N
N

N

HAL

open science

Relevant numerical methods for mesoscale wave
propagation in heterogeneous media
Wen Wu

» To cite this version:

Wen Wu. Relevant numerical methods for mesoscale wave propagation in heterogeneous media. Solid
mechanics [physics.class-ph|. Université Paris-Saclay, 2018. English. NNT: 2018SCALC044 .

01845764

HAL Id: tel-01845764
https://theses.hal.science/tel-01845764
Submitted on 20 Jul 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

tel-


https://theses.hal.science/tel-01845764
https://hal.archives-ouvertes.fr

®
universite

PARIS-SACLAY

CentraleSupélec

Relevant numerical methods
for mesoscale wave propagation
In heterogeneous media

These de doctorat de I'Université Paris-Saclay
préparée a CentraleSupélec

NNT : 2018SCALC044

Ecole doctorale n°579 : sciences mécaniques et énergétiques,
matériaux et géosciences (SMEMAG)
Spécialité de doctorat: mécanique des solides

These présentée et soutenue a Gif-Sur-Yvette, le 17/07/2018, par

Wen XU
Composition du Jury :
Anne-Sophie Bonnet-Ben Dhia
Directrice de recherche, Ensta ParisTech Présidente
Bruno Lombard
Directeur de recherche, Centrale Marseille Rapporteur
Pedro Diez
Professeur, UPC—BarcelonaTech Rapporteur
Eric Savin
Chercheur, ONERA Examinateur
Xavier Claeys
Malitre de conférences, Université Pierre et Marie Curie Examinateur
Régis Cottereau
Chargé de recherche, CentraleSupélec Directeur de thése
Bing Tie
Chargée de recherche, CentraleSupélec Co-directrice de thése (invitée)

)
1)
—
@)
)
-
@)

o
()

o
()
Vs

QD

L

—







Acknowledgements

First and foremost, I would like to express my sincere gratitude to my supervisors Bing Tie and
Régis Cottereau, and also Denis Aubry who gave me excellent guidance during the first year of my
thesis, for their vast knowledge as well as their constant guidance, encouragement and support for my
research. They are behind me all the way, answering my questions patiently and promptly, giving
insightful advices and enriching comments. It has been really a great pleasure to work with all of
them and I feel so lucky to have them as my supervisors.

Then I would like to thank my thesis reporters, Bruno Lombard and Pedro Diez for their detailed
comments that helped me a lot in the improvement of this thesis. Besides, I would like to thank
the rest of my dissertation committee members, Anne-sophie Bonnet-Ben Dhia, Xavier Claeys and
Eric Savin, for all of their discussion and feedback throughout my defense that have been absolutely
invaluable for me.

My sincere gratitude also goes to all teachers and staff members in laboratory MSSMat, especially
to Anne-sophie Mouronval for her kindly help and professional support for providing calculation
devices, to Ibrahim Baydoun for his help in understanding some important articles that I referred
to, to Guillaume Puel for his guidance in the 3rd year of Engineering & Master studies and also to
Hachmi Ben Dhia for his help in applying for this PhD thesis.

I thank my fellow labmates, Yu Liu, Benhui Fan, Ahmed Sridi, Angkeara Svay, Khalil Abene,
Luciano de Carvalho Paludo, Lucio De Abreu Correa, Fillipo Gatti, Maroua Hammani, Alfonso
Panunzio, Hélene Moustacas, Matthieu Bonneric, Delong He, Thiago Milanetto Schlittler, Romain
Ruyssen, Sara Touhami, far from being exhausted, for sharing their experience and knowledge, and
for all the good times we have had during my four years life here.

Thanks are also due to the Chinese Scholarship Council (CSC) for its financial support that I
otherwise would not have been able to develop my scientific discoveries.

Last but not least, I would like to thank my husband Shuimiao DU for always being there with me
and for his never-ending support, and also to my parents and to my brother and sister for supporting
me spiritually throughout finishing this thesis.






Table of contents

List of notations and definitions 1
1 Introduction 3
1.1 Context . . . . . . . o o e e e e e 4
1.2 Modelling of elastic wave propagation in heterogeneous media . . . . . . . ... .. 6
1.2.1 Wave propagation in homogeneous media . . . . . .. ... ......... 6
1.2.2 Phenomena and scattering regimes for wave propagation in heterogeneous

media . . . .. e e e 8
1.2.3  High frequency setting . . . . . . . . . . ... ... 10
1.2.4  Kinetic model for high frequency wave propagation in the weak coupling limit 11
1.3 Error estimation for numerical solutions of wave equation . . . . . . . ... ... .. 12
1.3.1 Numerical methods for wave equation . . . . . . ... ... ... ...... 12
1.3.2  Errorestimationmethods . . . . . . ... ... ... 15
1.4 ODbjJectives . . . . . . o v i e e e e e e e 17
2 Explicit a posteriori error estimation for elastodynamic equation 21
2.1 Reconstructions in time and in space of finite element wave solutions . . . . . . . . . 22
2.2 A posteriori error estimate for wave equation . . . . ... ... ... 26
2.3 Numerical application in 1D homogeneous and heterogeneous media . . . . . . . . . 32
2.3.1 Definition of numerical model and parameters . . . . . . .. ... ... ... 32
2.3.2 Analytical solutions of wave equation . . . . .. ... ... ......... 34
2.3.3  Numerical exact errors for 1D elastic wave propagation . . . . . ... .. .. 35
2.3.4 Numerical estimated errors for 1D elastic wave propagation . . . . . .. .. 39
24 Conclusion . . . . . ... e 40

3 Energy-based a posteriori error estimation for high frequency wave equation in homo-

geneous media 41
3.1 Wigner transform applied to the elastic wave equation . . . . . . .. ... ... ... 43
3.1.1 Temporal Wigner transform in signal processing . . . . ... ... ... .. 43
3.1.2 Discussion and analysis of the interference property of Wigner transform . . 45
3.1.3  Scaled spatio-temporal Wigner transform in the high frequency limit . . . . . 49
3.1.4 Discrete Wigner transform and analysis of parameters . . . . . .. ... .. 51
3.2 Transport energy-based residual errors of numerical solutions of wave equation . . . 58



6 Table of contents

3.2.1 Transport equation in homogeneous media . . . . .. ... ......... 58
3.2.2 Theoretical residual errors based on transport equation . . . . . . .. .. .. 61
3.3 Numerical application for wave propagation in a 1D homogeneous medium . . . . . 62

3.3.1 Residual errors in phase space for different refinements of finite element
solutions . . . ... e 64
3.3.2 Residual errors in time-space for different refinements of finite element solutions 67
34 Conclusion . . .. ... ... .. 70

4 Energy-based a posteriori error estimation for high frequency wave equation in hetero-

geneous media 71
4.1 Radiative transfer equation in heterogeneous media in the weak coupling limit . . . . 73
4.1.1 Statistical description of weak randomly-fluctuating media . . . . . . . . .. 73
4.1.2 Radiative transferequation . . . . . . . .. ... ... oL 75
4.1.3 Scatteringmeanfreepath. . . . . ... .. ... ... ... ... ... 80
4.1.4 Localization phenomenon in 1D heterogeneous media . . . . . . . . .. .. 83
4.2  Energy-based residual errors of numerical solutions of wave equation . . . . . . .. 90
4.2.1 Theoretical residual errors based on 1D radiative transfer equation . . . . . . 90

4.2.2 Numerical computation of Wigner transform of wave fields in random media 91
4.2.3  Numerical application of residual errors based on radiative transfer equation . 94

4.3 Filtering of the energy-based residual errors . . . . . . ... ... ... ... ... 97

4.4 Comparison of residual errors for two refinements . . . . . . ... ... ... ... 102

45 Conclusion . . . . . .. e e e 104
5 Conclusions and perspectives 107
References 111
Appendix A Definition of spaces and useful inequalities 121
Appendix B Spectral leakage in FFT 123
Appendix C Pseudo-differential operator 127
Appendix D Convolution properties of Wigner transform 129
Appendix E Properties and examples of STFT 131

Appendix F Energy-based residual errors calculated within the local basis defined by the
wave propagation characteristics 135

Appendix G Résumé substantiel 141



List of notations and definitions

The next list describes several notations and definitions for some spaces, products and norms that
are used within the thesis.

Eyio).(r) Space of functions w in space H{ (Q) for Vt € [0,T]
such that t — w(-,x) is in L*(0,T)
Ex(div,0),(T) Space of functions w in space H(div,Q) for Vz € [0,T]

such that t — w(-,x) is in L?(0,T)

(W1,W2)(q) := (W1, W2)12(q) Inner product in space L?(Q)
= fQ Wi - Wde
(W1, W2) () := (W1, WZ)H(} @) Inner product in space Hj (Q)

= [o VxWi - Vywadx

(W1,W2)k(0) = JoO(W1) : €(W2)dx  Inner product in space related to the elastic potential energy

(W1, W2)m(Q) i= Jo pWi - Wadx Inner product in space related to the kinetic energy
Wy = Wl 20y L?-norm in time [0, T]

[Wlleo(7y := SUPsefo,7] W] L*-norm in time [0, T']

[Wll(q) == 1/ (W,W)(q) L?-norm in space

Wl (@) =1/ (W, W)1(0) H'-norm in space

[Wllg(q) = 1/ (W, W)k Norm in space related to the elastic potential energy
W) =/ (W, Wn(a) Norm in space related to the kinetic energy

Wik, ) ==/ Ik HwHi(Q)dt L?-norm in time of the elastic potential energy

Wl k(@) o) = SUPsefo.7] [ Wllk(q)(f)  L™-norm in time of the elastic potential energy

W), 1) = 4 s ||w||,2w(g)a’t L?-norm in time of the kinetic energy

[Wlp1(0) eo(r) = SUPsefo,7] IWllpr(q)(t)  L™-norm in time of the kinetic energy
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4 Introduction

1.1 Context

Wave propagation in homogeneous media and its numerical modelling have been widely developed
for many years [1, 27, 85, 108]. However, when waves propagate in heterogeneous media, where the
physical properties of media vary continuously or discontinuously, waves interact with heterogeneities
and a lot of complicated phenomena arise: reflection, refraction, diffraction, scattering, interference,
attenuation, dispersion, etc. [1, 78, 103, 153]. Due to this complex nature, direct numerical simulations
on the fine grids become prohibitively expensive and the quantities that are classically considered
as relevant for quality control of numerical solutions are always highly oscillating in time-space. It
is therefore important and necessary to develop efficient, accurate and even new methods for the
quantification of numerical errors.

This work deals with the numerical analysis of wave propagation problems in heterogeneous
media and the a posteriori error estimation for its finite element solutions, which allows assessing and
controlling their quality.

This project has various applications in different domains, such as the numerical modeling of
polycrystalline permeability to ultrasonic waves [15, 16, 69, 145]. Crystalline solids are composed
of large quantities of grains (or crystallites). Each grain can belong to a specific class of crystal
symmetry exhibiting anisotropic elasticity and possess a unique crystallographic orientation from the
neighbouring grains. An elastic wave travelling through a polycrystalline material gets scattered at
grain interfaces due to crystallographic misorientations of adjacent grains. This scattering leads to a
loss of energy by the coherent wave and results in apparent wave attenuation and noise signals, which
depend on ultrasonic frequency, grain size and shape, and the elastic properties of the crystallites.
Understanding elastic wave interactions with these media is very important for non-destructive testing
[30]. Figure 1.1 illustrates ultrasonic wave propagation in a polycrystalline material.

This project can also be applied in geophysics [49, 121, 149]. Seismic or elastic wave propagation
through the earth plays an important role in understanding damages during earthquakes. It is known
that the materials in the earth are highly heterogeneous and their elastic properties vary with the depth
from one region to another. Although this variation may be gradual, there exist also discontinuities
that separate media with different elastic coefficients. The existence of arbitrary-shaped interfaces,
inclusions and fractures requires an efficient treatment [4, 99, 100]. Considering that the earth has
strong heterogeneities and complex geometries, its numerical modelling is quite a challenging problem.
Figure 1.2b gives P-wave velocity of the Marmousi2 model. The geometry of this model is based
on a profile through the North Quenguela trough in the Cuanza basin [36, 107]. Figure 1.2c shows a
simulation of P-wave propagation in soil.

Furthermore, in geophysics, the length scale is of the order of the kilometre and the physical
properties vary continuously or discontinuousely, while in the polycrystalline application, the length
scale is of the order of the micrometre and the anisotropic material properties are discontinuous from
one grain to another. Even if the involved scales and the frequency of waves are very different in the
two cases and the polycrystalline materials reveal much more discontinuities at the interfaces, they
present similar issues when efficient numerical simulations are sought for.
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Fig. 1.1 (a) polycrystalline microstructure, (b) simulation of quasi-P wave propagation in polycristals
(by MSSMat, CentraleSupélec)
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Fig. 1.2 (a) example of horizontal heterogeneity at the global scale: geology map of the surface of the
Earth [39], (b) Marmousi2 P-wave velocity [107], (c) simulation of P-wave propagation in soil (by
MSSMat, CentraleSupélec)
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1.2 Modelling of elastic wave propagation in heterogeneous media

In this section, we start with the introduction of the elastodynamic equation in homogeneous
media. Then different types of waves and various propagation phenomena in heterogeneous media are
presented. Finally, the high frequency (HF) wave propagation in the weak coupling regime studied in
this work is introduced in detail.

1.2.1 Wave propagation in homogeneous media

We introduce firstly the elastic wave propagation in homogeneous media in an open domain
Q C R? and R? stands for the general three-dimensional Euclidean space. The density of media is
denoted by p. The displacement field is denoted by u(z,x) : (0,T) x Q — R3, where x € Q is the
spatial position vector. The second-order Cauchy stress tensor is denoted by &/(7,x) and f stands for
the density of body force.

Then the second-order elastodynamic equation reads:
pdtu(r,x)—Vy-o(u(t,x))=f  Y(,x) € (0,T) xQ (1.1)

where p is independent of x in the homogeneous case and Vy is the gradient with respect to x. The
stress field o is defined by the generalized Hooke’s law:

o(t,x) =C: g(t,x) (1.2)

where C is the fourth-order elasticity tensor, independent of x in the homogeneous case. For homoge-
neous isotropic elastic materials [1], eq. (1.2) becomes:

6 = Atr(e)l3 +2ue (1.3)

where tr(-) is the trace operator, I5 is the 3 x 3 identity matrix, and A, 4 are two Lamé parameters.The
strain tensor € is defined by:

£(t,x) = Vx @y u(f,x) = % (Vx®u(t,x) n (Vx®u(t,x))T> (1.4)

where ®; is the symmetrized tensor product of two vectors, ® is the tensor product and the superscript
T stands for the transpose.

Equation (1.1) is solved subject to the initial conditions and the boundary conditions. At initial
instant r = 0, the displacement and the velocity are defined as:

u(0,x) =up(x), du(0,x) = vo(x) Vx e Q (1.5)
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The boundary conditions mean that the displacement and/or the stress vectors are specified on dQ,
such as Dirichlet or Neumann boundary conditions [152]:

u=0 on (0,7)xTy, 6(u)-n=h on (0,7)xTs (1.6)
where h denote the density of surface force.

In the particular case of harmonic plane waves, the displacement fields have the following form:
u(z,x) = Ue/xk-10) (1.7)

where U is the wave mode defining the polarization direction and amplitude, i is the imaginary unit, k
is the wave vector which specifies the direction of propagation and  is the angular frequency of wave.
Now introducing eq. (1.7) to eq. (1.1) and taking f = 0, the so-called Christoffel equation is obtained:

(0’13 —T(k)) - U=0 (1.8)
where the Christoffel tensor I' is defined as (with Einstein summation convention): YW,
['k)-W=p ' (C:(We,k) -k ie  Tu=p 'Cjukik (1.9)

From eq. (1.8) it is known that the polarization vector U and ®? are respectively the eigenvector and
eigenvalue of I'(k). The wave propagation modes can be obtained by using eigendecomposition. For
homogeneous isotropic elastic materials, I'(k) has three eigenvalues:

A+2
o} = ik
P

K[, w%:wgz:%lkl2 (1.10)

The corresponding eigenvectors or polarization directions of waves are respectively denoted by three
unit vectors k, ki and ky. k = % is the eigenvector of @7 and {k{ k3 } are the eigenvectors of 7
such as (lA(,lA(f, l}%) form an orthonormal triplet. Equation (1.10) are called the dispersion relation
for each wave mode. The first eigenvalue corresponds to the P-wave mode and the other one with
multiplicity of two to the S-wave mode:

A+2
W = cp|K| = 5 =N} wy:csk\:\/glkl (1.11)

where ¢, and c; are respectively velocities of P-wave and S-wave. P-waves propagate at a higher
velocity than do the S-waves and the two S-waves in an isotropic medium propagate at the same
velocity.

We presented above the pure body waves P and S. The mode of propagation of a P-wave is always
longitudinal and a S-wave is transverse (fig. 1.3, left). They can travel through the interior of a
body such as the Earth’s inner layers. When waves meet the boundary or the interface between two
homogeneous materials, they can be reflected and transmitted between each other and conversions
between P and S-waves exist. Surface waves, in contrast to body waves can only move along the
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Main types of seismic waves

P wave
compressions

expansions

undisturbed
medium

S wave

wavelength

@ Encyclopaedia Britannica, Ine

Fig. 1.3 Body waves (left) and surface waves (right) (Encyclopadia Britannica, Inc.)

surface [1, 151]. There are two types of surface waves: Love waves and Rayleigh waves [7]. The Love
wave is polarized in the horizontal direction perpendicular to the propagation path, while Rayleigh
waves have an ellipsoidal polarization in the vertical plane through the path of propagation (fig. 1.3,
right).

1.2.2 Phenomena and scattering regimes for wave propagation in heterogeneous me-
dia

Now we focus on heterogeneous media, where physical properties of media C depend on x (p
can also depend on x but here we assume it constant).

As we mentioned in the section 1.1, various complex phenomena appear when different types of
waves propagate in heterogeneous media. More specifically, waves are reflected when they encounter
boundaries of material properties through which they are traveling. When waves meet the interface
between two media of different material properties, they change directions and this phenomenon
is called refraction. Diffraction refers to the ability of waves to bend around corners or slits and to
spread whenever they encounter obstacles. Attenuation is the term used to account for loss of wave
amplitude due to all mechanisms, including absorption, scattering, and mode conversion. Scattering
refers to wave radiation from heterogeneity acting as secondary sources of radiation due to excitation
by the incident wave. An example of illustration of some phenomena mentioned above is given in
fig. 1.4.

Specifically, scattering can be classified into different regimes according to the characteristic
length scales [8, 154]. In fact, it is known that wave propagation in heterogeneous media is a
multi-scale problem both mathematically and numerically, and different phenomena can happen for
different scales involved. There are at least three fundamental length scales for wave propagation
problems: the propagation distance L, the characteristic length of heterogeneity /. (the scale on
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Fig. 1.4 Acoustic wave propagation phenomena: specular reflection, diffuse reflection, refraction and
diffraction [84]

which the heterogeneous medium varies) and the dominant wavelength A. Also, the amplitude of

the fluctuations of heterogeneities 6 has to be considered. The following scattering regimes and

phenomena can be described with different values of dimensionless parameters & := kl. = 2xl. /A
and € := A /L [155]:

1. quasi-homogeneous or effective medium regime: £ < 0.01,62 ~ 1 and € ~ 1. The medium

can be regarded as quasi-homogeneous, because the heterogeneous scale length /. is very small
compared to the typical wavelength A. The homogenization methods with a deterministic
effective wave equation can be applied [38, 56, 98].

. Rayleigh scattering regime: 0.01 < & < 0.1. The amount of scattered energy in 3D is propor-
tional to k*, leading to apparent attenuation of high frequencies [34, 62]. In the case that the
scattering field is much weaker than the incident field, Born approximation is used [69, 133],
based on the expansion of elastic constants whose variations are very weak 62 < 1.

. weak coupling regime: 0.1 < & < 10,62 < 1,& < 1. In this regime where the heterogeneity
scale length is in the same order with the wavelength and small compared to the propagation
distance and the fluctuations of the inhomogeneities are weak, full interactions between wave
fields and media can be observed. This regime cannot be treated by usual homogenization and
multi-scale techniques. In this case, the transport or the radiative transfer equations are the
appropriate models to describe the propagation of the wave energy [17, 119]. In the chapters 3
and 4, our work focuses on applications in this regime.
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4. forescattering regime: & >> 1. The wavelength is small compared to the length of heterogeneity
and the scattered wave energy is mainly concentrated near the forward direction. In this case
the parabolic approximation for the full wave equation can be used [43]. It describes a one-way
(forward direction) wave propagation, since the back-scattered waves are very weak. The
scattering problem becomes a focusing diffraction and interference problem [93, 94].

1.2.3 High frequency setting

The high frequency wave propagation, when we assume the wavelength is small compared to the
propagation distance (i.e. € < 1), is specifically introduced here. It should be studied in a different and
specific way compared to the low or mid frequency wave propagations. The most relevant observables
for modelling wave propagation in HF limit are no longer the wave field u, or its derivatives, but
rather its quadratic quantities like energy or energy density. It can be understood by a simple example
discussed in [25, 123].

Considering the following wave field x — u,(x), which oscillates with an amplitude a(x) and its
mean function u(x):
X
ug (x) :u(x)—f-a(x)sing, 0<exl (1.12)

ug(x) has no strong limit when € — 0, although a(x) and u(x) vary slowly. However, for any
continuous function ¢(x) having a compact support on R, a weak limit can be obtained:

lim [ @(x)(ue(x))?dx = / o(x) (uz(x) + laz(x)> dx (1.13)
e=0JR R 2

as a consequence of Riemann-Lebesgue’s lemma. The observation function ¢(x) allows computing

a smoothed “energy” of ug (x), locally at a selected point of interest x, given by u?(x) + 3a*(x), and

quantifying the influence of oscillations with amplitude a at that point (fig. 1.5). Above all, this weak

limit has no longer the oscillating properties of ug(x).

0 0.2 0.4 0.6 0.8 1
X

Fig. 1.5 The function ug(x) (thin solid line), its mean u(x) (thick solid line) and its square root weak
limit (u?(x) + La?(x))? (thick dashed line) [25]
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Similarly, for wave propagation problems, the highly oscillatory features of quantities such as the
velocity and pressure fields (for acoustic waves) or the displacement and stress fields (for elastic waves)
are more difficult to understand in a high frequency regime. The energy or the energy density arise
as the most relevant observables for the characterization of HF wave propagation. These quadratic
quantities are no more highly oscillating. More details can be found in [25, 123, 156]. In this context,
we shall thus consider the evolution of the energy density (i.e. Wigner measure, presented in detail in
the chapters 3 and 4) associated to high frequency acoustic or elastic waves.

1.2.4 Kinetic model for high frequency wave propagation in the weak coupling limit

When high frequency elastic waves propagate in random media in the weak coupling limit, i.e.
A=l <L, o'kl (1.14)

and the background physical properties of weakly heterogeneous media can be modelled by a
superposition of a homogeneous or slowly varying part, called also slowly background, and a fast
fluctuating part, a kinetic model which describes the evolution of wave energy will arise.

Its derivation can be based on the use of the Bethe-Salpeter equation for the propagation of
correlations, which satisfies the principle of conservation of total wave energy and the second law
of thermodynamics [72, 73]. Or more precisely mathematically, a multi-scale asymptotic analysis
by Wigner transforms and their interpretation in terms of semiclassical operators can also be used
[17, 123]. For example, Ryzhik et al. [119] derived and analyzed radiative transfer equations for
the energy density of acoustic, electromagnetic, and elastic waves in random media with the spatial
Wigner transform; Baydoun et al. [25] assessed the influence of material anisotropy on the radiative
transfer regime of elastic waves in randomly heterogeneous media. All these methods allow deriving
a transport equation (for homogeneous media) or a radiative transfer equation (for heterogeneous
media) from the wave equation in terms of energy densities in phase space. We present the main
derivation steps of this equation obtained by Wigner transform for homogeneous and heterogenous
media respectively in the sections 3.2.1 and 4.1.2.

In general, analytical solutions do not exist for the radiative transfer equation. However, when
considering scalar wave propagation in an isotropic homogeneous background medium, it can be
solved analytically [73, 112, 147].

Bal and Pinaud [20] compared particularly the energy densities of wave fields by solving the
acoustic wave equation with those obtained by solving the radiative transfer equation. The wave
equation was simulated by a finite difference forward scheme in time and the radiative transfer
equation was solved numerically by Monte Carlo method [91, 106]. Finally a good agreement was
found between the two energy quantities integrated in a subdivision of the studied 2D random media.
It illustrates the equivalence of these two equations in the weak coupling regime and allows validating
the weak limit proposed by the theory of radiative transfer in random media.

As we presented above, the energy density is a more relevant observable in the high frequency
limit than wave fields and the radiative transfer equation is equivalent to the wave equation in random
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media in terms of energy. Thus in this work, we aim at studying this new equation and quantifying
errors of numerical solutions of the wave equation in terms of energy based on it.

1.3 Error estimation for numerical solutions of wave equation

For wave propagation in heterogeneous media with complex phenomena presented in the sec-
tion 1.2.2, described by the partial differential equation (PDE) with varying coefficients and initial or
boundary conditions, it is typically impossible to find exact analytical solutions. Various numerical
methods are used to find an approximate numerical solution. It is important to verify their validity
and quality by some tools of error estimation.

1.3.1 Numerical methods for wave equation

In dynamics, the usual discretization of problem combines space discretization and a time-stepping
scheme. The most common numerical methods for space discretization in elastodynamics are the finite
difference method (FDM) [33, 130, 148] and the finite element method (FEM) [75, 124, 131, 157].
Others include the spectral method [64, 139], the boundary-element method (BEM) [21, 104], the
finite-volume method (FVM) [52, 92].

More specifically, the FDM, based directly on the strong formulation of PDE, discretizes the exact
solution through approximations of the partial differential operators. It is mainly adapted to simple
geometries. The FEM is based on the variational or the weak form of PDE. It is better adapted to
complicated geometries, but sometimes requires more memory space for numerical simulations than
FDM. The spectral element method (SEM) [59, 87] is a formulation of FEMs with a subdivision of
the computational domain into hexahedral elements. The most important property of the SEM is that
the mass matrix is diagonal by construction, which saves time and memory. The BEM transforms
PDE describing a boundary value problem to an equivalent representation by integral equations with
known and unknown boundary states. Hence, it only requires discretization of the boundary surface
rather than the volume, i.e., the dimension of problems is reduced by one. However, the BEM matrix
is a unsymmetric and full matrix with non-zero coefficients and the FEM matrix is much larger but
very sparsely populated. It means that the latter can be stored and solved more efficiently. Besides,
the transformation of PDE to boundary integral equations requires the use of Green function, which is
difficult and restricts the applications of the BEM, especially for problems in heterogeneous media.
Based on the strong formulation of PDE, the FVM divides the domain into elements (called “control
volume”). By the divergence formula, an integral formulation of the fluxes over the boundary of the
control volume is then obtained. The fluxes on the boundary are discretized with respect to the discrete
unknowns. The FVM is usually used in solving fluid flow problems. As the FEM, the advantage of
the FVM is that it is easily formulated to allow for unstructured meshes.

