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This thesis is concerned with the problem of computing projective resolutions of
associative algebras. Our starting point is Bardzell’s resolution for monomial alge-
bras. Given an associatve algebra, we use Bergman’s principle of reduction systems
to associate monomial algebras to it. We prove that the differentials in Bardzell’s res-
olution of these monomial algebras can be modified to obtain projective resolutions
of the original algebra. We also give sufficient conditions for a complex coming from
a modification of Bardzell’s resolution of an associated monomial algebra to be exact.
We apply our method to three families of algebras: Quantum complete intersections,
Quantum generalized Weyl algebras and down-up algebras. In the case of down-up
algebras, we use the resolution obtained to compute homological invariants of these
algebras. This way we prove regularity properties and we solve the isomorphism
problem for non-noetherian down-up algebras.

Cette these s’intéresse au probleme de calculer des résolutions projectives d’algebres
associatives. Notre point de départ est la résolution de Bardzell pour les algebres
monomiales. Etant donnée une algebre, nous utilisons le principe de systémes de
réduction de Bergman pour lui associer des algebres monomiales. Nous montrons
que les différentielles de la résolution de Bardzell de ces algebres peuvent se mod-
ifier pour obtenir des résolutions projectives de l'algébre de départ. Par ailleurs,
nous donnons un critére pour quun complexe provenant d'une modification de la
résolution de Bardzell d"une algebre monomiale associée soit exacte. Nous appliquons
notre méthode a trois familles d’algebres : les intersections completes quantiques, les
algebres de Weyl généralisées quantiques, et les algebres down-up. Dans le cas des
algébres down-up, nous utilisons la résolution obtenue pour calculer des invariants
homologiques de ces algebres. De cette fagcon nous montrons des proprietés de regu-
larité et nous donnons une solution au probleme de l'isomorphisme pour les algébres
down-up non-noethériennes.
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Introduction

The study of invariants and intrinsic properties of a given object is central in every
field in mathematics. Description of these kind of properties are often used to answer
elementary but difficult questions, such as deciding whether two given objects are
equivalent or not. In the theory of associative algebras these invariants usually come
in the form of homology groups. Among others, Hochschild homology and cohomol-
ogy groups are a very powerful tool and have been widely studied during the last
decades. To compute these invariants for an algebra A one needs a projective bimod-
ule resolution of A as a bimodule over itself. Every associative algebra has a standard
resolution, called the bar resolution, but it is almost impossible to perform computa-
tions using it. Therefore, the first problem one faces when computing Hochschild
(co)homology is to find a convenient projective resolution of the given algebra. The
results of this thesis belong to this domain. The approach that we take follows work
of Anick, Green and Bardzell.

Let k be a field, A a k-algebra presented by generators and relations and T a one-
dimensional A-module. In [1] and [2] the authors construct explicit left A-modules
from combinatorial objects called ambiguities, coming from the way the relations in-
teract, and prove that there exist morphisms between them forming a projective A-
module resolution of T. In [4] and [5] Bardzell provided explicit modules and differ-
entials of a projective bimodule resolution for monomial algebras. These are algebras
of the form A = kQ/I with Q a quiver, kQ the path algebra over Q and I a two-sided
ideal generated by paths of lenght at least two. The modules are also constructed from
ambiguities.

We deal with the case when the ideal I is not monomial. In this setting we find
that Bergman’s language of reduction systems, developed in [3], provides a natural
framework to reduce the problem to the monomial case. Roughly speaking, given
an associative k-algebra A = kQ/I, with I an arbitrary two-sided ideal, we construct
monomial algebras As = kQ/Is which are strongly related to A and we prove that
for each of these monomial algebras it is possible to modify the formulas of the dif-
ferentials in their Bardzell’s resolution in a very controlled way to obtain differentials
between A-bimodules, again constructed from ambiguities, which form a projective
A-bimodule resolution of A. With this we recover the results in [1] and in [2] with
significant improvements on the information obtained about the differentials. Follow-



ing an observation in [3], we construct partial orders on the set of paths that help us
control this process.

The proof of this existence theorem goes by induction, and thus it is very difficult
to trace back the construction of the differentials to actually compute these resolutions
in examples. To deal with the problem of effective computations we obtain sufficient
conditions for morphisms between these ambiguity modules to form a resolution, and
the existence theorem says that there always exist resolutions verifying these condi-
tions. This gives a very general method to compute bimodule resolutions of algebras
presented by generators and relations. In Chapters 4 and 5 we apply our method in
the following families of algebras.

- Quantum complete intersections. The members of this family are the algebras
k(x,y)/J(&,n, m), where & € k, n and m are integers at least equal to 2 and
J(&,m, m) is the two-sided ideal generated by the elements x™, y™ and yx — &xy.
When n = m = 2, the algebras k(x,y)/J(§ n, m) are Koszul and with our
method we recover their Koszul resolution. For the general case these alge-
bras are no longer Koszul but our method applies with no further difficulties.
The formulas we obtain are a natural generalization of the formulas for the case
n=m=2.

- Quantum generalized Weyl algebras. This is the family of algebras defined by
k(y,x, h)/J(a(h),q), where a(h) is a polynomial in the variable h, q € k* and
J(a,q) is the two-sided ideal generated by the elements hy — qyh, hx — q~'xh,
yx — a(h) and xy — a(gh).

- Down-up algebras. Given elements «, 3 and y in a field k, the down-up algebra
A(w, 3,v) is the algebra with generators d and u subject to the relations d?u —
adud — Bud? —yd and du? — cudu — pud? —yu. These algebras are 3-Koszul if
and only if v = 0. Our method applies to a general down-up algebra A(«x, 3,v)
and we obtain in all cases a resolution of length 3. In the cases where the algebra
is 3-Koszul our resolution coincides with the Koszul resolution.

In the cases of Quantum complete intersections and Quantum generalized Weyl alge-
bras, the resolutions we obtain were previously constructed in [8] and [33]. In both
cases the authors use very specific methods. With these three families we aim to show
the flexibility of our method and the generality in which it can be applied.

The techniques described in this thesis may also be used to compute cup products
and Gerstenhaber brackets on Hochschild cohomology, for which a more refined study
of the contracting homotopies is needed. For researchers interested in Gerstenhaber
deformations of associative algebras, Proposition 3.22 is of particular importance since
it provides strong information to compute Hochschild cohomology in degree 2.

The article [18] contains part of the results of this thesis.



Resumen de la tesis

A continuacién resumimos los puntos principales de la tesis. Parte de estos resultados
dieron origen al articulo [18].

Capitulo 1: sistemas de reduccién, 6rdenes parciales y
ambigiiedades

En este capitulo definimos y estudiamos las herramientas que utilizaremos en los
siguientes capitulos para construir resoluciones proyectivas de algebras asociativas.
Se trata de sistemas de reduccion y ambigiiedades.

Sistemas de reduccion

Comenzamos por establecer la notacién. Sean k un cuerpo y Q un carcaj con un
conjunto finito de vértices. Denotamos k* = k\{0}. Dado n € N, Q denota el
conjunto de caminos de Q de largo n y Q< el conjunto de caminos de largo a lo
sumo n. Si c € Qn, escribimos |c|] = n. Sia,b,p,q € Q>p son tales que q = apb,
decimos que p es un divisor de q. Si a € Qo decimos que p es un divisor a izquierda de
q,ysib € Qp decimos que p es un divisor a derecha de q. Denotamos t,s : Q1 — Qo
las funciones destino y origen usuales. Dado s € Q>¢ y un elemento f = } ; Aic; € kQ
tal que ¢; € Qo y t(s) = t(ci), s(s) = s(ci) para todo i, decimos que f es paralelo a s.
Sea E := kQo la subdlgebra de kQ generada por los vértices de Q.

Dado un anillo R, un R-médulo a izquierda M y un conjunto X € M, denotamos
(X)r el R-submoédulo a izquierda de M generado por X.

Utilizaremos cierta terminologfa de [3]. Sea R un subconjunto de Q¢ x kQ. Deci-
mos que R es un sistema de reduccion si para todo (s, f) € R, el elemento f es paralelo
asys #f. Unaterna (a,p,c), dondep=(s,f) € Rya,c & Qxpson tales que asc # 0
en kQ, se llama reduccion bdsica y la denotamos 1q 5. Observamos que 14 determina
un endomorfismo 14, : kQ — kQ dado por rqc(asc) = afc y rqpc(q) = q para
todo q # asc. En caso de que no se preste a confusién escribiremos 14 en lugar
de 7. Una reduccion es una n-upla (ry,...,11), donde n € Ny r; es una reduccién



basica para todo i. Toda reduccién determina un endomorfismo r : kQ — kQ dado
por la composicién 1, o - -- o 11 de los endomorfismos correspondientes a las reduc-
ciones bdésicas 1y, ...,T].

Un elemento x € kQ se dice irreducible para R si v(x) = x para toda reduccién
basica r. Un camino p € Q> se dice de reduccion finita si para cada sucesién infinita
de reducciones bdsicas (1i)icy existe ng € N tal que rpo---o1i(p) =T 0 - 0o11(p)
para todo n > ny. Un camino p se dice de reduccion tinica si es de reduccién finita
y ademds para cada par de reducciones r y r’ tales que r(p) y r’(p) son elementos
irreducibles, vale la igualdad r(p) = r/(p).

Un orden parcial

Sean k un cuerpo y Q un carcaj como antes. Sea R un sistema de reduccién tal que
todo camino es de reduccién finita.

Seax =) " Aici €kQconAy,..., Ay € k* ycy,...,cn caminos de largo mayor o
igual que 0. El conjunto {cy,...,cn} se llama el soporte de x y lo denotamos Su(x).

Definimos una relacién < en el conjunto k* Q> :={Ap € kQ : A € k™, p € Q>0 U
{0} como la menor relacién reflexiva y transitiva que cumple Ap = pq si existe una
reduccién v tal que v(pnq) = Ap+x con p ¢ Su(x). Definimos 0 < Ap para todo
Ap € k*Qx0. Sean x € kQ y Ap € k*Qxo. Six = Y " Aici con Ay € k* para todo iy
Aipi < Ap para todo i, escribimos x < Ap. Si ademds x # Aip; para todo i, escribimos
X < P.

Lema. La relacién binaria < es un orden parcial que satisface la condicion de cadena descen-
dente.

La condicién Diamante

Sea I un ideal bildtero de kQ. Denotamos con 7 a la proyeccién canénica 7t : kQ —
kQ/I. Sea R un sistema de reducciéon. Decimos que R cumple la condiciéon Diamante
para 1 si

1. el ideal I es igual al ideal bilatero generado por el conjunto {s — f}, fjc R,
2. todo camino es de reduccién tinica y

3. para cada (s, f) € R, el elemento f es irreducible.

Una consecuencia del Lema del diamante de Bergman es el siguiente lema.

Lema. Si R es un sistema de reduccion que satisface la condicion Diamante para 1, entonces
el conjunto B de caminos irreducibles cumple las siguientes propiedades.
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- Sib e Byq € Qx> es un elemento que divide a b, entonces q € B.
- 1i(b) # m(b’) para todos b, b’ € B tal que b # b’.
- {nt(b) : b € B} es una k-base de kQ /1.

Este lema es una de las principales razones por las cuales los sistemas de reducciéon
que cumplen la condicién Diamante son tan ttiles para nuestros propésitos. La si-
guiente proposicién garantiza que todo ideal bilatero de kQ posee sistemas de re-
duccién de este tipo.

Proposicién. Sea I un ideal bildtero de kQ. Existe un sistema de reduccion R que cumple la
condiciéon Diamante para 1.

Sea R un sistema de reduccién. A continuacién daremos algunas definiciones mas.

- Una ambigiiedad de inclusiéon es una 5-upla (py,p2,a,b,c) con p1,p2 € R,a,b,c €
Q>o, tales que p; = (abc, f1) y p2 = (b, f) para ciertos 1, f; € kQ.

- Denotamos con S al conjunto {s € Q>¢ : existe f € kQ tal que (s, f) € R}.

El siguiente resultado dice que todo sistema de reduccién que cumple la condicién
Diamante para un ideal I se puede modificar para que no tenga ambigiiedades de
inclusion.

Proposicion. Sean I un ideal bildtero de kQ y R un sistema de reduccién que cumple la
condicion Diamante para 1. El conjunto R’ := {(s,f) € R : no existe una ambigiiedad de
inclusion (p1, p2, a,b,c) tal que abc = s} es un sistema de reduccion que cumple la condicién
Diamante para 1y no tiene ambigiiedades de inclusion.

Mas atn, si R es un sistema de reducciéon sin ambigiiedades de inclusién que
cumple la condicién Diamante para un ideal I, entonces se puede modificar para
obtener un sistema de reduccién R’ que cumpla la condicién Diamante, no tenga
ambigiiedades de inclusién y que verifique Sz C Q>».

Ambigiiedades

Sean I un ideal bildtero de kQ y R un sistema de reduccién sin ambigiiedades de
inclusién, que cumple la condicién Diamante y tal que Sg C Q>;. Recordamos la
definicién de n-ambigiiedad, que se puede encontrar en [1], [2], [4] ¥ [32].

Definicién. Dadosn > 2y p € Q>o,

1. el camino p es una n-ambigiiedad a izquierda si existen uy € Qg y caminos irre-
ducibles uy, ..., u, tales que



(@) p=uouy - up,
(b) para todo i, el camino uju;i; no es irreducible pero u;d es irreducible para
todo divisor a izquierda d de u;41, distinto de u;;.

2. El camino p es una n-ambigiiedad a derecha si existe vo € Q; y caminos irre-
ducibles vy, ..., v, tales que

(@ p=vn---vy,
(b) para todo 1, el camino viy1vi no es irreducible pero dv; es irreducible para
todo divisor a derecha d de v;,, distinto de v .

Definimos A_; := Qop, Ao := Q1, A := S y para todo n > 2, definimos A, y A;, los
conjuntos de n-ambigiiedades a izquierda y a derecha, respectivamente.

Proposicién. Para todo n > 2 vale la iqualdad A, = A],. Ademis, Ay N Ayn =@ sinym
son distintos.

Capitulo 2: trabajos previos de Anick, Green y Bardzell

Este capitulo contiene un resumen de los trabajos previos de Anick, Green y Bardzell
sobre la construccion de resoluciones proyectivas. Ver [1], [2], [4] y [32].

La resoluciéon de Anick

Sea A una k-dlgebra presentada de la forma A = k(X) /I, donde X es un conjunto de
generadores de A e I es un ideal de k(X). Sean < un orden totalen Xy w : X — N
una funcién. Estos datos inducen un orden total en el conjunto de monomios en X,
llamado deglex, que denotamos <. Se trata de un orden lexicografico con pesos.
Anick probé que existen conjuntos de monomios Ay, con n > 2, tales que para todo
A-moédulo simple T, existe una resolucién de T por A-médulos a derecha libres de la
forma:

0 T = A do kX®kA£kS®kA£kAz®kA£,

donde S es un conjunto minimal de generadores de I y kY denota el k-espacio vec-
torial generado por un conjunto de caminos Y. Con nuestra notacién, A;, corresponde
a las n-ambigiiedades determinadas por un sistema de reduccién R que se construye
a partir de <,,. La tnica informacién sobre los diferenciales d; es la siguiente. El
orden en los monomios <, se puede extender a un orden total en los conjuntos de
tensores elementales de kA, ® A de manera tal que para todo n, todos los términos

8



dedn(up - un®1)—1ug - - - up_1 ® Uy son estrictamente menores que up - - Up_1 QUp,
para todop =up---un € Ay.

La resolucién de Anick-Green es una generalizacion de este resultado al contexto
de algebras de caminos.

La resoluciéon de Bardzell

Sea Q un carcaj con una cantidad finita de vértices. Un ideal bildtero de kQ se dice
monomial si estd generado por caminos de largo por lo menos igual a 2. Una k-
dlgebra se dice monomial si existe un carcaj Q y un ideal monomial I de kQ tales que
A=kQ/L

Sea A = kQ/I con I ideal monomial. Denotemos con 7 : kQ — A la proyeccién
canénica. Sea S el conjunto de caminos s € I tales que s’ ¢ I para todo divisor s’
de s, con s’ # s. El ideal I estd generado por el conjunto S. Bardzell probé que
existen conjuntos de caminos A, para todo n > 2 que dan lugar a una resolucién de
A por A-bimédulos proyectivos, dando férmulas explicitas para los diferenciales. Con
nuestra notacién, los conjuntos A, corresponden a las n-ambigiiedades del sistema de
reducciéon R ={(s,0) : s € S}. La resolucién de Bardzell es la siguiente

o AgrA— LA 0

l;

AQpkA_1 Qe A
donde A_; =Qp, Ao =Q1, A1 =S,y

--L>A®EkAo®EA

1. dn A @ kAn ®E A — A®p kA1 @ A paran > 0,
2. d_1(a®b) = ab es la multiplicacién en A,

3. sines par, q € An Yq=Up:: Uy =Vnp- Vg SON respectivamente las factoriza-
ciones de q como n-ambigiiedad a izquierda y a derecha,

du(T®@q 1) =m(vy) @vpn1--- v @ T =T up -+ Uy @ (uy),
4. sinesimpary q € Ay,
dh(T®q®1) = > mla@pemn(c).
apc=q

PeAn,] ,a,CEon

Esta resolucién tiene una homotopia de contraccién s, dada por las siguientes
férmulas.



Paran=—1,s7: A — kQ ®¢ kA_; @ A es el morfismo de kQ — E-bim6dulos
definido por s_j(a) = a® 1, con a € kQ. Paran € Ny, sp : A@p kA1 Qg A —
A ®p kA, ®p A es

ssl®q@nb) =D 3 nla)@pemnc),
apc=qb
pEAn/arCEQZO

conb € By q € A,_;. Esta homotopia de contraccién fue encontrada por Skoldberg
en [32].

Capitulo 3: resoluciones proyectivas usando ambigiiedades

Este es el capitulo central de la tesis. En él enunciamos y demostramos nuestros
principales teoremas.

Sean Q un carcaj e I un ideal bildtero de kQ. Llamamos A =kQ/Iy m:kQ — A
la proyeccién canénica. Sea ‘R un sistema de reduccién sin ambigiiedades de inclusién
que cumple la condicién Diamante para I, tal que Sg € Q>,. Denotamos S = Sg y
B ={p € Q>0 :p esirreducible}.

Asociamos a A la k-dlgebra monomial Ag := kQ/(S). Sea ' : kQ — Ag la
proyeccién canénica. El conjunto de n-ambigiiedades del sistema de reducciéon R’ =
{(s,0) : s € S} coincide con las n-ambigiiedades de R. El conjunto B de caminos
irreducibles para R es igual al conjunto de caminos irreducibles para R'. Luego, hay
morfismos de k-espacios vectoriales i: A — kQ e i’ : A — kQ tales que i(nt(b)) = b
e i/(n'(b)) = b para todo b € B. Definimos p =iomy p’ =i’ on’. Para cadan > —1
consideramos los siguientes morfismos k-lineales.

T = T ® idy 4, O, =7 @idya, @7,
in = 1®idgg, @1, i =1 ®idyy, @1,

Bn i=1in 0y, By =1} o).

Basandonos en las féormulas de los diferenciales de Bardzell vamos a definir mor-
fismos de A-bimédulos 6, : A Qf kA, QA — A Qf kA, _1 Q¢ A. Para esto cons-
truimos primero los siguientes morfismos f,, y S,. Observamos que el kQ-bimédulo
kQ ®r kAn @ kQ es un k-espacio vectorial con base {a ® q®c : a,c € Q>¢,q €
An, aqc # 0 € kQ}. Consideramos el diagrama,

f f f f_
o —2 5 kKQ @ kA7 @ kQ —=kQ ®p kA g A —>—> kQ @ kQ L - kQ 0
S~ <~ ~—
52 S] So l/“ S*l

kQ ®¢ kA_1 ®g kQ

donde

10



. f1(a®b)=ab,

. si n es par, entonces definimos f, como el tinico morfismo k-lineal tal que para
todos a,¢c € Q>o0, q € A, tales que aqc #0en kQ y q = up---Up = Vn -+ -V
son respectivamente las factorizaciones de q como n-ambigiiedad a izquierda y
a derecha,

fala®q®c)=avy, @ vy 1V RCc—a®@Uy -+ Up_1 ®UnC,
y observamos que este morfismo es de kQ-bimoédulos.

. Sin es impar, entonces f,, es el tnico morfismo k-lineal tal que para todos a,c €
Q>0,q € A, como antes,

fala®q®c) = Z aa’@p@c'c,

a’'pe’=q
peAn_1,a',c’€Qx0

y resulta un morfismo de kQ-bimddulos.

. Definimos S_1(x) = x® 1 ysin > 0, S, es el tnico morfismo k-lineal tal que
para todos a,c € Q>o,q € Ay,

Spla®q®c) = (=)™ > ad@pec
a’pe’=qc
peAn,a’,c’eQxo

Observamos que S;, es un morfismo de kQ — E-bimédulos para todon > —1.

Los morfismos f, inducen morfismos de A-bimédulos &, : A ®¢ kA, ® A —

A Q¢ kA1 ®p Ay Ag-E-bimédulos 8}, : As @ kA, ®p As — As @ kAn_1 @ Ag de
la siguiente manera

On =T 1 0froiy,

8 =7 _qofyoil.

Para n = —1 interpretamos estas férmulas como 6_j :=mof_j0i_jy 6’_] =m'of_j0
i’ . Observamos que estas son las respectivas multiplicaciones de A y As.

La siguiente sucesion es la resoluciéon de Bardzell de As.

5/, Y 5 [
s — 2 Ag ®p kA ®p Ag — > Ag ®@f kAo @ As — > Ag @ Ag —> Ag —> 0,

Los morfismos S,, inducen morfismos de A — E-bimédulos s, : A Q kA1 ®F

A — A ®¢ kA, ® A, y morfismos de Ag — E-bimédulos s/, : As @ kAn—1 @ Ag —
As ®g kAn @ Ag de la siguiente manera

Sn =T oSy oin 1y,

r -/
Sp =T 0S50 4.

11



Para n = —1 interpretamos estas definiciones como s_; := m_j0S 301y s’ =
n’ ;1 0S_j01i’. Los morfismos s/, son la homotopia de contraccién de Skoldberg para la
resolucién de Bardzell.

Recordamos que k*Q>o :={Ap € kQ: A € k*,p € Q>o}U{0}. Paracadan > —1y
nq € k*Qxo, definimos los siguientes subconjuntos de A ®¢ kA, ®¢ A.
—=
- L (ng):={M(b)@p@mn(b’):b,b" € B,p € A, Abpb’ < uq},

- Z:(pq) ={An(b)@p@mn(b’):b,b" € B,p € Ay, Abpb’ < uq}.

Estamos listos para enunciar los teoremas. El primer teorema dice que si tenemos
morfismos d; : A ® kA; @k A — A ®f kAi_1 ®¢ A que forman un complejo y sus
férmulas estdn dadas por ciertas deformaciones de las férmulas de los morfismos de
la resolucion de Bardzell de As, entonces necesariamente este complejo es exacto. El
segundo teorema garantiza que este tipo de resoluciones siempre existe.

Teorema (3.5). Definimos d_j := 6_;1 y do := dp. Dado N € Ny y morfismos de A-bimédulos
di : AQekA QA — AR kA1 @ Aparal <i<N,si

1. dijodi =0paratodoi, 1 <i<N,

2. (i—8)(1®qgel) e <£;1(q)>k para todo i € {1,..., N}y para todo q € A;,

entonces el complejo

d_
A®EkAN®EAﬂ>"'LA@EKAO(@EALA@EA—])A_)O
es exacto.

Teorema (3.6). Existen morfismos de A-bimédulos d; : A ®¢ kA; g A — A @ kA ®¢
Aparai € Noyd_q: A®g A — A tales que

1. di_1odi =0, para todo i € Ny,

2. (i—8&)(1T®qel) e <£;](q)>z paratodoi > —1y q € A;.

Morfismos en grados bajos

Podemos dar una descripciéon explicita de los diferenciales para estas resoluciones en
grados 0,1,2. Al igual que antes, A = kQ/I es una k-dlgebra y R es un sistema de
reduccién sin ambigiiedades de inclusién, que cumple la condicién Diamante, tal que

Sr € Qx».
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Sea @p : kQ — A ®¢ kAo @ A el tinico morfismo k-lineal tal que

n

@olc) =Y mlen - cipn) @i @mlei - cq)

i=1
parac € Q>p,c=cn---cjconc; € Qy paratodoie{l,..., nk
Dada una reduccién bésica r =14, sea @1(r,—) : kQ — A @ kA; @ A el anico

morfismo k-lineal tal que, dado p € Q>¢

n(a) ® s®m(c), sip = asc,
o1(r,p) = .
0 sip # asc.

Sir=(rn,...,71) es una reduccién, con r; reduccién bdsica para todoi, 1 <1i<m,
denotamos v/ = (ry,...,72) y definimos de manera recursiva el morfismo ¢(r,—)
como el dnico morfismo k-lineal de kQ en A ®¢ k.A; ®¢ A tal que

@1(r,p) = @1(r1,p) + @1(+/, 71 (p)).
Definimos d; : A ® kA; @ A — A ® kAy @ A como
d(T®s®1) = @o(s) —@o(B(s)), paratodos € A;.

Sea p € A,. Sabemos que p se escribe como p = upwju; y como p = vyvivy,
igualdades que corresponden a las escrituras de p como 2-ambigiiedad a izquierda
y a derecha, respectivamente. Los elementos upu; y vivy pertenecen a A; = S. Si
T = Tgpc € una reducciéon bésica con p = (s, f), decimos que r es una reduccion a
izquierda de p si upu; = s y decimos que r es una reduccioén a derecha de p si s = vivy.
Toda reduccién bésica r tal que r(p) # p es una reduccién a izquierda o a derecha
de p. Mas generalmente, si v = (ry,...,71) es una reduccién, decimos que r es una
reduccién a izquierda de p si 17 es una reduccion a izquierda de p. Andlogamente
definimos reduccién a derecha.

