Face seals are mechanical devices used to seal rotating shafts in numerous applications. While they can operate efficiently under steady conditions for years, they tend to fail prematurely when operating in severe, or rapidly varying conditions. The focus of this research is the development and use of an experimental and a numerical method to investigate the impact of pressure pulses, pressure inversions and induced dynamic loading on the performance of mechanical face seals exhibiting face misalignment and waviness.

The fluid solver of a state-of-the art face seal numerical model was extended to transient conditions and a module for solving the dynamics for the axial and angular degrees of freedom of a flexibly-mounted stator was added. A system-level experimental setup generating pressure pulses was instrumented and methods to characterise the performance of the face seal in terms of oil volume loss and ingression of water outer-fluid were selected and implemented.

Face seals, with flat and misaligned faces, operating under pressure pulses and pressure inversions were experimentally tested and simulated. They showed only slight increase of water in the oil, no proportional increase with time, and no measurable oil leakage. The low water ingression is due to the low film thickness combined with the short duration of the pressure inversions. An exploratory face seal of high waviness was also experimentally tested. Contrary to the other parameters, the waviness appears to significantly increase the leakage and promote water ingression and could thus be at the origin of some seal failures.
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Résumé

Les garnitures mécaniques sont utilisées dans de multiples applications pour réaliser l'étanchéité autour d'arbres en rotation. Ces composants peuvent fonctionner efficacement pendant plusieurs années en conditions stables, mais leur durée de vie est significativement réduite lorsque les conditions varient. L'objectif de ce travail de recherche est de développer et d'utiliser un banc d'essais et un code de calcul pour étudier l'impact de pulsations de pression, d'inversions de pression et du chargement dynamique résultant sur les performances de garnitures mécaniques ayant des faces mésalignées et présentant des défauts de planéité.

Le solveur fluide d'un modèle numérique de garnitures mécaniques a été étendu aux conditions transitoires. Un module résolvant la dynamique des forces et des moments a été ajouté afin de prédire le déplacement axial et les déplacements angulaires de la face montée de manière flexible. Afin de caractériser les performances de garnitures, un banc d'essais générant des pulsations de pression a été instrumenté et des méthodes de mesure de perte de volume d'huile et d'entrée d'eau mises en place Des garnitures mécaniques à faces parallèles puis mésalignées, fonctionnant sous pulsations et inversions de pression, ont été testées expérimentalement et simulées. Seules de très faibles augmentations d'eau dans l'huile ont été observées, sans augmentation proportionnelle avec le temps, et sans fuite d'huile mesurable. Les faibles valeurs d'entrées d'eau sont dues à la faible épaisseur de film et à la courte durée des inversions de pression. Une garniture mécanique expérimentale à fort défaut de planéité a aussi été testée. Contrairement aux autres paramètres, le défaut de planéité semble augmenter significativement la fuite et promouvoir les entrées d'eau et pourrait ainsi être à l'origine de certaines défaillances.
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Nomenclature Continuous variables
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Introduction

Face seals are mechanical devices used to seal rotating shafts. They are used in a wide variety of applications including pumps, compressors, powered vessels, rocket engines, down-hole tools, and nuclear power plants [START_REF] Artema | Garnitures mécaniques d'étanchéité -Technologies[END_REF][START_REF] Takacs | Electrical Submersible Pumps Manual: Design, Operation and Maintenance[END_REF][START_REF] Lebeck | Principles and Design of Mechanical Face Seals[END_REF][START_REF] Xiong | A dynamic model of a contacting mechanical seal for down-hole tools[END_REF]. Figure 1 shows a drill bit illustrating an industrial application where face seals are employed. Face seals are essentially composed of two flat rings in relative motion which are pressed together with springs, see figure 2. The face contact is lubricated by the sealed fluid to ensure the durability of its operation.

Figure 1: Drill bits used for drilling processes rely on mechanical face seals [START_REF] Burr | Rock bit face seal having anti-rotation pins[END_REF]. 
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Motivation

Well designed face seals running under steady conditions can operate efficiently for years and without maintenance [START_REF] Mayer | Mechanical Seals[END_REF]. On the other hand, when face seals operate under severe and rapidly varying conditions such as [START_REF] Throp | Pressure compensation and rotary seal system for measurement while drilling instrumentation[END_REF][START_REF] Sarkis | Implementation of new seal design to improve esp performance in corcel field[END_REF][START_REF] Burr | Rock bit face seal having anti-rotation pins[END_REF][START_REF] Stekanko | Relationship between vibrations and mechanical seal failures on centrifugal pumps[END_REF][START_REF] Wang | Optimization of mechanical seal component design for downhole drilling applications[END_REF] : dynamic pressure variations and pressure inversions, frequently and rapidly starting systems, vibratory or shock-prone environments, thick sealed media with particles or abrasives, their performance deteriorates, they become less reliable, and, as a worse case, fail prematurely [START_REF] Goilkar | Design and Development of a Test Setup for Online Wear Monitoring of Mechanical Face Seals Using a Torque Depatment of Mechanical Engineering[END_REF][START_REF] Fribourg | The performance of mechanical seals used in a high vibrations environment[END_REF]. Such failures manifest themselves as large losses of the sealed fluid or an ingression of an external fluid. A low level of leakage is also promoted by a high degree of flatness of the contact faces. As such, excessive face misalignment or defects in the flatness, such as waviness, can also lead to low performance or failure.

In embarked systems (drilling tools, submersible pumps, rocket engines) or large plants (petrochemical, food process), a premature face seal failure leads to enormous costs in terms of downtime and maintenance. As an example, a premature face seal failure of an electrical submersible pump implies stopping production, removing the complete system, changing all the components damaged as a result of the loss of sealing, reinstalling the equipment, and restarting.
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The true root causes of a face seal failure are often difficult to identify, as many components are damaged and because of the overall complexity of the system and of the face seals themselves. In this regard, three actions are generally undertaken on a short-term basis in the industry [START_REF] Merrill | Understanding seal sections and the phantom failures[END_REF] :

Place multiple face seals in series in case one or two fail. This increases the manufacturing and operating cost.

Perform more regular maintenance and frequent changes of the seal. This increases the maintenance and sustaining cost.

Narrow the operating envelope of the product to less demanding conditions. This induces a financial loss as the operating market is reduced or production slowed down.

Taking into account the above information, the main industrial motivations to improve face seals operating in severe conditions are: to reduce the total cost of ownership of the system, to open up to yet inaccessible markets, to increase system efficiency/production rate, to reduce the occurrence of premature/catastrophic failure.

To illustrate, a step increase in face seal reliability may allow reducing the number of redundant seals in an electrical submersible pump and therefore the total cost of ownership. The use of high temperature resistant semi-dynamic seals in drilling tools may open up to high temperature markets. The choice of grooved faces may allow higher rotating speeds in a process plan, thus leading to a higher production rate. A more robust design may resist unplanned events and avoid a catastrophic failure.

Moreover, the increase of face seal performance and reduction of failures help to preserve the environment by limiting the leakage of the process fluids.

Industrial context

The behavior and performance of face seals are governed by coupled mechanisms, including: face lubrication, dynamic motion, heat generation, and thermo-mechanical deformations. Given this inherent complexity, both numerical simulations and experimental testing are relied upon to reduce the cost and time of the face seal improvement process.

Numerical simulations help to:

Understand the behavior of the seal and the impact of varying the design parameters (closing force, geometrical dimensions, etc.).

Evaluate, in a timely manner, multiple designs to identify a reduced set of promising prototypes.

Conduct post-mortem analysis of past failures.

The level of confidence of the simulation results is directly related to the degree of verification and validation of the underlying models and algorithms. To be used as a good design tool, a numerical model needs a thorough comparison with (i) previously published results and (ii) experimental data.

Experimental tests allow subjecting the face seals to operating-like conditions and thus:

Comparing and validating promising prototypes, Collect data for the validation of numerical models, Reproducing operating failures to gain a better understanding of them.

Experimental tests for face seals generally provide only system level information, such as leakage, torque, and surface topography. This information is, however, of limited use for the understanding of the internal behavior of the seal (lubrication regime, heat generation, etc.). Experimental campaigns also require substantial resources.

The drawbacks of each method can be compensated for by combining their use. The chart in figure 3 shows how numerical models and test setups can be integrated into the design workflow. Design proposals are rapidly evaluated using simulations with the objective of identifying the most promising candidates. These selected designs are tested and, if proved satisfactory, turned into operational prototypes. Otherwise, the experience is used to suggest improved designs.

The numerical models, validated with test setups, and the test setups themselves are methods used during the design process.

The development of the numerical model and test setup is a complex task with a large research component. It requires a deep understanding of the underlying mechanisms governing the face seals as well as a knowledge of the numerical techniques for the establishment of the solver. Similarly, the development and instrumentation of a test setup necessitate a knowledge of the physics of the system.

Contributions

The present project contributes to the overall objective of improving the performance and reliability of face seals operating under severe and rapidly varying conditions. In particular, the effects of pressure pulses and inversions on the performance of mechanical face seals with face misalignment and waviness have been investigated.

The main contributions of this work are:

1. the development of a numerical model able to estimate the performance of misaligned and wavy face seals operating under pressure pulses and pressure inversion;

2. the validation and instrumentation of a system-wise industrial setup to test face seals under pressure pulses, pressure inversion, and rapid starts and stops;

3. the analysis of the performance of selected face seals with misalignment and waviness when operating under pressure pulses with experimental testing and numerical simulations.

This project was carried out with the dynamic sealing lab Lerded1 ,which is a joint partnership between the tribology department of the Pprime institute, attached to the University of Poitiers, and the department of sealing technologies of the Cetim in Nantes.

Outline

Chapter 1 provides a description of the face seal technology, design consideration, basic equations, and review of the previous research related to face seals operating in severe conditions. This part provides a better understanding of the basics of face seals and positions the research presented in this thesis.

Chapter 2 presents the modelling strategy, which includes the governing equations, their space and time discretisation, and the major algorithms. The objective of this part is to detail the key elements developed for the model.

Chapter 3 presents the verification and validation of the numerical model. It is based on published numerical and experimental results. The objective is to demonstrate the correct implementation of the model and confirm its ability to predict the performance of contacting face seal.

Chapter 4 presents the experimental setup, the test prototype, the instrumentation, and the measurement methods employed. This part allows understanding the testing and measurement capabilities.

CONTENTS

Chapter 5 presents the numerical and experimental results of selected face seals operating under pressure pulses. The performance in terms of outer fluid ingression, leakage, and wear, depending on the misalignment and waviness, are analysed.

Chapter 6 presents the main results of this research and suggests future developments.

Chapter 1

State of the art

The objective of this part is firstly to present the main components of mechanical face seals and their operating principles. Elementary equations that may be used to obtain a first order of magnitude of the performance are also presented. Secondly, a review of the studies pertaining to the operation of face seals in severe conditions will be given. 

Components

As illustrated in figures 1.1 and 1.2, a face seal is composed of the following elements:

A pair of two flat annular parts: a rotor linked to the rotating shaft and a stator linked to the stationary housing or chassis. The main sealing is done in the axial direction, between the faces of the rotor and stator.

Secondary seals, either O-ring, bellows, or membranes, ensuring a sealed connection between each annular part and its support.

A compression element, spring(s), bellows, or membrane, connected to one of the annular parts and its support. The compression element creates a closing force and ensures the sealing of the system at rest. Linkage elements to position the annular parts (screws, sleeve, support) and transmit/block the rotation (pin, etc.). The annular part linked with the compression element is flexibly mounted, that is, has some degrees of freedom in the axial and angular directions. In operation, this part is thus able to track, i.e. to align with, the other part even in the presence of misalignments. In a standard face seal design, the other part is linked to its support with no degrees of freedom. In figures 1.1 and 1.2 the flexibly mounted element is the rotor whereas the stator is rigidly linked to the housing.

Design specifications

The performance of a face seal under given operating conditions can be evaluated based on the following technical requirements: Primary requirement: leakage of sealed fluid should be less than a given threshold.

Primary requirement: ingression of external fluid into the sealed fluid chamber should be less than a given threshold.

Constraint requirement: running and starting torques should be less than to a given threshold.

Constraint requirement: fulfilment of primary requirements and constraint requirement for a duration longer than a given threshold.

A seal failure can thus be acknowledged when the seal suffers a large amount of leakage or ingression. This may result from physical damage to the materials of the seal (worn O-rings, annular part with thermal cracking, pitches, etc.) or inadequate operating conditions (pressure inversion, excessive vibrations, run-out, etc.).

Operating principles -Phenomenology

The behaviour of a face seal depends on multiple interacting phenomena. Figure 1.3, adapted from [START_REF] Brunetière | HDR -Les garnitures mécaniques étude théorique et expérimentale[END_REF], and figure 1.4 present a simplified overview of these phenomena and their interactions. The overpressure in the sealed fluid chamber as well as the rotation of the face lead to the lubrication by the sealed fluid of the interface between the rotor and stator (phenomenon 1). The interface pressure, composed of the fluid and asperity contact, generates a force and moments acting on the flexibly mounted element (interaction 1 → 2). These force and moments, along with the support reaction, inertia, and external effects, control the dynamic behaviour of the flexibly mounted part (phenomenon 2). The dynamic behaviour sets the face separation, which strongly influences the film pressure (interaction 2 → 1). Moreover, the fluid shearing and asperity contact generate heat due to viscous and dry friction (interaction 1 → 3) transferred to the faces (phenomenon 3). The generated heat also increases the fluid temperature, thereby changing the properties of the fluid (interaction 3 → 1). The temperature gradients resulting from the heat transfer in the seal rings (interaction 3 → 4) and fluid and contact pressure (interaction 1 → 4) lead to face deformations (phenomenon 4). This deformation changes the shape of the interface, and therefore the behavior of the fluid film behavior (interaction 4 → 1). The fluid vaporisation which is encountered in some seals may be included as a fifth phenomenon, wear as a sixth.

Elementary equations

This section presents some elementary equations useful for estimating the order of magnitude of the performance of a given seal. The formula are based on the simplifying assumption of parallel sliding faces, consider static operation, and there are no dynamic constraints (pressure variations, vibrations, etc.). An advanced method capturing the complexity of the interacting phenomena and the effect of severe conditions will be developed in chapter 2 of the present thesis.

Leakage

A simple formula for the seal leakage assuming parallel faces is [START_REF] Mathes | Gleitringddichtungen. Funktionsprinzip, Bauarten, Anwendung[END_REF], [START_REF] Fern | Seals, Engineering Design Guides[END_REF]]

Q = π∆pr av h 3 6µ∆r (1.1.1)
where Q is the leakage, in m 3 /s, ∆p, in Pa, is the seal differential pressure, µ, in Pa • s, the lubricant viscosity, ∆r = r or i , in m, the seal width, r av , in m, the average radius, and h, in m, the film thickness. This formula shows that, to first order and for a given seal, the leakage is proportional to the cube of the average film thickness, proportional to the pressure difference, and inversely proportional to the viscosity. All the parameters, except the film thickness, are known a priori. In practice the face seal film thickness varies along the radius and circumference, as it depends on the phenomena governing the behaviour of the seal. In the case of parallel faces, asperity contact occurs and the film thickness can thus be considered as being on the order of 3 to 5 times the standard deviation of the surface roughness, Sq.

Friction torque

The overall friction torque is due to energy dissipation from fluid viscous shearing and friction of the contacting asperities. An order of magnitude of the torque can be obtained using the formulas below, valid for parallel faces [Brunetière and Tournerie, 2016a]

T = T visc + T dry (1.1.2)
with

T visc = πµω h r 4 o -r 4 i 2 (1.1.3) T dry = 2πf p c r 3 o -r 3 i 3 (1.1.4)
where f is the dry contact friction coefficient, ω, in rad/s, is the speed of rotation, and p c , in Pa, is an averaged seal contact pressure.

Contact pressure

The seal contact pressure depends on the forces applied to the flexibly-mounted element. As shown in figure 1.5, these forces are Drawing adapted from [START_REF] Mathes | Gleitringddichtungen. Funktionsprinzip, Bauarten, Anwendung[END_REF].

The hydraulic force is

F hydraulic = ∆pBS (1.1.5)
where B is the balance ratio defined as the ratio of the hydraulically loaded area to the contact area (see figures 1.6 and 1.7):

For an inside pressurized seal: The simplified expression for the film fluid force when only hydrostatic pressure is considered is

B = B i = (r 2 h -r 2 i )/(r 2 o -r 2 i ) For an outside pressurized seal: B = B o = (r 2 o -r 2 h )/(r 2 o -r 2 i ) with 1 = B i + B o
F fluid = K hydraulic ∆pS (1.1.6)
with K hydraulic a factor between 0 and 1 depending on the geometry of the film. K hydraulic equals 0.5 for parallel faces, > 0.5 for converging gap in the leakage direction, and < 0.5 for diverging gap [START_REF] Arnold | Mechanical seal performance and related calculations[END_REF].

The force balance is

F spring + F hydraulic -F fluid -F contact = 0 (1.1.7)
replacing by equations 1.1.6 and 1.1.5

F spring + ∆pSB -∆pSK hydraulic -F contact = 0 (1.1.8)
which can be reorganized as

F contact S = ∆pB total -∆pK hydraulic (1.1.9)
where B total = B + F spring /(S∆p) is the total balance ratio.

One sees that

If the seal is non-contacting, i.e. F contact = 0, the balance ratio and K factor will adapt:

B total = K hydraulic (1.1.10)
Otherwise, the average contact pressure can be estimated as

p contact = F contact S = ∆p(B total -K hydraulic ) (1.1.11)
The contact pressure can be used to estimate the dry torque in equation 1.1.4.

Operating life

The operating life is difficult to estimate. The failure modes can be split into two groups. The first cause of end-life is a long term wear phenomenon (abrasive, adhesive) which highly depends on the contact pressure, relative speed, and pair of materials. The second cause of end-life is some kind of accident, which includes shocks, excessive vibration/run-out, gas slug, cavitation, pressure inversion, etc. [START_REF] Affonson | Machinery failure analysis handbook[END_REF][START_REF] Mayer | Mechanical Seals[END_REF].

Dissipated power

The total dissipated power (dry and viscous) can be estimated with 1.1.12) with P , in W, the dissipated power.

P = ωT ( 

Example

To illustrate, the face seal with parameters shown in table 1.1 is considered. The values are based on those of the seal studied in this work. The contact pressure is estimated first. Assuming parallel faces, the K hydraulic is 0.5. Using equation 1.1.9 the total balance ratio is B total = 6.55. The average contact pressure is thus p c = 6.05 • 10 5 Pa. Figures 1.8 and 1.9 show the estimated performance, torque and leakage, using the elementary equations 1.1.1, 1.1.3 and 1.1.4. As one can see, the first estimates of the leakage are between 0.03 and 0.13 cm 3 /hr. The first estimates of the torque are between 0.2 and 1.0 N • m, depending on the friction coefficient, and in particular between 0.45 and 0.59 N • m for a friction coefficient of 0.1. A significant part of the uncertainty is due to the unknown film thickness and lubricant viscosity.

The elementary equations provide a wide range of values for the face seal performance. These ranges are significantly reduced by using a numerical model which includes the thermal effects and couplings mentioned in figures 1.3 and 1.4. Chapter 2 of this thesis presents the numerical model of a face seal developed as part of this research.

General design considerations

Given the above mentioned specifications, a good face seal must exhibit low leakage. The lowest leakage is obtained when the film thickness is as small as possible, which is, in practice, of the order of the surface roughness. To operate over long time periods, a large film thickness is desired, as it prevents asperity contact and the faces from wearing out. A large film thickness, however, leads to high leakage. As a general rule, good face seal designs aim at a film thickness giving the desired compromise between the two objectives: low leakage and satisfactory life.

The ingression of an external fluid may occur when the pressure reverses, that is, when the sealed fluid pressure becomes lower than that of the external fluid. As with the leakage, ingression can be reduced by reducing the film thickness.

To have a low torque, the friction coefficient should be minimized. The Stribeck curve indicates the evolution of the friction coefficient over the various lubrication regimes arising as the value of a duty parameter increases, see figure 1.10. The duty parameter is defined as [Brunetière and Tournerie, 2016a] G = µω 2πB total ∆p (1.1.13) In the boundary lubrication regime, which occurs for low values of the duty parameter, the load is supported by the asperities. This regime is characterised by low film thickness and a high friction coefficient. As the duty parameters increases, the fluid film supports an increasing proportion of the load. In mixed lubrication both the fluid and the asperities support the load. For high values of the duty parameter, the load is completely supported by the fluid. This regime is associated with a high film thickness (and hence leakage) and increasing friction. The effective friction coefficient can vary by a factor of 10 depending on the operating conditions. The optimal operating regime in terms of low leakage and low friction is located between the regimes of mixed lubrication and hydrodynamic lubrication [Brunetière and Tournerie, 2016a]. Among others, the following references can be consulted for more information on face seal design: [START_REF] Tournerie | Garnitures mécaniques d'étanchéité -Lubrification hydrostatique Garnitures mécaniques d ' étanchéité Lubrification hydrostatique[END_REF]Brunetière andTournerie, 2016a,b, 2017;[START_REF] Artema | Garnitures mécaniques d'étanchéité -Technologies[END_REF].

Review of face seals operating under severe transient conditions

This thesis is primarily interested in face seals operating in severe conditions. Such conditions are encountered in various applications, including some types of pumps [START_REF] Stekanko | Relationship between vibrations and mechanical seal failures on centrifugal pumps[END_REF][START_REF] Leishear | Relationship between vibrations and mechanical seal life in centrifugal pumps[END_REF], high power diesel engines [START_REF] Fribourg | The performance of mechanical seals used in a high vibrations environment[END_REF], drilling tools [START_REF] Throp | Pressure compensation and rotary seal system for measurement while drilling instrumentation[END_REF][START_REF] Burr | Rock bit face seal having anti-rotation pins[END_REF][START_REF] Wang | Optimization of mechanical seal component design for downhole drilling applications[END_REF], electrical submersible pumps used for oilfield production [START_REF] Sarkis | Implementation of new seal design to improve esp performance in corcel field[END_REF], heavy-duty boilers [START_REF] Young | Mechanical seals with laser machined wavy sic faces for high duty boiler circulation and feedwater applications[END_REF], nuclear power plants [START_REF] Mayer | Performance of rotating high duty nuclear seals[END_REF], aerospace turbopumps [NASA, 1978], desulphurization of flue gases [START_REF] Schoepplein | Application of mechanical seals to slurries with particular reference to pumps and agitators on flue gas desulphurization plants[END_REF], etc.

More specifically, the demanding conditions of interest here are:

vibrations, frequent and rapid starts of the system, dynamic pressure variations and pressure inversions.

Mixed lubrication, contact, and surface defects can also detrimentally affect the behaviour of the face seal, and are reviewed as well.

Vibrations and misalignments

Vibrations are often due to an assembly defect, a shaft imbalance, shaft vibrations or shocks under external conditions. They create a rotor run-out and misalignment. Run-out is characterised by the fact that the rotor's rotating axis is off-centre compared to the rotating axis of the stator. Misalignment occurs when the axis of rotation of the rotor is not aligned with the axis of the stator. Only the misalignment is considered here. The flexibly mounted element (rotor or stator) compensates for the misalignment but only to a limited extent. Excessive seal vibration can cause detrimental face contact in mechanical seals. Figure 1.11 from [START_REF] Zhang | Adaptative control of mechanical gas face seals with rotor runout and static stator misalignment[END_REF] illustrates a face seal with a misaligned rotor; the angles γ r and γ m correspond to the misalignment of the rotor and stator and are measured with respect to the axis of rotation.

Figure 1.11: Misaligned face seal [START_REF] Zhang | Adaptative control of mechanical gas face seals with rotor runout and static stator misalignment[END_REF].

Experimental studies

The impact of misalignments without face contact has been observed experimentally in, e.g. [START_REF] Metcalfe | Dynamic Whirl on Well-Aligned, Liquid-Lubricated End-Face Seals with Hydrostatic Tilt Instability[END_REF][START_REF] Etsion | Experimental Observation of the Dynamic Behavior of Noncontacting Coned-Face Mechanical Seals Experimental Observation of the Dynamic Behavior of Noncontacting Coned-Face Mechanical Seals[END_REF]. [START_REF] Metcalfe | Dynamic Whirl on Well-Aligned, Liquid-Lubricated End-Face Seals with Hydrostatic Tilt Instability[END_REF] presents experimental results for a tapered, slightly misaligned mechanical face seal. The investigation focused on face seal whirl and contact as a results of hydrostatic instability. Such instabilities manifest themselves when the seal balance ratio is too low and the O-ring stiffness not high enough. When a seal is subject to hydrostatic instability, it tilts until the faces contact. Hydrodynamic instability is opposed to the desired dynamic tracking operating mode, where the parts follow each other without rubbing. That research contributed to demonstrate the relation between misalignment, elastomer stiffness, and coning of face seals. [START_REF] Etsion | Experimental Observation of the Dynamic Behavior of Noncontacting Coned-Face Mechanical Seals Experimental Observation of the Dynamic Behavior of Noncontacting Coned-Face Mechanical Seals[END_REF] present experimental results on a tapered, non-contacting face seal. The results show the variation of stator tilt and phase angle over time measured using proximity probes. The sealing gap is also inferred based on leakage measurement. Two types of failure modes are observed. For the first failure mode, the stator tracks the rotor but the relative misalignment is so high that the faces are in contact. Wear marks are observed on both faces. The stator is evenly worn along the circumference. In contrast, the rotor wear is manifested mostly at the rotor location which is the closest to the stator. The second failure mode highlighted is a dynamic instability characterised by the stator's inability to follow the rotor.

Analytical studies

In parallel with the experimental observations, some authors have developed analytical models with the aim of providing estimates of the seals' dynamic behavior. [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF] derived an analytical model predicting the dynamic behaviour of a non-contacting, tapered face seal. Three stability criteria were identified: (i) the faces must have a converging gap in the direction of the flow, (ii) the rotational speed must be less than a threshold which depends on the inertia and dynamic coefficients, and (iii) there is a limiting misalignment above which the faces may contact. One of the main equations is shown below. It allows estimating the relative transmissibility for given operating conditions. The transmissibility is the ratio of relative misalignment γ 0 due to rotor misalignment alone, to the rotor misalignment γ r

γ 0 γ r 2 = Ī2 + D 2 s (K -Ī) 2 + (D s + 0.5D fluid ) 2 (1.2.1)
Here, Ī is the support inertia coefficient, D s the support damping coefficient, K the stiffness coefficient, and D fluid the fluid damping coefficient (all dimensionless). A good face tracking supposes a low value of γ 0 , which is promoted by high values of the stiffness and damping coefficient. In contrast, high inertia leads to high relative misalignment, which may lead to unstable behaviour. The limiting values of relative misalignment are also provided in that article. The coefficients are derived from the dynamic film coefficients presented in [START_REF] Green | Fluid film dynamic coefficients in mechanical face seals[END_REF]] and based on earlier publications [START_REF] Sharoni | Performance of End-Face Seals with Diametral Tilt and ConingHydrodynamic Effects[END_REF][START_REF] Etsion | Performance of End-Face Seals with Diametral Tilt and Coning -Hydrostatic Effects[END_REF][START_REF] Etsion | Squeeze Effects in Radial Face Seals[END_REF]. These publications use small displacements to compute the forces, moments, and associated stiffness and damping of narrow and aligned face seals. That research significantly contributed to the study of misaligned face seals. The analytical model proposed enables immediate calculations for a misaligned face seal.

That model has been largely used in subsequent work and extended to many types of face seal, in e.g. [START_REF] Green | The rotor dynamic coefficients of coned-face mechanical seals with inward or outward flow[END_REF][START_REF] Green | Gyroscopic and damping effects on the stability of a noncontacting flexibly-mounted rotor mechanical face seal[END_REF][START_REF] Wileman | The rotordunamic coefficients of mechanical seals having two flexibly mounted rotors[END_REF].

Numerical studies

Numerical models for misaligned face seals have also been proposed. They aim at estimating the overall face seal performance while considering the effects of misalignment. [START_REF] Etsion | Dynamic analysis of noncontacting face seals[END_REF] uses an analytical solution of the Reynolds equation along with a numerical solution of the nonlinear equations of motion for the face seal ring. The model is used to propose a seal stability map where three operating modes are identified: stable, unstable, and transition. In the stable mode, a disturbance decreases over time, but in the unstable mode, it increases over time. In the transition mode, it remains constant over time. Groups of dimensionless parameters indicating transitions between the operating modes are identified. A study of the effect of various design parameters on the stability is also presented. The main conclusions are that reducing the mass, radius of gyration, or operating speed; and increasing the spring constant, or the axial and angular stiffness encourage stable operation. The magnitude of the optimal value of the coning angle for stable operation is also presented. [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF] or [START_REF] Green | Nonlinear Dynamic Analysis of Noncontacting Coned-Face Mechanical Seals[END_REF] developed a transient non-linear model to investigate the effects of misalignment angle on the initial response of face seals. Such models solve the motion equation of the flexibly mounted element with the Reynolds equation over time.

CHAPTER 1. STATE OF THE ART

In [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF], the equation of motion solved are

   I χx 1 = M x,spring + M x,fluid I χy 1 = M y,spring + M y,fluid mz = F spring + F hydraulic -F fluid (1.2.2)
with m the mass of the seal ring, I its moment of inertia (assumed equal in the different directions), while M and F are the moments and forces applied by the fluid and support (only the spring is considered) to the flexibly-mounted element.

The equations are solved using time integration and a predictor-corrector method based on the Euler method. The contributions of the fluid are obtained from the pressure distribution solution of the Reynolds equation. The equation is solved using finite differences and a Gauss-Seidel iterative method with over-relaxation. The model is used for a parametric study covering a wide range of values of the misalignment angles for the stable cases. The stability observed is in accordance with the criteria of [START_REF] Etsion | Dynamic analysis of noncontacting face seals[END_REF]. [START_REF] Green | Nonlinear Dynamic Analysis of Noncontacting Coned-Face Mechanical Seals[END_REF] present a model solving the non-linear equation of motion for a flexibly mounted stator. The procedure starts by selecting arbitrary values for the amplitude γ s , of the stator misalignment amplitude, the phase angle φ, the axial displacement z and their derivative. The relative misalignment, γ, is computed using

γ = γ 2 s + γ 2 r -2γ s γ r cos(φ -ωt) 1/2 (1.2.3)
where γ s and γ r are, respectively, the stator and rotor misalignments, φ is the phase angle, and ω is the rotational speed. The film thickness h is obtained using

h = C 1 + γ 1 + z/C 0 r r 0 cos θ + β 1 + z/C 0 ( r -r i C 0 ) (1.2.4) with β the coning angle, β = (h(r o ) -h(r i ))/(r o -r i ),
C the face centre distance, and C 0 the designed face centre distance. The pressure field and moments are calculated and the accelerations subsequently obtained using

γs = M x I + φ2 γ s (1.2.5) φ = M y I -2 φ γs /γ s (1.2.6) 1 C 0 z = Fz m (1.2.7)
with m, respectively, Fz , the dimensionless mass and axial force. The values are integrated with respect to time. The procedure is repeated until convergence. The model is used to evaluate the stability threshold and steady state response of a flexibly mounted stator. A parametric study to explore the effect of various design parameters and operating conditions is also presented. The main conclusions are that a high pressure difference and optimal coning provide a high film stiffness, which reduces the risks of large misalignment and consequently high leakage. Further, these numerical results were compared with the analytical predictions of [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF]. A very good correlation was found for most cases and a fair correlation was found for the cases with more than small perturbations. Such results validate the use of the analytical model.

As highlighted above, the dynamic tracking mode is the desired and usual operating mode, in which the flexibly mounted part tracks the other. Some models have been developed specifically for such cases. The computational time is significantly reduced, as no time integration technique is required since it is a stationary configuration. The misalignment angles evolve as sine functions, and so do their derivatives. This approach is used in, e.g. [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] or [Brunetière et al., 2003a].

In [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF], the equations solved are

   M x,support + M x,fluid -I χx 1 = 0 M y,support + M y,fluid -I χy 1 = 0 F z,support -F fluid = 0 (1.2.8) with χ x 1 = χ 1 cos(ωt + φ 1
) and χ y 1 = χ 1 sin(ωt + φ 1 ) the misalignment angles of the flexibly mounted stator. Equations 1.2.8 are solved using a Newton-Raphson method. The model is used to perform a parametric study evaluating the impact of varying operating conditions and grooves present on the faces. The main observations for the smooth face seal simulated are that the phase angle linearly decreases with increasing speed, and increases and then decreases when the pressure difference is increased. Brunetière et al. [2003a] use a similar method for the dynamic behaviour of the flexibly mounted element. This routine is coupled to a fluid solver and a thermal solver. The authors show that the misalignment has only a limited impact on the temperature distribution.

It is only recently that asperity contact has been considered in studies of misaligned face seals. [START_REF] Varney | Impact phenomena in a non-contacting mechanical face seal[END_REF]] present a numerical model for contacting face seals which includes a contact model, a solver for the non-linear equations of motion and an analytical expression for the film pressure. The model is used to simulate the behaviour of two contacting face seals. For the first case, the film thickness is shown to oscillate periodically at the rotating frequency and at half the rotating frequency; the minimum film thickness is about four times the standard deviation of the surface roughness. In the second case, a heavy contact is imposed by considering flat surfaces. This leads to a rich non-linear response in the frequency domain and repetitive face contact associated to system failure. While all the models presented above cover a wide range of applications, none have the ability to predict the performance of a non-narrow, contacting, misaligned face seal operating under varying conditions, such as those encountered in severe environments.

Given that simulations of face seals in such conditions are targeted, the present model should include a general model to capture the balance of the forces and moments of the flexibly mounted element.

Unsteady thermal effects

It is fundamental to consider thermal effects in face seals, since they determine the film temperature and hence the viscosity and the temperature of the solids, and in turn the geometry of the seal faces. Thermal effects are also responsible for some failure modes.

At rest, the two faces of the seal are usually pressed on each other to avoid leakage. As the shaft and rotor start to rotate, a lift force is generated and the faces are taken apart, depending on the degree of contact of the seal. The heat generated deforms the seal rings, creating a coning of the seal faces and thus a non-uniform distribution of the film thickness. This thermal coning brings about a hydrostatic load support and stability for the inward face seals (leaking from outer to inner radius).

Issues associated with thermal effects

Rapid start ups induce strong thermal gradients. The sudden heat generated at the interface takes time to diffuse inside the seal parts. The face of the rotor and stator expand as a result of the heat but the back of the part is still cold and not expanded. This differential expansion leads to cracks originating at the rear of the part subject to extension [START_REF] Kingery | Factors affecting thermal stress resistance of ceramic materials[END_REF]. This heat checking failure mode due to transient thermal stress is also highlighted in [START_REF] Nau | Mechanical seal face materials[END_REF]. Heat checking may also occur as a result of sudden cooling.

