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Résumé:

Dans cette these, nous nous proposons d’étudier et de traiter conjointement plusieurs
problemes phares en traitement d’images incluant le recalage d’images qui vise a apparier
deux images via une transformation, la segmentation d’images dont le but est de délimiter
les contours des objets présents au sein d’une image, et la décomposition d’images intime-
ment liée au débruitage, partitionnant une image en une version plus réguliere de celle-ci et
sa partie complémentaire oscillante appelée texture, par des approches variationnelles lo-
cales et non locales. Les relations étroites existant entre ces différents problemes motivent
I'introduction de modeles conjoints dans lesquels chaque tache aide les autres, surmon-
tant ainsi certaines difficultés inhérentes au probleme isolé. Le premier modele proposé
aborde la problématique de recalage d’images guidé par des résultats intermédiaires de
segmentation préservant la topologie, dans un cadre variationnel. Un second modele de
segmentation et de recalage conjoint est introduit, étudié théoriquement et numériquement
puis mis a I’épreuve a travers plusieurs simulations numériques. Le dernier modele présenté
tente de répondre & un besoin précis du CEREMA (Centre d’Etudes et d’Expertise sur les
Risques, ’Environnement, la Mobilité et I’Aménagement) a savoir la détection automa-
tique de fissures sur des images d’enrobés bitumineux. De part la complexité des images
a traiter, une méthode conjointe de décomposition et de segmentation de structures fines
est mise en place, puis justifiée théoriquement et numériquement, et enfin validée sur les
images fournies.

Abstract:

In this thesis, we study and jointly address several important image processing prob-
lems including registration that aims at aligning images through a deformation, image
segmentation whose goal consists in finding the edges delineating the objects inside an
image, and image decomposition closely related to image denoising, and attempting to
partition an image into a smoother version of it named cartoon and its complementary
oscillatory part called texture, with both local and nonlocal variational approaches. The
first proposed model addresses the topology-preserving segmentation-guided registration
problem in a variational framework. A second joint segmentation and registration model
is introduced, theoretically and numerically studied, then tested on various numerical
simulations. The last model presented in this work tries to answer a more specific need
expressed by the CEREMA (Centre of analysis and expertise on risks, environment, mo-
bility and planning), namely automatic crack recovery detection on bituminous surface
images. Due to the image complexity, a joint fine structure decomposition and segmenta-
tion model is proposed to deal with this problem. It is then theoretically and numerically
justified and validated on the provided images.
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Chapter 1

Introduction

1 Digital image processing introduction

Since the first photograph taken by Joseph Nicéphore Niépce in 1826, imaging has kept
developing itself, and the invention of modern computers in the 1940’s followed by the
apparition of digital images in the 1990’s have reached a milestone. We refer the reader to
[82] for an insight of the philosophy change it represented and the close connection between
mathematics and image processing. Imaging and image processing have thus become an
essential field in a growing number of applications including medical imaging, astronomy,
astrophysics, surveillance, and video to name a few.

Images are now processed by computer as two-dimensional tables and mathematical mod-
ellings have turned out to be requisite (see [7, Introduction], [105, Introduction]). Indeed
an image is seen as a discrete function w : {1,..., M} x {1,...,N} — {0,...,255}F repre-
senting the intensity of the image at the pixel location (i, j) with k = 1 for a grayscale image
(see Figure 1.1 coming from http://images.math.cnrs.fr/Le-traitement-numerique
-des-images.html, Peyré) and k = 3 for a color image (Red Green Blue) (see Figure 1.2
coming from http://images.math.cnrs.fr/Le-traitement-numerique-des-images.html,
Peyré).

Figure 1.1: Grayscale image representation.

Since the images are usually digital representations of visual perception, they can be
as complicated as the scenes they depict and may exhibit several geometrical structures
including a wide range of shapes, patterns, scales and even randomness as stressed by
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Introduction

Figure 1.2: Color image representation.

Schaeffer in [91, Introduction]. Following [105], modern image handling can be divided
into four categories:

1. image acquisition or sensing (output: digital image): it requires physical sensors to
catch the energy radiated by the object we want to image, and a digitizer to convert
that information into digital form. It often happens that the acquisition produces
raw data in a transformed domain such as Fourier domain for Magnetic Resonance
Images (MRI) or Radon domain for Computed Tomography (CT) images leading to
a reconstruction step (see [82]).

2. image processing or low-level vision (input: image, output: image): it includes image
enhancing (see [41]), denoising and deblurring (see [89] and [13]), inpainting to fill in
the missing data (see [92]), compression and super-resolution (see [33]). The main
goal is to improve the quality of the observed data to facilitate further analysis and
understanding of the scene.

3. image analysis or mid-level vision (input: image, output: image components): it en-
compasses morphological processing (extracting useful constituents describing shapes)
and image segmentation. We will get a closer look at segmentation models in the
following.

4. image understanding or high level vision (input: boundaries, regions, output: image
attributes): it generally follows the previous step and consists in assigning a mean-
ingful label to an object, based on the features and descriptors previously extracted.
It is also known as pattern recognition and this field is booming thanks to machine
learning algorithms among others.

We now concentrate upon the imaging tasks that constitute the core of this work and high-
light the guiding principle of this thesis, namely the combination of two or more processes
into a single framework in order to reinforce each of them, using nonlocal methods.

2 Image registration

Image registration, also called image fusion, image matching or image warping accord-
ing to the applications, aims to align two or more images. In this work, we will focus

2



2. Image registration

on the registration of a pair of images. So given two images called Template (moving
image or source; T') and Reference (fixed image or target; R), it consists in determining
an optimal transformation/deformation ¢ in a way to be determined and clarified later,
that maps the Template into the Reference. It is an essential tool in image processing
when complementary information is encountered in several images, such as images ac-
quired at different times, from different viewpoints, or by different sensors to name a few.
Therefore, it has a strong potential clinical impact with a wide range of applications as
stressed in [98] and [76]: shape tracking; fusion of anatomical images from Computer-
ized Tomography (CT) or Magnetic Resonance Imaging (MRI) images, with functional
images from Positron Emission Tomography (PET), Single-Photon Emission Computed
Tomography (SPECT) or Functional Magnetic Resonance Imaging (fMRI), also called
multi-modality fusion to facilitate intervention and treatment planning; computer-aided
diagnosis and disease follow-up; surgery simulation; atlas generation to integrate anatomic,
genetic and physiological observations from multiple patients into a common space and
conduct statistical analysis; radiation therapy; assisted/guided surgery; anatomy segmen-
tation; computational model building and image subtraction for contrast enhanced images.

According to the applications, we can distinguish several criteria influencing the mod-
elling such as the modality of the involved images, and the nature of the transformation.
Indeed, if the Template and the Reference share the same modality, then the registration
process aims at aligning both geometrical features and intensity level distribution, whereas
for images acquired through different mechanisms, the goal is to match salient components
or shapes while keeping the information contained in both images, impacting then the “op-
timal” definition. Besides, if the deformation involves only translations and/or rotations,
we can proceed to rigid registration, simplifying both the problem and the accuracy quan-
tification by sharply reducing the deformation degrees of freedom (see [76] for an overview
of these methods); otherwise we deal with deformable/nonrigid registration and the accu-
racy evaluation becomes very challenging (see [88]) yielding a drawback for deep-learning
inspired methods (see [108]). In the following we will focus on the deformable registration
processes.

Many researches have been carried out to address this issue and in a recent survey
[98], Sotiras et al. provide an extensive overview of existing non-rigid medical image reg-
istration models in a systematic manner, by identifying what they believe to be the main
components of such models and by thoroughly and independently analyzing them.

In a variational formulation, the aim of registration is to find the best deformation
that optimizes a specifically designed cost function encompassing a measure of alignment
between the deformed Template and the Reference, and a regularization of the sought de-
formation. The latter is required since the problem is ill-posed according to Hadamard’s
definition since the number of unknowns is greater than the number of constraints, lead-
ing to an under-constrained problem from a mathematical point of view (see [98]). The
mathematical challenges of registration models come also from the non-linearity and the
non-convexity of the cost functions and their high dependency to the considered applica-
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tion. For instance, different organs do not have the same ability to deform. Also we have
already discussed the dependence of the problem definition on the modality of the images
involved and finally, the clinical setting greatly influences the modelling since for computer
assisted surgery, the registration is to be done between the patient and the image, which
is different in nature to the matching of two images. Thus according to Sotiras et al. [98],
an image registration algorithm consists of three main components:

1. a deformation model delimiting the desirable and acceptable/admissible deforma-
tions by describing the setting in which they are viewed and interpreted;

2. an objective function whose description has already been given and in which the
regularization is intimately related to the deformation model;

3. an optimization strategy playing an important role in the accuracy of the final results
obtained by the algorithm.

Following their strategy, we will now present some registration models.

The deformation model actually motivates the way the transformation ¢ is built and
entails a crucial compromise between computational efficiency and richness of the descrip-
tion. Three main strategies are identified in [98]:

(a) analogy with physical models and following [70], 5 subcategories can be identified:

i. the elastic body models in which the shapes to be wrapped are considered as ob-
servations of the same elastic body before and after being under the influence of
forces. For linear models, the Navier-Cauchy partial differential equation (PDE)
describes the displacements u (uV?u + (A + p)V(V.u) + F = 0), where F is the
force field driving the alignment process, A is the first Lamé’s coefficient, and
1 is the second one also known as shear modulus measuring the rigidity or the
ratio of the shear stress to the shear strain. It is also subject to the validity of
Hooke’s law imposing proportionality between forces and displacements. In [12],
Broit is the first to propose this analogy and the image grid is seen as an elastic
membrane constrained by an external force ensuring the matching of shapes, and
an internal one enforcing the elastic properties until an equilibrium is reached.
Then many alternatives have been proposed including the work of Davatzikos in
[26] where the salient features to be matched are considered as an inhomogeneous
elastic object allowing some regions to deform more than others thanks to spa-
tially varying elasticity parameters. However, the main drawback of these linear
models resides in their assumption of small strains and so small displacements
according to Hooke’s law. It is thus not suitable when dealing with large de-
formations and to circumvent this limitation, the linear elasticity framework is
changed into the non-linear elasticity one. Especially, hyperelasticity has been
widely used as highlighted by Sotiras et al. in [98] since rubber, filled elastomers,
and biological tissues are often modelled by hyperelastic materials. In [84], the
analogy is made with an isotropic (uniformity in all orientations), homogeneous
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(same properties at every point), and hyperelastic (ability of undergoing large
deformations while keeping elastic behavior ([23])) Saint Venant-Kirchhoff ma-
terial. The inverse consistency ensuring that when swapping the Template and
the Reference the algorithm does actually estimate the inverse transformation,
is guaranteed by the use of log-Euclidean metrics leading to Riemannian elas-
ticity. Yanikovsky et al. in [115] also use the stored energy function of a Saint
Venant-Kirchhoff material and the symmetry is forced by assuming the Jacobian
determinant of the deformation follows a log-normal distribution with zero mean
after log-transformation. In [34], the authors propose complementing the stored
energy function of a Saint Venant-Kirchhoff material by a term controlling the Ja-
cobian determinant of the deformation in order to prevent the deformation map
from exhibiting growths or shrinkages that are too large.

In [86], the authors devise a registration model handling large deformations using
local linearization and the finite element method to solve the nonlinear equation.
In [37], and [90], the authors consider hyperelastic Ogden materials with a poly-
convex stored energy function, constraining the length (through [|V¢||), the area
(thanks to [|[CofV]|), and the volume (using detVy) of the deformation. A
similar regularization is adopted in [14], where Burger et al. focus on the numer-
ical implementation employing a discretize-then-optimize approach involving the
partitioning of voxels to 24 tetrahedra.

the viscous fluid flow models. The deformation is then built as a viscous fluid ruled
by the Navier-Stokes equation in its simplified version with a very low Reynold’s
number (named viscous fluid flow models): V20 + (uf + Af)V(V.w) + F = 0,
where v is the velocity field related to the displacement field as v(x,t) = dyu(x,t)+
(Vu(z,t), v(z,t)) and F the chosen similarity measure. The time is explicitly
introduced and an equilibrium is reached. Theoretically, these models can cope
with large deformations by integrating v over time. The model developed by
Christensen et al. in [20] falls within this framework. For each time interval
a successive over-relaxation scheme is used and the preservation of topology is
achieved by a regridding step. However it is computationally inefficient and the
authors propose a highly parallel implementation to overcome this difficulty.

the diffusion models. Inspired by optical flow models and especially Maxwell’s
demons, some algorithms have been proposed in which the regularization of the
deformation is provided by convolutions with the Gaussian kernel corresponding
to the Green’s function of the diffusion equation Au+ F = 0. Demons are actually
effectors that locally push the image towards its final destination. The standard
scheme described in [98] consists in selecting all image elements as demons, com-
puting demon forces using the optical flow constraint, assuming a nonparametric
deformation model regularized by applying a Gaussian filter after each iteration
and a trilinear interpolation scheme. In [102], Thirion develops an iterative ap-
proach encompassing the estimation of the demons forces and the update of the
deformation based on the calculated forces. Then a huge amount of variants but
still using this iterative scheme has been developed ([43] combination of demons
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algorithms with a fully convolutional neural network giving a tight upper bound
of the sum of squared differences) despite a lack of theoretical understanding. In
[39], Fischer and Modersitzki explain it and give an insight into its working by
providing a fast algorithm based on the linearization of the diffusion PDE and
connecting it to Thirion’s algorithm.

iv. the curvature models in which the deformation satisfies the equilibrium equation
A2y + F = 0. In [40], Fischer et al. try to minimize the deformation curvature
using this constraint ensuring its smoothness. The biharmonic Euler-Lagrange
equation is solved using a semi-implicit iterative finite difference scheme.

v. the flows of diffeomorphisms. The velocity of the deformation over time is as-
sumed to follow the Lagrange transport equation and the regularization term
becomes fol |v()||3- dt where ||v|lv = ||Dv||2 associated with Gaussian kernels.
This framework known as Large Deformation Diffeomorphic Metric Mapping (LD-
DMM) originally developed in [10] allows large deformations and a distance def-
inition and we refer the reader to [118] for an overview of its evolution. Also
Haker et al. [48] apply the Monge-Kantorovich theory of optimal mass transport
to image registration based on a partial differential equation approach to the min-
imization of the L? Kantorovich-Wasserstein functional under a mass preservation
constraint. Recently in [65], Maas et al. propose a model for image morphing in
an optimal transport framework and with a relaxation on the mass preservation
constraint.

interpolation or approximation driven strategy. The deformation is restricted to a pa-
rameterizable set. It is considered to be known on a reduced set and then interpolated
on the image pixel grid or smoothly approximated by assuming errors can be made in
the estimated displacements on the whole domain. The family of interpolation strat-
egy includes: radial basis functions ([119]) but due to their global support a sufficient
amount of landmarks is needed; elastic body splines inspired by both interpolation
theory and by physical models, introduced by Davis et al. in [27] and that appear as
solutions to the Navier-Cauchy equilibrium equation for homogeneous isotropic elastic
body subject to forces; free-form deformations in which a rectangular grid is super-
imposed on the image pixel grid and is deformed while the deformation on the finer
image pixel grid is recovered using a summation of tensor of univariate splines in [93]
and B-splines for their local support and smoothness in [29] and [121]; basis functions
from signal image processing inspired by Fourier, Wavelet and Cosine transforms (in
[6] a linear combination of Discrete Cosine Transform is used); and piecewise affine
model combined with a multiscale approach in [50]. These models are rich enough to
describe the transformation while having low degrees of freedom.

inclusion of a-priori knowledge through statistical constraints or through biomechan-
ical /biophysical models. For instance, in [24] a biomechanical model of breast tissue
is added to constrain the deformation field.

Further constraints can be added to the model to ensure inverse consistency as in [116],
symmetry, topology preservation ([52], [81], [20], [73], [74]), volume preservation ([47]),

6



2. Image registration

lower and upper bounds on the Jacobian determinant ([56]),...

The second fundamental component of a registration algorithm is a matching criterion
which can be divided into three groups depending on the way the data are exploited to
drive the registration process. Ideally, it should be derived in order to comply with the
nature of the observations and the emphasis should be put on the alignment of geometrical
structures. It should also be convex for accurate inference and so an important balance
should be found between these conditions, as underlined in [98]. Sotiras et al. highlighted
the three following categories of matching criteria:

(a) geometric methods: they aim to register images based on the alignment of some land-
marks which can be reliable anatomical locations for instance (see [22] for a segregation
of methods according to their inferences: correspondences, spatial transformations,
both). These methods have led to lots of works on the detection of points of interest.

(b) iconic methods: they include intensity-based methods ([34] based on the sum of
squared differences between the deformed Template intensity values and the ones
of the Reference), attribute-based methods ([94] using a set of moment invariants
reflecting the underlying anatomy at different scales), and information-theoretic ap-
proaches ([111] aiming at maximizing the mutual information between the deformed
Template and the Reference). We refer the reader to [54] for an overview of these
matching criteria. Both mono and multi-modal registration frameworks are addressed
but monomodal registration is clearly easier to handle. Thus recent works focus on
the reduction to monomodal registration. In [19], the authors use image synthesis
to create proxy images and then apply a mono-modal registration method. In [2],
the authors propose to generate an implicit atlas to which each of the images will be
registered in the native image space.

(¢) hybrid methods: they summarize both types of approaches as in [56] in which the
authors propose a dissimilarity measure based on intensity comparison and landmark
alignment via a quasi-conformal map.

Finally, the optimization method plays an important role in the registration accuracy and
we can distinguish the following types:

(a) continuous methods in which the variables are assumed to take real values and the
objective function to be differentiable including gradient descent ([10]), conjugate
gradient ([69]), Newton-type methods ([109]), Levenberg-Marquardt methods ([35])
and stochastic gradient descent methods ([111]).

(b) discrete methods. They perform a global search and exhibit better convergence rates
than continuous ones but reduce to problems where the variables take discrete values.
They comprise graph-based methods ([101]) and belief propagation approaches([49]).

(c) miscellaneous methods: greedy approaches and evolutionary algorithms.
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Figure 1.3: Classification of deformable registration processes inspired by [98].

In Figure 1.3, we summarize the classification of deformable registration methods depicted
above.

In [54], the authors draw up an inventory of all the open-source registration software avail-
able and compare them. However as stressed by Rohlfing in [88], the question of measuring
the accuracy of a registration process remains a hard one and image similarity and tissue
overlap should be used carefully as such.

Besides, more and more efficient machine learning algorithms addressing the issue of
image registration have appeared in the last few years such as the RegNet convolutional
neural network architecture developed by Sokooti et al. in [97] to directly estimate the
displacement vector field of a pair of input images. The training is done using a large set
of artificially generated displacement vector fields and does not explicitly define a dissim-
ilarity metric. However, these methods do not constitute the core of this thesis since the
emphasis is put on variational methods.
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Let us now introduce a closely related fundamental image processing task: image segmen-
tation, that we will propose to connect to the registration step.

3 Image segmentation

Humans have the ability to quickly track down many patterns, and automatically gather
them into meaningful and identified structures. Image segmentation aims to imitate this
capacity. Indeed, the goal of image segmentation is to partition a given image into signif-
icant constituents or to detect the edges of the “objects” it comprises for further analysis
and understanding of the image. It represents a critical preliminary step in many applica-
tions. However, as emphasized by Zhu et al. in [122], image segmentation is a challenging
and ill-posed task since the definition of an “object” or a “meaningful constituent” can
be ambiguous. Depending on the nature of the image and the application, an “object”
can turn out to be a “thing” like a flower, a tree, ..., or a kind of texture like wood,
rock, ... or even a stuff like forest, ... and can also be part of other “objects” such as a
tumor in a brain MRI image. Moreover, since interpretation is subjective, different human
beings may have different visions of what should be an object in an image as illustrated
in [122, Fig 1.]. This makes the evaluation of segmentation techniques a very complex
issue and remains an open question as highlighted by Zhang et al. in [120]. Due to its
countless applications such as object detection, reduction complexity, scene parsing, image
montage, colorization, organ reconstruction, tumor detection to name a few (see [122] for
references), a lot of research has been conducted during the last three decades. We propose
overviewing some of them according to Zhu et al.’s classification with a more specific focus
on unsupervised models.

It includes three main categories:

1. fully supervised methods: they consist in training a segmentation algorithm thanks
to fully annotated data —all pixels are labelled as either boundary or no boundary
—and then segmenting an unknown image. They reach high performance but the
labelling is very expensive. However, more and more datasets are now available (see
[122] for a list of them) with the explosion of machine learning based algorithms and
computer abilities in the past few years. To cite just one example among a long list
(partly described in [122]), in [68], the authors train a multilayer perceptron neural
network to give a binary classification for each pixel assigning a label boundary or
no boundary. This then serves as an energy function for a snake (in reference to the
active contour model developed by Kass et al. in [53] and described later in this
chapter) in order to connect the points and get a continuous closed contour.

2. semi/weakly supervised methods: they usually are interactive methods and require
human expertise and intervention. The user labels a few pixels as initial constraints
to the segmentation model so that the accuracy of the segmentation is increased in a
specific region of interest for instance. In [59], the authors propose a geodesic-active-
contour-based model (a description of the geodesic active contour model follows)

9
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under geometrical constraints imposed by the expert, in an approximation frame-
work. In [122], the authors distinguish three subcategories namely contour tracking
approaches, label propagation approaches, and local optimization approaches and
provide a thorough analysis of referenced models.

unsupervised methods: unlike previous methods, unsupervised methods aim to par-
tition the image, based only on low-level features that is to say intensity levels,
texture, or curvature for instance, without any training data, nor explicit object
models. They can be subdivided into two groups:

(i) discrete methods: the image is considered as a fixed discrete grid. We can
identify three main approaches in this setting:

(a)

filtering approaches: The most famous filters used as edge detector and
available in MATLAB are the Robert, the Prewitt, the Sobel and the Canny

filters to name a few. As a reminder, the Robert masks (G, = <1 0 ),

0 -1
0 1 -1 0 1
Gy, = <1 O>)’ the Prewitt masks (G, = |—-1 0 1] and G, =
-1 0 1
-1 -1 -1 -1 0 1
0 0 0 ]) and the Sobel masks (G, = |2 0 2| and G, =
1 1 1 -1 0 1
-1 -2 -1

0 0 0 |) are convolved with the image to estimate the gradient

1 2 1
norm and its orientation. The edges lie where the gradient norm is high.
The process of Canny edge detection algorithm consists in removing some
noise by first applying a smoothing Gaussian filter and then finding the
intensity gradient using one of the previous filters and finally thresholding
the result to keep only the potential edges. These methods are simple and
fast but tend to be sensitive to noise and are inclined to over-segmentation.

clustering-based approaches: they are mainly inspired and borrowed from
the unsupervised classification analysis and map a pixel to a feature vector.
They can be either parametric or non-parametric:

— parametric clustering methods require a prior knowledge of the regions
number and the cluster shape. Then the problem amounts to estimat-
ing these few parameters. The K-means algorithm is one of the oldest
and simplest parametric clustering methods and an effective implemen-
tation is available in MATLAB. Given k initial centers, it consists in
iteratively assigning each pixel to the closest cluster (defined by its
center) using the feature space distance, and then updating the centers
until convergence. Clustering based on Gaussian Mixture Models is
similar to K-means except that the centers are now replaced by covari-
ance matrices. A version of this model is also available in MATLAB.
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The Fuzzy C-Means (FCM) algorithm is implemented in MATLAB and

N

consists in minimizing the following functional Jn, = > > uit{|2i—c; 12,
ij=1

where N is the number of cluster, m is the fuzzy partition matrix ex-

ponent controlling the degree of fuzzy overlap between regions, c¢; are
the cluster centers and p;; is the degree of membership of x; in the j-th
cluster. It is done by a random initialization of the values of p;; and
by iteratively computing the cluster centers and updating the degree
of membership until convergence. In [87], the authors model the tex-
tured regions by a Gaussian distribution and encode the boundaries by
an adaptive chain code. In [21], Chuang et al. propose improving the
conventional fuzzy C-means algorithm (FCM) by incorporating infor-
mation into the fuzzy membership function for clustering, leading to
a less sensitive to noise model. These methods are quite efficient but
often too simplistic for natural images. Besides the region number is a
strong a-priori and is usually hard to get.

— non-parametric clustering approaches estimating the number of clusters
and their modes have been designed to overcome this difficulty. In [75],
a region splitting by thresholding is applied on the image histogram.
The underlying assumption is that a region is made of pixels with
similar intensities whereas two pixels from two distinct regions have
different intensities. Region merging methods also exist as mentioned
in [122]. In [25], the mean shift algorithm is proposed. The feature
space is seen as a probability density function and the modes of it
correspond to the clusters. The modes are located at the zeros of the
probability density function and the mean shift procedure is able to
find them without explicitly estimating the density function. To do
so, an iterative scheme is used in which the modes are updated using
a weighted mean. A convergence result is given and the clusters are
then formed by grouping the pixels in the basin of attraction of the
corresponding convergence points.

(c) graph-based approaches: the image is seen as a graph where the clusters
are mapped to the nodes and the edges reflect the similarities between
them. The optimization of a cost function over the graph is then carried
out and leads to the segmentation of the image. In [38], the authors propose
grouping pixels using an internal difference (Int(C')) defined by the largest
weight, that is to say, the largest intensity level difference in the minimum
spanning tree of the group. Then regions (C; and Cy) are merged if the in-
between edge weight is less than min{Int(Cy) + |C—k1|, Int(Cq) + ‘C—";|}, with
k a constant controlling the component size so that a larger k causes a pref-
erence for larger components. Normalized cut is a well-known algorithm
for segmentation [96]. The segmentation is obtained by minimizing the
disassociation between groups {Si}le, and maximizing the association be-

11



Introduction

12

tween groups using the following dissimilarity measure Ncut(S1,...,Sk) =

k 5 _
3> VI:(()%SS;), where W(S;, S;) is the sum of the boundary edge weights
i=1 ‘

of S; and vol(S;), the sum of weights of all edges attached to vertices in
S;. It thus favors clusters with similar volume and so “balanced” clus-
tering. Many works have been done exploiting these ideas and proposing
algorithms to solve the related NP-hard problems.

(ii) continuous methods: the image is seen as a continuous surface and tends to
present visually more pleasing results. They can be partitioned into two cate-
gories:

i.

ii.

edge-based models: a curve is evolved to match the object edges. There
are two ways of representing the curve:

— explicitly using a parametrized spline curve. The original snake model
developed by Kass in [53] detects edges by deforming an initial pa-
rametrized spline curve subject to internal regularization forces and
external data-driven forces attracting the contour to the edges using
image gradient. However, it is not invariant to a change of parametriza-
tion, re-parameterization may be needed during the evolution process,
topological changes are not automatically handled and it is sensitive to
initialization as stressed by Vese and Le Guyader in [105, Introduction].
A lot of research has been conducted to overcome these difficulties (see
[105, Chapter 9] for an overview).

— implicitly as the zero level-line of a Lipschitz continuous level-set func-
tion. In [15], Caselles et al. introduce the geodesic active contour
model. They prove that under some assumptions, the classical active
contour model amounts to finding a geodesic curve, i.e. a path of min-
imal length, in a Riemann space. The associated metric depends on
the image content and the evolving contour is considered to be the zero
level line of a level-set function ([77]). Topological changes are auto-
matically handled. A lot of variants have been proposed, including [60]
in which the authors introduce a topology-preserving model handling
concavities in the edges. They introduce an additional nonlocal topol-
ogy constraint preventing the contour from splitting or merging. This
can be required in medical imaging.

However, they both suffer from boundary leakage problem when weak
boundaries with low contrast are present as mentioned by Wang et al.
in [110].

region-based models: they are essentially based on the extensively studied
Mumford-Shah model. In [72], Mumford and Shah introduce the following
segmentation problem: Qitnlf{‘,u Jou—f)?dz + fQ\K |Vul? + H(K) where H

is the Hausdorff measure, u is a piecewise smooth approximation of the
initial image f and K the set of discontinuities, based on the idea that f
can be partitioned into regions within which f varies smoothly, whereas
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it varies discontinuously or quickly across the boundaries represented by
K. Theoretical studies and results can be found in [28]. However, due its
nonconvexity and the nature of the unknown K, solving this problem is
challenging. In order to circumvent this difficulty, Ambrosio and Tortorelli
introduce an elliptic approximation within the phase field theory in [4].
They prove that their approximated functional I'-converges to the initial
weak formulation of the Mumford-Shah functional. The boundaries are
recovered thanks to an auxiliary variable v acting like an edge-detector
being equal to 1 in homogeneous regions and dropping to 0 around edges.
Blake and Zisserman ([11]) extend the Mumford-Shah functional to the
second-order case in order to detect both the edge set and the crease set,
enabling the segmentation of fine structures as discussed in Chapter 5 of
this thesis. Coming back to the first order Mumford-Shah functional, an
important specific case called problem of minimal partition is obtained
when u is restricted to the space of piecewise constant functions. Many
works have been addressing this issue using a convexification process as in
[16], using ADMM and linear programming in [99], and considering the set
K as the zero level line of a Lipschitz continuous level-set function in [17]
to name a few. However, region-based methods tend to rely on intensity
homogeneity inside regions and are not applicable to images not fulfilling
this assumption. Vese and Chan ([106]) propose a piecewise model in
which the regions are no longer assumed to have constant intensities but
homogeneous textures to overcome the previous drawback. However, the
computational cost is expensive and the complex parameter setting limits
its use. In [91, Chapter 3], an extension of the level-set segmentation
techniques is proposed by defining a more general edge set able to capture
free curves. Li et al. in [62] propose the Local Binary Fitting (LBF)
model where the constant mean values of each region is replaced by a
local mean value spatially varying using a Gaussian kernel in the level-
set framework. But this locality is responsible for the apparition of local
minima and the method is therefore dependent on the initialization. In
[71], the authors propose a convexification of this problem leaving the
level-set framework and using fuzzy membership functions. It is no longer
subject to initialization dependency. In [110], Wang et al. propose a
model combining both local and global image information using a level-set
formulation to allow for more initialization flexibility. Indeed, the local
intensity fitting term based on the LBF model becomes dominant around
edges and attracts the contour to the object boundaries improving thus
accuracy, while the global intensity fitting term inspired by the Chan-Vese
model improves robustness since it is dominant far from the edges.

Figure 1.4 summarizes the classification of segmentation methods we have just discussed.
This concludes the overview of a large variety of existing segmentation methods. We
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Figure 1.4: Classification of segmentation methods inspired by [122].

now turn to hybrid methods combining multiple tasks into a single framework to increase
the accuracy of each of them, while erasing the brakes that may stem when considered
individually.

4 Joint image segmentation and image registration

Segmentation and registration are fundamental requirements in many image processing
chains. Images need to be registered and then segmented to analyze them jointly and
accurately. It is often done linearly, that is to say one after another without correlating
them. Yet, as structure matching and intensity distribution comparison drives the reg-
istration process, it sounds relevant to treat both segmentation and registration jointly.
Indeed, the registration task can be seen as prior information to guide the segmentation
process to overcome the difficulty of weak boundary definition, and accurate segmented
salient components can drive the registration method correctly. In the following, we give
a brief overview of existing joint models.

In [45], the authors propose a simultaneous segmentation and registration with missing
data of a probabilistic atlas of healthy population model to brain MRI images exhibiting
glioma. It is based on the Expectation-Maximization (EM) algorithm that integrates a
glioma growth model for atlas seeding, modifying then the atlas into one with tumor
adapted to best match a given set of patient images. This new atlas is then registered
into the patient scale and used for estimating the posterior probabilities of various tissue
labels. This allows for the segmentation of the tumor.

In [85], Pohl et al. present a statistical model combining segmentation and registra-
tion. They use an Expectation-Maximization based algorithm to estimate image artifacts,
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anatomical label maps and a structure-dependent hierarchical mapping from the atlas to
the image space. The deformation is then recovered using an interpolation function.

In [113] and in [36], the authors highlight the increased difficulty of infant image reg-
istration and segmentation compared with adults, due to the dynamic appearance change
with rapid brain development. To overcome these difficulties, they propose to jointly pro-
ceed segmentation and registration and to incorporate the growth trajectories learnt from
a large set of training subjects with complete longitudinal data in order to accurately char-
acterize structure changes in infant brain evolution. Assuming a one-year old child’s brain
image with ground truth tissue segmentation is available and set as the Reference domain,
they want to register the infant brain image of a new subject at earlier age. The tissue
probability maps are then estimated with a sparse patch-based multi-atlas label-fusion
technique where only the training data at the respective age are considered as atlases.
These maps are then fused as a good initialization to guide the level-set segmentation
along with the learnt growth trajectories whereas the registration process is based on the
HAMMER algorithm.

In [114], Wyatt et al. apply Markov Random Fields (MRF) in the solution of a Maxi-
mum A Posteriori (MAP) model for image segmentation and rigid registration to embed
local spatial information. They assess that a joint solution to segmentation and registra-
tion is more accurate and robust than a sequential solution. They also demonstrate that
the extension to non-rigid registration gives poor results despite its success for rigid ones.

In [83], Parisot et al. present a graph-based concurrent brain tumor segmentation
and healthy atlas to diseased patient registration model. Both tasks are coupled into a
single MRF framework on a sparse grid superimposed on the image domain and then
the unknowns are recovered on the pixel image grid thanks to an interpolation function.
Segmentation is addressed based on pattern classification techniques, while registration
is performed by maximizing the similarity between volumes. The registration process in-
troduces global information on the brain structure helping the segmentation, while the
segmentation of the tumor and thus the acknowledgement of its presence improves the
quality of the registration by treating this region differently.

A joint segmentation and registration model for time series of cardiac perfusion images
is proposed by Mahapatra in [66]. They first decompose the time series into a low rank
and a sparse component using a Robust Principle Component Analysis (RPCA). Regis-
tration is then achieved by maximizing the smoothness of the intensity in the low rank
component, whereas segmentation is obtained by minimizing the sparse component pixel
intensity difference with other pixels having the same label as in the K-means algorithm.
The Dynamic Contrast Enhanced (DCE) Magnetic Resonance (MR) sequence of images
is affinely aligned with the first one. The displacements are computed on control points,
then calculated on each pixel using cubic B-splines.

Yezzi et al. [117] propose a variational approach for joint segmentation and registra-
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tion so that they both take advantage of each other. The segmentation of the Reference
is obtained by evolving a closed curve C, while the curve C represents the edges of the
Template. They are related by the equality ¢ = ©(C), where ¢ is the deformation inspired
by physical models. In their original paper, they restricted ¢ to a parameterizable set
of transformations. The unknowns are then C and ¢. The evolution of C is based on
the active contour without edges model and the regularization of ¢ relies on the mean
curvature flow to ensure the smoothness of C. A generalization of this model can be found
in [103].

In [104], Vemuri et al. suggest a coupled PDE model to jointly perform segmentation
and registration using a level-set formulation. In the first PDE, the level-set functions
associated with the Template are evolved along their normal with a speed defined as the
intensity difference between the deformed Template and the Reference. The second one
allows the explicit recovery of the displacement field.

In [64], Lord et al. handle the issue of quantifying the difference between two shapes.
Their work falls within the analysis of the hippocampus shape and is motivated by the
fact that asymmetry comparison facilitates disease classification. To perform this analy-
sis, the authors propose a joint segmentation and registration model with two unknowns
namely the deformation field and the curve modelling the contour. The segmentation is
guided by the deformation whose regularity is ensured by minimizing its deviation from
an isometry. The fidelity term is based on shape comparison and more precisely on the
first fundamental force (derived from the spatial derivatives of the deformation map) and
on a homogeneity constraint based on the Chan-Vese model for segmentation.

In [61], Le Guyader and Vese develop a model based on the active contour without
edges model and on nonlinear elasticity principles. The shapes to be matched are viewed
as an isotropic, homogeneous, hyperelastic Ciarlet-Geymonat material. The Reference
segmentation is reached through the zero level line of the composition of a level-set func-
tion with the deformation field. The zero level line of the level-set function is assumed to
represent the edges of the Template image.

In [5], a variational PDE method for simultaneous image segmentation and deformable
registration using prior shape implicitly modelled by level-set functions and intensity infor-
mation is introduced. The segmentation of the Reference is obtained by finding a non-rigid
deformation composed of a global rigid deformation and a local non-rigid transformation
and then by taking the zero level-line of the level-set function composed with this defor-
mation. The level-set function gives a segmentation of the Template by extracting its zero
level-line which is seen as prior shape.

In [46], Gorthi et al. propose a new framework for atlas-based segmentation. They
propose a new label function representation of the level sets that are able to model any
number of regions and represent various types of registration forces using a single function.
The contours do not correspond to the zero level line anymore but to the discontinuities
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of a piecewise constant level-set function. A mean curvature regularization is used on
the deformation field and a region-based fidelity term inspired by the Chan-Vese model
drives the registration process assuming that a manual segmentation of the atlas is avail-
able. The atlas is mapped into the target image and a segmentation of it is then produced.

In [100], Swierczynski et al. devise a new mathematical formulation to jointly segment
and register three-dimensional lung CT volumes based on a level-set formulation. They
combine Vemuri et al.’s approach with Gorthi et al.’s one with a weighting parameter and
the smoothness of the deformation field is ensured by the minimization of its curvature.
They show that their algorithm improves the accuracy of the results compared to the
ones obtained by a sequential application of registration and segmentation on a publicly
available lung CT data set.

In [37], Droske and Rumpf introduce a variational model combining the detection of
edges, an edge-preserving denoising procedure and a deformable registration of a multi-
modal pair of images. The morphology of an image is split into 2 components: an edge
set and a field of normals on the ensemble of level sets. A phase-field approximation of
the Mumford-Shah functional to segment and to match the singular morphology as well
as a measure of alignment between deformed normals and normals at deformed positions
to match the regular morphology are used as a fidelity term. The regularization of the
deformation field is ensured by a nonlinear stored energy function of an Ogden material
controlling the change of length, the change of area and the change of volume. For an
efficient implementation, they propose a multiscale approach.

More recently, Ozeré et al. [80] design a joint segmentation/registration model in a
variational framework. A dissimilarity measure based on the weighted total variation to
align the edges of the deformed Template with the ones of the Reference and a classical
sum of square intensity differences is complemented by a regularizer inspired by the stored
energy function of a Saint Venant-Kirchhoff material.

In [112], the author examines the behavior of phase field approximations of the Mumford-
Shah model in a joint segmentation and registration framework. Phase fields and deforma-
tion fields are coupled and the regularization on the transformation field is based on the
stored energy function of Ogden materials, ensuring the deformation map is a bi-Holder
continuous homeomorphism. Both Ambrosio-Tortorelli and Modica-Mortola phase field
approximations are considered and many theoretical results are provided regarding their
behavior and especially their I'-convergence.

A new variational method for joint segmentation and registration model extending the
ones presented in [80] by adding a region-based dissimilarity measure inspired by the Chan

Vese model for segmentation is presented in Chapter 4.

Other methods suggest to use the segmentation result to guide the registration process
as in Chapter 3 of this thesis, where we introduce a nonlinear-elasticity-based registration
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method guided by topology-preserving segmentation results and in [1], in which they use
the error of segmentation as a fidelity term in the registration process of multimodal im-
ages.

Let us now introduce another essential image processing task, namely texture modelling
and image decomposition inherently related to image restoration.

5 Texture modelling and image decomposition

Following ideas of Meyer [67], image decomposition aims to separate a given image f into
a cartoon or geometric component u that is piecewise smooth, and a texture component
v that catches the oscillatory patterns and the noise of f. Texture modelling consists in
finding the best functional space to represent the oscillatory patterns. We will focus on

two dimensional variational minimization models of the form: inf F(u,v) =
ueX1,veEXo,utv=F

Fi(u) + AF»(v), assuming that f € X; + X, and present a non-extensive overview of
existing decomposition models (see also [105, Chapter 5]). As stressed by Vese and Le
Guyader in [105, Chapter 5|, a good model is given by a choice of X; and X2 so that
Fi(u) >> Fi(v) and Fy(v) >> Fy(u), where Fy and Fy are non-negative and finite for
any (u,v) € X1 x Xo. A classical and appropriate choice for X is the space of functions
of bounded variations (BV whose definition and properties will be given in Chapter 2)
sometimes restricted to the space of special functions of bounded variations (SBV pre-
sented in Chapter 2) and for Fj, the semi-norm of this space called the total variation
lulpy = [ |Dul. Indeed it favors constant regions and preserves sharp edges which are
good properties for the cartoon component. On the other hand, X5 should be a rougher
space with a small norm for oscillatory functions and its choice has been widely discussed.
We can distinguish exact decomposition models in which v = f — u and approximated
decomposition model, where v appears explicitly and a residual possibly seen as noise is
introduced as f —u — v.

The Mumford Shah functional and its weak formulation ([28]) as well as the models
approximating it (such as the Ambrosio and Tortorelli’s one ([4]) introduced previously)
can also be seen as exact decomposition models. Indeed the image f € L?() where
Q) C R? is the image domain, is decomposed into v € SBV (2) a piecewise smooth func-
tion with its discontinuity set included in a union of curves whose overall length is finite,
and v = f —u € L?(Q) representing the noise. One of the most famous exact decomposi-
tion models addressing deblurring and denoising problems is the one introduced by Rudin,
Osher and Fatemi ([89], ROF). They aim at minimizing ueiBI%/f(Q)’u‘BV + || f = u||%2(ﬂ) and

so here, Xo = L?(Q) and F, = H.||%2(Q) with v modelling only additive Gaussian noise
with zero mean. However it may not be able to recover a function of bounded variations
without any noise in u as illustrated in [105, Example 3, Chapter 5]. To overcome this
difficulty, Chan and Esedoglu in [18] analyze a model in which the L?(£2) norm is replaced
by the L'(Q) norm. We refer the reader to [58] for an overview of numerical algorithms
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designed to solve this problem and the introduction of a new effective primal-dual one.

Based on the idea that to denoise a pixel it is better to average the nearby pixels
with similar structures rather than just similar intensities, Buades et al. ([13]) propose
a nonlocal filtering algorithm named NL-means to address denoising, thus generalizing
the idea of using patch-based methods. Then Osher and Gilboa [44] introduce a varia-
tional framework of it by defining nonlocal operators: Vyu(z,y) = (u(y) —u(z))/w(z,y),

Vowul(z) = \/fQ(U(y) —u(@))?w(z,y)dy, divyv(z) = [o(v(z,y) — v(y, 2))V/w(@,y)dy,
Apu(z) = [o(uy) —u(x))w(z,y) dy, with w a weight function assumed to be nonnegative

_Jo Ga(t)\f(wJ}rlg)—f(ym|2 dt)j G, being the
Gaussian kernel with standard deviation a determining the patch size, and h the filtering
parameter which corresponds to the noise level. Then nonlocal variants of the previous
models are suggested in which |u|py is replaced by [, |Vyul(z)dz (nonlocal ROF and
nonlocal TV-L1 models in [44], and nonlocal Mumford-Shah regularizers in [51]). An ex-
tension of the nonlocal Mumford-Shah regularizer to the Blake Zisserman model with a
texture model based on the G-norm (defined in the following) is proposed in Chapter 5
for denoising and segmentation of fine structures.

and symmetric and often taken as w(z,y) = exp (

In [67], Meyer analyzes further the texture modelling and proposes to refine the ROF
model using one of these functional spaces for Xo:

G = {divg, § = (g1,92) € (L°(Q))*} = W ! being a good approximation of the dual of BV
and associated with the norm [|v]|¢ = inf{||\/g7 + 93|/ Lo () [v = divg},

F = {div§, § € BMO*} = BMO™!

1
with BMO:{gGLllOC(Q)EchO, vQ c R? square,@‘/ ‘g—/gd:ﬂ
Q Q

dxr < c} ,
1
lvllBvMo = sup — v — vdx
quuare‘Q| Q Q

and endowed with the norm |[|v||p = inf llg1llBaro + |lg2llBrros
v=divg, je BMO?2

E = {Ag, g Zygmund function , i.e., 3¢ > 0, ¥(z,y) € RY, |g(z +v) + g(z —y) — 29(z)| < c|y|},

dx,

also called generalized homogeneous Besov space B;}’OO = AB;O’OO where Bp = {g €
LL.()[3c > 0,vy € R% [lg(. + ) — 29(.) + 9(- — Wllr) < cly/*}. In two dimen-
sions we have BV € L? ¢ G C F C E. These weak spaces encourage oscillatory be-
havior as their norm decreases while the amount of oscillations increases as illustrated
in [105, Chapter 5]. The larger the space Xs is, the finer the details and the texture
caught by v are. However the analysis and discretization of these spaces is not obvi-
ous due to their complexity and a rich literature can be found on this subject. Vese
and Osher [107] propose to approach the (BV,G) model by minimizing the following

approximated decomposition model differentiating the texture from the noise/residual
iungf{]u\gv +ullf—u —divﬁ”%z(m + Vg3 + 931l e} with p going to infinity. This model
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is numerically more tractable. It appears in practice that good results are obtained with

= 1. In [8], Aujol et al. propose to solve the (BV, G) problem using projections on spaces
BG ={v € G,||v|lg £ u}. They prove the convergence of their algorithm. Similarly,
AuJol et al. ([9]) propose an algorithm using projections and including dual formulations
to solve the (BV, E) problem. Then Garnett et al. [42] reformulate and generalize this
(BV, E) problem by considering iung{\u|Bv +ullf —u—Agll7. 2 + MlgllBg .} with p > 1,

0 < a < 2. Theoretical results including existence of minimizers are given along with a nu-
merical algorithm to solve it. Also in [57], Le and Vese address the decomposition issue by
solving the following model: mf{]u]BV +ullf —u— dlng o) T Alg1llBaro + llg2ll Bao)

approaching the (BV, F) Inodel They propose several methods to compute the BMO
norm including one exact algorithm using the Fast Fourier Transform (FFT).

Osher et al. [78] develop another model based on the Helmotz-Hodge decomposi-
tion of § € (L2(Q))? into § = VP + Q with P € HY(Q) and @ a divergence free
vector field yielding to v = f —u = divg = AP. As in [107], the L*°(2) norm in
(TV,G) model is replaced by an L?(Q) norm and the Q component is neglected lead-
ing to the following minimization problem: 1nf{\u|Bv + MVt + 92”L2 @ = = |u|lpy +
MV P Z2i) = luly + AIVATH( = wlllfzq) = lulsy + Alf = ullf-1 g} HHD)
is the dual space of the Sobolev space H!(). Then Lieu and Vese [63] generalize this
model by using negative fractional Hilbert-Sobolev spaces H *(R?) whose dual spaces
are the fractional Hilbert-Sobolev spaces H*(R?) with s > 0. The embedded norm is :
0] -5 = [a (1 + [£]*)75|5]?(§) d€, where © is the Fourier transform of v. The smaller s
is, the larger the space H* is and so the finer are the details captured by v. In [55], Kim
and Vese extend even more this idea by modelling the textures with the dual of homoge-
neous Sobolev spaces with pseudo-derivatives W%P(R?) = {v|(2x]|.|)*0(.) € LP(R?)} with
-2 <a <0and [|[v]fermrey = [[(27].])*(.)|| r(r2). Further details on these spaces will be
given in the next chapter. In [91], the author proposes a decomposition model in which the
texture lies in an approximation of the dual space to W1°°(2). To approach the L>()
norm, he uses an L!(£2) norm with respect to a measure which concentrates near the max-
imum. Finally, in [95], the authors propose to couple the decomposition model based on
the H~! norm with the Mumford-Shah functional called Mumford-Shah-Sobolev model
for segmented decomposition. The alternating scheme can be carried out using level-set
functions or the phase-field approximation based Ambrosio-Tortorelli’s framework. It re-
lates then image decomposition, texture modelling and image segmentation.

In Table 1.1, we summarize the presented models using a classification based on the
one proposed in [58] where f — w is replaced by v if necessary and J,, is the jump set of w.
We now present the contributions and the organization of this thesis.
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6. Contributions and thesis organization

Class Minimized energy Name Texture space Reference
BV+noise/ | [ |Dul*dz +H'(Ju) + [ [v]*dz | SBV — L? L? [72], [4]
S BV +noise Jo |Dul + [q [v]* dz ROF L? [89]
models Jo |Dul + [q |v] dx TV-L! L (18], [58]
B o g2Vl da + [0,
NL/BV ta fo sV + 922 de NL/MS-L? L2 51
NL/H' | B [ 9*®(|Vwul?) do + ||l 110
+ noise +a [q (5\Vg\2 + %) dx NL/MS-L* L [51]
models Jo IVwu| dz + [ |[vf* da NL/ROF L? [44]
Jo IVwul dz + [, |v| dx NL/TV-L! L [44]
Jo | Du| + |lv]|a TV-G G [67], [107], [8]
Meyer’s Jo | Du| + ||v||F TV-F F [67], [57]
models Jo | Du| + |lv||e TV-E E [67], [42], [9]
Jo |1 Dul + [[v] -1 (r2) TV-H! H! 78], [95]
Negative Jo |Dul + vl -+ (r2y> 8 > 0 TV-H™* H—s [63]
Sobolev Jo I Dul + [[v]lwer g2y,
spaces 2<a<0,1<p<co TV-NSobolev We.p [55]

Table 1.1: Summary of variational decomposition models.

6 Contributions and thesis organization

Chapter 2 introduces some useful mathematical tools that will be referred to throughout
the manuscript. It encompasses, among others, properties of some functional spaces, no-
tions on viscosity solution theory, on the theory of calculus of variations, and on nonlinear
elasticity.

In Chapter 3, we propose a registration model guided by topology-preserving segmen-
tation that falls within the continuation of [79, Chapter 5]. The shapes to be matched
are viewed as Saint Venant-Kirchhoff materials and are implicitly modelled by level-set
functions. The alignment of the evolving shape with intermediate topology-preserving
segmentation results drives the registration process. The main contributions rely on the
study of two numerical methods of resolution, one based on penalization methods, and
the other one based on augmented Lagrangian method in a discrete setting. This work
brought forth publication [32] and Chapter 3 constitutes an extension of it.

Chapter 4 is dedicated to the study of a new joint segmentation/registration model
based on weighted total variation and its nonlocal characterization, on region-based shape
descriptors inspired by the Chan-Vese model for segmentation and on nonlinear elasticity
principles. It extends a model presented by Ozeré et al. in [79, Chapter 4] and [80] by
adding a nonlocal shape descriptor. A theoretical analysis has been done and yields the
existence of minimizers for both the local and nonlocal problems, a connection with the
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segmentation process, a nonlocal characterization of weighted semi-norms and their I'-
convergence to the local ones, and asymptotic results after introducing splitting variables
to facilitate the numerical resolution of our problem for the local and nonlocal versions.
Chapter 4 is a more detailed version of a paper that has been accepted for publication in
SIAM Journal on Imaging Sciences in February 2018 [30].

In Chapter 5, we address the issue of crack detection recovery on bituminous surface
images. Cyrille Fauchard and Denis Join from the CEREMA (Centre of analysis and
expertise on risks, environment, mobility and planning) provided us with bituminous sur-
face images and set out their desire of designing a model capable of automatically recover
cracks for road maintenance. This work is the result of a collaboration with Professor
Luminita Vese from the University of California, Los Angeles and a part of it has been
accepted for publication in Annals of Mathematical Sciences and Applications [31] and
the first part of Chapter 5 is a longer version of this paper. We introduce a second order
variational model based on the elliptic approximation of the Blake-Zisserman functional
[3] involving an unknown simulating the discontinuity set of the image gradients encoding
the geometrical structures. We propose complementing it with a decomposition model in
which the texture is assumed to belong to the G space [67]. Existence of minimizers, exis-
tence of a unique viscosity solution to the derived evolution problem and a I'-convergence
result relating the elliptic problems to the initial one are given. We then provide a non-
local version of this model and prove the existence of minimizers, and the I'-convergence
of these nonlocal approximations to the local problem. We derive numerical algorithms
for both the local and nonlocal models. A parallelization of the code using MPI has been
done with the help of Patrick Bousquet-Melou from the CRIANN (Regional Centre for
Computer Sciences and Numerical Simulations of Normandy), and three master students
of the Mathematical and Software Engineering Department of the INSA (National Insti-
tute of Applied Sciences) of Rouen Normandy: Nathan Rouxelin, Timothée Schmoderer
and Emeric Quesnel as part of our participation to the hackathon.

Chapter 6 acts as a conclusion by summarizing our work and giving some perspectives
for future works.

7 Scientific outreach

1. Publications in peer-reviewed international journals:

[1] DEBROUX N. AND LE GUYADER, C., A Joint Segmentation/Registration
Model Based on a Nonlocal Characterization of Weighted Total Variation and
Non-local Shape Descriptors, STAM Journal on Imaging Sciences (SIIMS), in
revision (2017).

[2] DEBROUX N., LE GUYADER, C. AND VESE, L., A., A Second Order Free
Discontinuity Model for Bituminous Surfacing Crack Recovery and Analysis of
a Non-local Version of it, accepted for publication in Annals of Mathematical

22



7. Scientific outreach

Sciences and Applications, special issue in honor of Professor David Mumford
(2017).

[3] DEBROUX, N., OZERE, S. AND LE GUYADER, C., A Non-local Topology-
Preserving Segmentation-Guided Registration Model, in Journal of Mathemati-
cal Imaging and Vision, 1-24, online in January (2017).

[4] CARRE, C., DEBROUX, N., DENEUFCHATEL, M., DUBERNARD, J.-P., HIL-
LAIRET, C., LUQUE, J.-G., AND MALLET, O., Dirichlet Convolution and Enu-
meration of Pyramid Polycubes, in Journal of Integer Sequences, vol. 18 (2015).

2. Papers in refereed conference proceedings:

[5] DEBROUX, N., AND LE GUYADER, C., A Unified Hyperelastic Joint Segmen-
tation/Registration Model Based on Weighted Total Variation and Non-local
Shape Descriptors, in Lauze, F., Dong, Y., Dahl, A. B. (eds) Scale Space and
Variational Methods in Computer Vision: 6" International Conference, SSVM
2017, Kolding, Denmark, June 4-8, 2017, Proceedings, pp. 614625 (2017).

[6] FOrRTUN, D., DEBROUX, N., AND KERVRANN, C., Spatially-variant kernel
for optical flow under low signal-to-noise ratios: application to microscopy, in
IEEE ICCV Workshop - Biolmage Computing (BIC), Venice, Italy, October
2017, pp. 9 (2017).

3. Oral communications:

— DEBROUX*, N., AND LE GUYADER, C., Joint Segmentation/Registration Model,
in Minisymposium Hybrid Models for Inverse Imaging Problems in Applied In-
verse Problems Conference, Hangzhou, China, May 29 - June 2, (2017).

— A Unified Hyperelastic Joint Segmentation/Registration Model Based on Weighted
Total Variation and Nonlocal Shape Descriptors. Seminar, School of Mathemat-
ical Sciences, Monash University, Melbourne, Australia, April 28, (2017).

— A Unified Hyperelastic Joint Segmentation/Registration Model Based on Weighted
Total Variation and Nonlocal Shape Descriptors. Journe Normastic Mthodes
Variationnelles et Statistiques Appliques au Traitement dImages, INSA of Rouen,
France, January 27, (2017).

— Methods for Joint Registration and Segmentation. Communication at the Level
Set collective, Department of Applied Mathematics, UC Los Angeles, U.S.A.,
July 12, (2016).

4. Participation to a hackathon within the CRIANN (Centre Régional In-
formatique et d’Applications Numériques de Normandie / Regional Com-
puter Center and Digital Applications of Normandy).
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Chapter 2

Mathematical background

In this chapter, we recall some mathematical tools, notions, definitions and properties that
are used in the remaining of the manuscript. We will first proceed to a review of some
functional spaces and then summarize some relevant facts in the theory of viscosity solu-
tions and in the theory of calculus of variations. Finally, we will give a brief presentation
of elasticity and hyperelasticity theory.

1 Functional spaces

1.1 LP spaces

Let us first recall some basic results in measure theory based on [1].

Definition 1.1 (c-algebra and measure spaces). Let X be a non-empty set and let € be
a collection of subsets of X.

— We say that € is an algebra if ) €€, EyUEy €€ and X \ E1 €€ whenever Ey, E5 €€.

— We say that an algebra € is a o-algebra if for any sequence (Ey) CE, its union %Eh
belongs to €.

— For any collection G of subsets of X, the o-algebra generated by G is the smallest
o-algebra containing G. If (X, T) is a topological space, we denote by B(X) the o-
algebra of Borel subsets of X, that is to say, the o-algebra generated by the open
subsets of X.

— If € is a o-algebra in X, we call the pair (X,€) a measure space.
Definition 1.2 (measure). Let (X,£) be a measure space. Let n € N*.

1. p: X — R"™ is a measure if () = 0 and if for any sequence (Ex)gen of pairwise
disjoint elements of €, <kUNEk> = > w(Ey). If n =1, p is said to be a real
=

keN
measure, otherwise p is a vector measure.
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2. If u is a measure, we define its total variation |p| for every E €€ as follows

[e.e]
|p|(E) := sup {Z’M(Ehﬂ | Ey, € € pairwise disjoint, E = hEJOOEh}
h=0 B

Theorem 1.1. If u is a measure on (X,€), then |u| is a positive finite measure (u(X) < oo
and p :€— [0, 00] ).

Definition 1.3 (p-negligible sets). Let u be a positive measure on the measure space
(X,8).

- We say that N C X is p-negligible if there erists E €€ such that N C E and
u(E) = 0.

— We say that the property P(x) depending on the point x € X holds u almost every-
where (p-a.e.) in X if the set where P fails is a p-negligible set.

— Let €, be the collection of all the subsets of X of the form F' = EUN with E €€ and
N p-negligible; then €, is a o-algebra which is called the p-completion of €, and we

say that £ € X is p-measurable if £ €€,. The measure p extends to €, by setting,
for F as above, u(F) = u(E).

Definition 1.4 (Measurable functions). Let (X,€) be a measure space and (Y, d) a metric
space.

~ A function f : X — Y is said to be E-measurable if f~1(A) €€ for every open set
ACY.

— If u is a positive measure on (X,€), the function f is said to be p-measurable if it is
€u-measurable.

Let us now recall the definition of an integral and some notions on summable functions.
They are then extended to vector-valued functions as well as to vector measures.

Definition 1.5. Let (X,€) be a measure space.

- For E C X, we define the characteristic function of E, denoted by xg, by xp =
1 fxekl

0 ifx¢FE "’
vector space generated by the characteristic functions.

We say that f : X — R is a simple function if it belongs to the

— Let p be a positive measure on (X,€); the integral of a p-measurable function u :
X — R is defined by:

/ wdp = sup / vdp = Z 2u(v™1(2)), v p-measurable, simple, v < u
X X zev(X)

u: X — R is said to be p-summable if Jx luldp < 0.
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— Let u be a measure on (X,€) and u: X — R be a |p|-measurable function. We say
that w is p-summable if w is |pu|-summable. If p is a R™-vector measure, we define

Jxuwdp = ([yudp, ..., [yuduy).

— If u is a real measure and v = (uy,...,u) : X — RF is |u|-measurable, we say that
u is |p|-summable if all its components are |p|-summable and we denote [y udy =

(quld,u,...ijukdu).

Let us now introduce Radon measures. Let €2 be an open subset of R™.

Definition 1.6 (Radon measure). A positive measure on (2, B(Q)) is called a Borel mea-
sure. Moreover, if it is finite on every compact subset of 2, then it is called a positive
Radon measure.

A measure pi : B(2) — R™, m € N* is called a finite Radon measure (the Lebesgue measure
on (2, B()) is a positive Radon measure).

Proposition 1.7. Let u be a R™-valued Radon measure on (2,B(2)). Then for every
open set A C €, we have |u|(A) = sup{z [ uwidpi |u e CAA), u(z) <1, Va € A}.
i=1

Theorem 1.2 (Riesz). Let L be a continuous linear form on C°(Q,R™), m € N. There ex-

ists a unique finite R™-valued Radon measure on (2, B(2)) such that L(u) = Y [ widps, Vu €
i=1

CO(2,R™). Furthermore, ||L|| = |u|().

Theorem 1.3 (Weak convergence for Radon measures). Let (ux) be a sequence of Radon
measures on R™ and p be a Radon measure on R™. The following statements are equivalent:

— up weakly converges to p, pi — p.

— lm  [o fdpr = [ga fdp for all f € COR™).

k—+o0

— limsup px(K) < p(K) for each compact set K C R™ and p(U) < liminf u,(U) for
k—+o00 k=400

each open set U C R™.

- khT pi(B) = p(B) for each bounded Borel set B C R™ with p(0B) = 0.
—400

We introduce LP spaces whose definitions and properties are extracted from [5] and
[1].

Definition 1.8. Let (X, €) be a measure space, p be a positive measure on it and u :
X — R a p-measurable function, | € N*. We set

1
P
HUHLP(X,RZ;/.L) = </ |u|p d:“) )
X

[ull oo (x Rty 7= If{C € [0,00] : [u(z)| < C, forp—ae.z e X}

if 1 <p< oo and

36
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We say that u € LP(X,R% ) if lull Lo(x Ripy < 00. The sets LP(X, Rl 1) (in which two
functions that agree a.e. as identical are identified) are Banach vector spaces with the
norms ||ullLp(x gy defined previously for 1 < p < oo. The space L?*(X,R% ) is a Hilbert
space endowed with the inner product (u,v)2x riy = [x < u(x),v(z) > du.

We can extend this definition to Banach-space valued functions.

Definition 1.9. Let B be a Banach space and T > 0. Then LP(0,T;B) = {f : [0,T] —

Bl [ /()| dt < +o00} for 1 < p < +00 and L¥(0,T; B) = {f : [0,T] — B| sup ||f(t)||s <
t€[0,T]

+00}.
Let us now state some important integration results considering I = 1, u = dz the
Lebesgue measure of X, an open set of R, and using the simplified notation LP(X).

Theorem 1.4 (Monotone convergence theorem of Beppo-Levi). Let up : X — R be an
increasing sequence of functions in L'(X) and assume that sup fQ up dr < 4+o0o. Then
h

up(z) converges almost everywhere on X to a finite limit denoted by f(x). Moreover,

f € LYX) and lun = fllpix) ,— 0.

Lemma 1.10 (Fatou’s lemma). Let uy : X — R be a sequence of functions in L'(X) such
that:

1. for every h € N, up(x) > 0 almost everywhere on X,

2. sup quhd:U < 00.
heN

— . . 1 < . .
For everyx € X, we set u(x) légligofuh(x) Thenu € L'(X) and [y udz < liglilg Jx undex.

Theorem 1.5 (Lebesgue dominated convergence theorem). Let up : X — R be a sequence
of functions in L'(X). We assume that

1. up(x) hjoo u(z) almost everywhere on X,

2. there exists a function g € L'(X) such that for every h € N, |up(x)| < g(z) almost
everywhere on X.

Then u € LY(X) and |lup — ul 11 (x) o 0.
——+00

Theorem 1.6 (Holder’s inequality). Let f € LP(X) and g € L9(X) with 1 < p < oo and
5+ =1 Then fg € LX) and [y |fgldz < | fllLrx)llgllLax)

Theorem 1.7 (Fubini-Tonelli’s theorem). Let (X, A,u) and (Y,B,v) be two measure
spaces such that p and v are o-finite that is to say, X is the countable union of mea-
surable sets with finite measure p, and Y is the countable union of measurable sets with
finite measure v. Let (X X Y, A X B, x v) be the product measure space endowed with
the product measure. If f: X XY — [0,400] is a A x B-measurable function, then z +—
[y f(z,y)dv(y) and y — fX x,y) du( ) are respectively A /B-measurable functions and

fXxyf z,y)d(p x v) = Jx UY z,y) dv(y ] = Jy UX z,y) du )] dv(y).
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We continue by presenting some properties of these sets.

Theorem 1.8. Let up : X — R be a sequence of functions in LP(X) and u € LP(X) such

that |lup — ul| Lr(x) BT 0. Then there exists a subsequence (up, ) of (up) such that:

1. up, () k—>—+>oo u(zx) for almost every x € X,

2. there exists h € LP(X) such that |up, |(x) < h(x) for almost every x € X and for all
k e N.

Theorem 1.9. LP(X) is a reflexive space for 1 < p < 400 and is a separable space for
1 <p < +oo. The dual space of L'(X) can be identified with L>=(X).

Theorem 1.10. The dual space of LP(X) with 1 < p < 400 is identified with Lﬁ(X).
Theorem 1.11 (General compactness properties).

1. LetY be a reflexive Banach space and let C' > 0 be a positive real constant. Let also
(up) be a sequence of Y such that ||up|ly < C for all h € N. Then there exist u € Y

and a subsequence (up, ) of (up) such that up, . LA
—+00

2. Let Y be a separable Banach space and let C' > 0 be a positive real constant. Let also
(In) be a sequence of Y', the dual space of Y, such that ||l,|y < C for all n € N.

Then there exist | € Y' and a subsequence (1) of (In) such that Iy, i % l.
—+00

1.2 Sobolev spaces

Definitions and theorems are extracted from [5] and [14]. Let Q C RY be an open set
associated with the Lebesgue measure dx.

Definition 1.11. Assume that u € L} (). We say that v; € Li _(Q) is the weak partial

loc loc
derivative of u with respect to x; in Q0 (or the partial derivative in the sense of distributions)

if
¢ B .
/Quaxi dr = —/Qw(bdx,
for all ¢ € C°(92).

Definition 1.12. Let 1 < p < +00. The Sobolev space WP (Q) is defined by

dg1, .- - LP(Q h that
lep(Q) — {u c LP(Q) g1, yIN € ( ) suc a }

Joul dz = — [ gi¢dx, ¥ € CX(Q),Vi=1,...,N.
Vi=1,...,N the weak derivative of u with respect to x;, exists

:{ueme

J 8@'2"

and Ou

eme}.

