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Introduction

As physicists we are interested in discovering and understanding the laws of nature. This is a rather
complex process that goes along observing the multitude of phenomena around us, performing related
experiments to test various contexts and parameters and finally building new models or theories that can
explain and predict the corresponding phenomena. Going back and forth between theory and experiments,
we try to bring out the elementary principles governing the laws of nature, and to gather them in different
classes. All along such a path, the interactions between Physics and Mathematics play a fundamental
role. While Mathematics is providing a natural framework for the formulation of new theories, Physics
is bringing to light new questions that could have great influence in the creation of new concepts and
domains in Mathematics. This fruitful interaction goes back certainly to the early history of sciences.

One of the paradigmatic examples of such a tight interaction between Physics and Mathematics is
given by the modelling of the celestial bodies motion. This problem, which goes back to the Antiquity,
has first been "solved" in modern phenomenological terms by Kepler [1}2], formulating his famous three
laws building on Copernic heliocentric system [3] and on the careful interpretation of the first observations
of Galilee and of the impressive amount of datas collected by and together with Tycho-Brahé [4]. But
if these laws could effectively describe the motion of planets of the solar system, they do not explain
the deep universal physical principle behind such behaviour. The true conceptual breakthrough came
with Newton in his famous Principia [5], with the formulation of the fundamental laws of mechanics
and gravity and their universal application from the falling bodies on earth to the celestial movements
of planets around the sun. These progresses were made possible on the one hand by the formulation of
the laws of mechanics with Descartes, Galilee and then Newton, and by the identification of the inverse
square law for the gravity forcesﬂ and on the other hand by the developments of differential calculus
with Newton and Leibniz [5,/6]. These advances enabled Newton to give a description of the motion of
celestial bodies in terms of dynamical equations that eventually can be solved explicitly. In particular
he was able to give a proof of the three Kepler phenomenological laws from the few universal principles
he stated for mechanics and gravity. Hence the great success of Newton was not only to build up a new
theory from a few general principles but also to develop the mathematical tools to make it predictive,
namely by providing solutions of the dynamical equations determining the motion. Although the solutions
of the equations of motion were formulated in more conventional geometrical terms at the time of first
publication of the Principia [5], it became clear soon after that the differential calculus of Newton and
Leibniz was a powerful tool in effectively getting their analytical solutions (see e.g. the translation of
Principia to french by Emilie du Chételet |7], and especially her own appendix using differential calculus
to derive Newton’s results).

This feature of solvability in Newton’s theory, enabling its full comparison to observations, was fun-
damental in convincing other scientists that this theory was indeed describing the fundamental laws of
nature governing gravity. It certainly had a great influence on many further developments and in partic-
ular in the reformulations of Newton’s theory by Lagrange and by Hamilton [89]. Rapidly however, it
turned out that most of the dynamical equations of mechanics cannot be solved exactly. For instance, the
two bodies interaction with an 1/r potential admits an exact solution, but this is generically not the case
for more than two bodies. Even worse, in most of the situations of classical mechanics there is no hope

IThere is some intricate history of the inverse square law for gravity, involving several scientists as more particularly
Bullialdus, Hooke, Borelli, Wren and Halley, but it was Newton that finally found the proper formulation, still acknowledging
their contributions in Principia [5).
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to get an exact solution, showing that the explicitly solvable models, or so-called integrable models, are
exceptions [10].

Nevertheless, the knowledge of an exact solution, even if restricted to a very particular situation,
is of prime interest. Indeed, although the motion of planets in the solar system cannot be reduced to
two body motion involving the sun and each individual planet, this first approximation is an interesting
starting point to perform perturbations around such a simplified picture. And if one is interested in time
interval not too largeEl, the scheme is good enough to get rather high accuracy in the determination of the
trajectories of planets in the solar systems. Hence, in many situations, very specific integrable models can
be used as a starting point for the description of many actual realistic models, mainly by a perturbation
process. There are numerous examples of the impact of exact solutions on the understanding of more
general (non integrable) systems. The resolution of Schrodinger equation for the hydrogen atom is one
of them, revealing the layered and discrete structure in its energy levels. It led to a theory of atoms
with several electrons which was able, among others, to explain the Mendeleev classification. Moreover,
there is many situations where integrable models, and well defined perturbation theory around them [13]
(and references therein), give access to a whole class of non perturbative phenomena, allowing to get an
understanding of complex and non-linear behaviours (strong couplings, collective effects,...).

Historically, the field of integrable systems appeared just as the search for exact solutions of the
dynamical equations of classical mechanics. Because not all systems are integrable, the first question
was to determine what were the necessary and sufficient conditions for integrability. In this quest for
constructing and solving integrable systems, important developments emerged with the works of Lagrange,
Hamilton, Jacobi, and Liouville [8}|9,(14,|15]. There, the notion of conserved quantities became central,
leading in particular to the first rigorous definition of integrability by Liouville [15] (see for its modern
formulation Arnold in [16]). The systematic link to symmetries was elucidated later on in the works of
Emmy Noether [17]. A system with n degrees of freedom is said to be Liouville integrable if it possesses
n commuting (under Poisson brackets) independent (in the sense of differentials) integrals of motion;
then the equations of motion can be solved (at least locally) by quadratures and, with compactness and
connectivity hypothesis of the level manifold, action-angle variables can be determined through multi-
variables curvilinear integrals (see e.g. |[16}/18]). It should be noted however that, from a practical point
of view, their effective construction in a given model has usually to rely on additional (e.g., algebraic)
constructions. An important step towards this goal is played by the notion of separation of variables
in Hamilton-Jacobi theory. In short, the key idea is that to solve a system with n degrees of freedom
effectively we use the n independent integrals of the motion in such a way that in the adequate (separate)
variables, the system of n coupled differential equations giving the dynamics ultimately separates into n
independent differential equations each involving only one variable together with the fixed values of the
conserved quantities. As we shall see later, this notion of separation of variables admits an interesting
quantum counterpart which will be a central tool in this thesis.

From these early developments in classical mechanics, the notion of solvability has been explored and
generalised within several domains of physics: continuous models (e.g. in hydrodynamics), statistical
mechanics, quantum mechanics and classical and quantum field theories.

One of the most famous example of continuous model suspected to be solvable in the end of the
nineteenth century was certainly the Korteweg-de Vries (KdV) equation and the discovery of its soliton
solutions (after investigations of Boussinesq [19] and Rayleigh [20] in the 1870’s, which lead to the for-
mulation of Korteweg and de Vries [21] in 1895) that were first observed by Scott-Russell in 1834 [22].
Although the existence of such solutions was pointing towards the existence of (an infinite number of)
conserved quantities explaining the shape conservation of the solitons, the effective construction of those
has been long awaited. The main difficulty there is that contrary to the two-body gravity problem, there is
no obvious geometrical symmetry leading through Noether theorem to the corresponding conserved quan-
tities. Rather, the conservation laws are direct consequences of the special dynamics of the system, i.e. of

2For large time, asymptotically, the N-body problem is generically chaotic and perturbation theory does not apply. How-
ever, sophisticated perturbation and numerical techniques have been developed to give high accuracy in the determination
of trajectories even for rather large scales of time |11]. Nevertheless, for scales of the order of 100 millions years or above,
the behaviour of the solar system is unpredictable for uncertainties of the order of a few meters on the initial positions of
the planets [12].



INTRODUCTION

the specific interacting potential. These symmetries and conserved quantities are of dynamical type, and
are very similar to the Runge-Lenz vector, associated to the Kepler problem [23}24]. The possibility to
construct and to be able to solve such systems, owning a dynamical symmetry, originated from the work of
Gardner, Green, Kruskal, and Miura [25] in 1967 and then Lax [26] for the KdV equation, then generalised
by Zakharov and Shabat [27,[28] in the form of zero curvature equations. The main idea is to equivalently
rewrite the equation of motion as a particular iso-spectral evolution equation for a (Lax) matrix, allowing
to write the conserved quantities from its spectral invariants. Combining these settings with the inverse
scattering transform of Gel’fand, Levitan and Marchenko [29,30], several solvable continuum models like
the KdV equation can be constructed and their (multi) soliton solutions derived [25,/31433]. The Hamil-
tonian interpretation of the scheme was first given by Zakharov and Faddeev [34]. The solitons, their
semi-classical quantisation as particles and their scattering were intensively studied in two-dimensional
relativistic quantum field theories, with the hope to describe their bound-states in strongly interacting
regimes [35]. Further progress was to come with the merging of this line of research with another one
stemming from solvable models in classical and quantum statistical mechanics originating from the search
for a description of magnetic properties of solids.

Motivated notably by the study of phase transitions in magnetic materials, Lenz proposed a lattice
model [36], solved by Ising in the one-dimensional case [37] and that became famous as the Ising model.
The two-dimensional case was much more tedious to solve, and was successfully considered by Onsager
and then Onsager and Kaufman twenty years later [38,[39]. They succeeded to compute the partition
function, the critical exponents and the magnetisation [40}{41]. Long after, the spontaneous magnetisation
(the model original raison d’étre) could be achieved by Yang [42]. Their method relies on the so-called
Onsager and Clifford algebras, which marked the early history of exactly solvable statistical systems. This
example of the Ising model is indeed an archetype of the current philosophy behind integrability, aiming to
embed the problem in algebraic structures giving the tools towards their resolution. The one-dimensional
Ising solution not showing a phase transition, and Ising (wrongly) conjecturing that it should hold for
higher dimensions, physicists started to study quantum models. This gave birth to the XXX spin-1/2
chain, due to Heisenberg [43], a lattice quantum model where the interactions between nearest neighbours
are isotropic. In 1931 Bethe could express the spectrum of this chain thanks to his famous coordinate
ansatz [44], now called after his name. Then the works of Orbach [45] and Walker [46] allowed to apply
this ansatz to different models, like the XXZ Heisenberg spin chain, which introduces an anisotropy in
the z direction compared to the XXX chain. For this anisotropic chain, Yang and Yang could determine
the energy of the ground state for finite [47] and infinite chains [48]. Since then, XXZ spin chain has
been at the heart of many studies, as it represents a simple model which allowed to lay the foundations
of several fruitful techniques. Let us mention the considerable work of Baxter on the lattice systems, in
particular his studies of the 6-vertex and 8-vertex models. His approach, using the notion of Q-operator
and the so-called Baxter equation [49], has shown to be applicable in a large range of models and to allow
a more universal study of lattice models [50H58]. It is in particular worth noticing that the 8-vertex model
contains, as particular cases, the 6-vertex and Ising models, see e.g. [59H61]. Another important model was
shown to belong to this class, the 1D Bose gas and associated non-linear Schrodinger equation [62}63],
which was solved by Lieb and Liniger using a technique [64,/65] similar to the Bethe ansatz. On the
other hand, the classical version of this model was solvable by mean of the Inverse Scattering Method,
immediately rising the question of the connection between these two approaches and of the existence of a
quantised version of the Classical Inverse Problem Method.

The conceptual efforts to understand this problem led to the discovery of the Quantum Inverse Scat-
tering Method, or Algebraic Bethe Ansatz [66{70], realising an impressive breakthrough for the field of
integrable systems. This is both a quantum version of the Classical Inverse Scattering Method and an
algebraic version of the coordinate Bethe ansatz. It was very soon applied on discretised (lattice) version
of the sine-Gordon relativistic field theory [67], and then became a quite universal tool applicable to
many integrable lattice models [71,[72]. In the first chapter of this thesis we will review in more details
the working of this method, but let us emphasise on the structure. The main point is the construction
of the so-called monodromy matrix, a matrix defined on an auxiliary space which gathers operators on
the quantum space acting on the Hilbert space of states of the chain. This monodromy matrix satisfies
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commutation relations whose structure constants are given by an R-matrix, solution of the Yang-Baxter
equation (it is the R-matrix of Baxter appearing as Boltzmann weights of the 2D-lattice models, e.g. the
6-vertex model if we consider the XXZ Heisenberg spin chain). From this so-called Yang-Baxter algebra,
it turns out that the transfer matrix, defined as the trace of the monodromy matrix on the auxiliary
space, defines a commuting family of operators. This is the mark of the integrability, the Hamiltonian
being then expressed as a function (trace identity) of the transfer matrix. Thereafter, the Algebraic Bethe
Ansatz allows one to find eigenvectors of the transfer matrix, by the repeated action of creation operators
(some entries of the monodromy matrix) on a so-called reference state. This latter is the cornerstone
of the method, it is in fact a first eigenvector of the transfer matrix, from which one can construct new
eigenvectors. This framework finally proved to be able to tackle a much more difficult problem for Heisen-
berg chains: the computation of correlation functions. To achieve this goal, it was necessary to actually
solve the Quantum Inverse Scattering Problem, namely to reconstruct the local quantum operators (like
spins at a given lattice site) from the scattering data, i.e. from the entries of the quantum monodromy
matrix [73,[74]. In the classical case this procedure leads to the computation of soliton solutions of the
non-linear integrable differential equations. Here it allows to compute the action of local fields on eigen-
states of the transfer matrix and then to access to their form factors and correlation functions via scalar
products determinant formula [75-80] as we shall describe later on.

One very interesting feature of this breakthrough for the quantum case is its impact on the study of the
classical integrable systems. Indeed, it was almost immediately realised by Sklyanin [81] that the concept of
R-matrix, Yang-Baxter equations and algebras have classical counterparts, namely the classical r-matrix
and the classical Yang-Baxter equations and algebras, shading completely new light on the algebraic
structure of classical integrable models. This emergence of Yang-Baxter algebraic structures in classical
integrable systems paved the way for their classification using Lie algebra representations, thanks to the
works of Belavin and Drinfel’d [82-84]. What is more, the interpretation of this classification states the
importance of the study of Lie algebras, which reached an height with the use of Lie-Poisson groups
and Lie bi-algebras [8588], as it allows to construct and solve classical integrable models. We can cite
in this context the fundamental works of Adler [89}/90], Kostant [91], Symes [92] and of Reymann and
Semenov-Tian-Shansky [93H95].

In parallel and somehow motivated by these progresses in the classical context, a considerable en-
deavour has been pursued to find general solutions of the Yang-Baxter equation and representations of
Yang-Baxter algebras, in order to construct and to classify quantum integrable systems. The key idea
was to try to promote to the quantum case the relation between Lie algebras and classical integrable
models. Thanks to the pioneering works of Kulish and Reshetikhin [961(97], Jimbo [98] and Drinfel’d [99)
discovered the notion of quantum groups, and showed how it was replacing the role played by Lie algebras
in the classical case. Quantum group structures written in terms of Hopf algebras |100] realise a quantifi-
cation of Lie-Poisson groups. Previously known R-matrices for specific models appeared then as special
representations of a universal R-matrix, an object which is at the heart of the intertwining properties of
coproduct (and hence of tensor products of representations) in quantum groups. It opened a completely
new field of Algebra with numerous applications ranging from Combinatorics, Algebra and Topology, see
e.g. [101].

In this thesis, we especially focus on one dimensional quantum systems. Even if they are simplified
models, they very often contain the essence of the physics of fully 3D systems, and can describe their rele-
vant properties. Baxter, in the preface of his book [59], even writes: "Basically, I suppose the justification
for studying these lattice models is very simple: they are relevant and they can be solved, so why not
do so and see what they tell us?'. In this context of lattice quantum integrable systems, spin chains are
among the most studied examples with applications which range from condensed matter to high energy
physics. However, to successfully apply these models to physical situations of interest, we have to be able
to compare their theoretical predictions to experiments, for example performed on magnetic materials.
Linear response theory give a precise link between the response of a system submitted to an external
perturbation and its correlation functions. For instance, dynamical structure factors, which are given by
the Fourier transform of dynamical correlation functions, can describe the response of a magnetic system
scattered with neutrons [1024104]. Moreover the critical properties of such systems are also encoded in
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the asymptotic behaviour of their correlation functions. As they ultimately contain all the information on
their dynamics, there have been strong motivations to compute these objects. Indeed, they are also at the
heart of statistical mechanics, as in principle any physical observable can be expressed through these func-
tions. It turned out however that the computation of the correlation functions is a very involved problem.
The first results were obtained for the Ising model, heavily using its free fermionic structure. Even there,
although the free fermion algebra is quite simple (the interaction vanishes), a considerable amount of work
was necessary to obtain satisfactory results since the pioneering work of Lieb, Shultz and Mattis [105].
Several outstanding groups, including Barouch, McCoy, Tracy and Wu [106], Jimbo, Miwa, Moéri and
Sato [107], and also Creamer, Thacker and Wilkinson [108] leading to the Painlevé description of corre-
lation functions in the thermodynamic limit, worked in this direction. The similar question for non-free
fermionic models, like the Heisenberg spin chains, was for a long time impossible to tackle in reasonable
terms [109-111]. This was mainly due to the intricate structure of Bethe eigenstates with respect to the
action of local (spin) operators. In a nutshell, Bethe states are highly non-local states and the action of
local operators is very complicated to characterise in handleable terms. As already anticipated above, the
full solution to this problem was obtained by solving the Quantum Inverse Scattering Problem, namely by
obtaining the construction of local spin operators in an arbitrary lattice site in terms of the entries of the
quantum monodromy matrix. The fact that Bethe eigenstates are obtained within the Algebraic Bethe
Ansatz as repetitive actions of one of the entries of the monodromy matrix on a reference state, together
with the knowledge of the Yang-Baxter algebra, enabled then to compute the action of local operators on
Bethe states. This action being again written in terms of (off shell) Bethe states, the computation of form
factors (matrix elements of local operators in the eigenstates basis of the transfer matrix) and correlation
functions reduces to the computation of scalar products of a Bethe eigenstate with an arbitrary (off shell)
Bethe state. Fortunately such formulas exists for XXX and XXZ model, leading in [73][112] to the famous
determinant formula for the form factors and to the multiple integral formula for the elementary blocks for
the correlation functions of the XXZ spin-1/2 chain. Thereby it gave a full derivation of the expressions
found earlier by Jimbo, Miwa and collaborators using g-vertex algebra approach to the infinite volume
chains [113H116]. Moreover, because the solution to this problem within Algebraic Bethe Ansatz was
obtained for finite volume, numerical techniques can be applied to compute dynamical structure factors
essentially by summing up the form factor series. Those being written in terms of explicit determinants
involving Bethe roots, it has been possible to use efficient (and fully controlled) numerical algorithms
to obtain magnetic dynamical structure factors of the XXZ Heisenberg spin chain and to successfully
compare the results to actual neutron scattering experiments [117,/118]. Moreover, subsequent works led
to the full determination of the asymptotic behaviour of correlation functions and explicit contact with
conformal field theory [75H80]. One should also mention the works towards temperature dependent case,
with a great contribution of Goehmann et al. since 2004 [119H121] (see [122] for a pedagogical review
and [123[124] for more recent works) and other groups |125[126], and the approach using hidden fermionic
structures by Jimbo, Miwa, Smirnov et al. [127-132].

Although the situation for Heisenberg spin chains with periodic boundary conditions is rather satis-
factory, the questions concerning correlation functions for more general models remains largely open. It
concerns in particular integrable systems associated to higher rank algebras (the Hubbard model is one of
the prominent representative), systems with non periodic boundary conditions and most of the discretised
quantum field theories. While in general the solution of the Quantum Inverse Scattering Problem can
be obtained in rather general terms for finite dimensional cases [74], the other ingredients are not always
available : lack of a reference state preventing the use of Algebraic Bethe Ansatz, lack of determinant
expressions for the scalar product of states or even worse, lack of a proper algebraic structure to handle
the transfer matrix spectral problem. Hence, in some of these generalised situations, even the first step
of characterising the transfer matrix spectrum along some algebraic scheme is not available yet. This is
a strong motivation for developing a more general method than Algebraic Bethe Ansatz that would be
applicable to these general cases. Such a method has been first proposed in the framework of the Quantum
Inverse Scattering Method by Sklyanin [133,/134] (see |135] for a review). It is a quantum version of the
separation of variables method of Hamilton-Jacobi in classical mechanics. The key idea of the separation
of variables method for quantum integrable models having N degrees of freedom is to map the (in general)
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highly coupled N-variables spectral problem to a set of N one-variable (hence decoupled) soluble spectral
problems. In that case the map takes the form of a change of basis to the so-called separate basis. This
procedure generalises to the quantum case the well-known Hamilton-Jacobi method of classical mechan-
ics [18]. In Sklyanin approach [133| to quantum integrable models, the separate basis is identified with
the eigenstate basis of some particular operator of the Yang-Baxter algebra having simple spectrum; for
lattice integrable models this amounts in general to introduce inhomogeneity parameters on each site
of the lattice. In the separate basis, the transfer matrix wave functions take a simple factorised form
over the spectrum of the separate variables. This simplification in the spectral problem represents thus
a natural motivation to develop quantum separation of variables in the analysis of integrable quantum
models. This is the point of view taken in this thesis. Further motivations to work in this framework come
naturally as this separation of variables approach has proven to be an efficient tool to solve the spectral
problem of a large class of integrable models [136H140], even not analysable by other methods, leading to
the characterisation of both the eigenvalues and the eigenstates [141-144]. Contrary to other methods,
the proof that the spectrum characterisation is complete is rather straightforward and, in this approach,
no reference state is needed unlike the Algebraic Bethe Ansatz. Moreover, this approach proved already
to be very efficient for the study of the dynamics of quantum integrable models, as universal determinant
formula has emerged (first shown in [145]) [141},/146152] for the scalar products of the so-called separate
states and for the matrix elements of local operators on transfer matrix eigenstates. It has also been
shown recently that the question of homogeneous limit (the limit in which all inhomogeneity parameters,
necessary for the separation of variables to apply, are set to the same value) can be tackled by rewriting
the determinants found in this approach in terms of Izergin type and then Slavnov type determinants,
where homogeneous limit can be taken [147].

This thesis is willing to belong to the research effort taken in the development of the separation of
variables method for integrable systems having a potential impact for physical applications in condensed
matter, statistical physics or quantum field theory. We will be considering quantum one-dimensional
systems associated to the 6-vertex R-matrix and to general cyclic representations of the Yang-Baxter
algebra (and of the reflection algebra as we aim to consider general integrable boundary conditions).
Namely, they are associated to representations of the quantum group U, (522) for ¢ root of unity. Their
study is mathematically interesting but also physically attractive since they contain, as a particular case,
the chiral Potts model’] This model was first considered by Potts as a N-states extension of the Ising
model, has then been generalised by Wu and Wang in 1976 [153] with a dependence of the interaction
energy depending on the direction, and then by Astlund and Huse [154}/155], who considered a chiral
version of the two-dimensional Potts model, in which the interaction differs depending on the x or y axis
of the lattice. The study of this system has been carried for the superintegrable Zy-symmetrical chiral
Potts quantum chain [156}/157], which was shown to be integrable [157] because it forms representations
of the Onsager algebra. Moreover, few years later, Bazhanov and Stroganov have show the integrability of
the chiral Potts model |158] within the framework of the Yang-Baxter algebra, embedding it in a 6-vertex
model (see also the works of Tarasov [159H161]). This is the setting that we will be using in this thesis.
The important feature with the chiral Potts model is that it is associated to high genus curves, making
much more involved its resolution since the dependence on spectral parameter becomes more involved
(it does not have the difference property). Despite this difficulty, Baxter tackled this problem and could
express several years later, inspired by a technique from Jimbo, Miwa, and Nakayashiki [162], the order
parameter of the model |163]. The question of correlation functions however is still open for this model
and motivated the application of separation of variables to compute the form factors [145}/151]. Eventually,
let us mention that the study of these cyclic models in their generality is also motivated by the fact that
the lattice sine Gordon model, in particular at its g-root of unity reduction points, can be obtained, with
a special set of parameter, from the Bazhanov-Stroganov cyclic solution of Yang-Baxter algebras. One
related interesting question here concerns the asymptotic behaviour of the correlation functions and the
link with minimal models of Conformal Field Theory [164].

In this thesis we will be considering an additional feature for such models, namely their resolution

3This model can describe the melting and freezing of atomic monolayers on crystalline surfaces. This liquid layer orders
itself into domains that either line up with the substrate structure or follow the layer own ordering, leading to the so-called
commensurate and incommensurate phases, describing for instance the adsorbtion phenomenon.



INTRODUCTION

in the presence of general boundary conditions preserving integrability for the finite chain and the con-
struction of the corresponding integrable local Hamiltonians. The description of integrable boundaries
has attracted a large research enthusiasm as they can describe both equilibrium and out of equilibrium
physics. Some interesting applications concern the description of classical stochastic relaxation processes,
like the asymmetric exclusion process (ASEP) [165-172] and quantum transport properties in spin sys-
tems [173,/174].

Since the paper of Gaudin [175], the coordinate Bethe ansatz [176-179] has been applied to tackle
the question of boundaries, as well as a development concerning the algebraic point of view [180-185].
In the framework of the Quantum Inverse Scattering Method, Sklyanin has shown how to construct
classes of quantum integrable models with non-trivial boundaries [177]. His method relies on the so-called
reflection algebras, generated by the elements of a monodromy matrix satisfying the so-called reflection
equations, introduced by Cherednik [178]. They have been derived in the context of the study of the
scattering matrix factorisation in the presence of reflecting walls, i.e. on the interval instead of on the
infinite line. This approach belongs to the "bootstrap method" that was developed to study relativistic
quantum field theories, where the scattering of n particles factorises in terms of products of 2 particles
scattering [186H189|, related to the Yang-Baxter equation.

The pioneering work of Sklyanin on integrable models with boundaries states that when one knows
a representation of the reflection algebra in the quantum space and a scalar representation of its dual,
one can compute a commuting family of operators, the so-called boundary transfer matrices, and extract
from them local integrable Hamiltonians with general integrable boundaries (for fundamental models).
Moreover, he gives a way to use solutions of the standard Yang-Baxter equation to generate solutions of
the reflection equation, once a scalar solution to the latter is known. The main point for the integrability,
as well as for the computation of the Hamiltonians, is the introduction of the boundary transfer matrix,
which generalises the standard transfer matrix introduced for Yang-Baxter algebras. Similarly to the
Yang-Baxter case, the Hamiltonians are obtained via some derivatives of the boundary transfer matrix;
this technique being based on the reduction of the quantum Lax operator to the permutation operator (in
a specific point), it holds for fundamental models only, i.e. for models where the auxiliary and quantum
spaces are isomorphic. Let us comment that the boundaries of these integrable Hamiltonians are encoded
into two boundary matrices, scalar solutions of the reflection equation (and its dual). As it is the case for
the Yang-Baxter algebra, the most representative model to begin to understand this class of systems with
boundaries is probably the XXZ spin-1/2 quantum chain with general integrable boundary conditions.
To fully characterise the spectrum of this Hamiltonian, the Algebraic Bethe Ansatz [66,/67] has been
extensively used, leading for diagonal boundary matrices, to a characterisation from the spectrum [177]
up to the correlation functions [190}/191]. This method faces however some technical difficulties when non-
diagonal boundaries are considered, like the non existence of a reference state or the completeness of the
spectrum description, resulting to its characterisation only under special constraints. More specifically,
the method can be applied to non-diagonal boundary matrices which satisfy certain constraints which
allow the definition of reference states by a gauge transformation [192-194]. The completeness is then a
complicated task to prove, involving notably two sets of Bethe ansatz equations to evidence some numerical
results [195]. In fact, whereas the first steps of the Quantum Inverse Scattering Method (leading to the
boundary transfer matrix) are independent on the nature of the boundaries, the effective construction of
the eigenstates is more difficult, if not impossible. Numerous models were however solved in this context,
for example the spin s chains [1961[197] or also higher rank models with integrable boundaries [198-201],
in particular concerning the Hubbard model [167,202-207].

Several methods were introduced to overcome the problems encountered in the description of the spec-
trum of quantum models with general integrable boundary conditions, examples are generalised Bethe
ansatz [193,|194}208,209], the fusion procedure [195,210-217|] (for spin chains) or the q-Onsager alge-
bra [218}/219], which led to the same constraint on the boundaries to be able to express the eigenvalues.
The separation of variables method has been shown in the recent years to be able to overcome these
difficulties and to characterise completely the spectrum of such models in the cases of XXX, XXZ and
XYZ Heisenberg chains with general integrable boundaries [141}|143|/144]. Hence, for lattice integrable
models associated to cyclic representations, which are at the heart of this thesis, the lack of a reference
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state and the willing to address the general integrable boundary conditions also require the use of the
quantum separation of variables.

We will first solve the spectral problem for models associated to Bazhanov-Stroganov Lax operators
with the most general integrable boundary conditions. These models are associated to cyclic representa-
tions of the 6-vertex Yang-Baxter algebra, hence there is no obvious reference state, even for the periodic
boundary condition. To solve this problem we develop the separation of variables method adapted to these
representations; both eigenstates and eigenvalues are characterised. Furthermore, writing the reflection
equation in mixed representations, involving both spin 1/2 and cyclic ones, we are able to determine new
integrable local Hamiltonians with boundaries, acting in tensor products of any cyclic representations.
The current manuscript is divided into five chapters.

The first chapter briefly reminds the key classical integrable structures and presents then the Quan-
tum Inverse Scattering Method, introducing the Yang-Baxter algebra and the transfer matrices. It ex-
plicitly focuses on the 6-vertex Yang-Baxter algebra, and presents the Algebraic Bethe Ansatz method
on the example of the XXZ spin 1/2 chain. The chapter ends introducing cyclic representations of the
6-vertex Yang-Baxter algebra and thus the Lax operator at the heart of our study, the so-called Bazahnov-
Stroganov Lax operator.

In the second chapter, the implementation of general integrable boundaries is addressed. On the
example of the XXZ spin 1/2 chain, a twist matrix is introduced, which allows to deal with quasi-periodic
boundary conditions. Then, the true generalisation due to Sklyanin [177] is considered, namely the
reflection algebra and in particular the 6-vertex reflection algebra. Via two boundary matrices, one can
compute integrable local Hamiltonians with general boundaries for fundamental models, i.e. for which
the auxiliary and quantum spaces are isomorphic. Both the general construction and the explicit example
of the XXZ spin 1/2 chain are given. At the end, the fusion procedure is briefly introduced in order
to present a method allowing the computation of integrable local Hamiltonians (with general integrable
boundaries) for some non fundamental models.

The third chapter is dedicated to the quantum separation of variables. In a first part, the classical
notion of separation of variables is briefly recalled. In particular, it is shown how to construct separate
variables when the integrability is characterised thanks to a two dimensional Lax matrix and a Yang-
Baxter classical r-matrix. Then the quantum separation of variables method is defined. An analogy with
the classical method is emphasised, particularly regarding the use of the elements of the monodromy
matrix. Following |148], an explicit construction of the separate basis for the XXZ spin 1/2 antiperiodic
chain is done, allowing us to bring to light the promising features of this method.

The new results brought by this thesis are exposed in chapters four and five. Chapter four focuses on
the characterisation of the transfer matrix spectrum associated to cyclic representations of the 6-vertex
reflection algebra, with general integrable boundary conditions. It is mainly decomposed in two parts.
In the first one, we consider the system with a constraint on the right boundary, explicitly one of the
associated boundary matrix is taken triangular. It allows us to present the separation of variables for
this reflection algebra, and to state a characterisation of the spectrum. The other part is dedicated to
the general integrable boundary conditions. To this aim, we introduce a generalisation of Baxter’s gauge
transformations and construct a separate basis, choosing an appropriate value for the gauge parameter. We
can then state a similar characterisation of the spectrum, valid for any integrable boundaries. Moreover,
an equivalent functional characterisation via a functional Baxter T-@Q) type equation is given, establishing
a link with the Algebraic Bethe Ansatz technique. The chapter ends with the computation of the scalar
products of so-called separate states, which is a first step toward the description of the dynamics.

The aim of the fifth and last chapter is the computation of integrable local Hamiltonians associated
to the non fundamental models described by the Bazhanov-Stroganov Lax operator. Starting from the
known fundamental R-matrix of the chiral Potts model [158], model which is obtained in our study as
a particular case, we extend the knowledge of such a matrix beyond chiral Potts. Then, using (ABCD)-
type quantum algebras [220] we define reflection equations and their duals. Considering mixed equations,
namely involving representation spaces of different dimensions, spin 1/2 and arbitrary cyclic ones, we are
able to define (quantum) boundary matrices and thus a fundamental transfer matrix. We also find explicit
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solutions for these boundaries (the one diagonalising the V-basis, where ¥ is one of the elements of the
dynamical Weyl pair (f1,¥)). At the end of this chapter, using the commutation of these multi spectral
parameter fundamental transfer matrices between themselves and with the 6-vertex transfer matrix, we
can define multi parameter families of integrable local Hamiltonians, with integrable boundaries. The
chapter ends with some explicit models of interest, as the XXZ spin 1 chain at root of unity, the sine
Gordon model or the (superintegrable) chiral Potts model, stating a symmetry on the boundaries which
has to be investigated.

We conclude this thesis by discussing several open questions that could be investigated now building
on our results.

The results presented in this thesis have led to three publications, referenced thereafter thanks to
Roman numbers:

Art. I. Transfer matrix spectrum for cyclic representations of the 6-vertex reflection algebra I
J. M. Maillet, N. Niccoli and B. Pezelier. SciPost Phys. 2, 009 (2017)

Art. II. Transfer matrix spectrum for cyclic representations of the 6-vertex reflection algebra II
J. M. Maillet, N. Niccoli and B. Pezelier. arXiv:1802.08853

Art. II1. Integrable local Hamiltonians associated to cyclic representations of the 6-vertex
reflection algebra, J. M. Maillet, N. Niccoli and B. Pezelier. To appear

Eventually, in the main text we sometimes refer to particular formulas of these articles, specifying the
number of the article and then the number of the formula, e.g. (I, 5.41).






Chapter 1

Quantum integrable models

As we briefly described in the Introduction, for finite number of degrees of freedom, there is a rigorous
definition of the notion of integrability in classical mechanics due to Liouville. However, already for
classical continuum models, there is no universal analogue of the Liouville theorem as the notion of "an
infinite number of independent conserved charges" has to be examined case by case carefully. The situation
for quantum models is not better, even for a finite number of degrees of freedom, as there is no analogue
of Liouville theorem either. Nevertheless, since the pioneering work of Bethe [44], a lot has been achieved
to design powerful methods to solve the spectrum and even the dynamics of many quantum models of
interest. The most successful framework in this respect is provided by the so-called Quantum Inverse
Scattering Method (QISM). It can be considered as a quantised version of the Classical Inverse Scattering
Method, that helps solving classical continuum theories with soliton solutions, while providing also an
algebraic version of the Bethe ansatz. It also inherits the strategy developed in 2D solvable lattice models
using the notion of commuting transfer matrices. In fact, as we will describe in Chapter 3, it also contains
the necessary ingredients for defining a quantum analogue of the Separation of Variables (SoV) method,
that, in some sense, could be considered as a practical definition of quantum integrability.

As in the classical case, the first question to be able to diagonalise a quantum Hamiltonian is to find
a complete set of commuting conserved charges, having common simple spectrum, hence leading to a
complete description of eigenstates using their corresponding quantum numbers. Of course this is a priori
not enough as one has still to construct the corresponding eigenvectors and compute their energy levels.
In fact one would also be interested in computing dynamical correlation functions. The QISM provides
the algebraic framework to tackle such problems for a large class of systems, mainly defined on 1D lattices.
We will present this method in the particular example of the 6-vertex Yang-Baxter algebra, which can
describe a large class of models of physical interest, such as Heisenberg spin chains, the lattice sine-Gordon
model or the chiral Potts model. Then we will focus on the Algebraic Bethe Ansatz on the example of
the XXZ spin-1/2 chain to give a concrete example. A short section of the chapter is then dedicated to
the computation of the form factors of local operators and correlation functions of that model. Then we
will define the class of models under study in this thesis, namely, associated to the cyclic representations
of the 6-vertex Yang-Baxter algebra. Before doing that, let us very briefly describe the corresponding
classical settings in a way that will make clear the classical-quantum correspondence.

1.1 Classical integrable structures

The modern starting point in classical integrable models is the existence of an auxiliary linear system
(Lax pair) the compatibility condition of which (Lax equation or zero-curvature equation) is equivalent
to the initial equations of motion. The original Lax equation takes the form [26],

‘C% — [M, L] (1.1)
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where L and M are size n matrices, their entries being functions of the dynamical variables of the system
at hand. The very nice feature of this equation is that one can immediately extract conserved quantities
under time evolution from the invariants of the L-matrix. Furthermore, the fact that these invariants, as
functions on the phase space of the system, are in involution under some Poisson brackets structure is
equivalent to the existence of an r-matrix [221},222] such that [223]:

{L1, Lo} = [r12, L1] — [r21, L2] (1.2)

where we have introduced standard tensor product notations, with an n-dimensional vector space V such
that Ly = L(A) ®1, Ly = 1 ® L(p) and r12 = r12(\, p) are endomorphisms of V® V and A and u stands
for the spectral parameters (they are in many cases just free complex numbers but could eventually be
more sophisticated objects). In the above equation 791 stands for the same object as 12 in which the two
vector spaces copies in the tensor product V ® V have been exchanged together with the corresponding
spectral parameters. While in general the matrix r15 is a function on the phase space, it so happens that
in many classical integrable systems it is just a constant matrix function only of the spectral parameters,
moreover having the following antisymmetry property ro; = —ri2. The Jacobi identity of the Poisson
brackets then turns into the following (sufficient) E| quadratic relations for the r-matrix known as the
classical Yang-Baxter equation [2211224]:

[r12,713] + [r12,723] + [r13,723] = 0 (1.3)

as in fact the quantum structure, i.e. the Yang-Baxter equation, was discovered before the classical
one’s, at least in these settings. The above structures are intimately connected to Lie algebras and to
the algebraic resolution of the corresponding integrable models. It was also realised soon after the KdV
being solved by means of the Inverse Scattering Problem that admits a nice extension to continuum
models in two-dimensions due to Zakharov and Shabat [27,/28] (we denote by x and ¢ the space and time
variables) in the form of a zero-curvature equation (here L and M are generically depending on z, ¢ and
A):

[L—0y,M—0;]=0 (1.4)
associated to the linear system :
(L—0,)¥(x,t) = 0 (1.5)
(M —0)V¥(x,t) = 0

Originally designed by Gardner,Greene, Kruskal and Miura |25 to solve the Korteweg-de-Vries equation
[21], the Classical Inverse Scattering Method consists in constructing the so-called scattering data, which
turns out to contain the analogue of the action-angle variables for the continuum model. Those are given
by the monodromy matrix T'(x,y;t) of this linear system. It is defined at fixed time ¢ to transport the
solution ¥ from the point y to the point x as U(x,t) = T(x, y; t)¥(y, t) and reduces to the identity if x = y.
It contains, e.g. for periodic boundary conditions on the interval [a,b], i.e. such that M(a,t) = M (b,t)
for any ¢, conserved quantities under time evolution given by its trace tr[T'(b,a;t)]. If one goes to the
real line instead of the interval, the off-diagonal elements of T lead to the determination of angle type
variables first achieved in these settings by Faddeev and Zakharov [34] for KdV. It needs to compute the
Poisson brackets structure of the matrix elements of 7. They are given in terms of the linear Poisson
bracket for the L’s which for a large class of models reads [225]:

{La(z, 6 A), La(y, 6 1)} = 0(x = y)[riz(A ), L (2,6 A) + La(y, 6 1)) (1.6)
leading to the quadratic Poisson bracket for T' [225]:

{T1(b,a;t; N), Ta(b,a;t; 1)} = [ri2(A, 1), Th(b, a; t; \)Ta(b, a; t; )] (1.7)

n principle one can add a left hand side term to this equation that commutes with L1 + Lo + L3, giving rise to the
modified Yang-Baxter equation.

12
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from which the involution of the conserved quantities follows. If there exists sufficiently many independent
conserved quantities, then there exists a canonical transformation mapping the original variables to a new
set of coordinates, the so-called action-angle variables. The latter are defined such that their evolution
in time is linear, so easily computable. Thereafter, thanks to the inverse transformation (this is the
Inverse Scattering Problem part), one can deduce the time evolved original variables (see e.g. the books
[18,/226]), hence solving the problem. Let us finally remark that the above structures admit an interesting
discretisation preserving the integrability properties. The discrete analogue of the Lax matrix L, namely
L(n,t; \) depends now on the dynamical variables at site n of a lattice having N sites. In fact it is useful
to see such an L(n,t; A) as the monodromy matrix of the continuum theory T'(x,,, x, — d;t; \), with § the
lattice spacing. As a consequence, the proper Poisson brackets becomes quadratic also for the L’s at a
given site n while two L’s on different sites have vanishing Poisson brackets. We get :

{Ll(na t; >‘)7 LQ(”? t; ,LL)} = [T12()‘a ,LL), Ll(na t; )‘)LQ(n7 t; N)] (18)

The full monodromy matrix is then just the ordered product all along the chain of such discrete Lax
matrices :

T(N,1;t;\) = L(N,t; \) ... L(1,t; A) (1.9)

and satisfies the Poisson brackets :
{Tl(Na ]-; t; )‘)7 T2(N7 ]-7 t; /1’)} = [7’12(>\, /1’)7 Tl(N7 17 t; A)TQ(Nv 17 t; N)] (110)

As we will see now, the structure for quantum integrable lattice models is very closely related to the
classical one.

1.2 Quantum Inverse Scattering Method

The QISM discovery originates from the study of the non-linear Schrédinger model that on the one hand
was solvable through the Classical Inverse Scattering Method and on the other hand admits a quantisation
(the 1D quantum Bose gas) solvable by coordinate Bethe ansatz. Adapting transfer matrix techniques
from Baxter’s corner transfer matrix [56,57], Sklyanin was able to understand how to quantise the classical
inverse scattering scheme. The main feature of QISM is to embed the quantum Hamiltonian at hand into
an algebra of operators (the entries of the quantised version of the monodromy matrix) that on the one
hand provides a large abelian sub-algebra of conserved charges (containing the Hamiltonian) generated
by the transfer matrix (the trace of the monodromy matrix), while on the other hand it gives access
through the off diagonal elements of the same monodromy matrix to creation and annihilation operators
of the common eigenstates of the transfer matrix (and hence of the Hamiltonian). The whole scheme is
made possible thanks to the knowledge of the quadratic Yang-Baxter algebra of the monodromy matrices
entries governed by an R-matrix solving the Yang-Baxter cubic equation that appeared previously in 2D
solvable models [50}/52/54}227].

1.2.1 Yang-Baxter algebra and transfer matrix

Let us consider a quantum system on a one dimensional lattice having N sites. To each site n of the
chain, we associate a local Hilbert space of states H,, and an algebra of local operators acting on H,,. The
total Hilbert space H of the chain is the tensor product of the local spaces:

N
H= ®H, (1.11)

The quantised version of the Lax matrix is the so-called quantum Lax operator. It is a m x m matrix,
its entries being operators on the local Hilbert space H,. We can introduce the auxiliary space V, of
dimension m, such that the quantum Lax operator is an element of End(V, ® H,,) denoted as L, (N, &),

13
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with A standing generically for the spectral parameter and &, for the inhomogeneity parametexﬂ associated
to the site n. In that way, the entries of two Lax operators defined in two different sites commute. At the
same site they obey quadratic commutation relations with structure constants given by an R-matrix:

Rab()\y M)Lan()\7 gn)Lbn(,Uw gn) = Lbn (/1*7 gn)Lan ()‘7 gn)Rab()M /1’) (112)

while the R-matrix satisfies the Yang-Baxter cubic equation:
Rap (A, p) Rac (A, v) Roc (1, V) = Roc(p, V) Rac(A, V) Rap (A, 1t) (1.13)

These equations hold respectively in the spaces V, ® V, ® H,, and V, ® V;, ® V.. and we use the standard
tensor product notation with lower indices to specify in which spaces the various objects act. For example,
the notation R,, means that the matrix R acts non trivially only on the space V, ® V;, while it acts as
the identity in all other spaces. It means in particular that it is a pure number matrix (it acts on H,, as
the identity).

We now define the quantum monodromy matrix of the chain, denoted M,q(A), as the ordered product
of the Lax operators all along the chain. It is an m x m matrix with entries that are quantum operators
acting on the space H symbolised by the subindex @, i.e. it is an element of End(V, ® H):

Mag(Xi&1, - €n) = Lan (A En)--Lar (N, &1) (1.14)

For simplicity, in the following we will omit writing explicitly the dependency of M,q on the inhomogeneity
parameters §;, namely M,o(X;&1,...&n) = Myo(A). One can show that the elements of the monodromy
matrix satisfy quadratic commutation relations straightforwardly coming from and named Yang-
Baxter algebra:

Rab(/\a M)MaQ()‘)MbQ (/’L) = MbQ(M)MaQ(A)Rab(/\a /-L) (115)

It is the associative algebra generated by the elements of the monodromy matrix thanks to the Yang-
Baxter equation for the R-matrix (1.13]). The above relations degenerate in the classical limit in which
R =1 +ihir + o(h) to the above classical Poisson bracket relations.

A very important object at the heart of the Inverse Scattering Method is the transfer matrix T (\),
which is defined as the trace over the auxiliary space of the monodromy matrix:

T(A) =trq {Mu.o(\)} (1.16)

Thus 7 ()\) is an operator acting on the total Hilbert space H of the chain. As we shall see in particular
examples, the Hamiltonian can be computed through trace identities in terms of the transfer matrix at
the homogeneous limit. For an invertible R-matrix, the equation gives, taking the trace over the
two auxiliary spaces V, and Vj:

V()\,p,) € 027 [T(A%T(M)] =0 (1'17)

Hence the transfer matrix generates via an expansion in the spectral parameter \ a full series of commuting
operators that also commute with the Hamiltonian. Therefore it leads to a full series of commuting
conserved operators generating the symmetries responsible for the integrability properties of the system.

The main question is then to find a common basis of eigenvectors for the transfer matrix 7 (\), namely
a basis independent of the spectral parameter A, and to compute the corresponding eigenvalues of T (A),
leading to the spectrum of the Hamiltonian. To effectively construct the eigenvectors and eigenvalues, one
has to go one step further. The two main approaches we will consider in this thesis are the Algebraic Bethe
Ansatz (ABA), developed in paragraph and the quantum separation of variables, developed in Chapter
3. These two methods make use the above Yang-Baxter algebra. The main difference between these two
methods is, as we will see later on, that the quantum separation of variables, for all the studied models
for which this technique can be applied, has so far led to the full characterisation (and proof of the sim-

2Notice that in general these parameters could be sets of complex parameters and not only complex parameters. See for
instance the chiral Potts Lax operator (1.72]).
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plicity) of spectrum of the transfer matrix, while such a completeness is in general out of the reach of ABA.

A quantum integrable chain is thus completely characterised by the data of an R-matrix solution of
the Yang-Baxter equation and a Lax operator giving a representation in H,, of the Yang-Baxter algebra
associated to R. In general, starting from a given system, there is no standard procedure to show
its integrability finding such an R-matrix and a corresponding Lax operator. However, there are quite
general techniques to construct R-matrices and Lax operators satisfying from representation theory
of quantum groups, and a considerable literature has been established classifying the solutions and the
physical models which can be described [101,{228]. The equation appears this way as a pivotal
relation: it is the starting point to find Lax operators, i.e. integrable models, and it also provides the key
to their solving.

1.3 The 6-vertex Yang-Baxter algebra

In this section, we focus on the 6-vertex R-matrix, solution of the Yang-Baxter equation , and on
its associated algebra, the 6-vertex Yang-Baxter algebra. Very important models are described thanks to
this matrix: the XXX and XXZ spin 1/2 chains, the discretised sine-Gordon model or the chiral Potts
model. The main model studied in this thesis, namely the 75 model (with general integrable boundary
conditions), is also based on the 6-vertex R-matrix.

This matrix is a solution of the Yang-Baxter equation with an auxiliary space of dimension 2,
it is explicitly written:

a(\, ) 0 0 0
B 0 b(A, 1) c 0
0 0 0 a(A, p)
with a(/\,u)zﬁ—ﬂ b(/\,u)zi—ﬁ and c=q—1/q (1.19)
9 ’LL )\q ) ) H A

The parameters A and u are the spectral parameters, while ¢ is a free parameter. One of the properties of
this matrix is its dependence on the ratio of the spectral parameters. In the next, the 6-vertex R-matrix
will be often denoted R(A), keeping the same notation R:

R(A p) = R(Mp) (1.20)

It is standard to denote such a monodromy matrix, with an auxiliary space Vj of dimension 2, by:

= (43 29)

Note that according to (L.14) the operators A(A), B(A),C(X) and D(A) are not only depending on the
spectral parameter A but also on the N inhomogeneity parameters &;. Then, the 6-vertex Yang-Baxter
algebra is generated by A(\), B(\),C(\) and D(\) satisfying the relations:

[AA), A(w)] =0 [B(A),B(w)] =0 (1.22)

[DO). D] =0 [C(N), Cl)] =0 (1.23)
ANVB() = 60 1) A BO) + 5O, 1) B A (1.24)
BOVA() = b\ 1) A1) BOY) + 200, 1) B AN (1.25)
A()C(A) = &, ) AN C (1) + b(A, ) C(A) A(p) (1.26)
C()AN) = b(A, ) ANC () + &, ) C(N) A(p) (1.27)
D(u)B() = B\ ) BOYD(s) + &\, 1) DO B(n) (1.28)
B(u)D() = &\ ) BOYD(s) + B\, 1) DOV B(n) (1.20)
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CND(n) = e, m)C(u)D(A) + b(A, 1) D()C(N) (1.30)
DN)C (k) = b(A, p)C (1) D(A) + €A, 1) D(p)C(A) (1.31)
[B(A), C(w)] = —¢/b(A, ) (D(A)A(p) — D (1) A(N)) (1.32)
[C(N), B(n)] = —¢/b(A, 1) (AN D(p) — A(r)D(A)) (1.33)
[DA), A(p)] = —¢/b(A, 1) (B(N)C(1) — B(p)C(A)) (1.34)
[A(A), D(w)] = —¢/b(A, ) (C(N)B(k) — C(p)B(X)) (1.35)
where we introduced the structure constants:
B\ ) = b w)/a(h,p)  and  E(A 1) = c/a(A, ) (1.36)

In particular, let us comment that the four families A(X), B(A),C(A) and D(\) are each commuting
families of operators. Let us also notice here that the inhomogeneity parameters £; being attached to the
lattice sites, they are the same in A(\) and in A(p).

Quantum determinant Let us complete the description of the 6-vertex Yang-Baxter algebra by intro-
ducing the quantum determinant g-det M,q(A). It is a central element of the algebra:

Y\ p) e C*,  [g-det Mug(N\), Myg(p)] =0 (1.37)

which can be defined for any representation (not necessarily associated to the monodromy matrix, but
also for the Lax matrices, representations of the Yang-Baxter algebra in the local Hilbert space H,,). Due
to the particular form of the 6-vertex R-matrix, it can be written in terms of the generators as:

g-det Mog(A) = A(N)D(Nq) — B(A)C (M) (1.38)

Let us mention that in order to find quantum determinants, Kulish and Sklyanin [229] make use of the
degeneracy of the R-matrix (1.20)) at the points A = 1/¢. This one reduces indeed to the projector P~:

0 © 0 O
R(1/q) = =2(¢—1/q) P~ with P~ = 8 _1{?2 _1%2 8 (1.39)
0 © 0 0
Then the 6-vertex R-matrix satisfies moreover the identity (P~ is rank 1):
Ria(1/q)Ri3(M/q) Ras(A) = c¢(A) Ri2(1/q) (1.40)
with ¢(A) a scalar function, leading to the centrality of the element
g-det Moo (X) = troy {Pyg Moo (N a) Moo (M)} (1.41)

The scalar ¢(A) can thus be understood as the quantum determinant of the R-matrix itself. What is more,
using the Yang-Baxter equation and the commutation relations and (L.32)), one can easily check
the different expressions:
g-det Mog(A) = D(A)A(N/q) — C(N)B(Nq) (1.42)
g-det Mog(N) = D(Vq)A(N) — B(g)C(N) (1.43)
g-det Mog(X) = AN q)D(N) — C(A/q)B(X) (1.44)

Lastly, let us mention that the quantum determinant of the monodromy matrix factorises in the
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THE XXZ SPIN 1/2 CHAIN

product of the quantum determinant of the Lax operators, i.e. it holds:

g-det Mog(X) = g-det Lon(X) ... g-det Loi(X) (1.45)

Inversion formula Among other properties that will be used later, the quantum determinant is useful
to express the inverse of the monodromy matrix. Indeed, it holds the following inversion formula:

of Mg, (M q)o§ Mog(X) = Mog(A)ag Mgty (A q)og = g-det Mog(N) (1.46)
where ty denotes the transposition in the auxiliary space Vj and ¢¥ is the Pauli matrix.

The use of different representations of the 6-vertex Yang-Baxter algebra leads to different quantum
systems. Let us just cite for example the XXZ spin-s chains, the discretised sine-Gordon model or the
chiral Potts model for cyclic representations (the basic operators on H,, are the pairs ({,,V,); they
satisfy a Weyl algebra 0, V,, = q¥,,Q1,, with ¢ is a root of unity. 4, and V,, are exponentials of conjugated
variables, i.e. a field ¢ and its conjugate momentum 7). We will focus in this thesis on the 75 model and
its generalisations, associated to cyclic representations.

1.4 Spectrum characterisation by the Algebraic Bethe Ansatz:
example of the XXZ spin 1/2 chain

As mentioned previously, the integrability can be characterised in the framework of Quantum Inverse
Scattering Method. The next step is thus to solve the system, i.e. to characterise the spectrum. Several
techniques have been introduced, as Baxter Q-operators, Algebraic Bethe Ansatz or quantum separation
of variables to achieve this goal. We present here the Algebraic Bethe Ansatz, whereas the chapter 3 is
dedicated to the quantum separation of variables.

The Algebraic Bethe Ansatz has been developed in the late 70’s. The idea is to use the Yang-Baxter
algebra commutation relations and the existence of a so-called reference state |0), which is an eigenstate
of the operators A(X) and D(X) and such that the action of C'(X\) gives 0. Then the action of the operator
B(A) on |0) allows to construct eigenvectors of the transfer matrix. This method led to the spectrum of
a large class of models, here we present it on the example of the XXZ spin 1/2 chain.

1.4.1 The XXZ 1/2 Heisenberg spin chain

The XXZ 1/2 Heisenberg spin chain is composed of N sites, to each one is associated a local Hilbert space
of dimension 2. This model is characterised by the 6-vertex R-matrix, and the following Lax operators:

(v (N) +x_(N)o, (g —1/q)o,
Lon() = ( 1= 1) x_<A>+x+<A>oz) (1.47)

with the scalar function x4 (\) = % Ag—=1/(Ag) £ (A—=1/X)) (1.48)

Let us comment that this Lax operator satisfies (1.12]) as it is just proportional to the R-matrix itself in
Vo ® H,, and then this relation is simply the Yang-Baxter equation (|1.13). We introduce thereafter the
monodromy matrix, with the inhomogeneities (£,); <, <y:

A(N) B(A
Moq(A) = Lon (A/En).--Lo1(M&1) = (C()\; DE)\;) (1.49)
According to the standard procedure described in the first section, the transfer matrix is given by:

T(A) =tro{Mog(N)} = A(X) + D(N) (1.50)
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Eventually, at the homogeneous limit (for which it holds & = 1 for all the inhomogeneities), one can show

that:
1

1 dIn(T(N) q+q

H=(qg—qg ! YA - N— 1.51
=) N (151)

is indeed the Hamiltonian of the model under consideration, namely:

N -1
qt+q
H= oror +olod |+ oLor > 1.52
nZ:ll < o o 2 i (1.52)
with periodic boundary conditions:

ong1=o0] fors=mzyorz (1.53)

1.4.2 The Algebraic Bethe Ansatz

To construct eigenvectors of the transfer matrix 7 (), the Algebraic Bethe Ansatz needs a reference state
|0) satisfying:

AN [0) = a(N) [0y, D(A)[0) =D(N)[0) (1.54)
C(A)[0) =0, B0 # 0 (1.55)

For the XXZ spin 1/2 chain, the ferromagnetic state with all spins up is a reference state:

0)=® (é) . (1.56)

with the eigenvalues
N N
1_[ (A q/€n —€/(A @) and D(A H (A\€n = En/N) (1.57)

Then, starting from the reference state, eigenvectors of the transfer matrix can be computed using the
operators B(\) as creator operators. Explicitly, let us define the following "n-states" vectors:

AL, s An) = B(A1)...B(\,) |0) (1.58)

where the ()\;) is a family of complex number.

1<isn

The method consists in searching the eigenvectors of 7 () among these n-states vectors. Let us remark
that from the 6-vertex Yang-Baxter algebra, B()) is a commuting family of operators, so the order of the
(Ai)1<i<n in the n-states vectors is not important.

Then, thanks to the 6-vertex Yang-Baxter commutation relations, one can show the following;:
A Ao A = Ay s And + Z ARB( ‘)\1,..., A > (1.59)
D) Py s And = A AL ooy A+ ZAkB ‘Al,..., A > (1.60)
where the notation |Aq, ...,X;, - )\n> means that the term B()\;) is missing in . Moreover, the
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different scalar functions have the expressions:

_ S | . ¢ T i

A= A(p) Hb Aj,m), Ap= A(Ak)b(%Ak) Hb (Aj, Ak) (1.61)

Jj=1 7j=1

ik

B n B c n
A=) [ (A Ae=p0w) [To v ) (1.62)

j=1 b()\kvﬂ)j=1

J#k

This way, a sufficient condition for |Ay, ..., A,,) to be an eigenstate of the transfer matrix (1.50]) is:

Vke[l,n], Apx+Ar=0 (1.63)

Due to the skew symmetry property b(Ag, ) = —b(u, Ax), this condition is independent of A\, and can be
put under the form:
(Ajs Ax)

AM) 19 b
Vke[1,n] , D(A’;) = Em (1.64)
j#k

It means that if such a condition is satisfied, the corresponding n-state vector |A1, ..., A\, ) is a common
eigenvector of T (), YA € C (provided of course it is not zero). These are the famous Bethe equations,
first obtained by Bethe [44] for the XXX-1/2 spin chain (using coordinate ansatz), obtained from XXZ
in the limit ¢ — 1, while rescaling all objects. Similar forms for this system of equations occur for other
integrable models.

One can see that, up to the existence of the reference state |0), the system is valid for all the
models described thanks to the 6-vertex R-matrix. This method has been generalised to other R-matrix.

Eventually, let us mention that to construct eigenvectors on the left, one can use the same procedure
as the one describe above but using the following "n-states", constructed thanks to the C operators:

s ooy An] = 0] C(A)o.C (M) (1.65)

The reference state (0| satisfies:

O[AA) = a(A)[0) , (O] D(A) = D(A) (1.66)
O[CN) 0, O B(\) =0 (1.67)

Limitations and advantages The ABA method is quite a powerful tool. However it suffers from
two main limitations, the first one being notably the need of a reference state, that can be problematical.
Indeed, for some models like the antiperiodic XXZ spin-1/2 chain, there is no obvious reference state. And
then, even if a reference state has been identified, it doesn’t ensure the completeness of the description of
the eigenvectors. Moreover, not all solutions of Bethe equations provide a non zero state |Ar, ..., Ap ).

Let us simply mention here that the Bethe equations have been extensively studied. For example,
there is the possibility to describe the ground state and the excited states in the thermodynamic limit
(for which N — +o0) in terms of linear integral equations. [47,|48]

1.5 Form factors and correlation functions

To solve completely a quantum integrable model it is not sufficient to get its spectrum. We also need to
compute its dynamical correlation functions. Moreover, if we would like to consider perturbations around
such an integrable model, we would need the matrix elements of the perturbation potential in the basis of
eigenvectors of the transfer matrix. These quantities are at the heart of statistical physics, as in principle
any physical and experimentally observable can be expressed through these functions.
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An n-point correlation function is given by the following normalised trace:

tr {qﬁl...qﬁne*ﬁH}
tr {e-PH}

(1.68)

where H is the Hamiltonian of the system, 3 = (kgT)~' with T the absolute temperature and kp the
Boltzmann constant, and the ¢; are a set of local operators. In the zero temperature limit, if the ground
state is non degenerated and denoted |¥,), the trace reduces to the mean value of the local operators on
this ground state :
<\I’g| P1.--0n |‘Ijg>
(Wy|Wy)

One way to compute such a quantity is to introduce the decomposition of the identity in terms of the
full set of eigenvectors (t| and |t) of the Hamiltonian:

(1.69)

1= )] “iﬂ (1.70)

teSp(H) |t>
leading to the expression:

(gl drn [Ty D 3 Woldrft) G2 lte) -t S0 o) ) 7

<\Ilg|\I/9> t1€Sp(H) tQESp(H) tn,1€Sp(H) <\I]g|\llg><t1|t1><tn*1|tn*1>
To compute such a quantity we need to solve the following problems :

o Determine the eigenstates |t) of the Hamiltonian using Algebraic Bethe Ansatz and solving the
Bethe equations.

o Then determine the action, say to the right, of the local operators ¢; on the right Bethe states. This
can be achieved by first solving the so-called Quantum Inverse Scattering Problem [74], namely by
reconstructing any local operator ¢; in terms of the elements of the monodromy matrix ; then using
the Yang-Baxter algebra, one can compute the action of any element of the monodromy matrix on
any Bethe state. It gives again a state that is a combination of states of the form , namely
the action of a product of B operators on the reference state, but which are no longer eigenstates of
the transfer matrix. Those are called off shell Bethe states.

e Then we need to compute the resulting scalar products between an arbitrary left Bethe eigenstate
with an off-shell right state. In the framework of the Algebraic Bethe Ansatz, determinant formulas
have been obtained for such scalar products [73}/230]. For the square norm (t|t) of an eigenstate,
this is given by the Gaudin determinant while for the scalar products between an eigenstate and a
general state, it is the ratio of two determinants; we need both in .

e Then one would have to compute the resulting sums at least in the thermodynamic limit and in
the asymptotic regime where the local operators ¢; are located in points n; of the chain such that
|n; —nj| >> 1 for any different ¢ and j.

These different steps have been accomplished for the XXZ spin-1/2 chain in the massless regime in a series
of works [73}|76-80,231H234|, where one can also find the expression of the form factors associated to the
spin operators o, , 0.7, 0Z. These results constitute a real breakthrough as before, the only known exact
results obtained from first principles were the one for the free fermion point, namely for ¢ = i. Combined
with powerful numerical summation techniques, it led to experimentally verifiable forecasts for scattering
neutrons on magnetic materials, well described by a XXZ spin chain [117}/118].

Let us mention another way to compute quantities of the form , which consists in first computing
|\il> = ¢1...¢, |¥,) and then in computing the scalar product <\Ilg}>. This is the way taken in [75,(112].
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1.6 Cyclic representations of the 6-vertex Yang-Baxter algebra

In this thesis, we study the 75 model with general integrable boundary conditions. In this paragraph, we
aim to describe this model for periodic boundary conditions, as the notation of this section will be used
all along the manuscript.

Historically, this model is obtained from the Lax operator which is a general cyclic solution of the
equation with the 6-vertex R-matrix |158|, for ¢ a root of unity. It is defined by the following
Bazhanov-Stroganov Lax operator:

Aan ¥y — A1 3,01 0, (¢ 2a, %y + ¢/, 9;1)
L0n</\apn) = (172)

a0, (P enVn + g7 V2d vt ANV =200 )

where p, = (@, Bn, Yns On, Qny by, Cny dy) denotes the 8 parameters associated to the site n. In order for
this matrix to satisfy the Yang-Baxter equations , the parameters on a given site are not independent
and have to satisty :

Vnel[l,N], anyn=anc, and [,0, = b,d, (1.73)

We can moreover emphasise a global normalisation, with the parameter -, for instance. What is more,
let us highlight that the inhomogeneities &, can be absorbed into the parameters p,.
Moreover, the hermitian operators @, and v, are the generators of the following local Weyl algebra
on Hy:
V(n,m) e [1,N], @,Vp, = ¢ Vi, (1.74)

Through all this thesis, we will study the case where ¢ is the following particular pt*-root of unity:
q=e>*P LeN* p=20+1, leN*, withk and p coprime integers, (1.75)
and we will assume
Vne[l,N] ,al =% =1 (1.76)

We consider this choice to handle irreducible representations of the local Weyl algebras, as reducible rep-
resentations appear under different possible choices of q. As a consequence, we can use finite-dimensional
representations of dimension p for each Weyl algebra, referred as cyclic representations. We will use
mainly two different basis:

e The so-called ¥-basis, where we introduce the left states {(k, n|{,}k€[[0 p—1] » With the cyclicity
(k + p,n|, = {(k,n|, and the right states {|k‘,n>{,}k€[[0 1] With the cyclicity |k +p,n), = k,n),

The action of the operators read:

konloty =+ Lnlg  kynly ¥ =¢" only 5 Qnlk,nyg = [k =1Ly ¥ lk,n), =" [k, n),

(1.77)

v

o The so-called G-basis, where we introduce the left states {(k,n|,} kefop—1] » With the cyclicity
(k + p,n|, = (k,n|, and the right states {|k7n>ﬁ}ke[[0 p—1] With the cyclicity |k + p, n, = |k,n)y

The action of the operators read:

eyl Gy = ¢ (eyn , [k,nyy = ¢ 2K [kyndy Vi lk,n)g = [k +1,n)g

(1.78)

a <kan|ﬁ‘7n = <k _lan|

a

In a very standard way, we define the bulk monodromy matrix:

Mog(\,pq) = Lon (A pN)--- Lot (A, p1) (1.79)

where pg denotes the parameters in the whole quantum space pg = (pi,...,pn). The Yang-Baxter
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equation implies that the transfer matrix:
72(A) = tro{Mog (A, p@) } = A(N) + D(A) (1.80)

defines a one parameter family of commuting operators. Moreover, for this model it is possible to define

an operator:
N
1_[ (1.81)

which commutes with the transfer matrix:
[r2(),©] =0 (1.82)

The eigenvalues of the operator © being p'" roots of unity, it is possible to associate to each eigenvector
of the transfer matrix its eigenvalue by this operator. It notably allows a foliation of the transfer matrix
spectrum Y., in terms of ¥ (with k € [0,p — 1]), the spectrum of the eigenvectors whose ©-eigenvalue

is qk:
p—1
= J = (1.83)
k=0

Let us complete the description of cyclic representations of the 6-vertex Yang-Baxter algebra by making
explicit the quantum determinant. Using the factorisation property (|1.45), one can write:

N
g-det Moo(M, po) 1‘[ “3*)(/1:7 ) = a(A)d(M o) (1.84)

where the constants k, and the zeros pi,, + of the quantum determinant are given by:

iql/Q (a'nﬂn/anbn)l/2 h =
iq1/2 (Cnﬂn/andn)1/2 h =

As for the functions a(\) and d(\), they are defined by:

N O, N N
=aq 1:[( a)\) and d(\ H

n n=1

ky = (anbncndn)1/2 and  fip,p = { (1.85)

1 d nQin
( Cnﬂn )\) (1.86)

Let us mention the close link existing between this 75 model and the chiral Potts model [158]. Indeed,
the transfer matrix of the chiral Potts model is a Baxter Q-operator for the 75 model, a property that
allows to obtain results concerning the chiral Potts model. For example, the spectrum ,, is completely
characterised (via the construction of a Baxter Q-operator by separation of variables [235]).

Another interesting feature with the Lax operator is its possibility to describe different models,
like the Fateev-Zamolodchikov model (linked to the discretised sine Gordon model at root of unity) or
the XXZ spin s = (p — 1)/2 at root of unity, simply by tuning the different parameters p,.

Eventually, let us emphasise that important results are known for this model, from the characterisation
of the spectrum (using separation of variables) up to the computation of some form factors [145}/151}235]
for the periodic model. Now we aim to start to describe the model with general integrable boundaries.
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Chapter 2

Quantum integrable models with
boundaries

As briefly stated in the introduction, the study of models with boundaries has attracted a large research
enthusiasm as they can describe both equilibrium and out of equilibrium physics. Some interesting
applications concern the description of classical stochastic relaxation processes, like ASEP [165}|166],
[167H172] and quantum transport properties in spin systems [173},/174].

In the previous chapter, we recalled that Hamiltonians of quantum integrable systems can be obtained
from the transfer matrix. However, with the previous definition for this transfer matrix as a trace of the
monodromy matrix, it turns out that for all the considered models the reconstructed Hamiltonians have
periodic boundary conditions. The aim of this chapter is to introduce more general transfer matrices, in
order to describe more general boundaries.

A first generalisation is presented considering twisted transfer matrices. In paragraph we show
that one can indeed use scalar representations of the Yang-Baxter algebra to generate twisted transfer
matrices, leading to quasi-periodic integrable Hamiltonians.

However, the main goal of this chapter is to outline the reflection algebras introduced by Sklyanin [177].
This one allows in particular to define a boundary transfer matrix (the trace of the boundary monodromy),
which can be used to generate quantum integrable Hamiltonians with general integrable boundaries.

An important feature that emerges to effectively define local Hamiltonians is the notion of fundamental
and non fundamental models, regarding to the relative dimensions of the auxiliary and quantum spaces.
Thus, the last paragraph is dedicated to the recall of the fusion procedure, which allows to define spin
chain Hamiltonians for non fundamental models. Let us mention that all along this chapter, the XXZ
spin chain is used as the main example to explain the various concepts and tools.

2.1 Twisted boundary conditions

As mentioned earlier, a first generalisation and a first step to take into account boundaries in the framework
of the Quantum Inverse Scattering Method, is given by the twisted transfer matrix. In the general setting
of section instead of considering the transfer matrix (1.16)), one can define a twisted transfer matrix:

TN = tro{Sa(\)Mag(V)} (2.1)

with () a scalar matrix, i.e. an element of M,,(C) (We recall that m denotes the dimension of the
auxiliary space V,). Then it holds the following proposition:
If () is a scalar representation of the Yang-Baxter algebra, namely if there is the equality:

Rap(0 )0 (NS5 (1) = Do (1) Za(N) Ras (A, 1) (2.2)
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then the twisted transfer matrices form a commuting family of operators:
Y eC, [TPN), TP (W] =0 (2.3)

One of the most interesting feature in considering the twisted transfer matrix is the possibility to
describe local Hamiltonians with twisted boundary conditions. Thanks to the trace identities, the quasi-
periodic boundary conditions are linked to the choice of (). An example is given by the XXZ- spin 1/2
chain in the next paragraph.

2.1.1 The XXZ-1/2 quasi-periodic chain

Let us consider the XXZ-1/2 spin chain, whose periodic case has been studied in section m
One can find the following solutions for the scalar representations of the 6-vertex Yang-Baxter algebra:

V(a,a) e C x {0,1}, D) =@ = (5%)° (e(;" 60a> (2.4)

where ¢ is the Pauli matrix. Let us denote then 7(®%()) the associated twisted transfer matrix, given
by (2.1). By taking the logarithmic derivative of this matrix, one can show that similarly to equation
, the quantity

d In (T@D (X))

H(a,a)z -1
(¢—q ) I

~a+a (25)
A=1

is the Hamiltonian of the XXZ spin 1/2 chain with twisted boundary conditions. Explicitly,

N
o,a T T 1 — z .z
H(@®a) = Z [ananH +odod .+ i(q +q l)onan+1] (2.6)
n=1
with the following quasi-periodic boundary conditions:
ONt1 = Zga’a) o} Zga’a) for s =x,y or z (2.7)

In particular, to consider the twisted transfer matrix 7% (\) = B()\)+C()) leads to the anti-periodic
chain. Let us simply mention here that at the thermodynamic limit, i.e. for an infinite number of sites, the
results concerning the form factors and the correlation functions should not depend on the twist function .

2.2 The 6-vertex reflection algebra and integrability

The question we address now is to describe chains with general integrable boundary conditions. For
example, we aim to describe the action of two magnetic fields at the boundaries of the spin XXZ 1/2
chain. To answer this question, we report here the work of Sklyanin [177], who introduced the notion
of reflection algebra for a boundary version of the monodromy matrix. We present this algebra on the
example of the 6-vertex R-matrix, and give the definition of the boundary transfer matrix, which will be
used to derive integrable local Hamiltonians with integrable boundaries.

2.2.1 The 6-vertex reflection algebra

Let us consider R(\) the 6-vertex R-matrix ((1.20). Then following |177] let us introduce the algebra U_,
the associative algebra defined by the generators U(\)q,3, with (a, 8) € {1, 2}, considered as the elements
of a square matrix ¢(A), and by the relation:

Riz(M )ty () Ri2(Ap/q)Ua () = Uz (1) Rio(Ap/q)Ur (A) Ri2 (A 1) (2.8)
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The algebra Uy is defined in the same way with a matrix U (A) and the relation:

Rua(p0/ MU (M) Raa (1) (M) U (12) = UL, (1) Ruz(1/ () Uiy (A) Raa (18/A) (2.9)

The equations (2.8]) and (2.9)) are called the reflection equations.

Moreover, Sklyanin gives a way to find representations of these algebras. In fact, his construction
allows to use representations of the Yang-Baxter algebra to generate representations of the reflection
algebra thanks to scalar solutions of the reflection equations. Explicitly, a solution of the reflection
equation in the total quantum space H can be obtained by the following boundary monodromy
matrix:

Uog(N) = Mog(\)Ko(\)Mog(N)  with  Mog(X) = of Mg (1/X)a (2.10)

where Mog(A) is the monodromy matrix introduced for the Yang-Baxter algebra, and K () is a scalar
solution of the reflection equation ({2.8)), i.e.:

Rio( M) K1 (N) Ria(Mt/q) Ka(p) = Ko (1) Ri2(AMe/q) K1 (N) Ria (N 1) (2.11)

in the space Vi x V5 (we recall that the auxiliary spaces are of dimension 2, V; ~ C?).

The expression for MOQ()\) is reminiscent of the inversion formula for the bulk monodromy matrix
(1.46)), and indeed it is linked to the inverse of the bulk monodromy thanks to the quantum determinant:

Mog(X) = q-det Mog(q/X) - Mag (q/N) (2.12)

As for the Yang-Baxter algebra, we will use a standard notation:

Ung() = (?8)) g%i;) (2.13)

to denote the operators of the boundary monodromy matrix. These ones are thus the generators of the
reflection algebra, let us write explicitly some of the relations they satisfy:

[B(A), B(u)] =0 (2.14)
C(A),C(w)] =0 (2.15)
[AA), Ap)] = es(A, ) (BA)C (1) — B(r)C(A)) (2.16)
D(A), D(w)] = e5(A, ) (C(1)B(A) = C(AN)B(w)) ] (2.17)
A()B(A) = er(X, ) BA)A(u) + e2(A, ) B(r)AX) + e3(A, 1) B(r)D(N) (2.18)
BA)D(u) = er(A, 1) D()B(A) + ca(A, 1) D(N)B() + c5(A, 1) AN)B(w) (2.19)
where the different constant structures ¢; (A, 1) are given by:
_ (@M= p/(aN) /g —a/Ow)  (Wg—q/>?) (¢ —1/q)
A = 10wy ST e ey B
o q—1/q . _ (w/a—q/(Aw)) (¢ —1/q)
V) e Vo L oV eTo T v vov)
_ q—1/q
cs(A p) = *m (2.22)
and we have defined the operator D()\) by:
D(N) = (A = 1/X)AM) = (¢ — ¢ D) (2.23)

We emphasise on these relations as they will be used in the next; let us in particular note the commu-
tativity of the families B(\) and C(\).
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CHAPTER 2. QUANTUM INTEGRABLE MODELS WITH BOUNDARIES

The same way as K () is defined, let K (\) be a scalar solution of the reflection equation (2.9):

Ry (ﬂ/A)Kill ()‘)Rlz(l/(AMQ))Ki?z(ﬂ) = Kffz(ﬂ)Rlz(l/()\ﬂQ))Kill (A)Ri2(p/A) (2.24)

The most general expressions for the boundary matrices K(\) and K (\) are known [178[|183]. Let
us recall here:

_ oL e P10 ) ke (Wg—q/0?)
KO()\) = KO(>\|£*7 - 7) - f— — 5% < ke~ T (/\z/q _ (]//\2) q1/2§_/>\ o )\/(qu_))[o] (2.25)

Tt is easy to remark that the general scalar solution of the reflection equation (2.24) admits the following
form in terms of the solution of the reflection equation (2.11):

K%(N) = Kolg)) (2.26)

Hence the following expression:

1/2 p— 1/2 T+ 2 _ 2
Kio() = Kyo(\r, 7o, 1) = —— ( Aeq? = 1/ (A4 q'?)  rpe™ (g = 1/(aA?)) )
(0]

& — & \mee ™ (@A = 1/(gA)) M /A= N (g7 Py )
(2.27)
The parameters {4, 7+ and k4 are generic, and associated to the boundaries. A standard notation to

refer to these matrices is given by:
Ko\, 7_ k) = (2—8)) 2_&) and K o(\ép, 74, ky) = (‘é:((;g Zi%%) (2.28)

As for the 6-vertex Yang-Baxter algebra, there is the notion of quantum determinant. Indeed, using
once again the degeneracy of the 6-vertex R-matrix at the point A = 1/g, Sklyanin [177] shows that the
element

g-det Upg(N) = trig {P;2 Uro(q 2N Ryg (A2 /q)UQQ(q1/2A)} (2.29)

is central for any representation of the reflection algebra ([2.8)):
V(A ) e C? | [g-det Upg(N),Uyg(p)] =0 (2.30)

The proof of this centrality is very similar to the one for the Yang-Baxter algebra.

2.2.2 Boundary transfer matrix

In a way, the reflection algebras generalise the Yang-Baxter algebra as one can define a one parameter
family of commuting matrices, the so-called boundary transfer matrices, which are used to describe
Hamiltonians with general integrable boundaries. The procedure is the following.

Let K, ()\) be a solution of the reflection equation and let us consider the boundary monodromy
matrix given by . The boundary transfer matrix is then defined as:

T(A) = tro {Kio(MUog(N)} (2.31)
Thanks to the reflection equations, this is a one parameter family of commuting operators [177]:
V(A pu)eC*, [T(N),T(w)]=0 (2.32)

This relation is, as for the Yang-Baxter algebra, at the heart of the integrability of a system. Indeed,
using trace identities, Hamiltonians can be expressed via the boundary transfer matrix (the example of
the XXZ spin chain is given right after, cf )7 so one exhibits a one-parameter family of commuting
operators commuting also with the Hamiltonian. What is more, if the spectrum of the boundary transfer
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matrix is simple, i.e. if there is only one eigenvector associated to an eigenvalue, the set of conserved
operators is complete as the eigenvectors are univocally labelled by the eigenvalues.

We end this section highlighting a symmetry of the boundary transfer matrix, and making explicit
the generators of the reflection algebra in terms of the generators of the Yang-Baxter algebra. Following
again [177], it is indeed more convenient to work with the next shifted definition of the monodromy matrix
for the Yang-Baxter algebra, compared with :

Moo(\) = Lox (V(Ena"2))... Lot (V/(€1g72)) (é%i; ggi;) (2.33)
This shift on A ensures the symmetry:
TA) =T(@1/A) (2.34)

We shall come back to that issue later, which concerns both the symmetry of the eigenvalues of the
boundary transfer matrix and the symmetry of the boundary terms of the Hamiltonian.

Eventually, let us write explicitly the boundary transfer matrix, which is the object at the heart of the
integrability of a system, in terms of the generators of the reflection algebra:

TA) =ar:(AN)AA) +di (A)DA) + e (A)BA) + b (A)C(N) (2.35)

Moreover, we recall that the generators of the reflection algebra are quadratic in terms of the generators
of the Yang-Baxter algebra (2.10]), for instance:

B(A) = —a_(N)AN)B(1/A) + b_ (M) AN)AQL/A) — c—(A)B(AN)B(1/A) + d_(XA)B(A)A(1/X) (2.36)

This expression for the boundary transfer matrix has to be compared with 7(A) = A(A) + D(A) for the
periodic case. The study of general boundaries appears thus a priori much more involved than for periodic
systems.

Remark Originally, these reflection algebras were introduced in |177] for general R-matrices R(\) ver-
ifying the following assumptions:

(i) The symmetries Ry () = Rio()\) and RiL(N) = R3(N)
(ii) The unitarity Ria(A)R12(1/A) = p(A) for p(A) a scalar function

(iii) The crossing unitarity Ri5(A\)RiS(1/(¢2)\)) = p(\) for 4()) a scalar function and q a characteristic
constant of the R-matrix.

The 6-vertex R-matrix is indeed satisfying these properties, with

p(N) = —(A\g—=1/(Aq)) (Mg —q/)) and p(\) = p(A\q) (2.37)

We aim to generalise these algebras in chapter 5. To this purpose, we will turn back to the original
Cherednik picture of reflection equations [178], namely the description of the reflection of two particles
on a wall, but for different types (i. e. representations) of particles. But for now, we recall in the next
paragraph how to compute integrable Hamiltonians from the boundary transfer matrix.

2.3 Local Hamiltonians associated to representations of the re-
flection algebra

As this is the case for the Yang-Baxter algebra, one has to show that the boundary transfer matrix
allows to construct the local Hamiltonians one is interested in. In this section we start by giving the
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CHAPTER 2. QUANTUM INTEGRABLE MODELS WITH BOUNDARIES

representative example of the XXZ spin chain, and then we derive a more general expression, valid for
more general fundamental models.

2.3.1 The XXZ 1/2 spin chain with general integrable boundary conditions

In paragraph we have seen that the periodic XXZ-1/2 spin chain can be described in the framework
of the Yang-Baxter algebra by the Lax operator and the 6-vertex R-matrix. Thus, to study the
XXZ-1/2 spin chain with general integrable boundaries, one can use the 6-vertex reflection algebras.
Following Sklyanin, we use the monodromy matrix of the Yang Baxter algebra to find a representation of
the reflection algebra. More specifically, to ensure the symmetry we will use the shifted definition
for the monodromy matrix, where Lg,()\/&,) is the Lax operator . Consequently, let us
consider the boundary monodromy matrix Uyg(A) defined by , and the general scalar solutions
K(X) and K ()) of the reflection equations, given respectively by (2.25) and (2.27). We can thus define
the boundary transfer matrix .

Then, up to an additive constant, the following derivative of the boundary transfer matrix in the
homogeneous limit (£, = 1 on every site) reproduces the Hamiltonian of the XXZ 1/2 spin chain with
integrable boundaries [148]:

2(q—q ") dT ()
+ cste = HYY, 2.38
o (Koo 2)} tro Ko@) dA |y _yu XXz (2.38)
where Hy, denotes the Hamiltonian:
N-1 1
HYS, = Z [aflaﬁﬂ +od0Y 1+ §(q + ql)afbole] + B; + By (2.39)
n=1
for wich the boundary terms on sites 1 and N are given by:
_ a—1/q (1 . v L v
By, = € —1jc 5(5_ +1/6 )0 + k(- + 1/7_)o] +i k_(T— — 1/7_)0} (2.40)
_ q— 1/(] 1 z T . y
and BN = m §(§++1/£+)JN+K/+(T+ +1/T+)O'N+Z I€+(T+—1/T+)O'N (241)

The main idea of the proof is given in a slightly more general case in the next paragraph. Let us just
comment that contrary to the quasi-periodic Hamiltonian, the boundary Hamiltonians are obtained thanks
to the derivative of the boundary transfer matrix with respect to the spectral parameter, and not as the
logarithmic derivative.

Moreover, with the expressions (2.39), (2.40) and (2.41) we can note the symmetry between the
boundaries on sites 1 and N. They have indeed the same algebraic form, only the boundary parameters
&4, 7+ and k4 are different.

2.3.2 Local Hamiltonians with boundaries for fundamental models

Actually, in his original paper [177], Sklyanin could give the expression of local Hamiltonians with in-
tegrable boundaries for fundamental models (for which the quantum spaces and the auxiliary space are
isomorphic) associated to R-matrices satisfying the properties (i)-(iii) of paragraph and for models
whose Lax operators coincide with the R-matrix. The XXZ 1/2 spin chain is a fundamental model of this
kind.

Sklyanin used a variant of Baxter argument (trace identities) to derive local Hamiltonians. Explicitly,
if it holds the following properties:

o The auxiliary space V, and the local quantum spaces H,, are isomorphic (fundamental models)

o There exists a point Ay such that K(A\g) =1
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e The Lax operator (which is an R-matrix) reduces to the permutation between the spaces V, and
H,, in the same point Ag: Ran(Ao) = Pan

then one can show that the first derivative of the boundary transfer matrix, at the homogeneous limit
(&, = 1 on every site), can be put under the form:

dT (N dKa(N)
— =2 H tro{Kia(Xo)} +tre{ ——— (2.42)
PN N [y,
with the following Hamiltonian with boundaries:
N—1
1 dKqi(\) tro{K a(Mo)HnNa}
oS s+ L HEAO) 249
7;1 " 2 dA oy, tra{Kia(Xo)}
where the bulk interactions are given by:
dR A dRna(A
Hn,n+1 = Pn,n+1 %1() and Hpy, =Png %() (244)
A=Xo A=Xo
Referring to the commutativity of the family 7 (1)), it follows:
YaeC, [T(\),H]=0 (2.45)

This way, one finds a commuting family of operators commuting with the Hamiltonian H for a large class
of models. Let us comment that the boundary terms on sites 1 and N in are apparently different.
Their symmetry, which was highlighted by — for the spin 1/2 spin chain, can in fact be proven
thanks to .

Let us eventually emphasise that the symmetry Ry, ,+1(A\) = Rp41,,(N) is sufficient to have the same
bulk interactions H,, 41 for general integrable boundaries as for the bulk interactions of the quasi-periodic
systems obtained from Yang-Baxter algebraﬂ Indeed, for fundamental models with the Lax operators
coinciding with the R-matrix, the transfer matrix is given by:

T()‘) =1rq {RaN ()‘/fN)"-Ral ()‘/51)} (246)

and assuming that there exists a point Ag such that Ry, (Ag) = Pan, the first derivative leads to:

dT ()

N
ARy i1 (N
ax = 3 Py Pt (247)

)\:>\0 n=1 d>\ )\:)\0

We shall come back to that issue later, when we will derive the Hamiltonians for non fundamental models
(in chapter 5).

In a nutshell, the reflection algebras mainly result in the possibility to associate to any closed integrable
quantum model, characterised by a solution of the Yang-Baxter equation, its integrable quantum model
with boundaries, characterised by the associated Sklyanin’s solutions of the reflection equation.

2.3.3 The fusion procedure

As we have just seen, we know a way to define local integrable Hamiltonians (quasi-periodic or with general
boundaries) for fundamental systems. In this paragraph, we briefly present the fusion procedure, which
allows to consider the Hamiltonians for higher spin representations while keeping for example the 6-vertex

1We shall come back to that issue in section Let us comment that more generally, it seems only necessary to have
w NN o %;MA) NI with a proportionality coefficient different from —1, in order to have the same bulk
=A0 =A0
interactions between the chain with quasi-periodic boundary conditions and the chain with general integrable boundaries.
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R-matrix. Indeed, the XXZ 1/2 spin chain is described by the 6-vertex R-matrix, and is a fundamental
model having isomorphic auxiliary and quantum spaces (of dimension 2). If one wants to consider the
XXZ 1 spin chain, the quantum spaces become of dimension 3 (and thus the Lax operators cannot be
reduced to the permutation, as the involved spaces cannot be isomorphic).

Let us consider a fundamental R-matrix satisfying the Yang-Baxter equation (1.13). The fusion
procedure, introduced in [236], is a method to construct solutions of ((1.13]) in higher dimensional spaces.

Here we present the fusion procedure on the example of the XXZ spin chain, which allows the con-
struction of a solution of the Yang Baxter algebra with an auxiliary space of dimension 3, starting from
the 6-vertex R-matrix (solution of the Yang-Baxter algebra with an auxiliary space of dimension 2). Let
us recall the degeneracy of the 6-vertex R-matrix in the point A = 1/¢, which reduces (up to a
scalar) to the rank one projector P~, and let us consider

pPt=1-p- (2.48)

which is also a projector. Using the Yang-Baxter algebra, and the property P~ P* = 0, one can show
that the so-called fused R-matrices:

R<12>3()\) = Plgng()\)Rgg(Q/\)Plg (249)
R3<125(X) = P5R3a(Mq)Ray (N P (2.50)

satisfy the Yang-Baxter equations:

Ro1a-3(MN/ ) Ra1254(N) Raa (1) = Raa(p) Rei2>4(A) Rai2-3(M 1) (2.51)
Rio(M/ ) Ri<34> (M) Ra<3as (1) = Ro<zas (1) Ri<3a> (M) Ria(N/ 1) (2.52)

in the spaces V19> x V3 x Vy and Vi x V5 x Vg4~ respectively, where as usual the spaces V; are 2
dimensional. Regarding the definition of the spaces V.12~ and V_34~, obtained as the projections of
V1 x Vo and V3 x Vj respectively, they are of dimension 3.

Similarly, in [237] the authors tackle the fusion procedure for open chains. Using the degeneracy of
the R-matrix, the projectors P~ and P* and the reflection equation (2.11]), they show that:

K_12-(\) = PLE (N Ri2(V) Ko () Py (2.53)
satisfies the following reflection equation:

Ro<125> (M) Ko(AN)R<12s0(A/q) K <125 (1) = K125 () Ra1250(A/q) Ko (A) Ro<i12> (M 1) (2.54)

This equation is a mixed reflection equation, as it involves different representations. This kind of equation
will be the starting point to our study of more general reflection equations in chapter 5. Lastly, by
considering the fusion on both the auxiliary and quantum spaces [238,239], one can construct:

Ro195 <345 () = PhR1<345 (A Racsas (qA) Py = PSR 19-4(M/q)Ro1253(N) Py (2.55)
which satisfies the Yang-Baxter equation:

Ro19><34> ()\/,U)R<12><56> ()\)R<34><56> (N) = Ro34><56> (M)R<12><56> ()\)R<12><34> ()\/M) (2-56)

and which leads to the reflection equation:

Ro12><34> ()\/N)K<12> (/\)R<34><12> ()\M/Q)K<34> (,U) = (2~57)
K345 (1) Rasas <195 (Mt/q) K <125 (A) Re125 <345 (A 1) (2.58)

Thus, from this last equation one can apply Sklyanin’s procedure to compute local Hamiltonians.
We emphasise that from the 6-vertex R-matrix, which has an auxiliary space of dimension 2, we can get
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Hamiltonians for representations with arbitrary spin s, so we are able to give the Hamiltonians associated
to XXZ spin s chain&ﬂ As already mentioned, we aim to generalise these results, in particular to be able
to compute the Hamiltonians for non fundamental models. It will be done in the chapter 5, for models
associated to cyclic representations of the 6-vertex reflection algebra.

