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Chapitre I

Introduction

I.1 Motivations

Soient un domaine 2 C R%, d > 2, et v > 0 un paramétre réel. Considérons le probléme
spectral

d 52
—Au = — Z 37:1:1; = Fu sur (), (I.1.1)
j=1
gz = yu sur 02, (I.1.2)

ou v est la normale unitaire sortante de 9€2, E est une valeur propre et u est une fonction
propre associée. La condition de bord (I.1.2) est appelée condition de Robin. Le travail
présenté ici a pour objet I’étude du comportement asymptotique de ces valeurs propres
lorsque le parametre v est grand et que le domaine ) admet des coins.

L’étude des valeurs propres du Laplacien est un théme classique en théorie spectrale. En
effet, cet opérateur apparait dans la modélisation mathématique de nombreux problemes
physiques comme ’équation de la chaleur, qui décrit I’évolution de la température d’un
solide, I’équation de Schrédinger modélisant 1’évolution d’une particule non relativiste ou
encore ’équation des ondes, décrivant les vibrations d’une membrane. Dans ce dernier cas,
il est aisé de mettre en évidence I'interprétation physique des valeurs propres du Laplacien :
les petites variations d’une membrane © C R? sont décrites par ’équation aux dérivées
partielles

0%u

— — Au=0.

ot?
La fonction u(t,x) décrit le déplacement vertical de la membrane en vibration au temps
t € Ry et au point « € Q. Si 'on cherche une solution particuliere de cette équation a

variables temporelles et spatiales séparées, u(t,z) = g(t) f(x), on obtient alors le systéme

—g"(t) = Eqg(t)
~Af(x) = Ef(a).

Une solution particuliere de I’équation des ondes est donc de la forme

u(t,z) = (Acos(\/Et) + Bsin(\/ﬁt)) f(z), A,BeR,

et oscille & une fréquence v/E. Dans son célebre livre The Theory of Sound [Ray77], Lord
Rayleigh conjectura que, lorsque laire est fixée, c’est la membrane circulaire qui a la plus
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CF

FIGURE I.1 — Domaines isospectraux pour les Laplaciens de Dirichlet et Neumann
[GWW92].

basse fréquence. Mathématiquement, ceci veut dire que si nous considérons la premiere
valeur propre E1(Q2), appelée fréquence fondamentale, du probléme suivant :

—Au = Eu sur €,
u = 0 sur 012,
nous devrions obtenir
Ey(B) < Ey(9), (1.1.3)

ol 'on note B C R? le disque de méme aire que la membrane ). La conjecture de Rayleigh
a été le point de départ de ce que nous appelons maintenant les inégalités isopérimétriques.
L’inégalité (1.1.3) a été rigoureusement démontrée quelle que soit la dimension et est
maintenant connue sous le nom d’inégalité de Faber-Krahn. Dans le systéeme ci-dessus,
la condition u = 0 sur 92, appelée condition de bord de Dirichlet, décrit une membrane
fixée au bord. Si ’on considere une membrane libre, c¢’est-a-dire non fixée a son bord, la

ou
condition devient — = 0, et est connue sous le nom de condition de bord de Neumann.
v

L’étude des inégalités isopérimétriques a été étendue aux conditions de Neumann et de
Robin pour des parametres v négatifs. Plus précisément, il a été prouvé que parmi les
domaines réguliers a volume fixé et quelle que soit la dimension, la boule maximise la
deuxieme valeur propre, c’est-a-dire la premiere valeur propre non nulle, du Laplacien de
Neumann [Sze54, Wei56], et qu’elle minimise la premiére valeur propre du Laplacien de
Robin avec parametre négatif [Bos88, Dan06]. Il est intéressant de noter qu’au contraire, la
recherche d’optimiseurs & volume fixé de la premieére valeur propre du Laplacien de Robin
a parametre vy positif est un probléeme ouvert.

En 1966, Kac s’est intéressé au probleme inverse : Can one hear the shape of a drum ?
[Kac71]. Autrement dit, si 'on connait les valeurs propres du Laplacien d’un domaine €2,
peut-on en déduire sa forme 7 Malheureusement, la réponse est non en toute généralité,
comme le montre le premier contre-exemple dans le plan donné par [GWW92], voir
Figure 1.1. Toutefois, des informations sur la géométrie du domaine peuvent étre obtenues
grace a I’étude des valeurs propres du Laplacien. En 1911, Weyl démontra ’asymptotique
suivante pour les valeurs propres de Dirichlet :

2
EL(Q) ~ 4r? ( > * | lorsque k — 400, (I.1.4)

wda|Q

ou Pon note wy le volume de la boule unité de R?. Cette asymptotique nous permet
en particulier de conclure que deux domaines de volumes différents ne peuvent étre
isospectraux. Le volume est alors un invariant spectral du Laplacien de Dirichlet. Depuis

10
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lors, des asymptotiques plus précises ont été obtenues pour les valeurs propres de Dirichlet,
et la recherche d’invariants spectraux continue de susciter 'attention que ce soit pour
le Laplacien avec condition de Dirichlet [LR15, LR16, Ucal7], mais aussi pour d’autres
conditions de bord comme celle de Neumann ou des conditions mixtes de Dirichlet-
Neumann [HLR17, JLNP06, LPPO06], et d’autres problémes spectraux comme celui de
Steklov [GPPS14, PS15]. L’étude de I'asymptotique des valeurs propres de Dirichlet a
également donné naissance a la conjecture de Pélya. On dit qu’'un domaine pave le plan si le
plan peut étre recouvert par ce méme domaine, sans trou ni chevauchement, en autorisant
les rotations, les translations et les réflexions. En 1961, Pélya établit I'inégalité suivante
pour tout domaine  C R? pavant le plan :
Ei(Q) > T?TQ]T, pour tout k € N.

Il conjectura que cette inégalité reste vérifiée pour tout domaine borné de R?, ce qui est
équivalent a dire que I'asymptotique de Weyl (I.1.4) minore les valeurs propres. A ce jour,
ce probleme reste ouvert.

Nous nous intéressons dans cette these a la condition de bord de Robin (I.1.2). Elle
peut étre considérée comme la condition de bord la plus générale, dans le sens ou elle
contient celle de Neumann lorsque v = 0 et celle de Dirichlet lorsque v — —oo. Le probleme
aux valeurs propres de Robin (I.1.1)-(I.1.2) apparait dans de nombreuses applications
comme D'estimation de la température critique des matériaux supraconducteurs [GS07]
ou encore ’étude des équations de réaction-diffusion en temps longs [LOS98]. Comme le
montre le récent article de synthése [BFK17], la condition de Robin répulsive (y < 0) a été
grandement étudiée alors que la condition de Robin attractive (7 > 0) n’a attiré 'attention
que plus récemment.

Dans un premier temps, définissons rigoureusement 1’opérateur Laplacien de Robin.
Notre intérét se porte uniquement sur la condition de Robin attractive, et dans la suite le
parameétre de Robin v est strictement positif : v > 0. Considérons un domaine Q C R?,
d > 2, et la forme sesquilinéaire

@) = [ [VaPdz - [ JuPds, e H(@),
Q o0

ou nous notons ds la mesure de Hausdorff (d — 1)-dimensionnelle. Supposons que les
conditions suivantes sont satisfaites :

- l'opérateur de trace H'(Q) > u — ujp0 € L?(09) est bien défini,

- il existe une constante K > 0 telle que I'inégalité

/ lu|?ds < K <e/|Vu|2dm+e_1/]u|2dm> (I.1.5)
o0N Q Q

est satisfaite quels que soient u € H'(2) et € € (0,1).

Sous ces conditions, nous pouvons montrer que la forme sesquilinéaire g/, est bornée
inférieurement : il existe une constante ¢ > 0 telle que, pour tout u € H(Q),

g0y (u,w) > —clul 72y,

et que la norme induite par la forme ¢} et définie par le produit scalaire <u,v>qg2 =

g (u,v) + (¢ + 1){u,v) est équivalente a la norme H'! : il existe c1,co > 0 telles que

crllull ) < ah(u,u) + (e + Dlullza) < c2llulfp o)

11
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Lorsque ces deux propriétés sont vérifiées, la forme est dite fermée. D’apres les résultats
standards sur les formes sesquilinéaires, voir e.g. [RS80, Theorem VIII. 15], la forme g/,
définit un unique opérateur auto-adjoint dans L%(£2) noté Q.

Soit € R un domaine borné et lipschitzien. Alors, 'opérateur de trace est bien défini
[Gri85, Theorem 1.5.1.3], et I'inégalité (I1.1.5) est satisfaite [Gri85, Theorem 1.5.1.10]. I
en résulte que la forme g, est fermée pour tout domaine borné lipschitzien. Comme nous
le verrons plus tard, les secteurs infinis du plan vont jouer un rdle particulier dans notre
étude, et nous pouvons déja mentionner que la forme ¢/, est fermée lorsque € est un secteur
infini. Une preuve complete est donnée en Section IV.1. Enfin, ajoutons que la fermeture
de ¢/, a également été étudiée pour certains domaines non lipschitziens, et en particulier
pour des domaines avec des pointes [Danl3, KP, NT13], pour lesquels l'opérateur de trace
est bien défini si les pointes ne sont pas trop 'pointues’.

Dans toute la suite, 2 est un domaine lipschitzien borné. Grace a une intégration par
parties, nous pouvons montrer que l'opérateur @, agit comme u — —Au sur le domaine

0
D(QY) = {u € HY(Q) : Au € L*(Q), a—u = yu sur 89} .
v
L’injection H'(£2) — L?(2) étant compacte [Gri85, Section 1.4.4], lopérateur QY est a
résolvante compacte et donc, voir e.g. [RS78, Theorem XIII.64], son spectre est constitué
d’une suite de valeurs propres

E1(Q) < B2(Q) < ... < En(Q)) < ... = +00,

ou chaque valeur propre est répétée selon sa multiplicité finie, et les fonctions propres
associées forment une base orthonormale de L?(Q2). La caractérisation variationnelle des
valeurs propres par les principes du max-min et du min-max, voir le Théoréme II1.1.3
ci-dessous, appliquée & Q{, nous donne, pour tout n € N:= {1,2, ...},

v ¥
u
En(QY) = sup inf do(u,v) = inf sup foluw,v) ,u)‘
Gt €L2(Q) wEH QuA0 (W) GCHMNQ)ueG (U, )
ulap;,j=1,..,n—1 dim G=n u#0

Quelques propriétés satisfaites par les valeurs propres sont immédiatement déduites de cette
caractérisation. Chaque valeur propre, vue comme une fonction de v € R, est décroissante.
La décroissance est en réalité stricte en 7, comme le montre le papier [Roh14], dans lequel
un résultat plus général est obtenu pour des parametres de Robin qui sont des fonctions
définies sur le bord, i.e. 9Q 3 s — 7(s). De plus, en dilatant le domaine par v nous obtenons

En(Q’(y}) = 72En(Q'1yQ)a pour tout n € N,

ou nous utilisons la notation v := {vx,z € Q}. Il est important de remarquer qu’a cause
de la condition de bord, les valeurs propres ne sont pas monotones par rapport au domaine.
Nous pouvons également prouver le comportement asympotique suivant lorsque v devient
grand.

Proposition I.1.1. Soit Q@ C R? un domaine borné lipschitzien. Pour tout n € N fizé
nous avons :
E,(Q) — —oo lorsque v — +00.

Démonstration. Fixons n € N, et considérons n fonctions ¢1, ..., ¢, € H%(GQ) Comme
Popérateur de trace H'(Q) 3 u — ujpq € H%(aQ) est surjectif [Gri85, Theorem 1.5.1.3], il
existe 91, ..., ¥, € H'(Q) telles que pour tout j = 1,...,n nous avons (¥5)190 = ;. Alors,

12
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par linéarité de la trace les fonctions 1, ..., %, sont linéairement indépendantes. Soient
¥ € span{vn, ..., ¢, }. Il existe (cy,...,c,) € C" tel que ¢ := > j=1¢;j;. Notons

+ . 2 - ; 2 - ; 2
M7= max Williny, M7= min [9gla@), m™ = min_l¢ilz0):

En utilisant 'inégalité de Cauchy-Schwarz nous obtenons

V1320 < (1 4+ 20)MF Y lesl?,
j=1

et en utilisant le fait que les 1; sont linéairement indépendantes et que les ¢; le sont
également, nous avons

n n n
112000 = m™ D leil?s M~ | < 9ll7aq) < M* Y lesl.
j=1 j=1 j=1
Le principe du min-max nous donne tout d’abord,
.
En(Q’gy)) S Sllp CJQWJ#)

(c1,...,cn)EC™ Hw||%2(9)’
(cly---,cn)f(o,-..,o)

et en appliquant les estimées précédentes nous pouvons conclure :

(1+2n)M*T  m~

-
E,(Qf) < e — M+'y — —o0 lorsque v — +o00.

O

Enfin, en utilisant I'inégalité (I.1.5) nous pouvons montrer que les valeurs propres ne

décroissent pas plus vite que —v2.

Proposition I1.1.2. Soit Q@ C R? un domaine borné lipschitzien. Alors, il existe une
constante Cq > 0 telle que, lorsque v est grand,

E1(Q4) = —Car’.

L’opérateur de Robin unidimensionnel agissant dans L?(R ) sera important pour notre
étude. L’opérateur Q?Rq admet une unique valeur propre discréte —v? associée a la fonction
propre e~ 7', voir Section IIL.5.1. Cette derniére est en particulier utilisée comme une
fonction test afin de prouver I'inégalité suivante obtenue par [GS07] :

Proposition 1.1.3. Soit Q C R? un domaine borné lipschitzien. Alors, pour tout v > 0
nous avons :

Ei(Q4) < =
Démonstration. Sans perte de généralité, nous pouvons supposer que 2 C {z € R%: 21 >
0}. Soit u(z) := e %1, Alors, [o|Vu|*dz =+ [o|u|>dz. De plus, en appliquant le théoréme
de divergence au champ de vecteurs F(z) := (e~27%1,0,...,0) nous obtenons

/ lu|?ds 2/ Fvds = —/ div Fdz = 27/]u]2dx.
a9 o9 Q Q

Le principe du min-max nous permet de conclure :

[ivuf = [ juPds
E(QF) < 2 <2
|u|?dx

13
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L’intérét porté a I’étude de 'asymptotique des valeurs propres de Robin quand v — 400
s’est accru ces derniéres années. Il semblerait que le premier article mentionnant ce probléme
ait été [LOS98]. 11 se base sur 1'observation suivante : si I'on note B C R? la boule unité,
alors 'asymptotique de la premiére valeur propre est donnée par

Er(Q%) = =" — (d— 1)y +o(y?), lorsque v — +oo.

Ce résultat s’obtient en étudiant le comportement asymptotique de la fonction propre
associée qui est une fonction de Bessel modifiée de parametre d—f [AS64]. Dans l'article
[LOS98], il est prouvé que

E1(Qy) ~ —~?, lorsque v — o0, (I.1.6)

lorsque €2 est un domaine borné de classe C? dont le bord est difféomorphe & la sphére.
Ces hypotheses peuvent étre affaiblies, et en particulier [LZ04] ont prouvé que (I.1.6) reste
vraie pour des domaines de classe C. Plus tard, il a été démontré que le comportement
asymptotique de chaque valeur propre est le méme au premier ordre :

Théoréme 1.1.4 ([DK10]). Soit @ C R? un domaine borné de classe C*. Alors, pour tout
n € N fizé nous avons :

En(Q}) = —~% 4 0(72), lorsque v — +o0.

La preuve de [DK10] est purement variationnelle et s’appuie sur la construction de
fonctions tests et du principe du min-max afin d’obtenir la majoration E,(Q%) < —v?+o(1)
pour tout n € N lorsque v est grand. Cette estimée est suffisante pour conclure puisque
nous avons également Ej(Qg,) ~ —72, qui fournit la minoration attendue.

Le premier ordre dans ’asymptotique des valeurs propres ne dépend ni du volume
du domaine, ni de la dimension de l'’espace ambiant, ce qui peut étre surprenant au
premier abord. Toutefois, une simple observation peut expliquer en partie ce phénomene.
Considérons un domaine © C R? borné et de classe C2. Pour § > 0, nous définissons
Qs :={z € Q:d(z,00) < d}. Soient Q57D/N les opérateurs agissant dans L?(2s) comme
le Laplacien avec la condition de Robin avec parameétre v sur 92 et la condition de
Dirichlet/Neumann sur la partie restante du bord 9€;5\0€2. Alors, grace au principe du
min-max nous obtenons

E QPN @ QM) < Eu(Q3) < En(QFP @ QP),

ott QP/N sont les Laplaciens de Neumann/Dirichlet agissant dans L?(Q\Qs), et ces opéra-
teurs sont en particulier positifs. Cette technique est appelée Dirichlet-Neumann bracketing.
Pour ~ assez grand nous avons En(Qg’D/N) < 0, ce qui implique En(Qg’D/N o) QD/N) =

En(Qg’D/ N). Par conséquent, pour tout n € N fixé et pour « assez grand nous avons :

En(QFY) < En(Q) < B (Q)7),

et ainsi ’étude est réduite a un voisinage du bord. En outre, il a également été prouvé
pour des domaines du plan dans [HK17] que les fonctions propres associées sont localisées
dans un voisinage du bord, et plus précisément pres des points de courbure maximale.
Ces précédentes observations nous poussent alors a étudier les termes suivants de
I’asymptotique des valeurs propres, dans lesquels les propriétés géométriques du bord,
et plus particulierement la courbure, apparaissent. Le premier article sur ce sujet a été
[Pan13], dans lequel les deux premiers termes de 'asymptotique de E1(Q¢,) sont obtenus
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pour des domaines 2 C R? réguliers par morceaux. Puis il a été prouvé, dans [EMP14]
pour d = 2 et dans [PP15] pour tout d > 2, que pour tout domaine borné 2 C R? de classe
C? nous avons :

En(QY) = =72 — (d — 1)yHumax + O(y3), lorsque y — 400, (1.1.7)

ou nous notons Hy,x le maximum de la courbure moyenne de 0€2. Le reste peut étre
remplacé par O(72) pour des domaines de classe C*. La preuve est basée sur un Dirichlet-
Neumann bracketing afin de réduire I’étude a un voisinage tubulaire bien choisi du bord.
L’asymptotique (I.1.7) a également été démontrée pour une certaine classe de domaines
non bornés dans [EM14]. Lorsque le domaine est non borné, le spectre essentiel n’est pas
vide, puisque opérateur Q{, n’est plus & résolvante compacte. Ainsi, I'un des enjeus dans
ce contexte est de déterminer ’existence ou non de spectre discret. Si le bord est compact
et le domaine est non borné, alors specess(Q4) = [0, +00), voir e.g. [KP13], et il existe un
nombre fini de valeurs propres discrétes. De plus, pour tout n € N fixé on a E,(Q{,) <0
lorsque 7y est assez grand. En d’autres termes, chaque En(ng) est une valeur propre discrete
lorsque v est grand. En revanche, ceci n’est plus vrai lorsque le bord n’est pas compact. Des
exemples de domaines non bornés pour lesquels le spectre de @, est purement essentiel
sont exhibés dans [EM14], et il important de noter que la concavité de ces domaines a
une influence sur I’absence de valeurs propres. D’autre part, il est aussi prouvé que dans
I'asymptotique v — 400 et pour des domaines assez réguliers, la convexité locale du bord
peut créer une infinité de valeurs propres sous le seuil du spectre essentiel.

L’asymptotique (I.1.7) peut également étre utilisée pour discuter de la validité des
inégalités isopérimétriques dans le régime v — +o00. Il a été conjecturé par [Bar77] que la
boule maximise la premiere valeur propre E1(Q{,) a volume fixé. Cependant, il a été prouvé
par [FK15] que cette conjecture est en réalité fausse pour de grandes valeurs du parametre
7, et ceci peut facilement étre retrouvé grace a 'asymptotique (I1.1.7). Considérons une
boule B € R? de rayon 7 > 0 et un anneau Sg C R? de rayon extérieur R > 0 et de méme
volume que B. Alors nécessairement R > 7 et donc Hyax(B) = L > Hyax(Sgr) = +. Nous
pouvons alors déduire de I'asymptotique (I.1.7) I'inégalité suivante :

E1(Q3,,) > E1(Q}), lorsque 7y est grand.

Ce résultat est assez inattendu car il semblerait que ce soit le seul pour lequel la boule
n’est pas un optimiseur de la premiere valeur propre du Laplacien & volume fixé. Il a
également été démontré par [FNT16] que la conjecture est fausse pour des domaines de R?
difféomorphes & une boule, en prouvant que pour cette classe de domaines nous avons :

inf{ Hynax (), Q] = 1} = 0.

Néanmoins, il existe des cas pour lesquels la conjecture est vérifiée. En particulier, elle
est vraie pour des domaines bornés lipschitziens qui sont proches, en un certain sens bien
défini, d’'une boule comme le montre [FNT15], et également pour des domaines bornés du
plan de classe C? lorsque 7 est assez petit. Dans [PP15], il est aussi prouvé que la boule
minimise le maximum de la courbure moyenne parmi les domaines bornés étoilés de classe
C? a volume fixé, et la conjecture est donc vérifiée pour cette classe de domaines lorsque y
est grand.

L’influence du bord du domaine apparait clairement dans le second terme de ’asymp-
totique (I.1.7), mais le numéro de la valeur propre n’est, par contre, pas visible dans les
deux premiers termes. De ce fait les valeurs propres sont indistinguables. L’article [HK17]
permet de résoudre ce probléme en obtenant un développement asymptotique complet de
chaque valeur propre lorsque €2 est un domaine du plan. Plus précisément, supposons que
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Q) C R? est borné et de classe C™, et que le bord 99 est paramétré par la longueur de 'arc.
Notons & la courbure du bord et Kmax son maximum. La courbure s doit satisfaire deux
conditions cruciales : k atteint son maximum en un unique point xg € 92 et le maximum
est non dégénéré : k" (zg) < 0.

Théoréme 1.1.5 ([HK17]). Sous ces conditions, et pour tout n € N, il existe une suite
(Bjn)j>0 de nombres réels telle que pour tout M € N nous avons :

—Kk"(x M )
Ba@) = " e+ (=11 ) 503 5,07 E oy, lorsque v - +ov.
=0

La localisation des fonctions propres prés du point de courbure maximale est un élément
fondamental pour prouver cette asymptotique, et est en particulier utilisée pour construire
des fonctions tests qui permettent d’obtenir une majoration des valeurs propres grace au

. . . s
principe du min-max. Les termes (2n — 1) w sont exactement les valeurs propres de
. . 2 & . .
Poscillateur harmonique —dd? — %52 dans L?(R). Dans un certain sens, les premiers

termes de 'asymptotique sont donnés par ’approximation harmonique de l'opérateur
—~% — 82 — yk(s) sur le bord, ou s est la longueur d’arc, et ou le potentiel —vyx(s) admet
un unique point de minimum non dégénéré xy par hypothese. Par analogie avec ’étude
des opérateurs de Schrodinger semi-classiques [HS84], la courbure joue le réle d’un puits
de potentiel. Ainsi, un unique point de courbure maximale correspond & un unique puits.
I1 est alors naturel de se demander ce qu’il adviendrait pour I'asymptotique des valeurs
propres si le bord présentait plusieurs puits. Dans [HKR17], le cas particulier d’un domaine
régulier du plan admettant un axe de symétrie et exactement deux points de courbures
maximales atteints loin de cette axe est étudié. C’est un example typique d’effet tunnel
provoqué par la présence d’'une symétrie du domaine, et le but de ce papier est d’établir
une asymptotique pour la différence E»(QJ,) — E1(Q{,) lorsque v — +oo0.

Dans l'article [PP16], l'influence du bord sur les valeurs propres de Q/, est établie quelle
que soit la dimension de la maniére suivante :

Theorem 1.1.6 ([PP16]). Soit Q C R? un domaine borné de classe C3. Alors, pour tout
n € N fizé nous avons :

E.(Q)) = —72 + En(—Apq —vK) + O(1), lorsque v — 400,

ot nous notons —Npq lopérateur de Laplace-Beltrami dans L?(082,ds) et s — K(s) la
somme des courbures principales de Of).

L’asymptotique de E,(QJ,) est donc déterminée par 1 opérateur effectif —Apg —~K sur
0f1. Ici, aucune hypothese n’est faite sur les points de courbures maximales, en comparaison
avec le résultat précédant. De plus, des asymptotiques plus précises sont obtenues en
étudiant 'opérateur effectif. On peut également ajouter que ce résultat reste valable pour
certains domaines non bornés, pour lesquels le spectre discret n’est pas vide.

Comme le soulignent les résultats précédents, 'intérét porté au Laplacien de Robin
agissant sur des domaines lisses a été non négligeable ces dix dernieres années, et nous
pouvons également citer d’autres travaux en lien avec ce sujet [KP17, K118, KL]. Cependant,
il n’existe qu’un nombre tres restreint de résultats portant sur des domaines non lisses, et
en particulier des domaines avec des coins. Une simple observation peut nous convaincre
que nous nous attendons, dans ce cas la, a un comportement asymptotique différent pour
les valeurs propres. Considérons un cube Cq C R? d’arétes de longueur 1. Par séparation de
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FIGURE .2 — Secteurs tangents du polygone curviligne §2.

variables, ’étude de di est en faite réduite a ’étude du Laplacien de Robin unidimensionnel
agissant sur un intervalle de longueur 1, et nous obtenons par un simple calcul :

El(QZd) = —dy? + o(7?), lorsque v — +0o0.

