disentangling this pattern is
only possible with an échelle diagram constructed with stretched
periods (Fig. 7), following Mosser et al. (2015) and Gehan et al.
(2016).

4.4.2. KIC 6975038

KIC 6975038 also shows atypical seismic parameters, with
∆Π1 ≃ 57.9 s, which is much smaller than comparable stars with
∆ν = 10.61 µHz, and q ≃ 0.35, which is much above the val-
ues observed on the RGB. The low value of ∆Π1 and the high
value of q may both indicate a larger radiative cavity, hence a
smaller region where modes are evanescent, than in other stars
with similar ∆ν.

4.4.3. Massive stars

Stars in the secondary clump, more massive than 1.8 M⊙, show
lower q compared to less massive stars burning their core he-
lium. The difficulty of fitting their mixed-mode spectrum does
not resemble the difficulty met in presence of buoyancy glitches
(Mosser et al. 2015). A better fit of the data can be obtained with
a gradient in q as a function of frequency. According to the study
conducted in Sect. 2, this gradient may result from the fact that
the NBV and S 1 profiles are not parallel in the evanescent region
of such stars.

This effect appears for stars as KIC 4372082 or 6878041,
which are more massive than the secondary-clump stars stud-
ied by Deheuvels et al. (2015). Such objects are rare and, de-
spite low-quality spectra, certainly deserve detailed study and
modeling.

5. Discussion

The variation of the coupling factor with the large separation
∆ν can be used to derive direct information concerning the ex-
tent of the evanescent region between the NBV and S 1 profiles,
with the formalism introduced in Sect. 2. Even if mixed modes
probe these functions in a limited frequency range around νmax,
the hypothesis that the NBV and S 1 profiles are parallel in the
considered region helps us to derive precise information on stel-
lar interior properties; regardless of the consequence of the de-
crease of νmax with evolution. The hypothesis is finally discussed
in Sect. 5.4.

5.1. Variation with the evolutionary stage

5.1.1. Subgiant – red giant transition

Mosser et al. (2014) have shown that the transition between sub-
giants and redgiants has a clear signature in the ∆Π1 – ∆ν dia-
gram. In the subgiant phase, the relation between these asymp-
totic period and frequency spacings shows a large spread with a
significant mass dependence, whereas the parameters are tightly
bound on the RGB. The coupling factor q is similarly impacted
by the evolution and shows a significant increase at the end of
the subgiant phase (Fig. 6). This increase occurs in parallel with
the first dredge-up, when the base of the convection zone goes
deeper in the envelope. A high value of q indicates that not only
the NBV profile, but also the S 1 profile, is deep in the stellar
interior. Observing high values in the range [0.40–0.65] near
the transition region from subgiants to red giants argues, using
Fig. 2, for a slope β slightly higher than or close to 1.3 with a
ratio α2 larger than about 0.5.

5.1.2. On the RGB

At the beginning of the ascent on the RGB, the stellar core con-
tracts and the envelope expands. The decrease of q means either
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Table 1. Mass dependence of q on the RGB.

M/M⊙ 1.0 1.2 1.4 1.6 1.8 2.0

qM 0.144 0.128 0.126 0.123 0.134 0.134
σq 0.021 0.025 0.026 0.022 0.023 0.027

Notes. The variation of q with ∆ν is modeled as q = qM(∆ν/10)0.096,
with ∆ν in µHz.

Table 2. Mass dependence of q in the red clump.

M/M⊙ 0.9 1.1 1.3 1.5 1.7 2.0

qb 0.301 0.287 0.274 0.272
q̄ 0.363 0.324 0.299 0.289 0.283 0.270
qe 0.339 0.313 0.303 0.290
σq 0.024 0.016 0.011 0.010 0.012 0.022

Notes. The values qb, q̄, and qe measure, respectively, the coupling for
the early, middle, and late stages in the clump, defined in Mosser et al.
(2014); these values are defined by 25% of the stars lying on the first,
middle, and late portion of the mass-dependent evolutionary track, re-
spectively; σq measures the spread of the values; the fits were derived
from high-quality spectra with Q ≥ 50.

that the region between NBV and S 1 expands too, inducing a de-
crease of α, or that the coefficient β increases toward the value
3/2. A simultaneous variation of both terms α and β is possible
too.

For evolved models on the RGB, νmax becomes smaller than
the value of NBV at the base of the convective zone, so that the
hypothesis of parallel variations of NBV and S 1 is no longer valid
for evolved stars on the RGB (e.g., Montalbán et al. 2013). In
fact, the decrease of q with stellar evolution can result either
from the decrease of νmax or from the expansion of the region
between NBV and S 1, so that it is impossible to derive any firm
conclusion in terms of interior structure evolution.

The decrease of q on the RGB plays a non-negligible role
in the difficulty to observe mixed modes at small ∆ν predicted
for high- and low-mass stars (Dupret et al. 2009; Grosjean et al.
2014). In fact, mixed modes that are not in the close vicinity of
the pressure-dominated modes are poorly coupled, so that they
show an important gravity character, hence a high inertia and
tiny amplitude. In practice, measuring low values of q is hard.

In order to estimate the mass dependence of q observed on
the RGB, we first fitted the slope of q(∆ν) as a power law under
the assumption that the exponent does not depend on the stellar
mass. In a second step, we quantified the mass dependence in the
relation q(∆ν). For low-mass stars with a degenerate helium core,
the higher M, the lower q; for stars more massive than 1.8 M⊙,
the situation is inverted (Table 1). This change occurs near the
limit in mass between the red and secondary clumps, so is likely
related to the degeneracy of helium in the core.

5.1.3. In the red clump

In the red clump, the mass dependance of q is coupled to the
large separation dependence: the lower the mass, the higher the
coupling. This behavior is discussed in the next paragraph, since
it obeys to a general trend in the relationship between q and ∆Π1.

Mean values of the coupling for red clump stars are given
in Table 2. Using the seismic evolutionary tracks depicted in
Mosser et al. (2014), we could measure the evolution of q in
the red clump, at fixed mass. Values at the early, middle, and

Table 3. Seismic properties of 1.3 M⊙ models.

Model Evol. Age νmax ∆ν ∆Π1 q
stage (Gyr) (µHz) (µHz) (s)

M0 subgiant 4.40 670 39.5 182 0.40
M1 RGB 4.59 341 22.9 97 0.20
M2 RGB 4.79 49.0 5.24 63 0.045

Fig. 8. Coupling factor q as a function of the period spacing ∆Π1

for RGB and clump stars. Same symbols as in Fig. 6. A threshold at
Q = 100 reduces the number of stars compared to Fig. 5. The dot-
ted and dashed lines correspond to the fits for RGB and clump stars,
respectively.

late stages in the clump are shown in Table 2. As shown by
Mosser et al. (2015), the evolution of stars in the red clump show
non-monotonous variation of both ∆ν and ∆Π1. Conversely, the
monotonous increase of q indicates either that the ratio α in-
creases along the evolution of low-mass stars in the red clump,
resulting from a small shrinking of the evanescent region, or that
the exponent β decreases. Both effects may simultaneously con-
tribute to the variations.

5.2. Variation with the period spacing

The variations of q with the period spacing ∆Π1 depend on the
evolutionary stage. Wether on the RGB or in the clump, the
global variations of q(∆Π1) indicate that the larger ∆Π1, the
larger q (Fig. 8). A large value of ∆Π1 is representative of a small
dense core with high NBV values. So, we come to the conclusion
that high values of NBV and S 1 occur in similar situations, and
that they get close to each other when they increase together. At
fixed β, the ratio α = NBV/S 1 is then correlated with ∆Π1 for
both RGB and clump stars (but not for subgiants).

Since the variations of q are nearly linear in both domains,
the following simple fits can be used as proxies for q (Fig. 8):

qRGB = −0.0034 +
∆Π1

597
, (17)

qclump = 0.082 +
∆Π1

1450
, (18)

where ∆Π1 is measured in seconds. The fit of qRGB is however
not efficient for early RGB stars; the fit of qclump is valid for both
primary and secondary clumps. Such fits are intended to facili-
tate the identification of the mixed-mode pattern, rather than for
explaining the physics of the coupling.
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5.3. Modeling and computation of q

We used stellar models to match the observed coupling fac-
tor. We considered 1.3-M⊙ models at three evolutionary stages
(Table 3) without overshoot or diffusion; their full description
is given in Belkacem et al. (2015). In the strong coupling case
(model M0), we computed q from Eqs. (12)–(14) using the
asymptotic formalism of Takata (2016) and taking the pertur-
bation of the gravitational potential into account. In the inter-
mediate case (model M1), using a similar analysis is question-
able since hypotheses in the calculation of XR are valid when the
evanescent region is very thin. Nevertheless, the strong-coupling
analysis matches the weak-coupling case when the evanescent
region becomes very large, so that we computed q in a simi-
lar way as for the model M0. In the weak coupling case (model
M2), we used the same expression, but with XR = 0 and, fi-
nally, compare these three factors with observations. The factor
q shows in fact small variations with frequency, so that we had
to consider the mean value, defined in a 4-∆ν broad frequency
range centered on νmax. We checked that the term XR introduced
by Eq. (14) significantly reduces the value of q and also con-
tributes to the relative stability of q with frequency. We also no-
ticed that the perturbation of the gravitational potential plays a
non-negligible role not only in the core but also in the evanes-
cent zone and in the inner region of the convective envelope.
This provides evidence that the Cowling approximation is not
appropriate for computing q.

Modeling quantitatively agrees with observations, except for
the most evolved model. The subgiant model M0 close to the
transition to red giants shows a high q; the next model M1 is
on the RGB and has a much lower q. Both agree with the ob-
served values. The coupling factor for model M2, higher on
the RGB, shows however a value that is significantly smaller
than observed. In M2, the evanescent region is in fact above the
base of the convective envelope (e.g., Fig. 2 of Montalbán et al.
2013). This point deserves further work, which is beyond the
scope of this paper.

Modeling red clump stars requires special attention in the
prescription of convection and mixing in the core (Lagarde et al.
2012; Bossini et al. 2015). We could not compare our results
with modeling but used the calculations exposed in Sect. 2. The
high values observed for q in the clump imposes the exponent β
(Eq. (5)) to be less than 3/2 (Fig. 2).

5.4. Variation of q with frequency

For a limited number of stars examined by Vrard et al. (2016),
the asymptotic expansion does not provide a satisfying fit of
the mixed-mode pattern without a direct explanation in terms
of buoyancy glitch. For these stars, a better fit is obtained when
varying q with frequency. Modeling derives similar conclusion,
with different slopes βN and βS (Eq. (5)) or more complicate
variations (e.g., Montalbán et al. 2013).

Since the independence of q with frequency derives from the
hypothesis of parallel variations of NBV and S 1, we have to con-
clude that this hypothesis is not fully correct. The observational
study of the variations of q with frequency appears to be highly
challenging for the same reasons as those explaining the difficul-
ties in measuring q (rotation, glitches, and finite mode lifetimes).
The individual study of bright stars with a high signal-to-noise
ratio is necessary to investigate the frequency dependence of q
in detail. Combined with modeling, this study will help assess to
which extent the mean value of q is a global seismic parameter,

which is as informative for the evanescent region as ∆ν and ∆Π1
for the pressure and radiative cavities, respectively.

6. Conclusions

The new method setup for measuring the coupling factor of
mixed modes in evolved stars has provided the first analysis of
this parameter over a large set of stars. We could determine 5200
values of q, from subgiants to clump stars. Three main results
can be inferred:

– Coupling factors test the region between the Brunt-Väisälä
cavity and the S 1 profile, dominated by the radiative core and
the hydrogen-burning shell. Indeed, while ∆ν is mainly sen-
sitive to the envelope and ∆Π1 provides the signature for the
core, we can directly access the intermediate region with q.

– The variation of q with stellar evolution provides us with new
constraints on stellar modeling. We note that, for both RGB
and clump stars, the coupling factors show simple global
variations with the period spacing. The characterization of
outliers can be used to constrain physical processes inside
stars.

– Strong coupling is observed in stars at the transition
subgiant/red giant and in the red clump. In fact, the
weak-coupling formalism of Unno et al. (1989) fails for a
quantitative use of the observed coupling factors, except for
the most evolved stars on the RGB. In all other cases, the
use of the new formalism proposed by Takata (2016) for
strong coupling is mandatory.

These measurements also open the way to more precise fits of
the mixed-mode pattern to analyze in detail extra features, such
as the rotational splittings and buoyancy glitches.
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▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt
❝♦✉♣❧❛❣❡

❙♦♠♠❛✐r❡
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✶✵✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✷
✶✵✳✷✳✶ ❈❤♦✐① ❞✉ ♠♦❞è❧❡ ❞❡ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ✳ ✳ ✳ ✷✷✷
✶✵✳✷✳✷ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹
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✶✵✳✸ ❈♦♥❝❧✉s✐♦♥s ♣ré❧✐♠✐♥❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✵

▲❡s ♦❜s❡r✈❛t✐♦♥s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ♠♦♥tr❡♥t ❧❛ ♥é❝❡ss✐té ❞❡ ❝♦♥s✐❞ér❡r
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s à ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❛ ❜r❛♥❝❤❡
❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❝❡❧❧❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❛✐♥s✐ q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❛②❛♥t ❞é❥à ❝♦♠♠❡♥❝é à
❜rû❧❡r ❧❡✉r ❤é❧✐✉♠ ❝❡♥tr❛❧✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ♣❡✉ ét❡♥❞✉❡✱ ❧✬❛♥❛❧②s❡
❛s②♠♣t♦t✐q✉❡ ❡st r❡♥❞✉❡ ♣❧✉s ❝♦♠♣❧❡①❡ ♣❛r ❧❛ ♣r♦①✐♠✐té ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳ ❘é❝❡♠♠❡♥t✱ ❚❛❦❛t❛
✭✷✵✶✻❛✮ ❛ ♣r♦♣♦sé ✉♥ ♥♦✉✈❡❛✉ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡tt❛♥t ❞❡ s✉r♠♦♥t❡r ❝❡tt❡ ❞✐✣❝✉❧té✳ ❈❡❧❛ ❧✉✐ ❛
♣❡r♠✐s ❞❡ ❞é♠♦♥tr❡r ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ❞❛♥s ❧❡ ❝❛s ❧✐♠✐t❡ ♦ù
❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st très ✜♥❡✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞é❝r✐r♦♥s s✉❝❝✐♥❝t❡♠❡♥t ❧❡s ❤②♣♦t❤ès❡s
❡t ❧❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡s ❞❛♥s s♦♥ ❛♥❛❧②s❡ ❛✈❛♥t ❞❡ ❞✐s❝✉t❡r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ♦❜t❡♥✉❡ ❞❛♥s ❝❡
❝❛s ❧✐♠✐t❡✳ ❊♥s✉✐t❡✱ ♥♦✉s ❝♦♠♣❛r❡r♦♥s ♣❧✉s ♣ré❝✐sé♠❡♥t ❧❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ♣ré❞✐t❡s ♣❛r
❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥ t❤é♦r✐q✉❡ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ♣❛r ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ P♦✉r t❡st❡r
❝❡tt❡ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✱ ♥♦✉s ♥♦✉s ♣❧❛❝❡r♦♥s ❞❛♥s ✉♥ ❝❛s ✐❞é❛❧ q✉✐✱ ❜✐❡♥ q✉❡ ♥♦♥✲ré❛❧✐st❡✱ r❡s♣❡❝t❡
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡t ❧❛ ❧✐♠✐t❡ ❛s②♠♣t♦t✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ q✉✐ ♦♥t été ✉t✐❧✐sé❡s ❞❛♥s
s❛ ❞ér✐✈❛t✐♦♥✳ ▲❡s rés✉❧t❛ts ♣ré❧✐♠✐♥❛✐r❡s ❞❡ ❝❡tt❡ ét✉❞❡ t♦✉❥♦✉rs ❡♥ ❝♦✉rs s❡r♦♥t ❛❧♦rs ❜r✐è✈❡♠❡♥t
❞✐s❝✉tés✳

✶✵✳✶ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❛✈❡❝ ❢♦rt ❝♦✉♣❧❛❣❡

✶✵✳✶✳✶ ▼ét❤♦❞❡ ❡t ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮

▲✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❝♦♥s✐❞èr❡ q✉❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞❡s
♠♦❞❡s ♠✐①t❡s ❡st très ✜♥❡ s♣❛t✐❛❧❡♠❡♥t✳ ❉❛♥s ✉♥❡ t❡❧❧❡ s✐t✉❛t✐♦♥✱ ✉♥❡ ❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ s✐♠✐❧❛✐r❡
à ❝❡❧❧❡ ♣r♦♣♦sé❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ♦✉ ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮✱ q✉✐ ❛ été ♣rés❡♥té❡ ❡♥ ❞ét❛✐❧ ❞❛♥s ❧❛
❙❡❝t✐♦♥ ✷✳✷✳✷✱ ❞❡✈✐❡♥t ✐♥✈❛❧✐❞❡ ♣♦✉r ❞❡✉① ♣r✐♥❝✐♣❛❧❡s r❛✐s♦♥s✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡
é✈❛♥❡s❝❡♥t❡ ❡st tr♦♣ ❢❛✐❜❧❡ ♣♦✉r q✉✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ✐ss✉❡s ❞❡s

✷✶✾
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❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts ❛ss♦❝✐és ✭✐✳❡✳✱ rb ❡t rc✮ s♦✐t ❥✉st✐✜é à ❧✬✐♥tér✐❡✉r ❞❡ ❝❡tt❡ ré❣✐♦♥✳ ❉❡✉①✐è♠❡♠❡♥t✱
❧❛ ♠ét❤♦❞❡ ❝♦♥s✐st❛♥t à rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❛✉t♦✉r ❞❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts ❡♥
♥é❣❧✐❣❡❛♥t ❧❡s ✈❛r✐❛t✐♦♥s ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ♣✉✐s ❞❡ r❡❧✐❡r ❧❡s s♦❧✉t✐♦♥s ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ③♦♥❡
é✈❛♥❡s❝❡♥t❡ ♥✬❡st ♣❧✉s ✈❛❧✐❞❡✳ ❊♥ ❡✛❡t✱ ✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡ ❞❡ rés♦✉❞r❡ ❊q✳ ✭✷✳✹✼✮ ❡♥ ♥é❣❧✐❣❡❛♥t
f(q1) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ rb ❛✐♥s✐ q✉❡ ❊q✳ ✭✷✳✹✽✮ ❡♥ ♥é❣❧✐❣❡❛♥t f(q2) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ rc ♣✉✐sq✉❡ ❧❡s ❞❡✉①
♣♦✐♥ts t♦✉r♥❛♥ts ❝❡♥tr❛✉① s♦♥t très ♣r♦❝❤❡s ❡t ❧❡s t❡r♠❡s f(qi) s♦♥t ❣r❛♥❞s ✭❡♥ ❡✛❡t✱ |f(qi)| → +∞
q✉❛♥❞ qi → 0✮✳ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❛ ♣✉ s✉r♠♦♥t❡r ❝❡s ❞✐✣❝✉❧tés ❡♥ ❞é✈❡❧♦♣♣❛♥t ✉♥ ❢♦r♠❛❧✐s♠❡ q✉✐
♣❡r♠❡t ❞❡ tr❛✐t❡r s✐♠✉❧t❛♥é♠❡♥t ❧❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ▲✬❛✉t❡✉r ❛
❝♦♥s✐❞éré ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧✱ ♠❛✐s ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ ♠ê♠❡ ❢♦r♠❛❧✐s♠❡ ♣❡✉t s✬❛♣♣❧✐q✉❡r ❛✉① ♠♦❞❡s
♠✐①t❡s ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ❞❡❣ré ❛♥❣✉❧❛✐r❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡t ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥
❝♦✉♣❧❛❣❡ ❢♦rt✳ ❖♥ rés✉♠❡ ✐❝✐ ❜r✐è✈❡♠❡♥t ❧❡s ♣♦✐♥ts ❡ss❡♥t✐❡❧s ❞❡ s♦♥ ❛♥❛❧②s❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❝❡♥tr❛❧❡
❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✿

✶✳ ❯♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❛st✉❝✐❡✉① ✿ ❧❛ s✐♥❣✉❧❛r✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f(qi) ❛✉① ♣♦✐♥ts t♦✉r✲
♥❛♥ts ♥✬❛ ♣❛s ❞✬♦r✐❣✐♥❡ ♣❤②s✐q✉❡✳ ❊❧❧❡ ❛ été ✐♥tr♦❞✉✐t❡ ❛rt✐✜❝✐❡❧❧❡♠❡♥t ♣❛r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡
❞❡✉① ❝❤❛♥❣❡♠❡♥ts ❞❡ ✈❛r✐❛❜❧❡s✳ ▲❡ ♣r❡♠✐❡r ❝♦rr❡s♣♦♥❞ ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❞♦♥♥é ♣❛r
❊qs✳ ✭✷✳✸✽✮ ❡t ✭✷✳✸✾✮ q✉✐ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✉ ♣r❡✲
♠✐❡r ♦r❞r❡ s♦✉s ✉♥❡ ❢♦r♠❡ ❝❛♥♦♥✐q✉❡ t❡❧ q✉❡ ❞♦♥♥é ❞❛♥s ❊qs ✭✷✳✹✵✮ ❡t ✭✷✳✹✶✮✱ ❝✬❡st✲à✲❞✐r❡ ❞✉
t②♣❡ ~y′ = M~y✱ ♦ù M ❡st ✉♥❡ ♠❛tr✐❝❡ ❛♥t✐✲❞✐❛❣♦♥❛❧❡ ❞♦♥t ❧❡s é❧é♠❡♥ts s✬❛♥♥✉❧❡♥t ❛✉① ♣♦✐♥ts
t♦✉r♥❛♥ts✳ ▲❡ ❞❡✉①✐è♠❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ✉s✉❡❧ ❞♦♥♥é ❞❛♥s ❊qs✳ ✭✷✳✹✼✮
❡t ✭✷✳✹✽✮ q✉✐ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ✉♥❡ éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ✈❛r✐❛❜❧❡s
yi ✭i = 1, 2✮ ❞✉ t②♣❡ y′i

′ + K2
r yi = 0✱ ❝✬❡st✲à✲❞✐r❡ s❛♥s ❧❛ ♣rés❡♥❝❡ ❞❡ ❞ér✐✈é❡ ♣r❡♠✐èr❡ y′i✱

♠❛✐s ❛✈❡❝ ✉♥❡ s✐♥❣✉❧❛r✐té ❞❡ K2
r ❛✉ ♣♦✐♥t t♦✉r♥❛♥t ♦ù qi = 0✳ ▲✬✐❞é❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✱

✈♦✐r s❛ ❙❡❝t✐♦♥ ✸✳✷✳✶✮ ❡st ❛❧♦rs ❞✬✉t✐❧✐s❡r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❞✐✛ér❡♥t ♣♦✉r é✈✐t❡r
✉♥❡ t❡❧❧❡ s✐♥❣✉❧❛r✐té✳ ❊♥ réé❝r✐✈❛♥t ❧❛ ♠❛tr✐❝❡ M ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉① ♠❛tr✐❝❡s ❡t ❡♥
❞✐❛❣♦♥❛❧✐s❛♥t ✉♥❡ ❞❡s ♠❛tr✐❝❡s ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❡s t❡r♠❡s ❛♥t✐❞✐❛❣♦♥❛✉① s♦✐❡♥t ♥♦♥ ♥✉❧s✱
❧✬❛✉t❡✉r ♣r♦♣♦s❡ ✉♥ ♥♦✉✈❡❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ~y = (y1, y2)→ ~z = (z1, z2) ❞❛♥s ❧❡ ♣❧❛♥
❝♦♠♣❧❡①❡✳ ❈❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♣❡r♠❡t ❛❧♦rs ❞✬é✈✐t❡r ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ s✐♥❣✉❧❛r✐té
❧♦rs ❞✉ ❞❡✉①✐è♠❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ✉s✉❡❧ ✈✐s❛♥t à s✉♣♣r✐♠❡r ❧❛ ❞ér✐✈é❡ ♣r❡♠✐èr❡ ❞❡ zi
❡t à r❡tr♦✉✈❡r ✉♥❡ éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❞✉ t②♣❡ z′i

′ + K̃2
r zi = 0 ✭♦ù K̃r ❡st ❝❡tt❡ ❢♦✐s✲❝✐

t♦✉❥♦✉rs ❜✐❡♥ ❞é✜♥✐✮✳ ❈❡tt❡ ♦♣ér❛t✐♦♥ ❞♦♥♥❡ ❛❧♦rs ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ tr❛✐t❡r ❧❡s ❞❡✉① ♣♦✐♥ts
t♦✉r♥❛♥ts rb ❡t rc s✐♠✉❧t❛♥é♠❡♥t✳

✷✳ ❯♥❡ s♦❧✉t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❲❡❜❡r ✿ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❡st
❛❧♦rs rés♦❧✉❡ ❡♥ ❝♦♥s❡r✈❛♥t ❧❡s t❡r♠❡s ❞✬♦r❞r❡ ❞♦♠✐♥❛♥t ❡t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ ▲✐♦✉✈✐❧❧❡✳ ▲❛ ♥♦✉✈❡❧❧❡ ✈❛r✐❛❜❧❡ ✐♥❞é♣❡♥❞❛♥t❡✱ ζ✱ ❡st ❞é✜♥✐❡ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ♣r❡♥❞r❡ ❡♥
❝♦♠♣t❡ ❧✬❡①✐st❡♥❝❡ ❞❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts✳ ❆ ❧❛ ♣❧❛❝❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬❆✐r② ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ ♣♦✐♥t t♦✉r♥❛♥t s✐♠♣❧❡✱ ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ♣r❡♥❞ ❛✐♥s✐ ❧❛ ❢♦r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❲❡❜❡r
♣♦✉r ❧❛ ♥♦✉✈❡❧❧❡ ✈❛r✐❛❜❧❡ ❞é♣❡♥❞❛♥t❡ ♥♦té❡ Z✱ ❝✬❡st✲à✲❞✐r❡

❞2Z
❞ζ2

+
(
ζ2 − ζ20

)
Z = 0 ✱ ✭✶✵✳✶✮

♦ù ζ0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❝❤♦✐s✐❡ ❞❡ t❡❧❧❡ ♠❛♥✐èr❡ q✉❡ ζ2 − ζ20 = 0 ❧à ♦ù K̃r = 0✳ ▲❡s ❢♦♥❝t✐♦♥s
❞✬♦♥❞❡ s✬❡①♣r✐♠❡♥t ❛❧♦rs s♦✉s ❧❛ ❢♦r♠❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❲❡❜❡r ❝♦♠♣❧❡①❡s ❞❛♥s t♦✉t❡ ❧❛ ré❣✐♦♥
❛✉t♦✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳

✸✳ ❈❛s ❧✐♠✐t❡ ❞✬✉♥❡ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞✬é♣❛✐ss❡✉r q✉❛s✐ ♥✉❧❧❡ ✿ ♣♦✉r ✜♥✐r✱ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s❡
♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛s ❧✐♠✐t❡ ♦ù ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st très ✜♥❡✳ ❊♥ ❡✛❡t✱ ✐❧ s✉♣♣♦s❡
❡①♣❧✐❝✐t❡♠❡♥t ❞❛♥s ❧❡s ❊qs✳ ✭✺✵✮ ❡t ✭✺✶✮ ❞❡ s♦♥ ♣❛♣✐❡r q✉❡ ln(rc/rb) ∼ K−1/2✱ ♦ù K ❡st
♣❛r❛♠ètr❡ très ❣r❛♥❞ ♣❛r r❛♣♣♦rt à ❧✬✉♥✐té✳ ❙♦✉s ❝❡tt❡ ❤②♣♦t❤ès❡✱ ❧✬❛✉t❡✉r ❛ ♣✉ s✐♠♣❧✐✜❡r ❧❡s
❝❛❧❝✉❧s ❡♥ ❡①♣r✐♠❛♥t ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ s♦✉s
❢♦r♠❡ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥ts ❧✐♠✐tés ❛✉ ♣r❡♠✐❡r ♦r❞r❡✳

✷✷✵



✶✵✳✶✳ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❛✈❡❝ ❢♦rt ❝♦✉♣❧❛❣❡

❚❛❦❛t❛ ✭✷✵✶✻❜✮ ❛ ❛❧♦rs ♣✉ r❡❧✐❡r ❛s②♠♣t♦t✐q✉❡♠❡♥t ❛✉ ♠✐❧✐❡✉ ❞❡s ❝❛✈✐tés ✐♥t❡r♥❡ ❡t ❡①t❡r♥❡ ❧❛
s♦❧✉t✐♦♥ é❝r✐t❡ s♦✉s ❢♦r♠❡ ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❲❡❜❡r ❡t ✐ss✉❡ ❞❡s ❞❡✉① ♣♦✐♥ts t♦✉r♥❛♥ts rb ❡t rc ❛✈❡❝ ❧❡s
s♦❧✉t✐♦♥s é❝r✐t❡s s♦✉s ❢♦r♠❡ ❞❡ ❢♦♥❝t✐♦♥s ❞✬❆✐r② ❡t ✐ss✉❡s ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ra ✭❛✉ ❝❡♥tr❡✮ ❡t rd
✭❡♥ s✉r❢❛❝❡✮✳ ❉❡ ♣❧✉s✱ s♦♥ ❛♥❛❧②s❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ra ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❛ ♣rés❡♥❝❡
❞❡ ❧❛ s✐♥❣✉❧❛r✐té ❡♥ r = 0✳ ❈♦♥❝rèt❡♠❡♥t✱ ♣rès ❞✉ ❝❡♥tr❡✱ ❧✬❡①♣r❡ss✐♦♥ ❤❛❜✐t✉❡❧❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡
r❛❞✐❛❧ k̃r ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✽✳✸✻✮ t❡♥❞ ✈❡rs

√
2/r ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s✳ ❆✐♥s✐✱ ❧✬é❝❤❡❧❧❡

❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜ q✉✐ ✈❛r✐❡
❝♦♠♠❡ 1/r✱ q✉✐ ❡st ❤❛❜✐t✉❡❧❧❡♠❡♥t ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
r❛❞✐❛❧❡ ❞❛♥s ❧❡ r❡st❡ ❞❡ ❧✬ét♦✐❧❡✱ ❡st ❛✉ ❝♦♥tr❛✐r❡ ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡
♣rès ❞✉ ❝❡♥tr❡✳ ▲❛ ❞ér✐✈é❡ ❞❡ t❡❧❧❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡✱ q✉✐ s♦♥t s✐♥❣✉❧✐èr❡s ❛✉ ❝❡♥tr❡✱ ❞♦✐t ❞♦♥❝
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ra✳ ❈❡❧❛ ❛ ♣♦✉r
♣r✐♥❝✐♣❛❧❡ ❝♦♥séq✉❡♥❝❡ ❞✬✐♥tr♦❞✉✐r❡ ✉♥ t❡r♠❡ ❞❡ ❞é♣❤❛s❛❣❡ ❛❞❞✐t✐♦♥♥❡❧ ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡
q✉ ♣r♦✈✐❡♥t ❞❡ ❧❛ ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s ♣rès ❞✉ ❝❡♥tr❡ ✭❚❛❦❛t❛ ✷✵✶✻❛✱ ✈♦✐r s❛ ❙❡❝t✐♦♥ ✸✳✸✮✳

✶✵✳✶✳✷ ❘❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡

❊♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ t♦✉s ❧❡s ♣♦✐♥ts ♣ré❝é❞❡♠♠❡♥t ♠❡♥t✐♦♥♥és✱ ❧✬❛✉t❡✉r ❛ ❞ér✐✈é ✉♥❡ r❡❧❛✲
t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ✈ér✐✜é❡ ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s l = 1 ❞❛♥s
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ❈❡❧❧❡✲❝✐ s✬❡①♣r✐♠❡ s✉✐✈❛♥t ✉♥❡ ❢♦r♠❡ ❝❧❛ss✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡

cot [Θg(X)] tan [Θp(X)] = q(X) ✱ ✭✶✵✳✷✮

❛✈❡❝

Θg(X) =
√
2

∫ r⋆

0

N

r
dr +

∫ rb

r⋆

k̃rdr − Φ(X) ✭✶✵✳✸✮

Θp(X) =

∫ rd

rc

k̃rdr − Φ(X) + αp −
π

4
✭✶✵✳✹✮

X =
1

π

∫ rc

rb

k̃rdr +
1

2κ(r0)

(
❞ ln c
❞ ln r

)2

r0

✭✶✵✳✺✮

Φ(X) = −1

2
arg [Γ(1 + iX)]− X

2
(1− lnX) +

π

8
− 1

2
arg [D(r0)]−

π

4
✭✶✵✳✻✮

c =

(
S

T

)1/4

✭✶✵✳✼✮

S =
1

ln(rc/r)

2J

F 2

(
1− σ2

S̃2
1

)
> 0 ✭✶✵✳✽✮

T =
JF 2

ln(r/rb)

(
1− Ñ2

σ2

)
> 0 ✭✶✵✳✾✮

F = exp

[
1

2

∫ r
(

g

Jc2
− JÑ2

g
− J

r

)
dr

]
✭✶✵✳✶✵✮

κ =
√
ST ✭✶✵✳✶✶✮

D = ln

(
rc
rb

)
+
i

κ

(
❞ ln c
❞ ln r

)
✱ ✭✶✵✳✶✷✮

♦ù r0 =
√
rbrc ❡st ❧❡ r❛②♦♥ ❞✬✉♥❡ ❝♦✉❝❤❡ s✐t✉é❡ ❡♥tr❡ rb ❡t rc ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡✱ r⋆ ❡st ❧❡

r❛②♦♥ ❞✬✉♥❡ ❝♦✉❝❤❡ ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ q✉✐ ❡st ❛ss❡③ é❧♦✐❣♥é❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ra ❡t rb
♣♦✉r q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ s♦✐t ✈❛❧✐❞❡✱ ❡t αp ❡st ✉♥ t❡r♠❡ rés✐❞✉❡❧ q✉✐ ❡♥❣❧♦❜❡ t♦✉t❡s
♥♦s ✐♥❝❡rt✐t✉❞❡s s✉r ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s✳ ▲✬❡①♣r❡ss✐♦♥ ❞❡ q ❡st ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✽✳✷✮

✷✷✶



❈❤❛♣✐tr❡ ✶✵✳ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡

❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ é❣❛❧ à T = e−πX ✱ ❝✬❡st✲à✲❞✐r❡

q(X) =
1−
√
1− e−2πX

1 +
√
1− e−2πX

✳ ✭✶✵✳✶✸✮

▲❡ t❡r♠❡ ❞❡ ♣❤❛s❡ Φ✱ ❧✉✐✱ ♣r♦✈✐❡♥t ❞✉ ❞é♣❤❛s❛❣❡ ✐♥❞✉✐t ♣❛r ❧❛ ré✢❡①✐♦♥ ❡♥ rb ♦✉ ❡♥ rc✱ ❡t ❧❡s t❡r♠❡s
❛ss♦❝✐és à ❧❛ ❞ér✐✈é❡ (d ln c/d ln r)r0 tr❛❞✉✐s❡♥t ❧✬❡✛❡t ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ à ❧✬éq✉✐❧✐❜r❡ s✉r
❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳

✶✵✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥

❆❧♦rs q✉❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ t❤é♦r✐q✉❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ♣❡r♠❡t ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s
❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✱ ✈♦✐r ❋✐❣✉r❡ ✾✳✶✮✱ ♦♥
♣❡✉t s❡ ❞❡♠❛♥❞❡r ❥✉sq✉✬à q✉❡❧ ❞❡❣ré ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❞♦♥♥é❡ ♣❛r
❊qs✳ ✭✶✵✳✷✮✲✭✶✵✳✶✷✮ ❡st ❝❛♣❛❜❧❡ ❞❡ ♣ré❞✐r❡ ❧❡✉rs ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❏✬❛✐ ❞♦♥❝ ❡♥tr❡♣r✐s
✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ s❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❝❛❧❝✉❧é❡s ♣❛r ✉♥ ❝♦❞❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡s ♣ré❞✐❝t✐♦♥s s♦♥t ❛✉ss✐ ❝♦♠♣❛ré❡s ❛✉① ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞ér✐✈é❡s ♣❛r ❧❡ ❢♦r♠❛❧✐s♠❡
❞❡ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❞❛♥s ❧❡ ❜✉t ❞❡ t❡st❡r ❧✬❛♣♣♦rt ❞✉ ♥♦✉✈❡❛✉ ❢♦r♠❛❧✐s♠❡ ♣❛r r❛♣♣♦rt à ❝❡ ❞❡r♥✐❡r✳
▲✬ét✉❞❡ s❡ r❡str❡✐♥t ❛✉① ♠♦❞❡s ❞✐♣♦❧❛✐r❡s l = 1 ❡t ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❏❡ ♣rés❡♥t❡ ✐❝✐ ❧❡s rés✉❧t❛ts ♣ré❧✐♠✐♥❛✐r❡s ❞✬✉♥ tr❛✈❛✐❧ t♦✉❥♦✉rs ❡♥ ❝♦✉rs✳

✶✵✳✷✳✶ ❈❤♦✐① ❞✉ ♠♦❞è❧❡ ❞❡ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s

❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞♦✐t êtr❡ t❡sté❡ ❞❛♥s ✉♥ ❝❛s ♦ù ❧❡s ❤②♣♦t❤ès❡s q✉✐
♦♥t été ✉t✐❧✐sé❡s ♣♦✉r s❛ ❞ér✐✈❛t✐♦♥ s♦♥t r❡s♣❡❝té❡s✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ ❝❤♦✐s✐r ✉♥ ♠♦❞è❧❡ ❞❡
str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ♣♦✉r ❧❡sq✉❡❧s à ❧❛ ❢♦✐s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡
❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✭❡✳❣✳✱ s♦✉s ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
♥÷✉❞s ❞❛♥s ❧❛ ❝❛✈✐tés G ❡t ❞❛♥s ❧❛ ❝❛✈✐té P ✮ s♦♥t ✈ér✐✜é❡s✳ ❉❛♥s ✉♥ ❝❛s ré❛❧✐st❡ ♦ù ❧❡s ❢réq✉❡♥❝❡s
♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❛♣♣❛rt✐❡♥♥❡♥t à ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❛✉t♦✉r ❞❡ νmax✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❡t
❧❡s ♠♦❞è❧❡s ♠♦♥tr❡♥t q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡st ❢♦rt ❞❛♥s ❧❡s ét♦✐❧❡s à ❧❛ ✜♥ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s
❡t ❧❡s ét♦✐❧❡s ❞✉ ❝❧✉♠♣✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡s ét♦✐❧❡s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❛✉ ♣r❡♠✐❡r
♦r❞r❡ ❡st ✐♥s✉✣s❛♥t❡ ♣♦✉r ❞é❝r✐r❡ ❛✈❡❝ ♣ré❝✐s✐♦♥ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ✭❡✳❣✳✱ ▼♦ss❡r
❡t ❛❧✳ ✷✵✶✸❛✱ ✷✵✶✹✮✳ ❊♥ ❡✛❡t✱ ❛❧♦rs q✉❡ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❛ été ❡✛❡❝t✉é❡ ❛✉
♣r❡♠✐❡r ♦r❞r❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♥÷✉❞s à ❧❛ ❢♦✐s ❞❛♥s ❧❛ ❝❛✈✐té G ❡t ❞❛♥s ❧❛ ❝❛✈✐té P ♥✬❡st ♣❛s ❛ss❡③
é❧❡✈é ♣♦✉r ♣♦✉✈♦✐r ♥é❣❧✐❣❡r ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡s ét♦✐❧❡s ❥❡✉♥❡s
❣é❛♥t❡s r♦✉❣❡s t❡❧❧❡s q✉❡ ❝❡❧❧❡ r❡♣rés❡♥té❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✹✱ νmax ❡st ✐♥❢ér✐❡✉r❡ s❡✉❧❡♠❡♥t ❞✬❡♥✈✐r♦♥
✉♥ ❢❛❝t❡✉r ✶✵ ♣❛r r❛♣♣♦rt ❛✉ ♠❛①✐♠✉♠ ❞❡ N/2π ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♥÷✉❞s ❞❛♥s
❧❛ ❝❛✈✐té G ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ♦❜s❡r✈és ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞✬✉♥❡ ❞✐③❛✐♥❡ ♣♦✉r ❝❡ t②♣❡ ❞✬ét♦✐❧❡s
❡t ❧✬é❝❛rt à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♣❡✉t êtr❡ ✐♠♣♦rt❛♥t✳ ❉❡ ♠ê♠❡✱ ❞❛♥s
❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❞✉ r❡❞ ❝❧✉♠♣✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t q✉✬✉♥❡ ❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡
❞✉ s❡❝♦♥❞ ♦r❞r❡ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r r❡♥❞r❡ ❝♦♠♣t❡ ❞✉ s♣❡❝tr❡ ❞❡s ♠♦❞❡s r❛❞✐❛✉①✳ ❊♥ ❡✛❡t✱ ❝❡✉①✲
❝✐ ♣♦ssè❞❡♥t ❞❡s ♦r❞r❡s r❛❞✐❛✉① ✐♥❢ér✐❡✉rs à ❧❛ ❞✐③❛✐♥❡ ❡t ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡s ❡♥tr❡ ❞❡✉①
♠♦❞❡s ❝♦♥sé❝✉t✐❢s ♥✬❡st ♣❛s t♦✉t à ❢❛✐t ré❣✉❧✐❡r ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✸❛✱❜✮✳ ❈❡❧❛ ❡st ❡♥ ❞és❛❝❝♦r❞
❛✈❡❝ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ q✉✐ ♣ré❞✐t ❡♥ ❡s♣❛❝❡♠❡♥t
ré❣✉❧✐❡r ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s✳ ❯♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ é❝❤♦✉❡ ❞♦♥❝ à ❞é❝r✐r❡ ❝♦rr❡❝t❡♠❡♥t ❧❡s
♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❧❛ ❝❛✈✐té P ✳

❊♥ ✈✉❡ ❞❡ ❝❡s ❞✐✣❝✉❧tés✱ ❥✬❛✐ ❞♦♥❝ ❢❛✐t ❧❡ ❝❤♦✐① ❞❡ ❝♦♥s✐❞ér❡r ✉♥ ❝❛s ✐❞é❛❧ ♥♦♥✲ré❛❧✐st❡ ❞❛♥s ❝❡tt❡
ét✉❞❡✱ ❧❡ ❜✉t ét❛♥t ✐❝✐ ❞❡ t❡st❡r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ♠❡✐❧❧❡✉r❡s ❝♦♥❞✐t✐♦♥s
♣♦ss✐❜❧❡s✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ s✬❡✛❡❝t✉❡r❛ ❞♦♥❝ à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ M2 ✭❇✉♠♣✮ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s
❣é❛♥t❡s r♦✉❣❡s q✉✐ ❛ été ❝♦♥s✐❞éré ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✳ ❙❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❍✲❘ ❡st
r❡♣rés❡♥té❡ s✉r ❧❛ ❋✐❣✉r❡ ✾✳✹ ❡t ❧❛ ♣❤②s✐q✉❡ ✉t✐❧✐sé❡ ♣♦✉r s♦♥ ❝❛❧❝✉❧ ❡st ❞♦♥♥é❡ ❞❛♥s ❇❡❧❦❛❝❡♠ ❡t ❛❧✳
✭✷✵✶✺❛✱❜✮✳ ▲❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❞❡ ❝❡tt❡ ét♦✐❧❡ s♦♥t ∆Π = 63 s ❡t ∆ν = 5.2 µ❍③✳ ▲✬✐♥t❡r✈❛❧❧❡
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✶✵✳✷✳ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥

❋✐❣✉r❡ ✶✵✳✶✿ ❋réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱❛ïsä❧ä ❡t ❞❡ ▲❛♠❜ ❞❛♥s ❧❡ ♠♦❞è❧❡ M2 ❞✬✉♥❡ ét♦✐❧❡ ❥✉st❡
❛✈❛♥t ❧❡ ❜✉♠♣ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s ✭✈♦✐r ❈❤❛♣✐tr❡ ✾✮✳ ▲❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡
♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ νmax✱ q✉✐ ❛ été ❡st✐♠é❡ ♣❛r ❧❛ r❡❧❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❝❛❧✐❜ré❡ s✉r ❧❡ ❙♦❧❡✐❧✱
❡t ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❡♥ s✉r❢❛❝❡✱ νc✱ s♦♥t r❡♣rés❡♥té❡s r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❧❡s ❧✐❣♥❡s
♠❛❣❡♥t❛s ❝♦♥t✐♥✉❡ ❡t ♣♦✐♥t✐❧❧é❡✳ ▲✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦♥s✐❞éré ❞❛♥s ❝❡tt❡ ét✉❞❡ ❡st
❞é❧✐♠✐té ♣❛r ❧❡s t✐r❡ts r♦✉❣❡s✳

❋✐❣✉r❡ ✶✵✳✷✿ ❋❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ M2 ✭❇✉♠♣✮ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❢réq✉❡♥❝❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥✳ ■❧ ❛ été ❝❛❧❝✉❧é s✉✐✈❛♥t ❊q✳ ✭✶✵✳✶✸✮✱✐✳❡✳
❞✬❛♣rès ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ✭❧✐❣♥❡ r♦✉❣❡✮✱ ❡t
s✉✐✈❛♥t ❊qs✳ ✭✽✳✹✮✲✭✽✳✺✮✱ ✐✳❡✳ ❞✬❛♣rès ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳
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❈❤❛♣✐tr❡ ✶✵✳ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡

❞❡ ❢réq✉❡♥❝❡s ❝♦♥s✐❞éré s❡ s✐t✉❡ ❡♥tr❡ ✵✳✻ ♠❍③ ❡t ✶ ♠❍③✱ ❝✬❡st✲à✲❞✐r❡ ❜✐❡♥ ❛✉✲❞❡❧à ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛
❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ νmax✱ ❡t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❡♥ s✉r❢❛❝❡✱
νc✳ ❈❡❧✉✐✲❝✐ ❡st r❡♣rés❡♥té ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ s✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✶✳ ❉❛♥s ✉♥❡ t❡❧❧❡
❝♦♥✜❣✉r❛t✐♦♥✱ ❧✬♦r❞r❡ r❛❞✐❛❧ ❞❛♥s ❧❛ ❝❛✈✐té G ✭✐✳❡✳✱ ng ∼ P/∆Π✮ s❡ s✐t✉❡ ❡♥tr❡ ✶✺ ❡t ✷✺✱ ❡t ❧✬♦r❞r❡
r❛❞✐❛❧ ❞❛♥s ❧❛ ❝❛✈✐té P ✭✐✳❡✳✱ np ∼ ν/∆ν✮ s❡ s✐t✉❡ ❡♥tr❡ ✶✵✵ ❡t ✷✵✵✳ ❉❡ ♣❧✉s✱ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
❡st très ✜♥❡ ❛✈❡❝✱ ❝♦♠♠❡ ♥♦✉s ❛❧❧♦♥s ❧❡ ✈♦✐r ✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥✱ ❞❡s ✈❛❧❡✉rs ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡
s✉♣ér✐❡✉r❡s à ✵✳✹✳ ▲✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ s♦♥t ❞♦♥❝ t♦✉t❡s
❧❡s ❞❡✉① ✈ér✐✜é❡s✳

❈❡tt❡ s✐t✉❛t✐♦♥ ♥♦♥✲ré❛❧✐st❡ ❡♥tr❛î♥❡ q✉❡❧q✉❡s ♣❛rt✐❝✉❧❛r✐tés✳ ❉✬❛❜♦r❞✱ ❧❡ ❢❛✐t q✉❡ ❧❛ ❢réq✉❡♥❝❡
❞✬♦s❝✐❧❧❛t✐♦♥ ν s♦✐t s✉♣ér✐❡✉r❡ à νc ❞❛♥s ✉♥❡ ✈r❛✐❡ ét♦✐❧❡ ✐♠♣❧✐q✉❡r❛✐t ❧✬❛❜s❡♥❝❡ ❞❡ ré✢❡①✐♦♥ ❡♥
s✉r❢❛❝❡ ❡t ❞♦♥❝ ❧✬✐♠♣♦ss✐❜✐❧✐té ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞❡ s✬ét❛❜❧✐r✳ P♦✉r é✈✐t❡r ✉♥ t❡❧ ♣❤é♥♦♠è♥❡
❞❡ s❡ ♣r♦❞✉✐r❡✱ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✐♠♣♦s❡ ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥ ❧✐♠✐t❡ ❡♥ r = R⋆ q✉❡
❧❛ ♣❡rt✉r❜❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡ ❞❡ ♣r❡ss✐♦♥ s♦✐t ♥✉❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ δp(R⋆) = 0✳ ◆♦✉s ❞✐s❝✉t❡r♦♥s ✉♥
♣❡✉ ♣❧✉s ❧♦✐♥ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞✬✉♥❡ t❡❧❧❡ ❤②♣♦t❤ès❡ s✉r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ t❤é♦r✐q✉❡✱ q✉✐ s❡ rés✉♠❡
✜♥❛❧❡♠❡♥t à ✉♥ ❧é❣❡r ❞é♣❤❛s❛❣❡ ❞❛♥s ❧❡ t❡r♠❡ Θp ❞❡ ❊q✳ ✭✶✵✳✷✮✳ ❊♥s✉✐t❡✱ ❛❧♦rs q✉❡ ❞❛♥s ❧❡s ❣é❛♥t❡s
r♦✉❣❡s ♦❜s❡r✈é❡s ❧❛ ❞❡♥s✐té ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❡st s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ❞❡s
♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥✱ ❝✬❡st ❡♥ ❢❛✐t ❧❡ ❝♦♥tr❛✐r❡ q✉✐ s❡ ♣r♦❞✉✐t ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡
❞❡ ❢réq✉❡♥❝❡s ❝♦♥s✐❞éré ✐❝✐✳ ❊♥ ❡✛❡t✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❡♥tr❡
❞❡✉① ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ♣❡✉t êtr❡ ❡st✐♠é ❡♥ s✉✐✈❛♥t ❧❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t q✉❡
❝❡❧✉✐ ♣rés❡♥té ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✽✳✶✳✷ ♣♦✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❡♥tr❡
❞❡✉① ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥✱ Ng✱ ❞♦♥♥é ❞❛♥s ❊q✳ ✭✽✳✾✮✳ ▲❛ ❞✐✛ér❡♥❝❡ ❞❡ ♣ér✐♦❞❡ ❡♥tr❡
❞❡✉① ♠♦❞❡s ♠✐①t❡s ❝♦♥sé❝✉t✐❢s ❞✬♦r❞r❡ r❛❞✐❛❧ n ❡t n− 1 ❡st r❡❧✐é❡ à ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ♣❛r
∆Pn = |δνn|/ν2n✳ ❊♥ s✉♣♣♦s❛♥t ❝❡tt❡ ❢♦✐s✲❝✐ q✉❡ Np∆Pn = ∆Π ❡t δνn = ∆ν✱ ♦ù Np ❡st ❧❡ ♥♦♠❜r❡
❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❞❡
❢réq✉❡♥❝❡ νn ∼ ν✱ ♦♥ ♦❜t✐❡♥t

Np(ν) ∼
∆Πν2

∆ν
∼ 1

Ng(ν)
✳ ✭✶✵✳✶✹✮

❖♥ tr♦✉✈❡ ❛ss❡③ ❧♦❣✐q✉❡♠❡♥t✱ ét❛♥t ❞♦♥♥é❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ Ng ❡t Np✱ q✉❡ ❧❡s ❞❡✉① s♦♥t r❡❧✐és
♣❛r ❧❛ r❡❧❛t✐♦♥ NpNg = 1✳ ❆✈❡❝ ❧❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❞✉ ♠♦❞è❧❡ M2 ✭❇✉♠♣✮ ❡t ❧✬✐♥t❡r✈❛❧❧❡ ❞❡
❢réq✉❡♥❝❡s ❝♦♥s✐❞éré✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ♠✐①t❡s
à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ✈❛✉t Np ∼ 4 − 12✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❛✉ ❧✐❡✉ ❞❡ tr❛❝❡r ❧❡s ❞✐❛❣r❛♠♠❡s ✉s✉❡❧s
∆P/∆Π ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ν/∆ν ❡t ν/∆ν ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ P ♠♦❞✉❧♦ ∆Π ❝♦♠♠❡ ❞❛♥s ❧❛
❙❡❝t✐♦♥ ✽✳✶✳✷✱ ✐❧ s❡r❛ ❞♦♥❝ ♣❧✉s ❛♣♣r♦♣r✐é ❞❡ tr❛❝❡r ∆f/∆ν ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ P/∆Π ❡t
P/∆Π ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ν ♠♦❞✉❧♦ ∆ν✱ ♦ù ❧✬♦♥ ♥♦t❡ ∆f(νn) = νn − νn−1 ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡
❡♥tr❡ ❞❡✉① ♠♦❞❡s ❝♦♥sé❝✉t✐❢s ✭q✉✐ ❡st à ❞✐st✐♥❣✉❡r ❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ∆ν✮✳

✶✵✳✷✳✷ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡

▲❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ♦♥t été ❝❛❧❝✉❧é❡s ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ t✐r ❛✈❡❝ ❧❡
❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡ ❆❉■P▲❙ ✭❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✷✵✵✽✱ ✷✵✶✶✮✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s
✐♠♣♦sé❡s s✉✐✈❡♥t ❧❡s r❡❧❛t✐♦♥s ❤❛❜✐t✉❡❧❧❡s ❞♦♥♥é❡s ❞❛♥s ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮✱ ❛✈❡❝ ❡♥ s✉r❢❛❝❡ ❧❛
❝♦♥❞✐t✐♦♥ δp(R⋆) = 0✳ ▲❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s✱ ♥♦té❡s νas✱ ♦♥t été ♦❜t❡♥✉❡s ❡♥ rés♦❧✈❛♥t ❧❡s
éq✉❛t✐♦♥s ✐♠♣❧✐❝✐t❡s ❞♦♥♥é❡s s♦✐t ♣❛r ❊qs✳ ✭✶✵✳✷✮✲✭✶✵✳✶✷✮ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t
❚❛❦❛t❛ ✭✷✵✶✻❛✮✱ s♦✐t ♣❛r ❊q✳ ✭✽✳✹✵✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t ❙❤✐❜❛❤❛s❤✐
✭✶✾✼✾✮✳ ❈❡tt❡ ❞❡r♥✐èr❡ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ r❡♣rés❡♥té❡ ♣❛r
❧❡ t❡r♠❡ ❞❡ ♣❤❛s❡ −π/2 ❞❛♥s ❧✬❛r❣✉♠❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦t❛♥❣❡♥t❡✳ ❆✈❛♥t t♦✉t✱ ✉♥❡ t❡❧❧❡ rés♦❧✉t✐♦♥
♥é❝❡ss✐t❡ ❞✬❡①♣r✐♠❡r t♦✉s ❧❡s t❡r♠❡s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❝❡s éq✉❛t✐♦♥s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❥✬❛✐ ✐♥t❡r♣♦❧é ❧✐♥é❛✐r❡♠❡♥t ❧❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ❡t ❧❡s ❢réq✉❡♥❝❡s
❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ✭♦✉ ❧❡✉r ❧♦❣❛r✐t❤♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ln r s❡❧♦♥ ❧❛
ré❣✐♦♥ ❞❛♥s ❧✬ét♦✐❧❡✮✳ ▲❡s ♣♦✐♥ts t♦✉r♥❛♥ts ♦♥t ❛❧♦rs été ❞ét❡r♠✐♥és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❛♥s
❧✬✐♥t❡r✈❛❧❧❡ ❝♦♥s✐❞éré✱ ❛✐♥s✐ q✉❡ ❧❡s ✐♥té❣r❛❧❡s ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❞❛♥s ❧❛ ❝❛✈✐té G✱ ❞❛♥s ❧❛ ré❣✐♦♥

✷✷✹



✶✵✳✷✳ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥

❋✐❣✉r❡ ✶✵✳✸✿ ❉✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s ❝♦♥sé❝✉t✐❢s ♥♦r♠❛❧✐sé❡ ♣❛r ∆ν✱
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ♥♦r♠❛❧✐sé❡ ♣❛r ∆Π✳ ▲❡ rés✉❧t❛t ♦❜t❡♥✉ ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥
❆❉■P▲❙ ✭r♦♥❞s r♦✉❣❡s✮ ❡st ❝♦♠♣❛ré ❛✉ rés✉❧t❛t ♦❜t❡♥✉ ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦✲
t✐q✉❡ ❞ér✐✈é❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t ❊qs✳ ✭✶✵✳✷✮✲
✭✶✵✳✶✷✮✭❝❛rrés ❜❧❡✉s✮ ❡t ❝❡❧❧❡ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✽✳✹✵✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡
✭tr✐❛♥❣❧❡s ✈❡rts✮✳

❋✐❣✉r❡ ✶✵✳✹✿ Pér✐♦❞❡ ♥♦r♠❛❧✐sé❡ ♣❛r ∆Π ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♠♦❞✉❧♦ ∆ν ♣♦✉r ❧❡s tr♦✐s ♠ê♠❡s
❝❛s ❝♦♥s✐❞érés ❞❛♥s ❧❛ ❋✐❣✉r❡ ✶✵✳✸✳
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❈❤❛♣✐tr❡ ✶✵✳ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡

é✈❛♥❡s❝❡♥t❡ ❡t ❞❛♥s ❧❛ ❝❛✈✐té P ✳ ❯♥❡ ❛tt❡♥t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ s✬❡st ♣♦rté❡ s✉r ❧✬✐♥té❣r❛t✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡
❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳ ❊♥ ❡✛❡t✱ ♥♦✉s ♠♦♥tr❡r♦♥s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✶ q✉❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡
❞✬♦♥❞❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❥♦✉❡ ✉♥ rô❧❡ ❝r✐t✐q✉❡ s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s
♣r♦♣r❡s✳ ❊♥✜♥✱ ❛②❛♥t ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ t♦✉s ❧❡s t❡r♠❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ✐♥t❡r✈❡♥❛♥t ❞❛♥s
❊qs✳ ✭✶✵✳✷✮✲✭✶✵✳✶✷✮✱ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❛s②♠♣t♦t✐q✉❡s ♦♥t été ❝❛❧❝✉❧é❡s ❡♥ rés♦❧✈❛♥t ❧✬éq✉❛t✐♦♥
✐♠♣❧✐❝✐t❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✶✵✳✷✮ ✭♦✉ ❊q✳ ✭✽✳✹✵✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✮ s♦✉s ❧❛
❢♦r♠❡

cos [Θg(ν)] sin [Θp(ν)]− q(ν) sin [Θg(ν)] cos [Θp(ν)] = 0 ✱ ✭✶✵✳✶✺✮

♦ù q ❡st ❞♦♥♥é ♣❛r ❊q✳ ✭✶✵✳✶✸✮ ✭♦✉ ❊qs✳ ✭✽✳✹✮✲✭✽✳✺✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✮✳ ❯♥❡
t❡❧❧❡ é❝r✐t✉r❡ ❡st ♣ré❢ér❛❜❧❡ ♣✉✐sq✉✬❡❧❧❡ ♣❡r♠❡t ❞✬é✈✐t❡r ❧❡s ❞✐s❝♦♥t✐♥✉✐tés ❞❡s ❢♦♥❝t✐♦♥s t❛♥❣❡♥t❡
❡t ❝♦t❛♥❣❡♥t❡✳ ▲❡s ③ér♦s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❡✉✈❡♥t ❛❧♦rs êtr❡ ❞ét❡r♠✐♥és ❛✈❡❝ ✉♥❡ ❜♦♥♥❡
♣ré❝✐s✐♦♥ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ ❞✐❝❤♦t♦♠✐❡ s✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ♦ù ❧❛
❢♦♥❝t✐♦♥ ❝❤❛♥❣❡ ❞❡ s✐❣♥❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ été ✈❛❧✐❞é❡ ♣❛r ❞✐✛ér❡♥ts t❡sts✳

✶✵✳✷✳✸ ❘és✉❧t❛ts

❈♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡✳ P♦✉r ❝♦♠♠❡♥❝❡r✱ ✐❧ s❡♠❜❧❡ ❧♦❣✐q✉❡ ❞❡ s✬✐♥tér❡ss❡r à ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡✳ ❈❡❧✉✐✲❝✐ ❡st r❡♣rés❡♥té s✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✷ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳
❉✬❛❜♦r❞✱ ✐❧ ❡st ❝❧❛✐r q✉❡ ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ❜❡❧ ❡t ❜✐❡♥ ✈ér✐✜é❡✳ ▲❡s ✈❛❧❡✉rs ❡st✐♠é❡s ❡♥
s✉✐✈❛♥t ❧✬❡①♣r❡ss✐♦♥ ❞♦♥♥é❡ ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ s♦♥t s✉♣ér✐❡✉r❡s à ✵✳✷✸✱ ❝✬❡st✲à✲❞✐r❡ très ♣r♦❝❤❡s
❞❡ ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ✜①é❡ à ✵✳✷✺ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ❊♥ ❡✛❡t✱ s✉r ❧❛
❋✐❣✉r❡ ✶✵✳✶✱ ❧❛ ❞✐✛ér❡♥❝❡ r❡❧❛t✐✈❡ ❡♥tr❡ rb ❡t rc ❡st très ❢❛✐❜❧❡ ❡t ❝♦♠♣r✐s❡ ❡♥✈✐r♦♥ ❡♥tr❡ ✺ ❡t
✶✵✪✳ ❈❡❧❛ ❡st ❝♦♥✜r♠é ♣❛r ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❝❛❧❝✉❧é❡ ♣❛r ❧✬❡①♣r❡ss✐♦♥ ♦❜t❡♥✉❡ ❞❛♥s
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✱ q✉✐ ❞♦♥♥❡ ❞♦♥❝ ❞❛♥s ❝❡ ❝❛s ❧✬❡st✐♠❛t✐♦♥ ❧❛ ♣❧✉s ré❛❧✐st❡✳ ▲❛ ✈❛❧❡✉r
❞❡ q ❛✉❣♠❡♥t❡ ❞❡ ❢❛ç♦♥ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦♥s✐❞éré ❡♥ ♣❛ss❛♥t ❞❡ ✵✳✸✷
à ✵✳✹✵✳ ❈❡tt❡ ❛✉❣♠❡♥t❛t✐♦♥ ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉❡ rb ❡t rc s❡ r❛♣♣r♦❝❤❡♥t ❧✬✉♥ ♣❛r r❛♣♣♦rt à ❧✬❛✉tr❡
à ♠❡s✉r❡ q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉❣♠❡♥t❡✱ rés✉❧t❛♥t ❡♥ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡
❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ✭✈♦✐r ❋✐❣✉r❡ ✶✵✳✶✮✳ ❙✐ ❧❡s ♣r♦✜❧s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t
❞❡ ▲❛♠❜ ét❛✐❡♥t r✐❣♦✉r❡✉s❡♠❡♥t ♣❛r❛❧❧è❧❡s ❞❛♥s ❝❡tt❡ ré❣✐♦♥✱ q s❡r❛✐t ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❢réq✉❡♥❝❡
❞✬♦s❝✐❧❧❛t✐♦♥ ✭✈♦✐r ❈❤❛♣✐tr❡ ✾✮✳ ▲❛ ✈❛r✐❛t✐♦♥ ❞❡ q ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s ♠♦♥tr❡ ❞♦♥❝
q✉✬✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❛♥s ✉♥ ❞❡❣ré ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♠♦✐♥❞r❡ q✉❡ Ñ ❡t S̃1 s✉✐✈❡♥t
❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s ❡①♣♦s❛♥ts q✉✐ ♣❡✉✈❡♥t êtr❡ ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥ts ❧✬✉♥ ♣❛r r❛♣♣♦rt à
❧✬❛✉tr❡✳

❊♥ ❣❛r❞❛♥t ❡♥ têt❡ ❧❛ ❞✐✛ér❡♥❝❡ ♥♦t❛❜❧❡ ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ❞❡ q ♦❜t❡♥✉❡s ♣❛r ❝❤❛❝✉♥ ❞❡s ❢♦r♠❛✲
❧✐s♠❡s✱ ♦♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t ❝♦♠♣❛r❡r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❆❉■✲
P▲❙ ❡t ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s ♦❜t❡♥✉❡s s✉✐✈❛♥t ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✵✳✷✳✷✳
▲❡ rés✉❧t❛t ❡st r❡♣rés❡♥té s✉r ❧❡s ❋✐❣✉r❡s ✶✵✳✸ ❡t ✶✵✳✹✳

❙✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✸✱ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❝♦♥sé❝✉t✐❢s✱ ∆f/∆ν✱ ❡st r❡♣ré✲
s❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡✳ ❙✉r ❝❡ ❞✐❛❣r❛♠♠❡✱ ❧❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ s♦♥t
❧❡s ♠♦❞❡s ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❞❡ ∆f/∆ν ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té✱ ❝✬❡st✲à✲❞✐r❡ ❡s♣❛❝és q✉❛s✐ ré❣✉❧✐èr❡♠❡♥t
❞✬✉♥ ✐♥t❡r✈❛❧❧❡ ∆ν ❡♥ ❢réq✉❡♥❝❡✳ ▲❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ❡✉①✱ ♥❡ s✉✐✈❡♥t ♣❛s
✉♥❡ t❡❧❧❡ rè❣❧❡ ❡t ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♠✐♥✐♠❛ ❧♦❝❛✉① ❞❡ ∆f/∆ν✳ ▲❛ s✐t✉❛t✐♦♥ ❡st ❞♦♥❝ ✐♥✈❡rsé❡ ♣❛r
r❛♣♣♦rt à ❧❛ ❋✐❣✉r❡ ✽✳✷✳ Pr❡♠✐èr❡♠❡♥t✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ ❧❡s ♣ér✐♦❞❡s ❛s②♠♣t♦t✐q✉❡s ❞❡s ♠♦❞❡s
à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ✭✐✳❡✳✱ ♠✐♥✐♠❛ ❧♦❝❛✉① ❞❡ ∆f/∆ν✮ ♦❜t❡♥✉❡s ♣❛r ❧❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s s♦♥t
❞é❝❛❧é❡s ❞✬❡♥✈✐r♦♥ ✉♥ q✉❛rt ❞❡ ∆Π ♣❛r r❛♣♣♦rt ❛✉① ♣ér✐♦❞❡s ♣ré❞✐t❡s ♣❛r ❆❉■P▲❙✳ ❉❡✉①✐è♠❡✲
♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❡s ✈❛❧❡✉rs ❞❡ ∆f/∆ν ❞ér✐✈é❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡
s♦♥t s✉♣ér✐❡✉r❡s ✭✐♥❢ér✐❡✉r❡s✮ à ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❆❉■P▲❙ ❡t ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛s②♠♣t♦t✐q✉❡♠❡♥t
❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ✭❞❛♥s ❧❡ ❝❛s
❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✮✳ ◆♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ q✉❡ ❝❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ♣r♦✈✐❡♥t ❞❡ ❧❛
❞✐✛ér❡♥❝❡ ❞❡ ✈❛❧❡✉r ♣♦✉r q ❡♥tr❡ ❧❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s✳

✷✷✻



✶✵✳✷✳ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥

❙✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✹✱ ❧❛ ♣ér✐♦❞❡ ❡st r❡♣rés❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♠♦❞✉❧♦ ∆ν✳ ❙✉r ❝❡
❞✐❛❣r❛♠♠❡✱ ❧❡s ♠♦❞❡s ♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ♦♥t ♣❧✉tôt t❡♥❞❛♥❝❡ à s✬❛❧✐❣♥❡r ✈❡rt✐❝❛❧❡♠❡♥t
❛✉t♦✉r ❞❡ ✷✳✺ µ❍③ ✭♠♦❞✉❧♦ ∆ν✮✱ à ❧✬✐♥✈❡rs❡ ❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té q✉✐ ♦♥t t❡♥❞❛♥❝❡ à
❞é✈✐❡r ❞❡ ❝❡t ❛❧✐❣♥❡♠❡♥t✳ ❊♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ❝✬❡st ❡①❛❝t❡♠❡♥t ❧✬✐♥✈❡rs❡ q✉❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✷ ♣✉✐sq✉❡
❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ s♦♥t ♣❧✉s ❞❡♥s❡s ❞❛♥s ❧❡ s♣❡❝tr❡ q✉❡ ❝❡✉① à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✲
✈✐té✳ ❉❡ ♣❧✉s✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ♠♦t✐❢ ❡♥ ❢♦r♠❡ ❞❡ ✏❙✑ ❡st ♣❧✉s ❛♣❧❛t✐ q✉❡ s✉r ❧❛ ❋✐❣✉r❡ ✽✳✷✳ ❊♥ ❡✛❡t✱
❧❛ ♣❡♥t❡ ❞✉ ♠♦t✐❢ ❞é♣❡♥❞ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ q✳ ❆✈❡❝ ❞❡s ✈❛❧❡✉rs ❞❡ q s✉♣ér✐❡✉r❡s à ✵✳✷✺✱ ❧❛ ♣❡♥t❡ ❡st
♠♦✐♥s ♠❛rq✉é❡✳ ■❧ ❡st ❡♥ ♦✉tr❡ ❝❧❛✐r q✉❡ ❧❛ ♣❡♥t❡ ❡st ♣❧✉s é❧❡✈é❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s
❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ q✉❡ ♣♦✉r ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❆❉■P▲❙ ♦✉ ❞❛♥s ❧✬❤②♣♦✲
t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ❊♥✜♥✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❡s ♠♦t✐❢s ❡♥ ✏❙✑ ❢♦r♠és ♣❛r ❧❡s ❢réq✉❡♥❝❡s
❛s②♠♣t♦t✐q✉❡s s♦♥t ❞é❝❛❧és ❞✬❡♥✈✐r♦♥ ✉♥ q✉❛rt ❞❡ ∆ν ✈❡rs ❧❛ ❞r♦✐t❡ ✭à r❡❧✐❡r à ❧❛ ❝♦♥❞✐t✐♦♥ ❧✐♠✐t❡
❡♥ s✉r❢❛❝❡✱ ✈♦✐r ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡✮✱ ❡♥ ♣❧✉s ❞✉ ❞é❝❛❧❛❣❡ ♣ré❝é❞❡♠♠❡♥t ♠❡♥t✐♦♥♥é ❞✬❡♥✈✐r♦♥ ✉♥
q✉❛rt ❞❡ ∆Π ✈❡rs ❧❡ ❤❛✉t✳

P♦✉r rés✉♠❡r✱ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡ ❡♥tr❡ ❧❡s tr♦✐s ❥❡✉① ❞❡ ❢réq✉❡♥❝❡s ♠♦♥tr❡♥t
q✉❡ ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ s♦♥t ❞é❝❛❧é❡s ❞✬✉♥ q✉❛rt
❞❡ ∆ν ❡t ❝❡❧❧❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ❞✬✉♥ q✉❛rt ❞❡ ∆Π ♣❛r r❛♣♣♦rt ❛✉① ❢réq✉❡♥❝❡s
♦❜t❡♥✉❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❆❉■P▲❙✳ ■❧ ❡♥ r❡ss♦rt ♥é❛♥♠♦✐♥s q✉❡ ❧❡s ✈❛❧❡✉rs
❞❡ q s✉♣ér✐❡✉r❡s à ✵✳✷✺ ♦❜t❡♥✉❡s s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s❡♠❜❧❡♥t ❡♥
♠❡✐❧❧❡✉r ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❆❉■P▲❙ ✭✐✳❡✳✱ ❡①tr❡♠❛ ❞❡ ∆f/∆ν
♣♦✉r ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ♦✉ ♣❡♥t❡ ❞✉ ♠♦t✐❢ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ é❝❤❡❧❧❡
P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ν ♠♦❞✉❧♦ ∆ν✮✳ P♦✉r ❛♠é❧✐♦r❡r ❧❛ ❝♦♠♣❛r❛✐s♦♥✱ ♦♥ ♣r♦♣♦s❡ ❞❛♥s ❧❛
s✉✐t❡ ❞❡ ❝♦rr✐❣❡r ❧❡s ❞é❝❛❧❛❣❡s ❡♥ ♣ér✐♦❞❡ ❡t ❡♥ ❢réq✉❡♥❝❡ ♦❜s❡r✈és ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s
❛s②♠♣t♦t✐q✉❡s ❡t ❧❡s ❢réq✉❡♥❝❡s ❞♦♥♥é❡s ♣❛r ❆❉■P▲❙✳

❈♦♠♣❛r❛✐s♦♥ ❛♣rès ❝♦rr❡❝t✐♦♥✳ ▲❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té
❞✬❡♥✈✐r♦♥ ✉♥ q✉❛rt ❞❡ ∆Π s❡ tr❛❞✉✐t ♣❛r ✉♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ❛❞❞✐t✐♦♥♥❡❧ ❞✬✉♥❡ ✈❛❧❡✉r ❞❡ π/4 ❞❛♥s
❧❡ t❡r♠❡ Θg ❞❡ ❊q✳ ✭✶✵✳✷✮ ✭q✉✐ ❝♦rr❡s♣♦♥❞ à ❧✬❛r❣✉♠❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦t❛♥❣❡♥t❡ ❞❛♥s ❊q✳ ✭✽✳✹✵✮
♣♦✉r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✮✳ ▲❡ ❞é❝❛❧❛❣❡ ❡st ❞♦♥❝ ❝♦rr✐❣é
❡♥ ❢❛✐s❛♥t ❧❛ s✉❜st✐t✉t✐♦♥ Θg(ν) ← Θg(ν) + π/4✳ ▲✬♦r✐❣✐♥❡ ❞❡ ❝❡ ❞é♣❤❛s❛❣❡ r❡st❡ ✉♥❡ q✉❡st✐♦♥
♦✉✈❡rt❡ ❡t ♠ér✐t❡ ❞❡ ❢✉t✉r❡s ✐♥✈❡st✐❣❛t✐♦♥s ❡♥ ❞❡❤♦rs ❞✉ ❝❛❞r❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡✱
❧❡ ❞é❝❛❧❛❣❡ ❡♥ ❢réq✉❡♥❝❡ ❞✬❡♥✈✐r♦♥ ✉♥ q✉❛rt ❞❡ ∆ν ♣❡✉t êtr❡ ❝♦rr✐❣é ❡♥ ❛❥♦✉t❛♥t π/4 ❛✉ t❡r♠❡ ❞❡
♣❤❛s❡ Θp(ν) ← Θp(ν) + π/4 ❞❛♥s ❊q✳ ✭✶✵✳✷✮ ✭q✉✐ ❝♦rr❡s♣♦♥❞ à ❧✬❛r❣✉♠❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ t❛♥❣❡♥t❡
❞❛♥s ❊q✳ ✭✽✳✹✵✮ ♣♦✉r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✮✳ ▲✬♦r✐❣✐♥❡ ❞❡
❝❡ ❞é♣❤❛s❛❣❡✱ ✐❝✐✱ ❡st ♥é❛♥♠♦✐♥s ♣✉r❡♠❡♥t ❛rt✐✜❝✐❡❧ ❡t ♣r♦✈✐❡♥t ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❧✐♠✐t❡ ✐♠♣♦sé❡ à ❧❛
s✉r❢❛❝❡ ❡♥ r = R⋆✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡s ❛♥❛❧②s❡s ❛s②♠♣t♦t✐q✉❡s ❝♦♥s✐❞éré❡s✱ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥
❡st t♦✉❥♦✉rs s✉♣♣♦sé❡ ✐♥❢ér✐❡✉r❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❡♥ s✉r❢❛❝❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✉♥ ♣♦✐♥t t♦✉r♥❛♥t
❡①✐st❡ ♣r♦❝❤❡ ❞❡ ❧❛ s✉r❢❛❝❡ ✭✐✳❡✳✱ rd✮ ❡t ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ✐ss✉❡ ❞❡ ❝❡ ♣♦✐♥t s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥❡
❢♦♥❝t✐♦♥ ❞✬❆✐r②✳ ▲❡ r❛❝❝♦r❞ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❝❛✈✐té P à ❧❛ s♦❧✉t✐♦♥
✐ss✉❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t rc ❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❧✬❛❥♦✉t ❞✬✉♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ❞❡ ✈❛❧❡✉r −π/4 ❞❛♥s Θp✳
❉❛♥s ❧❡ ❝❛s ♥♦♥✲ré❛❧✐st❡ ❝♦♥s✐❞éré ✐❝✐ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❛✈❡❝ ❆❉■P▲❙✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣♦✐♥t t♦✉r♥❛♥t ❡♥
s✉r❢❛❝❡✳ ▲❛ s♦❧✉t✐♦♥ ✐ss✉❡ ❞✉ ♣♦✐♥t rc ❞♦✐t ❞♦♥❝ s❡✉❧❡♠❡♥t ✈ér✐✜❡r ❧❛ ❝♦♥❞✐t✐♦♥ δp = 0 ❡♥ r = R⋆✱
❞✬♦ù ❧❡ r❡tr❛✐t ❞✉ ❞é♣❤❛s❛❣❡ −π/4 ✐♥tr♦❞✉✐t ♣❛r ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❡♥ s✉r❢❛❝❡ ❞❛♥s ✉♥❡ ❛♥❛❧②s❡
❛s②♠♣t♦t✐q✉❡ ❝❧❛ss✐q✉❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ♦✉ ❝❡❧❧❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳

▲❡ rés✉❧t❛t ♦❜t❡♥✉ ❡♥ ❝♦rr✐❣❡❛♥t ❝❡s ❞❡✉① ❞é♣❤❛s❛❣❡s ❡st r❡♣rés❡♥té s✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✺ ♦ù ❧❛
❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ❝♦♥sé❝✉t✐❢s ❡st tr❛❝é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣é✲
r✐♦❞❡✳ ■❧ ❡st ❝❧❛✐r s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❆❉■P▲❙ s♦♥t ❡♥ ❜✐❡♥ ♠❡✐❧❧❡✉r
❛❝❝♦r❞ ❛✈❡❝ ❝❡❧❧❡s ❡st✐♠é❡s ✈✐❛ ❧❡ ❢♦r♠❛❧✐s♠❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ q✉❡ ❝❡❧❧❡s ❡st✐♠é❡s
❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ✭❛✈❡❝ ♥é❛♥♠♦✐♥s ❧❛ ❝♦rr❡❝t✐♦♥
❞✉ ❞é❝❛❧❛❣❡ ❞❡ ♣❤❛s❡ s✉r Θg✮✳ ❈♦♠♠❡ ♠❡♥t✐♦♥♥é ♣❧✉s tôt✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡
♣ré❞✐t ❞❡s ✈❛❧❡✉rs ❞❡ ∆f/∆ν ♣❧✉s é❧❡✈é❡s ♣♦✉r ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ ❡t ❜✐❡♥ ♣❧✉s
❢❛✐❜❧❡s ♣♦✉r ❧❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té ♣❛r r❛♣♣♦rt à ❆❉■P▲❙✳ ❈❡❝✐ ❡st ❞û ♣r✐♥❝✐♣❛❧❡♠❡♥t

✷✷✼



❈❤❛♣✐tr❡ ✶✵✳ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡

❋✐❣✉r❡ ✶✵✳✺✿ ■❞❡♠ q✉❡ ♣♦✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✸✱ à ❧✬❡①❝❡♣t✐♦♥ q✉✬✉♥ ❞é♣❤❛s❛❣❡ ❞✬✉♥❡ ✈❛❧❡✉r ❞❡ π/4 ❛ été
✐♥❝❧✉s ❡♠♣✐r✐q✉❡♠❡♥t ❞❛♥s ❧❡s t❡r♠❡s ❞❡ ♣❤❛s❡ ❛ss♦❝✐és à ❧✬❡♥✈❡❧♦♣♣❡ ❡t ❛✉ ❝÷✉r r❛❞✐❛t✐❢✱
✐✳❡✳ Θp ❡t Θg ❞❛♥s ❊q✳ ✭✶✵✳✷✮ ❡t ❧❡s éq✉✐✈❛❧❡♥ts ❞❛♥s ❊q✳ ✭✽✳✹✵✮✳

❋✐❣✉r❡ ✶✵✳✻✿ ■❞❡♠ q✉❡ ♣♦✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✺ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s tr✐❛♥❣❧❡s ✈❡rts q✉✐ ♦♥t été ❝❛❧❝✉❧é❡s ❞✬❛♣rès ❧❡
❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s✉✐✈❛♥t ❊qs✳ ✭✶✵✳✷✮✲✭✶✵✳✶✷✮✱ ♠❛✐s ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❞❡ q ❡st✐♠é❡
❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❞✬❛♣rès ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ s✉✐✈❛♥t ❊qs✳ ✭✽✳✹✮✲✭✽✳✺✮✳

✷✷✽



✶✵✳✷✳ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥

❋✐❣✉r❡ ✶✵✳✼✿ ❉✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♦❜t❡♥✉❡s ♣❛r ✉♥❡ ❞❡s ❞❡✉① r❡❧❛t✐♦♥s ❞❡ ♣❤❛s❡ ❛s②♠♣✲
t♦t✐q✉❡s ❡t ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❆❉■P▲❙✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛
❢réq✉❡♥❝❡ ❡t ♥♦r♠❛❧✐sé❡ ♣❛r ∆ν✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ r♦✉❣❡ r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧❛
❞✐✛ér❡♥❝❡✳

à ✉♥❡ tr♦♣ ❢❛✐❜❧❡ ✈❛❧❡✉r ❞❡ q ❞❛♥s ❝❡ ❝❛s✳ P♦✉r s✬❡♥ ❝♦♥✈❛✐♥❝r❡✱ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❡s ❢réq✉❡♥❝❡s
♣r♦♣r❡s ❛s②♠♣t♦t✐q✉❡s s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✱ ♠❛✐s ❡♥ ✐♠♣♦s❛♥t q✉❡
❧❛ ✈❛❧❡✉r ❞❡ q s✉✐✈❡ ❧✬❡①♣r❡ss✐♦♥ ❞♦♥♥é❡ ❞❛♥s ✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ▲❡ rés✉❧t❛t ❡st r❡♣rés❡♥té s✉r ❧❛
❋✐❣✉r❡ ✶✵✳✻ ❡t ❞é♠♦♥tr❡ ❜✐❡♥ q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❛♥s ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ❧❡ ♣r✐♥❝✐♣❛❧ r❡s♣♦♥s❛❜❧❡ ❞❡
❧❛ ❞✐✛ér❡♥❝❡ ❞❛♥s ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ♣❛r ❝❤❛❝✉♥ ❞❡s ❢♦r♠❛❧✐s♠❡s✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱
❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ♣r♦♣♦sé❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❛♠é❧✐♦r❡ ❣❧♦❜❛❧❡♠❡♥t ❧❛ ♣ré❝✐s✐♦♥
s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s✱ ♥♦t❛♠♠❡♥t ❣râ❝❡ à ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ❞✉
❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ◆é❛♥♠♦✐♥s✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧✬❛❝❝♦r❞ ❡♥tr❡ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❡t ❧❡ ❝♦❞❡
❞✬♦s❝✐❧❧❛t✐♦♥ ♥✬❡st ♣❧✉s ❛✉ss✐ ❜♦♥ ♣♦✉r ❧❡s ✈❛❧❡✉rs ❞❡ P/∆Π s✐t✉é❡s ❡♥✈✐r♦♥ ❡♥tr❡ ✶✼ ❡t ✶✾✱ ❝♦rr❡s✲
♣♦♥❞❛♥t à ❞❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❡♥tr❡ ✵✳✽✸ ♠❍③ ❡t ✵✳✾✸ ♠❍③✳ ❉❡ ❢❛ç♦♥ ❛ss❡③ ✐♥tér❡ss❛♥t❡✱ ❝❡❧❛
❝♦rr❡s♣♦♥❞ à ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ♣♦✉r ❧❡q✉❡❧ ❧❛ ✈❛❧❡✉r ❞❡ d ln Ñ/d ln r ✈❛r✐❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t
✭✈♦✐r ❋✐❣✉r❡ ✶✵✳✶✮✳ ❯♥❡ ♠❛✉✈❛✐s❡ ❡st✐♠❛t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡♥ ❡st s❛♥s ❞♦✉t❡ ❧❛ ❝❛✉s❡✳
❈❡ ♣♦✐♥t ♠ér✐t❡r❛ ❧✉✐ ❛✉ss✐ ❞✬êtr❡ ♠✐❡✉① ❝♦♠♣r✐s ❞❛♥s ❧❡ ❢✉t✉r✳

❊st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r s✉r ❧❡s ❢réq✉❡♥❝❡s ✐♥❞✐✈✐❞✉❡❧❧❡s ❝♦rr✐❣é❡s✳ ❊♥✜♥✱ ♣♦✉r ✜♥✐r✱ ❧❛
❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❆❉■P▲❙ ❡t ❧❡s ❢réq✉❡♥❝❡s ❝♦rr✐❣é❡s ♦❜t❡♥✉❡s ❛✈❡❝
❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ s✉✐✈❛♥t ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ♦✉ ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❡st r❡♣rés❡♥té❡
s✉r ❧❛ ❋✐❣✉r❡ ✶✵✳✼✳ ❈❡tt❡ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s s♦♥t s②sté♠❛t✐q✉❡♠❡♥t
❞é❝❛❧é❡s ❡♥ ♠♦②❡♥♥❡ ❞✬✉♥❡ ✈❛❧❡✉r ❞❡ −0.05∆ν ❡♥✈✐r♦♥✳ ■❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❝❡tt❡ ❡rr❡✉r s②sté♠❛t✐q✉❡
♣r♦✈✐❡♥♥❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s q✉❛♥t✐tés ❡♥tr❛♥t ❡♥ ❥❡✉ ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✱ ♠❛✐s
❝❡❧❧❡✲❝✐ ❡st ❛ss❡③ ❢❛✐❜❧❡ ♣♦✉r r❡st❡r ❛❝❝❡♣t❛❜❧❡✳ ❚♦✉t❡❢♦✐s✱ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❝❡ ❞é❝❛❧❛❣❡✱ ♦♥
✈♦✐t q✉❡ ❧❛ r❡❧❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ r❡st❡ ♣❧✉s ♣ré❝✐s❡ q✉❡ ❝❡❧❧❡
❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ✉♥❡ ❡rr❡✉r ✐♥❢ér✐❡✉r❡ à ✶✵✪ ❞❡ ∆ν✱ à ❧✬❡①❝❡♣t✐♦♥ ❞❡
❧✬✐♥t❡r✈❛❧❧❡ ❡♥tr❡ ✶✻✵✲✶✽✵ ❡♥ ❛❜s❝✐ss❡✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❢réq✉❡♥❝❡s ❡♥tr❡ ✵✳✽ ♠❍③ ❡t ✵✳✾ ♠❍③ ❞é❥à
♠❡♥t✐♦♥♥é❡s à ❧❛ ✜♥ ❞✉ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✳

✷✷✾



❈❤❛♣✐tr❡ ✶✵✳ ▼♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡

✶✵✳✸ ❈♦♥❝❧✉s✐♦♥s ♣ré❧✐♠✐♥❛✐r❡s

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé à ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥
❢♦rt ❝♦✉♣❧❛❣❡ ♣r♦♣♦sé❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ❝❛❧❝✉✲
❧é❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❆❉■P▲❙ ❡t ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡
♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡ttr❡ ❡♥ ❡①❡r❣✉❡ ❧✬❛♣♣♦rt ♦✉ ❧❡s
✐♥s✉✣s❛♥❝❡s ❞❡ ❝❡ ♥♦✉✈❡❛✉ ❢♦r♠❛❧✐s♠❡ ♣♦✉r ❧❛ ♣ré❞✐❝t✐♦♥ t❤é♦r✐q✉❡ ❞✉ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✳
❉❡✉① ❡♥s❡✐❣♥❡♠❡♥ts ♠❛❥❡✉rs r❡ss♦rt❡♥t ❞❡ ❝❡ tr❛✈❛✐❧ ♣ré❧✐♠✐♥❛✐r❡✳ ❉✬❛❜♦r❞✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡
❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ❣❧♦❜❛❧❡♠❡♥t ❡♥ ❜✐❡♥ ♠❡✐❧❧❡✉r ❛❝❝♦r❞ ❛✈❡❝ ❧❡ s♣❡❝tr❡ ❝❛❧❝✉❧é
♣❛r ❆❉■P▲❙ q✉❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ❣râ❝❡ ❡♥ ♣❛rt✐❝✉❧✐❡r à ✉♥❡ ❡st✐♠❛t✐♦♥
♣❧✉s ré❛❧✐st❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❈♦♠♠❡ ♣♦✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s✱ ❝❡tt❡ ét✉❞❡ ❞é✲
♠♦♥tr❡ ♥♦t❛♠♠❡♥t q✉❡ ❞❡s ✈❛❧❡✉rs ❞❡ q ❜✐❡♥ s✉♣ér✐❡✉r❡s à ✵✳✷✺✱ ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❛✉t♦r✐sé❡ ❞❛♥s
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r r❡♥❞r❡ ❝♦♠♣t❡ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s
❝❛❧❝✉❧é❡s ❛✈❡❝ ❆❉■P▲❙✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ♠♦♥tr❡ ❛✉ss✐ q✉✬✉♥ ❞é♣❤❛s❛❣❡ ❛❞❞✐t✐♦♥♥❡❧ ❞✬❡♥✲
✈✐r♦♥ π/4 ❞❛♥s ❧❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❛ss♦❝✐é❡ à ❧❛ ❝❛✈✐téG✱ ❝✬❡st✲à✲❞✐r❡Θg ❞❛♥s ❊q✳ ✭✶✵✳✷✮✱ ❡st ♥é❝❡ss❛✐r❡
♣♦✉r q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ❝❛❧❝✉❧é❡s ♣❛r ❆❉■P▲❙ r❡st❡ ❛❝❝❡♣t❛❜❧❡✳ ❊♥ ❡✛❡t✱ ❛✈❡❝ ❝❡tt❡
❝♦rr❡❝t✐♦♥✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❡st ❝❛♣❛❜❧❡ ❞❡ ♣ré❞✐r❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ✐♥❞✐✈✐✲
❞✉❡❧❧❡s ❛✈❡❝ ✉♥❡ ❡rr❡✉r ✐♥❢ér✐❡✉r❡ à ❡♥✈✐r♦♥ ✶✵✪ ❞❡ ∆ν ♣❛r r❛♣♣♦rt ❛✉① ❢réq✉❡♥❝❡s ❝❛❧❝✉❧é❡s ❛✈❡❝
❆❉■P▲❙✳ ▲✬♦r✐❣✐♥❡ ❞❡ ❝❡ ❞é♣❤❛s❛❣❡ ❡st ♣♦✉r ❧✬✐♥st❛♥t ✐♥❝♦♥♥✉✳ ■❧ ♣♦✉rr❛✐t ♣r♦✈❡♥✐r ❞✬✉♥ tr❛✐t❡♠❡♥t
✐♥s✉✣s❛♥t ♣rès ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❞❡ ❧❛ ❝❛✈✐té G s♦✐t ❞❡ ❧❛ ♣❛rt ❞❡ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡✱ s♦✐t ❞✉
❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡s rés✉❧t❛ts ♣ré❧✐♠✐♥❛✐r❡s ❞❡✈r♦♥t êtr❡ ❝♦♥✜r♠és ♣❛r ❧❛ s✉✐t❡ s✉r ❞✬❛✉tr❡s ♠♦✲
❞è❧❡s✳ ❈❡❧❛ ♣❡r♠❡ttr❛ ♥♦t❛♠♠❡♥t ❞❡ s❛✈♦✐r s✐ ❧✬❡rr❡✉r ❞❡ ♣❤❛s❡ ❞❡ π/4 s✉r Θg ❡st s②sté♠❛t✐q✉❡✱ ❡t s✐
♦✉✐✱ ❞❡ ❝♦♠♣r❡♥❞r❡ s♦♥ ♦r✐❣✐♥❡✳ ❉❛♥s ✉♥❡ s❡❝♦♥❞❡ ét❛♣❡✱ ❧❡ ♠ê♠❡ t②♣❡ ❞✬ét✉❞❡ ❞❡✈r❛ êtr❡ ❡✛❡❝t✉é❡
s✉r ❞❡s ❝❛s ré❛❧✐st❡s✱ ❝✬❡st✲à✲❞✐r❡ ❞❛♥s ✉♥❡ ét♦✐❧❡ ❛✈❡❝ ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s
s♣❡❝tr❡s ♦❜s❡r✈és✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ♣❡r♠❡ttr❛ ❞❡ s❛✈♦✐r s✐ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❛✉ ♣r❡✲
♠✐❡r ♦r❞r❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❡st ❝❛♣❛❜❧❡ ❞❡ ♣ré❞✐r❡ ❧❛ str✉❝t✉r❡ ❣❧♦❜❛❧❡ ❞✉ s♣❡❝tr❡
❞❡s ♠♦❞❡s ♠✐①t❡s✱ ❛✐♥s✐ q✉❡ s❛ str✉❝t✉r❡ ✜♥❡✱ ♦✉ s✐ ✉♥❡ ❛♥❛❧②s❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❡st ♥é❝❡ss❛✐r❡✳