The FEM is chosen in this work. It has been widely used for solving wave propagation problems
[48, 146]. Here we present in brief the discretization for the wave equation with the FEM and the
related notations and definitions.
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Firstly, the weak form of the wave equation (1.1) with initial conditions (1.5) and boundary
conditions (1.6) is built by introducing a test function w:

Vt, find u(z,-) € V(Q) with u(0,x) = up(x), du(0,x) = vo(x) such that Yw € V(Q),

(8,2u,w)M(Q) + (u,w)K(Q) = (f,W)(Q) + <h,W>(l~a) (1.15)

where V(Q) is the space of kinematically admissible displacements. The products in eq. (1.15) are
defined as:

(uaw)(Q) = [ u-wdx, (uaw)K(Q) = O'(ll) : G(W)dx,
k b 1o

(uvw)M(Q) - (puaw)(Q)v <u7W>(ra) :/F u- wdx

Let V() be a subspace of V(Q), the FEM consists in reconstructing solutions expanded on a basis
{wp} of V,(Q), which is defined using a spatial mesh 7}, a partition of the domain Q into elements
(S). The letter & stands for the maximal diametre of the elements. A semi-discretized weak form of
the variational problem (1.15) reads:

Vt, find uy (1, -) € V,(Q) with u,,(0,X) = ug ;(x), druy(0,X) = vo (X) such that Ywj, € V,(Q),
(97w, Wh) (o) + (U, Wa) ko) = (£,Wn) () + (0, Wa) 1y (1.17)

The approximate displacement field uy, is defined by:

w(t,) =Y Une()wa(x)ex (1.18)
Ak

where A is the node of mesh, k stands for the direction in space, e is the unit vector in direction
k, wa is the shape function at node A, Uy, is the node displacement at node A and in direction k.
Equation (1.17) can be expressed in the following matrix form:

M]{U(1)} + K] {U()} = {F(1)} (1.19)

where {U(¢)} is the node displacement vector for instant 7, [M] is the mass matrix and [K] is the
stiffness matrix defined respectively by:

Mk sy = (Wae, weer)y),  Kuarsy = (waer, waep)g(q) (1.20)

and {F(¢)} is the vector of forces:

Fpy = (f,wper) o) + (h,wge) ) (1.21)

For solving the system (1.19), various time-stepping schemes can be chosen for the second-order
time derivative, such as the forward finite difference scheme [60], the Newmark scheme [105], etc.



14 Introduction

Take the forward finite difference scheme as an example. The interval (0,7) is divided into
equal subintervals I, = (t,,f,+1) (n € [0,N — 1] with zp = 0 and 7y = T) of length Ar. We denote
uy, =u(t,) (u2 \, = Uo), the time-stepping scheme reads:
af uZAI — a’ “ZZ;I uZAz —“2&1
kA N €[l,N ) A e€[l,N

At née[lN] with  duj,, = ne[1,N]

2.n
O Wy, =
ap, n=0 Vo, n=0

(1.22)

Then time discrete solutions uj,, are found for all n with eq. (1.22) and eq. (1.19). The semi-
discretization in space and time-stepping scheme presented above can also be based on a first-order
equation by introducing u = J,v.

Space-time finite element methods, with or without the continuity in time, can also be used in
elastodynamics. For instance, the time discontinuous space-time Galerkin (DG) method has been
developped for solving the wave equation [76, 95, 140]. It is based on the following strong first-order
form of eq. (1.1):

pov(t,x) —Vx-o(u(t,x)) =f

V- (o(du(t,x) —v(t,x))) =0

(1.23)

The time period is subdivided as in what we presented for the time-stepping scheme above. Let a
finite element space V,(M,) is given for each space-time slab M, = I, x Q. The weak form of DG
method is then formulated as follows:

find (u,v) € [I'=) Va(M,) x V,.(M,) such that Yw = (wy,Wy) € [T\ V(M) x V,.(M,,)

A((u,v),w)=L(w) (1.24)

with

N—-1 N—-1 N—-1 0 0
AW = X [ @vowy@dr+ ¥ [ wradr X (970 ) g di (V.90)

n=0"“1n n=0"“1n n=1

equilibrium continuities of v in time
N-1 N—1 N—1 .
+ Y [Ouwiredi— ¥ [ vwac@di+ ¥ [ (w5 @i+ w5 ko)
n=0 7In n=0"1n n=1 n

vV
equivalence of dyu and v continuities of u in time

N—1 N—1
L(W) = (¥0,:W9.1) 1y + (00,0, k(e + ZO /1 (. wy) et + ;) /1 by dt

initial conditions

boundary conditions

(1.25)
where u’} (x) = lim;_,p+ u(t, £ 7,x), [w"=uv} —u".

According to eq. (1.24), the displacement and velocity fields (u,v) are continuous in space
and discontinuous in time between two successive space-time slabs and the continuity in time is
enforced only weakly. To solve eq. (1.24) numerically, the time-space domain M,, is discretized by
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a space-time finite element mesh, and u} ,, and v} ,, are then obtained. In our studies, the choice of
V,(M,) = P'(I,) x V,,(Q) is adopted, where P'(I,) stands for the linear interpolation in 7,. In this
work, only one linear element is used in time within each space-time slab. More details can be found
in [82].

We denote always (upa;, Viar) for finite element solutions used in this work (obtained by the time
discontinuous space-time Galerkin method with code OOFE, MSSMat, CentraleSupélec): in the
chapter 2, they stand for reconstructed time continuous solutions based on the obtained time discrete
solutions { (uf,,,v},,) }; in the chapters 3 and 4, they stand for time discrete solutions { (uf,,,vi,,) }-

1.3.2 Error estimation methods

Finite element analysis involves always different sources of errors that can compromise the validity
of the finite element solutions. One major source of errors is introduced by the spatial-temporal
discretization (other sources of errors, such as modelling error, user error, etc. [111, 143], exist but
our introduction here is mainly related to the discretization error). These errors can be lowered by
using smaller mesh sizes or higher order polynomial basis functions, etc., according to some criteria
that characterize the accuracy of the finite element solutions. Error estimation is an important tool for
quantifying and controlling the errors between the exact solutions and the finite element solutions.

There are mainly two types of error estimates that serve very different purposes:

* a priori error estimate is derived before computing numerical solutions. It tells us the order of
convergence for a given finite element method, i.e. how fast the error decreases as the mesh
size decreases or the interpolation order increases [14, 40]. When u is regular enough and w,
has some regularities in time, an a priori error estimate usually takes the following form:

[u— || < C(RF+ (Ar))) (1.26)

where the constant C depends on exact solutions u, k > 0,/ > 0, ||-|| is some time-space
norm. When spatial and temporal approximations are improved, the approximate solutions
approach the exact ones and the error goes to 0. However the exact solutions are usually
unknown. This method has been already largely applied for the wave equation: Jenkins et al.
[80] derived optimal a priori error estimates for mixed finite element displacement formulations
of the acoustic wave equation; Deka [46] proposed optimal a priori error estimates for both
semidiscrete and fully discrete schemes for the wave equation and it is verified with a numerical
example; other contributions include [3, 22, 60, 76, 114].

* a posteriori error estimates give us a much better idea of the actual errors in a given finite
element computation than a priori estimates. They can be used to perform adaptive mesh
refinement [138, 141]. More specifically, a posteriori error estimators are used to indicate
where the error is particularly high, then the mesh is refined in those locations. A new finite
element solution is computed, and the process is repeated until a satisfactory error tolerance is
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reached. A posteriori error estimates usually take the form:

1

N—1 2
la—wpll <1 = { Y Y (ngl)z} (1.27)

n=0 SeT},

for dynamic problem. Here n g’(uhA,) is a quantity related to uya, at ¢"* and in element S € 7},.
It is called element estimator or indicator. In contrast to a priori estimates, it is used for a
practical a posteriori assessment of the accuracy of a computed finite element solution.

One may formulate the following properties describing an optimal a posteriori error estimate
[6, 150]:

1. guaranteed upper bound: ensure that eq. (1.27) holds;

2. local efficiency: ensure that the local estimator represents a lower bound for the actual
errors, up to a multiplicative constant, i.e. there exist a constant C > 0 such that :

1

{Z(né’)z} <Cluo—wull,, VYnel0,N—1] (1.28)

NS

With these two properties it is known that the error estimator should yield guaranteed and
sharp upper and lower bounds of the actual errors.

3. asymptotic accuracy: ensure that the effectivity index:

Lesr = (1.29)

lu—wapa ||

i.e. the ratio of the estimated and actual error, goes to one as /& and At decrease;

4. robustness: guarantee the three preceding properties independently of the parameters of
the problem and of their variations;

5. small evaluation cost: ensure that the computational cost needed for the evaluation of the
estimators 1g should be much smaller than the cost required to obtain the approximate
solution itself;

A variety of methods are developed for a posteriori error estimates (see [6] for a review of main
methods for error estimation): element residual method [13, 47, 50], recovery based methods
by Zienkiewicz and Zhu [158], the constitutive relation error method by Ladeveze [88, 89],
goal-oriented dual weighted method [51, 110, 117], etc. Most of these methods have been
successfully applied for error control of elliptic and parabolic problems [23, 28, 29, 44, 45,
54, 55, 117]. However, there are relatively less studies on the error control of finite element
methods for second-order hyperbolic problems [3, 22, 136, 137].

For example, Georgoulis et al. [60] derived a posteriori error bounds of residual type in the
L*(L?)-norm for for the space-discrete problem and the fully-discrete implicit finite element
method of the linear wave equation, using elliptic reconstruction and space-time reconstruction
technique. Johnson [82] proved a priori and a posteriori error estimates for a finite element
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method for linear second-order hyperbolic equations based on a finite element discretization
with discontinuous Galerkin methods. Only the error due to space discretization is considered
and the error estimates are derived using elliptic reconstruction. Picasso [114] proposed an
anisotropic a posteriori error estimate. It was derived for a finite element discretization of the
wave equation in two space dimensions and numerical results on adapted meshes indicated
that the error estimator slightly underestimates the true error. The works of Aubry et al. [10]
were based on a space-time Galerkin formulation for elastodynamics. It provides a variational
formulation of the error with respect to the residual. The adjoint state gives an upper bound of
the error by the norm of the residuals.

1.4 Objectives

The aim of our work is developing tools of error estimation for numerical solutions of wave
equation in heterogeneous media.

Firstly, a residual-type a posteriori error representation is proposed for finite element solutions
of the elastodynamic equation, based on works of Ibrahima [77] for the error estimation of the
elastodynamic and acoustic equations. In fact, Vohralik [150] has derived a posteriori error estimates
in an energy norm for the first-order (in time) heat equation. Ibrahima attempted to extend his idea
to the elastodynamic problem but some difficulties appear when dealing with the second-order time
derivative term in time. We continued and prolonged his efforts and developed an explicit error
estimation in energy norm for the elastodynamic equation.

Secondly, we plan to quantify HF wave propagation in the weak coupling limit, where strong
interactions between wave fronts and the heterogeneous medium generate complex propagation
phenomena. This is the primary objective in this work. As discussed in the section 1.2, the energy or
more generally quadratic quantities are the most relevant observables in the high frequency limit, and
the radiative transfer equation for the energy density arises in the weak coupling regime. We propose
that numerical errors can be evaluated with radiative transfer equation in terms of energy quantities
of numerical waves. The main objective is defining a new evaluation method of numerical errors of
wave fields with this new equation, and determining the distribution of mesh size 4 related to wave
length A and /. with a more relevant criterion in terms of energy quantities.

In brief, instead of using the classical error method for highly oscillating fields based on the wave
equation for uy,, (fig. 1.6, dashed line), the new errors in terms of energy quantities of wave fields
We[wna] (We and W denote respectively the Wigner transform and its weak limit, i.e. the Wigner
measure) are used to build a posteriori error analysis based on the radiative transfer equation (fig. 1.6,
solid line). Difficulties are expected in the aspect of the computation of Wigner transform because of
its dependance on four variables (z,x; ®,k) and the complexity of radiative transfer equation for high
dimensions.

It is worth noticing that errors quantified by these two methods have different sources. The first
method is classical, only the modelling by the elastic wave equation is considered, and we study the
discretization error arising in the finite element solutions of this model. The second method proposes
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wave equation - = = = = > | classicalerror |  _____ FE wave solutions
u estimation u
€ (chapter 2) hAt

transport/radiative transfer . Wigner transform of
. residual error .
equation . . < numerical waves
estimation
W[ug] (chapter 3,4) Ws [uhAz]

Fig. 1.6 Principle of the two a posteriori error estimations considered in this thesis

to use the radiative transfer model for evaluating the errors of numerical finite element solutions of
the wave equation. Thus the defined errors can be considered including both the discretization error
and “modelling error”, which is the gap between the averaged energy quantities of the exact solutions
of the wave equation in a set of "similar" cases and the weak limit defined by the radiative transfer
equation for that set.

The manuscript is organized as follows.

In the chapter 2, an explicit a posteriori residual based error upper bound is developed theoretically
and numerically for the elastodynamic equation. Basically two main ideas are developed: the second-
order elastodynamic equation is transformed firstly to a first-order hyperbolic system; and the residual
method of a posteriori error estimates is exploited with a series of field reconstructions in time and in
space. A numerical application with 1D homogeneous and heterogeneous media is given.

Then we develop a residual error estimator for the high frequency wave equation in the weak
coupling regime based on radiative transfer modelling in terms of energy quantities. It is realized in
homogeneous media in the chapter 3 and heterogeneous media in the chapter 4. This part is the major
contribution in this PhD work.

In the chapter 3, we present in detail the Wigner transform and its interest for the analysis of
wave equations. We show how it can be used to determine the phase-space energy densities in the
high frequency limit and to derive the transport equation in homogeneous media in terms of Wigner
measure, the weak limit of the Wigner transform of wave fields. Then a residual type error is based
on this equation and it is validated numerically with different mesh sizes in 1D media.

In the chapter 4, following the same idea as the chapter 3, the radiative transfer equation in
heterogeneous media is presented. In 1D media, the analytical solutions can be found and the
propagation phenomena are introduced and analyzed. A discussion on strong localization is proposed
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to analyze the numerical results in 1D and to verify the radiative transfer regime. Then the residual
errors are defined based on this equation in terms of Wigner transform of approximate solutions of
the wave equation. Considering the numerical fluctuations in the calculation of Wigner transform
in heterogeneous media, the convolution properties of Wigner transform are used to define a filtered
error. Numerical implementation in 1D random media allows to validate these two residual errors.
We find that the second one with convolution improves greatly the results of the first one.

Some conclusions and perspectives are finally drawn in the chapter 5.
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This chapter introduces a new a posteriori error estimation for numerical solutions of a second-
order hyperbolic wave equation, based on the work of Ibrahima [77] and Vohralik [150]. A key feature

is the use of the residual method and the development of a series of reconstructions in time and in

space with respect to different regularities required by corresponding ingredients of the obtained error

bound.

At first, different reconstructions in time and in space are introduced and discussed in the sec-
tion 2.1. Then the section 2.2 gives the detailed proof of the obtained estimator. In the section 2.3,
numerical results for wave propagation in 1D media are presented for numerical solutions with

uniform mesh. Specifically, the behaviour of exact errors and the effectivity of the error bound are

studied numerically.
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2.1 Reconstructions in time and in space of finite element wave solu-
tions

Reconstruction methods have been widely used to construct a posteriori error estimates for finite
element approximations. For instance, Mozolevski and Prudhomme [109] proposed a goal-oriented
error estimation in finite element approximations of second-order elliptic problems that combines
the dual weighted residual method and equilibrated-flux reconstruction methods for the primal and
dual problems. The ZZ-type error estimators due to Zienkiewicz and Zhu [159, 160] are based
on reconstruction of an improved stress and define the error as the difference between this stress
and the one computed by the standard finite element procedure. The constitutive relation error
method proposed by Ladeveze [90] consisted in post-processing the finite element solution in order to
construct an admissible displacement-stress pair and then defining error bounds by quantifying the
non-verification of the constitutive relations.

In this chapter, we consider the case where approximate solutions (uj},,, v},,) at all instant ¢ are
calculated by the finite element method. It means that they are discrete in time (fig. 2.1a). Since
time integration properties and some regularities in time are required to deduce the error bound,
reconstructions in time can be applied to obtain solutions inside each /,, with some regularities. In
general, the continuity in space of the exact solution is maintained in the finite element analysis, i.e.
uy,, and v} ,, are piecewise polynomial and continuous in space. However, the derivative of finite
element solutions in space, and consequently the finite element stress vectors are not continuous
across element interfaces [150]. Furthermore, the point-wise strong equilibrium is generally not
verified (fig. 2.1b), i.e.

G(uZAt) ¢ H(d1V7 Q)? palVZAt - VX ' o(uZAt) 7é f (21)

where 6 (-) stands for the stress tensor related to a displacement field. Compared to uj},,, o (u},,) has
the same regularity in time but a reduced regularity in space.

1 ‘ ‘
N
--—-EF stress
K 0.8} ]
(uhr' Vhr) /{(uﬁrl' U}rll‘?-l) 06}
f 0.4}
0.2}
/ 0 ‘
J O 20 40 60 80 100
tn tn+l T

b
@ (b)

Fig. 2.1 (a) finite element solutions (u},,, v}, ) in time, (b) exact and finite element stress in space
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Consequently, according to the requirement of regularities by the proposed a posteriori error
estimator (section 2.2), some reconstructions in time and in space are proposed here:

* two reconstructions in time for displacement and velocity fields, denoted respectively by
A (1,X) and vy (7,X);
* one reconstruction for stress fields in space, denoted by G, (7,X).
These reconstructions are also appropriately chosen in order to simplify or eliminate some terms in

the proposed error estimator. We give the detailed definitions of reconstructions that are used in the
sections 2.2 and 2.3 as follows.

Firstly, wya, and vy, satisfy always: Vn € [0,N — 1],
UpAr (tn7 ) = uZAta VhAt (tnv ) = VZA[ (22)

with initial conditions: w(0,-) = ug and v (0,-) = vp. According to the minimum required
regularities for our error estimation, (uya,, Vsa,) should satisfy in time:

w, € C°((0,7)), ie. C%intime (2.3a)
viar €CH(0,T7))N[1C?(1,) ie. C' intime and C? in each time interval I, (2.3b)
n

Also, it is known that if the values of a time function and its derivatives at two extremities of each
time interval I, are given as (w'ﬂw’“rl , oW, dywt] ), we can reconstruct a function C !in time, cubic
in each time interval /,, by the following equation (fig. 2.2):

(t —ty1)>(2t +tor1 —3t0) ,  (E—ta) (=2t —t,+3tuy1) Wi

w(t) = (Ar)? W (Ar)3 (2.4
— 2(t — — (e~ |
(t ’"&Z)y 1) w4 (¢ tnzA(tt)2 tn-i-l)atwn-H
w(?)
%,

N{arw";ﬂwm,amnu)

; » T

n

Fig. 2.2 A reconstruction C! in time, cubic in each I, (cubic Hermite interpolation)
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The velocity reconstruction vy, is introduced firstly. According to eq. (2.3b), v;a, can be recon-

. ] 1 .
structed by eq. (2.4) with (v}.,,, VZL ,a) szaZXt ), with ajl . := vy (ts, -), Vn. If the Newmark scheme
is used in time, accelerations are already given. For other schemes such as the time discontinuous
Galerkin method, aj,, has to be defined. We have the following two definitions of v, for different

.. n
definitions of aj,,.

Definition 2.1 (Basic v-reconstruction). We call basic v-reconstruction the velocity field obtained

with (v2,, vitl al  altl) by eq. (2.4), where a,, is computed by finite difference:

1
VEZ,A;VZA, for n=0
no_ ) ik Vi
Appr - T for ne[l,N—1] (2.5)
v 7vn71
hAt hAt —
~ for n=N

Definition 2.2 (Equilibrated v-reconstruction). We call equilibrated v-reconstruction the velocity field

obtained with (v}, A[,sz_tl ¥ VIV azztl) by eq. (2.4), where aj,, is computed by mechanical equilibrium:

Vn, (paZAmwh)(Q) + (G(uZAt)7£(Wh))(Q) = (fnvwh)(Q) (2.6)

The computational cost of acceleration in the first v-reconstruction eq. (2.5) is ignorable compared to
that in the second one eq. (2.6). Indeed, the computational expense in the latter results mainly from
the inverse of the mass matrix. In explicit dynamic analysis, it is at the same cost with the computation
of finite element solutions. This is efficient if a diagonalized mass matrix is used. But its influence on
reconstructions is not studied here.

Then two definitions are also proposed for the displacement reconstruction uy,:

Definition 2.3 (Basic u-reconstruction). We call basic u-reconstruction for the displacement field

obtained by eq. (2.4) with (uZ A uZth Vi A[,VZ'AT) (C! in time, cubic in each time interval ).

Definition 2.4 (Equilibrated u-reconstruction). We call equilibrated u-reconstruction the displacement
n+1 n+ %

ﬁeld] obtained with (“Zsz“h Ao Woar ) (C° in time, quadratic in each time interval I,), where Vn,
+1 . . . .
“ZA;Z = upa (1" + %), i.e. the value of u,,, at the centre instant of I,, obtained by mechanical

equilibrium with the following algorithm:
1. reconstruct equilibrated velocity field v, with definition 2.2 and compute

1 At
OVt = AV (tn + 5) 2.7)

for the centre point of I,;;
nt1 o1 e
2. compute u,,,* by equilibrium:
1

<P3IVZZt27Wh)> +<6(uZZﬁ),£(wh)> :<f"+%,wh> ; (2.8)
(@) (@)
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. . +1. .
3. reconstruct quadratic uya, with the three fields (“Z A uZXl] , uZ Alz) in each I,.

1
It is noted that in eq. (2.8), the computation of uZZf requires to invert the stiffness matrix, which is
much more expensive than the inverse of the mass matrix, especially for large models.

Finally, considering the reconstructions in space, since Vy - 6 (uy,,) is not locally in equilibrium
as we introduced before, we propose the following stress reconstruction:

Definition 2.5 (Equilibrated o-reconstruction). Let v, be the reconstructed velocity field (C Uin time,
cubic in each time interval [,,), we call equilibrated G-reconstruction any function G, constructed
from v,; which satisfies:

{ O (t,X) € Enaiv,0),(1) (2.9)

(p&tth, — Vi Ouar, 1)(5) = (f, 1)(5) Vt € (O,T), vSeT,

where Epgiv,0),(r) denotes space of functions ¢ such & (z,-) belongs to H(div,) in space and

t — 6(-,x) is in L*(0,T). We define also the reconstructed time derivative of stress:

Onai(t,X) := 0O, Onar € Ep(aiv,0).(1) (2.10)

More precisely, 6,4, and d;v;a, have the same regularities in time, i.e. CY in time and quadratic in
each time interval. If f is not locally quadratic in time intervals, we can take its quadratic interpolation
as approximation. Note that eq. (2.9) is only a weak form of the equilibrium equation because it holds
only for mean values on each mesh element. Thus G, (#,X) is not unique with this definition. We
propose the following two reconstructions of O, that satisfies the definition 2.5:

Definition 2.6 (MRE o-reconstruction). We call the MRE (Minimum Regularity Ensured) o-
reconstruction any G,,;, that is continuous and piecewise linear in space and obtained by the following
strategies. As Vy - O, is constant in each §, by eq. (2.9), we have:

1
\% -O‘hA,:—/ O, v —f) dx (2.11)
X Vv ( S) S(p 4 ! )
where V(S) is the volume of element S. Given the constant derivative of 6, in each element,
one more parameter, such as a Neumann-type boundary condition, is needed so as to determine a
continuous and piecewise linear reconstructed stress. G, is then determined by minimizing the
residual errors.

Definition 2.7 (SA o-reconstruction). We call SA (Statically Admissible) c-reconstruction the
statically admissible stress construction proposed by Ladeveze and Pelle [90], namely it should verify:

Vt, panhAt —Vx-op=f, inS (2.12)

It is known that with the Ladeveéze method, at each time step 7", a SA stress field o, (1) is
reconstructed using the weakly equilibrated finite element stress solutions &'(uj,,). In our case,
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in order to obtain a stress field 6, (7) that is continuous in the whole time and quadratic in each
time interval, a SA stress field O'hA,(t’”'%) should be reconstructed and for this the equilibrated u-
reconstruction at £ is used. We recall that the latter is based on the equilibrated v-reconstruction
according to the definition 2.4. We will see in the section 2.2 that the use of the SA ¢-reconstruction
allows to cancel one of the indicators and simplify the calculations of the residual error estimators.

The table 2.1 summarizes our propositions of reconstructions presented in this section. They all
satisfy the requirement in the obtained error bound and we can make choice according to our demands
in numerical applications.

fields | name description

. . . n o oun
basic u-reconstruction using (u},,, Via,), V1

WAt 1
J . . n+x e 1
equilibrated u-reconstruction | using u},, and u,,,* (equilibrium at "*2), Vn

Viar | basic v-reconstruction using (V}.,,,a},,), aj,, by FD, Vn

equilibrated v-reconstruction | using (v},,,a},,), a;,, by equilibrium, Vn

MRE o-reconstruction weak equilibrium verified with mean value

O hat
SA o-reconstruction strong equilibrium verified

Table 2.1 Reconstructions in time and in space

2.2 A posteriori error estimate for wave equation

In this section, we present the derivation of an a posteriori error upper bound in an energy
norm between the unknown exact solutions (u,v) and the reconstructed solutions (W, Vpa, ). Only
homogeneous Dirichlet boundary conditions are considered here for simplicity.

The main result of the explicit a posteriori error upper bound in energy norm is given here:

Theorem 2.8. (Error upper bound for elastodynamic problems) Let (upas, Viar, Onas) @ group of
reconstruction fields chosen in the table 2.1, we have

\/H V— Vhar ||i/1(g)7m(7) + || U — UyAr ||%<(Q)7w<7) < 2HHR7DFHW(T) +2HR,DF(O) +2\/THHVNH(T)

+2VT | Hoe.ov | )+ V2 /10 | o 1 Hvw )
(2.13)

where || v— Vi HIZVI(Q),oo(T) +llu—up ||%((Q),oo(T): Supyefo,7) || V= Vaar ”12;4(9) )+l “—“hAzH%g(g) (2).

The three time dependent residual functions used above are defined below.
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The lack of equilibrium function Hg pr(t) is defined as:

Hppr(t) = (Mr,s(2) +Nor, (0)2}
R.DF {SGZTh R,S DF.,S (214)
with: CheC
T]R75(l‘) = P):H'K ”f(l‘,X) —pachAt(l‘,X) +VX . GhAt(taX)||(5) (215)
1
nDF,S(t) = \/)LIT Ho-hAl‘(t?X) - c(uhAf)(t7X)||(S) (216)

The lack of equilibrium rate function Hpg gy (¢) is defined as:

Hpg gy (t) = { Y (pes(t) +nGv,S(f))2} (2.17)
SET;,
with: CheC
Npe.s(t) = ;7%( |=0£(2,%) + P Vi (1,%) = Vi Enae(1,%) | 5, (2.18)
1
Nov,s(t) = T ([ =8 har (t,%) + 6 (dupa (1, %)) | 5) (2.19)

The velocity residual Hyy(t) is defined as:
Hyn(1) = || G (1,X) = Viar (1,X) [| g () (2.20)

where hg is the mesh size of element S, Ay, is the smallest eigenvalue of the fourth-order tensor
C, C, is the constant in the Poincaré’s inequality (theorem A.5) and Ck is the constant in the Korn
inequality (theorem A.6).