Proposicién (3.22). Sean {rP},c4, y {tPlpca, conjuntos de reducciones tales que P (p) y
tP(p) pertenecen a kB, 1P es una reduccion a izquierda de p y tP es una reduccion a derecha
de p, para todo p € Ay. Sea dy : A ®p kA @ A — A ®¢ kAy ®¢ A el morfismo de
A-bimédulos definido por

d(1@s®1) = @o(s) — @o(B(s)), para todo s € A;,

ydy: A®p kA @ A — A ®¢ kA @ A el morfismo de A-bimédulos dado por
L1@pel) =ei(t?,p)— @i (P, p).

La sucesion
A@EkAr @p A5 A @ kA @ A 25 A®E kAg O A S AQEA A — 0

es exacta.
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Capitulo 4: ejemplos

En este capitulo utilizamos los resultados obtenidos en nuestros teoremas para calcular
resoluciones proyectivas explicitas de algunas familias de algebras.

Capitulo 5: algebras down-up

En este capitulo estudiamos varios problemas relacionados con la familia de dlgebras
down-up, definida en [12]. Dicha familia se define de la siguiente manera. Sean k un
cuerpo y o, B,y € k, el dlgebra down-up de pardmetros o, 3,y se denota A(«x, 3,v) y es
el cociente de k(d, u) por el ideal bildtero generado por las relaciones

d*u— adud — pud® —yd =0,

du? — audu — [Suzd —vyu=0.

Estas algebras son 3-Koszul si y sélo siy =0 [9].

En [12] los autores plantean el problema de decidir qué algebras pertenecen a la
misma clase de isomorfismo, llamado problema de isomorfismo, y definen cuatro sub-
familias de manera tal que algebras en distintas familias no son isomorfas. Dichas
familias estdn caracterizadas por las siguientes condiciones:

@ v=0a+p=1, @ Yy#0,x+p=1,

Como consecuencia de esta clasificacion, el problema de isomorfismo se divide en
cuatro problemas de isomorfismo, uno para cada subfamilia.

En [24] los autores prueban que el dlgebra A(wx, 3,y) es noetheriana si y sélo si
B # 0, lo que implica que las algebras A(w, 3,v) con 3 # 0 no son isomorfas a ninguna
de las algebras A(a/,0,v’). Por otro lado, en [16] los autores resuelven el problema de
isomorfismo para las 4lgebras down-up noetherianas de tipo (a), (b) y (c) para todo
cuerpo k y también para las dlgebras down-up noetherianas de tipo (d) para cuerpos
de caracteristica cero.

Los resultados de nuestra investigacion sobre las dlgebras down-up son los si-
guientes.

1. Utilizando los métodos desarrollados en los capitulos anteriores, encontramos
una resolucién explicita de largo 3 para toda algebra down-up A(«, 3,v). Dicha
resolucién coincide con la resolucién ya conocida en los casos en que A(«, 3,v)
es 3-Koszul.
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2. Probamos que el dlgebra A(wx, 3,v) es monomial siy sélo si (e, 3,v) = (0,0,0).
Recordamos que un algebra es monomial si es isomorfa a un cociente de édlgebras
de caminos kQ/I con I un ideal bildtero generado por caminos. Como conse-
cuencia, la resolucién de Bardzell no se puede aplicar a las algebras A(«, 3,v)
con (e, B,v) # (0,0,0). La prueba de este resultado utiliza cdlculos de inva-
riantes homolégicos que son posibles gracias a la descripciéon de la resolucién
proyectiva obtenida anteriormente.

3. Resolvimos el problema de isomorfismo para dlgebras down-up no noetherianas
de todos los tipos, para cuerpos de cualquier caracteristica: el dlgebra A(«,0,y)
es isomorfa al algebra A(a’,0,v’) siy sblo si « = o y existe A € k tal que
Y =AYy
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Résumé de la these

Dans le texte qui suit, nous résumons les principaux résultats contenus dans cette
theése. L'article [18] contient une partie de ce travail.

Chapitre 1 : Systemes de réduction, ordres partiels et
ambiguités

Dans ce chapitre nous définissons et étudions les outils que nous utilisons dans les
chapitres suivants, afin de construire des résolutions projectives d’algebres associa-
tives. Il s’agit de systémes de réduction et d’ambiguités.

Systemes de réduction

Nous commengons par introduire quelques notations. Soient k un corps et Q un
carquois avec un nombre fini de sommets. Notons k* = k\ {0}, N I'ensemble de
nombres entiers positifs et Ny I'ensemble de nombres entiers non negatifs. Etant donné
n € N, Qn est 'ensemble des chemins de longueur n et Q> I'ensemble des chemins
de longueur au moins n. Si ¢ € Qy, nous écrivons |c| = n. Si a,b,p,q € Q>n sont
tels que q = apb, on dit que p est un diviseur de q. Si a € Qp on dit que p est un
diviseur a gauche de q, et si b € Qg on dit que p est un diviseur a droite de q. Soient
t,s: Q1 — Qo les applications qui associent a chaque fleche son but et sa source. Etant
donnés s € Q>p et un élément f = ) ; Aic; € kQ tel que ¢; € Q>p et t(s) = t(ci),
s(s) = s(cq) pour chaque 1, nous disons que f est parallele a s. Soit E := kQq la sous-
algeébre de kQ engendrée par les sommets de Q.

Etant donné un anneau R, un R-module a gauche M est un ensemble X C M, siot
(X)r le R-sous-module a gauche de M engendré par X.

Nous utilisons la méme terminologie que dans [3]. Soit R un sous-ensemble de
Q>0 x kQ. On dit que R est un systeme de réduction si pour tout (s,f) € R, I'élément
f est parallele a s et s # f. Un triplet (a,p,c) ot p = (s,f) € R et a,c € Q>0 sont tels
que asc # 0 dans kQ s’apelle réduction basique et on la dénote 14, .. Nous observons
qu'une réduction basique 1 définit un endomorphisme 14, : kQ — kQ par
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Tapclasc) = afc et 1q0c(q) = q pour tout chemin q différent de asc. Lorsqu’il ny
a pas de confusion possible, nous écrivons simplement 1,5 au lieu de r4,.. Une
réduction est un n-uplet r = (rn,...,71) oun € N et r; est une réduction basique
pour toute i. Toute réduction r définit un endomorphisme r: kQ — kQ donné par la
composition r,, o - - - o7 des endomorphismes correspondants aux réductions basiques
Th,y...,T1.

Nous disons qu'un élément x € kQ est irréductible pour R si r(x) = x pour toute
réduction basique r. Un chemin p € Qx¢ est dit de réduction finie si pour toute suite
infinie de réductions basiques (1i)icy il existe ny € N tel que rp0---oT(p) = 1y, ©
---ori(p) pour tout n > ny. On dit qu'un chemin p est de réduction unique s’il est
de réduction finie et en plus pour chaque couple de réductions r et r’ tels que r(p) et
r/(p) sont des éléments irréductibles, on a r(p) = r/(p).

Un ordre partiel

Soient k un corps et Q un carquois comme plus haut. Soit R un systéme de réduction
tel que tout chemin est de réduction finie.

Soit x = Y ' ;Aici € kQ ol Ay,..., Ay € k¥ et cy,...,cq sont des chemins de
longueur positive. Nous appelons {cy,...,cn} le support de x et nous le dénotons
Su(x).

Nous définissons une rélation binaire < sur l’ensemble k*Q>o = {Ap € kQ :
A€ kX, p € Q>0 U{0} comme la plus petite rélation réflexive et transitive qui vérifie
Ap = puq s’il existe une réduction r tel que r(nq) = Ap +x avec p ¢ Su(x). Nous
définissons 0 < Ap pour tout Ap € k*Q>o. Soient x € kQ et Ap € k*Qxo. Si
x =Y 4 Aci ot A € k¥ et Ajp; =< Ap pour tout i, nous écrivons x =< Ap. Par ailleurs,
si x # Aip; pour tout i, nous écrivons x < p.

Lemme. La rélation binaire < est une relation d’ordre partiel vérifiant la condition de chaine
descendante.

La condition diamant

Soit I un idéal bilatere de kQ. Soit 7 la projection canonique 7t: kQ — kQ/I. Soit R
un systéme de réduction. Nous disons que R vérifie la condition diamant pour 1 si

- l'idéal I est I'idéal bilatere engendré par I'ensemble {s — f}(; rcr,
- tout chemin est de réduction unique et

- pour chaque (s, f) € R, 'élément f est irréductible.
Une conséquence du Lemme du diamant de Bergman [3] est la suivante.
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Lemme. Soit R un systeme de réduction vérifiant la condition diamant pour 1. L'ensemble B
de chemins irréductibles satisfait les propriétés suivantes.

- Sib e Bet qe Qx> est un diviseur de b, alors q € B.
- ni(b) # m(b’) pour tout b, b’ € B tels que b # b’

- {m(b) : b € B} est une base de kQ /1 comme k-espace vectoriel.

Ce lemme est une des principales raisons pour lesquelles les systemes de réduction
qui vérifient la condition diamant sont utiles pour nos objectifs. La proposition suiv-
ante dit que tout idéal bilatere de kQ possede des systemes de réduction de ce type.

Proposition. Soit I un idéal bilatere de kKQ. Il existe un systeme de réduction R vérifiant la
condition diamant pour 1.

Soit R un systéme de réduction. Nous donnons par la suite quelques définitions
supplémentaires.

- On définit une ambiguité d’inclusion comme un 5-uplet (py, p2,a,b,c) ot p1,p2 €
R, a,b,c € Q>p sont tels que p; = (abc, f1) et p2 = (b, f2) pour certains éléments
f1,f, € kQ.

- On dénote par S l'ensemble {s € Q¢ : il existe f € kQ tel que (s, f) € R}.

Le résultat suivant dit que tout systeme de réduction qui vérifie la condition dia-
mant pour un certain idéal I peut se modifier pour qu’il n’ait pas des ambiguités
d’inclusion.

Proposition. Soient 1 un idéal bilatere de kQ et R un systéme de réduction vérifiant la con-
dition diamant pour 1. L'ensemble R ={(s, ) € R : il n’existe pas une ambiguité d'inclusion
(p1,p2,a,b,c) tel que abc = s} est un systeme de réduction qui satisfait la condition diamant
pour et il n’a pas des ambiguités d'inclusion.

De plus, si ‘R est un systeme de réduction, sans ambiguités d’inclusion et qui
vérifie la condition diamant pour un idéal I, alors il peut se modifier pour qu’il vérifie
Sr € Q.

Ambiguités
Soient I un idéal bilatere de kQ et R un systeme de réduction vérifiant la condition

diamant, sans ambiguités d’inclusion, et tel que Sz C Q. Nous rapellons la défintion
d’une n-ambiguité. Cette définition peut se trouver dans les articles [1], [2], [4] et [32].

Définition. Etant donnésn > 2 etp € Q>o,
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1. le chemin p s’apelle une n-ambiguité a gauche s’il existe uy € Qq et des chemins
irréductibles uy, ..., u, tels que

(@ p=uouy - Uy,
(b) pour tout i, le chemin u;u;i;1 n’est pas irréductible mais u;d est irréductible
pour tout diviseur a gauche d de uiy, différent de ui4g.

2. le chemin p s’apelle une n-ambiguité a droite s’il existe vo € Q; et des chemins
irréductibles vy, ..., vy tels que

@) p=vn---vo,
(b) pour tout i, le chemin vi1v; n’est pas irréductible mais dv; est irréductible
pour tout diviseur a droite d de vi 1, différent de v ;.

Soient A_; := Qo, Ao := Q1, Ay := Sy et pour tout n > 2, nous définissons A, et A,
les ensembles de n-ambiguités a gauche et a droite, respectivement.

Proposicién. Pour tout n > 2 ona A, = A],. De plus, A,y N Ay = @ si net m sont
différents.

Chapitre 2 : Des travaux précédents d’Anick, Green et Bardzell

Ce chapitre contient un résumé des travaux précédents d’Anick, Green et Bardzell sur
la construction de résolutions projectives. Voir [1], [2], [4] ¥ [32].

La résolution d’Anick

Soit A une k-algebre presentée comme A = k(X) /I, ot X est un ensemble de générateurs
de A et I est un idéal de k(X). Soient < un ordre partiel sur X et w : X — N une
fonction. Ceci définit un ordre total sur I'ensemble des mondémes sur X, apellé 1'ordre
deglex, et on le dénote par <. Il s’agit d"un ordre lexicographique avec poids. Anick
a prouvé qu’il existe des sous-ensembles A, de (X), o n > 2, tels que pour tout
A-module simple T, il existe une résolution libre de T de la forme

0 T A<® X0 A<Y kSO A< KA, @  A<S ..

ol S est un ensemble minimal de générateurs de I et kY dénote le k-espace vectoriel
engendré par un ensemble de chemins Y. Avec notre notation, les ensembles A,
correspondent aux n-ambiguités d’un systéme de réduction qu’on construit a partir
de <. La seule information qu’on a sur les différentielles d; est la suivante. L'ordre
sur les mondmes <, peut se prolonger a un ordre total sur 'ensemble de tenseurs
élémentaires de maniere que pour toutn, les termsde dn (U - - U @ 1) —up - - U1 ®
un sont plus petits que up---Up_1 @upy, pourtoutp =up---u,y € A,
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La résolution d’Anick-Green est une généralisation de ce résultat au cadre des
algebres de chemins.

La résolution de Bardzell

Soit Q un carquois avec un nombre fini de sommets. Lorsqu’un idéal bilatere de kQ
est engendré par des chemins de longueur au moins 2, 'idéal est dit monomial. On dit
qu’une k-algebre A est monomiale s’il existe un carquois Q et un idéal monomial I de
kQ tels que A = kQ/1L

Soit A = kQ/I out I est un idéal monomial. Soit 7 : kQ — A la projection
canonique. Soit S I'ensemble de chemins s € I tels que s’ ¢ I pour tout diviseur
s’ de s, différent de s. Nous observons que 'idéal I est engendré par I'ensemble S.
Bardzell a prouvé qu’il existe des sous-ensembles 4, de Q>¢, ot n > 2, donnant
lieu a une résolution projective de A en tant que bimodule. Avec notre notation, les
ensembles A, correspondant aux ensembles de n-ambiguités du systéme de réduction
R ={(s,0) : s € S}. La résolution de Bardzell est la suivante.

o AgpA— A 0

l;

AR kA1 R A

d
"—1>A®EkAo®EA

ot A1 = Qo, Ao = Q1, A1 =S, et

1. dn: A ®pkAn ®E A — A ®p kA1 @ A pourn > 0,
2. d_j(a®b) = ab est la multiplication de A,

3. sinestpair, q € Ay etq=1up---uy = vy -V sont, respectivement, les factori-
sations de ¢ en tant que n-ambiguité a gauche et a droite,

dn(1®g®1) =mt(v) @ V1 Vv @T=1@up -+ - Uy 1 @ 71T(Un),
4. sin esimpair et q € Ay,

W(T®q®1) = > mla)@p@mn(c).

apc=q
‘PE.An,] ,a,cEon

Cette résolution a une contraction d’homotopie s, donnée par les formules suiv-
antes.
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Pourn=—1,s5_;: A — kQ ®¢ kA_; @ A est le morphisme de kQ — E-bimodules
défini par s_j(a) = a® 1, ot a € kQ. Pourn € Ny, s, : AQg kA1 Qg A —
A ®f kA, ®f A est

ssl@gon®) =D Y wla)epenc),

apc=qgb
PEAn,a,c€Q>o

oub € Betqc A, 1. Cette contraction d’homotopie a été obtenue par Skoldberg
dans l'article [32].

Chapitre 3 : Construction de résolutions projectives utilisant
des ambiguités

Il s’agit du chapitre central de la thése, ot1 nous énongons et prouvons nos principaux
résultats.

Soient Q un carquois e I un idéal bilatere de kQ. Nous apellons A = kQ/T et
7 : kQ — A la projection canonique. Soit R un systeme de réduction vérifiant la
condition diamant, sans ambiguités d’inclusion, tel que Sg C Q>>. Nous dénotons
S=SretB={p e Qx>p:p estirréductible}.

Nous associons a A la k-algebre monomiale Ag := kQ/(S). Soit 7’ : kQ — Ag la
projection canonique. Nous observons que I'ensemble de n-ambiguités du systeme
de réduction R’ = {(s,0) : s € S} est égale a I'ensemble de n-ambiguités de R.
Donc, I'ensemble des chemins irréductibles pour R est égale a I'ensemble des chemins
irréductibles de R'. Il y a des morphismses de k-espaces vectoriels i : A — kQ et
i1 Ag — kQ tels que i(7t(b)) = b et i/(n/(b)) = b pour tout b € B. Nous définissons
p =1iomet p’ =i on’. Pour chaque n > —1, nous considérons les applications
k-linéaires suivantes.

T i= T ® idy 4, O, 7, =1 ®idgg, @7,
in = 1®idgg, @1, i =1 ®idyy, @1,

Bn i=1in 0y, By =1} o).

Nous nous basons ensuite sur les formules des différentielles de la résolution de
Bardzell de As pour construir des morphismes de A-bimodules &, : A ®¢ kA, ®¢
A — A ®g kA1 ®¢ A. Pour faire cela, nous commengons par construir les mor-
phismes f,, et Sy, suivantes. Nous observons que I'ensemble {a® q®c: a,c € Q>o,q €
An, aqc # 0 € kQ} est une base de kQ ® kA, ®¢ kQ en tant que k-espace vectoriel.
Nous considérons le diagramme suivant.
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f f f f
o — 25 kQ @ kA7 @ kQ — = kQ @ kA g A — > kQ @ kQ kQ 0
S, Sy So lw S 4

kQ ®¢ kA_7 ®g kQ

N

ou

1. f1(a®b)=ab,

2. si n est pair, alors nous définissons f,, comme la seule application k-linéaire tel
que pour tous a,c € Q>o, q € Ay, tels que aqc #0dans kQ et q =up---up =
Vi - -+ Vp sont respectivement les factorisations de q en tant que n-ambiguité a
gauche et a droite,

fala®q®c)=avy, @ vy 1V RCc—a®@Uy -+ Up_1 @ UnC,
et nous observons que cette application est en fait un morphisme de kQ-bimodules.

3. Si n es impair, f,, es la seule application k-linéaire tel que pour tous a,c €
Q>0,q € A;, comme plus haut,

fala®q®c) = Z aa’ @p®c’c,
a’'pe’=q
peAn_1,a',c'€Q>o

et il résulte un morphisme de kQ-bimodules.

4. Nous définissons S_1(x) =x® 1 etsin > 0, Sy, est la seule application k-linéaire
tel que pour tous a,c € Q>o,q € An_1,

Spla®q®c) = (=)™ Z ad’ @p®c’.
a’pc’=qc
peAn,a’,c’eQ>o

Nous observons que S, est un morphisme de kQ — E-bimodules pour tout n >
—1.

Les morphismes f,, définissent des morphismes de A-bimodules &, : A @ kA, ¢
A — A ®g kAn_1 @ A et des morphismes de Ag-E-bimodules 8}, : As @ kA, ®p
As — As @ kA_1 ® Ag comme suit

On =T 0fp 0y,

! . / ./
dpi=m_jo0fhoi,.

Pour n = —1 nous interprétons ces formules comme d_j :=7of j0i_jetd 3 1= o
f_j oi’,. Nous observons que ce sont les multiplications de A et As, respectivement.
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La résolution de Bardzell de Ag est la suivante

8 84 5/ 5
"—Z>A5®Ek./41 RE Asg —1>A5®EkA0®EAg—O>AS®EAS —]>A5—>0,

Les morphismes S, définissent des morphismes de A — E bimodules s, : A ®¢
kAn_1 ®g A — A @ kA, ®¢ A, et des morphismes de Ag — E-bimodules s/, : As ®¢
kAn_1 @ As — As @ kAn @ Ag de la manieére suivante.

Sp =Tl 0 Sy 0in_1,

/ /

N .
Sp =T 0S50 4.

Pour n = —1 nous interprétons ces définitions comme s_; :=m_jo0S_joiets’, =
n’ 1 0S_101i’. Les morphismes s/, sont la contraction d’homotopie de Sksldberg pour
la résolution de Bardzell.

Nous rappelons que k*Qx¢ := {Ap € kQ : A € k*,p € Q>0} U{0}. Pour chaque
n > —1 et uq € k*Q>o, nous définissons les sous-ensembles de A @ kA, ®¢ A
suivants.

- L, (nq) == (\i(b) @ p @ (b') : b, b € B, p € Ay, Abpb’ < ug),

- Z:(uq) ={An(b)@p@mn(b’):b,b" € B,p € Ay, Abpb’ < uql.

Nous sommes préts pour présenter nos théoremes. Le premier théoreme dit que
sidi:A®gkA; ® A — A Qg kA1 @ A sont des morphismes de A-bimodules for-
mant un complexe tel que ses formules sont données par certaines modifications des
formules des différentielles de la résolution de Bardzell de Ag, alors ce complexe est
nécessairement exacte. Le deuxiéme théoreme dit que ce type de résolutions existent
dans tous les cas.

Théoreme (3.5). Posons d_; := &_ et dy := &y. Etant donné N € Ny et des morphismes
de A-bimodules di : A Qg kA; @ A — A Qe kA1 ®e A, o 1 < 1 < N, vérifiant les
conditions suivantes

1. di_1odi =0pourtouti, 1 <i <N,

2. (di—d)(T®q®l) e <£?_1(q)>k pour tout i € {1,..., N} et pour tout q € A;,

alors le complexe

a
A®EkAN®EAﬂ>"'LA@EkAO®EA&’A®EA—]>A—>O

est exacte.
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Théoreme (3.6). Il existent des morphismes de A-bimodules d; : A @ kA; @ A — A ®¢
kA1 @e A, onie€Nyetd1: AR A — A tels que

1. di—jodi =0, pour tout i € Ny,

2. (di—86)(1®q®1) e (ﬁf,](q)}Z pour tout i > —1et q € A;.

Morphismes en degrés O, 1 et 2

Nous pouvons donner une description des différentielles pour ces résolutions en
degrés 0,1 et 2. Comme auparavant, soient A = kQ/I une algebre et R un systéme
de réduction vérifiant la condition diamant, sans ambiguités d’inclusion, tel que Sg C

Q2.
Soit @ : kQ — A @ kA @ A la seule application k-linéaire tel que
n
@olc) = ) mlen- - civt) ® i @m(cig -+ - ¢q)
i=1
otic € Q>o,c=cpn---cyavecci € Qp pour toutie{l,...,nk

Etant donnée une réduction basique r = Tq ¢, sOit @1(1,—) : kQ — A ®@p kA; ® A
la seule application k-linéaire tel que pour p € Q>

m(a) ® s®m(c), sip = asc,
e1(r,p) = .
0 sip # asc.

Sir = (r,...,m) est une réduction, ol 1; est une réduction basique pour tout i,
1 <1 < n, nous posons v’ = (ry,...,T2) et nous définissons le morphisme ¢;(r,—),
de maniere récursive, comme la seule application k-linéaire ¢@(r,—) : kQ — A ®¢
kA ®¢ A telle que

@1(r,p) = @1(r1,p) + @1(+/, 11 (p)).
Nous définissons d; : A ® kA; @ A — A Q@ kAy @ A comme suit

d(1@s®1) = @o(s) — @o(B(s)), pour tout s € A;.

Soit p € A;. Nous savons que p s’écrit comme p = upuju; et comme p = voviVvo.
Ces égalités correspondent respectivement aux écritures de p en tant que 2-ambiguité
a gauche et a droite. Les éléments upu; et vivy appartiennent a A; = S. Sir =1,
est une réduction basique avec p = (s, f), nous disons que v est une réduction a gauche
de p si upu; = s et nous disons que r est une réduction a droite de p si s = vivy. Toute
réduction basique 1 tel que 7(p) # p est une réduction a gauche ou a droite de p. Plus
généralement, sit = (ry, ..., 1) est une réduction, nous disons que r est une réduction
a gauche de p si 11 est une réduction a gauche de p. Similairement, nous définissons
une réduction a droite de p.
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Proposition (3.22). Soient {rP},c 4, et {tP}pca, des ensembles de réductions tels que TP (p)
et tP(p) appartiennent a kI3 et pour toutp € A, la réduction vP est une réduction a gauche
de p et tP est une réduction a droite de p. Soit di : A Qg kA ®p A — A @ kA @ A le
morphisme de A-bimodules défini par

di(T@s®@1) = @o(s) —@o(B(s)), pour tout s € Ay,

et dy: A®p kA; @ A — A @ kA; ®¢ A le morphisme de A-bimodules donné par
d(T@p®l) =ei(tP,p)—e1(",p).

La suite
ADE kA 9 A -5 AR kA O A T A®E kAo R A S AREA DA 0

est exacte.

Chapitre 4 : Examples

Dans ce chapitre nous utilisons les résultats obtenus dans nos théoremes pour calculer
des résolutions projectives de quelques familles d’algebres.

Chapitre 5 : Algebres down-up

Dans ce chapitre nous étudions des différents problemes lies a la famille d’algebres
down-up, définie en [12]. On définit cette famille comme suit. Soit k un corps et
o, B,y € k, l'algebre down-up a parametres «, 3,y se dénote A(cw, 3,v) et se définit
comme le quotient de k(d, u) par l'idéal bilatere engendré par les rélations suivantes
d*u— adud — pud® —yd =0,
du? — qudu — Buld —yu = 0.
Ces algebres sont 3-Koszul si et seulement si y = 0 [9].