Dans les articles [LP08, BP16], 'étude du comportement asymptotique de E1(QJ) est
menée pour une classe de domaines lisses par morceaux admettant des coins a laquelle
le cube appartient : les domaines d coins. Un cone K C R% est un domaine lipschitzien
invariant par les dilatations positives. Un domaine  C R? est un domaine d coins si son
bord est lipschitzien, lisse par morceaux et si pour tout y € 92, il existe un cone K, C R
et un difféomorphisme régulier Fy, tels que

F,:QnB(y,r) = K,NnB(0,r), F,(QNB(y,r))=K,NB0,r)

pour r > 0 assez petit, Fy(y) =0 et VF,(y) = Id. Le cone K, est appelé cone tangent du
bord 9€2 en y. Si le point y € 92 est un point régulier, alors le cone K, est simplement
un demi-espace. En dimension deux, les cones tangents sont le plan et les secteurs infinis
paramétrés par leur angle de demi-ouverture a € (0,7), et le demi-plan correspond a
a = 5. Les domaines a coins du plan sont les polygones curvilignes. Ils admettent un
nombre fini de coins d’ouverture dans (0,7) U (7, 27), ce qui comprend en particulier
les domaines lisses, voir Figure 1.2. En dimension trois, les domaines & coins admettent
une large variété de cOnes tangents comme l'espace entier, les demi-espaces, les cones
de révolution, les cones pyramidaux,... Prenons ’exemple du cube en dimension 3 : soit
y € 0C3. Si y appartient a une face, le cone tangent K, est alors un demi-espace. Si y
appartient a une aréte, le cone tangent est alors de la forme Ky = R x U z ou U = est un
secteur infini de demi-ouverture 7. Enfin, si y est un sommet, le cone tangent est un cone
pyramidal de section, c’est-a-dire d’intersection avec la sphere unité, un triangle sphérique
s

équilatéral de longueur 7. Nous renvoyons aux manuscrits [Dau88, BNDP16] pour une

description précise des domaines a coins et de leurs propriétés. L’opérateur Q). n’est pas
Y

a résolvante compacte, quel que soit le cone K, C R?, et son spectre essentiel n’est donc

pas vide. Nous définissons A(K,,v) := inf spec(Q}{y). L’invariance par dilatations de K,

nous donne A(K,,v) = v2A(Ky, 1).
Théoréme 1.1.7 ([LP08, BP16]). Soit Q C R? un domaine a coins. Alors,

E(Q)) = ( ie%fQA(Ky, 1)) v 4 0(y?), lorsque y — +oo.

Y

Ce résultat nous montre que le premier ordre de 'asymptotique de E1(Q{,) est déterminé
par les Laplaciens de Robin agissant sur les cones tangents au bord, que nous appelons
opérateurs modéles. Ainsi, une étude approfondie de ces opérateurs modeles nous permettra
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d’obtenir des résultats plus précis pour les domaines a coins. En dimension deux, il est
prouvé dans [LP08] que si 'on note o la demi-ouverture du secteur infini K, alors

A(K,y 1) = —

— sia<g, A(K,,1) = 1 sinon. (L1.8)
SIn-~ o

Lorsque o < 7, I'infimum du spectre est en réalité une valeur propre discréte associée a

la fonction propre efsfﬁ, ot I'on note (z1,72) € R? les coordonnées cartésiennes dans le
plan et Ox; coincide avec la bissectrice du secteur. En dimension trois, des estimations
de A(Ky, 1) sont prouvées dans [LP08] pour des cones ayant une section réguliere bornée
et convexe. Nous pouvons également mentionner le cas des cones circulaires, qui est bien
connu : 'infimum du spectre est une valeur propre discrete —ﬁ, ou « est le rayon

sphérique de la section, et la fonction propre associée est e sma ot Oz coincide avec
I’axe de révolution du cone, ainsi que celui des cones dont la section est un polygone
sphérique admettant un cercle inscrit, puisque dans ce cas les estimations dans [LPOS§]
deviennent des égalités, voir [LP08, Remark 5.3]. Revenons & ’exemple du cube de R3.
Si y appartient a une face, alors le cone tangent est simplement un demi-espace et grace
au fait que El(Qﬁh) = —1, nous avons A(K,, 1) = —1. Si y appartient a une aréte, nous
pouvons utiliser (1.1.8) afin d’obtenir A(K,,1) = —2. Enfin, si y est un sommet, le cone
tangent en y est de section un triangle sphérique équilatéral et admet donc un cercle inscrit.
On peut alors utiliser [LP08, Remark 5.3], ce qui nous donne A(K,, 1) = —3. Grace au
Theorem I1.1.7 nous retrouvons ’asymptotique :

El(QgB) = -3+ 0(72), lorsque v — +0oo0.

En outre, ’étude de l'existence du spectre discret pour des cones a été menée par [Panl6]
quelle que soit la dimension, et il s’avere qu’il peut exister une infinité de valeurs propres
discrétes. En dimension trois, le résultat se présente de la maniére suivante, voir [Panl6,
Corollary 9] :

Proposition 1.1.8. Soit K C R? un cone donc la section est lisse et simplement conneze.
Si R3\ K est convere, alors le spectre discret de QJ; est vide, sinon il existe une infinité de
valeurs propres discrétes.

Dans larticle [BPP18], la distribution asymptotique des valeurs propres discrétes pour
des cOnes en dimension trois a été étudiée. Il est en particulier prouvé que 'asymptotique
de Weyl est déterminée par la courbure de la section du cone.

Grace au Théoreme 1.1.7 et a la grande variété de singularités au bord existante, nous
comprenons qu’une étude approfondie des valeurs propres de Robin doit étre menée en
fonction de la dimension de ’espace ambiant. Dans tout ce qui suit, nous nous concentrons
sur les domaines du plan, i.e. d = 2. Revenons au résultat (I.1.8). Si nous considérons un
polygone curviligne admettant des coins convezes, c’est-a-dire que leur demi-ouverture
vérifie o € (0, %), alors le premier ordre de Pasymptotique de E1(Q{,) est donné par le coin
le plus convezre. Au contraire, si 'on considére un polygone curviligne qui n’admet que des
coins non convezes, le premier ordre est donné par —2, ce qui correspond en particulier au
premier ordre des domaines lisses (I1.1.7). Ainsi, les coins non convexes n’influencent pas le
premier ordre de Pasymptotique de E1(QJ) lorsque v — +00. De maniére informelle et en
référence a la célebre question de Kac, on peut aussi dire qu’il semble que I'on ne peut pas
entendre les coins non convexes. Le résultat suivant va dans le sens de cette supposition :

Théoréme 1.1.9 ([Panl3]). Soit Q C R? un polygone curviligne de classe C* n’admettant
que des coins non convexes. Alors,

2
Ey (ng) = _’YQ — YKmax T (9(73), lorsque v — 400,
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0l nous notons kmax le maximum de la courbure de ON).

La preuve est similaire a celle des domaines lisses. Elle se base sur un Dirichlet-Neumann
bracketing afin de réduire I’étude & un voisinage du bord. D’un point de vue technique, il est
aisé de comprendre pourquoi nous retrouvons la méme asymptotique que dans le cas lisse.
En effet, en présence de coins non convexes et lorsque le bord est lisse par morceaux, il est
facile de voir que I'on peut construire un voisinage tubulaire du bord, alors qu’en présence
de coins convexes ce n’est plus le cas. Dans le papier [Panl5], Pasymptotique de E,,(Q{,)
pour tout n € N est étudiée lorsque Q C R? est I'extérieur d'un polygon convexe. Il s’avere
que le premier ordre est également donné par —?, et le second terme est exactement la
niéme valeur propre du Laplacien de Dirichlet agissant sur les arétes du domaine. Au vu
de ces résultats nous pouvons alors nous demander :

Quelle est ’influence des coins convexes sur les propriétés spectrales du
Laplacien de Robin ?

L’objectif principal de cette these est d’étudier cette question en obtenant des asymptotiques
plus précises pour les valeurs propres de Robin sur les polygones curvilignes.

Le calcul explicite des valeurs propres du Laplacien est une tache difficile de maniere
générale. Toutefois, nous avons & notre disposition quelques exemples qui vont nous per-
mettre d’avoir une intuition quant au comportement asymptotique des valeurs propres.
Premiérement, dans son manuscrit [McC11], McCartin méne une étude compléte du Lapla-
cien agissant sur des triangles équilatéraux, et il obtient en particulier des asymptotiques
pour les valeurs propres de Robin. Soit 7~ C R? un triangle équilatéral. Il est prouvé dans
[McC11, Section 7.4] que pour n = 1,2,3 nous avons :

Ea(QF) = —47% + 0(?), lorsque 7 — +os,

et
E4(Q7) = —~? 4+ 0(1), lorsque v — +o0.

Bien siir, 'asymptotique de la premiere valeur propre nous était déja connue grace aux
résultats de [LP08, BP16]. Il est intéressant de voir que les deux valeurs propres suivantes
ont exactement le méme premier terme que la premiere, alors que la quatrieme présente
le méme premier terme que pour les domaines lisses. Deuxiemement, des résultats ont
également été obtenus pour les triangles isoceles dans [HP15]. Soit Ty € R? un triangle
isocele dont les deux angles égaux sont 6 € (0, §). Alors, il existe une constante ¢ > 0 telle
que pour n = 1,2 nous avons :

72

E,(QF) = ————+0(e ), lorsque v — +00.
n( 7’9) sin2(9/2) ( )7 q Y
Des résultats plus précis sont obtenus par [HP15], et en particulier une asymptotique
de la différence EQ(Q%}) - EI(Q%) est prouvée. Troisiémement, nous pouvons également
mentionner 'exemple du carré. Grace a la séparation de variables, I’étude est simplement
réduite au Laplacien de Robin unidimensionnel agissant sur un intervalle, et nous pouvons
donc obtenir des asymptotiques précises pour chaque valeur propre, voir I’ Example II1.5.5
ci-dessous. Notons [0; C R? le carré de longueur £. Pour n = 1,2, 3, 4 il existe une constante
c > 0 telle que
En(Q%l;) = 7272 + 0(6_67)7 lorsque Y — 400,

et de plus, pour tout j € N,

E4+J'(lez) =24 pj +o(1), lorsque v — o0,
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T2

Ua

FIGURE 1.3 — Le secteur infini U,.

ou p; est exactement le jieme élément de I'union disjointe de quatre copies de I’ensemble
2
{(”f) k€ N}, et en particulier ;; > 0. Ces exemples nous montrent que les valeurs

propres des polygones présentent deux comportements différents : les premieres semblent
étre influencées par la présence de coins convexes, d’apres le résultat de [LP08, BP16].
Les suivantes au contraire, ont le méme premier terme que les domaines lisses, mais le
second ordre peut étre trés différent si ’'on compare les cas du triangle équilatéral et du
carré. Pour comprendre le comportement asymptotique des valeurs propres de Robin sur
des polygones curvilignes, il semble alors nécessaire de séparer I’étude des valeurs propres
influencées par les coins et des suivantes.

Dans la section suivante, nous présentons briévement les résultats obtenus pour des
polygones curvilignes. Une discussion détaillée de ces résultats pourra étre trouvée dans la
version anglaise en Section I1.2. Grace aux résultats de [LP08, BP16], nous comprenons
qu'une étude complete des Laplaciens de Robin agissant sur des secteurs infinis, que
nous appelons les opérateurs modeles, est nécessaire afin d’obtenir des informations plus
précises sur les polygones curvilignes. Ainsi, nous présentons les résultats obtenus pour ces
opérateurs en Section I1.2.1. En Section 1.2.2, nous décrivons les résultats obtenus pour les
valeurs propres influencées par les coins. En Section 1.2.3, nous présentons les résultats
obtenus pour les valeurs propres suivantes. Enfin, la Section 1.2.4 est dédiée a la distribution
asymptotique des valeurs propres sur des polygones curvilignes.

1.2 Résultats principaux

I[.2.1 Les Laplaciens de Robin sur des secteurs infinis
Soient o € (0, 7) et U, le secteur infini d’ouverture 2c,
Uy = {(z1,12) € R?: |arg(z1 + iz2)| < a},
voir Figure 1.3. Nous nous intéressons aux propriétés spectrales du Laplacien de Robin

associé, noté 1) := 7UM qui est défini comme 1'unique opérateur auto-adjoint dans L?(U,)
associé a la forme sesquilinéaire

2 (u, u) :/ |Vu|?dzydzy — 7/ lul?ds, u € H (U,), (1.2.1)
Ua OUq
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ou l'on note ds la mesure de Hausdorff unidimensionnelle, voir Théoréme IV.1.1 pour
une justification complete. L’étude de cet opérateur présente un intérét pour plusieurs
raisons. Premiérement, le domaine U, peut étre considéré comme le domaine le plus
élémentaire présentant une singularité en dimension deux, et ne dépendant que d’un seul
parametre géométrique : la demi-ouverture «. Deuxiémement, comme mentionné ci-dessus,
les propriétés spectrales de 7}) jouent un role important dans 1’étude des domaines a coins
lorsque v — 400. En effet, en dimension deux les seuls cones tangents sont les secteurs
infinis, et d’apres les résultats [BP16, CGM11, LP08]|, une meilleure compréhension de cet
opérateur nous permettra d’obtenir des résultats plus précis pour les polygones curvilignes.
Finalement, nous pouvons aussi ajouter que le domaine U, et son bord sont non compacts,
ce qui pourrait amener a des comportements spectraux inhabituels.

Dans la suite, nous présentons les résultats obtenus sur 77}, rassemblés dans Eigenvalues
of Robin Laplacians in infinite sectors [KP18]. Les preuves sont données au Chapitre IV.
Fixons v > 0. Le seul résultat disponible dans la littérature se présentait comme suit, voir
[LPO8] :

9 s
-, « Z 5)

inf spec T,] = 2 T (I1.2.2)
) 9 a < a
sin“ o 2

us

et pour a < 7 I'infimum du spectre est une valeur propre discrete associée a la fonction
propre exp(—~yz1/sin«). Le but du présent travail est de donner une analyse spectrale
plus détaillée.
Premierement, nous démontrons que le spectre essentiel de 7)) ne dépend pas de I’angle
de demi-ouverture «,
specess(Ty ) = [_727 +00),

voir Théoreme IV.1.1. II découle de (1.2.2) que le spectre discret est non vide si et seulement
si a < §, i.e. si et seulement si le secteur est strictement inclus dans le demi-plan.

Dans le Théoreme IV.2.1, nous montrons que le spectre discret est fini, ce qui est non
trivial a cause de la non compacité du bord. De plus, ce résultat dépend de la dimension de
I’espace ambiant, étant donné qu’en dimension supérieure les Laplaciens de Robin agissant
sur des cones peuvent avoir un spectre discret infini [BPP18, Pan16).

En Section IV.2.3, nous obtenons des résultats plus précis : nous montrons dans
le Théoreme 1V.2.3 que chaque valeur propre est une fonction continue et strictement
croissante en 'angle «, et qu’il n’existe qu’une unique valeur propre lorsque a > %, voir
Theorem IV.2.6. Il est important de noter que nous ne montrons pas que a > ¢ est un
saut de la fonction de comptage des valeurs propres de T,). Toutefois, certains arguments
présentés au Chapitre VII nous laissent penser que c’est le cas.

En Section IV.3, nous étudions le comportement asymptotique des valeurs propres
lorsque l'angle « est petit. Pout tout v > 0 fixé, nous montrons que la niéme valeur propre
E,(T]) se comporte comme

2

En(T0) = —(znjw +0O(1), a—0, (1.2.3)
voir Corollaire IV.3.3. Nous obtenons également dans le Théoreme IV.3.15 un dévelop-
pement asymptotique complet pour chaque valeur propre en fonction des puissances de
o?. L’asymptotique (1.2.3) nous permet également de conclure que le nombre de valeurs
propres discrétes est minoré par k/a, k > 0, lorsque o« — 0 et donc qu’il tend vers +o0,
voir Corollaire IV.3.2.

Enfin, nous prouvons que les fonctions propres associées sont localisées, dans un sens

bien défini, pres du sommet de U, voir Théoreme IV.4.1.
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[.2.2 [Etats propres des Laplaciens de Robin influencés par la présence
de coins

Cette section est dédiée a 1’étude des valeurs propres de Robin influencées par les coins sur
les polygones curvilignes. Les résultats sont rassemblés dans larticle Spectral asymptotics
for Robin Laplacians on polygonal domains [Khals].

Avant de présenter nos résultats, nous introduisons une définition des domaines étudiés
adaptée a notre sujet, voir également [Gri85, Definition 1.4.5.1], [Dau88, Chapter 1] et
[BNDP16, Section II. 3].

Définition I.2.1. Soit Q C R? un domaine borné et simplement connexe. Le domaine
Q est un polygone curviligne si 02 est lipschitzien et s’il existe M > 1 courbes non
auto-intersectantes I'y, k =1, ..., M, telles que

M
o0 = U Fk?
k=1

et si 'on note [, la longueur de I'y, et (; une paramétrisation de I'j, par la longueur d’arc
alors ¢ € C*([0,1]). De plus, si deux composantes I'y, I'; s’intersectent en un point
v = Tk(lx) = T;(0), alors deux situations sont autorisées : soit I'y UT; est C* pres de v
et ainsi v est un point régulier de 052, ou 'angle d’ouverture en v, noté 2«,, et mesuré a
Pintérieur de Q et formé par les demi-tangentes en v appartient & (0,7) U (, 27). Dans ce
dernier cas, v est un coin de 2.

Les pointes (i.e. &« = 0) ne sont pas autorisées par notre définition puisque le bord est
lipschitzien.
Introduisons I'ensemble des coins convexes de {2 :

V= {v € 09, v est un coin de Q et o, € (O,g)}

Alors, pour tout v € V, il existe r, > 0 et un C?-difféomorphisme F, tels que :

(a) F,: QN B(v,ry) = Uy, N B(0,7y),

(b) F,(QN B(v,1y)) = Uq, N B(0,7),
(c) Fy(v) =0et VE,(v) = I,

ou 'on note I5 la matrice identité en dimension deux, B(v,r,) la boule de centre v et de
rayon 7, dans R?, et VF, la matrice jacobienne de F,. A rotation et translation pres, le
secteur U, est le cone tangent a 0f2 en v.

Soit © C R? un polygone curviligne. Définissons 1’opérateur modele :

T :=PT,,, and N¥:=>"N,,

veY veY

ot on note N, := #{n € N: E,(T. ) < —1} le nombre de valeurs propres discrétes de
Ty, . Nous avons N, < +oo par le Théoréme IV.2.1.

Le résultat principal de cette section nous donne I’asymptotique des N9 premiéres
valeurs propres lorsque v — +oc.

Théoréme 1.2.2. Pour tout n € {1, ..., N®} nous avons :
En(QY) = En(T®)? +r(y), lorsque v — +oo,

ot 7(7y) = O(v*3), et nous avons r(v) = O(e~) avec ¢ > 0 si Q est un polygone droit.
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Pour un résultat plus précis voir Théoreme V.2.1 pour les polygones droits et Théo-
reme VI.3.1 pour le cas général. Dans le Théoréeme 1.2.2, nous supposons que {2 est
simplement connexe, voir la Définition 1.2.1. Il apparait clairement dans les preuves que
cette hypotheése n’est faite que pour garder des notations simples. Le résultat reste valable
pour une union finie de domaines connexes.

Nous montrons également que les fonctions propres associées sont localisées pres des
coins convexes de €2, voir la Proposition V.3.2 pour les polygones droits et la Proposi-
tion VI.3.4 pour le cas général. De plus, dans le cas de polygones droits, elles sont également
proches, en un sens bien défini, des fonctions propres tronquées de 'opérateur modele, voir
Théoréme V.3.1.

1.2.3 Les valeurs propres suivantes

Nous souhaitons maintenant obtenir des informations sur le comportement asymptotique
des valeurs propres suivantes, c’est-a-dire Eyro Jr](Q%) lorsque 7 — +oo. Le résultat ci-
dessous nous montre en particulier que les coins n’influencent pas le premier ordre de
I'asymptotique de ces valeurs propres.

Proposition 1.2.3. Soit Q C R? un polygone curviligne. Pour tout j € N, nous avons
o 15(QR) = —7* + o(1?), lorsque 7 — +oo.

Par analogie avec le cas lisse, voir Théoréme 1.1.6, nous nous attendons au comportement
asymptotique suivant pour les polygones curvilignes :

Epno4;(Q%) = =7 + Ej(L,) + R(y), lorsque v — +o0,

ou 'opérateur effectif ij agit dans L?(0€) comme u +— —0%u — yku, ol & est la courbure
de 09, sur des fonctions satisfaisant des conditions de bord en chaque coin et R(7y) est
un petit reste. Nous présentons ici un premier résultat pour des polygones droits qui va
dans le sens de cette conjecture. Le cas des polygones curvilignes est plus technique et sera
étudié plus tard. Ces résultats sont issus d’une collaboration avec Konstantin Pankrashkin
et Thomas Ourmieres-Bonafos (Orsay).

Introduisons d’abord quelques notations. Nous allons définir une troncature particuliere
de Uy,. Soient 0 < a < § et R > 0. Considérons les points

1
Aﬁ = R(cosa,£sina) € 0U,, Br=R (,0) € Uy,
cos av

et notons U, r le quadrangle OAEBEA;. Définis de cette maniere, les cotés BA% sont
orthogonaux a dU, et Aﬁ, voir Figure I.4. Notons T/ , opérateur agissant dans LQ(Um R)
et défini comme 'unique opérateur auto-adjoint associé a

£, ) :/ ]Vu|2d:n—fy/ uPds, D(£, ) = H'(Usg).  (124)
Ua,r aUa,RﬂaUa

L'opérateur T, ,, agit comme le Laplacien sur Uy, g avec la condition de bord de Robin sur
OUq,r N OU, et la condition de Neumann sur le reste du bord. Cet opérateur joue un role
important en Section V.4 et dans la définition suivante :

Définition 1.2.4. Un angle o € (0, §) est dit non résonant si, pour v > 0, il existe une
constante C' > 0 telle que

Q,

En,41(T) 5) > =7 + Rg’ lorsque R est grand. (I.2.5)
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FIGURE 1.4 — The truncated sector U, g is shaded.

Cette propriété ne dépend pas du choix de v > 0 puisque nous avons ’égalité :
En(T} ) = 7 En(Ta o R)-

Le résultat suivant, basé sur la monotonie des valeurs propres en fonction de «, exhibe des
angles non résonants explicites.

Proposition 1.2.5. Tout angle o € [T, %) est non résonant.

1072
La preuve est donnée en Section IV.5.
Soit 2 C R? un polygone droit admettant V' € N sommets. Notons les sommets
Aq,..., Ay € R2, et supposons qu’il sont énumérés de telle facon que le bord 99 soit
exactement l'union des V' segments [A,, A,+1], ou 'on note :

AV+]_ = A1 and AO = Av.
Nous supposons qu’il n’y a pas de sommet artificiel. Introduisons également :

- Tangle de © au sommet A,, i.e. ’'angle entre les segments [A,, A,_1] et [Ay, Apt1]
mesuré a [’intérieur de €2, est toujours noté 2«,,. Les hypotheses précédentes im-
pliquent :

T T
a, € (0, 5) U (5,77) pour tout v.
- N® ::Nal +"'+Nav7

- La longueur ¢, = |Ay41 — Ay| du vieme coté de Q.

- Le Laplacien de Dirichlet dans L?(0, £,) noté D, et agissant comme f — —f” sur
(0,4),

- L’opérateur D := D1 & --- @ Dy, qui jouera le role de 'opérateur effectif sur of2.
Le résultat principal se présente comme suit :

Théoréme 1.2.6. Supposons que v, > 5 ou oy, est non résonant pour tout v € {1,...,V}.
Alors, pour tout j € N fizé nous avons :

1
Eye1;(Q}) = —* + E;(D) + 0<°j$> lorsque v — +00.

La preuve est donnée en Section V.4. Nous pouvons déduire de la Proposition 11.2.7 le
cas particulier suivant :

Corollaire 1.2.7. Si a, > 7 pour tout v, alors pour tout j € N fizé nous avons

1
Eyoy;(Qf) = —v* 4+ E;(D) + O((zgﬁjy) lorsque v — 400.
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I[.2.4 Asymptotiques de Weyl pour les polygones curvilignes

Dans cette section, nous introduisons les résultats relatifs a la fonction de comptage des
valeurs propres de Popérateur QJ. Les preuves sont données en Section VI.4.

Soit A un opérateur auto-adjoint, borné inférieurement dans un espace de Hilbert H.
Pour un paramétre A € R, nous notons N (4, \) le nombre de valeurs propres, comptées avec
multiplicités, de 'opérateur A dans (—oo, \) si specess(A) N (=00, \) =0 et N(A4,\) = +o0
sinon.

L’étude de la distribution asymptotique des valeurs propres est un sujet classique en
théorie spectrale, et le premier résultat sur le sujet est dii a Weyl en 1911. Notons Qg le
Laplacien dans L?(f2) avec la condition de bord de Dirichlet, i.e. u = 0 on 9. Alors nous
avons :

wd|
(2m)d

oll wy est le volume de la boule unité de R%. Des asymptotiques plus précises ont été
obtenues depuis, et nous renvoyons a l'article de synthése [Ivrl6] pour une discussion
détaillée.