We henceforth have an algebraic framework to deal with general integrable boundaries and moreover,
thanks to Sklyanin’s construction, we can associate to any representation of the Yang-Baxter algebra,
and a boundary matrix, a representation of the reflection algebra. However, the generators of the latter
are quadratic in terms of the generators of the Yang-Baxter algebra, and the boundary transfer matrix
appears much more cumbersome. In particular, the Algebraic Bethe Ansatz seems hardly applicable for
general boundaries. To nevertheless study this boundary transfer matrix, the next chapter introduces the
quantum separation of variables, which is another approach to the characterisation of the transfer matrix
spectrum in the Quantum Inverse Scattering Method framework.

2Indeed, in that case the Lax operators have an auxiliary space of dimension 2 and quantum spaces of dimension 2s + 1.
We can fuse the auxiliary space up to the obtention of an auxiliary space of dimension 2s + 1.
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Chapter 3

Quantum separation of variables

In this chapter, we introduce the important notion of separation of variables for integrable systems.
Starting from the classical point of view, we recall the usual definition of separate variables. Then
we show the implementation of this concept in quantum models, emphasising this way on the analogy
between the classical and quantum descriptions. The quantum separation of variables (SoV) allows for
the characterisation of the transfer matrix spectrum in the framework of the Quantum Inverse Scattering
Method. Notably, one can describe models for which the reference state |0) used in Algebraic Bethe Ansatz
cannot be found directly. As an example, we construct the explicit separate basis for the anti-periodic
XXZ 1/2 spin chain and highlight on this example, the main motivations to work with this tool.

3.1 Classical separation of variables

In order to understand where the concept of quantum separation of variables comes from, we start recalling
briefly the classical point of view. Thus, let us consider a classical system described by 2N canonical
variables (¢;);<;<n and (pi); ;< and let us moreover suppose that it is Liouville integrable [16], thanks
to N independent conserved quantities (H;), ;< in involution in the sense of the Poisson bracket {.,.}.
This way we have:

V(i,j) € [LLN]?, {a,q;} = {pipj} =0 and {q;,p;} = d; (3.1)

as well as
V(’L,]) € [[1aN]]27 {szHj} =0 (32)

Then a set of 2N canonical variables (z;), ;< and (vi),; <,y is called separate if there exists N
separate relations of the form:

ViE[[l,N]], fz (mi,vi,Hl,...,HN) =0 (33)
linking, through some functions f;, any couple (z;,v;) with the conserved charges.

The separation of variables is one of the most powerful method to deal with integrable systems. Its
prime motivation is to transform the original problem in 2N variables (¢;’s and p;’s) into a set of N inde-
pendent problems involving only one variable and its conjugate (z; and v;). Indeed, the H;’s commuting
with the Hamiltonian (in the sense of the Poisson bracket), they are constant and their value can be fixed.
Equations give then N relations, each one involving only one couple (z;, v;).

The standard procedure follows in general three steps to actually solve a system. First, one has to

get a set of action-angle variables, defined such that their evolution equation is linear in time. Thus one
can easily perform the time evolution of this set, and lastly one has to go back to the original variables
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at the time t, via an inverse transformation. Such a resolution by quadrature defines the Liouville
integrability [16}/18].

The first part of this procedure can be solved by the Liouville-Arnold theorem [16]. In particular, if
the phase space of dimension 2N is compact and connected, it is diffeormophic to a N-torus. The action
variables are the conserved quantities (H;), <y, and it is possible to define angle variables thanks to a
generating function S[(H;),.;,<n»(¢i)1<i<ny]- The latter is defined as an integral on the level manifold
where the (H;), <, are fixed, but hardly handleable in general as for a given i € [1, N], p; depends on
the whole set (g;), ;<. However, if the set of variables (¢i); ;< and (pi),<;<, 18 separate, then one
can use the separate relations to simplify its expression. In particular, if it is possible to express p;
as a function of ¢; (the quadrature), the integral splits into N one variable integrals, leading to:

N
S[(Hi)1<i<1v ) (Qi)1<z<1v] = Z Sk[(Hi)lgz‘sN Q) (3.4)
k=1

Each Sy, k € [1, N], is now computable or at least handleable, and the angle variables can be computed.

A simple example of separate variables is given by the classical Hamiltonian describing the motion of
a particle in a central potential. The use of the spherical coordinates r,0, ¢ is indeed rather natural, given
the symmetry of the system under rotations. But there is more in fact, as it decouples the original problem
in the three variables x,y and z (orthonormal basis) in three independent problem in r,0, ¢. The generating
function and the effective quadrature of this problem can be read for example in [18], in particular in
paragraph 2.7.

3.1.1 Construction of separate variables

For a given integrable system there is in general no universal method to construct a set of canonical
separate variables. However, when there exists a Lax pair ensuring the integrability of the system, a
general construction allows to define such a set. As we will highlight here, the key relation to the
construction of separate variables is the quadratic Poisson bracket for the Lax operators, involving the
r-matrix (cf paragraph .

To make a clear statement, let L(\) be a Lax matrix of dimension 2 x 2, associated to a given system
with phase space of dimension 2N. It depends on a spectral parameter A, and of course on the canonical
dynamical variables {¢;, p;}1<i<ny (we will omit writing them for simplicity):

AN B
1= () o) e

By definition, the conserved quantities H; are obtained from the spectral invariants of L(\). Let us
assume that the coefficients of the Lax matrix are polynomials in the spectral parameter, and that they
satisfy the Sklyanin quadratic Poisson bracket:

{L1(N), La(p)} = [r12(A, 1), L1 (A) Lo (p)] (3.6)

with the following r-matrix:
P12

A—p

T12(A, @) = (3.7)

where P75 is the permutation operator between the spaces Vi and V5. This represents already a large
class of models, as for instance the Toda chain [18,240] satisfies these assumptions.

The main line of the method is to consider the eigenvalues of the Lax matrix. Let us denote this way
z(A) an eigenvalue of this matrix and Q(\) the associated eigenvector, such that it holds:

L) = 2(N)Q(N) (3.8)
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The characteristic equation for the eigenvalue problem (3.8)) is thus:
det (L(A) — z(A\)1) =0 (3.9)

It defines an algebraic curve T', the so-called spectral curve, which is the locus of the points A and z(\)
such that it holds . We shall come back to that notion later, but we can as of now claim that this
object is at the heart of the separation of variables methods: it indeed provides separate relations. The
cornerstone to understand this property is the following decomposition of the determinant entering in
B9):

det (L(A\) — z(A\) = 22(\) — 2(\) trL(\) + det L()) (3.10)

The trace and the determinant of the Lax matrix being spectral invariants, they can be expressed via
the conserved quantities H;. This way, the equation only involves 2 variables, A and z(\), and the
conserved quantities.

In this context of 2-dimensional Lax matrices, it is easy to find eigenvalues. Indeed, let x; be a zero
of B(\). This variable, which non trivially depends on the dynamical variables of the system, is of prime
interest as in such a point the Lax matrix is lower triangular:

Liz:) = @Ez; D(Oxi)> (3.11)

Thus the eigenvalues are immediately known, and in particular the couple (z;, A(x;)) belongs to the
spectral curve (3.9). Let us denote v; = A(x;).

The main feature with these variables is that we can moreover show that the couples (z;,;) can be
easily used to construct separate variables, namely canonical variables. The quadratic Poisson bracket
-, i. e. the integrability in some sense, is the cornerstone of the method. Indeed, from these
commutation relations it follows [18}135]:

{wi,zi} =0, {%,}=0 and  {v,2;} = 7d;; (3.12)

We can mention that the first Poisson commutation relation comes from the commutativity of the poly-
nomial family B(\), and that the two others can be computed using for instance from the Poisson bracket

{BOV), A(w)}-

Thus, the couples (x;,v; = log(~;)) form a set of canonical coordinates, and thus of separate variables
with respect to the spectral curves (3.9).

Let us mention that a more general framework has been developed to deal with Lax matrices of
arbitrary size m x m. This makes use of the Baker-Akhiezer function, a properly normalised eigenvector
of the Lax matrix (see [135] and references therein). This way the separate relations are still given by
spectral curves. The variables z; are obtained as the zeros of a function defined by a combination of the
entries of the Lax matrix (which reduces to B()\) in dimension 2), while the v; variables are obtained
from the value in z; of a function defined by another combination of the entries of the Lax matrix (which
reduces to A(\) in dimension 2).

As we will see in the next paragraph, a very similar structure can be used to compute separate variables
in quantum systems. In particular, the use of the operators B(\) and A(A) for 2 dimensional Lax operators
is an efficient way to construct separate variables.

3.2 Quantum separation of variables

Let us now move to the quantum version of separation of variables, and let us consider a quantum
integrable model having N degrees of freedom, described by an (operatorial) Hamiltonian H.

The main idea remains the same as for the classical case [133135,241H247], namely to map the
coupled N-variables spectral problem to a set of N one-variable (thus decoupled) soluble spectral problems,
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involving one operator and its canonical conjugate. Here, the notion of canonical operators has to be
understood in the sense of the usual commutator, that is a set of 2N canonical operators (X;), ;< n and
(P;)1<i<n satisfies by definition the commutation relations:

V(i,j) € [L,N?, [Xi,X;] =[P, Pj]=0 and [X;, Pj]=ihé; (3.13)

Let us suppose that there exists a complete set of N commuting observables (H;), <i<n» ensuring the
integrability of the system:

V(i,7) € [1,N]?, [H;, H;]=[H;,H]=0 (3.14)

The aim of the method is then to find a set of canonical operators (X;, P;), ;< y satisfying N separate
relations of the form:
ViE[[l,N]], Fz (Xi,Pi,Hl,...,HN)l‘I/>:O (315)

where |U) is the wave function.

Moreover, when the operators X; are diagonalisable and with simple spectrum, the common eigenbasis
is called the separate basis. In this basis (x| = (1, ..., z x|, the wave function ¥(x) = x|V =V (z1,...,zN)
factorises in a product of ¥, (x;).

3.2.1 The example of the Hydrogen atom

Let us briefly illustrate the notion of quantum separation of variables with the quantum model of Hydrogen
atom. In spherical coordinates, and in position representation, the Hamiltonian is given by:

h? 02 1 e?
0,¢| H = 0 - —— I — 3.16
r, 0, ¢| r, 0,9 [ 2m d2r  2mr2 r ] (3.16)
where L is the angular momentum, depending only on 6 and ¢:
1 0 02 1 02
0,6 L* = (r,0 =+ = - 3.17
(r 8,91 L7 = (r, 0,9l [tcm(&) 20 @20 " sin(0) a%] (3:17)
A complete set of commuting observables is obtained with:
2 0
Hi =L, , Hy=L° and H3=H where L, = fzﬁ% (3.18)
as these operators satisfy:
[H,L*]=[H,L,]=[L*L.,]=0 (3.19)

Similarly to the classical case, the operators position X; and impulsion P; satisfy, in these coordinates,
separate relations of the form ([3.15) with:

0 L0
F ((;S, _Zh&ﬁ’hl(m)> = _m% — hi(m) (3.20)
L0 1 0 @ hm 1
F2 (0, —Zh@, hl(TTL)7 hg(l)) = tan(ﬁ) % + % - 7712 7817’7,2(0) - hQ(l) (321)
0 h? 02 1 e?
F3 <7", —’lha, hQ(k’), h3(l€, l)) = _%ﬁ + Wh2(l) - 7 - hg(k', l) (322)

One can solve these three equations, and the wave functions are separate and expressed as the product
of the solutions:

\Il(r’ 97 d)) = <Ta 07 ¢|\I/> = Rk,l(T)Fl,m(e)eim¢ (323)
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where Ry ;(r) and V), (0, ¢) = F,,(0)e™? are respectively the radial part, solution of (expressed
via Laguerre polynomials), and the spherical harmonics. Fj,,(#) and ™ are the respective solutions of
and . We emphasise that the wave functions are univocally described by the triplet (k,1,m)
of quantum numbers which describe all the eigenvalues of the Hamiltonian, which is the essence of the
integrability.

To generalise this notion to integrable systems with N degrees of freedom is the aim of the next
paragraph. In particular, we show how to define the separate operators in the framework of the 6-vertex
Yang-Baxter algebra.

3.2.2 Construction of separate variables from the 6-vertex Yang-Baxter alge-
bra

As for classical systems, there is in general no standard method to get quantum separation of variables
for a given quantum system. However, as already mentioned, the Lax operators in the framework of
Quantum Inverse Scattering Method can be wisely used, and provide the necessary ingredients.

The first one to obtain results this way has been Sklyanin for the Toda chain [133], relying on the
works of Gutzwiller [246] and Komarov [247]. It led to the so called functional Bethe ansatz. The method
has thereafter been well developed and many models were characterised, one can cite among others the
XXX [137,/138] and XXZ quasi-periodic spin chain [148}[248], the sinh Gordon model [249], the sine Gor-
don model [250] or even the more general 72 chain [235]. See also the works [136}[139,(140].

In the framework of the 6-vertex Yang-Baxter algebra, Sklyanin’s approach to the separation of vari-
ables is the following. The aim being to find a separate basis for the transfer matrix spectral problem, i.e.
a basis where this problem separates in independent one variable problems, let us consider the standard
monodromy matrix . If the operator B()) is diagonalisable and with simple spectrum, the commu-
tativity of this family shows the existence of a common eigenbasis. Then we can consider the zero
operators 7); of B()), diagonal operators in the eigenbasis, such that (for example for B()A) polynomial of
degree N in \):

N
B(X) = By H()\ — i) (3.24)
i=1
The 7); being diagonals in the same basis, they commute between themselves.

Then, as in the classical case, we use the integrability to construct the canonical operator associated
to 7;. And very similarly to the classical case, using the 6-vertex Yang-Baxter algebra one can show that
the operators A(n;), where 7; are the eigenvalues of 7);, are of prime interest. Indeed, let us parametrise
the eigenbasis of B(\) by the eigenvalues 7;, i.e. let us consider the covectors (1, ...,ny| such that it
holds:

N
1y e BON) = by(N) Gy o] with by (A) = bo [ [(A = ms) (3.25)
i=1
Using the simplicity of spectrum of the operator B(A), and the Yang-Baxter algebra, one can show that
the action of A(n;) and D(n;) on the elements {1y, ...,nx| are simply shifts on the zero n; solely:

<7717 "'77’]i7 "'7/'7N| A(nl) <x <T]1’ b q 7717 "'777N| (3.26)
<7717 s My 77’N‘ D(nz) o« <7713 -"ani/Q7 "'777N| (327)

The action of the operators A(n;) is known only on the basis elements containing 7;, namely (11, ..., 7;, ..., nn|.
However, up to some assumptions (e. g. the polynomiality of A())), the action on H of A(\) can in general
be obtained (e. g. thanks to an interpolation formula).
Thus in this basis, the spectral problem for 7(\) = A(A)+ D()) can be written in terms of one variable
equations only, the so-called Baxter equations. And the diagonalisation basis of B()\) is a separate basis.
Let us now see an explicit example to deal with concrete operators, in the case of the antiperiodic
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XXZ 1/2 spin chain.

3.2.3 The example of the XXZ 1/2 antiperiodic spin chain

Here we present the method on the simple and representative example of the XXZ 1/2 antiperiodic spin
chain, the generalisation to other representations of the 6-vertex Yang-Baxter algebra being discussed just
after. This way we consider the chain described in paragraph in particular the one associated to
the twist X = Eéo’l) = 0. The corresponding monodromy will be denoted:

v _ 00 _ (AN BV
Tha) = M50 = (20) B0 (3.28)
and we will consider the associated antiperiodic transfer matrix:
TODWN) =T = tro {Mog(N)} (3.29)

The distinction with a bar notation emphasises on the difference between these operators and the operators
associated to the periodic transfer matrix, which will be denoted here by:

Moo(\) = M(OO)()\)z(A(/\) Bm) leading to <A(A) g(A))=<C(A) Dm) (3.30)

0e c(\) D) C(A) D) AN B(A)
In particular, the quantum determinant reads, using the re-writings of paragraph
g-det Mog(\) = AN)D(Ng) = B(AN)C(Mg) (3.31)
= C()B(Vq) — D(A)A(Nq) (3.32)
= — g-det Mog(N) (3.33)

Moreover, for instance using the reference state (0| given by (1.66] - the quantum determinant
can be written:

g-det Mog(X) = A(A)D(N/q) = —A(A\)D(N/q) (3.34)
where the functions A(A) and D(\) are the same as in ([1.57) and we can choose:

N N
AN = H (A g/ —&a/(X q)) and DA H (Mén — En/N) (3.35)

Let us now sketch the proof that the operator B()\) is diagonalisable and with simple spectrum,
and that its diagonalisation basis is a separate basis for the transfer matrix spectral problem. Here
we reproduce the results given in [148], where the proof follows from the explicit construction of the
diagonalisation basis. Let us also remark that B(\) = D()), and that the eigenbasis of D()\) is the
so-called F-basis of [251]252].

The key observation is that the operators /_1()\) and D()\) are Laurent polynomials of degree N — 1
in A, respectively even for N odd and odd for N even. Thus, we only need to know their action in N
different points to know their action on the whole space, by a Lagrange interpolation formula. The same
holds thus for the antiperiodic transfer matrix 7(\) = A(\) + D()).

Diagonalisation Let (0| be the reference state with all spins up. By its very definition, it satisfies:

O] B(A) = (X 0] (3.36)
The key point to remark is that, due to the Yang-Baxter algebra (1.24]), we have:

VA @) € C* A(m)B(A) = F(A m) BN A() + g(\, 1) B(p) A(N) (3.37)
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with the scalar functions:

qMp— 1/ (Ag) q—1/q
FOup) = LIEZ RN nq g p) = 2 =219 3.38
) A= /A ) A= p/A (3:38)
Thus, by acting on the state (0| with A(x), for 1 a root of D(\) we have that (0| A(u) is another eigenstate

of B()\), with the eigenvalue f(\, u)D(A). Repeating this procedure for the different roots &, of D(\), we
can consider (hq, ..., hy| the following states:

h’VL
> with Vne [1,N], hy € {0,1} (3.39)

v
(hy,....;hy| = (h| = %<O| I (i(f:))

where N is a global normalisation (it is moreover convenient to make explicit the term A(,) of the
quantum determinant ). Then one easily gets that the states (h| are eigenvectors of B(\):

(h| B(A) = bn,y,..ny (A) Ch| - with by, py (A H( & e ) (3.40)

Let us sketch the proof of (3.40). First, using the commutativity of the A(\) family, one can write:

e, ei- 2o (58) 11 (36 o)

n#a

Applying thus the commutation (3.37)) with p = &,, it holds:
N
¢h| B(\ n FO &) (b +

S (\) (¢n)
Z::N (£a)9(X, €a)n, I[fAfn " 0] (“1_[( (@)) (3.42)

n#a n#a

>

Let us comment that the first term of is obtained using the first term of the right hand side of
equation (3.37) to commute all the A(&,) with B()\), while the generic term (a) in the sum comes from
the use of the ﬁrst term of the right hand side of equation (3.37)) to commute all the A(§n) n # a, with
B()) but the second one to commute the A(&,) with B()). Usmg the fact that D(§,) = 0, one eventually
gets (13.40)).

Thus, for generic inhomogeneities satisfying:

V(n,m) e [1,N] ,¥je{-1,0,1}, & # ¢/&n form #n (3.43)

the states ¢(h| form a set of 2"V independent vectors and so they are the eigenbasis of B(\) which is
therefore diagonalisable and with simple spectrum (to each eigenvalue is associated a unique eigenvector).
Let us comment that the eigenvalues 7, of the zeros of B(\) are given by:

= &,/q" for h, €{0,1} (3.44)

In the parametrisation (3.39)) of the eigenbasis, we use the constants h,, to distinguish the different states,
but the basis is genuinely parametrised by the eigenvalues of the zeros of B(\), as h, and 7, are in
one-to-one correspondence.

Separate relations Following the general procedure introduced in let us now compute the action
of the operator A(n;) on the eigenbasis elements containing 7;, namely {1y, ...,7;,...,nn|. As we explain
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here, this allows to show that the eigenbasis of B(/\) is indeed a separate basis.

From the definition of the basis elements (h|, it follows:
(b A(&i/q") = A(&i/q") (has oo hi + 1, | (3.45)
Using then the quantum determinant and , it holds:
Chiy ey hi + 1, hy| D(&/q™ ) = D(&/q™ ) ¢h| (3.46)

As we highlighted in the operators A(&;/q™) and D(&;/q™*) simply shift the eigenvalue 7; when
they act on the states (hy, ..., by, ..., An| and {hq, ..., by + 1, ..., hv| respectively. With these known actions,
a simple Lagrange interpolation formula gives the action of A(\) and D()).

We can now consider the spectral problem of the transfer matrix 7(A) = A(\) + D(A). So let |£) be

an eigenvector of the transfer matrix, associated to the eigenvalue t(\):
T = i) (3.7
and let us denote by ¥z(h) the wave functions in this basis:
U;(h) = <(h|t) (3.48)

Computing ¢h| 7 (\) ‘f> thanks to the action of 7()\) on the right and on the left, one easily obtains the
so called Baxter equations:

Vne[l,N],
H(€n/q")Ue(h) = A(n/q"" ) We(h1, oo B + 1, hn) + D(E /g " ) W(Bay oo By — 1, hyy)  (3.49)
These are the separate relations (3.15]) in the eigenbasis. Indeed, each of these N equations only involves

the parameter n,, (or h, equivalently). Thus, let Qz(h,) be a solution of the Baxter equation (3.49)). It
holds the following separate form of the wave functions:

N
Ue(h) = | | Qe(hn) (3.50)
n=1

It is worth emphasising once again on the analogy with the classical case, notably as the Baxter equa-
tions can be seen as the analogue of the spectral curve (3.9)).

We would like to end this paragraph using the example of the XXZ antiperiodic spin chain to highlight
the main features of the separation of variables method.

In particular, the spectrum of 7:()\) is simple (i.e. to any eigenvalue is associated a unique eigenvector),
and the eigenvalues are characterised, in a class of function, by the solutions to a discrete system of
equations.

Indeed, the eigenvalues of the transfer matrix inherit the symmetries of the transfer matrix itself.
Here, this operator is a Laurent polynomial in \ of degree N — 1, with the opposite parity with respect
to the parity of N. And so are the eigenvalues.

Then, it is worth rewriting the Baxter equations in a matrix form:

H&n)  —A)Y (Ye(ha, s
vnell M, <—D(€n/Q) E(€n/Q)> (\Ijt_(hla“'ahn

0,..hn)\ _ (0
o) =) e
Thus, if #(\) is an eigenvalue of T(\), the previous system has to have a non trivial solution, and so the
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eigenvalues are characterised by functions satisfying the previous symmetries, and such that
det Di(&,) =0 (3.52)

where Dg(§,) are the 2 x 2 matrices entering in (3.51)). On top of that, the rank of this matrix being one,
the solution is unique (up to normalisation), and T-spectrum is simple.
Let us comment that the condition (3.52)) is written:

H&n)t(€n/q) — g-det Mog(£n) =0 (3.53)

It is interesting to note that the characterisation (3.52) appears thus as the fusion relation [210,237] for
the transfer matrix 7 (\) in the point A = &,.

Moreover, the provided description of the spectrum is complete in the following sense: not only any
eigenvector of the transfer matrix is characterised by the Baxter equations , but also any solution
of the Baxter equations characterises an eigenvector.

Indeed, let £(\) be a function in the class previously defined (i.e. a Laurent polynomial of degree
N — 1 in A, with the opposite parity with respect to the parity of N), let Qz(h,) denote solutions to the
associated Baxter system , and let us consider:

1 N —1
=2 th(hn)< 11 na/nrnb/na> |h1, .oy h) (3.54)

hi,..., hny=0n=1 1<b<a<N

This is equivalent to the factorisation property (3.50) when one uses the following decomposition of the
identity:

1 —1
1= > ( [T /- m/m) |h1, .y An ) <ha, ooy Ay | (3.55)
hi,...;hn=0 \1<b<a<N
Then, it holds: B
Ve [L,N], (b, hn| T() [£) = #00) (hay ooy hn|E) (3.56)

Thus, being 7 (\) a polynomial of degree N — 1 in ), it holds:
Chay s Ry | TN [£) = t(A) (ha, s by [E) (3.57)

that is £(A) is an eigenvalue and |¢) given by (3.54) the associated eigenvector.

3.2.4 A powerful and promising tool

The quantum separation of variables exposed here can be generalised to different representations. This
method is a priori more generally applicable than the Algebraic Bethe Ansatz, as no reference state is
needed. In the example of the XXZ 1/2 anti-periodic spin chain, such a state is used to give an explicit
basis of diagonalisation of the operator B()). And here lies maybe the only limitation: in order for the
method to be applicable, the operator B(\) of a generic transfer matrix must be diagonalisable and with
simple spectrum. For instance, the B(\) operator associated to the periodic transfer matrix of the XXZ
1/2 spin chain is not diagonalisable (it is nilpotent) whereas the ones associated to all the other quasi-
periodic transfer matrices are. Still there are some conditions for the separation of variables method to
be applicable, but simplicity of spectrum for B()\) is related to the inhomogeneity parameters being in
generic position, see (|3.43).

Eventually, let us emphasise two points that emerged in all the models studied so far with the quantum
separation of variables [148]/235/|253]. First, one can show, almost by construction, the completeness of
the description of the eigenvectors, i.e. all the eigenvectors of the transfer matrix are described this way.
Second, this technique leads to the simplicity of spectrum of the transfer matrix, hence characterising the
integrability (up to the fact that the Hamiltonian commutes with this family).
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In a nutshell, the quantum separation of variables seems very promising as compared to other methods
to analyse the spectral problem (Algebraic Bethe Ansatz, Baxter Q-operator, analytic Bethe ansatz) as
it works in a large class of models for which the others do not apply. It characterises both the spectrum
and the eigenvectors, the completeness of the description is almost straightforward and the same way it
is not a hard task to prove the simplicity of spectrum of the transfer matrix.

3.2.5 Within the 6-vertex reflection algebra

The question of quantum separation of variables henceforth naturally arises for models with general
integrable boundary conditions. For some models associated to the 6-vertex reflection algebra for example,
with triangular boundary matrices, the operator B(\) can be used to construct a separate basis.

But to deal with the general case is more involved, this problem is at the heart of the next chapter,
considering cyclic representations of the 6-vertex reflection algebra.
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Chapter 4

Boundary transfer matrix spectrum
by quantum separation of variables

In this chapter we study the boundary transfer matrix spectral problem for cyclic representations of the
6-vertex reflection algebra associated to the Bazahnaov-Stroganov Lax operator. As already mentioned in
the introduction, particular cases include the spin s chains with the anisotropy coupling at root of unity,
the chiral Potts model or the discretised sine Gordon model at root of unity.

Implementing the quantum separation of variables for these representations with the most general
integrable boundaries, we will characterise in two different ways the spectrum of the transfer matrix: a
discrete characterisation, as the set of solutions to a discrete system of polynomial equations in a given
class of functions, and an equivalent characterisation as the set of solutions to a functional Baxter like
TQ equation.

In order to be more understandable, we present our method in two steps. The first one is to consider
one general K (\) matrix (left boundary) and one triangular K (\) matrix (right boundary), such that in
this case a separate basis is obtained as the diagonalisation basis of B(\). Then, to allow the description
of completely general integrable boundaries, we will introduce a gauge transformation. Wisely choosing
the gauge parameters, we will be able to deal with a gauged 6-vertex reflection algebra and we will put
the gauge right boundary matrix triangular, leading to the framework of the case treated before.

The results described in this chapter have been published in the two articles I and II.

4.1 The model in the framework of the Quantum Inverse Scat-
tering Method

To begin with, we make explicit some key properties and symmetries of the cyclic representations of the
6-vertex reflection algebra. Thanks to Sklyanin’s construction of the boundary transfer matrix |177], we
consider cyclic representations of the 6-vertex Yang-Baxter algebra, i.e. the Bazhanov-Stroganov Lax
operators , and define the monodromy matrix with a shift (cf paragraph ):

Mog (A, pq) = Lon(Mq'?, pn)...Lor (Mg, p1) = (283 gg;) (4.1)

We recall that pg = (p1, ...,pn) denotes the parameters in the whole quantum space. The expression for
the quantum determinant is thus the following shifted one:

g-det Mog (N, pg) = ANgY?)D(A\gY?) — B(A¢Y*)C(A\g™Y?) = a(\)d(N/q) (4.2)

where the functions a(\) and d(X\) have been introduced in (1.86)).
Let Ko(A) and Kio(A) be the general scalar solutions of the reflection equations (2.25) and (2.27).
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The boundary monodromy matrix is defined in the standard way:

Uog(A, pq) = Mog(\ p)Ko(N)Mog(X pg)  with  Mog(A,po) = (1) o Mgy (1/A, pg)at  (4.3)
as well as the boundary transfer matrix:

T(A) = tro {K10(MUog (X, pQ)} (4.4)

Following the same proof given in Sklyanin’s paper [177], one shows that this is a one parameter family of
commuting operators and our aim here is to characterise its spectrum. Let us recall here some notations
and properties of these representations.

First, we can compute the quantum determinant ([2.29) associated to the boundary matrices, it holds:

q—det K0(>\) _ (}\2/(]2 . q2/>\2) g_()\ql/2)g_(q1/2//\)
and g-det K, o(A) = — (X\’¢* — 1/(X*¢?)) g+ (Aa"/?)g+(q"%/N) (4.6)

with the functions:

 (Qas/a? — 0"/ (haw)) (A /g + V2/(A8))
95N = (as — Las) (B + 1)) @0

where we used a more convenient parametrisation for the boundary parameters:

§+ —1/64
Kt

(s —1/ay) (B+ +1/B+) = and (a4 + 1/as) (B+ —1/8+) =

E+ + 1/,
S g

Let A(X), B(A),C(A\) and D(A) be the elements of the boundary monodromy matrix, namely the generators
of the 6-vertex reflection algebra. Then, following Sklyanin’s paper [177], one can show the symmetries:

A Jq —g/N ) -1
D(\) = MAW )+ MA()\) (4.9)

as well as

- (N -1/(gV?)) (N —1/(a)?))
(A2/q—q/>?) (A2/q —q/A?)

Moreover, by using the previous symmetries, and the definition (2.29)), the boundary quantum determinant

can be expressed:

B\ = B(\) and C(\7!) = C(N) (4.10)

g-det Uog(A,po) = (X*/¢° — ¢*/X%) [A(NG?)A(¢"/A) + B(A¢")C(g"*/M)] (4.11)
or equivalently:
g-det Uog(N,pq) = (X*/¢° — ¢*/X*) [D(A¢*)D(¢"/A) + C(Ag"*)B(¢"* /)] (4.12)
Moreover, we have the factorisation:
g-det Uno (M po) = godet Ko(N) g-det Moo (N po) g-det Moo (1/A, po) (4.13)
leading to the expression:
g-det Uog(N,pq) = (\/q* — ¢ /N)A_(Ag*)A_(¢"2/\) (4.14)

with the function:
A_(A) = g-(Na(Ag~?)d(1/(q"*N)) (4.15)
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Similarly, we introduce (for further use) the function:
D_(A) = k(VA_(q/A) where k(\) = (A — 1/A2) /(A2/q? — ¢%/\?) (4.16)
which is such that the boundary quantum determinant can also be written:
g-det Ung (N po) = (A/q? — 2/A2)D_(Aq"?)D_(q"/2/)) (4.17)
Furthermore, let us introduce the coefficients:

(N2q =1/ (gA?)) (N4 /a? — ¢ 2/ (AEL))

=T e 1) s
_ (g =1/ (aN) (g PN = Mg PEy))
and d+(}) = (2= 1/30) (€ — 1/&,) (4.19)
It follows two important rewritings of the boundary transfer matrix :
TA) =ar(VNAN) +ar (I/XN)AL/A) + e (N)B(A) + b (MC(N) (4.20)
=d, (N)D) +d(1/N)DA/N) + e (MBA) + b (A)C(N) (4.21)

Lastly, using the symmetries (4.10) and the coefficients of the boundary transfer matrix, we can easily
show the following proposition.

Proposition 4.1.1. The most general boundary transfer matriz admits the following symmetries:

TO) =TA/A) and T(=\) =T(\) (4.22)

This symmetry is thus satisfied for all the parameters and it will be used in the spectrum characteri-
sation.

Now that the main notations have been introduced, and some symmetries characterised, we can tackle
the spectral problem of this operator family.

4.2 The case of a triangular right boundary matrix

As stated previously, we start the characterisation of the spectrum for models with the special boundary
condition associated to a general K () (left boundary) and a lower triangular K, () (right boundary) to
give a clear example. It lays the foundations of the quantum separation of variables method which will
be then generalised to the case of general left and right boundary matrices.

The idea developed here is a straightforward generalisation of the concept of separation of variables
developed for the Yang-Baxter algebra: we use the operator B()\) of the boundary monodromy matrix
to construct a separate basis. We first show that this operator is indeed diagonalisable and with simple
spectrum, then we show that the diagonalisation basis is indeed a separate basis for this particular transfer
matrix spectral problem, and we finally give a discrete characterisation of the spectrum.

The procedure to show that B()\) is diagonalisable is as follows. First, we consider a subclass of
parameters for which we can show the proposition thanks to an explicit construction, via an explicit
reference state. This is done in the proposition [f.2.1] Then for the most general parameters, we use a
general argument to state the existence of a reference state, and from the explicit case treated before we
use a continuity argument to show that the proposition holds for almost any value of the parameters.
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4.2.1 Prelude: an explicit construction of B()\) diagonalisation basis for a
subclass of parameters

In this paragraph, we show the diagonalisability of the operator B(\) for a general boundary matrix K (\)
but with the following extra constraint on the quantum parameters:

Vne[l,N], O +a? =0 (4.23)

This constraint allows us to explicitly construct a diagonalisation basis in this subclass of parameters,
thanks to an explicit reference state. Indeed, from we can construct, by a tensor product of simple
local state a covector (€] and a vector |Q) which are eigenstates of the operators A()) and D()), and
such that the action of B(A) is zero:

(Q A(\¢"?)
AN %))

a(N){Ql, (QID(Ag?) =dN)Q], QBM) =0, QIC(\)#0 (424)
Q) a(Ag), D(Ag"?)|Q) = [2)d(N/q), BA)|Q) =0, C(N)[Q) #0  (4.25)

Thereafter, we use the states (Q| and |Q> to construct explicitly the elements of the basis in which the
operator B()) is diagonal. Using the explicit form of B(\):

BA) = (=D (=a_ (N AN B(1/A) + b_ (AN AN AQ/A) — c_(\)B(A)B(1/A) +d_(\)B(A)A(1/X)) (4.26)
and using the identities (£:24)-(4.25)), one easily obtains that (€| and |Q) are B(\)-eigenstates:
(QB(A) =Bo(A)(Q] and B(\)|Q) = |Q)Bp-1(N) (4.27)
with non-zero eigenvalues:

Bo(\) = b_(Na(N¢g?)a(1/(A¢"/?)) and  Bp.1(N) = b_(N)a(¢*Na(¢"?/N) (4.28)

From these first eigenstates, we can in fact construct new eigenvectors of B(\) thanks to the repeated
action of the operator A(\) in some particular points, up to the determination of the B(\)-eigenstates
basis of the Hilbert space (and of its dual). These points are zeros of the quantum determinant shifted
by powers of the parameter q. We introduce them here, in order to state the proposition

Let (tn,+)1<peny a0d (fn,—);<,<n De respectively the zeros of the functions a()) and d(A/g), they
read:
Hn,+ = iq1/2 (anﬁn/()‘nbn)l/2 and M, — = iql/2 (Cn/Bn/O[ndn)1/2 (429)

We define the following functions parametrised thanks to N-tuples h = (hy,....,hx) € [0,...,p — 1]V:

Bh(A) = b_(N)an(N)an(1/X) (4.30)
with
N T 12, A gl
an()) = (~1) ]t[1 (@nfn) (éﬁn) ->) (4.31)
The variables fﬁbh) are simply the zeros p,, 4, shifted by a power ght1/2:
Vne[1,N], &M =p, q" 1?2 (4.32)
Proposition 4.2.1. For generic boundary and bulk parameters satisfying (4.23)) and:
b—(A) #0, pp o # Hyy o Y #me [1N] (4.33)

IThe states (jn — 1,n|, and |jn,n)y, Where jy is such that (4:23) is satisfied by imposing b, = —¢?7 " Lay.
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as well as Yh e [1,p — 1], ¥(n,m) € [1,N]?, Vee {-1,1},

paly A L ol A q R kA —q 2Bl A g T (4.34)
the states: — -
1 A /el )
(ha ooy | = (Bl = (9 I H o (o 1 (4.35)
n=1k,—1 A—(1/&n )
N  p—2 (kn+1)
1 D&, ) =
\hi,y . ) = |B)y = = 7|Q> (4.36)
N ];[ k. D ( kn +1))

where hy, € [0,p—1] and N is a free normalisation, define a B(\)-eigenstates basis of H* and H respectively:
(hIB(A) = Br(A)<A| (4.37)
B(A)[h) = |h)BA(A) (4.38)

In particular, this result states that for almost all the values of the parameters, when the constraints
are satisfied, the operator B(\) is diagonalisable and with simple spectrum.

In order to understand the role of the constraints -7 let us highlight the main steps of
the proof. The idea is to efficiently use the reflection algebra to construct, as mentioned before, new
eigenvectors from (Q| and ‘Q>, the key elements being the commutation relations — of the
6-vertex reflection algebra generators. In more details, for the left case it holds :

c1(\ 1) BOVA(p) = A()BOA) = B(n) (c2(A, 1) AN + e3(A, 1) D(N)) (4.39)

This way, one can repeat the procedure given for the diagonalisation of the operator B()\) in the paragraph
starting from ([£.27)), the action of A(u) for p a root of Bo()) gives that the covector (Q| A(u) is
another eigenvector of B(\), and so on for repeated actions, up to . The same is true for ,
using the commutation relation (2.17)).

As by condition each state (h| (respectively |h)) is associated to a different eigenvalue of B(\),
the only thing that we need to prove to get their linear independence, and thus the fact that they form a
B(\)-eigenstate basis of H* (respectively H), is that each such state is non-zero. This can be proven using
the action of the operator A(\) (respectively D(N)) in some points on the states ¢h| (respectively |h)).
Then this non-zero condition becomes equivalent to the non annihilation of the quantum determinant,
which hold thanks to conditions .

In this framework where the bulk parameters satisfy the extra constraints , we can explicitly
construct the eigenbasis of B(A). In the next, we extend this procedure to unconstrained parameters,
leading to a non explicit basis. However, as we will emphasise, the exact knowledge of the basis elements
is not necessary for the computation of the dynamics of the model.

4.2.2 For generic parameters B()\) is diagonalisable and with simple spectrum:
the general proof

In this paragraph, we give a procedure leading to the existence, for general parameters, of at least one
eigenvectors of B()A) on the right |Qz) and on the left (Qr|. These vectors play the same role as the
vectors ’Q> and {Q| introduced in the previous proposition, thus from these states one can prove the
diagonalisability of B()\), using the procedure previously described.

Proposition 4.2.2. There exists at least one eigenstate on the right |Qr) and one eigenstate on the left
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Q| of the one parameter family of commuting operators B()\):

BV = 2mm- (4~ [T - 50000 - ) (1.40)
a=1 —a —,a
2 N 7
Qr|BA) 7(A——%>H(3f - b;’“)@b, — ) (4.41)

where B_, b_ , and b_ o for a € [1, N] are non-zero complex numbers.

To understand these formulas, let us sketch the proof of the existence of |Q2z). First, from the expression
of the generator B(\) in terms of the generators of the Yang-Baxter algebra, B()) is a Laurent
polynomial in the spectral parameter A (of degree 2N + 2) if the left boundary matrix is non-diagonal
(b_(A) # 0) and the bulk parameters are generals, i.e. if the leading coefficient is non-zero:

N

B_=(—1)Vk_e™ 1—[ anfn #0 (4.42)

a=1

Then, we can deduce thanks to the symmetry (4.10]), the following functional form:

N
BO) =55 — D) [ (5 — 5080 — 15— (4.43)

where the B_ , are invertible commuting operators.

After, reasoning with the Jordan normal form of the operators B_ 1, B_ > and so on, we show that there
exists at least one simultaneous right eigenstate of all the operators B_ ,, which is thus an eigenvector of
B(X).

At this point, we can state the following proposition [£:2.3] which is the generalisation of to almost
any value of the parameters.

Proposition 4.2.3. Under the condition (4.42), for almost all the values of the bulk and boundary pa-
rameters, the operator family B(\) is diagonalisable and it has simple spectrum.
In particular it holds - -
Vn#mel[l,N], o, #b", (4.44)
as well as Yh € [1,p — 1], V(n,m) € [1,N]?, Ve € {—1,1},
b 441, B2, # g 2 la2e b2 i I Y R T
—.n -+ Y—n - 5T n

:um - /“‘Lm +
(4.45)

and the states:

N  hy (kn—1)
(hiy ooy h| = <h\——< |H 1‘[ L (4.46)

p—2 (k‘ +1))

N
s ) = [By = % H 1—[

where hy, € [0,p — 1], &(Lh) = B,7nqh and N is a free normalisation, define a B(\)-eigenstates basis of H*
and H respectively:

o () Q8 (4.47)

(h|B(A) = Bi(A)(A] (4.48)
B(A)[h) = [h)Br(A) (4.49)

The eigenvalues By(\) have the same expressions (4.30)-(4.31), but now with the more general roots gﬁf‘).
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As already mentioned, the proof of this proposition uses a continuity argument: we know that it holds
for one particular subclass of parameters, we can extend it to almost every value of the parameters. Let
us give some more details.

First, we observe that by definition the operator family B_(\) is a polynomial in the bulk and boundary
parameters, so the same must be true for its spectrum. This implies in particular that the quantities
v e v .m»> for any n # m € [1, N] are either identically zero or they can be zero only over subspaces of
non-zero co-dimension in the space of the bulk parameters. So here we have just to prove that it is not
identically zero to derive that holds for almost all the values of the parameters. To do so we can

just recall that from the results derived in the previous paragraph it holds:
Yme[1,N], b, =q¢"%b, . (4.50)
under the condition B()) nilpotent, i.e. (4.23)). Then, the condition holds as soon as we impose:
Vn#me[l,N], pP/ab +# B /aP, (4.51)

Thereafter, one can follow step by step the proof of the proposition to show that the states
and indeed lead to the relations and . The simplicity of spectrum comes from the
condition .

Eventually, let us note that the repeated action of the operator A(X) in the zeros of B(\) can generate
a null vector only if some of the zeros of B(X) coincides with the zeros of the quantum determinant.
Anyhow, as discussed in the previous paragraph, under the condition we are always able to chose
an appropriate set of pV zeros of B(\) which do not coincide with those of the quantum determinant, so
that we generate exactly p?V independent states for almost all the parameters.

Remark. Propositions similar to the previous two hold also for C(\) so that we can say that for general
values of the boundary and bulk parameters the standard Algebraic Bethe Ansatz does not applies, being
C(X\) and B(X) not nilpotent operators.

4.2.3 The separate basis for a lower triangular right boundary

In this paragraph, we show that the eigenbasis of B(A) defined previously in proposition are separate
basis for the boundary transfer matrix spectral problem associated to a lower triangular K ()\) matrix.
Here and in the next of this section, we consider the general 572”“ defined in the proposition ie. we
do not suppose the extra condition .

We start by giving the needed expressions of the actions of the generators of the reflection algebra on
the elements of the basis, and then we show thanks to these expressions, that the spectral problem indeed
separates for this special boundary.

But first, let us introduce some more notation. Let h, € [0,p — 1] be associated to the site n of the
chain, n € [[1, N]. We define:

(o) V¥n e [1,N]

() = 1 (4.52)
(™) vne N +1,20]

which is just a convenient way to deal with fnh") and its inverse for n > N. Moreover, in the next the
following notations will give more compact expressions:

A=\ +1/A%) and X=q+1/q (4.53)

whe [1,2N], XM = (") + 1/(¢")? (4.54)
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Proposition 4.2.4. The action on the left of the operator A(X) on a generic state {h| reads:

& _O%q - q/v)uc(“) — 1/¢"N) Too_A-x™ (o)
CRIAQA Z )2 (he)y2 el § Bl e TS G
a=1 N2/g— /)2 1)) g xE — x|
b#a modN
(hb)
(Va2 + "2/ 17 A= Xy
x (| T, % + (—=1)Ng-det Mog(1) 1 (hl
2 bt X — X
4 1/6) (Va2 = q*2/0) 1 A= X"
-1 N(gi M, 4.
(DM et Mool 2 leX ok (1.55)
whereas the action on the right of the operator D(A) on a generic state |h) reads:
2N 2 2 (ha) (ha) N (hb)
Mg — g/ ) (A 1/ '\ A-X
D(N)|h) = Z T, %« |h) (ha)(2 / /(hzg - " )/ ) H ﬁ
a=1 (" 2/g = g/ (2 =1/ iy xd) - x|
b#a modN
(G ) + —1)"q-det
0Q 9 o X —Xéhb)
(ho)
(& +1/6) (\a'/2 = "2/ T A= Xy
+ ()N Ry g-det Mog(i) (4.56)
(E— - ]‘/5 ) 2 b=1 X + Xlghb)
In these expressions, the operators TE are simply shifts:
My By oo AN TS = Ry b + 1,0 By (4.57)
TENRY, oo hay ooy AND = |B1y oy ha £ 1,0 BN (4.58)
while @, is defined by:
1 Vae][l,N]
Vae[1,2N], ¢q= (4.59)

~1 Vae[N +1,2N]

Proof. This proposition can be derived without difficulty from the known form of the vectors (h| and |h).
Indeed, one easily computes the action of A( éhb)) for b € [1,2N] thanks to the commutation for
the 6-vertex reflection algebra generators and the simplicity of spectrum of B(\). This is the standard
computation, we presented it in paragraph for the Yang-Baxter algebra. Up to simple modifications
to deal with the reflection algebra, and using the expression for the boundary quantum determinant ,
we have:

MIAE™) = A )Ty (4.60)

Moreover, A(\) is a Laurent polynomial of degree 2N+1 in A. Thus, remarking that we can compute the
action of the operators in the points ¢'/? and ig'/?:

Np1&— T 1/
- —1/¢-

we get the interpolation formula for its action on ¢h|. We proceed using the same steps for representations
on the right. O

UG"?) = (1) g-det Mog(1) 1 and  U(ig"?) = i(-1) g-det Myg (i) of (4.61)

The previous proposition gives in fact the action of the four generators of the reflection algebra on the
left and on the right. Indeed, the representation of D(A) on the left and of A(\) on the right follow from
the symmetry (4.9), while the ones of C(\) follow from by the quantum determinant.
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As mentioned before, we restrict our attention in this paragraph to the special boundary condition
b+ (X) = 0 (see the notation (2.28))). Indeed, we aim now to prove that a separate basis is given by the
B(\)-eigenstates basis. That is we consider the spectral problem of the boundary transfer matrix under
the following conditions on the boundary parameters:

by (A) =0and b_ (N\) # 0. (4.62)

Note that the condition b, (A\) = 0, keeping instead if desired a ¢y (A) # 0, can be simply realised by the
following renormalisation of the boundary parameters k, = e”7x/, and e = €™+~ by sending v — +c0.
So, by using the symmetry (4.20)), we are left with:

TO) = ay (VA (N) + as (I/ANA_(L/N) + ey (A) B (4.63)

Separate basis Let |7) be a right eigenvector of the boundary transfer matrix associated to the eigen-
value 7(\):

TN ) =7 [ (4.64)

By acting with T ( f,h")) on the left and on the right, the computation of the element ¢(h| T({,(lh")) |7) leads
to:
()WL (h) = A(E) WL (T, () + A(L/ET)) WA (TF (b)) (4.65)

where we introduced the coefficients and the wave functions:
AN =a (MA_(N) and T,(h)=(hir) (4.66)

as well as the shifted states:
TEMh) = (hy,...,hy £1,...,}y) (4.67)

n

The spectrum, both the eigenvalues and eigenstates, of the transfer matrix 7 () is thus characterised
by the discrete system of equations for any n € [1,N] and h € [0,p — 1]V, i.e. a system of pN
Baxter-like equations in the wave functions. These are separate equations as for any fixed n the coefficients
are only function of the spectrum of one separate variable as well as the shifts on the wave functions are
only along the same variable.

The same kind of Baxter equations are obtained for the left eigenvectors of T(\), using this time the
expression for the boundary transfer matrix, and the right eigenbasis of B(\).

So the eigenbasis of B(A) are indeed separate basis for this special boundary. In the next section, we
refer to it as the left separate basis (for ¢(h|) and right separate basis (for |h)), and use it to completely
characterise both the eigenvalues and eigenstates of the boundary transfer matrix.

4.2.4 Discrete characterisation of the spectrum

In this paragraph we present the complete characterisation of the spectrum of the boundary transfer
matrix T (\) associated to cyclic representations of the 6-vertex reflection algebra with the constraint
K ()\) lower triangular. In the next, we will denote by ¥, the transfer matrix spectrum, namely the set
of all the eigenvalues of T(\).

But first, let us present a preliminary property satisfied by all the eigenvalue functions of all the
boundary transfer matrices T (\) associated to cyclic representations of the 6-vertex reflection. This one,
given in the following proposition, states the functional form of the eigenvalues, which is the same for all
the parameters, even if the boundary matrix K (\) is not triangular.

Proposition 4.2.5. Any function 7(\) € X, is an even function of \ invariant under the transformation
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A — 1/X which admits the following interpolation formula:

NooAzox2 N ©
Y= Z 1?0 H m_— 7)) + (—1)N<A;X) H;\( x° 0)‘1 et a1
a=1 a — H B
N 0)

(64 +1/64) (€= +1/6) ,

+ ( H X(O) £+ _ 1/€+) (é-_ — 1/5_)q-det MOQ(Z>
N

+ (A2 = X [ [ - X e

o
Il
—

where: N N

Kk (€T [Ty v + €™ "7 [ [y wfs)
(€ —1/64) (6= —1/6-)

This proposition is simply an interpolation formula. Indeed, we know the symmetries of 7 (), and

thus the ones of 7(\) € ¥, and we use the polynomiality in the spectral parameter. The asymptotic
behaviour

(4.69)

To =

T = lim  AT2N+27()) (4.70)

log A—>+o0

is also known after some simple computations.

Let us now go back to a lower triangular right boundary. Under the reparametrisation £y = e™ 7/,
and €™ = e+ ~7, with v — +00, the asymptotic of the transfer matrix reads:
' N
(—DNK k_e™ T+ [Ty B

T TG — e (& - 1E) )

In the following we will suppress the unnecessary prime in £, and 7, when dealing with the constraint
b+<>\) =0 but C+<>\) # 0.

The previous proposition defines the set of polynomials to which belong the transfer matrix eigenvalues.
In order to completely characterise the eigenvalues, we introduce now the following one-parameter family
D;(\) of p x p matrices, depending on a generic function t(\):

t(N) —A(1/X) 0 - 0 —A(N)
—A(gA) t(gr)  —a(1/(g)) 0 e 0
0 ' :
Di(\) = (4.72)
: 0
0 . 0 =A@ tH(@®TIN) =1/ (¢27MN)
—A(1/ (¢*N)) 0 e 0 —A(g?N) t(g*\)

It is clear from the equation that the matrix D,()\) will allow to write the Baxter system, for
7(A) € X7, in a matrix form. Moreover, with some simple computations on the rows and columns, one
can prove that if () is a function of A invariant under the transformation A — 1/X then det D;(\) is a
function of AP invariant under the transformation \» — 1/\P. This property will be used in the following.

The last point we need before to state the result of the characterisation is to compute the scalar
product between states of the left and right separate basis:

Proposition 4.2.6. Using an appropriate choice for the norm N in the basis elements (4.46|) and (4.47),
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it holds: 1
N _ -
vhkep-1Y . @ =m [ (4.73)
1<b<a<N a b
In particular, this implies the spectral decomposition of the identity in the separate basis:
p—1
> [T &) =X N hy, . by, o hn| = 1 (4.74)

Ri,...hn=0 1<b<a<N

The fact that the states are orthogonal comes from the fact that all the eigenvalues of B(\) are differ-
ent. Then, to compute the value of the scalar product, we compute the matrix element
0o = {hay .oy by, oy AnJA( ((lh'“+1))|h1, woyhg + 1, .., hn), for a € [1, N], using the left action and the right
action of A()) from the proposition [4.2.4]

We are now able to give the complete characterisation of the spectrum in the separate basis, it is
stated in the next proposition:

Proposition 4.2.7 (Characterisation of the spectrum). If the conditions:
Vhe[Lp—1], ¥ne[L,N], B2, #q 2+iet? (4.75)

and (4.44)-(4.45) are satisfied, then T (X) has simple spectrum and X1 coincides with the set of polynomials
T(\) of the form (4.68|) with (4.71) which satisfy the following discrete system of equations:

Vae[1,N], detD.(¢9)=0 (4.76)

= The right T -eigenstate corresponding to 7(\) € X, is defined by the following decomposition in the
right separate basis:

p—1 N
= > Jle% ] X8 — X))k, ... hn) (4.77)

hi,...,hn=0 a=1 1<b<a<N

where the QT%’) are the unique nontrivial solution up to normalisation of the linear homogeneous

system:
Q) 0
D (¢{”) : = : (4.78)
o 0

= The left T-eigenstate corresponding to T(\) € X, is defined by the following decomposition in the
left separate basis:

p—1 N
rl= Y [1e% T x{ = X"k, bl (4.79)

hi,...,hn=0a=1 1<b<a<N

where the ng;) are the unique nontrivial solution up to normalisation of the linear homogeneous
system:

N N N to
(@9 ... Qu ) (D) =(0 .. 0) (4.80)
and D-(X) is the family of p x p matrices defined substituting in D.()\) the coefficient A(N) with

D(A) = dy (AD_(N) (4.81)
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In the followig, we just aim to highlight the main points of the proof. The key is the use of the matrix
D, ()) to rewrite the Baxter equations. Details are given in article I.

Key elements of the proof

The Baxter system admits the following equivalent representation as a p-linear system of homogeneous
equations:

U, (h, by =0, ..., hy) 0
U, (hy sy =1, ... hy) 0

D, (&) : = . (4.82)
U, (hy,yeshp =p—1,..., hy) 0

for anyn € [1, N] and for any A4, in [0,p — 1].
Then the condition 7(\) € 3, implies the compatibility equations for these linear systems, i.e. it must
hold:
Vae[1,N], detD () =0 (4.83)

The rank of the matrices D ( 7(10)) (4.82)) is p — 1, being:
Vhe[l,p—1], Vne[1,N], a_(EM)#0 and a_(1/6(rD) =0 (4.84)

from the conditions — and . Then, up to an overall normalisation, the solution is unique
and independent from the A, € [0,p — 1] for anyn € [1, N].

So fixing 7(\) € X, there exists, up to normalisation, one and only one corresponding 7 () eigenstate
|75, with coefﬁcients of the factorised form given by and (£.78). Hence T ()) has simple spectrum.

Vice versa, if 7( ) is in the set of functions (4.68) with (4.71)) and satisfies (4.76]), then the state |7)
defined by (4.77] - satisfies:

Vne [1,N], b7y = 7(¢P))¢hlr) (4.85)

for any eigenstate ¢(h| of B(\) and this implies:
VAeC, (T =7\ (4.86)

which is equivalent to 7(\) € ¥, and |7) is the corresponding eigenstate.
For the left T(\) eigenstates the proof follows as above, we just remark in this case that the matrix
elements <T|T(Q(lh"))|h> are computed in the right separate basis, so it holds:

Ve [L,N], 7(¢/)¥r(h) = p(¢) ¥ (T, () + D(1/¢) T (T} (b)) (4.87)

where we denote:
¥ (h)={rlh) and D)) =d,(A\)D_(\) (4.88)

After some simple computations, one can prove that it holds detD,()\) = detD,()).

A link between the right and left eigenvectors

For future applications it is interesting to show that we can obtain the coefficients of a left eigenstate
of the boundary transfer matrix in terms of those of the right one. In particular, we can show the next
proposition:

Proposition 4.2.8. Let 7(\) € &, then we have:

A (h h—1 h
G a0 ol wso)
X o/t QY

T,a
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This property will be used later in the functional characterisation of the spectrum.

4.3 The most general integrable boundaries

The aim of this section is now to tackle the spectral problem of the boundary transfer matrix associated
to cyclic representations of the 6-vertex reflection algebra, for the most general integrable boundaries. To
characterise the eigenfunctions, we aim to find a separate basis, in which the spectral problem separates
as in the previous section.

The main idea is to use a gauge transformation on the generators of the 6-vertex reflection algebra and
on the boundary matrices, and to use this freedom to put lower triangular the gauged boundary matrix
K ()\), to be able to do the same steps of computation that we did in the previous section. As we will see,
the separate basis are given by the pseudo-diagonalisation basis of the gauged B()\) operator, in which
this operator is pseudo-diagonal (in a precise sense that we are going to define).

We first introduce the gauge transformation in question, and then give the sketch of the proof that the
gauged B()) is indeed pseudo-diagonalisable. Then we give the discrete characterisation of the spectrum,
as it was done in the previous section, and eventually provide another characterisation via Baxter’s type
functional equation, which leads to a Bethe ansatz like form for the eigenvectors.

4.3.1 The gauge transformation

Keeping in mind that the boundary monodromy matrix is expressed in terms of the Yang-Baxter mon-
odromy matrix, we first use a gauge transformation on the generators of the Yang-Baxter algebra. We
follow the same approach used in the spin 1/2 case, namely the use of the gauge transformation intro-
duced by Baxter’s series of paper [52154] (and its use to simplify the boundary matrix [192}/193]), but with
different gauge matrices, adapted to the cyclic case. This results in a gauge modification of the 6-vertex
Yang-Baxter algebra. Then we define a gauge transformation on the generators of the 6-vertex reflection
algebra, which satisfy a gauge modification of the reflection algebra commutation relations. The modified
generators define a modified algebra which remains closed and allow for the introduction of the separation
of variables in a way similar to the ungauged case.

Gauge transformation of the Yang-Baxter algebra

For arbitrary non zero complex parameters «, 8 and -, let us introduce the following two matrices:
G(Aa, B) = ( t/aB2) B/(eA) > and  G(Aly) = ( o) 0 ) (4.90)

as well as their inverses:

G (N, B) = 5?%( ! _@Ezg) ) and G '(\Jy) = ( _/\17 ; ) (4.91)

The gauge transformed bulk monodromy matrix is then defined by:

Mog(Ma, B.7) = G~1(AY2|a, B) Mog(\)G(AgY2]y) = < ggiﬂz gi 1; giilﬁ’, g; > (4.92)

and, in a similar way:

Mog(Na, B,7) = G7H(g2/\y) Mog(N)G(¢"? /N e, B) = ( gg'@gzg gg'@gzg > (4.93)

Let us recall that MOQ()\), defined in (4.3)), is a modification of the monodromy matrix used to express
the boundary monodromy matrix.
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The definition here chosen of these gauge transformations differs with respect to that used previously
in the literature [192,|193]. On the one hand for the particular choice of the gauge matrix G(\|y), which
can be seen as liT G(May'/?,4Y?/a) and, on the other hand, as the parameters on the left and the right

a—+00

transformations are a priori independent.

These gauge transformed Yang-Baxter generators are of special interest as they define a closed set of
commutation relations. Here we will not write all of them, let us simply highlight how the commutation
between the generators are modified (with respect to ((1.22)-(1.31)) for some relevant couples of algebra
generators:

A(Ma, B,7)A(pla, B/a,v/q) = Alpla, B, ) A(Me, B/q,7v/q) (4.94)
B(Maw 8)B(ula 8/q) = Blula, 8)B(Mo. 5/g) (4.95)
C(Ma, B,7)C(pla, Bg,v/q) = Clula, B,7)C (Mo, Bg,v/q) (4.96)
DM 8)D (il /9) = D(ulae, 8)D(Nav, /) (4.97)

Ao 5.9) Bl 5/0) = S Bula. 5)A(Na. 5/a70)

(q—1/q)u/A

+ m!‘l(ﬂ\aaﬁﬁ)B(Mayﬁ/Q) (4.98)

B ) Al 8/a,710) = 2 =0 Aula,5,9) BN 5/a)
VDN 5 AN, 8/a.70) (4.99)

Ag/p— p/gA

We can prove by direct computation these relations, using the action of the gauge matrices on the Yang-
Baxter equation.

As far as the quantum determinant is concerned, it is simple to prove that it holds:
Mo (N, B,7) = f(a, B.79)(=1)Naf Mgy (Mev, B,7)o8 (4.100)

where we define the following function of the gauge parameters:

[l B,7) = W (4.101)

This way, it implies that we can express the quantum determinant thanks to the gauge transformed
generators. The same way as in paragraph [I.3] it holds four different re-writings, let us here mention two
of them:

g-det Mog(X\) = f(or,qB,q7) [A(Aqmla,Bm)D(A/ql/Qla, Bq) — B(A\g"?|a, B)C(N/q"?|ey, Bq,vq)]

(4.102)
and
g-det Mog(X\) = f(ov, B/q,q7) [D(Aqmla,ﬁ)A(A/ql/leﬁ/q,W) — C(Aq"?|a, B,7)B(N ¢ a, B/q)]
(4.103)

The results here presented highlight that this modified Yang-Baxter algebra is very similar to the original
one allowing for the extension of the quantum separation of variables to this framework.
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Gauge transformation of the reflection algebra

In this paragraph, we now construct the gauge boundary monodromy matrix. Using the previous gauge
matrices, we define:

1/2 o. Ba? o
UNa.6) = TG 0 AU G e ) = (B oh) BT ) ao

Note the definition of the gauge generators, with a shift of ¢> on 3 for further convenience. Thus we
consider the following linear combination of operators:

AN B) = [=A¢"2/8 A(N) = ag BO\) +1/(aq) C- () + B/ (Aa2) DOV | /(8/a* ~ ¢*/8)  (4.105
BAa 8) = | ~A8/g"2A() — aq BO\) + 8/ (ag) C(A) + Bq"/2/XD(N) | /(8 — 1/8) (4.106
CAla, B) = [Aq¥2/8 A + aq BO) — ¢*/ (aB?) C(\) — 5/2/<w>D<A>] /(B/¢*—¢*/B) (4107
D(Aa, 8) = [A8/a"2AN) + aq BO) = 1/(ag)C() — "2/ (A8) D) | /(58— 1/8) (4.108

)
)
)
)

Moreover, one can expand this gauged boundary monodromy matrix in terms of the gauged generators
of the Yang-Baxter algebra. In particular, it holds:

A(A|er, B¢?) AN, B, 7q)
(Ao ) =mas&0m (G060 (4109
B(Alev, 5) B, B/q,79)
( D\, 5) ) M(Ma, B,7)K (Mv)( D\ 8/g.7q) ) (4.110)
where the gauged left boundary matrix reads:
1/2 B _
E(\R) = 5-G71 (") KX G(g"/Ava) (4.111)

In these gauge transformed boundary matrix extra degrees of freedom are added that can be used wisely
to eventually characterise the boundary transfer matrix spectrum.

Here, we can remark that U (A|«, 5) does not depend on the internal gauge parameter -, so we are free
to choose it at will. In our separation of variables construction, we will exclude the following values of :

—&_ +4/E% +4K2%
¢ ‘ i (4.112)

2qe™ kK _

Y=7+ =

which leads to the vanishing of the coefficient (2,1) of this matrix:
YAeC s R()\hu_r)gl =0 (4.113)

(An explicit expression of the coefficients can be read in article I, formulas (B.6),(B.7),(B.8) and (B.9)).
In fact, one can argue that the function K(A|y)s; plays the same role as the function b_(\) for the
ungauged case and, as we have already seen, we had to suppose b_(A) # 0 in order to implement the
separation of variables.

The two next propositions state that the gauged generators satisfy similar commutation relations to
the 6-vertex reflection algebra, and similar symmetry properties compared to the ungauged ones.

Proposition 4.3.1. The gauge transformed boundary operators satisfy, among others, the following com-
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mutation relations:
v()\lﬂ AQ) eC? ) B()\2|OZ,B)B()\1|OZ,B/(]2) = B()\1|Oé,ﬂ)8(>\2|04,ﬂ/q2) (4114)
2 (Mg/xa = Aa/gh)(Mida/q — g/ A )e) o o
A(A2|O‘7ﬁq )B()‘1|0576) - (}\1/)\2_)\2/)\1)()\1)\2_1/)\1)\2) B()‘1| 7B)A—(A2| 7B)
(MA2/q — q/MA2)(M1B/qha — Aaq/BA1)(q — 1/q)
(A1/A2 = A2/A1) (A1 A2 — 1/A1A2)(B/q — q/B)
(AA2/B = B/A1A2)(q — 1/q)

T Ohe — 1) (8/q —a/B) P el PGl B) (4.115)

B(Az|a, B)A(Ma, B)

(A1g/A2 — Aa/qh1)(A1A2/q — q/A1)2)
(A /A2 = Aa/A1) (A — 1/ A1 )
(A A2/q — g/MA2)(A2Bg/ M — M1 /XaBq)(q — 1/q)
(A1/A2 = A2/A1)(MAe — 1/ M) (Bg — 1/Bq)

(Ao — 1/ M \afB)(q — 1/q)

T Oude — 1) (Bq — 1/g5) " ale B7)B-(Aea, B) (4.116)

B(A1|O(,ﬁ)p()\2|06,6) = D(}\Q‘O{,ﬁq2)6—(>\1|a,5)

D(M|a, ﬂqQ)B()\2|a, B)

and
(MA2/B —1/A1 ) (g — 1/q) -
O de — 1) (Blg —q/) PPl AC-(hala, Ba7) =

A(z|a, Bg*) A, Bg*) — E;iij/_ﬁ 17;{?;;(2/(3 - ;;Z))

Ale, B?) ANz, B°) —

B()‘2|av B)C* ()‘1 |a7 5612) (4117)

In this proposition, we emphasise only some of these commutation relations. They are similar to the
ones used in the ungauged case and they allow to extend to this gauged case the quantum separation of
variables.

Proposition 4.3.2 (Symmetries). Similar commutation relations of proposition involving C(\«, 3)
can be written by using the following [-symmetries:

BMa, 8) = CNa,¢*/B) and  A(Ma, B) = D(Na,¢?/5) (4.118)
Moreover, these gauge transformed operators satisfy the following parity properties:

(g —1/q9)(N*B/q — q/\*B) "
(B/4? — ¢*/B)(\2 —1/A2)

B(1/Aa, B) _—mg(m,ﬁ) and  C(1/Aa, B) = —

_ 2 o 2
(5(/5 — %2582/3 1 /(1/2? )A(l/Ala,ﬂ) (4.119)
(Vg - 1/g7%)
(A%/q —q/2?)

D(Ma, B) =

(Al B) +

C_(Na,f)  (4.120)

Lastly, the boundary quantum determinant can be written in terms of the gauge transformed boundary
generators as it follows:

det,U(N)

0@ —@2/32) ~ Alg"P X, Bg*) A(q" 2 X, Bg®) + B (q"* X[, B)C(q"2 /X v, Be?) (4.121)

= D(¢"*X%|a, B)D(q"?/X%|ex, B) + C(¢"*X°|cv, Bg*) B(¢M?/X°|ex, B) (4.122)

for any e € {—1,1}.
Once again, one can remark very similar relations compared to the ungauged case.
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4.3.2 Pseudo-diagonalisability of the gauged operator B(\|a, )

In this paragraph, we show that the gauged operator B(A|a, ) is pseudo-diagonalisable with simple
pseudo-spectrum. Here, the term pseudo has to be understood as the fact that we can exhibit states
which satisfy a similar relation to the one defining an eigenstate, only the value of the gauge parameter
B is modified by the action of B(A|a, ).

However, this pseudo-diagonalisation basis of B(A|«, 8) is extremely important as, for a wise choice of
the gauge parameter «, it defines a separate basis for 7 ().

Statement of result

As usual, we start with some notation. Let B_ ,(3) be a set of complex numbers, for 1 < a < N, and let
B_(B) € C. We introduce the following function of the N-tuple h = (h1, ..., h,,) € [0,p — 1]V:

A2 q

N ha
BN9) = 8- (N = ) T (e - 22200 0 1

) A QR VS 25

) (4.123)

This function is a straightforward generalisation of the eigenvalues (4.30))-(4.31)), it will of course be used
to express the pseudo-eigenvalues. Then we can state the following:

Theorem 4.3.3. For almost all the values of the boundary and bulk and gauge parameters, there exist
states (Qg| and |Qp), as well as complex numbers B_(8) € C and (B- a(B));c,<n- such that for any
e==+1,n,me[1,N] and h € [1,p — 1] it holds:

8% (B) # 1, B . (B) #B” ,(8), Vn#me[L,N] (4.124)
B2 ,(8) # ¢ " 25, B2 ,(8) # —¢' "B (4.125)
and B2 ,(B) # ¢' 72" pp o, B2 (B) # ¢ 2w (4.126)

and such that the following set of states:

hn 1 kn a 2
(8. = B b b —<QB\H H L /"Ef I (1127)

N han 1 kn o

|8, h) = |8, h1, ..., hn) qi- kn/B (5))

form a left and a right basis of the representation space. Moreover, in this basis the operator family
B(Ma, B) is pseudo-diagonalised in the following sense:
(B, hB(Alev, B)
B(Xa, 8)|8, by

Ba(AlB)(B/q%, b (4.129)
|4%8, BBA(A[B) (4.130)

and with simple pseudo-spectrum, namely there is only one pseudo-eigenvector associated to a pseudo-
etgenvalue.

Sketch of proof

The proof of this theorem, which paves the way to one of the main result of this thesis, follows the same
line as the one of the proof of diagonalisability of the operator B(\). However, the proof is much more
technical, we simply highlight in the following the main ideas.

As for the ungauged case, the existence of the states (25| and |Qz) can be proven by an explicit
construction for a subclass of parameters. The same holds for the coefficients (B_ ,(3)), <a<ny and B_(f),
and so we explicitly show the Theorem [£.3.3] for this subclass of parameters.
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Then, a general argument states the existence of the vectors (Qg| and |Q2g) for any parameters, i.e.
the existence of at least one pseudo-eigenvector on the left and on the right. Thereafter, the theorem is
proven using a continuity argument based on the fact that the quantities in question are polynomials in
the bulk, boundary and gauge parameters, and the fact that an explicit construction under special values
of these parameters is known. Let us give some more details:

e Special representation In the following, we want to study the conditions for which a nonzero
state identically annihilated by the action of the operator family A(A|«, 3,7) exists:

&, a, B,9[ANa, B,7) =0 (4.131)

It is an easy consequence of the gauge transformed Yang-Baxter commutation relations that under
the condition that this state exists and is unique then it is a pseudo-reference state for the gauge
transformed Yang-Baxter algebra:

&, a, 8,7 AN, B,7) =0, (Q, e, B,7|B(A|e, B) = b(A|er, B, o, B/q, 4] (4.132)
&, o, B/, vq|C (N, Bg,vq) = c(Ma, Bg){Q, o, B,v], (Q,a,B,v|D(Na,B) # 0 (4.133)

In paper II, we show that we can construct such a pseudo-reference state of tensor product form if
we impose at least N + 1 constraints on the set of bulk and gauge parameters. The technical proof
consists first in constructing local pseudo-reference states, and to use it to explicitly construct states
Q| and [$23).

At a local level, we thus find an explicit expression for the states (€2, « 3| such that:
<Qn,a,,6’,'y|An(>\|O‘76) =0 and <Qn,a,B,7|Bn(>‘|O‘76) = bn(/\‘aa /8)<Qn,a,[3/q,vq| (4'134)

where b, (A|a, ) is the local pseudo-eigenvalue, non identically zero, depending on the bulk, the
boundary and gauge parameters (see (II, A.34) for its exact value). Then, considering their tensor
product along the chain, we can define:

N
0, 8,7 = Qa8 (4.135)
n=1
which satisfies:
. B,7[A(Na, B,7) =0 and  {(,a, B,7]B(Ae, B) = b(Na, B}, , B/q, vl (4.136)
with the pseudo-eigenvalue:
N
b(\a, 8 1_[ (A, B) (4.137)

We can now give the following theorem, which states the pseudo-diagonalisability and simplicity of
pseudo-spectrum of the operator B(A|w, 8) for this special representation.

Proposition 4.3.4 (pseudo-diagonalisability and simplicity of spectrum of the operator B(A|«, )
for a subclass of parameters). Let us assume that the bulk and gauge parameters are such that there
exists a vector (), a, B,~| satisfying — and that v # v+ (where v4+ have been introduced
in ) Moreover, let us take parameters such that for any n,m € [1, N] and € € {—1,1}, it
holds:

2 2
Hibe, # +1, b # a2 b # =B Wl i # b, (4.138)
Then the operator family B(A|a, ) is pseudo-diagonalised:

(B, R, ooy B, B) = BRONB)B/G2, bt ooy ] (4.139)
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and has simple pseudo-spectrum characterised by fizing:
Vne[1,N], B_n(8) = tine,q¢"’?, (ie. independent of B) (4.140)
and B_(B) = Fla, B, {en, kn} ko, 7—,&_] (4.141)

The explicit value of the function F is not of prime interest in this presentation, we just emphasise

that it is a rational fraction in all the bulk, boundary and gauge parameters. The exact expression
can be found in (II, B.67).

The left pseudo-eigenbasis characterised by the formulas (4.127)) is obtained by fizing:

Q] =< a, 8, (4.142)

Proof. The proof of this proposition follows quite straightforwardly the steps of the proof of diag-
onalisability of the operator B(\) given in proposition More explicitly, for B(A|a, ) it holds
the next expression from the definition (4.110)) of the gauged generators:

m — KA1 A(Na B, 1) AN, /g, 70) — K- (A AMa, 8,7)B(1/Na /)
K- (\)m BN 8)B(1/ Ao 5g) — K— (A2 BN e 8)A(L/Aov, 5/g,79) (4.143)

This way we easily find a first pseudo-eigenvector of B(M«, 8):

<Q,O{,ﬁ,’Y|B(A|Oé,ﬁ) = BO(A‘ﬂ) <Q,Ol,6/q2,’}/| (4144)

with

Bo(AlB) = (e, B/a,va) K- (A7) 21b(Alev, B)b(1/ |, B/q) (4.145)
This pseudo-eigenvalue is not identically zero as soon as v # ~4. This fixes the values of the
B_(B) and B_ 4(8) to those stated in this proposition, recalling that an explicit expression for the
coefficients K_ (A]7):ij can be found in paper II. Thereafter, one can repeat the standard procedure
already developed using now the modified commutation relations - to show that the
relations of the proposition is satisfied.

As for the previous propositions, the conditions implies the simplicity. Indeed, each state
(B, h| is associated to a different pseudo-eigenvalue of B(A|a, ), then the only thing that we need
to prove to get their linear independence is that each such state is nonzero. This is done as for the
ungauged case, namely we know by construction that (€g| is nonzero and we prove by induction,
thanks to the action of A(\a, 3¢?) on the left in some points, that all the states are non zero as it
holds . Thus, they define a left basis of linear space of the representation. O

One can repeat the same procedure for the elements on the right, and it holds a very similar
proposition for the right pseudo-eigenbasis. Thus, we have a subclass of parameters for which we
have an explicit construction of the elements of theorem [4.3.3]

General parameters As pointed out in the beginning, the proof that the operator B(A|e, 8) is
pseudo-diagonalisable and with simple pseudo-spectrum for general parameters follows from two
steps. The first one is the existence of the states |Q2g) and (Qg| in general, which can be done using
the same kind of reasoning as in the ungauged case, and the second one relies on the special case of
proposition [£:3-4] using a continuity argument. Let us give some more details.

To begin with, we can show that there exists at least one left and right pseudo-eigenstate |Qg) and
(]| of the one parameter family of pseudo-commuting operators B(A|«, 3), with pseudo-eigenvalue

Bo(A|B) satisfying the conditions (4.124)), (4.125) and (4.126).
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Indeed, the operator family B(A|«, 8) admits the following representation:

_ aR —2
B(Ma. ) = (T~ 33) aZzoA Bu(H)T; (4.146)
where the following commutation relations hold:
Va,be [LNT, Bu(A)Ts = TsBa(Ba) and  [Ba(8), Ba(8)] = 0 (4.147)

as a consequence of the commutation relations (4.114)). The result of the proposition implies
that for the special choice of the boundary, bulk and gauge parameters introduced, all the operators
B_ o p are invertible and B(A|e, §) admits the following representation:

2
BNa.8) =50y ~ 15 T35 — ~4 OB ~ 5500575 (4.145)

where the B, () are commuting and invertible operators. Then the fact that these operators depend
continuously on the parameters implies that this statement is true for almost any values of these
parameters. This also implies that for almost all the values of the boundary, bulk and gauge
parameters we can use the above representation for B(A|a, ).

We can now recall that, repeating the reasoning of proposition [f.2:2] we can always find a nonzero
simultaneous eigenstate of commuting operators such as the B,(8) for any a € [1, N]. This is a
pseudo-eigenstate of the operator family B(A|«, 3).

Now, for the same set of representations considered in the proposition [£:3.4] we know that the
pseudo-eigenvalues of B(A|«, 3) satisfy the conditions (4.125) and (4.126)). Then, we can use once
again the continuity argument to argue that the eigenvalues on the common eigenstate still satisfy
(4.125) and (4.126]).

We can thus prove the theorem namely the pseudo-diagonalisability and simplicity of pseudo-
spectrum of B(A|«, 8). Indeed, under the conditions (4.125)) and (4.126)) we can prove that all the
left and right states are well defined and nonzero states which are pseudo-eigenstates of B(A|«, 3)
associated to different pseudo-eigenvalues as a consequence of the gauge transformed commutation
relations. The proof of the fact that the states (4.127)) and (4.128)) are all nonzero is done reproducing
the standard argument.

4.3.3 The separate basis

In this paragraph lies the heart of the quantum separation of variables. In a first part, we show a rewriting
of the boundary transfer matrix for general parameters in terms of a gauged K (A) right boundary matrix.
Then, for an appropriate choice of the gauge parameter, we show that its spectral problem separates in the
pseudo-eigenbasis of B()A|«, 8). To this end, we give the action of the generators of the gauged reflection
algebra on the elements of the pseudo-eigenbasis.

A gauge transformation on the right boundary matrix K (\)

Let us denote by X (A, 8) and Y (\|a, 8) the respectively first and second columns of the gauge matrix
G(Ma, B), and similarly let us define Y (A, 8) and X (A a, 8) the respectively first and second lines of
the gauge matrix G~1(\|a, B).

Moreover, we define some modifications of these quantities, namely:

X\, 28) = qWXua,m and ¥(Na, B/g?) = qWY(AIa,B/qQ) (4.149)
X = B-1/8 « and Y (Mo, B) = BB e
XN B) === Xauf) and VNawB) =g oV (o) (1.150)
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Then the gauged boundary K, ()), denoted K (A, a; 3), is defined by its elements:

K+(}\|O&,ﬁ) =

g (Y(qm/)\04,B/qQ)K+(/\)X(A/q1/2|a7q26) Y (q"2/Ae, B) K4 (A
(

AN \q A - Y/()‘/ql/2|a7ﬂ/q2> (4 151)
g2\ X(q"2 /N, B)K+ (VX (Vg Pla.g®B)  X(¢"/Ma,¢*B) K 4 '

)
NY (Nq"?|e, B/q?)

One can thus compute the explicit expressions for the elements of the matrix K (M|, 3). For example,
it holds:

Ki(Na, B/g)12 = 1/(&4 — 1/6)1/(B — 1/B)a/q (qX* — 1/(gA?)) (qrse” ™ (B/a)? — ¢° /64 B/a — Kzeu))
4.152

Proposition 4.3.5. The boundary transfer matriz admits the following expression in terms of the gauged
boundary matriz K, (N a, 8) and of the gauged generators:

TN = Ky (N, B/g)11 AN e, B) + Ky (Mev, 5/9)22D (A, B)+
Ky (N, B/g)aB(Ne, B/4°) + K (M, B/912C (N, ¢°8)  (4.153)

~ The interest in these gauge transformation is that for a judicious choice of the gauge, one gets that
K, (Ma, 8) is triangular. Then, we are in the same framework as what has been done for the constraint
boundary. More precisely, we can state:

Proposition 4.3.6. If we fix the gauge parameter o as it follows:
= —ﬁ5+/q2a+€r+ (4.154)
then K, (Ao, )12 = 0 and the boundary transfer matriz can be equivalently written:
TN = a4 (AR, B) + a4 (1/A) A/, B) + ¢ ¢ AB)B(a, /¢?) (4.155)
or T(A) = ds(ND(Aa, B) +d+(1/A)D(1/Aev, ) + ¢~ i (AB)B(Aa, B) (4.156)
where we have defined:

2, 2 2 2
20 = T ) ) = S (1.157)

—q(N2q — 1/q\?) (BB+/qo — qoy /BB)
B oy —1/ay) (B +1/B+)

(we recall that the function g4 (\) has been introduced in (4.7)) ).

c+(AlB) =

(4.158)

Note that (4.155) and (4.156) are direct consequences of the symmetry :4.120 . Let us emphasise
on the fact that these are the same kind of formulas than the symmetries (4.20) and (4.21)) proven in
paragraph for the ungauged case.

The spectral problem separates

As it was expected, the pseudo-eigenbasis of the operator B(\|a, 8) is a separate basis for the boundary

transfer matrix with general parameters. Indeed, we show here that the action of the generators A(M|«, 3)

and D()\|a, 8) are simply shifts on the elements of this basis, leading to a system of Baxter equations.
First, we introduce the notation:

B_.(B8)¢"" Vn € [1,N]
¢hn) = (4.159)
(B_wn(B)g"¥)"" Vne[N+1,2N]
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Then, thanks to the boundary quantum determinant (4.121])-(4.122)) and the simplicity of pseudo-spectrum
of B(\|a, B), one can check via the same procedure already seen for the ungauged case that the operator
families A(MA|«, 5) and D(A|«, 8) in the zeros of B(A|a, 8) act as simple shift operators:

(B, 0 A ) |, Bg?) = A_ (¢ )(B, h|T, # (4.160)
and  D(¢\"|a, B)|8,h) = T, #*|8,h)D_(¢{)) (4.161)
where
(Byhiy s hay ooy INITE = (Bh1yeshg £ 1, .., by (4.162)
and TE|B,h1,.cshay s b)) = |B,h1, .y ha £ 1,0, hn) (4.163)

and ¢, is simply defined in .

The simple representations — of the transfer matrix in terms of the gauge transformed
boundary generators and the known actions — of these operators imply that the transfer
matrix spectral problem is separate in the pseudo-eigenbasis of B(A|«, 8). Explicitly, it follows the Baxter
equations:

(&N (B/g% h) = AU (B/¢%, T, (b)) + a(1/6) 0. (8/q%, T} (h)) (4.164)
where we introduced:
A(N) =ai(MA_(A) and ¥,(8/¢>,h) ={B/¢* hl|r) (4.165)

for the characterisation of the eigenvalue 7(\) and |7) the associated eigenvector. While for the eigencov-
ector (7] it holds:

Ve [L,N], 7€), (8,h) =p(E")¥.(8,T, (h) + D(1/)) ¥ (8, T} (h)) (4.166)
with: .
D(A) =dy(A)D_(A) and ¥,(B,h) = (7|8, h1,...,hn) (4.167)

4.3.4 Discrete characterisation of the spectrum of the boundary transfer ma-
trix

In this paragraph we characterise the spectrum of the boundary transfer matrix associated to general
integrable boundaries. In view of what has been done previously, the results have a very similar form as

for the ungauged case, proposition Simply here the coefficients Q(lh“) are given by , and the
separate basis are different.

As before, we can state a proposition on the scalar products of the elements of the left and right
separate basis:

Proposition 4.3.7. Using an appropriate choice for the norm Ng in the basis elements (4.127) and
(14.128)), it holds:

1
N 2 _ I
v ha ke [[Oap - 1]] ) <57 h|ﬁq 7k> = 6hk H X(h“) _ X(hb) (4168)
1<b<a<N “a b
In particular, this implies the spectral decomposition of the identity in the separate basis:

p—1
Z 1_[ (X((zha) - Xz(zha))|ﬂq23 hla ey hN><ﬁah17 "'7hN‘ =1 (4169)

hi,...,hn=0 1<b<a<N
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where we recall the definition

we [LN], X" = (B_,(8)")* + 1/(B_ s(B)g")? = (¢{")? + 1/(¢"))? (4.170)
Therefore, we have the following characterisation of the boundary transfer matrix:

Proposition 4.3.8. For almost all the values of the boundary and bulk parameters, T(\) has simple
spectrum and X,, the set of all the eigenvalues, coincides with the set of polynomials T(X\) of the form

(4.68) with (4.69) which satisfy the following discrete system of equations:
Vae[1,N], detD,(¢?) =0 (4.171)

= The right T()\) eigenstate corresponding to 7(\) € X, is defined by the following decomposition in
the right separate basis:

p—1
RIS H ) [T (X0 = X8, hy, ooy (4.172)
hi,...,hn=0a= 1<b<a<N

where the gauge parameters o and [ satisfy the condition (4.154) and the qq(-}fa”) are the unique
nontrivial solutions up to normalisation of the linear homogeneous system:

7% 0
D-(¢") : = (4.173)
g 0

= The left T(\) eigenstate corresponding to 7(\) € X is defined by the following decomposition in the
left separate basis:

l= 3 %) TT &8 —x")6/a s nl (4.174)

where the gauge parameters o« and (B satisfy the condition (4.154]) and the Aq(-a” are the unique
nontrivial solutions up to normalisation of the linear homogeneous system:

( §Q . gy ) (ET(Céo)))to —(0 ... 0) (4.175)

with ﬁT(A) is the family of p x p matrices defined substituting in D.(\) the coefficient A(\) with
D(A).

Lastly, there is the following link: let T7(\) € X then it holds:

~(h h—
e AC/G) g (4.176)
0 n - b(1/cFD) gD

The proof of this proposition follows the same lines as the one dedicated to the characterisation of the
spectrum under the constraint that the right boundary is triangular, cf proposition

This proposition is one of the main result of this thesis. Before to move to an equivalent characterisation
in terms of functional equations, we would like to state the following proposition:

Proposition 4.3.9. For almost any values of the bulk and boundary parameters, the set {|7)} of all the
etgenvectors of the boundary transfer matriz forms a basis of the Hilbert space H.
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Proof. Let us consider the following special representation, where the bulk parameters satisfy:

Cn=-b i d,=—a’ and kB, =a’b, (4.177)
and where the boundary matrices are diagonal, Ko(Al—,0,0) and K,¢(A|¢+,0,0), with the associated
boundary parameters satisfying moreover [{_| = |£,| = 1. The = operation is the complex conjugation.
A simple direct calculation made for example in [235] leads to the following Hermitian conjugate of the
monodromy matrix:

Mo\ PolPo) = o Mog(X*|Pol|Po)o (4.178)

where o denotes the Pauli matrix.
From this relation, and using the specific left boundary matrix introduced, one can compute the
Hermitian conjugate of the boundary monodromy matrix:

Udo(N) = Up (1/X3%) (4.179)

Then, from the definition of the boundary transfer matrix, and for the special choice of representation
here chosen, we can show:

THN) = T(1/2%) (4.180)

Thus for this special representation the boundary transfer matrix is normal. Then it follows that the
determinant of the matrix pN x pN of elements (e;|7;), where (e;| is the generic element of a left orthogonal
basis and |7;) is the generic transfer matrix eigenvector, is non zero.

Noting that this determinant is a fractional function of the bulk and boundary parameters, non zero
for the special choice of the parameters above defined, it follows that it is non zero for almost every choice
of the parameters. Which concludes the proof. O

This property will be used later, notably in chapter 5.

4.3.5 Functional characterisation of 7 (\) spectrum

In this section, we give an equivalent characterisation of 7 () spectrum as the set of solutions to a
Baxter like T-Q functional equation, and rewrite the eigenstates in an Algebraic Bethe Ansatz form. This
makes an interesting link with the Bethe ansatz characterisation, but as we are going to see, for generic
parameters the equation has an inhomogeneous term which has to be tackled. The literature on the
analysis of the inhomogeneous Baxter equations is still at a preliminary stage. Let us mention that they
were first introduced in [217] for the XXZ spin 1/2 chain and the work of Nepomechie [254] has given, for
the XXX case, some first numerical evidence that they define a complete characterisation of the transfer
matrix spectrum while a first rigorous proof of the completeness is appeared in [144].

In order to get a shorter presentation, we here introduce the functional characterisation for the most
general integrable boundaries. The case of a triangular right boundary matrix can be explicitly read in
paper I, or can be traced back from the following.

Here we mainly state the result, the fairly technical proofs can be found in paper II. The propositions
[4.3.10| and [4.3.11] are preliminary results in order to understand the main result, the theorems and
B3T3

Proposition 4.3.10. Let t()\) be a function of X invariant under the transformation A — 1/\ and A —> —\
then det Di(X\) is a function of

1
— \2p
Z = NP+ 2 (4.181)

i.e. it is invariant under the transformations X’ — 1/ and X — —\. Moreover, if t()\) is a Laurent
polynomial of degree N + 2 in A then det D;(\) is a Laurent polynomial of degree N + 2 in Z.

The first symmetry is the same one as the one already seen for the ungauged case. The proof of the
second statement consists in showing that det D;(q'/?) and det Dy (i ¢"/?) are finite when #()) is a Laurent
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polynomial of degree N + 2 in A, even if the elements A(£1) and A(+i) diverge.