Dans l'article [12], les auteurs posent le probleme de classer, & isomorphisme pres,
les algebres down-up. On parle du probleme de I'isomorphisme. 1ls définissent quatre
sous-familles d’algebres de maniere que des algebres dans des différentes familles ne
sont pas isomorphes. Ces familles sont définis par les conditions suivantes:

@ v=0a+p=1, © v#0,ax+p=1,
(b) y=0,ax+p #1, (d) vy#0,ax+p #1.
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Comme consequence de cette classification, le probléme de 1'isomorphisme se di-
vise entre quatre sous-problemes. Un probleme pour chaque sous-famille.

Dans [24] les auteurs démontrent que l'algebre A(«x, 3,v) est noethérienne si et
seulement si 3 # 0, ce que implique que les algebres A(«, 3,v) avec 3 # 0 ne sont iso-
morphes a aucune des algebres A(«’,0,v’). Par ailleurs, dans l'article [16] les auteurs
résolvent le probleme de I'isomorphisme pour les algebres down-up noethériennes de
type (a), (b) y (c) pour tout corps k, ainsi que pour les algebres down-up noethériennes
de type (d) sur des corps de caractéristique zero.

Nous obtenons les résultats suivants sur la famille d’algebres down-up.

1. En utilisant les méthodes développées dans les chapitres antérieurs, nous trou-
vons une résolution de longueur 3 pour toute algebre down-up A(c, 3,7v). Cette
résolution coincide avec la résolution déja connue lorsque A(«, 3,y) est 3-Koszul.

2. Nous montrons que 'algebre A(«, 3,v) est monomiale si et seulement si («, 3,v) =
(0,0,0). Comme conséquence, la résolution de Bardzell ne peut pas s’apliquer
aux algebres A(«, 3,v) avec (&, 3,v) # (0,0,0). La preuve de ce résultat s’appuie
sur des calculs des invariantes homologiques qui sont rendus possibles grace a
la description de la résolution projective obtenue antérieurement.

3. Nous donnons une solution au probleme de l'isomorphisme pour les algebres
down-up non-noethériennes de tous les types sur des corps de caractéristique
quelconque: l'algebre A(w, 0,7v) est isomorphe a l'algebre A(a’,0,v’) si et seule-
ment si « = «’ et il existe A € k tel que y =M\y'.
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Chapter 1

Reduction systems, partial orders
and ambiguities

In this chapter we define and study the main tools that we will need in rest of the
thesis. These are reduction systems and ambiguities. In Section 1.1 we set some ba-
sic notation and recall the terminology of Reduction systems from [3]. We prove that
there are partial orders attached to reduction systems and these will be very impor-
tant in the following chapters, since they permit to make inductive arguments. Also,
the reduction systems that we will use to construct resolutions of algebras verify a
special condition, namely the Diamond condition. Sections 1.2 and 1.3 are devoted to
study these kind of reduction systems. In Section 1.4 we define and study the sets of
ambiguities.

1.1 Reduction systems and partial orders

Let k be a field and Q a quiver with a finite set of vertices. Given n € N, Q,, denotes
the set of paths of length n in Q and Qx> the set of paths of length at least n, that is,
Q>n = Ui>n Qi- Whenever ¢ € Q,, we will write [c| =n. If a,b,p,q € Q>0 are such
that g = apb, we say that p is a divisor of q; if, moreover, a € Qo, we say that p is a left
divisor of q and analogously for b € Qg and right divisor. We denote t,s : Q1 — Qo the
usual source and target functions. Given s € Q> and a finite sum f = } ; Aic; € kQ
such that ¢; € Q>0 and t(s) = t(ci), s(s) = s(ci) for all 1, we say that f is parallel to s.
Let E := kQo be the subalgebra of the path algebra generated by the vertices of Q.

Observe that for a set X, the free algebra k(X) is isomorphic to the path algebra kQ
where Q is the quiver with one vertex and an arrow for each element of X. Under this
identification, monomials in X correspond to paths in kQ.

Given a ring R, a left R-module M and a set X C M, we denote (X)r the left
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R-submodule of M spanned by X.

We recall some terminology from [3] that we will use. A set R C Q>0 x kQ is
called a reduction system if for all (s, f) € R, the element f is parallel to s and s # f.

Given p = (s,f) € R and a,c € Q> such that asc # 0 in kQ, we will call the triple
(a,p,c) a basic reduction and write it vq .. Note that vy, determines an E-bimodule
endomorphism 1 : kQ — kQ such that vy c(asc) = afc and rq,c(q) = q for all
q # asc. If it is not ambiguous, we will write 145 instead of 1, c.

A reduction is an n-tuple (ry,...,71) where n € N and r; is a basic reduction for
1 <1i < n. Asbefore, a reduction r = (1, ..., 77) determines an E-bimodule endomor-
phism of kQ, the composition 1 o - - - o1y of the endomorphisms corresponding to the
basic reductions ..., 7.

An element x € kQ is said to be irreducible for R if r(x) = x for all basic reductions
1. We will omit mentioning the reduction system whenever it is clear from the context.
A path p € Q>0 will be called reduction-finite if for any infinite sequence of basic
reductions (7i)icy, there exists ny € N such that for all n > ny, ryo---or(p) =
Tn, © - - 0 T1(p). Moreover, the path p will be called reduction-unique if it is reduction-
finite and for any two reductions r and v’ such that r(p) and r’(p) are both irreducible,
the equality r(p) = r'(p) holds.

Let R be a reduction system.

- An inclusion ambiguity is a 5-tuple (p1,p2,a,b,c) with py,p2 € R, a,b,c € Qxo,
such that p; = (abc, f1) and p; = (b, f;) for f1, f; € kQ. An inclusion ambiguity
(p1,p2,a,b,c) is said to be resolvable if there exist reductions r = (ry,,..., 1) and
t = (tm,..., t1) such that vy =11 ,, 1, t1 = Tq,,c and r(abc) = t(abc).

- An overlap ambiguity is a 5-tuple (p1,p2,a,b,c) with p1,p2 € R,a,c € Q>0,b €
Q>1 such that p; = (ab,f;) and p, = (bc,f;), for f;,f; € kQ. An overlap
ambiguity (p1,p2,a,b,c) is said to be resolvable if there exist reductions r =
(th,...,m) and t = (ty, ..., t1) such that 11 = 11,, ¢, t1 = 14,1 and r(abc) =
t(abe).

- An overlap ambiguity (p1, p2, a, b, c) is said to be a minimal overlap ambiguity if
there is no other overlap ambiguity (p{, p,x,y,z) with xyz a proper divisor of
abc.

- An ambiguity is a 5-tuple (p1, p2, a, b, ¢) that is either an inclusion ambiguity or a
minimal overlap ambiguity.

Definition 1.1. For any elementx = > ' ; Aic; € kQ withAy,..., Ay € k*andcy,...,cq €
Q>o, the support of x is {c1, ..., cn} and we will denote it Su(x).

In the following chapters we will face the need to control how elements multiply
in algebras of the form kQ /I, where I is a two-sided ideal of kQ. One way to do this is
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to find a k-basis B of kQ /I and write in terms of this basis the product of every pair of
elements of B. In [3], Bergman studies how to construct k-bases of algebras given by
generators and relations using reduction systems, and proves the following theorem,
which can also be applied to the setting of path algebras over a quiver Q.

Theorem 1.2 ([3]). Let X be a set, R a reduction system for k(X) and < a partial order on
the set of paths (X) such that it satisfies the descending chain condition and for all (s, f) € R
and ¢ € Su(f), the inequality s > c holds. Furthermore, suppose b < b’ implies abc < ab’c
forall b,b’, a,c € (X). The following conditions are equivalent.

1. All ambiguities of R are resolvable.
2. All elements of k(X) are reduction-unique.

3. The set of classes of the irreducible paths is a k-basis of kQ /1, where 1 is the two sided
ideal generated by the set {s —f : (s, f) € R}.

In [3], Section 5.4, Bergman states without a proof that if the reduction system
R satisfies that every path is reduction-finite, then R induces a partial order ~» on
the set Q> that satisfies the hypothesis of Theorem 1.2. A slight modification of this
partial order is key to our inductive process in Chapter 3. We now construct the binary
relation ~ and prove that it is a partial order.

Given p,q € Q>p we write q ~» p if there exist n € N, basic reductions r1,...,Tn
and paths py,...pn, such that p; = q, pp = p,and foralli =1,...,n—1, piy1 €
Su(ri(pi))-

Lemma 1.3. Suppose that R is a reduction system for which every path is reduction-finite.

1. If p is a path and r a basic reduction such that p € Su(r(p)), then r(p) = p.

2. The binary relation ~- is an order on the set Q¢ which is compatible with concatenation,
that is, ~ satisfies that q ~» p implies aqc ~» apc forall a,c € Qx> such that apc # 0
and aqc # 0 in kQ.

3. The binary relation ~ satisfies the descending chain condition.

Proof. (1) The hypothesis means that v(p) = Ap +x with A € k* and p ¢ Su(x). If
x # 0 or A # 1, then r acts nontrivially on p and so it acts trivially on x. Since the
sequence of reductions (v, 1, - - - ) stabilizes when acting on p, there exists k € N such
that A*p + (X4 Abx = ™*(p) = %1 (p) = A Tp 4+ (X A)x. As a consequence, A = 1
and x = 0.

(2) By definition, the relation ~~ is transitive and reflexive. Let us suppose that it is
not antisymmetric, so that there exist n € N, paths ps,...,pny1 and basic reductions
T1,...,Tn such that piy1 € ri(pi) for T < i < n and pny1 = p1. Suppose that n is
minimal. There exist x1,...,xn € kQ and Ay,..., A € k™ such that ri(pi) = Aipir1 +x4
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with pi1¢ xi. Notice that since n is minimal, r;(pi) # pi and then r; acts trivially on
every path different from p;, for all i.

Let us see that

Pi € Su(x;) for all i #j.

Since the sequence py, ..., pn1 = P1 is cyclic, it is enough to prove that py ¢ Su(x;)
for all j. Suppose that p; € Su(x;) for some j € {1,...,n}. Since pi,1 € Su(x;) for all i
and pn41 = p1, it follows that j # n, and by part (i) j # 1. Let ux = pyx and ty = 7y for
1 <k <jand uj1; = py. Notice that w1 € ti(w) for 1 <k <jand uj;1 =uy. Since
j < n this contradicts the choice of n. It follows that

pi € Su(x;) for all 1, j.

This implies 1, 0 - - o 11(p1) = Ap1 + x for some A € k* and x € kQ with p; & Su(x)
for all i. Now, define inductively for i > n, r; := r;_. The sequence (1i);cn acting on
P1 never stabilizes, which contradicts the reduction-finiteness of the reduction system

R.

Let us see that ~» is compatible with concatenation. By transitivity, it is enough
to see that if p, q, a, c are paths and 7/, .’ is a basic reduction such that apc # 0 and
P € Su(ra/per(q)), then aqe ~ apc. Write p = (s, f). If p = q there is nothing to prove.
Suppose p # q. Since p € Su(rqc(q)), we obtain that r4/,c/(q) # q. The only path
on which the basic reduction r4/, ./ acts nontrivially is a’sc’, and so q = a’sc’. Recall
that rq/,/(q) = a’fc’. The fact that p € Su(a’fc’) implies that apc € Su(aa’fc’c).
Consider the basic reduction ¥ = 144/ 5cc. Then 7(q) = aa’fc’c and we obtain that
apc € Su(¥#(aqc)). Therefore aqc ~» apc.

(3) Suppose not, so that there is a sequence (p;)icy of paths and a sequence of basic
reductions (t;)ien such that pi1; € Su(ti(pi)). Since ~+ is an antisymmetric relation,
pi # pj if i #j.

Let i; = 1. Suppose that that we have constructed iy, ..., 1k such thati; < --- <1y,
Pi, € Su(tikq o---oty(pr)) and P; ¢ Su(tik,1 o---oty(py)) for all j > ix. Set Xy =
{i > ik : pi € Su(ty, o---oty(p1))}. By the inductive hypothesis, there is x € kQ
and A € k™ such that t;, , o--- oty (p1) = Api, +x with p;, & Su(x). Since we also
know that p;, 1 € Su(ti (pi.)), and pi 41 & Su(ty,_, o--- oty (p1)) it follows that
Pir1 € Su(ty (py, ) +x). Also, ty ooty (p1) = Aty (py) + 1y, (x) = Aty (pi) +%, s0
Pi+1 € Su(ty, o---oty, (p1)). Therefore X is not empty. We may define i), 1 = max Xy,
because Xy is a finite set.

This procedure constructs inductively a strictly increasing sequence of indices
(ik)ken with p;, € Su(ty,_, o---oti,(p1)) for all k € N. The set {t;, , o--- ot (p1):
k € N} is therefore infinite. This contradicts the reduction-finiteness of R. ]

The following characterization of the relation ~~ is very useful in practice.
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Lemma 1.4. If p, q are paths, then q ~~ p if and only if p = q or there exists a reduction t
such that p € Su(t(q)).

Proof. First we prove the necessity of the condition. Letn € N, ry,...,myand py,...,pn
be as in the definition of ~+, and suppose that n is minimal. Let p; = p; and for each
i=1,...,n—1 put pi;1 = 1i(pi). Notice that the minimality implies that ri(pi) # pi.
Let us first show that

if i > j then p; € Su(p;). (1.1)

Suppose otherwise and let (i,j) be a counterexample with j minimal. We will prove
that in this situation, p; € Su(p1) for all 1 < j. We proceed by induction on 1. By
definition, p; € Su(p;). Suppose 1 < 1 < j—1 and p; € Su(p1). Then we have
P11 € Su(ri(pr)) and, since 1 < j, pry1 € Su(py). Write py = Apy + x with x € kQ
and p; € Su(x). Since 11 acts nontrivially on py, it acts trivially on x; it follows that
T(P1) = Ari(p1) +x and so piy1 € Su(ri(P1)) = Su(Pry1). In particular p;—1 € Su(Pj—1).
Since p; ¢ Su(p;—1) and p; € Su(p;), we must have p; € Su(rj_1(pj—1)).

Now, let m = n+j—1i, tg = v and w = pyif k < j—1, and tx = 714 j and
U = piyk—j if j < k < m. Then, u; = g, Upyj—; = p and w1 € Su(te(uy)) for all
k=1,...,m—1. Since m < n this contradicts the choice of n. We thus conclude that
(1.1) holds.

We can use the same inductive argument as before to prove that p; € Su(p;) for all
1 <1i<mn. Denoting t = (r,...,11), observe that p € Su(t(q)).

Let us now prove the converse. Suppose p and q are distinct paths such that there
exists a reduction t with p € Su(t(q)). Let t = (ty,...,t;) with t; basic reductions
for all i, and let us proceed by induction on m. Notice that if m = 1 there is nothing
to prove. Suppose m > 1. Let t;(q) = > ';Aici, with ¢; paths and A; € k™ for
all i = 1,...,n. In particular, ¢ ~ ¢; for all i. Denote t' = (ty,...,t2). Since p €
Su(t’(t1(q))) = Su(X_iL; Ait/(ci)), we deduce that there exists 1 < iy < n such that
p € Su(t(ciy)). By inductive hypothesis we deduce ci, ~» p. We have already seen
that q ~ cy,. Therefore q ~ p. O

Finally, we define a relation < on the set k* Qx> == {Ap : A € k*,p € Qx>0} U{0}
as the least reflexive and transitive relation such that Ap < pq whenever there exists
a reduction r such that r(nq) = Ap +x with p ¢ Su(x). We state 0 <X Ap for all
}\'p € k* on.

If x =3 ' Aipi € kQ with Ay € k* and Ap belongs to k* Q>o, we write x < Ap if
Aipi = Ap for all i. If in addition x # Ap we also write x < p.

Lemma 1.5. The binary relation < is an order satisfying the descending chain condition and
it is compatible with concatenation.
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Proof. In order to prove the first claim, let us first prove that if p € Qx> is such that
there exists a reduction r with r(p) = Ap +x and p ¢ Su(x), then A = 1 and x = 0.
Suppose not. For r a basic reduction, this has already been done in Lemma 1.3. If v
is not basic, then r = (1,,,...,17) with r; basicand n > 2. Let v’ = (v,...,12). Since
p € Su(r(p)) = Su(r’(r1(p))), there exists p; € Su(ri(p)) such that p € Su(r’(p1)). By
the previous case, we obtain that p & Su(r1(p)), so p # pi1. As a consequence of Lemma
1.4, we know that p ~ p; since p; € Su(ri(p)) and that p; ~ p since p € Su(r’(p1)).
This contradicts the antisymmetry of ~-.

It is an immediate consequence of the previous fact that given a path p and a
reduction t,

if t(A1p) = A2p + x with p € Su(x), then A} = A,. (1.2)

Let A1, ..., Ans1 €K, P1,eoo, Pt € Q>0, X1,...,%xn € kQ and reductions ty, ..., t, be
such that ti(Aipi) = Aiv1piyt +xi, Pir1 € Sulxi) and Any1pnir = Aypy. This implies
that p; ~» piy1 for each 1 <i < n and pn41 = p1. Since ~ is antisymmetric, it follows
that p; = p; for all i and (1.2) implies that A; = Ay for all i. We thus see that < is
antisymmetric.

Let now (Aipi)ien be a sequence in k*Qx¢ and (ti)ieny a sequence of reductions
such that t;(Aipi) = Aip1pivt +xi with pio1 € Su(xi). Then p; ~ piy; for all i and since
~- satisfies the descending chain condition there exists iy such that p; = p;, for all
i > 1p. Observation (1.2) implies then that A; = A;, for all i > iy, so that the sequence
(Aipi)ien stabilizes.

The second claim follows from the following observation. If v,/ , . is a basic re-
duction with p = (s,f) and a, ¢ are paths such that aa’sc’c # 0, then a(rq/,c/(q))c =

Taa’ pe'claqce) forall g € Qxo. This proves that if v = (rry, ..., 1) withry =74/, .- aba-

sic reduction for all i, then a(r(q))c = #(aqc) where ¥ = (¥,,...,7) and ¥; = Taalpycle
for all 1i.

1.2 The Diamond Condition

Let I be a two-sided ideal in kQ.

Definition 1.6. We say that a reduction system R satisfies the Diamond condition for I
if

1. the ideal I is equal to the two sided ideal generated by the set {s — f}(; rjcr,

2. every path is reduction-unique and

3. for each (s,f) € R, f is irreducible.

One of the main reasons why these reduction systems are useful is the following
lemma, which is part of Bergman’s Diamond Lemma.
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Lemma 1.7. If the reduction system R satisfies the Diamond condition for 1, then the set I3 of
irreducible paths satisfies the following properties,

(i) B is closed under divisors,
(ii) m(b) # n(b’) forall b,b’ € Bwithb # b/,
(iii) {mt(b) : b € B} is a basis of A.

Definition 1.8. If R is a reduction system satisfying the Diamond condition for I, we
define Sg :={s € Q>0 : (s,f) € R, for some f € kQ}. If it is not ambiguous, we will
write S instead of Sy.

Remark 1.9. Given q € Q>¢, q is irreducible if and only if there exists no p € S such
that p divides q.

Remark 1.10. In view of Lemma 1.7, we can define a k-linear map i : A — kQ such
that be i(n(b))) = b for all b € B. We denote by 3 : kQ — kQ the composition
iom. Notice that if p is a path and r is a reduction such that r(p) is irreducible, then
r(p) = B(p). In the bibliography, 3(p) is sometimes called the normal form of p.

Corollary 1.11. Given a path p, its normal form (3(p) is such that 3(p) = p. Moreover,
B(p) <pifand onlyifp & B.

Proof. There is a reduction r such that B(p) = r(p) = >_I'; Aipi. We have Ajp; < p for

i=1

all i and so 3(p) < p. The last claim follows from the fact that 3(p) = p if and only if
p e B. O

Next we will prove that these kind of reduction system exists for any two-sided
ideal 1.

Proposition 1.12. If I C kQ is a two-sided ideal, then there exists a reduction system R
which satisfies the Diamond condition for 1.

We will prove this result by putting together a series of lemmas.

Let < be a well-order on the set Qo U Q;. Let w : Q1 — N be a function and
extend it to Q>¢ defining w(e) = 0 for all e € Qp and w(cy---¢1) = Y i w(ey) if
ci € Qrand ¢, - - cqis a path. Given ¢, d € Q> we write that ¢ <, d if

- w(c) < w(d), or
-¢,deQoandc < d, or

-w(c) =w(d),c=cn---c;,d =dm---d; € Q>1 and there exists j < min(|c],|d|)
such that ¢; = d; for all € {1,...,j — 1} and ¢; < d;.
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Notice that the order <, is in fact the deglex order with weight w, and it has the
following two properties:

1. If p,q € Q>0 and p <y q, then cpd <, cqd for all ¢,d € Q> such that cpd # 0
and cqd # 0 in kQ.

2. For all g € Q> the set{p € Q>0 :p < q} is finite.

It is straightforward to prove the first claim. For the second one, let {c)iey be a
sequence in Qo such that c'*! <, ¢! for all i. If ¢! € Qy for some i, then it is evident
that the sequence stabilizes, so let us suppose that {c'}icy is contained in Q-1 and
¢t <, ct forall i € N. Since (w(c!))iey is a decreasing sequence of natural numbers,
it must stabilize, so we may also suppose that w(c') = w(d)) for all 1,j and that the
lengths of the paths are bounded above by some M € N. By definition of <,,, we know
that the sequence of first arrows of elements of {c'}ic)y forms a decreasing sequence in
(Q1, <), which must stabilize because (Q1, <) is well-ordered. Let N € N be such that
the first arrow of ¢t equals the first arrow of d foralli,j > N. If ¢* = cili S c'ﬁ, and
we denote ¢t = ¢l _---c}, then {¢/"}i>n is a decreasing sequence in (Qxo, <o) with
lc’tl = M —1 for all i. Iterating this process we arrive to a contradiction.

Definition 1.13. Consider as before a well-order < on Qo U Qg and w : Q; — N,
and <, be constructed from them. If p € kQ and p = Y ', Aici with A € k%,
ci € Q>0 and ¢; <y c; for all i # 1, we write tip(p) for ¢;. If X C kQ, we let
tip(X) :={tip(x) : x € X\ {0}}.

Consider the set
S := Mintip(I) = {p € tip(I) : p’ ¢ tip(I) for all proper divisors p’ of p}.

Notice that if s and s’ both belong to S and s # s’, then s does not divide s’. For each
s € S, choose fs € kQ such that s — fs € I, f; <, s and fs is parallel to s.

Describing the set tip(I) is not easy in general. We comment on this problem in the
next section.

Lemma 1.14. Let <., and S be as before. The ideal 1 equals the two sided ideal generated by
the set {s — fs}ses, which we will denote by (s — fs)ses.

Proof. Tt is clear that (s — fs)ses is contained in I. Choose x = Y I ;Aic; € I with
Ai € k* and ¢; € Q>o. We may suppose that ¢; = tip(x), so that c; € tip(I). There is
a divisor s of ¢; such that s € tip(I) and s’ ¢ tip(I) for all proper divisor s’ of s and
s € S by definition of S. Let a,c € Q> with asc = ¢;.

Define x" := afsc + Y ", Aici. We have x = Acy + X, Mici = Aja(s — fg)e +x/,
so that x’ € T and, by property (1) of the order <, we see that ¢; > tip(x’). We can

apply this procedure again to x’ and iterate: the process will stop by property (2) and
we conclude that x € (s — fg)ses. []

36



Lemma 1.15. Let <, and S be as before. The set R :={(s, fs)}ses is a reduction system such
that every path is reduction-unique.

Proof. Since s >, tip(f;) for all s € S, properties (1) and (2) guarantee that every path
is reduction-finite. We need to prove that every path is reduction-unique. Recall that
7t is the canonical projection kQ — kQ/I. Let p be a path. Since I = (s —fy)ses,
we see that 7t(r(p)) = 7t(p) for any reduction r. Let r and t be reductions such that
r(p) and t(p) are both irreducible. Then, 7t(r(p) — t(p)) = 7(p) — n(p) = 0, so that
r(p) — t(p) € L If this difference is not zero, then the path d = tip(r(p) — t(p)) can be
written as d = asc with a,c paths and s € S. It follows that the reduction 4. acts
nontrivially either on r(p) or on t(p), and this is a contradiction. O

This lemma implies that for each s € S, there exists a reduction r and an irreducible
element f such that r(fs) = f.. Consider the reduction system R’ := {(s,f) : s € S}.
The set of irreducible paths for R coincides with the set of irreducible paths for R’
and, since n(s — f]) = n(s —f;) = 0, we have that (s — f/)scs C [. From Bergman’s
Diamond Lemma it follows that I = (s — f/)ses. The fact that each f, is obtained from
fs by applying reductions implies that every reduction relative to R’ is a composition
of reductions relative to R, and this implies that every path is reduction unique relative
to R. Also, the paths f} are irreducible relative to R, and since Sg = S/, we deduce
that the elements f, are irreducible relative to R’. We can conclude that the reduction
system R’ satisfies the Diamond condition, thereby proving Proposition 1.12.

Lemma 1.16. Let <, and S as before. For each s € S, let f; and g, be elements in kQ such
that s —fs,s — gs € L If f/ and g/ are the elements constructed as in the last paragraph, then
fs = 9¢.

Proof. Both f] and g{ are irreducible and so their difference f, — g/ is irreducible. On
the other hand, s —f/, s — g € Iimplies that f; — g, € I. We deduce that f{—g; =0. O

This lemma implies that the reduction system R’ associated to the order < on
Qo U Q7 and weight w does not depend on any choice.

Definition 1.17. The reduction system R’ associated to the order < and weight w will
be denoted by R< .

Notice that if instead of starting from a well-order we consider a total order on
Qo U Q1 and a weight function w such that <, is a well-order on Q >y, the construction
of a reduction system for I can be carried out in the same way as before.

It is important to emphasize that different choices of orders on Qo U Qq and of
weights w will give very different reduction systems, some of which will better suit
our purposes than others. Moreover, there are reduction systems which cannot be
obtained by this procedure.
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1.3 Finding reduction systems that satisfy the Diamond con-
dition

Given an algebra A = kQ/I, we proved in Lemmas 1.14 and 1.15 that it is always
possible to construct a reduction system R which satisfies the Diamond condition.
However, it is not always easy to follow the prescriptions given by these lemmas for a
concrete algebra.