Nous nous intéressons ici a la distribution asymptotique des valeurs propres négatives
du Laplacien de Robin lorsque 7 — +o00. Pour des domaines lisses, des asymptotiques de
Weyl ont été obtenues par [HKR17] : pour tout E € (—1,0) nous avons

WV E +1
_JOUNEET

N(QQ, A) = A% (I+0(1)), lorsque A — +o0, (1.2.6)

N(QY, Ev?) 1(7), Ri(y) = O(1), lorsque v — +o0, (1.2.7)

et pour tout A € R nous avons lorsque v — 400,

N(QY, —2 + Ay) = \f/m (5(s) + N)1ds + Ra(7),  Ro(y) =o(\7),  (1.2.8)

ou k est la courbure de 9€2, voir (VI.2.1) pour une définition précise, et (z)4+ := max(z,0).
Des asymptotiques semblables ont également été démontrées en dimensions supérieures dans
[KKR16]. Nous pouvons alors montrer que, lorsque 2 admet des coins, ces asymptotiques
restent vraies.

Théoréme 1.2.8. Les asymptotiques (1.2.7) et (1.2.8) sont vraies lorsque S est un polygone
curviligne avec respectivement Ry (v) = O(7?) pour tout § € (0, %) et Ro(y) = O(fy%).

En comparaison avec les domaines lisses, ce résultat nous montre en particulier que
les coins n’influencent pas 'asymptotique de Weyl, ce qui n’est pas surprenant puisque,
d’apres le Théoreme 11.2.3, ils ne créent qu'un nombre fini de valeurs propres.

Nous obtenons également I’asymptotique de Weyl suivante pour des seuils positifs.

Proposition 1.2.9. Pour tout C > 0 nous avons lorsque vy est grand :

Q
N( g,C'yz) = C72|47T| + 0(72).

On remarque en particulier qu’il s’agit du méme premier terme que celui de I’asympto-
tique de Weyl classique (1.2.6).
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Chapter 11

Introduction

II.1 Motivation

For a domain Q C R? d > 2, and a real parameter v > 0 we consider the spectral problem

0%u

—Auy = —ZW = Fu on (, (I1.1.1)
j=1 "7

% = yu on 012, (I1.1.2)
v

where v is the outward unit normal of 92, E is an eigenvalue and u is an associated
eigenfunction. The boundary condition (II.1.2) is called the Robin boundary condition.
The present work is motivated by the investigation of the asymptotic behavior of the
eigenvalues for large v when € is a planar domain with corners.

The study of the eigenvalues of the Laplace operator is a classical topic in spectral
theory, as this operator appears in mathematical models of numerous physical phenomena.
One can mention the heat equation, which models the evolution of the temperature in a
solid, the Schrodinger equation, which describes the evolution of a quantum particle, or
also the wave equation modeling the vibrations of a membrane. In the latter situation,
the physical meaning of the eigenvalues of the Laplace operator is easy to understand. If
we consider a planar membrane  C R?, its small variations are described by the partial
differential equation

0%

ot?
The function u(¢, x) denotes the height of the membrane at time ¢t € Ry and point z € €.
An easy way to solve this equation is to separate the temporal and spatial variables: we
look for a solution in the form wu(t,x) = g(t) f(x). This leads to the system

— Au=0.

—~g"(t) = Eg(t)
~Af() = Ef(a).

A particular solution of the wave equation is then given by

u(t,z) = (Acos(VEt) + Bsin(VEL)) f(z), A BER,

which oscillates with a frequency +/E. In his famous book The Theory of Sound [Ray77],
Lord Rayleigh conjectured that, when the area is fixed, the circular membrane has the
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CF

Figure I1.1 — Isospectral domains for Dirichlet and Neumann Laplacians [GWW92].

lowest frequency. Mathematically, this means that considering the first eigenvalue E1(€),
called the fundamental frequency, of the following problem

—Au = Fu on
u =0 on 09,
we should have
Ev(B) < Ei(9), (IL1.3)

where B C R? is the disk of same area as the membrane 2. The conjecture of Rayleigh
was the starting point of what are now called the isoperimetric inequalities. The inequality
(I1.1.3) was rigorously proved in any dimension and is known as the Faber-Krahn inequality.
In the above system, the boundary condition v = 0 on 92, known as the Dirichlet
boundary condition, models a membrane fixed at its boundary. Similarly, if one considers

u
the vibrations of a free membrane, the boundary condition becomes — = 0. This boundary

condition is known as the Neumann boundary condition. The isoplérimetric inequalities
were extended to the Neumann and the Robin case for a negative parameter . More
precisely, it was proved in [Sze54, Weib6] that the ball maximizes the second eigenvalue,
namely the first non-trivial eigenvalue, of the Neumann Laplacian among the class of
smooth domains of same volume in any dimension. Similarly to the Dirichlet case, the ball
is a minimizer for the first eigenvalue of the negative Robin Laplacian in any dimension
[Bos88, Dan06]. However, it is interesting to note that the investigation of optimizers of
the first eigenvalue of the Robin Laplacian with a postitive parameter v when the volume
is fixed remains an open question.

In 1966, Kac was interested in the inverse problem: Can one hear the shape of a drum?
[Kac71]. In other words, if one knows the eigenvalues of the Laplacian acting on a domain
), can we deduce its form ? Unfortunately, without any additional assumptions this is not
true as showed in particular by [GWW92] where a planar counterexample is exhibited, see
Figure II.1. Nevertheless, some information on the geometry of the domain can be obtained
by the study of the eigenvalues of the Laplacian. In 1911, Weyl proved the following
asymptotics for the Dirichlet eigenvalues,

2
Er(Q) ~ 4r? ( )d , as k — +oo, (I1.1.4)

wa|QY|
where wy is the volume of the unit ball in R%. We deduce from this result that two
domains with different volumes can never have the same spectrum, and the volume is then
a spectral invariant for the Dirichlet Laplacian. Since then, more precise asymptotics were
obtained for the Dirichlet eigenvalues and the search for spectral invariants still continues
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to attract a lot of attention for the Dirichlet Laplacian [LR15, LR16, Ucal7], but also
for other boundary conditions as the Neumann or the mixed Dirichlet-Neumann ones
[HLR17, JLNP06, LPP06], and other spectral problems as the so-called Steklov problem
[GPPS14, PS15]. These considerations on the asymptotics on the Dirichlet eigenvalues also
gave rise to the well-known Pélya conjecture. In 1961, Pélya proved in [P61] that for any
plane-covering domain, that is to say any domain which covers the whole plane, without
gaps and overlaps, allowing rotations, translations and reflections of itself, there holds
Ak

E(Q) > T for all k € N.

He conjectured that the above inequality is valid for any bounded domain in R?, which is
equivalent to say that the Weyl asymptotics (I1.1.4) is a lower bound for the eigenvalues.
The conjecture remains open to this day.

In this thesis, our interest is focused on the Robin boundary condition (II.1.2). In a
certain sense, it can be viewed as the most general boundary condition, as it contains
the Neumann one when v = 0 and the Dirichlet one in the limit v — —oco. The Robin
eigenvalue problem (I1.1.1)-(I1.1.2) appears in several applications as the estimation of the
critical temperature of superconductors [GS07], or the study of reaction-diffusion process
in the long-time asymptotics [LOS98]. The repulsive case (7 < 0) has been studied in great
details, as described in the recent review paper [BFK17], while the attractive case (y > 0)
is a relatively new topic.

Let us define more rigorously the Robin Laplacian. We are only interested in the
attractive Robin boundary condition and, in what follows, the Robin parameter - is strictly
positive: v > 0. Consider a domain Q C R¢, d > 2, and the sesquilinear form

@) = [ [VaPdz = [ JuPds, e H(Q),
Q o0

where ds stands for the (d — 1)-dimensional Hausdorff measure. Assume that the following
conditions are satisfied:

- the trace map H'(Q) 5 u — ujgq € L*(99) is well-defined,

- there exists a constant K > 0 such that

/ lul?ds < K (6/ ]Vu|2dw+€_1/\u|2dm>, (I1.1.5)
19) Q Q

holds for any u € H(Q2) and € € (0,1).

Under these assumptions, one can show that the sesquilinear form qu is semibounded from
below: there exists a constant ¢ > 0 such that, for any u € H(Q),
2
a(u, u) > —cllull72(q);
and that the norm induced by the form ¢/, and defined by the scalar product (u,v) @ =
g (u,v) + (¢ + 1){u,v) is equivalent to the H'-norm: there exist c1,cy > 0 satisfying

crllullFqy < ab(uw) + (¢ + Dull7zg) < cllullfng)-

When both of the above properties are satisfied, we say that the form is closed. By the
theory of sesquilinear forms, see e.g. [RS80, Theorem VIIIL. 15|, the form ¢/, defines a
unique self-adjoint operator in L?(2) which is denoted by QY.
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Let © C R? be a bounded Lipschitz domain. Then, the trace map is well defined
[Gri85, Theorem 1.5.1.3], and the inequality (II.1.5) is satisfied [Gri85, Theorem 1.5.1.10].
As a consequence, the form ¢/, is closed for any bounded Lipschitz domain. Another
prominent examples of domains for which the form qu is closed are the infinite sectors in
two dimensions. They play a particular role in our study and we give a complete proof of
the closedness of ¢/, when Q C R? is an infinite sector in Section IV.1. One can also mention
that some investigations have been made for non-Lipschitz domains, and in particular for
domains with cusps [Dan13, KP, NT13], for which the trace map is well defined if the
cusps are not too sharp.

In the sequel, €2 is a bounded Lipschitz domain. An integration by parts shows that
the operator @, acts as the Laplacian u — —Awu on the domain

0
D(QY) = {u € HY(Q): Au € L*(Q), a—u = yu on 89} .
v
Due to the compactness of the embedding H*(Q2) — L*(Q) [Gri85, Section 1.4.4], the
operator @/, has a compact resolvent and hence, see e.g. [RS78, Theorem XIIL.64], its
spectrum consists of a sequence of eigenvalues

E1(Q}) < B2(Q) < ... < En(QY) < ... = +00,

where each eigenvalue is repeated according to its finite multiplicity, and the associated
eigenfunctions form an orthonormal basis of L?(Q). The variational characterization of the
eigenvalues by the max-min and the min-max principle, see Theorem III.1.3 below, holds
for the operator Q{, and we have, for any n € N:= {1,2,...},

> Y
En(Q4) = sup inf M = inf sup M
Vtytbn 1 €12(Q) WEHN(Q)u0 (U, u)  GCH'(QueG (U u)
ultj,j=1,..,n—-1 dim G=n u#0

We can deduce from this variational characterization some simple properties satisfied by
the eigenvalues. Each eigenvalue viewed as a function of v € Ry is decreasing. In fact, the
decrease is strict in v as discussed e.g. in [Roh14] for the more general context of Robin
parameters being functions on the boundary, i.e. 92 > s+ 7(s). Moreover, we have the
following scaling with respect to the dilations of the domain:

En(Q3) = 7V En( ’1YQ)’ for any n € N,

where we use the notation vQ := {yz,z € Q}. Due in particular to the boundary condition,
notice that there is no domain monotonicity of the eigenvalues. We can also infer the
asymptotic behavior as v becomes large.

Proposition II.1.1. Let Q C R? be a bounded Lipschitz domain. For each fited n € N
there holds
En(Q)) = —o0 as v — +o0.

Proof. Let n € N be fixed. Consider n functions linearly independent ¢1, ..., 0, € H %(89)
As the trace map H* () 3 u — upq € H%((?Q) is surjective [Gri85, Theorem 1.5.1.3],
there exist t1,...,¢p, € H'(Q) such that for any j = 1,..,n we have (¢j)p0 = @j.
Thus, by linearity of the trace map the functions 1, ...,%,, are linearly independent. Let
¥ € span{vn, ..., }. There exists (cy, ..., ¢,) € C" such that ¢ := > j=1¢;j¥;. Denote by

+ . 2 - ; 2 - ; 2
M7= max [Williney, M7= min [Willia@), m™ =, min il en)-

=1,...,
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Using the Cauchy-Schwarz inequality we have
n
IV [I72() < (L+20)MF ) e,
j=1

and using the fact that the v; are linearly independent and the ¢; are linearly independent
as well, we also have

n n n
112000 = m™ D leil?s M7 | < 9ll7aq) < M* Y lesl.
j=1 j=1 j=1
The min-max characterization of the eigenvalues yields

~
En(Q)) < sup M
(C1yeersCn ) EC™ H¢HL2(Q)

(Cl,...,Cn)#(O,...,O)
and thanks to the previous estimates we obtain the upper bound

(1+2n)M*T  m~
- —M+'y—>—ooa5’y—>+oo.

En(Q4) <
O

Finally, a simple adaptation of (II.1.5) tells us that the eigenvalues do not decrease
faster than —v2:

Proposition I1.1.2. Let Q C R? be a bounded Lipschitz domain. Then, there exists a
constant Cq > 0 such that for large v,

E1(Qh) = —Car’.

The one-dimensional Robin Laplacian acting on L?(R ) will be of importance for our
purpose. The operator Q%+ admits a unique discrete eigenvalue —? associated with the

eigenfunction e, see Section II1.5.1. This eigenfunction is in particular used as a test
function to prove the following upper bound obtained in [GS07]:

Proposition I1.1.3. Let Q C R? be a bounded Lipschitz domain. Then, for any v > 0 we
have

B (QF) < =

Proof. Without loss of generality, we can suppose that Q C {z € R? : 1 > 0}. Let
u(z) = e 7%, Then, [o|Vu’dz = 42 [o|u/*dz. Moreover, applying the divergence
theorem to the vector field F(x) := (e=27%1,0,...,0) we get

/ lu|?ds 2/ Frds = —/ div Fdx = 27/|u]2d:z.
o0 o0 Q Q

By the min-max principle we finally obtain

/Q|Vu]2 — 'y/aQ\u|2ds )
E1(Q) < < -~

u|?dx
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The study of the Robin eigenvalues for large v has attracted a lot of attention and the
first paper on this topic was probably [LOS98]. The starting point of this work relies on
the simple observation that for the unit ball B C R?, the asymptotics of the first eigenvalue
is easily shown to be

El(QF) =7 = (d=1)y+o(y), ~— +o0.

This can be proved studying the asymptotic behavior of the associated eigenfunction which
turns out to be the modified Bessel function with parameter % [AS64]. In [LOS98], the
authors prove that

Ei(Qf) ~ —7*, 7 = +oo, (I1.1.6)

for C?-domains whose boundary is diffeomorphic to the sphere. These assumptions can be
weakened and in particular [L.Z04] proved that (I1.1.6) still holds for C'-domains. Later
on, this result has been extended to any Robin eigenvalue:

Theorem I1.1.4 ([DK10]). Let Q C R? be a bounded C'-domain. Then, for any fized
n € N there holds
En(Qf) = —7* +0(v?), as ¥ = +oo.

The proof in [DK10] is purely variational and relies on the construction of suitable test
functions and the min-max principle to obtain the upper bound E,, (Q}) < —~2+40(1) for any
n € N and large ~. This is sufficient to obtain the desired asymptotics as E1(Qg) ~ —~2.

It might be surprising that the leading order in the asymptotics of the eigenvalues is not
dependent on the volume of the domain, nor on the ambient dimension. However, a simple
observation can explain this phenomenon. Let  C R? be a bounded C?-domain. For § > 0
define Q5 := {z € Q : d(z,09) < §}. Consider the operators Qg’D/N acting on L?(£2s) as
the Laplacian with the v-Robin boundary condition on 92 and the Dirichlet/Neumann
boundary condition on the remaining part of the boundary 0Qs\0€2. Thus, using the
min-max characterization of the eigenvalues we arrive at

E.(QYY @ Q) < (@) < En(Q)7 & QP),

where QN/P denote the Neumann/Dirichlet Laplacians acting on L?(Q\Qj) which are
positive operators. This technique is called the Dirichlet-Neumann bracketing. For v large
enough we have E,(Q)") < 0, which implies E,(Q}" @ QN) = E,(Q}") and the same
holds for the Dirichlet version. Thus, for any fixed n € N we get for large ~

EL QYY) < En(QY) < En(Q)),

and the study is reduced to a neighborhood of the boundary. In addition, it is proved
in [HK17] for planar domains that the associated eigenfunctions are localized in a small
vicinity of the boundary and, more precisely, near points of maximal curvature of the
boundary.

The next natural question is then to study the further terms in the asymptotics in
which the geometric properties of the boundary, and more precisely the curvature, will
appear. This question was first addressed in [Panl3] where a two-term asymptotics is
obtained for E1(Q(,) when 2 is a piecewise smooth planar domain. Then, it was shown in
[EMP14] for d = 2 and in [PP15] for any d > 2 that, if @ € R? is a bounded C®-domain,

En(Q3) = —7* = (d = D)yHumax + O(43), as v — +o0, (I1.1.7)
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where H.x denotes the maximum of the mean curvature of 9€2. The remainder can be
replaced by (’)(7%) if Q is C*. The proof is based on a Dirichlet-Neumann bracketing
reducing the study to a well-chosen tubular neighborhood of the boundary. The asymptotics
(IL.1.7) was also proved in [EM14] for a particular class of unbounded domains. As in this
context the Robin Laplacian does not have a compact resolvent, the essential spectrum
is not empty anymore, and one of the main question is to investigate the existence of
discrete spectrum. If the boundary is compact and the domain is unbounded, then
specess(Q4y) = [0,+00), see e.g [KP13], and there is only a finite number of discrete
eigenvalues. Moreover, if n € N is fixed one can see that for v sufficiently large E,,(Q) < 0,
in other words each E,(QY) is an eigenvalue for large 7. However, when the boundary is
non-compact this observation does not hold anymore. In [EM14], examples of unbounded
domains for which the spectrum of Q) is purely essential are given, and we can emphasize
the importance of the concavity of the domain in these cases. On the contrary, it is
shown that in the asymptotic regime v — +oo and for sufficiently smooth boundary, local
convexity of the boundary produces infinitely many discrete eigenvalues.

The asymptotics (I1.1.7) can also be used to discuss the reversed Faber-Krahn inequality
for Robin Laplacians in the asymptotic regime. In this context, we look for a maximizer of
the first eigenvalue E1(QY). In [Bar77], it was first conjectured that, among the class of
smooth bounded domains of same volume, the ball should maximizes the first eigenvalue
E1(QJ). However, [FK15] disproved the conjecture for large v and this can be easily seen
using the asymptotics (IL.1.7). Indeed, consider a ball B C R? of radius » > 0 and a
spherical shell Sp € R? of outer radius R > 0 and of same volume. Necessarily one has
R >r and thus Hpax(B) = 1 > Hyax(Sr) = . Due to (IL.1.7), for large ~ there holds,

E1(Qg,) > E1(QR).

This situation is quite unexpected as it seems that it is the only one for which the first
eigenvalue of the Laplace operator is not optimized by a ball under a volume constraint.
Additionally, it was shown in [FNT16] that the conjecture is false for three-dimensional
domains diffeomorphic to a ball proving that among this class there holds

inf{ Honax (), [ = 1} = 0.

Nevertheless, one can find some configurations in which the conjecture holds true. In
particular, it appears to be true for bounded Lipschitz domains which are close in a certain
sense to a ball as proved in [FNT15] as well as for bounded C2-planar domains for small
v, see [FK15]. It is also shown in [PP15] that among the class of bounded star-shaped
C?-domains of same volume, the ball minimizes the maximum of the mean curvature, and
the conjecture is then verified for this class of domains when « is large.

The influence of the boundary is clearly established through the second term in the
asymptotics (II.1.7), however the number of the eigenvalues does not appear in the two
first terms and at this point we cannot distinguish them. The paper [HK17] focuses on this
problem and gives an asymptotics of E,11(Q{)) — En(Q{,) where Q is a planar domain by
proving a complete asymptotic expansion of each eigenvalue. To be more specific, suppose
that Q C R? is a bounded C*°-domain and that the boundary 9 is parametrized by the
arc-length. Denote by x the curvature of 92 and by kpax the maximum of the curvature.
The most important assumptions are the following: s attains its maximum k. at a
unique point zg € 9 and the maximum is non-degenerate: k" (zg) < 0.

Theorem I1.1.5 ([HK17]). Under these assumptions, and for any n € N, there ezists a
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sequence (jn)j>0 of real numbers such that for any M € N there holds

K" (x M
Eu(QR) = 7~ v + 0n = ) L 515 50078 4oy ), as oo
7=0

The localization of the eigenfunctions near the point of maximal curvature is crucial
to prove this asymptotics, and is used to construct approximate eigenfunctions, which
associated with the min-max principle gives an upper bound for the eigenvalues. Remark
that the terms (2n—1) #(xo) are the eigenvalues of the harmonic oscillato —j—; - @52
in L?(R). Actually, one can say that the first terms in the asymptotics are given by the
harmonic approximation of the boundary operator —y? — 92 — vx(s) where s is the arc-
length, due to the assumption that the potential —yx(s) admits a unique non-degenerate
minimum at z¢ € 9. Following the denomination of [HS84] for semi-classical Schrodinger
operators, the curvature acts as a potential well. Then, the situation of a unique point
of maximal curvature corresponds to the existence of a unique well. A natural question
is to consider the case of multiple wells. In [HKR17], the particular case of a smooth
planar bounded domain admitting an axis of symmetry and exactly two points at which
the curvature attains its maximum away from this axis is considered. This is a typical
example of a tunneling effect induced by symmetries of the domain and the aim of this
paper is to establish asymptotics for the spectral gap E2(Q) — E1(QJ) as v — +o0.

In [PP16], the influence of the boundary on the eigenvalues of Q¢, is established in any
dimension in the following form:

Theorem I1.1.6 ([PP16]). Let Q@ C R? be a bounded C®-domain. Then, for any fized
n € N one has

E,(Q) = —~2 4 E.(—Apq —vK) + O(1), as vy — +o0,

where —Apq, is the Laplace-Beltrami operator acting on L*(0S2,ds) and s — K(s) denotes
the sum of the principal curvatures of 0€).

The asymptotics of E,(Q{,) is then determined by the effective operator —Agg — yK
acting on 0€2. Remark that here, no assumption on the points of maximal curvature is
made in comparison with the previous result. Furthermore, more precise asymptotics are
deduced studying the effective operator. We can also mention that this still holds for
unbounded domains under additional assumptions on the boundary, providing in particular
the existence of discrete spectrum.

As the above results indicate, the interest for Robin Laplacians acting on smooth
domains was significant in the last decade and one can also mention the related papers
[KP17, KL18, KL]. However, only a few results are available in the literature concerning non-
smooth domains, and particularly domains with corners. A simple example can convince us
that we expect a very different asymptotic behavior for the eigenvalues. Consider the cube
Cq C RY with edges of length 1. By separation of variables, the study of di is reduced to
the study of the one-dimensional Robin Laplacian acting on an interval of length 1 and an
easy computation gives

E1(Q) = —dy* + 0(y%), as v — +oo.

In [LP08, BP16], the asymptotic behavior of E1(Q{,) is investigated for a class of piecewise
smooth domains admitting corners, to which the cube belongs to: the so-called corner
domains. By a cone, we mean a Lipschitz domain K C R invariant by positive dilations.
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Figure I1.2 — Tangent sectors of the curvilinear polygon €.

A domain Q C R? is a corner domain if its boundary is Lipschitz, piecewise smooth and if
for any y € 012, there exist a cone K, C R? and a smooth diffeomorphism F, satisfying

F,:QnB(y,r)— K,NB(0,r), F,(QnB(y,r))=K,NnB0,r)

for small > 0, Fy(y) = 0 and VF,(y) = Id. We say that K, is the tangent cone of 092
at y. Notice that if y € 0 is a smooth point, the cone K, is simply a half-space. In
dimension two, the tangent cones are the full plane and the infinite sectors parametrized
by their half-opening angle a € (0, 7), while the half-plane corresponds to a = 5. The
corner domains in dimension two are the curvilinear polygons. They admit a finite number
of corners of opening in (0,7) U (m, 27) and they include of course the smooth domains,
see Figure I1.2. In dimension three the corner domains admit a large variety of tangent
cones as the full space, half-spaces, wedges, axisymmetric cones,... For example, consider
a point on the boundary of the three-dimensional cube: y € 9dCs. The tangent cone
K, can be the half-space if y belongs to a face, a wedge if y belongs to an edge or a
cone which section, that is to say the intersection with the unit sphere, is a spherical
equilateral triangle of length 7 if y is a vertex. We refer to [Dau88, BNDP16] for a more
rigorous description of corner domains and their properties. As for any cone K, the Robin
Laplacian Q}{U does not have a compact resolvent, the essential spectrum is not empty

and we set A(K,,v) := inf spec(Q'}(y). The invariance by dilations of K, implies that
A(Kyy v) = 72A(Ky7 1).