Let us thus introduce the following asymptotic behaviours:

Ap = lim AT2NF2DA(N) and A = lim A2N+2A()) (4.182)
A— 400 A—0

as well as the function:

©)?
F(\) = 12_N[ ( ;Oi)p - ( ;) (4.183)

b=1

Then we have a functional expression for the determinant of the matrix D, (\):

Proposition 4.3.11. For almost all the values of the boundary and bulk parameters, T(\) has simple
spectrum and T(X) of the form (4.68) is an element of ¥ if and only if det D,(\) is a Laurent polynomial
of degree N + 2 in the variable Z which satisfies the following functional equation:

det D.(\) = F()\) (AQP — ;p) 1:[(700 —(¢" A0 + ¢ Ap)) (4.184)
k=0

The proof consists in the following. From the previous proposition, we know that det D,(\) is a
polynomial of degree N+2 in Z. We can explicitly compute the asymptotic behaviour, and N zeros are
known when 7(\) is an eigenvalue, thanks to the discrete characterisation . Moreover, we show
that in fact det D, (q"/?) and det D, (i ¢*/?) are vanishing (for 7()\) an eigenvalue).

Let us now turn to the main results of this section, Baxter’s TQ-functional equations. In the following,
we denote with Q()\) a polynomial in A = A% + 1/A? of degree Ng of the form:

N
Q) =] (A=A (4.185)
1

Q

o~
Il

Theorem 4.3.12. For almost all the values of the boundary and bulk parameters such that:
VEe[0,p—1], 7w #q ax +¢ag (4.186)

it holds T(\) € X, if and only if T7(\) is an entire function and there exists and is unique a polynomial
Q(N) of the form (4.185) with Ng = (p — 1) N, satisfying the following functional equation:

TNQM) = ANQ(MNg) + A(L/NQ(A) + [T — (4" Ax +¢"a0) | (A* = X*) F(N) (4.187)

and the conditions:
Vae[1,N], (Q™),....QP ™)) # (0, ...,0) (4.188)

The difficult task is to prove the existence of such a polynomial Q()), the other implication being
quite straightforward thanks to the transfer matrix discrete characterisation . Thus, the trick is to
consider a more general equation than (namely (II, 5.30)), and to show that the solution Xy(A)
which can be computed thanks to the Cramer’s rule, is in fact the searched Q(X). Using similar tech-
niques as for the propositions [4.3.10] and [4.3.11] to show that apparently diverging quantities are in fact
finite, we show each statements: the equation is satisfied, Q(\) has the form , it is unique
and satisfies (1.188)). For this last point, we use the polynomiality in the parameters, and show that the
statement holds for a particular set of parameters, so it holds almost everywhere.
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In the previous theorem we have excluded the constraint on the boundary and bulk parameters leading
to an identically zero det D, () for any 7(\) € 3. These specific cases are considered in the next theorem.

Theorem 4.3.13. Let us assume that there exists a k € [0,p — 1] such that it holds:
_ —k k
To =q "Axp +(q Ao (4.189)

Then for almost all the values of the boundary and bulk parameters, T7(\) € X if and only if T7(\) is an
entire function and there exists and is unique a polynomial Q(X\) of the form (4.185) with
No < (p—1)(N+1) and Ng = k modp, satisfying the following homogeneous Bazter equation:

TARQM) = ANQ(NVg) + A(1/A)Q(Ag) (4.190)

and the conditions:
Vae[L,N], (QE™),....QHr 1)) # (0, ...,0) (4.191)

Let us simply comment that in this case, the polynomial Q(\) can be explicitly constructed via the co-
factor of the element (1, 1) of the matrix D, ()), the proof being based on some symmetries of the cofactors.

We end this section by giving a Bethe ansatz type formulation for the eigenvectors. In more details,
let us introduce the states:

p—1 Nha—l
(8,0 S OTTIT2YAD [T (o = X0 Bl (@152)

1 /- (ka)y )
hyohn=0a=1ke—0 D(1/Ca ") 1<b<a<n

p—1

oo T (x8e = X8, ks ) (4.193)

hi,...,hn=01<b<a<N

|8,@)

and a renormalisation of the operator
B(Me, B)T73
(A%/q = q/X*)B_(B)

which is a degree N polynomial in A. As first remarked in paper [136], from the functional (polynomial)
characterisation of the Q-function and from the discrete characterisation of the boundary transfer matrix
eigenvectors, it follows the Bethe-like rewriting of these eigenstates:

B(Aa, B) =

(4.194)

Corollary 4.3.14. The left and right transfer matriz eigenstates associated to T(\) € X, admit the
following Bethe ansatz like representations:

No No
(] = B,w| [ [ Bwla,B) and |1y =[] Bwla, B)I8, @) (4.195)
b=1

where the Ny (fized up to the symmetries Ay — —Xy and Ay — 1/Xy), for b e [1, Ng], are the zeros of Q(X)
and we have imposed the condition (4.154) on the gauge parameters.

4.4 A first step toward the dynamic
As already mention, the characterisation of the spectrum is the very first step in the computation of
physical quantities, aiming to characterise the dynamic of the system. In this short section, we give a

little step toward the computation of the form factors and correlation functions for the class of models
under consideration, namely we compute the scalar products of the so-called separate states.

68



4.4. A FIRST STEP TOWARD THE DYNAMIC

4.4.1 Separate states and their scalar products

Let us introduce a class of left and right states, the so-called separate states, characterised by the following
type of decompositions in the left and right separate basis:

p—1 N
al= Y et T x{e) - x"B/g* ha, .oy ] (4.196)
hi,...,hn=0a=1 1<b<a<N
p—1 N N
By= > []a") T X&) —x")8, k... ) (4.197)
hi,....,hn=0a=1 1<b<a<N

where the coefficients a( ) and ﬂ(gh“) are arbitrary complex numbers.

These separate states are interesting at least for two reasons: the eigenstates of the boundary transfer
matrix are special separate states; they admit a simple determinant scalar product, as it is stated in the
next proposition:

Proposition 4.4.1. Let us take an arbitrary separate left state (| and an arbitrary separate right state
|B>. Then it holds:
{a|B) = det M*P) (4.198)

where the elements of the size N matriz M(*#) are given by:
¥(a,b) € [1,N]?, M%7 = 2 ol g (x () (b=1) (4.199)

The proof is quite straightforward, it is based on the fact that Vandermonde determinants appear
when computing the scalar product. One of the main corollary is the orthogonality of two eigenstates (7|
and |77y of the boundary transfer matrix associated to two different eigenvalues 7(A) and 7/(\):

{r]"y =0 (4.200)

The computation of such scalar products is the very first step toward the dynamic, several further
steps are required to reach this characterisation for the models associated to cyclic representations of
the 6-vertex reflection algebra (see paragraph : the reconstruction of the local operators in separate
variables, the identification of the ground state, the homogeneous and the thermodynamic limit. For
example a rewriting of the determinant representations for the form factors obtained from separation of
variables will be necessary to overcome the standard problems related to the homogeneous limit. This
problem has been addressed and solved for the XXX spin 1/2 chain, linking the separation of variables
type determinants with Izergin’s, Slavnov’s and Gaudin’s type determinants [146}/147].

Let us comment that we have chosen, for both the triangular and general K, boundary matrices,
to present the existence of the separate basis avoiding a recursive construction, which was instead done
for example in the sine Gordon model [250]. Here, we first considered some special representations in
which we could construct explicitly the separate basis (in both triangular and general cases), while the
existence of the separate basis for general representations is proven by some general arguments. Let us
argue that this does not lead to severe limitations per se. For the spectrum indeed, we are still able to
prove that the functional equation characterises the eigenvalues for general parameters. Moreover, for
the future computations of the dynamics, the relevant point is that we can still characterise Sklyanin’s
measure (£.73) and ([£.168) by a Vandermonde formula, leading to formula of the kind (4.198)-(4.199) for
the scalar products of separate states. Then, the rewriting of the scalar products and form factors by
determinant formulas adapted to the homogeneous limit should allow to absorbe the separate variable
eigenvalue spectrum in Laurent polynomials whose homogeneous limit is finite and known; as it happens
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in the spin 1/2 quantum chains [146|/147].
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Chapter 5

Local Hamiltonians associated to
cyclic representations of the
reflection algebra

In this chapter, we solve the problem to define local Hamiltonians with integrable boundaries, commuting
with the boundary transfer matrix associated to cyclic representations of the 6-vertex reflection algebra.
The search of an Hamiltonian is an interesting problem, as this results in the modelling of the interactions
at a microscopic level, emphasising on the physics of the system at hand.

To that end, we follow the subsequent steps. First we consider the fundamental R-matrix, solution
of the so-called mixed Yang-Baxter equation intertwining two Bazhanov-Stroganov Lax operators acting
in two different quantum spaces. We define then a mixed reflection equation intertwining these Lax
operators and two scalar boundary matrices, respectively defined on the auxiliary space (of dimension
2) and quantum space (of dimension p). By explicitly solving this mixed reflection equation, we find
diagonal scalar solutions for the boundary matrices on the quantum space, associated to the known
diagonal scalar matrices on the auxiliary space (the matrices K(\) and K, () of the previous chapter,
but taken here diagonal). Then we can define a multi spectral parameter family of fundamental transfer
matrices, commuting between themselves and with the transfer matrix associated to the original cyclic
reflection algebra. Moreover, we prove that these fundamental transfer matrices generate multi parameter
families of commuting local Hamiltonians with integrable boundaries.

We end the chapter making totally explicit the Hamiltonians for some models of interest, for 3-
dimensional local quantum spaces (i.e. p=3): the XXZ spin 1 chain at root of unity, the super integrable
chiral Potts model, the sine-Gordon model at root of unity and a more general model. They all can be
obtained from the Bazhanov-Stroganov Lax operator, by an appropriate choice of the parameters.

The results of this chapter have been published in article ITI.

5.1 Fundamental R-matrix

For fundamental quantum integrable models, e.g. the XXZ spin 1/2 chain, the construction of the local
Hamiltonians is given by standard techniques, see paragraph [2.3.2] relying on the fact that the associated
Lax operator reduces to the permutation operator in some special value of the spectral parameter. How-
ever, the Bazhanov-Stroganov models are not of this type, as the Lax operator does not reduce in
general to the permutation operator (its bi-dimensional auxiliary space and its p-dimensional quantum
space are non isomorphic).

Hence, in order to define local Hamiltonians for Bazhanov-Stroganov models, one has to consider the
fundamental R-matrix [158}/161], denoted S, solution of the so-called mixed Yang-Baxter equation which
intertwines two Lax operators acting in two different quantum spaces V,, and V;, while acting on the same
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auxiliary space Vj:
VieC ) Sba(pbapa)LOa(Avpa)LOb(/\apb) = LOb()\apb)LOa()\vpa)Sba(pbapa) (51)

Such a fundamental R-matrix acts in the tensor product of two cyclic representations.

In [158], this Yang-Baxter equation has first appeared and it has been solved for the subclass of
cyclic representations associated to the chiral-Potts model. In [161] the fundamental R-matrix has been
determined for the most general cyclic representations. Here, we reproduce these results and fundamental
steps in their derivations, following our convention making use of the untwisted 6-vertex R-matrix unlike
what it is done in the literature [158,161]. Thus in this section we first use the chiral Potts model as a
starting point to present the fundamental R-matrix. Then, we extend to more general representations the
computation of this fundamental R-matrix and we eventually give two important properties, namely its
unitarity and crossing-unitarity.

Parametrisation by points in C*

Let us first give a different parametrisation for the Lax operator Lo, (A, p,) (1.72)). Following [158], let
us thus consider a point P € C*. Generally, we will refer to its canonical coordinates by the notation
P = (ap,bp,cp,dp) or equivalently we will use the parameters:

a b d
Tp = cTP yp = — sp=— tp =xpyp (5.2)
P cp cp

Then a more convenient parametrisation of the Lax operator ((1.72)), for future computations, can be given
by the triplet (P, @y, R,) thanks to the correspondence:

_ 1

Aa, = _tpl/szan" g Y2b, = ?aQnan (5.3)
Bn

7 = _t}D/QdQnan q1/2a’ﬂ = _chbRn (54)

1 _

A = ?tPl/zaQnaRn, q"?d, = —dg, ar, (5.5)
Tn _ t1/2 -1/2 - 5.6
N T tpCQucr, q en =bg,CR,- (5.6)

We recall here that ¢ is a parameter entering in the R-matrix (1.18), and that it is assumed to be a

ptl-root of unity: g = e?#7/? for some k € N*, with k and p coprime integers. We also recall that p is

odd: p=2]+ 1 with [ € N*.

With this parametrisation, the dependence in the point P is related to the spectral parameter A by

choosing A o t;l/z, and we can use the notation

“AYQ YR Vn + 3oVt ﬁn(—%yﬁg”\?‘n + %xQn oV )
Lon(NQn, Ry) = 7n .y R 1 . 1 1 ny (5.7)
u'IL (qunvn - EU”"L‘Rn Vn ) Xvn - FAO’nxQn anvn
where we introduced the parameter o, = sg,sgr, and where we used the parameter v, as a global

normalisation.

Let us emphasise that each Bazhanov-Stroganov Lax operator depends on the spectral parameter A
and on a bunch of 5 independent parameters zg, ,Zgr,,Yq,,Yr, and o, associated to the site n. The
total number of independent parameters in the monodromy matrix Myg(A) is thus 5N (indeed, one can
always absorb for example o7 in \).

In the following, this parametrisation with points in C* is almost exclusively used to deal with the
fundamental R-matrix and the computation of the local Hamiltonians.
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5.1.1 The chiral Potts representation

In [158], the authors have shown that the chiral Potts model can be described and studied through the
Yang-Baxter algebra associated to the 6-vertex R-matrix. Indeed, the Bazhanov-Stroganov Lax operators
are general solutions of the Yang-Baxter equation, and to particularise the points @Q,, and R,, of to
a specific curve leads to the description of the chiral Potts model.

In this short section, we recall the expression of the so-called chiral Potts curves and of the intertwiner
Sha (Pbs Pa) in this context.

Definition 5.1.1. The algebraic chiral Potts curve C¥, . of modulus k is defined b.'

/

cfhP:{Sec‘*xg+yg=k(1+xgyg) kb =1—— and kyb =1-FKsb , with k2+k'2=1}

(5.8)
If for each site n € [1, N] we have (Qn, Ry,) € C¥ p xCF, p, then the set of the Lax operators Lo, (A|Qn, Ry)
describes the chiral Potts model.

P
Ss

The main tool to express the intertwiners is the dilogarithm function [255-257], which for the chiral
Potts representations reduces to the Boltzmann weights. The next two propositions [5.1.1] and [5.1.2]
recall respectively its definition and how the fundamental R-matrix is computed for the chlral Potts
representations:

Proposition 5.1.1 (Dilogarithm functions). Let us denote by Wop and Wqp the dilogarithm functions
associated to a couple (Q, P) € C* x C*. By definition, these functions are given, up to normalisation, by:

W, -2k W —2 —2k
VneN, Qp(n = ( ) Hyp q_Qka and Qp(n (sgsp) Hq e~ —2k P
Waop(0) woiYo —q Fap WQP(O) ol YP — 47y
(5.9)
The dilogarithms are geometric quasi-periodic functions of quasi-period p:
Waor(n+p) _,, War(n+p) -
=kgh 2 TE ko (5.10)

P P p P
kD, = spl¥o —Tp and kP, = _L Yp7 Y (5.11)
QP sg yh — w% QP spszg2 ac% —

The key point with these functions is the fact that they are solutions of the following recursion relations:

1 — Y2 ,2(n+1)
VYneN, _War(n) __>5p qu 2(n+1)mﬂg#21 (5.12)
Wor(n+1)  squyp 1— 22g2n+D)
g er) _ agin 1 oyplo LA (5.13)
Wop(n+1) spsgap 11— 1%¢%"

Moreover, if the points P and Q belong to a given chiral Potts curve, then these dilogarithm functions
are periodic of period p, i.e. it holds kgP = k%P =1

Then we can recall the following proposition, from the work of Bazhanov and Stroganov [158]:

Proposition 5.1.2 ( [158]). Let (Qq, Ra, @b, Rp) € (thp)4, and let us consider two Lax operators
Loa(MQa, Ra) and Lop(MQs, Ry) on two different quantum spaces Vi, and V.

ILet us comment that the three relations in this definition are not independent, as for example the first one can be
obtained from the others.
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Let us consider the following basis for the tensor product of the quantum spaces:
V(hlvha) € [[Oapflﬂz ) <h17h2| E<hl>a‘ﬁ®<h23l)|ﬁ and |hl,hQ>E ‘hlaa>ﬁ®|h27b>ﬁ (514)

and let Spa(Qp, Ry|Qa, Ra) be the operator defined, on the tensor product of the two p-dimensional spaces,
by its elements:

v(hla h2; h/1,7 h/Q/) € Hovp - 1]]2 ) <h1, h2| Sba(Qba Rb|Qa7 Ra) ‘hllla h'/2/> =
W@,q.(h1 — hy)Wryq, (W] — hy)Wr,r, (he — h])Wq,r, (he — k1) (5.15)

Then Spa(Qp, Rp|Qa, Ra) is well defined, in the sense that (hy, ha| Spa(Qp, Rb|Qa, Ra) |hY, RSy is p-periodic
for each of the variables hyi, ho, ] and hy, and is the following intertwiner in the quantum spaces:

vieC ) Sba(QbaRb'QmRa)LOQ()\|QaaRa)LOb()\‘QbaRb) =
LOb(MvaRb)LOa(/\|QaaRa)Sba(QbaRb|QaaRa) (5'16)

Proof. The fact that Sp,(Qp, Rp|Qa, Ra) is p-periodic is clear since each of the Boltzmann weight is p-
periodic for points on the chiral Potts curve. The proof of the fact that the relation holds follows
from the recursion relations satisfied by the dilogarithm functions. This equation can be seen as an
equality of matrices in the auxiliary space, with elements in End(H, ® Hyp), and we show this equality for
any matrix element (iy,is) € {1,2}? by direct computation. O

The key observation, at the basis of our work, is that this proof only requires points on the chiral Potts
curves to get a well defined intertwiner, i.e. p-periodic in the four variables. The relation ([5.16]) holds
independently of the curves (j5.8)), it is only based on the recursion relations satisfied by the dilogarithm
functions.

5.1.2 More general representations

Here we present an expression of the fundamental R-matrix for Bazhanov-Stroganov Lax operators beyond
the chiral Potts model (giving the expression of each of its components), i.e. we compute an intertwiner
for the Lax operators when the points @,, and R,, are not necessarily on a chiral Potts curve.

To this end, thanks to the observation of the previous paragraph, rather than imposing the points @),
and R, to live on the chiral Potts curves to have p periodic dilogarithm functions, we choose here to use
a bunch of four scalars to make p periodic the whole product of the four terms in .

Explicitly, let Spa(Qp, Rb|Qa, Ra) be the matrix, acting on the tensor product of the two p-dimensional
spaces V, and V},, whose matrix elements read:

V(hy, ho, Y h5) € [0,p—1]* . (ha, ho| Sba(Qb, Ry|Qa, Ra) |hY, By ) =
ayab?al a2 Wo,q, (h — hy)Wr,q, (h] — B3)W g, r, (ha — B )W, r, (ha — h1)  (5.17)
with the following scalars:

_ k 1
; dg = kaRakaRa N ds = 7_Ran and ay=-— (518)

kr,r, kQ,@.kRr,Qu

_ kaQa

a; =
kaRa,

By construction, these matrix elements are p periodic in each of the variables hq, ho, h{ and hj. From
now on, we can emphasise the fact that:
aia2aza, =1 (519)
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Remark. In our study, we do not consider degenerate cases for which one of the parameters xq, , TR, ,YQ. ;
YR, OT Oy s zero. Moreover, we take parameters for which the different scalars a; are well defined, i.e.
we suppose:

ygb # yga ; y%b # y%a ) x%b # xga ) l‘%b # x%a (520)
ond v, # Fh, o, %k Uhy # ol 5 Thy 0, (321

Thus, the operator family Spa(Qp, Rp|Qa, Ra) EENd(H.QHy) is well defined for any choice of (Qa, Ra, Qp, Rp)
in this set of parameters.

Existence condition

The use of the expression (5.17)) seems promising as the matrix elements are p-periodic without any
requirement. However the next proposition defines some restriction on the parameters:

Proposition 5.1.3. Let Spo(Qp, Ry|Qa, Ra) be defined by (5.17). It satisfies the mized Yang-Baxter
equation for any A € C:

Sba(Qba Rb‘Qaa Ra)LOa()\|Qa7 Ra)LOb(A|Qb» Rb) = L()b(>\|Qb7 Rb)L(]a(A|Qaa Ra)Sba(va Rb|Qa7 Ra) (522)

if and only if the points (Qq, Ra, Qv, Rp) € (C4)4 are such that the following three independent conditions
are satisfied:
Vie{l,2,3} , a =1. (5.23)

Proof. To show the equation from is trivial thanks to proposition and the remark on the
fact that points on chiral Potts curves are only necessary to have p periodic functions. The other way of
the proposition is done using the same lines as for the proof of proposition namely to consider
as four equations in the quantum space V, x V;, but now the quantities are dressed with the coefficients a;.
At the end, to require leads to the condition . A more explicit proof can be read in appendix
of paper III. O

Thus, the existence of an intertwiner of the form (5.17)) is guaranteed if the pre factors satisfy the
condition ([5.23)), which can be put under the form:

kQ,Q. = kQuRa
kRryQ. = kRyR, (5.24)
kryr.kQ,R, = 1

The pre factors being defined up to a p*-root of unity, one can always choose these roots such that (5.24])
is equivalent to:

k%an = ]f?QbRa
k2.0, = KR, (5.25)

k%b R, kgb Ra — 1

Let us introduce the following notation:
Vie{a,b} , Xo, =20, 5 Xr, =25, 5 Yo, = Y0, s YR, = Yr, 3 Si =0} = 50,5R, (5.26)

Then, if the quantum parameters on sites a and b satisfy the following system (5.27)), the intertwinner
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Sba(Qp, Ry|Qa, Ra) exists and is given by (5.17)).

(YQa - YQb)/(XQb - XQa)
(Yr, — Yg,)/(XRr, — XRr,)
(Yr, = Yr,)/(XRr, — XRr,)

Sa(YQb - XRa)/(YRa - XQb)
Sp(Yr, — XQ,)/(YQ, — Xr,) (5.27)
SG(YRb - XQa)/(YQa - XRI))

I

Explicit parametrisations

In this paragraph, we find explicit solutions of the system ([5.27)), i.e. we find explicit conditions on the
parameters for the fundamental R-matrix to exist.
Let us first introduce the following notation:

I - SiXq, — Yr, o SiXq, — Ynr, N — Yo, — SiXr, (5.28)
’ 1-5,; ' SiXg, XRr, — Yr, Y0, ‘ 1-5; '
and Xo, X Yo.Y) Y. X Yo.Y,
QiAR; — TQi Ry Qi — AR QitR;

A oy Mo Xo—ve TS (5:29)

Qi R; Qs R; i

or equivalently in the original parametrisation of the Bazhanov-Stroganov Lax operator:
P L D VAT A - e (5.30)
' Vi + 0B ' o; +6; ' Vi + B
of + 47 dP + P o?

and R; = ¢">? a’z-) +b;7 i = a;.’ n b;-’ T, = ﬁi;’ (5.31)

Then the following proposition holds:

Proposition 5.1.4. Let us assume that the conditions (5.23)) are satisfied. The solutions to (5.23|) can
be parametrised by the following four sets of conditions:

A) If the points (Qa, Ra, Qv, Rp) € (C4)4 satisfy the conditions:

Vi € {a,b}, S; # 1 and YQiYRi — SVXQFXVR1 #0 (532)
as well as Yo, — SiXg, #0 and Yg, — S;Xg, #0 (5.33)

then (5.23)) is equivalent to the following three conditions of homogeneities between the sites a and b:
L,=Ly=L, My=My=M, N,=Ny,=N (5.34)

where L, M and N are three free parameters.
B) If the points (Qq, Ra, Qp, Rp) € (C4)4 satisfy the conditions:

S =1, X, Xgr, — Yo, YR, #0, Vie {a,b}
then (5.23)) is equivalent to the following two conditions of homogeneities between the sites a and b:
R,=Ry=R, K,=K,=K (5.35)

where R and K are two free parameters.
C) If the points (Qa, Ra, Qp, Rp) € (C4)4 satisfy the conditions:

(Sa,S) #(1,1) and Vie {a,b}, Ygr, =S Xqg, and Yy, =S;Xg, (5.36)
then (5.23)) is equivalent to the following condition of homogeneily between the sites a and b:

T,=T,=T (5.37)
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where T is a free parameter.
D) If the points (Qq, Ra, Qp, Rp) € (C4)4 satisfy the conditions:

Vie{a,b}, S;=1; Yg =X, and Yy, = Xg, (5.38)
then (5.23)) is satisfied without any more requirement.

Proof. The proof of this proposition is based on the following equivalent formulation for (5.27):

YQ.Yr, — SuXq@.Xr, = (Yo. — SaXr.)Xq, — (SaXq. — Yr.,)Yq, + (Sa — 1)Yq,Xq,
YQbYRb - SbXQbXRb = (YRb - SbXQb)XRa, - (SbXRb - YQb)YRa + (Sb - 1)YR0,XR0, (5'39)
(8aXq, — Yr,) (Yo, — Xgr,) = (Yq, — SaXr,)(Xq, — Y&,) + (Sa — 1)(X@,Yq, — Xr,YRr,)

O

Remark. Points C) and D) of the proposition correspond to the special representations with nilpotent
off-diagonal elements of the Bazhanov-Stroganov Lax operators.

Remark. Following the idea given by [161|], one of the simplest necessary condition for the intertwiner
Spa to exist is probably the equality of the mean value:ﬂ i.e. it must hold:

VA€ C |, < Loa(AQas Ra) >< Lop(AQp, Rp) >=< Lop(A|Qp, Rp) >< Loa(NQas Ra) > (5.40)

We can show that the generic solution of this equation is the generic solution given by point A) of propo-
sition[5.1.4}, thus this proposition states that for generic parameters, the equality of mean values is in fact
equivalent to the existence of Spq.

However, this result does not hold for example for the point C), where the system is trivially
satisfied whereas the extra condition is needed for the existence of the intertwiner.

Let us resume the results we have obtained so far. In each of the four points of proposition [5.1.4}
we state the existence of the intertwiner Spq(Qp, Rp|Qa, Ra) of the form (5.17) when imposing that three
parameters have to be the same on the both spaces V, and Vj:

e (L,M,N) for point A)

e (S =1,R,K) for point B)

o (YR—5Xg=0,Yg—SXg=0,T) for point C)

e and (S =1,Yg — X =0,Yy — Xr = 0) for point D)

As a consequence, these homogeneous constant parameters along the chain can be seen as characterising
the model. We will denote by Pg this set of three parameters in a general way.

Then, as on each site n of the chain are associated 5 independent parameters, let us denote P,, the two
remaining quantum parameters on each site. They can be seen for example, as the remaining 6-vertex
inhomogeneity plus a quantum inhomogeneity. Eventually, we will denote the set of all the quantum
parameters of the chain (2N parameters) by:

Po = {Pn}lgngN (5.41)

Accordingly with this notation, to emphasise the fact that the parameters belong to certain sets for
which the intertwiner exists, in all the next we will denote the fundamental R-matrix by Spq(Pp|Pa|Pc)
and we will denote the Bazhanov-Stroganov Lax operators by Loy (AP, |Pc).

2We recall that the mean value of an operator O()), belonging to a commutative family of operators, is by definition

<00\ >= T[ 0(¢"») = O0w)
k=0
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Let us comment here that the fundamental R-matrix has formally the same expression as for
the chiral Potts representations ([5.15]). The difference lies in the fact that each Boltzmann weight is now
quasi-periodic, keeping periodic however the product of the four weights with respect to the variables
hl, hQ, h”l and h”g.

Remark. The chiral Potts model is obtained as a particular case of our study, as it holds for it for this
model:

knga =1 k%an =1 IEZI)%I,RQ =1 and kZbRa =1 (5.42)

so the system (5.27)) is trivially satisfied.
Moreover, it is included for a generic parameter k # 0 of thp, in the point A) of proposition |5.1./)
The constants of the model read:

1
For a chiral Potts model on a curve with k = 0, the point B) applies and the constants of the models read:

R=0 and K-=1 (5.44)

5.1.3 Unitarity and crossing-unitarity

In this paragraph, we give some properties satisfied by the fundamental R-matrix . In particular,
we state its unitarity and crossing-unitarity, two properties that will be of interest when dealing with
reflection equations.

Let us consider two quantum spaces V, and Vj, isomorphic to C?, and parameters such that it exists
a set Po entering in one of the points of proposition leading to the existence of Spq(Pp|Pu|Pc)-
We recall that the parameters are given by sets (zq,, TR, YQ.s YR, 0a) a0d (2Q,, TR,, YQy> YR, > Ob) With
0; = 5Q,5R,, associated to couples of points @, R, and @y, Rp.

We first show by direct computation the next lemma, which is at the basis of many of the properties:

Lemma 5.1.5. Let (ho, h”s) € [0,p — 1]2. It holds the following identities:
p—1 L
3 W, x, (h— ha) W, x, (K72 = h) = Gpnn, B0 (5.45)
h=0

where the functions Z((lf), for X = R or Q, are independent of ho and given by:

p
Z(X) _ (X) with (X) _ (xXa — xXb) (yXb — yXa,)
“ hzz“o Xabh Xabh = ax, T — 2, ) (yx, @ — yx, @)

(5.46)

Unitarity

The next proposition states the unitarity of the fundamental R-matrix, a property which is known for the
6-vertex R-matrix, cf |177].

Proposition 5.1.6 (Unitarity of the fundamental R-matrix). When the fundamental R-matriz exits, it
satisfies:

Sab(Pa|Po| Pc)Sva(Po| Pa| Po) = p(Pa|Ps|Pc) 1 (5.47)
with the scalar function
(P,|Py|Pe) = 29D xlD (5.48)
P\ Lallb O ab “ab '
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Proof. By the mixed Yang-Baxter equation (5.1)), it follows that Su,(Pa|Ps|Pc)Spa(Py|Pu|Pc) oc 1. Using
the next relation on the Boltzmann weights, clear from the definition of proposition [5.1.1}

Vhe[0,p—1], Wpq(h)Wop(h) =1 for any points (P,Q) € (C‘l)2 (5.49)

the expression (5.17)) for the matrix elements, and the lemma we can in fact compute the value of
the proportionality coefficient. The symmetry E(f) = El(,f) concludes the proof. O

a

Crossing-unitarity

In order to make explicit another symmetry of the fundamental R-matrix, we introduce an operation T
on the parameters. On the original parameters, it reads:

T : (Oé, Ba v, 57 a, b7 c, d) - (_6/(]7 —q7, _(157 _a/Qa _b> —a, _d7 _C) (550)

while, using the parametrisation with points in C*, we have:

T: (xQu vayQavaa) - (vayQ7mR/q2va/q2a 1/0) (551)

This non involutive operation is useful to state the crossing-unitarity of the fundamental transfer matrix.
But first, we give this important proposition:

Proposition 5.1.7. The Y operation leaves invariant the different sets Po of proposition[5.1.4)

Ta

It means that one can apply the T operation on Sy, the existence of S, *,

without any other requirements.

Sglb and Sl};bT“' is guaranteed

Proposition 5.1.8 (Crossing-unitarity of the fundamental R-matrix). When the fundamental R-matriz
Spa exists, it holds:
St (Po|Pal Pe) S35 (Pal Py |Po) = p(Pa| Py Po)1 (5.52)

with the scalar function
P(Pa|Py|Pe) = p(Pa® | Py Pe) (5.53)

The transpositions are given in the G-basis.

Proof. The first relation that we use is given thanks to the operation Y, which acts as the following on
Bazhanov-Stroganov Lax operators:

Ly (AIP,) o Loy (A Py) (5.54)

Then, one can show the proposition thanks to simple computations, similar to the proof of the unitarity,
and using the symmetries:

Whe[0.p—1], Wain (h)=Wa,o.(h) and  Wg g, (h) = W,q,(~h) (5.55)
O

Remark. Moreover, one easily shows by direct computation:
Sap(PreTe|PY 0| Po) = Sup(Pa|Po|Pe)  and  Lop(APS*") = qLob(q\| Py) (5.56)

So far, we have obtained the existence and the expression of the fundamental R-matrix for models
beyond the chiral Potts case, as well as the unitarity and crossing-unitarity for this matrix. As introduced
previously, one of the role of this matrix is to overcome the fact that the auxiliary and quantum spaces
of the Bazhanov-Stroganov Lax operators are not isomorphic. In the following, we use this fundamental
operator to compute local Hamiltonians. Moreover, we aim to describe integrable boundaries, for systems

79



CHAPTER 5. LOCAL HAMILTONIANS ASSOCIATED TO CYCLIC REPRESENTATIONS OF
THE REFLECTION ALGEBRA

associated to cyclic representations of the 6-vertex reflection algebra. In order to implement this idea, we
now turn to the definition of the reflection equation involving cyclic representations.

5.2 Reflection equations

In this short paragraph, we give a general point of view on the reflection equations, introducing the fact
that an automorphism can describe the reflection process at the boundaries. We emphasise the role of
these equations in integrability, as they can be used to construct a family of commuting operators, and
we make a link with (ABCD)-type quantum algebras [220]. This point of view will be useful to tackle
reflection equations involving one or more cyclic representations. As an example, we particularise this
general frame to the 6-vertex case and find back the Sklyanin’s description of the reflection algebras.

5.2.1 General considerations

Introduced by Cherednik [178], and at the heart of Sklyanin’s construction of the one parameter family of
boundary transfer matrices in the 6-vertex case [177], the reflection equations can be used to describe the
behaviour of particles reflecting on a wall while they have factorised scattering in the bulk. Considering
this idea of two particles labelled 1 and 2, we can give this general expression for the reflection equation:

RY2%1 (P, P) K1 (PR (Pr, Py) Ko (Py) = Ko(P2)RSN(Py, PL) K1 (Py)Rio(Pr, Py) (5.57)

Here, the matrix Ry2(P;, P2) encodes the collision of the two particles, P; stands for the spectral parame-
ters associated to space V; describing the "colour" of the particle, K; describes the reflection of the particle
i on the boundary and the automorphism ¢; describes the reflected particle i. (cf. figure [5.1])

K
Ky Ky

Ky

Figure 5.1: On the left, particle 1 and particle 2 are reflecting on a wall. On the right, the same
situation but with particle 1 translated. By conservation laws, the equation holds. The operations
¢; caracterise the reflection. The order Ris or Ry is determined thanks to the relative position of the
particles 1 and 2 at the asymptotic times.

In parallel, let us recall that an (ABCD)-type quantum quadratic algebra [220] is defined as the
associative algebra generated by the elements of a matrix 7_, which satisfy the relations

AT 1B1oT_ o =T_ 5C12T_ 1D19 (5.58)

for four given operators Ajs, Bya, C12 and Dis. To be a consistent algebra, the latter have to satisfy eight
compatibility conditions, explicitly given by the relations (15) of [220]. These ones are involving a third
space V3, labelled 3. As an example, it must hold:

A12A13A23 = A23A13A12 (559)
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and similar conditions involving the other operators, for instance A15B31B3s = B32Bg1 A1s.
The point is that if the matrix R, describing the reflection, satisfies the Yang-Baxter equation:

Ri2(P1, P2)Rig(P1, P3)Ras(Pa, P3) = Raz(Pa, P3)R13(Pr, P3)Ria(Pr, Po) (5.60)

then the boundary matrix K is a scalar representation of an (ABCD)-type quantum quadratic algebra,
associated to the generators

Ajy = R32 (P, P1), Bia = R%2(Py, Py), Ciz = RS (Py, P1) and Dyg = Ria(Py, Py) (5.61)
There are two main interests in the (ABCD)-quantum type algebra.
o First, the compatibility conditions ensure the following property [220]:

Proposition 5.2.1. Let V;, and V}, be two vector spaces. If one knows a representation T_ , in the
space V, of an (ABCD)-type quantum quadratic algebra A, then one can dress the solution thanks
to the operators Agp and By or thanks to the operators Cyp, and Dy, to get a representation in the
space V, ® V.

For example, AgpT— oBqu and (C’;%)AT_,@ (D;bl)tb are representations of the (ABCD)-quantum
quadratic algebra A in the vector space V, ® V.

In particular, starting from a scalar representation of the algebra ([5.58)) (so a solution to the reflection
equation ([5.57))), one can dress it up to a representation in the total quantum space H.

e Second, this algebra is useful to define a commuting family of operators, making thus a link with
integrable systems. Indeed, following [220] we can consider the dual algebra of (5.58)), defined as
the associative algebra generated by the elements of a matrix T, which satisfy the relations:

1 _1\ t2 1\ t1 —1
(A=) " T (B1) 1) T = Tz ((013)7) Tha (D) (5.62)
This algebra has been introduced in order to define the following boundary transfer matrices:
T(Pl) = tTl {K+’1(P1)T,,1Q(P1)} (563)

with T ;¢ a representation of the reflection algebra in the total quantum space, and K il’l a scalar
representation of the dual algebra. Indeed, this defines a family of commuting operators:

[T(P), T(PF)] =0 (5.64)

for P; and P* two different sets of spectral parameters associated to the (auxiliary) space V;.

To understand where this commutativity and this dual equation come from, let us give some details
of the procedure explained in [220]. The very efficient way used by the authors is a rewriting of
the reflection algebra using bi-vector indices: the first step is to consider the matrices 7" ;
as elements of V; ® V;* with the notation T_ ; = Tﬁ":ﬁ,. The convention is that any bold index is a
vector index. It holds thus:

t ’ t ’ t / t ’
A12T_1711/Bl’2T,2)22/ = T72722/C12’T71)11/D1’2’ (565)

This can be rewritten:
Ritroor T 110 T 220 =T_ 290 T_ 11 (5.66)

with the following matrix (assuming the invertibility of the involved operators):
tor -1 tyrty -1 ty
Rll’,22’ = 012/ D1/2/ A12 31/2 (567)
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In view of the application of this structure to the obtention of commuting families, it is defined the
following algebra, that can be considered as the dual of (5.65)):

tqq7 toor toor tqq7
Ty 125 = 125, 1051 Rav g (5.68)

Indeed, one directly can check that for K, a scalar representation of this dual algebra, it holds (by
simply evaluating (5.66)) on the bi-covector K_tf22'2,Ki“1'1, ):

tqq7 toor toor tyqs
K+1,111'T—711’K+2,222'T—722’ = K+2,222'T—722’K+1,111'T—,11’ (5.69)

As by definition of the bi-vector index notations it holds Kfrlll'l,T,’n/ =1tr {Kil’lT,,l}, it is exactly
the commutation (5.64) of (5.63).

The origin of the dual algebra (5.62) is thus clear, as in matrix notation the equation (5.68)) simply
reads (5.62)).

Let us comment that Sklyanin was the first to introduce and prove the commutativity of the boundary
transfer matrices using two algebras, in [177], for the (fundamental) 6-vertex representation of the Yang-
Baxter algebra. His proof is equivalent as the one in [220], but more technical as it remains in matrix
notations. Note that also in the case of different spaces V3 and V5 a proof a-la Sklyanin of the transfer
matrix commutativity can be still applied.

This set up lays the foundation of the next of the chapter, namely the use of this framework for mixed
representations, i.e. spaces V7 and V5 non isomorphic. But before, let us end this section considering
again the 6-vertex reflection algebra of Sklyanin, under the light of this general reflection equation
framework.

5.2.2 Reflection algebra associated to the 6-vertex R-matrix

In this paragraph we have a fresh look at the reflection algebra associated to the 6-vertex R-matrix,
cf paragraph In particular, we show that the reflection equations and define indeed
(ABCD)-type quantum quadratic algebras for an appropriate choice of the automorphism ¢ describing
the reflection.

Here, let 1 and 2 denote two quantum spaces of dimension 2. Following the work of Sklyanin [177],
we know an automorphism ¢ for which the reflection equation (5.57)), associated to the 6-vertex R-
matrix, admits a non-trivial solution (and which leads, at the end of the day, to the fact that the algebra
— and its dual effectively describe the quantum XXZ spin chain with open boundaries
conditions.). Denoting ¢ this automorphism, it consists in the following action on the associated spectral
parameter A :

q
A=< 5.70
oAt (5.70)
The action will be indifferently denoted by its action on the operator or on the parameters:
L3 (A Pa| Pe) = Loa(A7° | Pal| Pc) (5.71)

This operation leaves unchanged P, and Py and it is consistent with the Yang-Baxter equations. That is

we can apply op to the Yang-Baxter equation (1.12)),(1.13)) and (5.1)), leaving all them satisfied.
The reflection equation (5.57)) is thus:

R (1, VKL (N RTZ (A, ) Ko () = Ko () R31 (1, A) K1 (N) Rz (A, 1) (5.72)
Using the following properties of the 6-vertex R matrix:

Ria(A, i) = Ria(N ) (5.73)
Ro1 (M p) = Ri2(Ap) (5.74)
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the 6-vertex reflection equation is then written in the usual form [177]:
AL AL
Rlz()\/H)Kl()‘)Rm(?)fQ(#) = KQ(/")RH(?)Kl()‘)RlZ()‘/.u) (5.75)
This R-matrix satisfying the Yang-Baxter equation ([1.13)), the associated algebra:
Al Al
R12(/\//1)Tf,1()\)R12(?)T7,2(M) = Tf,2(/~L)R12(?)T7,1()\)Ru()\/ﬂ) (5.76)
is an (ABCD)-quantum type algebra.

We can also use the (ABCD)-quantum type algebra to understand the second algebra introduced by
Sklyanin in [177]. Indeed, taking the dual algebra T’y from (5.62)), let us consider:

(R /) Tea ) [ (R /) | T o)

= () | (R Ova/) | Taa () (Bi () (5.77)
By using the crossing unitarity of the 6-vertex R-matrix:
1\? 1)’
R, (V) Rb(1/A¢%) = (q - q) - <Aq - /\q) (5.78)
as well as the unitarity property:
RaRR/) = (1-2) (- 1) (5.79)
and the fact that for this R-matrix, it also holds:
Riy(N) = Ri3(\) (5.80)
this dual reflection algebra reads:
Ria(p/A) Ty (A) Raz(1/Apg) T 2(p) = T 2(p) Ra2(1/Ang) Ty 1 (A) Raa(p/A) (5.81)

Thus it is the second reflection algebra introduced by Sklyanin, cf (up to the definition of T\ with
a transposition). Let K i“o()\) be a scalar representation of this dual reflection algebra . Then we
immediately know that the boundary transfer matrix studied in chapter 4, given by , is a commuting
family. Here, we add the upper-script (6V') to emphasise that this matrix is constructed from the 6-vertex
R-matrix:

TV (NPl Po) = tro {K 1o(\Uog (N Pyl Po)} (5.82)

Let us recall that in chapter 4 we have shown that the boundary transfer matrices associated to
the Bazhanov-Stroganov Lax operators (1.72) have simple spectrum. Let us see what happens when
considering two non isomorphic spaces.

5.3 Mixed reflection equation

In this section, we start the study of mixed representations, i.e. the reflection equation for two non
isomorphic spaces 1 and 2.

We consider thus the reflection equation for mixed representations, with a space V, ~ CP
(quantum space) and a space Vy ~ C? (auxiliary space). The Bazhanov-Stroganov Lax operator mixing
both the representations, our starting point is thus the following mixed reflection equation, associated to
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the known scalar matrix Ko(\) (2.25)) in the auxiliary space:

L™ (Pal A\l Pe) Ko(N) Ly (A Pl Po) Ko (Pal Pc)
= Ko(Pu|Po) L3y (Pa|N Po) Ko(X) Loa (A Pu| Pc) (5.83)

Similarly to og, the operation 6, is a transformation on the parameters associated to the quantum space:

Loa (NPl Po) = Loa(A[P2*|Pc), St (PalPy|Pc) = San(P|P| Po) (5.84)

which leaves A and Pg unchanged, and which is consistent with the Yang-Baxter equations. That is we
can apply 6, to the Yang-Baxter equation and leaving them satisfied.

A solution to this equation, i.e. both an automorphism 6, and a matrix K,(P,|Pc) in the quantum
space, is a first step toward the computation of the fundamental boundary transfer matrix. This one will
serve to derive the local Hamiltonian, and the matrix K,(P,|Pc) will take part in the description of the
boundaries of the system.

An interesting point of view is to consider that the matrix K,(P,|Pc) can be seen as a scalar repre-
sentation of the following algebra, generated by the elements of a matrix T satisfying:

L7 (PalA [ Pe)To(\) L (A Pa P)T—a(Pa) = T-a(Pa) LI (PN P)T o (N Loa(A[PalPe) (5,85

In order to interpret (5.85) as an (ABCD)-quantum type algebra, the operators Lo, and Lgy must
satisfy the Freidel-Maillet compatibility, cf relations (15) of |220].

Proposition 5.3.1. Let us take parameters such that a set Po ensures the existence of an intertwiner
(5.1). Then, once we do the identification:

Lao(Pa|NPc) = Lyt (M Pa| Po) (5.86)
the algebra (5.85)) is an (ABCD)-quantum type algebra.

Proof. To show the proposition, only the compatibility conditions have to be checked. So one needs to
verify the eight relations (15) of [220], as (5.59), when the third space (labelled 3) is of dimension 2 and
also when the third space is of dimension p.

Let 0 and 0’ be two indexes denoting two spaces of dimension 2, V and V{y, and let a and b be two
indexes denoting two spaces of dimension p, V, and V.

The proof relies on the following identifications:

Apy = RZ7° 3 Apge = L53% and Ay = SprPe (5.87)
Boy = RS 3 Bou=Li and By =S% (5.88)
Cov =Ry 3 Coo=1L3 and Cu = Spe (5.89)
Doy = Roor ) Doo = Loa and  Dgp = Sap (5.90)

where R, L and S are of course respectively the 6-vertex R-matrix, the Bazhanov-Stroganov Lax operator
and the fundamental R-matrix. Accordingly to the spaces, the automorphisms are ¢9 = o¢ on two-
dimensional spaces and ¢, = 6, on p-dimensional spaces.

With this identification, when the third space is taken bi-dimensional (and denoted 0'), the equation

(5.59) can be written:

Loy™ Ry Lo = Lo Ryfy ™ L™ (5.91)
Using the fact that o and 6 are automorphisms, it must hold:
LaoRooLoa = LoaRooLao (5.92)

so that the identification of the proposition is well-posed, using the mixed Yang-Baxter equation (|1.12]).
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The same holds for all the other relations: when the third space is taken bi-dimensional, the equation

(1.12)) ensures the compatibility.
When the third space is taken p-dimensional (and denoted b), the equation (5.59) is written:

0000 70,00 @0b0a _ 70400 70000 QObba
LaO LbO Sba - LbO LbO Sba (593)

Then using the identifications introduced, this equation is equivalent to the intertwining relation (5.1)).
The same holds for all the other conditions: when the third space is taken p-dimensional, the equation
(5.1) ensures the compatibility. O

Let us note that this compatibility condition is also imposed to be able to dress scalar solutions of
5.83) by Yang-Baxter solutions, in order to get new solutions of (5.83)), i.e. non scalar representations of
5.85)).

5.3.1 Choice of the automorphism 6 and symmetries

In this paragraph, we define an automorphism 6 describing the reflection in the cyclic space.

According to the fact that Po must be invariant under the action of 8, we restrict ourself to look for
solutions to the above problem once we impose one condition on the parameters Pc.

In particular, we impose:

L=-M for parameters of point A) of proposition m (5.94)
R =0 for parameters of point B) of proposition (5.95)
and T? =1 for parameters of point C) of proposition (5.96)

In this context we can define the local transformation 6,, acting in space V,, as it follows:

9@ : (aavﬁavfyav(savaaabmcavda) - (_’Yav —5(1, —Qq, _Bavaaabmcaada) (597)

or equivalently, using the parametrisation with points in C*:

2 2
q q 1 1 TQ,TR,
00 1 (TQus TRy » YQu> YRas Ta) — ( — Do He )

’ ) y —50a D) (598)
TRy *Qo YRo YQa 4"YQ.YRa

This acts only on the local parameters P, of the space V, while leaving the parameters A\ and Pz un-

changed. In particular ng , Sgg and Sggea exist when Sy, exists. Moreover, the 6-vertex consistency

conditions:
AgYa = AaCq and Baaa = b.d, (599)

are invariant under 6, so that the action of 6, on the Yang-Baxter equations leaves all them satisfied.

Remark. There is a point that could be investigated further: the existence of an automorphism 6 which
does not require — and which reduces to our definition of 60 when these conditions are satisfied.
If there exists such an automorphism, the results we will obtain should remain true in a wider class of
parameters. It is worth to mention anyhow that the conditions — correspond to still quite
general G-vertex cyclic representations which contains as specific representations those associated to the
chiral Potts, the sine-Gordon model and the XXZ spin chain at the root of units.

Symmetries and rewritings
Following from the definitions of oy and 6,, by direct computation one can show:
LY (Pa|A|Po) = = Loa(A| Pa| Po) (5.100)

Let us comment that, using the identifications (5.87)) and (5.88)), the dressing of a scalar representation
Ko(\) of the reflection algebra (5.58) by the operators Ao, = —Lon (| P.|Pc) and By, = Lyt (q/\Pn|Po)
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(for Vp a bi-dimensional space and V;, a local quantum space of dimension p) leads to the construction of
the boundary transfer matrix Uypg (A Pg|Pc).
Moreover, we have the following identity:

Proposition 5.3.2. When it exists, the fundamental R-matriz satisfies:

Spe?e (Py|Pa| Po) = Sap(PalPs| Po) (5.101)

Proof. Looking to the mixed Yang-Baxter equation (5.1)), and using (5.100)), we can prove that it holds:
Sy (Py| Pa Pe)) o€ Sap(Pal Py| Po) (5.102)

In fact, looking to the definition ([5.17)) for the intertwiner Sy,, one can prove by calculations that the
proportionality coefficient is one. O

Let us use now the symmetry outlined above to rewrite the mixed reflection equation (5.83)). This can
be put under the form:

Loa(A Pal Po) Ko (N L34 (Pal\ Pe) K Pal Por) = Ka(Pal Pe) L2 (PulMPe) Ko\ Loa (APl Pe)  (5.103)
or equivalently:
LOa(Alpa|PC)K0()‘)Lgaa()\|Pa|PC)Ka(Pa‘PC) = Ka(Pa|PC)LgZ(/\‘Pa|PC)KO()‘)LOU,(A‘PG|PC) (5104)

These symmetries are of prime interest, as we are now able to show that these equations contain the
equations obtained by the fusion procedure (cf paragraph [2.3.3)):

The fusion procedure as a particular case

Let us rewrite the mixed equation proposed by Nepomechie et al for the fusion case [237]. Using the
symmetry of the 6-vertex R-matrix, it can be rewritten in the form ({12) denotes the fused space, of
dimension 3):

Ro12) (A P2y ) Ko(A) Ry (Prasy IV K gy (Pray)
= K15 (Pazy) Ry 0 (Pazy | N Ko (A€) Rocazy (Al Pasy) (5.105)

Here we have done the identifications:

Pagy=p and Rog12y(A|Pazy) = Roqay (M) (5.106)

and & is defined, on the space 0, by:
Ggo @ A—1/A (5.107)

Let us observe that the 6-vertex cyclic representations corresponding to these fusion procedure are con-
tained in point D) of proposition It is now easy to remark that a part the shifted definition of the
&0 with respect to og, the equation proposed by Nepomechie et al [237] is a particular case of the equation
(5.103) and so it is equivalent to the reflection equation (5.83).

Let us comment that the shift in question is due to a different choice of convention. Indeed, in [237]
they base on the reflection algebra T of Sklyanin (equation (12) of [177]) while in this thesis we consider
the shifted version, the algebra U (equation (35) of [177]).

5.3.2 Solutions of the mixed reflection equation

The aim of this paragraph is to compute solutions of the mixed reflection equations. In a first part, we
show how to dress a known scalar solution K,(P,|Pc) to get a solution in the whole quantum space.
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Then, we explicitly find a scalar solution K,(P,|P¢), associated to a diagonal boundary matrix in the
space V. As we have already seen, the knowledge of such matrices are of prime interest, as they will
allow to describe integrable boundaries for the models associated to the 6-vertex cyclic representations.

Dressing of solutions

Let us suppose that one knows a matrix K,(P,|Pc) solution of the mixed reflection equation. In this
short part, we dress this boundary matrix to get a solution of the mixed reflection equation in the whole
quantum space. Later on, subscripts n € [1, N] will refer to the local quantum spaces V,, ~ CP.

Proposition 5.3.3. Let us define the fundamental boundary monodromy matriz:
0004 6
Vaq(Pal Po|Pc) = Sg3 " (Pl Pul Po) Ko (Pa| Po) S, (Pal| Pol Pe) (5.108)

where we have defined:

Se2% (Po|PulPe) = S%%(Py|PulPe) - S8 (Py|P,|Pe) (5.109)
and S,&(Pa|Po|Po) = SU(PalPi|Pe)- - SIN(Pul Py| Pe) (5.110)

Then, it satisfies the following mized reflection equation:

L2%7° (Pa| M Pe)Uoq (A Pq| Po) L (A Pu| Po)Vaq (Pa| Po| Pc)
= V@ (Pl Po| Po) LG (Pal| A Po)Uoq (A P | Pc) Loa (A Pa| Pc) (5.111)

where Upg (M| Pg|Pc) is the boundary monodromy matriz (studied in chapter 4).

Proof. The proof is a direct consequence of proposition using the identifications ((5.87) and ([5.88)).
O

The next proposition states the unicity of the solutions:

Proposition 5.3.4. Up to a normalisation the following statements are true: i) there exists at most
one K,(P,|Pc) solution to the corresponding mized reflection equation once Ko(A) is fized. ii)
if the Ko (Pa|Pc) associated to Ko(X\) exists, then Voq(Pa|Pg|Pc) is the only solution of once
Z/[()Q()\|PQ|P0) 8 ﬁwed.

Moreover, if the normalisation can be fixed such that:

Ko (PJ*|Po) = K} (Pa|Po) (5.112)
then it follows :
Ve (Pal Pol Pe) = pac(Pal Pol Pe)paq (Pa PSR | Pe) Vi (Pl Po| Pe) (5.113)
with the scalar function: N
pa(PalPo|Pc) = | | par(Pal Pi| Po) (5.114)
k=1

We recall that the function par(P,|Px|Pc) have been introduced to deal with the unitarity and crossing-
unitarity of the fundamental R-matriz.

Proof. The proof of the proposition is based on the following lemma:

Lemma 5.3.5 (Center of the Reflection Algebra). The centre of the reflection algebra is proportional to
the identity.

This one is easily proven using the basis (4.127)) for the Hilbert space H and the simplicity of pseudo-
spectrum of the operator B(A|a, 8). Then, from the reflection equation (5.83) (respectively (5.111))),
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one can show that K,(P,|Pc)K.(P%|Pc) (respectively VaQ(Pa|PQ\PC)ng(Pa|PQ\PC)) is central with
respect to the reflection algebra associated to Uygaqy (A Pa, PglPc), the dressed boundary monodromy
matrix on a chain with N + 1 quantum sites, the last site coinciding with V. The relation follow
from the appropriate choice of normalisation. O

Scalar solutions to the mixed reflection equations

Let us compute now an explicit scalar solution of the mixed reflection equation. In this paragraph, we
restrict to the case of a diagonal Ky(\) solution of the original 6-vertex reflection equation, i.e. a matrix
Ky(M[E,0,0) given by . For this type of boundaries, we could construct the unique associated scalar
solution in the quantum space of the mixed reflection equation. The following proposition holds:

Proposition 5.3.6. Let Pc be a set of constant parameters such that the fundamental R-matriz
Saq(PalPg|Pc) exists and let us denote P, the arbitrary parameters of the cyclic representation in the
space V. Then the mized reflection equation (5.83|) admits the following non-trivial solution:

e In the framework of points A) and B) of proposition the boundary matric K,(§|P,|Pc) is
diagonal in the V-basis (cf. (L.77))), and its elements satisfy:

<h+ I‘VKG(E‘PG|PC)|h+ 1>\A’ — _Vathrl/Q +5aqk7(h+1/2) Vhe {O p_2} (5 115)
(hly Ka(§]|PalPc) )< aaq" 12 + Bagh= (1) '

This solution exists if and only if the boundary parameter & satisfies:

0L /€2 — AP

of — pjem ~ (o419

e In the framework of points C) and D) of proposition satisfying moreover the identities:

Ca (5.117)

for a given j € {0,...,p — 1}, it holds for any value of & that the boundary matriz K,(¢|P,|Pc) is
diagonal in the V-basis and its element satisfy:

(h+ 1o Ko (€| Pa|Po)|h + 1) Yaq" 2 — §,q (PH1/2) j¢2

= — h | — 2 11
Tl K€ Pal P ) g TP~ oq Oz E Ui =2 (5.118)

Proof. The idea is to consider the reflection equation as four equations in the auxiliary space of
dimension 2, with elements in the quantum space V;,. The fact that K, (P,|P¢) is diagonal (in the ¥-basis)
follows from the fact that Ky()) is diagonal, and from the equations associated to the elements (1,1) and
(2,2) of the auxiliary space. Then, looking for diagonal solutions, we find the result of the proposition.
Let us comment that the condition is a compatibility condition, needed to ensure the periodicity
of the solution. For nilpotent models, no condition is required. O

Remark. Let us mention that the scalar solutions of the reflection equation hold when the set Po is
general, namely the extra constraints — are not necessary. For further applications, we will
nevertheless have to impose these constraints, leading to the following simplification of the compatibility
condition .' the boundary parameter & must satisfy €2 = —q~*, for some k € {0, ...,p — 1}.

Thanks to the previous proposition, we can compute diagonal boundary matrices in the v-basis. Let
us mention that the existence and the derivation of non diagonal solutions is currently under examination
as it can lead to describe more general boundaries for these classes of representations.

5.3.3 The dual mixed reflection equation

In this paragraph, we consider the dual mixed reflection equation. As we have already seen, it allows to
define a family of commuting operators. First we rewrite this equation in a more handleable way, and
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then we find diagonal scalar solutions similarly to the original equation, i.e. associated to a diagonal scalar
boundary matrix K;q(A).

For a general cyclic representation, the mixed dual reflection equation associated to the most
general scalar solution K, q(\) of the 6-vertex dual reflection equation reads:

(Lo (ALPa|Pe))ot KooV [ (LM PS [Po) | Kva(Pal o) =
K ca(PalPo) [ (L P2 Pe)) | KoM (Lt NP P (5.119)

In order to solve the problem to compute the scalar solution K.,(P,|Pc), we show the following
rewriting:
Proposition 5.3.7. The dual mized reflection equation (5.119)) is equivalent to the equation:
Kiaa(Pa|PC)LOa(l/qA|Pa|PC>Kf&PO(A)L6;<>‘|Pa|PC> =
Laal(/\|Pa|PC)K$JO()‘)L0a(1/q)“Pa|PC)Kiaa(Pa|PC) (5'120)

Proof. The equivalence is shown with some simple computations, using the transposition on the different
spaces. The key is that we can show

—17%
(2, PE 1 Pe)) ] o Loa(1/aN| PulPe) (5.121)
which is proven also using the definition of the quantum determinant ([1.46]). O

Scalar solutions to the dual mixed reflection equations

As before, in this part we restrict to the case of a diagonal K, () solution of the dual 6-vertex reflection
equation, i.e. a matrix K,o(A&0,0) given by . For this type of boundaries, we construct the
associated scalar solution in the quantum space of the dual mixed reflection equation. The following
proposition holds:

Proposition 5.3.8. Let Po be a set of constant parameters such that the fundamental R-matrix
Saq(Pa|Pg|Pc) exists and let us denote P, the arbitrary parameters of the cyclic representation in the
space V. Then the dual mized reflection equation (5.119)) admits the following non-trivial solution:

o In the framework of points A) and B) of proposition the matriz K ,(§|P.|Pc) is diagonal in
the V-basis and its elements satisfy:
(h+ 1 Kyo(§| Pl Po)|h + 1 aaqh71/2 + Baqki(hil/z)

The solution exists if and only if the boundary parameter £ satisfies:

pre — a

b - (5.123)

e In the framework of points C) and D) of proposition satisfying moreover the identities:
b=—q¢Y"ta, d=—-¢*""c (5.124)

for a given j € {0,...,p — 1}, it holds for any value of & that the boundary matriz K.(&|P,|Pc) is
diagonal in the v-basis and its element satisfy:

<h‘ + 1“7K+a(§|Pa|PC)‘h + 1>(, . _aaqh_1/2 _ ﬁaq—(h—1/2)§2
<h‘{'K+a(§|Pa|Pc)‘h>‘; B fyaqh+3/2 _ 5aq‘(h+3/2)§2

Vhe{j,..p+7i—2} (5.125)
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Proof. The proof follows the same line as the one dedicated to the proof of the mixed reflection equation,
using the form (5.121]) for the equation. A similar condition on the boundary parameter £ is needed to
ensure the periodicity. O

Remark. As for the reflection equation, let us mention that the scalar solutions of the dual reflection
equation hold when the set P is general, namely the extra constraints (5.94)-(5.96|) are not necessary.
However, it is important to note that when these ones are imposed, the condition (5.123) reduces to

the same condition as for the reflection equation, namely & has to satisfy: € = —q=*, for some k €

{0,...,p—1}.

Remark. In the same way as for the original mized reflection equation, let us comment that the question
of the existence and expression of more general (non-diagonal in the V-basis) boundaries is still under
examination. Nevertheless in the next, K,(Py|Pc) and K. .(P,|Pc) will denote as before, general scalar
solutions of the mized reflection equation and its dual, while K, (¢|Py|Pc) and K44 (€|Py|Pe) will stand for
the explicit diagonal scalar solutions given in propositions[5.3.0 and[5.3.8 We keep these general matrices
just to emphasise that the results that we will present in the next for the fundamental transfer matriz are
not related to the specific form of the boundary matrices but just to the fact that they are solutions of the
reflection equations.

5.3.4 The fundamental transfer matrix

We can now define the fundamental transfer matrix ((5.63)) for cyclic representations of the 6-vertex Yang-
Baxter algebra associated to Bazhanov-Stroganov Lax operators:

TUmd)(P,|Po|Pe) = tra {K va(PalPc)Vaq(Pal Po|Pc)} (5.126)

Here K j_“a(Pa|Pc) is a scalar solution of the mixed dual equation, and V,q(P,|Pg|Pc) is the fundamental
boundary monodromy matrix defined by . In this definition, the space V, can be considered as an
auxiliary space, but this time of dimension p. Thus the set P, of two parameters can be considered as a
set of spectral parameters for the fundamental transfer matrix.

Using the fact that the mixed reflection algebra and its dual are (ABCD)-quantum type algebras, it
immediately holds the following proposition which is at the heart of the computation of local Hamiltonians
commuting with the 6-vertex boundary transfer matrix:

Proposition 5.3.9. Let Pc be a set of constant parameters ensuring the existence of the fundamental
R-matriz S,q(P.|PglPc) and satisfying the associated constraints (5.94), (5.95) or (5.96), and let P, be
the set of two spectral parameters on the space V,. Then it holds:

[T (Pl P | Po), TV (A Po|Pe)] = 0 (5.127)

Let us comment that this commutativity can also be proved by a direct computation, using an approach
a-la Sklyanin. Moreover, to compute local Hamiltonians which commute between themselves, we will use
the essential next proposition:

Proposition 5.3.10. Let Po be a set of constant parameters ensuring the existence of the fundamental
R-matriz Sqq(Pa|Po|Pc) and satisfying the associated constraints (5.94), (5.95) or (5.96), and let P, and
P! be two sets of spectral parameters on the space V. Then it holds:

[T (P, | Pg| Pe), T (P, | Po| Pe)] = 0 (5.128)

Proof. The proof is based on the simplicity of the spectrum of 76V)(\|Pg|Pc), which has been derived
in chapter 4. Indeed, let |7) be an eigenvector of 7(V) ()| Pg|Pc):

T\ PolPe) ) = T(A|PolPe) | (5.129)
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with 7(A\|Pg|Pc) the associated eigenvalue. Thanks to proposition and the mentioned simplicity, we
can set
TUD (P, |Po|Pe) 1) = 7(Pa| Po|Pe) |7 (5.130)

with 7 a scalar function. Then, using the proposition we know that for almost all the parameters
the set {|7)} of all the eigenvectors forms a basis of the Hilbert space.

Thus the equation holds for almost all the values of the parameters. Observing that the
fundamental transfer matrix 7/%"4)(P,|Pg|Pc) is a rational fraction in all the parameters, then the
left hand side of is a continuous functions of the parameters zero almost for every values of the
parameters and so it is identically zero and is proven. O

This fundamental transfer matrix family plays a crucial role in the determination of local Hamiltonians
for models associated to cyclic representations, it is the purpose of paragraph to explain how. Let us
early mention that the main point to understand this is the fact that we could compute a fundamental
transfer matrix which is similar to the standard one 7(6V), but which has an auxiliary space of dimension
p- Thus the auxiliary and quantum spaces are isomorphic for this matrix and the hope, to compute local
Hamiltonians, is to be able to use a similar standard computation than the one dedicated to fundamental

models (cf paragraph [2.3.2)).

Before to end this section, we emphasise on the link between the mixed reflection equation and its dual
(for the particular diagonal boundary matrices), and we eventually give a reflection equation at a cyclic-
cyclic level. As we will see, this latter point has to be investigated more (this work is under consideration)
to be able to deal with an (ABCD)-quantum type algebra at a cyclic-cyclic level.

5.3.5 The dual mixed reflection equation from the mixed reflection equation

In this paragraph, we make explicit the link between the mixed dual reflection equation and its dual.
First, from the expression for the K,(¢|P,|Pc) and K,(&|P,|Pc) boundary matrices, cf. propositions

[(.3.6] and [5.3.8] it follows the corollary:

Corollary 5.3.11. The scalar solution K .(&|P,|Pc) of the dual reflection equation can be written in
terms of the original K, (&|P.|Pc) as it follows:

K 1a(§|Pal Pe) = Ka(1/|PE*| Po) (5.131)
where we make use of the automorphism 0, acting on the parameters as:
éa (4, Bay Yas Oas Gas ba, Car da) = (—qVas —0a/q —a/q, —qPBa, Aa; ba, Ca, da) (5.132)

Using the parametrisation with points in C*, we have:

3 3
Y q q q q TQ.TR,
00 : (£Qu> TRy > YQus YRas Ta) = ( —_— Y, —, 0 ) 5.133
a ( Qa> » JQ a) xRavaa yr. V0. GQQQQQyRa ( )

This property is the equivalent of the link (2.26]) between the boundary matrices on the auxiliary space
Vb of dimension 2. As a consequence, we can show the next proposition:

Proposition 5.3.12. The original mized reflection equation (5.83|) for the diagonal scalar boundary ma-

triz K,(§|Pa|Pc) reduces to the dual one ((5.119) for the diagonal scalar boundary matriz K ,(1/§|Pa|Pc)
under the transformation oo, where oq is the following involutive automorphism on the auziliary space:

Go i Ao~ (5.134)
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The proof directly follows from the action of 6o on Ky(Al€):

K (M€) = K o(A[1/€) (5.135)

and the following two identities:
Loa(AIPf*|Pc) = Loa(Aa|P2*|Po) = — Lo} (1/X| Pal Pe) (5.136)
and  Loa(Al (P%)" |Po) = Loa(MalPal Po) (5.137)

We end this section by giving some properties related to the operation 6, allowing to write differently
the equations. By a proof similar to the one of proposition [5.3.2] one easily shows:

Soi O (Pa| Po|Pe) = Sypa(Py| Pal Pe) (5.138)
Moreover, the three operations 6, § and T (introduced in (5.50))) are linked via the obvious identity:
00 = 6o 111 (5.139)

Then, in order to write the dual mixed reflection equation in a form similar to the original one, we can
introduce the operations: o
¢0 = 5’0(705’0 and \I/a = 0a9a9a (5140)

The dual mixed reflection equation can be written:

LY (N Po| Po) K 4o(A€) L¥s (A Pa| Po) K 4o (€| Pa| Po) =
K1 o(€|Pal Pe) LY (N P Po) K +o(A€) Lao (A Pa| Pe)  (5.141)

Thanks to this form, we can state the following:
Proposition 5.3.13 (Equations at a cyclic-cyclic level). Let K, (¢|P.|Pc) and Ky(E|Py|Pe) be the two
diagonal solutions of the mized reflection equation (5.83)). Then they satisfy the following cyclic-cyclic
reflection equation:
c(Pa, Py, Pc) Sys’ (Py|Pa|Po) Ka (€ Pal Po) gy (Pa| Py | Po) Ky (€] Po| Pe)
= Ky (|Py| Po) Sy (Py| Pul Po) Ka(€| Pal Pe) San (Pl Pyl Pe) (5.142)
The dual matrices Kyq(&|Py|Pc) and Kip(€|Py|Pc), solutions of the dual mized reflection equation

(5.141)), satisfy:
c(Pl, P, Po)Sue ™" (Pa| Po|Pe) K 4 (€] Pal PO) Sit? (Py| Pal Pe) K 1 (] Py Por) =
K 3 (E|P|Po) Sy (Pal Py| Po) K 1o (€| Pal Pe) Spa (Po | Pa| Po) — (5.143)
The scalar ¢( Py, Py, Pc) satisfies, for any sets of spectral parameters P, and Py, the following properties:

1 1 1
(P, Py, Po) = - _
( b, Fo) c(Py, Py, Po) c(Paa“,Pb,PC) c(Pa,Pbeb,Pc)

and (P, Py, Pc) =1 (5.144)
The equation (5.143)) can be equivalently written:

(S (Pl Bo|Pe)) " K sal€lPulPe) [ (S15(PL 1PP)) ] Kon(elBoIPe)
= (Pl B Pe)K (€l B Pe) [ (S5 (P 1By Pe)) | Keal€lPalPe) (S3M(Pal By Pe)) ™" (5.145)

where t, and t, are the transposition on spaces a and b respectively, given in the G-basis.
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As it will be shown in paragraph 5.5, we can explicitly compute this scalar for p = 3, and it indeed
reduces to one. The proof that this is the case for any value of p odd is currently under consideration.

Remark. The interest in this proposition is that, with dressed solutions of these cyclic-cyclic reflection
equations, one could provide a direct proof of the commutativity of the fundamental transfer matrices be-
tween themselves, with the standard procedure induced by the (ABCD)-quantum type algebras (see )
In this way it would avoid the indirect argument that we have used, based on the simplicity of 6-vertex
fundamental transfer matriz.

5.4 Expression of local Hamiltonians

Now that the reflection equations have been studied, and that we explicitly know some boundary matrices,
we can use them and tackle the problem to define integrable local Hamiltonians associated to cyclic
representations of the 6-vertex reflection equation.

Let us consider the fundamental transfer matrix associated to the diagonal boundary scalar matrices,
with boundary parameters denoted £_ and &,:

T (Py|Po|Po) = tro { K a(&s |Pal Po)Vag(Pal Po|Po)} (5.146)
with oo .
Vaq(PalPo|Pc) = S, (Pl PalPo) Ka(§-| Pl Pc) Sy (Pal Pl Pe) (5.147)

Making use of 7 the standard procedure in order to define local Hamiltonians consists in taking
its (first order) derivative with respect to the spectral parameters, in a particular value (see paragraph
2.3.2)). Indeed, for the fundamental transfer matrix, the auxiliary space V, and the local quantum spaces
V,, are isomorphic so that one can try to derive local Hamiltonians following the procedure introduced by
Sklyanin in [177].

In this section we show that for cyclic representations, the first order derivative does not produce
non-trivial local Hamiltonians. However, one can compute the second order derivative and obtain from
it the local Hamiltonians. At the end, we get a model of interactions where the two boundary matrices
K, (&_|P,|Pc) and K1 4(&+|Pa|Pc) effectively describe the left and right boundaries of a chain, and where
the nearest neighbour interactions are given thanks to derivatives of the fundamental R-matrix.

5.4.1 First order derivative of the fundamental transfer matrix

Following Sklyanin’s procedure [177], an important property is needed to construct local Hamiltonians
from the fundamental transfer matrix: there must exist at least one set of spectral parameters such that
the boundary matrix K, (P,|Pc) reduces to the identity and such that the fundamental R-matrix reduces
to the permutation operator. This property is satisfied for the models under consideration:

o The matrices K (¢|P,|Pc) and K (§|P,|Pc) reduce to the identity when the spectral parameters P,
belong to certain hypersurfaces. Indeed, let us introduce the sets:

P~ ={P, = (2Q., TR, ¥YQu>YRa>0a) | T.2R, = ¢° and Yo, yr, = 1} (5.148)

and Pt = {Pa = (2Qu» TRy YQusYRu» Ta) | TQ. TR, = 1/¢* and YQ.YRa = q2} (5.149)

Then we have, by choosing the appropriate normalisation for the boundary transfer matrices, that
for any complex parameter £ it holds:

VP e P, K(¢|P;|Po)=1 and VPfePt, K, (¢|Pf|Pc)=1 (5.150)

e From the Yang-Baxter equation, we directly have that for any set P of spectral parameters:

Sab(P|P|Pc) = Pap (5.151)
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where P, denotes the permutation operator between the spaces V, and V.

Moreover, from the definition of the action of # on the parameters, it is clear that:
VP~ e P, S%(PT|P~|Pc)=Pu (5.152)

Definition 5.4.1 (Homogeneous chain). Let P be a set of spectral parameters. A chain is said homoge-
neous when, on every site n, the quantum parameters P, are given by P, = P. For brevity, we will simply
denote this by Pg = P, where the meaning is Vn € [1,N] , P, = P.

Let P~ € P~, and let us denote (2, zr,YqQ,Yr, o) its (non-independent) components. The standard
computation to get local Hamiltonians is to calculate the first derivative of the fundamental transfer
matrix in the homogeneous limit, i.e. where the chain is homogeneous (Py = P~) and where the spec-
tral parameters are evaluated in the same values (P, = P~). Indeed, one can then extract from the
obtained formula the expression of Hamiltonians which commute with the fundamental transfer matrix
(see paragraph [2.3.2).

So let x, be a component of the set of spectral parameters P,. We aim to compute:

d TUwnd (P, |Pg|Pe)
dx,

(5.153)

P,=P—
Po=P~

Proposition 5.4.1. The first derivative in an homogeneous limit P~ € P~ of the fundamental transfer
matriz has the following expression:

d TUwnd)(P,|Pg|Pe)
dz,

BN R e CATALLS
@ dz,

N—-1
} +tro {Kya(§4|PT|Po)} Z HISL;H
P,=P- k=1
Po=P~

P,=P-

dK,(§-|P1|Pc)

+trg {K+a(f+‘P_|PC)} da

+trg {K+a(§+|P_|PC)HI(\f3} (5.154)
Pi=P—

The local interactions are given by:

z ds Pry1|Pr| P ds, Pry1|Pr| P
Hzi712+1: k+1,k£l k+1| Pk | Pe) Peper + Posis k+1,k£l k+1| P Po) (5.155)
Th+1 Prp1=P~ Tk+1 Pyi1=P~
Pp=pP~ P=P—
and dSan (Py|Pn| P dSon(Py|Pn| P
i) - W LelPlFe) Pua+ Py Dex(LelPy|Fe) (5.156)
dz, P,—P- dz,, P,—P-
Pny=P~ Pn=P—
The upper-script (x) emphasises on the fact that we derive in the direction .
Proof. The proof is a direct computation. We have:
d TUwnd) (P, |Pg|P dK 4o (€4 |Pa| P
TUmD(PRGIP) [ KPPy oo
dq Py=P- dq P,=P-
Po=P~
V.0 (Py|Pol| P
+tro { Kool |P7|Pe) Q(d| olPc) (5.157)
Tq P.—p-
Po=P~

Then using the properties (5.151)) and (5.152)), we have V,o(P~|P~|Pc) = 1. Indeed, the unitarity in the
point P~ gives p(P~|P~|Ps) = 1.
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For the other term, it holds:

6.0
dV.q(P,|Pg|P, dSg. @ (Po|P,| P
Vaq (Pl Pg|Pc) _ d5q, " (Po|Pu|Pe) Kale_|P-|Po) S'(P- 1P~ Pe)  (5.159)
dl'a P,=P— d.’L’a _p-
PQ=P~ P;:P*
o dK.(6_|P|P, o
+Sem @ (P~|P~|Pc) % SI3(P|P7|Pc)  (5.159)
a P,=P-
6
ds’e(p,|Po|P.
FSLP 1P Pe) (e P pe) Cea TRl (5160
“ Py=P—
Po=P~

Each one is now calculated using the reduction to the permutation operator in the special value P~
considered here. O

Two comments are required. The first one concerns the interactions H ]ixlz +1- Indeed, let us introduce
the following notation :

p@ _ BSk1k(Per| PilPe) dSan (Pu|Pn|Pc)

= Preirs and hY) = Prna (5161
kk+1 d$k+1 Poy1=P- skt N dz, S N ( )
Pp=pP~ Py=P—
Then the local interactions can be written:
HE) = I+, and HG) = G+ hiy (5.162)

Let us early mention that within this formalism, the bulk Hamiltonian for a chain described by the re-
flection algebra (so with integrable boundaries) is a symmetrised version of the bulk Hamiltonian obtained
for the same chain described by the Yang-Baxter algebra (with quasi-periodic boundary conditions):

o () (z)
refle x x . Y —B T
(o) hed e e (g ren) e ey

We shall come back later to the impact of the boundaries on the bulk interactions, for some specific models
in paragraph

The second comment concerns the Hamiltonian itself. Indeed, one is tempted to divide by the quantity
tro {K+a(§+|P~|Pc)} and thus to obtain an Hamiltonian which expression is extremely similar to the one
derived in , paragraph However, as it is explained in the following paragraph, this cannot be
done when one considers cyclic representations.

5.4.2 Peculiarities for cyclic representations

As already mentioned, for cyclic representations some technical difficulties emerge due to the fact that q
is a p!" root of unity. In particular, the following proposition holds:

Proposition 5.4.2. For cyclic representations (associated to diagonal boundary matrices), the first order
derivative of the fundamental transfer matrix reduces to a scalar multiple of the identity:
d TUund)(P,|Py|Pc)

P _
VP eP, ar. -

o 1 (5.164)

As a consequence, the proof that the local Hamiltonians commute with the boundary transfer matrix
cannot be done using this derivative.
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The aim of this paragraph is to give the main steps of the proof of the proposition. It relies on the
propositions and One important property is given by the corollary [5.4.4] stating that the trace
of the boundary matrix try {K.,({+|P~|Pc)} is zero. In particular, it explains that we cannot define
local Hamiltonians of the form . The proofs of the propositions and are based on the
fact that in the special homogeneous limit P~ considered, we can give an explicit and handleable formula
of the right and left boundary matrices, in terms of the operators ¥. Indeed, in this point, the recursion
formulas of the propositions and can be solved explicitly.

Proposition 5.4.3. In the i-basis, the diagonal elements of the matrices K ,(§|P~|Pc) and K, (¢|P*|Pe)
are vanishing:

V(P_7€)EP_®C ’ Vhe [[pr_l]] ’ <hﬁK+a(§|P_|PC)|h>ﬁ =0 (5165)

V(P e P @C, Yhe[0,p—1], (g KalelPHIPo) )y =0 (5.166)

We chose to give here the explicit proof, as it introduces an important reconstruction of the boundaries
matrices that will be used later.

Proof. We show the first relation ([5.165)). From proposition[5.3.8] we know the ratios defining the diagonal
coefficients of the matrix K,(&|P,|Pc) in the ¥-basis. At the special point P, = P~ this ratio R;:r)

(5.122)) or (5.125)) can be written:

h)
rH _ 21l 5.167
with f(h) = ¢** — s, where s = 0¢¢? is a scalar depending on the parameters at the homogeneous limit
P~ and on the boundary parameter &.

Thanks to the specific form (5.167)) of these ratios, we can compute:

— 1 1
Bl KPPV W, = N (i — = s )
FO10)

where the pre-factor N is explicitly given by N = (0|, K44 (§|P~|Pc) |0), T (5.168)
—q

The key observation to note is that we can then give an expression of the matrix K ,(&|P~|P¢) in terms
of the v operators:

N N
K, .(¢|P|Po) = — 5.169
+ (5‘ | C) q2{72_5 92— g ( )
Now, the cornerstone of the proof is the following inversion formula (see (5.12) of [145]):
1+yP ry
VyeC, —>—= > (=1)y/v% 5.170
veC, j;)( Y y'v (5.170)
which leads, with a simple computation, to:
. sPTh
K. o(€|P7|Pg) = Z C; v¥  with ¢ :/\/1 —° I (g% —1) (5.171)
It follows the proposition as:
(hlg Kya(§lPT[Fc) [hyg = Z Cj (hlglh=j)g=Co=0 (5.172)

Using a very similar method, one can prove (5.166f). Let us simply comment that the reconstruction of
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the matrix is different, as it holds:
K, (E|PT|Po) = N (¥972 —t 9P7%) (5.173)

with NV and t are scalars depending on the parameters at the homogeneous limit P~ and on the boundary
parameter &. O

Corollary 5.4.4. In the points where K o.(&|P.|Pc) (respectively Ko (&|Pa.|Pc)) reduces to a scalar, the
trace of Ko (§|Pa|Pc) (respectively Ko (E|P,|Pc)) is vanishing:

V(P76 e P ®C, tro {Kia(€|P |Po)} =0 (5.174)
V(P €) e Pt ®C, tro {K.(€|PT|Pc)} =0 (5.175)

As already mentioned, this is an important obstacle in our way to the computation of local Hamilto-
nians. Moreover, using this corollary, it remains only the term tr, {K 4 ({+|P~|Pc)Hpneo} in (5.154). The
following lemma is then at the heart of the proof of proposition [5.4.2}

Proposition 5.4.5. In any direction x for the derivative, it holds:
V(P ,6)eP~®C try {K+a(§|P*\P0)h§$g} — k@1 and tr, {K+a(§|P*|Pc)hfj§3} — 7@ 1 (5.176)

The two scalars are explicitly known, and given by:

p—1 = p—1
dwW A,
k(@ — Z Ca, —RdaRN( ) Z Wro (ha)Wor(ha + Ad) (5.177)
Aa=0 La Py=P~ .20
Pg=P—
p—1 = p—1
A
and 7@ =Y Ca, %N(a) S Wag(ha + D) Wonr(ha) (5.178)
Au=0 La Py=P~ .20
Pg=P—

In these formulas, the coefficient C; is the one introduced in for the decomposition of the boundary
matrixz in terms of the generators of the Weyl algebra, W and W denote the dilogarithm functions entering
in the expression of the fundamental R-matriz, and the points denoted R and @ are the homogenous limits
of the points R, and Q, of the chain.

The proof of these equalities is rather technical (see paper III). We simply highlight that the heart of
the proof lies in some particular relations satisfied by the dilogarithm functions, for example WQQ (h=1) =
On,1 (the Kronecker symbol). Computing the trace in the G-basis allows to use the proposition which
simplifies the computation. Lastly, we use the reconstruction of K,4(§|P~|Pc) in terms of the
generators of the Weyl algebra, which permits to complete the computations.

This last proposition ends the proof of proposition Indeed, in the expression (5.154f the bulk

N—1
interactions Y, H,glzﬂ are eliminated by the zero factor tr, {K,(&|P~|Pc)} (proposition|5.4.4)), and the
k=1

remaining terms are scalars (proposition [5.4.5)).
Thus the first order derivative reduces to a scalar in the considered limit, and the standard procedure
to obtain local Hamiltonians cannot be used.

5.4.3 Expression of local Hamiltonians

Here, we prove that the second order derivative with respect to the spectral parameters can be used to
express local Hamiltonians and to show their commutativity with the fundamental transfer matrix. The
key point of the computation relies on the fact that the non-trivial expression for the second order deriva-
tive simplifies thanks to proposition In particular, we show that the highly non local interactions
are in fact cancelled.
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Second derivative of the fundamental transfer matrix

Thus we tackle the computation of the second order derivative with respect to the spectral parameters,
in the homogeneous limit, of the fundamental transfer matrix:

d* TUund) (P, | Pg|Po)
dx?

(5.179)
P,=P-
Po=P~

After a rather long computation, with more involved steps than for the first order derivative but of
the same kind (explicit computation of the different terms in the derivative, reduction of the fundamental

R-matrix to the permutation operator, reduction of the boundary matrix to the identity and so on), we
find:

@2 TV (P, | Pyl Pe)

—tr d2K+a(§+‘Pa|PC)
P,=P-

} + tru {KJra €+|P |PC }Hnonlocal

da? da? P,=P-
Po=P~
dK a(g ‘PG|PC) x
+ 2 (tra{ + d;a . +tr, {K+a(§+lp |Pc) H](Va} Z Hkrlg+1
dK ., P,|P, " dK (E_|P,|P,
+ 2| tr, + (§+| | C) +tr, {K.,.a(f_,_‘P |PC) ( )} M
dz,, p.—P- dz; P =P

+ 9t dK+a(§+‘Pa|PC)
“ dz,

($)}+tra {K+a(§+|P |Po)H 2@ >}+2m {K+G(P;|£+) ;ghggv}
P,=P-

2 tr { Kyal&4 [P 1P) [HGL, v bR |} (5.180)

In this formula, Hnonlowl denotes a highly non local and non trivial term, which is however irrelevant in
our calculations as it is multiplied by 0 (proposition |5. . We also introduced:

o d2S,n(P,|PN|P, d28%% (P, | Py| P,
Q@ = aN(d;L N|Pc) Por + Pun aN(dx|2 N|Pe) (5.181)
a P,=P— a P,=P—
PN=P— PN=P—
Moreover, we can rewrite the previous equality (5.180) as:
d? TUund)(p | Py| P, BPK. (6, |P,|P, N2l
TUmD(BIPIP) | _ [ K ea(lPalPe) s o S e
dx P,=P- dag Po=P- =1
PQ:P’ B
Ky (&_|PL|P, K P,|P
Q@ ELE [P Fo) o, dK o (§4|Pal Pc) HE
dxq P =P dx, P.—P-
+trg {K+a(§+|P—|PC)H§\?;(””)} 2 tr, {K+a(g+|P—|Pc)h§$gh;§@} (5.182)

with the scalar (proposition 5.4.5) a®) given by:

NP (m { AE 1o+ PalPe)

dz,

+trg {K+a €,|P~|Pe)H “”} (5.183)
P,=P-
This form ([5.182f) for the second order derivative is very interesting as it is similar to the one obtained
for the first order derivative: we can see the interactions ch\:ll H®)  and two terms only acting on site

Ek+1
1 and site N, the boundaries. What is more, contrary to what happens with the first order derivative,
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the next proposition makes usable the second order derivative both to compute local Hamiltonians and
to show their commutation with the boundary transfer matrix:

Proposition 5.4.6. For generic parameters, and for any direction () of derivation, it holds:
a® £ 0 (5.184)

Proof. The proof uses a continuity argument, similar to the one used previously many times in chapter
4. From the expression , one can see that a(® is a continuous function of the parameters. Then,
it is sufficient to show that there is at least one set of parameters for which a(*) # 0, and the result will
hold for almost any value of the parameters.

So let us consider the following set of parameters:

P, = (anvaa,aan,7an,»Ua) = (q Xasq Xa,XaaXa,E) (5185)
and PN:(‘rQNuxRNquj\myRN;O-N):(q XN, q XN7XN7XN72) (5186)

with x4, xn and ¥ free parameters. The homogeneous limit is given by x, = xy = x = 1. The idea is to
check the behaviour of aX) under the limit ¥ — +o0. After some computations, using for instance the
reconstruction (5.171)), we show that a(X) % 0 for this model, which concludes the proof. O

This proposition leads to another main result of this thesis, exposed in the following conclusion.

Expression of local Hamiltonians associated to cyclic representations of the 6-vertex reflec-
tion algebra

For a(® + 0, we can define the following integrable local Hamiltonians with boundaries:

N-1
z T dK f— Py | P T
wo = Y af),,  TIEIRIPR g p (5.187)
k=1 1 P =P~
where the right boundary (on site N) is given by:
() 1 dK o (€4 | Pal Po) (x)
By (§+1Pc) = @ (2 irq { dr, . Hy,

+mwmm&%m%ﬂwm%M&M%WM%>wm>

Thanks to the commutativity exposed in propositions [5.3.10|and these Hamiltonians commute with
the fundamental transfer matrix and with the 6-vertex transfer matrix for any direction x of derivation:

¥(P,, P )ePRP", [T(f“"d)(Pa|P‘\PC), H(””)] —0 (5.189)
YALPT)eCO®PT, TP IR, MO =0 (5.190)

The left and right boundaries are encoded via the parameters £_ and £, respectively. Let us comment
that similarly to Sklyanin’s procedure [177] for the expression of the local Hamiltonian, cf , the
boundaries have different expressions, with the one for the right boundary seeming much more involved.
We shall come back to that issue very soon, in section [5.5

Remark. Let us comment that in the more general case, two Hamiltonians H®) and HY) of the form
can be obtained thanks to the derivative in two different direction x and y. Then, one can combine
these two expressions with a free parameter z to obtain H = H® + 2 HW) | another commuting family
which commutes with the fundamental transfer matriz and with the 6-vertex transfer matriz. Indeed, from
the commutativity of propositz'on it holds [H(I),H(y)] = 0. Thus the Hamiltonian H depends on
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2 constants of the model (L and N for example, cf point A. of proposition and on another free
parameter z.

5.5 Some explicit (new) models for 3-dimensional local quantum
spaces

In the last section of this thesis, we explicitly study four models of interest with finite cyclic represen-
tation of dimension 3, i.e. at the value p = 3. The fact to take a small numerical value for p allows to
get explicit expressions and thus to develop an intuition for what happens with generic representations.
In particular a symmetry on the boundaries of the Hamiltonians appears, as well as some properties for
the bulk interactions. Moreover, we have results concerning the impact of the boundaries on the bulk
Hamiltonians, and we check the reflection equations at a cyclic-cyclic level.