Remark 1.18. The two sided ideal I is usually presented giving a set X C kQ of gen-
erating relations, with X at most countable. From these relations it is easy to obtain a
reduction system R verifying the following conditions:

1. the ideal I is equal to the two sided ideal generated by the set {s — f}(; rjcr,

2’. every path is reduction-finite,

To do this fix a well-order on QU Q1, a function w : Q; — N and consider the
total order <, on Q. For all x € X we can write in a unique way x = sy — fy, and we
can eventually rescale x so that sy is monic, with sy >, fx. Define Rx := {(sx, fx)}xex-
The set Ry is a reduction system that satisfies conditions 1 and 2’.

Remark 1.19. Suppose we have a reduction system R satisfying conditions 1 and 2’
for some ideal I. From R we can construct another reduction system R’ satisfying
conditions 1, 2’ and also

3. for each (s, f) € R, f is irreducible.

Indeed, since every path is reduction finite, for each (s,f) € R we can find a reduc-
tion r(s¢) such that r( ¢ (f) is irreducible. The reduction system R’ := {(s, 7(s ) (f)) :
(s,f) € R} verifies conditions 2’ and 3. Let us see that it also verifies condition 1 for
. Notice that 7t(r(s ) (f)) = 7(f) = 7(s), and then 7t(s — (s (f)) = 0. This implies
(s —7(5,0)(f))(s,er € (s —T)(s,per = L. In order to see the other inclusion, write R =
{(si, fi)}ieny such that s; < siyq for all i € N. We shall proceed by induction on i and
prove that s; — fi € (s — 13 () (s.r)er for all i € N. The element f; is irreducible, since
every term appearing in it is strictly smaller than s; and so it is strictly smaller than all
si with i € N. Thus, 7, ¢,)(f1) = f1. Let 1 > 1 and suppose 75 — fj € (s — (s 1) (f)) (s,)er
for all j < i. Notice that the element f;; can only have terms divisible by s; with j < i.
In particular, we have that v, ¢, ;) = (tn, -, 1) with 1o = Tay (5, 5, ).k for j <1
and some paths ay, cr. The next lemma shows that r(, ., ¢.,)(fis1) — fip1 € (55— fj>}:].
By inductive hypothesis, this implies v, , ¢, ,)(fis1) —fi1 € (s —71(55)(f))(5,ner, and
80, sit1 — fir1 € (s =751 () (s, ner-

Lemma 1.20. Let v = (v, - -+ ,71) be a reduction with v = Tq, (s, 1), basic reductions for
k=1,...,n. Ifx € kQ, then x —r(x) belongs to the two-sided ideal generated by the set

{sk— fk}?;] .
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Proof. We will proceed by induction on n. If n =1, then r = 11 = 14 (4 ) is a basic
reduction. Suppose r(x) # x, otherwise there is nothing to prove. We have x =
Aasc +x’, with A € k* and asc € Su(x’). Therefore r(x) = Aafc + x/, and we obtain
x = Aa(s —f)e+7r(x). If n > 1, then x —r(x) = x —11(x) +11(x) —7/(r1(x)), where
" = (1,...,72), and the result follows. O

Observe that different choices of reductions 7, y) may lead to different reduction
systems R’. Also, notice that Sz = Sx.

We have proved the following lemma.

Lemma 1.21. Let < be an order on Qo U Qq and w a weight function. If X is a, at most
countable, generating set of relations for 1, then Rx satisfies conditions 1 and 2'. If Rx does
not satisfy condition 3, using the method given in Remark 1.19 we can find another generating
set of relations X' such that Ry is a reduction system that satisfies conditions 1,2' and 3.

Proof. The proof was carried in remarks 1.18 and 1.19. Using that notation, we have
X' ={s—f:(s,f) e R} O

Example 1.22. Consider the quiver Q with only one vertex and four arrows a, b, c and
d. Define the order a < b < ¢ < dand w(«) =1 for all x € Q.

Let X = {cd — ab,ab — d} and let I be the two-sided ideal generated by X. The
reduction system Ry is {(cd, ab), (ab,d)} and it does not satisfy condition 3 since
the path ab is reducible. The reduction 11 4p,; satisfies that rj 4 1(ab) = d is irre-
ducible. We replace the element (cd, ab) in Ry’ by the element (cd, d). Observe that
cd—d =cd—ab+ab—d € [, and so the ideal generated by X is the same as the
ideal generated by X’ = {cd — d, ab — d}. The reduction system R’ = {(cd, d), (ab, d)}
satisfies conditions 1, 2’ and 3.

The next example shows that there are reduction systems satisfying conditions 1,2’
and 3 that cannot be obtained by the above method.

Example 1.23. Consider the algebra
A =k{xy,z) /(3 +y3 4+ 22 —xyz)

and let R = {(xyz,x*> +y> 4+ 2%)}. It is clear that R satisfies conditions 1 and 3. Also,
but not entirely evident, this reduction system satisfies condition 2’.

On the other hand, if < is an order on the set of arrows {x,y, z} and w is a weight
function, the maximum of the set {xyz, x3,y?, 2%} with respect to the total order <, is
u?, where u is the maximum of the set {x,y, z} with respect to <. This implies that
there is no choice of order < and weight w such that xyz = s, f = x3 + y3 + 23 and
f <w s. Therefore, the reduction system R cannot be obtained by the method given in
remarks 1.18 and 1.19.
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Using Bergman’s Diamond Lemma with the partial order ~» of Lemma 1.3 we
obtain an easy way to check whether a reduction system R which verifies 1,2" and 3,
satisfies the Diamond condition or not.

Proposition 1.24. Let R be a reduction system such that conditions 1, 2" and 3 are satisfied.
The reduction system R satisfies the Diamond condition if and only if all ambiguities are
resolvable. In fact, it is enough to check that all minimal overlap ambiguities are resolvable.

Example 1.25. 1. Consider the algebra A = k(x,y)/I, where I = (x?,y%, yx — &xy).
Lety < x and w(x) = 1 = w(y). Define X = {x?,y?,yx — &xy}. Since yx >
xy we see that the reduction system constructed as in Remark 1.18 is Rx =
{(x%,0), (y%,0), (yx, Exy)} which satisfies conditions 1,2’ and 3. Denote p; =
(x*,0), p2 = (yx, &xy) and p3 = (y?,0).

It is clear that there are no inclusion ambiguities relative to Rx and that the set
of minimal overlap ambiguities is

{(pb P1,%, X/X)/ (92/ p];U,X,X); (93; pZIUIUIX)I (p3l p3/y/y/y)}'

The ambiguity (p1, p1,X, X, x) is resolvable since we can choose r =11, x and t =
Tx,p0;,1, and we obtain r(x3) =0 = t(x3). Similarly, the ambiguity (p3, p3,Y,Y,y) is
resolvable. Let us see that the ambiguity (p3, p2,Y,y,x) is resolvable. Consider
T =T10,x and t = (Txp,1,T1,0,,y,Ty,0,,1)- Then r(p) = 0 = t(p). The process of
reducing p from both sides can pictured as follows:

y%x = (yy)x —— (0)x,
y2x = y(yx) =5 y(Exy) = Eyxy = E(yx)y -2 E(Exy)y — EXxyy = E2x(yy) —= 0,

where t = (t3,t2,t1). Similarly, to see that yx? is resolvable, consider r =
(T1,01,ys Tx,p2,1, T1,0,x) @nd t = 15, 1. Therefore, the reduction system Ry satis-
fies the Diamond condition for I.

2. The reduction system R of Example 1.23 does not have any ambiguities and
therefore it satisfies the Diamond condition.

On the other hand, consider the order x < y < z and weight function w
with w(x) = w(y) = w(z) = 1. Define X = {x3 +y3+ 2> —xyz}]. The re-
duction system Ry is {(z3,xyz — x> —y?)} and it satisfies conditions 1,2’ and
3. Denote p = (z3,xyz — x> —y?). There are no inclusion ambiguities and the
only minimal overlap ambiguity is (p, p,z, z?,z), but it is not resolvable. In-
deed, 1,1 (zY) = zxyz — 3 — zy3 which is irreducible. On the other hand,
r1,p,z(z4) = xyz? — x3z — y3z which is also irreducible and different from the first
one. Therefore (p, p,z, 2%, z) is not resolvable and we obtain that Rx does not
satisfy the Diamond condition.
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Remark 1.26. We now deal with the case in which a reduction system constructed from
a generating set X for I, an order < and a weight function w, as in remarks 1.18 and
1.19, satisfies conditions 1,2" and 3 but not the Diamond condition. An example of
such a reduction system is Rx of the last example. This procedure is also described in
[3], Section 5.

Suppose Rx satisfies conditions 1,2" and 3 but there exists a non resolvable ambi-
guity p = (p1,p2,a,b,c). Choose two reductions r = (ry,...,71) and t = (ty, ..., t1)
such that r(p) and t(p) are irreducible but different, with r; and t; the basic reductions
corresponding to the type ambiguity. Notice that r(p) — t(p) € I\ {0}.

Write r(p) — t(p) = s — f with f <4 s and define X’ := XU {s — f}. The reduction
system Ry satisfies conditions 1,2" and we may have to modify it as in Remark 1.19
so that it satisfies condition 3. Notice that p is now resolvable with respect to Rx:.
New ambiguities may now appear, so it is necessary to iterate this process, which may
have infinitely many steps, but we will arrive to a reduction system R that satisfies
conditions 1,2/,3, and having no non resolvable ambiguities, that is, R will satisfy the
Diamond condition.

Next we give an example to illustrate this procedure.

Example 1.27. Consider the algebra A, the set X and the reduction system Rx
(23, xyz — 3 2

—_—

—ys)} of the second example of Example 1.25. We saw that (p, p,z, 2%,z
is a non resolvable ambiguity and that the elements r(z4) = zxyz — 23 — 2y, t(2Y)
xyz? —x3z —y3z are irreducible, where r = 1,1 and t = 11, ,. The difference between
r(p) and t(p) is xyz? — x3z —y3z — zxyz + zx3 + zy3. Define

3 —zy3}.

X1 = XU {xyz =3z + 93z + zxyz — 2x
We have Rx, = {p, p1} where

3

o1 = (\yz2?, Xz + Pz + zxyz — 2x3 — zy?),

and notice that the ambiguity (p, p, z, z3,2) is now resolvable. The set of ambiguities
for Rx, is {(p, p, z, 22,2), (p1, 0, xy,zz, z)}. Applying reductions to the element xyz3 we
obtain again two different irreducible elements whose difference is

y3z2 +x32% + zzxyz — 253 — zzy3 —Xyxyz + xyx3 + xy4.

Define

X2 =X U {y3zz +x32% + zzxyz — 253 — zzy3 —Xyxyz + xyx3 + xy4}.

The reduction system Ry, is the set {p, p1, p2}, where
03 = (Y322, —x32% — 22xyz + 22%° + 22y° + xyxyz — xyx® —xy?).
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We obtain the new ambiguity (p3, p,43,2%,2z) which is not difficult to see that it is
resolvable. Thus, the reduction system

Rx; = (2%, xyz—x3 —y%), (xyzz, Xz 4+y3z+ zxyz — 2x° — zy°),
( 3.2

Y322, 322 — 22xyz + 2% + 22yd 4 xyxyz — xyxd —xy*)
satisfies the Diamond condition for I = (X).

There is another reduction system which verifies the Diamond condition for I,
namely

R ={(xyz, x> +y*> +2°)}.

This example shows that a reduction system obtained from a deglex order <, may be
sometimes less convenient than other ones.

We end this section with a series of results that are important for the next section.

If R is a reduction system, denote
Inc(R) :={abc € Q>0 : (p1,p2,a,b,c) is an inclusion ambiguity for some p1, p; € R}.

Proposition 1.28. Let R be a reduction system which satisfies the Diamond condition for an
ideal 1. The set R ={(s,f) € R :s ¢ Inc(R)} is a reduction system satisfying the Diamond
condition for 1 and it has no inclusion ambiguities.

Proof. Observe that R’ is obtained from R by deleting the elements (s,f) € R for
which there exists (s’, ') € R with s’ a proper divisor of s. In particular, R’ C R. Let
J C I be the ideal generated by the set {s — f};; f)cr .

A path p is irreducible relative to R’ if and only if it is irreducible relative to R.
Since R satisfies the Diamond condition for I, we obtain that R’ satisfies the Diamond
condition for J. The inclusion ] C I induces a k-algebra epimorphism ¢ : kQ/] —
kQ/I and since the set of irreducible paths is the same for both reduction systems, the
homomorphism sends a basis of kQ /] to a basis of kQ/I, and so ¢ is an isomorphism.
This implies that I = ] and we deduce that R’ satisfies the Diamond condition for L.
The fact that R’ does not have any inclusion ambiguity is evident. O

Example 1.29. Consider the quiver Q with only one vertex and four arrows, namely
Q1 ={a,b,c,d}. Definea <b <c<dand w(x) =1 forall x € Q;. Let X be the set
{abc —a, abc — b, ab — d} and define I as the two-sided ideal generated by it. We have
Rx ={(abc, a), (abc,b), (ab, d)}.

Following the methods described in remarks 1.18, 1.19 and 1.26, we obtain the re-
duction system R = {(abc, a), (abc, b), (ab,d), (dc, a), (b, a), (aa, d)} that satisfies the
Diamond condition. The set Inc(R) is {abc, ab}. Then, R’ = {(dc, a), (b,a), (aa,d)} is
a reduction system satisfying the Diamond condition and it has no inclusion ambigu-
ities.
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The following corollary says that this method is in fact a very efficient way to
compute the reduction systems R< , constructed in Lemmas 1.14 and 1.15, as well as
the set tip(I).

Corollary 1.30. Let < be an order on Qo U Q1, w a weight function and 1 a two-sided ideal.
If X is a generating set of relations for 1 such that Rx satisfies conditions 1,2, 3 and every
ambiguity is resolvable for it, then

R<w=1(s,f) € Rx:s ¢ Inc(Rx]},
and p € tip(1) if and only if there exists q € tip(X) such that q divides p.

Proof. Denote R’ ={(s,f) € Rx : s ¢ Inc(Rx)}. By the previous proposition, we know
that R’ satisfies the Diamond condition for I. Recall that

S®r. ., = Mintip(I) = {p € tip(I) : p’ ¢ tip(I) for all proper divisors p’ of p}.

Let Br_, and Bg' be respectively the sets of irreducible paths of R<, and R'.
Notice that a path p belongs to Br_, if and only if it is not divisible by any element
of tip(I).

By the definition of Rx we have that f <, s for all (s,f) € R’ and s — f € [, thus
s € tip(I) and we can find an element (s’, ') € R< , with s’ a divisor of s. We deduce
that Br_ , C Br/. By Lemma 1.7, the sets nt(Br_ ) and 7t(Br/) are bases of kQ/I and
n(BRwa) C nt(Br/), therefore n(Br_ ) = 7(Br/). Again by Lemma 1.7 we obtain that
Br., = Bgr:.

Let (s,f) € R’. We know that R’ does not have any inclusion ambiguities. This
implies that every proper divisor of s belongs to Br. Since Br_ , = Br/, we deduce
that every proper divisor of s does not belong to tip(I) and therefore s € Swr. - Since f
is irreducible relative to R’, and therefore it is irreducible relative to R< ., we obtain
that (s, f) € R< . This implies that R’ C R< .

Let us see the other inclusion. Let (s, f) € R< . The fact that s is reducible relative
to R<,w implies that it is reducible relative to R’ and so there exists (s’, ') € R’ with
s’ a divisor of s. Since every proper divisor of s is irreducible relative to R< , we
obtain that every proper divisor of s is irreducible relative to R’ and therefore s’ = s.
From this we deduce that f — f’ belongs to I. The element f — f’ is irreducible and so
f—f' =0, thatis, (s,f) = (s/,f') € R'.

Let us see the second claim. Notice that a path p is divisible by an element of S if
and only if it is divisible by an element in tip(X). On the other hand, a path p belongs
to tip(I) if and only if it is divisible by some element in Sz _ = Sg-. Putting these two
facts together we obtain the second claim. ) O

A reduction system R satisfying the Diamond condition for an ideal I may have

elements (s, f) € R with s € Qo U Q. The following lemma says how to delete this
type of elements.
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Lemma 1.31. If R is a reduction system satisfying the Diamond condition for 1 with no
inclusion ambiguities, then the algebra A = kQ/1 can be written as A = kQ /T where Q is a
subquiver of Q, R=R\{(s,fleR:se Qo U Qq} is a reduction system in kQ that satisfies
the Diamond condition for T, it has no inclusion ambiguities and the set S of first coordinates
of elements of R satisfies S € Q.

Proof. Define R; :={(s,f) € R:s € Qi}and S; := SN Q; for i =0, 1. We know that for
all (s,f) € R, f is a linear combination of paths that are not divisible by any element
of So US;. Also, if (s,f) € R\ (RoURq), then s is not divisible by any element of
So U S1. Since every path parallel to a vertex e is divisible by e, we obtain that f = 0
for all (s,f) € Ro. Let X be the set of arrows in Q; that have as target or source an
element of Sy. Consider the quiver Q obtained from Q by removing all the vertices
in Sy as well as all the arrows in XUS;. Let R := R \{RoUR4}. Observe that R is
a reduction system defined on Q. Define T as the two-sided ideal in kQ generated by
the set {s — f}( s ek Notice that T is a subset of L.

A path p in Q is irreducible with respect to R if and only if it is a path in Q that
is irreducible with respect to R. Also, if p is a path in Q and  is a basic reduction
of R such that r(p) # p, then r is a basic reduction of . These two facts imply that
every path in Q is reduction-unique with respect to R. Thus, R is a reduction system
satisfying the Diamond condition for 1. The inclusions Q C Q and 1 C I induce a
k-algebra morphism ¢ : kQ/T — kQ/I. The set of paths in Q that are irreducible
with respect to R coincides with the set of paths in Q that are irreducible with respect
to R. Since these sets form bases of kQ/I and kQ /T respectively, we see that ¢ is an
isomorphism. O

Example 1.32. Consider the reduction system R’ = {(dc, a), (b, a), (aa, d)} of Example
1.29. Using the notation of the above proof we have Ry =©, So =D, R ={(b,a)} and
S; = {b}. Therefore Qo = Qo, Q1 ={qa,¢c,d},R = {(dc, a), (aaq, d)},f = (dc—a,aa—d}
and we have an isomorphism of k-algebras

kQ/(abc —a,abc —b,ab—d) = kQ/(dc — a,aa —d},

where R is a reducion system satisfying the Diamond condition for T with no inclusion
ambiguities and S - Qz.

1.4 Ambiguities

Let I be a two-sided ideal of kQ and R a reduction system satisfying the Diamond
condition for I. By Proposition 1.28 and Lemma 1.31 we can assume without loss of
generality that R does not have any inclusion ambiguities and that S C Q>,.

We will next recall the definition of n-ambiguity or n-chain according to the termi-
nology used in [1], [2], [32] and to Bardzell’s [4] associated sequences of paths.
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Definition 1.33. Givenn > 2 and p € Q>,

1. the path p is a left n-ambiguity if there exist up € Q1, uy, ..., u, irreducible paths
such that

(@ p=uous Uy,

(b) for all i, the path wjuiq is reducible but w;d is irreducible for any proper
left divisor d of u;.

2. The path p is a right n-ambiguity if there exist vo € Q7 and vy, ..., vy irreducible
paths such that

(@ p=vn---vo,
(b) for all i, the path vi.jv; is reducible but dv; is irreducible for any proper
right divisor of vi.

Define A1 := Qo, Ay := Q1,41 := S and for n > 2 define A,, and A/ to be
respectively the set of left n-ambiguities and right n-ambiguities.

Proposition 1.34. For all n > 2 the equality A,, = A/, holds.

Proof. This fact is proved in [4] and also in [32]. O

Proposition 1.35. Let n,m € N, p € Q>1. Ifup, iy € Qy and uy,...un, y,..., 0y are
paths in Q such that both uy, ..., uy and Qy, ...,y satisfy conditions (1a) and (1b) of the
previous definition for p, then n = mand w; =10; forall 1,0 <1 <n.

Proof. Suppose n < m. It is obvious that uy = fip, since both of them are arrows.
Notice that kQ = Ty, kQ1, that is the free algebra generated by kQ; over kQo, which
implies that either upu; divides {ip{ly or {ip{l; divides upuy, and moreover upuy, tipfl; €
A1 = S. Remark 1.9 says that upu; = {ipfi;. Since uy = iy, we must have u; = 1i;. By
induction on 1, let us suppose that u; = {i; for j < i. As a consequence, Wi 1+ Uy =
UIRRRIE

If i+1 = n, this reads u, = {i,---{,, and the fact that u, is irreducible and
{;{1j 4 is reducible for all j < m implies that m = n and u, = {i,. Instead, suppose
that i+ 1 < n. From the equality ui;7 - - un = Qi1 - - - {i;, we deduce that there exists
a path d such that ui;; = j41d or Gl = uipd. If wiyy = G4yd and d € Qxq,
we can write d = dyd; with d; € Q. The path 1ii11d; is a proper left divisor of
ui;+1 and by condition (1b) we obtain that u;{li;1d; is irreducible. This is absurd since
uilliy1d; = Qi1 d; by inductive hypothesis, and the right hand term is reducible
by condition (1b). It follows that d € Qo and then uiy; = {ii41. The case where
{li11 = wi41d is analogous. O

Corollary 1.36. Given n,m > —1, A, N Ay = @ if nand m are different.
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Proposition 1.37. If n > 0 is even and p € Ay, then there are exactly two elements py,p2 €
An_1 dividing p. Moreover, if p =g - - - Un = Vn ... Vg are the factorizations of p as left and
right n-ambiguity, then p1 =Ugy... Un_1 and p2 =Vvn_1...Vp.

Proof. This fact is also proved in [4] and in [32] O

Proposition 1.38. Let Amb be the set of ambiguities of R. The map f : Amb — A, given by
f((p1,p2,a,b,¢c)) = abce is well defined and it is a bijection.

Proof. The fact that R has no inclusion ambiguities implies that all the ambiguities are
minimal overlap ambiguities. Let (p1, p2, a,b,c) be an ambiguity and write a = apa;
with ap € Qq. Define vy := ag, u; := a;b and u, = c. Since (p1, p2, a, b, c) is a minimal
overlap ambiguity and there are no inclusion ambiguities, if abc = dyjsd, with s € S,
then either d; € Qo and s = ab, or d; € Qo and s = bc. For any proper left divisor
u’ of uy, the path upu’ is a proper left divisor of ab and therefore it is irreducible.
Similarly, for any proper left divisor u’ of uy, the path uju’ is a proper left divisor of
ujuy = ajbe and we deduce that it is irreducible. This implies that upuju; = abc is a
2-ambiguity, and so the map f is well defined.

Let woujuy € A;. We know that upuy is reducible. Since vy € Qp and u; is
irreducible we obtain that ugu; € S. On the other hand, uju; is reducible and since
uy and uju’ are irreducible for all proper left divisor u’ of u,, we can write u; = ujuy
such that uj'u, € S. The element (py, p2, upuj, uy, uz) is a minimal overlap ambiguity,
where p1, p; are respectively the unique elements in R with first coordinate upu; and
uj'uy. Notice that f((p1, p2, uoui, ui’, uz)) = upwu, and so f is suryective.

Let us see that f is injective. Let (p1,p2,a,b,c) and (py, p}, a’,b’,¢’) be minimal
overlap ambiguities such that abc # a’b’c’. If abc = a’b’c’, then either ab divides
a’d’ or a’b’ divides ab. Since ab, a’b’ € S and there are no inclusion ambiguities, we
obtain that ab = a’b’ and so ¢ = ¢’. Similarly, bc = b’c’ and we deduce that b = b’
and a = a’. This implies that (p1, p2, a,b,c) = (p1, p3, a’,b’,c’). O

Example 1.39. In practice, computing the sets A, is not difficult. Proposition 1.38 is the
best way to start since the computation of the set Amb is not hard. To obtain the set A3
we have to consider the minimal overlaps of elements p = upuju, € A; with elements
s € S on the right in such a way that s does not overlap with upu;. In general to obtain
Ani1 from A, we form every minimal overlap of elements p = uy...u, with elements
s € S on the right such that s does not overlap with w,,_ju,.

Next we give an example. Let Q be the quiver with one vertex and two arrows
a,b. Let I be the two-sided ideal generated by the set X = {aba, bab} and consider the
order a < b and weight w(a) = w(b) = 1. By Proposition 1.24, the reduction system
Rx = {(aba,0), (bab,0)} satisfies the Diamond condition for I. Moreover, it has no
inclusion ambiguities and S = {aba, bab} C Q>,.
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Using Proposition 1.38 we deduce that A, = {abab,baba}. Let uy = a,u; =
ba,u; = b, and uj = b,u] = ab,u) = a. We obtain abab = upuju, and baba =
ufuju). Notice that abab overlaps on the right with both aba and bab, but aba
overlaps also with upuy. The element baba also overlaps with aba and bab, but bab
overlaps with uju;. Therefore A; = {ababab,bababa}. If we define u3 = ab and
u} = ba we can write ababab = upujuyuz and bababa = ujujujul.

Continuing in this way we obtain A4 = {abababa,bababab}. We deduce that
An ={(ab)?1, (ba)2""} for n even, and A, ={(ab)"T" a, (ba)"T b} for n odd.

We end this section with a proposition that indicates how to compute ambiguities
for a particular family of algebras.

Proposition 1.40. Suppose S C Q. Foralln > 1,
An ={o...0tn € Qui1: 04 € Qq forall iand ooy € S}

Moreover, given p = &g ... xn € Ay, we can write p as a left ambiguity choosing w; = «, for
all i, and as a right ambiguity choosing vi = xn_i.

