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Résumé

Dans la première partie de cette thèse, on s’intéresse au comportement asympto-
tique de la probabilité de retour de la marche aléatoire dans les groupes métabéliens
de type fini. Pour de tels groupes à croissance exponentielle, on obtient une caracté-
risation purement algébrique de ceux dont la probabilité de retour est la plus grande
possible, c’est-à-dire équivalente à exp(−n 1

3 ) : la condition est de ne pas admettre
de sous-groupe isomorphe à un groupe métabélien libre avec torsion de type fini, ou
à un produit en couronne Z oZ. Une reformulation naturelle de cette caractérisation
fait intervenir la dimension de Krull du groupe.

Dans ce but, on démontre pour les groupes métabéliens une version du fameux
théorème de plongement de Kaloujnine et Krasner respectant la dimension de Krull.
On est alors capable de construire des suites de couples de Følner dans un sur-groupe
scindé, avec pour conséquence des bornes inférieures sur la probabilité de retour en
fonction de la dimension de Krull.

Enfin, on met en évidence des sections spécifiques de ces groupes dont on montre
dans certains cas qu’une puissance contient un groupe métabélien libre de type fini.
Cela permet également de donner des bornes supérieures sur la probabilité de retour
ne dépendant que de la dimension de Krull.

La seconde partie de cette thèse porte sur les profils isopérimétriques des groupes
localement compacts compactement engendrés, qu’on utilise pour formuler une ca-
ractérisation de l’existence d’une suite de couples de Følner. On montre que le profil
isopérimétrique augmente lorsque l’on passe au quotient et on obtient des constantes
indépendantes de l’échelle choisie, améliorant des résultats précédents de Tessera. On
en déduit que l’existence de couples de Følner passe au quotient par un sous-groupe
normal fermé.

On établit également que l’existence de couples de Følner passe à un sous-groupe
fermé, généralisant un résultat dû à Erschler pour les groupes de type fini. Cela
permet d’obtenir une preuve plus auto-contenue du théorème principal de la première
partie.

La troisième partie de cette thèse est issue d’un travail en commun avec Peter
Kropholler. On y étudie la structure des groupes résolubles de rang sans torsion infini
n’ayant pas de section isomorphe au produit en couronne de deux groupes cycliques
infinis. On obtient comme corollaire qu’un groupe de type fini résoluble admettant
une dimension de Krull et sans section isomorphe à Z oZ est nécessairement de rang
sans torsion fini.
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Abstract

In the first part of this thesis, we investigate the asymptotic behaviour of the re-
turn probability of the random walk in finitely generated metabelian groups. For such
groups with exponential volume growth, we obtain a characterization of metabelian
groups whose return probability is the largest, namely equivalent to exp(−n 1

3 ), in
purely algebraic terms. The condition is not to admit a subgroup isomorphic either
to a finitely generated free metabelian group with torsion or to a wreath product
Z o Z. A natural reformulation of this characterization involves the Krull dimension
of the group.

In order to do this, we elaborate on a famous embedding theorem of Kaloujnine
and Krasner and establish a variation for metabelian groups that respects the Krull
dimension. This allows to build sequences of Følner couples in a split overgroup, thus
providing lower bounds for the return probability according to the Krull dimension.

Finally, we highlight and study specific sections of these groups, and show in
certain cases that a power contains a finitely generated free metabelian group. As a
consequence, we give upper bounds in terms of the Krull dimension on the return
probability.

The second part of this thesis deals with isoperimetric profiles in locally compact
compactly generated groups, that we use to characterize the existence of a sequence
of Følner couples. We prove that the isoperimetric profil increases when going to
a quotient in a uniform manner with respect to the scale, improving on a theorem
of Tessera. From this, we deduce that the existence of a sequence of Følner couples
goes to a quotient by a closed normal subgroup.

We also establish that a sequence of Følner couples persists in a closed subgroup,
generalizing the corresponding result by Erschler for finitely generated groups. This
allows to obtain a more self-contained proof of the main result of the first part of
this thesis.

In the third chapter, we examine how the structure of soluble groups of infinite
torsion-free rank with no section isomorphic to the wreath product of two infinite
cyclic groups can be analysed. As a corollary, we obtain that if a finitely generated
soluble group has a defined Krull dimension and has no sections isomorphic to the
wreath product of two infinite cyclic groups, then it is a group of finite torsion-free
rank.
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Introduction

“La cinquième planète était très curieuse. C’était la plus petite de toutes.
Il y avait là juste assez de place pour loger un réverbère et un allumeur de
réverbères. Le petit prince ne parvenait pas à s’expliquer à quoi pouvaient
servir, quelque part dans le ciel, sur une planète sans maison, ni population,
un réverbère et un allumeur de réverbères. ”

- Antoine de Saint-Exupéry, Le Petit Prince

1. Groupes

Structure algébrique fondamentale de l’algèbre générale, la notion de groupe a
émergé entre la fin du XV IIIe et le début du XIXe siècle. Elle trouve son origine
dans l’étude des équations algébriques par Lagrange et Ruffini, étude développée
ensuite par Galois qui donna un critère de résolubilité d’équations polynomiales
particulières en matière de groupe de symétrie de leurs racines. Au-delà de ces études
spécifiques, il faut sans doute attribuer à Cayley, en 1854, la définition abstraite d’un
groupe telle que nous la connaissons aujourd’hui.

De la géométrie à la théorie des nombres, en passant, par la topologie et la
théorie ergodique, les groupes sont apparus depuis dans de nombreux domaines
mathématiques.

La théorie géométrique des groupes trouve son origine dès la fin des années
1960, au travers de nombreux travaux parmis lequels ceux de Milnor, Stallings,
Mostow, Abel, Tits, Gromov. L’idée clef est d’étudier les groupes infinis comme des
objets géométriques 1, avec notamment pour but d’établir des connexions entre les
propriétés algébriques de ces groupes et les propriétés topologiques et géométriques
des espaces sur lesquels ils opèrent.

1.1. Groupe vu comme espace métrique. Considérons un groupe Γ et
donnons-nous une partie génératrice symétrique S de ce groupe. La distance des
mots associée à S, notée dS, est la métrique définie de la façon suivante : si x, y sont
deux éléments du groupe, dS(x, y) est égal à la longueur du mot x−1y dans S. Le
graphe de Cayley associé, noté Cay(Γ, S), est le graphe dont les sommets sont les
éléments de G et dont les arêtes sont les couples (x, xs) ∈ Γ2 avec x ∈ Γ et s ∈ S.
Si l’on donne à chaque arête la longueur 1, la métrique des mots dS coïncide sur Γ
avec la métrique géodésique sur le graphe de Cayley Cay(G,S).

La notion de quasi-isométrie fournit un cadre dans lequel cette métrique ne
dépend pas de S et nous dit, informellement, que les propriétés de “grande échelle”
du groupe ne dépendent pas de la partie génératrice à travers laquelle on le regarde.

1. C’est d’ailleurs le titre de [Gro84].
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Définition 1.1.1 (Quasi-isométrie). Soient (X, d) et (Y, d′) deux espaces mé-
triques. Une application Φ : X → Y est un plongement quasi-isométrique de X dans
Y s’il existe des constantes λ > 1 et C > 0 telles que, pour tous x, y ∈ X,

1

λ
d(x, y)− C 6 d′(Φ(x),Φ(y)) 6 λd(x, y) + C.

L’application Φ est une quasi-isométrie s’il existe de plus une constante D > 0 telle
que tout point de Y soit à distance au plus D de Φ(X).

S’il existe une quasi isométrie entre X et Y , ces deux espaces sont dits quasi-
isométriques. C’est une relation d’équivalence entre espaces métriques.

Dans le cas d’un groupe de type fini Γ, muni d’une partie génératrice finie et sy-
métrique S, l’injection de (Γ, dS) dans son graphe de Cayley est une quasi-isométrie.
De plus, si S ′ est une autre partie génératrice de Γ alors l’application identité de
(Γ, dS) dans (Γ, dS′) est également une quasi-isométrie.

En conséquence, dans un groupe de type fini Γ, la métrique des mots est unique
à quasi-isométrie près et toute propriété invariante par quasi-isométrie est en fait
une propriété du groupe Γ.

On décrit dans le paragraphe suivant une famille d’exemples de groupes de type
fini qui s’avérera centrale dans cette thèse.

1.2. Groupe de l’allumeur de réverbères, produit en couronne. Le
groupe dit de l’allumeur de réverbères est le produit semi-direct G de ⊕ZZ/2Z
par Z, où Z agit par décalage. Ses éléments peuvent se représenter de la manière
suivante : (η, y), où η : Z → Z/2Z est une fonction à support fini et y ∈ Z. La loi
de G est donnée par

(η, y)(δ, z) = (η + δy, y + z),

où δy(x) = δ(x− y).
Ce groupe est engendré par e = (0, 1), e−1 et 1 = (δ0, 0), où δ0 est la fonction

égale au générateur de Z/2Z en 0 et nulle partout ailleurs.
Les fonctions à support fini de Z dans Z/2Z correspondent aux polynômes à

coefficients dans Z/2Z en une indéterminéeX inversible et le groupe G est également
décrit par G = F2[X,X−1]oZ où Z agit par multiplication par les puissances de X.

Le nom de ce groupe s’explique par l’image suivante : si l’on considère une allée
bi-infinie de réverbères, un élément du groupe peut se voir comme la donnée de
la configuration de cette allée (avec un nombre fini de lampes allumées) et de la
position d’un allumeur de réverbères. La multiplication à droite par les éléments de
S peut faire bouger l’allumeur d’un pas vers la gauche ou la droite, ou bien changer
l’état de la lampe devant laquelle il est situé.

Plus généralement, le produit en couronne de deux groupes A et B, noté A o B
est le produit semi-direct ⊕

B

Ab oB
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où les Ab sont des copies de A indexées par b ∈ B et B agit par translation à gauche 2.
Un élément du groupe s’écrit (f, b) avec f : B → A une application à support fini
et b ∈ B. La multiplication est donnée par : si (f, b), (g, c) ∈ A oB, alors

(f, b)(h, c) = (fhb, bc)

où hb : B → A est définie par hb(x) = h(b−1x) pour tout x ∈ A.
Soit SA une partie génératrice de A etSB une partie génératrice de B. Une partie

génératrice de A oB est donnée par {(aδe, 0); a ∈ SA} ∪ {(0, b); b ∈ SB}.
En considérant un produit plutôt qu’une somme directe, on définit le produit en

couronne non restreint de A par B : c’est le groupe∏
b∈B

Ab oB,

qu’on notera A ooB.

Avec cette notation, le groupe dit de l’allumeur de réverbères s’écrit (Z/2Z) o Z.
Dans ce texte, on verra apparaître des produits en couronne de la forme C o Zk,
avec C un groupe cyclique (fini ou infini), par exemple : l’allumeur de réverbères
marchera donc sur un espace de dimension plus grande, et l’intensité des lampes
allumées pourra varier.

Dans cette thèse, on s’intéresse aux propriétés métriques et probabilistes de cer-
tains groupes de type fini, les groupes métabéliens, possédant une structure particu-
lière. À l’occasion de la définition de cette famille, on redonne quelques définitions
classiques à propos de la structure des groupes.

1.3. Structure. Soit G un groupe. La suite dérivée de G est la suite décrois-
sante de sous-groupes caractéristiques de G définie par récurrence de la façon sui-
vante :

G(0) = G et pour tout entier i > 0, G(i+1) = [G(i), G(i)].

Si cette suite dérivée est stationnaire à {e}, le groupe G est dit résoluble. Le plus
petit entier naturel n tel que G(n) = {e} est la classe de résolubilité de G. Les
groupes 1-résolubles sont les groupes abéliens, les groupes 2-résolubles sont aussi
appelés groupes métabéliens.

La suite centrale descendante de G est la suite décroissante de sous-groupes
caractéristiques de G définie par récurrence de la façon suivante :

G1 = G et pour tout entier i > 1, Gi+1 = [G,Gi].

Si cette suite atteint {e}, le groupe G est dit nilpotent. Le plus petit entier naturel
n tel que Gn+1 = {e} est la classe de nilpotence de G. Les groupes nilpotents sont
résolubles.

Si P est une propriété de groupe, un groupe G est dit virtuellement P s’il admet
un sous-groupe d’indice fini avec la propriété P.

Si P et Q sont deux propriétés de groupes, un groupe G est dit P-par-Q s’il
admet un sous-groupe normal N avec la propriété P tel que le quotient G/N ait

2. Dans ce texte, on écrira toujours le groupe agissant à droite, il est à noter qu’il apparaît
parfois à gauche chez certains auteurs.
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la propriété Q. Par exemple, les groupes métabéliens sont abélien-par-abélien et un
théorème de Mal’cev entraîne que les groupes linéaires résolubles sont virtuellement
nilpotent-par-abélien [Mal51].

Un groupe G est dit poly-P s’il existe une suite finie de sous-groupes

{e} = G0 / G1 / · · · / Gn = G

dont les facteurs Gi+1/Gi ont la propriété P. Par exemple, les groupes résolubles
sont poly-abéliens.

On écrira groupe polycyclique pour désigner un groupe poly-cyclique. Cette classe
de groupes contient les groupes nilpotents de type fini et est contenue dans la classe
des groupes résolubles. On rappelle que les inclusions sont strictes : le groupe Z2oZ,
où Z agit via la matrice (

2 1
1 1

)
est polycyclique mais non nilpotent et le groupe de l’allumeur de réverbère est
résoluble mais non polycyclique. Plus précisément, un groupe G est polycyclique si
et seulement s’il est résoluble et vérifie la condition maximale, notéemax (c’est-à-dire
que toute suite croissante de sous-groupes de G est stationnaire ; on dit également
que le groupe est noethérien).

Soit G,H deux groupes. On dit que H est une section de G s’il existe un sous-
groupe K de G tel que K se surjecte sur H.

1.4. Groupes métabéliens. La première partie de cette thèse porte sur l’étude
de la probabilité de retour des groupes métabéliens, définis ci-dessus comme étant
les groupes 2-résolubles. De manière équivalente, un groupe G est métabélien si et
seulement si son groupe dérivé [G,G] est abélien, ou bien encore si et seulement s’il
est une extension d’un groupe abélien par un autre.

1.4.1. L’approche de Hall. Une étude méthodique de ces groupes a été entreprise
dès 1954 par Hall ([Hal54]).

Si G est un groupe métabélien, il existe deux groupes abéliens M et Q tels que
G s’inscrive dans la suite exacte

M ↪→ G� Q.

On peut prendre par exemple pour M le groupe dérivé [G,G] et pour Q l’abélianisé
Gab = G/[G,G] de G.

L’observation de Hall est la suivante : l’action de G par conjugaison sur son sous-
groupe normal M est en fait une action du quotient Q. Plus précisément, l’action
d’un élément g de G ne dépend que de son image dans le quotient : si g′ est un
autre élément de G tel que g′ = gm, avec m ∈ M , alors pour tout x ∈ M , on a
g′.x = g′xg′−1 = gxg−1 = g.x puisque le groupe M est abélien. On en déduit une
action de l’anneau du groupe ZQ sur M : pour tous x ∈ M , a1, . . . , ak ∈ Z et
g1, . . . gk ∈ G, (

k∑
i=1

aigiQ

)
.x =

k∑
i=1

ai(gixg
−1
i ).

Ceci munit M d’une structure de ZQ-module. Lorsque G est de type fini, Q est éga-
lement de type fini et M est de type fini comme ZQ-module. Une autre formulation
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est que M est normalement de type fini dans G, c’est-à-dire qu’il existe une partie
finie deM telle que le sous-groupe normal qu’elle engendre soitM tout entier. Dans
ce cas, l’anneau ZQ est noethérien, tout comme le moduleM , on reviendra sur cette
notion dans le paragraphe suivant.

Ce point de vue crée une passerelle avec l’algèbre commutative classique, dont on
peut espérer utiliser les théorèmes pour mieux comprendre la structure des groupes
métabéliens de type fini. Il s’est révélé très fécond et a donné lieu à un grand nombre
de résultats parmi lesquels :

(1) les groupes métabéliens de type fini satisfont la condition maximale pour
les sous-groupes normaux. C’est une conséquence de la noethérianité deM .

(2) Tout groupe métabélien G de type fini est de présentation finie dans la
catégorie des groupes métabéliens, c’est-à-dire que G peut être défini par
un nombre fini de générateurs et de relations, à ajouter aux relations de la
forme [[x, y], [z, w]] = 1. Par conséquent, il n’y a qu’un nombre dénombrable
de classes d’isomorphismes de groupes métabéliens de type fini. De plus,
bien qu’ils ne soient pas tous de présentation finie, ils se plongent tous dans
un groupe métabélien de présentation finie.

(3) Les groupes métabéliens de type fini se comportent bien algorithmique-
ment : les problèmes du mot et de la conjugaison sont résolubles.

(4) Bieri et Strebel ont introduit un invariant géométrique permettant de dis-
tinguer les groupes métabéliens de présentation finie des autres ([BS80,
BS81]).

Les deux premiers points sont dus à Hall. On renvoie à [BMO12, § 2] ou au livre
[LR04] pour une liste plus complète, et un traitement détaillé.

1.4.2. Noethérianité. On revient dans cette partie sur la notion de module noe-
thérien, qui apparaît dans un groupe métabélien de type fini, d’après l’observation
de Hall.

Si A est un anneau commutatif et unitaire, un A-module M est dit noethé-
rien s’il satisfait la condition de chaîne ascendante, à savoir que toute chaîne stric-
tement croissante de sous-modules de M est finie. De façon équivalente, tous les
sous-modules de M sont de type fini. Cette condition est l’une des propriétés intro-
duites par Noether dans les années 20 et nommée ensuite en son honneur 3, l’utili-
sation adroite de celle-ci lui ayant permis d’obtenir des résultats puissants comme
le théorème dit de Lasker-Noether, et d’aborder sous de nouvelles perpectives des
questions de théorie de l’élimination (on peut citer entre autres [Noe21, Noe23]).
Les conditions de chaines descendantes, elles aussi considérées par Noether, sont
dites artiniennes. On dit qu’un groupe satisfait la propriété min si l’ensemble de ses
sous-groupes est artinien.

Dans cette thèse, on fait grand usage de la structure des modules noethériens,
détaillée dans la proposition suivante, et de son impact sur la structure d’un groupe
métabélien.

3. Comme la plupart des conditions de chaîne ascendantes.
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Proposition 1.4.1. Soient R un anneau noethérien et M un R-module de type
fini. Alors, il existe des sous-modules M0,M1, . . . ,Mn de M tels que

(1.1) M = Mn > Mn−1 > · · · > M1 > M0 = 0

et Mi+1/Mi ' R/Pi, où Pi est un idéal premier de R.

1.4.3. Groupes métabéliens (p)-libres. Notre recherche de “briques de base” pour
les groupes métabéliens nous amènera à considérer de tels groupes les plus libres
possibles. Pour tout entier d > 2, le groupe métabélien libre de rang d, noté Bd est
le quotient du groupe libre de rang d, Fd, par le second terme de sa série dérivée
F

(2)
d = [[Fd, Fd], [Fd, Fd]] :

Bd = Fd/F
(2)
d .

De façon similaire, pour tout n ∈ N∗, on définit le groupe n-métabélien libre de
rang d, noté B[n]

d comme le groupe métabélien de rang d le plus libre possible et le
groupe dérivé est d’exposant n, c’est-à-dire

B
[n]
d = Bd/[Bd, Bd]

n.

1.5. Groupes minimax. Si z est un nombre complexe non nul, Z [1/z] désigne
le sous-anneau de (C,+) formé des nombres de la forme

n

zm
, avec n ∈ Z,m ∈ N. Un

groupe G est quasi-cyclique s’il existe un premier p tel que G ' Z[1/p]/Z. Ce dernier
groupe est noté Cp∞ , c’est l’image par le morphisme x 7→ exp(2iπx) de Z[1/p].

Un groupe max-par-min est appeléminimax. Par extension, on désigne également
par minimax la classe des groupes poly-minimax, c’est-à-dire qu’un groupe G est
minimax s’il existe une suite finie de sous-groupes

{e} = G0 / G1 / · · · / Gn = G

dont les facteurs Gi+1/Gi sont cycliques ou quasi-cycliques.
Le produit en couronne F oZ, avec F un groupe fini, n’est pas minimax. Le théo-

rème suivant de Kropholler énonce que c’est, en quelque sorte, la seule alternative
possible pour les groupes résolubles de type fini non minimax.

Théorème 1.5.1 ([Kro84]). Soit G un groupe résoluble de type fini. Alors soit
G est minimax, soit G admet une section isomorphe à Z/pZ oZ, pour un premier p.

Pour les groupes résolubles, on définit le rang sans torsion (aussi appelé longueur
de Hirsch) par la formule

h(G) =
∑
i≥0

dimQ(G(i)/G(i+1))⊗Z Q.

Les groupes résolubles de type fini et de rang sans torsion fini ont un sous-groupe
normal localement fini tel que le quotient soit minimax [LR04, 5.2.1].

2. Marche aléatoire sur un groupe, probabilité de retour à l’origine

Soit G un groupe dénombrable. Étant donnée une mesure de probabilité µ sur
ce groupe, on peut considérer la marche aléatoire sur G associée à µ : il s’agit du
processus aléatoire (Si)i>0, à valeurs dans G, défini de la façon suivante : partant
d’un point S0 arbitraire, on a, pour tout entier naturel n, Sn+1 = SnXn+1, où (Xi)i>1
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est une suite de variables aléatoires indépendantes et identiquement distribuées, de
loi µ.

Ainsi, si la marche aléatoire est en x, la probabilité d’être en y à l’étape suivante
est égale à µ(x−1y). Cela définit implicitement une mesure de probabilité Pµ sur GN

par
Pµ(Sn = y | X0 = x) = µ(n)(x−1y),

où µ(n) désigne la convolée n-ième de µ. Rappelons que si f et h sont deux fonctions
définies sur G, leur convolée est la fonction f ∗h définie sur G par, pour tout g ∈ G,
f ∗ h(g) =

∑
k f(k)h(k−1g).

Pour que la marche aléatoire dise quelque chose du groupe et non pas d’un
ensemble plus petit, on demandera également que le support de la mesure µ engendre
G comme semi-groupe.

Si G est un groupe de type fini dont S est une partie génératrice finie et sy-
métrique, un exemple fondamental est donné par la marche aléatoire associée à
la distribution uniforme µS sur S. Cette marche aléatoire correspond à la marche
aléatoire simple sur le graphe de Cayley Cay(G,S).

2.1. Probabilité de retour. Dans tout ce texte, on notera

pµ,G2n = Pµ(S2n = e | X0 = e)

la probabilité de retour à l’origine e de G au temps 2n. Le choix de considérer
des temps pairs est fait pour éviter tout problème de parité 4 : par exemple, la
marche aléatoire simple sur Z, associée à la partie génératrice usuelle {−1, 1}, ne
peut atteindre 0 aux temps impairs.

2.1.1. Comportement asymptotique. Si ϕ, ψ désignent deux fonctions monotones,
on utilise la notation ϕ 4 ψ s’il existe des constantes c and C strictement positives
telles que cϕ(Ct) ≤ ψ(t) (éventuellement pour t dans N si l’on considère des fonctions
à valeurs dans N). Si la relation symétrique ϕ < ψ est également vérifiée, on écrit
ϕ ∼ ψ et on dit que ϕ et ψ ont le même comportement asymptotique. C’est une
relation d’équivalence.

2.2. Stabilités. Soient S, T deux parties finies, symétriques et génératrices de
Γ. On désigne par pS2t, respectivement pT2t, la probabilité de retour de la marche
aléatoire simple sur Cay(Γ, S), respectivement Cay(Γ, T ). La question suivante est
alors naturelle : a-t-on pS2t ∼ pT2t ? L’idée que le comportement asymptotique de
la probabilité de retour ne dépend pas de la partie génératrice choisie, et même
plus généralement qu’il est invariant par quasi-isométrie, est en effet au coeur du
travail de Varopoulos au début des années 1980 (on renvoie par exemple à [Var85a,
Var85b, Var86, Var91b, VSCC92a] et aux références qu’ils contiennent), et
apparaît également dans [BLP77] où l’invariance du comportement transient ou
récurrent est établi. Si ces travaux apportent une réponse positive pour plusieurs
classes de groupes – auxquelles nous reviendrons dans la suite – la réponse positive ne

4. Une autre possibilité de remédier à ce problème serait d’imposer que le support de la mesure
contienne l’élément neutre.
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fut donnée qu’en 2000 par Pittet et Saloff-Coste 5. Ils établissent plus généralement
la stabilité de la classe d’équivalence de la probabilité de retour par quasi-isométrie,
comme énoncé ci-dessous.

Une mesure µ sur un groupe G est dite symétrique lorsque µ(g) = µ(g−1) pour
tout g ∈ G.

Théorème 2.2.1 ([PSC00]). Soient Γ1,Γ2 deux groupes de type fini. Pour i =
1, 2, soit µi une mesure de probabilité symétrique à support fini générateur sur Γi.
Si Γ1 et Γ2 sont quasi isométriques alors

pµ1,Γ1

2n ∼ pµ2,Γ2

2n .

Remarque 2.2.1. Le théorème reste vrai si l’on suppose seulement la mesure µ
symétrique et admettant un moment d’ordre 2, c’est-à-dire si

∑
g∈Γ µ(g)|g|2 < ∞

où |·| désigne une métrique des mots quelconque sur Γ.

Ainsi, on peut parler de la probabilité de retour d’un groupe Γ de type fini pour
désigner la classe d’équivalence de la probabilité de retour de la marche aléatoire
simple sur un (n’importe quel) graphe de Cayley de Γ. Cette quantité ne dépend
que de la classe de quasi-isométrie de Γ et on la notera désormais (pΓ

2n).
Une autre conséquence de [PSC00] est que la probabilité de retour ne change pas

lorsque l’on passe à un sous-groupe d’indice fini ou quotiente par un sous-groupe
normal fini. En revanche, elle augmente en général lorsque l’on passe à un sous-
groupe ou à un quotient.

La théorie des marches aléatoires recouvre différentes questions. La plus natu-
relle est de se demander, pour un groupe de type fini donné, comment se comporte la
marche aléatoire. Le problème inverse consiste à déterminer quelles sont les valeurs
possibles pour les quantités qui décrivent la marche aléatoire – comme la proba-
bilité de retour bien sûr, ou encore le profil isopérimétrique (dont on parlera plus
bas), mais également la vitesse et l’entropie – et à construire des groupes qui les
atteignent. Ce point de vue est notamment illustré par les travaux d’Amir, Virag,
Brieussel, Bartholdi, Erschler et Zheng [AV17, Bri15, Bar14, BZ16] C’est le troi-
sième point qui prédomine dans ce travail, et qui consiste à étudier les liens entre le
comportement asymptotique de la probabilité de retour et du profil isopérimétrique,
la structure algébrique du groupe G et les propriétés de grande échelle de l’espace
métrique (G, dS) telles que la croissance ou bien la moyennabilité.

3. Un bref historique

L’étude de la probabilité de retour commence dans les années 1920, avec le travail
de Pólya et son étude de la récurrence de la marche aléatoire simple dans Zd. On
rappelle qu’une marche aléatoire est récurrente si la probabilité de retour à l’origine
en un temps fini est égale à un, transiente sinon. Pólya démontre que la marche
aléatoire simple sur Zd est récurrente si et seulement si la dimension de l’espace est
inférieure ou égale à 2. Pour ce faire, il calcule explicitement la probabilité de retour
à l’origine.

5. [PSC00] : "What is surprising is that the relatively simple proof that we will give has escaped
notice until now."
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Théorème 3.0.1 ([Pó21]). La probabilité de retour de Zd est équivalente à n− d2 .
En particulier, la marche aléatoire simple sur Zd est récurrente si d 6 2, et transiente
sinon.

Grâce aux propriétés de stabilité précédemment mentionnées, ce théorème per-
met de décrire l’asymptotique de la probabilité de retour des groupes abéliens de
type fini. De nombreux résultats ont suivi, conséquence de l’étude des notions de
croissance et de moyennabilité, que l’on rappelle dans les deux paragraphes suivants.

3.1. Croissance d’un groupe. Soit G un groupe de type fini et S une partie
génératrice finie et symétrique de G. On suppose que S contient l’élément neutre e
et on note Sn la boule de rayon n centrée en e.

Le groupe G est dit à croissance polynomiale s’il existe des constantes d, C telles
que

|Sn| ≤ Cnd.

Si de plus il existe c tel que |Sn| > cnd, G est dit à croissance polynomiale de degré
d. Le groupe est dit à croissance exponentielle s’il existe C et a > 1 tels que

|Sn| > Can.