In Hg pr, Nrs represents the errors related to equilibrium equation and 7Mprs represents the
errors between the reconstructed stress and the stress of reconstructed displacement. 1Ng s vanishes
in the case of SA o-reconstruction according to the definition 2.7. ||Hg pr|| (0) allows involving the
initial conditions. Hpg gy results from the residual of time derivative of equilibrium. Hyy evaluates
the nonconformity between time derivative of the reconstructed displacement and the reconstructed
velocity, which equals to 0 only at ¢ for our choices of reconstructions.

As a preliminary step to the proof of this theorem, we first define a residual operator and prove a
lemma related to it.

Definition 2.9 (Residual operator Rj,;). We define the following residual operator Ry, such that
vt € (0,T):
(Ruae (1), W) (@) = (£(t) — pIrvaas (), W) (@) — (O (unar) (1), €(W)) (@) (2.21)
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where w is considered as an HS function in space.

According to the regularities of d;v;, and uyp;, Ry, is €% in time and C' in each time interval.
Its time derivative 9,R;,z, (L2 in time) can be obtained by:

(O Rar, W) () (1) = (f — PO Viar, W) () (1) — (0 (Aunar), E(W)) (@) (1) (2.22)

Otherwise, eq. (2.21) can be written as:

(Riars W) (@) = (E= pIrvaa + V- 6 (wiar), W) () + Y, (G (War) -1, W) 5 (2.23)
NSV

where the last term gives rise to the stress vector jumps at the interfaces of elements. Thus this operator
involves both the volume and surface residuals. Also, by adding and substracting the equilibrated
stress reconstruction Gy, into the definition of residual Ry, in eq. (2.21), we have

(R, W)(Q) = (f— PV + Vx - Onar, W) (@) + (Gra — 6 (Unar), €(W)) () (2.24)
It can be seen that this operator contains also the residual of different reconstructions in time.

Finally, according to the weak formulation, we have:

(Riae, W) () (t) = (PO (V= Viar), W) () () — (0(u —wpar), £(W)) () (7) (2.25)

The definition of d;Ry,, in eq. (2.22) and the property in eq. (2.25) will be used in the derivation
of the theorem 2.8.

Lemma 2.10 (Upper bound of residual Rya). V¢ € (0,T), we have:

(Riars W) ) (1) < Hrpr (1) [|Wl k() (£) (2.26)

and

t
/o (Rpar, 9 W) () dT < [|Hpe,ov [l ) [1Wll k(o)) + Hr.or (1) [Wlik (@) (1) + Hr.pr (0) [|W]| £ () (0)
2.27)
where w is H(} in space, CY in time and C! in each time interval.

Proof. We prove firstly the equation (2.26) based on eq. (2.24). According to the definition 2.5 of
O and assuming that wy is the average of w in element S, we have:

(P9:Viar — Vx - Opar, Ws)(s) = (£, ws)(s), VS (2.28)
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Decomposing eq. (2.24) in space into each element S and introducing eq. (2.28) into eq. (2.24), we
can deduce that:

(Riar, W) () = Y (F—poviai+ Vx- Cnar, W—Ws)(s)+ Y, (Cnar — O (wpar), €(W))(5)  (2.29)
SeT), SeT,

For the first term in eq. (2.29), using respectively Cauchy-Schwarz inequality (theorem A.7), Poincaré’s
inequality, Korn’s inequality and that A, is the smallest eigenvalue of the fourth-order tensor C:

(F—p O vhar + V- Cnar, W = Ws)(s) < [f=p0ivaas + V- Gnarll ) W —wsl| )
SCphsHf—pachAf"f'Vx'GhAt”(s) HW”](S)

< CphsCx [[f = pIrviar + V- Gnarll(s) IEW)l5)  (2.30)

C,hsCk
<P | — P Vrar + Vx - Graell () || W]
\/m t VhAt X (S) K(S)

=Nrs [[Wllk)

where N s is defined in eq. (2.15). For the second term in eq. (2.29), using again the Cauchy-Schwarz
inequality and the definition of A,,;, results in:

(Gnar — O (Wpar), (W) (5) < [|Ghar — 6 (Wiar) [ ) 1€(W)]] 5)

1
< \/mHGhAt_G(uhAt)H(S)HWHK(S) (2.31)

= NDFs ”WHK(S)

where N)pr s is defined in eq. (2.16). Introducing eq. (2.30) and eq. (2.31) into eq. (2.29), then applying
again the Cauchy-Schwarz inequality, we obtain eq. (2.26):

(Riar, Wa(t) < SZT, (N&,s(t) + Nors()) Wk (s) ()

< { Y (nR,s(f)+77DF,s(f))2} 1Wllk (o (1)

NV

(2.32)

= Hg pr (1) |W] k(o) (t)

Now the same idea of proof can be applied for the second result eq. (2.27) of lemma 2.10.
Replacing w by d,w, applying integration by parts in time and using eq. (2.22), we have:

t t
/o (Ruar, W) ()dT = —/0 (O Rpar, W) (0)dT + (Rpar, W) @) (1) — (Rpar, W) (@) (0) (2.33)
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Adding and substracting the reconstructed time derivative of stress (eq. (2.10)) into the first term of
eq. (2.33) results in:

t t t
— [ ORusWi@dt = [ (~at+p9Pis —Vx-Bus WieydT— [ (Bras — 0(Omns) £(W)) T
(2.34)
It can be observed that we can proceed with the same steps of proof with eq. (2.24). We have:

— (9 Ruar, W) () (t) < Hpe,v (1) [|Wl k(o) () (2.35)

where Hpg gy is defined in eq. (2.17). Finally, introducing eq. (2.35) into eq. (2.33), using the
Cauchy-Schwartz inequality to obtain time-space norm, then applying eq. (2.26) for the last two terms
of eq. (2.33), we deduce:

ot
/0 (Rpar, 9 W) (0)dT < [|Hpe,ov | ) Wl k() () T Hr.oF (1) [Wl k(@) (1) + Hr pr (0) [|W]| 40y (0)
(2.36)

O
Now we start to prove theorem 2.8:

Proof. (Theorem 2.8)

Vt, we have:

1 1

3 | V= Vi ||12w(g) () + 5 | u— ||%<(g) (z)

1 fd 2 d 2 1 2 1 2
:5/0 {dt V=il + 7 ||U—UhAtHK(Q)}dT+2 1V =Vhallhs@) (0) + 5 lu —wpar [ @) (0)

t t
:/0 (p8,(v — VhAt)a vV— VhAl)(Q) dt+ /0 (O'(ll — llhA[), 8(8,(u — llhA;)))(Q) dt
(2.37)
The last two terms related to the initial conditions vanish according to hypothesis for reconstruction
fields at = 0: upa(0,-) = wg and vy, (0,-) = vo. Then by adding and subtracting d;uy, in the first
term of the last line of eq. (2.37) and using the definition 2.9 of Ry, with w = J;(u —wupy,), we get:

1 1
5 1V =i o) (0 + 5 [l u—wan (g ()
! t
:/0 (pat(V—VhAt>7atuhAt_VhAt)(Q>dT+/() (PO (V= Viar),V — Our) ) T
t
+A (0'(11—Uhm),G(at(u—uhAt)))(Q)dT (238)

t t
:/o (P@(V—sz)ﬂzuhm—VhAz)(Q)dT+/O (Ruar, 0 (w—wpar)) ()dT

:=(a) =(b)
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The term (b) is obtained according to eq. (2.25). Then the two terms (a) and (b) are treated separately
in the following.

Firstly, for the term (a), using eq. (2.25) by taking w = (dyupa; — Viar ), We have:

t 3
(a) = /0 (Rpars Opar — VhAt)(Q)dT+/O (0(upa —u), €(dupar — Viar)) () AT (2.39)

Now the first equation (2.26) of lemma 2.10 can be applied for the first term of eq. (2.39):

t t
/0(RhAtaatuhAt_VhAt)(Q)dTS/OHR,DF<T)||8tuhAt_VhAtHK(Q) (t)dt

< |Hr.oF [l ;) | 9rwnar — Vaarll k() 1 (2.40)

< |Hr.oF | 7y [[Hvnll oy
where Hyy is defined in eq. (2.20). The second term of eq. (2.39) is treated firstly by Cauchy-Schwartz

inequality:

t
/0 (0 (wpar — ), £(upar — Vaar)) () AT < [lw—wiarl| g () 1) 19 Wnar — Vi [l (), 2.41)
= ”u_uhAtHK(Q),(t) ||HVN”(I)

Using the definition of L™ norm, it can be derived that:

2 g ! 2 2 2
Il = [, Il (21 < [Fsup {ulfoy ()} =1 sup {Jlulfey ()} =l o

te(0,
(2.42)
Apply this result for [[u—wupa[|g(q) () in eq. (2.41):
t
/0 (0 (wpar —w), €(Qupar — Viar)) () < V1[0 =Wt | (@) o) 1 HV N 1) 243
< VT [|Hyn | ) 10— | g 0y ente

Combing eq. (2.40) and eq. (2.43), the temporary upper bound is found for (a):

(@) < |1Hr pr |l oy |Hyw | 7y + VT [ Hvnll ) 10— Wl g 0y enry (2.44)

Secondly, for the term (b), taking W = u — u,,, in the second equation (2.27) of lemma 2.10, we
have:

(b) < [|HpE,cv | ;) [0 = wharl k(@) ) + Hr.DF (1) [0 = Wpar || @) () + Hr pF (0) [0 = wpar | ¢ ) (0)

< (\ﬁHHDE,GvH(T) + 1 Hr pF ll o) +HR7DF(0)) [l =t | () o)
(2.45)



32 Explicit a posteriori error estimation for elastodynamic equation

We have successfully found an upper bound for (a) and (b) in eq. (2.44) and eq. (2.45), then
inserting these two inequalities into eq. (2.38), Vr € (0,T], we have:

1V =¥aar [lisa) O+ 0= [y (1) < Allu—wharll(q) gy + B (2.46)

2 2
<AV IV =V By )+ 10— Wi B ) + B

where:
A = 2||Hg pF ||(r) + 2Hr.0F (0) +2\/T(”HDE,GV||(T) + 1Hvn |l (7y)

2 (2.47)
B” =2||Hg pF | [ Hvnll (1)

As x% < ax+b? implies x < a+ b whenever a, b positive ! we find the a posteriori error bound:

\/||V — Vil [31(@) o) + 10— What [ ¥ (@) o) SA+B

O]

2.3 Numerical application in 1D homogeneous and heterogeneous me-
dia

In this section, we apply numerically the theorem 2.8. Wave propagation in a one-dimensional

elastic bar with homogeneous media and two different heterogeneous media is considered here. In

these cases, the analytical solutions or reference solutions of the wave equation can be found. We

compare numerically the “exact errors” (i.e. errors between analytical or reference solutions and

numerical solutions) and the estimated errors defined in eq. (2.13) for numerical solutions with
different mesh sizes. The efficiency of the error upper bound is analyzed.

2.3.1 Definition of numerical model and parameters

We consider here a 1D bar with length L = 3.2 m, whose left end is subjected to the Neumann
boundary condition with a truncated ricker signal F (¢) with a magnitude of 1 kN/m? and the duration
Tr of 0.22 ms (fig. 2.3). The right end of the bar is subjected to the free boundary condition. The total
analysis time period is [0, 7] with Ty = 1 ms which allows the wave front to propagate a round trip in
this bar.

I'This result is used for deducing a guaranteed upper bound of x here. In fact, x*> < ax+b> = (x— %)2 < “4—2 +0 =
(x—%)? < (4+b)> = x<a+bfora,b positive
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1
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T(s) x107# f(Hz)
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Fig. 2.3 Truncated ricker signal and its frequency spectrum (amplitude normalized to 1): (a) F (), (b)
|FFT(F)| (fast Fourier transform)

Homogeneous bar

Heterogeneous bar +1 inclusion

Heterogeneous bar +5 inclusions

Fig. 2.4 Model for homogeneous or heterogenous bars (black zone: E1, red zone: E,)

Figure 2.4 gives three models with different physical properties (the density p is constant for all
models, only the Young’s modulus E can be heterogeneous):

1) a homogeneous bar with £ = Ej;

2) a heterogeneous bar with one inclusion, with E = E, = E; /70 in the inclusion and E = E;
otherwise, where the length of the inclusion is / = 0.2 m, and its centre is located at L/2 = 1.6 m;

3) a heterogeneous bar with five inclusions, with E = E; in the inclusions and E = E| other-
wise, where the length of each inclusion is / = 0.2 m, and their centres are located respectively at
1,1.4,2,2.4,2.8 m. For this bar, the observation period is changed to 37 to ensure a round trip
because the wave velocity in inclusions is smaller.

The numerical parameters are given in the tables 2.2, 2.3 and 2.4. In the table 2.2, f, is the cutoff
frequency of the truncated ricker signal. The table 2.3 presents the different mesh sizes 4 and time
steps At used for the homogeneous case and the table 2.4 presents those used for both heterogeneous
cases. It can be observed that in heterogeneous cases we have more elements per wavelength in the
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precisely in these areas.

slow area with E; than that with E,. Thus the obtained numerical solutions describe waves more

media load (truncated ricker)
p (kg/m?®) | E(GPa) | c¢(m/s) | Tz (ms) | f. (kHz)
homogeneous 2500 Ey =70 | ¢y =5300 | 0.22 9.5
heterogeneous 2500 E, =70 | ¢; =5300 0.22 9.5
Ez =1 C) = 632
Table 2.2 Numerical parameters of media and load
h(m) | 0.55 028 | 0.14 | 0.07 | 0.035 | 0.017 | 0.008
A(fe)/h 1 2 4 8 16 32 65
Table 2.3 Mesh sizes used in the homogeneous case
h (m) 0.066 | 0.035 | 0.017 | 0.008 0.004 0.002
(M(fe)/h, 2a(fe)/h) | 8,1 | (162) | (32,4) | (65.8) | (139,16) | (278,32)

Table 2.4 Mesh sizes used in both heterogeneous cases

2.3.2 Analytical solutions of wave equation

In this section, analytical or reference solutions are given for the homogeneous case and the two
heterogeneous cases. It allows computing their differences with numerical solutions.

For the homogeneous case, analytical solutions exist:

0
S
u(t,x) &y " F(r)dr
a ) TF(t)dT— ¢

E JO

for 0<t¢
for ﬁ <t

_ Ly x_ L
a9 U F(r)dt for ﬁgt

(2.48)

For the heterogeneous bar with one inclusion, analytical solutions for the wave equation can be
also found. In fig. 2.5, the reflection and transmission of waves at an interface x = a is given. Since
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the incident stress waves is defined by o; = F(r —x/c}), using the continuity of the stress at each
interface, the stresses for reflected and transmitted waves can be expressed as [1]:

o, =C.F(t+(x—2a)/c1), 6, =CF(t—a/ci—(x—a)/c2) (2.49)
with C, and C; are respectively the reflection coefficient and the transmission coefficient given by:

—1 2
C _Cz/C] o C2/C1

- , _ _fafa 2.50
Cz/C]-i-l ! Cz/cl—i-] ( )

Then total waves can be calculated with the superposition of reflected and transmitted waves.

For the heterogeneous bar with five inclusions, considering the complexity of analytical solutions
under a large number of reflections and transmissions, numerical solutions with a relatively small
mesh size 7 = 1 mm are used as the reference solution.

F (t—x/c)) C,F (t—a/c,-(x-a)/c,)

>

v

&
K

C.F (t +(x-2a)/c,)

777777777777 777777

(p, ) (p, ¢,)

X=a

Fig. 2.5 Incident, reflected and transmitted waves

2.3.3 Numerical exact errors for 1D elastic wave propagation

In this section, we observe firstly the errors between analytical solutions found in the section 2.3.2
and numerical finite element solutions in energy norm in 1D media.

Firstly, fig. 2.6 presents an example of numerically calculated velocity fields and local exact errors
in energy norm in time-space between approximate solutions and analytical or reference solutions:

1
em+k(t,x) = 3 {pe% +E(8xeu)2} (t,%), with e, =v—vpar, €y = U — Upps (2.51)

It is observed that overall, the errors increase with time and with number of interaction with the
interfaces or boundaries.
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Fig. 2.6 Numerical results of velocity fields v(t,x) and local errors 3 { pe? + E(dxe,)? } (¢,x) (normal-
ized by total energy fOL % {pv?+ E(dxu)? } dx = constant, Vr) for: (a) the homogeneous bar (A /h =32),
(b) the heterogeneous bar with one inclusion (A, /h = 278, A, /h = 32), (c) the heterogeneous bar with
five inclusions (A; /h = 278,24, /h = 32)

Then the evolution of errors with time:

2

L 5 % L )
el @ ={ [ 3pcenat’ . ladga ©={ [ jE@atara) @5

is studied so as to observe the error behaviour on the interfaces and the boundary of domain.

In the homogeneous case, [|ey[|y(q) (f) and |[eu[[x(q) (7) are presented in fig. 2.7b. Firstly, errors
are increasing with time of simulation. A strong oscillation observed in [t;,%,] is related to when
waves interact with the right boundary (fig. 2.7a). A conversion between errors in two energy norms
is obtained, resulting from the conversion of potential energy and kinetic energy.
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Now the errors for the first heterogeneous case are shown in fig. 2.8b. We observe always the
increase of errors with time and strong oscillations during [t;,,] and [t3,Tf]. From fig. 2.8a it can
be known that these two time intervals are corresponding to the period when waves interact either
with the two boundaries of bar or the interfaces between two materials. During [f,,#3], wave front
propagates far from the interfaces or boundaries. Note that during [0,#,], waves are reflected and
refracted by the first interface around # = 3 ms but this effect on errors is relative small compared to

that in latter times so we neglect here (inset of fig. 2.8b).

1 %10

Fig. 2.7 Homogeneous media (A /h = 32): (a) velocity fields v(t,x), (b) [ey[[5 (#) and [lex| g () (7)

Fig. 2.8 Heterogeneous media with one inclusion (A, /h = 32): (a) velocity fields v(z,x), (b) |le,||,, ()

and [|e, k(o) (1)

Finally, in the highly heterogeneous case with 5 inclusions, it is difficult to identify the instants as
what we have done above since waves are largely reflected and refracted here. However, we can still

0.5

-0.5

0.5

-0.5

0.2}

x103
L = ______
I Hf"v”M
HEuHK
0 2 4 6 8
errors x107°
()

%1073

— llevllar] |
— lleullx

0 2 4 6

errors x107®

(b)

find that oscillation of errors start at #; when waves meet the first interface (fig. 2.9).
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Fig. 2.9 Heterogeneous media with five inclusions (A2 /h = 32): (a) velocity fields v(z,x), (b) |le,|,, ()
and [leu|(q) ()

Now we focus on our L™-time exact errors in energy norm defined in the error bound:

Vv =l iy + = el ity = v/l i@y oy ey 259

Equation (2.53) is computed for all the mesh sizes in homogeneous and heterogeneous media and
we present all the results in terms of degree of freedom in fig. 2.10.

It can be observed in fig. 2.10 that in all cases, exact errors are decreasing with smaller mesh size
or larger number of degrees of freedom and more precisely. They are inversely proportional to dof.
Errors increase with the number of degrees of heterogeneity for solutions with the same degree of
freedom.

——homo

102 ——hetero+1 inclusion |/
hetero+5 inclusions
/;.\
2107
[}
s
§
AT
[
<
10°
10 102 10° 10* 10°

log(dof)

Fig. 2.10 A log-log plot of exact errors \/Hev||i,,(g)7m@) + ||euH§((Q)_’m(Tf) (black line is used as
reference with slope —1)
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2.3.4 Numerical estimated errors for 1D elastic wave propagation

Now we compute numerically the error bound in eq. (2.13) and verify its accuracy. Four com-

binations of the reconstructions in time and in space listed in the table 2.1 of the section 2.1 are
studied:

e casel: basic u-reconstruction + basic v-reconstruction + MRE o-reconstruction;

* case2: basic u-reconstruction + equilibrated v-reconstruction + MRE o-reconstruction;

case3: equilibrated u-reconstruction + equilibrated v-reconstruction + MRE o-reconstruction;

case4: equilibrated u-reconstruction + equilibrated v-reconstruction + SA o-reconstruction.

Recall that the SA o-reconstruction requires both the equilibrated u-reconstruction and the equilibrated
v-reconstruction. In the rest of four combinations, we choose three of them here (casel-3).

The error bound is firstly computed in homogeneous media.

In fig. 2.11 we compared numerical exact errors obtained in the section 2.3.3 and estimated errors
with the four cases presented above.

Firstly, it is illustrated in fig. 2.11a that estimated errors with four different reconstructions are
decreasing with dof, as we expected. They are close to each other. The second case gives the smallest
value of errors. Its computational cost is relatively small, especially compared to the last two cases.
Secondly, compared to the numerical exact errors, the obtained error bounds are much larger. On
the one hand, it can be understood by the existence of a significant constant coefficient before the
estimated errors; on the other hand, their rate of convergence is different. In effect, in fig. 2.11b we
find that the effectivity index of error bound (i.e. ratio of the estimated and exact errors, see eq. (1.29))
increases with the computational effort. Thus this estimator has a weak asymptotic accuracy.

1071 . . 140
——case1
5 120 ¢ ——case2
10°°k ] ——case3
—~ . 100 + case4
=
£ 10% {5 eo;
> ——casel
= 4 ——case2 60
107 F |——case3 1
case4 40+
——exact
10° 1 2 ‘3 4 20 1 ) ‘3 4
10 10 10 10 10 10 10 10
log(dof) log(dof)
(a) (b)

Fig. 2.11 Error estimation in the homogeneous case: (a) exact errors and estimated errors (log-log
graph), (b) effectivity index (semi-log graph)
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Fig. 2.12 A log-log plot of two terms of error bound: (a) 2v/T ||Hpg cv lry (®) 2VT [Hvwl (7

Now we analyze the major terms that contribute to total estimated errors. In fig. 2.12a, we find
2VT || Hpe o || (r) is dominant in estimated errors. Recall that:

CphsCk 2 1
Npe,s = ——F— || —=0.f + PO Vaar — V- Opar Nov,s = —=—=— || —Onar + 6 (Jsutnar) || (5 (2.54)
\/)vmin H ! H(SV \/A'min )
so it depends on both reconstructions in time and in space. We find that in fact this term contributes
most to the total errors due to the nonconformity of the time derivative of equilibrium of reconstruction

fields.

In fig. 2.12b, ||Hpe.cv || (r) also contributes a large part of errors in the cases 3 and 4. Recall that
\|\Hpe cv|| () = 19 ttnar — viar || K(Q),(T) SO it depends mainly on the reconstructions of «# and v in time;
itis found in fig. 2.12b that the cases 1 and 2 with basic reconstruction for u, v have a better conformity
between dyupa, and vy, inside I, than that in the cases 3 and 4 with equilibrated u-reconstruction and
v-reconstruction. Besides, for the cases 3 and 4 same reconstructions (i, Vi) are used so they give
the same results.

2.4 Conclusion

In this chapter we derived explicit a posteriori error estimates in a non-natural L™ norm for elastic
wave propagation in heterogeneous media. The numerical results in the homogeneous case indicate
that this estimation gives a fully computable upper bound of exact errors. However, its asymptotic
exactness remains to be improved. In the work of Vohralik [150], similar reconstructions were also
defined and used for an error bound of the first order (in time) heat equation; a nearly constant
effectivity index was obtained in its numerical applications. In fact, for the second-order (in time)
hyperbolic equation, our error bound includes not only the residual errors related to the equilibrium
(as in [150]) but also the residual errors related to the time derivative equilibrium of reconstructed
fields. The latter (Hpg cv) dominates in the behaviour of the estimated errors. In a future work, more
efforts should focus on reconstructions of fields that respect the equilibrium better.
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As we introduced in the section 1.2.4, the radiative transfer equation arises for high frequency
wave propagation in heterogeneous media in the weak coupling limit. It is derived by a two-scale
asymptotic expansion of the wave equation in terms of the spatio-temporal Wigner transforms of wave
fields. Its particular form in homogeneous media, i.e. the transport equation, is studied in this chapter.
It describes the transport of wave energy. Considering the highly oscillating properties of HF wave
fields, the classical error estimator that was derived in chapter 2 is no more efficient. The errors based



42 Energy-based error estimation for HF wave in homogeneous media

on more relevant quantities, i.e. the energy densities of numerical solutions of wave equation, are
studied here with the transport equation.

In the section 3.1, the Wigner transform is introduced in detail. We start with the temporal
Wigner transform of a time signal. Its important mathematical properties, especially the interference
property and the energy property, are presented and analyzed. Then the scaled spatio-temporal Wigner
transform in the high frequency limit is defined and it satisfies also all the properties above. Finally,
the discrete Wigner transform is studied and some numerical examples are given.

In the section 3.2, the principal steps for the derivation of the transport equation in terms of Wigner
transforms are given. The transition from wave fields to energy densities, from the wave equation
model to the energy transport model is presented in detail. Then the theoretical residual errors of finite
element solutions of the wave equation based on the transport equation are defined and developed.

In the section 3.3, the numerical application of the defined residual error in a 1D medium is given.
Residual errors for finite element solutions with different discretizations in time and in space are
compared, that allows validating the obtained error estimator.
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3.1 Wigner transform applied to the elastic wave equation

In this section, we give a detailed introduction of the Wigner transform. In the high frequency
regime, it is used to derive the transport equation in homogeneous media and the radiative transfer
equation in heterogeneous media (chapter 4). Some examples and numerical illustrations are given to
clarify its properties and physical meanings.

The Wigner transform is widely used in signal processing [32, 42, 120] as a time-frequency
representation since it provides a better simultaneous time-frequency resolution compared to the other
representations, such as the Fourier transform (FT) [31, 35], the short-time Fourier transform (STFT)
[11,12], etc.

For time-space dependent functions, the definition of spatio-temporal Wigner transform is given
by:

Definition 3.1 (Spatio-temporal Wigner transform). The spatio-temporal Wigner transform of two
time-space dependent vector functions F(¢,x) and G(t,x), (t,x) € R x R?, is a second-order tensor
defined by:

1 ' T y * T y i .
W[F,G](t,x;(o,k)_W/IRXRdF<t—2,X—2>®G (z+§,x+§)e<m+yk>drdy 3.1)

where d is the spatial dimension and the superscript * denotes the complex conjugation operator.

3.1.1 Temporal Wigner transform in signal processing

The spatio-temporal Wigner transform (3.1) depends on four variables, two in the time-space
domain and two in the (o, k)-phase space. In order to simplify the introduction, we give the definition
of temporal Wigner transform for two scalar time signals and introduce its properties in the following.
The spatio-temporal Wigner transform satisfies also these properties.

Definition 3.2 (Temporal Wigner transform). The (cross) Wigner transform of two time signals F'(¢)
and G(¢) is defined as the Fourier transform of their instantaneous correlation function:

WI[F,G|(1; ) = % /RF (z - %) G* (z+ g) 70t (3.2)

The (auto-) Wigner transform of F(¢) is denoted by: W[F|(r; ®) := WIF, F](t; ®).

Basically, the temporal Wigner transform tells us how the spectral density changes in time. It has
several important properties [120]:

Property 1 (Symmetry property). If F(z) is real-valued, W[F] is an even function of ®.

WIF|(t; 0) = WIF](1, - o) (3.3)
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Property 2 (Conjugation property).
WIF,G] = (W[G, F])* (3.4)

Thus W[F] is real for all (r; w). Note that in the case of Wigner transform of two vectorial fields F
and G, W[F,G] = (W[G,F]).