❊♥ rés✉♠é✱ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❞✬❛♣rès
❚❛❦❛t❛ ✭✷✵✶✻❛✮ ♣ré❞✐t ❞❡s ✈❛❧❡✉rs ♣❧✉s ré❛❧✐st❡s ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❈❡❧❛ ♣❡r♠❡t

❞✬❛♠é❧✐♦r❡r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉① ❢♦r♠✉❧❛t✐♦♥s
t❤é♦r✐q✉❡s ♣ré❝é❞❡♥t❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ◆é❛♥♠♦✐♥s✱ ❧❡s ❝❛❧❝✉❧s ♦♥t

♠♦♥tré q✉❡ ❧❛ ♣❤❛s❡ ❞❡s ♠♦❞❡s ❛ss♦❝✐é❡ à ❧❛ ❝❛✈✐té G✱ ✐✳❡✳ Θg✱ ❞♦✐t êtr❡ ❝♦rr✐❣é❡ ❞✬✉♥❡ ❝♦♥st❛♥t❡
♣♦✉r r❡♣r♦❞✉✐r❡ ❛✈❡❝ ✉♥❡ ❜♦♥♥❡ ♣ré❝✐s✐♦♥ ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳

❆♣rès ❝♦rr❡❝t✐♦♥✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ♣❡r♠❡t ❛❧♦rs ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s à ♠✐❡✉①
❞❡ ✶✵✪ ❞❡ ∆ν✳ ❉❡ ❢✉t✉r❡s tr❛✈❛✉① ❞❡✈r♦♥t tr♦✉✈❡r ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡ ❞é♣❤❛s❛❣❡✳ ❈❡s rés✉❧t❛ts ♦♥t été

♦❜t❡♥✉s ❞❛♥s ✉♥ ❝❛s ✐❞é❛❧ ♥♦♥✲ré❛❧✐st❡ r❡s♣❡❝t❛♥t ❛✉ ♠✐❡✉① ❧❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❛
❞ér✐✈❛t✐♦♥ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧✬ét✉❞❡ s❡r❛ ét❡♥❞✉❡ à ❞❡s ❝❛s ré❡❧s✳

✷✸✵



❈❤❛♣✐tr❡ ✶✶

■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥
♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

❙♦♠♠❛✐r❡
✶✶✳✶ ❉é✜♥✐t✐♦♥s ❡t ♠♦❞é❧✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✶

✶✶✳✶✳✶ ❘ô❧❡ ❞❡ ǫg ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✶

✶✶✳✶✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡s ❝❛✈✐tés rés♦♥❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✷

✶✶✳✶✳✸ ❈♦♠♣♦rt❡♠❡♥t ❛✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✹

✶✶✳✷ ❙✐❣♥❛t✉r❡ s✐s♠✐q✉❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✹

✶✶✳✷✳✶ ❈❛❧❝✉❧ ❞❡ I1 ♣rès ❞✉ ❝❡♥tr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✺

✶✶✳✷✳✷ ❈❛❧❝✉❧ ❞❡ I2 ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✻

✶✶✳✷✳✸ ❊①♣r❡ss✐♦♥ ✜♥❛❧❡ ♣♦✉r ǫg,l ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✽

✶✶✳✸ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❝♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾

P♦✉r ✜♥✐r ❝❡tt❡ tr♦✐s✐è♠❡ ♣❛rt✐❡ s✉r ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s✱ ♥♦✉s ♥♦✉s
✐♥tér❡ss♦♥s à ✉♥ ♣❛r❛♠ètr❡ ❥✉sq✉✬✐❝✐ ♣❡✉ ét✉❞✐é✳ ■❧ s✬❛❣✐t ❞✉ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s à
❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ♥♦té ǫg✱ q✉✐ ❛ ♣ré❝é❞❡♠♠❡♥t été ✐♥tr♦❞✉✐t ❞❛♥s ❊q✳ ✭✽✳✻✮ ❡t q✉✐ ❡st s♦✉✈❡♥t
❞é♥♦♠♠é ♣❛r ❛❜✉s ❞❡ ❧❛♥❣❛❣❡ ♣❛r s♦♥ ♥♦♠ ❛♥❣❧❛✐s ♦✛s❡t✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❡t s✐♠✐❧❛✐r❡
à ❝❡❧✉✐ ✉t✐❧✐sé ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾ ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ♥♦✉s ♠♦♥tr♦♥s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡
q✉❡ ❝❡ ♣❛r❛♠ètr❡ ❡st s❡♥s✐❜❧❡ ❛✉① ♣r♦♣r✐étés ❞❡s ré❣✐♦♥s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ❞❡ ❧❛
❝❛✈✐té ❝❡♥tr❛❧❡ ✭✐✳❡✳✱ ra ❡t rb s✉r ❧❛ ❋✐❣✉r❡ ✽✳✶✮✳ ❈❡ ♣❛r❛♠ètr❡ s✐s♠✐q✉❡ ❞♦✐t ❞♦♥❝ ✈❛r✐❡r ❛✉ ❝♦✉rs
❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❡t s❛ ❞ét❡r♠✐♥❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ♣❡r♠❡ttr❛✐t à t❡r♠❡ ❞❡ ❝♦♥tr❛✐♥❞r❡
❧❡s ♣r♦♣r✐étés ❞❡s ré❣✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ ❧❛ ❝❛✈✐té ❝❡♥tr❛❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡ ❡t ❧❛
ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ P♦✉r ❝♦♠♠❡♥❝❡r✱
♣rés❡♥t♦♥s ❜r✐è✈❡♠❡♥t ❧❡ ❝❛❞r❡ ❞❛♥s ❧❡q✉❡❧ s✬✐♥s❝r✐t ❝❡tt❡ ét✉❞❡✳

✶✶✳✶ ❉é✜♥✐t✐♦♥s ❡t ♠♦❞é❧✐s❛t✐♦♥

✶✶✳✶✳✶ ❘ô❧❡ ❞❡ ǫg ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡

❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s s✬❡①♣r✐♠❡ s✉✐✈❛♥t
❊q✳ ✭✽✳✶✮✱ ❝✬❡st✲à✲❞✐r❡

cot (ΞG) tan (ΞP ) = q ✱ ✭✶✶✳✶✮

♦ù ΞG ❡t ΞP s♦♥t ❧❡s t❡r♠❡s ❞❡ ♣❤❛s❡ ❛ss♦❝✐és r❡s♣❡❝t✐✈❡♠❡♥t à ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ❞❡s ♠♦❞❡s ❞❡
❣r❛✈✐té ❡t à ❧❛ ❝❛✈✐té ❡①t❡r♥❡ ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉

✷✸✶



❈❤❛♣✐tr❡ ✶✶✳ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

t❡r♠❡ ΞG✱ q✉✐ ❞é♣❡♥❞ ♥♦t❛♠♠❡♥t ❞❡ ❧✬✐♥té❣r❛❧❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡♥tr❡
ra ❡t rb✳ ▲✬♦✛s❡t ǫg,l ❡st ❛❧♦rs ❞é✜♥✐ ♣❛r ❧❛ r❡❧❛t✐♦♥

ΞG = π

(
1

ν∆Π0
l

− ǫg,l
)

✱ ✭✶✶✳✷✮

♦ù ∆Π0
l ❡st ❢♦r♠❡❧❧❡♠❡♥t é❣❛❧ ❛✉ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ❞✬✉♥ ♠♦❞❡ ❞❡ ❣r❛✈✐té ♣✉r ❞❡ ❞❡❣ré l ♣♦✉r ❧❡q✉❡❧

ν → 0 ✭❡♥ ❡✛❡t✱ ❞✬❛♣rès ❊q✳ ✭✷✳✼✺✮✱ ∆Πl ❞é♣❡♥❞ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ à tr❛✈❡rs ❧❡s ♣♦✐♥ts
t♦✉r♥❛♥ts ❡t ❧❡s ❜♦r♥❡s ❞❡ ❧✬✐♥té❣r❛❧❡✮✳ ❆❧♦rs q✉❡ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✶✶✳✷✮
r❡♣rés❡♥t❡ ❧❡ t❡r♠❡ ❞✬♦r❞r❡ ❞♦♠✐♥❛♥t ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❡♥tr❡ ra ❡t rb q✉❛♥❞ ❧❡ ♥♦♠❜r❡
❞❡ ♥÷✉❞s ❞❛♥s ❧❛ ❝❛✈✐té G ❡st ❣r❛♥❞ ✭✐✳❡✳✱ ng ∼ P/∆Π0

l ≫ 1✱ ✈♦✐r ❙❡❝t✐♦♥ ✶✶✳✷✮✱ ǫg,l r❡❣r♦✉♣❡ ❧❡s
t❡r♠❡s ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té ♦✉ ❞✬♦r❞r❡ s✉♣ér✐❡✉r✱ ❛✐♥s✐ q✉❡ ❧❡s t❡r♠❡s ❞❡ ❞é♣❤❛s❛❣❡ ♣r♦✈❡♥❛♥t ❞❡
❧❛ ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ra ❡t rb✳ ❈❡s t❡r♠❡s✱ ❜✐❡♥ q✉❡ ♥é❣❧✐❣❡❛❜❧❡s ♣❛r r❛♣♣♦rt à
P/∆Π0

l ≫ 1 ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡✱ ❥♦✉❡♥t ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❞❡
♣❤❛s❡✳ ❊♥ ❡✛❡t✱ ✐❧s ✐♥t❡r✈✐❡♥♥❡♥t ❡♥ ❛r❣✉♠❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦t❛♥❣❡♥t❡ q✉✐ ❡st π✲♣ér✐♦❞✐q✉❡ ❡t q✉✐
✈❛r✐❡ ❞❡ +∞ à −∞ s✉r ❧✬✐♥t❡r✈❛❧❧❡ [0, π]✳ ❆✐♥s✐✱ ✉♥❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té ♣♦✉r ΞG ♣r♦✈❡♥❛♥t
❞✉ t❡r♠❡ ǫg,l ♣❡✉t rés✉❧t❡r ❡♥ ✉♥ ❞é❝❛❧❛❣❡ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡s ♠♦❞❡s ♠✐①t❡s
à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✳ ❘é❝✐♣r♦q✉❡♠❡♥t✱ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ǫg,l s✉r ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❡st ❛ss❡③
✐♠♣♦rt❛♥t❡ ♣♦✉r q✉✬✐❧ ♣✉✐ss❡ êtr❡ ♠❡s✉ré ❞❛♥s ✉♥ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ▲❡ ❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡
❞é♠♦♥tr❡r q✉❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❝❡ t❡r♠❡ ♣❡✉t ♥♦✉s r❡♥s❡✐❣♥❡r s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ str✉❝t✉r❡
✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❧❡ ♣r♦✜❧ ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜
s❡r❛ ♠♦❞é❧✐sé ❛✜♥ ❞❡ r❡♥❞r❡ ❧❡s ❝❛❧❝✉❧s s♦❧✉❜❧❡s ❛♥❛❧②t✐q✉❡♠❡♥t✳ ▲❡ ❝❛s ❞❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s
s❡r❛ ❝♦♥s✐❞éré ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❛
♥♦t❛t✐♦♥ l ♣♦✉r ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ s❡r❛ ♥é❛♥♠♦✐♥s ❡①♣❧✐❝✐t❡♠❡♥t ❝♦♥s❡r✈é❡ ♣✉✐sq✉❡ ♥♦✉s ✈❡rr♦♥s
♣❧✉s t❛r❞ q✉❡ ❧❡ rés✉❧t❛t ♣♦✉r ❧❡s ❞❡❣rés ❛♥❣✉❧❛✐r❡s l ≥ 2 ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ♣❡✉t✲êtr❡
❢❛❝✐❧❡♠❡♥t r❡tr♦✉✈é à ♣❛rt✐r ❞✉ rés✉❧t❛t ♣♦✉r l = 1 s❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✳

✶✶✳✶✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡s ❝❛✈✐tés rés♦♥❛♥t❡s

▲❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ♠♦♥tr❡♥t q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✬❡①♣r✐♠❡r ❧❡s
❢réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ♣❛r ❞❡s ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥
❞❡ ♣❛rt ❡t ❞✬❛✉tr❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ S̃1 ✭❡✳❣✳✱ ✈♦✐r ❋✐❣✉r❡ ✾✳✸✮✳ ◆é❛♥♠♦✐♥s✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ♠♦❞è❧❡
♣rés❡♥té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✱ ❧❡s ❡①♣♦s❛♥ts ❛ss♦❝✐és à Ñ ❡t à S̃1 ♥❡ s♦♥t ♣❛s s✉♣♣♦sés êtr❡ é❣❛✉①✱
❝♦♠♠❡ ❝❡❧❛ ❡st s✉❣❣éré ♣❛r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥
♦❜s❡r✈é❡ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✵ ✭✈♦✐r ❋✐❣✉r❡ ✶✵✳✷✮✳ ❖♥ s✉♣♣♦s❡ ❞♦♥❝ ❞❛♥s ❧❛ s✉✐t❡ q✉❡

d ln S̃1
d ln r

= cst. = βa ❡t
d ln Ñ

d ln r
= cst. = γa ♣♦✉r r ≤ rM ✭✶✶✳✸✮

d ln S̃1
d ln r

= cst. = βb ❡t
d ln Ñ

d ln r
= cst. = γb ♣♦✉r rM ≤ r ≤ rBCZ✱ ✭✶✶✳✹✮

♦ù rBCZ ❡st ❧❡ r❛②♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t rM ❡st ❧❡ r❛②♦♥ ❛✉ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❢réq✉❡♥❝❡
♠♦❞✐✜é❡ ❞❡ ▲❛♠❜✳ ▲❛ s✐t✉❛t✐♦♥ ❡st r❡♣rés❡♥té❡ ❞❡ ❢❛ç♦♥ s❝❤é♠❛t✐q✉❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✶✳✶✳ ❈♦♠♠❡
❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾ ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ❞❡✉① ❝❛s s❡r♦♥t ❝♦♥s✐❞érés✳ ▲❡ ❝❛s ✶ ❝♦rr❡s♣♦♥❞ ❛✉
❝❛s ♦ù ❧❛ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s ❡st ✐♥❢ér✐❡✉r❡ à ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡
❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♥♦té❡ NBCZ ✭ ❡✳❣✳✱ ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s
s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✮✳ ▲❡ ❝❛s ✷ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ♦ù ❧❛ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡ ❞✬♦s❝✐❧❧❛t✐♦♥
❡st s✉♣ér✐❡✉r❡ à NBCZ ✭❡✳❣✳✱ ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ♦✉ ❞✉ r❡❞ ❝❧✉♠♣✮✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r
✐❝✐ q✉❡ ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ♥❡ ♣r❡♥❞ ♣❛s ❡♥ ❝♦♠♣t❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❝÷✉r ❝♦♥✈❡❝t✐❢ ❞❛♥s ❧❡s ét♦✐❧❡s
❞✉ r❡❞ ❝❧✉♠♣✳ ❊♥ ❡✛❡t✱ ❝❡❧✉✐✲❝✐ r❡♥❞r❛✐t ❧❡s ❝❛❧❝✉❧s ❜✐❡♥ ♣❧✉s ❝♦♠♣❧❡①❡s✳ P❛r s♦✉❝✐ ❞❡ s✐♠♣❧✐❝✐té✱
♦♥ ♦✉❜❧✐❡ ❞♦♥❝ s♦♥ ✐♥✢✉❡♥❝❡ ❞❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ❡t r❡♣♦rt❡ s♦♥ ét✉❞❡ ❞ét❛✐❧❧é❡ à ❞❡ ❢✉t✉rs
tr❛✈❛✉①✳

✷✸✷



✶✶✳✶✳ ❉é✜♥✐t✐♦♥s ❡t ♠♦❞é❧✐s❛t✐♦♥

❋✐❣✉r❡ ✶✶✳✶✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s ❢réq✉❡♥❝❡s ♠♦❞✐✜é❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡ ♥♦✐r❡✮
❡t ❞❡ ▲❛♠❜ ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡ ♦r❛♥❣❡✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ✉♥❡ ét♦✐❧❡ é✈♦❧✉é❡ ✭❡♥ é❝❤❡❧❧❡
❧♦❣❛r✐t❤♠✐q✉❡✮✳ P♦✉r ❝♦♠♣❛r❛✐s♦♥✱ ❧❡s ♣r♦✜❧s ♦❜t❡♥✉s ❞❛♥s ✉♥ ♠♦❞è❧❡ s♦❧❛✐r❡ à ❧❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❞❡s ❣é❛♥t❡s r♦✉❣❡s s♦♥t r❡♣rés❡♥tés ♣❛r ❞❡s t✐r❡ts✳ ▲❛
❧✐❣♥❡ ✈❡rt✐❝❛❧❡ ♣♦✐♥t✐❧❧é❡ r❡♣rés❡♥t❡ ❧❛ r❛②♦♥ ❛✉ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♠♦❞✐✜é❡ ❞❡ ▲❛♠❜✱
rM✱ q✉✐ s❡ tr♦✉✈❡ ❛✉① ❛❧❡♥t♦✉rs ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥✳ ▲❛ ❧✐❣♥❡ ❤♦r✐③♦♥t❛❧❡
♣♦✐♥t✐❧❧é❡ ✈❡rt❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✱ NBCZ✱ ❥✉st❡ s♦✉s
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞❡ r❛②♦♥ rBCZ✳ ▲❡s ❧✐❣♥❡s ♣♦✐♥t✐❧❧é❡s ✈✐♦❧❡tt❡s s②♠❜♦❧✐s❡♥t ❧❡s
❝❛✈✐tés ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❧❡s ❝❛s ❞✬✉♥ ♠♦❞❡ ♠✐①t❡ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st
✐♥❢ér✐❡✉r❡ à NBCZ/2π ✭❝❛s ✶✮✱ ❡t ❞❡ ❝❡❧✉✐ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st s✉♣ér✐❡✉r❡
✭❝❛s ✷✮✳

✷✸✸



❈❤❛♣✐tr❡ ✶✶✳ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

✶✶✳✶✳✸ ❈♦♠♣♦rt❡♠❡♥t ❛✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡

▲❡s ✈❛❧❡✉rs ❞❡s ❡①♣♦s❛♥ts βa ❡t γa ❞❛♥s ❊q✳ ✭✶✶✳✸✮ s♦♥t ❡♥ ❢❛✐t ❞é❥à ❞ét❡r♠✐♥é❡s ♣❛r ❧❡s ❝♦♥❞✐t✐♦♥s
❛✉ ❝❡♥tr❡✱ ❝✬❡st✲à✲❞✐r❡ s♦✉s ❧❡ r❛②♦♥ rM✳ ❊♥ ❡✛❡t✱ ❛✉ ❝❡♥tr❡✱ ❧❡s ❞ér✐✈é❡s ❞❡ ❧❛ ♣r❡ss✐♦♥ ❡t ❞❡ ❧❛ ❞❡♥s✐té
♣❛r r❛♣♣♦rt ❛✉ r❛②♦♥ s♦♥t ♥✉❧❧❡s✳ P❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡
r = 0✱ ❧❛ ♣r❡ss✐♦♥ ❡t ❧❛ ❞❡♥s✐té ♣❡✉✈❡♥t ❛❧♦rs s✬❡①♣r✐♠❡r ❝♦♠♠❡

p ≈ pc + p′′cr
2/2 ✭✶✶✳✺✮

ρ ≈ ρc + ρ′′cr
2/2 ✱ ✭✶✶✳✻✮

♦ù ❧✬✐♥❞✐❝❡ c ✐♥❞✐q✉❡ ❧❡s ✈❛❧❡✉rs ❡st✐♠é❡s ❛✉ ❝❡♥tr❡ ❡t ✭′′✮ s✐❣♥✐✜❡ ❧❛ ❞ér✐✈é❡ s❡❝♦♥❞❡ ♣❛r r❛♣♣♦rt à
r✳ ❆✐♥s✐✱ ❧❡ ❢❛❝t❡✉r J ❡t ❧❛ ♠❛ss❡ ❞✬✉♥❡ s♣❤èr❡ ❞❡ r❛②♦♥ r s♦♥t ❞♦♥♥és ♣❛r

m =

∫ r

0
4πρr2dr ≈ 4π

3
ρcr

3

(
1 +

3ρ′′c
10ρc

r2
)

✭✶✶✳✼✮

J = 1− 4πr3ρ

m
≈ − 7ρ′′c

10ρc
r2 ✳ ✭✶✶✳✽✮

❉✬❛♣rès ❧❡s ❞é✜♥✐t✐♦♥s ❞❡s ❢réq✉❡♥❝❡s ❞❡ ▲❛♠❜ ❡t ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❞♦♥♥é❡s ❞❛♥s ❊qs✳ ✭✷✳✸✹✮✲✭✷✳✸✺✮✱
♦♥ ❛ ❛❧♦rs ♣rès ❞✉ ❝❡♥tr❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❞❡✉① ❞❡r♥✐èr❡s ❡①♣r❡ss✐♦♥s

S2
l ≈

Λ2c2c
r2

✭✶✶✳✾✮

N2 ≈ 4πGρc
3

r2
(

p′′c
Γ1,cpc

− ρ′′c
ρc

)
✱ ✭✶✶✳✶✵✮

♦ù Λ =
√
l(l + 1)✳ ❉✬❛♣rès ❊qs✳ ✭✶✶✳✽✮✲✭✶✶✳✶✵✮✱ ♦♥ ❛❜♦✉t✐t ❛❧♦rs ♣♦✉r r ≤ rM à

βa =
d ln S̃1
d ln r

=
d ln(S1J)

d ln r
= 1 ✭✶✶✳✶✶✮

γa =
d ln Ñ

d ln r
=

d ln(N/J)

d ln r
= −1 ✳ ✭✶✶✳✶✷✮

❉❡ ♣❧✉s✱ ♦♥ ❞é❞✉✐t ❧❡s r❡❧❛t✐♦♥s s✉✐✈❛♥t❡s

N

S̃1
= cst. ❡t S̃1Ñ = cst. ♣♦✉r r ≤ rM✳ ✭✶✶✳✶✸✮

❈❡s é❣❛❧✐tés ✈♦♥t ♥♦✉s êtr❡ ✉t✐❧❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ǫg,l✳

✶✶✳✷ ❙✐❣♥❛t✉r❡ s✐s♠✐q✉❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts

P♦✉r s✐♠♣❧✐✜❡r✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ▲✬❡✛❡t ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡
s✉r ❧✬♦✛s❡t ǫg,l s❡r❛ ❞✐s❝✉té ♣❧✉s t❛r❞ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✶✳✸✳ ❉❛♥s ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❡ t❡r♠❡ ❞❡
♣❤❛s❡ ΞG ❡st ❞♦♥♥é✱ ❞✬❛♣rès ❊q✳ ✭✽✳✹✵✮✱ ♣❛r

ΞG =

∫ rb

ra

k̃rdr −
π

2
✱ ✭✶✶✳✶✹✮

♦ù k̃r ❡st ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✽✳✸✻✮✱ ❝✬❡st✲à✲❞✐r❡

k̃2r =
σ2

c2

(
Ñ2

σ2
− 1

)(
S̃2
1

σ2
− 1

)
✳ ✭✶✶✳✶✺✮

✷✸✹



✶✶✳✷✳ ❙✐❣♥❛t✉r❡ s✐s♠✐q✉❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts

▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ǫg,l ♣❛ss❡ ❞♦♥❝ ♣❛r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ à tr❛✈❡rs ❧❛ ❝❛✈✐té
G✳ ❈❡❧❧❡✲❝✐ s❡r❛ ❡st✐♠é❡ s♦✉s ❧❡s ❤②♣♦t❤ès❡s ❞✉ ♠♦❞è❧❡ ♣rés❡♥té ♣ré❝é❞❡♠♠❡♥t✳ ❖♥ ♥♦t❡ ❞❛♥s ❧❛
s✉✐t❡ I1 ❡t I2 r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ à ❧✬✐♥té❣r❛❧❡ ♣rès ❞✉ ❝❡♥tr❡ ❡t ❝❡❧❧❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛
③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ t❡❧❧❡ q✉❡

I =

∫ rb

ra

k̃rdr =

∫ rM

ra

k̃rdr

︸ ︷︷ ︸
I1

+

∫ rb

rM

k̃rdr

︸ ︷︷ ︸
I2

✳ ✭✶✶✳✶✻✮

✶✶✳✷✳✶ ❈❛❧❝✉❧ ❞❡ I1 ♣rès ❞✉ ❝❡♥tr❡

❉✬❛♣rès ❧❛ ❋✐❣✉r❡ ✶✶✳✶ ❡t ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❏❲❑❇✱ σ2 ≪ Ñ2 ❞❛♥s ❧❛ ré❣✐♦♥ ♦ù ra < r < rM✳
❊♥ ✉t✐❧✐s❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ k̃r ♣♦✉r σ/Ñ ❛✉ ✈♦✐s✐♥❛❣❡ ✵ ✭q✉✐ ❞❡♠❡✉r❡
✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞ès q✉❡ σ/Ñ . 0.5✱ ❝❡ q✉✐ ❡st ❧❛r❣❡♠❡♥t ✈ér✐✜é ✐❝✐✮✱ ♦♥ ♦❜t✐❡♥t

I1 =

∫ rM

ra

Ñ

cs

[
1− σ2

2Ñ2
+O

(
σ4

Ñ4

)](
S̃1

2

σ2
− 1

)1/2

dr ✭✶✶✳✶✼✮

=

∫ rM

ra

ΛN

σ

dr

r
+

∫ rM

ra

Ñ

cs



(
S̃2
1

σ2
− 1

)1/2

− S̃1
σ


 dr

︸ ︷︷ ︸
A

+

∫ rM

ra

Ñ

cs

[
− σ2

2Ñ2
+O

(
σ4

Ñ4

)](
S̃2
1

σ2
− 1

)1/2

dr

︸ ︷︷ ︸
B

✳ ✭✶✶✳✶✽✮

▲❡ t❡r♠❡ A ♣❡✉t êtr❡ réé❝r✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ N ❡t S̃1 s❡✉❧❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡

A = Λ

∫ rM

ra

N

S̃1



(
S̃1

2

σ2
− 1

)1/2

− S̃1
σ


 dr

r
✭✶✶✳✶✾✮

= Λ

(
N

S̃1

)

0

∫ rM

ra



(
S̃1

2

σ2
− 1

)1/2

− S̃1
σ


 dr

r
✱ ✭✶✶✳✷✵✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ (N/S̃1) = cst. = (N/S̃1)0 ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ❊♥ ♣r♦❝é❞❛♥t ❛✉ ❝❤❛♥❣❡♠❡♥t
❞❡ ✈❛r✐❛❜❧❡ x = S̃1/σ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉✬❛✉ ♣♦✐♥t t♦✉r♥❛♥t S̃1(ra) = σ✱ ♦♥ ❛❜♦✉t✐t à

A = Λ

(
N

S̃1

)

0

∫ xM

1

[√
x2 − 1− x

] dx

βax
✭✶✶✳✷✶✮

= Λ

(
N

S̃1

)

0

[√
x2 − 1 + arctan

(
1√

x2 − 1

)
− 1

]xM

1

✭✶✶✳✷✷✮

= Λ

(
N

S̃1

)

0

{
1− π

2
+

1

2

σ

S̃1,M
+O

(
σ3

S̃3
1,M

)}
✱ ✭✶✶✳✷✸✮

♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧✬❤②♣♦t❤ès❡ xM = S̃1,M/σ ≫ 1 ❡t ❞é✜♥✐ S̃1,M = S̃1(rM)✳ ▲❡ t❡r♠❡ B✱ ❧✉✐✱ ♣❡✉t êtr❡
réé❝r✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ N ✱ Ñ ❡t S̃1✱ ❝✬❡st✲à✲❞✐r❡

B = −Λ
∫ rM

ra

N

S̃1

σ4

2Ñ2S̃2
1

S̃2
1

σ2

[
S̃2
1

σ2
− 1

]1/2 [
1 +O

(
σ2

Ñ2

)]
dr

r
✭✶✶✳✷✹✮

= −Λ
(
N

S̃1

σ4

2Ñ2S̃2
1

)

rM

∫ rM

ra

S̃2
1

σ2

[
S̃2
1

σ2
− 1

]1/2 [
1 +O

(
σ2

Ñ2

)]
dr

r
✱ ✭✶✶✳✷✺✮

✷✸✺



❈❤❛♣✐tr❡ ✶✶✳ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ N/S̃1 ≈ cst. ❡t Ñ S̃1 ≈ cst. ♣♦✉r r ≤ rM✳ ❊♥ ♣r♦❝é❞❛♥t ❛✉ ♠ê♠❡
❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t ❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ xM ≫ 1✱ ✐❧ ✈✐❡♥t

B ≈ −Λ
(
N

S̃1

σ4

2Ñ2S̃2
1

)

rM

S̃3
1,M

3σ3

[
1 +O

(
σ2

S̃2
1,M

)]
✭✶✶✳✷✻✮

≈ − Λσ

6NM

[
1 +O

(
σ2

S̃2
1,M

)]
✱ ✭✶✶✳✷✼✮

♦ù ❧✬♦♥ ❛ ❞é✜♥✐ NM = N(rM) ❡t s✉♣♣♦sé ÑM ∼ NM ✳ ▲❡ t❡r♠❡ B ❡st ❞♦♥❝ ✐♥❢ér✐❡✉r à ❧✬✉♥✐té ♣✉✐sq✉❡
♣❛r ❤②♣♦t❤ès❡✱ σ ≪ NM ✳ P♦✉r ✜♥✐r✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ réé❝r✐r❡ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡
❞❛♥s ❊q✳ ✭✶✶✳✶✽✮ ❝♦♠♠❡

∫ rM

ra

ΛN

σ

dr

r
=

∫ rM

0

ΛN

σ

dr

r
−
∫ ra

0

ΛN

S̃1

S̃1
σ

dr

r
✭✶✶✳✷✽✮

=

∫ rM

0

ΛN

σ

dr

r
− Λ

(
N

S̃1

)

0

∫ 1

0
dx ✭✶✶✳✷✾✮

=

∫ rM

0

ΛN

σ

dr

r
− Λ

(
N

S̃1

)

0

✱ ✭✶✶✳✸✵✮

♦ù ❧✬♦♥ ❛ ❢❛✐t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x = S̃1/σ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ ✐♥té❣r❛❧❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡
❡t ♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ N/S̃1 = cst. ♣♦✉r r ≤ rM✳ ❋✐♥❛❧❡♠❡♥t✱ ❡♥ ♥❡ ❣❛r❞❛♥t q✉❡ ❧❡s t❡r♠❡s
❞✬♦r❞r❡ ❞♦♠✐♥❛♥t ❡t ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té ❞❛♥s A ❡t B✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✶✶✳✸✵✮✱ ❧✬✐♥té❣r❛❧❡ I1 ❡st
é❣❛❧❡ à

I1 =

∫ rM

0

ΛN

σ

dr

r
− Λ

(
N

S̃1

)

0

π

2
+O

(
σ

S̃1,M

)
✱ ✭✶✶✳✸✶✮

♦ù ❧❡ t❡r♠❡ ❡♥ r♦✉❣❡ ♣r♦✈✐❡♥t ❞❡ ❧✬✐♥té❣r❛t✐♦♥ ♣rès ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ra✳

✶✶✳✷✳✷ ❈❛❧❝✉❧ ❞❡ I2 ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

❈❛s ✶ ❞✬✉♥❡ ét♦✐❧❡ é✈♦❧✉é❡ s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ✭rb ≈ rBCZ✮ ✿ ❞❛♥s ❝❡ t②♣❡
❞✬ét♦✐❧❡✱ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❡st s✐t✉é ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❜❛s❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞❡ r❛②♦♥ rBCZ✱ ♦ù ❧❛
❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ✈❛r✐❡ très r❛♣✐❞❡♠❡♥t✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❧❛ ❢réq✉❡♥❝❡ ❝②❝❧✐q✉❡ ❞✬♦s❝✐❧❧❛t✐♦♥
❡st ✐♥❢ér✐❡✉r❡ à ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱
♥♦té❡ NBCZ✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ✵ ♣♦✉r σ/Ñ
❡t σ/S̃1 ❞❛♥s ❊q✳ ✭✶✶✳✶✺✮ ✭❝❡ q✉✐ ❡st ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r σ . 0.5 S̃1, Ñ✮✱ ❧✬✐♥té❣r❛❧❡ ❞✉
♥♦♠❜r❡ ❞✬♦♥❞❡ ❞❛♥s ❧❛ ♣❛rt✐❡ s✉♣ér✐❡✉r❡ ❞❡ ❧❛ ❝❛✈✐té G ❞❡✈✐❡♥t

I2 =

∫ rBCZ

rM

ΛN

σr

[
1− σ2

2Ñ2
+O

(
σ4

Ñ4

)][
1− σ2

2S̃2
1

+O
(
σ4

S̃4
1

)]
dr ✭✶✶✳✸✷✮

≈
∫ rBCZ

rM

ΛN

σ

dr

r
− Λ

2

∫ rBCZ

rM

Nσ

Ñ2

dr

r︸ ︷︷ ︸
C

−Λ

2

∫ rBCZ

rM

Nσ

S̃2
1

dr

r
︸ ︷︷ ︸

D

✳ ✭✶✶✳✸✸✮

P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ N ✈❛r✐❡ s✉✐✈❛♥t ❧❛ ♠ê♠❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ q✉❡ Ñ ♣rès
❞❡ rBCZ✳ ❈❡❧❛ r❡✈✐❡♥t à ♥é❣❧✐❣❡r ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ❢❛❝t❡✉r J ❛✈❡❝ ❧❡ r❛②♦♥ ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ▲✬❡rr❡✉r
❢❛✐t❡ s✉r ❧❡s ✐♥té❣r❛❧❡s C ❡t D ❡st ♥é❣❧✐❣❡❛❜❧❡ ❝❛r ❧❡s ✐♥té❣r❛♥❞❡s ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ s♦♥t
♠❛①✐♠❛❧❡s ❛✉t♦✉r ❞❡ rBCZ✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs✱ ❡♥ ❡①♣r✐♠❛♥t N ✱ Ñ ❡t S̃1 s♦✉s ❢♦r♠❡ ❞❡ ❧♦✐s ❞❡
♣✉✐ss❛♥❝❡✱

C ≈ − 1

γb

NBCZσ

Ñ2
BCZ

❡t D ≈ − 1

(2βb − γb)
NBCZσ

S̃2
1,BCZ

✳ ✭✶✶✳✸✹✮

✷✸✻



✶✶✳✷✳ ❙✐❣♥❛t✉r❡ s✐s♠✐q✉❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts

▲✬✐♥té❣r❛❧❡ I2 ♣❡✉t ❞♦♥❝ s✬é❝r✐r❡ ❞❛♥s ❧❡ ❝❛s ✶ ❝♦♠♠❡

I2 ≈
∫ rBCZ

rM

ΛN

σ

dr

r
+

Λ

2γb

σ

NBCZ

(
N2

BCZ

Ñ2
BCZ

+
γb

2βb − γb
N2

BCZ

S̃2
1,BCZ

)
✱ ✭✶✶✳✸✺✮

♦ù ❧❡ t❡r♠❡ ❡♥ r♦✉❣❡ ♣r♦✈✐❡♥t ❞❡ ❧✬✐♥té❣r❛t✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t rb✳

❈❛s ✷ ❞✬✉♥❡ ét♦✐❧❡ s♦✉s✲❣é❛♥t❡ ♦✉ ❞✉ r❡❞ ❝❧✉♠♣ ✭rM ≤ rb ≤ rBCZ✮ ✿ ❞❛♥s ❝❡s ét♦✐❧❡s✱ ❧❡
♣♦✐♥t t♦✉r♥❛♥t ❡st s✐t✉é ❡♥tr❡ ❧❛ ❝♦✉❝❤❡ ❞✬❤②❞r♦❣è♥❡ ❡♥ ❢✉s✐♦♥ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳
❖♥ ♥❡ ♣❡✉t ♣❛s s✉♣♣♦s❡r ❞❛♥s ❝❡ ❝❛s q✉❡ σ ≪ Ñ , S̃1 ♣✉✐sq✉❡ ❝❡❧❛ ❡st ♥♦♥ ✈❛❧✐❞❡ ♣r♦❝❤❡ ❞❡ rb✳
▲✬✐♥té❣r❛❧❡ I2 ♣❡✉t ❛❧♦rs s✬❡①♣r✐♠❡r ❝♦♠♠❡

I2 =

∫ rb

rM

ΛN

σ

(
1− σ2

Ñ2

)1/2
(
1− σ2

S̃2
1

)1/2
dr

r
✭✶✶✳✸✻✮

=

∫ rb

rM

ΛN

σ

dr

r
+

∫ rb

rM

ΛN

σ



(
1− σ2

Ñ2

)1/2
(
1− σ2

S̃2
1

)1/2

− 1


 dr

r
✭✶✶✳✸✼✮

=

∫ rb

rM

ΛN

σ

dr

r︸ ︷︷ ︸
G

+

∫ rb

rM

ΛJ



(
1− σ2

Ñ2

)1/2
(
Ñ2

σ2
− Ñ2

S̃2
1

)1/2

− Ñ

σ


 dr

r

︸ ︷︷ ︸
H

✳ ✭✶✶✳✸✽✮

❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡✱ ♦♥ s✬✐♥tér❡ss❡ à ❧✬✐♥té❣r❛❧❡ G✳ ❖♥ ❞és✐r❡ r❡♥❞r❡ ❡①♣❧✐❝✐t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡
❞❡ ❝❡ t❡r♠❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❊♥ ❡✛❡t✱ ❝❡❧✉✐✲❝✐ ❞é♣❡♥❞ ❞❡ σ à tr❛✈❡rs ❧❡ ❢❛❝t❡✉r 1/σ
❡t ❧❡ ♣♦✐♥t t♦✉r♥❛♥t rb(σ)✳ P♦✉r ❝❡❧❛✱ ♦♥ s✉♣♣♦s❡ q✉❡ N s✉✐t ✉♥❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❡♥tr❡ rb ❡t rBCZ

❛✈❡❝ ✉♥ ❡①♣♦s❛♥t γ⋆b ✱ q✉✐ ♣❡✉t êtr❡ ❝❤♦✐s✐ ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡ ❞❡ ❧✬❡①♣♦s❛♥t ❞❡ Ñ
✭✐✳❡✳✱ γb✮✳ ❖♥ ♣❡✉t ❛❧♦rs é❝r✐r❡
∫ rb

rM

ΛN

σ

dr

r
=

∫ rBCZ

rM

ΛN

σ

dr

r
−
∫ rBCZ

rb

ΛN

σ

dr

r
=

∫ rBCZ

rM

ΛN

σ

dr

r
+

Λ

γ⋆b

(
1− NBCZ

σ

)
✳ ✭✶✶✳✸✾✮

❉❛♥s ✉♥❡ s❡❝♦♥❞❡ ét❛♣❡✱ ♦♥ s❡ ❢♦❝❛❧✐s❡ s✉r ❧❡ t❡r♠❡ H✳ ▲❡ t❡r♠❡ ❡♥tr❡ ❝r♦❝❤❡t ❞❛♥s ❝❡tt❡ ✐♥té❣r❛❧❡
❡st ♠❛①✐♠✉♠ ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ rb✳ ▲❛ ♠❛❥❡✉r❡ ❝♦♥tr✐❜✉t✐♦♥ à ❝❡tt❡ ✐♥té❣r❛❧❡ ♣r♦✈✐❡♥t ❞♦♥❝ ❞❡
❝❡tt❡ ré❣✐♦♥✳ ❖♥ s✉♣♣♦s❡ ❞♦♥❝ ❞❛♥s ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ J ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❛✈❡❝ ✉♥❡
✈❛❧❡✉r é❣❛❧❡ à ❝❡❧❧❡ ❡♥ rb✱ ♥♦té❡ Jb✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥ ❡t réé❝r✐r❡ s✐♠♣❧❡♠❡♥t H✱ ✐❧ ❢❛✉t s❡ r❛♣♣❡❧❡r
q✉❡

Ñ = Ñb

(
r

rb

)γb

✭✶✶✳✹✵✮

S̃1 = S̃1,b

(
r

rb

)βb

✱ ✭✶✶✳✹✶✮

❛✈❡❝ Ñb = Ñ(rb) ❡t S̃1,b = S̃1(rb)✱ ❞❡ t❡❧❧❡ ❢❛ç♦♥ à ❛✈♦✐r

Ñ

S̃1
=

Ñb

S̃1,b

(
σ

Ñ

)−1+βb/γb

✱ ✭✶✶✳✹✷✮

♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉ ♣♦✐♥t t♦✉r♥❛♥t σ = Ñb✳ ❊♥ ♣r♦❝é❞❛♥t ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡
u = σ/Ñ ❡t ❡♥ ✉t✐❧✐s❛♥t ❊q✳ ✭✶✶✳✹✷✮ ❞❛♥s ❧❡ t❡r♠❡ H✱ ♦♥ tr♦✉✈❡ ❛❧♦rs

H ≈ −ΛJb
γb

∫ 1

0


(1− u2

)1/2
(
1− α2

bu
2βb/γb

u2

)1/2

− 1

u


 du

u
+O (uM) ✱ ✭✶✶✳✹✸✮

✷✸✼



❈❤❛♣✐tr❡ ✶✶✳ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

♦ù ❧✬♦♥ ❛ s✉♣♣♦sé q✉❡ uM = σ/ÑM ≪ 1 ❡t ❧✬♦♥ ❛ ❞é✜♥✐ αb = Ñb/S̃1,b✳ ❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r
♦ù βb = γb✱ H ♣❡✉t s✬❡①♣r✐♠❡r s✐♠♣❧❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✐♥té❣r❛❧❡s ❡❧❧✐♣t✐q✉❡s ❞❡ ♠❛♥✐èr❡ q✉❛s✐
s✐♠✐❧❛✐r❡ à ❊q✳ ✭✾✳✺✮ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾ ❡♥ s✉♣♣♦s❛♥t t♦✉❥♦✉rs uM ≪ 1✱ ❝✬❡st✲à✲❞✐r❡

H = −ΛJb
γb

[
(1− α2

b)K(α2
b)− 2E(α2

b) + 1 +O
(

σ

ÑM

)]
✱ ✭✶✶✳✹✹✮

♦ù K ❡t E s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✐♥té❣r❛❧❡s ❡❧❧✐♣t✐q✉❡s ❝♦♠♣❧èt❡s ❞❡ ♣r❡♠✐èr❡ ❡t ❞❡ ❞❡✉①✐è♠❡ s♦rt❡
✭❡✳❣✳✱ ❆❜r❛♠♦✇✐t③ ✫ ❙t❡❣✉♥ ✶✾✼✷✮✳

❋✐♥❛❧❡♠❡♥t✱ ❧✬✐♥té❣r❛❧❡ I2 ❡st ❞♦♥♥é❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞✬❛♣rès ❊qs✳ ✭✶✶✳✸✾✮ ❡t ✭✶✶✳✹✸✮ ♣❛r

I2 =

∫ rBCZ

rM

ΛN

σ

dr

r
+

Λ

γ⋆b

(
1− NBCZ

σ

)
+H(αb, γb, βb) ✱ ✭✶✶✳✹✺✮

♦ù ❧❡ t❡r♠❡ ❡♥ r♦✉❣❡ ♣r♦✈✐❡♥t ❞❡ ❧❛ ré❣✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t✱ ❛✈❡❝ H ❡st ❞♦♥♥é❡ ❞❛♥s
❊qs✳ ✭✶✶✳✹✸✮ ♦✉ ✭✶✶✳✹✹✮✳

✶✶✳✷✳✸ ❊①♣r❡ss✐♦♥ ✜♥❛❧❡ ♣♦✉r ǫg,l

❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ✐♥✐t✐❛❧❡ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✶✶✳✷✮✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ǫg,l ♣❛ss❡ ♣❛r ❧✬✐❞❡♥t✐✲
✜❝❛t✐♦♥ ❞❡ ∆Π0

l ✱ q✉✐ r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ❛s②♠♣t♦t✐q✉❡ ❝❧❛ss✐q✉❡ ❞✬✉♥ ♠♦❞❡ ❞❡
❣r❛✈✐té ♣✉r ❞❡ très ❜❛ss❡ ❢réq✉❡♥❝❡ ✭✐✳❡✳✱ σ → 0✮✳ ❈❡❧✉✐✲❝✐ s✬❡①♣r✐♠❡ ❝♦♠♠❡

∆Π0
l =

2π2

Λ

(∫ rBCZ

0

N

r
dr

)−1

✳ ✭✶✶✳✹✻✮

❊♥ ❡✛❡t✱ ❛✈❡❝ ❝❡tt❡ ❞é✜♥✐t✐♦♥✱ ❧❛ ♣❤❛s❡ ΞG ❞❛♥s ❊q✳ ✭✶✶✳✷✮ ♣❡✉t s✬❡①♣r✐♠❡r ❞✬❛♣rès ❊qs✳ ✭✶✶✳✸✶✮✱
✭✶✶✳✸✺✮ ❡t ✭✶✶✳✹✺✮ ❝♦♠♠❡

ΞG = I1 + I2 −
π

2
= π

(
1

ν∆Π0
l

− ǫg,l
)

✱ ✭✶✶✳✹✼✮

♦ù ǫg,l ❡st ❞♦♥♥é ♣❛r

ǫg,l =
1

2

[
1 + Λ

(
N

S̃1

)

0

]
− 1

π
F ✱ ✭✶✶✳✹✽✮

❛✈❡❝ ❧✬✉♥✐té ❡♥ r♦✉❣❡ ❞❛♥s ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉
♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✱ ❡t ❛✈❡❝ ❧❛ ❢♦♥❝t✐♦♥ F q✉✐ ❞é♣❡♥❞ ❞✉ st❛❞❡ é✈♦❧✉t✐❢ t❡❧❧❡ q✉❡ ✿