Theorem I1.1.7 ([LP08, BP16)). Let Q C RY be a corner domain. Then,
Ei(Qf) = ( i%fQA(Ky, 1)> 2+ 0(7?), asy — +oo.
ye
In view of this asymptotics, one can say that the Robin Laplacians acting on cones
play the role of model operators and understanding them better is needed to obtain more

precise asymptotics for corner domains. In [LP08], it is proved that if d = 2 and « is the
half-aperture of the infinite sector K, then,

A(K,y 1) = —

— ifa < g A(K,,1) = 1 otherwise. (IL.1.8)

sin“ «

When o < 3, the infimum of the spectrum is in fact a discrete eigenvalue associated with

the eigenfunction e_si%v, where (1, z2) denotes the cartesian coordinates in R? and Oy
coincides with the bisector of the sector. In dimension three, some estimates on A(K,, 1)
are given in [LPO8] for cones admitting a smooth bounded convex section. One can also
mention the case of circular cones which is well known: the bottom of the spectrum is

the discrete eigenvalue —sinl%é with «a being the spherical radius of the section and it is
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associated with the eigenfunction e sima where Oz coincide with the axis of revolution of
the cone, and the case of cones which section is a spherical polygon admitting an inscribed
circle as the estimate in [LP08] becomes an equality, see [LP08, Remark 5.3]. Remark that,
due to these results we have another way to recover the asymptotics for three-dimensional
cubes. Let y be a point of the boundary of the three-dimensional cube C3. If y belongs to
a face, it is a smooth point and the associated tangent cone is the half-plane. Using the
fact that Ey (Qﬁh) = —1 we then get A(K,, 1) = —1. If y belongs to an edge, we can write
K, as follows: K, =R x U% where U z is an infinite sector of half-aperture 7 and thus by
(I1.1.8) we have A(K,, 1) = —2. Finally, if y is a vertex the associated cone has a section
which is a spherical equilateral triangle and thus admits an inscribed circle. Using [LPO0S,
Remark 5.3] one can prove that A(K,, 1) = —3. We can now apply Theorem II.1.7 to get

E1(Qp,) = —372 + 0(7?), as v — 400.

In addition, an investigation on the existence of the discrete spectrum of cones in any
dimension was carried out in [Panl6], and it turns out that cones can admit infinitely
many discrete eigenvalues. In dimension three this gives the following simple statement,
see [Panl16, Corollary 9]:

Proposition I1.1.8. Let K C R3 be a cone with a simply connected smooth cross section.
If R3\K is convex, then the discrete spectrum of Q) is empty otherwise it is infinite.

In [BPP18], the asymptotic distribution of the discrete eigenvalues of three-dimensional
cones is studied for fixed v. They prove in particular that the Weyl asymptotics for the
eigenvalues is led by the curvature of the section of the cone.

Due to the asymptotics in Theorem I1.1.7 and the large variety of boundary singularities
of corner domains, a precise study of the asymptotic behavior of the eigenvalues should
be performed with respect to the ambient dimension. From now on, we focus on planar
domains, namely d = 2. Let us come back to the statement (II.1.8). If we consider
curvilinear polygons with convez vertices, namely their half-aperture satisfies o € (0, 5),
then the first order in the asymptotics of E1(Q¢,) is given by the most convex vertex. On the
contrary, for curvilinear polygons which admit only non-convexr corners the leading order
is given by —+? , and is thus the same as the one for smooth domains, see (I1.1.7). Hence,
the non-convex vertices do not influence the leading order of E1(Q¢,) in the asymptotic
regime v — +00. We can also say, in reference to the famous question of Kac, that it seems
that one cannot hear non-convex corners. A result in favor of this idea is the following;:

Theorem I1.1.9 ([Panl13]). Let Q C R? be a C* curvilinear polygon admitting only
non-convex corners. Then,

2
El(Q?}) = _'72 — YKmax + (9(73)’ as y — +00,
where Kmax 18 the mazimum of the curvature of 0€2.

The proof is similar to the one for smooth domains. It is based on a Dirichlet-Neumann
bracketing, reducing the study to a small vicinity of the boundary. At a technical level, we
can understand why we recover the same asymptotics as the one for smooth domains: indeed,
when the curvilinear polygon admits only non-convex corners and a smooth boundary, we
can easily construct a tubular neighborhood of the latter, whereas it is no longer the case
when there are convex corners. Moreover in [Panl5], an asymptotics of any E,(QY)) is
obtained when € C R? is the exterior of a convex polygon. The first order is again given
by —~2, while the second one is exactly the n-th eigenvalue of the Laplacian acting on the
sides of the domain with Dirichlet boundary conditions at each vertex. A natural question
that we can ask in view of these results is then:
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What is the influence of the convex corners on the spectral properties of
Robin Laplacians ?

The mail goal of this thesis is to study this question by obtaining more precise asymptotics
of the eigenvalues of curvilinear polygons.

Even if the computation of the eigenvalues of the Laplacian is a difficult task in general,
we know some explicit examples which can help us to have an intuition on their asymptotic
behavior. First, in his paper [McC11], McCartin makes a quite complete study of the
Laplacian acting on equilateral triangles, and he obtains in particular some asymptotics
for the eigenvalues of the Robin Laplacian. Let 7~ C R? be an equilateral triangle. Then it
is proved in [McC11, Section 7.4] that for any n = 1,2, 3 there holds

En(QF) = —49* + o(¥?), as v — +o0,

and
Ey(QF) = = +0(1), as v — +o0.

Of course, the asymptotics of E1(Q7) was already known by the result of [LP08, BP16],
but we see here that the two next eigenvalues behave the same way while the fourth one
has the same leading term as the one for smooth domain. One can also mention the result
of [HP15], in which an isocele triangle is studied. Denote by 75 C R? an isocele triangle
which two equal angles are 6 € (0, %) Then, there exists a constant ¢ > 0 such that for
n = 1,2 we have

2
Yy —cy
E,( 7’9) = T 5n2(0)2) +O0(e™ ), as v — +oo.

Actually more precise asymptotics are derived in [HP15], and in particular an asymptotics
of the spectral gap Fs( '772)) - El(Q%) is obtained. As a last example, we mention the
square. Due to separation of variables, the study is reduced to the one-dimensional Robin
Laplacian on an interval and we thus can obtain precise asymptotics of any eigenvalue, see
Example II1.5.5 below. Let [, C R? be a square of lenght ¢. For any n = 1,2,3,4 there
exists a constant ¢ > 0 such that

En(QL,) = 27"+ 0(e™), as v — 400,
and moreover for any j € N,

Euy(Q1,) = =77 + pj +0(1), as v = +o0,

2
where p; is exactly the j-th element of the union of the four disjoint copies of { (”71"’) ,keN }

and in particular p; > 0. These examples show that the eigenvalues of polygons exhibit
two different behaviors: the first eigenvalues seem to be influenced by the presence of
convex corners due to the result of [LP08, BP16]. The further ones however have the same
leading term as the one for smooth domains and the next term can be very different, if
we compare what happens for the equilateral triangle and the square. To understand the
asymptotic behavior of the eigenvalues of curvilinear polygons, it seems that one has to
carry out separately a study of the eigenvalues induced by the corners, and the further
ones.

In the next section, we explain the new results obtained for curvilinear polygons. Due to
[LP08, BP16], we understand that a complete study of what we called the model operators,
that is to say the Robin Laplacians acting on infinite sectors, is needed to have a better
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T2

Ua

Figure I1.3 — The infinite sector U,.

understanding of Robin Laplacians acting on curvilinear polygons. Thus, in Section I1.2.1
we list the results obtained for these operators. In Section II1.2.2 we state the theorem
concerning the asymptotics of the eigenvalues induced by corners. In Section 11.2.3, we
describe the results obtained for the further eigenvalues. Finally, we focus in Section 11.2.4
on the asymptotic behavior of the associated eigenvalue counting function.

II1.2 Main results

I1.2.1 Robin Laplacians in infinite sectors

For a € (0,7), let U, denote the infinite sector of opening 2,
Uy = {(z1,72) € R?: |arg(z1 + iz2)| < a},

see Figure I1.3. We are interested in the spectral properties of the associated Robin
Laplacian, to be denoted by T} := WU&, which is defined as the unique self-adjoint operator

in L2(U,) associated with the sesquilinear form
tl(u,u) = / |Vu|*dzidze — ’y/ lul*ds, ue€ H'(U,), (I1.2.1)
Ua OUa

where ds is the one-dimensional Hausdorff measure, see Theorem IV.1.1 for a complete
justification.

The study of the above operator 1)) has several interesting aspects from the point of
view of the existing results. First, it can be viewed as the simplest non-smooth domain
in two dimensions and depending in an explicit way on the single geometric parameter
«. Second, as already mentioned in the previous section, its spectral properties play an
important role in the study of more general non-smooth domains in the strong coupling limit
v — +00. Indeed, the sector U, exhausts the whole family of possible tangent cones to the
boundary in two dimensions and thus, according to the results of [BP16, CGM11, LP08§],
having a better understanding of 7;] will allow us to obtain more information about the
Robin Laplacian acting on curvilinear polygons. Third, the domain U, and its boundary
are non-compact, which may potentially lead to quite unusual spectral properties.

In the sequel we state the main results obtained on 7] and gathered in our paper
FEigenvalues of Robin Laplacians in infinite sectors [KP18]. The proofs are given in
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Chapter IV. Let v > 0 be fixed. The only spectral result on 7] available in the existing
literature was as follows, see [LP08]:

™
inf specT) = 2 72r (I1.2.2)
2

N

o )

sin” o’
and for o < § the value indicated is an eigenvalue with an explicitly known eigenfunction
exp(—yx1/sina). The aim of the present work is to provide a more detailed spectral
analysis.

First, we prove that the essential spectrum of 7)) does not depend on the angle «,
specess (1) = [_72= +00),

see Theorem IV.1.1. The proof is purely variational, and we construct in particular a Weyl
sequence to characterize the essential spectrum. It follows from (I1.2.2) that the discrete
spectrum is non-empty if and only if @ < 7, i.e. if and only if the sector is strictly smaller
than the half-plane.

In Theorem IV.2.1 we show that the discrete spectrum is always finite, which is a non-
trivial result due to the non-compactness of the boundary. Moreover, this result is dimension-
dependent in the sense that Robin Laplacians on cones may have an infinite discrete
spectrum in higher dimensions, as shown in [BPP18, Pan16]. To prove Theorem IV.2.1, we
use an idea proposed in [MTO05] for a different operator involving a similar geometry. We
first make an appropriate domain decomposition thanks to a partition of unity. Then, we
perform a reduction of the dimension to reduce the study to a one-dimensional operator,
using an orthogonal projection. We conclude with the help of a Bargmann-type estimate
for the number of eigenvalues of one-dimensional Schrédinger operators, see e.g. [Sim76].

In Section IV.2.3 we obtain more detailed results: in Theorem IV.2.3 we show that each
individual eigenvalue is a strictly increasing continuous function of the angle «, thanks
to a suitable change of variables, and, moreover, that there is just one discrete eigenvalue
for a > %, see Theorem IV.2.6. To do that, we make a decomposition of the domain
which permits us to compare the eigenvalues of T to the eigenvalues of Robin Laplacians
acting on equilateral triangles. We conclude thankes to the results of [McC11] on equilateral
triangles. Remark that we are not able to prove here that ¢ is a jump for the eigenvalue
counting function of 7). However, some evidence let us think that it is the case, see
Chapter VII.

In Section IV.3 we discuss the behavior of the discrete eigenvalues for small o. For any
fixed v > 0, we show that the n-th eigenvalue E,,(T)) behaves as

2
g
E,(T))=—-——-—=+0(1 -0 11.2.3
n( ) (2n _ 1)2a2 + ( )7 « ’ ( )
see Corollary IV.3.3. The proof is based on the well-known Born-Oppenheimer strategy
[CDS81, Ray17] and, similar to various problems involving small parameters [Bon05, DR12,
DR14, HJ11, Naz14, Ray17], on a reduction to a one-dimensional effective operator, which

in our case acts in L?(Ry) as

with a suitable boundary condition at the origin. This first order asymptotics tells us in
particular that each eigenvalue is simple as the angle is small. This allows us to apply the
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standard perturbation theory to obtain a full asymptotic expansion up to any order with
respect to the powers of o, see Theorem IV.3.15. A second consequence of the first order
asymptotics is that the number of discrete eigenvalues becomes arbitrarily large and is
minorated by k/a, k > 0, as « approaches 0, see Corollary IV.3.2.

Finally, in Theorem IV.4.1 we show that the associated eigenfunctions are localized,
in a suitable sense, near the vertex of U,. This is done with the help of the standard
Agmon-type approach using a suitable decomposition of the domain [Agm8&2].

I1.2.2 Corner-induced eigenstates of Robin Laplacians on polygonal do-
mains

This section is devoted to the corner-induced eigenvalues of Robin Laplacians acting on
the planar corner domains: the curvilinear polygons. The results are gathered in the
paper Spectral asymptotics for Robin Laplacians on polygonal domains [Khal8]. Only a
few results exist for Robin Laplacians acting on non-smooth domains and many question
remain open. However, with this work we can answer to two questions asked in the recent
review paper [BFK17, Open problem 4.19]:

Open problem I1.2.1. Suppose that Q@ C R? is a bounded, piecewise smooth domain
s
having L > 1 corners with half-angles a1 < ... < ap < 5" Is it true that the first L

etgenvalues have the asymptotic behavior

’72

sin?

forn=1,...,L ? How does E,(QJ,) behave for fized n > L ? Investigate the corresponding
situation in higher dimensions and for more general Q.

, as vy — +00,
Qn

It appears that the conjecture is not true as stated, and we can propose and prove a
correct version. But before stating our results, let us first recall a rigorous definition of the
curvilinear polygons, see e.g [Gri85, Definition 1.4.5.1], [Dau88, Chapter 1] or [BNDP16,
Section II. 3], slightly adapted to our needs.

Definition I1.2.2. Let  C R? be a simply connected bounded open set. We say that
Q is a curvilinear polygon if 9) is Lipschitz and if there exist M > 1 non-intersecting
connected arcs I'y,, k =1, ..., M, such that

M
=T
k=1

and if we denote by I; the length of I';, and by (; a parametrization of I, by the arc
length then ¢, € C*([0,1x]). Moreover, if two components I'y, I'; intersect at some point
v :=T'x(lg) = T'j(0), then two cases are allowed: either T'y UT; is C* near v and then v is
called a regular point of 92, or the corner opening angle at v, denoted by 2a,,, measured
inside 2 and formed by the one-sided tangents at v belongs to (0, 7) U (7, 27). In the latter
case, v is called a vertex of (2.

Notice that cusps (zero angles) are not allowed by our definition as the boundary is
Lipschitz.
We introduce the set of convex vertices of {2 by

V= {v € 09, v is a vertex of Q and «, € (0, 72r)} .

It is then easy to see that for each v € V there exist r, > 0 and F, a C?-diffeomorphism
satisfying the following conditions:
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(a) F,: QN B(v,ry) = Uy, N B(0,74),

(b) Fy(2N B(v,1y)) = Uqs, N B(0, 1),
(¢) Fy(v) =0 and VF,(v) = I,

where I stands for the identity matrix in two dimensions, B(v,r,) is the ball of center v
and radius r, in R?, VF, is the Jacobian matrix of F,. Then, a suitably rotated copy of
U,, becomes the tangent sector of {2 at v.

Let © C R? be a curvilinear polygon. We define the model operator

T :=PT,, and N¥:=> N,

veY veY

where NV, := #{n € N: E, (T} ) < —1} denotes the number of discrete eigenvalues of T, .
Recall that N, < +oo by Theorem IV.2.1.

Our main result gives the asymptotic behavior of the N'® first eigenvalues of Q{, as v
becomes large.

Theorem I1.2.3. For any n € {1,.... N®} there holds
En(QY) = En(T®)y? +r(7), asy — +o0,

where () = O(v*3), and one can take r(v) = O(e~") with ¢ > 0 if Q is a polygon with
straight edges.

For a more detailed statement see Theorem V.2.1 for polygons with straight edges and
Theorem VI.3.1 for the general case. In Theorem I1.2.3, we make the assumption that € is
simply connected, see Definition I1.2.2. It will be clear from the proof that this assumption
is made for the sake of simplicity. The result extends in fact to finite unions of connected
domains.

By Theorem I1.2.3, we see that the conjecture stated in Open problem I1.2.1 becomes
false if E2(T,) < E1(T)) for some v, w € V, which happens for «, small enough, see (11.2.3).
However, it is possible to find a setting for which the conjecture holds true, which is due
to the fact that T admits a unique discrete eigenvalue for any o > .

Corollary I1.2.4. Let Q C R? be a curvilinear polygon having L > 1 convex vertices with
half angles % <o <..<ap< g Then,

sinfan +0 (7%) , Y — +oo,

foralln=1,...,L.

The proof of Theorem I1.2.3 uses an idea of [BNDO6] in which a magnetic Laplacian
acting on curvilinear polygons is considered. It mainly relies on the construction of quasi-
modes, thanks to the eigenfunctions of the model operator. For v € V, let ¥ be an
eigenfunction of T}) associated with a discrete eigenvalue E, (T ), n < N,. Now denote
by ¢V := ¢’ o F, and for p > 0 small enough, introduce x# a smooth radial cut-off
function centered in v which support is contained in B(v, p). We can define the quasi-mode

G = bl

It is easy to see that defined in this way, 5%” € D(q,). Using the decay property of ¢7*,
we can prove some useful estimates on the quasi-modes: they form a linearly independent
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family for large v and they satisfy qg(N?l’”, oY) = En(Tgv)H%%’”H%Z(Q) + O(7?), where
6 € (0,2). Applying the min-max principle, this gives easily an upper bound for the
eigenvalues of Qf,. The lower bound is obtained with a partition of unity of the domain.
For polygon with straight edges, the partition of unity is independent of v and the proof
of the lower bound is quite straightforward. However, when the sides are curved, it is
necessary to use a partition of unity depending on the parameter v and for this reason
the proof becomes more technical. Let us develop this idea. We will define a partition
of unity (xi, xJ) such that the support of xJ, is a union of balls centered in the convex
vertices of  and the radii r, — 0 as v — +oc and such that supp xj NV = 0. Putting the
partition of unity in the sesquilinear form g, this gives us a lower bound in terms of a
direct sum of operators acting on truncated sectors of radii r, and on €} := supp xJ N Q
modulo a remainder. The new operators act as Laplacians with Robin boundary condition
on the common part of the boundary with € and Dirichlet boundary condition on the
remaining part. By monotony of the eigenvalues of Dirichlet Laplacians, the eigenvalues
of operators acting on truncated sectors admit as lower bounds the eigenvalues of Robin
Laplacians acting on the associated infinite sectors. To conclude, it remains to prove
that the first eigenvalue of the operator acting on €2} is greater that the ones of the
infinite sectors. The simplest way to do this would be to use again the monotony of the
Dirichlet eigenvalues and extend the domain €] in a smooth way to apply the result of
[Pan13]: if 28 is a curvilinear polygon admitting only non-convex vertices we have for
large 7, E1(Qres) = =72 — KmaxY + (’)(’y%). However, in our case, ) depends on v and
an additional work is then needed.

In addition, we show in Proposition V.3.2 for polygons with straight edges and Proposi-
tion VI.3.4 for curvilinear polygons, that the N first associated eigenfuctions are localized,
in a rigorously defined sense, near the convex vertices of 2. The proofs use the same
strategy as the one for the infinite sectors, namely the standard Agmon-type approach,
based on a decomposition of the domain.

In Section V.3, we also prove that in the case of a polygon with straight edges, the N'@
first eigenfunctions are exponentially close to linear combinations of the quasi-modes. To
be more specific, let u, be a normalized eigenfunction of @/, where n < N®. We introduce
the set of the associated quasi-modes,

Fi={6)" : By(13,) = VEa(T%)} .

Denote by Pry the orthogonal projection on £, in L?(9). Then, we can prove that for
large -,
lun — Pryun]] = O(e™), ¢ 0,

see Theorem V.3.1. The proof is based on the fact that in that case, the quasi-modes gg%’“
belong to the domain of @, because they satisfy the Robin boundary condition on 9.
The results in [HS84] on the distance between subspaces are relevant in this context and
allow us to conclude.

I1.2.3 The further eigenvalues

The next natural step of this work is to obtain the asymptotics of the further eigenvalues,
namely Eyo H(Qg), as <y is large. As a first answer, we obtain the following result which
particularly means that the corners do not contribute to the asymptotics at the first order.

Proposition I1.2.5. Let Q C R? be a curvilinear polygon. For any j € N, there holds
Eno1j(Q)) = =7 +0(7?), asy — +oc.
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Figure I1.4 — The truncated sector U, g is shaded.

Remark that this answers partially to the second question of the Open Problem II1.2.1.
The proof, see Section VL.5, is essentially a consequence of the preceding constructions.

By analogy with the smooth case, see Theorem I1.1.6, one may expect the following
asymptotics for curvilinear polygons,

Ene1j(Q)) = =7 + Ej(Ly) + R(7), as v — +o0,

where the effective operator Ev acts in L2(09) as u — —0%u—yku, where x is the curvature
of 99, on functions satisfying some additional boundary conditions at the corners and R(7)
is a small remainder. We obtain an asymptotics sustaining this conjecture for polygons with
straight edges. The curvilinear case turns out to be much more technical and will be studied
later. The results presented in this section come from a collaboration with Konstantin
Pankrashkin and Thomas Ourmieres-Bonafos (Orsay). We first need to introduce some
intermediary notation.

Let us define a special truncation of Uy,. Let 0 < o < § and R > 0. Consider the points

AﬁzR(cosa,:l:sina)EaUa, BR—R( 0) € U,,

cosa’
and denote by U, r the quadrangle OAJ]SLBEA]SL. Remark that the sides BAE are orthogonal
to OU, at Afﬁ, see Figure 11.4. Denote by TlR the operator acting on L?*(U,,g) defined as
the unique self-adjoint operator associated with

£, u) = / Vul?de — / uPds, D(£ ) = H'(Usr).  (112.4)
Ua,r 3Ua,RﬁaUa

The operator Tl r acts as the Laplacian on U, g with the Robin boundary condition on
OUqy,r N OU, and the Neumann boundary condition on the left part of the boundary. It
plays a crucial role in Section V.4 and in the following definition:

Definition I1.2.6. We say that an angle o € (0, §) is non-resonant if for some v > 0
there exists a constant C' > 0 such that

C .
ENQJFI(T;”R) > % + 2 3 R is large. (I1.2.5)

Remark that this above property does not depend on a specific choice of v > 0 due to
the scale invariance

E, (T;,R) = 'VQEH(TalgR)a

and we have the following simple result, based essentially on the eigenvalue monotony with
respect to a:
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Proposition 11.2.7. All angles o € [}, 5) are non-resonant.

The proof is given in Section IV.5.

Let Q C R? be a polygon with straight edges admitting V € N vertices. Denote its
vertices by Aq,..., Ay € R?, and assume that they are enumerated is such a way that the
boundary 0% is the union of the V' line segments [A,, A,+1], where we denote

Av+1 = A1 and AO = Av,

and we assume that there are no artificial vertices. The following objects will be of
importance:

- the angle of the polygon 2 at the vertex A,, i.e. the angle between the line segments
[Ay, Ay—1] and [Ay, Ay41] measured inside €2, is still denoted by 2«a,. Remark that
by the above assumptions one has

a, € (0, g) U (g,ﬂ') for any v.

- N©® 3:Na1+"'+Nav7
- The length ¢, = |Ay+1 — Ay| of the vth side of Q.

- The Dirichlet Laplacian D, acting as f — —f” on (0,4,) viewed as a self-adjoint
operator in L?(0,£,),

- The operator D := D1 ® - -- @ Dy, which will be interpreted as an effective operator
on 0f2.

Our main result is as follows.

Theorem I1.2.8. Assume that for each v € {1,...,V} one has either o, > 5 or ay is
non-resonant, then for every fived j € N there holds

loﬂ)
Vai

The proof is given in Section V.4. In view of Proposition I1.2.7 we have then the
following particularly simple case:

Eyne1j(Qh) = -2+ E;(D)+ O( as 7y tends to +00.

Corollary I1.2.9. If o, > % for all v, then for every fived j € N there holds

Eynej(Qh) = —v2 + E;(D) + O(loﬂ) as vy tends to +oo.
ﬁ

It will be seen that the first step of the proof of Theorem II.2.8 is a Dirichlet-Neumann
bracketing. Obtaining the upper bound for the eigenvalues is quite straightforward, due to
the non-resonance of the half-angles «,. As usual, obtaining a lower bound is a more difficult
task. The non-resonance condition is used to show that the associated eigenfunctions near
the corners are dominated, in a suitable sense, by their value in the interior of 2, which is
done in the spirit of the work [Pos05] where shrinking wave guides are studied. The study
of general curvilinear polygons will be the main topic of an upcoming project on which we
give some details in Chapter VII.

Let us make a last remark on the motivations of the presented work. The study of Robin
Laplacians acting on curvilinear polygons was in part stimulated by the paper [BNDO6]
in which a magnectic Neumann Laplacian is studied. Both of the magnetic Neumann
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Laplacian and the Robin Laplacian appear in models in the theory of superconductivity
[GS07] and it seems that these operators show some similarities in two dimensions. In
particular, assuming that the magnetic field is constant but not zero, it is proved in
[HMO1, FHO6] that the eigenfunctions of the magnetic Laplacian are localized near the
point of maximal curvature of the domain when it is unique, and an analogue of (I1.1.7) is
derived. As mentioned in the previous section, the study of magnetic Neumann Laplacians
acting on curvilinear polygons has been made in [BNDO6] and similar results are obtained,
namely the model operators are the magnetice Neumann Laplacians on infinite sectors.
However, one should remark that in that case, the number of discrete eigenvalues and the
behavior of the infimum of the essential spectrum with respect to the angle of the model
operators are not known. No result is available for the further eigenvalues of magnetic
Laplacian on curvilinear polygons, and one can hope that the progress made for Robin
Laplacians could give some new insights to study the magnetic ones.

I1.2.4 Weyl-type asymptotics on curvilinear polygons

In this section, we introduce the results regarding the eigenvalue counting function of the
operator @), see Section VI.4 for the proofs.