Property 3 (Correlation of a sum property). The Wigner transform of a sum of two signals is the
square of the correlation in time-frequency of their Wigner transforms.

T v T v

WIE +Blno)l=]  WF] (z To- f) W) (r TR f) dtdv  (3.5)
RxR 2 2 2 2

Property 4 (Integration properties). The cross Wigner transform can be seen as a time distribution of

the product of spectrums F'G* or a phase-space description of the product of time signals FG*.

/]R WIF, G](t: 0)dt = ~—F(0)G* (), /R WIF,Gl(;0)do = F()G* (1)  (3.6)

om
Property 5 (Energy density properties). The marginal distribution obtained by integrating over
time equals the energy spectrum, while the one obtained by integrating over frequency equals the
instantaneous energy.

Flo)

/RW[F](t;a))dt = % : /RW[F](t;w)da): IF(1)]? (3.7)

The integration of Wigner transform over the time-frequency domain is equal to the total energy of
the signal.

. _ 2 L (a0 2
[ WiFl)dido - /R F)Pdr= /R £ (w)do (3.8)

The two equations above mean that Wigner transform can be interpreted as a distribution of energy
density in time-frequency domain, which is, however, not always positive for all (¢; @).

Property 6 (Convolution property). The Wigner transform of the product of two signals equals the
convolution of the Wigner transform of each signal with respect to frequency. The Wigner transform
of the convolution of two signals equals the convolution of the Wigner transform of each signal with
respect to time.

WIFH](1; ) = /R WIF](1:0)WH(1; @ — v)dv (3.92)
WIF +h](t: ) — /R WIF](t; )W[H] (1 — 7; 0)dT (3.9b)

where “x” denotes the convolution operator of two time functions.

Property 7 (Interference property). The Wigner transform of a sum of two signals has the following
form:
WIF + B (t; 0) = WF|(t; o) + W[F](t; ) +2Re {W[F1, F|(t; 0) } (3.10)
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where “Re” denotes the real part of a complex-valued quantity. This is due to the fact that Wigner

>

transform is bilinear function according to its definition 3.2. W[F;] and W|F5] are called “auto-terms’
and 2Re {W[F}, F>|(t; ®)} is called “cross-term” or interference term.
3.1.2 Discussion and analysis of the interference property of Wigner transform

The existence of cross-terms of Wigner transform has a great influence on the time-frequency
analysis. In this section we study in detail this property by some theoretical and numerical examples.

The following example is given by [70, 79]. We consider a time signal F (1) = F| (1) + F>(t)
defined as follows:

Fi(t) =Ah(t —1)e'®™,  F(t) = Ash(t —1p)e'® (3.11)

where A; and A, are real constant amplitudes, /4 is thought to be a window function concentrated at O
in time. Thus F; and F, are respectively concentrated around (#1; ;) and (2; @, ) in the (¢; ®)-plane.

Using the interference property eq. (3.10), W[F] + F»] can be computed analytically. The two
auto-terms can be obtained by the convolution property eq. (3.9) and by taking into account the fact
that W[e'®'] = §(w — ):

WAt 0) = AiWh(t—t0— o),  WEB]({to0)=AWh|(t —th;0 — o) (3.12)

Thus as a time-frequency representation of F] and F>, W[F|| and W[F3] lie respectively in the sur-
roundings of points (¢;,@;) and (f2, @,) in the (¢; @)-plane. For the cross term 2Re {W|[F, i) (t; )},
by the definition of the cross Wigner transform eq. (3.2) and a time shift of 4, we obtain:

1 s o
2Re {W[F,F)](t;0)} = 2Re {AlAzzﬂ /h (t - %) ¢ (1=3) (t P %) e—lwz(t-&-z)e’fwdr}

=2A1A5cos (wyt — (0O — @y)ty) WIh](t — t; © — @)

3.13)
where the time lag and the frequency lag are denoted by (z4; @;) = (f —t1; 02 — @), the centre time
and the centre frequency are denoted by (,,,; @y,) = (%, W) Several properties of cross term

are observed with this expression. Firstly, the cross term is a modulated version of the original signal
F shifted to the midpoint (z,,; @,,) of the segment connecting (¢;; @) and (f,; @,) in the (¢; ®)-plane.
This result can be generalized to a function composed of N time-frequency component signal, which
are localized around N different points in the (¢; @)-plane. In this case, there exist W Cross terms

between each two components. Secondly, the “cosine” function in cross term can be written as:

cos (wyt — (@0 — y)ty) = cos + Wty (3.14)

, t

\/ 03413 < 2
2 2 2 2
\/ 03 +13 \ OF+13

so it results in oscillations in the direction (@,; —t,) that is orthogonal to the line that connects the
auto-terms in the direction (74; @y ); the frequency of this oscillation is simply the distance 4 /tﬁ + (03



46 Energy-based error estimation for HF wave in homogeneous media

in the (¢; w)-plane between the signal components. Then the peak value of the cross term is twice as
large as the product of that of the auto-terms. Finally, we will see with the following example that the
“cosine” function is in fact the source of negative values of Wigner transform.

Numerical illustration of Wigner transform of a sum of two gaussian complex-valued signals
(fig. 3.1a) is given in the following so as to observe the properties of cross terms explained above. We
define () and the parameters of the function F in eq. (3.11) by:

h(t)=e 2, A=

)i, (o) = (=2:20); Ax = (2)3, (b @) = (2;40) (3.15)

als
Qo0

Figure 3.1b gives the Wigner transform of F(¢). It is found that the two auto-terms located at
(t1; @), (t2; ;) and the cross term located at their centre (z,,; ®,,) = (0;30) agree with the theoretical
analysis above. We also observe that oscillations of the cross term (along the solid arrowed line) are
orthogonal to connecting line of the auto-terms (along the dashed arrowed line). The auto-term W [F3]
and the cross term have the same amplitude and quadruple that of the auto-term W [F}] in fig. 3.1b.

25
ol
15t
1}
0.5}
0
-0.5+
AL
-1.5¢
2L
-2.5_4

real(F)

05 0
25 0.2 4
0.4
20 1.5 05
06 50
15 40
08 30 el E
0 ] 20 = > 0
2 0 2 4 w(rad/s) 4

(b)

Fig. 3.1 (a) real part of a complex-valued signal F(¢) (eq. (3.11), eq. (3.15)) composed of two gaussian
functions localized in both time and frequency domains, (b) Wigner transform in time-frequency
domain W[F|(r; ®): two auto-terms (positive, red round zone); one cross term (positive or negative,
oscillating zone)
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As expected, it is observed that the cross term contains some negative values, resulting from
“cosine” in eq. (3.13). Although the Wigner transform satisfies always energy properties (eq. (3.7)
and (3.8)), we cannot interpret it as an exact time-varying energy density estimate. It may be more
reasonable to integrate Wigner transform in a period of time or a band of frequency so as to ensure
its positivity as a representation of energy (energy density property eq. (3.7)). The integral of auto-
or cross terms over frequency is called its energy content. Generally, both auto- and cross terms
contribute to signal energy [70, 118]. The oscillations of cross terms suggest that their energy content
is small compared to the energy content of auto-terms. In particular, the cross term of disjoint signals
(i.e. auto-terms do not overlap) has zero energy content. Figure 3.2 illustrates the energy content of
the example above, and no energy exists for the cross term at t = 0.
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Fig. 3.2 Energy content of F(r) (composed of two disjoint gaussian functions): [ W[F|(t;®)d®
normalized to total energy

In this simple case the cross terms are separated spatially from the auto-terms. We can easily
identify them and their integration in time has no contribution to total energy. However, for multi-
component or continuous frequency signals, cross-terms of their Wigner transform not only appear in
the separate area, where the auto-terms are zero or negligible but also spread throughout the domain
of the auto-terms, and corrupt them in the complete Wigner transform. Therefore, it is difficult to
distinguish between auto-terms and cross terms if more complicated signals are used [71, 116].

What calls for special attention is that a sum of complex-valued signal (3.11) was given above
as an example. Solutions of wave propagation problems are always real-valued. It is known that
any real-valued signal can be expressed as a sum of two complex-valued signals with positive and
negative frequencies. For example, we have: cos(wt) = M Thus the cross terms in the Wigner
transform of a sum of two real-valued signals result from not only interactions between intrinsic

positive frequencies but also between positive and negative frequencies.
We study now the sum of two real-valued signals G = G| + G given by:

Fi() +F (1)
2

B(1) + F (1)

G](t): 5

=Ah(t—1)cos(wit), Ga(t) = = Ayh(t — 1) cos(mnt)

(3.16)
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with F| and F, already defined in eq. (3.11). So their complex conjugates F;* and F;" are respectively
localized around (71; —@; ) and (#; —@,) in the (¢; @)-plane. Thus G(¢) is composed of four frequency
components, and there are four auto-terms at (¢;+®, ), (f2; £ ®;) and six cross terms at (¢1;0), (2;0),
(tm; £ @), (ty; £0y) for its Wigner transform.

Considering the example of a sum of the two real-valued gaussian signals defined by eq. (3.16) with
parameters given by eq. (3.15), its Wigner transform is computed and illustrated in fig. 3.3. We get four
auto-terms at (7; @) = (—2;£20) and (2;£40) and six cross terms at (; ®) = (—2;0),(2;0), (0;£30)
and (0;+10), which appear between each two auto-terms (fig. 3.3). Every cross term is resulting from
the interference of each two auto-terms (marked with solid arrowed lines in fig. 3.3) and its locations,
fluctuations and peak value are determined by eq. (3.13).
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Fig. 3.3 Wigner transform of a signal G(¢) (eq. (3.16), eq. (3.15)) composed of two real-valued
gaussian functions in time-frequency domain W[G](#; ®): four auto-terms (positive, red round zone);
six cross terms (positive or negative, oscillating zone)

Until now, we presented the existence and properties of cross terms in Wigner transform. Since
the distribution of energy density in terms of frequency may be influenced by these terms, we will
try and analyze some methods to remove them. However, the total energy property should not be
influenced by that removal since in our work, the Wigner transform of wave fields is studied and the
energy transport equation is used for evaluating errors.

For instance, cross terms between positive frequencies and negative frequencies for 1D signal
can be suppressed by Hilbert transform. In fact, Hilbert transform of a signal allows eliminating its
negative frequency components and we obtain what is called the analytical signal [66, 142]. Thus
its Wigner transform contains only cross terms between non negative frequencies. The 1D form of
analytical signal using the Hilbert transform has been used extensively in signal processing since
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their introduction by Gabor [58]. However, their extension to the 2D case and their application to
images are limited, due to the non-uniqueness of the multidimensional Hilbert transform. Some usual
definitions of 2D Hilbert transform can be found in [101]. However, either negative frequencies are
not suppressed totally, or the real part of the constructed analytical signal does not coincide with the
original signal. Consequently, since we are concerned with 2D or higher dimension, this method
is not practical. Some suppression methods have been already developed to reduce the cross terms
between positive frequencies, such as low pass filtering or adding window functions [115, 126], image
processing [9, 116], combining the STFT and the Wigner transform [63, 83, 134], etc. Generally,
in all cases, cross terms can never be totally removed without affecting the appearance and quality
of the resulting time-frequency representation [161]. In detail, a loss of frequency concentration or
resolution will appear with these methods and the most important energy properties cannot hold any
more. Also, such methods are either computationally expensive or have a very limited applicability.
Consequently, we do not use the classical cross term removal methods in our work so as to conserve
always the energy properties. However, we should always pay attention to the existence of cross terms
and their influence on our numerical computations, especially when explaining phenomena in phase
space.

3.1.3 Scaled spatio-temporal Wigner transform in the high frequency limit

As discussed in the introduction of this chapter, we consider high frequency limit where the
typical distance of propagation L of waves is much larger that the typical wavelength A in the system:
€= % < 1. The spatio-temporal Wigner transform (definition 3.1) should be rescaled and defined as
follows:

Definition 3.3 (Scaled spatio-temporal Wigner transform). The scaled spatio-temporal Wigner trans-
form W ug, v¢] for two vector fields u,(¢,x) and v, (¢,X) is defined as:

1 ok
Welug, vel(t,x; 0,K) == ?W[Us,v(g] <t,x;8, 8)

! €T €y % ET ey . .
= W/RXRdug (l— T,X— 7) XV, (t+ 7,X+7> €l(m)+yk)d’tdy (3.17)

and the (auto-) spatio-temporal Wigner transform We[ug| := W, [ug, ug].

With this definition, the spatio-temporal Wigner transform is properly scaled at ¢! for ® and k

so as to observe all the fast fluctuations of order £ !

and to separate them from slow fluctuations of €°.
It satisfies always all the properties of the temporal Wigner transform introduced in the section 3.1.1

and section 3.1.2.

Using rules of pseudo-differential calculus presented in Appendix C, we derive the following
properties of the scaled Wigner transform:
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Lemma 3.4 (Time and space derivative properties of Wigner transform).

I Welue] = We [due, ue] + (W, [atu&‘vu&‘])*T (3.18a)

K-V We[ue] = We [K- Viue, ue] + (We [k Viue,u]) " (3.18b)

where (R -ViW);j = ki0y, W, ; (with Einstein summation convention). It is in fact the directional
derivative along k of W.

Proof.

Using homogeneous pseudo-differential operator’s properties eq. (C.4) and eq. (C.3) with ¢ (eD,) =
€d; and @(eDy) = ek - Vy, we have

We €01, ue] = oW [ug] + £ W, [u,] W, [k - Viug,up] = ikW, [ug] + VW, [u,]
Ws [Ug, 88[“8] - _la)Wg [uS] + %alw‘g [UQ] Wg [u‘g, 8R . VX“S} - _lng [Ug] + Ef(.zvx Wg [Ug]
(3.19)
Then taking the sum of each two equations in eq. (3.19), we get:
ath [UQ] — Wg [atug,ug} +Wg [ug, a[u€:| (3203)
k-ViWelue] = We k- Viug,ug] + We[ug, k- Vyug] (3.20b)

Recalling the conjugation property (eq. (3.4)) of Wigner transform), thus we obtain eq. (3.18).

O]

Now we present the Wigner measure, i.e. the energy density described by the transport equation
or the radiative transfer equation.

Definition 3.5 (Wigner measure). The Wigner measure, denoted by W, is the weak limit of the
Wigner transform W, as € — 0:
Wug] := lim Weug] (3.21)
e—=0

As we observed with the examples in the section 3.1.2, Wigner transform can be positive or
negative. However, Wigner measure can be demonstrated to be always positive [97]. Thus Wigner
measure can be interpreted as the energy density of waves in phase space. This is exactly the property
that makes the Wigner measure a useful tool for the study of wave or quantum interference phenomena.

Furthermore, the potential and kinetic energy of high frequency propagating waves can be
estimated by its Wigner measure with the following lemma:
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Lemma 3.6 (Energy property of Wigner measure of wave fields).

1 1
lim= | (C:é&(ug)(t,x)): € (ue)(t,X)dx = = pI(k) : Wlug(r,x; o, K)d wdxdk
e—02 JRd 2 JRxRExRd
(3.22a)
1 1
lim = | poug(t,x)- dug(t,x)dx = = pTr (W[odug(t,x; ®,K)) d odkdx (3.22b)
£—02 Jrd 2 JRxRIxR?

Proof. For eq. (3.22a), by using the integration property of Wigner transform over (@, k) (the second
equation of eq. (3.6)), we have

1 . . o
lg%i o (C: &(ug)(t,x)) : € (ug)(t,x)dx

=lim % /R ((eVyx)*-(C: €(ug)(r,x))) - ug(r,x)dx (3.23)
1

£—0

=lim ~ Tr(We[(eVx)" - (C: &(ug)(2,x)),ue] (,Xx; @,K)) dodkdx
€02 JRxRI xR

Then applying the property of pseudo-differential operators eq. (C.3) by taking y(eDy)u, = (€Vy)*-
(C: &(ug), we can derive:

lim~ [ (C:e(ue)(t,x)) : € (ue)(t, x)dx

e—02 JRrd
1 ev ev
=lim = pp 'C: [ (k+ =2y @ (k+—=2) ) v : Welue](r,x; 0, k)dwdkdx  (3.24)
£—02 JRxRIxRY 2 2
1
== I'(k) : Wu,|(z,x; ©,k)dwodkdx
2 JRxRAxRd

The kinetic energy eq. (3.22b) can be obtained by using directly the energy property of Wigner
transform (the second equation of eq. (3.7)).

O]

Note that these results in eq. (3.22a) and eq. (3.22b) are valid also in heterogeneous media when
the elastic parameters are dependant of x [25].

In high frequency limit, highly oscillating quantities such as u2, 62 do not satisfy a closed-form
equation in time-space (,X); however, we will see that the Wigner measure Wu,| as € — 0 satisfies
a closed-form equation that we derive in next section 3.2.

3.1.4 Discrete Wigner transform and analysis of parameters

Before the introduction of the transport equation, numerical computation of Wigner transform is
an important aspect in numerical applications. The Wigner transform of numerical solutions of wave
equation is quantified in our work and its analytical expression does not exist. Besides, considering
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the computational cost, Wigner transform should not be computed in an infinite region. Thus we
should discuss the numerical computation of Wigner transform.

In this section, the discrete Wigner transform (DWT) is defined and analyzed. DWT for a temporal
signal is presented here for simplicity (DWT for a time-space dependent function is realized in the
same way). Numerical examples are given for Wigner transform of a ricker signal in time and Wigner
transform of wave fields in the time-space domain.

The discretization of the temporal Wigner transform (3.2) is defined in the following:

Definition 3.7 (Discrete Wigner transform). Assuming that a discretized signal is given as F[N] :=
F(t = NAt), N € [1,Ny], where N is the total number of samples. Ar is the sampling interval.
§ = NyAr is the sampling length. The summation variable T in Wigner transform is discretized by
7/2 = MAt, M € Z. The discretization of frequency is defined as @ = Znﬁ,L € 7. Then the
discrete Wigner transform W|[F|[N; L] is defined as (we use the same notation W[F] for continuous
and discrete Wigner transform):

WIF][N;L] := W[F] <f =NAKL o = 2”z\fSLAt)

| _ , (3.25)
=~ Y FIN — M]F*|N + M]e"™~
T
Compared with the classical discrete Fourier transform (DFT) [35]:
GlL] = Y G[M]e>™ 5 (3.26)
M

the DWT can be interpreted as a DFT of the correlation function F F* with twice frequency.

Now we discuss the choice of numerical parameters in DWT: the sampling interval Ar and the
sampling length or computation length ;.

According to the Shannon sampling theorem [81], the maximum resolvable frequency must be
half the sampling frequency f; for DFT. Thus for DWT, f; or At satisfies:

1

fs=5; 2 4F (3.27)

where fr is the frequency of signal F (). So Ar takes a very small value for high frequency fr.

Frequency resolution is defined as the distance between two adjacent frequency data points in the
DWT so it stands for the precision of the frequency representation of the signal:

1 1 1 1
Af— s 3.28
/ 286 2N,Ar Je { 4At74At] (3:28)
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Fig. 3.4 Ricker signal and its frequency spectrum: (a) F(z), (b) |FFT(F)|

Smaller Af means a better frequency resolution. However, since At is very small, increasing
means increasing a large total number of sampling Ny, that may cause a high computational cost
especially for high dimension input. We have to choose an appropriate &;.

We consider firstly identifying the value of {; for two adjacent frequencies of a signal. If we want
to separate two peaks with frequencies w; and @, of DWT (w; > ®;), we need to have at least one
node between these two points in ® axis, i.e.:

W) — @ 1 27

>2Af = — >
2t T f &’ e Ct_wz—wl

(3.29)

Now considering a continuous frequency band with a maximum frequency @y, it is known that it
has a cross term % between @y and low frequency near to zero in Wigner transform. For separating
components @y and %, we need

4r
> 3.30
G - (3.30)

In conclusion, discrete Wigner transform in time is realized within a chosen computation length
{ that satisfies eq. (3.30). Now same analysis of parameters can be extended to the discrete Wigner
transform of a time-space dependant signal, denoted by (&, {,). They should verify:

4r 4r
> — > — 3.31
Cl‘ - 0)07 Cx - k() ( )
where ky is the frequency related to the space variable, i.e the wave number for wave propagation
problems. Since spatio-temporal Wigner transform depends on four parameters (¢,x; @, k), we fix one
time-space point (fy,xp) in time-space and represent all the results in phase space (®,k), computed

for the chosen computation region (&, {;) in time-space. In addition, we know that Wigner transform



54 Energy-based error estimation for HF wave in homogeneous media

is real (for d = 1) and symmetric about the origin in phase space so we illustrate only positive @ in all
the figures.

Now the DWT of a ricker signal is given so as to observe the influence of different computation
lengths . It can be seen as the Wigner transform of the product of the ricker signal and a rectangular
window function with different window lengths ;. Figure 3.4 illustrates a ricker signal centred at
t = 0 s with period Tg = 4 ms. The maximum frequency f;;.x = 500 Hz (frequency for maximum
amplitude). According to eq. (3.30), & > 2/ finax = 2Tnax = 4 ms for the identification of fi,,,c. Note
also that 27,,,x = T so this choice is reasonable in the sense that this lower bound allows including
the whole signal F(r).

Figure 3.5a - 3.5d give the numerical results of W[F] in terms of time-frequency for four different
values of §;. We find also that the maximum value of Wigner transform lies at zero frequency, as
a result of superposition of cross terms between all @y and —ay (@ € [0,27 fiqy]) since ricker is a
real-valued signal in time. The second maximum value of Wigner transform is located around the
maximum frequency.

In fig. 3.5e, we compare the four plots fig. 3.5a - 3.5d for a fixed frequency f = f,4r. According
to the convolution property of Wigner transform in frequency (eq. (3.9a)), the change of computation
region, i.e. the size of rectangular window function has almost no influence on time resolution. The
last three lines almost coincide, but §; = T,,,, = Tg/2 differs most from others because it contains
only the half signal in time and has a low-resolution in time. It changes principally the frequency
resolution. Figure 3.5f shows their values for a fixed time instant 7 = 0: we observe that §; = 27,
already allows identifying a maximum frequency around f;,,, = 500 Hz as expected. With increasing
&, a spectrum with higher resolution is obtained.

Note also that since this ricker signal has a spectrum of frequency over a continuous frequency
range, cross terms of its Wigner transform spreads out over the same continuous frequency range.
Thus the maximum frequency found by its Wigner transform does not coincide with its real value
fmax = 500 Hz. To investigate the influence of the parameter {, on numerical calculations of Wigner
transform, we propose to identify the maximum frequency by the middle point determined by the
two adjacent frequencies corresponding to the two highest amplitudes (of course, the maximum at
f = 0 due to cross terms with negative frequencies is neglected). It is respectively 375 Hz, 564 Hz,
530 Hz, 515 Hz, obtained with fig. 3.5f and illustrated in fig. 3.6 with {; increasing. It shows that the
identified maximal frequency of the numerically calculated Wigner transform converges to a value
that would be slightly larger than the maximal frequency f;,,.x defined by the ricker signal.

Now to study the influence of the size of sampling length on the discrete spatio-temporal Wigner
transform, we consider the wave propagation in a 1D semi-infinite homogeneous bar (fig. 3.7). Its end
is subjected to Neumann boundary condition by a ricker signal F () with a magnitude of 1 kN/m?
(t € [0,Tg]). The related parameters are given in the table 3.1. Here the analytical solution of wave
displacements can be computed with eq. (2.48).
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Fig. 3.7 Model in 1D homogeneous media

media load (ricker) wave

P (kg/m3) EO (GPa) TR (“'S) Tmax (‘LLS) A'max (m)

2500 70 15 7.5 0.04

Table 3.1 Numerical parameters of media, load and waves in homogeneous media

In fig. 3.8, Wigner transform of u(z,x) for one point in the vicinity of the wave front (zp =
5.5Tg = 0.083 ms,xp = 0.4 m) with three different (¢, ;) is computed numerically. They satisfy
& > 2Tax, G > 2Amax according to eq. (3.31). Note that the energy density property eq. (3.7) of

Wigner transform:

W u] (t0, x0; @, k)dodk = |u(to, x0)|? (3.32)

/[—%.,%}x[—%,%}

is always verified numerically, independent of the choice of computation region. It can be observed
that in phase space, the spatio-temporal Wigner transform gives the energies along the direction of
propagation (@ = co |k|) in all cases.
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In 1D homogeneous media, wave displacement is constant along the characteristics x = 4cof. It
is known that the Fourier transform of a constant function is a delta dirac function. It means that
Wigner transform of wave front should be analytically a dirac function in the direction perpendicular
to @ = —cok. However, the numerical computation of Wigner transform along x = cof is realized in a
finite region. It can be seen as a Fourier transform for a rectangular function with different widths, so
a sinc function is obtained in the direction perpendicular to @ = —cok in all cases (fig. 3.8d).

Comparing the figures fig. 3.8a to fig. 3.8c, it is shown once again that the parameters (&, §;) =
(8T nax, 8Amax) give a higher resolution of Wigner transform. Figure 3.8d gives the value of Wigner
transform in the line perpendicular to @ = —cpk across the maximum frequency k = —kyqy =
—157m~! (black solid line in figs. 3.8a to 3.8c). It can be observed that the main lobe is more and
more narrow, i.e. a better concentration, with the increasing of the size of computation region. As
the computational cost with this choice is acceptable for our applications, with about 0.08 s for the
calculation for one time-space point, thus these parameters are used for all the calculations presented
in the section 3.3 and in the chapter 4.
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Fig. 3.8 W{u|(t,x; @, k) for (t9,xp) at wave front with: (a) (&, ;) = 2Tmaxs 2Amax), (0) (&, &) =
(4T max, 4Amax)s (©) (8Tnax,8Amax); (d) their value at the line perpendicular to @ = —cok for the
maximum frequency k = —kpqyx
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3.2 Transport energy-based residual errors of numerical solutions of
wave equation

In this section, the transport equation with the scaled Wigner transform is derived in the weak
coupling regime, based on the wave equation. It reveals the connection of the wave equation to
the energy transport equation in homogeneous media [17, 119]. Then residual-type errors of finite
element solutions of the wave equation are defined based on the transport equation in terms of Wigner
transform of wave fields.

3.2.1 Transport equation in homogeneous media

The wave equation (1.1) in homogeneous media is considered here with assumption of f = 0. We
apply the pseudo-differential calculus for this equation in the following.

I'(eVy) denotes the pseudo-differential operator defined using the same mathematical symbol as
the Christoffel operator I'(iek) (see Appendix C for the definition of the pseudo-differential operator
and its symbol). Considering homogeneous and isotropic media, we have:

L(k) = Iy + (c; —c)kok (3.33)
We rescale t — t /€ and x — x/¢€ in high frequency limit. Then the wave equation can be expressed as:
((€9,)Ly —T(eVy)) -ue(t,x) = 0 (3.34)

and the cross Wigner transform is applied to this equation and ug:
We [((€0)°L; —T(eVy)) -ug,ug| =0,  We [ug, ((€9,) L, —T(eVy)) -ug] =0 (3.35)

Using the properties of pseudo-differential operators in eq. (C.3), eq. (C.4), and eq. (C.2) by taking
@(eD;) = (€d;)? and y(eDy) = I'(eVy), we obtain:

(i)* We[ue] +ie 0, We[ug] = T (ik) - Weug] — % {T(ik), We[ug]} 4 o(e?),
. (3.36)
(i0)* We[ug] — iewd, Welug] = We[ug] - T ((ik))*T + % {ws [ug], (T (ik) )*T} +o(€?)

where the Poisson bracket is defined by: {I', W} = VxI'- V{\W — V,I" - VkW with the product
VI VxW := g, I"- 9, W (with Einstein summation convention).