T
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The space W12(Q) is often denoted by H' (). Let m > 2 be an integer. The Sobolev
space W™P(Q) is defined by

N wi < p
W™P(Q) = {u € LP(Q Va € NY with |a| < m, 3go € LP(Q2) such that }

JquDY¢dx = (=1)lel [, godpdz, Vo € C(Q).
ortazttay
Va e NY with |a| < m, D% = .

— {u € LP() , the weak derivative

0 x10%xy...0%N LN
of u, exists and D% € LP(Q) }.

The space W™2(Q) is often denoted by H™(S2).

Proposition 1.13. The spaces W™P(Q) with m € N* and 1 < p < oo are Banach spaces
endowed with the respective norms |ullyme) = > 1Dl 1r(q)-
0<|al<m

The spaces W™P(Q) with m € N* and 1 < p < oo, are reflexive.
The spaces WP (Q) with m € N* and 1 < p < oo, are separable.
The spaces H™(Q2), m € N*, are separable and reflexive Hilbert spaces equipped with the
inner product (u,v)gmqy = Y, (D%, DY) 2(q).

0<|ar|<m

Let us now define some other classical functional spaces before giving more properties
of Sobolev spaces.

Definition 1.14.

1. C%(Q) = C(Q) is the set of continuous functions u : Q@ — R with the norm |ulleoq) =
sug lu(zx)|.
Te

2. CO(Q) is the set of continuous functions u : Q — R which can be extended continu-

ously to Q. The associated norm is defined by [ullcoqqy = sup |u(z)]-
ze

3. The support of a function u: Q — R is defined as suppu := {x € Q : u(x) # 0}.
4. Cc(2) ={u e C(Q)|suppu C Q is compact}.

5. For all k € N, we denote by C*(Q) the space of continuous functions with all their
partial derivatives up to order k being also continuous. The associated norm 1is

defined by |lullcrq) = sup sup [D%u(z)|.
la| <k z€Q

6. Let X be a Banach space and T > 0. For all k € N, we denote by C*(0,T; X) the
space of continuous functions u : [0,T] — X with all their partial derivatives up to
order k with respect to t being also continuous. The associated norm is defined by

k
[ullero,r;x) = sup sup ||§?U<t)”X-
|| <k t€[0,T]
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7. For all k € N and 1 > v > 0, we define Holder spaces by:
¢(@) = (e CH@lullcnroy = lelowayt sup  {HDZHI <o),
(z,y)€Q2, £y [z =yl
We continue with some interesting properties of Sobolev spaces with m = 1.
Theorem 1.12. Assume that 1 < p < 4o00.

1. (Product rule) If (u,v) € (WLP(Q) N L*>(Q))2, then uv € WP(Q) N L>®(Q) and
gﬁ”:axv—i-azu foralli=1,... N.

2. (Chain rule) Let G € C'(R) such that G(0) = 0 and |G'(s)| < M, Vs € R. Let
ue WhP(Q), then Gou € W'P(Q) and ;2-Gou = (G'ou)§~, foralli=1,...,N.

Theorem 1.13 (Trace theorem). Assume that Q is a bounded open subset of RV of class
C', and 1 < p < co. There exists a bounded linear operator T : WP () — LP(9S) such
that Tu = u on O for all u € WIP(Q) N C(Q). Furthermore, for all ¢ € C=°(RY,R) and
u € Wr(Q),

‘ _ N-1
/Qudwqﬁdx = /QVU¢CZ$+/89(¢-V)TU61H ,

v denoting the unit outer normal to 9 and HN~! the N — 1-dimensional Hausdorff
measure whose definition follows.

Definition 1.15 (Hausdorff measure [10]). For K C RV, and n > 0, we set

H"(K) =sup HZ(K),
e>0

called the n-dimensional Hausdorff measure of the set K, where

HI(K) = ¢, inf {i(diam Az)"} ,

i=1

and the infimum is taken over all countable families {A;}7°, of closed sets A; such that
K C U A; and diam A; < e for all i. The constant ¢, is chosen so that H"™ coincides
with the Lebesgue measure on n-planes.

Theorem 1.14 (Generalized Poincaré inequality, [9]). Let Q be a Lipschitz bounded do-
main in RN. Let p € [1,00) and let N be a continuous semi-norm on WYP(Q), that is,

a norm on the constant functions. Let u € WYP(). Then there exists a constant C > 0
that depends only on 2, N, and p, such that

1

”UHV[/l,p(Q) S C ((/ ]VU\P d.’I]) P
Q

We apply this result to N (u faﬂ |u(x)| dz.
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Theorem 1.15 (Density). We assume that Q is of class C*. Let u € WHP(Q) with

1 < p < co. Then there erists a sequence (u,) € CX(RN) such that Unjo U
n—-+0oo

in WEP(Q). In other words, the restrictions to Q of functions of C°(RN) are dense in
Whp(Q).

Theorem 1.16 (Extension operators, [9]). Let m € N*. We assume that § is an open
set of class C™, with 9 bounded (or Q = Rf} Then it has an (m,p)-extension property
for every p € [1,00| that is to say, there exists a linear extension operator E : W™P(Q) —

WmP(RN) such that Yu € W™P(Q):
1. Eug = u,
2. [[Eullpprry < Cllull o).
3. [ Eullwmeryy < Cllullwieq),
where C' depends only on Q. For m = 1, this property is also true for p = oc.

We will now give Sobolev inequalities and embedding theorems.

Theorem 1.17 (Sobolev, Gagliardo, Nirenberg). Let 1 < p < N, then W1P(RY)

C
LP" (RN where 1% = %—%, and there ezists a constant C' = C(p, N) such that [|u|[ pp+ givy <

CHVUHL?’(RN)? Yu € Wl’p(RN).

Corollary 1.16. Let 1 <p < N. Then W'P(RN) c L4(RN), Yq € [p, p*] with continuous
embeddings.

Corollary 1.17. In the case where p = N, we have W (RN) c LI(RN), Vg € [N, +oo|
with continuous embeddings.

Theorem 1.18 (Morrey). Let p > N, then WHP(RN) ¢ L>¥(RN) with continuous embed-
ding.

Moreover, for allu € WYP(RY), we have |u(z) —u(y)| < Clz — Y[Vl oy for almost
every (z,y) € R?N, with a =1 — % and C = C(p, N) a non-negative constant.

Corollary 1.18. Let m > 1 be an integer and 1 < p < co. We have

—if L =% >0, then WP(RN) C LIRY) for all q € [p, 52],

- z'f% — M =0, then W™P(RN) c LI(RY), Vg € [p, 0],
—if 5 — % >0, then W™P(RY) C L®(RN),

with continuous embeddings.

% > 0 is not an integer, we set k = [m — %} where [.| denotes the

bracket function and = m — % —k (0 <6 < 1). We have for all u € WHP(RN),
D%l oo gy < Cllullympreyy, Yoo € NV such that || < k and |D%u(x) — Du(y)| <
Cllullymsryylz — y|? for almost every (z,y) € R?N, and Yo € NV such that || = k. In
particular W™P(RN) C CH*(RN) with continuous embeddings for all o € [0, 6].

Moreover, if m —
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Corollary 1.19. Let Q be an open set of class C' with bounded boundary or Q = RN . The
conclusions of the previous Corollary remain true if we replace RV by .

Theorem 1.19 (Rellich-Kondrachov theorem). Let 2 be an open bounded Lipschitz subset
of RNV, Letp>1.

~If N > mp and N > 1, the embedding W™P(2) C L4(Q2) is compact for all q €
P, 72 .

If p < N, then WHP(Q) C LI(Q) with compact embeddings for all q € [1,p*], # =
11

p N

If p= N, then W1P(Q) C LI(Q) with compact embeddings for all q € [1,00].

If p> N, then WP (Q) C C%*(Q) with compact embeddings for all o € [0,1 — %[

- If mp > N and with j = [%} +1, Wm™P(Q) C C™ Q) with compact embeddings
for alla € 0,5 — %[

Lemma 1.20 (Aubin-Lions lemma, extension to Sobolev spaces of Banach space-valued
functions). Let Xy, X and X, be three Banach spaces with Xo C X C X;. Suppose that
Xo s compactly embedded in X and that X is continuously embedded in Xi. For 1 < p,
q < o0, let

W= {u e 1P(0,T; Xo) | % c Lq(O,T;Xl)}

be a generalized Sobolev space of Banach space-valued functions.
1. If p < 400, then the embedding of W into LP(0,T; X) is compact.

2. If p=+oo and q > 1, then the embedding of W into C°(0,T; X) is compact.

1.3 Fractional Sobolev spaces

Before introducing fractional Sobolev spaces, we will briefly review tempered distributions
and Fourier transform coming from [9] and [14].

Definition 1.21 (Rapidly decreasing functions). A function ¢ is said to be rapidly de-
creasing in RV if ¢ € C*(RN) and if, when D7 denotes the differentiation operator with
respect to the multi-index j = (ji, j2,-..,jN), we have:

Vi e NN vk eN,|z[*Dip e L= (RN).

& V(j,k) e NV x N, |z|*Di¢ € L*(RY).

eV, k) eNY x N, lim |z[*Di¢(x) =0.

|z| =400

The set of these functions is a vector space denoted by S(RY) having a natural topology
generated by the following countable family of semi-norms: ny, j(¢) = H|x]ij(;5||Loo(RN).

42



1. Functional spaces

Proposition 1.22. The space D(RY) = C*(RY) is dense in S(RV).

Definition 1.23 (Tempered distributions). Let S’(RYN) be the topological dual of S(RN).
S’ (RN) is the space of tempered distributions included in D' (RY), space of all distributions,
dual space of D(RN).

The Fourier transform is a classical tool in image processing and expresses a function in
the spatial domain as a function of frequencies. In the following, we define it and present
some of its useful properties.

Definition 1.24. The Fourier transform F defined by

Ve € RN, Vo € SRY), F(¢)(€) = / e 2T o 1) d,

RN

s an automorphism of S(RN). The inverse operator of F, which we denote by F, is
defined by V¢ € RN, F(¢)(€) = F(¢)(=&). The Fourier transform of T € S'(RN) , defined
by Vo € S(RN), < F(T),¢ >=< T, F(¢) > is a tempered distribution.

We can easily see that if f € LP(RN) with p € [1, 0], then the associated distribution [f] is
tempered. In particular, if f € L'(RY), then the function F(f) : & — [qn €277 f(z) d,
which belongs to L>°(RY), coincides with the transform F([f]).

Proposition 1.25. The distributions with bounded support which belong to (C>®(RN)Y,
the topological dual space of C*(RY) are tempered. The Fourier transform of such a
distribution T' can be identified with the function defined by § —<T(,, e(~2imEx) >

Theorem 1.20 (Plancherel theorem). F|r1rnynz2ryy extends uniquely to a unitary iso-
morphism on L2(RN). In particular, if u € L2(RN), then F(u) € L>(RN) and 1wl L2rry =
| F ()l 2rvy -

Theorem 1.21 (Convolution theorem). Let u,v € L*(RN). Then u v € L'(RN) and

F(uxv) =F(u) x F(v) where x denotes the convolution operator.

We continue with the definitions and some properties of fractional Hilbert-Sobolev
spaces.

Definition 1.26. Let s be a real number.
If s > 0, then we define H*(RN) = {u € L2RN) | {¢ — (1 + |€2)2F(u)(€)} € L2(RYN).
If s <0, then we define H*(RN) = {u € S'(RN) [ {& — (1 +|£[>)2F(u)(€)} € L*(RYN).

(NI

Proposition 1.27. The space H*(RY) endowed with the norm defined by [l s rvy =
|1+ |£|2)%]‘-(U)||L2(RN) is a Banach space.

Proposition 1.28. If s = m € N*, then the space H*(RY) coincides with the classical
Sobolev space W™2(RY).

Proposition 1.29. For s > 0, the space H*S(RN) coincides with the topological dual
H3(RNY.
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Proposition 1.30. The space S(RY) is dense in H*(RY).

The following proposition will allow us to show that the spaces H*(RY) coincide with
the spaces W*2(RV) whose definitions are given later.

Proposition 1 31 Let s €]0,1[. Then u € H*(RN) if and only if u € L*(RY) and
fRN fRN W d.%'dy < +00.

Proposition 1.32 (Embedding results). Let s > 0. We have the following continuous
embeddings:

1. If 5 <s< &, then H¥(RN) C LY(RN) for every q <

2N
N—-2s"
2. If s =%, then H*(RN) C LY(RYN) for every ¢ < oc.
3. If s > &, then H*(RY) c CORV).
We now provide the definition and some properties of fractional Sobolev spaces.

Definition 1.33. Let s €]0,1[ and let p €]1,00[. Let Q be an open subset of RN. We
define the fractional Sobolev space WP () as follows:

Wer(Q) = {u € I/(Q))| / YW Gy < oo} |

\x _ y’N—i-sp

Let s € R\ N with s > 1, p € [1,00[, and Q be an open subset of RY. The space W*P(Q)
1s defined to be

wer(Q) = {u e Wh# (@) | Diu e w2(@), vj, |j] = [s] }

Proposition 1.34. Let s €]0,1[, p €]1,00[ and Q be an open subset of RN. The space

WeP(Q) endowed with the norm |[ullys») = <||u”p + Jo fﬂ |a:xy\N+9p dz dy) is a

Banach space.

Let s € R\'N, s > 1, p €]1,00[ and Q be an open subset of RN. It is clear that W*P(Q)
i
P

endowed with the norm |[ullys.pq) = (HUHW[S s T E:[ ]fQ Jo %W dx dy)
Jlil=ls

1s a Banach space.

Proposition 1.35. The space W*2P(Q) is continuously embedded in W*1P(§2), when 0 <
s1 < 8o < 1 and with p €]1,00[ and Q an open subset of RV,

Let p €]1,00[ and s € (0,1). Let Q be a Lipschitz open set in RN with bounded boundary
and u : Q@ — R be a measurable function. Then WHP(Q) C W*P(Q) with continuous
embedding.

Let p €]1,00[ and s1 > s > 1. Let Q be a Lipschitz open set in RN with bounded boundary
and u : Q@ — R be a measurable function. Then W*LP(QQ) C W52P(Q) with continuous
embedding.
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Proposition 1.36 (Continuous embedding results). Let Q be a Lipschitz open subset of
RN. Let p €]1,00[. Let s € R\ N. We then have:

— If sp < N, then W*P(QQ) C L) for every q < N]\_]T;p with continuous embeddings.

— If sp =N, then W*P(Q) C L1(Q) for every q < oo with continuous embeddings.

- If sp > N , then we have:

s— A s N
— Ifs— % ¢ N, then WP(Q) C Cb[ p] Q)={fe C’[ P]’)\(Q), f bounded }
or a <s— = —|s— =|, with continuous embeddings.
for all X f]j f; h bedd
s—N_1.x
— Ifs— % €N, then WP(Q) C C, ”
A<,

(Q) with continuous embeddings for all

Proposition 1.37 (Compact embedding results). Let Q be a bounded Lipschitz open
subset of RV, Let p €]1,00[. Let s € R\ N. We then have:

— If sp < N, then W*P(Q) C LY(QQ) for every q < NA_ZP with compact embeddings.

sp
— If sp =N, then W*P(Q) C L1(Q) for every q < oo with compact embeddings.

- If sp > N , then we have:

s—N 1A
— Ifs—% ¢ N, then WP(Q) C Cb[ p] (Q) for all X < s—%— [s—%}, with
compact embeddings.

s_ N

—1,A
— If s — % € N, then WP(Q) C C, 7 (Q) with compact embeddings for all
A< 1.

1.4 BV space and its subsets

In this section, we remind the reader of the definition of functions of bounded variation
functional space allowing to capture discontinuities along edges in images, as well as basic
results. Precise studies of this space of functions are available in [10], [9] and [1]. This
section is extracted from these books and we refer the reader to them for proofs of the
results.

In the following, €2 is an open set of RV,

Definition 1.38 (BV(Q) space). Let u € LY(Q). u is a function of bounded variation on
Q if and only if [qu’ dv = — [ ¢ dDiu, V¢ € CH(Q) with Du = (Dyu, Dau, ..., Dyu) a
finite RN -valued Radon measure. The vector space of all functions of bounded variation is
called BV ().

Definition 1.39 (Total variation). Ifu € L*(), its total variation is defined by |u| gy (q) :
sup{ [ u dive dz | ¢ € CE(QLRN), ||| L) < 1}. w € BV(Q) if and only if |u|gy (o) < oo
and then [u|gy () = |Du|(£2).
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Proposition 1.40. BV (Q) is a Banach space endowed with the norm |lul| gy o) = |lull L1 o)+
ulBv (-

Definition 1.41 (weak-* convergence in BV (2)). Let u € BV (), (un)neN be a sequence

of functions of bounded variation on Q. We say that the sequence (uy,) converges weakly-x

to u € BV(Q) in BV(Q) if (un)nen converges to u strongly in L'(Q) and (Du,) weakly

converges to Du in the space of RN -valued Radon measures, that is to say, liI+Il |lwn —
n—-+0oo

ul| 1) =0 and nggloo JqvDuy = [ vDu, Yv € Co(Q,RY).

Theorem 1.22 (Lower semi-continuity of total variation). Assume that u, € BV (Q)
(n=1,2,...) and u, — u strongly in L'(Q). Then lul gy () < limJirnf un| BV (0)-
n——+0o0

Theorem 1.23 (Compactness). Let Q C RN be a bounded open set with Lipschitz bound-
ary 0Q. Assume that {un};2; is a sequence in BV (Q) satisfying sup ||un| gy ) < oo
neN

Then there exists a subsequence {un;}32, and a function u € BV (Q) such that un, U
J—1+00

strongly in L'(Q).

Theorem 1.24 (Regular approximation). Let Q be a bounded open subset of RYN. Let
u € BV(Q), then there ezists a sequence (ug)gen of BV () NC*>(Q2) functions such that:

1. up — u strongly in L'(Q), and
k—-+o0

2. |uklpv () EoThe [ul By (q)-

Theorem 1.25 (Embedding theorem). Let @ C RY be an open and bounded set with a
N

Lipschitz boundary 0. Then the embedding BV (Q2) C L¥-1(Q) is continuous and the

embeddings BV (Q) C LP(Q) for all p € [1, 2~ are compact.

Theorem 1.26 (Poincaré-Wirtinger inequality). Let Q C RY be an open, bounded and
connected set with Lipschitz boundary 02. Then there exists a constant C > 0 depending
only on N and Q such that ||u — ﬁfﬂ u(z) dr| ) < Clulpy(q), Yu € BV(Q) and
1<p< 5.

Theorem 1.27 (Coarea formula). Let u € BV () with Q an open subset of RN. Then

- B = {x € Qlu(z) > t} has finite perimeter that is to say xg, € BV () and
IXE| BV () is the perimeter Po(Ey) of Ey in Q, for almost every t € R.

= |ulpy) = fj;o IXE:| BV () dt
— Conversely, if u € L'(Q) and fj_;o IXE | BV () dt < 0o, then u € BV (£2).

We briefly introduce the characterization of functions of bounded variations. Indeed,
the measure Du of a function u of bounded variation can be decomposed into three terms
namely Du = D% + D + D7u where D%u is the absolutely continuous part of Du and

46



2. Viscosity solution theory

D3y = DIy + D is the singular part with D7y being the jump part and D being the
Cantor part. Moreover, we can express Du = Vudz + (u™ —u~ )i, HV "1|s, + Du, where
Vu € LY(Q), S, is of finite (N — 1)-dimensional Hausdorff measure, (u™ — u™)fi,xs, €
LY (Q,RN; HN=1|g ) with ut and u~ on each side of the jump part S,, and 7, the unit
normal to Sy; finally, Du satisfies D°u(B) = 0 for all B such that HV~1(B) < +oc.

Definition 1.42 (SBV space). We say that uw € BV () is a special function of bounded
variation and we write u € SBV (Q) if the Cantor part Du of its derivative Du is zero.

Theorem 1.28 (Compactness of SBV'). Let (uy) be a sequence of special functions of
bounded variation such that there exists a constant C > 0 with |un(z)| < C for almost
every x € Q open subset of RN and [, |Vu,|? dz + HN1(S,,) < C. Then there exists a
subsequence (uy, ) converging almost everywhere to a function v € SBV (). Moreover,
(Vun, ) weakly converges to Vu in L2(Q) and HN1(S,) < lklgigf ”HNfl(Sunk).

Theorem 1.29. Let Q be an open subset of RY. We have WH1(Q) € SBV(Q) € BV ().

Definition 1.43 (GSBV space). The space of generalized special functions of bounded
variation is defined by

GSBV () ={u: Q — R : u Borel function, max(—k, min(u, k)) € SBV (), Vk € N}.

2 Viscosity solution theory

The theory of viscosity solutions applies to certain partial differential equations and allows
merely continuous functions to be solutions of fully nonlinear equations of first and second
order. We refer the reader to [2] and [6] for a general introduction. In a first part, we
will focus on the theory of viscosity solutions applied to second order degenerate parabolic
equations and then to nonlocal and nonlinear parabolic equations.

2.1 Framework for second order degenerate parabolic equations
This section is based on [11] and [12]. Given T > 0, we consider the following problem:

{ u¢ + G(z,t, Du, D*u) = 0 in (0,T) x R"

u(z,0) = ug(z) in R" ; (2.1)

with G : R" x (0,7) x R® x 8", 8™ being the set of symmetric n x n matrices equipped
with its natural partial order satisfying the following properties:

(F1) G is continuous on R™ x (0,7") x R™\ {Orn} x &™. This allows equation (2.1) to be
singular at Vu = 0.

(F2) G is degenerate elliptic that is to say, G(z,t,p,X +Y) < G(z,t,p,X) for all
(x,t,p,X) €R"x (0,T) x R" x S and any Y € S, Y > 0.

(F3) —oo < Gy(z,t,0rn,0sn) = G*(x,t,0rn,0sn) < +o0 for all (z,t) € R™ x (0,T) where
G is the lower semicontinuous envelope of G and G, the upper semicontinuous one.
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Definition 2.1.
USC(R™ x [0,T)) ={u:R" x [0,T) — R locally bounded, upper semicontinuous }.
LSC(R™ x [0,T)) ={u:R" x [0,T) — R locally bounded, lower semicontinuous }.
We then define viscosity solutions.

Definition 2.2 (Viscosity subsolution, supersolution and solution). A function u € USC(RN x
[0,T")) is a viscosity subsolution of (2.1) if it satisfies:

1. u(z,0) < wup(x) in R™,

2. for every (zo,tp) € R™ x (0,T) and for every test function ® : R* x (0,T) — R, C*
in time, C? in space, that is tangent from above to u at (xo,to), the following holds:
0P

E(xo,to) + G+ (z0, to, D®, D*®) < 0.

A function v € LSC(R™ x [0,T)) is a viscosity supersolution of (2.1) if it satisfies:
1. v(z,0) > up(z) in R™,

2. for every (zo,to) € R™ x (0,T) and for every test function ® : R® x (0,T) — R, C*
in time, C? in space, that is tangent from below to v at (x,to), the following holds:

0P
g(iﬁo, to) + G* (w9, to, D®, D*®) > 0.

A functionv € C°(R"x[0,T)) is a viscosity solution of (2.1) if and only if it is a subsolution
and a supersolution of (2.1).

Before giving another definition, we define parabolic sub and superdifferentials of semi-
continuous functions.

Definition 2.3 (Parabolic sub/superdifferentials of semicontinuous functions). Let u :
R" x (0,T) — R.

The parabolic superdifferential of u, Pt u, is defined as follows: (a,p,X) € R x R" x 8"
belongs to Ptu(z,t) if (z,t) € R" x (0,T) and u(y,s) < u(z,t) +a(s —t) + (p,y — x) +
Xy —2),y—a)+o(s—t|+|r—y*), as (y.s) € R" x (0,T) — (z,t). Similarly
P u=—Pt(—u). We also define two sets:

(aava) c R xR" x Sn7
75+U(£1:' t) = El(xn’tn’a’n’pnaXn) S R" xRx R x R" x Sn
) such that (apn,pn, Xn) € Ptu(z,, t,)
and (T, tn, W(Tn, tn), n, pny Xn) — (2, t,u(, 1), a,p, X)

The set P~u(x,t) is defined in a similar way.
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Definition 2.4 (Equivalent definition for viscosity solutions). A function v € USC(R™ x
[0,T)) is a viscosity subsolution of (2.1) if it satisfies:

1. u(z,0) < wup(x) in R™,

2. for every (x,t) € R™ x (0,T) and for every (a,p, X) € PTu(x,t), we have a +
Gi(z,t,p, X) <0.

A function v € LSC(R™ x [0,T)) is a viscosity supersolution of (2.1) if it satisfies:
1. v(z,0) > up(z) in R™,

2. for every (x,t) € R® x (0,T) and for every (a,p,X) € P v(x,t), we have a +
G*(x,t,p,X) > 0.

A function v € CO(R™ x [0,T)) is a wviscosity solution of (2.1) if, and only if, it is a
subsolution and a supersolution of (2.1).

We recall the parabolic version of Ishii’s lemma.

Lemma 2.5 (Parabolic Ishii’s lemma). Let U and V be open sets of R, u € USC(U xR™)
and v € LSC(V x RT). Let ¢ : U x V x Rt — R of class C2. Assume that (x,y,t)
u(x, t) — v(y,t) — ¢(x,y,t) reaches a local mazimum at (z,y,t) € U xV x Rf. We
set T = 0ip(Z,7,t), ;1 = Ded(Z,7,1), po = —Dy¢p(z,7y,t). Assume also that v and —v
satisfy the compactness assumption, that is to say for every (z,s) € R" x R, there exists
Tu,T—y > 0 such that for every M > 0, there exists Cy,,C_,, such that

[(@,t) = (2,8)| <1y
(1,0, X) € Ptu(z,t) » =7 <Cy,
lu(z, t)| + |p| + [ X| < M

[(@,t) — (2,8)| <7y
(1,p,X) € Pt (—v)(z,t) p =7<C_,.
| —v(z, t)| + |p| + [X]| <M

Then for every a > 0 such that oA < I, there exists 7,79 € R and X,Y € 8™ such that

T=T1—T2,
(TlaphX) € 75+U(J_7,E>, (T2ap27Y) € ﬁ_v(jaﬂa

! (é ?) < <)o( 3) < (I - ad) A,

The strategy is then to get a comparison principle, construct barriers, prove the ex-
istence and uniqueness of a viscosity solution based on Perron’s method and study the
regularity of this solution using additional specific properties of G.
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2.2 General framework for nonlocal and nonlinear parabolic equations

We take this general framework from [3] and we follow the same notations. Let us consider
the class of nonlocal and nonlinear parabolic equations which can be rewritten as

{ u = H[1z0] (2,84, Du, D?u) in RY % (0,7), (2.2)

u(-,0) = ug in RV,

where u;, Du and D?u stand respectively for the time derivative, gradient and Hessian
matrix with respect to the space variable = of u : RN x [0, T] — R and where 14 denotes the
indicator function of a set A. The initial datum wug is a bounded and Lipschitz continuous
function on RV,

For any indicator function y : RV x [0,7] — R, or more generally for any y € L>®(RY x
[0, T);10,1]), H[x] denotes a function of (z,¢,r,p, A) € RN x [0, T] xRxRN\ {0} xSV where
SV is the set of real N x N symmetric matrices. For almost any ¢ € [0,T], (z,r,p, A) —
H(x)(z,t,r,p, A) is a continuous function on RY x R x RV \ {0} x SV with a possible
singularity at p = 0, while ¢ — H|x|(z,t,7r,p, A) is a bounded measurable function for all
(z,7,p,A) € RN x R x RV \ {0} x S¥. The equation is said to be degenerate elliptic if,
for any y € L>=(RN x [0,T7;[0,1]), for any (z,7,p) € RN x R x RV \ {0}, for almost every
t € 10,T] and for all A, B € SV, one has:

H[X:I(x7t7,r7p?A) S H[X]('x?t?T’p’B) ifA S B’

with < the usual partial ordering for symmetric matrices.

Such equations arise typically when one aims at describing, through the level-set approach,
the motion of a family {/(#)}cjo,7) of closed subsets of R evolving with a nonlocal ve-
locity. Indeed, following the main idea of the level-set approach, it is natural to introduce
a function v such that K (t) = {x € RY; u(x,t) > 0}, and this equation can be seen as the
level-set equation for u. In this framework, the nonlinearity H corresponds to the velocity
and it depends not only on the time, the position of the front, the normal direction and
the curvature tensor but also on nonlocal properties of K(t) which are carried by the
dependence in 1¢,>0y. The equation would appear as a well-posed equation if we consider
the nonlocal dependence (i.e. 1f,>0y) as being fixed.

The notion of viscosity solutions for equations with a measurable dependence in time
(called L!-viscosity solution) is needed to define weak solutions. For a complete presenta-
tion of the theory, the reader may refer to [4]. The following definition of weak solutions
is introduced in [3].

Definition 2.6 (extracted from [3]).
Let u: RN x [0,T] = R be a continuous function. u is said to be a weak solution of (2.2)
if there exists x € L (RN x [0,T);[0,1]) such that:

i) w is a L'-viscosity solution of

ug(z,t) = H[x|(z,t,u, Du, D*u) in RN x (0,T),
u(-,0) = ug in RV .
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ii) For almost all t € [0,T),

1{u(-,t)>0} < X(~,t) < 1{u(~,t)20} a.e. in RN.

Moreover, we say that u is a classical solution of (2.2) if in addition, for almost
every t € [0,T],

1{u(-,t)>0} = 1{u(~7t)20} a.e in RN .

We now state some assumptions (still following [3]) that are needed to establish the
result of existence of at least one weak solution to general problem (2.2).

(A1 ]
i)

i)

[A2 ]

i)

iii)

For any x € X € L>®(RN x[0,7];[0,1]), equation (2.3) has a bounded uniformly
continuous L'-viscosity solution u. Moreover, there exists a constant L > 0
independent of x € X such that [[ul| Lo gy x[o,r7) < L-

For any fixed x € X, a comparison principle holds for equation (2.3): if u is a
bounded, upper semicontinuous L!-viscosity subsolution of (2.3) in R x (0,T)
and v is a bounded, lower semicontinuous L!-viscosity supersolution of (2.3) in
RN x (0,T) with u(-,0) < v(-,0) in RV, then v < v in RY x (0, 7).

For any compact subset K C RY x R x RV \ {0} x SV, there exists a (locally
bounded) modulus of continuity mg : [0, 7] x Rt — R* such that mg(-,e) — 0
in L'(0,T) as € — 0, and

’H[X](x17tvrlap17A1) - H[X](x%tvrQ?anAQ)‘ <
m(t, |x1 — x| + |11 — ro| + [p1 — p2| + |41 — A2]),

for any x € X, for almost all ¢ € [0,7] and all (z1,r1,p1, A1), (z2, 72, p2, A2) €
K.

There exists a bounded function h(z,t,r), which is continuous in x and r for
almost every t and measurable in ¢, such that: for any neighborhood V of (0, 0)
in RV\ {0} x S and any compact subset K C RY x R, there exists a modulus
of continuity mg v : [0,7] x RT — RT such that mg v (-,&) — 0 in L*(0,T) as
e — 0, and

[H[x](z,t,r,p, A) — h(z, t,7)| < mry(E, |pl+ |A]),

for any y € X, for almost all ¢t € [0, 7], all (x,r) € K and (p, A) € V.
If x,, — x weakly-* in L=(RY x [0,T];[0,1]) with x,,, x € X for all n, then for
all (x,t,7,p, A) € RV x [0,T] x R x RV \ {0} x SV,

1 1
/ Hxn|(x,s,7,p,A)ds —> / Hx|(z,s,r,p, A)ds,
0 n—-+oo 0
locally uniformly for ¢ € [0, T].
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[A3 ] For any x € X, for almost every ¢ € [0,T], for all (z,p, A) € RV x RV \ {0} x SV,
and for any r; > ro,

H[X](x7t7 Tl,p,A) S H[X](.’Il'7t,7'2,p, A) .

The general existence theorem proposed by Barles et al. ([3]) is then:

Theorem 2.1 (General existence theorem ([3])). Assume that [A1], [A2] and [A3] hold.
Then there exists at least a weak solution to (2.2).

3 Calculus of variations

The scope of this section extracted from [7] is to investigate the existence and uniqueness
of the following minimization problem:

inf I'(u) = /Qf(x,u(x),Vu(x))d:U, (2.4)

ueX
where

~Q c RN, N > 1, is an open bounded set and a point in  is denoted by z =
(z1,...,ZN);

.>1§j§M

—u:Q—RM M >1is the unknown function with Vu = (‘9“]

MxN.
o eR ;

1<i<N

— X is the space of admissible functions;
— f:QxRM x RMXN 4 R is a given function.

Before giving the main results, we define some specific functions.

3.1 Carathéodory, convex, polyconvex, quasiconvex and rank one con-
vex functions

Definition 3.1 (Carathéodory function). Let © C RY be an open set and let f : QxRY —
RU{+o00}. Then f is said to be a Carathéodory function if

1. &€= f(x,€) is continuous for almost every x € €,
2. x> f(x,€) is measurable for every & € RL.

Remark 3.2. In the following, we consider functions f : Q x RM x RM*N 5 RU{+o0},
(x,u,&) = f(z,u,&), When we speak of Carathéodory function in this case, we consider
the variable ¢ as playing the role of (u,&) and RF = RM x RMXN,

Definition 3.3 (Convex function).
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— A function f : RN — RU {+oo} is said to be convex if

fltz+ (1 =t)y) <tf(x)+ (1 —t)f(y),
for every x € RN, every y € RV, and every t € [0, 1].

— A function f: E C RN — RU {+o00} is said to be strictly convex on a convex set E

if
fltz+ (1 =t)y) <tf(z) + (1 —1)f(y)
for every (z,y) € E?, x # y, and every t € (0,1).

In the scalar case M =1 or N = 1, convexity plays an important role in the existence
and uniqueness of minimizers for problem (2.4). However in the vectorial case (when M >
1 and N > 1), we need to introduce a weaker definition of convexity called quasiconvexity.

Definition 3.4 (Weaker convex functions).

1. (Rank one convex) A function f : RM*N — RU {+oo} is said to be rank one
convez if

FOE+ (X =X)n) S AF(E) + (1= N)f(n),
for every A € [0,1], € € RMXN "y € RMXN wyith rank (€ —n) < 1.

2. (Quasiconvex) A Borel measurable and locally bounded function f : RM*N —
RU {+o0} is said to be quasiconvex if

1

1&) = meas(D)

| fe+ Vo)) da.

D

for every open bounded set D C RN, for every ¢ € RM*N and for every ¢ €
Wwhee(D,RM).

3. (Polyconvex) A function f : RM*N — RU {400} is said to be polyconvex if there
exists F : R"TVM) 5 RU{+00} convex such that f(€) = F(T(€)) where T : RM*N
RTNM) s such that T(€) = (&, adjpl, . . ., adjmin(v,10)€)- We recall that adj& stands
for the matriz of all s x s minors of ¢ € RM>*N 2 < s < min(N, M) and 7(N, M) =
min(N,M) M N NIMI

Z; o(s) where o(s) = (5> <s> = o For M = N = 2,

(&) = (& det &) and for M =N =3, T(§) = (&, Cof§, det §).

4. (Separately convex) A function f : R™ — RU{+o00} is said to be separately convez,
or convex in each variable, if the function x; — f(x1,...,%i—1,Ti, Tit1,---,Tm) 1S
convex for every i = 1,...,m for every fized (x1,...,%i1,Tit1,...,Tm) € RML

5. (Affine) A function f is called polyaffine, quasiaffine or rank one affine if f and
—f are respectively polyconvex, quasiconvex, rank one convet.
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Definition 3.5 (Quasiconvex envelope). The quasiconvex envelope of a function f :
RMXN s RU {400} denoted by Qf is the quasiconvex function defined by

Qf =sup{g < f, g quasiconvex }.
g

Remark 3.6. In a similar way, we can define the convex envelope, the polyconver envelope
and the rank-one convex envelope of a function f.

Proposition 3.7. Let f : RM*N 4 R. Then
f convex = f polyconvex = f quasiconver = f rank one convexz.

If f is convex, polyconvex, quasiconvex or rank one convex, then f is locally Lipschitz.
If M =1 or N =1 then all these notions are equivalent.

If f : RMXN s RU {+00}, then
f convexr = f polyconver = f rank one convex.

We now focus on the direct method in the calculus of variations.

3.2 Direct method in the calculus of variations

The direct method of the calculus of variations aims to prove the existence of a solution
to the problem (2.4) and relies on the three following steps:

1. One first constructs a minimizing sequence (u,) of X (which always exists by the
sequential definition of the infimum) satisfying lir}rq I(uy) = in)f( I(u) after verifying
n—-+0o00 ue

that inf 7(u) is finite.
ueX

2. One obtains a uniform bound on ||u,| x by deriving a coercivity inequality. Indeed,

if I is coercive meaning that  lim  I(u) = 400, this uniform bound is straight-
flull x =00

forwardly extracted. (Arguing by contradiction, let us assume that VC' > 0, In €
N, ||un||x > C. We prove, by construction, that there exists a subsequence (uy, ) of
(up) such that klim I(uy,) = +00 owing to the coercivity of I, which contradicts
— 400
the fact that lim I(uy) = inf I(u)).
ueX

n——+oo
If X is reflexive, then by Theorem 1.11, one can thus find u € X and a subsequence

(un,,) of (up) such that w,,
k—4o00

3. To prove that Z is a minimizer of I, it suffices to have the inequality

I(u) < liminf I'(up, ).

k—+o00
The latter property is called weak lower semicontinuity.
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Definition 3.8 (Weak lower semicontinuity). Let p > 1 and Q, u, f be as above. We say

that I is sequentially weakly lower semicontinuous in X if for every sequence uy, %\_
n—-+0o0
then

I(u) < liminf I'(uy).

n—-4o00

. . . . . . X*x  _
1 is sequentially weak-x lower semicontinuous in X if for every sequence u, — 1u, then
n—-+oo

I(a) < liminf I'(uy,).

n—-+4o0o

In the scalar case (M =1 or N = 1), the convexity of £ — f(z,u,§) plays an impor-
tant role especially in the derivation of a necessary and sufficient condition ensuring the
weak lower semicontinuity property (see [14]). In the vectorial case, it is still a sufficient
condition but not a necessary one anymore. However, one can prove (see [7])

f quasiconvex < I weakly lower semicontinuous.
We now give an existence theorem for quasiconvex functions in the vectorial case.

Theorem 3.1 (Existence of minimizers). Let p > 1, Q C RN be a bounded open set with
a Lipschitz boundary. Let f: Q x RM x RMXN 5 R be o Carathéodory function satisfying
for almost every x € Q, for every (u,£) € RM x RM*N|

& — f(z,u,&) is quasiconver,
arl€lP + Brlul? +71(z) < f(@,u,8) < azl]P + Bolul” + y2(2),

where 0y > a1 >0, B ER, B2 >0, 1, 2 € L'(Q), p>q>Tand 1 <r < F& if p< N
and 1 <r <ooifp>N. Let

inf {I(u) = /Qf(x,u(x), Vu(z))dz | u € ug + Wy P (S, RM)} , (2.5)

then (2.5) admits at least one solution.
Now we state an important relaxation theorem after defining a growth condition.

Definition 3.9 (Growth condition). Let 1 < p < oo and f: Q x RM x RMXN 4 R f =
f(z,u,§), be a Carathéodory function. We say that f satisfies growth condition (G) if
there exists a Carathéodory function g: Q x RM x RM*N 4 R g = g(z,u, &) quasiconver

in the last variable and g(x,u,§) < f(z,u,§) for almost every x € Q and for every (u,§) €
RM x RM*N,

Moreover, the following inequalities hold for almost every x € Q and for every (u,§) €
RM % RMXN'.

1. when 1 <p < o0,

lg(z, u, ), |f (2,0, §)| < ol + [u” + [¢), (Gp)

where a > 0 is a constant;
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2. if p= o0,
lg(z, u, &), [f (z,u,§)| < B(x) + a|ul, [€]), (Ginfinity)
where a, B >0, B € LY(Q) and « is a continuous and increasing in each argument
function.

Theorem 3.2 (Relaxation theorem). Let 1 < p < oo, Q C RN be a bounded open
set and f : Q x RM x RMXN 5 R f = f(x,u,€), be a Carathéodory function satisfy-
ing the growth condition (Gp). For almost every x € Q and for every (u,§) € RM x
RMXN “let Qf be the quasiconvexr envelope with respect to the last variable of f : Qf =

inf {m Jp f,u, &+ Vo(y)dy| ¢ € WOI’OO(D, RM)}, D C RY being a bounded open
set. Assume that Qf : Q@ x RM x RMXN 5 R is a Carathéodory function.

1. (Part 1.) Let p < q¢ < oo and u € WHI(Q,RM), then there exists a sequence
{u}pzy Cu+ Wol’q(Q, RM) such that

u, — u strongly in LY(Q,RM),
V——+00

/Qf(x,ul,(a;),Vul,(x)) dx V_:;/ﬂ@f(m,u(x),Vu(x)) dx.

2. (Part 2.) Assume in addition to the hypothesis of Part 1, that 1 < p < oo and
there exist ag > 0 and ag € R such that, for almost every x € §, for every (u,§) €
RY 5 RMXN f(2,u,€) > asl¢f + as.

Then in addition to the conclusions of Part 1, the following holds:
w, — u weakly in WHP(Q,RM).

V——+00

3.3 [I'-convergence

The notion of I'-convergence is fundamental in variational image processing and we refer
the reader to [8] (from which this section is taken) for a comprehensive introduction to it.

Definition 3.10 (I'-convergence). Let (X, D) be a metric space. We say that a sequence
F; : X = [—o00,+00] I'-converges to F : X — [—o00,+00] (as j — +o0) if for all u € X
we have

1. (liminf inequality ) for every sequence (u;) C X converging tou, F'(u) < ljmﬁanj(uj);
J—+o0

2. (recovery sequence) there exists a sequence (u;) C X converging to u such that
F(u) > limsup Fj(u;).

J—+o0

The function F is called the T'-limit of (Fj) with respect to D and we write F' = T' —
limj Fj =F.

The following theorem is requisite in the convergence of some approximations.
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Theorem 3.3 (Fundamental theorem of I'-convergence). Let us assume that F =T —
lim; Fj, and let a compact set C C X ewxist such that igl(f F; = igf F; for all j. Then there

is a minimum of I over X such that min F' = lim igl(fFj, and if (uj) C X is a converging
J

sequence such that lim Fj(u;) = lim i&f F}, then its limit is a minimum point of F.
J J

4 Tridimensional elasticity

In this section, we recall some definitions of the theory of tridimensional elasticity taken
from [13].

Let © be an open bounded connected space of R®. We consider that the points = € Q
represent the points of a material. € is said to be the reference configuration of the
material. The map ¢ : Q@ — R? is a deformation. We also introduce the displacements
u = ¢ — Id. The matrix (Vg);; = 0;¢; is called the gradient of the deformation.

Remark 4.1. The preservation of the orientation corresponds to the condition det V(x) >
0, z €.

We first introduce and define some basic notions.
Definition 4.2.

1. The deformation tensor or right Cauchy-Green tensor associated with the deforma-
tion o is defined by

C =VelVe.

It can be interpreted as a quantifier of the square of local change in distances due to
the deformation.

2. The Green-Saint Venant tensor is defined by
1 1 l1_ p
E= 5(0—[) = 5(Vu+Vu )+§Vu Vu.

It measures the deviation between the deformation ¢ and a rigid deformation.

Definition 4.3 (Rigid deformation). A deformation ¢ is said to be rigid if it can be
written as ¢(z) = a + Qx, where a € R® and Q € SO(3) are respectively a given vector
and a rotation matriz in the group of orthogonal matrices of size 3 x 3 satisfying det Q = 1.

Definition 4.4 (Behavior law). The behavior law of a material is defined by
T : Q x {deformations} — Ss,

where S3 is the space of 3 X 3 symmetric matrices, such that for every deformation ¢ and

every point x € Q, we have T¥(y) = T(x, ) for y = p(x) and where T¥ is the Cauchy
stress tensor.
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Definition 4.5 (Material).

1. (Elastic) A material is said to be elastic if its behavior law can be written by T :
Qx My — Sz with T¥(y) = Tz, Vi(x)) where M3 is the set of 3 x 3 matrices with
a positive determinant. In other words, a material is said to be elastic if its behavior
law depends only on the gradient of the deformation.

2. (Hyperelastlc) An elastic material is said to be hyperelastic if there exists a func-
tion W : Q x ]\fr — R differentiable with respect to its second variable such that

oW

Tr(z, F) = T(x,F)Cof VF(z) = S5

z, F),
oW
8Fij

A (TR(x’F))ij = (T(va)COfVF(x))U = (x’F)v V(Za]) € {1’273}2

The function W is named elastic energy density of the material.

3. (Isotropic) A material is said to be isotropic if it has the same mechanical properties
in every direction.

4. (Homogeneous) A material is said to be homogeneous if its behavior law does not
depend on x.

Theorem 4.1. The energy density of an isotropic, homogeneous and hyperelastic material
s of the form

Vo € Q,VF € My, W(z, F) = W(Tr(C), Tr(CofC), detC),
where W : Ri — R is a function.

Exemple 4.6 (Homogeneous, isotropic, hyperelastic materials).

— Saint Venant-Kirchhoff materials: W (F) = —%TT(C)ﬁ-/\%QuTT(CQ)ﬂ-%TT(COfC)+

6“§9/\, with X\ and p being the Lamé coefficients and C = FTF. It is the simplest

homogeneous isotropic and hyperelastic material.

. M
— Ogden materials: W(F) = > a;||F||" + Ztr(Cof(FTF)) 3 + I(det F), with a; >
=1

0,b; >0,v>1,0; >1andT :]0, +oo[—> R bemg convex and satisfying h%l ') =
+00.

— Mooney-Rivlin materials: W (F) = a||F||?> 4 b|| Cof F||?> + T'(det F), with a > 0, b > 0
and T :]0, +oo[— R being convexr and satisfying 5lir(r]1+ I'(0) = +oo.
%
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Chapter 3

A nomnlocal topology-preserving
segmentation guided registration
model

In this chapter, we address the issue of designing a theoretically well-motivated segmenta-
tion guided registration method capable of handling large and smooth deformations. The
shapes to be matched are viewed as hyperelastic materials and more precisely as Saint
Venant-Kirchhoff ones, and are implicitly modelled by level set functions. These are
driven in order to minimize a functional containing both a nonlinear-elasticity-based reg-
ularizer prescribing the nature of the deformation, and a criterion that forces the evolving
shape to match intermediate topology-preserving segmentation results. Theoretical results
encompassing existence of minimizers, existence of a weak viscosity solution of the related
evolution problem and asymptotic results are given. The study is then complemented by
the derivation of the discrete counterparts of the asymptotic results provided in the conti-
nuous domain. Both a pure quadratic penalization method and an augmented Lagrangian
technique (involving a related dual problem) are investigated with convergence results.

1 Introduction

While image segmentation aims to partition a given image into meaningful constituents or
to find boundaries delineating such objects with the goal to quantify information (see [4,
Chapter 4] for instance or [56, Part II], for a relevant analysis of this problem), registration,
given two images called Template and Reference (both defined on the open and bounded
domain € in the plane - a rectangle in practice), consists of determining an optimal dif-
feomorphic transformation (or deformation) ¢ mapping the Template into the Reference.
This latter technique is encountered in the domain of shape tracking, multi-modality fusion
to facilitate diagnosis and treatment planning (see [54]), disease progression evaluation,
when comparing an image to its counterpart in a database in order to facilitate the inte-
gration of anatomic, genetic and physiological observations from multiple subjects into a
common space, or shape averaging as in [52].
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According to the modalities of the involved images and on the nature of the study
(the registration problem encompassing different aspects), the optimality criterion might
differ: for images of same modality, a well-registered Template has geometric features and
intensity distribution matched with those of the Reference. When the images have been
acquired through different mechanisms and have different modalities, registration aims
to match both images in terms of shapes and salient components, while preserving the
modality of the Template.

We refer the reader to [54] for an extensive overview of registration techniques in a
systematic manner. The sought transformation (or deformation) ¢ is seen as the optimal
solution of a specifically designed cost function, the problem being mathematically hard to
solve (see again [54]) due to its ill-posedness (it is underconstrained from a mathematical
point of view), to the involved non-linearity, to its non-convexity and to its versatile
formulation according to the desired application. Once a deformation model describing
the setting in which the objects to be matched are interpreted and viewed (physical models
— [7], [18], [12], [25], [26], [5], [9], [21], [23], [38], [52], [47] —, purely geometric models
— [62], [19], [53], [3] —, models including a priori knowledge [15]) is selected, the objective
function is designed. It generally comprises a term quantifying the degree of alignment
between the deformed Template and the Reference, and a term of regularization.

Additional constraints can be prescribed in order that the deformation exhibits suit-
able properties such as topology or orientation preservation (one-to-one property of the
deformation) ([35], [49], [11], [43], [45]), symmetry, inverse consistency (which means that
interchanging the Template and the Reference should not impact on the produced result)
([60]), volume preservation ([32]), lower and upper bounds on the Jacobian determinant
([33]), etc.

As structure/salient component/shape/geometrical feature matching and intensity dis-
tribution comparison rule registration, it sounds relevant to intertwine the segmentation
and registration tasks into a single framework: accurate segmentation results will drive
the registration process correctly, providing then a reliable deformation field between en-
coded structures. This work thus focuses primarily on a registration model guided by
segmentation (segmentation results will serve as target to reach and as such are inputs
in our model). A joint framework in which segmentation and registration are performed
simultaneously has also been investigated (see Remark 4.8). Prior related works suggest
to jointly treat these two tasks : [61], [55] (in a level set framework), [38] (registration is
achieved using the transfer of edges based on the active contour model without edges),
[40] (model based on metric structure comparison), [29] (based on Expectation Maximiza-
tion algorithm that incorporates a glioma growth model for atlas seeding), [2], [30] (active
contour framework combined with dense deformation fields of optical flow), [24] (edges
and the normals of the two images are matched by applying a Mumford-Shah type free
discontinuity problem), or [47] (based on weighted total variation). We emphasize again
that this work focuses on a registration model guided by segmentation.

To summarize, in addition to devising a theoretically well-motivated registration model,
we propose defining a geometric dissimilarity measure based on shape comparisons thanks
to successive segmentation results that will serve as inputs in our registration model. Seg-
mentation thus influences registration. Let us emphasize that the focus of this chapter is
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on the mathematical presentation and well-posedness of a nonlinear elasticity-based regis-
tration model in the two dimensional case. Later work may go to higher dimensions.

In [59], the authors propose a similar model in which the shapes are implicitly described
as boundary contours of objects, and thus implicitly modelled by level-set functions and
the deformation is obtained by finding a geodesic path based on the continuum mechanical
notion of viscous dissipation. A time discretization as a sequence of pairwise matching
problems ensures invariance with respect to rigid body motions and inverse consistency,
and a finite element scheme is used to numerically solve the problems.

Finally, we would like to mention that this work is the continuation of a very preliminary
conference proceedings version [48] and [46, Chapter 5]. In particular, the model has been
slightly reshaped and a thorough numerical analysis of the proposed algorithm is provided
with convergence results, which was not the case in [48] and in [46, Chapter 5.

For additional mathematical material, we refer the reader to Chapter 2, Sections 1.1, 1.2,
2.2, 3.2, and 4.

2 Mathematical modelling

2.1 General mathematical background

There are forward and backward transformations: the former is done in the Lagrangian
framework where a forward transformation v is sought and grid points x with inten-
sity values T'(z) are moved and arrive at non-grid points y = ¢ (x) with intensity val-
ues T(z) = T(x»"'(y)). In the Eulerian framework (considered here), we find a back-
ward transformation ¢ = ¢! such that grid points y in the deformed image originate
from non-grid points = ¢(y) = ¥~ !(y) and are assigned intensity values T(¢(y)) =
T~ (y)) = T(z). We thus compare a point (y, R(y)) (R denoting the Reference image)
with (y, T(¢¥~(y)) = T((y)))-

More precisely, when the forward mapping is computed, every pixel of the Template
image is pushed forward to its assessed position in the deformed image (entailing in practice
a problem of scattered data interpolation), while in the backward setting, the pixel value in
the deformed configuration is pulled from the Template image, meaning that the intensities
can be easily calculated by interpolating the values of the neighboring pixels. We refer
the reader to [31] and [54] in which both frameworks are clearly stated.

Let © be a connected bounded open subset of R? of class C!. Let us denote by R : Q —
R the Reference image assumed to be sufficiently smooth (the expression ‘smooth enough’
is a convenient way of saying that in a given definition, the smoothness of the involved
variables or data is such that all arguments make sense), and by T : Q — R the Template
image. The shape contained in the Template image is assumed to be modelled by a
Lipschitz continuous function ®q (input of the problem obtained by applying the topology-
preserving segmentation model [37]) whose zero level line is the shape boundary. Denoting
by C the zero level set of &y and by w C 2 the open set it delineates, ®g is chosen such
that C = {z € Q| Pp(x) =0}, w = {x € Q| Pp(x) >0} and Q\ w = {z € Q| Py(z) < 0}.
For theoretical and numerical purposes, we may consider a linear extension operator (see

[6, p. 158]) P : Wh(Q) — W1>°(R?) such that for all ® € W>°(Q), (i) PP = ®, (ii)
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PP poerey < C|@||poo(y and (iii) [[PP|y1.00r2) < C[|@yy1.00(2), with C depending
only on Q. By this extension process, we consider then that ®; € W1*°(R?) to ensure
that &g o ¢ — with ¢ introduced later — is always defined.

Let ¢ :  — R? be the sought deformation (or transformation). (Of course, in practice,
the sought transformation ¢ should be with values in € but from a mathematical point
of view, if we work with such spaces of functions we lose the structure of vector space).
A deformation is a smooth mapping that is orientation-preserving and injective, except
possibly on 9. As stressed by Ciarlet ([14, p. 26]), the reason a deformation may lose its
injectivity on the boundary of €2 is that self-contact must be allowed. We also denote by
u the associated displacement such that ¢ = Id 4 u, Id denoting the identity mapping.
The deformation gradient is Vi = I + Vu, Q — M3(R), the set Ms(R) being the set of
all real square matrices of order 2 identified to R*. This sought deformation is seen as the
optimal solution of a specifically designed cost function, comprising a regularization on ¢
prescribing the nature of the deformation, and a term measuring alignment or how the
available data are exploited to drive the registration process. These are depicted hereafter.

2.2 Regularization on the deformation

Nonlinear elasticity principles dictate the design of the smoother on . The shapes to
be matched are viewed as isotropic (uniformity in all orientations), homogeneous (same
properties at every point) and hyperelastic materials (materials capable of undergoing
large deformations while keeping their elastic behavior), hyperelasticity being a suitable
framework when dealing with large and nonlinear deformations: rubber, filled elastomers,
and biological tissues are often modelled within this setting. More precisely, the shapes
are considered to be Saint Venant-Kirchhoff materials (—see [13] for further details and
[9] for an alternative hyperelastic model. For the sake of completeness, we also refer the
reader to [50] for a nonlinear elasticity based regularization implemented with the finite
element method, [23], [22], [24] in which the general Mumford and Shah functional is used
in the minimization, combined with registration of the unknown edge sets, [21] in which
basic similarity measures are incorporated and a Saint Venant-Kirchhoff like stored energy
function is considered —). A motivation for this choice is that the stored energy func-
tion of such materials is the simplest one that agrees with the generic expression of the
stored energy of an isotropic, homogeneous, hyperelastic material. Also, to ensure that
the distribution of the deformation Jacobian determinants does not exhibit shrinkages or
growths, we propose complementing the model by a term controlling that the Jacobian
determinant remains close to 1. (The weighting of the determinant component by param-
eter p is justified in the proof of Proposition 3.2 in [46, Chapter 5]). At this stage, the
considered regularizer would be, setting F' = Vo,

W (F) = Wsyi(F) + p (det F —1)?

A
with Wey g (F) = 3 (tr E)* + ptr E2, the stored energy function of a Saint Venant-

Kirchhoff material, A and p the Lamé coefficients, E = (F7F —I) /2 the Green-Saint
Venant stress tensor measuring the deviation between ¢ and a rigid deformation, and
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with the following notation A : B = trA” B, the matrix inner product, and ||A| = VA : A
the related matrix norm (Frobenius norm). Note that this regularizer has been investigated
in prior related works by Derfoul and Le Guyader [21] and Ozeré, Gout and Le Guyader
[47]. Nevertheless, it does not constitute the core of the present work, the emphasis being
put on the numerical analysis of the proposed algorithm. We refer the reader to Remark
3.3 for the motivation of this choice for regularization.

2.3 Alignment measure

Accurate segmentation results drive the registration process. Recall that the shape con-
tained in the Template image is assumed to be modelled by a Lipschitz continuous function
@y whose zero level line is the shape boundary. We thus aim to find a smooth deformation
field ¢ such that the zero level line of ®¢ o ¢ gives a relevant partition of the Reference
image R. A criterion measuring the distance between ®yo ¢ and an input (a priori knowl-
edge in the model) resulting from the topology-preserving segmentation process of Le
Guyader and Vese ([37]) is introduced, with the goal to maximize the overlapping between
the shape delineated by the zero level line of @ o ¢ - shape contained in the deformed
Template - and the shape included in the Reference image and defined through the zero
level line of an auxiliary level set function.

This measure constitutes an alternative to classical intensity-based/information-theo-
retic-based matching measures, mutual information — suitable when dealing with images
that have been acquired through different sensors —, measures based on the comparison
of gradient vector fields of both images, metric structure comparisons, mass-preserving
measures, etc. It is defined by

Wale) = [ (Hu(®000) ~ H(B(.T)))" da,

H. denoting a C™ - regularization of the one - dimensional Heaviside function, ® being the
solution of the evolution equation stemming from the topology-preserving segmentation
model by Le Guyader and Vese ([37]) and allowing for a partition of the Reference image:

!/

+ 4%17(@(3:) +1)

div (g(wR\)v‘?) +EG(VR])

B
=3

= [Vl

ot VO

H(l - &(x)) /Q (e =, VE@) V@) + DA~ W) dy. (5

®( is naturally taken to be the initial condition of this segmentation process. Function g
is an edge-detector function satisfying g(0) = 1, g strictly decreasing and lir+n g(r) =0.
r—r—+00

This evolution equation results from the minimization of functional J(®)+p/L(®) (1 > 0,
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Vi(y)

(b)

Figure 3.1: Geometrical characterization of points where the curve is to merge (a) or split

(b).

tuning parameter), combination of J (éfi) = Jo 9(IVR|)|IVH (®)| coming from the classical
geodesic active contour model ([10]) (H being the one - dimensional Heaviside function)
and L, related to the topological constraint:

2(@) = [ [ o (<122 ) w00, 9o0) f0(0) + D11 - S B0) +1)
H(l - @(y))]dm dy . (3.2)

The Euclidean scalar product in R? is denoted by (-,-) and || - ||2 is the associated norm.
A geometrical observation motivates the introduction of L. Indeed, in the case when &
is a signed-distance function, |[V®| = 1 and the unit outward normal vector to the zero
level line at point x is —V®(x). Let us now consider two points (z,y) € Q x Q belonging
to the zero level line of @, close enough to each other, and let —V®(z) and —V®(y) be
the two unit outward normal vectors to the contour at these points. When the contour is
about to merge or split, that is, when the topology of the evolving contour is to change,
then (V®(z), VO(y)) ~ —1 (see Figure 3.1). This remark justifies the construction of
L. In many applications, such as medical imaging, topology preservation is a desirable
property: when the shape to be detected has a known topology (e.g. spherical topology
for the brain), or when the resulting shape must be homeomorphic to the initial one. In
other words, an initial contour should be deformed without change of topology as merging
or breaking. Also, as shown in [37], this topology-preserving constraint enables us to
delineate properly the thin concavities of the objects. The registration process is then fed
by the knowledge of the segmentation of the Reference image at time 7.

2.4 Overall functional

In the end, gathering the smoothing component and the alignment measure yields the
following global minimization problem (P) with 7', given fixed artificial time:

it {1(0) = [ o, plo). Vil ®)
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with ¢ € Id + W01’4(Q, R?) meaning that ¢ = Id —the identity mapping— on 9Q and
© € WH4(Q,R?). With this choice, the boundary is mapped onto the boundary. Note
that boundary conditions are of relative importance, provided the images are embedded
into a uniform backdrop. Nevertheless, alternative boundary conditions could have been
investigated (Dirichlet, Neumann, periodic, sliding, bending boundary conditions —[42])
but in practice, for disease progression evaluation for instance (Figure 3.7), it sounds
relevant to assume such boundary conditions. Also, it emphasizes the ability of our model
to handle large deformations. Note that from generalized Holder’s inequality, if ¢ €
WH4(Q,R?), then det Vi € L2(Q2). Also, in [1], Ambrosio and Dal Maso prove a general
chain rule for the distribution derivatives of the composite function v(z) = f(u(z)), where
u : R” — R™ has bounded variation and f : R™ — RF is Lipschitz continuous. A simpler
result is given when u € WHP(Q,R™) for some p, 1 < p < +oco and states that v = f(u)
belongs to WP(Q, R¥). With these elements in hand (in particular, the data fidelity term
is well-defined thanks to the previous result), we have the following remark:

Remark 2.1. A judicious rewriting of W (&) into W (§) = B8 (||€]* — Oé)2 + U(det) with

A+ )
— 2 gnd B = M2 g W s s g2 Sz HOTR s us ¢
a 13, and B E, an s 05+ pu(s—1) +2()\+2/~L) enables us to see
—_———
=

that Wh4(Q,R?) is a suitable functional space for ¢. Indeed, it can easily be proved that

B (g —a)? < mmuﬂm&@ |
2 H(A A+
W(det&) < p (det)” +3p+ 20+ 2p)

so that if o € WH4(Q,R?), /Qf(:u,go(ac),Vgo(x)) dr < o0.

3 Theoretical results

3.1 Mathematical obstacle and derivation of the associated relaxed pro-
blem

We start by expressing the main technical difficulty related to this problem that led us to
introduce the associated relaxed problem.

Proposition 3.1. Function f is not quasi-convex (see [17, Chapter 9] for a complete
review of this notion).

Proof. See proof of [47, Proposition 1.] and [46, Chapter 5] for similar standard arguments.
L]

Proposition 3.1 raises a drawback of a theoretical nature since we cannot obtain the
weak lower semicontinuity of the introduced functional. The idea is thus to replace the
original problem (P) by a relaxed one denoted by (QP) formulated in terms of the quasi-
convex envelope Qf of f. In what follows, we establish the explicit expression of the
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quasi-convex envelope of f and derive the related relaxed problem (the proof is available
in [46, Chapter 5]).

Proposition 3.2. The quasi-convex envelope Qf of f is defined by

v ~ _ 2
Qf @€ =5 | (H@oop) ~ HAB(.D)) do+QW(E)

: _ [ W) FIEIP = e : .
with QW (&) = { U(dete) if |I€]2 < a, and ¥, the convex mapping defined in Remark 2.1.

The relaxed problem (QP) is thus defined by:
i {1(0) = [ Qfte.0(0), Vot d | (@P)

with ¢ € Td + Wy (9, R?).

Remark 3.3. Note that the stored energy function Wgsy i alone lacks a term penalizing
the determinant: it thus does not preclude deformations with negative Jacobian. Also, it
exhibits the same property of non rank-1 convezity (and thus non quasiconvezity), which
raises the same theoretical issues as for the existence of minimizers. From our experience,
in practice, the Saint Venant-Kirchhoff model alone requires more regridding steps when
large deformations are involved compared with the proposed stored energy (see [38] for com-
parisons). It is also possible to compute the quasiconvex envelope of Wey . Its expression
is more complex than in our case, since including explicitly the singular values of & and
making its numerical implementation more involved with finite element approzimations.
This computation was achieved by Le Dret and Raoult in [36]. It is noticeable that, in this
case, when the singular values of € are lower than 1, the quasiconver envelope equals 0,
which shows bad behavior under compression. In comparison, we see in the expression of
QW that when ||€||? < a, that is, when the sum of the singular values of & to the square
1s lower than «, a penalization on the determinant still remains, function ¥ reaching its
minimum for a positive value of its argument.

Remark 3.4. We emphasize that the extension of the model to the 3D case is not straight-
forward. Indeed, in three dimensions, the expression of Wgsy i (§) involves the cofactor
matriz denoted by Cof€& as follows:

A

and it is not clear that one can derive the explicit expression of the quasiconvex envelope

QW of W with W (&) = Wy () + p(det & — 1)2.

In the next subsection, we prove that the infimum of problem (QP) is attained and
that if ¢ is a solution of problem (P), then there exists a minimizing sequence {y,} of
problem (P) such that {¢,} weakly converges to ¢ and I(y,) — I(¢). The solutions of
(QP) are considered as generalized solutions of (P), in the sense of weak convergence. We

also ensure that ®(-,T") is well-defined, using the viscosity solution theoretical framework.

)\ 2
Wavw(©) =5 (1612 = (3+ %)) +4 (1l - 21 orelP) - 25 2+ ),
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3.2 Existence of minimizers and relaxation theorem

We state the main theoretical result related to the existence of minimizers, following
arguments similar to those used in [21] and in [46, Chapter 5].

Theorem 3.1. The infimum of (QP) is attained. Let then € W1*(Q,R?) be a minimizer
of the relazed problem (QP). Then there exists a sequence {¢y}oe C cﬁ+W01’4(Q, R?) such
that o, — @ in LY(,R?) asv — oo and I(p,) — 1(@) as v — co. Moreover, the following
holds: p, — @ in WH4(Q,R?) as v — oo.

It means in particular that inf I(p) = min I(p), as QW < W. The
peId+ W, (Q,R2) peId+W, 4 (Q,R2)

solutions of (QP) are considered as generalized solutions of problem (P).