Proof. We proceed by induction on n. If n = 1 we know that A; = S in which case
there is nothing to prove. Let ug - - - unun41 € Ay and suppose that the result holds
for all p € A,,. Since uy - - - u, belongs to A, we only have to prove that un; € Qg
and that upu,y; € S. We know that u, € Q;, that u,; is irreducible and that
UnUn4 is reducible. As a consequence, there exist s € S and v € Q¢ such that
UnUn41 = sv. Moreover, u,d is irreducible for any proper left divisor d of w,,,1, so the
only possibility is v € Qo. We conclude that u,u,41 belongs to S. Since S C Q; and
un € Q1, we deduce that un41 € Qy. This proves that A, 1 C{xp - an € Qni1: oy €
Qg for all i and o1 € S}. The other inclusion is clear. O

Example 1.41. Let & € k and Q be the quiver with one vertex and two arrows. Denote
Q1 = {x,y}. Consider A = k(x,y)/I with I = (x?,y%,yx — &xy). In Examples 1.25 we
proved that the set R = {(x%,0), (yz,O), (yx, Exy)} is a reduction system satisfing the
Diamond condition. Also, there are no inclusion ambiguities and S = {xz,yz, yx} C Q,.
The only path of length two not in S is xy. By Proposition 1.40, the set A, coincides
with the set of paths not divisible by xy, that is

An={yx':s+t=n+1}
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Chapter 2

Previous work by Anick, Green and
Bardzell

In this chapter we will recall the main results in [1], [2], [4] and [32]. Bardzell’s reso-
lution and Skoldberg’s contracting homotopy for it are fundamental for our results.

2.1 Anick’s resolution

Let A be an augmented k-algebra, that is a k-algebra with a one dimensional module T.
Let {v} be a k-basis of T and € : A — T the A-module morphism given by e(a) =a-v,
for a € A, and letn : T — A be the k-module morphism given by n(Av) = A -1, for
A€k

The algebra A can be presented as A = k(X)/I for some set X and some ideal I.
Choose for example a generating set X of A. Consider the quiver Q with one vertex
and Q; = X. Let < be a total order on X and w : X — N a function such that <, the
induced order <, on the set of paths, is a well-order. For example, if < is a well-order
on X, then <, is a well-order. Consider the reduction system R< ( coming from this
order. Let A;, be the set of n-ambiguities for n > —1 and let B be the set of irreducible
paths.

For n > 0 define a partial order on the set {p @b :p € A, b € B} C kA, @A
by p@b < p’ @b’ if pb <, p’b’. This is in fact a total order. Observe that the set
{p®b:pe A, b e B}is abasis of kA, ® A. For x € kA, @y A denote tip(x) to be
the highest term when writing x as a linear combination of elements of this basis.

Theorem 2.1 (Anick [1]). There is a resolution of T by free right A-modules,

do

0 TS A KX @A <2 kS @ A <2 kA @ A<E o, (21)
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where do(x) = x —mn(e(x)) for x € X, and for each n > 1 the differential d,, is such that

tip(dn(Wo - Un ®@ 1) —Up -+ Up 1 @ Un) < Up- - Un—1 @ Un. (2.2)

The first problem with this result is that the information about the differentials is
very limited. For an ambiguity uy - - - u,, there might be many terms p ® b verifying
P®b < uy®uy_1 ®uy,. The second problem is that it is an existence theorem, even
if we are able to control these terms and we manage to obtain morphisms {dn}nen
forming a complex and verifying condition 2.2, we cannot conclude from Anick’s
theorem that it will be a resolution.

We give an example to illustrate these problems.

Example 2.2. Let § € k and A = k(x,y)/ (x*,y%,yx — &xy). Consider the order x <y
and weights w(x) =1 = w(y). By Example 1.25 R = {(x%,0), (y%,0), (yx, Exy)} satisfies
the Diamond condition for I. Also, Example 1.41 shows that the set of n-ambiguities is
A ={ysxt:s+t=n+1L Forn e N, theset {y’x* @u:s+t=n+1,uec{l,xy,xy}}
is a basis of kA, @y A.

Let T be the one-dimensional module with basis {v} and actionv-x =0 =v-y. By
Anick’s theorem we know that there exists a resolution as in 2.1 such that dy(x) = x,
do(ly) =yand fors+t=n+1,

tip(dn (ysx' ® 1) —ysxtq Rx) < ysxt*] R X, (2-3)
in case t > 0, and

tip(dn (Y™ @ 1) —y" @y) <y" @Y. (2.4)

Suppose t > 0. Equation (2.3) says that d, (y*x' ® 1) = y>x*' @ x +w, where w is a
linear combination of terms of the form y*'x! ® u with s’ +t/ = n and y'x"'u < y*x'.
Since s’ +t’ = n we obtain that u cannot be equal to xy, otherwise the weight of
y¥'xtw is n + 2 which is higher than the weight of y*x'. Since x < y we deduce that
u = x or u = 1. Moreover, any term of the form y*'x!’ ® u where s’ +t’ = n, veryfing
either u = x and t’ < t or u = 1, satisfies ys/xt/ @u < yx* ' ®x. There are n+ 1+t
of these terms.

In case t = 0 similar arguments show that d,(y™"' ® 1) = y™ ® y +w, where w is
a linear combination of terms of the form y*'xt @ u with s’ +t’ =n and u € {1,x, y}.
There are 3n + 3 of these terms.

In any case, condition 2.2 of Anick’s theorem provides very poor information about
the differentials.

Let us consider the special case & = 0. The family of A-module morphisms {fy, }hen
such that f, (y*x'®@u) = y*x' ' ®@xu, for t > 0, and f,(y""' ® u) = y" ® yu, form a
complex and verifies

tip(fn(Uo. .. Un @ T) = U U @ Un) < Up... Up1 @ Un,
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but so far there is no guarantee that (k.A, ®y A, f,) is a resolution of T. We will be able
to prove that it is a resolution using Bardzell’s resolution for monomial algebras.

2.2 Anick-Green resolution

In [2], the authors generalize the results in [1] to the setting of quotients of path
algebras by ideals contained in J?, where ] is the ideal generated by the arrows. Let
7: kQ — A be the canonical projection, where A = kQ /1.

Consider a reduction system R< ,, coming from a well order < on the set of Qo U
Q1 and a weight function w. For n > —1, let A, be the sets of n-ambiguities and B
be let the set of irreducible paths. Given 1 < i < m, denote A, ={p € A, : e;p = p}
For each b € B and n > —1, consider W? = (p®@m(b’) € kAL, @ A :p € AL, b’ €
B,pb’ <, b))y C kAL ®¢ A.

Theorem 2.3 (Anick-Green, [2]). With the above notation, let T be the one dimensional
module over the vertex e;. There is a resolution of T by projective right A-modules,

do

0 T<<A kAL RE A <2 kAl @ A <2 kAl @p A<S

and for each n > 1 the differential d,, is such that

dn(up... un @ 1) —up ... Uy @7(uy) € WO,

Each one of the problems to construct resolutions using Anick’s theorem appears
also in this generalization.

2.3 Bardzell’s resolution

Let A be a monomial algebra, that is, a quotient of a path algebra A = kQ/I with I a
two-sided ideal generated by paths of length at least 2. Let X be the set

X={x € Q>0:x € I and x’ ¢ I for all proper divisor x' of x}.
Notice that I is the two-sided ideal generated by X.

Lemma 2.4. The reduction system R = {(x,0) : x € X} satisfies the Diamond condition for I,
it has no inclusion ambiguities and S = X C Q>».

Denote E = kQo. The fact that the sets of n-ambiguities are subsets of Q> implies
that the k-vector space kA, is in fact an E-bimodule and therefore we can form the
A-bimodules A ®¢ kA, ®¢ A. The set {n(b) @ p @ t(b’) : p € An, b, b’ € B} is a basis
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of A ®¢ kA, @ A. Let B be the set of irreducible paths and 7 : kQ — A the canonical
projection.

Consider the following sequence of A-bimodules,

O A A LA 0

l~

A®pkA @ A

--LA@)EkAo@EA

where

1. dp tAQe kAL, QF A — AR kA1 Qe A forn > 0,
2. d_j(a®b) = ab is multiplication in A,

3. if niseven, q € Ay and q = up-- - up = vy - - - vy are respectively the factoriza-
tions of q as left and right n-ambiguity,

dn(1®q@T) =7m(vy) @V 1+ vo @1 =T@up -+ Up1 @ (Un),
4. ifnisodd and q € A,,

dh(1®q®1) = > mla@pen().

ape=q
pEAn_1,0,c€Q>0

In [4], Bardzell proves the following theorem.

Theorem 2.5 (Bardzell, [4]). The sequence (A @ kAe @t A, ds) is the minimal projective
A-bimodule resolution of A.

A contracting homotopy for this resolution is given in [32] by Skoldberg. For n =
—1, sn: A — kQ ®¢ kA_; ®¢ A is the kQ — E-bimodule map given by s_j(a) =a®1,
for a € kQ.

Forn € Ny, sp : A @p kA1 @ A — A @ kA, ®¢ A is given by

s1®q@n(b)) = (-0 ) nwlaepen),
apc=qgb
peAn,a,ceQxo

withb € Band q € A, ;.

Example 2.6. Consider the algebra A of Example 2.2 for & = 0, that is, A = k(x,y)/I
with I the two sided ideal generated by the paths x?,y?,yx. In this case E = k. We
have already proved that A, ={y*x':s+t=n+1}and B ={1,x,y, xy}.
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Given q € Ay, there are s,t € N such that s+t =n+1 and q = y*x*. Suppose
q = apc with p = y*'xt' € A, j and a,c € Qsp. Since s+t =n+Tand s’ +t' =n,
either a belongs to Qo and c belongs to Qq or a € Q7 and ¢ € Qp. Using this fact we
obtain that the Bardzell resolution for A is

A @ kA DA T A @ kA A R A AL A,

where the differentials are given as follows. Letn > 0 and s,t € Ny such that s+t =
n+1, so that y*x' € A,,.

1. If nis even,

d(1@yx'el)=yay e l-1y>x""®x, ift>0ands > 0.
(10X @) =x2y"@1-10x"®x,
d,(1@y""el)=yey"1-12y"®y.

2. If nis odd,

d.(1@yx'@l)=yay* e l+1ey>x""®x, ift>0ands > 0.
da(1X"T @) =x@y"@1+10x"®Xx,
1oy o) =yey"0l+1ey"®y.

Let T be the one dimensional module of Example 2.2, that is, the one dimensional
module with basis {v} such that v-x = 0 = v-y. Applying the functor T ®a (—) to
Bardzell resolution of A we obtain that the sequence (k.A, ®y A, fo) described at the
end of Example 2.2 is a resolution of T by free right A-modules.

For the study of the general case A = k(x,y)/ (xz,yz,yx— Exy) with & € k see
Chapter 4
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Chapter 3

Projective resolutions using
ambiguities

In this chapter we state and prove our main results, namely Theorem 3.5 and Theorem
3.6. Fix an algebra A = kQ/I and a reduction system R satisfying the Diamond
condition for I with no inclusion ambiguities and such that S C Q.

Definition 3.1. There is a monomial algebra associated to A and R, defined as

Ag = kQ/<S>

Let 7t : kQ — Ag be the canonical projection. Notice that S is the minimal set of paths
generating the monomial ideal (S), and since the set B of irreducible paths coincides
with the set of paths not divisible by any element of S, we obtain that the set 7/ (B) is
a k-basis of As. The algebra Ag is a generalization of the algebra A;on defined in [20].

From the formulas of the differentials of Bardzell resolution of As we are going to
define morphisms of A-bimodules &, : A ®¢ kA, ®g A — A @ kA1 @ A. Notice
that the kQ- bimodule kQ ®¢ kA, ®¢ kQ is a k-vector space with basis {a ® q ®c :
a,¢c € Q>o,q € Ay, aqc # 0 in kQ}. Consider the following sequence,

f f f f
+—2=kQ @ kAy @ kQ — > kQ @ kAo @ A — > kQ @ kQ 1 kQ 0
S ~— ~e—
S, Sy So l/“ S 4

kQ ®g kA_1 ®¢ kQ

where

1. f_1(a®b) = ab,

2. if nis even, then define f,, as the unique k-linear map such that for all a,c € Qx,
q € A, such that aqc # 0in kQ and q = up--- Uy = vy - - -V are respectively
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the factorizations of q as left and right n-ambiguity,
fn(a®q ®c)=avn @Vp1 V@ Cc—a®@ Uy Uy 1 @ UnC,
and notice that it is a kQ-bimodule morphism.

3. If n is odd then f, is the unique k-linear map such that for a,c € Q>¢,q € A,
as before,

fala®q®c) = Z aa’ @p®c'e,
a’pe’=q
pEAn—lra//CIEQEO

and it is kQ-bimodule morphism.

4. S_1(x) = x®1 and if n > 0, Sy is the unique k-linear map such that for all
ac S QZO/q € ATL—]/

Spla®q®c) = (=)™ Z ad’@p®c’.
a’pe’=qc

pEAn,a’,c’'€Qxo

Notice that Sy, is a kQ — E-bimodule map for all n > —1.

As we have already done for A in Remark 1.10, we define a k-linear map i’ :
As — kQ such that i’(n/(b))) = b for all b € B, and we denote by B’ : kQ — kQ the
composition i’ o 7. Given n > —1, let us fix notation for the following k-linear maps:

Ty = MR idy 4, O, i, =7 @idyy, @7,

in =1®@idig, @i, il =1 ®@idyy, @1/,

Bn:=1in0omy, By =1l o).

The maps f,, induce, respectively, A-bimodule maps

on: AR kA, @ A — AR kA1 R A
where

On := 10 fhoiy,
and As-bimodule maps

5/ 1 As @ kAn @ As — As @ kAn_1 QF As
defined by

5, i=m jofyoil.
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Remark 3.2. Notice that 6_; and &', are respectively multiplication in A and in As.
Also, observe that the sequence

!

1y 1Y 5/ [
--;AS(X)E](A] R Asg —1>A5®EkA0®EAS —0>AS®EAS —1>A5 —0,

is, by definition, the Bardzell resolution of As. So the morphisms 6, with n > —1
are morphisms defined by copying the formulas of Bardzell’s differentials of As. The
morphisms &, are not going to satisfy 5,1 o0 o, = 0, but they are going to be a starting
point from where we are going to obtain differentials d,, : A ®¢ kA, ®r A — A ®¢
kA,_1 ®¢ A that form a resolution of A.

The maps S,, induce A — E-bimodule maps s, : A @ kA1 @ A — A @ kA, @¢
A and Ag — E-bimodule maps s/, : As @ kAn_1 Qp As — As @ kA @ Ag by the
formulas

Sn =T 0 Sp ol g,

/

) ./
Spi=TpoSp ol .

Observe that (s} )>_1 is the Skoldberg’s contracting homotopy for the Bardzell’s reso-
lution of As.

Recall that in Chapter 1 we constructed, from the reduction system R, a partial
order =< on the set k*Qx>(. We define some sets that will be useful in the sequel. For
any n > —1 and pq € k*Qxo, consider the following subsets of kQ ®¢ kA, ®¢ kQ:

- L3(ng) ={Aa®@p®c:a,c € Qso,p € An, Aapc =< puql,

- L3 (nq) ={Aa®@p®c:a,c € Qo p € An, Aapc < puql,

and the following subsets of A @ kA, ® A:

- ZZ(uq) == {M(b) @ p@7(b) 1 b, b € B,p € An, Abpb’ < puql,

- Lo(nq) :=\(b) @ p@m(b’) : b, b’ € B,p € An, Abpb’ < pql.
Remark 3.3. We observe that

fra1(x) € (L

Sn(x) € (L

(nq))z, forallx e £§L+] (nq), and
(uq))z, forallx € £ (nq).

EIVEIPN

Remark 3.4. Notice that even if we start from a reduction system of the form R< ,, the
partial order < compares very few thing when compared with the order <, used by
Anick and Green, and so the sets Z: are considerably smaller than the sets W2 used
in Anick-Green theorem. The fact that we can use the partial order < is already a big
improvement, this will become apparent in the examples of Chapter 4.
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We will now state the main theorems. Recall that our aim is to construct, for
non necessarily monomial algebras, a bimodule resolution starting from the Bardzell’s
resolution of the monomial algebra As. The first theorem says that if the difference
between its differentials and the monomial differentials can be “controlled”, then we
will actually obtain an exact complex. The second theorem says that it is possible to
construct the differentials.

Theorem 3.5. Set d_1 := 6_1 and dy := &p. Given N € Ny and morphisms of A-bimodules
di: AQp kA; @ A — AR kA ®EAfOT1 <i<N. If

1. dijodi=0foralli, 1 <i <N,

2. (i—8&)(1®qel) e <£;1(q)>kforalliE{],...,N}andforall qe A,

then the complex

A kAN B A - Y A 2 kA e A~ A A A .
1s exact.

Theorem 3.6. There exist A-bimodule morphisms d; : A @g kA; @ A — A Qg kA1 Q@ A
forie Noand d_y : A ®g A — A such that

1. dijodi =0, forall i € Ny,

2. (di—8)(1®q®1) € (Ly 1(q))z foralli > —1and q € A

We will carry out the proofs of these theorems in the following section.

3.1 Proofs of the theorems

We keep the same notations and conditions of the previous section. We start by prov-
ing some technical lemmas.

Lemma 3.7. Given n > 0, the following equalities hold
1. dp 07 = T—1 0 Ty,
2. 8 om) =m ;ofy.
The proof is straightforward after the definitions.

Next we prove three lemmas where we study how the maps defined in the previous
section behave with respect to the partial order <.
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Lemma 3.8. Forall n € Ny and pq € k*Qxo, the images by 1, of L5 (nq) and of L3 (nq)
—= ——;
n n

are respectively contained in (L, (nq))z and in (L, (1q))z.

Proof. Givenn € Ny, uq € k*Qspand x = Aa®@p®c € L3 (nq), where a,c € Q¢ and

p € Ay, suppose B(a) = > ;Aib; and B(c) = Z]. ?\j/bj/. Since B(a) < aand B(c) = ¢,
then A;b; < a and 7\]-/ bj’ =< c for all 1,j. This implies

}\Al}\Jbﬂ)bJ’ = }\ClpC = nq

and so ?\?\J\j’ (b)) Rp X ﬂ(bj’ ) belong to Zf (nq) for all i,j. The result follows from the
equalities

ma(x) = Mi(a) ® p ® m(c) = An(B(a)) @ p @ m(B(c)) = 3 MA(by) © p @ 7(by).
i

The proof of the second part is analogous. O

Corollary 3.9. Let n > —1 and pq € k*Q>o. Keeping the same notations of the proof of the
previous lemma, we conclude that

—=

1. ifx € Zf(uq), then Amt(a)xm(c) € (£, (Anaqc))z,

2. ifx € Z:(pq), then Art(a)xm(c) € (Z:(Auaqc»z.

Lemma 3.10. Given n € Ny and uq € k*Qxo, there are inclusions

1. 8n(Ly (1)) € (L1 (1q))z,

2. 8L (1q)) C (L 1(1q))z,

5. sa(Ly (1) € (L, (na))z,
4 sa(Ly1(1q)) € (L (1q))z.
Proof. From x = An(b) @ p ® m(b’) € Zf(uq), with b, b’ € B and p € A,, we get

in(x) = Ab®@p ®@b’. This element belongs to £=(uq) and this implies that f,,(Ab ®
p ®b’) belongs to (L= ,(11q))z, by Remark 3.3. As a consequence of Lemma 3.8 we

obtain that &, (x) = 7,1 (fn(Ab ® p ® b’)) belongs to <Z§,1 (nq))z. The proofs of the
other statements are similar. O

Lemma 3.11. Given n > —1 and nq € k*Qxo, if x =Aa®@p @ ¢ € L3 (nq) is such that
7t (x) =0, then

T (x) € (Ly, (1q))z-
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Proof. By hypothesis we get that 0 = 7t} (x) = 7/(a) ® p @ ’(c). The only possibilities
are 7’'(a) =0 or Tt’(c) =0, thisis, a ¢ B or c ¢ B, namely 3(a) < aor (c) <c.

Writing 3(a) = > ;Aib; and B(c Z] ?\J b]’ , we deduce that AA\A! ;bipbj < uq for

all ,j. As a consequence, } ; ; ?\?\i?\jn( ) @p @b j) (Ln (nq))z.
The proof ends by computing

(%) = M (B(X)) = () MiAbi @ p @ b)) ZMM ) @ p @ (b)),

i

O

The importance of the preceding lemmas is that they guarantee how differentials
and morphisms used for the homotopy behave with respect to the order. This is stated
explicitly in the following corollary.

Corollary 3.12. Givenn > 1, pq € k*Qxo and x € L’ ), the following facts hold:

1. 8p108n(x) € (L 5(nq))z

2. X = 81 0 snp1(x) = sn 0 8n(x) € (L, (1q))z.

Proof. Let us first write x = Ant(b) ® p @ 7t(b’) with b,b’ € B and x’ = i,(x) =
Ab®p ®b’. Lemma 3.7 implies that

6n71 o 6n(x) = 6nf1 o 6n o ﬂn(x/) = 67171 O Th—10 fn(x/) =Tnh—-20° fnfl o fn(x/)-

By Remark 3.3, f,_j o fr(x') € ﬁn ,(nq). Next, by Lemma 3.11, in order to prove that
dn_108n(x) € <Z:_2(uq)> z, it suffices to verify that 7t/ , o f,_j o f(x’) = 0, which is
in fact true using Lemma 3.7, and the fact that (As @ kAs ®r As, d,) is exact.

In order to prove (2), we first remark that if k € Ny and y € (ﬁf(uq))z, then
iy om(y) —ikom(y) € (£ (nq))z. Indeed, let us write y = Aa®@p®c € £S(uq).
In case a € B and ¢ € B, there are equalities i] o 71 (y) = y = ix o 7 (y), and so the
difference is zero. If either a ¢ B or ¢ ¢ B, then 7, (y) = 0 and in this case Lemma 3.11

implies that m(y) € (L (1q))z. So, ik o me(y) € (L5 (1q))z and the difference we are
considering belongs to (£ (1q))z.

Fix now x = At(b) @ p @ 7t(b’) and x’ = 1,(x) =Ab®@p @ b’, with b, b’ € B.

Since x’ = 1], o7t/ (x/),

X —Ont10Sn41(X) —sp0dn(x) = ﬂn(X/) — Tt (frs1 0 ng1 © Ttng1 © Snp (X/))

- 7Tn(sn Oilp_107mMp_q0 fn(X/))-
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The previous comments and Remark 3.3 allow us to write that

. ==
Tth © fn-H o (11,14-1 o 7'[1,14-1 —lnt1 © 7Tn+1) o Sn-H (X/) S <£n (Hq»Z/
. . —=<
T 0 Sy © (17,1,1 © 7TT,171 —ip10my1)ofn(x’) € <‘Cn (Hq)>Z
It is then enough to prove that
T[n(X/ - fn+1 o iT,1+1 o 7TT/1+1 o Sn+1 (X/) - Sn o i7,171 o 7'[7,171 o fn(xl)) € <Z:(Hq)>Z/
but
T (X" — fnp1 0y g 0 0 Sy (X)) = Snody yomy yofu(x'))
=1ty (x") = 8111 © Sy (T (X)) — 87 0 87, (10 (X))
=0.
Finally, we deduce from Lemma 3.11 that

. . —=
T (X' — frt Olr/u-] OT[T/L-H o Sni1 (x")—Sn olr/L_] O7Tr/1_1 ofn(x')) € <£n(}iq)>Z-

O

Next we prove another technical lemma that shows how to control the differentials.

Lemma 3.13. Fix n € Ny, let R be either k or Z.

1. If d : A®pkAn ®e A — A ®g kAn1 ®¢ A is a morphism of A-bimodules such
that (d—6,)(1®@p®1) € <Z:,1 (p))r for all p € Ay, then given x € (Zf(uq)}R,
(d=8n)(x) € (Loy(1a)) for all uq € k*Qxo.

2. Ifp: A®p kAn @ A — A @ kAn11 ®¢ A is a morphism of A — E-bimodules such
that (p —sn)(1 @ p @ (b)) € <Z:+1 (pb))g, forall p € A,, and b € B, then for all

X € <Zf(pq)>R, (p — sn)(x) belongs to <Z:+1 (nq))g for all uq € k*Qxo.

==

Proof. Given pq € k*Q>pand x € (L, (11q))r, let us see that (d—,)(x) € <Z:_1 (nq))r.
It suffices to prove the statement for x = Ant(b) @ p @ m(b’) € Zf (nq).

By hypothesis, (d —8,)(1 ® p ® 1) belongs to (Z:_1 (p))r, so (d—&n)(x) equals
At(b)(d — 6,)(1 @ p® 1)7t(b’) and it belongs to <Z:,] (Abpb’))gr C <Z:,1 (nqg))g, using
Corollary 3.9.

The second part is analogous. O]

Next proposition will provide the remaining necessary tools for the proofs of The-
orem 3.5 and Theorem 3.6.
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Proposition 3.14. Fix n € Ny. Suppose that for each i € {0,...,n} there are morphisms of
A-bimodules d; : A @ kA; @ A — A @ kAi_1 ¢ A, and morphisms of A — E-bimodules
pi: A®p kA1 ®c A — A ®g kA; ®¢ A. Denote d_y = pand definep_1 : A — A Qg A
asp(la) =a® 1.