Si |Sn| est plus petit que toute exponentielle, on parle de groupe à croissance sous-
exponentielle. Un groupe qui n’est à croissance ni polynomiale, ni exponentielle, est
dit à croissance intermédiaire.

Par exemple, Zd est à croissance polynomiale de degré d et le groupe libre de rang
n est à croissance exponentielle (la boule de rayon k associée à la partie génératrice
standard contient 2n(2n− 1)k−1 éléments).

En 1968, dans des travaux indépendants, Milnor et Wolf montrent que les groupes
virtuellement nilpotents sont à croissance polynomiale [Mil68, Wol68]. Au début
des années 70, Bass et Guivarc’h [Bas72, Gui71] calculent, indépendamment aussi,
le degré de croissance de ces groupes et donnent la formule suivante 6, exprimant ce
degré de croissance à partir du rang des facteurs (plus grand nombre d’éléments
sans torsion indépendants du groupe) de la suite centrale descendante :

d =
n−1∑
i=0

i rang (Gi+1/Gi) .

Milnor et Wolf obtiennent également le théorème suivant :

Théorème 3.1.1 ([Mil68, Wol68]). Un groupe de type fini résoluble est à crois-
sance polynomiale s’il est virtuellement nilpotent, et à croissance exponentielle sinon.

Dans son article, Milnor pose la question suivante : la croissance d’un groupe
de type fini est-elle toujours soit polynomiale soit exponentielle ? Cette question est
restée ouverte jusqu’en 1984, date à laquelle Grigorchuk lui apporte une réponse
négative.

Théorème 3.1.2 ([Gri83]). Il existe un groupe de type fini à croissance inter-
médiaire.

6. Désormais connue sous le nom de formule de Bass-Guivarc’h.
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De nombreux exemples ont suivi, on sait même qu’il existe un continuum ([Gri84]).

L’étude de la croissance des groupes a donné lieu à de nombreux autres résultats
dont le plus célèbre est certainement le théorème de Gromov établissant en quelque
sorte, au début des années 80, la réciproque du résultat antérieur de Milnor et Wolf.

Théorème 3.1.3 ([Gro81]). Un groupe de type fini est à croissance polynomiale
si et seulement s’il est virtuellement nilpotent.

Il n’existe donc pas de groupes à croissance polynomiale de degré non entier.

3.2. Moyennabilité. La notion de moyennabilité est apparue en 1929 à la
suite des travaux de John von Neumann sur le paradoxe de Banach–Tarski. Ces
deux mathématiciens prouvent en 1924 un théorème déconcertant que l’on peut
résumer ainsi : il est possible de découper toute boule de l’espace à trois dimensions
en un nombre fini de morceaux que l’on peut réarranger de sorte à former deux
boules identiques à la première, à déplacements près, [BT24]. Rassurons-nous tout
de suite : si ces morceaux sont en nombre fini, ils ne sont par contre pas mesurables.

Cet énoncé, qui contredit l’intuition liée à la notion de volume, est essentiellement
un résultat de théorie de la mesure et il se traduit en terme d’inexistence d’une
moyenne invariante par le groupe des déplacement de R3.

Définition 3.2.1 ([Neu29]). Soit G un groupe localement compact. On appelle
moyenne toute forme linéaire positive sur L∞(G) de norme 1.

Une moyenne m est dite invariante à gauche si pour toute fonction f ∈ L∞(G)
et pour tout g ∈ G,m(g.f) = m(f), où g.f désigne la fonction x 7→ f(g−1x). Le
groupe G est alors dit moyennable s’il admet une moyenne invariante à gauche.

On voit alors immédiatement que tous les groupes finis sont moyennables (il faut
normaliser la mesure de comptage). En considérant la mesure de Haar, on démontre
que les groupes compacts le sont également. L’existence d’une mesure invariante
pour le groupe Z découle du théorème de Hahn-Banach. A contrario, le groupe libre
engendré par deux éléments F2 n’est pas moyennable. Le paradoxe de Banach-Tarski
traduit le fait que le groupe d’isométries de R3 contient un tel groupe libre et n’est
donc pas moyennable.

Savoir si contenir un sous-groupe libre à deux générateurs est, ou non, une carac-
térisation de la non-moyennabilité a longtemps été une question ouverte, formulée
par von Neumann et Day. Du fait de l’alternative de Tits, qui affirme qu’un groupe
linéaire de type fini contient un sous-groupe libre à deux générateurs ou bien est
virtuellement résoluble, cette caractérisation est vraie pour les groupes linéaires.
Olshanskii a cependant montré en 1980 qu’elle se révélait fausse dans le cas gé-
néral en utilisant des groupes précédemment construits appelés monstres de Tarski
[Ol’79, Ol’80]. Enfin, récemment, Monod a construit de nouveaux contres-exemples
plus simples [Mon13].

En utilisant la définition, on peut montrer que la moyennabilité est une propriété
stable par passage à un sous-groupe ou à un quotient, et par extension. De plus,
si l’on se donne G1 ⊂ G2 ⊂ . . . une suite de groupes moyennables alors la réunion
G := ∪nGn l’est aussi. Ces propriétés, ajoutées à la moyennabilité des groupes finis
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et de Z, permettent de déduire que tout groupe abélien, puis virtuellement résoluble,
est moyennable.

Il existe un grand nombre de définitions équivalentes de la moyennabilité faisant
appel à des domaines divers et variés tels que l’analyse fonctionnelle et la théorie
des représentations. Nous ne présenterons que l’une de ces formulations équivalentes,
connue sous le nom de critère de Følner.

Définition 3.2.2. Un groupe dénombrable G satisfait la condition de Følner si
pour toute partie finie A ⊂ G et tout ε > 0 il existe un sous-ensemble fini non vide
F ⊂ G tel que pour tout a ∈ A,

| aF∆F |
| F |

≤ ε,

où ∆ est la notation ensembliste pour la différence symétrique.

Pour un groupe localement compact, on remplacera partie finie par partie com-
pacte et cardinalité par mesure de Haar.

Pour un groupe discret G, on appelle suite de Følner toute suite de parties finies
non vides Fn de G telle que pour tout g ∈ G,

| gFn∆Fn |
| Fn |

→ 0,

lorsque n→∞.
Cette notion fournit une définition équivalente : un groupe satisfait la condition

de Følner si et seulement s’il admet une suite de Følner.
On peut interpréter ceci en considérant le graphe de Cayley de G par rapport à

la partie A, de sommets les éléments de G et d’arêtes (g, ga) pour g ∈ G, a ∈ A. Le
critère de Følner dit que pour tout sous-ensemble fini de sommets F , la frontière de
F (le nombre d’arêtes sortantes) est très petite devant la taille de F .

Proposition 3.2.3 (Critère de Følner). Un groupe est moyennable si et seule-
ment s’il satisfait la condition de Følner.

On définit parfois la moyennabilité via ce critère. Le résultat suivant tisse un
lien avec la notion précédente : il s’agit d’un cas dans lequel les boules de rayon n
contiennent une suite de Følner.

Proposition 3.2.4. Un groupe à croissance sous-exponentielle est moyennable.

3.3. Retour à la probabilité de retour. On énonce ici trois résultats re-
liant la probabilité de retour d’un groupe de type fini aux notions précédemment
introduites de croissance et de moyennabilité.

3.3.1. Groupes à croissance polynomiale. Le comportement d’un groupe de type
fini à croissance polynomiale, qui est, d’après le théorème de Gromov, virtuellement
nilpotent, est en fait essentiellement similaire à celui des groupes abéliens de type
fini de même croissance et la probabilité de retour ne fournit pas un invariant plus
fin que le degré de croissance.
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Théorème 3.3.1 ([Var85b, Var86, VSCC92a]). Soit G un groupe de type fini
et d un entier supérieur ou égal à 1. Alors G est à croissance polynomiale de degré
d si et seulement si pG2n ∼ n−

d
2 .

En particulier, la marche aléatoire simple sur un groupe G à croissance polyno-
miale est récurrente si et seulement si le degré de croissance du groupe G est inférieur
ou égal à 2. On peut démontrer que dans ce cas, le groupe G est virtuellement Z ou
Z2.

3.3.2. Groupes non moyennables. Si G est un groupe de type fini dont S est une
partie génératrice finie et symétrique, il est facile de voir que pG2n < |S|−n. Dans
sa thèse, Kesten introduit l’étude des marches aléatoires sur les groupes discrets et
met l’accent, immédiatement, sur le lien entre le comportement de celles-ci et la
structure algébrique du groupe sous-jacent. Il caractérise les groupes pour lesquels
la marche aléatoire admet ce comportement extrême et démontre le résultat suivant.
Sa contribution est à l’origine de ce sujet.

Théorème 3.3.2 ([Kes59]). Un groupe de type fini G est non moyennable si
et seulement si sa probabilité de retour décroit exponentiellement vite, c’est-à-dire
pG2n ∼ exp(−n).

3.3.3. Groupes à croissance exponentielle. Pour les groupes à croissance expo-
nentielle, Varopoulos et indépendemment, Hebisch et Saloff-Coste, ont établi une
borne supérieure pour le comportement asymptotique de la probabilité de retour à
l’origine.

Théorème 3.3.3 ([HSC93, Var91a]). Soit G un groupe de type fini à crois-
sance exponentielle. Alors

pG2n 4 exp
(
−n

1
3

)
.

Cette borne supérieure est atteinte et, étant donné un groupe G, on dira que
G a grande probabilité de retour lorsque pG2n < exp(−n 1

3 ) et on dira qu’il a petite
probabilité de retour sinon.

Le premier exemple de groupe avec grande probabilité de retour a été donné
par Varopoulos [Var83a, Var85b] : il s’agit du groupe (Z/2Z) oZ de l’allumeur de
réverbères. Alexopoulos a établi la borne inférieure p2n < exp(−n 1

3 ) pour les groupes
polycycliques [Ale92]. Ce travail est ensuite généralisé par Pittet et Saloff-Coste qui
démontrent dans [PSC03] que les groupes résolubles de type fini minimax et sans
torsion 7 ont grande probabilitié de retour. Plus récemment, Kropholler et Lorensen
ont montré le résultat suivant : tout groupe résoluble minimax est quotient d’un tel
groupe sans torsion ([KL15]), permettant d’établir le résultat de [PSC03] dans le
cas général.

Dans [Tes13], Tessera définit et étudie la classe des groupes géométriquement
élémentairement moyennables, comprenant les sous-groupes discrets des groupes
résolubles algébriques sur des corps locaux. Cette classe contient en particulier les
groupes de type fini résolubles minimax et certains produits en couronne.

7. L’énoncé de [PSC03] ne précise pas sans torsion mais la preuve qu’ils donnent ne permet
pas de traiter le cas général.
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Néanmoins, ce comportement est loin d’être le seul possible en général et il existe
des groupes moyennables à croissance exponentielle et petite probabilité de retour :
l’exemple le plus simple est donné par le produit en couronne ZoZ dont la probabilité
de retour est asymptotiquement équivalente à

exp
(
−n

1
3 (log n)

2
3

)
.

Plus généralement, si F est un groupe fini et d > 1, le produit en couronne F o Zd
vérifie ([Ers03, PSC02])

pF oZ
d

2n ∼ exp
(
−n

d
d+2

)
.

Ainsi, pour tout ε > 0, petit, il existe a tel que 1− ε < a < 1 et un groupe réso-
luble, et même métabélien, dont la probabilité de retour est équivalente à exp(−na).

Au regard de ces nombreux exemples, la question suivante est donc tout à fait
naturelle.

Question 1. Comment caractériser les groupes moyennables à croissance expo-
nentielle avec grande probabilité de retour ?

4. Profil isopérimétrique

Un autre quantité intéressante, également invariante par quasi-isométrie, est celle
de profil isopérimétrique. Dans cette section, on définit cette notion dans le cadre
plus général des groupes localement compacts compactement engendrés et on men-
tionne certains liens avec la probabilité de retour. Notons que cette terminologie
peut s’avérer ambigüe puisqu’elle est présente en de nombreux articles, avec des
définitions parfois différentes.

Soit G un groupe localement compact compactement engendré. On munit G
d’une mesure de Haar et on se donne S, une partie génératrice compacte et symé-
trique de G.

4.1. Quelques définitions. Si f est une fonction de L∞(G), le gradient de
f mesure les variations de f au voisinage d’un point :

|∇f |(x) = sup
s∈S
|f(x)− f(xs)|.

La définition la plus naturelle de profil isopérimétrique est sans doute la suivante :

JG(r) = sup
µ(A)6r

µ(A)

µ(∂SA)
,

où ∂SA = {x ∈ A | ∃y ∼ x, y /∈ A} désigne le bord de A.
On peut généraliser cette définition de la façon suivante. Pour une partie finie A

de G, le profil isopérimétrique de G dans A est :

jG(A) = sup
f

||f ||2
|||∇f |||2

,
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où le supremum porte sur les fonctions f ∈ L∞(G) à support dans A. Le profil
isopérimétrique fonctionnel de G est alors la fonction croissante définie par

jG(r) = sup
µ(A)6r

jG,(A).

Lorsqu’il est nécessaire de préciser la norme utilisée, on parle de profil isopérimé-
trique L2. Similairement, on peut définir un profil ispopérimétrique fonctionnel Lp
pour tout p ∈ ]0,∞[. On peut remarquer qu’asymptotiquement, JG et j1 sont équi-
valents (voir Chapitre 2 pour plus de détails), ce qui justifie que le profil fonctionnel
est bien une généralisation du profil classique.

4.2. Liens avec la probabilité de retour. Si G est un groupe à croissance
polynomiale, G satisfait une inégalité isopérimétrique d-dimensionnelle et les résul-
tats de Varopoulos s’énoncent dans ce contexte de la façon suivante : un groupe
satisfaisant une telle inégalité isopérimétrique doit avoir une probabilité de retour
au moins égale à n−

d
2 .

Mentionnons également que Coulhon étudie dans [Cou03] les liens entre la géo-
métrie à grande échelle et le comportement de la probabilité de retour. Il obtient
en particulier que la connaissance du profil isopérimétrique entraîne à la connais-
sance de la probabilité de retour, sous une hypothèse technique. Avant de citer son
théorème, on détaille cette condition.

Soit f une fonction définie sur R∗+, à valeurs dans lui-même, on pose Lf = f
f ′
.

On dit que f est régulière lorsque

Lf(u) > αLf(t),∀t > 0,∀u ∈ [t, 2t],

pour un certain α > 0. Cette condition est par exemple satisfaite par toutes les
fonctions de la forme f(t) = Ct−a(log(t+ 2))−bect

d , pour tous a, b, c, d, C > 0.

Théorème 4.2.1 ([Cou03], Théorème 3.7). Soit γ la fonction définie sur R+

par

t =

∫ 1
γ(t)

0

(jG(v))2 dv

v
.

Si la fonction γ est régulière, alors il existe des constantes C, c > 0 telles que, pour
tout n

γ(Ct) ≤ pG2n ≤ Cγ(ct).

Ses théorèmes sont ensuite généralisés par Tessera aux cadres des espaces mé-
triques mesurés, pour des gradients à échelle variable [Tes08].

Derrière ce théorème se cachent des inégalités fonctionnelles dépendant du profil
isopérimétrique, lesquelles se relient aux bornes correspondantes sur la probabilité de
retour. Nous ne rentrerons pas beaucoup dans ces détails ici et on renvoie au Chapitre
2 et aux références qui s’y trouvent, ainsi qu’aux survols [PSC99, Tes16] et à celui
non publié de Pittet et Saloff-Coste [PSC01], pour de plus amples informations. La
notion présentée dans la section suivante est apparue en lien avec ces inégalités.
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5. Suites de couples de Følner

Dans l’article [CGP01], Coulhon, Grigor’yan et Pittet présentent une nouvelle
méthode pour produire des bornes inférieures sur la probabilité de retour. Avec
celle-ci, ils sont en mesure de retrouver des résultats précédemment mentionnés,
mais aussi de donner de nouvelles estimées, notamment pour des groupes avec une
structure de produit semi-direct.

A cette occasion, ils introduisent la notion de suite de couples de Følner. Cet
ingrédient-clef de leur construction consiste en une suite de couples d’ensembles
satisfaisant certaines hypothèses combinatoires et métriques. Leur construction rap-
pelle par certains côtés celle des ensembles de Følner.

Définition 5.0.1 ([CGP01]). Soit G un groupe de type fini et S une partie
génératrice finie symétrique de G. Le groupe G admet une suite de paires de Følner,
adaptée à (la classe d’équivalence asymptotique de) la fonction V(n) s’il existe une
suite (F ′n, Fn) de parties finies de G et une constante C > 0, tels que

(1) F ′nSn ⊂ Fn.
(2) |Fn| 4 V(n).
(3) |F ′n| > C|Fn|.

On dira que les paires sont de taille exponentielle dès lors que V ' exp.

L’existence d’une telle suite permet de montrer une inégalité fonctionnelle, dite
anti Faber-Kranh que l’on sait relier à la probabilité de retour. Ils obtiennent le
théorème suivant sous une hypothèse technique enlevée ensuite par Erschler.

Théorème 5.0.1 ([CGP01, Ers06]). Soit G un groupe admettant une suite
de V-paires de Følner, où V vérifie : V ∈ C2(]1,+∞[),V ′ > 0 . Soit γ la fonction
définie sur R+ par

t =

∫ γ(t)

V(1)

(V−1(v))2 dv

v
.

Alors, si γ est régulière,

pG2n <
1

γ(t)
.

On donne quelques bornes supérieures en fonction de V .
V nd exp(n) exp(nd)

p2n < n−
d
2 exp(−n 1

3 ) exp(−n
d
d+2 )

Dans le troisième chapitre de cette thèse, on s’intéressera aux profils isopérimé-
triques associés à des gradients à échelle compacte, pour des groupes localement
compacts compactement engendrés et aux liens entre profil isopérimétrique et exis-
tence de paires de Følner.

6. Dimension de Krull

La notion la plus fondamentale en géométrie comme en topologie est probable-
ment celle de dimension. Dans cette section, on considère son analogue algébrique,
dont le rôle en algèbre commutative et en géométrie algébrique s’avère lui aussi
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essentiel. On renvoie le lecteur au Chapitre 8 du livre d’Eisenbud ([Eis95]) pour
une introduction historique à la théorie de la dimension. Dans cette thèse, tous les
anneaux considérés sont commutatifs et unitaires.

Mentionnons juste brièvement qu’au début du 20e siècle, la définition naturelle
et communément admise de dimension impliquait, par analogie avec la topologie,
le degré de transcendance. Cette définition, suffisante lorsque l’on considère des al-
gèbres de type fini sur un corps, ne prenait pas en compte de nombreux exemples,
comme les anneaux d’entiers algébriques. D’autres définitions ad-hoc furent propo-
sées, qui devinrent de moins en moins satisfaisantes à mesure que les constructions
apparaissant en algèbre commutative se firent plus complexes. Dans les années 30,
Krull proposa la définition de dimension qui suit et qui gardera son nom, justifiée
notamment par des travaux de Noether sur les quotients d’anneaux de polynômes.

Definition 6.0.1. La dimension de Krull d’un anneau commutatif noethérien
R, notée Krull(R), est le supremum des longueurs des chaînes d’idéaux premiers
distincts de R :

Krull(R) = sup{r | ∃P0, . . . ,Pr idéaux premiers distincts tels que P0 ⊂ · · · ⊂ Pr}.

On retrouve avec cette définition des résultats attendus, par exemple le fait que
Krull(k[X1, . . . , Xd]) = d si k est un corps, ou encore que Krull(A[X1, . . . , Xd]) =
d+ Krull(A) si A est un anneau noethérien.

On obtient alors une définition de dimension de Krull pour un A-module M ,
comme dimension du plus grand quotient de A agissant fidèlement sur M , à sa-
voir KrullA(M) = Krull(A/Ann(M)), où Ann(M) = {a ∈ A | aM = 0} désigne
l’annulateur de M .

Néanmoins, cette quantité peut-être infinie et ne se comporte pas toujours de la
façon espérée hors du cadre des anneaux noethériens. En 1967, Gabriel et Rentschler
([GR67]) proposent une nouvelle définition de dimension pour un module à l’aide
de la déviation, qu’ils introduisent, de l’ensemble de ces sous-modules.

Pour un ensemble partiellement ordonné, la déviation renvoie un ordinal qui
mesure à quel point celui-ci est loin d’être artinien. D’abord définie pour des ordinaux
finis, cette notion est peu après étendue à des ordinaux quelconques par Krause
([Kra70]). La définition est basée sur une récurrence transfinie, ainsi cette quantité
n’existe pas toujours. Le caractère noethérien de l’ensemble partiellement ordonné
fournit cependant une condition nécessaire d’existence.

Il s’avère que cette nouvelle définition de dimension coïncide avec la définition
de Krull dans le cas d’un module noethérien de dimension finie et se révèle plus fine
dans le cas infini. D’autre part, elle admet une généralisation naturelle au cadre des
groupes : Tushev propose dans [Tus03] de définir la dimension de Krull d’un groupe
comme la déviation de l’ensemble de ses sous-groupes normaux.

Pour plus de détails à ce propos et des énoncés précis, on renvoie à la seconde sec-
tion du Chapitre 1, où l’on rappelle ces définitions avant d’étudier plus précisément
la dimension de Krull des groupes métabéliens.
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7. Résultats de cette thèse

Cette thèse comporte trois parties. La première partie (Chapitre 1) étudie les
liens entre probabilité de retour et structure, pour les groupes métabéliens. Moti-
vée par l’élaboration d’une preuve plus auto-contenue du théorème principal (voir
Théorème 1 plus bas) de cette première partie, la seconde (Chapitre 2) s’intéresse
aux liens entre profil isopérimétrique et existence de suites de couples de Følner. Le
cadre est celui des groupes localement compacts compactement engendrés. Enfin, la
troisième partie est un travail en commun avec Peter Kropholler autour de la struc-
ture des groupes résolubles de rang sans torsion infini n’admettant pas de section
isomorphe au produit en couronne de deux groupes cycliques infinis.

7.1. Probabilité de retour. Dans le Chapitre 1, on donne une réponse à la
question 1, dans le cas le plus simple, à savoir celui des groupes métabéliens de type
fini. On obtient la caractérisation suivante :

Théorème 1. Soit G un groupe métabélien de type fini. Alors,

— soit G contient Z o Z ou B[p]
2 pour un entier premier p,

— soit G a grande probabilité de retour.

Pour obtenir la probabilité de retour du groupe p-métabélien libre de rang 2, on
montre que les techniques élaborées par Saloff-Coste et Zheng ([SCZ14]) pour les
groupes résolubles libres s’adaptent à ce cas. On obtient ainsi

Proposition 2. Soit d > 2 et p un entier premier. La probabilité de retour du
groupe p-métabélien libre B[p]

d est équivalente à

exp
(
−n

d
d+2

)
.

On rappelle que la probabilité de retour du groupe Z o Z est équivalente à
exp(−n 1

3 (log n)
2
3 ). Par conséquent, l’alternative du précédent théorème est exclu-

sive. Un corollaire immédiat est donc l’existence d’un saut dans les probabilités de
retour.

Corollaire 2. Soit G un groupe métabélien de type fini. Alors,

soit pG2n 4 exp
(
−n

1
3 (log n)

2
3

)
, soit pG2n < exp

(
−n

1
3

)
.

Un groupe métabélien G admet une suite exacte M ↪→ G � Q, avec M,Q
abéliens et l’on a vu queM possède en outre une structure de ZQ-module, noethérien
lorsque G est de type fini. Les deux sous-groupes du Théorème 1 apparaissent lorsque
l’on étudie la dimension de Krull de M . On montre que celle-ci s’avère (sauf cas
trivial) être exactement la dimension de Krull du groupe G.

La proposition suivante est à rapprocher du théorème 1.5.1 dont elle précise en
quelque sorte la seconde alternative.

Proposition 3. Soit G un groupe métabélien de type fini et de dimension de
Krull supérieure ou égale à 2. Alors, G contient ZoZ ou B[p]

2 , pour un certain premier
p.
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Lorsque l’extension est de plus scindée, on met en évidence des sous-groupes plus
gros, de la forme Z o Zd−1 ou Z/pZ o Zd, où d est la dimension de Krull.

Le théorème 1 se reformule en termes de dimension de Krull de la façon suivante.
La proposition précédente permet alors d’établir le sens direct.

Théorème 3 (Théorème 1, formulation équivalente). Soit G un groupe mé-
tabélien de type fini. Alors G a grande probabilité de retour si et seulement si sa
dimension de Krull est inférieure ou égale à 1.

La stratégie pour établir l’implication réciproque possède deux étapes. Premiè-
rement, on se ramène au cas scindé à l’aide d’un théorème de plongement respectant
la dimension de Krull. Il s’agit d’une adaptation du fameux théorème de plongement
de Kaloujinine et Krasner (voir par exemple [KKM85]).

Théorème 4. Soit G un groupe métabélien, satisfaisant la suite exacte

M ↪→ G� Q,

avec M,Q abéliens.
Alors, G se plonge comme sous-groupe dans un groupe métabélien H scindé, de

la forme H = B o Q et de même dimension de Krull, de sorte que le plongement
commute avec la projection sur Q.

De plus, si G est de type fini, on peut choisir H de type fini également.

On se ramène donc à des groupes de la forme M o Q. Le module M étant
noethérien, il admet une suite de sous-modules {0} = M0 6 M1 6 . . .Mn = M tels
que Mi/Mi+1 ' ZQ/Pi pour un idéal premier Pi (ce résultat est rappelé plus haut,
c’est également la Proposition 2.1.19 du Chapitre 1). L’étude se ramène ainsi à celle
des groupes de la forme ZQ/P oQ pour un idéal premier P .

La seconde étape consiste alors en la construction de paires de Følner pour les
groupes de dimension au plus 1 et de la forme A o Q, où A est un anneau de
la forme précédente. Dans le cas sans torsion, on remarque que le groupe est de
rang fini et on fait appel à la construction correspondante de Pittet et Saloff-Coste
([PSC03]). Dans le cas de torsion, on est en mesure de construire ces couples de
Følner, quelle que soit la dimension de Krull du groupe. Pour revenir au groupe de
départ M o Q, on établit un lemme technique de remontée utilisant le passage au
quotient de l’existence de couples de Følner dans les groupes de type fini. Ce résultat
de passage au quotient est généralisé dans le Chapitre 2 pour donner le Théorème
9 plus bas.

On obtient en particulier, après application des techniques de [CGP01], une
borne inférieure fonction de la dimension pour les groupes métabéliens de type fini
dont le groupe dérivé est de torsion.

Théorème 5. Soit G un groupe métabélien de type fini dont le groupe dérivé
[G,G] est de torsion. Alors

pG2n < exp
(
−n

k
k+2

)
où k est la dimension de Krull de G.

Dans le cas scindé, l’étude des liens entre dimension de Krull et structure ayant
fourni un sous-groupe admettant cette probabilité de retour, on a également :
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Corollaire 6. Soit G un groupe métabélien de type fini scindé dont le groupe
dérivé [G,G] est de torsion. On note k sa dimension de Krull. Alors,

pG2n � exp
(
−n

k
k+2

)
.

Enfin, on se pose la question des bornes supérieures. On précise alors la pro-
position 3 en établissant l’existence, de sections dites sympathiques, admettant un
plongement dans un groupe d’allumeurs de réverbères de même dimension de Krull.
On renvoie à la section 6 du Chapitre 1 pour plus de détails et notamment une
définition de section sympathique (Remarque 6.1.2).

En reliant ces sections à un groupe métabélien libre dont le rang dépend de la
dimension de Krull, on obtient les bornes suivantes :

Théorème 7.

(1) Soit G un groupe métabélien non abélien de type fini sans torsion et de
dimension de Krull k > 2. Alors

pG2n 4 exp
(
−n

k−1
k+1 (log n)

2
k+1

)
.

(2) Soit G un groupe métabélien non abélien de type fini et de dimension de
Krull k > 1 dont le groupe dérivé est de torsion. Supposons que G admet
une section sympathique dont la torsion ne divise pas k. Alors

p2n 4 exp
(
−n

k
k+2

)
.

7.2. Isopérimétrie et couples de Følner dans les groupes localement
compacts compactement engendrés.

Le second chapitre de cette thèse s’intéresse aux liens entre profils isopérimé-
triques et existence de suites de couples de Følner. On y démontre la caractérisation
suivante :

Proposition 4. Soit G un groupe localement compact compactement engendré.
Le groupe G admet une suite de couples de Følner adaptés à une fonction L si et
seulement s’il existe C > 0 telle que

(7.1) ∀n,∀m > L(n), JnG(m) > C.