Another type of thermal cracking may occur when the face seal is suddenly put in contact with process fluid at a different temperature. Such a failure tends to be difficult to reproduce in the lab. [START_REF] Nyemeck | Experimental analysis of mechanical seals operating under thermal shock[END_REF] present a setup used to test face seals under a thermal shock of 100 K in 4 s. A face seal made of carbon and silicon carbide was tested and showed no signs of damage. [START_REF] Guichelaar | The detection and characterization of blisters on carbongraphite mechanical seal faces[END_REF] studied the blistering of carbon-graphite face seal faces which is a detrimental phenomenon associated to thermal effects. Blisters are noticeably burnished areas of elliptical or cylindrical shape slightly elevated above the seal surface. Such face irregularities induce poor sealing performance and higher incidence of failure. Blistering occurs more readily with frequent starts and stops and higher rotational speeds. As part of that research, a test setup was designed to evaluate various grades of carbon-graphite seal materials. Blisters were characterised using interference microscopy and Raman spectroscopy. Based on the experimental evidence, the authors concluded that the occurrence of blisters is not predictable and is not correlated with the number of startup cycles. [START_REF] Parmar | Thermal cycling in mechanical face seals -cause, prediction, prevention[END_REF] presented a method to predict the susceptibility of a face seal to thermal cycling. Thermal cycling is a periodic variation of the face temperature, which can cause increased leakage, accelerated wear, and failure if it has a significant amplitude. Such effects were reported in, e.g. [START_REF] Doust | Transient thermoelastic effects in a mechanical face seal[END_REF][START_REF] Salant | Development of an electronically controlled mechanical seal[END_REF][START_REF] Rouillon | Modelisation et caracterisation experimentale des etancheites faciales hydrodynamiques[END_REF]. The method proposed in the article is based on a two dimensional transient heat transfer model including thermal distortions, interface fluid load support, and contact. The numerical predictions are validated with measurements. Based on the measurements, the thermal cycling mechanism appears to be possible if: there is significant thermal coning, there is a lag between the heat generation and the thermal coning, and there is face contact. Further, the author found that increasing values of (α/k 2 ), where α is the diffusivity and k the thermal conductivity, are associated with a higher risk of thermal cycling. The general recommendations to reduce thermal cycling are: reduce thermal coning, reduce hard face contact, and choose a material pair with low contact friction.

Methods to capture thermal effects and deformations [START_REF] Green | A Transient Dynamic Analysis of Mechanical Seals Including Asperity Contact and Face deformation[END_REF] developed a face seal model with an analytical contact model and 1D transient thermal deformation model. The thermal model is based on the observation that the evolution of the thermal field is similar to a first order system response The model is used to carry out a parametric study of the impact of the balance ratio and time constant on the performance of the face seal during start-up and shut-down. The start-up is modelled as an increase of rotational speed and pressure, the shut-down as a decrease of rotational speed while the pressure is maintained. The author shows that the balance ratio has no significant effect on the transient response. However, this parameter strongly influences the leakage, as it controls the face centre distance. Also, when the time constant is increased, the deformation (coning) is delayed which leads to seal leakage for a short period of time following shut-down.

t charac dδ dt + δ = u(t) ( 
The influence coefficient is a widely used method for capturing thermo-mechanical deformations [START_REF] Xiong | A Non-Axisymmetric Steady State Model of a Mechanical Seal for Down-Hole Tools[END_REF]Brunetière et al., 2003a;[START_REF] Ruan | A Mixed Lubrication Model of Liquid/Gas Mechanical Face Seals[END_REF][START_REF] Harp | Analysis of mechanical seal behavior during transient operation[END_REF]. With this method, the deformation is assumed to be linearly related to the applied forces and rate of heat generation. The deformation at node u i follows a relation of the type

u i = n j=1 (T H ij q j + M ij F j ) (1.2.10)
where the influence coefficients T H ij and M ij are the thermal and mechanical deformations at node i produced by a unit heat input and force at node j. q j is the generated heat flux at node j and F j is the force due to the fluid and contact pressure at node j. The coefficients are computed off-line with an FEA method. This method is time efficient when the boundary conditions are constant, as the influence coefficients are only computed once. In transient cases or for varying boundary conditions, the influence coefficients have to be recomputed. Alternatively, Duhamel's approximation method ( [START_REF] Ozisik | Value problems of heat conduction[END_REF]) can also be used, as in, e.g. [START_REF] Salant | Unsteady Analysis of a Mechanical Seal Using Duhamel's Method[END_REF]. The thermal lag is found empirically from numerical experiments using a finite element thermal analysis of the seal. This semi-empirical approach was successfully used for simulating start-up and shut-down. This method can be seen as the extension of the 1D method of [START_REF] Green | A Transient Dynamic Analysis of Mechanical Seals Including Asperity Contact and Face deformation[END_REF].

Another method is to embed a thermo-mechanical solver in the face seal numerical model. This approach is convenient because there is no need for supplementary software, as the governing equations are directly solved in the face seal model. A built-in mesher or a mesh-reader module has to be implemented in the code. If the boundary conditions do not change, there is no need to recompute the overall system. Such a method can be used to treat transient problems. The computation time is as good as with the influence coefficient method This method was applied in, e.g. [START_REF] Migout | Study of the fluid film vaporization in the interface of a mechanical face seal[END_REF].

Regarding the model developed in the present thesis, it is desirable to have an embedded thermo-mechanical solver to avoid relying on external software. Further, the code developed is based on previously existing modules that include a built-in thermo-mechanical solver. For these reasons, it was decided to use a built-in thermo-mechanical solver to determine the temperature and deformations of the faces in the present model.

Convective heat transfer

The convective heat transfer contributes significantly to the thermal behaviour and cooling of the face seal.

The convective heat flux can be modelled as q(T ) = h c (T -T ref ), with h c , in W/(K • m), the convection coefficient, T the temperature of the wall, and T ref the known fluid temperature far from the wall. Here, h c is obtained from the Nusselt number N u = h c D/k f , where D is the seal diameter and k f the thermal conductivity of the fluid. There are numerous publications proposing correlations for the Nusselt number on the face seal [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF][START_REF] Ayadi | Experimental thermal analysis of a mechanical face seal[END_REF]Luan and Khonsari, 2009b,a;[START_REF] Doane | An experimental-computational investigation of the heat transfer in mechanical face seals[END_REF][START_REF] Tachibana | Heat transfer in an annulus with an inner rotating cylinder[END_REF][START_REF] Childs | A review of forced convective heat transfer in stationnary and rotating annulii[END_REF][START_REF] Lebeck | Fluid temperature and film coefficient prediction and measurement in mechanical face seals -experimental results[END_REF]]. Overall, the Nusselt number is a power function of the Reynolds number Re D = ρωD/2µ and of the Prandtl number of the fluid P r = C p µ/k f , where C p is the heat capacity of the fluid.

As an example, according to [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF], for faces surrounded by a rotating fluid, the Nusselt number is

N u = 0.133Re 2/3 D P r 1/3 (1.2.11)
This correlation was suggested for face seals by [START_REF] Lebeck | Principles and Design of Mechanical Face Seals[END_REF] and used in, e.g. [Brunetière et al., 2003b;[START_REF] Nyemeck | A Mixed Thermoelastohydrodynamic Lubrication Analysis of Mechanical Face Seals by a Multiscale Approach[END_REF].

Heat transfer augmentation techniques have been proposed to reduce the risk of thermal damage. A review can be found in [START_REF] Xiao | A review of mechanical seals heat transfer augmentation techniques[END_REF]. As an example, [START_REF] Xiao | Thermal Performance of Mechanical Face Seal With Built-In Heat Pipe[END_REF] designed and tested a face seal prototype with a built-in heat pipe, see figure 1.12. The prototype enjoyed a greatly reduced interface temperature.

Figure 1.12: Face seal prototype with built-in heat pipe [START_REF] Xiao | Thermal Performance of Mechanical Face Seal With Built-In Heat Pipe[END_REF]. Left: cross section detailing the heat pipe in the stationary ring, right: picture of the rear of the stationary ring.

All these researches show that unsteady thermal effects are an area of interest for face seals. The thermal deformations have to be estimated to determine the sealing interface geometry and therefore the seal performance.

Pressure variations and pressure inversions

Variations in the operating pressure can have a strong impact on the behaviour of a mechanical face seal. The present research is interested in the impact of pressure pulses, including pressure inversions, that is, when the pressure of the outer fluid becomes superior to the pressure of the sealed fluid. There appears to be only limited published research on the topic. [START_REF] Harp | Analysis of mechanical seal behavior during transient operation[END_REF] present a model to study face seals subject to varying sealed pressures and rotational speeds. The objective of the model is to estimate whether a satisfactory performance during transient operating periods can be expected. During transient phases, the deformations and coning are determined by the operating history. The model includes fluid, contact, and deformation mechanics solved in embedded loops. The transient effects are taken into account through changing operating conditions and the squeeze term in the Reynolds equation. There is no inertia in the axial force balance nor in the thermal deformation of the solids. This approach is similar to those used in engine bearings [START_REF] Goenka | Dynamically loaded journal bearings: Finite element method analysis[END_REF][START_REF] Pamjpe | Analysis of crankshaft bearings using a mass conserving algorithm[END_REF]. The capabilities of the model are illustrated on a face seal for aerospace applications subject to velocity and pressure decreases and increases in a cosine fashion over 10 sec. The variation of frictional and viscous heat generation, contact force, film force, and leakage are discussed for three configurations of face seal: an inside pressurised with diverging gap, an inside pressurised with parallel faces, and an outside pressurised with converging gap. The first design suffers from excessively high contact pressures. The second has acceptable contact. The third has almost no contact pressure but a much greater leakage rate.

That study shows how some mechanisms impact the transient response of a face seal. The time scale of the unsteady processes are, however, of a few seconds and cannot be extended to smaller time scales. Further, there appears to be no work pertaining to face seals operating with pressure inversions.

Effect of face waviness

The flatness of the faces of a mechanical face seal has to be controlled to ensure its correct performance in operation. Flatness defects can essentially be split into two groups: deviations from flatness in the circumferential direction, referred to as waviness, and deviations from flatness in the radial direction, referred to as radial taper. Both defects exist after manufacturing and change during operation due to the temperature gradient, drive elements, or exposure to fluid pressure. The radial taper directly determines the load supported by the hydrostatic pressure, hence the film thickness and performance. The waviness strongly impacts the hydrodynamic lubrication and may also contribute to the load carrying capacity. Typical waviness for face seals after manufacturing and polishing ranges from 0.1 to 1 µm peak-to-peak [START_REF] Nau | Mechanical seal face materials[END_REF]. Only the waviness is discussed hereafter. [START_REF] Lebeck | Mechanical loading -a primary source of waviness in mechanical face seals[END_REF] investigates the sources of waviness and shows that the concentrated drive forces are one of the major sources. The waviness is an important phenomenon in contacting seals which may lead to hydrodynamic load support but also to excessive leakage. The deflection of the seal ring for a typical arrangement is estimated based on general equations for ring deflection. The method is applied to actual seals to determine the expected waviness. The estimations are also compared to experimentally determined wear profiles, with good agreement. Lastly, some methods to reduce waviness in operation are discussed.

On the contrary, some face seals are designed with deliberate waviness, see, e.g. patent [START_REF] Lebeck | Wavy-tilt-dam seal ring[END_REF]. [START_REF] Young | The design and testing of a wavy-tilt-dam mechanical face seal[END_REF] present a study of the wavy-tilt-dam face seal whose waviness and tilt are so chosen as to enhance the load support and to control the leakage (see figure 1.13). The film thickness is given by h(r, θ) = β(r or) cos(nθ) (1.2.12) where β is the coning angle and n the number of waves. This film thickness profile increases hydrodynamic and hydrostatic effects and therefore reduces friction and wear. The article reports test results on such face seals composed of a standard carbon ring rotating against a SiC or WC wavy-tilt-dam face seal. The operating test conditions include various speeds, pressures, misalignment, abrasives, and duration up to 2000 hours. The wavy-tilt-dam face seal is shown to work reliably and with low friction, leakage, and wear, under the various test conditions.

Figure 1.13: View of the wavy-tilt-dam face seal [START_REF] Young | The design and testing of a wavy-tilt-dam mechanical face seal[END_REF]]. [START_REF] Young | Mechanical seals with laser machined wavy sic faces for high duty boiler circulation and feedwater applications[END_REF] present another experimental study on a wavy face seal made of SiC against SiC for a high duty boiler application. The objective is to demonstrate that the face seal can withstand adverse conditions without wearing out and without exhibiting too a large leakage. Four test conditions were considered: with pressures up to 20.9 MPa, with temperatures up to 204 • C, with air ingression and with abrasives. In all cases, neither wear nor large leakage were reported, which confirms the ability of this design to operate in demanding applications.

The waviness can also be generated by notches machined on one of the faces [START_REF] Mayer | Thermohydrodynamics in mechanical seals[END_REF]. [START_REF] Djamai | Numerical modeling of a thermohydrodynamic mechanical face seals[END_REF] present a numerical model for notched face seals, such as are used in heavy duty applications, see figure 1.14. The model includes the Reynolds equation with cavitation, energy equation, and face deformation with influence coefficients. The Reynolds equation with cavitation relies on the formulation of [START_REF] Elrod | A cavitation algorithm[END_REF][START_REF] Payvar | A Computational Method for Cavitation in a Wavy Mechanical Seal[END_REF][START_REF] Bonneau | Modeling of rupture and refoormation of lubricating films in elastohydrodynamic contacts[END_REF]. Viscosity variations are considered through the film thickness. The fluid temperature is computed from the energy equation solved in the film without convective terms and assuming a parabolic temperature profile. The stator is considered to be axissymmetrical from a thermal point of view. A portion of the rotor containing a notch is considered, with periodic boundary conditions. The equations are solved using finite element techniques including upwinding schemes. Interestingly, the notches do not generate large hydrodynamic effects, as the un-notched carbon face deforms leading to reduced variation of the film thickness in the circumferential direction. This deformation is due to the stiffness of the film and face being of the same order of magnitude. Further, the authors observed that when the ratio of the notched area to the total area is increased, the temperature and friction are reduced and the lift force and film thickness are increased.
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Figure 1.14: Face seal with notches simulated in [START_REF] Djamai | Numerical modeling of a thermohydrodynamic mechanical face seals[END_REF].

The studies carried out on wavy face seals and on face seals with engineered waviness show that this parameter has a great impact on the behaviour of the seal. All these studies assumed that only one of the faces has waviness. When a seal with two hard faces is considered, waviness is expected to be observed on both faces.

Given that two hard and wavy surfaces are considered in the present thesis, the model developed includes waviness on both faces.

Mixed lubrication

Mechanical face seals often operate in a mixed-lubrication regime. In this regime, the asperities and the fluid film support part of the load and the leakage is minimal. The study of mixed-lubrication is divided into two parts: the flow between two rough surfaces and the contact between two rough surfaces.

Modelling of the contact pressure between two rough surfaces

In mechanical face seals operating in the mixed lubrication regime, the asperities of the surfaces support part of the load. A contact model is needed to estimate this opening force. There are two types of approaches to predict the contact pressure between two rough surfaces: deterministic or statistical.

With the statistical approach, the contact pressure is given as a function of the distance using an analytical or semi-analytical relation. Various examples can be found, such as in [START_REF] Xiong | A dynamic model of a contacting mechanical seal for down-hole tools[END_REF], [START_REF] Green | A Transient Dynamic Analysis of Mechanical Seals Including Asperity Contact and Face deformation[END_REF] or [START_REF] Ayadi | Optimisation de la Modélisation des régimes de fonctionnement des garnitures mécaniques d'étanchéité[END_REF]. The statistical method is widely used due to its significantly low computational cost.

Many of the statistical contact models are based on the model of [START_REF] Greenwood | Contact of nominally flat surfaces[END_REF]. The assumptions, illustrated in figure 1.15, are:

One of the two surfaces is perfectly flat;

The summits of the asperities of the rough surface are spheres of constant radius;

Each peak deforms independently of the others;

Each contact behaves as an elastic sphere-flat contact. [START_REF] Greenwood | Contact of nominally flat surfaces[END_REF].

This model is based on the Hertz solution for a single spherical and elastic asperity. The contact area and the load are determined based on the distance between the surfaces and can be expressed analytically when the distribution is assumed to be exponential.

Alternative models or extensions of this model have been proposed to consider plastic deformation, see, e.g. [START_REF] Pullen | On the plastic contact of rough surfaces[END_REF][START_REF] Chang | An elastic-plastic model for the contact of rough surfaces[END_REF][START_REF] Green | A Transient Dynamic Analysis of Mechanical Seals Including Asperity Contact and Face deformation[END_REF]. Given that the material usually considered in seals is brittle (SiC), only elastic deformations are considered.

With the deterministic approach, a complete description of the surfaces is required. The mesh is chosen sufficiently fine to capture the asperities and to resolve their deformations individually. The local deformations and pressures are obtained by solving a system of the type

u = Kp c (1.2.13)
with u the displacement vector, p c the contact pressure vector and K the compliance matrix.

There are numerous methods for deterministic contact, ranging from an asperity-based model to brute force computation while including molecular dynamics simulations. A detailed review of the current methods can be found in [START_REF] Müser | Meeting the Contact-Mechanics Challenge[END_REF]. For face seal applications, examples of the use of the deterministic approach can be found in, e.g. [START_REF] Minet | Lubrification mixte dans les étanchéitée dynamiques: application aux garnitures mécaniques d'étanchéité[END_REF], [START_REF] Nyemeck | A multiscale approach to the mixed lubrication regime: Application to mechanical seals[END_REF] or [START_REF] Bonneau | Paliers hydrodynamiques 1[END_REF].

The deterministic contact model has a high computational cost and requires knowing the complete topography of the surface. These two requirements make it unsuitable for the multiphysics and rapid face seal simulations.

Based on these considerations a statistical contact model was selected for the model developed in the present thesis.

Modelling of fluid flow between two rough surfaces

Thin films are usually modelled by the Reynolds equation, which is derived from the Navier Stokes equation.

The micro-asperities of the surface are known to create a pressure [START_REF] Minet | Lubrification mixte dans les étanchéitée dynamiques: application aux garnitures mécaniques d'étanchéité[END_REF][START_REF] Brunetière | The Mechanism of load generation between parallel surfaces[END_REF]. This roughness generated pressure is predicted by the Reynolds equation when the surface is sufficiently discretised to capture the asperities. This is the deterministic approach. This fluid model was coupled with a thermo-mechanical deformation solver and solved using a multi-scale method in [START_REF] Nyemeck | A multiscale approach to the mixed lubrication regime: Application to mechanical seals[END_REF][START_REF] Nyemeck | A Mixed Thermoelastohydrodynamic Lubrication Analysis of Mechanical Face Seals by a Multiscale Approach[END_REF]]. The refinement required by the deterministic approach comes however with a significant computational cost.

Another method used to capture the effect of the roughness on the flow is the flow factor initially proposed by Patir andCheng [1978, 1979]. The idea is to extract constitutive equations from deterministic simulations on sample surfaces subject to pure Poiseuille or pure Couette flow (see figure 1.16). Based on simulations on surfaces with identical statistical properties, three coefficients, referred to as flow factors, are identified. The coefficients allow to capture the effect of the roughness on the flows. [START_REF] Patir | An Average Flow Model for Determining Effects of Three-Dimensional Roughness on Partial Hydronamic Lubrication[END_REF].

This approach has been reused in numerous publications. [START_REF] Tripp | Surface roughness effects in hydrodynamic lubrication: The flow factor method[END_REF] proposed an asymptotic development and the use of a Green's function to compute the flow factors. [START_REF] Tonder | The lubrication of unidirectional striated roughness: Consequence for some general roughness theories[END_REF] showed that the expressions for the flow factors depend on the type of auto-correlation function. [START_REF] Salant | An average flow model of rough surface lubrication with inter-asperity cavitation[END_REF] introduced a fourth flow factor to include the micro-cavitation effect in the rough contact. This coefficient accounts for the diminishing fluid density in the area of film breaking that may occur in a valley near asperities. The authors rewrote the three initial flow factors as functions of a cavitation index, which depends on the fluid viscosity, pressure, sliding speed and characteristics of the roughness. [START_REF] Hu | Some aspects of determining the flow factors[END_REF] studied the uncertainty in the computation of the flow factors by comparing the results of previous studies with the model of [Patir andCheng, 1978, 1979].

The high computational cost of the deterministic simulations of fluid flow between two rough surfaces and the need for the surface topography makes this method unsuitable for the multiphysics and rapid face seal simulations. Regarding the flow factors, this method is only capable of estimating the effect of the roughness on the flow but not the additional lift force. It is therefore unclear if it provides a substantial benefit for the intended simulations. Further, as pointed out by [START_REF] Lebeck | Principles and Design of Mechanical Face Seals[END_REF], not considering the flow factors is valid for most mechanical face seal applications.

Based on these considerations, it was decided that the model developed in the present thesis would solve the Reynolds equation on smooth surfaces and without the flow factors.

Conclusions from the literature review

This section gave a brief overview of the aspects encountered in face seals operating in severe conditions. The vibrations and misalignments may lead to face contact and increased leakage and wear. The most advanced models couple an analytical solution of the Reynolds equation, a contact model, and the axial and angular dynamic equations of motion of the flexibly mounted part. However, no model is suited for the general case of non-narrow, contacting, misaligned face seals operating under varying conditions. The thermal effects were also discussed, and the need for their integration into a face seal model was highlighted. The temperature impacts the viscosity of the fluid and the shape of the sealing interface through deformations of the faces. The review of the literature on face waviness showed that this circumferential variation of the film thickness promotes a hydrodynamic lift force at the expense of leakage. Examples of engineered wavy face seals with increased performance for heavy-duty applications were presented. There appears to be no record of a numerical or experimental study of face seals where both faces exhibit waviness, although this is the real situation.

Various models for the estimation of the contact and fluid pressure in the case of mixed lubrication have been mentioned. The deterministic models are more accurate but their high computational cost makes them too expensive for solvers coupling the force balance, thermal effects, and thermo-mechanical deformations.

For deterministic contact simulation, the topography of the surface is also required. Flow factors, intended to capture the effect of the roughness on the flow, cannot, however, capture the lift force induced by the roughness. It is therefore unclear whether their addition substantially improves the model's predictions.

Based on the points mentioned above, the development of a time efficient numerical model able to simulate misaligned and wavy face seals operating under conditions of pressure pulses and experiencing start and stops requires (i) a module balancing the forces and moments of the flexibly mounted stator, (ii) a built-in thermomechanical solver, (iii) a transient Reynolds equation based on smooth surfaces, and (iv) a statistical contact model.

Summary of the state of the art

This section has presented some elementary considerations regarding face seals, in particular:

The main components and operating principles;

The design specifications and general design rules;

Elementary equations used to obtain a first idea of the expected performance.

Further, a review of the current research pertaining to face seals operating in severe conditions was presented to position the current research work. It covered: Experimental, analytical and numerical research on vibrations and misalignments;

Thermal effects in face seals, the associated issues and methods to include them in models;

The effect of face waviness;

Methods used to capture mixed-lubrication, which include modelling of the pressure generated by microasperities of the surface and contact pressure.

Chapter 2

Face seal modelling

The objective of this chapter is to present the equations governing the behaviour of the face seal and the numerical techniques employed for their solution. The resulting code will be verified by comparing its predictions to published results and validated with experimental data in chapter 3 of the thesis. The verified and validated code will be used for the numerical and experimental studies in chapter 5. 

Contents

Modelling strategy and model building

The general process of going from the physical phenomena governing the behaviour of a system to a numerical solver capable of predicting the performance of the system is shown in figure 2.1. The phenomena governing the behaviour of face seals dictate the equations to be considered for building the model. Based on these general equations, closures and assumptions are selected to derive specific governing equations. The specific equations are discretised in space and time and formulated in an algorithmic manner to construct the numerical solver. 3) Deformation ( 4) Energy ( 3) Deformation ( 4) The thickness of the film is a central parameter of a face seal, directly affecting its performance. It is complex to estimate, as it depends on the magnitude of the governing mechanisms while influencing them as well. In the general case, the film thickness h is

Ω S Ω f Ω r
h = h initial + h kinematic + h deformations (2.1.1)
h initial is due to the initial defects. These include surface defects such as waviness (circumferential defect) or coning (radial defect).

h kinematic is due to the relative position of the faces, which can be characterised by the distance between the centres of the faces and the misalignment angles of each surface. An expression for h kinematic is derived in section 2.2.1.

h deformation is due to the thermo-mechanical deformations of the faces. An expression for h deformation is derived in section 2.2.5.

Another contribution to h, h wear , which accounts for the change of the surface over time due to wear could be added.

As a starting point, a kinematic description of the face seal is presented. This subsection aims at expressing the face seal film thickness as a function of the position of the faces (face centre distance and misalignment angles).

The continuous equations 2.2.1 Face kinematic description

The objective of the present section is to derive an expression of the kinematic contribution of the film thickness h kinematic which results from misalignment and axial position of the rotor and stator. The finite manufacturing tolerance and assembly always lead to some degree of misalignment. On top of this, vibrations and shocks from the operation of the seal also create a misalignment.

In the general case, the rotor and stator each have a misalignment, measured by angles χ r and χ s between the axis of rotation of the shaft and of the face seal. The axial positions of the faces centres, L r and L s , can be expressed relative to a fixed reference frame R 0 with origin O, axes with unit vectors (X, Y, Z), and with the Z-axis aligned with axis of rotation of the rotor. The kinematic component of the film thickness h kinematic is defined on R 0 for all points with coordinates (x, y) verifying r i < (x 2 + y 2 ) < r o , with r i and r o the seal's inner and outer radii. For all such points h kinematic is the difference of the Z positions of the material points on the rotor and stator whose coordinates correspond to (x, y); see the example of a point of coordinates x 1 , y 1 in figure 2.4.

When none of the faces are misaligned (see left of figure 2.4), the kinematic component of the film thickness equals the distance between the centres of the face: h kinematic (x, y) = L s -L r (the stator is above the rotor by convention). If the faces are misaligned the expression for h kinematic becomes more complex, since it depends on the misalignment of each face. The following subsections express the positions of the rotor and stator in the reference frame R 0 and the resulting kinematic film thickness.

Rotor

The rotor has a main rotation θ, an axial position of its centre L r and two misalignment angles χ x and χ y . The misalignments χ x and χ y are the projections of the misalignment χ r in the rotating frame. Let R be a material point of the rotor with coordinates (a, b, c) expressed in R the rotating reference frame fixed to the rotor 1 . After all transformations have been taken into consideration, the distance between R and the origin O of the reference frame O, OR is (for details, see appendix A.1)

OR = [a cos(χ y ) cos(θ) -b cos(χ x ) sin(θ) + b sin(χ x ) sin(χ y ) cos(θ) + c cos(χ x ) sin(χ y ) cos(θ) -c sin(χ x ) sin(θ)]X + [a cos(χ y ) sin(θ) + b cos(χ x ) cos(θ) + b sin(χ x ) sin(χ y ) sin(θ) + c cos(χ x ) sin(χ y ) sin(θ) -c sin(χ x ) cos(θ)]Y + [-a sin(χ y ) + b sin(χ x ) cos(χ y ) + c cos(χ x ) cos(χ y ) + L] Z (2.2.1)
Simplifications 1 : The misalignment angles χ y and χ x are small (on the order of 10 -4 rad), and hence their sine and cosine can be expressed by the first non-null term of their Taylor expansions: cos(χ y ) = cos(χ

x ) = 1 + O(χ 2 x ), sin(χ y ) = χ y + O(χ 2 y ) and sin(χ x ) = χ x + O(χ 2 x ). Equation 2.2.1 reduces to OR = [a cos(θ) -b sin(θ) + bχ x χ y cos(θ) + cχ y cos(θ) -cχ x sin(θ)] X + [a sin(θ) + b cos(θ) + bχ x χ y sin(θ) + cχ y sin(θ) -cχ x cos(θ)] Y + [-aχ y + bχ x + c + L] Z (2.2.2)
Simplifications 2 : A further simplification is to assume that a, b >> c; besides, since χ x , χ y << 1, the OR vector becomes

OR = [a cos(θ) -b sin(θ)] X + [a sin(θ) + b cos(θ)] Y + [-aχ y + bχ x + c + L] Z (2.2.3)
which, for completeness, can also be written

OR = x r X + y r Y + z r Z (2.2.4)
Equations 2.2.3 and 2.2.4 indicate the (x r , y r , z r ) positions, in the R 0 absolute reference frame, corresponding to any material point of the rotor with coordinates (a, b, c) in the R rotating frame fixed to the face. The Z component of the material point of the rotor corresponding to the coordinates (x r , y r ), that is, z r = f (x r , y r ), is obtained by combining equations 2.2.3 and 2.2.4:

1. Express a and b as a function of x r , y r using equation 2.2.3

x r y r = cos(θ) -sin(θ) sin(θ) cos(θ) a b (2.2.5)
2. Inverting the matrix to obtain a, b = f (x r , y r ), yields cos(θ) + sin(θ) sin(θ) cos(θ)

x r y r = a b (2.2.6) 3. Replacing a, b by their expression in terms of X, Y in the Z-equation of equation yields 2.2.3 z r = [-cos(θ)x r -sin(θ)y r ]χ y + L + [-sin(θ)x r + cos(θ)y r ]χ x + c = [-χ y cos(θ) -χ x sin(θ)]x r + [-χ y sin(θ) + χ x cos(θ)]y r + L + c (2.2.7)
Equation 2.2.7 gives the Z-coordinate of the material point of the rotor corresponding to the coordinates (x r , y r ).

To summarise, the expression for OR in R 0 for a point (x, y) is

OR R0 =   x y [-χ y cos(θ) -χ x sin(θ)]x + [-χ y sin(θ) + χ x cos(θ)]y + L + c   (2.2.8)
where χ y and χ x are the rotor misalignment angles, L is the height of the rotor's centre relative to R 0 , and c is the height of the material point of the rotor relative to the face centre.

Stator

The same method as for the rotor (see section 2.2.1) is applied to the stator: if S is a material point of the stator, the expression for OS in R 0 for a point (x, y) is

OS R0 =   x y [-χ y2 cos(θ 2 ) -χ x2 sin(θ 2 )]x + [-χ y2 sin(θ 2 ) + χ x2 cos(θ 2 )]y + L 2 + f   (2.2.9)
where χ y2 and χ x2 are the stator misalignment angles, L 2 is the height of the stator's centre relative to R 0 , and f is the height of a material point of the stator relative to the centre of the stator's face.

Kinematic film thickness equation

The kinematic contribution of the film thickness is the difference in the heights:

h kinematic (x, y) = Z OS (x, y) -Z OR (x, y) (2.2.10)
From equations 2.2.8 and 2.2.9 the film thickness is

∀(x, y) verifying r i < (x 2 + y 2 ) < r o h kinematic (x, y) = (χ Y2 -χ Y1 )x + (χ X2 -χ X1 )y + L 2 -L + f -c with χ Y1 = -χ y cos(θ) -χ x sin(θ) χ X1 = -χ y sin(θ) + χ x cos(θ) χ Y2 = -χ y 2 cos(θ 2 ) -χ x2 sin(θ 2 ) χ X2 = -χ y 2 sin(θ 2 ) + χ x2 cos(θ 2 )
χ x and χ y the rotor misalignments; χ x2 and χ y 2 the stator misalignments. θ and θ 2 the rotor and stator angular positions.

L and L 2 the rotor and stator face centre height relative to the reference frame. c and f are place-holders for rotor and stator material point heights relative to the face centre.

Box 1: Film thickness kinematic contribution.

The kinematic film thickness is one of the contributions to the total film thickness:

h(x, y) = h initial + h kinematic + h deformations (2.2.11)

Example

For the sake of illustration, the parameters of table 2.1 are selected and the resulting film thickness profile plotted in figures 2.5 and 2.6. 

rad 0.0 χ x rad 0.0001 θ 2 , χ x2 , χ y 2 rad 0 L 2 -L µm 2 f, c µm 0 r o m 0.01 r i m 0.0075

Closure

This section has presented an expression for the kinematic contribution of the film thickness, from known relative positions of the faces. The misalignment of the rigidly mounted rotor creates forces and moments that are transmitted to the fluid and to the flexibly-mounted stator, thus changing its position. The next section presents the relations between the forces, moments, and the resulting axial and angular positions of the stator.

Axial and angular balance of a flexibly mounted stator

This section derives the dynamic equations of motion of the floating stator of a face seal. They will be used to estimate the relative position of the two faces. The position of the rigidly mounted rotor is fixed and known.

The flexibly mounted stator has three degrees of freedom: one axial and two angular. The one axial and two angular equations presented in this section express the relation between the degrees of freedom and the acting forces and moments. 

Dynamic axial force equilibrium

F O-ring = -d ż -k O-ring z (2.2.15)
F hydraulic the hydraulic force, which is the resultant of the fluid pressure applied to all the surfaces of the floating part except the contact surface S:

F hydraulic = -[B o Sp o + (1 -B o )Sp i ] (2.2.16) B o is the balance ratio 2 B o = (r o -r h )/(r o -r i )
with r as shown on figure 2.7 and p i the inner and p o the outer pressure.

F fluid the fluid film force detailed in section 2.2.3

F contact the contact force detailed in section 2.2.4.

Substituting the above equations into equation 2.2.13 yields

mz + d ż + kz = +F hydraulic -F spring,0 + F film (2.2.17) with k = k O-ring + k spring and F film = F fluid + F contact (2.2.18)
Dynamic moments equilibrium The dynamic moment equilibrium applied on the floating part gives 2.2.19)

I x χx2 = +M support,x + M 0,x + M fluid,x + M contact,x ( 
I y χy2 = +M support,y + M 0,y + M fluid,y + M contact,y (2.2.20)
with M support,x and M support,y resisting moments due to the support springs and O-ring

M support,x = -d χx2 -kχ x2 M support,y = -d χy2 -kχ y2 (2.2.21) With d = d O-ring r 2 O-ring 2 k = k spring r 2 spring 2 + k O-ring r 2 O-ring 2 (2.2.22)
r O-ring and r spring are the radii where the O-ring and springs are located.

M 0,x and M 0,y initial moments due to initial misalignments χ x2,i χ y2,i of the flexibly mounted part

M 0,x = kχ x2,i M 0,y = kχ y2,i (2.2.23)
M fluid,x , M fluid,y , the film moments due to the fluid, see section 2.2.3, M contact,x , M contact,y , the moments due to contact, see section 2.2.4.

Considering the face seal faces as hollow cylinders the transverse moments of inertia are

I x = I y = m 12 3(r 2 i + r 2 o ) + e 2 = I (2.2.24)
where m is the mass, r i and r o the inner and outer radius, and e the length of the cylinder.