✖ ❞❛♥s ❧❡ ❝❛s ✶ ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s s✉r ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s ♦ù σ . NBCZ✱ ❛✈❡❝
NBCZ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♦♥
♦❜t✐❡♥t ❞✬❛♣rès ❊q✳ ✭✶✶✳✸✺✮

F1 =
Λ

2γb

σ

NBCZ

(
N2

BCZ

Ñ2
BCZ

+
γb

2βb − γb
N2

BCZ

S̃2
1,BCZ

)
✱ ✭✶✶✳✹✾✮

♦ù Λ =
√
l(l + 1)✱ γb ❡t βb s♦♥t ❧❡s ❡①♣♦s❛♥ts ❞❡ ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥

s✉✐✈✐❡s r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r Ñ ❡t S̃1 ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳
✖ ❞❛♥s ❧❡ ❝❛s ✷ ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✱ ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦✉ ❞✉ r❡❞ ❝❧✉♠♣ ♣♦✉r ❧❡sq✉❡❧❧❡s

NBCZ ≤ σ ≪ S̃1,M ✱ ❛✈❡❝ S̃1,M ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♠♦❞✐✜é❡ ❞❡ ▲❛♠❜✱ ♦♥
♦❜t✐❡♥t ❞✬❛♣rès ❊q✳ ✭✶✶✳✹✺✮

F2 =
Λ

γ⋆b

(
1− NBCZ

σ

)
+H(αb, γb, βb) ✱ ✭✶✶✳✺✵✮

❛✈❡❝ H ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✶✶✳✹✸✮✱ αb = Ñb/S̃1,b ❧❡ r❛♣♣♦rt ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♠♦❞✐✜é❡ ❞❡ ❇r✉♥t✲
❱ä✐sä❧ä s✉r ❝❡❧❧❡ ❞❡ ▲❛♠❜ ❡♥ rb ❡t γ⋆b ❧❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ N ❛✈❡❝ ❧❡ r❛②♦♥ ❡♥ rb✳✳

✷✸✽



✶✶✳✸✳ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❝♦♥❝❧✉s✐♦♥s

▲❛ ♣❤❛s❡ ΞG ❞✬✉♥ ♠♦❞❡ t❡❧ q✉❡ σ → 0✱ ❝✬❡st✲à✲❞✐r❡ ❞❛♥s ❧❡ ❝❛s ✶✱ ✈ér✐✜❡ ❜✐❡♥ à ♣♦st❡r✐♦r✐ ❧❛
❞é✜♥✐t✐♦♥ ❞✉ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✶✶✳✹✻✮✳ ❖♥ ♣❡✉t ❛✉ss✐ ♥♦t❡r q✉❡ ❧❡ ❝❛s ❞❡ ♠♦❞❡s
♠✐①t❡s ❞❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ q✉❡❧❝♦♥q✉❡ l ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ♣❡✉t êtr❡ r❡tr♦✉✈é ❡♥
❢❛✐s❛♥t ❧❡s s✉❜st✐t✉t✐♦♥s Jb = 1✱ ÑBCZ = NBCZ✱ S̃1,BCZ = S1,BCZ✱ (N/S̃1)0 = 1 ❡t ❡♥ s✉♣♣r✐♠❛♥t
❧✬✉♥✐té ❡♥ r♦✉❣❡ ❞❛♥s ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭✶✶✳✹✽✮ q✉✐ ♣r♦✈✐❡♥t ❞❡ ❧❛
♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳

✶✶✳✸ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❝♦♥❝❧✉s✐♦♥s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❞✐s❝✉t♦♥s ❧❡s rés✉❧t❛ts ♣ré❝é❞❡♥ts ❡♥ s❡ ❢♦❝❛❧✐s❛♥t s✉r ❧❛ r❡❧❛t✐♦♥ q✉✐
❡①✐st❡ ❡♥tr❡ ǫg,l ❡t ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ré❣✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts ra ❡t rb✳ ◆♦✉s ❛❧❧♦♥s
♥♦t❛♠♠❡♥t ✈♦✐r q✉❡ ǫg,l ♦✛r❡ ❧❛ ♣♦ss✐❜✐❧✐té✱ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ❞❡ s♦♥❞❡r ❧❛
ré❣✐♦♥ ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❙❛ ✈❛❧❡✉r ❞♦✐t ❞♦♥❝ ✈❛r✐❡r ❛✉ ❝♦✉rs
❞❡ ❧✬é✈♦❧✉t✐♦♥✳

■♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ❝❡♥tr❡✳ ❆✉t♦✉r ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ra✱ ❧❡s ♣r♦♣r✐étés s♦♥t ❛ss❡③ ❜✐❡♥ ❝♦♥♥✉❡s
❞✉ ❢❛✐t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❝❡♥tr❛❧❡s ✭✈♦✐r ❙❡❝t✐♦♥ ✶✶✳✶✳✸✮✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡ ♣♦✐♥t à ǫg,l
✈❛✉t [1+Λ(N/S̃1)0]/2✳ ▲❡ ♣r❡♠✐❡r t❡r♠❡ 1/2 ♣r♦✈✐❡♥t ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ♥❛t✉r❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t
ra ❧♦rsq✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ▲❡ ❢❛❝t❡✉r (N/S̃1)0/2
❞❛♥s ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ♣r♦✈✐❡♥t ❞✉ ❞é❝❛❧❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ra ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉
♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ♦ù ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣ ❡st
✉t✐❧✐sé❡✳ ❉❡ ♣❧✉s ❛♠♣❧❡s ✐♥✈❡st✐❣❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r s❛✈♦✐r s✐ ❝❡ t❡r♠❡ ❛ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♥♦✉s
❛♣♣♦rt❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ♣r♦♣r✐étés ❞✉ ❝❡♥tr❡ ❞❡ ❧✬ét♦✐❧❡✳ ●✉✐❞é ♣❛r ❧❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡s
é✈♦❧✉é❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✱ ♦♥ s✉♣♣♦s❡ ❞❛♥s ❧❛ s✉✐t❡ q✉❡ (N/S̃1)0 = 1✳ ❖♥ ♥♦t❡ q✉❡ ❧❡ tr❛✐t❡♠❡♥t ❛✉
❝❡♥tr❡ ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✱ ✈♦✐r s❛ ❙❡❝t✐♦♥ ✸✳✸✮ ♥✬❛ ♣❛s été ♣r✐s ❡♥ ❝♦♠♣t❡ ✐❝✐ ✭✈♦✐r ❞✐s❝✉ss✐♦♥
❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✵✳✶✳✶✮✳ ❈❡❧✉✐✲❝✐ rés✉❧t❡r❛✐t ♥♦t❛♠♠❡♥t ❡♥ ✉♥ ❞é♣❤❛s❛❣❡ ❛❞❞✐t✐♦♥♥❡❧ ❞❡ −π/4 s✉r
ǫg,l✳

❈❛s ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s ✭❝❛s ✶✮✳ ❖♥ ♣❛r❧❡ ✐❝✐ ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s
❛ss❡③ é✈♦❧✉é❡s ♣♦✉r q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ s♦✐t ✐♥❢ér✐❡✉r❡ à NBCZ

✭✈♦✐r ❋✐❣✉r❡ ✶✶✳✶ ♣♦✉r ✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳ ❈✬❡st ❧❡ ❝❛s ❞✉ ♠♦❞è❧❡ M2 s✉r ❧❛ ❋✐❣✉r❡ ✾✳✸✳ P♦✉r
s✐♠♣❧✐✜❡r✱ ♦♥ s✉♣♣♦s❡ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ NBCZ ≈ ÑBCZ ≪ S̃1,BCZ ❞❛♥s ❊q✳ ✭✶✶✳✹✾✮ ❡t
q✉❡ (N/S̃1)0 ≈ 1 ❞❛♥s ❊q✳ ✭✶✶✳✹✽✮✳ ▲✬♦✛s❡t ❡st ❛❧♦rs ❞♦♥♥é ♣❛r ❧❛ r❡❧❛t✐♦♥

ǫg,l ≈
(1 + Λ)

2
− Λ

2πγb

σ

NBCZ
✳ ✭✶✶✳✺✶✮

▲✬♦✛s❡t ❞é♣❡♥❞ ❞♦♥❝ ❞❛♥s ❝❡ ❝❛s à ❧❛ ❢♦✐s ❞✉ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ Ñ ✱ r❡♣rés❡♥té ♣❛r γb✱ ❡t ❞❡ ❧❛ ✈❛❧❡✉r
❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱❛ïsä❧ä ❥✉st❡ s♦✉s ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ NBCZ✱ ✈✐❛ ❧❡ ❞❡✉①✐è♠❡
t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡✳ ◆é❛♥♠♦✐♥s✱ ❝❡ t❡r♠❡ ❛ ✉♥❡ ❢❛✐❜❧❡ ✈❛❧❡✉r ♣❛r
r❛♣♣♦rt à ❧✬✉♥✐té ♣♦✉r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞✐♣♦❧❛✐r❡s✳ ❊♥ ❡✛❡t✱ ❛✈❡❝ γb ∼ 1.5 ✭✈♦✐r ❈❤❛♣✐tr❡ ✾✮ ❡t
σ/NBCZ ∼ 0.5 ❞❛♥s ❧❡ ♠❡✐❧❧❡✉r ❞❡s ❝❛s✱ ♦♥ ❛ |ǫg,1 − (1 +

√
2)/2| ∼ 0.08 ≪ 1✳ ❯♥❡ ❞ét❡r♠✐♥❛t✐♦♥

♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ♣ré❝✐s❡ ❞❡ ❝❡ t❡r♠❡ ❞❛♥s ❝❡ ❝❛s ♥é❝❡ss✐t❡ ❞♦♥❝ ✉♥❡ ♣ré❝✐s✐♦♥ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ∆Π
♠❡✐❧❧❡✉r❡ q✉❡ ✶✵✪✱ ❝❡ q✉✐ s❡♠❜❧❡ ❛❝❝❡ss✐❜❧❡ ♣♦✉r ❝❡rt❛✐♥❡s ét♦✐❧❡s ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s
❞✬❛♣rès ❱r❛r❞ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ◆é❛♥♠♦✐♥s✱ ❝❡❧❛ ❞♦✐t ❛✉ss✐ ❝♦♥❝♦r❞❡r ❛✈❡❝ ❧❡s ét♦✐❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s
2πνmax/NBCZ ♥✬❡st ♣❛s tr♦♣ ❢❛✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ❧❡s ét♦✐❧❡s ❧❡s ♠♦✐♥s é✈♦❧✉é❡s ♣❛r♠✐ ❝❡❧❧❡s ❞❛♥s
❧❡ ❝❛s ✶ t❡❧❧❡s q✉❡ 2πνmax ≤ NBCZ✳ ❯♥❡ t❡❧❧❡ ❞ét❡r♠✐♥❛t✐♦♥ s✬❛✈èr❡ ❞♦♥❝ ❞é❧✐❝❛t❡ ❞❛♥s ❧❛ ♣r❛t✐q✉❡✳

❈❛s ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s✱ ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ♦✉ ❞✉ r❡❞ ❝❧✉♠♣ ✭❝❛s ✷✮✳ ❖♥
❝♦♥s✐❞èr❡ ✐❝✐ ❧❡s ét♦✐❧❡s t❡❧❧❡s q✉❡ 2πνmax ≥ NBCZ✱ ❝✬❡st✲à✲❞✐r❡ ❞❛♥s ❧❡ ❝❛s ✷ ✭✈♦✐r ❋✐❣✉r❡ ✶✶✳✶ ♣♦✉r

✷✸✾



❈❤❛♣✐tr❡ ✶✶✳ ■♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ǫg

✉♥❡ ✐❧❧✉str❛t✐♦♥✮✳ ❊♥ s✉♣♣♦s❛♥t ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ (N/S̃1)0 = 1 ❡t σ ≫ NBCZ✱ ❧✬♦✛s❡t
ǫg,l ❡st ❞♦♥♥é ❞❛♥s ❝❡ ❝❛s ♣❛r ❊qs✳ ✭✶✶✳✹✽✮ ❡t ✭✶✶✳✺✵✮✱ ❝✬❡st✲à✲❞✐r❡

ǫg,l =
(1 + Λ)

2
− Λ

πγ⋆b
− H(αb, γb, βb)

π
✱ ✭✶✶✳✺✷✮

♦ù ❧❛ ❢♦♥❝t✐♦♥ H ❡st ❞♦♥♥é❡ ♣❛r ❊q ✭✶✶✳✹✸✮ ♦✉ ♣❛r ❊q✳ ✭✶✶✳✹✹✮ ❞❛♥s ❧❡ ❝❛s ♦ù βb = γb✳ ■❧ ❡st
❛❧♦rs ❝❧❛✐r q✉❡ ǫg,l ❞é♣❡♥❞ à ❧❛ ❢♦✐s ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✭à tr❛✈❡rs ❧❡ t❡r♠❡ αb✮
❡t ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡ ✭à tr❛✈❡rs ❧❡s t❡r♠❡s βb ❡t γb✮✳ ❊♥ ❡✛❡t✱ ❧❡
♣❛r❛♠ètr❡ αb ♣❡✉t s✬é❝r✐r❡✱ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù Ñ ❡t S̃1 s✉✐✈❡♥t ❞❡✉① ❧♦✐s ❞❡ ♣✉✐ss❛♥❝❡✱ s♦✉s ❧❛
❢♦r♠❡

αb =
Ñ(rb)

S̃1(rb)
=

Ñ(rb)

S̃1(rc)(rb/rc)βb

=

(
rb
rc

)−βb

=

(
1− (∆r/2rev)b
1 + (∆r/2rev)b

)−βb

✱ ✭✶✶✳✺✸✮

♦ù ❧✬♦♥ ❛ ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ Ñ(rb) = S̃1(rc) = σ ❡t ♦ù ❧✬♦♥ ❛ ❞é✜♥✐ ∆rb = rc−rb ❡t rev,b = (rb+rc)/2✳
❈❡tt❡ ❡①♣r❡ss✐♦♥ ❡st s✐♠✐❧❛✐r❡ à ❧❛ r❡❧❛t✐♦♥ ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✾✳✾✮ ❞❛♥s ❧❡ ♠♦❞è❧❡ ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡
❝♦✉♣❧❛❣❡ ♣rés❡♥té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✱ à ❧✬❡①❝❡♣t✐♦♥ q✉✬✐❝✐ ∆r/2rev ♥✬❡st ♣❛s ❝♦♥st❛♥t ❡t ✈❛r✐❡ ❛✈❡❝ rb
❡t ❞♦♥❝ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈❡❧❛ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ Ñ ❡t S̃1 ♥❡ s✉✐✈❡♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t
❧❛ ♠ê♠❡ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛②♦♥✳ P♦✉r s❡ r❡♣rés❡♥t❡r ❧❛ ♠❛♥✐èr❡ ❞♦♥t ✈❛r✐❡ ǫg,l ❛✈❡❝ αb✱
γb ❡t βb✱ ✐❧ ❡st ♣r❛t✐q✉❡ ❞❡ ❞é✜♥✐r ❧❛ q✉❛♥t✐té G(αb, βb/γb) = −γbH/πΛJb ♣✉✐sq✉✬✐❧ ♥❡ ❞é♣❡♥❞ q✉❡
❞❡ ❞❡✉① ♣❛r❛♠ètr❡s✱ ❝✬❡st✲à✲❞✐r❡ αb ❡t ❧❡ r❛♣♣♦rt βb/γb✳ ❈❡❧❧❡✲❝✐ ❡st r❡♣rés❡♥té❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✶✳✷
♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞✉ r❛♣♣♦rt βb/γb✳ ❈❡tt❡ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❝❡ t❡r♠❡ t❡♥❞ ✈❡rs ✉♥❡ ❝♦♥st❛♥t❡
é❣❛❧❡ à 1/π − 1/2 ≈ −0.18 ❡t ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ βb/γb ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✱ ❝✬❡st✲à✲❞✐r❡
q✉❛♥❞ αb → 0✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❛♥❞ αb & 0.5✱ ❧❛ ✈❛❧❡✉r
❞❡ ❝❡ t❡r♠❡ ❡st s❡♥s✐❜❧❡ à ❧❛ ✈❛❧❡✉r ❞❡ βb/γb✳ ❆ ✈❛❧❡✉r ❞❡ αb ❞♦♥♥é❡✱ ♣❧✉s ❝❡ r❛♣♣♦rt ❡st ♣❡t✐t✱ ♣❧✉s
|G(αb, βb/γb)| ❡st ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té✳ ▲❛ s❡♥s✐❜✐❧✐té ❞❡ G à βb/γb ♥✬❡st ❞♦♥❝ ♣❛s ♥é❣❧✐❣❡❛❜❧❡ ♣✉✐sq✉❡
❝❡ t❡r♠❡ ♣❡✉t ❣é♥ér❡r ❞❡s ❞é♣❤❛s❛❣❡s ❞❡ ❧✬♦r❞r❡ ❞❡ π ❞❛♥s ΞG✳ ❆ ❧❛ ♠❛♥✐èr❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱
❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧✬♦✛s❡t ǫg,l ❞❛♥s ❝❡ t②♣❡ ❞✬ét♦✐❧❡s ♣❡✉t ❞♦♥❝ ❢♦✉r♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s
♣r♦♣r✐étés ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ ❝✬❡st✲à✲❞✐r❡ s❛ ❧❛r❣❡✉r ❡t ❧❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ Ñ ❡t S̃1 ❡♥tr❡ ❧❡
❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ◆♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾ q✉❡ ❧❡ ❢❛❝t❡✉r ❞❡
❝♦✉♣❧❛❣❡ ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❖♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ ǫg,l ❞♦✐t ❛✉ss✐ ✈❛r✐❡r ♣✉✐sq✉✬✐❧ ❞é♣❡♥❞
❞❡s ♠ê♠❡s ♣❛r❛♠ètr❡s q✉❡ q✳ ❘❡st❡ à s❛✈♦✐r s✐ ❝❡ ♣❛r❛♠ètr❡ ♠♦♥tr❡ ✉♥❡ s✐❣♥❛t✉r❡ ❝❛r❛❝tér✐st✐q✉❡
❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❝♦♠♠❡ ❧❡ ❢❛✐t q q✉✐ ♣♦✉rr❛✐t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ❝♦♥tr❛✐♥❞r❡ ❧❡ st❛❞❡
é✈♦❧✉t✐❢ ❀ ❝❡ ♣♦✐♥t ♠ér✐t❡ ❞✬êtr❡ ét✉❞✐é ♣❧✉s ❡♥ ❞ét❛✐❧s✳

❈❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ❉❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✱ ❧✬♦✛s❡t ǫg,l ✈❛ ❡♥ ♣❧✉s ❞é♣❡♥❞r❡
❞❡ ❞é♣❤❛s❛❣❡s ❛❞❞✐t✐♦♥♥❡❧s ✐♥tr♦❞✉✐ts ♣❛r ❧❛ ré✢❡①✐♦♥ ❡t ❧❛ tr❛♥s♠✐ss✐♦♥ à tr❛✈❡rs ❧❛ ❜❛rr✐èr❡ é✈❛✲
♥❡s❝❡♥t❡ ❡t r❡♣rés❡♥tés ♣❛r ❧❛ ❢♦♥❝t✐♦♥ Φ(X) ❞❛♥s ❊q✳ ✭✶✵✳✻✮✳ ▲❛ ✈❛r✐❛❜❧❡ X ❞é♣❡♥❞ ❞❡ ❧✬✐♥té❣r❛❧❡
❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❞❛♥s ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❞✉ ❣r❛❞✐❡♥t ❞❡s ❢réq✉❡♥❝❡s ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡
▲❛♠❜ ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ■❧ ✈❛ ❞♦♥❝ ❞é♣❡♥❞r❡✱ ❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ H✱ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ré❣✐♦♥ é✈❛✲
♥❡s❝❡♥t❡✱ ❞❡ βb ❡t ❞❡ γb ✭✈♦✐r ♣❧✉s ❞❡ ❞ét❛✐❧s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
très ✜♥❡✮✳ ▲❡s ❞❡✉① ❢♦♥❝t✐♦♥s H ❡t Φ ❞♦✐✈❡♥t ❞♦♥❝ êtr❡ ♣r✐s❡s ❡♥ ❝♦♠♣t❡ s✐♠✉❧t❛♥é♠❡♥t ♣♦✉r r❡❧✐❡r
❝♦rr❡❝t❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ ǫg,l ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ré❣✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t t♦✉r♥❛♥t rb✳

▲❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❛✈❡❝ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s ❥❡✉♥❡s ❣é❛♥t❡s
r♦✉❣❡s ♦✉ ❞✉ r❡❞ ❝❧✉♠♣✱ ❧✬♦✛s❡t ǫg,l ❞é♣❡♥❞ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❞✉ ❝♦♥tr❛st❡
❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧✬❡♥✈❡❧♦♣♣❡✱ ❞✬✉♥❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ ❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ✭✈♦✐r ❈❤❛✲
♣✐tr❡ ✾✮✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ ❝❛s s✐♠♣❧✐✜é ♦ù βb = γb = −β ❛✈❡❝ β ✉♥ ré❡❧ ♣♦s✐t✐❢✱ ❡t ❞♦♥❝ αb = α = cst.✱
ǫg,l ❞é♣❡♥❞ à ❧❛ ❢♦✐s ❞❡ α ❡t ❞❡ β✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ❋✐❣✉r❡ ✶✶✳✷✳ ◆é❛♥♠♦✐♥s✱ à ✉♥❡ ✈❛❧❡✉r ❞❡ ǫg,l
❞♦♥♥é❡ ❝♦rr❡s♣♦♥❞ ❞✐✛ér❡♥t❡s ♣❛✐r❡s ❞❡ ♣❛r❛♠ètr❡s (αb, β) ♣♦ss✐❜❧❡s✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥✲
♥❡❧❧❡ ❞❡ ǫg,l s❡✉❧❡ ♥❡ ♣❡r♠❡t ❞♦♥❝ ♣❛s ❞❡ ❢❛✐r❡ ✉♥ ❧✐❡♥ ❞✐r❡❝t ❛✈❡❝ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡

✷✹✵



✶✶✳✸✳ ❉✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❝♦♥❝❧✉s✐♦♥s

❋✐❣✉r❡ ✶✶✳✷✿ ❋♦♥❝t✐♦♥ G(αb, βb/γb) = −γbH/πΛJb ❡♥ ❢♦♥❝t✐♦♥ ❞❡ αb ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ βb/γb✱
s✉✐✈❛♥t ❊q✳ ✭✶✶✳✹✸✮✳

❡t β✳ ❈❡❧❛ ❡st ❛✉ss✐ ❧❡ ❝❛s ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ✭❡✳❣✳✱ ✈♦✐r ❈❤❛♣✐tr❡ ✾ ❡t ❧✬ét✉❞❡ ❞❡ ▼♦ss❡r
❡t ❛❧✳ ✷✵✶✼❜✮✳ ❈❡ ❢❛✐t ♠è♥❡ ❞♦♥❝ à ❧✬✐❞é❡ ❞❡ ❝♦♠❜✐♥❡r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ q ❡t ❞❡ ǫg,l ♣♦✉r ❧❡✈❡r ❧❛
❞é❣é♥ér❡s❝❡♥❝❡ s✉r α ❡t β✳ ❈❡s ❞❡✉① ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❢♦r♠❡♥t ❞♦♥❝ ✉♥ ❝♦✉♣❧❡ ❝♦♠♣❧é♠❡♥t❛✐r❡
q✉✐ ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞❡ ❝♦♥tr❛✐♥❞r❡ ❞❡ ❢❛ç♦♥ ♥♦♥ ❛♠❜✐❣✉ë ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
✭α ❡t β✮✳ ❈❡tt❡ ♣❡rs♣❡❝t✐✈❡ ✐♥tér❡ss❛♥t❡ ❢❡r❛ ❧✬♦❜❥❡t ❞✬✉♥❡ ❢✉t✉r❡ ét✉❞❡✳

❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s ♠✐①t❡s à
❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ♥♦té ǫg,l✳ ❏✬❛✐ ♠♦♥tré ❡♥ ♠♦❞é❧✐s❛♥t s✐♠♣❧❡♠❡♥t ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s
❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ❞❡ ▲❛♠❜ ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ q✉❡ ❝❡ ♣❛r❛♠ètr❡ ❡st s❡♥s✐❜❧❡ ❛✉① ♣r♦♣r✐étés
❞❡ ❧❛ str✉❝t✉r❡ ❞❛♥s ❧❡s ré❣✐♦♥s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳ ❆❧♦rs q✉❡ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❛✉

❝❡♥tr❡ ♥✬✐♥tr♦❞✉✐t q✉❡ ❞❡s t❡r♠❡s ❞❡ ♣❤❛s❡ ❝♦♥st❛♥ts ✭✐♠♣♦sés ♣❛r ❧❡s ❝♦♥❞✐t✐♦♥s ❧✐♠✐t❡s ❛✉
❝❡♥tr❡✮✱ ❧❡ ♣♦✐♥t t♦✉r♥❛♥t ❛ss♦❝✐é à ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡st s❡♥s✐❜❧❡ à ❧❛ str✉❝t✉r❡ ❞❡ ❝❡tt❡ ③♦♥❡
❡t ❛✉ st❛❞❡ é✈♦❧✉t✐❢✳ ❈❡ t❡r♠❡ ❞é♣❡♥❞ ♥♦t❛♠♠❡♥t ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❞✉

❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❞❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡
❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❖♥ ♣❡✉t ❞♦♥❝ s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧✬♦✛s❡t ✈❛r✐❡ ❛✈❡❝ ❧❡s ❝❤❛♥❣❡♠❡♥ts

str✉❝t✉r❛✉① s✉❜✐s ♣❛r ❧✬ét♦✐❧❡ ❞✉r❛♥t ❧❛ ♣♦st✲séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ▲✬♦❜s❡r✈❛t✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡ ❝❡
♣❛r❛♠ètr❡ ❛✈❡❝ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣♦✉rr❛✐t ❞♦♥❝ ♣❡r♠❡ttr❡ ❞❡ ❝♦♥tr❛✐♥❞r❡ s❛♥s ❛♠❜✐❣✉ïté ❧❡s
♣r♦♣r✐étés ❞❡ ❧❛ ré❣✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧✬❡♥✈❡❧♦♣♣❡ ❡t ❧❡ ❝÷✉r✳ ❉❡s tr❛✈❛✉① ❡♥ ❝♦✉rs ✈✐s❡♥t à

❞é♠♦♥tr❡r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥ t❡❧❧❡ ♣❡rs♣❡❝t✐✈❡✳

✷✹✶



✷✹✷



❈♦♥❝❧✉s✐♦♥s ❞❡ ❧❛ ♣❛rt✐❡ ■■■

❉❛♥s ❝❡tt❡ tr♦✐s✐è♠❡ ♣❛rt✐❡✱ ❧❡s tr❛✈❛✉① ❡✛❡❝t✉és ❞✉r❛♥t ♠❛ t❤ès❡ ❛✉ s✉❥❡t ❞❡s ❞✐❛❣♥♦st✐❝s
s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ♦♥t été ♣rés❡♥tés✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s
é✈♦❧✉é❡s ❛ ❢♦✉r♥✐ ❞❡ ♥♦♠❜r❡✉s❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡✉r str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❧❡✉r é✈♦❧✉t✐♦♥✳ ■❧s ♦♥t ♣❛r
❡①❡♠♣❧❡ ♣❡r♠✐s ❞❡ s♦♥❞❡r ❞✐r❡❝t❡♠❡♥t ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❞❡ ❝❡s ét♦✐❧❡s ❡t ♦♥t ❛✐♥s✐ ♣♦sé
❞❡ sér✐❡✉s❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s✳ ■❧s
♦♥t ❛✉ss✐ ❞♦♥♥é ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ s✉✐✈r❡ ❧❡ st❛❞❡ é✈♦❧✉t✐❢ ❞❡ ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s ❣râ❝❡ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥
❞❡ ❧❛ ♣❛✐r❡ ❞✬✐♥❞✐❝❡s s✐s♠✐q✉❡s ∆Π ❡t ∆ν✱ r❡s♣❡❝t✐✈❡♠❡♥t s❡♥s✐❜❧❡s à ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❞✉ ❝÷✉r
❞✬❤é❧✐✉♠ ❡t à ❝❡❧❧❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡✳ ❉❛♥s ❝❡ ❞❡✉①✐è♠❡ ✈♦❧❡t ❞❡ ♠❛ t❤ès❡✱ ❥✬❛✐ ❞♦♥❝ ❡♥tr❡♣r✐s ❞✬é❧❛❜♦r❡r
❡t ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡ ♥♦✉✈❡❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡ ❜✉t ❞❡ s♦♥❞❡r ❞❡
♥♦✉✈❡❧❧❡s ré❣✐♦♥s ❡t ❞❡ ♥♦✉✈❡❧❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ q ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ❈❡
♣❛r❛♠ètr❡ ♠❡s✉r❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ❡t ❝❡❧❧❡s ❞❛♥s ❧❛ ❝❛✈✐té
❡①t❡r♥❡✳ ■❧ ❡st ♣❤②s✐q✉❡♠❡♥t r❡❧✐é ❛✉ ❢❛❝t❡✉r ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥❡ ♦♥❞❡ à tr❛✈❡rs ❧❛ ré❣✐♦♥ é✈❛♥❡s✲
❝❡♥t❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ③♦♥❡ ✐♥t❡r♠é❞✐❛✐r❡ s✐t✉é❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝❛✈✐tés rés♦♥❛♥t❡s✳ ❙❛ ❞ét❡r♠✐♥❛t✐♦♥
♣❡r♠❡t ❞♦♥❝ ❞❡ s♦♥❞❡r ❧❡s ♣r♦♣r✐étés ❞❡ ❝❡tt❡ ré❣✐♦♥✳ ▲❛ ♣r❡♠✐èr❡ ♠❡s✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s q✉❡❧q✉❡s ♠✐❧❧✐❡rs ❞✬ét♦✐❧❡s é✈♦❧✉é❡s ❛ été ré❛❧✐sé❡ ♣❛r ▼♦ss❡r✱ P✐♥ç♦♥✱ ❇❡❧❦❛❝❡♠ ❡t
❛❧✳ ✭✷✵✶✼❜✮✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ q ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❡t q✉❡ s❛ ✈❛❧❡✉r
♣♦ssè❞❡ ✉♥❡ s✐❣♥❛t✉r❡ ❝❧❛✐r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❛ ❜r❛♥❝❤❡ ❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❛ ❜r❛♥❝❤❡ ❞❡s
❣é❛♥t❡s r♦✉❣❡s✱ ❛✐♥s✐ q✉❡ ❞✉ ❞é❜✉t ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞❡s ét♦✐❧❡s✳ ❊♥
❡✛❡t✱ ❝❡s st❛❞❡s é✈♦❧✉t✐❢s s♦♥t ❛ss♦❝✐és à ❞❡s ✈❛❧❡✉rs ❞❡ q s✉♣ér✐❡✉r❡s à ✶✴✹✱ ❝✬❡st✲à✲❞✐r❡ ♣❧✉s é❧❡✈é❡s
q✉❡ ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❛✉t♦r✐sé❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s ❞é✲
♠♦♥tr❡♥t ❞♦♥❝ q✉✬✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥s✐❞ér❡r ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❛✜♥ ❞❡ ❝♦rr❡❝t❡♠❡♥t
❞é❝r✐r❡ ❧❡ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❥✬❛✐ ♣❛rt✐❝✐♣é à ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts
❡♥ ✉t✐❧✐s❛♥t ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❛♥s ❧❡q✉❡❧ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡st ❞✐r❡❝t❡♠❡♥t r❡❧✐é❡ à
❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡t ❛✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡
❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❛ r❡❧❛t✐♦♥ ♣r❡♥❞ ♥♦t❛♠♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡
s✉✐✈❛♥t ❧❛ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé ♣❛r❛❧❧è❧❡♠❡♥t à ❝❡tt❡ ét✉❞❡ ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❈❡tt❡ r❡❧❛t✐♦♥ ♥✬❡st
♣❛s ✉♥✐q✉❡ ❡t ❞é♣❡♥❞ ❞✉ st❛❞❡ é✈♦❧✉t✐❢ ✭✐✳❡✳✱ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ νmax✮✳ ▲❛ ✈❛r✐❛t✐♦♥ ♦❜s❡r✈é❡ ❞❡ q ❛✈❡❝
❧✬é✈♦❧✉t✐♦♥ ❛ ❛✐♥s✐ ♣✉ êtr❡ ❞✐s❝✉té❡ à ❧❛ ❧✉♠✐èr❡ ❞❡ ❝❡ ♠♦❞è❧❡ ❡♥ t❡r♠❡ ❞❡ ❝❤❛♥❣❡♠❡♥t str✉❝t✉r❡❧✳ ■❧
s✬❛✈èr❡ ♥♦t❛♠♠❡♥t q✉❡ ❧❡s ✈❛❧❡✉rs ❞❡ q ♣ré❞✐t❡s ♣❛r ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞❛♥s
❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s♦♥t ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s✳ ◆é❛♥♠♦✐♥s✱ ❧❛ ❞ét❡r✲
♠✐♥❛t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♥❡ ♣❡✉t ♣❛s à ❡❧❧❡ s❡✉❧❡ ❝♦♥tr❛✐♥❞r❡ ❛✈❡❝ ❡①❛❝t✐t✉❞❡ ❧❡s ♣r♦♣r✐étés
❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ❊♥ ❡✛❡t✱ ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ❞é❣é♥éré❡ ❛✈❡❝ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡
❡t ❧❛ ✈❛❧❡✉r ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡
❝♦♥✈❡❝t✐✈❡✳ ❯♥ ♥♦✉✈❡❛✉ ❞✐❛❣♥♦st✐❝ s✐s♠✐q✉❡ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ✐❝✐ ♣♦✉r ❧❡✈❡r ❝❡tt❡ ❞é❣é♥ér❡s❝❡♥❝❡✳
❉❛♥s ❧❡ ❢✉t✉r✱ ✉♥❡ ét✉❞❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❧❡ ❧♦♥❣ ❞❡ séq✉❡♥❝❡s é✈♦❧✉t✐✈❡s ❞❡ ♠♦❞è❧❡s st❡❧❧❛✐r❡s
s❡r❛✐t ✐♥tér❡ss❛♥t❡ ❛✜♥ ❞❡ ❝♦♠♣❛r❡r ❧❡s ✈❛❧❡✉rs ❡st✐♠é❡s ♥✉♠ér✐q✉❡♠❡♥t ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✱ ❞❡
❝♦♠♣r❡♥❞r❡ ❡♥ ❞ét❛✐❧ ❧✬♦r✐❣✐♥❡ ❞❡s ✈❛r✐❛t✐♦♥s ❞❡ q ❡t ❞❡ ❧❡s ❝♦♥❢r♦♥t❡r ❛✉① ♣ré❞✐❝t✐♦♥s ❞✉ ♠♦❞è❧❡
s✐♠♣❧✐✜é ♣rés❡♥té ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✾✳

❉❡✉①✐è♠❡♠❡♥t✱ ♠♦♥ ❛tt❡♥t✐♦♥ s✬❡st ♣♦rté❡ s✉r ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ♣r♦♣♦sé❡
♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡✳ ❆❧♦rs q✉❡ ❝❡ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r
❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ✈❛❧❡✉rs é❧❡✈é❡s ♣♦✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ❥❡ ♠❡ s✉✐s ❞❡♠❛♥❞é ❥✉sq✉✬à q✉❡❧ ❞❡❣ré

✷✹✸



❝❡❧✉✐✲❝✐ ❡st✲✐❧ ❝❛♣❛❜❧❡ ❞❡ ♣ré❞✐r❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ❏✬❛✐ ❞♦♥❝
❡♥tr❡♣r✐s ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ s❡s ♣ré❞✐❝t✐♦♥s ❛✈❡❝ ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛✈❡❝ ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t
❛✈❡❝ ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t
❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮✳ ▲❡ ❜✉t ✐❝✐ ét❛♥t ❞❡ t❡st❡r ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡✱ ❥✬❛✐ ❝♦♥s✐❞éré ✉♥ ❝❛s ✐❞é❛❧✱
❜✐❡♥ q✉❡ ♥♦♥ ré❛❧✐st❡✱ q✉✐ ✈ér✐✜❡ ❛✉ ♠✐❡✉① ❧❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ❞❛♥s s❛ ❞ér✐✈❛t✐♦♥✳ ❉❛♥s ❝❡
❝❛s✱ ❥✬❛✐ ♠♦♥tré q✉❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ s✉✐✈❛♥t ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞♦✐t êtr❡ ❝♦rr✐❣é❡ ❞✬✉♥ t❡r♠❡
❞❡ ♣❤❛s❡ ❝♦♥st❛♥t ♣♦✉r q✉❡ ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s ❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ❧❡s ♣ré❞✐❝t✐♦♥s ❞✉ ❝♦❞❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ❆♣rès ❝♦rr❡❝t✐♦♥✱ ❧❡s ❢réq✉❡♥❝❡s ❛s②♠♣t♦t✐q✉❡s ♦❜t❡♥✉❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt
❝♦✉♣❧❛❣❡ s✉✐✈❛♥t ❚❛❦❛t❛ ✭✷✵✶✻❛✮ s✬❛✈èr❡♥t ❡♥ ♠❡✐❧❧❡✉r ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❢réq✉❡♥❝❡s ❝❛❧❝✉❧é❡s ✈✐❛ ❧❡
❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ q✉❡ ♥❡ ❧❡ s♦♥t ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s ♣❛r ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥
❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ s✉✐✈❛♥t ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮✳ ❈❡❧❛ s✬❡①♣❧✐q✉❡ ❡♥ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❣râ❝❡ à ❞❡s ✈❛❧❡✉rs ❞✉
❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ♣❧✉s ré❛❧✐st❡s ❞❛♥s ❝❡ ♣r❡♠✐❡r ❝❛s✳ ▲❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ♣❡r♠❡t ❛❧♦rs ❞❡ ♣ré❞✐r❡
❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ à ♠✐❡✉① q✉❡ ✶✵✪ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ∆ν✳
❉❡ ❢✉t✉r❡s ✐♥✈❡st✐❣❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ❞✉ ❞é❝❛❧❛❣❡ ❞❡ ♣❤❛s❡ ❝♦♥st❛♥t
❡①✐st❛♥t ❡♥tr❡ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❡t ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❛✐♥s✐ q✉❡ ♣♦✉r ét❡♥❞r❡ ❧✬ét✉❞❡ à ❞❡s
♠♦❞è❧❡s ❞✬ét♦✐❧❡s ♣r✐s ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥ ré❛❧✐st❡s✳

❊♥✜♥✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé à ✉♥ ❞❡r♥✐❡r ♣❛r❛♠ètr❡ s✐s♠✐q✉❡✱ ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s
♠✐①t❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✱ ❡♥❝♦r❡ ❛♣♣❡❧é ♦✛s❡t ❡t ♥♦té ǫg✳ ❊♥ ♠♦❞é❧✐s❛♥t ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ❞❡
❢❛ç♦♥ s✐♠♣❧❡✱ ❥✬❛✐ ♣✉ r❡❧✐❡r ❝❡ t❡r♠❡ ❛✉① ♣r♦♣r✐étés ❞❡s ré❣✐♦♥s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts t♦✉r♥❛♥ts✳
❉❛♥s ❝❡ ♠♦❞è❧❡✱ ❛❧♦rs q✉❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ à ǫg ❞✉ ♣♦✐♥t t♦✉r♥❛♥t ❝❡♥tr❛❧ s❡ rés✉♠❡ à ✉♥❡ s✐♠♣❧❡
❝♦♥st❛♥t❡✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ à ǫg ❞✉ ♣♦✐♥t t♦✉r♥❛♥t s✉♣ér✐❡✉r ❞❡ ❧❛ ❝❛✈✐té G ❞é♣❡♥❞ ❞✉ st❛❞❡ é✈♦✲
❧✉t✐❢✳ ❉❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ❧❡s ♣❧✉s é✈♦❧✉é❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❡st
❢❛✐❜❧❡✱ ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ ❡st ♥é❣❧✐❣❡❛❜❧❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡s ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s ❡t ❧❡s ét♦✐❧❡s
❞✉ ❝❧✉♠♣✱ ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ ❞é♣❡♥❞ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❞✉
❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡
❛✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ♦♥ ♣❡✉t ❞♦♥❝ s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ǫg ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳
◆é❛♥♠♦✐♥s✱ s❛ ✈❛❧❡✉r r❡st❡ ❞é❣é♥éré❡ ❛✈❡❝ ❧❡s ♣r♦♣r✐étés ❣❧♦❜❛❧❡s ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ▲✬♦❜s❡r✲
✈❛t✐♦♥ ❞❡ ❝❡ ♣❛r❛♠ètr❡ s✐s♠✐q✉❡ ❛♣♣❛r❛ît ❞♦♥❝ ❝♦♠♠❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡✳ ❊♥ ❡✛❡t✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡ ❝❡s ❞❡✉① ♣❛r❛♠ètr❡s ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞❡
❧❡✈❡r ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❡t ❞❡ ❝♦♥tr❛✐♥❞r❡ à ❧❛ ❢♦✐s ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ❡t ❧❡ ❝♦♥tr❛st❡
❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❡t ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ❈❡ ♣♦✐♥t ❞❡✈r❛ ❞♦♥❝
êtr❡ ❝♦♥s✐❞éré ❞❛♥s ❞❡ ❢✉t✉rs tr❛✈❛✉① ♣♦✉r s❛✈♦✐r s✐ ❝❡tt❡ ♣❡rs♣❡❝t✐✈❡ ✐♥tér❡ss❛♥t❡ ❡st ♣♦ss✐❜❧❡ ❞❛♥s
❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥ ré❛❧✐st❡s✳
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◗✉❛tr✐è♠❡ ♣❛rt✐❡

❙②♥t❤ès❡ ❡t ♣❡rs♣❡❝t✐✈❡s
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❆✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡✱ ❥✬❛✐ s✉✐✈✐ ❞❡✉① ♣r✐♥❝✐♣❛✉① ❛①❡s ❞❡ tr❛✈❛✐❧✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r ✈♦❧❡t✱ ❥❡
♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✱
❛❧❧❛♥t ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❥✉sq✉✬❛✉ ❞é❜✉t ❞❡ ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❡♥ ❧❡✉r ❝❡♥tr❡✳ ❊♥ ❡✛❡t✱
❞❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ♦♥t ♠♦♥tré q✉✬✉♥ ♣r♦❝❡ss✉s ❥✉sq✉❡✲❧à t♦✉❥♦✉rs ✐♥❝♦♥♥✉ ❡st à ❧✬÷✉✈r❡
s♦✉s ❧❛ s✉r❢❛❝❡ ❞❡ ❝❡s ét♦✐❧❡s ❡t ❡st ❝❛♣❛❜❧❡ ❞❡ ❢r❡✐♥❡r ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❡✉r ❝÷✉r r❛❞✐❛t✐❢✳ ▲❛ r♦t❛t✐♦♥
❡st ✉♥ ✐♥❣ré❞✐❡♥t ♣❤②s✐q✉❡ ✐♠♣♦rt❛♥t ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❧❡s ✐♥❝❡rt✐t✉❞❡s ❝♦♥❝❡r♥❛♥t s♦♥
é✈♦❧✉t✐♦♥ s❡ ré♣❡r❝✉t❡♥t ✐rré♠é❞✐❛❜❧❡♠❡♥t s✉r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s✳
❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❥❡ ♠❡ s✉✐s ❢♦❝❛❧✐sé s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té✱ q✉✐ ❢♦♥t ♣❛rt✐❡ ❞❡s ❝❛♥❞✐❞❛ts ♣♦ss✐❜❧❡s ♣♦✉r ❡①♣❧✐q✉❡r ❧✬é❝❛rt ❡♥tr❡ ❧❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s
❛❝t✉❡❧❧❡s ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ ✈♦❧❡t✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s
♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s✳ ❈❡tt❡ ❢♦✐s✲❝✐✱ ❛✉ ❧✐❡✉ ❞❡ ❝♦♥s✐❞ér❡r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ✐♥t❡r♥❡s ❝♦♠♠❡ ✉♥ ❛❝t❡✉r ❞❡
❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ét♦✐❧❡s✱ ❥❡ ❧❡s ❛✐ ét✉❞✐é❡s ❝♦♠♠❡ ✉♥ ✈❡❝t❡✉r ♣♦t❡♥t✐❡❧ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡s ✐♥tér✐❡✉rs
st❡❧❧❛✐r❡s✳ ❊♥ ❡✛❡t✱ ❣râ❝❡ à ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s✱ ♦♥ ❡st ❛✉❥♦✉r❞✬❤✉✐
❡♥ ♠❡s✉r❡ ❞❡ r❡♠♦♥t❡r ❛✉① ♣r♦♣r✐étés ❞❡ ❧❡✉rs ré❣✐♦♥s ❝❡♥tr❛❧❡s✳ ❈❡s ♦❜s❡r✈❛t✐♦♥s ♦♥t ♥♦t❛♠♠❡♥t
❢♦✉r♥✐ ❞❡ ♣ré❝✐❡✉s❡s ❝♦♥tr❛✐♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝÷✉r ❞❡s ét♦✐❧❡s ❣é❛♥t❡s
r♦✉❣❡s✳ ❈❡ s♦♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ❝❡s ❝♦♥tr❛✐♥t❡s q✉✐ ♦♥t ♠♦t✐✈é ❧❡ tr❛✈❛✐❧ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ s✉r ❧❡
tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❥✬❛✐ ❞♦♥❝ ❡♥tr❡♣r✐s ❞✬é❧❛❜♦r❡r
❡t ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡ ♥♦✉✈❡❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❝❛♣❛❜❧❡s ❞❡ s♦♥❞❡r ❞❡ ♥♦✉✈❡❧❧❡s ré❣✐♦♥s ❞❡ ❝❡s
ét♦✐❧❡s✱ ❝♦♠♠❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✱ ❡t ❞❡ t♦✉❥♦✉rs ♠✐❡✉① ❝♦♥tr❛✐♥❞r❡ ❧❡✉rs ♣r♦♣r✐étés ✐♥t❡r♥❡s✳