The asymptotic expansion of W, is defined by:

We = W0 4 eW! +0(e?) (3.37)
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Note that the 0-order term WY is equivalent to the Wigner measure W, as WY = limg_,o We. Introduc-
ing eq. (3.37) into eq. (3.36), the leading order o(e) gives:

(01, —T(k)) W' =0 (3.38)

Using the eigendecomposition for I" as we did for the Christoffel equation (1.8), it can be found that
the non-trivial solutions of eq. (3.38) can be written in the form [17]:

WO =W kok+W, =W kak+ Y W, gk, ok (3.39)
o,f=12

and the eigenvalues of the Christoffel tensor:
wl=c2 k>, or w?=clk’ (3.40)

In eq. (3.39), W? is decomposed into P-mode (associated to the eigenvalue o, and the eigenvector k)
and S-mode (associated to the multiple eigenvalue @, and the eigenvectors {IA(IL, lA(ZL }). W, is a scalar
function and Wy is a 2 x 2 matrix (two modes for S-wave) in 3D media. Thus the multiply-scattered
wave energy in an elastic medium may be characterized by four parameters, one for the longitudinal
wave and three for the transverse wave (according to the symmetry property of Wigner transform,
only three coefficients of Wy are independent).

Now by subtracting the two equations in eq. (3.36) and inserting eq. (3.37), the order o(¢€) of the
obtained equation gives:

200,W° = % ({T(k),W’} —{W°.T'(k)}) (3.41)

We multiply the above equation on the left and the right by k for mode P and by k' for mode S, and
recall that the identity matrix I; = k@ k + T+ = k@ k+ ki @ ki +ky @k;. Its right-hand side reads:

(k- ({T(k), WO} +{WO.T(K)}) -k =k {T(k)-L;,W°} - k—k-{WO,I,-T(k)} -k
= {0}, W, } —{W,. 07}
=2Vio, - VW,

I ({Tk), WO+ {WOT'(k)})- I+ =TI+ {T(k)-I;,W} - I* -1+ - {W I, -T'(k)} - T+
= {of, W} —{W;, 07}
= 2Vi®? - V4 W,

\

(3.42)
Then introducing eq. (3.42) into eq. (3.41) and using the definition of @, and w;, the following
equations for mode P and S can be found:

W W, [u:] — 2k - V4W, [us] =0
W [ug] — ¢, plue] (3.43)
(J)atWS [UE] - C%k . VXWY [ug} == 0
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We recall that k - Vy is the operator of the directional derivative along k. According to eq. (3.40),
for example in the case of P-waves, we have @, = £c, |k|. Considering that o is physically always
positive and using the symmetry about zero of Wigner transform in phase space, we define @ > 0 and
+k that represent the two directions “+". Thus W ,[ug| can be projected into these two directions by:

W [ue](r,%; 0,k) = W [ug(r,x; —K) 8 (@ — ¢, (k- k)) + W, [ug](z,x:k)0 (@ —cp(k- k)) (3.44)

This shows that the forward wave intensity W[f propagates in the direction —k and the backward
wave intensity W, propagates in the direction k in phase space. Note that this definition is consistent
with the numerical example in the section 3.1.4. In fig. 3.8, it is noticed that Wigner transform
of forward waves (f,x = ¢,¢ > 0) in 1D media takes value with slope of —c, in phase space (for
k < 0,0 = —cpk > 0). In fact, it is a result of exponential terms e/(TOH%) i the definition of Wigner
transform, which differs with the common definition of harmonic forward-going plane waves e/(T®—%).
However, it does not affect the analysis of results. We keep this traditional definition of Wigner
transform and use this convention of sign for (®,Kk) in eq. (3.44) in the following. All analysis and

definitions above are applied similarly for S-wave.

Introducing eq. (3.44) into eq. (3.43) (note that k in eq. (3.43) should be changed to —k for W;
and W according to our choice of sign), it can be decomposed into:

+ N + —

atWSi [ug] :tCSR' Vx“];t [ug] O

which are the transport equations for P and S-wave in homogeneous media, subjected to some initial
conditions and boundary conditions.

The general solutions of eq. (3.45) for harmonic waves can be expressed as:

WE(t,x; Tk) = A, (k- X Fcpt)
g )= ) ! (3.46)
WE(t,x; FK) = Ag(k-x Feyt)

In the time-space domain (z,x), general solutions of P-wave displacement in homogeneous media
o7u— cf,V,z(u = 0 can be expressed as:

u,(t,x) =F(k-x—cpt) + G(k-x+cpt) (3.47)

where F and G are arbitrary functions of their argument. It has two components that represent
respectively the propagation of wave fronts in the forward and backward directions. It can be
remarked that the energy density W, (eq. (3.46)) has the same arguments in the time-space domain.
Considering the Wigner transform of u,,(z,x), according to eq. (3.10), it has two auto-terms related
to energy density of two directions W;,t in eq. (3.46) and one cross term that vanishes in the weak
sense when € — 0. The same can be said of the S-wave. In the phase space (®,k), Wigner measure
presents the relation of dispersion along the characteristics in eq. (3.44), that is verified numerically
by the example in fig. 3.8 of section 3.1.4.
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3.2.2 Theoretical residual errors based on transport equation

We assume that uy; is a finite element solution of the wave equation (1.1) in the high frequency
limit. The numerical errors related to uya, are evaluated based on transport equations eq. (3.45) in
terms of energy quantities of wave fields, i.e. the projections of Wigner transform of uy,. In the
following, its projection on mode P is denoted by W ,[up;] = k- We[u;s] - k and on mode S by
W] =T Welupa,] - T

Definition 3.8. Residual errors based on transport equations (3.45) are defined as:

RE [ ] (1,%; @, K) 1= 0, W ) (,%; 0,K) £ ¢k, - VW [upa] (2, %; 0, K) (3.48)
RE[wa](1,%; 0, K) := O WE[wa ] (1,%; 0, K) £ ¢,k - Ve W [wpa ] (2, X; 0, k)

Furthermore, it can be demonstrated that eq. (3.48) can be transformed into the following theorem.

Theorem 3.9. The local residual error maps in (¢,x; @,k) domain can be obtained by:

*T i i «T
R [uy] = <W;t [Viar, Whar] + (W5 [Vaar, Unar]) > = (Wf Ky - Vattpar, wiar] + (Wi [k - Vit ) >

* 0 a *T
R[] = (W Vs, W]+ (WE Vi wn]) ") e (WETR, - Vit wiy] + (WE R, - Vit wa])
(3.49)
Proof. Using lemma 3.4. U

Errors defined with eq. (3.49) is more interesting than eq. (3.48) because it emphasizes the
importance of the correlations of the displacement with the velocity and the directional derivative
along the wave vector of the displacement. Numerically, it avoids the computation of the time
derivatives by finite difference, when numerical velocities are already obtained at each time step.

Considering that the local errors R* [u,,](¢,x; ®,k) depend on four parameters and using the
energy properties of Wigner transform (eq. (3.7)), we propose two new error quantities in an energy
norm:

Rl (@,K) := /R LR sl (%000 + Ry wal(xi0. k) Jdrdx— (3.50)
and
R[upa](,%) == /RXR(]ZU{\R; [wpa] (7,%; ©,K)| + [R [waa] (1, x; 0,K) | } dwdk (3.51)

where a = P, S stands for different modes. Taking into account that the existence of cross terms
disturbs the distribution of energy in terms of frequency, the second definition R(z,x) is used and
computed in this work.
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3.3 Numerical application for wave propagation in a 1D homogeneous
medium

In this section, we analyze numerically the defined residual errors eq. (3.54) and eq. (3.55) in a
1D case.

We firstly rewrite the transport equation and the residual errors in 1D media for clarity and
simplification of some notations. In this case, only P-wave propagates with constant velocity ¢o and
the subscript p can be neglected. The transport equation eq. (3.45) reads:

AW ue] £ codWEue] =0 (3.52a)

Recall that W* with the convention of sign defined in eq. (3.44) can be written as:
WHue] := Wue](t, 5,0 = —cok > 0,k < 0), W [ug] := Wug](t,x;0 = cok > 0,k > 0) (3.53)
The residual error maps in 1D are obtained with eq. (3.49) and eq. (3.51), namely:
R* [upar)(t,5; 0, k) := 2Re (W [Vhar, unar] (1,5, @,k)) &= 2coRe (Wi [€ar, tnar] (., 0,k))  (3.54)

and
Rlupa ] (2,x) := /ﬂw{yRﬂuhN](z,x;w,k)y + [R™ [unar)(1,x: 0, k) | } dodk (3.55)

where v;5, and €,5, stand for respectively the numerical velocity and strain fields.

Now we consider here the same 1D wave propagation model as the one defined in the section 3.1.4
(fig. 3.7). All the physical parameters are defined already in the table 3.1 except that here we consider
a bar with a finite length L = 1 m so wave front propagates a round trip in a time period 77 = 0.4 ms.
The left end is subjected to the Neumann conditions with the ricker signal and the right end to the free
boundary condition.

The exact solutions of the wave displacement in the time-space domain are obtained analytically
and illustrated in fig. 3.9. Note that the Wigner transform of the exact solutions is calculated
numerically.

In order to analyze the evolution of residual errors with refinement, three numerical finite element
solutions are computed with different mesh sizes 4 and time steps Ar shown in the table 3.2. Note
that they all satisfy the sampling condition in eq. (3.27): i > 4f., with f, the cutoff frequency of the
ricker signal, which can be chosen equal to 3 f,,,y.
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Fig. 3.9 Wave displacement: (a) u(z,x) in the whole computed time-space domain (with two computa-
tion regions for Wigner transform at two points A (74,x4) and B (tg,x5)), (b) u(t,x0) for xo = 0.4 m,

(c) u(to,x) for to = 0.1 ms

h (mm) | Ar (us) | A(fe =3 foax)/h
1| 3125 | 05 4
2| 125 0.2 10
3] 0625 | 0.1 20

Table 3.2 Parameters for finite element solutions of wave equation, #: mesh size, Af: time step,
A(fe)/h: number of elements in the shortest wavelength of interest corresponding to the cutoff

frequency
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3.3.1 Residual errors in phase space for different refinements of finite element solu-
tions
We choose firstly two representative points: point A (f = 0.083 ms, x = 0.4 m) at the centre of

wave front in the forward path (for W) and point B (t = 0.27 ms, x = 0.6 m) in the return path
(for W) (fig. 3.9a), and then the residual errors defined in eq. (3.49) in phase space are respectively

computed.
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Fig. 3.10 Numerical computation of W [uya,](f,x; @, k) in phase space for a given time-space point:
(a) point A, (b) point B

Figure 3.10 gives the results of Wigner transform for the two considered time-space points A and
B, numerically calculated with (&, &) = (8Tnax, 8Amax) = (0.06ms,0.32 m) for the FE numerical
wave solutions obtained with &2 = 0.625 mm, Af = 0.1 us. It is observed that the Wigner transform
takes values along respectively the two characteristic lines of the dispersion relation ® = Fcok.

Now we compute the residual errors R* [uy](fo,%0; @, k) in phase space in eq. (3.49) for different

time-space refinements.

Figure 3.11 give local residual errors distributed in phase space for the points A and B with
different numerical solutions. It can be found the tendency of decreasing of errors with increasing
refinement. Errors at point B are generally larger that at point A for same size of refinement due to

the increase of errors with time.

Generally, the maximum of the estimated errors is located around k. (We ignore the maximum
at k = 0 where all the cross terms between positive/negative frequencies overlap). In the case
A(f.)/h = 4 for point B (the top figure in fig. 3.11b), it is observed that the frequency band is much
shorter than other cases and the maximum of errors is approximatively located at k. /2. In fact, it
can be remarked in fig. 3.12 (more evident in fig. 3.12b) significant errors related to the numerical
diffusion of numerical solutions with the time discontinuous Galerkin method used here. It includes
the dissipation (associated to the amplitude error) and the dispersion (associated to the phase error).
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These effects, depending on mesh size and the size of the time step, increase with time. Consequently,
for the coarse refinement (A (f;)/h = 4 here), the quality of estimated errors cannot be ensured. Errors

can be underestimated (fig. 3.13b). More studies on diffusion properties of DG or other numerical
methods for the wave equation can be found in [5, 74, 136].
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Fig. 3.11 (a) R for point A in phase space for different refinements; (b) R* for point B in phase

space for different refinements
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(b) R* for point B, interpolated on the line perpendicular to @ = cok across the k = k¢

Some noticeable fluctuations are also found along @ = Fcpk (most remarkable for A (f.)/h = 4).
At the bottom of fig. 3.13, we give respectively the interpolation of the previous three plots on the
line perpendicular to @ = Fcok across the k = Fkq, for point A and B. For point A, in the case of
A(fe)/h =4, it is observed that these fluctuations are small compared to the relatively large errors
in @ = cok. In the case of A(f,.)/h = 20, fluctuations and errors become more comparable. These
fluctuations are resulting from “spectral leakage”. In simple terms, DFT (so does DWT) for the
sampled signal is repeated periodically; if some glitches or discontinuities exist in the boundaries of
the chosen computation region, a leakage of frequency will arise. Leakage causes the signal levels to
be reduced and redistributed over a broad frequency range. For exact solutions of wave propagation
in homogeneous media, if we compute its Wigner transform along the direction of propagation
x = *cot, it can be seen as a constant continuous function. No leakage happens. For numerical
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solutions, discontinuities always exist and we cannot find a method that allows removing totally these
fluctuations. Increasing the size of computation region is one of methods to reduce them. That is
also an explanation for choosing a large (&, §;) = (8T uux, 8Amax ). A detailed discussion about this
phenomenon can be found in appendix B.

3.3.2 Residual errors in time-space for different refinements of finite element solu-
tions

Considering the numerical fluctuations found in last section, R(z,x; @, k) is filtered with a window
function and then we compute errors in the time-space domain R(z,x) defined in eq. (3.55), i.e.

R(t,x) = /RXR IRE (1, x; 0, k)| g (@, k)dwdk (3.56)

where hg(®,k) is a window function defined in phase space, which allows the filtering of fluctuations
according to our choice. Considering here that the integral area of errors should be only around
® = Fcok so we choose naturally a rectangular window defined with the rotational coordinate (it can
be also found in Appendix F for a more detailed definition of this new coordinate):

o _k
. . k=25
hg(ky k) = hg(o,k) = rect(k )rect(k)) with oY (3.57)
k=75

For forward waves (point A, fig. 3.14), the length of /g along k| is from zero to the cutoff frequency:
k, € [—3\ﬁkmax,0]. Its width in kH direction is carefully chosen as CH = 2V/2Ak (recall that Ak is
frequency resolution). This width covers at least the main lobe of Wigner transform in this direction.
It allows to contain the residual errors along the characteristic line but not too much fluctuations.
Indeed, as we discussed in the section 3.1.3, the DWT can be seen as DFT of a rectangular function
with period of 1/(co&)? + &2 = v/2¢, in the (cot,x)-plane along x = cot (¢ axis is rescaled to cof)

in homogeneous media, so the width of main lobe is equal to f%é = 2v/2Ak. For backward waves,

errors are distributed in the first quadrant, thus k| € [0,3v/ 2k

Figure 3.14 illustrates the effect of window function on residual errors for forward waves (for
A/h=4infig. 3.11a).

Now residual errors are computed for all points (¢,x) so we get a time-space maps of errors. Note
that the boundaries are neglected since in the present work the chosen calculation domain of Wigner
transform and the validity of the transport equation are only considered in the bulk of the medium. In
fig. 3.15, the convergence of errors with decreasing mesh size is illustrated. It can be also found in
fig. 3.15d that the integral of errors over space is increasing with time (more evident for the coarsest
mesh).
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To understand more clearly, we compare values of all R(¢,x) for a certain position x( or a certain
moment #y in one plot. In fig. 3.16, it is observed that the residual errors defined in eq. (3.55) are
decreasing with smaller mesh size as we expected. Two errors for exact solutions are given (discretized
both with respect to the finest refinement A /h = 20): one is computed in coordinates (,x), another is
along the direction of propagation. As we mentioned in last section, Wigner transform of the latter
has no leakage. Thus it is noticed in fig. 3.16 that it has much smaller value than the former case and
other numerical solutions. It means that the window function Ay allows reducing the fluctuations but
it cannot remove totally the effect of frequency leakage. We can conclude that errors resulting from
leakage of frequency are very important in numerical computations of Wigner transform but it does
not influence the evaluation of errors with refinement here.

5 x10° ' ' o x10° '
——Ah=4 ——\h=4
——A/h =10 ——\/h =10
A/h =20 A/h =20
[la't 1.5} —s—exact with leakage 1 I 1.5} —e—exact with leakage
N —+—exact without leakage N —s+—exact without leakage
~ ~
:; 1t ™ 1t
=05 o5t
6 8 10 12 04 0.5 0.6 0.7
T(s) x10° X(m)
(@) (b)

Fig. 3.16 Comparison of residual errors between numerical solutions and exact solutions: (a) Ié(t,xo)
for xo = 0.4 m, (b) R(ty,x) for tp = 0.1 ms
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Fig. 3.17 Comparison of residual errors between three exact solutions with different discretizations:
(a) R(t,xp) for xo = 0.4 m, (b) R(¢o,x) for to = 0.1 ms

Finally, for only exact solutions without leakage in FFT, sources of residual errors in numerical
computations can be considered mainly as the discretization in the time-space domain of analytical
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equations. Indeed, errors of exact solutions with different sizes of discretization can be also computed
and compared in fig. 3.17. We find that they are much smaller than errors in fig. 3.16 so they can be
neglected.

3.4 Conclusion

In this chapter, we presented the transport equation which describes the energy transport for HF
wave propagation in homogeneous media, derived by the scaled spatio-temporal Wigner transform.
The properties of cross terms in Wigner transform were analyzed and discussed in detail. For
numerical computations of Wigner transform, an important study of parameters, i.e. the size of
computation region in time and in space for discrete Wigner transform was determined in function of
signal frequency considering the frequency resolution. Then the energy-based residual errors of the
wave equation with the transport equation were proposed analytically. A numerical application of
these results is realized in a 1D homogeneous medium. The errors were computed for approximate
solutions with different mesh sizes and we compare all these results in the time-space domain. We
observed that with increasing number of degrees of freedom, the defined residual errors are decreasing
as we expected, which allows validating our tools of error estimator.
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This chapter deals with high frequency wave propagation problems in heterogeneous media.
Compared to the transport equation in chapter 3, a more general and complicated radiative transfer
equation is studied. It is derived from the wave equation in the same way as we did in the section 3.2.1.
It describes not only the transport of energy, but also the scattering of energy by heterogeneities, with
the effects of coupling between different polarization modes. After a long propagation time, we find
the mean amplitude of waves decreases with the distance travelled, since the coherent or mean wave
energy is converted to incoherent fluctuations. Considering the difficulties and high computational
costs of analyzing errors for highly oscillating wave fields in these media, we propose here to quantify
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errors of finite element solutions of the wave equation in terms of energy quantities governed by this
new equation.

In the section 4.1, we start with the introduction of random media, which is used to model the
heterogeneities, and the radiative transfer equation in these media. Then the analytical solutions
of the radiative transfer equation in 1D media are obtained. The related propagation phenomena
characterized by the scattering mean free length, are discussed. A numerical example of wave
propagation in a 1D medium is presented and the localization phenomenon is discussed.

In the section 4.2, the energy-based residual errors of wave fields using the radiative transfer
equation are defined analytically and computed numerically for FE wave solutions obtained in 1D
heterogeneous media.

In the section 4.3, a filtering of the obtained residual errors with window functions is proposed,
which allows smoothing Wigner transform and reducing the influence of cross terms. Its numerical
application is presented and analyzed.

Finally, in the section 4.4, the energy-based residual errors of numerical wave solutions obtained
with two different refinements are compared.
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4.1 Radiative transfer equation in heterogeneous media in the weak
coupling limit

In this section, we present the radiative transfer equation in heterogeneous media and the related
phenomena. Firstly, the heterogeneities of media are described by a random model of mechanical
properties. Then the scaled spatio-temporal Wigner transform defined in the chapter 3 is used for the
derivation of the radiative transfer equation in heterogenous media. Some important characteristic
lengths and propagation phenomena are discussed in the end.

4.1.1 Statistical description of weak randomly-fluctuating media

As we introduced in the section 1.2.4, we consider the high frequency wave propagation in the
weak coupling limit. The physical properties of weakly heterogeneous media are assumed in the form:

C(x) = Co(x) + V€1 () .1)

Here p(x) is assumed slowly varying so only the elastic tensor is assumed to vary rapidly.

The slowly varying part Co(x) satisfies:
Co(x) = E[C(x)] (4.2)
where E[-] denotes mathematical expectation or ensemble average.

The fast fluctuating part C(y), with y = %, is considered as a statistically homogeneous mean
zero random field with unit-variance in the y variable. The standard deviation of C is given by the
mean square of the fractional fluctuations /€ before C;. This size is the unique scaling which allows
significantly modifying the energy spreading in the transport regime at a long propagation distance.
Indeed, if the random fluctuations are too weak they will not affect significantly energy transport
(although strong interactions between waves and media exist in this case with /. ~ 1), and too large
fluctuations will lead to the localization of wave energy in media where the radiative transfer theory
cannot be applied [125]. Note that the period of the fluctuations of the properties is of order €, as the
characteristic length over which the material fluctuates. This model allows an asymptotic analysis of
wave propagation problems.

A random medium can be seen as an ensemble of heterogeneous media, called realizations. Each
realization differs from another in the detailed spatial structure of fluctuations, but they have some
common statistical properties, such as mean value, variance or standard deviation, and covariance
function.

Definition 4.1. For any statistically homogeneous random field U, its covariance function P(r) and
power spectral density P(k) (Fourier transform of covariance function) are respectively defined by:

P(r) =P(y—2z) =E[U(y)®U(z)],

. ‘ 4.3
P(k) = /}R ) P(z)e Xz 3
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With the definition of P(k), we have:

(27)5(p+q)P(p) = E|U(p) © U(q)| (4.4)

The covariance function is a statistical measure of the spatial correlation and the magnitude of
the fluctuations in the medium. When a medium is isotropic, the covariance function depends only
on the lag distance r = |y —z|. Three covariance functions are given here as examples: the sinc?,
the exponential and the gaussian functions. These three functions and their corresponding power
spectral densities are given in the table 4.1 and illustrated in fig. 4.2. Here “sinc” stands for the
unnormalized cardinal sine function 1)

by tri(k/a) := {

and “tri” stands for the scaled triangular function defined
I-k/a |K<a

0 otherwise
type covariance function power spectral density
sinc? | P(r) = o%sinc(wr/l.) | P(k) = 62l tri(kl./2)
exp | P(r) =0 | Plk) = 10 ey
gauss P(r)= o2e /L ﬁ(k) = %Gzlce*kzlg/(“”)

Table 4.1 Examples of covariance function and power spectral density (P(0) = 62)

1

1
— sinc? — .=
\ — exp — l. =2l
0.8+ gauss| 0.8+ l. = 3l
— . =4l
= 5
= 0.6} = 0.6+
X X
= =
=04} =04}
A A
0.2} \&L‘ ] 0.2}
0 ‘ — 0 ‘
2 3 4 5 0 1 2 3 4 5
r/l. r/lo
(a) (b)

Fig. 4.1 (a) normalized sinc?, exponential and gaussian covariance functions, (b) sinc? function with
different correlation lengths

It can be seen that the covariance function P(r) depends on two parameters: the variance 62 and
the correlation length /.. Here /. is defined so that it satisfies:

lo= 2/000 Pé;)dr 4.5)

Different definitions for /. can be found in the literature [41, 127]. Physically, the correlation length

I refers to an order of magnitude of the distance beyond which the values of the random field are
almost uncorrelated.



4.1 Radiative transfer equation in heterogeneous media in the weak coupling limit 75

Briefly, a random medium realization is obtained by the filtering of a white noise. This white
noise is filtered with the square root of the power spectral density of the required covariance function
in the wave number domain. The inverse Fourier transform provides the fluctuating field which is
superposed on the slowly fluctuating background. Figure 4.2 gives one realization of numerical 2D
random fields with spectra P(ky,ky) = 0212tri(kyl./2)tri(kyl./2) by spectral approaches [128, 129].
The influence of the correlation length on media can be observed.
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Fig. 4.2 One realization of 2D random media generated by the covariance function sinc? with different
correlation lengths: (a) [, = Iy, (b) I, =2l

4.1.2 Radiative transfer equation

In this section, the radiative transfer equation is derived, which describes the high frequency wave
propagation in random media in the weak coupling limit. It provides a description of the evolution of
wave energy in phase space in terms of the Wigner measure.

We present hereafter only the main steps taken in the derivation of the radiative transfer equation.
More details can be found in [17, 25, 119]. The main idea is the same as the derivation of the transport
equation presented in the section 3.2.1. However, a special attention should be paid for the new
order /€ in the asymptotic expansion of the Wigner measure, resulting from the magnitude of fast
fluctuations of random media defined in eq. (4.1). Besides, the transport equation can be seen as a
particular case of the radiative transfer equation by removing the fast fluctuations of media.

First of all, we can also write the rescaled wave equation in the high frequency limit as we did in
eq. (3.34):
((€9,)°1y —T(x;€Vy)) -ue(t,x) =0 (4.6)

In the case of heterogeneous media, I" depends on x. However, we still present the case of isotropy for
simplicity. According to the randomly fluctuating elasticity tensor defined by eq. (4.1), the Christoffel
tensor I' is expanded as:
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T-ue=p ' (%) (Co(x) : (kyue)) -k+Vep ' (x) (Ci(x/e) : (kyue)) -k
To(x:k) I (x,x/€k)
+ep7 (%) (VxCo(x) : (k@yue))-k+o(e?)

I (x:k)

4.7)

The following equations hold when the spatio-temporal Wigner transform is applied to the wave
equation and the wave field:

Wg[((ea,)zld — F(x;er)) ‘g, ug| =0, We[ug, ((88,)21d — r(x;svx)) ‘ug] =0 (4.8)

A two-scale asymptotic expansion of the Wigner transform for these two equations is defined as:

3

We(r,x,x/€;0,K) = WO(1,x; 0,K) + VEW! (1,x,x/€; 0,K) + eW?(1,X,X/€; 0, k) + 0(£2) (4.9)

Introducing eq. (4.7) and eq. (4.8) into eq. (4.6), all the terms inside the Wigner transform and the
Christoffel tensor are developed and expanded. Parameter identification is then applied respectively
for the first three orders 0(£°),0(+/€) and o(¢).

The order o(&°) gives:
(0™, —To(x;k)) - W’ =0 (4.10)

In the case of I'p(x) is independent of x, the same equation as that in homogeneous media (eq. (3.38))
is found. In the general case, we also use the same eigendecomposition of W in the P-mode and the
S-mode as eq. (3.39), and the dispersion relation eq. (3.40) with ¢, = ¢,(x) and ¢, = c4(x).