Substituting the above equations in equations 2.2.19 and 2.2.20

I χx2 + d χ x2 + kχ x2 = kχ x2,i + M film,x (2 
.2.25)

I χy2 + d χ y2 + kχ y2 = kχ x2,i + M film,y (2.2.26) with M film,x = M fluid,x + M contact,x M film,y = M fluid,y + M contact,y (2.2.27)

Axial and angular balance equations

Box 2 summarises the dynamic equations of motion of the floating stator.

Governing equations of the floating stator motion: The numerical schemes used to treat the second order time derivative will be presented in section 2.3.2. The algorithm for the treatment of the non-linearity will be presented in section 2.4.2. The forces and moments due to the fluid film and contact, F film , M film,x and M film,y , will be presented in following sections pertaining to the Reynolds equation (section 2.2.3) and to the contact model (section 2.2.4).

mz = -d ż -kz -F spring,0 + F hydraulic + F film + F external I x χx2 = -d χ x2 -kχ x2 + kχ x2,i + M film,x + M external,x I y χy2 = -d χ y2 -kχ y2 + kχ y2,i + M film,y + M external,y With k = k O-ring + k spring d = d O-ring r 2 O-ring 2 k = k spring r 2 spring 2 + k O-ring r 2 O-ring 2 χ x2,i , χ y2,i initial misalignments

Reynolds equation

This section presents the Reynolds equation which governs the behaviour of the fluid in the film. The Reynolds equation is obtained from the Navier-Stockes equations by assuming that the viscous and pressure forces are predominant, and employs the continuity equation integrated over the thickness. The derivation is presented in appendix A.2. The solution of the Reynolds equation provides the fluid pressure field. The pressure is used to compute the fluid lift force and moments. These terms are required for the force balance of the floating element to determine the film thickness. The pressure is also used to compute the global parameters of leakage and viscous torque.

Strong form of the Reynolds equation

For a given position (x, y) in the film (domain Ω f ), with p the pressure (Pa), ρ the density (kg/m 3 ), µ the dynamic viscosity (Pa.s), ω the speed of rotation of the face (rad/s), and h the film thickness (m), the strong form of the Reynolds equation is

Find p in Ω f satisfying ∂ ∂x ρh 3 µ ∂p ∂x + ∂ ∂y ρh 3 µ ∂p ∂y = -6yω ∂ ∂x (ρh) + 6xω ∂ ∂y (ρh) + 12 ∂ ∂t (ρh),
+ prescribed pressure at the boundaries: pri , p ro (essential, or Dirichlet, boundary conditions) + prescribed pressure derivative at the boundaries (natural, or Neumann, boundary conditions) Box 3: Strong form of the unsteady Reynolds equation.

The LHS terms are the Poiseuille terms and describe the net flow rates due to pressure gradients within the seal dam. The first and second terms on the RHS are the Couette terms, which describe the net flow rates due to surface velocities. The third term on the RHS is an accumulation term due to film squeeze and stretching.

Remark:

The unsteady effects encompassed in the Reynolds equation result purely from local expansion and not from fluid inertia. Note that the above expression holds for compressible and incompressible fluids whose viscosity and density are constant along the film thickness.

As mentioned in the literature review (section 1.2) the micro asperities of the surfaces generate a pressure and affect the leakage. Both effects are predicted by the Reynolds equation when the surface is sufficiently discretised to capture the asperities. The high computational cost associated with the use of this deterministic method and the required knowledge of the surface topography makes it unsuitable for the present model. The flow factor approach can estimate the impact of the roughness on the leakage based on deterministic simulations and correlations but cannot simulate the additional pressure generated by roughness. The overall gain is uncertain, and so it was decided not to use this method. For the present study it was decided to use an average, perfectly smooth surface when solving the Reynolds equation, as shown by the height h in figure 2.10.

Figure 2.10: The true surface height is defined by h t , the average surface defined by h is considered when solving the Reynolds equation (drawing from [START_REF] Patir | An Average Flow Model for Determining Effects of Three-Dimensional Roughness on Partial Hydronamic Lubrication[END_REF]).

To solve the Reynolds equation, the film thickness h, its time variation, the face velocity ω, and the fluid characteristics µ, ρ are required. Sections 2.2.3 and 2.2.3 below show how the density and viscosity are estimated.

Evaluation of the density

In practical applications of a liquid face seal, the film may break, leading to a varying density if the fluid is stretched due to the seal motion, or the fluid pressure become lower than the cavitation pressure leading to vaporisation, or some surrounding air is sucked into the seal, or some dissolved gas is released when the pressure decreases (especially with mineral oils).

In these cases, a closure is needed for the density.

The Elrod-Adams algorithm [START_REF] Elrod | A cavitation algorithm[END_REF] relying on the Jakobson, Floberg and Olsson (JFO) model, is a standard cavitation model. The JFO theory divides the flow into zones of full film and full cavitation. The Reynolds equation governs the flow in the full film regions, whilst the pressure in the cavitated regions is assumed equal to the cavitation pressure and it is the density that varies. Elrod developed an algorithm which considers all JFO conditions in a single Reynolds equation. This model, or a similar one, was used in e.g. [START_REF] Lebeck | Principles and Design of Mechanical Face Seals[END_REF][START_REF] Salant | The effects of shallow groove patterns on mechanical seal leakage[END_REF][START_REF] Hirayama | Theoretical analysis considering cavitation occurrence in oil-lubricated spiral-grooved journal bearings with experimental verification[END_REF] Another method relying on a homogeneous formulation was proposed by [START_REF] Brunetière | A simplified mass-conservating and continuous cavitation model[END_REF] and used in, e.g. [START_REF] Brunetière | A General Model for Liquid and Gas Lubrication, Including Cavitation[END_REF]. This method has the advantage of being continuous, smooth, and inexpensive, while reproducing the results of the JFO model. The homogeneous method is used in the present work. The essence of this model is to consider a permanent liquid-gas mixture where the gas phase takes the form of bubbles cohabiting with the liquid phase. The density is

ρ = 1 1 -λ ρ l + λ ρ g (2.2.28)
with λ the gas mass fraction, which can be fixed to a small value, computed using saturation data if gas release is considered or computed using energy balance if vaporisation is considered. As a default, λ can be considered to be ∈ 10 -7 ; 10 -5 . The liquid density ρ l is assumed constant.

The gas density ρ g is related to the pressure with an equation of state. In an initial approach, the perfect gas law can be used

ρ g = p r gas T (2.2.29)
with r gas the gas constant. When air is considered,

r gas = 287 J • K -1 • kg -1 .

Evaluation of the viscosity

Saadat and Flint [1996] showed that the McAdams law is accurate to estimate the viscosity of mixtures

µ = 1 1 -λ µ l + λ µ g (2.2.30)
Here, µ l is the viscosity of the liquid and µ g that of the gas. Such a law is used in other works on mechanical face seals, such as [START_REF] Brunetière | Modelling of reverse flows in a mechanical seal[END_REF][START_REF] Brunetière | A General Model for Liquid and Gas Lubrication, Including Cavitation[END_REF]. µ g and µ l are assumed to be only temperature dependent and to follow the Reynolds model [START_REF] Reynolds | On the theory of lubrication and its application to mr. beauchamp towers experiments, including an experimental determination of the viscosity of olive oil[END_REF] 

µ l (T ) = µ(T 0 ) exp(b visc (T -T 0 )) (2.2.31)
where b visc , in K -1 , is the coefficient of thermo-viscosity, which can be estimated using a temperature superior to T , T 1 and its associated viscosity

µ 1 b visc = ln( µ 0 µ 1 )/(T 1 -T 0 ) (2.2.32)
More details on viscosity and its dependence on temperature can be found in, e.g. [START_REF] Stachowiak | Standard-NFISO6296[END_REF] or [START_REF] Hamrock | Fundamentals of Fluid Film Lubrication[END_REF].

Outputs of the solution of the Reynolds equation

The solution of the Reynolds equation provides the pressure field which allows determining the intrinsic seal parameters: the fluid velocity, and shear rate, as well as the global parameters: the leakage, viscous torque, and the fluid film forces and moments.

Leakage

The face seal leakage is the flow of fluid through the outer (or inner) radius. As a mass flow, it equals the density times the velocity of the fluid projected onto the normal to the surface times the surface

ṁ = h θ ρ(un x + vn y )rdθdh (2.2.33)
with n x and n y the components of the normal to the surface S. Here, u and v are the fluid velocities and are known when the pressure is determined, see appendix A.2.

Shear stress

The shearing of the fluid dissipates or transforms some of the energy of the fluid momentum into heat. Fluid shearing is due to the friction of superposed fluid layers of different speeds. The shear stress is given by

τ yz = µ ∂v ∂z τ xz = µ ∂u ∂z (2.2.34)
Based on equations A.2.15 and A.2.16 of appendix A.2 and with U 2 , V 2 the speeds of the surface

τ xz = 1 2 ∂p ∂x h + µ U 2 h τ yz = 1 2 ∂p ∂y h + µ V 2 h (2.2.35)

Local viscous heat generation

The shear stresses are used to estimate the local viscous heat generation q visc

q visc (x, y) = ω(xτ yz -yτ xz ) (2.2.36)

Face seal viscous torque

At a global level, the force generated by fluid shearing τ xy dS times the distance to the rotating axis produces a viscous resisting torque

T visc = x,y (xτ yz -yτ xz )dxdy (2.2.37)

Global power

The overall power dissipated by viscous friction is directly obtained from the torque

P = ωT visc (2.2.38)

Fluid forces and moments

The lift fluid force due to the fluid is obtained by integrating the fluid pressure

F = S pdS (2.2.39)
The moments are obtained using

M x = S pydS (2.2.40) M y = - S pxdS (2.2.41)
The last three equations are direct inputs to the force and moment balance solver (see box 8 in section 2.2.2). The contact forces and moments which are also input to the dynamic solid solver will be presented in the next section.

Contact model

The face seals of interest operate in the boundary regime or the mixed lubrication regime. In these regimes, the asperities of the faces of the seal support part of the contact. This section presents the contact model used to estimate this opening force.

Statistical contact model

As concluded from the literature review (section 1.2), an analytical, statistical contact model is selected for the present face seal model. The contact model used relies on the model of [START_REF] Greenwood | Contact of nominally flat surfaces[END_REF] as extended by [START_REF] Ayadi | Optimisation de la Modélisation des régimes de fonctionnement des garnitures mécaniques d'étanchéité[END_REF]. The assumptions illustrated in figure 2.11 are:

One of the two surfaces is perfectly flat;

The summits of the asperities of the rough surface are spheres of constant radius;

Each peak deforms independently of the others;

Each contact behaves as an elastic sphere-flat contact. [START_REF] Greenwood | Contact of nominally flat surfaces[END_REF].

The distribution of the summits is Gaussian. In the portion of the curve where the contact takes place, i.e. between 3 Sq to 5 Sq, the curve is similar to an exponential. This allows providing an analytical expression for the contact pressure p c [Brunetière and Tournerie, 2016a]

p c = η E 2 πR σ 3 s 8 exp(-2 h s σ s ) (2.2.42) with η ≈ 1 4λ x λ y
the number of peaks per unit square area, R ≈ λ x λ y Sq the average asperity radius, λ x , λ y the correlation lengths, sometimes taken to be λ = λ y λ x ,

E = 2 1 -ν 2 1 E 1 + 1 -ν 2 2 E 2 -1
the equivalent Young's modulus, S q the surface roughness standard deviation σ s the standard deviation of the heights of the summits.

In addition,

σ s = bS q (2.2.43) h = h s + aS q (2.2.44)
with h the average surface distance and a and b two contact parameters.

Putting the equations together provides the expression for the contact pressure as a function of the average surface distance given in box 4

Equation for the contact pressure as a function of the average face distance

p c (h) = E 8λ S q π 8 b 1.5 exp( 2a b ) exp(- 2h bS q ) Box 4: Explicit contact equation. p c (h) = E 8λ S q π 8 exp(1) exp(- 2h S q ) (2.2.45)
The correlation length λ and the standard deviation of the roughness of the surface Sq are obtained from measuring the topography of the surfaces. The representative values are determined using

S q = S 2 q,1 + S 2 q,2
(2.2.46)

λ = 1 λ 1 + 1 λ 2 -1 (2.2.47)
The contact parameters a and b are used to tune the contact model to specific surfaces. [START_REF] Minet | Analysis and Modeling of the Topography of Mechanical Seal Faces[END_REF] compared the contact pressure of a face seal obtained with a statistical contact model and with his deterministic contact model and observed that 0.2 < a < 1. Outputs from the computation of the contact pressure

The contact pressure p c is used to compute the following outputs:

Global contact force

F contact = S p c dS (2.2.48)
Global moments due to contact

M contact,x = S p c ydS M contact,y = - S p c xdS (2.2.49)
Global dry torque T dry and power dissipated by friction P c

T dry = x,y f p c x 2 + y 2 dS P c = ωT dry (2.2.50)
Local heat generation due to dry friction, with f the friction coefficient

q dry (x, y) = f p c ω x 2 + y 2 (2.2.51)

Energy equations and thermo-mechanical deformation equations

This section presents the equations used to compute the temperature of the solids and fluid and the thermomechanical deformations. The temperature in the solids is used to determine the thermal deformations of the solids, which directly affect the film thickness. The temperature field in the liquid is used to determine the viscosity, which directly affects the leakage, heat generation, and torque.

As concluded from the literature review section, see section 1.2.2, it was decided to integrate a thermomechanical module in the face seal model. This includes a temperature and a thermo-mechanical equation solved in the parts of the face seal.

Energy equation in the solids

The temperature distributions in the solids are assumed to be axi-symmetrical. This assumption does not allow capturing 3D thermal effects but is justified as it saves significant computational costs while capturing the main thermal effects.

The transient energy equation for a 2D axi-symmetrical solid Ω of constant heat capacity C p and thermal conductivity k is shown in box 5.

Find T in Ω s , Ω r satisfying

ρC p ∂T ∂t -k 1 r ∂T ∂r + ∂ 2 T ∂r 2 + ∂ 2 T ∂z 2 = 0,
+ prescribed temperature at the boundaries: T + prescribed heat flux at the film level : q + mixed boundary condition: heat convection.

Box 5: Strong form of the unsteady 2D, axis-symmetrical, temperature equation in the solids.

The heat generated at the film level is due to fluid shearing q visc (equation 2.2.36) and asperity contact q dry (equation 2.2.51). The heat transfer equation is solved in the rotor and stator in one model. The film heat fluxes partition therefore automatically into the solids while ensuring that the rotor and stator faces have the same temperature. Since the model is axi-symmetrical, the circumferential average of q visc and q dry are considered at each radius.

The convective heat transfer is given by q

(T ) = h c (T -T ref ), with h c , in W/(K • m), the convection coefficient.
For the faces surrounded by a rotating fluid the convection coefficient is, by default, based on the Becker correlation [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF] 

h c = 0.133Re 2/3 D P r 1/3 k f D (2.2.52)
where D is the seal diameter, Re D = ρωD/2µ the Reynolds number based on this diameter, k f the thermal conductivity of the fluid, and P r = C p µ/k f the Prandtl number of the fluid. This approach was suggested by [START_REF] Lebeck | Principles and Design of Mechanical Face Seals[END_REF] and is used in, e.g. [Brunetière et al., 2003b;[START_REF] Nyemeck | A Mixed Thermoelastohydrodynamic Lubrication Analysis of Mechanical Face Seals by a Multiscale Approach[END_REF].

The thermal field in the solids is used to determine the thermal deformations and will be presented in the next two sections.

Thermal field in the film

The face seals of interest in this thesis operate in the mixed-lubrication regime, and therefore with thin films (3 to 5 times the standard deviation of the surface roughness). In this regard, the temperature of the fluid may be considered constant along the thickness and equal that of the surrounding solids.

∀r T film (r) = T r (r) = T s (r) (2.2.53)
This approach has the advantage of saving computational costs, as no thermal equation for the fluid is solved. This was used in, e.g. [START_REF] Nyemeck | A Mixed Thermoelastohydrodynamic Lubrication Analysis of Mechanical Face Seals by a Multiscale Approach[END_REF], and as suggested by [START_REF] Brunetière | Garnitures mécaniques d ' étanchéité -Comportement dynamique et thermique[END_REF], this method is valid if

µV 2 b visc k << 1 (2.2.54)
The inequality is verified for the seal of interest in this thesis, as µ ≈ 10 -3 Pa•s, V = 1-10 m/s, b visc ≈ 10 -3 1/K and k = 0.14 W/(m • K).

For large films an energy equation for the fluid with advection, convection, diffusion, viscous heat generation and potential turbulence can be envisaged, see, e.g. [Brunetière et al., 2003a].

The fluid temperature affects the fluid viscosity according to the equations of section 2.2.3.

Thermo-mechanical deformations of the solids

As for the temperature in the solids, the deformations are assumed to be axi-symmetrical. The equilibrium equation is

∇ • σ + ρ( F + γ) = 0 (2.2.55)
with σ the stress tensor, ρ the density, F local volume force, and γ a local acceleration. The local force is assumed to be zero. The local acceleration is due to centrifugal effects which make the solid expand outward; in cylindrical coordinates, this is

γ =    ω 2 r 0 0 (2.2.56)
The stress tensor σ is related to the strain tensor , the Lamé parameters λ, µ, thermal expansion coefficient α, and the temperature T using Hooke's law

σ = λ( )1 + 2µ - αE (1 -2µ) T 1 (2.2.57)
The relations between the lame parameters λ, µ of the deformation equation and the Young's modulus E and Poisson's ratio ν are

λ = Eν (1 + ν)(1 -2ν) µ = E 2(1 + ν) (2.2.58)
Using the radial and axial components of equation 2.2.55 and the strain and stress relations (see e.g. [START_REF] Salencon | Mécanique des Milieux Continus -1. Concepts Généraux. Ellipses[END_REF]), the following partial differential equations are obtained for the thermo-mechanical deformations of the solids.

Find u = (u r , u z ) in Ω s , Ω r satisfying λ ∂ 2 u r ∂r 2 + ∂ ∂r u r r + ∂ 2 u z ∂r∂z + 2µ ∂ 2 u r ∂r 2 + 1 r ∂u r ∂r - u r r 2 + µ ∂ 2 u r ∂z 2 + ∂ 2 u r ∂r∂z -k ∂T ∂r = -ρω 2 r, λ ∂ 2 u r ∂z∂r + ∂ ∂z u r r + ∂ 2 u z ∂z 2 + 2µ ∂ 2 u z ∂z 2 + µ ∂ 2 u r ∂r∂z + ∂ 2 u z ∂r 2 + 1 r ∂u r ∂z - 1 r ∂u z ∂r -k ∂T ∂z = 0,
+ prescribed displacement at the boundaries: ū + prescribed stress at the boundaries : σ = P /Sn Box 6: Strong form of the 2D, axi-symmetrical, deformation equations for the solids.

The thermo-mechanical deformations are solved for the rotor and stator separately.

The contribution to the film thickness of the thermo-mechanical deformations h deformations is obtained by

h deformation (r) = u z,stator (r) -u z,rotor (r) (2.2.59)

Coupling strategies

The previous sections presented the equations governing the behaviour of the seal. All of these equations require inputs stemming from other equations and provide outputs necessary for other equations. Figure 2.12 shows an overview of the dependencies between the equations. Various strategies can be considered to couple the governing equations. A general presentation of coupling methods can be found in, e.g. [START_REF] Zhang | Numerical Methods and Engineering Applications[END_REF], while applications can be found in, e.g. [START_REF] Ibrahimbegovic | Nonlinear Solid Mechanics[END_REF] At one extreme of the coupling strategies is the monolithic approach, where all fields are solved concurrently. This method has the advantage of high stability, which comes, however, with high computational cost and more complex implementation.

At the other extreme are the segregated or partitioned methods, where the fields are solved sequentially. These methods are easy to implement but are known to diverge.

The segregated iterative method proposes to solve the fields sequentially and iteratively until a convergence criterion is met. This method has the advantage of being relatively easy to implement while providing stability and convergence.

It was decided to rely on a segregated iterative method. With regard to this implementation, this implies that the governing equations are discretised independently. Further, they are all solved separately and iteratively until convergence. These aspects will be presented in the next section, see section 2.3.

Closing remarks

The present section showed the equations constituting the face seal model: the Reynolds fluid equation, the force and angular balance equations, the thermal equations, and the deformation equations. The coupling strategy was also established. The continuous forms presented have to be discretised in space and time to be solved numerically. The next section details the discretisation process: the spatial discretisation will be presented in section 2.3.1, the time discretisation in section 2.3.2, and the algorithm in section 2.4.

Discrete equations

The governing equations presented in the previous section (section 2.2) require numerical techniques for their solution. This comprises a discretisation of the space and time, as well as numerical algorithms. The finite element space discretisation method used in this work will be shown for the Reynolds equation. The objective is to obtain a semi-discrete formulation of the equation. Secondly, the time integration schemes used will be presented and applied to the corresponding equations. Subsequently, the numerical algorithms necessary for solving the non-linear systems will be introduced and applied to the equations. Finally, the overall solution process for the face seal numerical model will be presented.

Spatial discretisation using the finite element method

This section presents the finite element procedure for the spatial discretisation of the partial differential equations, illustrated with the Reynolds equation. The semi-discrete forms of the Reynolds equation, the temperature equation, and the displacement equations are also provided.

Procedure

The discretisation of the governing equations is made following the guidelines of the Galerkin procedure (see e.g. [START_REF] Zienkiewicz | The Finite Element Method: Its Basis & Fundamentals[END_REF] or [START_REF] Rektorys | Variational Methods in Mathematics[END_REF]). The three main steps are 1. Multiplication of the governing differential equations by arbitrary weight functions and by integrating over the domain where the equation holds.

2. Establishment of the weak form by performing an integration by parts to obtain the boundary terms and differentials of the weight functions.

3. Establishment of the discrete form by discretisation using continuous shape functions.

Weak formulation

The development starts with the strong form, i.e. the governing equations, the initial conditions and the boundary conditions. The governing equation is multiplied by arbitrary weight functions, ϑ and integrated over the domain Ω f where it holds

Ω f ϑ ∂ ∂x ρh 3 µ ∂p ∂x dΩ f + Ω f ϑ ∂ ∂y ρh 3 µ ∂p ∂y dΩ f = -6 Ω f ϑyω ∂ ∂x (ρh)dΩ f + 6 Ω f ϑxω ∂ ∂y (ρh)dΩ f + 12 Ω f ϑ ∂ ∂t (ρh)dΩ f (2.3.1)
The Poisseuil terms (i.e. the LHS) have double derivatives with respect to p. To decrease the smoothness requirement, the order of the derivative is reduced using Green's formula3 (see e.g. [START_REF] Fish | A First Course in Finite Elements[END_REF])

Ω f ϑ ∂ ∂x ρh 3 µ ∂p ∂x dΩ f = ∂Ω f ϑ ρh 3 µ ∂p ∂x n x d∂Ω f - Ω f ∂ϑ ∂x ρh 3 µ ∂p ∂x dΩ f (2.3.2) Ω f ϑ ∂ ∂y ρh 3 µ ∂p ∂y dΩ f = ∂Ω f ϑ ρh 3 µ ∂p ∂y n y d∂Ω f - Ω f ∂ϑ ∂y ρh 3 µ ∂p ∂y dΩ f (2.3.3)
where n x and n y are the projections on the x-axis and y-axis of the normal to the domain of boundary ∂Ω f .

When the film thickness h has discontinuities, ∂h/∂x takes an infinite value at the discontinuities. In practical cases, this occurs with textured faces. To circumvent this problem, it is convenient to apply Green's formula on the Couette terms as well 6 

Ω f ϑyω ∂ ∂x (ρh)dΩ f = 6 ∂Ω f ϑyω(ρh)n x d∂Ω f -6 Ω f ∂ϑ ∂x yω(ρh)dΩ f (2.3.4) Ω f ϑxω ∂ ∂y (ρh)dΩ f = 6 ∂Ω f ϑxω(ρh)n y d∂Ω f -6 Ω f ∂ϑ ∂y xω(ρh)dΩ f (2.3.
- Ω f ∂ϑ ∂x ρh 3 µ ∂p ∂x dΩ f - Ω f ∂ϑ ∂y ρh 3 µ ∂p ∂y dΩ f = - ∂Ω f ϑ ρh 3 µ ∂p ∂x n x ∂Ω f - ∂Ω f ϑ ρh 3 µ ∂p ∂y n y d∂Ω f + 6 Ω ∂ϑ ∂x yω(ρh)dΩ f -6 Ω f ∂ϑ ∂y xω(ρh)dΩ f -6 ∂Ω f ϑyω(ρh)n x d∂Ω f + 6 ∂Ω f ϑxω(ρh)n y d∂Ω f + 12 Ω f ϑ ∂ ∂t (ρh)dΩ f (2.3.6)

Spatial discretisation

The idea of the finite element method is to split the domain Ω into n e non-overlapping sub-domains Ω e , referred to as elements. Each element has a defined number of nodes, and each node i has an associated shape function N i .

In finite element, each global continuous variable is approximated by the sum of its value at the node (nodal variable) multiplied by the associated nodal shape function

p ≈ n node j=1 N j p j , (2.3.7) 
This approximation is used for the unknown p, T, u and all the parameters h, µ, etc.. To help identifying the discontinuous variable, such as the nodal pressure p j , they are not italicised by convention.

The approximation of equation 2.3.7 is applied to the weak form of the Reynolds equation. The nodal pressure p j are taken out of the integral and the error resulting from the approximations is gathered into a residual r r =

n node j=1 Ω f ∂ϑ ∂x ρh 3 µ ∂N j ∂x dΩ f p j + Ω f ∂ϑ ∂y ρh 3 µ ∂N j ∂y dΩ f p j + 6 Ω f ∂ϑ ∂x yωρhdΩ f -6 Ω f ∂ϑ ∂y xωρhdΩ f + 12 Ω f ϑ ∂ ∂t (hρ)dΩ f - ∂Ω f ϑ ρh 3 µ ∂p ∂x n x d∂Ω f - ∂Ω f ϑ ρh 3 µ ∂p ∂y n y d∂Ω f -6 ∂Ω f ϑyω(ρh)n x d∂Ω f + 6 ∂Ω f ϑxω(ρh)n y d∂Ω f (2.3.8)
As can be seen, there are n node unknown p j . The weight functions have to be chosen so as to provide the same number of equations. n = n node arbitrary weight functions ϑ i are chosen to lead to n independent equations.

r i = n node j=1 Ω f ∂ϑ i ∂x ρh 3 µ ∂N j ∂x dΩ f + ∂ϑ i ∂y ρh 3 µ ∂N j ∂y dΩ f p j + 6 Ω f ∂ϑ i ∂x yωρhdΩ f -6 Ω f ∂ϑ i ∂y xωρhdΩ f + 12 Ω f ϑ i ∂ ∂t (hρ)dΩ f - ∂Ω f ϑ i ρh 3 µ ∂p ∂x n x d∂Ω f - ∂Ω f ϑ i ρh 3 µ ∂p ∂y n y d∂Ω f -6 ∂Ω f ϑ i yω(ρh)n x d∂Ω f + 6 ∂Ω f ϑ i xω(ρh)n y d∂Ω f (2.3.9)
Here, r i is the ith component of the residual vector r.

Note that this form of the residual is used for the nodes inside the domain Ω f , excluding the boundary nodes.

The value of the pressure at these boundary nodes does not need to be computed, since it is prescribed. Since in the present case all boundaries are essential boundaries, the contour integrals vanish. These terms are removed from this point. They would be used if the pressure derivatives were prescribed at a boundary.

To be complete, the above form of the residual requires:

An expression for the shape N j and weight function ϑ j , see the section below;

An expression for the transient term ∂(hρ)/∂t, see section 2.3.2.

Expression for the shape and weight functions

Bubnov-Galerkin

The most common method is the Bubnov-Galerkin method, which sets the weight functions equal to the shape functions

ϑ i = N i (2.3.10)
For the 2D rectangular 4-node element used here, the shape function in the isoparametric representation is 

N 4Q I (ζ, η) = 1 4 (1 + ζ I ζ)(1 + η I η) (2.
I ζ I η I 1 -1 -1 2 1 -1 3 1 1 4 -1 1 
Each shape function satisfies the Kronecker delta property: it is 1 on its associated node, but 0 on all others.

The main advantages of the Bubnov-Galerkin method are its widespread use, easy implementation, and the fact that the contour integrals vanish. This method is used here for the energy and deformation equations. However, for equations with a strong impact of convection (high Peclet number) the Bubnov-Galerkin method is known to have numerical oscillations (see e.g. [START_REF] Zienkiewicz | The Finite Element Method for Fluid Dynamics[END_REF][START_REF] Donea | Finite Element Methods for Flow Problems[END_REF]). For the Reynolds equation presented above, convection can become significant when cavitation, film breaking, or gas is considered, since the density ρ is pressure dependent and multiplied by a velocity. Several schemes exist to solve convective problems, see e.g. [START_REF] Zienkiewicz | The Finite Element Method for Fluid Dynamics[END_REF] or [START_REF] Donea | Finite Element Methods for Flow Problems[END_REF]]. The present model uses the product method.

Upwinding scheme: product method

The Peclet number of the Reynolds equation can be defined as [START_REF] Brunetière | A General Model for Liquid and Gas Lubrication, Including Cavitation[END_REF]]

P e = 3µ √ U 2 V 2 L e ρh 2 ∂ρ ∂p (2.3.12)
with L e a characteristic length of the element. Based on the method of [START_REF] Heinrich | An upwind finite element scheme for two dimensional convective transport equation[END_REF], the upwinding functions are

L1 = 1 2 (1 -ζ) - 3α ζ 4 (1 -ζ)(1 + ζ) L2 = 1 2 (1 + ζ) - 3α ζ 4 (1 -ζ)(1 + ζ) (2.3.13)
with ζ the local coordinate of the element (resp. η) and α ζ the upwinding coefficient, which varies between -1 and 1

α ζ = 1 P e ζ - 1 tanh(P e ζ ) (2.3.14)
with P e ζ the projection of the speed

√ U 2 V 2 on the ζ direction.
Using a two-dimensional quadrangle, the upwinding functions in the (ζ, η) basis are [START_REF] Brunetière | Finite Element Solution of the Energy Equation in Lubricated Contacts: Application to Mechanical Face Seals[END_REF]]

N 4Q,PROD 1 (ζ, η) = L1 (ζ) L1 (η) N 4Q,PROD 2 (ζ, η) = L2 (ζ) L1 (η) N 4Q,PROD 3 (ζ, η) = L1 (ζ) L2 (η) N 4Q,PROD 4 (ζ, η) = L2 (ζ) L2 (η) (2.3.15)
Note that if α = 0, the usual shape functions are recovered. This method was used in [START_REF] Brunetière | A General Model for Liquid and Gas Lubrication, Including Cavitation[END_REF][START_REF] Brunetière | Modelling of reverse flows in a mechanical seal[END_REF] Choice of weight and shape functions

For the energy and deformation equation, the Bubnov-Galerkin method is used with the shape functions N 4Q . For the Reynolds equation, the Bubnov Galerkin method is used for all the weight functions and the desired upwinding effect is obtained by using the product method (PROD) on (ρh) in the Couette term (i.e. convective term).

(ρh) = (ρh

) PROD = n node i N PROD i (ρh) i (2.3.16)
Remark Expressing ρh with the product formulation may seem to contradict section 2.3.1, which indicated that the weight functions (and not the variables) are to be expressed with upwinding formulation. The issue is that if the product formulation were used on the weight function, the desired upwinding effect would be canceled for the 4Q element due to the derivative (except for a residual cross-derivative contribution). The product formulation is used on the variable (and not the weight function) to ensure the upwinding effect. This approach was successfully used in e.g. [START_REF] Faria | An efficient finite element procedure for analysis of high-speed spiral groove gas face seals[END_REF].

Semi-discrete form of the Reynolds equation

The space-discretised form of the Reynolds equation obtained using the above equations is given in box 7.

The semi-discrete form of the Reynolds equation is

r i = K ij p j -b i
with K ij and b i defined by equations 2.3.17 -2.3.21.

Box 7: Semi-discrete form of the Reynolds equation.

K ij = Ω f ∂N i ∂x ρh 3 µ ∂N j ∂x dΩ f + Ω f ∂N i ∂y ρh 3 µ ∂N j ∂y dΩ f (2.3.17) b 1,i = -6 Ω f ∂N i ∂x yω(ρh) PROD dΩ f (2.3.18) b 2,i = 6 Ω f ∂N i ∂y xω(ρh) PROD dΩ f (2.3.19) b 3,i = +12 Ω f N i ∂ ∂t (hρ)dΩ f (2.3.20) b i = b 1,i + b 2,i + b 3,i (2.3.21)
Equations 2.3.17 -2.3.21 are the terms of the residual in equation 2.3.9 gathered into a matrix and vectors.

Semi-discrete form of the energy equation

The semi-discrete form of the energy equation obtained with a similar procedure is shown in appendix A.4. It is of the form

M ij ∂T j ∂t + K ij T j -f T,i = 0 (2.3.22)
with M ij the mass matrix, K ij the stiffness matrix and f T,i the boundary term (see appendix A.4).

Semi-discrete form of the deformation equation

The semi-discrete form of the deformation equation obtained with a similar procedure is shown in appendix

A.5. It is of the form k rr ij k rz ij k zr ij k zz ij u rj u zj = f ri f zi (2.3.23)
with k rr ij , k rz ij , k zr ij , and k zz ij , the stiffness, and f ri and f zi the boundary terms (see appendix A.5).

Note on implementation

Numerical integration

All the integrals are evaluated using Gauss quadrature. This method was chosen due to its ability to exactly evaluate the integrals of polynomial functions, for details, see [START_REF] Hughes | The Finite Element Method[END_REF].

Assembly

The indicial expression of the semi-discrete form has a matrix counterpart. For the Reynolds equation

r = Kp -b (2.3.24)
K is equivalent to a stiffness matrix and b to a source varying in time and depending on the unknown vector p.

It is important to note that the global matrix -K and vectors r, p, b -are the sum of the contributions of all the element-level vectors and matrices. Formally written, this assembly procedure is 2.3.25) and 2.3.26) where L e are the scatter matrices representing the assembling procedure. Implementation-wise, the assembly is performed by adding the contributions of the various elements in the global matrix. More details on this procedure can be found in e.g. [START_REF] Zienkiewicz | The Finite Element Method for Fluid Dynamics[END_REF] or [START_REF] Fish | A First Course in Finite Elements[END_REF].

r = nb elt e=1 L e r e ( 
K = nb elt e=1 L T e K e L e (

Time integration schemes

The next step is the discretisation of the time dependent terms: the first-order time derivative ∂ρh/∂t for the Reynolds equation, the first-order time derivative ∂T /∂t for the energy equation, and first-and second-order time derivatives z, ż, χx , χx , χy , χy for the axial and angular balance solver.

The time interval [t 0 , t max ] -where the equations are valid -is partitioned into time intervals [t j-1 , t j ] of length ∆t, where j is the index of the time step and t j denotes the unknown point in time sought. The value of the variables at t j is determined from their values at time t j-1 through time integration schemes.