If the following conditions hold,

(i) dioyodi =0forallie{0,...,n},

(i) (di—d)(1®q®1) e <£;1(q)>Rfor alli €{0,...,n}tand forall q € A;,
(iii) for alli € {—1,...,n—1}and for all x € A @ kA @ A, x = dig1 0 pir1(x) +pio
di(x),

(iv) (pi—s)(1®qemnr(b)) € <Z?(qb)>Rfor all i € {0,...,n}, for all q € A; and for all
be B,

then:

1. If dnyy @ A Qe kAn1 @ A — A ®¢ kA, ® A is a map satisfying the following
conditions:
(i) dnodny1 =0,
(i) (dns1 —Sn))(1 @ q@ 1) € (L, (q))r,
then there exists a morphism ppi1 @ A @ kA, Qe A — A Q@ kA1 e Aof A—E
bimodules such that
(a) forall x € A Qg kAn @ A, x = dny1 © Spp1(x) + sn 0 dn(X)
(b) forall q € Ay and forallb € B, (pn1 —sn1)(1 ® q@7(b)) € (L7, (gb))r.
2. there exists a morphism of A-bimodules dn+1 : A @ kAn+1 @ A — A ®p kA, @ A
such that
(i) dnodny1 =0,
(i) (dn1 —Sns) (1@ q@ 1) € (L (q))re

Proof. In order to prove (2), fix q € An;1. By Lemma 3.10, d,41(1 ® q ® 1) belongs

to (£, (q))z and using Lemma 3.13, (dn, — 0n)(0n+1(1 ® q ® 1)) belongs to (£:4 (q))r.

Corollary 3.12 tells us that 8, 06,1 (1® q® 1) is in <£:,1 (q))z. We deduce from the
equality

dn(fn1(1®q@ 1)) =0n08nn1(1®q® 1)+ (dn —8n)(dn1(1® q® 1))

that d, (0n41(1 ® q® 1)) belongs to (L 1(q)r.
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Let us define dn ;7 : A X kA1 X A — A ®p kA, ®f A by
dni1(a,q,¢) = abn1(1 @ @ 1)c — apn(dn(dn1(1 @ g @ 1)),

fora,c € A, q € Any1. The map dpy1 is E-multilinear and balanced, and it induces a
unique map

dni1 AR kAn 1 A — A ®p kA, QF Al

The morphism dy.1 is in fact a morphism of A-bimodules.

Putting together the equality pn = sn + (pn — sn) and Lemmas 3.10 and 3.13, we

obtain that (dn+1 —8,11)(1®@q® 1) = —ppodnodni1(1 ®q® 1) belongs to <Z:(q)>R.
Moreover, given x € A ®g kAn_1 ®e A, x = dn 0 pn(x) + pn_1 © dn_1(x), choosing
X = dn(0n41(1 ® q ® 1)) yields the equality

dpodn(1®q®1) =dpoppodpodnp(1®q®1)

which proves that d,, o dny1 = 0.

For the proof of (1), fix ¢ € A;, and b € B. Using Lemmas 3.10 and 3.13, we deduce
that the element

1®q®@m(b) —pnodn(l®q®mn(b))
:]®q®ﬂ(b)_pn06n(] ®q®n(b))_pno(dn_6n)(]®q®ﬂ(b))

differs from 1 ® q ® 7t(b) — pn 0 6n(1 ® q ® 7(b)) by elements in <Z:(qb)>R. We will
write that

(id — Pr 0 8n + Pn 0 (dn —80)) (1@ q@7(b)) = id— pn 0 50 (1® q@7(b)) mod (L, (qb))r.
Also,

(id — pn 0 8,)(1® q @ 7(b)) = (id — $5 0 8,)(1 © q @ 7(b)) mod (L, (qb))r
= Sni1 0 5n1(1® g @ 7(b)) mod (L, (b))

—=

)
= dn+1 0 $n1(1 ® g @ (b)) mod (L, (qb))r.
We deduce from this that there exists a unique & € (Z: (qb))r such that
(id—pnodn)(1®q@mn(b)) = dni1 0 sn1(1®q@m(b)) + &

It is evident that & belongs to the kernel of d,,.

The order < satisfies the descending chain condition, so we can use induction on
(k*Q>0, ). If there is no Ap € k* Q> is such that Ap < qb, then & = 0 and we define
Pn+1(1 ® q @ 7(b)) = spp1(1 ® g ® 7t(b)). Inductively, suppose that pn41(&) is defined.
The equality d,,(&) = 0 implies that & = dy11 0 pny1(&) and

(id—pnodn)(1® q® (b)) = dnsi(sns1(1 ® q @ 7(b)) 4 Py (£)).
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We define p, 1(1 ® q @ 7t(b)) := spn1(1 @ q @ 7t(b)) + pni1 (&)

Lemmas 3.10 and 3.13 assure that p,1(&) belongs to (Z: ,1(gb))r, and as a conse-
quence

oni1(1® q@7(b)) —sn1(1® q@7(b)) € (Lnyy(qb))r.

We are now ready to prove the theorems.

Proof of Theorem 3.5. We will prove the existence of an A — E-bimodule map py : A ®¢
kA1 @ A — A ®f kA ®¢ A satisfying dp o pg + p—1 0 d_1 = id, where d_; = p and
p_1(a) = s_1(a) = a® 1 for all a € A. Once this achieved, we apply Proposition
3.14 inductively with R =k, for all n such that 0 < n < N — 1, obtaining this way an
homotopy retraction of the complex

A@ekAN @A LA A S A0
proving thus that it is exact.
Given b =by---b; € B, withb; € Q;, 1 <i <Kk,

sol@m(b)) ==Y 7(b- b iy) @b @ (b i -+ by).

On one hand

1nab)—nb)®1 =1 nb) —s_1(d_i(1 ® (b)) and on the other hand the
left hand term equals 8o(so(1 ® 7t(b))), yielding 1 ® t(b) —s_1(1 ® 7t(b)) = do(so(1 ®
7(b)). By hypothesis, (dg — 80)(1 ® m(b)) belongs to (L j] b))k, and so there exists
e <Zj1 (b))x such that
T®@m(b) —s_q1(d-1(1®@7(b))) = dolso(T @7(b))) + &.

It follows that d_;(&) = 0. Suppose first that there exists no Ap € k* Q¢ such that
Ap < b.

In this case & = 0 and we define py(1 ® 7t(b)) = so(1 ® t(b)). Inductively, suppose
that po(&) is defined for any & such that d_;(&) = 0. Since in this case & = do(po(&)),
we set po(1 @ 7t(b)) := so(1 @ 7(b)) + po(&). 0

Proof of Theorem 3.6. It follows from the proof of Theorem 3.5 that
T@m(b) =(s10d1+800sp)(1®m(b))

and so s_jod_j+ 8008y = idag.a. Setting dy := 0y, the theorem follows applying
Proposition 3.14 for R = Z. ]
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We end this section by showing that this construction is a generalization of Bardzell’s
resolution for monomial algebras.

Proposition 3.15. Given an algebra A, let (A Q¢ kAs ®¢ A, ds) be a resolution of A as A-
bimodule such that d, satisfies the hypotheses of Theorem 3.5. If p € Ay, is such that v(p) =0
or r(p) = p for every reduction v, then for all a,c € kQ,

dn(m(a) @ p @ 7t(c)) = dn(m(a) ® p @ 7(c)).

Proof. By hypothesis, we know that there exists no A'p’ € k*Qxo such that A'p’ < p,
so L7 (p)={0}and da(1®@p®1) =5,(1®@p®1). Given a,c € kQ we deduce from
the previous equality that

dn(m(a) @ p @ m(c)) —dn(n(a) @p @ m(c)) = m(a)(dn(1@p @ T) =dn(1@Pp @ 1))m(c) = 0.
O

Corollary 3.16. Suppose the algebra A = kQ/1 has a monomial presentation. Choose a
reduction system R whose pairs have the monomial relations generating the ideal 1 as first
coordinate and O as second coordinate. In this case, the only maps d verifying the hypotheses
of Theorem 4.2 are those of Bardzell’s resolution.

3.2 Morphisms in low degrees

In this section we describe the morphisms appearing in lower degrees of the resolution.

Let us consider the following data: an algebra A = kQ/I and a reduction system
R satisfying the Diamond condition.

We start by recalling the definition of 8o and 8_;. For a,c € kQ, x € Qg,

01 AR A — A, S0 AQREkA)REA — ARQEA,
d_1(m(a) ®m(c)) =m(ac), dp(mt(a) ® a®m(c)) = mlax) ® 7(c) — m(a) @ 7(xc).

Definition 3.17. We state some definitions.

- Let @o: kQ — A ®¢ kAp @ A be the unique k-linear map such that

n
i=1

forc € Qsp,c=cn---cywithe; € Qpforalli, 1 <i<n.
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- Given a basic reduction v = 14, let @1(r,—) : kQ — A ®¢ kA; ®¢ A be the
unique k-linear map such that, given p € Q>0

011, p) = {n(a) ®s®m(c), ifp=asc, (3.1)

0 if not.

In case v = (ry,...,77) is a reduction, where r; is a basic reduction for all 1,
1 <i<mn, wedenoter’ = (ry,...,12) and we define in a recursive way the map
@1(r,—) as the unique k-linear map from kQ to A ®¢ k.A; ®¢ A such that

@1(r,p) = @1(r1,p) + @1 (v, 11(p)).

- Finally, we define an A-bimodule morphism d; : A ®¢ kA; ®g A — A Q¢
kAp ®¢ A by the equality

di(T®s®1) = @o(s) —@o(B(s)), forall s € A;.

Next we prove four lemmas necessary to the description of the complex in low
degrees.

Lemma 3.18. Let us consider p € Q¢ and x € kQ such that x < p. For any reduction r the
element @1 (r,x) belongs to (L7 (p))z.

Proof. We will first prove the result for x = pq € k*Qx>o. The general case will then
follow by linearity. Fix x = uq € k*Q>o. We will use an inductive argument on
(k*Qx0, 2).

To start the induction, suppose first that there exists no p'q’ € k*Q>¢ and that
1'q’ < pg = x. In this case, every basic reduction 14 satisfies either rqc(x) = x or
Tasec = 0. In the first case, asc # q and so @1(rqs,c, x) = 0. In the second case, asc = q,
SO @1 (Ta,s,c, x) = |.L7'[((1) ®s 7'[(C).

Given an arbitrary reduction r = (ry, ..., 1) with r; basic for all i, there are three
possible cases.

1. 11(x) =xand n > 1,

2. 1(x) =xand n =1,

3. 11(x) =0.
Denote v/ = (1, ..., 12) as before and 11 =14 5. In case 1), @1(r,x) = @1(/,x). In case

3), @1(r,x) = @1(r1,x) = 0. Finally, in case 2), @1(r,x) = @1(r1,%x) = pn(a) ® s ® 7(c).
Using Lemma 3.8, we obtain that in all three cases ¢1(r,x) € (Zr () z-
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Next, suppose that x = pq and that the result holds for u'q’ € k*Qx¢ such that
n'q” < pgq = x. Let us consider 1,1 and 1’ as before. Again, there are three possible
cases:

1. asc =,
2. asc #qandn > 1,

3. asc #qand n=1.

Case 3) is immediate, since in this situation ¢ (r,x) = 0. The second case reduces to
the other ones, since ¢1(r,x) = @1(r/,x). In the first case,

@1(r,x) = pr(a) @ s @ m(c) + @1 (1, 11(x)).

We know that 11(x) < x, and we may write it as a finite sum r1(x) = ) ; piqi. Using
the inductive hypothesis, we deduce that ¢ (r,x) € <Z]< (p))z. O

Lemma 3.19. Forall x € A ®¢ kA ®¢ A, x belongs to the kernel of 8 o dq(x).

Proof. Let x be an element of A ®¢ kA; ®g A. Since these maps are morphisms of
A-bimodules, we may suppose x = 1® s ® 1, with s € A;. A direct computation gives

So(d1(1T®s® 1)) = do(@ols) —@o(B(s)))
=7n(s)@T—=1®7(s) —7(B(s)) @ T+ 1R 7(P(s))
=0.

O

Lemma 3.20. Given a,¢ € Qsoand p = Y " Mpi € kQ, with p; € Qxo for all i, we
obtain the equality

@olapc) = go(a)n(pe) +m(a)@o(p)m(c) + lap)@o(c).
The proof is immediate using the definition of ¢y and k-linearity of ¢y and .

Next we prove the last of the preparatory lemmas.

Lemma 3.21. Given p € Q> and a reduction v = (ry, ..., 1), with vy a basic reduction for
all i such that 1 < i <m, there is an equality

di(@1(r1,p)) = @o(p) = @o(r(p))-
Proof. We will prove the result by induction on n. We will denote 1; = 1q, s, c;-

67



For n = 1, there are two cases. The first one is when p # a;sjc;. In this situation,
r(p) =71(p) =p, @1(r1,p) = 0 and so the equality is trivially true. In the second case,
p = aisicy, @1(r1,p) = 7(a1) ® s1 ®7(cq) and r(p) =11 (p) = a1B(s1)ci. Moreover,

di(@1(r1,p)) +@o(r1(p)) =di(mla;) ® sy ®@m(cy)) + @olaiB(si)er)
=m(ar)eo(s1)m(cr) —m(ar)@o(B(s1))mlct) + @olarB(si)er).

Using Lemma 3.20, the last term equals

@olar)m(B(s1)cr) +mlar)@o(B(s1))mlcr) +m(arB(s1))@olcr),

so the whole expression is

7i(ar)@o(st)m(cr) + @olar)m(B(s1)er) +m(arB(s1))@olct)
= mt(ar)@o(s1)m(cr) + @olar)m(sicr) +m(arsi)@olcr),

and using again Lemma 3.20, this equals @ (p).
Suppose the result holds for n — 1. As usual, we denote 1’ = (ry,, ..., 12).

Since r(p) =1/ (m1(p)),

di(@1(r,p)) + @o(r(p)) = di(@1(r1,p)) + di(@1(v/, 11 (p))) + @o(r'(r1(p)))
=di(@1(r1,p)) + @o(r1(p))

O

Consider now an element p € A,. By definition we write p = upujuy = vyvivp
where upu; and vyvy are paths in A; dividing p. Suppose 1 = 14 ¢ is a basic reduction
such that r(p) # p. We deduce that either s = upu; or s = vyvy. For an arbitrary
reduction r = (ry,...,71), we will say that r starts on the left of p if 11 = T, S = UpUy
and asc = p, and we will say that r starts on the right of p if 11 = 1q,5c, S = Vivo and
asc =p.

Proposition 3.22. Let {TP},c 4, and {tP},c 4, be two sets of reductions such that 7 (p) and
tP(p) belong to kB, 1P starts on the left of p and tP starts on the right of p. Consider d, :
A ®@p kA, @ A — A @ kA ®¢ A the map of A-bimodules defined by d,(1 @p® 1) =
©1(tP, p) — @1 (7P, p).

The sequence
A@ekA; @eA 2 A ek @A 5 A kAy @A 25 AREA TS A 0

is exact.
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Proof. To check that d, is well defined, consider the map d:AxkA XA — AR
kA; ®¢ A defined by da(x,p,y) = x@1(t?, p)y — x@1 (1P, p)y, for all x,y € A, which is
clearly multilinear; taking into account the definition of ¢;, it is such that dy(xe,p,y) =
dy(x,ep,y) and dy(x, pe,y) = da(x,p, ey) for all e € E, so it induces d; on A @ kA, @
A.

The sequence is a complex:

- 81089 =0and 5y o dy; =0 follow from Lemma 3.19.

- Givenp € Ay, di(d2(1®@p® 1)) = di(@1(t?, p) — @1(1P,p)). Using Lemma 3.21,
this last expression equals @o(p) — @o(tP(p)) — @o(p) + @o(rP(p)), which is, by
Remark 1.10, equal to —@o(B(p)) + @o(B(p)), so djody =0.

It is exact:

- We already know that this is true at A and at A ®g A.

- Givens € A, i(1®@s®1)—8(1 ®s® 1) belongs to (Z;(SDK: indeed, notice
that §1(1®s® 1) = @o(s), and @o(B(s)) belongs to (Z;(snk since B(s) < s. It
follows that

G10se1)—5(12s01) =—@o(B(s) € (Lo ().

- Given p € A;, we will now prove that (d; —6,)(1 ® p ® 1) belongs to <Z1< (P))x-
We may write p = upuju; = vyvivp, as we did just before this proposition
and thus 5(1@p®1) = m(vy) @vivo® 1 — 1 ® wuy ® m(uy). Besides, if 1P =
(tn,...,11) and tP = (ty, ..., t;) with t; and rj basic reductions, the fact that rP
starts on the left and tP starts on the right of p gives

(d;—8)1®@p®1) =@t t1(p)) — @1 (v'P,11(p)),

where t'? = (t,...,t;) and v'P = (r,,,...,712). Since t1(p) < p and 71(p) < p,
Lemma 3.18 allows us to deduce the result.

Finally, Theorem 3.5 implies that the sequence considered is exact. O

Remark 3.23. Given a € Ay = Q;, we have that Zi (a) = @, so for any morphism
of A-bimodules d: A ®¢ kA @ A — A ®p kA_1 ®¢ A such that (d—5p)(1T®a® 1)
belongs to (£ (a))y, it must be d = 5.

On the other hand, given s € A;, write B(s) = Y {"; Aibi. Let r = r, ¢/ be a basic
reduction such that r(s) # s. We must have s’ = s and a,c € Qo must coincide with
the source and target of s, respectively. In other words, the only basic reduction such
that r(s) # s is rq,sc With a and c as we just said, and in this case r(s) = 3(s) € kB.
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In this situation
{Aq € K Q>0:Aq < s} ={Aiby,..., Ambm},

and writing b; = bl - - - b with bl € Qj,

N
Lo(s) = A - ) @bl @1,... , A @b @rbl - b)),

i=1

Ifd: A®g kA ® A — A ®e kA ®e A verifies (d—8)(1®s® 1) € Z;(s) and
dgod(s) =0 for all s € A, then there exists y]i € k such that

m ny
d1@s@1) =go(s)— Y > YAm(bt - b} ) @bl @n(b] - bi).
i=1 j=1

From this, applying 8¢ and reordering terms we can deduce that y% =1 for all 1,j. We
conclude that the unique morphism with the desired properties is d;.

3.3 Applications
Theorem 3.24. Given an algebra A = kQ /I such that

1. there is a reduction system R = {(si, fi)}i for I satisfying the Diamond condition with
si and f; homogeneous of length N > 2 for all 1,

2. for all m € N, the length of the elements of Ay, is strictly smaller that the length of the
elements of Any1.

The resolutions of A as A-bimodule obtained using Theorem 3.5 and Theorem 3.6 are minimal.

Proof. Let (A @ kAs @t A, ds) be a resolution of A as A-bimodule obtained using
Theorem 3.5 or Theorem 3.6. Denote by |c| the length of a path ¢ € Q. Condition
(1) guarantees that for all paths p,q such that Ap < q for some A € k*, we have
Ipl = Iql. Letn >0, q € A, and An(b) @ p @ t(b’) € Z:_](q). Since p € A1,
condition (2) says that |p| < |ql. On the other hand, Abpb’ < q and then [bpb’| = |q|.
We deduce that b € Q=7 or b’ € Qx>;. As a consequence, Im(d,) is contained in
] @ kAn—1 ®g AUA @ kA1 ®¢ ], where | is the ideal generated by the arrows and
therefore the resolution of A is minimal. O

Remark 3.25. The conclusion holds in a more general situation, which includes Ex-
ample 4.2. It is sufficient to have a reduction system satisfying (1) and such that the
ambiguities p that appear when reducing a given n + T-ambiguity q are of length
strictly smaller than the length of q.
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Remark 3.26. In Example 1.27, the reduction system R, satisfies the conditions of The-
orem 3.24, while R does not satisfy (2).

Notice that if R is a reduction system for an algebra for which there is a non-
resolvable ambiguity, then, even if we complete it like we did in Example 1.27, the
resolutions obtained using Theorem 3.5 and Theorem 3.6 will not be minimal.

We end this section proving a generalization of Prop. 8 of [20] and a corollary.

Proposition 3.27. Let A = kQ/I, where Q is a finite quiver, kQ is the path algebra graded by
the length of paths and 1 a homogeneous ideal with respect to this grading, contained in Q>;.
Let R be a reduction system satisfying conditions (1) and (2) of Theorem 3.24 and let As be
the associated monomial algebra. The algebra As is N-Koszul if and only if A is an N-Koszul
algebra.

Proof. The projective bimodules appearing in the minimal resolution of Ag are in one-
to—one correspondence with those appearing in the resolution of A, so either both of
them are generated in the correct degrees or none is. O

This proposition, together with Thm. 3 of [19] give the following result.

Corollary 3.28. If A has a reduction system R satisfying condition (1) of Theorem 3.24 and
such that S C Qy, then A is Koszul.
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Chapter 4

Examples

In this chapter we apply the methods developed previously to the following two fam-
ilies of algebras.

- Quantum complete intersections. This is the family of algebras A(&,n, m) with
generators x and y subject to the relations x™ = 0, y™ = 0 and yx = &xy, where
¢ is an element of the field k and n, m are integers at least equal to 2. These
relations are homogeneous if and only if n = m = 2, and the algebras A(E,2,2)
are Koszul for all & € k. In [10] the authors use these algebras to give a negative
answer to Happel’s question: if & € k* is not a root of unity, then the algebra
A(E,2,2) has finite Hochschild cohomology and infinite global dimension. We
begin by studying this subfamily. With our method we recover their Koszul
resolution. Then we turn to the general case where our method applies with no
further difficulties. This is a nice feature of our method, it treats in a uniform
manner algebras of different types. We will see this phenomena again in Chapter
5 with the family of down-up algebras.

- Quantum generalized Weyl algebras. The members of this family are the alge-
bras A(a, q) with generators y,x,h subject to the relations hy = qyh,hx =
q~'xh,yx = a(h) and xy = a(qh), where q is a nonzero element of the field
k and a(h) is a polynomial in the variable h. This is an example where we use
the procedure explained in Section 1.3 with a non constant weight function w to
find a convenient reduction system.

In both cases we use Proposition 3.22 to find the first degrees of the resolutions
and from those formulas we derive the formulas for all degrees.

Before addressing the above examples, we explain how the resolutions obtained
using theorems 3.5 and 3.6 depend on the reduction system chosen.

Example 4.1. Consider the algebra A = k(x,y,z)/ (xyz—x* —y*>—2°). Let Ry and R,
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be the reduction systems

S —zy?),

(y32?, 322 — 2Z2xyz + 223 + 22y% + xyxyz — xyx® —xy*)}, and
Ry ={(xyz,® +y°> +2°},

Ri ={(2%,xyz—x> —u?), (xyz, X’z + y’z + zxyz — 2x

In examples 1.23 and 1.25 we proved that both R; and R; satisfy the Diamond condi-
tion. Denote A} and A% the respective set of n-ambiguities. Notice that z3 () ¢ Al
for n odd and z3™t! € Al for n even, so Al is not empty for all n € N. On the
other hand, A% is empty for all n > 2. We conclude that using R, we will obtain
a resolution of length 2, with differentials given explicitely by Proposition 3.22, and
using R the resolution obtained will have infinite length. This shows how different
the resolutions from different reduction systems can be.

The algebra A is in fact a 3-Koszul algebra. Indeed, denoting by V the k-vector
space spanned by x,y,z and by R the one dimensional k-vector space spanned by the
relation xyz — x> —y> — 23, we have

ROVRVNV®V®R={0}

and so the intersection is a subset of V ® R ® V. Theorem 2.5 of [6] guarantees that A
is 3-Koszul. By Theorem 3.24, the resolution we obtain from the reduction system R,
is minimal and therefore it is the Koszul resolution.

4.1 The algebra counterexample to Happel’s question

Let & be an element of the field k and let A be the k-algebra with generators x and
y, subject to the relations x* = 0 = y?, yx = &xy. This algebra can be presented as
k(x,y)/(X), where X = {x?,y?,yx — &xy} and k(x,y) is the algebra freely generated in
the variables x and y. Choose the order y < x with weights w(x) = w(y) = 1 and
define the reduction system Rx = {(x%,0), (y%,0), (yx, Exy)} as explained in Remark
1.18. By Proposition 1.24 the reduction system Ry satisfies the Diamond condition.
The details are given in Example 1.25.

Hence, the set of irreducible paths is B = {1,x,y,xy}. The only path of length 2
not in Sz, is xy and Proposition 1.40 implies that for each n, A, is the set of paths of
lenght n + 1 not divisible by xy,

A ={x"is+t=n+1}

Lemma 4.2. The following complex provides the beginning of an A-bimodule projective reso-
lution of the algebra A

A@ekAr Qe A 2 A ek @A 5 A @ kA @A 25 AREA THA 0
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where d; is the A-bimodule map such that

G1x*)=x@x@1+10x®Xx,

dqloyel)=yayel+leyay,

G yx®1) =y xRT+1yRx—EXRYyR1—-—ERx®yY
and d; is the A-bimodule morphism such that

dLley’el) =yoy’el-1ey’* oy,
LY X0 =yux®@1+5{yx@y+Ex @120 1-10y2 ®x,
d, (1 ®yx2®1) =y @x2®1—1 QUX X —EXxQYx® 1 —Ez®xz®y
L1 =x2x>01-10x%>Qx.

Proof. We apply Proposition 3.22 to the following sets {rP},c 4, of left reductions and
{tP}peu, of right reductions, where

Y = T1y2yr T = T1y2x

_ryxz = (Tl,xz,y/Tx,yx,bﬁ,yx,x)/ _rx3 =T1x2xr

ty3 =Tyy2,1/ tyzx = (T'XIUZ,]/ﬁ,yx,y/ Ty,yx,1 )/
v — Tyl ¢ = Tex2 -

O

One can find an A-bimodule resolution of A in [10] and in [8]; the authors also
compute the Hochschild cohomology of A therein. We recover this resolution with
our method.