The order o(+/€) allows deriving the Fourier transform of W' with respect to y and the order o(€)
gives an equation in terms of WY and W', while W? disappears under an assumption of orthogonality.
Note that an ensemble average is applied when we deal with the order o(¢). The projection of W
on a mode o, denoted by Wy, (o0 = p,s), obtained in the radiative transfer equation is in fact E[W].
However, we denote it always by W, in the rest of document. Besides, a crucial mixing assumption is
applied during the derivation: the average of the leading term WY is assumed to depend only on slow
space variable x [17, 119]. It allows us to separate the product of the average of W? and the average
of fast fluctuating variables since they vary on different scales. Finally combing equations in these
two orders and using all these assumptions presented above, the 3D radiative transfer equation for the
P-mode and the S-mode is obtained and given in the following:

AW, (1,%:K) + { 0, (x; k), W,, (1,x:K) }

- Spp (X; k7 k/)W?J: (tv X, k,)dk/ - Spp (X,k)W:; (Z, X;k)
wp(k)=w, (k')

+ sps(x: K, K') (K @ky) : WE(1,x:K') dK' — Sps (x: K) W, (2, x:K)
J ap(k)=w; (k')
(4.11a)
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AW (1,x:k) + {0y (x: k), Wy (£,x:K) } + [N(x; k), Wy (¢, x:K)]

= sss (XK, K)G(K,K) - W (2, x:K) - (G(k,k’))Tdk’ — S5 (x; K)WE(1,x:k)
o, (k)= (k')

+ ssp(x: kK K| @K, W (1, x:K')dk' — S, (x; K)W{ (1,%:K)
(k) =0, (K) ‘
(4.11b)

with

G(k,K) = (k-K')kj @k, +K| @k, s, i=1,2(with Einstein summation convention) (4.12)

Sup(x:K) = / sap (KKK, o,B=p.s 4.13)
a)a(k):wﬁ(k’)

Recall that (lA(,lA(IL, lA(ZL) forms an orthonormal triplet. In the eqs. (4.11) and (4.12), the subscripts
1 and 1’ denote respectively the projection into the plane perpendicular to k and to K'. It means:

ky—k— (R KR, &, =K- &Rk ki =k & KK 4.14)
[A,B] := AB — BA stands for the Lie bracket. The matrix N(x;K) in eq. (4.11b) leads to the coupling
of elements of the matrix W. It is related to the slow variations of the background Cy (in proportion
to 376-;) and vanishes in homogeneous media. s,g(x;k,k’) is the differential scattering cross-section
for the mode o — B scattering, namely the rate of conversion of energy at x from the mode o with
wave number K’ into the mode  with wave number K'. It is associated to the fast fluctuations of
media. Syp(x;K) is the total scattering cross-section. For simplicity, in order to avoid the multiple
S-mode in 3D media, the formula of differential scattering cross-sections in 2D isotropic media are
given here. Results for 3D or anisotropic media can be found in [25]. The elasticity tensor C(x) is
determined by two Lamé’s coefficients A and u in the same form with eq. (4.1):

M%) =Ao(0)+veEr (Z), ux) = pox)+Vew (3) (4.15)
The differential scattering cross-sections are given by :
e K[ (GE)—2(x)* 5 AGE)(GX) —26(X) o nns
Spp(X,k,k)— 1 C;‘J(X) P;M(k k)+ C;L,(X) (k k) P)Lu(k k)
4C%(X) L \4p /
+ 0 (k-K) Pw(k—k)} (4.16)
2
sps(x:k,K) = CS(XL)L'k’ {4(12-12’)213”” (k—k’)} 4.17)
2
ses(x:k, K) = CS(Xi“"ﬁW(k—k’) 4.18)
712
syp(x:k,K') = CS(XZL“‘ | {4(12-12’)213“”(1(—1(’)} (4.19)
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where P;L 25 Pu us P,l u are the power spectral densities of the fast fluctuations of corresponding subscript.
For example, PA u 1s defined by (variance o’ =¢):

(2m)*5(p+a)Pryu(p) = €E 21 (P (q)] (4.20)

Equation (4.16) implies that the fast variations C; contribute to the right-hand side of the radiative
transfer equation only through the power spectral densities of its elasticity parameters.

Compared with the transport equation in homogeneous media (3.45), in the radiative transfer
equations eq. (4.11) we have two additional terms on the left-hand side (transport of waves), { @, Wﬁ}
(¢ = p,s) and [N, W], resulting from slow variations Cy, and two additional terms on the right-hand
side (scattering of waves), resulting from fast variations C;.

Now the particular case of 1D heterogenous media with only fast fluctuations, is discussed. We
assume that p and Ej are constant, the heterogeneity in eq. (4.1) becomes:

E(x) = Eo + VeE, (g) @21

The only mode in 1D is a P-mode with velocity co = 4/ %, the radiative transfer equation eq. (4.11)
becomes (the subscript o for mode P is removed hereafter for simplicity):

AW (1, x:k) £ cod W (2,x;k) = / ~ ‘s(k,k’)Wi(t,x;k’)dk’—S(k)Wi(t,x;k) (4.22)
k|=|k"

The differential scattering cross-section s(k,k’) (4.16) and the total scattering cross-section S(k)

(4.13) are:

cok

sk K) = S B— 1), S@zﬁwﬂmwﬁ (4.23)

where P(k) denotes Pz, g, (k), i.e. the power spectral density for E;. As a matter of fact, in 1D media
only two directions of propagation exist, thus k' = k or k' = —k. s(k,k’) in eq. (4.23) reads:

@K p0), K=k

4 ’ = K k*

s(k,K) = L S(k) = 22 P(0) + 25 P(2k) (4.24)
W p(2k), K = —k 4 4

Thus the scattering part in eq. (4.22) becomes:

/ s(k, K YW= (¢, x; K )dk' — S(k)YW*(z,x;k)
Jk|=IK'

K* kK K cok
- (C(;P(O)Wi(t,x;k) + —CO4 P(2k)W* (1, x; —k)) - <CO4 P(0) + O4P(2k)> W (1, x:k)
cok? ~ 4 cok? ~ I
= PRIW (1,0 k) = = PR)W* (1, x:K)

(4.25)
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where the two terms related to s(k, k) cancel each other out. Indeed, waves are scattered only in the
direction opposite to their propagation direction.

Substituting eq. (4.25) into eq. (4.22) and using the convention defined by eq. (3.53), we get the
1D radiative transfer equations:

W (1,2, —k) + code W (1,3 —k) = W P(2k) {W~ (1, x:k) — W (1, x;—k) }

(4.26)
AW~ (t,x;k) — coo W™ (t,x;k) = #P(Zk) {WT(t,x;—k) =W (t,x;k) }
Two new quantities emerge from adding and subtracting equations in eq. (4.26):
W (t,x;k) = W7 (t,x;—k) + W k),
(50 = W (65 W (el )
W(t,x;k) = WH(t,x;—k) — W (t,x;k)

where W* and WY can be interpreted as the total energy density and the net forward-going density
with respect to the propagation direction ﬁex:

HW* +cod, W4 =
(4.28)
AW+ codWs = — K P2 )W

Equation (4.28) is equivalent to eq. (4.26).

Furthermore, by taking respectively the spatial and temporal derivatives of the second equation in
eq. (4.28):
IWL 1 cgd2W = — 0 P(2k) 9, W4

- (4.29)
PWI oW — 0k B(2f) g, W
and introducing the first equation of eq. (4.28) in eq. (4.29), we get:
OPWS — RIZW® = — 9 B(24) 5 W
(4.30)

OPWI — 292WH = — K B(2) 9, W

Two separate partial differential equations for W* and W¢ are obtained. If we consider a medium
with no scattering, a same form as the traditional 1D wave equation is obtained in terms of W* or
W4, For a given frequency k, eq. (4.30) can be seen as “damped” wave equations with a friction
coefficient @13(210 > 0. It is known that the general solutions of the damped wave equation have an
exponential decay over time with the coefficient e ¢ (C > 0 constant) [37, 67, 96]. The difference
between wave energies in two opposite directions decreases quickly with time due to the conversion
of energy in these two directions and the sum of energies in two directions decreases at the same rate
as they spread out in space with the increase of time.
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4.1.3 Scattering mean free path

In this section, an important characteristic length called the scattering mean free path /; for the
radiative transfer regime is presented. The analytical solutions of the radiative transfer equation in 1D
media are given firstly. Then we give the definition of /; and discuss its influence on this regime.

Let us assume two initial conditions for eq. (4.26) defined by
W (t =0,x;—k) = Wg (x; —k), W (1 =0,x;:k) = W, (x;k) (4.31)

Equation (4.26) can be seen as the telegraph equation for a given wave number k. Thus its
analytical solutions for a given k can be found in the following [65, 73, 147]:

W (1, —k) = W (x—cor)e 8"+ [0 w(t,2,5)Wo (0)dy+ [78 1e, (1,2, 5) W (7)dy

x—cot xX—cot

W (t,x;k) = Wy (x— cot)ef%?t 4 [t K(t,x,y)W{ (v)dy + [ty (t,x, )Wy (v)dy

x—cot x—cot
(4.32)
with: 4
Li(k) = ——,
k2P(2k)
P s
t =

(e, x.y) = o I, ’ (4.33)

_<, 22 — (y—x)2)

Is t -

K:l:(tvxvy) = ¢ Il 0 il :F(y X) ;

2l L

32— (y—x)?

where [y and /; are respectively the zero-order and the first-order modified Bessel functions of the
first kind [57].

In fact, the first term of the two solutions in (4.32) represents the original coherent wave supplied
by initial conditions, which decays exponentially with cof over a characteristic length scale /5. Thus I
is the so called mean free path for scattering. It measures the distance of the exponential decrease of
the energy density of coherent waves due to scatterings or successive interactions with the underlying
medium. Roughly speaking, the second and the third terms in (4.32) with the modified Bessel
functions describe the energy of incoherent waves which does not propagate ballistically. The second
term results from the scattering of the original coherent waves in the opposite direction. The last term
results form the conversion of coherent waves in the same direction when the coherent waves in the
first term decrease.

When cumulative scatterings become significant during the propagation, the coherent energy
becomes negligibly small. The incoherent energy dominates the field. W+ and W~ tend to a local
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equipartition between each other [73]:

X2

e st
WHaW ~ —— 4.34
2/ 27:lcot ( )

An example of analytical solutions for a single frequency wave is given here so as to illustrate the
analysis above, with initial conditions defined by:

W (x;k) = 2008 (x)S (k+ko) m’s, W, (x;k) = 1008 (x)8 (k — ko) m’s (4.35)

where parameters are given by: kg = 157 m~!, ¢y = 4 km/s. Thus [; = 3.46 m and the sinc? function
is chosen as the power spectral density.

Figure 4.3a and fig. 4.3b give results of W+ in the time-space domain. It can be observed the
exponential decay over propagation time-distance along x = £cpt (red line). More precisely, fig. 4.3¢c
and fig. 4.3d give their natural logarithmic values (denoted by In) along x = +cof + Ax in terms of
cot /I (0 < Ax < 1). In fact, under the chosen initial conditions, it is known that W is a dirac function
5(0) on the characteristics x = ¢t (eq. (4.32)), so we compute In(W*) on a adjacent parallel line
of the characteristics. The exponential decay of initial energies along the characteristic line (slope
= *cp) is verified more rigorously. After the propagation over several /i, the coherent energy in
x = *cot decreases quickly and it almost totally transforms into the incoherent energy centred around
x = 0. After a long propagation time, W and W~ become more and more spread out in space. The
distribution of total energy satisfies a local equipartition between all possible modes: in fig. 4.3e and
fig. 4.3f, W' and W~ become equal and symmetric about x = 0.

Furthermore, note that /; depends on wave number k and the formula of power spectral density
according to its definition (4.33). The example above is discussed for a given /; and a given frequency.
Now we discuss its dependence on frequency. Choosing the three covariance functions: sinc?,
exponential and gaussian presented in the table 4.1 as examples, their power spectral densities and
scattering mean free paths are respectively computed and illustrated in fig. 4.4a and fig. 4.4b. Although
their I/J\(Zk) and [;(k) have different supports in frequency, some common properties are found. For
the high frequency limit, /; is approximatively inversely proportional to k>. For the low frequency
limit, J; is approximatively inversely proportional to k* (for all P(k) sufficiently regular at k = 0
here). This phenomenon can be noticed in fig. 4.4b for the given parameters € = 0.04, [, = 6 mm: [
tends to infinite for these two limits. Hence, no scattering of energy exists in either limit. Physically,
this is due to the fact that in the low frequency domain (or the long wavelength limit) the medium
becomes effectively homogeneous. In the high frequency limit, geometric optics becomes a good
description for the classical wave propagation where the effect of scattering is expected to saturate.
More studies of the influence of different correlation models on scattering mean free path can be
found in [24, 86, 144].
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Fig. 4.3 Analytical solutions of W in the time-space domain: (a) W+ (t,x) (red line: x = cot), (b)
W~ (t,x) (red line: x = —cot), (¢) In(W™) on x = cot + Ax, (d) In(W™) on x = —cot + Ax, (e) W (-, x)
for four time instants, (f) W~ (-,x) for four time instants t = 0.4 ms, 2.6 ms, 4.4 ms and 7 ms, which
correspond respectively to cot/I;(ko) = 0.3, 3, 5 and 8.
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Fig. 4.4 Normalized power spectral density and mean free path for different correlation models: (a)
P(2k), (b) Is(k) (parameters: € = 0.04,/, = 6 mm)

Finally, note that what we discussed here remains valid when the waves are scattered by discrete
scatterers that are randomly distributed in the medium [119, 147].

4.1.4 Localization phenomenon in 1D heterogeneous media

Localization is a characteristic phenomenon when waves propagate in random media. It means
that wave energy remains in a fixed bounded region of space close to the source at all times. It is well
known that for (infinite) systems described by one spatial dimension, both quantum mechanical and
classical waves are localized even if an infinitesimal amount of randomness is present for sufficiently
large propagation distances [144]. When waves are localized and the energy does not propagate, the
radiative transfer regime is no more valid to describe the evolution of wave energy. Sheng [125]
estimated that in 1D the localization length is approximately four times the mean free path (the factor
four is not very accurate and valid especially for low frequency, but they nevertheless tell us that in
1D, the localization length is directly proportional to the mean free path). This offers the possibility of
an intermediate range when the radiative transfer might hold.

In this section, we discuss a wave propagation problem in two heterogeneous media with different
magnitudes of fluctuations. The localization phenomenon is then observed and analyzed.

Consider here the wave propagation in a heterogeneous bar with a constant density and a weakly
fluctuating Young’s modulus defined in eq. (4.21). A ricker force F(¢) with a magnitude of 1 kN is
applied in the centre of bar x = 0 so the wave front propagates in two opposite directions (fig. 4.5).
Parameters are given in the table 4.2.
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Fig. 4.5 Model in 1D heterogeneous media

media load (ricker) wave mesh

p (kg/ m3) Eo (GPa) o’ (E ) =¢€ | l. (mm) | Tr (ms) | kpax (mil) Amax (m) | h (mm)
2500 40 0.04 6 0.02 157 0.04 5
2500 40 0.008 6 0.02 157 0.04 5

Table 4.2 Numerical parameters of media, load and waves for the numerical examples

The covariance function is chosen as sinc? with the parameters defined in the table 4.2. Due to the
boundedness of its spectrum (fig. 4.4a), i.e. 2k/ (21—3’) < 1 for nonzero value, we take 2 X 3k = 27 /1,
(related to the cutoff frequency f. = 3 f,4x Of ricker). Thus the power spectral density of the main
frequency range of ricker does not equal zero, i.e. they have a relatively small and finite scattering
mean free path (fig. 4.6). Consequently, [, = 77— = }”’g“x (it satisfies also the condition that A4 is of

3kmax -
the same order of magnitude as /.). We choose two values of the variance 02 = ¢ for random media

to observe the different phenomena. The mean free paths /; in these two cases are given in fig. 4.6.

8 — T T T
’ \
’ \ —e=0.04
, h —=0.008
6l ,l \ - - spectra of source

0 100 200 300 400 500
k(m_l)

Fig. 4.6 Mean free path (k) (parameters: € = 0.04,0.008,/. = 6 mm)

Consider firstly the case with larger fluctuations € = 0.04. Numerical solutions of wave equation
with mesh size such that A (3k,4,) /h = 20 and time step At = h/cy are computed for ten realizations
of random media. uya, for one realization is illustrated in fig. 4.7.



4.1 Radiative transfer equation in heterogeneous media in the weak coupling limit 85
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Fig. 4.7 Wave displacement in time- (half) space for one realization (& = 0.04)

A comparison between the energy obtained by analytical solutions of the radiative transfer
equation (denoted by W,) and by numerical solutions with Wigner transform of wave fields W [up]
is considered here, as Bal and Pinaud [20] did in 2D random media. On the one hand, the existence of
localization phenomena can be verified by observing the evolution of energy. On the other hand, it
allows verifying the computation of Wigner transform as we introduced in the section 1.2.4.

Firstly, W, is obtained analytically with eq. (4.31) subjected to some initial conditions. In this
case, it should be noticed that we cannot impose analytically initial conditions for W, that is equivalent
to the energy density of wave fields. However, we can choose an instant fy (after the source has
vanished) and approximate the initial conditions W, (z = t,x; k) by Wigner transform of numerical

waves:
W, (10, x:K) = / Weupar] (f0,3: @, K)d (4.36)
R

Then the total energy densities (sum of kinetic and potential energies) in the time-space domain
computed by analytical Wigner measure and numerical wave solutions in 1D are respectively defined
as:

E[W,](z,x) ;:%/ {p@* (W} (t,x:k) + W, (t,x;k)) + EK* (W] (t,x:k) + W, (t,x;k)) } dk (4.37a)
R

E[uhAt] (t,.x) = ;/ {pr [a[uhAt] (t,.x; a),k) +Ew8 [axuhm](l‘,x,a),k)}d(ﬂdk (437b)
R2

= % {p(&tuhm(t,x))z +E(axuhAt(tax))2}

Equation (4.37a) is already introduced in the lemma 3.6. Equation (4.37b) can be derived directly by
the energy properties of Wigner transform. Considering the results for numerical solutions of one
realization are highly oscillating (fig. 4.8), eq. (4.37b) is averaged in ten realizations. The comparison
of these two energies is given in fig. 4.9.
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Fig. 4.8 Energy density in the time-space domain (r € [0,2 ms],x € [-2 m,2 m]) obtained by one
realization of numerical wave fields E[up]

The two figures fig. 4.9a and fig. 4.9c show that the two energies are quite similar, especially for
coherent energy. Some negative values for energy densities E[W,](#,x) are found in fig. 4.9a. In effect,
the estimated initial conditions W, (1, x; k) by eq. (4.36) do not give an exact energy distribution in
terms of k (existence of cross terms for Wigner transform) and they contain some negative values for
a small part of low frequencies. These values are propagated in latter times and E[W,](z,x) is slightly
underestimated. However, these negative energies are relatively small compared to the total energy
(= 0.2%). As a result, instead of comparing directly the estimated W, and W [uy,] in phase space,
this comparison in terms of time-space energy density is more reasonable. Finally, the two figures
fig. 4.9b and fig. 4.9d are plotted with a smaller scale in order to observe and compare the incoherent
energy. It seems that a part of energy is localized around x = 0.

We can compute the evolution of the total energy with time, defined by:

B[W,](1) = /[ o EV (60, Bl () =B [ /[ o Eli]ie. s (4.38)
so0 as to compare them and also to confirm the existence of localization. In fig. 4.10, it can be observed
that the total energy E[W,](¢) is underestimated (red line) as we just explained. Thus we propose a
“corrected” aE[W,](¢) with a correction factor:

~1.2 (4.39)
that allows roughly eliminating the errors due to the estimated initial conditions. The comparison

between the energy of averaged numerical waves (blue line) and the corrected energy of analytical
Wigner measure (red dashed line) shows that wave energies are partly localized.
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Fig. 4.9 Energy density in the time-space domain (7 € [0,2 ms],x € [-2 m,2 m]) obtained by (a) (b):
analytical Wigner measure E[W,], (c) (d): average of 10 numerical wave fields E[E[upa,]]
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Fig. 4.10 Comparison of the evolution of energy in time obtained by analytical/numerical solutions:
E[E[uya]] (blue solid line), E[W,] (red solid line), «E[W,] (red dashed line)
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Furthermore, the evolution in time of the spatial distribution of energies can also be analyzed.
Firstly, in fig. 4.11, E[W,] and E[E[uy,,]] are compared at r = 0.5 ms. Considering that an average
of E(uyas) over ten realizations still gives a largely fluctuating line in space (dashed line), a local
average in time-space zone (5T,4x, SAnax) is added for each realization. It allows obtaining a smoother

averaged result.
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Fig. 4.11 Comparison of energy in time obtained by analytical/numerical solutions at #; = 0.5 ms:
E[E[upa]] averaged in ten realizations (blue dashed line), E[E[u;|] averaged in a local time-space
domain and in ten realizations (blue solid line), E[W,] (red line)

Now E[E(usa,)] and E[W,] are compared in three instants during the period of propagation in
fig. 4.12. Itis observed that E[W,] decreases in time because energies are more and more overspreading
in space. However, E[E[u;,]] remains almost constant with time, which means that wave energies are

concentrated around x = 0 and they do not propagate.

0.25 '
— E[E[u]](t1,2)
—E[E[u]](t2, )
. E[E[u]](t3, )
EJ 0.0 E[W,](t1,z)
2 e T E[W,](t2,z)
8 E[W,](t3,2)
£0.15
)
P
8
= 0.1
=
005 ————

-1.5 -i -0‘.5 0 0:5 1 1.5

Fig. 4.12 Comparison of variation of energy in time obtained by analytical/numerical solutions for
three instants: r; = 0.5 ms, r, = 0.75 ms, t3 = 1.15 ms (final time = 2 ms)
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According to the discussion above, the medium with the chosen amplitude of fluctuations € = 0.04
leads to an obvious localization phenomenon during the whole observation period. Now we consider
a smaller value € = 0.008 and other parameters in the table 4.2 remain unchanged, then the same
analysis is performed to verify the existence of localization and the validity of radiative transfer

regime.

Under this condition, the scattering mean free path is obtained in terms of frequency (fig. 4.6,
Is(kmax) = 4.7 m). More precisely, L is five times larger than that in the case with € = 0.04. We still
choose the same mesh size and time step as the example above for finite element solutions of wave

equation. uy,, for one realization is illustrated in fig. 4.13.

Fig. 4.13 Wave displacement in time- (half) space for one realization (¢ = 0.008)

Considering the high cost of computing W, (numerical integration in a large domain), here we do
not compute the two energies for the whole time-space domain as we shown in fig. 4.9. However,
the existence of localization can be verified in the same way as we did in fig. 4.12 for three chosen
instants and the results are illustrated in fig. 4.14. It is observed that wave energies are less localized

with time.
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Fig. 4.14 Comparison of variation of energy in time obtained by analytical/numerical solutions for
three instants: 1; = 1 ms, ©, = 3 ms, 3 = 6 ms (final time = 8 ms)
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Finally, we give the comparison of the evolution in time of two energies in time for x = 0 in these
two cases in fig. 4.15. It is still found that a smaller € results in less localization.
7
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Fig. 4.15 Comparison of total energy obtained by analytical/averaged numerical solutions in time for
x = 0 (white dashed line: smoothed value of E[E(upa,)](#,0)): (a) € = 0.04, (b) € = 0.008

With these two examples it is found that the smaller amplitude € of fluctuations should be chosen
to reduce the localization of energy so that the radiative transfer regime remains valid in a larger
region. In the next section, the example with € = 0.008 will be used for the computation of Wigner
transform and residual errors.

4.2 Energy-based residual errors of numerical solutions of wave equa-
tion

As that defined in eq. (3.49) of residual errors for wave fields based on transport equation, here
we can also define it with radiative transfer equations (4.11) in terms of W¢[u,,, ]. In this section, we
only introduce this definition for 1D media for simplicity.

4.2.1 Theoretical residual errors based on 1D radiative transfer equation

Based on 1D radiative transfer equation (4.26 and 4.28), residual errors in terms of Wigner
transform of wave fields are defined in the following:

Definition 4.2. Residual errors based on 1D radiative transfer equation in terms of W are defined as:
R [upar] := G W [unar] + code W [par] — 2 (We [unar] — Wi [una])

(4.40)
R [upar] := W [unar] — codeWo [upar] — 2 (W [unar] — W [una])
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Definition 4.3. Residual errors based on 1D radiative transfer equation in terms of W* and W¢ are
defined as:

R? [uhm] = o, W* [MhAt] + Coaxwd [uhm]
(4.41)
Ryl 1= { WO i) + 20 W ]} + 00 i

It can be noticed that RSTCI contains only transport part of the radiative transfer equation and R?S
contains both transport and scattering parts.

Either of these definitions as a representation of errors can be used since in fact we have R} =
R*+R™ and RSTdS =R* —R". In latter numerical applications, R$! and R?S are chosen to illustrate
the results.

4.2.2 Numerical computation of Wigner transform of wave fields in random media

Before calculating numerically the defined errors in last section, the numerical computation of
Wigner transform in random media is firstly specifically presented here.

Generally in random media, we evaluate physical quantities by taking the average over the
ensemble of realizations of random media (as we did for the comparison of energy in the section 4.1.4).
In addition, in the high frequency limit € — 0, formal arguments show that the ensemble average of
Wigner transform with respect to the randomness converge weakly to the Wigner measure, i.e. the
solution of the radiative transfer equation in random media [19, 53, 132].
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Fig. 4.16 Randomly chosen time-space points for averaging the Wigner transform of numerical waves

Theoretically, W should be averaged over all possible realizations of the heterogeneous medium
with given statistics, which causes high computational costs in numerical applications. In practice, we
calculate, for example as in the last section, wave solutions in ten realizations of random media. A
local average in the time-space domain is added within each realization so as to obtain an equivalent
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ensemble average, denoted always by E[W], i.e.

1 ()
E[W,] = JXTIXZJ Z(tk,xk)ellxgl,kzl,..,Mx W (1. k) (4.42)

Here /; and Q, are respectively the time subinterval and subspace. j, is the total number of realizations
and N, is the total number of time-space points chosen in I} X Q. W,(gj ) is the Wigner transform of
Jj-th realization of the random displacement field. j =1,...,10 (j, = 10) in our work. The chosen
time-space points should be uncorrelated. In fig. 4.16, a simple illustration of a group of random
points with a mean distance d,,, = 6/, between two adjacent points in #-x space. Then we can compute

eq. (4.42) over these points and over ten realizations.
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Fig. 4.17 Computation of Wigner transform for coherent forward waves in random media: (a) (b)
W [upa] for one point (9, x0) with two different scales, (¢) (d) E[W¢[uza/]] averaged in time-space
and in ten realizations with two different scales

Figure 4.17 gives numerical results of W [upa] (¢, X; @, k) of coherent forward wave fields. Similar
to the homogeneous case in fig. 3.10a, energies are mainly distributed along @ = —cok since the
coherent energy are dominant. However, some fluctuations are also observed here (fig. 4.17b)
compared to fig. 3.10a. On the one hand, more discontinuities in the boundary of computation region
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are found in the heterogeneous case, thus the leakage of frequency will increase here (see Appendix
B). On the other hand, coherent wave are reflected by the random heterogeneities, so cross terms
between the forward waves and reflected waves arise in phase space. A small amount of energies of
reflected waves should be found in @ = cpk, but they are polluted by the fluctuations of frequency
leakage of coherent waves. For this reason they are not remarkable in fig. 4.17a. In fig. 4.17c, it can
be noticed that the average over more points allows reducing largely the numerical fluctuations around
o = —cok. Note that it cannot remove the negative values for low frequencies. In fact, coherent waves
are dominant and weakly fluctuating and it is similar to the homogeneous case in fig. 3.10.
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Fig. 4.18 Computation of Wigner transform for incoherent waves in random media: (a)
We [upas] (f0,x0; @, k), (b) E[W¢[upa]] (averaged in time-space and in 10 realizations)

Figure 4.18 gives numerical results of W [ua|(2,x; @, k) of incoherent wave fields. Firstly, it is
remarkable in fig. 4.18a that energies are not only distributed in @ = F=cpk but also between these two
characteristic lines. As we explained above, the latter are cross terms due to the interference of waves
in two opposite directions. This phenomenon is more obvious than on fig. 4.17a since wave energies
in two directions are comparable. Figure 4.18b gives E[W,[uya]|], an average in time-space domain
and over 10 realizations. We find that energies are more concentrated along @ = F-cok. Besides, it
takes almost positive values over the entire phase space domain. Indeed, it can be understood by the
energy properties of Wigner transform:

/ We[u] (1,3 @, K)drdx = [@(@,K)* > 0 (4.43)
RxR

It is also observed that E[W [u;a]] and E[W [upa]] are almost equal. In fact, E[W{ [upa]], E[Wy [upar]]
will always reach an equilibrium after a long time propagation. This result is explained in detail with
the analytical solution of radiative transfer equation in the section 4.1.3.