Schemes for first order differential equations

The generalised theta method, also referred to as the generalised trapezoidal method, can be found in, e.g. [START_REF] Hughes | The Finite Element Method[END_REF]. Applying the generalized theta scheme to the energy equation yields

M ij T t j j -T t j -∆t j ∆t + θK ij T t j j + (1 -θ)K ij T t j -∆t j -θf t j T,i -(1 -θ)f t j -∆t T,i = 0 (2.3.27)
with θ a parameter controlling the type of scheme, in particular, θ = 0: explicit scheme, θ = 1: implicit scheme, 0 < θ < 1: intermediate time integration schemes (e.g. mid-side Crank-Nicolson for θ = 0.5).

Setting for the energy equation θ = 1 to have an implicit scheme with first order precision and unconditional stability yields

( 1 ∆t M ij + K ij )T t j = 1 ∆t M ij T t j -∆t + f t j T,i (2.3.28) 
The Reynolds equation is also discretised with the generalised theta scheme implicit (θ = 1). The residual is

r t j i = K ij P t j j -b i t j (2.3.29)
where b t j 3,i of equation 2.3.21 is now

b t j 3,i = 12 Ω N i ∂hρ ∂t dΩ = 12 ∆t Ω N i (ρh) t j dΩ - 12 ∆t Ω N i (ρh) t j -∆t dΩ (2.3.30)
Schemes for second order differential equations Three different time integration schemes have been tested for second order partial differential equations: Euler parabolic, Euler cubic and Generalized Newmark.

The parabolic Euler temporal scheme

The underlying idea of this scheme is to assume a parabolic, i.e. second order polynomial, evolution of the variable

x(t j ) = a(t j ) 2 + bt j + c (2.3.31)
The associated derivatives are

∂x ∂t t j = 2at j + b (2.3.32) ∂ 2 x ∂t 2 t j = 2a (2.3.33)
The parameters a, b need to be expressed as functions of x(t j-1 ) and x(t j-2 ) to obtain the derivative. x(t) is considered at ∆t, 0, and -∆t (which is equivalent to t j , t j-1 , and t j-2 with t j-1 = 0)

x(∆t) = a(∆t) 2 + b∆t + c x(0) = c x(-∆t) = a(∆t) 2 -b∆t + c (2.3.34)
The parameters a, b, and c are deduced from equations 2.3.34. The derivatives are thus

∂x ∂t t j = 3x(t) -4x(t j-1 ) + x(t j-2 ) 2∆t (2.3.35) ∂ 2 x ∂t 2 t j = x(t) -2x(t j-1 ) + x(t j-2 ) ∆t 2 (2.3.36)
In the next sub-section, a cubic scheme will be derived in the same fashion. The cubic scheme has one more equation, but, unlike the parabolic scheme, allows a variation of the acceleration within the time step.

The cubic Euler temporal scheme

The variable x(t) is assumed to evolve as

x(t j ) = a(t j ) 3 + b(t j ) 2 + c(t j ) + d (2.3.37)
The associated derivatives are

∂x ∂t t j = 3a(t j ) 2 + 2b∆t + c (2.3.38) ∂ 2 x ∂t 2 t j = 6at j + 2b (2.3.39)
In the same fashion as for the parabolic scheme, the parameters a, b, c, and d need to be expressed as functions of x(t j-1 ), x(t j-2 ), and x(t j-3 ) to obtain the derivatives. x(t) is considered at ∆t, 0, -∆t, and -2∆t (which is equivalent to t j , t j-1 , t j-2 , and t j-3 with t j-1 = 0)

x(∆t) = a(∆t) 3 + b(∆t) 2 + c(∆t) + d x(0) = d x(-∆t) = -a(∆t) 3 + b(∆t) 2 -c(∆t) + d x(-2∆t) = -8a(∆t) 3 + 4b(∆t) 2 -c(∆t) + d (2.3.40)
The parameters are

a = - x(-2∆t) -x(∆t) + 3x(0) -3(-∆t) 6∆t 3 b = x(∆t) + x(-∆t) -2x(0) 2∆t 2 c = 2x(∆t) + x(-2∆t) + 3x(0) -6x(-∆t) 6∆t d = x(0) (2.3.41) Consequently ∂x ∂t t j = -2x(t j-3 ) + 11x(t j ) -18x(t j-1 ) + 9x(t j-2 ) 6∆t (2.3.42) ∂ 2 x ∂t 2 t j = -x(t j-3 ) + 2x(t j ) -5x(t j-1 ) + 4x(t j-2 ) ∆t 2 (2.3.43)
The Newmark scheme

The Newmark family of integration methods presented here was introduced by [START_REF] Newmark | A method of computation for structural dynamics[END_REF]. As with the generalised θ methods an equilibrium of the partial differential equation is assumed at the jth time step. For a variable x(t), the first-and second-order derivatives are expressed as

∂x ∂t j = γ ∆tς x j + xj-1 1 (2.3.44) xj-1 1 = - γ ∆tς x j-1 + 1 - γ ς ∂x ∂t j-1 + 1 -γ -γ 0.5 -ς ς ∆t ∂ 2 x ∂t 2 j-1
.

(2.3.45)

∂ 2 x ∂t 2 j = 1 ∆t 2 ς x j + xj-1 2 (2.3.46) xj-1 2 = - x j-1 ∆t 2 ς - 1 ∆tς ∂x ∂t j-1 - 0.5 -ς ς ∂ 2 x ∂t 2 j-1 . (2.3.47)
The variables with a tilde . gather the information from the previous time step.

The scalar parameters γ and ς determine:

The type of the method: implicit or explicit;

The stability condition: conditionally or unconditionally stable;

The order of accuracy: second or first order.

The two following general requirements can be noted [START_REF] Hughes | The Finite Element Method[END_REF], [START_REF] Wilson | Three-Dimensional Static and Dynamic Analysis of Structures[END_REF]:

Unconditional stability if 2ς ≥ γ ≥ 0.5;
Second order precision if γ = 0.5.

Setting ς = 0.25 and γ = 0.5 ensures an unconditionally stable scheme with second order precision for a linear system [START_REF] Hughes | The Finite Element Method[END_REF].

Test and selection of second order scheme

The targeted dynamic simulations with moving axes involve sinusoidal variations of the misalignment angle over time. To compare the schemes prior to the implementation they have been tested in terms of their ability to predict the velocity and acceleration of sine functions.

At each t j , the exact value of χ(t) = sin(t) is used and the velocity and acceleration are computed using the numerical schemes. The values determined using the schemes are based on the exact values of the position, speed, and acceleration of the previous time step. Figure 2.13 shows the predicted acceleration using the implicit Euler parabolic scheme, the implicit Euler cubic scheme, and the Newmark scheme. One sees that the relative error has a maximum of 6% for the Euler parabolic scheme, 2% for the Newmark scheme, and is below 0.5% for the Euler cubic scheme. The Euler cubic time integration scheme was selected due to its better predictions and its relatively simple implementation.

Remark Alternative time integration schemes such as the generalized alpha [START_REF] Wilson | Three-Dimensional Static and Dynamic Analysis of Structures[END_REF]; [START_REF] Hulbert | A time integration algorithm for structural dynamics with improved numerical dissipation: The generalized θ method[END_REF]; [START_REF] Cottrell | Isogeometric Analysis: Toward integration of CAD and FEA[END_REF] were also considered, but not implemented.

Application of a second order time integration scheme to the axial and angular balance solver Recall the axial equation presented in section 2.2.

2 mz = -d ż -kx -F 0 + F (z, χ x , χ y ) (2.3.48)
with, for compactness,

F 0 = F spring -F hydraulic and F (z, χ x , χ y ) = F film + F external .
This equation being valid at all time instants, it is at t = t j 

mz j = -d żj -kz j -F 0 + F j (z j , χ j z , χ j y ) ( 2 
d ∆t + k z j = 5 m ∆t 2 + 3 d ∆t z j-1 + -4 m ∆t 2 - 3 2 d ∆t z j-2 + m ∆t 2 + 1 3 d ∆t z j-3 -F 0 + F j (z j , χ j z , χ j y ) (2.3.50)
Similarly, for the angular equation 

I x χj x = -d χj x -kχ j x + M x,0 + M j x (z, χ x , χ y ) (2.
I ∆t 2 + 3 d ∆t χ j-1 x + -4 I ∆t 2 - 3 2 d ∆t χ j-2 x + I ∆t 2 + 1 3 d ∆t χ j-3 x + M x,0 + M j x (z, χ x , χ y ) (2.3.52)
and equivalently for the y equation.

The three governing equations discretised in time using an implicit Euler cubic scheme can be put in the compact matrix form shown in box 8 below.

Time discretised governing equation of the floating stator motion is

  A z 0 0 0 A χx 0 0 0 A χy   A   z χ x χ y   j x j =   b z (z, χ x , χ y ) b χx (z, χ x , χ y ) b χy (z, χ x , χ y )   j b j With A z = 2 m ∆t 2 + 11 6 d ∆t + k A χx = A χy = 2 I ∆t 2 + 11 6 d ∆t + k b j z = C j-1 z -F 0 + F j b j χx = C j-1 χx + M x,0 + M j x b j χy = C j-1 χy + M y,0 + M j y C j-1 z = 5 m ∆t 2 + 3 d ∆t z j-1 + -4 m ∆t 2 - 3 2 d ∆t z j-2 + m ∆t 2 + 1 3 d ∆t z j-3 C j-1 χx = 5 I ∆t 2 + 3 d ∆t χ j-1 x + -4 I ∆t 2 - 3 2 d ∆t χ j-2 x + I ∆t 2 + 1 3 d ∆t χ j-3 x C j-1 χy = 5 I ∆t 2 + 3 d ∆t χ j-1 y + -4 I ∆t 2 - 3 2 d ∆t χ j-2 y + I ∆t 2 + 1 3 d ∆t χ j-3 y
Box 8: Time discretised equations of the axial and angular balance solver.

The matrix A is constant and gathers the inertia terms. The vector x gathers the unknowns, whose values are sought at each time step t j . The vector b gathers the forces and moments at each time instant and the effects of the previous time instants under the C j-1 . The system is of the form Ax j = b j (x), which is a non-linear system. The algorithms used to solve the discretised equations will be presented in the next section.

Numerical algorithms

The 

r = Kx -b(x) (2.4.1)
where x is an unknown vector, K a stiffness or stiffness plus mass matrix, and b the RHS vector which depends on x for the Reynolds equation and dynamic equation. The matrices and vectors are assembled using the procedure described in section 2.3.1.

When b and K are not functions of x (temperature and deformation equation), the system is linear and is solved using the LU decomposition and Gaussian elimination.

For the Reynolds and dynamic equations, b depends on the unknown which calls for a non-linear algorithm.

Non-linear algorithm for the Reynolds equation

To accelerate the resolution of the non-linear problem a predictor-corrector Newton Raphson method is selected and presented in this section. For compactness the matrix notation is used to present the procedure of the algorithm. In the following, the index . k indicates that the value of the variable is at the kth iteration step.

For linear problems, the algorithm collapses to a direct (non-iterative) solution.

Predictors

First, a guess for the initial value (case k = 0) is made. The simplest guess is to set

p k=0 = p 0 (2.4.2)
Other predictors can be considered. The estimates of the predictors are often far from the solution and require therefore to be corrected using a corrector based on residuum evaluation and linearisation.

Evaluation of the residual

For all of the kth iteration, the residual is evaluated using the expression of equation 2.3.24

r k = K k p k -b k (p k ) (2.4.3)

Iteration increment

The iteration increment is obtained using a Newton Raphson method, which has the advantage of having an asymptotic quadratic convergence (see, e.g. [Zienkiewicz et al., 2005a]). The starting point is the Taylor expansion to the first order of the residual. The quantity r k+1 is developed around p k

r k+1 = r k + ∂r ∂p k ∆p k + O(∆p 2 ) (2.4.4)
With ∆p k = p k+1p k and O(∆p 2 ) a neglected quantity gathering higher order terms. One sets r k+1 = 0 to determine the ∆p k which enforces this condition. Hence, equation 2. The derivative of the density w.r.t. pressure depends on the model chosen. Using the homogeneous model and perfect gas law presented in section 2.2.3, the derivative is

∂ρ ∂p = ∂ ∂p     1 1 -λ ρ l + rT λ p     = rT λ 1 -λ ρ l p + rT ρ 2 
(2.4.12)

Corrector

The variables at the iteration step k + 1 are determined from the variables at the previous iteration step (kth) and the iteration increment

p k+1 = p k + ∆p k (2.4.13)
For a highly non-linear system, a relaxation parameter, 0 < α < 1, is used [START_REF] Bonnans | Optimisation Numérique -Aspects Théoriques et Pratiques[END_REF], [START_REF] Quarteroni | Numerical Mathematics[END_REF]]

p k+1 = p k + α∆p k (2.4.14)
In practice, the relaxation coefficient α is 1 when the density is constant and has to be set to 0.25 for cases with large density variations.

Convergence

This process is repeated until

|∆p k | |p k |
is smaller than a user-defined quantity p , typically on the order of 10 -10 .

Algorithm for the Reynolds equation

The algorithm is summarized in box 9 below.

A 

∆p k = -r k 4.
Compute the corrector p k+1 = α∆p k + p k

5.

Check the convergence:

If |∆p k | |p k | < p
Set p t j+1 = p k , h old = h, ρ old = ρ, j = j + 1 and go to B Else: set k = k + 1 and go back to 1.

Box 9: Non-linear algorithm for pressure.

Non-linear algorithm for the axial and angular force balance solver

As shown in box 8, the equations of the axial and angular balance are of the form

r = Ax -b(x) (2.4.15)
Following a similar procedure as presented in section 2.4.1, the residual derivative, or Jacobian matrix, is given by

J =        A z - ∂F ∂x - ∂F ∂χ x - ∂F ∂χ y - ∂M x ∂x A χx - ∂M x ∂χ x - ∂M x ∂χ y - ∂M y ∂x - ∂M y ∂χ x A χy - ∂M y ∂χ y        (2.4.16)
The following terms have to be computed: As there is no closed form, three computations of film pressure are required to obtain the nine components of the Jacobian. The simplest way to evaluate the derivatives is to use a finite difference, for Ψ = F, M x , M y ∂Ψ ∂a 1 = Ω(a 1 + ∆a 1 , a 2 , a 3 ) -Ω(a 1 , a 2 , a 3 ) ∆a 1 (2.4.17)

∂F
The choice of the variable variation ∆a i = ∆z i , ∆χ x,i , ∆χ y,i must take into account the following constraints: ∆a i should not be too small, as it is a denominator; ∆a i should not be too big otherwise the film thickness evaluated with a 1 + ∆a 1 , a 2 , a 3 could be negative.

Based on trial and error, the following variations were selected ∆z j+1 = -min(0.005z j ; min(h/8))/10 (2. The corrector are obtained by solving

J k ∆x k = -r k (2.4.20)
and using relaxation parameters α

x k+1 = x k + α∆x k (2.4.21)
The convergence criterion based on the residuum is

r 1 < f (F spring + F hydraulic ) r 2,3 < f (Iω 2 γ)
with r 1,2,3 the components of the residual vector and with f typically on the order of 10 -7 .

Closing remarks

The algorithms of the present model, shown in table 2.3 re-use already existing ones. The thermal and thermo-mechanical deformation solvers are based on previous publications [START_REF] Migout | Study of the fluid film vaporization in the interface of a mechanical face seal[END_REF]. The Reynolds equation solver is based on the steady state solver used in [START_REF] Brunetière | Modelling of reverse flows in a mechanical seal[END_REF][START_REF] Brunetière | A General Model for Liquid and Gas Lubrication, Including Cavitation[END_REF]. A direct solver using the LU decomposition is employed. This method is efficient, since when the boundary conditions do not change, such as within a time step, the LU matrices do not need to be recomputed. For each solver, the number of iterations depends on the relaxation parameter and convergence criterion. Further, when there is no cavitation, the pressure solver converges in one iteration. The force and moment balance solver converges in one iteration when the seal is in a dynamic tracking mode. The equations were implemented in Fortran and structured following the workflow presented in the next section.

Code workflow

The main steps of the face seal model are summarised in figure 2.15. For the forces and moment balance:

START

-r 1 < f (F spring + F hydraulic ) -r 2,3 < f (Iω 2 γ)
with r 1,2,3 the component of the residual vector and with f typically on the order of 10 -7 .

For the heat fluxes |∆q k | |q k | < t with t typically on the order of 10 -6 .

These criteria were selected based on a trial and error and on the values suggested in previous literature on the Reynolds and thermo-mechanical solvers.

The code developed has been used to perform the simulations on face seals whose results will be presented in chapter 5. Chapter 3 will present a verification of the code, made by comparing its predictions to published results, and a validation, made by a comparison with experimental data.

Summary of the face seal modelling strategy

This section presented the four main equations of the face seal numerical model:

The Reynolds equation for the motion of the fluid in the interface.

Newton's second law for the dynamic motion of the floating stator. This equation is composed of an axial force balance and two angular moment balances.

The unsteady, 2D axi-symmetrical thermal equation for the solids. The temperature of the fluid is set equal to the temperature of the solid.

The 2D axi-symmetrical deformation equation for the solids.

Further:

These coupled equations are solved sequentially and iteratively with a convergence criterion.

The Reynolds equation, as well as the thermal and deformation equations are discretised using the finite element method. A product upwinding method is used for the Reynolds equation.

The transient terms of the Reynolds equation and thermal equation are discretised using an implicit, first order, backward Euler scheme. An implicit Euler cubic scheme is used for the axial and angular balance solver.

A Newton-Raphson algorithm is used for solving the non-linear Reynolds equation and axial and angular balance equation.

Chapter 3

Comparison of the numerical model with published results

This chapter presents the comparisons made as part of the verification and validation of the numerical model.

The verification aims at confirming the correct implementation of the solver, by comparing the predictions of the model to published results. The validation aims at demonstrating the validity of the assumptions of the model, by comparing the predictions of the model to the relevant experimental data. 

Characterisation of misaligned face seals

The axial and angular balance solver outputs the misalignments of the flexibly mounted part in the absolute reference frame χ x2 , χ y2 and the the face centre distance z. The parameters used for the verification of the dynamic solver are based on these outputs and are the relative misalignment and the phase angle. The relative misalignment is given by

Relative misalignment = (χ x1 -χ x2 ) 2 + (χ y1 -χ y2 ) 2 (3.1.1)
where the angles χ x1 , and χ y1 are the known misalignments of the rigidly mounted part (here the rotor) and χ x2 , and χ y2 are the computed misalignments of the flexibly mounted part (here the stator). When the relative misalignment increases, the minimum film thickness decreases and the maximum film thickness increases, which leads to potential contact and increased leakage.

The phase angle is the angle between the misalignment vectors of the stator and the rotor. 

= cos -1 (χ x2 /( χ 2 x2 + χ 2 y2 )) (3.1.3)
and analogously for the rotor.

Comparison with the analytical model of Green and Etsion

Green and [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF] developed an analytical model to estimate the relative misalignment of misaligned face seals as a function of the seal parameters and operating conditions. The model also provides a limiting misalignment angle leading to face contact. The model is based on film coefficients [START_REF] Green | Fluid film dynamic coefficients in mechanical face seals[END_REF] and has been used in, e.g. [START_REF] Green | Nonlinear Dynamic Analysis of Noncontacting Coned-Face Mechanical Seals[END_REF].

The predictions of the present model are compared to those of the analytical model. The parameters of the face seal selected are presented in table 3.1 with various values of the inner seal radius. According to the nomenclature of [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF], C 0 corresponds to the minimum film thickness for the seal without misalignment. Furthermore, the relative misalignment, γ, is expressed without dimensions and is obtained from the misalignments expressed in rad, γ * , using [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF] for the face seal of table 3.1. One sees from figure 3.2 that the relative misalignment increases with the rotor misalignment. The numerical predictions are slightly above the analytical ones, and the discrepancy reduces when r i /r o is closer to 1. Figure 3.3 shows the relative error as a function of the radius ratio. For a given radius ratio, the relative error is the same regardless of the rotor tilt for the value tested. The relative error reduces when the radius ratio tends to 1: it is < 3% with r i /r o = 0.9875. This decay can be explained by the fact that the analytical model relies on the narrow seal approximation r i /r o ≈ 1. When this criterion is met, the analytical and numerical predictions match well, but otherwise, the analytical predictions have some error. The fact that the numerical model matches the analytical model when its assumptions are met gives confidence in the prediction of the numerical model developed.

γ = γ * r 0 /C 0 (3.1.4)
A numerical study of the influence of the number of nodes can be found in appendix A.9. With 2626 nodes, the predicted relative misalignment equals that obtained with 8000 nodes to within 5%, while dividing the computation time by two.

3.1.3

Comparison with the dynamic tracking model of Person et al. [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] developed a numerical model to study the dynamic behaviour of grooved face seals in dynamic tracking mode. In this mode of operation, the flexibly mounted part follows the rotating one. No time integration scheme is required, as the evolution of the misalignment is supposed known. Smooth face seals (i.e. without grooves) are considered here.

The parameters of the face seal and reference conditions extracted from their article can be found in appendix A.6. The following three graphs of their article have been selected for the verification:

Variation of the phase angle as a function of the pressure difference (fig. 4a For each graph, the numerical results obtained with the present model are in blue and the data read from their article are in black, with the error bars representing the reading error. The large reading errors in some graphs are due to the small size of the original figures. The simulations were done with 2626 nodes and a time step of 1.67 • 10 -5 s, corresponding to 0.5 degrees per iteration. A study of the impact of the size of the time step is presented in appendix A.9.

The variation of the phase angle as a function of the pressure difference As can be seen in figure 3.4, the results of the present model are very close to those of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in both values and trend. The phase angle increases for pressure differences up to ca. 0.9 MPa and decreases afterwards. The phase angle becomes negative at pressure differentials above ca. 1.7 MPa. The article indicates a change of slope near 0.8 MPa, which is close to the prediction of the present model. A positive phase angle indicates that the stator is ahead; negative angles indicate that the rotor is leading.

The exact values obtained with the model are available in appendix A.6.1.

The variation of the face centre distance as a function of the pressure difference [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in black. The error bars correspond to the reading error.

As can be seen in figure 3.5, the results of the present model are very close to those of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in both values and trend. The relative discrepancy to the average value read at most 3%. The face centre distance increases with increasing pressure differences. This is essentially due to the increase of the lift force due to higher hydrostatic pressure.

The variation of the phase angle as a function of the speed of rotation [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in black. The error bars correspond to the reading error.

As can be seen in figure 3.6, the results of the present model are very close to those of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in both values and trend. The phase angle decreases as the rotational speed increases. The article indicates that the phase angle is 0 at ca. 7000 rpm, which is close to the 9000 rpm predicted by the model.

Verification with the dynamic model of Tournerie and Frene

Tournerie and Frene [1984] developed a numerical model to estimate the behaviour of a misaligned face seal. The model solves the dynamic equation with a predictor-corrector approach.

The parameters of the face seal and reference conditions extracted from the article can be found in appendix A.6.2. The following two cases are considered for the verification:

1. Case one: The two faces are initially at a distance of 7 µm and the floating element (stator) has a misalignment of 0.1 mrad. The floating element is dropped at t = t 0 (case 6 in figure 10 of the article).

2. Case two: The two faces are initially at a distance of 7 µm and both faces have a misalignment. The floating element (stator) has a misalignment of 0.1 mrad, the rigidly mounted element (rotor) of 70 mrad. The floating element is dropped at t = t 0 (case 8 in figure 11 of the article).

The face seal model has 26 nodes in the radial direction, and 101 in the circumferential direction; the time step is 0.1 ms.

Figure 3.7 shows the evolution of the face centre distance, minimum film thickness, and stator misalignment, for case one, where only the flexibly mounted element has an initial misalignment. [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF], case 6, as dots. The error bars correspond to the reading error.

One sees that the face centre distance, minimum film thickness and misalignment of the flexibly element all decrease over time. The results of the present model (blue and green curves) match well with the published results (dots). Figure 3.8 shows the evolution of the face centre distance, minimum film thickness, and stator misalignment, for case two, where both faces have an initial misalignment. [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF], case 8, as dots. The error bars correspond to the reading error.

One sees that the face centre distance and minimum film thickness decrease, while the misalignment of the flexibly mounted element oscillates. The predictions of the present model (full line) match well with the published results, which gives confidence in the correct implementation of the dynamic solver.

The values obtained with the model and used to generate the bottom graph of figure 3.8 are displayed in appendix A.6.2.

Conclusions about the verification of the dynamic solver

This section presented a verification of the dynamic solver with (i) the analytical model of [START_REF] Green | Stability Threshold and Steady-State Response of Noncontacting Coned-Face Seals[END_REF], (ii) the dynamic-tracking mode model of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF]] and (iii) the transient model of [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF]. For all the comparisons the predictions of the present model match well with the published results, which confirms the successful implementation of the axial and angular solver. The next sections present the verification of the thermal-deformation solver.

Verification of the thermal and deformation solver

This section presents two comparisons of the thermal-deformation solver to published results performed as part of the verification. Brunetière et al. [2003b] present a numerical model for face seals, coupling the Reynolds equation, an axial equation solver, and thermal deformations (this type of model is referred to as TEHD for thermo-elastohydrodynamic model). The article presents a parametric study of a low leakage face seal where the impact of the rotational speed, temperature (viscosity), pressure, face length, and material, on the radial temperature and film thickness are investigated. The main differences between the model of [Brunetière et al., 2003b] and the present model are:

Verification of the thermal deformations

The temperature of the film varies along the thickness. The fluid's physical properties are integrated over the thickness.

Influence coefficients are used to determine the thermal deformations of the solids.

The temperature boundary condition at the outer seal radius is set to vary linearly between the two faces temperature.

There are no transient terms in the Reynolds equation.

The seal configuration described in the article can be found in appendix A.7. The operating conditions considered are: rotational speeds of 1000, 2000 and 5000 rpm (corresponding to figure 3 

Impact of the rotational speed

The reference case is simulated for three rotational speeds. Figure 3.9 shows the radial temperature predicted by the present model and compared to the published values. The associated relative error is shown in figure 3.10. Figure 3.11 shows the radial variation of the film thickness predicted by the present model and compared to the published value. The associated relative error is shown in figure 3.12. One sees that there is a good agreement between the predictions of the present model and the published results. The higher relative error at r o on the temperature is due to the non-constant temperature boundary conditions in [Brunetière et al., 2003b]. The increase of the relative error as a function of the rotational speed is due to the fact the temperature along the film thickness varies more at high rotational speeds and that this effect is not captured by the present model.

The values obtained with the model and used to generate figure 3.9 are presented in appendix A.7.

Impact of surrounding temperature and fluid viscosity

The reference case has been simulated for three fluid temperatures and their associated viscosities. Figure 3.13 shows the radial temperature predicted by the present model and compared to the published values. The associated relative error is shown in figure 3.14. Figure 3.15 shows the radial variation of the film thickness predicted by the present model and compared to the published value. The associated relative error is shown in figure 3.16. As with the impact of the rotational speed, a good agreement between the prediction of the present model and the published results is observed. This verification gives confidence in the correct implementation of the solver. [START_REF] Tournerie | 2D numerical modelling of the TEHD transient behaviour of mechanical face seals[END_REF]] presents a numerical model for face seals coupling the Reynolds equation, an axial equation solver, and unsteady thermal deformations. The thermal solver used is an extension of that of [Brunetière et al., 2003b] to transient conditions. The article provides the dissipated power, maximum temperature difference, and minimum film thickness resulting from a start-up with various values of accelerations.

Verification of unsteady thermal deformations

The parameters of the face seal are the same as in the previous section and can be found in appendix A.7. The face seal starts at rest and accelerates according to the law

ω(t) = ω 0 (1 -exp(-t/t charac )) (3.2.1)
with ω 0 the final speed and t charac a characteristic time controlling the acceleration.

Figures 3.17 compares the evolution of the maximum temperature difference predicted by the present model and the published results. Figure 3.18 compares the evolution of the maximum dissipated power predicted by the present model and the published results. One sees that the predictions of the present model match well with the published results, which confirms the correct implementation of the transient thermal model.

Note that the model of [START_REF] Tournerie | 2D numerical modelling of the TEHD transient behaviour of mechanical face seals[END_REF]] considers a steady-state form of the Reynolds equation. For the comparison, the transient term in the Reynolds equation of the present model was removed.

Conclusion about the verification of the thermal solver

This section presented a verification of the thermal deformation solver of the face seal model using the articles of [Brunetière et al., 2003b] for the steady thermal deformations and [START_REF] Tournerie | 2D numerical modelling of the TEHD transient behaviour of mechanical face seals[END_REF] for the unsteady thermal deformation. The predictions of the model match well with the published results which confirms the successful implementation of the thermal deformation solver. The verification of the pure mechanical deformations was also performed but is not presented here. The next section of this part presents a comparison of the predictions of the model with the experimental results.

Comparison to the experimental data of Adjemout

This section presents some comparisons between the predictions of the numerical model and the experimental data for contacting face seals. The model of Brunetière et al. [2003b], whose results are presented in section 3.2.2, was experimentally validated for non-contacting face seals. This successful comparison thus validates the present model for non-contacting face seals.

As part of his PhD on surface texturing, [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] made experimental measurements of the radial temperature profiles of a contacting face seal operating at various speeds. The measurements are made with infrared thermography. The geometry and parameters of the face seal are defined in [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF]. Note that the initial surface of the rotor seal is not flat, but bent in the radial direction; this effect is included in the present model for the comparison. The inputs and mesh-file are those of the thesis. Figure 3.19 shows a comparison of the radial temperature profiles at various speeds from [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] with those predicted using the present model. Simulations with various friction coefficients were carried out, with a coefficient of 0.05 being ultimately selected since it provided the best match between the simulation results and the experimental data over the whole range of rotational speeds. The data used for the figure are displayed in appendix A.8. [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF]. Experimental results: lines. Predictions of the present model: dots.

One sees that the increase in temperature, increases with the rotational speed. The temperature peak and contact point is located at some distance from the inner radius. This is due to the initial bending of the profile. The numerical predictions match well with the experimental data: the face temperature is well predicted, as is the position of the peak. The model predicts a slightly lower temperature at the outer radius, which may be due to a too strong convection. This comparison provides a satisfactory validation of the model of the present thesis.

explains the difficulty of installing sensors in the system. Further, the design of the face seal holder allows only extremely limited mechanical modifications.

From the testing perspective, the functions of the face seal holder are to house the face seal, provide a reserve of lubricating oil, and balance the pressure of the oil with the pressure of the water in the cell while ensuring a small oil overpressure. The interior of the face seal holder also delays the pressure pulses travelling in the oil. This creates a desired negative pressure differential and will be discussed in detail in section 4.3.6. As shown in figure 4.2, the face seal holder is composed of:

A cylindrical reservoir containing lubricating fluid (oil in yellow); The face seal seals one end of the reservoir;

A compensation bellows to balance the pressure of the lubricating fluid with the pressure of the fluid in the cell;

A tortuous path delaying the pressure waves;

A shaft supported by bearings and with a male magnetic coupling;

Pressure and temperature sensors in the vicinity of the face seal. The initial compression of the compensation bellows pressurises the inner oil from 0.5 to 1.5 bar. The overpressure increases with the bellows compression, itself increasing with the volume of oil in the face seal holder. Due to this overpressure, the rotating face seal leaks small amounts of oil over time.

Face seal

The face seal of interest for this study is an outward face seal with lubricating oil at the inner radius and water at the outer radius. The stator is linked to the face seal holder by springs and an O-ring. The O-ring acts as a semi-dynamic seal between the stator and the face seal holder. The springs press the stator against the rotor. The sides of the stator facing the housing have flats (not represented) which prevent its rotation and limit its swiveling. The stator part is 16 mm long and the contact area has an inner radius of 11.4 mm and outer radius of 14.3 mm. The rotor is 9 mm long and its contact area has the same diameters as the stator. The rotor has an O-ring at the inner radius acting as a seal between the shaft and rotor. The rotor also has flats facing its holder to transmit the rotation of the shaft. The rotor is blocked axially in the direction opposite to the stator (translation from left to right according to figure 4.3 is prevented).

Instrumentation

The design of the face seal holder and operating conditions (pressure, temperature, water/oil environment) only allows limited instrumentation. This section presents the three main measurements implemented: oil reservoir volume, water-in-oil content, and pressure difference. Appendix A.11 mentions other measurements contemplated but either not implemented or not providing useful information.

Measure of the volume of fluid in the reservoir

The variation of the volume of the fluid in the reservoir can be used as an indirect measure of face seal leakage provided that no outer-fluid enters the system. This measurement is made by comparing the position of the compensation system before and after the test. As shown in figure 4.4, a semi-flexible rod is inserted inside the compensation bellows and the inserted rod length measured. The rod length is related to the position of the bellows, itself related to the oil volume. Various rod materials were tested, and a PTFE one ultimately selected, as offering the best trade-off between sufficient bending (to go through the bellows) and stiffness (to avoid buckling). This method has the advantage of being simple, but is, however, of limited precision. This measurement was made before the face seal holder was inserted into the setup, and again once it was removed from the setup after the test. The total volume of oil lost is thus 379 cm 3 with ±10 cm 3 error due to the approximation in volume measurement.

As will be shown in chapter 5 presenting the experimental results, most tests do not have values of volume of oil lost. This is due to the fact that the difference in rod length measurement before and after the test falls in the measurement uncertainty.

Measurements of the inner and outer pressures of the face seal

The measurement of the inner and outer pressures is fundamental to determining the effective pressure difference under which the face seal operates when subject to pressure pulses. This input is necessary for the analysis of the simulations and results presented in chapter 5. Inner and outer pressure sensors were selected and implemented as part of the project. The constraints placed on the sensors and acquisition chain are to:

Operate under high static and dynamic pressure;

Operate in water and oil, or be sealed from these environments;

Feature a small size, so as to be placeable within the narrow cell (max diameter of 18mm at the sensor level and < 9.5mm along the face seal holder);

Have a sample rate of 5000 Hz to capture a delay between the pulse on the order of 1 ms;

Adapt to an already existing electrical cabinet and data acquisition system.

These constraints made the selection and integration of the pressure sensor challenging. Figure 4.5 shows the pressure sensor once in place. The pressure sensor assembly is composed of:

A Kulite HEM 312 pressure sensor;

A sensor holder;

A sensor holder cap;

A tube protecting the wires (not shown) with a metal sealing (swagelock nugget).

Sensor holder Sensor holder cap Swagelok nugget

Sensor wires Sensor

Face seal holder Sensor assembly The sensors were calibrated by carrying out pressure steps and using the values from the setup pressure sensors. The measurement uncertainty is not greater than 0.5% of the 100 bar full scale output, that is, less than 0.5 bar. Examples of measurements made with the sensors are shown in section 4.3.6.