We now investigate the well-definedness of ®(-,T') and ensure that it exhibits sufficient
regularity properties.

3.3 Well-definedness of ®

Problem (3.1) is hard to handle from a theoretical point of view. A suitable setting would
be the one of the viscosity solution theory ([16]) (owing to the nonlinearity induced by the
modified mean curvature term), but the dependency of the nonlocal term on the gradient
V®(y) and the failure to fulfill the monotony property in ® make it difficult. For this
reason, for the theoretical part, we consider a slightly modified problem: we assume that
the topological constraint is only applied to the zero level line. Assuming that P is a
signed-distance function, the topological constraint L is then rephrased as

- €T — 2 ~ ~ ~
2(@) = - [ [ o (- 2212 ) (w0, Vo) s @)a @) dedy.

with § the Dirac measure. Computing the Euler - Lagrange equation, then applying an L?
gradient flow method and doing an integration by parts and a rescaling by replacing § (&J)
by |V®|, yields the following evolution problem (defined on R? for the space coordinates
for the sake of simplicity)

oL . Vo - N
Fr |V<I>\{d1v <g(|VRD |V<i>|) + co * [@(-,t)} +/~cg(|VRD} , (3.3)

with [é(, t)} the characteristic function of the set {i)(, t) >0} and
R? >R
co: m 2 z13Y . 3.4
o o (2= Rl ) exp (122 (8.4

Remark 3.5. A sample of experiments shows that this simplified model qualitatively per-
forms in a similar way to [37] (see [27] in particular).
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We now derive an existence theorem in the viscosity solutions framework. Note that
the proposed result, which is a result of existence of weak solutions to problem (3.3)— with
no restriction on time T — is different from the one obtained in [27], which is a short-
time existence/uniqueness result in the classical sense. Equipped with the theoretical
elements introduced in Section 2.2 from Chapter 2, we now state the main theoretical
result regarding the existence of at least one weak solution to problem (3.3).

Theorem 3.2. Assuming that g :== g(|VR|), g% and Vg are bounded and Lipschitz con-
tinuous on R?, problem (3.3) admits at least one weak solution.

PQp

Proof.  First, one can easily check that setting C(p) := (I — 2
p

)7

Hx](z,t,p, A) = g(x)tr (C(p)A) + (Vg(x),p) + |p| /R2 co(r —y)x(y,t) dy+kg(x)|p| -

We give the sketch of the proof by mainly checking that the assumptions of Theorem
2.1 from Chapter 2 are fulfilled. Assumption [Al] is rather classical and for the sake of
conciseness, we do not go into details. Assumption [A3] is obviously fulfilled, H[x] being
independent of r in the considered problem. Let us now focus on assumption [A2] i).
M > 0 denotes a positive constant that may change line to line and that may depend on
K, g, Vg, |lcoll 1 r2) or [[Veol p1(r2)- Recall that (x4, pi, A;) belongs to the compact subset
K. One then has

[(Vg(x1),p1) — (Vg(x2), p2)| =(Vg(x1) — Vg(22), p1) + (Vg(z2),p1 — P2)|
<M (|lz1 — 22| + |p1 — p2l) ,

due to the properties of Vg. Also,

[Klpalatar) — Flpelg(az)| < 41151 — pellgCen)] + I pellaten) - g(eo)l,
< M(|p1 — p2| + |z1 — z2]),

due to the properties of g. Furthermore,

Il [ coter = xtmt)dy = loal [ colon = () o

IN

|[p1] = [p2l| ‘/Rz co(r1 —y)x(y,t) dy‘ + [p2] /Rz (co(r1 —y) —colz2 — ) x(y,t) dy| ,

< Ip1 — palllcoll L1 r2) 1| Loo (R2 x[0,77) + [P2]

L ([ et =+ stor = 221~ ) xtwtra]
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A change of variable in the integral allows to conclude that

’|p1| /R2 co(z1 —y)x(y,t) dy — |p2| /R2 co(z2 —y)x(y,t) dy

< [p1 — pal HCOHLl(R2)HXHLoo(R?x[o,T]) + |p2| |21 — 22| HXHLoo(R2x[o,T]) HVCOHLI(RZ) )
<M (|p1 — p2| + |1 — x2]) .

It remains to estimate |g(z1)tr (C(p1)A1) — g(z2)tr (C(p2)A2)|. One has

|g(z1)tr (C(p1) A1) — g(@2)tr (C(p2)A2)| < |g(z1) — g(z2)| [tr (C'(p1) A1)
+ g(x2) [tr (C(p1)A1) — tr (C(p2)A2)] ,
< M |z1 — 22| |C(p) | FlA1llF + g(z2)
ltr ((C(p1) — C(p2)) A1) + tr (C(p2) (A1 — A2))] ,

| - [|# denoting the Frobenius norm. Remarking that ||C(p1)]|r = 1 and that one has
|A1]lF < V2||A1]l2 = V2| A1, it yields

lg(z1)tr (C(p1) A1) — g(@2)tr (C(p2)A2)| < M (Jx1 — 22| + [A1 — A2|)

+ g(x2) [tr (C(p1) — C(p2)) A1) - (3.5)
One can notice that C(p) = o(p)o(p)? with o(p) = <|§T,|01 8) given p = (po1,po2)’ # 0.
P

Consequently,

g(x2) [tr ((Cp1) — C(p2)) A1) < M |tr ((o(p1) — o(p2)) o(p1)" A1)
+tr (a(p2) (o(p1)" — o(p2)”) Ayl .

Focusing on the first term of the right part of the inequality, the result being similar for
the second component, one obtains

|tr ((o(p1) — o (p2)) o(p1) A1) | < | AillF lo(pr) — o(p2) | llo(p1) |7
P P2 lp1 — p2
= min (|p1], pz2])’

|p1| ’p2|

SO

tr ((o(p1) — o (p2)) U(pl)TA1)| < M |p1 — pol.

Including this result in equation (3.5) yields the desired estimation.

The two remaining assumptions are checked using the same arguments as above and taking
h the null function for assumption [A2] ii), and by definition of the L>°-weak % convergence
for assumption [A2] iii). O
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4 Numerical Method of Resolution

4.1 Asymptotic behavior of a penalization method in the continuous
domain

In [44], Negréon Marrero describes and analyzes a numerical method that detects singular
minimizers and avoids the Lavrentiev phenomenon for three dimensional problems in non-
linear elasticity. This method consists in decoupling the function ¢ from its gradient and
in formulating a related decoupled problem under inequality constraint. In the same spirit,
we introduce an auxiliary variable V' simulating the Jacobian deformation field Vi (—the
underlying idea being to remove the nonlinearity in the derivatives of the deformation—)
and derive a functional minimization problem phrased in terms of the two variables ¢ and
V. This problem corresponds in fact to the conversion of the original problem formulated
in terms of ¢ and V under the equality constraint V = V¢ a.e., into an unconstrained
minimization problem via quadratic penalty method.

The decoupled problem is thus defined by means of the following functional:

v - vy
Li(p, V) =3 | He(®g 0 @) — HE((I)(WT))H%%Q) + /Q QW (V)dx + 5 V- V@H%?(Q,MQ(R)) :
(3.6)

Let us now denote by W the functional space defined by W=1d + I/VO1 ’2(Q, R?) and by
X, the functional space ¥ = {V € L4(Q,MQ(R))}. The decoupled problem consists in

minimizing (3.6) on W x X. Then the following asymptotic theorem holds.

Theorem 4.1. Let (v;) be an increasing sequence of positive real numbers such that
lim v; = +oo. Let also (vr(7;), V(7)) be a minimizing sequence of the decoupled pro-

Jj—+o0
blem with v = ~yj. Then there exists a subsequence denoted by (cpN(Wocm)(’Y\I/og(j)), VN(WO«],))
(’Y\pog(j))) of (pr(74), Vk(7;)) and a minimizer ¢ of I (p € Id + W01’4(Q, R2)) such that:

lim Ty ) (90N(7\po<(j))(7‘1’°C(j))’VN(Woc(jﬂ(%I’oC(j))) =1(2).

Jj—+oo
Proof. See [21, Theorem 10] and [46, Theorem 5.3.1] for similar arguments. O

Remark 4.1. When applying the direct method of the calculus of variations to pro-
blem (3.6) for fized v, we obtain the boundednesss of the minimizing component V; in
L4(Q, M2(R)), which allows to extract a weakly converging subsequence still denoted V.
Unfortunately, we cannot say anything about the behaviour of det V;, preventing us from
obtaining any minimizer existence result. That is the reason why the previous asymptotic
result involves for each vy; a minimizing sequence associated with the decoupled problem.

We now concentrate upon the discrete counterparts of the previous study. Two strate-
gies have been investigated: a purely quadratic penalty method and an augmented La-
grangian technique.
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4.2 Discrete counterpart of the quadratic penalty method

Let us introduce some notations first. We now denote by Q = {1,...,N} x {1,..., M},
N being the number of pixels in the horizontal axis and M the number of pixels in the
vertical axis, a fixed rectangular lattice of integral points. We define the counterparts of

T
the previous variables on the discrete domain, ¢! = (@%71, cee géil’j, cee ‘/3}\/ M) e RVxM

T
where 3! = @'(i, ), 3 = (@il,...,@?’j,...,%M) € RVM  where ¢2, = 32(i, j),

@ = (@', 3% € Fi(Q) = {set of all functions defined on Q which are equal to identity on the
boundary 9Q}. The discrete gradient V : RV*M x RNXM _ (M, (R))N*M with periodic
boundary conditions is defined as V(ﬁ = (Véii,.- . Vi, .. VgoN M)T with V@ ; =
(3:0%3 ay@%,j) 5 @k, = { (ﬁw 951 1,5 if i>1 o (ﬁk — { 901,] (sz 1 if J>1

aﬂ?gpz] 893512,]' P 2 (pN] if i=1""v" ~k (le if J=1 ’
k = 1,2. This choice of period1c boundary conditions is purely techmcal to prove the dis-
crete counterpart of the generalized Poincaré inequality. In practice, as ¢ = Id on 0f2, the
discrete approximations ¢; ; are only updated on internal nodes and the computations do
not involve the particular cases i =1 and j = 1.

~ R ~ ~ T ~ 1,1 V12
Similarly, V = (V171,...,V,-7j,...,VN7M) € (May(R)NM*M | with V;; = ( ) Vg2>
7]

and f/f?l = VR, ), k,1 = 1,2. The discrete norms are defined as ||q||lp(Q My(R)) =

1

(zz (g2 (q3732)2+(q2-2,3-1)2+(qz’f)2p> (ZZHM?’) with g € (My(R))N M

i=1j=1 i=1j=1
p\ P
and Hqup(Qm = Z Z (q”) (qz.%j)2 for p € N, p < 400 with ¢ a R%-valued
i=1j=1

»
function defined on €. Finally, Hqup(Q = (Z qu> for p € N, p < +o00 with ¢ a
=1 jf
real-valued function defined on Q. ||.| still denotes the Frobenius norm for matrices of size
2 x 2.
Before studying the discrete counterpart of our model, let us introduce the discrete gener-
alized Poincaré inequality. We first recall the continuous generalized Poincaré inequality.

Theorem 4.2 (extracted from [20, p.106]). Let Q be a bounded Lipschitz domain in R,
Let p € [1,+00[ and let N be a continuous seminorm on WLHP(Q), that is a norm on
the constant functions. Suppose that u € WVP(Q), then there erists a constant C' > 0
depending only on N,p,Q such that:

T— <C</]Vupd:r)11’ N(u)),

with N (u fr | u(z) | de when Q is a C* open set and Ty is a subset of OQ with positive
(N-1)- dzmenswnal Lebesgue measure.
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A nonlocal topology-preserving segmentation guided registration model

Now, we will provide a similar discrete inequality. The following result is an adaption
of the one from [58] given for real-valued functions which vanish on the boundary whereas
the results presented here stand for R?-valued functions which are equal to the identity on
the boundary.

Lemma 4.2 (adapted from [58, Lemma 3.9]). Let f = (f', f?) € F(Q)={f:Q—R%.
For any t = (t1,t2) € Q, we have:

(SO + 1202 < 11+ 1£2(2)]
i (Z(W FHu,ta)| 41022 (u, t2)]) + |21 (N, t2) | + [2f2(N, t2)|

M
Z |0y f (b1, w)] + 10, 2 (1, w)]) + 21 (1, M| + \2f2(t17M)|> :

Proof. It can be checked easily for ¢+ = 1,2 that:

Fit) — fi(N, tg) = Zaf u,ta) as Oy fi(u,ta) = fi(u,ta) — fiu—1,t2), u>2,

u=1
and 8xfi(1,t2) = fi(latZ) - fZ(Nv t2)7
Fi) = i, M Zf)yf (t1,u) as Oy f*(tr,u) = fi(tr,u) — fr(t,u—1), u>2,
and 9, f'(t1,1) = f'(t1, 1) — f'(t1, M),

Fit) — f1U(N, to) Z O fi(u,ta) as O fi(u,ta) = fi(u,ta) — filu—1,t2), u > 2,

u= t1+1

fz(t) f tla Z ayf l1,u) as ayf;(tl’u):fi(tlau)_fi(tl’u_l)v u > 2.

u=to+1

Summing the previous inequalities leads to :

21%(t) Za f(u, t2) +Zaf tr,u) + fHN, to) + f'(tr, M),

2 (t) Zafut2 Zaf t1,u) + [N t2) + f'(t1, M).

u=t1+1 u=to+1

Consequently,

2| (t r<Zra Filu, ta) \+Z\6f t,u)| + [FH(N, t2)| + | £ (1, M),

u=1
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4. Numerical Method of Resolution

N M
A1 0 < Y 10uf (uta)l + Y 10y f (b, W) + | (N t2)] + |f (b1, M),

u=t1+1 u=to+1

yielding
(IF @) + !fz(t)l2)% < |FHO]+ 172 ()]
N
< EZ(W FH(u ) + 1027 (u, t2)] +Z |0y f1(t1, u)| + [0y f2(t1,w)])
2

1
|FHN )| + 2| f2(N, t2)| + 2| F( tl, )| +2[f2(t, M)].

Lemma 4.3 (extracted from [58, Lemme 3.7]). For any pa,Casqa > 0 with o = 1,...,m,
m
oo __
m=2and y =1,
a=1

H CQa Z 9o Cpa

a=1

where the equality holds if and only if c1 = co = ... = ¢y

Lemma 4.4 (extracted from [58, Lemma 3.8]). For any r; > 0 and s > 0,

2

2 s
(;r) <c(s,2)) 17,

=1
. 25=L gf s>1
w”hc(s’2):{1 if 0<s<l1

Lemmas 4.3 and 4.4 are fundamental inequalities easily derivable from the arithmetic-
geometric mean inequality. For their proofs, one is referred to, for example, [34] or [41].
Theorem 4.3 (adapted from [58, Theorem 3.1]). For any f* € F(Q), any real number

m
Pa>2,0.>0, a=1,---,m, m > 2 with Zg—azl and any co > 0,
a=1""

H LF ()l < D TT It o+ 12 ol*

teQo=1

v(2) S

to=0

< CZ(’“CP‘*B” 27 (HVfauzz +

ala

Pa
2

Hlreref s (2 )z\faltl, )\2+\f“’2<t1,M)|2] |

t1=0
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A nonlocal topology-preserving segmentation guided registration model

where C = ] cgqﬁ and B = max(M, N).
p=1

Proof. By lemmas 4.2, 4.3 and 4.4 , we have:

H 1 O]+ 12 @)™ = (Hcg%) [T leatlrt @+ 1r2@nl™,
= =1

a=1

<02q°”’ 171 )] + 2 @)

a=1 Pa
M
o ]' o o7 « o
< CZ%C{;& [4<Z|8$f M, t)] + [0 (u,t2)| + D |0y £ (b1, w)| + |9y f*2 (1, w))|
a=17¢% u=1 u=1

Pa
+2[ NN )| 4 2| F2 (N, )| + 2| f* N (81, M)| + 2| f*2 (81, M) >] 7

N

Pa
< CZ da cp“—c (Pars 2) [(Z |00 F (u, t2)| + |0 f 2 (u, t2) | + 2 | fXH(N, t2)| + 2| F42(N, @)\)

u=1

u=1

Pa
+ (Z |0y £ (b, w) | 4 0y 7 (b, u) | + 2| f4 (8, M)] 42 |fa’2(t17M)’> ] -
According to lemma 4.4, Vt € Q, Va € {1,...,m}, ¢(pa,2) = 2P="1 so that :

[T lIret @+ 12 @™
a=1

m N Pa
& 1 o o a a
< CE_lquCZ‘*QpaH KE |0, £ (u, ta) | + |0p f42 (u, ta) | + 2| f@1 (N, t2)| + 2| f vQ(N,tQ)O

u=1

M Pa
+ (Z |8yf°"1(t1,u)| + ‘ayfa’Q(tl,u)‘ +2 ‘fa’l(tl,MH + 2 |fa’2(t1,M)’> ] R

u=1

Pa—1

m q 1 N
o «
<3yt || (3
a=1 u=1

1 4 Pa
N Pa \ Po
(Z (\8xfa’1(u,t2)\—|—\8xfa’2(u,t2)\+;\fa’l(N,tg)\+ir\f‘m(N,tg)\) ) ]

u=1
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4. Numerical Method of Resolution

pPa—1

M Do M
<Z1> <Z<\a FOt,w)| + |8y f 7 (tr, )|
u=1 u=1

_l’_

1 7 Pa

2 a,l 2 @,2 Pe\ va . . .
+M }f (t1,M)| + i |f (t17M)‘> ) ] (Holder’s inequality),

N
< szcﬁa 2pa+1 [ (NPt (Z (\&f”"l(um)} + |02 f 2 (u t2)| + % | (N, )]

u=1

Do M
+ \fa’Q(N,tzM) ) + (M) (Zl (|0, £ (b1, w)| + [0, £ (1, w)|

+3 [ fot (b, M|+ % [ (1, M) >p )] )

N
< cz fo e L pre KZ (|8$f“’1(u,t2)\ + [0, 2 (u, ta)| + % |foL (N, )]

u=1
M

Pa
+N‘fa,2(N,t2)‘> )+ (Z(‘a fal tlv ‘+‘8 fa2 t17 )‘

u=1

+A24}fa71(tl’M)|+]\24’faﬂ(tl,M)\)pa)].

Let us now sum on t:

»

[ |00 O (u, t2)| + 00 f ¥ (u, t2) | + ‘;f"‘vl(N, to)| + ’;fa’Q(N, t2)
te)

M Pa
+u§::1 <}8yf0<1 t,u)| + 0y f* 2 (t, u ‘Mfal tl,M)‘ T A?fan(tl,M)> ] ,
N pa

=> . (@f‘“’l(u,h)} + 100 f% (u,12)] + ‘ IO R)| fa’2(N, t2) )
u=1l¢cQ)

t]\i pa
+ZZ (’ayfml(tl»u)’+|ayfa’2(tlau)|+‘Mfal tl,M) ‘Mfa2(t1,M) > ,

u=1lsc0

e 2 .
:NZ <‘azfa,l(t17t2)} + ‘azfa?(tl’m)l 4 ‘Nfoél N tg) 'Nfa Q(N,tg) >
te

2
Y (107 0ta)| (000 )| | 20,00+ |70, 0)
tef



A nonlocal topology-preserving segmentation guided registration model
)pa
>pa)

<B (Z <‘axfa,1(t17t2)| + ‘axfag(tlvt?)‘ + ‘;fa71(N, t2)

teQ

2 «,2
— fY2(N,t
+‘Nf (N, t2)

2
+X (1o o)+ o0 )] | 2,00+ |70 )

te)
So we have:
S IT It @+ 2@l
teQo=1
N
2

= ZC 76{:‘& 2pa+1 Bret [(Z (‘@:fa’l(uvfz)‘ + |0 f*2 (u, ta)| + N | FON (N, b))

te) a= 1 u=1

Pa M
+ \f”"2(N,t2)\> )+ (; (\a Folt,w)| + |0y 2 (tr,w)| + %\fﬂvl(tl,M)\
2 .2 Pa
+M‘f ’ (tlaM)|> >:|7
< CZ o e %H Bre—! [

Q
2 a,2
— “(N, t2)
+N’f (52 <

tef)

N
Z |00 O (u, t2)| + 00 f % (u, ta) | + % | fOH(N 1)

te “1

M
Z(\af“tl, )| + [0y f* (1, w)| + %}f‘“(tl,M)!

u=1

<C Z%Cﬁa 2pa+1 BP !Z4pa (‘3 oty t2) ‘p + |02 o2 (ty, t2) ‘p <N> ‘fa’l(N,b)‘p

teQ

2 b o « e « el
+ <N> | F2 (N, t)[” )+Z4pa (|8, £ (b1, 82) [P + |8y £ 2 (b1, 1) |

te
(2 pa!fa’l(t M)[P* + 2 pa‘f‘“’Q(t M)["
M 1 M 1 )
2

- Pa
< szq?ﬁcga2pa—13pa [Z (‘axfa,l(tth)V’a + ‘6xfa’2(t1,t2)|pa + <N) ‘fa’l(N, tz)‘pa
a=1"¢ te)

2 Pa ) X )
+ (N> | F2 (N )] ) 3 ([0 1) [P+ [0, £ 01, )
teQ)

2 ba a,lt M Pa 2 be a,2t M Pa
+ M ‘f (17 )‘ + M ‘f (17 )‘ )
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4. Numerical Method of Resolution

= CZ o cpa2pa_1Bp Z [ < > <’3xfo"1(t1,t2)‘pa + [0 f*2 (b, 1) |

teQ

+ z pa’fa’l(Nt)‘pa—F 3 Pa }fa’Q(Nt ){Pa i—f— 3 ) ’8 foc,l(t t)‘pa
N 5 U2 N , 12 C pa, y 1,02

a,2 Pa 2 Pe a,l Pa 2 be a2 pa % pTa
+ [0y f3 (b1, t2)| +<M> | foN (b, M) +(M> | fo2(t1, M)| )

As po > 2, we have ¢ (p%, 2) = 1. Then

YTt o+ 2@l

teQa=1

2
< sz(ia pa2pa_1Bpa [(‘8 fozl tlatQ ‘ + ‘a fa2 t17t2 | + ( > |fo¢1 N t2)‘
“ teQ

+<;> | f*2(N, ta)] ) <| f“ltl,tg\ + 10, £ tl,tg)\

+ <J\24[>2 |f0471(t1,M)\2 + <J\2/[>2 }faﬂ(tl,M)f)] N :

< (;Zlqacmm 1B”‘“Z [\8zf“’1(t1,t2)\2+ |02 (11, t2)|* + (N) [FN W, 22) [
« teQ

2

92 2
M) ’fa’l(tlvM)‘

+ (fv) | FEUN ) [* 4 [0, f 5 (b, 1)+ |0, £ (11 t2)|* + (
+ <2>2 |fo¢,2(t M)‘2 B
M b

2
< CZ%CQQBM;@%Z ([ 100 £ (b1, 1) |° + 00 F92 (11, 1) + |0y £ (11, 2) |

a=1"¢ te

2 ? a,l 2 2 ? ,2 2
<N> |[fH N, 1) +<N> |[f9HN, 1)
+(2>|f°‘1tM‘+<2>}fo‘2t1,M)|2 ),
VF|Pe 4+ N 2 22”—0‘71 - ol 2 a2 2\ 5
vslg + 8 () 2573 (el + | )

to=1

i

Pa

0,2 (01" +

< 03 e g e

a=1""%
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A nonlocal topology-preserving segmentation guided registration model

+M< >2lz<fo‘1t1, \+}fa2t1,M)\2>p2a>.

t1=1

m

And || TT ([[f*[l2(:))% [l < X2 H (£ @)+ [f2 ()] " O
a=1 tefo=1

Remark 4.5. For any f* € Fi1(Q), any real number po > 2, ¢o >0, a =1,--- ,m, m > 2
m

with Y Z—a =1 and any c, > 0,
a=1""

yde
2

M(M+1)(2M+1
(MN2+ ( 61)\§ ))

1 @ « qa « o a o Pa
ITLA= 1) <03 e [ oo 4 0%

a=1 Pa N
Pa
9 | N(N+1)(2N+1)\ 2
+(NM  MAEEND )
M b
. g
DVCREORE <O g prop™ 2 Ve 4 o
o1 - lpa
where C' = H c;m, B = max(M,N) and
=1
Pa Pa
. m oo (MN2+ M(M+é])\§2M+1)) 2 (NM2+ N(N+1%(2N+1)> 2
— = aB a2 o
20, v ' v

Corollary 4.6. (from [58, Corollary 3.2]): For any f¢ € F1(2) and any real numbers
m
Pa> 2,00 >0, a=1,....,m, m > 2, with Zg—z:l,

||H £ la ()% 1 < Zq‘”‘Bp

ala

ng + C3,

Pa Pa
m MN2L MMADEM 1)) 2 N2 NOVHDEN+1) ) 720
with ¢z = Zlg—zBp“?pa*l ( — ) + ( - ) = cp set-
a=
ting cq, = 1,Vau.
Proof. This follows immediately from Theorem 4.3 by letting ¢, =1, a = 1,...,m. O

Corollary 4.7. (from [58, Corollary 3.5]) For any f¢ € F1(Q) and any real numbers
m
Go >0, =1,...om, m >2, withq= > qo > 2,

a=1

ITT Al <
a=1

m

—4

E quuwaug + e,
a=1
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4. Numerical Method of Resolution

q g
(MN2+AI(]VI+(153\§2]M+1)> 2 (NM2+N(N+1%(2N+1)) 2 '
N + i = c3 setting po =

with ¢y = B1224-1
q, a=1,....m
Proof. This follows immediately from Corollary 4.6 by letting p, = ¢,Va=1,....m. [

Theorem 4.4 (adapted from [58, Corollary 3.10], discrete generalized Poincaré inequal-
ity). For any f € F1(Q2), and any real number q > 2, we have:

1790 = 1112 < B72°

with ¢y =

En [SNM + 4 MOEDEME) | 4 N(N“g(?N“)] %, with B = max{M, N}.
Proof. This follows imediately from Corollary 4.7 by letting f* = f, Vo € {1,...m}. O
We now introduce the discrete version of the initial problem (QP)
sDelfnlf { lezl [ (Do o @ij) — H(D(-,T)))* + QW(V%)} } . (37
Theorem 4.5. Functional J is continuous and admits a finite minimum.

Proof. Let us devise a coercivity inequality. One successively has:

] ) ) —n(A+3
BVl — a)? > éllwi,j ' Ba’, §(det V) 2 W ’
2 WA+ 3p)
QW (Vij) > IIV%,J — Ba —mv
} B i 2 w(A+3p)
J(@) = IVl ey * ZE; < Ba A+2u)>

Then from the discrete generalized Poincaré inequality, using the same notations for the
constants B and c4 yields:

3 B ~ >\+3,U)
J@) 2 gt (16 ey — +ZZ< o )

and J(Id) < +oo so the infimum is finite. Thus J is coercive and continuous, so there
exists at least one minimum of J over Fi(f2). O

The discrete counterpart of (3.6) (pure quadratic penalization) is given by:

nf {(6,7) = 358 (Hu(@alag) - HBC.T))’ 4QW () + 21Ty - Vs

@V i=1j5=1

2} _
The discrete analogue of Theorem 4.1 is thus stated as:
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A nonlocal topology-preserving segmentation guided registration model

Theorem 4.6. Let (v;) be an increasing sequence of positive real numbers such that
lim v; = +o0. Let also (¢(;), V('yj)) be a minimum of the decoupled problem with ~v =

j—+o0
v;- Then there exists a subsequence 0f< (7). ‘N/(’yj)) denoted by ( (Yoc () ‘N/(’ong(J)))
and a minimum & of J (¢ € F1(Q)) such that

A Tyec (@(’ong(j))aV(Vwoc(j))) = J(9).
Proof. The proof is divided into two steps: the first one is dedicated to the existence of a
minimum for the decoupled problem, while the second shows the convergence result.

— Existence of a minimum of the decoupled problem for any v > 0:

Let v > v (v > 0 fixed) be a positive real number. Functional J, is con-
p(A+3p)
2(A+2p)

V = Vo = (I)N*M I, denoting the identity matrix of size 2 x 2, we have
Jy(@,V) < +oo, then the infimum is finite. Let (&n(7), Va(y)) be a minimiz-

tinuous and bounded below by — Furthermore, by taking ¢ = Id and

ing sequence of J,. We have J,(¢n(7), Va(y)) > gHV( )||l4(QM — Ba®?NM
—%. As J, is proper and (P, (7), V(7)) is a minimizing sequence, then for

n sufficiently large, J(1d, (I2) M) +1 2 J,(8a(1), Va (1) 2 EIVa Iy 10w

Ba?NM — % So, (Vu(7)) is uniformly bounded in H.||l4(§~2’M2(R)). Afcordlng
to Bolzano-Weierstrass theorem, we can extract a subsequence denoted by (Vi) (7))

such that V¢(n) () —— 1:/(7) € (Mo(R))N*M  Moreover, for n sufficiently large
n—-+00

J’Y(Ida (IQ)NXM) +12> JW(¢¢(n)(7)a Vd)(n) (7))7
p(A + 3p)NM

(A +3u)NM 'y 2
= _W IV@y(m) 2 (Q,Ms(R ||V¢ Hl2 M2 (R))|
PO+ 3ONM.
- _W *vaDw(n ||l2 Q MQ(R) ||V¢(Tl ”12 QO M2 (R))"

Consequently,

NxM Tt 2 p(A +3u) NM
J’Y(Ida (IQ) ) +1+ 9 HVQ/’(”)(V)”P(Q,MQ(R)) + 2(/\ T 2”)

2 ~ Y ~
2 *Hv@w(n)(’)/)H;(Q’MQ(R)) = @(H@w(n)@yw;(ﬁﬁa - 04)7

from the discrete generalized Poincaré inequality. The sequence (@y (7)) is uni-
formly bounded in H.HlQ(Q R2) and according to Bolzano-Weierstrass theorem, we

can extract a subsequence denoted by (@yoc(n)(7)) such that Gyocn)(v) ———

n—-+o0o

SZ(’}/) € ]:1(@) By continuity of ']’ya J"/(@qﬂo((n) (7)) Vwo((n) (/7)) m J’Y(é(’Y)v ‘7(’7))
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4. Numerical Method of Resolution

and by uniqueness of the limit Jv(gc:a(fy),‘:/(fy)) = inf J,(¢,V) with ¢ € Fi(Q),
V € (My(R))N*M,

Convergence of the sequence of minima:

Let (vy;) be an increasing sequence of positive real numbers such that llrll vj = +00.
Jj—+oo

Let < (v4), V(’yj)> be the sequence of minima associated with (J,,). Let € > 0 be

given, € €]0;€0], €o > 0 fixed. There exists P € F1(Q) such that J.($(v), f/(w)) =
) min J (@, V) < Jy(0e; Vo) = J(pe) < inf_ J(@)+e < inf
(&.V)eF1 () x (M2(R)N*M peF1() peF1(9)
J(@) +eo. o, Jy (30, V() = min T3 V)< inf_J(@)+
(& V)eF1(Q)x X (M (R)) > M PEF1()
€, Vy > 0. Let us take € = 71 , we have J, (@(7;), V(’yj)) < inf J(@) +
! PeF1()

inf  J(p) + 7% < +oo. Consequently, inf J(@) + 70 > Jy, (2(75), V(VJ)) >
GEF1(Q) PEF1()

’8||V(fyj)|]l4 5.0 (R)) — Ba?’NM — 2((/)\‘1;’“)) NM. Thus (1:/(7])) is uniformly bounded
in ||| 14(6, M (R)) 80d according to Bolzano-Weierstrass theorem, we can extract a sub-

sequence (‘N%p(j))) from (‘7(7])) such that ‘7(7¢(j)) m V € (My(R))V*M,

1 <
Y

< inf_J(@)+L+E0E NN

Also we have 149 Y:/ )=V E
5 IV () = Vo)) SR (S) 2(+21)

HlQ(QMz(R))
and thus successively:

o 2 . 1 p(A+3p)
. < — — 7
IV (w6) = Vel @anery) < . <¢€1]Er11f(Q)J( )+ -+ 30T 2 )NM>,

= =, 2 2 . 1 ()\ + 3/,1/)
Vel (010 (R)) — ||V(7w(j))\|z2(Q,M2(R))‘ S - ( inf _J(@)+—+ NM) )

Y0 \ger (@) Y o 2(A+2u)
IV eIl - P 1 A
@MR) |7 > A+ 3p)
AT (v 2 <2 £ —  BATO Ny
2 IVOwo) @ anm) < Y0 goelfnl(ﬂ) @)+ Yoo 2(A+2p) 7
12V 1% - 2 1 =
(€,R2) P(A + 3p) = 2
< - - @7 . ~
29 32 ~ wel]-'nlf(Q)J( 28 . 2\ + 2u) IV Ow6) @ m)

this last inequality stemming again from the discrete generalized Poincaré inequal-
ity. As V(’yw(j)) is uniformly bounded and all the norms are equivalent in finite
dimension, we can deduce that (¢(7y(;))) is also uniformly bounded in ||.[|;2(¢ re)-
Then, from Bolzano-Weierstrass theorem, we can extract a subsequence (¢ (71#0((] )

from (gz('yw(j))) such that gp(w,og(j)) —+> @. Furthermore, we have ”‘:/(WJOC(J))

_ 9 9 (A+3p)
VSO(’onC(J‘))”P (Q,M2(R)) = Ypo¢(5) <soelfn1f(Q)J( ) Tt M(HQZ) NM) A e

—— +00, we deduce that ||V(’y¢o<0)) - VQZ('yonC(j))H?Q(Q,MQ(R)) — 0. By

Jj—+oo Jj—+oo
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A nonlocal topology-preserving segmentation guided registration model

continuity of the norm, we get ||Vg — V||122(QM R) = 0 and so V = V. Since
§IH(20(B(1ec()) — He(R( D), ) + Zzuzl QW (Vit(rsec)) < Py (2
(’oncu))’ 1:/(%/,04(]-))), by continuity, we have ¢€1}_nlf(m J(@) < J(p) < 11m+1nf Ty poctsy
(& (oc)s V (pocn)) and T (B (Waci)s Vsoci) < ifnlf(mj )+ 5057
Consequently, liriligop vaogm(éwwoc(j))v 1% (Yyoc())) < 1nlf(Q)J( ¢) which yields
S rgecin (Bvocn): Vsecty)) = J(@) = inf _ J(p)

The previous results justify the use of the following algorithm.

4.3 Actual algorithm associated with the quadratic penalty method

In this section, we introduce the quadratic penalty algorithm. Its main step is divided

into 2 important parts: the segmentation step which will guide the registration process
and the registration step. The latter one is done thanks to an alternating scheme solving
successively the Euler-Lagrange equations in ¢ and V.
Remark 4.8. In practice, it may be relevant to use a couple of intermediate segmentation
steps, in particular, when the shapes to be registered exhibit thin concavities. A control on
the local curvature of the zero level line of ® to detect extrema can be made to identify
such regions. In order to comply with the mechanical interpretation of our model, rather
than considering a continuum in time, we assume that the problem is sampled in time,
and solve sequentially the subproblems :

- 2
inf / QW (Vi) dr + — / (Ha(q’oosol 00 p;) _Ha(q)('vti))> dx,
@i €1d+W,y* (Q,R2) 2 Ja

fori € {1,---C}, ¢ small in practice. In the end, the overall deformation is given by
100

From a purely mathematical point of view, the existence of minimizers for each subproblem
is guaranteed: Rellich-Kondrachov’s embedding theorem states that weak convergence in
WH4(Q,R?) leads to uniform convergence in 2, an extension process as before can be
applied on all o, k=1,--- 1 —1 to ensure the well-definedness of the composition, and
the continuous injection WH*(R? R2) © C°(R%,R?) holds, these three elements combined
allowing to handle the fidelity term.

A first alternative would consist in introducing explicitly the time variable t € [0,T) in the
modelling and in minimizing with respect to now ¢ = p(x,t):

o) = //V]?;f(x,t)]%dxdt—l—//v {QW(V@(%J))-F; (He(%oso(x,t)) — H.((x, t)))Q] dx dt,
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4. Numerical Method of Resolution

with V.= Q x [0,T]. A suitable functional space is {p € L*(0,T; W*(Q,R?)) | 85; €
LQ(O T; L*(Q,R?))} endowed with the norm ||lw = [|¢]| 4 (0T Id+wia@Rr2)) T

H HL2 0,7:12(,R2)) and a resull of existence of minimizers holds in this space thanks to

Aubm Lions lemma in particular. Indeed, the proof is divided into the following three
steps:

— Coercivity inequality: By taking ¢(t) = Id Vt € [0;T], we get J(p) < +oo and
the functional is proper. We first derive a coercivity inequality. From what was
previously done, we know that:

3 4 poa BA+3m)
QW (Ve(a,t) 2 5 Vet 2)lI* - Ba® = ZEma s+,
5 (A =+ 3p)
/ QW (Veo(a, 1) d > ZVe(t, ) Eu@unry) + meas(m( ~ fo’ - 202 )

B (A + 3p)

W (T de = o ) + meast@)( - fo® - FEEM

+ ’y) +k (from generalized Poincaré inequality),

5 T
3) 2 1o a0 s+ 5ty [, Mot s

a2 - (A +3p)
Ba‘meas(Q)T 20+ 24)
p

z H HL2 TIxQRr2) T ﬁH@HL‘l(OTwl 4(Q,R2))
HA+3p)
2(A+2p)

meas(Q)T + ymeas(Q)T + kT,

— Ba’meas(Q)T — meas(Q)T + ymeas(Q)T + kT.

So, the infimum is finite.

- Convergence of a minimizing sequence: Let {pF}icn be a minimizing se-
quence. As the functional is proper, there exists ¢ such that for all k large enough,
J(@F) < J(@) +1 < +o0o. Then from the coercivity inequality, we can deduce
that {p*}ren is uniformly bounded in L*(0, T; W*(92, R?)) so we can extract a sub-
sequence still denoted {©*} such that o* — @ in L*0,T; WH4(Q,R?)). Besides,
{88: tren is uniformly bounded in L%(0,T; L?>(Q,R?)) so we can extract a subse-
quence still denoted { } such that 8@ — § in L?(0,T;L*(Q,R?)). By taking

a common subsequence stzll denoted {gpk} we know that Vk € N, 887 s the weak
derivative of ¥ according to the time variable, o¥ — @ m L4(0 T; Wt4(Q,R?)),
650 — & in L?(0,T; L2(Q R?)) and we can deduce that § = at

We also notice that {Q*}ren is uniformly bounded in W so we can extract a sub-
sequence still denoted {oF} such that ©* — @, in W. By eatracting a common
subsequence and thanks to the uniqueness of the weak limit, it yields p1 = @.
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As WH4(Q,R?) ¢ L%(Q,R?) with compact injection, the Aubin-Lions lemma states
that the embedding of W in L*(0,T; L*(Q2,R?) is compact. As L*(0,T; L?(2,R?)) C
L?(]0, T[x €, R?) is continuous then the embedding of W into L?(]0, T[x 2, R?) is also
compact. We can therefore extract a subsequence of {¢*} still denoted {p*} such that
©* — @ in L2(]0, T[xQ,R?).

Weak lower semi-continuity: ||.| ;2o 7(xqr?) i convez and strongly continuous

and so it is weakly lower semi-continuous in L2(]0 T[XQ RQ) S0 || HL2 (10,T[x,R2) <
i inf 126 20, 7ixe)-

As, oF — @ in L?(]0, T[xQ,R?), up to a subsequence, one has pointwise convergence

of {¢*} to @ and the dominated convergence theorem enables us to obtain the weak

lower semi-continuity of the data fidelity term.

Let {x}ren be a sequence that strongly converges to Y in LA0,T; WH4(Q,R?)).
T

Then [ 1946) ~ kO iysaapydt 0. By sceing 1566) = (D)l o
a real-valued function depending on t defined on ]O,T[_and by applying the recip-
rocal of dominated convergence theorem, we get that ||¢(t) — k(t)HéVlA(Q Rz) CoON-

verges to 0 for almost every t €]0,T[ up to a subsequence. So for almost every
t €]0,T, Yr(t) strongly converges to (t) in WH4(Q,R?) and det VyF(t) —

k——4o0
det V() in L*(Q). From what was done in the stationary case, we know that

(0,98) — / K(VV,6)dx, defined on WH4(Q,R?) x L%(Q), is convex, weakly lower
Q
5 HV‘I’H2 —a)? +9(9), f [VI]* > a

semi-continuous, with K (U, 0) . So for
), otherwise.
almost every t € [0,T],
[ Qw(va) do = [ K(T5).det Vi(e) da
Q Q
<timinf [ QW(Vue(t) do = mint | K(Vu(e).dot V(e) da
7 2 | H(A+3p
and0 < /QQW(Vz/J(t)) dx 4+ meas(12) (Ba + O 2 >
o 9 A+ 3pu
< liminf /Q QW (Vebi(t)) da: + meas(Q) (m A reomis )
So by Fatou’s lemma, we get:
om , WA+ 3u) ~ =
/ / QW (Vip(x,t)) dz dt + meas( )(ﬂa T+ MT - )
T
m i om  PAF3) =
< /0 llirilirg /QQW(Vi/)k(x, t)) dx dt + meas(Q2) <Bo¢ T+ MT - WT),
T
im op PA+3M) 5 -
< llirg}rr;g /0 /Q QW (Vi (z,t)) do dt + meas(Q) <6a T+ MT - fyT).



4. Numerical Method of Resolution

Thus

T T
/ /QW(Vi/}(x,t))dxdt:/ /K(Vw(m,t),detvw(a:,t))da;dt
0 JQ 0 JQ

T
< liminf/ /QW(Vwk(x,t))dxdt = hmlnf/ /K Vi (z,t), det Vb (x,t)) dz dt.
0 Q

k—+o00 k—+o0

Then it is convex and strongly sequentially lower semi-continuous and so it is weakly
lower semi-continuous. We finally have

T T
/ / QW (V& (x, 1)) da dt — / / K(V(x,t), det V(1)) da dt
0 Q - 0 Q -

T T
< liminf / / QW (V" (x,t)) dx dt = lim inf / / K(VF(x,t), det V& (x, t)) da dt,
0 Q Q

k—4o00 k—+4o00

which concludes the proof.

The numerical analysis of this model is still a work in progress.
Another alternative (yielding results comparable to the ones displayed) that we have inves-
tigated consists in treating jointly the segmentation and registration tasks by minimizing

inf J(B) + 4 L(D / QW (Vo) dr + 1 @~ B0 ol2a(q)
A substitute for ®y o ¢ denoted by ® is thus incorporated in the topology-preserving seg-
mentation model and the coupling is made through the L?-penalization, entailing mutual
influence of both tasks. Note that the question of existence of minimizers is still an open
question for this problem. Proceeding as in subsection 3.3 and setting P = et D, it is
noticeable that the evolution equation satisfied by d is then defined by:

o Vo _
o0 |v<1>|{dw< VR O (m)m « [B.0) +4aIVRD | + 7 exp o) Do p,

which exhibits the same property of geometrical type, namely the map x defined in Defini-
tion 2.6 from Chapter 2 only depends on the zero level set of the initial condition @y and
not on the initial condition itself. Function ®y being Lipschitz continuous with Lipschitz
constant Le, and considering ¢ as a function of time t with values in W *(R? R?), i.e.,

)0, T[ — Wh(R?,R?)

ot = p(t)
C°(R?,R?), we deduce that @(t) is uniformly continuous on any compact subset of R? yield-
ing:

, thanks to the continuous Sobolev embedding W'*(R? R?) O

v exp (7t) [@o(p(71,t)) — Po(p(w2,1))| < v exp (V) Lo, [o(z1,1) — p(22,1)],
< 7 €xXp (’Vt) ‘c‘i’o wK(tv |l’1 - x2|)v
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A nonlocal topology-preserving segmentation guided registration model

wg modulus of continuity of ¢ depending on the compact subset considered. If, for in-
stance, we assume that this modulus of continuity is uniform in time, assumption A2 i. is
satisfied as well as assumption A2 ii., by taking h(x,t,r) = v exp (7t) Po(¢(z,1)).

1:

2:

88

[Initialization step]: VO = (Iy)N*M 30 = 1d and regrid_count = 0 for the registration
part;

®(.,0) = @y (input segmentation of the Template) for the topology preserving
segmentation part.

Select A, u, v large enough, and v.

[Main Step]:

(i) Compute ®, solution of the evolution equation problem (3.1): the discretization
of (3.1) is made using an Additive Operator scheme (see [57]), requiring a linear
computational cost at each step. A detailed numerical algorithm can be found in
[37, Appendix B, pp. 777-778], both to derive the AOS scheme and to reinitialize

d since it is assumed to be a signed-distance function in the modelling.

(ii) For k=1,2,---,¢, compute (¢*, V¥) = arg min J (&, V) with ®(.,T) = ®(., 1),
(@V)
te =T, ®(.,t;) representing the object inside the Reference and ®¢ = ®go @10
-+ 0Qi_1, using an alternative scheme:

(a) Solve the Euler-Lagrange equation in ¢; ; for each (4,j) € {2,..., N —1} x
{2000, M = 1}: v6:(@ox0 Gig) (Hel@ox 0 Bi) = Ho(D(14)) ) Vk(Big)

+ ( iiz“%” ) — yA@; j = 0. To do so, we use an L? gradient flow algo-
2%

rithm and an implicit Euler time stepping scheme.

(b) Solve the system of FEuler-Lagrange equations in Vj;
for each  (i,7) € {2,...,N — 1} x {2,....M — 1}

0 = 26 (917 - ) Vis, (2HAVEIP = ) + (17517 - )

(55(||‘~/z',jH2 - a)> + ,uffzgw. (det IN/” —2) + 7(‘711,”- — 8x8511,j)

55(”‘71,]”2 - Oé)) - #‘7121‘,]' (det ‘72,] - 2) + 7(‘7211‘,]' - ax@?,j)



4. Numerical Method of Resolution

2: (following)
(ii) (following)
(b) (following)
0 = 28 (IVisl? - ) Vo, (Tl = )+ (Vs = )

56(”‘71',]”2 - a)) + l'l/f/lli,j (det f/i,j - 2) + '7(‘7221',]' - 8@/95%,]')

To do so, we use an L? gradient flow algorithm and a semi-implicit Euler
time stepping scheme.

(c) Control of the Jacobian determinant, see Algorithm 4. Go back to (a) until
convergence.

Algorithm 1: A topology preserving segmentation guided registration model -
Quadratic Penalization

Remark 4.9. As the matrices involved in the subproblems of the AOS scheme are mono-
tone and the sum of the coefficients of each row of the inverse matrices is equal to one,
then the numerical schemes are unconditionally stable in the L -norm.

The quadratic penalty method involves the minimization of functional .J, for ever-
larger values of «, which may create some numerical instabilities. As an alternative, we
propose introducing an augmented Lagrangian method (the underlying idea still being to
convert the decoupled minimization problem denoted by (DP) under equality constraint
V = V¢ into an unconstrained minimization problem).

N

M
min BIH(20(8)) = HAR( Ty + DD QW (RS pypy

PEF1(Q),VE(Ma(R))N*M i=1 j=1
with Vi = 1%

Indeed, it has the advantage of solving the problem without having v — +o00 as shown
in the following, and thus the augmented Lagrangian method is numerically more stable.

4.4 Augmented Lagrangian method

In that purpose, we introduce the augmented Lagrangian function:

~ v ~ 5
L(@,V, X, 7) = Sl He(®(3)) = He(B(, T +ZZQW W)+ OV = Ve )
i=1j=1

HV Vel (3.8)

(Q,M2(R))’

A denoting the Lagrange multiplier. (We think that there is no confusion with the Lamé
coeffficient). Now, we will follow the same arguments as in [51]. For the sake of clar-
ity, we introduce the following set notations, X = {(3,V) € F1(Q) x (M2(R))N*M},

89



A nonlocal topology-preserving segmentation guided registration model

C={®V) e X,Vp =V} Y = (MER)VM x (0,+00) ~ RVNM x (0, +00);
variable notations, x = ( V), 7 = (\,v); function notations, fo(z) = S| He(Po(@))—

He(®( D)} )+ Z ZQW( Vij), and fi(z) =V — V.

1=15=1
Thus for ﬁxedx € X, we have L(x, \,7v) = fo(x)+ (A, fi(x ))12 (@M(R) )+7||f1( )||122(Q’M2(R))
and sup L(z,\,vy) = fo(w) ~when zeC since for fixed z € X and A € (My(R))V>*M
(et +o00 when z¢C

the limit of L(x, A,7y) as v — +oo already gives fo(x) when Hfl(a;)le(Q MRy = 0 €
fi(z) =0 < z € C but +oo when ||f1(33)||l2(§z,M2(R)) #0< fi(z) #0< x ¢ C. In [51],
Rockafellar proved that finding a minimizer of (DP) amounts to finding a saddle point of
the augmented Lagrangian function.

Theorem 4.7 (extracted from [51, Theorem 6.3]). A pair of vectors € X and \7) ey
furnishes a saddle point of the augmented Lagrangian L on X XY if and only if

; (3.9)

Z is a (globally) optimal solution to (DP)
p(u) Z p(O) + (>\7u)l2(Q7M2(R)) 2 Hquz QO M>(R))

with (P(u)) : in)f(fo(x) such that fi1(z)+u =0, u € (Ma(R))N*M ~ RXNXM gnd p(u) =
e

inf(P(u)) = [ the optimal value corresponding to u]. When this holds, any 5 > 7 will
have the property that

[z solves (DP)] < [z minimizes L(x, \,7') over z € X] . (3.10)

The following proposition gives another definition of the saddle point.

Proposition 4.10 (extracted from [51, Proposition 5.2]). (Z, N\, %) furnishes a saddle point
of L(z,\,v) on X XY if and only if

T is an optimal solution to (DP),
(N, %) is an optimal solution to (D), (3.11)
inf(DP) = sup(D).

Lastly, we introduce the augmented dual problem (D): maximize g(\,vy) = in)f{ L(z, A7)
fAS]

over all (\,7) € 17, and prove that the primal and the dual problems are equivalent.

Theorem 4.8. We have inf(DP) = sup(D) and (Z,)\,7) gives a saddle point of L on
X x Y if and only if Z solves (DP) and (\,7) solves (D). The pairs (\,7') with the exact
penalty property (3.10) are then the ones such that, for some ¥ < 7', (\,5) is an optimal
solution to (D). Furthermore in this case, the function g in (D) is finite everywhere on
Y, so this mazimization problem is effectively unconstrained.
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4. Numerical Method of Resolution

Proof. We concentrate upon the equality inf(DP) = sup(D). We know that sup L(z,\,v) =
(Ay)eYy

{ fol) when 'z €C . So inf(DP) = 1nf sup L(z,\,v) and inf(DP) > sup(D)
+o0  when z¢C X (Am)ev

holds. We must now demonstrate that the 1nequahty cannot be strict and then the saddle
point assertion will likewise be a consequence of Proposition 4.10. Let (A,~) € Y be fixed.
Let 2, = (Pn, V) be a minimizing sequence of L(z, \, 7).

2 P(A + 3p)
L(xﬂn)\a’Y) > —fa"NM — WNM—F 7||V ”14 QMQ(R) ||f1($n)”12 (€, M5 (R))

= A2 @2, 00 (R 11 () 22,1, (RY)

2 (A + 3p) B 1 ;
2 —PaNM = oy MM S Wl + 5 1) I pney
— el M@ ammy — Ellfr (@)l QMQ( )’

(A+3p) 5 2
2(A + )N HV Hl4 Q,M3(R)) + (5 - 6) Hfl(xn)”lQ(QMQ(R))

2
- CeH>‘Hl2(Q,Mz(R))'

> _Ba’NM — &

For e sufficiently small such that 3 —e > 0, (V) is uniformly bounded in H'||l4(Q,M2(|3)) and

according to Bolzano-Weiertrass theorem, there exist a subsequence (V, (n)) and V such

p
that f/p( )y ——— V Also,

n—-+oo
1A+ 3p) gl )
Lepnys A7) = =555 SN M + (3 = ) I @om) i) — I @ arm(e:
(A =+ 3p) v
S NM - A DY (5 —e) (||wp @ans )

2
Vo le@rnmy)

()‘ + 3”) 2 Y 1 ~ 2
_MNM = el M@ Ry + (5 - 6) 2V @otmlliz n(ry)

(7 2
_va(”)le(Q,Mg(R))) s
(A + 3p) v 1
_mNM - eH/\HZZ QM2 (R)) + (5 — 6) @ (HSDp H RQ) — C4>
1V rmacry ) -

The last step comes again from the discrete generalized Poincaré inequality. As (f/p(n))
is uniformly bounded, () is also uniformly bounded in ||.[[;2q rz)- Then, accord-
ing to Bolzano-Weierstrass theorem, there exist a subsequence (@o¢(n)) and @ such that

B poc(n) m @ and 80 T po¢ (n) -—+;j z. Then, by continuity of L, L(Z po¢(n), A; ) m

L(z,\,v) and L(Z, \,y) = in)f( L(z, A, 7). Consequently, the infimum is finite and attained.
re
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Let € > 0. By definition of the infimum, there exists & € C such that fo(Z) < jng fo(Z)+e
TE
Also, inf Lz, \,y) < L(Z,\,v) = fo(), yielding inf L(z, A, v) < fo(?) < inf fo(@) + €.
Let (’y]) be an increasing sequence of positive real numbers such that hrf ’yj 400. Let
]4) oo
(z,;) be the sequence of minimizers of L(z, A, ;) with X still being fixed. In the previous
inequality, we take € = -, so that L(z.., \,7v;) < inf fo(&)+ L < inf fo(F) + £ < +oo.
Vi 7 zeC i T zeC 7o

Then we have, setting z,, = (cpw , f/%)

. 1 2 pA+ 3p)
%gng(m) + % 25 ||V’YJ||Z4(Q Mo (R)) _ﬂa NM — NM

2
m — Ce”>‘||l2(£~),M2(R))
V5 2
N (? _ 6) (@) 2 6,01, (RY)

We take € such that %' —e > 0, Vj € N then (ffw) is uniformly bounded in ]|.||£4(Q’M2(R))
and according to Bolzano - Weierstrass theorem, there exist a subsequence (V, /) and

V such that VﬂY o) T V Also,
j—+oo

inf fo( )+i > ~ A+ 3p)

To(5) y ~ 2
Inf - 200+ 2) NM — CEH)‘Hﬂ @Mx(R) T ( 5 6) VA = V‘P%u)”l?(Q,MZ(R))‘

Consequently,

- . : N 1 pu(N+3p) 2
_ 2 - AN T 99 2 e
Vo) = Vo i@ anmy = (%ng 0@+ 20+ oo VM F M e @anmy) Vo) — 2

Thus Hfl(pr(j))||122(Q,M2( R)) —> 0, implying fi(2+,,) ——— 0. Furthermore, from

Jj—r+oo
the previous inequality we get
~ | 1 p(A+3p)
2
_HV’Yp(j) Hl2(Q,Mz(R) ”VSO“MJ) H12 QMz(R) = <%g£ e % ) MNM
2
; 2
—I-CEH)‘HF(Q,J\@(R))) Vo) — 2€
So,
_ 1y : 7)o 4 BT
2 2
MV BBy + 252 (||%p(j> li2qrey — 64) < (érel(f; fo(%) + "% + MNM
2
—I-CeHA”lZ Q M2(R))) m’

still from the discrete generalized Poincaré inequality. As (f/,yp(j)) is uniformly bounded,
we deduce that (¢, ) is uniformly bounded in .|| 2(@R2)- S0, according to Bolzano-

Weierstrass theorem, there exist a subsequence (907,)04(J ) of ($y,,,) and @ such that

—— Zand V@ = V with Z = (3,V). Moreover

Prpocy T @. Finally, T

oo Tpoc(i)
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4. Numerical Method of Resolution

we have fj( 95%0«] ()\ fi( Typoe ) )12(() Ma(R) < L(x%oc(j),)\,'ypoc(j)), and by continu-
ity, 1nf fo(Z) < fo(z) < hmlnf L2000y 2 A Vpoc())- Also, limiup L(Z 00005 A YVpoc(i)) <
J—+0o0

%Iég fo( ) and then jEI—ll-loo L(:c%ocm,)\,’ypog y) = fo(z) = inf(DP). We thus have sup(D) =

inf(DP). The assertion about the exact penalty property is now immediate from Theorem
4.7. The finiteness of g(\,~y) results from the previous arguments. O

The function g is concave and upper semicontinuous as it is the minimum of affine
functions of (\,7). Furthermore, as it is finite everywhere, we can deduce that g is
continuous over Y.

As we have proved that the extremal values of the augmented primal and dual problems
are equal, we propose focusing on the augmented dual problem for which we provide a
convergent algorithm of resolution.

We prove the following theorems by adapting the proofs in [28] and in [8] dedicated to the
case of a sharp Lagrangian algorithm, so different from our proposed approach. The first
one gives a stopping criterion in the proposed algorithm for the augmented dual problem.

Theorem 4.9 (adapted from [28, Theorem 5]). Suppose that for some (\,7) € Y and
ZeX,

min L(z,3,7) = fo(®) + (A 1) o prymy) + 2 O 00,0 (3.12)

Then z is a solution to (DP) and (\,7) is a solution to (D) if and only if f1(z) =0

Proof. Necessity. If (3.12) is satisfied and Z is a solution to (DP) then % is feasible and
fi(z) =

Sufficiency. We argue by contradiction. In that purpose, suppose that (3.12) holds
and f1(z) = 0 is satisfied but Z or ()\,7) are not solutions. If Z is not a solution to (DP)
then there exists Z € C such that fo(Z) < fo(Z). Hence :

Fo(®) < Jol@) = Jol@) + (O F1 @)@ nnryy + 2 O E @iy = 9057

= min L(x, \,5) < max min L(z, \,v) = sup(D) = 1nf(DP) < fo(2),
zeX (Ay)eyzeX

which raises a contradiction. If 7 is a solution to (DP) but (A,%) is not a solution to
(D), then there exists (X, 7) € Y such that g(\,7) < g()\ 7). As Z is a solution to (DP),
we have fo(Z) = inf(DP) = sup(D) > g(A\,7) > g()\,7) = fo(Z), which raises again a
contradiction. O

We now consider the augmented dual problem and introduce

S(u7) = argmin | fo(e) + O i@ ey + 510 @ anmy)-

The following result is a technical one which will serve in the next proofs.
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Theorem 4.10 (adapted from [28, Theorem 6]). For any (\,7) € Y, if & € S(\,79),
I f1(@)]]

then (f1(z), W) is a supergradient (the equivalent notion of subgradient for

concave functions) of g at (A, 7).

Proof. We know from the proof of Theorem 4.8 that for any (A\,7) € Y, S(A,7) is
nonempty. Let T € S()\ ). Theng( ) = fo(z)+ ()\ fi(z ))12 (€, M2 (R)) +%Hf1(j)”l22(§2,M2(R))'
For any (\,7) € Y, we have:

Hfl(j)HZQ (Q,M2(R))

9(5‘777)—’_ (fl(j)vA_j‘)IQ(Q7M2(R)) + 2 (7_7)/)
_ _ Y _
= fo(l‘) + (>‘7 f]-(x))IZ(Q,MQ(R)) + 7Hfl(x)Hl22 (Q,M2(R))
> min { (@) + (0 H @Dy + LA @ any ) = 9007
_ Hfl(:z)HZQQ(Q Mo (R)) . . N =
So | f1(%), ——5—*=> | is a supergradient of g at (A, 7). O

Let us now introduce the proposed supergradient algorithm.

1: [Initialization Step] Choose a vector (Aj,71) with 73 > 0, let £ = 1, and go to the
main step.
2: [Main Step]

1. Given (Ag, k), solve the following subproblem:
Minimize fo(x) + (Ak: f1(2)) 120, 11R)) T %Hfl(x)HlQQ(Q’MQ(R)) subject to z € X.

Let zj be any solution (xj exists from Theorem 4.8). If f;(x;) = 0 then stop;
by Theorem 4.9, (Ag, k) is a solution to (D) and zy is a solution to (DP).
Otherwise go to step 2.

2. Let Ayt = A + sef1 (@), osr = o + 5% 1@ 72 3,y Where sk and
€, are positive scalar stepsizes, replace k by k+1 and repeat step 1.
Algorithm 2: Supergradient algorithm.

The following theorem demonstrates that the distance between the points generated by
Algorithm 2 and the solution to the dual problem (if it exists) decreases at each iteration.

Theorem 4.11 (adapted from [28, Theorem 8|). Assume there exists a dual solution
(AN 7). Let (M,m) € Y. We define M1 = N+sifi (k) and i = v+ 255 Hfl(xk)”lQQ(Q,Mg(R))’
where xy, is an exact solution of ;réi)r(lfo( z) + (Mg, fi(z ))12 (@,Ma(R)) T Sl fi(x )||I2Q(Q7M2(R));

and sk, € are positive scalar stepsizes. Let (Ag,7x) be any iteration which is not a so-
lution to the dual problem, so fi(xp) # 0. Then, for any dual solution (\,7%), we have

94



4. Numerical Method of Resolution

1) = kst 1) g < 1L F) = M)l for all stepsize sy, such that:
2 (g(\, %) — 9( Ak, ))

0<sp < ,
||f1(1"k)||lz Q,M>(R)) + ”fl(xk)H?z(Q’MQ(R))
and 0 < € < Sg.
Proof. We have:
(X, 7) — ()\k+1,’7k+1)H =[x~ )\k+1le aOMs(R)) T 7 = el

2

Hfl( )Hp (Q,Ma(R )

= ”5‘ - AkHlQ2(Q,M2(R)) — 28, (5\ = Ak fl(xk))lz(QMQ( R)) + Skal(xk)le(Q’MQ(R))
(Sk —l— Gk)

- _ Sk+6k
= 18— 2 1@y + 7~ e

+ 17 =l = (= w) e + el A quney 1 1@ @ e

< HS‘ - )\kleQ(Q,MQ(R)) — 2sp, (5‘ — ks fl(xk))ﬂ(f) M2 (R)) + skH.fl(xk)le(Q,Mz(R))

_ _ 2s
15 =l = (5= 0l ) By ey +

Hf1($k)||12(Q Ma(R))’
because || f1 (a:k)ng(Q My(R)) > 0 and 0 < € < sp. We use the supergradient inequality:

5 7
g()\afy) ()\kavk) ()\ )‘kafl(xk))p(()’MﬂR)) + 2 kal(:Uk)”lgz(Q’MQ(R))a

in what precedes and get:

X = M1l anryy T 17— Wt X = Ml sy T 17— 17 = 250(9(X, 7)
(

- g()‘k’Vk)) + si(”fl(gck)||122(§2’M2(R)) + Hfl(xk)HlQ(Q MQ(R))) 3.1 )
2(9(AA) =9 (k1))

Then for 0 < s < T (wk)”ﬂ(n » (R))+||f1(wk)le(Q . and 0 < € < sg, we clearly have

||)‘ A143-‘!-1”12(5) M3 (R)) + |fy 7k+1| < HA )‘k‘HlQ QM R)) + |’7 - 7k|2 O

The following theorem proves the convergence for a specific stepsize.

Theorem 4.12 (adapted from [28, Theorem 9]). Assume there exists a dual solution
(N, 7). Let (Mg, k) be any iteration as defined in the previous theorem. Suppose that each

new iteration (Ag4+1,Vk+1) @S calculated for the stepwise s, = FACHIE -g(Aﬂ)_fl(\j\‘?(li))H‘é 5
1(Q,M5(R)) 1=(Q,M5(R))

and 0 < €, < s, where g = g(\,7) denotes the optimal dual value. Then g(\,, V) — G-

Proof. By taking s = 7 =9(Ak k) 1 in the previous recurrence for-
IF1 @2 (6, arymyy T @2 6 ary (r))

mulae, we have
”5‘ - )\k+1Hl22(Q,M2(R)) + ”7 - ’Yk’Q < H;\ - /\k”lQQ(Q,Mg(R)) + ’:Y - 7k|2

(3 = 9O m)?
Hfl(xk)HZQ QM ))+||f1( )le QMQ

95



A nonlocal topology-preserving segmentation guided registration model

which can be rewritten as

(3= 90w )? < (1A @I grrmy + 11 @ @y ) (X = M@ amm)

17 = 3l = 1A = M W gy — 17— vkm)

It is obvious that the sequence {H)\ — )\kHlQQ(Q M) T 1y — 'yk\Q} is bounded below

(by 0 for example) and according to the previous theorem, it is decreasing. So, {H)\ —

)\kHl?(QM ®y T |7 — e|? } is a convergent sequence. Thus kll)m [H)\ )‘k”ﬂ @nR) T
17— v|? = | A = )\k+1||12 &0 — % —v41/*| = 0. Furthermore, we can deduce from the

previous result that (Ag) is unlformly bounded.
On the other hand, (||f1 (:Uk)Hl2 .0nR) T | f1 ($k)||?2(Q7M2(R))) is bounded. Indeed, as z

minimizes L(x, A\, V), from the proof of Theorem 4.8 (coercivity inequality),

2 (A +3p) 2 2
|‘f1($k)||l2(Q7M2(R)) < <L($ka)\k7’>’k) + MNM+CE||)\k||l2(Q’M2(R)) m

and L(xg, A\g,vE) = minL(:U,)\k,’yk) < sup inf L(z, \,y) = sup(D) = inf(DP) <
zeX

(Am)eTTE
+oo. Finally, || fi(z )Hl2 &0 is bounded and so is Hfl(ack)Hl2 (E.0(R))" In conclusion
9 W) = . O
— 400

We can provide even more accurate results, namely convergence of the sequences of dual
values based on prior related works by Burachik et al. dedicated to modified subgradient
algorithm for dual problems via sharp augmented Lagrangian.