Ici, JnG désigne le profil isopérimétrique à l’échelle n, on renvoie à la deuxième
section du Chapitre 2 pour une définition.

La probabilité de retour augmente asymptotiquement lorsque l’on passe à un
quotient ou à un sous-groupe ([PSC00]). Il en est de même pour le profil isopéri-
métrique : Tessera le démontre dans [Tes13] dans le cadre des espaces métriques
mesurés. Les suite de couples de Følner sont, on l’a vu, des outils importants pour
obtenir des bornes inférieures pour la probabilité de retour. Il est naturel de se
demander si leur existence perdure dans un quotient ou un sous-groupe. Pour le
démontrer, une stratégie est de combiner la caractérisation aux résultats de Tessera.
Malheureusement, les constantes de [Tes13] dépendent de l’échelle choisie pour le
gradient et cela ne suffit pas. On démontre donc
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Théorème 8. Soit Q = G/H le quotient d’un groupe G localement compact,
compactement engendré et unimodulaire par un sous-groupe normal fermé H. On
note π : G → Q la projection canonique. Alors, pour 1 ≤ p < ∞, il existe une
constante b telle que, à toute échelle h et pour tout r > 0

jhG,p(r) 6 b jhQ,p(br).

En combinant ce résultat avec la caractérisation, on obtient le corollaire souhaité.

Corollaire 9. Soit Q = G/H le quotient d’un groupe G localement compact,
compactement engendré et unimodulaire par un sous-groupe normal fermé H. Si G
admet une suite de couples de Følner adaptée à une fonction L, alors Q aussi.

Le second théorème s’intéresse au cas d’un sous-groupe fermé et généralise le
résultat correspondant d’Erschler pour les groupes de type fini ([Ers06]).

Théorème 10. Soit H un sous-groupe fermé compactement engendré d’un groupe
localement compact compactement engendré G. On suppose G et H unimodulaires.
Si G admet une suite de couples de Følner adaptée à une fonction L, alors Q aussi.

Ce second théorème permet de construire des paires de Følner de taille exponen-
tielle pour les groupes métabéliens de type fini sans torsion et de dimension 1, de
la forme AoQ mentionnée plus haut. On peut alors démontrer le théorème 1 sans
faire appel à la construction générale de [PSC03].

Théorème 11. Soit G un groupe métabélien de type fini sans torsion, de la
forme G = ZQ/P o Q, où P est un idéal premier de ZQ. On suppose que G est
de dimension de Krull 1. Alors G admet une suite de couples de Følner de taille
exponentielle. En particulier,

pG2n < exp
(
−n

1
3

)
.

7.3. Groupe résolubles de rang infini. La troisième partie de cette thèse est
un travail avec Peter Kropoller ([JK17], en cours) et concerne les groupes résolubles
de rang sans torsion infini. En 1984, Kropholler a donné un premier exemple de
groupe résoluble de rang sans torsion infini n’admettant pas de section isomorphe à
Z o Z ([Kro84]). Dans ce travail, on étudie ces groupes et on établit le théorème de
structure suivant :

Théorème 12. Soit G un groupe résoluble de type fini, de rang sans torsion
infini et n’admettant pas de section isomorphe à Z o Z. Alors G admet des sous-
groupes A ⊂ K and (Aj)j∈N tels que :

(1) Les sous-groupes Ai, A et K sont normaux.
(2) Le sous-groupe A est abélien sans torsion et de rang infini.
(3) Pour tout j, Aj ⊂ A, Aj est de rang fini, et A est le produit direct des Aj.
(4) K/A est localement fini.
(5) G/K est virtuellement minimax sans torsion.
(6) Pour tout j, K/CK(Aj) est fini.
(7) Pour tout sous-groupe H d’indice fini de K tel que H soit normal dans G,

CA(H) est de rang fini.
20



En conséquence, on obtient une caractérisation pour les groupes résolubles ad-
mettant une dimension de Krull, de ceux de rang sans torsion infini.

Corollaire 13. Soit G un groupe résoluble de type fini admettant une dimen-
sion de Krull. Alors, G est de rang sans torsion fini si et seulement si G n’admet
pas de section isomorphe à Z o Z.

Cela permet de donner l’alternative suivante, à propose de la probabilité de
retour des groupes linéaires résolubles.

Corollaire 14. Soit G un groupe de type fini linéaire et résoluble. Alors, soit
G a grande probabilité de retour, soit G a une section isomorphe à Z o Z.
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Chapitre 1

Metabelian groups with large return probability

Ce chapitre est basé, à l’exception de la dernière partie (§6), sur la prépublication
[Jac16].

1. Introduction

Let G be a countable group. For any probability measure µ on G, one can
consider the random walk on G driven by µ: this is a sequence (Si)i≥0 of random
variables valued in G such that S0 is an arbitrary point of G and, for any n ∈ N,
Sn+1 = SnXn+1, where (Xi)i≥1 are independent and identically distributed random
variables with probability distribution µ. If the current state is x, the probability of
being in y at the next step is µ(x−1y). This implicitly defines a probability measure
Pµ on GN such that

Pµ(Sn = y | X0 = x) = µ(n)(x−1y),

where µ(n) denotes the n-fold convolution of µ. Recall that if f and h are two
functions on G, the convolution of f and h is f ∗ h(g) =

∑
k f(k)h(k−1g).

An interesting class of examples arises from a probability measure whose sup-
port generates the whole group G as a semigroup. Within this class, a fundamental
example is given by a finitely generated group G with µ = µS, the uniform distribu-
tion on a finite and symmetric generating set S. Such a probability measure satisfies
µS(g) = µS(g−1), for all g ∈ G. In general, one says that a probability measure µ is
symmetric whenever this latter relation is true.

Let pµ,G2n = Pµ(X2n = e | X0 = e) denote the probability of return in 2n steps to
the origin e of G (even times 2n are considered to avoid parity issues: namely, the
simple random walk on Z, with usual generating set, cannot reach 0 at odd times).

If ϕ, ψ denote two monotone functions, we use the notation ϕ - ψ if there exist
positive constants c and C such that cϕ(Ct) ≤ ψ(t) (possibly for t in N if N-valued
functions are considered). If the symmetric relation ϕ % ψ also holds, we write
ϕ ∼ ψ and say that ϕ and ψ have the same asymptotic behaviour. This is an
equivalence relation.

A theorem of Pittet and Saloff-Coste [PSC00] asserts that any two symmet-
ric and finitely supported probability measures with generating support give rise
to equivalent return probabilities. Let pG2n denote this invariant, dropping the G
whenever the group is clear from the context. Also, if µ is a symmetric probability
measure with generating support and finite second moment, that is

∑
g|g|2µ(g) <∞,

then pµ,G2n belongs to the class of pG2n.

Understanding how the random walk behaves allows to have insight into the
large-scale geometry of the group. We give below a brief picture of what is known
about pG2n, more details are to follow in part 3.1.
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In his thesis, Kesten proved that non-amenable groups are characterized by the
fact that they behave the worst, for their return probability decays exponentially fast
([Kes59]). On the other hand, a nilpotent group, which necessarily has polynomial
growth of some definite degree d behaves like Zd: this follows from Varopoulos
([Var85b],[VSCC92b]).

What about amenable groups of exponential growth? Hebisch and Saloff-Coste
([HSC93]) proved that if G has exponential growth, then

(1.1) pG2n - exp(−n
1
3 ).

Moreover, if G is a discrete subgroup of a connected Lie group, then G is
amenable of exponential growth if and only if pG2n ∼ exp(−n 1

3 ).

However, the world of amenable groups of exponential growth can be very wild,
and many other behaviours can occur. As an example, for any nontrivial finite group
F , the return probability of the wreath product F o Zd is

pF oZ
d

2n ∼ exp
(
−n

d
d+2

)
.

Let us also mention the return probability of Z o Zd:

(1.2) pZoZ
d

2n ∼ exp
(
−n

d
d+2 (log n)

2
d+2

)
.

We refer to the paper [Ers06] by Erschler for these examples (and many other).

It appears that, for every small positive ε, there exist 1−ε < α < 1, and a solvable
group whose return probability is equivalent to exp(−nα) (see also [PSC02]). These
solvable groups can be chosen to be 2-step solvable (in other words metabelian or
equivalently having abelian derived subgroup) and hence are relatively tame within
the class of solvable groups of arbitrary derived length. Comparing with the situation
for discrete subgroups of Lie groups, the following question arises naturally.

Question. Among finitely generated solvable groups, is it possible to character-
ize the groups whose return probability satisfies p2n % exp(−n 1

3 ) ?

So far, (1.1) is known to be sharp for lamplighter group F oZ, with F a nontrivial
finite group ([Var83a]), for polycyclic groups ([Ale92]), for solvable Baumslag–
Solitar ([CGP01]), and for solvable groups of finite Prüfer rank, ([PSC00],[KL15]).
A group has finite Prüfer rank if there exists an integer r such that any finitely
generated subgroup can be generated by at most r elements and the least such r
is the rank. Lastly, Tessera proved in [Tes13] the reverse inequality for a class of
groups containing all discrete subgroups of solvable algebraic groups over a local
field. This class contains in particular lamplighter groups and torsion-free solvable
groups of finite Prüfer rank.

Here, we answer the above question in the case of metabelian groups, showing a
connexion between the Krull dimension of a metabelian group and the asymptotic
behaviour of its return probability.

A metabelian group G is an extension of an abelian group by another abelian
group, namely

[G,G] ↪→ G� Gab,
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where we denote by [G,G] the derived subgroup of G and by Gab its abelianization
G/[G,G]. The subgroup [G,G] carries a natural structure of ZGab-module, coming
from the action by conjugation.

The notion of Krull dimension, introduced in [GR67], plays an important role
in the theory of rings and modules. In [Tus03], Tushev extended this notion to
groups. We recall the classical treatment of Krull dimension in non-commutative
ring theory and its generalization to groups in section 2, after which we study it for
metabelian groups.

For the moment, it is enough to mention that the Krull dimension of a metabelian
group G, denoted Krull(G), is characterized by the following two properties (see
Proposition 2.2.10):

— If the Krull dimension of the ZGab-module [G,G] is positive, then they are
equal:

Krull(G) = KrullZGab([G,G]).

— otherwise, when the module [G,G] has Krull dimension 0 (ie is finite),
Krull(G) is defined to be 1 if G is infinite, 0 if it is finite.

Theorem 1. Let G be a finitely generated metabelian group of Krull dimension
k. Then,

k ≤ 1 ⇔ pG2n % exp(−n
1
3 ).

Together with (1.1), this implies that the finitely generated metabelian groups
with exponential growth and large return probability, that is pG2n ∼ exp(−n 1

3 ), are
exactly those of dimension 0 or 1.

This is a consequence of studying the impact of Krull dimension on the structure
of the group, which yields the more precise lower bound:

Theorem 2. Let G be a metabelian group of Krull dimension k, k ≥ 1. Assume
that [G,G] is torsion. Then,

pG2n % exp(−n
k
k+2 ).

To obtain these estimates, we reduce to a more tractable case. A metabelian
group G is split if it admits an exact sequence

M ↪→ G� Q,

that splits, whereM and Q are abelian groups. The group G is therefore isomorphic
to the semi-direct product M oQ.

The previous lower bound is actually optimal in that situation.

Proposition 3. Let G be a finitely generated split metabelian group of Krull
dimension k. If [G,G] is torsion, then

pG2n ∼ exp(−n
k
k+2 ).

To restrict to the split case, we use the following embedding theorem. A more
detailed statement can be found in subsection 3.3.
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Theorem 4. Every finitely generated metabelian group, which is the extension
of an abelian group by a finitely generated abelian group Q, can be embedded inside
a finitely generated split metabelian group BoQ, of the same Krull dimension, with
B abelian.

The other direction in the proof of Theorem 1 is a consequence of the existence
of some special subgroups. We write B(p)

d for the free p-metabelian group of rank d,
see part 2.3.3 for the definition.

Proposition 5. Let G be a metabelian group of Krull dimension k.
If k ≥ 2, then G has a subgroup isomorphic to either Z o Z, or to B(p)

2 for some
prime p.

Saloff-Coste and Zheng ([SCZ14]) computed the return probablity of the free
metabelian group of rank d. We notice that, up to some adjustments, their method
allows to compute that of the free p-metabelian group (see part 3.2).

Proposition 6. The return probability of the free k-metabelian group of rank d
is equivalent to exp(−n

d
d+2 ).

Actually, we can rewrite Theorem 1 in a way involving these two subgroups.

Theorem 7 (Equivalent version of Theorem 1). Let G be a finitely generated
metabelian group. Then,

— either G contains a subgroup isomorphic to Z oZ or B(p)
2 for some prime p,

— or pG2n % exp(−n 1
3 ).

Together with (1.2), we note that there is a gap in the return probabilities of
finitely generated metabelian groups.

Corollary 8. Let G be a finitely generated metabelian group. Then, either

pG2n % exp
(
−n

1
3

)
,

or
pG2n - exp

(
−n

1
3 (log n)

2
3

)
.

Finally, we provide upper bounds for the return probability in terms of the Krull
dimension. We refer to section 6 for the definition of a nice section.

Theorem 9.

(1) Let G be a finitely generated non-abelian metabelian torsion-free group of
Krull dimension k ≥ 2. Then the return probability of G satisfies

p2n - exp
(
−n

k−1
k+1 (log n)

2
k+1

)
.

(2) Let G be a finitely generated non-abelian metabelian group of Krull dimen-
sion k ≥ 1 whose derived subgroup is torsion. Assume that G admits a nice
section whose torsion does not divide k. Then the return probability of G
satisfies

p2n - exp
(
−n

k
k+2

)
.
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Organization. In section 2, we recall the definition and some useful properties
of the Krull dimension of a module or a group. Then, we establish basic facts in
the metabelian case. Section 3 contains preliminary results: the adaptation to the
torsion case of computations by Saloff-Coste and Zheng ([SCZ14]) of the return
probability of the free metabelian group, and the proof of Theorem 4, which is a
variation of an embedding theorem of Kaloujinine and Krasner. Proposition 5 is
proved in section 4. In section 5, we study sequences of Følner couples in order to
apply the machinery of [CGP01] for lower bounds on the return probability: we
state in particular that such sequences go to a quotient and explain how to construct
them for specific extensions. Finally, in section 6, we highlight and study specific
sections of finitely generated groups, and show in certain cases that they contain
a power of a finitely generated free metabelian group. As a consequence, we give
upper bounds in terms of the Krull dimension on the return probability.

2. Krull dimension

Before defining the Krull dimension of a metabelian group, we recall the defini-
tion for a module. In this paper, all rings considered will be commutative with
one.

2.1. Krull dimension of a module. We mention two equivalent definitions:
the first one will be generalized later to define the Krull dimension of a group, while
the second will be sometimes easier to handle.

2.1.1. Krull dimension interpreted as the deviation of a poset. We follow [MR87].
Let A be a poset. If a ≤ b, let [a, b] = {x ∈ A | a ≤ x ≤ b}. This is a subposet

of A, called interval, or factor, from a to b. A descending chain is a chain (ai)i of
elements of A such that a1 ≥ a2 ≥ . . . , and the intervals [ai+1, ai] are the factors
of the chain. If every such descending chain is eventually constant, we say that A
satisfy the descending chain condition. Similarly, one defines the ascending chain
condition. A poset A is trivial if a ≤ b implies a = b, for all a, b ∈ A.

Definition 2.1.1. The deviation of A, denoted devA, if it exists, is
— −∞, if A is empty or trivial,
— 0, if A is non-trivial and satisfies the descending chain condition,
— and in general by induction: devA is defined and equal to an ordinal n,

provided devA is not equal to m for every m < n, and in any descending
chain of A, all but finitely many factors have deviation defined and less
than n.

Note that a poset may not have a deviation. A sufficient condition is

Proposition 2.1.2 ([MR87]). Any poset with the ascending chain condition
has a deviation.

We may now define the Krull dimension of a module as the deviation of a natural
associated poset.

Definition 2.1.3. Let M be a R-module. Denote by LR(M) the poset of R-
submodules of M . The Krull dimension of M as a R-module is defined as

KrullR(M) = devLR(M),

27



whenever it exists. Otherwise, M does not have a Krull dimension. We may forget
the reference to the ring whenever it is clear from the context.

Remarks 2.1.4.
(1) If A is a ring, the Krull dimension of A denotes the Krull dimension of the

A-module A, written Krull(A).
(2) A module satisfying the descending chain condition is called artinian. Hence,

modules of dimension 0 are just artinian modules.

Lemma 2.1.5 ([MR87]). If N is a submodule of M , then

Krull(M) = max{Krull(N),Krull(M/N)}.

2.1.2. Krull dimension interpreted as the dimension of a faithful ring.
For commutative Noetherian rings, there is an equivalent way of defining of the

Krull dimension in terms of length of chains of prime ideals. One can then derive
an equivalent definition for the Krull dimension of a module over a commutative
Noetherian ring. These equivalent definitions will sometimes turn out to be more
tractable. References for this are [Eis95] and [MR87].

Proposition 2.1.6 ([MR87] , Theorem 4.8). Let A be a commutative Noether-
ian ring. The Krull dimension of A, when finite, is equal to the supremum among
the r such that there exists a chain

P0 ( P1 ( · · · ( Pr
of prime ideals in A.

Remark 2.1.7. For simplicity, the equivalent definition just stated is for finite
Krull dimension. It is possible to refine it using induction so as to obtain an ordinal
and get a general equivalent definition for Krull dimension (see [MR87] 6.4).

Examples 2.1.8.
(1) Any field has dimension 0, and any principal ideal domain that is not a field

has dimension 1.
(2) Polynomial rings over a Noetherian ring A satisfy:

Krull(A[X1, . . . , Xn]) = Krull(A) + n.

Considering invertible variables does not change the dimension:

Krull(A[X±1
1 , . . . , X±1

n ]) = Krull(A) + n.

Given fields K ⊂ L, the degree of transcendence of L over K will be denoted
by trdegK L. For any module M and any element c in M , we denote by Mc the
localization of M with respect to {cn;n ∈ N}.

The second part of example 2.1.8 actually generalizes: there is a connexion be-
tween Krull dimension and degree of transcendence. Before stating it, we recall
Noether’s normalization theorem ([Noe26], see [Bos12] for this generalized ver-
sion).
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Theorem 2.1.9 (Noether’s normalization theorem).
Let A be an integral domain and let A ⊂ R be an extension of A such that R is

finitely generated as an A-algebra.
Then, there is a non-zero element c in A and elements z1, . . . , zk in Rc alge-

braically independent over Ac such that Rc is a finitely generated Ac[z1, . . . , zk]-
module.

Remark 2.1.10. The subring Ac[z1, . . . , zk] is isomorphic to a polynomial ring
over Ac. Note that k may be zero.

Moreover, if A = K is a field, then Kc = K for every non-zero element c and
the theorem says that every finitely generated K-algebra is a finitely generated
module over a polynomial ring over K. The number k of indeterminates is the Krull
dimension of R.

Krull dimension behaves well with respect to extension, as stated in the next
proposition.

Proposition 2.1.11 ([Eis95]). Let A be an integral domain, K its fraction
field and P the prime subfield of K.

(1) If A is finitely generated as a P-algebra, then,

Krull(A) = trdegPK.

(2) If A is finitely generated as a Z-algebra, then

Krull(A) = trdegQK + 1.

This point of view gives another way to compute the Krull dimension of a module,
as the dimension of a faithful ring.

Proposition 2.1.12 ([MR87]). Let A be a commutative Noetherian ring and
M a finitely generated A-module. Then,

(2.1) KrullA(M) = Krull (A/Ann(M)) ,

where Ann(M) denotes the annihilator of M , that is Ann(M) = {a ∈ A | aM = 0}.

2.1.3. Refinements. It is useful to distinguish the contributions to Krull dimen-
sion that are made by torsion modules and by torsion-free modules. Let M be a
module and T (M) be the torsion subgroup of the group M . The group T (M) also
carries a ZQ-module structure, hence has finite exponent, and is a direct factor.

Lemma 2.1.13 ([Hal59]). Let M be a Noetherian module and denote by T (M)
the torsion subgroup of M . Then, T (M) is a submodule of M and there is a torsion-
free subgroup N of M such that, as groups , M = T (M)⊕N .

In particular, the group N is isomorphic to M/T (M).

Definition 2.1.14. The torsion-free Krull dimension of M is Krull0(M) =
Krull(M/T (M)) and the torsion Krull dimension ofM is Krullt(M) = Krull(T (M)).

Remark 2.1.15. Proposition 2.1.5 implies that Krull(M) = max{Krull0(M),Krullt(M)}.
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2.1.4. Krull dimension and associated prime ideals.
We end this subsection collecting some lemmas about Krull dimension which will

be needed hereafter.

Definition 2.1.16. LetM be a R-module. A prime ideal P of R is an associated
prime ideal of M if it is the annihilator of some element in M . We denote by
AssR(M) the set of associated primes of M .

Remark 2.1.17. Equivalently, a prime P is an associated prime ideal of M if
R/P is a submodule of M . Note that all the associated prime ideals of M contain
the annihilator of M .

Lemma 2.1.18 ([Eis95]). Let R be a Noetherian ring. LetM,N and Q be finitely
generated R-modules fitting together in a short exact sequence

N ↪→M
p
� Q.

Assume Krull(N) < d and that there exists an ideal P such that, for every x ∈
Q− {0}, Ann(x) = P, with Krull(R/P) = d.

Then P is an associated prime ideal of M . In particular, M has a submodule
isomorphic to R/P.

Proof. Denote by I be the annihilator of N : Krull(R/I) < d implies I * P .
Let x ∈ I, x /∈ P . The module xM has nontrivial image in Q and one can check
that N ∩xM = {0}. Hence xM ' p(xM) ⊂ Q and elements of xM have annihilator
P . �

The next structure result will be very useful in the sequel. This shows that
Noetherian modules are built up from modules isomorphic to R/P where P is prime.

Proposition 2.1.19 ([Eis95]). Let R be a Noetherian ring, M be a finitely
generated R-module. Then, there exist M0,M1, . . . ,Mn submodules of M such that

(2.2) M = Mn > Mn−1 > · · · > M1 > M0 = 0

and Mi+1/Mi ' R/Pi, where Pi is a prime ideal of R.
As a consequence, and it is probably well-known, the Krull dimension of a Noe-

therian module only depends on its associated prime ideals.
Proposition 2.1.20. Let R be a Noetherian ring, M be a finitely generated R-

module. Then, the Krull dimension of M is attained by R/P for some associated
prime P of M .

Proof. Proposition 2.1.19 gives a decomposition ofM as a tower of rings of the
form R/Pi, and Proposition 2.1.5 implies that

Krull(M) = max
i
{Krull(R/Pi)}.

Look at the minimal i such that the Krull dimension of Mi+1/Mi is the Krull di-
mension of M . We can apply Lemma 2.1.18 to the exact sequence

Mi ↪→Mi+1 �Mi+1/Mi.

�
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2.2. Krull dimension of a group.
2.2.1. Definition. Tushev defined in [Tus03] the Krull dimension of a group

analogously to that of a module. For a group G, let N (G) be the poset of all normal
subgroups of G.

Definition 2.2.1 ([Tus03]). Let G be a group. We say that G admits a Krull
dimension whenever the poset N (G) admits a deviation. In this case, we set

Krull(G) = devN (G).

Otherwise, G does not admit a Krull dimension.

Examples 2.2.2.
(1) A finite group has Krull dimension 0.
(2) Z has Krull dimension 1. Indeed, a decreasing sequence of subgroups of Z

is a sequence (cnZ)n, where cn belongs to N and cn | cn+1. The factors are
finite, except when cn is nonzero and cn+1 is zero. This can only happen
once.

Remark 2.2.3. If the group is abelian, its Krull dimension coincide with its
Krull dimension as a Z-module.

Morevover, if K,H are subgroups of an abelian group, the deviation of the factor
[H,K] is exactly the dimension of the quotient group K/H.

Lemma 2.2.4. A finitely generated abelian group has Krull dimension zero if it
is finite, or one if it is infinite.

Proof. Such a group G is isomorphic to Zd × F , for some integer d and some
finite group F .

Let G0 < ... < Gm be a series of subgroups of G in which there are n infinite
factors. For each infinite factor Gj/Gj−1 choose an element xj in Gj which has
infinite order modulo Gj−1. Then these xj taken together generate a free abelian
group of rank n and hence n ≤ d.

One can derive an alternative proof from Remark 2.2.3 above. By (2.1), the
Krull dimension of G is the Krull dimension of Z/Ann(G), when Ann(G) denotes
the annihilator of the Z-module G. Therefore Krull(G) is 1 if the group is infinite,
or 0 if it is finite. �

A reformulation of Proposition 2.1.2 yields:

Proposition 2.2.5. If G satisfies the maximal condition on normal subgroups,
then G has a Krull dimension.

This is not a necessary condition: the group Z[1
p
] does admit a Krull dimension,

equal to 1.
2.2.2. Krull dimension of a G-group.
To study the Krull dimension of a metabelian group and link it with the Krull

dimension of certain submodules of the group, we need the following broader notion.
Let G,H be two groups. H is said to be a G-group if there is an action of G
on H containing the inner automorphisms of H. If H satisfies an exact sequence
M ↪→ H � Q, with abelian groups M and Q, then the induced actions on M and
Q endow them with a structure of G-groups.
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Definition 2.2.6. Let H be a G-group for some group G. Denote by NG(H)
the subposet of subgroups of H that are stable under the action of G. We say that
H admits a Krull dimension as a G-group whenever the poset NG(H) admits a
deviation. In this case, we set

KrullG(H) = devNG(H),

Otherwise, H does not admit a Krull dimension as a G-group.

Remarks 2.2.7.
(1) The poset NG(H) is a subposet of N (H), therefore KrullG(H) ≤ Krull(H).
(2) The Krull dimension of G as a G-group for the conjugation action is indeed

the Krull dimension of G.
(3) If K,L are elements of NG(H), with K ⊂ L, then

dev[K,L] = KrullG(L/K),

where [K,L] is the the segment between K and L in NG(H) on the left-
hand side, and L/K denotes the G-group for the induced action of G on
the right-hand side.

As a consequence, if N is a subgroup of a G-group H, stable under the
action of G, then KrullG(N) ≤ KrullG(H).

Moreover, if Q is a quotient of a G-group H by a G-stable subgroup,
then the action of G on H induces a structure of G-group on Q and again
KrullG(H) ≥ KrullG(Q).

Lemma 2.2.8. Let
M ↪→ H � Q

be a sequence of G-groups. Then,

KrullG(H) = max{KrullG(M),KrullG(Q)}.

Proof. The fact that KrullG(H) ≥ max{KrullG(M),KrullG(Q)} follows from
the remarks.

To show the reverse inequality, we use induction on the ordinal

q = max{KrullG(M),KrullG(Q)}.
It holds if q is −∞ or 0. Assume that the reverse inequality is true for any such
extension where the corresponding maximum is strictlty less than q.

Let (Mn)n be a decreasing sequence of NG(H). We need to show that all but
finitely many of the factors [Mn+1,Mn] have deviation less than q. Equivalently, we
need to show that all but finitely many of the G-groups Mn/Mn+1 have dimension
less than q. Denote by p the projection of H into Q and set In = Mn ∩M and
Pn = p(Mn): these are decreasing sequences of NG(M) and NG(Q) respectively. By
definition of q, all but finitely many of the factors of these sequences have deviation
less than q.

To apply the induction hypothesis, consider Sn = Mn+1In in NG(H). We have

Sn/Mn+1 ↪→Mn/Mn+1

p
�Mn/Sn
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and Mn/Sn ' Pn/Pn+1 and Sn/Mn+1 ' In/In+1, hence they have dimension less
than q:

KrullG(Mn/Mn+1) ≤ max {KrullG(In/In+1),KrullG(Pn/Pn+1)} < q.

�

Corollary 2.2.9. Let H,Q be two groups so that Q is a quotient of H. Then,

Krull(H) ≥ Krull(Q).

Proof. If G = H, then Krull(H) ≥ KrullH(Q). Morevover the poset NH(Q) is
isomorphic to N (Q). Hence the corollary. �

2.2.3. Krull dimension of a metabelian group.
The derived series (G(j))j of a group G is defined inductively by G(0) = G and

G(j+1) = [G(j), G(j)]. The group G is solvable if G(j) = {e} for some j, and the
smallest such j is the derived length of G. Recall that a metabelian group G is
a solvable group with derived length 2. We will denote by Gab the abelianization
G/[G,G] of G. The group G fits into the exact sequence

[G,G] ↪→ G� Gab.