Let A be a self-adjoint operator semibounded from below acting on a Hilbert space H.
For A € R, we denote by N(A, \) the number of eigenvalues, counted with the multiplicities,
of Ain (—oo, \) if specess(A) N (=00, A) = 0, and N (A4, \) = +oo otherwise.

The study of the asymptotic distribution of the eigenvalues of the Laplacian is a classical
question in spectral theory. Indeed, the explicit computation of the eigenvalues is a difficult
task in general and the eigenvalues are only known for very specific geometries as rectangles,
circles or equilateral triangles. It is then natural to look for some information on the
eigenvalue counting function. The Weyl law, obtained by Hermann Weyl in 1911, is the
very first result obtained on this topic. Denote by Qg the Laplacian acting on L?(Q) with
the Dirichlet boundary condition on 92, i.e. uw =0 on 9€). Then there holds

Q
NQR N =25

where wy is the volume of the unit ball in R%. Some refinements of the asymptotics (I1.2.6)
were obtained, adding some assumptions on the domain €2, and we refer to the review
paper [Ivrl6] for a detailed discussion.

In our case, we are interested in the distribution of the negative eigenvalues of the Robin
Laplacian ¢, in the asymptotic regime v — +oco. The following Weyl-type asymptotics
were proved in [HKR17] for smooth bounded Q C R2. For any E € (—1,0) there holds

0QVE +1
zvi‘ - i + R

A2 (I+0(1)), as A = +o0, (I1.2.6)

N(QY, Ev?) 1(7),  Ri(y) = 0(1), as v — 4o0. (I1.2.7)

For any A € R there holds as v — +o0,

N( 327—72+M)=ﬂ m\/(ﬂ(s)+A)+ds+R2('v), Ra(7y) = o(/7), (I1.2.8)

™

where k is the signed curvature of 02, see (VI.2.1) for a rigorous definition, and (z)4 :=
max(z,0). Higher dimensional analogues were considered in [KKR16]. It turns out that if
Q) admits corners, we obtain the same first order asymptotics.

Theorem I1.2.10. The asymptotics (11.2.7) and (11.2.8) hold true when 2 is a curvilinear
polygon with respectively Ri(vy) = O(?) for any 6 € (0, %) and Ry(y) = O(’yi).
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This result particularly means that the vertices do not contribute to the Weyl law at
the leading order. In fact, it is not surprising as we understood with the asymptotics of
Theorem I1.2.3 that the corners only create a finite number of eigenvalues. We can also
prove the following asymptotics for a positive threshold.

Proposition 11.2.11. For any C > 0 there holds for large v

Q
M@ e%) = 7?50 4 of?),
4
In order to compare these results with the classical Weyl law, let us make a simple

rescaling. For any n € N, it is easy to see that E,(QF) = v2E,( 7%) and E,(Q{) =
'yQEn(Q}YQ). Thus,

We can then interpret the previous results as asymptotic distributions of the eigenvalues
under a fixed threshold as the domain €2 is dilated by . For a positive threshold A, we find
again the classical Weyl law, namely the leading order is 42 and the volume of  appears to
be a spectral invariant. However, when the thresholds are negative, namely E € (—1,0) or
—1, you can observe that, at the leading order, the characteristics of the boundary appear
as the length and the curvature. Indeed, the interior part of the domain 2 does not create
any negative eigenvalue. The proof of these Weyl asymptotics use a partition of unity and
a Dirichlet bracketing in order to cut out the corners from the domain 2. We are then
led to study separately the corners and the rest of 2. We show that the corners do not
contribute to the asymptotics at the leading order using the same kind of arguments as in
[KK13] where magnetic Laplacians are studied. Then, the first term in the asymptotics
comes from the study of the rest of the domain, called abusively the reqular part. To prove
this, we adapt the sketch of the proof of [Pan13]. The idea, inspired by the proof of a
classical Weyl law of a Schrodinger operator in [RS78], consists in a reduction to a well
chosen neighborhood of the boundary. Notice that, here again we cannot directly apply
the results obtained on the Weyl asymptotics for smooth domains to the reqular part as it
still depends on the parameter ~.
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III.1 Variational estimates for eigenvalues

Let A be a self-adjoint operator acting in a Hilbert space H of infinite dimension. We
assume that A is semibounded from below, A > —c¢, ¢ € R. The domain and the form
domain of A will be denoted by D(A) and D(a), respectively, where a : D(a) x D(a) — C
denotes the associated sesquilinear form. We define the resolvent set p(A) by

p(A):={z € C,A—z:D(A) — H is bijective and (A — z)~! is bounded}.
The spectrum of A is defined as the complement of p(A) in C:

spec(A) := C\p(A).
We introduce the following partition of the spectrum

specdise(A) := {\ € spec(A) : A is an isolated eigenvalue of finite multiplicity},
SpecCess(A) := spec(A)\ specgisc(A),

where specqisc(A) is called the discrete spectrum of A and specess(A) the essential spectrum
of A. Denote
5. {inf SpecCess A,  if specess A # 0,

+00, if specess A = 0.
Generally, we can have an intuition on the value of ¥ following the philosophy of the
Persson’s theorem, see e.g. [HS96, Theorem 14.11], saying that the essential spectrum of

Laplacians 'comes from infinity’. To calculate it, the Weyl characterization by sequences,
see e.g. [HS96, Theorem 7.2], is often used.
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Theorem II1.1.1 (Weyl’s criterion). The condition A\ € specess(A) is equivalent to the
existence of a sequence (up)n, C D(A) satisfying:

1 unll = 1,
2. un weakly converges to 0 as n — +o0,
3. (A= Nupl| = 0 as n — +oo.

This characterization is in particular used to prove the following result, see [BS87,
Theorem 4, Section 1, Chapter 9].

Theorem III.1.2. Let B be a self-adjoint operator acting on H such that for some
z € p(A)N p(B) the difference K(z) := (A—2)"1 — (B —2)"! is a compact operator. Then,

SpeCess(A) = specess(B).

Now, let us recall the min-max principle giving a variational characterization of eigenval-
ues. By E;(A) we denote the jth discrete eigenvalue of A when ordered in the non-decreasing
order and counted with multiplicities. Recall that D(a) is a Hilbert space when considered
with the scalar product (u,v), := a(u,v) + (¢ + 1){u,v). The following result is a standard
tool of the spectral theory, see e.g. [RS78, Section XIII.1].

Theorem II1.1.3 (Max-min and min-max principle). Let n € N and D be a dense subset
of the Hilbert space D(a). Let Ay, (A) be the nth Rayleigh quotient of A, which is defined by

An(A) = sup glf#o a<(u, u>) = énfD su a<(u,1;)7
ueD,u u, u C U, U
Uiy —1€H T ) dim O, Zi% )

then one and only one of the following assertions is true:
1. Ap(A) < X and E,(A) = Ap(4).
2. Ap(A) =X and A, (A) = Ap(A) for all m > n.

The min-max principle is particularly useful to obtain some bounds on the eigenvalues
and the infimum of the essential spectrum. It is also a powerful tool to compare the
eigenvalues of different operators, and the following proposition is a basic tool for our study
of Robin Laplacians.

Proposition II1.1.4. Let B be a semibounded from below and self-adjoint operator acting
on H satisfying D(b) C D(a) and for any u € D(b), a(u,u) < b(u,u). Suppose in addition
that A and B have a compact resolvent. Thus for any n € N,

En(A) < En(B).

Recall that for A € R, N(A,)\) denotes the number of eigenvalues, counting the
multiplicities, of A in (—o0, \) if specess(A) N (—oo, A) = 0, and N(A, \) = 400 otherwise.
The previous proposition can be used to compare the number of eigenvalues of A and B
under the threshold A.

Corollary III1.1.5. Under the assumptions of Proposition 111.1.4 there holds

N(B,X) < N(A,N).
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In the following proposition, we compare the eigenvalues of two operators which form
domains differ from a finite dimensional subspace of H, see [BS87, Theorem 5, page 227].

Proposition 1I1.1.6. Let B be a semibounded from below and self-adjoint operator acting
on H and D be a subset of H of dimension d € N. Suppose that A and B have a compact
resolvent and that D(a) = D(b) & D and for any w € D(b) there holds a(u,u) = b(u,u).
Thus for any n € N,

E,(A) < E,(B) < E,q(A).

We conclude this section with another simple application of the min-max principle, see
e.g. Lemma 2.1 in [EP05] or Lemma 2.2 in [Pos05]. As the proof is elementary we recall it
here.

Proposition II1.1.7. Let B and B’ be non-negative self-adjoint operators, with compact
resolvents, acting respectively in Hilbert spaces H and H' and generated by sesqulinear
forms b and V. Pickn € N and assume there exists a linear map J : D(b) — D(b') and

two constants €1,€ > 0 such that e; < (1 —|—E’n(B))_1 and that for any u € D(b) there holds

Jull? = l7u]® < €2 (b(u, w) + [[u]]?), (IL.1.1)
b (Ju, Ju) = blu,u) < € (blu,u) + [[u]]?), (I11.1.2)

then
(En(B)e1 + e2) (1 + En(B))

EalB) < BalB) + =

Proof. Denote by F), the space spanned by the eigenfunctions associated with Fy(B), ..., E,(B)
and let ¢ € F,, ¢ # 0. Then,

b(e, p)
lll|?

< E.(B). (I11.1.3)

Moreover, using the inequality (III.1.2) one can write

V(Je,Je) _ ble,e) +e (bly, o) + llel”)
I Tell> — 1Tl

As the sesquilinear b is positive we get using (ITI.1.1)

V(T Jp) _ e, p) +e (b, o) + 9]°)
Iell> = llell? —er (ble, ) + ll]1%)

We can easily rewrite the right hand side as

b(p,)
b(, ) 1 P s 1
’ .
lell? 1— ¢ (bﬁjif‘;) + 1) 1— ¢ (bﬁj’”“;’) + 1)

Thus, we have the upper bound, using also (III.1.3) and the inequality ¢; < (1+ E,(B))™!,

V'(Je, Jo)  ble,¢) 1 En(B)+1
1Tel> el ~ Enl(B) (1 —ea(E,(B)+1) 1) T T BB+ D)
 (En(B) + 1)(En(B)er + €2)
B l—ea(E,(B)+1)
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Notice that, by (III.1.1)
1Tol* > Jlell* (1 = ex(Bn(B) + 1)),

where the right hand side is positive by hypothesis. This implies that if Jp = 0 then ¢ =0
and thus dim J(F},) = n. We now can apply the min-max principle:

/
En(B/) S Sup b(J()O7‘2]SO)
ek, el

b(@a SO) (En(B) + 1)(En(B)61 + 62)
SR e T I a(EB) + 1)
(En(B) + 1)(En(B)er +€2)

1—e(En(B)+1)

< E,(B) +

Let us describe more precisely the techniques involved in this thesis.

II1.2 Domain decomposition

For any bounded Lipschitz domain Q C R?, we denote by Qg/ N the Dirichlet, respectively
Neumann, Laplacian acting on L?(Q2). Recall that these operators are defined as the unique
self-adjoint operators associated with the sesquilinear forms

o () = [ [VuPds, e H(Q),
Q

and ¢f has the same expression but acts on the smaller domain H} ().
We begin by explaining how we use Proposition II1.1.4. It is easy to see that H} () C
H'(Q), thus applying Proposition II1.1.4 we directly have

En(Qf) < En(Qg).

Let (Q)j<; be a finite partition of  with each €; being Lipschitz, namely Q = U;<;Q;
and ; N Q; =0 if i # j. Define the sesquilinear forms associated with this partition:

o (ww) = [ [VuPde, e (),
Q;

and q]D has the same expression but acts on the smaller domain ﬁ&(QJ) = {u € H'(Q) :
u =0 on 09;\0Q}. Recall that the form domain of Q¢ is H'(£2). We have the obvious
embeddings

H'(Q) € H'(Uj<s9;)) and Hy(Uj< ;) € H'(Q),

and the spaces H'(Uj<;Q;) and &<, H' (;), respectively E’(])'(UjSJQj) and @js]ﬁ& (<),
are naturally isomorphic. Thus we obtain by applying Proposition I11.1.4,

En(®j<sQ)) < En(Q}) < En(®<sQ7).

Notice that this also implies the following inequality for the eigenvalue counting functions:

DoN(QF ) SN(Q.A) < Y N(QF . A).

JisJ J<J
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This simple result, called the Dirichlet-Neumann bracketing, is however very useful in
general. It is in particular a part of the argument in the proof of the classical Weyl law for
Dirichlet and Neumann Laplacians, see e.g. [RS78, Theorem XIII.78], but also for some
Schrodinger operators, see e.g. [RS78, Theorem XIII.79]. Notice that this technique is
particularly adapted to our study. Indeed, we are mainly interested in the behavior of
the negative eigenvalues of Q) as v becomes large and adding some Dirichlet or Neumann
barriers does not change the negative spectrum at the leading orders.

Sometimes, adding some Neumann barriers to obtain lower bounds on the eingenvalues
of QY could be a dead end if we cannot estimate the eigenvalues of the associated operator.
Due to the following result, for which there is no generalization to Neumann Laplacian, it
seems that it is easier to obtain, in certain cases, lower bounds for Dirichlet eigenvalues.

Lemma II1.2.1. Let Q' C R such that Q C Q. Thus,

E.(QB) > E.(QE).

This is a direct consequence of the min-max principle. The following technical lemma,
known as the IMS formula, is a useful tool to get lower bounds for the eigenvalues of Robin
Laplacians adding some Dirichlet barriers, modulo a remainder.

Lemma II1.2.2. Let Q C R? be a Lipschitz domain, bounded or with a suitable behavior
at infinity ensuring that q& is semibounded from below, and (x;)jes be an IMS partition of
unity of Qd.e. x; € C®(Q), xj >0 and 3 ;¢ ij =1 on Q. Then, for any u € H'(Q),

ah(ww) = 3 (g uxs) = [u(Vx) 320 ) -
JjeJ

If we denote by (£2;); the partition associated with (x;); it is easy to see that wy;
satisfies the Dirichlet boundary condition on 9Q; for any u € H().

Proof of Lemma I11.2.2. Let j € J, then
IV (ux;) P = x5 Vul® + [ul?[Vx;|* + 2ux; VuVx;. (IL.2.1)
As D iy X? =1 on 2 one can write
g (u,u) = Z/ |XjVu\2dx —fy/ \Xju|2ds,
ier’e o0

and using (II1.2.1) we obtain the equality

q?)(u, u) = Z <qg(uxj,uxj) — /Q|uVXj\2dx> - Z/QQUXjVUVdeﬂ?.

Jj€J JjeJ

We can rewrite the last term as 2uy;VuVy; = uVuV(Xi) and thus

Z/ 2ux;Vuy dx :/ uVuV (Z X?) =0,
Q Q

jed jedJ

which finishes the proof. O
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I1I.3 Construction of quasi-modes

Let us first recall an application of the spectral theorem, which gives an estimate on the
distance of any complex number to the spectrum of self-adjoint operators.

Theorem II1.3.1. Let u € D(A), u # 0. For any X\ € C one has the estimate

[[(A = Aull

[l

dist (A, spec(4)) <

This is particularly useful to approximate the spectrum of self-adjoint operators. Indeed,
in a practical way we construct functions, also called approximated eigenfunctions or quasi-
modes, satisfying u € D(A) and ||(A — A)u|| < €||u]| for small € > 0 wich implies

dist(\, spec(A)) <e. (II1.3.1)

In this thesis, the construction of quasi-modes is one of the main tools to obtain upper
bounds of the eigenvalues of Robin Laplacians. In particular, we construct them using
various truncations of the eigenfunctions of model operators associated with our problems.
To obtain estimates like (II1.3.1), we need to prove that the eigenfunctions admit some
exponential decay and we use the standard method of Agmon estimates, see e.g. [Agm82].
The following result will help us to get the desired estimates. We state it for eigenfunctions
of Laplacians with Robin boundary condition but it is easy to see that it can be adapted
to Dirichlet, Neumann or mixed boundary conditions.

Lemma II1.3.2. Let Q C R? be a Lipschitz domain, bounded or with a suitable behavior
at infinity such that g} is semibounded from below. Let u € D(Q{,) be an eigenfunction
of QY associated with the eigenvalue E and ¢ : Q@ — R be a Lipschitz function satisfying
p e L>®(Q), Vp e L>®(Q). Then,

gy (ue? ue?) :/ (|V¢)|2 + E) lue?|?dz.
Q
Proof. By a simple computation we have for almost every x € €2,
[V (ue?) ()| = [Vu(@) ) + V(@) Plu(@)e? ™| + 2u(2)e* @ Vu(z) Vo(x).

Remark that the last term can be rewritten as 2ue?*VuV¢ = uVuV(e2?) and by integration
by parts we get

/ uVuV (e*®)dr = —/ (\Vu]Q + uAu) Pdx 4+ | ud,ue*®do.
Q Q o9

We are now able to write,
qgy (ue?, ue?) = / (]VQS\QMQ - uAu) e*Pdx — fy/ lue?|*do +/ ud,ue?®do. (I11.3.2)
Q o9 00

The function u is an eigenfunction of Q¢ associated with E thus —Au = Eu and d,u = yu
on J9. Replacing these equalities in (II1.3.2) finishes the proof. O

The spectral theorem gives some rough approximation of the spectrum of self-adjoint
operators. To obtain precise asymptotics we need the following results.
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Proposition I11.3.3. Let H be a Hilbert space, A a self-adjoint operator in H and \ € R.
We suppose that there exists n > 0 and an orthonormal family V1, ..., 1, € D(A) satisfying

(A =Nl <n, G=1,..n

Then,
dim Ran Po(\ — v/nn, A + v/nn) > n,
where Pa(a,b) stands for the spectral projection of A on the interval (a,b) C R.

Proof. For simplicity we denote P := Pa(\ — /nn, A + y/nn). Let us make a proof
by contradiction and suppose that dimRan P < n — 1. Let A := ARay1-p). Then,

spec(A) N (A — /nn, A + v/nn) = 0. Moreover, as we assumed dim Ran P < n — 1, there
exists 1 € span{t, ..., 9, }\{0} such that ¢» € Ran(1 — P). Without loss of generality we
assume that there exist (a1, ..., a,) € C™ such that

71[) — Zaﬂbz with Z‘Ozi|2 =1.
i=1 i=1
Then,
I(A = N9lI* = [I(1 — P)(A = Nl
< [I(A =Myl
< (Q_ledl) QA = Nwil?)
i=1 i=1
=D _lI(A = Nwi*.
i=1
Hence [|[(A — A\)¢|| < v/nn. Then, by Theorem II1.3.1 we can conclude that A admits some
spectrum in (A — /nn, A + v/nn), which gives a contradiction. O

Corollary I11.3.4. If there exist @1, ..., pn € D(A) linearly independent and satisfying

A= XN
(A= Vg5l _
4]

dim Ran P4(\ — ngn\/?,/\-i- ngn\/?) >n,

where Bmin (T€sp. Bmax) is the minimal (resp. mazimal) eigenvalue of the Gramian matrix
. . . 3 3
of the family (¢;)j—1. In particular, if specess(A) N (A —n2n g’::;‘,)\ + n2 m/%) =0
. . . 3 3 -
there exist at least n eigenvalues of A in (A —n2n ’gzi’]‘ S A+ n2n,/ %)

then

Proof. The idea consists in using a specific orthonormalized family obtained from (¢;)7_;
and then use Proposition I11.3.3. We denote by G the Gramian matrix of (gpj);‘zl. It is
known that G is strictly positive and then there exists a matrix R such that

G = R%.

Let us define, for j = 1,...,n,
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Then (¢;)}7_; is orthonormal :

M:

w_ﬂlpk Z )k,m<<pla ¢m>
=1 m:l
= Z Z a )m,kGl,m

=1 m=1

- (r'or! )

= (In);s

Moreover, for all j =1, ...,n,
1A= Nwil1? <n Z\ ikl lenl® + 2R (R (R 4((A = Nr, (A = X))
k=1 <k

Applying Cauchy-Schwarz we get

S (BT (R)6((A = N, (A= Ngx)
1<k

<n* Y IR (RD el el

<k

which implies

n

2 n
1(A = N)y]* < n? (Z!(R_l)j,klllwkH) <n (ZI )kl ) <Z||¢k|!2> :
k=1

k=1

By definition || ||> = Grx < Bmax and |[(R71);

2= (R Y x(RYg; = (G7Y); . Then,

1
(R71);x? < and we get
Bmin
A /Bmax
(A= Xl < mn ,
Bmln
which allows us to conclude using Proposition I11.3.3. O

When the construction of quasi-modes is not obvious, we have recourse to weak quasi-
modes. They are approximated eigenfunctions which belong to the form domain D(a),
but not to the domain of the operator D(A), and allow us to obtain some estimates on
the eigenvalues using the min-max principle. The following proposition is an analogue of
Theorem II1.3.1 for weak quasi-modes.

Proposition II1.3.5. Let A be a self-adjoint operator in a Hilbert space H such that
A >c¢ >0, and let a be the associated sesquilinear form. Assume that there exist a non-zero
u € D(a) and numbers X >0 and € € (0,1) such that

| a(u,v) — Au, v)| < e\/a(u, u)\/a(v, v) for all v € D(a), (II1.3.3)

€

then dist (A, spec A) < A

— €

Proof. Due to the spectral theorem for self-adjoint operators we have D(a) = D(v/A), and
for f,g € D(a) there holds a(f,g) = (VAf,/Ag). Hence, we can rewrite the inequality
(II1.3.3) as

(v Au, vV Av) = MA™VAu, VAv)| < €|V Au] - VAo,
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and,

V Ay
[

As the vectors v/Av cover the whole of # as v runs through D(a), taking the supremum
over v in (IIL3.4) gives |(1 — AA™Y)VAu|| < €|V Au|. As VAu # 0, by the spectral
theorem for self-adjoint operators we have dist (1, spec()\A_l)) < ¢, which means that there
exists u € spec A C [e, +00) such that |1 — Au~!| < e. Hence, | — A| < ep. In particular,
uw—A<euand p < \/(1—e€), which concludes the proof. O

‘<(1 — ATV Au, >’ < €|V Au|| for all v € D(a), v # 0. (I11.3.4)

III.4 Distance between subspaces

Let E and F be closed subspaces of a Hilbert space H and denote by Pg, respectively
Pr, the orthogonal projector on E, respectively F', in H. We define the non-symmetric
distance between E and F' as:

dist#(E, F) := ||Pg — PePr| = ||Pg — PrPg|,

where ||Pg — PgPr|| = infyen||Pex — PpPrx|ly. When there is no ambiguity we simply
denote dist := disty;. We summarize some properties of the distance in the following
proposition, see e.g. [HS84, Lemma 1.3 and Proposition 1.4].

Proposition I11.4.1. The distance between subspaces has the following properties:
1. dist(E, F) =0 if and only if E C F,
2. dist(E, F) < dist(E,G) + dist(G, F') for any closed subspace G of H,

3. if dist(E,F) < 1, then the map E > f — Ppf € F is injective, and the map
F > fw— Pgf € E has a continuous right inverse,

4. if dist(E, F) < 1 and dist(F, E) < 1, then dist(E, F') = dist(F, E), the map F > f —
Prf € E is bijective, and its inverse is continuous.

The following proposition can be used to estimate the distance between closed subspaces,
see e.g. [HS84, Proposition 3.5].

Proposition I11.4.2. Let A be a self-adjoint operator in a Hilbert space H. Let I C R be
a compact interval, V1, ...,y € D(A) be linearly independent and p, ..., i, € I. Suppose
that there exists 1 > 0 such that

A = pjpj + 1y with  |rj]| <,

and a > 0 such that spec(A) N ((I + B(0,2a))\I) = 0. Then, if F is the subspace spanned
by U1, ..., ¥n and E := Ran P4 (1),

dist(F, F) < Y1

a Bmin ’

where Pmin stands for the minimal eigenvalue of the Gramian matriz of (1;);.
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III.5 Omne-dimensional Robin Laplacians

II1.5.1 Robin Laplacian on the half-line
For v > 0 denote by %, the self-adjoint operator acting on L?*(Ry) by

Bl i=—f", D(#,)={f € H'Ry): —f'(0) =7/(0)}.

Proposition II1.5.1. The operator #., admits a unique discrete eigenvalue E1(%4.,) = —?
with f(t) = e 7" the associated eigenfunction and specess(By) = [0, +00).

Proof. Denote by TV the self-adjoint operator acting on L?(R) as
TNfi=—f", DY) = {f € HX(Ry): £(0) =0},

and by S the restriction of TV to D(S) := C®(R,). For any z € C\R, introduce
K(z) = (#,—2z)"' = (I'N — 2)7! and L := Ran(S — 2). It is easy to see that K(z) is
identically zero on L. Moreover, L+ = Ker(S*—%) where S* acts as S and D(S*) = H?(R.).
Thus, dim(L+) < 2 and K is a compact operator. We can apply Theorem II1.1.2 to get

SP€Cess(A) = specess(TN) = [0, +00).
The second assertion is obvious, solving the eigenvalue problem —f”(t) = A\f(t) with
—1(0) = 7/(0) for [ € L2(Ry.). O
Remark that the sesquilinear form associated with %, is

b(s D) = [ IO =R, e H'®),

+

hence, for any f € H'(R,),

| 17 @Fd =1 OF = =2 [ 150)Pde (L1L5.1)
R

+ R4

II1.5.2 Robin Laplacians on an interval

We first study the asymptotics of the eigenvalues of Laplacians with mixed Robin-Neumann
and Robin-Dirichlet boundary conditions acting on an interval.