Measurement of water ingression

The efficiency of a sealing device can also be evaluated by measuring the amount of undesired outer fluid entering the clean reservoir of sealed fluid. In the present configuration, the external fluid is water and the fluid-to-seal is oil. The measurement of the variation of the water content in the oil is thus helpful for estimating the sealing efficiency.

The content of this section is based on information available in suppliers' brochures, in [START_REF]Techniques for measuring the composition (oil and water content) of emulsions -A state of the art review[END_REF], [START_REF] Harika | Impact d'une pollution des lubrifiants par de l'eau sur le fonctionnement des organes de guidage des machines tournantes[END_REF] and associated references.

Water is present in oil in potentially three forms :

At low water content, water is dissolved in oil. The water is in the liquid phase inside the liquid oil phase: there is only one phase. The saturation limit indicates the amount of water that can be contained inside the oil. This limit varies significantly depending on the type of oil: for refined mineral oil, the saturation limit can be around 100 ppm-volume (0.01%), for ester-based oil, such as the one used, the saturation limit can be around 3000 ppm-volume (0.3%).

At water contents higher than the saturation limit, the water forms an emulsion in the oil phase. The water is present as small droplets in the oil, giving the fluid a blurred aspect.

At high water contents, the water forms a separate phase.

Measurement device

There are a variety of measurement devices based on different measurement principles, of which an overview can be found in [START_REF]Techniques for measuring the composition (oil and water content) of emulsions -A state of the art review[END_REF]. As part of the present project, it was desired to have a measurement device that could be readily implemented. Three of the measurement principles considered are presented below as well as the method selected for the tests.

In-line capacitive measurement method

Measurement of water-in-oil content using a capacitive measurement (measurement of the dielectric constant) is based on the fact that water has a much higher capacitance than oil. The measurement of the capacitance can be related to the amount of water in the oil solution [START_REF]Techniques for measuring the composition (oil and water content) of emulsions -A state of the art review[END_REF]. An in-line capacitive sensor was considered, but not implemented because of the absence of a commercially available sensor which can withstand the pressures and temperatures and be fit in the system.

Off-line methods

Calcium hydride test

The calcium hydride test is an indirect method which determines the water content through a measurement of the pressure following a reaction transforming water in dihydrogene:

CaH 2 + 2H 2 O → Ca(OH) 2 + 2H 2 (4.2.3)
In a sealed cell, the reagent CaH 2 reacts with the water H 2 O of the oil sample of known volume to form a solid Ca(OH) 2 while releasing H 2 gas. The increase of pressure is measured and translated into the quantity of H 2 O and subsequently the amount of water in the oil sample. A device of this type with reagents was purchased and used to obtain an on-site approximate measurement of the water-in-oil content. The advantage of this apparatus is that it is able to obtain an estimate of the water content directly at the end of the test and thus allows adapting the test conditions for the next test on the same day.

Karl Fisher titration

The Karl Fisher titration method measures all water with a high precision [Standard-NFISO6296, 2001]. This apparatus is, however, expensive and usually only available in laboratories. Measurement of the water content using the Karl Fisher method was carried out by an external lab to complement the on-site measurements done with the calcium hydride test.

Sampling procedure

The determination of the increase in the water-in-oil content is based on the measurement of the water-in-oil content before and after a test.

After each test, all the oil is drained from the face seal holder and collected in a container. The collected oil is stirred and a sample is taken and used for the water content analysis. It is critical to stir the collected oil to obtain a representative sample. If the oil is not stirred, the water content is higher at the bottom of the container and lower at the top. The representativeness of the sample obtained with this process was validated by measuring the water-in-oil content of several samples. Note that it is not possible to apply the same procedure for collecting a sample before the test, as this would require emptying the whole system (which has to be filled for the test). The sample used for measuring the water content before the test was instead collected at the end of the filling process in the outlet pipe connected to the face seal holder. There may be a difference between the amount of water-in-oil truly present in the system before the test and the value measured. The water-in-oil content of a just-opened can of oil is 0.08%. If the oil stays under vacuum in the pump filling system, the water-in-oil content drops to below 0.02% (the minimum value measurable by the calcium hydride test at our disposal). The amount of oil in the reservoir of the face seal holder is comprised between 1000 to 1350 cm 3 , depending on the test. As an example, a measurement of 0.08% of water-in-oil obtained on a representative sample indicates a total of about 1 cm 3 water in the whole system.

Operating test conditions

Based on extensive trial and error, the setup operating envelope was defined. The conditions below were selected to load the face seals as close as possible to the desired industrial conditions while ensuring error-free operation. These conditions were the default test conditions used for all tests, unless otherwise noted: static temperature: 80 • C; rotational speed: 3500 rpm. The speed is maintained at 3500 rpm for periods of 13 min, followed by 2 min at no speed. The acceleration and deceleration ramps provide a change of 1000 rpm per second; static pressure: 80 bar; dynamic pressure: ±30 bar at 12 Hz; The pulses are generated when the system is rotating.

Face seal pressure difference

As mentioned in the introduction, one of the key objectives is to investigate the performance of face seals operating under pressure pulses, including negative pressure differences.

The pressure pulses are generated by the coupled action of the hydraulic unit, servo-valve, and control system. The pulses enter the cell at the membrane level, they subsequently reach the inner and outer radii of the face seal through two different acoustic paths (see fig 4.6):

The pulses travel in the water between the cell and the face seal holder up to the face seal outer radius, see red dashed line.

The pulses travel in the water, then through the compensation to the oil, through the tortuous channels inside the face seal holder, and ultimately reach the inner radius of the face seal, see blue dashed line.

Due to the different nature of the acoustic paths, a given pressure pulse reaches the inner seal radius with a delay compared to the outer seal radius. This delay creates a negative pressure differential at the face seal, as shown in the next section. 

A simple model

As a first approximation, the pressure signals can be assumed sinusoidal and the inner signal to be delayed by a time τ . The pulses outside the face seal (in water) are of the form

S o (t) = A sin(2πf t) (4.3.1)
with A the amplitude, f the frequency, and t the time. The pulses inside the face seal (in oil) are of the form

S i (t) = A sin(2πf t -2πf τ ) + p φ (4.3.2)
where 2πf τ corresponds to the phase shift expressed as a function of the time delay τ . p φ is the oil overpressure due to the bellows compression. No attenuation of the amplitude of the pulses due to a viscous effect is considered. The resulting net pressure difference at the face seal level is the difference between the two signals

S(t) = S i (t) -S o (t) = 2A sin(πf τ ) sin(2πf t -πf τ -π/2) + p φ (4.3.3)
One sees that:

The pressure difference varies at the same frequency as the pressure;

The amplitude of the pressure difference, 2A sin(πf τ ), is proportional to the amplitude of the pulse;

The amplitude of the pressure difference is related to the time delay τ and frequency through sin(πf τ );

The face seal pressure difference signal is out-of-phase with the pressure signal by -πf τπ/2.

There is a pressure inversion if 2A sin(πf τ ) > p φ (4.3.4) As an example, and according to equation 4.3.3, with a frequency of 12 Hz, a delay of 1.57 10 -3 s and an amplitude of 15 bar, the amplitude of the differential signal is 2A sin(πf τ ) = 1.77 bar. Considering a pre-load of 0.75 bar, the pressure differential varies between +2.52 and -1.02 bar, which is a case of pressure inversion. This case is illustrated in figure 4.7. The installation of the inner and outer pressure sensors allowed measuring the pressure difference and checking of the validity of the formula for the amplitude of the pressure difference (equation 4.3.3).

Measurement of pressure difference

Sinusoidal pulses of amplitude ±15 bar and frequencies 12, 24, 75, 125 Hz were generated on the setup and the pressure recorded. As an example, figure 4.8 shows the inner and outer pressures under ±15 bar at 12 Hz. pressure (blue) closely follows the outer pressure (red) and has a small offset due to the bellows overpressure.

The inner pressure also lags slightly behind the outer pressure. The bottom graph shows the differential pressure (inner pressure minus outer pressure). One sees that the differential pressure is (i) also almost sinusoidal, (ii) out-of-phase by around π/2 with the outer pressure, and, (iii) has a variation between +2.5 and -1.0 bar, negative at some time instants.

The acoustic delay is obtained by computing the time difference between the maxima of the inner and outer pressure signals (following interpolation). As a matter of fact, the time difference varies from one pulse to another. Figure 4.9 shows the instantaneous delay at each pulse (black dot) as well as the average over the series of pulses (dashed line). For this pulse series, the average delay is 1.57 ms with a standard deviation of 0.3 ms. The experimental measurements of the delay with a 15-bar amplitude signal at 12 Hz are also valid for the signals of 30-bar amplitude 12 Hz, generated during the tests. 

Test procedure

A procedure for testing of a face seal was established. The procedure is as follow:

1. Assembly of the face seal on the face seal holder 2. Filling of the face seal holder with lubricating turbine oil. This step involves creating a vacuum in the face seal holder and subsequently filling the system with a specific pump. The over-pressure of the lubricating oil in the face seal holder (and at the inner radius of the face seal) is due to the bellows compression. Measuring the initial oil volume by measuring the bellows compression and extracting an oil sample to determine initial water-in-oil content.

3. Insertion of the face seal holder in test setup. Filling the setup with water, increasing the pressure and temperature.

4. Test with established operating conditions (see section 4.3). Test duration ranges are 12 h or 144 h.

12-hour tests ran overnight and allowed analysing the results the next day; 144-hour tests were chosen when the time impact was investigated.

5. Once the test is completed: setup cooling, decrease of pressure and removal of face seal holder 6. Measurement of oil reservoir volume by measuring the bellows position.

7. Emptying of the face seal holder, collecting of all inner fluid, and extracting of a representative sample following the mixing of the oil.

8. On-site measurement of water-in-oil content using calcium hydride test. Shipment of sample to external lab for measurement with Karl Fisher titration. 9. Face seal disassembly, visual observation, topography measurement if needed.

Performing the above actions requires roughly one day (one-half of a day before, an over-night test, and one-half of a day after).

In the first place, the face seal is presented, followed by a parametric study performed with the numerical model. The study aims at evaluating the sensitivity of the predictions of the model to variations of the input parameters to gain a better understanding of the face seal. In the second part, the experimental results are presented and analysed along with the numerical simulations to provide insight into the behaviour of the face seal under pressure pulses. The three studies are: face seal with pressure pulses, misaligned face seal with pressure pulses, and wavy face seal with pressure pulses. The test results are used to evaluate the capacity of the model to predict water entry. The face seal wear through analysis of the contact pressure is also discussed. swirling water q conv,water p o swirling oil q conv,oil p i S 3

stationary oil q = 0 p i swirling oil q conv,oil p i S 4

swirling oil q conv,oil z ≥ 0 + p i stagnant oil q = 0 p i S 5

sheared oil q conv,oil p i stagnant water q = 0 p o S 6 swirling oil q conv,oil p i stagnant water q = 0 z ≤ 0 + p o S 7 swirling oil q conv,oil p i stagnant water q = 0 p o S 8 swirling water q conv,water p o S 9 swirling water q conv,water p o q var corresponds to a varying heat flux at the interface and q conv to a convective heat flux based on the convection coefficient of the water or the oil. p var indicates varying film pressure, p o the outer pressure, p i the inner pressure; z ≥ 0 + p i indicates that the surface sees the inner pressure and is allowed to move in the positive z-direction (to the right), z ≤ 0 + p o indicates that the surface sees the outer pressure and is allowed to move in the negative z-direction (to the left).

To complete Table 5.1, note that:

The oil on S5 of the stator undergoes shearing, leading to local oil heating so that this surface may not greatly contribute to the removal of the heat generated by the face seal;

S4 of the stator is mechanically maintained by a spring, which is modelled as a constraint. The value of Sq, the standard deviation of the surface roughness, and of λ, the correlation length of the surface roughness, are based on topography measurements of run-in faces.

Face seal performance in reference conditions

As a starting point, the performance of the face seal was estimated under the reference conditions. The heat transfer correlation of Becker [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF] The face seal of interest in the reference configuration has a leakage of 0.137 cm 3 /hr and total torque of 0.27 N.m which includes 0.177 N.m of dry torque (66%). The face seal exhibits a strong contact with ca. 94% of the opening force supported by the asperities. As shown in figure 5.5 the high part of the contact is due to the significant contribution of contact pressure to the overall film pressure. Figure 5.4 shows that the faces of the seal form a diverging gap in the flow direction (inner to outer radius). It is due to thermal deformations. As shown in figure 5.3 and 5.4, the film temperature has a parabolic shape with a highest temperature increase of 9.3 • C located near the inner radius. This position is explained by the contact at the inner radius, which generates more heat, and water cooling at the outer radius. The hottest point is however at some distance from the inner radius because the inner radius area benefits from convective heat removal. The face seal dissipates 97.7 W into heat. The average film thickness is close to 1 µm, which corresponds to 4 times the standard deviation of the surface roughness.

The aim of the face seal simulations was to estimate the performance for given operating conditions. For fixed operating conditions, the predictions depend on multiple parameters, whose values always have some degree of uncertainty: the dry friction coefficient, the standard deviation of the surface roughness (Sq), the correlation length of the surface (λ), and the heat transfer coefficient h c . This raises two questions:

By what amount do the model predictions vary if the uncertainty of the inputs is taken into consideration?

By what amount do the model predictions vary when the operating conditions are changed ?

The next section presents a parametric study addressing these two questions. First, the impact of the uncertainty of the heat transfer coefficient, dry friction coefficient, standard deviation of surface roughness, and the surface correlation length will be quantified. Second, the impact of a change of operating temperature, rotational speed and contact force will be quantified. One sees that with the correlations tested:

The convection coefficient in the oil side varies between 510 and 2150 W/(m.K),

The convection coefficient in the water side varies between 19000 and 53000 W/(m.K),

The leakage varies between 0.125 to 0.139 cm 3 /hr, The maximum fluid temperature increase varies between 6 to 10 • C. Furthermore, the overall face seal torque is negligibly affected by the convection correlation, as it only varies from 0.26 to 0.27 N.m. This comparison allows quantifying the variation of the leakage and maximum temperature increase due to the uncertainty on the convective heat. A band of +/ -5% around the leakage and +/ -50% around the maximum temperature is to be kept in mind when evaluating simulation predictions for this face seal.

The correlation of [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF] was selected for the rest of this study, as it provides a leakage and maximum temperature increase close to the average of the predictions obtained considering all correlations. Based on this correlation, on the inner radius for all surfaces in contact with oil, on the outer radius for all surfaces in contact with water, and on the operating rotational speed of 3500 rpm:

The convection coefficient on the oil side based on the reference lubricant properties is

h c,oil = 2013.6 W/(K • m 2 )
The convection coefficient on the water side based on water viscosity µ water (80 • C) = 0.000355 Pa.s, water heat capacity of 4180 J/(K • kg), water density ρ((80 Figure 5.7 shows that an increase of friction coefficient from 0.05 to 0.2 leads to an increase of the leakage by 20% and torque of ca. 100%. The reason is that an increase in the friction coefficient directly increases the dry torque and the heat generated by dry friction. The higher heat generation increases the temperature, thus reducing the viscosity and eventually increasing the mass flow. For the rest of these studies a coefficient of friction of 0.1 has been selected.

• C)) = 1000 kg/m 3 is h c,water = 22116.3 W/(K • m 2 ).

Impact of the friction coefficient

Impact of Sq and λ

The topographies of a new face seal as well as that of a run-in face seal were measured using white light interferometry. Based on several measurements on representative run-in faces, the combined Sq is between 0.18 to 0.25 µm, and the correlation length between 1.8 to 3.5 µm. The values for new surfaces are 0.623 µm for the surface average roughness, Sq, and 2.96 µm for the correlation length, λ. Figures 5.8, 5.9 and table 5.9 show the impact of Sq and λ on the model predictions. One sees from figure 5.8 that a variation in Sq from 0.18 to 0.25 µm leads to an increase in the leakage from 0.08 to 0.24 cm 3 /hr. The reason is that an increase in Sq directly increases the film thickness, since the face seal of interest is a contacting seal. The significant increase in the leakage is due to its h 3 dependency. The change in Sq leads to a decrease in the overall torque from 0.28 to 0.25 N.m. This decrease is due to the increased film thickness, which reduces the viscous torque.

One sees from figure 5.9 that a change of surface correlation length of 1.78 to 3.5 µm slightly reduces the leakage from 0.08 to 0.067 cm 3 /hr. The torque is almost unaffected. As can be seen from equation 4 in section 2.2.4, for iso-contact force, an increased correlation length reduces the film thickness, which explains the reduced leakage.

As shown in table 5.9, a new face seal (Sq = 0.623 µm, λ = 2.96 µm) has a leakage of ca. 4 cm 3 /hr, which is more than an order of magnitude higher than for a run-in seal (e.g. Sq = 0.21 µm, λ = 1.78 µm). The reason is directly due to the higher film thickness of a new face seal.

Summary

Table 5.10 summarises the variations of the seal parameters due to variations of the inputs. The variations are considered based on the reference operating point: Becker correlation for the convection coefficient, 0.1 friction coefficient, 0.21 µm surface roughness standard deviation Sq, 1.78 µm surface roughness characteristic length λ.

Table 5.10: Summary of impact of uncertainty in the main variables on seal performance predictions.

Parameter

Conv. coefficient fric coeff (0.05-0.15) Sq (0.18-0.25) lambda (0.178 -3.5) Leakage cm 3 /hr +/-5 % +/-10 % +/-50 % +/-5% Total torque N.m +/-5 % +/-50 % +/-5 % -One sees that for the face seal of interest, the leakage is most affected by the Sq, while the torque is most affected by the friction coefficient. A variation of the other inputs has an impact on the performance of +/ -5%, which is much lower.

Impact of the operating conditions on numerical predictions

The objective of this section is to evaluate the impact of the operating and design parameters on the seal performance. The operating conditions and design parameters considered are: operating temperature, rotational speed and closing force.

Impact of the operating temperature

The operating temperature directly affects the fluid viscosity, density and coefficient of thermo-viscosity and surface cooling (due to variation of the convection coefficient). These parameters, in turn, impact the heat generation, face deformation and shape of the film. Figure 5.10 shows the impact of the operating temperature on the predicted seal performance; table 5.11 shows the variation of physical parameters as a function of temperature.

Table 5.11: Temperature dependence of the physical parameters.

Temperature Density Viscosity Coeff. of thermoviscosity Figure 5.10 shows that an increase of temperature from 80 to 200 • C leads to an increase of leakage of 0.137 to 0.83 cm 3 /hr (+600%) and a reduction of torque of 0.27 to 0.19 N.m (-30%). The reason is that an increase of temperature strongly diminishes the oil-lubricant viscosity thus increasing the leakage. The reduced torque is due to the decrease of viscosity which diminishes the viscous torque. The lower viscosity also improves the face cooling. Figure 5.11 shows that an increase of rotational speed from 1500 to 5500 rpm increases the leakage from 0.125 to 0.15 cm 3 /hr and torque from 0.22 to 0.31 N.m. The reason is that an increase in speed directly increases the viscous and dry heat generation, which reduces the viscosity and thus increases the leakage. Even if the decrease of viscosity reduces the torque, the increase of rotational speed is predominant and leads to an overall higher torque. The face seal of interest operates with contact even at high speed.

Impact of rotational speed

Impact of the spring force Figure 5.12 shows the impact of the spring force on the leakage and torque. For the reference face seal, the spring force of 125 N represent 88 % of the closing force, the rest being from the hydraulic force. One sees that an increase of spring force from 100 to 250 N leads to a decrease of leakage of ca. 10% and an increase of torque of ca. 100%. The increase of torque is due to dry torque which is a consequence of higher contact pressure. The higher contact pressure is due to the minimum film thickness reduction associated with the higher closing force. The reduced leakage is due to the lower film thickness which strongly impacts the leakage.

CHAPTER 5. NUMERICAL AND EXPERIMENTAL RESULTS

Summary

Table 5.12 summarises the impact of the operating conditions and design parameters on the predicted seal performance. The variations are considered based on the reference operating point: 80 • C, 3500 rpm, 125 N spring force. Table 5.12: Summary of impact of the operating conditions and design parameter on face seal performance predictions.

Parameter

Temperature (80 -200 • C) Rotational speed (1500-5500) Closing force (100-250) Leakage, cm 3 /hr +600% +/-10% +5 / -7% Total torque, N.m -30% -17 / + 10% -10 / + 50% One sees that the operating temperature has a huge impact on the leakage and a moderate one on the torque. The rotational speed has some impact on both leakage and torque. The closing force has mostly an impact on the torque.

Simulations of accelerations with transient thermal effects

This section shows the results of unsteady thermal simulations when the face seal accelerates. The objective is to investigate the impact of the acceleration. From an initial state at 1000 rpm, accelerations to 3500 rpm in 5, 2 and 1 s were considered, and the results are shown in figure 5.13. One sees that as the face seal accelerates, the dissipated power, torque, maximum temperature difference increase, and maximum film thickness increase. The minimum film thickness decreases as the speed increases. The rate of change is higher when the acceleration is steeper. While the dissipated power and torque only negligibly vary once the speed stabilises, the temperature and leakage continue to vary. The reason is that the temperature distribution has not yet reached its steady state in the material. The higher dissipated power is explained by the higher rotational speed and higher viscous torque, itself also a consequence of the higher rotational speed. The temperature rise is a consequence of the higher dissipated power. The film thickness becomes smaller at the inner radius and higher at the outer radius: this is due to the more pronounced thermal deformations at higher speeds. The leakage increases due to the lower viscosity at the higher temperature. No unexpected effects are to be noted: the face seal appears to smoothly transit from one rotational speed to another.

Modelling simplifications and numerical considerations

Emulation of thermal effects and thermo-mechanical deformations

The subsequent sections present simulations with transient effects at different time scales: thermal deformations at a large time scale; pressure pulses and rotating misalignments at short time scales. To reduce computational time, the simulations pertaining to the study of phenomena at a short time scale were done by considering established thermal deformations. The thermo-mechanical deformations were not computed at each time step but emulated by prescribing an initial coning on the film thickness. The magnitude of the coning was obtained from a steady-state thermal simulation. The viscosity and density were also set to those corresponding to the average film temperature. The values obtained to emulate the thermal deformations on the reference face seal are presented in table 5.13. With these modifications, the leakage predicted is 0.135 cm 3 /hr, which corresponds to the leakage obtained with thermal simulation, with less than a 5% difference. The same torque is also obtained. The maximum contact pressure is increased by 7.5 % from 7.60 to 8.21 bar.

The CPU gain largely depends on the type of simulation (pulses, waviness, misalignment) and the relaxation coefficients selected.

Impact of the number of nodes

The face seal in reference conditions was simulated with a mesh file composed of 11, 16 and 21 nodes at the film interface. As shown in figure 5.14, no changes in the results were observed. The mesh-file with 11 nodes in the interface was selected, since it allowed simulations twice as fast as with the 21 nodes at the interface. 

Effect of pressure pulses

This section presents the results of a study of the impact of pressure pulses on the performance of the face seal. The points of particular interest, in line with the industrial motivations, are the fluid inflows and effect of surface wear. The investigation is based on experimental results and numerical simulations. The experimental results, consisting of all available data, are presented and analysed first with the aim of showing the impact of pressure pulses. Secondly, the face seal was simulated to gain better understanding of the main mechanisms affecting water entry and wear. The correlation between the numerical and experimental results is also discussed. Lastly, the main experimental findings will be summarised in light of the numerical observations and analysis.

Experimental results with pressure pulses

Several experimental tests were carried out on the test setup according to the procedure described in section 4.4. The test conditions and results are presented in table 5.14. The first set of experimental tests focuses on the impact of pressure pulses and comprised 8 tests under 5 different conditions. The tests are numbered a(b), with a the test condition id, and b the repetition number of the test. The test duration varied from 1 to 144 hours and temperature from 25 • C to 80 • C. Only test 5 has a value for the oil volume loss. This is due to the fact that, for all the other tests, the difference in rod length measurement before and after the test fell in the measurement uncertainty.

As can be seen, the amount of water-in-oil content was measured before and after each test, with the calcium hydride test and/or with Karl Fisher titration (see section 4.2.3). Due to its higher reliability and precision, the results of the Karl Fisher method are those used for the analysis in preference to those obtained with the calcium hydride test. The results of the calcium hydride test are used only if no Karl Fisher results are available. A circle • indicates that no value is available.

Test 1 is to evaluate the water content in the oil when the system is not subject to any loading. It thus provides a minimum water content to be expected. For test 1, the face seal holder was filled with oil with an initial water content < 0.03%. After one hour at room temperature the face seal holder was emptied and the water-in-oil content measured. The end value of the water content was 0.08%. This value is considered to be the default minimum water content for all the tests. Note that the value 0.08% water-in-oil content also corresponds to what is measured in a just-opened can of oil.

Test 2 was performed at 80 • C, without pulses, with rotation and using a run-in face seal. This set of tests is the reference point for evaluating the impact of pressure pulses on the water content. As concluded from test 1, the initial value of water content is considered to be 0.08%. The amount of water content after the test based on the Karl Fisher measurement is between 0.13% and 0.19%. Based on these values the increase of water-in-oil content is thus between +0.05% to +0.11%.

Test 3 corresponds to the same test conditions but for a period of 144 hours and with an initially new face seal. Based on the Karl Fisher end-test measure and on an initial value of 0.08%, the increase of water-in-oil content is of +0.08 %. Based on test 2 and 3, an increase of +0.05% to +0.11% of water content is the default increase without pulses.

Test 4 is the counterpart of test 2 with pressure pulses and a new seal. The objective of this test is to evaluate the increase in the water content resulting from pulses for a short duration test. The amount of water content before the test is considered to be 0.08%, and is 0.32% and 0.30% after the test based on the calcium hydride measurement. These values considered, the increase of water-in-oil is +0.22% to +0.24%. This is a higher increase than without pulses.

According to the results of test 4 versus those of test 2 the pressure pulses lead to an increase of water-in-oil content. The difference is nonetheless small (+0.05% to +0.11% without pulses and +0.22% to +0.24% with pulses). To have more confidence in the comparisons, higher values of water-in-oil were desired.

Test 5 corresponds to test 4 but over a period of 144 hours. The end-value of water-in-oil content of test 5 is 0.29%, that is, an increase of +0.21% based on 0.08% as initial value. This increase is close to the value of test 4. Further, a volume loss of 56 cm 3 ±10 cm 3 or an average leakage of 0.32 -0.46 cm 3 /hr was measured for test 5.

The measurements of the water-in-oil increase are summarised in table 5.15 and the main observations from test 1 to 5 below:

1. Starting with new face seals, the pulses increase the amount of water content by +0.22% to +0.24% (tests 4 and 5) which is 0.11% to 0.19% more than when there are no pulses (+0.05% to +0.11% without pulses, tests 2 and 3).

2. The increase of water content with or without pulses is the same with tests of 12 or 144 hours. By generalising, the increase of water content does not vary with time after a minimum of 12 h. Table 5.15: Water in oil increase for the first set of experiments with pressure pulses.

Increase of water in oil Without pulses With pulses

Net increase due to pulses 0.05 -0.11% 0.22 -0.24% 0.11 -0.19%

The following is proposed to explain both points above. When the face seal is new, the asperities are high, so is the film thickness. With a large film thickness, water enters the system under pulses. However after a run-in period, the asperities are lower, and so is the film thickness. With a small film thickness, water does not enter under pulses. No water enters when there are no pulses.

The numerical model developed has been used to simulate the above experiments and help analyse the results in the next section.

Simulations with pressure pulses

Simulation of a run-in face seal

This section presents the results of simulations with pressure pulses. The parameters of the face seal are the reference parameters presented in section 5.1.2 plus the pressure variation specified below. The simulations are iso-thermal and the thermo-mechanical deformations were emulated using an initial coning and the physical properties at an average film temperature of 88 • C as discussed in section 5.2.4.

The pulses of interest are p(t) = p max sin(2 • π • f • t) with p max = 30 bar, f = 12 Hz. This corresponds to the pulses generated on the setup during the tests. As shown in the presentation of the experimental setup in part 4.3.6, the inner pressure has a delay of 1.57 ms compared to the outer pressure. As shown in section 4.3.6, a signal of 30-bar amplitude gives an equivalent pressure differential of p difference = 3.55 bar. The pressures prescribed for the simulations are were

p i = p back pressure + p φ p o (t) = p back pressure + p difference • sin(2 • π • f • t) (5.3.1)
with p back pressure the back pressure set to 100 bar (experimental at 80 bar) and p φ the compensation bellow pre-load set to 1.0 bar. The experimental pre-load for this first set of experimental tests was close to 0.75 bar.

The value for the simulations was deliberately set to 1.0 bar to allow comparisons of the present simulation with those of the other sections.

A simulation was performed with the above pressure boundary conditions. The duration of the simulation was 0.6 s with pulses during 0.5 s; the time step length was 2.083 • 10 -3 s (corresponding to 40 iterations per pulse). The results of the simulations are analysed using the 5 following figures.

Figure 5.15 shows the time evolution of the prescribed pressure, the resulting net mass flow variations at the outer (blue) and inner (green) radii, minimum film thickness and maximum contact pressure. The net mass flows are obtained by summing over the circumference the mass flow of each individual node located at the outer or inner radii, see appendix A.10 for details on the various measures of mass flow. The values of all the parameters before the pulses start, i.e. before time t = 0.05 s, correspond to the value of the reference case simulated in section 5.1.3.

Figure 5.16 shows the distribution of the film thickness, fluid pressure and contact pressure during pulses.

Figures 5.17 Starting with figure 5.15, one sees that before time 0.05 s, the pressure, mass flows, minimum film thickness and maximum contact pressure are constant. The mass flow at the outer radius (blue curve) is positive, meaning that fluid leaves the face seal and at the inner radius (green curve) it is negative, meaning that fluid enters the face seal. This is the normal operation for this outward seal, for which oil enters at the inner radius and exits at the outer radius. The minimum film thickness is of 1.00 µm and contact pressure of 8.21 bar (as mentioned in section 5.2.4, the contact pressure is 7.5% higher with emulated thermo-mechanical deformations compare to cases with solved thermo-mechanical deformation).

After the time 0.05 s the pressure starts to vary and induces strong variations of mass flows at the outer and inner radii, and a variation of the film thickness and maximum contact pressure. From t = 0.05 s onwards, the mass flow at the outer radius (blue curve) oscillates between +0.4 and -0.33 • 10 -6 kg/s at the same 12 Hz frequency as the pulses. The mass flow oscillations have two causes. First they are due to the direct variation of the pressure at the outer radius. Secondly, they are due to fluid film stretching/squeeze effects: (i) see B2 and B4 in figure 5.16; (ii) see the red curve with square markers (time 0.0917 s) in figure 5.17. When the fluid pressure is higher, respectively lower, than both boundary pressures, the fluid leaves, respectively enters, the seal at both radii. The shape of the pressure profile is a direct consequence of the film thickness variation. The fact that the mass flow at the outer radius becomes negative indicates that some outer fluid enters the sealing dam.

A similar observation can be made for the mass flow at the inner radius (green curve), which oscillates between +0.17 and -0.19 • 10 -6 kg/s at the same 12-Hz frequency as the pulses. The fact that the mass flow at the inner radius becomes positive indicates that some fluid of the sealing dam leaves the seal at the inner radius. This may be detrimental for the system if the fluid of the sealing dam is polluted, as it may therefore enter the reservoir of clean oil.

On top of the mass flow variations, one sees that the maximum contact pressure varies significantly due to pulses (figure 5.15, C1 to C4 on figure 5.16 and figure 5.19). This notable variation may lead to face damage, depending on the material.

The changes of directions of the fluxes at the outer and inner radius raises a question as to whether some outer fluid (water) may go through the seal and reach the inner radius, thereby polluting the oil. This is investigated in more detail in the next subsection.

Measure of water entry

To address the question of the outer-fluid ingression, the variable ζ ro is defined. It corresponds to the cumulative volume of fluid entering the seal at the outer radius and is computed by

ζ ro (t j ) = ζ ro (t j-1 ) + t j t j -∆t (1/ρ) ṁro (t j )dt if 0 < ζ ro (t j-1 ) + t j t j -∆t (1/ρ) ṁro (t j )dt 0 else (5.3.2)
with ṁro the net mass flow at the outer radius. ζ ro increases over time if outer fluid enters the sealing dam at the outer radius; it decreases if the seal leaks, as in nominal conditions, but does not become negative.

Writing V (t j ) for the fluid volume at t j , the ratio ζ r0 (t j )/V (t j ) indicates the percentage of the overall film volume travelled by the outer fluid at this time instant. Figure 5.20 illustrates cases where ζ r0 (t j )/V (t j ) is 0 (left figure in normal operation), 23% when the water has entered 23% of the sealing dam, and 72% when the water has entered 72% of the sealing dam. .20: Illustration of the variation of ζ r0 (t j )/V (t j ) (eq. 5.3.2) when the water travels 0%, 23% and 72% of the sealing dam (from left to right).
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ζ ro (t j ) is designed to provide a measure of the position of an average interface between the fluid-to-seal and outer fluid inside the sealing dam.

In a similar fashion as in equation 5.3.2 the variable ζ ri (t j ) is defined to compute the amount of fluid of the sealing dam leaving at the inner radius

ζ ri (t j ) = ζ ri (t j-1 ) + t j t j -∆t (1/ρ) ṁri (t j )dt if 0 < t j t j -∆t (1/ρ) ṁri (t j )dt 0 else (5.3.3)
Note that, unlike ζ ro (t j ), ζ ri (t j ) becomes null as soon as the flow reverses.

The ratio ζ ri (t j )/V (t j ) indicates the amount of fluid of the sealing dam, expressed in % of the film volume, that leaves towards the clean reservoir.

The ratio ζ ro /V and ζ ri /V helps to estimate if outer fluid may enter the clean reservoir and to compare the propensity to fluid ingression of various seal designs:

If ζ ro /V > 1 outer fluid can be expected to be found in the clean reservoir of fluid to seal;

If ζ ro /V > 0.5 and ζ ri /V > 0.5 outer fluid can be expected to be found in the clean reservoir of fluid to seal;

The higher ζ ro /V is, the more distance does the outer fluid travel in the sealing dam.

Note than the volume travelled by the fluid using ζ r0 , ζ ri are based on mass flow computations and it does not take into account effects such as: varying speed of the water front in the direction of the film thickness (e.g. parabolic Poisseuille profile), mixing of water and oil, and circumferential variation. Note that as water enters the seal, the rheology of the fluid in the sealing dam changes which in turns changes the system response. This effect is not taken into account by the current state of the model.

ζ ri /V (t) and -ζ r0 /V (t) are displayed at the bottom of figure 5.21 (signs are chosen to match the convention: positive as leaving the seal, negative entering). One sees that, according to the above computation, the outer fluid travels the equivalent of 3.1% of the total film volume during the pressure inversion. Such a value is very small and supports the observation that no, or extremely limited amount of water, enters the face seal holder as a sole consequence of the pulses. Although the pressure reverses and the fluid at the outer radius temporarily enters the face seal, the duration of the pressure inversion is so short that the outer fluid does not travel more than a few percent of the total film volume. Given that the film volume is on the order of 2.87 • 10 -10 m 3 , a flow of 2.3 • 10 -10 m 3 /s (corresponding to the average flow during pressure inversion) would need to be sustained for 1.2 seconds to have all of the oil in the sealing dam replaced by water.