The models we are considering are the followings. For each of them, we give the parameters

(0, TR, YO, YR, s On) in the quantuml spaces V;, (of dimension 3) of the chain. The same sets of parame-
ters hold in the auxiliary space V, (of dimension 3), simply replacing the subscript n by a. Moreover, we will
give the homogeneous limit of these models, i.e. for which the parameters P~ = (2@, ZR,YQ,Yr,0) € P~
In addition to this, we give an explicit expression for the generators of the Weyl algebra. For example in
the so-called v-basis, it holds:

0
0], with ¢*=1. (5.191)

DN

010 10
a=10 0 1 and v=10 ¢
1 0 0 0 0 g

e The XXZ spin chain at root of unity. In our study, the XXZ spin s = 1 chain can be obtained
with the following set of parameters:
.91 1 1 1
Vne[l,N], o, =q, g, =i€¢“— , Tr, = —qice—, yg, = —ie— and yg, = gie— (5.192)
&n &n &n &n
where € = +1 and &, are free parameters. Indeed, the Lax operator (5.7) reduces to the R-
matrix obtained by fusion [197,/237] from the 6-vertex R-matrix under the following similarity
transformation P.ti.P~! and P.¥.P~! on the generators of the Weyl algebra represented by (5.191)).
The matrix P is explicitly given by:

1.0 0
P={(0 01 (5.193)
0 10

The anisotropy A of the model is related to q by A = (¢+1/¢)/2. For this model, which corresponds
to the point D) of proposition [5.1.4] the homogeneous limit in a point P~ € P~ is obtain when the
parameters satisfy &, = € with &2 = ¢.

This model is used, in this section, mainly as a verification tool. Indeed, as we shall see our method
allows to find back the known Hamiltonian of the spin 1 XXZ chain.

e The super integrable chiral Potts chain. With the following set of parameters:
Yne[l,N], o,=1, g, =q¢*"yr, and zgr, =q yo, (5.194)

where the parameters yg, and ygr, are free and i is a free integer, one can describe the super
integrable chiral Potts model. This one corresponds also to the point D) of proposition The
homogeneous limit in a point P~ € P~ is obtain when the parameters yg and yr are satisfying

Yyoyr = L.
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¢ The Fateev-Zamolodchikov model. With the set of parameters:

1 q iq" %k,
= ——  an =
Yon = i g YR,

vne[l,N], o,=1, 20,=d"YQ,, TR, =Yr.
(5.195)
where ¢, and &, are free, one can describe the so-called Fateev-Zamolodchikov model [258]. This

model is interesting per se, but also for its link with the discretised sine-Gordon model at q root of
unity. Indeed, the Lax operator (5.7)) satisfies:

Lon(\Qu, Ry) = LS (A).0f (5.196)

where L(()ZG) (A) is the Lax operator of the sine-Gordon model, see [250] for instance, and o denotes
the Pauli matrix in the space Vj. It has been shown that, for an even number of sites (N=2M), there
is a mapping between the transfer matrices of these two models. As far as an odd N is concerned, the
two transfer matrices have different eigenvalues (see appendix D of [250] for an explicit comparison
between these two models).

This model enters in the framework of point B) of proposition with the constant parameters
R =0and K = 1. Let us mention that the homogeneous limit in a point P~ € P~ is obtain when
the parameter &, and k,, satisfy &, = € and k, = & , with €2 = 1 and & free.

e A general model. We will also consider a model which generalises the Fateev-Zamolodchikov
model, parametrised as follow:

Vne[l,N], on=q¢", =g, =q

iyf(" and zp, =¢* K yg, (5.197)

with yo,,,yr, and K free, and free integers k and i. It enters in the framework of point B) of
proposition [5.1.4] where the constants parameters read R = 0 and K. The homogeneous limit in a
point P~ € P~ can be easily realised, the parameters yg and yr have to satisfy yoyr = 1.

Let us simply note that for the XXZ model, there is only one direction of derivation, &,. For the other
models, (x) can take two different values: &, or k, for the sine Gordon model, and yg, or yg, for the two
others.

These models being now characterised, let us compute their local Hamiltonians and analyse some of
their properties.

5.5.1 Symmetry of the boundary Hamiltonians

For all the four considered models, we check that when the coefficient a(®) given by (5.183)) is non zero,
the following symmetry holds:
_ dKN(§+|Pn|Pc)

B (¢, |Pe) = e + est (5.198)
PN=P7

where cst is a scalar whose exact value is irrelevant, as the Hamiltonians are anyhow defined up to an
additive constant.

Thus, the left and right boundaries have a symmetric expression on the two boundary sites 1 and N
with just different parameters £ and &, .

The Hamiltonians are given (up to an additive constant) by:

Ny, K |PIPo) L AN (& | Py|Po)
dl’l P, =P- d.Z'N

(5.199)

Pny=P—

This is a nice compact form of the boundaries terms, which should probably hold for generic values
of p. For the boundary transfer matrix associated to the spin 1/2 XXZ spin chain, the symmetry with
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respect to A going in 1/X allows to show the same kind of symmetrical rewriting of the boundaries for the
Hamiltonians ([2.43)).

Here, we have to investigate the symmetry of the fundamental transfer matrix with respect to the
set of parameters P,. A symmetry of 7" (P,|Pg|Pc) may be responsible for the symmetry of the
boundaries.

5.5.2 Reflection equations at a cyclic-cyclic level

For these particular models with a cyclic representation of dimension 3, we can check by direct computation
that for all the considered models, the cyclic-cyclic reflection equation and its dual are
satisfied, with the scalar:

c(Py|Py|Pe) =1 (5.200)

Thus for the considered models, it holds:

SPv0a (By| Py Po) Ko (6| Pa| Po)S% (Pa| Py Po) Ky (6| P Por)
= Ky(&_|Py|Po) St (Py| Pa| Po) Ko (€| Pa| Po) Sab (Pa| Py Pe) (5.201)

as well as

(Sha (PPl PE))™™ K a6 1Pl PO) [ (823 (P By Pe)) 7] Kol Py Pe)

= Ko(|PP) [ (St (P2 1Pl Pe)) | Kl |PulPe) (Sa(BIRIP) " (5.202)

As already mentioned, these equations allow to show the commutativity of the fundamental transfer
matrix between themselves by an elegant and simple algebraic proof, using the framework of the (ABCD)-
quantum type algebras. The needed compatibility conditions are satisfied as we can check the Yang-Baxter
equation for the fundamental R-matrix:

Sab(Pa|Pb|PC)Sac(Pa|Pc|PC)Sbc(Pb|Pc|PC) = Sbc(Pb|Pc|PC)Sac(Pa‘Pb‘PC)Sab(Paqu‘PC) (5203)

We expect that these results hold for every dimension p of the representation, and for every scalar solution
(not only diagonal) for the boundaries.

In the two last paragraphs of this chapter, we explicitly study the Hamiltonians of the four considered
models. To that end, we first give the explicit expressions of the bulk Hamiltonians for the quasi-periodic
models, i.e. associated to the Yang-Baxter algebra, in Then in we give the expressions of the
boundary matrices, and see how the bulk interactions in the reflection algebra case are modified compared
with the Yang-Baxter algebra framework.

A part the XXZ model which is considered as a verification of our approach, we are generating new
local Hamiltonians, both for the quasi-periodic conditions and for integrable boundary conditions.

5.5.3 On the bulk Hamiltonians associated to the Yang-Baxter algebra

Following the standard procedure presented in chapter 1 (trace identity), we easily show that the Hamil-
tonians:

N
H® =30 (5.204)
k=1

where we recall that h,(:cl,)c +1 is defined in (5.161)), are commuting with the bulk transfer matrix:

T (PalPg|Pc) = tro {San (Pal PN |Pc)...S8q1 (P P1|Pc)} (5.205)
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Then, for each of the four models previously described, we give the explicit bulk Hamiltonians h,(f,)€ 41

acting on Vi ® V41 of this quasi-periodic chain, in terms of the generators of the Weyl algebra.

The XXZ spin 1 model at root of unity

Computing the derivative in (5.161]) for the set of parameters (5.192)), the bulk Hamiltonians have the
following expression in terms of the generators @t and ¥ of the Weyl algebra:

2 2
B =To > 3 3 hlan, By arats Brer) G VR Gt oy (5.206)

In this formula, the parameter I'y denotes a global normalisation and (0, 0,0, 0) is free, the Hamiltonian
being defined up to an additive constant. All the coefficients h(ay, Bk, ag+1, Bk+1) are zero, except:

h(0,0,0,1) = —=1/2 ; h(0,0,0,2) = —¢/2 ; h(0,1,0,0) = —1/2 ; h(0,2,0,0) = —q/2

h(1,0,2,0) = —¢*> ; h(1,0,2,1) =¢*> ; h(1,0,2,2) =q¢*> ; h(1,1,2,0) =¢q
h(1,2,2,0) =1 ; h(2,0,1,0) = —¢> ; h(2,0,1,1)=¢q ; h(2,0,1,2) =1  (5.207)

h(2,1,1,0) = ¢* ; h(2,2,1,0) = ¢*

As mentioned before, we can check that this Hamiltonian is indeed the bulk one expected of the XXZ
spin 1 chain. This spin 1 Hamiltonian appeared with the work of Fateev and Zamolodchikov [259], it has
the following expression:

h’k k+1 = Thk+1 — Tl?,k-rl + 2sh(n)? (Tlf,kﬂ - (Tif,k+1)2 +(57)% + (51§+1)2)
— 4sh*(1/2) (Ti g1 g1 + a1 Tonsr)  (5.208)

where:
Tkk+1 = S S Tlcl,lc+1 = SESi1 + SySii and T, = SESE (5.209)

and S are the standard spin 1 generators of su(2). Here, the parameter 7 is related to the anisotropy of
the chain via A = ch(n), and linked to our notation thanks to ¢ = e”. For the particular choice I'y = —¢/3
for the normalisation, and for q a 3"%root of unity, it holds:

Wi X2 = PiPis1 b, P PEY + cst (5.210)

for the representation (5.191)) of the generators @ and V.

The super integrable chiral Potts model

When the parameters satisfy (5.194)), the Hamiltonians, for example in the case i = 1, have the following
expressions:

2 2 2 2
W =T S S SN D, B, frn) B P A Y (5.210)
ak=0ﬂk:0ak+1=0ﬁk+1:0
R 2 2 2 2
hl(cyllc:)—l = F( ) Z Z Z Z h(R) ak,ﬁk7ak+1,6k+1) uk’“ \A’gk ﬁ;:_’ril \A"Z,]:rll (5212)
=0 Br=0 ar4+1=0 Fr4+1=0
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The parameters F(()Q) and FéR) denote a global normalisation, h(?)(0,0,0,0) and R(7)(0,0,0,0) are free,
and all the h(9) (ay, B, ars1, Brs1) and A (o, Br, ki1, Prs1) are zero, except:

h(@(0,0,0,1) = =2 ; r(9(0,0,0,2) =1 ; h9(0,1,0,0)=1 ; r9(0,2,0,0) = —

R9(1,0,2,0) = =1 ; AD(1,0,2,1)=¢* ; h91,0,2,2)=¢q ; RD(1,1,2,0)=¢ (5.213)

R@9(1,2,2,0) = ¢* ; hD(2,0,1,0)= -1 ; hD(20,1,1)=¢q ; rD(2,0,1,2) = ¢
h@(2,1,1,0) = ¢* ; hD(2,2,1,0)=¢

and

R (0,0,0,1) =1 ; AY(0,0,0,2) = -2 ; RF(0,1,0,0) = =2 ; A% (0,2,0,0) =1
A (1,0,2,0) = =1 ; A(1,0,2,1) =¢* ; A(1,0,2,2) =¢q ; A (1,1,2,0)=¢ (5.214)
R (1,2,2,0) = ¢ ; h9(2,0,1,0) = -1 ; AU(2,0,1,1) =¢ ; hH(2, 0,1,2):q2

A (2,1,1,0) = ¢ ; h™(2,2,1,0) =

Let us mention that these Hamiltonians are different from the Hamiltonians introduced by Baxter [260]
and then generalised by Tarasov [160L161], for the so-called chiral Potts model with fixed spin boundary
conditions. Indeed, they could give an expression for the Hamiltonian of the chiral Potts model under a
special boundary condition, for which only the operator A(\) of the Lax matrix is used to construct the
Hamiltonian. Moreover, this Hamiltonian is obtained from a completely different method than the one
presented here, as it is defined as the coefficient in AV =1 of the operator A(\) (for a chain composed of N
sites). Our Hamiltonian is obtained from the full transfer matrix.

The Fateev-Zamolodchikov model

For the parameters describing the Fateev-Zamolodchikov model, i.e. when they satisfy (5.195)), we can
also have two different directions of derivation.

e In the direction &,, the Hamiltonian is given by:

=T, Z Z Z 2 h(ouk, Bry k1, Brsn) DE Wk Gt S (5.215)

ap=0B,=0 ar+1=0 Fr11=0

The parameter T'g denotes a global normalisation, h(0,0,0,0) is once again free and all the
h(a, Br, k11, Ber1) are zero, except:

h(0,0,0,1) = —¢*x% ; h(0,0,0,2) = —¢*k* ; h(0,1,0,0) = —¢?x>
n(0,2,0,0) = —¢*x* ; h(1,0,2,0) = —2¢*x* ; h(1,0,2,1) = —gr?*(k* — 1)

h(1,0,2,2) = k% —1 ; h(1,1,2,0) = x* =1 ; h(1,2,2,0) = —qr*(k* — 1) (5.216)
h(2,0,1,0) = —2¢%s% ; h(2,0,1,1) =K% —1 ; h(2,0,1,2) = —qr?(k> —1)
h(2,1,1,0) = —gr*(k* — 1) ; h(2,2,1,0) = k% — 1

e In the direction x,, the Hamiltonian is given by:

2 2 2 2
B =To X 3 Y N h (o, By arat, Brer) GPF VR aps (5.217)

0 =0 B =0 ap4+1=0 B 41=0

The parameter Iy stands for a global normalisation, h(”)(O, 0,0,0) is free and all the
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B vk, Bry k41, Brs1) are zero, except:
h()(0,0,0,1) = —gr 3 h(0,0,0,2) = —gr ; h(0,1,0,0) = gx
h(0,2,0,0) = gr ; hU(1,0,2,1) = —r(k? = 1) ; h1(1,0,2,2) = ¢*(k? — 1)/6.218)
h(1,1,2,0) = —? (k2 = 1)/k ; h1(1,2,2,0) = k(x> —1) ; h*(2,0,1,1) = (k2 — 1)/
h’(ﬁ) (2a0a 172) = _H(H2 - 1) 5 h(’i) (27 17 1’0) = KZ(KJQ - 1) ; h’(K) (2a2a 170) = _q2(’€2 - 1)/5}

The general model

Lastly, for the parameters satisfying (5.197)) with & = 1 and ¢ = 2 for instance, the bulk Hamiltonians
have the following expressions:

2 2 2 2
hl(cyl?J)rl =r{® 202 2 2 W9k Braks, Brr) a3t v vy (5.219)
ap=0Br=0 ary1=0 Br+1=0
& & 2 2
hl(cylf}rl =r{® > Z Z W (o, B, kgt Brar) UE VR apett ! (5.220)
ap=0 =0 ag+1=0 Br4+1=0

The parameters F(()Q) and F(()R) denote a global normalisation, h(?)(0,0,0,0) and 2(*)(0,0,0,0) are free
and all the h(9) (ay, By, arr1, Bres1) and A (o, Br, ki1, Prs1) are zero, except:

h@D(0,1,0,0) = ¢* ; h(9(0,2,0,0)=1 ; hlD(1,0,2,0)=¢q ; hD(1,1,2,0) = —(1 +¢/G)
W9(1,2,2,0) = —q(G +¢q) ; A D(2,0,1,0)=¢ ; ?(2,1,1,00=—(G+¢q)  (5.221)
h(Q)(Q,Qv 170) = _q(]- + q/G)

and
R1D(0,0,0,1) = ¢ ; A0,0,0,2) =1 ; R(1,0,2,0)=¢ ; A'D(1,0,2,1) = —(¢+G)
h(R)(1,0,2,2):—%(q+G) . h9(2,0,1,0) = ¢ ; h(R)(Q,O,l,l):—é(quG) (5.222)
1 (2,0,1,2) = —q (¢ + G)

We denoted G = K /yé the re-scaled free parameter K.

5.5.4 On the bulk Hamiltonians associated to the reflection algebra

In this final paragraph we analyse the impact of the presence of integrable boundaries on the bulk Hamil-
tonians previously derived, i.e. the local interactions H ,E ,g 41 of the four models (5.192] . We recall

that it holds H. ngk 1= hk w1 T hki)l’ . for the bulk interactions of the chain with boundarles. In a way
we are thus considering a symmetrised version of the chain.

Using symmetries specific to each of the models, and to each direction x, of derivation, we show that
the behaviour of the bulk of the chain with integrable boundaries really depends on the considered model.

The XXZ spin 1 model at root of unity

When the parameters are tuned to describe the XXZ spin 1 chain, the fundamental R-matrix only depends
on the ratio of the spectral parameters. It is of the form:

Ski1,k (Pry1|PelPc) = Sksak <§g:1) (5.223)
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Moreover, we can check the symmetry:

Skt 1,k <&““> = Skk+1 <£k“> (5.224)
&k 3
This way, it holds:
N—-1 N—-1
hihy =hiS),, andthus > HE =23 n) (5.225)
k=1 k=1

We find thus that up to a factor 2, the bulk interactions of the chain with general integrable boundary
conditions are the same as the bulk interactions of the periodic chain.

We can also explicitly see the relation h,(fL 1= hff_zl « as the coefficients ([5.207) satisfy:

Y(ak, Brs ars1, Brs1) € [0,2]*,  h(a, Brs ars1, Brer1) = h(ars1, Bes1, ki, Br) (5.226)

Let us write the diagonal boundary matrices for this model. Thanks to propositions [5.3.6 and [5.3-8 we
know the coefficients of these matrices in the ¥-basis:

1—q€2€2 1-62¢2
= e 0
Ko(¢-&alPe) = 0 1 0 (5.227)
1—qe2e?
0 0 ¢z

pa—€al 16l

ez 0
and K., (64 |6 Po) = 0 10 (5.228)
0 0 q—£26%
Te-22

Thus, we can equivalently write them in terms of the generators. It holds:

Ko(é-|€a|Pc) = 1/N(&a,€2) [a0(€ar €)1 + a1 (€a, €2 )Va + (&, £2)V2] (5.229)

The factor N(&,,&_) is simply a normalisation, and the three coefficients «;(&,,£_) are polynomials in
the variables &, and £_. Explicitly, for the choice of normalisation ([5.227)), it holds:

N(€a,6-) = 3(&2 — €2)(as2 — €2) (5-230)

and the coefficients a;(&,,&-) read:

@i(€a, &) = aio(€-) + ia(§-)E2 + au(€-)E; (5.231)
The polynomials «;;({—) are given by:
ago(§-) =1—¢& + & an(é) = +2¢°C +*¢ 5 am(é) =q—& +¢¢ (5.232)
a10(€2) =1— € + ¢ 5 ap(é) =1- +¢&8 ; a(é) =1—-q€% +q¢* (5.233)
a(é-) =1-€ + ¢ 5 an(é)=q—¢ + ¢ ; an(é)=¢" - +q¢8  (5.234)
Exploiting the symmetry , we can state:
K+a(§+|€a‘PC) = Ka(1/§+|1/§a|PC) (5235)

Thus, the integrable boundaries on the sites j = 1 and 7 = N explicitly read:

dK;(§+1¢5]Po)

B (¢4|Pe) =
! B dg] &j :q1/2

= 1/N (&) [0(6x)1 + 71 (€2)Va + 72(6x)92] (5.236)
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where the coefficients 7, (¢) read:
70(€) =3¢° +(¢— )& =3¢*¢" ; (&) = —alg— DA+ —€") 5 126 =Pg-1)(A-€~¢") (5.237)
and the normalisation N () is given by:
N(§) =—-3/2q(1+& +¢&%) (5.238)

As mentioned before, this model serves as a tool for the verification of the good working of our
approach. Indeed, we find back the known results for the integrable boundaries of the XXZ spin 1 chain
at root of unity. For example, the boundary matrices K,(§_|¢,|Pc) and K ,(&4|8.|Pc) are effectively
the diagonal matrices reduction of the more general ones derived in [197]: up to an additive constant, the
diagonal boundary term Hy of |197] on site 1, that we will note Hpouna,1(§—) is indeed recovered via:

PLBE (6 |Pe) Pt = Hyound.1 (€-) (5.239)

when we use the representation (5.191)) for the generators @ and ¥. (v is a numerical factor)

The super integrable chiral Potts model (at p = 3)

For the super integrable chiral Potts model, the fundamental R-matrix is of the form

Y YRy
Skt (Pt 1| Pol Po) = Spap (72t 2y (5.240)
YQr YRy,

When taking the derivatives with respect to yg, or yg,, the Hamiltonians satisfy:

hl(cyl?-ﬁ)-l hi?l)k + ) ywae) (5.241)
and AR = IR 4yl — ) (5.242)
where %(yQ) and 'yi(yR) are matrices acting only in space i.

These symmetries come from symmetries on the fundamental R-matrix:

V2 eC, Sirir(@ 1) = Sprst(@ 1) + Prrst (r;yfl) (@) = TP (2) + M), (a )) (5.243)
VeeC, Sirix(l,z) = Skasr(1,2) + Prpsr (F,(jﬁ)( ) = TP (@) + MR, (a )) (5.244)
where FZ(-yQ) and ngR) are matrices acting only in space V;, and where matrices ./\/i,(cyfl)’  and ./\/l,(c?{ﬂ)’ satisfy:
dM(yQ) T dM(yR) T
M@)o g Ml (5.245)
dz . dz .

Then it holds:

2

N—-1 N— N-—1
3 = 2 o)l + v — Y@ and 2 HR), = Z )| ™ — A (5.246)

This way, as previously, the bulk interactions for the chain with general integrable boundary conditions are
the same as for the quasi-periodic chain up to a factor 2, but moreover here there is an extra modification
of the boundaries via the matrices 71 and vy .

One can read the matrices v from the coefficients (5.213])-(5.214)):

o) = I‘(()Q) (v —9?) + st and ~WR) = I‘(()R) (V2 =) +est’ (5.247)
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(they are defined up to additive constants cst and cst’)
In that case, the boundary matrices (in the v-basis) are given by:

YQaYRa —1 €2
1-¢?YQa YRra €2 , , 0 - 0
Ka(€-yqQ.,yr.|Pc) = (@°yQaYra —€2)(¥Qa YRra —a"€7) 5.248
(6-lvo IFe) 0 (®~YQa¥R. €2 )(1-0%YQ, YR, E2) 0 ( )
0 0
yQuyRa_gi
?—aYQa YR &7 0 0
and  Ki4(&+|yo.,yr,|Pc) = 0 (VQaUra —67) (Wau ¥ —967) (5.249)
(1-9Q, YR, €1)(4—YQa YR ET)
0 0 1

We can equivalently write them in terms of the generators. It holds:

Ka(g— ‘yQa’ YR, |PC) = 1/N(yQa’ YR, g—) [ao(yQa y YRy f—)l +ap (yQa y YRy E—)‘A’a + O‘Q(yQa’ YR.» g—)‘?g]
(5.250)

The factor N(yqg,,yr,,&—) is simply a normalisation, and the three coefficients o;(yq,, yr, - ) are poly-

nomials in the variables yg,ygr, and {_. Explicitly, for the choice of normalisation , it holds:

N(YQ.,Yr.-€-) = 3(1 + Y@, yr. 2 + ¥Q.Yr.EL) (5.251)
and the coefficients o;(yo, ,yr,,€é—) read:

G (YQur YRa»E—) = in(€-) + i1 (€2)YQu YR, + i2(§-) (Yo YR.)? (5.252)

The polynomials «;;(£—) are given by:

a00(€) =1— 2 + €% 5 ap(€.)=1+22 +€* () =1-q¢2 +¢* (5.253)

aw(E ) =q-E + L an(6)=1- +¢&8 ;5 an(é)=q¢"—¢ +q¢ (5.254)

(€)= =2 +q€L 5 am(6) =1-€ +¢1 5 am(6) =q—q2 + g% (5.255)
Exploiting the symmetry , we can state:

Ky a(€4lyQ. yr.|Po) = Ka(1/64 /YR, 4/yq.| Pc) (5.256)

Thus, the integrable boundaries on the sites j = 1 and 7 = N explicitly read:

dK;(§+1yQ,, yr,|Po
R (5257

YQ;YR; =YQYr=1

= YrR/NWQu:YRa>Ex) [10WQ. YR+ E4)L + 11 (YQ0» YR E4)Va + V2(YQu s YRa» E+) V|

The normalisation N(yg,,yr,,€) is given by:

N(yQ(myR(mg) = 3(1 + 52 + 54) (5258)

while the three other coefficients are written:

Y0 YQu, YRa &) =3+ q(g— 1)E* =3¢ 3 7 (You,Yr.. &) = qlg— 1)(1 + &> — &%) (5.259)
V2 (YQus YRa» €) = —qlg — 1)(1 — €2 — €*) (5.260)

As the boundary matrices depend on the product yo,yr,, then it follows:

dK; , | P,
BJ(-yR)(fﬂpc) _ (€ |Z;2};a yr,|Pc) _ 1/y12% B§yQ)(5i|PC) (5.261)

YQ;YR; =YQyr=1
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The Fateev-Zamolodchikov model

As far as the Fateev-Zamolodchikov model is concerned, the fundamental R-matrix is written:

Sk+1,k (Prt1|Pe| Pe) = Sk+1,k(7£g€rl s Kkt 1, k) (5.262)
The boundary matrices are:
1 0 0
0 ¢ -g2¢? 0
Ka(§f|§a7 KG‘PC) = q2e2—¢2 (5263)
0 0 (-1+€2€2)(~a>+€2€2)
(€2-€2)(q2e2-¢2)
1 0 0
0 L-essl 0
and  Kya(§+[€a; Kl Pe) = -2 (5.264)
0 0 (—a+&a€3)(~1+a6263)

@-)(e—¢)

In order for the mixed reflection equation and its dual to be satisfied, it must hold §2p =1 and 521’ =1.
We can equivalently write them in terms of the generators. It holds:

Ka(€—|€a7 HG|PC) = 1/N(€av 5—) [ao(faa 5—)1 + Oél(gaa g—){’a + Oé2(§aa g_)\/\/i] (5265)

The factor N(&,,£&_) is simply a normalisation, and the three coefficients «;(&,,£_) are polynomials in
the variables £, and £_. Explicitly, for the choice of normalisation (5.263f) , it holds:

N(&, &) =36 — €2)(a€s — €2) (5.266)

and the coefficients a;(&,, &) read:

@i(€a, €)= aio(€-) + ia(§-)E2 + au(€-)E, (5.267)
The polynomials «;;(£—) are given by:
ag(é-) =1 —f +q&t 5 ap(é) =1+ 2q E + g o) =1—q% + gt (5.268)
ar(é2) = q— & +Q€4 poana(él) = — g€ + € 5 an(é) = —§_+q ¢t (5.269)
ag(€) =" —q€® + €t 5 an(€ ) =q— €+ an(E)=1-¢ +&* (5.270)

Exploiting the symmetry (5.131)), we can state:

K a(&4léa, Ral Po) = Ka(1/641¢% /€a, Kl Pe) (5.271)

For this model, the two directions of derivation lead to different behaviours.

o In the direction &,, we use the next symmetry which is similar to the one of the XXZ model:

Skt1,k (éﬁlaf% ff) = Skk+1 <£k+17fﬁyfi) (5.272)
&k &k
Then, it holds
©) ©) @ N
hékH = hk‘il,k leading to 2 Hlfkﬂ =2 hkfkﬂ (5.273)
k=1 k=1
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We explicitly see the relation h,(f])f 1= h,(fll’ . as the coefficients satisfy:
V(s Brs akr1s Brin) € [0,2]* (o, Br, ey 1, Bryr) = P(anss, Bry, o, Br) (5.274)

As far as the integrable boundaries are concerned, it holds:

_dK(8+1&5, k4| Pe)

B (4|Pc) = = 1/N(&2) [10(€6)1 + 7 (E2)¥a + 72(62)92] (5.275)

dfj §i=1; Kj=kK

where the coefficients v;(£) read:

70(8) = 3¢ +¢*(q—1)&2 =3¢ ; 71(€) = (=) (@ +4€> =€) 5 72(8) = (¢—1)(¢—&*—¢°¢") (5.276)

and the normalisation N () is given by:

N(§) =3/2(6 - 1)(¢* - &) (5.277)

« In the direction k, however, we have a(*) = 0. So the formula ([5.187) does not apply.

Thus, one may try to compute for example a higher derivative of the fundamental transfer matrix

to get an expression. However, let us just remark here that the symmetry:

Ska1,k(L Brg1, k) = Skrr1 (1, K, A1) (5.278)

and the expression:

KR

Skt (L, Brr1, 65) = Propst + S 1,1 (

where S and S are regular functions, allow us to write:

h('@) _h('f)

Z;:l) + (Khg1 — #)Skr1 b (Fha1, K (5.279)

kk+l = 1k (5.280)

This way, even if in the case of periodic boundary conditions the k, direction of derivation generates a
non trivial local hamiltonian, the previous symmetry implies that the integrable boundary conditions

lead to a trivial local hamiltonian in this direction:

N—-1

3 HRuy =0 (5.281)

k=1

One can moreover check that the K;(¢|P,|Pc) matrix does not depend on k:

dK;(€+185, k51 Po)
dl‘ij

§i=1; Kj=kK

In the direction k,, the reflection makes to vanish all the interactions.
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5.5. SOME EXPLICIT (NEW) MODELS FOR 3-DIMENSIONAL LOCAL QUANTUM SPACES

The general model

For the general model, let us consider the parameters (5.197) with & = 1 and ¢ = 2. The boundary
matrices have the following form:

1 0 0
0 YQaYRa —E2 0
Ko(§-1yQ.:yr.|Pc) = 1=yQ, Y, € (5.283)
0 0 (YQa¥Ra =€) (qWQa YR, —E2)
(1-9Q,YRa€2)([4—YQ, YR, E2)
1 0 0
YQaYRe —T 65
and K+a(§+|yQa,yRa|PC> K ®—YQ.YR. &7 0 (5~284)
0 0 (YQa YRa —€2) (YQa YR —0°€2)

(090, YR €3)(1~aYQ, YR, E3)

In order for the mixed reflection equation and its dual to be satisfied, it must hold £% = 1 and ﬁp =
for the boundary parameters.

We can equivalently write them in terms of the generators. It holds:

Ka(f* |yQa y YR, |PC') = 1/N(11/Qa, YR, 57) [aO(yQa yYR, 57)1 + al(yQa sYRy s 57)‘711 + Oéz(yQa, YR, 5*){’5]
(5.285)

The factor N(yqg,,Yr,,&—) is simply a normalisation, and the three coefficients «;(yg,, yr, £—) are poly-
nomials in the variables yg,yr, and {_. Explicitly, for the choice of normalisation (5.248)), it holds:

N (Y., yr.,€-) = 3(1 = y@.yr,&2)(1 — ¢*yq,yr.E2) (5.286)
and the coefficients «;(yq,, yr,, &) read:
i (YQur YR, €-) = @in(€-) + @in (§-)yQ.yr, + @i2(6-)(YQ.yr,)? (5.287)

The polynomials «;;(£_) are given by:

app(é-) =1- + ¢ 5 () =142¢8 + ¢ 5 an(éo) =1—¢¢ + ¢4 (5.288)
a(€ ) =1-¢€ +& 5 an(€ )= - +¢¢* 5 a6 ) =q—q¢® +7¢  (5.289)
ag(€-) =1—q¢ + g€ 5 an(§)=q— & +¢& 5 an(é) = -& +¢°¢ (5.290)

Exploiting the symmetry (5.131)), we can state:
K a(€+1YQa, yr. |1 Pe) = Ka(1/6+19/YR. 4/Yq. 1 Pc) (5.291)

Thus, the integrable boundaries on the sites j = 1 and j = N explicitly read:

dKj(gi |yQ] y YR, |PC)

(¥Q)
B P,
(641 Po) dyo,

(5.292)

YQ; YR; =YQYR=1

= YR/NWQu:YR.E+) [10WQ s YR €L + 1MW YRa > €2 )Va + V2(YQu YR, E+) V2]

The normalisation N (YQu» YR, ) 1s given by:

N(Yq@. Yr.- &) = 3q (€ = 1)(¢*€* - 1) (5.293)

while the three other coefficients are written:

Y0 Y@, YR, €) =3¢+ (¢ — )& = 3¢°¢* 5 Mo Yr. &) = alg— (A +q€* —¢*¢*)  (5.294)
V2 (YQu YR, ) = —(a— 1)1 — ¢ — ¢*¢*)  (5.295)
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As the boundary matrices depend on the product yg,yr,, then it follows:

dKj (gi |yQ_7’ » YR, |PC)
dij

B (¢4 |Pe) = = 1/yk B (¢x|Pe) (5.296)

YQ;YR; =YQYrR=1

For this model, the bulk Hamiltonians of the chain with integrable boundary conditions seem not to
satisfy any particular symmetry with the bulk Hamiltonians for the Yang-Baxter chain. The boundaries
completely change the behaviour of the bulk of the chain.

With these four models, we have presented a representative sample of the different behaviours of a
chain with integrable boundaries. Depending on the symmetries of the fundamental transfer matrix, the
fact to consider integrable boundaries can lead to the same bulk interactions, or to completely different
bulk interactions, even possibly leading to the vanishing of the interactions.
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Conclusion

The main theoretical steps to understand the macroscopic behaviour of quantum systems are certainly the
determination of their Hamiltonian spectrum and the computation of their correlation functions, where
all the information is encoded. This thesis takes place in the development of such a research program to
study quantum integrable models with general integrable boundary conditions, the long-range goal being
to be able to exactly describe both equilibrium and out of equilibrium physics.

Precisely, we started the analysis of the class of integrable quantum models associated to cyclic repre-
sentations of the 6-vertex reflection algebra, including as particular cases the XXZ spin chain at root of
unity, the lattice sine-Gordon model at root of unity and the chiral Potts model.

A large part of the work has been devoted to the development of the quantum separation of variables
method to solve the transfer matrix spectral problem for the models associated to general integrable bound-
ary conditions, described by boundary K-matrices scalar solutions of the 6-vertex reflection equation, and
to the general Bazhanov-Stroganov cyclic Lax operator, local solution of the 6-vertex Yang-Baxter algebra.
In a first time, we have proven that the quantum separation of variables was applicable for the general
cyclic representation under one constraint on the boundary parameters. In particular, we have considered
one completely general and one triangular boundary matrix. Thereafter, we have extended this method
to the most general integrable boundaries. This has been done solving the problem to generalise Baxter’s
gauge transformations to these cyclic reflection algebras. Indeed, without any loss of generality, we have
used these gauge transformations to transform one general boundary matrix in a triangular form, leading
to the separate basis construction in a framework similar to the triangular case.

The boundary transfer matrix spectrum, both eigenvalues and eigenstates, is completely characterised
in terms of the set of solutions to a discrete system of polynomial equations. Moreover, we have proven the
equivalence of this characterisation with the set of solutions, in a given class of functions, to a Baxter like
functional equation, showing also the rewriting of the boundary transfer matrix eigenstates in an Algebraic
Bethe Ansatz form. It is worth remarking that this functional equation has in general an inhomogeneous
term, leading to a new type of equation for which new methods have to be developed. However, let
us mention that this inhomogeneous term vanishes when just one constraint is imposed, either on the
boundary or on the bulk parameters, resulting this way in a homogeneous Baxter like equation. In that
particular case, the boundary transfer matrix spectral problem is reduced to the standard analysis of an
equivalent system of Bethe equations.

In the continuity of this work, we have solved the problem to define cyclic local Hamiltonians with
integrable boundaries commuting with the above boundary transfer matrix, i.e. associated to general
cyclic representations of the reflection algebra. The main difficulty has been to overcome the fact that
the auxiliary and quantum spaces of the Bazahanov-Stroganov Lax operators are not isomorphic. Hence,
we have considered first the fundamental cyclic R-matrix, solution of the so-called mixed Yang-Baxter
equation intertwining two Lax operators acting in two different quantum spaces. Such an R-matrix acts in
the tensor product of two cyclic representations. Then, we defined a mixed reflection equation intertwining
Lax operators and two scalar boundary matrices, one defined on the auxiliary space and one defined on
the quantum space. We found diagonal scalar solutions (boundary matrices) on the quantum space,
associated to known scalar diagonal solutions on the auxiliary space. This achievement allowed us to
define a multi spectral parameter family of fundamental transfer matrices commuting between themselves
and with the boundary transfer matrix associated to the original cyclic reflection algebra.

In addition to that, we have proven that these fundamental transfer matrices generate multi parameter
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families of commuting local Hamiltonians with boundaries. It is worth mentioning that these cyclic local
Hamiltonians are obtained as second derivatives with respect to the spectral parameters of the funda-
mental transfer matrices, as the first order derivatives reduce to the identity. It is worth mentioning also
that the Hamiltonians we have constructed are new. In particular, they differ from the one considered by
Baxter and Tarasov

The natural continuation of this work, already partly under consideration, is to clarify the role of
the fundamental R-matrix for building up reflection equations at a cyclic-cyclic level and their compat-
ibility conditions. This should also lead to new type of boundary conditions and new integrable local
Hamiltonians, generalising the ones we have obtained to non diagonal boundary matrices.

Moreover, it should be interesting to investigate the Baxter T-Q equations in the context of general
integrable boundaries and in particular the link between the Q-operator [51] and the fundamental transfer
matrix. This last connection is done, for periodic boundaries and non compact representations of general
quantum affine algebras, in [261]. What is more, it must be investigated wether the fundamental transfer
matrix introduced in this thesis is related to the fused transfer matrix obtained in [262]. In both cases, this
would allow to compute (or at least to characterise) the eigenvalues of the fundamental transfer matrix,
and thus the ones of the corresponding local Hamiltonians.

Another continuation of this work is to tackle the study of the dynamics. The first step is to consider
the matrix elements, in the eigenstate basis, of local operators for these models. These form factors are
an essential ingredient for computing correlation functions. At this point, the approach being through the
quantum separation of variables, the determinants one will obtain should suffer from the standard problem
regarding their non-trivial homogeneous limits, i.e. the limit in which all inhomogeneity parameters are
put to the same value. It should be interesting to investigate, in this cyclic representation framework, the
equivalence between these types of determinants for scalar products, essentially related to dressings of
Vandermonde determinants, with Izergin’s and Slavnov’s type determinants, as was demonstrated recently
for the XXX and XXZ boundary integrable models [146}|147]. This should make possible to take their
homogeneous limit and then their thermodynamic limit (where the size N of the chain becomes large).
Let us comment that the impact of boundaries in the thermodynamic limit is non trivial for a half-infinite
chain only, where solely one boundary is sent away. In addition to that, it is worth emphasising that due
to the boundary, the 1-point correlation functions are already non trivial.

Even if there is still a lot to be done, for example concerning the characterisation of the ground state,
if successful these techniques should also allow for the computation of the order parameters of the chiral
Potts model in a rather direct way along the preliminary results described in [151]. Another application
would be the computation of form factors for the lattice sine-Gordon model, in particular at its g-root of
unity reduction points, linked to minimal models of Conformal Field Theory.

114



Bibliography

1]
2]
3]
[4]

[10]

[11]

[12]

[13]

J. Kepler. Astronomia nova. Heidelberg : Voegelin, 80(3), 1609.
J. Kepler. Harmonices mundi. Lincii Austriae, 1619.
N. Copernic. De revolutionibus orbium coelestium. by Johannes Petreius in Nuremberg, 1543.

J. Kepler. Tabulae Rudolphinae, quibus astronomicae scientiae temporum longinquitate collapsae
restauratio continetur. J. Saurii (Ulm), 1627.

I. Newton. Philosophise Naturalis Principia Mathematica. , 1687.

G. W. Leibnitz. Nova methodus pro maximis et minimis, itemque tangentibus, et singulare pro illis
calculi genus. Acta Eruditorum, 1684.

E. de Breteuil, marquise du Chatelet . Exposition abrégée du systéeme du monde. édition revue par
Alexis Clairaut ; imprimeurs Dessaint-Saillant et Lambert (1759) ; réédition J. Gabay, 1990.

J. L. Lagrange and J. Bertrand and G. Darboux. Mécanique analytique. In Oeuvres complétes.
1787.

W. R. Hamilton. On the application to dynamics of a general mathematical method previously
applied to optics. British Association Report, pages 513-528, 1834.

J. H. Poincaré. Sur le probleme des trois corps et les équations de la dynamique. Divergence des
séries de M. Lindstedt. Acta Mathematica, 13:1-270, 1890.

S. J. Aarseth. Gravitational N-Body simulations: tools and algorithms. University of Cambridge,
2010.

J. Laskar and M. Gastineau. Existence of collisional trajectories of Mercury, Mars and Venus with
the Earth. Nature, 459:817-819, 2009.

V. I. Arnold and V. V. Kozlov and A. I. Neishtadt . Perturbation Theory for Integrable Systems.
In: Mathematical Aspects of Classical and Celestial Mechanics. Encyclopaedia of Mathematical
Sciences, vol 3. Springer, Berlin, Heidelberg, 2006.

C. G. J. Jacobi. Uber die reduction der integration der partiellen differentialgleichungen erster ord-
nung zwischen irgend einer zahl variabeln auf die integration eines einzigen systemes gewohntlicher
differentialgleichungen. Journal fiir die reine und angewandte Mathematik, 17:97-162, 1837.

d? log\

J. Liouville. Sur I'équation aux différences partielles ==

Pures et Appliquées, 18:71-72, 1853.

+ ﬁ = 0. Journal de Mathématiques

V. I. Arnold. Mathematical methods of classical mechanics. Springer-Verlag, Second Edition, 1978.

E. Noether. Invariante Variationsprobleme. Nachr. D. Konig. Gesellsch. D. Wiss. Zu Géttingen,
Math-phys. Klasse, :235-257, 1918.

115



BIBLIOGRAPHY

[18]

[19]

[20]

[21]

[22]

[23]

[29]

[30]

[31]

[32]

[33]

O. Babelon, D. Bernard, and M. Talon. Introduction to classical integrable systems. Cambridge
University Press, 2003.

J. Boussinesq. Essai sur la théorie des eaux courantes; Mémoires présentées par divers savants
a I’Académie des Sciences de D'Institut de France. Sciences Mathématiques et Physiques, Paris
Imprimerie Nationale, XXIII:1-680, 1877.

J. W. S. Rayleigh. On waves. Philosophical Magazine, 1:257-271, 1876.

D. J. Korteweg and G. de Vries. On the change of form of long waves advancing in a rectangular
canal, and on a new type of long stationary waves. Philosophical Magazine, 39:422-443, 1895.

J. Scott Russell. Report on Waves. Report on fourteenth meeting of the British Association for the
advancement of science, J. Murray, London:311-390, 1844.

W. H. Lenz. Uber den bewegungsverlauf und die quantenzustinde der gestérten Keplerbewegung.
Zeitschrift fiir Physik, 24:197, 1924.

C. D. T. Runge. die vektoranalysis des dreidimensionalen Raumes. Leipzig : S. Hirzel, 1919.

C. S. Gardner and J. M. Greene and M. D. Kruskal and R. M. Miura. Method for solving the
Korteweg-de Vries equation. Physical Review Letters, 19:1095-1097, 1967.

P. D. Lax. Integrals of non-linear equations of evolution and solitary waves. Communications on
Pure and Applied Mathematics, 21:467-490, 1968.

V. E. Zakharov and A. B. Shabat. Exact theory of two-dimensional self- focusing and one-
dimensional self-modulation of waves in non-linear media. Soviet Physics-Journal of Experimental
and Theoretical Physics, 34:62-69, 1972.

V. E. Zakharov and A. B. Shabat. Interaction between solitons in a stable medium. Soviet Physics-
Journal of Experimental and Theoretical Physics, 37:823-828, 1973.

I. M. Gel'fand and B. M. Levitan. On the determination of a differential equation from its spectral
function. American Mathematical Society Translations: Series 2, 1:253-304, 1955.

V. A. Marchenko. On reconstruction of the potential energy from phases of the scattered waves.
Doklady Akademii Nauk SSSR, 104:695-698, 1955. In russian.

M. J. Ablowitz and D. J. Kaup and A. C. Newell and H. Segur. Method for solving the sine-Gordon
equation. Physical Review Letters, 30:1262, 1973.

M. J. Ablowitz and D. J. Kaup and A. C. Newell and H. Segur. Non linear evolution equation of
physical significance. Physical Review Letters, 31:125, 1973.

M. J. Ablowitz and D. J. Kaup and A. C. Newell and H. Segur. The inverse scattering transform
Fourier analysis for nonlinear problems. Studies in Applied Mathematics, 53:249-315, 1974.

V. E. Zakharov and L. D. Faddeev. Korteweg—de Vries equation: a completely integrable Hamilto-
nian system. Funktsional nyi Analiz i ego Prilozheniya, 5:823-828, 1971.

L.D. Faddeev and V.E. Korepin. Quantum theory of solitons. Physics Reports, 42:1 — 87, 1978.

W. H. Lenz. Beitrédge zum verstidndnis der magnetischen eigenschaften in festen kérpern. Physikalis-
che zeitschrift, 21:613-615, 1920.

E. Ising. Beitrag zur theorie des ferromagnetismus. Zeitschrift fir Physik, 31(1):253-258, 1925.
L. Onsager. Cristal statistics I. A two-dimensional model with an order-disorder transition. Physical

Review, 65:117-149, 1944.

116



BIBLIOGRAPHY

[39]

[40]

[41]

[42]

[43]
[44]

[45]

[46]
[47]

[48]

[49]

B. Kaufman. Crystal statistic II : partition function evaluated by spinor analysis. Physical Review,
76(8):1232-1243, 1949.

B. Kaufman. Letters from Lars Onsager to Bruria Kaufman. Journal of Statistical Physics, 78(1-
2):585-588, 1995.

B. Kaufman and L. Onsager. Crystal statistic III : short-range order in a binary Ising lattice.
Physical Review, 76(8):1244-1252, 1949.

C. Yang. The spontaneous magnetization of a two-dimensional Ising model. Physical Review,
85(5):808-816, 1952.

W. Heisenberg. Zur theorie der ferromagnetismus. Zeitschrift fiir Physik, 49:619-636, 1928.

H. Bethe. Zur theorie der Metalle I. Eigenwerte und eigenfunktionen atomkete. Zeitschrift fiir
Physik, 71:205—-226, 1931.

R. Orbach. Linear antiferromagnetic chain with anisotropic coupling. Physical Review, 112:309,
1958.

L. R. Walker. Antiferromagnetic linear chain. Physical Review, 116:1089, 1959.

C. N. Yang and C. P. Yang. One-dimensional chain of anisotropic spin-spin interactions. I. Proof of
Bethe’s hypothesis for ground state in a finite system. Zeitschrift fir Physik, 150(1):321-327, 1966.

C. N. Yang and C. P. Yang. One-dimensional chain of anisotropic spin-spin interactions. II. Prop-
erties of the ground state energy per lattice site for an infinite system. Zeitschrift fir Physik,
150(1):327-339, 1966.

R. J. Baxter. Some comments on developments in exact solutions in statistical mechanics since
1944. Journal of Statistical Mechanics: Theory and Ezperiment, page P11037, 2010.

R. J. Baxter. One-dimensional anisotropic Heisenberg chain. Annals of Physics, 70:323-337, 1972.

R. J. Baxter. Partition function of the eight-vertex lattice model. Annals of Physics, 70:193—228,
1972.

R. J. Baxter. Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg
chain. I. Some fundamental eigenvectors. Annals of Physics, 76:1, 1973.

R. J. Baxter. Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg
chain. II. Equivalence to a generalized ice-type model. Annals of Physics, 76:25, 1973.

R. J. Baxter. Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg
chain. III. Eigenvectors of the transfer matrix and Hamiltonian. Annals of Physics, 76:48, 1973.

R. J. Baxter. Spontaneous staggered polarization of the F-model. Journal of Statistical Physics,
9(2):145-182, 1973.

R. J. Baxter. Corner transfer matrices of the eight-vertex model I. Journal of Statistical Physics,
15:485-503, 1976.

R. J. Baxter. Corner transfer matrices of the eight-vertex model II. Journal of Statistical Physics,
76:1-14, 1977.

R. J. Baxter. Solvable eight-vertex model on an arbitrary planar lattice. Philosophical Transactions
of the Royal Society of London, 289:315-346, 1978.

R. J. Baxter. Exactly solved models in statistical mechanics. Academic Press, New York U.S.A.,
1982.

117



BIBLIOGRAPHY

[60] M. Gaudin. La Fonction d’onde de Bethe. Paris, Masson, 1983.

[61] D. C. Mattis. The many body problem : an encyclopedia of exactly solved models in one dimension.
World Scientific, Singapore, 1993.

[62] M. Gaudin. Bose Gas in one dimension I and II. Journal of Mathematical Physics, 12:386, 1971.

[63] C.N. Yang and C. P. Yang. Thermodynamics of a one-dimensional system of bosons with repulsive
delta-function interaction. Journal of Mathematical Physics, 10:1115-1122, 1969.

[64] E. H. Lieb. Exact analysis of an interacting Bose gas II : The excitation spectrum. Physical Review,
130:1616-1624, 1963.

[65] E. H. Lieb and W. Liniger. Exact analysis of an interacting Bose gas. I : The general solution and
the ground state. Physical Review, 130(4):1605-1616, 1963.

[66] E. K. Sklyanin and L. D. Faddeev. Quantum mechanical approach to completely integrable field
theory models. Soviet Physics-Doklady, 23:902, 1978.

[67) E. K. Sklyanin and L. A. Takhtajan and L. D. Faddeev. Quantum inverse problem method I.
Theoretical and Mathematical Physics, 40:688, 1980.

[68] J. Honerkamp and P. Weber and A. Wiesler. On the connection between the inverse transform
method and the exact quantum eigenstates. Nuclear Physics B, 152:266, 1979.

[69] E. K. Sklyanin. Method of the inverse scattering problem and the nonlinear quantum Schrédinger
equation. Soviet Physics-Doklady, 24:107, 1979.

[70] H. B. Thacker and D. Wilkinson. Inverse scattering transform as an operator method in quantum
field theory. Physical Review D, 19(12):3660-3665, 1979.

[71] H. Bergknoff and H. Thacker. Method for solving the massive Thirring model. Physical Review
Letters, 42(3):135-138, 1979.

[72] H. Bergknoff and H. Thacker. Structure and solution of the massive Thirring model. Physical
Review D, 19(12):3666-3681, 1979.

[73] N. Kitanine and J.M. Maillet and V. Terras. Form factors of the XXZ Heisenberg spin-1/2 finite
chain. Nuclear Physics B, 554:647, 1999.

[74] J.M. Maillet and V.Terras. On the quantum inverse scattering problem. Nuclear Physics B, 575:627,
2000.

[75] N. Kitanine and J.M. Maillet and N. A. Slavnov and V. Terras. Spin-spin correlation function of
the XXZ-1/2 Heisenberg chain in a magnetic field. Nuclear Physics B, 641:487, 2002.

[76] N. Kitanine and J.M. Maillet and N. A. Slavnov and V. Terras. Dynamical correlation functions of
the XXZ spin-1/2 chain. Nuclear Physics B, 729:558, 2005.

[77] N. Kitanine and J.M. Maillet and N. A. Slavnov and V. Terras. Master equation for spin-spin
correlation functions of the XXZ chain. Nuclear Physics B, 712:600, 2005.

[78] N. Kitanine and K. K. Kozlowski and J.M. Maillet and N. A. Slavnov and V. Terras. On corre-
lation functions of integrable models associated with the 6-vertex R-matrix. Journal of Statistical
Mechanics: Theory and Ezperiment, page P01022, 2007.

[79] N. Kitanine and K. K. Kozlowski and J.M. Maillet and N. A. Slavnov and V. Terras. Algebraic
Bethe ansatz approach to the asymptotic behaviour of correlation functions. Journal of Statistical
Mechanics: Theory and Ezperiment, page P04003, 2009.

118



BIBLIOGRAPHY

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[38]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

N. Kitanine and K. K. Kozlowski and J.M.Maillet and N. A. Slavnov and V. Terras. On the
thermodynamic limit of form factors in the massless Heisenberg XXZ chain. Journal of Mathematical
Physics, 50:095209, 2009.

E. K. Sklyanin. On complete integrability of the Landau-Lifshitz equation. Preprint LOMI E-3-79,
1979.

A. A. Belavin and V. G. Drinfel’d. Solutions of the classical Yang-Baxter equation for simple Lie
algebras. Functional Analysis and Its Applications, 16:159-180, 1982.

A. A. Belavin and V. G. Drinfel’d. Classical Young-Baxter (sic) equation for simple Lie algebras.
Functional Analysis and Its Applications, 17:220-221, 1984.

A. A. Belavin and V. G. Drinfel’d. Triangle equations and simple Lie algebras. Sowviet Scientific
Reviews: Mathematical Physics Reviews. Section C, 4:93-165, 1984.

V. G. Drinfel’d. Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning
of the classical Yang-Baxter equations. Soviet Mathematics-Doklady, 27(1):68-71, 1983.

M. A. Semenov-Tian-Shansky. What is a classical r-matrix? Functional Analysis and Its Applica-
tions, 17:259-272, 1983.

M. A. Semenov-Tian-Shansky. Classical r-matrices and quantization. Journal of Soviet Mathematics,
31:3411-3416, 1984.

M. A. Semenov-Tian-Shansky. Dressing transformations and Poisson group actions. Publications
of the Research Institute for Mathematical Sciences, Kyoto University, 21:1237-1260, 1985.

M. Adler. On a trace functional for formal pseudo-differential operators and symplectic structure
of the Korteweg-de Vries type equations. Inventiones Mathematicae, 50:219-248, 1979.

M. Adler and P. van Moerbeke. Completely integrable systems, Euclidean Lie algebras and curves.
Advances in Mathematics, 38:267-317, 1980.

B. Kostant. The solution to a generalized Toda lattice and representation theory. Advances in
Mathematics, 34:195-338, 1979.

W. Symes. Systems of Toda type, inverse spectral problems and representation theory. Inventiones
Mathematicae, 59:13-53, 1980.

A. G. Reyman and M. A. Semenov-Tian-Shansky. Reduction of Hamiltonian systems, affine Lie
algebras and Lax equations I. Inventiones Mathematicae, 54:81-100, 1979.

A. G. Reyman and M. A. Semenov-Tian-Shansky. Reduction of Hamiltonian systems, affine Lie
algebras and Lax equations II. Inventiones Mathematicae, 63:423-432, 1981.

A. G. Reyman and M. A. Semenov-Tian-Shansky and I. B. Frenkel. Graded Lie algebras and
completely integrable systems. Soviet Mathematics-Doklady, 20:811-814, 1979.

P. P. Kulish and N. Yu. Reshetikhin. Quantum linear problem for the sine-Gordon equation and
higher representations. Journal of Soviet Mathematics, 23:2435-41, 1983.

P. P. Kulish and N. Y. Reshetikhin. gls-invariant solutions of the Yang-Baxter equation and asso-
ciated quantum systems. Journal of Soviet Mathematics, 34:1948-1971, 1986.

M. Jimbo. A g-difference analogue of U(g) and the Yang-Baxter equation. Letters in Mathematical
Physics, 10:63-69, 1985.

V. G. Drinfel’d. Quantum groups. Proceedings of the International Congress of Mathematicians
Berkeley, USA, 10:798-820, 1986.

119



BIBLIOGRAPHY

[100]

[101]

[102]

[103]

[104]

[105)

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

L. D. Faddeev and N. Y. Reshetikhin and L. A. Takhtajan. Quantization of Lie groups and Lie
algebras. Leningrad Mathematical Journal, 1:193-226, 1990.

V. Chari and A. N. Pressley. A guide to quantum groups. Cambridge University Press, 1995.

R. Kubo and M. Toda and N. Hashitsume. Statistical Physics II : nonequilibrium statistical me-
chanics. Berlin; New-York : Springer, 1991.

L. van Hove. Correlations in space and time and Born approximation scattering in systems of
interacting particles. Physical Review, 95:249, 1954.

L. van Hove. Time-dependent correlations between spins and neutron scattering in ferromagnetic
crystal. Physical Review, 95:1374—1384, 1954.

E. Lieb and T. Schultz and D. Mattis. Two soluble models of an antiferromagnetic chain. Annals
of Physics, 16:407-466, 1961.

T. T. Wu and B. M. McCoy and C. A. Tracy and E. Barouch. The spin-spin correlation function
of the two-dimensional Ising model : exact results in the scaling region. Physical Review B, 13:316,
1976.

M. Jimbo and T. Miwa and Y. Mori and M. Sato. Density matrix of an impenetrable Bose gas and
the fifth Painlevé transcendent. Physica, 1 D:80-158, 1980.

D. B. Creamer and H. B. Thacker and D. Wilkinson. Some exact results for the two-point function
of an integrable quantum field theory. Physical Review D, 23:3081-3084, 1981.

F. H. L. Essler and H. Frahm and A. G. Izergin and V. E. Korepin. Determinant representa-
tion for correlation functions of spin 1/2 XXX and XXZ Heisenberg magnets. Communications in
Mathematical Physics, 174:191-214, 1995.

A. G. Izergin and V. E. Korepin. The quantum inverse scattering method approach to correlation
functions. Communications in Mathematical Physics, 94:67-92, 1984.

A. G. Izergin and V. E. Korepin. Correlation functions for the Heisenberg XX7 antiferromagnet.
Communications in Mathematical Physics, 99:271-302, 1985.

N. Kitanine and J.M. Maillet and V. Terras. Correlation functions of the XXZ Heisenberg spin-1/2
chain in a magnetic field. Nuclear Physics B, 567:554, 2000.

M. Jimbo, K. Miki, T. Miwa, and A. Nakayashiki. Correlation functions of the XXZ model for
A < —1. Physics Letters A, 168(4):256 — 263, 1992.

M. Jimbo and T. Miwa. Algebraic analysis of solvable lattice models. American Mathematical
Society, :, 1995.

M. Jimbo and R. Kedem and T. Kojima and H. Konno and T. Miwa. XXZ chain with a boundary.
Nuclear Physics B, 441:437, 1995.

M. Jimbo and R. Kedem and H. Konno and T. Miwa and R. Weston. Difference equations in spin
chains with a boundary. Nuclear Physics B, 448:429, 1995.

J.S. Caux and R. Hagemans and J.M. Maillet. Computation of dynamical correlation functions of
Heisenberg chains: the gapless anisotropic regime. Journal of Statistical Mechanics: Theory and
Ezxperiment, page P09003, 2005.

J.S. Caux and J.M. Maillet. Computation of dynamical correlation functions of Heisenberg chains
in a magnetic field. Physical Review Letters, 95:077201, 2005.

120



BIBLIOGRAPHY

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

F. Géhmann, A. Kliimper, and A. Seel. Integral representations for correlation functions of the
XXZ chain at finite temperature. Journal of Physics A: Mathematical and General, 37(31):7625,
2004.

F. Géhmann, A. Klimper, and A. Seel. Integral representation of the density matrix of the XXZ
chain at finite temperatures. Journal of Physics A: Mathematical and General, 38(9):1833, 2005.

H. E. Boos, F. Géhmann, A. Klimper, and J. Suzuki. Factorization of the finite temperature
correlation functions of the XXZ chain in a magnetic field. Journal of Physics A: Mathematical and
Theoretical, 40(35):10699, 2007.

F. Gohmann and J. Suzuki. Quantum spin chains at finite temperatures. New trends in quantum
integrable systems, pages 81-100, 2009.

M. Dugave, F. Géhmann, K. K Kozlowski, and J. Suzuki. Low-temperature spectrum of correlation
lengths of the xxz chain in the antiferromagnetic massive regime. Journal of Physics A: Mathematical
and Theoretical, 48(33):334001, 2015.

F. Géhmann, M. Karbach, A. Klimper, K. K Kozlowski, and J. Suzuki. Thermal form-factor
approach to dynamical correlation functions of integrable lattice models. Journal of Statistical
Mechanics: Theory and Ezperiment, 2017(11):113106, 2017.

K. K. Kozlowski and J.M. Maillet and N. A. Slavnov. Long-distance behavior of temperature
correlation functions in the one-dimensional Bose gas. Journal of Statistical Mechanics: Theory and
Ezperiment, 2011(03):P03018, 2011.

K. K. Kozlowski and J.M. Maillet and N. A. Slavnov. Correlation functions for one-
dimensional bosons at low temperature. Journal of Statistical Mechanics: Theory and FExperiment,
2011(03):P03019, 2011.

H. Boos and M. Jimbo and T. Miwa. Hidden Grassmann Structure in the XXZ Model. Communi-
cations in Mathematical Physics, 272(1):263-281, 2007.

H. Boos, M. Jimbo, T. Miwa, F. Smirnov, and Y. Takeyama. Fermionic basis for space of operators
in the XXZ model. arXiv : hep-th/0702086, 2007.

M. Jimbo, T. Miwa, and F. Smirnov. Hidden grassmann structure in the xxz model iii: introducing
the matsubara direction. Journal of Physics A: Mathematical and Theoretical, 42(30):304018, 2009.

H. Boos, M. Jimbo, T. Miwa, and F. Smirnov. Completeness of a fermionic basis in the homogeneous
XXZ model. Journal of Mathematical Physics, 50:095206, 2009.

M. Jimbo, T. Miwa, and F. Smirnov. Fermionic structure in the sine-gordon model: Form factors
and null-vectors. Nuclear Physics B, 852(2):390 — 440, 2011.

M. Jimbo and T. Miwa and F. A. Smirnov. Creation operators for the Fateev—Zamolodchikov spin
chain. Theoretical and Mathematical Physics, 181:1:1169-1193, 2014.

E. K. Sklyanin. The quantum Toda chain. Lecture Notes in Physics, 226:196, 1985.

E. K. Sklyanin. Goryachev-Chaplygin top and the inverse scattering method. Journal of Soviet
Mathematics, 31:3417, 1985.

E. K. Sklyanin. Separation of variables, new trends. Progress of Theoretical Physics Supplements,
118:35, 1995.

D. E. Derkachov and G. P. Korchemsky and A.N. Manashov. Baxter Q-operator and separation of
variables for the open SL(2,R) spin chain. Journal of High Energy Physics, 0310:053, 2003.

121



BIBLIOGRAPHY

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

H. Frahm and A. Seel and T. Wirth. Separation of variables in the open XXX chain. Nuclear
Physics B, 802:351, 2008.

H. Frahm and J. H. Grelik and A. Seel and T. Wirth. Functional Bethe ansatz methods for the
open XXX chain. Journal of Physics A: Mathematical and Theoretical, 44:015001, 2011.

L. Amico and H. Frahm and A. Osterloh and T. Wirth. Separation of variables for integrable
spin-boson models. Nuclear Physics B, 839:604, 2010.

L. Amico and H. Frahm and A. Osterloh and G. A. P. Ribeiro. Integrable spin-boson models
descending from rational six-vertex models. Nuclear Physics B, 787:283, 2007.

G. Niccoli. Non-diagonal open spin-1/2 XXZ quantum chains by separation of variables: Complete
spectrum and matrix elements of some quasi-local operators. Journal of Statistical Mechanics:
Theory and FExperiment, page P10025, 2012.

S. Faldella and G. Niccoli. SOV approach for integrable quantum models associated with gen-
eral representations on spin-1/2 chains of the 8-vertex reflection algebra. Journal of Physics A:
Mathematical and Theoretical, 47-11:115202, 2014.

S. Faldella and N. Kitanine and G. Niccoli. The complete spectrum and scalar products for the open
spin-1/2 XXZ quantum chains with non-diagonal boundary terms. Journal of Statistical Mechanics:
Theory and Experiment, page P01011, 2014.

N. Kitanine and J.M. Maillet and G. Niccoli. Open spin chains with generic integrable boundaries:
Baxter equation and Bethe ansatz completeness from separation of variables. Journal of Statistical
Mechanics: Theory and Experiment, page P05015, 2014.

N. Grosjean and J.M. Maillet and G. Niccoli. On form factors of local operators in the lattice
sine-Gordon model. Journal of Statistical Mechanics: Theory and Ezperiment, page P10006, 2012.

N. Kitanine and J.M. Maillet and G. Niccoli and V. Terras. The open XXX spin chain in the SoV
framework: scalar product of separate states. Journal of Physics A: Mathematical and Theoretical,
50:224001, 2017.

N. Kitanine and J.M. Maillet and G. Niccoli and V. Terras. On determinant representations of scalar
products and form factors in the SoV approach: the XXX case. Journal of Physics A: Mathematical
and Theoretical, 49(10):104002, 2016.

G. Niccoli. Antiperiodic spin-1/2 XXZ quantum chains by separation of variables: Form factors and
complete spectrum. Nuclear Physics B, 870:397, 2013.

G. Niccoli. Form factors and complete spectrum of XXX antiperiodic higher spin chains by quantum
separation of variables. Journal of Mathematical Physics, 54:053516, 2013.

G. Niccoli. An antiperiodic dynamical six-vertex model : I. Complete spectrum by SOV, matrix
elements of the identity on separate states and connections to the periodic eight-vertex model.
Journal of Physics A: Mathematical and Theoretical, 46-7:075003, 2013.

N. Grosjean and J.M. Maillet and G. Niccoli. On the form factors of local operators in the
Bazhanov—Stroganov and chiral Potts models. Annales Henri Poincaré, 16:1103, 2015.

D. Levy-Bencheton and G. Niccoli and V. Terras. Antiperiodic dynamical 6-vertex model by sep-
aration of variables II: Functional equations and form factors. Journal of Statistical Mechanics:
Theory and FExperiment, page 033110, 2016.

F. Y. Wu and Y. K. Wang. Duality transformation in a many-component spin model. Journal of
Mathematical Physics, 17:439-440, 1976.

122



BIBLIOGRAPHY

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

S. Ostlund. Incommensurate and commensurate phases in asymmetric clock models. Physical Review
B, 24:398, 1981.

D. A. Huse. Simple three-state model with infinitely many phases. Physical Review B, 24:5180,
1981.

S. Howes and L. P. Kadanoff and M. den Nijs. Quantum model for commensurate-incommensurate
transitions. Nuclear Physics B, 215:169-208, 1983.

G. von Gehlen and V. Rittenberg. Z,,-symmetric quantum chains with an infinite set of conserved
charges and Z,, zero modes. Nuclear Physics B, 257:351-370, 1985.

V. V. Bazhanov and Y. G. Stroganov. Chiral Potts model as a descendant of the six vertex model.
Journal of Statistical Physics, 59:799, 1990.

V. O. Tarasov. Transfer matrix of the superintegrable chiral Potts model. Bethe ansatz spectrum.
Physics Letters A, 147:487, 1990.

V. O. Tarasov. Cyclic monodromy matrices for the R-matrix of the six-vertex model and the chiral
Potts model with fixed spin boundary conditions. International Journal of Modern Physics A,
7:963-975, 1992.

V. O. Tarasov. Cyclic monodromy matrices for si(n) trigonometric R-matrices. Communications
in Mathematical Physics, 158:458-483, 1993.

M. Jimbo and T. Miwa and A. Nakayashiki. Difference equations for the correlation functions of
the eight-vertex model. Journal of Physics A: Mathematical and General, 26(9):2199, 1993.

R. J. Baxter. Derivation of the order parameter of the chiral Potts model. Physical Review Letters,
94:130602, Apr 2005.

S. Lukyanov and A. Zamolodchikov. Exact expectation values of local fields in the quantum sine-
Gordon model. Nuclear Physics B, 493(3):571-587, 1997.

B. Derrida. An exactly soluble non-equilibrium system: the asymmetric simple exclusion process.
Physics Reports, 301:65, 1998.

G. M. Schutz. Phase transitions and critical phenomena. London: Academic, edited by C. Domb
and J. L. Lebowitz, 19, 2000.

M. Shiroishi and M. Wadati. Bethe Ansatz equation for the Hubbard model with boundary fields.
Journal of the Physical Society of Japan, 66:1, 1997.

M. Shiroishi and M. Wadati. Integrable boundary conditions for the one-dimensional Hubbard
model. Journal of the Physical Society of Japan, 66:2288, 1997.

F. C. Alcaraz and M. Droz and M. Henkel and V. Rittenberg. Reaction-diffusion processes, critical
dynamics, and quantum chains. Annals of Physics, 230:250, 1994.

Z. Bajnok. Equivalences between spin models induced by defects. Journal of Statistical Mechanics:
Theory and FExperiment, page P06010, 2006.

J. de Gier and F. H. L. Essler. Bethe Ansatz solution of the asymmetric exclusion process with
open boundaries. Physical Review Letters, 95:240601, 2005.

J. de Gier and F. H. L. Essler. Exact spectral gaps of the asymmetric exclusion process with open
boundaries. Journal of Statistical Mechanics: Theory and Exzperiment, page P12011, 2006.

J. Sirker and R. G. Pereira and I. Affleck. Diffusion and ballistic transport in one-dimensional
quantum systems. Physical Review Letters, 103:216602, 2009.

123



BIBLIOGRAPHY

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185)

[186]

[187]

[188]

[189)]

[190]

[191]

[192]

T. Prosen. Open XXZ spin chain: nonequilibrium steady state and a strict bound on ballistic
transport. Physical Review Letters, 106:217206, 2011.

M. Gaudin. Boundary energy of a Bose gas in one dimension. Physical Review A, 4:386, 1971.

F. C. Alcaraz and M. N. Barber and M. T. Batchelor and R. J. Baxter and G. R. W. Quispel.
Surface exponents of the quantum XXZ, Ashkin-Teller and Potts models. Journal of Physics A:
Mathematical and General, 20:6397, 1987.

E. K. Sklyanin. Boundary conditions for integrable quantum systems. Journal of Physics A: Math-
ematical and General, 21:2375, 1988.

I. V. Cherednik. Factorizing particles on a half-line and root systems. Theoretical and Mathematical
Physics, 61:977, 1984.

P. P. Kulish and E. K. Sklyanin. The general Uq(sl(2)) invariant XXZ integrable quantum spin
chain. Journal of Physics A: Mathematical and General, 24:1.435, 1991.

V. Pasquier and H. Saleur. Common structures between finite systems and conformal field theories
through quantum groups. Nuclear Physics B, 330:523, 1990.

M.T. Batchelor and L. Mezincescu and R.I. Nepomechie and V. Riltenberg. g-deformations of the
O(3) symmetric spin-1 Heisenberg chain. Journal of Physics A: Mathematical and General, 23:1L141,
1990.

P. P. Kulish and E. K. Sklyanin. Algebraic structures related to the reflection equations. Journal
of Physics A: Mathematical and General, 25:5963, 1992.

H. J. de Vega and A. Gonzdlez-Ruiz. The highest weight property for the SUq(n) invariant spin
chains. Journal of Physics A: Mathematical and General, 26:1.519, 1993.

S. Ghoshal and A. B. Zamolodchikov. Boundary s matrix and boundary state in two-dimensional
integrable quantum field theory. International Journal of Modern Physics A, 9:3841, 1994.

S. Ghoshal and A. B. Zamolodchikov. Boundary s matrix and boundary state in two-dimensional
integrable quantum field theory. International Journal of Modern Physics A, 9:4353, 1994.

B. Berg and M. Karowsky and P. Weisz and V. Kurak. Factorized U(N) symmetric S matrices in
two dimensions. Nuclear Physics B, 134:125, 1978.

M. Karowski. On the bound state problem in (1+1)-dimensional field theories. Nuclear Physics B,
153:244-252, 1979.

M. Karowski and H. J. Thun. Complete S matrix of the O(2N) Gross-Neveu model. Nuclear Physics
B, 190:61-92, 1981.

A. B. Zamolodchikov and Al. B. Zamolodchikov. Factorized S-matrices in two dimensions as the
exact solutions of certain relativistic quantum field theory models. Annals of Physics, 120:253-291,
1979.

N. Kitanine and K. K. Kozlowski and J.M. Maillet and G. Niccoli and N. A. Slavnov and V. Terras.
Correlation functions of the open XXZ chain: 1. Journal of Statistical Mechanics: Theory and
Ezxperiment, page P10009, 2007.

N. Kitanine and K. K. Kozlowski and J.M. Maillet and G. Niccoli and N. A. Slavnov and V. Terras.
Correlation functions of the open XXZ chain: II. Journal of Statistical Mechanics: Theory and
Ezperiment, page P07010, 2008.

H. Fan and B.Y. Hou and K.J. Shi and Z.X. Yang. Algebraic Bethe ansatz for eight vertex model
with general open-boundary conditions. Nuclear Physics B, 478:723, 1996.

124



BIBLIOGRAPHY

(193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

[204]

[205]

206]

[207]

[208]

[209]

[210]

J. Cao and H. Q. Lin and K.J. Shi and Y. Wang. Exact solution of XXZ spin chain with unparallel
boundary fields. Nuclear Physics B, 663:487, 2003.

W. L. Yang and Y. Z. Zhang. On the second reference state and complete eigenstates of the open
XXZ chain. Journal of High Energy Physics, 4:044, 2007.

R. I. Nepomechie and F. Ravanini. Completeness of the Bethe Ansatz solution of the open XXZ
chain with nondiagonal boundary terms. Journal of Physics A: Mathematical and General, 36:11391,
2003.

A. Doikou. Fused integrable lattice models with quantum impurities and open boundaries. Nuclear
Physics B, 668:447, 2003.

L. Frappat and R. Nepomechie and E. Ragoucy. A complete Bethe ansatz solution for the open
spin-s XXZ chain with general integrable boundary terms. Journal of Statistical Mechanics: Theory
and FEzxperiment, page P09009, 2007.

D. Arnaudon and N. Crampé and A. Doikou and L. Frappat and E. Ragoucy. Analytical Bethe
Ansatz for closed and open gl(n)-spin chains in any representation. Journal of Statistical Mechanics:
Theory and Experiment, 02:P02007, 2005.

D. Arnaudon and N. Crampé and A. Doikou and L. Frappat and E. Ragoucy. Spectrum and Bethe
ansatz equations for the U, (gl(IV)) closed and open spin chains in any representation. Annales Henri
Poincaré, 07:1217, 2006.

E. Ragoucy and G. Satta. Analytical Bethe ansatz for closed and open gl(M|N) super-spin chains
in arbitrary representations and for any Dynkin diagram. Journal of High Energy Physics, 09:001,
2007.

S. Belliard and E. Ragoucy. The nested Bethe ansatz for ’all’ open spin chains with diagonal
boundary conditions. Journal of Physics A: Mathematical and Theoretical, 42:205203, 2009.

H. Shulz. Hubbard chain with reflecting ends. Journal of Physics C: Solid State Physics, 18:581,
1985.

H. Q. Zhou. Quantum integrability for the one-dimensional hubbard open-chain. Physical Review
B, 54:41, 1996.

H. Q. Zhou. Graded reflection equations and the one-dimensional Hubbard open chain. Physics
Letters A, 228:48, 1997.

H. Asakawa and M. Suzuki. Finite-size corrections in the XXZ model and the Hubbard model with
boundary fields. Journal of Physics A: Mathematical and General, 29:225, 1996.

X.W. Guan and M. S. Wang and S. D. Yang. Lax pair and boundary K-matrices for the one-
dimensional Hubbard model. Nuclear Physics B, 485:685, 1997.

X.W. Guan. Algebraic Bethe ansatz for the one-dimensional Hubbard model with open boundaries.
Journal of Physics A: Mathematical and General, 33:5391, 2000.

N. Crampe and E. Ragoucy and D. Simon. Eigenvectors of open XXZ and ASEP models for a class
of non-diagonal boundary conditions. Journal of Statistical Mechanics: Theory and Experiment,
page P11038, 2010.

N. Crampe and E. Ragoucy. Generalized coordinate Bethe ansatz for non diagonal boundaries.
Nuclear Physics B, 858:502, 2012.

L. Mezincescu and R. I. Nepomechie and V. Rittenenberg. Bethe ansatz solution of the Fateev-
Zamolodchikov quantum spin chain with boundary terms. Physics Letters A, 147:70, 1990.

125



BIBLIOGRAPHY

[211]

[212]

[213]

[214]

[215]

[216]

[217]

[218]

[219]

[220]

[221]

[222]
[223]

[224]

[225]

[226]

[227]

[228]

[229]

230]

L. Mezincescu and R. Nepomechie. Integrability of open spin chains with quantum algebra symme-
try. International Journal of Modern Physics A, 6:5231, 1991.

R. I. Nepomechie. Solving the open XXZ spin chain with nondiagonal boundary terms at roots of
unity. Nuclear Physics B, 622:615, 2002.

R. I. Nepomechie. Functional relations and Bethe Ansatz for the XXZ chain. Journal of Statistical
Physics, 111:1363, 2003.

R. Murgan and R. I. Nepomechie and C. Shi. Exact solution of the open XXZ chain with gen-
eral integrable boundary terms at roots of unity. Journal of Statistical Mechanics: Theory and
Ezxperiment, page P08006, 2006.

W. Galleas. Functional relations from the Yang-Baxter algebra: eigenvalues of the XXZ model with
non-diagonal twisted and open boundary conditions. Nuclear Physics B, 790:524, 2008.

W. L. Yang and R. I. Nepomechie and Y. Z. Zhang. Q-operator and T-Q relation from the fusion
hierarchy. Physics Letters B, 633:664, 2006.

J. Cao and K. Shi and Y. Wang and W. L. Yang. Off-diagonal Bethe ansatz solutions of the
anisotropic spin-1/2 chains with arbitrary boundary fields. Nuclear Physics B, 877:152, 2013.

P. Baseilhac and K. Koizumi. A deformed analogue of Onsager’s symmetry in the XXZ open spin
chain. Journal of Statistical Mechanics: Theory and Experiment, page P10005, 2005.

P. Baseilhac and K. Koizumi. Exact spectrum of the XXZ open spin chain from the g-Onsager
algebra representation theory. Journal of Statistical Mechanics: Theory and Ezxperiment, page
P09006, 2007.

L. Freidel and J.M. Maillet. Quadratic algebras and integrable systems. Physics Letters B, 262:278—
284, 1991.

L. D. Faddeev and L. A. Takhtajan . The quantum method of the inverse problem and the Heisenberg
xyz model. Russian Mathematical Surveys, 34-5:11, 1979.

L. D. Faddeev. Les Houches lectures of 1982. Elsevier Scientific Publisher, 563, 1984.

O. Babelon and C.-M. Viallet. Hamiltonian structures and Lax equations. Physics Letters B,
237:411-416, 1990.

E. K. Sklyanin. Inverse scattering method and quantum nonlinear Schrédinger equation. Doklady
Akademii Nauk SSSR, 244:1337, 1979.

E. K. Sklyanin. Quantum version of the method of inverse scattering problem. Journal of Soviet
Mathematics, 19:1546, 1982.

L. D. Faddeev and L. Takhtajan. Hamiltonian methods in the theory of solitons. Springer, Series in
Soviet Mathematics, 2007.

C. N. Yang. Some exact results for the many-body problem in one dimension with repulsive delta-
function interaction. Physics Review Letters, 19:1312, 1967.

M. Jimbo. Topics from representations of U,(g) — An introductory guide to physicists. Quantum
groups and quantum integrable systems, Nankai Institute of Mathematics:1-62, 1991.

P. P. Kulish and E. K. Sklyanin. Quantum spectral transform method : recent developments. Lecture
Notes in Physics, 151:61, 1982.

N. A. Slavnov. Calculation of scalar products of wave functions and form factors in the framework
of the algebraic Bethe ansatz. Theoretical and Mathematical Physics, 79:2:502, 1989.

126



BIBLIOGRAPHY

[231]

[232]

[233]

[234]

[235]

[236]

[237]

[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]

[246]

[247)

[248]

N. Kitanine, K. K. Kozlowski, J.M. Maillet, N. A. Slavnov, and V. Terras. A form factor approach to
the asymptotic behavior of correlation functions in critical models. Journal of Statistical Mechanics:
Theory and Ezxperiment, 2011(12):P12010, 2011.

N. Kitanine and K. K. Kozlowski and J.M. Maillet and N. A. Slavnov and V. Terras. Form factor
approach to dynamical correlation functions in critical models. Journal of Statistical Mechanics:
Theory and Ezperiment, 2012(09):P09001, 2012.

N. Kitanine, K. K. Kozlowski, J.M. Maillet, and V. Terras. Large-distance asymptotic behaviour
of multi-point correlation functions in massless quantum models. Journal of Statistical Mechanics:
Theory and Experiment, 2014(5):P05011, 2014.

K. K. Kozlowski and J.M. Maillet. Microscopic approach to a class of 1d quantum critical models.
Journal of Physics A: Mathematical and Theoretical, 48(48):484004, 2015.

N. Grosjean and G. Niccoli. The 7o-model and the chiral Potts model revisited : Completeness
of Bethe equations originated from Sklyanin SOV. Journal of Statistical Mechanics: Theory and
Ezperiment, page P11005, 2012.

P. P. Kulish and N. Y. Reshetikhin and E. K. Sklyanin. Yang-Baxter equation and representation
theory : 1. Letters in Mathematical Physics, 5:393, 1981.

L. Mezincescu and R. I. Nepomechie. Fusion procedure for open chains. Journal of Physics A:
Mathematical and General, 25(9):2533, 1992.

A. N. Kirillov and N. Y. Reshetikhin. Exact solution of the integrable XXZ Heisenberg model with
arbitrary spin. I. The ground state and the excitation spectrum. Journal of Physics A: Mathematical
and General, 20:1565, 1987.

A. N. Kirillov and N. Y. Reshetikhin. Exact solution of the integrable XXZ Heisenberg model with
arbitrary spin. IT. Thermodynamics of the system. Journal of Physics A: Mathematical and General,
20:1565, 1987.

M. Toda. Wave propagation in anharmonic lattices. Journal of the Physical Society of Japan,
23:501-506, 1967.

O. Babelon and D. Bernard and F. Smirnov. Quantization of solitons and the restricted sine-Gordon
model. Communications in Mathematical Physics, 182:319, 1996.

O. Babelon and D. Bernard and F. Smirnov. Null-vectors in integrable field theory. Communications
in Mathematical Physics, 186:601, 1997.

V. B. Kuznetsov and E. K. Sklyanin. On Bécklund transformations for many body systems. Journal
of Physics A: Mathematical and General, 31:2241, 1998.

E. K. Sklyanin. Quantum inverse scattering method. Selected topics. Quantum groups and quantum
integrable systems, World Scientific, 63, 1992.

E. K. Sklyanin. Separation of variables in the quantum integrable models related to the Yangian
Y[sl(3)]. Journal of Mathematical Sciences, 80(3):1861-1871, 1996.

M. C. Gutzwiller. The quantum mechanical Toda lattice II. Annals of Physics, 133(2):304-331,
1981.

I. V. Komarov. Goryachev—Chaplygin top in quantum mechanics. Theoretical and Mathematical
Physics, 50:265-270, 1982.

S. Niekamp and T. Wirth and H. Frahm. The XXZ model with anti-periodic twisted boundary
conditions. Journal of Physics A: Mathematical and Theoretical, 42:195008, 2009.

127



BIBLIOGRAPHY

[249]

250]

[251]

[252]

253]

[254]

[255]

[256]

[257]

[258]

259]

260]

[261]

[262]

E. K. Sklyanin. Exact quantization of the sinh-Gordon model. Nuclear Physics B, 326(3):719-736,
1989.

G. Niccoli and J. Teschner. The sine-Gordon model revisited 1. Journal of Statistical Mechanics:
Theory and FExperiment, page P09014, 2010.

J.M. Maillet and J. Sanchez de Santos. Drinfel’d twists and algebraic Bethe ansatz. Translations of
the American Mathematical Society-Series 2, 201:137-178, 2000.

V. Terras. Drinfel’d Twists and Functional Bethe Ansatz. Letters in Mathematical Physics, 48:263—
276, 1999.

G. Niccoli and V. Terras. Antiperiodic XXZ chains with arbitrary spins: Complete eigenstate
construction by functional equations in separation of variables. Letters in Mathematical Physics,
105:989, 2015.

R. I. Nepomechie. Inhomogeneous T-Q equation for the open XXX chain with general boundary
terms: completeness and arbitrary spin. Journal of Physics A: Mathematical and Theoretical, 46:,
2013.

H. Au-Yang and B. M. McCoy and J. H. H. Perk and S. Tang and M. Yan. Commuting transfer
matrices in the chiral Potts models: Solutions of star-triangle equations with genus>1. Physics
Letters A, 123:219, 1987.

H. Au-Yang and B. M. McCoy and J. H. H. Perk and S. Tang. Solvable models in statistichal
mechanics and Riemann surfaces of genus greater than one. Algebraic Analysis, 1:29-39, 1988.

R. J. Baxter and J. H. H. Perk and H. Au-Yang. New solutions of the star-triangle relations for the
chiral Potts model. Physics Letters A, 128:138, 1988.

V. A. Fateev and A. B. Zamolodchikov. Self-dual solutions of the star-triangle relations in ZN-
models. Physics Letters A, 92:37-39, 1982.

V. A. Fateev and A. B. Zamolodchikov. Model factorized S matrix and an integrable Heisenberg
chain with spin 1. Soviet Journal of Nuclear Physics, 32:298, 1980.

R. J. Baxter. Superintegrable chiral Potts model : Thermodynamic properties, an ’inverse’ model,
and a simple associated Hamiltonian. Journal of Statistical Physics, 57:1, 1989.

C. Meneghelli and J. Teschner. Integrable light-cone lattice discretizations from the universal R-
matrix. e-Print, arXiv:1504.04572, 2015.

G. von Gehlen and N. Torgov and S. Pakuliak and V. Shadura. The Baxter—-Bazhanov—Stroganov
model: separation of variables and the Baxter equation. Journal of Physics A: Mathematical and
General, 39:7257, 2006.