Lemma 4.11 (adapted from [8, Lemma 1]). Considering the notations and definitions of
Algorithm 2, the following statements are equivalent.

+00 oo
1. kzlSk:”f1($k)||12(§z,M2(R)) < 400 and kzl%ufl(l“k)||122(Q’M2(R)) < +00.

2. (Ak,Yk) s bounded.

m
Proof. From Algorithm 2, we have yp1 — v = Y 25 || fy (:Ek)HlQQ(Q Va(R)) and [|Am41 —
k=1 2
m
/\1ng &M (R Z sk || f1 (l’k)le(Q Ma(R))" Then it is obvious that the two assertions are

equlvalent O

Theorem 4.13 (adapted from [8, Theorem 6]). Let g be the optimal dual value (i.e.
g = sup(D)). Assume that (M\p,~vk) defined in Theorem 4.11 is bounded and that the
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4. Numerical Method of Resolution

; ; > G—9(Mk,VE) .
step size sp satisfies sp > nllfl(xk)le(Q . (R))Jrllfl(xk)lllzm e for a fited n > 0. Then

every accumulation point of (Ak,vk) s a dual solution. In particular, S(D) # () with

S(0) = {7, ah) = sw o)
(AF)eYy

+oo
Proof. According to the previous result, as (Ag,vx) is bounded, > s f1 (ZUk)HlQ(Q Ma(R)) <
k=1 ’

+o00 _
+o0 and kzlw | f1(zr) || < +o00. Let (A, %) be an accumulation point of the se-

12(2,M2(R))
quence (A, vk) and let us denote by K the infinite set of indices such that lim (Mk, &)
k ek
k. — +o0

= (5\ 7). According to the proof of Theorem 4.8, and (\g, ) being bounded, the sequence
(zg) generated by the algorithm is bounded. We can assume that the whole sequence
(zk)kek converges to some T otherwise we can extract a common subsequence. Let us first
assume that f1(z) = 0. By definition of zj, we have that fo(zx) + (A, f1(2k)) 120,01, R)) T

’Yik||f1(l’k)”l22(ﬁ7M2(R)) é fO(IE) + ()\k’vfl(x))l?(fz’MQ(R)) + ’YTkal( )||12 QM fOI‘ au WS X
and for all & € K. Passing to the lingit for k € K, k — 400 in the_prewous expression
yields fo(z) + ()‘ fi(z ))12 (€, M5 (R)) %Hfl( )Hp 0, M2 (R)) < folz) + (Avfl(x))ﬂ(Q,MQ(R)) +
Hfi(x )Hl2 &0 for all z € X. Hence € S()\,%) and thus ()\,5) € S(D) accord-
ing to Theorem 4 9. Now, let us assume that fi(z) # 0. This fact together with

Zskﬂfl(xk)le a.My(R)) < Hoo implies that the sequence (sk)kex converges to 0. Using
k=1

1 > =9 (M)
e FPYETS | S Y AN
of dual values (g(\, ’yk)) wex converges to g. By upper semi-continuity of g, we have that

g(\,%) > limsup g(Ag, V&) = g. This shows that g(),7) has optimal functional value

for k € K, we conclude that the subsequence

E ek
k — 400
g and hence (),5) € S(D). O

We are now providing a pseudo-code for the algorithm whose legimity has been proved
through the previous theorems.

4.5 Actual Augmented Lagrangian algorithm

In this section, we present the algorithm used to solve the discrete augmented Lagragian
problem. It consists of an initialization step and a main step. The latter is divided into
two parts: the segmentation step guiding the registration process and the registration
step. It is done thanks to an alternating scheme solving successively the Euler-Lagrange
equations in ¢ and V.
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A nonlocal topology-preserving segmentation guided registration model

1: [Initialization step]: same as the one for the quadratic penalty method except that
we initialize here (Ag,70) € Y and do not select « large enough.
2: [Main step]:

(i) Compute ® as in the quadratic penalty algorithm.

(ii) For k =1,2,---,(, compute (" JVE, )\k,’yk) the saddle point of the augmented
Lagrangian functlon with ®(.,T) = ®(.,t), tc = T, ®(.,t¢) representing the
object contained inside the Reference and ®y; = ®go @1 0---0 @r_1, using a
supergradient algorithm.

(a) Solve the Euler-Lagrange equation in ¢; ; for each (i, j) € {2,. -1} x

{2,...,M—1}: v6:(PokoPi;) (He(q)o,k o @i j) — Ho(®(.,t ))) V@O,k (i)

v < iiz%ij > —MAg; j + ( gizig ) = 0. To do so, we use an implicit
Euler time stepping and an L? gradient flow algorithm.

(b) Solve  the system of Euler Lagrange  equations in  Vj;
for each  (i,7) € LN — 1}x  {2,...,.M — 1}

0 = 26 (IVil? o) Vi, (2H (172sl12 — @) + (1712 — )

5. (T2 - >+ Vi, (det 77, — )+m<vm,j—ax¢;j>+xm
0 = 28(|Viyl? - a) + (| Vill? = )
5.1V |2 ) WVar, (et Vg —2) + w(Via,, — 9,8L,) + Ao

—a) + (IVigl* — a)

0 = 28(IVigl? ~ o) Var, <2H (13512
5.1V 2 >—MV12”detVu 2) 4 (Var,, — 0a32,) + A

—a) + (IVigl* — a)

0 = 25 (1Tl - ) Vo, (Vs

5.1V 12 - )>+MV11 (et Vi — 2) + (Vi , — y32,) + A

To do so, we use an L? gradient flow algorithm and a semi-implicit Euler
time stepping scheme.
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5. Numerical Experiments

(c) Control of the Jacobian determinant, see Algorithm 4. Go back to (a) until
convergence and set x; = (@', V') after convergence.

(d) if: ”fl(xl)”lQQ(Q,Mg(R)) < threshold then: stop and set

(@ka Vk) )‘]m ’Yk) == (9517 Vla Ala ’}’l)
else: go on to the next step.

(e) Update \; = A, + Slfl(xl) and Y=t L}Lel|’f1($l)”l22(g7M2(R))a with
_ g—9um) — G :
s = TG ars o 1 Oy o and ¢ = 0.95s;. g is approximated by

assessing functional in (DP) with ¢ = Id and V = (I)N*M since
sup(D) = inf(DP).

(f) Go back to (a).

Algorithm 3: A topology preserving segmentation guided registration model- Aug-
mented Lagrangian Method.
We now provide some numerical experiments.

5 Numerical Experiments

We first make the parameters we use in practice more explicit. Function H. is taken to be
He @z (14 %arctan (2)) (¢ = 1 in practice) and § : z ﬁ For the sake of
reproducibility, we provide the values of the tuning parameters in the discretization of the
evolution equation. The time step is set to 0.5, parameter ¢ of the edge detector function
is between 1 and 5, parameter k is between —0.15 and 0.2, —negative value for inflating
and positive value for deflating —, [ is set to 1, p’ to 0.2, d to 4.0 and the size of the
window to compute the topological constraint is 5 x 5.

As for the functional minimization problem, both methods - straight quadratic penali-
zation and augmented Lagrangian method - have been investigated and produce similar
results. In the proposed supergradient algorithm (augmented Lagrangian method), 7 is
set to 80000, while in the purely quadratic penalty method, parameter -y is set to this same
value and is not increased in practice during the algorithm. As we searched for a suitable
trade-off between quality of the obtained results and readability /smaller computational
cost, which, we believe, is what prevails in the numerical simulation setting, we did not
investigate further, in the numerical simulations, the augmented Lagrangian method. The
results presented below are the ones obtained by the purely quadratic penalty method.

5.1 Regridding technique and choice of the parameters

The deformation must remain physically and mechanically meaningful, and reflect mate-
rial properties: self-penetration of the matter (indicating that the transformation is not
injective) should be prohibited. The penalty term (det Vo — 1)? does not guarantee that
the Jacobian determinant remains positive. That is the reason why we have implemented
the regridding algorithm proposed by Christensen and his collaborators in [11] to ensure
the positivity of the Jacobian. For the sake of completeness, we summarize the outlines
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A nonlocal topology-preserving segmentation guided registration model

of the regridding algorithm.

1. If at stage k € {1,---,(} and at discrete time ¢, in the L? gradient flow method,

min det V@g}rl < tol :
/L?] ’

e regrid_count=regrid_count+1

_ ~q
cI)O,k = (I)O,k © P

save tab_p(regrid_count) = @9, g0t =1d, Vatl =T

continue loop in ¢

2. At the end of stage k, if regrid_count>0
@* = tab_p(1) o - - - o tab_p(regrid_count)

Algorithm 4: Regridding step.

For each pair, we provide the Reference image together with the zero level line of ® at
time 7', the Template image, the intermediate segmentation steps that serve as inputs —if
any —, the obtained deformed Template, that is to say T o ¢, the deformed grid associ-
ated with ¢ (Reference to Template, straightforwardly given by ¢) and the deformed grid
associated with ¢~! (Template to Reference, computed using interpolation techniques).
For all applications, the ranges of the parameters are the same. Parameter v balancing
the L2-fidelity term is around 100000, while the Lamé coefficient A is set to 10. The Lamé
coefficient p is between 1500 and 8000. It is the shear modulus, that is to say that u
measures the resistance of the material.

From our experience, the parameter that proves to be the most sensitive is the Lamé
parameter p. It can be seen as a measure of rigidity. The greater parameter p is, the
more rigid the deformation is (which can be relevant if we aim to obtain a smooth and
topology-preserving deformation map). The issue is thus to find a proper trade-off between
accurate image alignment (which means authorizing large deformations) and topology or
orientation preservation (which means monitoring the Jacobian determinant by limiting
shrinkage and growth).

5.2 Letter C

First, the method is applied on an academic example (Figure 3.2) taken from [12] for
mapping a disk to the letter C, demonstrating the ability of the algorithm to handle large
deformations. Note that with linear elasticity model, diffusion model or curvature-based
model, registration cannot be successfully accomplished (see [42]). Asin [12], the right part
of the disk is stretched into the shape of the interior edge of the letter C, and then moves
outward to align the interior boundary of the letter C. Nevertheless, our deformation field
is smoother (see in particular [12, p. 88]). In [9], the authors also apply their method on a
similar example. We can notice that the deformed Template cannot reach the end of the
hollow of the C, while our method handles very well deep concavities. At last, compared
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5. Numerical Experiments

(a) Template (b) Reference together
with the zero level line
of ® at time T'
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(¢) Deformed Tem- (d) Deformed (e) Deformed
plate T o ¢ with the grid: Template to grid: Reference to
zero level line of ®pop Reference Template

Figure 3.2: Mapping of a disk to letter C. mindet Vi = 4.7107%4, max det Vi = 4.04.
A =10, p = 8000, v = 150000.

to [38], the algorithm requires fewer regridding corrections (3 versus 4 in [38]) and the
range of the Jacobian determinant is smaller.

5.3 Mouse brain gene expression data

Then the method was applied on medical images (Figure 3.3) with the goal to map a 2D
slice of mouse brain gene expression data (Template T) to its corresponding 2D slice of the
mouse brain atlas, in order to facilitate the integration of anatomic, genetic and physiologic
observations from multiple subjects in a common space. Since genetic mutations and
knock-out strains of mice provide critical models for a variety of human diseases, such
linkage between genetic information and anatomical structure is important. The data
are provided by the Center for Computational Biology, UCLA. The mouse atlas acquired
from the LONI database was pre-segmented. The gene expression data were segmented
manually to facilitate data processing in other applications. Some algorithms have been
developed to automatically segment the brain area of gene expression data. The non-
brain regions have been removed to produce better matching. Our method qualitatively
performs as the one in [39] and produces a smooth deformation field. Compared to the
results obtained in [38], [39] or [21], the deformation grid is more regular and does not
exhibit shrinkage or growth. For instance, for Figure 3.3, the Jacobian determinants mass
more around the value 1 (range [0.54,2.24]) versus [0.28,2.09] in [38], [0.15,2.40] in [39] or
[0.09,2.47] in [21].
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w

(a) Template (b) Reference together
with the zero level line

of ® at time T'

(¢) Input: intermediate segmentation results; left: zero
level line of @ = ®(-,0); middle: zero level line of ®(-,#1);
right: zero level line of ®(-,t2 =T).

(e)

(d) Deformed Template
Template to Reference  ference to Template

T o ¢ with the zero level
line of &g o ¢

Figure 3.3: Mapping of a 2D slice of mouse brain gene expression data to its
counterpart in an atlas. mindet Vo = 0.54, maxdet Vip = 2.24. A = 10, u = 5000,

v = 100000.
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(a) Template (b) Reference together
with the zero level line
of ® at time T

O O o O o

(¢) Input: intermediate segmentation results; from left
to right: zero level line of ®o = @(-,0), (-, t1), (-, t2),
‘b(',tg) and ‘1)(',1‘/4 = T)

17 i =

(d) Deformed Template (e) Deformed grid:  (f) Deformed grid: Re- (g) Obtained deformed
T o ¢ with the zero level Template to Reference ference to Template Template  when no
line of &g o ¢ intermediate segmenta-

tion step is included,
same parameters

Figure 3.4: Mapping of a disk to a slice of a brain. mindet Vi = 0.079, maxdet Vo =
3.07. A =10, p = 5000, v = 120000.

5.4 Slices of the brain

The method has also been applied to complex slices of brain data (Figure 3.4) (courtesy
of Laboratory Of Neuro-Imaging, UCLA). We aim to register a disk to the slice of brain
with topology preservation to demonstrate the ability of the algorithm to handle complex
topologies. The results are very satisfactory on these examples since the deformed Tem-
plate matches very well the convolutions of the brain. Remark that including intermediate
segmentation steps improves the accuracy of the result. At last, the additional topology
constraint in the active contour model allows for the delineation of the thin concavities on
the Reference image.

5.5 MRI images of cardiac cycle

Numerical simulations on MRI images of a patient cardiac cycle have been carried out
(Figs. 3.5,3.6). We were supplied with a whole cardiac MRI examination of a patient
(courtesy of the LITIS, University of Rouen, France). It is made of 280 images divided
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T
ImEE

imm

(a) Template (b) Reference to- (c) Deformed (d) Deformed (e) Deformed
gether with the Template T o ¢ grid: Template grid: Reference

zero level line of with the zero to Reference to Template
d at time T' level line  of
@0 oY

Figure 3.5: Mapping of MRI images. Reference corresponding to end diastole
(ED) and Template corresponding to end systole (ES) of a same sequence.
min det Vi = 0.05, maxdet Vo = 2.8. A =10, p = 1500, v = 100000.

into 14 levels of slice and 20 images per cardiac cycle. The numbering of the images goes
from 0 to 279, and includes both the slice number and the time index. The image 0 is
set at the upper part of the heart and the sequence from image 0 to image 19 contains
the whole cardiac cycle for this slice. The sequence from images 20 to 39 contains the
whole cardiac cycle for the slice underneath the previous one and so on. A cardiac cycle
is composed of a contraction phase (40% of the cycle duration), followed by a dilation
phase (60% of the cycle duration). The first image of the sequence (frames 0, 20, 40, etc.)
is when the heart is most dilated (end diastole - ED) and the 8" of the sequence (end
systole - ES) is when the heart is most contracted. It thus seemed relevant, in order to
assess the accuracy of the proposed algorithm in handling large deformations, to register
a pair of the type: Reference corresponding to end diastole (ED), that is the first image of
a sequence, and Template corresponding to end systole (ES), that is the 8™ frame of the
same sequence. One interest of the proposed algorithm (due to the intrinsic modelling) is
that we can focus on the desired target, here the heart, without taking into account the
surrounding region. At last, to assess the inverse consistency, we switched the role of the
Template and the Reference.

5.6 Tumor

Finally, the algorithm has been tested on brain tumor images (Figure 3.7) taken at different
times in order to highlight the ability of the model to handle complex topologies with thin
tubes and concavities.

6 Conclusion

This work intended to intertwine segmentation and registration in a single framework
including geometrical and topological considerations, and motivated by the fact that shape
matching contributes to increase the reliability of the registration process. To overcome the
usual limitation of registration models, namely the inability to generate large deformations,
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(a) Template (b) Reference to- (c) Deformed (d) Deformed (e) Deformed
gether with the Template T o ¢ grid: Template grid: Reference
zero level line of with the zero to Reference to Template
® at time T' level  line  of

@0 oY

Figure 3.6: Mapping of MRI images. Reference corresponding to end systole
(ES) and Template corresponding to end diastole (ED) of a same sequence.
mindet Vi = 0.016, maxdet Vo = 2.83. A = 10, p = 1500, v = 100000.

the nonlinear-elasticity-based framework has been adopted by viewing the shapes to be
matched as Saint Venant-Kirchhoff materials. New perspectives have been enlarged, in
particular, the explicit introduction of the dynamics in the modelling (instead of a sampled-
in-time problem) yielding to a minimization problem defined on a Sobolev space of Banach-
space-valued functions, as well as a joint model with mutual influence of segmentation
and registration (instead of a segmentation-guided registration problem) that inherits fine
theoretical properties in the context of the viscosity solution theory.
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(a) Template (b) Reference to-
gether with the zero
level line of & at
time T

@@@@

(c) Input: intermediate segmentation results; from left
to right: zero level line of &g = ©(-,0), ®(,t1), ®(-,t2)
and ®(-,t3 =T).
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(d) Deformed Tem- (e) Deformed grid: (f) Deformed grid:
plate T o ¢ with the Template to Refe- Reference to Tem-
zero level line of oo rence plate

)

Figure 3.7: Mapping of brain tumor images. mindet Vo = 0.09, maxdet Vo = 4.2.
A =10, p = 5000, v = 150000.

106



Bibliography

1]

2]

[10]

L. AMBROSIO AND G. DAL MASO, A general chain rule for distributional derivatives,
Proceedings of the American Mathematical Society, 108 (1990), pp. 691-702.

J.-H. AN, Y. CHEN, F. HuaNG, D. WILSON, AND E. GEISER, Medical Image Com-
puting and Computer-Assisted Intervention — MICCAI 2005: 8th International Con-
ference, Palm Springs, CA, USA, October 26-29, 2005, Proceedings, Part I, Springer
Berlin Heidelberg, 2005, ch. A Variational PDE Based Level Set Method for a Simul-
taneous Segmentation and Non-Rigid Registration, pp. 286-293.

J. ASHBURNER AND K. J. FRISTON, Nonlinear spatial normalization using basis
functions, Human brain mapping, 7 (1999), pp. 254-266.

G. AUBERT AND P. KORNPROBST, Mathematical Problems in Image Processing:
Partial Differential Equations and the Calculus of Variations, Applied Mathematical
Sciences, Springer-Verlag, 2001.

M. BEG, M. MILLER, A. TROUVE, AND L. YOUNES, Computing Large Deformation

Metric Mappings via Geodesic Flows of Diffeomorphisms, International Journal of
Computer Vision, 61 (2005), pp. 139-157.

H. Brezis, Analyse fonctionelle. Théorie et Applications, Dunod, Paris, 2005.

C. Broir, Optimal Registration of Deformed Images, PhD thesis, Computer and
Information Science, University of Pennsylvania, 1981.

R. S. BuracHIK, R. N. Gasimov, N. A. IsMAYILOVA, AND C. Y. KAYA, On a

modified subgradient algorithm for dual problems via sharp augmented Lagrangian,
Journal of Global Optimization, 34 (2005), pp. 55-78.

M. BURGER, J. MODERSITZKI, AND L. RUTHOTTO, A hyperelastic reqularization
enerqy for image registration, SIAM Journal on Scientific Computing, 35 (2013),
pp. B132-B148.

V. CaAseELLES, R. KIMMEL, AND G. SAPIRO, Geodesic Active Contours, Int. J. Com-
put. Vis., 22 (1993), pp. 61-87.

107



BIBLIOGRAPHY

[11]

[12]

[13]

[14]

G. CHRISTENSEN, R. RABBITT, AND M. MILLER, Deformable Templates Using
Large Deformation Kinematics, IEEE Trans. Image Process., 5 (1996), pp. 1435—
1447.

G. E. CHRISTENSEN, Deformable shape models for anatomy, PhD thesis, Washington
University, Sever Institute of technology, USA, 1994.

P. CiARLET, Elasticité Tridimensionnelle, Masson, 1985.

P. CIARLET, Mathematical Elasticity, Volume I: Three-dimensional elasticity, Ams-
terdam etc., North-Holland, 1988.

O. CrLATz, M. SERMESANT, P.-Y. BoNDIAU, H. DELINGETTE, S. K. WARFIELD,
G. MALANDAIN, AND N. AYACHE, Realistic simulation of the 3-D growth of brain

tumors in MR images coupling diffusion with biomechanical deformation, Medical
Imaging, IEEE Transactions on, 24 (2005), pp. 1334-1346.

M. CranDALL, H. IsHIil, AND P.-L. LIONS, User’s Guide to Viscosity Solutions
of Second Order Partial Differential Equations, Bull. Amer. Math. Soc., 27 (1992),
pp. 1-67.

B. DACOROGNA, Direct Methods in the Calculus of Variations, Second FEdition,
Springer, 2008.

C. DAVATZIKOS, Spatial transformation and registration of brain images using elas-
tically deformable models, Computer Vision and Image Understanding, 66 (1997),
pp. 207-222.

M. H. Davis, A. KHOTANZAD, D. P. FLAMIG, AND S. E. HARMS, A physics-
based coordinate transformation for 3-D image matching, Medical Imaging, IEEE
Transactions on, 16 (1997), pp. 317-328.

F. DEMENGEL, G. DEMENGEL, AND R. ERNE, Functional Spaces for the Theory of
Elliptic Partial Differential Equations, Universitext, Springer London, 2012.

R. DERFOUL AND C. LE GUYADER, A relaxed problem of registration based on the
Saint Venant-Kirchhoff material stored energy for the mapping of mouse brain gene
expression data to a neuroanatomical mouse atlas, SIAM Journal on Imaging Sciences,
7 (2014), pp. 2175-2195.

M. DROSKE, W. RING, AND M. RuMPF, Mumford-Shah based registration: a com-

parison of a level set and a phase field approach, Computing and Visualization in
Science, 12 (2008), pp. 101-114.

M. DROSKE AND M. RuMPF, A Variational Approach to Non-Rigid Morphological
Registration, STAM J. Appl. Math., 64 (2004), pp. 668—687.

108



BIBLIOGRAPHY

[24]

[25]

[26]

[27]

M. DROSKE AND M. RUMPF, Multiscale Joint Segmentation and Registration of
Image Morphology, Pattern Analysis and Machine Intelligence, IEEE Transactions
on, 29 (2007), pp. 2181-2194.

B. FISCHER AND J. MODERSITZKI, Fast diffusion registration, AMS Contemporary
Mathematics, Inverse Problems, Image Analysis, and Medical Imaging, 313 (2002),
pp. 11-129.

B. FisCHER AND J. MODERSITZKI, Curvature based image registration, J. Math.
Imaging Vis., 18 (2003), pp. 81-85.

N. FORCADEL AND C. LE GUYADER, A short time existence/uniqueness result for
a nonlocal topology-preserving segmentation model, Journal of Differential Equations,

253 (2012), pp. 977-995.

R. N. Gasimov, Augmented Lagrangian duality and nondifferentiable optimization
methods in nonconver programming, Journal of Global Optimization, 24 (2002),
pp. 187-203, http://dx.doi.org/10.1023/A:1020261001771.

A. Goova, K. PonL, M. BiLELLo, L. CiriLLo, G. Biros, E. MELHEM, AND
C. DAvATZIKOS, GLISTR: Glioma Image Segmentation and Registration, Medical
Imaging, IEEE Transactions on, 31 (2012), pp. 1941-1954.

S. GorrHI, V. DuAy, X. BRESSON, M. B. CUuADRA, F. J. S. CasTrRO, C. POLLO,
A.S. ALLAL, AND J.-P. THIRAN, Active deformation fields: Dense deformation field
estimation for atlas-based segmentation using the active contour framework, Medical
Image Analysis, 15 (2011), pp. 787-800.

E. HABER, S. HELDMANN, AND J. MODERSITZKI, A computational framework for
image-based constrained registration, Linear Algebra and its Applications, 431 (2009),
pp- 459-470. Special Issue in honor of Henk van der Vorst.

E. HABER AND J. MODERSITZKI, Numerical methods for volume preserving image
registration, Inverse Probl., 20 (2004), pp. 1621-1638.

E. HABER AND J. MODERSITZKI, Image registration method with guaranteed dis-
placement regularity, Int. J. Comput. Vision, 71 (2007), pp. 361-372.

H. HArRDY, G., E. LITTLEWOOD, J., AND G. POLYA, Inequalities, University Press
Cambridge, 1952.

B. KARACALI AND C. DAVATZIKOS, Estimating topology preserving and smooth dis-
placement fields, IEEE Trans. Med. Imag., 23 (2004), pp. 868-880.

H. LE DRrReET AND A. RaouLrt, The quasi-convexr envelope of the Saint Venant-
Kirchhoff stored energy function., Proceedings of the Royal Society of Edinburgh:
Section A Mathematics, 125 (1995), pp. 1179-1192.

109



BIBLIOGRAPHY

[37] C. LE GUYADER AND L. VESE, Self-Repelling Snakes for Topology-Preserving Seg-

mentation Models, Image Processing, IEEE Transactions on, 17 (2008), pp. 767-779.

[38] C. LE GUYADER AND L. VESE, A combined segmentation and registration framework

with a nonlinear elasticity smoother, Computer Vision and Image Understanding, 115
(2011), pp. 1689-17009.

[39] T. Lin, C. LE GUYADER, I. DiNov, P. THOMPSON, A. TOGA, AND L. VESE, Gene

Expression Data to Mouse Atlas Registration Using a Nonlinear Elasticity Smoother
and Landmark Points Constraints, J. Sci. Comput., 50 (2012), pp. 586—-609.

[40] N. Lorp, J. Ho, B. VEMURI, AND S. EISENSCHENK, Simultaneous Registration and

Parcellation of Bilateral Hippocampal Surface Pairs for Local Asymmetry Quantifica-
tion, IEEE Trans. Med. Imaging, 26 (2007), pp. 471-478.

[41] S. MITRINOVIC, D., Analytic Inequalities, Die Grundlehren der mathematischen Wis-

senschaften, Springer-Verlag, 1970.

[42] J. MODERSITZKI, Numerical Methods for Image Registration, Oxford University

Press, 2004.

[43] O. Mussk, F. HEiTz, AND J.-P. ARMSPACH, Topology preserving deformable image

matching using constrained hierarchical parametric models, IEEE Trans. Image Pro-
cess., 10 (2001), pp. 1081-1093.

[44] P. NEGRON MARRERO, A numerical method for detecting singular minimizers of mul-

tidimensional problems in nonlinear elasticity, Numerische Mathematik, 58 (1990),
pp- 135-144.

[45] V. NoBLET, C. HEINRICH, F. HEITZ, AND J.-P. ARMSPACH, 3-D deformable image

registration: a topology preservation scheme based on hierarchical deformation models
and interval analysis optimization, IEEE Trans. Image Process., 14 (2005), pp. 553
566.

[46] S. OzERE, Modélisation mathématique de problémes relatifs au recalage d’images,

PhD thesis, 2015. These de doctorat dirigée par Gout, Christian et Le Guyader,
Carole Mathématiques Rouen, INSA 2015.

S. OzeRrE, C. GouT, AND C. LE GUYADER, Joint Segmentation/Registration Model
by Shape Alignment via Weighted Total Variation Minimization and Nonlinear Flas-
ticity, STAM Journal on Imaging Sciences, 8 (2015), pp. 1981-2020.

S. OzeERE AND C. LE GUYADER, Scale Space and Variational Methods in Computer
Vision: 5th International Conference, SSVM 2015, Lége-Cap Ferret, France, May 31
- June 4, 2015, Proceedings, Springer International Publishing, Cham, 2015, ch. Non-
local Joint Segmentation Registration Model, pp. 348-359.

110



BIBLIOGRAPHY

[49]

[50]

S. OzeERE AND C. LE GUYADER, Topology preservation for image-registration-related
deformation fields, Communications in Mathematical Sciences, 13 (2015), pp. 1135
1161.

R. RaBBIiTT, J. WEISS, G. CHRISTENSEN, AND M. MILLER, Mapping of Hypere-
lastic Deformable Templates Using the Finite Element Method, in Proceedings SPIE,
vol. 2573, SPIE, 1995, pp. 252-265.

T. ROCKAFELLAR, R., Lagrange multipliers and optimiality, STAM, 35 (1993),
pp. 183 238.

M. RumMmpPF AND B. WIRTH, A Nonlinear Elastic Shape Averaging Approach, SIAM
Journal on Imaging Sciences, 2 (2009), pp. 800-833.

T. SEDERBERG AND S. PARRY, Free-form Deformation of Solid Geometric Models,
SIGGRAPH Comput. Graph., 20 (1986), pp. 151-160.

A. SoTirAs, C. DAvVATZIKOS, AND N. PARAGIOS, Deformable medical image regis-
tration: A survey, Medical Imaging, IEEE Transactions on, 32 (2013), pp. 1153-1190.

B. VEMURIL, J. YE, Y. CHEN, AND C. LEONARD, Image Registration via level-set
motion: Applications to atlas-based segmentation, Medical Image Analysis, 7 (2003),
pp. 1-20.

L. VESE AND C. LE GUYADER, Variational Methods in Image Processing, Chapman
& Hall/CRC Mathematical and Computational Imaging Sciences Series, Taylor &
Francis, 2015.

J. WEICKERT AND G. KUHNE, Geometric Level Set Methods in Imaging, Vision, and
Graphics, Springer New York, 2003, ch. Fast Methods for Implicit Active Contour
Models, pp. 43-57.

C. WING-SuM, Some discrete Poincaré-type inequalities, International Journal of
Mathematics and Mathematical Sciences, 25 (2001), pp. 479-488.

B. WIRTH, L. BAR, M. RuMPF, AND G. SAPIRO, A continuum mechanical approach
to geodesics in shape space, International Journal of Computer Vision, 93 (2011),
pp- 293-318.

I. YaNnoOvsKy, P. M. THOMPSON, S. OSHER, AND A. D. LEow, Topology preserving
log-unbiased nonlinear image registration: Theory and implementation, in Proc. IEEE
Conf. Comput. Vis. Pattern Recognit., 2007, pp. 1-8.

A. YEzz1, L. ZOoLLEI, AND T. KAPUR, A variational framework for joint segmenta-
tion and registration, in Mathematical Methods in Biomedical Image Analysis, IEEE-
MMBIA, 2001, pp. 44-51.

111



BIBLIOGRAPHY

[62] L. ZAGORCHEV AND A. GOSHTASBY, A comparative study of transformation func-
tions for nonrigid image registration, Image Processing, IEEE Transactions on, 15
(2006), pp. 529-538.

112



Chapter 4

A nonlocal joint
segmentation /registration model

Segmentation and registration are cornerstone steps of many imaging situations: while
segmentation aims to identify relevant constituents of an image for visualization or quan-
titative analysis, registration consists of mapping salient features of an image onto the
corresponding ones in another. Instead of treating these tasks linearly one after another,
so without correlating them, we propose a unified variational model, in a hyperelasticity
setting, processing these two operations simultaneously. The dissimilarity measure relates
local and global (or region-based) information, since relying on weighted total variation
and nonlocal shape descriptors inspired by the piecewise constant Mumford-Shah model.
Theoretical results emphasizing the mathematical and practical soundness of the model are
provided, among which existence of minimizers, connection with the segmentation step,
nonlocal characterization of weighted semi-norms, asymptotic results and I'-convergence
properties.

1 Introduction

Segmentation and registration are preprocessing steps that prove to be fundamental re-
quirements in many image processing chains: images need to be registered to one another,
which means determining an optimal diffeomorphic transformation (or deformation) ¢ that
aligns the structures visible in an image into the corresponding ones in the other, then
segmented, that is, partitioned into meaningful constituents in order to identify structures
such as homogeneous regions or edges, yielding an accurate quantitative and joint analysis
of them. Each step encompasses a large variety of methodologies (see [7, Chapter 4] for
instance or [60, Part II], for a relevant analysis of the segmentation problem, and [45], [46],
[57] for the registration counterpart) and one might think as a first attempt to address
these issues to proceed linearly, one stage after another, without correlating both tasks,
which in practice may propagate errors from step to step. Yet, as structure/salient com-
ponent/shape/geometrical feature matching and intensity distribution comparison rule
registration, combining the segmentation and registration tasks into a single framework
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sounds relevant. First, the registration operation can be seen as the incorporation of prior
information to guide the segmentation process. This allows to overcome the difficulty of
weak boundary definition resulting from the amalgamation of several factors such as noise
sources in the acquisition device, degradation of the image content during the reconstruc-
tion process, or artifacts ([4, Subsection 2.3]). Second, accurate segmented structures allow
to drive the registration process correctly, providing then a reliable deformation between
the encoded structures, not only based on intensity distribution comparison but also on
geometrical and topological features. The primary scope of this chapter is thus to define
a suitable joint segmentation/registration model addressed with variational techniques. A
difficulty relies in the complexity of the formulation that is generally underconstrained
and that involves nonlinearity and non-convexity. If we focus on the registration problem
alone for instance, the deformation we aim to reconstruct is usually viewed as a minimal
argument (uniqueness defaults in general) of a specifically designed cost function that
takes on a versatile appearance according to the desired application and to the nature of
the observations ([57]). When the images have been acquired by different modalities, the
quality of registration is no longer measured by intensity distribution alignment, but by
the assessment of shape, salient component and geometric feature matching, while pre-
serving the modality of each image of the pair. Also, several stances can be adopted to
describe the setting in which the objects to be matched are interpreted and viewed (phys-
ical models —[11], [17], [18], [21], [26], [30], [32], [35], [42], [49], [54] —, purely geometric
ones —I5], [28], [55], [63] —, models including a priori knowledge ([24]), depending on the
assumption regarding the properties of the deformation to be recovered) and to devise the
measure of alignement (that is, how the available data are exploited to drive the registra-
tion process), increasing thus the complexity of the problem. In order to make our model
flexible, capable of handling large deformations and reliable in terms of matching quality
of the structures encoded in the pair of images, we propose, within the hyperelastic frame-
work, meeting these goals by devising an original dissimilarity measure. It is grounded in
weighted total variation (ensuring edge mapping) and in a region-based criterion (inspired
by the piecewise constant Mumford-Shah model [47]), so combining local and nonlocal
structure comparison. More precisely, the novelty of this work rests upon: (i) an origi-
nal modelling involving the stored energy function of a Saint Venant-Kirchhoff material,
weighted total variation and a region-based criterion; (ii) the introduction of a relaxed pro-
blem for which theoretical results are provided; (iii) the derivation of a numerical method
of resolution based on the approximation of the weighted total variation by a sequence of
integral operators involving a differential quotient, a suitable sequence of radial mollifiers
and on a splitting approach leading to I'-convergence results. This work falls within the
continuation of [49] but includes novel aspects both in the modelling (with the integration
of a region-based criterion entailing substantial modifications in the mathematical proofs)
and more importantly (this is the core of this chapter), in the design of the algorithm
(introduction of a nonlocal operator). This latter part required non straightforward ex-
tensions of prior related results by Bourgain et al. [14], Davila [27], Ponce [52], and Spector
[58] dedicated to new characterizations of semi-norms on Sobolev spaces W1P(£) or on
the space of functions of bounded variation BV (£2) to weighted such semi-norms, which
takes on various connotations, from theoretical considerations to computational aspects.
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The loss of symmetry implies in particular, a substantial mathematical development in
the proofs. In addition to its theoretical justification, this modelling yields more accurate
segmentation and registration results in comparison to [49] (exemplified in Table 4.1 and
Figure 4.2 for instance, empirically/visually, and by computing comparison criteria such
as the Dice coefficient ([31]) to assess segmentation and registration accuracy), and also a
decomposition of the Reference into a simplified version and an oscillatory part (so achiev-
ing decomposition of the Reference image in addition to registration and segmentation in
a single framework). Nonlocality thus appears at two levels: in the region-based fidelity
term and in the treatment of the weighted total variation. Before depicting in depth our
model, we would like to point out that prior related works suggest to jointly perform
segmentation and registration: [62], [59] (in a level set framework), [42] (registration is
achieved using the transfer of edges based on the active contour model without edges),
[44] (model based on metric structure comparison), [37] (based on Expectation Maximiza-
tion algorithm that incorporates a glioma growth model for atlas seeding), [3], [38] (active
contour framework combined with dense deformation fields of optical flow), [33] (edges
and the normals of the two images are matched by applying a Mumford-Shah type free
discontinuity problem), or [49] (based on weighted total variation). More recently, in [29],
a nonlocal topology-preserving segmentation guided registration model is introduced. The
shapes to be matched are viewed as hyperelastic materials and are implicitly modelled by
level set functions. These are driven in order to minimize a functional containing both
a nonlinear-elasticity-based regularizer prescribing the nature of the deformation, and a
criterion that forces the evolving shape to match intermediate topology-preserving seg-
mentation results. In [12], a joint segmentation/optimal transport model is analyzed to
determine the velocity of blood flow in vascular structures. A convex variational method is
used and primal-dual proximal splitting algorithms are implemented. At last, in [61], the
author wonders about the behavior of phase field approximations of the Mumford-Shah
model when used for joint segmentation and registration.

We now turn to the analysis of the proposed model.

For additional mathematical material, we refer the reader to Chapter 2, Sections 1.1, 1.2,
1.4, 3.2, 3.3, and 4.

2 Mathematical modelling

2.1 Depiction of the model

Let  be a connected bounded open subset of R? of class C!. Let us denote by R : Q2 — R
the Reference image assumed to be sufficiently smooth (convenient way of saying that in
a given definition, the smoothness of the involved variables or data is such that all argu-
ments make sense) and by T :  — R the Template image. For theoretical and numerical
purposes, we assume that T is compactly supported on 2 to ensure that T o ¢ is always
defined and we assume that T is Lipschitz continuous. It can thus be considered as an
element of the Sobolev space W1>°(R2?). Let ¢ : Q — R? be the sought deformation. Of
course, in practice, the sought transformation ¢ should be with values in  but from a
mathematical point of view, if we work with such spaces of functions, we lose the structure
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of vector space. A deformation is a smooth mapping that is orientation-preserving and
injective, except possibly on 9Q. The deformation gradient is Vi : Q — M3 (R), the set
M5(R) being the set of real square matrices of order 2. The sought deformation ¢ is seen as
the optimal solution of a specifically designed cost function comprising a regularization on
o prescribing the nature of the deformation, and a term measuring alignment or how the
available data are exploited to drive the registration process. To allow large deformations,
the shapes to be matched are viewed as hyperelastic materials, and more precisely as Saint
Venant-Kirchhoff ones ([23, 22]). This outlook dictates the design of the regularization on
o which is thus based on the stored energy function of a Saint Venant-Kirchhoff material.

We recall that the right Cauchy-Green strain tensor (interpreted as a quantifier of the
square of local change in distances due to deformation) is defined by C' = V! Vo = FTF.
The Green-Saint Venant strain tensor is defined by £ = %(C’ —I). Associated with a
given deformation ¢, it is a measure of the deviation between ¢ and a rigid deformation.
We also need the following notations: A : B = trA” B, the matrix inner product and
||A|]| = VA : A, the related matrix norm (Frobenius norm). The stored energy function of
a Saint Venant-Kirchhoff material is defined by Wsy g (F') = I//I\/(E) =3 (tr E)* + ptr E2,
A and p being the Lamé coefficients. To ensure that the distribution of the deforma-
tion Jacobian determinants does not exhibit contractions or expansions that are too large
and to avoid singularity as much as possible, we complement the stored energy function
Wsv i by the term p (det F' — 1)2 controlling that the Jacobian determinant remains close
to 1. The weighting of the determinant component by parameter p allows to recover a
property of convexity for the function ¥ introduced later. (Note that the stored energy
function Wgy i alone lacks a term penalizing the determinant: it does not preclude de-
formations with negative Jacobian. The expression of its quasiconvex envelope is more
complex since involving explicitly the singular values of F'. Also, when they are all lower
than 1, the quasiconvex envelope equals 0, which shows bad behavior under compres-
sion). Therefore, the regularization can be written, after intermediate computations, as
W(F) = B(|F||*—a)?—4(det F)*+p(det F—1)2+2"(()\>‘J:'2‘:)), where v = 2/\/\:—2‘; and § = )‘J;#.
Although meaningful, function W takes on a drawback since it is not quasiconvex (see [25,
Chapter 9] for a complete review of this notion), which raises an issue of a theoretical na-
ture since we cannot obtain the weak lower semi-continuity property. The idea is thus to re-

) A+
2>
W) il > 25

A
W(det &) if [|¢][2 < 202

A+ 2u’

PA+ ) (see [49]
2(A+2p)
for the derivation), for which the minimal argument is ¢ = 2. This regularizer has been
investigated in prior related works by Derfoul and Le Guyader ([30]) and Ozeré, Gout and
Le Guyader ([49]). Nevertheless, it does not constitute the core of the present work, the
emphasis being put on the nonlocal rephrasing of the model and on its numerical analysis.

The regularizer is now complemented by a dissimilarity measure inspired by the uni-
fied model of image segmentation (geodesic active contours [19] and piecewise-constant
Mumford-Shah model (PCMSM) [47]) and image denoising (Rudin-Osher-Fatemi model

place W by its quasiconvex envelope defined by QW (&) =

and V¥, the convex mapping such that ¥ : ¢ — —% 2+ p(t— 1)2 +

116



2. Mathematical modelling

[53]) into a global minimization framework introduced by Bresson et al. ([15]), designed
to overcome the limitation of local minima and to deal with global minimum. In that
purpose, let g : Rt — RT be an edge detector function satisfying g(0) = 1, g strictly
decreasing and rglfoog(r) = 0. From now on, we set g := ¢g(|VR)]|) and for theoretical

purposes, we assume that 3¢ > 0 such that 0 < ¢ < g < 1 and that ¢ is Lipschitz con-
tinuous. We then use the generalization of the notion of function of bounded variation
to the setting of BV -spaces associated with a Muckenhoupt’s weight function depicted in
[10]. We follow Baldi’s arguments and notations to define the weighted BV -space related
to weight g.

For a general weight w, some hypotheses are required (fulfilled here by g). More pre-
cisely, o being a neighborhood of Q, the positive weight w € L}OC(QO) is assumed to
belong to the global Muckenhoupt’s A1 = A1 () class of weight functions, i.e., w satisfies
the condition:

1
Cw(zx)> |B(I’T)|/B(I7T)w(y) dy a.e. (4.1)

in any ball B(z,r) C Q. Now, denoting by Aj the class of weights w € Ay, w lower semi-
continuous (Isc) and that satisfy condition (4.1) pointwise, the definition of the weighted
BV -space related to weight w is given by:

Definition 2.1 ([10, Definition 2]). Let w be a weight function in the class A}. We denote
by BV (Q,w) the set of functions u € L*(Q,w) (set of functions that are integrable with
respect to the measure w(zx)dx) such that:

sup {/ udiv(p)dz : |@| < w everywhere, ¢ € LipO(Q,R2)} < 00, (4.2)
Q
with Lipy(2,R?) the space of Lipschitz continuous functions with compact support. We

denote by vary, u the quantity (4.2).

Remark 2.2. In [10], Baldi defines the BV -space taking as test functions elements of
Lipy(Q2,R?). Classically in the literature, the test functions are chosen in C(Q,R?). It can
be proved that these two definitions coincide thanks to mollifications and density results.

Proof. Firstly, we clearly have that sup { /Q udivp dz : |¢| < 1 everywhere, ¢ € C1(Q, RQ)}

<sup { Joudivpdz : |¢| < 1 everywhere, ¢ € Lipy(£2, R2)} since C} (92, R?) C Lipo(£2, R?).

Then we prove the second inequality. We assume that sup { /Q udivp dz : || < 1 everywhere,

p € Cg(Q,RQ)} < oo, otherwise it is done. To do so, we start off with showing that
of

Vu € BV(Q) = BV(Q.R), Vf € Lipo(Q) = Lipo(UR), Jquz —dr =~ [o f dDsu.

Let u € BV(Q) and f € Lipg(). Let (pe) be a sequence of mollifiers as in [34]. For
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e > 0 small enough, we have that f % p. € C°(Q). Indeed, the support of f x p. is

included in supp (f) + B(0,¢), so by choosing ¢ €]0,¢¢], e0 > 0 fixed sufficiently small,
—_— —_— 0

supp (f) + B(0,e) C supp (f) + B(0,e9) C Q. Then / (f:;ps)d:n = —/ f * pe dD;u.

i Q

Furthermore, f * p. uniformly converges to f ([34, Theorem 1 p.123]) and up to a subse-

0 0
quence, M = f . — almost everywhere ([34, Theorem 1 p.123]). Thus the
Ox; 8:6Z e—0 Ox;
dominated convergence theorem applies and lets us conclude that lim (f pe) dx =
e—0 Q a'IZ

dx = hm f * pedDju = / fdD;u.
Q

81% e—0
Moreover, it has been proved that for any f € Lipg(2,R?), there exists a sequence
(fx) € Cé(Q, R?) that uniformly converges to f in . Let {¢} € Lipo(2, R?) be a maxi-
mizing sequence with Yk € N, |¢;| < 1 everywhere. Then for each k € N, there exists a se-
quence {ty ; }jen € CL(€2,R?) such that Vj € N, |1 ;| < 1 everywhere, and such that (¢ ;)
uniformly converges to v, in € when j tends to infinity, that is to say Ve > 0, N, Vj €
N, Vz € Q, (j > N.i = [¢rj(x) — ()| < ). Let us take in particular € = , then there
exists Ny, such that Vj € N,Vz € Q, (j > Nk = |k j(z)—r(x)| < 1). Let us now take j =

Nj. Then Vx € Q, ¢ N, (7) — Yp(x)| < 1. Besides, /udlvwk dz H sup {udive) dz :
| < 1,% € Lipo(,R? } Since /udlwpk dr = /wdeu and /udlvwk N, dxr =
- /Q b, dDu, we get /Q udivipy v, dz — /Q udivipy de| < [k — e, =) /Q d|Dul.
We then derive the following inequality /Q udivypy, N, dr — sup { /Q udiv(y) dx : Y| <

+'/Qudiw/zk dac—sup{/QUdiV(dJ)

| < 1,9 € Lin(Q,R2)} with /udivwk,Nk dx —/udivq/)kdx' — 0 and
Q Q k——+o0

‘/ udivyy, dx — sup { / udiv(y)dx : || <1, ¢ € Lin(Q,RZ)}

Q Q

end up with sup{/udiv(w) de : 9] < 1,9 € Lz’pg(Q,RQ)} < sup{/u div(y) dx -
Q Q

1, ¥ € Lipp(£2, RQ)H < / udivipy, N, d:c—/ udivipy, dx
Q Q

— 0. We eventually
k—4o00

| < 1,9 e clQ, Rz)}, which concludes the proof. O

To get a clearer picture of the meaning of (4.2), we give the following result:

Remark 2.3 (Taken from [10, Remark 10]). Given a weight w sufficiently smooth, if E is
a reqular bounded open set in R?, with boundary of class C?, then |OE|(Q,w) = var, Xg =
meaE wdH?", which can be interpreted in the case where w = g as a new definition of the
curve length with a metric that depends on the Reference image content.

Equipped with this material (—and due to the properties of function g: it is obviously
L', continuous and it suffices to take C' = % to satisfy (4.1) pointwise—), we propose
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introducing as dissimilarity measure the following functional:
Wiale) =var, Lo+ [ (To (o) - R(@)? do
Q
+ a/ [(c1 — R(2))* = (e2 — R())?] T o () da, (4.3)
Q

Jo R(@) He(Top(x)—p) dz and ¢y = Jo R(@) (1—Hc(Top(x)—p)) da
Jo He(Top(z)—p)da Jo (1=Hc(Top(z)—p)) dz
dependency on ¢ to lighten the expressions —, H,. denoting a regularization of the Heav-
iside function and p € [0, 1] being a fixed parameter allowing to partition 7" o ¢ into
two phases and yielding a binary version of the Reference. p can be estimated by an-
alyzing the Reference histogram to discriminate two relevant regions or phases. For
instance, through histogram shape-based methods, clustering-based methods, entropy-
based methods, object attribute-based methods, spatial methods, or local methods ([56]).
This proposed functional emphasizes the link between the geodesic active contour model
([19]) and the PCMSM: if T is the characteristic function of the set ¢, bounded sub-
set of Q with regular boundary C, VargT is a new definition of the length of C with
a metric depending on the Reference content (so minimizing this quantity is equivalent
to locating the curve on the boundary of the shape contained in the Reference), while
Jo [(c1 = R(%))* = (c2 — R(x))?] T(z) dz approximates R in the L? sense by two regions
Q¢ and Q\Qc¢ with two values ¢; and ¢;. Indeed, var, T = mec gdH?", and if ¢; and ¢y are
fixed (which is in practice the case in the alternating algorithm), [, [(c1 — R(z))? — (ca—
R(2))?] 1ag dz is equivalent to minimizing [, (c1 — R(z))* log dz+ [ (c2 — R(x))? Lovae

dx.
In the end, the global minimization problem denoted by (QP) —that stands for Qua-
siconver Problem— is stated by:

with ¢; =

—we dropped the

in I(¢) = Wpia(p) + / QW (Vo) de. (Qp)
pew=Id+w;*(2,R?) Q

It is a relaxed problem related to problem
(P) : inf I(p) = Wyia(p) + Jo W(Ve) dz, and we will see the connec-
pew=Id+wy*(Q,R?)
tion between them later on. ¢ € Id + Wol’4(Q,R2) means that ¢ = Id on 99 and
p € WhHH(Q,R?). W'4(Q,R?) denotes the Sobolev space of functions ¢ € L*(£,R?)
with distributional derivatives up to order 1 which also belong to L*(Q). W is a suit-
able space due, in particular, to the ||F||* component in W (F). Note that from gen-
eralized Holder’s inequality, if ¢ € WhH4(Q,R?), then det Vo € L?(2). Now we justify
that varyT o ¢ is well-defined. In [1], Ambrosio and Dal Maso prove a general chain
rule for the distribution derivatives of the composite function v(z) = f(u(x)), where
u : R® = R™ has bounded variation and f : R™ — R is Lipschitz continuous. A
simpler result is given when u € WU'P(Q,R™) for some p, 1 < p < +oo, resulting
in our case in T o p € WH4(Q) := WH(Q,R) € BV(Q) C BV(Q,g), since g < 1.
A key difference with the model in [49] is the introduction of the nonlocal component
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A nonlocal joint segmentation/registration model

Jo [(c1 = R(z))?* = (c2 — R(2))?] T op(x)dz and the treatment of the weighted BV semi-
norm, for which a nonlocal counterpart is provided, entailing substantial mathematical
development. It results in more accurate segmentation results compared to [49], with in
particular, the detection of small features.

Remark 2.4. We point out that the extension of the model to the 3D case is not straight-
forward. Indeed, the expression of the stored energy function of a 3D Saint Venant-
Kirchhoff material involves the cofactor matriz denoted by Cof as follows:

A 20\ L
Wy (F) = 3 <||F||2 — <3 + )/f>> +% (|[F||* = 2||Cof F||?) —ﬁ(Q/H—S)\) and it is not

clear that one can derive the explicit expression of the quasiconvex envelope QW of W in
three dimensions as done for the two dimensional case. In particular, it is not sufficient to
simply add the quasiconvexr envelopes of each of the components. Nevertheless, two lines
of research are considered:

(i) The first one consists in working with the Saint Venant-Kirchhoff stored energy func-
tion alone for which it is possible to compute the related quasiconvexr envelope. Its
expression is complex since including explicitly the singular values of &, making its
numerical implementation more involved with finite element approximations. Such
a kind of implementation was provided in [40] in the case of non-linear elastic mem-
branes. More precisely, the authors consider the nonlinear membrane model obtained
by Le Dret and Raoult using I'-convergence in the case of a Saint Venant-Kirchhoff
bulk material, and use conforming P, and Q1 finite element approrimations of the
membrane problem.

The cons: As already observed, the stored energy function Wgy i alone lacks a term
penalizing the determinant: it thus does not preclude deformations with negative Ja-
cobian. It is noticeable here that when the singular values of €& are lower than 1,
the quasiconvex envelope equals 0, which shows bad behavior under compression and
may yield violation of topology preservation characterization.

The pros: (a) the numerical implementation of the problem in ¢ no longer requires
the introduction of an auxiliary variable V' to simulate Vi since now based on con-
forming finite element approximation. —We emphasize that the introduction of the
auxiliary variable V. makes it possible to move the nonlinearity on V and thus to
constrain the L* norm of V instead of the L* norm of Vi (which requires very
low values for the time step to obtain stability when using classical L? gradient flow
method)—In the Py case for instance, deformations are approximated by piecewise
affine globally continuous functions on a triangulation of the domain. As the problem
is highly nonlinear and the stored energy function is only of class C', the nonlinear
conjugate gradient method would be well-adapted to the problem; (b) the subproblem
in T is unchanged.

(i) A second line of research aim to introduce a polyconvex stored energy function in-
cluding an explicit control on the Jacobian determinant, e.g., the Ciarlet-Geymonat
stored energy. From a numerical viewpoint, a splitting method is still implemented
involving the auxiliary variable V. simulating V¢ and the function now involves an
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2. Mathematical modelling

additional quadratic penalization of the form ||CofV — C0fV||%2(Q Ms(R)" We need
to investigate more on this side, in particular, whether the asymptotic results hold
in this case.

2.2 Theoretical results

In this subsection, we theoretically analyze the relaxed problem (QP) by showing its well-
definedness. We prove that the infimum of (QP) is attained and relate the minimum
of (QP) to the infimum of (P) involving W rather than QW in the following theorem.
The introduction of (P) is just for theoretical analysis purpose: it will not be considered
afterwards.

Theorem 2.1 (Existence of minimizers.). The infimum of (QP) is attazned Let ¢ be a
minimizer of (QP). Then there exists a sequence {@n},—; C Id+ Wo 4(Q,R2) Such that
on — @ in WH(Q,R?) asn — +o0 and [, 5 (Topn—R)*+a [(c} — R)* — (§ — R)?| To
On+tW(Ven)de — [o % (Tog—R)*+a [(c1 — R)? — (&2 — R)?] Togb—i—QW(V@) dz. Let us
assume that T € W2 (R2), if moreover (V) strongly converges to V@ in L*(Q, Ma(R)),
then one has I(pyn) — I(p), yielding minQP = infQP = inf(P).

Proof. Note that one always has inf QP < inf (P). We use the notations ¢, ¢4, ¢, ¢ to
highlight their dependance on ¢,, and ¢ respectively.

Let us first prove that the infimum of (QP) is attained.

For the sake of simplicity but without loss of generality, we assume meas(§2) = 1. Let us
take ¢ = Id € Id + W, * (€2, R?) then Vi = I, and since QW (I) = 0, we have I() < +oc.
The first step rests upon the derivation of a coercivity inequality to ensure the infimum is
finite. To do so, we first consider these inequalities:

N /R (T o) - p)do
/H (T o o(z) — p) da
| R@)( - HAT o () = p)) o

/ (1 - Ho(T o pl) — p)) de
Q

< [|R[| Lo ()

C = < IR Lo ()

For almost every x € Q, 0 < (¢1 — R(x))* <4
0 < (c2 — R(2))? < 4| R0
0> —(c2 = R(2))* > ~4[|R[[}(q
[(e1 ~ R())” — (2 — R@))?] = ~A| R} (qy > —o0.
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A nonlocal joint segmentation/registration model

Furthermore, T € W (R R) 50 ||T|| o () < 00. Thus we get according to [49]:

p(A + 1)

7 K 2 g 4 2
() 2 1 det (V) 12 (0) +5 Vel Laonn ) — P —3M+2(>\ o)

_4aHRH%°°(Q)HT”L°°(Q)7
and the infimum of (QP) is finite.

Then we introduce a minimizing sequence {¢*}ren € Id + VVO1 (€, R2). We can always
assume that for k large enough I(*) < 1+ I($). From the previous coercivity inequal-
ity and the generalized Poincaré inequality Vp € [1,4o00[, Vu € WP(Q), lullyrrq) <
C(IVull o) + [oq [u(z)|do), it comes that {¢F} is uniformly bounded in W'*4(Q,R?)
and {det(V¢*)} is uniformly bounded in L?(2). We can thus extract a subsequence still
denoted by {*} such that:

¢ — e WH(Q,R?)
det(VeF) — 6 € L3(Q)

From [25, Theorem 1.14 p.16], if o — @ in WH4(Q,R?), then det(VeF) — det(Ve) in
L?(Q) yielding § = det(V¢) by uniqueness of the weak limit in L2(9).
The last step consists in showing that the functional I is weakly lower semi-continuous.

Wh4(Q,R?) x L2(Q) — R
Let us now introduce J : (6,5) . /W*(¢a 5) da with W*(¢,d) =
Q
BUIVOI? — @) +4(8) it [Vo[* > a

() otherwise W* is convex thanks to the polyconvexity of

QW (c.f. [49]) and continuous. By classical arguments (see [41]), one can prove that J is
convex with respect to (¢, d), strongly sequentially lower semi-continuous and thus weakly
lower semi-continuous so that J(@,det(Vp)) < lkim inf J (¢, det(Vh)).

—+00

The Rellich-Kondrachov embedding theorem gives that W14(Q, R?) © €°(Q, R?) with com-

pact injection. Thus {¢*} uniformly converges to @ and so in L'(€,R?) as Q is bounded.
Since T is assumed to be Lipschitz continuous, {T" o ¢*} strongly converges to T o ¢ in
LY () and so in L'(Q, g) as g is assumed to be bounded by 1. The semicontinuity theorem

from [10, Theorem 3.2] enables us to conclude that vary, T o ¢ < llim infvar, T o oF.
—+00

Now we will successively use the dominated convergence theorem to show that i lim [(c’f -
—+0 /0

R)*— (ck - R)?] Tophdx = / (& — R)? — (& — R)2] T o @dz. As {pF} uniformly con-
Q

verges to ¢ and T and H. are continuous, R H.(T o ¢* — p) converges to R H.(T o @ — p)
almost everywhere and Vk € N, R Ho(T o 0¥ — p) < ||R|| 100 () € L*(£) since  is bounded.

Therefore, / RH.(Top*—p)de —> R H.(Top—p)dzx. In asimilar way and by notic-
Q Q

k—+o0

ing that Vz € R, 0 < H.(2) < 1 and T € L*°(Q), we get that /HE(TO oF —p)de —
Q

k—+4o00

/Hg(Togo—p)da:,/R(I—He(Togpk—p))dm — R(1—H(T o — p))dx and
Q Q k—+co Jo
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2. Mathematical modelling

/(I—HE(Tocpk—p))dm — /(I—Hg(To@—p))dm. Hencecf — ¢ andcs — c.

Q k—+oo Jo k—+o00 k—4o00

Then we can deduce that [(¢}f — R)? — (5 — R)?| To " kj [(c1—R)?—(ca—R)}Togp
—400

almost everywhere and for almost every x € , Yk € N, |[(cf — R)?2 — (c§ — R)?]T o

P < AR T ) € L), So, /Q (= RP — (5= RP]To ke —
/ (6 - R)® — (@ — R Topda.

Q
We use a last time the dominated convergence theorem to show that || Top*—R||2, @

—+00

T op— RH%Q(Q). Indeed, we have (T o @* — R)2 — (T 0% — R)? almost everywhere
k—+o00

and the result follows from the dominated convergence theorem.

Eventually, I(@) < liminf I(p*) = inf I(p). Besides, by continuity of the trace
k—+o00 LpEId+W(}’4(Q,R2)

map we get that ¢ € Id + WO1 (€, R?) and so the infimum exists and is attained, which
concludes the first part of the proof.
We now recall some results of Dacorogna to prove the second part of the theorem.

Proposition 2.5 (taken from [25]). The relaxed problem in the sense of Dacrorogna as-
sociated to

it {Fp) = [ flaplo) Tola) do : o € o+ WEH@QRY)}
where f: Q x RN x RNX™ 4 R s a given non-convex function, is defined by:

it { F0) = [ @f(o.o(0), Vo) do 5 ¢ € wot WHHQRY) ),

where Qf(x,p, V) is the quasiconvex envelope of f.

Let us introduce the following supplementary problem:
wt { 7o) = [ flaplo) ola)do : p e W @RD) (PO)
Q

where f(z, (), Vio(z)) = a [(e1 — R(2))? = (c2 — R(2))*] Top(x)+5(Top(x) - R(x))*+
W (Ve(x)) and a relaxed problem associated to it:

inf{]:"(ap) = /QQf(x,go(a;),Vgo(a:))da: o eld+ Wyt (e, R2)}, (QPG)

where Qf(z, ¢, V) = a[(c1 — R(2))? — (c2 — R(2))?] T o () + 5(T o p(x) — R(x))? +
QW (Ve(z)), QW being the quasiconvex envelope of W as defined previously. It has to
be noticed that because of the nonlocal terms ¢; and co, this is not exactly the relaxed
problem in the sense of Dacorogna. We then have the following results.

123



A nonlocal joint segmentation/registration model

Theorem 2.2 (adapted from [25]). The infimum of (QPG) is attained. Let then ¢* €
WH4(Q,R?) be a minimizer of the relazed problem (QPG). Then there erists a sequence
{2, Cp*+ WOIA(Q, R?) such that ¢, — ©* in L*(,R?) as v — 400 and F(p,) —
F(p*) as v — 400, yielding min(QPG) = inf(PG). Moreover, the following holds: yp, —
o* in WH(Q,R?) as v — +o0.

Proof. The first part of the proposition is proved using exactly the same arguments as
those previously used. Let us now consider the following subproblem:

inf Fily) = / Y(Top—R)+W(Ve)da b, (SP)
peld+w} 4 (Q,R2) 02
The associated relaxed problem in the sense of Dacorogna is:

inf {E(«p) = /Qg(T op— R+ QW(VsD)dw} (QSP)

peld+w,*(Q,R?)

as 5(Top— R)?2 +QW (V) is the quasiconvex envelope of E(Top— R)?2+W (V). Since
both of the previous functions are Carathéodory functions, and (det ¢)? = det ¢(I¢ =
S1ICI* = 3 tx(¢T¢)? leading to
v
CLlEl = o < 5(T 00— R@)P + QW(E) < 5(T 00— (&) + W(e)

H 4 2
< (B+5) el + Callel + s,

[N

with Cy, C2, C3 and Cj positive constants, according to [25, Theorem 8.29, p. 404
and Theorem 9.8, p. 432], the infimum of (QSP) is attained and let 4 < ¢ < oo and
u € Wh4(Q,R?), there exists a sequence {, }5°; C u—I—WOI’q(Q, R?) such that (u,) strongly
converges to u in L(Q, R?) as v tends to infinity and Jj (u,) converges to Fi(u) as v tends
to infinity. In addition, u, weakly converges to v in W4(Q,R?) as v tends to infinity.
Let us take u = ¢* € W14(Q,R?), minimizer of (QPG) in what precedes. Thus there
exists a sequence {p, }°2, C ¢* + W&A(Q, R?) =1Id + Wol’4(Q, R?) such that:

Yy — ¢ in L4(Q,R2),

v—+00

N 1,4 2
pv o ¢ in WL RY),

Filpw) — Fi(e").

V—+00

So, it remains to prove that a/ [(cf - R)? — (&5 — R)Q] T o ¢, dx converges to a/ [(c] —
Q Q

R)2— (c5— R)Q]T o w* dx. This was proved by applying several times the dominated con-
vergence theorem in the previous proof as ¢, j ©* in W14(Q,R?). We can conclude
V—r—+00
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3. Numerical method of resolution

that:
* s 4 2
Yy l/_>—+>oo ©*in L*(Q,R?),
oy — ¢ in W1’4(Q,R2),

V——+00

Flo) =a /Q (& — R — (& — R T oy du+ Fi(py)

— Fl¢) =a /Q (6~ R — (¢ — R T o da + Fi("),

V——+00

yielding min QPG) = inf PG).
<p€Id+W01’4(Q,R2)( ) @EId—i—W&A(Q,R?)( )

O]

Theorem 2.3 (in [50, Proposition 4.1.10]). Let us assume that T € W?>*(R%R), VT
being Lipschitz continuous with Lipschitz constant k'. Let ¢ € Id + WOIA(Q, R?) be a
minimizer of the relaxed problem (QP). Due to the previous theorem there exists a se-
quence {p,}2 1 C ¢ + W01’4(Q,R2) such that ¢, — @ in WH*(Q,R?) as v — +oo and

/f(:v,@,,(x),Vgo,,(m))dx — /Qf(m,@(x),V@(x))d;v. If moreover {V,} strongly con-
Q Q

verges to V@ in L'(Q2, Ma(R)), then one has I(p,) — I(@) as v — +oco and therefore
inf(QP) = min(QP) = inf(P).

This concludes the proof. ]

We now investigate an original numerical method for the resolution of (QP).