In conclusion, both the ensemble average and the average over a set of uncorrelated space-time
points are useful to reduce numerical fluctuations and cross terms in the computation of Wigner
transform in random media. From now on, we still denote the average E[W¢[up]] by We[unas] for

simplicity.
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4.2.3 Numerical application of residual errors based on radiative transfer equation

In this section, u;s, with a relatively fine mesh size obtained in the numerical example (¢ = 0.008)
in the section 4.1.4 is used for calculating errors. Based on the calculations of Wigner transform for
coherent waves and incoherent waves in the section 4.2.2, residual errors of uy,, in eq. (4.41) are
respectively computed and analyzed. In each case, we present firstly the errors [R§?| and |R3%| in
function of number of realizations N. It is expected that errors are close to zero since a relatively fine
mesh is used.

Above all, in all figures that represent errors in this chapter, we do not consider the low frequencies
since Wigner transform is computed in a bounded region and waves with a large wavelength cannot
be totally and exactly captured. More precisely, we choose to observe only waves with:

k>2x & =40m™! (4.44)

Recall that {, is the computation region in space defined in the section 3.1.4 (fig. 3.9a) and we chose

27
X

C = 8Aax in our work.

Firstly, we compute the residual errors for coherent forward waves in fig. 4.19. As we discussed
in the section 4.2.2, a group of random points (N, = 300) in the time-space domain is chosen in the
region around x = 0.5 m. RSTd and R?is are computed and averaged over these points and over ten
random realizations.
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Fig. 4.19 Computation area presented with u(z,x)

Figure 4.20 gives absolute values of the residual errors ‘R?i} and ‘R%is‘ in terms of |k| for three
random realizations and the average of ten realizations, normalized by the total energy E [u,zl At] . And
we find that it is relatively small compared to the total energy. It is observed high varying value of
errors for lower frequency with different realizations (blue lines) and a local maximum of errors
located at the maximum frequency K., = 157 m~! for the averaged errors (red line).
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Besides, we give here also [R*| and |[R™| so as to analyze errrors for waves in two directions.
Figure 4.21 gives absolute values of the residual errors in terms of |k|, normalized by the total
energy. It is found that much smaller errors are obtained for |[R™|. As we explained above, waves are
mainly transmitted in the forward direction and only a small amount of waves are scattered to the
backward direction, so errors for W [uja] are polluted by numerical fluctuations of W{ [uya,] due to
the frequency leakage and cross terms as we explained in fig. 4.17.
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Fig. 4.20 Residual errors along @ = F-cpk for coherent wave: (a) |R5Td|, (b) ‘RSTdS
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Fig. 4.21 Residual errors along @ = +cok for coherent wave: (a) [R™|, (b) [R™|

Now the same discussions are focused on the incoherent wave around x = 0 (fig. 4.22). In the
chosen computation region of time-space domain, it is known that W and W~ tend to a local
equipartition between each other after a long time propagation, so W* > W9 x~ 0 (fig. 4.23).
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Figure 4.24 gives residual errors |R5Td{ and ‘RSTdS‘ in terms of frequency. Errors in each realizations
are high oscillating and the average gives a smoother result. It is remarked that although the average
of Wigner transform eliminates main cross terms for low frequency in fig. 4.18 and fig. 4.23, the
related errors still have a main peak for low frequency. On the one hand, the cross terms cannot totally
be suppressed by this average method. On the other hand, the numerical differentiation in eq. (4.41)
for small and fluctuating energy density of low frequency will bring some additional errors (average
may also reduce a part of such errors but very limited). These additional errors exist also for high
frequencies but they are much smaller since we have much less cross terms.
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Fig. 4.25 Residual errors along @ = +cok for incoherent wave: (a) [R™|, (b) |[R™|

Figure 4.25 gives residual errors in terms of W+ and W™ It can be found that here the contribution
to errors of the forward and the backward waves are comparable.

Furthermore, Wigner transform and the related residual errors can also be computed along the
direction of propagation x = £cp¢. The advantage of this transformation of coordinates is that the
edge effects or the discontinuities of boundary for numerical computation of Wigner transform may
be smaller in this case. The numerical results can be found in Appendix F. It is found that a similar
result is obtained and large errors are still found for low frequencies.

4.3 Filtering of the energy-based residual errors

Considering that the errors found in the last section are highly fluctuating and located largely
at lower frequencies due to the superposition of plenty of cross terms in Wigner transform of a
multi-frequency signal in random media, a filtering of residual errors is derived analytically in this
section. Then we compute the new residual errors of the FE numerical solutions of wave equation in
the last section 4.2.3.

We derive firstly the formula of filtered residual errors. In brief, it is based on the convolution of
Wigner transform of wave fields with Wigner transform of a window function A(z,x).
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We give here the definitions of the double convolution of Wigner transform and the short-time
Fourier transform:

Definition 4.4. The double convolution of two spatio-temporal Wigner transforms, denoted by “xx”,
is defined with respect to four variables (¢,x; ®,k) by

Weug, ve| xxWeh](t,x; 0, k) ::/4Wg[ug,vg](t’,x/;a)’,k’)Wg[h](t—t’,x—x’;w—a)’,k—k’)dt’dx’da)’dk’
R
(4.45)

Definition 4.5. The short-time Fourier transform is defined as [11]:

2

£ /2 ue(t — e, x—em) h* (eor,em) &) dodm (4.46)
R

STFT[ug, h|(t,x;@,k)|* := | —
| [u87 ]( ,x,a), )‘ 2

The Wigner transform has the following property:

Property 8. The relation between the double convolution of Wigner transforms and the STFT is the
following: Vh(t,x),
Weug,ve] % *Welh] = STFT[ug, h|]STFT" [ve, h] (4.47)

Proof. See Appendix D. O

It is obvious that we have We[ug] # *We[h] = |[STFT[ug, h]|*. The computation cost of the STFT
is in the same order as that of the Wigner transform. Thus the calculation of the right-hand side of
eq. (4.47) is more efficient than that of the convolution of two Wigner transforms.

If we choose w as a product of two window functions in time and in space, denoted by h(t,x) =
I (t)hy(x), the property 8 illustrates that a filtering in time-space for wave fields will filter also the
results of its Wigner transform by the convolution. It means that this filtering results in smoother
values in phase space. Besides, a discussion on bilinear properties of STFT can be found in Appendix
E. Compared to Wigner transform, STFT suppresses largely cross terms at zero and low frequency
and less frequency leakage is observed.

Based on the analysis above and by recalling that RSTd =R"+R™ and RSTdS =R" —R7, the
following results are derived:

Theorem 4.6. Filtered residual errors based on 1D radiative transfer equation are defined as:

R* [tpar] % *We hhy(t,x; 0 = cok, Fk)
= 2Re {STFT[vyar, hehy] (2, x5 cok, Fh)STET  [upar, hehy] (2, x5 cok, Fk) }

+ 2coRe {STFT[dsunar, hehy| (2, x; cok, Fk)STET" [upar, hehy] (2, x5 cok, Fk) } 4.48)

1
+1¢ / STFT[upar, 1] (£, x — €15 cok, k) STET* [upar, hoh¥] (1, x+ €1; cok, k) PP (1)dl
R

1
~ 16 / STFT[upar, hoh] (t,x — €1; cok, Th)STFT* [upar , hohy (2, x + €1 cok, Thk) P2 (1)dl
R
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where P(?)(r) is the second-order derivative of the covariance function P(r).

Proof. We can derive the 1D filtered radiative transfer equation by convolutions with eq. (4.26) for
each term of the original radiative transfer equation.

For the two transport terms, we can prove the following result by lemma 3.4:
O Welug| * *We[hhy] = 2Re {We[due, ue]} x «*We[hihy] (4.49)
As the auto-Wigner transform is always real and by the property 8, we have

O Welug| * *We[hhy] = 2Re {We[due,ue| * *Welhhy|}

(4.50)
= 2Re {STFT|ve, hhy]STFT" [ue, hihy]}
In the same way, it can be derived that:
0y Welug| % *We [hhy| = 2Re {STFT|yue, hhy|STFT [ug, hyhy|} (4.51)
For the two scattering terms, we have:

K

X (2]()W8 [ug] X *Wg [hthx]

11 , €T , &Y\ ./, €T , €y , &S , &2

=3 0n) /R O R G s Lt L Rty
(4.52)

K (r it g) K (x—x’ n 5) / e~ i=00 g / K2P(2K e (K g
2 2/ Jr R

:=(a) =(b)
SO gt dx drdydsdz

Firstly, the integration (@) can be seen as the Fourier transform of a function in the form f(x) = e
(a constant). It is known that:

(@= [ e aal —28(s-7) (453)
R

Secondly, for the integration (b), by using respectively the definition of the inverse Fourier transform
and the Fourier transform of function f(x) = x" [35]:

/ K'e P dk = 27" 8™ (x) (4.54)
R

where 7 is a natural number and 8 (x) is the n-th distribution derivative of the dirac delta function,
we can derive:
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D) :/k’Z/P(x)e*izxk'dx ¢ (EK gi/
_ / P(x / K2 eI g i (4.55)
_ / P(x) 2728 (2x +z— y) dx
R

Then using the derivative property of the dirac delta function [61]:

/ f(x)8! / Of g (4.56)

and we get:

:—27T/P 2 (2x42z—y)dx

4.57
_ T (yZ) @7
3 2

Introducing eq. (4.53) and eq. (4.57) to eq. (4.52), we get:

K
ZP(2k)Wg [ug] * «We[hhy

11 , ET , &Y\ ./, €T , €y , &S , €2
_4(27r)4/Rs”€<t_2’x_2)”£(t+2’x+2>h’(t_t_2)hx<x_x_2>

n (z U %) K (x T %) 278(s— 1) (—Z)P <y;z> 6O+ gyl 1 ddydsdz

_oon 1 ,81’,8)1)*(,81, )( 817)( ,ez)
= 16(2%)3/5u8(t R u£t+2,x+2 b (t—1 5 hy (x—x >

K (t—t += )h( —x’-i—%) P <H) O gt g dtdydz

2
(4.58)
Then changing the variables in the equation above (¢',7) by (¢, ) and (¥',y,z) by (m,n,l) with:
x—xX+&=em
t—t'+ 5 =¢a .
, et ; x—x -5 =en (4.59)
t—t — 7 == EB y—z _ l
==

thus [p.dt'dt = [edodp and [ dx'dydz = [2edmdndl. We have:

k2
ZP(Zk)WE [ug] * «*We[hhy

(t —eot,x— el —em) h (ea)h*(em) &™) dodm

2 JrJre

(4.60)
/ up(t — B x— el + en) h(eB)(en) e PO dBdn PO (1)l
R

1
T / STFT(ug, hh] (t,x — €l; 0, k) STET* [ug, hih] (t,x + €l; 0, k) PP (1)dl
R



4.3 Filtering of the energy-based residual errors 101

Same derivation can be applied for the scattering term in eq. (4.26) with “—k” (energy in the opposite

direction):
k>
b BUOWlue] (—h) = sWe k]
= —821/ / ue(t —eot,x— el —em) b (eat) he(em) & *°~) dodm
16 (27)? Jr Jr2 ' !

4.61)
/ Uit~ eBox—el + en) h(e) i (en) e PO dBan PO (1)dl
R

1
ST / STFT[ug, hh](t,x — €l; 0, —k)STET* [ug, h, 1| (1, x + el; 0, —k) PP (1)dI
R
Combining the two transport terms in equations 4.50, (4.51) and the two scattering terms in eqs.

(4.60), (4.61) and projecting in “#£”, the filtered radiative transfer equation for forward and backward
waves is obtained:

2Re {STFT[vyar, hehy] (2, x; cok, Fh)STET" [upar, hehy] (2, x; cok, Fk) }
+ 2coRe {STFT[dyupar, hehy| (2, x; cok, Fh)STET [upar, hehy] (2, x5 cok, Fk) }

1
T / STET[uar, heh] (1, — £l cok, £K)STET [upar, ] (1, x + €1 cok, k) PO (1)1 (4+62)
R
1
+ T6 / STFT[upas, hehy(t,x — €15 cok, Fk)STET* [upar, hehy| (2, x + €15 cok, Fk) P2 (1)dl
R

Then the filtered residual errors are obtained in eq. (4.48) as we did in eq. (4.41).
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We consider the same wave propagation problem in ten realizations of random media as in
section 4.2.3. Then we compute the absolute value of the filtered residual errors ‘RSTd [unas) * *We [hyhy] ‘
and ‘R%is[uhm] *xWe [h,th with eq. (4.48) for coherent waves (fig. 4.19) and incoherent waves
(fig. 4.22).

Numerical results are illustrated in fig. 4.26 for coherent waves and in fig. 4.27 for incoherent
waves. Compared to the residual errors without filtering in fig. 4.20 and fig. 4.24, errors concentrated
at low frequencies are largely reduced. It is observed that the errors are mainly concentrated around
the main frequency band of wave fields with the effect of the filtering of window functions. It means
that we get a more reasonable distribution of errors in terms of frequency.

4.4 Comparison of residual errors for two refinements

In this section, in order to study the behaviour of the proposed residual errors with respect to the
discretization size in space and in time, numerical wave solutions obtained by using a space mesh
twice coarser and a time step twice larger than those used in the section 4.2.3 are considered, so
we have A (3kuqx)/h = 10,At = h/cy. Otherwise, all the numerical parameters for calculating the
energy-based residual errors, such as the computation region of Wigner transform, the random points
chosen for average, remain unchanged. The residual errors calculated for both discretization sizes are
compared and it is hoped that they would decrease when the discretization in space and in time is
refined.

The residual errors defined in eq. (4.41) and the filtered residual errors defined in eq. (4.48) are
computed respectively for coherent waves and incoherent waves as we did in the section 4.2.3. The
numerical results are illustrated in fig. 4.28 and fig. 4.30, fig. 4.29 and fig. 4.31. It can be observed
that for coherent waves (figs. 4.28 and 4.29), as expected both residual errors and filtered residual
errors are smaller, especially over the main frequency range defined by the considered ricker signal,
for the wave solutions calculated with the finer discretization. Nevertheless, the decrease of residual
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errors between the two discretizations is largely reduced after the filtering, which is not yet well
understood for the moment. As far as the incoherent waves are concerned, both residual errors and
filtered residual errors give unsatisfying results, in fact no obvious decrease of errors is observed
with the finer discretization (figs. 4.28 and 4.29). There are several reasons that may account for this
phenomena. In section 3.3.1, it was observed that numerical dispersion and dissipation may influence
the quality of estimated errors. Here after a long propagation time, the dispersion or dissipation of
incoherent waves become significant. Thus the decrease of errors are not found as we observed in
fig. 3.13b. Besides, when we refine the mesh size and the time step, the elastic parameter E is also
refined. It means that the two solutions here are in fact calculated with two numerical models that
have slightly different physical properties. That may also disturb the results of errors. There exist also
other possible reasons, such as numerical fluctuations resulting from frequency leakage, numerical
differentiation and the distribution of cross terms, existence of localization, etc. Further studies are
necessary to understand these results and to resolve this problem.
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4.5 Conclusion

This chapter dealt with energy-based residual error for high frequency wave fields in heterogeneous
media. We introduced the heterogeneous media modelled with realizations of random fields of
mechanical properties. Radiative transfer equation that describes the transport and the scattering of
wave energy is obtained in these media in the weak coupling regime. 1D radiative transfer equations
were studied and solved analytically. The characteristic length for wave propagation in random media,
i.e. the scattering mean free path was introduced. It was observed that in low frequency and high
frequency limits, the scattering mean free path becomes unbounded. The localization phenomenon
that always exists in 1D was analyzed by considering the wave propagation problems in two random
media with different amplitudes of fluctuations. This analysis allowed finding a region in a random
medium where the radiative transfer regime still holds. Then based on the radiative transfer equation,
the residual errors of numerical solutions of wave equation were defined and computed numerically. It
was found that the obtained errors are very small compared to the total energy. Also, large part of errors
are concentrated around low frequencies due to cross terms of Wigner transform of random fields.
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In order to eliminate this effect, a filtering of residual errors was derived based on the convolution
properties of Wigner transform. It also favours the smoothing of the results. Numerical results showed
that this filtering with window function can reduce partly the pollution on errors caused by cross
terms, especially for low frequency. Finally, the decrease of errors with refinement was found with
coherent waves as we expected. However, the influence of filtering and the unexpected results for
incoherent waves remain to be improved.






Chapter 5

Conclusions and perspectives

Wave propagation in heterogeneous media, especially in the high frequency regime is always
a challenging and complex problem. Its numerical modelling and simulation require very accurate
numerical methods with high computational and memory costs. This work is dedicated to the
development of tools of error estimation for finite element solutions of wave equation in heterogeneous
media, which will be used to find solutions with a desired precision at a moderate cost.

Firstly, an explicit a posteriori upper bound for the errors between the exact solution and the
reconstructed approximate solution in an L™-norm of energy in time was derived analytically for the
elastodynamic equation.

The basic idea of this derivation is based on the residual error method and the use of reconstructions.
In consideration of the requirement of regularities for the error bound, we have proposed two
reconstructions in time with different quantities or orders for displacement and velocity fields, and two
reconstructions in space for stress field: one is a basic reconstruction based on an element-wise weak
equilibrium relation, another is the statically admissible reconstruction, inspired by Ladeveze [90]. We
studied firstly the behaviour of the exact numerical errors in homogeneous and heterogeneous cases
with two different degrees of heterogeneity. The finite element solutions are solved with different
mesh sizes and time steps. We found that the errors are decreasing with the refinement in all cases. An
exchange between errors in kinetic and potential energy norms has been observed when waves interact
with boundaries and interfaces. Finally, by choosing different combinations of reconstructions, the
estimated errors were compared with the exact errors in the homogeneous case. A fully computable
error upper bound has been found with our error estimator but the ratio of the estimated and exact
errors is increasing as the computational effort grows. It means that the asymptotic accuracy of the
obtained estimator remains to be improved. Some discussions and analysis on the results showed
that the residual errors related to the time derivative of the equilibrium equation are dominant in the
contribution of total estimated errors.

Secondly, considering the difficulties encountered in numerical applications of the error bound for
the elastodynamic equation, a specific case, the high frequency wave propagation in the weak coupling
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regime was studied. As the traditional error estimators on the wave equation may not be efficient in
this regime, we proposed a quantification of errors with a kinetic model in terms of energy densities,
i.e. the transport equation in homogeneous media and the radiative transfer equation in heterogeneous
media. This kinetic model allows smoothing out the highly oscillatory features of waves. Based on
this new equation, we defined analytically a new residual-type error estimation method. The errors
are quantified in terms of energy quantities of numerical waves, which are calculated by the Wigner
transform of wave fields.

In 1D homogeneous media, the localization of errors around the characteristics in phase space
was observed. Considering the existence of extra fluctuations by frequency leakage, a filtering of
errors with window functions in phase space was proposed and a global residual error in time-space
domain was defined. The decrease of local and global errors when the discretization size decreases
was observed, which allows validating our definition of errors and methods of calculation.

In 1D heterogeneous media, the residual errors in terms of the total energy and the net forward-
going energy were proposed analytically. In numerical applications, a 1D medium with a small
magnitude of fluctuations was firstly found so that less localization exists and the radiative transfer
regime holds. Also an agreement between the radiative transfer energy and the numerical wave energy
allowed validating our calculations. Then the defined errors in the chosen medium with a fine mesh
were computed with the energy quantities of numerical wave solutions. The results revealed that the
defined errors are relatively small compared to the total energy, that allowed validating our definition
of errors. In order to reduce the influence of cross terms and other fluctuations on the distribution of
errors in terms of frequency and to obtain a smoother result of errors, a filtering of residual errors
in terms of the STFT of wave fields was derived. It is based on the convolution of radiative transfer
equation with Wigner transform of a window function. This filtering allowed reducing especially
the cross terms accumulated in low frequencies. Finally, the comparison of errors in phase space
for numerical solutions with two different discretizations sizes was obtained. For coherent waves,
residual errors are smaller for the finer discretization size as we expected. However, the decrease of
residual errors between the two discretizations was reduced after the filtering. For incoherent waves,
no obvious decrease of errors was found with the finer discretization. Some possible reasons were
given and a detailed analysis remains to be made in future works.

Some improvements, perspectives and difficulties are discussed here.

In a short term, efforts should be made firstly for resolving the existing problems. For the explicit
error bound defined for elastodynamics that has a weak asymptotic accuracy, the reconstructions in
time and in space should be reconsidered. They were defined with some desired regularities but they
also bring in additional errors since they can be seen as a post-treatment of approximate solutions.
Further efforts are needed to propose some new reconstructions so as to achieve a better equilibrium,
especially for the time derivative of equilibrium on the entire time interval. For the energy-based
residual errors in heterogeneous media, future works should be firstly focused on discussing and
analyzing the phenomena in the comparison of errors with two discretization sizes as we discussed
above. Besides, at present the identification of energy-based errors in terms of frequency seems
difficult to achieve due to the superposition of cross terms between all frequency components. Since
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the filtering with the STFT allows already reducing largely cross terms in low frequencies, this idea
may be applied in future works. It may allow quantifying the effect of numerical dispersion. In the
whole work, we merely defined errors to quantify the difference between the exact solutions and the
approximate solutions solved by time discontinuous Galerkin method. Other solvers or discretization
methods, such as Newmark, should also be tested to observe their influence on the estimator. Note
that the proposed reconstructions may be adapted to the choice of solvers.

Furthermore, in the radiative transfer regime, only wave propagation in an infinite region is
considered. We ignore the calculation of Wigner transform in the boundaries in the homogeneous
case when waves are totally reflected by the boundary. Difficulties arise when the energy densities
reach the boundaries of the domain or an interface. Some researchers have studied systematically
the boundary or interface conditions for the high frequency waves propagation in media with some
specific boundaries or interfaces [18, 122, 135]. But generally it is difficult to construct the Wigner
transform of wave fields with respect to boundary conditions in the case with arbitrary geometries of
the boundary and interfaces. Future works may be focused on errors based on the initial boundary
value problem for the radiative transport equation in some simple cases with specific boundaries and
interfaces.

Finally, the energy-based residual errors were analytically defined in 3D, so future works may
extend the numerical results of 1D media to a higher dimension. It should be noticed that localization
exists always in 1D media so applications on higher dimension are necessary. Note that the com-
putation and storage costs will be very expensive in higher dimensions in the sense that the Wigner
transform depends on (z,x; ®,K), i.e. six independent variables in 2D, and eight independent variables
in 3D. However, considering that the dispersion relation @ = ¢, s |k| is always obtained and involved
in the radiative transfer equation, we can study only the quantities on the hypersurface defined by this
relation (2D media), that may allow reducing significantly the storage cost.
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Appendix A

Definition of spaces and useful
inequalities

In the following Q denotes an open set of R? equipped with the Lebesgue measure x. We introduce
firstly some usual definitions:

Definition A.1 (L?(Q),L=(Q)). We define:

L}(Q):= {u : Q — R? | u measurable and / lu|?dx < oo} (A.1)
Q
with the L2-inner product (u1,u2)(Q) 1= Jou1 - uzdx and norm [[uf| o) = [[u|;2(q) = (u,u)(g).
L*(Q):= {u : Q — R? | u measurable and supess|u| < oo} (A.2)
xeQ

Definition A.2 (H'(Q),HJ (Q)). We define:
H'(Q):={ueL*Q) | D € L*(Q),Va such that || <1} (A.3)
If Q is a bound domain C R? with boundary 9, we define:
Hy(Q):={ue H'(Q),u|;q=0} (A4)

Definition A.3 (Weak divergence). Let a vector function v : Q — R be given. v admits a weak
divergence if: 1. v € (L? (Q))d; 2. there exists a function w: Q — R,w € L?(Q) such that

(V,\Vx@) o) = —(" @)@, VPeED(Q) (A.5)

where the space ©(Q) is the space of functions from C(Q) with a compact support in Q [2]. The
function w is called the weak divergence of v and we note that Vy - v =w.
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Definition A.4 (H(div,Q)). H(div,Q) is the space of all the functions which admit the weak diver-
gence.
Some useful inequalities are also given that are used in our work:

Theorem A.5 (Poincaré’s inequality). Suppose that S an element of partition 7;, and h; its size,
VueH! (S), there exists a constant C » such that [26, 113]:

||“—US||(S) SCphs||“—uS||1(s) (A.6)

where ug is the mean value of u in § and the norms are defined by [[ul| 5 = [lul|;2(5) and [Jul}; ) =
|Vx - ul] (s)- Us is introduced here since the equilibrium of mean value in each element will be used in
the derivation of our error upper bound.

Theorem A.6 (Korn’s inequality). Assume that Q is a bound domain and Iy C dQ with |I'g| > 0.
Vu e Hf (Q):= {ue H'(Q),ulr, =0}, there exists a constant C; > 0 such that:

[ullyq) < Celle(@)] (o (A.7)

where €(u) = % (Vx@u+ (Vxou)h).

Theorem A.7 (Cauchy-Schwarz inequality). For all functions u; and u; in a vector space F' with an
inner product (, ), it is true that:

(ug,w)r < v/ (uy,u)r(uz,u2)F (A.8)



Appendix B

Spectral leakage in FFT

When we calculate Wigner transform in fig. 3.8, some noticeable fluctuations are found around
lines that are parallel to the characteristic directions defined by @ = £cpk. They are in fact the
results of a well-known phenomenon called “spectral leakage”, which happens in the discrete Wigner
transform calculation.

The spectral leakage is a problem that arises in the digital processing of signals. In fact, for
DFT, a signal is truncated firstly in order to obtain a finite set of samples. DFT implicitly assumes
that the sampled signal essentially repeats itself after the measured period and hence the signal
is continuous (conceptually, juxtapose the measured signal repetitively). This leads to glitches or
discontinuities in the boundary of sampling period. Of course, leakage will not occur if a FFT is
precisely computed on a periodic signal sampled of an integer number of cycles. However, if the
measurement region is purposefully made to be a non-integral multiple of the actual signal rate, these
sharp discontinuities will always spread out in the frequency domain leading to spectral leakage. In
fig. B.1, when the original periodic signal with one frequency fy is sampled in a chosen repeating
period with discontinuities in the boundaries, its unique component fj in frequency domain has a
leakage to other frequencies.