Given q € Ay, there are s,t € N such that s+t =n+1 and q = y*x*. Suppose
q = apc with p = y*'xt' € A, j and a,c € Qso. Since s+t=n+Tand s’ +t' =n,
either a belongs to Qp and ¢ = x or a =y and ¢ € Qo. As a consequence of this fact,
the maps

On : kQ @ kAn @ kQ — kQ ® kA1 @ A are

YRy Xt @1+ (-1 oyxTeox, ifs#0andt#0,
Sn(1@yx' @) =<{yey" a1+ (-""ey ey, ift=0, (4.1)
XX T+ (-1 @ x"* ®x, if s =0,

Moreover, given a basic reduction r = v, ¢, the fact that s belongs to S = x%,y%,yx}
implies that r(y*x!) is either 0 or £y 'xyx'~!. Considering the reduction system R, if
s #0and t # 0, then

Loy ={Exoyx @1, oy X oyl
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In case s =0 or t =0, the set Z:A (yx') is empty.
The computation of d; — &, suggests the definition of the maps
dn t AQp kAL QEA — AR kA1 @ A
as follows
do(Toyx @) =8 (leyx' @) +e@xoyx @1+ 0y X' ay)
where € denotes a sign depending on s,t,n. The equality d,_; o d;, = 0 shows that

making the choice e = (—1)* does the job.
Finally, Theorem 3.5 shows that the complex

s AR kA @A L AR kA @A SS A®EA DA — 0
with
d(1oy'x'el) =y y 'x'el+ (=) eyx" ox
+ (e @Y T @1+ (1) @y @y,
fors >0and t >0, and

dn(loy™ el =yey™ol+ (" 1oy" oy,
dn(1@0x™T@1) =x@x" @1+ (1)1 x" ®x,

is a projective bimodule resolution of A.

Again, the algebra A is Koszul, see for example [7] and the resolution obtained
using our procedure is the Koszul resolution, which is the minimal one, see Theorem

3.24.

4.2 Quantum complete intersections

These algebras generalize the previous case. Instead of the relations x* = 0 = y?,
yx = &xy, we have x™ = 0 = y™, yx = &xy, where n and m are fixed positive integers,
n,m > 1. We still denote the algebra by A and similarly to the previous case, let
X = {x",y™, yx — &xy}. Consider the order y < x with weights w(x) = w(y) = 1.
The reduction system Rx = {(x™,0), (y™,0), (yx, &xy)} satisfies conditions 1,2’ and 3
of remarks 1.18 and 1.19. Similar calculations to the previous case show that every
ambiguity of Rx is resolvable. By Proposition 1.24, this implies that Rx satisfies the
Diamond condition.

The set of irreducible paths is B = {x'y) € k(x,y): 0 <i<n—-1,0<j<m-—1}
By direct computations we obtain A; = {y™,yx,x"}, Ay = {y™",y™x, yx", x""1} and
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Az = {y?™,y™x, y™x™,yx™ 1, x?"}. To obtain a general formula for Ay, denote by
¢ : N2 — N the map

S .
zn if s is even,

@(s,n) = (4-2)

S;1n+1 if s is odd.

Hence, the set of N-ambiguities is An = {y®®&™x®t™ 1 s+t = N+ 1} We will
sometimes write (s, t) instead of y®(smx®tn),

We first compute the beginning of the resolution.

Lemma 4.3. The following complex provides the beginning of a projective resolution of A as
A-bimodule:

AREkA OEA LA kA QA Y5 A kA DEA 25 AQEA S A — 0

where dy and d, are morphisms of A-bimodules given by the formulas

n—1

dileox"®l)=) xexex™ ',
i=0
m—1

dleymel) =) yeyoy™ '
i=0

Q1Y@ 1) =10yRx+yRx®1—E£0xQYy—ExQy® 1
Lloy™ o) =yeym™el-10y™ ey,

m—1
HLIy™®1) = Z Eym T e ux@utFE™X QYT RT-Ty™ ®x
i=0

n—1

LIyx"@l)=yax"®1— Z Exteyxex™ T T e xt oy,
i—0

LX) =x0x"1-10x" ®x.

Proof. 1t is straightforward, using Proposition 3.22 applied to the set {rP},c 4, of left
reductions, where

m+1

m

X

T'y = T],ym,y, T'y = T],ym,X,
x™ Xn+1
™ = (T, Toyoxn 2 Tyxxn1) T =T1x"x,

and the set {tP},c 4, of right reductions, where

ym+1 1me
t =Tyym1, t = (Txym,1,- ey Tym=2yx,ys Tym=1 yx,1 ),
1

Xn+ o
t = Tx,xn,] .

Xn
Yyt =Ty,
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Next we proceed to construct the rest of the resolution. Denote (s, t) = yelmixeltn) ¢

An. We will first describe the set Z:,_] (s,t). There are four cases, depending on the
parity of s, t and N. With this in view, it is useful to make some previous computations
that we list below.

1. For s even, forall j, 0 <j<m-—1, y“’(s'm) = ym*1*jy"’(5*1’m)yj.
2. For s odd, y®sm = yy@ls—1m) — yels—lmly,
3. For teven, forall i, 0 <i < n—1, x®tn = xixelt=Inn-i-1

4. For t odd, x®t) = xx@t=1m) — xo(t=Tn)y

First case N even, s even, t odd,

LRz (s, t) = {(2MIym 1T @ (s—1, ) @ y i U(EP ™ x @ (s, t—1) @ 1),
Second case N even, s odd, t even,

Lnoals ) =M a(s—1,0 0y uEet™ixt e (k-1 ex™ T
Third case N odd, s even, t even,

Lnoa(s,t) ={£2EMiym =1 @ (s — 1,0 @yl T U ™ixt @ (s, t— 1) @x™ T

Fourth case N, s and t odd,

Lnoi1(s,t) ={£2E™M1 @ (s—1,1) @y, E25™x @ (s,t—1) @ 1),

Remark 4.4. We observe that, analogously to the case n = m = 2,

(di=8)(T®@(s,t)®1) = Z u,
ueﬁo(st)
(d—8)(1®@(s,t)®@1) = Y
uelI](s,t)

Proposition 3.14 for R = Z guarantees that there exist A-bimodule maps dn : A ®¢

kAN @ A — A @ kAN—1 ®f A such that (dy —dN)(1® (s,0) ® 1) € (Z{j,ﬂs,t))z
and, most important, the complex (A ® kAs @ A, de) is a projective resolution of A
as A-bimodule.

We are not yet able at this point to give the explicit formulas of the differentials.

In order to illustrate the situation, let us describe what happens for N = 3. We
know after the mentioned proposition that there exist t1,t, € Z such that

Gley™ x@l)=d;(1(3,1)®1)
=516, 1NN +1HER 2,1 QY+ 1E3x® (3,001
—y Y™ @T+10y™ ! @x+1HE@ Y™ @y +t283x0y™H @ 1.
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Of course, d; o d3 = 0. It follows from this equality that t; = t, = —1. This example
motivates the following lemma, stated in terms of the preceding notations.

Lemma 4.5. The A-bimodule morphisms dn : A @ kAN Qg A — A ®@p kAN_ Q@ A
defined by the formula

dN(T@ (e =1 ()N +(=1)° Y u

satisfy the hypotheses of Thm. 3.5.
Proof. 1t is straightforward. O

We gather all the information we have obtained about the projective bimodule
resolution of A in the following proposition.

Proposition 4.6. The complex of A-bimodules (A @ kAe @t A, do), with
{y Mx®tn) g4t =N+1)

and dszerentzals defined as follows is exact.

1. For N even, s even and t odd,
dn(1® (s, ) ©1) =y™ ®s—1t®1+z PPECEMIymTT T @ (s -1, 1) @y

+(—1)N+‘1®(s,t—1)®x+(— NsePtmMx @ (s,t—1) @ 1.
2. For N even, s odd and t even,

AN (51T =y®(s—1,t)® 14+ (-1 )SE,(p(t’n) ®(s—1,1) Ry

+(_])N+1]®( t—] = 1+Z El(p sm1X1®( ,t—])@xni]ii
3. For N odd, s and t even,

AN @ (s, )@ =y™ '@ (s—1,t) @1+ Z Jsgetmliym=1- g (s —1,1) @y

+ (=N @ (s, t—1) @x™ ‘+Z Nseelsmihig (s, t—1)@x™ 't

4. For N, s and t odd,

AN @ (5, )@ =y@(s—1, 1) @1+ (=13t g (s—1,t) @y
+ (=N R (s, t—1) @x+ (—1)3EPEMx @ (s,t—1) @ 1.

Again, we obtain the minimal resolution of A, even for n # 2 or m # 2, when the
algebra is not homogeneous.
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4.3 Quantum generalized Weyl algebras

Let k be a field, q € k* and a € k[h]. Denote A the k-algebra with generators y, x, h,
subject to the relations

hy = qyh, hx = q_1xh, yx = a(h), xy = a(qh),

where a(h) € k[h]. Write a(h) = Y N, aih! with an # 0. Let X be the set {hy —
quh, hx — g~ 'xh, xy — a(h),yx — a(qh)} contained in the free algebra k(x,y,h). By
definition A = k(x,y,h)/(X). Consider the order h < y < x and weights w(h) =
1,w(x) =1 and w(y) = N. Observe that

hy >yh, hx>xh, xy>a(h), yx>a(qh).

All the ambiguities of the reduction system Rx = {(hy, quh), (hx, q~'xh), (xy, a(h)), (yx, a(qh))}
are resolvable. Proposition 1.24 implies that Rx satisfies the Diamond condition. No-

tice that S = {hy, hx,xy,yx} and therefore the set of paths of length two not in S is

{yy, yh, xx, xh, hh}. By Proposition 1.40, the sets of n-ambiguities, for n > 1, are

o for neven, A, = {h(yx)Z, h(xy)Z,x(yx)2,y(xy)z},
n+tl

o for nodd, A, = (h(yx) "7 y, h(xy) T x, (xy) "7, (yx) "7 }.

Lemma 4.7. The following complex provides the beginning of an A-bimodule projective reso-
lution of the algebra A

A e kA @ A 5 Ak @A 15 A @ kA DEA 5 AREA TS A 0
where d; is the A-bimodule map such that

Iy =1909h®y+h®y®1-—qy®h—qy®h®l,

G =10hex+hex®1—q '@x®h—q 'x®haTl,
N i—1
dilexyel)=1ex@y+x@yel->) Y aqh"*!Tohehk
i=1k=0
N i—1 )
diloyxel)=1eyex+yexe@1-) Y oh"* T@hehk,
i=1k=0

and d is the A-bimodule morphism such that

QIhyx1)=heux1-1hy®x—qu@hx®1-T1Ryxdh,

LIy =hexye1-1ohx@y—q 'x@hy®l-1axy®h,
N i-1
dloxyx@) =x@uyxel-1Texy®x—Y Y aiq” *h" “Tohxahk,
i=1k=0
N i-1 )
bLyxy®1) =yxye1-—1 ®yx®y—z Z aig*h T @ hy @ h*.
i=1%k=0
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Proof. It is a consequence of Proposition 3.22 applied to the only possible set of reduc-
tions starting on the left and on the right of p for every p € A,. O

Now we proceed to find a complete resolution of A. Letn > 3 and q € A,.
We want to describe the morphisms &, and the sets Z:_](q). Observe that every
n — l-ambiguity has either no letter h or it has only one letter h at the left, and every
n — T-ambiguity has length n. Also, notice that every reduction moves a letter h from
left to right or replaces, respectively, yx or xy by a(h) or a(gqh). As a consequence, the
morphism &, : A @ kAn @k A — A @ kA1 ® Als

- If nis even, set L := 7. Then

sh1@hy)' @) =he yx)'®@1—1@hyx) 'y ex,
Sn(1®@h(xy)'®@ 1) =h® ()@l -Tahxy)' xoy,
Sn(1@x(yx)' @ 1) =x®@ [yx)' @ 1-1® (xy)'®
Sw(l@yxy)' el =y xy)'el-1 (yx)' av.

- If n odd, set | ;= 2~. Then
Sn(1@hyx)y® 1) =h@ Y )y®@1+12hyx)' oy,
Sn(l@h(xy)x®1) =h® (xy)x@1+1@h(Hxy) ©x
1@y ®@1) =x@yxy)' @T+1exyx)' @y,
(1@ (yx)"' 1) =yexuyx)'©1+1eyxy)' ®@x.

Moreover, the sets 2111 (q) are as follows.

- If nis even, set L := 7. Then

Lo (h(y)Y) ={qy@hixy) ™ x@1,1@ (yx)' @,

Lo q(h(xy)h) ={q x@h(yx)" 'y ®1,1@ (xy) @ hl,

Loxyx)Y) ={aig " "o hxy) 'x@hk 1 <i<N,0<k <i—1},
L yy)h) ={aigdh"™* T h(yx )" ly@h*: 1 <i<N,0 <k <i—1}.

- Ifnisodd, setl = “T*] Then

Loy (hyy) ={qyehixy) ©1,q@y(xy) @ h),

Lo (hixy)x) ={g "x@h(yx)'® 1,97 @x(yx)' @ hl,

L)) ={aigh ™ T @h(xy)@h*: 1T <i<N,0<k<i—1},
L)) ={ah™* T @ h(yx)'@h*: 1T<i<N,0< k<i—1}
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By Theorem 3.6 there exist A-bimodule morphisms d,, : A ® kA, @k A — A ®x

kA, 1 ®x A such that d, 0d, =0 forn > 0 and dn(q) —dn(q) € (L’:_1 (q)) for all
n > —1 and q € A,. We have formulas for the differentials in low degrees and, as
we have already done in the previous examples, we can use these formulas to get an

idea of how can the following differentials be. Fix for example some n odd, n > 3 and

consider q = h(yx)ly, where 1 = "2;1 By Theorem 3.6 there exist integers a, b such

that
dn(TOh(y)'y@1) =81 @h(yx)'y® 1) +aqy @ h(xy)' @ 1+ bq @ (yx)'y @ h.
Using the formula we have for 8, and reordering the terms, this equality becomes

dn(T®@h(yx)ly® 1=
=1® h(yx)1 QY+h® (yx)ly R1T+bg® (yx)ly @h+aqy ® h(xy)1 ®1. (4.3)

Looking at the left and right factors in each term of the right side, we find that this
equality is very similar to a formula we already have:

diT®ohy®1)=103h®y+h®y®1—-—q®y®h—queh®1,

which corresponds to n = 1 and | = 0 in (4.3). This suggests to set a = b = —1. For
every q € A, there is a similar argument which leads to the following Lemma.

Lemma 4.8. Consider the A-bimodule morphisms dy, : A @y kAn @k A — A @ kA1 Q@
A of Lemma 4.7 for n < 2 and the following formulas for n > 3,

-Ifnisevenandl = 3,

dn(1@huyx)' @) =h@ Y)'@1—Tohyx) " Tyox—quahiy) x@1-1® yx)' @h,

dn(1®h(xy)' @) =he ' @l-1@hHy) 'x@y—q "x@hyx) Ty 1-1 (xy)'oh,
N i-1

dn(1@xy)' @) =x@ ' @T-Te ) ex—3 3 ag " TahH)' Txank,
i=1%k=0
N i-1 .

dn(l@yy)' el =ye (y)'el-1oy)'ey—) > aqh" * Tohyx)' 'yaht
i=1k=0

- Ifnz'soddandl:“%],

dn(T@hyx)'y® 1) =h@yxy)' @ T+T1@hyx)'@y—quehxy)' ®1—q@yxy)' @h,

dn (1 ®h(xy)1x® 1) = h®x(yx)1 ®1+1 ®h(xy)L ®qu71x®h(yx)L ®1 qu ®x(yx)1 ®h,
N i1

dn(1@ () @ 1) =x@yy)' @T+1oxy)' @y—) > aqh" * T ehky) ohk,
i=1k=0
N i-1 .

dn(1® ()" @ 1) =yexy)' @T+1oyy) @x—) > ah™* T ohyx)' oh*
i=1k=0
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Foralln > 0, these morphisms verify dn_10dn = 0and (dn —0n)(1®q®1) € (L£,_1(q))z
forall q € An

Proof. Lemma 4.7 gives the result for 0 < n < 2. Check by hand that d,,_; o d,, =0 for
all n > 3. The second part of the Lemma follows from the previous discussion. O

Theorem 4.9. The complex (A @y kAs @ A, do), where d are the differentials of the previous
lemma, is a projective resolution of A by A-bimodules.

Proof. Use Lemma 4.8 and Theorem 3.5. O
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Chapter 5

Down-up algebras

In this chapter we state and prove some results we obtained about down-up algebras.
We recall their definition. Let k be a field and «,3,y € k. The down-up algebra
A(x, B,7v) is the quotient of k(d, u) by the two sided ideal I generated by relations

d’u— «dud — pud? —yd =0,

du? — owdu — pu?d —yu = 0.

Down-up algebras have been deeply studied since they were defined in [12]. We can
mention the articles [16], [141,19], [17], [15], [23], [24], [26], [27], [28], [29], [30], in which
the authors prove diverse properties of down-up algebras. We recall some of them.

- The algebra A(w, 3,7v) is noetherian if and only if  # 0 [24]

- Down-up algebras are graded with dg(d) =1, dg(u) = —1, and they are filtered
if we consider d and u of weight 1. If v = 0 they are also graded by this weight.

- A(x, B,7v) is 3-Koszul if and only if y =0, and if y # 0, it is a PBW deformation
of a 3-Koszul algebra [9].

We organize our results in four sections. In Section 5.1 we use the methods de-
veloped in this thesis to obtain a lenght three resolution of the algebra A(«, 3,y) for
all «, B3,y € k, which we will use in the other three sections. In Section 5.2 we find
which down-up algebras are twisted 3-Calabi-Yau and which of them are 3-Calabi-
Yau. In Section 5.3 we show that the algebra A(«, 3,y) is monomial if and only if
« = 3 =y = 0. This result shows that the resolution obtained in Section 5.1 can’t be
obtained using Bardzell’s methods. In Section 5.4 we solve the isomorphism problem
for the non noetherian down-up algebras. The isomorphism problem for noetherian
down-up algebras was solved in [16].
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5.1 The resolution

Let k be a field and «, 3,y € k. Denote A = A(«, 3,7).

Let Q be the quiver with one vertex and two arrows d,u. Fix a lexicographical
order such that d < u, with weights w(d) = T = w(u). The reduction system R =
{(d*w, edud + pud? + yd), (du?, audu + Bu?d +yu)} has B = {ut(du)*d : i, k,j € Ny}
as set of irreducible paths and A, = {d*u?}; using Bergman’s Diamond Lemma we see
that R satisfies condition ({). Also, Ay ={d,u} and A, = @ for all n > 3. The set B
is the k-basis already considered in [12].

Proposition 5.1. The following sequence is a free resolution of A as A-bimodule:

S
0— Akd2 W2 9A 25 A0 kd2uakdi?)9A A0 (kdokw) ©9A 2S5 A@A S A —0

where @ denotes Q. and

hledul)=1ededu+d®dou+t+d uel
—a(l®deud+deud+du®d®1)
—pIoued+u®dd+ud®de1)—ydo 1,

dl@del)=12douw+dueut+dud@u®l
—a(lou@du+u®dut+udu®l)
—Blouud+udud+?’®del)—youel,

and
LId?e1)=dd?@1+pd*d—10du@u—pu® duel.
We denote this resolution by C.

Proof. The reductions rd’u? = (Tw a2 1/ T1,42u,) and i’ = (t1 quz,a, ta,au2,1) are respec-
tively left and right reductions of d2u2. Recall that A, = @ for all n > 3. The result
follows from Proposition 3.22 and Theorem 3.5 As we have proved in general, the map

d takes into account the reductions applied to the ambiguity. O

5.2 Regularity properties

We begin this section by recalling the definitions of d-Calabi-Yau and twisted d-Calabi-
Yau algebras.

Let d € N. An associative algebra A is said to be d-Calabi-Yau algebra if it has finite
global dimension, it has a resolution by finitely generated projective A-bimodules and
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there is an isomorphism f of A-bimodules

Extic(A, A¢) = (5.1)

0 ifi#d,

A ifi=d
The A-bimodule outer structure of A® is used when computing Extl.(A, A¢), while the
isomorphism f takes account of the inner bimodule structure of A°. Bocklandt proved
in [11] that graded Calabi-Yau algebras come from a potential and Van den Bergh [35]
generalized this result to complete algebras with respect to the I-adic topology.

The definition of twisted d-Calabi-Yau algebras is very similar. Recall that if o is an
algebra automorphism of A, it is common to denote by A, the A-bimodule with A as
underlying vector space and action of A @ A°P given by: (a ® b) - x = axo(b). That
is, the action is twisted on the right by the automorphism o.

An algebra A is said to be twisted d-Calabi-Yau if it has finite global dimension, it has
a resolution by finitely generated projective A-bimodules and there is an isomorphism
f of A-bimodules

0  ifi#d,

.2
As ifi=d. 5-2)

Exthe (A, A°) = {

for some algebra automorphism o of A.

Now we return to down-up algebras. So let k be a field and «, 3,y € k and denote
A = A(«, B,7v). Also, denote C the free A-bimodule resolution of A given in Section
5.1.

Remark 5.2. Before turning to the main result of this section, we describe an A-bimodule
isomorphisms that we use. Let V be a k-vector space of finite dimension. Consider the
k-linear morphism

D:ARV @A — Hompe(A @V Ry A, AS)
AaREeR/b—=[Tve 11— @(v)b®d

Let us check that @ is a morphism of A°-right-modules when we consider the outer
A-bimodule structure on A ®, V* ®, A and the A-bimodule structure on Homae (A ®;
V ®y A, A¢) induced by the inner action on A¢, both of them seen as A®-right-modules
structures. It is enough to check it for elementary tensors,soletve Vanda® ¢ ® b €
AR VF@rAand c®d € A¢,

DP((a®e®Db)-(c®d))(v)
(Pla®@e®b)-(a®@b))(v)

D(da® @ ®be)(v) = @(v)bec®da,
Ola®e®@b)(v)) - (a®b)
p(Vb®a): (c®d)

= @(v)bc ® da.

~(
~(
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The inverse of @ is, fixing a k-basis {v1,...,vn} of V and its dual basis {¢1,..., ¢n} of
V¥,

O : Homae (A @ VR A, AS) — A @ V¥ @ A
fHZb}@(pi@)a},

i

where f(vi) =} a]:‘ ® b]1

After applying these identifications to Homae(C, A¢), we obtain the following com-
plex of k-vector spaces

5 dj 2 2 d; 212
0—ARA -BA®KDBKU)®A —5 A® (kD2UGKDUZ) @A —5 A®@kD?U2®A — 0,

where ®@ denotes ®y, {D, U} denotes the dual basis of {d, u} and, accordingly, we
denote with capital letters the dual bases of the other spaces.

The maps in the complex are, explicitely:

(11)=19DRd-—deDR1+1eUu—-uU® 1

GleoUuel)=19D?U®d -ad®D?Ucd—-pd?@ DU 1+ueDU?ed
+1@DU?®@du—adu®DU?®1-a®@DU?®@ud—pud®@DU? 1
—Bd@DUW @u—-yDU?®1.

1D =du@D?U1+u@D?U®d—-aud®D?U® 1 - a®D?U® du
—BdeDU®u—B@DU®ud—y®D2U®1+u?@DU2®1
—oau®DU?@u—poDUu?eu’.

GB1eDUW?®1)=1@D?U?ed+pdeD?U?el,

G(1eDU®1) =—ueD?U2®1—peD?U?®u

Notice that the homology of this complex is isomorphic to Extje(A, A®).

Definition 5.3. For every A € k*, define o, to be the algebra automorphism o : A —
A given by o)(d) = Ad and o) (u) = AT

Lemma 5.4. Suppose 3 # 0 and let C be the projective resolution of A as A-bimodule. There
is an isomorphism of A-bimodule-complexes Homae(C, A¢) = As ®a C.
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Proof. Consider the following isomorphisms of A-bimodules
Vo : AR A— A®g kd?u? Q¢ A,
VYol =1@d*u? @1,
Py AR (kDB KU) @ A — A @ (kd?u @ kdu?) @ A

V(1D =f®du’®l,and p1(1@URT) =—1®d*u®]
Py A ® (kDU B KDU?) ®F A — A @ (kd @ ku) Q¢ A,
P,(1eD?UR) =pou®l, and P, (1@DU?®1)=-10d® 1

P3: A Q@ kD?U?®F — A Qp A
P3(1@D Ul =11.

The following diagram commutes

*

S d* d3
ARA—2 AR (KA QA —A® (kA1) QA AR (kA)* @A —=0

T I R

0—AQKkA DA -2 AQkA OA —2 S ARKA DA —2 —A®A

0

where ® denotes ®y and dp is given by
dled?eo)=Bd?’®d—BRded’®l-1odu®u+u® dul.
31 is

G(1eduel)=10ddu—pdRdu+p?d>u® 1
—(l®dud—PRdoud+du®d®1)
—Bleued - u®dd+ud®d®1)—yRd® |

G1ed?’e)=10dou —Rduu+du®@u®
—x(l@u®@du—p 'u®du+ud®@u®l)
—Bleuedud—-B ueued-p?1?ede ) —yaue |

and d, is

Lloueal)=—pTuel-1u, LIdel)=—Pde1-114d,

On the other hand, if V is a k-vector space, then

AR VKA — AsQa (AR V®KA)
a®@vab—1® (0 (a)®@veb)

is an isomorphism of A-bimodules. Under this identification, the above complex be-
comes A; ®a C. ]
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Next we state and prove the main result of this section.

Proposition 5.5. The algebra A(x,3,v) is twisted 3-Calabi-Yau if and only if f # O, in
which case HH3(A, A¢) = Ay, for o = o_p given in Defintion 5.3. Moreover, A(«x,3,7v) is
3-Calabi-Yau if and only if f = —1.

Proof. Suppose 3 = 0. By Remark 5.2 we deduce that

A kDPUZ @ A | A@KA

Extie (A, A¢) = = ,
Xtae (A A7) Im(d}) dedusl)

and so the endomorphism u- (—): Extf\e (A,AS) — Extf\e (A, A®) given by the action
on the left by u is not injective. On the other hand, since the set {ut(du)yd*:1,j,k € No}
is a basis of A as k-vector space, we obtain thatu- (—) : A, — A is injective for every
automorphism o. Therefore there is no automorphism o of A such that Extf\g (A, A®)
is isomorphic to A, as A-bimodules, and in particular A is not twisted 3-Calabi-Yau.