✶ ✲ ❚r❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té

❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♠❡s ét✉❞❡s ♦♥t ♣♦rté s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s
♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té✳ ❈❡s ♦♥❞❡s s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ❧❡s ✐♥tér✐❡✉rs r❛❞✐❛t✐❢s ❞❡s ét♦✐❧❡s ❡t s♦♥t
❛♠♦rt✐❡s ♣❛r ♣❡rt❡s r❛❞✐❛t✐✈❡s✳ ❊❧❧❡s s♦♥t ❞♦♥❝ ❝❛♣❛❜❧❡s ❞❡ ❞é♣♦s❡r ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s
❧❡ ♠✐❧✐❡✉ ❛♠❜✐❛♥t ♦✉ ❞✬❡♥ ❡①tr❛✐r❡✱ ❡t ❛✐♥s✐ ❞❡ ♠♦❞✐✜❡r ❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡✳ ◆é❛♥♠♦✐♥s✱
❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞é♣❡♥❞ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❡s ❞❡r♥✐èr❡s✳

❙②♥t❤ès❡✳ ❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡✱ ❥✬❛✐ ❞♦♥❝ été ❛♠❡♥é à ♠✬✐♥tér❡ss❡r ❛✉① ♠é❝❛♥✐s♠❡s ❞✬❡①✲
❝✐t❛t✐♦♥ ❞❡ ❝❡s ♦♥❞❡s✳ ❈❡❧❧❡s✲❝✐ s♦♥t ❣é♥éré❡s ♣❛r ❧❡s ♠♦✉✈❡♠❡♥ts ❝♦♥✈❡❝t✐❢s ❞❛♥s ❧❡s ré❣✐♦♥s à ❧❛
❢r♦♥t✐èr❡ ❡♥tr❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ st❛❜❧❡♠❡♥t str❛t✐✜é❡ ❡t ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♥✉✲
♠ér✐q✉❡s ❞❡ t❡❧❧❡s ré❣✐♦♥s ♣❡✉✈❡♥t êtr❡ ❞❡ ❜♦♥s ❣✉✐❞❡s ♠❛✐s ❡❧❧❡s ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❛❝t✉❡❧❧❡♠❡♥t
❞✬❡st✐♠❡r q✉❛♥t✐t❛t✐✈❡♠❡♥t ❧✬é♥❡r❣✐❡ tr❛♥s♠✐s❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❯♥❡
❛♣♣r♦❝❤❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❝♦♥s✐st❡ ❞♦♥❝ à ❡st✐♠❡r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝❡s ♦♥❞❡s ♣❛r ❞❡s ♠♦❞è❧❡s s❡♠✐✲
❛♥❛❧②t✐q✉❡s✳ ▲❡s ♠♦❞è❧❡s ♣ré✲❡①✐st❛♥ts ❝♦♥s✐❞ér❛✐❡♥t ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡
❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡✳ ◆é❛♥♠♦✐♥s✱ ❝❡s ♦♥❞❡s ♣❡✉✈❡♥t ❛✉ss✐ êtr❡ ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❞❡ ♣❛✲
♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♦♥s✳ ❏✬❛✐ ❞♦♥❝ é❧❛❜♦ré ✉♥ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ❡♥
❝♦♥s✐❞ér❛♥t ❝❡tt❡ ❢♦✐s✲❝✐ ❝♦♠♠❡ t❡r♠❡ s♦✉r❝❡ ❧❛ ♣r❡ss✐♦♥ ❞②♥❛♠✐q✉❡ ❡①❡r❝é❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡
♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ✐♥❝♦❤ér❡♥ts s✉r ❧❡ ❤❛✉t ❞❡ ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✻✮✳ ▲❡ ♣r♦✜❧ ❞❡ ✈✐✲
t❡ss❡ ❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛ été s✉♣♣♦sé s✉✐✈r❡ ❧❡s ♠♦❞è❧❡s ❞❡ ❩❛❤♥ ✭✶✾✾✶✮
❡t ❘✐❡✉t♦r❞ ✫ ❩❛❤♥ ✭✶✾✾✺✮✳ ▲❡ t❡♠♣s ❞❡ ✈✐❡ ❛✐♥s✐ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♣é♥étr❛t✐♦♥ ❞❡s ♣❛♥❛❝❤❡s
s♦♥t ❞❡s ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♠♦❞è❧❡ ❡t ♦♥t été ❝❤♦✐s✐s ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ✈❛❧❡✉rs r❛✐s♦♥♥❛❜❧❡s✳
▲❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥ ❛ été ♠♦❞é❧✐sé❡ ❡t ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ tr❛♥s✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t
❞❡ t❡♠♣ér❛t✉r❡ ❞✬✉♥❡ ✈❛❧❡✉r r❛❞✐❛t✐✈❡ à ✉♥❡ ✈❛❧❡✉r ❛❞✐❛❜❛t✐q✉❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❛
❛✉ss✐ été ♣r✐s❡ ❡♥ ❝♦♠♣t❡ s✉r ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ♦♥❞❡s ✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡✳ ❉❡s ❝❛❧❝✉❧s ❞❛♥s ❧❡
❝❛s s♦❧❛✐r❡ ♦♥t ❛❧♦rs ❞é♠♦♥tré ❛❧♦rs q✉❡ ❧❡ ✢✉① t♦t❛❧ ❞✬é♥❡r❣✐❡ ❞✬♦♥❞❡s ❣é♥éré ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ ❡st ❝✐♥q à ❞✐① ❢♦✐s s✉♣ér✐❡✉r à ❝❡❧✉✐ ❣é♥éré ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s❡❧♦♥ ❧❡ ❢♦r♠❛❧✐s♠❡
❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✳ ❉❡ ♣❧✉s✱ ❧❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❡st ❞✐✛ér❡♥t❡ s❡❧♦♥ ❧❡ ♠é❝❛♥✐s♠❡
❞✬❡①❝✐t❛t✐♦♥ ❝♦♥s✐❞éré✳ ▲❡s ♦♥❞❡s s♦♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t ❡①❝✐té❡s à ❞❡s ♣❧✉s ❤❛✉ts
❞❡❣rés ❛♥❣✉❧❛✐r❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ q✉❡ ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡✱ ❞✉ ❢❛✐t ❞✬✉♥❡ ❧❛r✲

✷✹✼



❣❡✉r ❞❡s ♣❛♥❛❝❤❡s ♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ t❛✐❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡s t♦✉r❜✐❧❧♦♥s ❝♦♥✈❡❝t✐❢s à ❧❛ ❜❛s❡ ❞❡ ❧❛
③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❊♥✜♥✱ ✐❧ ❛ été ♠✐s ❡♥ é✈✐❞❡♥❝❡ q✉❡ ♣❧✉s ❧❛ tr❛♥s✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t ❞❡ t❡♠♣ér❛t✉r❡
❡st ❞♦✉❝❡ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ♣❧✉s ❧❡ ✢✉① ❞✬é♥❡r❣✐❡ t♦t❛❧ é♠✐s s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❡st
✐♠♣♦rt❛♥t✳

❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ét❛♣❡✱ ❥✬❛✐ ❛❧♦rs été ❡♥ ♠❡s✉r❡ ❞✬❡st✐♠❡r ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ ✭P✐♥ç♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ▲✬ét✉❞❡ ❡✛❡❝t✉é❡ s✬❡st ❜❛sé❡ s✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞✉ t❡♠♣s ❝❛r❛❝✲
tér✐st✐q✉❡ ❛ss♦❝✐é ❛✉① tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❛✈❡❝ ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❞✬é✈♦❧✉t✐♦♥ ❞❛♥s ❞❡s ♠♦❞è❧❡s
❞✬ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ à ✉♥ st❛❞❡ é✈♦❧✉t✐❢ ❞♦♥♥é✳ ❯♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ♠✬❛ ❛❧♦rs ♣❡r♠✐s ❞✬♦❜t❡♥✐r
✉♥❡ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❝❡s ♦♥❞❡s ❞❡♣✉✐s ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
❥✉sq✉✬à ❧❛ ❜r❛♥❝❤❡ ❞❡s ❣é❛♥t❡s r♦✉❣❡s✳ ❉✬❛❜♦r❞✱ ❞❛♥s ❧❡ ❙♦❧❡✐❧✱ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ s♦♥t ❝❛♣❛❜❧❡s✱ ♣❛r ❡❧❧❡s✲♠ê♠❡s✱ ❞❡ ♠♦❞✐✜❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡
s✉r ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ✐♥❢ér✐❡✉r à ❧❛ ❢♦✐s à ❝❡❧✉✐ ❛ss♦❝✐é ❛✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ❣é♥éré❡s
♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ ❡t ❛✉ t❡♠♣s ❞❡ ✈✐❡ ❞❡ ❧✬ét♦✐❧❡ s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❈❡ ♣r♦❝❡s✲
s✉s ❞✬❡①❝✐t❛t✐♦♥ ❡st ❡✣❝❛❝❡ ❡t ❞♦✐t ❞♦♥❝ êtr❡ ❝♦♥s✐❞éré ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳
❉❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❧✬ét✉❞❡ ♠♦♥tr❡ q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ❛✉ss✐ ❝❛♣❛❜❧❡s ❞❡ ❝♦♥tr❡❜❛❧❛♥❝❡r ❧✬❛❝❝é❧ér❛t✐♦♥
❞❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞✉❡ à ❧❡✉r ❝♦♥tr❛❝t✐♦♥✱ ❡t ❝❡ ♣❧✉s ❡✣❝❛❝❡♠❡♥t q✉❡ ❧❡s ♦♥❞❡s ❣é♥éré❡s ♣❛r ❧❛
♣r❡ss✐♦♥ t✉r❜✉❧❡♥t❡ s❡❧♦♥ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❑✉♠❛r ❡t ❛❧✳ ✭✶✾✾✾✮✳ ❊♥ ❡✛❡t✱ ❝❡s ♦♥❞❡s ❞❡✈✐❡♥♥❡♥t ❛ss❡③
❡✣❝❛❝❡s ♣♦✉r r❛❧❡♥t✐r ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❧♦rsq✉❡ ❧❡ t❛✉① ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡ ❧❡ ❝❡♥tr❡ ❡t
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞é♣❛ss❡ ✉♥❡ ❝❡rt❛✐♥❡ ✈❛❧❡✉r s❡✉✐❧✳ ❈❡tt❡ ✈❛❧❡✉r s❡✉✐❧ t❤é♦r✐q✉❡ ❡st ❡♥
❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s✳
❈❡s s✐♠✐❧✐t✉❞❡s ♠✬♦♥t ❛❧♦rs ♠❡♥é à ❧✬✐❞é❡ q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♣❡✉✈❡♥t rés✉❧t❡r ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡
ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❝♦♥trô❧é ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té q✉✐ s♦♥t ✐♥❞✉✐t❡s ♣❛r ❧❛
♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s ❝❡ ♠é❝❛♥✐s♠❡✱ ❧✬❡✛❡t ❞❡ ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s ✐♥t❡r♥❡s ✭♠❡♥❛♥t
à ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥✮ ❡t ❝❡❧✉✐ ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✭♠❡♥❛♥t à ✉♥ r❛❧❡♥t✐ss❡♠❡♥t
❞❡ ❧❛ r♦t❛t✐♦♥✮ r❡st❡♥t ❡♥ éq✉✐❧✐❜r❡ ❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❝♦♥s❡r✈❡ ✉♥❡ ✈❛❧❡✉r
❛✉t♦✉r ❞✉ s❡✉✐❧✱ ❞✬♦ù ❧✬❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❆✉ ❝♦♥tr❛✐r❡✱ ✐❧ s✬❛✈èr❡ q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s é✈♦❧✉é❡s s♦♥t ✐♥❝❛♣❛❜❧❡s✱ ♣❛r ❡❧❧❡s✲♠ê♠❡s✱ ❞❡ r❛❧❡♥t✐r
❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❡✉rs ré❣✐♦♥s ❝❡♥tr❛❧❡s s♦✉s ❧✬❡✛❡t ❞❡ ❧❡✉r ❝♦♥tr❛❝t✐♦♥ ❡t ❞♦♥❝
❞✬❡①♣❧✐q✉❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s s✐s♠✐q✉❡s✳ ❈❡❧❛ ❡st ✈r❛✐ q✉❡❧ q✉❡ s♦✐t ❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ❡t ❡st
❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ tr❛✈❛✐❧ ❞❡ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ❝♦♥❝❡r♥❛♥t ❧❡s ♦♥❞❡s ✐♥❞✉✐t❡s ♣❛r ❧❛ ♣r❡ss✐♦♥ t✉r❜✉✲
❧❡♥t❡✳ ❯♥ ❛✉tr❡ ♣r♦❝❡ss✉s ❞✬❡①tr❛❝t✐♦♥ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞♦✐t ❞♦♥❝ êtr❡ ✐♥✈♦q✉é ❞❛♥s ❝❡s ét♦✐❧❡s✳
▲✬❡✣❝❛❝✐té ❞✉ tr❛♥s♣♦rt ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❝❡♥tr❛❧❡s ❞✐♠✐♥✉❡ ❞♦♥❝
❛✈❡❝ ❧❡ t❡♠♣s✳ ❈❡❧❛ ❡st ❧✐é à ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ❧✬❛✉❣♠❡♥t❛t✐♦♥
❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❛✈❡❝ ❧✬â❣❡ ❞❡s ét♦✐❧❡s✳ ❚♦✉s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s r❡st❡♥t ✈❛❧❛❜❧❡s ♠❛❧❣ré
❧❡ ❧❛r❣❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ✈❛❧❡✉rs ❝♦♥s✐❞éré ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✳

P❡rs♣❡❝t✐✈❡s✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞✉r❛♥t ♠❛ t❤ès❡ ♠♦♥tr❡♥t ❞♦♥❝ q✉❡ ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té ❣é♥éré❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡ s♦♥t ✉♥ ✐♥❣ré❞✐❡♥t ✐♠♣♦rt❛♥t ❝❛♣❛❜❧❡s ❞❡ ♣r♦❢♦♥❞é✲
♠❡♥t ♠♦❞✐✜❡r ❧❡ ♣r♦✜❧ ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ❞❡ ❢❛✐❜❧❡ ♠❛ss❡✳ ■❧s ❛♣♣❡❧❧❡♥t ❞♦♥❝ à ❞❡ ❢✉t✉r❡s
✐♥✈❡st✐❣❛t✐♦♥s✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡r❛ à ✐♠♣❧é♠❡♥t❡r ❧❡ ♠♦❞è❧❡ ❞✬❡①❝✐t❛t✐♦♥ ♣❛r ❧❛ ♣é♥étr❛t✐♦♥
❝♦♥✈❡❝t✐✈❡ ❛✐♥s✐ q✉❡ ❧❡ tr❛♥s♣♦rt ♣❛r ❝❡s ♦♥❞❡s ❞❛♥s ✉♥ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ❈❡❧❛ ♣❡r♠❡ttr❛
❞❡ s✉✐✈r❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥t❡r♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s s♦✉s ❧✬❡✛❡t ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s
❞❡ ❣r❛✈✐té✱ ❞❡s ❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ✭❡✳❣✳✱ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡✱ t✉r❜✉❧❡♥❝❡✮ ❡t ❞❡ ❧❡✉r
✐♥t❡r❛❝t✐♦♥ ♠✉t✉❡❧❧❡✳ ❈❡❧❛ ♥é❝❡ss✐t❡r❛ ♥♦t❛♠♠❡♥t ❞✬✉t✐❧✐s❡r ✉♥❡ ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡
❛❞❛♣té❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ✉♥ ✐♥té❣r❛t❡✉r ✏♠✉❧t✐✲t❡♠♣s✑✱ ♣❡r♠❡tt❛♥t ❞❡ ♣r❡♥❞r❡ ♣r♦♣r❡♠❡♥t ❡♥
❝♦♠♣t❡ à ❧❛ ❢♦✐s ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✱ q✉✐ ❡st ❛ss♦❝✐é à ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ♣♦✉✈❛♥t
❞❡s❝❡♥❞r❡ ❧♦❝❛❧❡♠❡♥t ❥✉sq✉✬à ❞❡s ✈❛❧❡✉rs ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞✬❛♥♥é❡s ✭❡✳❣✳✱ ❧❛ ❙▲❖ à
❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✮✱ ❡t ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✱ q✉✐✱ ❡❧❧❡✱ ❡st ❛ss♦❝✐é❡ à ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s
❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡s ❡t s✉♣ér✐❡✉r❡s à ❧❛ ❞✐③❛✐♥❡ ❞❡ ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✳ ❯♥❡ t❡❧❧❡ ét✉❞❡ ❞♦♥♥❡r❛

✷✹✽



♥♦t❛♠♠❡♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬é✈❛❧✉❡r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞✉ ♠é❝❛♥✐s♠❡ ❞❡ ré❣✉❧❛t✐♦♥ q✉✐ ❛ été ♣r♦♣♦sé ♣♦✉r
❧❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❥❡✉♥❡s ❣é❛♥t❡s r♦✉❣❡s✳

❆ ♣❧✉s ❧♦♥❣ t❡r♠❡✱ ✐❧ s❡r❛ ♥é❝❡ss❛✐r❡ ❞✬❛♠é❧✐♦r❡r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❛r ❧❡s
♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s✱ ❛✐♥s✐ q✉❡ ❞❡ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❞❡s ét♦✐❧❡s✳ ❉✬✉♥❡ ♣❛rt✱
❧❡ ♠♦❞è❧❡ ❞❡ ♣❛♥❛❝❤❡s ❝♦♥✈❡❝t✐❢s ❞❡✈r❛ ❛❧❧❡r ♣❧✉s ❧♦✐♥ q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ♣r♦♣♦sé❡ ♣❛r ❘✐❡✉t♦r❞ ✫
❩❛❤♥ ✭✶✾✾✺✮✳ ▲✬❤②♣♦t❤ès❡ ♣❧❛♥✲♣❛r❛❧❧è❧❡ ♥✬❡st ♣❛r ❡①❡♠♣❧❡ ♣❧✉s ❥✉st✐✜é❡ ❞❛♥s ❧❡s ét♦✐❧❡s é✈♦❧✉é❡s
♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡st très ét❡♥❞✉❡✳ ▲✬❡✛❡t ❞❡ ❧❛ s♣❤ér✐❝✐té s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s
♣❛♥❛❝❤❡s ❞❡✈r❛ ❞♦♥❝ êtr❡ q✉❛♥t✐✜é ❡♥ s✬✐♥s♣✐r❛♥t ♣❛r ❡①❡♠♣❧❡ ❞✉ tr❛✈❛✐❧ ❞❡ ▲♦ ✫ ❙❝❤❛t③♠❛♥ ✭✶✾✾✼✮
❞❛♥s ❧❡ ❝❛s ❞❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s✳ ▲✬✐♥✢✉❡♥❝❡ ❞✉ ✢♦t ♠♦♥t❛♥t s✉r ❧❡s ♣r♦♣r✐étés ❞❡s ♣❛♥❛❝❤❡s ❞❡✈r❛
❛✉ss✐ êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ❊♥ ❡✛❡t✱ ❛❧♦rs q✉❡ ❧❡s ♣❛♥❛❝❤❡s ❢♦r♠❡♥t ❞❡ ❢♦rts ❝♦✉r❛♥ts str✉❝t✉rés
❞❡s❝❡♥❞❛♥t à tr❛✈❡rs ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❞❡s ❝♦✉r❛♥ts ❛s❝❡♥❞❛♥ts à ✈✐t❡ss❡ ♣❧✉s ❢❛✐❜❧❡ ♣❡✉♣❧❡♥t ❧❡
♠✐❧✐❡✉ ✐♥t❡r♠é❞✐❛✐r❡ ✭♣❛r ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❛t✐èr❡✮✳ ❈❡✉①✲❝✐ ♣❡✉✈❡♥t ✐♥t❡r❛❣✐r ❛✈❡❝ ❧❡s ♣❛♥❛❝❤❡s
❡♥ é❝❤❛♥❣❡❛♥t ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t✳ ❈❡s é❝❤❛♥❣❡s ♦♥t ✉♥ ✐♠♣❛❝t s✉r ❧❛ ✈✐t❡ss❡ ❡t ❧❛ ❧❛r❣❡✉r
❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✱ ❛✐♥s✐ q✉❡ s✉r ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥
✭❡①t❡♥s✐♦♥✱ ❢♦r♠❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ t❤❡r♠✐q✉❡✮✳ ❉❡s ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s ♣❧✉s s♦♣❤✐st✐q✉és✱
t❡❧s q✉❡ ❧❡ ♠♦❞è❧❡ ♣r♦♣♦sé ♣❛r ❘❡♠♣❡❧ ✭✷✵✵✹✮✱ ♣❡r♠❡ttr❛✐❡♥t ❞♦♥❝ ❞❡ tr❛✐t❡r s✐♠✉❧t❛♥é♠❡♥t ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ♣❛♥❛❝❤❡s à tr❛✈❡rs ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❧❡ ♣r♦❝❡ss✉s ❞❡ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳
▲❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♣❛♥❛❝❤❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t ❝❡❧❧❡s ❞❡ ❧❛ ③♦♥❡ ❞❡ ♣é♥étr❛t✐♦♥
s♦♥t ❞é♣❡♥❞❛♥t❡s ❧❡s✲✉♥❡s ❞❡s ❛✉tr❡s ❡t ♣♦✉rr❛✐❡♥t ❛✐♥s✐ êtr❡ ♦❜t❡♥✉❡s ❞❡ ❢❛ç♦♥ ❛✉t♦✲❝♦❤ér❡♥t❡✳
▲❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s❡r❛✐t ❛✉ss✐ ❢♦✉r♥✐ ♣❛r
✉♥ t❡❧ ♠♦❞è❧❡ ❡t é✈✐t❡r❛✐t ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ♣❛r❛♠ètr❡ ❧✐❜r❡ ❛ss♦❝✐é à s♦♥ ❣r❛❞✐❡♥t ❞❛♥s ❝❡tt❡
ré❣✐♦♥✳ ❊♥✜♥✱ ♣❛r♠✐ ❧❡s ❛✉tr❡s ❝❛r❛❝tér✐st✐q✉❡s ❛ss♦❝✐é❡s ❛✉ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥✱ ❧❡ t❡♠♣s ❞❡
✈✐❡ ❞❡s ♣❛♥❛❝❤❡s s❡♠❜❧❡ ❧❡ ♣❧✉s ❞✐✣❝✐❧❡ à ❝♦♥tr❛✐♥❞r❡ ❡t r❡st❡ à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡ ♣❡✉ ét✉❞✐é✳ ❙♦♥
✐♠♣❛❝t s✬❛✈èr❡ ❝❡♣❡♥❞❛♥t ✐♠♣♦rt❛♥t s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣❛r ❧❡s ♦♥❞❡s ✐♥t❡r♥❡s ❞❡
❣r❛✈✐té✳ ▲❡s ♠é❝❛♥✐s♠❡s ÷✉✈r❛♥t à ❧❛ ❞éstr✉❝t✉r❛t✐♦♥ ❞❡s ♣❛♥❛❝❤❡s s♦♥t à ♠❛ ❝♦♥♥❛✐ss❛♥❝❡ t♦✉❥♦✉rs
✐♥❝♦♥♥✉s ✭✐♥st❛❜✐❧✐tés✱ t✉r❜✉❧❡♥❝❡✱ ❞éstr✉❝t✉r❛t✐♦♥ ❞✉ ❧✐❡✉ ❞❡ ❢♦r♠❛t✐♦♥ ❞✬✉♥ ♣❛♥❛❝❤❡ à ❧❛ s✉r❢❛❝❡
❞❡ ❧✬ét♦✐❧❡✳✳✳ ❄✮✳ ▲✬é❧❛❜♦r❛t✐♦♥ ❞❡ ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s s✐♠♣❧❡s tr❛✐t❛♥t ❞✉ ♣r♦❜❧è♠❡ s❡r❛✐t ❞♦♥❝
✉t✐❧❡✳ ▲❛ tâ❝❤❡ s❡♠❜❧❡ ♥é❛♥♠♦✐♥s ❝♦♠♣❧❡①❡ ♣✉✐sq✉✬✐❧ s✬❛❣✐r❛✐t ❞❡ ❝♦♥s✐❞ér❡r ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥ ♣❛♥❛❝❤❡
❞❡♣✉✐s s❛ ❢♦r♠❛t✐♦♥ ❞❛♥s ❧❡s ré❣✐♦♥s s✉♣❡r✜❝✐❡❧❧❡s très t✉r❜✉❧❡♥t❡s ♦ù ❧❡s ♣❡rt❡s ♣❛r r❛②♦♥♥❡♠❡♥t
❞♦♠✐♥❡♥t ❥✉sq✉✬à s❛ ♣é♥étr❛t✐♦♥ ❞❛♥s ❧❡s ❝♦✉❝❤❡s s♦✉s✲❥❛❝❡♥t❡s à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❛♥s
❝❡ ❝♦♥t❡①t❡✱ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❝❛r❛❝tér✐st✐q✉❡s s❛♥s ❞✐♠❡♥s✐♦♥ à ♣❛rt✐r
❞❡sq✉❡❧s ✐❧ s❡r❛✐t ♣♦ss✐❜❧❡ ❞✬❡①tr❛♣♦❧❡r ✈❡rs ❞❡s ré❣✐♠❡s st❡❧❧❛✐r❡s ♣♦✉rr❛✐❡♥t ❛✐❞❡r à ❝♦♥tr❛✐♥❞r❡
❧❡s ♣r♦♣r✐étés ❞❡s ♣❛♥❛❝❤❡s ❡t ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ♣é♥étr❛t✐♦♥✳ ❆ ♣❛rt✐r ❞❡ ❧♦✐s ❞✬é❝❤❡❧❧❡✱ ❧❡s rés✉❧t❛ts
❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s❡r❛✐❡♥t ❢❛❝✐❧❡♠❡♥t ❛♣♣❧✐❝❛❜❧❡s ❞❛♥s ✉♥ ❝♦❞❡ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ▲❛
❝♦♠♣❧é♠❡♥t❛r✐té ❡♥tr❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡t ♠♦❞è❧❡s s❡♠✐✲❛♥❛❧②t✐q✉❡s r❡♣rés❡♥t❡ ❞♦♥❝ ♣♦✉r
❧❡ ❢✉t✉r ✉♥ ♠♦②❡♥ ❞✬ét✉❞❡ ✐♥tér❡ss❛♥t ❞❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❛r ❧❛ ♣é♥étr❛t✐♦♥ ❝♦♥✈❡❝t✐✈❡✳

❉✬❛✉tr❡ ♣❛rt✱ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♥é❝❡ss✐t❡r❛
❡❧❧❡ ❛✉ss✐ ❞✬❛❧❧❡r ❛✉✲❞❡❧à ❞❡s s✐♠♣❧✐✜❝❛t✐♦♥s ✉t✐❧✐sé❡s ❞❛♥s ❧❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞✉r❛♥t ❝❡tt❡ t❤ès❡✳ ▲❡
tr❛✐t❡♠❡♥t ❞❡s ré❣✐♦♥s ❛✉t♦✉r ❞❡s ❝♦✉❝❤❡s ❝r✐t✐q✉❡s ✭✐✳❡✳✱ ♦ù ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡ ❧✬♦♥❞❡ t❡♥❞
✈❡r ③ér♦✮ ❞❡✈r❛ êtr❡ ❛♠é❧✐♦ré✳ ❉❛♥s ❝❡s ré❣✐♦♥s✱ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ♣❡✉✈❡♥t ❣é♥ér❡r ❞❡
❧❛ t✉r❜✉❧❡♥❝❡✳ ▲❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ♦♥❞❡s ❡t ❧❛ t✉r❜✉❧❡♥❝❡ ♣❡✉t ❛❧♦rs rés✉❧t❡r ❡♥ ❞❡s ♣❤é♥♦♠è♥❡s
❞❡ s✉r✲tr❛♥s♠✐ss✐♦♥ ♦✉ s✉r✲ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s ✐♥❝✐❞❡♥t❡s ♣rès ❞❡ ❧❛ ❝♦✉❝❤❡ ❝r✐t✐q✉❡ ❝♦♥s✐❞éré❡✳ ▲❡
tr❛✈❛✐❧ ❡①❤❛✉st✐❢ ❞❡ ❆❧✈❛♥ ❡t ❛❧✳ ✭✷✵✶✸✮ ♣♦✉rr❛ ❞❛♥s ❧❡ ❢✉t✉r êtr❡ ✉t✐❧✐sé ♣♦✉r ♣r❡♥❞r❡ ♣r♦♣r❡♠❡♥t
❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞❡ ❝❡s ❝♦✉❝❤❡s ❝r✐t✐q✉❡s ❧❡ ❧♦♥❣ ❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❡t ❝♦♠♣r❡♥❞r❡ ❧❡✉r ✐♠♣❛❝t
s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ♣rès ❞❡ ❝❡s ❝♦✉❝❤❡s ❝r✐t✐q✉❡s✱ ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧✲
❧❛t✐♦♥ ❞❡✈✐❡♥t ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♦✉ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡
❞✬❛♠♦rt✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❞❡s ♦♥❞❡s✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡ ✉t✐❧✐sé❡ ♣♦✉r ❞ér✐✈❡r ❧❡s ❡①✲
♣r❡ss✐♦♥s ✉s✉❡❧❧❡s ❞♦♥♥é❡s ♣❛r Pr❡ss ✭✶✾✽✶✮ ❡t ❩❛❤♥ ❡t ❛❧✳ ✭✶✾✾✼✮ ♥✬❡st ❞♦♥❝ ♣❧✉s ✈❛❧✐❞❡✳ ❉❡ ♣❧✉s
❛♠♣❧❡s ✐♥✈❡st✐❣❛t✐♦♥s s♦♥t ❞♦♥❝ ♥é❝❡ss❛✐r❡s ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❡st ♠♦❞✐✜é❡ ❧✬❡①♣r❡ss✐♦♥
❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❛♥s ❝❡ ❝❛s ❡t q✉❡❧❧❡s s♦♥t ❧❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❡ tr❛♥s♣♦rt ❞❡ ♠♦♠❡♥t
❝✐♥ét✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ♣♦✉rr❛✐t r❡♣r❡♥❞r❡ ❧✬❛♥❛❧②s❡ ❧♦❝❛❧❡ ❞♦♥♥é❡ ♣❛r Pr❡ss ✭✶✾✽✶✮ ❡♥ r❡❧❛①❛♥t

✷✹✾



❧✬❤②♣♦t❤ès❡ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ rés♦❧✈❛♥t ♥✉♠ér✐q✉❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ❞❡❣ré
❞♦♥♥é❡ ❞❛♥s ❊q✳ ✭✺✳✽✹✮✳ ❊♥✜♥✱ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ r❛❞✐❛✲
t✐✈❡ ❞❡✈r❛ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ ❡t ❞❡ s♦♥ ❣r❛❞✐❡♥t ✭❡✳❣✳✱ P❛♥t✐❧❧♦♥ ❡t ❛❧✳ ✷✵✵✼❀
▼❛t❤✐s ✷✵✵✾✮✳ ▲❛ r♦t❛t✐♦♥ ♣❡✉t ♥♦t❛♠♠❡♥t ♠♦❞✐✜❡r ❧❛ ❝❛✈✐té ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ✐♥t❡r♥❡s✱
❧❡✉r ❛♠♦rt✐ss❡♠❡♥t✱ ✈♦✐r❡ ♠ê♠❡ ❧❡✉r ❡①❝✐t❛t✐♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡✳ ❉❡ ❢✉t✉rs ❡✛♦rts
s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❛❞❛♣t❡r ❧❡ ❢♦r♠❛❧✐s♠❡ ✉t✐❧✐sé ❞❛♥s ♠♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❛✉ ❝❛s ♦ù ❧❛ r♦t❛t✐♦♥
♥❡ ♣❡✉t ♣❧✉s êtr❡ ♥é❣❧✐❣é❡✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ❧❡s ♦♥❞❡s ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❡st ✐♥❢ér✐❡✉r❡ à
❞❡✉① ❢♦✐s ❧❛ ✈❛❧❡✉r ❞✉ t❛✉① ❞❡ r♦t❛t✐♦♥ ❧♦❝❛❧✱ ❡t ❝♦♠♣r❡♥❞r❡ s❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❡s rés✉❧t❛ts ♦❜✲
t❡♥✉s✳ ▲✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧✬❛♠♦rt✐ss❡♠❡♥t ♦✉ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♦♥❞❡s ♣♦✉rr❛✐t ❧♦❝❛❧❡♠❡♥t êtr❡
✐♥❝❧✉s ❡♥ s✬❛✐❞❛♥t ♣❛r ❡①❡♠♣❧❡ ❞❡s tr❛✈❛✉① ❞❡ ▼❛t❤✐s ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❙♦♥ ✐♠♣❛❝t s✉r ❧❛ ♣r♦♣❛❣❛t✐♦♥
❞❡s ♦♥❞❡s ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ♣♦✉rr❛✐t ❛✉ss✐ êtr❡ ♣r✐s ❡♥ ❝♦♠♣t❡ ❡♥ ✐♥✈♦q✉❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥
tr❛❞✐t✐♦♥♥❡❧❧❡ ✭❡✳❣✳✱ ▲❡❡ ✫ ❙❛✐♦ ✶✾✾✼✮✳

✷ ✲ ❉✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s

❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉① ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣❛r ❧❡s ♠♦❞❡s ♠✐①t❡s✳
▲❡s ♠♦❞❡s ♠✐①t❡s s♦♥t ❞❡s ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s q✉✐ s✬ét❛❜❧✐ss❡♥t ❞❛♥s ❞❡✉① ❝❛✈✐tés rés♦♥❛♥t❡s✱ ❧✬✉♥❡
s✐t✉é❡ ❞❛♥s ❧❡ ❝÷✉r ❞❡s ét♦✐❧❡s✱ ❧✬❛✉tr❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡✱ ❡t q✉✐ s♦♥t r❡❧✐é❡s ♣❛r ✉♥❡ ③♦♥❡ ✐♥t❡r♠é❞✐❛✐r❡
❞✐t❡ é✈❛♥❡s❝❡♥t❡✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❝❡s ♠♦❞❡s ❡♥ s✉r❢❛❝❡ ❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ❛ ♣❡r♠✐s ❞❡
r❡♠♦♥t❡r ❛✉① ♣r♦♣r✐étés ❞❡s ré❣✐♦♥s ❝❡♥tr❛❧❡s✱ ❝♦♠♠❡ ❧❡✉r r♦t❛t✐♦♥ ♠♦②❡♥♥❡ ♦✉ ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡
❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✱ q✉✐ r❡st❡♥t ✐♥❛❝❝❡ss✐❜❧❡s ❡♥ t❡♠♣s ♥♦r♠❛❧ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s✳ P❛r♠✐
❧❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ❝❛r❛❝tér✐s❛♥t ❧❡s ♠♦❞❡s ♠✐①t❡s✱ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ q ❡t ❧❡ ❞é❝❛❧❛❣❡ ❡♥
♣ér✐♦❞❡ ǫg ♥✬♦♥t ❥✉sq✉✬✐❝✐ été q✉❡ ♣❡✉ ét✉❞✐és✳ ❉❛♥s ❝❡ ❞❡✉①✐è♠❡ ✈♦❧❡t ❞❡ ♠❛ t❤ès❡✱ ❥❡ ♠❡ s✉✐s ❞♦♥❝
✐♥tér❡ssé à ❝❡s ❞❡✉① ♣❛r❛♠ètr❡s ❡♥ ❝❤❡r❝❤❛♥t à ❝♦♠♣r❡♥❞r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡✉r ✈❛❧❡✉r ❡t ❧❡s ♣r♦♣r✐étés
❞❡s ré❣✐♦♥s ✐♥t❡r♥❡s q✉✬✐❧s s♦♥❞❡♥t✳

❙②♥t❤ès❡✳ ❆❧♦rs q✉❡ ❧❡s ♣❛r❛♠ètr❡s s✐s♠✐q✉❡s ✉s✉❡❧s ∆ν ❡t ∆Π s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t s❡♥s✐❜❧❡s
à ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❡t ❝❡❧❧❡ ❞✉ ❝÷✉r ❞✬❤é❧✐✉♠✱ ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡
❡st s❡♥s✐❜❧❡ ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ♣❛r ▼♦ss❡r✱
P✐♥ç♦♥✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✭✷✵✶✼✮ ♠♦♥tr❡♥t q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ q ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❡♥tr❡ ❧❛
❜r❛♥❝❤❡ ❞❡s ét♦✐❧❡s s♦✉s✲❣é❛♥t❡s ❡t ❧❡ r❡❞ ❝❧✉♠♣✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t ❞❡ ♣❧✉s s❛♥s ❛♠❜✐❣✉ïté
❧❛ ♥é❝❡ss✐té ❞✬❛❧❧❡r ❛✉✲❞❡❧à ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ❝♦✉♣❧❛❣❡ ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡
❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮ ❛✈❡❝ ❞❡s ✈❛❧❡✉rs ❞❡ q é❧❡✈é❡s ❞❛♥s ❧❡s ét♦✐❧❡s à ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❜r❛♥❝❤❡s
❞❡s s♦✉s✲❣é❛♥t❡s ❡t ❞❡s ❣é❛♥t❡s r♦✉❣❡s✱ ❡t ❧❡s ét♦✐❧❡s ❛②❛♥t ❝♦♠♠❡♥❝é ❧❛ ❢✉s✐♦♥ ❞❡ ❧✬❤é❧✐✉♠ ❞❛♥s ❧❡✉r
❝÷✉r✳ ❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡✱ ❥✬❛✐ ♣❛rt✐❝✐♣é à ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡s ♦❜s❡r✈❛t✐♦♥s ❡♥ ✉t✐❧✐s❛♥t ✉♥❡
♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧✐✜é❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡
s✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮✳ ❈❡ ♠♦❞è❧❡ ♠♦♥tr❡ q✉❡ q ❡st à ❧❛ ❢♦✐s s❡♥s✐❜❧❡ à ❧❛ ❧❛r❣❡✉r
❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✭r❡♣rés❡♥té❡ ♣❛r ❧❡ ♣❛r❛♠ètr❡ α✮ ❡t ❛✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r
❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭r❡♣rés❡♥té ♣❛r ❧❡ ♣❛r❛♠ètr❡ β✮✳ ▲❡s ✈❛r✐❛t✐♦♥s ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡ ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ ♣❡✉✈❡♥t ❞♦♥❝ s✬✐♥t❡r♣rét❡r ❡♥ t❡r♠❡ ❞❡ ❝❤❛♥❣❡♠❡♥ts str✉❝t✉r❡❧s
❛ss♦❝✐és à ❝❡tt❡ ré❣✐♦♥✳ ■❧ r❡ss♦rt ❞❡ ❝❡tt❡ ét✉❞❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ q ❡st ❞é❣é♥éré❡ ❛✈❡❝ ❧❛ ♣❛✐r❡
❞❡ ♣❛r❛♠ètr❡s (α, β)✳ ■❧ ♥✬❡st ❞♦♥❝ ♣❛s ♣♦ss✐❜❧❡ ❞❡ r❡♠♦♥t❡r ❞✐r❡❝t❡♠❡♥t à ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ③♦♥❡
é✈❛♥❡s❝❡♥t❡ ❛✈❡❝ ❧❛ s❡✉❧❡ ❞♦♥♥é❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✳ ❉✬❛✉tr❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s♦♥t
♥é❝❡ss❛✐r❡s ♣♦✉r ❞é✜♥✐t✐✈❡♠❡♥t ❝♦♥❝❧✉r❡✳ ◆é❛♥♠♦✐♥s✱ ❧❡s ✈❛❧❡✉rs ❞❡ q ♦❜s❡r✈é❡s ❡t ❝❡❧❧❡s ❡st✐♠é❡s
❞❛♥s q✉❡❧q✉❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♣r♦♣♦sé ♣❛r ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s✬❛✈èr❡♥t ❡♥ ❜♦♥ ❛❝❝♦r❞✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ét❛♣❡✱ ❥❡ ♠❡ s✉✐s ❞♦♥❝ ❞❡♠❛♥❞é
❥✉sq✉✬à q✉❡❧ ❞❡❣ré ❝❡ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡t ❞❡ ♣ré❞✐r❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ♠♦❞❡s
♠✐①t❡s✳ ❏✬❛✐ ❞♦♥❝ ❡♥tr❡♣r✐s ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ s❡s ♣ré❞✐❝t✐♦♥s ❛✈❡❝ ❝❡❧❧❡s ♦❜t❡♥✉❡s ✈✐❛ ✉♥ ❝♦❞❡
❞✬♦s❝✐❧❧❛t✐♦♥✳ ❊♥ ♠❡ ♣❧❛ç❛♥t ❞❛♥s ✉♥ ❝❛s ✐❞é❛❧ ♦ù ❧❡s ❤②♣♦t❤ès❡s ✉t✐❧✐sé❡s ♣♦✉r ❞ér✐✈❡r ❧✬❡①♣r❡ss✐♦♥
❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ s♦♥t r❡s♣❡❝té❡s✱ ❥✬❛✐ ♠✐s ❡♥ é✈✐❞❡♥❝❡
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❧✬❡①✐st❡♥❝❡ ✉♥ ❞é❝❛❧❛❣❡ ❝♦♥st❛♥t ❡♥tr❡ ❧❡s ❞❡✉① ❥❡✉① ❞❡ ❢réq✉❡♥❝❡s s❛♥s ❛✈♦✐r ♣✉ ❡♥❝♦r❡ tr♦✉✈❡r s♦♥
♦r✐❣✐♥❡ ✭tr❛✐t❡♠❡♥t ❛✉ ❝❡♥tr❡✱ ❞é❢❛✉t ❞❡ ❧❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡✱ ♣r♦❜❧è♠❡ ❞❛♥s ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✮✳
❆♣rès ❝♦rr❡❝t✐♦♥ ❞❡ ❝❡ ❞é❝❛❧❛❣❡✱ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ♣ré❞✐t ❞❛♥s ❧❡ ❝❛s ✐❞é❛❧ ❞❡s
❢réq✉❡♥❝❡s ♣r♦♣r❡s ❛✈❡❝ ✉♥ é❝❛rt ✐♥❢ér✐❡✉r à ✶✵✪ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❣r❛♥❞❡ sé♣❛r❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉
❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❙❡s ♣ré❞✐❝t✐♦♥s s♦♥t ♥♦t❛♠♠❡♥t ♠❡✐❧❧❡✉r❡s q✉❡ ❝❡❧❧❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡ ❢♦r♠❛❧✐s♠❡
♣r♦♣♦sé ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❣râ❝❡ à ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ❞✉ ❢❛❝t❡✉r ❞❡
❝♦✉♣❧❛❣❡✳ ❈❡s rés✉❧t❛ts s♦♥t ❡♥❝♦✉r❛❣❡❛♥ts ❡t ❛♣♣❡❧❧❡♥t à ✉♥❡ ♥♦✉✈❡❧❧❡ ét✉❞❡ ❞❛♥s ✉♥ ❝❛s ré❛❧✐st❡
q✉✐ r❡s♣❡❝t❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥✳ P♦✉r ✜♥✐r✱ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé ❛✉ ❞é❝❛❧❛❣❡ ❡♥ ♣ér✐♦❞❡
❞❡s ♠♦❞❡s ♠✐①t❡s ǫg✳ ❈❡ ♣❛r❛♠ètr❡ s✐s♠✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té ❞é♣❡♥❞ ❞❡s ♣r♦♣r✐étés ❞❡s ♣♦✐♥ts
t♦✉r♥❛♥ts ❞❡ ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ✐♥✈♦q✉é❡ ❞❛♥s
❧✬ét✉❞❡ s✉r ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ❥✬❛✐ ♠♦♥tré q✉❡ ❝❡ ♣❛r❛♠ètr❡ ❡st s❡♥s✐❜❧❡ à ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ③♦♥❡
é✈❛♥❡s❝❡♥t❡ ❡t ❛✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡♥tr❡ ❧❡ ❝÷✉r ❞✬❤é❧✐✉♠ ❡t ❧❛ ❜❛s❡ ❞❡ ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭✐✳❡✳✱
❧❡s ♣❛r❛♠ètr❡s α ❡t β ♣ré❝é❞❡♥ts✮✳ ❈♦♠♠❡ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡✱ ❝❡ ♣❛r❛♠ètr❡ ❞♦✐t ❞♦♥❝ ✈❛r✐❡r ❛✉
❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✱ ♠❛✐s s❛ ✈❛❧❡✉r r❡st❡ ❞é❣é♥éré❡ ❛✈❡❝ ❧❡ ❝♦✉♣❧❡ ❞❡ ♣❛r❛♠ètr❡s (α, β)✳ ❈❡ rés✉❧t❛t
t❤é♦r✐q✉❡ ♥♦✉s ❧❛✐ss❡ ❛✐♥s✐ ❡♥✈✐s❛❣❡r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉t✐❧✐s❡r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡ q ❡t ❞❡
ǫg ♣♦✉r r❡♠♦♥t❡r s❛♥s ❛♠❜✐❣✉ïté ❛✉① ♣r♦♣r✐étés ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✭✐✳❡✳✱ α ❡t β✮✳