3 Numerical method of resolution

Inspired by prior works by Dévila [27] and Ponce [52] dedicated to the design of non-
local counterparts of Sobolev and BV semi-norms, we introduce the sequence {p,}nen
of radial mollifiers satisfying: Vn € N, Vz € RZ% p,(z) = pu(|z|); Vn € N, p, > 0;
Vn € N, [o pn(x)de = 1; V6 > 0, ngr}rnoo f;roo pn(r)rdr = 0. We would like to point

that the qualifying term “nonlocal” might sound inadequate in the sense that the “nonlo-
cal counterpart” includes a parameter n, via the mollifier p,, that is destined to tend to
—+00 concentrating the measure around the point of interest and removing in some way the
nonlocal nature of the component. Nevertheless, it takes on mathematical interests since,
to the best of our knowledge, this kind of approximation for the weighted total variation
has not been investigated. It also represents a good compromise between our local model
and the actual numerical model we implement which is introduced and motivated later,
and falls within the “true nonlocal algorithms”. In practice, for “true nonlocal methods”,
the computations are restricted to a small area around the point of interest (like the N L-
means algorithm) and it makes these methods quite similar to our model from our point
of view. Then the following approximation of the weighted total variation by a sequence
of integral operators involving a differential quotient and the radial mollifiers sequence
holds:
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A nonlocal joint segmentation/registration model

Theorem 3.1 (Nonlocal approximation of the weighted total variation). Let  C R? be an
open bounded set with Lipschitz boundary and let f € BV (Q,9) C BV(2) as0<c<g<1
everywhere. Consider {p,} defined previously. Then

LU Qg(x) [/Q an(:v —) dy] dz
- [\Slw /o% ¢ (‘;?5533) ’ d"} vary f = K1 var f,

with e being any unit vector of R and S being the unit sphere in R2.

Proof. In the following, the associated total variation measure of a function f € BV (Q) is
denoted by |D f|, that is to say var f = [, d|D f|. The first step is inspired by Dévila’s work

[27] and consists in proving that the sequence of Radon measures { = 9(2)] [q %

pn(lz —yl) dy | dx} weakly converges to K12 ¢|Df| in the sense of Radon measures in

when n tends to infinity. The second part of the proof is an adaptation of the one of [27,
Theorem 1] and is devoted to prove that lilf pn(2) = Kipvary f using a sequence of
n—-+0o0

auxiliary sets Vs = {z € Q : dist(z,0Q) > 0}.

We first introduce the following lemma.

Lemma 3.1 (adapted from [27, Lemma 2]). Assume p,, satisfies the previous conditions
and let f € BV(Q,g9) € BV(Q). Then uy, S kT K129|Df| weakly in the sense of
n—-+00

Radon measures in Q0 with fﬂ gd|Df| = |f|BV(Q’g) = vary [ and fQ d|Df| = ]f|BV(Q) =

var f.

Proof. According to [27, Lemma 2|, we get that fi, = [ / an(x —9) dy] dx
Q r—y

weakly converges in the sense of Radon measures to i = Kj2|Df|. According to [34,
Theorem 1 p.54], this means that for every ¢ € Co(€2) with Co(£2) being the set of all

continuous compactly supported functions on €2, [ ¢ dfi, converges to [ ¢ df.
Q Q
Besides, according to [10, Theorem 4.1], as f € BV (2, g) then f € BV (Q), g € L}(|Df])

and vary f = |f|pv(a,g) = /gd\Df|, g|Df| being a Radon measure.
Q
Thus we get that for any ¢ € Cy(€2),

Gdpn — | ddp = | ¢(x)g(x) wpn(x—y)dy dr — [ ¢Ki29d|Df]
Jyom= [ oan|=| [t | [ F5=5 Q

=| Lo ([ L - v - 12 i)

<| o[ HE=I0 0 - dyas — i ay) .
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3. Numerical method of resolution

(75(/9 an<x—y)dydx—K172d‘Df|)‘ = ‘/Q(ﬁ(d,&n—dﬂ)‘ tends to 0

for every ¢ € Cy(2) then /qb dpiy, converges to [ ¢ du for every ¢ € Co(€2). We can deduce
Q Q

that p,, — p in the sense of Radon measure. O
n——+0o0

Lemma 3.2 (adapted from [27, Lemma 3]). Let E be a Borel set and R > 0. Let Er =
E+ Br(0) ={x+vy|xz € E,y e Br(0)}, Br(0) being the ball centered at 0 of radius R,

Kip
and suppose that Er C Q. Then/ dpy, < —= |f|BV(ER g)—l— ||fHL1 / pn(z) dz.
R2\BR(0)

2
Proof. From [27, Lemma 3] we get that / diin, < K12 / d|Df| + ||f||L1(Q)/
B B R R2\ BR(0)

2 K
pn(x) dx. Thus/ dpy, < / dfin, < Ki 2 / d|Df‘+RHf||L1(Q)/ pn(x)de < —= 1,2
E E Er RQ\BR(O)

C

lovisng + 21l [ pala)draso<e<g<i =
R?\Br(0)

Now let us complete the proof of Theorem 3.1. For § > 0 and small, let V5 = {z €
Q| dist(x,00) > d}. Then V5 = {x € Q|dist(z,00) = J§}, and so fav;; gd|Df| =0
< av; AIDf| = 0 for all but perhaps countably many ¢’s in an interval (0, dp). Indeed, Jy
being the set of jumps of f, is countably H!-rectifiable according to [2, p. 184]. It can thus
be covered with countable many C' hypersurfaces. Finally from [2, Lemma 3.76, p.170],
we get the result. For any such 6, p,(V5) S Ki2|f|Bv(vy,g), due to [34, Theorem 1,

p.54].
To conclude, note that to prove |f|py(a\v;,g) P 0, we only need to control p,(2\ Vi)
_>

uniformly as n — +oo.

Consider f = Ef, where E : BV(Q,9) ¢ BV(Q) — BV(R?) ¢ BV(R%yg) is an ex-
tension operator with this additional property: let Us = {x € R?|dist(x,0Q) < 6§},
EflBvus,g) < fU(S dD(Ef)| < C1 fUCQJr]Q dDf| < %|f|BV(UCQ5ﬂQ,g)> with C1,Cy > 0
depending only on 2. This can be achieved by a standard reflexion across the boundary,
so that [, d|D(Ef)| =0, that is, E does not create any jump across the boundary of €.
For more details, please refer to [27, Proof of Theorem 1].

Now, by applying the previous lemma to the function f with £ = Q\ V5 we have

Ko
i\ V5) < 2 Floy s o) + 2l e / pu(2) de.
R2\BRr(0)

Letting n — 400, we see that lim sup p,(Q\ V) <
n——+o0o

for any R > 0. We take R = ¢ and use the property of the extension mapping;:

(0),9) and this holds

Ko
hrgiup MR(Q \ ‘/5) < 701|f|BV({mEQ | dist(z,00)<2C26},9)>

and the right hand side of this inequality has limit 0 as § tends to 0. 0
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Motivated by the asymptotic properties of this nonlocal quantity, we propose using
this characterization to approximate the weighted total variation of the composite function
T o ¢ (with n large enough). We replace vary T o ¢ by its nonlocal counterpart that now
contains a differential quotient in 7o .  We thus propose minimizing the following
nonlocal functional denoted by (NLP) that stands for NonLocal Problem:

1
inf E, = / g(z
weId+W01’4(Q,R2){ (%) K2 Jo (=)

+ a/ [(c1 — R)? — (¢ — R)Z] Topdr+ %HT op— R||%2(Q) +/ QW (V) daz}.
Q Q

(NLP)

/WTO@@)—TOw@N
Q |z

n(T —y)dy | dx
m_ pn(z —y) ]

We first state the existence of minimizers for this functional F,, for every n € N*.

Theorem 3.2 (Existence of minimizers for E,,). The problem (NLP) admits at least one
solution for any n € N*.

Proof. This proof is divided into three parts. The first one consists of deriving a coercivity
inequality. The second one shows the convergence of a minimizing sequence and the last
one is dedicated to the lower semi-continuity of the functional.

For the sake of conciseness, we use this notation: F,(f) = /g(:c) [/ w
Q Q r—Yy

pn(x —y) dy] dx.

1. Coercivity inequality:
Let n € N*, we get the following inequality using the same computations as in
Theorem 2.1:

Ea(p) > a /Q [(e1(0) — R)? — (ea(p) — R)?] To pda

12
+ 51T o0~ Rl + [ QW(Ve)da,

1% 2 ﬁ 4 2 IU‘()\ +lu’)
2 4 I1det(Vo)llrz (o) + S1VelLaan) — Ba” = 3p+ 207+ 210)
- 4aHR||%°°(Q)HTHL°°(Q)'

Using the generalized Poincaré inequality, we get E,(¢) > cll¢llw4ore) +5, £ €R.
As E,, is proper by taking ¢ = Id, the infimum of the functional F, is finite.

2. Convergence of a minimizing sequence:
Let {¢h}ee, € Id + W01’4(Q, R?) be a minimizing sequence of E, for any n € N*.
As E, is proper by taking ¢, = Id € Id + W01’4(Q, R2), that is to say, E,($n) <
00, then for k large enough, we get E,(¢F) < E,($n) + 1. From the previous
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3. Numerical method of resolution

coercivity inequality, we deduce that {@,’i}k is uniformly bounded in W14(Q,R?)
and {det V¢F}; is uniformly bounded in L?(£2). We can thus extract subsequences
still denoted by {*}, and {det VF 1, such that there exist 3, and d, satisfying:

or g, e WHH(Q,R?),

k—+o0

det Vol T o € L2(Q).

From [25, Theorem 1.14 p.16], if ¢F o @n in WH4(Q, R?) then det(VF)
—400

k—+o0
det(V@,) in L?(Q2) and so §, = det V@,. Also by continuity of the trace operator,
we get @, = Id on 0N.

. Lower semicontinuity:

Now, we prove the lower semi-continuity of the functional E,. Let us now in-
W4 (Q,R?) x L2(Q) —R
(6,9) o [ W00 ds
Q
BUIVI? — @) +4(8) i [VY]]* > o
¥ (0) otherwise
convexity of QW and continuous. By using classical arguments (see [41]), we can

show that J(¢, d) is convex strongly lower semi-continuous and so weakly lower semi-
continuous. Eventually, we get that J(@,,det Vg,,) < lklm inf J(pF, det Viok).
—+00

troduce the mapping J : with W*(¢,0)

. W*(¢,0) is convex thanks to the poly-

Besides, according to Rellich-Kondrachov theorem, we have that {¢k} converges

uniformly to @,.As T is assumed to be Lipschitz continuous, we get that (7 o
k k

ITown(z‘/)—Town(I)lpn(m — y) con-

©F) converges to T o @, pointwise. Therefore g(x)

z—y|
verges to g(x) |TO¢"(Z‘2 _Zjlo‘p"(x)' pn(z —y) almost everywhere and according to Fatou’s

lemnma, / [/|To<pn |x_T|oson( y)| pnla — )dy] dr < ligfcg/g (z )[/Q

T ok (x) — T ok(y
lz — ]

that when {*}, weakly converges to @, in W14(Q,R?), then / [(c1(¢F) — R)* —
Q

(c2(@f) — R?|T o ¢l da = /Q[(len — R)? — (5 — R)*|T o ok dx converges to

/ [(ci, — R — (c3, — R)P)T 0 gy i = / [(e1(£n) — R)? — (ca(@n) — R)?|T 0 5 d
Q Q

and ||T ok — RH%z(Q) converges to |1 o @, — RHL2 . To conclude, functional E,, is

p (x —y) dy] dx. We have also proved in what precedes

weakly lower semi-continuous and E,,(¢,) < liminf E (k) = inf E,(p).
k—+o0 @EId—i—WolA(Q,RQ)
So, there exists at least one minimizer for E,, for any n € N* on Id + VVO1 (€, R2).

O
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A nonlocal joint segmentation/registration model

An important I'-convergence result relating the approximated problem to the original
one (and highlighting thus its interest) is given next.

Theorem 3.3 (TI'-convergence). Let {@,}n € Id+ W01’4(Q, R?) be a sequence of minimizers

of En. Then there exist a subsequence still denoted by {@n}n and ¢ € Id+ W01’4(Q, R?) a

minimizer of I such that oy, o @ in WH(Q,R?). If we assume that g € C1(Q) with
n—-+0o0

IVgllco) =k < +oo, then one has nEI—II—looEn(@n) = I1(p).

Proof. The loss of symmetry in the expression of the nonlocal component (due to the g
component) raises a technical difficulty. To overcome this issue, an additional assumption
is set on ¢ in order to use Taylor’s expansion and to recover then some symmetry.

For n € N* fixed, we have proved the existence of a solution ¢, in Id + I/VO1 ’4(9, R?) to
problem (NLP). So for any n € N*,

Yo € Id + W (Q,R?), En(@n) < En(v),

and according to the following Proposition :

Proposition 3.3 (taken from [8, Proposition 2.1]). Assume 1 < p < +oo andu € WHP(Q)
and p € L*(R?), p > 0. Then

/ [/ [455) |x_y|p o) p(x—y)dy]dxg/ [/ [u(v) |x_y|p ) =w@I® oy ay e,

C
< Clullys oy Iy < Ity o I o)

where C depends only on p and Q, and |uly15(q) denotes the semi-norm in W'P(Q) that
is to say |ulwip) = VUl Lr)-

-&@)éfﬁwvmmmw+ﬂﬁov—R@mma+¢émﬂw—Rf—ﬁﬂw—

R)Q]T ovdx + / QW (Vwv)dx which is independant of n —take for instance v = Id
Q

and since T € WH(Q,R), the right-hand side will involve |T|w1.1(0)— Note that as
ToveWH(Q,R) c WHH{(Q,R), |T o v|yia(qq) = varg T o v, see [10, Remark 5]. There-
fore, according to the coercivity inequality, the sequence {@,,}, is uniformly bounded in
WhH4(Q,R?) and so there exists ¢ € Id + W01’4(Q, R?) by continuity of the trace operator,
such that up to a subsequence, {@,}, weakly converges to @ in W1#(Q, R?).

We would like to prove that E,(@,) converges to I(¢) when n tends to +oo.

By definition of {@,}, one has E,(@,) < E,(¢), for all n € N*. Thus by taking the upper
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3. Numerical method of resolution

limit when n tends to 400,

limsup Ey,(¢,) < limsup E,(p),

n——+0o n—-+oo

<timsup - [ g<w>[ / Topl@) = ToeWl, (v y)dy| de

n— 0o 1,2 ’.iL‘ - y’

14 —12 _ 2 — 2 —
+5IR=To gl +a | (@) - R~ (@) - RP] Topda
+ [ aw(ve)da,

Q

— l/ =
< varg(T o)+ 5||T oY — RH%%Q)

ta /Q [(e1(2) — R)? — (ea(@) — R)?] To o + /Q QW (V) de,
< I(g).

So, limsup Ey(¢n) < I(p).
n—-+00
It remains to prove that

1(p) < liminf By (@n).

n—-+0oo
Due to what was done previously and to compactness properties, it suffices to prove that
vary(T o @) < liminf F,, (T o ¢y).
n—-+00

In that purpose, let us introduce some notations. For r» > 0, we define the two following
sets:

Q ={z € Q : dist(z,00) > r},
Q" = {z €R? : dist(z,Q) <r}.

Let n € C5°(R?) be a nonnegative radial function such that [,n = 1, Suppn C B(0)
where the notation B, (c) refers to the ball of radius r and centered at ¢, and let us define

xr —

1 1 —
@) =g [ oy = g [ sy ve e o

a regularization of f.

For the sake of clarity, we set f = T o ¢, and due to the properties of T, f, = T o ¢,
strongly converges to f =T o ¢ in L'(f2) since T is Lipschitz continuous.

From an adaptation of [52, Lemma 4], for each » > 0, 6 € (0,7):

E.(fn)+koC > /

Q27‘

|fn,5(y) - fn,ﬁ(x)’ o T r
oo [ [ IS0 gy i) o v € 0.
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A nonlocal joint segmentation/registration model

Indeed,
|fns(®) = fas(y)|
/92,, 9(@) [/QQT z — y| pn(x —y)dy| dx
= |fB5 52 % fB(g 52 (%)dz|
_/erg(m) {/ﬂzr \x—y\ pn(z —y)dy| du,

Now, we use the following change of variables: w = x — z and v = y — 2z keeping in mind

o<
|fo(w) = fa(v)] =z
<) 1, /Bg<o>g(w Ty Mg)en( ) dedvdu.

Since we have assumed that g € C'(Q) with [|[Vgl| gy = k < 0o, we get that g(w + z) =

1
g(w) + / (Vg(w + sz), z) ds. We now integrate this to the previous inequality:
0

[ o[ Vet et ]

[z =yl
< g(w) + 1<Vg(w+sz),z> ds ’fn(Q? __fn@)‘n(i)pn(w—v) dz dv dw,
Q- JQ,. J B5(0) 0 62w — v| 0
< g(w) o I (2 (w0 — v) i d duw
/Qr /Q /B,;(O) ! 55 |)w fv\( : 0

1 fulw) = fal0)| 2
+/QT /QT /%5(0)/0 <vg(w+sz)’z> 52‘1” —1)| U(é)Pn(w U) dSClZd’wa7

By noticing that ©, C Q and that g(w) |fnf;;)|) — fn’(U”n(;)pn(w — v) is non-negative,
w—v

and by using Cauchy-Schwarz inequality:

/erg(x) [/Q% | fns(x) — fn,a(y)’pn(x Cdy] ds

|z — |

/ //Ba ’fn(;z,?w Z‘@)’n(;)pn(w—v) dz dv dw
‘Vg w+ s2) ”z‘m(z) Inly ”n(f)pn(w—v) ds dz dv dw.
Bs(0) 52w — v 5

AswEQr,zEBg (0), s € [0;1] and § € (0,r), then w + sz € Q,
and by integrating the first part with respect to z, we get:
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3. Numerical method of resolution

[l Bt
s/}mm{/'h‘> 7*>b4w—um4cm

w — ]

| fr(w) = fn(v)]
+ | Vgl L Q)/ / /135(0)/ || 52]w ] (5) pn(w —v)dsdz dv dw,

We use the change of variable: u = 5 in the second part. So,

[ o], ]

< EFu(fn) + IVYll L / / /B(O olu |’fn = T( ’n(u)pn(w—v)dudvdw.

Besides, / luln(u) du < / n(u)du =1 and as f,, € W4(Q) c BV(Q), from [27,
By (0) B1(0)

Lemma 3], we get / / W;}n(as—y) dzdy < K qvar fn‘i‘%”anLl(Q) <C<

400 with C mdependant of n. Then

|fn,6($) - fn,é(y)’
/QQT g(x) [/er P pn(T —Y) dy] de < F(fn) + koC. (4.4)

We first aim to prove that lim g(x) [/ (@) = fn’a(y”pn(w —v) dy] dr =
Qo Qo

n——+00 ’:E — y‘
K1z Jq, 9dDfsl-
We start by proving that

o o o0 (B - S = ot - e
It is easily seen that
oo [, (=i - iW >H) ple =)

< lim [/ ‘fn,é(‘r) - fn,é(y)| ‘ :| dl‘,
n—=+o0 J0,. L/, |z -y

lim
n—-+o0o

=0.

lim
n—-+00

. |frs(x) — fas(y) — Vis(x).(x y| B ]
<[ (L P poe =)o) do
n —Jn -V . B
< im [ [[ Ve sl Vb il o)

since Q9 C Q, and the function is non-negative. Let us take s such that s € (0,r — 9).
Then if z € Q, and y € (Q,)® and if |x — y| < s, the segment of endpoints = and y is
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A nonlocal joint segmentation/registration model

contained in (£2,)® so that, f, s being sufficiently smooth, from Taylor’s expansion:

1
Fus () — Fus(@) = /0 (4 — 2).¥ sz + s(y — )) ds.

Then
1
Fus(@) — Fus(y) — Vis(x).(a —y) = /0 (& — )V s+ s(y — 2)) — Vfs()) ds

and keeping in mind that |z — y| < s,

1
[frs(@) = frs(y) = Vs(@).(z = y)| < |z —y] /0 Vins(z+s(y —x)) = Vs(z)|ds,

1
< ]x—y]/o \Vfnslx+sy—x)) —Vis(x+s(y—zx))

+ Vis(z+ s(y — ) — Vfs(z)| ds,
<z = ylIVins — Vsl

1
tlz—y] /0 IV fsle + sly — 2)) — Vfs(a)] ds,
<z = yllIV fus = VsllLe ()9
1
+5le - Y21V fsll oo (2y)-
Thus

‘fn,é('x) - fn,&(y) - Vfg(.ilf)(fl‘ - Z/)‘

1
< IV fus = Visllrean + 5l = YV f5ll oo ) -

[z =yl
Now,
< / / Fra( fn,&(é)_—y‘vfé(w).(x O o e, since 9, © ()"
</ / _ [Fns(@) = fn,éii)_y‘vfé(x).(x D o dyds
/ / ey Juatt) = fnﬁ(‘i)__y‘Vf&(x)'(x — y)’pn(:v —y) dy dz,
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3. Numerical method of resolution

We consider each component of the right hand side of the inequality.

/ / | fns(x) — fn,5(y)_— Vfs(z).(z — y)!pn(x ) dyda
Q. J(Qr)N|z—y|<s ‘.’IJ y‘

1
< / / <Han,5 = Vsl + 5l — y”|v2f6‘L°°(Qg)> pn(T —y) dy dz,
Q sN|z—y|<s

0,
< 01V fus = Vhillico ) + (G 1T sllmian ) [ Itlpatn)an

Vo € (2,)%,
1 r—y
n = o n - d )
rs@) = i@ < 55 [ G o) Sy
<[ n) e = 62) ~ Sl - 5] dy,
B(0,1)
<l zee(Bo(ry) 1fn — fllr(e)-
fn5 o 8775 _ 877 L — Ofs _
Ao, Gt(a) = | 3 =D 00 = 5 [ o5 fuwdy and o) -
(980 ) f)dy = 55 [ DL fuly) dy reslting n, Vo € (2, C 0
Ofn 0 0
et 0y - oy 1< 5 [ IS0 - Fwldn, < 515 Iy oy o = oy

As a consequence, [Q.[||V frs — V fsllLo ()9 n—>_+>oo 0, since f, converges strongly in

L'(Q) to f and ‘le V2 f5]| oo () < 00, independent of n since f5 € C™(Qy).
Besides, due to the result by D. Spector [58], Erf f|h|<s |h|prn(h) dh = 0. So,

/ / ’fn,&(w) - fn,é(y) — Vf&(x)(x - y)’pn(x — y) dydr — 0. Further-
r S (Qr)*N[z—y|<s

|1‘ — y| n——+0oo

1

<! / / Fns(@) = Fus ()l pu( — ) dy da
S T (Qr)sm‘x_y'ZS

4 / / Vs pul — ) dy da,
Qr J(Q2r)N|x—y|>s

= 1/ / (Ifns(x) = fo(@)] + | f5(x) = s+ 1f5(y) = fusW)]) pu(z — y) dy da
$ Jo, J@)nje—y>s

19 fs e o) / / ol — ) dy d,
Qr J(Qr)sN|z—y|>s

(z).~—Y

[z —y
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A nonlocal joint segmentation/registration model

2
< s = Solimnl®) [ )b ZUsllimmol [ oo

+ [V fsll oo (025 €20 ] pn(h) dh.

|h|=s

We thus have proved that

. |fn6(x) _fné(y)‘
l1m‘/ gx[/ : : pn(x —y)dy| dx
el Jo, S o, T e Y

r—y
— gz / Vis(x).—=

/Qgr ()|:er ()|$—y|

Now it suffices to prove that the limit of/ g(z) [/
Q2'r Q27‘

when n tends to infinity exists and to compute it.

/Q%g(x) [/Rz Vfs(z) pn(z —y) dy} dr = /Qgrg(x) [/92
+/Q2r 9(x) [/FQ\QQT \Y pulz — 1) dy] d.

Fixing A > 0,

/ 9() [ /
927' R2\QQ7'
QQT R2\QQT

Vf&(ﬂf)-ﬁ

r-y
o -yl

Vfs(x).

pn(z —y) dy] dx

|z — |

Vfs(x) pn(x —y) dy da

r—y
|z —y|

pn(z —y) dy] dw‘ = 0.

pn(z

Vis(x )7

h) dh

—y) dy] dx

J pn(z —y) dy} dz

<10 Vsl [ ouWab+ VSl [ [ ey,
> Qo7 \Q2rpx J|z—y[<A

|h|>

< |Q2r|||vf6”L°°(Qg)/|h|

By letting n tend to 400, and then A tend to 0, it follows that:

lim g(x /
n—-+00 Qo ( )[ R2\927»

(using again the properties of p;,).
Now,

foo

|<>\

V(). o

|z — y|

pn(z —y) dy] dr =0,

V fi(x).

[z —y

pn(r)rdr dﬁ] dz
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3. Numerical method of resolution

y1 = x1 + 1 cos(9)

yo = + 1 sin(p) 0 € [0327] and 1 € [0 +oof. That is,

with the change of variables {

/er g() [/R? pn(T —9) dy] dr
_ /Q 9@V @) [ /0+°° [ /0 . (nggm de] ron(r) dr} iz,

with e any unit vector in R2.

v fs(a). Y

|z — |

In the end,
x_
lim g:v[/ Vfs(z). (T — d}dw
Ly . @) | |, [V pn(@ =y dy
in [ g | [ |9na = ot ] a
= s(T)——| pn(T — )
=0 JQ,, Qo |z =yl

sin

1 27
_WHA

— Ky /Q 9(2)|V f5(2)] da,

. <§g‘,’§)‘ i [ o))

= K172|f6|BV(QQT79)'

By gathering the previous results including (4.4), we prove that:

|fno(x) = frs(y)] 3 .

Kiz [ o(@)|Vfsta)|do = limint [

Q2r > Q27‘

< . . 1/
< lminfFy(fr) +C76

with C” = kC a constant independant of n and of §. Using the fact that fs strongly
converges to f in L'(£,) and so in L!(Q,), when § — 0T, we get:

KLQ |T o @|BV(Q2T,9) < Kl’g lim 1nf/ g(ZL‘)|Vf5(.’L‘)| dx,
=0t JQ,,

< liminf (lim inf F,,(fn) + C"é) = lim}_nf Fo(fn)-
n—-+00

6—0t n——+00
Following Ponce [52] based on Beppo-Levi, we obtain that sup |f|gv(ag) = IflBv(0,)
then AcCcQ
liminf 15,(fn) 2 K12[T © ¢|pv(0,9)-
Combining the two previous results allows us to conclude that lim E, (@) = ().

n—-4o0o

Besides, for any v € Id + WOM(Q, R?), we get:

and by taking the limit when n tends to infinity, we get: I(¢) < I(v), Vv € Id +
VVO1 (€, R2). Therefore @ is a minimizer of I. O
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A nonlocal joint segmentation/registration model

A first limitation of this theoretical model (NLP) emerges, due to the nonlinearity in
the nonlocal component and in the nonlocal shape descriptor. The proposed treatment
of the nonlocal operator is dictated by an asymptotic result obtained when introducing
splitting variables: T simulating T'o¢ to deal with the approximation of the weighted total
variation and V simulating V¢, the underlying idea being to transfer the nonlinearity on
V as in [48]. We then turn the related optimization problem under equality constraints
into an unconstrained one by means of L2/L' penalizations. We finally come up with the
minimization with respect to ¢ € Id+W,*(Q,R2), T € BV(Q,g) and V € L*(Q, My(R)) of
the following nonlocal decoupled functional denoted by (NLDP) that stands for NonLocal
Decoupled Problem:

an(lw -yl dy| dx

Enq(e, T, V)_Klw/gg(x) /Q\T(y)—T(x)y

+ a/ [(c1 = R)® = (ca — R)*|Tdw + 4| T — T o || 11(q)
0
v y
+ 5T 0@ = RlFaq) + | QW(V)dz+ S|V = Vel qanr): (NLDP)
2 o 2

We observe that we moved some nonlinearity on V: instead of minimizing the L*-norm
of Vi —it is known that treating problems involving W'? norms with high p's is still a
challenging issue requiring low time steps if one works in the finite difference setting —,
we minimize the L*-norm of V.

Theorem 3.4 (Asymptotic result). Assume g € C'(Q) with |Vglcoq = k < +o0.

Let us also suppose that the functions t +— p,(t) and t — t%1p,(t) are non-increasing

for t > 0 and any q € (0.5,1). Let (v;) be an increasing sequence of positive real

numbers such that lim v; = +oo with vy > 4GHRH%00(Q)- Let (n;) be a sequence of
J—+oo

natural integers such that llim n; = 4oo and such that for all | € N*, there exists
—+00
o € Id+ WOM(Q, R?) such that I(¢;) < inf I(p)+ 1 and Vn € N, n > ny =

peld+wi*(Q,R?)
1 T -T
’/ g(x) {/ T oeily) ° SOl(xﬂpn(m —y)dy | dz —varg(T o)| < 7 since T o
Kiz2 Ja Q ly — | .
w1 € BV(Q,g) (it is always possible to build). Let also (¢r(ni,7;), Vi(nu, v;), T(ni, v;)) be
a minimizing sequence of (NLDP) with v = ~; andn = n;. Then there exists a subsequence
denoted by (9N, e Mo 1) Vg e 02 76)s TN 0600 (Mo %))
of (er(ni,75), Vi(ni,v), Tr(ng,vj)) and a minimizer ¢ of I such that:

zii«lgloo ]'EI-POO Eny ¢y (PN gy e i) M@ i) )y YNty M@ Y¢6))» TNy ey

(np) Ye)) = 1(@).

Remark 3.4. The previous asymptotic result involves a minimizing sequence associ-
ated with (NLDP) for each n; and y; because we can only obtain weak convergence in
LA, M3(R)) of a subsequence of (Viun,)s preventing us from knowing anything about
the behavior of the determinant of this subsequence and from obtaining any minimizer
existence result.
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3. Numerical method of resolution

Proof. For any n € N* and for any v > 0, we have the following inequality:

Bl Vo) 2 a [ [(e1(F) = R = (o) = RPIT da + I 0 = Rl

- gl
+ [ QW) e+ =T o plinioy + FIVe = Vi im

~ L p
> —4al| R F oo 1T 21 (0) + o/l det ViiZag) + §HVH4L4(Q,M2(R)) ~ Ba®

PN+ ) ~ gl 2
—3u+ m + YT N 1) = YNT N oo ) + ZHV()OHL2(Q,M2(R))

y
- §HV||L2(Q,M2(R))a

- p p
> (v = 4al|R||70 @) I Tl 21 (029 + ZH det V|72 + §”V||Zi4(Q,M2(R))

2 PA + 1) v 2
— Ba* = 3u+ 302 N Lo () + WHS"HWLQ(Q,R%
v/ meas(2) VI v
— f” ||L4(Q,M2(R)) - m

We assume v > 4a||RH2OO(Q), then

L B
Eny(@,V,T) > (y - 4aHRHL°°(Q))HTHL1 ZHdetV”%?(Q)+ZHV”4L4(Q,M2(R))

(A + ) g 2
— —_— T e — v
— Ba® —3u+ 201 20) =Tl @+ 105 209 lell1.2(0,R2)
B 72 meas(Q2) e "
48 2(1 + %)’
. vy/meas( 2meas(Q
since 5|V II1squmm) — \/7\\‘/’&4 @mr) 2 11V I @anr) TR and

with ¢ and ¢” some constants depending only on €2, p = 2 and N = 2. So, E,,  is coercive
for n € N*and for any v > 4CLHRH%00(Q Besides, by taking o =Id, V =l and T =T

then E, (¢, V,T) is finite and for any n € N* and any v > 4aHRHL<>o the functional is
proper. We can deduce that the infimum is finite.

Let (v;) be an increasing sequence of positive real numbers such that hgrn v; = +00 and
.]*) (e o]

Y > 4a||R||2m(Q). Let (n;) be a sequence of natural integers such that lilgloonl = +o0

and such that for all I € N*, there exists ¢; € Id + WOM(Q, R?) such that I(p;) <

i =t

< % since T o ¢; € BV (€,g). Then we consider a

inf I(p)+ 1 and Vn € N, n > ny =
peld+w;*(Q,R?)

pn(z —y)dy| doz — vary(T o ¢;)

minimizing sequence denoted by (gok(nl,'yj), Vk(nl,'yj),fk(nl,wj» of the decoupled pro-
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A nonlocal joint segmentation/registration model

blem (NLDP) with v = v; and n = n;: kgglooEnm(wk(nz,%), Vie(ni, i), Te(ni, ;) =
inf ) Eny gy (0, V, T) Besides, from what precedes there

peld+W12(Q,R?),VEL (Q,Ma(R)), TEBV (,9)

exists ¢; € Id + W14(Q,R?) such that:

inf - Enl,'Yj ((Pv V7 T) < Enlﬂj ((Plv v‘Pla TO(PI) < j(@l)
peld+w;2(Q,R?), VL (Q,M2(R)), TEBV (Q,g)
7 2
T.

+7 < inf I(¢)+ 7. Then there exists N(n;,y;) > 0 such that for all £ € N,
peld+w,*(9,R2)
k> N(n,v;) = (Enl,yj (x(n2,7%), Vie(na, 75), Tre(ma, 7)) < inf I(p)+7+2- <
peld+wy*(9,R?) J
inf I_(go)+2+$0 < 400 and Vo € Id—i—Wol’4(Q, R2), By (r (e, 75), Vie(n, v3),
peld+wy*(Q,R2)
Tk(nluryj)) S Emf)/j (907 VQO,T © 90) + % = E’ﬂl(@) + ’ylj) . NOW’ we take k = N(nlvfy])

So according to the previous coercivity inequality, we have that for each n;, (¢ N(niv;) (ne,75))
is uniformly bounded according to j in W2(Q, R?), (VN (ny,7;) (1, 75)) is uniformly bounded
according to j in L*(€2, Ma(R)) and (det(Vy ;) (11;775)) is uniformly bounded according
to j in L?(Q). Let 1 be a common extractor, then we get

= PNy () in WHAH(Q,R?)
J—+o00 _
VN (o) (M V) = Vivey () in LY, Ma(R))

J—>+oo

det Vg 3y ) (0 () 5 9(ma) in ()

PN (mvo ) (T V()

Besides, one can prove that (TN(nm " (j))(nl»%,b(j))) is uniformly bounded with respect to
j in the fractional Sobolev space W%1(Q)) with ¢ € (0.5,1) thanks to the hypotheses
on the functions p, and to [9, Section 4.]. Using the 2D Rellich-Kondrachov theorem

2 4 2
Wha(Q) c L"(Q) with compact embedding for 1 < r < 5—a with 3<g3-4< 2, we
) —q ) —q
can extract a subsequergce of (TN (ny vy 5y) (> V() still denoted (T 1y 50) (0 Vs 5)))
strongly converging to TN(m)(m) in L'(Q2) and so almost everywhere in  up to a subse-

quence. Let us set z; = TN(nmw(j))(nl"W(j)) —To ‘PN(m,vw(j))(”lv'Yw(j))' We have the
following inequality

1 p(A + 1)
il < Ba? +3p— 2T
_ 1 4al|R||3?
+ inf I(p)+2+—+ L)
peld+wl(QR2) Y0 70 +4al|R[|7w g
9 p(\ ) . _ 1 ‘
o 43— HATH) inf T(0) + 2+ 2Tl 1o +7>
(Ba? + 31 e () Wl + -
4—> Oa
J—+o0
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3. Numerical method of resolution

and || T, 7, 50) (7 Y (3)) = T © P ()1 ()
<zl + 1T 0 Oy ) (0 Vo)) — T o @ (m)l ey
< @il + BT lON 7)) (6 i) — Ene (m)ll L@

since T is Lipschitz continuous.

Eventually, thanks to the Sobolev embedding theorem stating that (¢ n(n, " (j))(nl, Yap(5)))

_ . 1 . s
strongly converges to @y, () in L*(£2), we obtain TN(n,,ww(j))(”la’sz(j)) jjoo T o

ON(ny) () in L'(©2). By uniqueness of the limit, fN(nl)(nl) = T o PN, (n). Then
(TN(nz,m(j)) (n1,7y(j))) converges almost everywhere up to a subsequence to T'o @y, (11)

) ) TN (g ) P03 @)= TN (v 1) PV ) ()]
when j tends to infinity and so g(z) Ny i) TG \x_y|N( L) ) pn, (= y)

Tog —Tog
converges almost everywhere to g(x)l O(pN("l)(nl)(lriiy‘wm"”(nl)(wn

infinity. By Fatou’s lemma we get

TL n, T n ng, . X
j—++00 \:c -y

\TO<PNn (n)(y) — T o @y (1) ()]
/ [/ () P— () Py (T — ) dy] dz.
Let us now set z; = V(pN(nhw(j))(m,fyw(j)) — VN(nzryw(j))(nl"W(j))' We have z; jjoo

Ba® + 3 — pOH) - inf I(p) +
( = 303 2p) peld Wi o,R2) (v)

n, (T — y) as j tends to

; 2 : 112
0 in L*(Q) since [1zj72q anr) < W(;)

2 + 5+ 70||T||Loo(9)> and so V‘PN(nz,w(j))(nlv'Yw(j)) j_:oo VN(l)(nl) in L?(Q, Ma(R)).

2 . ) —
Indeed, V& € L*(92, Ma(R)), /Qz] : &dx jjoo 0. So, /Q(V@N(”qu))(nl’%/’(3))

VN(nz,’m(]‘))(nl”yw(J‘))) » ®@dr — 0. But VN(nl:'Yw(j)) (nl’%/)(j)) o VN(nl)(nZ) in

j—+oo j—+oo

LA(Q, M3(R)) and so in L*(Q2, M2(R)) and V® € L?(Q2, M2(R)), / VON (i) (M5 Y(5))
Q
ddr — [ V() : ®dr. Besides, VgoN(m’W(j))(nl,%p(j)) — V@) (n) in

Jj—+oo Jj—+oo
L?(Q, M5(R)) and by uniqueness of the weak limit, V@ () (1) = Vi) (1) € L*(Q2, M2(R)).
Thus @, (1) € WhH4(Q,R?) and by continuity of the trace operator, PN (ny) () = 1d
on 0f2.
Furthermore, since @ n,, Yol )(nl,7¢(])) — QDN(nl)(nl) in W12(Q,R?), det(gDN(an,))(nl,

W,(j))) — det(cpN(n )(nl)) in the sense of d1str1butions. As det(VN(m ku))( ls 7¢(J)))

j—+oo —>+oo

5(ny) in L2(Q), V@ € D(), / det (Vv (ny v, 5) (T V() @ da JH+OO / §(ny)® dx. Let us

Q
set det (Vv (5 9())) = A€t (VON () (10, V(i) + dj with dj = (25)11(25)22 —

5%}\,(%1,71&@))(”17%(1)) a‘p?\fwz’w(j))(nl”yww) 5%}“"1,%(]_))(”17%(1))
(25)12(25)21 —(2j)22 Do —(z5)n Doy +(zj)21 o

det(VN(nl,'yd,(ﬂ)(nh7¢(j)>)(1)dx = /Qdet(V(pN(nl,’yw(j))

0% . NGB
F(z)12 — Mwégf "~ ThenV® € D(Q), /Q
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d; ¢ dz, With/ det(VgoN(nmw(].)) (n1, Yp())) @ dr — /Qdet(ngN(nl)

(71, Y (5))) @ da+ / A fand

Q
(n;))® dx and / dj®dz < ||d;jl|p1(o)l|®llco(q) from Hélder’s inequality. From what pre-
Q

cedes, we get [|d;l| 110y < 3112511720 r) 17 2200 ®) 1VON @100 (0 Vo) L2 @ amR))

with (VgoN(nmwm)(nl, Yy(j))) uniformly bounded according to j (by taking v = 7o in the

first coercivity inequality used in this proof) in L?(£2, M2(R)) and Aligrn 12l L2, M2(R)) =
j—+o0o ’

—+00 J—+oo
Jo 0(n)@de = [, det(V@y(n,) ()@ de. Thus §(ny) = det(V@y(n,)(n)) in the sense of
distributions and since det (V@ () (1)) € L?(92) and §(n;) € L%(R), it comes det(Von(n,) (1))
= d(n;) almost everywhere.
The mapping J(V,0) = [, W*(V,6)dx is convex and strongly lower semi-continuous
on L4, Ma(R)) x L?(€2) since W* is continuous and convex. It is thus weakly lower

semi-continuous and/ QW(V@N(nl)(nl)) dr = / W*(V@N(m)(nl), det(V@N(nl)(nl)))d:c
Q Q

0. So, jlim dillL )| Pllco = 0 and  lim Qdet(V}V(nl’%m) (N1, Yy (5))) @ dr =

< lim inf /QW*(VMm,W)) (0 p(5) )5 AV () (105 Ts()))
From Rellich-Kondrachov’s embedding theorem, we get that W12(€,R%) © L4(Q,R?),

Vg € [1;400[. In particular, (gpN(nlﬁw(j))(nl,yw(j))) strongly converges to @y (p,) () in
L?(2,R?). As T is assumed to be Lipschitz continuous with x7 the Lipschitz constant, we

- 25 - 2
havengoo/Q(T S (PN(nlﬁw(j))(nl’%P(j)) — R)*dx = /Q(T © PN (ny) (1) — R)” du.
As (TN(nz,mm)(nlv Yy(j))) strongly converges to T o @y (p,) (1) in LY(2), we can extract a
subsequence of (TN(n177¢(j))(nl7 W)(j))> denoted by (TN(nl,’Yg(]’))(nl’ fyc(j))> such that TN(m%(j))
(n1,7¢()) () 0 T 0 @N(ny)(u)(x) almost everywhere.

j—+oo

By continuity of H., we have:

R(2)He (TN (e ) (0, 7¢ ) (@) = )~ R(2)H(T 0 onnyy () () — p) ace.,

j—+oo

He (T (g ) (1396 (@) = 9) —> Ho(T'0 Gy () (&) = p) e,

j—+oo

R()(1 = He(T oy 30(5) (11 %)) () = ) i B@) (1 = He(T © oy () () = p)) 2.,

1= Ho(Tn(n ey (5 7¢() (@) = p) — 1= He(T 0 Gy (i) () — p) ave,

j—+00
and
R(m)HE(TN(nMCm)(m,fyc(j))(x) = p)<||R||p~(q) € LY(), Vj € N, as Q is bounded,
He (T ny e ) (7 Ye () () — p)<1 € LY(2), Vj €N,
R(@)(1 = He(Tw(m g ) (10, 7¢(3)) (%) = P) <Rl oo () € L (), Vi €N,
1= He(T(ny e ;) (i) (@) — p)<1 € LY(Q), Vi € N,
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3. Numerical method of resolution

Thus, according to the dominated convergence theorem, we get that:

| R@ Tt 766 @) = p) e — [ RHLT o o) (@) = ) dn,

/ﬂHE(TNN(M,M].))(”Z,’Yc(j))(x)—P)dl‘ —

Jj—+oo

/Q H(T 0 @y (1) () — p) dv,

/QR(JU)(l — He(TN(ny ) (0 Ye(3) (@) — p)) doe —> /QR(x)(l — H(T o @y () () — p)) dz,

J—+o0

1= Bt (766 @) = p) e — [ 1= HAT o g om)(@) = ) i,

J—r+00

— 1 (P ()

Cc2 (TN(nl,’V((J’))(nl77((j))) .—> C2 (@N(nl)(nl)) °

Jj—+o0

. . 2 . 2] .
We can derive |:(Cl <TN(nl,7<(j))(nl”yC(j))> — R) — <CQ (TN(”l,’Yc(j))(nl”YC(j))> — R) :| TN(”h’)’g(j))
_ 2 _ 2 _
(7, %¢()) Pend [(Cl (DN(n) () = R)™ = (2 (PN (ny)(m)) — R) } T © @n(ny)(ny) almost
everywhere and from [16, Theorem IV.9], there exists h,, € L'(f2) such that Vj € N,
3 2 8 5] -
[(Cl (Tvtmrce) () —R) = (2 (Tvtmng (0:706)) ) —R) } TN (mive ) (75 %)) <
4| R poe(yhn, € L*(2). So, according to the dominated convergence theorem we get
2 2
/Q[<Cl (@N(nl;yc(j))(nh7C(j)))_R) _<CQ ((pN(nmcm)(nl?’YC(J‘)))_R> ]TO¢N(”Z’7<(1)) (1, 7¢(5)) dz

2 2
— [(Cl (PN () — R) - (CQ (PN () (n T 0 PN (ny) () dx.
Q

j—+oo
By combining all the results, we have that Enl(goN (n) nl) ) < 11m 1nfEm el (‘PN(nmg(j>)

(nl”yﬁf(j))’ VN(nlv'YC(j)) (nl”y((j))’ N(”lﬁ)’g(j)) (nl77C(j))) < I;EigopEnlv’Yc(j) (@N(”m’g(j)) (n“’yC(j))’

Vi . ng, i)/ T . ng, ; < lim sup inf f +2+i = inf
Nimace) (10901 Tiuag) (1:76) < Tmsup i T (P)+7+7; peld g (2,R2)

I(p)+ 7. y

However Yo € Id + W,*(,R?), we have En (@nn) (1)) < ljlgmenmC(j) (‘PN(nz,vg(j))

(%) VNouag) (%00 TN (%)) < liminfEy, () + 5 = Bn ().
Therefore, @y, () € Id + I/VO1 4(Q,R2), is a minimizer of E,, and from the previ-
ous theorem we can deduce that there exists a subsequence of (Py(y,)(11)) denoted by
<¢N(n¢(l))(n¢(l)>) and p e Id+W()1’4(Q, R2) a minimi%er of I such that @N(nw(z))(nw(l)) —
in W14(Q,R?) and lim En¢(z)(¢N(n¢(l))(n¢(l))) = I(p) as the assumptions on g are ful-
filled here. By taklng the limit when [ tends to infinity in the previous inequality, we

have: w€1d+‘11/121f:4(Q7R2)I((10) - I( ) = l_l:m En¢(l)(gpN(N¢(l))(n¢( )) S l—l:—rgloo?gl—&gEnw(l);YC(J)

(SDN(nw(l)v'VC(j)) (nlff(l)”y((j))’ VN(nw(wﬁg(j)) (nﬂ)(l) VC(J)) N(nyaye)) (nw(l)’%(j))) < lim

l—+oc0
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lim sup Enw(z)ﬂq(j) (‘pN(nw(wﬂg(j)) (nw(l% fYC(j))’ VN(nw(z)ﬂg(j)) (n¢(l)’ ’VC(j))’ TN(M;(z)Ng(j)) (nl/f(l)’

Jj—+oo ~ B
Yeey)) < lim inf I(p)+ 2 = inf I(p). O
<)) I=+ooueld+wy*(,R?) (o) 47 peld+w;*(9Q,R?) (©)

We now solve (NLDP) using an alternating framework. Indeed, we split the problem

into three subproblems of one unknown by fixing the others. We thus consider the sub-
problem according to T":

n%f{ B (T) = /Q o(x)

+ CL/ [(Cl — R)2 — (CQ — R)Q] Td(L' + Y HTO © — THLl(Q)}a (PT)
Q

/Q wpn(\x —yl)dy

dx
|z — |

for large enough v and n and fixed ¢ and V', so that it approximates well
inf E(T) = var, T + a/ [(e1 — R)® — (c2 — R)?] Tdx+~||Top— T||L1(Q). (PT1)
T Q

We separately solve for fixed T the subproblem in (¢, V) using implicit and semi-implicit
Euler time stepping schemes. A remarkable result relating again registration and segmen-
tation is stated next.

Theorem 3.5 (Segmentation of the Reference). Suppose that g € [0,1], R € [0,1] and
that T o ¢ is a characteristic function of a bounded open subset Q C Q with boundary of
class C?> —with the assumptions on T, it is not theoretically the case —. Then for any c1,
co, a, v, if 0 < u <1 is aminimizer of E, for almost every k € [0,1], the characteristic
function X (m)={x | u(x) >} is a global minimizer of E.

Proof. The proof is based on the coarea formula and on the work of Chan et al. in [20].
We first prove the existence of minimizers for the problem (PT1) for any ¢, ¢2 € R and
any a € RT, v € RT. i i )
Let ¢1, ¢2 € R and 7, a € RT. By taking T = 1g in E(T), we get E(T) = varglg +
/ [(c1 — R)? — (co — R)2] 1gdr < +o0 as g € [0,1], QCQ, e, e €Rand [ R Loe () <
s ) ) )
Furthermore, as 0 < 7" < 1 almost everywhere, we have that £ (NT) > varg T + min{0,
meas(Q) mingeo{(c1 — R(x))? — (c2 — R(x))*}} > warg T + ||T|| 11,y — meas(Q) +
min{0, meas(12) mig{(cl —R(x))? = (c2— R(x))*}} as 0 < ||THL1(Q g) < meas(Q2) and thus
ze ’
the functional is coercive as mig{(cl — R(z))? — (c2 — R(z))?} is finite and  bounded.
xre

Thus the infimum is finite.

Let {T,,} € BV(Q, g)NL>®(Q) be a minimizing sequence. It is uniformly bounded in L> ()
so in L*(©) and according to the previous inequalities, var, T, is uniformly bounded. From
[10, Theorem 3.4], for each n € N, there exists {g,} such that g, € C*(Q2) N BV (£, g)
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3. Numerical method of resolution

and

~ 1
/g|Tngndx§ , for each n € N
Q n

Sup/g|Vgn]dx < 00
neN JQ

As g satisfies 0 < ¢ < gand 0 < T, < 1 = |Tn [z1(0) < meas(Q) < +oo since Q is

1
/]T gn|d:c<— , for each n € N

bounded, it follows that . Therefore, there ex-

sup/\Vgn]dx < 00
neN

ist T € BV(Q) c BV(Q,g) and a subsequence of {g,} still denoted by {g,} such that
gn — T in L'(Q) and so in L'(9, g). B

However, HT T”Ll(Qg < |7, — InllLr(Q,9) + lgn — THLl(ng So, T, = T in L'(%, g)
and so in L'(Q). - - -
Furthermore, T, € BV(Q,g), T € BV(Q,g) and T, — T in LY(Q,g) then var, T <

lim inf var, T
n—-+o0o

As T, — T in LY(), there exists a subsequence of {T},} still denoted by {T},} such that B
T,, — T almost everywhere. Thus [(¢; — R)? — (c2 — R)?| T,, - [(c1 = R)? = (co— R T

almost everywhere and for every n € N, |[(¢c1—R)%—(ca—R)?|T;,| < | [(c1 = R)? — (c2 — R)?] |
< [(erl + | Rl oo ()? + (Ie2] + | Rl 1o (0))?] € LY(R) since T, € [0,1] and 2 is bounded.

Then according to the dominated convergence theorem, we get lirf [(c1 — R)? — (cy — R)Q]
n—-+0oo 9]

T, dr = /Q [(c1 — R)? — (cg — R)2] T dz.

Moreover, T, — g — T - 1 almost everywhere and |T;, — 1g| < 1+ 15 € LY(Q) as

Q C Q. Therefore, according to the dominated convergence theorem, we get lirf HT n—
n—-+0o0

Igllz) = IT = TgllLy o)

Thus by combining the previous results, we get lim inf E(T},) > E(T ) T)andso inf E(T)>
n——+o0o 0<T<1

E(T ) for any ¢, ¢y € R. But, for every n € N, T, € [0,1] almost everywhere and there
exists a subsequence of {T,,} still denoted by {7, } such that T, — T almost everywhere

which implies T € [0, 1] almost everywhere. So E(T) = . <11%f< E(T). We thus have proved
1

the existence of minimizers for the problem (PT1) and the infimum is attained for any
c1, c2 € R and any v, a € RT.

Let us now introduce the geometric functional MS(X) = Pery(3;Q) +a [i(c1 — R)*dx +
CLIQ\E(CQ — R)? dx ++|XAQ| with Pery(%;Q) = Jarss 9 ds = [0X[(€; g) with the notation
of [10, Remark 10] and A denoting the symmetric difference. We aim to find a relation
between E(.) and M S(.). Let c1, ¢ € R and 7, a € RT. To do so, we express each term
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of E(u) in a geometrical way keeping in mind that 0 < u <1 :

vargu = /gd|Du],
Q

1
= / </gd|D]lER::{x:u(x)>ﬂ}|> dx,
o \Ja

since g is continuous so is a Borel function and v € BV (Q,¢g) C BV (Q) ,

1
B /0 varg Iy, .—(z: u(x)>x} dh;
1
_ / 105,](Q2: g) dr,
0
1
- / (/ gds> dr,
0o \Janos,
1
= / Perg(3y == {z : u(z) >k} Q) dk,
0

according to Baldi’s work in [10] and [10, Remark 10] and using the coarea formula from
[6, Theorem 10.3.3]. Considering 0 < u(z) < 1, for almost every = € 2, we get:

1
/(01 — R(z))*u(x)dz = /(01 - R(:c))Q/ Liosu(a)) (k) dk dz,
Q Q 0
1
= / /(01 — R(m))zll[o;u(x))(n) dz dr by Fubini-Tonelli theorem,
0 JQ
1
= / / (c1 — R(x))? dz dk.
0 JOn{z:u(z)>rK}
1
2= R@Pu@ds = [ (er= R@)P [ S () e,
0
1
= / / (ca — R(z))* dx ds by Fubini-Tonelli theorem,
0 JOn{z:u(z)>r}
1
= c— / / (co — R(x))* dx dr,
0 JOn{z:u(z)>k}°
with ¢ = /(02 — R(z))? dz independent of u.
Q

With s = 1g,

u(x) — s(x)|de = u(x) — s(x)| dx,
/Qr (2) - 5(z)| /m{x:u(m(m)}' (2) - 5(z)|

v () — 5(x)] da,
QN{z :u(z)<s(z)}
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3. Numerical method of resolution

u(z) s(x)
= / / drdx + / / dr dz,
Qn{z 1 u(z)>s(x)} Js(x) QN{z:u(z)<s(z)} Ju(z)

1
0 Q

—l—]l{x:u(x)<s(x)}(x)]l[u(x)78(x))(R) dx dk by Fubini-Tonelli theorem.

Furthermore, the following equalities hold:

(1, ifandonly if z € {z: u(z) > s(z)}

Nz : s(x) > k}¢
]l{xu(:r:)>s(:c)}(m)]l[s(x),u(ac)) (/i) - ﬁ{.’L‘ . U(ZD) > R} s
0, otherwise

1, ifand only if x € {z : u(x) < s(x)}
N{z : s(z) >k}
Nz :u(z) > k}°
0, otherwise

and ]l{x cu(z)<s(z)} (:C)]l[u(x),s(x)) (H’) =

It means that ]l{x u(z)>s(x )}( )]l[s(m)u(:r)) (’i)_‘_]l{xu(z)<s(z)}(x)]l[u(:v),s(x))("i) = ]l{x:u(x)>n}A{x:s(x)>li}
( ) = ]l({:c u(z)>k\{z:s(z)>cHU({z: s(z)>k\{z: u(z)>K}) (Cl?) Then it follows that:

/|u |dx_/ {z : ulz) > K} A {z : s(z )>K}|dﬁ_/ o : ulz) > Kk} AQd.

By gathering the previous equations and setting ¥, = {z : u(z) > k}, we get that
Vu € BV () such that 0 < u(z) < la.e., E(u) = vargu + a/ [(c1 — R(z))? — (c3 —
Q

1
R(a:))2]u(x)dx+’yHu—SHL1(Q) :/0 [PerﬂEmQ)—i—a/ (c1 — R(x))? da;—l—a/ﬂ (c2 —

\Ex
1
R(JL‘))2 dx + 7|Z,€AQ]] dk —c= / MS (X)) dk —c.
0
Let us now consider the following geometric problem for any ci, co € R and 7, a € R™.

mzin MS (%) (PG)

Let uc, ¢, be a minimizer of E( ) and X, = {2 : u¢, ¢, () > K} for almost every x € [0, 1].
According to this equality E(u fo MS(2,) dk — ¢, if ue, ¢, is a minimizer of E(.) then
necessarily for almost every s 6 [0, 1], the set ¥, is a minimizer of (PG). As for any
c1, ca € R and v, a € RT there exists at least one minimizer for (PT1) then necessarily,
there exists at least one minimizer for (PG). Let ¥* be one of them. Then, for almost
every £ € [0, 1], we have M S(X,) > MS(X*). It yields E(uc, ¢,) > E(Ls+). AS ¢, ¢, is a
minimizer of F(.) then Ly« is also a minimizer of E(.) and E(ls+) = E(uc, ¢,)-

Eventually, 1y, is a minimizer of E(.) for almost every x € [0, 1]. O

In practice, it means that once T is computed, for almost every £ € [0,1], the char-
acteristic function y {21 T(@)>r} provides a segmentation of the Reference image. It also
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justifies the use of an L'-penalization term to ensure that 7' remains close to T o ¢. We
now concentrate upon the minimization problem in 7" for fixed ®.

Following the same strategy as Bresson et al. in [15], we introduce another auxiliary
variable f such that the problem in 7" amounts to minimizing

i —]T(y)—f(x)\ T — T+a c1—R(z))?—(ca—R(2))?| T (z) da
it [ gte) | [ e =y ay | doa [ [(er-Rie)~(eaRia) 2| (o) do+

|z
L+ 2
Yl + %HT —Top+ flli2-

As for the minimization in T, two lines of research have been investigated. First, a
standard subgradient descent approach has been considered as in [9], based on a finite
element type scheme inspired by estimations appearing in electromagnetism. (The func-
tion ¢ — |t| being not differentiable but subdifferentiable with subdifferential [—1,1], a
differential inclusion must be solved for fixed n). Because of the singularity of the kernel,
classical finite difference schemes would fail to provide a suitable approximation. The
image domain is thus discretized using a triangulation. Interpolation schemes allow to
derive explicit expressions of the contribution on each triangle for given x, and then, sum-
ming these contributions over each triangle for given z yields an estimation of the integral
(see [9, Section 5] for additional comments). However, this kind of implementation raises
some issues :

(i) first, it is computationally expensive as stressed in [9];

(ii) second, while the last three properties of the kernel p,, are consistent with the discrete
setting —the weights are non-negative in practice, normalized and concentrated near
the current window center, the radial symmetry of the kernel p,, is not relevant for
imaging problems (see [51, Subsection 5.7]): we would like to define a nonlocal
version of the weighted BV semi-norm at given point x that grants more weight to
points that belong to the same region as x (not only based on the difference between
intensities, but for instance on the difference between patches around those points
and not favouring spatial proximity). This is the second limitation of the theoretical
model we identified that pushed us to reconsider the definition of the weights and
to find a numerical compromise.

We stress that an implementation of the above algorithm based on a finite element type
scheme as in [9] has been made, but it does not provide satisfactory results, which again
strenghtened the necessity of redefining the weights. We also would like to point out that
to the best of our knowledge, this assumption of radiality cannot be removed (see in par-
ticular [27], [52] or [58]). The computation code can be made available if required. At last
and for the sake of completeness, we would like to point that in [13], Boulanger et al. have
generated numerical schemes for the computation of the nonlocal BV semi-norm in an im-
plementation of a standard steepest gradient algorithm for one-dimensional total variation
minimization. It is based on the derivation of a particular sequence of kernel functions,
and for the transition to the discrete setting, on the approximation of any L'-function
by piecewise constant functions. No extension and applications to higher dimensions are
investigated.
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3. Numerical method of resolution

Equipped with these observations and arguments, and remarking that our nonlocal
term has strong similarities with the contribution by Jung et al. ([39]) dedicated to the
derivation of a nonlocal version of Mumford-Shah regularizers (the scalar-valued edge map
v stemming from the Ambrosio-Tortorelli elliptic approximation can be related to our func-
tion g), we propose an implementation that encompasses this requirement of putting more
weight to points that have similar geometrical configurations. Motivated by the definition
of the nonlocal gradient by Gilboa and Osher [36] and by the contribution [39], we suggest
considering the following nonlocal regularizer (which satisfies the properties of a semi-

norm) [, g(x) \/fﬂ (T(y) — T(x))2w(z,y) dy dz, with w : Q x @ — R a nonnegative, sym-

metric weight function chosen to depend on R : Q — R by w(z,y) = exp — (M),

with do(R(x), R(y)) = Jge Ga(t)|R(z+1t) — R(y+1)|* dt, G, being a Gaussian kernel with
standard deviation a determinining the patch size, and h the filtering parameter. For a
fixed pixel x € Q, the search window S(z) = {y € Q||z —y| <r} is considered rather
than the whole domain 2 to compute w(z,y).

This leads to the introduction of Algorithm 5 provided on the next page.
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A nonlocal joint segmentation/registration model

1. Define k := 1, T := Template image, R := Reference image, T := T,

(Vi V2N . 1 N o
V = <V21 Vg ) = I, g:= TTvaR: @ Vs A, 1, p, v, nblter, 0, w := window size, p :=
patch size, h := 0.25, ¢ = (1, p2) = Id.

2. Compute the nonlocal weights:

2
pnllz=yl) w(x,y) = exp { Jo Gnlz ‘R(z}jz) Rly+2)|” dz }, with G}, Gaussian kernel of

lz—y|

mean 0 and standard deviation h (see 9 for the computation of theses weights).
while £ < nblter do
3.1. For each pixel (i,7), update V using the following equations:

Vlid) = <1+dm>(vn<z )+t~ p(aet V(i) — 2Van(i. )
2060 Via(i.1) (o beleo) + 21c0) + 52 .5) )
Via(i,j) = (Hdm)(Vmu +dt(,u det V (i, 5) — 2)Var (i, §)
256 Viali.d) (end- () + 2H(co) + 19520 )
Vali) = (o) (Vi) + (0t Vi) - DVialics)
28 V(i) (e0.len) + 261 (e) +9%2.0.9))
Vialiod) = () (Vi) + (= et V(i) = 2)Via i)
28 0 Vaalin ) (e0len) + 281 (e) +152.0.))

with o == ¢o(i, j) = [|V]]*(i, j) — .
SoR(6,5)He (T(i,5)—p) ZR(% 7)(1=He(T(5,5)—p))
v . 0]
3:2. Update 1 := “ g and @ = S
57 ¥
3.3. Solve the Euler-Lagrange equation in ¢ using an L? gradient flow scheme with
an implicit Euler time stepping:

0=v(Top—R)VT () —yAp+~ (

divl]

divVQ> —L(f =T op+T)VT(p), where V;

stands for the i*" row of V.

3.4. Compute the norm N(z \// 1T (y) z)Pw(z,y) dy.

3.5. Update T with the following equation:

T(a) = T(z) + dt/Q(T(y) _ (@) (9@) + M) w(z,y) dy — %(T(x) T

N(y) N(x)
p(z) + f(2)) — adt[(c1 — R(z))* = (ca — R(x))?].
Togp—f’—efy if Togp—TZ@’y,
3.6. Update f :==¢ Toq@—T+0y if Top—T< —b,
0 otherwise.

if mindet Vo(i,j) < tol then
17]

150 3.7.1. Apply a regridding step (see Algorithm 7).
end if
8. k:=k+1.
end while
return Top, V, T, ¢1, ¢a, f-
Algorithm 5: Alternating scheme of resolution.



3. Numerical method of resolution

In Algorithm 6, we illustrate the computation of the nonlocal weights inspired by the
N L-means algorithm.

1. Define w := window size, p := patch size, h := 0.25, NbNeigh := number of actual
required neighbors including the four closest ones, Nx := number of horizontal pixels,
Ny := number of vertical pixels.

2. Compute the extended image by symmetry.

for all pixels x do

3.1. Compute the distance dj,(R(z), R(y)) between all patches centered at y of size p

inside the window with size w centered at the current x and the patch centered at

the current x.
end for
for all pixels x do

4.1. Sort the previous distances in ascending order and keep only the lowest

NbNeigh — 4 values with the corresponding coordinates.

4.2. Add the four closest neighbors in a geographical sense to make the weights
w(z,y) more similar to the theoretical ones w
end for
for all pixels  do

5.1. Compute w by the following formula: w(z,y) = 0 if y does not belong to the

previous list of neighbors, w(x,y) = exp {—W} otherwise.

end for

return w.
Algorithm 6: Computation of the nonlocal weights following Bresson et al. [39].

Besides, even if we added a term penalizing the determinant of the Jacobian of the deforma-
tion, there is no guaranty that it remains positive. That is why we introduce a regridding
step to ensure the preservation of the topology whose algorithm follows (Algorithm 7).

if at stage k, det Vi < tol then
1. regrid_count = regrid_count + 1.
2. T =Topk 1
3. Save tab_p(regrid_count) = @*~1, ¥ =1d, VF =1L
4. Continue the loop on k.

end if

if at the end of the loop on k, regrid_count > 0 then
5. pimal — tab_p(1) o - - - o tab_p(regrid_count)

end if
Algorithm 7: Regridding step.
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A nonlocal joint segmentation/registration model

The next section is devoted to the analysis of numerical experiments on a toy example
and then on medical images. The computations have been made on a quad-core com-
puter with 2.0 GHz Intel(R) Xeon(X) CPU E5-2620 processor and 32 GB memory, using
OpenMP and the package MUMPS (MUTItifrontal Massively Parallel Solver). The ques-
tion of assessing the proposed model encompasses several levels of discussion and angles of
inquiry : the evaluation of the method accuracy according to some qualitative criteria and
with respect to comparable joint segmentation/registration models, and the evaluation of
each novel component of the introduced functional in comparison to classical ones. These
two main levels of discussion dictate the structure of the section.

The first subsection is dedicated to the evaluation of the method accuracy and to the
quantification of the gain related to the inclusion of the nonlocal shape descriptor com-
pared with the prior work [49]. Two implementations of the weighted total variation are
analyzed: first, in terms of segmentation accuracy and second, in terms of computational
cost and convergence speed.

The second subsection allows to highlight the relevance of the nonlinear elasticity
based regularizer compared to classical regularizers leading to linear terms with respect to
derivatives in the Euler-Lagrange equation and the relevance of the dissimilarity measure
combining the weighted total variation and a nonlocal shape descriptor (both in terms of
accuracy and in terms of convergence speed).