Let 3 # 0. From Lemma 5.4 and the fact that A is A-projective, we obtain that

0 ifi#£3,

Exthe(A,A¢) = o
A, ifi=3.

where 0 = 0_p, and therefore A is twisted 3-Calabi-Yau. If 3 = —1, then o = id
and so A is 3-Calabi-Yau. Conversely, if A is 3-Calabi-Yau, then  # 0 and A, = A.
Suppose f : A — A, is an isomorphism of A-bimodules. Observe that 1 = f(f~'(1)) =
f1(1)f(1) = f(1)o(f'(1)). That is, f(1) is inversible on the left and on the right, and
therefore it is a unit. By Lemma 1.3 in [16], any unit belongs to k*. Then,

af(1) = f(d) = f(1)o(d) = —Bf(1)d = —pdf(1).

Recall that A is a domain since 3 # 0. From the above equation we deduce § = —1. O

5.3 Monomial down-up algebras

Recall that an algebra is said to be monomial if it is isomorphic to kQ/I, where Q is
a quiver with a finite set of vertices and I is a two-sided ideal generated by paths of
length at least 2. The goal of this section is to prove the following proposition.

Proposition 5.6. The down-up algebra A(x, 3,7v) is monomial if and only if x = =y = 0.
Notice that the algebra A(0,0,0) is monomial by definition, so we only have to
prove the only if part of the proposition. Before giving the proof, we state and prove a

series of lemmas.
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Definition 5.7. Let A be a k-algebra. Denote ] the two sided ideal in A generated by
the set Xa := {xy —yx : x,y € A}. Define A := A/JA.

Lemma 5.8. Let A and B be k-algebras. If A = B, then A = B. Both isomorphisms being of
k-algebras.

Proof. The isomorphism ¢ : A — B verifies @(Xa) = Xg and so ¢(Ja) = Jz. O

In order to state the next lemma we need some definitions. Let Q be a quiver with
a finite set of vertices. For e, e’ € Qo, define eQqe’ := {x € Q; : t(x) = ¢,s(x) = €'},
where t and s are the usual target and source maps. Also, consider the k-algebra
Be = k[Xy : @ € eQqel. In other words, B, is the polynomial algebra having #eQje
variables indexed by the elements of this set. In case eQ1e = &, we set B, :== k. If I is a
two-sided ideal in kQ generated by paths of length at least 2, define I, to be the ideal
in B, generated by the set {Xq, -+ Xo, t0tn -1 € 1,04 € eQqe}.

Lemma 5.9. Let Q be a quiver with a finite set of vertices and 1 a two-sided ideal in kKQ
generated by paths of length at least 2. Denote Qo = {eo, ..., em} and B :==kQ /1. There is an
isomorphism of k-algebras B = B, /1o, @ --- ® B, /Lo,

Proof. For x € B and f € B, denote X the class of x in B and T the class of f in B¢/I.
The map @ : Be, @ - © B, — B sending each X, to & descends to the quotient
@ : Be,/le, @ D Be, /Ie,. On the other hand, the algebra kQ is the free k-algebra
on the set Qo U Q1 modulo the two-sided ideal generated by the set

Ri={eie;: 1 <i,j<ni#jjU{t(oe—a:oc € QrfU{as(ax) —ox:x € Q.
The set map 1 : R — B¢, /I, @ - - - @ Be, /I, defined by

P(e;) =1; , where 1; is the unit in the i-th component, for T <i < mn,

P(a)
P(a)

Xy in the component B, /1, if « € eQqe,
0, if « does not belong to eQe for any e € Qo

induces a k-algebra morphism 1\ : kKQ — B, /I¢, @ - - - @ Be, /I, thatsends R to zero,
and so it descends to B. Since Be, /I¢, @ - - - @ Be, /I, is commutative, it also descends
to B. Denote this map by 1. The maps 1 and ¢ are inverse of each other, giving the
desired isomorphism. ]

Lemma 5.10. Let B = kQ /I be a monomial algebra. For each e € Qg denote by T, the simple
B-module corresponding to the vertex e. If e,e’ € Qo, then #eQre’ = dimy(Tor}(Te, Te)).

Moreover, if Q has only one vertex e, then

dimk(Torf\(Te,Te)) = sup{dimk(Tor']s(Th T,) : Ty, T, are one-dimensional B-modules}.
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Proof. Let e, e’ € Qp. Bardzell’s resolution of B starts as
-+ > B®rkQ1®:B —=B®B—=B—0.

Apply the functor T, ®p (— ) ®p Ter and obtain the following complex
o To @ keQre’ @y Tor — T @y Ter — 0,

whose homology is isomorphic to Tor, (T, T/). Since Bardzell’s resolution is minimal
and every arrow acts as zero on T, and T./, we obtain that the differentials of this
complex are null. Therefore, Tor{\(Te, Ter) = Te @ keQre’ @y Tor = kQ;, from where
we deduce dimy (Tor)(Te, Ter)) = #eQ e’

As for the second assertion, the same argument shows that if Ty, T, are one-dimensional
B-modules, then the homology of the complex

= T kkQr kT, =TT @ T, =0,

is isomorphic to Tor(Ty, To). It follows that dimk(Tor{\(ThTz)) < dimy (kQq) = #Q;.
From the first part of the lemma we obtain #Q; = dimk(Tor{\(Te, T.)), where e is the
vertex of Q. O

Lemma 5.11. Let A = A(«x,0,v) and Ty, T, be one-dimensional A-modules.
- Ify =0, then dimk(Tor{\(ThTz)) < 2and dimk(Tor{\(k, k)) = 2. Moreover, if x # 1
and Ty # k, then dimy (Torf'(T;, Ty)) = 1.
- Ify#0and x =1, then dimy (Tor?(Ty, T2)) = 0.
- Ify #0and « # 1, then dimy (Tor(Ty, Tp) < 1.
Proof. Let Ty, T, be one-dimensional A-modules with bases {vi} and {v,}, respectively.

Let 01,07, 11, w2 € ksuch that d - vy = ;v and u-vy = wyv; fori = 1,2. In A we have
the relations d?u — adud —yd = 0 = du? — audu —yu, and so, fori = 1,2,

Oi((1—o)dimy —v) =0,

wi((1T—a)dip —y) =0. (5-3)

Applying the functor Ty ®y (—) ® T, to the resolution of A given in Section 5.1
we obtain the following complex k-vector spaces whose homology is isomorphic to
Tory' (T1, T2),

0 - kd* 2 B kd*uakdw? Brdeku Sk oo,

where
fo(d) = 82— 61,
folw) = 2 —w,
fi(d*w) = ((1— o)81y + 82 (11 — oepg) —y)d + 8(8; — by ).
(
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The fact that the space kd @ ku is two-dimensional implies dimk(Tor{\(ﬂ , 1)) <2 for
all o,y € k.

-Ify=0and Ty =T, =k, then fy = 0,f; = 0 and therefore dlmk(Ton (k, k) = 2.
If «x #1and Ty = T, # k, we see from equations 5.3 that 8; = 0 or p; = 0, but
not both. Then fy = 0 and f; is of rank 1, and we obtain dimk(Torﬂ\(ThT] ))=1.

- If y # 0 and « = 1, then from equations 5.3 we deduce &; = 8, = u; = pp = 0.
Then, fy = 0, f1(d*u) = —yd, f;(du?) = —yu and so Tor{\(Tsz) =0.

- If y # 0 and « # 1 there are several cases:
— Case (61, 11) = (62, 12) = (0,0). In this case fg = 0, f1(d) = —vyd, f1(u) =
—vyu. Then Tor}(T;, T) = 0.

- Case (81, 11) = (0,0), (82, u2) # (0,0). From equations 5.3 we see that 5, =0
if and only if p; = 0. Then 6; # 0 and p, # 0. From this we see that fy # 0
and dimy (Tor)(T;, To)) < 1.

- Case (61/ H]) 7£ (O/O)/ (62/ HZ) 7é (O/O) and (51/ H]) 7£ (62/ MZ) In this case
fo # 0 and so dimy (Torf*(T;, T2)) < 1.

— Case (81, 11) = (82, 12) # (0,0). Once again, from equations 5.3 we deduce
that 6, = 0 if and only if pu, = 0, and therefore 8; and iy are not zero. Also,
we obtain (1 — «)d1u; —y = 0. Then fy = 0 and

fi(d*u) = 8 (1 — o) (wd + d1u),
fi(du?) = (1 — o) (rd + Syu).

The fact that o« # 1 implies fi(d*u) # 0 and f;(du?) # 0. Moreover,
iy (d?u) = 8 (du?). We deduce dlmk(Ton (T1, o)) = 1.

O

We now proceed to prove Proposition 5.6. Let A = A(«x,3,v), where &, 3,y € k
with (&, 3,7v) # (0,0,0). Let B =kQ/I be a monomial algebra and suppose there exists
an isomorphism of k-algebras ¢ : A — B. Since every down-up algebra is of global
dimension 3, we deduce I #. This implies that B is not a domain and that 3 # 0, since
any down-up algebra A(o/, ', y') with B’ # 0 is a domain.

Suppose y = 0. By Lemma 5.11,
sup dimk(Tor{*(Tb T,) : Ty, T are one-dimensional A-modules} =

Notice that A = k[d, u]/((1 — a)d?u, (1 — a)du?) is connected. Since A = B we obtain
that B is connected. Recall B = kQ/I is a monomial algebra. By lemmas 5.9 and 5.10,
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Q has exactly one vertex and two arrows. Denote Q; = {x,y}. We have the diagram

A—2 ~kQ/I

m
o]

k(X [d/ u]

where kq[d, u] := A/(du— ocud). This algebra is called the quantum plane and it is
a domain for all « # 0. Let p(x,y) be a path in I. The diagram shows that p(7mo
@' (x),mo @ (y)) = 0. Since y = 0, we have « # 0 and therefore k,[d, u] is a domain.
We deduce o @' (x) =0 or o @' (y) = 0 and this implies that ky[d, u] is generated
by one element, which is a contradiction.

Now suppose y # 0. If « = 1, then Lemma 5.11 says that Tor{'(T;,T,) = 0 for
every pair of one-dimensional A-modules. Since A = B, this is also true for B and
one-dimensional B-modules. By Lemma 5.10 Q has no arrows. This is impossible, and
so o # 1.

We have

A k[d, u] ~ k@ kl[d, ul

(d((1 —)du—v),u((1 — x)du—1v)) (1 —x)du—ry)’

The last isomorphism comes from the fact that the ideals (d, u) and ((1—«)du—1v)) in
k[d, u] are coprime. We will identify A with k@ k[d, ul/ (1 —a)du—7vy). Lemma 5.11
shows that dimk(Tor{\(Th T,)) < 1 for all one-dimensional A-modules Ty, T,. Therefore
this is also verified by B and one-dimensional B-modules. By 5.10 there is at most one
arrow between each pair of vertices in Q. In particular, there is at most one element
in eQqe for every vertex e. Define V = {e € Qo : #¢Q1e = 1} and for every e € V,
denote x, the unique element in eQje. The fact that A is of global dimension 3 implies
that B is also of global dimension 3. In particular, Bardzell’s resolution of B is of finite
length. From this we obtain that x¢ ¢ I for all n € N, otherwise Bardzell’s resolution
of B would be of infinite length. Therefore, using the notation of Lemma 5.9, this
implies B, = k[X] and [ =0 for all e € V, and B, =k for all e ¢ V. By Lemma 5.9, we
have

B=@PkePkX.
e¢V ecV

We identify B with the algebra on the right. Denote ¢ : A — B the isomorphism
induced by ¢ : A — B. Consider the element (1,u) € A. We have

(1,(1—=c)y'd)- (1,u) = (1,1) in A.

This implies that ¢((1,u)) is a unit in B. The units in B are contained in k™ C B,
where n = #Qo. The dimension of the vector space generated by the set {( 1, uY) hien
in A is infinite dimensional, and the their images via ¢ generate a finite dimensional
space since it is contained in k™. This is a contradiction and we conclude the proof of
Proposition 5.6.
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5.4 The isomorphism problem

The isomorphism problem for down-up algebras was posed in [12] where the au-
thors divide down-up algebras A(«, 3,v) into four types and show, by studying one-
dimensional modules, that algebras of different types are not isomorphic. The division
into types is the following,

(a)y:0,oc—|—[5:1, (C)‘Y#0,0(-Fﬁ:],
(b) y=0,a+p#1, (d) vy #0, x+p #1,

As a consequence, the question of whether two down-up algebras are isomorphic
can be restricted to each of the four types. In [16] the authors solve the isomorphism
problem for noetherian down-up algebras of type (a), (b) and (c) for every field k,
and also for noetherian algebras of type (d) when char(k) = 0. Their solution focuses
mainly on the commutative quotients of down-up algebras.

The purpose of this section is to provide the solution to the isomorphism problem
for nonnoetherian down-up algebras for every field k. Namely, we obtain the following
proposition.

Proposition 5.12. Let o,y € kand A = A(e,0,v) and A’ = A(e,0,v') be down-up
algebras. The algebra A is isomorphic to A’ if and only if x = & and v = Xy’ for some
A€ k™.

We start by organizing the problem. Notice that the condition y = Ay’ for A € k*
is equivalent to the condition of v and y’ being both zero or both nonzero. On the
other hand, if vy # 0, then A(x,0,y) is isomorphic to A(e,0,1). This is done by
reescaling d by yd. Also, observe that A(«x,0,0) is not isomorphic to A(«’,0,1) for all
o, o € k, since they belong to different types. Putting this all together, we obtain that
Proposition 5.12 is equivalent to the following two assertions:

If A(e, 0,0) is isomorphic to A(ea’,0,0), then o« = o/,
If A(e,0,1) is isomorphic to A(e,0,1), then o = o'.

Is this form of the proposition that we will prove. The first assertion is Proposition
5.15 and the second assertion is Proposition 5.18

Our approach is to recover information from very well studied noncommutative
algebras that appear as quotients of down-up algebras only in the nonnoetherian cases
A(e,0,v) for o« # 0. These noncommutative quotients are respectively, depending
whether vy is equal to 0 or not, the quantum plane kq[x,y] and the quantum Weyl
algebra A!. We recall their definition,

kalx, yl :=k{x,y : yx —axy = 0), AJX =k(x,y:yx—oxy = 1).
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Lemma 5.13. Let &,y € k, &« # 0 and A = A(«,0,v) a down-up algebra. Denote w =
du—oud—vy. If y =0, then A/{w) is isomorphic to Ke[x,yl. If y # 0, then A/{w) is
isomorphic to A, Moreover, if y = 0 or y = 1, then the isomorphism sends the class of d toy
and the class of u to x.

Proof. The algebra A(«,0,v) is the algebra freely generated by letters d, u subject to
the relations d’u — «dud —yd = 0 and du? — audu —yu = 0. Let Q be the element
du — aud — v in the free algebra. The projection of Q in A(«x,0,7v) is w. The relations
defining A can be written as dQ = 0 and Qu = 0. Therefore, the algebra A/(w) is
isomorphic to the algebra freely generated by letters d, u subject to the relation O = 0.
If v = 0 this is exactly the definition of kq[x,yl. If vy # 0, then w = v ((yd)u —
ou(yd) —1), and so A/(w) is the quantum Weyl algebra withy =ydand x =u. O

In [31] the authors find all isomorphisms and automorphisms for quantum Weyl
algebras Al in the case where o € k* is not a root of unity. In [34], this result is
generalized to the family of quantum generalized Weyl algebras, which is a family that
contains the quantum plane and the quantum Weyl algebra for all values of « € k*.
We recall some of their results in the cases relevant to us.

Theorem 5.14 ([31],[34]). Let &, o’ € k\ {0, 1}.

The two algebras kq[x,yl and ky/[x,yl are isomorphic if and only if o’ € {«, o'} More-
over, if @ : kalx,yl — k,1[x,yl is an isomorphism and o # o1, then there exist A, € k*
such that

e(x) =Ay and o(y) = px.
The two algebras A and A, are isomorphic if and only if o’ € {x, o'}, Also, if o # o,
every isomorphism n : Al — Al is of the form
n(x) =Ay andn(y) = —A"a ',

for some A € k*.

We are now in position to prove the first assertion.
Proposition 5.15. Let «, o’ € k. If A(,0,0) is isomorphic to A(«’,0,0), then o = ot'.
Proof. Let o, &’ € k and suppose ¢ : A(x,0,0) — A(«’,0,0) is an isomorphism.
Denote A := A(x,0,0), A’ := A(a/,0,0) and write d’ and u’ the generators of A’.

If « = 1, then A belongs to type (a), and so A’ belongs to type (a) as well. This
implies «’ = 1. If « = 0, then A is monomial and therefore A’ is monomial. By
Proposition 5.6, we obtain o« =0.

Suppose «, &’ € k\{0, 1} and « # «’. Let w := du— aud and w’ := d'u’ — «’u’d".
By Lemma 5.13, we can identify A/(w) with k«[x,y], where the canonical projection
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T : A — Kqlx,yl sends d to y and u to x. We make the same identification with
A'/{w') and kq/[x,y] and write 7’ the canonical projection. Define {y := ' o : A —
«' X, yl. In A, we have the equalities dw = 0 and wu = 0. Therefore P (d)p;(w) =
0 = {Pr(w)pr(u). Observe ky[x,y] is a domain generated by P (d) and {P¢(u). Thus,
P(d) and P(u) are not zero and we obtain Pj(w) = 0. This implies that \; = Pjom
with 17 : kX, yl — ku[x,yl. In the other direction we obtain that ), := mo ¢!
factors as 1, =\, o . Since Py 0P, o7’ = 7’ and P, o Py o T = 71, we deduce P, is
an isomorphism. The situation is illustrated by the following commutative diagram,

=~

A & A’

AN

kolx, yl —— ko [x, Y]
¥,

By Theorem 5.14, we obtain o’ = o or o’ = «~!. Since we are assuming « # ', we
deduce o/ = or'. Theorem 5.14 implies that there exist A, p € k* and z1,z; € (w’)
such that @(u) = Ad’ +z; and @(d) = pu’ + z;. Notice that A’ is graded considering
the generators d’ and u’ in weight 1. Under this grading, the elements z;,z; are
sums of homogeneous elements of degree at least 2. This follows from the fact that
z1,z; € (w') and w’ = du— aud. On the other hand, 0 = d*>u— adud € A, and
therefore 0 = ¢(d)2@(u) — ap(d)e(u)@(d). The degree 2 component of this equality
is 0 = (u')?d’ — a’d’u’. Since the set {(u/)}(du)’d' :1,j,1 € Ny} is a k-basis of A’, we
arrive at a contradiction. This concludes with the proof of the proposition. O

We now turn our attention to the second assertion. Let A = A(«,0,1) for « € k.
Recall that w := du — oud — 1. The set {utw/d' : i,j,1 > 0} is a k-basis of A. This is
Lemma 2.2 in [36].

Lemma 5.16. The set {u'w/d' : 1,1 > 0 and j > 1} is a k-linear basis of the two sided ideal
(W), and, for each . € N, the set {utwid' : 1,1 > 0 and j > n} is a k-linear basis of (W)™

Proof. Let us first prove the first claim. Every element of the form u'w/d' with j > 1
belongs to (w), and so we only have to show that (w) is contained in the k-vector space
with basis {utw/d' : 1,1 > 0andj > 1}. Let z € (w) and write z = it Ajjutwdl
with 1,j,1 > 0 and A;j; € k. By Lemma 5.13 we can identify A/(w) with Al, and the
canonical projection 7t: A — A} sends 1 to x and d to y. The set {x'y':1,1 > O}is a
basis of A]X. Therefore, 0 = 7t(z) = Zi,l ?\i,o,lxiyl. From this we deduce Ao = 0 for all
i,1>0.

Taking into account the description we now have for the elements of (w), we see
that the elements of (w)? are linear combinations of elements of the form utw/d'ut’ w!'d",
with j,j’ > 1. Similarly, the elements of (w)™ are linear combinations of n-fold prod-
ucts of the same type. Therefore, to prove the second claim, it is sufficient to show that
for every 1,5 > 0, we have wd™uw$w = Y ;-, hw' for some A; € k.
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Letr,s > 0. Write d"u® = } ;15 Ajutw!dl. Recall that A is graded considering
d in degree —1 and u in degree 1. Under this grading, the element w is homogeneous
of degree 0. We have

d'u® — Z ?\i,jllu‘w] d1 = Z ?\iljllulwl dl.
l—i=r—s l—i#r—s,j>0
j=0

The term on the left is homogeneous of degree r — s and the term on the right is a sum
of homogeneous elements neither of which is of degree r —s. Therefore both terms
are equal to zero and we obtain

wdWw = A outwdlow.
1,j,1
l—i=r—s
j>0

Recall that the relations of the algebra A are dw = 0 and wu = 0. If r—s # 0, then
(i,1) # (0,0) for all i,1 with 1 —1 = r—s. As a consequence, from the above equality
we see that wd"™u’w = 0. On the other hand, if r = s, then
wdu'w = Z Ajroutwdlw = Z Aojow 2.
j1=0 j>0
Ol
Corollary 5.17. The set {[utwd!] : 1,1 > 0}, where [p] denotes the class of an element p in

(w)/{w)?, is a k-linear basis of the A-bimodule (w)/{w)?. On the other hand, if x # 1, we
have the following formulas,

Wowdy] = ——

[dutwd'] =

When 1 =0 or i = 0, the terms on the right are considered to be zero.

Proof. The first claim follows directly from 5.16. To prove the first formula, we will fix

i > 0 and proceed by induction on 1. We have the equalities wu = 0 = dw, which

proves the case | = 0. On the other hand, we have w? =w(du—oud—1) = wdu— w,

that is wdu = w? + w. Similarly duw = w? + w. Therefore, [ulwdu] = [utw]. Now, if
1> 2, then

wtwd'y] = twd 2 (adud + d)] = afutwd"ud] + [utwd"™"]
o —1
o —1
1_ 1 .
_ X utwad .
o—1

The second formula can be proved analogously. ]

Wrowd 2d] + [utwd"

=
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Proposition 5.18. Let «, o' € k. Then A(«x,0,1) is isomorphic to A(«’,0,1) if and only if
o =o'

Proof. Let o, &’ € k. Denote A = A(x,0,1), A’ :== A(a/,0,1) and denote d’ and
u’ the generators of A’. Let ¢ : A — A’ be an isomorphism. Also, recall that
w=du—oud—1and w’ =du —«’u’d’ —1.

If « = 1, then A belongs to type (a), and so does A’. Therefore «’ = 1. Now
suppose o« = 0 and «’ # 0. By Lemma 5.13 we have that A’/(w’) can be identified
with A!, and if 7/ is the canonical projection, then 7/(u’) = x and n/(d’) = y. Let
P =7’ o @. Since dw = wu = 0, we have P (d)P(w) = P(w)P(u) = 0. Notice that P(d)
and P (u) generate Al‘,, and therefore they cannot be zero. We deduce {y(w) = 0. Since
w = du—1, we obtain P(d)Pp(u) = 1. Also, P(d)(P(u)P(d) —1) = 0 and we deduce
P(d) and P (u) are units in Alc" If ¢ is a unit in A]X,, then there is an automorphism
m: AL, — Alu defined by n(x) = ex and n(y) = e~ 'y. Theorem 5.14 implies ¢ € k.
In our case this says that \(d) and 1 (u) belong to k, but this is a contradiction, since
they generate A!,. The contradiction comes from the assumption o = 0.

Suppose o, &’ € k\{0,1} and o # «’. By the same arguments as before, we have
that p =0 : A — A]X/ induces an isomorphism { : Al — AJX,. Theorem 5.14
implies «’ = « or o’ = «~'. Since we are asssuming « # «', we deduce o’ = o'
Again, by Theorem 5.14 we obtain that there exist A € k* and z;,z, € (w) such that

a)=-2"ou+z,

o=
e (W) =N +z.
By reescaling the variables d, u, we can assume A = 1. The equality (d’)?u/ — o~ 'd'u'd’ —
d’ = 0 implies @(d")?@(uw') —a To(d)e(u)p(d’) — @(d’) = 0. Expand it and denote
z the sum of all the terms in which at least two factors of z; or z; are involved. We
find

0 = o2u?d — oudu + ou + oPu?zy — auzid — azqud + udzy — cuzou + zdu —z1 + z

= —ouw + oo’z —uzd) + (udz) — cuzou) + ZywW 4z € (w).

Notice that zjw, z € (w)?. Taking class modulo (w)? we obtain

2

ofuw] + o([uzd] — x[uz;]) = [udzq] — afuzyul.

Write z1 = 3 ;150> Ajutwid! and z; = 2 i150,>1 pijutwidl. Using the formulas of
Corollary 5.17 we obtain

afuwl+ Y oAt wd™ ] — i g R wd']) =
i,1>0

_ =T 50 ol —1 i+ 211
= Z ?\i,u(x_][u‘wd]— Z AL uwd .

i>1,1>0 i>0,1>1




By Corollary 5.17, the set {[u'wd'] : i,1 > 0} is a k-linear basis of (w)/ (w)?. For
m > 0, define Ay = Ami1,1,m — Xm,1,m+1. Regarding, for each m > 0, the coefficient
corresponding to the term [u™twd™] in the last equation, we deduce

(X:/\o,

(xm—H -1

—— A, form>1.
a—1

N =
Since « # 0, we obtain Ay # 0. Inductively, if Ay, # 0, then the above equality
implies Ay, # 0. Therefore Ay, # 0 for all 1 > 0. As a consequence, either the
Am+1,1,m # O for infinitely many m € N, or py 1m+1 # O for infinitely many m € N.
This is a contradiction that comes from the assumption « # «’. O
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