128



Article 1

Transfer matrix spectrum for cyclic representations of the
6-vertex reflection algebra I






‘[€] seoumew I9jsuen) SUNNUWIWOD 91BISUSS SUONIN[0S MU
95911 uonenba uonoaJa1 ) Jo 9dUINDISU0D B SB UYL, “UMOUY ST Uonenba 1se[ Iyl Jo uonnjos
Ie[eds e 99UO0 [{] uonenbs UONIS[Jal a3 JO SUOLIN[OS MIU 1eISUS3 01 uonenbs 1a1xeg-3uex ay3
JO suONN[OS 9SN 03 SMO[[B UOTINIISUOD SUTURAP(S I0BJ U] *([9POW 93 JO S93IRYD PIAIISUOD)
S9OLNBW I9JSULI) SUMNUINIOD JO SII[IWR] Paleosse Te[nonied ur Sunonnsuod [6/-z9] POYIDIN
3u1191780G 9SI9AU] WNIUBNY PI[[BI-0S 91 JO YIOMIWERIJ 93 Ul SSLIBPUNOQ 9[qeISIUI [M S[9
-powr wnjuenb Jo sasse[d 1ONIISU0D 01 MOY UMOYS sey UTUeADS ‘[€] ur Jey) [[edaI sn 197
'SUOMIDUNJ UONR[110 JuIpuodsaliod sy3 jo uoneinduwod sy 01 Aem a3 Surusdo
SIUSWIST XIIBUI 9S9] JO W] JTUWERUAPOULIDY) U} puk snoduadowoy andurod 03 aqissod 11
sayewl [GOT 401 ] ul pado[aaap sisAeue a3 ToA03I0IN ‘[£0T ‘00T ‘66 68 ‘88 ‘€€] Ul sased 19130
Auew ur uat) pue ‘[£6] UI ISIJ ‘S|]9POUI JO SISSB[D JUSIJIP J0J UMOYS Sk S1eIsuadio XIneur
I9Jsuen uo s103e19do [e0] JO SIUSWS[ XINBUI JOJ SB[NULIOJ JUBUIULISIAP [BSISAIUN 0] SPEd I
S S[9pOW 9Y3 JO SOIWRUAP 9Y3 Jo Apnis a3 10J OS[e MO[[e 03 93eIueApe 33 sey yoeoidde A0S
9} TOAORIO ‘[IBJ SPOYIaW [eUONIpen 219yM [Z0T-88 ‘9c-8¢7] s[epow wnjuenb ajqeidajut
Jo A1arrea a31e[ e 10j a[qedijdde aq 01 usroid sey pue (SI0109AUISIS PUBR SAN[RAUSIID) WNI]
-0ads a1 Jo uonezIIAIOeIRYD 919[dUI0d I} 01 (UOTINIISUOD Aq A[ureur) pes] 01 adeiueApe )
Sey] Jey) POYIaUI B ‘S[9POUI JO SSB[d SIY} 10] [£8—8] poyIawW A0S surtueAp(S a3 Surdofaasp £q
Quop ST SIY ], "s3unias [erouad asay 10 A[dde 10U op yarym [£8-79] SpOYIaW [RUONIPEI) PUOA
-9q 03 01 2ABY M SUONIPUOD AIRpUNOq pue suoneIuasaidal [e1ouad a1 Apnis 01 19pio uf
"[£9-9 £ ‘9] sonnuapt uonesUNn
PUE S9DLIBW I9JsueI JO U0IsNJ (€9 ‘29 ‘7S] (VAV) Ziesue aiag d1eiqad[e Jo JIomaurelj a3 ut
UMOWY SIB SI[NSII SWOS YIIYM I0J PUR ‘SIUTRNISUOD [Rads auIos Iopun suoneiuasaidal asoyl
01 )[dkq padeI] 9q U.D JBY] KITUN Jo 51001 31 Ik sureyd ZxX uado a3 ayI] ‘SUONIpuod Arepunoq
pue suonejuasaidai [eads 1oyiel swos jo uondadxs 9yl YIm dsieds IoyIel IeJ OS ST S[opow
95911 JO 2INIBINI] B, "BIQI3[ UOTIDI[JAI X91I2A-9 31} JO [ [9—/G ] suoneiuasardal JI[dLd 01 paje
-100sse sjopoul wnjuenb sqeidaiur uado jo ssepd 9y Jo sisATeur 1) 11e1s am 1oded smy3 ug
'[95 ‘5G] swaisAs urds ur sentadoid 1rodsuen wnuenb pue [ 15-8+] ‘[¥S
‘€G] dASY 9] ‘$9s59201d UOTIBXE[2.1 D1ISRYD0IS [BIISSE]D Jo uondLIdsap a1 u1aduod suoneddde
Bunsarejur swos 39 {so1sAyd wnuqmbs jo 1no pue wnuqmba y10q 2qLIDSIP URD A1) SB
159101l [B21SAYd JO 918 S[OPOW 9SIY], ‘UIISN) S9IUIIDJI pue [gS—T] 99s 39 Isa1aiur yoIeasar
931e] B paloemIe sey suonIpuod Arepunoq uado s[qeidaiur yiim s[ppow wmniuenb jo Apnis oy,

uononponuy [

€€ S9OUSIRJIY
1€ 1N Jo 1001 T + sg = d 3y 1k sureyd uado s urds Zxx 9yl 01 uononpay v
0¢ suoneIuasaidal s1304 [eIIyd snoduadowoyul 0] UOHINPAY £V
8T SOLIBPUNOQ S[qRIZIUI IIM [9POW UOPIODH-dUIS 90MIL[ 9L, TV
9T ()~ jo Anqiqezifeuogerp jo jooid [erOULDH 1Y
9T xpuaddy v
9¢ SuoISNPuUo) /£
0¢ wnnoads- £ oy Surzusloereyds uonenbs reuondung 9
ST sIseq AOS 93 Ul UONBZLIdIRIRYD wnaoads-4, g

(£102) 600 ‘T "sAyd 3s0d1S

1S

1
I s1onpoid Ie[eds 112y pue sajels aleredas  'f
€1 Amuapt a1 jo uonisodwodap [e112ads A0S pue siseq jo a8ueyd ¢4
6 sIseq $21eISUASIo-(Y) g5 Ul eIqad[e UONIS[yaI A1) Jo uonejuasardoy 7'
8 $91BIS WINNJBA-OPNASd  'H
8 ©IGA3[E UONII[JAI XLI9A-g DI[I4D Jo uonejuasaidal A0S +
A JuRUTULIISP wniuenb pue XLnew 1ajsuen Arepunog 1°¢
9 ©IGo3[E UONDS[JOI X9LI9A-g 3] JO SuUONLIUISaIdaI dIPA) ¢
S JURUTULIOIOP wnjuenb pue xuew 1jsuen g 1°C
v rIqod[e I91Xeg-3UBx X91I9A-9 9] JO suoneIudsaIdal dIpAD g
H uonpnponul [
SJua3u0)
600°1°C"SAUdISOdIS/89F 1T O T:10p "UONBPUNO, 1S0dS 3y} Aq paysiiqnd
sonepdn £102-20-8T paysiqnd "35USDIT [RUONBUISNU] 0"t UORNN]LIIY
e £102-20-+T pa1daooy SUOUIUIOD) SANBDID I JOPUN PISUIDI] ST JIOM SIYT,
W 9T0Z-11-11 PaAIedY 1D 32 TN ‘N °( 3YB1I4doD @)

*SuonIpuod Arepunoq s[qeidanul [erauad
01 yoreordde 1no pualxa 01 padnponul 3q [[IM (suopeuriojsuen) adnes s 1a1xeq ayIy) s[001
[e21UTD3) IO SUWIOS ‘DITLIE IX3U B U] ‘I0jerado xeT aoueSorns-aouezeg 1) Jo SId)OWeI
-ed ay) uo pue s1ejowesed Arepunoq ay) UO JUIENSUOD U0 SururEIU0d suoneIuasaIdar
03 pajornsai st roded yussaad oy ‘Osed odurs e ur poypowr o urefdxa 03 JOpJIo U] “ULIOJ
Zjesue JY1ag drerqasd[e ue ul s91eISUISId XLIeW J9JSURI) 3] 9ILIMaJI pue uonenbs [euon
-ouny O-L 91 SI9IXeg B 0} SUOHIN]OS JO 19S 9} Sk uUonezLIvloRIRyd Jua[eambs ue aroxd
9M T9A0RIOIA ‘suonounj jo ssep uaAld e ur suonenbs rerwousjod jo urdlSAs RIISIP ©
0] SUOTIN|OS JO 39S ) JO SULID) UI PIZLIdRIRYD A[919[dwod SI (S3jeIsuade pue sonjea
-uadre poq) wmnaoads xLew Jajsuen YL, ‘(A0S) sd[qeLiea jo uoneredss Jo poyiaul a3
Bunuawardwi £4q pado[aaap st sisA[eue [endads siy], ‘suonipuod Arepunoq uado sjqeid
-9JUI IIM [9POUW UOPIODH-IUTS 3IINE] Y3 JO sIsA[eur [exdads oy 03 [[om se A[dde syynsax
ayJ, 10je1ado xeT Aoue3ong-Aouezeq 93 01 PIIRIIOSSE BIGIS[E UOTIIDJII X9119A-9 DLIIOUT
-ouo3Ln 3y} Jo suoneIuasaxdal o1oAd 313 10§ wajqoad [ex1oads XLIjewr I9jsuer) Y3 Apnis apm

yensqy

1} uok|-suapgyaljezad-aisindeq ‘uj uoA|-susg!|odd1u-ouel|niS U} UoA|-susgIs||iew

aouel ‘UOAT THE69 ‘TLIS WINN ‘OnbisAyd
9p 21103RI0QRT ‘SYND ‘T UOAT pIeurag apne[d AINSISATUN ‘UOAT 9p SNH ‘UOAT Jo AIISISATUN

191[92Z3q d1sndeg pue [[OIDIN OUBINID II[[TRIAl [SYIIAl UBS[

I eIqaS[e UOTDI[JRI X9LI9A-9
91 Jo suonejuasardal LD 10§ WNIPIdS XLIBW I9JSURI],

(£102) 600 ‘T "sAyd 3s0d1S




(€2 (uy| = (ud+y|
1UonNIpuod AIDIAD 91 YIIm

+2) RN ERERCE S (EECE i
:3umas Aq ei1qad[e [Aop a3 Jo uoneluasaidal [euoisuswIp-d B pauysp sI “g uQ

(€2 AN TS (PWA (Ul = (u [t

a1 a1y
J0 $1001-d 93 YIIm sapHUI0d WnNdads “a oy eyl Suisodurr “gs 9oeds 1esul| [euoisuswip-d B
uo pauyap 3q ued uoneludsaidar jo 2dAy syl ppo 1+ ]z = d pue uaad d ‘d/,d = ¢ qum

((44) Cgu?=b 10y T= da=1n

:sp[oy 11 1ey} pue siojerado Arejrun a1e Ya pue “n jey) swnsse om ‘9I9H Vg sodeds
119q[IH Y3 UO SI01RIdUA3 BIQI3[E [A9M 91 218 “A4 pue “n a19ym ‘D 31un Jo 1001 B 01 PIIRIDOSSE

T AN Ty wUA M b = "atn

©I1qa3[e [A9M [B20]
e Jo uoneuasaidal Y3 se pauyap sI uonejussaidal [edo] yoey “Ug sadeds 112q[IH [B20] Y} UO
r1qad[e I191Xeg-SuBx X9119A-9 93 Jo suoneiuasaidal [ed0] | Jo 19npoid 10sual a3 Aq pauyap
suonejuasaidal ) I9pISUod ) T0jerodo-xeT AoueSong-Aoueyzeq dy3 0] pAIeIdOSSe BIGIS[e
I9)xeg-3UBX X91I19A-9 ) JO SUONEBIUASAIAaI JI[IAD 313 JO SOISeq I [[BIDI d9M UONDIIS SIYI UL

eIqa3[e 191Xeg-3UB) X91I19A-9 9] JO SUONLIUASAIAI JIPAD T

“JTUN JO $100I T+SZ 93 B SUTRYD-S
urds ZXX 911 pue UOPIOD-dUIS Y} ‘S1I0J-TRIIYD 33 01 PIIRIDOSSE dSOY) 01 suoneuasaidal o
JO uondNpaI 3y IIM Teap sadtpuadde samy) Surureurar oy, ‘s1eowered )nq pue Arepunoq
a1 Jo sanfea [e1aUa3 Jo ased a1 01 (Y) g Ioreiado 9y Jo A[IqezIfeuo3erp 9yl 10 4 UONIAS JO
Jooid a3 pualxa am JU0 181y 33 Ul ‘sadipuadde 1noj jussaid ap suonduny-¢ rerwouijod yIm
uonenba [euonouny-O).1, 91 s 191xeg snosuaSowoyur 03 JuaTeAnba st wnoads XLIjeul Iojsues)
91 JO UOTIBZLIAIDBIRYD AOS Y1 JBY) MOYS 9M ‘g Uondas uJ ‘wa[qoid [enoads siy3 siseq AOS SIYI
ur 9AJ0S am pue XInew Arepunog-Ty remsuern roddn pue Xinew Arepunoq-—y [eIouas 1sow
9y 01 parenosse waqod [endads XIIeW 19JSURI 93 10] SISBQ-AOS Y3 ST SISeq $91LISUISR-"g5
91 1BY) MOYS 9M ‘G UOTIIIS U 'SISeq S9IBISUSIo-"g5 91 UI Salels aieredas pa[ed-os oY) 10J
1onpoid 1efeds a1 aInduIod 9m T9A0IOIN SISeq S2I1BISUISIS-"g5 9) JO UONINNSU0D IIdxa
o) I9IseD e 03 3)1s wnjuenb Aue 10J 101RI9d0-XET AOUBSONS-AOURYZEY S JO s1aoureIed
9} UO JUTRIISUOD dUO asodwT am J[IYM XLIeW ATepunoq (y) Y [e1ouas 1sour oyl 10§ ()7 Aq
pajerouad viqagd[e uondafyal oyl Jo (Y) g Io01eiauad oyl jo Aiqezijeucdelp oyl aa01d am 4
UOTI3s U] “BIQS[B UONDI[JAI X9119A-g DI[IAD 91} JO SUONLIUASaIdaI PIIRIDOSSE I} SULIP 9M ‘E
uonoas uj ‘101e1ado-xeT Aoue301S-A0URYZRY 93 01 PIBIOSSE RIqad[e IaIxed-SUuB) X9119A-9
9} Jo suoneIuasaIdal OT[IAD 911 [[BIa1 9M “Z UOTIIBS U] "SMOT[0] I Se paziuesio st 1oded oy,
‘[s€] ur A1epunoq [erausd 1sow
91 YIIM 3sED 3] JA[OS 01 S[00] Y} padnponur sey [¢g] 1oded a1 se [[om se ased Arepunoq
[e19ua3 1sow 3yl Jo uonnjos syl 10j dniss sY3 OS[e SUYSP SINSST JUSLIND INO JBY) 0S XLNeW
Arepunoq [e1ouad suo pue Ien3uern aUO Jo Sed a3 Ul Wwa[qoid SIY) JAJOS 9M JI9H "SUOLIE]
-uasa1dai J124d X2119A-9 911 10J sI[Nsal Jo adA1 sty azifeIauag 03 st 1aded a1 Jo wire 9y,
'SIseq $91BISUIID
oy ur [gg] s101e19dO0 [BDO] JO SIUSWD[ XINRUI JO suoneInduiod Is11j 01 ssadoe SuIAld os[e pue

(£108) 600 C "sAYd 350d1>S 1S

‘l9¢] uonenba Teuonduny O, snosuadowoyur ue 01 dualeambs s11 unoid To9g-¢¢ ‘0€ ‘6]
UOTIRZLIDIORIBYD $91BISUSSI0 pue sanfeAuaSio 9191durod a1 01 pes] Uay) sey| “YIomaurelj eiqade
UOTID3[Ja1 3] 01 poyI_dUW (AOS) SI[qeLIeA Jo uoneredas sUTURADS 91 JO UONBZI[RIAUAS 9] UO
paseq ‘yoeoidde JusIvlIp V -wsIfeuLIo) eigad[e 1adesuQ-b ay1 Aq [1z] ur Arepunoq [eisuad
9S9Y] JOpUN PaIdPISU0D ISIY U] SBY UOMINNSU0d a1eIsuasdiy ‘[£g] ul pandre A[juadal usaq
Sey] Wiie) snosusdowoyul ue yaim suonenba reuonsuny O)-1, [erwouAjod 10j zjesue Ue I9A0I0N
‘[9z] ur peonpomnur Asnoiaaid asoy) 01 Jefruwits suonenba ad4) zjesue ayiag paisau 01 Surpes|
poypaw [euondunj e Aq [Gz] ut paruswadur uaaq sey sisAJeue anfeAuaSo aInd "ygy 94l Wolj
JUSISJJTP SPOYI_W JO UOTIONPONUT 31 pa1mbai aaey A91) pue A[1US291 910U A[UIO PIAIIYDE U]
9ABY SUONIPUOD AIRPUNOQ PAUTRNSUOIUN [RISUSS IsOUI 31 10j Wndads a1 U0 SINSY
‘PIAJOSUN (IS S[opOW
uado 953} 10] SOTWRUAP 1) JO Apnis a1 IoAdamoy Juraea] wnnoads a1 Jo Apnis ay3 01 $Sad
-ov uaAI8 sey sy, ‘[+¢] -[2Z] ut 9sed 31un Jo $1001 9y} 10j SSNIIUSPI SUONBIUNI) PUR SIOLIIRW
JI9JSueI) JO UOISNJ Y3 JO 9SN Y3 U0 paseq poyraul [euonounj aind e Aq Apuspuadapur paALIDp
SeM JUTRIISUOD SWES 9} Wn.iads ZXX 943 10 IBYI JUSWIUIOD SN 39T "SIUTRIISUOD IB[IWIIS Iopun
vav AqQ wnnoads ZXX 911 9qLIdsap 01 [6€ ‘@€ ] Ul pasn sem ‘suoneuriojsuen) a8nes s 1o1xeq oy
JO UOISIaA JL1IWOU03LN 9] U0 MoU paseq ‘Yoeoidde swres a1 1ey) 191y “JUTRNSUOD [erads
QU0 AJsnes YDIYM sadLew A1epunoq [euo3erp-uou o3 A[palTu] poylaul gy a3 9z[elauad 01
smo[e [911] suoneuriojsuen a3ned s Ja1xeq a3 Jo asn 2yl 18yl ‘ureyd uado g/1 urds ZAX 93
10J ‘[ £€] ur pooIsIapuN ISIY SeM IT 108 U] ATepunoq [erouad yam sureyd uado asayy o pardde
A[O2I1p 99 10UURD POYIDW YV U], “PAAJOAUT IO YONW 3] 01 UMOYS SBY SOIWRUADP pUB W
-03ds a3 jo sisA[eue a3 SunISS [RISUSS SIYI I9PU[) “SP[RY dIAUSEW SILIBPUNO] PIIUSLIO-Z 10U
pue pajaferedun Supnpoid [€1 ‘11 ] [euoSeIp-uou st uorenba UONIIJOI X91I9A-8/X91I9A-9 A}
JO UOTIN[OS Te[edS [BISUAS ISOUI 91 T19A9MOH ‘Uonenba UonII[jaI Y3 JO UonNjos Iefeds [euode
-Ip 93 01 UOTINIISUO0D SUTURADS a1} Ul puodsariod sp[ay dnaudeur A1epunoq palusaLio-z [Im
sureyd urds wmuenb uado asay], ‘sureyd d1pouad a3 10J [GTT 4 TT] Ul PIYsI[qeIss poylawr
9l YIomawel yqgy 9} Ul 3urzijerauad a1yl ‘[9T] Ul usayl pue [GT 4[] Ul ISIy suonduny
Uuone[a110d Jo uoneindwod 10exs Y1 AQ PIIPNIS Us9q SBY SOIWRUAD SI S[IYM ‘ZIBSUR Sylog
oreIqad[e a1 Jo yIomawrely oY) ur ‘[g] Ul PazLIaIOBIRYD US3q SBY SILIBPUNO] 3] UO SP[oYy
onaudeur pajuatio-z [dyered ym ureyp wnuenb g /1 uids zxx uado a1 Jo wnnoads ay ],
‘WAY} SWODISA0 0} PIMOT[O]
aAey am e yoeordde a3 10j suoneAnour Yyl 2a13 01 pue 1aded sy ur parpnis spPpour A}
J10J PII9IUNODOUD OS[ SARY 9M JBY] PUR SISA[RUR 1191} Ul 9SLIE 1B} S9NNOYJIP a3 1no jutod 03
SN SMO[[B ST} ‘pIapU] "2191] PIIPNIS ASOYI 01 SPILSaI YIIM SUOTIRIUSSAIdDI JUSISIJIP 10] UAD
‘sureyd wniuenb s[qeissiul usdo UO SINIBISII[ UIBUI SWOS [[BIS1 03 SANONIISUI 3q ABUI 1]
‘[£11] B1qa3[e 191XRg-3UBK X9119A-9 9] JO UOIIN[OS JI[2AD AOURIONS-AOURYZEY [RI9US3 9] pue
[£1 ‘11] uonenbs uond39YIa1 X9119A-9 331 JO SUOLIN[OS IB[EIS [RISUSS 0 PIIRIOSSE UONINISUOD
S UTURADS 911 UT S9POW JO SSB[d 9} 10§ (sa3es areredas jo sonpoid tefeds urururialap Aq) waf
-qoid [edTureuAp 913 JO SISATRUR 911 11BIS oM Pue Wa[qoid [endads a1 9ZLI910RIRYD 9M ‘DI9H
*(uonrenbs uonNI[JAI 9y} JO SUOHN[OS SUIURAPS PIBIIOSSE 91 Aq
pazLaioeIeyd) sfepow wnjuenb s[qeidaiur uado mau (uonenbs 1vixeg-Suex oY) Jo UOHIN[OS B
Aq pazusoeleyd) [opour wnjuenb a[qeidalur pasofd Aue 01 ajero0sse 01 A1fiqissod 9y Ul SINsaI
Aurewr sty e up “[8y—¢t ] satrepunoq uado d[qeidaiur yim [ZTT-601] [Ppow preqqny ay)
pue [z—0t] sureyd uids wnjuenb uado yuer 1oy31y ay1 (81 ‘£1] sureyo wniuenb uado urds
19y31y a3 a1k sa[dwexe JUMNSaIaIU] "UONINIISUOD SUTURARS 913 SuImo[[o] pajuasaid usaq
9ARY SUONIPUOD ATepunoq uado Im s[epoul wnjuenb aqeidaur 1oyl ‘sureyd wnjuenb
7/1 utds ZAX 9U3 SYI] 9SeD X91I9A-§ I} 01 PIIBIDOSSE S[9POUI 10 SB [[oM SB SUTRYD BpoJ, 9}
pue I193UIPQIYDS IBSUI[-UOU Y] ANI] SISED X91I9A-g IS10 03 os[e sarjdde suononnNsuod Iefruis
[€] ur 1no parurod se 19A9MOH "UOIINIISUOD SIY3 Jo S[dwexa 11dxa ue do[aasp 01 [80T-90T
‘08] sureyp wmuenb z /1 uids ZxX PaIeID0SSE J) PUR 9SBD X91I9A-9 1) Pasn Sy UTURADR[S

(£108) 600 C "sAYd 350d1>S 1S




) SO (OB \ _ oy 0y B s
9°¢) W0's (e )= OO = (0"
W% (V%

W& (V7

D

(5 ‘ = ("W)™ W = ()%
1S9oLIRUI
Aworpououwl Arepunoq a3 01 3urpuodsaiiod ‘e1qaS[e UOMIIJoI X91I9A-Q Y] JO SUOMBIUISAI
-dax o1724d [erauag 3souwr 9y} duyap (11°Z) XLIBW AUWOIPOUOUI YN Y} 0} PAIBIDOSSE ‘BIqad[e
I9)xeg-3UBX X91I9A-9 9] JO SUOTIBIURSAIda1 D1[2AD Te1oUaS Jsow 9} ‘@ouapuodsaliod siy) uisn

+€) 20 (/TN 0 \(1-) = (V)]

:pauyop SARY 9M pUB

v z/1P2 14 44 b ) 2
. ¢ T b - - \|w Cy ¢
(€€) " wuN: A oy VN:v L I =(2%9)°y
(F-%)a  Z5-%

:[21 ‘11] uonenbs uondayy
-91 Xd119A-9 3 JO UONN[OS (XLITBW AIBPUNO() Ie[eds [eIauad 1sow Y ST (2 X ) fy)P)Y a1oym

(¢e) O ™I W = ()%
‘pauyop 2AeY oM Amhwm
(re) (/)N (V) 7 (b/ 1) (M) = (M) 7% (B/1)eR (V) 7 (M/0)*Hd
:uonenbs UONOI[JaI X9119A-9 Y1 JO
(# ® ;2)pud > (¢)"/ uonnios e uonenbs 1xeq-3uex Xo12A-9 31 JO (X ® ;2)PUl > (V)W
uonnjos AUe 01 9IBIDOSSE 01 SMO[[e SN Y21ym [¢] UtueAp[S Aq pasnponul ainpadoid [erousd
o) 3uimorioj Aq auop st siy], 1oleiado-xeT aouedong-aoueyzeqg 9yl 01 PIAILIOSSE BIqI3[E
UOMDIJaI X9I9A-g ) JO suUOnLIUasaIdal JI2AD [eIauad 1sour 9yl aUPap am UONIS SIYI Uf

BI(I3[E UONDS[JII X9119A-9 J) JO SUONILIUasaIdaI dIPPAD ¢

‘1919wered 019z Uou 9a1j © st Op pue

zQ:u Y Uy I=u op up Y =u
. ¢ b+ = —_—= ¢ b+ = O =(y)p
(€22 ¥+ P _a_ 5 = (0P - :Qv_a_ ®
. —=1 N\Hn:ﬁzﬁ\:Qzuv N\HE = Yuy < Uplylgup) = U
ANN Nu 4= y N\Hﬁzﬁzd\zQ:Bv N\ﬁvw - N\ﬁﬁ p q u =7
PIYM
(120 (b/¥)p()p =
:Q:w Y :Q:U Y uy  1=Y
. < ht—-)—— —) =
0z'2) (g 1b+ D D+ D _a_ n(-)
. Y ~ur Y Hur u. 1 — Db
617 (o~ G~ Z_a_Lss:%
w10 11[dxe SUIMOT[0] 91 JTWpe Ay,
(81D . Nﬂﬁ:\v&vzhu@v ﬂwmﬁdv:nu‘d _ :A?\@&v:é‘uv Nmﬁﬁ&vchwﬂv —
«ro (G0 1) (0 1) = (b0 1) (0 P1) = (0P 1"ep

:peal SIURUTULIANSD wniuenb [ed0] a1 a19ym

(£108) 600 C "sAYd 350d1>S 1S

g
I=u
1) o ep] | =
N
(sT°2) (z/1-bV)a(z/1P¥)D — (¢/1-bVIV(;, DY)a =
*1e) (¢/1-D¥)O ()P — (¢/1-DYIA(/: DYV = (1) "W™1p

WLIOJ P3Z11010B] 3UIMO[[0] 33 SeY I PUB JUSWS[S [R1IUSD B S
JueUTULIIDP wniuenb pares-os oy 1eyy sarjdur osfe uonenbs 1sixeg-3uex sy, [£6-26] Ul AOS
Aq pazuLdeIeyd pue [9Z1-6T1] [PPOW-dYd 943 JO SISA[RUR 93 03 paje[al sem 1 [T ‘C€T1] Ul
1=u
€1 ] Jze emum 0=[e(¥)%]
N
:9ARY 9M JB1) 910N ‘sIojerado Sunnuwurod jo Arurej 1e1ourered
9uo & sauyap (Y)W D= (Y)%2 XIhew 19jsuen Y[nqg 9y 1ey sadwr uonenbs 1sixeg-Suex oy L,

JUBUTULI9OP wnjuenb pue xinew 9jsuen ying 1°g

"[£11] ur parpmis usaq aney
95311 “JIUN JO 1001 U243 UE ‘D 01 PaIeId0sse eiqad[e 191xeq-3UL Xa119A-9 311 JO suoneluasaidal
JI[2AD I9PISUOD OS[e UEBD dUO JBy) 9ON .:@LH&@ = g 91 ‘sadeds uonejuasaidar [ed0[ I}

Jo 1onpoid 10susl 9Y1 U0 BIAS[R I91Xeg-3ULk 9yl JO UONRIUISAIdDI B SUYDP SIUSWS]D S puR
@10 (1 1)eR00) (M) = (M () mi(n/v)°Hy

:uonenbs I191xeg-3UBL 91 JO UOTIN]OS B OS[E ST

D

(v)a (o
g (v
XLIBW AWOIpouow 3UIMo[[oy 3y3 ‘UYL *(;0 ® ;2)puds (¢)97y 21 ‘Pnpoid 10sus) IeY3 U0
wsiydrowopus ue st (Y) 17y pue ;3 = A ‘A sededs [BUOISUSWIPIQ 0M) JOUSP ¢ PUB D I9YM

(Ire) (2 ®0Pud > (5 DY)"T-+ (¢ BYIN"T= =00

-¥-b—vb b_b
. ‘ Y=Y -b— — qo
(%] bbb y—y (2’
1-Y-b—vb
IXIIJBW-Y X91I9A-Q pIepUeIs 9} 01 spIedal yaim
62 (M 0)Fra(e) 1) er = (M) 1) V()P
:uonenba 191xeg-3UBX X9119A-9 Y3 JO UONN[OS B ST (Y)¥ 0T
ﬁmw.Nv n:Q\:Nu:@ — :m A:U\EQEU — :\h
UONIPUOd 3y} J3pun ‘paspu] ‘0 ~ A 0vds ATRI[IXNE PI[[RI-0S Y} J0USP D 2I13YM
(A4 R A y v y
Yafte — /a4 Ya¥p, b+ ¥k, b) “n .
qu T z/T 2/17) 1 = u‘p
A & ® NQvUEm E TH&»:@N\HW‘T :>:Bm:lvv un ﬁmx:l‘ﬁzm\\ :>:dH\ = m&v 1

:101e19d0 XBT AOUBZONS-AOUBYZRY SUIMO[[O] ) JO SIUDUIS[
311 SB pauyop MOU 3q Ued eIqas[e 191xed-Suex X9119A-9 JI[AD 31 JO S101e1US3 [B20] YL,
{171} > 4y Aue 10§
(CXa) AN = ((u | (Jua))) = (u yluy)
:s1onpoid 1e[eds 3uIMo[[oj 93 SUYSpP UBD 9M U “z5 Jo 2deds
1enp 9yl aq “% 197 ‘Ureyd ay1 Jo u 1Is 3 Je adeds wnuenb [edof 311 911 paf[ed osye ST g

(£108) 600 C "sAYd 350d1>S 1S




8
(5%) Ju T =) (o b0)"p = F((0) 1) lu T — )
tb) [T =) (_ub)"e = "((O)" 1) [uT—4D)
S [[9M se
€h) D= (U t(er) 9= (W) T~ )

ARy oM ua) {1 —d “ 0} U paxy aaey am {N “** ‘T} D u Aue 10J a19YM
((47] U, _ub—="q
:3ursodwur £q syurensuod aAoqe Yyl Jusu[dur I
S9jels wnnodeA-opnasqd [y
‘xipuadde ur pajuasaid
9q [[m 1 pue s1eoweled Y[nq 9y} Jo pue XLIjeW AIEpunoq Iauur oyl Jo sanjea [eruad Apord

-Wod I9PUN PUR SIUTEIISUOD S INOYIIM dUOP 3q Ued (Y) g5 Jo Afiqezijeuoderp ay jo jooid
3] TaASMOY ‘SISeq SIYI JO UONINISUOD o) IDI[dxa A[219]dw0d Syeur 03 I9pIO UT SUOP SI SIYT,

() NI} UA 0= gD+ 49

:931s wnjuenb Aue 1e uonejuasaidal oy jo sivlowered 9Y3 UO JUIRIISUOD SUO
asodwt om 919H "XLIIeW (¢) Y [eI9UAS 1soul 911 01 paleldosse (Y) g5 siolerado Junnwuiod jo
Aqrurey 1939wered-au0 ay3 9ZI[RUOSRIP YdIYM SISeq 1YSLI PUB 3] 913 IONIISUOD dM UONIDS STYI U]

©Iqa3[e UONDIIYJAI X31I9A-9 DIOAD Jo uoneuasaidal A0S +

(sT'€) (/D) B0 /D)P+ () B P =
*zTe) /DD e+ () () e=(%

ssuLtof arpawwuks Appondxa Suimopiof ay3 sy (y)\g 140d [puoSoip ay3 pup

(eTe) WMe=)s /=008
:SaLIIWWAS SUIMO]]0f Y] STIUPD XLIDW J2JSUD.] [D.12uaS Isow Y], *1°E ATe[jo10D
:3uimor[oy oyl aa01d ued am us)

(*9/1—*3) (/T — 1)
(€z's) . = +
et oD =Ty (b =) - O P

(F2/1="2)(¥/1—2Y)

((*30)/ ¢ib = ¢/tP/20)(2¢b) /1= b))

1SIUYJR00 a3 pue (Y)~ 7% Xiew oy jo
SIUSWISYS [RUOSEIP 91 01 PIIBIIOSSE SUO ) “9°T ‘XLIIBW JI9jsuen 9y Jo 11ed [euoSelp oy 10J

(1T°¢) ‘ =(y)*e

(0z°€) WGP+ ) P=(0%

:uoneI0u JUIMO][O] DI MOU IDNPOIIUT SN 19T "BIGIS[B UOTII[JAI X91I19A-9 311 JO suoneIuasaidal
2/1 uids Jo 9sed a3 10j UaA01d 9Iom sjuSUIRILIS Te[Iwls a19ym Toded surueAp|S [eurdLio 9yl
Jo sdoys urew ay3 Suneadar paaldp o9q ued 31 se uonisodoid sy jo jooid oy WO A

(£108) 600 C "sAYd 350d1>S 1S

_, (gx/b=Db/zY) _ _. (g¢/b=Db/z¢) -
(61°¢) : PH——T———=(_0)S ° o —————— =) &%
r'e (0 EDE) (+-) (0 EDE) (-0)
pup
. v (Y/T—2Y) o Y/i=0)
(81°¢) ) E‘@:ws +(-v) \%‘A%\@\SNS =%

:sa13.12do.ud uimo)jof ay3 Afs1Ips D.aqaS]p U01Ia]fa.1 2Y] fO S.10ID.LAUAT 2Y] 12A02.10[\
(e (V) g/eD) (g DY) V(Y /b — b/ ) = (V)" 19p
:sppa.t uo1ssa.dxa 11911dxa s11 pup
o1°¢) ‘0= (M)~ ()”"7"19p]
'2'1 “D.1qaS8]D UO1II}fa.L AY) Ul JUIUIA] [DAIUDD D S1
ST T/ giD) 8 ()1 DY) "% + (/D) B (/1 DY) B1( (¥ /D) — (b)) =
W) [/ ) 2/ BO) 8 + (¥/ D) 7 (51 BV 771 /B) — (B 1)) = (V)" Pv2p
JubuiuLialep wnuvnb Lippunoq Suimorof 2y *1°g uonisodoid

d/1+ ") (0/1—"0)

. . = -8
e (CTO o b+ o BT TOC PO 5y b=y bl 50— 0
:219yM
Tre) ((Cg/iD)/DIP( ) bOIP(O) B = (V) Vv
1SUOIIdUNY SUIMO[[Of S} SULSP dM U],
(e = (Y/1— P (D/1+ D) —e—— = (/1 +¢) (D)1~ D)

2/1+72 2/1=72
:[zz] s1910urered Arepunoq a3 jo uonezinaurered-a1 SUIMO[[0] 91 YIIM 1IBIS SN 19T

‘(¥) % pue (Y) 2 ‘(¢) % ‘(¢) # e1qad[e U0nDI3[ja1 94l JO SI0IRISUIS 313
Aq pagsnes sontadoid juerrodwr swos no 3unurod 11eIs am SisA[eue [en1dads STyl sonponut
03 19piIo U] ‘siojerado unnuwwod jo Ajrwe] () g 9yl jo AijiqezijeuoSerp ayl uaaoid s1 souo
yoeordde pos oy Sunuswardun £q pazATeue aq ued yarym ‘0 = (y)*q uonipuod Arepunoq
Teroads a3 01 uonuULSIIE INO IDLNSAI [IM am ‘Tenonied up 1aded sy jo 199(qns urewr a3 St
SIDLIBW JJSULI] JO SSB[D SI] JO (S91BISUISIO pue sanfeAuaSa) wnnoads oY) Jo UONBZIISIDBIRYD
oyl ‘[g] ur usnoid sey urueAp(S se uonenba uondafjal Ayl Juisn Aq SMO[[O] JUDUINLIS STY],

(or1°e) () B+ () B e+ () B P+ () # (V)=
6°€) {000 = {(O) (V)" =
(8% {0 )X () W ()T = (V8

1SDLIRW
I9jsuen Sunnuwiwod jo AJurej 1ajourered auUO B SUPIP SIILNBUI AWOIPOUOUT ATRPUNOq 9SI],

JuRUIULIIOp wnjuenb pue xinew 1sjsuen Arepunog 'S

‘s1a1ourered xajdwod Areniqie are 1 ‘Fo F5 pue

D

e O (V¥

(V¥ (V7

:919yMm “(T°€) uopenbs UORISYRI 91 JO UOHNTos |oq (Y—) %7 = (¥) ™4 Pue (v)™ 7% wim

=(F2 T T PO = (V¥

(£108) 600 C "sAYd 350d1>S




(8

(0et) “B) (V)% = ()% |v)
:9N[RAUISID 019Z-UOU M 3IBISUaSIe-(y) g B SI |15) I8yl SMO[[O]
N (1) sennuapt o) 3uisn Aq ‘U9YJ, "BIa3[e I9IXeg-3UBK 9l JO SIOIRISUSS 3 JO SULID) UT

62¥) ‘Te/v0a)p + (v /Da(a(e) >—
(¢/DVOV() 9 + (¢ /D) a(Ov(Y) =1 (1-) = (V)%

:101e19U93 BIqaS[R UONDI[JAI 9} Jo uonisodwodap a1 ANPIdXa 211IM SN 19T Joo.d

‘JupuuLIap wnuopnb ay1 Aq (¢)™9 apym
(81°¢) Lmuapr ay3 wo.f smojjof (Y) ¢ fo uonpiuasa.da. ay1 ‘paapuj s1sDq SaI0ISUS1-(Y) 86
27 U1 DIQaSID U0NIIYfa.l Y7 fO SU0ID.LUIS 12110 Y] fo uonDIUASA.Lda.L Y duTULIIAP A]219]dUI0D

(82¥) Ny g Py e Ty = 2p|Ny oo Py e Ty
adaym
q 1=q _ _
: gy (XX 4 b C2T="2)
2%) _sqéx <:S\\§@|§ES WP =5 =)+
(XX 4 b ya o
lu) = : g NP+ sl x
Ty o T 9T e 022/ Bl 7)) 1=
(Wt ("y) oL (y) e oyy# AT (o) L (y)
N w rail W3/ 1= @ 0GUB =B/ N o

:|y) a1p35 JLIGUAS 217 UO
u0130D 2] Suimojjof ay3 pup JupuiuLIAp wnjupnb ay g [Ny ‘Ty) = |y) parouap aavy am a.taf]

9zt e =) #ly)
. 0 s1SDq $21DISUE1A-(Y) g6 D AULPP ‘UODZIDULIOU 2.4 D s1 N pub {1 —d “*‘0} D "y auaym

pr%\:liu:zz
sTh AT -
sew iz L0

:s23038 Y3 UAYI N
#TH) \Miﬁ&?w # ¢duz-D—# o “5ePye-b # T TE A il

I}owupup {1—d“ "1} >y ‘ITF = 3 Aup 10f

pup

(€TH) AZ:.LEWEﬂ:> +;m1mm+.m1

:spjoy 31 pup  # (¢) q ] *(suoneiussaidarpAQS (Y) 8 Yo 1'p waloayy,

(447 {o<x1051 0> x1050}=(X)g P (N—D)gT—1="d
(1T'H) ANT Ty 3 uA pue {T—d“ 0}y 10F |, ()2) = @2
(oz'h) B/T+b=X a1+ oy = @yX  (X/T+0)=V

:SUONIEIOU SUIMO[[O] U} OS[E PISU [[IM dM XU TIAOIION

614 (eib/IP = ()% N

. Ue _ N+Ue « ay U
oUA )2 = "2 Zrnd ™= 2

:219YM

(£108) 600 C "sAYd 350d1>S

. . & HSM N I Yy

CIRD) d s:z: )= (V)
) -_—

(ARD! (¢/1)"o(¥)"p Cojt—"2) - = ()"

ﬁmd\v - W\N&v

nir—=deo} > (Ny - ty) =y sopdm-N
o3 Aq pazineurered sUONOUNY SUIMO[[O] U3 SUPSP S\ ‘SUOTIBIOU SUIOS SONPOIIUT 0 PISU oM
S)[Nsa1 Ino Juasa1d 01 19pI1o U “eIqaS[e 3 JO SI0JBISUSS 19130 3 Jo uoneIuasardar ay siseq
MU ST} Ul ururuIaap £q pue siseq soleisuasdio-(y) g IY3u pue o[ oy unonnsuod Aq
paulop MoU dIk BIGIS3[e UOIIIS[JAI X91I9A-9 DI[IAD 913 JO SUOTIBIUSSAIdaI-A0S IYSLI pue o 9Y L,

sIseq sa1eIsuaSIo-(Y) g5 Ul BIqaS[e Uonoa[jaI 9y Jo uonevudsaiday ¢'d

Ap11dxa 11 931am Jou op am Aprdurrs 105 ing {Nf ¢+ “I[} spdma-|\ a3 Jo
921012 23 U0 puadap s91LIS 90UDIDJAI A SB [[9M SB (Y)P Pue (Y)D SIUSIYJ0d 311 9SIN0d JO

=u
wb] [ ="
N

:191owered 991 91 PIxXy 9ABY 9M 3DU0

I=u I=u
@s é_rsé:ugu.:-EEEHSU
z

N
:pINOYS 1 Sk 1yl AJ1IaA 01 [duils ST 3T 2Iaym
(ST 0# (0] (V2 D= (1| (Vg ‘@/OP(v| = (0] (;,bV)a B {u] = (8| () bV
Wry)  0#(olv) 0=glv) ‘lv) (P = (;bValv) ‘lv) (Vv = (;,bYIVIv)
:paysnes a1e santadoid uimorjo ay,
(ET4) e ye= (| ‘uT-t'Ne=1v

1,S91BIS UYL, 1YSLI pue 1J3] SUIMO[[0] SYI SULYIP UBD 9M U],

@ry) (¢ MQ: b+ WX&”‘:\SN@\ sz“‘d:v\ = (y_b¥)"P(_wby)"e
o'p 1 o 17 Ytny k :
:3uraq
ary) (u_bY)“p(;_vby) e (uf| =
O1h) (ueu] _”NHA:.ud Hmﬁz,ud _ ZQW\&V:&MV Nmﬁﬁdv:.udu_ = (uY| A&vz,uqvumﬁ
6+ [T ="0) (u_PY) P (DY) " =

8't) _”HNAS?NV NHA:E‘NV _ NNAAv\dv:,u‘Nv :Q&uz.udv”_ _: T— :D — A&v:nuﬂwuuﬁ _: T— :D

1U 911S I JURUTULIAP Winjuenb [e20] o) YIIM 9[qneduIod JsInod Jo ST YaTgm

L) Yoy —y/M =00 /' —"oYx=(0"e
2I9yM
©OF) G b)"p = uM T ((0""T) )Mot = @ () )
pue
(£102) 600 ‘T "sAud 3s0dPS 12S




(48

m] {N“"1} 2 v pue {1 —d“ 0} > y Aue 10§

. _ Z+U
(stP) =N

‘Qours

Cel/ery )/ T~ el grep?)
(/1) 76"12P

W) (/D V() V =(p2/D Al A =

pue {NZ“‘1} > p pue {1 —d“ 0} o y Aue 10J

(€¥'t) (2/ D) Vapr=(ap)~a
19AR( 9M
SB UONIPUO0D JUBUTWLISISP WNIuenb a1 [pim 1ua3sIsuod st (Y) % JO SIUSIYJa02 9yl 10] a3nesd
USs0YD 3y 108] UI 1B} }JIBWSI SN 39T “(Y| U0 (Y) % Jo uonde 1311 oy 10J e[nuLioj uonejod
-I9IUI INO 198 9M JuBUIULIDISP Wnjuenb oy pue (y| s91eIs 9y3 Jo uonuyap 9y ‘ways 3uisn Ag

(/1)
b/1—b
(Cv)/1=")Mv /Sy =%/
((®¢™¢)/b—Db/%¢™)(b/1 —Db)
(™) 1= (M /v =%/ M)
((*¢™)/b—Db/e¢ ) ((bYy) /%Y — ¥ /bYy)

:SUOTIR[2I UONBINUILIOD BIQIS[B UOTDI[Ja1 SUIMO[[0] 311 918 PIaUl 9M [[B MON

@rv) w7

s

M) sV =) 6" %

(1r't) 0 (y|

(vl

:9NRAUISID 019Z-UOU YIIM dIeIsuadie-(y) &
B s AC_ 1811 SMOJ[0] )1 (ST ') Sennuap! oyl Suisn Aq [[e Jo ISII "S}Iewal SUIMO[[0] U el
0] paau Isn[ om ‘w109 snoirdid a3 ur pasn sdais sures a3 Suore uaAld st jooid ayJ, Joo.id

‘JuDUIULIZIPP Wnupnb
ay3 Aq uaa13 s1 (Y) ™% apym (81°¢) Anuapt aya wo.f smojjof () 4" fo uonviuasa.da. 2y ‘paopuy

or+) Ny ep g Py e Ty = (Ny < Py e Ty 21 (e /b)) v () = (¥)™a
[adaym
q 1=9q —
. (XX 4 . an--3 _
(6€) = <:S\\§w\§3$ (OWP = =5 (Wl (1) +
(X~ XT 4 5 3 Dy
T::N <: Q\m>~u+m\ﬁ35:v§ PPN+ ()7 >
Npow v£q
(X = (o)X m (el 2/ 1= 22 (el 2) /D= Emfﬂa " Wul -
v b WSl = 250G b—bl el L=

:Aq smo)jof $.101D.10ua3 D.1GSID UONDA)f. SulUIDWL Y7 fo UONID 2YyI (Y| 2IDIS dLIPUDS 2YI UQ

(£108) 600 C "sAYd 350d1>S

1T

(8et) (V)"ayl = (ul(v) s
: ¢ Jo s15Dq saipIsuadia-(¢) g D 2ulfp (ST°Y) Ul Sp Ju1OLf200 JWDS Y1 N YIm

(/D Wy
hm¢ < \m r..Q
ﬁu @ p:wu@ _ _ :_

— |z

:521D3$ Y3 ‘parf
-sps a.p ($2°%)-(€2°%) pup 0 # (¢) ~q J1 *(suoneiuasaidar-AQS () 8 WYSN) g W10y,

:suoneluasaidal 1311 a3 10 sonradoid Te[ruils aAey am

(9t) (/b= b/ 0/ (/1= x) = (O
{UondUNJ Y} pue
(s€¥) ANT“T}o D {T—d 0} Dy 105 (A =
:3urugep Apreruis

o ‘|y) uo
uonoe s3I 10§ e[NULIOy Uoe[odIalul N0 398 9M ‘s103e1ad0 PaXY WS 318 ()pus * T a1aym

0=D
FeY) .u,l\uASszN\ud& N =()#

T+NZ

1y 01 sp1e3a1 yIm aouspuadap [euonduny Surmor[oj a1 sey () " 1.yl SunjIeural pue

2/1—-"2

. <0 b.
(6eh) 20 MWDP=T 7Sy

(1= (b7 1 (DW™9p (1) = (D) 7
:sannuapl a1 3uisn Aq A[eurg
‘uordNpuI 3y Jo L1piea oy aao1d 1snf yorym ‘orezuou are {|\ < T} 3 [ Aue 10§ {1 0} 3 x yIm

e R L
[Nx + Ix 4+ SWS = | (1yY) seres [[e 1et 9A01d UED M ST BUIS() “OISZUOU ST _ﬁ 95 ey os

N,, <
Ok

(zeP) NI} L 0# | f9)- <L

lay— [
() e i D P o)

IR 9ARY 9\ "0I9ZUOU SI _Qﬂ T+ SM:?. ASWS = _Smcv ey
moys sn 9] pue {g—d 0} S.wc M _:ﬂ: ¢ LSWS = _GEV 91B1S 91 10J 9NN ST dUIes 9yl 18yl
uonoNpuI AQ SWINSSE SN 19] 0S 0IIZUOU ST [{5) 2ILIS I JBYI UONINNSUOD £q MOUY M “0I9ZUOU
SI 91B1S NS oea 1.y} ST aduapuadapur Jeaul] 1193 193 03 9a01d 031 pasu am 1y Sulyl AJuo ayy
('¢) ™86 Jo an[eAUISIS JUSIDJIP B 01 PIIRIDOSSE SI 91BIS YoNS ok (£ ') UONIPUOD Aq SY *, 24 JO
siseq sareisuadro-(y) g6 st [y) sarers | d Jo 19s o 1 Ajdwit (12°t) pue (€2 1) SUORIPUOD S
1BU1 MOU MOUS SN 19T "SUOTIR[2I JUBUIULISIOP urmiuenb o) pue (1¢'f) SUONB[RI UONBINUILIOD
BIqI3[E UOIIDIJAI Y [Y]) $9IBIS YY) JO UONTUYSP Y} WoJ SMO[[0] {NZ“** ‘T} D q 10 ( ( EM N
Jo uomnoe ayJ, *(92'1) Jo Apiea ay3 aao1d 01 [66] ur usa1d jooid sy3 dois Aq dais mo[of ued am

(Y")/ 1=/ T—5Y)
b/1—b -
_ /1= g0/ W — /%)
T %am
O e @
(") 1=y (M /v —¢ /)
((*¢M)/b—Db/e¢M)((bYy)/%¢ — ¥ /bly)

:SUOIIB[aI UOBINWIWOD BIqa3[e Uondafja1 oyl Suisn Aq MON

(Isv) (") s(*v) %

) ()% =) s

(£108) 600 C "sAYd 350d1>S




14!

0=y
9t .:éfwé%%w| oy || 2| Naap = (gl|)
=

:Spjoy 11 udYy3 (103924 23040das) (¢f| 2338 3811 230.4Dd0S AID.131GD
up pup (10192409 21p.vdas) |v) 23p3s 1fo] 21p.avdas Lip.31quD UD 2D} sn 327 ‘g'y uonisodoid

"UOTIDIS XU 3] U MOYS [[IM M Sk ‘sarels aleredas
Teads aIe XLeW J9Jsueln 3y} Jo sa1eIsuase oyl pue ‘uonisodoid JxaU S} Ul UMOYS 3] [[IM
11 se ‘s1onpoid J1efeds JueUIULISIOP S[dWIS JTWPR 431 : SUOSEIT OM] 10J ISBI] I8 SUNSIILUI 218
soje3s o1eredoas sy, 'SISeq SIY) UI ULIOJ PIZLIOIDR] B dABY S2lels oeredas 9say) JO SIUSIDLID
-0d a1 1By} Suruesw ‘sraquinu xa[duwod Areniqre are e SQ pue 56 SJUSIOYJS0D JY) IYM

NSP>qST 1=p 0=Ny"ly

(€9t Ny Tyl (ix =0 [ ] QVQ: N
NSD>qST ﬁuuouzxz y

@9h) My (o x—ep0) [ ear[ ] K
N 1—d

:SISeq-A0S Y311 pue 9] a3 ur suonisodwodap jo adA1 Surmoroy ay3
£q pazi1oRIRYD ‘S91R1S S1RIRdes PI[RI-0S SYI ‘S91els IYSLI puB o[ JO SSB[D B 90NPOLUL SN 397

synpoad refeds 12y pue sajels sjeredss b

NSP>q5T0o=Ny“ 1y

(1) Ny Ty Ny =Tyl (S — 50 ] N =1

:sIseq AOS
91 ul [ Anuspi a3 jo uonisoduwodap endads Juimorjog sy sarduwir ura109yl snomaid sy,

]
(u9/1) "y 0="11 NSP>qST
. . 1) _
09%) AG_% : :_G AQ &N (1— &Nv : =N
T/t
{UONBZITRULIOU 31 JO 210D SUIMO[[0] o) Suisn
9y Dy, NSD>GST
_ X~ (X
65H) (1=9) H: ) : =(1—d*
3uraq uonisodoid a3 saaoid styj,
(85 X=X zvmx (1—d=1—di—d=1-d)
- Nqj€ees €Tq7| Ny €= €T
(X~ hX (Nyg e Ly Ny Ly
:an01d UBD SUO YDIYM WOIJ
D#q
Lo L;vuﬂ| (s xvxm _ (Ny eoes Dy e €Ly Ny eree Dy cove T
T [Ny e € Dy cees cTyyIN TS
X —egx e Ny T+ 7y )
:AIIIUSPI 9} 01 PBI[ SINSAT ST,
< €Dy ¢ 3 [2 €Dq €. [3 ANAAuthV\MlNﬁAUKNMUV D
(9s%) Ny oo Py oo Ty Ny o Py oo ) ——— e =T

(pp2/1)7v(b/1—D)

:0s pue

(£108) 600 C "sAYd 350d1>S

€l

(RS VR +))

nmm¢u AZ&?.Q}*?..QSZ&?. €Dy cuee Q&v - = — = u%
(yp2/D7V(B/T=D) (o
:spjoy i
+SP) 0= (Ny T+ "y Ty|(( o2/ T) B NY <hy)
1811 10B] 943 pue (81°¢) uonisodwodap ayl 3uisn a[rym
(€s) (Ny g Py o Ty Ny o ep 4 Py e Ty x

T X T T~ oo32)
(%) T (y T (oy

: (ep2/D7V(b/1-D)

="
25% (1+ SX
398 am ( ) ?2)7# 103e19dO 911 JO UOMIR Yo Ayl SuIsn

(ZS'¥) *Z Cove AHW 5D amyYM AZQ,... T+ s&?.. QEAATrEN\Mv\EA_Z:?: :ux:: Qﬁv = u%

SJUSWIS[ XLIIBUI 311 91NdWOd 9M SJUSWS[S [BUOILIP
s aandwod 01 uay) Jeuoerp SI ¥ XLOeW 3y Jey) sar[duwil SIY], ‘SoN[eAUdSIo-"g5 JUIJJIP
0M] 10J ‘019Z ST 91eIsuade-"g5 JYSLI B UO 21eISUISIe-"g5 9] B JO UONDR 31 JBY) 910N 0Oo.Id

dy, Dy NSD>GST
X— o X
E __ = (yly) = @xDxpy

:sa1.13u2 JpU0SDIP SUIM0]]0f Y3 AqQ PaZ1.1939DIDYD S1 31 pUD ]PUOSDIP S1 S2IDISUPS1-gF TSI
pup 3f3] Jo s1onpoud .ppas fo Sunsisuod (NN = W Xtapw ((d x d ayj 1y uonisodoid

(IS'%)

:sp[oy 1 3813 2a01d ued 9pA
(0s'H) {de Ty 3 LA (Oale = () #y)

:Aq paugoep x1neu [euo3erp zm X zm oy ST (¢) #v a1oym

6v) ) ¥V =) & ) #v=0)"% N
*SpIoy 3 yorym
10J SILIBW I[qHISAUL 318 (y/] PUB (y/] 3BYI SMO[[0] I (¥) g jo Anpiqezijeuoderp ay) wo
1=
(8v'+) {1l uSTSQN +i1=)x — ({1—-d 0}y x
N

:Aq paugop *zmr.. ‘1} pue z: —d 0} s19s a3 UsaMIDq WSIYdIOWOST 3T ST X dIYM
Wy @AY N Wlgn =@l puwe [0, x)"n N = 1) = 14)

:sIseq $1BISUASIA-"g5 Y311 pue Y[ 33 01

(OF'h) (uty"ye =yl pue  [uty) e =Iy)

:s1seq sareIsuadia-ta
91 Aq paurioj ‘siseq 1YL pue o[ [eUISLIO S WOI) Siseq Jo aZueyd oyl A[aAndadsar Jut
-UYIP ()1 PUB (4[] SIOLORW zm X zm a1 jo sonuadoid urewr a3 Juasaid am UONISS STYI U]

Amuapr a3 Jo uonisoduwioddp [endads A0S pue siseq jo 3ueyd €'y

(£108) 600 C "sAYd 350d1>S

1S



91

(€1'9) 0#(®)q pue 0=(v)"q

:s1o19urered ATepunoq 9y uo SUONIPUOD SUIMO[0] 3} Jopun

€r's) W B+ =s

XIIJeW I9Jsuen oyl Jo wa[qoid [endads oy Iapls
-U0d 9M S JeY], "SISBq S21BISUIBIS-"g5 SY) YAIM SIPIDUIOD SISBG-A0S ) YIyMm 10J ‘0 = (y)*q
uonIpuod Arepunoq [epads 9yl 01 UOHUSHIR INO IJLISSI [[IM 9M 9I0J3( PIUOHUIW SY
O "W 911 Jo Jooid a3 s19[durod yorym
ars ‘(¥)*a%ep = (¢b)*qep
ey sarjdunt Aj1eapd
SIYJ, "paSueydUN SISYI0 3Y) JO 19PIO Y SUIARS] UWN(OD ISIY SYI Ul UWNJOD ISE[ ) AOW

yorym xrnew d x d e uo uoperado ayy st F9y Areqrus pue pagueypun sI9YI0 3y Jo 1OPIO 9}
SuIABS] MOI ISIY Y3 UI MOI ISB] 3Y3 dA0ow yo1ym xrieu d x d e uo uonerado ays st L%y azoym

(o1'9) (@D =0bv*a

:JB1[) 9ATISO MOU SN 19T

69 “(0V*a%ep = (¢/1)*a"ep
118yl 99 01 [BIALI} USY] ST I]
{z/(g—d)“ 0} 2 14ue 10J 7 + 1 yum 1 — d suwn[od Jo 9[dNod a3 SAZURYIXS YDIYM XLIBW
d x d e uo uonerado aya st 20 Aprequs {z/ (g —d)“‘0} o 1 4ue 10J 7 + 1 yum 1 —d smo1 jo
a1dnod a1 sadueydxa yorym xmeuwr d x d e uo uonerado ay) ¥0 £q pajouap SARY am dIYM

(89) ((*a¥o’0=(x/D*a
Jep
9ARY 9M ‘Y /T « Y Iopun (y)2 UOHIIUNJ SY3 JO 9DUBLIBAUL 93 10J JBYI 9AI9S]O SN 19T Joo.d

“4Y/1 — 4 uonpwLIofSUD. 2Y3 LapUn JUDLIDAUL 4y fo uonounf v st (y)*q1op
Uyl Y/1 « ¢ UONDULIOSUD.L) Y] J2pun Juplipaul Y fo uonounf v aq (Y)2 127 *g'S WU

(/D) —(b/Y)

L9 = (Y/¢/1DIV(g/ DYV
(O 79P(¢/ ¢ /1b) Te( bY) e e
{UONIPUOD JUBUIULISISP Wnjuenb ay1 saysnes (Y)V JUSIDYJa0d 33 18I 910N
99 (O v e = (v
:pauPap SARY 9M PUEB UOTDUNJ JLIaUS B ST (Y)2 MOU I0J 219Ym
(5°9)
(b2 (¢yP)v— 0 o 0 ((¢,eb) /1=
QdﬁlewV /T)v— m<~|~wwvb A&HINNWU<\ 0 o 0
o ;
‘ . =(0%a
0
0 0 ((¢b)/T)v— (¢b)2 (¢b)v—
(v— 0 0 (¢/1)v— ()2

:soommewr d x d jo (y)*@ Aquiej 191aurered-suo 3ut
-MO[[O] 3} MOU INPOIUT 9M SIN[RAUISID 311 9ZLI9I0RIRYD A[919[dW0D 01 I9PIO UT {san[eAuadio
XIneW I9jsuen o) 3uofaq yorym o1 sreruroukjod jo 19s 91 sauysp ewwa] snoiadid ],

(£108) 600 C "sAYd 350d1>S 1S

ST

= "BUIWIS] S} UI B[NULIO] uonejodiaiut

oyl A[dwr sannuapr ST YIIm 19y19303 Y 01 SpIe3al Yim ()4 JO WO [RUONOUNJ UMOWY Y],

')
“(Wnhep

(2/1="9) (3/1=*2) A
ﬁ\v“ﬁ +79) A+U“H + +wuxzﬁﬁlv = AN\HHWCQ ﬁﬁvgwuwﬁxznﬁ|v = AN\HHWUQ

:sp[oy 1 eyl pue N\QS pue N\Qv ur
[enuad ST XLOeW JI9jsuen) a3 Jeyl uoneindwod srdwis swos 193je Adwl (£¢'f) SaNNUIPI oYL,

coFY 301

(€9) (06 @inyest W =2

:SpJOY 11 pue [enuad s 11 ‘suoneinduwod 19211p Aq
PIALISP A[ISes 9q UBD XILIBW I9JsueI] 1) Jo dnoldulfse syl TOA0IO) 'SUONRULIOJSURI) 3531
JIapun pagueydun 1o I (Y)2 uay) £ > (Y)2 J10s ()4 XLIBW I9JSUeI) 3 JO SOLIIDUIAS d1e
Y/1 < Y PUB Y— « Y SUONRULIOJSURII S} 1B} UMOYS SARY 9M ‘UONDDS snotaaid sy u Jfoo.qd

(2/1="2(C2/1="2) ooy

(@9 .?Qfo Hnu: ty_ 04 WU Tu: C+2) 7ty =
a4oym
=9
r's) A:ONTSE ©2(X— V) +
b (C31="D 314 X+ X _
O S =) Cari2) <E§ o
v#q
Ix—x 1= IX— x5 ox— (%) L
(whpQ—= :cisz: )+ (G2 —© EN o N (02

@X~V X~V R

‘pjnuLiof
uonpjod.iaiul Su1mo]jof 2y SNWPD YoYm Y /T « ¢ UOIDULIOfSUD.L] 2Y] L2pun JupLpAUl Y o uon
-ounf uaad uv s1 €7 > (y)2 Aup uayy ‘wnagoads xrapw Jafsuv.y Y3 £ Aq 2j0udq *1'G BWUWIT

s
XIIBW I9JSUBI} 9} JO suomounj anjeausds oy [ £q paysnes sentadoid Areurwrpaid swos
1uasaid 151 9 BIIS[e UOTIDDJAI X1I2A-g 3 JO SUOneIuasaIdal oI[dAd a1 01 parenosse (Y) 4
XLIJRW I9JSURL 93 JO WNidads Sy Jo uonezLvideIeyd 939[dwod ay1 Jussaid am uondss Iyl uj

siseq AOS 9y} UI UonezLapeIeyd wnads-5 g

O *J[NS31 INO 198 SM JURUTULINISP 33 JO AjLreaur[nnu a3 Suisn K[[eury
“JUBUIULISIAOP SpUOULIDPUEA 3y (Tx—Px)N>PZI>I [ = (N -+ “Ix) A Aq pa10uap 2ABY oM 219UyM

1= o=Ny=1y

(s9'%) ‘endepe ] JCuxwioa K =(dlv)
N

1—d

:3uimorpoy a3 ‘(¢/| pue |o) saieis ay3 jo uoneIusaidar
o Sursn ‘sorjdwut (TS°f) e[NULIO] Y], [£6] UI SB pOyIaW aures ay31 smofjoj jooid ayJ, ‘foo.qd

(£108) 600 C "sAYd 350d1>S 1S




81

es) (mae=a Ny Tyla) = (y)*a

:219YM

(€g'9) AN TIouA (WD) B2/ DA+ (WL By 2)d = (W) R 22
ruonejuasardal-—gs Y311 oy ur paindwod aIe
(ce's) Ny Ty () 512)
ISJUSWIDO XLIIBW

9} 1B} JSBD ST UT YIewal I1sn[ am ‘9aoqe se sMo[[o] Jooid o) sa1eIsuadie- 4 1Ja] ) 104
"91eIsuasie- 4 urpuodsariod o st (1| pue £ > (y)2 91

ass) D3YA 2Ny Ty ()2 = (2|(V) £ Ny Ty)

:sarpduut siy3 pue [Ny - “Ty) s1eisusldie-—g5 Aue 10j
(0€'S) (N Ty uA (21N = Ty () 2)2 = (21 2) & 1Ny = “Ty)

:saysnies (81°5)-(£1°S) Aq pauyap

(2| a1e3s ay3 ULYI (91°G) Soysnes pue (1°G) SUOMIUNJ JO 39S Y UI ST (Y)L JI “BSIDA DIA
-orduurs
st wnaads- £ a1 9T {(81°S)-(41°S) Ul USAIS ULIO] PIZLIOIdR] 33 JO SIUSDYJI0D M (1]
aelsuadie- 4 Surpuodsariod auo AJuo pue auo (Uonezijeuriou o) dn) sisixa 21911 €X 3 (Y)2
Surxy o {N T} > udue 10§ {1 —d“‘0} 3 “FUy ayp woy Juspuadopur pue anbrun sI
uonnyos 9yl (UONBZI[BULIOU [[BI9A0 Uk 01 dn) usay[, "(ST°S) Pue (+2°¥) ‘(£2°1) suonipuod a3 10y

1} 3UA 07 (q_p2/ TV 0 # (h3)V

Buraq 1 —d sI (£7°S) Ul s9oLnew ay3 Jo yuel ayL, "{NZ " ‘T + N} 2 » Aue
10§ zmmm /1= Sww sjutod a1} UT OS[e PAYLISA ST UORIPUOD SIY) BWWI[ SNo1ad1d 91 10 18l 910N

62°9) AN 1hou {1—d

(8T {N“ T} 2 DA 0= (()2)*@Pp

:pIoY ISNW 1 "7 ‘SWAISAS Teaul] 959y J0J suonenba Ariqueduiod ay3
sordur € 3 (y)2 uonIpuod ays uay[, {1 —d 0} ur “¥¥y Lue 10§ pue {N 1} > uAue 10§

0 AZQ“:LH|QH:£?.L:®»9
745 1 1= “ (@)*a
0 My =tyeeya |
0 ﬁZﬂr.louzﬁr.l:Dp\HJ

:suonenbs snosu
-930woY Jo swelsAs Ieaul] [\ Se uonejuasaidal jus[eanbs SuIMO[[0] 9yl SITWPR WDISAS SIY,

(CI49) Ny TEty e Ty = (L
PIYM ‘€T 3 ()2 01 patenosse (1| aelsuadie- 4 a1yl Jo
(sT'9) 2Ny “Ty) = () *

:suonounf-aapm
o ur suonenbs ayi-1oixeq \ d jo walshs & o1\ {1 —d 0} >y pue {N“‘I} > ukue 10§

#T's) (D L1 B2/ DV + (W) L) B2V = (U) By 2)2

:suonenbs Jo ura1sAs 91910sIp SUIMO[[0] 93 Aq PIZLISIDRIRYD ST
SISeq-AOS 91 UI () £ XIIIBUI I9JSUBI] 311 JO (S91eIsuaSIo pue sanjeausda) wnnoads oy, Joo.d

(£108) 600 C "sAYd 350d1>S

1S

L1
‘022 1 (,2| uo |2) fo uowdp ay3 Y3 sandunt upndo1Dd UL YNYM
(€79 ,I<?$xw X—gV)=(¥),2—(¥)2

:Aq pauifap a.p ?.pwx Y3 a.oym

(449) N T}oPA 0= )X T: N
1625 ()2 # ()2 f vy3 230u sn 39] /6] wo.f spapr Suisn Kpuig
(12°9) ‘(0-a*p=(Va
ynm
(¢)v uawffo00 21 (¢)*@ wr Sunminsqns pauifop soorupws d x d fo Anunf ayi s1 (¢)*g pup
©0z'S) ‘(o 0)=o (@O S0 " ©o)

{WAISAS snoauad
-owoy Upau1) ay3 Jo uovZDULIOU 03 dn U01IN)OS [P1ALIIUOU anbrun ay7 auD ¢ SO Y3 adaym

NSD>qST 1=p 0=Ny"

(61°5) Ny ) (g x =) | 26: N

:SISDG-A0S 3] 212 Ul
uonsoduiosap Suimojjof ay3 Aq paurfop s1 £ > ('y)2 01 Surpuodsa.Liod apisuasio- 4 a1 Y], (|]

D2
0 (1-d)
. . D
(81°%) 1= : ()*a
DL
0 ©0
{WAISAS snoauad

-owoy Upau1) a3 Jo uoDZDULIOU 03 dn U01IN)OS [PIALIIUOU dnbrun ay7 auD %ﬂ@ Y3 adaym

NSDP>qST 1= 0=Ny*
©rs Ny Uyl x— g0 | ] 26: N

:S1SDQ-A0S 7YS1.1 Y3 U1 UON
-1s0dw00ap Surmojjof oy Aq paurfop s1 €3 > ()2 03 Surpuodsa.Liod pISUISIL- 47 WYSLL Y], (|
(o1°9) NI} 2 DA ‘0= () awp
:suoypnba
JO wa1sAs 232.4081p urmo)jof aya Afsus yorym (11°g) ynm (1°g) uLiof ayz fo (¢)2 sppuuoudjod fo
95 Y3 Ynm sap1ou10d £ puv wn.pdads ayduns sy (y) 4 udyr paysups aav (42'+)-(€C ) pup
(ST'S) (N Tyou {T—d T}oyp “E9, b#"im
SUOLIIPUOD 2y J] *1°G WIDIO],
+1 pue ty ur swnid Aressaoauun a3 ssaxddns [im am Suimor[oj ay3 ug
CN="DCAT=")  eoy
QQQB HHm: dp\\hm\kdkzﬁﬁlv
:SpBaI XINBUI I9JSUeI) 9} Jo dnoiduAse oy W] sIy) Japup “oo+ « A Suipuas Aq

1.2 = +,2 pue Y3, a2 = Ty s1o10werRd A1RpUNOQ 311 JO UONEZI[RWIOUT SUIMO[0] 313 £q PIZI
-Teax Ajduuts aq ued ‘g # (¢) To & paaisap 1 peaisur Surdesy ‘g = () Tq uonipuod a1 1yl 30N

1°9)

(£108) 600 C "sAYd 350d1>S

1S



0¢
. (1= 2/1="3) N+t A nml FN
€9 TR DN = R S
9 (OVg/-br = (V)Y

:suoneIou SUIMO[[0J 31 SINPONUI J2A03I0UI SN 3T (0 # (¥) Tq & peaisur
Burdeay) 0 = (v) t210] 1— = 2 pue (0 # () ™ & peaisur 3urdeay) 0 = (¢) Tq 10J T+ = 2 219UYM
CAI="DCT=") oo,
nm\nﬁ HHM: m+»\\5mw\k+k2ﬁﬁlv

(€9) ‘
:Aq uaAI3 T (Y) 4 JO
onoldwiAse a1 Jo anfeA [eNUD Y JBY) dAI2SqO ISN[ SN 193] ‘ST 210J9g ‘suonenba [euonouny
Aq pare[nuLIofa1 9q ued WNdads-(y) 4 93 JO UONRZLISIDRIRYD AOS 9 J1BYI MOYS 9M DI9H
‘0 # (¥) Tq © pamsap J1 peasur Surdeay 0 = () T2 usym siseq sajeIsuadio
(¢)™% a3 ur A0S Aq wnndads-(y) 4 91 9z11910eIRYD UEd aM deoidde swres ay3 Aq ‘0 # (v) *2
& paarsap J1 peaisur Surdasy g = (¢) Tq uaym siseq sareisuadia () g S Ul A0S Aq pazLIalde
-Ieyd 9q ued (Y) 4 X1newW I9jsuen a1y jo wajqoid [endads oyl moy paure[dxa 9ARY oM SUOTIIS
snomaid a3 ul *(Y)™% 10J OS[e UONONISUOD IB[IUWIIS B Op UBD oM A[IBS[d ‘sISeq Salelsuadio
(¢) ™86 91 10J UOMDNIISUOD ST} SUOP IARY 9M UOTIDS snoiadid a3 U “Xineur (Y)Y [eiauad
1soW 9y} 03 parenosse (Y)~9 pue (Y) g siojerado Supnuiwod jo AJiuej Isjouwered-suo syl
aziTeuoSeIp yo1ym siseq 1YSLI pue 3Ja] Y} PNIISU0D ANDI[dXS URd d9M SUONIPUOD A} I9pun

(T9) NI} UA 0=gP+
(19) AN T} UA O=gD+ 49

:paysiies aIe SIUTRIISUOD SUIMO[[O] Y} )1 Wwniuenb Aue e Jey) SWNSSe dM UONIIS SIYI U]

wnoads- £ a3 Surziaereyd uonenbs [euonopung 9

O
A A Y

QQT&MVL Nuwuwvﬁﬁ\ﬂlhwvtakwu%

(8%°S) = ((n2/Da(H)a

e
MOU 3sn 01 IsN[ dARY aM KM dUIes JY) Ul UOP 3q Ued (') Ul AANUSpI 111 Y Jo Jooid ay,

NAHN\Ht%Mv\ﬁ - NAHN:tMMv

(L¥'9) : - = (=0 2/ D¥( ¥
(ie/2) " 29P 2 "atep TR
1JBY) [[BD31 9M 0UO T + X = Y 10§ (1+°S) pue (0b°S) Senurioy ay saaoxd Isnl yorgm
(2/0v I 50
(9°S) _wr A ©
C\xvuﬁﬁ\éw\ﬁu,\:xumu/« - TQQACQ\SP Qt&@
1Speal X = 1 pue [ — X = Y 10§ (0f'S) e[nuLIo} ay3 Suisn Aq ydIym
e 00 (/DY G0 (/1Y G0
2\50 (VY SO ())* :ta@
:0s pue
(2/ TV PO (ST o)
b') ® 199w _a- i

:xwmv/\ C&O ﬁﬁcmv.e Qtamu

:spjoy 31 suonenbs A0S
1} > y Aue 10§ paysnes a1e

o Aq 1e1) 2aRY 9 ‘T—d S T+ X = 1 10J 31 9r01d sn 397 pue {x

(£108) 600 C "sAYd 350d1>S

1S

61

SINNUDPI OM] 3S3U] JBYI SWINSSE SN 19] 0§ “pasodul a6 [ = ﬂmu ‘0= :uwuu SUONIPUOd [eniul
91 90UO T = Yy 10J paysnes [yloq Ik (1+°S) pue (Of'S) Ul BNULIOJ PUODSS Y3 JBY) SULSUI SIY ],

(€¥'S) 0# (/1Y 0= (¥
:UOnIpuod 31 pue uonenbs ayIf s 191Xeg A0S 91 Aq
(g2/v 5

Ty = 72
(@D* o

ARy 9M T = Y 104 “(0%'S) UT AINUSPT puodas 3yl 2401d sn 197 "W Jo SadUaNbasuod
o1duurs a1 S2UO ISIY YY) SB BUWIWIS SIY) UI SONNUSPI 0M) Ise] a3 9a01d 01 paau Isnl apy  Joo.d

1= Si 0= Slm SuonIPU0I (1L SUIMO]]0f 212 YNM

g/ 1~ el g1
(e/e-1) 7 1P /g—)2) A "P2P

(r's) {1—d“ T} y.0f 5 — (i )2 = Gy

:pjnuLIof U01SINIa.L JuiMon)of 2yl Aq paurfop a.p c:u Y3 a.10ym

0=9 a
o~ (v o (e T G0
ov's D1 T pa ~ pa
w? w0 W O
:3u1aq
66%) (R 2/ DT (Z3d

w0 (aw2/DY o
24Dy oM UAY) ¥ > (Y)1 19T "€'S PWWIT

SOy BUIWID]
3uIMO[[0J 9], ‘sen[eAusSIS XLNBW I9JSURI) SYI JO SULID) Ul SIUSMYJS0D Yloq seonpoid reys
B[NULIOJ UOISINIAI B Juronponur £q auo Y311 3y JO 3503 JO SULIS) UT S91LISUFIS XITIBUW I9JSuer)
1J9] B JO SIUSIDYJI0D ) UTRIqO UBD M JeY) MOYs 01 Sumnsazajul st 11 suopedrjdde 1xau 1og

0 ‘[ £6] @on3e] o1porrad e jo ased o) ur uaAId 1s1y joord
aures a3 3uImol[o] Aq BIqaS[e UOTII[JaI X91I9A-g 3] JO SUOMLIUISaIdaI OI[24D Jo 9sed Ino ut
os[e uaao1d 9q UBd pue YIomauwel A0S Y} ul [e1auad 23nb st (zz'S) Anuapl oy ATeur

. 174 S 1A (¢/b)s
(8€°9) (ah) /i=byx =0 e =
I9yM
0=D
©es) 1=Gboo] | 1= ebole/1p
e :pue
(9g°9) (¢/b)v(¥)P = (¥)a

:SONNULIPT SUIMO[[0] 1) Jo 9duanbasuod e se

(se9) ‘(O grep = (v)*@ep

:SpIoY 11 18} 9A195qO 01 S[duils ST I

(£108) 600 C "sAYd 350d1>S




(44

D£Q'T=q  [=D

(cz'9) Cooe= ] R =00

q
MV NG TN

:e[nuwioj uoneodiarur Surmor[oy a3 sytwpe yarym N(1 — d) S O 99189p jo N+ =V
ut rerwouAjod e ()0 Yam a10usap am SUIMo[[0] a3 U "V Ul [erwoukjod | 99139p B ST YoIym
tgn L (¥ /b —Db/x) 227

(1T'9) 1IN S =%

101e19d0 3 JO UONBZI[EULIOUDI B pUB

NSp>qST0=Ny“ Ty

. ¢ Cann € q D
©T'9) My Tyt — g0 | ] M
=
NSP>4ST (| 29/1)q 0="y 1=p 0=Ny“~Ty
. €[Ny €eee T Ay, D 1)
61°9) Ny <y) (o x— o) | ] T 11T X
()] ="y N 1—d
:§93E1S 911 pUue
) | [ 2/we—nbY [CRLDE 4
(81°9) m — e/ %&: AN\HE,;:LI
Y¢/1bol ¥ bp1\ 5 .
h N\m - I&N\Hw&v Jibol m: = : Vaa-die-b— =2) | () d= (£ x|¥)D
2/t 1

‘uonouny Mﬁﬁgoz_uw 93 MOU dNPOIUL SN I

O '(6°9) AJsnies 01 ASHQ&@_U TerwouAjod sjuaimeT o) A[919]duIod X1y SINSI S,
oo coFY 301
(ARY)! N =92 = (V) AP g pyde Y W

*SP[OY 3 JeT 0S (., \\.D = X pue XxIneur oy jo ssodsuen S , YIIM PIIOUP IABY IM dIYM

©91°9)
FLpX TV X— 0 o 0 0
0 CreX 85 1% 0 0
0 0 . : B
oy x oy x— 0 1Pp =
0 0 0 Pax Pyx—
V- 0 0 0 <2
0eY 0O+Y
(s1°9) TS Qe EL&%H Ts Qerne-¥ W T%
:proy d>noiduwiAse
Burmor[oy ay1 Je AJjurea o1 odurrs st 11 A[eurd -paysnes s (£'9) eyl Surunsse aIe am se
1’9 AN T} DA 0= (()2)*a%ep
‘sagsnes

pue (1°S) uLIoy 33 sey I JI A[uo pue JI ¥ > (y)2 1.yl 9ABY om wWnndads ay1 JO UONBZLIDIDE
-Ied AOS 91 AqQ 1B} YIBUISI MOU SN 19 "7 S[qBLIBA U] UI Z + [\ 921339p Jo [erwouAjod e si
('¢)*@%op 1813 SMOT[0F 31 “b+ N 99189p jo Y ul [erwouAod sjuaine] (Y)X pue ()2 Woij ‘usy}
‘sa10U9BISAIP aaRY Aew ()2 919D Yorym 10§ s1utod A[uo oy o1 g— = 7 puB 7 = Z Sy ‘9Iuy
st (7/:bY¥)*@“19p UOPPUNY BYI 1F Y PUE [F « Y SHUI| 3 Yroq uy Tery sarduit SIYL, I e ¥

(£108) 600 C "sAYd 350d1>S 1S

12

pue [F « Y 10§ )Y YI0q SUOHIUNJ [EUOHEI SUAINET e (,, by) e/ L+ DT/ (+d)2 q1-dap
pue Am:@&viu\ﬁi& 2/(1+d)2 q1-d5p syueuTIINIEp Sy 3BT 210N AN\H@SHé\:Ev e/t g
xmmew o) ut {z/(1+d)“ ‘1} > [ Aue 10 [ — d UWN]Od oYl YIIM [ UWN]OD Y} USY) pue
g/ (1 +d)“ “1} > [ Aue 10§ ‘[ — d mo1 91 Yum [ mol ay3 Surdueydxa Isn( Ieyl SMO[[0] I pue

(€1'9) A&\N:3TN\HT.&AN\HHE?QT&QU = mm\HwSH+~\:+&"N\:+&QQT§%

:sploy Anuapr
3urmoroy ayJ, *(y)*( XMIew 3y} 03 [ UWN[Od Y3 PUB 1 MOI 3y} SUIAOWI Aq PIUYIP XLjewW
(1—-d)x(1—d)ap AS?“»Q IM PIJOUDP 9ARY dM DI9H ‘MOI [RIIUID Y} 01 SpIe3al M

[A74%
ﬁ;wﬁim\ﬁia N\:tq QH &un?\Cx

(z1'9)

Z¥/T—2¥
ﬁm:wST~>ﬁ+&.~\:+&.9QT&wESM

+ ANE@SN\Hﬁicnm\ﬁ15#@7&2&5@“ ﬁm:wﬁpﬂﬁwn

JUBUTUWLIAISP 9y3 puedxa sn 397 1 Suisn pue

(o) SA N@ = (0x
:suon
-2J0U 1) ONPOIU ISIY SN 397 *(T°G) ULIO) [EUONIUN 3 Sy ()2 WOTDIUNJ S} JBY) YSe oM J

(01°9) oyuy a1e AN:EV»Q&U@ pue AN\HSFQ&%

e aa01d am SuImor[oj oy uf A[pandadsar (;,¢b1F)V pue (;,qbF)¥
03 Teuontodoid se JUa3I9AIp 916 YOIYM SIUSUI[d OM) SeY] (Y)*( XILIIBUI 33 JO MOI [RIIUD )
‘¢/1P1 =Y pue ;b =y swutod oy ur 1Y) 9A195q0 MOU SN W7 a¥/ T+ az¥ = Z Jo uonouny
® paaput st (v)*q?1ep 83 0s ‘yb « Y pue Y/ « Y SUOHBULIOJSUBI} 3U} I9PUN JUBLIBAUL ST
A&vanum_u ey ano1d ued om 7'G ewwa] Jo sdals swres a1 SuIMo[[oJ 1010w (Y)V pue (Y)2
jo fyred 911 JO 90UaNDbasU0D B SB Y JO UONDUNJ UIAS UR S ASPQ&% B3 9AI95qO SN 19T foo.d

(Y)Y ynm (Y)v 11 wr Bunninsqns Aq (¢)*q wof pauniqo s1 (y)*d a4o0H
(6'9)

Nmﬁ - iv (V4 (v —°32)=

=D

by
EAS b,)*g %NQE (0)*q“p

a¥/ o(1=) + 4¥)

:uonpnba (puopUNf SuUIM0]I0f Y3 SALSIIDS YIIYM

(8'9) ES ta X=2

:2]qDLIDA Y U T + | 22.89p Jo [prwoufjod jua.mp v s1 ASHQ&% 1 fuo pup

A € Jo uawape up st ($1°S) ynm (1°S) uLof ay1 fo (¢)2 pup wnazdads ajduns sy ()4 uaya

29) n:uﬁlﬁmvl = Euﬁl_ﬁwl =1
:pup paysups a4 (S1°S) pup ($2'+) (€2) suonpuod ay1 J *1°9 uonisodoid

:PIOY S3[NSaI SUIMO[[O] Y3 USY}

99 N

:pue

(£108) 600 C "sAYd 350d1>S




144

(9€°9)
=07 (/D32 =170 {e—d= T} dyp THPQY—Px + UPQU0Px = 1+IPy

1SJUSIDYJ20D SUIMOT[O] 31 UOTIdINPUT

Aq augep sn 197 {N(T —d)“‘1}  p 1e 10J ("2)O sumowyun N(T — d) ay1 ur suonenbs
snoaua8owoyur \(T — d) Jo waisAs 1eaur] e (5¢°9)-(€€'9) YIM 3] aIe am 0§ 4T > ()21 se

uq
Y Im—tUm = =

(se9) 30?7 5 : +
(1= 1+N(1—d) O

Qg — TNy, =9 pews (gedy2/ DY (-ay2/T¥
e — : Hfm\&wuvmu‘w?lﬁm FiE)o) mm P

ﬁ?z:\&wue -
X N(=a)
@Y (B0

T —

#€'9) Le—d“ T} 2 YA ((ayp2)0=( 30 — (30—
(T+1) (1) 953,« ) ()2
(€€9) ASHUVUH Po_ww\:M\DovwvbPo_wqu
:suonenbs Jo walsAs 3uimol[oj ay3 01 Jus[eamnba are A3y,
xd O xd ﬁ:\&”cuku@
(2€'9) AN T} 3 DA = (@*a
: (-0
0 QOHSMVO

{ur10j SUIMO[[0J Y3 Ul paziuesio aq ued suonenba jo 19s siyy, {1 —d“ 0} > "y
pue {N “‘1} v Aue 10j EWN = v ay1 pue (b/T + b)F = v 2q 01 950Ud aM I} ‘V JO SaN[eA
JURISIP Z 4+ Nd ur spjoy uonenbs sJaixeq 9yl 1eyl MOYs 0} YSNOuU SI I1 0S Op 01 I9PIOo UJ
*(2z'9) w0y a1 Jo ()0 SISIXa 11 16 aa01d sn 19] pue £ > (y)2 1Ly SWNSSE MOU SN 33T

[€01-101] s[dwexs 10§ 935 “IoMaUIRI AOS S} Ul S[9POW JUSISJJIP 10§ APBII[R PIsn Uaq
sey 31 pue [exouad amb s1 1] [06] Sureydp XxX 10edwWOdUOU JY3 JO Sed Y3 Ul PIAISSQO ISIY
sem SunLIMal Jo adA1 sIy [, 's91eIsSUadIe XLIRW J9JSURI) YY) JO SUONBZLISIDRIRYD A0S d3 Jo Sul
-JIM3I 95311 2401d 01 pasn aaey am Jeyl A1radoxd enued o st (Y)O jo Lrerwoukiod a3 1eyy
JUSUITOD SN 19T "91eISUASIS 1Yo 9 10§ (£7'9) da01d 01 pasn are sdais awres oy, "4 > (¥)1
03 pajenosse 21e1suadio JYSLI ) JO UONBZIIAIORIRYD A0S oY) s1eadde aulf 1se[ 3} UI 2IoUyM

NSP>q5T 1= 0=Ny"~
(1€'9) Myl (ex—eg0 [ 550: N
NSD>451 I=p = H:TE
My Wy ix— o) || V=] [ N e_g@:
N on —d

:SPIOY I 1T} 2ABY 9M UYL ‘7Y /T + w& = Iy a1oym

=9

(0€9) v-v] [=wo
N

:3unum £q 31 X 03 991J 318 9M JBY} 0§ 101JBJ JURISUOD B 03 dn pauyap
ST (9Z°9) JO UonN[OS ST Y21YM (Y ) 93 18yl 9AISS]O SN 19 0S OP 01 I9PI0 U[ *(£Z'9) ULIOJ S} Ul

(£108) 600 C "sAYd 350d1>S

1S

€¢C

USNILIM 39 UBD 4 3 (¥)2 SIYI 03 PIRIDOSSE $91LISUISID ) 1B} MOU MOYS SN 19T "4 5 ()2
1eY) UONBZLISIRIRYD A0S 91 Aq ATduir (SZ°9) Jo pue (9Z'9) JO seouanbasuod [e1aLn aIe YoIYm

(62°9) AN T} DA 0= (2)*qep

:suorenba a1 Yam 1910801 SIYL *($1°S) YIm
(1°5) wioj a1 jo v ut [erwouAjod e st ()2 38yl (9Z'9) uonenbs oyl Aq sardwr y Ul 9I1UD ST
(¥)2 vep 308y 3y ‘WYL, 'V W g + Nd S ¢ + N + ON 92139p jo [erwoukjod e 08j ul ST (92°9)
JO 'S 3YI JBY) 05 Y/ « Y PUB Y— < Y SUONBULIOJSUBI]) 3Y) ISPUN JUBLIBAUL ST (9Z°9) JO
*S$"U’I 91 JBYI 9AI9SqO 01 SIS ST I TOAOSIOIA "9IIUY [[B IR 1F «— ¢ ‘TF « Y SIWI[ U1 I OS

/T —2¥
(bv)o(y/D)x—(¢/b)O(Y)x

19)LIM UBD dM Padpur “y ur [erwou4jod JuaimeT e st (9Z°9)
uonenbs a1 Jo ‘'Y 93 B YIewal o) afduwis sT I IudwLIeIs a1 Jo red 1siy o Suraoxd
11838 sn 3977 ‘Jooid 9y Jo saInIesj urew swos Isnf Ino jurod 01 A1 [[Im am 0S *[€0T-T10T ‘966
‘9¢] ardurexs 10j 93s ‘uondLdSap AOS IWPE A3) 9IUO S[OPOUI [BI2AdS 10] UaA0Id Udaq sey I
pue piepuels 23inb mou Aq st wnnodads 9y Jo uonenuULIoaI Jo 2dA) st jo Jooid ayy, fooud

(82°9) = (bY)O(¥/1)Y + (b/)O(¥)¥

(92°9) uoupnba s taxvg 2y ()2 ynm Surdfsnps ON S 1 —N(1 —d)
ynm (gg9) wiof ay fo ()0 pnuousjod v sisixa aaoyy uayy £ > (Y)2 fi sava 217 ()0 Jo
s0.2z Y3 240 {ON “ T} 3 q 40f (I /1 « Iy “Wy— « Iy Luowws ayy dn paxyf) Iy ay1 asoym

1=q 1=9
“T9) @itog] [=@l Cos] o) =
0

N

:suonpiuasa.da. a¥1) ZIDSUD ylag Sulmo])of aYy3 JIWIPD J1 0] PAIDID0SSD $2IDISUISIA X11IDUL
Jafsup.g 3yS11 pup 1f2) ay3 (uouvzypuLIou 03 dn) pup 433 (Y)2 uayr ON S 1—N(T —d) ynm

(92°9) (%b“*°b|)D + (bY)O(/1)¥ + (B/Y)D(YV)Y = (V)O(¥)2
:uonpnba jpuonouny Suimonof ay3 pup

(sz'9) N1} 2 9A 0% ()0
:SUO1IPUOI
ay3 Suikfsups (zz'9) wiof ay1 fo (¢)O pruoufjod o s1s1Xa 2.49Yy3 YoM 10f uonoUNS 2.13uUa UD
aq ()2 79 pup payfsuvs aq (£°9) pup (ST°S) (¥T¥) (€T) suonpuod ay 107 *1°9 WAL,
*WIS109Y} IX3U SYI UI MOYS SM SB ‘UOHB[NULIOJSI SYI] ZIBSUR
ayag dreIqagd[e Ue JTWpe sa1eISuaSie 3yl pue suonenba feuonouny-O 1, 2dA1 s 191xeq Jo SULID)
Ul Pale[NULIOJaI 9q UBD WnNdads a1 Jo UONLZLIAIDRIRYD snoladld a3 ‘padnponul a1e uoneiou
sIy3 9dUQ () rerwoujod sy jo uotsuedxs 1amod a3 Jo | _q)V UIIUSIDIFR00 31 ST °°b ‘910

Ay vy PFIT=T 1=
T9) ‘(,bDO=% ‘———— =
= o M S
1UONIRIOU A1) SN 9M T9A0dI0IN Areniqre st IFNI-DS orym

(€29) {T—d T}y {N“" T} 2uA MY+ (1 —d)(1—u) = (Y u)s ‘upz =12

:pauyap aaey am a1aym pue {1 + N(T —d) “ 1} 2 q Aue 10J Mw\ﬁ + Mw = 9m aroym

(£108) 600 C "sAYd 350d1>S




9¢

1=p
@ ‘00| [ oy (1) ="u

‘Sp1oyq
A J1 9T ‘s[eIaULS a1k s1alaweled Y[Nq 9} puk [RUOSRIP-UOU SI XLNBW AIRpUnoq Iauul ayl Ji
aw
Ce/Dv(aC)™p + (¢/DaC)a() > — (¢/TIVOIV) ™9 + (¢/DECOV() 02— = (V)78