Lemma II1.5.2. For vy >0 and { > 0, denote by 4., the operator acting on L*(0,¢) as
frr —f" with D(Ns) = {f € H*(0,£) : —f'(0) = f'(I) = vf(I) = 0}. Then, Er(A,) is

the unique negative eigenvalue, and for any fired £ > 0 one has

Ey\(Miy) = = — 42 1 842 (291 — De ™ + O(v*e ), as v — +oo, (IIL5.2)

and t — cosh(y/—E1(A4)t) is the associated eigenfunction. Moreover, the second eigen-
value satisfies

i
Ex(Men) 2 1 (I11.5.3)
and for any 5 € N one has for large 7,
(25 — 1)\ 2
Eipj(Miy) = (%) +o(1). (IT1.5.4)
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Proof. We first prove (IIL.5.2). Let us denote by Ei(A7,) = —k?, with k& > 0. An
eigenfunction associated with a negative eigenvalue is in the form f(t) = Aekt 4+ Be=*
with (4, B) € R?\{(0,0)}. Using the boundary conditions we obtain the system

A=DB, k(A" — Be ") = y(Aer + Be™*).
As a result, f(t) = 2Acosh(kt) and k must satisfy
(k —)ek = (k + ~)e k- (I11.5.5)

Remark that the previous equality can be rewriten in the form kftanh(kf) = ¢ and, as
Ry > ¢+ ttanh(t) € Ry is a bijection, there exists a unique solution k > 0, which means
that there exists a unique negative eigenvalue. In order to obtain an asymptotics of k
as 7 — 400, we first notice that (IIL.5.5) implies that k > ~. Moreover, (II1.5.5) can be

e—2t(k—v)
rewriten as k — vy = 2ve™ 2" FRp—rE which implies that
—e
k=~ + O(ve ). (I11.5.6)

Using again (II1.5.5), we can write

k=7 (14207 + 0(e™). (IT1.5.7)
Combining (II1.5.6) and (II1.5.7), we first obtain

k= +2ve 2 4 O(y%e ). (IT1.5.8)
Taking into account another term in (II1.5.5) we have

b= (142672 4 2% L O(e7)). (I11.5.9)
Combining (II1.5.8) and (II1.5.9) we finally obtain
k=74 2ve 2 4+ 29(1 — 4y0)e M + O(3e 0.

As Ey(A;-) = —k?, this finishes the proof.

Let us focus on (II1.5.3). Denote by TEDN the operator acting as f — —f” with the
domain D(TPN) := {f € H?(0,¢) : f/(0) = f(¢{) = 0}. The form domain of .47, is
H'(0,¢) whereas the form domain of TPN is H} := {f € H'(0,£) : f(£) = 0}. We have
HY(0,0) = ﬁ& @ C and the forms of 47, and TPV coincide on ﬁ& (0,¢). Thus applying
Proposition II1.1.6 we obtain

2

Ey(Nop) > BEV(TPY) = I@-

We now prove (I11.5.4). For j € N, if we denote by E14;(.47,) = k* with k > 0. Then,
k? is a positive eigenvalue of .47, if and only if k satisfies kl tan(k¢) = —vf. Denote by
h(t) := ttan(t) defined on [0, 5) Ujen Ij, with Ij :={z € R: § + (j — )7 <t < § + jn}.
For any ¢ € [0, ) we have h(t) > 0 and for any j € N, h is strictly increasing, h(t) — —oo
ast> 5+ (j—1)mrandt — 5+ (j — 1) and h(t) — +oo as t < § 4 jm and t — § + jm.
Thus, for any j € N there exists a unique solution k to kftan(kf) = —~¢ satisfying kl € I;

and k — W% as 7 — +00. As a consequence we finally have for any j € N,

(25 —1)\?
Bii( i) = (T57) +o(1), as - +oo.
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Lemma II1.5.3. For v > 0 and { > 0, denote by 9, the operator acting on L?(0,¢) as
[ = —f" with D(%) = {f € H?(0,¢) : £(0) = f'(£) —vf(¥) = 0}. Then, E\(%Zy) <0
if and only if v¢ > 1, and in that case it is the unique negative eigenvalue. For any fized
£ >0 one has

E\( i) = - + 42 D 4 872 (290 — 1)e M + O(v*e 5, as v — +oo, (II1.5.10)

and t — sinh(y/—E1(Zi)t) is the associated eigenfunction. Moreover, the further eigen-
values satisfy for large ~,

75\ 2
By (Z0,) = (e) +o(1). (IL5.11)
Proof. We first prove (II15.10). Let us denote by E1(%Z,) = —k?, with k& > 0. An
eigenfunction associated with a negative eigenvalue is in the form f(t) = Aekt 4+ Be=*
with (4, B) € R?\{(0,0)}. Using the boundary conditions we obtain the system

A=—B, k(A" — Be %) = y(Aer + Be F).
As a result, f(t) = 2Asinh(kt) and k must satisfy
(v — k)ek = (v + k)e *- (I11.5.12)

The previous equality can be rewriten in the form k¢ cotanh(kf) = ¢ and, as Ry >t —
t cotanh(t) € (1,+00) is a bijection, there exists a solution if and only if 4¢ > 1, and in
that case the solution is unique which means that there exists a unique negative eigenvalue.
In the following we always assume that v/ > 1. In order to obtain an asymptotics of k
as 7 — +oo, we first notice that (II1.5.12) implies that v > k. Moreover, we can rewrite
(II1.5.12) as follows

In(y — k) —In(y+ k) + 2k = 0.

Let us define h(t) := In(y —t) — In(y +t) + 2t¢ for t € [0,7). It is easy to see that
h(0) = 0 and h(t) — 400 as t — 7. The equation h'(t) = 0 admits a unique solution
to :=vy/1 — (v£)~1. This implies that the unique solution k of (IIL.5.12) satisfies

/1= ()1 <k <n. (II1.5.13)

—2k¢

We can use again (II1.5.12) to write v — k = 2k and thus we obtain by (II1.5.13),

1 — e—2K¢
k=540 ™).

Following the same steps as in the proof of Lemma II1.5.2 allow us to get the result.

Let us prove (II1.5.11). We denote by E14;(Z~) = k* for j € N with k > 0. Then,
k? is a positive eigenvalue of ., if and only if k satisfies k¢ cotan(kf) = v£. Denote by
g(t) := tcotan(t) defined on (0,7)U;en I; with I := (jm, (j + 1)7m). The function g is
decreasing on (0,7) and g(t) — 1 as ¢ — 0. Recall that here, we suppose that v¢ > 1.
Thus, the equation kf cotan(kl) = ¢ does not admit any solution in (0, 7). For any j € N,
g is strictly decreasing on I, g(t) = +oo as t > jm and t — jm and g(t) - —oo as
t<(j+1)mandt— (j+ 1)r. As a result, for any j € N there exists a unique solution k
of kl cotan(kl) = y{ satisfying k¢ € I; and k — ”Tj as v — 400, and thus we have

75\ 2
Er1j(Dey) = <€> +0(1), as v — +0o0.
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We can now pass to the description of the classical Robin Laplacian on an interval. For
14 >h0 and v > 0, consider the operator %y, = Q?—M) acting on L%(—¢,¢) as f > —f"
wit
D(Zuyy) = A{f € H*(0,4) : =f'(=0) =7 (=) = f'(£) =~vf(£) = O}.

The operator %y ., has a compact resolvent and its spectrum is purely discrete and consists
of the simple eigenvalues
Ej(€7 7) = Ej(‘%f,“/) .7 S N7

numbered in the increasing order. Remark that due to the scaling we have
1 .
E;(t,y) = €—2Ej(1,7£), jeN. (I11.5.14)

An easy application of the min-max principle shows that the maps R 5 v — E;(1,7)
are continuous, in particular E;(1,0) coincides with the jth eigenvalue of the Neumann
Laplacian on (—1,1), hence

E1(1,0) =0, (IIL.5.15)
2
Ey(1,0) = %. (I11.5.16)

The following proposition gives the asymptotics of each eigenvalue as ~ is large.

Proposition II1.5.4. The first eigenvalue of %, is strictly negative, the associated
etgenfunctions is

Dy(v,t) := cosh(y/—E1(¢, 7)),

and the second eigenvalue is strictly negative if and only if v¢ > 1. Moreover, for any
j €N, there holds for large v,

E1(0,y) = =72 — 47228 1 872 (294 — 1)e Y8 + O (169, (IT1.5.17)
Eo(l,7) = =72 + 472 2 4 872(290 — 1)e Y* + O(y2e 575, (I11.5.18)
and,

Baitt) = () +o0)

Proof. By symmetry, it is easy to see that %, is unitarily equivalent to A7, ® % ,. As
7~ is a rank-one perturabation of 7, we can again apply Proposition II1.1.6 to have
the the following inequality for any j € N,

Ej(Nn) < Ej(Diy) < Ejr1(Niy).

Therefore, E1(¢,v) = E1(A;) and Ex({,v) = E1(%,), and the associated asymptotics
follow from Lemma III.5.2 and II1.5.3.
Let us focus on the positive eigenvalues. Noticing that

m(25 — 1 2 7Tj2_ 7Tj2.
{(W) ,jEN}U{(€> ,jEN} = <2€) jENY,
and using (II1.5.4) and (II1.5.11) gives us the asymptotics of the further eigenvalues
Eyyj(€,7). H
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Example II1.5.5. Thanks to these asymptotics, we are able to compute the asymptotics
for any eigenvalue of the Robin Laplacian on a square. For ¢ > 0, denote by R, the square
of length 2¢. By separation of variables, the Robin Laplacian on R, denoted by Q%Z
is unitarily equivalent to %, ® 1 + 1 ® %, and using Proposition II1.5.4 we have the
following asymptotics for large -,

E, (Q;ng) = —2’72 — 8726_2'75 + 1672(2’)/5 _ 1)6—4'% + 0(746_6WZ)’
By (Q%,) = E3(Q%,) = —27° + 16y°(29£ — 1)e 1" + O(ye™ ),
E4(Q;Y?,g) = —2')/2 + 872672’75 + 16’72(2’)/6 o 1)674’}15 + 0(74676’%)’

and for any j € N,
Ei5(Q%,) = = + uj +o(1),

2
where p; is exactly the j-th element of the union of the four disjoint copies of { (g—ﬁ) ,keN }

Let us introduce some quantities to be used later in the text. For v € R4, denote

m(’}/) = —El(l,’}/),
then we have ( E)Q (40)
m t
El(fﬁ) == 2; ) (bf(’y’ t) = cosh ( Z )7

and a simple direct computation gives

‘ sin m
[ oo (520 )

The first eigenfunction 55(7, -) of %y, chosen positive and normalized, is then given by

N

Be(7,t) = Co()De(y,t) with Cu(y) i= — (Sinh(?m(Vg))H)

Vi 2m(y0)
It follows from the proof of Proposition I11.5.4 that v 5 Ry — FEj(1,~) is real-analytic,

as it is defined as the unique solution of ktanh(k) = . Then, for any fixed ¢ and ¢ the
functions v — Cy(7y) and v — ®4(v,t) are smooth, and, by direct computation,

D 64 = ity (SCE0) |\ (coshEmiz0) _ sinh 2m(0)
gy Ol = Ve W@( 2m(s0) “) ( o )
;ycbg(fy, t) = m/(y€)t sinh (m(’yﬁ)%)

Moreover, as v +— E1({,7) is simple, we can compute its first derivative in the standard
way, namely, consider the implicit equation satisfied by ®,(~,-) and E;(¢,):

2
—gﬁ@m,w = E1(0,7)®¢(v,t), te(=L1) (ITL.5.19)
ig@e(% £0) = 7Py(7, ). (T11.5.20)

ot
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We take the derivative of (II1.5.19) with respect to v and, after multiplying by ®,(, ), we
integrate it over (—/, /). After two integrations by part we obtain the following equality

4 52
[, 0u0e.t) (=55 ®al.0) )
¢ ¢
—[(20,2007.0)) (2:1.0)] +[(9:2e7.0)) (@®e(r.1)]
¢ ¢
— 0, E\(L,7) / [0, 0%t + By(€,) / 0,043, )®i(y, )dr. - (11L5.21)
We now take the derivative of (II1.5.20) with respect to v and get

040t P(y,£) = Py(7,€) + 70, Py(7, £),
_87815(1)5(77 _E) = (I)f(f)/a _6) + '787(1)5(77 _E)

After replacing these expressions in (II1.5.21) we finally have

o _ 2 P 2 9 h2
afy ||(P€(fy7 ) HL2(_€ 0) / sinh (2m(’y£))
’ AL |
2m(ve)
In particular,

0

—FEi(1 = -1 II1.5.2
9, 2 ’7)’7:0 (I11.5.23)

Furthermore, due to the preceding consideration, the following representation is valid:

Proposition II1.5.6. There exists ¢ € C*®°(Ry)NL>®(Ry) such that Ei(1,y) = —y +
V2@(7) for all v € Ry.

Proof. Define ¢ : Ry — R by ¢(v) = v 2(E1(1,v) + 7). Due to (II1.5.17), the function ¢
is bounded at infinity. For v near 0 one has, due to (III.5.15) and (II1.5.23) and due to
the analyticity, £1(1,v) = —y + O(7?), which shows that ¢ is bounded near 0. As ¢ is
continuous, the result follows. ]

We conclude this section by giving a simple result on a Robin Laplacian acting on an
interval with distinct Robin parameters at each end-points.

Proposition II1.5.7. For «,3,¢ > 0 denote by % s the operator acting on L?(0,¢) as
[ =" with D(Zi4.8) = {f € H*(0,£), = f'(0) =vf(0) = f'(£) = Bf(() =0}. Ify> 3

and Bl < 1, then %y 3 has a unique negative eigenvalue. Moreover, for any £, 3 > 0 there
holds

Ei(%uqp5) = =7 +O0(%e™), v = +oo. (I11.5.24)

Proof. Suppose that v >  and 8¢ < 1. We first prove that %y , 3 admits a unique negative
eigenvalue. The form domain of %, 5 is H'(0,¢). Consider H} := {f € H'(0,¢) : f(0) =
0}. Then, H} is the form domain of %, 5. We have H(0,¢) = H} & C and the forms

associated with %y - g and % g coincide on H{. We can apply Proposition I11.1.6 to get,
for any n € N,

En(%gmg) < En(.@gyg) < En—i-l(%@,'y,ﬁ)- (111.5.25)
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By Lemma III1.5.3, we know that E1(Zy3) > 0 as 8¢ < 1, which implies due to (II1.5.25)
that
Ey(Z14,8) 2 0.

Let us prove that E1(Z%;~5) < 0. Let us denote by Ey(%s~5) = —k*, with & > 0. An
eigenfunction associated with a negative eigenvalue is in the form f(t) = Aekt 4+ Be™*t
where (A, B) € R?\{(0,0)}. Using the boundary conditions we obtain the system:

k(—A+ B) =~v(A+ B), k(Ae* — Be %) = B(Aer* + Be ).
It admits a non-zero solution if and only if its determinant vanishes, namely if k satisfies
(k+v)(k+ B)e ™ = (k —~)(k — B)er. (I11.5.26)
For t € (7, +00), consider the functions

h(t) := t=b ﬁem, (t) := b T
t+ 4 t—v
One may rewrite (II1.5.26) as follows: g(k) = h(k). The function g is strictly decreasing
on (vy,400), g(t) = 400 ast >y and t — v, and g(t) — 1 as t — +o00. Recall that v > (.
Then, the function h is strictly increasing on (v, +00), h(y) = ﬁ—gew > 0 and h(t) — +o0
as t — +o00. The properties of the functions h and ¢ imply that (II11.5.26) admits a unique
solution k£ >~ and thus %, - g admits a unique negative eigenvalue satisfying

E\( R p5) < =7 (I11.5.27)
Let us prove (II1.5.24). Notice that as v >  we have immediately
E\(Zi,8) 2 E\( i y)-
Combining (II1.5.17) and (II1.5.27) finishes the proof. O

II1.6 Summary of the important notations

In this thesis, the positive constants which do not depend on a large (e.g. ) or a small
(e.g. €) parameter are denoted by C' > 0.

In Table II1.1 we recall the notation associated with a self-adjoint and semibounded
from below operator A acting on a Hilbert space H. Recall that N := {1,2,3,...}.

Operator | Sesquilinear form | Eigenvalues Eigenvalue counting function Spectral projection

(A,D(A)) (a, D(a)) E.(A) N(AN) :=#{neN: E,(A) < \} P4(a,b)

Table 111.1 — General notation for a self-adjoint and semibounded from below operator A.

Definition IIL.6.1. Let © C R? be a bounded Lipschitz domain. Suppose that the
boundary is composed by two components 'y, I's such that 9 = I'y U I's. For a parameter
v > 0, we say that the operator A defined on L?(f2) acts as the Laplacian with the y-Robin
boundary condition on I'y and the Neumann, respectively the Dirichlet, boundary condition
on I'sg if it is defined as the unique self-adjoint operator associated with

a(u,u) :/Q|Vu|2dx—7/F lu|ds,
1

with D(a) := H'(Q) if A satisfies the Neumann boundary condition on I's and D(a) :=
{u€ HY(Q):u =0 on Iy} if A satisfies the Dirichlet boundary condition on I's.
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In Table III.2, we make a summary of the important operators.

Operator Form domain Quadratic form
% H(R,) £ [ 18 @Rd = O
Ry
Y4
i H(0.0) fro [17 @R =lr o
Y4
Duy | {F € HY(0,0): J(0) = 0} £ [1r©ra =P
4
Rrs HY(~1,0) £ [ 1P OFa =l (=OF =1 f O
4
o H(0.0 £ [ 1P @R =1 OF - 10
Q4 H'(Q) U /Q|Vu|2dm —7/89\u|2ds
1 25 2
T H(Uy) u /Ua]Vu| dx ’y/aUa|u| ds
T H'(Ua ) s /U CAVuPdr [ s

Table II1.2 — Important operators.
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Chapter IV

Robin Laplacians in infinite
sectors

Abstract

Let a € (0,7) and v > 0. This chapter is devoted to the study of the Laplacian with the
Robin boundary condition d,u = ~yu, where v is the outward unit normal, acting on the
infinite sector U, and denoted by T}). In Section IV.1 we give a precise definition of the
operator and show that the essential spectrum equals [—72, +00) and that the discrete
spectrum exists iff a < 5. In Section IV.2, we prove that the discrete spectrum is finite
and that each individual eigenvalue is a continuous strictly increasing function of the angle
a. In particular, there is just one eigenvalue for a > %. In Section IV.3, we give a first
order asymptotics and a complete asymptotic expansion for the eigenvalues as the angle «
becomes small. In Section IV.4, we prove that the associated eigenfunctions are localized
near the origin. Finally, in Section IV.5 we prove some useful results on a Laplacian with a
mixed Robin-Neumann boundary condition acting on a truncated sector, which will be
used in the subsequent chapter.
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IV.3.1.4 Lower bound of Theorem IV.3.1. . . . . ... ... ... 83

IV.3.2 Complete asymptotic expansion for eigenvalues . . . . . . . . .. 88
IV.4 Decay of eigenfunctions . . . . . ... ... ... ... ... ... 92
IV.5 Robin-Neumann Laplacians on truncated convex sectors. . . . 96

IV.1 First properties

IV.1.1 Essential spectrum and existence of the discrete spectrum

The following theorem is a starting point for our considerations. The points (b) and (c)
were already discussed in [LP08], and a study of Robin Laplacians acting on cones in any
dimension is made in [BP16]. However, we prefer to give a complete proof in order to keep
the presentation self-contained.

Theorem IV.1.1. For any o € (0,7) and any v > 0 the sesquilinear form t) given
by (I11.2.1) is closed and semibounded from below, hence, the associated operator T, is
self-adjoint in L*(Uy,). Furthermore,

(a) specess T = [—~?%, +00) for any a € (0, 7).

(b) If € (0,%), then
¥

sin? o’

ENTT) = -

and u(z1,x2) = exp (— yx1/sina) is an associated eigenfunction.
(c) for o€ [5,7), the discrete spectrum of T is empty.

Therefore, the discrete spectrum of T is non-empty if and only if o < 7.

IV.1.2 Proof of Theorem IV.1.1
IV.1.2.1 Closedness and semiboundedness.

We need the following density result, which is quite standard (see Appendix A.1 for the
proof):

Lemma IV.1.2. The set

F= {u € C*°(U,) : there exist Ry, Ry > 0 such that uw =0 for |z| < Ry and for |z| > RQ}

is dense in HY(U,).

Let v > 0, o € (0,7) and u € F. Using the one-dimensional inequality (III.5.1) we
have

132| 2 dl’g
a(u u) 2o€R Jaq > 122! ‘ u(ml $2)| T R|u tan o 2 | sin o

tan o

8u 2 vy |$2’ 2 IV
Gy - .1
- /R </3”1>t;n2a Oxq (xl,xQ)’ day Sina‘u(tana’xQ)‘ doz, ( )

72

sin? o

> - ull 27,
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Writing v = 1/e we conclude that for all u € F and for all € > 0 we have

1
/ lu|?ds < e/ Vul|?dz + —— lul?dz,
a Ua esin?a Ju,

which means that the trace can be extended to a bounded linear map from H'(U,) to
L?(dU,). Furthermore, the boundary term in ¢, is then infinitesimally small with respect
to the gradient term, hence, ¢ is closed on H'(U,) due to the KLMN theorem, see [RS75,
Theorem X.17].

IV.1.2.2 Bottom of the spectrum for a < 7.

Let us show that inf spec T = —2(sin? ) ! for e < 5. By (IV.1.1) we have the inequality
T) > —~?(sin?a)~!. On the other hand, by the explicit computation, ¢ (ug,ug) =
—~2(sin? a)_1||u0\|%2(Ua) for ug(x1,xz9) = e 1*1/5me Tt follows that the lower bound is
optimal and that the bottom of the spectrum is an eigenvalue, and wug is an associated
eigenfunction, which proves the point (b) of the theorem.

IV.1.2.3 Lower bound for a > 7.
Let us show that inf spec T} > —+? for a € [§, 7). Decompose U, into the following three

pieces:

D, = {:B €R? : |arg(x) +izo)| < a — ;r}’

Dy = (Ua\D1) N (R x Ry), Ds=(U\Di)N(RxR).
Then U, = D1 U Dy U D3 and we define, for j = 1,2, 3,

gj(u,u) = / |Vul*dx — v lul?ds, we HY(Dy).
Dj 8Ua08Dj

By the min-max principle and the inclusion H'(U,) C H'(D;U Dy U D3) we have
inf specT) > inf spec @, (IV.1.2)

where @ is the self-adjoint operator acting on L?(U,) associated with the sesquilinear form
defined for u € H* (D U Do U D3) by q(u,u) = q1(u, u) + g2 (u, u) + g3(u, u). We have then
Q = Q1D Q2D Q3, where @; are the self-adjoint operators associated with ¢; and acting in
L%*(Dj). Notice that Q1 is positive as 0U,NID; = () and Q2 and Q3 are unitarily equivalent
and have the same spectrum. Furthermore, Qs is unitarily equivalent to TV ® 1+ 1 ® B,
where TV is the Neumann Laplacian in L?(R;) and %, is the Robin Laplacian in L*(R}),
defined in subsection IIL.5.1. This immediately gives infspec@; = —~v2. Therefore,
inf spec Q = min{inf spec Q1, inf spec Q2, inf spec Q3} = —72, and (IV.1.2) gives the result.

IV.1.2.4 Lower bound for the essential spectrum as o < 7.
Let us show the lower bound
inf specess T,) > —~2 (IV.1.3)

Let A = (a,0) with a > 0. We denote by C4 the sector obtained after a translation of U,
along the vector OA. Let Hy4 be the orhogonal projection of A on the half-line R (1, tan )
and L := |AH 4| = asin«, and, in particular, L — 400 for a — +o0. In the same way, we
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Figure IV.1 — Partition of Uy, a < 3.

define H; the orthogonal projection of A on R (1, —tan«). Consider the following four
domains:

Dy = OH, A, Dy = (Ua\(CaUDY)) N (R x Ry),
Dy = (Ua\(T U Dl)) NRxR_), Dy = Ca,

see Fig IV.1. Clearly, U, = D1 U Dy U D3 U Dy. Define for j € {1,2,3,4} the sesquilinear
forms

g (ww) = [ |[VaPds julds,  Digy) = H'(Dy).
Dj 6Ua08Dj
By the min-max principle, the inclusion H'(U,) C H'(D;UDyU D3U Dy) implies the
inequality
inf specess 7,/ > inf specess @, (IV.1.4)

where @ is the self-adjoint operator acting in L?(U,) and associated with the sesquilinear
form defined for u € H'(D1U Dy U D3 U Dy) by q(u,u) = q1(u,u) + qo(u,u) + qz(u,u) +
q4(u,u). (Remark that we use the convention inf @ = +00.) We have then Q = Q1 ® Q2 ®
Q3 © (4, where each @); is the self-adjoint operator acting in L2(Dj) and associated with
g¢;, and (IV.1.4) implies

inf specess 7,0 > je{rlIg%A} inf specess Q- (IV.1.5)
The operator ()1 has a compact resolvent, then its essential spectrum is empty and
inf specess @1 = +00, and the operator Q4 is non-negative, hence, inf specegs Q4 > 0.