4 Experimental results

4.1 Qualitative assessment of the proposed model

The proposed method has been evaluated on a toy (geometrical) example and on medical
images. In order to fairly compare our method with the one in [49], in addition to the
implementation of the nonlocal version of the weighted total variation, a local implemen-
tation based on the dual formulation of the weighted total variation and on a decoupling
principle (yielding asymptotic results) has been investigated. In the remainder of the
manuscript, ‘our method L’ will refer to the local implementation, while ‘our method NL’
will stand for the nonlocal numerical scheme depicted above. To assess the intrinsic perfor-
mance of our algorithms (i.e. registration and segmentation accuracy), two measurements
have been performed. First, we computed the Dice coefficient ([31]) which measures set
agreement (after binarizing R, T o ¢ and T by thresholding) between R and T o ¢ to
estimate the quality of registration, and then between R and T to appraise the accuracy
of segmentation. This coefficient is a quantification of spatial overlap widely used for com-
paring segmentation results. The closest it is to 1, the better the matching is between two
sets, emphasizing thus in our case segmentation and registration accuracy. Second, the
mutual information was computed to measure image alignment. The mutual information
between two random variables quantifies their dependence: larger mutual information in-
dicates better matching (see Table 4.2). As this work primarily focuses on a combined
registration/segmentation model, which means in particular that accurate segmentation
results drive the registration process, providing a reliable deformation field between en-
coded structures based on shape pairing, it sounded relevant for us to assess the accuracy
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4. Experimental results

of the method with a tool measuring the degree of overlap of the shapes. We thus fa-
vored in the study the Dice coefficient that encompasses both this notion of set agreement
(rather than pointwise intensity comparison) and nonlocality, to the detriment of mutual
information, which to our point of view is more based on local intensity comparison (since
it uses the pixel intensities themselves) and does not take into account the geometry of
the structures.

Both implementations of our method give similar numerical results and outperform
those in [49] (the best obtained result is always used for comparison) in terms of segmen-
tation and registration accuracy with in particular the capture of small details and thin
structures (as exemplified in Figure 4.2 (g) (m) (s), where method [49] fails to delineate
small details, or in Figure 4.9 (s) where method [49] fails to correctly capture the fine ex-
crescence), and the restitution of a more faithful simplified version of the Reference image
(yielding a more relevant decomposition of the Reference image with an oscillating part
containing suitable features as in Figure 4.2 (f),(l)). These elements are corroborated
visually first, and by the computation of the Dice coefficient demonstrating that the in-
clusion of the nonlocal information provides better results. An exhaustive analysis and a
systematic comparison with the prior work [49] has been carried out and are summarized
in Table 4.1. In order to obtain the segmentation of the Reference image, the contour

corresponding to the level line {T = 0.3} of T is displayed. Note also that if the intro-

duced model is highly non convex (yielding potentially many local minima), in practice
nevertheless, the algorithm has the tendency to compute a global minimizer.

For the sake of reproducibility, we provide in Table 4.3 the values of the tuning param-
eters involved. The ranges of these parameters are rather stable for all the experiments.
Parameter v balancing the L?-fidelity term is between 0.5 and 10, while parameter a
weighting the nonlocal shape descriptor is between 1 and 100. They should be optimized
according to each image content, taking into account the complexity of the image and
the similarity to binary images. When a binary criterion emerges naturally, we value
the nonlocal shape descriptor by assigning a larger value to a over v, whereas v is set
to bigger values when complex topologies are involved. The Lamé coeflicient A is set for
general images to 10 (it has no physical meaning but is related to Poisson’s ratio, measure
of Poisson’s effect which can be regarded as the ability of a material compressed in one
direction to expand in the other —this choice of A is not physically inconsistent —) so
as p and ¢ set to 0.5 and 10 to discriminate two regions in images with intensity values
between 0 and 1 and to stabilize the computation of the weight g. Coefficients 6, v, and
7o ensuring the proximity between auxiliary variables and the original ones vary in small
ranges, namely 0.1/1, 80000/90000 and 0.05/0.25 respectively and can be set for each class
of images. Parameter 6 is small so that we almost have T o ¢ = T + f, T representing the
geometric information of T o , while f captures the texture information. Coefficients p
between 3 and 7 and w between 9 and 15 are related to the nonlocal algorithm and should
be optimized according to the level of noise and the scale of fine details in images. From
our experience, one of the parameters that proves to be the most sensitive is the Lamé
coefficient p between 750 and 5000. It can be viewed as a measure of rigidity. The greater
parameter g is, the more rigid the deformation is, which is relevant if we aim to obtain
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A nonlocal joint segmentation/registration model

a smooth and topology-preserving deformation map. This observation also encompasses
intrinsically the main difficulty related to parameter tuning, namely, how to find a proper
trade-off between accurate image alignment (which means authorizing large deformations)
and topology or orientation preservation (which means monitoring the Jacobian determi-
nant by limiting shrinkage and growth). Indeed, if 4 is chosen too small, the deformation
may lose its injectivity property, which manifests through overlaps/folds on the deforma-
tion grid, while if chosen too big, the registration accuracy may be impaired. In addition
to the parameter setting, we have reported in the last column of 4.3 the minimum of the
Jacobian determinant to ensure mechanic soundness of the obtained deformation. As for
the layout of the figures, we choose a row-wise representation of the results for each me-
thod, with a column-wise alignment of the corresponding results for each method, except
in Figure 4.3 where we compare the results component by component. We now go through
each numerical simulation in depth.

As a preamble and to validate the algorithm, the model has been applied on a toy
geometrical example (Figure 4.1) to emphasize the ability of the model to generate large
deformations and to handle data corrupted by noise. In addition to a smooth deformation
field, the algorithm (the nonlocal implementation here) produces a restored version of
the Reference, restitutes the angles as well as the straight lines more accurately than
with [49]. The method has then been applied on MRI images of a patient cardiac cycle
(4.2, Figure 4.3, Figure 4.4 and Figure 4.5). We were supplied with a whole cardiac
MRI examination of a patient (courtesy of the LITIS, University of Rouen, France). It is
made of 280 images divided into 14 levels of slice and 20 images per cardiac cycle. The
numbering of the images goes from 0 to 279, and includes both the slice number and the
time index. The image 0 is set at the upper part of the heart and the sequence from image
0 to image 19 contains the whole cardiac cycle for this slice. The sequence from images 20
to 39 contains the whole cardiac cycle for the slice underneath the previous one and so on.
A cardiac cycle is composed of a contraction phase (40% of the cycle duration), followed
by a dilation phase (60% of the cycle duration). The first image of the sequence (frames
0, 20, 40, etc.) is when the heart is most dilated (end diastole - ED) and the 8% of the
sequence (end systole - ES) is when the heart is most contracted. It thus seemed relevant,
in order to assess the accuracy of the proposed algorithm in handling large deformations,
to register a pair of the type: Reference corresponding to end diastole (ED), that is the
first image of a sequence, and Template corresponding to end systole (ES), that is the
8" frame of the same sequence. This corresponds to the results depicted in Figure 4.2,
Figure 4.4 and Figure 4.5. For each example and for each model (our algorithm with
the nonlocal implementation of the weighted total variation, our algorithm with the local
implementation and the algorithm in [49]), we provide the Reference R, the Template T,
the binary Reference obtained thanks to ¢; and c¢o which is rescaled to 0 — 1 from the
nonlocal numerical method, the deformed template, the deformation grid which does not
exhibit any overlap (yielding thus the physical well-definedness of the deformation), T the
simplified version of the deformed Template, the segmentation of the Reference obtained
thanks to T and the oscillatory part resulting from R — T. As previously mentioned, the
obtained results outperform those in [49], both in terms of segmentation and registration
accuracy. Visually first, with the capture of small details and thin/long structures, in
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4. Experimental results

Toy example H Dice(r,1) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL | o7es17 | o.0783 | o0.98016 |
Heart ED(108)-ES(100) H Dice(r,) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.54366 0.95304 0.99131
Our method L 0.54366 0.93833 0.99137
Method in [49] 0.54366 0.93322 0.95372
Method L2 — QW 0.54366 0.94844 b'q
Method L? — H? 0.54366 0.9161 X
’ Heart ES(100)-ED(108) (inverse consistency) H Dice(r,T) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.4915 0.95032 0.9749
Our method L 0.4915 0.93361 0.97643
Heart ED(128)-ES(120) | Dice(r,r) | Dice(r, 7os) | Dice(x, 7) |
Our method NL 0.48222 0.9566 0.98107
Our method L 0.48222 0.95744 0.97563
Method in [49] 0.48222 0.95608 0.95806
Method L2 — QW 0.48222 0.95408 x
Method L2 — H? 0.48222 0.94417 X
Heart ED(148)-ES(140) | Dice(r,r) | Dice(r, 7os) | Dice(r, 7) |
Our method NL 0.46821 0.96274 0.99206
Our method L 0.46821 0.96372 0.99557
Method in [49] 0.46821 0.95563 0.94701
Method L? — QW 0.546821 0.96005 X
Method L2 — H? | oa4es21 | 09335 | x|
Slice of brain 1 H Dice(r,1) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.68524 0.96778 0.99642
Our method L 0.68524 0.96273 0.9888
Method in [49] 0.68524 0.96499 0.96637
Method L2 — QW 0.68524 0.96451 X
Method L2 — H? 0.68524 0.82455 X
Slice of brain 1 (inverse consistency) H Dice(r,T) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.71571 0.97161 1
Our method L 0.71571 0.97536 1
Method in [49] 0.71571 0.97284 0.99036
Slice of brain 2 H Dice(r,T) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.93595 0.98357 0.98509
Our method L 0.93595 0.98341 0.98087
Method in [49] 0.93595 0.9818 0.78033
Brain tumor H Dice(r,T) ‘ Dice(r, Toy) ‘ Dice(r, T) ‘
Our method NL 0.59918 0.94309 0.98262
Our method L 0.59918 0.94302 0.98432
Method in [49] 0.59918 0.94213 0.9548
Method L2 — QW 0.59918 0.93708 X
Method L2 — H? 0.59918 0.84553 be

Table 4.1: Dice coefficients.
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Toy example [ Mi(r, r) | MI(r, 700)
Our method NL | os140 [ 07433
Heart ED(108)-ES(100) [ Mi(r, 7) | MI(r, 700)
Our method NL 0.9313 1.1930
Our method L 0.9313 1.1857
’ Heart ES(100)-ED(108) (inverse consistency) H MI(r, 1) ‘ MI(R, Toe)
Our method NL 0.9313 1.2067
Our method L 0.9313 1.2021
Heart ED(128)-ES(120) [ Mi(r, 7) | MI(r, 700)
Our method NL 0.9871 1.2960
Our method L 0.9871 1.2920
Heart ED(148)-ES(140) [ Mi(r, 7) | MI(r, 700)
Our method NL 1.0479 1.3034
Our method L 1.0479 1.3020
Slice of brain 1 [ Mi(r, 7) | MI(r, 700)
Our method NL 0.6282 0.9689
Our method L 0.6282 0.9668
Slice of brain 1 (inverse consistency) H MI(r, 1) ‘ MI(R, Toe)
Our method NL 0.6282 0.8332
Our method L 0.6282 0.8364
Slice of brain 2 H MI(r, 1) ‘ MI(R, Toy)
Our method NL 1.4617 1.5076
Our method L 1.4617 1.5062
Brain tumor H MI(r, T) ‘ MI(R, Toy)
Our method NL 0.3336 0.3953
Our method L 0.3336 0.3984

Table 4.2: Mutual information.




4. Experimental

results

|

Toy example H

min{det Vp} ‘

W P
’ Our method NL H 1 ‘ 1 ‘ 0.1 ‘ 80000 ‘ 1000 ‘ 10 ‘ 10 ‘ 1 ‘ 0.5 ‘ 11 ‘ 5 ‘ 0.0686 ‘
[ mpton 5000 | » | ¢ | o | | 2 | o] <] o] o] «]e]mmmee]

Our method NL 2 1 0.25 | 90000 1000 10 | 10 40 0.5 11 5 0.0430
Our method L 9 0.1 0.25 | 90000 3500 10 | 10 40 0.5 X X 0.0264
Method in [49] 2 0.25 0.1 90000 3500 10 | 10 X X X X 0.0024

’ Heart ES(100)-ED(108) H v ‘ 0 ‘ 1 Y2 I ‘ A c ‘ a P w p ‘ min{det Ve} ‘

Our method NL 2 1 0.25 | 90000 2000 10 | 10 20 0.5 11 5 0.0517

Our method L 10 0.1 0.1 90000 1000 10 | 10 20 0.5 g X 0.0678
’ Heart ED(128)-ES(120) H v ‘ 0 ‘ Y1 Yo I ‘ A c ‘ a P w p ‘ min{det Ve} ‘

Our method NL 4 1 0.08 | 90000 1000 10 | 10 10 0.5 11 5 0.0372
Our method L 4 1 0.1 90000 1000 10 | 10 10 0.5 e X 0.0359
Method in [49] 10 0.1 0.1 90000 1000 10 | 10 X X X X 0.0233

Heart ED(148)-ES(140) H v ‘ 0 ‘ 1 Yo I ‘ A c ‘ a P w P ‘ min{det Vp}

Our method NL 2 1 0.25 | 90000 1000 10 | 10 50 0.5 11 5 0.0380
Our method L 2 1 0.25 | 90000 1000 10 | 10 50 0.5 X X 0.0445
Method in [49] 5 0.1 0.1 | 90000 1000 10 | 10 X X X | x 0.0554

Slice of brain 1 H v ‘ 6 ‘ Y1 Yo © ‘ A c ‘ a P w P ‘ min{det Vy}

Our method NL 1.2 1 0.1 80000 750 10 | 10 | 100 | 0.5 9 7 0.0290
Our method L 1.5 1 0.05 | 80000 1000 10 | 10 1 0.5 X X 0.0388
Method in [49] 1 0.1 0.1 | 80000 1000 10 | 10 X X x | x 0.0635

Slice of brain 1 v 9 1 Yo " A c a p w P min{det Vp}

(inverse consistency)

Our method NL 3 1 0.1 80000 5000 10 | 10 | 100 | 0.5 11 5 0.0012
Our method L 2.5 1 0.1 80000 5000 10 | 10 10 0.5 X X 0.0039
Method in [49] 2 1 0.1 80000 4000 10 | 10 b'e X X X 0.0058

Slice of brain 2 H v ‘ ] ‘ Y1 Yo m ‘ A c ‘ a p w P ‘ min{det Vp}

Our method NL 0.5 1 0.1 80000 1000 10 | 10 1.5 0.5 11 5 0.6152
Our method L 0.5 1 0.1 80000 1000 10 | 10 1.5 0.5 X X 0.6142
Method in [49] 0.5 1 0.1 80000 1000 10 | 10 e X X X 0.6733

Brain tumor H v ‘ 6 ‘ Y1 Y2 " ‘ A c ‘ a P w p min{det Vp}

Our method NL 2.5 1 0.1 80000 820 10 | 10 2.7 0.5 15 | 3 0.0124
Our method L 2 1 0.1 80000 | 900.05 10 | 10 3 0.5 X X 0.0953
Method in [49] 2.3 1 0.1 | 80000 | 802.9 | 10 | 10 X X x | x 0.0488

Table 4.3: Parameters.
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the restitution of a more faithful simplified version of the Reference image yielding a
more relevant oscillatory part in the decomposition phase, and at last, in a more regular
distribution of the Jacobian determinants particularly with the nonlocal algorithm. These
observations are then corroborated by the computation of the Dice coefficient leading
systematically to better results (see again Table 4.1). To assess the inverse consistency,
we switched the role of the Template and the Reference in Figure 4.3. The deformed
grid associated with ¢ (Reference to Template, straightforwardly given by ¢) is naturally
depicted. To fairly assess inverse consistency, we also depicted the deformed grid associated
with ¢! (Template to Reference, computed using interpolation techniques) and displayed
Ro ¢! to be compared with 7.

7‘/ N N N ‘

(a) R (b) T (C) Binary Refe- (d) T o NL (e) Deformation (f) T NL (g) Segmented
rence (rescaled) grid NL Reference NL
NL

Figure 4.1: Toy example (size : 200 x 200), NL execution time : 137s.

The method has also been applied to complex slices of brain data (Figure 4.6) (courtesy
of Laboratory Of Neurolmaging, UCLA). We aim to register a tore to the slice of brain
with topology preservation to demonstrate the ability of the algorithm to handle complex
topologies. This illustration constitutes a preamble to the extension of the model to
3D. Due to the spherical topology of the human cortex, a relevant application would
consist in applying the method to a human cortex and a sphere, in making the desired
computations and numerical analysis on the sphere (rather than on the cortex), and in
recovering the desired quantifiers for the cortex thanks to the inverse mapping. The
results are very satisfactory on these examples since the deformed Template matches very
well the convolutions of the brain and the thin concavities. The model also allows for
the delineation of small holes and thin structures as the larger hole inside the slice more
accurately than with [49], for which the inside hole exhibits a bump and is not as thin as
it should be in the right extremity.

To assess again inverse consistency, we switched the role of the Template and the
Reference in Figure 4.7, resulting in a more accurate alignment of R and T o ¢ with the
proposed method and fewer artifacts on 7" o ¢ in the central hole, unlike method [49].

In Figure 4.8, we aim to map a slice of a brain to another one (courtesy of Laboratory
Of Neurolmaging, UCLA). The obtained simplified version T of R is more faithful to
reality with the proposed model including the nonlocal shape descriptor and restitutes
better the fine details of the complex topology: the segmentation delineates well the long
and thin concavities.
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NL NL

/

.
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[49] [49]

—

—~

t) T o ¢ with
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(u) T o ¢ with (V) R and the
2 _ g2 deformation grid
with L2 — H

Figure 4.2: Mapping of cardiac MRI images (ED(108)-ES(100)) (size : 150 x 150), NL
execution time : 123s, L execution time : 891s.

159



A nonlocal joint segmentation/registration model

(¢) Toe NL TopL  (€) Deformation (f) Deformation

grid NL grid L

) Inverse defor- (h) Inverse defor- (i) 7 NL (k) R— 7 NL ) rR-T1L
matlon grid NL matlon grid L

Ilﬁﬁl

Segmented Segmented Binary Re- Binary Refe- Ro <p71 NL I' Royp -1
Rcfcrcncc NL Rcfcrcncc L fcrcncc (rescaled) rcncc (rescaled) L

Rog@ ! NL Rooe ' L
from Figure 4.2 from Figure 4.2

Figure 4.3: Mapping of cardiac MRI images (ES(100)-ED(108)) (size : 150 x 150), NL
execution time : 123s, L execution time : 891s.
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& I 8

(C) T o o NL (d) Defor- - Segmented Binary Re-
mation grid Reference NL ference (rescaled)

NL NL
5 ﬁ
(i) ToeL (k) 7o (1) R-7L  (m) Segmented (N) Binary Refe-
grid L Reference L rence (rescaled) L
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Figure 4.4: Mapping of cardiac MRI images (ED(128)-ES(120)) (size : 150 x 150),
execution time : 123s, L execution time : 891s.
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Figure 4.8: Mapping of a slice of a human brain to another one (2) (size : 180 x 150), NL
execution time : 304s, L execution time : 378s.

The last numerical experiment is made of brain tumor images (Figure 4.9) taken at
different times in order to highlight the ability of the model to handle complex topologies
with thin tubes and concavities. The registration and segmentation accuracy are visually
better with the proposed model, in particular, in the restitution of the right excrescence
that is more faithful to reality and in the accuracy of the delineation of the left tube at
the bottom of the image (that is not divided into several pieces, contrary to the result
produced by method [49]).
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4. Experimental results

4.2 Quantitative and qualitative assessment of the functional compo-
nents

The question of assessing the relevance of the novel components constituting the consi-
dered functional is legitimate and takes on two main aspects: the relevance of the nonlinear
elasticity based regularizer compared to classical ones (such as diffusion, biharmonic, lin-
ear elasticity) that lead to linear terms with respect to the derivatives in ¢;, i € {1,2}
in the Euler-Lagrange equations, and the relevance of the dissimilarity measure based on
a combination of weighted total variation and nonlocal shape descriptors. For the study
of the relevance of the regularizer, we proceeded like in [49]. Due to the large amount
of literature in the field of registration, we had to make a choice as for the alternating
methods to be compared with our model. First, we decided to focus on non parametric
registration methods, category of methods we are familiar with (keeping in mind that we
implement the computer codes ex-nihilo by ourselves). In [43], Lin et al. first review
the most common and simplest regularization terms (diffusion, biharmonic, linear elas-
ticity models) that lead to linear terms with respect to derivatives in the Euler-Lagrange
equations. Then they introduce a nonlinear elasticity regularization based on the basic
Saint Venant-Kirchhoff stored energy function in order to allow for larger and smoother
deformations. The first conclusion is that, by comparison with image registration models
involving linear regularization, the nonlinear-elasticity-based model renders better ground
truth, produces larger mutual information and requires fewer numerical corrections such
as regridding steps. The second conclusion is that the biharmonic model is more compara-
ble to the nonlinear elasticity model, which motivated us to further examine its behaviour
compared with our model.

The first kind of experiment consisted of tuning off the dissimilarity measure, that is,
the combination of the weighted total variation and the nonlocal shape descriptor, model
denoted by L? — QW in each case. In terms of quantitative accuracy, the proposed me-
thod gives better results with higher Dice coefficients (see Table 4.1). Visually, this is
particularly remarkable in Figure 4.5 (t), where the thin details inside the left ventricu-
lar cavity are not as accurately recovered as with the proposed method (in particular in
terms of thickness and sharpness), in Figure 4.6 (t) in which inside the larger hole the
right extremity becomes finer than it should be, in Figure 4.9 (t), where the excrescences
on the right-hand side, on the bottom left hand corner (particularly the upper part of the
tube that is not faithfully restored as in Figure 4.9 (i)) and on the top (particularly the
round shape and the sharp concavity not as faithfully restored as in 4.9 (c)) are not as
well recovered as with the proposed model. Besides, considering Figure 4.10-Figure 4.12,
we see that including the dissimilarity measure increases the speed of convergence: for the
same number of iterations (300), the L?-fidelity term alone cannot achieve registration
accurately. We observe that the L2-fidelity term decreases fastest with the nonlocal ver-
sion of the proposed algorithm. After a bigger number of iterations, the L2-fidelity term
is always slightly greater than the quantity obtained with the proposed model or with
[49]. We conducted a second kind of experiment, consisting both in replacing the nonlin-
ear elasticity-based regularizer by the biharmonic one and in removing the dissimilarity
measure (so keeping only the L2-fidelity term), model denoted by L? — H2. In the case of
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MRI images of a cardiac cycle(Figure 4.2, 4.4, 4.5), our algorithm produces larger defor-
mations and the obtained deformed Template aligns more accurately with the Reference
particularly in the left hand side and restitutes better the fine details. In Figure 4.6 (v),
for a comparable number of iterations, registration cannot be achieved successfully. In the
case of the brain tumor Figure 4.9, the obtained deformed Template (Figure 4.9 (v)) does
not capture the details of the tumor boundary, resulting in a significantly smaller Dice
coefficient. The right excrescence is not satisfactorily reproduced.
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Figure 4.10: Mapping of tumor brain images with 50 iterations (size : 71 x 61), NL
execution time : 1s, L execution time : 16s.
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Figure 4.11: Mapping of tumor brain images with 100 iterations (size : 71 x 61), NL
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Chapter 5

A second order free discontinuity
model for bituminous surfacing
crack recovery

We consider a second order variational model dedicated to crack detection on bituminous
surfacing. It is based on a variant of the weak formulation of the Blake-Zisserman func-
tional that involves the discontinuity set of the gradient of the unknown, set that encodes
the geometrical thin structures we aim to recover, as suggested by Drogoul et al. ([30],
[8]). Following Ambrosio, Faina and March ([2]), an approximation of this cost function by
elliptic functionals is provided. Theoretical results including existence of minimizers, exis-
tence of a unique viscosity solution to the derived evolution problem, and a I'-convergence
result relating the elliptic functionals to the initial weak formulation are given. Extending
then the ideas developed in the case of first order nonlocal regularization to higher order
derivatives, we provide and analyze a nonlocal version of the model.

1 Introduction

The scope of this work is to propose a novel variational method to detect thin structures,
namely cracks on bituminous surfacing. If classically, singularities related to edges are
associated with a discontinuity of gray level intensities across edges (and are thus detected
using spatial gradient information carried by the image), this characterization proves to
be unsuitable when dealing with points, cracks or filaments. Indeed, while for an edge the
singularity is associated with a jump of the intensity across this edge, for filaments, such
a jump does not occur (see [30, p. 2]). As an illustration, on the crossplot of Figure 5.1,
the crack is represented by a very thin peak and so the spatial gradient is unable to seize
this singularity. In [30], Drogoul provides a heuristic illustration of this fact by consid-
ering an approximation of the 1D function defined by f(z) = 0 if x # 0 and f(0) = 1
as follows: fy(x) = 0if || > 7 and f,(z) = 772—3 |lz|® — 77% |z|2 4+ 1 if |z| < n. It is not
difficult to see that f;(0) = 0, showing that the differential operator of order 1 does not

capture the singularity at 0. On the other hand, as f,/; (0) = _77%’ f;; clearly exhibits a
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Figure 5.1: A bituminous surfacing image and a crossplot going through the crack.

singularity at 0 when 7 becomes small. This exemplifies the fact that in order to detect
fine structures or filaments, higher order differential operators should be considered. This
intuitive illustration is then mathematically formalized in 2D in [30] through Lemma 2.1,
and states in substance the following: assuming that a crack can be modelled by an in-
dicator function supported by a smooth curve I'; it can be approximated by a sequence
of smooth functions whose Hessian matrices blow up in the perpendicular direction to
I', while their gradient is null. Motivated by these observations showing that a suitable
model should involve higher order derivatives, the crack recovery model we propose falls
within second order variational models. It is based on the Blake-Zisserman functional
(see [14]) (recalled in (5.1)) for computer vision problems that depends on free discon-
tinuities, free gradient discontinuities and second order derivatives, and more precisely,
on its approximation by elliptic functionals defined on Sobolev spaces ([2]) —(note that
the Blake-Zisserman functional was successfully applied to segmentation as in [44] for the
segmentation of a digital model of a mixed urban-agricultural area, or image inpainting
as in [22])—. This approximation appears as the counterpart for the second order case of
the elliptic approximations designed by Ambrosio and Tortorelli ([3, 4]) to approximate
Mumford-Shah functional ([36]), and takes place in a variational sense, namely, the De
Giorgi I'-convergence. The qualifying terms “free discontinuities”, “free gradient discon-
tinuities” mean that the functional is minimized over three variables: two unknown sets
Ky, K; with Ky U K; closed, and u, a smooth function on Q\ (Ko U K1) as follows

F(u, Ko, K1) =/ (IV?ul? + @(z,u)) do
O\ (KoUK1)
+aH" (Ko Q)+ BH"H((Ki1\Ko) N ), (5.1)

«a and [ being two positive parameters. The set K represents the set of jump points for u,
and K7\ K is the set of crease points of u, those points where u is continuous but Vu is not.
Under certain conditions, the existence of minimizers for Blake-Zisserman functional is en-
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sured over the space {u:Q CR™ — R|u € L*(Q), u € GSBV(Q), Vu € (GSBV(Q))"},
based on a weak formulation of the problem (GSBV () being the space of generalized
special functions of bounded variation), see [21]. Ambrosio, Faina and March ([2]) in-
troduce a family of elliptic functionals defined on Sobolev spaces, with in particular, a
variable encoding the discontinuity set of Vu which is exactly the structure we aim to
recover. This family of functionals is defined by

F.(u,s,0) :/Q (02 + /-ig) |V2u|? dx + /Q O(z,u)de + (o — B) Ge(s)

juﬁgg(a)JrgE/Q (s + &) |Vul? da, (5.2)

for suitable infinitesimals ke, & and C., and with G.(I) = /Q [g IVI[2 + %} dz.

Before depicting in depth the proposed model and its relation to (5.2), we review some
prior related works dedicated to thin pattern recovery. In [8; 30|, Aubert and Drogoul
introduce a topological-gradient-based method for the detection of fine structures in 2D.
Given a PDE depending on a domain €2, and uq the solution of this PDE, topological
asymptotic methods aim to study the variations of a cost function j(Q2) = j(£, uq) when
a topological modification such as the creation of a small hole or a crack measured by
a parameter € is applied to the domain , resulting in €. The expansion of j({2¢) with
respect to € shows that if one intends to minimize j(2), it is relevant to create holes
or cracks at points xoy where the topological gradient is the most negative. Aubert and
Drogoul motivate the construction of their cost function involving second order derivatives
by showing that a filament can be approximated by a sequence of smooth functions whose
Hessian matrices blow up in the perpendicular direction to the filament, while their gradi-
ent is null as already mentioned. The proposed cost function is inspired by the Kirchhoff
thin static plate model subject to pure bending with a Poisson ratio v = 0. A major
difference with our model lies in the introduction of a variable that encodes the crack-type
singularities. In [12], Bergounioux and Vicente propose a variational model to perform
the segmentation of tube-like structures with small diameter in MRI images. It is derived
from the Mumford-Shah functional (more precisely, on its approximation by elliptic func-
tionals) and includes geometrical priors prescribing the topology of the solution (tube-like
structures defined by thickening a parameterized curve to get a symmetric object of di-
ameter a > 0). The keypoint is that the 2D /3D problems involved are equivalent to 1D
ones formulated in a weighted Sobolev space where the weight is related to the geometry
of the tube. A limitation of this model is that it does not handle junctions of tubes. For
another method dedicated to the detection and completion of fine structures in an image
and relying on tubular structures, we refer to [37].

Other variational models have been investigated, dedicated to particular applications. In
[39], Rochery et al. aim to track thin long objects, with applications to the automatic
extraction of road networks in remote sensing images. They propose interesting nonlocal
regularizers that enforce straightness on the sought parameterized curve. In [10], Baudour
et al. propose a new algorithm for the detection and completion of thin filaments (defined
as structures of codimension n—1 in an ambient space of dimension n) in noisy blurred 2D
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or 3D images. To detect such structures, the authors build a 3D vector field lying in the
orthogonal plane to the filament, while the completion phase relies on the minimization
of a Ginzburg-Landau energy. In [7], Aubert et al. propose detecting image singularities
of codimension greater or equal to 2, inspired again by Ginzburg-Landau models.

The spectrum of the methods that address the issue of fine structure recovery is of course
not limited to variational ones. Morphological approaches can be found in [43] for au-
tomatic detection of vessel-like patterns, but prove to be sensitive to the noise type and
time-consuming, as well as wavelet methods. In [41], stochastic methods are developed
in which a thin network is simulated by a point process penalizing disconnected segments
and favoring aligned pieces.

The next section is dedicated to the depiction of our modelling and its numerical analysis,
encompassing existence of minimizers, existence of a unique viscosity solution to the re-
sulting evolution equation, I'-convergence results and convergence analysis, as well as the
derivation of a nonlocal version of it (section 3). In section 4, we show some numerical
simulations.

For additional mathematical material, we refer the reader to Chapter 2, Sections 1.2, 1.3,
1.4, 2.1, and 3.3.

2 Local mathematical modelling and analysis

2.1 Model

Let © be a connected bounded open subset of R? of class C'. Let us denote by f: Q — R
the 2D image representing bituminous surfacing assumed to be in L*°(2). Such an image
naturally exhibits dense and highly oscillatory texture, reflecting its intrinsic nonlocal na-
ture. This oscillatory component, although relevant in many applications since providing
details and making the image more realistic, proves to be unnecessary for the task to
accomplish. This observation motivates the introduction of a mixed decomposition/thin-
structure-recognition model in which the crack recovery process operates only on that
component of the image denoted by u that does not contain these small features captured
in v. A geometrical justification relies on the notion of scale (for an individual constant-
valued image feature E C (, scale(Z) = |E|/|0E| for ¥ € E; a rectangle of k; X ko pixels
on a n x n discretized grid of the unit square would have a scale of %) Cracks
on bituminous surfacing can be compared to long and thin filaments displaying junctions.
The scale of such structures (the geometric scale of an object being basically the ratio of
an area divided by a perimeter) differs from the scale of small oscillatory patterns present
in the image : if the image domain is the n x n discretized unit square and if, for the sake
of simplicity and as an illustration, the crack is modelled as a rectangle of 1 x k pixels
with k& > 1, its scale behaves like %, while a small feature of a pixel size will have a scale
of ﬁ, so twice as less. By choosing accurately the parameters involved in the modelling,
these two features can be properly discriminated : small-scale features related to texture
will be removed and captured by component v, while larger-scale features such as cracks
will be kept in u. In [35], Meyer introduces the space G(R?) (he works on R? to remove

the problem of boundary conditions) of distributions v that can be written as v = div g,
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where § = (g1, 92) € (LOO(RQ))Z, and equipped with the norm defined by

|mem)zﬂﬂ{H g%+gauwmav::mvg} (5.3)

to capture the oscillatory nature of texture (highly oscillatory patterns have a small G-
norm). A further justification of the use of this space is the link between the G-norm

and the notion of scale provided by Strang ([42]): if v € G, then |v||¢ = sup %,
ECQ '

with Q the image domain and P(FE, Q) denoting the perimeter of E in 2, showing that
the stronger the penalization of ||v||g is, the smaller the scale of the details kept in v is.
Although mathematically relevant (as it resembles the dual space of BV'), the G-space is
hard to handle from a numerical point of view. To approximate the G-norm, we introduce
an auxiliary variable that naturally stems from the Helmholtz-Hodge decomposition as
follows: § = VQ@Q + 13, with P a divergence-free vector that we disregard afterwards.
The coupling between g and V@ is achieved through a quadratic penalization and the
minimization of the L°°-norm is now applied to V@, yielding a problem related to the
absolutely minimizing Lipschitz extensions and to the infinity Laplacian.

Equipped with this material, we propose, in a single variational framework, a mixed
decomposition/free discontinuity and free gradient discontinuity model, first in its weak
formulation, H! denoting the Hausdorff 1-dimensional measure

. e 5 R Y=
inf F(u,§,Q) = |f = u—divg|Tz ) + nlIVQll=(@) + 5 15 = VQIl7i20)

+ p/Q IV2u|? dz + (o — B) H'(Sw) + BH (Syu U Su), (5.4)

V2u being the Hessian matrix, and with Vu denoting the approximate differential, S,,,
the discontinuity set of u, and Sy, the discontinuity set of Vu. The three first penalizing
terms are related to the decomposition of f into u + v with v belonging to G, while the
last components are devoted to the crack detection process. The component [, |V2u|? dz
enables us to control the smoothness of u, while the remaining components monitor the
size of the jump/crease sets. Second, phrased in terms of elliptic functionals inspired by
[2], with two new auxiliary variables v; and vo encoding respectively the set of jumps of u
and the set of jumps of Vu, with G. defined above, and with suitable infinitesimals k., &
and (.

iIlf]:E(U,g,Q,Ul,'UZ) = ”f —u-—- dlvﬁ“%?(Q) +p |||VQH|L°°(Q)
+ 27— VQllxy + o [ (0F +re) [Vuf da

+ & /Q (V2 4 C) |Vul* dz + (o — B) G=(v1) + B Ge(v2). (5.5)

The different parameters are introduced in order to properly discriminate small features
(related to the intrinsic oscillatory nature of the image) from larger scale features such as
cracks, and to properly fit the characteristics of the minimizers. The component || f —u —
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divg ||%2 ©) forces the original image to be close to u + div § with appropriate smoothness
on u, and v = div ¢ lives in a suitable functional space. Indeed, if v — +00, we formally
get f ~ u+divg with § € (L>(£2))2. The variable vy (resp. vg) with range [0, 1] is related
to the set of jumps (resp. creases). A minimizing v, (resp. va.) is in particular close to
0 in a neighborhood of the jump (resp. crease) set, and far from it, is close to 1. Function
u is thus a smooth approximation of the observed image f, this smoothing effect being
localized only on homogeneous parts. The representation of each auxiliary variable forms
a partition of the data. Now looking closer at the components [, (v3 + £c) |V2u|? dz and
G:(v2), letting € become small induces that ve should be 1 almost everywhere on (2, except
where |V2u|? blows up. This observation supports the crack characterization we gave, and
ensures that vy encodes the structures we aim to recover.
We now provide several theoretical results.

2.2 Existence of minimizers

Theorem 2.1. With k.,&,(. > 0, « > 3 > 0, problem (5.5) admits minimizers (u =
Us,ﬁzg}QZQs,m—1115,1}2—1)25) on D(Q) = {UGW22 )|fQUd$:fod$}
xH(div) x {Q € Wh=(Q) | [, Qdz =0} x WH2(Q,[0,1]) x W12(Q, [0,1]), with H(div),
the Hilbert space deﬁned by H(div) = {o € (L*())?|dive € L*(Q)} endowed with the
inner product

- —

(01, 02) H(div) = (01, 02) (12(q))2 + (divoi, divoz) p2 (),
W51, %) € (H(div))?.
Remark 2.1. Condition fQ Qdx = 0 is not restrictive. An argument to include the
constraint [, udz = [ fdx is that the space G(2) defined by G(Q) = {v € L*(Q)|v =

divg, g€ L=(Q,R?), - = 0on 00} coincides with the space {v € L*(Q)| [, vdx =0}
(see [6, Proposition 2.1]).

Proof. Bytakingu: mfﬂfdx v=1,1v=1§=0,Q =0, then F.(u, 7, Q, vy, v2)
Ilf— meas(Q fQ fda:||L2 @ < +oo with f assumed to be sufficiently smooth. Thus the func-

tional is proper and positive and the infimum is finite. Let us now extract a converging
subsequence of a minimizing sequence.

1. Extraction of convergent subsequences: Let (uy, gn, Qn, V1 n,v2,,) be a mini-
mizing sequence of F.. For n large enough, we thus have F.(uy, gn, Qn, V1 n, v2,n) <
inf Fe(u, g, Q,v1,v2) + 1 < +o0.

— Fe(tn, Gns Qn, V10, v2.0) > pllIVQulllo)- As [ Qndz =0 for all n € N, we
can use Poincaré-Wirtinger inequality and get a uniform bound on [|Qy|[yy 1,0 (0)-
[18, Remark (ii) p. 65] gives us the existence of a subsequence of (@) still
denoted by (Q,) converging weakly-* to Q in W1°(Q). As the weak-* conver-
gence in W% () implies uniform convergence, then Jo Qdx = 0.

— Fe(tn, Gny Qn,Vin,v20) > (o — 6)€H\V?)1,n!HQL2(Q). By noticing that vy, €
L>*(Q) with 0 < vy, < 1 almost everywhere, we have [, v1, dz < meas(Q) <
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400 for all n € N. The Poincaré-Wirtinger inequality gives us the existence

of a subsequence of (vy,) still denoted by (v1,,) weakly converging to o7 in

WL2(Q). Since W12(Q) © L?(Q), (vin) strongly converges to o7 in L?(1)
C

and so pointwise almost everywhere up to a subsequence. We conclude that

1 € WH2(Q, [0, 1]).

— Fe(tn, Gns Qny Vim, v2.0) > 5€|va2nH’L2(Q By noticing that ve, € L*(£2)
with 0 < vp, < 1 almost everywhere, we get fQ Vo, dz < meas(2) < +oo for
all n € N. The Poincaré-Wirtinger inequality gives us the existence of a subse-
quence of (vy,,) still denoted by (v2,,,) weakly converging to vz in W12(Q). Since
W2(Q) © L*(Q), (v2,n) strongly converges to o3 in L*(Q) and so pointwise al-

C
most everywhere up to a subsequence. We conclude that 75 € W12(€, [0, 1]).

- fa(unu Gns Qns V1, UQ,n) > ,OH\EHVQUnH%/z(Q) =+ €6C€H ’vun’”%g(g) As fQ Up dr =
fQ fdx for all n € N, the Poincaré-Wirtinger inequality gives us the existence of
a subsequence of (u,) still denoted by (u,) weakly converging to @ in W22(Q).
Since W22(Q) © L?(2), (uy) strongly converges to u in L?(£2) and so pointwise

(&

almost everywhere up to a subsequence with fQ Up dr = fQ fdxr < +00. We
conclude with the dominated convergence theorem that [, adx = [, f dx.

- Fe (unagnanavl ny U2, n) > 4||d1Vgn||L2(Q) HfHLZ () 2||unH%2 Fy|||gn|||L2 O
o ||VQn||L2(Q). Since (Qy,) is uniformly bounded in W% (Q) and (uy,) uniformly

bounded in W?22(€2) then (g,) is uniformly bounded in H(div) and we extract
a subsequence still denoted by (g,) such that (g,) weakly converges to g in
H(div).

2. Lower semi-continuity of the functional:

- Since VQu > VQ in L¥(5) then liminf]|[VQul |~y > 1Y@~y (18,
Proposition I11.12]).

— Weak-* convergence in L>°(£2) implying weak convergence in L?(£2), then |||VQ—
122 < I nf|[VQs — G320

— G, is convex and strongly lower semi-continuous in H!(Q) and so weakly lower
semi-continuous in H(1).

~ Since u, — @ in W*2(Q) © L*(Q) and divg, — divg in L?*(Q) then
n—-+o0o c n—-+oo
Hf —U— leg”%ﬁ(Q) < lﬁgl_"l_g”f — Un — gn”%%ﬂ)

— Let us consider h : 2 x R x R? = R, (z,v,w) — (v(z)? + ¢)|w(z)>. Since

v, — o1 in WH2(Q) O L3(Q) then v1, — o7 in L?(€2). Besides, since
n—-+o0 c n—+00

u, — @in W?%(Q) then Vu,, — Va in L?(€,R?). h is continuous in
n——4oo n—+oo

(v, w) for almost every x € €, h is measurable on (2 for almost every (v, w) € Rx
R2, for any (z,v) € Q2 xR, h is convex with respect to w, and for all (v, w) € R x
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R? and for almost every x € Q, h(x,v,w) > 0 € L'(Q). Thanks to [13, Theorem
1], we can conclude that liminf [ h(z,v15, Vuy) de > [ h(z, 71, Va).

n—+oo
— Let us consider h: Q x R x M(R) = R, (x,v,w) — (v(x)? + ke)|w(x)|?. Since
Von T3 in WH2(Q) © L?(Q) then vg, o T3 in L%(Q). Besides, since
u, — uin W22(Q) then V3u, = V2 in L*(Q, M3(R)). h is continuous
in (v, w) for almost every = € €2, h is measurable on €2 for almost every (v, w) €
R x Ms(R), for any (xz,v) € Q x R, h is convex with respect to w, and for
all (v,w) € R x My(R) and for almost every x € Q, h(x,v,w) > 0 € L'(Q).
Thanks to [13, Theorem 1], we can conclude that lighinf fQ h(z,vap, V2u,)dr >

Jo Mz, vz, V).

As the liminf of the sum of functions is greater than the sum of the liminf of these
functions, then F.(u,g,Q,v1,v2) < limJirnf Fe(Un, Gn, @n, V1m, v2.,) which concludes
n—-+0o0

the proof.
O

Remark 2.2. It is possible to set & = 0 in (5.5) (the existence theorem still holds),
but a suitable functional space for u becomes W;OE(Q) N L>®(R2). For instance, with the
condition ||ul| oo () < || fllLeo(), which is reasonable in virtue of the smoothing properties
of the functional. Indeed, [2, Proposition 4.6/ provides a uniform bound on |[Vul|p2(a

once a uniform bound is extracted for ||ullp2(gy and |[V?ul|2(py with A, B C R?* open sets
and (Asy) € B.

Remark 2.3. The case k. = 0 can also be considered (an existence theorem still holds) but
requires more care and applies to a problem no longer phrased in terms of a L?-penalization
for Vu, but with a L7-penalization, v > 2. The unknown u should be searched in the
subspace of WH2(Q) defined by {u € W2(Q) |vaVu € WHP(Q,R?)}, with p = % €]1,2].
The boundedness of va in WH2(Q) as well as the boundedness of |Vu| in LY(S2), and the
fact that V(vy Vu) = vy V2u+ Vv @ Vu show that vy Vu is bounded in W'P(Q, R?) using
Holder’s inequality.

Remark 2.4. Functional F. is convez in each variable (which yields a natural alternating
framework for the numerical resolution) but not in the joint variable (u, g, Q,v1,v2). Nev-
ertheless, for vi,vy fized, if (u1,gi, Q1) and (uz, g2, Q2) denote two minimizing elements,
it can be proved that u; = us a.e., divgi = divgs a.e., and gi—ga = VQ1—V Q3 a.e.. Con-
sequently, div(VQ1 — VQ2) = A(Q1 — Q2) € L?(Q) = 0 a.e.. By the generalized Green’s
formula [29, Proposition 3.58], [ [V(Q1— Q2)>dz = (V(Q1 — Q2) - 71, 70(Q1 — Q2)), the
linear functional V(Qy — Q2) - i belonging to the dual H='/2(8Q) of the space of traces
HY2(0Q). If we assume that V(Q1 — Q2) - = 0 on 9, then Q, = Q2 a.e..

2.3 Existence of solutions for the Euler-Lagrange equations

We now focus on the elliptic functional which is the one we solve in practice. Note
that, in the numerical simulations, we have dropped the constants k. and (.. We first
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derive the Euler-Lagrange equations according to each unknown, with x = (x1,x2) and
7 = (ng,,Ng, ), the unit outward normal to the boundary. Making use of the absolutely
minimizing Lipschitz extensions ([5]) for the equation in @, we get:

4o f)edn G+ 2l
2. VP 2p|v2u|2 Iy
g1 :a’ﬂlQ 26361 (f u—divg) azzQ (f_u_dng)7
u=(f—divg) — p% (v% 2;‘) pgf (v§ %‘)
_2'0 Bac?gmz (’U% 6x1812> + 55 div (’1)1 Vu)
—pAxQ —YAQ + vdivg =0,

combined with the boundary conditions Vvl =0, Vo -71=0,(f—u—divg)ng, =

v =

0, (f —u—divg)ng, = 0, vj 2V - i = a,%lzlunxl 0, Ox, (v28§1$1 )ngc1 =0,
8§2x2u Ngy = 0, Oy, ( 8%2@ )nm2 =0, 028§1I2u Ng, = 0, O, (U%@%lmu) Ng, = 0 and

( —VQ) -1 =0on 0N Let us now embed the last equation in a time-dependent setting.
Let T > 0 be given. The evolution equation in the unknown @ is thus given by

0
{ 0762 = uAQ +YAQ — vdiv§ on R? x (0,7, (EE)
Q(x,0) = Qo(z) on R?,

with Qg € W1*(R?) and By its Lipschitz constant. (To remove the problem of boundary
conditions, we work on R? for the spatial domain). We now give an existence/uniqueness
result for the PDE in @ in the viscosity solution theory framework. To do so, we first
need the additional following assumption

div ¢ is bounded and is Lipschitz continuous uniformly in time

with kg its Lipschitz constant independent of time. (H)

For the sake of conciseness and using the normalized version of the infinity Laplacian, the
evolution equation is now written in the form

oQ 2
o 0@, VQ.VQ) =

with G : R? x [0,T) x R? x 82 (S? being the set of symmetric 2 x 2 matrices equipped with
its natural partial order) defined by

G(z,t,p, X) = —vytrace(X) — ,u< |§1 |_,|> +~vdivg

= —ytrace(X) — utraee( FE X) + ~div g,
p

= E(X) + F(p, X) +~divg,

and with the following properties
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1. The operators G, E : X — —~trace(X) and F : (p,X) — —,utrace(%? X) are

independent of @ and are elliptic, i.e.VX,Y € 82, Vp € R?\ {6R2}, if X <Y then

F(p,X) > F(p,Y) since F(p,X) — F(p,Y) = —,utrace(%fX) + utrace(%fY) =

—utrace(%(X - Y)> = —u<%,(X — Y)%> >0as X <Y.

2. F is locally bounded on R? x 82, continuous on R?\ {0g2} x S2, and F*(0,0) =
F.(0,0) = 0, where F™* (resp. Fy) is the upper semicontinuous (usc) envelope
(resp. lower semicontinuous (Isc) envelope) of F. Indeed, using Rayleigh quotient
and its properties, it is not difficult to see that for nonzero vector P, A\pin(X) <

trace (%X) = <Z<7[’;g> = R(X,9) < Mnaz(X), Amin (resp. Apaz) denoting the

smallest (resp. biggest) eigenvalue of X.

The first important result is a comparison principle which states that if a sub-solution and
a super-solution are ordered at initial time then they are ordered at any time.

Theorem 2.2 (Comparison principle, adapted from [32]). Assume (H) and let u : R? x
[0,7) — R be a bounded upper semicontinuous sub-solution and v : R? x [0,T) — R be
a bounded lower semicontinuous super-solution of (EE). Assume that u(x,0) < Qo(x) <
v(z,0) in R?, then u < v in R? x [0,T).

Proof. This proof is rather classical and we follow the arguments of [27] for parabolic
equations and of [32]. We first remark that for any A > 0, & = u — 72+ is also a sub-
solution of (EE) and satisfies:

- -
Uy + Gy(z, t, qu)DQQ) < m < T2
since @y = u — =2, D& = Du and D?*t = D?u. As u < v comes from @ < v in

T—6)2°
the limit when A tends to 0, it is sufficient to prove the comparison under the additional

assumption:

(i) w+ Gs(2,t, Du, D*u) < 23
(ii) lim u(x,t) = —o0 :
t—T

Let us set M = sup u(z,t) — v(z,t). We want to prove that M < 0. To do so,
(2,t)ERZX[0,T)
we will use a reductio ad absurdum reasoning and we assume that M > 0 so there exists
(z*,t*) € R? x [0,T) such that u(x*,t*) — v(x*,t*) > 0.
We introduce My defined by My = sup {f(z,y,t) = u(z,t) —v(y,t) — L]z —
(z,y,t)ER2XR2x[0,T")

yl* = $(lz[2 +y|*) }, € > 0. We notice that My > u(z*,t*) — v(z*,t*) — a|z*|* > 0 and so
My > 0 for o small enough. This supremum is reached owing to the term §(|z|* + |y[*),
M, the bound above of u and —m, the bound above of —v, the upper semicontinuity
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of f, the fact that f is proper and lim flx,y,t) = —oc0 since f(x,y,t) <

t—T,|z|—+o0,|ly|—+o0
M, — my — $(Jz* + |y|*). We denote by (zq,y0,t0) € R* x R? x [0,T) a maximum.
Consequently, we get the following lemma:

Lemma 2.5 (adapted from [32]). Let M’ = lim sup (u(x,t) —u(y,t)). Then
h=0 | —y|<h,te[0,T)

1. lim azxg = hmayo =0.
a—0

2. lim |zg — yo|* =
e—0

3. lim lim My = M.

e—0a—0

4. lim lim 1]z — yo|* =
e—~0a—0

5. lim hr% a(|zo|? + |yo|?) = 0.

e—0

Proof. By boundedness of v and v, then the function (z,y) — u(z,t)—v(y, t) is bounded for
4
any t € [0,T). Besides, we assume that My > 0. We also have % + 2 (|zol* + |yo|?) <
C. We deduce that §(|zo|? + |yo|?) < C and |zg — yo|* < 4Ce leading to lin% lzo — yo| =0
€—>

and lim azg = hm ayo = 0.
a—0 —0

Let us now set Mh = sup (u(z,t) —u(y,t)). Let (x y" th) € RZ xR2 x[0,T) be
lz—y|<h,t€[0,T)
a sequence such that ¥n € N*, u(zh, th) — v(yh, n) > My — L with |2l — /| < h. This

n»'n -

sequence is independent of a. We then get M) — — — Z—: — 2(|2h]? + [y %) < u(ah, th) —
v(yh, th) — ‘Z"% — (\xh\ + |yt ?) < My < u(xg,to) v(yo,to). Let a tend to 0 in what
precedes, then M) — % - < hm 1nf( (zo,t0) —v(yo,to)) < limsup (u(xp,to) — v(yo, to))-

a—0

Now let h tend to 0, we get M’ - % < llmiélf (u(zo,to) — v(yo,to)) < limsup (u(zo,to) —
o— a—0

v(yo,t0)). Finally, we let € tend to 0 and obtain M’ — 1 < lim i(glf lim inf (u(zo,to) —
€E—> o—
v(yo,to)) < liminflimsup (u(zo,to) — v(yo,to)) < limsuplimsup (u (xojto) — v(yo, to)) <
=0 a—0 e—0 a—0
lim sup lim sup sup (u(z,t)—v(y,t)) < limsup sup (u(z,t)—v(y,t)) =

e—0 a—0 h—0 |z—y|<h,te[0,T)

\x—y|§Ce%,t€[0,T)
M'. So, lir% lir% (u(zo,t0) — v(yo,to)) = M'. In the same way, we get lim lim My = M.
e—0a—

e—0 a—0

Thus lim lim (% + % (|zol* + |yol?)) = lim lim (u(zo,t0) — v(z0,y0) — Mo) = 0. So
e—0 a—0 e—0 a—0
lim lim Zo—wl® _ g
e—0 a—0 de OJ

lim li 2
jm 5 & (|zol* + |yol?)

We then distinguish two cases.

1. Ve > 0, Ja € (0,¢) such that tg = 0. Then there exists ¢, — 0and oy, —> 0
n—+oo n—+oo

with ¢, =0 and 0 < My < u(zo,n,0) — v(Y0,n,0) < Qo(xo,n) — Qo(yon) < Bolzon —
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Yo,n| where By is the Lipschitz constant of QQg. We obtain a contradiction since

nET |T0,n — Yon| = 0.

2. Je > 0 such that Vo € (0,¢€), tg > 0. We can choose € big enough otherwise we use the

— 4 . ~
first argument, i.e., such that 12 4ey°| < QTQAWF?. We consider u(x,t) = u(a: t)—%|z|?

and 0(z,t) = v(z,t)+ $|z|? and so My = sup {a(z,t)— =yl y‘ }.
(z,y,t) ER?xR?x[0,T))

4
Let us take the test function ¢(z,y,t) = % and set pg = g — yo. By using the

parabolic version of Ishii’s lemma with the same notations, it comes that 7 = 0,
Zz -7

p1 = @ = po, A = Z|pg|? (—Z P > with Z = 2 + p‘0®‘2 and for each 8 > 0

such that BA < I, there exist (X,Y) € (S?)? and two reals 7, and 73 such that

71— T2 =0,

2
(1, ‘pOLpo,X) e Pri(wo, to),

2
Pol"Po 5~
(2, TP ) € iy, ),

L= 3)som

The last inequality implies that X <Y. We then use the following lemma.
Lemma 2.6 (adapted from [32]). We have the following estimations on the matriz

A:

444714<< 1,
A

) < Szl
€

1 12
If§ = ———, then (I —0A) A < 2| AT < = |pol*1,
2| Al €

with ||A|| = sup ‘Aé 5'.

€eRt

Proof. By definition of ||Al|, we have ﬂ < ||A]|| for any ¢ € R* and so LH& < IEE
which gives the fist result of the lemma

Let £ = (€1> € R*. we have:

&2
Ag =226 - &) (6 - &)
< %\p0|227(51-€1'+*€2-€2)7

4
< ZImlIZ el
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So it suffices to show that || Z]| < 3.

266 = 51 L PEPe

[pol?
51
2

2
< *§1-

S +£17

For the last point, it suffices to notice that if B > 0 and C > 0 Wlth B,C ¢ §?
such that BC = CB then CB > 0. Indeed, CB¢.& = CB2§Bzg > 0 since C
is non-negative and B is symmetric non-negative. So, if B > C' and D > 0 with
D(B—C) = (B—C)D then DB > DC. It thus suffices to prove that A < 2||A|(I —
d0A) =2||A||I — A, i.e. A <|A||I which is true by definition of the norm. O

By using this lemma with § =

7 AH the inequality becomes %POP (é ?) <

0 -Y € 0 I

—yold .
which is also the case for pg according to [0 4Ey°| < QTQ)‘W In particular, we

have MI <X< 12‘7’0' I. So there exists a sequence (ay,) such that a,, — 0,

n—-+00

to H too, PO —> poo,X H X and Y H Y. Furthermore, since v is
n—-+oo n—-+oo

a sub solutlon v is a super—solutmn and using the additional assumption, we get:

(X 0 > < 12lpol® <I 0). Thus X and Y are bounded independently of «

2
Dol Po —A
Pol + oz, X + anl) < T2

1+ G*(‘T()a th

lpol*po

72 + G*(yo, to, —anyo,Y —apl) > 0.

Then using the matrix inequality X < Y and the ellipticity of the equation, we

2
obtain 7+ G*(yo, to, ‘pdfpo —apyo, X —a,l) > 0. Subtracting these two inequalities
gives us

A 2 2
ﬁ + G <x07t07 |p06 Po +Ckn$0,X + an[> S G* (?JO,th |p0‘ Po - Oényan - a?’LI>7
— ydivg(xo, to) + vdivg(yo, to) — E(X + a,I) — Fi ( !p0|€ Po | anxo, X + anI)
2 A
+ E(X — anl) + F* (M — oy, X — anI) > 5
€

Let n tend to infinity. As divg is Lipschitz continuous uniformly in time with sz the
Lipschitz constant, we get:

2 2
glonel — B(Xee) — B (P20 ) g+ e (PP )5 2
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Since |pg| < H%W and so |peo| < QTQ#W’ hence
A |poo|2poo * ’poo’2poo A
g7~ (T X )+ (R X) 2

We distinguish here two cases:

— First case: po, = 0. From the matrix inequality #I;OP (é ?) < <)g —0Y> <

M <é ?), it yields Xoo = Yoo = 0. Having F*(0,0) = F4(0,0) = 0 leads
to 0 > ﬁ which is absurd.

— Second case: pso # 0. Since F is continuous on R?\ {0} xS?, then F, (%, Xoo> =
pr(l=lee oy ) = p(le=lr= X)), yielding 0 > 2 which is absurd.

O]

We now turn to the existence of a solution. To do so, we use the classical Perron’s
method and need to construct barriers.

Theorem 2.3 (Construction of barriers, adapted from [32]). Assume (H) and let Qo €

W1e°(R?). Then u™ = sup Qo(x) + || div G| o (r2x [0, 1))t and u™ = ian2 Qolx) —
zER2 z€
| div gl oo (R2x[0,7))t are Tespectively super- and sub-solution of (EE).

Proof. The proof of this theorem is straightforward. Indeed since Qo € W1*°(R?) then u~
and u™ are twice differentiable in space and once differentiable in time and are bounded.
Besides u™ (x,0) = ié1£2Q0(I) < Qo(z), ut(z,0) = SupQQ()(J,‘) > Qo(z), Vr € R%. Fur-
T T€R
thermore, V(z,t) € R? x [0,T), uy (z,t) = —||div §ll peorexo,r)), Du (2,t) = 0 and
D*u=(x,t) = 0; v/ (x,t) = y||div§l|perexior)), Dut(z,t) = 0 and D%ut(a,t) = 0.
It follows then V(x,t) € R? x [0,T), u; (z,t) + Gu(t,z,u™ (z,t), Du~(x,t), D*u=(z,t)) =
—[|div gl 100 R2 x 0,7y FYdivG (2, 1) < 0 and uf (z, 8)+G* (¢, 2, u™t (2, t), Du (z,t), D*u' (x,1))
= Y[div gl Lo (r2x[0,7)) + ¥divg(z,t) > 0. Hence u~ is a sub-solution and u* a super-
solution of (EE). O

A direct consequence of the two previous results is the following existence theorem.

Theorem 2.4 (Existence and uniqueness of a solution). Assume (H) and Qo € WH*°(R2).
Then there exists a unique bounded continuous solution of (EE) in R? x [0,T).

Proof. We follow Perron’s method here ([27, Theorem 4.1]). Indeed, we have constructed
a bounded sub-solution and a bounded super-solution which fall within the comparison
principle. Then @ = sup{w, w sub-solution of (EE) and V(x,t) € R? x [0,T), u™ (x,t) <
w(z,t) < ut(x,t)} is a solution of (EE) potentially discontinuous. Clearly, @ is bounded
since u™ and u~ are bounded and since @ is a solution of (EE) then Q. is a super-solution
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and Q* is a sub-solution and so applying the comparison principle gives us @* < Q.. But
by definition, Q. < Q* and we finally get Q) = Q* = ()« meaning that () is continuous on
R2 x [0,7). O

Let us now focus on the regularity of the solution. Let us first consider the regularity
in space.

Theorem 2.5 (Lipschitz regularity in space, adapted from [32]). Assume (H) and that
[VQollpee(r2y < Bo with By > 0. Then the solution of (EE) is Lipschitz continuous in
space and satisfies

HVQ('ﬂt)HLW(R2) < B(t),
with B(t) = ykgt + By.

Proof. We will follow arguments of [32, Lemma 4.15]. We have proved that @ is bounded

and continuous on R? x [0, 7). Let us set ®(x,y,t) = B(t )(|x —yl?+e )é and we aim to
show that Q(z,t) — Q(y,t) < ®¢(x,y,t) for any (x,y,t) € R x R? x [0,T). We introduce
M = sup (Q(.T,t) - Q(y7t) - q)e(xv yat) :
(z,y)€ERZxR2,te[0,T) -
We assume that M > 0. We denote by M = sup {Q(z,t) = Q(y,t) — §(|z]*+
(z,y)ER?XR2,t€[0,T)
|y|2 )— A — ®¢(x,y,t)}. For A small enough and a small enough, we have M > 0. As Q is
bounded and continuous with lim Qz,t) — Qy,t) — 2(|z|* + [y*) — 725 —

|| =400, |y|—~+o00,t—T

®¢(z,y,t) = —o0, the maximum is attained at (z,y,?) with Z # 7 and %(|z|* + |7|? )
owing to M > 0 and @ bounded. Therefore, lim a|Z| = lim «|y| = 0.

_ a—0 a—0
We now prove that ¢ > 0 by contradiction. We assume that ¢ = 0, then Q(z,0) —Q(y,0) —
®¢(7,7,0) > 0 that is to say Qo(Z) — Qo(y) > B(0)(|z — 7|> + 62)%) > By|z — y| which is
absurd since || VQo|| o (r2)y < Bo.
We set p = Dy®%(2,4,1) = —D,@(2,9,1) = B(D)(@ - g)(|z — gl + )72 # 0, Z =
D20%(2,7,) = D30"(z,5,8) = BO((|7 -9 +&) 2 = (72 + ) 3 @-p) 2 (2-7))
and A = ( ZZ _ZZ
Q(z,t) — $lz%, O(z,t) = Q(z,t) + %|z|?, and ®(z,y,t) = ®(z,y,t) + 7, for every 3
such that BA < I, there exist 1 € R, 0 € R and X € S?, Y € §? such that

). Then by the parabolic version of Ishii’s lemma applied to @(z,t) =

A
— 4+ B'(1
- "
(r1,p+az, X +al) e Pt
(r0,p—ay,Y —al) € P~

TR

1
T Ty = +mg(17 — g + €2,

A\
(T - 1)
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Thus we have

71 +divg(z,t) + E(X +al) + Fu(p+ az, X + al) <0,
1o +divg(y,t) + E(Y —al)+ F*(p — ay,Y — al) > 0.

As the matrix inequality implies X < Y and using the ellipticity of the equation, we
deduce that

7+ divg(y,t) + E(X —al)+ F*(p— ay, X — al) > 0.

Subtracting both inequalities, we get

A _ 1 o o
EDERRA gI> + €%)2 +1divg(z) — 4divi(y) + E(X + ol) — B(X — al)

+F(p+az, X +al)— F(p—ay, X —al) <0.

Let « tend to 0 (p and X are bounded independently of « so we can extract convergent
subsequences whose limits are still denoted by p and X)), then:

A ) o 1 e o _ .
m + ilg%](’}/ligﬂl‘ — y|2 + 62)2 + vdivg(z) — fydlvg(y)) + F.(p,X)— F*(p,X) <0.

Since p # 0 then F*(p, X) = F.(p, X) = F(p, X). Besides
_ _ 1 . oy . oy _ _ 1 _ _
vig(|E = g1* + )2 + 1divg(z) — 4divg(y) > vrg(|T — §1° + )2 — yrglT — gl > 0.

Therefore ﬁ < 0 which is absurd.
Then Q(z,t) — Q(y,t) < ®(z,y,t). Let € tend to 0, we get Q(x,t) — Q(y,t) < B(t)|x —yl.
By exchanging x and y in what precedes, we get |Q(x,t) — Q(y,t)| < B(t)|z — y| which

concludes the proof. O
Besides, we can show that this solution is also uniformly continuous in time.

Theorem 2.6 (adapted from [32]). Assume (H), and that divg is uniformly continuous
in time with Wipg s modulus of continuity. Then the solution of (EE) is uniformly
continuous in time.

Proof. We follow again the arguments of [32, Lemma 4.15]. Let us set § > 0. For any
(x,t) € R? x (0,T) such that t + § < T, we set v(z,t) = Q(x,t + ). Then v is a sub-
solution of w; — wdivg(‘s) + div(§) (=, t) + BE(D*w) + F(Dw, D?>w) = 0 on R? x (0,T — §)
with w(z,0) = Q(z,0) on R? in the sense of viscosity solutions theory. Indeed, we have
v = Q4, vy + divg(z,t + 6) + E(D?*v) + F(Dv, D*v) = 0 and divg(z,t +6) > —Wiiyz(0) +
divg(x,t) leading to vy — wdivg(é) + divg(z,t) + E(D?*v) + F(Dv, D?>v) < 0. Besides,

o= Q + sup ((Q(z,d) — Qo(z))") + Wiy (0)t ((a)™ = max{0,a}) is a super-solution
z€ER?
with v(x,0) < @(z,0) for any # € R?. Using the comparison principle, we get V(z,t) €
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R? % (0,T = 4), Q(z,t +9) — Q(z,t) < sup (Q(x,0) — Qo(2))") + wyiyz(9)t-

zeR?2
We will now focus on an auxiliary problem. Let us first assume that Qp € CZ(R?). We

set ut/~ = Q()(.’IJ) + / — Cqt with Cy = inF\f {—E(D2Q0) — F*(DQ(],DZQ()),E(DZQ()) +
z€eR?