We now consider a general extension of one abelian group by another. Let G be
a metabelian group such that

M ↪→ G� Q,

where M and Q are abelian groups. The group G acts on M by conjugation, and
the action of an element g in G only depends on its projection in the quotient group
Q. Hence, it induces an action from Q on M , endowing M with a structure of
ZQ-module. If Q is finitely generated then ZQ is Noetherian and if G is finitely
generated then both ZQ and the ZQ-module M are Noetherian.

If G is a finitely generated metabelian group, note that Q is virtually Zd, for some
d. Hence, the group G has a finite index metabelian subgroup G1 with torsion-free
quotient Zd:

(2.3) M ↪→ G1 � Zd,

and the ring ZZd identifies with Z[X±1
1 , . . . , X±1

d ].

Proposition 2.2.10. Let G be a metabelian group, admitting an exact sequence
of the form

M ↪→ G� Q,

where M and Q are abelian groups. The Krull dimension of M as a G-group for
the conjugation action coincide with the Krull dimension of M as a ZQ-module.

Then, if Krull(M) > 0, we have Krull(G) = Krull(M). Otherwise, Krull(G) is
0 if the group is finite, 1 if not.

Proof. This follows from Lemmas 2.2.4 and 2.2.8 , applied to the action of G
on itself by conjugation. Note that KrullG(Q) is the Krull dimension of the group
Q. �
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As a consequence, the Krull dimension of a metabelian group G is the Krull
dimension of [G,G] as a ZGab-module, except when the former is zero and the
group infinite: we retain especially

Krull(G) = KrullZGab([G,G]), if positive.

In particular, if the dimension is at least 2, we may use any exact sequence
expressing G as an extension of an abelian group by another one to compute the
Krull dimension of G as the Krull dimension of the module involved.

Remark 2.2.11. An easy consequence of this proposition is that finitely gener-
ated metabelian groups have finite Krull dimension.

In general, a metabelian group G admits a Krull dimension if and only if it has
a finite series of normal subgroups each of whose factor meets the maximal or the
minimal condition for G-invariant subgroups [Tus03]. Recall that a G-group H is
said to satisfy the maximal (minimal) condition for G-invariant subgroups if every
descending (ascending) chain of G-invariant subgroups eventually terminates.

Up to passing to a finite index subgroup, we may consider exact sequences with
torsion-free abelian quotient as (2.3).

Proposition 2.2.12. Let G be a finitely generated metabelian group. Consider
an exact sequence

M ↪→ G� Q,

with M and Q abelian.
There exists a subgroup G′ of finite index in G such that
(1) Krull(G) = Krull(G′).
(2) G′ is an extension of M by a finitely generated free abelian group.

The proof of the proposition requires the following lemmas.

Lemma 2.2.13. Let A ⊃ B be two rings such that A is finitely generated as a
B-module. Then,

Krull(A) = Krull(B) = KrullB(A).

Proof. Proposition 9.2 of [Eis95] states that Krull(A) = Krull(B). We com-
pare this quantity with KrullB(A). First, KrullB(A) = devLB(A) ≥ devLA(A) =
Krull(A). On the other hand, KrullB(A) ≤ Krull(B) = Krull(A). �

Lemma 2.2.14. Let Q be a finitely generated group and Q′ be a subgroup of finite
index in Q. Let M be a noetherian ZQ-module. Then

KrullZQ(M) = KrullZQ′(M).

Proof. Take a decomposition of M as a ZQ-module, as given in (2.2): M =
Mn ⊃ Mn−1 ⊃ · · · ⊃ M1 ⊃ {0}, where Mi+1/Mi = ZQ/Pi, for some prime Pi.
Then,

KrullZQ(M) = max
i
{Krull(ZQ/Pi)}.

Lemma 2.2.13 above implies that

Krull(ZQ/Pi) = KrullZQ′/(Pi∩Q′)(ZQ/Pi) = KrullZQ′(ZQ/Pi)
and maxi{KrullZQ′(ZQ/Pi)} = KrullZQ′(M). �
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Proof of Proposition 2.2.12 . Let p : G→ Q be the projection. The group
Q is a finitely generated abelian group: we may write Q = Q′×T where T is a finite
abelian group and Q′ is finitely generated free abelian. Take G′ = p−1(Q′), it has
finite index in G and

M ↪→ G′ � Q′.

Hence, we are left to show that Krull(G) = Krull(G′). By lemma 2.2.14 above,
KrullZQ(M) = KrullZQ′(M). When this dimension in nonzero, Proposition 2.2.10
ensures that we are done. When it is zero, Krull(G) is 0 if the group is finite, 1 if
not. As G′ has finite index, we have the same dichotomy. �

Lemma 2.2.15. Let G be a metabelian group. Assume that G satisfies an exact
sequence

M ↪→ G� Q

with M and Q abelian groups.
• If Krull0(M) ≥ 2, then

Krull0(M) = Krull(G/T (G))

where T (G) denotes the torsion subgroup of G. As a consequence, for any
other exact sequence

M̂ ↪→ G� Q̂

satisfied by G, Krull0(M̂) = Krull0(M) and the latter does not depend on
the choice of the exact sequence satisfied by G.
• Denote by M0 the derived subgroup of G and by Q0 its abelianization. If

Krullt(M) ≥ 1, then

Krullt(M) = Krullt(M0)

and the latter does not depend on the choice of the exact sequence satisfied
by G.

Proof. Assume first that Krull0(M) ≥ 2. As in the proof of Proposition 2.2.12
above, write Q = Q′×T , where T is a finite abelian group and Q′ is finitely generated
free abelian. The exact sequence

M ↪→ G� Q

provides an exact sequence satisfied by the quotient group G/T (G), where T (G)
denotes the torsion subgroup of G and π : G→ Q is the canonical projection:

M/(T (G) ∩M) ↪→ G/T (G)� Q/π(T (G))

Note that T (G) ∩ M = T (M) and the left-hand side is actually M/T (M). As
π(T (G)) ⊂ T,Q/π(T (G)) is isomorphic to Q′ × T ′ for some finite abelian group T ′.
Using Lemma 2.2.14, we have

Krull0(M) = KrullZQ(M/T (M)) = KrullZQ′(M/T (M)) = KrullZ(Q′×T ′)(M/T (M)).

Hence the latter is greater or equal to 2, therefore equal to Krull(G/T (G)) and
Krull0(M) = Krull(G/T (G)) as announced.

The proof of the consequence is similar.
Assume now that Krullt(M) ≥ 1. As M0 is the derived subgroup of G, it is a

ZQ-module and KrullZQ(M0) = KrullZQ0(M0). One haveM0 ⊂M and consequently
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M t
0 = M t ∩M0. The quotient M t/M t

0 is isomorphic to a subgroup of the torsion
subgroup of Qt

0, hence has Krull dimension −∞ or 0 as a ZQ-module. Therefore

Krullt(M) = KrullZQ(M t) = KrullZQ(M t
0) = KrullZQ0(M

t
0) = Krullt(M0).

�

As in the case of modules, we may define the following refinements. The previous
lemma ensures that this is well-defined.

Definition 2.2.16. Let G be a metabelian group. Assume that G satisfies an
exact sequence

M ↪→ G� Q

with M and Q abelian groups.
• If Krull0(M) ≥ 2, the torsion-free Krull dimension of G is defined as

Krull0(G) = Krull0(M) = Krull(G/T (G)).
If Krull0(M) ≤ 1, set Krull0(G) = 1.
• If Krullt(M) ≥ 1, the torsion Krull dimension ofG is defined as Krullt(G) =

Krullt(M).
If Krullt(M) ≤ 0, set Krullt(G) = 0.

As a consequence, if G satisfies an exact sequence M ↪→ G � Q such that
KrullZQ(M) ≥ 2 , we have

Krull(G) = max{Krull0(G),Krullt(G)}.

Example 2.2.17. To explain the dichotomies in the previous two definitions,
consider the following example, suggested by Gouëzel. Let G = Z ⊕ ((Z/2Z) o Zk).
The group G has Krull dimension k. It satisfies the exact sequence⊕

Zk
Z/2Z ↪→ G� Z⊕ Zk.

Set M1 =
⊕

Zk Z/2Z. Then, Krull0(M1) = Krull(0) = −∞ and Krullt(M1) =
Krull(M1) = k.

The group G also satisfies the exact sequence

Z⊕

(⊕
Zk

Z/2Z

)
↪→ G� Zk.

Set M2 = Z ⊕ (
⊕

Zk Z/2Z). Then, Krull0(M2) = Krull(Z) = 1 and Krullt(M2) =
Krull(

⊕
Zk Z/2Z) = k.

The group H = (Z/2Z) ⊕ (Z o Zk) provides a similar example for the torsion
Krull dimension.

2.3. Examples. We study now three classes of examples. First, we consider
small dimensional metabelian groups and study the rank of the torsion-free ones.
Then, in the second and third paragraphs, we give the Krull dimension of some
metabelian wreath products and of the free (p-)metabelian groups (see the definitions
below). These two last classes will appear to be fundamental in the sequel.
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2.3.1. Small dimensional metabelian groups.
Finitely generated metabelian groups of Krull dimension 0 are finite, as stated

in Proposition 2.2.10. When the dimension is 1 and the group is torsion-free, we
can also say something about the structure. Recall that a group has finite Prüfer
rank if there exists an integer r such that any finitely generated subgroup can be
generated by at most r elements. The least such r is the Prüfer rank of the group.

Proposition 2.3.1. Let G be a finitely generated torsion-free metabelian group
of dimension one. Then, it has finite Prüfer rank.

This Proposition is false if we do not assume that the group is torsion-free: the
lamplighter is a counter-example, as it has dimension 1 but infinite Prüfer rank.
Moreover, we shall see later in Section 4 that a finitely generated metabelian group
of dimension 1 whose derived subgroup is torsion has a subgroup isomorphic to a
lamplighter.

Proof. Let G be a finitely generated torsion-free metabelian group of dimension
1. By Proposition 2.2.12, up to passing to a finite index subgroup, we may assume
that G fits inside an exact sequence

M ↪→ G� Zd,

for some integer d, and abelian groupM . The groupM is a Noetherian ZZd-module
and, by Proposition 2.1.19, it admits an increasing sequence of submodulesMi whose
factors have the form ZZd/P , for P a prime ideal.

We first consider the case where M is a ring. It has characteristic zero, and
Proposition 2.1.11 implies that the transcendental degree of its fraction field over
Q is zero, so M is an algebraic number field. Algebraic number fields have finite
Prüfer rank. Hence, M has finite Prüfer rank.

In the general case, we look at a decomposition ofM : the subquotientsMi+1/Mi

have dimension either zero or one. If the dimension is one, it is enough to show that
the characteristic is not positive. By contradiction, suppose Mk+1/Mk has positive
characteristic p and dimension 1. Mk+1/Mk ' ZZd/P , with P prime, hence p
is prime . Then, the transcendental degree of the fraction field of Mk+1/Mk is
1, and Proposition 4.1.3 will imply that it contains Fp[X±1]. Pulling back the
transcendental element X in Mk+1: we still get a transcendental element, which
contradicts the fact that M is torsion-free of dimension 1.

The property of being of finite Prüfer rank is stable under extension, and finitely
generated abelian groups have finite Prüfer rank. Hence, as M has finite Prüfer
rank, G has finite Prüfer rank as well. �

2.3.2. Wreath products.
Let K and H be countable groups. The wreath product K oH with base group

H is the semi-direct product (⊕h∈HKh) o H where Kh are copies of K indexed
by H, and H acts by translation of the indices. More precisely, one may identify
elements in ⊕h∈HKh with finitely supported functions from H to K. Thus, for any
two elements (f, h), (f, h′) in the group, their multiplication is given by

(f, h)(f ′, h′) = (ff ′(h−1•), hh′).
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Similarly, the unrestricted wreath product of K by H, denoted by K o oH is the
semi-direct product (

∑
H Kh) oH.

The most classical example of a wreath product is the lamplighter group (Z/2Z)o
Z. This group is generated by two elements (0, 1) and (δ0, 0), where δ0 is the function
from Z to Z/2Z taking value 1 in 0, and vanishing elsewhere. This group can be
described in the following way: imagine a bi-infinite pathway of lamps, one for
each integer. Each one of those lamps can be on or off, and a lamplighter is walking
along the line. An element of the group corresponds to a configuration for the lamps,
with only finitely many of them lit, and a position for the lamplighter. The first
generator (0, 1) changes the position of the lamplighter while the second generator
(0, δ0) has him change the state of the lamp at his current position. A configuration
is a function from Z to Z/2Z and corresponds to an element in F2[X,X−1]. This
subgroup has dimension 1 as a Z[X,X−1]-module.

In other words, the lamplighter group (Z/2Z) o Z has an elementary abelian
subgroup of dimension 1 such that the quotient is Z. Hence, its Krull dimension is
1.

Other examples are:
(1) Krull(Z o Zd) = d+ 1.
(2) Krull(F o Zd) = d, where F is a finite group.

2.3.3. Free (p-)metabelian groups.
Denote by Fd the free group of rank d. Let F ′d be its derived subgroup and F ′′d

the second term of its derived series.
The free metabelian group of rank d is

B
(p)
d := Fd/F

′′
d

and the free p-metabelian group of rank d is

B
(p)
d := Fd/F

′′
d (F ′d)

p.

B
(p)
d is the freest metabelian group whose derived subgroup has exponent p and

is the quotient of the free metabelian group of rank d, Bd by the p-powers of its
commutators.

These two groups have abelianization Zd and looking at the associated exact
sequence, one may compute their dimensions:

Krull(Bd) = d+ 1, and Krull(B
(p)
d ) = d.

3. Preliminaries

3.1. Generalities on the return probability. We review some known prop-
erties and known behaviours for p2n to provide a larger picture to the reader.

3.1.1. Stability properties. ([PSC00])
(1) Let H be a finitely generated subgroup of G. Then pH2n % pG2n.

(2) Let Q be a quotient of G. Then pQ2n % pG2n.
If the index of the subgroup, respectively the kernel of the quotient, is finite, then
the inequality is an equivalence.
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As a consequence, when studying the return probability of a finitely generated
metabelian group of a given Krull dimension, we may assume that its admits an exact
sequence such as (2.3), up to passing to a finite index subgroup (see Proposition
2.2.12).

3.1.2. Known behaviours: amenability and growth. The following results were
mentioned in the introduction.

(1) G has polynomial growth of degree d iff pG2n ∼ n
−d
2 (see [Var87] and

[HSC93]).
(2) G is non-amenable iff pG2n ∼ exp(−n) ([Kes59]).

(3) If G has exponential growth then pG2n - exp(−n 1
3 ) ([HSC93]). Moreover, if

G is a discrete subgroup of a connected Lie group, there is an equivalence:
G is amenable with exponential growth iff pG2n ∼ exp(−n 1

3 ).
These three previous behaviours are the only possible ones in this case.

In the introduction, we mentioned that outside the world of discrete subgroups of
connected Lie groups, far more behaviours happen. Here are some other examples.

3.1.3. Known behaviours: among solvable groups.
(1) Lamplighter groups:

— Z o Zd : pZoZ
d

2n ∼ exp(−n
d
d+2 (log n)

2
d+2 ),

— F o Zd : pF oZ
d

2n ∼ exp(−n
d
d+2 ) (see [Ers06]).

(2) Free solvable groups on d generators:

— Free metabelian group Bd: pBd2n ∼ exp(−n
d
d+2 (log n)

2
d+2 ),

— Free r-solvable group(r > 2)Bd,r: p
Bd,r
2n ∼ exp(−n(

log[r−1] n

log[r−2] n
)
2
d ) ([SCZ14]).

3.2. Return probability of B(p)
d .

In [SCZ14], Saloff-Coste and Zheng computed the asymptotic of the return
probability of the free solvable group of rank d (and, in particular, that of the free
metabelian group of rank d), using a method based on the Magnus embedding. In
this part, we explain why it is possible to use their techniques to get the return
probability of the free p-metabelian group, obtained by adding p-torsion to the
derived subgroup. The only thing to do is to check that the Magnus embedding
behaves well in this case: this was done by Bachmuth in [Bac67].

Recall that the Magnus embedding allows to embed groups of the form Fd/[N,N ],
with N a normal subgroup of Fd, into the wreath product Zd o (Fd/N) ([Mag39]).

In the case of Bd, the free metabelian group of rank d, this applies to N = F ′d.
The resulting wreath product is Zd oZd, that is,the semi-direct product ⊕ZdZdoZd,
where Zd acts by shift on ⊕ZdZd.

The embedding takes the following form. Let s1, . . . , sd denote the classical
generators of Fd, and a1, . . . , ad their images in the abelianization Zd.

Consider matrices of the form (
b m
0 1

)
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with b in Zd and m ∈M , the free Z(Zd)-module of rank d with basis (ei)i=1,...,d. This
is a matricial representation of Zd o Zd. Let i be the extension to a homomorphism
of

si 7→
(
ai ei
0 1

)
.

Magnus proved that the kernel of this homomorphism is [[Fd, Fd], [Fd, Fd]] ([Mag39]).
Therefore, i induces an embedding from Bd to Zd o Zd.

Bachmuth studied this representation in the case of free k-metabelian groups,
for any positive integer k. He proved that moding out by k in the derived subgroup
corresponds to moding out by k in M , that is

Proposition 3.2.1 ([Bac67], Proposition 1). The Magnus embedding induces
an embedding of the free k-metabelian group of rank d, B(k)

d into (Z/kZ)d o Zd.

A lower bound for pB
(k)
d

2n follows directly from the comparison with (Z/kZ)d oZd :

p
B

(k)
d

2n % exp(−n
d
d+2 ).

In [SCZ14], Saloff-Coste and Zheng used the Magnus embedding to produce
upper bounds for the return probability of groups of the form Fd/[N,N ], for some
normal subgroup N of Fd.

They introduced the notion of exclusive pair in such a group Fd/[N,N ], made of a
subgroup Γ together with an element ρ of the derived subgroup. The pair is designed
so that the images of Γ and ρ in the Z-moduleM should have minimal interaction (we
refer to [SCZ14], §4 for a precise definition). From this, they derived a comparison
([SCZ14], Theorem 4.13): the return probability of Fd/[N,N ] is smaller than the
return probability of the subgroup Z o Γ̄ in Zd o (Fd/N), where Γ̄ is the image of Γ in
Fd/N .

In the case of the free metabelian group Bd, Γ can be chosen so that Γ̄ has finite
index in Zd (more generally, this is possible whenever Fd/N is nilpotent).

Their techniques still apply to the free k-metabelian groups, if one consider
Z/kZ-modules instead of Z-modules and yield

p
B

(k)
d

2n - p
Z/kZoZd
2n - exp(−n

d
d+2 ).

As a conclusion, we get

Proposition 3.2.2. The return probability of the free k-metabelian group of rank
d is equivalent to exp(−n

d
d+2 ).

3.3. An embedding theorem for metabelian groups that preserves the
Krull dimension. In this section, we consider a finitely generated metabelian
group G, extension of an abelian group M by a finitely generated abelian group
Q. Recall that M also carries a structure of ZQ-module.

A famous theorem of Kaloujinine and Krasner allows to embed G in a split
metabelian group.

Theorem 3.3.1 (see [KKM85]). Any extension of a group A by a group B
embeds in the non-restricted wreath product A o oB of A with B.
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We first recall their construction and then explain how to modify it so as to
preserve the Krull dimension.

3.3.1. The embedding of Kaloujinine and Krasner.
Fix a section s : Q → G of the group. The embedding i : G ↪→ M o oQ =∑
QM oQ is given by

g 7→ (fg, ḡ).

where ḡ is the image of g in the quotient Q and

fg :

{
Q→M

q 7→ s(gq)−1gs(q).

Note that the embedding does depend on s. This embedding commutes with the
projection on Q, and its restriction to M is ZQ-equivariant. Let S be a finite
generating set for G and π : M o oQ→

∑
QM denote the canonical projection. Set

T = π(i(S)), it is a finite subset of the base of the wreath product M o oQ. The
subgroup Ĝ, generated by T and Q in M o oQ, contains i(G) and is the semi-direct
product B oQ, where B is the submodule of

∑
QM generated by T .

Therefore, G embeds in the finitely generated split metabelian group Ĝ.

3.3.2. Respecting the Krull dimension.
We now explain how to modify this embedding so that the Krull dimension of

the target group equals Krull(G).
Let

S = {C ⊂ B submodule | C ∩ i(G) = {0}} .
Zorn’s lemma provides us a maximal element C0 of S. Set B0 = B/C0. By

construction, G embeds in B0 o Q. We still denote by i the composition of i with
the projection onto B0 oQ. Note that every submodule of B0 now intersects i(G).

Claim. The associated prime ideals of B0 and M are the same.
Indeed, Ass(M) ⊂ Ass(B0), because M ⊂ B. On the other hand, if P is an

associated prime of B0, then ZQ/P is a submodule of B0, hence does intersect i(G):
there exists g in G such that i(g) ∈ ZQ/P . More precisely, g projects trivially onto
Q and thus belongs to M . It generates a submodule isomorphic to ZQ/P in M .

Lemma 2.1.20 then implies that M and B0 have the same Krull dimension. Now
(see Proposition 2.2.10), if this dimension is positive, this is also the dimension of
G and B0 o Q, and we are done. Otherwise, M and B0 have dimension 0. If G
is infinite, so is B0 o Q, and they have dimension 1. The last case arises when
Krull(G) = Krull(M) = 0, that is G is finite: B0 o Q is finite as well, hence has
dimension 0.

We just proved

Theorem 3.3.2. Let G be a metabelian group, given as an extension

M ↪→ G� Q,

with M and Q abelian.
Then, there exists an embedding of G inside a split metabelian group B o Q,

commuting with the projection on Q, such that M and B have the same associated
prime ideals. In particular, Krull(G) = Krull(B oQ).
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Moreover, if G is finitely generated, BoQ can be chosen to be finitely generated
as well.

4. Special subgroups of metabelian groups

The purpose of this section is to prove

Proposition 4.0.1. Let G be a metabelian group. Assume G has Krull dimen-
sion at least 2. Then, G has a subgroup isomorphic to either Z o Z, or to B(p)

2 for
some prime p.

The first option happens whenever Krull0(G) ≥ 2, and the consequence for the
return probability of G is

pG2n - exp
(
−n

1
3 (log n)

2
3

)
.

The second option happens whenever Krullt(G) ≥ 2, and yields

pG2n - exp
(
−n

1
2

)
.

4.1. Looking for transcendental elements. We first show that a group of
dimension k contains a maximal polynomial ring of the same dimension.

Proposition 4.1.1. Let G be a finitely generated metabelian group, satisfying

(4.1) M ↪→ G� Q,

with M abelian and Q free abelian. Assume that G has Krull dimension k ≥ 2.
Then, M contains a ring isomorphic to Z[X±1

1 , . . . , X±1
k−1] or Fp[X±1

1 , . . . , X±1
k ],

for some prime p. The first option happens whenever Krull0(G) = k, the second
whenever Krullt(G) = k.

Remark 4.1.2. According to its proof, this proposition rewrites as follows:
— If Krull0(G) = k, there exists Q0 ⊂ Q, with Q0 ' Zk−1, and m ∈ A such

that ZQ0.m ' ZQ0 as ZQ0-modules.
— If Krullt(G) = k, there exists Q0 ⊂ Q, with Q0 ' Zk, and m ∈ A such that

ZQ0.m ' (Z/pZ)Q0 as (Z/pZ)Q0-modules, for some prime divisor p of n.

To prove Proposition 4.1.1, it will be enough to deal with the case of M being a
ring, thanks to Propositions 2.1.19 and 2.1.20 on the structure of M .

4.1.1. The case of a ring.
In this paragraph, let Q be a finitely generated free abelian group and A be

a ring isomorphic to ZQ/P , for some prime ideal P . The group Q acts on A by
multiplication by the corresponding monomial. The characteristic of A is either a
prime p, or zero. Denote by K be the fraction field of A, and by P its prime field.

Proposition 4.1.3. Let D be the degree of transcendence of K over P.
Then A contains a family of D transcendental monomials which is algebraically

free. The subring generated by this family is, according to the characteristic, either
of the form

Z[X±1
1 , . . . , X±1

D ] or Z/pZ[X±1
1 , . . . , X±1

D ],

for some prime p.
As a consequence, if A has Krull dimension d, we have the following dichotomy:
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— when A has characteristic p, A has a subring isomorphic to Z/pZ[X±1
1 , . . . , X±1

d ].
— when A has characteristic zero, A has a subring isomorphic to Z[X±1

1 , . . . , X±1
d−1].

Lemma 4.1.4. Let C be a subfield of K. If the degree of transcendence of K over
C is positive then there is a transcendental monomial in A.

Proof. By hypothesis, there exists in K an element which is transcendent over
C. We can write it t1

t2
, with t1, t2 ∈ A. The set of all elements of K that are algebraic

over C is a subfield of K, therefore one of the ti’s has to be transcendental. This
transcendental element belongs to A and is a polynomial modulo P , hence a linear
combination of monomials. Again, one of its monomials has to be transcendental.

�

We may now proceed to the proof of the proposition.

Proof of Proposition 4.1.3. The proof is by induction on D.
Applying the previous lemma with C = P yields a monomial m1 ∈ A, transcen-

dental over P. Let k ≤ D. Suppose we have constructed an algebraically free family
(m1, . . . ,mk−1) of transcendental monomials of A over P. Then, the transcendence
degree of K over P(m1, . . . ,mk−1) is D−k+ 1 > 0. We apply the lemma again with
C = P(m1, . . . ,mk−1) to get mk. �

4.1.2. Proof of proposition 4.1.1.

Proof. The group G fits into an exact sequence such as (4.1) with quotient
Q ' Zd, for some d. As a consequence of Lemma 2.1.13, one can write the module
M as M = T (M) ⊕ M0, where T (M) is the torsion subgroup of M and M0 is
torsion-free. We have

Krull0(G) = Krull(M/T (M)) and Krullt(G) = Krull(T (M)).

Proposition 2.1.20 implies that T (M), respectively M/T (M), contains a ring iso-
morphic to ZZd/P of Krull dimension Krull(T (M)), respectively Krull(M/T (M)).

Conclusion then follows from Propositions 2.1.11 and 4.1.3, up to pulling back
the polynomial ring in the second case. �

4.2. Wreath products inside metabelian groups. We use the results of
the previous subsection to exhibit wreath products as subgroups of some (split)
metabelian groups.

4.2.1. In split metabelian groups.

Proposition 4.2.1. Let G be a split finitely generated metabelian group, that is
G = M oQ, with M and Q abelian. Let k be the Krull dimension of G and assume
k ≥ 1. Then,

(1) if Krull0(G) = k, then G has a subgroup isomorphic to Z o Zk−1. As a
consequence,

pG2n - pZoZ
k−1

2n ∼ exp
(
−n

k−1
k+1 (log n)

2
k+1

)
.

(2) otherwise, there exists a prime p such that G has a subgroup isomorphic to
(Z/pZ) o Zk. As a consequence,

pG2n - p
(Z/pZ)oZk
2n ∼ exp

(
−n

k
k+2

)
.
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Proof. Up to passing to a finite index subgroup, we may assume that Q is a
finitely generated free abelian group (Proposition 2.2.12). This does not change the
dimension nor the return probability. In both cases, Proposition 4.1.1 implies that
M contains a ring isomorphic to either Z[X±1

1 , . . . X±1
k−1], or to Fp[X±1

1 , . . . X±1
k ] for

some prime p. We denote this ring by B.
Recall that these algebraically free transcendental elements are actually mono-

mials of Q ' Zd. The subgroup of G generated by B and these monomials is either
Z o Zk−1 or (Z/pZ) o Zk. �

4.2.2. In general metabelian groups.
In the general case, we may not be able to lift commutatively the transcendental

elements obtained as we do in Proposition 4.2.1.
For instance, in the free metabelian group B2, the images of the two generators

of Z2 by any section s from Z2 to B2 will never commute.

We still have the following corollary.

Corollary 4.2.2. Let G be a metabelian group. If Krull0(G) ≥ 2, then G has
a subgroup isomorphic to Z o Z and

pG2n - pZoZ2n ∼ exp
(
−n

1
3 (log n)

2
3

)
.

This proves the first part of Proposition 4.0.1. The next part deals with the case
Krullt(G) ≥ 2.

4.3. Extensions of torsion modules by Z2. Let p be a prime. The p-
metabelian free group of rank 2, B(p)

2 fits into an exact sequence

(4.2) [B
(p)
2 , B

(p)
2 ] ↪→ B

(p)
2 � Z2.

Denote by α and β its two generators. As a group, [B
(p)
2 , B

(p)
2 ] is generated by

conjugates of [α, β]. Hence, it is generated by [α, β] as a Fp[X±1, Y ±1]-module and
[B

(p)
2 , B

(p)
2 ] is a cyclic module. As it is also a torsion-free module, it is isomorphic to

Fp[X±1, Y ±1].