P❡rs♣❡❝t✐✈❡s✳ ▲❡s ♣❛r❛♠ètr❡s q ❡t ǫg ♦♥t ❞♦♥❝ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♥♦✉s ❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s s✉r
❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ▲❛ ♣❧✉♣❛rt ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t ♥é❛♥♠♦✐♥s ♣ré❧✐♠✐♥❛✐r❡s
❡t ❧❡ ❢r✉✐t ❞❡ tr❛✈❛✉① t♦✉❥♦✉rs ❡♥ ❝♦✉rs✳ ❉❛♥s ✉♥ ❢✉t✉r ♣r♦❝❤❡✱ ❧✬ét✉❞❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞✉ ❢❛❝t❡✉r
❞❡ ❝♦✉♣❧❛❣❡ ♣❛r ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❜✮ ❛♣♣❡❧❧❡ à ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡ ♣❧✉s ❞ét❛✐❧❧é❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡
séq✉❡♥❝❡s ❞❡ ♠♦❞è❧❡s ❞✬ét♦✐❧❡s é✈♦❧✉é❡s✳ ▲❡ s✉✐✈✐ ❞❡ q s✉r ❝❡s séq✉❡♥❝❡s ♣❡r♠❡ttr❛ ❞❡ ❝♦♠♣r❡♥❞r❡
❧✬♦r✐❣✐♥❡ ♣❤②s✐q✉❡ ❞❡s ✈❛r✐❛t✐♦♥s ❞❡ s❛ ✈❛❧❡✉r ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✱ ❞❡ ❝♦♥❢r♦♥t❡r ❧❛ t❤é♦r✐❡ ❛✉①
♦❜s❡r✈❛t✐♦♥s ❡t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❛ ✈❛❧❡✉r ❞❡ q ❡t ❧❡s ♣r♦♣r✐étés ✐♥t❡r♥❡s ❞❡s ét♦✐❧❡s✱
✈♦✐r❡ ♣♦✉rq✉♦✐ ♣❛s ❧✬❡①✐st❡♥❝❡ ❞❡ ♥♦✉✈❡❧❧❡s r❡❧❛t✐♦♥s ❞✬é❝❤❡❧❧❡✳ ❖♥ ♣♦✉rr❛✐t ❛✉ss✐ ♣❛r ❡①❡♠♣❧❡ ✉t✐❧✐✲
s❡r ❧❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡s ♠♦❞è❧❡s st❡❧❧❛✐r❡s ♣♦✉r ❢❛✐r❡ ❞❡s ♠❡s✉r❡s à ❣r❛♥❞ é❝❤❡❧❧❡ ❞❡ ǫg ❡♥
♥❡ ❝♦♥s✐❞ér❛♥t ♣❧✉s q ❝♦♠♠❡ ✉♥ ♣❛r❛♠ètr❡ ❧✐❜r❡✳ ❈♦♥❝❡r♥❛♥t ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❡ ❢♦r♠❛❧✐s♠❡
❛s②♠♣t♦t✐q✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ❞❡ ❚❛❦❛t❛ ✭✷✵✶✻❛✮ ❡t ❧❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s
❛✈❡❝ ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❧❛ s✉✐t❡ ❞❡ ❧✬ét✉❞❡ ❞❡✈r❛ ❝♦♥✜r♠❡r ♦✉ ♥♦♥ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s
✉♥ ❝❛s ✐❞é❛❧ ♥♦♥✲ré❛❧✐st❡ ❡t ❝❤❡r❝❤❡r à ❝♦♠♣r❡♥❞r❡ ❧❡s ❞✐✛ér❡♥❝❡s ♦❜s❡r✈é❡s ❡♥tr❡ ❧❡s ❞❡✉①✱ ❛✈❡❝ ❡♥
♣❛rt✐❝✉❧✐❡r ❧❡ ❞é❝❛❧❛❣❡ s②sté♠❛t✐q✉❡ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞❡s ♠♦❞❡s à ❞♦♠✐♥❛♥❝❡ ❞❡ ❣r❛✈✐té✳ ▲❛ ❝♦♠♣❛✲
r❛✐s♦♥ ❞❡✈r❛ ❛✉ss✐ êtr❡ ét❡♥❞✉❡ à ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥ ré❛❧✐st❡s ❛✜♥ ❞✬é✈❛❧✉❡r ❧✬❛♣♣❧✐❝❛❜✐❧✐té
❞❡ ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥ t❤é♦r✐q✉❡ ❞❛♥s ❧❛ ♣r❛t✐q✉❡✳ ❊♥✜♥✱ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉t✐❧✐s❡r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ s✐✲
♠✉❧t❛♥é❡ ❞❡ q ❡t ǫg ♣♦✉r ❝♦♥tr❛✐♥❞r❡ ❞✐r❡❝t❡♠❡♥t ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ s❡r❛ ét✉❞✐é❡
♣❧✉s ❡♥ ❞ét❛✐❧s✳ ❈❡❧❛ ♣♦✉rr❛ ♣❛ss❡r s♦✐t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠♦❞è❧❡s s✐♠♣❧✐✜és s❡♠✐✲❛♥❛❧②t✐q✉❡s✱ s♦✐t
✈✐❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ séq✉❡♥❝❡s é✈♦❧✉t✐✈❡s ❝♦✉♣❧é❡s à ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❆ ♣❧✉s ❧♦♥❣ t❡r♠❡✱ ✐❧ s❡r❛✐t
❛✉ss✐ ✐♥tér❡ss❛♥t ❞❡ ❞ér✐✈❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s ♠♦❞❡s ♠✐①t❡s s❛♥s ✐♠♣♦s❡r
❞✬❤②♣♦t❤ès❡s ♣❛rt✐❝✉❧✐èr❡s s✉r ❧❛ ❢♦r❝❡ ❞✉ ❝♦✉♣❧❛❣❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❛✈❡❝ ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é
♣❡r♠❡tt❛♥t ❞❡ rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❢❛ç♦♥ ❛♥❛❧②t✐q✉❡✳ ❈❡❧❛ ♣❡r♠❡ttr❛✐t ❡♥tr❡ ❛✉tr❡
❞❡ t❡st❡r ❧❡s ♣ré❞✐❝t✐♦♥s ♦❜t❡♥✉❡s ❞❛♥s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❢❛✐❜❧❡ ♦✉ ❞✬✉♥ ❢♦rt ❝♦✉♣❧❛❣❡ ✭❙❤✐❜❛❤❛s❤✐
✶✾✼✾❀ ❚❛❦❛t❛ ✷✵✶✻❛✮ ❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❢❛❝t❡✉r q à ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉①
ré❣✐♠❡s ✭✐✳❡✳✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦✉♣❧❛❣❡ ✐♥t❡r♠é❞✐❛✐r❡✮✳ ❊♥ ♦✉tr❡✱ ❞❡s q✉❡st✐♦♥s ♣❡✉✈❡♥t ❛✉ss✐ s❡
♣♦s❡r s✉r ❧❛ ✈❛❧✐❞✐té ❞❡ ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❛♥s ❧❛ ré❣✐♦♥ é✈❛♥❡s❝❡♥t❡ ♣♦✉r ❞❡s ♠♦❞❡s ❞❡ ❜❛s
❞❡❣rés ❛♥❣✉❧❛✐r❡s✳ ❊♥ ❡✛❡t✱ ❧❛ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡ ❞✬é✈❛♥❡s❝❡♥❝❡ ❡st ❧♦❝❛❧❡♠❡♥t é❣❛❧❡ à ❡♥✈✐r♦♥
r/
√
l(l + 1)✱ ❛✈❡❝ l ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡✱ ❡t ♥❡ ♣❡✉t ♣❧✉s êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ très ♣❡t✐t❡ ♣❛r r❛♣♣♦rt

❛✉① é❝❤❡❧❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ✈❛r✐❛t✐♦♥ ❞❡s q✉❛♥t✐tés à ❧✬éq✉✐❧✐❜r❡ ✭❞❡ ❧✬♦r❞r❡ ❞❡ r ♦✉ ✐♥❢ér✐❡✉r❡✮✳ ❈❡
♣♦✐♥t ♠ér✐t❡ ❞♦♥❝ à ♠♦♥ ❛✈✐s ❞❡ ❢✉t✉r❡s ✐♥✈❡st✐❣❛t✐♦♥s✱ q✉✐ ♣♦✉rr❛✐❡♥t ❡♥❝♦r❡ ♣❛ssé❡s ♣❛r ❡①❡♠♣❧❡
♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧❡ ❞❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡t✴♦✉ ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳
P♦✉r ✜♥✐r✱ ♠❡s ❢✉t✉rs tr❛✈❛✉① s✉r ❧❡s ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ♣♦✉rr♦♥t ❡♥❝♦r❡ s✬ét❡♥❞r❡ s✉r ❧✬ét✉❞❡
❞❡s ❣❧✐t❝❤❡s ♦✉ ❞❡s ✈✐s✐❜✐❧✐tés ❞❡s ♠♦❞❡s ♠✐①t❡s ✭✐✳❡✳✱ ❧❡✉r ❛♠♣❧✐t✉❞❡✮ ❞❛♥s ❧❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s✳
❉✬❛❜♦r❞✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s ❣❧✐t❝❤❡s ❞♦♥♥é❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✹✳✷ ♣♦✉rr❛✐t êtr❡ ✉t✐❧❡ ♣♦✉r

✷✺✶



♣ré❞✐r❡ ❧❛ s✐❣♥❛t✉r❡ ❞❡s ❧♦❝❛❧✐tés à ❢♦rt ❣r❛❞✐❡♥t ❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ■❧ s✉✣r❛✐t ❛❧♦rs
❞❡ ❣é♥ér❛❧✐s❡r ❧✬❡①♣r❡ss✐♦♥ ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❞❡✉① ❝❛✈✐tés rés♦♥❛♥t❡s ❛✉ ❝❛s ❞❡ ♣❧✉s✐❡✉rs ❝❛✈✐✲
tés rés♦♥❛♥t❡s ❝♦✉♣❧é❡s ❡♥tr❡ ❡❧❧❡s ✭❛✉ ♠♦✐♥s tr♦✐s✱ ❞♦♥t ❞❡✉① sé♣❛ré❡s ♣❛r ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✮ ❡♥
s✉✐✈❛♥t ✉♥❡ ♠ét❤♦❞❡ s✐♠✐❧❛✐r❡ à ❧❛ ❙❡❝t✐♦♥ ✷✳✹✳✷✳ ❈❡tt❡ ❡①♣r❡ss✐♦♥ s❡r❛✐t ❛❧♦rs ❢❛❝✐❧❡♠❡♥t ❛♣♣❧✐❝❛❜❧❡
à ❞✐✛ér❡♥t❡s s✐t✉❛t✐♦♥s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✈❛r✐❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡
❇r✉♥t✲❱ä✐sä❧ä ❞✉❡ à ✉♥ ❢♦rt ❣r❛❞✐❡♥t ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ✭❡✳❣✳✱ ▼✐❣❧✐♦ ❡t ❛❧✳ ✷✵✵✽❀ ❈✉♥❤❛ ❡t ❛❧✳
✷✵✶✺✮✳ ▲✬❛♣♣♦rt ❞✬✉♥❡ t❡❧❧❡ ❢♦r♠✉❧❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉① ❡①♣r❡ss✐♦♥s ❤❛❜✐t✉❡❧❧❡s ♣♦✉rr❛ ❡♥tr❡ ❛✉tr❡
êtr❡ t❡sté✳ ❊♥✜♥✱ ❧❛ ♠❡s✉r❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡s ✈✐s✐❜✐❧✐tés ❞❡s ♠♦❞❡s ♠✐①t❡s ❛✉t♦r✐s❡ ❛✉ss✐ à s♦♥❞❡r
❧❡s ♣r♦❝❡ss✉s ❞✬❡①❝✐t❛t✐♦♥ ♦✉ ❞✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳ ▲❡s ✈✐s✐❜✐❧✐tés ♦❜s❡r✈é❡s ❞❛♥s ❞❡s
♠✐❧❧✐❡rs ❞❡ ❣é❛♥t❡s r♦✉❣❡s ♣rés❡♥t❡♥t ♥♦t❛♠♠❡♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s t♦✉❥♦✉rs ✐♥❡①♣❧✐q✉é❡s t❤é♦r✐✲
q✉❡♠❡♥t ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛✱ ✷✵✶✼❜✮✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❛ ✈✐s✐❜✐❧✐té
t♦t❛❧❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠♦❞❡s ♠✐①t❡s ❛✉t♦✉r ❞✬✉♥ ♠♦❞❡ à ❞♦♠✐♥❛♥❝❡ ❞❡ ♣r❡ss✐♦♥ s❡ ré♣❛rt✐t ❡♥
♠♦②❡♥♥❡ ❛✉t♦✉r ❞❡ ❧✬✉♥✐té ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡ ❞✐s♣❡rs✐♦♥ s✉♣ér✐❡✉r❡ ❛✉① ❜❛rr❡s ❞✬❡rr❡✉r✳ ❈❡tt❡ ❞✐s✲
♣❡rs✐♦♥ r❡st❡ à ❝♦♠♣r❡♥❞r❡ ❡t ♣♦✉rr❛✐t é✈❡♥t✉❡❧❧❡♠❡♥t ❢♦✉r♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡s s✉r
❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❉❡✉①✐è♠❡♠❡♥t✱ ✉♥ ❝❡rt❛✐♥ t②♣❡ ❞✬ét♦✐❧❡s ♠♦✐♥s ♥♦♠❜r❡✉s❡s
♣♦ssè❞❡♥t ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✐♣♦❧❛✐r❡s ❛✈❡❝ ❞❡s ❛♠♣❧✐t✉❞❡s ❛♥♦r♠❛❧❡♠❡♥t ❜❛ss❡s ♣❛r r❛♣♣♦rt
à ❧❛ ♠♦②❡♥♥❡✱ ❡t ♣❧✉s ❝♦♠♠✉♥é♠❡♥t ❞✐ts ❞é♣r✐♠és✳ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t ♣r♦♣♦sé ✉♥❡ t❡♥t❛t✐✈❡
❞✬❡①♣❧✐❝❛t✐♦♥ q✉✐ ❛ttr✐❜✉❡ ❧✬♦r✐❣✐♥❡ ❞❡s ♠♦❞❡s ❞é♣r✐♠és à ❧❛ ♣rés❡♥❝❡ ❞❡ ❢♦rts ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s
❞❛♥s ❧❡ ❝÷✉r ❞❡ ❝❡s ét♦✐❧❡s✳ ▼♦ss❡r✱ ❇❡❧❦❛❝❡♠✱ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✼❜✮ ♦♥t ❝♦♥sé❝✉t✐✈❡♠❡♥t ❞é♠♦♥tré
q✉❡ ❧❡ ♠é❝❛♥✐s♠❡ ♣r♦♣♦sé ❡st ❡♥ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❝❡s ét♦✐❧❡s ✭✈♦✐r ❧✬❆♥♥❡①❡ ❈
♣♦✉r ❧❡s ❞ét❛✐❧s✮✳ ▲✬♦r✐❣✐♥❡ ❞❡ ❧❛ ❞é♣r❡ss✐♦♥ ❞❡s ♠♦❞❡s ♠✐①t❡s r❡st❡ ❞♦♥❝ t♦✉❥♦✉rs ❛❝t✉❡❧❧❡♠❡♥t ✉♥❡
q✉❡st✐♦♥ ♦✉✈❡rt❡ ✳ ❉❡s ét✉❞❡s ❞❡✈r♦♥t êtr❡ ♠❡♥é❡s ❛✜♥ ❞❡ ❝♦♠♣r❡♥❞r❡ s✐ ❝❡s ❝❛r❛❝tér✐st✐q✉❡s ♣❛r✲
t✐❝✉❧✐èr❡s ♣r♦✈✐❡♥♥❡♥t ❞✬✉♥❡ ❞✐✛ér❡♥❝❡ ❞✬❡①❝✐t❛t✐♦♥✱ ❞✬❛♠♦rt✐ss❡♠❡♥t ♦✉ ❞❡ str✉❝t✉r❡✳ ❈❡❧❛ ❞❡✈r❛
♣❛ss❡r ♣❛r ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡ ❞✐❛❣♥♦st✐❝s s✐s♠✐q✉❡s ❛♣♣r♦♣r✐és q✉✐ ♣❡r♠❡ttr♦♥t ❞❡ t❡st❡r ❞✐✛ér❡♥t❡s
❤②♣♦t❤ès❡s✳

✸ ✲ ❯♥❡ ét❛♣❡ ♣❛r♠✐ ❞✬❛✉tr❡s ✈❡rs ❞❡ ❢✉t✉r❡s ♣r♦❥❡ts✳✳✳

▲❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞✉r❛♥t ♠❛ t❤ès❡ s✬✐♥s❝r✐t à ❧❛ ❢♦✐s ❞❛♥s ❧✬ét✉❞❡ ❞❡s ét♦✐❧❡s ♣❡r s❡✱ ♠❛✐s
❛✉ss✐ ❞❛♥s ❞❡s ♣r♦❥❡ts ❡♥ ❝♦✉rs ❞✬é❧❛❜♦r❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧✬ét✉❞❡ ❞❡s s②stè♠❡s ❡①♦♣❧❛♥ét❛✐r❡s ❡t ❞❡
❧✬❛r❝❤é♦❧♦❣✐❡ ❣❛❧❛❝t✐q✉❡✳ ❊♥ ❡✛❡t✱ q✉❡ ❝❡ s♦✐t ❞❛♥s ✉♥ s②stè♠❡ ♣❧❛♥ét❛✐r❡ ♦✉ ❞❛♥s ✉♥❡ ❣❛❧❛①✐❡✱ ❧❡s
ét♦✐❧❡s ♣♦ssè❞❡♥t ✉♥❡ ♣❧❛❝❡ ✐♠♣♦rt❛♥t❡✳ ❯♥❡ ❜♦♥♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✉ s②stè♠❡ ét✉❞✐é ♥é❝❡ss✐t❡ ❞♦♥❝
❞❡ ❜✐❡♥ ❝♦♥♥❛îtr❡ ❧❡s ♣r♦♣r✐étés ❞❡s ét♦✐❧❡s q✉✐ ❡♥ s♦♥t ♠❡♠❜r❡s✳ ▲❛ s②♥❡r❣✐❡ ❡♥tr❡ ❧✬✉♥ ♦✉ ❧✬❛✉tr❡ ❞❡
❝❡s ❞♦♠❛✐♥❡s ❞❡ r❡❝❤❡r❝❤❡ ❡t ❧✬❛stér♦s✐s♠♦❧♦❣✐❡ ♣❡r♠❡ttr❛ ✉♥ t❡❧ ❛❝❝♦♠♣❧✐ss❡♠❡♥t✳ ❈❡tt❡ s②♥❡r❣✐❡
❡st ♥♦t❛♠♠❡♥t ♣♦rté❡ ♣❛r ❧❛ ♠✐ss✐♦♥ s♣❛t✐❛❧❡ ❡♥ ❝♦✉rs ❞✬♦♣ér❛t✐♦♥ ●❆■❆ ❡t ❧❛ ❢✉t✉r❡ ♠✐ss✐♦♥
s♣❛t✐❛❧❡ ré❝❡♠♠❡♥t sé❧❡❝t✐♦♥♥é❡ P▲❆❚❖✳ ❯♥❡ ❜♦♥♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ à ❧❛ ❢♦✐s ♣ré❝✐s❡ ❡t ♣❡rt✐♥❡♥t❡
❞❡s ét♦✐❧❡s ♦❜s❡r✈é❡s ✭♠❛ss❡✱ r❛②♦♥✱ â❣❡✳✳✳✮ ♣❛ss❡ à ❧❛ ❢♦✐s ♣❛r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❞✐❛❣♥♦st✐❝s
s✐s♠✐q✉❡s ♥♦♠❜r❡✉① ❡t r♦❜✉st❡s ❛✐♥s✐ q✉❡ ♣❛r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ré❛❧✐st❡ ❞❡ ❧❛ ✈✐❡ ❞❡s ét♦✐❧❡s ❡t ❞❡
❧❡✉r r♦t❛t✐♦♥✳ ▲❡s ét✉❞❡s ♠❡♥é❡s ❞✉r❛♥t ♠❛ t❤ès❡ ♦♥t été ♠♦t✐✈é❡s ♣❛r ❞❡ t❡❧s ❜❡s♦✐♥s ❡t ♣♦✉rr♦♥t
à t❡r♠❡✱ ❥✬❡s♣èr❡✱ ♣❛rt✐❝✐♣❡r à ❛tt❡✐♥❞r❡ ❝❡s ♦❜❥❡❝t✐❢s✳

✷✺✷



❆♥♥❡①❡ ❆

❉ér✐✈❛t✐♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ♣♦✉r
❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s

❉✬❛♣rès ❊qs✳ ✭✽✳✷✷✮✱ ✭✽✳✷✺✮✱ ✭✽✳✷✻✮ ❡t ✭✽✳✷✼✮✱ ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ✈ér✐✜❡♥t ❧✬é❣❛❧✐té

I = −~ez ·
(∫

Sr

Πd~S

)
= −σ2~ez ·

(∫

Vr

ρ~ξdV

)
✱ ✭❆✳✶✮

♦ù

Π = p′ ¯̄I +
1

4πG

(
~∇Ψ′ ⊗ ~∇Ψ+ ~∇Ψ⊗ ~∇Ψ′ − ~∇Ψ′ · ~∇Ψ ¯̄I

)
✱ ✭❆✳✷✮

❡t I ❡st ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❞✬✉♥❡ s♣❤èr❡ ❝♦♥❝❡♥tr✐q✉❡ ❞❡
✈♦❧✉♠❡ Vr ❡t ❞❡ s✉r❢❛❝❡ Sr✳ ▲❡s ♣r♦❝❤❛✐♥s ❝❛❧❝✉❧s ❝♦♥s✐st❡♥t ❞♦♥❝ à ❞✬❡①♣r✐♠❡r ❧❡s ❞❡✉① ♠❡♠❜r❡s
❞❡ ❝❡tt❡ éq✉❛t✐♦♥✳

▼❡♠❜r❡ ❞❡ ❣❛✉❝❤❡✳ ❊♥ ✉t✐❧✐s❛♥t ❊q✳ ✭❆✳✷✮✱ d~S = r2 sin θdθdϕ~er ❡t ❧❡ ❢❛✐t q✉❡ ❧❡ ❝❤❛♠♣ ❣r❛✈✐✲
t❛t✐♦♥♥❡❧ à ❧✬éq✉✐❧✐❜r❡ ~g = ~∇Ψ ❡st r❛❞✐❛❧ ❡t ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞✉ r❛②♦♥✱ ❧❡ ♠❡♠❜r❡ ❞❡ ❣❛✉❝❤❡ ❞❡
❊q✳ ✭❆✳✶✮ ❡st é❣❛❧ à

I = −~ez ·
∫

Sr

([
p′ +

g

4π

❞Ψ′

❞r

]
~er +

g

4πr

❞Ψ′

❞θ
~eθ

)
r2 sin θdθdϕ ✭❆✳✸✮

=

∫

Sr

(
−
[
p′ +

g

4π

❞Ψ′

❞r

]
cos θ +

g

4πr

❞Ψ′

❞θ
sin θ

)
r2 sin θdθdϕ ✳ ✭❆✳✹✮

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♠♦❞❡ ❞❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡ l = 1 ❡t ❞❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = 0✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s
❊✉❧ér✐❡♥♥❡s ♣r❡♥♥❡♥t ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡

p′ = p̃(r)Y 0
1 (θ) ; Ψ′ = Ψ̃(r)Y 0

1 (θ) ; ξr = ξ̃r(r)Y
0
1 (θ) ✳ ✭❆✳✺✮

▲✬✐♥té❣r❛❧❡ ❊q✳ ✭❆✳✹✮ ❛❜♦✉t✐t ❛❧♦rs

I = −
√

4π

3
r2

[
p̃+

g

4π

(
❞Ψ̃
❞r

+
2

r
Ψ̃

)]
✳ ✭❆✳✻✮

▼❡♠❜r❡ ❞❡ ❞r♦✐t❡✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ♥é❝❡ss✐t❡ ❞❡ ❝♦♥♥❛îtr❡ ✉♥❡ ❡①♣r❡ss✐♦♥ ❞✉ ✈❡❝✲
t❡✉r ❞é♣❧❛❝❡♠❡♥t ~ξ✳ ■❧ ❡st ✉t✐❧❡ ❞❡ r❡♠❛rq✉❡r ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ❞♦♥♥é❡ ♣❛r ❊q✳ ✭✽✳✶✽✮
q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡

ρ~ξ +
~∇Ψ′

4πG
= ~∇∧ ~A ✱ ✭❆✳✼✮

✷✺✸



♦ù ~A ❡st ✉♥ ♣♦t❡♥t✐❡❧ ✈❡❝t❡✉r à ❝❤♦✐s✐r t❡❧ q✉❡ ❊q✳ ✭❆✳✼✮ s♦✐t s❛t✐s❢❛✐t❡✳ ❚❛❦❛t❛ ✭✷✵✵✺✮ ♣r♦♣♦s❡ ❛❧♦rs

~A =
1

2

√
3

4π
r sin θ

(
ρξ̃r +

1

4πG

❞Ψ̃
❞r

)
~eϕ = Aϕ~eϕ ✱ ✭❆✳✽✮

q✉✐ ✈ér✐✜❡ ❜✐❡♥

~∇∧ ~A =

√
3

4π

(
ρξ̃r +

1

4πG

❞Ψ̃
❞r

)
×




cos θ
− sin θ

0


 ✳ ✭❆✳✾✮

❙✉✐✈❛♥t ❧❛ ❝♦♦r❞♦♥♥é❡ ❧❛t✐t✉❞✐♥❛❧❡✱ ❧✬é❣❛❧✐té ❊q✳ ✭❆✳✼✮ ❡st ❛ss✉ré❡ ❡♥ s❡ r❛♣♣❡❧❛♥t ❞❡ ❧❛ ❞é❝♦♠♣♦s✐✲
t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ❞é♣❧❛❝❡♠❡♥t s✉r ❧❛ ❜❛s❡ ♣♦❧♦ï❞❛❧❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✳
❖♥ tr♦✉✈❡ ✐❞❡♥t✐q✉❡♠❡♥t ✵ s✉✐✈❛♥t ❧❛ ❝♦♦r❞♦♥♥é❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❝❛r ♣❛r s②♠étr✐❡ ❛✉t♦✉r ❞❡ ❧✬❛①❡
O~ez ❛✈❡❝ m = 0✱ ♦♥ ❛ ❜✐❡♥ ξϕ = 0✳ ▲❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❊q✳ ✭❆✳✶✮ ♣❡✉t ❛❧♦rs é❝r✐r❡

I = −σ2
∫

Vr

~ez ·
(
~∇∧ ~A−

~∇Ψ′

4πG

)
dV ✳ ✭❆✳✶✵✮

P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱ ✐❧ s✉✣t ❞✬✉t✐❧✐s❡r ❧❛ r❡❧❛t✐♦♥

(~∇∧ ~A) · ~ez = ~A · (~∇∧ ~ez) + ~∇ · ( ~A ∧ ~ez) = ~∇ · ( ~A ∧ ~ez) ✱ ✭❆✳✶✶✮

t❡❧❧❡ q✉❡ ❊q✳ ✭❆✳✶✵✮ ❞❡✈✐❡♥♥❡ ♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ ●r❡❡♥✲❖str♦❣r❛❞s❦✐

I = −σ2
∫

Vr

~∇ ·
(
~A ∧ ~ez −

Ψ′

4πG
~ez

)
dV ✭❆✳✶✷✮

= −σ2
∫

Sr

(
~A · [~ez ∧ ~er]−

Ψ′

4πG
~ez.~er

)
r2 sin θdθdΨ ✭❆✳✶✸✮

= −σ2
∫

Sr

(
Aϕ sin θ − Ψ′

4πG
cos θ

)
r2 sin θdθdΨ ✳ ✭❆✳✶✹✮

❆♣rès ✐♥té❣r❛t✐♦♥✱ ♦♥ tr♦✉✈❡ ❞♦♥❝ ✜♥❛❧❡♠❡♥t

I = −σ2
√

4π

3
r3

[
ρξ̃r +

1

4πG

(
❞Ψ̃
❞r
− Ψ̃

r

)]
✭❆✳✶✺✮

❋✐♥❛❧❡♠❡♥t✳✳✳ ❊♥ ✉t✐❧✐s❛♥t ❊q✳ ✭❆✳✶✮✱ ❊q✳ ✭❆✳✻✮ ❡t ❊q✳ ✭❆✳✶✺✮✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ✐♥té❣r❛❧❡ ♣r❡♠✐èr❡
♣♦✉r ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s q✉✐ r❡❧✐❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡ss✐♦♥✱ ❧❡ ❞é♣❧❛❝❡♠❡♥t r❛❞✐❛❧ ❡t ❧❛ ♣❡rt✉r✲
❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♣❛r ❧✬é❣❛❧✐té

p̃+
g

4π

(
❞Ψ̃
❞r

+
2

r
Ψ̃

)
= σ2r

[
ρξ̃r +

1

4πG

(
❞Ψ̃
❞r
− Ψ̃

r

)]
✳ ✭❆✳✶✻✮

✷✺✹



❆♥♥❡①❡ ❇

➱q✉❛t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❧❡s
♠♦❞❡s ❞✐♣♦❧❛✐r❡s

▲❡s éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❛❞✐❛❜❛t✐q✉❡ s♦♥t ✉s✉❡❧❧❡♠❡♥t é❝r✐t❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s q✉❛tr❡
✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s s❛♥s ❞✐♠❡♥s✐♦♥ y1✱ y2✱ y3 ❛♥❞ y4✱ ❞é✜♥✐❡s ❞❛♥s ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮ ♣❛r

y1 =
ξ̃r
r

✭❇✳✶✮

y2 =
1

gr

(
p̃

ρ
+ Ψ̃

)
✭❇✳✷✮

y3 =
1

gr
Ψ̃ ✭❇✳✸✮

y4 =
1

g

❞Ψ̃
❞r

✳ ✭❇✳✹✮

❚❛❦❛t❛ ✭✷✵✵✻❛✮ ❛ ❛❧♦rs ♣✉ ré❞✉✐r❡ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✬♦r❞r❡ q✉❛tr❡ ♣r❡♥❛♥t
❡♥ ❝♦♠♣t❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ à ✉♥ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✬♦r❞r❡ ❞❡✉① ❡♥
réé❝r✐✈❛♥t ❧❡s éq✉❛t✐♦♥s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s P ❡t Q t❡❧❧❡s q✉❡

P = ũP1 =
ũ

3

(
Up1 + (3− U)q1 + q2

)
✭❇✳✺✮

=
ũf

3

(
(3− U)y1 + y3 − y4

)
✭❇✳✻✮

Q =
Q1

ũ
=

1

ũ

(
−p1 −

U

3− U p2 +
2− U
3− U q2

)
✭❇✳✼✮

= −f
ũ

(
y2 − y3 +

1

3− U (y3 − y4)
)

✱ ✭❇✳✽✮

✷✺✺



❛✈❡❝

q1 = fy1 ; p1 = fy2 ; q2 = fy3 ; p2 = −
f

U
y4 ✭❇✳✾✮

x = r/R⋆ ✭❇✳✶✵✮

f =

√
x5U

c1
✭❇✳✶✶✮

U =
4πρr3

m
✭❇✳✶✷✮

c1 =
x3

m/M⋆
✭❇✳✶✸✮

ũ(x) =

√
x3

U
c
2/3
1 exp

(
−
∫ x

x0

3Vg
3− U

ds

s

)
✭❇✳✶✹✮

Vg =
gr

c2
✱ ✭❇✳✶✺✮

♦ù x0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣r✐s❡ ❡♥tr❡ ✵ ❡t ✶✳ ❙✉✐✈❛♥t t♦✉❥♦✉rs ❚❛❦❛t❛ ✭✷✵✵✻❛✱ ❊qs✳ ❆✹✵ ✲ ❆✹✶✮✱ P ❡t
Q s♦♥t ❞♦♥❝ s♦❧✉t✐♦♥s ❞✉ s②stè♠❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡

dP
dx

=
R⋆gũ

2

c2

(
1− S2

l J
2

σ2

)
Q ✭❇✳✶✻✮

dQ
dx

= − R⋆

gũ2

(
σ2 − N2

J2

)
P ✱ ✭❇✳✶✼✮

❛✈❡❝ σ ❧❛ ♣✉❧s❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❧❡ ❢❛❝t❡✉r J ❞é✜♥✐ ❝♦♠♠❡

J = 1− U

3
✳ ✭❇✳✶✽✮

❊♥ ❞é✜♥✐ss❛♥t ❧❡s ♥♦✉✈❡❧❧❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s t❡❧❧❡s q✉❡ Y1 = P ❛♥❞ Y2 = −Q✱ ❊qs✳ ✭❇✳✶✻✮ ❡t
✭❇✳✶✼✮ ❞❡✈✐❡♥♥❡♥t

dY1
dr

= Q1Y2 ✭❇✳✶✾✮

dY2
dr

= Q2Y1 ✱ ✭❇✳✷✵✮

❛✈❡❝

Q1 =
r2H2

c2

(
S2
l J

2

σ2
− 1

)
✭❇✳✷✶✮

Q2 =
1

r2H2

(
σ2 − N2

J2

)
✭❇✳✷✷✮

H =
g1/2

r
ũ =

√
GM⋆

R4
⋆

√
M⋆

4πρR3
⋆

(
m

M⋆

)−1/6

exp

(
−
∫ r

r0

g

Jc2
dr

)
✱ ✭❇✳✷✸✮

❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ✉♥❡ ❢♦r♠❡ s✐♠✐❧❛✐r❡ à ❊qs✳ ✭✷✳✹✵✮✲✭✷✳✹✹✮ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❈♦✇❧✐♥❣✳ P♦✉r
❝♦♥t✐♥✉❡r✱ ♦♥ ♣r♦❝è❞❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❯♥♥♦ ❡t ❛❧✳ ✭✶✾✽✾✮✳ ❖♥ ❞é✜♥✐t W ❡t V t❡❧❧❡s q✉❡

Y1 = |Q1|1/2V ; Y2 = |Q2|1/2W ✱ ✭❇✳✷✹✮

❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡ ❊qs✳ ✭❇✳✶✾✮ ❡t ✭❇✳✷✵✮ ♣✉✐ss❡♥t s❡ réé❝r✐r❡

❞2V
❞r2

+
[
k̃2r − f (Q1)

]
V = 0 s✐ Q1 6= 0 ✭❇✳✷✺✮

❞2W
❞r2

+
[
k̃2r − f (Q2)

]
W = 0 s✐ Q2 6= 0 ✱ ✭❇✳✷✻✮

✷✺✻



♦ù

k̃2r = −Q1Q2 =
σ2

c2

(
N2

J2σ2
− 1

)(
S2
l J

2

σ2
− 1

)
✭❇✳✷✼✮

f(Q) = |Q|1/2❞
2|Q|−1/2

❞r2
✱ ✭❇✳✷✽✮

❝✬❡st✲à✲❞✐r❡ ✉♥❡ ❢♦r♠❡ t♦✉❥♦✉rs s✐♠✐❧❛✐r❡ à ❊qs✳ ✭✷✳✹✼✮✲✭✷✳✺✵✮✳

✷✺✼



✷✺✽



❆♥♥❡①❡ ❈

❈♦♥tr✐❜✉t✐♦♥ s✉r ❧❡s ♠♦❞❡s ♠✐①t❡s
❞é♣r✐♠és ❞❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s

▲❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✐♣♦❧❛✐r❡s s♦♥t ❞✐ts ❞é♣r✐♠és s✐ ❧❡ r❛♣♣♦rt ❞❡ ❧❡✉r ❛♠♣❧✐t✉❞❡ ✭❡♥ ❞é♣❧❛✲
❝❡♠❡♥t ♦✉ ❡♥ ✈✐t❡ss❡✮ s✉r ❝❡❧❧❡ ❞✉ ♠♦❞❡ r❛❞✐❛❧ ❧❡ ♣❧✉s ♣r♦❝❤❡ ❡st ❛♥♦r♠❛❧❡♠❡♥t ❜❛s✳ ❈❡ t②♣❡ ❞❡
♠♦❞❡s ❛ été ♦❜s❡r✈é ❞❛♥s ❡♥✈✐r♦♥ ✉♥ ♠✐❧❧✐❡r ❞✬ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ♣❛r♠✐ ❧❛ ❞✐③❛✐♥❡ ❞❡ ♠✐❧❧✐❡rs
♦❜s❡r✈é❡ ❛✉ t♦t❛❧ ♣❛r ❧❡ s❛t❡❧❧✐t❡ ❑❡♣❧❡r ✭❡✳❣✳✱ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✷❛✱ ✷✵✶✼❛✮✳ ▲✬❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡
❞✬✉♥ ♠♦❞❡ ❡①❝✐té ♣❛r ❧❛ ❝♦♥✈❡❝t✐♦♥ st♦❝❤❛st✐q✉❡ rés✉❧t❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❡♥tr❡ ❧❛ ♣✉✐ss❛♥❝❡ ✐♥❥❡❝té❡
❞❛♥s ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❡t ❧❡✉r ❛♠♦rt✐ss❡♠❡♥t ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s ❞❡s ét♦✐❧❡s ✭❙❛♠❛❞✐ ❡t ❛❧✳
✷✵✶✺✮✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞❡s ❞❡ ♣r❡ss✐♦♥ ♣✉rs✱ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡s ♠♦❞❡s r❛❞✐❛✉① ❡t ❞❡s
♠♦❞❡s ❞✐♣♦❧❛✐r❡s ❛✈❡❝ ❞❡s ❢réq✉❡♥❝❡s ♣r♦❝❤❡s s♦♥t s✐♠✐❧❛✐r❡s ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ▲❡s ❞❡✉① s♦♥t ❞♦♥❝
❡①❝✐tés ❡t ❛♠♦rt✐s ❞❡ ♠❛♥✐èr❡ ✐❞❡♥t✐q✉❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✉♣❡r✜❝✐❡❧❧❡s✳ ❆✐♥s✐✱ ❞❛♥s ❧❡ ❝❛s ♥♦r♠❛❧✱ ❧❡
r❛♣♣♦rt ❞❡ ❧❡✉rs ❛♠♣❧✐t✉❞❡s ❞❡♠❡✉r❡ ♣r♦❝❤❡ ❞❡ ❧✬✉♥✐té ✭❡✳❣✳✱ ❇❡❧❦❛❝❡♠ ❡t ❛❧✳ ✷✵✵✽✮✳ ❊♥ ❝♦♥tr❛♣♦✲
sé❡✱ ❧❡s ❛♠♣❧✐t✉❞❡s ❛♥♦r♠❛❧❡s ♦❜s❡r✈é❡s ❞❛♥s ❧❡s ❣é❛♥t❡s r♦✉❣❡s ❞♦✐✈❡♥t tr♦✉✈❡r ❧❡✉r ♦r✐❣✐♥❡ ❞❛♥s
✉♥❡ ❞✐✛ér❡♥❝❡ ❞✬❡①❝✐t❛t✐♦♥ ♦✉ ❞✬❛♠♦rt✐ss❡♠❡♥t ❡♥tr❡ ❧❡s ♠♦❞❡s r❛❞✐❛✉① ❡t ❞✐♣♦❧❛✐r❡s✳ ❉❛♥s ❧❡ ❝❛s
❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠♦❞❡s ♠✐①t❡s ❧♦❝❛❧✐sés ❛✉t♦✉r ❞✬✉♥ ♠♦❞❡ r❛❞✐❛❧ ❞♦♥♥é✱ ❧❡s ❝♦♥❝❧✉s✐♦♥s r❡st❡♥t
s✐♠✐❧❛✐r❡s ❡♥ ♣r❡♥❛♥t ❣❛r❞❡ à ♣r❡♥❞r❡ ❛✉ss✐ ❡♥ ❝♦♠♣t❡ ❧❡ r❛♣♣♦rt ❞❡s ✐♥❡rt✐❡s ✭❡✳❣✳✱ ●r♦s❥❡❛♥ ❡t ❛❧✳
✷✵✶✹❀ ▼♦ss❡r ❡t ❛❧✳ ✷✵✶✼❛✮✳

❯♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣♦ss✐❜❧❡ à ❧❛ ❞é♣r❡ss✐♦♥ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ♣❡✉t ❞♦♥❝ ♣r♦✈❡♥✐r ❞✬✉♥ ♣r♦❝❡ss✉s
❞✬❛♠♦rt✐ss❡♠❡♥t ❛❞❞✐t✐♦♥♥❡❧ à ❧✬÷✉✈r❡ ❞❛♥s ❧❡ ❝÷✉r r❛❞✐❛t✐❢ ❞❡ ❝❡s ét♦✐❧❡s✳ ❊♥❝♦r❡ ❢❛✉t✲✐❧ tr♦✉✈❡r
✉♥ ♠é❝❛♥✐s♠❡ ♣❤②s✐q✉❡ q✉✐ ❡♥ ❡st ❝❛♣❛❜❧❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t s✉♣♣♦sé q✉❡
❧❛ ♣❡rt❡ ❞✬é♥❡r❣✐❡ ❞❡s ♠♦❞❡s ❞é♣r✐♠és ❡st ❞✉❡ à ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❢♦rt ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s
ré❣✐♦♥s ❝❡♥tr❛❧❡s ❞❡s ét♦✐❧❡s é✈♦❧✉é❡s✳ ▲❡ s❝é♥❛r✐♦ ❡st ❧❡ s✉✐✈❛♥t✳ ❉❡s ♦♥❞❡s ❛❝♦✉st✐q✉❡s s♦♥t ❡①❝✐té❡s
♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ❧❡✉r é♥❡r❣✐❡ ❡st ♣✐é❣é❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡✱
❝✬❡st✲à✲❞✐r❡ ❡♥tr❡ ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ▲❛♠❜ ❡t ❧❛ s✉r❢❛❝❡✱ t❛♥❞✐s q✉✬✉♥❡ ❛✉tr❡ ♣❛rt✐❡ ❞❡ ❧❡✉r
é♥❡r❣✐❡ ❡st tr❛♥s♠✐s❡ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ✈❡rs ❧❛ ❝❛✈✐té r❛❞✐❛t✐✈❡ s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡s ❞❡
❣r❛✈✐té✳ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t ❛❧♦rs ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥♦♥✲s②♠étr✐q✉❡ ❡t
❛ss❡③ ❢♦rt ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡st ❝❛♣❛❜❧❡ ❞❡ ♠♦❞✐✜❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♦♥❞❡s ✐♥❝✐❞❡♥t❡s ❡t
❞❡ ❞✐s♣❡rs❡r ❧❡✉r é♥❡r❣✐❡ ✈❡rs ❞❡s ❞❡❣rés ❛♥❣✉❧❛✐r❡s l ♣❧✉s é❧❡✈és✳ ❆✐♥s✐✱ s❡✉❧❡ ✉♥❡ ✐♥✜♠❡ ♣❛rt✐❡ ❞❡
❝❡tt❡ é♥❡r❣✐❡ ♣❡✉t r❡t♦✉r♥❡r ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ✭❛♣rès ré✢❡①✐♦♥ ❞❛♥s ❧❡ ❝÷✉r✮ ♣✉✐sq✉❡ ❧❡ ❝♦❡✣❝✐❡♥t
❞❡ tr❛♥s♠✐ss✐♦♥ à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❞✐♠✐♥✉❡ r❛♣✐❞❡♠❡♥t ❛✈❡❝ ❧❡ ❞❡❣ré ❛♥❣✉❧❛✐r❡✳ ▲✬é♥❡r❣✐❡
❞❡s ♦♥❞❡s ✐♥t❡r♥❡s ✐♥✐t✐❛❧❡♠❡♥t ❣é♥éré❡ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ s❡ r❡tr♦✉✈❡ ❞♦♥❝ ♣✐é❣é❡ ❞❛♥s
❧❛ ré❣✐♦♥ r❛❞✐❛t✐✈❡ ✿ ❧❡s ❛✉t❡✉rs ♦♥t ♥♦♠♠é ❝❡ ♠é❝❛♥✐s♠❡ ❧✬❡✛❡t ❞❡ s❡rr❡ ♠❛❣♥ét✐q✉❡ ✭♦✉ ♠❛❣♥❡t✐❝
❣r❡❡♥❤♦✉s❡ ❡✛❡❝t✮✳ ▲❡ ♠♦❞❡ ❞❡ ♣r❡ss✐♦♥ q✉✐ s✬ét❛❜❧✐t ❡♥ s✉r❢❛❝❡ s✉❜✐t ❞♦♥❝ ✉♥❡ ♣❡rt❡ ❞✬é♥❡r❣✐❡ ✭✐✳❡✳✱
✉♥ ❛♠♦rt✐ss❡♠❡♥t ❞❡ s♦♥ ❛♠♣❧✐t✉❞❡✮ ♣❛r é♠✐ss✐♦♥ ❞✬♦♥❞❡s ❞❛♥s ❧❛ ❝❛✈✐té ✐♥t❡r♥❡✳ P❛r ❞❡s ❛r❣✉♠❡♥ts
é♥❡r❣ét✐q✉❡s s✐♠♣❧❡s ❡t ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡ ❡st ❧❛r❣❡✱ ❧❡s ❛✉t❡✉rs ♦♥t ❞ér✐✈é ✉♥❡
❡①♣r❡ss✐♦♥ ❛♣♣r♦❝❤é❡ ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ❛ss♦❝✐é✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ❞ér✐✈❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡
❞♦♥♥é❡ ♣❧✉s tôt ♣❛r ❙❤✐❜❛❤❛s❤✐ ✭✶✾✼✾✮✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ✈❛❧❡✉r ❞✉ t❛✉① ❞✬❛♠♦rt✐ss❡♠❡♥t ♥❡ ❞é♣❡♥❞
q✉❡ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡s ♦♥❞❡s à tr❛✈❡rs ❧❛ ③♦♥❡ é✈❛♥❡s❝❡♥t❡✳ ❊♥ ❡st✐♠❛♥t ❧❛ ✈❛❧❡✉r ❞✉

✷✺✾



❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♠✐ss✐♦♥ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ♠♦❞è❧❡s st❡❧❧❛✐r❡s✱ ❋✉❧❧❡r ❡t ❛❧✳ ✭✷✵✶✺✮ ♦♥t ❛❧♦rs tr♦✉✈é q✉❡
❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ♣ré❞✐t❡ ♣❛r ❝❡ ♠é❝❛♥✐s♠❡ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❡s
♠♦❞❡s ❞é♣r✐♠és✳ ❙✐ ❝❡ ♠é❝❛♥✐s♠❡ ét❛✐t ❡✛❡❝t✐✈❡♠❡♥t à ❧✬÷✉✈r❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❡①❤✐❜❛♥t ❞❡s ♠♦❞❡s
❞é♣r✐♠és✱ ❧❡s ❛✉t❡✉rs ♦♥t ❞❡ ♣❧✉s ♠♦♥tré q✉❡ ❧❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥t❡r♥❡
r❡q✉✐s❡ ♣♦✉r ♣✐é❣❡r ❧✬é♥❡r❣✐❡ ❞❡s ♦♥❞❡s ✐♥❝✐❞❡♥t❡s ❞❛♥s ❧❡ ❝÷✉r ❞❡ ❝❡s ét♦✐❧❡s ❡t ❞♦♥❝ ♣r♦✈♦q✉❡r
❧❛ ❞é♣r❡ss✐♦♥ ❞❡s ♠♦❞❡s ❞❡✈r❛✐t êtr❡ très é❧❡✈é❡ ✭✐✳❡✳✱ s✉♣ér✐❡✉r❡ à q✉❡❧q✉❡s ✶✵6 ●✮✳ ◆é❛♥♠♦✐♥s✱
à ❝❡ st❛❞❡✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ❝♦♥❝❧✉r❡ s✉r ❧❛ ♣rés❡♥❝❡ ♦✉ ♥♦♥ ❞❡ ❢♦rts ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s
❞❛♥s ❧✬✐♥tér✐❡✉r ❝❡s ét♦✐❧❡s✳ ❊♥ ❡✛❡t✱ ❧✬❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✱ s✐ ❝♦♥✜r♠é✱ ♥❡ ♣r♦✉✈❡ s❡✉❧❡♠❡♥t
✐❝✐ q✉❡ ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s s✉❜✐ss❡♥t ❞❡s ♣❡rt❡s ❛❞❞✐t✐♦♥♥❡❧❧❡s ♣❛r é♠✐ss✐♦♥ ❞✬♦♥❞❡s ❞❛♥s ❧❛ ❝❛✈✐té
✐♥t❡r♥❡✱ ❡t ♥❡ ❞♦♥♥❡ ❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ♠é❝❛♥✐s♠❡ r❡s♣♦♥s❛❜❧❡ ❞✉ ♣✐é❣❡❛❣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s
❧❡ ❝÷✉r st❡❧❧❛✐r❡✳ ❈♦♥❝❧✉r❡ s✉r ❧❛ ♣ré❞♦♠✐♥❛♥❝❡ ❞❡ ❢♦rts ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❞❛♥s ❧❛ ③♦♥❡ r❛❞✐❛t✐✈❡
❞❡s ét♦✐❧❡s ❣é❛♥t❡s r♦✉❣❡s ❡st ❞♦♥❝✱ à ❝❡ st❛❞❡✱ ♣ré♠❛t✉ré✳