F.(DQo, D?>Qo)}. We easily check that u* is a super-solution and u~ a sub-solution of
(SP): uy+E(D*u)+F(Du, D?>u) = 0, u(x,0) = Qo(z). Then there exists a unique solution
u of this problem and by the comparison principle, the following holds: V¢t € [0,7T), Vx €
R?, |u(z,t) — Qo(z)| < Cit. We then set v(z,t) = u(x,t + h). So v is also a solution
to the problem (SP) with v(x,0) = u(z,h), Vz € R? and by the comparison principle,
we get u(x,t + h) —u(z,t) < sup{u(z,h) — Qo(x)} < Cih. Similarly, we have u(z,t) —
zER?
u(z,t + h) < sup{u(x,h) — Qo(x)} < Ci1h and so |u(z,t + h) — u(x,t)| < sup {u(x,h) —
zeR? zeR?

Qo(z)} < C1h. We now assume that Qo € W1(R?). We set Q¥ = Qq * p., where p, is
a regularizing sequence satisfying p. = 6%,0(%), p € C*(R%R), p > 0, supp(p) C B(0,1),
and [, p(x) dz = 1. Then Q? € C2(R?) and || DQ?||(r2) < Bo, [D*Q?|| 1o (r2) < BOTCz.
Indeed using properties stated in [31, Theorem 1, p.123], we have

IDQY(x)| = |DQo * pe()|,
oy / DQolx — y)pely) dy.
R2

< /R2 |DQo(x — y)pe(y)| dy,

B (y) dy,
< o/Rz,o (y) dy
S BOa
and
|D*QY(x)| = |DQo * Dpe(x)|,
=|/ DQo(z — y)Dpe(y) dyl,
R2

< / IDQo(z — y)Dpe(y)| dy,
R2

B 1
SO/ —2Dp<g)’dy,
€ Jroe €

By
< ?HDPHLl(RZ)-

Moreover, ||Qo — QSHLOQ(RQ) < Bye since
Q@) = Qe < [ 1Qu(e) = Qule = wloclo) .

< By / Iylpe(y) dy,
B(0,¢)
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< Boe/_ pe(y) dy = Bye.
B(0,¢)

We denote by u, the solution with initial condition Q°. Then, by the comparison principle,

e (1, 8) = ue(, )| Loo(rey < 11QY — Q2| Le(r2), and so (ue) converges uniformly to u the

solution of (SP) with initial condition Qg since (Q?) converges uniformly to Qy. We then

have by the comparison principle that [Jue(.,t) — u(.,t)|[zor2) < Q0 — Qol| o< (r2) and

deduce that

[u.t+h) = ul, )| L rey < 201QF — Qolloe(rey + lluc(,t 4+ h) — ul., )| Loo(r2),
< 2Bge + C4 (Bo, BOCQ) h.
€

By taking the minimum on €, we obtain the modulus of continuity of u, called wr which
depends only on By. And so u satisfies Qo(z) — wp(t) < u(z,t) < Qo(z) + wr(t). We
now prove that ||Dul|pecrex(o,r)) < [[DQolloo(r2)- Indeed, let us consider the function
ul(z,t) = u(z+h,t)+ [ DQol| o (r2)|h[. Then u is still a solution of (SP) with initial con-
dition u"(z,0) = Qo(z+h)+[|DQol| Lo r2)[h| = Qo(z). So, by the comparison principle, we
have u" > u. We deduce that for every h € R?, u(z, t) —u(z+h,t) < [[DQo|| 1 r2) |k, and
50 || Dul| oo (r2x (0,7)) < 1D Qo oo (r2). We then set U™ (2, t) = u(w, t) +[|divd]| Lo (r2x 0,7))
and come back to the initial problem. Then || DU || o2 (0,7)) < [1Dul| oo r2x(0,7)) < Bo
and U™ is a super-solution of (EE) since Ut (x,0) = u(x,0) = Qo(z) and U, (z,t) +
G*(x,t,UT, DUT, D*U") = ws(x,t) + ||divg]| o rexjo,r)) + divg(e,t) + E(D?u(z,t)) +
F*(Du(z,t), D*u(x,t)) = |divg]| oo R2xjo,7)) + divg(z,t) > 0 and satisfies U*(z,t) <
Qo(z) + wr(t) + [|divg| Lo r2x[o,r))t-  Similarly, we construct a sub-solution U~ such
that U™ (z,t) > Qo(x) — wp(t) — |divg||per2xjo,r)t by setting U™ (z,t) = u(x,t) —
|divg]| Lo (2 x[0,7))t- By applying the comparison principle, we get that

Qo(x) — wr(t) — [[divg]l Lo rexjo,ryt < U™ (2,1) < Q(x,t) < U™ (x,1)
< Qo(®) + wr(t) + [|divg]| oo (r2 xj0,1))t-
Thus sup ((Q(z,6) —Qo(2))") < wp(d)+[|divyl| Lo (r2x[0,1))0 and so Q(z,t+0) —Q(z,t) <

z€R?
wr(0)+ ||diV§||L°°(R2x[0,T))5+wdivg(5)T- Similarly, v is a super-solution of wt+wdiv§(5) +
divg(z,t) + E(D?*w) + F(Dw, D*>w) = 0 BLACKwith w(x,0) = Q(z,5) on R? and @ =
Q(x,t) — sup ((Q(x,d) — Qo(x))”) — wdivg(é)t (()” = min{0, a}) is a sub-solution. So,
z€R?
by the comparison principle, we have

Qx,t) — Q(z,t +6) < Squ((Q(x’ 6) = Qo(x)) ") + wgiyz(9)t,
xTe
< wp(0) + [|divgl| L (r2x(o,7))0 + Wivg(0)T-
And so
Q(z,t) — Qx,t + 0)| < wr(0) + [[divg|| Lo (r2x[0,7))0 + Wiy ()T

which achieves the proof. O
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This concludes this section on the existence of a well-defined and smooth solution of
the evolution equation derived for (). Let us now turn to a I'-convergence result.

2.4 Asymptotic results

In that purpose, an additional condition is set on u to get a uniform bound on ||u(|2(q)-
We assume that u € L>°(2), which is rather a non-restrictive and natural requirement in
image processing since at every pixel the light intensity has finite energy. For instance,
we introduce the condition [|ul|pe(q)y < ||f|lze(q), Which is reasonable in the context of
image decomposition and in virtue of the smoothing properties of the functional.
We first give a result of existence of minimizers for the non-elliptic problem (5.4).

Theorem 2.7 (Existence of minimizers, adapted from [21]). Let us set X(Q) = {u €
GSBV?(Q) N L®(Q) with ||ul|pe) < Ca} x H(div) x {Q e Wh(Q)] [, Qdx =0},
with Cy a positive constant that depends only on || f|| e (o). Assuming 8 < a <28, v >0,
p>0 and B > 0, there exists a minimizer (u, 3, Q) € X(Q) of F.

Proof. The proof is based on an adaptation of arguments provided in [21].

By choosing v = 0, § = 0, Q = 0, then F(u,§,Q) = Jo f?dz < +oo. And since

Y(u,d,Q) € X(Q), F(u,g,Q) > 0, then the infimum is finite. Let (up, gh, @n) C X(Q)

be a minimizing sequence for . Then there exists N € N such that sup F(up, Gh, Qn) <
h>N

inf F(u,d,Q) +1 < 4o0.
(u,7,Q)EX () (.4.Q)

Then (VQp) is uniformly bounded in L*(Q). Besides, [,Qndx = 0 for all h € N
and so using the Poincaré-Wirtinger inequality, we get a uniform bound for (Qj) in
Whee(Q)). We can thus extract a subsequence denoted by (Qp, ) converging weakly-
* to Qo € Wh®(Q). As the weak-* convergence implies uniform convergence then
JoQodx = 0. Let us now show that (gy) is uniformly bounded in H(div) using the
fact that [[up|fe () < C2 for all h € N. Indeed, we have

n — o Fy —
+00 > ngF(uh,gh, Qn) = [If = un = divgnli20) + 5 ll19h — VQuIIZ2(0),

]. .= 7 — ’y
> §”d1Vth2L2(Q) —[If = unllZ2) + ZH’gh‘HQLQ(Q) - 5”‘th‘”%2(9)7
]- PR '7 —
+00 > §Hleth%2(Q) + ZH\gh\H%‘Z(Q)
for any A > N since [[|[VQy|| p(q) is uniformly bounded and so is H]VQ;L\H%Q(Q) and
If— uhH%Q(Q) < ([l oo () + C2)*meas(Q) < 400 for any h € N. Therefore there exist a

subsequence (g, ) of (G,) and gy such that gj, . - go in H(div).
m——+00
We also note that
+00 > sup F(up, gh, Qn) > sup pHVZUhH%Q(Q) + || f —up — divg’hH%z(Q) +aH' (Sy,)
h>N h>N
+ B/HI(SVWL \ S’“«h)?
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1
> sg]%pHquhH%?(Q) + 5llF = unllizio) = Idivghlzz() + aH! (Su,)

+ ﬂHl(SVUh \ Suh)a
1
+o00 > SERPHVQWHQL?(Q) +5lf - unl|72(0y + M (Suy) + BH (Svu, \ Sup),

from what precedes. We can now apply [21, Theorem 8].

Theorem 2.8 (taken from [21, Theorem 8]). Let Q C R? be a bounded open set, o, B, 1 > 0
and let (u,) C GSBV?(Q) be such that Sup 1V2up2, )+ pllf — uh||%2(9) + aHY(Sy,) +

BH(Svu, \Su,) < +00. Then there are a subsequence (uhm) and ug € GSBV?(Q)NL2(Q)
such that, as m — +o00,

up, — ug almost everywhere in Q and weakly in L*(Q),
up,, — uo strongly in LY(Q), 1 < g < 2,

Vup,, — Vug almost everywhere in 2,

V2uy, — VZug weakly in [L?(Q)]**2.

Since up,, — wup almost everywhere in Q, we deduce that |lug| e~y < C2 and so

(’LL07 507 QO) € X(Q)
It remains to prove the lower semicontinuity of the functional. Since sup ||VZup||7, @ Tt
h>N

wll f— UhH];z +aH (S, ) +BH (Svu, \Su,) < +00 and up,, — up almost everywhere
m—+00

in ), we can apply [21, Theorem 10).

Theorem 2.9 (taken from [21, Theorem 10]). Let @ C R? be a bounded open set,
0 < B < a<2Bandf e L*Q). Let uyp,u, € GSBV23(Q) (h € N), such that
sup ||V2uh||%2(Q)+MHf—Uh||%2 Q)+O/H1(Suh)+ﬁ7-[1(5'v”h\5uh) < 400 and up, — ug almost
everywhere in Q. Then ||[V?uql|2, 20 pll f = woll2s 2 aHY(Suy) + BHU(STup \ Suy) <
i inf [V a0y + 1l = unllZagqy + @ (Su,) + B (S, \ Sup) and o (Su,) +
FH (S, \ Sua) < limind 0H () + FH (S, \ S
—+00

Besides, from the proof of Theorem 2.1, and the weak lower semicontinuity of the
L2norm, we have pl[ V2ol + I1f — w0 — divgolZag) + IV Qoll (o) + 31do —
Qo[22 < limint pl[V2un, [Zaiqy + I1f — wn,, — i, [22(q) + 1l V@l +
%‘|‘ghm - Vth‘H%Q(Q)' Since “liminf Y > 3" liminf”, then F(uo, go, Qo) < }irgirg
F(up,,,Gn,,Qn,, ). This concludes the proof by taking (4, g, Q) = (uo, go, Qo)- O

We now give a I'-convergence result.

Theorem 2.10 (I'-convergence, adapted from [2, Theorem 3.1, 3.2, 3.3]). Assume that
a=pf, ke >0 with k. = o(e?), & = ¢ = 0 and Q is strictly star-shaped. Then the family
(F.) T-converges to F in the L*(Q) x H(div) x Wh°(Q) x L'(Q) x L} () topology (strong
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topology for L'(Q) and weak/weak-+ topology for H(div) and W1>°(Q)) as ¢ — 0*. Be-
sides, the limit point of (ti, Je, Qz, V1.¢,V2,c), a pair of minimizers of F., when € tends to
0% is of the form (u,q,Q,1,1) with (4,7, Q) € X(Q) assuming Ve > 0, |te| oo (@) < Co.
It means in particular that lim (.7:5(@3,55, Q= V16, 02.) — F(1, g, Q)) =0.

e—0t

Remark 2.7. Under the assumptions of this theorem, then D(Q) = {u € VVI?)’CQ(Q) N

L) Jull (@) < Ca} x H(div) x {Q € W()] [, Qdo — 0} x W20, 1) x
WH2(€;10,1]) is the set of admissible solutions.

Proof. [2, Theorem 3.1, 3.2 and 3.3] will structure our proof. Let us first recall [2, Theorem
3.1].

Theorem 2.11 (taken from [2, Theorem 3.1]). Assume that v > 2, that lim+ gfil =
e—0
400, and that k. > 0 for € small enough, (- > 0 for € small enough. Then for every

triple (u,s,o) € L*(Q) x L>=(;[0,1]) x L>®(Q;1[0,1]) and for every family (u.,se,0c) €
I/Vfof(ﬂ) x WH2(0;10,1]) x WH2(Q;[0,1]) converging to (u,s,o) strongly in [L*(Q)]® as
e — 0", we have hgg(i)l}f Jo(02+ k)| V2uc? do+p [ [ue —g|* dz+ (o— B)Ge(52) +BGe(02) +
& fQ(sg + )| Vue|Y dx > Fi(u, s,0) with
Jo(IV2ul? + plu = ) do + (o = BYH' (Su) + BH! (Su U Svu)
Fi(u,s,0) = ifu€ GSBV?(Q),s=1,0=1, ;
+o00 otherwise
and lgﬂéﬂlf Jo(02 + k)| Vuc|? da > [(IVZul?) dz if u € GSBV?(Q), s =1,0 = 1; and

lim(i)llf (a—B)Ge(s:) + BGe(0e) > (a— BYH(Sy) + BHL(S, U Svu) if u € GSBVE(Q), s =

1, o = 1. Moreover the condition on & can be replaced by &. > 0 in the case a = (3.

It thus remain to prove the lower semicontinuity of the other terms that is to say
lim inf | f — ue — divge||r2) 2 [If —u - divgl7s g, lim inf[[VQelll = () 2 VOl 2= (e
and h;g(l)Engs - VQ€|||%2(Q) > |17 - VQ|||%2(Q) for any (ue, ge, Q=) € D(2) converging
to (u,g,Q) € GSBV%(Q) x H(div) x WH>=(Q) strongly in L*(Q), weakly in H(div) and
weakly- in W (Q). Since Ve > 0, ||uc|| o) > Co, then [Juc||12(q) < Cameas(2) < o0
and so (uc) converges weakly to u in L?(2) by uniqueness of the weak limit up to a
subsequence. Since (g.) weakly converges to ¢ in H(div) then (divg.) converges weakly to
divg in L*(Q). Therefore liminf || f — uc — divg:|2) > If — u — divg][32 g, Since (Q:)

e—0t L2()
converges weakly-* to @ in W1*(Q) then (VQ.) converges weakly-* to VQ in L>®(Q)
and so lim iI&f 1IVQelll Lo (0) > V@Il (). Also as the weak-x convergence in W1>°(Q)
e—0

implies uniform convergence then fQ @ dx = 0. Finally, weak-* convergence in L ()
implying weak convergence in L?({)) and weak convergence in H(div) implying weak
convergence in L%(Q) yields 1i€g[i)§f 1ge — vQE’H%Q(Q) > |llg — VQ]H%Q(Q). This concludes
the first part of the proof which gives us:

for any sequence (uc, G, Qc, S, 0=) € D(2) converging to (u, 7, Q,s,0) € L*(Q) x H(div) x
Whoo(Q) x L®(;10,1]) x L>®(£2;10,1]) in L1(Q) x H(div) x WH(Q) x L}(Q) x L}(Q)

197



A second order free discontinuity model for bituminous surfacing crack
recovery

(strong convergence in L'(2), weak convergence in H(div) and weak-x convergence in
Whoo(Q)) as e — 0T, we have

1imianE(U5,§5,Q5, 88708) Z F(U,g,Q,S,O'),

e—0t
with F(u, §.Q, 5,0) = F(u,§.Q, 5,0) if (u, §, Q) € GSBV2(Q)x H(div)x{Q € W =(Q)| [, Q
dx =0}, s=1, 0 =1, and +oo otherwise.
The second part of the proof is based on the following theorem.

Theorem 2.12 (taken from [2, Theorem 3.2]). Let (ue, Se,0¢) € VVIQO’CQ(Q) xW12(Q;]0,1]) x
Wh2(Q;[0,1]) be such that sup [o(02 + ke)|VZue | dz + p [ [ue — g1* dx + (o — B)Ge(se) +
e>0

BGe(0oc) + & fQ(sg + () |Vue|Y dx < 400. Then the family (ue, se, 0c) is relatively compact
in the [LY(Q)]° topology as ¢ — 07 and any limit point is of the form (u,1,1) with u €
GSBV?(Q) N L2(Q).

We will now adapt this result to our problem. So let (uc, gz, Qe, Se,0:) € D(2) be

such that sup Fe(ue, G-, Qc, Se,0:) < +oo. Then we can extract a subsequence from
e>0

<u67 g:‘h Q67 Se, Ut’:‘) Converging to (U, g? Q7 17 1) in Ll(Q> X H(d“}) X Wl’OO(Q) X Ll(Q) X Ll(Q>
(strong convergence in L'(f2), weak convergence in H(div) and weak-* convergence in
Whee(€Q)), with (u, g, Q) € X(2) assuming that |[uc|| ) < Cz for any e > 0.
Indeed, the following holds
+ 00 > supF. (e, Gz, Qe S, 0¢),
e>0
Ve >0, +o0 > C > [[|VQell Lo (0)-

Since Ve > 0, fQ Q< dx = 0, then by the Poincaré-Wirtinger inequality we deduce that
there exist a subsequence still denoted by (Q.) and @ € W1>°(Q) such that Q. io Q in
e—

Whee (). As weak-* convergence in W1°(Q) implies uniform convergence we get that
Jo @ dx = 0. Furthermore,

+ oo > Sulgfa(u€7§6uQ€7$€7o—8)7
>

Ve > 0,

o o -
+o00>C> §Hd1VgEH%2(Q) - 2HfH%oo(Q)meas(Q) —2C3meas() + %H\%M%Q(Q) — %CQmeas(Q),
since Ve > 0, [[uellpe(@) < C2 < 400 and |HVQ5|H%Q(Q) < H|VQ5H|%OO(Q)meas(Q) <

C?meas(). Thus there exist a subsequence still denoted by (g.) and § € H(div) such
that g. =, g in H(div). Moreover, we get
e—0

+OO > Sulgfs(uéagévQ67367U€)7
£>

2 SUEP/Q(UEQ + i) [V [* dee || f — e — diVﬁEH%%Q) + (o = B)Ge(s) + BGe (o),
e>
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1 -
> Sl;lgﬂ/g(gg + o) [ V2ue [ do + 5”]6 - ue”%%ﬂ) - HlegaH%?(Q) + (o = B)Ge(se) + BGe(0¢),
&€

1
> SuIO)p/Q(UE2 + k)| V22 da + §Hf - ugH%Q(Q) —2C — 4HfH2Loo(Q)meas(Q) — 4C2%meas()
£>

— vC2meas(Q) + (. — B)Gc(se) + BG:(02).

Therefore according to [2, Theorem 3.2], there exist a subsequence of (ue, S, 0c) still
denoted by (ue, s:,0:) and u € GSBV?(Q) N L?(Q) such that (ue, s, 0¢) — (u,1,1)
E—r

strongly in [L!(Q)]3. Since the strong convergence in L!({2) implies the convergence almost
everywhere and that |uc[ () < C2 for any € > 0, we can deduce that [u[| ) < Ca
and so (u, g, Q) € X(Q).

The last part of the proof comes from the following theorem.

Theorem 2.13 (taken from [2, Theorem 3.3]). Assume n = v = 2, o =  and Q is
strictly star—shaped Assume that k. > 0 and ke = o(e ), while & = (. = 0. Then the
famzly (F.) T-converges to F in the [L'(Q)]* topology for e — 0T, where F(ue,s.,0.) =
Jo (o2 +/<;5)\Vug\2dx+uf9 luc — g|? dz+ (a — B)Ge(se) + BG:(02) + &2 [o(s2+C)|Vue|* da

andf fQ ’v2u|2+:u‘u_g’ dr + (a_ﬁ)Hl(Su) +6H1(SuUSVu)

The proof consists in showing the existence of a sequence (ug,se,0.) € D(Q2) and
u € GSBV?(Q) N L*(Q) such that (ue,se,0:) — (u,1,1) strongly in [L'(Q)]® and
e—0

lim sup Fe (ue, s¢, 0.) < F(u). We are now going to adapt this result to our functional and
e—07T

show that there exist a sequence (ue, gz, Q-, S, 0:) € D() and (u, 7, Q) € X () such that
(%3)!?57 Q&a 587 GE) —:_ (u7 ga Q) 1’ 1) iIl LI(Q) X H(d“)) X WLOO(Q) X LI(Q) X LI(Q) (Strong
e—0

convergence in L!({), weak convergence in H(div) and weak-* convergence in W1°(Q))

&Ild 1imsupfa(ua’§£7QEasaaa€) S F(U,§7 Q)
o+

E—
Let (u,g,Q) € X(92). Actually, we take g. = § for all € > 0, and Q. = @ for all € > 0 so
that we neglect the terms [[|[VQ||| ) and [[[VQ — §’|||%2(Q) and the remaining problem

falls exactly in the framework of [2, Theorem 3.3]. Then the construction of (ue, s¢, 0¢) is
exactly the same as the one in [2, Theorem 3.3] which concludes the proof since it ensures
that Ve > 0, [luc|| oo (o) < C2, [Jullpe(q) < C2 so that (ue, g:, Qe, s, 0:) € D(Q). O

Let us now introduce a nonlocal version of our model.

3 A nonlocal version of the modelling and its theoretical
analysis

3.1 DMotivations

Inspired by prior related works by Bourgain, Brezis and Mironescu [16] (—first concerned
with the study of the limiting behavior of the norms of fractional Sobolev spaces W*P,
0<s<1, 1<p<ooass— 1and toanew characterization of the Sobolev spaces WP,
1 < p < 0o—), Aubert and Kornprobst [9] (—they question whether this characterization
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can be useful to solve variational problems —), Boulanger and co-authors [15] (—in which
the authors address the question of the calculus of variations for nonlocal functionals —),
Dé&vila [28], and Ponce [38] (—dedicated to expressing the semi-norms of first order Sobolev
spaces and the BV space thanks to a nonlocal operator —), we introduce a sequence of
radial mollifiers {p, }nen satisfying: Vn € N, Vac G R, pn(x) = pu(|x]); VR € N, p, > 0;
Vn e N, 5 pu(z)de =1; V6 > 0, hm f 5 )dr = 0, and an associated sequence

of functionals F.,, depending on n and such that the component [, (v3 + k) [VZu|? dz is
approximated by an integral operator involving a differential quotient and the radial mol-
lifier depicted above. It is shown that the approximated formulation admits minimizers
for which regularity results are provided in a fractional Sobolev space. This theoretical
study will lead to the derivation of a numerically tractable implementation described in
the following section.

This part is thus motivated by the idea of extending the concept of nonlocal gradients ([33])
to higher derivatives, of analyzing its theoretical properties and in particular, its conver-
gence to classical second-order regularizers, and of deriving a nonlocal counterpart of the
local model (5.5), with the underlying intention of devising a model numerically tractable
and improving the overall quality of the local algorithm (by explaining second-order deriva-
tives of w in terms of nonlocal quantities). Our model is also deeply inspired by [34] dedi-
cated to a formulation of a nonlocal Hessian that combines the ideas of higher-order and
nonlocal regularization for image restoration, and more largely to a novel characteriza-
tion of higher Sobolev and BV-spaces. In this paper, the authors connect in particular

the finiteness of linrgioléf /RN |9n u(x)|P dz (—$Hp u(x) = N(1\2f+2) Jan u(z+h)—2‘1;l(‘a2c)+u(:v—h)

k|2
PR32 N (hydh—) with the inclusion of u € LP(RN), 1 < p < oo, in W2P(RY).

They thus introduce a nonlocal Hessian that is derivative free, only requiring the con-
sidered function u to belong to an LP-space. As in [34], our model is derivative free,
involving a built-in symmetry that associates triples of points; the main difference lies in
the independent treatment of the directional derivatives, yielding a nonlocal version not
2
of [pe |VZul?dz, but of [r, (8 2> + (%) dz (v = (z1,72) € R?), thus removing the
2
control of the L?-norm of 83? gx We will show nevertheless with the theory of tempered

distributions that if u, g 3‘, ‘32 € L?(R?), then u € W22(R?). This modelling inherits fine
analytical properties, has the advantage of being numerically more tractable compared to
[34], particularly in the derivation of the Euler-Lagrange equation satisfied by u, and is
straightforwardly connected to our imaging problem, which is not the case in [34].

At last, for the sake of completeness, we refer the interested reader to other papers deal-
ing with higher-order regularizations: [24] (—in which the authors propose higher-order
models by means of an infimal convolution of two convex regularizers —), [26] (—in which
a weighted version of the Laplacian is provided —), [25] (—introducing the Euler-elastica
functional), [17] (—proposing the total generalized variation —), or [11] (—bounded Hes-
sian regularization —).
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3.2 Notations and preliminary results

Let (e1,e2) be the canonical basis of R2. We use dx (z = (z1,22)) for integration with
respect to the Lebesgue measure on R? and dt, ds, dh for various integrations with respect
to the Lebesgue measure on R. The differentiation indices will be a pair a = (a1, a2),
where «; is the order of the partial derivative in the variable x;, and the total order of

the derivative is denoted by |a| = a1 + ag. We will use the shortened notation D*u =
dlely
O0x1419x2%2 *

Given an integer j > 0, we define the family of spaces Cg(RQ) ([29, Definition 2.2.1, p.
69]) by setting

Cl(R?) = {u € C/(R?) |Var € N2, |a| < 4, FKa, || D% poore) < Ko} -
For a positive real number A, the subspace CZ’A(RQ) consists of the functions in Cg(RQ)
such that if || < j, then
3Cyn, Vo, y € R%, | D%u(z) — D(y)| < Cax |z — y|*.

At last, the properties of the considered kernel p, are those depicted above, and we will
use several times the following generalized result of Spector ([40, p. 58)):

Lemma 3.1. If E C R is bounded and measurable, then ¥p € N*,
li P pp(x) dx = 0. .
Jim [ ol (o) de =0 (5.6
Proof. Fixing § > 0,
lim Sup/ |z|P pp () dz <lim Sup/ || pn(x) dz
{|z|>6INE

n—-+o0o n—-+o00

+ lim sup/ |z|P pp(z) dz,
{lzl<d}

n—-+00

<Cspp lim pn(x) dx + oP.

n—4o0o \x|>5
The result follows from the properties of p, and by sending § to 0. O
Equipped with this material, we now propose a derivative free nonlocal formulation

of the L%norms [, [D@Ou|? dz and [, [D®?u|? dz respectively. We start off with the
definition of such a nonlocal version for smooth functions.

Theorem 3.1. Let u € C*(R?). Then
u(z + he;) — 2u(x + u(z — he;)|?
[ u( “5’2 @bl | s

(2,0),,|2 T
o e |D(02)U\2dfc ifi=1
notoo | [fge [DHultde ifi =2
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Proof. We deal with the case i = 1.
|u T+ her) — 2u(z) + u(x — hey)|?

Let us define Hyu(x pn(h)dh. Let R > 0 be

|h|*
fixed.
|u(z + hey) — 2u(z) + u(x — heq)|?
Hiu(x :/ n(h) dh
1 ( ) (hI<R} |h|4 p ( )
_ _ 2
+/ |u(z + hey) 2u(:ﬁ4)+u(a: hey)| pu(B) dh.
{In|>R} 7]
But u(z + he1) — 2u(z) +u(z — hey) = h? fo fo Ju(z + h(s+t—1)ey) dt ds and from
Taylor’s expansion “&ther)= h(2 )+“(x hel) _ p(2, O)U( )+ % D@O) y(Cyy s 2), SO that
1 rl 2
/{m Y [/0 /0 DOz 4 hs +t — 1)er) dtds| pu(h)dh
>
< |ID@Oy)2 ., / pn(h)dh — 0.
Dy [

Using the previous Taylor’s expansion, the properties of p, and lemma 3.1 yields

_ _ 2
/ |u(x + hey) — 2u(x) + u(z — hey)| () dh —s | DOy
(h|<R} |t n—r4o0

and therefore Hyu(z) converges to |D*0u(z)|? everywhere. We now aim to prove that
Jre [ Hiu(z) — [D@Ou(z)|?| dz - 0. We assume without loss of generality that
n—-+0o0

suppu C B(0, R). We first show that Ve > 0, 3L = L(e) > 1 such that

sup / |Hiu(z)|de < e.
neN JB(0,LR)

One has, making a change of variable,

/ |Hiu(x)| dx
B(0,LR)°

/ /]u (z + hey) +f(x—hel)| pn(h) dh dz,
B(0,LR)* |h|

hey)|? —h
B(0,LR)° ’h‘

h
<4 / / [u <$+4el)‘ o(h) dh dz.,
B(O LR)e J{h|z+he1€B(0,R)} Al

|u(z + he1)[? pu(h) dh da,

< -

- (L - 1)4R4 /B(O,LR)C /{h|m+heleB(07R)}
4 2 4 9

< m HUHLZ(RQ) HPnHLl(R) = m HuHLg(Rg).
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Thus Ve > 0, 3L = L(e) > 1, Vn € N, fB(O LR)¢ |Hyu(z)| dx < e, which means

sup / |Hiu(z)|de < e.
neN JB(0,LR)

/ Hyu(z) — |D@Ou(z) 2| dx = / Hyu(x) — |D@Ou(z) 2 dx
R2 B(0,LR)

+ / |Hiu(zx)| dz,
B(0,LR)°

lim sup / |Hyu(z) — | D@Ou(z)[?| do < lim sup / |Hyu(z) — |D®Ou(z))?] dx + €.
R2 B(0,LR)

n—4o0o n——400

Now, Hu converges pointwise to | D9 u(z)|? and on B(0, LR), Hyu(z) < HD(Q’O)UHQLOO(RQ),
which is integrable on B(0, LR). It follows from the dominated convergence theorem that

n—-+00

/ Hyu(z) — |DCOu()?de —s 0,
B(0,LR)
yielding

limsup/ |Hyu(z) — [DPOu(z) | do < e,
R2

n—-+o0o

and in the end,

lim |Hyu(z) — |DPOu(z)|?] dz = 0.

n—-+o00 R2

O]

In fact, we have an analogous convergence result for v € W?22(R?) that we establish
with the following lemma.

N _ N2
Lemma 3.2. Suppose that u € W22(R?). Then/ / [ulz + hes) — 2u(z) + u(z — hey)
R2

|h|*
pn(h) dhdz is well-defined and
/ / |u(x + he;) — 2u(x) + u(x — hei)\Qp (h) dhdr < \|D(270)u||%2(R2) ifi=1 ‘
R2 I n = HD(O’Q)UH%Q(RQ) ifi =2

Proof. We focus on the case i = 1.
Let us begin by estimates for a function v € C*°(R?) N W2?2(R?). Using Fubini-Tonelli’s
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theorem and Jensen’s inequality,

u\xr e — ZU ulxr — ne 2
/RQ/| x + hey) 2|}5|4)+ (z — hey) pu(h) dh dz

o f [ £ o st s s

< | DEOu[7 5 sy

Consider now a sequence (ug)ren in C°(R?) N W?22(R?) approximating u in W22(R?) (see
[29, Proposition 2.12, p. 60] for a density result). From the above,

ug(z + hey) — 2u + ug(z — hey)|?
[, [ Pt he =2l e SRl ) dnde < DO u g

As (ug,)ren converges to u in W22(R?) O CS’A(RQ) for every A < 1 (]29, Theorem 2.31, p.
69]), (uk)ken uniformly converges to u, so pointwise everywhere. Fatou’s lemma allows us
to conclude that

/ |u(z + her) — 2u(z) + u(r — h61)|2pn(h) i
|2[*
.. \uk (z + her) — 2ug(z) + u(z — hep)|?
and
_ _ 2
/ |u(z + her) — 2u(z) + u(z — hey)| pu(h) dh dz
R2 [h|*
. lug (2 + hey) — 2ug(x) + ugp(x — hey)|?
= /R m fnf / A3 pr(h) dh dz.

hey) — 2 — hey)|?
Setting F(x) := / k(@ + hey) ZT;L%) *uk(@ = hey) pn(h) dh, (F})keN is a sequence
R

of functions of L!(R?) such that supy ng Fi, < 00, so applying Fatou’s lemma a second
time yields

) — 2
/ / |u(x + her) — 2u(z) + u(z — hey)| on(h) dh dz
R2

|h|*
_9 — 2
gnminf/ / lusle +her) = 2urle) T une =he)” iy g g,
k—+oo JR2 ‘h|
= Eﬂ{}f ||D(20 w”L?(R?) - ”D(Q’O)“H%Q(R?)'

With this preliminary lemma, we now state the main result.
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Theorem 3.2. Let u € W22(R?). Then

/ / |u(z + he;) — 2u(x) + u(z — he;)|? ||D(2’O)U||%2(Rz
R2

ifi=1,
pn(h)dhdr — 0.2), 112 /

ifi=2

)
)

Proof. We restrict ourselves to the case ¢ = 1.
Let € > 0. By density, there exists v. € C2°(R?) such that

HD(2’O)U — D(Z’O)’UEHLQ(RQ) S €.

1
Let us set u,(x,h) = wwthe))=2ule) +u(z—her) pi(h). un € L*(R? x R) and [|unl| 22 xRy <

B2
ve(z+her)—2ve(x)+ve(z—her)
12

1
||D(270)u\|L2(R2). Denoting by vy, ¢ := pr (h), we thus have
[tn = vnellz2Rexr)y < 1DPOu — DD || 12ge) < e,
and from the second triangle inequality,
Hunll2®exry = [[vn.ellL2Rexr) | < €

To conclude,

||UnHL2 R2xR) HD(ZO UHL2 R2) Wun||L2(R2xR [[vn,ell 2 R2><R)‘
o |loncllzzgesry = 1DV ey
+ ‘HD(Q’O)%HL?(W) - HD(Q’O)UHL?(R?) ;
< 2e+ ‘an,e”LQ(WXR) - HD@’O)%HL?(R?)
It leads to limsup |||un\|L2 R2xR) \|D(2’0)uHL2(R2)| < 2¢ and then [un||r2r2xR) N
n—-+00
DO ul| 2 Re). O

Equipped with these theoretical results and characterization, we reformulate our local
problem into a nonlocal form.

3.3 Connection to the local imaging problem

Owing to the independent treatment of the directional derivatives in the previous nonlocal
formulations, we slightly modify the local problem into

inf . (u, 7, Q,v1,09) = ||f —u—divgllizq + 1 lIVQlll~@
+§H!9—VQ\HL2(Q)

+0 [ 05+ ) (IDCOUP + DOV da

+ & /Q (V2 4 ) |Vul* dz + (o — B) G=(v1) + B Ge(v2). (5.7)
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While the functional spaces for @), ¢, and v; are unchanged, the unknowns u and v9 are now
searched in the functional spaces Wol’z(ﬂ) NW22(Q) and {vy € WH2(Q,[0,1]) |[yove = 1}
respectively, vy denoting the trace operator. The reasons for such requirements will be
made clearer in the following. Nevertheless, these assumptions are reasonable and not
restrictive if we assume for instance that the observed image f is with compact support.
Existence of minimizers is still guaranteed as stated below.

Theorem 3.3. Let Q be a reqular bounded open subset of R%. With k., &,(. > 0, pro-
blem (5.7) admits minimizers (G = Uz, § = Ge, Q@ = Qz, 01 = Ule, U2 = Uge) ON WOI’Q(Q) N
W22(Q)x H(div) x {Q e Wh=(Q) | Jo Qdx = 0}><W172(Q, [0, 1])><{v2 € Wh2(9,[0,1]) | vo
Vo = 1}.

Proof. The proof rests upon two major facts: (i) the space I/VO1 2(Q) is a strongly closed
convex subspace of W12(Q) by continuity of the trace map, so according to [18, Theo-

rem IIL.7, p. 38|, it is a weakly f,losed convex subspace. (ii) the mapping ||| : u —
(HD(Q’O)UH%%Q) + ||D(0’2)u\|%2(9)) * is a norm on W01’2(Q) N W22(Q) equivalent to the
usual norm on W22(Q) that we denote by | - [|2.o. The homogeneity axiom as well as the
triangle inequality are straightforwardly obtained. Let u € WS 2(Q) N W22(Q) be such
that m = 0. Then from Green’s formula, [, |[Vu[* dz = 0 and from Poincaré’s inequality,
u = 0 almost everywhere on (2.

Now let us denote by A the mapping A : WOI’2(Q) NW?22(Q) — L*(Q) such that Yu €
W&’Z(Q) NW22(Q), A(u) = Au. For every f € L?(f2), let us introduce the unique solution
(Lax-Milgram theorem) u € W&’Q(Q) of the variational problem: Vv € W&’z(Q),

/Q<Vu,Vv>R2 dz:/Q fudz.

As the boundary of Q is sufficiently smooth, a regularity result (see [18, Section IX.6,
p. 181] for instance) gives that u € W22(Q). As Au = f, it follows that A (which is a
continuous mapping since [|Aul|zz(q) < v2||ull2,0) is a bijection from W01’2(Q) NW22(Q)
to L2(Q2). The bounded inverse theorem enables us to conclude that the inverse mapping
is continuous as well, implying the existence of a constant C' > 0 such that Yu € T/VO1 2(Q)N

W22(Q), [lullaq < Cl|Aull 2 < V2C [ull. 0

Our mathematical material being formulated on R? rather than 2, in our nonlocal
model, we propose searching for u in a subspace of Wol’Q(Q) and for ve in WH2(€, [0, 1])
such that ygvo = 1.

Theorem 3.4. Let Q be a regular bounded open subset of R% with boundary of class C2.
Let us assume that the functions t — pp(t), t — t9p,(t) are non-increasing for t > 0

and q €]0,1[. (Such a function p, exists : for instance, with q €]0,1[, p(t) = e‘;—“;l and
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pn(t) = Cnp(nt) with C = ). With k¢, &, (. > 0, for any n € N*, problem

Jr p(t)dt (t) dt

inf Fe n(u, g, Q, v1,v2) = Hf —u—divg||F2(q) + 1 VQll L= (@)

n p/ (v )+ ) / [ue(z + he;) — 2ue(z) + ue(x — he;)|?
R2

[
+ 17— mwim) & [ 0F 4G IValdot (0= )Gl +BG:(w). (59

pu(h) dh

where vy and u. are respectively the extensions of vy according to [18, Theorem IX.7,
p. 158] —by construction, 0 < va, < 1 a.e. — and of u on R? by 0 (—with the
regularity assumed on Q, ve. and u. are in WH2(R?) —), admits minimizers (U, =
T Gn = Gems @n = Qe Ui = Tiew,Uan = Tazn) on Wy (@) N W*(Q) x H(div
x{Q e Wh>(Q)] [ Qdx =0} x WH(€,[0,1]) x {ve € WH2(Q,[0,1]) |70 v2 = 1}, with
3
s € [2, 2 [
Proof. The functional is proper, take v1 = 1, 12 = 1, §= 0, Q = 0, and u = 0, since
f is assumed to be sufficiently smooth (i.e. at least L2(Q)) on © which is bounded.
Let us now consider a minimizing sequence (un,gn , QL vt n,vé n) On Wol’Q(Q) x H(div)
x{Q e Wh>(Q)] [, Qdz =0} xWh3(Q,0, {v2€W12(Q [0,1]) [vov2 = 1} (the
dependency on ¢ is not explicitly mentioned here for compactness). We will show that in
fact, ul, € WOI’Q(Q) NW*2(Q).

1. Extraction of convergent subsequences:

— Fen(u n,gn ,Qn,vln,v2n) > u|]|VQl |HL00 Q) As fQQl dx = 0 for all I € N,
we can use Poincaré-Wirtinger inequality, Wthh leads us to the existence of
a subsequence of (@) still denoted by (@) weakly-+ converging to Q,, in
W1o°(Q). As the weak-* convergence in W 1°°(2) implies uniform convergence,
Jo Qn(z)dz = 0.

— Fenl(u n,gn ,Qn,vl n,'UQ n) > (a — B)aHVvll’nHZLQ(Q). By noticing that Uan €
LOO(Q) with 0 < vl,n <lae., [o vll’n dx <1 and Poincaré-Wirtinger inequality
gives us the existence of a subsequence of (vin) still denoted by (Ull,n) weakly
converging to U1, in W12(Q). Since W12(Q) O L2(Q2), (v} ,,) strongly converges

c b
to U1, in L?(2) and so pointwise almost everywhere up to a subsequence. We
deduce that 71, € WH2(Q,[0,1]).

— In the same way, we have (vén) weakly converging to U, in W12(Q) with
Vo, € Wh2(€,10,1]) and Y0 U2,» = 1 by continuity of the trace operator.

— Fen(u mg_ﬁl,Q , U1 n,vé n) > (|| Val ||L2 @ By Poincaré inequality and the

continuity of the trace operator, we get the existence of a subsequence of (u%)
still denoted by (u!,) weakly converging to u, € VVO1 2(Q) in Wh2(9).
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Let us set EL(h) = [ge [uf, (2 + he1) — 2ul, (x) + ul, .(z — he1)|* dz where ul, ,
denotes the extension by 0 of u, on R?. Here again, due to the assumption on
Q, uﬁw belongs to W12(R?). One can prove that E'(2h) < 16E! (h). By using

/ ’une x+hel) _QU’ ( )+u£1,e<x_hel)‘2
2 Ih\4
pn(h) dh < Fop(uly, G, Qb s

EL(t)
ta+1 7

Fubini-Tonelli theorem, we have /
R
B (h) > E},(h)
2 pn(h)dh = 2 L
T ST
vén) We then apply [9, Lemma 3.2] by taking M = 0 = 1, g(t) =
k(t) = t973p,(t) and we get:

1 gl ! 1
/OE;Ll(‘f)pn(h)dhzcu)/ fi,q(ﬂ) dt/O 1973 py (t) dit.

(We will see further that the condition of monotonicity on k is fulfilled). We
now need g to verify the assumption of this lemma, that is to say, g(%) > g(t).
o EL(2r
We know that g(5) = RS,

pn(h) dhdz =

> 2973¢(t). Thus if ¢ > 3, this condition is

B, (t)
‘ ‘q+1

fulfilled. By using the properties of p,, we deduce first that / dt < C

ith C independent of 1. Then | 228 ar < ¢/|ju Cod
wit independent of I. en e t < HumeHLZ(RQ) ST

C’ being a constant and the last integral being convergent since ¢ > 3, re-

EL(t) EL(t)
\t\q“ dt. Besides, |t|‘1+1 dt =

sulting in the uniform boundedness of /
0

1 1
/RWQ(-H/RZ ‘Uiz,e(l‘—i—hel)—2u%ve($)—|—uil’e($_h€1)|2 dxdh’:/RWq_i_lHThelu’ln’e_

1 . .
20, Ty U el| 72 ey B = /R T L, 1657 =2 P, ) (€) e

by Plancherel theorem (7. denoting the usual translation operator). Then one

BLt) L e [ Sint(w)
can prove that /R e dt = C /R2 | F (up, ) (6)] |§1|q/R fafe dudé < O,
(the constant C' may change line to line). The generalized integral in u con-

verges if and only if ¢ € [3,4]. By using the same arguments in the other
direction (ep), we get that |€]2F(ul, ) € L2(R%) and so ul, , € H%(R?) (being a
Hilbert space) and is uniformly bounded for the assomated norm with ¢ € [3,4].
There exists a subsequence still denoted by (u! n c) Weakly converging to 1, in

H*(R?) with s = 4. Besides, we know that u!,, = u}, on Q and D10yl ne =

(D(l’o)uln)e = D(Lo)ufl on Q, and DO 1)u = (D(O Lyl )e = DO 1)ul on

\V4 2
Q. Thus, H%H%vsz = Iklnage //' el = S gy <

Up (%) = Vup, (y) . .
5 dx dy with C independent of . From [29,
R2 JR? \95 —yl*
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3. A nonlocal version of the modelling and its theoretical analysis

V! - 2
Lemma 4.33, p. 200], we know that / / [Vern,e( ‘ ’25ne(y)| dedy <
R2 r—y
Vup, o (x) = Vil o (2 + her)
oo<:>// : : dx dh < oo and
R2 W%_l
‘vune - ($+h62)|2
/ / ]h|28 T dx dh < co. Let us now prove that
R2
ne — Vul, (ZL‘+h€1)|2
//R2 WQS T dx dh < oo and
n e - l (l‘ + h€2)|2 .
dx dh < oo independently of [.
Ra ’h‘?s 1

We have fR W“Thelvun,e_v n 6HL2 (R2) dh = CfR |s:|125(u1 fR2 ‘51‘28 2 (‘51‘2

|§2\2)\}'(u%76)(§)]2 dé du < C||ludb, |I%. (r2) by using Plancherel theorem and with
C independent of [. By doing the same computations in the other direction,
we prove that ||’U/£.L||WS,Z(Q) is uniformly bounded and so up to a subsequence,

ub, =, in WH2(Q) € WEA(Q). As WH2(Q) O €M) with A < s—1, then

l—+o00
(ul)) strongly converges to @, in Cl? /\(Q) and so pointwise everywhere on (.
Then @,, = U, on £ and u, = 0 on Jf2, by uniqueness of the weak limit.
Now, H*(R?) O L?(R?) © §'(R?) © D'(R?) with continuous imbeddings. V¢ €

D(RQ), / (ufw — Up) pdr = / (uln — Up) pdr + fRQ\Q (ulmefﬂn) @ dz. Conse-
R2 Q

Vv
—0 —0
l—+o0 l—+o0

quently, Yo € D(R?), fRQ\Q Up pdr = fR2\Q i @ dx = 0, since @, € H*(R?) O
C°(R?). In particular, Vo € D(R?\ Q), fRQ\Q Un ¢ dxr = 0, meaning that @, =0
on R?\ Q) in the sense of distributions. Due to the continuity of ,, we deduce
that @, = 0 everywhere on R\ Q and so @, = (7).. By combining the previ-
ous results, we can say that (ufle) converges pointwise everywhere to (). on
R2.

Classical arguments enable us to conclude that there exists a subsequence still
denoted by ¢! weakly converging to g, in H (div).

2. Lower semicontinuity of the functional:

Since VQ!, = VQ,, in L®(Q) then |VQ,, oo () < hrn 1nf IVQL I oo 0)-

Weak-* convergence in L () implying weak convergence in L?(2), |[VQ, —

Gull?> 0 < hmmeVQl — G132 -

G. is convex and strongly lower semi-continuous in H'(§2) and so weakly lower
semicontinuous in H'(Q).

_ R .. .Sl
|f =T — legn”%z(Q) < 1l1£>n_:&f If— uln —divgp, H%ﬂ(Q)'

Let us consider h : © x R x R?2 = R, (z,v,w) — (v(x)? + \)|w(x)|?. Since
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vh, — w1, in L2(Q), Vi, — Vu, in L?(Q,R?), since h is continuous
l—+o00 l—+00

with respect to (v,w) and measurable on € for almost every (v,w) € R x R2,

for each (x,v), h is convex with respect to w, V(v,w) € R x R?, Vo € Q a.e.,

h(z,v,w) > 0 € L*(Q) and lliminffﬂ((vll S@))? + X)) Vb2 de < 400, then
—+o0 ’

Jo@in? + X)) |V, 2 da < lllinﬁ&f Jo (@4 )% + Ao) [Vl |* d (see [13]).

- vy, 2 T2 in L*(Q), therefore v}, . e (V2m)e in L?(R?) (since from [18,

=+
Theorem IX.7, ( )7 p. 158]a ||vl2,n,e - (m)eHLQ(RZ) < CHUé,n - mHLQ(Q)v C
depending only on ) and so pointwise almost everywhere in R? (up to a subse-

! oyl U (r—hes

quence). We deduce that ((v2ne( ))2+/15)|u”’e($+hel) 2 ’ﬁfliz)Jru”’e(x hel)|2pn(h)
— n)e(z+he;)—2Tn) e (z)+(Un)e(z—he;)|? .

Lot (@a)e(@)? + e (Edelet e 2GR G eteil p, (), € {1, 23, for

all h € R and almost all z € R2.

Using Fatou’s lemma twice, we deduce that /

[ [+ )
@)e + heq) = 200 (2) + ()elo — heo)?
pn(h)dhdz < hmlnf/RQ/R

|h|4 l—+o0
+ul, (x—he1)|?

Iugn e(x—’_he )_2u'ln,e(x) n,e
(v ()2 4 pro) P2 e

pn(h) dhdz, i€ {1,2}.
This concludes the proof.
O

Theorem 3.5 (I-convergence). Let (un, Gny Qn, V1.0, V2.n) € HF(Q) NWS2(Q) x H(div) x
{Q € Wh>(Q)| [,Qdz = 0} x WH2(Q,[0,1]) x {va € W'(Q,[0,1])|ove = 1} with
5 € [%,2[ be a sequence of minimizers of (5.8) for each n € N*. Let us assume ad-
ditionally for technical purposes, that vo € {vg € WH2(Q,[0,1])|y0ve = 1} N WHX(Q)

with sup ||[Vvanlre@) < C1 < oco. Then there exist a subsequence still denoted by
neN*

(Uns Gy Qs V1.ms V2,n) and a minimizer (4, g, Q,v1,v2) € H*(Q) N H(Q) x H(div) x {Q €

Whe(Q)| [ Q dx = 0} x WH2(Q, [0, 1]) x {va € WH2(Q,[0,1])|yove = 1} of (5.7) such that
N _ . 392 - . 2 . N 1,00 T

Un = Wn Wz22(Q), gn AL H(div), Qn e Q in Whee(Q), v1 Wt Drn

WI’Q(Q),vZn — Dy inW1’2(Q) and]?mg(un,gn,Qn,vlm,vg,n) — fa(ﬂ,ﬁ,Q,Tzl,@g).
n—+oo n——+0o0o

Proof. We have proved in what precedes that for any n € N*, there exists a solution

o (5.8). Let us consider a sequence of such minimizers (uy, Gn, Qn,V1,n,v2n) € H*(2) N
H(Q)x H(div)x{Q € Wh>*(Q)| [o Qdx = 0} xW12(€, [0, 1]) x{ve € WH2(Q, [0, 1])|yov2 =

1}, with s € [3,2[. Let u € W22(Q)NWy*(Q),§ € H(div), Q € {Q € WH(Q)] [,, Qdz =

0}, v1 € W”(Q [0,1]), v2 € WH2(Q,[0,1])|yove = 1} then Vn € N*, F,, (tun, Gn, Qn, 01,0, V2.n) <
Fe1,5.Q,01,v2) < p(1m2) 32 )+£5 Jo (03 @)+C) [ V@) da-+ | f—u—divg|2a g, +
HIVQl () + 31T — VQIZ 2y + (= B) fy WL 1 Ty (2) 2 + B [, L2 4
e|Vua(z)]? d:L' = C < +0o0 using Lemma 3.2.

We deduce that:
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3. A nonlocal version of the modelling and its theoretical analysis

— IVQnl r~(q) is uniformly bounded with respect to n and since Jo @Qndx = 0 for
any n € N*, then using Poincaré-Wirtinger inequality, we get that (Qy,) is uniformly
bounded in W1*(Q). Thus we can extract a subsequence still denoted by (Q,)
weakly-* converging to @ in W1°°(Q). Besides, the compact embedding W*°(Q) O

C

Co(9) leads to [, Qdx = 0.

~ VoLl 12(q) is uniformly bounded with respect to n and since vy, € WH2(€, [0, 1])
for any n € N* and ) being bounded, then by using Poincaré-Wirtinger inequality,
we get that (v1,) is uniformly bounded in W12(Q). We can therefore extract a
subsequence still denoted by (v1,) weakly converging to o1 in WH?(Q) and thanks
to the compact embedding W12(Q) ¢ L?(Q), the convergence is also pointwise

Cc

almost everywhere up to a subsequence, leading to o7 € W2(Q, [0, 1]).

— Using the same arguments, we get that vo,, — 2 in WH2(Q) with vo € WH2(Q, [0, 1])
n

—+o00
and by continuity of the trace operator, ygv2 = 1.

= IVun|lp2(q) is uniformly bounded with respect to n and since u,, € VVO1 2() for any
n € N*, then using Poincaré inequality, we can extract a subsequence still denoted
by (u,) weakly converging in W12(Q) to 4. By continuity of the trace operator, we
_ 1,2
have u € Wy (Q).

= O 2 vl — SunlZaio — 110 + Hnl2a0) — HIVQulZaq- S0, ()
is uniformly bounded in H(div) and we can extract a subsequence still denoted by
(§n) weakly converging to g in H(div).

Now, let us show that (u, ) weakly converges in H%(R2) to Ue.
We set En(h) = [re |une(® + her) — 2une(z) + une(x — hep)|* du. It satisfies B, (2h) <
16E,(h), Vh € R. By using Fubini-Tonelli theorem, we have

n,e h -2 n,e n,e —h En
t//miﬁeﬂ o) el =He g [ B g
. 7] R Al

2/ |h]4 n(h)dh < C. We then apply [9, Lemma 3.1] with M = ¢ = 1, g(t) =
0

Jfgﬁg?,k(t) = t973p,(t) and we get C(1 fo t973pp (t) dt fl ]f;;l dt < fl E’til pn(t) dt. (We
will see further that the condition of monoton1c1ty on k is fulfilled). We now need g

to verify the assumption of this lemma, that is to say, g(§) > g(t). We know that

t
g(t) = E”( )2‘1+1 > 2973¢(t). Thus if ¢ > 3, this condition is fulfilled. By using the prop-

2
erties of Pn, we deduce first that f ! %H dt < C with C independent of n for ¢ = 3 and

n large enough since then f t13p,(t) d fo pn(t)dt =1 — [° py(t) dt, ¥n € N* with
hm fl pn(t)dt =0 and so for n large enough fo pn(t)dt € [5,1]. Then I %ﬂ) dt <

n——+
C’ Hun ell2s (R2) I tqﬁ dt, C' being a constant and the last integral being convergent since

qg = 3, resulting in the uniform boundedness of f > %ﬁ) dt. Besides, fR mﬁ;%dt =

fR |h|q+1 fR2 [un,e(x + her) — 2un,e(x) + upe(r — he1)|?pn(h) dz dh = fR 7|h|$+1 1 The Un,e —
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2un,e + ToheyUnell 2oy A = Jg aer Jre [€27760 = 2+ eGP F (un ) 2(€) dE dh by
Plancherel theorem (7 denoting the usual translation operator and £ = (£1,&2)). Then
one can prove that [g ﬁl’;fl) dt = C" [a2 |F(un,e) (&) P[€1]7 J5 S‘zl‘qﬂ dudé < C”, (the cons-
tant C” may change line to line). The generalized integral in u converges if and only if
q € [3,4] so for ¢ = 3. By using the same arguments in the other direction (e2), we get that
| |2 F (une)(-) € L2(R2) and $0 Uy . € H%(RQ) (being a Hilbert space) and is uniformly
bounded for the associated norm for n large enough. There exists a subsequence still

denoted by (uy.) weakly converging to 4 in H %(RQ). Besides, we know that u, . = up
on © and D3Oy, . = (DUOy,), = DIy, on Q, and DO1 ne = (DOVy,), =

Vun(y Vun 2
D(Olu on ). Thus, H“n”iv $20) = ||un||W1,2 //’ |x— ()] drdy <

yl?
\Y -V 2
C +/ / [Vetne(y ’ ’gne(x)’ dx dy, with C' independent of n. From [29, Lemma
R2 JR2 r—=y
\Y -V 2
4.33, p. 200], we know that/ / [Vitne(@ | |;Lne( l dx dy < oo
R2 r—y

<:>// ]Vune Vune(x—i—hel)\ dz dh < oo and
R2

|h|?
ne n,e h
// - ]thQ (z + hea)l dx dh < 0o. Let us now prove that
R2
ne n,e h 2 n,e — ™€ e ’
. P2 . "
sin®
< oo independently of n. We have/ |h’2HThe1(v“n 6) vUTLEHLQ r?) dh = C/ w2 /R2 1
(|§1‘2+ ’£2| )F (tne) (€ )|2 d¢ du < C”UneHH 3 re) by using Plancherel theorem and with C'

independent of n. By doing the same computations in the other direction, we prove that

||unHW772(Q) is uniformly bounded and so up to a subsequence, u, e @ in W22 (),

since W%2(Q) C Wh2(Q) and the mapping T : W%2(Q) — Wh2(Q), v+ Tu = u is
linear and continuous for the strong topology, so for the weak topology ( [29, Theorem

I11.9, p. 39]). As W%Q(Q) O CS’A(Q), with A < 3, then (u,) strongly converges to @
in CS’A(Q) and so pointwise everywhere on 2. Then @ = @ on © and @ = 0 on 052, by
uniqueness of the weak limit. Now, H%(RQ) O L%(R?) © 8'(R?) © D'(R?) with continuous

embeddings. Vo € D(R?), / (Une —0)pdr = /(un —a)pdz +/ (Un,e — U)pdx.
R2 Q R2\Q

— 0 — 0
n—-+oo n—-+oo

Consequently, Vo € D(R?), fR2\Q adr = fRQ\Q idy = 0 since @ € H2(R%) O C(R?). In
particular, Vo € D(R?\ Q), fRQ\Q @p dz = 0, meaning that @ = 0 on R%\ Q in the sense of
distributions. Due to the continuity of @, we deduce that @ = 0 everywhere on R? \ © and
s0 i = T, € H2 (R2).

Now, let us prove that 4 € H?(2) N H}(?) and @, € H*(R?). Since u, — 1 in L*(1)

n—-+o0o
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then u,,. — . in L*(R?).
n—-+o0o

Let ¢ € C§°(R2). We denote by %, and by u, . the extensions by 0 of 4 and u,, for any
n € N* on R2. Since ( is of class C? then e, un, € WH2(R?), for any n € N*. We have

[ [ e =2 e R ) e 0) + (5 (0) = ) ]

’/RQ/ oz + hey) — 2p(x )—Hp(x_hel)pn(h)dh(ume(:r))d;c‘

h2
N ‘ /RZ / o(z + hey) — 292(2 ) + oz — hel)pn(h) dh(ite(2) — tp o (2)) dx},
/Rz/ @(z + hey) _2@}54)+(’0($_h61))2pn(h)dhdx>é_

([, [ ine@) = o) Pontr) anaz)’

+‘/R2/ Un,e(T + her) — 2up c(x )+un’e(x_hel)pn(h)dh(gp(:c))dx,

h2

Holder’s inequality with respect to the measure p,(h) dhdx. Since p € C§°(R?) (justifica-
tion of the integrability and the possibility to change the order of integration is postponed),

< D00l 22y lun,e — Tell72ge)

+ </ / (un,e(x + hel) - 2U’I’L,€(x) + un,e(x - h’el)) dh d.I % / / dhd.’lﬁ')é,
r2 JR ht R2
< ”D(z’o)@”LQ(RZ)‘|une - EBH%Q (R2)
(Un,e(z 4+ her) — 2upe + Upe(x — heyp))? 3
([, / V= 2nel@) 2 e @ =DV, ) an ) o e

< || D 0)<P”L2(R2)Hun,e - ﬁe”%?(m) + \@H@HH(R%-

het) — 2 h
Since ¢ € C5°(R?), then for almost every z € R?, / plz + hei) i(;:) +p(x — he)
R

— DY) () thanks to Theorem 3.1. Besides, Vn € N* and almost every z € R2,

n—+oo
o(z + hey) —2¢(z) + p(x — hey) -
/ 2 pn(h) dht(x)
/ [p(x + her) — 2¢(x) + o(z — hei)|
|h[?
spect to the measure p,(h)dh (see [40, Theorem 139, p. 56]). But @, € L?(R?) with
el 2 Rz = lall 2@y > cllullpi@) = clltellr(r2), since @ is extended by 0 outside Q. As
¢ € C3°(R?), then
lo(x + her) — 2¢(z) + ¢(x — hep)|
|h[?

hey) — 2 —h Lol
|‘”+ ¢1) “‘;L(P)“O(x el)’pn(h)dhg// / DO (x4 (t+5—1)her)| pn(h) ds dt dh
RJO 0

pn(h) dh te(x)

< |te ()|

pn(h)dh by applying Jensen’s inequality with re-

pn(h) dh € L}(R?) and
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hey) — 2 —h ?
< ||D(2’0)80||Loo r2). We also have/ </ plather) = 2p(e) ol el)ﬂn(h) dh> dz
R

R2 h?
hey) — 2 — he1))?

/R/ . %4) tele —he)) () dhde < |DEOg|2, g < +oo. Thus

/ o(x + her) — 292(2 z) + oz — hel)pn(h) dh € L*(R?), and 4, being L2(R?), it leads to
R
- 92 —
/ ¢(z + hei) 92(296) Te@=her) oy dhag(x) € LY(R?) with
o(x + hey) — 2 x — he _ -

‘/ : ffz e mhe), ;) dhuem' < [ (@)D V0] oo rey € L'(R).

From the dominated convergence theorem, we can conclude that

_9 _
im [ () / plo Fher) = 2¢(@) + (@ = her) |y g gy = / tio(2) DO () di.
n—+oo [p2 R h? R2

By letting n tend to infinity in the previous inequality, we get:

/ Ge(2) DO (z) di < VO gl| 2 ge).
R2

Eventually, D*9g, € L?(R?) using [18, Proposition VIIL3]. By applying the same rea-
soning we also get D(®?)4, € L?(R?). Since @, € L?*(R?) then it is a tempered distribution
so are its successive derivatives. We can now take the Fourier transform:

DUDT(€) = —& &xdn?T0n(€),
DO, (€) = —&rtadn?n(€),

DO, (€) = —£,647%T.(€).

Since D27, € L2(R?) and D207, € L2(R?), then —&2607. (&) € L2(R?) and —£161T.(€) €
L?(R?). But

/47r €2630,2(€) dt < 277 / .26 de + 20 / €42 (€) de < +ov,

which means that D117, (¢) € L2(R?) and by Plancherel’s theorem we can conclude that
DUVg, € L2(R?). This proves that @, € W22(R?) since 4, € WH2(R?) by construction.
As Q € C? and 1, is the extension of 4 by 0 outside , then 4 € W22(Q) N Wol’z(ﬂ).

By deﬁnition of the sequence (uy,, Gn, @n, Vin, V2,n), we have Vn € N* . Fn & (Uny Gny Qn, V10, V2.0)
<Fn S(u g,Q, v1,2) and by taking the lim sup when n tends to infinity, lim sup F,, < (un, Gn,

n—-+0o
Qn, V1n,v2n) < F(i,7,Q,01,72). Indeed, thanks to Theorem 3.1., we know that
2
(@B ofoybng [ MR =2, Gy s (03040 DEOuP(2)
’h‘ n—-+00

everywhere in R? and for all u € C*(R?). Without loss of generality, we assume that
supp(u) C B(0,R) with R > 0. We now aim to prove that Ve > 0,3L = L(g) > 1 (we
believe that the confusion with the € from the elliptic approximation is not possible) such
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3. A nonlocal version of the modelling and its theoretical analysis

—9 — 2
that sup /B(o . / [u(z + hey) T}(L‘ﬁ + u(z — hey)| pn(h)dh|dz < e.
7 _ u(x + hey) — 2u(z) + u(x — hey)|?
We have that /B(OLR)C (v%e(az)—l—/ie)/R| ) |]§’4) ( )| pn(h) dh| da <
u(z + hey) — 2u(x) + u(x — hey)|? 1+k
(1+Ii<€) /B((]LR)C / | ( ) ’f(L‘4) ( )| Pn(h) dh‘dl‘ < (( — )E) 4” HL2 (R2)

and the conclusion follows. As

/ ) 4 h2) /!u (z + her) — 2u(z) + u(z — hey)|?
3
R2

[t
— (13 (@) + 1) | DO (z)

/ /|uaz+hel —2u(x) + u(x — hey)|?
B(0,LR)

[l
05 o(2) + k) D>V u(a)

—(
+/B(o,LR)c
— (03 () + 1e) | D® V()

<)
B(O,LR)

— (03 (@) + Ke) DD ()I2

pn(h) dh

dx

(73« pr(h) dh

dzx

|u x+ hey) — 2u(z) + u(z — hey)|?
|h[*

pu(h) dh

dx,

\u (z + her) — 2u(z) + u(x — hey)|?
I

pn(h) dh

dr + €.

|u (x4 hey) — 2u(z) + u(x — hey)|?

We know that (05 . (x)+ke) e pn(h) dh o (6576(:0)—#
—9 — 2
k)| D@D ul? () everywhere in B(O LR) and |(73 el [ule + hey) er§|4) T ule — hel)l

pn(h) dh — (03 () + RE)ID(Q’O)UP(@')’ < 2(1 + k)| DZ0) uHZOO(RQ) € LY(B(0, LR)). Using

the dominated convergence theorem, we get that

/ / |u(z + he1) — 2u(x) + u(x — hey)|?
B(O,LR A4

(03, pa(h) dh—(05 o (2)+ )| D> Ou(x)|?

— 0 and by letting € tend to 0, we conclude that /
n—>+oo R2

(1_)%,6<$) + ’%5)
/ ju( + hey) — 2u}5‘4> tule—he)l o an - (5 (7) + 1) DEOu(w)?