Lemma 4.3.1. Let H be an extension of Fp[X±1, Y ±1] by Z2, with the usual
action of Z2 on Fp[X±1, Y ±1]. Then H is metabelian and has a subgroup isomorphic
to B(p)

2 .

Proof. H is metabelian because the action is not trivial.
Take a, b in H so that they do not commute and so that their projections in

Z2 generate Z2. We claim that 〈a, b〉 is isomorphic to B
(p)
2 . Indeed, 〈a, b〉 is a

metabelian group generated by two elements. Its derived subgroup is the ideal
([a, b]) in Fp[X±1, Y ±1], which is isomorphic to Fp[X±1, Y ±1]. It satisfies

(4.3) Fp[X±1, Y ±1] ↪→ 〈a, b〉� Z2.

Moreover, it is a quotient of the free p-metabelian group of rank 2 : there exists

p : B
(p)
2 � 〈a, b〉.

This p is a morphism of extensions (4.2) to (4.3), hence an isomorphism. �
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Remark 4.3.2. If the extension splits, the group H has a subgroup isomorphic
to the bigger group (Z/pZ) o Z2.

We may now complete the proof of Proposition 4.0.1.

Proof of Proposition 4.0.1. LetG be a finitely generated metabelian group.
Again, we can reduce by Proposition 2.2.12 to the case of G fitting in an exact
sequence such as (4.1) with torsion-free quotient Zd, for some d . Assume that
Krull(G) ≥ 2. There are two cases:

(1) Krull0(G) ≥ 2. Then, Corollary 4.2.2 implies that G has a subgroup iso-
morphic to Z o Z.

(2) Krullt(G) ≥ 2. Let
M ↪→ G� Q

with M abelian, and Q torsion-free abelian of finite rank. Then, M has a
submodule isomorphic to Fp[X±1, Y ±1], for some prime p (see Proposition
4.1.1). The elements X and Y come from monomials of Q ' Zd. The sub-
group generated by the ring Fp[X±1, Y ±1] and lifts of the two corresponding
monomials is an extension of Fp[X±1, Y ±1] by Z2, with the usual action of
Z2. We conclude with an application of Lemma 4.3.1.

Consequences in term of return probability follow from computations for Z o Z
(see [Ers06]) and B(p)

2 (see Proposition 3.2.2). �

5. Return probability lower bounds via the construction of sequences of
Følner couples

5.1. Følner couples and return probability.
Definition 5.1.1 (see [CGP01] and [Ers06]). Let G be a finitely generated

metabelian group. We denote by S a finite and symmetric generating set of G, and
consider the associated word distance. Let V be a positive continuous increasing
function on [1,+∞) whose inverse is defined on [V(1),+∞). We say that G admits
a sequence of Følner couples adapted to V if there exists a sequence (Ωm,Ω

′
m)m∈N of

pairs of non-empty finite sets Ω′m ⊂ Ωm in G, with #Ωm ↗∞ such that
(1) #Ω′m is a positive proportion of #Ωm : #Ω′m ≥ c0#Ωm.
(2) Ω′m lies linearly inside #Ωm : Ω′mS

m ⊂ Ωm.
(3) V controls the size: #Ωm ≤ V(m).

When there exists a positive constant C such that V(t) = CeCt, we should say that
G admits a sequence of Følner couples of exponential size.

Remark 5.1.2. Note that if (Ωm,Ω
′
m)m is a sequence of Følner couples adapted

to V , so is the sequence (Ω′mS
m,Ω′m)m. It is in some sense the smallest one and we

will refer to it as the smaller version of (Ωm,Ω
′
m)m.

Given this, one can deduce a lower bound for the return probability, depending
on V (see Coulhon, Grigor’yan and Pittet [CGP01], as well as Erschler [Ers06] for
more general statements). We only recall the corollary that we need.

Corollary 5.1.3 ([CGP01]). If a group G admits a sequence of Følner couples
adapted to a function of the form V(t) = C exp(Ctd), then

pG2n % exp(−n
d
d+2 ).
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5.2. Følner couples for split metabelian groups. In this part, we prove
Theorem 2. For any finitely generated metabelian group, Proposition 2.2.12 provides
us with a finite index subgroup G, of the same Krull dimension, admitting an exact
sequence
(5.1) M ↪→ G� Zd,
with M abelian. The return probability of G is equivalent to that of the initial
group. Morevover, as the return probability increases when going to a subgroup,
Theorem 3.3.2 imply that, when looking for lower bounds on the return probability
for metabelian groups, we can reduce to the split case.

Therefore, it will be enough to prove Theorem 2 in the split case, namely for a
finitely generated metabelian group G of the form G = M o Zd, with M abelian.
Our goal is then to produce sequences of Følner couples for such a group G so as to
apply Corollary 5.1.3. These sequences will take the following form.

Definition 5.2.1. Let G = A o B be a finitely generated semi-direct product.
Equip G with a generating set S = SA t SB where SA ⊂ A generates A as a ZB-
module and SB ⊂ B generates B. We should say that G admits a sequence of split
Følner couples if it has a sequence of Følner couples of the form (Ωm×Fm,Ω′m×F ′m)m,
with Ωm,Ω

′
m ⊂ A and Fm, F ′m ⊂ B.

Remark 5.2.2. In the previous definition, the sequence (Fm, F
′
m)m is a sequence

of Følner couples for B. Moreover, #Ω′m is a positive proportion of #Ωm.

5.2.1. When M is a ring of positive prime characteristic.
We deal first with the case of M being a ring ZZd/P of positive characteristic,

with P a prime ideal. Hence, in this part,M is Fp[X±1
1 , . . . , X±1

d ]/P , for some prime
p and some prime ideal P . Denote by π the canonical projection

π : Fp[X±1
1 , . . . , X±1

d ]→ Fp[X±1
1 , . . . , X±1

d ]/P .
and by Bm the polynomials of degree bounded by m, that is
(5.2) Bm = {P ∈ Fp[X±1

1 , . . . , X±1
d ] | Supp(P ) ⊂ J−m,mKd}.

Note that Bm, as well as π(Bm) are abelian groups.
The following proposition is straightforward.

Proposition 5.2.3. The sequence

(Ωm,Ω
′
m)m = (π(B2m) o J−2m, 2mKd, π(B2m) o J−m,mKd)m

is a sequence of split Følner couples adapted to V(m) = #B2m ≤ C exp(Cmd).

Remarks 5.2.4. Obviously, this V is not optimal, although it gives, by Corollary
5.1.3, a lower bound on the return probability depending only on the rank of Gab:

pG2n % exp(−n
d
d+2 ).

The following lemma aims to improve it, making use of Noether’s normalization
theorem 2.1.9 to control the size.

Lemma 5.2.5. There exists a constant C such that

(5.3) #π(Bm) ≤ C exp(Cmk),

where k is the Krull dimension of Fp[X±1
1 , . . . , X±1

d ]/P.
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Proof. By Noether’s normalization theorem 2.1.9, there exists elements z1, . . . , zk
in Fp[X±1

1 , . . . , X±1
d ]/P giving it the structure of a finitely generated module over its

subring Fp[z1, . . . , zk]. Hence, each element X±1
i is integral over Fp[z1, . . . , zk] and

is a root of a monic polynomial with coefficients in Fp[z1, . . . , zk]. We may assume
that these polynomials have the same degree D. Let N be such that the support of
all coefficients appearing in these polynomials lies in J−N,NKk.

Then, for X being one of the X±1
i , we may write each power XD+r as a polyno-

mial in X, . . .XD−1, whose coefficients have support inside J−rN, rNKk.
Therefore, we can write any element of π(Bm) as a linear combination of mono-

mials Xn1
1 , . . . Xnd

d with (n1, . . . , nd) ∈ [−D,D]d and coefficients which are elements
of Fp[z1, . . . , zk], with support in J−Cm,CmKk, for some constant C. �

5.2.2. Følner sequences for extensions. In this part, we recall and prove Corol-
lary 6 stated in the introduction.

Corollary 5.2.6. Let G be a finitely generated split metabelian group, whose
derived subgroup is torsion. Assume G has Krull dimension k ≥ 1. Then

p2n � exp(−n
k
k+2 ).

Proof. As mentionned at the beginning of this subsection, we may assume that
G fits inside an exact sequence such as (5.1), with torsion-free quotient.

The upper bound comes from Proposition 4.2.1. We are left with the lower
bound: it is enough (see Corollary 5.1.3) to show that G admits a sequence of
Følner couples adapted to V(m) = C exp(Cmk), for some C.

The proof of this fact uses recurrence along the decomposition (2.2) of the sub-
group M as an increasing sequence of submodules. Initialization is given by Propo-
sition 5.2.3 and Lemma 5.2.5, and iteration follows from the next lemma. �

Lemma 5.2.7. Let G = M o Zd be a split metabelian group, with M a torsion
ZZd-module of Krull dimension at most k.

Assume that
(1) there exists a submodule M1 in M such that M1oZd admits a split sequence

of Følner couples (Ωmo J−2m, 2mKd,Ω′mo J−m,mKd)m adapted to V(m) =
C exp(Cmk), where Ωm and Ω′m are abelian subgroups of M1,

(2) M/M1 is a ring of the form Z(Zd)/P, with P a prime ideal.
Then, the group G admits a split sequence of Følner couples adapted to a function

V ′(m) = C ′ exp(C ′mk), of the form (ΓmoJ−2m, 2mKd,Γ′moJ−m,mKd)m. Moreover,
the projections Γm,Γ

′
m on M are abelian subgroups.

Proof. We have M/M1 = ZZd/P for some prime ideal P , and this module has
dimension at most k. Its characteristic is a prime p. Let 1Q be a lift of the unit
of M/M1 in M . The ZZd-module M2 generated by 1Q surjects onto M/M1, and is
of the form ZZd/I, for some ideal I ⊂ P . Because M is a torsion module, M2 is
actually a ring of characteristic n, for some multiple n of p.

We cannot apply directly Noether’s normalization theorem toM2. To get around
this, note that the projectionM2 �M/M1 have finite fibres of cardinality n

p
. Hence,

we can do as in part 5.2.1: consider the finite subgroup Bm in ZZd (defined in (5.2)).
Noether’s normalization theorem provides us with an upper bound on the cardinality
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of its projection π(Bm) intoM/M1, where π : ZZd �M/M1. Let Λm be the pullback
of π(B2m) inM2. It is also the projection of B2m inM2 = ZZd/I. Because the fibres
are finite, the cardinality of Λm satisfies (5.3), for some constant C1:

#Λm ≤ C1 exp(C1m
k) = V1(m).

Note that Λm is an abelian subgroup of M .
We fix a generating set S for G as follows:

S = S1 ∪ {(±1Q, 0)},

such that S1 = S ′1∪{(0,±e1), . . . (0,±ed)} with S ′1 a finite and symmetric generating
set for the finitely generated Z(Zd)-module M1 and (ei)

d
i=1 being the canonical basis

of Zd. We choose S1 so as to be compatible with the sequence of Følner couples of
M1 o Zd.

Consider the following sequence of couples indexed by m ∈ N:

Fm = {P.1Q + ω | P ∈ Λm, ω ∈ Ωm}o J−2m, 2mKd

F ′m = {P.1Q + ω | P ∈ Λm, ω ∈ Ω′m}o J−m,mKd.

We claim that this is a sequence of Følner couples for the group G, adapted to
V ′(m) = C ′ exp(C ′mk), for some constant C ′. Note that the projections on M are
again abelian subgroups. Indeed, #Fm ≤ V1(m)#Ωm(4m + 1)d ≤ C ′ exp(C ′mk).
The choice of a sequence of Følner couples for Ωm and Ω′m implies #Ω′m ≥ c#Ωm,
and that F ′mSm ⊂ Fm.

The last condition, namely #F ′m
#Fm

≥ c, follows from the following straightforward
fact, applied to H = M , Ω = Ωm,Ω

′ = Ωm and X = Λm. �

Fact 5.2.8. Let H be a group and Ω′ ⊂ Ω be two subgroups of H. Assume that
X is a subset of H so that ΩX and Ω′X are subgroups. Then

[ΩX : Ω′X] ≤ [Ω : Ω′].

We may now complete the proof of Theorem 2.

Proof of Theorem 2. As the return probability increases when taking sub-
groups, the theorem follows from Corollary 5.2.6 and Theorem 3.3.2. �

5.3. Proof of Theorem 1. The proof of Theorem 1 requires to manage with
the torsion submodule and torsion-free quotient of M so as to deal with both cases.
Therefore, Lemma 5.2.7, that provides Følner couples for extension in the torsion
case, will not suffice.

We first prove a proposition stating that admitting Følner couples descends to
the quotient in finitely generated groups. The fact that it goes to a subgroup is due
to Erschler [Ers06].

Proposition 5.3.1. Let G be a finitely generated group and Q be a quotient of
G.

Assume that G admits a sequence of Følner couples adapted to a function V.
Then, so does Q.
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Proof. Equip G with a finite and symmetric generating set S and H with the
projection T of S to the quotient.

Denote by (Ωn,Ω
′
n)n the given sequence of Følner couples. If h is a function from

a discrete group K to R, ‖h‖1 =
∑

k∈K |h(k)| designates its L1-norm.
Set fn = 1Ω′n and |∇nfn|(g) = supx∈Sn|fn(g) − fn(gx)|. The latter gradient

measures the variations of fn along Sn. We have, for some constant c:

‖|∇nfn|‖1 ≤ c‖fn‖1.

Let f̂n be the function from Q to R defined by

f̂n(q) =
∑

g∈π−1(q)

f(g).

The norm is preserved: ‖f̂n‖1 = ‖fn‖1 = #Ω′n. Similarly, consider the gradient
|∇̂nf̂n|(q) = supx∈Tn|f̂n(q) − f̂n(qx)|. Then, we have: ‖|∇̂nf̂n|‖1 ≤ ‖|∇nfn|‖1 ≤
c‖f̂n‖1.

For a subset A of G we denote by ∂nA the n-boundary of A, that is: ∂nA =
ASn ∩ACSn. The following version of the co-area formula (see for instance [Tes08]
(3.1) for a proof):

1

2

∫
R+

#∂n{f > t}dt ≤ ‖∇nf‖1 ≤
∫
R+

#∂n{f > t}dt,

implies that there exist t ≥ 0 and C > 0, such that

#(∂n{f̂n > t}) ≤ C#{f̂n > t}.

Set Ω̂′n = {f̂n > t} and Ω̂n = Ω̂′n ∪ ∂nΩ̂′n. We claim that (Ω̂n, Ω̂′n) is a sequence of
Følner couples for Q adapted to V . �

Remark 5.3.2. It is possible to elaborate on the technique appearing in this
proof and to generalize this lemma to the context of locally compact compactly
generated groups. The good setting for this seems to be the theory of isoperimetric
profiles of groups through an approach similar to [Tes08, Tes13]. This will be the
content of the next chapter, and hopefully, of a forthcoming paper [Jac17].

Corollary 5.3.3. Let G = M o Q be a finitely generated semi-direct product
and H = M ′ oQ, with M ′ a quotient of M as a ZQ-module.

Assume G admits a sequence of split Følner couples of exponential size whose
projection onto Q is (Fn, F

′
n)n, then H admits a sequence of split Følner couples of

exponential size that projects onto (F ′nS
n
Q, F

′
n)n.

Proof. Write (Ωn,Ω
′
n) = (An × Fn, A′n × F ′n)n for the sequence of split Følner

couples of G and denote by π the projection of the ZQ-moduleM ontoM ′. Coming
back to the proof of the proposition above, a computation gives: for any (m′, q) ∈ H,

f̂n(m′, q) =

{
#(A′n ∩ π−1(m′)) if q ∈ F ′n
0 otherwise.

. Hence, Ω̂′n = Â′n × F ′n for some Â′n ⊂ π(A′n) and by construction the projection
onto Q of Ω̂n is F ′nSnQ. �
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The next lemma will allow to combine Følner couples along the decomposition
of a finitely generated module.

Lemma 5.3.4. Let Q be a finitely generated abelian group and M be a finitely
generated ZQ-module. Let SQ be a finite generating set for Q and SM be a finite
generating set for the ZQ-module M . Assume that

(1) M has submodules M1 and M2 so that M2 is a cyclic ZQ-module and its
projection onto M/M1 is the whole of M/M1.

(2) The group M1 oQ admits a sequence of split Følner couples of exponential
size that projects onto a sequence (Fn, F

′
n)n in Q.

(3) The group M2 oQ admits a sequence of split Følner couples of exponential
size that projects onto a sequence (Fn, F

′
n)n in Q.

Then, the group M oQ admits a sequence of Følner couples of exponential size that
projects onto the sequence (F ′nS

n
Q, F

′
n)n in Q.

Proof. The module M1 ×M2 surjects onto M , hence the group H = (M1 ×
M2) o Q, where Q acts diagonally, surjects onto M o Q. By Corollary 5.3.3, it is
enough to construct a sequence of split Følner couples for H, whose projection onto
Q is (Fn, F

′
n)n.

Write (Ωn × Fn,Ω′n × F ′n)n, resp. (Λn × Gn,Λ
′
n × F ′n)n the sequence of Følner

couples of M1 oQ, resp. M2 oQ, and set for all n

∆n = (Ωn × Λn)× Fn, ∆′n = (Ω′n × Λ′n)× F ′n.
The sequence (∆n,∆

′
n)n is a sequence of Følner couples of exponential size, that

projects onto the sequence (Fn, F
′
n)n in Q. �

The proof of Theorem 1 makes use the following ingredient of the proof of the
main theorem in Pittet and Saloff-Coste [PSC03].

Proposition 5.3.5 ([PSC03], Proposition 7.8). Let Γ be a finitely generated
torsion-free soluble group of finite Prüfer rank satisfying

N ↪→ Γ� A,

with N nilpotent and torsion-free and A free abelian of finite rank d.
Then, Γ admits a sequence of Følner couples of exponential size. If the extension

splits, so does the Følner sequence. Moreover, the projection onto A of this sequence
is the classical Følner sequence (J−2n, 2nKd, J−n, nKd)n of Følner couples of A.

Proof of Theorem 1. The reverse implication follows from Proposition 4.0.1.
To prove the direct implication, let G be a finitely generated metabelian group of

Krull dimension at most 1. We wish to prove a lower bound on its return probability,
therefore, by Proposition 2.2.12 and Theorem 3.3.2, we may assume that G is a semi-
direct product M o Q where M is abelian and Q is free abelian. Equip G with a
generating set S = SM t SQ where SM ⊂ M generates M as a ZQ-module and
SQ ⊂ Q generates the group Q. Denote by d the rank of Q and set F = (Fn, F

′
n)n =

(J−2n, 2nKd, J−n, nKd)n the classical sequence of Følner couples for Q.
Proposition 2.1.19 provides us with submodules of M

{0} = M0 ≤M1 ≤ · · · ≤Mn = M
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such that Mi+1/Mi is isomorphic to ZQ/Pi with Pi a prime ideal of ZQ. Each of
these cyclic modules ZQ/Pi has dimension at most 1 and by Proposition 5.2.3 and
Lemma 5.2.5 for the torsion case, and Propositions 2.3.1 and 5.3.5 for the torsion-
free case, the groups ZQ/Pi o Q admits Følner couples of exponential size whose
projection onto Q is F .

We combine them, or possibly their smaller version as defined in Remark 5.1.2,
by iterative applications of Lemma 5.3.4 to obtain a sequence of Følner couples of
exponential size in G. The conclusion then follows from 5.1.3. �

5.4. Application to the L2-isoperimetric profile. (see for instance [Cou00])
The L2-isoperimetric profile of a finitely generated group G, equipped with a finite
and symmetric generating set S, is the non-decreasing function

jG(v) = sup
#A≤v

sup
f∈L2(A)

‖f‖2

sups∈S‖f − f(s−1.)‖2

,

where L2(A) denotes the set of functions f : G→ R supported in A.
We recall the following theorem due to Coulhon and Grigor’yan [Gri94, Cou96].

Tessera then generalized it to the setting of metric measure spaces in [Tes08].

Theorem 5.4.1. Let G be a finitely generated group. Then the isoperimetric
profile of G satisfies jG(v) ∼ ln v if and only if pG2n ∼ exp(−n 1

3 ).

Hence, our main theorem may be stated as follows:

Corollary 5.4.2. Let G be a finitely generated metabelian group of exponential
growth. Let d be the Krull dimension of G. Then,

jG(v) ∼ ln v ⇔ d ≤ 1.

6. Section of metabelian groups and upper bounds for the return
probability

In this section, we describe a method to obtain upper bounds on the return
probability of a metabelian group, depending only on its Krull dimension.

When passing to a subgroup, or going to a quotient, the return probability
increases. Hence, to establish an upper bound for this quantity, we may perform
either of these operations. We do so in the first part. Below, in the second part, we
will produce upper bounds for the return probability of the section obtained. This
rests on studying some quotients of the free (p)-metabelian group whose derived
subgroup has rank 1.

6.1. Sections. We describe a way to obtain a section of a metabelian group
respecting the Krull dimension. The section obtained is an extension of a torsion-
free module of rank 1 over a polynomial ring by a finitely generated free abelian
group (see Lemma 6.1.1 below). We note in the last paragraph that it embeds
inside a wreath product of the same Krull dimension.
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6.1.1. When the derived subgroup is torsion. LetG be a finitely generated metabelian
non-abelian group of Krull dimension k ≥ 2, whose derived subgroup is torsion. Up
to passing to a finite index subgroup (see Proposition 2.2.12), we may assume that
G fits in

A ↪→ G� Q

with Q free abelian of rank d ≥ k and A a finitely generated ZQ-module, whose
underlying additive group is torsion. Because G is finitely generated and ZQ is a
noetherian ring, A is a finitely generated noetherian module and has uniform torsion,
that is there exists n ∈ N such that nA = {0}.

A reformulation of Proposition 4.1.1 is that there exists Q0 ⊂ Q, with Q0 ' Zk,
and m ∈ A such that ZQ0.m ' (Z/pZ)Q0 as (Z/pZ)Q0-modules, for some prime
divisor p of n. Denote by L0 this ZQ0-module generated by m.

Consider the subgroup G1 of G generated by m and pull-back g1, . . . , gk of gen-
erators of Q0 in G. This subgroup satisfies

M ′ ↪→ G1 � Q0

where M ′ is a ZQ0-module containing L0. Note that M = M ′/pM ′ is now a
(Z/pZ)Q0-module containing L0. We denote by G2 the corresponding quotient of
G1.

Let C be a (Z/pZ)Q0-submodule of M maximal among the submodules of M
having trivial intersection with L0 and look at the quotient group H := G2/C. It
satisfies

L ↪→ H � Q0

with L an essential extension for L0, that is: for every submodules B of L, if
B ∩ L0 = {0} then B = {0}. In particular, L is a torsion-free (Z/pZ)Q0-module of
rank 1.

6.1.2. When the group is torsion-free. Let G be a finitely generated metabelian
non-abelian group of Krull dimension k ≥ 2. Assume G is torsion-free. We can argue
similarly as above, without the considerations about the torsion. One difference
relates to the reformulation of Proposition 4.1.1. If G satisfies A ↪→ G� Q with Q
free abelian of rank d ≥ k−1 and A a finitely generated ZQ-module, it reformulates
as: there exists Q0 ⊂ Q, with Q0 ' Zk−1, and m ∈ A such that ZQ0.m ' ZQ0 as
ZQ0-modules.

Following the argument yiedls a finitely generated non-abelian metabelian sec-
tion H of G, with Krull dimension k satisfying

L ↪→ H � Q0

where Q0 ' Zk−1 and L is a torsion-free ZQ0-module of rank 1.

6.1.3. Conclusion. We summarize in the next lemma the content of the last two
paragraphs.

Lemma 6.1.1. Let G be a finitely generated non-abelian metabelian group of Krull
dimension k ≥ 2. Then there exists a finitely generated non-abelian metabelian
section H of G with Krull dimension k satisfying

L ↪→ H � Q
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where

(1) If the derived subgroup of G is torsion: Q ' Zk and L is a torsion-free
(Z/pZ)Q-module of rank 1 .

(2) If G is torsion-free and k ≥ 2: Q ' Zk−1 and L is a torsion-free ZQ-module
of rank 1.

Remark 6.1.2. In general, a finitely generated non-abelian metabelian group
has sections of each of the forms listed above, where k is respectively the torsion or
torsion-free Krull dimension of the group.

Such a section is, in some sense, minimal among the sections of maximal Krull
dimension of G. In the following, we will refer to it as a nice section.

6.1.4. Inside wreath products. We prove in this paragraph that the above sections
embed inside wreath products of the same Krull dimension.

Lemma 6.1.3. Let G be a finitely generated non-abelian metabelian group of Krull
dimension k ≥ 2, whose derived subgroup is torsion. Then, G has a section which
embeds in (Z/pZ) o Zk, for some prime p.

Similarly, let H be a finitely generated non-abelian metabelian torsion-free group
of Krull dimension k ≥ 3. Then, H has a section which embeds in Z o Zk−1.

Proof. We prove the first statement. The second one can be proved similarly.
By Lemma 6.1.1, G has a finitely generated non-abelian metabelian section H

of Krull dimension k satisfying L ↪→ H � Q where Q ' Zk and L is a torsion-free
(Z/pZ)Q-module of rank 1 . Moreover, L has an essential cyclic submodule L0, with
L0 ' (Z/pZ)Q, as (Z/pZ)Q-modules. Denote by K the fraction field of (Z/pZ)Q.
By injectivity of K, there exists a morphism L→ K such that the following diagram
commute

L0 L

K

Because L0 is an essential submodule, this map is injective and L embeds in K.
Hence, we can push forward the extension and get

L H Q

K Ĥ Q

The latter extension is split: indeed, the cohomology group H2(Q,K) is reduced
to {0}.

We now exhibit the wreath product. Fix a sequence (fn)n of elements of (Z/pZ)Q
so that the following holds

(1) for every i in N, fi | fi+1.

(2) for every f in (Z/pZ)Q, there exists an integer i so that f | fi.
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We have
1

fi
(Z/pZ)Q ⊂ 1

fi+1

(Z/pZ)Q

and K is the nondecreasing union of the 1
fi

(Z/pZ)Q. As L is a finitely generated
(Z/pZ)Q-module, there exists a f such that L ⊂ 1

f
(Z/pZ)Q. As a consequence, H

actually sits in the following subgroup of Ĥ:
1

f
(Z/pZ)Q ↪→ H � Q,

isomorphic to (Z/pZ) o Zk. �

6.2. Upper bound. We now study the sections given by Lemma 6.1.1 in order
to obtain upper bounds for the return probability of the initial group.

Let G be a finitely generated metabelian non-abelian group of Krull dimension
k ≥ 2 satisfying

L ↪→ G� Q

where either
(1) Q ' Zk and L is a torsion-free (Z/pZ)Q-module of rank 1,
(2) or k ≥ 2, Q ' Zk−1 and L is a torsion-free ZQ-module of rank 1.

If this extension splits, then it contains either Z/pZ o Zk or Z o Zk−1 and we can
derive the corresponding upper bound for the return probability of G. If it does not
split, then the subgroup generated by any pull-back of generators of Q still satisfies
the exact sequence above and is either k-generated or (k − 1)-generated. We still
denote it G. Hence, G is a quotient of either B(p)

k or Bk−1. Denote by H this latter
group. We have the commuting diagram

[H,H] H Q

L G Q

Let N be the kernel of this morphism, we have N ⊂ [H,H] and we are left to
study the extensions of Q with a rank 1 quotient of the derived subgroup [H,H].

We start with the torsion-free case, that is H = Bk.

Proposition 6.2.1. The free metabelian Bk group embeds as a subgroup of the
power (Bk/N)k!.

Proof. Consider the action of the symmetric group Sk on Bk permuting the
generators. The derived subgroup M = [Bk, Bk] has rank d − 1 ([Cor11]) and is
invariant under this action. Consider the diagonal homomorphism

Bk →
∏
σ∈Sk

Bk/σ(N).

Lemma 6.2.2 below precisely says that this homomorphism is injective. Since
Bk/σ(N) is isomorphic to Bk/N , this proves the proposition. �

Lemma 6.2.2. The intersection
⋂
σ∈Sk

σ(N) is reduced to {0}.
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The proof of the lemma requires the following fact.

Fact. For every k ≥ 0, the group Sk has no faithful complex representation of
dimension ≤ k−2. In particular, every faithful complex representation of dimension
k − 1 is irreducible.