For our wave propagation problems, the Discrete Wigner transform of u(z,x) can be seen as a 2D
FT of the auto-correlation functions of displacement uu*(7,y) in a finite area §; x &, (fig. B.2a). The
yellow zone can be seen as a time-space period of FFT in 2D.
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original signal
sin(2mf,t)

<>
calculation length

/

sampled signal

— —
DFT
_—
repeated signal

—— without leakage
—— with leakage

(a) (b)

Fig. B.2 uu* for point A with discontinuous edges: (a) one period, (b) three periods

Considering the exact solutions of wave propagation in homogeneous media interpolated exactly
with respect to dx = codt, uu* is a rectangular constant function along the characteristic line x = cof.
Some discontinuities are observed in the two corners of fig. B.2a and more clearly in several periods
in fig. B.2b. That is why we obtained the fluctuations around @ = —cpk in phase space in fig. 3.8d. In
this case, one method for removing these fluctuations is correcting the discontinuous boundaries by
adding points in grid of numerical data such that remains constant (and continuous) along x = cot
(fig. B.3a) when it is extended to infinite (fig. B.3b for more periods). Another more simple method
is calculating Wigner transform in the rotational coordinates presented in Appendix F. It allows
obtaining a constant function in the direction x = cot when the period is repeated. Thus the problem
speckage leakage is resolved in this special case (fig. F.2d).
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However, for numerical solutions, we can never remove these fluctuations with either of these two
methods because of the evolution in time of the numerical dispersions. Also, it cannot be applied in
the heterogeneous case since the displacement is no more constant along the propagation direction.

T

/

T
-
(@) (b)

Fig. B.3 uu* for point A with continuous edges: (a) one period, (b) three periods

Several solutions have been proposed by researchers to overcome these edge effects: one popular
method for mitigating spectral leakage is called data windowing, which allows to reduce the artificial
high frequencies in DFT by finite-length sampling. For example, considering the sampled signal
in fig. B.1, it is multiplied by a hann window function. Notice that the sharp discontinuities are
eliminated and smoothed out in fig. B.4, even though the repeated signal does not match the original
signal. Its DFT has less leakage of frequency for high frequencies and it is more concentrated around
fo. Besides, increasing the sampling length is the best way to decrease spectral leakage regardless of
what kind of window you use, which leads to high cost of calculation. In general, we cannot find any
method to remove totally the leakage effect.

——without leakage

——with leakage
repeated DFT
windowed E—— f
signal

Fig. B.4 Example of the DFT of the periodic signal presented in fig. B.1: sampled signal with a hann
window function and its DFT






Appendix C

Pseudo-differential operator

In order to simplify the derivation of the transport equation and the radiative transfer equation
with Wigner transform, pseudo-differential calculus are taken into account [25, 97].

Definition C.1 (Pseudo-differential operators). Let ¢(z,€D,) and y(x, €Dyx) be two matrix-valued
pseudo-differential operators defined by:

¢(t,eD;)u(t,x) := 2ln/Re”‘"(p(t,ie(o)ﬁ(a),x)da)
(C.1)

1 ix- e
V(x,eDu(1.x) 1= g /R My ek K)dk
We assume that ¢(7,ie®) and y(x,i€k) are smooth functions and use the same mathematical symbols
for the operators ¢(z,€D;), y(x,eDy) and their symbols ¢(z,iew), y(x,iek).

This definition can be seen as a more general expression of time and space differential operators.
In effect, by the derivative property of the Fourier transform it is known for example that: d,f(x) =
o [ e*ik f(k)dk.

We have the following properties for the pseudo-differential operator [17]:

Lemma C.2. For the heterogeneous operator y(x, €Dy ), we have:

£3 £3
We[w(x,eDyx)ug, ve| = W(x,iK)We[ug, ve| — % {v, Welug,vel} + %VX Viey(x, k)W, [ug, ve] +o(€?)

W [ue, W(x, €Dy)Ve] = Welug, ve] W (x, ik) + % (Welug,ve],y'’ ) — %ws e, Ve Vi - Viw'” (x, ik) + 0(€2)
(C.2)

where the Poisson bracket is defined by: {y, W} = (Vxy - VW — V- VW), and we assume that

the differential operator Dy within the observable y acts on We [ug, ve] so that We[ue, ve (7, x; @, k) y*7 (ik —

812)") should be interpreted as the component-wise inverse Fourier transform (with respect to k') of the

matrix Wg(t,k/; 0,K)[ug, ve] ‘V*T(ik - %)
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If y(x,eDyx) = y(eDy) is independent of x, the eq. (C.2) becomes:

€
WQ[W(SDX)Ug, Vg] == ll/(lk)Wg I:u€,v€} — %Vkl’/(lk) . VXWg [US,Vg]

: (C.3)
i€
Wg [Ug, W(EDX)Vg] == Wg [Ug, Vg]tw*(lk) + EVXWS [uS,Vg] . Vk W*T(lk)
In the same way, we can derive for @(eD;):
: i€ :
We[@(eD:)ue, ve] = (i) We[ue, ve] — an(P(lw) -0 Welug, v
(C4)

€
Weue, 0(€D;)ve] = Weue, ve]@™ (iw) + %&Wg [Ug, Ve] - 0@ (i)
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Convolution properties of Wigner
transform

In this chapter, we introduce the proof of the property 8 applied in the section 4.3.

Proof. Using the definition of convolution, we have:

Welue](t,x;0,k) x *We [hhy (2, x; 0, k)

= [ Welue) (¢ 20 K OWeltyhi) ¢ — ' v 20— 0 k= )dr d¥'d o dK

1 £T € ET V. iltw' vk
= /Rz ueg(t' — —,x' — —y)u’g(t’—i— —, X+ —y)e’(w’ ) dtdy

R+ (27)? 2 2 2 2
1 , &S , €z, ;L ES . 1y €2\ is(o—o)+iz(k—K
(271_)2/Rht(t—t —?)hx(x—x _E)ht (t—t +5)hx(x—x +5)e (@=0)+i(k=K) g7
di'dx'do’ dk’'
1 , & , &..,,, €T , &y , E&s , &2
= et =5 = Sl + o+ o= = Dyatx—x = )
hf(t—t’—i—%)h;(x—x’—i—%)/ eii(sff)“’,dw’/ ¢ EIK gi! 6O g dy dedydsdz
R R
(D.1)
By the formula of the Fourier transform of function f(x) = /™
f/(;):/eirxe_i"xdx:/e_i(“'_r)xdx:27r5(s—r) (D.2)
R R

we find:



130 Convolution properties of Wigner transform

We[ue](t,x; 0, k) x W [hhy] (2, x; @, k)

1 ET ey, . eT € Es ez
:W/RGuE(t/_2’X/_2y)u8(t/+27xl+Zy)ht(t_t/_’_z)hx(x_xl—’—z)

Rt —1 + %)hj (x—x + %) 278 (s— 1) 218 (z—y) 6O dr'ax' drdydsdz
_1 y €T, &Y €T ;€Y
= (27_[)2/]1%4 ug(t' — 5 7)ht (t—t'+ T)hx(x—x + ?)
g0+ S+ Dt = = o= = D)0 aa ey
(D.3)
Changing the variables (¢, 7) to (o, 8) and (¥, y) to (m,n) with:

t—t'+5 =ea x—x+% =em
t—t’—%:eﬁ ¥—%=en (D.4)

o 2
/a’t’d‘c: /Sdocdﬁ, /dx’dy = /sdmdn

X

eq. (D.3) becomes:

We[ue](2,x; 0,k) x W [hhy] (2, x; 0, k)
82 * *
- oy /R4 e (1 — €0, x— £m) I (€00 I (em)

w(t —eP,x—en) hy(eB)h(en) (@ PIO+=1K) qodBdmdn

= /R2 ue(t —eot,x —em) I (eq)h*(em) &™) dodm (D.5)

/2 w'(t — P, x—en) hy(eB)hy(en) e PO 4Bdn
R

2
£ / e (it — 0, x— em) B (00 (€m) @O dodm
21 Jr2

= |STFT[ug, hhy] (¢, x; 0, k) [*

Using the same steps of proof above, we can also derive that:

2

Welue|(—k) % «We[hhy] = ‘;ﬂ /11{4 ue(t —eat,x — em) h (e0t) ho(em) ™) dadm D6)

= |STFT[ug, b (t,x; 0, —k) |*



Appendix E

Properties and examples of STFT

The STFT, or the spectrogram (the magnitude squared of the STFT), is a simple extension of the
FT. It can be understood as the FT is repeatedly evaluated for a running windowed version of the
time-space domain signal. Cross terms exist also for STFT. Consider a general case of the sum of two
signals u; +uy , its STFT has the following form:

|STFT(uy + 2, he] |* = [STFT[u1, hyy]|* + |[STET uz, hy] |

) (E.1)
+2|STFT[u1, hyx]| |STFT* [uz, hux]| cos ( @y, (2, x5 0, k) — @y, (2,x; 0, k))

where |STFT[u;, hy,]| and @, (t,x; w,k),i = 1,2 are respectively the magnitude and the phase of the
STFT of signal u;. In eq. (E.1), the first two terms are the auto-terms and the last term is the cross
term. It can be observed that if two STFTs have no overlapping (¢,x)-(@®,k) support, the cross term is
zero. Equation (E.1) can also be generalized to sum of N signals.

A summary of the principal properties of cross terms of STFT are given here. More detailed
analysis can be found in [83, 102, 120].

1. The STFT cross terms occurs at the intersection of two overlapping transforms and no cross
term occurs between two frequency components like Wigner transform in eq. (3.13). Depending

upon the amount of overlap of each pair of transforms, the energy distribution of the STFT of
an N component signal can have a minimum of zeros and a maximum of W
unlike the Wigner transform, which always has N(A;U cross terms in the midway of two Wigner

Cross terms,

transform auto-terms. However, it also reduces the time-frequency resolution simultaneously.

2. The STFT cross terms can have a maximum magnitude equal to twice the product of the
magnitude of the two spectrograms.

3. The STFT cross terms are modulated by a cosine whose argument is a function of the difference
of phases of STFT[u;, ..
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Here we study the same example, namely the sum of two complex-valued and separate gaussian
signals F(z), as we presented for the Wigner transform in the section 3.1.2 to view the cross term
properties of STFT or spectrogram (hann window is used here with length = sample length/6).

50 1 50 1
45 08 45 0.9
06 08
40 40
- » I
wn wn
@ 0.2 @ 06
E 30 ///// 0 8 30 05
3 25 0.2 3 o5 0.4
0.4 0.3
20 20
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10 1 10 0
2 0 2 4 -4 2 0 2 4
T(s) T(m)
(@) (b)

Fig. E.1 Comparison of Wigner transform and spectrogram of sum of two gaussian signal: (a) Wigner
transform, (b) spectrogram|[F|(z; ®)

In fig. E.1b, it is found that no cross term exists in its spectrogram since the two gaussian signals
have no overlapping support as we explained above. Wigner transform has a better concentration.
However, if we modify (71, ®;) = (1,30) so as to have two closely spaced signal in fig. E.2a, the effect
of the overlapped components becomes visible and an intersection of two terms is found in fig. E.2b.
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Fig. E.2 A signal composed of two more closely spaced complex-valued gaussian signals and its
spectrogram: (a) F(¢)(only real-valued part), (b) spectrogram [F](¢, ®)

Now we compare of the Wigner transform and the spectrogram for coherent waves as we did in
the section 3.1.4 that is used in our application. The Hann window function is used in time and in
space for the spectrogram. The same calculation region is chosen for the Wigner transform and the
spectrogram so as to have the same sampled signal, see fig. E.3.



133

0.8
e
o]
=
£.04F
=
0.2
0
0.2 0 100 200 300 400 500
k(mfl)
(b)

Fig. E.3 Hann window function in space and its frequency spectrum: (a) h(x), (b) |fft(h)]
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Fig. E.4 Comparison of the Wigner transform and the spectrogram of coherent waves: (a) Wigner
transform, (b) spectrogram, (c) values on @ = —cok with magnitude normalized to 1

With fig. E.4, we have several comments as follows. Firstly, Wigner transform gives a better
resolution in phase space. Secondly, spectrogram suppresses almost cross terms at zero and low
frequency (we presented in the section 3.1.4 a peak around zero frequency for Wigner transform
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is due to superposition of cross terms). However, it is known that it cannot suppress all the cross
terms between positive frequencies because a continuous frequency range is used here. Finally,
less frequency leakage is observed for spectrogram due to the use of window functions. Wigner
transform is calculated directly in a limited calculation region and we can treat it as application of a
rectangular window, whose frequency spreading is very wide, which may mask important spectrum
details at even lower levels. That’s why we find small fluctuations everywhere in fig. E.4b. Generally,
non-rectangular window functions actually increase the total leakage, but they can also redistribute it
to places where it does the least harm. To different degrees they reduce the level of the spreading by
increasing the high-level leakage in the near vicinity of the original component [68]. So in fig. E.4c,
the use of hann window function increases leakage near main lobe and also allows to reduce frequency
leakage at a remote area of the main lobe.
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Energy-based residual errors calculated
within the local basis defined by the wave
propagation characteristics

In this section, we consider the residual errors in 1D heterogeneous media defined in chapter 4
using the local basis defined by the wave propagation characteristics. A transformation of coordinates
is firstly performed for the Wigner transform and the radiative transfer equation in 1D case. Then the
residual errors are re-calculated respectively for coherent waves and incoherent waves.

We propose a change of variables for (¢,x) — (x1,%) (fig. F.1):

yal \1@ (cot —x) e \?CO (XL %H) E1)
x| = 5 (cot +%) x=5(=xL+21)

and for (7,5) = (9, ):

_ L _ =1
0= “F(COT Ve £ Ve 0+v) drdy= Ldpdy  (F2)
¥ =5(coT+y) y=5(=0+v) co

where the subscripts || and L represent respectively the directions along the forward and backward
wave propagation characteristics. Recall that T and y are the shift variables related to # and x in the
definition of Wigner transform.

Introducing eq. (F.1) and eq. (F.2) into the definition 3.3 of Wigner transform in 1D:

1 ' £T ey, . €T £
Wg[ug}(t,x;w,k):W/Rzug(t—2,x—y)ue(H- a2

5 oA+ ) TR g1y (F.3)
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and we can derive that:

We[ue](t,x;0,k) = (2m)? /Rz“e (\[;CO(%L ‘HCH)—* 7( (P‘Hl’))

. 1 £
Ug <\@C(XL+X|) 2\[CO(¢’+‘I/) 7( 2L+x)+ 57( ¢+‘I/)>
(oot L-ori) 1

N\m

(¢+ll/) 7( XL+~

—

—d(j)dl//
o
_ ! ! _E _Evy Lo, € _EY
- (zﬂ)z/wue(ﬁco«m )+ - T (- )+ - )
(1 £ ey, 1 d &y
g et Do+ P -+ )+ G+ )
l(¢%—k+w +k)
V2 dq)dl//
(F4)
Defining the displacement field and the Wigner transform in new coordinates by:
) = ( s+ ), s (et )
Ay, x) =ul — ,—(— :
XX N XL+X| > XLTX|
T 1 _ € € i
Welite] (XL, X3k, k) = e /Rzue(h—q),ﬂq W)Ms(mﬂL (P,XHJF W) Ok TVk) g g d gy
(E5)
we obtain the following relation:
IZ(%JJXH) = M(tvx);
(F.6)

|
Weluel(r,x,0,k) = %Ws [ite] (2 L. x5 k1K)

: : . ki = L\[(g —k)
with the change of variables in the phase space 20<0

kH = 7( + k)
transform on the forward and backward directions can be expressed as:

. Then the projections of Wigner

1 . 1.
Wi = Weue] (1,50 = cok, —k) = —Welite] (x 1, 23k = V2k, k| =0) = —W{
co C() (F7)
_ 1o _ '
W, = Weue] (1,50 = cok, k) = awe[us](;a,ggﬂ;l@ =0,k = V2k) = fw

The local wave-characteristic basis and the associated coordinate system are illustrated in
fig. F.1 (with the coherent forward waves, fig. 4.17a) and the calculation region here is ({ |, CH) =
(v/2&,,v/2&,). The Wigner transforms within both global and local coordinate systerm are compared
fig. F.2. It is found that these two results are very close to each other along the characteristic line
(normalized and the coefficient é considered). Figure F.2d shows that the numerical results calculated
using the local coordinate system have less fluctuations (by spectral leakage).
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Now we can derive the radiative transfer equation using the local coordinate system. The two
terms of the transport part become:

1 - 1 -
O Welue](t,x; 0,k) = c*%uwe [ige] (XL, x5k, k)9 + *% We e (L, 23k, k) d:x

= 9xLWs[ue](XL7XH kJ_ka)\[“‘ axuws[ue]()@_axu kJ_ka) (F.8)
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ﬁa%“vvg 2] (. 23k, Ky)

and
ast[ue](faX;wyk) axlwfl[ue}(%L)XH kJJkH)aXXL—’_ axuwe[us](XLaXH kJJkH)aXXH

= _*amwe[ﬁe] VARY RSN )

1
75 E9)
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Combing the above two equations and using eq. (F.6) and eq. (F.7), the two radiative transfer equations
for W+ and W™ in eq. (4.26) become:

V20, Wlite] = §k3 P(v/2k, ) { W [ite] — W ite] }
V20, W (] = %kﬁf’(ﬂku) {W[ie] - W~ [ie] }

(F.10)

Theorem F.1. The residual errors in the local basis associated to the wave propagation characteristics
are defined with:

R[] = v/20; W [ig] — gk P(v/2k1) {W ™[] = W* [e] }
(E.11)
R~ [ite] = /20y, W~ [ite] — gki P(V/2ky) { W [ig] — W™ [de] }
or
R¥ =R*+R"
(F.12)
R =Rt —R™

The filtering of residual errors can also be transformed under (1, x|;k1,k|) in the same way as
we did in theorem 4.6. The detailed derivation is neglected and the results are given here.

Theorem F.2. The filtered residual errors in the local basis associated to the wave propagation
characteristics are defined with:

RSTg [’ZS] * *W[ilﬂuil%u] =R* [ﬁs] * *W[EXLEXH] + R™ [’18] * *W[EXLEXH} (F13)
R%"dS [ﬁé‘] * *W[EXLITLXH] = R+ [IZ&‘] * *W[EXLEXH] - R_ [ﬂS] * *W[EXL%XH}
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where

RJr [ﬁf] * *W[EXLEXH](Xvau;klakH)
=2v2Re {STFT[&XHLZg,ﬁXﬁXH](x 1,2 —V2Kk,0)STFT [itg, by, iy ) (1, 23—V 2k, 0)}

2 [ . - .
+‘IQ/RSTFT[ag,hhh;;](h+el,x| — &l;—V/2k,0)STFT [ite, hy, Ity |(x1 — €L, %) + €l;—V/2k,0) PO (V21)di

2 —_— ~ ~ ——% ~ ~
~ \Q/RSTFT[ﬁE,hth](m+el,x| — €1;0,—V2k)STFT [iig, by, iy | (X — €1, %) +€1:0,—V/'2k) PO (V21)dl
(F.14)
and

R™ [’Z&‘] * *W[ﬁxlﬁm] (XL%HJQJCH)

2 [ - e~
+‘1€ /R STFT(de, hyy, By | (41 + 1, % —¢el;0,v/2k)STFT [t g Ty ) (21 — €, x| +€1:0,V2k) PP (V2l)dl

2 [ o - L
‘12 /]R STFT(ie, by, iy, | (31 + €1, 3 — €1:V2k,0)STFT [dg,hry, hy, ) (1 — €1, %) + €1:V/2k,0) PP (V21)dl
(F.15)

where STFT stands for STFT of i, in new coordinates.

Then we can calculate eq. (F.12) and eq. (F.14) numerically for coherent waves and incoherent
waves as we did in section 4.2.3.
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Fig. F.3 Residual errors along the characteristic line for coherent forward wave: (a) !RSTd , (b) ‘RSTdS
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Energy-based residual errors calculated within the local basis
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Fig. F.4 Residual errors in @ = +c¢pk for incoherent wave: (a) }RSTd|, (b) ‘RSTdS

-4

x10 , x10 :
—Ng=1 —Ng=1
3 Y I =5
6} 6}
41 4t
2t 2t ’
) |
0 0 ’A" Y
0 100 200 300 400 500 0 100 200 300 400 500
|k[(m™) || (m ™)
(a) (b)

Fig. F.5 Filtered residual errors in @ = +cyk for coherent forward waves: (a)

Ry 5 «Wihy, Iy ]|, (b)

RS 5« Wihy by |
12 %107 ‘ ‘ 19 %107 '
| 5 x107 |
0.8} 1 0.8t
0.6/ o 0.6]
0al 100, 200 300 oal
0.2+ 02}
0 100 200 300 400 500 % 100 200 300 400 500
[ (m ™) [k (m™")
(@) (b)

Fig. F.6 Filtered residual errors in @ = =£cpk for incoherent waves: (a) Rﬁd * *W[ﬁx jlx”]’ (b) R;d *

*WU:IZL EXH]



Appendix G

Résumé substantiel

La simulation numérique de la propagation d’ondes en milieu hétérogeéne est un probleme
difficile car il nécessite de suivre les différents fronts d’ondes diffractés sur les hétérogénéités.
C’est particulierement vrai en régime mésoscopique a haute fréquence, car I’interaction des ondes
avec le milieu est plus forte et les distances de propagation (relativement a la longueur d’onde) sont
plus importantes. Ces travaux de these portent sur le développement d’outils d’estimation d’erreurs
pour les solutions numériques d’équations d’ondes par éléments finis. Ces outils doivent permettre de
contrdler la qualité des simulations et de piloter 1’optimisation du colit numérique.

Dans une premicre partie, un estimateur d’erreur explicite a posteriori est proposé. Il permet
d’évaluer une erreur en norme énergétique en espace et en norme L™ en temps entre la solution
exacte de I’équation élastodynamique et une solution approchée reconstruite. L’idée principale du
développement est basée sur une erreur en résidu et 1’utilisation de reconstructions des champs. Pour
tenir compte des régularités nécessaires a 1’obtention d’une borne supérieure de 1’erreur, plusieurs
reconstructions en temps pour le déplacement et la vitesse sont proposées, ainsi que des reconstructions
en espace-temps pour la contrainte. La performance de I’estimateur a été comparée par rapport a des
erreurs numériques exactes pour des cas homogene et hétérogene, et pour des solutions éléments finis
obtenues avec différents tailles de maillage et pas de temps. L’erreur estimée diminue bien avec le
raffinement en temps et en espace, mais I’efficacité (rapport entre I’erreur estimée et ’erreur réelle)
augmente également avec le raffinement. La convergence asymptotique de 1’estimateur obtenu doit
donc étre améliorée. L’ analyse des résultats montre que les composantes des erreurs liées aux résidus
de I’équation d’équilibre dérivée en temps sont dominantes dans la contribution des erreurs totales
estimées.

Dans une seconde partie, le travail se concentre sur le cas particulier de la propagation d’ondes
a hautes fréquences dans des milieux hétérogenes en régime de couplage faible. Dans ce cas, les
estimateurs classiques basés sur les champs de déplacement et de vitesse ne sont pas tres efficaces,
car ces derniers sont tres fluctuants. L’énergie devient alors une quantité d’intérét plus pertinente.
Un nouvel estimateur d’erreur est proposé, basé sur le résidu des équations de transport en milieu
homogene et de transfert radiatif en milieu hétérogéne. Ces deux équations décrivent le transport des
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densités d’énergie en espace des phases (la transformée de Wigner du champs de déplacement), et
peuvent étre reliées a I’équation élastodynamique.

Dans les milieux 1D homogenes, I’évolution de I’estimateur d’erreur proposé est alors étudiée pour
des solutions éléments finis obtenues avec différents maillage et différents pas de temps. La distribution
des erreurs locales sur la relation de dispersion dans 1’espace des phases est décrite. Compte tenu de
I’existence de fluctuations numériques supplémentaires causées par les fuites spectrales (spectrale
leakage), un filtrage des erreurs en espace des phases est proposé et une erreur résiduelle locale dans
le domaine espace-temps (mais globales pour 1’espace des phases pour chaque point espace-temps
considéré) est définie. La diminution des erreurs locales dans I’espace des phases et dans le domaine
espace-temps avec le raffinement permet de valider notre définition des erreurs et la méthode de
calcul.

Pour les milieux 1D hétérogenes, différents examples sont proposés. Tout d’abord, le phénomene
de localisation est mis en évidence, et les valeurs des parametres physiques du milieu de propagation
pour lesquels le régime de transfert radiatif est valable sont discuté. D’autre part, une comparaison
entre I’énergie obtenue par I’équation de transfert radiatif et par I’équation de propagation des
ondes permet de valider les outils de calcul des densités énergétiques développés. Enfin, deux erreurs
résiduelles sont proposées dans le cas 1D: ’'une basée sur les énergies de 1’onde prograde et rétrograde,
similaire a celles définies dans les milieux homogenes; 1’autre basée sur 1’énergie totale et I’énergie
nette prograde. Les calculs numériques des erreurs pour un exemple de barre 1D avec un maillage fin
montrent que les erreurs définies sont relativement faibles par rapport a I’énergie totale et diminuent si
une moyenne d’ensemble sur plusieurs barres est considérée, de maniére cohérente avec I’obtention de
I’équation de transfert radiatif a partir de 1’équation d’ondes. Cela permet de valider notre proposition
de définition des erreurs pour les solutions d’ondes numériques en régime mésoscopique a haute
fréquence.

Dans le cas hétérogene, les termes croisés et les fluctuations numérique perturbent le calcul de la
transformée de Wigner, ce qui influence I’estimation des distributions d’erreurs en espace des phases.
Afin de réduire cette influence et d’obtenir une estimation des erreurs plus fiable, un filtrage des erreurs
résiduelles en termes de STFT a été proposé par la convolution de 1’équation de transfert radiatif
avec la transformée de Wigner d’une fonction de fenétrage. La comparaison entre la STFT et la
transformée de Wigner pour les champs d’ondes a montré que les termes croisés sont largement réduits.
Les résultats numériques ont montré que ces erreurs résiduelles filtrées sont toujours relativement
faibles par rapport a I’énergie totale et qu’elles diminuent a mesure que le nombre de réalisations
aléatoires augmente. Ce filtrage permet en particulier de réduire les termes croisés accumulés en
basse fréquence. En plus, la décroissance d’erreurs avec le raffinement a été observée pour les fronts
d’ondes cohérentes mais ¢’est moins évidente pour ceux d’ondes incohérentes. Ce point reste donc a
améliorer.

En ce qui concerne les futures travaux, pour I’estimateur explicite, il faut proposer de nouvelles
reconstructions en espace et en temps qui possedent un meilleur comportement asymptotique avec
le raffinement de la discrétisation en espace et en temps. D’autre part, pour les erreurs énergétiques,
des efforts doivent étre faits pour comprendre les phénomenes exprimés a travers des résidus autour
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des fronts d’ondes incohérentes afin de répondre aux questions qui restent ouvertes. Il sera aussi
intéressant d’appliquer les approches développées aux cas 2D ou 3D.
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