The amount of fluid leaving the sealing dam at the inner radius is also very small, and indicates an extremely limited amount of water entry. In complement to the above results, the simulation indicates an average oil leakage of 0.137 cm 3 /hr with pulses for the run-in face seal with a Sq of 0.21 µm. Over a period of 144 hours, this gives 19.7 cm 3 which is below the experimental measurements of 46 -66 cm 3 or 0.32 -046 cm 3 /hr. This may indicate that a supplementary effect such as face misalignment or waviness should be included. These effects are studied in section 5.4 and 5.5 respectively.

Impact of the surface wear

As mentioned in section 5.2.1, the face seal topography measurements indicate that the standard deviation of the surface roughness, Sq, varies from 0.623 µm for a new seal to 0.18 -0.25 µm for a run-in seal, with 0.21 µm selected as the representative value. This section presents the results of the same simulation with pulses as presented in the preceding section with various values of Sq. The thermal effects are emulated by prescribing a initial coning corresponding to film thermo-mechanical deformations and by selecting the film physical properties corresponding to the average film temperature. Table 5.16 presents the density, viscosity and coning angle used for the simulations with emulated thermal effects. 5.22, 5.23, 5.24 show the impact of the surface wear, expressed in terms of Sq, on the minimum film thickness, leakage, percentage of fluid travelled at the outer radius ζ ro /V , and maximum contact pressure. One sees from figure 5.22 that the minimum film thickness increases with Sq. This was already observed in the parametric study in section 5.2.1. The film thickness is higher with higher Sq due to the higher asperities. The maximum contact pressure is lower for increasing Sq because a more uniform contact pressure distribution is obtained in this case (thus reducing the maximum pressure). Figure 5.23 shows that the percentage of volume travelled by the external fluid during the pulses is higher when the Sq is higher. This is due to the higher film thickness which increases the mass flow. The higher film thickness also increases the leakage as shown on figure 5.24.

The fact that the outer fluid travels more distance with a new seal is coherent with the experimental measurements, which indicates a higher increase of water with a new face seal.

Conclusions from the study of pressure pulses

This section presented an experimental and numerical study of the impact of pressure pulses and pressure inversion on the face seal of interest. As shown by the experimental results, when a new face seal with 1.0 bar over pressure is subject to pulses of ±3.55 bar at 12 Hz:

The pulses increase the amount of water content in the oil by +0.22% to +0.24% (tests 4 and 5) which is 0.11% to 0.19% more than when there are no pulses (+0.05% to +0.11% without pulses, tests 2 and 3);

The increase of water content in oil, with or without pulses, is the same with tests of 12 or 144 hours. By generalising, the increase of water content does not vary with time after a minimum of 12 h.

The water entry is larger with a new face seal operating under pulses and does not increase proportionally with time. This can be explained by the fact that water enters only when the seal in not run-in, as it has a higher film thickness. When the surfaces are run-in, the film thickness is lower and does not allow water to enter. This is supported by the simulation results done for face seals with various levels of wear, characterised by the Sq of the face (see figure 5.22). When considering a new face seal, typically Sq = 0.623 µm, the outer fluid travels 10% of the film volume compared to 3.3% for a run-in seal of Sq = 0.21 µm.

The volume loss predicted by the simulation over a period of 144 h is of 19.7 cm 3 which is lower than the 46 -66 cm 3 measured for test 5. Supplementary effects such as face misalignment or face waviness may have to be included in the simulations and are investigated in the subsequent sections.

The new face seals also have lower maximum contact pressure. This can be understood by looking at the contact equation (equation 4 in section 2.2.4) and observing the variation of contact pressure as a function of both Sq and Sq/h.

Effect of rotor misalignment

This section presents the results of a study of the impact of rotor misalignment on the performance of the face seal. The points of particular interest, in line with the industrial motivations, are the fluid inflows and the effect of surface wear. The misalignment was created by placing a washer of known surface angle at the back of the rotor face seal. A washer of thickness variation of 0.1 mm was used. With a diameter of 28.5 mm, the resulting misalignment is 3.5 mrad (= 0.017 degrees).

The investigation is based on experimental results and numerical simulations. The experimental results consisting of all available data are presented and analysed first with the aim of showing the impact of rotor misalignment. Secondly, simulations of face seals with various rotor misalignments will be presented to gain a better understanding of the main mechanisms influencing the water entry and wear. Then the face seal tested with 3.5 mrad rotor misalignment was simulated and the correlation between the numerical and experimental results will be discussed. Lastly, the main experimental findings will be summarised in light of the numerical observations and analysis.

Experimental results with rotor misalignment and pressure pulses

Table 5.17 shows the results of the second set of tests performed, following the procedure described in section 4.4, and with a rotor misaligned by 3.5 mrad As can be seen, the amount of water-in-oil content was measured before and after the test and with the calcium hydride test and/or the Karl Fisher titration (see section 4.2.3). Due to its higher reliability and precision, the results of the Karl Fisher method are those used for the analysis in preference to those obtained with the calcium hydride test. The end value of test 6 is an exception, since the value obtained with Karl Fisher is not consistent with the initial value. For the end of test 6, the value of water in oil obtained with the calcium hydride test is employed. A circle • indicates that no value is available.

The initial water content of test 6 is 0.60%. The initial value is high due to the presence of water in the face seal holder, which was difficult to completely remove. The end value 0.95% indicates a net increase of water content with pulses and misaligned rotor of +0.35%. This increase can be compared with the results of test 7, which indicates a net increase of water content, without pulses, and with misaligned rotor, of 0.26% (based on 0.14% initial value and 0.4% end-value). Eventually, test 8 of 68 hours with pulses and misaligned rotor indicates a water increase of 0.27% (based on 0.28% initial value and 0.55% end-value). These values obtained with misalignment are compared to the value without misalignment of test 4. As discussed in section 5.3, the initial value of water-in-oil is considered to be 0.08%, with end values of 0.32 % and 0.3 %, the water-in-oil increase is between 0.22% and 0.24%.

Based on these results, summarised in table 5.18, and those of section 5.3, the following observations can be made:

1. With a misaligned rotor, regardless of the pulses, the increase of water content is 0.26 to 0.35%, which is superior to the amount measured without misalignments (+0.05% to +0.11% without pulses; +0.22% to +0.24% with pulses).

2. For two tests with misalignment, the pulses increase the water-in-oil content between +0.27 to +0.35% (tests 6 and 8) which is close to the 0.26% increase for the same test condition without pulses (test 7).

The pulses may therefore make only limited contributions to the total water entry. The numerical model developed was used to simulate the above experiments, and will be used to help analyse the results in the next section.

Simulations with a misaligned rotor

This section presents simulations done with a misaligned rotor and without pressure pulses. The objective is to gain an understanding of the effect of misalignment alone. The face seal was simulated with rotor misalignment and with pressure pulses; the results will be in the next section.

Presentation

The parameters are the same as the reference configuration with the supplementary dynamic parameters shown in table 5.19. The two parameters used to characterise the stability of misaligned face seals are the relative misalignment and the phase angle. Figure 5.25 presents a schematic of a face seal to illustrate the phase angle and face misalignments. The rotor and stator misalignments χ r , and χ s are the angle between the axis of rotation of the shaft and of the face. The relative misalignment is defined as

Relative misalignment = (χ x1 -χ x2 ) 2 + (χ y1 -χ y2 ) 2
( 5.4.1) with χ x1 , χ y1 the projection of χ r on the fixed reference frame (respectively χ x2 , χ y2 for the stator). When the relative misalignment increases the minimum film thickness decreases and the maximum film thickness increases. The phase angle is shown in figure 5.25. It characterises the alignment of the two faces. Simulations were performed with rotor misalignments χ r of 1, 3 and 5 mrad, which correspond to 0.028, 0.086 and 0.14 mm of washer thickness variation. The simulations were iso-thermal and the thermo-mechanical deformations were emulated by prescribing an initial coning and the physical properties at a computed average film temperature of 88 • C as discussed in section 5.2.4. This simplification significantly reduces the computational time, while allowing the observation of the impacts of the misalignment. As a starting point, the simulations were done without pressure pulses.

The impact of the rotor misalignment on the leakage and torque is shown on Figure 5.26 and on the relative misalignment and phase angle in figure 5.27. One sees that the leakage and torque are only negligibly affected by the rotor misalignment. The reason is that the relative misalignment and phase angle are both very small, which indicates that the faces follow each other well. The seal misalignment is visible in the left picture (D1, D2, D3) from the area of lower film thickness (blue area) and area of higher film thickness (red area). Observed from the fixed reference frame, these zones change position over time as the seal rotates. The minimum film thickness is 0.986 µm and maximum 1.10 µm. The fluid pressure (E1, E2, E3) features an area of higher pressure (red area) and lower pressure (blue area). The overall pressure is a combination of the hydrodynamic pressure created by the converging-diverging gap and squeeze/stretching effect due to the displacement of the area of smaller/higher film thickness. The minimum fluid pressure is 97.3 bar and the maximum 104 bar (The offset pressure is 100 bar). The contact pressure (F1, F2, F3 on the right) is high where the film is the smallest and lower where the film thickness is higher.

The minimum contact pressure is 3.13 bar and the maximum 9.38 bar.

The areas of lower and higher fluid pressure indicate a strong variation of the flow depending on the circumferential position. The area of lower pressure pumps fluid from both radii to the seal dam while the area of higher pressure pushes the fluid of the sealing dam to exit. These flows are not seen in figure 5.26 as only the net mass flow are depicted.

Mass flows and outer fluid entry The top figure shows the amount of flow leaving and entering the seal at the outer radius and the lower picture the amount of flow leaving and entering the seal at the inner radius. With no misalignment, there is only fluid leaving at the outer radius and entering at the inner radius. As the misalignment increases, the amount of both leaving and entering flows increase but the difference (net flow in black) is constant. With a rotor misalignment of 3 mrad, the flows leaving and entering at the outer and inner radius are respectively 2.8 to 5 times the net flow. With a rotor misalignment of 5 mrad, the flows leaving and entering at the outer and inner radius are respectively 5 to 8 times the net flow. This shows that, although the misalignment does not affect the net flow, it does lead to significant flow exchanges. Note that no large amount of water is expected to reach the inner radius. The reason is that the areas of outer radius inflow are facing areas of inner radius inflow as well (see right half of E1 in figure 5.28 for instance). The misalignment nevertheless promotes the entry of outer fluid into the contact. This is consistent with the experimental results.

Impact on the surface wear

The contact pressure in relation with wear is now considered in more detail. Note that for the stator the material area of highest contact pressure changes as the seal rotates; one can thus expect a comparable wear at all circumferential positions. In constrast, the material area of the rotor with the highest contact pressure is always the same. To gain insight into the impact of the misalignment on the seal wear, figure 5.30 shows the maximum contact pressure as a function of the rotor misalignment. The maximum contact pressure varies from 8.25 to 10.75 bar when the misalignment is varied from 0 to 5 mrad. The increase of maximum contact pressure is directly due to the decrease of minimum film thickness observed with the misalignment. Given the higher maximum contact pressure with misalignments, more wear can be expected with misaligned face seals.

The next section presents the results of the same simulations with pressure pulses added.

Simulation with a rotor misalignment of 3.5 mrad and pressure pulses

The impact of rotor misalignment has been detailed in the previous section. This section presents the results of a simulation done with the same conditions as during the experimental tests. The rotor has a misalignment of 3.5 mrad and the pressure pulses prescribed are

p i = p back pressure + p φ p o (t) = p back pressure + p difference • sin(2 • π • f • t) (5.4.2)
With p back pressure a back pressure of 100 bar and p φ a compensation bellow pre-load of 1.0 bar and p difference = 3.55 bar. The thermal effects were emulated by prescribing an initial coning and considering the physical properties at the computed average film temperature of 88 • C as discussed in section 5.2.4.

Figure 5.31 shows the variation of mass entering and leaving at both radii, the percentage of fluid volume travelled, the minimum film thickness, and maximum contact pressure. One sees that the pressure pulses induce a strong variation of the flow entering, leaving, and net, at each radii.

The minimum film thickness and maximum contact pressure also vary as a result of the pressure pulses.

These simulation results can be compared to those without misalignment and without pressure pulses. Table 5.20 shows the variation of the percentage of fluid volume travelled at the outer radius as a means to evaluate the water entry. As detailed in appendix A.10, this variable is based on a circumferential average of the mass flow; it should therefore only be considered as qualitative information to estimate water ingression. Table 5.21 shows the variation of the maximum contact pressure as a means to evaluate the impact on wear. Note that for the cases with misalignment, the wear is expected to be equally distributed on the stator but localised on the higher spot for the rotor. The misalignment leads to water inflow localised in a circumferential position facing the area of low pressure in the seal. Based on the circumferential average of the mass flow, the misalignment only slightly increases the water inflow. This is in line with the experimental results, see table 5.18. The misalignment increases the maximum contact pressure, so that more wear can be expected.

Conclusions from the study of the face seal with rotor misalignment

This section presented the results of an experimental and numerical study of a face seal with a misaligned rotor. As shown by the experimental results:

With a rotor misalignment of 3.5 mrad, regardless of the pulses, the increase of water content is from 0.26 to 0.35%, which is higher than the amount measured without misalignment (+0.05% to +0.11% without pulses; +0.22% to +0.24% with pulses).

For the two tests with misalignment, the pulses increase the water-in-oil content by between +0.27 to +0.35% (tests 6 and 8) which is close to the 0.26% increase for the same test conditions without pulses (test 7). The pulses may therefore only make a limited contribution to the total water entry.

According to the simulations, the overall seal performance -net leakage and torque -is unaffected by the misalignment even when of large values. This is explained by the good tracking ability (relative misalignment, phase angle) of the face seal tested. The misalignment squeezes and stretches the film, creating areas of low and high pressure in the seal region. These areas rotate over time and generate an inflow and outflow which can be up to 8 times the net flow.

The maximum contact pressure varies from 8.25 to 10.75 bar when the misalignment is varied from 0 to 5 mrad. The stator wear is expected to be equally distributed at the inner radius while the rotor wear is located at the misalignment. This will ultimately create a circumferential defect in the rotor.

Effect of waviness

This section presents the study of the surface waviness on the performance of the face seal. The motivations are twofold. First, the face seals tested have waviness and it is desired to investigate whether this may explain the water entry. Secondly, a face seal prototype with strong waviness was available and suspected to permit significant leakage and water ingression. The expected high quantitative values are useful for model validation.

The investigation is based on experimental results and numerical simulations. The experimental results on the wavy face seal prototype will be presented and analysed first with the aim of showing the impact of the waviness. Secondly, the reference face seal was simulated to gain an understanding of the mechanisms associated with waviness. The impact of waviness on leakage, water entry and wear is highlighted. Then, the face seal prototype of significant waviness was simulated with the objective of comparing the model predictions to the experimental results. Finally, the main experimental findings will be summarised in light of the numerical observations and analysis.

Experimental results for the wavy face seal prototype under pressure pulses

Wavy diamond face seal prototype

The face seal prototype is a tabled diamond face seal. Figure 5.32 shows the surface of the rotor (left) and stator (right) of the face seal prototype. The rotor face seal has a waviness amplitude of 5.47 µm (or 10.85 µm peak-to-peak); the stator face seal has a waviness amplitude of 3.5 µm (or 7.0 µm peak-to-peak). The surface height variation is modelled by

h s (θ) = A w,s • cos(2θ) (5.5.1)
with the subscript s referring to the stator, A w is the waviness amplitude, which is of 5.47 µm for the rotor and 3.5 µm for the stator. Note that the values of the waviness defect of the prototype are extremely far from the standard surface defect for a face seal. It is typically recommend to have a flatness defect lower that 2 helium light bands (0.6 µm). The main reason for the poor waviness is the difficulty of improving waviness of diamond parts. The diamond face seal can thus not be used in applications but only as an exploratory testing prototype. This face seal was tested on the industrial test setup.

Test results for the wavy diamond face seal prototype Table 5.22 shows the test conditions and results of the experiments with the face seal prototype with waviness shown in figure 5.32. The test procedure is described in section 4.4. Test 12 with a duration of 5 hours, with pulses, also indicates an average water content increase close to +1% per hour (1.1% strictly speaking), which is 10 times greater than without pulses. The oil loss is of about 390 cm 3 , that is, 78 cm 3 /hr.

The main observations on the third set of test with wavy face seal are summarised below and in table 5.23:

1. The water content in the face seal holder increases by 1.0% to 1.1% every hour with pulses, versus 0.1% without pulses.

2. The oil leakage is between 78 to 126 cm 3 per hour when operating at 80 • C and 3500 rpm.

Table 5.23: Experimental average increase of water in oil content per hour for the wavy diamond face seal prototype.

With pulses

Without pulses 1.0 -1.1 cm 3 /hr 0.1 cm 3 /hr It is clear that for a wavy face seal the pulses have a strong impact on the amount of outer flow ingression. The numerical model developed will be used to simulate the above experiments and helps to analyse the results in the next section.

Simulation of the reference face seal with consideration of waviness

The reference face seal has some waviness and it is desirable to investigate whether this defect can lead to water entry. As the first step, the reference face seal was simulated without pulses to gain an understanding of the impact of the waviness by itself. Considering waviness on both faces, the film thickness is modelled as

h(θ) = A w,s • cos(2 • θ) + A w,r • cos(2 • (θ -θ r )) (5.5.2)
with A w,s , A w,r the amplitudes of the stator and rotor waviness and θ r the angular position of the rotor face. Based on measurements, A w,s = 0.4 µm and A w,r = 0.5 µm.

The simulation was performed with thermal effects to have more precision. The simulation was done for 0.06 s, which corresponds to 3.5 rotations. The time step was of 2.083 • 10 -4 s so as to have 4.375 angular degrees per time step. Note that the thermo-mechanical deformations are only axi-symmetrical and are based on a circumferential average of the viscous and dry heat generation. There are therefore no local 3D deformations at the lobe level, for instance. The system was set at thermal equilibrium in the initial state. One sees that, as the simulation starts, the lobes of the rotor face the lobes of the stator (black and blue curve). This configuration results in a large variation of the film thickness over the circumference. In this lobe-lobe/valley-valley configuration, the average film thickness is the highest. After a rotor rotation of 45 degree, or 1/8 of a turn, the rotor lobes are between the lobes and valleys of the stator (green curve). After another rotor rotation of 45 degree (1/4 of a turn in total) the rotor lobes face the stator valleys (red curve), which is a lobe-valley configuration. In this configuration, the film thickness is the most homogeneous over the circumference and the average film thickness the lowest. Figure 5.36 shows the evolution of the mass flow, film thickness, and maximum contact force as the face seal rotates. In parallel, figure 5.37 shows the distributions of the film thickness, fluid pressure, and contact pressure over time. One sees from figure 5.36 that the flows, film thicknesses, and maximum contact pressure vary periodically, each two periods correspond to a rotor turn (3.5 rotations in total). The time instants with the highest average film thickness and lowest minimum film thickness correspond to configurations where the rotor lobes face stator lobes, as shown on I1, J1, K1 of figure 5.37. The contact pressure is maximum and is located at the inner radius.

As the rotor rotates, the lobes move to the stator valley (time 8.75 ms to 12.917 ms). The average film thickness diminishes, the minimum film thickness increases, and maximum contact pressure diminishes. As can be seen from the top graph of figure 5.36, this phase is associated with positive mass flow, that is, fluid leaving at both radii. As seen in J2 from figure 5.37, areas of higher and lower pressure exist at the same time in the film. The subsequent configuration depicted in J3 is a lobe-valley. In this case the average film thickness is minimum, the minimum film thickness maximum, the maximum contact pressure minimum, and the fluid stops leaving. The system moves then from a lobe-valley to lobe-lobe configuration during which the average film thickness increases, minimum film thickness decreases, maximum contact pressure increases. The mass flows are negative, indicating that the fluid enters the seal at both radii during this phase.

The rotor lobes are then facing the stator lobes, as in the initial configuration. Overall, the instantaneous mass flows vary between 17 to -16 • 10 -6 kg/s. Figure 5.36 also shows that the maximum contact pressure varies significantly, from 50 bar in lobe-lobe configuration to 0 bar in lobe-valley configuration.

The next sections will investigate the impact of the waviness on the mass flow and wear through the maximum contact pressure in more detail.

Mass flows variations

As shown in figure 5.38 below, the net flows at each radius are composed of inflows and outflows varying in time. This is due to the complex pressure profile depicted in figure 5.37. The inflows take place at the circumferential positions facing areas of low pressure in the film and the outflows at the circumferential positions facing areas of high pressure in the film. The variables ζ ro , ζ ri , corresponding to the volume of fluid entering at the outer radius and exiting at the inner radius expressed as percentages of total fluid volume are also depicted in figure 5.38. These variables are defined in appendix A.10. They give information about the undesired amount of water inflow at the outer radius and sealing fluid outflow at the inner radius. Note that these variables only provide qualitative information about the water ingression. One sees that the outer fluid travels ca. 10% of the total fluid volume. This indicates that some water may enter the seal.

Further, the simulation indicates an average leakage of oil of 0.6 cm 3 /hr. This value is in the range of the experimental measurements, as test 5 indicates a leakage of 0.32 to 0.46 cm 3 /hr. The actual waviness of the seal used for test 5 may be lower that the values used for the simulation and the pulses may also contribute to the lower overall leakage measured.

The same simulations were performed with various values of the surface defect, so as to evaluate the impact on performance. These simulations were iso-thermal. The thermal effects were emulated by prescribing an initial coning corresponding to the film's thermo-mechanical deformations and by selecting the film's physical properties to correspond to those of the average film temperature. Table 5.24 presents the density, viscosity and coning angle used for the simulations with emulated thermal effects. The values of waviness are selected to have a constant ratio of 0.8 between the stator and rotor waviness amplitude. The flatness of the face seals tested are : no waviness; rotor 0.3 µm and stator 0.35 µm, that is 0.325 µm average waviness ; rotor 0.4 µm and stator 0.5 µm, that is 0.45 µm average waviness ; rotor 0.7 µm and stator 0.875 µm, that is 0.788 µm average waviness; rotor 1.0 µm and stator 1.2 µm, that is 1.1 µm average waviness. The leakage of the case without flatness defect is 0.137 cm 3 /hr (reference case). The leakage increases with increasing flatness defect and reaches up to 3.1 cm 3 /hr with the maximum flatness defect simulated. One sees that the leakage measured for test 5 would correspond to a seal with an average waviness of around 0.325 µm. As shown in section 5.5.3, simulations performed on the reference face seal with waviness and pulses show a slightly lower leakage, which makes the simulation closer to the experimental measurement for a given waviness.

The water entry increases when the flatness defect increases and reaches 18.7% with the maximum flatness defect simulated.

Discussion of the contributions to leakage for wavy face seals

As shown in figure 5.39, an increase of the average flatness defect increases the average leakage. It is here desired to investigate the effects contributing to the leakage increase. For face seals with parallel faces, the leakage is proportional to the cube of the average film thickness. One sees from the trends that the leakage increases proportionally to the cube of the average film thickness for the wavy and non-wavy face seals. This leakage increase is approximately twice as important for wavy faces than for non wavy faces. This indicates that the added leakage is due to the complex dynamical effects of the waviness.

Impact on wear

As shown in pictures K1 to K4 in figure 5.37, the maximum contact pressure is localised at the inner radius during lobe-lobe contact. This indicates that wear preferentially takes place at the lobe level, which will wear out over time. Figure 5.42 below shows the impact of the flatness defect on the maximum contact force (the results are from the simulations of section 5.5.2 with emulated thermo-mechanical deformations). One sees that the maximum contact pressure increases when the flatness defect is smaller. The reason is that there is more fluid pressure generated in the contact, allowing higher faces separation.

The next section presents the results of a simulation of the reference face seal with waviness and with pressure pulses.

Simulation of the reference face seal with waviness and with pressure pulses

The reference face seal with a waviness defect of 0.4 µm for the stator and 0.5 µm for the rotor was simulated with pressure pulses. The simulation was iso-thermal, the initial coning and physical parameters were those of table 5.24. The pressures are The pressure pulses have only a negligible impact on the mass flows. The percentage of fluid volume travelled, minimum film thickness and maximum contact pressure are slightly affected by the pressure pulses. The maximum amount of outer fluid inflow is increased from 10 to 13%, and the maximum contact pressure from 56 to 62 bar. Further, the average leakage is 0.55 cm 3 /hr, which is lower than the 0.61 cm 3 /hr estimated without pulses. Overall, the simulation indicates that the pressure pulses have a limited impact on the performance of the reference face seal when an average waviness of 0.45 µm is considered.

p i = p back pressure + p φ p o (t) = p back pressure + p difference • sin(2 • π • f • t) ( 5 
The next section presents the third part of the simulations on wavy face seals, which was performed on the face seal prototype of waviness +5.47 µm for the rotor and +3.5 µm for the stator.

Simulation of the wavy face seal prototype

The results and analysis of the tests with the wavy, tabled diamond face seal prototype were presented in table 5.22 of section 5.5.1. The present section presents the simulations done on the wavy face seal prototype. The properties of the face seal are given in table 5.25. The pulses considered are: 5.5.4) With p back pressure a back pressure of 100 bar and p φ a compensation bellow pre-load of 1.0 bar and p difference of 3.55 bar.

p i = p back pressure + p φ p o (t) = p back pressure + p difference • sin(2 • π • f • t) ( 
The simulation was done with thermal-mechanical deformations. These are only axi-symmetrical and were based on circumferential average of the viscous and dry heat generation. The net flows vary between -350 • 10 -6 kg/s to 350 • 10 -6 kg/s, which is more than an order of magnitude of the values of the reference face seal (see figure 5.36). The maximum outer radius inflow increases from 288 • 10 -6 kg/s to 372 • 10 -6 kg/s due to the pulses. Similarly the maximum inner radius outflow changes from from 258 • 10 -6 kg/s to 370 • 10 -6 kg/s with the pulses. The change of outer fluid entry is also depicted by the fourth graph which indicates that, from the net mass flow, the outer fluid travels 150 % of the total film volume. Based on this estimation, outer fluid ingression can be expected. Comparatively, the outer fluid travels 26 % of the film volume when there are no pulses. These estimations are coherent with the experimental results, which indicate significant water entry, 1.1 %/hr, with pulses on that face seal; but limited without pulses 0.1 %/hr. The pressure pulses also increase the maximum contact pressure so that more wear can be expected.

Further, the simulation indicates an average leakage of 109 cm 3 /hr at 80 • C. Similarly the same simulation at 30 • C estimates an average leakage of 23 cm 3 /hr. These values are close to the experimental measurements, tests 9 and 11, as indicated in table 5.26 below. This section presented the results of an the experimental and numerical study of the impact of face waviness.

A face seal with waviness of 5.47 µm for the rotor and 3.5 µm for the stator was tested on the setup. The main experimental results are:

1. The pulses have a significant impact on the outer fluid ingression: an average increase of water of 1.0% to 1.1% per hour was measured with pulses, an average increase of water of 0.1% per hour was measured without pulses.

2. The oil leakage is between 78 to 126 cm 3 per hour when operating at 80 • C and 3500 rpm.

The simulation allowed to highlight a significant film squeeze and stretching effect due to the rotation of the wavy surfaces. Such effects lead to inflows and outflows at both radii. The following analysis can be made:

The surface waviness, which always exists to some extent, increases the leakage significantly. For the reference face seal, the leakage increases from 0.137 cm 3 /hr with no waviness to 3.1 cm 3 /hr with a rotor waviness of 1.0 µm and stator waviness of 1.2 µm. The volume loss measured for test 5 of 144 h correspond to the value predicted for a face seal of waviness of 0.325 µm which is close to the measured waviness.

Based on instantaneous circumferential average mass flows, the wavy face seal prototype is expected to show water ingression under pulses. This observation is in line with the experimental measurements.

The simulation indicates a leakage of 109 cm 3 /hr at 80 • C and of 23 cm 3 /hr at 30 • C for the face seal prototype, which is close to the measured values of 78 ± 2 -126 ± 3 cm 3 /hr at 80 • C and 68 ± 10 cm 3 /hr at 30 • C.

The addition of a transport equation for the outer fluid should be considered as this would allow better estimating the outer fluid ingression and making quantitative comparisons.

5.6 Summary of the main results of the studies and conclusion

Summary of the main results

This chapter presented the results of the studies carried out with the test setup and numerical model on a selected face seal. In line with the industrial motivations, the main focus of the studies has been to investigate the performance in terms of outer fluid entry and wear through contact pressure when the face seal operate under pressure pulses, with rotor misalignment, and with waviness. The key points presented have been:

Based on a reference configuration, the parametric study allowed to identify the following sensitivities to key inputs: a low (+/ -5 %) impact of the convection coefficient and surface roughness correlation length on the performance, a large (+/ -50 %) impact of the friction coefficient on the torque, and a large (+/ -50 %) impact of the surface roughness standard deviation Sq on the leakage.

Based on a reference configuration, the parametric study allowed to identify the following sensitivities to key operating conditions: extreme (+600 %) impact of an increase of operating temperature 80 • C to 200 • C on the leakage and a large reduction (-30 %) of torque, an impact (+/ -10 %) of the rotational speed on the leakage and torque, and a significant (+/ -30 %) impact of the closing force on the torque.

Experimental tests on a face seal subjected to pressure pulses showed that -The pressure pulses increase the amount of water content to +0.22% to +0.24% (tests 4 and 5), which is 0.11% to 0.19% more than when there are no pulses (+0.05% to +0.11% without pulses, tests 2 and 3).

-The increase of water content with or without pulses is the same with tests of 12 or 144 hours. Thanks to the run-in of the surface, which occurs within the first 12 hours, the increase of water content is limited.

The predictions of the simulations are coherent with the experimental results as a higher propensity to outer fluid entry is obtained with new face seal and only limited water entry is observed.

Experimental tests on a face seal with a rotor of 3.5 mrad misalignment subjected to pressure pulses showed that -With a misaligned rotor, regardless of the pulses, the increase of water content is 0.26% to 0.35% which is higher than the amount measured without misalignment (+0.05% to +0.11% without pulses; +0.22% to +0.24% with pulses).

-For the two tests with misalignment, the pulses increase the water-in-oil content between +0.27% to +0.35% (tests 6 and 8) which is close to the 0.26% increase for the same test conditions without pulses (test 7). The pulses may therefore only make a limited contribution to the total water entry.

The main experimental results with pressure pulses and misalignments are summarised in table 5.27. The simulations indicate no impact on global performance even with a rotor misalignment of 5 mrad.

Although the average flows with misalignment equal the value without misalignment, large inflows and outflows are observed at both radius as a consequence of the misalignment. This correlates with some increase of water entry observed experimentally.

Experimental tests on a diamond face seal prototype of waviness 5.47 µm on the rotor and 3.5 µm on the stator showed that:

-The water content in the face seal holder increases by 1.0% to 1.1% every hour with pulses versus 0.1% without pulses.

-The oil leakage is between 78 to 126 cm 3 per hour when operating at 80 • C and 3500 rpm.

The main experimental results on the wavy diamond face seal prototype are summarised in tables 5.28 and 5.29. The simulations indicate strong inflows and outflows at both radii for the face seal with waviness. The net leakage was increased when waviness is considered. The model also predicts a leakage on the same order of magnitude as the experimental measurements. This chapter presented the results of the experimental and numerical studies carried out on a selected face seal. In line with the industrial motivations, the main focus of the studies was to investigate the performance in terms of outer fluid entry, oil leakage, and wear through contact pressure when the face seal operates under pressure pulses, with rotor misalignment, and with face waviness.

The pressure pulses lead to pressure inversions which may promote water entry. In nominal conditions, only a slight increase of the water-in-oil content and only for new face seals was observed. There was no measurable increase of water-in-oil content over time for run-in face seals. When the rotor is misaligned, a slight increase of the water-in-oil content is observed but also without measurable increase over time. The face had no outer fluid ingression greater than 0.5% when operating with pulses and with rotor misalignment. The contact pressure is also increased by the pressure pulses and misalignment so that more wear can be expected as a result of these effects. Overall, based on the results of all the studies the face seal tested has excellent performance characterised by a negligible leakage and no visible wear after run-in even when operating under pressure pulses, pressure inversion, and with a large rotor misalignment. These experimental observations are supported by analysis of numerical simulations.

Simulations performed on the face seal with waviness showed increased leakage, outer fluid entry, and higher localised maximum contact pressure. The variations observed in simulations with wavy face seals were higher than those with the simulations with pressure pulses or misalignment. The increase of leakage is not only due to the increase of average film thickness but also to the complex dynamical effects of the waviness. The waviness appears to impact more the amount of water entry than do the pulses or misalignment. It is possible that the values of water-in-oil measured and attributed to pressure pulses or misalignments have a substantial contribution from waviness.

These findings were confirmed by tests and simulations performed on a highly wavy seal. This experimental prototype showed outer fluid ingression (+1% per hour) and leakage (78 -126 cm 3 /hr) much above standard acceptable limits when operating under pressure pulses. The large quantitative values obtained allowed comparison with the model. The predictions of the numerical model are aligned with the experimental observations for the leakage and outer fluid entry.

Conclusion and outlook

Mechanical face seals are sealing devices used to seal rotating shafts in numerous applications. They operate under a variety of conditions, including, for the most severe, pressure pulses, pressure inversions, and with misalignments and waviness on their faces. These conditions are known to be detrimental for the performance and operating life of the face seals.

The inherent complexity of face seals calls for numerical models and experimental tests to improve their design.

The numerical models allow the rapid evaluation of numerous designs as well as a better understanding of the relative impact of the governing mechanisms. Experimental tests provide data for model validation and are used for qualifying prototypes.

The present thesis contributes to the overall goal of the improvement of the performance and reliability of face seals operating under severe and rapidly varying conditions. The main contributions of this thesis are: the development of a numerical model able to estimate the performance of misaligned and wavy face seals operating under pressure pulses;

the characterisation and instrumentation of an experimental setup able to test face seals under pressure pulses and pressure inversions and select methods to estimate their performance; the analysis of the performance of selected face seals operating under pressure pulses and with face misalignment and waviness.

The literature review in the first part of this thesis showed that the misalignments, unsteady thermal effects, and waviness have a strong impact on face seal performance. Regarding misalignment, the experimental and numerical studies highlighted stable, unstable and transitional operating modes. Some of the models rely on narrow face seal assumptions, whilst others are limited to face seals operating in dynamic tracking mode.