The operators Q2 et (J3 are unitarily equivalent, so we have to study ()2 only. By
applying an anticlockwise rotation of angle § = 5 — a we see that Q2 is unitarily equivalent
to the self-adjoint operator Qg acting in H* ((0,L)xRy) and associated with the sesquilinear
form

+oo L 400
G (u,u) = / / \Vul|?dz — 'y/ |u(0,332)|2dx2, we H'((0,L) x Ry).
0 0 0

Clearly, @2 = MAR1+1® TN, where N1~ is the one-dimensional Robin-Neumann
Laplacian acting in L?(0, L) defined in Lemma II1.5.2 and T is the Neumann Laplacian
in L2(R4). As specTV = [0, +00), we have spec Q2 = specess Q2 = [E1(A,4), +00), and
by the asymptotics (I11.5.2) whe have Ey (A7) = =7+ 0(1) as L — +oc. Hence, for any
€ > 0 there exists L. > 0 such as

inf specegs Q2 > —'yQ —¢efor L > L..
As (IV.1.5) is valid for any L > 0, we have inf specess T > —v2 — ¢ for any & > 0, which
implies (IV.1.3).
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IV.1.2.5 Description of the essential spectrum

Due to the results of subsections IV.1.2.3 and IV.1.2.4 we have specess 1) C [—72, +0o0) for
any «. In order to conclude the proof of the point (a), it is sufficient to show the inclusion

[—72, +00) C specTy. (IV.1.6)
It is more convenient to work with the rotated sector
U, = {z € R?: 0 < arg(z) + iz) < 20}

and the associated Robin Laplacian Tg in LQ(ﬁa) corresponding to the sesquilinear form
) (u,u) = /y \Vu|?dz — 7/~ lu?ds, we HY(U,).
Ua AUq

Clearly, TJ is unitarily equivalent to T7). The proof of (IV.1.6) consists in finding, for each
k € R, a family of functions fy € D(T))) with
ITafy = (8 = 2*) Il

)
2
N2 5

— 0 for N — +o0, (IV.1.7)

then the result follows by the spectral theorem for self-adjoint operators, see Theorem I11.3.1.
Let ¢ € C*°(R) satisfying ¢(t) =0 for t <0 and ¢(t) =1 for ¢t > 1. For N € N, define a

function fy : Uy, — C by
fn(@r,@2) = MR Y2N — 21)d(21 — N)p(aN — z2),

where a = sin 2« for a < 7 and a > 0 is arbitrary otherwise. The function fy is smooth,
compactly supported and satisfies the Robin boundary condition 0fy/0v = vfn at OU.,
hence, it belongs to D(T)), and T)) fy = —Afy. Easy estimates show that for large N we
have

Ifxl7e@,) = N with e >0, | = Afy = (K =) w23, = O(1),

which gives (IV.1.7).
Finally, the combination of (IV.1.6) with the result of subsection IV.1.2.3 gives the
point (c) of the theorem.

IV.2 Qualitative spectral properties

We are interested in the discrete spectrum of 7}). Our principal aim is to obtain a more
detailed information on the number of discrete eigenvalues and on their behavior with
respect to the angle a. In view of Theorem IV.1.1, we can restrict ourselves to the case
a < g, which will be assumed in the rest of this chapter. Moreover, due to the invariance
by dilations of U, the operator T is unitarily equivalent to v2T,.. It is then sufficient in
what follows to study

T, :=T..

Our first objective is to show that the discrete spectrum of T, is finite. Later, in section
1V.2.3, we prove that the eigenvalues of T;, are monotone continuous functions of «.
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IV.2.1 Reduction by parity

We start with a decomposition of T, due to the symmetry of the sector. Consider the
upper half U} of U,, Ul = U, N (R x Ry), and the unitary map

U:L*(Ua) 3urs (g,h) € L*(US) @ L*(UY),
u(z1, z2) + u(xy, —12) u(xy, w2) — u(xy, —T2)

g(z1,22) := 7 , 7

By a direct computation, for u € D(t,) one has to(u,u) = tY (g,g) + t2(h, h) with

h(zxy1,z9) 1=

2 T 2 dx
N v / 2 2 1 U V.9
ta (9,9) /U+ ’ g(xl’m)‘ t /RJr‘ (tana’m) ‘ sina’ (Ua), | )

and t2 is given by the same expression but acts on the smaller domain
D(ty) = {h € H'(U) : h(-,0) = 0},

and D(t)) = PIUD(t,) and D(t2) = PUD(t,), where P; : L2 (U)o L*(U}) — L2(U}) is

the projection onto the jth component. Hence, if Y and TP are the self-adjoint operators

acting in L2(UJ) and associated with tY and t2, respectively, then, by construction,

T, =U*(TY © TP, and it is sufficient to study separately the spectra of T” and T..
Let us show first that

inf spec TP > —1. (IV.2.2)
To see this, consider the half-plane

Z2

P, = {(z1,22) € R?, a1 > —

) (IV.2.3)

and remark that if one takes u € D(t2) and denotes by @ its extension by zero to Py, then
te) (u, u) = qp, (4, ),

where

+o0 2 d
orau) = [ [, [Vuter ) Pie = [ fu(m) [ S22 Diar) = (o)
tan a

M . b)
tan « sin o

If Qp, is the self-adjoint operator associated with ¢p, and acting in L?(P,), then
inf spec TP > inf spec Qp,. On the other side, by applying a rotation one sees that Qp, is
unitarily equivalent to Q = %1 ® 1 + 1 ® (—Ag) acting in L*(R x Ry) ~ L*(R) ® L*(R4),
where % is the Robin Laplacian acting on L?(R,) defined in subsection IT1.5.1 and —Ag
is the free Laplacian in L?(R). In particular, spec Q = spec %; + spec(—Ag) = [~1, +00),
which proves (IV.2.2). Therefore, we have

spec T, N(—o00, —1) = spec T N(—o0, —1).
Furthermore, in view of Theorem IV.1.1 we have
N _
SpeCess T C SP€Cess Ty = [—1, +00),

in particular,
specCdisc T = SP€Cdisc TO{V N(—o0, —1), (IV.2.4)

and the eigenvalue multiplicities are preserved. It also follows that all eigenfunctions of T,
associated with the discrete eigenvalues are even with respects to xs.
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X, “

2R /////
/// supp
R ////

Figure IV.2 — Covering of U by the domains Ag (surrounded by the dash line) and Bg
(surrounded by the solid line). The support of Vg is hatched.

AR Xy

IV.2.2 Finiteness of the discrete spectrum

Theorem IV.2.1. The discrete spectrum of Ty, is finite for any a € (0, 5).

Proof. In view of (IV.2.4), it is sufficient to show that the operator TV has only a finite
number of eigenvalues in (—oo, —1). Recall that for A a self-adjoint operator associated
with a semibounded from below sesquilinear form a and A € R, we denote by N (A4, \) or
N(a, \) the number of the eigenvalues (counting the multiplicities) of A in (—oo, \) for
Specess AN (—00,\) = (), and set N (A, \) = 400 otherwise. The proof scheme is inspired by
[MTO05, Theorem 2.1]. The idea is to perform a dimensional reduction in order to compare
the operator with a one-dimensional one and to conclude using a Bargmann-type estimate.

We first introduce a decomposition of UJ. Let xo and x; be smooth real-valued
functions defined on R such that

xot)=1for 0<t<1, xo(t)=0for ¢t>2, x3+x3=1

For R > 1, to be determined later, consider the functions xo,r and x1,r defined on Ul by

Xj,Rr(Z1,22) == X;j (%2), J=0,1,

and the following subdomains of U},
Ap = {(xl,xg) S U;_ 0< 2o < 2R}, Br = {(xl,a:Q) S U(;’_ X9 > R},
see Fig IV.2. We get easily applying Lemma II1.2.2 to the smooth partition (xo.r, X1,R),

to (u,u) = 5 (xo0,ru, X0,RW) + & (X1,RU, X1,RU) — - HUVXLRH%?(UQ)?

for all u € D(tY), so that

) = [ (9 xon)? = Valuxonl)dz - [ “ds
AR 8Ua08AR
[ (Vwan)? = VilwoasP)ds - [ lux1,gl2ds, (IV.2.5)
Br OUsNOBR
where
2 1 T2\ |2 C
Valer,a2) = 3 Vsl = 2 3 (F)[ Valle < 50 €= Il + NI
j:071 ]:071
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We define the following sesquilinear forms:

qap(u,u / (|Vu|2 - VR|u|2)dm - / \u|2ds,
OULNIAR

D(qay) = {u € H'(Ag) : u(-,2R) = 0},

)=
):
G (1, 10) = / (IVaP = ViluP)do = [ Ju*ds,
OU,NOBR
)=

D(qg,, {u € H'(Bgr) : u(-, R) = 0}.

Recall that the n-th Rayleigh quotient of a self-adjoint and semibounded from below
operator A is denoted by A, (A) and is defined in Theorem III.1.3. Due to

UXo,R S D(QAR)a UX1,R € D(QBR)v 7 (Bgr) ||UHL2 U+)’

the min-max principle , see Theorem I11.1.3, and (IV.2.5) give for for any n € N:

ATY) > min max qag(uxo r, uXo,r) + 4B; (UX1,R, UX1,R)
)

T GeD(@tY) ued
dim(G)=n u70

qap (uo,uo) + qpy, (u1,ur)

2 GeDlinbany) (amee JuolPagy  + 1l
CD(qa,DgB uo,u1 )€ UO||T2 Ull|72
dim(G)en " (wou)£(00) T AR) LABr)

= AH(QAR S QBR)>

where Qa, and Qp, are the self-adjoint operators acting respectively in L?(Ag) and
L*(Bgr) and produced by the forms g, and gp,,. Then,

N(TY, 1) < N(gap, —1) + N(apg, -1). (IV.2.6)

Let us first estimate N (ga,, —1). We consider the following two domains:

2R
b

tan «

R }, A}%:{($1,$2>€AR:1‘1>

A% = o) €EAR:0< 1z <
R {(xl 1‘2) R 1 tan o

and the sesquilinear forms
g = [, (VP PVi)ao— [ s, Dlqug) = H (AR
OE (I = PVi)de, Dia) = {we H' (AL (. 2R) =0},
By the min-max principle we have

N(qAR,—l) §./\/'(qA%,—1)—|—./\/’(qA}%,—1). (IV.2.7)

On one hand, the operator ) A9, associated with ¢ A9, has a compact resolvent, which implies

N(Qug,—1) < +00. (IV.2.8)

On the other hand, the operators ) AL associated with ¢ AL can be represented as

Qu, =TV @1+10T"%,
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where TV is the Neumann Laplacian in L?(2R/tan a, +00) and TVE is the self-adjoint
operator in L?(0,2R) associated with the sesquilinear form

2R
VA (u, u) = / (I (O = Va(®)lu(®)?)dt, we DER):={uc H'(0,2R), u(2R) = 0}.
0
. =N . v, C .
One has inf specT" = 0 and infspec T2 > —||Vg||oo- Recall that ||Vg|leo < ik Setting
Ry = V/C and taking R > R; implies inf spec TVR > —1 and then
N(QA}%, —1) =0 for R > Ry, (IV.2.9)

and we conclude by (IV.2.7), (IV.2.8) and (IV.2.9) that N (ga,, —1) < +o0, for all R > R;.
Now let us estimate N (gpy, —1) for R > R;. Let us introduce the sesquilinear form

ap (u,u) = /Pa (\Vu]Q — VR|u]2)da; - /R ‘u(ﬁ mg)f ez D(qf ) == H'(P,),

tan o’ sina’

where P, is the half-plane given by (IV.2.3), then N (ggy, —1) < N (g}, —1) by the min-
max principle. If we make an anti-clockwise rotation of angle 5 — a of Py, then we obtain
the half-plane R4 xR, and the operator Q]R;a associated with qﬁa is then unitarily equivalent
to the operator Q¥ associated with the sesquilinear form

)= [ (V0P = Vala)do = [ 0.0 Pdra, 0 D) = 1 (R, <)
R4 xR R

where

VR(:cl, x9) = Vr(z1sina 4+ z3 cos a, xgsina — xy cos ) = vr(xasina — x cos ),

vr(t) = % > Xé(%)f

=12

One has, for u € D(¢%?),

¢"(ww) =q(ww)~ [ ValuPds,

R+XR

where the operator associated with ¢ is Q@ = %1 ® 1 + 1 ® (—Agr) with #; defined in
subsection IT1.5.1 and —Agp is the free Laplacian in L?*(R). Let us consider the orthogonal
projections IT and P in L?(R; x R),

Mu(x1, 9) = V2e " P(z3), h(x2) = V2 A u(t, z2)e”"dt,
Pu =u —Ilu.

Remark that IT = 7 ® 1, where 7 is the spectral projector of %; on {—1}. For u € D(¢")
there holds ITu, Pu € D(¢%?), and

qR(u, u) = qR(Hu, ITu) + qR(Pu, Pu) — 2R VelluPudz,
R+ xR

as q(ITu, Pu) = 0 by the spectral theorem. Writing

WR(QZQ) =2 6_2x1‘73($1,$2)d1‘1
Ry
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we have

A" (11,10 = [ (' (22) 2 = Wala)(ea) ) doa = 6]z

By the spectral theorem applied to %, for a.e. 2 € R one has,

P 2
/ %(961,962)’ dzy — | Pu(0,z5)|° >0,
1

and, finally,

P
R(Pu, Pu) // a “‘ — V| Puf?) da.
R, M Oz

For any € € R} one can estimate

1 ~
2 < ellPullae, xay + ¢ MuVal f, xx-

/ l'TuPuf/Rde‘
R+ xR

Then, using the equality ||| 12y = [[Hull 2, xr), We get

C
(0= [ (W@ = Zr(wo)é(a)?)doz = [Tl age, i) — (e+ 73) 1Pl e, i

where 1
ZR(I'Q) = WR($2) + ;/R 26_2$1V]%($1, .’EQ)dIEl.
+

We can choose Ry > R; and € > 0 such that € + C/R% <1, then for R > Ry one arrives at

(w0 = [ (W = Zalol?)dez = luliface, s (1V.2.10)

We introduce the sesquilinear form

a®(W.0) = [ (W@’ = Zatea) [pl@2) ) das, u e H'(R),
then, by (IV.2.10) and the min-max principle we have
N(q" —1) < N(a®,0), R> Ry. (IV.2.11)

In order to show that the number of negative eigenvalues of a® is finite, we want to use a
Bargmann-type estimate, see e.g. [Sim76, Eq.(8)]:

N(GR,O) < 24 A’xQ‘ZR(xQ)de.

We can write, using the fact that supp x(, U supp xj C [1, 2],
2R+xq cos

—9r sin a ~ 1 ~
/’$2|ZR r2)dry = / 2¢7%% (/R ’$2|(VR($1,$2) + EVJ%(%,@))d@) dry.

+xq1 cosa
sin o

Using the boundedness of Vi we finally get the following upper bound:

/|x2|ZR(x2)dx2 < (1 + g) / e 2®1 (R + 2x1 cos a)dz; < +00.
R R

Rsin? o R2¢e

Hence, N'(a®,0) < 400 and (IV.2.11) implies that N (g%, —1) < +oo for R > Ry. By
(IV.2.6) we conclude that N (T, —1) < +oc. O
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IV.2.3 Continuity and monotonicity with respect to the angle

Let us discuss first the monotonicity of the Rayleigh quotients of TV, defined in Theo-
rem II1.1.3 and denoted by A, (T), with respect to a.

Proposition IV.2.2. For any n € N the function (0,%) > a — A, (T7Y) is non-decreasing
and continuous.

Proof. We denote by t the sesquilinear form obtained after the anti-clockwise rotation of
angle 5 — « of UJ. Then N is unitarily equivalent to t and we have

(9.9) = [ IVglda— [ lg(0.z2)da
Ul R

for all g € HY(U;), where U} = {(x1,332) € (Ry)%, 21 < 29 tana}. After the scaling

t =z tan o and writing g(z1,t) = g(#1, 2w ) we have

~ ~ - dxidt dt
W(o.9) = /ﬁ (10310 + tan aldig(on, ) T = [ 0,05
1

and ||g||? Then, we can define

L2 U+ - L2 U+

do(v,0) = /~ (\8x1v(:c1,t)]2 + tan? a|8tv(x1,t)|2) dxidt — / lv(0,t)|%dt,
U+ R+

s

4

for v € D(qa) = H*(UT) and Q, the associated operator in L2(UZ). By construction, we
4 4

have Ay, (To) = An(Qq) - The dependence of @, on a only appears through the coefficient
(tan )2, which gives the result due to the min-max principle. O

Let us now state the result for the eigenvalues of Ty,.

Theorem IV.2.3. Assume that for some n > N and o, € (0, ) the operator Ty, has at
least n discrete eigenvalues, then T, has at least n discrete eigenvalues for all a < ay,, and
the function (0, ) 3 o — E,(Ty) is continuous and strictly increasing.

Proof. Let n € N be fixed and suppose that T, has at least n discrete eigenvalues. Then,
due to (IV.2.4) one has E,(T,,) = E,(T2). By Proposition IV.2.2, we have for any
a <y Ap(TY) < E(TY) < —1. Hence, A, (T) is the n-th discrete eigenvalue of T
by the min-max principle. This implies due to (IV.2.4) that T, admits at least n discrete
eigenvalues for any « € (0,ay,). The weak monotonicity and continuity of a — E,(T})
also follow from Proposition 1V.2.2.

Let us show the strict monotonicity of the eigenvalues. Let oy, as such that a; < as
and En(TOQ) < —1. We continue using the notation of the proof of Proposition IV.2.2, then

En(Qay) = En(T,,) < —1, and we need to show the strict inequality E,(Qq,) < En(Qas,)-
For all ¢ € Hl(Ule) one has, with xk = tan® ag — tan? a; > 0,

/~+|0t90|2dx1dt

Ux
Gor ($,9) _ daslpr9) 7% ' (IV.2.12)

[ AP e
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Let ¢1, ..., on, be an orthonormal basis in K, := >7_; Ker (Qa, — Ex(Qa,)). On one hand,
for all ¢ € IC;, \ {0} we have

402(9:9)
n @ ).
H ||L2(U+

On the other hand, using the min-max principle and (IV.2.12) we have

/[j+ |8t<p|2dl‘1dt

do s i i
Bu@n) < sup P2 < B Q) =i ol
‘P(pe?én L2(U+) ’ @;0

L2(U+

Assume that E,(Qq,) = En(Qa,), then the second term on the right-hand side is zero. As
the unit ball of /C,, is compact, there must exist ¢ € K, with ||¢|| = 1 such that

/(7+ ]0t¢|2d:v1dt =0,

T

i.e. dp(x1,t) = 0. Then ¢ depends on the z; variable only, but as ¢ € L2(U7) we
4

necessarily have ¢ = 0, which contradicts the normalization [|¢| = 1. O
Another important corollary is as follows:

Corollary IV.2.4. Assume that for some oy the operator T, has a unique discrete
eigenvalue, then T, has a unique discrete eigenvalue for all o € (o, g)

A natural candidate for o is 7. In fact, the respective operator Tz admits a separation
of variables and is unitarily equivalent to %1 ®1+1®%; where %1, given in subsection I11.5.1,
admits a unique discrete eigenvalue —1 and its essential spectrum is [0, +00). Hence, T%
has a unique discrete eigenvalue (—2), which shows

Corollary IV.2.5. For a € [%,7), the operator Ty, admits a unique discrete eigenvalue.
In fact, we can obtain a better estimate:
Theorem IV.2.6. The operator T, has a unique discrete eigenvalue for o € [%, g)

Proof. In view of Corollary IV.2.4 it is sufficient to consider a = §. We continue using the
domain U from the proof of Proposition IV.2.2. Let Q% be the Laplacian in L?(UZ) with
6

the Robin boundary condition du/0v = u at x; = 0, the Neumann boundary condition at
the line 1 = 9 tan @ and with the Neumann boundary condition at the both sides of the
lines x9 = L and 1 = L/ /3, then by the min-max principle for any L > 0 and k € N one
has the inequality

AR(TE) = A(Qz) = Ai(Q%). (IV.2.13)

Let us argue by contradiction. Assume that Ay(Tz) < —1, then it follows from (IV.2.13)
that
lim sup A2(Q%) < —1. (IV.2.14)
L—+o00 6

Remark that Q% = A1, ® Ay, © A3z 1, where A; f is the Laplacian in the triangle
6

QL:{(xl,l’g) O<a < 0<SU2<L}

\f
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X
N/n
R ny
N. 0
L N
Ux
Q, :
R N
[T
5 L
V3 X,

Figure IV.3 — (a) Decomposition of U#. The symbols R and N indicate respectively the
6
Robin and Neumann boundary conditions. (b) The triangle 2LO.

with the Robin boundary condition at z; = 0 and with the Neumann boundary condition on
the other two sides, the operator As 1, in the Laplacian in the half-strip II, = (0, L/v/3) x
(L,00) with the Robin boundary condition at z; = 0 and with the Neumann boundary
condition at the remaining part of the boundary, and Aj 1, is the Neumann Lalplacian in
UL\ Qp NI, see Fig.IV.3(a).

’ The spectrum of Ay j can be easily estimated using the separation of variables, and
then Ay 1 > —1+ o(1) for L — +oo. Furthermore, A3 1, > 0, and Eq. (IV.2.14) implies

limsup A2(A;) < —1. (IV.2.15)

L—+00

Remark that each eigenfunction of A; , can be extended, using the reflections with respect
to the Neumann sides, to an eigenfunction of the Laplacian Ks;, with the Robin boundary
condition du/dv = wu on the equilateral triangle 2LO composed from six copies on €, see
Figure IV.3(b), where O is an equilateral triangle of side length 1.

Therefore, Ao(A;, 1) = Aa(Kar s), where Koy, ¢ is the restriction of Kay, to the functions
which are invariant under the reflections with respect to the medians and with respect
to the rotations by %’r The eigenvalues of Ky, in the limit L — 400 were analyzed in
[McC11, Section 7]. In particular, the first eigenfunction of Koy, has the above-mentioned
symmetries, hence, A(Kar) = A1(Kar,s). On the other hand, the second eigenvalue of
K>y, is double-degenerate, and no associated eigenfunction has the required symmetries:
there is just one eigenfunction, noted 7! in [McC11, Section 7], which is even with
respect to one of the medians, but it does not possess the other symmetries. Therefore,
Ao(Kor ) > Ay(Koyp) for large L. On the other hand, it is shown in [McC11, Subsection 7.4]
that iminfr_,, o Aj(Kor) > —1 for j > 4, which contradicts (IV.2.15). This contradiction
shows that the inequality Ao (T%) = AQ(Q%) < —1 is not possible, and T% has a unique
discrete eigenvalue. O

IV.3 Asymptotics of eigenvalues for small angle

The present section is devoted to the study of the discrete spectrum of T, as « tends to 0.
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IV.3.1 First order asymptotics

We are going to show the following result giving an estimate for the Rayleigh quotients of
T,:

Theorem IV.3.1. There exists ag € (0,%5) and C > 0 such that for all o € (0,aq) and

for all n € N there holds
1

)An(Ta) + BT

[<c

Before passing to the proof let us discuss the most important consequences. Recall
that NV(T,, —1) is the number of discrete eigenvalues of T, and it is finite in virtue of
Theorem 1V.2.1.

Corollary IV.3.2. There exists £ > 0 such that N(To,—1) > k/a as a is small. In
particular, N'(Ty, —1) tends to +00 as a tends to 0.

Proof. For all « € (0, ) and any n € N one has

1

<C— .
An(Ta) <€ (2n —1)%2a?

By the min-max principle, the number A,,(7,) is the nth eigenvalue iff it is strictly less
than (—1). Notice that the right-hand side is smaller than (—1) for all n < ng,

1 1
“T 2 (a\/ 1+C
and then N (T,,—1) is not smaller than the integer part of n, — 1. O

Another obvious corollary is

Corollary IV.3.3. For any n € N there holds

1

En(Ta) = = (2n —1)2a?

+ O(1) as « tends to 0.

In Theorem IV.3.15 below we show that E, (7, ) admits a full asymptotic expansion in
powers of o2.

IV.3.1.1 Model one-dimensional operator

The main idea of the proof of Theorem IV.3.1 is to compare the operator T, with some
one-dimensional operator. Namely, for a > 0 consider the following operator acting in
L*(Ry):

d? 1 1 ~
(Hqv)(r) = (‘W—fﬂ—a)’vm, veCF(Ry)
and h, be the associated sesquilinear form,
ha(v,v) = (v, Hyv) 12 Z/m(’U/’2—’7)|2—|1)|2)dT ve CF(Ry)
a\V, y 4 taV/L2(Ry) 0 47’2 ar ) c +)-

Denote by HS® the Friedrichs extension of H,. It is known (see Appendix A.2) that its
essential spectrum equals [0, +00) and that the discrete spectrum consists of the simple
negative eigenvalues

1

Sn(a) = En(Hgo) = —m, nc N,
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while the respective eigenfunctions 1, are

Un(r) = \/;eim[fn—l ((27’L2f1)CL)

with L,, being the Laguerre polynomials.

IV.3.1.2 Polar coordinates

Denote by V,, := (0,+00) x (—a, ) and define a unitary operator U: L?(U,, dx1dxs) —
L?(Vy, drd®),
Uu(r,0) = r%u(r cos @, rsinf).