:uonisodwodap y[nq Arepunoq Surmof[oj ay3 sIWpe (¢) g J1oielauasd sy,

(¥)~% jo fnniqezifeuoderp jo jooid [erusy 'V

xipuaddy v

‘ueype) SNH
pue uoAT SN Aq paitoddns st g 'g ‘uoAT SNH pue SUND £q paiioddns a1e "N 'D pue ‘I ‘IN ‘[

sjudWIRZpa[MOUYDY

‘[£11] eIqa3[e 191XRg-3UBK X01I9A-Q
9 Jo suoneuasaidal JI[2Ad JY) 01 PAIRIDOSSE XIIBW JI9Jsuel) 9Y) 10] sio1eiado-¢) oy Jo 9[01
oy Aerd saornew 19jsuen $1304 [BIIYD 91 ‘pIapU] 'S[OPOW §1104 [eINyd 1els-d snosuaSouwoyur
9} YIIM SUONDUUOD I[QRNIBWDI JWOS JARY S[9POUI [qRISIUT PAIBIDOSSE 9] “(LE'Y) dAIND
oreigad[e ays uo syutod £q pazinoweried ‘eiqagd[e 1eixed-3uex 9y Jo suoneiuasaidal dIAd
X9119A-9 JO sse[d [erads 9yl 10J 1By [[edal sn 19] ‘paspu] ‘2dAl1 X9119A-9 UOU JO S[apoul Jo
SSB[D 9[qRAJOS A[IDBXD JO S9OLIBUI I9JSURI) UIIM SUOTIDSUUOD MIU 03 Ped| Ued SIYL, "BIqaS[e
UOTII3]JaI Xd1I9A-9 1) JO suoneIuasaidal o124 9y 10j 101e19do-0) 9 JO UOTIINIISUOD IIdX
93 SI SUONBSISSAUL SININJ UL }DBQ SWO0D 03 NI P[NOM M [DIYM 03 Jutod Junsaisiul uy
‘sisA[eue 1opun ApuaLmo a1e syutod 2sat], ‘s10je1ado-"g5 pauLIojsueI
a3nes jo A[rurej parenosse a3 Jo Afiqezijeuoderp-opnasd a1 uay) aao1d pue suoneIuasaidal
1ySrom 159y31y z/T urds x9110A-9 911 UI pasn suopewIojsuen) a3nesd sJIoixeq oY) SUONEBIUIS
-91da1 DI[24> X9119A-9 91 01 SZI[RISUDS 01 PaaU aM OS Op 01 IapIo U] “Sunias [eIauasd Isowr
o ur wapqoid [endads ayy aajos 03 Jutod Sunrels [einieu e syuasardal aded jussaid ayJ,
‘suondunJ-Q) rerwroukjod jo ssep e urgIim uonenbs [euonouny-0 1, snosusadouroyur a[3urs
e Aq pue suonenbs 3dUSISHIP I9PI0 PUOIIS I S I9IXR JO WIISAS 33210SIP B Aq Yl0q S[opowt
JO sse sIy) Jo (sareisuadie pue sonjeausasa) wnnoads ) Jo uoneziIldRIRYD 219[dWod A}
SII[NSaI INQ "SIUIRIISU0D dy1ads swos Juikjsnes sisrswered ynqg 10 pue ssdoLNRW ATepunoq
IenSueLn auo pue [e1auad A[9191dUI0d SUO JO ISED A UT BIGIS[E UOMIIYJAI 3] JO SUOTIRIUISI
-da1 X9119A-9 D124 JO SSB[D 91 JO WINNDads XLITBW JI9JsueI) 911 PaIpnis aAey am JIaded siy) uf

suorsnpPuo) [/

| ‘N(T —d) S O yam 139 £[uo a1e am Jeys os (9z°9) uonenbs
s o1xeq o) Aq pasoduur ()0 rerwouAjod ay3 Jo 99139p 93 UO UONIILNISAI AUBR dARY JOU OP 9M
9SBD SIYI UT JBY) YIeural sn 39] K[reury XIefjoiod o sarjdurl A[021Ip wa109y) snoiadid ayy
‘uay], "'h ‘>°b jo ao10d Aue 10j ‘0 = ('b*°b|y)H yey sardunt (g°9) UONIPUOD Y IBYI OS

(S¥'9) 0= (g PNV = (g, bD2

ssardun {1+ 71—} > *z yum *z1 = *+5 uonipuod ayy, Jooid

(£108) 600 C "sAYd 350d1>S

14

*suopnba ay1ag LDUIP.L0 PaIDIOSSD 213 JO SUOLIN]OS
24D (£7'9) saiwisuadia ay fo suonpiuasatdal ax1) ZIDSUD ay1ag Y1 ul SuLLIUI Aez)« e fly) ayg

9 (BO(¢ /1Y + (B/)O(0)Y = (¥)0(¥)>

:uoyonba
1a3xDg snoauaSousoy Suimo)jof aya sarfsups yorym N(1 — d) S ON ynm (2z'9) weiof ay1 fo (Y)O
prwoufjod v s3s1x2 2.42Yy3 pup 2.13u2 1 (Y)2 fi Ajuo pup fi ¥ > (y)2 pup wnugdads ajdwis spy
(V)& vy 0 # (V)9 ‘0= (V)2 10f 1— =2 pup 0 # (¥)*2 0 = (¥) Tq Lof T+ = 2 2s9ym

=u

ugup 1 —d otz
(€v'9) 9 _I_ziwn\m\ -
N

UaU +
Htq (ram2)0? A

‘uompuod 1pqo)8 Suimojiof ay1 pup {1+ ‘1—} > *tz ynm *z1 = 5 ua30wn.nd L1DpUnoq
a1 xif am Ji pup parfsuws a.p (£'9) pup (ST'S) (bT'y) (€T+) suompuos ays ji *1°9 Axefjo1od

‘suonenba ayag Areurpio jo uonnjos jo
SULID) UT $21BISUISI0 puk soN[eAusSIo XLITRUI JOJSURI) 3 JO UONBZLIdIORIRYD 219[dWO0D B SIUTRIIS
-U0d ISYIINJ duIos Iapun sapiaoid yorym A1e[joiod Suimoroj ay3 aaoid o1 ajdwrs uayy st I

0 "N(1—d) = 0N 1eys os pue pagsnes Jou sI 11 ‘4 3 ()2 9y Jo 2210yD [erads SWos 0) pue
uonejuasaidal 9y Jo s1erawered 9y Jo saNTRA 91 01 paje[al ‘dsed [euondadxa awos o1 dn 1eyd
103dxa ued suo pue uonipuod Arejuswajddns suo syuasaidal syl eyl I3 ST I PIYsnes s

(enb1)d (ZYn-dz—cD — @2) b — o ooy
%b(, bOV(1—1) =0V

(2¢v'9)

:uonIpuod urmo[[oj a3 Ji A[uo nq
T—N(T —d) =ON 31 (¥) [e1AHIUOU © Y3m PIYPsHes aq [[Bs Aew (97°9) uonenba oy ‘pesisul
"(I°9) uonenba ym s[qnedwod 10u st YdIYM = (¢)O UONNIOS [RIALN 33 A[UO SHWPE (9Z°9)
uonenbs sy uep ‘g—N(1—d) S 0Z J1 1Y) YJIRWAI 01 [BIALLD ST JT ‘paapu] *(9Z°9) uonenbs
s a1xeq oY) Aq paurensuod st (y)O [erwoukjod sy jo 92139p ay3 18yl o Jutod sn 197 K[[eurg

(1+°9) {00} # (N0 ()0}
*9'T ‘UOTIN[OS [RIALIIUOU B SIIWPE sAem[e yorym ‘{N “** T} 2 p [[e 10]
?oukuv umowun | 33 ur suonenbs snosusdowoyur |\ Jo WISAS B YIIM 1J9] 218 9M AJ[eUl 0OS

(wup#r1=2 o=y

(0v'9) .Eu&\“glg L1 N

(1— 5.&12: —d)z—d

a1eyM
= _TNa-dy Y
6€°9) :ewos@Ni:z: D3) "1 =@
Ta-0X T
pue
(8€9) N 3 PA (T—d T S YA (DO = (420

SMO[[OJ 1 S WISAS snotaa1d dY3 ILIMII UED dUQ
n?:m\:.il — vy n?:m\:<
Dsmum ﬁcamv.e

:PaUYIP JARY 9M dIUM

(LE'9) AN T} 3 DA nﬁN|QJ:.JwW£> — 40Dy

(£108) 600 C "sAYd 350d1>S 1S




8¢

‘[opow-¢2 TeuI3LIO 9y} PUB [9POW UOPIODH-IUIS Y}
JO S9OLIJBW I9JSURI]) PUR AUIOIPOUOW Y] U99MI9] UOTIIDUUOD 31 SAYSI[RISI BUIWS] SUIMO[[O]
3y, ‘[opou-C1 [eUISLIO Y3 03 PAIRIN0SSe 350yl (V)4 PUe (Y)~ ™ ‘() A Y3Im 210USp 01 Snun
-U0D [IM 9M 3[IYM [9POW UOPIOH-IUIS 3 0] PIIB[I 31k A3 1Bl IO Jutod 01 XLIBW JI9JSUeI
PUE S90LIIBUI AWOIPOUOUT 0M] A0R 31 UI DS Xapul Joddn o1 Pasn aARY 9m 1B YIRWAI SN 19T

o1V L0 () PNYP11 = () o6

:SpBAI YITYM ‘[9POUl UOPIOH-2UIS 3] JO XLNBW I9JSUBI) ATepunoq a1l os[e pue

(ST'V) (9 ® L0)Pud > (V) ol () "M (el = () 5ot
G1'V) (9% ® 0)PuA 3 (12/ 4 DOT"T---(N2/ 4 BONTT = ()l

:peaI 31 ‘[9poW UOPIOD-dUIS ADMIB[ ) JO SUON
-enba uonoapjal pue 19Ixeg-3uUex A1) 10J SILNBUI AWOIPOUOU 3] INPONUT SN 197 *Hg5 2deds
119q[IH Y3 UO sI101e19Ua3 BIqad[e [A9p 93 a1k YA pue “n a1oym ‘b 31un Jo 1001 B 01 PIIRIDOSSE

((389) ANTTIDWUA M0V Augh = YAn

e1qad[e [Aop [e00] B Jo uoneiuasaidal o) se pauyep Suraq uoneluasaidal [ed0] Yoed

Yo A
N Y U5t

vty usu u
h NU+ Upls ‘_Nkm\va n

Sz

(z1 ;ew

= A:wazkﬁzkﬁz\/ﬁD_&vﬂvﬂu‘N

:uLI0j 3UIMO[[0] 343 SBY [SPOW UOPIOH-IUIS 9d1I] 33 SUUYSp 101e1ado XeT 3yl JBy3 [[BISI
SN 197 ‘SUONIPUOd Arepunoq uado 9[qeISAIUI YIIM [9pOUl UOPIOH-IUIS 3DNIB] 9} JO XLIBW
I9jsuen a1 jo wnadads a1 azLv1orIRYd 01 os[e A[dde 1aded s1y1 ur padojaasp suoneiuasaidar
124D TeI9URS 10§ WNDads XLIBUI I9JSURI) 911 UO sI[Nsal 9yl 1eyl 1no jurod am xipuadde s1yy ug

SILIEPUNOq J[qeI3IUl YIIM [9pOUl UOPIOH-dUIS DMIR[ UL ¢V

0 ‘soje3s Juspuadapur | d A[I9EXD 91BI9USS3 9M Jey) OS JUBUIULIIOP wnjuenb oy jo asoys
YIIM SIPIDUIOD 30U Op YPIYM ()~ JO $019z \d Jo 195 detidordde ue asoyd 03 3[qe sAem[e d1e
M ($Z"{) UONTPUOD 3] IOPUN Z'f, UOTIDAS UT PISSNISIP Se MOYAUR JUBUTULISISP wnjuenb o) jo
S0I9Z Y1 YIIM SIPIdUIOD (Y)™g5 JO SOIDZ SYI JO SWIOS JI ATUO 10ID9A [[NU B 2I1RISUST URD UOTIOR
ue yons eyl 90N °|7g5) s1eis o (¥g5| sereisualdie oy uo (y) "% O YIm (I'f) Ul pauysp
S91E1S 90URIJa1 93 01 JUNNINSqNS Aq 7' UOTIAS Ul paiuasaid sisequasdio 93 Jo UONINIISUOD
o 1eadar am st reyl ‘|Ty5) pue (¥5| sereIsuagio a3 uo (Y) g JO so0Idz a3 ul panduwod
(¢)# siole1suad oyl Jo uonoe pateadar e Aq Isnl suop st Syl pue (Y) g JO SIsequadio ue
1ONISUOD 01 BIGIS[ UOIS[Ja1 311 SN 01 ISN[ SARY 9M U JUSUWISIELIS STY) UsA0Id 9ABY 9M 9DUQ

arv) AN Ty s w# U o/ dd # o/ b

:asoduIr 9m se uoos se spoy (§'y) UonIpuod
ayl Yorym worg {N“ T} 3 u Aue 10§ jg— = Yp o' Jusjod[iu (y)g UONIPUOD Y} ISpun
(oT'v) YN T2 WA 151 q@l %

:SP[OY 31 UOND3s SNotAdId a1 Ul PIALISP SI[NSAI SYI WOJ Jey]) [[edd1
1snf ued am os op o, ‘s1a1aurered o) Jo saN[eA 3 [[e ISOWe 10] SP[OY (8'Y/) 18] SALIIP 01 0I9Z
Areonuspr jou axe “Uq ays yeys 2a01d 031 3snf aarYy am 219y 0§ ‘s1a3owrered y[nq Y3 jo 20eds a3
UT UOTSUSWIPOD orazUOU Jo saoedsqns 19A0 AJUO 0197 9q ULD A31]) 10 0I9Z AJ[EITIUIPI a1k A1) 10

(£108) 600 C "sAYd 350d1>S

1S

LT
m@a\v A*Z?..JvWEmm:> uE.M :Im <

pauyep ey zemnonted ur sorpduwr sy, “wnnoads )1 10J a1} 2q ISNW dUIes Y3 0s siaowered
ynq oy ut ferwrouAod e s1 (Y) g5 Afiurej 10ie1ado sy uoniuyap Aq eyl 941950 SN 19T JooId

®Vv) ANy w#uA g £ g
ynm
" 3a4Y L
W TG = VE =] [0
T d

:Spjoy 71 pup [D.JUI
1 aNDA 28D.12AD $71 puD Wn.3dads a)dwiis spy 31 pup 2]qpz1puoIDIP S1 (Y) g5 Aupf 1oiv.tado ay3
‘s.72wp.and YNq 2y3 o sanpa ay1 7)p Isow)p 1of (') uowpuod Y3 Lapuy) *1'y uonisodoid

‘uonisodoid
3urmor[oj a3 aa01d ued am uonenba eiqad[e uonIS[JaI A puL BWWST SNoiadId 91 WOl

0 *| T35) 30 @duRIsIxa 33 2a01d ued am KLreqIulS ()¢ JO AeIsuaSIo U0 0s
pue {N T}  u Aue 10§ ¥"g5 9Y3 JO 21BISUISIS SNOIUBI[NUWIS SUO (ISBI] IB) ABY M SISBD 33
yroq ur N Ig aoedsuasie a3 03 dn 9ALLIR 9M 10 [RUOISUSWIP-auo ST ¥ Ig aoedsuadie ay3 ey
pug am N S u dais 911 1e 30q SanIIqissod 0m] dABY UD 9\ "2INPadoid STl 91eIdIal UBD M
ISIMISYIO (Y) g6 JO 1BISUISIS SNOSUBI[NUIS INO PUNOJ SARY 9M [RUOISUSWIP JUO ST 9dedsuadie
Iy 31 "T85 JO 0 # ©q an[eauadIe udAIS B 01 pajerdosse adedsusdie a3 ' lg yim 30udp sn
19] ‘Ig ur uLIoj fRULIOU mmEg e ur g nd skempe ued am 0g {N“‘1} > u Lue 10§ Y=gz 01
sp1e3a1 yiim adeds JueLIBAUT UR ST I JBY) 9ARY oM AJIATIBINUILIOD 1) AQ USY] 9SBD 1) 10U ST
sty J1 "(Y) "8 JO 91eIsUaSIo SNOdURINUILS INO PUNOJ dARY 9M [RUOISUSWIIP U0 ST adedsuadio
SIYD J1 "o[qnIoAur st L g5 se ‘T g jo 0 # 1'~q on[eaussSio usaId e 01 pajenosse soedsuadie
1ySH 9y 'g [@IM S)0usp SN J9 ‘WIOJ [PULIOU UepIor € ul '~g ind skempe ued op Jooid

(CRY] 176)( Jﬁ ? -ﬁx o ° )
v gt |HVET|L a{s = (i)

:(¥) g s.o.tado Sunnuwwiod fo Apunf sp3awp.avd auo ay3 fo
V) I"s) “(¥ul

..mﬂu“m.:mwww STI02UDIINUWIIS 2UO ]SDI] ID SIS1X2 2491 ], "'V el

rewwa] 3uIMol[oj ay3 9a01d IsIy sn 197 “wnndads sjdwis YIm pue s[qezijeuoIeIp
paaput st (Y) g 2y s1o3ourered Ynq 3y Jo sanyea [e1auad 10j (Z°}) UOHIPUOD 3} Iapun eyl
MOUS oM QI9H "XIDeul Iajsuen ) Jo wajqoid [endads ay1 dzA[eue 01 ygy 9sn JOUURD am
pUE 91B1S 90UIJAI B ISIXD JOU S0P SI IBYL, D) D Y Aue 10 ()4 £q paje[iyiuue a1e3s Aue
1s1%2 J0u saop re[nonied ur Qualodyiu jou si Aqrurej 1orerado 9 (Z'y) UONDIPUOD ) I9pun
ey sorjdwl WIOj [BUONDUNY 9A0qe 3], s10je1ado Sunnuiwiod [qrisAul a1e ° g5 ay3 aIaym

) A?ﬁ TG |T‘VET|W = (0%

{ULI0J [RUONIUNJ SUIMO][O] 91 SHWPE (y) g5 1Byl SMO[[0] AJ[RIALI I] U

(£108) 600 C "sAYd 350d1>S




0€

(o+'v) "' = "g*p

:SUONIPUOd SUIMO[[O]
o Aysnes s101e1ado xe-¢2 ays Jo siarewered o (6€'Y) puoAaq Ji A[uo pue Ji 19, Jo sJUSW
are Ub U1 syurod o) 1€ 9ARY oM URY, '[96] I1oded a1 jo (g'G) suonenba a3 Sursn Aq YD V1
‘d syurod a3 JO 91BUIPIOOD ) JO SULID) UT USNLIM 21k siorelado xeT-%2 a3 Jo s1orawreted ayJ,

6€V) . b—="p “p _b-="q
'Sp[OY 1 3B} Wnsse
am Temmonied ur {9 UOTIAs Y1 UI pasn eyl 01 sivlaurered a1 Jo adeds 911 1DL1ISAI dM U0
suoneIuRsaIdal $1104 [RIIYD SNOSUZOWOYUI 33 JO SSBD 93 9ZLISIORIBYD A[IISIIP 9191 SN 19T
‘Npg ur xinew 19jsuen-¢2 ynq 9yl 01 spredar yim 1orerado-{) 191xeq e St
Y1 ‘usyL ‘Jepow s1104 [RAIYd 3Y3 JO SIYSIOM UURWZI[Og Y3 I8 Q:vmu% ’M pue QSNV% ’M pue

awp.
mwm<v T_m — Nﬁ v: + NvN »Q\ﬂ&uﬁ = au n&u\mﬁ = Qw .Qu\mm = Q\ﬂ n&ﬁ\md = mk.

RIYM
“ev) GA—T=g0 Glsy—T=gxy (fAPx+ 1A= L+ §x

:suonenbs oyl Asnes yorym ) > (9p “9¢dq “dp) = d soeds xardwod [eUOISUSWIP
-moj a3 ur syurod Y3 Jo SNOO[ Y} uonIUYap Aq ST ¥ snnpour jo g, dAIND dreiqad[e L,
. . ¢ aped e d
(9ev) 23 0%, 3% Mrd 0, 9=y
:2I9UyM pue
(se'v) qdor=u b= qum (Z]'s=(z|'n  |z)"z="nlz)

:s91BIsURSIe-"n Y311 pue o] a3 Aq pawrioj (Nz - ‘Iz| = (z| pue [Nz ‘Iz) = |z) siseq ay3 ul
HE'V) (M2 DM/ DM | = (b Lln) = (2Dl
N

:JouIay SuIMOf[oj 9l £q PazLIaIdeIRYD SI [ST 1] [9POU $1104 [BIIYd snosuadowoyur a1 Jo ,EM 1
XIT)BUT I9JSULI) 31 IR} [[BD31 SN 13] 0 Op 01 Jopio U 1aded SIy) Ur paIapIsuod [9pow-<2 Y3 Jo
s1o19wered 9y Jo 9deds 911 UT UTRYD PIsO[d S} U0 PIQLIISIP q UBD [9POUI 1104 [BIIYD SNoauad
-ouwIoyuI a3 JO SUOHLIUIsSaIdal Jo SSe[d [RIALIUOU B eyl Ino jutod 03 Juem am xipuadde siys ug

wﬁomumuﬁvwv.—&wh SN0 [etryo m—‘-OmﬁUMOEOﬁ—Em o)y uononpay ¢V

O *(g2'v) sennuapt oy sardwt (zz'y) uonezinaurered ay) 1opun Surpjoy
(€e'v) C(F0=) (5o 5t 5 oo (30) = (P2 ¥ “C2ly)* N

TPIM 19139301 Yorgm
(TeV) O™ (x0=) = 10 o ((¢/ Do) £0 (1) = (V) sl

:SMO[[0J 1 (81 V) AMULPI 23 WO B} 9AI9sqO SN 19] A[[eulq *(£1'V) uonesynuapi 1orerado
[e20] a3 pue(1z'v)-(61'y) uonezinaurered ayy yim (81'y) Anuspr oy Aidurr (£2'v)-(92'Y)
uonezinawered a1 pue (62) ‘($2'V) ANUSPI 1) PIM 1932301 SONNUIPT 0M] 3] US)

(1e'v)
Is LHNES

‘D fad we' T+INZD =
T ;xbm\ﬁ-su 1 rbn;-sv Do) ) = Lo

19]LIM UBD 9M ‘T = X 10§ J[IYM

(£108) 600 C "sAYd 350d1>S

62
oev)
[20(— 2 ) 2o — 2 )] [D( ) ] P yEPT] = (1) 2
Flenbet ST by b b o
19JLIM UBD 9M ‘() = X 10§ JBY} 9AISQO MOU SN 39T
(62°'V) .ﬁawukﬁ A A:k D_&v ww.N = A&v Uw‘N
‘sploy 1
V) Fo(ts N Al T30 = (1)
:pauyep 1Byl Moys 01 Asea sI 1 suoneIndurod 10211p Aq A[Te[IuuIS
zv) .:k\:M:k.~| — :Q EM\:&:VE| —Uup nm:wzkv\mk — :NU
n©N<v n:m.\:._”mU :f\:w”_nNN Azm:‘_mv.”:d
pue
(sTv) Ugp =¥y Up=1Yn
1
#eY) 20(0) P = (s M A0 2 /0) T
:ploY sennuspl 3UIMO[[0] 93 el 9A195q0 01 Sduuis s13] Joo.qd
(GAY) (s =05 (W52 =(0"%
2328 2M JopowWl UOP.L0D-2UIS 22131D] 23 PUD Japow-¢1 Y3 fo suajpw.nd Lippunoq ay3 fo
(Tz'v) F=240f (532) =70 phd =N pia,0="1
:suonpaLfiauapr Suimojof ay1 Suisoduwsl pup SUOLIIPUOI 240GD Y7 IPUN 12A02.I0[\]
A+ug
(1z'v) (-1 = hrugg . iz = K+ugy
>+:Nw>+:wk \f.:mg At+ugy
(Az—1)(xe—1)
>+:mm>+:mb Atug,
. AQNICAXNIDA _ A+ug 13 s _ A+ug
(oz'v) Atug - P Aug, | T ?
4 (Re—1)(x¢—1)
AT Atuggh Atug, _ A
. ¢ — Aug ‘ ugghiug _ A+ug
61T'V) g | =4 QN\:QN\:A shHie) M = tep

(Az—1)(xz—1)

:smojjof 11 SO
1opow UOP.10D-aU1S 99133D] Y3 JO 250Y] Jo SuLId) U1 19powL-C1 Y] Jo sua3pwp.apd 211 AULLP oM 20UO

8TV  (30) (O = (V) pem
sploy Amuap: Sumonof ayj uay L {N 1} > A+ ug puv {1°0} > A ynm

. ¢ Atug Aug, « Atug K4ug
v Doz = A e = 0

:$D.1qa3[D 1Aap1 1D20] Y3 fo s.10ID.1aUS Y] o UOIDI
-fiquap1 Suimo)jof ay3 asoduwit sn 3a] pup {1 ‘0} D X YNM X + |NZ = N 270Udp sNn 197 "¢’V BUWIWST

(£108) 600 C "sAYd 350d1>S 1S




(44

|
#9v) {d 1} 3pA (uv—g+d|[1g/("a/b—Db/") "n] =
(€9'V) 12/((pb— DY T—D|=(1—D)f(u‘T—D| = (uD|’Ss

pue
@9V) {d=1}apA (u'v—d|[1g/(“a/T—"1) 'n] =
(19'V) 12/(,b—» D) (U ‘T +D| = (©) f(u‘T+D| = (uD|}'S

:9ABY 9M A[TR[TWIS
09'Y) (up—d|¥a=, b{uv—d = Q:i?@l&@i: ‘T+p|=(u‘T+ u_m\:irwav
:sanNuapI SUIMO[[0] Y 10] SP[OY YIIYM
(65'W) e/(urdsish ="t
:01 JuaRAINDS SI (£5°Y) B[NULIO] 94T, *(£S'V)-(TS'V) 9B[NULIOJ Y1 MOU AJLI9A UBD oM
(85'V) Hr—d= 0} oA (U T+0|=(u'v—d|

:SISeq [BDTUOUED 1) JO
SJUSUWID[D Y] YIIM SPIdUI0D saelsuadio-ta oY) uoneluasardal mo ur Jeyy asodwr Mou sn 397

sT— 0
0o - - y
«sv) : N
0 ST
:pue ‘T = 4b 10J SP[OY AIMMUSPI PUOIIS I} puL
(95'V) T/(b— b= U(f - d)yquisulyuis A = () f
2IyM
0 (s0)f 0
) KA o | GBS ;
(sS'V) W =_S =.S
0 (s o

S101219U93 91 10J sUONLIUSsaIdaT SUIMO][0] AU} DABY 9M SISBq SIYI UT “T ST YDIYM D MOI UT JBT]}
1do0Xa 0192 SIUSWIS[D [[e M I01DIA UWN[0D 31 £q USALS SISEq [EITUOUED ) JO D JUSWS[D )

#s'V) {t+sg“1}30 (0 -+ T -+ 0)={uD|
9j0udp SN 19T Joo.d
Conn 13 u \Qp: u
(€S'V) dgpow {sg““(1—s)g—"sg—} > (1 +d)—"a30] T = S
pup
(@sY) g/ (Ma/b—b/*)'n="s “1g/(*a/1—"4) n= s

:$D.IGa3]D 1D20] Y3 JO S.10ID.12US Y3 SUOWD $2131IUIPT SUIMO]]0f
a3 03 Juappamba s1 YoM usnidod puv ppo d puv uand d ynm g 4,2 =Dbpuvg/(1—d)=s.1of

(£108) 600 C "sAYd 350d1>S

1S

1€

(1s'V) (/0" =(0) 1351
:spjoy n uaya g/ (b/1 + b) = Liysos Ado.yostup ynm uiyd zxx s uids ay3 fo 1oip.aado x0T ay1 2q

) 2/ [(g/i5=sPV)/ T — ¢ 15-sb¥ ] 'S
0S'V) T/=S /=S + =(y T
s 2/ [(isasPV/ T — ¢/051sDY ] Oz20¢
2] pup
(6v'V) TepP1="p 1¢/gp_b="2 T/, b1="9q
8r'v) W/ b="p T/1="g="p

:smoj0f s suonpIuUasa.Lda.-C1 a3 fo sua3pwpapd Y3 X1f SN 19T €'Y BWWDT

A[oandadsar ()T oy
SuONN[OS Ie[BIS g X g [eUISLI0 9} wolj Suntels sawm T —d uoisnj a3 Sutop Aq paureiqo eiqasdre

UONDIP3IL 33 JO suonnjos Iefedss pasnj-d ssotmeut d x d 9y a1e ASMMM ‘ureyd zZxx s uids sya
:EE xiew 19ysuen} uado pasny-d o st (¢) % a1oym

JO UBTUOI[IWEL] [B0] $331s om3 ayy st ' )

(D) ny0n 1=u
. ¢ (d) -1 Yp T+u‘u _ s
Urv) Vo pyromon TSSMM +MoH =%
CoHD) @110 =y
Gm
b=y
or'v) QUeISUO0d + :5@&‘%8 =5

‘B[NULIOJ UIURAD(S 33 pue UOISnJ
Aq uaA13 ueTUOITWERY [BJ0] SUIMO[[O] S JO WNNIAAS JY3 SaUYIP W] Snodusdowoy [erads
B Iopun wnnoads oY) JO UONBZLISIORIRYD UoNenbs [euonounj 1no eyl saey am demonted uf
'SuUONIpuOd Arepunoq swes ay3 Jopun ureyd urds uado ue jo Jey) 031 suoneiussaidar [epads
95911 10J S9NPaI UTed-¢2 uado Iy Jo duop sisA[eur Iyl ey} duanbasuod unsareut oy sey
SIYL ‘3un jo s1001 d 9yl 1 9sed ZXX ¢/ (1 —d) = s uids a1 Jo aU0 3y 03 I} DNPAI UBD 9M
10je19do XET-C2 91} Jo s1ojowered oY) UO SUONIPUOD Jo 19s B Sursoduwll 1Y) MOYS oM dI9H

1un Jo 53001 T + s = d 9y Je sureyd uado s urds ZXX ay) 01 UONINPIY +'V

(Sb'V) ANTTYSUA A/ (A+T) — o
:sTw1] snosuadowoy [erads durmorjoy

9} J9pUN [9pouI $1104 [eITYD d[qeidanuLiadns 9yl 01 9dNpal suoneIUasaIdal Jo ssed sy K[eury

u
A.V.V«eQ .ﬁ\vw = :&m. Azwun = :Q\A. »:U\A. = :mx.

:sardur yorym

ﬁm¢.<v n#%v > AxU nNNU nNU nwnwv - Axvq — «%v > AMNV nNU Cn@ nxdv =X 4
PAIND
a1 Jo wistydiowoine 93210sIp SUIMO[[0] 33 SI 7 pue g, Jo sjusuwId[a 991 a1e “b a3 areym

(¢r'v) AN Trsup (v ="

:AImuopt 3uImor(o] 9yl Aq pazLIa)
-OBIRYD ST SUONIBIURS9IdRI $1104 [RIIYD SNOSUISOWOYUI 93 JO SSB[D Y3 SIUTRIISUOD 9$9Y) Iopun

( ) Upt ) m:umivu
v : 1= o |+ | =/
d Mamu ! d =Bou~:w a\ '0%

pue

(£108) 600 C "sAYd 350d1>S




149

"€50/01/€002/80£9-911/8801°0T:10p
‘(£002) €S0 ‘0TE0 SAYd A31ouy YStH 1 ‘urpyd uids (Y‘z)1S uado ay3 .1of sajqbLIpA JO Uon

€€

"H-81200(S6)€1TE
-0SS0/9T0T'0T:I0P ‘(S661) 6Ty 8y d 'skud ‘PN ‘Ampunoq o ynm suwyd uids

D.pdag puD 107D12d0-D) L31XDE AOYSEURI N Y PUE A{SUSYDIOY d D A0YRNI T d [82] u1 suoupnba 2ouaIaffi] ‘UOISIM Y PUB ‘BMIN I, ‘OUUOY ‘H ‘WIpd)y ‘Y ‘oquiir ‘W [ST]
. ‘M- - ‘0T:I0p ¢ ¢ *SAUd “on
"100°0T°€10Z qsAydpPnuw(/910T'01:10P “(€102) Cppunod o a\s\,\www wooﬁmww,ww ¢ Emm%ﬁﬁ%ﬂ ﬂ%wom v hmwmﬁww : daweﬁ o [v1]
TST ‘448 4 'sAyd ‘PN ‘sppay Ampunoq Lmwangip ynm sumwyd z/1-uids odo.ajosiup punoq o i Y ZXX WL P M 'H tod L PoX ™ “oquur W [T
ay3 fo suonnjos zipsub ayiag [puoSpIp-fO ‘Buep\ ‘A pue 1S Y Suex "IT-m ‘oed T [£Z] “0EYT00V6XTSLLITOS/THTT 0T I0P
L . X L. . . . . . ¢ 'sAyd "poIN “r ‘U] ‘A10ay3 pjoyf wnjupnb 2)qp.aSajul [DUOISUIUWIIP-OM]
Aud-[ . AU A (¥661) €5€¥ ‘6 V "sA4d "POIN °[ L L L ]
uoisnf mcwwuomm :WMWWM_ WW ME p\o@uwmwwww%a%% @Nm.v.va%m M_Mouwﬁnw%wzm‘%m Amwmﬂu.ﬁﬁ [92] u 21D35 AUDPUNOq PUD XLIDULS AIDPUNOE DIDLG RONPPOIOWIEZ g Y PUE [24504D 'S
’ ' ’ ‘CSSTO0Y6XTSLLICOS/CHIT OT:I0P
"110°60°£00¢ qsAydpnu (/9101 01:10p ‘(8002) ‘(b66T) TH8E 6 V "SAUd "POIN [ WUl ‘Ai02y3 pjoyf wmupnb 2)qp.8ajul [PUOISUIUND
¥2S ‘064 € 'SAYd "PON ‘suonpuod Lipunoq uado puv paisimy [puoSPIP-UOU YIIM POl -0M] U1 23p3s AIDpUNoq pup XLIpwi-S Apunog AoNIYdpojoweyz g 'V Pue [eysoyd ‘S [€1]
ZXX 21 Jo sanjpauaSlg :0.1qaS)p 1oIXDG—SUDX 9YyI WO.Lf Suo1D]a.L [pUOIUN, ‘Sed[[eD M [ST . . .
[se] "120/81/LT/0L¥-S0€0/880T 0TIOP “(¥66T) 6219 ‘LT V 'SAUd [ ‘suwyo
"90080d/80/9002/89+S-C¥L1/880T°01:10P wids XXX pup ZXX ZAX 243 40f 291wy A1vpunog ZIy-za[ezuoD 'y pue B3 9p ' 'H [21]
‘(9002) 90080d ‘UYI9IN “1BIS ‘r ‘“A1un fo sjoo. Ip suLpl Liwpunoq 2)qp.adojul Jpouad
‘0- g ‘0T:I0p ¢ . *sAyd r ‘sumyd uids
d qua - P doN T ¥ ‘ues . 0-89806(6)€692-0L£0/9T0T 0T:10P ‘(€661) 61ST ‘9T V 'sAUd ] ]
Uy Zxx uado ayp fo uonm|os 190X ‘14§ "D PUe DI3uiodaN T A ‘UeBMA Y [¥e] JupLaul (u)bns ay3 1of Laado.d 181 359YSIH Y [, “ZIMY-Z9[RZUOD) 'y pue 39\ 9p 'r'H [T1]
"€00/5t/9€/0L¥Y-50€0/880T 0T 10P . NTT0D ¢ . .
“(£002) T6ELT 0LV SAUd T ‘Susis) AIpunoq [puoSDIp-UOU yIm wpy> ZXY usdo N , €20/T2/ST/0LYY-S0£0/880T S.wo_u " @mmc €965 ‘(zo)se v a.é
ay1 Jo uonnjos zpsuy aylag ay1 fo ssouazpjdwio) ‘Turuesry y pue amypadwodsaN T Y [€7] [ “suonpnba uon23}o. 2y3 01 parpla. $2.nPNAS ADIG2E)Y “WUBAPIS N “H PUE ysmi d d [01]
'§S6209910€CZ0T:V/€TOT 0T:I0P (€00T) €9€T ‘ITT : -OT:10p < ) ‘ -SKUA *( UIDY? SU5qUISID .E%muﬁwwu\mﬂmmwuwv
'sAYJ 18IS [ ‘UIDYD ZXX Y3 10 ZIDSUY 9Yy39g pup Suonv)a. [puoroun,g ‘orgdawodaN ‘T g mo%o\wwoﬁ oﬁw vv Mmg WIT eV siud [ & L m 1oH [ N €)o
a3 Jo suonpuLiofop-b ‘S81oquanry A pue srydawodaN Ty NISIOUIZIN T To[aydIed I
5-68500(10)€1Z€-0550S/9T0T'0T:10P “(Z00Z) ST ‘ZT9 € "SAYd "PIN “un o 51004 1190 SHONDHLE/P™D SI9QHN 1\ PHE o1 NTH 2O T HoPed LI [6]
D suLid) L1ippunoq puo3pip-uou ym uipyd uids zxx uado ay3 Suiajos ‘srydawodsN 1Y [2Z] - 1-22106(06)STZE
E ‘oT:10p ¢ A 'sAyd ‘[onN ‘sdno.s b ys
“ 1y, 20060460/ 00T /8955 Do i P S ] a5 s o o1 14 s . (5]
-TPLT/880T°0T:I0P “(L00T) 90060d “UPBIN “¥e1s ‘[ ‘Ai0dy) uonpiuasaidal piqasSip ’ T :
;wmuwzo.v ay1 wiofuoy urds uado Zxx a1 Jo :M_:bummm JODXE “TWNZL0) ) pue u,m::wmmm d "XLSTOOT6XTSLLITOS/THIT OLI0P “(1661) 1€TS ‘9 V "sAUd "POIN [ "I ‘Auouiuhs v.q
‘50001d/01/S002/89%S-2HL1/880T°0T10P ‘(S00T) S000Td "UY2OIN ¥eIs ' ‘uwyd uids -28)p wnjupnb ynm suwyd uids uado fo Aqp.3a3uf ‘SrydswIodoN Y pue NosdUIZIN T [£]
uado zxx ay1 ul KnawwAs s,.128psuQ fo andojpup pauLiofop v ‘TWINZIOY Y pue deyesed d [17]
. . . "H-91006(06) 1096-54€0/9T0T'0T:10P
'020°'10°210g qsAydpnu (/9101 01:10P ‘(2102) 20S ‘858 € 'SAUd "[PNN ‘SoLD ‘(0661) 04 ‘LYT V "197 "SAyd ‘suwia1 Liopunoq ynm uipyd uids wnjuvnb aoynyopojownz
-punoq [puo3pIp-uou 1of ZIpSUD Ylag IDUIP.L00 pazlp.auan Konodey g pue adwrerd ‘N [0Z] 12211, 22 0 UONOS ZIDSUD 22 “SIDGUATNTY A PuE srpawodaN T Y “MISedUIZI T [9]
"8€011d/TT/010T/89YSTHLT/880T OT:10P '600/8/+2/0Ly¥-S0£0/880T°0T:10P “(T66T) SEVT bT V 'SAUd 'r ‘uyo urds
(0T02) 8€OTTd "UIRIN "1EIS [ ‘SuonIpuod Liwpunoq [puo3vip-uou fo sspp v .0f s wnjupnb 21qp.Saju1 ZxXX IUDLIDAUL ((Z)]5)b [p1ua8 2y ‘UtueAR(S "X H Pue ysMI d d [S]
-powr Sy pup zxx uado fo s.032auad1y uouns ‘q pue Aonodey 7 ‘edwrerd ‘N [671]
"SPS8E0T04d/L00T 0T IOP ‘(#861) LL6 ‘T9
'60060d/60/,002/89%S-C¥L1/880T"01:10p 'SAUJ "YIRIN TORYT, ‘SwalsAs 100.L pup aull-fjpy D uo sap1vd Su1ZLI0IODT NIUPAIAYD A T [+]
“(£002Z) 60060d "UDIN I€1S [ ‘SuLid) AIDpunoq a)qp.aSajul [p.Lauas ynm uipyd zxx s-uids
uado ay3 .10f uonN]os Z3psuD aylag 22)dwod v £onodey ‘g pue sryawodaN Y vedder T [81] 'ST0/01/12/0L¥+-S0€0/880T°0T:10p ‘(8861)
S/ET ‘1T V 'sAUd "r ‘swaisAs wnjuonb 2)qv.8aqu1 .10f suonpuod Lippunog ‘urueAp[S M 4 [€]
"100°£0°€00¢ qsAydpnu(/910T'0T:10P ‘(€00T) Lb ‘899 4 "SAUd "IN
‘sarppunoq uado pup sanLmdwi wnjupnb yam sjppow 21330] 21qp.8a3ul pasng ‘noyioq 'V [£L1] "8€0/81/02/0L¥¥-S0€£0/880T 0T 10P
‘(L861) L6E9 ‘0T V "SAUJ ' ‘S]opowt $1304 pup J2]]aL-unyysy ‘zxx wnjupnb ay3 fo sjuauod
"010£0d/£0/8002/89%S-C#L1/8801°0T:10p -X2 20pfang ‘[odsmd M M D pue I9ixeq ‘[ g Toeydeq L ‘A Toqieqd "N ‘N ‘Zeredly ‘D H [Z]
‘(8002) 0T0L0d "UYORIN 18IS [ I umwyd zxx uado ay1 fo suonounf uonvja.Lio) ‘sel
-19L A PUB AOUAB[S 'V "N T[02IN D W[IB W ' P[SMO[zo) Y N Sumueiy ‘N "98€"F VARISAYd/E0TT 0T TOP
$60001d/01/00Z/89%S-T¥/1/880T 0T 10D ‘(TL61) 98€ bV 'y "sAyd ‘uoisuaun( 2uQ ul svp asog b Jo [Z1aug Livpunog ‘urpned ‘W [1]
(£00T) 6000Td "YPIN eS [ T uwyd zxx uado 2y fo suomounf uonpja.Lo) ‘sel
-9 A PUEB AOUAR[S 'V ‘N ‘TOIN "D WIBN W  ‘Dismo[zoy "} ) dumeiry ‘N [91] S9OURIRJY
(£102) 600 ‘T "sAyd 3s0d1S DS (£102) 600 ‘T "sAyd 3sodPs DS




9¢

"€6466€£0044/£00T°0T:10P (6861) 00€-S6T ‘LT "SAUd "YIeIN 19T
(2)nS Jo andoppup wnjupnb ay3 fo suonPIULSI.Ida.l 2]q1ONPI.LL ‘UOPNRUIY " PUe dYd0Y

'90TL1C 90T NTAYSAYd/E0TT 0T I0P
‘(IT0Z) 90TZIT ‘90T 'MOT A9y 'sAyd dodsupi] ousypg uo punog I0L4IS
D pup apis Appais wnuqnbauoN aumwyy ulds  zxx uedp  ‘ussold L

"T0991C 0T NOTAYSAYd/E0TT 0T I0P
‘(6007) T099TZ ‘€OT 9T MY 'SAUd  ‘SswoaisAS wmupnd [puoisuawig-auQ
ul 3dodsupi] ousypg pup uoisnfiq PSPV I PuB ‘BIRIdd D Y IS T

*(0007) dIWapedY :UOPUOT ‘ZIMO]ST ]
‘[ pue quio( D Aq paipa ‘6 DUIUIOUYJ DOLILID PUD SUOIISUD.LL aSDYJ UI ‘ZINYDS ‘I *D

"$-90000(86)€LST-0LE0S/9TOT OT:I0P “(8661) S9 ‘10€ "day "sAyd ‘ssav0.d
uoisnjoxa a)dwils d.3WWASD Y3 wWaIsAs wnLqinba-uou 2)qnjos A)3ovxa uy ‘epuIad g

"01060d/60/9002/89¥S-C¥L1/8801°0T:10P (900Z) 0T060d "URI IBIS [ ‘Noyioq Y

"11021d/21/9002/89%S

-CThL1/880T°0T:I0P ‘(9002) TT0CId "UY2BIN 1BIS [ ‘sarpunoq uado ynm ssazotd
U01SNJX2 JLPPUWWASD Yyl Jo sdp3 p.dads 1opxg U9[SSH T "H H Pue Id91H 9p L
{1090YT S6 NITAYSAYd/E0TT 0T 10P

‘(S00Z) T090bT ‘S6 WOT AW ‘SAUd souppunog uadQ Ynm $S200.d  UOIST]D
-Xq oLjowwAsy 2yl fo uounjos zpsuy aylag IO[ssH 1 'H H puUB I8l dp T

"01090d/90/900T/89%S-2#L1/8801°01:10P (9002)
01090d "U2RIN 18IS ‘[ ‘s102fop Aq paonpui spopows urds usamiaq saoua)painbyg “joufeqg 'z

92014661 4ude/9001°01:10p
‘(b661) 0ST ‘0€T 'SAUd "uuy ‘sumyy wWnupnd pub ‘SONUDUA PO  ‘SasSad
-0.d uowsnffig-uondvay ‘313qUANIY A PpUB [MUSH N ‘Zoid N ‘ZeIedY D H

'88CT 99 1S/ EFTTOL:I0P ‘(L66T) 882T ‘99 Ueder 208 "SAYJ [ ]opow p.pq

-qNH ]PUOISUIWIP-2UO Y] 10f SUOIPU0I LIDPpUnoq 21qp.8aju] ‘Nepem ‘A PUB IYSIoIyS
1°99°rSdr/€PTT°0T:I0p “(L66T) T ‘99 ueder 50§ "sAyd °r ‘spjoy

Aippunoq ynm japow p.apqqny] ay3 .1of uorypnba z1psuy aylag TepeM ‘N Pue IYSIoNYS ‘W

"60€/0€/€€/0LYP-S0£0/880T"0T 0P (0002) T6€S ‘€€ V "sAUd °[ ‘saLwpunoq
uado Yynm Japows pIDQGNE] PUOISUIWIP-dUO Y] 0f ZIDSUD JYylag I1DIGaS]y ‘UenD M "X

"X-0€900(96)€12¢E
-0SS0S/9TOT"0T:I0P “(L661) S89 ‘S8F 4 'SAUJ '[ONN ‘]opow p.DgqnH |DUOISUIWIP-IUO
ay1 J10f seorapw-y Auppunoq pup aind xp7 ‘Guex ‘g 'S pue Suep\ S "IN ‘UBND MX

"¥00/2/62/0LYY
-50€0/880T°0T:10p ‘(9661) STT ‘6T V 'SAUd °r ‘spjoy Livpunoq yum jopows pipq
-qQnH 2Yy3 pup japow zxX Y3 Ul SUOIA.LI0D 2Z1s-aJ1uUl] ‘BINZNG ‘] pue emeesy ‘H

"2-S€000(L6)T096-SLE0S/9TOT'OTI0P “(L661) 8% ‘82T V "NIT sAYd

uiyd uado pupqqny [pUOISUAWIP-2UO Y] pup suonpnba uowIBlfa.4 papv.LH ‘noyz 'O ‘H
TYHS 9AUSAUd/E0TTOTH1OP (9661 Tt bS € oY

'sAyq ‘upyd-uado papqqnp] (puoISUIWIP-aUO 2y Lof ANiqp.aSarul wnupn) ‘noyz ‘O ‘H

"'0T0/€/81/614£-2200/880T°0T:10p
‘(S861) 18S ‘81 D 'sAuyd ' ‘spus Bumodlfor ynm uwyd> ppqqny ‘zmyps H

(£102) 600 ‘T "sAyd 3s0d1S

(5]

[9s]

[ss]

[¥s]

[es]
[zs]

[1s]

[os]

[6+]

[st]

[L¥]

[ot]

[st]

[vt]

[ev]

S€

'€0TS0Z/0T/TH/€118
-1S41/880T°01:10p “(6002) €0TSOT ‘Tb V 'SAUd [ ‘suompuod fippunoq [puospip
ynm supyd uids uado Jpp, .of zIpsub ayrag paisau 2y %onodey ‘g pue pIeId'S

"100/60/£002/80£9-9211/8801°0T:10P (L00Z) 100
‘6 'sAyd A31oug ySIH [ ‘wp.Sp1p upyuAg Aup 10f pub suonpIuasa.da. Li.31qIp ul SUIDYD
uids-1adns (N | )18 uado pup pasopd .of zivsuy aylag poufjpuy ‘enes o pue Lonodey 'q

"X-0820-900-€£2000S/L00T"0T:I0P (9002) LITT ‘L pIedUIod 'H

‘uy uonpjuasa.tda. Aup up suyd uids uado pup paso (( szvvb 2Y3 .10 suonpnba z3psuD
aylog pup wn.ads %onodey g pue jedderq T ‘noyioq ‘v ‘9durerd ‘N ‘uopneury ‘q
:£00T0d/20/S002/89%S-2HL1/880T 0T 0P

(S002) £0020d "YIdIA "1e1S ‘[ ‘uonpiuasa.ida.l Aup ur suipyo urds-(u)18 uado pup paso)d 10f
ZIpsuy aylag [pouApuy Xonodey g pue jeddery T ‘noxioq 'y ‘odweIn ‘N ‘uopneury ‘q

"¥0/¥0/,002/80L9
-9ZTT/880TOT:IOP “(£00T) v¥0 ‘b 'skud A81oug ySiH ' ‘umwy> zxx uedo ay1 fo
$21p3sUIS10 230]dW0d PUD 2IDIS 22U PU0IIS Yyl uQ ‘Sueyyz ‘Z-A pue Suex "T-M

"6-CLE00(E0)ETTE-0SS0S/9TOT 0T 0P (€00T) L8 ‘€99 € "SAUd "[PhN ‘spjaYf Appunoq
1enpapdun ynm uipys uids zxx Jo uonnjos 1vxy ‘Suep A pue (s ‘- ‘ur] ‘O-"H ‘oed °r

"£-86£00(96)€T1TE-0SS0/9TOT 0T T0p
‘(9661) €T/ ‘8L 4 'sAud 'PNN ‘suonipuod Lippunoq-uado piousd ynm jppows Xl

-124 Jy812 of ZIpsup ayleg Jp.qadly ‘Suek X-'Z Pue IUS ‘- NOH A-d ‘Ued ‘H

"S10S0d/S0/¥10T/89%S-2vL1/8801°0T:10P ‘(¥10T) ST0SOd
"YISIN 18IS ‘[ $2]qDLIDA JO U0ND.IDdRS WO.Lf $S2U232]d 0D ZIDSUD 9YyIag pup uo1Ipnba 1a1XDG
:$21IDPpUN0Q 2]qD.1323U1 112UIS Y7IM SUIDYD UIdS UadQ TOIDIN D WS[IRIN ‘I *[ DUIURID] ‘N

‘11010d/10/¥102/89%S-C¥41/8801°01:10P “(¥102) 11010d
"YIBIN 18IS [ ‘SULId) AIDpUnoq [puodpip-uou ynm sumys wnupnb zxx g/ 1-urds uado ay1
A0of spnpoud upJpds pup wnu3ads 239)dwiod 2y ], “OIN "D pue durueIny] "N ‘efop[ed 'S

"COTSTT/TT/Ly/€TT8-1SLT/880T°0TIOP ‘(¥10T) TOTSIT (IT)LY
V 'SAUd [ ‘D.1qad[p uowdalfa.l Xa1124-g 2y3 Jo suyd g/ [-uids uo suonpuasa.ida. |p.iouad
Y21M paIp10ssp spapow wnyupnb 2)qp.a3arul 4of Yapo.ddp AQS ‘TIODIN D PUue B[[9P[ed 'S

'ST001d/01/2102/89%S-2HL1/8801°0T:10P “(2102) S2T00Td
YOI 18IS [ ‘s.103p.12d0 [D20]-1SDND 210 O STUPWIA]Y X11IDUL PUD WN.1FadS 939]dUL0D :$2)qD
-10a fo uonp.ndas Aq sumys wnuonb 7 x x g/ [-uids uado [puodpip-uoN ‘NODIN "D

"€20°L0°£00 qsAydpnu (/910101 10p
‘(4007) €8T L8L d "SAUd [ONN ‘S]opowl XaliaA-X1S ]puUonD. wo.Lf Suipuadsap sJa
-pows uo0soq-uids 2]qp.8a7u] ‘oIeqry d 'V ‘D PuUB YO[IRISO 'Y ‘Wyel] ‘H ‘oorury ]

'500°£0°0102 qsAydpnu (/9101 01:10p ‘(0102) 09 ‘6€8 d "SAUd "[PNN ‘S)opout 1osoq
-u1ds 21qp.8a1u1 10f $)q1IDA Jo uoND.IDdDS “YIIIA T, PUR ‘YO[I2ISQ 'Y ‘WIYRI] ‘H ‘0d1ury T

"T00STO/T/#+/€1T8-1SL1/8801°0T:10P ‘(110Z) T00STO ‘bt V "SAUd [ ‘umwys Xxx
uado 213 10f SPOYIUL ZIDSUD JYIog [DUOOUN,] UM ‘L, PUR [99S "V NI[21D "H [ ‘Wiyeld ‘H

"800°+0'8002"qsAydPn(/9T0T°0T:10P (8007) 1S€ ‘TO8
g "sAyd ‘onN ‘uryd xxx uado ay3 u1 sa)qplivA fo uonvivdas YA L, ‘[99S 'V ‘wiyeld ‘H

(£102) 600 ‘T "sAyd 3s0d1S

[2r]

[1+]

[o¥]

[6€]

[s€]

(€]

[og]

[se]

[ve]

[e€]

[zg]

[1€]

[og]

[6T]




8¢

'L¥0/.,0/€002/80L9
-9Z11/880T°0T:10P ‘(£00T) Lb0 ‘L0 ‘sAyd &31oug YSiH °r ‘uwyo uxds (Y°Z)1S wnyuonb
ay3 10f $2]qpLIDA Jo u01IDDADS AOYSBURIN "N 'Y PUB ASWAYDIOY J "D Aoydediad “q 'S

"610/%¥/1€/0L¥¥-S0€0/880T°0T:10P (8661)
€568 ‘1€ V "SAUd [ ‘urbyd ppoy, wnjupnb ay3 Ul sJUIWI)2 XLIDW JO 2.01m30M.43S AOUITWS

"2¢10S0002Z00S/L00T 0T 10P ‘(L661) 109 ‘98T "SAUd "YIeIN

‘wwo) ‘A109y7 ppayf 2]qp.3a3ul Ul $.103024-)NN ‘AOUITWIS { pUe pleuldg ‘d ‘UoRqed ‘O
€684152049/L00T 0T:10P ‘(9661) 61€ ‘T8I "SAUd "YIRIN "WWIOD ‘]apoll UOP.L0D

-2U1s Pa3dL1Isa.l Y] PuD SUOTIOS fO UOIDZIUDNY AOWITWS H PUE pleuldd " ‘Uo[Rqeqd "Q

"S€'8TT'SALd/EPTT 0T 0P (S661)
s¢ ‘11T '1ddns "sAyqd 109y], "301q ‘spua.tl mau ‘sa)qpripa fo uonp.pdas UTURARS " “H

*(T661) €9 “OUNUAIDS PIIOM ‘SwISAs d[qeidaiur wmuenb pue
sdnoid wnjueng) :ur ‘s1doy pa3dajas "oy SuLIpIIDIS 9SIAAUL WNIUDIY ‘UTURADYS “M'H

"€¥2L01204€/L00T°0T:10P ‘(S861) LIYE ‘1€
PRI A0S ‘[ ‘pOYIaW SULIDIIDIS 2S.124Ul Y] pub doi u18A)dpy)-4ayInL10H ‘UTURADS Y "

‘08 X-€1CST-0¥S-€/£00T 0T 10p
‘(S86T) 96T ‘9TT "SAUd S9ION 199 “Upyo vpol wmjuvnb oyl ‘urueAp(s M ‘H

"600/01/82/0L¥¥-S0€0/880T°0T:10P (S661)
65T ‘8T V "SAUd ‘[ ‘Suonipuod Linpunoq 21poliad-13up YIim [apol Xa1.1a4-X1S Y3 JO UOISU]
]D19DL127U1 pUD UO1IN)OS J9DXH ‘BUNL ‘AL "D PUB INOY,O ‘N T9IXed ‘[ Y Io[oydied 1. ‘N

*(9961) druap
“BOY D[IO-MIN UOISUIWIJ dUQ UL SASAYJ [DIUDWYIDI ‘SIIBIN D “d pue qar] ‘H 'd
(2861) 'V'S'N
S[I0X MIN ‘SS91J JIWRPEIY ‘SOIUDYIAJ ]PINISIIDIS UL S]OPOJAl Pa4]0S A13ovXT ‘“Toixeq

"80LTE104d/L00T 0T I0P ‘(1€6T) SOT ‘T4 sAud “Z “"amdy
-WOJY U2.DAU]] 4P UUOUNUNUDSIT PUN 211oMUSIT | “d])DIDJAl Jap 21102y ], unZ ‘Oulg ‘H

"0-59€06(28)ETTE-0SS0/9TOT'OTIOP (2861) 10F ‘SOT g "SAUd "[ONN ‘suolsuduip
omy up spppowt A10ay3 pjarf wnjupnb fo uois.aa 2013307 ‘Uuidaioy g A pue uididz] 'H VY

"€52°€S SAUJPOINARY/E0TT 0T IOP “(I861) €5T ‘€S "sAUd "PON
A ‘swaisAs pousuvIs pup A10ay1 pjey wnjupnb ul AN1qp.3ayul 19vXx TNIRYL ‘d 'H

'9090£90£861T WWez/Z00T 0T:10p
‘(G861) THT 'SAUd Ul s91ON 109 ‘A102Yy] pJald OUSIAID])Y pPup 21D PIsuap
-U0D ur swlqodd 2)qpajos Apovxg ‘y3uls A pue eyr ‘S ‘S Anseys ‘S g

"8 S-06TTT-0¥S-€/L00T"OT:IOP “(286T) 19 “IST "SAUJ UI SION ‘1097
‘sjuawdo]aaap 1uada.L TpoyIAU ULIOSSUD.L] D.1392ds wWnupnQ) “UTURADS Y A pUe ysimy d d

"(066T) “OYynusbS plIop d10deduls
‘0T "SAUd "UYIBIN UI SOLIDS APY ‘swaisAs a)qp.Sojul ul uonpnba ua3xpg-Supg ‘oquuif ‘N

"L815096/yi-doy:ArXIe ‘sa1m)
-D3] SAYINOH-SIT ‘JopoUL 9]qD.1323Ul 10f SY.I0M ZIDSUY Y1ag I1DIqIS]y MOH AddpPed "d T

(£108) 600 C "sAYd 350d1>S

[06]

[68]

[88]

(48]

[98]

[s8]

[¥8]

(e8]

[z8]

[18]

[08]

[64]

[8.]

[24]

[o£]

[s.]

[vL]

LE

"(#861) €95 qNd ‘OS 191AIS[H ‘TYGT JO SIINIDI] SAYINOH ST AdPPeY " "1

"T9Y160104€/L00T 0T 10P ‘(Z861) 9¥ST ‘61
YIRIN A0S [ ‘wa]qo.1d Su1121IDIS 25.04UL JO POYIAUL 217 JO UOISLIA WNIUDNY “UTURATS Y “H

"(0861) LOT 1D
YIRIN ASY IS n0S ‘A10ay) ppayf fo spapow (p.adarul Aja3a)dwiod wnupnd) Ad9pped ‘d 1

"£-S9€06(6£)T096-SLE0/9TOTOTI0P ‘(6L6T) 19t ‘0L V "NIT 'SAU ‘IoUSEWOLID)
319quasioy 911 pue poyIaul JULISIILIS ISISAUT WNIUEN) I “‘UTURAD(S Y "H Pue YsImy d d

"(6L61) LOT PT "TIod "syd A0S ‘uonpnba 1a8u1po.nyds

wnjupnb uvauruou ay3 pub wajqotd SulpIDIS Ist2AUl Y] JO POYIPAl ‘UTURADS ) "H
((646T) LEET PPT USSS MNEN PV Tlod

‘uonpnba 123u1p0.1YdS IpauNUOU WNIUDND pup poyraw SULIPIIDIS ISIPAU] UTURADS ") "

'606E£00HAIVSOULE0A6L6TINY/0LOT 0T 0P
‘(6L6T) T ‘()b NS "W ‘'SsnY Popow ZXX SioquasH Yyl pup  wd]
-qoud oassaaul 9yl fo poyzowr wmupnb ay] As9pped '@ T pue uelenpel vV I

"2#000068XTSLLITOS/THIT'OTI0P “(686T) STT b V "sAUd "POIN [ U]
K102y p)a1f [pULIOfU0I pUD Sjapow SOSY 1PANILL) ‘UTPNSYSAY ‘A ‘N PUB AOUBYZRG A A

"(€861) 169 ALl 'SAUd A0S ‘Swidlshs

wnjupnb 2)qnjos AJ39vx2 Jo L1021 9Y3 U1 poyzaw uovnba puoOUNS Y I UNPNILYSIY N ‘N
{SE400¥0044/L00T°0T:10P “(€861) SOT £ "SAUd "YIeIN 1T ‘Swaishs wnjuond
a1qpajog Apvxy JO K109y, 2y [, uf suonpnby [puondUN JO POYIN V ‘UNPRYSIY NA "N

"6€0/9/02/0L¥-50€0/8801°0T:10p
‘(L861) S9ST ‘0T V "SAUd "r ‘waisAs ay1 fo sonupulpourtay [, “IT “uids Lip.31gIp Y31m japow
Buaquasio zxx 2]qpi8aiul 2yl Jo u01IN)os 100X UIYMNILYSIY ‘A "N PUB AO[[LUD "N 'V

"11€5822049/L00T°0T:10P ‘(I861) €6€ ‘S "SAUd "WeN N7 ] 41091
uonpuasa.ida.l pup uopnba 123xpg-Sunf ‘UTURAPS *) “d PUR UIILYSAY A "N ‘YSIMI d d

"8T4810T044/L00T"0T:10P ‘(0861) 889 ‘Of "SAUJ "YIeIN T0YL T
poyaw wajqo.d ascaaul wnupnd) Ad9pped "d "1 pue Uelelye], 'y "1 pue urueAps Y ‘4

"(8L6T) 206 €% "PIod "sAyd nos ‘sppowt L1011 ppayf
2]qp.1327u1 AJ232]dW10d 03 YoO.IddD PIUDYIFW WNIUDNY) ASSPPEY " T PUB UTURADS ") "H

'6649602044/L00T°0T:10P ‘(€661) £8-65+ ST "sAud
IRIN "WIWOD) ‘S20LIIDWI-Y J113aW0U0S1LY (U)]S 104 s0113DW Awo.pouot 21104 ‘AoseIe], A

*(T66T) 2YnuadS plIop ‘@10dedurs ‘s3urpasdold

“SISA[euy UYL 766 19901 Yo1easay SINTY “('SP9) oquuif Al PUB [YdNSY T, ‘BIYINSL, 'V
‘6ZT¥00C6XTSLLITOS/THTIT OTIOP “(2661)

§L6-€96 ‘L 'V "sAud "POIN *( W[ ‘suonipuo) Lmpunog uids paxi] ynm jpojy sNod [1yD
211 pUD JaPOJAI X91IIA-XIS 211 JO XLIDWI-Y Y3 10f S2ILIDIAl AWOIPOUOIA I1]9LD ‘AOSBIRL, A

"1 §-STE0-CI9H-1-86/L00T'0T:10p
“(1661) €€T “LEL 'syd wew wwod (D u)18)’n fo suoyppussaidos npf> pus
-Ul pub spopoul $1310d 041D Pazl]D.Ioun) Jw>>:>~ L pue ofIN ) AOH—EMH‘ W AQHND q

'L-€£506(06)T096-S£E0/9TOT'0T:10P (0661) S ‘8F1T V 17 'sAyd ‘T = cb
[(GX3)D) bn Jo suonpiuasa.da. 91940 10f X130 Y “@MIA ‘I, PUE D{IA Y ‘oquuir ‘Il ‘91 "H

(£108) 600 C "sAYd 350d1>S

[eL]

[cL]

[14]

(0]

[69]

[89]

[£9]

[99]

[s9]

[¥9]

[€9]

[29]

[19]

[09]

[6s]

[8s]




o

"€-56200(66)E1TE-0550S/9T0OT 0T 0P ‘(6661) L¥9 PSS d "sAUd "IN ‘umwyd anuyf
z/ 1-urds 8uaquasial zxx a1 Jo $.1030Df ULIO ‘SBIIdL, A Pue B[R "IN [ ‘DUIUeI "N

"1S8STOTOE/L00T OT:IOP “(066T) 664 65 "SAUd 1eIS °[ ‘]opowt
X23.424 XIS 217 fO JUDPUIISIP D SD 12O $130d ]p.1y) ‘AOUBSONS *D ‘NX PUB AOUBYZRYG A A

"0-66100(86)€TTE-0SS0S/9TOT 0T:10P “(8661) €1+ ‘TeS 9 "SAUd TONN Sjopous
231)-p4DqqNE 10f poyraw SuLPIIDIS as.teaul wnjupnb ay ] ‘sowrey ‘gd pue sUnIeN ‘N
$00/¥1/0€/0LYY

-S0€0/880T°0T:10P “(L66T) S9¥T 0€ V 'shud °r ‘suydo fx aoupg papdnoo ayp fo
an30jpup Japow Xa3JaA 2213D] 2y3 Jo uO1INJOS 1oDXH ‘sowrey ‘g d Pue SUDIBRN [ N

"G6ST°09" M TANYSAYA/E0TT OT:IOP (8861) S6ST ‘09 NIT Ay "sAUd
]opowt PIDGQNE [PUOISUIUIP-IUO aY] J0 SaIUDND Pantasuo) TIepep ‘N PUE BIIPAW]Q

"86TC"9SISAl/EFTTOT:I0P ‘(L861) 86CT ‘9§ ueder 0§ sAyd [ ‘S]opojy uomLID]
pup S)Ppoy uids 10f suonplay 1aIXDG-SUnf ‘NSI[Y A PUB NEPeM N ‘B[IpAW[Q A

*£86TT0T0449/L00T 0T:10P ‘(L861) LS ‘0 "SAUd "1€IS [ ‘]opou pipqqnH |puols

-uauip auo Y3 fo A1qp.L3a3ul 39X puD SuoD]a.L A)SUDLI-IDIS PaID.L0daq AnSeys 'S g
{6TST 95 NITARYSAYd/E0TT OTIOP ‘(9861T) 6CST ‘95 "1MT AdY

'SAUd 12POIAl PADGGNH DUOISUIWIJ-2UQ Y3 Ul SMDT UOIDAIISUO) aJ1ulfu] Anseys 'S g

*(£861) UOSSBIN ‘SLied Y3 ap apuo,p UOLIIUO] DT “UIpnen ‘A

"£TE0STANISAYA/E0TT OTIOP (9961) 4TE ‘OST

Ay SAYJ WaIsAS a31ULfu] UD J10f 211§ 201130 U9d AB.1oUT 9IDIS-PUNOLD Y3 Jo santado.d ‘[T
‘suonap.a7u] ulds-uids o1do.josiuy fo umyy puolsuawlg-auQ ‘3uex g D pue Suex "N ‘D
‘1€ 0STAYSAYd/E0TT 0T 0P (9961)

12€ ‘0ST A9Y "SAUd ‘waisAS a31ul D Ul 2IDIS puno.s .of sisay1odAH s,2y1ag fo fooid '
'suo1op.3u] ulds-urds o1do.josiuyy Jo uipyy [puolsuawlg-auQ ‘Sueg { D pue Suex ‘N ‘D

"680T°9T TAPYSAYd/€0TT 0T I0P

‘(6561) 6801 ‘OLT #dd 'sAyd ‘uwyp .poul] dnouSpwoLLmuy ToNEM U T
‘{60€"CTTANYSAYd/E0TT OT:I0P (8S6T) 60€

‘CLT a3y 'sAyd Sundnop oido.nosiuy ynm uipy) 2130uSDWIOLIMIUY IDAUIT UYIeqIQ
(8g61)

1 ‘9T 'sAd "UOISY “JeIN IV ‘SIDISLLY Sould wid]qo.dydsnvisny spp 4aq ‘USYINH T
‘10982€104€9/L00T°0T:10P

‘(8261) 619 ‘6% MISAUd ‘7 ‘snuspnouSpwio.id $p 2110dYy] JInyz ‘319qUasIOH M

*£1690°909T:AIXI® ‘s21p1s 23p.4pdas f0 30mpo.d UD]DIS :ylomawD.Lf
A0S ay3 u1 umys uids xxx uado 2y [ ‘Sel1d], A Pue [OIN ‘D WI[IEN N[ “Quiueiny ‘N

"2000T/01/6%/€TT8-TSLT/880T 0T 10P “(9102)
200¥0T ‘6% V "SAUd "[ ‘@sD2 XXX 2Yy1 :yopo.ddp A0S Y3 ul $.1030Df uLiof pup s3onpo.d ApJpIs
Jo suonpjuasa.ida. JupUIULIIOP UQ ‘SBIIL, A PUR I[OIDIN "D “W[[IRN ‘N[ ‘QUIUeIR] ‘N

"0T1EE0/€0/9T0T/89%S-THLT/880T°0T:10P (910T)
0TTEEOD "YISIN ‘18IS ‘[ ‘5.1039Df uLIOof pup suo1pnba puowIUN, :I] $2)qDLIDA JO UoDIDdIS
£q 1opows x23.424-9 [DI1WDUAP O1poriadiuy ‘SBIIR], A PUE T[OIJIN "D ‘U0IYIUIG-AADT "

'6-65L0-ST0-S00TTS/L00T 0T:10P (ST0T)
686 ‘SOT "SAUd "YIRIN 1197 ‘S2]qpLIpA fo uo1ID.Ipdas U1 suopNba puoOUNS Aq U0130M.1ISU0D
21p3IsU2S12 939]dwoy :suids L1p.31qID Ynm supyd zxx o1poliaodiuy ‘SelId], A Pue [OdDIN "D

(£102) 600 ‘T "sAyd 3s0d1S

[v11]

[e11]

[z11]

[111]

[ot1]

[601]
[s01]

[zo1]

[901]

[sot1]

[vo1]

[eot1]

[co1]

6€

‘T00¥¥0/+/6%/€TT8-TSLT/8801°01:10P ‘(ST0T) 100t+0 ‘6% V "sAud
[ ‘suonpuod Aippunoq 21porsad-1spnb ym jopout xaltoa-8 Y[ ‘Seld], A pue I[ONIN ‘D

"€00S40/L/9%/€118-1SL1/880T°0T:10P ‘(€10T) €00SL0 ‘(£)9% V "sAud ' jopowt
X23.24-7Y 812 21poLiad 217 03 SUONIIAUUOD PUD $AIDIS 2ID.I0das U0 A11IUaP1 Y1 O STUAWA)D X117
-pw AQS Aq wn.3oads 239)dwo) T :]opoul Xa3.24-X1S [DINUDUAP d1poradiuD Uy “JOIN "D

‘8L0L08Y"1/€90T°0T:10p
‘(€T0T) 91SESO “bS 'sAUd BN [ ‘sojqpupa fo uonp.pdes wmuvnb Aq suipyo
uids 1py31y owporadnup xxx fo wmnuioads 239]dwiod pup $.1030Df ULIOS ‘TIODIN D

Y261 TOST:AIXIR ‘$a1109Y7 pjayf wnjupnb 2]qp.i3

-27u1 10f $3)qpLIDA fo uonp.Ipdas wnjupnb suUDAPS Jo sjuAWdO]PAIP Y1 UQ TIOIIN "D
{£10°10°€102 qsAydpnu-(/9101°01:10p

‘(ET0T) L6E ‘048 9 'SAUd ‘[ONN ‘wmnugdads 232)dwiod pup S$.039Df ULIO]  :S2]qD
-upa fo uonpupdas Aq sumyd wnupnb zxx g/1-uids omponadnuy  TONIN D

"800S61/61/¢H/E€T18-1SLT/880T 0T 0P ‘(6002) 800S6T Tk V "SAUd [ ‘SuomIpuUOod
Lippunoq paisimy d1poriad-1up ynm jppows Zxx a2y ] ‘wyel ‘H pue YIIp L ‘dureysiN S

'6-85€0-¥10-€2000S/L00T 0T :10p

(STOT) €0TT ‘9L PIBDUIO "H UV ‘S]PPOI $310d [DAYD PUD A0UDSO0.LS—-AOUDYZDY 21}
ul si0iptadQ 20T fo S1010D ULIOS Y] UQ ‘T[OMIN D IB[[IRIN N [ ‘Uesfso1n °N
‘90001d/01/210Z/89%S

-CPL1/880T°0T:I0P ‘(ZT0T) 9000Td "YOSIN '¥eIS ‘[ ‘]apoul UOp.0D-duls 201ID] Y1
ul siopado 1po0] Jo s10300f uLof uQ ‘MOMIN D WIIEIN N L ‘uesafsoin ‘N

S00TTd/11/2102/89¥S-CHL1/880T O1:10P
‘(C102) SO0TTd "U2BN 18IS “[ ‘A0S UIUDAPS wo.f pajpuiBLio suoyvnba aylag fo ssou
-232]dwo0) : pa3IsiAa.L ]apow $1304 D112 Y3 puD Japowi-C1 Y ] ‘II0IIN D pue ueafsoin 'N

"600°€0°010 qsAydpnu(/9101°01:10p
‘(0T0T) €9C ‘s€8 d 'sAud 'PNN  ‘spepows wmjupnb 2)qpuSojur fo suonpIuLsal
-daa 01ofo 10f AOS UIUDAPYS wo.af 103Dsado-0) 12IXDG JO UO0OMUISU0IIY ‘TONIN "D

"#1060d/60/010C/89%S-T¥L1/8801°0T:10P (010Z)
$1060d "UIRIN IBIS [ ‘] :Pa3isiaa.l 1apowl UOP.I0H—duUlS Y], TIUYDSIL, "[ Pue I[ODIN ‘D

"€00560/6/1#/€T18-1SLT/880T°0T:10P (800T) £00S60

‘I V 'sAUd [ @01330] 271Ul 2Yy3 UO Jopows Suls] :J] 1oPOUW AOUDS0.IS—AOUDYZDG—L2IXDG
Y] U1 $.1030Df-uLio KAYMAL ‘A Pue eInpeys A YMelnyed 'S 40310 ‘N ‘US[YSD UOA ‘D
900/L¥/0%/€T18-1SLT/880T°0T:10P ‘(L00T)

LITHT ‘O V "SAUd [ ‘SIUaWa)a X11IDW PUD SULIOU (] ]9pOUL AOUDS0.L1S—AOUDYZDG—I2IXDE
Y] U1 $.1030Df-uLiof KAPMAT, ‘A Pue BINpRYUS A YMeINEd 'S A03I0] "N ‘US[YDDH UOA "D

'9Z0v0€/0€/Th/€118-TSL1/880T 0T:10p

‘(6002) 920v0E ‘Th V "SAUd ‘[ ‘sajquLipa fo uonv.pdos wio.Lf sjuowdle x1Ipw uids
1opow 3u1s] az1s-211ulf Paz11030D ‘BINPERYS A PUe YeInyed 'S A0310] "N ‘US[UyaD UOA ‘D
900/€2/6€/0L¥¥-S0£0/880T°0T:10p

‘(9002) 4ST/Z ‘6€ V sAUd ‘r ‘uonpnba .axpg Yyl pup sa)qplipa fo uonp.pdas :Jopow
A0UD30.11S—-A0UDYZDG—121XDY Y], ‘BINPBYS A\ PUE YeINYed 'S A03I0] "N ‘US[(oD UOA D

"T1S/T¥/6€/0L¥¥-S0€0/8801°01+10P “(9002)
£T6TT ‘6€ V 'SAUd ‘[ ‘]opows uop.oH-yuls 31330] pub Jauspwl zxX DINPo A13owfs
dno.8 wnjuonb 1opdwos-uou yum spppow fo uonvzIUDPNY TOUYDSI, [ Pue OYSIAG 'V

(£102) 600 ‘T "sAyd 3s0d1S

[tot1]

[ooT1]

[66]

[86]

[26]

[96]

[s6]

[¥6]

[€6]

[26]

[16]




(44

'64°£8T9°290¥+00000°SSOr:d/€ZOT 0T:10P “(+002) T ‘LIT "SAyd "1e1s
T 1PPO mwd C1 paz1p.aUID 2y L0f SUOID]AY ]PUOLIIUN] XLIDJA Jofsup.] Ta1xeq [ ¥ [921]

“4-21906(06)1096-SLE0/9TOT'OT:I0P “(0661) L8 ‘L¥T ¥V 19T 'SAYd ‘wn.y
-0ads ZIDsuD aylag ‘1opow 1304 [.1112 2]qp.18a3uLiadns Y3 fo X1DpW JafSup.], ‘AOSRIR], 'O A [STT]

(£102) 600 ‘T "sAyd 3s0d1S 12S

v

*(886T) YI0A MIN ‘SS91d dIUIDPEIY ‘(*SPa) TeMEY ‘[, pUR BIRMIYSEY
N ‘T SIsATeuy d1e1qad[y Quo uDY] J9IDa.3 snuad Jo SaIDLNS UUDWATY pUuD SIIUDYIIUW
1pYyo1IsIIDIS Ul S]powl 2]qpAjos ‘3ue], 'S pue Niad ‘H ‘H T X0 ‘IN ‘d ‘Suex-ny ‘H

"€-60506(£8)1096-SLE0/9TOT OTTOP (L86T) 6 ‘STI V
19T 'SAYJ ‘a44nd UL SulZIULIOfiun € SNUaS D YI1M [opOUL S1304 ]DA1YD [DNP-fjas 2IDISs 4

aYy3 0f $a0113pWL dafSuD.L) Supnwwo) ‘Yyes "H D pue Suel, 'S NIod "H "H T X0D2N "IN 'd

"X-G9006(£8)T096-54£0/9TOT 0T 0P (L86T) 61T ‘€TT V 1T
'sAyq ‘[<snuad ynm suonpnba 9)8uvL-IDIS JO SUONIN]OS :S]APOW $104 [DA11YD Y3 UL SIILL
-pwl Jafsup.y Supnwwo) ‘ueg ‘N pue ‘Sue], 'S Yidd ‘H ‘H ' X0DdN ‘IN ‘g ‘Suex-ny ‘H

*(6861) dIWAPEdY BATUMOUD] G “YIRIA 21Nd UI SAIPMIS APY “A1]1q

-D.803u1 9Y3 03 A2 12ISDJA U01IDNDI 9)SUDLL UDIS S,128DSUQ NIod "H "H 'f pue Suex-ny ‘H
‘1-96806(88) 1096

-SL£0/9TOT0T:I0P “(886T) SET ‘8T V WAT 'SAUd ‘]opows s13od [pA1yd ay1 .Iof suon
D)o 9)SUDLLI-IDIS JYI o suounjos MIN ‘Suex-ny ‘H pue Ied ‘H ‘H T TeIxed T d

b-Tr106(68)1096-SL£0/9T0T 0T 0P

‘(6861) ¥0T ‘6ET V "N 'sAUd ‘Umwyo s130d [p.a1yd 2)qp.Sauriadns ay1 fo saspyd ssa]
-SSDW 2] PUD SUOLISUD.L) SU1SSOID 942 NIod "H "H [ Pue A0DdN ‘N "d ‘TUniaqry 'o
5-45206(68)1096-S££0/9T10T 0T 10P

‘(686T) 6ST ‘SET V 19T 'sAYd ‘1opowt 1304 p.11y2 9)q.L823uttadns a1 fo 930S puno.LS ay3
U1 UONISUD.L] 9IDINSUIWIUIOIUT-9IDINSUIUILOD) NI "H "H [ PUe A0DIN "N "d ‘TUNISqY "D
{(6861) T ‘61 'YIeIN 21nd Ul ApnIS ‘APY ‘POPOIl $130d [D1YD

9]1qp.3a3urtadng ay3 fo wn.3oads anppauadiy Nisd "H "H [ pue A0DdIN "IN 'd ‘TUnIaqry "o

'9-410T6(88)1096-5££0/9T0T"0T:10P

‘(6861) S8T ‘€E€1 V "MT 'sAUd Jopows snod [p.ay> a)q.idaquliadns 2y Ioixeq [
‘T€9€T0OT044/L00T 0T 10P

‘(6861) T ‘LS 'sAud ‘1e1Ss ' ‘upbuoiwpy paip1ossp a)duns p pup ‘Qapows ,as.taa
-ul, up ‘sanuadoud onupufpouriay] : jopowl s130d [p.1yd 2)qp.udejuriadng ToIXed T g

]

'§6£0000626L6L120S/THTT 0T 10p
‘(066T) €08 b d 's&yd ‘PoN ‘[ U] Ppows $30d [DAYyd Yyl fo SLIDW .12f
-sup.y 10f suoupjad puondun idvd 'H ‘H T Pue Aoueyzeg A A ‘Teixeqg T g

"80TSLE/LE/TY/ETT8-TSLT/880T 0T:I0P (600T) 80TSLE T V "SAUd [ 103925
21D1S-puno.3 ] 1opout 2]qp.1323ULladNs Y3 Ul $.103924US1T NIdd 'H "H ‘[ pue Suex-ny ‘H
‘10TSLT/LT/T¥/€1T8-1SLT/880T°0T10P (800T) T0TSLT ‘Tt V "sAud

¢510ID.12UIS €]s ] jopow 3]qp.13ajuliodns Y3 Ul $.10399AUIT NIdd “H "H ‘[ pue Suex-ny ‘H

*L-T106(€L)9164-€000/9T0T 0T:I0P “(€L6T)
8t ‘9/ "SAUJ "UUY ‘UDIUOINUDE PUD XLODU I9fSub. ay7 Jo $.00302Au2S1 “[IT "uIDYyd S.12q
-UaS12] 91d0.30STUD [DUOISUIWIIP-IUO PUD $I1IS1IDIS 29133D] U1 ]2POLU Xa1124-1Y 31 T9IXed [ Y

5-0bF06(€£)916%-€000/9T0T 0T 0P
‘(€L61) ST ‘9L 'sAud uuy ‘ppowsr adf3-201 pazp.1ouad v 03 duapAmbyg ‘1 ‘uYd Siaq
-Uas19 91d0.130S1UD ]DUOISUIWIP-IUO PUD $I1ISIIDIS 99131D] U] [oPOLUL X7.194-1Y 317 TaIXed '
{6-6£¥06(€£)916¥-€000/9T0T 0T 10P
(€L6T) T ‘9L "SAUd "uuUY ‘SI01D9AUSSID [EIUSWEPUNJ SdWOS ‘[ "UTRYd JIaqUasioH
51donosIue [RUOISUSWIP-9UO PUB SONSIIBIS 9dT1IR] UI [9POW XolaA-1YSId TIa1Xeq [ "

"€-£6000(00)€1ZE-0550S/9T0T'0T:10P “(0002) LT9 ‘SLS
g "sAUyd ‘NN ‘wo)qo.d Sul1e1Ipas as.aaul wnjupnb ay) UuQ ‘SeIIdL, A pue I[N ‘N [

(£102) 600 ‘T "sAyd 3s0d1S

[ve1]

[ezT]

[cz1]

[1z1]

[oz1]

[611]

[811]

[Z11]

[o11]

[st1]







Article 11

Transfer matrix spectrum for cyclic representations of the
6-vertex reflection algebra 11






1Juok]-suoporpozod-aisiydeq ‘oouelq ‘wWoAT

Tre69-d ‘7L9S MINN ‘onbisfyg op axojeroqer] ‘SYND ‘T UOAT pieutog opne[) Alu[) ‘WOAT op suf ‘UoAT Atup) o
1y uoK[-suspljoooru-ouernid ‘eouel] ‘uokry

Tr€69-d ‘TL9S HINN ‘oubisfyd op drojeioqer] ‘SYND ‘T UOAT pIeuidg opne[) Alu[) ‘UOAT Op SUF ‘UWOAT ALuf),
1j UOA[-SueIa[[Ieul ‘eouel] ‘U0AT

TVE69-d ‘LIS YN OnbISAYJ op dxr0yeioqe] ‘SYND ‘T U0AT pIewiog opner) Al ‘WoAT op suy ‘WoAT Aruf)

i

144

54
o
6€
L8
€€
49
(49

9¢
514
14
14

€1

S9OUDISJOY
10309€J0d Jo sorpedoig D

suonyejuasordor [erouad :(g|y)—g jo Lyordus pue Ayiqezieuoderp opnosd g d

wcosgswmma\& rewads :(g|y)—g jo A&yordus pue Aqiqezijeuoderp opnesd  1H'd

Am 7& m Jo Ayordurts pue Aiqezifeuoderp opnesd Jo jooid g
+ K&yyuapt oy Jo uorpisodwosop [rioeds A0S ¢'q
@Eww% :osowmmm peuLIojsueI) 93nes oY) Jo uolpejuesardey g'q
fHOu@h@QO %Hﬁ@:ZOL Ppourrojsue.ry @MZ‘NU Td

vlI(aS[e UOI10aeYy] pauriojsuel) agner) ¢

ﬁm‘ﬁmmﬁm Eﬁ%m -3ue > pouLIojsuRI} 98NS O} I0J 9JRYS 0ULIRJI-0PNOS] TV
SI01RIOUOS 10)Xe-3URL POWLIOJsURI) d8nes) 1y
rviqeSe I9)xeg-Suey pauLIojsUeI) a8ner) Y

suorsnouo) 9
wnajoads- /, 9y Surzrejoereyd uoijenbs [euorpoung ¢

sponpoad Tefedss pue siseq A0S Ul UOIjezZIId)dRIRYD WNIdads-/, ¥
suorjejuasardol A0S pue eiIqo3[e UOI}IaPad JI[0AD paSner) ¢
*eIqeS[e U019 X99I9A-g JO suorjejuasardol JIPAD) T
uoronpoIjuy I

SJUJUO))

"XLIRUI I9JSTRI} 9T} JO S01R)suado
Supnput soje)s oyeredos o1y Jo sorprodord jonpord Iefeds 9quUDSOP IOYNN] 9N\  uoyenba
[euorouny H-J, S 0IXe( Jo ongoreur Ur 03 SUOHNOS JO 39S Oy} sk A[Jus[eamnba pue suorouny
JO sse[d UOAIS & Ul suoryenbs rermoukod Jo m0)sAS 949I0SIP © 0) SUOTIN[OS JO 198 OY[) JO SULID) UL
pazLiajorreyd A[@je[duod uey) s winIyoeds XLIJeU Jojsuer) o, *[T] Ul PaqLIdSep poyjeur o)
JO uoIsu9jxo ue wEOﬂm paure}qo o ued UOIINJOSII A0S 973 mmﬁsuww 989} U] "WLIO) Hmj—w:ﬁmhu ®
Ul XLIjeW- 37 ATRPUNOQ 9UO SUIARY SUO IDTJOUR [}IM SUOIIPUOD ATePUNO| [RISUSS SO o1} I0]
wqoad [e13oads oty eouepuodseriod ojut jnd 03 sn S[qRUS JeT[} UOIJRULIOJSURI} 93NeS d[(e)ms
' uSisap 181y 9p “(A0S) se[qeLre Jo uorjeredeg jo poyjewt o) Surjuewsiduar Aq padofossp st
sisATeue [e110ads oy, ‘uoryenbe uOIOLYal oY) SUIAJSIJes SeOLIRW-}] AIRPUNO( [RISULS )SOUL
9]} A[pureu ‘SUOTYIPUOD ATRPUNO( J[(RIOIUI [RIOUIF JSOUT O} IOPISUOD oM d[d1Ie Juaserd oty
U] Ie[nSueLl} SI SUOIYIPUOD ATRPUNO( 9} SUIGLIDSOP SOOLIJRUI- 3] O]} JO dUO SIS M OSRD d1[} I0]
waoId ST} POSSAIPPR oM 9197 ], “10feIodo Xer] A0URS0I)G-A0URTZRE 91} O} PIJRIIOSSE RI(DI[®
UOT}09JOI X0)I0A-0 D11JOWOU031I} 91} JO suorpejuasaidal or[a4d o1y 10j woqoid [erjoods XLrjeut
I9JsuRI) O JO ApN)s oY) UNFa( M I9YM [[] JO UOIIRNUIIUOD JO0IIP B ST S[DTLIR SIY T, *10RIISq Y

8T0T ‘Lz Areniqag

¢OIPZO g ‘(IHOMIN ‘D ‘(IMeIN "IN ‘T

II ®I1qo8[e UOI}I9Pal X9)I9A-9 9}

Jo suoijejuasaidal JI[DAD J10J winJIydads XLIjew JoJsued],

8T-¢0-HL-ISNHd'T

Al e

8T0Z ged vz [ud-yrew] TASS880°208T



(172) (/)2 (v) = (b/rx) Ty () ="Ga = (1) =G (b/ry) ey (v) = (/x)eryq

:[1¢1] 107R10dO Xer] AoueS01)G-A0URYZRE AU} 0} PIJRIDOSSE UOTYenbo Uoray
-01 X0)10A- 9T} JO SUOTIN]OS OI[IAD [RIIUOS JS0UW 9} IOPIST0d om ‘[g] 1oded s uTwRATYg SUIMOT[O]