There is no model with the capability of predicting the performance of a non-narrow, contacting, misaligned face seal under varying conditions. Thermal effects have also been widely studied. They are essential for correctly predicting the fluid viscosity and interface geometry and therefore overall performance. The previous research on waviness has treated this face circumferential variation either as a face defect, or as a deliberate engineered pattern used to enhance the performance for certain applications. There are no publications which consider that both faces have waviness, although this is expected in practice. Further, there appears to be no study of face seals subject to pressure inversion.

Based on the analysis of the literature, a numerical model for face seal capturing the misalignment, waviness, and effect of pressure pulses was developed. This model contributes to this field of research in that (i) it can capture the effect of misalignment on contacting face seals including non-narrow face seals, and (ii) waviness on both faces can be included. The model relies on the solution of the unsteady Reynolds equation and an analytical contact model. These modules are iteratively coupled to a non-linear solver predicting the relative axial and angular position of the two faces. A thermo-mechanical deformation module is also present. The finite element method is used for the space discretisation. A Newton-Raphson method is used for solving the non-linear equations. The numerical model was successfully verified using published results, and validated by comparison to experimental data of film temperature.

The experimental part of the project was done on an industrial setup which allows testing face seals under pressure pulses and pressure inversions. Methods to measure the performance of the face seal in terms of the amount of outer fluid ingression and the variation of the volume of the oil reservoir were selected and implemented.

Using the validated setup and numerical model, the performance of face seals exhibiting misalignment and waviness and operating under pressure pulses was investigated. The performance was evaluated in terms of the outer fluid entry, oil leakage, and wear through contact pressure.

A.2 Derivation of the Reynolds equation

This appendix details the derivation of the Reynolds equation.

A.2.1 The Navier-Stokes equation

For simplicity, the interface of the face seal is considered to be two surfaces in relative motion, separated by a Newtonian fluid, as per figure A.2. The z-axis is perpendicular to the surfaces. Let M 1 and M 2 be two points on surface 1 and 2 with velocity components (U 1 , V 1 , W 1 ) and (U 2 , V 2 , W 2 ) expressed in the absolute or fixed reference frame. Let h 1 and h 2 be the z-position of each point. For any given position (x, y, z) in the film, the fluid motion is governed by the Navier-Stockes equation [START_REF] Candel | Mécanique des fluides[END_REF] ρ Here, u, v and w are the velocity (m/s) of the fluid in the x, y and z-direction respectively, p the pressure (Pa), ρ the density (kg/m 3 ), and µ the dynamic viscosity (Pa.s). The last equation indicates that the pressure is supposed constant along the film thickness. The two first equations are integrated to express the velocity as a function of the pressure gradient.

𝑦 𝑥 𝑧 M 2 M 1 h 1 h 2 W 2 U 2 V 2 W 1 V 1 U 1 L 1 

Substituting yields

Re

∂ ū ∂ t + ū ∂ ū ∂ x + v ∂ ū ∂ ȳ + w ∂ ū ∂ z = - ∂ p ∂ x + 2 ∂ 2 ū ∂ x2 + 2 ∂ 2 ū ∂ ȳ2 + ∂ 2 ū ∂ z2 (A.
Remark: For a high-speed, large, liquid face seal, the magnitude of the parameters are different and supplementary centrifugal inertia terms should be included, see e.g. [START_REF] Rouillon | Modelisation et caracterisation experimentale des etancheites faciales hydrodynamiques[END_REF] or [START_REF] Brunetière | Modelling of reverse flows in a mechanical seal[END_REF].

A.2.3 Velocity profiles

For simplicity, without losing generality, one sets h = h 2h 1 and h 1 = 0. Assuming constant pressure along the thickness, the integration of equation A. with C 1 and C 2 two integration constants determined by the boundary conditions. One assumes that the fluid adheres to the walls (i.e. the speed of the fluid at a wall equals the wall speed): u(z = h 1 = 0) = U 1 and u(z = h 2 ) = U 2 . Using these boundary conditions, the velocity becomes .2.15) in a similar fashion for v v(z) = 1 2µ

u(z) = 1 2µ ∂p ∂x z 2 + z U 2 -U 1 h - 1 2µ ∂p ∂x h + U 1 (A
∂p ∂y z 2 + z V 2 -V 1 h - 1 2µ ∂p ∂y h + V 1 (A.2.16)
The velocity equations are left in this form to ease the further integration. The form below is sometimes preferred to underline the contributions of the velocity profile .2.17) One sees that the velocity is the sum of two contributions:

v(z) = 1 2µ ∂p ∂y (z 2 -zh) + z V 2 -V 1 h + V 1 (A
A Poiseuille flow due to a pressure gradient ∂p/∂y. This effect leads to parabolic shape of the velocity profile(z 2 dependency)

A Couette flow due to wall velocities V 1 and V 2 . This effects leads to a linear shape of the velocity profile (z dependency)

A.2.4 Mass conservation

To proceed with the derivation, the mass conservation equation is integrated over the film thickness The next step is to use the Leibniz integration rule to take the space derivative out of the integral (see e.g. the 'general integration rule' of [START_REF] Hamrock | Fundamentals of Fluid Film Lubrication[END_REF]) One sees that increasing a or b increases the contact pressure for a given face distance.

A.3.2 Emergence of contact

One seeks h , that value of h for a contact pressure on the order of .3.4) One sets

p c = = E 8 π 8 S q 1 λ b 1.5 exp( 2a b - 2h bS q ) (A
Ω = E 8 π 8 (A.3.5)
Rearranging yields -bS q 2 ln Ω λ 1 S q 1 b 1.5 + aS q = h (A. 3.6) The Ω in the log is on the order of 10 9 due to the Young's modulus. The other terms considered, the argument of the log is < 1, the first term of the expression is thus positive. As such, the contact occurs earlier, i.e. for a higher film thickness if: h is on the order of 2 to 4 times S q , while a and b are on the order of unity. Therefore, the contact is stiffer if b is increased

S q is increased,
a is increased S q is increased λ is decreased Ω, that is, E is increased.
The argument in the exponential is close to 0, hence the exponential can be developed as a series to the first term 1.

A.3.4 Conclusion

For a surface of given S q and λ, the contact model: can be set stiffer by increasing b can be set to have an emerging contact for higher thickness, by increasing a (preferentially) or b

For two surface of different S q and λ, the contact model is stiffer and has an earlier emergence of contact for the surface with the higher S q and λ. One sees that the estimated relative misalignment increases when the number of nodes is increased and then tends to plateaus. The computational time is also increased when the number of nodes is increased. With 2626 nodes, 26 radial and 101 circumferential, the estimated relative tilt equals the one computed with 8241 to within 5% while the simulation takes roughly half the time. Consequently, 2626 nodes were used for the simulations. .5 shows the variation of the estimated relative misalignment as a function of the time step, or equivalently, the number of angular degrees covered by the rotor per iteration. The face seal considered is the reference face seal of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF]] at 1 MPa presented in section 3.1. One sees that both the relative tilt and phase angle tend to a value as the number of angular degrees covered by the rotor in one iteration is reduced. With 3.5 angular degrees per iteration the relative error is less than 3% for the relative misalignment and around 10% for the phase angle compared to the case with 0.1 angular degrees per iteration, which is acceptable.
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 2 Figure 2: Face seal.
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 3 Figure3: Engineering design workflow. Design proposals are rapidly evaluated using simulations with the objective of identifying the most promising candidates. These selected designs are tested and, if proved satisfactory, turned into operational prototypes. Otherwise, the experience is used to suggest improved designs. The numerical models, validated with test setups, and the test setups themselves are methods used during the design process.
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 1112 Figure 1.1: Schematic of a face seal[START_REF] Lebeck | Mechanical seal analysis. Encyclopedy of tribology[END_REF].
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 1314 Figure 1.3: Schematic of a face seal.
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 15 Figure 1.5: Forces applied to the flexibly mounted element of a face seal: closing forces left, opening forces right. Drawing adapted from [Mathes, 2002].
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 17 Figure 1.6: Outside pressurized mechanical face seal with B < 1.
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 1819 Figure1.8: Total torque over film thickness in number of Sq and for various friction coefficients using equations1.1.4 and 1.1.3. 
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 1 Figure 1.10: Stribeck curve showing the evolution of the overall seal friction coefficient as function of the duty parameter.
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 1 Figure 1.15: Surface configuration of the model of Greenwood and Williamson[START_REF] Greenwood | Contact of nominally flat surfaces[END_REF].
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 1 Figure 1.16: Surface sample used to determine the flow factors in[START_REF] Patir | An Average Flow Model for Determining Effects of Three-Dimensional Roughness on Partial Hydronamic Lubrication[END_REF].
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 21 Figure 2.1: Model building workflow.
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 22 Figure 2.2, repeated from section 1.1.3, presents the phenomena governing the behaviour of a face seal.Figure 2.3 presents the associated general governing equations along with their domains.
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 22 Figure 2.2: Phenomena governing face seal behaviour and their interactions.

Figure 2 . 3 :

 23 Figure 2.3: Equations to be solved on the stator domain, Ω s , film domain, Ω f , and rotor domain Ω r .
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 224 Figure 2.4: Schematic of a face seal, without misalignment (left), with misalignments χ r , χ s (right).
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 2526 Figure 2.5: Film thickness with parameters of table 2.1 and θ = 0.
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 22728 Figures 2.7 and 2.8 show the forces acting on a face seal.
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 229 Figure 2.9 shows a face seal with the flexibly mounted part misaligned with an angle χ y,2 .
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  external , M external,x and M external,y are for potential supplementary external forces and moments Box 2: Continuous axial and angular balance equations.
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 2 Figure 2.11: Surface configuration of the model of Greenwood and Williamson[START_REF] Greenwood | Contact of nominally flat surfaces[END_REF].

  1 and 0.4 < b < 1.2. Ayadi [2014] obtained a = 1.13 and b = 0.37 while Brunetière and Tournerie [2016a] propose a default value of a = 0.5 and b = 1.0. Based on several tests the parameters a = 0.5 and b = 1.0 are used in this thesis. Appendix A.3 presents a parametric study highlighting the impact of the variation of varying a and b.
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 2 Figure 2.12: Overview of the input/output relations of the governing equations. Thick arrows indicate outputs, thin arrows inputs. The variables in blue correspond to the performance of the face seal.

  Figure 2.14 shows the relative error, |χ numeric (t)χ exact (t)|/|max(χ exact )|, with respect to the analytical solution. The case presented has a time step of 0.01 • 2π.
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 2 Figure 2.13: Comparison of the acceleration predictions using implicit Euler second order, implicit Euler third order, and Newmark.
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 2 Figure 2.14: Comparative relative error of acceleration with implicit Euler second order, implicit Euler third order, and Newmark.

  3.51) with, for compactness, M x,0 = kχ x2,i and M j x (z, χ x , χ y ) = M film,x + M external,x
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 2 Figure 2.15: Workflow of the face seal numerical model.
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 3131 Figure 3.1: Schematic of a face seal showing the inner and outer radius, r i , r o , face centre distance C o , coning angle β and inner and outer pressures p i , p o .
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 3332 Figure 3.2 shows a comparison of the predicted relative misalignment for various radius ratios and figure 3.3 the associated relative error. The time step is 3.125 • 10 -5 s, corresponding to 3.58 angular degrees per iteration. There are 2626 nodes, 26 in the radial direction and 101 in the circumferential direction.
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 33 Figure 3.3: Relative error on relative misalignment predicted by the present model and the analytical model for various radius ratio.

  of their article); Variation of the face centre distance as a function of the pressure difference (fig. 4b of their article); Variation of the phase angle as a function of the rotational speed (fig. 3a of their article).
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 334 Figure 3.4 shows the variation of the phase angle for various pressure differences, the blue curve shows the results of the present model and the black dots the published values.
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 335 Figure 3.5 shows the variation of the face centre distance for various pressure differences; the blue curve shows the results of the present model and the black dots the published results.

Figure 3 .

 3 Figure 3.6 shows phase angle for various rotational speeds; the blue curve shows the results of the present model and the black dots the published values.

Figure 3 . 6 :

 36 Figure 3.6: Comparison of the phase angle as function of rotational speed. Results of the present model in blue, results published in[START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF] in black. The error bars correspond to the reading error.
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Figure 3 . 7 :

 37 Figure 3.7: Comparison of the face centre distance, minimum film thickness, and stator misalignment over time. The results of the present model are in full lines, the results published in[START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF], case 6, as dots. The error bars correspond to the reading error.

  h ctr , Present model h min , Present model h ctr , T. and F., 84 h min , T. and F.

Figure 3 .

 3 Figure 3.8: Comparison of the face centre distance, minimum film thickness, and stator misalignment over time. The results of the present model are in full lines; the results published in[START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF], case 8, as dots. The error bars correspond to the reading error.

  of the article) temperatures and associated fluid viscosities of (20 • C, 0.197 Pa.s); (40 • C, 0.08 Pa.s) ; (80 • C, 0.013 Pa.s) (corresponding to figure 4 of the article)
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 39 Figure 3.9: Comparison of the radial temperature increase for various rotational speeds.
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 3 Figure 3.10: Relative error on the radial temperature increase for various rotational speeds.
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 33 Figure 3.11: Comparison of the film thickness increase for various rotational speeds.
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 33 Figure 3.13: Comparison of the radial temperature increase for various surrounding temperatures and associated fluid viscosities.
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 33 Figure 3.15: Comparison of the film thickness for various surrounding temperatures and associated fluid viscosities.
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 3 Figure 3.17: Comparison of the temperature evolution predicted by the present model and the published results for various values of acceleration.

Figure 3 .

 3 Figure 3.18: Comparison of the evolution of the dissipated power predicted by the present model and the published results for various values of acceleration.

Figure 3 .

 3 Figure 3.19: Comparison of the radial temperature increase for various speeds for the face seal of[START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF]. Experimental results: lines. Predictions of the present model: dots.
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 42 Figure 4.2: Schematic of face seal holder.
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 443 Figure 4.3: Schematic of the face seal.
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 44 Figure 4.4: Insertion of a rod inside the bellows to measure its position and infer the oil volume.
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 45 Figure 4.5: Pressure sensor assembly. Left: view of the inner (top) and outer (bottom) pressure sensor assembly fitted on the face seal holder. Right: exploded view of the outer pressure sensor assembly.
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 46 Figure 4.6: Acoustic paths of the pressure pulses. Red dashed line: pulse reaching the outer seal radius; Blue dashed line: pulse reaching the inner seal radius.
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 47 Figure 4.7: Illustration of the differential pressure (black) resulting from delay of 1.57 ms between the inner and outer pressure (curve constructed using the equations of section 4.3.6).

Figure 4 . 8 :

 48 Figure 4.8: Measurement of inner and outer pressure during pressure pulses at ±15 bar, at 12 Hz (top graph) and resulting pressure difference (bottom graph). The inner and outer pressure signals are filtered with a low pass filter of cutting frequency 35 Hz.

Figure 4

 4 Figure 4.9: Measurements of inner and outer pressure during pressure pulses at ±15 bar, at 12 Hz and computation of instantaneous delay at each extremum (black dots). The dashed black line corresponds to the average delay.
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 55152 Figure 5.1 shows a model of the solids of the face seal tested on the setup. An axi-symmetric geometry is considered. Various surfaces are defined on the stator (left) and rotor (right) to prescribe the desired boundary conditions for the model. The schematic in figure 5.2 shows the surroundings of the face seal and helps visualise the boundaries of the model.Table 5.1 shows the boundaries considered and table 5.2 indicates the dimensions of the face seal.

Tables 5 .

 5 3 and 5.4 show the properties of the silicon carbide (SiC) material of the faces and of the oil lubricant at the reference temperature of 80 • C.
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 535455 Figure 5.3: Temperature increase (colour map) in the face seal at reference conditions with isotherms (lines) and deformations magnified 1000 times.

Figure 5 .

 5 Figure 5.6: Convection coefficient for oil, water and resulting face seal leakage and maximum fluid temperature increase for various correlations of convection coefficient.

Figure 5 .

 5 Figure 5.7 and table 5.7 show the impact of the friction coefficient on the predicted seal performance.

Figure 5 .

 5 Figure 5.7: Impact of the friction coefficient.
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 58 Figure 5.8: Impact of the surface asperity standard roughness with λ = 1.78 µm.

Figure 5 . 9 :

 59 Figure 5.9: Impact of the surface correlation length with Sq = 0.18 µm.
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 5 Figure 5.10: Impact of the operating temperature on the performance of the reference face seal.

Figure 5 .

 5 Figure 5.11 shows the impact of the variation of the rotational speed on the leakage and torque. Note that the convection coefficient varies depending on the speed.

Figure 5 .

 5 Figure 5.11: Impact of the rotational speed on the performance of the reference face seal.

Figure 5 .

 5 Figure 5.12: Impact of the spring force on the performance of the reference face seal.
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 5 Figure 5.13: Impact of the acceleration on the dissipated power, torque, leakage, maximum temperature increase, minimum and maximum film thickness.

Figure 5 .

 5 Figure 5.14: Leakage and torque of the reference face seal for various numbers of nodes at the interface.
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 555555 Figures 5.17, 5.18 and 5.19 show the radial profiles of the fluid pressure, contact, and film thickness, over time.

Figure 5

 5 Figure 5.20: Illustration of the variation of ζ r0 (t j )/V (t j ) (eq. 5.3.2) when the water travels 0%, 23% and 72% of the sealing dam (from left to right).

Figure 5 .

 5 Figure 5.21: Time evolution of the volume travelled by the fluid at the outer [ζ ro /V (t) (eq. 5.3.2)] and inner [ζ ri /V (t) (eq. 5.3.3)] radius.

Figures

  Figures 5.22, 5.23, 5.24 show the impact of the surface wear, expressed in terms of Sq, on the minimum film thickness, leakage, percentage of fluid travelled at the outer radius ζ ro /V , and maximum contact pressure.
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 55 Figure 5.22: Impact of the surface wear on the minimum film thickness and maximum contact pressure
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 5 Figure 5.24: Impact of the surface wear on the leakage

Figure 5 .

 5 Figure 5.25: View of the face misalignment and phase angle.
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 5 Figure 5.26: Impact of the rotor misalignment on the leakage and torque.

Figure 5 .

 5 Figure 5.27: Impact of the rotor misalignment on the relative misalignment and phase angle.

Figure 5 .Figure 5 .

 55 Figure 5.28 shows the distribution of the film thickness (left), fluid pressure (middle) and contact pressure (right) as the face seal rotates (top to bottom pictures).
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 55 Figure 5.29 shows the mass flows entering and exiting at the inner and outer radii as well as the average flow for various values of rotor misalignment. Appendix A.10 details the different flows.
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 5 Figure 5.30: Impact of the rotor misalignment χ r on the maximum contact pressure and minimum film thickness.

Figure 5 .

 5 Figure 5.31: Pressure boundary condition, mass flows at the inner and outer radius, percentage seal volume travelled, minimum film thickness and maximum contact pressure for a face seal with a rotor misalignment of 3.5 mrad.

Figure 5 .

 5 Figure 5.32: Surface defect of the diamond face seal prototype, left: rotor, right: stator.

Figure 5 .

 5 Figure 5.33 shows the surface of a representative face of the face seal used on the test setup and figure 5.34 a circumferential profile taken at the mean radius.

Figure 5 .

 5 Figure 5.33: View of a face of the face seal

Figure 5 .Figure 5 .

 55 Figure 5.35 helps to visualise the relative position of the faces and the film thickness as the rotor rotates. It shows the (fixed) position of the stator (black curve), the position of the rotor in initial state (blue curve), after 1/8 of a turn (green curve) and 1/4 of a turn (red curve). The distance between the faces is arbitrary.
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 55 Figure 5.36: Evolution of the mass flow, film thickness and maximum contact pressure for the reference face seal with waviness.

Figure 5 .

 5 Figure 5.38: Composition of the mass flows for the reference face seal with a waviness defect of 0.5 µm on the rotor and 0.4 µm on the stator.

Figure 5 .Figure 5 .

 55 Figure 5.39 shows the variation of the leakage over the average surface waviness. Figure5.40 shows the maximum outer fluid ingression expressed in terms of percentage of film volume, over the average surface waviness.

Figure 5 .

 5 Figure 5.40: Simulation of the impact of the flatness defect on the maximum water ingression for the reference face seal.

Figure 5 .

 5 Figure 5.41 shows the leakage as a function of the cube of the average film thickness, averaged over time. The red dots are the results of the simulations of the reference face seal without waviness and for various values of Sq (corresponding to the simulations done in section 5.2.1). The blue squares are the results of the simulations of the reference face seal with various values of waviness. The red and blue dotted lines are trends fitting the results of the simulations.
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 5 Figure 5.41: Comparative impact of the average film thickness due to face waviness and surface roughness on the leakage.

Figure 5 .

 5 Figure 5.42: Maximum contact force as a function of average flatness defect.

.5. 3 )

 3 With p back pressure a back pressure of 100 bar, p φ a compensation bellow pre-load of 1.0 bar, and p difference of 3

Figure 5 .

 5 Figure 5.43: Mass flows, percentage of seal volume travelled, maximum contact pressure and minimum film thickness for the reference face seal with a waviness defect of 0.4 µm (stator) and 0.5 µm (rotor) operating with pressure pulses

Figure 5 .

 5 Figure 5.44 shows the pressure boundary conditions. The second and third graphs show the mass flows at the inner and outer radii: net mass flow, mass flow entering and leaving. The fourth graph shows the percentage of fluid volume travelled and the last one the minimum film thickness and maximum contact pressure.
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 5 Figure 5.44: Mass flows, percentage of seal volume travelled, maximum contact pressure and minimum film thickness for the diamond face seal of waviness 3.5 µm (stator) and 5.47 µm (rotor) operating with pressure pulses

2 Figure A. 2 :

 22 Figure A.2: Configuration of two surfaces in relative motion.

A. 3

 3 Figure A.3 shows the impact of the contact parameters on the contact pressure.

Figure A. 4 :

 4 Figure A.4: Impact of the number of nodes on the predicted relative misalignment and associated simulation time.

Figure A. 5 :

 5 Figure A.5: Impact of the number of angular degrees covered by the rotor per iteration on the predicted relative misalignment and phase angle.
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Table 1 .

 1 1: Parameters of a face seal.

	Parameters	Symbol Unit	Value
	Inner radius	r i	m	0.0114
	Outer radius	r o	m	0.0142
	Pressure difference Lubricant viscosity Surface roughness standard deviation	∆p µ Sq	Pa Pa • s 0.0078 1 • 10 5 µm 0.21
	Balance ratio	B		1.0
	Spring force	F spring	N	125

  1.2.9) with δ = β/β ref , β being the coning, with u(t) a unit step function, and t charac a characteristic time. The characteristic time t charac and the steady state coning angle β ref are obtained from off-line FEA. Using Laplace transformations and step functions of the various types, constant, ramp-up, and ramp-down the above equation can be solved analytically.
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Table 2 .

 2 1: Parameters to illustrate the film thickness

	Variable	Unit Value
	χ y	

5 )

 5 Substituting equations2.3.2, 2.3.3, 2.3.4 and 2.3.5 into equatiom 2.3.1 the weak form of the Reynolds equation is obtained

  discretised Reynolds equation (box 7), dynamic force balance (box 8), energy equation (equation 2.3.28), and deformation equation (equation 2.3.23), are all of the form

  . Initialize the variables : h, h old , ρ, ρ old B. Temporal loop: for each time instant t j < t max : set the boundary conditions ∀i ∈ ∂Ω f , p i = p C. Set iteration index k = 0 and the predictor p k = p t j

	1.	Evaluate the residual r k using equation 2.4.3
	2.	Evaluate the residual derivative	∂r ∂p	k	using equation 2.4.11
	3.	Solve the system			
		∂r			
		∂p k			

Table 2 .

 2 3: Summary of the numerical methods.

		Space discretisation	Time discretisation	Algorithm
	Reynolds	FE, product	Euler implicit 1 st order Newton-Raphson + LU Gauss
	Dynamic motion	-	Euler implicit 3 rd order Newton-Raphson + LU Gauss
	Thermal solid	FE, Bubnov-Galerkin Euler implicit 1 st order	LU Gauss
	Deformation solid FE, Bubnov-Galerkin	-	LU Gauss

  It characterises the alignment of the two faces. A large phase angle leads to larger leakage and potential contact. Mathematically, it is given by

	Phase angle = Phase angle stator -Phase angle rotor	(3.1.2)
	with	
	Phase angle stator	

Table 3 .

 3 1: Parameters of the face seal used for the verification.

	Parameter	Unit	Value
	r o	m	0.04
	r i	m	0.035, 0.038, 0.03950
	r i /r o	m	0.875, 0.95, 0.9875
	C 0 Rotational speed	m rpm	1 • 10 -6 2000
	Mass	kg	0.05
	Viscosity	Pa.s	0.0005
	Pressure difference Coning angle Support stiffness	Pa rad N.m	3 • 10 5 3.13 • 10 -3 0.0
	Support damping	N.m/s	0.0
	Inertia	kg.m 2	4 • 10 -5

Table 5 .

 5 

	Part	Stator			Rotor		
	Surface / BC	Comments	Thermal Mechanical	Comments	Thermal Mechanical
	S 1	contact face	q var	p var	contact face	q var	p var
	S 2						

1: Boundary conditions for the face seal studied.

Table 5 .

 5 2: Dimensions of the face seal of interest (in mm).

		Stator Rotor
	S 1 inner radius 11.379 11.379
	S 1 outer radius 14.262 14.262
	length of S2	2.413	0.508
	length of S3	13.69	1.613
	length of S4	4.098	5.862
	length of S5	13.06	3.18
	length of S6	0.978	6.915
	length of S7	3.048	8.026
	length of S8		2.178
	length of S9		1.524
	5.1.2 Parameters of the reference face seal	

Table 5 .

 5 3: Material properties of the silicon carbide.

	Parameter	Unit	Value
	Density	kg/m 3	3170
	Conductivity Specific heat Young's modulus	W/(m • K) J/(kg • K) GPa	150 800 434
	Poisson's coefficient	-	0.21
	Expansion coefficient	10 -6 /K	3.70

Table 5 .

 5 4: Oil lubricant properties at 80 • C.

	Parameter	Unit	Value
	Density	kg/m 3	962
	Conductivity Specific heat Dynamic viscosity Thermoviscosity coeff	W/(m • K) J/(kg • K) Pa • s 1/K	0.14 2000 0.0078 -0.0243

Table 5 .

 5 5 shows the reference operating conditions and table 5.6 the reference design parameters.

	Table 5.5: Reference operating parameters.	Table 5.6: Reference design parameters.
	Parameter	Unit	value	Parameter	Unit value
	Rotational speed	rpm	3500	Sq	µm	0.21
	Pressure difference Surrounding fluid pressure Temperature	Pa Pa • C	1.0 • 10 5 100.0 • 10 5 80	λ Friction coefficient Balance ratio	µm	1.78 0.1 1.0
				Spring force	N	125
				Closing force	N	149.9

Table 5 .

 5 the film is composed of 11 nodes in the radial direction and 100 in the circumferential direction. The impact of the number of node is discussed in paragraph 5.2.4. The results are shown in table 5.7, the temperature map on the deformed configuration in figure5.3, and the profiles of temperature, film thickness, fluid and contact pressure difference at the film level in figures5.4 and 5.5. 7: Predicted performance of the face seal of interest in the reference conditions.

	Parameters	Unit	Value
	Leakage	cm 3 /hr 0.137
	Total torque	N.m	0.267
	Dry torque	N.m	0.177
	Viscous torque	N.m	0.090
	Minimum film thickness	µm	1.01
	Maximum film thickness	µm	1.09
	Opening force due to contact	%	93.7
	Dissipated power	W	97.7
	Max temperature increase	• C	9.3
	Max contact pressure	bar	7.60

presented in section 2.2.5 is used. The convection coefficient on the oil side h c,oil based on the reference lubricant properties is 2013.6 W/(K • m 2 ). The convection coefficient on the water side h c,water based on water viscosity µ water (80 • C) = 0.000355 Pa.s, water heat capacity of 4180 J/(K • kg), water density ρ(80

• C) = 1000 kg/m 3 , is 22116.3 W/(K • m 2 ).

The stator is composed of 234 elements with 11 nodes at the interface, the rotor is composed of 391 elements with 11 nodes at the interface, and

Table 5 .

 5 8: Predicted performance and parameters for the reference face seal.

	Friction coefficient		0.05	0.1	0.15	0.2
	Leakage	cm 3 /hr 0.128 0.137 0.146 0.157
	Total torque	N.m	0.185 0.267 0.348 0.429
	Dry torque	N.m	0.089 0.177 0.264 0.350
	Viscous torque	N.m	0.096 0.09 0.084 0.078
	Minimum film thickness	µm	1.02	1.01	1.00 0.991
	Maximum film thickness	µm	1.07	1.09	1.11	1.13
	Opening force due to contact	%	93.6	93.7	93.8	93.8
	Dissipated power	W	67.7	97.7 127.5 157.1
	Max temperature increase	• C	6.3	9.3	12.3	15.5
	Max contact pressure	bar	6.98	7.60	8.31	9.08

Table 5 .

 5 9: Impact of the surface roughness standard deviation Sq and correlation length λ on face seal performance.

	Sq/λ	µm	0.18/1.78 0.18/2.5 0.18/3.5 0.21/1.78 0.25/1.78 0.623/2.96
	Leakage	cm 3 /hr	0.083	0.075	0.067	0.137	0.240	4.04
	Total torque	N.m	0.281	0.285	0.288	0.267	0.25	0.208
	Dry torque	N.m	0.176	0.176	0.176	0.177	0.177	0.178
	Viscous torque	N.m	0.105	0.108	0.112	0.090	0.075	0.030
	Minimum film thickness	µm	0.85	0.82	0.78	1.01	1.23	3.24
	Maximum film thickness	µm	0.93	0.90	0.87	1.10	1.31	3.31
	Opening force due to contact	%	93.8	93.8	93.8	93.8	93.7	93.5
	Dissipated power	W	103.1	104.4	105.7	97.7	92.4	76.4
	Max temperature increase	• C	9.9	10.0	10.1	9.3	8.8	7.2
	Max contact pressure	bar	8.09	8.12	8.15	8.23	7.20	6.15

Table 5 .

 5 13: Parameters to emulate thermo-mechanical deformations and thermal effects for the face seal of reference.

	Parameter	Unit	Value
	Initial coning Density(88 • C)	rad kg/m 3	2.57 • 10 -5 933
	Viscosity(88 • C)	Pa.s	0.00634

Table 5 .

 5 14: First set of experimental results: Impact of pressure pulses and surface wear (absence of data indicated by • ).

	Test id	1(1)	2(1)	2(2) 2(3) 3(1)	4(1)	4(2) 5(1)
	Parameters								
	Duration, hours	1		12		144	12		144
	Op. Temperature, • C	25		80		80	80		80
	Rotational speed, rpm	0		3500		3500	3500		3500
	Pressure pulses	No		No		No	Yes		Yes
	Face seal prior test	Run-in		Run-in		New	New		New
	Results								
	Vol. loss, cm 3 , ±10 cm 3 Water content, %	0	0	0	0	0	0	0	56
	Before, cal. hydride Before, Karl Fisher After, cal. hydride	< 0.03 < 0.02 • 0 0.03 0.17	• 0.04 0.10 0.09 0.12 • • 0 •	< 0.02 • 0.32	• • 0.3	• • 0.28
	After, Karl Fisher	0.08	0.19	0.14 0.13 0.16	•	•	0.29

Table 5 .

 5 16: Parameters for the simulations of the reference face seal with emulated thermo-mechanical deformations.

	Sq µm Density kg/m 3 Viscosity Pa.s Coning angle rad
	0.21 0.25 0.4 0.623	933 933 933 935	0.00634 0.00634 0.00634 0.00666	2.57 • 10 -5 2.37 • 10 -5 2.13 • 10 -5 2.03 • 10 -5

Table 5 .

 5 17: Second set of experimental data: Impact of rotor misalignment (absence of data indicated by • ). Tests 2 and 4 are reference tests without misalignment repeated from section 5.3. All tests with misalignment were at 80 • C, with rotation and initially with a run-in face seal. No value of oil loss are reported, the reason is that the difference in rod length measurement before and after the test fell in the measurement uncertainty.

	Test id	2(1)	2(2) 2(3)	4(1)	4(2)	6(1)	7(1)	8(1)
	Parameters								
	Duration, hours		12		12		12	12	68
	Op. Temperature, • C		80		80		80	80	80
	Rotational speed, rpm		3500		3500		3500	3500	3500
	Pressure pulses		No		Yes		Yes	No	Yes
	Misalignment		No		No		Yes	Yes	Yes
	Face seal prior test		Run-in		New		Run-in Run-in Run-in
	Results								
	Vol. loss, cm 3 , ±10 cm 3 Water content, %	0	0	0	0	0	0	0	0
	Before, cal. hydride Before, Karl Fisher After, cal. hydride	< 0.02 0 0.17	• 0.04 0.10 0.09 • 0	< 0.02 • 0.32	• • 0.3	0.6 • 0.95	0.12 0.14 0.42	• 0.28 0.58
	After, Karl Fisher	0.19	0.14 0.13	•	•	0.58	0.4	0.55
	The second set of experimental tests focused on the impact of misalignment under pulses and comprised 3
	tests numbered 6, 7, 8.								

Table 5 .

 5 18: Water in oil increase for the first and second set of experiments with rotor misalignment and pulses.

	Water in oil increase	Without pulses	With pulses	Net increase due to pulses
	Without misalignment With misalignment Net increase due to misalignment	0.05 -0.11 % 0.26 % 0.15 -0.21%	0.22 -0.24 % 0.27 -0.35 % 0.03 -0.18%	0.11 -0.19% 0.01 -0.09%

Table 5 .

 5 19: Dynamic parameters used for the simulations with a misaligned rotor.

	Parameters	Unit	Value
	Spring stiffness O-ring stiffness O-ring damping	N/m N/m Ns/m	2.7 • 10 4 1 • 10 5 500
	Stator mass	kg	0.025
	Stator transverse moment of inertia kg • m 2 5 • 10 -5

Table 5 .

 5 20: Simulation results showing the impact of misalignment and pulses on the water entry expressed in percentage of fluid volume travelled.

		Without pulses With pulses
	Without misalignment	0	3.1%
	With misalignment	0	3.3%
	Table 5.21: Simulation results showing the impact of misalignment and pulses on the maximum contact
	pressure.		
		Without pulses With pulses
	Without misalignment	8.2 bar	10.5 bar
	With misalignment	10 bar	12.2 bar

Table 5 .