❙✉✐t❡ à ❝❡ tr❛✈❛✐❧✱ ▼♦ss❡r✱ ❇❡❧❦❛❝❡♠✱ P✐♥ç♦♥ ❡t ❛❧✳ ✭✷✵✶✼❛✮ ♦♥t ❡♥tr❡♣r✐s ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥
♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡s ét♦✐❧❡s ♣rés❡♥t❛♥t ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ❞é♣r✐♠és✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❡s ❛✉t❡✉rs
♦♥t ♠♦♥tré q✉❡ ❧❡s ♠♦❞❡s ❞é♣r✐♠és s♦♥t ❡♥ ❢❛✐t ❞❡s ♠♦❞❡s ♠✐①t❡s✳ ❈❡❧❛ ❡st ❡♥ ❞és❛❝❝♦r❞ ❛✈❡❝
❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ♣❡rt❡ ❞✬é♥❡r❣✐❡ ♣❛r é♠✐ss✐♦♥ ❞✬♦♥❞❡s ✈❡rs ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ ♣r♦♣♦sé ♣❛r ❋✉❧❧❡r
❡t ❛❧✳ ✭✷✵✶✺✮✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ ♠é❝❛♥✐s♠❡✱ ❧❡s ♠♦❞❡s ♦❜s❡r✈és ♥❡ ♣❡✉✈❡♥t êtr❡ q✉❡ ❞❡s ♠♦❞❡s
❞❡ ♣r❡ss✐♦♥ ♣✉rs✳ ❉❡ ♣❧✉s✱ ▼♦ss❡r ❡t ❛❧✳ ✭✷✵✶✼❛✮ ♦♥t ♠♦♥tré q✉❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ∆Π
❞❛♥s ❝❡s ét♦✐❧❡s ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs t②♣✐q✉❡s ♦❜s❡r✈é❡s ❞❛♥s ❧❡s ét♦✐❧❡s ♥♦r♠❛❧❡s ✭s❛♥s
♠♦❞❡s ❞é♣r✐♠és✮✳ ❈❡❧❛ s✉❣❣èr❡ ❞♦♥❝ q✉❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ❝❛✈✐té ✐♥t❡r♥❡ r❡st❡ ✐♥❝❤❛♥❣é❡✳ ❈❡tt❡
♦❜s❡r✈❛t✐♦♥ ✈❛ à ❧✬❡♥❝♦♥tr❡ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ très ❢♦rt ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧✬✐♥tér✐❡✉r r❛❞✐❛t✐❢
♣✉✐sq✉❡ ❝❡❧✉✐✲❝✐ ♠♦❞✐✜❡r❛✐t ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ❝❛✈✐té ❝❡♥tr❛❧❡ ❡t ❞♦♥❝ ❧❛ ✈❛❧❡✉r ❞✉ ∆Π✳ ❉❡ ♣❧✉s✱
♣♦✉r ✉♥❡ ♣♦✐❣♥é❡ ❞✬ét♦✐❧❡s ♣rés❡♥t❛♥t ❞❡s ♠♦❞❡s ♠✐①t❡s ❞é♣r✐♠és ❛✈❡❝ ✉♥ r❛♣♣♦rt s✐❣♥❛❧ s✉r ❜r✉✐t
❛ss❡③ ❢♦rt ✭❛✉ ♥♦♠❜r❡ ❞❡ ✼✶✮✱ ❧❡ ♣❡r✐♦❞✲s♣❛❝✐♥❣ ∆Π✱ ❧❡ ❢❛❝t❡✉r ❞❡ ❝♦✉♣❧❛❣❡ q ❛✐♥s✐ q✉❡ ❧❛ ❧❛r❣❡✉r
à ♠✐✲❤❛✉t❡✉r ❞❡s ♣✐❝s ❞✬♦s❝✐❧❧❛t✐♦♥ ♦♥t ♣✉ êtr❡ ❞ét❡r♠✐♥és ❛✈❡❝ ♣ré❝✐s✐♦♥✳ ❈❡s ♣❛r❛♠ètr❡s s✬❛✈èr❡♥t
❛✉ss✐ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s ♥♦r♠❛❧❡s✳ ▲❛ str✉❝t✉r❡ ❣❧♦❜❛❧❡ ❞❡s ét♦✐❧❡s
❛♥♦r♠❛❧❡s s❡♠❜❧❡ ❞♦♥❝ ♥❡ ♣♦ssé❞❡r ❛✉❝✉♥❡ ♣❛rt✐❝✉❧❛r✐té str✉❝t✉r❡❧❧❡ ❣❧♦❜❛❧❡✳ P♦✉r ❛❧❧❡r ♣❧✉s ❧♦✐♥✱
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ABSTRACT

Context. Seismic observations with the space-borne Kepler mission have shown that a number of evolved stars exhibit low-amplitude
dipole modes, which is referred to as depressed modes. Recently, these low amplitudes have been attributed to the presence of a strong
magnetic field in the stellar core of those stars. Subsequently, and based on this scenario, the prevalence of high magnetic fields in
evolved stars has been inferred. It should be noted, however, that this conclusion remains indirect.
Aims. We intend to study the properties of mode depression in evolved stars, which is a necessary condition before reaching conclu-
sions about the physical nature of the mechanism responsible for the reduction of the dipole mode amplitudes.
Methods. We perform a thorough characterization of the global seismic parameters of depressed dipole modes and show that these
modes have a mixed character. The observation of stars showing dipole mixed modes that are depressed is especially useful for
deriving model-independent conclusions on the dipole mode damping. We use a simple model to explain how mode visibilities are
connected to the extra damping seen in depressed modes.
Results. Observations prove that depressed dipole modes in red giants are not pure pressure modes but mixed modes. This result,
observed in more than 90% of the bright stars (mV ≤ 11), invalidates the hypothesis that depressed dipole modes result from the
suppression of the oscillation in the radiative core of the stars. Observations also show that, except for visibility, seismic properties of
the stars with depressed modes are equivalent to those of normal stars. The measurement of the extra damping that is responsible for
the reduction of mode amplitudes, without any prior on its physical nature, potentially provides an efficient tool for elucidating the
mechanism responsible for the mode depression.
Conclusions. The mixed nature of the depressed modes in red giants and their unperturbed global seismic parameters carry strong
constraints on the physical mechanism responsible for the damping of the oscillation in the core. This mechanism is able to damp the
oscillation in the core but cannot fully suppress it. Moreover, it cannot modify the radiative cavity probed by the gravity component
of the mixed modes. The recent mechanism involving high magnetic fields proposed for explaining depressed modes is not compliant
with the observations and cannot be used to infer the strength and prevalence of high magnetic fields in red giants.

Key words. stars: oscillations – stars: evolution – stars: magnetic field – stars: interiors

1. Introduction

Asteroseismic observations by the CoRoT and Kepler space-
borne missions have provided new insights in stellar and
Galactic physics (e.g., Michel et al. 2008; Miglio et al. 2009;
Chaplin et al. 2011). The ability to derive fundamental stellar
parameters, such as masses and radii, over a wide range of stel-
lar evolutionary states from the main sequence to the asymp-
totic giant branch is certainly one of the strongest impacts of
such measurements (e.g., Kallinger et al. 2010). The rich na-
ture of the red giant oscillation spectrum was largely unexpected
(De Ridder et al. 2009; Mosser & Miglio 2016). Red giant as-
teroseismology has been boosted by the observation of dipole
modes that, because of their mixed nature, probe the stellar
core. They behave as gravity modes in the core and as pres-
sure modes in the envelope. The pressure components carry in-
formation on the mass and radius of stars (e.g., Mosser et al.
2013), while the gravity components of these mixed modes

are directly sensitive to the size and mass of the helium core
(Montalbán & Noels 2013; Lagarde et al. 2016); to the evo-
lutionary stage, which differs according to the nuclear reac-
tion at work (Bedding et al. 2011; Mosser et al. 2011); and to
the mean core rotation (Beck et al. 2012; Mosser et al. 2012b;
Deheuvels et al. 2012, 2014).

Because of the homology of the red giant interior structure,
red giant seismology is characterized by the many scaling rela-
tions between global seismic parameters along stellar evolution
(e.g., Stello et al. 2009; Mosser et al. 2010; Mathur et al. 2011;
Kallinger et al. 2012). Exceptions to these relations are rare and
most often explained by specific features, such as for instance
the damping of the oscillation in close binaries (Gaulme et al.
2014) or very low metallicity (Epstein et al. 2014). However, ob-
servations have revealed that a family of red giants exhibit pe-
culiar dipole modes with low amplitudes (Mosser et al. 2012a).
In some extreme cases, dipole modes are not even detectable.
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Consequently, these dipole modes have been called depressed
modes1.

The first in-depth study of a star with depressed modes
could not explain this phenomenon (García et al. 2014). Then,
Fuller et al. (2015) addressed this issue by using a twofold ap-
proach. First, the authors expressed the dipole mode visibilities
in the limit of full suppression of the oscillation in the red gi-
ant core. In other words, they assumed that the mode energy that
leaks in the radiative interior of red giants is totally lost. As a
consequence, dipole modes are no longer mixed modes but only
lie in the upper (acoustic) cavity of red giants. This assumption
is validated by the authors by means of a comparison between
observed and computed mode visibilities. Second, it is conjec-
tured that the extra loss of the mode energy is caused by a strong
magnetic field, which scatters waves leaking in the core. This
prevents these waves from constructing a standing wave in the
inner resonant cavity of those stars. This has been named the
magnetic greenhouse effect. The angular degree dependence of
the energy leakage has been verified with the quadrupole modes
(Stello et al. 2016a). This appealing scenario has then been taken
for granted by Stello et al. (2016b) and Cantiello et al. (2016) to
infer the prevalence of magnetic fields in the core of oscillating
red giant stars observed by Kepler.

However, before firmly concluding about the presence of a
magnetic field in the core of red giants with depressed modes,
the hypothesis of the suppression of the oscillation in the core
has to be validated. In fact, the nature of the physical mecha-
nism responsible for the reduction of dipole mode visibilities
is not directly inferred by the observation of low mode visi-
bilities. Therefore, the identification of a magnetic field as the
physical mechanism responsible for the suppression of the os-
cillation in the core of those stars demands further direct ob-
servational confirmation. A strong magnetic field is a possible
solution, but it is not the only solution. Fuller et al. (2015) note
that rapid core rotation should have the same effect, but would
require much larger rotation rates than observed in red giants
(Mosser et al. 2012b; Deheuvels et al. 2014). Indeed, any strong
damping in the core, such as radiative damping or gravity wave
reflection that is caused, for instance, by a steep composition
gradient above the hydrogen burning shell, could also explain
the depressed modes (Dziembowski 2012).

In this work, we aim to provide a complete characteriza-
tion of the population of red giants with depressed modes us-
ing Kepler observations. This study is motivated by the obser-
vation of stars showing dipole modes that are both mixed and
depressed. We argue that the full characterization of stars with
depressed visibilities can provide strong constraints on the phys-
ical mechanism responsible for the damping of the oscillation.

The article is organized as follows. Section 2 presents the
theoretical background of mode visibility with an emphasis on
the distinction between full and partial mode damping in the
core of red giants. In Sect. 3, we undertake the characterization
of depressed modes with a mixed character, hereafter named de-
pressed mixed modes. We first explain how they were identified,
then exploit their observations with the determination of their

1 In the following, we use the term depressed for modes exhibiting di-
minished visibilities and keep the term suppressed for the suppression
of the oscillation in the stellar core. As shown in Sect. 2.3, the full sup-
pression of the oscillation in the core induces the mode depression. In
contrast, normal modes have normal visibilities. Suppression implicitly
means full suppression, so that we introduce the term partial suppres-
sion when we have to stress that the supposed suppression is not total.
We do not use the term mode suppression, since it can only correspond
to a null visibility.

global seismic properties. We also consider stars where, owing
to the too low visibility of dipole modes, the gravity-dominated
mixed modes are apparently absent. Global properties of stars
are then used to test the depressed visibilities predicted when the
oscillation is suppressed in the stellar core (Sect. 4). Section 5
is devoted to discussion with particular attention to the nature of
the mechanism responsible for the extra damping of depressed
modes. Finally, Sect. 6 is dedicated to conclusions.

2. Dipole mode visibilities

2.1. General case

The mode visibility is a way to express the mean value of the
squared amplitude of modes with a given degree compared to
radial modes. For a dipole mode, we define

V2
1 =

A2
1

A2
0

Ṽ2
1 , (1)

where Ṽ2
1 includes the contributions of several physical effects: a

geometrical factor that depends on the angular degree, limb dark-
ening, and bolometric correction. The values A0 and A1 are the
intrinsic amplitudes of the radial and dipole modes, respectively.
For stars exhibiting stochastically excited pure acoustic modes,
these amplitudes are supposed to be equal (Belkacem et al.
2008). In such a case, the visibility V2

1 reduces to Ṽ2
1 .

A simple way to address the depressed modes consists in
normalizing the dipole visibility with respect to the nominal ex-
pected value. We therefore use the same definition as Fuller et al.
(2015) for expressing the relative visibility of depressed modes.
In a first step, we consider the individual visibilities of the mixed
modes,

vnm =
V2

1 depressed

Ṽ2
1

, (2)

where the mixed order nm labels the mixed mode (Eqs. (4.60)–
(4.63) of Mosser 2015). Strictly speaking, vnm should be referred
to as a ratio of the squared amplitudes of dipole modes com-
pared to radial modes, since the contribution of the different vis-
ibility terms (aspect ratio of the spherical harmonics and limb-
darkening coefficients) is removed by the ratio to Ṽ2

1 . However,
we keep the term visibility for the sake of simplicity.

For red giants, Ballot et al. (2011) computed Ṽ2
1 ≃ 1.54, as-

suming that only acoustic modes are present. In evolved stars,
the situation is in fact complicated by mixed modes. The contri-
bution of all mixed modes associated with a given pressure radial
order np can be expressed as

v =
∑

nm∈{N}
vnm . (3)

The sum is made in the ensemble {N} of the N mixed modes
associated with a given pressure radial order. They lie in the ∆ν-
wide frequency range between two radial modes: for the pres-
sure radial order around νmax, N = ∆ν∆Π−1

1 ν
−2
max, where ∆ν is

the mean large separation of pressure modes, ∆Π1 is the period
spacing of gravity modes, and νmax is the frequency of maximum
oscillation signal.

The mixed-mode visibility vnm introduced by Eq. (2)
has been investigated in previous work (Dupret et al. 2009;
Benomar et al. 2014; Grosjean et al. 2014), which shows

vnm ≃
(
Γ0

Γnm

) (
I0

Inm

)2

, (4)
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where Γ0,Γnm (I0, Inm ) are the line widths (inertia) of the radial
and dipole modes, respectively. This equation is valid whether
the dipole mode is resolved or not, but assumes that the driving
is the same for radial and dipole modes. To go further, we have to
examine two cases, depending on the assumption on the dipole
modes.

2.2. Normal dipole mixed modes

Following Belkacem et al. (2015), we may consider that the
work performed by the gas during one oscillation cycle, asso-
ciated with surface damping, is the same for all modes, so that
Eq. (4) is simplified into

vnm ≃
I0

Inm

≃ Γnm

Γ0
, (5)

from which we retrieve that the individual visibilities of mixed
modes are small with smaller mode widths and larger inertia than
radial modes.

From observations, Mosser et al. (2012a) have shown that
the contribution of all mixed modes associated with a given pres-
sure radial order np ensures v = 1. Here, we can demonstrate
this, using the relation between inertia and the function ζ that
governs the mixed-mode spacings and the rotational splittings
(Goupil et al. 2013; Deheuvels et al. 2015; Mosser et al. 2015).
From I0/Inm = 1 − ζ, we have

v =
∑

nm∈{N}
(1 − ζ). (6)

TheN mixed modes in the ensemble {N} between two consecu-
tive radial modes correspond to 1 pure pressure dipole mode and
(N − 1) pure gravity dipole modes. The period difference be-
tween the two radial modes can be estimated in two ways as fol-
lows: either considering the sum (N−1)∆Π1 for the pure gravity
modes or considering the sum of the mixed-mode period spac-
ings,

∑
nm∈{N} ∆P = (

∑
nm∈{N} ζ) ∆Π1, according to Mosser et al.

(2015). Hence, we get

v =
∑

nm∈{N}
(1 − ζ) = N − (N − 1) = 1. (7)

This result proves that, despite the mixed nature of the dipole
modes, their total visibility matches the expected visibility of
the corresponding pure pressure mode. So, energy equipartition
is preserved for the normal mixed modes.

2.3. A particular case: suppression of the oscillation
in the core

The possibility of suppression of the oscillation in the core
was first investigated by Unno et al. (1989). Their Eqs. (16.62)–
(16.65) consider the effect of a wave leakage in the core of an
acoustic mode trapped in the convective envelope. The limit of
oscillation suppression in the core implies that only pressure
dipole modes are present since mixed modes are necessarily can-
celed out. In that case, I1 ≃ I0, so that Eq. (4) is rewritten as

v =
Γ0

Γ1
· (8)

The damping in the core, whatever it is, can be written

v =
Γ0

Γenv
1 + Γ

core
1

≃ Γ0

Γ0 + Γ
core
1

, (9)

where Γenv
1 ≃ Γ0 and Γcore

1 are the damping contributions in the
envelope and in the core, respectively.

2.3.1. Damping and transmission

Equation (9) can be rewritten

v =
1

1 + x
with x =

Γcore
1

Γ0
· (10)

When all energy transmitted in the core is absorbed or damped,
following Unno et al. (1989) we get

x = ωτa

(∫

A
kr dr

)−1 1
4

exp
(
−2

∫

E
κ dr

)
, (11)

where A denotes integration in the acoustic cavity and E in the
evanescent region, kr is the radial wave number, κ2 = −k2

r , ω is
the mode frequency, and τa is the e-folding damping time of the
radial mode amplitude. At first order, the first integral of Eq. (11)
equals ω/2∆ν, where ∆ν is the large separation. Thus, Eq. (11)
becomes

x =
∆ν τa

2
exp

(
−2

∫

E
κdr

)
· (12)

We then introduce the e-folding damping time of the mode en-
ergy, τ0 = τa/2 and get

v =
(
1 + ∆ν τ0 T 2

)−1
, (13)

where the transmission in the evanescent region is defined by

T = exp
(
−

∫

E
κdr

)
. (14)

Equation (13), derived from the relative visibility of depressed
dipole modes with respect to radial modes, is similar to Eq. (2)
of Fuller et al. (2015), which is derived from the ratio between
the depressed and normal dipole modes.

2.3.2. Link with observable parameters

We can match the value of T 2 with the coupling factor q of mixed
modes (Unno et al. 1989),

T 2 = 4q. (15)

The visibility can thus be expressed as a function of the seismic
observables q and Γ0

v =

(
1 + 2q

∆ν

πΓ0

)−1

· (16)

The coupling factor q is obtained from the asymptotic expansion
of mixed modes

tan θp = q tan θg, (17)

where the phases θp and θg refer, respectively, to the pressure-
and gravity-wave contributions (Mosser et al. 2015). The radial
mode width Γ0, which is measured as the full width at half maxi-
mum in the power density spectrum, is related to the radial mode
lifetime by (see Samadi et al. 2015)

Γ0 =
1

2πτ0
· (18)

In fact, Eqs. (15) and (16) are no longer valid when the extent of
the evanescent region is limited, so that strong coupling occurs.
In that case (see Takata 2016a),

T 2 =
4q

(1 + q)2
· (19)

A62, page 3 of 12



A&A 598, A62 (2017)

Fig. 1. Examples of red giant branch stars with low dipole-mode am-
plitudes. Spectra are plotted as a function of the reduced frequency
ν/∆ν − ε, so that radial modes (shown in blue) are close to integer val-
ues; quadrupole modes are plotted in green, octupole modes in cyan;
and mixed modes can be found everywhere but their contribution is
measured in the frequency range plotted in red only. The mean back-
ground component was subtracted. Top: the mixed mode pattern of
KIC 9279486 can be fitted to extract seismic global parameters; mid-
dle: the mixed modes in KIC 6026983 are evidenced but their pattern
cannot be fit; and bottom: the dipole modes of KIC 5810513 have very
small amplitudes but can be unambiguously detected and identified as
mixed modes with the method discussed in Sect. 3.3.

Following Eq. (71) of Takata (2016b), we also have to replace
T 2 by − ln(1 − T 2) in case of full suppression of the oscillation
in the core. So, Eq. (13) becomes

v =

(
1 − ln

[
1 − 4 q

(1 + q)2

]
∆ν

2πΓ0

)−1

· (20)

Contrary to Eq. (13), this expression ensures a null visibility in
case of total transmission (T = q = 1).

3. Seismic observables

Previous observations have reported that the depressed modes in
the red giant KIC 8561221 are mixed (García et al. 2014). Such
observations question the hypothesis of oscillation suppression:
if the low visibility derives from the suppression of the oscilla-
tion in the radiative core, mixed modes cannot be established.
Therefore, we first aim to identify the prevalence of red giants
with depressed mixed modes. Then, we also use different ob-
servations to assess the properties of depressed dipole modes
to determine whether they are mixed or not. Figure 1 illus-
trates the different types of stars we intend to work with: either

Fig. 2. Same as Fig. 1 but for core-helium burning stars. Top: the mixed
mode pattern of the secondary-clump star KIC 8522050 can be fitted
to extract seismic global parameters; and bottom: the depressed mixed
modes in the clump star KIC 2693261 are apparent but their pattern
cannot be fit.

with depressed mixed modes that can be identified, depressed
mixed modes that cannot be fitted, or without clear evidence of
mixed modes. Figure 2 provides examples for core-helium burn-
ing stars.

3.1. Identification of low visibilities

The first step for the search of stars with dipole mixed modes
consists in the measurement of reduced visibilities, as defined
by Eq. (3), with the method of Mosser et al. (2012a). In short,
squared amplitudes are estimated from the integration of the
power spectrum density over the frequency range covering the
different modes, after subtraction of background. We obtained
the total dipole visibilities, V2

1 , for about 12 500 red giants of the
Kepler public data (Fig. 3a), from which we could identify the
population of stars on the red giant branch (RGB) with normal
visibilities and the family of stars with low visibility, in agree-
ment with Mosser et al. (2012a) and Stello et al. (2016a). Red
giants with normal amplitudes have a total dipole visibility of
close to Ṽ2

1 ≃ 1.54 with a very weak dependence on Teff , log g,
and Z. Using effective temperatures of Huber et al. (2014), we
found that the normal (not depressed) visibilities of red giants,
integrated for one pressure radial order, follow the mean trend

〈Ṽ2
1 〉 ≃ 1.54 − Teff − 4850

4100
, (21)

where the brackets indicate the average value derived from a lin-
ear fit with the effective temperature Teff expressed in kelvin.
This result is very close to the predictions of Ballot et al. (2011).

The mean value of the normal visibility was then used to
derive reduced integrated observed visibilities,

v1 =

∑
V2

1

〈Ṽ2
1 〉
, (22)

where, for the numerator, the sum matches all dipole modes as-
sociated with a given pressure radial order and the overbar repre-
sents the mean value for the different radial orders where dipole
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Fig. 3. a) Dipole mode visibility v1 as a function of the large separation ∆ν. The color codes the mass determined with seismic scaling relations.
Small symbols represent Kepler stars of the public data set; and larger symbols represent stars of the data set studied by Vrard et al. (2016).
Diamonds with a dark center are stars showing depressed mixed modes. The dashed line represents the limit defining low visibilities. b) Radial
mode width Γ0 as a function of the large separation ∆ν of the data set studied by Vrard et al. (2016). The right y-axis provides the radial mode
lifetime. c) Same as b) for the period spacings ∆Π1; and d) same as b) for the coupling factor q. The outlying value of q for KIC 6975038 is
discussed in Sect. 5.4.

modes are observed. Now, v1 can be compared to v (Eq. (3)). As
stated by previous work, the limit between normal and low vis-
ibility is clear on the RGB, despite the presence of a few stars
lying in the no man’s land between normal and reduced visibili-
ties; in the red clump, we chose to define low-visibility stars by
v1 ≤ 0.85 − 0.04∆ν (with ∆ν expressed in µHz). We tested that
changing the threshold value does not significantly change the
conclusions of the work.

3.2. Fit of the mixed-mode pattern

The systematic search for stars with depressed mixed modes
was derived from the recent work of Vrard et al. (2016), who
have measured the asymptotic period spacing of mixed modes
for about 6100 red giants. We then fitted the asymptotic mixed-
mode pattern in stars with reduced dipole visibilities.

The fit of mixed mode frequencies in red giants is usually
made easy by the use of asymptotic expansion (Unno et al. 1989;
Mosser et al. 2012b), but is more difficult in stars with depressed
mixed modes because of the lower signal-to-noise ratio induced
by low visibilities. However, we managed to optimize this fit-
ting process to obtain complete sets of seismic parameters, in-
cluding rotational splittings δνrot (Mosser et al. 2012b). Recent
methods and results based on four years of Kepler observation

were used to update previous measurements (Mosser et al. 2014,
2015; Vrard et al. 2016). Stellar masses were estimated from
the seismic scaling relation with the method of Mosser et al.
(2013) to have a better calibration than the solar calibration and
to lower the non-negligible noise induced by pressure glitches
(Vrard et al. 2015). Scaling relations have been used with the ef-
fective temperature of Huber et al. (2014).

We were able to fit the asymptotic mixed-mode pattern, in-
cluding the rotational splittings, for 71 red giants (Table A.1,
Fig. 4). This number represents a small fraction of the 1109 stars
with low amplitudes since fitting all parameters of the asymp-
totic mixed-mode pattern is highly demanding when amplitudes
are depressed. Unsurprisingly, owing to the aforementioned ob-
servational bias, our data set with mixed modes on the RGB is
biased toward high visibilities (Fig. 3a). Conversely, as low vis-
ibilities of clump stars are not as low as they are on the RGB,
fitting their mixed modes is easier. With this analysis, we can
establish the properties of stars with depressed mixed modes.

Mass. Stars in our data set with depressed mixed modes present
larger masses than the typical mass distribution of CoRoT or
Kepler red giants showing solar-like oscillations. Their median
mass is 1.6 M⊙, which is above the median mass of the red
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Fig. 4. Examples of complete fits of the asymptotic mixed-mode pat-
tern of red giants with low dipole-mode amplitudes. Échelle diagrams
are plotted as a function of the reduced frequency ν/∆ν − (np + ε), so
that radial modes are close to integer values. The smoothed profile of
mixed modes are plotted in red, quadrupole modes in green, and oc-
tupole modes in cyan. The dashed gray line corresponds to 8 times
the granulation background. Dipole triplets are identified by the asymp-
totic cyclic frequency, in µHz, of the m = 0 component. Top: RGB star,
KIC 7746983; bottom: Clump star, KIC 5339823.

giants observed with Kepler (1.4 M⊙). This agrees with the mass
distribution found by Stello et al. (2016b) for stars with low-
amplitude dipole modes.

Evolutionary stage. Mosser et al. (2012a) have reported the
identification of low visibilities for stars on the RGB. Here, we

report that stars with depressed mixed modes appear at any evo-
lutionary stages. We identified depressed modes in secondary-
clump stars, located on the same low-visibility branch as RGB
stars (Fig. 3a). Owing to the mass dependence of the low-
visibility stars, depressed modes are in fact over-represented in
the secondary red clump. The situation is less clear for clump
stars, since the low-visibility branch joins the group of normal
visibility stars when ∆ν ≤ 4.5 µHz. We however notice an over-
abundance of red-clump stars with low visibilities; such stars are
much more abundant than stars with visibilities above the nor-
mal value. An example of such a star is given in Fig. 2 (bottom
panel).

Radial mode widths. Radial mode widths Γ0, defined as full
widths as half maximum, were measured following the method
used by Vrard et al. (2015). Results are shown in Fig. 3b and
summarized in Table 1. They are fully consistent with previ-
ous work obtained with CoRoT and Kepler (Baudin et al. 2011;
Corsaro et al. 2012, 2015) and show a clear dependence with
the evolutionary stage and stellar mass, as will be discussed in
a forthcoming paper. In the clumps, Γ0 of stars with depressed
mixed modes behave as for the other stars. On the RGB, these
stars appear to have slightly larger Γ0 than the mean trend. This is
however a mass effect only; Γ0 increases with increasing masses
and low visibility stars show higher mass (Stello et al. 2016b).

Asymptotic period spacing. Asymptotic period spacings
follow the typical distribution identified in previous works
(Mosser et al. 2012c, 2014; Vrard et al. 2016). We could not
identify any departure to the distribution of the ∆ν–∆Π1 rela-
tion (Fig. 3c). On the RGB, stars with depressed mixed modes
show slightly lower values of ∆Π1 than the mean case, in agree-
ment with their mass distribution (Vrard et al. 2016). Values
are normal in the red clump. The large mass range and the
non-degenerate conditions for helium ignition of secondary red
clump stars explains the spread in the distribution of their seis-
mic parameters, so that the spread for stars with depressed modes
does not allow us to draw any conclusions.

Coupling factors. Coupling factors q were measured by Mosser
et al. (in prep.) for about 4000 stars among the data set analyzed
by Vrard et al. (2016). These factors are derived from the opti-
mization of the method introduced by Mosser et al. (2015) for
analyzing mixed modes. Results are shown in Fig. 3d, where
stars with a low dipole-mode visibility are identified. Mosser
et al. (in prep.) provide a discussion of the general trends ob-
served in q as a function of the evolutionary stage. Here, we note
that stars with depressed modes behave as the other stars. This
suggests that the extent of the evanescent region between the
pressure and gravity components is not impacted by the mecha-
nism responsible for the amplitude mitigation, so that it is very
similar as for normal stars (Unno et al. 1989; Takata 2016a).

Rotation. Fitting rotation requires a high signal-to-noise ratio
in the oscillation spectrum, so that the difficulty of this measure-
ment explains the limited number of stars with a complete fit.
It is evidently a bias due to low visibilities. For the same rea-
son, more fits than expected are obtained for the mixed-mode
patterns of stars nearly seen pole-on, which are simpler than
the general case since the rotational multiplets are reduced to
the zonal modes (with an azimuthal order m = 0). In such cases,
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Table 1. Mean mode width and lifetime (defined as the e-folding time
of the mode energy), depending on the evolutionary, for red giants.

Evolutionary ∆ν Γ0 τ0
status (µHz) (nHz) (day)
RGB 15 118± 25 15.5± 3.3
RGB 10 121± 23 15.1± 3.0
RGB 6 118± 30 15.6± 3.9
Red clump 4 145± 37 12.6± 3.2
Secondary clump 7 178± 45 10.3± 2.6

the core rotation remains undetermined. When measured, rota-
tional splittings show the typical distributions defined for red gi-
ants (Mosser et al. 2012b; Deheuvels et al. 2014, 2015).

3.3. Prevalence of depressed mixed modes

As the number of stars where the mixed-mode pattern can be
fitted is limited, we checked whether the properties they display
are verified by other stars.

3.3.1. Depressed modes versus pure pressure modes

A large number of oscillation spectra show peaks with a height
much above eight times the background levels. Even in the case
of low signal-to-noise ratio oscillation spectra, such peaks can-
not all be created by noise. When their identification with radial,
quadrupole, or octupole modes is excluded, we must conclude
that depressed dipole mixed modes are obviously present in the
whole spectrum. An example of such a star is given in Fig. 1b.
When smoothed, oscillation spectra of such stars exhibit the typ-
ical mixed-mode pattern (Fig. 5).

In other cases, mixed modes are not apparent or cannot
be distinguished from the noise (Fig. 1c). The identification of
dipole mixed modes then requires different tools than those used
earlier in this paper. In principle, the energy of the dipole modes
peaks at the expected position of pressure dominated modes if
modes are not mixed, but can be shifted by mode coupling.
Hence, measuring this shift provides a way to identify whether
modes are mixed or not. The measurement of the position of the
dipole modes has to fight against the acoustic glitch (Vrard et al.
2015), the noise induced by background contribution, and the
intrinsic shift due to finite lifetimes. We identified bright stars
with high quality spectra on the low RGB, where the conditions
of measurement are made easier (Fig. 1c). The shift of the ac-
tual position of the dipole modes with respect to the asymptotic
expansion is shown in Fig. 6, together with the position shifts
of radial, quadrupole, and octupole modes. The curves for these
modes are remarkably close to each other, even for ℓ = 3 modes,
whereas dipole modes show a modulation as large as ±0.04∆ν.

Synthetic tests were performed to evaluate the noise con-
tribution. We reproduced typical conditions of observation and
measured the location of pure pressure dipole modes. In the con-
servative case of a dipole mode width that is five times larger
than the radial mode width, which is, in turn, much larger than
the dipole width observed in other stars, shifts were less than
0.01 ∆ν away of their expected position. The example shown
in Fig. 6 is representative of any spectrum with a high enough
signal-to-noise ratio. From this study, we conclude that de-
pressed dipole mixed modes are not an exception, but evidently
the rule. Very low visibilities cannot be associated exclusively
with the full suppression of the oscillation in the core.

Fig. 5. Échelle spectrum of the RGB star KIC 9711269. Colored lines,
with the same color code as in Fig. 1, emphasize the structure of the
modes. Plus symbols approximately indicate the period spacings de-
rived from the asymptotic expansion; the fit of the mixed modes, which
would imply the fit of the rotational splittings, is however not possible.

Fig. 6. Evidence of dipole mixed modes provided by the position of
low-degree modes, with respect to the second-order asymptotic expan-
sion of pure pressure modes, for the red giant 5810513 observed by
Kepler (Fig. 1 bottom). The shifts are expressed in ∆ν units. The dashed
lines indicate the region where pure pressure low-degree modes are ex-
pected; the dotted lines provide uncertainties for the positions of the
dipole modes.

3.3.2. Asymptotic period spacings

Asymptotic period spacings can be measured independent of
the identification of the mixed-mode pattern (Vrard et al. 2016).
Since measurements are difficult when dipole modes are de-
pressed, we focused this study on all RGB stars with a magni-
tude brighter than mV = 11, and performed an individual analy-
sis of each oscillation spectra. These individual studies provided
us with the measurement of the asymptotic period spacings in
more than 90% of the cases. As a by-product, this study also con-
firmed that the structure of the excess power near the pressure-
dominated mixed modes cannot result from the simple broaden-
ing of a single dipole pressure mode. This study fully confirmed
that asymptotic period spacings of stars with depressed mixed
modes are normal.
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3.4. Summary of the observations: depressed modes
are mixed

From the observations, we have derived that depressed modes
are mixed and that their seismic properties, including their
asymptotic period spacings, are normal.

– This information was directly obtained for the 71 red gi-
ants where the signal-to-noise ratio is high enough to fit the
mixed-mode spectrum.

– For 96 stars, we measured the individual values of the cou-
pling factors and of the period spacings. Again, these seismic
values are normal. These 96 stars are considered in Sect. 4.

– At very low visibility, estimating the asymptotic period spac-
ing is impossible. However, we showed that the dipole modes
are shifted with respect to the expected position of pure pres-
sure modes.

– The previous cases represent a small fraction of the
1109 stars with low amplitudes, but we showed that more
than 90% of the stars with depressed modes brighter than
mV = 11 on the RGB have a mixed-mode pattern with a nor-
mal period spacing. This prevalence can be extrapolated to
fainter stars since we do not expect any bias with magnitude.
The situation for clump stars is comparable.

4. Observed versus predicted visibilities

As shown above, the observation of many red giants with de-
pressed mixed modes invalidates the hypothesis of full suppres-
sion of the oscillation in the core for explaining low visibilities.
This opens questions on the validity of Eq. (13) to explain the
low visibility. Hence, we need to check whether the prediction
of Eq. (13) is sustained. As our analysis is based on observations,
we aim to check Eq. (13) through Eq. (20). Therefore, we first
justify the validity of using Eq. (20), then test various hypotheses
introduced by Fuller et al. (2015) to explain low visibilities.

4.1. Global seismic parameters

Using Eq. (20) for testing the observed visibilities requires infor-
mation on the coupling factors q and on the radial mode widths
Γ0. The set of red giants with a low visibility, and for which all
parameters of Eq. (20) are measured, is composed of 96 stars. We
assumed that the mechanism responsible for the extra damping
does not modify the stellar interior structure, so that q is repre-
sentative of the transmission T . This assumption is theoretically
justified by the analysis that is presented in Takata (2016b) and
is observationally verified: as seen above, all stars have similar
q and similar Γ0, regardless of their visibility (Figs. 3b and d).
In that respect, the stars with depressed mixed modes provide
us indirectly with relevant tests and Eq. (20) can be used to test
Eq. (13).

4.2. A significant disagreement

Assuming that q measured from mixed modes can replace the
T value (Eq. (19)) and using observed Γ0, we were able to com-
pare the relation between the reduced observed visibilities v1 and
the calculated depressed visibility v predicted by Eq. (20). Con-
trary to previous work, the estimated visibilities do not match
the observed visibilities, where modeled values are significantly
smaller than the observed values (Fig. 7). We stress that the dis-
crepancy is not due to the use of the formalism correct for strong
coupling introduced by Takata (2016a,b). In fact, the difference

Fig. 7. Observed visibilities v1 for the Kepler public data set of red gi-
ants, as a function of νmax. Values for stars showing depressed mixed
modes are emphasized with large diamonds and compared to the
computed visibilities: large dark triangles for the low-coupling case
(Eq. (16), as in Unno et al. 1989; Fuller et al. 2015) are very close to
black squares for the strong-coupling case (Eq. (20)). Gray lines con-
nect the observed and modeled values.

is as high as a factor of 4 for the term τ0 T 2 of Eq. (13). Relative
uncertainties on q and Γ0 cannot explain such a high difference.
However, the disagreement is consistent with partial suppres-
sion of the oscillation in the core since observed visibilities are
larger than modeled values. This evidence is ascertained by the
fact that, as made clear by Fig. 7, not only stars with depressed
mixed modes have observed visibilities that are much larger than
predicted by the model. The discrepancy certainly indicates that
previous analysis were based on inappropriate estimates of T .

5. Discussion

5.1. Depressed modes are mixed

Important facts were inferred from the observations presented
in the previous sections: first, depressed modes are identified
as mixed modes for all stars observed with a sufficient signal-
to-noise ratio; second, period spacings of stars with depressed
modes resemble normal period spacings; and third, core rotation
rates also follow the normal distribution. We consider these three
pieces of information next.

5.1.1. Depressed mixed modes

Mixed modes were directly or indirectly observed in many stars
showing low visibilities. As already stated, the hypothesis of full
suppression of the oscillation in the core is invalidated, since
mixed modes result from the coupling of pressure waves in the
envelope and gravity waves in the core. This observational re-
sult breaks the statement that the observation of low visibilities
implies the suppression of the oscillation in the core. A mech-
anism able to damp the oscillation only partially is needed for
explaining the low visibilities.

As a result, the mechanism proposed by Fuller et al. (2015)
is not fully adequate since it relies on the total suppression of
the dipole modes in the core. Furthermore, the equivalence be-
tween low visibility and magnetic greenhouse effect accepted
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in follow-up papers (Cantiello et al. 2016; Stello et al. 2016b) is
questionable.

5.1.2. Period spacings of depressed mixed modes

The measurement of normal period spacings in stars with de-
pressed modes allows us to derive further information, since
such spacings imply that the resonant cavity of gravity modes
is not perturbed by the suppression mechanism. The mechanism
responsible for the damping cannot modify the Brunt-Väisälä
cavity at the high level of precision reached with seismology.

In that respect, the scattering process associated with the
magnetic greenhouse effect is invalidated since it would modify
the resonance condition of dipole modes with a smaller resonant
cavity for the gravity waves (Fig. 1 of Fuller et al. 2015) and,
hence, larger period spacings. Larger period spacings are not ob-
served for depressed mixed modes. This proves that the mag-
netic greenhouse effect cannot explain the many cases where de-
pressed mixed modes are observed. This mechanism may work
in some other cases, but proving it then requires more informa-
tion than simply having the visibilities of dipole modes. In any
case, at this stage, the magnetic greenhouse effect cannot be a
general solution for explaining depressed modes, and it is im-
possible to conclude the identity of the mechanism able to lower
the dipole mode amplitude.

5.1.3. Rotational splittings of depressed mixed modes

The identification of the normal rotational splittings in stars with
depressed modes provides us with similar conclusions. If there
were a strong magnetic field in the cores of the stars with de-
pressed modes, then Cantiello et al. (2016) predict that an extra
magnetic splitting, which is comparable to the gravity mode pe-
riod spacing in RGB stars, would be observed. As the core rota-
tion rates inferred from the mixed-mode pattern follow a similar
distribution to the reference set of stars, we can rule out the pres-
ence of the extra, magnetic splitting.

5.2. From individual visibilities to extra damping

The study of the widths of dipole mixed modes can provide
promising information on the way amplitude are distributed in
mixed modes. We illustrate this potential with the comparison
of two twin stars with very close ∆ν and ∆Π1. The star with
normal visibility is used as a reference for the other with de-
pressed modes. The resemblance of their mixed-mode pattern
allowed us to compare their individual visibilities vnm (Fig. 8).
The simplifications introduced either for normal stars (Sect. 2.2)
or in the extreme case of full suppression of the oscillation in the
core (Sect. 2.3) do not hold any more for the star with depressed
modes. We have to rewrite Eq. (4) in case of an extra damping.
For radial modes, we have

Γ0I0 = −
1
ω0

∮
δW0, (23)

where ω0 is the radial frequency and the cyclic integral repre-
sents the work during one radial oscillation. For a mixed mode,
we have an extra damping, so that

Γnm Inm = −
1
ωnm

∮
δWnm ≃ −

1
ωnm

∮
(δW0 + δWextra), (24)

Fig. 8. Comparison of the smoothed spectra of two stellar twins,
KIC 5295898 (with depressed modes; blue curve) and KIC 2157650
(with normal modes, nearly seen pole on; purple curve printed upside
down). The width of the smoothing filter is 0.05 µHz, which is much
smaller than the expected width of dipole modes if not mixed. A small
shift in frequency is needed to superimpose the peaks.

assuming that the normal dipole work is similar to the radial
work, except for the extra damping (e.g., Dupret et al. 2009;
Benomar et al. 2014; Grosjean et al. 2014). Since radial and
non-radial frequencies are close to each other, we have

Γnm Inm = Γ0I0 (1 + x), (25)

with a similar definition for x as in Eq. (10); x represents the
relative contribution of the extra damping.

From Eq. (4), we obtain a new expression for the mixed
mode visibility,

vnm ≃
I0

(1 + x) Inm

≃ Γnm

(1 + x)2 Γ0
, (26)

which demonstrates the capability of mixed modes to measure
the relative extra damping x.

If we simply assume that x has limited variation in frequency,
the total contribution v of the individual visibilities provides an
estimate of the extra damping,

x ≃ 1 − v
v
· (27)

According to this relation, the magnitude of this relative extra-
damping significantly decreases with stellar evolution. Very low
visibilities observed for stars on the low RGB are due to a large
absorption (x ≃ 9 when v1 = 0.1), but x ≃ 0.7 only when v1 =
0.6. For KIC 5295898 shown in Fig. 8, x ≃ 2.6.

5.3. No man’s land

For completeness, we fitted the stars in the no man’s land be-
tween normal and low-visibility stars (Figs. 3a and 7). We
checked that these stars behave as other stars with similar seis-
mic parameters. The presence of such stars is crucial for at least
two reasons. First, they show that intermediate values between
normal and low visibilities are possible. Second, those stars rep-
resent the intermediate case between normal and low visibil-
ity. This reinforces the fact that stars in which depressed mixed
modes could be fully characterized are representative of all stars
with low-amplitude dipole modes.
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Fig. 9. Spectrum of the RGB star KIC 6975038 showing a strong gradi-
ent of the dipole mode amplitudes. Dipole modes have very low ampli-
tudes below the radial order 11 and normal amplitudes above.

5.4. Visibility gradient

Three stars of our data set exhibit a clear visibility gradient:
KIC 6975038 (Fig. 9), 7746983, and 8561221.

– The case of KIC 6975038 is investigated in Mosser et al.
(in prep.). This star shows atypical seismic parameters: ∆Π1
is very low and q is unusually large compared to the general
trend on the RGB (Mosser et al. 2015; Vrard et al. 2016).
This star deserves a precise modeling beyond the scope of
this work.

– KIC 8561221 was identified by García et al. (2014) as the
least evolved observed star with depressed dipole modes
among red giants observed with Kepler. It shows a very
low dipole-mode visibility (Table A.1). However, mixed
modes can be firmly identified. The asymptotic period spac-
ing ∆Π1 ≃ 114.8 s is typical for ∆ν ≃ 29.8 µHz, but the
core rotation of this star seems very high. We measure a core
rotation rate of about 2.6 µHz in contradiction with the val-
ues extracted from ℓ = 2 and ℓ = 3 modes by García et al.
(2014).