Proof. This is trivial for k ≤ 1. For k ≥ 2 distinct of 4, tables (see [Gro]
and [Bur11] Note C) shows that the only irreducible representations of dimension
< k − 1 are the trivial and signature 1-dimensional representations, and are thus
not faithful. For k = 4, there is an additional one, 2-dimensional, factoring through
a quotient of order 6, completing the proof. The second statement immediately
follows. �

Proof of Lemma 6.2.2. Let K be the fraction field of ZQ. By flatness of K,
we have an exact sequence

0→ N ⊗K →M ⊗K →M/N ⊗K → 0.

SinceM/N is torsion-free of rank 1, we deduce that N⊗K has positive codimension
in M ⊗ K. The intersection

⋂
σ∈Sk

σ(N ⊗ K) is a Sk-invariant subspace of positive

codimension in M ⊗ K. By the fact, it is therefore reduced to {0}. Since M is
embedded into M ⊗K, it follows that

⋂
σ∈Sk

σ(N) = {0}. �

Combined with Lemma 6.1.1(2), we get the following estimate.

Corollary 6.2.3. Let G be a finitely generated non-abelian metabelian torsion-
free group of Krull dimension k ≥ 2. Then the return probability of G satisfies

p2n 4 exp
(
−n

k−1
k+1 (log n)

2
k+1

)
.

Remark 6.2.4. The representation above is the standard representation for the
symmetric group. Indeed, by Magnus’ embedding, Bd embeds in the matrix group{(

b m
0 1

)
| b ∈ Zd,m ∈M

}
where M denotes the free Z(Zk)-module of rank d with basis (ei)i=1,...,k, via

si 7→
(
ai ei
0 1

)
.

Here, s1, . . . , sk denotes the generators of Bk and ai is the image of si in the abelian-
ization Zk. The symmetric group acts on M by permuting the elements of the
basis.

The derived subgroup of Bk embeds in the submodule N0 = {
∑
biei |

∑
bi(1−

Xi) = 0} and they both have rank d− 1 ([Cor11]). Therefore, their tensor product
by K are equal and we denote by V this subspace of M ⊗K. Up to multiplying the
ei’s by the scalars (1−Xi)

−1, V is the subspace of vectors
∑
biei satisfying

∑
bi = 0.

Remark 6.2.5. Proposition 6.2.1 remains true in positive characteristic p, as
long as p does not divide k. Indeed, in this setting the standard representation is
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irreducible: any v ∈ V r {0} has coordinates xi and xj such that xi 6= xj. Set
a = xi − xj 6= 0. Then

a−1(x− (i, j).x) = (0, . . . ,−1
↑
i

, 0, . . . , 1
↑
j

, . . . , 0)

generates a basis of V .

Corollary 6.2.6. Let G be a finitely generated non-abelian metabelian group
of Krull dimension k ≥ 2 whose derived subgroup is torsion. Assume that G admits
a nice section whose torsion does not divide k.

Then the return probability of G satisfies

p2n 4 exp
(
−n

k
k+2

)
.

Remark 6.2.7. Recall that, if G is a finitely generated metabelian group such
that [G,G] is torsion, then the torsion is uniform. Let n ≥ 1 be the smallest integer
so that n[G,G] = {1}. A sufficient condition for G to admit a nice section whose
torsion does not divide its Krull dimension k is therefore to assume that n and k
are coprime.

6.2.1. When the group only has nice sections whose characteristic divides the
Krull dimension. Let G be a finitely generated metabelian group of Krull dimension
k whose derived subgroup is torsion. Assume that Corollary 6.2.6 does not apply,
that is G only admits nice sections whose characteristic divides k.

Following the previous lines of reasoning, we consider again the standard rep-
resentation V of Sk (see Remark 6.2.4 for the notation) and now suppose that p
divides k. Therefore, there is one more invariant subspace: the line D, generated
by the vector (1, . . . , 1) ∈ V0. We explain in Remark 6.2.4 how this representation
arises from the Magnus’ embedding of B(p)

k . In this setting, D is the span of the
vector

x =

(∏
j 6=1

(1−Xj), . . . ,
∏
j 6=i

(1−Xj), . . . ,
∏
j 6=k

(1−Xj)

)
.

Lemma 6.2.8. The derived subgroup [B
(p)
k , B

(p)
k ] of the free p-metabelian group of

rank k is a free (Z/pZ(Zk))-module of rank k − 1.

Proof. Set M = [B
(p)
k , B

(p)
k ]. By [Cor11], M is torsion-free of rank k− 1. The

elements [s1, si], with i ≥ 2, generate the module M . Hence, M is free. �

The vector x is a linear combination of the [s1, si], for i ≥ 2, namely

x =
k∑
i=2

∏
j 6=1,i

(1−Xj)[s1, si].

Recall that we would like is to study quotients of B(p)
k with kernel N ⊂M such

that M/N has rank one and to obtain upper bounds on their return probability. To
reason as in Proposition 6.2.1 above, note that the intersection

⋂
σ∈Sk

σ(N) is either

D or trivial.
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When it is trivial, one can conclude on the return probability as above. When
this intersection is D, one can conclude that the quotient B(p)

k /D embeds in Gk! and
one needs to understand the return probability (or at least get an upper bound on
it) of this new group.

6.3. Free metabelian groups as subgroups of wreath products. Let G
be a finitely generated non-abelian metabelian group. In the last two subsections,
we exhibited a section of G that embeds in a wreath product and so that a power of
it contains a free (p-)metabelian group as a subgroup. All groups mentionned here
have the same Krull dimension. To complete the picture, we note, as a corollary
of the Magnus’ embedding, that the free (p-)metabelian group embeds in a wreath
product of the same Krull dimension.

Corollary 6.3.1. Let d > 2. The free metabelian group Bd embeds in the
wreath product Z o Zd. Similarly, for any prime p, the free p-metabelian group B(p)

d

embeds in the wreath product Z/pZ o Zd.

Proof. ByMagnus’ embedding, the free metabelian group embeds in the wreath
product Zd o Zd and the free p-metabelian group embeds in (Z/pZ)d o Zd. Hence, it
is enough to prove that Zd oZd embeds in Z oZd, and respectively that (Z/pZ)d oZd
embeds in Z/pZ o Zd. We indicate the proof in the torsion-free case, the proof for
the torsion case is similar.

Denote by B the base of the wreath product G = Z oZd. The group satisfies the
split extension

B ↪→ G� Zd.
Consider the finite index subgroupH ofGmapping toQ = Zd−1×dZ in the quotient.
Under the action of Q, the base B becomes a free ZQ-module of rank d. Therefore
H is isomorphic to the wreath product Zd o Zd. �
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Chapitre 2

Isoperimetry and Følner couples

In this chapter, we explain how to relate the existence of a sequence of Følner
couples in a group to its L1-isoperimetric profile. As an application, we show that
the existence of Følner couples descends to a quotient group or a closed subgroup.
Then, we use it to obtain a lower bound on the return probability of torsion-free
split metabelian groups of Krull dimension 1, without referring to the construction in
[PSC03]. This provides a more self-contained proof of the main theorem of Chapter
1. In some sense, this chapter is thus an expanded version of part 5.3 of the previous
chapter.

Some of the material presented here originates in the results developed in [Tes08,
Tes13] in the context of metric measure spaces. Nevertheless, as we need to know
precisely the dependence with respect to the scale to be able to apply our charac-
terization, we recall some of the proofs to be able to keep track of the constants or
provide more subtle statements.

1. Introduction

Let G be a locally compact, compactly generated group. Let λ be a left Haar
measure on G. For any probability measure µ on G, we consider the random walk
on G driven by µ and starting at the identity element e. Calling this process (Si)i≥0,
we have S0 = e and Si+1 = SiXi+1 where (Xi)i≥1 are independent and identically
distributed G-valued random variables with probability distribution µ. If the current
state is x, the probability of being in y at the next step is µ(x−1y).

In the following, we assume that µ is symmetric, that is µ(U) = µ(U−1), for
every Borel subset U , and that the group G is unimodular. Moreover, we require
µ to be absolutely continuous with respect to the Haar measure, with continuous
density, and that the support of µ is compact and generates G.

Recall that if µ and ν are two probability measures on G, the convolution product
µ ? ν is the push-forward measure under the map{

G×G→ G

(g, g′) 7→ gg′.

Observe that the distribution of Si is the i-fold convolution product µ?i = µ ? · · · ? µ︸ ︷︷ ︸
i

.

The measure µ acts by convolution on L1(G, λ), we denote by Pµ this operator:

Pµ :

{
L1(G)→ L2(G)

f 7→ f ? µ.
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Set φ(n) = ‖P n
µ ‖2

1→2.
Asymptotic behaviour. If ϕ, ψ denote two monotone functions, we use the no-

tation ϕ 4 ψ if there exist positive constants c and C such that cϕ(Ct) ≤ ψ(t)
(possibly for t in N if functions defined on N are considered). If the symmetric re-
lation ϕ < ψ also holds, we write ϕ ∼ ψ and say that ϕ and ψ have the same
asymptotic behaviour. This is an equivalence relation. As we need to know precisely
the constants and their dependance, we should make in this chapter a sparse use of
this notation.

In this setting, the asymptotic behavior of φ(n) does not depend on the choice
of such a measure µ. Alternatively, φ(n) corresponds to the value at the identity
element of the density of µ?2n with respect to the Haar measure (see for example
the survey by Tessera [Tes16]). When the group is finitely generated, φ(n) is the
probability of being back in the identity element after 2n steps 1. For these reasons,
we refer to φ(n) as the return probability of G.

We quickly recall known results about the behavior of the return probability,
that were mentioned with more details in Chapter 1. We also refer to the survey
[PSC01] where most of these results are gathered.

Kesten’s theorem states that G is non-amenable if and only if φ(n) < exp(−n)

([Kes59]). For virtually nilpotent groups, one can prove that φ(n) � n−
D
2 if and only

if the group has polynomial growth, and this follows essentially from the seminal
work of Varopoulos [Var83a, Var83b, Var85b, Var87]. ProvidedG is an amenable
Lie group, the following dichotomy, takes place for the volume growth function:

— either G has polynomial growth of exponent D, and φ(n) � n−
D
2 ,

— either G has exponential growth and φ(n) � exp(−n 1
3 ).

This dichotomy for the volume growth function was described by Guivarc’h and
Jenkins ([Gui73, Jen73]). Before explaining the two corresponding behaviours for
the return probability, let us mention a few words about the situation with discrete
groups.

If G is a finitely generated group of exponential growth, one can only claim the
upper bound

φ(n) 4 exp(−n
1
3 )

by a result of Hebisch and Saloff-Coste ([HSC93]). The corresponding lower bound,
which we refer to as a large return probability behaviour, fails in general: even if we
restrict ourselves to the solvable case, there is a wider range of possible return prob-
abilities than in the case of Lie groups. Actually, even among the class of metabelian
groups, it is possible to find a group with return probability smaller than exp(−nα),
for any 1

3
≤ α < 1. Nevertheless, Alexopoulos established in [Ale92] that polycyclic

groups do have this large return probability behavior.
In the previous chapter, we focused on the interesting question of characterizing

those groups with exponential growth admitting this matching lower bound and we
refer to this chapter for more information about it. Here we just want to tell a few
words about the proof of the aforementioned bounds.

1. Even times 2n are considered to avoid parity issues: namely, the simple random walk on Z,
with usual generating set, cannot reach 0 at odd times.
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The upper bounds are now well-understood and have a clear geometric interpre-
tations. The proof goes as follows:first, one establishes some isoperimetric inequality
for groups relating to the volume growth function ([CSC93]). The second step con-
sists in deducing a Faber–Krahn inequality. Such an inequality provides a lower
bound for the smallest eigenvalue of the Dirichlet problem depending on the mea-
sure of the domain. This latter inequality is known to be closely related to upper
bounds on the return probability ([Gri94]). We refer to [CGP01, Sections 2 and 4]
for a nice exposition on this matter.

Alternatively, in the polynomial growth case, we now know elementary proofs.
For instance, it is possible to go from polynomial lower estimates on the volume
growth to the correct upper estimate on the return probability, devising a proof (see
[Heb92, HSC93]) that does not appeal to Gromov’s polynomial growth theorem
([Gro81]). A simple proof for the lower bound was given by Barlow, Coulhon and
Grigor’yan ([BCG01]), while the classical proof used Gaussian upper bounds for
the heat kernel ([Dav89, Str92, HSC93]).

In the exponential growth case, the proof of the upper bound makes use of
structure results for Lie groups and polycyclic groups as well as certain properties
of Brownian motion in Rd and random walks in Zd ([HSC93]).

In [CGP01], Coulhon, Grigor’yan and Pittet introduced a new method for ob-
taining return probability lower bounds on non-compact Lie groups and infinite
discrete groups. Using this method, they were able to recover the results mentioned
above for unimodular amenable Lie groups and for certain classes of discrete groups,
including polycyclic groups and Baumslag-Solitar groups, as well as to obtain new
results for some groups with a semi-direct product or a wreath product structure.

Their method provides a more direct approach and relies on two ingredients.
The fisrt one is a technique for obtaining lower bounds based on the so-called anti-
Faber-Krahn inequalities, from [CG97]. The second one is to construct sequences
of so-called Følner couples (see Definition 3.1.2), that are couples of sets satisfying
certain volume and distance requirements and whose existence implies an anti-Faber-
Krahn inequality. In some sense, the construction of these couples reminds that of
Følner sets on groups.

1.1. Results. In this chapter, we consider locally compact compactly generated
groups. Our first result relates the existence of a sequence of Følner couples in a group
to its L1-isoperimetric profile.

Proposition 1. The group G admits a L-sequence of Følner couples if and only
if there exists C > 0 such that

(1.1) ∀n,∀m ≥ L(n), JnG(m) ≥ C,

where JnG denotes the isoperimetric profile at scale n (see part 2.4.2).

Our motivation for this proposition is to establish that admitting a sequence of
Følner couples goes to a quotient by a closed subgroup or to a closed subgroup.
To do so, we need to understand the behavior of the isoperimetric profile when
going to a quotient by a closed subgroup or to a closed subgroup. Tessera proved
in [Tes13], in the context of metric measure spaces, that it increases in both cases.
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Unfortunately the constants he obtained depends on the scale of the gradient and
one cannot apply directly the characterization above. Hence, we prove a stronger
version of these results.

Theorem 2. Let Q = G/H be the quotient of a locally compact, compactly
generated unimodular group G by a closed normal subgroup H. Let π : G → Q
denote the canonical projection. Then, for any 1 ≤ p < +∞, there exists a constant
b such that for any scale h and for any positive r

jhG,p(r) ≤ b jhQ,p(br).

As a corollary, we obtain that the existence of a sequence of Følner couples goes
to a quotient by a closed subgroup. This was already stated for finitely generated
groups in the previous chapter.

Corollary 3. Let Q = G/H be the quotient of a locally compact, compactly
generated unimodular group G by a closed normal subgroup H. If G admits a se-
quence of Følner couples adapted to a function L, then so does Q.

We also establish that Følner couples go to a closed subgroup, generalizing the
corresponding result for finitely generated groups by Erschler [Ers06].

Theorem 4. Let H be a closed compactly generated subgroup of a locally compact
compactly generated group G. Assume G and H are unimodular.

If G admits a L-sequence of Følner couples, then so does H.

As an application, we produce Følner couples for finitely generated split torsion-
free metabelian groups of Krull dimension 1:this provides a proof of the main the-
orem of the previous chapter that does not use the construction for torsion-free
soluble groups of finite Prüfer rank from [PSC03].

Theorem 5. Let G = AoZd be a finitely generated group, so that A = ZZd/P
is a ring of Krull dimension 1 and characteristic zero, where P is a prime ideal.
Then, G admits a split sequence of Følner couples of exponential size.

Whenever it is possible, we consider gradient and isoperimetric profiles at com-
pact scale. This slightly generalizes the study initiated by Tessera in [Tes08], where
scales were balls.

2. Preliminaries

2.1. Setting and some notations.
Let G be a locally compact, compactly generated unimodular group, equipped

with a left-invariant Haar measure µ. Denote by S a compact and symmetric gen-
erating set for G, that is G = ∪n∈NSn.

Here, for any two subsets A,B of G, AB denotes the set {ab | a ∈ A, b ∈ B} and
An is the set AA . . . A, where A occurs n times.

Equip G with the left-invariant word metric dS associated to S, such that
dS(g, h) = inf{n | g−1h ∈ Sn}. With these notations, gSn is the ball of radius
n centered around an element g, also denoted BG(g, n).

The triple (G, µ, dS) defines a metric measure space, in the view of [Tes08].

62



Doubling constant at scale K. If K is a compact symmetric subset of G contain-
ing 1, let CK denote the doubling constant at scale K, that is

CK =
µ(K2)

µ(K)
.

We begin with the following notion, generalizing to any compact symmetric
subset K of G the gradient at scale h defined by Tessera ([Tes08], paragraph 2.1).

2.2. Gradient at scale K.
Let K be a compact symmetric subset of G. Given a function f ∈ L∞(G), the

norm of the gradient at scale K will measure the variations of f along K :

(2.1) |∇f |K (x) = sup
k∈K
|f(x)− f(xk)|.

The definition in [Tes08] corresponds to K being BG(1, h) the ball of radius h,
centered around identity.

2.3. K-boundary.
Let K be a compact symmetric subset of G. The K-boundary of a measurable

subset Ω is

(2.2) ∂KΩ = ΩK ∩ ΩCK.

The following lemma explains the choice made for the gradient:

Lemma 2.3.1. Assume that K is a compact and symmetric subset of G containing
the identity element. For every measurable subset Ω of G, for any 1 ≤ p < +∞,

µ(∂KΩ) =

∫
G

|∇1Ω|K(x)dµ(x) = ‖|∇1Ω|K‖1.

Proof. It is enough to prove that 1∂KΩ ≡ |∇1Ω|K . Let g ∈ G. If g /∈ ∂KΩ, then
g /∈ ΩK or g /∈ ΩCK. In the first case, none of the K-translates of g belongs to Ω. In
the second case, all of them belong to Ω. Therefore, in both cases, |∇1Ω|K(g) = 0.
Assume now that g ∈ ∂KΩ. Similarly, considering if g belongs to Ω or its complement,
one can show that there is a K-translate of g belonging to ΩC or its complement Ω
respectively. Therefore |∇1Ω|K(x) = 1. �

2.4. Isoperimetric profiles at scale K.
This terminology of “isoperimetric profile” is ambiguous as there exist various

different definitions in the literature. Here, we consider the following setting.
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2.4.1. Functional isoperimetric profile. Let Ω be a measurable subset of G. For
any 1 ≤ p ≤ ∞, define the functional Lp-isoperimetric profile at scale K inside Ω
by

(2.3) jKG,p(Ω) = sup
f

||f ||p
|||∇f |K ||p

,

where the supremum is taken over all f in L∞(G) with support inside Ω. The
functional Lp-isoperimetric profile at scale K is then the non-decreasing function

(2.4) jKG,p(r) = sup
µ(Ω)≤r

jKG,p(Ω).

In the following, jKG will denote the L1-isoperimetric profile at scale K. We may
omit to mention the group whenever it is clear from the context.

Remark 2.4.1. Triangular inequality implies, for every x ∈ G and every k ∈ K,

|∇f |K(x) ≤ |∇f |K2(x) ≤ |∇f |K(x) + |∇f |K(xk).

Integrating over x yields |||∇f |K ||p ≤ |||∇f |K2||p ≤ 2|||∇f |K ||p. As a consequence,

jKp
2
≤ jK

2

p ≤ jKp .

Remark 2.4.2. If ρ denotes the action of G by right-translation on functions,
given by ρ(g)f(x) = f(xg), then one can rewrite the functional isoperimetric profile
as

jKG,p(r) = sup
|Supp(f)|≤r

||f ||p
||sup
k∈K
|f − ρ(k)f |||p

2.4.2. Isoperimetric profile.
Considering measurable subsets, one can also define the isoperimetric profile at

scale K

(2.5) JKG (r) = sup
µ(Ω)≤r

µ(Ω)

µ(∂KΩ)
,

dropping the G when it is clear from the context.

2.5. Isoperimetric inequalities at scale K.
Let ϕ : R+ → R+ be an increasing function. The group G satisfies an isoperi-

metric inequality (IKϕ ) at scale K if there exist positive constants C,C ′ such that
for every measurable subset Ω,

(IKϕ )
µ(∂KΩ)

µ(Ω)
≥ 1

Cϕ(C ′µ(Ω))
.

If we want to remember the constants, we should say that G satisfies (IKϕ , C, C
′).

By definition, G always satisfies (IK
JKG
, 1, 1). Conversely, if G satisfies (IKϕ ), then

ϕ < JKG .
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2.6. Sobolev inequalities at scale K.
Let ϕ : R+ → R+ be an increasing function, K a compact and symmetric subset

of G, and let p ∈ [1,+∞].
As introduced in [Cou03], we say that G satisfies a Sobolev inequality (SKϕ,p) at

scale K if there exist positive constants C,C ′, depending only on K and ϕ such that

(SKϕ,p) ||f ||p ≤ Cϕ(C ′µ(Ω))|||∇f |K ||p
where Ω ranges over all compacts subsets of G and f ∈ L∞(Ω). We should say that
G satisfies (SKϕ,p), or (SKϕ,p, C, C

′) if we need to remember the constants. The Sobolev
inequality (SKϕ,1) will be denoted (SKϕ ).

By definition, G always satisfies (SK
jKG,p,p

, 1, 1). Conversely, if (SKϕ,p) holds then

ϕ < jKG,p.
Whenever 1 ≤ p ≤ q < +∞, the Sobolev inequality (SKϕ,p) implies (SKϕ,q). In the

Riemannian setting, the proof goes back to [Cou03, Proposition 2.1]. In general, the
proof uses Hölder as in the Riemannian case combined with Lemma 4 in [Ms97].

2.7. Equivalence of Sobolev and isoperimetric inequalities.
We start recalling equivalence of Sobolev inequalities and isoperimetric inequal-

ities at scale K.

Proposition 2.7.1. The inequality (SKϕ ) is equivalent to the isoperimetric in-
equality (IKϕ ). More precisely

(SKϕ , C, C
′)⇒ (IKϕ , C, C

′)⇒ (SKϕ , 2C,C
′).

The usual proof easily extends to our context, using the following version of the
coarea formula, stated at scale BG(1, h) in [Tes08].

Lemma 2.7.2 (Coarea formula at scale K). Let f be a non-negative function
defined on G. Then,

1

2

∫
R+

µ(∂K({f ≥ t})dt ≤
∫
G

|∇f |K (x)dµ(x) ≤
∫
R+

µ(∂K({f ≥ t})dt.

Proof. The proof given in [Tes08], section 3.1, generalizes to a compact sym-
metric scale K. �

Proof of Proposition 2.7.1. Assume (SKϕ ) holds. Applying it with f = 1Ω,
with Ω a compact subset of G yields (IKϕ ), and the constants are not impacted.

Now assume that (IKϕ , C, C
′) holds. Hence, for every measurable subset Λ, one

has
µ(∂KΛ)

µ(Λ)
≥ 1

Cϕ(C ′µ(Λ))
.

Let Ω be a compact subset of G, f ∈ L∞(Ω) and t > 0. The set {f ≥ t} is a subset
of Ω. As ϕ increases

µ(∂K({f ≥ t}) ≥ µ({f ≥ t})
Cϕ(C ′µ({f ≥ t}))

≥ µ({f ≥ t})
Cϕ(C ′µ(Ω))

.
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The coarea formula then implies

|||∇f |||1 ≥
1

2Cϕ(C ′µ(Ω))

∫
R+

µ({|f | ≥ t})dt ≥ ||f ||1
2Cϕ(C ′µ(Ω))

,

hence (SKϕ , 2C,C
′) holds. �

As a corollary, the isoperimetric profiles have the same asymptotic behaviour.

Corollary 2.7.3. We have

JKG (r) ≤ jKG (r) ≤ 2JKG (r).

Proof. The left-hand side inequality arises when taking f = 1Ω, with µ(Ω) ≤ r.
To prove the right-hand side, we use the fact that (IKJK , 1, 1) always holds. Hence,

by proposition 2.7.1 (SKJK , 2, 1) holds and by definition of the functional isoperimetric
profile, jK ≤ 2JK . �

Remark 2.7.4. We could have defined the isoperimetric profile using left-translation,
namely

sup
|Supp(f)|≤r

||f ||p
||sup
k∈K
|f − λ(k)f |||p

,

where λ is the action of G by left-translation, that is λ(g)f(x) = f(g−1x). Discussion
and comparison between these two choices appears in [Tes13], section 4.

Notation. In the following, we will denote with by |∇f |n the gradient at scale
Sn and use the term n-boundary as well as the corresponding notation for the Sn-
boundary. Finally, jnG,p and JnG will be the isoperimetric profiles at scale Sn.

2.8. Thickness.
Our study of isoperimetry, and Følner pairs, for subgroups or quotients, will

sometimes require to understand how the measure of projection or restriction of sets
relates to the original measure. To obtain such a control, it will be more convenient
to work with balls. For a subset Z ⊂ G, we denote by [Z]v the v-neighbourhood of
Z, that is [Z]v = {x ∈ G | d(x, Z) ≤ v}.

Definition 2.8.1. A subset A of a metric space is called h-thick if it is a union
of closed balls of radius h.

The following lemma from [Tes08], follows from standard covering argument.

Lemma 2.8.2. [Tes08, Proposition 8.4] Let G be a locally compact group and µ
be a Haar measure on G. Then, there exists Cu,v such that for any u-thick subset A
and for any v

µ([A]v) ≤ Cu,vµ(A)

Lemma 2.8.3. Let Q = G/H be the quotient of a locally compact, compactly
generated unimodular group G by a closed normal subgroup H. Let π : G → Q be
the canonical projection and denote by µ, resp. ν, the Haar measure on G, resp.
G/H.

Then, for any u > 0, there exists a constant au such that, for any u-thick mea-
surable subset A of G,

ν(π(A)) ≤ auµ(A).
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Proof. SinceA is u-thick, there exists a subsetA inA such thatA = ∪x∈AB(x, u).
Let Z be a maximal u-separated subset of A. Then, u-thickness of A and maximality
implies that [Z]u/3 ⊂ A ⊂ [Z]2u, and the balls B(x, u

3
) are disjoint. Set

Cu =
µ(B(•, 2u))

µ(B(•, u
3
))

and C ′u =
ν(BQ(•, 2u))

µ(BG(•, 2u))
,

whose values are independent of the centre of the balls. Going to the quotient, we
have

ν(π(A)) ≤ ν(π([Z]2u)) ≤
∑
z∈Z

ν(BQ(π(z), 2u))

≤ C ′u
∑
z∈Z

µ(BG(z, 2u))

≤ CuC
′
u

∑
z∈Z

µ
(
BG

(
z,
u

3

))
= CuC

′
uµ([Z]u/3)

≤ CuC
′
uµ(A).

�

Lemma 2.8.4. Let H be a closed generated subgroup in a locally compact group
G. Endowed G with a left-invariance distance dG and H with the associated induced
distance dH . Equip G, resp. H, with Haar measures µ, resp. ν.

Then, for any u > 0, there exists a constant cu such that, for any subset A of G
which u-thick,

ν(A ∩H) ≤ cuµ(A).

Proof. Pick a maximal 2-separated (for dH) subset Z of A∩H. By maximality,
we have

[A ∩H]1 = {h ∈ H | dH(h,A ∩H) ≤ 1} ⊂ [Z]3 = {h ∈ H | dH(h, Z) ≤ 3}

and separability implies that the balls BG(z, 1), for z ∈ Z, are disjoint subset of G.
Set

C =
ν(BH(•, 3))

ν(BH(•, 1))
and C ′ =

ν(BH(•, 1))

µ(BG(•, 1))
,

by left-invariance, they are indeed independent of the center of the balls considered.
Then,

ν(A ∩H) ≤ ν([A ∩H]1) ≤ ν([Z]3) ≤
∑
z∈Z

ν(BH(z, 3))

≤ C
∑
z∈Z

ν(BH(z, 1)) ≤ CC ′
∑
z∈Z

µ(BG(z, 1)) ≤ CC ′µ([A]1)

≤ cuµ(A).

where we use the fact that A is u-thick and Lemma 2.8.2 in the last inequality.
�

Proposition 2.8.5. Let 1 ≤ p < ∞. Then, for every f ∈ L∞(G) and every
h ≥ 8

3
, there is a function f̃ ∈ L∞(G) whose support is included in a 1-thick subset
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Ã such that µ(Ã) ≤ αpµ(Supp(f)), and

||f ||p
|||∇f |h||p

≤ 5p
||f̃ ||p
|||∇f̃ |h

2
||p
.