"eI(O3[R UOII9PSI X0)I9A-g JO suoljejuasatdad OI[DAD) g

0 xipuaddy ur
TOTeZLIDIORIRTD WNINeds 91 Ul PIash SONIIUOPI JURUTILIONOP M 19710501 g pue y seorpuaddy ut
UOAIS dIe UOIJRULIOJSURI) 93NES 91[) JO UOIONIISUO0D oY) Jnoqe s[re1d( ‘odAy uoryenbe-f) 1, xRy JO
suorjenbs [eUONOUN] JO SULIY) Ul UOTIRIULseIdel ® JIUIPER UOIIRZLIDIORIRYD WNI0ads o) 1eT) MOys
M G TOTIDAS U "$0IRISUSIO XLIPRUT IoJSUel) oY) SUTUrejuod soje)s ajeredas Pay[eo-0s oY) I10] or[nul
-10J jonpoid refess o) juaseld Os[e om dI9T ], SISeq AOG S} Ul UOIjezZLI)ORIRYD WNIoads XLIjew
I9JSURI) 9} 0}  UOIYDdS Ul SUIPRS] ‘JX0JU0D [RISUSS 910U ST} 0 E S[OIIR ISIT INO UL PILIISSP
ApeaIle om Je1) poyjoul Aog o) jdepe 07 SN So[(rUS 4] "OUO IR[NIURLI} ® [IIM XLIJRUI-}] UOIIIPUOD
Aepunoq [RIoueg jsou o) 9ouopuodsorrod ojut jnd Jer) IGOS[R UOIIOPII POULIOJSURI) Pagnes o)
auyep am ¢ uolpes U] “Iojerado xe wnjuenb sourdorjg-aouryzed o) 0 POIRIDOSSR SUOIJRIUDS
-oxdar o1[24D 9 JO soIseq oY) [[IDI ISn[ om g UOIJ09s U] “SMO[[O] Se PazIueSI0 SI 9[d11IR SIY T,
*(G U018 995) 9IY I9PISUOD oM UOOUNJ-T) OY) UeT[)
so10z o10w df sey o101y pesodord worpouny-g) o1y se pojesridwod st (9] YIm wostredwod 19I1p Y
‘wnayoeds XIIjew I9Jsuel) [[N] o) 9ZLI9J0RIRYD S90D UOIIenba oyl S I0)Xe¢ SN0USOWOYUL N0 e}
o[or}IRe uQ@mm:Q o) ut anoxd om »QCEUEHHwQOU AOS INO 0} SYURYJ, "SOOLIJRU I9JSURI} JO UOIST o7} UO
spuewungire Teuorjouny aand jo siseq o) uo [)9] ur pasodoxd Lpesife usa( sey uoryenbs oyl s IIXRL
SN0OULFOWOYUI SNOFO[RUR TR JRY) YIewl sn 107 od4A1 uorpenboe-f) 1, wixed Jo suorjenbs [euorouny
JO SuLIg) UT UOIjejuasaIdal ® S)HIUpPR UOIJRZLIIORIRYD WILIDLdS o) 1R} MOUS oM ‘ISYLIN] 'So)e)s
areredas oY) Jo sjonpoad Ie[eds oY) I0J R[NULIO] JURUIULISOD 9ALS OS[R 9A\ "XLIJRW IeJsuel) Arepunoq
[eTouad oY) Jo (soyejsusbo pue senfeAusSo urede) wieds oY) JO UOyeZLIDIORIRYD 9)a[dW0d AT}
0} Surpes] ‘pasn oq wed [1] 1aded 9s11J INO UI PaUTRIQO S[O0} PUR POYISUL Y} ‘90UapPUOdSaLIoD SIY)
JuIsn U], "RIOS[R I9)XRE-SURL XOLIOA-( O} JO SUOI)RIUAsaIdor DI[0AD 9S91[) 0} PIZI[RIoUSS pur
[0L¢89] 09 requuts Aem e ut pajdepe oq 09 Sy ‘UIDIDY) SPOUSIYAI PUR [G6 ‘e “8'0 99S ‘SUOTYRULIOJSURI)
98nes s 1)xed JO eopl prepuer)s oY) ‘esodind ey} 104 ‘XLIjeW-) IR[NFURLI) OUO SUIARY [OPOW ®
)M Apureu ‘Ouo snotaord o) )M 90uepuodsorIod ojul uoren)is [eroudd sy jnd o) sn o[qeus
1Y) UOIJRULIOJSURI) 93Ne3 © USISep 0} ST [RO3 SIY) [oedI 0} POYIoUW 9], uoljenbs uordspel oY)
JO UOTIN]OS SOOLIJRWI-] [RIDUSS JSOUI 91} 10] A[pUreu ‘Ajfiqersojur Suraosord suoripuod Lrepunoq
[e1oua8 jsowr 1) I0] weqoid [eI1poads Sy} ssaIppe o) sI aprre juesald oty jo asodind oy,
*SUOI1OUNJ JO SSe[D UAAI3 ® Ul suorjenbs erwouijod jo
W0YSAS 9DIOSIP © 0} SUOIIN{OS JO 19 Y} JO SULID) Ul POZLIDIORIRTD A[9)o[dI0D Sem XIIJeul I9JSUeI)
Arepunoq a1} 10J (seye)suadio pue soneAusSo) wnoads a1y ‘siseq ajeredos Iy} SUISN U], "SOLIIUS
XIIJRW AWOIPOUOUW ATRPUNOQ 9} WO PIIONIISUO0D 9] Wed YoIym wnrpoads siduwrs i roreedo-g
a[qezifeuoderp [ewads ® Jo siseq 9)e)suaSo o1} se siseq ojeredas o) SUIAJIUOPT Aq poT[jou A0S o1}
%Eﬂwwwwo.ﬁﬁm NﬁQQ@ 0} 9[qe U29( 9ARY oM UOT)en}s Jey) IO .Amhmumﬁw‘m,ﬂmg %,HNTQEOQ 97} UOo jureI)suod
QU0 09 JUS[eAIND ST YOIYM) ULIO] TR[NSURLI) SeT| SPOLIJRU-}] ATRPUNO( d[) JO dUO dIOYM dsed [erads
91]) SULISPISUOD SISATRUR 9} PajIe)s om [T] Ul *[LET-8ZT] [PPOU 190 [RIIY)) B[} pure £)1un Jo $1001 Je
[9POW 9013)R] UWOPION)-dUIS A} dPNOUT S9seD TRIAAS T[] JoR] O1[} 03 ONP ST WA(0Id © TONS UT 1SIIOUT
AU T, ‘[L31°9g1] remorjred ur Suiziferouss [T11-90T] SYIoM snoradrd Ul paIopIsuod sem (SI0)0e) ULIO]

pue wmnaoads) ased suorpuod Arepunoq orporad o1} JRI) (eIl sh 19T .Eﬁ\omz Jojerodo xer]
wmjuenb A0URS0I}G-A0URYZRE [RIOUSS JSOWL A} O} PIJRIDOSSE UOIPenbo UOIDOPol X0}110A-g oY) JO
To1yRIUOSOIADT OI[0AD 0) porlow A0G 93 Jo uoljejmowodur o) polIRlS om E J[OI)IR INO U
"UIDIDY[} SOOUIDYAI A1) 0) Pue [[] S[OIIIR JSI INO JO
UOIONPOIUL O} UL USALS UOISSTIIOSIP [RIOUSST 91} 0} I0Jod oM ‘S[OPOUI 9[(RISeIUl ATRPUNO( JO 958D 913}
Ul SPOT[}OU SNOLTRA 9S9T[) JO WOSLIRAUIOD PUR UOISSNOSIP DAISUXO e 10 “[6TT-86] poyrouw (A0S)
a[qeLrea Jo uorjeredss a1} Jo ased sy} 10] uoryejuswa(dwr o) pue [6S ‘€CG—6F ‘OF ‘G| Zyesur ayjeg
91} JO SUOTYROTTPOW ‘(] ‘LF] "8 90s ‘seiqaS[e 108esu()-h Jo osn oy remnonred ur oy soypeoidde
JUOIDJIP JO OSN A} POJRAIIOW SIYJ, "SPOYIOW 901} JO YORII A JO INO d( JO JNO SUIN) A)[IqRISo UL
Buratesead (S9011)RW-3 PAIRIDOSSE PUR) SUOI)IPUOD ATRPUNO( [RI9ULS JSOUL JY[) Jo ased oY) ‘parjdde
9 wed ‘suorjenbo UOIPOPOI I} WO Poase( oIy ‘(YV) zjesur oyjog OleIqoS[e pIepue)s o) 03
Ie[Iuuls AI0A POYIOW B SOOLIjRW-}] AIRpuUnoq pue s[ppow [eods 10] o[lym Je1) ‘Iosomoy pareodde
1T [18-0¢] Zyesue o)o¢ 9T} JO SUOTSIOA SNOLTRA ‘TOTYRN)IS OTpoLtad o) Ul se ‘Fursn sfppow d[qeIdout
Arepunoq 0} pajoAdp SYIOM JO IOUINU © 03D U89 0ARTY 9101 ], "URTUO[IUTRE] [RI0] POJRIDOSSE S)1 puw
XLIjewr Iojsueda) o1} I0J EH®7~OHQ dﬂhuomgm Towoo 973} JO UOIHI[OSaI 973 SSaIppe Ua)} 0 JIOoMoUIeI]
pIepue)s o) ST SIYJ, "XLIJRW I9jsuRI) A1epunoq s} Wolj pourejqo oq ued [PPOW A1epunoq ayj 10y
URTUOJ[IUIRE] [€D0] 9} ‘9sed oipoliad o) 10§ se ‘UL ], "SeoLIjewl-3] ATepunoq 3o pue JysL o) uo
spuadop pure SOLIIUS XLIJRUl ATOIPOUOW Y[ 9T} UT orjeIpenb st worssoxdxs s97 *[og] Xirew 1ojsueny
Arepunoq o) Aq pajeIoussd SOLIRPUNO( [[}IM [oPOUW O} 10J SOIIJURND POAISSUOD SUINUITOD JO SOLIOS
1[0 SISTXO [[13S 01O} JRYJ OIS 018 9SOYJ, "SOOLIJRUL- 3 9} Ul POPOOUD SpuUd a1} Jo sor10dord uoroapol
oY) pue XLIpew-}7 o) Aq POqLIdSOp [N oY) Ul SuLIo)yess o1) usamjaq sorprodord Aiqiyeduros oy
spea[ 3] ‘seoljewl-y Arepunoq oyj Aq poqudsep spue Julpoepel SulARy juewWSes ® U0 sopIlIed
Jo Surreyyeds o) Jo Aydord uworyeziiojoe] o) Jo seouonbosuod jsnl ore suoryenbo uoroopel 9soT)
[61] ut upeey) Aq umoys sy ‘uoljenbs Ieojxed-SuBK [BNSN A} SSA[OS [DIYM Y[ B} Ul [9pout
oYY} JO XLIjew-y oY) AQ UOALIP suorjenbo uorjoopol AJsies Pnoys soolrjew-3y 9soy) ‘sorprodord
Ayiqeadejur oateserd O, 'SOOLIJRWI-}] OWOS UL PAPOOUD SUOIYIPUOD Arepunoq [jm pojuowa[ddns
sernuenb Ymq Surpuodsaliod oY) JO SULD) Ul POQLIISOP d( URD SOLIRPUNOQ [IIM [9pOUT dY) JO
9IMYONIIS J[RIZOUT A ], "XLIpewl AwoIpouowr wnjuenb o) Jo UOISIOA Arepunoq oY) £q paysiyes
[0z 61] suoryenba uoIda[Ja1 Pa[BI-0S A1} JO ULIOJ [} Sexe) 1 ¢ B1qad[e Ie)xeg-3ue) pajeIdOsse )1 pue
‘[L6-¢8] "8 99s ¢ poy1eW JULI9YILIG SSIOAT] WNIURNE) PIBPUR)S T} JO TOISUNIXD TR ST sorpreordde
orexqa8ye oYy Jo jutod Loy oy, [18-0€ ‘07| 80 99s ‘sjuowrdo[pssp UIOpoOW $)1 SUISN PONUIIUOD pUR
[62-1g] zyesue ayjeq pue sureyp wids yjm polre)s Jer) ‘A109s1 SUO[ ® ApraI[e 9ARY S[EPOUL YoNg
"[0g] wueATyg pue [6T] YrupaIat)) 01 yorq $908 (SUOTIPU0D ATRpunoq orpored puokoq Sutog Apurem)
SUOIIPUOD AIRPUNOQ [RIALI)-UOU [[JIM S[OPOW d[qriSejul wnjuenb jo uorduosop oreiqad[e ayJ,

*[8T‘LT] 80 998 ‘swraysAs wmymenb [RUOISTLTIP SUO
ut serpedord jrodsuer) 10 [9T—g1] JASVY oI ‘$9s59001d UOTJRXR[AI DIISRYD0)S [RIISSR[D S(LISIP OS[R
wed Ao1) ‘Temnonied U] UIOINY) SO0ULIOJRI pUR ([T 89 99s ‘sorureudp wmiiqmba-Jo-1no 1ons jo
I0TARTP( dAT)R(IN}Iod-TOU oY) Ojul SHYSISUl ured 01 pesn oq ued ‘sorpredord Aiqerdejur Suratesord
SUOIIPUOD ATRPUNOQ (M ‘UOISUSWIP MO[ Ul S[OPOUT d[(RISIUI ‘SUI)sAS po[dnoo ASuor)s Jjo 1x99
-T0O O} UJ "SOLIJOWWAS [N 91} JO suoryeuriojop o[qissod yym sorpmodord [eorureudp pojeorduod
IaYJel 0} A[[enjuesd spes] 1] ‘suoripuoo Arepunoq aetidordde Surjeds Aq osfe jnq ueruojjrure
nq It} JMZOHQ# PpaqrIosep %THO jou ﬂmhwﬁwm url snyj) oae Suoljeniis yons aqLIosap 0} a[qe S[ppouwr
o1doosoIdTN “[0T—g] 80 998 ‘synsol [ejusmuLIodxe mau £q re[norred UT PIJRATIOW ISOIOUT JO 10T ©
poloeIlR sey sue)sAs [eolsAd uado pue 9s0[D JO I0TARYD(Q WNLIGIIND-JO-1N0 o1[} ‘SIeaA Juedal o) u[

uorpnpoIjul 1



(52°2) (X gP) V(DY) T (X /D = b/ ) = (X) =1 "rop
:sppau woissaudra 1101dra s71 pun
(Fz'T) 0= [(")=""n‘(x)~"n "wep]
91 ‘DAQab)D U0109) 4 DY) UL JUIWIJD DAJUID D ST

(€ee) ‘[(X/ /D) (e iPX) "0+ (X/ D) ~aliPX) ~al((x/P) — (b/¥)) =
(2e)  [(X/g/1P)70(e/iDX) =G + (X/ o iP) TV (i PX) VI /D) = (/X)) = (X)™"n "op

JupurLgep wnjuonb fiuppunoq ayJ,
(12°2) L=K-)L ‘(/DL=N)L

:s919914d0.d sa1u90wufis buwmopjof oy burfifsiys siogpiado buynwuiod fo fippunf topawnind 2uo0 D s1 9T

(022) ‘()~g(Or+ ("o T+ () ~al) e+ () v () T
(61°2) {00)~""n()*"xyu = (V)L

:fiq pourfap s1 0uqabD w01IAY a4 Yy [0 sUOYDIUISALAIL 210fiD Y] UL L0IDLIAO TV
0UDHO.LFG-00UDYZDET Y] 0F PIIDINOSSD TLDUL 4IfsUDAY fiuDPUN0q D42Udb J50w 2y ], *T'g uoipisodoag

:sproq wonysodoxd jxeu o1y [(g] 1oded s uTuRATS o) SUTMOT[O]

\N\ :w\:\@ NAQQU @& h
Awﬂ.mv m\_A \ v a/1 = yuyy

b= Yy N\HACQEG\QQ:SV N\H@N
OSTL [[IM OM I9JR[ ‘IDAODIOTN
> 3, 2, E) E) ‘ > — (3, 3, 2 2
(L12) d>|+du:§ g) (°0/1 + °0) |¢>w¢w?§+ g) (Cv/1 —0)
”ﬁm-ﬁwwﬁ ®>ﬁ£ oM ﬁgd ﬂﬂ =3 @,ﬁwﬂ%
. . Cg/1+°9) Co/1 —>0) — (V)6
A.m: Nv ATWQKV\N\KV + N\AW\WWm\/\VQWB,Q\N\ﬂv - N\Hv\w@,s n A/\v
Uiﬁ M@u@ﬁﬂmhﬁg oIpzZuou @Q,ﬁ e wﬁ 0p
. ) 0op _
(¢172) (g, + N (x)p
. AeX/eP —b/eX) _ ‘ b T oy =
(+12) o)~ 0 (g bt :mvﬂ o= ()
HQ,HQJB
(e1°%) (/D)0 =()a (D) D)P(5y PX)P() 6 = (Y)Y

ISUOTIOUNY Y[} dONPOIIUT IA\

g
v /10 __X X b oy b)
) (v TSP ? ) - T i
(ere) ("A)pug > Am ~ th o [ N
b X )+ z/1 Y
9IoUM
. ) e o — ((COF (OF N _
(11°2) (F T T 0 4 PX) "N = A )Fq ()F )~ (¥
se

pouyoep seol1yeul ATRPUNO( [RIOUSS JSOUI 07} SIOT IOPISU0D M “IOA0DIOTY "L "\® = H "o'T ‘sooeds
wmjuenb [ed0[ a1} Jo 1onpoad 10sus) oY) A pauyep St RI(eS[e UOIIIL[Jal pUR Ia)Xed-Suex OI[24d o)
Jo 9ords uoryejuRsaIdal T[N o1y pue sededs JID([IY [euorsuamIpP-d aTe “y, seoeds wnymenb [edof oy,

(012) PPO T+ 1g = d pue wore d yym d/ d = g MnE\m =b

:pue

(62) AN T wiup T="0 =4n qum  Un¥a,., b = Halkn

SI0JRIDUOS RIS [AoA) ATejrun oIe AENDT:mE o, pue A:vawsmw Un 9y,

Awmv .:Q\ﬁﬁﬁ@ — :vQ EC\@UﬁB = uf
PIYM
(L2) ., ( )
. Uy [\ ue — ¢ /Uatl Hw;:ﬁm\ﬁ\v + ::EUN\H@ o\ .
("2 ®pud 3 A ?wazem\ﬁm + :;:SN\H\E “n HW:\H\«:Q — oy =001

:[1¢1] s10reI109do X S AOURSOI)G-A0URYZRE YY) JO SULID) Ul Pauyap pue

-X1-b =YD 0 % b 0
. ‘“(q D 0 H\K -Y -7 0 — qo-
(92) (U ®"A)pud > 0 Thob Ty-y 0 (Coke’s
0 0 0 =X D =YD
XLIYRUWI-Y 91} 0} pojRIdOSS®
(¢2) (U U)Pud > (7/)ey () v (M)en = (1) e () (11/x) ey

:uorpenbo Ioyxeg-SURY X0}10A-Q O} JO UOIPN[OS II[OAD oY} ST
D
(7)) (E AP 3 (e BT (e BONT = A (a (o v - (0"

‘o10H -oovds Arerrxne payes-os oty St ;) ~ A pue

(€2) 70 (/Do 70 (1-) = (V)"0
“@.Hwﬂg
@) (tepm s A 0@ o v = (000 "0 = (0

seoLIjRW AWoIpouow Arepunoq
Buimoroy o) £q peuyep are pue (1 ® 4 ® LA)puy 0} Suo[aq uoryenbs oY) Jo SaPIS OMmY) oY) IAYM



:wonyisodoad Surmor[oy o1 ur pajuesalrd se ‘urio ojdurrs e ur suoryejuasoidar

RICPS[R UOIIAJAI X9)I9A-0 DI[IAD [RISUSS SO 81} 0} PIRIDOSSE XLIYRUI I9JSURI) 9} 9ILIMAI O} ST}
asn 03 Lypiqrssod o) 04 NP SI SI103RIdUS ATRPUNO] POULIOSURI) o8NS 9SoY) Ul JSOINUT 1T,

‘suorjejuesoidar renoryred

swos ur (¢f)~g pue (g)* g 10y uotsserdxe jrdxe oty jussord om ¢ xipuaddy UI ‘ToASMOF] S9YTS

JO Ioquunu o1} Uo UOTSIMIAI A pajndurod aq ysnw ‘(g)~a pue (g)% g jo sonfea oy o1 ‘(g|Y) g

Jo wmniyoads-opnoesd oy ‘suorjejusserdel [eioued 104 g Xipueddy ul jueserd om UDIYM juLTUNGIR
reouas e Aq uesoxd oq wed (€3] pue |f{5) seres o) Jo 9OUSISIXS YY) RY) JUSUIWOD SN J]

(€g°¢) do<zuof1 0> waof 0} =(2)g ypn (N-D)ge—1 = *&
(cze) AN Ty Dup pup {1 —d0} Sy aof :%Env:,lmv = o
pup

(12°¢) ANy g F Py iy gl = (Ny Ty fL
Acm.mv ANy sﬁr:l:\rﬁv — %rizdr..::.\r:.:&hﬁv

a4oym
(61°€) (o 2) = ANy Ty g oy L = (Ny Ty g | (g (0,)9) @
(sr¢) Cop LING T ) (0)9) Y = (D] (o0) TV INY Ty )

:sa0gpaado gfrys aydusss sv 990 (g|\)~g fo souaz ayp uz (g|\)~q puv (g|\) "V soyuunf wowiado 2y pup

(1e) NI s w A ua ()" £ () T # ()"

wnagoads-opnasd apduis yum
(91°€) (gho)ta(Ny =Ty ‘g bl = (Ny“ Ty ‘g|(d|y)~g
(¢1°¢) Ny Tyt b g (gl)ta = (gl)maiNy Ty )

:pazypuobvp-opnasd si (g|x) g Apwnf 1omiado ayy s150q s1y) UT

N>0>q>T1
(1e) - | (Pule) A:L?\ z-a?v II |=#
/1
fiq pax1f U0UDZYDULIOU 0.49Z-UOU YY) LOf
(e1°e) LoD /T + (ab(6)0 1) = 1%
2.491ym
9y — Dy NS0T N>2>T
(7 X o)X Dy 0 ¢ ¢ ¢ ¢ ¢ ¢
(@re) S : COZ T e TT = (e sy b Ny <1y )
pm
N>D>q>T 0=Ny* 1y
(1re) Ny Ty gy (N Tyt bl (g — edx) [T K =T
1—d
“fipguapy

oy fo uorpsodworp buimojjof oy bururfap 2onds uorvuasaidal 2y fo sispq Jybre v puv 3fo] D WLOf

L
(01°¢) (el AP 20 ﬁmkm& PN o gyl
AEAQV:.\m\:«\HS\Q\ W N T
. () T 2 o 7 TP .
(6°¢) PO D)V @ WT Ok u'g)
599035 fo 925 busmopof ayy ‘uayy {1 —d 1} 3y pup {NTF S wiu ‘TF =3 fiup uof
(6) S b (&) T, b 2 (6)
(L¢) Seypb— F (@) 8 g0 b £ ()
ypm ({1 —dfo} > (Ny = Ty) =y uof
P L L g X DACIIIN & JE UL AN
(o0) CE = 0 O~ DL = D) a = el
J242Ym
(g€) ‘(goalfy| = (fold)a 1<Fu)(E)0a = (¢I)~al¢)

:(gIx)—g fo amrsuabia-opnasd (45| 1ybrs v puv |9¢5)

2]  nxa 209Yy) sudpwWDInd 26NDE-yNq-fiuppunoq oy fo sanppa ayy )V ISOWYD 40,] *T°E WIDIOdT,
1SI0YRIOUAS 9S9T[) JO UOTIRIUsaIdeT

oY) SuIZLIgoRIRYD ‘WI00T) SuIMO[[0] o1} orold om ‘seotpuadde oures of) U] "SI0JRIDUSS RIS
TOI09[JaI PAULIOJSURI) 95N.S 1) Se SAI[IUIe] 9S9Y) 0} IoJol [[IM oM SUIMO[[0] o) U] 'SUOIIR[eI UOTIR)
- RIGISF[R UOIDOPOI 97) JO SUOISIOA POSNERS oIv YOIYM SUOIIR[OI UOIRINWIWIOD JO 108 © AJsIjes
11198 sorqrurej siojerodo o891y ‘g pue Yy seorpuadde o) Ul PassnosIp SI 41 sy O Ul souepuadep o1}
yo1dxo 4, uom am ‘worgejou oYy Ajrduats 0y ‘sonfea xo[dwos Areniqre ore O pue bF ‘IF £ ¢ o1oUM

o) @/1-8)/ [0 a (9¢/ ) b0/ ()0 = (O gho+ () (o0/6¢) | = (6l -a
(e¢)
(/0 = D19 [0 (9¢/ 1) = (07D (;80/,5) = (X)=gbv + () (6/ Y
(z€)
(8/1=6)/ [(0a (¥/508) + ()70 (50/8) + () -gbo = () v (510/6%) =] = (el
(r¢)
(/0 = I [ (a/2¥) /0)=ad + (B0)/ ()0 + () ~g1bv = ()W (8/515¢) =] = (0N
:SI0YRIOUAS ©IGISTR TOTID[JAI [RUISLIO AT} JO SUOTPRUICUIOD TRIUT] SUIMOT[O]
a1} 9ONPOIUT am ‘ST Jer]], ‘[89] ®IqeS[e Uorayel g/T-ulds o) 0} POJRIIOSSe XLIJRUI IoJSUrRI) oY) JO
ased o1} ul pesn peoidde aures o) MO[[O] UED dM OS OP 0} IPIO U] SUOIYIPUOD AILPUNO( (RIS
jsour o) 10§ Jnq woqold [eryoads Jo adA) oures oy oajos 0 juem am toded sy uy 0 = (Y)tq

9T ‘TR[NSURLI) ST SPOLIYRW ATRPUNO( AT[) JO SUO JRY} JUSWAIMDAI 91} Iopun suoreIuasaIdor o124
oY) JO XLIYeUI I9JsueI) o) 03 pojemosse mwoqold [eryoads o) poaos om 1oded snomord mo uy

(@)—o

suorjejuasaadal A0S pue eIgaS[e UOI}Id[AI OI[0AD paSner) ¢



0T
0 (1 UQ.WNN
(6%) 1= : ()a
DL,
0 avw
[wayshis snoduabouloy uvoul) 21y [0 U0DZYDULLOU 07 dN SUOLN)OS [DINLLIUOU

anbwun 2y} a4v ?S@ ayp puv (9g'¢) wonpuod ayy fifsuns ¢ pun © siagpwind 26NDE Y] d4aYym

N>D>9>T 1=p 0=Ny"Ty

(%) (N 1y | ix = o) T %&@E N = (4

:515Dq-A 08 b1 2yp ur
uowpsodworap buimoyjof oy fiq paurfop s1 L S (Y)L 07 burpuodsariod ayvisuabia- {, b oy g, (]
(27) AN 3 0A 0= (()0)*a 1P

:suopnba fo wayshis aga.40s1p bumoyjof ayy fifsiyvs yowym

(1°%) weof oyp Jo ()L sppuuoufijod fo 125 oy ypm sap1ourod Lz puv wmnigoads a)duns svy 42 pu
a1quzupuobvip s1 (Y) [ siepownind ynq-fiwpunoq ayy fo sanpa 2y) [ 1SOULD 404 *T'F UISIOSYT,
‘wnajoads

XIIJRUW I9JSURI) OT[) JO UOIJRZLIDIORIRTD 9JOIOSIP SUIMO[[O] O} 0) Ped] so[qrLIeA Jo uorjeredods o],

/D) = .(B/X)

. . = b)v (., bY)v
G i A,«v\\Nmuwﬁéﬂ\m\HSerﬂm}@/\v+m A/\\N\H v AN\H /\v
UOT)IPUOD JURUIULISISP wnjuenb o) seysiyes (Y)V JUSIOIJS0D oY) 197 M
(v) O v te= (v
:PAUYep SARY 9M PUR UOOUNJ OLIULS ® ST (Y)L MOU I0J aIaTm
rv)
(X D)+ (XpD)v— 0 - 0 () /v-
(=) /DY = (bt (gP)v— 0 0
0 :
h =(V*a
0
0 0 (D) /T)v—" (YD) (¥b)v—
(v 0 o 0 (/1)v— (V)4
:sootyewt d X d Jo (Y)*(q Aqure] 1ejewrered-ouo SUIMO[[O] 9]} 9ONPOIJUL I\
O ‘1oded snoradrd Mo Jo T'G WO [IIM SOPIOUIOD RIS ST, f00.LJ
. (/1= (D/1-19) _
(&) /a0 =1 L =1 iy = 2
A Q 0 Z: 112+ \h% N \.w\+.wmv HTH
pup
(@7) b/tT+b=x puw (X/T+X)=V
[2.49Ym

6
=9
(r'p) ,Aavm\img:mk\ V) +
b (=) (1= XX 7
DICer (= =) (S + ) OX—V ﬂ -
DF£qQ
swcm - X 4 @dm B wdm ] ﬁ“mk

(D) p II

Uy,
X~V 'y XV

W

opnautof uoypjodioul buimoyjof ayy spUPD Yorm X /T — Y UOLDULLOJSUDL) 21) JOPUN [DILL WS Y
Jo wonounf usas uv s1 L 5 ()L fiup uay) ‘wnigoads TrupuL Lafsuny ay1 L3 iq aj0ua(q *T'F eurway

:(Y)_L X11RW I9JsURI) 1) JO SUOIOUN] an[eatsSie o) [[e Aq paysnes sertedord Areururpaad suwos
Juosord 9SI 9p\ "RICAS[R UOIIDAPDI X9LI0A-Q AT} Jo suolpeiuasordal O1o4d o) 03 pajenosse (Y) /,
XLIYeWl 19jsuel) oY) Jo wnyoads o) Jo uorjeziivjoereyd aja[durod o) juosord om UOTINAS SIY) UL

sjonpoad Je[ess pue siseq AO§ Ul UOIjeZII9ORIRYD Winijads- / §

(g|¥) g 30 sisequagte-opnoasd oy ur pajeredss st wojqold [eryoads Xiryeu
1ojsurery o) ety Ajdut s1oyerodo 0oy Jo (G1°¢)-(81°¢) SUOIIIR UMOWY oY) PUR sI0jeIdUaS ATRpuUnoq
pauLIojsuRI) 631eS 91 JO SULID] UT XLIJRUL 19Jsuel) oY) JO (87'¢)-(Lg'¢) suonrejussaider sjdurs o,

O "TLIOY OmmuwﬁHOEowMHa ' sem
9T 9SBD ZXX A} Ul O[IYM ULIOJ [RTIOUATOd JUDINET ® PIST SART M AIDT R} ST 9IUIIHIP ATUO oY,
“quepuadopur UOTYRIUASIdST ST JUSUISR)S SIY) ‘)OR] UT {SOLTRPUNO( 9[(RISOIUT [RIOUSS [IIM UTRT[D T
-uenb g /1 utds 7XX 973 10J [g9] U USAIS OUO O YIIM SOPIOUIOD JIOWDIR)S STY JO Jooxd oy, fooid

(tg/1+*9) (*o/1 - t0)¢

. = +
(0'e) g/ ob — Fob]*gg) (b - bpb= 1)
. . X/T—X . N/T—X
(62°€) ?\sé‘%@: by ()*p QEN«@\H oy T (x)*e
[paulfop 20Dy oM 2LPYM
(86°¢) b/ (glx)~q(dIx) T2+ (dlx/1)~al /1) e+ (gl)~al) TP = (X)L
(26°¢) (P/g1)~a(gx) 2D + (d]x /1) v (x/D) Te + (gIX) V() Te = (X)L
SD UDILUN BQ UDD TLUDUL L2[SUDL) DY)
(92°¢) ot b/ g — =0
107 0 427WwADd 26NDL 2y 195 aM [1 U200940 TF = 2
(gz¢) (G157 o1 D)~a(bglX 1 P) "0 + (91X o 1P ~algl X o iP)~a =

(eX/eb — 2b/2X)
()77 "rop
1§D $.4090L0UID fiuvpunoq
powLofsupiy a6nvb oyp fo SW.L) UL UM DQ UDD JUDUNLLIIIP wngupnh 2y ] *T'¢ uorpisodoig

e)  (DPILXS D) OGN o 1P) =G + (PGLX/ o iP) TV (PN D)V =



¢l

é
(g27) (-0 (@X) i o ”w = W NI (a0)A

fiq udaIl BUD (o)WY TLUDUL N 9218 Y)Y Jo SpuDWA]D A1) 2UYM

(cev) (o)W 2P = (g|0)
:sppoy 1 udy,f, (g ammis
b1 9pindas fiunigqun up pup |0) aggs 9fa] 9gvandas fiunirqun up aypy sn 997 T'F uorysodorg

:woryisodord Jxeu o) Ul Paje)s ST 1 se

“ponpoad Teress jueuruiojop opdurs e jrupe Aot} pue ‘soje)s ojeredos Terods oe XLIJRUW I9JSURI)
Arepunoq o1) jo s99eISUSFIO A} SUOSRII OM) I0J JSBO] JB JUISAIOUL oIr soje)s ojeredos 9soy T,

'SISR(| 9S0Y[) Ul ULIOJ PIsLIO)Oe] ® oARY s9)e)s ojeredes 9sat[) JO

SIUDIOYJO0D A) JeT[) Surmesw ‘soqunu xojdurod Arerjiqie ore & ﬁ@ pue ., ; d SJUSIOYJO0D Y OIOYM

N>P>9>T 1=p0=Ny" Ty
(1z7) (N 1y gl ix = ofx) T %E <K o=l
1—d
N>D>9>T ﬂHaon:.:. Y
(0z'%) Nty b /6) (g X = fx) [T eae 1 mm = o)
N -

:stseq 9yeredas JYSLI pue 939] o) ul suorysodwonsp jo od£) Surmor[oy o)
Aq posLIojoRIRTD ‘soje)s oyeredos Paf[eo-0s AT} ‘S99R)S JSLI PUR 9O JO SSB[D ® 9ONPOIJUT SN 9]
DL DL,
(1—4) v A: sv\: :L:@

(61°7) s =
WP a0V 00

:sploy 1 uayy L 5 (Y)L 197 g ewrway

:[1] osed prepue)s oy ur se wosoxd oq ued pue
UOIYRZIINIORIRTD ST} SOUYDP BUWIWA] SUIMO[[OJ Y, *dUO JYSLI [} JO 9SO} JO SULID} Ul $9)RISUSSTIO
XLIJeUI I9JSURI) }JO] © JO SIUSIOIE0D oY) UIRI(O UeD M JT[) JIRWAI 0) SUISSILIUI OS[e ST 1]

0 J001d o1} SOPNOUOD YPIYAN “sIojoureIed O1) JO 90107D AIAD JSOUIe
I0J 0197 UOU ST 31 JRY)} SMO[[0] 1 ‘pouyop oaoqe siojourered a3 Jo 90101 [eods o)} 10j 010z UOU
‘stojourered Arepunoq pue [N O} JO TWOMOUNJ [RUOIIORI] ® ST JURUIULIDIOP SIY} JRY) SUDIION
"0197 UOU ST ‘I0)D9AURSIO XLIJRUI I9JSURI) DLIDUaS oY) SI ( L2 | pue $10999400 Jo sIseq UoAIS
® JO JIOWO[D JILIDUAS O] ST i Cv QIoUYM FAmw_wuv SJUOUDTD JO XIIjeut Z& X ZR 91} JO JURUIULIIIOP O
Je1[) SMO[[0] J1 UDY ], TRULIOU SI XLIJRWl I9jsurl) Arepunoq o) uoryejuasordor rewods s1y) 10J snyJ,
(81°7) (X/DL=()L
IMOT[S TRD OM ‘TUOSOTD I UOTYR)
-wesaador Jo 90101 [eIads 91} 10J pue ‘XLIjRW Iojsuel) AIRpUNOq Y} JO UOHIUYSD O} WOIJ ‘UdY,

(LT7) (X/D8Nn=0)%n
IXLIjeW AWoIpouow A1epunoq o) jo 03esnuoo ueiuLol oy
onduod wed dUO ‘PIdNPOIUT XLIJRW AIRpUNoq ouul ogwads o) Juisn pue ‘UorRLI Sy} Eoﬁ
"XLIJRW [0 9T} $9j0Up 0 oIa7m

1T

(o1°7%) 20(Od |2 1.X) 2011 0 = (212 X) 01

XLIjeW AWOIPOUOW o1} Jo 9jedn(uod
WRT)ITLID] SUIMOT[O] O]} 09 Sped] [(TT] Ul o[durexs I0] 9P WOIIRTNOTRD 10011p ojdwis y "uoresn(uoo
xo1dwon o1y st uorperado x oy, T = |T3| = |~3| 10a0e10m Surfysiyes siojourered Lrepunoq pajerd
-osse o) m ‘(00 ‘t3[x)0t 7 pue (0‘0¢3|Y)0y ‘TeuOSeIp oIe sedlIYeW ATRPUNO| S} 1M pue

(19) Y =tglo pue [p—="p 1 fg— =1
:£styes siojourered YN O} SIAYM
‘noryeiuesaldolr [eeds SUIMO[[O] O} IOPISU0D SN 9] "SMO[0] J1 Sk woa0oxd o ed JUOUIIR)S ISe|
sy, uoryejuasoxdar oty jo s1ogourered Ay Jo onfes Aue JSOW[R 10 XLIJRUI IOJSURI) ) JO A[IqezT
-euoSerp o) os[e SUIpe)s oIk oM AIOY UWIIOA) SB[ SIY) 0 10odsol [IIM Jer[) JIOUIIOD SN Jor]
“1oded snotaerd Imo Jo 1°G wWLIoAY T, Jo Joold oY) 'o'T ‘9sed pednes-uou o1} ul
weA1d Jooxd sures 9} MO[[0J 07 ISl savY am WRI0AY) STY) daoxd o) ‘ploy (¢9°g) pue (79°g) (¢1°'%)
sorIrenbout a1y s1ojourered Y[N|-AIRPUNO| AT} JO SON[RA [} [[@ JSOUI[e 0] Jer[) uoAoId dARY om Sy
‘paystyes st (g1°F) Lyrenbaut oy qeyy os {(99'g) £q (¢)“ 4 soroz
s71 Jo wmayoads o1y soxy pue (g|y) ~g jo Ayiqezirenoderp-opnosd 1)) sorfdu T°¢ WAIOAT], ‘SUOTIIP
-u0d 9seY) Iopu) *(£9'g) suonipuod N o) asoduwr pue (g9 g) pue (9 g) ur asoy) Yim 10y1e80)

F17) AN Ty ua CFg— # T pue fo £

:serjipenbaur Suimoro] o1y Surdjsijes siajourered YNg-Arepunoq AIerjiqre asoyDd Ued om ‘paapuf
‘pagsIyes St (¢T'F) YoIYm 10] siojourered 9s9[) JO Son[eA 9WOS puy ued am oY) 2a01d 01 YSnous
ST 1 s1ojourered Y[Nq-A1epunoq o) jo SenfeA 9y} [[e ISOW[e 10J paysies st (¢1F) yeys aroxd o)
‘“A13uenbasuoy) 00} s1ejeurered Arepunoq 1Ino o) ut rerwouijod jusrner] sswodaq (g|y) g Aqurey
Ieurered auo o1 ‘(97'¢) £q yer) og ‘smjeurered Nq o1} pue s1jewRIed ArRpUNOq IBUU YY) ‘g ‘O
ut rerwouA[od yuarner] e st (g|Y) ~g YRy} 2AISqO ISIY SN 19T *(9g'E) UL Sk ¢ /0 O1pRl oY) 19S oM DUO
(1) NS T U T —d T S YA E P~ # ()8 0y b # (9)"

‘onet] om s1ojourered Ymq-Arepunoq oty
JO senea a1} [[e jsoule 10J 1R} ose 9a01d 0} PIall am ‘DI ‘PIOY (8'¢)-(L'¢) SUOIYIPUOD B} SI)d
-urered ymq-£repunoq-o8nes o1y Jo sonyea ot [[e jsouwe I0j yer) sordul ['¢ WI0dN T, Y, f00LJ

(@rv) (V-alte=(a
Yypm
(Y)V guawonffa0o ayp (Y)*q wr buynyysqns paurfap saorgow d x d fo fpwnf ayp s1 (Y)*(q puv
. ¢ e _ D ‘. e
(rv) (o 0)= SAA@@%QV A WD vsh v

‘wpshis smoauabouoy uvour) 93 Jo UODZYDULIOU 0 AN SUOLIN]OS [DINILIUOU,
anbiun 2y a4n AMM@ ayp pup (9g'¢) woupuod ayj fifsuns ¢ puv © suagwwind 261D 21y) duIym
N>P>q>1 1=0 =Ny "1y

(or%) Ueb/g N ) (i = o) T e I =14

:515Dq-A 0 3f2] Yy U
uosodwiodap buwmoyjof ayy fiq paurfap s1 L > (Y)L 03 burpuodsariod 2gvysuabia- £ 1fa) oy (Jf



it

(trg) (/D) ahep = (;Px)*a“ep

:sproy 91 A[rea) “oputod (,/bY)*q pue (;/,bY)*@ Jo smox s1oyjo oy [[e ofrym
(gX/T=¢X) 203 periduyu (,,, bY)* jo g/ (1 + d) morayy st g/ (T + d) moresoym pue (¥ /1 —X) 10§
POPIATP (/DY) *(7 JO MO1 4sB[ DY) PUE JSIY O} JO WINS O} ST MOT ST dSOUYM XLagewt d1y (/DY) *@q
I 2JOUBD SN Jor] “() = Y 9SBD BY) UL JIWI] SAO(R B} I9PISUOD 0} Y3NOoue ST J1 A1JoWWAS J) 10

_ . IFTFY
(01°9) AT =d 0} 2Up 0= (yggnPV)*@™op  u

1SOIYTIUOPT DY) SMO[[0] T (') WLIOf JO ()L WO YR} MOYS dM 917 ‘7 Ul g + | 99189p jo rertoukjod
Juarner] e st (Y)4q%0ep yer) umoys aaey om ewwoel snotasxd o) ul *(T§) wLioy oty sey (y)L pue

(6¢) AN T 2 0A 0 = () *a™ep
:Sp1oy 91 J1 ATuo pue J1 L3 5 ()L qery serpdut wmijoads a1} Jo UOIRzZLIeIRIRYD AOS O], f004]
s dgX
(8°¢) ((ovy b+ v p) =) Ab - iv (O = (O)*a%ep
1-d¢

‘uoypnba puorouny buwmopjof ayy saifsips yowym 7 2D 9y ur g+ N 224b9p fo pruoufijod
quaano v st (Y)4qhep o fijuo pun fi L fo quawaie up s1 (T'F) wof oy Jo (Y)L pup wnigoads
apduns svy (Y)_ [ ‘suagowmind ymq-fiupunoq ayy fo sanya ay) 1o 1sowyv 404 *T1°g uoiyisodoag

‘P1OoYq sjnsaa wﬁjgozo.w oY) U}

aX RASWGV m

(2¢) N7 =4
QASNVV o« Ne
pue
. (/1= (/1 =) tog o oY
(09) :@stHmE+n\z+zz+m@1zilv = (Wt = v
=9 /7 — =) (+9/T — +9) +d. D cofie
() /1= (/1= 0) e = (¥ (grage_X T = oy

.:U:® HHRE ‘IO\Q\@\E‘TIIVZAH\V
:SUOIYRIOU SUIMO[[O] A} SINPOIJUT ST 9]

0 T + Ng 90139p Jo Y ul sperwoudjod

Jusaner] are (Y)X pue (Y)L Jey) 10€J oY) WOIJ PUR SSLIJOWINIAS S1[} WOIJ SMO[[0] 7 1 I'M (Y)*7%ep

JO g+ N 90189p Jo Aypernoud]od JuoIne ] 91} JNOJR JUSUDIRIS IO ‘MON .ﬁ dw S D 10J 009 $91IUY JIR

(/1Do2)*@ 1P 1eY) SMO[[O] 31 2F ¢~ Y PUR [F ¢~ { 10 SJURUIULIOIOP OM} 0501} Jo L}1re[nSad oY) pur
g

GF¢) A,«\N\HE 12/ (1) e/ (T+d) 4 g 1=dnop = ANE?«V 142/ (1) 2/ (1+d) 4 1 —dop

:)19uepI oY) WO *f uwmnjod
a1} pure 2 M01 Ay Suraowo1 (Y)+(F wox paureiqo xtryew (T —d) X (T — d) oy sej0uap (Y) YL pue

(¢9) v (%= ) = (0x

QI M

€T

(@) . X/T— X 3
(g 0y) e/ (e (kD q1—dyap(y /T)x

X/T— X
AN\HNNKV H\N\Q‘TSBN\Q‘T&FQal&u@ﬁm/\vx

+ AN\%/\VN\A_+&“~>_+&§QT§®E<V.@ _ Amiw,«TQ&mw

IMOT [RIJUOD O} *}'I'M JURUIULINIOP AT[} JO uotsuedxo o) osn
wed oM ‘MON gy 4D JO ON[RA BUO PUE /4, D JO SU[EA SUO I0] JUSUISYR)S IO 401 0} ALY dM Jer[}
0g .AN /1 +:EVLQ§®1 SJURUTULISISP A} [[B SB [[oM Sk 9pIoulod AN /1 +:S»Q§@w SIURUTULISISP ) [[©
Y — 4 Y Pue 4\ /T ¢ g\ seuowrwihs oy Aq ‘peepuy {1—d 0} >y pue {1°0} > q Lue 10] oy1uy o1
AN\T&@&T n{r—d“ 0} 5y pue {10} > » Lue 10] seyuy [[e o1 Am\icm%kaﬁwﬁ SHURUTULIONOP
91} SSO[AYLIPAN ‘T = D PUR () = D I10J A[oA130adsal ‘(1F)v— pue ([F)v— 9’1 ‘Sjuotofo JUaSIoAlp
OM] T[HIA MOT OUO SUTeyuod {T—d 0} Sy pue {10} 3 D 10§ (/1 4yDp?)*T XLIFEW O3 JRT[} OAIDSCO
sn 991 ‘o107 Jooad sty ydepe of, -1oded oures o1} jo 1'9 uonisodord ur uoard jooxd o) SuUIMO[[O]
uanold aq wed vwrwe[ S1y) Jo yred puodss o) o[rym [1] toded snorasrd o jo g'g ewrwe] ul ussold
%Tﬁw,ﬁﬁ u29(q seyq ﬂaﬂvkgmuwﬁ oz yrm @OQ@@Q@Q@T 97} jmoge evwwof Sy} JO umevQ JSIg 9T, ..\.QQL.&

‘7 ul g+ N 294b0p
Jo uwoufijod quasmoT v st (Y)4q%op uoyy v wr g + N 22469p Jo ppuwoufijod yusino v st ()L fo
LUBA0RLOJN "X — 4— X PUD X /T 4 g\ SUOWDULLOSUDL) DY) JDPUN JUDLIDAUL gY [0 U01IUNS D §1 1 2"
(dgX
(1°9) Nﬂ +aX =27
Jo wonounf v s1 (\)*q%op uoyy
X — 4 X pup /T = X UOUDULIOLSUDLY 9Y) LOPUN JuDLIDAUL X [0 uoounf v 9q (Y)L 727 *T'Q WIS

‘f310doad BuImMO[[0] oY) posl Is1y am ‘UYiim urdaq 0F, ‘uoryenbe-{) I, s Io)xeq
07 snogoeue SUOR[RI [RUONOUN] AQ WNIPdSs oY) 9ZLIBJORIRYD 01 ST WOI0as sI) Jo asodind oy,

winajoads- 4, o} 3uizligojoereyd uoljenbs [euorpoung g

‘611 °811] syueu
-TuLIe)ep 9d4A) s UIpnes) pur S AOUAR[S ‘S UISI9Z] )M sjueuluLia)ep ad4A) o[qerrea jo uorjeredss o)
Sunyury ‘ureyo g/1 wids XXX OU) I0] POAJOS pue PassoIppe waa( sey woqord SIyJ, "}l Snosusd
-owoY A} 0} poje[al swA[oId pIEPUR)S A} SWIOIIPAO 0} AIRSSI0dU (| [[IM d[qeLIeA jo uorjeredos
WOIJ PAuIR)(O $I0J0R] ULIOJ Y} J10J SUOTIRIUSsoIdol JURUINLIONOP oY) JO Surprimor e ojduwrexo 10
I OTUWRUAPOULIDY) A} PUR SNOSUIFOWOY Y[} ‘9IS PUNOIS O} JO UOTIROYIIUIPI oY) ‘SO[(RLIRA
ogeredos ur s10feIadO [£DO] AT[} JO UOIPITLIISUOIII O} RI(OS[® UOIPIOPOI XI}IIA- ) JO SUOTILIUISIT
-dox 211245 07 PIJRIDOSSE S[PPOUL A} I0J UOTIRZLIOJORIRYD SIY) UPRAI 0} parmbar Suroq sdojs 1otyany
[e10A0s ‘sortreudp o1} spremo) dojs 11y A10A o1} st sponpoid refess yons jo uorjeindwod o,

(rer) 0= {4

(X)L pue (Y)+
SON[RAUSSIO JUSIDHIP OM} 0} POJRIDOSSE XLIJRUI I9fsURI} A1RpUNOq o1} JO (,L| PUe |L) sojejsualio om)
JO A3[RUOSOT1I0 9] ST ATR[[0I0D Urew Y3 JO ou() “jonpoxd refess o) Surnduiod oYM JURUIILINIP
OPUOULIOPURA ® 995 URD 9UO JRYY 00 OY) U0 Poseq SI 1 ‘premiojjydrerys oymb st jooxd oy,



91
T -ty ()t
(0g9) L | 004 [(Ovoy+Voy B) x| = o
X — gV (O
X%V ()ox

:suorjenbo Jo meysAs o1} I1OpISuod
sn 7 *(9g°G) pue (Lg'G) Sutkysnes N (1 —d) = ON 99180p WM (§5°G) WIof o) Jo (Y)¢) SISTXO
o101} Jey) os0xd am pue L 3 (()L oWNSSE oM 91 ‘JUIIAJR]S 9SIIASI 9} dA0Id mou sn o]

Lz 3 (Y)L uoTyRzII)ORIRTYD AOS Aq UTRIQO oM JeT) 0S ‘(Lg'G) PUe (9g°G) 03 Suey)

(62°9) AN T 2 0A 0= (()3)*afep

:suoryenba a1} saysIyes 91 JeY) pue (1°§) WI0J oY) Jo
v w rerwouAjod e st ()< 10y (9g°G) woryenbo oty £q serjdwr y ur aanyud ST ()L 1eT) uorpdumsse
A} ‘WY, Y/ ¢ Y PUR Y— <— Y SUOIJRULIOJSURI} O} *}"I'M JURLIBAUL ST 91 S€ ‘Y Ul ¢ + Nd 90189p
jo rerwoufiod ® SU (9g°G) JO "SI OYY YUY OF “F <= X [F < Y SHWI oY) Ul 9yuy ST [PIYM

" /T =X _
(82°) OB/ DX = (Dprx — OO/ DY+ BBV

‘9ART] oM Sk Y Ul ﬂNMQHOAH%MOQ juoIne| e
st (9g°g) woypenbo oy Jo s'yra oy, L 3 ()< wdyy ‘worpuny omud we (Y)L yym (9g°) pue (Lg'g)
Suikysiyes N (1 — d) = ON s (yg°g) wwioy oty jo (Y)) ® $ISIx0 91 J1 ey 981y daoxd sn Jo] 00

(Lz9) AN A (077°0) # ((—a)2)0 ()2 0)

ISU0LIPUOD YY) PUD
(02°9) (0 (2X = oV) [(Vord + Vo b) = 2] + (B)O(¢/DV + (B/ODNY = (VD)

suoynba uoyounf buimopof ayy buififsyns ‘N (T — d) = ON yum (yg-c) wuof ayp fo (X))
rwoufijod v anbiun s1 puv s151T2 2421y pup UOKIUNS dugua uv s1 (Y)L fr fipuo puv i Lz 5 (Y)L

(gz°9) Hr—d 0} 59 b+, b# XL
0Yyg yons suo3wnind Ynq-Aiippunoq ayy fo sanypa 2y v JS0UYD 40, *T'G WIDIOI T,

=4

(vz9) v-v]]=wo

ON

:uwiog Ay Jo ON 99180p jo v ur [erwoud[od € (Y)¢) [IM 9)0USp am SUIMO[[O] ST} U]
[LIT-GTT 0TT-801 ‘69] o1durexe 10§ 09s ‘UOIdLIISOP AOG HIWPE DY) SOUO S[OPOW [RIIADS I0J
sploy] wm.ryoads a1} JO sUOIR[NULIOJoI Jo 9dA) 9SO ], "WIDI0T[} JXoU J[) Ul MOYS M SB ‘UOI}R[NULIOJIT
ONI[ Zjesue AYjog OTRIOF[R UR JTWIPR S9JRISUSID o) pur suoljenbo reuorouny-P) 1, od4) s 1oixeqg jo
SULI9) UT POJRNULIOJOI 8¢ TRD T 'f WI0J ], Ul USALS WIS 91} JO UOIIRZLIO)IRIRYD 9)910SIP Y T,

| "SMO[0] AT[RIALI} (§'G) UOIIRZIISIDRIRTD 9]} YOIYM WOL] ‘00 4— 7 10] orjojduidse
oy} YIM 10130803 7 JO SeU[eA JUSIOHIP ¢ + N UI (Y)*7™Op pourtuioep oABy om Jey} SUBOW SIY T,
0=y
(gz7c) (v, b+ 2v,p) — <[] =>v
1—d

1193 om e[} 08

OVy—b Vb= 0

(cz's) H1—d“ 0} 39A 0=

:SOTYIJUAPT A} WOIJ MO I8 S0I0Z dsoym L ul [erwrouijod d 00130p
® ST 2Oy 1RT) 9ARY O\ (g iém@ = & pue XLIjew oy} Jo asodsue) oY} , M POJOUSD OARY 9M dIOYM

Ly ® Sfmaw 0 e 0 0V T—
OV g g 8<TEH\ 0 0
0 0 . ’ : B
(1e°9) V- Suw ova- j0p =
0 L. 0 Oyxr— ST Oyr—
V- 0 0 - u
0 Y 0sY
(0z°¢) Tsdfz ¢ E; hap = (Y)*qUOP (5 yagX W =
7
B ooyl 004y o
(61°9) ()*A (ganye-X T | PP = (X)*APP (g4 yyap-—X W = 2V

:ormuio} orjoydurdse Surmor[oy oy syndurod
ued om ‘AUl ‘() = Q)@sﬁ&&@&w@ e} 0s {smol Juepuadep Iesul] sey XLIjew siy} ey) asold o)
o[qissod ST 91 ‘udy ], "XiIyew s1yy jo jred reuoBerprry oy eonpoid (, \Hw%HTQ JO SMOI SUTUTRWdI oY T,

/T — X TFEX . /T — X TFY
o (1) = T8
AK\N\H\WG\@< A v ﬁ,«\m\ﬁ@s.&/w - AKN\ﬁvsub

(81°9)

:POUOP AR oM IOYM

&iﬁ

AN\FNHT& é%%ﬂtwu o100t F) &

1+¢/(1+d)‘g/(1+d)

O O e

(91°¢) (o)X = ﬁ Pt ) A
(
[

1—¢/(1+d)'¢/(1+d)

(c1°9) (ptF)X — =
d* 1—d‘1
(1) Fru— = %Q%wﬂi& s =

ﬁ@

_
N\ﬁ@sﬁﬁ &
r rd]
(e19) Fos = N%N:w...ﬂ%& T = :?\}ﬂ )|

2oxe d pue g/ (1 +d) ‘T SMOI 1) JO SHUSWO[A OIOZUOU d) Yet[) oARY oM ‘ATOI[dXG]

(z1°9) {10} 29 0= (51Dt F)V ()Pt F)V = (51Dt F)L

:S9TYIUSPL
Y} JO 00uANDOSU0D © ST SIYY 4F ‘TF <= Y SYWI] 9} UL s0y1uy d1e (o, bY)*(F XLyeur oY) Jo SMo1 oY)
[1e mou yeyy st jutod Sunserout oy, (4, \ESFQ&B@ 10§ A730011p sy oY) 9ynduIod wed am Jer) os



8T

(z2'9) (0 (- ) = gt

:SP[OY UOIYeZLI0}OR) BUIMO[[O} oY} PUE () = (y_z/ Dyl F) A&Q&bﬁ 1et]) oS

‘smox yuopuadop reaut] ey (,_g eﬁuvﬂmwQ xuryewr o) {1 —

0} 3 y Lue 10§ yery wery aroxd 0y

a[qrssod st 9] “Xurjew s1y) Jo jred [euogerprr) oY) eonpord TTN \ku.@ﬁvﬁw@ JO SMOI Fururewar ay T,
(16°¢) (D)1= D) o(1=) =7
:pOUTAP dARY M IO M
o1 T+ ‘
Aom.mv Aﬁ jr:% - CAN\HOSNHVF = _H Y— N\H@daﬂvwﬁwﬁl
. =4y
(67°9) (= )bt = (PP
¢ Y'Yy
(87°9) (= D (1) X = (bt
. (T _ YL
(Li9) (T = (1) F)x — = ﬁ Y= Nigﬂa&
_ . . CHUTHY .
(9v°9) Pty 4 (Tetig — 1)F s = ﬁ u— N%aﬁ&&
‘ - . THYTHY .
(¢v°9) PoIg 4 (Ve — 1) TP = ﬁ - N\?ﬂ&&
(¥9°0) ;5:;@ 4 AH;@ _ CH,E — _ ﬁ b sﬂv g
y=g/17 v 2
. o o . Ty Y
(e7°9) PoTTHg 4 (TT7Hp — 1) F75 — = ﬁ 4= N\ﬁﬁﬂa&

:speal
Acwm\qw%ﬂvﬁwﬂ JO Y pue T+1/ Y SMOI T} JO SYUDUWIAD OIOZUOU O} YR} OARY O\ “2F ‘TF <— Y SHu[

oY) UL oYUy oIk (Y, \Hmi.ﬂvﬁwQ XLIJRW 97} JO SMOI Y} [[® Mou Jet) ST jutod Surpserojur o) pue
. ¢ < +d, _ YL d,
(ere) ) yaher = () {(Ha™ep

:oaRT om A[rear) ( A/\m} x W2)/T— A/\m} ;w 7))
&4 (¢) (3@ o 1 mo oy Surkdrymur poureiqo ‘y 401 ouy pue *(;(Yz ;D /- «(Xe/1-yPot)) K4
wat) Surprarp pue ?X&Q JO T+ y pue y mol ot} Suruwns Aq paurejqo st [RIYM ‘T + 1y MOI d)
1doxo (Y) QwQ JO 980T} JIM SUIPIOUIOD SMOI DT} [[@ T[HIM XLIJRT o1} S A/\%NMQ XLIYRUI 91[) OUGIP oM
‘wre1097) sNotAId oY) UL 9UOP sk Poadold wed oA\ "1F ‘TF — \ JWI[ 9} JopUN SUISIOAID ST SIUOWO[D
019Z-TOU 9911} 1]} JO SUO SB[ e ?:\N}miﬂvrﬁu Joy+3g/(1+d) =y moroyy up -dpowr y =
qm {d T} D Y MO 97} ST URSOW oM JReUM 7 D ¥ MOI ® 0} I0JoI oM UM SUIMO[[O] 9} Ul Jet)
910N 'V Wl dg + N(T — d) 99180p jo [ermoukjod ® pasput st A/\v:.wQﬁwv yer[) oaoxd mou sn jor]
(1re) (0 (;x = V) ?5% + Vb)) — QL = (b¥)0x (v/1)v — (/)X (Y)v — (¥)0x (Y)+

HOER?:
SMOT[O] 1 st ((g'G) WPYsAs 1) Jo uoryenbad JsIy o) 9JLIMOI Ted oM JNsoI Ise] sty Jursn Ag
"V Jo worpumy e st (Y)0x yeqy sordut (y—)0x = (Y)0x Anpwuids o) qiim 10130507 YoIm
(ov°q) ‘(v/1ox = (Y)ox
:A10WWAS o) 198 om

LT

(6€°¢) Cly ety = /1y {1 -d0) 2A
:9R1[) 10R] 9] WOIJ PUR ‘SUWN[0D pPUR SMOI Jo a8uetpxe sjduls awos Aq 9A01d wed am YpIYM
(8e'g) (/1) gahep = (¥) ya™ep

:£31)UOPT AT} WIOTJ ‘IOA0SIOIN D) D Y JO anfea Aue I0J POYSIJRS PIOPUI aq jsnu uoryenba
9AO(®R O} 08 Y JO SUOIOUNJ SNONUIIU0D oIk (Y)Y ‘UONTUYSD IOY) WO ‘YeT[) MOU dAIISO SN Jor]

(1e79) Hr—de a0 arz\g 3 vA (,AY)0X = (Y)°X

:Aguareambo 10 (y)0x = (Y)%x UOIyRIOU IY) POST OART] OM OIOYM

(9¢°) {1—d 0} 312 arz\g 3 vA (V)% = (B/X)THx
'PlOY SN T Jey) 08
X - m L (b/)ox
X — (b/\)~x
(cee) L 00 [(0vopb +voy B) — 1] = Cloa
XLy (b/x)ex
X% 0/

‘SMOT[OF 4T S© JT 9JLIMAL
wed am ‘suOIOUNJ A1} Jo JuewmSre o) mou Jureosay (by)*q = (Y)*@ 1Ry} 99s 07 £sea ST T ATy M

xd 1xd

X =% (V)ox
X — oy ((Olmo'e
ge) F 0 [OVob+ 2Voy b) — ] = o
X -8V (V)ex
X~V ()x

1SI0309A TWN[OD OMY 91} I0J
QU0 )sB[ BY) UL Juawed 1811y o) Surduriq (0g'¢) uoryenba Jo w)SAS o) a)LImal mou sn 19T *(0g'G)
JO "SI A1) Je UMM A} Aq 2 wmnjoo 9} Suroe[der paurelqo xtjewr d X d oY) St ?V&Q QIO M

[(Ovy-b + ®vyb) — =] I (v

. 3 L +d — 3
(e€9) () eyahep o 85?3 —, =X

o[ s gourer)) oy Aq “dPPz\ ) S ¢ Jo onpea Lue 10§ suoryenbo Jo woysAs snoraord oy 0A[OS URD om

(zeq) ‘ Tﬁ —d=ok s y{Ng T 2 ut {10} 3 A &Vﬂ%zfi = "a%ery

:Surugep os ‘rermousiod ozez-uou © st (Y)47%ep e} mouy am ‘(Gg'g) S0
-urered Y[ng-Arepunoq oty jo sonfea [erousd jo uorpduwnsse o) pue L 3 ()L UOHIPUOD dY) WOL]

) Xuh

(1€°g :

+ X =1V
“w:OS,—waOE wﬂu @wwﬁ ®>aw£ oM whwjg



0c
1xd 0 xd T\a?@@ B AHLNWKVQ

(vre) ‘ = L 0*a
0 () — ()0
0 - (0o
USY[) UOIIN[OS
rerwouA(od 1otjoue st (Y)@® JU yey) SUIAIOSO UMOTS ST onbrun st 91 yey) 10v oy ], "(9g'¢) uoryenbo
373} JO uOMN[OS uorOUN)-¢) Termoui[od By} JO 9OULYSIXS 8Y) JO Jooid SAIONIISUOD © SUIAIS oULY
(eL9) 0x = (Vo
X7 wed om ey} os uoryenbo [euonoung st jo orjoydudse oy
Sunyey £q smoy(of sty L, “(Fg'g) wtioy ot sey yorym y ut N (1 —d) = ON 90180p jo erwousod e st
[(Ovy-D + >vyb) — ] 4=

(2L°5) )0 gszfgszé‘& = (0%

9T} 908 om pue weaoad St (FG'G) UOIIRZLI0)0R] B[} 1t} OS

(12°9) 0= (g/1-Lo?F)*d— = (g/1Po?F)'d
Kyryuopt oy soqdutt () # (7 DptF)V= (g /1D0lF)L PUC (51 DyptF) *d— = (5/1Po?F)'d Sureq yorym
(0L°9) (o ralotF) d (o) Dot F)V = (1Dl F) (7)1 3P0t F) L

:sn 918 (Y)< 0] woryenbs TeworOUN O () = AN}@\%H? S€ ¢ /15Dp?F = Y s9seD a1y uf
(69°¢) {e/ (e —d) 1} 3 q fue 10y ‘0 = (Dt F) *d — = (o0/ ot F)d

ety Suturejqo {g/ (¢ —d) ‘gt > qpuwe {1‘1-} 32 {10} >»
Auwe 10§ ,,b,1F = Y 10§ suoreINdWod 9SOYY SJRINI Wed I {10} 2 2'p 10] 0 # (Lb,2F)V Suwdq
(89°9) 0= (DutF)d— = ( P/t F)'d

:SurAdur

(L9°9) (o1F)*d (b2 F)V + (B 1 F)*d (B] 1 F)V (b/ 1 F)*d (B) 2 F)+
(99°9) (Dot F) a1 F)Y + (F) dB2F)V = (b 2F) d (D)L

urejqo om {1‘1—} 23 {10} > » 107
b1 = Y syutod o) ut (Y)“4g 10j uoryenba [euorjouny oy anduwod mou sn 3] ‘() # (,2F)L Sutaq

(g9°9) ‘0= (1F)d
urejqo om
/T = X o F X (/T = g\ oFeY

$9'Q wi = wr
(v9'e) o " T o ™

:K1yuept oY) pue (19°¢) ymsal snorasad oY) Suisn jety) os

. 11— 11— DIFY
(£9°¢) NMMG.NN,« _ N,«m\\,« X T ()% +
P oleF
(B 1F)d — (0 1)) (F) - = () g ()L

Xp o1
ure)qo om {10} 3 D YNM ,1F < Y W] oY) Surye],

61
- i Y
(9°9) () Tof b+ %v,b) _ E V) A& R%v
1—d
() *a(X/T)v + (B/X)*d(X)v = (X)*d(Y)+
()% 10} uoryenbs [RUONOUN O} SILIM MOU URD A\
(19'9) 0= (bF)*d— = (b/ 2 F)*d
soTITYUOPT o) ATdur s3MsaI 91T,
X/ — X »FEX
09°¢ 0=
(09°9) b
0 # (,2F)X Sueq os pue
/T = g\ o FeY X/ T — g\ »FeX
6S°G 2w — = &S——— wi|
(65°9) T U,
1108 om
. 2X/T— g X/T—¢
8c'g o = B
(8e°e) O
(28°9) 0=0F) =0/ F)Y = (F)Y
_mmmﬁuﬁwﬁw AHBOAH& @Qu wﬁwwﬂ %Q MOou
. /T —aX _ X/T—gX| e
(o) Gom Gy | M WEXE
!+
(0o ) 2 = (0/,) 20) () 1 2 = () 20 ()

{10} > M ,2F < Y TorIRNDbO 9A0qR BT[) TO JTIT] SUTMO[[O] OT[} IOPISTOD SN 19] MON “(Y) :.WQ‘&%
JO SULIY UT UOTIOUNJ Jse] S} Jo uonIuyop o1y jo pue (\)0x Aq paysiyes uoryenbo o1y jo souonbos
-u0d 92ep ® st uoryenbe aroqe oy, (Y) aQ&wvH (Y)*y PoI0ULD SART] OM OOUSIUSAUOD I0J SIIM

(g°¢) (0 [(0v b+ v,p) — ] E V) (h=22) +

(bx)+ ?\ V4 (B/) (v = (O (x)+

:uo1yenbo 9T} UMOP 9JLIM 9M 08 Op 04 19pIo uJ "y ul N(T —d) 92189p jo Terwmousod ® st () +0 oToym
‘ azX

() 00 (2 ax) = W atwp

:j0eg ur yery oaoxd o) yuem om ‘ox9y 'y ut dg + N(T — d) 99180p jo Terwousjod ® ?X&Qagov Suroq

(eg9) )= (/D

:Kyrred ppo Surmorog oy yim ‘y ut dg + N(T — d)g 99139p jo Terwousod juainer e st (\) 4J 910H



44

d d
b 0 b Aﬁ\&@,ﬂv@
(06°¢) ‘ L= o Aok
0 (b)o
0 )0
“mﬁoﬁuﬁﬁﬂdm Jo AHH@UW%W mﬂO@ﬁ@%OQHOJ wHHHgozc.w 97} JONLIISTUOD UL oM DV > X Poxg Aue
10J ‘19A00IOTN "(T'F) uwio} o) jo rerwroukjod e ST (Y)L yey) SMO[[O] JT Uoryenbs oures sIy) WOy uaT)
‘dpouwr yy = ON pue (1+N) (1 —d) > ON qam (pg-¢) oy o1 jo erwous[od (Y)¢) pue UOmoUNy oIy
()2 yam woryenbs 1eyxeq snosuaSowoy a1y saysiyes (Y)@ pue (\)L Jer[) ownsse sn 4o 4SI] f004]

(68°¢) AN 3 A (077°0) # (=)0 ((2)O)

SUOIPUOD Y)Y PUD

(88°9) B)ON/DY + (B/)O)Y = (O(Y)+

cuoynba 42Tg snosudbowoy buwmojjof ayy burfifsyvs ‘dpow y = ON pun (1 + N) (1 —d) > ON
ypm ($g°G) waof ayp fo ()@ prwoufijod v anbiun s1 pup $)SIT 242Y) PUD UOKIUNS 24U UD S
(Y)2L fo fpuo pup i L > (Y)L ‘sudgownund ymq-fiappunoq ayy fo sanypa ay 1o 1s0wWD 40f ‘UIY)

(L8°9) Oy b+ v, b=

:spjoy 1 gvyp yons {1 —d 0} 2 ¥ D $151T9 2401 DY) JWNSSD SN 1T *G'G WSIODYT,

RUCRGELG]
1XOTU 97} Ul POIDPISUOD dIe sosed dYads asoT) ‘L 3 (Y)+ Auwe 10] (\)*4(790p 010z A[[eorjuopl ue
0) SuIpes] Sesed JUIRIISUOD-DUO H[N(-AIRPUNOQ S} POPNIIXd SARY M WAI0dT[) snoradxd oY) uf

0 ‘s1ogourered YMQ-AIRPUNOQ JO SON[RA [RIDUSS 10] OIOZ-UOM ST 41 yeqy SUIMOYS 9I0JoI0T[}
XLIpeW Iajsuel) oY) Jjo orjoydudse A0us oY) Sursn £q ‘00 « +Prf g oy ur Y ’M Jo onjopduwudse a1y
ogndwos wes om Apordxyy 0 # ¢ s ‘A ey oro1d weD om UL sIojoureIed ﬁ:s oY) pue Arepunoq
9} IO JO suorPuUnj oIe A:+.\+&Vvvs\?.$cﬁ\3< soryer oty ofrym +P1 rejourered Mg oY) jo

Auo suogouny oxe FTHUT 4 oy se ‘pospuy “siojourered YNq-ATEPUNO| Y3 JO SON[A DLIULS 10

0=y
(98°6) 0 # ()4 E = ()00
- 108 ﬂ:ﬁm
D o=C =
(e8°9) .fés%?itb E mw =1
AAN+:sv\~ —z— N
HEREL N
(#8°9) o o0 -0 Ym) =1y
108 om
A (41, 0=f o=t
(g8°0) R e E “w =1y
((cagf?/ DV

SMOI JO TOTRUICUIOD TRIUT] mEBo:& o) UM Ty mour js1y o) Suredar moN

12
(28°9) X — st )T+ N:%Vv =47
e {POULOP 9ARY OM DISTM
(18°9)
(=) 0 0 0 n
(ge?/ V= (( L\i 0 0 T
0
0 (ap?)* 0 0 =y
‘ “op % ((,9)0
(/Y= () 0 T
0 o 0 (ag?/DV= ()t %
0 0 0 (P/ov—"""m

1708 am sIojourered YN A} WO JIWI] PUR SUOIIIPUOD aS9T} Jopun (Y)¢) uorouny oY) jo uonruyep Lgq
(08°9) 0= (2L {1—d" 0} 3y
1198 am 0s pue () = AQL%V\H? SP[OY 31 YoTym T0F TPl /b

< i qruur] eroads oT[} o) oM JT OS[R SP[OY AJJUAPI dA0qe 9} Je) 08 s1ojourered Jnq-Lrepunoq
9} "J'I'M SNONUIJUOD dTe UOIYenbHo dA0qe AT[) JO S oY) PUR ST A} JRTY} MOU JILWDI SN Jor]

0= 0=
(62°6) (/v T = (+11
1—d 1—d
:SMO[[0] Tenoryred Ul YOTYM WOIJ
0=4 0=4
(826) (/DY m_ = ()L ﬁ

:uoIPUOoD AYeIiued Surmoroy o) serjdurr uoryejuasardal Aog oY) pue

(2L¢) Hr—da= 1} s9a ‘0= (u)2)V

Sproq
T SUOTYIPUOD 9soT) 1pu) {N* T} D » Awe wosorp oaey am oouo {p}\{N T} D Yu owos 10]

(92°¢) r—deayoya (o, b)/1 ="

:osodwt om J1 remorjred ut og (¢9'q)-(79'q) semrenbour oy Surdjsnyes siojourered ynq
-£repunoq o1} Jo anfea Aue I0j POy WNIoads XLI1jeul I9JsuRI) 9} JO UOIJRZLIDIORIRYD AOG 9Y) pPue

(g19) AN T oA 0= ()Y
{POYSIJes dIr SOIIIUOPL
Burmor[o] o) ue) ‘(9z'¢) Aq poxy ST ©/¢ o1el oY) 1M ‘(£9°g) WOIIPU0D oY) ssodwl sn jo]
‘s1ojourered 9soT[) JO SoNRA O} [ JSOW[R I0] SP[OY 11 JRY) MOYS 07 siojourered 9sot[) JO dNJRA OWOS
10J Juewa)e)s SI) 9a01d 0} Y3nous s )1 UaY[) ‘siojaurered Y[ng-AIepunoq ayj Jo UOIOUNJ SNONUTIUOD
e st (Y)0 ‘(e€°g) wontuyop oy £¢ *(Lg'G) woNIpuod 9y soysnes (Y)) 1er) Moys sn jo] ‘A[feurq
a"PPZ\g 5y Aue 10§ oqriAuL st (Y)*q e (Y)Q) = (Y)O SMO[[O] I YDA WOy



114

“sua1awnand 26nb Y1 uo (9g°¢) uoKpuod Yy pasodwy avy m pun ()&
Jo souaz ayp aum {ON 1} 3 quof (/T < W ‘W— <« U fgawawfis oy dn paxif) I\ ayp assym

1=q =q
(601°¢) ogl@lv)g[l=¢l @rg]]lee =+
oN ON

1sU0DIUISILdDL 2Y1) ZIDSUD Y Hurmojjof

ayp puupn L S (Y)L 07 pagpio0ossy sa10suabve Trypus 4afsuns) 1ybre pup 1fa) 9y, *1'g Are[joio)
:3UIMO[[O] O1[) UL PoJe)S SOYRISUTIO XIIJRW I9JSURI) O} JO

SUILIMSI SYI[-9719¢] ST} SMO[[O] 1 UOIIRZLIIIRIRYD AOG 9} PUR UOIOUNJ-() 81} JO UOIIRZLIS)ORIRYD
rerwmouAtod o) woIj ‘[FOT ‘T9] s1oded oty U pasyrewal 981y sy Y Wl [erwmoui(od [ 99I80p ® SI [PIM

9)a(ex/b = b/Y)

(801°6) 71ol0-a =(dIv)~g
Nﬁﬁiﬁw HOudM@QDnIm @Ju mO EOGNNEN:H,HOQQH wﬁmgozo.w @Ju 1Ed
N>P>9>T 0=Ny" Ty
(201°¢) Nty gl ix = o) T M = (2
b

NSP>4ST (b9 /1)q 0= T=0 0=Ny" Ty
(Q01g) Ny Y g ()X — vy X) 1T ‘AA «W@\:,\ I X =9
() =" N 1-d
:897)s SUIMO[[O] 9} MOU ONPOIUL SN Jor]
O ‘paambai se uoryenba
Io)Xeq snooudSowoy o) soysiyes M (T + N) (T — d) 9018ep Tewxew jo y ul rerwoukjod ®

(co1°9) ()T =0
DUy Wed oM ‘08 Y /T + Y
Topun uoad st (Y) 11D ety pue O # (;/;H) 1D Yeyy [[esdr om 0ouo = AT SMO[[0] 1 (PIYM toj

(vor'g) LoD T gy P)v (FTATTZ) = (1) D)TTD (D)

108 om N\% = y ur uoryenbe aroqe o) Surnduwod pue
(g01°9) (DT DV (FHTIR) /1) + (D) TR ()Y (M) = () FTD(0)
{(e]
rerwou£(od a1y ur woryenbs Ivyxe SUIMO[[Of oY) Urelqo am ‘Il /¥Ip= &'1p/T'Ip= T'lx peuyep pue
(z01°6) (ORI = (()F1D  (_POTIDIME = ()T1D

:suorye[al A1) AJsiyes 0} aaRy A1)

‘wory, *(Y)4TD pue (¢)TID () T'TD ur s1090e) nourmod oy Suryrduuts paurejqo sperwoudiod oty

(1% 1D pue (Y)FIHF10 (Y)UIDTI0 yam ajousp wes om og *(Y)*1) wpa (Y)71) Surdueroxo

SPIOY JUSWIIRIS OUIES oY) “I9A0DIOTY “S[RIOUA[0d 9SIT} JO 0107 UOUIWIOD ® ST OIDZ YINS JO OSIOATL

a1 osfe pue (Y)9l) jo ooz ® os[e st styy way (Y)&T) UM orez uowrmod e sey (Y)Y Jr ey

A dun (¢70) m@EHQQmHQ Anpuruds 1oty pue (Y)4TH wsﬂw (¢)2TH “(Y)I'tH 10§ suoryenbo @Noaﬁ omy
o) Jey) moys ued am ‘[gOT] toded oy Jo g Rwwo| oY) ut oQMv :ooﬂ(@g yeym 0 ALIe[ulg

()% pue ()21 ‘(Y) T suonouny o1y jo SULID) UI USJILIM JT S©

oM se sp[oy suoryenba oMy aA0qe ST} YRt} SMO[[O] 3T ‘A[anoedse ‘(9°)) pue (¢D) ‘(D) suonezr

-1090%§ a1p3 Surkystyes y ul rerwousod quaner axe (V)T pue (V)T ‘() T'TH yey) [[ede1 am oouQ

€C
(To1°9) (D)TTD(OFTD = (BY)TTH)TTD
(1) Lmyuept oy Sutsn £Aq (66°G) JO SUMLIMAI oY) M 1013080

(001°9) OO/ DV + (O)TTD)Y = ()T TD(Y)+

TUOTYIPUOD [RLIOJIA ST} JO JUaUS[e
1517y o1} ATYOI[dX0 9JLIM om ‘DIOH ") D Y Auw I0j poysijes peapul st 41 yer) sorduwt 37\ S | Lue
10§ an1y spioy ) = (Y)TA(Y)(@ UOIIPUOD [RLI0J00A S} JRY) J0R] oY) ‘A[IR[IWUIS "SaN[eA JO }9S 9IUY ®©
{37 N 57 N 037 N 37} Sutaq ‘s1090%500 a1yy Jo serpredoad Arnuryuos Sursn J) Sy Awe 10§ SPIOY )T 9IUSF]

(66°2) (OTDN)TTHD = (V)2 TTD
ssproy 41 {37 N7 N0 N 37 }\D D Y Aue 10y gey) os

(86°¢) \D 2 YA (V) IED ()R ETY = (V)T (Y) D (Y)e T

:Adur renoryred UT SOTIIIUOPT DAO(R O], ‘S[RIIOU
-A1od quaaner (Y)'A(qX — ¢V) $109994 oY) Jo spuawad o) Suteq ‘A1dure jou Jr 9jIuy oIe s3as 1ons

(26°2) {as- 1} aoa {(00)=(®)’A: D22} ="y
pue jun jo $1001-d 9Y) Jo 408 ) ST 037 aIoym
(96°¢) {531 N BTN 07 N TE\D 3 Y Aue tog sy pue o £ (Y)
eIy Yons suonpuny awos oxe (Y)?y pue
(56°9) {13 3 2451\0 3 YA (D™D (V)F*D (V) D) = (V)*A
uﬁwﬁmﬁm@ OARY oM 9T M
(76°9) {1} 3 £9A31\D 3 YA (OFAN) Y = (VA

:Ayreuoryrodoxd oty sweawr ysul sty T, “37\D O Y Auwe I0] T Yuer sey
(Y)*@ xuyew o) Jo S10300J02 oY) Jo pasodwiod Xuryew ayy uey ], "Aydurs jou Ji stoquinu xa[duiod Jo
198 o)UY ® ST 37 o10yM ‘3\ S Y Lue 10] T —d = (Y)4 (@ Uel 1Ry} SMO[[0] 91 T')) ewwe] Aq 0s pue

(€6°¢) 93 YA 0= (Y)*qwP
:SploY 91 Yorym wogj Lz 5 ()L MOu d¥e) I
(e6°¢) (O 2@ ="0p s, (1-) = (0D
1S10J0BJ0D 3T U0

pue (Y)*( XLIJeu oY) Uo ) RUIWT o1} JO SJNSII AY) SN oM JUIUIDIR)S 0SIADI o1} 2A01d OF,
Lz 5 (Y)L seydut T'¢ uoryisodord yey) os

(16'9) D3YA 0= (X)*qwp

1193 oM ‘sonfea Jo Ioquunu 9y e jsow je 01 dn ‘) 3 Y Aur I0] 019zZ-UOU
((1—ab¥)O “(\)) Suteq ‘Aqeur -uoryenbo 1ojxeg oy} jo 0ouenbasuod © se PoYsIYes SI Y2IYM



9¢

(617V) 0= (L'gD\)yILg D)

isys1x0 (L 4g 0|\ )y ATrurey 1ogeredo a1y jo uoryoe oy Aq
pajerIyIuue A[[RdTIUSPI 9)R)S OIOZUOU © TDIYM I0J SUOIIPUOD 9T} APNJS 0) Juem am ‘Surmo[oj o) uf

rIqaS[e Io)xeg-Suex pouLiojsuel) aSnes oy} 10J 9je)s 9OULAISJOI-OPNASI TV

‘uoryenbo 10)xeg-SuRL ) UO UOIIR IR} PUR SUOIJRULIOJSURI)
98nes a1]) Jo serpredord o) Sutsn suoryeINduIod 109IIp AQ SUOIPR[AI UOIYRINUITOD 3501} dA0Id wed oA\

(67%) éégs_ﬁins_smi

/g oo g oy RO wuageopyooiog
. N L
L1v) (b/g wl\)e (L g E&ﬁ%

" . b/ — /by
(bL*D/g *0|\)y (¢ inmg =(
(/g ©)a(g elf)a = (
(b/ L bg 0|\) (L ¢ Dlif) o = (b/L Dy “O|)5(L g DY) D
(b/g 0\ e (¢ 0l)eg = (b/¢ ‘0|)e (g Ol )
(b/ LB/ g D)y (g D)y = (b/L*D/g ‘0ll)y (L g D)y
SUOTJR[OI UOIJRINUITIOD JO S POSO[D ® dUYIP AD([) Se 1SoI09ul
[eoads jo are siojeIouas Iv)xeg-SuRk pourIojsuer) a8nes oy, ‘Surjrmal jusreambo omy 1otjo snid

+

+

b/g o|M)g (L g o)y

b/g ol)q(d |\)a

—~ o~~~
<+ 10 ©
— = =
< < <<
PNy M

(21'V)
. go

[(B/g ®l /b /X) (Mg DlgyBX) D — (BAD/g D] o/ B/X )V (g Dl /DY) A] (26 — P
(11'V)

go
w\ﬁb/\vm - Awm\r@_m\q@\,«in\hﬂm\nﬁ

() rep

Tw\ﬁ »vm\“@_m\ﬁ@\,«VQAm\ ‘0 N\HUK:\_ ANQNW - ﬁv\r

:SI0)RIOUSS POULIO]
-sure1y ognes o1y Aq jueururiojep wmjuwenb o1 jo suotssordxo juoreamnbo omy Surmoroy oy Arduur

(01'V) ‘(Lig ol D) (bl g ol /by (1) =
(6'v) (bLig bolx/ ;i b)(Lig ol 1) \((T-) = (X)Iw"1ep
ISOLIR[[0I0D 91} puw

(8%) /ey (PO (1) = (V)7 10p

:AYTJUDPT 9} ‘I9A0DIOTN

go

. . V= (LdD
(2v) g\%z: )= (Lgw)f

PIYM

(V) “(goi/matgo)f=Lgoy ‘(Lgo/Dotgof- = (Ligwol)
(6V) ‘(gwl/ngtgo)f—=(Lgo)g (Lgox/nDytgof = (Ligol)

ey suorjeinduwod 10a11p Aq oaoxd og ordurs st 9]
‘puepuadepul L1oL1d & oI UOTJRULIOJSURI) JYSLI 97} PUe 1J0] o1[}) UO sIvjourered o1} se ‘pueRY I9Y)0 oY)
uo ‘pue (L ‘g ‘©O|Y)y ul uorpRULIOJSURI) JYSLI 91} JO 90107 Ie[noryred A} I0J PURY SUO UO dINJRINN]
o) ur A[snoraard pasn Jer) ) I'M IDJIP SUOIJRULIOJSURI) 9FNRS 9SO JO UISOUD 19T UOTYUYDD oY T,

0
a

\A\* ¢ x\» ¢
(rv) A Tmmﬁwm Mewmrmwrw v = (g 0N/ ¢y D)D) IV (HX/ 51D) D = (&g Ol v
:ouyep Ued oM ‘Aem Ie[IWUIS ® UT ‘pue
‘ %\n /¢
ev) (G000 O ) — (UoypIntn (670l 0 = (g vl

IXLIYewW AWOIPOUOU [N POULIOJSURI) dFNeS JT[) JONIJSUOD Ued dM MON

I (o I

:SOSIoAUL 1187} pue

f T T . 1 T I
: ¢ = ‘ = (g
() (5 won ) =02 (g g ) =100
:S9OLIYRTI OM) SUIMO[[O] SY[} dONPOIIUI SN 39] ¢ pue v s1ejgewrered Xo[dwod LIeIyiqre 10

sIojelouas J9)xeg-Sur pauLIojsuri) 98nes) 'Y

viIqad[e I9)xed-Suex pauliojsuel) agner) VY

sod1puaddy

*[8e1] aoryre Suruoo)iof ® ur uorsenb SIY) SsIPPR
1M 8A\ "SUOIIRIULSAIdRT JUSISIIP 0M]) 9SOY[} Ul SUIDR SEOLIYRUI- Y] JUSIDYIP ) Usm)aq SUOIIIPUOD
Anqiqryeduiod aq [ oot} ‘A[Surpuodserro)) ‘suorjejuesardar orpLo pue g/1-uids o) jo (Surxrw
pue) sed107D ATRIIIR 10] USYILIM 9 O} dART] [[IM suOljenba uorjdepal oy, ‘suoljejussardal o24d
99T} TT SUTIOR OS[R AOUDY ‘SHOLIJRUI- 3] PIIRIIOSSE OT[) JONIISUOD 0} PUe [GZT ‘FZT T¢T] suoryejuosardor
O1[24D oMy Jo 1onpord I0suo) o1} Ul Sulpor XLIJeUl-}] [RIUOUIRPUN] o) SUIA[OAUT SOIJIJUOPT 9oRI) s
07 SJUNOWE SIYJ, "9I97 PAISPISUOD SIOLIJRU I9JSURI) ATRPUNOQ ) [IIM SUNNWUIOD PUR SUOIIPUOD
Arepunoq oyerrdordde Furaey URTUOITWRY OI[DAD [RDO] S[(RISOIUI JO UOIIONIISTOD O} ST 9UOP o
07 surewal ey A\ ‘wWnIpads ojdurts Surary eIqeS[e UOIDLPal oY) jo I0jeiodo pednes awos Jo siseq
10990AuRS19-(opnesd) o1y se urede peudisep sem siseq aeredas oY) JRT[) SSOI)S SN 1o UOIIRULIOJSURI)
28neSs o1} I9Je IRNSURLI) SOUIOID( SOOLIJRUI-Y] ATRPUNOQ dY) JO SUO YR} YONS "9°1 ‘D[DI}IR JSIY INO
UT PAIPNYS SUO S} 0) IRIWIIS ULIOJ & UI WA[(OId 9T} 1SBIDI 01 S 0S UOTJRULIOJSTRI} a8nes e urrojrod
07 Aressooou sem 31 osodind Jer) 10 ‘SUOIIIPUOD ATRPUNO( S[RISOIUT [RIOUSS JSOUI O O} pUR 10}
-erado xe wnjuenb souedor)g-aouRyzZRE S} 0} POIRIDOSSR S[OPOUT S[(RIZIUI 10] WNI}dads XIIyetn
I9JSURI) OT[} SZLID)DRIRTD 0} POTIDUL A0S d1[) JUSW[AWIT 0) MOT TMOTY[S SARTY dM J[I)IR PUOAS ST} U]

sSuoISnNouo) 9



8C
0=4
(@) 1="9]]
1—d
TWOTIPUO0D AJIDI[OAD B[} M Io1[}9307
(arv) Hr—dvorsya /1 =Yg

:sonea 9saT(y Jo Aypiqryedwion oty esodurt 09 seyf auo pue {1 —d** ‘0} 3 y Awe o] Yo/T+Ud
= Uy sorjel jo onea oy} Xy (0 = 9 suorpenbe oty pue % /1-U = U5y soryel oY} JO SON[BA AU} XY
0= m@ suoryenba a1} ‘(Lg'y) AJsiyes pue dLeua8 ore s1ojeurered [N S} JRY) POUINSSE dARY oM SY

(07'V) H{r—-doyaya 0= ‘0=0

:suoryenbo Jo we)sAs SUIMO[[O] o) 108 am Jey)
0g "Surpea[stu jou ST 91 uoym Yo ur L ‘g ‘o ‘u uo souopuodep o) AYDIAX 9JLIM 0} JIWO oM pUe

(6£°V) /e DD+ oy4g0™) 1700 B (0/g) + (P (0/hg) +  Dg)ioy,h = D
(8¢'V) A:\NE@:Q + N\T:w:svm}@i\:u + (4Dt (v/Lg) + :@:dv:wm}\@ = ND
HQMQQB
g1 0=y ¥ 0=y
(L&v) N|n uy) o "< Tl Y= | = (g ol U )
4 1—d 1—d

:anRT oM JeT[) AJLIoA 03 Asea st 91 (L ‘g ‘O|y)Uy Jo uorytuyep o) Ag

(9ev) DIYA 0= (kg Dl)Hy]HIPE)

:uotyenba a1y £Jstyes 03 opiIo ut (L g ‘0 ‘u)s uo pasodut 8q 0 SUOI)IPUOD B I0] JOO[ pue

0=y
(cev) Juty) (kg o u)to Hw A )
1—d
:99R)S B 9ONPOIIUT SN J9] "UOTIONIISTOD 10911p £q uds0xd ST ewro] oY, f00.J
X ity P (eg — 1) ‘
Ve | = - = (d"0l)"q
JaLaym
(egv) (perleEs|(f olby)gb = (V8P| (d olv)
(zev) vy (g o)t = (6 ol gl e )
(g ‘o|x) g woraado ayp fo sa1isuabia-opnasd aup sy ],
=" 0="1
WP+ P magh e+ g/ w0 ‘ Ligos
(v (i g D] X = (Fy
ey Lt N @) g PP D m o M

:fiq pouafap figanbrun s1 20y swyy 42a0aL0uw {1 —d 0} D Yy pup TF = Y3 paxif owos Lof

Le

(0eV) pﬁmwza,:uww =L ‘.?%:MS =n/d

:suapawnand 2606 9y uo spuILIsU0D 0omy bumopjof sy asodw am fu fipuo puv fu sps1za (L g O\ ) Uy
sowaado o) ayp fiq pagvpyruun 23038 Jybrl 04az-uou 2y spjoy (Lg'y) uowipuod ayy fr ‘Aluvpuins