We now extend this result to u € H%(R?). Let € > 0. By density, there exists v. € C5°(R?)
I
such that HD(Q’O)U—D(z’o)vsHLz(Rz) <e. We set up(z,h) = u(m+h€1)72i(2x)+u(x7hel)pﬁ(h) €

1
L*(R? x R) and v (z,h) = we@the)2eemivelethel) 5y ¢ [2(R2 x R). We then

dr — 0.
n—-+4o0o
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have the following inequalities [po [5(05 o(2) + Ke)|un(z, h)[? dhdx < |[u,]|7. R2xR)(1 +
ke) < (1+£ke)||[ DEO) uHL2 r2y and Jre JR(03 (@) 4 Kc) [one (@, h) — un(z, R)|* dh dz < ||up —
vngHLQ(RQXm(l + k) < (1 + Ke)|[|DEOy — DEO) UEHLQ(RQ < (1 + ke)e? using Lemma
3.2. Then | o [g(03.(2) + kc)|un (2, h)[> dhda — [ (V3 . (2) + k)| DEOu(z)? da| < (1 +
Ke |fR2 fR lun (x, h)\thdx —fR \D@ O)U( )|2dx\ < (1 + Ke) |fR2 fR [t x,h)]thdl‘—
Jr2 ID@Ou(2)|2 da — [on D0 (2)2dx| < (1+5:)(2 [ro JR Ve (@ h)—un (2, h)|? dh dz|+
(14 £2)|2 fge Jg [vne(@, h) [P dhdz — 2 [q. |IDEOy, (2)|? dz| + (1 + k.| Jr2(IDEO0(2)]2 —
| D@0y (z)|?) dz| and so lim sup\ Jr2 Jr( 17%6 (z) + ke)|un(z, h)|* dhdx — [q (@%e(x) + Ke)

|DEOy(2)|? dx| < 2(1—1—&5) 2 LetetendtoOandweget Jre JR(03 o (@) +ke) [un (2, h)|* dh da:

— Jre(03 () + kie) | D2Oy(z)|? dz and since Q € €2, then 7, is the extension by
n——+o0o

0 of @ from W22(Q) to W22(R?). So, D*0z, = (DZY%), and D@g.(z) = 0 al-
most everywhere on R? \ Q. We finally have [, [5(v2.( )2 + ke)|ten(x, h)|* dh dx o

fRZ(@Ze(mF + ’is)‘D(ZO)EE(x)‘Z dr < fQ@?,E( ) Ke) ( )‘Qd:c

It remains to prove that F.(u,J,Q, 01, 02) < liminfﬁn,a(un,g'n,Qn,vl7n,v27n). From
n—-+0oo

what precedes, it suffices to prove that / (Do) +42) | DO 5(2) 2 da < lim mf/ (v%me(:c)—i—
Q R2

n—-+0o
[tn,e (@ + her) = 2up,e(x) + une(z — hey)?
Ke) - i

Q
n,e h -2 n,e n,e —h 2
<liminf/ (ine( )—}—/-fg)/ [Une(x + hes) — 2u ,él(x)—l—u e(z — hes)| pn(h)dhdz. Let

n € C3°(R?) be a non-negative radial function satisfying [q nd:v = 1 supp( ) C B(0,1).
We then define a regularized function associated with f by fs(z) = 5 fR2 (54 dy,
Vo € R2. We focus on the direction e; and compute with 6 > 0 and 8 > 0:

pn(h) dh dz and / (03 () +ke)| DOV a(z)? da

n,e h —2 n,e n,e —h 2
/ (Ugn65/($)+l€a)/ [ne(@ F her) = 2unes@) +unes@ —he)l” oy gy g
R2 b ) R

Al
| Un,e(T+he1—2)—2Un o (T—2)+Un,c(x—he; —2) (é) dZ’Q
:/ (vgney(ana)/ Jws D 0 " pu(h) dhdz.
R2 b b ) R ‘h}|4

n(%)

We apply Jensen’s inequality with respect to the measure =53 dz, yielding

[Une(z + hep — 2) — 2up (T — 2) + Upe(z — hey — 2)?
< V3 e8! )+ K //
[ st + S0 20

n(g)pn(h) dz dh da.
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3. A nonlocal version of the modelling and its theoretical analysis

We make the following change of variable: v =z — z,

[tn.e (v + her) — 2up e (V) + Up.e(v — hey)|?
/R2//05) Uznezsfv"‘z)‘i‘/%) 52[h |4

77(6) pn(h) dz dh dv.

Since vy e 50 € C3°(R?), then v3 ,  s5/(v+2) =03, . 5(v) + f01<Vv§,n’e75,(v +52),z) ds and
by introducing it in the previous inequality, we get:

Un.e(V 4+ her) — 2Up o (V) + Uupe(v — he)|? 2
S/ // (v%,n,e,(s/(v)Jma)' el ) " (4) el )l 0(Z) pu(h) dz dh dv
R2 (0,6) 02|hl 5

n,e h -2 n,e n,e _’h 2
/ // / szne(;/v—FSZ) >)ds|u,(v+ e1) — 2Up (V) + Up (v e1)]
r2 JR JB(0,5) 62|h[*

17(6) pn(h) dz dh dv.

We now integrate with respect to z in the first integral and use Cauchy-Schwarz inequality,

and the change of variable v = % in the second one, after bounding the component above

by ||V'U%7n7676/ ||Loo(R2):

Un.e(V+ her) — 2up o(V) + Upe(v — hep)|?
< [ [0 eto) 4 g el = B et 2R, ) g

[tn e (v + her) — 2up (V) + Une(v — hey)|?
+ / / | 9l el o
v JaJoo) i

n(u h) dudh dv,

n,e h -2 n,e n,e _’h 2
/ / U2n66’ )’u 7 (U+ 61) o ELU)+U 7 (U 61)| Pn(h) dh dv
R2 Al
Un,e(V+ her) = 2Upe(v) + upe(v — he 2
IV e / [ finelether) Z2mel0) tnee ZRe)R, ) g g,
rR2 JR A
n,e h -2 n,e n,e _'h 2
S/ /(vin,e,g/(v) 1 gy [tmelv - her) u“’ﬂiv) e =he)l” ) v
R2 JR

+ ||Vv%,n,e75/ | oo (r2)0C, from the coercivity inequality.

Since we assumed that va, € W1(Q,[0,1]) such that yyve, = 1 for all n € N* with

sup [|vam,ellwioore) < sup [v2,nllw1.00(0) < C1 < 0o and so sup [[Vvg el poorzy < C1+1
neN* neN*

where vy, . is the extensmn of vy, from W12(Q,[0,1]) N WH(Q) to WH2(R?,[0,1]) N
WL(R2?) and v, is the extension of oo from W12(€,[0,1]) to W2(R2 [0,1]), then we
have thanks to [31, Theorem 1 p.123] that Vz € R?, D(l’o)vz,n,&y(m) = ngr*D(l’O)vgjn,e(x) =
fR2 2D Dy n e(y)n(m;y) dy < HD(I’O)UZn,e”L‘”(R?)’ D(O’l)vln,e,é’(x) = né’*D(O’l)UQ,n,e@) =
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fRz %D(O’l)UZn,e(y)n(I y) y < HD 0,1) U2ne”L°® (R2) and so HVU2 n,e,d’
< (1 + 1. Eventually, we get:

n,e, h 2 n,e n,e _h 2
/ (v2ne6’ +H€ / |u 6 x—i_ 61) U 5 ,(s(x)—i_u 5 ,5(:1: 61)’ pn(h) dhd:B

2y < [V nell Lo (R2)

|h|*
n,e h -2 n,e n,e _h 2
//UQne5' gy ltmelv 2 heD) = 2ne ) 2 tne0 =R, (1) gy g,
R2 |h|*
+2(C1 4+ 1)6C

As WH(R%) O C(R?), then vy, € C(R?) and [31, Theorem 1 p.123] gives us that
V2 1,67 6—6 v2.n,¢ uniformly on compact subsets of R? and so pointwise almost everywhere
! —

|Un,e(7)+h€1)_Qun,e(v)"!‘un,e ('U_hel)|2 pn(h)

on R? as R? is locally compact. We thus have (v3,  s/(v)+£e)

[h[* 6'—0
(08 e (0) + o) st heD) 2 bun,e (bl (1) and
n,e h -2 n,e n,e —h 2
(03 0. (0) + ) et LR e gl sl el (1) —
— _ 2
(V3 (V) + Ke) [une.5(vther) ZU"E&(UHU”’E"S(U henl” . (h) almost everywhere on R? and ev-
hei) — 2 — hey)|?
erywhere on R. Besides, /(U§7n,e,5/(v)+%€) [une(v + her) UT};’ELU) * tne(v = hey)| pn(h)dh <
R

[tn, e (v + her) — 2up (V) + tne(v — hey)|?

i pn(h) dh € L*(R?) from the coerciv-

(14 52) /
R
ity inequality, and
|un,€75(v + hel) - 2“’7’1,6,6(2}) + un,e,é(v - hel)’2
[ @)+ 50 m
n,e h -2 n,e n,e —h 2
(I+~k )/ [Une (0 + her) = 2u |hf4( V) + tnes(v = heu)l pn(h)dh € L*(R?) from Theo-
rem 3.1. We can thus apply the dominated convergence theorem and get

n,e h -2 n,e n,e —h 2
lim (vgney(q:)Q—i-/iE)/ [tneale + her) = Zunealw) + unea(® — he)l” )y oy g
=0 g2 7 R |h|*

n,e h -2 n,e n,e _h 2
< lim / /(vgned/(v) —&-mg)’u (vt her) = 2ne(v) + tnelv = hey)| pn(h) dh dv
§’'—0 RrR2 JR e ‘h|4

pn(h) dh <

LoCy+ 1)60),
nes(T+h 2y ¢ + Upe — hey)|?
/ (U2ne +"<ﬂs / ’U : 75 * 61) 4 7};‘54(x) Un, 76(33 61)| pn(h> dhd.%',

n,e h -2 n,e n,e _h 2
/ / (o )|u e(v+ her) umiv)—i-u e(v—hey)| o (h) dhdu
R2

[tn e.5(z 4+ her) — 2up e 5(2) + Up e 5(z — hey)|?
<) e

pn(h)dhdx—/ (er( )+kKe )|D20 sz )]2dm To do so, we consider lim ‘/ /((%
R2 rR2 JR

n—-+00

Let us first show that lim / /(v%yme(x)Jr
R2

n——+oo

218



3. A nonlocal version of the modelling and its theoretical analysis

o) [Un,es(T + her) — 2up e 5(2) + Unes(x — hep)|?

|h,4 — (05 o (2)+5e) DO 5 (2)[%) p (h) dh dax| =
|un,e,5(x + hel) — 2un,e,6 $) + Unye,é(.’ll' — hel)
nglfoo‘ Jo Jnctr e |h|4( 1D, 50
pu(h) dh da + / (03 ,() — 02 0 5(2))| DO, 5(2) [ dz|. We have
RQ

Up e.5(2 4+ her) — 2upes5(T) + tnes(z — her) — KD, 5(2)|?
/F@/F{(v%’n’e(m)jwsg)’ ( ) @) hp ( ) @)l pn(h) dh dx

1 2
<2 / D(Q’O)un7e75(ac + (t4 s —1)he;) — D@Oq, s(x)dsdt| pn(h)dhdx
R2
+oo [tn.e.s(x + her) — 2 e 5(2) + Unes(x — her) — R2DEOq, 5(x)[?
+2 U2 M, e ) 4
R? A
h) dh d:z

Using Jensen’s inequality, we get

A

R r1 1
<[] 100 unsta+ (e s = her) = DEV ) dsdep () i
R2 J0 0 JO
R r1 1
< 2/ / / / ’D(2’O)Un7e,6(x + (t +s— ].)he]_) — D(Z’O)’ljeﬁ(m + (t +5— 1)h€1)|2 ds dt
R2 J0 0 JO

R 1 1
pn(h)dhdﬂc+2////|D(270)ﬂ675(1‘+(t—|—s—1)hel) DEOq, s(x))? ds dt
R2 JO 0 0
pn(h)dh dx.

2
/ DOy, sz + (t+ s — 1hey) — D@4, 5(x) ds dt| pn(h)dhdz
0 0

We then use Fubini’s theorem, Jensen’s inequality, and a Taylor’s development, and get
< 2/ / / ’D(270)Un,675($ + (t + s — 1)h€1) — D(ZO)ae’J(x + (t 15— 1)h€1)|2 ds dt
R2

pn(h dhdx+2/////\p30 s(x+ k(t+s — 1Dhe)|?|h|*|t + s — 1> dk ds dt
R2
pn(h) dh dz,

R
2, 1 _
< 2D — DVl ey + 31DVl [ 1)

2.0
< 2|DY) — DEVq 5|2, oy + *HD GG, 5122 e).

As up e njm U In L2(R2) and D(Q’O)unve#; =D )ng*un e, then HDfeOé D(2.0) TUe sl L2 (R2)
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— 0. Also by letting R tend to 0, lim / /
n—-4o0o n—-+4oo R2

/ D(2’0)un,675(x+(t+s— 1)hey)—

DE0g, s(z)ds dt‘ pn(h) dh dz = 0. Furthermore,

Foo [tn.e.s(x + her) — 2up e 5(2) + Unes(x — her) — B2DE0q, s(x)[?
UZne ) ’h‘4
R2
dhdm
+eo n,e h - 2 n,e n,e - h 2
< 2/ / (14 #2) [Un.e,5(@ + her) — 2u ”]ﬁf“"”“ e8(@ = her)| pn(h) dh dz
R2

+o00
2 [ R0 ) )
+o0 1
> 2 /2 / (1 + :‘is)W (‘un,eﬁ(-’ﬂ + h61> — ﬂ675(gj + hel) — 2un,e,5($) + 2@675(.%.)
R2 JR
- tne.s(x = her) = e s(@ — her) + Tes(@ + her) = 20e5() + Tes(v - h€1)|2> pu(h) dh d
+o0o
214 R DEV sy [ o)
+o0 1 ) )
< 4/2 / (1+ HS)W <\un,e,5(x + her) — tes(z + her)|” + 4un e () — e s()]
R2 JR
+ 4|Un,e,6(l' — h(:’l) — ’l_Leﬁ(SL' — h€1)|2 + 4|1_L€75(;L‘ + hel) — 2@675(33) + ae,é(ﬂj _ h€1)|2>
+o0
() e +201 4w DEV @) gy [ pul0)dh
R
36(1+ &
S <(]%E)Hun66 ue(SHLOO(RZ) + 16(14‘55 HD( UE(S”L?(R?)

+o00
+ 20+ R ID Vs e ) [ o)
R

Since f;oopn(h)dh == 0, then

/ /Jroo 'U2 )‘un,e,é(aj + hel) - 2“7’1,6,6(1") + un,e,é(‘r B hel) — h2D(270)ﬂ615($)’2
R2 ", e |h|4
h) dh dx —> 0.

We also have that ‘ fRQ fR v%ne(az) Uze( )N|D 2007, s@)Ppn(h )dhd:c| <||D 20)@5”%00 R2
2””2716 U2 e||L1 R2) < QH'UQne — U2 e”LQ(RQ) with Hv2ne — U2 eHLQ(R2) < HUQne ) €HL2(Q
by construction of the extension and (ve,,) strongly converges to v in L?(€2).

)

n—-+oo

We thus have proved that lim ‘ / / (v2n,e(2)? + Ke)
rR2 JR
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Un,es(T + her) — 2up e 5() + Uunes(x — hep)|?
|h[*

0 using the second triangle inequality.

Eventually, we have

_(1_12,6(1')24'“5) |D(270)ﬂe,6(1') |2),0n(h) dhdx| =

/R ) /R (03 (@) + o) [DP Ve 5(2) 2 pu (h) dh dee

Lo Unes(T 4+ her) — 2Up e.5(2) + Unes(z — hep)|?
~tmiat [ ] <v%,n,€<w>+ms>' a2 R) = Bealt) E el = ROE, (h)
n,e h -2 n,e n,e —h 2
<hmmf/ / v2n€ )]u (@ 4 her) = 2tne(®) + tne(w = hey) pn(h) dh dx
n—rteo JRre |f*
+2C 1+01

Since 4, € W>2(R?) then D*0q, 4 P D@07, in L*(R?) and we deduce by letting §
%
tend to O that

/< (&) + KDV () da

n,e _2 n,e n,e - 2
< hmmf/ / (02, (@ 4 oy ltme@  her) = Runel@) +une@ = he)l” -y g g
n—+o0 JR2 |hl*

We ﬁnally get Eg} fn,a(un7§naQn7U1,n702,n) - F(ﬁ7§'7Q761762) and V(U,g,Q,U17U2) S
n oo

W22(Q)NW,(Q)x H(div)x{Q € WH(Q)| [, Q dx = 0} xWH2(Q) x {vs € W2(Q)|yovs =
1}, Fue(tn, Gns QnyVin,v2n) < Fne(u,d,Q,v1,v2), and by letting n tend to infinity
F(u,q,Q,v1,02) < F(u,§,Q,v1,v2) thanks to Theorem 3.2. This concludes the proof. [

We now turn to the part dedicated to numerical experiments.

4 Numerical Experiments

4.1 Sketch of the local algorithm

In this section, we briefly describe the main steps of our algorithm for the sake of repro-
ducibility, and make qualitative comments. We recall that
_ O‘T_f +2(a — B)eAvy v — % + 2BeAvy
2¢.|Vu|? + 22 20|V2ul2 + £
.o 2 2 2
o (52) 0 (425
82
_2p 0102 ( % 8x18x2) + 55 div (Ul vu)

These equations can be interpreted as follows: when v; (respectively wvy) is close to 0

at some point, the role of the diffusion term div (v? Vu) (resp. ax‘?;xj ( 2 836"; ), i,j €

{1,2}) is cut, yielding not oversmoothed regions along edges or fine structures. If on the
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contrary v1 or v is close to 1 at some point, there is diffusion in u at that point to obtain
a smooth approximation. If [Vu| is close to 0 at some point (resp. |V2u|?), then v; (resp.
v9) is close to 1, enhancing the regularization process. If on the contrary |V2u| is large,
vg is close to 0 with a very small diffusion coefficient (=~ p|€72€u|2)'
The Algorithm 8 consists in alternatively solving the Euler-Lagrange equations related
to each unknown and presented in Section 2. We use a time-dependent scheme in u =
u(zy,x2,t) and Q@ = Q(x1,x2,t) (nonlinear over-relaxation method, see [23, Section 4]),
and a stationary semi-implicit fixed-point scheme in vy = vy (z1, z2), vo = vo(z1,22) and
g = g(x1,22). At the boundary, we extend u by reflection outside the domain, and a simple
boundary condition for g, v; — 1, and vy — 1 would be Dirichlet boundary conditions (and
so Neumann boundary condition for @), which appears to work well in practice.
Let Az; = Azg = h = 1 be the space step , let At be the time step, and let f; ;, ug's,
T Uiy Vaigs Gij = (g?,i,ygg,i,j)t be the discrete versions of f, u, Q, vi, vo and ¢ at

iteration n > 0, for 1 <i< M, 1< j < N.

1. [Initialization step]:

uO:f,gozﬁ, Qozo,v?zlandvgzl.

2. [Main step]:

For n > 1, compute and repeat to steady state for all pixels (7, j):

2 2 2
VU7 = (wity j —ui'y)” + (ug g — ui'y)%,

(a—B) n n n n n+1
e T 2(a—B)e (Vi1 + 0Ty + 0T, 00 T 001 — 4075 5)

2. ’VU”’?J + (042;5)
2

n+1l _
Yiig =

2 ni2 n n n 2 n n n n
IV2u" 75 = (i — 2uly + ity )7 + 2w j — iy — Uig1 1 uij)
n n n 2
+ (Ui — 20+ uiy 1)

8 n n n n n+1
e T 206 (V005 T 051 F V5501 T 080 — dva )

Tl+1 _ 27i7j
27i7j - 2 n 2 B ’
2p[V2u |” + 5
n+1 n n n n n
R no_ ILig+l T 9nig-1 92415 — 92i-1,
= (fi,j — U — - )
At 2 2

e |2 (g — i) — () (= iy
1\2 1 2
e | (i — i) — (0L ) (i = iy )|
1
—-p {(“gﬁﬂy (o = 2uilyps ) = 2 (31 5)% (Ul — 20 + ;)

1 2 1 2
+ (vytj_0)” (uily — 20 o + “Zj—ﬂ} —p [(“33114) (o = 2uity ; +uily)

222



4. Numerical Experiments

1 1 2
2(7}2”?]) (uyr; — 2ufy + g ) + (0p7 )7 (ufy = 2uq j +ul s ;)

n+1 2 n n n n
-2p [(Uz z+1,y+1) (ui+2,j+2 — Uity 42 ~ Uigo 11t ui+1,j+1)

n+1 2 n n n

— (i i1)” (Wi = wiio — U i1 + U j4)
n+1 2 n n n n

— (vy i+l g) (ui+2,j+1 — Uity 41~ Uigo, t ui+l,j)

1
O (W gt — s — i+ )]

and equations derived in the same way for g7, g5 and Q™.
Algorithm 8: Local alternating algorithm for crack recovery.

An alternating minimization procedure is thus performed as stressed in Algorithm 8§,
yielding convergence properties (see [20]). More precisely, starting with initial guess v{ €
S CRMXN ) e S RN w0 e X RN g0 ez c RM*N)2and Q¥ e Y c RM*N,
we successively obtain the sequence of conditional minimizers by solving

(kH) € argmin F.(u (k ),g’(k),Q(k),vl,vgk)),

v1€S
(kH) € arg min F.(u (k) _’(k Q(k) kH) v2),
v2ES
w1 ¢ arg min ]:E(u,g’(k), Q(k), v§k+1),v§k+1)),
ueX
g(k+1) € arg min fe(u(k+1)7§7 Q(k)7 ng—i_l)a U§k+1))>
gez

Q(kJrl) € arg min ]:a(u(k+1)7 g’(kJrl)’ Q, U§k+1) 7 U§k+1)),
QeYy

for k > 0. We consecutively prove :
(i) The monotonicity property
Fo(ulk+D) | glk+D), Q(k+1)’v§k+1)7 Uékﬂ)) < F(u®,g® QW) ng)’v(k))’

Vk € N, ensuring that the sequence {fa(u(k),gf(k), Q(k),vgk),vék))} converges.

(ii) For any converging subsequence (u(Y(*) g(¥(*)), Q(‘I’(’“)),v§\y(k)), vgp(k))) of (ul®), gk,
QW) (k , ék)) generated by the algorithm with

(uY®) GV ®) (¥k) vg‘l’(k))7 vé‘l’(k))

~—

— (u*agﬁ: Q*a Ufav;)a
k—4o00

the following holds :

Yu e X, Fo(u*, g%, Q% v],v5) < Fe(u,g*, Q" vi,v3),
VQ eY, F.(u',g", Q" vi,v5) < Fe(u', g%, Q,v],v3),
\v/g’GZaFE(U*ag’tQ*av )<‘F( ’gQ UlaUQ)
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V’Ul S Sa f&(U*7faQ*7UT7U;)
Vg € S, fE(U*7f>Q*7UT7U§)

< ‘FE(U*7§’*>Q*7U17U;)>
< ]:'E(U*vg’*aQ*?ULlQ)a
making (u*, §*, Q*, v, vy) a partial minimizer.

(i) If (u®), gk, Q*), vl ,vl;)) k:)m (u*, g, Q*,vi,v3), then (u*, 7", Q*,v], vi) belongs
to the set of all partial minimizers of the problem.

If (u(k),g(k), Q(k),vgk),vlg)) does not converge, there exists a subsequence that con-
verges to a partial minimizer of the problem.

4.2 Sketch of the nonlocal algorithm

Let us first derive the nonlocal Euler-Lagrange equation with respect to the variable w.
Let 1 be a test function and € € R. We set

IO = If = u—en=div s +p [ 03ela)+ )

/ |ue(x 4 he;) + en(x + he;) — 2ue(x) — 2en(x) 4+ ue(z — he;) + en(x — hei)|2p
|t "

+ fe/ (v% +¢) [Vu + eVn\z dz,
0

T = =2 [ (f—u—en—digde+p [ (Fole) + )

2

2 2(ue(x + hey) + en(x + he;) — 2ue(x) — 2en(x) 4+ ue(x — he;) + en(x — he;))
Z / |h|*

(n(z + he;) — 2n(x) + n(z — he;))pn(h) dh dz

+ & /Q (v? 4+ ¢)2(Vu + eVn)Vn dz,

7O == [ 207 —u=digido+p [ (o) + )

: I
=1

+ EE/Q (v? 4+ ¢)2(Vu)Vndz =0,

J'(0) = —/Q(f —u — divg)n dx

2 122 e )+ Ke)(ue(z + he;) — 2ue(z) + ue(x — he;))
er/R2 Z / ( e
N v%e( — hep)) + k) (u(x) — 2u(x — he;) + u(x — 2he;))

[
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(V3 o(x + hei) + ko) (u(x + 2he;) — 2u(x + he;) + u(x))
|h[*

e / div((v? + C)Vu)n da = 0.
Q

>npn(h)dhdx

% + 2,8€A1)2
we(x+he; e () +Fue(z—he;)|?
%Zh'(M)zﬁ”('”UMmM+£

Besides, the equation for vo becomes vy =

The equations related to the other Varlables remain unchanged.

We now introduce the nonlocal weights inspired by the NL-means algorithm ([19]). In-
deed, we believe that integrating additional information related to the content of the
image [ is pertinent here. We thus want to put more weights to neighbors that have
similar edges/creases and to geographically close neighbors. We consider the following

nonlocal weights p";L(‘ZL) ~ wlﬂ-’m(h) = exp (—d“;i;(h)) where dy 4.;(h fR2 OIVI(x+
t) = VI(z+t+ he)||* dt or drgi(h) = [ge Ga()||V2I(z+1t) — V2] (x+t+hei)\|2dt where

G, is a Gaussian kernel with standard dev1at10n a controlling the patch size and « is
the filtering parameter. Below is the pseudo-code associated with the computation of the
nonlocal weights (Algorithm 9).

Input

Initial image [

Output:

Weights in the first direction wr 1, the shifts of the selected neighbors in the first
direction indice1, weights in the second direction wyz 2, the shifts of the selected
neighbors in the second direction indices.

1. Define w := window size, p := patch size, h := 0.25, NbNeigh := number of actual
required neighbors including the closest one, Nx := number of horizontal pixels,
Ny := number of vertical pixels.
2. Compute the extended image by symmetry.
for all pixels x = (z1,22) do

3. Compute the distance

p—1 p—1
2 - -\ (12
|VI(x1 +i,22 +7) — VI(z1 +y + 4,22 + j)
dre1(y) = Z Z < 7
==ty ==ty
N \VI(z1+i,22+j)— VI(x1+ (i —y),x2 +j)|]2>
2

between all patches centered at x + ye; of size p with 0 <y < % and the patch
centered at the current z.
end for
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for all pixels z = (z1,22) do
3.(following) or

p—1 p—1

2 2 2 . . 2 ] N

IV (21 + i, 20 + j) = V2 (21 +y + i, 22+ )|

= Y3 2
i=—2P 1]'__E
2 2
VPTG i + ) = VP + (- y) +j)H2)
2

between all patches centered at x + ye; of size p with 0 <y < % and the patch
centered at the current z. Compute the distance

R,
= - _ . , AN (12
IVI(x1 +id,22 +j) — VI(z1 +i,22 + (y + 7))l
dra2(y) = Z Z <
i=—tyi=—ty 2
V@ i@+ ) = VI 4w + (= )
5 :
or
p=1  p=1
5 5 2 . . 2 . : 2
IV2I(x1 +i,20 +7) — VI (x1 + i, 20+ (y + )|l
dI,a:,2(y) = (
=TTz J)=773
VP i s + ) = VP (1 i + y))lP)
5 :

between all patches centered at x 4 yes of size p with 0 <y < % and the patch
centered at the current x.

end for

for all pixels x do
4.1. Sort the previous distances in ascending order for each direction and keep only
the lowest NbNeigh — 1 values with the corresponding shift (y) for the first
direction in indice; and for the second direction in indices.
4.2. Add the closest neighbor in geographical sense and in each direction to make
the weights more similar to the theoretical ones.

end for

for all pixels  do
5.1. Compute wr ;1 by the following formula: wy ,1(y) = 0 if y does not belong to

the previous list of neighbors, wy ;1(y) = exp {—%@} otherwise. Compute
wr z2 by the following formula: wr ;2(y) = 0 if £ 4+ yes does not belong to the
previous list of neighbors, wy ; 2(y) = exp {—d“;zig(y)} otherwise.
end for
return wy . 1, Wiz 2, indicer, indices.
Algorithm 9: Computation of the nonlocal weights inspired by the NL-means algorithm.
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The nonlocal algorithm also relies on an alternating strategy in which we solve the
Euler-Lagrange equations related to each unknown using the same schemes as in the local
one. Neumann boundary conditions for v and ) and Dirichlet boundary conditions for
vy — 1, v9 — 1 and g are applied. We use the same notations as previously done and get
the following Algorithm 10.

1. [Initialization step]:
uO:f,g'O:@, Q" =0,v) =1and vJ = 1.
2. [Main step]:
for n=1 to n=500 do
if n%100==0 then
2.1 Compute the nonlocal weights associated to u™:
[Wr,21,Wr 52, indicer, indices] = compute_weights(u™).
end if
2.2 Compute for all pixels (i, 7):

[V = (o = i)? + (g = i),
-8
ntl (a e )y 20— B)e (V] 415 + 0715+ VT4 T VT —1 — 40T 5)
1 PR — b
.4 %, ]Vu”] 2€ﬁ)
nlnormul; = Y (u"(i + h,j) — 2u™ (i, §) + u" (i — h, §))*wrj1(R))
i,J ) ) ) 005

h€indicey

Y Wi+ h) = 2uP (i 5) (i — h))Pwrga(h),

h€indices

8 n n n n  Aam
na1 22 T 202 (03405 U5y VS T U — Ag )

243 2pnlnormu + 266 ’
41
Upj Uiy (g — L9l — 91 9241 — gg,i—l,j)
At 2 2

2 2
+ & [(Ul ig)” (Ui — U?]) (vF; 1) (uij — UZj—l)]

2 2
+ & [(Ul i) (Wit —ugy) — (V12 5)7 (ug — u?fl,j)}

2 2
—p [ Z (V3 1n)" (Whon; — 20y +ui'y) — 2(vy; )7 (ufjpp — 208y +ui'i_p)
h€indicey

+ (’Ug,ifh,jy (U?,j - 2u?fh,j + u;ZZh,j) wI,i,j,l(h) - Pwl,z‘,jz(h) (Ug,i,jfh)Q (U?,j - 2“?,;’41

2
Fulion) F Y (08 ) (W an — 20 Fully) = 2 (05 5)? (ufy g — 26 ) |

h€indices

using symmetry if it does not belong to the image domain, and equations derived in
the same way for g7, g5 and Q".
end for
Algorithm 10: Nonlocal alternating algorithm for crack recovery.
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In order to improve the computation efficiency, we propose an MPI parallelization of
our code, which motivates our choice of a rather simple alternating minimization method
for which a decomposition domain approach is well-suited.

4.3 MPI parallelization

The parallelization of the C code is motivated by the natural geometry of the problem
—an image is defined on a rectangle domain ) —making the partition of the image domain
into subdomains supporting simultaneous local computations relevant. Note also that the
computational complexity increases with the image size (in practice we have worked with
some images of size 2248 x 4000), requiring more memory to store the data and the results,
this fact being particularly marked in the nonlocal model that involves the resolution of a
nonlocal partial differential equation.

The meshing is made of ntx interior points in the row direction (we removed the first
and last two layers of points for the local case and the first and last layers of points for
the nonlocal case) and nty interior points in the column direction (we removed the two
leftmost and rightmost columns of points for the local case and the leftmost and rightmost
column of points for the nonlocal case). The implementation revolves around the following
steps:

(i) we generate a Cartesian topology (see Figure 5.2 for an example), each subdomain
comprising two/w —1 (local/nonlocal, where w is the window size) rows of ghost cells
above, two/w — 1 rows of ghost cells below, and similarly for the columns, in order
to store the data exchanged with neighboring subdomains. FEither the developer
selects the number of nodes in each direction, or it is left to the MPI library. Some
latitude is also given to the user in terms of periodicity (—a periodicity can be
applied on the grid in each direction if required thanks to the array periods —)
and reorganization (—if the user wants the processes to keep the same rank as in
the original communicator —).

(ii) For each subdomain, we recover the bounds with respect to the original image re-
ference frame of the indices 7 and j that are then stored in the 1d array tab_bounds:
tab_bounds[0]=sx, tab_bounds[1]=ex, tab_bounds[2]=sy and tab_bounds|[3|=ey). The
numbering of the original image reference frame starts at 0 and the origin is the top
left corner. The indices (sx — 2, sz — 1, ex + 1, ex + 2, sy — 2, sy — 1, ey + 1,

ey+2)/(st—w+1,...,sc—1,ex+1, ....ecx+w—1, sy—w+1, ..., sy —1,
ey+1, ..., ey+w—1) are used to store the data sent by the 8-connected neighboring
subdomains.

Created function : void domaine(MPI_Comm comm2d,int rang,int * co-
ords,int ntx,int nty,int * dims,int * tab_bounds,int * periods,int reorga-
nization,int nb_procs)

(iii) For each subdomain, the neighboring subdomain ranks are returned. This is achieved
thanks to the routine voisinage and these ranks are stored respectively in the 1d
array voisin (for the 4-connected blocks) and voisin_diagonale (for the diagonally
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Figure 5.2: Cartesian topology in the local case with 4 processes on a (10 x 10) image:

Process 0 : (sz =2,ex =4,sy =5,ey =7);

Process 1 : (sx =5,ex =T,sy=5,ey =7);

Process 3 : (st =b,ex =7,sy =5,ey = 7).

connected blocks). The necessity of storing the ranks of diagonally connected blocks
arises from the numerical schemes used to discretize the partial differential equations
satisfied by u, @, g1 and g2 that involve for instance components like w;42 j42,
Qi—1,j+1, V21,1 O g2,i+1,j-1-

Created function: void voisinage(MPI_Comm comm?2d,int * voisin, int *
voisin_diagonale,int * coords, int * dims)

Once the Cartesian topology is created, one needs to distribute the data file (image
data) to each subdomain in parallel (more precisely, the portion of the data file
that must be visible for the related process). The general file manipulation function
MPI _File_open is called. We then create a datatype MPI_Datatype mysub-
array describing a two-dimensional subarray (the portion of the image related to
the current subdomain) of a bigger two-dimensional array (the image here) (routine
MPI _Type_create_subarray). The MPI_File set_view routine allows to change
the process view of the data in the file: the beginning of the data accessible in the
file through that view is set to 0, the type of data is set to MPI_DOUBLE, and the
distribution of data to processes is set to mysubarray. Then the MPI_File_read
routine enables us to read the file starting at the specified location.

Derived datatypes are created, describing the rows, columns and 2x2 diagonal arrays
involved in the MPI communications : MPI_Datatype type_2colonnes/type_(w-
1)colonnes, type_ligne, type_colonne_mono, type_2lignes/type_(w-1)lignes,
type_ligne, type_colonne mono, type_(w-1)lignes among others. In that pur-
pose, the routines MPI_Type_contiguous —creating a contiguous datatype, here
a single row of data —and MPI_Type_vector —general constructor that allows
replication of a datatype into locations that consist of equally spaced blocks, here
a single column, a group of two/(w-1) adjacent columns and a group of two/(w-1)
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adjacent rows —are used. For the communications with diagonally connected sub-
domains, a datatype describing a two-dimensional subarray of size 2x2 of a bigger
two-dimensional array is created for each spatial configuration: top left corner, top
right corner, bottom left corner and bottom right corner.

(vi) The communications are then handled with the routine MPI_Sendrecv. This send-
receive operation combines in one call the sending of a message to one destination
and the receiving of another message from another process. As an illustration (see
also Figure 5.3), u_local_mat denoting the local array describing u :

(a) u_local mat(sx : sx+1,:)/ulocal_mat(sx : sx+w—2,:) is sent to the northern
neighbor that receives data in u_local_mat(ex+1 : ex+2,:)/u_local_mat(ex+1 :
er +w—1,:);

(b) u-local-mat(ex—1: ex,:)/ulocal_mat(ex —w—+2 : ex,:) is sent to the southern
neighbor that receives data in u_local_mat(sx — 2 : sz — 1,:) /u_local_mat(sx —
w+1:sx—1,:);

(¢) ulocal mat(:,sy: sy+1)/ulocal_mat(:, sy : sy +w — 2) is sent to the western
neighbor that receives data in w_local-mat(:,ey + 1 : ey + 2)/u_local_mat(:
vey+1ey+w—1);

(d) ulocal-mat(:,ey — 1 : ey)/ulocal_mat(:,ey —w + 2 : ey) is sent to the eastern
neighbor that receives data in u_local_mat(:,sy — 2 : sy — 1)/u_local_mat(:
sy —w+1:sy—1);

(e) u_local mat(sx : sx + l,ey — 1 : ey) is sent to the northeast neighbor that
receives data in u_local_mat(ex +1:ex+2,sy —2: sy —1);

(f) u-local-mat(ex — 1 : ex,ey — 1 : ey) is sent to the southeast neighbor that
receives data in u_local_mat(sx —2: sx —1,sy — 2 : sy — 1);

(g) u-local_-mat(ex — 1 : ex,sy : sy + 1) is sent to the southwest neighbor that
receives data in u_local_mat(sx —2: sx — 1,ey +1: ey + 2);

(h) w-local-mat(sx : sx + 1,sy : sy + 1) is sent to the northwest neighbor that
receives data in u_local_mat(ex +1:ex+2:ey+1:ey+2).

For subdomains with at least one edge included in the image domain boundary, di-
agonal communications do not occur and are replaced by communications with the
ghost cells of the involved contiguous subdomain.

Created function : void communication(double ** u,double ** v1_local mat,
double ** v2_local_mat,double ** g1_local_mat,double ** g2_local_mat,double
** Q_local_mat,int * tab_bounds,MPI_Comm comm2d,int * voisin, int *
voisin _diagonale)

(vii) The values of u™+1, Q"*!, U?H, vg'H, g’f“ and g?“ are computed using the above
mentioned finite difference schemes (v; and vy have been initialized to 1, g1, g2 and
@ to 0, while u has been set to the values of the original image) and the question
of boundary conditions is addressed. For the sake of simplicity, we have assumed
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SX ex

Figure 5.3: Phantom cells and communications, example on process 0 for the local case.

(viii)

(ix)

homogeneous Neumann boundary conditions for u, simulating reflection of the array
through its boundaries and Dirichlet boundary conditions for v;1 —1, v9 — 1, § and Q.
We thus identify subdomains with at least one edge included in the image domain
boundary. We then replicate the third row of the local matrix in the second one, the
fourth row in the first one, similarly for the last two rows and first /last two columns
for u. The diagonal components are processed using point symmetry. The newly
computed values are then transmitted to neighboring subdomains and a new time
step is achieved.

We finally write the result (component vy encoding the fine structure we aim to
recover) in a file using again MPI I/O. The general file manipulation function
MPI_File_open is called. We then create a new datatype describing the two-
dimensional subarray extracted from the original local array v2_local_mat when re-
moving the ghost cells. The routine MPI_File_set_view changes the process view
of the data in the file, while the routine MPI_File_write_all writes the file, starting
at the locations specified by individual file pointers.

Created function : void ecrire_mpi(double *v2_local_vect,int ntx,int nty,int
* tab_bounds,MPI_Comm comm2d)

In the nonlocal case, the computation of the nonlocal weights is done by every process
on their associated subdomain.

The computations have been made with the supercomputer Myria operated by the CRI-
ANN (Centre Régional Informatique et d’Applications Numériques de Normandie, http:

231



A second order free discontinuity model for bituminous surfacing crack
recovery

//www.criann.fr/). Myria is an ATOS BULL solution with 11144 computing cores, with
a power of 403 TFlops Xeon, 170 TFlops GPU and 27 TFlops Xeon Phi KNL. Myria also
has a fast storage space of about 2.5 Po. Submission of the work is done through the
SLURM software.

The local algorithm has been applied to a bituminous surfacing image of size 2248 x 4000,
requiring 500 time step iterations both in the case of the sequential algorithm , execution
time : 289.576683 seconds, and parallelized algorithm with 224 tasks, execution time :
1.752749 seconds. The efficiency is of 74% from 1 to 224 tasks and of 100% from 28 to
224 tasks. Below (Figure 5.4) are the statistics obtained for 1 task and 224 tasks. The

Summary: crack_detection.stf
Total time: 290 sec. Resources: 1 process, 1 node.

Ratio Top MPI functions

This section represents a ratio of all MPI calls to the rest of This section lists the most active MPI functions from all MPI calls in the application.
your code in the application.

MPI_File_read I 0.0461 sec (0.0159 %)

MPI_File_write_all I 0.0355 sec (0.0122 %)
MPI_Sendrecv  IEEEG——— 0,025 sec (0.00861 %)
MPI_Finalize I 0.00509 sec (0.00176 %)
MP|_File_open Il 0.00277 sec (0.000956 %)

M Serial Code - 290 sec  99.9 %
B MPlcalls-012sec 0%

Where to start with analysis

For deep analysis of the MPI-bound application click "Continue >" to open  To optimize node-level performance use

the tracefile View and leverage the Intel® Trace Analyzer functionalty: Intel® VTune™ Amplifier XE for:

- algorithmic level tuning with hotspots and threading efficiency analysis;
- microarchitecture level tuning with general exploration and bandwidth
analysis;

Intel® Advisor for:

- vectorization optimization and thread prototyping.

- Performance Assistant - to identify possible performance problems
- Imbalance Diagram - for detailed imbalance overview
- Tagging/Filtering - for thorough customizable analysis

For more information, see documentation for the respective tool:
Analyzing MPI applications with Intel® VIune™ Amplifier XE
Analyzing MPI applications with Intel® Advisor

(a) 1 task
Summary: crack_detection.stf

Total time: 434 sec. Resources: 224 processes, 8 nodes.

Ratio Top MPI functions

This section represents a ratio of all MPI calls to the rest of  This section lists the most active MPI functions from all MPI calls in the application.
your code in the application

MPI_Sendrecv I 55.3 sec (13.1 %)

MPI_File_open [ 9.59 sec (2.15 %)

MPI_File_close I 7.77 sec (1.74 %)

MPI_File_read Il 7.07 sec (1.59 %)
MPI_File_write_all [ 4.89 sec (1.1 %)

M serial Code - 340 sec 783 %
B MPlcalls-941sec  216%

Where to start with analysis

For deep analysis of the MPI-bound application click "Continue >"to open  To optimize node-level performance use:

the tracefile View and leverage the Intel® Trace Analyzer functionality: Intel® VTune™ Amplifier XE for

- algorithmic level tuning with hotspots and threading efficiency analysis;
- microarchitecture level tuning with general exploration and bandwidth
analysis;

Intel® Advisor for:

- vectorization optimization and thread prototyping

- Performance Assistarit - to identify possible performance problems
- Imbalanice Diagram - for detailed imbalance overview
- Tagging/Filtering - for thorough customizable analysis

For more information, see documentation for the respective tool
Analyzing MPI applications with Intel® Viune™ Amplifier XE
Analyzing MP| applications with Intel® Advisor

(b) 224 tasks
Figure 5.4: Computational statistics for the local algorithm.
nonlocal algorithm has been applied to a bituminous surfacing image of size 2248 x 4000,
requiring 360 time step iterations both in the case of the sequential algorithm , execution

time : 596.582511 seconds, and parallelized algorithm with 224 tasks, execution time :
4.409619 seconds. Below (Figure 5.5) are the statistics obtained for 1 task and 224 tasks.
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Summary: fissure.stf
Total time: 597 sec. Resources: 1 process, 1 node.

Ratio

This section represents a ratio of all MP| calls to the rest
of your code in the application.

Continue >/

Top MPI functions

This section lists the most active MPI functions from all MPI calls in the application.

MPI_File_write_all NI 0.101 sec (0.017 %)

MPI_File_read
MPI_Sendrecv Il

MPI_Finalize [
MP|_File_open M

M Serial Code - 597 sec 99.9 %
M MPlcals-0.17sec 0%

Where to start with analysis

For deep analysis of the MPI-bound application click "Continue >" to
open the tracefile View and leverage the Intel® Trace Analyzer
functionalty:

- Performance Assistant - to identify possible performance problems
- Imbalance Diagram - for detailed imbalance overview

- Tagging Filtering - for thorough customizable analysis

0.0447 sec (0.00748 %)
0.00689 sec (0.00115 %)
0.00535 sec (0.000896 %)
0.00504 sec (0.000844 %)

To optimize node-level performance use
Intel® VTune ™ Amplifier XE for:

- algorithmic level tuning with hotspots and threading efficiency analysis;
- microarchitecture level tuning with gemeral exploration and bandwidth
analysis;

Intel® Advisor for:

- vectorization optimization and thread prototyping.

For more information, see documentation for the respective tool
Analyzing MPI applications with Intel® VTune™ Amplifier XE
Analyzing MPI applications with Intel® Advisor

(a) 1 task

Summary: fissure.stf

Total time: 1.1e+03 sec. Resources: 224 processes, 8 nodes.

Ratio

This section represents a ratio of all MPI calls to the rest
of your code in the application.

T ——
Hi Jeft, 1 would be a it car

Continue >/

Top MPI functions

This section lists the most active MPI functions from all MPI calls in the application.

MPI_Sendrecv I 190 sec (17.1 %)

MPI_Barrier [l 17.9 sec (1.61 %)
MP|_File_open Il 14.5sec (1.3 %)
MP|_File_close Il 10.9 sec (0.986 %)

MP1_File_write_all 1l 10.3 sec (0.928 %)

M Serial Code - 839 sec  76.4%
B MPlcals-259sec  235%

Where to start with analysis

For deep analysis of the MPI-bound application click "Continue =" to
open the tracefile View and leverage the Intel® Trace Analyzer
functionalty:

- Performance Assistant - to identify possible performance problems
- Imbalance Diagram - for detailed imbalance overview

To optimize node-level performance use
Intel® VTune™ Amplifier XE for:

- algorithmic level tuning with hotspots and threading efficiency analysis;
- microarchitecture level tuning with general exploration and bandwidth
analysis;

Intel® Advisor for
- vectorization optimization and thread prototyping

- Tagging/Fitering - for thorough customizable analysis

For more information, see documentation for the respective tool
Analyzing MPI applications with Intel® VIune™ Amplifier XE
Analyzing MPI applications with Intel® Advisor

(b) 224 tasks

Figure 5.5: Computational statistics for the nonlocal algorithm.

4.4 Numerical simulations

Experimental results on real datasets are now provided, resulting from the application
of the above algorithms (local/nonlocal). The values of the parameters in the functional
are chosen on the basis of the results of a number of experiments. We can nevertheless
infer the behavior of some of them: less regularization (smaller «, £, p and &) induces
more edges/creases in v; and vy respectively. Also, a higher parameter p balancing the
L*-norm of |VQ| will lead to smaller scale features in the v = div § component. The fine
structures appear as contours along which the auxiliary variable vy is close to zero, while
jumps appear as contours with larger thickness.

We start off with an application dedicated to road network detection on urban scenes.
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An aerial urban scene is depicted in Figure 5.6 (A. Drogoul’s courtesy, size of the image
652 x 892), together with its smooth approximation u obtained with our local implemen-
tation (u local), with our nonlocal implementation in which we consider only the four
closest neighbors (u nonlocal (only 4 closest neighbors)), with our nonlocal implementa-
tion in which the weights are computed using the distance based on the comparison of the
image gradients (u nonlocal (weights based on gradient) and with our nonlocal implemen-
tation in which the weights are computed using the distance comparing the Hessian of the
image (u nonlocal (weights based on Hessian)) in which small scale features have been re-
moved (more precisely, u should be piecewise linear since the model involves second order
penalization) and the auxiliary function vy that maps the fine structures of u. Function
vy discriminates properly edges (i.e. discontinuities in the image function) that appear in
light gray, from creases and filaments (i.e. road network here) that appear in dark gray.
Small scale features are assimilated to oscillatory patterns having small G-norm and are
thus well-captured in the v = div g component (e.g., the rows in the fields are clearly
extracted). The road network is clearly detected, while noise and texture are left in the
v = div § component. The most sensitive parameters are those related to regularization,
namely p, o and 5. The smaller parameters o and [ are, the more edges/creases are
present in the auxiliary function vy. Parameter p acts on the thickness of the contours
and on the range of function ve: the higher p is, the closer to the value one contours
representing fine structures are. Parameter € also plays on the thickness and intensity of
the contours, and is always set between 0.5 and 1. These elements are exemplified in Fig-
ure 5.7 where various sets of parameters have been tested with our local implementation.
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(e) u nonlocal (weights (f) vy mnonlocal (weights (g) v nonlocal (weights (h) vy nonlocal (weights
based on gradient) based on gradient) based on Hessian) based on Hessian)

(1) w nonlocal (only 4 clos- (_]) vg nonlocal (only 4 clos-
est neighbors) est neighbors)

Figure 5.6: Road network extraction on an aerial scene: local: y =8, (& =0, a = 8 = 0.5,
p=15,e=0.5,v=0.5, 10 iterations; nonlocal (weights based on Hessian): p = 0.0001, & = 3.5,
a =014, 8 =0.07, p = 3.5, ¢ = 1.0, y = 1.0, w = 15, m = 7, 450 iterations; nonlocal (only
4 closest neighbors): p = 0.0001, & = 3.5, a = 0.14, 8 = 0.07, p = 3.5, ¢ = 1.0, v = 1.0, 450
iterations; nonlocal (weights based on gradient): pu = 0.0001, & = 3.5, a = 0.06, 5 = 0.03, p = 3.5,
e=1.0,v=1.0, w=15 m =7, 1250 iterations.

/ /'/ /
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(a) Original  cropped b v, p = 10, p = 3.5, (C) w2, p = 10, p = 3.5, d vo, p = 10, p = 3.5,
image a=p=05e=1 a=p8=0.>5,e=0.5 a=p=2,e=1

’\// “ g > =

-~ - 7~ . 7~
- - )4 4 i
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(e) Uz,,u,:10,p:3.5,(f)v2,,u:10,p:5,a: (g)vz,M:IO,p:&a:(h vo, u=10,p =8, a =
a=p8=5=1 B=05e=1 B=05e=1 B =0.5=0.5

Figure 5.7: Road network extraction on an aerial scene: effect of the parameters on the component
v9 with the local algorithm.
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We compare our results with those obtained by Aubert and Drogoul [8, 30] with the
topological gradient (Figure 5.8). We first observe that the topological gradient has the
tendency to oversmooth the contours. Second, it does not properly discriminate the edges
from the filaments and creases in terms of intensity for instance. At last, even if we tuned
the algorithm adequately (in particular, a weighting parameter in their model influences
the size of the detected structures), our algorithm detects more accurately the center of the
road network. Another illustration devoted to filament/vessel-like structure detection is

(a) Original image (b) Structures detected by the
topological indicator

Figure 5.8: Road network extraction on an aerial scene with Aubert and Drogoul’s topological
gradient method.

provided on Figure 5.9 (size 338 x 436) and focuses on dendrite and axon detection (cour-
tesy of A. Drogoul, https://sites.google.com/site/drogoulaudric/recherche). The
skeleton of the dendrite network is well recovered, with in particular strong intensity in
the middle of the dendrites. Also, to emphasize the role of the decomposition, we display
the v9 component when ¢ and ) are removed from the local model: we observe that
spurious details (not related to filament structures) spoil this constituent. We now apply
the proposed algorithm to crack detection, both on Figure 5.10 (size 501 x 501) and 5.11
(size 285 x 429), courtesy of A. Drogoul. We depict the three main components of the de-
composition/segmentation, i.e., u, v = div g, ve, for the local model and u and v, for the
three versions of our nonlocal algorithm, as well as the results obtained with Aubert and
Drogoul’s topological gradient method. The cracks are correctly enhanced, the oscillatory
patterns are well captured by the v = divg component. Again, the role of the decom-
position part of the algorithm is highlighted (Figure 5.10) by depicting the obtained v
component when decomposition is turned off in our local implementation (spurious details
are visible on the top of the image). Also, the linear piecewise nature of the component u
in Figure 5.11 is properly returned.
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(a) Original image (b) u local (C) u nonlocal (weights based on gra-
dient)

(d) w nonlocal (weights based on Hes- (e) u nonlocal (only 4 closest neigh- (f) v = div g local
sian) bors)

(g) vg local (h) vg local, zoom on a region of (l) vg local, when no decomposition
the image is applied
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(J) vg nonlocal (weights based on gra- (k) vo nonlocal (weights based on Hes- (l) v nonlocal (only 4 closest neigh-
dient) sian) bors)

Figure 5.9: Dendrite and axon extraction: u=1,& =0, a=8=0.1, p =35, =0.5, v =5,
20 iterations; nonlocal (weights based on Hessian): g = 0.0001, & = 3.5, a = 0.016, 8 = 0.008,
p=35e=15~v=10, w =15 m = 7, 330 iterations; nonlocal (only 4 closest neighbors):
u = 0.0001, & = 3.5, a = 0.016, 8 = 0.008, p = 3.5, ¢ = 1.5, v = 1.0, 330 iterations; nonlocal
(weights based on gradient): p = 0.0001, & = 3.5, a = 0.016, 8 =0.08, p = 3.5, ¢ = 1.0, v = 1.0,
w = 15, m = 7, 500 iterations.
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(a) Original image (C) v = div g local

" ;
. :
(d) vy local (e) w nonlocal (weights based (f) v nonlocal (weights based
on gradient) on gradient)
T : '/}f
4

(g) u nonlocal (weights based (h) vo nonlocal (weights based (1) w nonlocal (only 4 closest
on Hessian) on Hessian) neighbors)

(J) v nonlocal (only 4 closest (k) Structures detected by the (1) vy local, when no decomposition
neighbors) topological indicator is applied

Figure 5.10: Crack detection: p = 0.001, £, = 3.5, « =0.14, 8 =0.07, p=3.5, e =1,v= 0.5, 50
iterations; nonlocal (weights based on Hessian): p = 0.0001, &, = 3.5, a = 0.14, 5 = 0.07, p = 3.5,
e =15, =10, w =15, m = 7, 550 iterations; nonlocal (only 4 closest neigbors): p = 0.0001,
& =35, a=0.06, 8 =0.03, p=3.5, ¢ = 1.5, v = 1.0, 550 iterations; nonlocal (weights based on
gradient): g = 0.0001, & = 3.5, a = 0.06, 8 =0.03, p=3.5, e = 1.0, y = 1.0, w = 9, m = 5, 1000
iterations.
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(a) Original image (b) u local (C) v = div g local

,
i ;
»

(d) vg local (e) u nonlocal (weights based on (f) v2 nonlocal (weights based on
gradient) gradient)

*

e [ BERERE

(g) u nonlocal (weights based on (h) vy nonlocal (weights based (1) w nonlocal (only 4 closest
Hessian) on Hessian) neighbors)

f

v
-

(J) vy nomnlocal (only 4 closest (k) Structures detected by the
neighbors) topological indicator

Figure 5.11: Crack detection: p = 0.001, & = 3.5, « =0.14, 3 =0.07, p=3.5,e =1, v = 0.5, 50
iterations; nonlocal (weights based on Hessian): p = 0.0001, &, = 1.0, a = 0.06, 5 = 0.03, p = 1.0,
e=15v=10,w=15 m =7, 750 iterations; nonlocal (only 4 closest neighbors): p = 0.0001,
& =10, «a =0.06, 8 =0.03, p=1.0, e = 1.5, v = 1.0, 330 iterations; nonlocal (weights based on
gradient): p = 0.0001, & = 3.5, « =0.06, 8 =0.03, p=3.5,¢ = 1.0, y =10, w =9, m = 5, 1000
iterations.
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We conclude the paper with two applications dedicated to crack detection on bi-
tuminous surfacing Figure 5.13 (size 231 x 650) and 5.14 (size 201 x 640), courtesy
of CEREMA, France. The two considered slices of bitumen, in addition to long and
thin cracks, exhibit high oscillatory patterns and white spots of varying sizes, which
makes the straight application of our algorithm difficult. Indeed, in terms of scale, the
crack and some of these spots could be comparable and could not be properly discrim-
inated, resulting in superfluous information in the v component. Think for instance
of a white spot assimilated to a ball of radius 2 pixels (—if the image domain is the
n X n discretized unit square, then the scale behaves like %—), and of a long thin crack
of width 2 pixels and length k pixels (k > 1) leading to a similar scale. To circum-
vent this issue, a pre-processing step is applied. It consists in apprehending the problem
first as an inpainting one ([1]), and by considering these white spots as missing parts
of the image that need to be filled. This is achieved with the MATLAB® function
imfill (https://fr.mathworks.com/help/images/ref/imfill.html —to fill holes in a
grayscale image) applied to the inverse image, yielding an image that serves as input of
our algorithm. In both cases, the cracks are well recovered in the vy component which
does not include superfluous information. The edge detector vy also recovers parts of the
crack but contains spurious information regarding the problem we address, such as asphalt
defect boundaries. It thus justifies the use of a second order method.

Besides, Figure 5.13-(g)-(h)-(i) and 5.14-(g)-(h)-(i) are the results obtained by minimiz-
ing the elliptic approximation of the Blake-Zisserman functional that is to say without
considering the decomposition part. Thanks to Figure 5.13-(j)-(k)-(1) and 5.14-(j)-(k)-(1)
showing the absolute difference between both results, we observe that u is less noisy with
our method, v; and vy also exhibit better contrast with less superfluous information. The
results obtained with the three versions of our nonlocal algorithm are comparable with
the ones obtained with our local implementation.

We also compare our results with the ones obtained by thresholding the image. It appears
that the crack is even more spotty than with our method and there is more superfluous
information or the crack is not entirely recovered. Furthermore, the contrast is lower. The
value of the threshold ¢ has been chosen to get a compromise between recovering the whole
crack and having the least residual noise.

(a) Original image (b) Filtered image: input of (C) Thresholded image : t = (d) Thresholded image : t =
our algorithm I max(I)l—Omin(I) 4 min(l) = 3(max(I)—min(I)) 4 min(I) =
0.1247 0.1734

(e) Thresholded image : t =
2(max(D-min(D) | iy =
0.2221

Figure 5.12: Crack detection by thresholding the original image.
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be

(a) Original image (b) Filtered image: input of
our algorithm

(e) vo local (f) v local

Uqygq local without de v2,wd local without de v1,wd local without de-
composltlon composltlon composltlon

|u — uyql local |v1 — v1,wal local \vz — v2 wal local

(m) u mnonlocal (weights(n) vy nonlocal (weights(o) v1 nonlocal (weights
based on gradient) based on gradient) based on gradient)

(p) u mnonlocal (weights(q) vy nonlocal (weights(I‘) v] nonlocal (weights
based on Hessian) based on Hessian) based on Hessian)

(S) u nonlocal (only 4 Clos—(t) vo nonlocal (only 4 Clos—(u) v1 nonlocal (only 4
est neighbors) est neighbors) closest neighbors)

Figure 5.13: Crack detection: p = 0.0001, £, = 3.5, « = 0.14, 8 =0.07, p=35,e =1, v = 0.9,
270 iterations; nonlocal (weights based on Hessian): p = 0.0001, & = 3.5, @ = 0.14, 8 = 0.07,
p=35¢=10~v=10, w=15 m = 7, 500 iterations; nonlocal (only 4 closest neighbors):
u = 0.0001, & = 3.5, a = 0.14, 3 = 0.07, p = 3.5, ¢ = 1.0, v = 1.0, 500 iterations; nonlocal
(weights based on gradient): p = 0.0001, £, = 3.5, « = 0.14, 8 = 0.07, p = 3.5, e = 1.0, v = 1.0,
w =9, m =3, 500 iterations.
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(a) Original image (b) Filtered image: input of our al- (C) u
gorithm

(h) V3, wd Without decomposition (1) V1,wq Without decomposition
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(S) u nonlocal (only 4 closest neigh—(t) vo nonlocal (only 4 closest neigh—(u) v1 nonlocal (only 4 closest neigh-
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Figure 5.14: Crack detection: = 0.001, £, = 2.5, =0.1, 3=0.05, p=2.5,e=1,~v=0.9, 270
iterations; nonlocal (weights based on Hessian): p = 0.0001, £, = 3.5, o = 0.14, 8 = 0.07, p = 3.5,
e=1.0,v =10, w =9, m = 3, 500 iterations; nonlocal (only 4 closest neighbors): x = 0.0001,
& =35, a=0.14, 8 =0.07, p = 3.5, ¢ = 1.0, v = 1.0, 500 iterations; nonlocal (weights based on
gradient): u = 0.0001, & = 4.5, a = 0.14, 5 =007, p =45, =10,y =10, w =15, m =7,
2000 iterations.
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Chapter 6

Conclusion and perspectives

In this thesis, we have introduced the problems of image registration, image segmentation,
and image decomposition/denoising and have proposed to address them jointly into a sin-
gle framework. As they are closely related, we believe that they can take advantage of each
other leading to their reinforcement and to fewer drawbacks than when taken separately.

We have first proposed a registration model guided by topology-preserving segmenta-
tion results in a nonlinear elasticity setting. The alignment of the evolving shape implicitly
modelled by a level-set function with intermediate topology-preserving segmentation re-
sults ([5]) drives the registration process as a fidelity term. Both theoretical results and
numerical experiments have been provided. New perspectives have also been suggested
to enlarge this work. One is to introduce dynamics into the model and so to consider it
as continuous in time instead of taking samples in time. The existence of minimizers for
this problem has been proved on a Sobolev space of Banach-space-valued functions but
the implementation remains a work in progress. The other one is to couple the segmenta-
tion and the registration tasks rather than to consider a segmentation-guided registration
model. A substitute for ®g o ¢ is incorporated in the topology-preserving model and
the interaction is made through an L?-penalization involving the mutual influence of both
tasks. It inherits good theoretical properties in the context of the viscosity solution theory.

Then, we have developed a joint segmentation/registration model giving additionally
a decomposition of the Reference image into a cartoon-like image and an oscillatory part.
The fidelity term is composed of three expressions, namely the weighted total variation
aiming to align the edges of the deformed Template to the ones of the Reference, a nonlocal
shape descriptor inspired by the Chan-Vese model for segmentation matching the homoge-
neous regions of the deformed Template with the ones of the Reference, and a classical sum
of square distances locally comparing the intensity levels of the deformed Template with
the ones of the Reference. As for the regularization of the transformation, it relies on the
stored energy function of a Saint-Venant Kirchhoff material and a term penalizing large
volume changes. Many theoretical results legitimate our model and a thorough compari-
son of our results with the ones obtained by previous models has been made. However, one
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of its main drawback is that it has been designed for 2D images and cannot be extended
to 3D images straightforwardly. A perspective of work in this direction would be to re-
place our regularizer by another one derived from an isotropic, homogeneous, hyperelastic
material, such as Cialet-Geymonat or Ogden materials, stored energy function. Indeed,
for such materials, the energy appears to be polyconvex and therefore lifts the theoretical
limitation of our model. However, the numerical implementation becomes more challeng-
ing due to the apparition of Cof V¢ matrix. Based on Negrén Marrero’s work [7], one way
of dealing with this highly nonlinear term would be to introduce an auxiliary variable V'
simulating the Jacobian of the deformation and to solve the problem under the equality
constraint Cof V' = Cof V.

In the last chapter, we have addressed a slightly different issue but still combining sev-
eral image processing tasks in a single framework. In order to recover very thin structures,
namely cracks on bituminous surface images, we have studied a second order variational
model based on the elliptic approximation of the Blake-Zisserman functional ([1]) and on
a decomposition model using Meyer’s G norm ([6]). We then have looked into a nonlocal
version of this model leading to both theoretical and numerical results. We have carried
out a comparison of our results with the ones of Drogoul’s model [3] designed to detect
fine structures in images and showed that including the decomposition part actually gives
better results. Then an MPI parallelization of the code has been done to improve the com-
putational efficiency. A perspective of work would be to further investigate the weights to
be applied in the nonlocal code. We could consider some weights enabling us to regularize
the image far from the crack but not close to it based on the response obtained by the
vessel-detection filter developed by Frangi et al. [4] for example. We could also think of
a slightly different model in which we replace the L? norm by an L' norm applied to the
nonlocal Laplacian. Besides, the CEREMA is interested in a measure of the crack length
and so a lead of work in this direction is to connect the fragments of cracks we recover.
Indeed, for the time being, our segmentation of the crack is very discontinuous and we
would like to do a post-processing step to connect these different pieces. One way of doing
that would be to apply a diffusion term along the direction of the crack depicted by the
eigen vector associated with the highest eigen value of the Hessian matrix. We would also
like to remove the residual noise appearing in vo. To address this issue, one can think of
using a blob-detection like filter and then considering these blobs as missing data in an
inpainting algorithm.

Another perspective of work related to the registration problem is to introduce some
landmark information given by an expert as hard constraints in order to improve the
quality of the registration in the regions of interest. Using Lagrangian multipliers in a
finite element setting enables us to exactly interpolate the landmark constraints. We have
started some preliminary theoretical investigations, based on [8] and [10], on the existence
of Lagrange multipliers, the existence and uniqueness of solutions and the invertibility of
the rigidity matrix for both a solely registration-based model and a joint segmentation and
registration model. A numerical implementation of these models is still a work in progress.
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The last perspective of work I am going to mention here is a theoretically 3D friendly
joint segmentation and registration model based on the Potts model for segmentation
and the stored energy function of an Ogden material inspired by [9], [12], and [2]. It
is meant to be applied on a whole database of medical images. Every single image is
registered to the mean image of the database. This Reference is then refined by taking
the mean image of the deformed database we have obtained. The last step consists in
polishing the segmentation and the registration results by using a model inspired by [13]
to register the deformed database to this new Reference. We could also consider a joint
segmentation/registration/shape averaging model based on [11, Chapter 4].
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