 5 22: Third set of experimental data: Wavy diamond face seal (absence of data indicated by • ).A total of 4 tests were made with the wavy face seal prototype. The test duration ranged from 1 to 5 hours with a temperature of 30 • C or 80 • C and with or without pressure pulses. For this third set of experimental tests, significant variations of oil volume and water-in-oil content were measured. This was not the case in the first and second set of tests, see sections 5.3 and 5.4.Test 9 was carried out at 30 • C, 1000 rpm and with pulses. For this test, the seal has a leakage of 68 ±10 cm 3 /hr. This value has to be considered as an approximation, since the measurement uncertainties have a strong impact on volume loss measurement for tests of short duration. The initial water-in-oil content is assumed to be 0.08% as discussed in section 5.3.1. Based on this value and the end-test value of 0.16%, the increase of water content is +0.08%.Test 10 and test 11 are two tests of 3 h at 80 • C, 3500 rpm and evaluate the impact of pulses on the performance of the wavy face seals. Test 10 shows a volume variation of 379 cm 3 , i.e. 126 cm 3 /hr on average. Test 11 shows a volume variation of 254 cm 3 , i.e. 85 cm 3 /hr on average. The difference in leakage may be due to the more advanced run-in state of the prototype in test 11 and to the pulses. Test 11, without pulses, shows an increase of water content of +0.31% in 3 hours, or +0.1% per hour. Test 11, with pulses, indicates 3.1% water-in-oil after 3 hours, that is, an increase of +1% per hour.

	Test id	9	10	11	12
	Parameters				
	Duration, hours	1	3	3	5
	Op. Temperature • C	30	80	80	80
	Rotational speed, rpm	1000	3500	3500	3500
	Pressure pulses	Yes	No	Yes	Yes
	Face seal prior test	3h-Run-in	New	9h-Run-in 4h-Run-in
	Results				
	Vol. loss, cm 3 , ±10 cm 3 Av. leakage, cm 3 /hr Water content, %	68 68 ± 10	379 126 ± 3	254 85 ± 3	390 78 ± 2
	Before test calcium hydride Before test Karl Fisher After test calcium hydride After test Karl Fisher	• • • 0.16	• • 0.39 0.39	0.1 • • 3.14	• • 5.5 •

Table 5 .

 5 24: Parameters for the simulations of the reference face seal with emulated thermo-mechanical deformations.

	Average flatness defect µm density kg/m 3 viscosity Pa.s coning angle rad
	0.0 0.325 0.45 0.788 1.1	933 935 935 937 937	0.00634 0.00666 0.00666 0.00684 0.00697	2.57 • 10 -5 2.20 • 10 -5 1.69 • 10 -5 1.06 • 10 -5 0.79 • 10 -5

Table 5 .

 5 25: Material properties of the face seal prototype.

	Parameter	Unit	Value
	Density	kg/m 3	3900
	Conductivity	W/(m.K)	500
	Specific heat	J/(kg.K)	500
	Young's modulus	GPa	841
	Poisson's coefficient	-	0.2
	Expansion coefficient	10 -6 /K	2.5
	Combined Sq	µm	0.368
	Combined λ	µm	7.1
	Friction coefficient		0.08

Table 5 .

 5 26: Average leakage for the wavy diamond face seal prototype. -126 ± 3 cm 3 /hr 109 cm 3 /hr 5.5.5 Conclusions from the study of the effect of face waviness

	Operating temperature	Experiments	Simulation
	30 • C 80 • C	68 ± 10 cm 3 /hr 78 ± 2	23 cm 3 /hr

Table 5 .

 5 27: Water in oil increase for the first and second set of experiments with rotor misalignment and pulses.

	Water in oil increase	Without pulses	With pulses	Net increase due to pulses
	Without misalignment With misalignment Net increase due to misalignment	0.05 -0.11 % 0.26 % 0.15 -0.21%	0.22 -0.24 % 0.27 -0.35 % 0.03 -0.18%	0.11 -0.19% 0.01 -0.09%

Table 5 .

 5 28: Experimental average increase of water in oil content per hour for the wavy diamond face seal prototype.

	With pulses Without pulses
	1.1 %/hr	0.1 %/hr

Table 5 .

 5 29: Average leakage for the wavy diamond face seal prototype. -126 ± 3 cm 3 /hr 109 cm 3 /hr 5.6.2 Conclusions from the experimental and numerical studies

	Operating temperature	Experiments	Simulation
	30 • C 80 • C	68 ± 10 cm 3 /hr 78 ± 2	23 cm 3 /hr

  2.7) which controls the order of the terms in the equation. For liquid face seals, such as those of interest here, one typically has: h ∼ 10 -6 m, L ∼ 10 -2 m, ρ ∼ 10 3 kg/m 3 , V ∼ 1 -10 m/s, µ ∼ 10 -3 Pa.s; thus < 10 -3 , Re < 10.By keeping only first order terms (and re-using dimensional variables), the equations become

	Re		∂v ∂ t +	ū ∂v ∂ x +	v ∂v ∂ ȳ +	w ∂v ∂ z	= -	∂ ∂	p ȳ + 2 ∂ 2 v ∂ x2 + 2 ∂ 2 v ∂ ȳ2 +	∂ 2 v ∂ z2	(A.2.8)
	Re 3 ∂ ∂	w t +	ū ∂ ∂	w x +	v ∂ ∂	w ȳ +	w ∂ ∂ z w	= -	∂ ∂	p z + 4 ∂ 2 w ∂ x2 + 4 ∂ 2 w ∂ ȳ2 + 2 ∂ 2 w ∂ z2	(A.2.9)
	with										
	=	h L		Re =	ρV h µ			(A.2.10)
	∂p ∂x	=	∂ ∂z	µ	∂u ∂z					(A.2.11)
	∂p ∂y	=	∂ ∂z	µ	∂v ∂z					(A.2.12)
	∂p ∂z	= 0									(A.2.13)

  1 . Applied to the terms separately for clarity, one obtains Considering a constant density over the film thickness, it is taken out of the integral in equation A.2.20. Using equation A.2.15, the remaining integral of velocity is One recognises (see the proof in the subsequent section A.2.5)For the case of interest, the velocities of face number 2, i.e., the stator, are zero: U 2 = V 2 = 0. The velocities of the rotor are U 1 = -yω and V 1 = xω (see sectionA.2.6). With these consideration the form shown in section 2.2.3 is obtained.

		0	h		∂ρu ∂x	dz = -(ρu) h	∂h ∂x h	+ (ρu) h=0	∂h ∂x h=0	+	∂ ∂x	0	h	ρudz	(A.2.19)
											= -ρU 2	∂h 2 ∂x	+ ρU 1	∂h 1 ∂x	+	∂ ∂x	0	h	ρudz	(A.2.20)
		0	h	udz =		0	h	1 2µ	∂p ∂x	z 2 dz +	0	h	z	U 2 -U 1 h	-	1 2µ	∂p ∂x	h dz +	0	h	U 1 dz	(A.2.21)
								=	1 6µ	∂p ∂x	h 3 +	(U 2 -U 1 )h 2	-	1 4µ	∂p ∂x	h 3 + U 1 h	(A.2.22)
								= -	1 12µ	∂p ∂x	h 3 +	(U 2 + U 1 )h 2	(A.2.23)
	In the same manner					
		0	h		∂ρv ∂y	dz = -ρV 2	∂h 2 ∂y	+ ρV 1	∂h 1 ∂y	+	∂ ∂y	0	h	ρvdz	(A.2.24)
	with, from integration equation A.2.16 gives
		0	h	vdz = -	1 12µ	∂p ∂y	h 3 +	(V 2 + V 1 )h 2	(A.2.25)
	Besides																		
		0	h		∂ρw ∂z	dz = ρ(w 2 -w 1 )	(A.2.26)
	Substituting equations A.2.20, A.2.23, A.2.24, A.2.25, A.2.26 into A.2.18 gives
	0 = h	∂ρ ∂t		-ρU 2	∂h 2 ∂x	+ ρU 1	∂h 1 ∂x	-	∂ ∂x	ρ 12µ	∂p ∂x	h 3 +	∂ ∂x	ρ	(U 2 + U 1 )h 2
		-ρV 2	∂h 2 ∂x	+ ρV 1	∂h 1 ∂x	-	∂ ∂y	ρ 12µ	∂p ∂y	h 3 +	∂ ∂y	ρ	2 (V 2 + V 1 )h	(A.2.27)
		+ ρ(W 2 -W 1 )			
	∂h ∂t	= W 2 -U 2	∂h 2 ∂x	-V 2	∂h 2 ∂y	-W 1 + U 1	∂h 1 ∂x	+ V 1	∂h 1 ∂y	(A.2.28)
	And employing the chain rule on ρh
	ρ	∂h ∂t	+ h	∂ρ ∂t	=	∂ ∂t	(ρh)	(A.2.29)
	A compact form of the Reynolds equation is obtained
	∂ ∂x			ρh 3 µ	∂p ∂x				+		∂ ∂y	ρh 3 µ	∂p ∂y	= 6	∂ ∂x	[(U 1 + U 2 ) ρh] + 6	∂ ∂y	[(V 1 + V 2 ) ρh] + 12	∂ ∂t	(ρh)	(A.2.30)

Table A .

 A 4 displays some of the values obtained with the present model to generate figure 3.8. Table A.4: Values obtained with the present model to generate bottom graph of figure 3.8.

	Time, s Misalignment, rad
	0.004	87.4078458708
	0.008	104.114437031
	0.012	119.461990218
	0.016	133.140804055
	0.02	144.988441375
	0.024	154.917009984
	0.028	162.883481577
	0.032	168.876290075
	0.036	172.908723546
	0.04	175.015380534
	0.044	175.250100779
	0.048	173.684657328
	0.052	170.407893658
	0.056	165.525193124
	0.06	159.158297499
	0.064	151.445605534
	0.068	142.543223843
	0.072	132.627259453
	0.076	121.898210938
	0.08	110.588957783
	0.084	98.9789498885
	0.088	87.418888043
	0.092	76.3717485662
	0.096	66.4724687644
	0.1	58.5808304953
	0.104	53.7144165472
	0.108	52.6700540093
	0.112	55.4632309768
	0.116	61.2665318218
	0.12	68.9588537474

Table A .

 A 8: Predictions of the present model for the comparison with[START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] shown in figure3.19 Impact of number of nodes and length of the time step for the axial and angular solverFigure A.4 shows the impact of the number of nodes on the estimated relative misalignment for the face seal presented in table 3.1, section 3.1.

	Table A.9: Experimental data of [Adjemout, 2015] shown in figure 3.19 Radial position T increase, 500 rpm T increase, 1500 rpm T increase, 3000 rpm 0.02595 1.360489 5.614478 11.682483 0.026007778 1.538608 5.880869 11.957237 0.026065556 1.716015 6.040011 12.139678 0.026123333 1.77499 6.25141 12.366912 0.026181111 2.010116 6.461909 12.638416 0.026238889 2.18565 7.139956 12.998458 0.026296667 2.592571 7.398329 13.445396 0.026354444 3.053184 7.449847 13.66759 0.026412222 2.823459 7.604082 13.623222 0.02647 2.476681 7.243464 13.711933 0.026527778 2.418625 7.191737 13.977268 0.026585556 2.418625 7.243464 14.065452 0.026643333 2.418625 7.243464 14.065452 0.026701111 2.534664 7.346762 14.109489 0.026758889 2.476681 7.295138 13.844745 0.026816667 2.476681 7.243464 13.711933 0.026874444 2.592571 7.243464 13.578811 0.026932222 2.650402 7.191737 13.356281 Number of nodes 1.6 3.0 ×10 -8 CPU time 0 2500 A.9 1000 2000 3000 4000 5000 6000 7000 8000 9000 1.8 2.0 2.2 2.4 2.6 2.8 Relative misalignment 500 2000 Relative misalignment [rad] 1000 1500 CPU time [s]
	0.02699	2.592571	7.139956	13.088119
	0.027047778	2.592571	6.984297	12.8637
	0.027105556	2.650402	6.932303	12.548057
	0.027163333	2.650402	6.880255	12.185195
	0.027221111	2.650402	6.723784	11.957237
	0.027278889	2.592571	6.671519	11.72837
	0.027336667	2.534664	6.409369	11.360252
	0.027394444	2.592571	6.356772	11.175292
	0.027452222	2.476681	6.198649	10.896705
	0.02751	2.476681	6.092944	10.616733
	0.027567778	2.360496	5.987021	10.382346
	0.027625556	2.244007	5.774485	10.146968
	0.027683333	2.244007	5.667872	9.957942
	0.027741111	2.244007	5.667872	9.815746
	0.027798889	2.18565	5.561026	9.673183
	0.027856667	2.18565	5.507513	9.530246
	0.027914444	2.127212	5.507513	9.386939
	0.027972222	2.18565	5.507513	9.29119
	Radial position T increase, 500 rpm T increase, 1500 rpm T increase, 3000 rpm 0.02803 2.18565 5.453944 9.243251
	0.02845 0.028087778	1.459915601 2.068703	3.426722546 5.292883	5.764655681 9.002929
	0.0283 0.028145556	1.569449627 2.068703	3.749511497 5.292883	6.402791685 8.809902
	0.02815 0.028203333	1.691575652 2.127212	4.079038484 5.292883	7.025885391 8.664676
	0.028 0.028261111	1.83167051 2.18565	4.426976438 5.239077	7.648717614 8.324287
	0.02785 0.028318889	1.993402699 2.18565	4.809805322 5.023249	8.287053044 8.079822
	0.0277 0.028376667	2.172072369 2.127212	5.24592118 4.914973	8.954003929 7.834232
	0.02755 0.028434444	2.348216317 2.127212	5.749972178 4.806456	9.666035147 7.784976
	0.0274 0.02855	2.487663199 2.010116	6.311903668 4.752104	10.4477461 7.636936
	0.02725	2.555190142	6.868385168	11.33233035
	0.0271	2.535789288	7.301405888	12.34419176
	0.02695	2.445136465	7.495380105	13.44948977
	0.0268	2.318781819	7.417330461	14.49794688
	0.02665	2.190858293	7.137449818	15.23806871
	0.0265	2.080689571	6.770754307	15.45292153
	0.02635	1.993026887	6.406499033	15.09637042
	0.0262	1.924618659	6.07958195	14.24782827
	0.02605	1.870809983	5.796455408	13.11972467
	0.0259	1.830937065	5.594218201	12.34365466

http://www.pprime.fr/sites/default/files/pictures/d3/TRIBOLUB/fiche identite lerdedv4.pdf

c is 0 in the present section as perfect geometries are considered; c is kept in the derivation for generality.

The subscript o is added to distinguish from the other, less used, form of the balance ratioB i = (r h -r i )/(ro -r i ). Note that Bo = 1 -B i

Green's formula is the counterpart of integration by parts in one dimension[START_REF] Fish | A First Course in Finite Elements[END_REF] 

see also Leibniz integration rule,[Szeri, 

2011]

Summary of the numerical model verification and validation

This section presented various comparisons verifying and validating the face seal model developed for the present thesis. In particular, the following verifications have been presented: Verification of the dynamic solver by comparison with the analytical model of [Green and Etsion, 1985];

Verification of the dynamic solver by comparing it to the dynamic-tracking model of [Person et al., 1997];

Verification of the dynamic solver by comparing it to the transient model of [Tournerie and Frene, 1984]; Verification of the thermal and thermal deformation solver by comparison with [Brunetière et al., 2003b]; Verification of the transient thermal and thermal deformation solver by comparison them with [Tournerie et al., 2003].

The verifications provided satisfactory results, which confirms the correct implementation of the model. The validation was made by successfully comparing the predictions of the present model with the experimental data of [Adjemout, 2015]. The comparison with this representative experimental data is satisfactory, which gives confidence in the ability of the model to predict the performance of face seals. The studies performed with the model are presented in chapter 5.

Chapter 4

Experimental test setup

The objective of this chapter is to present the industrial test setup as well as the instrumentation and test methods developed. The test results are part of the numerical and experimental studies and will be presented and analysed in chapter 5 of this thesis.

The overall project includes industrial motivations. The setup is an industrial apparatus designed to reproduce severe operating conditions -pressure, temperature, and pressure inversions -and to investigate their effects on the performance of a face seal. The purpose of the experimental setup is to test face seals under pressure, temperature, and dynamic pressure variations. Figure 4.1 shows the main mechanical components of the setup. The test setup is composed of:

A sealed pressure cell filled with water, housing the device under test with the face seal;

A hydraulic unit generating high pressure in the oil;

A servo-valve to dynamically adjust the high pressure provided by the hydraulic unit to the desired operating pressure in the cell;

A membrane separator to transmit the pressure of the oil of the hydraulic unit to the water in the cell;

A control system generating pressure pulses. The control is computed by a software program which actuates the servo-valve depending on the feedback from a pressure sensor in the cell;

Heating bands to set and maintain the cell at the desired temperature;

A motor with a magnetic coupling to drive the rotation of the face seal; 

Face seal holder

The mechanical system holding the face seal and placed in the pressure cell is referred to as the face seal holder. The face seal holder is based on an industrial system designed to withstand severe operating conditions (pressure, temperature, shocks). It is, however, not designed for the implementation of measurements which

Setup characterisation

At the start of the project, the test setup had not been validated and it was unclear whether the setup could operate according to the functional specifications (pressure, temperature, rotational speed, test duration) and whether the pressure pulses would lead to pressure inversions at the face seal level. This section presents the safe operating envelope determined during the first year and one-half of the project, and the measurement of the pressure difference.

Emergency shut-down

An emergency shut-down leads to an instantaneous loss of pressure (and vaporization if the temperature is greater than one hundred degrees Celsius) and subsequent membrane perforation and/or breaking of the compensation bellows. Due to the time and cost of repairs as well as non-productive time induced, a strong emphasis was placed on avoiding emergency shut-downs. There are two main causes for an emergency shutdown: (i) discrepancy between the pressure measured in the cell and the pressure command (with 15 bar compliance) and (ii) divergence of the optical sensors measuring the position of the membrane in the membrane separator located between the cell and hydraulic unit. The first cause happens when the test temperature becomes too high (> 120 • C), as the pressure sensors do not compensate for a temperature change and start diverging.

The setup has a sealing fault. As a result of the loss of fluid, the membrane of the separator is making contact on one side and thus is no longer able to adjust the pressure.

Regarding the second cause, the position of the membrane in the membrane separator is measured using an optical sensor located in membrane oil. The membranes are slightly permeable and let some water from the cell go through the membrane oil. This water pollutes the oil and leads to an erroneous reading by the optical sensor.

The first issue is circumvented by limiting the test temperature to 120 • C. The second issue is remedied by checking the system's integrity and performing frequent maintenance. The last issue is remedied by changing the membrane oil every 150 hours of test or when deemed too polluted.

Temperature

The test temperature is limited to 120 • C due to the fact that at higher temperatures, the pressure sensor readings would diverge. Operating above this limit leads to erroneous pressure feedback followed by an emergency shut-down due to a discrepancy between the command and measured pressure. It was decided to operate at 80 • C to avoid this operational issue. Note that this value is an average of the water temperature; depending on the thermo-couple position the temperature can be from 75 • C to 85 • C.

Pressure

Pressure can be generated without any particular issue. The maximum operating threshold was fixed to 100 bar static pressure. In static operation, the pressure command is achieved at ±0.1 bar.

Rotational speed

The rotating magnetic field generates eddy currents in the bell closing the cell and located between the magnetic couplings. These currents lead to extreme heating. To avoid overheating, the speed must not exceed 3500 rpm if the motor is operating continuously. Short time rotations at 5500 rpm are possible, as well as accelerations up to 1000 rpm per second. The speed command is met at ±2%.

The fact that (1) delays were measured and that (2) they lead to negative pressure differences validates the setup as a tool to test face seals under pressure pulses, and negative pressure as stated in the goal setting. Equation 4.3.3 predicts a pressure difference varying between 2.52 and -1.02 bar when the same signal parameters and the average delay of 1.57 ms is considered. The amplitudes measured experimentally are very close to the values estimated with the formula, which validates the formula estimations of differential signal amplitudes from known delay, frequency, and amplitude.

Pressure difference at the face seal level for the pressure pulses used in the tests

The two previous subsections showed and validated an equation for the face seal pressure difference. They also present measurements of the face seal holder delay of τ = 1.57 ms for pulses at 12 Hz. Based on these results, the amplitude of the pressure difference seen by the face seal when the face seal holder is subject to operating pressure pulses of amplitude A = 30 bar at a frequency of f = 12 Hz is 2A sin(πf τ ) = 2 • 30 • sin(π • 12 • 1.57 • 10 -3 ) = 3.55 bar (4.3.5) Further, considering an oil pre-load of p φ = 0.7 bar, the face seal pressure difference varies from +4.25 bar to -2.85 bar at 12 Hz. In an equivalent manner, when the setup generates pulses of ±30 bar at 12 Hz, the face seal pressures are

with p difference = 3.55 • 10 5 Pa.

These values are also those used as boundary conditions for the numerical simulations presented in chapter 5.

Summary of the experimental test setup

This section presented the industrial setup used to test face seals. The main points are:

The test setup is composed of a pressure cell, heating bands, a motor with a magnetic coupling and a control system relying on a servo-valve and a feedback controller to generate pressure pulses.

The following desired test conditions were validated: temperature at 80 • C, rotational speed 3500 rpm with starts and stops every 13 min, static pressure of 80 bar and pressure pulses of ±30 bar at 12 Hz.

The face seals tested are fitted onto the face seal holder, which is a dedicated industrial system with a compensated oil reservoir. The face seal holder is placed inside the pressure cell of the test setup.

The existence of pressure inversion at the face seal level was validated using measurement of inner and outer radii pressure.

When the setup generates pressure pulses of ±30 bar, 12 Hz, the face seal operates under

with p back pressure = 80 bar and p φ the bellows compensation over-pressure lying between 0.7 to 1.5 bar.

The performance of the face seal is evaluated using the variation of water content in the oil reservoir and the variation of the volume of the oil reservoir. The water-in-oil content is measured using a Karl Fisher titration method and the calcium hydride test; the volume of the oil reservoir is obtained by measuring the length of the compensation system compression.

Chapter 5

Numerical and experimental results

The main objective of this section is to evaluate the amount of outer fluid ingression resulting from pressure pulses for a reference face seal, for a face seal with a misaligned rotor, and for a face seal with waviness. The study is motivated by industrial interests. The results from a three series of tests on the experimental setup are analysed and simulated with the model developed.

5.2 Parametric study

Impact of uncertainties of the inputs on the numerical predictions

The objective of this section is to evaluate the sensitivity of the model predictions resulting from variations of the model inputs.

Impact of heat transfer coefficient

As mentioned in section 2.2.5 heat convection per unit surface can be modelled using

With h c the heat transfer coefficient obtained from the Nusselt number N u = h c D/k f . There is a large body of literature pertaining to the determination of the Nusselt number for rotating face seals, see, e.g. [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF][START_REF] Ayadi | Experimental thermal analysis of a mechanical face seal[END_REF]Luan and Khonsari, 2009b,a;[START_REF] Doane | An experimental-computational investigation of the heat transfer in mechanical face seals[END_REF][START_REF] Tachibana | Heat transfer in an annulus with an inner rotating cylinder[END_REF][START_REF] Childs | A review of forced convective heat transfer in stationnary and rotating annulii[END_REF][START_REF] Lebeck | Fluid temperature and film coefficient prediction and measurement in mechanical face seals -experimental results[END_REF] The following correlations have been tested:

Based on [START_REF] Becker | Measurements of Convective Heat Transfer from a Horizontal Cylinder Rotating in a Pool of Water[END_REF] N u = 0.133Re

Based on [Luan and Khonsari, 2009b]

Based on [START_REF] Ayadi | Experimental thermal analysis of a mechanical face seal[END_REF] N u = 0.9Re 0.542

Based on [START_REF] Tachibana | Heat transfer in an annulus with an inner rotating cylinder[END_REF] N u = 0.116Re

Based on [START_REF] Doane | An experimental-computational investigation of the heat transfer in mechanical face seals[END_REF] N u = 0.0207Re 0.8 d P r 1/3 (5.2.6) with Re d = ρωD/(2µ), P r = C p µ/k f . Figure 5.6 compares the impact of the correlation on the convection coefficient for oil and water and the resulting leakage and maximum fluid temperature increase.

The high contact pressure of the face seal tested leads to face contact and to a low film thickness, especially for run-in seals. This explains that, in nominal conditions, the pressure inversions only lead to a slight increase of the water-in-oil content and only for new face seals. The misalignment of the rotor also only has a very limited impact on the performance. This is due to the high stiffness of the support and of the contact, which ensure that the faces stay aligned despite the misalignment of the rotor. Overall, based on the results of all the studies, the face seal tested has excellent performance characterised by a negligible leakage and no visible wear after run-in, even when operating under pressure pulses, pressure inversion, and with large rotor misalignment. These experimental observations are supported by analysis of numerical simulations.

The simulations performed on the face seal, with consideration of face waviness, showed increased leakage, outer fluid entry, and higher localised maximum contact pressure. The variations observed are higher than those with the simulations with pressure pulses or misalignment. The increase of leakage is not only due to the increase of average film thickness but also to the complex dynamical effects of the waviness. The waviness creates area of lower pressure promoting water entry. The amount of water entry appears to be impacted more by the waviness than by pulses or misalignment. It is possible that the values of water-in-oil measured and attributed to pressure pulses or misalignments have a substantial contribution from the inherent waviness.

These findings have been confirmed by tests and simulations performed on a highly wavy seal of 5.47 µm rotor waviness amplitude and 3.5 µm stator waviness amplitude. This experimental prototype showed outer fluid ingression (+1% per hour) and leakage (78 -126 cm 3 /hr) largely above standard acceptable limits when operating under pressure pulses. The large quantitative values obtained allowed comparison with the model. The numerical model predictions are aligned with the experimental observations for the leakage and outer fluid entry.

Contrary to the other parameters, the waviness appears to significantly increase the leakage and promote water ingression and could thus be at the origin of some seal failures. This parameter should therefore be well-controlled to ensure reliable performance.

Prospective research could consider the following lines:

It would be valuable to be able to better predict the water entry with the numerical model. For this purpose, a solution would be to add a supplementary transport equation for the water phase to track the volume fractions of water and oil, see e.g. [START_REF] Brunetière | Modelling of reverse flows in a mechanical seal[END_REF].

The study of the impact of waviness should be extended to consider (i) the impact of the various ratio of waviness height, and (ii) the impact of more lobes on the faces. It would be interesting to investigate less loaded face seals to see if they are also subjected to large hydrodynamic and squeeze effects, as observed on the strongly loaded seal tested.

The current method of measuring the leakage has large uncertainties and a strong dependence on the test temperature which limit its use. An alternative method, such as the addition of a displacement sensor for the bellows position, would allow a better prediction of the leakage.

The current method of measurement of the water-in-oil only provides a picture at the beginning and the end of the test. The integration of a capacitive sensor in the face seal holder would allow obtaining the time evolution of the water-in-oil content and therefore a finer analysis of the face seal. The implementation of such a sensor would require significant modifications of the setup and specific design development.

To go further in the study of face seals operating in severe conditions, it would be interesting to include abrasives in the water of the setup. The impact of abrasives and pressure pulses on the face seal wear could be analysed.

A better picture of the face seal temperature would be valuable data for the face seal performance and also for the validation of the numerical model. It would be useful to place a porthole on the setup to measure the near seal temperature using a thermal camera.

Appendix

A.1 Transformation from material to reference coordinates

Let R be a referential system with a coordinate system (x , y , z ) attached to the rotor face. The position of the the rotor can always be expressed in the fixed reference frame R 0 using 4 transformations:

1. A rotation of magnitude θ along the main axis of rotation. This transformation accounts for the main rotation of the system. A referential R r with coordinate system (x r , y r , z r ) is defined as fixed with respect to the rotation.

2. A translation along the z r -axis of magnitude L. This transformation accounts for potential offset along the axis of rotation. A referential R t with coordinate system (x t , y t , z t ) is defined as fixed with respect to the translated system.

3. A rotation around the y t -axis of amplitude χ y . This transformation accounts for a small misalignment.

A referential R with coordinate system (x , y , z ) is defined as fixed with respect to the rotated system.

4. A rotation around the x -axis of amplitude χ x . This transformation accounts for a small misalignment.

A referential R with coordinate system (x , y , z ) is defined as fixed with respect to the rotated system. to

is sought. This implies expressing x r , y r , z r as functions of a, b, c as well as of the transformation parameters θ, L, χ x , χ y . The starting point is

Applying transformation 4 z = cos χ x zsin χ x y y = cos χ x y + sin χ x z (A.1.4)

Applying transformation 3

Applying transformation 2 

A.2.2 Non-dimensionalisation and simplification

To compare the magnitudes of the various effects and only keep the predominant one, the equation is re-written in non-dimensionlised form.

Let L be the characteristic length in the x and y directions, h the characteristic film thickness and V the characteristic speed of the faces. ρ and µ are assumed constant. The dimensionless variables, represented with a¯, are

A.2.5 Partial derivative of the film thickness with respect to time

For face [START_REF]1 Parameters of a face seal[END_REF], one has

Similarly, for face ( 2)

By combining subtracting the face heights with face (2) above as per convection, one obtains the film thickness

A.2.6 Face velocities

The velocities of the faces U and V used in the derivation of the Reynolds equation are obtained by differentiating the corresponding component of the vector OR or OS with respect to time

with ω the rotor's rotational speed. The velocity of the stator's faces is zero because in practice the linkage elements prevent the stator from rotating, that is, θ2 = 0, thus U 2 = V 2 = 0.

A.4 Semi-Discrete form of the energy equation

The semi-discrete form of the energy equation is

with M ij , K ij and f T,i defined by equations A.4.1 to A.4.5.

Box 10: Semi-Discrete form of the energy equation. A.4.5) with Ω = Ω r or Ω s . Note that the Bubnov-Galerkin method is used for the energy equation.

A.5 Semi-Discrete form of the deformation equation

The semi-discrete form of the deformation equation is

, f ri and f zi defined in equations A.5.1 to A.5.6.

Box 11: Semi-discrete form of the deformation equation.

In this equation, the displacements at the mesh nodes, u i , are the unknowns. The terms of the matrix are:

z d∂Ω (A.5.5) .5.6) with Ω = Ω r or Ω s , and corresponding to the volume here.

Implementation-wise, the boundary terms are computed using the projection of the stress tensor on the normal instead of the forms of equation A.5.5 and A.5.6

Equation A.5.7 stems from the application of Green's theorem to the divergence of the stress in equation 2.2.55, section 2.2.5.

A.6 Data used for the verification of the dynamic solver

A.6.1 Data from Person et al

Table A.1 below provides the data of [START_REF] Person | A Numerical Study of the Stable Dynamic Behavior of Radial Face Seals With Grooved Faces[END_REF]] used to generate figures 3.4, 3.5 and 3.6 of section 3.1.3 to verify the dynamic solver. [START_REF] Tournerie | Computer modelling of the functioning modes of non-contacting face-seals[END_REF] used to generate figures 3.7 and 3.8 of section 3.1.4 to verify the dynamic solver. A.7 Data used for the verification of the thermo-mechanical solver A.8 Data used for the comparison with Adjemout

Table A.7 below provides the data used for the comparison of the thermo-mechanical deformation solver in section 3.3. Refer to [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] for the details of the geometry of the rotor and stator. 

A.10 Memento on measures of flow

This section summarises the 9 variables used to measure the flow and associated quantities. Note that the mass flows are based on the sums of the flows computed at each node of the inner and outer radii.

1. The mass flow entering at the outer radius ṁ-,r0 . It corresponds to the sum of the absolute value of all negative mass flows of the nodes at the outer radius. It is a positive quantity.

2. The mass flow leaving at the outer radius ṁ+,r0 . It corresponds of the sum of all positive mass flows of the nodes at the outer radius. It is a positive quantity.

3. The mass flow entering at the inner radius ṁ-,ri . It corresponds to the sum of the absolute value of all negative mass flows of the nodes at the inner radius. It is a positive quantity.

4. The mass flow leaving at the inner radius ṁ+,ri . It corresponds of the sum of all positive mass flows of the nodes at the inner radius. It is a positive quantity.

5. The net mass flow at the outer radius ṁro . It corresponds to the sum of all mass flows of the nodes at the outer radius. ṁro = -ṁ+,ro + ṁ-,ro . It is positive if there is, on average, more mass flow leaving the seal, and negative otherwise.

6. The net mass flow at the inner radius ṁri . It corresponds to the sum of all mass flows of the nodes at the inner radius. ṁri = -ṁ+,ri + ṁ-,ri . It is positive if there is, on average, more mass flow leaving the seal, and negative otherwise.

7. The cumulative volume of fluid entering the face seal at the outer radius at time ζ ro (t j ). It is defined by The conversion of the leakage in kg/s to cm 3 /hr is

(A.10.4)

A.11 Additional measurements investigated

This section presents other measurements contemplated for the experimental setup but that could not be implemented or provided limited results.

A.11.1 Seal temperature measurement

It is desirable to monitor the face seal temperature during the test, especially during start-ups. Three measurements were contemplated: measurement of the rotor temperature; measurement of stator temperature; measurement of the fluid temperature in the vicinity of the face seal.

Measurement of rotor temperature The idea considered was to glue a thermocouple on the rotor's lateral or rear face and to connect it to a transmitter located on the rotating shaft. The measurement would be sent via high frequency waves to a receiver located outside of the pressure cell. This measurement could not be implemented due to space limitations and the absence of commercially available transmitters operating in water.

Measurement of stator temperature The idea was to glue a thermocouple or PT100 sensor to a part of the stator located in the oil. The thermo-couple wires would then be placed inside the face seal holder and exit through a feedthrough. This could not be implemented due to the limited space around the stator.

Measurement of temperature at the vicinity of the face seal The idea was to place a thermo-couple in the water along the face seal holder and to position its temperature-sensing end close to the outer radius of the stator. Although this second idea was implemented, the thermo-couple end could not be placed close enough to the stator to record any valuable data; this measurement was subsequently abandoned.

A.11.2 Torque measurement

A torque meter located between the motor and the female magnetic coupling was originally present in the setup. The torque meter broke, as it was not capable of withstanding the shaft temperature resulting from continuous operation of the setup at 3500 rpm. The torque measurement was replaced by a measurement of the drive intensity calibrated using another torque meter. The torque measurement includes the various element of the shaft: bearings, magnetic coupling, fluid friction around the seal. As such, only average and qualitative information about the face seal torque could be obtained. 12 Face seal prototype with built-in heat pipe [START_REF] Xiao | Thermal Performance of Mechanical Face Seal With Built-In Heat Pipe[END_REF]. Left: cross section detailing the heat pipe in the stationary ring, right: picture of the rear of the stationary ring. . 1.13 View of the wavy-tilt-dam face seal [START_REF] Young | The design and testing of a wavy-tilt-dam mechanical face seal[END_REF]]. . . . . . . . . . . . . . . . . . . 1.14 Face seal with notches simulated in [START_REF] Djamai | Numerical modeling of a thermohydrodynamic mechanical face seals[END_REF] [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] shown in figure 3.19 162 A.9 Experimental data of [START_REF] Adjemout | Étude théorique et expérimentale de la lubrification entre surfaces texturées[END_REF] shown in figure 3.19 . . . . . . . . . . . . . . . . . . . . 163 

List of Figures