. . o M.Q A_v ‘ME iklm\ﬁmi&u IT N\ﬁlﬁ&@CU T="44 0="4y .
(6cv) luy) e BT e T | e K = 1997 )
o/ (o) LT N AT AT e /=t T Ty 1=d

:fiq pauafap figanbrun s1 29035 swyp uda0240w {1 —d 0} 3 Uy pup TF = Y3 paxf w08 40f

(82'V) F?&.:MN =L “?Q,:MS =n/d

:s4999wnind 26NDE 9Yy) U0 SJUIDLISUOD 0my bumopjof ayy asodui
am [ fipuo pup fi s35129 (L g DI\ )%y woqpiado ooy ayp fiq pagvpyruuD 1018 19] 0L9Z-U0U Y] UY]

(L&v) VEPHP 0F @+
DY) WNSSD SN 197 1Y ey
“Uq, s103e10do A1) JO stsequaSIo JYSLI pue o[ oY}
(92°'V) JEE:;:: = (u‘“y|4a F_ﬁs:\vs\m = “a|u M)

i ejouep sn g {1 —d <0} D Uy TF = {N T} D u oroym

U u, U + U u
_— S € = ] o ——
fal e/ (41) P a1 a9+ qP
) . up uy W& + W?B u,
(vz'v) e Y A%‘+ w.v e e OIS
o/ (“+1) E

:s10jourered 1) 9ONPOIIUL SN J9] pue

0
: wory (¢ _ ( (gl)a (g oN)D
6V) G0l 0 7 (g ol o = (((E0NT (E )

:s109eI0dO [N PoULIOSTRI) 9FNES [RD0] 1) dUYOP

STL 9] 0S OP 09 Iopilo ul ‘pasodul 9q 0} SUOIIIPUOD [BIO] 91} O} JUIOO[ SISA[RUR INO }IRIS SN J9
‘s1ojourered 98nes pur Ynq oY) UO SHUTRIISUOD T + AT
150 J' osoduwil om JT AJUO PUR JT 9JR)S 90U0I9JoI-0pNosd ® TONS JOTNIISUOD URD dM JRT[) MOYS oM ‘DI

(cT'V) () wP1ep— = (bg ‘o[, 1_bY)o(g ‘0|, ,b¥)q

e
(12'V) ‘0% (GPN)alkg B) g 0 B)(Bg D)2 = (DL by DI\)D|PL B/ 0 1)
(0z'V) ‘pLb/g 0 “15) (g @I\ )q = (¢ Pl )alt gD v) ‘0= (Lg D)Vt g D)

1SPIOY 1 9T ‘RICES[R I9)XRE-SURL POULIOJSURI)
a8nes o) 10§ 9e)s vouLIJRI-opnasd ' ST )1 USY) onbrun ST pue $)SIXo 93RIS SIY) JRY) UOIYIPUOD O}
I9pun Jet[) SUOIJR[DI UOIIRINUITIOD I19)Xe-3URL PIULIOJSURI) 93NeS o1[) Jo aouanbasuod Ases ue st 9]



0¢

(09'V)
A (fitxtgol)g (Axtgo)o

o 08000 ) = (0l WD (60l = (g o v

{POUYOD AR OM DIOTM
(65V) ; ;
(L) T (VA Vg O] )8 NG 4 (LU L) by (Vi “ Bz ¢gf S\ )TNy = (L*gf ‘o) F Ny

:speal uorIsoduwonsp [eI9USS JSOW S ], 9IS T JO 9UO PUR SI)IS | — [\ JO U0 SUIRYIGNS OM] UO
s10geIado pagnesd jo suw) ur (A ‘g ‘o|y) Sursoduwoosp prre worjonpur SUISN AQ SHUTRIISTOD JO 198 T}
puy ued 9\\ ‘TRUOISUSWIIP 9UO JSed] J& SI [91LI0Y UOTIUIOD I19T[) JRT[} dARY 0} SJUTRIISUOD T + [\ }S€d]
e osodwr 01 ARy oM Je) 0S S107e10d0 J[QIIIOAUL dIe 989 s1vjourRIRd O} JO SON[RA [RIOUSS 104

e Lg/1-9)
. Untuy T=UT T D, Up Uy THP=U =0 Untuy [=W / Up Uy =W - A\ﬁ FQFGVZA\
1ate Tu: g A avo z:v zw \Ccm\% — Ltk z:\hm + Y %0 z: 0—

(25'V)
‘ L(d/1—4d) — (Lig o)y

w7 (1 2t ) TR gl b o+ et e g + e e o

AApo1dxe 91 am spdurexs 10§ ‘sioyerado are (L g ‘D)UY o) alaym
0=u
(9g'v) (L8 0" X £ = (L'd PNV
N

a1y o) Jo rerwoukjod juaimer] | 90180p ® st (L ‘g ‘O|y)y Aqurey 10yeiado oy, foosd

I=u
(gev) (g0l ] = (¢ 0lv)
" “un
(rgv) (g 0IbY)ab(b/L g 0| = (Lig o ul(g ol )g
(€5'V) [bLb/g o ) (g 0l)e = (g0l )glt g o)
(g ‘o|x)g fo saisuabra-opnasd aiv asay],
(Tev)
=u T=4r T=u =Ny 1y
E.@ Jr U uy_ @CQ AT ‘:&@\Z\s . . .
.Ai £® AN +Mv N\HQ:EATN\A huo E e \U: N = AF Q © G_
N z/(uaty) /1 altd =g/ /1= Uy N 1—d

:fiq pourfop fipanbrun s1 1 saa0as0w {1 —d* 0} D Yy pun TF = 3 fo sapdng-N pazaf Lof
(15v) AU AR EEA Amwif;wﬁwm\ﬂ - AS‘SMS "AZ%Z%S =v/g FAN\:\,GWN =t

84930wnand 96NDL pup YN 2y) U0 SYUIDLISU0D T + N burmopjof ayy asodwir am [ fiyuo puv fi s351X2
(L g D)Xy Apwnf woiado oy fiq pagppuruun 29pgs JybLL 0L9Z-UOU Y] UOLIPUOD QWDS Y] 4IPU[)

63

(0g'v)

=u u u u uy = T=u =Ny 1y
due Rl W T Al A T b Il ¢
Ju :s\v® u A:%erﬁ f\N\H@:o;- N\ﬁwfwzﬁ ﬁ S+:§::~v: Hw =|Lg D)

N g/ L1 Y N 1

:fiq pauyfap fpanbrun s1 0 waaoasow {1 —d 0} 3 Uy pup 1F = 3 fo sapdng-N pazy 4of

(67°V) TN T2 UA (g hZ /T = ()@ @ =0/ )z =4

‘8. wﬁwﬁs‘;sﬁ& abnob puD YInq aYy3y uo SJUIDLISU0D T + N b.if;QNNQ,\. Y3
asodw am fu fiyuo pun fi sps1z9 (LG ‘O|\)y fpwnf somiado ayy fiq payppyruun 99v9s 1fa) 0402-U0U Y}
uayy parfsus s1 (LgY) suompuod ayr {N 1} 3 u fiuv uof oy3 swnssp sn 3277 1y uorisodoig

*S9SED 9S91[} JO UOIALIDSOP 91} WO 0F UASOYD oAy om Aymorjduurs
10 o107 ‘s1ojourered o8ned o) uo UOHIPUOd Juepuadop osed owos FursodWl $99RYS SOUDIDJAI [RIO]
JYSLL pure o] 9} SALIDP [[I}S URD dM PAYSIYRS J0U ATk (Lg') UOMIPUOD JY) JT Yy} YIvWSI SN o]

0O (g‘o|y)“g jo 31 uo uorde oY) pue o9ye)s JYSLI 9} I0] SIUSUWDIL)S INO dA0Id Ued dUO ‘AlIR[IUIIg

I=%10] =4 wm«F@ +

UG5 — T T— Nm\

Cias ot s P =

I—=4"% 10} = WGH\@N\{A =+ :rM}v NQ

¢ L gyib | 1 — ¢ y
Lrv) g T —= = (gl
\<N>m 0 oY 9
:08 pue

(97°V) |PHPIE M) (g ol ) M = (g “oly) g |0 s)

1108 am er[) 0og "siojetrered 98neS O1) JO SUONTUYIPAI AR dY[) 0) JudreAmnbs Suroq
‘(8¢'y") eot0yp a8nes auy 10§ ‘sryy ‘|LIPUE5) ogeys oy Ul T+ Uy 03 Uy Suriq 03 ST u,b Jo j09p0 oYy sB

(s7'V) {(bL*b/g ‘o ‘u) o = E\Af ‘g o fu) o
19R1[} SUI{ILWOI MON () = :+cb AY1yuopt oY) Posn om dUI[ P} 9} 08 0} dIoyM
V) S S 710 O ek
P I O
\¢ gy ( pu U T — Uy g wb o, -1
—_— — | (w, q + \:m@i D= f —— M|y s —
g b 4=g/T o/1="y o o b 0
= (u | (¢ ‘0| x) g| e M)
e} 08
1= ¢
(€7'V) i = (¢ 0l)a

:mN\Hv/\Qd - AKV:QNQ

:sploy 91 wonuygep Aq ‘eyels suyy uo (g ‘oly)%g Ioyerado oY) Jo uorjor oY) mou anduiod sn jor]
((67'Y) oyeys o) Jo uwio} o) sexy A[Surpuodsar1od yoIYm (87'Y) Aq smjeurered o8nes

om) a1} SuIXy paure)qo st uoryenbs Jjo we)sAs I} Jo UOIN[OS ATUO J) JeY} MOYS 0} ASeo ST )1 U,



49
“eI1qo8
-[® UOI1D9[jol pauLIofep 98nes SUIMO[[0] oY) seysijes si0jelodo AIepuUNO( pauLIojsuel) a3nes sy ],
(rre) S i
B+ 0+ -
pue F = 3 10§
(org) h=Laog D3YA 0= (LX)
SpIoy 1 uay T,
A
6d : =Te(Lly) "y
o) (e s B R xR
A )
8 . L S A -
A mv Am/\\m - w\m/\v \bmlv;\m A Tﬂv NN
/1=
g ‘ = (L)Y
A v \V\H - N/\F - m,«\ﬁ\kw\?.\(@ + \Vv A Kv B
/1=
() / = )y

r Iv\ﬁ - ANKIVV \\FQIE\A\NW - A\kwlv.;\m@ + @\Ivvm/\
_®.H®£>>
() ~(BLb/d oI /T)v (g Ol )gee(klx) 3 — (/g ©|v/T)a(d Ol )a &(t]x) 3 +

(b/g oI\ /1)e (L g Oy L) 31 — (DL *D/g Dl /1) (&g D)V EL(LY) "3 = BL2jg D)f

(goI)~g
:sploy 1t ‘(¢ ‘0|y) g 105 “Apoydxy
(rq) (LY oD (X) ™51 E%ET@% = (M)~
ERELN
(&) : A Mwwwwmm_ﬁm v (L) =31 (L g )y = A mw@_mwwm v
@) (G2 ) wposts oo = 5E5072)

:proy suonsodutooop SUIMO[[0f oY, [[IM e 1
9s0TD 01 99IJ oIe oM 0s ‘L Iojourered agnes [eursjur oY) uo puadop jou seop (g ‘©|Y) )7 ‘10A0dI0N
'S9U0 Y[ poSnes oY) JO SULId)} Ul XLIJRW AWOIPOUOW pasnes jse[ siy} puedxo ued 9UO e} 9j0N

..Qs_c‘Zm%_cd “ ‘“ «\"‘
e (0L G2 ) = @ 0 0,05 = vl 7

1SMOT[0] }1 Se PoUlop ¢ URD XLIJRUW AWOIPOUOUT MOI-0M) podnes oy ],

si0jerado Arepunoq psuLiojsued) asner) 1'g

rIqOSTe UOI}IOPeY pouriojsuel) aSner) ¢

1€

| 'seels 9891} wo (¢ ‘0|y)g 107e1ado o) Jo uoIOR
9} UO Juewe)e)s IO da0Id ued om ewWWA] snoladld oY) Sulsn pue 9)els JYSLI 8} J10] JUSULIR)S
oty anroxd e am ‘Aprerruarg ‘uwosoad st uoryisodoxd o yet) os (697)) s9reIS A) Jo jonpoid 10sud)
a1} 9snl st age)s o) Jer) pue (99')) sioyerdsdo [edO[ | OY) I0] SIUSISIXS SNOIUWRNUIIS oY) [IIM
sopOUINd (L g “o|Y) T N7 10§ 09e)S ® 1PNS JO SUOIIIPUOD SIUSISIXS SN[} JEI} ILAD ST T S} WOL]

="y 0="1y
Uqg | Up :&\N}@:ﬁ + N\H\:&vcu )
aw.e\q .EF:QV A.«Q d v - v b — i:&:sw.ﬁcv
o/ (o) LY AP e P g™ ﬁm (T M
:speal (Y tUs ‘T|Y) Uy Aq perelyruue 91e)s JYSLI oY) pue [F = “3 Lue I10]
(89¥) (u3)? = "l PUR (ujm = Us

10} Juo[eANDO ST UOIHIPUOD 9IUYSTXD Y (Ut ‘U5 ‘T|Y) U
10] ewwa] snotaaxd o) wox (U /1% U /U 1|y )Y s1ojerado [eDO[ 91} 10] UOIIIPUOD J0USY
-STIX0 9T} AJsTyes 01 pasn oq 0} sivjewrered 901y ore {1 — N ‘T} D u Auwe 10] “x/U oy orrym

(L9V) =080z ‘v/y = Nz/N
PojOUSD OARY oM II9YM

A®®<v f"»\/\?.. Jw Su Aue 10§ AH\:\M\H\:an:&\:\MJT«%J\

:s107e10d0 [R00] [\ SUIMO[[O] o1}
10 SUOI}IPUOD 9OUAISIXO A} 0} JUS[RAINDS ST UOIIPUOD 9OUIISIXS J[} JR[) 308 om UOONpUL 4G U0 0F
op (fi/tx g ‘o|)¢ Ny pue (i/1x Tx /o ‘T|)Ty Jr oyeys ® yons syrwpe (Ui/1x ‘g o|y)e "Ny ot
‘(1) 1z ‘g ‘o|})e N7 107 JuowmSre oures or) jeodol om puR OUO PUOIAS YY) st am ABS SN 9] 0G
WO} JO 9UO IS 0SOTD WRD 9M OS PUR SJUS[RAIIDS 01@ SUOI}IPUOD 0M] 950U} J0R) UL ATRIYI( IR oIR i pue
Tz s1ojoureted o) Sy "SUTRYD]NS OM) dT[} U0 SOUO A1) Jo jonpord 10sud) o1} Aq UOATS ST 9IRS ST} pue
S(Ui)1x g “oly)e Ny pue (L Lz /Ui ‘1|y) Ty 105 10 (L 1ile /T 1]Y) Ty pue (Uilz ‘g ‘o|})e" Ny 10 onay
ST 91 yer[) osodur om 9OUO UOIIOR SY1 A PIJR[IYIUTE d)e)s 0loz-Uou @ syrmpe (L ‘g o|y)l" Ny uayf,

i 1
. . 14
(V) (T /TN T (1) 12 D07 Ny (1 — 35)
I 1
[4 — (Léd¢ TN
(CTa TR (g ol )e Ny (G ) O
HEEOEOW wﬁ JUMJB QHOHM
e ¢ fi—1 e
#9v) (Liw/hi H_,«:\j = (Ldizi)y
14 14
TP fi—1
(£9'V) Wi/ Ty = (L))o
T —gle®
(29'V) ((fijz g o)y = (i'z‘go)g
(19°V) (g ol )y— = (Aol )y

:SP[OT] SOTIIJUOPT SUIMO[[O] O], "POLIOJOI
axe 10yerado o) IPIYM 07 $991s wnjuenb oty syduosqns oy ut no pajutod Apoipdxo osey om pue



123

=49
(¢z°a) () VD) (o fx = VT (x/2 = D/20) b
N
e/ g2 = @y T b 5/1—"9 Xz
U)o || (— — O whep——== (1-) +
= T ﬂ 5™ 5w ST o ()
o/t ) ~ P T e d
gy S (=5 +=o)mn’ p% N(I7) + s lLlU ) %
X/ (a2 = /X ﬂ enb X ’
Q D! HSH#% D! b b 14 =D
i/ o) s: — w2 11 Trcsvv\ el vV/\ < = () viu‘g)
/\\ f: ?:V\« NG A?&v )7V (@X/b = b/X) ﬁ:\wv NG ‘
re[nuLio} uorjeiodioqur SUIMO[O] oY, ‘fooid
“(9z°¢) g ﬁm&w\ U99Q SDY 0 LWV Y] 2IUO
(teakel) [Ny o p Py Ty ) = LNy ety ety )
puv
8 ~20b 1\ (/1= 9
(tea) facg) | "o || -o0b — o= - +
ﬂ ool UL o
1=q q =9
. QSXLV b 1= 98 (X ~ X by ©
—_ 19 + 19p )+
[ug) ; ﬂ e : WT;E P | (o)
= o) (el of)/P =D/l ) 22| (o —
Y) &) Y) (¢ —1b Al o
) ) Npow o4 < . (P v Iu‘g)
cs\sHE,Qv?ecw w\<H|A§§vm - T;%vmv =4 z: Ne
EYEI)
=9
(0z'<1) (v 1w e (i = VT (x/0 =1/ x)
N
Q =9
X+X b - — -
oy () X _an b 2/T— 9 XT
q'g)—5—— — = )()NPP——F——= =)+
o) (X =V :Am\% X 1 2T+ NESHi/_A v
() X -x \¢ g/b /\m
o) U TT (=5 + L= (1) + v "Ll ) x
QSN v : aib X e/? ’

Npow: vq
X X1 (el = o) (o) /P = /el o)) X S v
@X =V () V(2T = svus (ex/P L\Ns o N ’
‘uo01ssasdra buimoyjof ayy fiq woaib s1
[ g) a1ms oriouab oyp uo (,bg|\) "y L0pw12ual Db UOYIIY AL Y} fo UOYID IY T *T°E WSI0SY],

(gI¥) ~g Jo seyeysualie-opnasd oY) JO INO PaULIO] siseq
Y3 pue o[ oY) Ul soriure] 101e1odo Arepunoq pouwiojsuel) 9gnes 1010 oY) Jo uorjejuesaidor
ot} Ayordxe 9j1am 03 juem om mou I0f nq ‘Xipuodde SIy} JO UOIPDASANS SB[ O} Ul JUSWOIR)S

€€

SIY) MOUS [[IM 9A\ -d[qezieuoderp-opnasd st (¢|y)~g Aqrurej 10jeisdo o) siejeurered agnes pue
J[nq ‘Arepunoq ayj Jo senyea o} [[e jsowle 10j ey} pajedijue aaey om toded o) Jo Ynqg oY) Ul

vI(QS[e UOIJISYaY pauwlIojsurI) agnesd 9y} Jo uonjejussaaday z'g

0 "TLIOJ OLIJPWOUO0SLI) ® JO pea)sul uLioj ferwouijod juamer] ©
ur wat} w~$ﬁ.m>» umﬂ.ﬂ oIe oM 9I9H éﬁ@ﬁﬁ@@@ﬁﬁm :OEduﬁmm@HQ@.m \ﬁ.ﬂﬁwﬁo oIe %@Qu Se 9sed 91} SI SIY T,
*SOLIRPUNO( 9(RISOUI [RIDUST [)Im ureyd wnjuenb ¢ /1 wids 7XX 1) Jo 9sed 91} 10§ [89] UI PoALIDD
9s01) YI1m apIouIod pajuasald arey sarjredord Ayrred o) pue sUOIjR[aI UOIYRINUITIOD B[} I0g “f00.LJ
(zX/D —D/pX) _ oy (2X/D=Db/7X) _ _
O bx) @hv/n-o @) NI D) (glv/1)
(X/1—20)(g/zh — P/d)

(61°41) (gI) ™

. . _ (X/1=2X)¢/T1—¢) _ _ _
Sea) YT 0wm— e T Y G g omn - - O
(Lrg)

“(gI/1)- (X/1—2X)(g/eh — eP/9) + AB/\V\Q?/\\H - (/P —2b/d) — (@N)-

(X/b =b/X)(d/b—Db/g) (bex/d = §/bX)(b/1 = D)

:sa1g40doad figand bumopof ayy fifs1yns $.409042d0 pauLLofsuni) 2bNDb 259Y] ‘1200240
(or9a) (g0~ a =@y (d/P)o= (g™
:sarugpwfis- g burmoyjof ayp buisn fiq uappnim aq uvd (g|\) =) burajoaur SUoLD]aL UOLDINUULOD ADJIUILG
(S 8:))

(b1 ~ag o) -g L AN/~ )

N)~g /T =D)L — g7 (P9I v (hgox) ~
(¢/b—b/g)(?¢ Y /1 — 2 1Y)
(/1= D)(3TY/T — g/ TY)

= (hg1e)~o(g1™\)~ = (Pg1e) v (hgI™) ~

Es
(e (elov)-gpeln) (IO
e
(6190820190 a e IS — (el-atel -
(era) “(dl" d@@‘m%\\wwm\%@\w\u %\MMHW +
v g
(g170) v (g1~ ﬁmmw\lﬁ M\MMHWMHMW%\WM@M? = (g1") g (bdlex)~
(erda) (Dl —algv)—a = (/g ~agle) -
-suoyvpa

uoyvINWW0od buimoyjof ayy fifsyps siopviado fiuppunoq pouw.iofsuniy abnob oyp -1 g uoiyisodord



9¢
i I = A Y e I - _
Aam m@ Q 0 H_‘IZM \hudv - 5%5( ﬂHh: AQ\H _ M\v\ - m\AQv QQ\Q + Q\AﬁvooQ@

1108 am PIYM w0y ‘(g|y) ~@ Aqurey 10yerado o1y Jo uonTUYLP o) Aq SMO[[O] A[[RIALL)
(¢) 0@
(@)

(s6°51) (/1= )/ [0/ 20— saho)p + 6 v oyeh | -
(Le'a) (6/1-6)/ [P0/ <0 = b + b/ v

1S9 IULPT SUIMO[[0] o], "(¢f) o 107RI8dO0 d1j03duwAse o1} anduwos 0y 9snl eaey om

Awm.mv »AQV QN.TZNVIGN < N 3/\

Z+NT

((g|x) —@ Ammurey 10yerodo oty Jo Ajrperux
-oudjod oy} Suisn wLI0sY} snotadld 81} Ul Se PIALIOP ST e[NULIO} UoIe[odIojul SUIMO[[0] 8], f004]

(se'q) Ny et Py ety | = Ny ety ey g
E\EG
(re'q) Yl
ﬁi
. va+ = S/-97 XX g _
(gl ﬂ MNP =S s - WT:E 1T | (1)
Npous v7q ) ) .
(X ~ X m (/1 = o) (Lo = Vel ) W @1=0P _
T . G on T o) ST ~
2.49Ym
=9
(ee°q) @ gN0) @)X = VT (X/P =0/ X)
N
b 1= "9 XT .
=) (0)"ep ST VSSZA —Nu'gl+
vy Zﬁeﬂ%%#a
m> <N . Af\ (y)
v L)1) tep = D MSIC g+‘§x v ﬂ

. ANAAss\%vv\ﬁ B NA?&GVV A Qsa 9)/b— b/ A :w Vv
Amc:w. v\OAAT;%V/\v\M - AES V A~/\\m _ @\NKV

o (W6l &mw q'gl(gIv)~a

:MO)jof 11 SV UM 3 UDD
21035 0119udb oyg uo (g|Y) = SL0ILoUIE DUQ2LD U0 L oYy fo U01ID 21T, T g UIDIODYT,

kAg «
1RIQIS[R UOIIDOPOL
o1[040 pagnes o1 Jo uoreIuesaIdol A0S JYSLI O} SOZLIDIORIRYD WI0Y} FUIMO[[O] oY) ‘Alre[ruulg

o
(ze-q) (P V) b~
o (X X T S/i-ve
) = —— ﬂ INOP =g p (1) +
o N y 1= z

wg) = ﬂ (DA"PF (1) + o5 LU0 %

Npow A ( Esvv\H _ N?EWOVV ANAAS 9)/b—b/ A (oy) vv 1=0

S > G
(%) (°4) ("q) (b .
- ﬂ R M (P9) Gy ‘d)

:SMO[[0} 31 s (,bgf) S Jo swey ut (bg) [y otam 0y
e[nuLI0j uorye[odIour Ay} osh am ouo siojerodo oroydurhse osoy) opnduwod 0y SMO[[e AJFUSPT SIY T,

) -,o0b “9/1-"79 - .
. - | vgm B b — = (b b, b b,
(16 g aﬂ 20 = st =] | G gy~ OGP+ (et
:fy1yuept urewr oty Ajduat
. _Oh-p . (D-)h
(0erq) P o 0 g ] s

pue ‘(61°g)-(L1°d) woyy Suimor[oy
(62°4) 0deh— = 00 ‘<l = 0T ‘soy@rP = oV
:S9TIUOPT AY T,
*(Y) 72 30 syuowape paSneSun a1y jo sy s1jojdursse oty ore iocd PUR (g ro,omQ bo,o\od\ oY} dIOYM
(sz°s1) (6/1- )/ [P0/ 50+ (b0 = depbd] = () oy
(z9) (6/1-0)/ [P0/ 50+ cgbo = befsv=| = (Dexv

SpIoy
1 (PgIY) "y 30 (1°¢) uontugep oY) Suisn yer} SUIAILSqo WYy ajnduios ued oM pue uorjejussordor
oy} uo puodop Ammm\vo,omd\ s10je1ado orjoyduidse o1y peojsu] “jyuopuadopur uoryejuosaIdol oI YOI M

. /1 .
(9z°9) 0o (2) jy"1ep QN e = (b o (DPepy(1-) = (41PN
'SOTYIYIOPT o1} JO pue
0=p
(sza) &)V ()X < = (1)~
Z+NT
Y 09 109dsor M souepuadop TRUOIIOUN] 91} JO 90UANDHOSU0D 100IIp ® ST
. 0004 _
(Fea) (PIN) TV (1nyee X W = (PF) oV

:POULOP AR oM DIOYM



8¢

A@@.MV pAZ\N\r...nHATBQ\»...»Ma&pNNuQ_ANaniﬁﬁATGN\vE.Vvlq\-*Za\»...»Sa\» ﬁn& Qv = A VGQBU%
sjuewae XLIyew o) Surindurod

Aq Aem prepuejs e ut suop aq ued T —d # [ 10J (W= (@W* 7 syuswee X1ryew [eUoSeIp SuruTemel
a1} jo mou uoryeindwod oy, ‘(L g) 03 SUIPIOdIe 10)De] UOTIRZI[RULIOU 1) SUYAP UL dM pue

(vee) gt = Ty

Bueq ([ —d* ‘1 —d) =1 —d 0] (9 g) serduar ypIym
0} UA 0 # (U helgw) =

:sploY] Jsnur
)T °9°T ‘Jy XLIyew [RUOSeIP o1} J10J ONI} 9 JSNUI dwres o) yery) os siojourered agneS-ymq-Lrepunoq
9} JO Son[eA I} [[8 JSOW[R 10 AAIIOAUL DIC ( poiyy ) PUR (gey) () SOOLTFRL DY) jeryy sofdu g
WIO ], O} ‘UN I0}0B] UOIJRZI[RULIOU OIOZUOU d} JO OI0YD oY} woly A[puopuadopul ‘I9A0QIOTN

(cs°q) 0= (gl )t 0 F# (6] (uy)N)™
ot} pue Yy #£ Yy yery yons {N T} D u e 959 IR SISTXO 9IOT) SR
(19°91) MI—de 0o £ua 0= (1'0glu‘y) = (r'glu‘,pb/g)
Teuo8eIp SI py XLIJRW 9} JRY[) 10€] 9} SMO[[0J )T WOI]

(091 (1 bl (glv)ta = (1'gl(glx

glu‘d) = Grdlut /g (g
:sproY A31juept SUIMO[[0] o], J0ooLJ
wavaH 0=Ny" Ty
(6v'Q) Nyt gy (N b (X = egx) [T K =T
1—d
:smojpjof T figrguapr ayp Jo uoursoduiodnp [agoads buimopjof ayp yorym woLf
q N>D>4>T N>P>T
aup X~ oy X i
(sv'a) L= _Com T e T = @t belu ) = <@gy
SO DUOHDIP 9])q13420UL

buwmoypof ayy st (bga) (g1 = TV TLs0W NG X @ oYy uayy ‘sagpsuabra-opnasd pybe pup 3] ayp ur

N>D>9>T
(Lra) ‘ Asc_ﬁcvﬁ aX ~ (- %mv IT |=#
e/1

£4090Df UOUDZYDULIOU Y] P DY) 0

L8

(ov°aD) 0 # (#7ol0)
:spjoy 11 suagawnind 2bnob-ynq-fiuppunoq ayy fo sanpa ay1 v 50wy 40 g g uorisodoag

1°¢ WAIOdY], Ul SB UOIJRIOU SUIRS O UM ‘SPIOY 1 Jer]) oaold wed op\

(cvq) L@ 13 Fan (gl Wrrare = ((g)x) av)

:Aq pougep x1yeur [euoserp \d x \d oty st (g)y) gy oroym

(r-a) (G Y (ogan2 = (g2~ (g AEI) 7V = (I1) "G (g2

'SP[OY 1 YOIYM 10} SOOLIYRTL O[(IRIOAUL DIR (_pgeyyy (]
PU® (g:rp) ] SIOLIYRTT arenbs \ dx \d o) yery (¢d1x)—g 30 Lniqezipeuoderp-opnesd o) woly SMOT[O] 3]

1=n

(ev-q) L2 " pd A T= (W) (fT—d 0} 5 g
N

:£q peuyep mz&?. ‘1} pue zﬁ —d* 4} s1es o) Ueamjaq WSTAIOWOST Ue ST 3¢ dI9YM

(cva)
1=t =1
O yn =Wl pgapa = (w'bgl pue 100" 050 7= gl = o)
N W
(g ?v —g Jo sisequog-opnosd I pue 9Jo[ o) 0) ‘sojrIsuago-ta Aq pesodurod
(17a) Hu | ye = | pue [u ) =@ = Ty

:s1SRq JYSIT pue 4397 [RUISLIO B[} WO} SISeq

Jo a8uerp oty Juruyep (¢bear) (1 PR (geq) ] SOOLIYRUL N& X @ SUIMO[[OF ST[} SOUYOP MOU WED IA\

‘wonyejuesaxdor o) Jo dords o) UI SISR(
JYSLI pue 9391 © SUIGLIDSOP SoYR)S PYSLI PUR 9J9] 0OIDZUOU Pauyep [[om ore (3 ‘g| pue [{ ‘g) soyels jySur
pue o[ oY) s1ojourered 9soY) JO sonyeA oY} [[B JSOW[R 10J JeY} 0s ‘siojourered agnes-yng-Lrepunoq
o1} Jo sonfea o) [re 1sowe 10J (g|y)~g Jo AnqezieuoSerp-opnosd oY) s91eIS ¢ WOIOAT T, 9,

Aj1yuapt a3 jo uorpisodwodsp rerpdads A0S ¢'g

O * A[ISBD SMO[[0] UISIOAT[) AT[} JO JUIWDIR)S DT} YPIM WOI]
(ov'a) (UG e P —
q 1=q 1=9
Xt+x /1= ‘
o [0t T A b 1 o _( s byopC _
(gl ; ﬂ DINOP= =~ ﬂ )1epy | (1) +
Npow vq .
X = X i (/1= el ¢T§<Ts¢sawu§d
T N (gl egw&:s@\% v 0

1708 om e[nuLIo} uorje[odID)uUI S} WO} A[IYM



oy

=% T=u

(ea) #ol(glp/ @ -a)-a I T = ol

1-d N

buamyf fiq (01°¢) avpnwiof ayp fiq paz1ia1o0anYyd s18DQURHLI-0pnasd b, pup

(irq) {91 = 9 [(c0 gV 7 = =9+ -0y l2]
[ (,(8/6) - D~ 1) - .
o 1) ZAN¢|QV (gl /o) = ()
AON.MV FQ arm ﬂﬁwﬁﬁm&wﬁﬁ»@ 21 AZ T..T: > up m}\@féi — AQV:,\m

: buaxyf fiq paz1ua300u0yd winigoads-opnasd
apduns svy (g|y)—g fApwnf woiado ayy uayy {1 —d 0} > “y pun 1F = 5 fo sajdng-N poryf .of

(69°1) TN T2 UA (T = (g li)? (g0 = 8

ypm 12y1aboy payfsuns aun (¢9°g)-(79'd) puv (Lg'V) Suouipuod ayy 1oyp swinssn sn 12] ‘fipopung

1 wy =1 T=u =Ny 1y
1 dt qP\ wy—e/thP + g/r—uyb™
(897€) “uy) A& gD =195)
d/1 Mﬁ + MU :&\N\H@HQ + N\ﬁ\:v\@ﬁd H_M (T+2p) vy @ N

g/("+1)

burzf fiq (6°¢) avpnustof ayy fiq paziia1oninyd s1spquabia-opnasd 1fa) ay) pun

(Loa) (1= [(w2 gV 7 = =9+ =0 2] X
i (;(0/6) = (g — 1) g _
F Lo (F ) el e = 0
(99°'9) ‘g pam quspuadopu 91 N TTE D Up b = ()" e

:fiq paz14230040YD
1} 2 w'u puv 1F = 03 fiuv 1of

win.poads-opnasd apduwis sy (g|Y) —g fippunf worwiado ayp uayy “{N
(coq) g o ] 0 e T £

(ro°5) 3250 [+ P+ 2 (k)

ssou0 buimopjof ayy ypm 4ay3aboy ploy
(LT'V) suompuod ayp oyp pun {1 —d 0} > %y pun 1F = 3 fo sapdng-N pazif Lof paifsyvs aun

puv

(e9°a) TN UA (g T = (g bl ()0 = ¢
:54270wpADd 26NDD-YING 9] U0 SUOIPUOI Y] IDY] JWNSSD SN 12T ‘€ ¢ WDIOdT,
:SP[OY WDI0ST[} SUIMO[[O] O],
suorjejuasaidaa [eads :(g|y)~g Jo Lyoiduis pue LjjiqezijeuoSerp opnesd T'F'dg

6€

*SUOTYRIUISOIADI [RIOUSS I0J JUOUID)R)S INO SAOId 0) JMSAT SI) OST oM T}
uoryendurod 10011p Aq weaoxd ST JUaWILIRIS YONS YOIYM I0] uoljejussaldal [eads aUIOS I9PISUOD
1517 o0\ sdogs omy wr (g|y)—g Jo Ayordurs-opnesd pue AiqezienoSip-opnosd oty oaoxd op

(¢1¥)~g 3o Ayorduns pue AyqiqezirenoSerp opnosd jo jooid g

O
q vy N>0>>T
—)X T (—a)X
(z9°q1) L(1=9) ; (1—d) : _ Aﬂ\&,...J\&,m@m\j\&?:#\&,m\v
TWOTYRZI[RULIOU JO 901070 Ino Aq Sureq uoryisodoad oty seroxd sty T,
(t98) (@)X ~ X zvmx _ G—d o dighglr—d o - dig)
\&%N _ Q\&%vﬂ AZQ Coen S:.\ Coen QQ ,N@Qi ZQ 3:.\ Coen QQ ,Qv
:ar01d wRD SUO TPIYM WOT)
0 fia]
(09°'9) (X T qropX : _ (Nag oy ey b [Ny - Py -y )
Af*%k\ A.:\%vﬂ y AZQT:JATQQF...‘.HQFN@Q*ZQT.LHATNS\T.L:\FQV
:K}1JUOPT A} 0} PRI SHMNSOT IS,
Amm.mv .AZQ Gty e Ty “mvm; Ny oo gy oo < Ty nQv %
/1= (e o1 el go) e
o A oI — 8/ N B — BT oD/ 1)
Sproq i
(sc'e) 0= (Mg T4 P T B (e 2/ DN Py Ty )
ety 9oe) oty pue (L1°¢g) uorysoduwodsp oy Sursn ofrym
(Leq) (Nag o o Py s Sy gl Ny oot o Py o fTy ) )
Uy D %HN /T — D! _ D!
AQSLX‘ Au:v : AM\(\ﬁ m\v NAAcSVV\H NAAuSVV .
Af\w@m‘ - ?Lwa:wuvm N ANATM&VVV@\Q - Q\GNAAE%,VV@ - W\DAAE\U\C\<
(9¢°9) (Nag s o Py s STy gl Ny o S Py o STy ) A e \eﬁ ) X
(b/1- SAE 5/1)7v
.NVW _ 5 T _ u) v
()X~ (") (g/1—d)d 0 — (o)
— - =(9)""y
X 7 (X R A o0/ T =D EE

11038

om Amwﬁ_ﬁtcw )~V 10jerado o) Jo worjor 4391 oy Suisn N1} 30 {1 —d o} S Py ereym



41

O ‘stseq
1Jo[ & aIe [)‘g) serejsuabie-opnesd 9391 oY) ST YY) _QN Sy Aue 10§ spjoy (16°g) Jt A[uo pue Jt
paysiyes st (98'¢) 01z 0} UOIJRUI(UIOD Ieaul] o) YRy} sardur hN SY UdsoTD AY Jo LJ[eIouad oy,

(¢6'91) 0 # U —ayneP/9)
:wonoxd Apealfe Suraey

(16'91) 0="
_®>M.~@T oM Jomﬂg :HO,@

{ru\{T—d o}y T=u
(06°9) 07 Coyy (r-ay—uel/ 9 uy)2) e II I

N

speryy serduat (¢gly)—g jo
wnaoads-opnesd oty Jo Ayorpdunts o) moN Uy > Uy JT T — Uy = Yy pue Yy > Yy 1 Yy = Yy o1oum

{mu\{1—d"
(68°4) N (gD ) oy (1) (1D 9] () L E

=
I

R

(&) glue)o = (ug | ) | =

(=]

:SPOT] 1 YT} PUR)SIOPUN 0f A[ISLd T ‘UdT, ._M_“N JO JUDWIO JLIdUIS
' st {Ny Iy} =q pue {“y}\{1 —d*“‘0} > “y qum Aﬁﬁv syuowngre 1 — d oY) A[UO surejuod

Aww.mv »AN\:\QVSN@\SQ\&N.vvlm.. AN+Q d)( EVN@\Q_QW.VV ﬁ (1—d)(1—wt) m\Q:op v

)1 Ul [RIWIOUOW DLIDUSS 9T} dIoT M

(L89) (o—(r-ane?/ 8l (—as?) 4 - A:\&Q\zv%\n_s_w_vv\m X -
AN\Q\&%\S:\% vum:.me\S:w 7%?73%\3807 x
(P8 a0+ (28 19)-a (g 19) " = (6)" g

:109e19do Jo gonpord SUIMO[[O] O} YIIM 1 UO 10 S J9] puw

Nz
(98°6D) Py L =0
1S99R)S
1J9] 9]} JO 0I9Z 0} UOTIRUIGUIOD TROUI[ AT[) IOPISUOD SN J0r] "UOIRIUSAIdRT 91 Jo 9ords Ieoul] o) Jo
sIseq S & pue 1o ® A[A1309dsol duyep soge)s JYSLI pue 350 JO $19s 93 Je[) 0a01d mou sn j0]
‘aorjonpur o} Nﬁ,ﬁmmﬁjm
ono1d om Jey} WO pue olozuou st |»e?/975) yeyy exey om o1 {] —d ¢ T} 3 » Lue 10§ vgD/ ¢ enrea
Awe qym (69°g) Ul paxy g JO aneA ULAIS S} 9IMIIISANS 9M JI P[OY SJUSTIIR)S SUIRS B} TR} dION
‘uoronpur Ay Jo Ayprrea oty soaoxd jsul yorym ‘orezuou are {N T} 3 [ Awe 10y {10} > ‘o qim
[Nz + 8_%\ ot wa ‘g) saqeys o) [re yey) eaoxd ued am SIY) SUIS() "OI9ZUOU ST _8.%: ‘) yeyy os

N4

9) v = ( ool Vg

. VS CA D
(¢8'q) N1} lA 0 (T ) z 1%

1JRT[} OART] O\ "OIOZUOU ST i z&r: 1+ © mcr.. Fawcfnv
= | oyu'd) vemws mous s oy pwe {g — d 40} > Sy wua | Nyt Ty m = |(u'g) dre1s oy 10
STLI} ST SUIES AT} R} UOIONPUI AQ SWNSSE SN J9] 0S OIZUOU ST |§75) 99BIS YY) IR} UOIONIISTOD
£q mouy opp CAfreriuars poaooxd wed om 9O JYSIT O) I0] Se 9sRD 9J9 A} 10 Ao ATyoIdxe ouop
ST Suruoseal oY ], ‘seje)s olezuou [[e are (OI'¢) pPue (6'¢) serels oY) jey) aroid mou sn o]

(Fsq) Hr—de0} 20A 0# (ogh/9)

syeryy sorfdut (F9°¢7) UOIIPUOD ST} JeT[) 9JON "WSIODI[} SIY} U
page)s asoty 03 (¢)”' ~a pue (g)—d o) Jo son[ea ot} SOXY SIY ], “W[SII oY) PUR O] Y} UO A[PATIDOASIT

(¢8'9) ‘(b/g ®|(x)/b)a(d ‘o|by)q e(Lly) ~3 (BLb/g ‘D) f = (d¥)T
(z8'qD) ‘(b/g ‘ol /1)a(g @[\)qre(LY) 31 (DL D/g @) [ = (d|x)°
:SPIOY 1 anfeatusSe-opnasd o1} I0J et} 08
(18'9) T2(L|Y) ~31 (bl b /g o) (b /g ‘Olx /D)a(g 0lbY)a(F| = (9p|(g ol\) -
(08°4) J95) (b/ g olx /T)alg OI)qTR(LIY) 3 (L b/g ) f = (¢ DY) ~g|fn)
:ATyuenbasuoo pue
(6L°a1) Te(Lly) 1 (b D/ df o) f(755|(b/g ‘Dx/T)a(d ol)a = (Bl(d o)~
(8L9) (b/g oI/ Ve (g O Py T () (L B/ D)) = (g ol) gl¢0)
:SpIOY 1 oY) o8
(Lra) ‘(b/g o|bx)qd(t g 0l = (Fp5l(b/g wl)g
(9L°41) ‘{pLb/d 0 B)(g DIX)g = (d ©N)alds)
:SPIOT] 1 ‘19A0DIOTL
(crq) Z@ (BLb/g o) = (5] g o) = [90)

:P[OY SuOIyeOYIIUSPT SULMO[[0] oY) se A[oATpoodsal
(bLb/g ‘©|x /1)y pue (kg ‘©|Y)y Lq pererryiuue ore (gL g) pue (g9 g) seyeis ayy jeyy Ajdur

(vLd) (ypy? =&
:199ourered 98NES [RUISUL JO AIIOYD YY) PuR (£9'¢) SUOIYIPUOD BT, “f00.L]
eLd
A v =u :ﬁ Tt @:Q + pup 1= T=u =Ny 1y b
(u <y Aa a v “i—g/1 o/1—" o B A\v = (9]
® N dF P ) iy DUP A gy : o : “W N\ -

N g/(u+1) "

ypm



44

ST O} UI 1030RJ0D 9} SUTUPop XLIjeut
9y} OJUI S'Y'[ B[} UI 1070BJ0D Y[} SUTUYEP JURUIULIIIOP S} UI XLIJRW 91} SULIC 0} SUWN[0D PUR SMOI
JO d8uRYDX0 dWOS oyewW 0) Poou Isnl om prepue)s st sorpdord Arpwmss aroqe o) Jo jooxd oy T,
(Y)*( jo yue1 oy uo juowoye)s oy sorfdwr pIya \ ur rermouijod orez-uou e st (Y)4 1) yeyy os

1={

L0) AN T oA 0# (DT [ = (70 P D
1—d
:ploy
soTIpuapt SuImor[oy oty ()L Jo wioy yoIdxe oy woly Auspusdopur Jel) SIRWOL SN O f00sd

Y ur (1+N) (1 —d) g oabop punzow fo spuuousfijod s (Y)¥10 pun (Y)&10 aym

N\ﬁﬂ.wﬁ
o - ) )
(9D) : AE - ﬁiﬁkv A% - %v 0V = (%D
1 h e\
m\ﬁwﬂwﬁ
. o webeX b X _ [ - o1
(¢D) web ) 11 X )T = (VT
1 b\
spup (14 N) (1 — d) 92ub2p fo v wr pprwousijod v s1 ()11 auoym
N\ﬁ\\%l
. b - ‘ .
#D) ‘ AE - ﬁrfv 11 Aw - «v )T =)D
z—d 4

‘uorsodutodap burmopjof sy pwpn yorym (4 + Ng) (1 — d)
2aubp unzow fo ¢ ur sprwoufijod auw (V)10 pup (Y)Y (Y)TTD swoganfos oy “uonoatopy “pjoy

(€D) D = (/1D (OO = (/1D
(D) Hadyafan (O = (9D
(o) Hdemhsyan ()"0 = (et

ssowugaufis buamojjof oy f samva o 4aquini
apuf v gsows v 03 dn ‘Y S Y fiuw uof T — d yuni 95p3) 0 sy (Y)*(@ TRDW Y[ ‘LD BT

*(Y)*(@ x1uyew o) Jo 5.40790f00 9} Jo seryredord ureur a1y Sutalg vurws] ® oaoxd am xipuadde siyy up

1030€j09 jo senpradoad O

0 'g'q uonyisodord ut uoAls Apeaife
U09( 9ARY WI0Y} O} JO AJJULPI oYy Jo uorisoduwioddp [ei3oads o} Jnoqe sjuatoIe)s oy,
‘¢ woI0oy ], Jo Jooid oty ur pajussald juomungIe oty
Suronpoidal suop st 0I8ZUOU [[e 31k (('¢) PUR (6°¢) 9IRS B} TR} 10€] 3} Jo Jooid oY ], "suorje[al
UOIRINUIWIOD POULIOJSURI) 93NES 9} JO 00Uanbosuod © se son[eAusS-opnosd JUoIPIp 0] PoIRIIOsse
(g1¥)~g Jo seyeysualie-opnasd are YOIYM S9)R)S OI9ZUOU PUR PIUYLD [[oM dIe Soje)s IS pue 1Jo|

197

oyl 1re eyl onoxd wed om Awmv pue ANMV SUOTIPUOD 97} Iopun JVQQTAHH “euruIo| wz0m>®hﬁm oy} jo
souanbasuon 19a11p ® st (g|y) ~g Jo Anpiqezieuoderp-opnasd o) jo joold oy ], "[°§ wai0ay], fo Jooiq

*SUO1309s snotadId o1y Jo s)mMsal oY) Sursn £q ‘T'¢ WOIOOT T, oY) 9A0Id MOU WD A\

O ‘(8°¢) pue

(2°€) AJstyes [[1Is 9)L)SUSIS WOWWOD B} UO SON[RAUDSIO 9T} Jer[) dNSIe 0} juoumSre %ﬁ:gﬁgovo oYy

ureSe 90U0 9sn wed am ‘U], *(8'¢) pue (L'¢) suorpuod o) AJsiyes (¢|y) g Jo senjeausde-opnasd
97J jer) MOuy om UOI}IS w:Om\w@HQ o[} Ul PalopIsuoo mﬁOﬂH@uQ@m@HQ@H JO jos aures 91} I0J CSOZ

((d|x)—g Anurey 1oyerado a1y Jo oyejsuaSro-opnosd ® st sy, {N T} DD

Aue 10§ (¢)P'~g 9y se yons s10epdo SUMNUIMOD JO 9)RISUSSIS SNOURI[NUWILS 0I9ZUOU © PUY SAem[e
ued om ‘roded snoraoid Imo Jo 11y WU oY) JO JNSAI ) 0) SYURY) ‘IR [[BII MOU URD I\

(gIx) —g 10] uoryejuasardal aA0qe A} ASN UeD om siojeureted

a8neS-ymq-Lrepunoq o1} Jo anfea o1} [[e jsowle 10j yery) sordurr osfe sy, ‘siojourered 9soT) Jo

sonea Aue jsowe I0J NI} SI JUDUIONR)S SIY) Jery) sorjdur siojourered osot) uo A[snonuryuod puadop

s1oyerado SIYY jey) 10v] oY) UAYJ, ‘siojerado o[qUiIOAUl pue Sunnurmos are (¢)” g oY) oYM

=0

. co @)TTa X (@)g X_ Do _
@a) T @) (G VWTD DO = 08

:uoryejuasaIdor SUIMO[[0] o1} sTIpe 91 pue dqezipeuoSerp-opnosd st (g]y) ~g se o[qIyIoaul
are né,lm s10ye10do a1 [[e siejeurered agnes-yng-Arepunoq a1} Jo 9010y [eads sWOos I0] ey}
m@ﬂ&pﬂ UOoT1399S ZSOT’@HQ 97} JO jmsorI 9y T, Amﬁmv STUOTjR[o.I UOIjeNuIIOd 9} JO douonbosuod e se

(v6'9) AN s 9va 0= [T g9 g] ()" g% =91(9)" g

:SPIOT] SUOTJR[I UOTIRINUIUIOD SUIMO[[O] dT[} DIAM

0=p
(641 ) g (5 - Wx — (607
N

:uoryequasardar Sumorioy o) syrwpe (g|y)—g Aqurey 109emedo oy, fooid

((8°¢) pup (L'¢) suowpuod ayy burfifsyvs (g|y)0a anjpauabia-opnasd
ypm (g'g) uompuod ayy bunfifsuyns (g|y)—g siomiado buynuuod-opnasd fo fipunf uapowmind auo
ayp fo |975) pup (45| ampsuabia-opnasd yybus ouo pup 1fa) 2uo0 1sD9) 0 §51T2 2401 [, *T'g eUTIT

fsjeeteecc)) mgmgozo,w o) anroxd JsIg
sn 9o] “s1eojourered agneS-ymq-ALrepunoq oYy jo senyea oy} [e jsourye 10y (g|y) g Aqurey 1oyerado
a1y Jo Ayorpduts pue Apiqezieuoderp opnoasd oY) Surje)s 1°¢ WoI0dY ], 913 9A0xd om UOTII8S SIY) UJ

suorjejuasaidar [eraual :(g|y)—g jo Lyorduls pue KjifiqezijeuoSeip opnasg v 'd

'suoreuesa1dal [eads palepIsuod oY)
10§ 0197 A[J001Ip POONIISUOD 0Ye)S oY) ST UaIYM ‘(¢f|Y)Td 03 poyemosse (5] oress oy woy Surjae)s
OS[e SISeq JYSI O} JONISTOD WRD 9M “}0R TI ‘SISBq JYSI PUe 1391 913 JO UOrIRIUAseId SNOSURI[NUIS
oty Ajrduts 0y gsul (g]y)0a oneausgo-opnoasd a1y 0y payerosse (35| ayeys e woxy Sunre)s siseq
-AOS 91} Jo uordNISUd oY) jueserd 0} uesoyd oaey om Ioded oY) Jo YN AU} UI JRY) ION



tig

'£6€9 (L861) 0T V "sAud [

‘Pdsmy) M M D pue deixeg g ‘opyoreg I N ‘qreg N I ‘Zeredly D d [6g]
‘I8¢ (0861) 8T O "S4UJ ' ‘ZPS 'H (8]
"0L€-€9¢ (0861) €0T V ®owsdyd ‘avmreq 'z 4 [Lg]
"G60T-060T (886T) L4 * 8LT-ELT (0S61) ¥ * 929-6%9 (6261) OF "s&ud "uyely 100y, ‘soureq ‘7 4 [9¢]
98¢ (1L61) ¥ V a0y 'sdud ‘wpnen | [g]
((£861) UOSSRIN ‘SLIR]  "2YJag 9P IPUO,P UOIUC DT ‘Wpner) "I\ ?Q
L3¢ (9961) 0T "A0Y 's&UJ * 12 (9961) 0GT "A0Y shuyq ‘Suex d "D pue Suwex "N D [£g]
"680T (6G6T) 9TT “A0Y "SAyJ 1ox[ep g T
©60€ (8S6T) TTT 49Y sAyd ‘Upeqi g
ST (8€6T) 9T "SAJ "WONISY YR 1Y ‘WOYINH T
"¢0G T4 'sAUd "7 1€61 ‘omed 'H gz
619 (8261) 6% MsLUd 7 ‘Stoquosl *M [1¢]
"cLe (8861) Tg V s&ud ' ‘mrwesrs 3 d [0g]
"LL6 (P86T) T9 "SAUJ YR\ "1007, Nrupatoy) ‘A T [6T]
908218 (1102) 90T 17 a9y “shiyd ‘wosoxd "1, [8T]
"20991 (6002) €OT 1T 2y “sfiyd POV T Pue ‘Biomdd "D Y ‘Wus “ [L1]
‘1102 Td (9002) "UPRIN “¥83S “[ * T090%E (S00G) S6 10T “AoY "SAYJ ‘I0[ssH T "H " Pue 121 op [ [97]
"01090d (9008) RN 1®31g [ “Youleq 7 [GT]
"06G (P661) 0€g "sAyd "uuy ‘S1oquoiiry ‘A pue [uoH N Zoiq ‘I ‘Zeredy D ‘A [f1]
ZYIMOGY [ PUe quIo(T ") £q poypO
(T00g) $891 STWOPRIY : WOPUOT BT [OA ‘DUIUOUIY] [DIULL) PUD SUOUISUDLT, DSDYJ UL ‘ZNDS I D [€T]
59 (366T) T0g "doy "sAqq ‘epuzeq g [g1]
“T00¥90 (9T08) "UPAIN “1e§ " ‘Opressny D ‘W[ssH T “H " ‘0seaqere) g [I1]
“T0€50C (€108) TOT 19T "A0Y "sAyd ‘[e 90 Loutpyzuoy d ' [07]
‘06171 (G10G) TT "sAyq omgeyN ‘woSon) D ‘opsoy ‘N ‘Wosty ' [6]
“(£102) 92 ‘20G 2MyeN ‘Te 10 neYdG “J ‘ereqyuyng I, [g]
‘RIGETG (2107) 8 "SAUJ omyeN ‘e 30 W[MULLORH T ‘Wpouyds 1 [L]
'63¢ (210g) 8 "sAud omyeN ‘Te 30 woy) "y A ‘Ayz301L, °§ [9]
"688 (8002) 08 "SAUJ "POIN A0y ‘WoB1omy A\ pue ‘preqie [ ‘yword T [g]
'L86-72E (L00T) 67F omjeN ‘Te jo Aysrouesor] T ‘UYpeqiohol 'S [f]
"006 (900) OFF oI ‘SSIoA °§ " Pue ‘108udp T, “eyysoury] I, [¢]
7616 (200g) 6TF omyeN ‘T 30 U1 I [g]
600 (L102) g 91844 d 1504108 “WI[pz0d g ‘TO9OIN "D “WIIIN ‘N [ [1]

S9OUDIDJOY

‘SjuOWo IRMBUIS AUR Urejuod jou soop (,2F) I\ XLjew oy () = Y 10§ Sy

O ()% wo
Juotaye)s 1o aaoxd wes om ‘Aprerruarg smofoj ()1l Jo UIIOf oY) UO JUSUWIOR)S INO YOIYM TWOI]

. [ T Tar1—d: ) = N,«\H\m/\ pIFX
(e1D) 0= (u¥F) ((jINT~0P,(1-) o) T Top

“oﬂdmgosﬁﬂ:t%ﬁ@?&m%%ﬁﬁ% ?NHVM%Z .Ho,ﬁsgaﬁumf\so:m:moa:omomﬁom:ogoa
9} 01 A[Ie[IWIG “,2F 4— Y Wi oY) Ul os[e g/(T + d) MOI oY) UO SIUSWA[d IIUY SeY XIIJRW ST}
(/1= ¢X) Aq woyy Suptap pue (V)TN jo g/(1+d) pue g/(1 —d) mox oy Surmumns £q pourejqo
st prgm g/ (T + d) mox oty 3deoxo () T'TI JO 9SOT) 1M SUIPIOUIOD SMOI 0T} [[@ M XLIJRU JT[} S©
?vmﬁ& XLIJeU o) duyap 0s wed opy 0 = (,2F) TTNT-40ep ety os 1130 oYy jo aysoddo oy auo
oxe (1) TN Jo g/(T +d) pue g/(T — d) sow[ oY) (0 = 1y 0Sed dY) UI Jer[} LWL s1 Jo] ‘A[reur]
(o)

.AN\QKG&HVE,H\N\Qt:,ﬁvé,m\:K?meLamv =(

N\A?&@iﬂA%ﬁ\N\Ai&.:,iw\:Kx:melﬁow

:Anuept o) pue

AHHUV ¢ N/\\.ﬁ — X _
(Vg (1+ayPod ) @ DD @/ DD e=dop(¢ /T)x
. X/T— X
oro) (Castrraat ) DT DD gohop()x
(©0) (Co ()P0t ) @& DD/ QDD GE=Dp() 2 = (Y (g 1Dt F) @D D gET0p

JURUTULIAGRP 1} JO Uotsuedxo SUIMO[[0] 91} SUISn UMOYS ST SIYT,
YUY ST (51 4ayPotF) D @DGEN0p g1 oy st (5/_aybptF)TTD JeUY 0F 00z OT8 MOT ST} UO
SIOYY0 BY) [[B ‘() = (51 Dyt F)V 0) PULY JSB] 0} JXOU O} PUE ‘ON[eA OTeZUOU YUY ‘(,/,Dy2)L 03 PULy
JUOWIS[® 98] 9} T 4— Y JIWI[ oY) Iopun A,«N\:TNVFLHVSSH JO MOI gse[ ot} uJ “Afre[ruars paodoid
wed oM 9sed 1110 o) ul se g /(1 + d) = y ased oy ur 31 ure[dxo sn 9o ‘A[JUSISPIP Posdold ued om
‘IoAOMOJ] "9I0Jo(| OUODP OABT| dM SB 9DUASIOAID AU} 0101 dAOWDT JOUUEd am ety 08 (Dt F) VIAL Ul
pourejuoo jou st (d)powr d = y —dg /(1 Fd) mo19y) worp g/ (1 Fd) = y Jt ‘soseo Sururewor oY) Uy
(8D) {2/(TFd) 0} {1} 2 YA 0= (,LoF) [ SN~ M0p
1ey) 08 ‘.A:oiﬂv@wz SOOLIJRUL OT[) JO SUO [PRO Ul SHuopuodop IROUI] oI@ SOUI] 9SO}
yet]) moys 0} J[qIssod SI 91 ‘)R] U] "SHURUIULINDP 11D} 0] OILI} ST SUIRS J) OS PUR T 4— Y SHWI[ oY}
ut yruy ore ?%s.ﬂvmwz XLyeu oy Jo smox oty [re pue (V)10 (1) = (¥) {,JIN' P Splot 3t
Speard (o (¢/yP) = 5 (42/X)) A4 (X) (N 30 4 — d mox oy Sudrdmpnur pouresqo “y — d mox oy pue
(o(¢/ yP) = (4D/X)) Aq woy Swptarp pue (V)TN jo y—g/(1+d) pue y—g/(1—d) moxoy) Supuumns
Aq paureqo st yprym ‘y — g /(1 + d) mox ayy 1deoxe (Y)I'IN Jo 0oy} [IIm SUIPIOUIOD SMOI oY) [[®
M XLyew o) se (Y) @ﬁ& XLIJRW o) dugop ued oA\ “Ioded o) Jo YM( oY) UI SUOP se pavdoid
weo oM ‘g/(T F d) # 1y osed oY) 10 "Sosed 001} YSMSUISIP 0} GARY oM DIOH ", D,lF + Y |
a1} ur SurSIeatp st PIYA (Y) 1) 01 pajerosse (Y) T\ XLIJeW o[} JO JUSUWD[A OUO ISeI] e SI 919}
1y —d out] o) ut ‘Appstooad o1o]y {1 —d ‘" ‘1} 3 y Aue 10§ 4Pl = Y (syuod oy ut oytuy st (Y) VD
yer[) oro1d 0} oY om 0s Op 0} 1opIo Uy “(Y)I'l) JO ULIOJ oY) UO JUDUIPIR)S INO MOYS S ]



8%
107 (3861) S0g € "s&ud ‘[PuN ‘wdoroy] “§ A pue w1z ‘D 'y [F6]
€6z (T861) €9 "SAUJ PO a0y ‘Toypryl, " 'H [£6]
‘19 (¢861) TQT "sAYJ Ul s0j0N 1097 ‘wIueAS 3 "¢ pue ysinyl d ‘d [g6]
“(0661) “Oy1uaIG plIoA\ ‘010deSuIg ‘T “SAUJ IR UL SOLOS “APY ‘Oquuf ‘I [T6]
AGmmD SOINII9] SOUONOY] SO ‘Avopped (I T 8&
“(P86T) €98 AN 'S A0S (GYGT) SOIN29[ SOUINOH ST ‘Ad0pPed " T [68]
"9ST (2861) 6T "WIRIN "A0§ * ‘WiueA[yS M “d (3]
“L0T (086T) 1D "UYRIN "A0Y '10G "A0§ ‘Ad0ppe] (1 T [L8]
'889 (0861) OF "SAUJ "YIE\ "100U ], ‘A00pPeg ([ T ‘Weleippe], 'y T pue urueAps 3 ‘d [98]
1% (6261) 04 V 10T sAqq ‘wiueApg 3 H pue ysiny ‘d d [¢]
"L0T (6L61) ¥& "TIod "sAUd 408 ¢ LEET (6261) PFE USSS ANeN "PWIV “Plod ‘wuwesps M o [f8]
“TT (6L61) G © € "AIMG "YIe "Ssuy ‘A00pped ‘@ T ‘welenpel, v 1 [¢8)]
206 (8L6T) €T "Plod "sAUd "A0g ‘A0dppe ([ T Pue Wuedp(s 3 d [g8]
01060d (9003) "WPOIN “¥e3S “[ noyod v 18]
8822 ‘(L661) 99 wedep 0og s&qJ [ ¢ T ‘(L661) 99 ueder 00g ‘SAYJ ‘[ ‘1IepRAM ‘N Pue Wsons ‘I [08)]
'16€5 ‘(000¢) €€ V "SAUd T ‘wenp "MX [6.]
"G89 ‘(L66T) G8% g "SAUJ ‘PUN ‘Suex - 'S pue Suep 'S IV ‘wenp WX [8.]
625 ‘(9661) 6T V 'SAUJ [ ‘Duzng ‘N pue emwiesy H [LL]
/Y ‘(L661) 82T V "1eT SAUJ ‘T¥ (9661) ¥g € Aoy s&qd ‘nouz O "H [92]
€0280% (6007) g V 's&yd ‘[ £onoBey ‘5 ‘preqpd s [GL]
100 (L00%) 60 dAHL ‘e1yes D pue LonoSey “H [fL]
"L12T (9007) L 9reowod H uuy
©20020d (S002) 0 "UP9IN “1ers ‘[ ‘AonoSey -y pue jeddery T ‘noyoq "y ‘odwrer) N ‘uopneury ‘q [gL
F0 (L003) ¥ "sAud ASmouy Sy [ ‘Sueyz z- A ‘Suex M (gL
"L8F (£002) €99 d "s4ud PUN ‘Suep X WS M W D-H ‘0vd [ [1L
€L (9661) 8L¥ d 'SAUd "IN X-Z Suex pue (-3 1S ‘A-¢ NOH ‘H e [0L

‘SBI, A PUE AOUAR[S Y N CNOOIN D ‘WIEIN I T T{sMo[zoy] M N ‘ourmesny N |

Ly

“16¢€ (8002) 208 € "SAUd PN ‘YMIM "L ‘9§ V ‘Wl ‘H [g9]
"€60 (€002) 01€0 dHAH[ ‘AOUSRURIN “N'V ‘ASWOUDI0N ") ‘Aoydwid “H'd [19]
‘08 9108 (9102) "sAud "S1oug ySty [ Te 10 "I, ‘Buex <3 ‘oeH “X MX [0
2T (€102) [Sd] 448 € 'sAUJ PN ‘Suep "X ‘TS M ‘Suek rI-uop ‘oe) [ [6
799 (9002) €€9 € 1OTsAYJ ‘Sueyy 7- & ‘OwpowodaN T Y ‘Buvx rI-uop [8
3S (8003) 062 € "SAUd "[PnN ‘seoen ‘M L
'90080d (9002) "UPOIN “¥e3S [ ‘IS "D pue ‘DmpowodoN T Y ‘weSmN Y [9
16611 (€002) 9€V "sAud - ‘Turwesry * ‘orgowodoN T Y [
€9¢1 (€002) TTT sAud 1818 [ * 19 (3008) €89 € "sAud ‘PN ‘ompowodaN T Y [f
"9¥%-62¢ (S102) 668 4 "SAUd "PIN “Te 1 ‘uvolsor) "N ‘preg 'S ‘weay ' [g
"295-L2S (G102) $68 € "SAUJ uN ‘eyuewnd Y Y ‘Preypd ‘S [g
‘021 (4102) 268 9 "sAud ‘PN ‘preqed 'S (1
"906-66F (£102) €0T "s&ud ey 10T “Konofey -y ‘odwer) "N ‘preed S [0
'2L0 (£102) 6 VINDIS ‘odwrer) N ‘prerpd 'S [6
"G8e-€LE (L102) 916 d 'SAUJ “TONN * $86-06S (€108) €48 € SAUd "PUN ‘Preqeg] S Oeyposeq ‘d [8
'90060d (200g) "UPOIN “¥e3S “[ ¢ G000Td (G00Z) "UPRIN "¥edS “[ ‘TwmzIoy] *3 ‘Ovr[lesee] J [
20 (2102) 898 d "sfud "PuN Lonodey g ‘oduret) "N [9
"8E0TTd (0T08) "UPDIN 11§ [ uowntg (] “Aonofey o ‘odwres) N [g
"01020d (8002) "W29IN "Y1 [ * 6000Td (L00Z) "UP9IN 11§ °[

9
S
S
g
S
S
S
S
g
S
S

I
]
]
]
]
]
]
]
]
]
]
i
i
i
7]
i

ig
60060d (200g) "UPOIN “1e1§ [ “KonoSey gy ‘orypewodoy Y ‘yedder T [g

L¥¥ (€002) 899 d 'SAUd 1oUN ‘noyo( 'V [z

652 (G661) 82 V "SAUJ [ ‘Sung ‘I "D OMOY,O [ W ‘WIxXe [ Y ‘oppred L W [1
63V (S661) 8FF € SAUJ [PIN ‘TOISOAN " PUE ‘BAI ", ‘Ouuo)y] ‘H ‘Woped] Y ‘oquiif Iy [0
"L6¥ (G661) THP € 'SAUJ ToNN “emiy "I, ‘ouuoy] H{ ‘ewrtfoy] “J, ‘wopad] Y ‘oquuf I [6

€56F (F661) 6 * TF8€ (F66T) 6 V "SAUJ "POIN " "] ‘AOYIDpO[owrey, “¢ 'y pue [eysoyp 'S [g
6219 (P66T) LT V "SAUd [ ZI0Y-Zo[ezU0D) Y pue €80A op [ H [L

61T (€661) 98 V "SAUJ [ ‘Zmy-zo[gzuoy) 'y pue e8oA op ‘[ H [9

"€96¢ (2661) 9 V "SAud [ ‘wueAp S M A pue ysiuy d 'd [§

1625 (1661) 9 V 's&ud "poIy [ "W ‘orypouwrodaN 3 pue nosedurzoly T [f

“GebT (1661) ¥ V "SAUd [ ‘wiuedp(s 3 { pue ysiqny d 'd [

71T (0661) €2 V "SAUd " “Sroquopry “A ‘orgpowodaN Ty Moseouzoly T ‘0pypred LN [g
€2¢ (0661) 0€€ d "s€ud "PUN “moeg H pue tombsed A [T

7]
i
i
i
7]
¢l
¢l
¢l
14
€]
¢l
¢l
¢l
¢l
‘0L (066T) L¥T V "1107 sAYJ ‘Sroquonry ‘A pue orgpowodoN T Y MOseduIzoly | _oﬂ



0¢

-reodde 07 “eIqoS[e UOIO[OI X0)I0A-g 91} JO
SUBIUOY W [€90] S[R30 ‘10PZ0J “(] ‘TOIIN "D ‘PRI T [ [8€T]

Su01R)UsaIdoI OT[DAD 01 PIJRIDOS

[
807¢LE (600%) &F V 'SAUd [ ¢ T02SLE (800T) TF V "SAUd [ H H [ Y1od pue H Suex-ny [L£7]
‘T (F002) LTT 'sAqd ye3g 'r ‘1oyxed ¢ Y [9¢1]
487 (0661) LPT V "10T 'sAud ‘aosere], "0 A [G€T]

“(6861) PIEPEOY : BATUNNOULN T "Y3B]Y 0INJ UI SAIPNYG “APY ‘N0 "H 'H [ Pu Suex-ny H

P0G (686T) 6ET V 11T "SAUd * 6GT (686T) SET V 130T 's&uq
¢ 1 (6861) 6T "WIBIN 2 ut Apmig APy Nwd H CH [ Pue £oDoy N g ‘Tunmeqry D [per]

[
"G8T (636T) €T V "M 'SAUJ * T (6861) LG SAUd 038 [ ‘1oyxed Y [¢€T]
€08 (066T) P "SAUJ "POIN *[ "I Sod "H "H [ Pue soueyzee "A A ‘Toixed [ Y [g¢]]
8ET (8861) 8T V 1907 'sAyd ‘Swex-ny "H pue od ‘H 'H [ ‘W01xeg [ 4 [[1]

*(886T) JIOA MON ‘SS9IJ OIUOPROY SPd ‘Temey]
"L pue vrearysey] ‘NI sishpuy awiqab)y ‘Sue], °§ pue ‘NYwod ‘H 'H ' LoDoI ‘N g ‘Suwex-ny ‘H [0€1]

ﬁ
‘6 (L861) ST V "o 'sAud ‘qes “H D pue Sur], °§ Y104 ‘H 'H [ ‘400N ‘N ‘g [62T]

‘615 (L86T) €CT V "1oT 's&UJ ‘Wex "IN pue ‘Sur], 'S Sod "H 'H ‘[ ‘S0DdIN ‘W "d ‘Swex-ny ‘H [8zT]
229 (0002) G248 € "S£Ud ‘PN ‘Sero, A pue W[ W [ [LET]

179 (6661) $S¢ € SAUJ "PUN ‘S0, *A Pur ‘W[rey ‘N ‘[ ‘Outueiny] ‘N [9zT]

“(€661) €87-6SF ‘8T "SAUJ IR ‘wwo)) ‘rosere], ‘A [GG1]

ﬁ

M SINTH (spe) ‘N ‘oquuip T, ‘WonSH v “emonsT, {(g661) 667696 ‘€l ddng L v 'sAUq "PoIN ‘[ W] ‘Aosere A (1]

67

€€ (166T) LET "SAUJ "R "wwo) ‘eI " T, ‘BN "3 ‘oquuif "IN ‘0red “H

o7 (066T) 8PT V 10T "SAUJ “BMIN "I, ‘BIUA "M ‘oquuif "IN ‘0% “H

"66L (0661) 69 "SAUJ "1eI§ [ ‘AoweSong ) A ‘Aouryzed ‘A ‘A

"00€-G6C (686T) LT "SAUJ “[IBIN 110 ‘Uopneury ( ‘oud0y ‘d

"T0072% (L102) 0§ V "SAUJ " ‘Sed], *A PUe [o9OIN "D ‘PN N[ duweiry| "N
"200V0T (9102) 6% V "SAUJ " ‘SeId, *A PUR [OOIN "D ‘PN N[ dultwers] "N
"0TTEE0 (9102) YPPIN "¥8IS [ ‘SBIR, A PU® [OOIIN 5 ‘UORURUIL-A40T (]

"686 (ST0C) GOT "SAU "UIRN "M ‘SEILT, "A PU® [OMIN "D

“TO0FF0 6% V "SAUJ [ ‘SR, "A PUe [[09DIN "D

"€00620 (€102) L ‘9% V 'sAqd [ * 916650 (£T08) PG "SAUL "YIRN “[ ‘MOIOIN D

D) [euOnRwINU YIIAX U3 JO (ZLIINDI 2YHUdDG PIoAY) sSUIPoadod * L6€ (€108) 0L8 € "SAUd "PUN ‘TO9IN "D
"80046T (600¢) 2% V 'sAUd ' ‘wqedy ‘H MM T, ‘durepiy 'S

"€0TT (GT0g) 91 9redutod "H uuwy
£ 9000Td (2T0%) "UPOIN “¥eIS TOOIN D W N T ‘wealsory N

GO0TTd (TT03) "YPBIN 483§ “[ ‘TO9DIN D) pue uedfsory "N
€9z (0T0Z) g€8 4 "sAud N ‘Mo2IN "D
“F1060d (0102) "UIOIN "¥e3S " ‘10UYDSO, “[ PUB [[OMIN "D

"€00$60 (8002) TF V 's&ud °f
CLTTPT (2002) OF V 'SAUd T ‘ASpISL nx pue wpeys ‘A SYeImyed ‘S ‘A0SI0] "N ‘US[UOD) UOA 5

"92070€ (6002) &% V "sAud °r
¢ 2672 (9007) 6€ V SAUJ f  ‘empeUS A pUB Sermyeq ‘S ‘A0S0l N ‘Uo[en uoa n

"LT681 (900T) 6€ V "SAUJ [ ‘Touypsoy, ' ‘oNsIAg Y
“L¥0 “(€00%) L0 JEH[ ‘AOYSeURI "N "V PUe ASWOUDION “d D) ‘AoydeIo H 'S
€668 (8661) T€ V 'sAud [ ‘aourrug -

109 (L66T) 98T "SAUJ "q3eJ wwo)
‘ 61¢ (9661) Z8T 'SAYJ "YIe]N ‘WO ‘Aouaruug A ‘preurog] ‘a ‘uopqeg Ke)

ag (66T) STT 1ddng 'sfyq 109y, "Soxd ‘wiwedys '3 ‘A

‘€9 (Z66T) OYIIUDIDG PIOA\ ‘SWa)sAs o[qeidojul wnjuenb pue sdnoid wnjuend) : ut
‘urueAyg d
L17€ (9861) T€ "WIBIN A0S [ ‘WIURADS "M “H

96T (¢86T) 922 "SAUJ $990N "300T ‘Wruedp(S "3

"(986T) EPT "SAUJ Ut S230N 309 ‘UBWS A Pue vY[ 'S °§ Luyseys 'S g

“(9961) PNUOPEOY : NIOX-MON ‘UOLSUDUIL(] FUQ) Ut SIS orwdyvpy ‘SHYRIN D " PUB 4OV “H o

“(286T) "V'S'() J10X Mo\ ‘SSOIJ OTOPEIY
pousupig up sppopy  peajog  fipovagy ‘aopxeg T o

'$01d07 P2192)28 ‘poyrPUL buaaagnos 9542011 wWnIUDNL)

SOUDYII T

[c6]






Résumé de thése

Les principaux outils pour la compréhension du comportement macroscopique de systemes quantiques
a partir de leur description microscopique sont la détermination du spectre du Hamiltonien associé et
le calcul des fonctions de corrélation. Cette these se place dans le cadre du développement d’un tel
programme de recherche afin d’étudier des systéemes intégrables quantiques avec des conditions aux bords
intégrables générales, le but a long terme étant la description exacte d’une physique quantique hors
équilibre.

Chapitre un : modéles intégrables quantiques

Pour un nombre fini de degrés de liberté, il existe une définition rigoureuse de l'intégrabilité en mé-
canique classique due a Liouville. Cependant, déja pour les modeles classiques continus, il n’y a pas
d’analogue universel du théoreme de Liouville, car la notion "d’un nombre infini de charges conservées
indépendantes" doit étre minutieusement examinée au cas par cas. La situation pour les systémes quan-
tiques n’est pas meilleure, et ce méme pour un nombre fini de degrés de liberté, car il n’existe pas non
plus un analogue du théoréme de Liouville. Cependant, depuis les travaux pionniers de Bethe, de grands
efforts ont été menés pour inventer des méthodes puissantes afin de résoudre le spectre et méme la dy-
namique de nombreux systémes quantiques d’intérét. Le cadre de travail le plus fructueux dans cette
logique est fourni par la méthode de diffusion inverse quantique (QISM) introduite par Fadeev, Sklyanin
et Taktadjan. Celle-ci peut-étre considérée comme une version quantifiée de la méthode de diffusion in-
verse classique, qui permet de résoudre des théories continues avec des solutions de type solitons, tout en
fournissant également une version algébrique de la méthode de I'ansatz de Bethe. Il hérite également de
la stratégie développée pour les modeles sur réseau a 2 dimensions en utilisant la notion de matrices de
transfert, qui commutent. En fait, ce cadre de travail contient également les ingrédients nécessaires a la
définition d’un analogue quantique & la méthode de séparation des variables (SoV), qui, dans un certain
sens, pourrait étre considéré comme une définition pratique de I'intégrabilité quantique. Comme pour le
cas classique, la premiere étape pour étre capable de diagonaliser un Hamiltonien quantique est de trouver
un ensemble complet de charges conservées qui commutent, ayant un spectre commun simple, menant
ainsi & une caractérisation compléte des états propres en utilisant les nombres quantiques correspondants.
Bien siir ceci n’est a priori pas suffisant car il faut encore construire les vecteurs propres correspondants
et calculer leurs niveaux d’énergie.

En fait, nous voulons également déterminer les fonctions de corrélations dynamiques. La méthode
QISM fournit le cadre algébrique pour aborder un tel probléeme pour une large classe de systemes, princi-
palement définis sur des réseaux 1D. Le premier chapitre présente cette méthode pour I'exemple particulier
de l'algebre de Yang-Baxter a 6-vertex, qui peut décrire une large classe de modeles d’intéréts physiques,
tels la chaine de spins de Heisenberg, le modeéle de sine-Gordon sur réseau ou bien le modele de chiral
Potts. Ensuite, nous rappelons 'ansatz de Bethe algébrique en nous focalisant sur I'exemple de la chaine
de spins XXZ-1/2. Une petite partie du chapitre est dédiée au calcul des facteurs de forme des opérateurs
locaux et aux fonctions de corrélations de ce modele. Ensuite, nous définissons rigoureusement la classe
de modele a I’étude dans cette these, c’est-a-dire ceux associés a des représentations cycliques de I’algebre
de Yang-Baxter a 6-vertex.

Chapitre deux : modéles intégrables quantiques avec bords
L’étude des modeles avec bords a soulevé un grand enthousiasme de recherche, car ils peuvent décrire
a la fois une physique a I’équilibre et hors équilibre. Quelques applications intéressantes concernent la
description de processus de relaxation stochastique classique, comme le modele ASEP et les propriétés de
transport dans les chaines de spin.
Dans le premier chapitre, nous avons rappelé que le Hamiltonien d’un systéeme intégrable quantique
peut-étre obtenu a partir de la matrice de transfert. Cependant, avec la définition précédente comme
la trace de la matrice de monodromie, il se trouve que les modeles que 'on peut reconstruire possedent



des conditions aux bords périodiques. Dans le but de décrire des conditions aux bords intégrables plus
générales, le chapitre deux rappelle une premiere généralisation, en considérant une matrice de transfert
twistée. En utilisant une représentation scalaire de I’algeébre de Yang-Baxter, on peut en effet déformer la
matrice de monodromie, ce qui in fine méne & la description de conditions aux bords quasi-périodiques.

Cependant, le principal but de ce chapitre est de souligner le role majeur joué par ’algebre de réflexion
introduite par Sklyanin. FEn particulier, celle-ci permet de définir une matrice de transfert avec bords
(définie comme la trace d’une matrice de monodromie avec bords), qui peut étre utilisée pour générer des
Hamiltoniens quantiques intégrables avec des bords intégrables généraux.

Le dernier paragraphe est dédié au rappel de la procédure de fusion, qui permet de définir des Hamil-
tonians de chaines de spins s quelconque. Dans tout ce chapitre, la chaine de spin XXZ est utilisée comme
I’exemple principal pour illustrer et expliquer les différents outils et concepts.

Chapitre trois : séparation quantique des variables

Nous introduisons ici I'importante notion de separation des variables pour les systemes intégrables.
En commencant par le point de vue classique, nous rappelons la définition usuelle de séparation des
variables. Ensuite, nous montrons I'implémentation de ce concept aux modeles quantiques (Sklyanin),
en insistant sur l'analogie entre les descriptions classiques et quantiques. La séparation quantique des
variables permet la caractérisation du spectre de la matrice de transfert dans le cadre de la méthode de
diffusion inverse quantique (QISM). De fagon remarquable, elle permet la description de modeles pour
lesquels un état de référence |0), utilisé dans la méthode de 'ansatz de Bethe algébrique, ne peut pas étre
obtenu directement. Une fois encore, afin d’illustrer nos propos nous utilisons la chaine de spin XXZ-
1/2 (antiperiodique) et construisons de fagon explicite pour ce modele la base séparée (le principal objet
associé & la méthode de séparation quantique des variables). Nous profitons également de cet exemple
pour souligner les principales motivations a travailler avec cette méthode.

Chapitre quatre : le spectre de la matrice de transfert avec bords par la séparation quantique
des variables

Dans ce chapitre nous étudions le probleme spectral de la matrice de transfert avec bords pour des
représentations cycliques de I’algebre de réflexion a 6-vertex associée aux opérateurs de Lax de Bazhanov-
Stroganov. Comme déja mentionné, des cas particuliers importants sont contenus dans ce modeéle, tels les
chaines de spin s avec anisotropie a la racine de I'unité, le modele de sine-Gordon sur réseau & la racine
de I'unité ou encore le modele de Potts chiral.

En implémentant la séparation quantique des variables pour ces représentations avec les bords in-
tégrables les plus généraux, nous caractérisons de deux fagons différentes le spectre de la matrice de
transfert. La premiére caractérisation fait intervenir les solutions d’un systeme discret d’équations poly-
nomiales dans une certaine classe de fonctions. La seconde caractérisation, équivalente, fait quant a elle
intervenir les solutions d’une équation de Baxter fonctionnelle de type TQ. Cela permet de faire le lien
dans certains cas particuliers avec la méthode de 'anstaz de Bethe algébrique, qui ne permet pas d’étudier
ces modeles en toute généralité.

Les conditions aux bords sont décrites par une matrice K_(\) a gauche et K (\) a droite. Afin
d’étre plus compréhensible, nous présentons notre méthode en deux étapes. Dans un premier temps, nous
considérons une matrice K_(\) générale et une matrice K, ()\) triangulaire. Dans ce cas, la base séparée
est obtenue comme la base de diagonalisation de l'opérateur B(\) (une des entrées de la matrice de mon-
odromie avec bords). Ensuite, afin de décrire des bords intégrables complétement généraux, nous avons
introduit une transformation de jauge, principalement en adaptant pour notre situation, une méthode
introduite par Baxter. En choisissant astucieusement les parametres de jauge, nous pouvons ramener ce
probléme général a I’étude d’une matrice de bords (jaugée) triangulaire, nous ramenant ainsi au cas traité
précédemment. Dans ce cas, la base séparée est obtenue comme la base de (pseudo-)diagonalisation de
Popérateur B(\) jaugé, qui est une combinaison linéaire de toutes les entrées de la matrice de monodromie
avec bords.

Les résultats décrit dans ce chapitre ont donnés lieu aux deux publications I et II.



Chapitre cinq : Hamiltoniens locaux associés aux représentations cycliques de I’algebre de
réflexion

Nous résolvons le probleme de définir des Hamiltoniens locaux avec des bords intégrables qui commutent
avec la matrice de transfert avec bords associée a des représentations cycliques de 1’algebre de réflexion a 6-
vertex. Ce résultat permet de modéliser les interactions & un niveau microscopique, et d’ainsi comprendre
la physique du systeme étudié.

Nous suivons les étapes suivantes afin de déterminer une expression pour les Hamiltoniens. Tout
d’abord, nous considérons la matrice R fondamentale, solution de 1’équation de Yang-Baxter qui en-
treméle deux opérateurs de Lax de Bazhanov-Stroganov agissant sur deux espaces quantiques différents.
Nous définissons ensuite une équation de réflexion mélangée, entremélant ces opérateurs de Lax et deux
matrices scalaires de bords, définies respectivement sur l'espace auxiliaire (de dimension 2) et l'espace
quantique (de dimension p). En résolvant explicitement cette équation mélangée, nous trouvons des
solutions scalaires diagonales pour les matrices de bords sur ’espace quantique, associées aux matrices
scalaires diagonales connues sur 'espace auxiliaire (les matrices K_(\) et K, (A) du chapitre quatre, mais
choisies ici diagonales).

Nous pouvons alors définir une famille & plusieurs parameétres (spectraux) de matrices de transfert
fondamentales, qui commutent entre elles et avec la matrice de transfert avec bords associée a ’algebre
de réflexion cyclique originelle. De plus, nous prouvons que ces matrices de transfert fondamentales
génerent des familles a plusieurs parametres de Hamiltoniens locaux avec bords intégrables. Il est utile
de mentionner que ces Hamiltoniens locaux sont obtenus comme des dérivées secondes, par rapport aux
parameétres spectraux, des matrices de transfert fondamentales.

Le chapitre finit en explicitant les Hamiltoniens locaux pour quelques modeles d’intérét, pour des
espaces quantiques locaux de dimension 3 : la chaine XXZ de spin 1 a la racine de 'unité, le modele
de Potts chiral super intégrable, le modele de sine-Gordon a la racine de 'unité et une généralisation
de celui-ci. Ils sont tous obtenus a partir de 'opérateur de Lax de Bazhanov-Stroganov, avec un choix
approprié des parametres.

Les résultats décrit dans ce chapitre ont donnés lieu a la publication ITI.

La conclusion de la theése énonce des directions dans lesquelles ces travaux peuvent étre poursuivis
et utilisés. Par exemple, le role de la matrice R fondamentale dans les équations de réflexions pour des
représentations cycliques doit étre clarifié. Une autre direction concerne I’étude des équations de Baxter
de type TQ dans le contexte de bords intégrables généraux, et en particulier la compréhension du lien
entre la matrice de transfert fondamentale et l'opérateur Q. Une autre fagon encore de continuer ces
travaux est de s’attaquer au probléme de la dynamique en utilisant la séparation quantique des variables.

Méme s’il reste encore beaucoup a faire, par exemple en ce qui concerne la caractérisation de I'état
fondamental, ces techniques devraient permettre de calculer le parametre d’ordre du modele de Potts
chiral d’'une facon assez directe.









Thesis abstract

The main theoretical tools to understand the macroscopic behaviour of quantum systems from their
microscopic description are the determination of their Hamiltonian spectrum and the computation of
their correlation functions. This thesis takes place in the development of such a research program to
study quantum integrable models with general integrable boundary conditions, the long-range goal being
to be able to exactly describe out of equilibrium physics.

More specifically, we have analysed the class of integrable quantum models on the lattice associated
to cyclic representations of the 6-vertex reflection algebra, including as particular cases the lattice sine-
Gordon model at root of unity and the chiral Potts model with general integrable boundaries.

A large part of the work has been devoted to the development of the quantum separation of variables
method to solve the spectral problem for these models with general integrable boundary conditions, by
generalising the Baxter’s gauge transformations to these cyclic reflection algebras.

We have completely characterised the transfer matrix spectrum (both eigenvalues and eigenstates) in
terms of the set of solutions to a discrete system of polynomial equations and equivalently as the set of
solutions, in a given class of functions, to a Baxter like functional equation. This last point allows in
particular cases to make a link with the Algebraic Bethe Ansatz approach, which in general, cannot be
used for the study of these models.

We have then constructed families of new local Hamiltonians with integrable boundaries commuting
with the above transfer matrix. To that end, we have defined a hierarchy of new mixed reflection equa-
tions, involving different representations of the 6-vertex algebra and using, among others, the fundamental
R-matrix.

keywords: Yang-Baxter algebra, 6-vertex reflection algebra, cyclic representations, quantum separation
of variables, local Hamiltonians

Résumé de these

Les principaux outils pour la compréhension du comportement macroscopique de systemes quantiques
a partir de leur description microscopique sont la détermination du spectre du Hamiltonien associé et
le calcul des fonctions de corrélation. Cette these se place dans le cadre du développement d’un tel
programme de recherche afin d’étudier des systemes intégrables quantiques avec des conditions aux bords
intégrables générales, le but a long terme étant la description exacte d’une physique quantique hors
équilibre.

Plus spécifiquement, nous avons analysé la classe des systémes intégrables quantiques sur réseau asso-
ciés aux représentations cycliques de 'algebre de réflexion a 6-vertex, avec comme exemples les modeéles
de sine Gordon et de Potts chiral avec conditions aux bords intégrables.

Une large partie du travail a été consacrée au développement de la méthode de séparation quantique
des variables pour résoudre le probleme spectral de la matrice de transfert de ces modeles avec conditions
de bords intégrables les plus générales, en étendant 1'idée des transformations de jauge de Baxter a ces
algeébres de réflexion.

Nous avons caractérisé compleétement le spectre de la matrice de transfert (valeurs propres et vecteurs
propres) en termes des solutions d’un systéme discret d’équations polynomiales et d’une fagon équivalente
en termes des solutions, dans une certaine classe de fonctions, d’une équation de type Baxter fonctionnelle.
Cela permet de faire le lien dans certains cas particuliers avec la méthode de 'anstaz de Bethe algébrique
qui ne permet pas d’étudier ces modeles en toute généralité.

Nous avons ensuite construit des familles de nouveaux Hamiltoniens locaux avec conditions aux bords
intégrables qui commutent avec la matrice de transfert. Pour ce faire nous avons défini une hiérarchie de
nouvelles équations de réflexion mélangeant différentes représentations de I’algebre quantique a 6-vertex
et utilisant, entre autres, la matrice R fondamentale cyclique.

mots-clés : algebre de Yang-Baxter, algebre de réflexion a 6-vertex, représentations cycliques, sépa-
ration quantique des variables, Hamiltoniens locaux
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