This proposition origins in [Tes08, Proposition 8.3] and allows to restrict to
functions with thick support. Indeed, a similar result is proved in [Tes08] for any
scale h: it is better in terms of the thickness of Supp(f̃) but the constant b depends on
h. Here, we prove a more subtle statement for big enough h without this dependance.
The proof makes use of the following easy lemma, of which we give a proof for
completeness.

Lemma 2.8.6. Let a, a′, b, b′ and β be real numbers such that b, b′ > 0 and
a+ a′

b+ b′
≤ β and

a′

b′
> β.

Then
a

b
≤ β.

Proof. We prove the contraposition. Assume a
b
> β and a′

b′
> β. Then

a+ a′

b+ b′
>

a
b
b′−1 + a′

b′
b−1

b−1 + b′−1
> β.

�

Proof. Fix a function f in L∞(G) and set A = Supp(f). Let n > 1, whose
value we shall choose below and define a subset Ω by

Ω =

{
x ∈ A | µ(B(x, 1) ∩ A)

µ(B(x, 1))
≥ 1

n

}
and A1 = [Ω]1.

Set A2 = A \ (A1 ∩ A), f1 = f.1A1 and f2 = f − f1 = f.1A2 . It is clear that

(2.6) ||f ||pp = ||f1||pp + ||f2||pp.
The support of f1 is included in the 1-thick subset A1.

Claim 1. There exists a C such that

µ(A1) ≤ Cµ(A).

Proof of the claim. To prove this inequality, let Z be a maximal 3-separated
subset of Ω. Then [Z]1 ⊂ A1 ⊂ [Z]4 and the balls B(z, 1) for z ∈ Z are disjoint. We
have

µ(A1) ≤
∑
z∈Z

µ(B(z, 4)) ≤ C
∑
z∈Z

µ(B(z, 1)) ≤ Cn
∑
z∈Z

µ(B(z, 1) ∩ A) ≤ Cnµ(A).

�

To apply the lemma above, we need the corresponding inequalities: these are the
objects of the following claims.

Claim 2. We have

(2.7) |||∇f2|h
2
||p ≥

α

2
n||f2||p.
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Proof of the claim. To prove the claim, let Z be a maximal 1-separated
subset of A2. By maximality,

A2 ⊂
⋃
z∈Z

B(z, 1),

and by separation the balls B(z, 1
3
) for z ∈ Z are disjoint. We have

||f2||pp ≤
∑
z∈Z

∫
B(z,1)

|f2|pdµ ≤
∑
z∈Z

µ(A ∩B(z, 1)) sup
B(z,1)

|f2|.

On the other hand,

|||∇f2|h
2
||pp ≥

∑
z∈Z

∫
B(z, 1

3
)

|∇f2|ph
2

dµ ≥
∑
z∈Z

µ

(
B(z,

1

3
)

)
inf

B(z, 1
3

)
|∇f2|h

2

≥ α
∑
z∈Z

µ (B(z, 1)) inf
B(z, 1

3
)
|∇f2|h

2
.

For z ∈ Z, let us compare the above infimum and supremum.We consider a slightly
different gradient:for any function g and scale k define

|∇̃g|k(x) = sup
y,y′∈B(x,k)

|g(y)− g(y′)|.

By triangular inequality, |∇̃g|k(x) ≤ 2|∇g|k(x). Moreover, for any x ∈ B(z, 1
3
),

|∇̃f2|h
2
(x) ≥ sup

B(x,h
2

)

|f2| ≥ sup
B(z,1)

|f2|

as B(x, h
2
) contains B(z, 1) if h ≥ 8

3
and the latter meets AC .

As a consequence,
|||∇f2|h

2
||pp

||f2||pp
≥ α

2
n

and this completes the proof of the claim. �

Claim 3. We have

(2.8) |||∇f1|h
2
||pp + |||∇f2|h

2
||pp ≤ 5p|||∇f |h||pp.

Proof of the claim. To prove the claim, we prove that, for every x,

|∇f1|h
2
(x) + |∇f2|h

2
(x) ≤ 5|∇f |h(x).

Note that, as f1 = f−f2, triangular inequality implies that |∇f1|h
2
(x) ≤ |∇f2|h

2
(x)+

|∇f |h
2
(x). Hence, it is enough to prove that |∇f2|h

2
(x) ≤ 2|∇f |h(x).

If x /∈ A, this is clear. Assume now that x ∈ A. We distinguish two cases. First,
assume that d(x,AC) < h. The ball B(x, h) meets AC , therefore

|∇f |h(x) = max{|f(x)|, sup
y∈B(x,h)

|f(x)− f(y)|}.
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In this case

|∇f2|h
2
(x) =

{
supB(x,h

2
)|f2| if x /∈ A2

supy∈B(x,h
2

)|f(x)− f2(y)| otherwise
≤ 2 max{|f(x)|, sup

y∈B(x,h
2

)

|f(x)− f(y)|} ≤ 2|∇f |h(x).

Secondly, assume that d(x,AC) ≥ h. Then, for any y in B(x, h
2
), as h ≥ 8

3
, the ball

B(y, 1) is included in A. Consequently, |∇f2|h
2
(x) = 0 and this ends the proof of the

claim. �

Combining inequalities 2.6 and 2.8, we obtain

(2.9)
|||∇f1|h

2
||pp + |||∇f2|h

2
||pp

||f1||pp + ||f2||pp
≤ 5p

|||∇f |h||pp
||f ||pp

.

We now choose n such that

n ≥
2.5p|||∇f |h||pp

α||f ||pp
and apply Lemma 2.8.6 to (2.9) and (2.7) to conclude. �

Isoperimetric profile and quotient.
In this part, we show that the functional isoperimetric profile at scale h increases

when going to a quotient. This was already proved by Tessera in [Tes13, Proposition
5.5], although the constant he obtained depends on the scale. Here, our constant is
uniform with respect to the scale.

Theorem 2.8.7. Let Q = G/H be the quotient of a locally compact, compactly
generated unimodular group G by a closed normal subgroup H. Let π : G → Q
denote the canonical projection. Then, for any 1 ≤ p < +∞, there exists a constant
b = b(p,G,H) such that for any scale h ≥ 8

3
and for any positive r,

jhG,p(r) ≤ b j
h
2
Q,p(br).

The proof we give follows part of the lines of [Tes13] but do not use exactly
the same definition of gradient. Indeed, the proof given in [Tes13] would not give a
constant independent of h, as discussed in the appendix.

Proof. Consider Q as the group of right H-cosets of G. Take the image T =
π(S) as a compact symmetric generating set for Q, so that the map π : (G,S) →
(Q, T ) is 1-Lipschitz. Equip G and Q with left Haar measures µ and ν and take a
Haar measure σ on H such that, for every continuous compactly supported function
f on G, ∫

G

f(g)dµ(g) =

∫
Q

(∫
H

f(hg)dσ(h)

)
dν(Hg).

Let 1 ≤ p <∞ and Σ : C0(G)→ C0(Q) defined by

Σ(f)(Hg) =

(∫
H

|f(hg)|pdσ(h)

) 1
p

.
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The application Σ preserve the Lp-norm and the support of Σ(f) is the projection
on Q of the support of f . Fix r > 0 and let f ∈ L∞(G) such that µ(Supp(f)) ≤ r.
Let g ∈ G. By definition of the gradient and choice of T ,

|∇Σ(f)|h(Hg) = sup
k∈Sh

|Σ(f)(Hg)− Σ(f)(Hgk)|.

Hence,

|∇Σ(f)|h(Hg) = sup
k∈Sh

∣∣∣∣∣
(∫

H

|f(hg)|pdσ(h)

) 1
p

−
(∫

H

|f(hgk)|pdσ(h)

) 1
p

∣∣∣∣∣
≤
(∫

H

( sup
k∈Sh

|f(hg)− f(hgk)|)pdσ(h)

) 1
p

=

(∫
H

(|∇f |h(hg))p dσ(h)

) 1
p

.

Integrating on Q yields, by definition of the measure σ,

|||∇Σ(f)|h||p ≤ |||∇f |h||p.
As a consequence, we have the comparison

||f ||p
|||∇f |h||p

≤ ||Σ(f)||p
|||∇Σ(f)|h||p

.

To derive the conclusion for the functional isoperimetric profiles of G at scale h and
G/H at scale h, it is necessary to relate ν(Supp(Σ(f))) with µ(Supp(f)). To do so,
we use Proposition 2.8.5 to restrict to functions with thick support, at the cost of a
factor b. The support is now included in a 1-thick subset whose measure is bounded
above by αr. Then, Lemma 2.8.3 allows to compare the measure of the support
with the measure of its projection to the quotient. This completes the proof of the
theorem. �

3. Følner couples in locally compact compactly generated groups

Sequences of Følner couples are tools introduced in [CGP01] to produce lower
bounds on the return probability. In this section, we recall the definition and explain
how to characterize their existence in terms of isoperimetric profile. We then apply
this characterization to establish that the existence of such a sequence goes to a
quotient. Finally, we address the case of subgroups.

3.1. Definition.

Definition 3.1.1 ([CGP01]). We say that G admits a sequence of Følner cou-
ples adapted to the class of a function L(n) if there exists a sequence (F ′n, Fn) of
compact subsets of G and C > 0, such that

(1) F ′nSn ⊂ Fn.
(2) µ(Fn) 4 L(n).
(3) µ(F ′n) ≥ Cµ(Fn).

To specify the function, we use the term L-sequence of Følner couples. We should
say that the couples have exponential size whenever L ' exp.

71



Example 3.1.2 ([CGP01]). Let G be the Baumslag-Solitar BS(q) :=< x, y |
xyx−1 = yq >. It is isomorphic to the semi-direct product Z[1

q
]oZ and is metabelian,

but non polycyclic as it contains the non-finitely generated subgroup Z[1
q
]. A gener-

ating set for G is given by (±1, 0), (0,±1). Let

Ωn = {u ∈ Z | |u| < (2q)n}
Ω′n = {u ∈ Z | |u| < 3(2n − n)qn}

Then, if Fn = Ωn × J0, 3nK and F ′n = Ω′n × Jn, 2nK, the sequence (Fn, F
′
n)n is a

sequence of Følner couples associated to L(n) = exp(n).

Remark 3.1.3. Existence of Følner couples adapted to the class of a given func-
tion L does not depend on the choice of the generating set for G.

Interest for the existence of sequences of Følner couples lies in the following ap-
plication: existence of Følner couples yields a lower bound for the return probability
(see Coulhon, Grigor’yan and Pittet [CGP01], as well as Erschler [Ers06]). We
only give one corollary.

Corollary 3.1.4. If the group G admits a sequence of Følner couples adapted
to a function of the form V(t) = C exp(Ctd), then

pG2n < exp(−n
d
d+2 ).

3.2. A characterization in terms of isoperimetry.

Proposition 3.2.1. The group G admits a L-sequence of Følner couples if and
only if there exists C > 0 such that

(3.1) ∀n,∀m ≥ L(n), JnG(m) ≥ C.

Proof. To prove the direct implication, it is enough to find a positive constant
C and, for every n, a measurable subset Gn of measure at most L(n) satisfying

(3.2)
µ(Gn)

µ(∂nGn)
≥ C.

Take C as given in the definition of Følner couples and set Gn = F ′n. Part (1) of the
definition implies that ∂nF ′n ⊂ Fn.

To prove the reverse implication, fix some small positive ε such that C − ε > 0.
For every n, let Gn be a compact subset of mesure at most L(n) such that:

µ(Gn)

µ(∂nGn)
≥ C − ε.

Set Fn = Gn ∪ ∂nGn and F ′n = Gn. Clearly, F ′nSn ⊂ Fn.
One can check that µ(Fn) ≤ µ(Gn) + µ(∂nGn) ≤ (1 + (C − ε)−1)µ(Gn) 4 L(n).

Similarly
µ(F ′n)

µ(Fn)
≥ 1

1 + (C − ε)−1
.

�
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3.3. Følner couples and quotient.
We now use the characterization to produce sequences of Følner couples in a

quotient group.

Corollary 3.3.1. Let Q = G/H be the quotient of a locally compact, com-
pactly generated unimodular group G by a closed normal subgroup H. If G admits a
sequence of Følner couples adapted to a function L, then so does Q.

In the previous chapter, we proved it for finitely generated groups, in a less
natural way (see Proposition 5.10, Chapter 1).

Proof. It readily follows from the combination of Proposition 3.2.1 and Theo-
rem 2.8.7. �

3.4. Følner couples and closed subgroups.
3.4.1. Inheritance. Having Følner couples in finitely generated groups is inher-

ited by finitely generated subgroups, as proved by Erschler in [Ers03], Lemma 4
(her argument for Følner functions also deals with sequences of Følner couples).
We prove a similar statement in the case of locally compact compactly generated
groups, following the same lines of reasoning: the only thing to do is to deal with
the measures.

Theorem 3.4.1. Let H be a closed compactly generated subgroup of a locally
compact compactly generated group G. Assume G and H are unimodular.

If G admits a L-sequence of Følner couples, then so does H.

Proof. We equip G and H with left Haar measures µ and ν. Let λ be a G-
invariant σ-finite measure on the quotient G/H. Up to normalization, we can assume
that for every integrable compactly supported function f on G,∫

G

f(g)dµ(g) =

∫
G/H

(∫
H

f(gh)dν(h)

)
dλ(gH).(3.3)

Let S, resp. SH , be a compact generating set for G, resp. H, with SH ⊂ G. Let
(Fn, F

′
n)n∈N be a sequence of L-Følner couples of G. We may assume that Fn is

1-thick, for example by replacing it with F ′nSn. Fix a measurable set Q of represen-
tatives of G/H in G and set, for every n in N and every q in Q,Fn,q = q−1Fn ∩H,
and F ′n,q = q−1F ′n ∩H, so that

Fn =
⋃
q∈Q

qFn,q and F ′n =
⋃
q∈Q

qF ′n,q.

By construction, for every q in Q and every n in N, F ′n,q ⊂ Fn,q and F ′n,qS
n
H ⊂

q−1F ′nS
n ∩ H ⊂ Fn,q. By 3.3 and pigeon-hole principle, there exists a C such that

for every n, there is a qn in Q such that ν(F ′n,qn) ≥ Cν(Fn,qn).
The size condition ν(Fn,q) 4 L(n) follows from Lemma 2.8.4 as Fn is a thick

subset of G.
Finally, (Fn,qn , F

′
n,qn)n∈N provides the desired sequence of Følner couples. �
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Remark 3.4.2. In the first point of Definition 3.1.1 of Følner couples, we require
F ′nS

n ⊂ Fn. This rewrites it as d(F ′n, (Fn)C) ≥ n, where d denotes the word distance
associated to the generating set S.

It is actually possible to define Følner couples for any other distance. With this
in mind, note that the previous proof actually provides Følner couples in H for the
induced distance, which is smaller than the word distance.

3.4.2. Split couples. When working with semi-direct products, it will be natural
to consider couples that respect the splitting.

Definition 3.4.3. Let G be a locally compact compactly generated group with
two subgroups H,K so that H is abelian and G = H oK is a semi-direct product.
Equip G with the metric associated to a generating set S = SH ∪ SK where SH is
a finite generating set for the ZK−module H and SK is a finite generating set for
the group K. Let (Fn, F

′
n)n be a sequence of Følner couples of G. We say that this

sequence splits if there exists An, A′n, finite subsets of H and Bn, B
′
n finite subsets

of K such that, as sets, Fn = An ×Bn and F ′n = A′n ×B′n for every n.

Remark 3.4.4. The sequence of couples (B′n, Bn)n is a sequence of Følner couples
for K.

In the proof of the previous proposition, the couples obtained are cosets of the
original couples. Hence, we may state the following corollary.

Corollary 3.4.5. Let G be a locally compact compactly generated group with
two subgroups H,K so that H is abelian and G = H oK is a semi-direct product.
Let L = H ′ o K be a closed compactly generated subgroup of G such that H ′ is a
subgroup of H.

Assume that G admits a sequence of split L−Følner couples whose projection on
K is the sequence (K ′n, Kn)n. Then L admits a sequence of split L-Følner couples
whose projection on K is (K ′n, Kn)n.

4. Construction of Følner couples for split torsion-free metabelian
groups

4.1. The reason.
Recall that a finitely generated group G is said to have large return probability

if pG2n < exp(−n 1
3 ). Section 5.3 of chapter 1 contains the proof of the main result of

this chapter, namely

Theorem (Theorem 1 in Chapter 1). Let G be a finitely generated metabelian
group. Then,

G has large return probability ⇔ G has Krull dimension 0 or 1.

We refer to the previous chapter for more details about the Krull dimension of
a group. Remind that the direct implication follows from looking at the impact of
the Krull dimension on the structure of the group.

If G is a finitely generated metabelian group, we denote byM and Q two abelian
groups so that Q is finitely generated and G is an extension of M by Q. The proof
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of the reverse implication makes use of the machinery of sequences of Følner couples
designed by Coulhon, Grigor’yan and Pittet in [CGP01] and, in view of Corollary
3.1.4, it is enough to provide such a sequence of couples of exponential size. Let us
now outline this construction.

First, we restrict to the split case with quotient Q being finitely generated free
abelian, so that G = M oQ. The splitting will persist in the couples we propose to
construct.

Secondly, we decompose M as a tower of submodules {0} = M0 ≤ M1 ≤ · · · ≤
Mn = M and study the groupsMi+1/MioQ. This is possible by Proposition 2.1.19,
Chapter 1. Whenever G has Krull dimension at most 1, so have they. Recall that
Mi+1/Mi is isomorphic to ZQ/Pi for some prime ideal Pi, thus has characteristic
either zero or prime.

In the torsion case, we construct a sequence of split Følner couples of exponential
size, see part 5.2.1, Chapter 1. In the torsion-free case, we show that the group has
finite Prüfer rank (that is, there is a bound on the number of generators needed to
generate any finitely generated subgroup) and use a general construction of (split)
Følner couples for finitely generated solvable groups of finite rank due to Pittet and
Saloff-Coste [PSC03]. Along the way, we manage to prescribe the projection on Q.

Then, we combine all these couples through the lifting Lemma 5.3.4, Chapter 1.
This uses in particular the fact that the existence of (split) Følner couples in finitely
generated groups descends to a quotient group (Proposition 5.3.1, Chapter 1).

In the following subsection, we intend to construct sequences of Følner couples
in the torsion-free case, thus providing a more self-contained proof of the theorem
above, as it will no longer require the construction from [PSC03].

4.2. The construction.
We consider a finitely generated metabelian group G = MoQ of Krull dimension

at most 1, where M is isomorphic to a ring ZQ/P of characteristic zero, for some
prime ideal P , and Q is finitely generated free abelian. Thus, G is actually torsion-
free of Krull dimension 1. We intend to construct sequences of Følner couples of
exponential size in G with prescribed projection on Q.

Theorem 4.2.1. Let G = A o Zd be a finitely generated group, so that A =
ZZd/P is a ring of Krull dimension 1 and characteristic zero, where P is a prime
ideal. Then, G admits a split sequence of Følner couples of exponential size that
projects onto the Følner couples (J−n, nKd, J−2n, 2nKd)n on Zd.

Proof. As A has Krull dimension 1, Noether’s normalization theorem (Theorem
2.1.9, Chapter 1) implies that there exists c ∈ Z such that Ac contains Z[1

c
] and is

finite as a Z[1
c
]−module. The fraction field of Ac is a finite extension of Q. By the

primitive element theorem, it is a simple extension of Q: let α be a complex number
so that Frac(Ac) = Q(α). The diagonal embedding

Ac ↪→
∏
p|c

Qp(α)× C = B,

where the product runs over the primes p dividing c, is a discrete embedding. The
action of Zd on A extends to a diagonal action on B.
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Claim 1. The group B o Zd admits a sequence of split Følner couples of expo-
nential size that project onto the Følner couples (J−n, nKd, J−2n, 2nKd)n on Zd.

As G is a subgroup of BoZd, Corollary 3.4.5 yields a sequence of split Følner cou-
ples of exponential size forG that projects onto the Følner couples (J−n, nKd, J−2n, 2nKd)n
on Zd, hence the theorem. �

Proof of the Claim. Recall that

B o Zd =

∏
p|c

Qp(α)× C

o Zd,

where Zd acts diagonally. We consider the generating set S = (
∏

p|c Sp × BC(1)) o
{e1, . . . , ed}, where BC(a) = {z ∈ C | |z| < a} for any real number a and e1, . . . , ed
denote the canonical generators of Zd.

Denote by (B′n, Bn)n the prescribed sequence of Følner couples for Zd. To con-
struct the desired Følner couples, we exhibit Følner couples for the groups C o Zd
and Qp(α)× Zd and take a product.

We start with the group CoZd. Each generator ei of Zd acts multiplicatively on
C and we still denote by ei the corresponding complex number, so that ei.x = eix
for every x ∈ C. Set M = max{|ei|, |ei|−1; i = 1 . . . d}d and

F ′0,n = BC(nM2n), F0,n = BC(2nM2n).

Then, (F ′0,n ×B′n, F0,n ×Bn)n is a sequence of Følner couples for C× Zd.
In the groups Qp(α) × Zd, for p | c, we argue similarly: again, we still denote

by ei the element in Qp(α) such that for every x ∈ Qp(α), ei.x = eix. Let k be a
radius such that for every i, edi , e

−d
i ∈ p−kZp(α). Set F ′p,n = Fp,n = p−knZp. Then,

(F ′p,n ×B′n, Fp,n ×Bn)n is a sequence of Følner couples for Qp(α)× Zd.
Finally, define

Fn =

∏
p|c

Fp,n × F0,n

×Bn and F ′n =

∏
p|c

F ′p,n × F ′0,n

×B′n,
this is the desired sequence of Følner couples for B o Zd. �

4.3. Følner couples for extensions.
We end this section mentioning the following application of Theorem 3.3.1, that

generalizes Lemma 5.3.4 in Chapter 1 to locally compact compactly generated groups
and general sizes.

Lemma 4.3.1. Let G = M o Q be a locally compact compactly generated split
metabelian group, with M and Q abelian groups. Let SQ be a compact generating set
for Q and SM be a compact generating set for the ZQ-module M . Fix a K-sequence
of Følner couples F = (F ′n, Fn)n for Q. Assume that

(1) M has submodules M1 and M2 so that M2 is a cyclic ZQ-module and its
projection onto M/M1 is the whole of M/M1.

(2) The group M1 oQ admits a L-sequence of split Følner couples that projects
onto the sequence F in Q.
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(3) The groupM2oQ admits aM-sequence of split Følner couples that projects
onto the sequence F in Q.

(4) LMK 4 N .
Then, the group M o Q admits a N -sequence of Følner couples that projects onto
the sequence (F ′nS

n
Q, F

′
n)n in Q.

Proof. The module M1 ×M2 surjects onto M , hence the group H = (M1 ×
M2) o Q, where Q acts diagonally, surjects onto M o Q. By Corollary 3.3.1, it is
enough to construct Følner pairs for H, whose projection onto Q is (F ′n, Fn)n.

Write (Ω′n,Ωn)n, resp. (Λ′n × F ′n,Λn × Gn)n the sequence of Følner couples of
M1 oQ, resp. M2 oQ, and set for all n

∆n = Ωn × Λn, ∆′n = Ω′n × Λ′n.

The sequence (∆′n,∆n)n is a sequence of Følner couples of exponential size, that
projects onto the sequence (Fn, F

′
n)n in Q. �
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Appendix: Discussions around another equivalent definition for the
isoperimetric profile

Coming back to the isoperimetric profiles defined in (2.4), the following propo-
sition, adapted from [Tes13] Proposition 4.1, allows to take the supremum outside,
and yields an asymptotically equivalent isoperimetric profile. However, the constant
that appears here depends on the compact K, hence this profile is not appropriate
if one wishes to consider growing compacts.

Proposition 4.3.2. We have

jKG,p(r) ≤ sup
µ(Supp(f))≤r

||f ||p
sup
k∈K
||f − ρ(k)f ||p

≤ 4CK jKG,p(r),

where CK denotes the doubling constant of G at scale K.

Proof. The left-hand side inequality follows from the fact that

sup
k∈K
||f − ρ(k)f ||p ≤ ||sup

k∈K
|f − ρ(K)f |||p.

To prove the right-hand side inequality, note that∥∥∥∥∥
(

1

µ(K2)

∫
K2

|f − ρ(k)f |pdµ
) 1

p

∥∥∥∥∥
p

p

=
1

µ(K2)

∫
K2

||f − ρ(k)f ||ppdµ(k)

≤ sup
k∈K2

||f − ρ(k)f ||pp.

Hence

sup
|Supp(f)|≤r

||f ||p
sup
k∈K2

||f − ρ(k)f ||p
≤ sup
|Supp(f)|≤r

||f ||p∥∥∥ 1
µ(K2)

∫
K2|f − ρ(k)f |dµ

∥∥∥
p

.

Recall that (SKjKp ,p, 1, 1) always holds. Proposition 7.2 in [Tes08] implies that there
exists a constant LK such that (SjKp ,p, LK , 1) holds for the gradient appearing in
the above right-hand side denominator. Moreover, one can take LK to be twice the
doubling constant at scale K:LK = 2µ(K2)

µ(K)
. Indeed, Proposition 7.2 in [Tes08] is

stated for scale being balls but generalizes directly to any compact symmetric scale
K. As a consequence,

sup
|Supp(f)|≤r

||f ||p
sup
k∈K2

||f − ρ(k)f ||p
≤ LK jKp (r).

To conclude, just note that, by triangular inequality,

sup
|Supp(f)|≤r

||f ||p
sup
k∈K2

||f − ρ(k)f ||p
≥ 1

2
sup

|Supp(f)|≤r

||f ||p
sup
k∈K
||f − ρ(k)f ||p

.

Hence, we get the desired inequality. �

Remark 4.3.3. The previous proposition is still valid when considering left-
translation instead of right-translations, that is replacing ρ by λ.
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Remark 4.3.4. The proposition above shows that this “outside” profile may
yield constants that blow out as the compact K grows. To prove that this indeed
happens, one should exhibit examples for which it is possible to compute the optimal
constants, that do explode for growing compacts.

79





Chapitre 3

Soluble groups with no Z o Z sections

Ce chapitre est basé sur un travail en cours avec Peter Kropholler ([JK17]).

1. Introduction

In this chapter, we examine how the structure of soluble groups of infinite torsion-
free rank with no section isomorphic to the wreath product of two infinite cyclic
groups can be analysed. As a corollary, we obtain that if a finitely generated soluble
group has a defined Krull dimension and has no sections isomorphic to the wreath
product of two infinite cyclic groups then it is a group of finite torsion-free rank.

2. Notation and background

2.1. Classes of soluble groups. The terms of the derived series of a group
G are denoted G(n), inductively defined with G(0) = G and G(n+1) being the com-
mutator subgroup [G(n), G(n)]. The soluble groups are those for which some term
of the derived series is trivial and the derived length is the length of the derived
series. Recall that a group G is soluble and minimax provided it has a series
{1} = G0 / G1 / · · · / Gn = G in which the factors are cyclic or quasicyclic. By
a quasicyclic group, we mean a group Cp∞ , where p is a prime number, isomorphic
to the group of p-power roots of unity in the field C of complex numbers. For a
useful alternative point of view, the exponential map z 7→ e2πiz identifies the addi-
tive group Z[1

p
]/Z with Cp∞ . The terminology Prüfer p-group is often used to mean

the quasicyclic group Cp∞ . For brevity, we write M for the class of soluble minimax
groups.

For soluble groups the Hirsch length or torsion-free rank is defined by the for-
mula h(G) =

∑
i≥0 dimQG

(i)/G(i+1)⊗ZQ. Finitely generated soluble groups of finite
torsion-free rank possess a locally finite normal subgroup such that the quotient
belongs to M. We write τ(G) for the largest normal locally finite subgroup of G.

Let X denote the class of soluble groups of finite torsion-free rank, and let Xq be
the subclass of those having torsion-free rank q. Let A0 denote the class of torsion-
free abelian groups. For classes of groupsY and Z, we writeYZ for the class of groups
that have a normal Y-subgroup with corresponding quotient in Z. If G is a finitely
generated soluble group not in X then it is a triviality to choose a quotient of G that
belongs to A0X but not X. For example, let d be least such that G(d−1)/G(d) has
infinite torsion free rank and letH/G(d) be the torsion subgroup of G(d−1)/G(d). Then
G/H belongs to A0X\X. While it is not in general possible to choose a quotient that
is just-non-X we can nevertheless find quotients enjoying certain key properties. We
write Fitt(G) for the join of the normal nilpotent subgroups of G. This is the Fitting
subgroup. Fitting’s lemma states that the join of two nilpotent normal subgroups
is nilpotent and consequently the Fitting subgroup is locally nilpotent. It is the
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directed union of the nilpotent normal subgroups and it contains every subnormal
nilpotent subgroup.