– Compared to the two previous stars, the seismic parameters
of KIC 7746983 are close to the values obtained on the RGB;
only the dipole mode visibility is atypical. This gradient ap-
pears to be helpful for characterizing the mixed mode pat-
tern; after KIC 8561221, this star is the second least evolved
in our data set with low-dipole visibility.

The change of visibility with frequency was used by Fuller et al.
(2015) as a further argument in favor of a large magnetic field for
explaining the suppression of the oscillation, since the variation
of the visibility with frequency matches their prediction. A more
conservative analysis consists in remarking that the physics of
oscillation damping has to be frequency dependent. Red giants
showing a gradient of dipole visibility are certainly useful bench-
mark stars for understanding the nature and physics of the extra
damping of the oscillation.

6. Conclusion

We performed a thorough study of red giants showing low
dipole-mode visibility, based on the identification of their dipole
mode pattern and the characterization of their global seismic
properties. We have shown that these stars share the same global
seismic parameters as other stars, regardless of the value of the
dipole mode visibilities. This analysis sustains the fact that the
mechanism responsible for the damping does not significantly
impact the stellar structure and does not change the property of
the cavity where gravity waves propagate.

We were able to determine that dipole depressed modes are
mixed, even at very low visibilities. The existence of these de-
pressed mixed modes implies that oscillations cannot be fully
suppressed in the radiative core. Also, the observed visibilities
are significantly higher than predicted from the modeling assum-
ing full suppression in the core, which is consistent with partial
suppression of the core oscillation only. Furthermore, the obser-
vations of normal period spacings in stars with depressed mixed
modes indicate that the radiative core of these stars is not affected
by the suppression mechanism.

These precise seismic signatures indicate that the magnetic
greenhouse effect cannot explain the observed low visibilities of
dipole modes (Fuller et al. 2015). This effect supposes the full
suppression of the oscillation, which is discarded by the fact that
depressed modes are mixed. Even if the mechanism could work
with partial suppression only, the scattering process induced by
the magnetic field in the radiative core is dismissed by the ob-
servation of the period spacings. As a result, inferring high mag-
netic fields in red giant from low visibilities (Stello et al. 2016b;
Cantiello et al. 2016) is at least premature. This conclusion ap-
plies in the vast majority of stars that show low visibilities.

The low integrated visibilities reflect an extra mode damp-
ing but, at this stage, carry no direct information on the nature
of this damping. Another damping mechanism must be found.
This mechanism, which partially damps the dipole mixed modes,
could be characterized by the measurement of the mixed mode
widths.
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Appendix A: Additional table

Table A.1. Seismic properties of 71 stars showing depressed mixed modes.

KIC Evolutionary νmax ∆ν ∆Π1 q M Γ0 δνrot v1 v v

stage (µHz) (µHz) (s) (M⊙) (µHz) (nHz) Low Strong
(1) (2) (3) (4)

2573092 RC 35.3 4.08 293.8 0.24 1.48 0.14 35 0.60 0.181 0.178
2858129 RC2 40.5 4.22 320.9 0.26 1.93 0.16 80 0.58 0.181 0.178
2992350 RC 45.9 4.72 242.8 0.26 1.59 0.12 35 0.58 0.134 0.132
3443483 RGB 132.2 10.71 71.8 0.15 1.71 0.13 230 0.16 0.113 0.112
3532734 RGB 145.2 11.83 75.3 0.12 1.63 0.09 0 0.23 0.095 0.095
3660245 RC 33.3 4.22 297.0 0.25 1.19 0.15 35 0.65 0.181 0.178
3758505 RGB 157.4 12.06 80.6 0.15 1.84 0.13 500 0.14 0.100 0.099
4180939 RC2 65.2 5.80 241.0 0.24 2.29 0.11 50 0.55 0.114 0.112
4587050 RGB 191.2 14.47 73.8 0.10 1.60 0.08 530 0.26 0.080 0.080
4761301 RC 30.8 4.49 338.3 0.30 0.76 0.25 65 0.63 0.229 0.224
4772722 RC 37.3 4.30 310.0 0.31 1.42 0.18 38 0.67 0.175 0.170
5007332 RGB 96.9 8.44 68.7 0.10 1.76 0.14 310 0.37 0.204 0.204
5179471 RC2 47.0 4.56 256.0 0.28 2.17 0.10 110 0.64 0.109 0.106
5295898 RGB 142.9 11.39 75.3 0.10 1.72 0.10 210 0.23 0.123 0.123
5306667 RC 39.5 4.28 268.0 0.28 1.77 0.14 25 0.67 0.158 0.154
5339823 RC 40.4 4.28 317.2 0.45 1.76 0.16 80 0.45 0.115 0.108
5620720 RC2 57.0 5.35 264.7 0.29 2.14 0.14 45 0.45 0.124 0.121
5881079 RGB 67.2 6.14 68.3 0.10 1.96 0.17 0 0.62 0.303 0.302
5949964 RC 37.8 4.29 316.3 0.35 1.50 0.23 40 0.59 0.194 0.187
6037858 RC 43.3 4.57 244.4 0.25 1.76 0.16 50 0.45 0.178 0.174
6130770 RC 35.1 4.13 322.9 0.30 1.48 0.12 40 0.62 0.132 0.128
6210264 RC 40.7 4.78 290.0 0.25 1.60 0.17 60 0.63 0.183 0.180
6232858 RC2 50.0 4.90 235.8 0.28 1.87 0.11 55 0.51 0.115 0.112
6610354 RC2 46.9 4.57 209.3 0.28 2.44 0.11 65 0.55 0.119 0.116
6975038 RGB 128.4 10.61 57.9 0.35 1.44 0.14 280 0.27 0.056 0.054
7512378 RC 32.5 3.84 310.0 0.32 1.34 0.16 45 0.70 0.170 0.165
7515137 RGB 67.2 6.75 61.1 0.12 1.32 0.09 0 0.55 0.149 0.148
7693833 RGB 31.8 4.02 56.6 0.10 1.05 0.11 0 0.55 0.301 0.300
7746983 RGB 188.6 14.74 83.3 0.18 1.40 0.09 190 0.17 0.050 0.049
8009582 RC 35.2 4.21 282.4 0.22 1.36 0.08 30 0.56 0.120 0.118
8025383 RC 36.1 4.14 313.5 0.25 1.41 0.16 25 0.58 0.195 0.192
8283646 RGB 67.2 6.15 66.5 0.10 1.93 0.14 100 0.38 0.263 0.263
8391175 RGB 87.4 7.77 69.0 0.12 1.72 0.10 0 0.36 0.144 0.144
8396782 RC2 82.3 7.04 241.8 0.30 2.00 0.20 200 0.42 0.129 0.126
8432219 RC 42.3 4.59 283.2 0.30 1.66 0.24 45 0.55 0.215 0.210
8476202 RGB 109.7 9.42 71.7 0.12 1.57 0.09 0 0.27 0.110 0.110
8522050 RC2 75.5 6.72 188.1 0.30 2.06 0.16 60 0.59 0.108 0.105
8564277 RC 31.9 4.00 307.0 0.31 1.09 0.23 25 0.47 0.226 0.220
8564559 RC 45.8 4.70 240.9 0.25 1.79 0.15 40 0.62 0.167 0.164
8636174 RC2 43.9 4.51 305.7 0.25 2.00 0.16 35 0.58 0.182 0.179
8687248 RGB 170.0 13.10 77.8 0.12 1.59 0.14 0 0.32 0.123 0.122
8689599 RC 30.4 3.93 299.3 0.32 1.17 0.14 35 0.63 0.149 0.144
8771414 RC 38.6 4.23 274.0 0.25 1.82 0.11 28 0.58 0.139 0.137
8827934 RGB 55.0 5.37 63.8 0.15 1.80 0.14 0 0.51 0.214 0.213
9115334 RC2 67.5 6.09 179.2 0.30 2.00 0.19 220 0.38 0.137 0.134
9176207 RC2 59.2 5.41 314.6 0.24 1.96 0.15 100 0.57 0.157 0.154
9229592 RGB 72.0 6.85 67.2 0.15 1.62 0.14 230 0.51 0.173 0.172
9279486 RGB 132.4 10.89 76.8 0.12 1.59 0.15 200 0.30 0.149 0.149
9291830 RC2 47.5 4.41 261.8 0.30 2.50 0.15 70 0.44 0.151 0.147
9581849 RC 34.6 4.08 270.5 0.37 1.43 0.20 30 0.66 0.172 0.165
9650046 RC2 68.2 6.02 283.5 0.25 2.42 0.17 90 0.51 0.147 0.144
9711269 RGB 64.1 6.44 64.2 0.10 1.39 0.12 0 0.43 0.219 0.218
9719858 RC2 47.8 4.48 285.8 0.25 2.62 0.15 90 0.68 0.174 0.171
9947511 RC 30.7 3.75 349.5 0.33 1.35 0.22 30 0.69 0.218 0.212

10029821 RC2 64.6 5.90 259.3 0.29 2.08 0.16 50 0.61 0.129 0.126
10091729 RC2 72.8 6.34 295.3 0.23 2.18 0.20 60 0.54 0.175 0.173
10420655 RC 37.5 4.26 298.6 0.28 1.39 0.21 50 0.64 0.217 0.212
10422589 RC2 50.2 5.04 223.1 0.24 2.15 0.17 60 0.62 0.181 0.178
10469976 RC2 52.7 4.81 258.0 0.30 2.35 0.14 30 0.49 0.132 0.129
10528917 RGB 76.4 7.52 73.1 0.13 1.36 0.08 220 0.56 0.111 0.111
10653383 RC 40.1 4.42 248.5 0.26 1.60 0.13 30 0.53 0.151 0.148
10854564 RC 29.9 4.26 293.5 0.22 0.69 0.26 30 0.66 0.304 0.300
11413158 RC2 58.1 4.99 210.6 0.28 2.86 0.15 80 0.68 0.149 0.146
11462972 RC2 29.9 4.26 318.0 0.26 1.89 0.13 30 0.49 0.154 0.151
11519450 RGB 72.8 6.87 68.1 0.14 1.65 0.10 180 0.54 0.139 0.138
11598312 RC2 48.0 4.82 281.5 0.22 1.96 0.13 50 0.47 0.161 0.159
12058556 RGB 105.0 9.35 72.7 0.15 1.40 0.11 0 0.31 0.110 0.109
12070510 RC 35.3 4.06 304.9 0.23 1.36 0.14 50 0.52 0.191 0.188
12109388 RC 40.9 4.25 245.3 0.26 1.82 0.13 50 0.60 0.152 0.149
12453551 RC2 51.2 5.02 270.8 0.29 2.04 0.19 70 0.60 0.170 0.166
12691734 RC2 46.8 4.34 338.5 0.31 2.73 0.15 50 0.69 0.151 0.147

Notes. (1) RGB: red giant branch; RC: red clump; RC2: secondary red clump. (2) Uncertainties on q are of about ±0.027 for stars on the RGB
and ±0.057 in the red clump. (3) Uncertainties on Γ0 are of about 30%. (4) A null value for δνrot indicates that the rotational splitting could not be
measured because the star is seen pole-on.
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P✉❜❧✳ ❖s❧♦✳✱ ✷✷✿✶✕✷✸✳

❊✈❛♥s✱ ❏✳❲✳ ✫ ▼✐❝❤❛r❞✱ ❘✳ ✭✶✾✻✷✮✳ ❖❜s❡r✈❛t✐♦♥❛❧ ❙t✉❞② ♦❢ ▼❛❝r♦s❝♦♣✐❝ ■♥❤♦♠♦❣❡♥❡✐t✐❡s ✐♥ t❤❡
❙♦❧❛r ❆t♠♦s♣❤❡r❡✳ ■■■✳ ❱❡rt✐❝❛❧ ❖s❝✐❧❧❛t♦r② ▼♦t✐♦♥s ✐♥ t❤❡ ❙♦❧❛r P❤♦t♦s♣❤❡r❡✳ ❆♣❏✱ ✶✸✻✿✹✾✸✳

❋♦ss❛t✱ ❊✳ ✭✶✾✾✶✮✳ ❚❤❡ ■❘■❙ ♥❡t✇♦r❦ ❢♦r ❢✉❧❧ ❞✐s❦ ❤❡❧✐♦s❡✐s♠♦❧♦❣② ✲ Pr❡s❡♥t st❛t✉s ♦❢ t❤❡ ♣r♦❣r❛♠♠❡✳
❙♦❧❛r P❤②s✐❝s✱ ✶✸✸✿✶✕✶✷✳

❋♦ss❛t✱ ❊✳✱ ❇♦✉♠✐❡r✱ P✳✱ ❈♦r❜❛r❞✱ ❚✳✱ Pr♦✈♦st✱ ❏✳✱ ❙❛❧❛❜❡rt✱ ❉✳✱ ❙❝❤♠✐❞❡r✱ ❋✳❳✳✱ ●❛❜r✐❡❧✱ ❆✳❍✳✱ ●r❡❝✱
●✳ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❆s②♠♣t♦t✐❝ ❣ ♠♦❞❡s ✿ ❊✈✐❞❡♥❝❡ ❢♦r ❛ r❛♣✐❞ r♦t❛t✐♦♥ ♦❢ t❤❡ s♦❧❛r ❝♦r❡✳ ❆✫❆✱
✻✵✹✿❆✹✵✳

❋r✐tts✱ ❉✳❈✳ ✫ ❆❧❡①❛♥❞❡r✱ ▼✳❏✳ ✭✷✵✵✸✮✳ ●r❛✈✐t② ✇❛✈❡ ❞②♥❛♠✐❝s ❛♥❞ ❡✛❡❝ts ✐♥ t❤❡ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡✳
❘❡✈✐❡✇s ♦❢ ●❡♦♣❤②s✐❝s✱ ✹✶✿✸✕✶✳

❋✉❧❧❡r✱ ❏✳✱ ❈❛♥t✐❡❧❧♦✱ ▼✳✱ ❙t❡❧❧♦✱ ❉✳✱ ●❛r❝✐❛✱ ❘✳❆✳ ✫ ❇✐❧❞st❡♥✱ ▲✳ ✭✷✵✶✺✮✳ ❆st❡r♦s❡✐s♠♦❧♦❣② ❝❛♥ r❡✈❡❛❧
str♦♥❣ ✐♥t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ r❡❞ ❣✐❛♥t st❛rs✳ ❙❝✐❡♥❝❡✱ ✸✺✵✿✹✷✸✕✹✷✻✳

❋✉❧❧❡r✱ ❏✳✱ ▲❡❝♦❛♥❡t✱ ❉✳✱ ❈❛♥t✐❡❧❧♦✱ ▼✳ ✫ ❇r♦✇♥✱ ❇✳ ✭✷✵✶✹✮✳ ❆♥❣✉❧❛r ▼♦♠❡♥t✉♠ ❚r❛♥s♣♦rt ✈✐❛
■♥t❡r♥❛❧ ●r❛✈✐t② ❲❛✈❡s ✐♥ ❊✈♦❧✈✐♥❣ ❙t❛rs✳ ❆♣❏✱ ✼✾✻✿✶✼✳

●❛r❛✉❞✱ P✳ ✭✷✵✶✸✮✳ ❉♦✉❜❧❡✲❞✐✛✉s✐✈❡ ❝♦♥✈❡❝t✐♦♥✳ ■♥ ❆❧❡❝✐❛♥✱ ●✳✱ ▲❡❜r❡t♦♥✱ ❨✳✱ ❘✐❝❤❛r❞✱ ❖✳ ✫
❱❛✉❝❧❛✐r✱ ●✳✱ é❞✐t❡✉rs ✿ ❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ✈♦❧✉♠❡ ✻✸ ❞❡ ❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ♣❛❣❡s
✷✽✺✕✷✾✺✳

●❛r❝í❛✱ ❘✳❆✳✱ ❙❛❧❛❜❡rt✱ ❉✳✱ ❇❛❧❧♦t✱ ❏✳✱ ❊✛✲❉❛r✇✐❝❤✱ ❆✳✱ ●❛rr✐❞♦✱ ❘✳✱ ❏✐♠é♥❡③✱ ❆✳✱ ▼❛t❤✐s✱ ❙✳✱ ▼❛t❤✉r✱
❙✳ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ◆❡✇ ✐♥s✐❣❤ts ♦♥ t❤❡ s♦❧❛r ❝♦r❡✳ ■♥ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s✱ ✈♦❧✉♠❡
✷✼✶ ❞❡ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s✱ ♣❛❣❡ ✵✶✷✵✹✻✳

✷✼✽



●❛r❝í❛✱ ❘✳❆✳✱ ❚✉r❝❦✲❈❤✐è③❡✱ ❙✳✱ ❏✐♠é♥❡③✲❘❡②❡s✱ ❙✳❏✳✱ ❇❛❧❧♦t✱ ❏✳✱ P❛❧❧é✱ P✳▲✳✱ ❊✛✲❉❛r✇✐❝❤✱ ❆✳✱ ▼❛t❤✉r✱
❙✳ ✫ Pr♦✈♦st✱ ❏✳ ✭✷✵✵✼✮✳ ❚r❛❝❦✐♥❣ ❙♦❧❛r ●r❛✈✐t② ▼♦❞❡s ✿ ❚❤❡ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❙♦❧❛r ❈♦r❡✳ ❙❝✐❡♥❝❡✱
✸✶✻✿✶✺✾✶✕✳

●❛r❝✐❛ ▲♦♣❡③✱ ❘✳❏✳ ✫ ❙♣r✉✐t✱ ❍✳❈✳ ✭✶✾✾✶✮✳ ▲✐ ❞❡♣❧❡t✐♦♥ ✐♥ ❋ st❛rs ❜② ✐♥t❡r♥❛❧ ❣r❛✈✐t② ✇❛✈❡s✳ ❆♣❏✱
✸✼✼✿✷✻✽✕✷✼✼✳

●❛✉❧♠❡✱ P✳✱ ▼❝❑❡❡✈❡r✱ ❏✳✱ ❘❛✇❧s✱ ▼✳▲✳✱ ❏❛❝❦✐❡✇✐❝③✱ ❏✳✱ ▼♦ss❡r✱ ❇✳ ✫ ●✉③✐❦✱ ❏✳❆✳ ✭✷✵✶✸✮✳ ❘❡❞
●✐❛♥ts ✐♥ ❊❝❧✐♣s✐♥❣ ❇✐♥❛r② ❛♥❞ ▼✉❧t✐♣❧❡✲st❛r ❙②st❡♠s ✿ ▼♦❞❡❧✐♥❣ ❛♥❞ ❆st❡r♦s❡✐s♠✐❝ ❆♥❛❧②s✐s ♦❢
✼✵ ❈❛♥❞✐❞❛t❡s ❢r♦♠ ❑❡♣❧❡r ❉❛t❛✳ ❆♣❏✱ ✼✻✼✿✽✷✳

●❡❤❛♥✱ ❈✳✱ ▼♦ss❡r✱ ❇✳ ✫ ▼✐❝❤❡❧✱ ❊✳ ✭✷✵✶✼✮✳ ▲❛r❣❡✲s❝❛❧❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ r❡❞ ❣✐❛♥t ❝♦r❡ r♦t❛t✐♦♥
t❤r♦✉❣❤ ❛st❡r♦s❡✐s♠♦❧♦❣②✳ ❆r❳✐✈ ❡✲♣r✐♥ts✳

●✐r❛r❞✐✱ ▲✳ ✭✷✵✶✻✮✳ ❘❡❞ ❈❧✉♠♣ ❙t❛rs✳ ❆❘❆✫❆✱ ✺✹✿✾✺✕✶✸✸✳

●♦❞❛rt✱ ▼✳✱ ◆♦❡❧s✱ ❆✳✱ ❉✉♣r❡t✱ ▼✳❆✳ ✫ ▲❡❜r❡t♦♥✱ ❨✳ ✭✷✵✵✾✮✳ ❈❛♥ ♠❛ss ❧♦ss ❛♥❞ ♦✈❡rs❤♦♦t✐♥❣
♣r❡✈❡♥t t❤❡ ❡①❝✐t❛t✐♦♥ ♦❢ ❣✲♠♦❞❡s ✐♥ ❜❧✉❡ s✉♣❡r❣✐❛♥ts ❄ ▼◆❘❆❙✱ ✸✾✻✿✶✽✸✸✕✶✽✹✶✳

●♦❧❞r❡✐❝❤✱ P✳✱ ▼✉rr❛②✱ ◆✳ ✫ ❑✉♠❛r✱ P✳ ✭✶✾✾✹✮✳ ❊①❝✐t❛t✐♦♥ ♦❢ s♦❧❛r ♣✲♠♦❞❡s✳ ❆♣❏✱ ✹✷✹✿✹✻✻✕✹✼✾✳

●♦st✐❛✉①✱ ▲✳✱ ❉✐❞❡❧❧❡✱ ❍✳✱ ▼❡r❝✐❡r✱ ❙✳ ✫ ❉❛✉①♦✐s✱ ❚✳ ✭✷✵✵✼✮✳ ❆ ♥♦✈❡❧ ✐♥t❡r♥❛❧ ✇❛✈❡s ❣❡♥❡r❛t♦r✳
❊①♣❡r✐♠❡♥ts ✐♥ ❋❧✉✐❞s✱ ✹✷✿✶✷✸✕✶✸✵✳

●♦✉❣❤✱ ❉✳❖✳ ✭✶✾✾✸✮✳ ▲✐♥❡❛r ❛❞✐❛❜❛t✐❝ st❡❧❧❛r ♣✉❧s❛t✐♦♥✳ ■♥ ❩❛❤♥✱ ❏✳P✳ ✫ ❩✐♥♥✲❏✉st✐♥✱ ❏✳✱ é❞✐t❡✉rs ✿
❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✲ ▲❡s ❍♦✉❝❤❡s ✶✾✽✼✱ ♣❛❣❡s ✸✾✾✕✺✻✵✳

●♦✉♣✐❧✱ ▼✳❏✳✱ ▼♦ss❡r✱ ❇✳✱ ▼❛rq✉❡s✱ ❏✳P✳✱ ❖✉❛③③❛♥✐✱ ❘✳▼✳✱ ❇❡❧❦❛❝❡♠✱ ❑✳✱ ▲❡❜r❡t♦♥✱ ❨✳ ✫ ❙❛♠❛❞✐✱ ❘✳
✭✷✵✶✸✮✳ ❙❡✐s♠✐❝ ❞✐❛❣♥♦st✐❝s ❢♦r tr❛♥s♣♦rt ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐♥ st❛rs✳ ■■✳ ■♥t❡r♣r❡t✐♥❣ ♦❜s❡r✈❡❞
r♦t❛t✐♦♥❛❧ s♣❧✐tt✐♥❣s ♦❢ s❧♦✇❧② r♦t❛t✐♥❣ r❡❞ ❣✐❛♥t st❛rs✳ ❆✫❆✱ ✺✹✾✿❆✼✺✳

●r❡❝✱ ●✳✱ ❋♦ss❛t✱ ❊✳ ✫ P♦♠❡r❛♥t③✱ ▼✳ ✭✶✾✽✵✮✳ ❙♦❧❛r ♦s❝✐❧❧❛t✐♦♥s ✲ ❋✉❧❧ ❞✐s❦ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ t❤❡
❣❡♦❣r❛♣❤✐❝ ❙♦✉t❤ P♦❧❡✳ ◆❛t✉r❡✱ ✷✽✽✿✺✹✶✕✺✹✹✳

●r❡❝✱ ●✳✱ ❋♦ss❛t✱ ❊✳ ✫ P♦♠❡r❛♥t③✱ ▼✳❆✳ ✭✶✾✽✸✮✳ ❋✉❧❧✲❞✐s❦ ♦❜s❡r✈❛t✐♦♥s ♦❢ s♦❧❛r ♦s❝✐❧❧❛t✐♦♥s ❢r♦♠
t❤❡ ❣❡♦❣r❛♣❤✐❝ ❙♦✉t❤ P♦❧❡ ✲ ▲❛t❡st r❡s✉❧ts✳ ❙♦❧❛r P❤②s✐❝s✱ ✽✷✿✺✺✕✻✻✳

●r❡✐ss✱ ❙✳✱ ●ä♥s✐❝❦❡✱ ❇✳❚✳✱ ❍❡r♠❡s✱ ❏✳❏✳✱ ❙t❡❡❣❤s✱ ❉✳✱ ❑♦❡st❡r✱ ❉✳✱ ❘❛♠s❛②✱ ●✳✱ ❇❛r❝❧❛②✱ ❚✳ ✫
❚♦✇♥s❧❡②✱ ❉✳▼✳ ✭✷✵✶✹✮✳ ❑■❈ ✶✶✾✶✶✹✽✵ ✿ t❤❡ s❡❝♦♥❞ ❩❩ ❈❡t✐ ✐♥ t❤❡ ❑❡♣❧❡r ✜❡❧❞✳ ▼◆❘❆❙✱
✹✸✽✿✸✵✽✻✕✸✵✾✷✳

●r❡✈❡ss❡✱ ◆✳✱ ◆♦❡❧s✱ ❆✳ ✫ ❙❛✉✈❛❧✱ ❆✳❏✳ ✭✶✾✾✸✮✳ ❆ r❡✈✐s✐♦♥ ♦❢ t❤❡ s♦❧❛r ❛❜✉♥❞❛♥❝❡ ♦❢ ❞②s♣r♦s✐✉♠✳
❆✫❆✱ ✷✼✶✿✺✽✼✳

●r♦s❥❡❛♥✱ ▼✳✱ ❉✉♣r❡t✱ ▼✳❆✳✱ ❇❡❧❦❛❝❡♠✱ ❑✳✱ ▼♦♥t❛❧❜❛♥✱ ❏✳✱ ❙❛♠❛❞✐✱ ❘✳ ✫ ▼♦ss❡r✱ ❇✳ ✭✷✵✶✹✮✳ ❚❤❡♦✲
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♠♦❞❡❧s ❄✳ ■✳ ❚❤❡ ✐♠♣❛❝t ♦❢ st❡❧❧❛r ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s✳ ■♥ ❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ✈♦❧✉♠❡ ✻✺
❞❡ ❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ♣❛❣❡s ✾✾✕✶✼✻✳

▲❡❜r❡t♦♥✱ ❨✳✱ ●♦✉♣✐❧✱ ▼✳❏✳ ✫ ▼♦♥t❛❧❜á♥✱ ❏✳ ✭✷✵✶✹❜✮✳ ❍♦✇ ❛❝❝✉r❛t❡ ❛r❡ st❡❧❧❛r ❛❣❡s ❜❛s❡❞ ♦♥ st❡❧❧❛r
♠♦❞❡❧s ❄✳ ■■✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ❛st❡r♦s❡✐s♠♦❧♦❣②✳ ■♥ ❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ✈♦❧✉♠❡ ✻✺ ❞❡ ❊❆❙
P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ♣❛❣❡s ✶✼✼✕✷✷✸✳

▲❡❝♦❛♥❡t✱ ❉✳ ✫ ◗✉❛t❛❡rt✱ ❊✳ ✭✷✵✶✸✮✳ ■♥t❡r♥❛❧ ❣r❛✈✐t② ✇❛✈❡ ❡①❝✐t❛t✐♦♥ ❜② t✉r❜✉❧❡♥t ❝♦♥✈❡❝t✐♦♥✳
▼◆❘❆❙✱ ✹✸✵✿✷✸✻✸✕✷✸✼✻✳

▲❡❡✱ ❯✳ ✫ ❙❛✐♦✱ ❍✳ ✭✶✾✾✼✮✳ ▲♦✇✲❋r❡q✉❡♥❝② ◆♦♥r❛❞✐❛❧ ❖s❝✐❧❧❛t✐♦♥s ✐♥ ❘♦t❛t✐♥❣ ❙t❛rs✳ ■✳ ❆♥❣✉❧❛r
❉❡♣❡♥❞❡♥❝❡✳ ❆♣❏✱ ✹✾✶✿✽✸✾✕✽✹✺✳

▲❡✐❜❛❝❤❡r✱ ❏✳❲✳ ✫ ●❖◆● Pr♦❥❡❝t ❚❡❛♠ ✭✶✾✾✽✮✳ ❚❤❡ ●❧♦❜❛❧ ❖s❝✐❧❧❛t✐♦♥ ◆❡t✇♦r❦ ●r♦✉♣ ✭●❖◆●✮
Pr♦❥❡❝t✳ ■♥ ❑♦r③❡♥♥✐❦✱ ❙✳✱ é❞✐t❡✉r ✿ ❙tr✉❝t✉r❡ ❛♥❞ ❉②♥❛♠✐❝s ♦❢ t❤❡ ■♥t❡r✐♦r ♦❢ t❤❡ ❙✉♥ ❛♥❞
❙✉♥✲❧✐❦❡ ❙t❛rs✱ ✈♦❧✉♠❡ ✹✶✽ ❞❡ ❊❙❆ ❙♣❡❝✐❛❧ P✉❜❧✐❝❛t✐♦♥✱ ♣❛❣❡ ✸✳

▲❡✐❣❤t♦♥✱ ❘✳❇✳✱ ◆♦②❡s✱ ❘✳❲✳ ✫ ❙✐♠♦♥✱ ●✳❲✳ ✭✶✾✻✷✮✳ ❱❡❧♦❝✐t② ❋✐❡❧❞s ✐♥ t❤❡ ❙♦❧❛r ❆t♠♦s♣❤❡r❡✳ ■✳
Pr❡❧✐♠✐♥❛r② ❘❡♣♦rt✳ ❆♣❏✱ ✶✸✺✿✹✼✹✳

▲✐❣❤t❤✐❧❧✱ ❏✳ ✭✶✾✼✽✮✳ ❲❛✈❡s ✐♥ ✢✉✐❞s✳

▲♦✱ ❨✳❈✳ ✫ ❙❝❤❛t③♠❛♥✱ ❊✳ ✭✶✾✾✼✮✳ ❉②♥❛♠✐❝❛❧ ♠♦❞❡❧ ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ st❡❧❧❛r ❝♦r❡s✳ ❆✫❆✱ ✸✷✷✿✺✹✺✕
✺✺✸✳

▲♦✐✱ ❙✳❚✳ ✫ P❛♣❛❧♦✐③♦✉✱ ❏✳❈✳❇✳ ✭✷✵✶✼✮✳ ❚♦rs✐♦♥❛❧ ❆❧❢✈é♥ r❡s♦♥❛♥❝❡s ❛s ❛♥ ❡✣❝✐❡♥t ❞❛♠♣✐♥❣ ♠❡❝❤❛✲
♥✐s♠ ❢♦r ♥♦♥✲r❛❞✐❛❧ ♦s❝✐❧❧❛t✐♦♥s ✐♥ r❡❞ ❣✐❛♥t st❛rs✳ ▼◆❘❆❙✱ ✹✻✼✿✸✷✶✷✕✸✷✷✺✳

▲✉❞✇✐❣✱ ❍✳●✳ ✫ ❑✉↔✐♥s❦❛s✱ ❆✳ ✭✷✵✶✷✮✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❈❖5❇❖▲❉ ♠♦❞❡❧ ❛t✲
♠♦s♣❤❡r❡s ♦❢ r❡❞ ❣✐❛♥t st❛rs✳ ■✳ ❆t♠♦s♣❤❡r✐❝ str✉❝t✉r❡ ♦❢ ❛ ❣✐❛♥t ❧♦❝❛t❡❞ ♥❡❛r t❤❡ ❘●❇ t✐♣✳ ❆✫❆✱
✺✹✼✿❆✶✶✽✳

▼❛❡❞❡r✱ ❆✳ ✭✷✵✵✾✮✳ P❤②s✐❝s✱ ❋♦r♠❛t✐♦♥ ❛♥❞ ❊✈♦❧✉t✐♦♥ ♦❢ ❘♦t❛t✐♥❣ ❙t❛rs✳

▼❛❡❞❡r✱ ❆✳ ✫ ▼❡②♥❡t✱ ●✳ ✭✷✵✵✵✮✳ ❚❤❡ ❊✈♦❧✉t✐♦♥ ♦❢ ❘♦t❛t✐♥❣ ❙t❛rs✳ ❆❘❆✫❆✱ ✸✽✿✶✹✸✕✶✾✵✳

▼❛❡❞❡r✱ ❆✳ ✫ ❩❛❤♥✱ ❏✳P✳ ✭✶✾✾✽✮✳ ❙t❡❧❧❛r ❡✈♦❧✉t✐♦♥ ✇✐t❤ r♦t❛t✐♦♥✳ ■■■✳ ▼❡r✐❞✐♦♥❛❧ ❝✐r❝✉❧❛t✐♦♥ ✇✐t❤
▼❯ ✲❣r❛❞✐❡♥ts ❛♥❞ ♥♦♥✲st❛t✐♦♥❛r✐t②✳ ❆✫❆✱ ✸✸✹✿✶✵✵✵✕✶✵✵✻✳

▼❛rq✉❡s✱ ❏✳P✳ ✫ ●♦✉♣✐❧✱ ▼✳❏✳ ✭✷✵✶✸✮✳ ❚❤❡ ■♥✢✉❡♥❝❡ ♦❢ ■♥✐t✐❛❧ ❈♦♥❞✐t✐♦♥s ♦♥ ❙t❡❧❧❛r ❘♦t❛t✐♦♥
❍✐st♦r②✳ ■♥ ●♦✉♣✐❧✱ ▼✳✱ ❇❡❧❦❛❝❡♠✱ ❑✳✱ ◆❡✐♥❡r✱ ❈✳✱ ▲✐❣♥✐èr❡s✱ ❋✳ ✫ ●r❡❡♥✱ ❏✳❏✳✱ é❞✐t❡✉rs ✿ ▲❡❝t✉r❡
◆♦t❡s ✐♥ P❤②s✐❝s✱ ❇❡r❧✐♥ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ✈♦❧✉♠❡ ✽✻✺ ❞❡ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ P❤②s✐❝s✱ ❇❡r❧✐♥ ❙♣r✐♥❣❡r
❱❡r❧❛❣✱ ♣❛❣❡ ✼✺✳

▼❛rq✉❡s✱ ❏✳P✳✱ ●♦✉♣✐❧✱ ▼✳❏✳✱ ▲❡❜r❡t♦♥✱ ❨✳✱ ❚❛❧♦♥✱ ❙✳✱ P❛❧❛❝✐♦s✱ ❆✳✱ ❇❡❧❦❛❝❡♠✱ ❑✳✱ ❖✉❛③③❛♥✐✱ ❘✳▼✳✱
▼♦ss❡r✱ ❇✳ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ❙❡✐s♠✐❝ ❞✐❛❣♥♦st✐❝s ❢♦r tr❛♥s♣♦rt ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐♥ st❛rs✳ ■✳
❘♦t❛t✐♦♥❛❧ s♣❧✐tt✐♥❣s ❢r♦♠ t❤❡ ♣r❡✲♠❛✐♥ s❡q✉❡♥❝❡ t♦ t❤❡ r❡❞✲❣✐❛♥t ❜r❛♥❝❤✳ ❆✫❆✱ ✺✹✾✿❆✼✹✳

▼❛rt✐➣✱ ▼✳✱ ❙❝❤♠✐tt✱ ❏✳✱ ▲❡❜r✉♥✱ ❏✳❈✳✱ ❇❛r❜❛♥✱ ❈✳✱ ❈♦♥♥❡s✱ P✳✱ ❇♦✉❝❤②✱ ❋✳✱ ▼✐❝❤❡❧✱ ❊✳✱ ❇❛❣❧✐♥✱ ❆✳
❡t ❛❧✳ ✭✶✾✾✾✮✳ ❊✈✐❞❡♥❝❡ ❢♦r ❣❧♦❜❛❧ ♣r❡ss✉r❡ ♦s❝✐❧❧❛t✐♦♥s ♦♥ Pr♦❝②♦♥✳ ❆✫❆✱ ✸✺✶✿✾✾✸✕✶✵✵✷✳

▼❛t❤✐s✱ ❙✳ ✭✷✵✵✾✮✳ ❚r❛♥s♣♦rt ❜② ❣r❛✈✐t♦✲✐♥❡rt✐❛❧ ✇❛✈❡s ✐♥ ❞✐✛❡r❡♥t✐❛❧❧② r♦t❛t✐♥❣ st❡❧❧❛r r❛❞✐❛t✐♦♥
③♦♥❡s✳ ■ ✲ ❚❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❆✫❆✱ ✺✵✻✿✽✶✶✕✽✷✽✳

▼❛t❤✐s✱ ❙✳✱ ❉❡❝r❡ss✐♥✱ ❚✳✱ ❊❣❣❡♥❜❡r❣❡r✱ P✳ ✫ ❈❤❛r❜♦♥♥❡❧✱ ❈✳ ✭✷✵✶✸✮✳ ❉✐❛❣♥♦s❡s t♦ ✉♥r❛✈❡❧ s❡❝✉❧❛r
❤②❞r♦❞②♥❛♠✐❝❛❧ ♣r♦❝❡ss❡s ✐♥ r♦t❛t✐♥❣ ♠❛✐♥ s❡q✉❡♥❝❡ st❛rs✳ ■■✳ ❚❤❡ ❛❝t✐♦♥s ♦❢ ✐♥t❡r♥❛❧ ❣r❛✈✐t②
✇❛✈❡s✳ ❆✫❆✱ ✺✺✽✿❆✶✶✳

✷✽✶



▼❛t❤✐s✱ ❙✳✱ ❉✉❡③✱ ❱✳ ✫ ❇r❛✐t❤✇❛✐t❡✱ ❏✳ ✭✷✵✶✶✮✳ ▼❍❉ r❡❧❛①❛t✐♦♥ ♦❢ ❢♦ss✐❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ st❡❧❧❛r
✐♥t❡r✐♦rs✳ ■♥ ❇r✉♠♠❡❧❧✱ ◆✳❍✳✱ ❇r✉♥✱ ❆✳❙✳✱ ▼✐❡s❝❤✱ ▼✳❙✳ ✫ P♦♥t②✱ ❨✳✱ é❞✐t❡✉rs ✿ ❆str♦♣❤②s✐❝❛❧
❉②♥❛♠✐❝s ✿ ❋r♦♠ ❙t❛rs t♦ ●❛❧❛①✐❡s✱ ✈♦❧✉♠❡ ✷✼✶ ❞❡ ■❆❯ ❙②♠♣♦s✐✉♠✱ ♣❛❣❡s ✷✼✵✕✷✼✽✳

▼❛t❤✐s✱ ❙✳✱ ◆❡✐♥❡r✱ ❈✳ ✫ ❚r❛♥ ▼✐♥❤✱ ◆✳ ✭✷✵✶✹✮✳ ■♠♣❛❝t ♦❢ r♦t❛t✐♦♥ ♦♥ st♦❝❤❛st✐❝ ❡①❝✐t❛t✐♦♥ ♦❢
❣r❛✈✐t② ❛♥❞ ❣r❛✈✐t♦✲✐♥❡rt✐❛❧ ✇❛✈❡s ✐♥ st❛rs✳ ❆✫❆✱ ✺✻✺✿❆✹✼✳

▼❛t❤✐s✱ ❙✳ ✫ ❩❛❤♥✱ ❏✳P✳ ✭✷✵✵✹✮✳ ❚r❛♥s♣♦rt ❛♥❞ ♠✐①✐♥❣ ✐♥ t❤❡ r❛❞✐❛t✐♦♥ ③♦♥❡s ♦❢ r♦t❛t✐♥❣ st❛rs✳ ■✳
❍②❞r♦❞②♥❛♠✐❝❛❧ ♣r♦❝❡ss❡s✳ ❆✫❆✱ ✹✷✺✿✷✷✾✕✷✹✷✳

▼❛tt✱ ❙✳P✳✱ ❇r✉♥✱ ❆✳❙✳✱ ❇❛r❛✛❡✱ ■✳✱ ❇♦✉✈✐❡r✱ ❏✳ ✫ ❈❤❛❜r✐❡r✱ ●✳ ✭✷✵✶✺✮✳ ❚❤❡ ▼❛ss✲❞❡♣❡♥❞❡♥❝❡ ♦❢
❆♥❣✉❧❛r ▼♦♠❡♥t✉♠ ❊✈♦❧✉t✐♦♥ ✐♥ ❙✉♥✲❧✐❦❡ ❙t❛rs✳ ❆♣❏✱ ✼✾✾✿▲✷✸✳

▼❛tt✱ ❙✳P✳✱ ▼❛❝●r❡❣♦r✱ ❑✳❇✳✱ P✐♥s♦♥♥❡❛✉❧t✱ ▼✳❍✳ ✫ ●r❡❡♥❡✱ ❚✳P✳ ✭✷✵✶✷✮✳ ▼❛❣♥❡t✐❝ ❇r❛❦✐♥❣ ❋♦r✲
♠✉❧❛t✐♦♥ ❢♦r ❙✉♥✲❧✐❦❡ ❙t❛rs ✿ ❉❡♣❡♥❞❡♥❝❡ ♦♥ ❉✐♣♦❧❡ ❋✐❡❧❞ ❙tr❡♥❣t❤ ❛♥❞ ❘♦t❛t✐♦♥ ❘❛t❡✳ ❆♣❏✱
✼✺✹✿▲✷✻✳

▼❛tt❤❡✇s✱ ❏✳▼✳✱ ❑✉s❝❤♥✐❣✱ ❘✳✱ ●✉❡♥t❤❡r✱ ❉✳❇✳✱ ❲❛❧❦❡r✱ ●✳❆✳❍✳✱ ▼♦✛❛t✱ ❆✳❋✳❏✳✱ ❘✉❝✐♥s❦✐✱ ❙✳▼✳✱
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❣✐❛♥ts✳ ■✳ ❉✐s❡♥t❛♥❣❧✐♥❣ r♦t❛t✐♦♥ ❛♥❞ r❡✈❡❛❧✐♥❣ ❝♦r❡ str✉❝t✉r❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s✳ ❆✫❆✱ ✺✽✹✿❆✺✵✳
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❲❡♥t③❡❧✲❑r❛♠❡r✲❇r✐❧❧♦✉✐♥ t❤❡♦r② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✇❡❛❦❧② ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❣r❛✈✐t②
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❙t❛rs✳ ■✳ ❆♣❏✱ ✼✹✻✿✹✸✳

❘❡♠♣❡❧✱ ▼✳ ✭✷✵✵✹✮✳ ❖✈❡rs❤♦♦t ❛t t❤❡ ❇❛s❡ ♦❢ t❤❡ ❙♦❧❛r ❈♦♥✈❡❝t✐♦♥ ❩♦♥❡ ✿ ❆ ❙❡♠✐❛♥❛❧②t✐❝❛❧
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❤❡❧✐♦s❡✐s♠♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts ❛♥❞ ❧✐❣❤t✲❡❧❡♠❡♥t ❞❡♣❧❡t✐♦♥✳ ❆✫❆✱ ✸✶✷✿✶✵✵✵✕✶✵✶✶✳

❘✐❡✉t♦r❞✱ ▼✳ ✭✷✵✶✼✮✳ ❖♥ t❤❡ ♦s❝✐❧❧❛t✐♦♥ s♣❡❝tr✉♠ ♦❢ ❛ ♠❛❣♥❡t✐③❡❞ ❝♦r❡ ✐♥ ❛ ❣✐❛♥t st❛r✳ ■♥ ❊✉✲
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Résumé

Les satellites CoRoT (2006-2014) et
Kepler (2009) ont fourni de nom-
breuses données sismiques qui ont
permis pour la première fois de son-
der l’intérieur profond des étoiles
évoluées. En plus d’apporter de
fortes contraintes sur les propriétés
globales de ces étoiles, ces observa-
tions ont aussi démontré l’existence
d’un processus toujours inconnu ca-
pable de contrer l’augmentation de la
rotation des couches centrales sous
l’effet de leur contraction. Un pre-
mier volet de cette thèse s’intéres-
sera à l’influence du transport de
moment cinétique par les ondes in-
ternes de gravité, qui font partie des
candidats potentiels pour expliquer
le désaccord entre la théorie et ces
faits observationnels. L’étude effec-
tuée portera à la fois sur l’excita-
tion de ces ondes par la pénétra-
tion convective et sur leur efficacité
de transport dans l’intérieur radia-
tif de ces étoiles. Le deuxième vo-
let de ma thèse aura pour sujet les
diagnostics sismiques par les modes
mixtes, ces oscillations détectables
à la surface des étoiles évoluées et
portant de l’information sur leurs ré-
gions centrales. Les diagnostics sis-
miques permettent de faire le lien
entre les caractéristiques du spectre
d’oscillation d’une étoile et ses pro-
priétés internes. Ils ont en particulier
fourni les contraintes sur la rotation
interne qui ont motivé le travail de
la première partie. L’étude se focali-
sera sur des paramètres sismiques
peu étudiés jusqu’ici et qui ont le po-
tentiel de sonder les régions situées
entre le cœur d’hélium et le voisinage
de la base de la zone convective de
ces étoiles .

Mots Clés

astérosismologie – étoiles: oscilla-
tions, rotation, intérieurs, évolution –
ondes – hydrodynamique

Abstract

The space-borne missions CoRoT
(2006-2014) and Kepler (2009) pro-
vided us with a lot of seismic data.
These observations enabled us to
probe for the first time the central re-
gions of evolved stars and brought
stringent constraints on their internal
structure. They showed in particu-
lar that an unknown process is able
to counteract the contraction-induced
spin-up of their core during the post-
main sequence. The first part of this
PhD thesis will focus on the influence
of the angular momentum transport
by internal gravity waves, which are a
possible candidate to explain the de-
sagreement between theory and ob-
servations. The study will deal with
both excitation of these waves by pe-
netrative convection and their trans-
port efficiency in radiative interiors.
The second part of this PhD will
focus on the seismic diagnosis by
mixed modes, which are oscillations
detectable at the surface of evol-
ved stars and bringing information on
their central regions. Seismic diagno-
sis make the link between the charac-
teristics of the oscillation spectrum of
a star and the properties of its inter-
nal structure. In particular, they pro-
vided the constraints on the internal
rotation that have motivated the work
presented in the first part of this PhD.
I will study mixed modes parameters
that have been little studied until now
(coupling factor and period offset)
and that can enable us to probe the
regions located between the helium-
burning shell and the neighborhood
of the base of the convective zone in
post-main sequence stars.

Keywords

asteroseismology – stars: oscilla-
tions, rotation, interiors, evolution –
waves – hydrodynamics
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