Theorem A. Every finitely generated soluble group of infinite torsion-free rank
has a quotient G with the following properties:

(i) The Fitting subgroup F of G is torsion-free abelian of infinite rank.
(ii) The factor group G/F has finite torsion-free rank.
(iii) Every non-trivial normal subgroup of G meets F .
(iv) F is self-centralizing.
(v) If K is a normal subgroup of G such that KF/F is not locally finite then

G/K has finite torsion-free rank.

Part (i) should be compared with the standard fact that the Fitting subgroup
of a just-infinite or just-non-polycyclic group is abelian.

To prove the Proposition we need the following facts about nilpotent groups.
Here and subsequently, ζ(K) denote the centre of the group K. We write γi(K) for
the ith term of the lower central series of K, that is γ1(K) = K and inductively
γi+1(K) = [γi(K), K]. For nilpotent groups the lower series terminates in 1 by
definition and the class of a nilpotent group is its length.

Lemma 2.1.1. Let K be a nilpotent group.
(i) The set of elements of finite order in K is a subgroup.
(ii) If K is torsion-free then so is K/ζ(K).
(iii) If K/ζ(K) is torsion then [K,K] is torsion.
(iv) If K is torsion-free and possesses an abelian normal subgroup A such that

K/A is a torsion group then K is abelian.

Proof. Parts (i), (ii) and (iii) are standard results and we refer the reader to
[Rob96] for these and further background. For readers’ convenience we include an
argument to prove (iv). Since K is torsion-free, so is K/ζ(K) by (ii). By induction
on class we may assume the result true of K/ζ(K) so we reduce at once to the
case when K/ζ(K) is abelian. In this case, for any a ∈ A, the map x 7→ [x, a] is a
homomorphism from K to ζ(K). For any x there is an m ≥ 1 with xm ∈ A and
the homomorphism evaluates to 1 this power of x. Since K is torsion-free it follows
that the homomorphism is trivial and hence A lies in the centre of K, and K/ζ(K)
(being a quotient of K/A) is torsion. Now (iii) implies that [K,K] is torsion and
since K is torsion-free the result follows. �

The following further result about arbitrary groups is extremely important in
analysing the structure of nilpotent groups.

Lemma 2.1.2. Let K be a group. Then for each i there is a natural surjective
homomorphism

K/[K,K]⊗ · · · ⊗K/[K,K]︸ ︷︷ ︸
i

→ γi(K)/γi+1(K).

In particular, if K is nilpotent and Z is a class of groups such that quotients of
Z-groups are in Z and tensor products of abelian Z-groups are in Z then K belongs
to Z if and only if K/[K,K] belongs to Z.
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This result, including the application to classes of groups Z with the stated
closure properties can be found in Robinson’s book [Rob96].

Corollary 2.1.3. If K is a nilpotent group of infinite torsion-free rank then
K/[K,K] has infinite torsion-free rank.

Proof of Theorem A. We may replace G by a quotient that lies in A0Xq,
and that has infinite torsion-free rank, and so that q is as small as possible amongst
quotients of G with these properties. Quotienting by τ(G) we may also assume that
τ(G) = 1. Let A be an abelian normal subgroup such that G/A ∈ Xq.

If N is a nilpotent normal subgroup of G then K := NA is nilpotent of infinite
torsion-free rank and hence K/[K,K] has infinite torsion-free rank by Corollary
2.1.3. It follows that G/K has torsion-free rank q and so K/A is torsion. By Lemma
2.1.1(iv) K is abelian and therefore N is abelian. Hence every nilpotent normal
subgroup of G is abelian and (i) follows. The remaining parts are then automatically
true. �

2.2. The set of rational numbers. The set of rational numbers has two roles
in this paper. First it is the prime field of characteristic zero and we denote this by
Q. Secondly it is a countable dense linear order and when in this guise we denote
it by Q. In general a poset is a set with a reflexive antisymmetric and transitive
relation ≤. We shall write x < y to mean (x ≤ y and x 6= y). We also freely use
the notation x > y and x ≥ y to mean y < x and y ≤ x respectively. The interval
notation [x, y] is used for the set {z; x ≤ z ≤ y}. The poset Q enjoys a special role
on account of

Cantor’s Theorem (Theorem 9.3 of [BMMN97]). Every countable dense
linearly ordered set without endpoints is order-isomorphic to Q.

We refer the reader to Chapter 9 of [BMMN97] for a careful introduction to
Cantor’s theorem and its ramifications.

2.3. On deviation and Krull dimension. We write dev(S) for the deviation
of a poset S. The definition can be found in [MR87] and can be stated like this:

(i) dev(S) = −∞ if S is trivial (meaning that a ≤ b =⇒ a = b for all
a, b ∈ S).

(ii) dev(S) = 0 if S is non-trivial and artinian.
(iii) And in general by transfinite induction: dev(S) is defined and equal to the

ordinal α if S does not have defined deviation β for any predecessor β of α
and, in every strictly descending chain x0 > x1 > x2 > . . . , all but finitely
many of the intervals [xi+1, xi] have deviation defined and preceding α.

For a group G we write dev(G) for the deviation of the poset of subgroups of G and
we write Krull(G) for the deviation of the poset of normal subgroups of G. This last
is known as the Krull dimension of G [Tus03]. In ring theory, the Krull dimension
of a module over a ring is defined to be the deviation of the poset of its submodules.

If a group G acts on a group M so that the action contains the inner auto-
morphisms of M , we write KrullG(M) for the Krull dimension of M as a G-group,
defined as the deviation of the subposet of subgroups ofM that are stable under the
action of G. Similarly, if a group H acts on M , we write devH(M) for the deviation
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of M as an H-group, which is the deviation of the subposet of subgroups of M that
are stable under the action of G.

The next proposition studies how deviation and Krull dimension of G behave
with respects to extensions. It is stated in Chapter 1, Lemma 2.2.8 for the Krull
dimension. The argument for the deviation is the same.

Lemma 2.3.1. Let
M ↪→ G

p
� Q

be a sequence of H-groups. Then,

KrullH(G) = max{KrullH(M),KrullH(Q)},
devH(G) = max{devH(M), devH(Q)}.

Lemma 2.3.2. Let S be a poset. Then dev(S) exists if and only if S has no
subposet isomorphic to Q.

Proof. McConnell and Robson supply a statement and proof in [MR87, Chap-
ter 6, §1.13], but using the poset of dyadic numbers Z[1/2] instead of Q. Cantor’s
theorem allows us to reconcile theirs with ours since it implies that D minus end-
points is order-isomorphic to Q. �

The Krull dimension of a nilpotent group can be expressed in terms of the
dimension of the factors of its lower central series, and is equal to its deviation.

Proposition 2.3.3. Let N be a nilpotent group. Then,

Krull(N) = max
16i6n

{Krull(Ni/Ni+1)} = max
16i6n

{dev(Ni/Ni+1)} = dev(N),

where n denotes the nilpotency length of N and the groups Ni form the lower central
series of N , defined inductively by N1 = N and, for i > 1, Ni+1 = [N,Ni].

Proof. The proof is by induction on the nilpotency length. The last term Nn

of the lower central series is abelian. Consider the short exact sequence

Nn� N � N/Nn.

It follows from Lemma 2.3.1 that Krull(N) = max{KrullN(Nn),KrullN(N/Nn)}. By
induction,

Krull(N) = max
i=1...n

{KrullN(Ni/Ni+1)} .

The action ofN on the factorsNi/Ni+1 is trivial. Indeed, let n ∈ N and niNi+1 an ele-
ment of the factor, where ni ∈ Ni. Then, n.niNi+1 = nnin

−1Ni+1 = ni[n
−1
i , n]Ni+1 =

niNi+1. Therefore, we get the formula stated above. �

Lemma 2.3.4. Let G be a nilpotent group. Then the following are equivalent:
(i) dev(G) exists.
(ii) dev(G) ≤ 1.
(iii) Krull(G) exists.
(iv) Krull(G) ≤ 1.
(v) G is minimax.

84



Proof. Proposition 2.3.3 above and stability under extension of the minimax
property imply that it is enough to prove the lemma for abelian groups. Hence, we
may assume that G is abelian. Note that (i) and (iii) are the same, as well as (ii)
and (iv). We shall prove that (v)⇒ (ii)⇒ (i)⇒ (v).

If G is a minimax abelian group, then it is max-by-min. Finitely generated
abelian groups have deviation 0 or 1 (Chapter 1, Lemma 2.2.4), hence G has devia-
tion less or equal to 1. It follows at once that (ii)⇒ (i), and (i)⇒ (v) is proved in
([BCGS14], Lemma 4.6). �

An alternative proof of this lemma can be devised by employing the variation
on Corollary 2.3 that says G is minimax if G/[G,G] is minimax.

The following similar lemma already appeared in the paper [Tus03] by Tushev.
We provide a different proof.

Lemma 2.3.5 ([Tus03]). Let G be a soluble group. Then the following are equiv-
alent:

(i) dev(G) exists.
(ii) dev(G) ≤ 1.
(iii) G is minimax.

Proof. If G is abelian, this is the content of the previous lemma. If G is soluble,
the result follows by induction on its derived length. �

Example 2.3.6. Let Z act on the polynomial ring Z[X] by f(X)∗m := f(X+m).
Then Z[X] o∗ Z is metabelian, locally nilpotent and has

(i) Krull dimension 2,
(ii) infinite torsion-free rank, and
(iii) no sections isomorphic to Z o Z.

Proof. Denote by G the group Z[X] o∗ Z.
(i) The group G is metabelian, we have the following short exact sequence

Z[X] � G � Z. Therefore, by Chapter 1, Proposition 2.2.10 its Krull
dimension is the Krull dimension of the ZZ-module Z[X]. As the annihilator
of Z[X] in the group ring ZZ is trivial, this dimension equals 2.

(ii) G has infinite torsion-free rank, as it contains Z[X] which is abelian of
infinite torsion-free rank.

(iii) Existence of a section of G isomorphic to Z oZ would contradict local nilpo-
tency.

�

3. The Main Structure Theorem

Let V denote the class of finitely generated groups in A0X \X and let U denote
the class of those V-groups that have no Z oZ sections. Our goal in this section is to
provide a description of the groups in U. Of course all such groups have a quotient
satisfying all the conclusions of the Theorem A, but our structure theorem applies
to arbitrary U-groups.
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Theorem B. Let G be a U-group. Then G has subgroups A ⊂ K and (Aj)j∈N
such that the following hold:

(i) All the subgroups Ai, A and K are normal.
(ii) A is torsion-free abelian of infinite rank.
(iii) For each j, Aj ⊂ A, Aj has finite rank, and A is the direct product of the

Aj.
(iv) K/A is locally finite.
(v) G/K is a virtually torsion-free M-group.
(vi) For each j, K/CK(Aj) is finite.
(vii) For each subgroup H of finite index in K that is normal in G, CA(H) has

finite rank.

Corollary 1. Let G be a finitely generated soluble group with Krull dimension.
Then G has finite torsion-free rank if and only if G has no sections isomorphic to
Z o Z.

Example 2.3.6 shows that finite generation is an essential hypothesis here.

Proof. The direct implication follows from the fact that Z o Z has infinite
torsion-free rank.

We prove the reverse implication. LetG be a finitely generated soluble group with
Krull dimension that has no section isomorphic to Z o Z. We proceed by induction
on the length of the derived series of G. Let B be the last non-trivial term of this
series. By induction, G/B has finite torsion-free rank. We aim to prove that B has
finite torsion-free rank as well.

Quotienting out the torsion subgroup of B has no impact on the torsion-free
rank, thus we may assume that B is a torsion-free abelian normal subgroup of G.

By contradiction, if B were not of finite torsion-free rank, the group G would
belong to the class U. Therefore, the description given in Theorem B would provide
a torsion-free abelian normal subgroup A of G, of infinite rank, such that A is the
direct product of infinitely many ZQ-modules, where Q stands for the quotient group
G/A. Hence A would have infinite uniform dimension, and consequently would not
admit a Krull dimension, by (6.2.6 in [MR87]). This contradicts the existence of
the Krull dimension of G. �

The theorem has the following consequence for random walks on soluble linear
groups. We refer to Chapter 1 for background and definitions.

Corollary 2. Let G be a finitely generated soluble linear group. Then either G
has large return probability or G has a section isomorphic to Z o Z.

Proof. By results of Mal’cev [Mal51] and Schur, the group G has a finite index
subgroup H which is virtually torsion-free nilpotent-by-abelian. By Remarque 2.0.4,
(ii), the group H, admits a Krull dimension. The dichotomy of Corollary 1 above
applies : either H has finite torsion-free rank or H has a section isomorphic to Z oZ.
Therefore, either G has finite rank or G has a section isomorphic to Z oZ. The lower
bound for the return probability of finitely generated soluble groups of finite rank
is due to Pittet and Saloff-Coste [PSC03]. �
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Proof of the Structure Theorem.

Lemma 3.0.1. Let Q be a soluble group with a locally finite normal subgroup K
such that Q/K is minimax. Let M be a QQ-module on which K acts trivially and
which is locally finite-dimensional. Then for any cohomology class ξ ∈ Hn(Q,M)
there exists a finite-dimensional submodule L of M such that ξ lies in the image of
the map Hn(Q,L)→ Hn(Q,M) induced by the inclusion of L in M .

This is a minor extension of Proposition 4 in [Kro84]. The example below shows
that the assumption that K acts trivially on M cannot be dropped.

Proof. Let (Mj)j∈J be a sequence of increasing finite-dimensional submodules
of M with ∪j∈JMj = M . Triviality of the K-action implies that M and the Mj’s
are QQ/K-modules, and that

Hq(K,Mj) =

{
Mj if q = 0,

0 otherwise,
and Hq(K,M) =

{
M if q = 0,

0 otherwise.

Therefore the spectral sequence

lim
→
Hp(Q/K,Hq(K,Mj))⇒ lim

→
Hp+q(Q,Mj)

collapses when q > 0, and takes value lim
→
Hp(Q/K,Mj) when q = 0. We also have

the following spectral sequence

Hp(Q/K,Hq(K,M))⇒ Hp+q(Q,M),

which collapses for q > 0 and takes value Hp(Q/K,M) when q = 0. In addition,
there is a natural map from the first of these to the second. As a consequence, it is
sufficient to prove that this natural map

lim
→
Hp(Q/K,Mj)→ Hp(Q/K,M)

is an isomorphism for all p. As Q/K is minimax and Mj is finite-dimensional, this
follows from ([Kro84], proposition 4). �

Example 3.0.2. Let Q = K = F2[t]. For every natural number j, let Mj be a
finite-dimensional QK-module on which⊕

l6j

F2t
l

acts trivially and such that MK
j = 0. As an example, one can take Q with the

following K-action: for every i in Z and every x in Q,

ti.x =

{
−x provided i = j + 1,

x otherwise.

We have the following exact sequence⊕
j∈N

Mj �
∏
j∈N

Mj � X
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where X denotes the quotient of the product of the M ′
js by their direct sum. By

construction, K acts trivially on X. The long-exact sequence of cohomology(⊕
j∈N

Mj

)K

�

(∏
j∈N

Mj

)K

→ XK → H1

(
K,
⊕
j∈N

Mj

)
→ H1

(
K,
∏
j∈N

Mj

)
has many simplifications. First, note that the two left terms are trivial, and the third
one is actually X. Moreover, by [Bie81],

H1(K,
∏

Mj) =
∏

H1(K,Mj) = 0

because each term of the product is zero. Therefore, H1(K,⊕Mj) is isomorphic to
X, whereas the direct sum

⊕
j H

1(K,Mj) is trivial.

Let G be a group, and M a ZG-module. We shall say that M is a constrained
module if and only if for each g ∈ G, and m ∈M,m.Z〈g〉 has finite abelian section
rank. Similarly, if k is a field, a kG-module will be called constrained if and only if
for each g ∈ G it is locally finite-dimensional as a Q〈g〉-module. For a given group
ring, the class of constrained modules is both section and extension closed. These
definitions were introduced in [Kro84] by Kropholler, who proved that a finitely
generated soluble group with no section isomorphic to (Z/pZ) o Z is minimax.

Proposition 3.0.3 ([Kro85], Lemma 3.3). Let Q be a finitely generated soluble
group of finite torsion-free rank and let M be a constrained QQ-module. Then M is
locally finite-dimensional.

Lemma 3.0.4. Let Q be a group, T be a normal subgroup of Q and V be a QQ-
module. Assume that V is completely reducible as a QT -module. Denote by Λ the
set of isomorphisms classes of simple QT -submodules of V and set, for every λ ∈ Λ
and for every orbit σ ∈ Λ/Q,

Vλ =
∑
S6V
S'QTλ

S and Wσ =
∑
λ∈σ

Vλ.

Then Wσ is the QQ-submodule of V generated by Vλ and

V =
⊕
σ∈Λ/Q

Wσ.

Proof. By construction, Wσ is a QQ-submodule of V and
∑
Wσ = V . Assume

that σ and γ are such that Wσ and Wγ intersect non-trivially. Then this intersection
contains a simple QT -submodule S ' λ for some λ ∈ Λ and Wσ = Wγ. �

We may now proceed to the proof of the Structure theorem.

Proof of the Structure Theorem. As G belongs to the class U, it has
a normal torsion-free abelian subgroup A with infinite torsion-free rank such that
the quotient Q = G/A is a finitely generated soluble group of finite torsion-free
rank. The group Q has a locally finite normal subgroup T = K/A such that the
quotient Q/T = G/K belongs to M. Let ξ ∈ H2(Q,A) be the cohomology class
corresponding to this extension.
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Denote by V the tensor product A ⊗ Q. Since G has no section isomorphic to
Z o Z, it follows that V must be a constrained QQ-module. Then, by proposition
3.0.3, V is locally finite-dimensional.

Claim 1. The module V is a direct sum of simple QT -modules.

To prove this claim, consider

X = {X ⊂ V | X.QT '
⊕
x∈X

x.QT and for each x in X, x.QT is simple }.

Zorn’s lemma provides a maximal element X in X . If X.QT 6= V , choose v ∈
V \X.QT . By Maschke’s theorem, v.QT decomposes as a direct sum of simple QT -
modules, and at least one of them is not contained in X.QT . Therefore, by changing
the choice of v if necessary, we may assume that v.QT is simple. Set X ′ = X ∪ {v}.
The set X ′ belongs to X and that is a contradiction. Therefore X.QT = V .

Lemma 3.0.4 applies and allows to write V as the direct sum of the QQ-modules
V = ⊕σWσ where σ runs along the orbits of the action of Q on the set Λ of
isomorphisms classes of simple QT -submodules of V and

Wσ =
∑
λ∈σ

Vλ, where Vλ =
∑
S6V
S'QTλ

S.

Claim 2. The QQ-modules Wσ are finite-dimensional over Q.

Take a simple QT -submodule S of V and consider the QQ-module S.QQ : by
local finiteness, it is finite-dimensional over Q. Set T0 = CT (S.QQ). The subgroup T0

is normal in Q and has finite index in T . Denote by σ the orbit of the isomorphism
class λ ∈ Λ of the submodule S. It follows that the module Wσ is acted on trivially
by T0, henceWσ ⊂ V T0 . Denote by [V, T0] the span of the elements v(t−1) for v ∈ V
and t ∈ T0. It intersects V T0 trivially as V/[V, T0] is the biggest quotient of V on
which T0 acts trivially. Therefore, the second claim follows from

Claim 3. The quotient V/[V, T0] is finite-dimensional.

To prove this third claim, first note that Q/T0 is minimax. Let ξ̂ be the im-
age of ξ in H2(Q, V/[V, T0]). Lemma 3.0.1 provides a finite-dimensional submodule
L/[V, T0] of V/[V, T0] such that ξ̂ lies in the image of the map H2(Q,L/[V, T0]) →
H2(Q, V/[V, T0]) induced by the inclusion of L/[V, T0] in V/[V, T0]. Consequently, ξ̂
goes to zero in H2(Q, V/L). As G is finitely generated and the extension

A/A ∩ L� G/L� Q

splits, we have V = L and therefore V/[V, T0] is finite-dimensional. This ends the
proof of the claim.

Consequently,Wσ is finite-dimensional and V is a direct sum of finite-dimensional
QQ-modules Vi. Set Ai = Vi∩A, this is a normal subgroup of G with finite rank. The
group A contains the infinite direct sum of the Ai’s and the corresponding quotient
A/(⊕Ai) is torsion. Hence, we may replace A with ⊕Ai. This proves (i)− (vi).

The proof of (vii) is similar to the third claim: if H is a finite index subgroup of
K, it acts trivially on CA(H) and similarly, V/[V,H] is finite-dimensional.

�
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APPENDIX A

More on Krull dimension

In this appendix, we recall the obstruction for a group not to admit a Krull
dimension. We also give formulas for the Krull dimension of nilpotent-by-abelian
or abelian-by-nilpotent groups involving only modules, applying Lemma 2.28 of
Chapter 1.

We refer to Chapter 1, section 2 for details and notations about posets and Krull
dimension.

1. Groups without Krull dimension

Recall that we defined the Krull dimension of a group G as being the deviation
of the poset of its normal subgroups, whenever it exists (see section 2 in Chapter 1
for details). Otherwise, we say that G does not admit a Krull dimension.

We discuss in this subsection groups that does not admit a Krull dimension.
Recall the following fact, probably well-known, stated in Chapter 3, Lemma 2.3.2.

Lemma 1.0.1. The Krull dimension of a group G exists if and only if the poset
of normal subgroups of G has no subposet isomorphic to Q.

A basic well-known example is given by free groups.

Proposition 1.0.2. Let n > 2. The free group Fn of rank n does not admit a
Krull dimension.

Proof. For n > 2, let a, b be two generators of Fn. Consider, for every k > 1,
the words Rk = [akba−k, b] 1. One can see that, for every n,Rn does not belong to
the normal subgroup generated by {Rm | m 6= n}. Hence, one can consider the map

Φ :

{
P(N∗)→ N (F2)

I 7→ 〈〈Rn;n ∈ I〉〉

Independence of the Rn implies injectivity of Φ, which is also preserves inclusion.
Therefore, the poset N (F2) contains (P(N∗),⊂) as a subposet. The latter is iso-
morphic to the poset ({0, 1}N∗ ,6), which has a subposet isomorphic to the interval
[0, 1], hence contains Q ∩ [0, 1]. Lemma 1.0.1 above allows to conclude. �

Corollary 1.0.3. A group surjecting on a nonabelian free group does not admit
a Krull dimension.

1. These words appear in a presentation of the wreath product Z o Z which is not finitely
presented ([Bau61]).
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2. Krull dimension of metanilpotent groups

Recall the following, about the Krull dimension of nilpotent groups.

Lemma 2.0.1 (Lemma 2.3.4, Chapter 3). Let G be a nilpotent group. Then the
following are equivalent:

(i) Krull(G) exists.
(ii) Krull(G) ≤ 1.
(iii) G is minimax.

Remark 2.0.2. Therefore, the Krull dimension of a nilpotent group N
— is −∞ if N = {0},
— is 0 if N is non-trivial artinian,
— is 1 if M is minimax non-artinian,
— is not defined otherwise.

The Krull dimension of metanilpotent groups can be expressed using particular
module sections.

Proposition 2.0.3. Let G be a metanilpotent group, that is

N ↪→ G� P,

where N and P are nilpotent. Then,

Krull(G) = max

{
max
i=1...n

{KrullZP (Ni/Ni+1)} , max
j=1...p

{Krull(Pi/Pi+1)}
}
,

where n, resp. p, denote the nilpotency length of N , resp. P , and the groups Ni,
resp. Pj, form the lower central series of N , resp. P , defined inductively by N1 = N
and, for i > 1, Ni+1 = [N,Ni], and similarly for P and the Pj’s.

Proof. Lemma 2.2.8 from Chapter 1 applied to the action of G by conjugation
yields

Krull(G) = max{KrullG(N),KrullG(P )}.
First, note that the G-action on P is actually a P -action and KrullG(P ) =

Krull(P ). The desired formula for this last term is given in Proposition 2.3.3 from
Chapter 3. Hence, we are left with studying KrullG(N).

Using the decomposition of N , we get
KrullG(N) = max

i=1...n
{KrullG(Ni/Ni+1)}.

We claim that the G-action on Ni/Ni+1 induces an action of the quotient P , for
1 ≤ i ≤ n. Indeed, let xNi+1 be an element of Ni/Ni+1 and g, g′ two elements
of G such that g′ = gn, for some n in N . We have g′.xNi+1 = g′x(g′)−1Ni+1 =
g.(nxn−1Ni+1) = g.xNi+1, where the last equality uses nxn−1 = x[x−1, n] ∈ xNi+1.
Hence, the action of an element of G only depends on its image on the quotient P .
Moreover, the groups Ni/Ni+1 are abelian groups, hence their dimension as P -groups
is equal to their dimension as ZP -modules.

This proves the formula. �

Remarks 2.0.4.
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(i) When N is abelian (so that G is abelian-by-nilpotent), we have

Krull(G) = max
{

KrullZP (N), max
i=1...n

{Krull(Pi/Pi+1)}
}
.

If G is moreover finitely generated, N is a finitely generated module over a
Noetherian ring, hence is Noetherian. Indeed, this is a result, due to Hall
[Hal54] that the integral group ring of a polycyclic group is Noetherian.
Hence, G admits a Krull dimension.

(ii) When P is abelian (so that G is nilpotent-by-abelian), we have

Krull(G) = max
{

Krull(P ), max
i=1...n

{KrullZP (Ni/Ni+1)}
}
.

If G is moreover finitely generated, Krull(P ) is either 0 or 1 (see Lemma
2.2.4 in Chapter 1) and the ZP -modules Ni/Ni+1 are finitely generated,
hence Noetherian. As a consequence, G admits a Krull dimension.
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Titre : Propriétés métriques et probabilistes des groupes métabéliens de type fini

Mots Clefs : groupes métabéliens, probabilité de retour, profil isopérimétrique, paires
de Følner

Résumé : Dans la première partie, on étudie la probabilité de retour des groupes métabé-
liens de type fini. On donne une caractérisation des tels groupes avec grande probabilité de
retour en des termes purement algébriques, à l’aide de la dimension de Krull. Cela néces-
site, pour les groupes métabéliens, une variation d’un théorème de Kaloujnine et Krasner
qui respecte cette dimension. Au passage, on obtient des bornes inférieures et supérieures
sur la probabilité de retour des groupes métabéliens en fonction de la dimension de Krull.
La seconde partie concerne les profils isopérimétriques des groupes localement compacts
compactement engendrés, qu’on utilise pour caractériser l’existence d’une suite de paires
de Følner. On démontre que le profil isopérimétrique augmente lorsqu’on passe au quotient,
avec des constantes indépendantes de l’échelle, améliorant un théorème de Tessera. Combi-
nant les deux, on obtient que l’existence de suites de paires de Følner passe au quotient. On
montre qu’elle passe au sous-groupe fermé, généralisant un résultat correspondant d’Er-
schler pour les groupes de type fini. Cela permet d’obtenir une preuve plus auto-contenue
du théorème principal de la première partie.
La troisième partie est un travail en commun avec Kropholler dans lequel on étudie la
structure des groupes résolubles de rang sans torsion infini n’ayant pas de section isomorphe
à Z o Z. On en déduit qu’en présence d’une dimension de Krull, ce type de section est la
seule obstruction à la finitude du rang sans torsion.

Title : Metric and probabilistic properties of finitely generated metabelian groups

Keys words : metabelian group, return probability, isoperimetric profie, Følner couples

Abstract : In the fist part, we study the return probability of finitely generated metabelian
groups. We give a characterization of such groups with large return probability in purely
algebraic terms, namely the Krull dimension of the group. To do so, we establish, for
metabelian groups, a variation of a famous embedding theorem of Kaloujnine and Krasner
that respects this dimension. Along the way, we obtain lower and upper bounds on the
return probability of metabelian groups according to their dimension.
The second part of this thesis deals with isoperimetric profiles of locally compact compactly
generated groups, that we use to characterize the existence of sequences of Følner couples.
We generalize at a compact scale previous results of Tessera, in particular that they increase
when going to a quotient group, so as to state in more generality a result from the first
part, namely that the existence of Følner couples goes to a quotient group. We also prove
that it goes to a closed subgroup. This allows to obtains a more self-contained proof of the
main result of the first part of this thesis.
The third part is a joint work with Kropholler in which we study the structure of soluble
groups of infinite torsion-free rank with no Z o Z. As a corollary, we obtain that a finitely
generated soluble group with Krull dimension has finite torsion-free rank if and only if it
has no Z o Z.
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