Recall that according to Lemma IV.1.2

F = {u € C*°(U,) : there exist Ry, Ry > 0 such that u = 0 for |2| < R; and for |z| > Rg}
is dense in H'(U,). We have

UF)=G:={veC®V,): IR, Ry > 0 such that u(r,0) =0 for r < Ry and for r > Ry}.

We define the new sesquilinear form g, (v, v) := to(U*v,U*v),

1 )2 2 2 N2
o) = | (,vr‘z_mgm >M_ <|v<r,a>\ , o —a)] )dr’ eo
Va Ry

4 r2 r2 r r

defined initially on G. As the set F is dense in the form domain of T, the operator Q,
corresponding to the closure of g, writes as Q, = UTU*, and A, (T,) = An(Qq) for all
n € N.

Recall that the numbers E;(¢, ), defined in subsection II1.5.2, are the eigenvalues of
the one-dimensional Robin Laplacian %y, in L?(—a, ). The next proposition is a direct
application of the min-max principle.

Proposition IV.3.4. For all v € G we have

1|v?  Ei(1,ra)
2 ) 2
qa(v,v) Z [/a (|UT| - Z 7“2 + (1"0()2 |U‘ )drda

Proof. Let v € G, then

1|v|? 1 a
Ga(v,v) = / |’U7n’2 — f—m drdf —l—/ — (/ |U9|2d9 —rlv(r, oz)\2 —rlv(r, —a)|2) dr.
Va 4 R+ r2 —a

r2

We recognize in the bracket the sesquilinear form associated with the Robin Laplacian
He,r, defined in subsection I11.5.2, acting on L?(—a, ) with the Robin boundary condition
—v'(—a) — rv(—a) =v'(a) —rv(a) = 0. As v € G, we have § — v(-,0) € C®°(—a,a) C
H!'(—a,a). Then we can apply the min-max principle to obtain

1 \v[z El(a r) > g
qa(v,v) /a <|vr| 12 )alrdﬁ—i—/+ ( 2 /a|v| d@) dr

The conclusion is due to the equality (II1.5.14). O
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IV.3.1.3 Upper bound of Theorem IV.3.1.

The operator Z, , defined in subsection II1.5.2 will play a special role. Some of its spectral
properties are gathered in Proposition I11.5.4. Recall that Fq(«,7) < 0, and the associated
normalized eigenfunction is

m(ra)d

éa(r, 0) = Co(r)Pu(r,0) = Cq(r) cosh ( ) for 0 € (—a, ),

where m(ra) := \/—E1(1,ra). In this section, we will omit the lower index and denote
B(r,0) := Bo(r,0), C(r) := Cya(r) and d(r,0) := C(r)®(r,0).

Define two orthogonal projections II and P in L?(V,,) by

Hov(r, 0) == f(r)®(r,6), r::/avr,ﬁffr,ﬁdﬁ,

(1.0 i= 1B 0), 1= [ o(r,0)8(0,0) v
Pu(r,0) := v(r,0) — Iv(r,0).

During the proof, the functions v and f will always be related by (IV.3.1).

Proposition IV.3.5. For all v € G we have Ilv € G, and

o (TTv, TIv) = /R+|f’(r)|2 + (Ka(r) — ﬁ + EI(ST)OST)) |f(r)|?dr,

where Ko (1) ::/ 10, (r, 9)|2d(9.

Proof. Let v € G, then f € C2°(R,). As ® is smooth, one has Ilv = f® € G. Moreover,
0, Iv(r,0) = f'(r)®(r,0) + f(r)d,D(r,0), (IV.3.2)
aHH’U(ra 9) = f(?“)@g&)(r, 9)

The evaluation of ¢, on Ilv gives

2, [OpITv(r, ) [v(r,0)|?
qo (v, TTv) :/a <|8THU(T’7 0)| + 2 -2 dfdr
2 )2
N <|Hv<r,a>r , Mo, —a) ) .
R, r r
By (IV.3.2),

/ 10, TTv(r, 0)[2d0dr — / (I (B (r, )P+ £ (1), B(r. O)P+2f () £(r) B(r, 6)0, (. 6) ) dbdr-
Vo Va

For all r € Ry, / |®(r,0)[d0 = 1, then

—

9, </O;|ci>(r, 9)%10) ) /1 B(r,0)0,B(r, 0)d0 = 0.

Applying Fubini’s theorem we obtain

r 2
oI, ) = [ (f’(T)IQJrKa(T)\f(T)IZ— S0 )m«

s [ HOEL [ a0, 00200 7 (800,00 + 80 —?) o

Ry T
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and the expression in the curly brackets equals E;(a,7) due to the choice of ®. Then,

Go(Tlv, ITv) = /R+ <|f’(r>!2 + <Ka(r) S El(f;”) |f(r)|2) dr.

4r2
To finish the proof we use (II1.5.14). O
In order to obtain an upper bound for the form ¢, we need to study the quantity K.

Lemma IV.3.6. There exists A > 0 such that for all v > 0 and o € (0,%) we have
Ka(r) < Ao,

Proof. Recall that C(r) is defined by the equality

|®(r, .)H%Q(_a’a) = (0(11"))2, and m(ra) :=/—E1(1,ra),

see Section II1.5.2. We first notice that K, is continuous on R, . In addition,

Ko(r) = /_a ]C’(r)@(r,0)|2d9+/_a 1C(r)0, D (r, 9)\2d6+2/_a C'(r)C(r)®(r, 0)0,D(r, 0)d6
< 2/a IC! (r)®(r, 0)[2d6 + 2/@ 1C(r)0,D(r, 0)|%d6

«

=211 + 2T5.
Then,
ReGIE 2l (ra) 2 sinh (2m(ra)) - (cosh (2m(ra))  sinh (2m(ra))>
= c(ry| [ (ra) < 2m(ra) + 1) 2m(ra) 2m(ra))? )

We also give an upper bound for the second term Tb:

Ty < |C(r)PIm/ (ra) o /a sinh? (m(ra) 9)d9 = [C(r)]2m/ (ra) 2a® (Smh@m(m)) _ 1) ‘

Y a 2m(ra)
Finally, we arrive at K (r) < 2a?F(ra) with

sinh (2m(ra)) N 1) - <cosh (2m(ra))  sinh (2m(ra)) ) 2

F(ra) := |m/(ra)|? (

2m(ra) 2m(ra) (2m(ra))?
+ |ml(roz)2(81n};$:;$a)) + 1>_1 (Smgggga)) — 1)

In order to conclude it is sufficient to show that F' is bounded on R;. As the function F' is
continuous, we only have to prove that it admits finite limits in 0 and +oo. Let x = ra.
The function x — m(z) is C*(R) with m(0) = 0, m(x) ~ z for z — 400, and

m/(x) _ 896E1(175U)
- 2y/—Ei(L,x)
Furthermore, we have by (I11.5.22)
h2
9By (1,7) = —2 — cosh” m(x)
sinh (2m(z))
2m(z)
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Then we can write F'(z) = G(x) + H(z), where

_ cosh? (m(z)) (sinh (2m(z)) ~* [ cosh (2m(z))  sinh (2m(z)) 2
Gl)=—"20 ( 2m(z) “) ( om(z) (@m@))? ) !
\ sinh (2m(z)) )
H(x) cosh® (m(x)) 2m(z)

After a direction computation using the behavior of m as x — 0 and x — +o00 we get

4 1
G(m)—>§asa:—>0, H(m)%ﬁasxﬁo,
1
G(x) — 4 as x — +o0, H(m)—)zasx%—koo.
Then F admits finite limits too, which concludes the proof. O

Corollary IV.3.7. For allv € G and for all a € (0, 5),
2 1 Ei(1,ra
qo(Tv, TIv) / (]f )|+ (— 2 + 7)|f )| ) dr + OéQAHH’UH%2(Va)

The next proposition gives an upper bound for the Rayleigh quotients of T, in terms
of &,(a), the discrete eigenvalues of H3° defined in Section IV.3.1.1.

Proposition IV.3.8. There exist M > 0 and ag > 0 such that Ap(Ty) < En(a) + M for
alln € N and all o € (0, ap).

Proof. By Proposition IIL.5.6, there exists ¢ € C°>°(R4) N L>®(R;) such that Ey(1,ra) =
—ra + (ra)?é(ra) for all r,a € Ry. By Corollary IV.3.7, for all v € G there holds

1
o (TTv, ITv) / (\f ([ - 4Tgwf )|’ —leo")!?) dr+{16lloo £ 2 e+)+a” AllTI0| 2y,
Let M = ||¢]|oc + %A, then,
! 2 1 2 1 2 2
Gl 1) < [ (170 = 751000 = =170 ) dr + Mo, (1V-33)
+

Let n € N and G C CZ°(R4) such that dim G = n. Denote G ={v=ygd:geqG} then
G C G and dim G = n. By (IV.3.3) we obtain
o ha(g,
sup B0V o Pal9:0) gy
el HUHL2(V ) geG H9HL2(R+)
v#0 970

and by the min-max principle,
Ap(Ty) < inf  sup a(0,)

Gcor (R+)'U€G HUHLQ(V)

dim G—n 00

Recall that C°(R4) is dense in the form domain of H2® as HS° is the Friedrichs extension
of H, (see subsection IV.3.1.1), hence,

ha
o ci‘nf(R sup H(gg) = &En(a),
c G
dlmG*gr gg& g L2(R+)

which concludes the proof. O
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IV.3.1.4 Lower bound of Theorem IV.3.1.

Here we still use the orthogonal projections I and P defined in (IV.3.1). We recall that
for v € G we have Ilv = f® € G, Pv=v —1lv € G, and |[TIv|[z2(v,) = || fll L2(m)-

Proposition 1V.3.9. For allv € G and for all a € (0, 7),

o) > [ ((1=a? 21+ (E(S)“) - R ) dr

4 /V ((1 — )0, Pu(r, )2 + (EQ(ST)O;’“) - - AL 1)]PU(7“, 9)|2> dodr

— aA|v| 2y,
with the constant A from Lemma IV.3.6.
Proof. Let v € G, then
4o (v,v) = go (v, ITv) + ¢o (Pv, Pv) + 2Rq, (v, Pv). (IV.3.4)
The first term is known thanks to proposition IV.3.5. Then we have

|Pu(r, 0)|?
4r2

1 «
+ [ ([ oo o)an —riPuGr ) = riPor—a)?) dr
r+ 72 \J_q

do(Pv, Pv) :/ |0, Pu(r,0)|? — drdf
Va

Applying the spectral theorem to the operator %, , we obtain

r > 0.

(_O‘:a)’

[ 10aPur,0)2d6 = r|Pur, ) P = rlPo(r, )] 2 Eafa,r)|[Polls

Using the equality Ea(a,r) = a 2FEy(1,ra) we finally get

Eg(l, T()é)
(ra)?

To estimate the last term in (IV.3.4) we write

4o (Pv, PV) > /V a (\&Pv(r, DR+ < - 47{2> Pu(r, e)y%ze) dr. (IV.35)

dfdr

go(TTw, Pv) = / <(arm)(arpv) P ”)

+ /R+ (:2 /a (0pI1v) (0p Pv)dO — 7 (I (r, o) Pu(r, o) + Iv(r, —ar) Po(r, —a)))dr.
(IV.3.6)

The functions IIv and Pv are orthogonal with respect to the scalar product of L?(—a, ),
a__
/ ITvPvdf = 0,
—
and with respect to the form associated with Z, ., i.e.

/_O; (0pI1v) (Og Pv)dl — r(fv(r, a)Pu(r,a) + To(r, —a) Po(r, —a)) =0.
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Then (IV.3.6) becomes

o(Ilv, Pv) ) (0, Pv)dOdr

(IV.3.7)

(r,0) + f(r)0,®(r, 9))87«]321(7“, 0)dodr.

e

In addition, / Pu(r,0)®(r,0)d0 = 0, and the derivative in r gives

/ (0, Pu(r,0)) B(r,0)do — —/ Pu(r, 0)0,8(r, 0)d6.
The substitution into (IV.3.7) gives:

4o (TTv, Pv) — /V 7 (0:8(r.0)) (9, Po(r. 0)) drdo /V 70 (8:9(r,0)) Po(r,0)drdo.
(IV.3.8)

To get a lower bound, we notice that
- 1 -
‘ / f(r)@Tq)(r,H)@er(r,G)drdQ‘ <1 / () R10vB(r, 0) 2drdo+2 / 0, Pu(r, 0)2drdd,
Vi, 2a0 Jv, 2 Jv,

and using lemma IV.3.6 we obtain
aA 9 a 9
/ F0.8(r,0)0, Por, 0)drds| < = [ | 7(r)ar + 5/ 10, Po(r, 0)|2drds. (IV.3.9)
Va

Ry

Furthermore for any €(r) > 0 we have

‘/v Fr)Pu(r, 0)0,%(r, 9)drd9’

< ; ﬁ|Pu(r ,0)drdf + - / |f/(7)2|8,B(r, 0)|*drde,
. . L r
and using again Lemma IV.3.6 and €(r) := 714(7" .y we get
‘ / F1(r)Po(r,6)9,(r, H)drde‘
Va
1 A 1
<5 M\P (r,0)| drd9+—/ ) "(r)[2dr. (IV.3.10)

The substitution of (IV.3.9) and (IV.3.10) into (IV.3.8) gives us the lower bound for the
cross-term. Combining it with (IV.3.5) finally gives us the following lower bound for g,:

o) = [ (=0Tl R + (Katr) + S0 ) 0 ar

+ [ (- ppop+ (2R L AT Pur0)P) doar

(ar)? 4r2
2
- aA”fHLQ(O,-i-oo)'
We notice that K, is positive, which concludes the proof. O

The next proposition gives us a lower bound of g, in terms of the one-dimensional
operator H;° defined in subsection IV.3.1.1.
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Proposition IV.3.10. There exists K € Ry such that for all a € (0,1) and for allv € G,

w(e) = (1=a?) [ 110 = (g2 + rag =gz ) VORdr = Kol

R4

In order to prove Proposition 1V.3.10, we will need some preliminary constructions.
Let us introduce a new sesquilinear form,

ai(u,u) = /V (1-— a)(\aru(r, 0)1* + W (r,a)|u(r, 9)|2>d7’d9, u€edg,

where Byl ) . )
_ kollyrey) 1 A1
W(Tv a) = (Ta)z 472 ro

Lemma IV.3.11. There exists C € Ry such that, for all a € (0,1) and for all uw € D(ay),
ar(u,u) > =Cillul|72y,)-

Proof. 1t is sufficient to check that, for all & € (0, 1), the potential r — W (r, ) is uniformly
semibounded from below on R. Notice that

E»(1 2
inf W(r,a)= inf W(E,oz): inf M— a2 w—l—a_
reRy reRy « z€Ry T 4x x zER

with

Clearly, h is continuous on R, . In addition, by (II1.5.18) we have h(z) — —1 as x — +o0.
Furthermore, E5(1,0) = %2 by (II1.5.16). Hence, h(x) ~ Tl s 400 as o — 0, and we

4z2

can conclude that h admits a finite lower bound on Ry. Then, by (IV.3.11), there exists
C1 € Ry such that inf,cg, W(r, o) > —C for all a € (0,1). O

Introduce another sesquilinear form,

(11, 1) = /R+ [ (1 _ O‘QTL) ()2 + (W - 412> |u(r)|2]dr, we CP([Ry).

Lemma IV.3.12. There ezists Cy € Ry such that for all a € (0,1) and for all uw € D(a2),

o) = (1= ) [ WP+ (=33 = ror—am ) W) |ar = Calll e,

R
Proof. Using the function ¢ from Proposition I11.5.6 we can write, for all u € D(as),

1 1

(=@ W0 + (— 5 — oo ) 1) P]dr = ol ulBaqe,

aruu) > [
Ry
We want to study the right hand side of this inequality. To do that we separate the integral
in two parts: a first integral on (0,1) and a second one on (1, +00).
On one hand, we notice that

1 1
/0 rillu’(r)|2dr§/o (! () [2rdr-

85



CHAPTER IV. ROBIN LAPLACIANS IN INFINITE SECTORS

And, by an improved Hardy type inequality from [BM97, Lemma A.1], as u € C°(R,),

u(r)|? u(r)|?
/01 (!u'(r)\2 - |i742|> dr > /01 (\u'(r)]Q + ’LJ) rdr. (IV.3.12)

Then we have
[ < [ TR - (5 + 3 ) )] d
OUT' 7’7"_0 u\r 172 ir u\r r,

and we can write

/01 [ (1 - agr —T— 1) [/ (r)[? + <—41742 - 7“1@) |u(r)]2} dr

1 1 1
> (1-a?) [ W)Pdr+a? [ (1 +1> u(r)Pdr + | (—1 —1) fu(r)2dr-
- 0 0o \4r? 4r 0 4r?2  ra

Finally,

[l (- Do
1
>

On the other side, the integrals on (1,400) can be estimated by

/1+°o (1 ot i 1) ' (r)|* — (417,2 + ;) u(r)P]dr

+oo 1 1
2 =) [ o~ ) wtr)
> 1-) [ [0 - (g + s ) R ar
Using
S S S L
4r2(1 —a?)  4r2 " 4r2(1 — a?)
we obtain

ey wor = (g + g ) e
> (- [ wer - (g

2
2 « 2
+ M) Ju(r)| }dr— T lulfee,) (V3.14)
Putting (IV.3.13) and (IV.3.14) together we obtain the result whith Co = ||¢|| +

4r2 " ra(l

o2
T
Proof of Proposition 1V.3.10. Let v € G, then f € D(a2) and Pv € D(a1), and, by
Proposition IV.3.9,

O]

Ga(v,v) > as(f, f) + ar(Pv, Pv) — aA||To| 72y, 5.

We can conclude thanks to Lemmas IV.3.11 and IV.3.12 and by writing K = max(A +
Cy, Ch). O

The following proposition gives a lower bound of the Rayleigh quotients of T, in terms
of &,(a), the eigenvalues of H3°, defined in Section IV.3.1.1.
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Proposition IV.3.13. There exist oy > 0 and My > 0 such that, for all o € (0, ap) and
foralln e N,
A (To) = En(a) — M.

The proof is again based on the use of the min-max principle, and we need a preliminary
assertion.

Lemma IV.3.14. We define, for all (g,p) € C(Ry) X G, the sesquilinear form

100, (0.9)) = [ [I90OF = (g2 sz ) 190

and let HY2& be the self-adjoint operator associated with its closure in L?(Ry) x L?(V,).

Then A, (HY28) > &, (a(1 — a?)) for alln € N.

Proof. Let n € N. By the min-max principle,

hi9e ((g,0), (g,9))

occtBnng oo Tola. + o1
COCRLIXG (gp)ec 19lT2r @L2R2
dim(G)=n " (9,£)£(0,0) ()

An (Hdiag)

Moreover, thanks again to the min-max principle, we also have:

9, H 029
gn(a(l_QQ)) :G Civnf(R )Sup<H‘2(12)>
cCee
dim(G):;rL gg&% g L2(R+)

h*8 ((g,0), (9,0))

inf
~aco(E0x) goee 9l
dlm(GSL n (gg;:)éO R

2 An (Hdiag)’

where H>? (1 a2) is the Friedrichs extension of H,(j_42) defined in Section IV.3.1.1. As
En(a(l —a?)) < 0 for all n € N, one has A, (H#8) < 0, and

hi9e ((g,0), (g, ¢))

A, (HY28) = inf su
Gcege (R+)Xg (g,0)€CG ||9HL2 (R4) + ||80||L2 R2)
dlfI;(G) =N (g,0)#(0,0)
Kz <
. h2 ((g,0), (9,0))
& GCCé’lc’r(lﬂfh)Xg (9,:0)€G ”g||%2(R+) .
dim(@)=n " (g,0)#(0,0)
pdiag
G
On the other hand,
- P ((9,0),(9.0) _ e gy @), (o(1 — %)
GCOFRXG (g.p)eG lgl12. CGeCERy) e Ngllie " ’
d”gll(af) =n (gfoﬁé(o,o) PR lrcnh(anv‘)—n g7#0 AR
hig®<0 R <0
namely A, (H428) = &, (a(1 — a?)). O

We are now able to give the proof of the lower bound of the eigenvalues.
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Proof of Proposition 1V.5.13. Let n € N. By Proposition IV.3.10 and the min-max princi-
ple we have

Ap(To) > (1—a?)  inf  sup h9Re ((f, Pv), (f, Pv))

2
dirﬁ%()jz veG ||f||L2(R+ + [|1Poll72 U,

- K.

Consider the map J : G 2 v — (f, Pv) € C(R4) x G, where f and Pv are defined in
(IV.3.1). Then,

hi4e ((g,0), (g, ¢))

An(Tp) > (1 —a?) inf sup - K
¢'c7@) (gpec 9172w,y + 101220,
dim(G")=n (9,0)7(0,0)

diag
> (1-a?) he ((9,9),(9:0))

inf
GcCE®xG (g e 19172y + lolFe
am(G)n (g ) )

> (1-a?)E, (a(1 - a2)> - K,

thanks to Lemma IV.3.14. As

1 1

(=Dl -a%) =~ a3y ~ Ga 1P e

we can estimate

1
1—a?

Now we are able to finish the proof of Theorem IV.3.1. Thanks to proposition IV.3.8
and IV.3.13, there exist o € (0,1), M € R and m € R such that, for all a € (0, ap) and
for all n € N one has &,(a) +m < A, (Ty) < En(a) + M. Taking C = max(M, |m|) we
arrive at the result.

(1 —a®)En(a(l —a?) > Eula) — - K. O

IV.3.2 Complete asymptotic expansion for eigenvalues

Theorem IV.3.1 and Corollary IV.3.3 give a first order asymptotics for the eigenvalues. In
particular, it follows that each discrete eigenvalue is simple as the angle is small. This can
be used to apply the standard perturbation theory to obtain a full asymptotic expansion.

Theorem IV.3.15. For any n € N there exist \j, € R, j € NU{0}, such that for any
N € N one has the asymptotics
1 2j 2N
E,(T,) = o2 ;))\J’na T+ O0(@*Y) as a — 0,
1

and )\07n = 7@

Proof. Let us consider the operator @, acting on L?(V,,) and defined in Section IV.3.1.2:

1 1 1
Qov = —0%v — ol ﬁagv, j:;(?gv(r, +a) = v(r, a).
Using the scaling, # = an, r = at, one shows that @, is unitarily equivalent to a=2L,,
where L, acts in L?(V1) by

U 0%, H0yu(t,£1) = aPtu(t, £1),

I 2
La'l) = —8t'l) - @ 2t2 n
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and is associated with the sesquilinear form

talwe) = [ (T~ gy + g Jaean — | ult, Dolt, ) +ult, Dot =1) 4
Vi R,

42 alt? t

For the eigenvalues one has E,(T,) = a 2E, (L), n € N, and we prefer to work with L,
in what follows. Remark that, in view of Theorem IV.1.1, for any v > 0 one has

2 2
t,1 t,—1
/ ot D" + ot D"
Ry t
1 I L va® 9
= ’Y/Vl (|Ut| 42 a2t2) dt dn + sin? a /Vl ol*dtdn, v € Dita).

In particular, there exists bg > 0 and b > 0 such that for small « there holds

/ o(t, )| + [v(t, -1)]
Ry

2
p dt < by(La(v,0) + Bllo32qq) ), v € D(la).  (IV.3.15)

Introduce the following differential expressions

1

1 2 2
,C_l = ——=0 ﬁo = _at - @7

27
then Lou = Lou + a~2L_qu. We look for a formal approximate eigenpair (Eq, @) of Ly
of the form

E. ~ 2] ~ 2]
aa—)O g(:))\]a ’ Yo a—0 g)uja ’
satisfying in the sense of formal series the following eigenvalue problem
2
La@a a:O aPas iangpa(ta il) a:O a t@a(ta i1)~

By collecting the terms according to the powers of «, one arrives at an infinite system of
partial differential equations.
To determine (\g,ug) we collect the terms containing a~2, then we have to solve

£,1u0 = 0, i@nuo(t, :|:1) = 0.
As a consequence, ug only depends on ¢. Collecting the terms corresponding to o we get

Loug + L_1u1 = Agug, (IV.3.16)
i@nul(t, +1) = tup(t, £1). (IV.3.17)

Let us denote by £V, the operator acting as £_1 on L?(V}) whose domain is
DY) ={ue L*(Vy), LNMueL*(Vy), =+0,u(t,+£1)=0}.
We already know that ug € Ker(£Y;) and we notice that the orthogonal projections on

Ker(£",) and the differential expression £y commute. Thus we can integrate (IV.3.16) on
(—=1,1) and obtain

1 1
—25011,0 — ﬁ / . (972)11,1617] = 2/\0U0. (IV318)
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Using the boundary condition (IV.3.17), the equality (IV.3.18) becomes

1 1
@UO - ZUO = )\Q’U,().
Here, we recognize a one-dimensional differential operator H° defined in section IV.3.1.1.
Hence, we are lead to choose

2

1
(2n —1)2’
where n € N is fixed for the rest of the proof, and wug is the associated normalized
eigenfunction, see Appendix A.2. We then can get an expression for u; rewritting (IV.3.16)
as

Ao = —

1
E,1u1 == —Z’LLO.

Integrating it two times in 7 and using the boundary condition (IV.3.17) we obtain
uo(t)
2
where C7 has to be determined in the next step. Notice that the function ¢ — tug(t)

belongs to L?(R,) as ug decays exponentially, see Appendix A.2.

We now can give the proof of the existence of the further terms. Let k£ € N and suppose
that (A1,..., \x—1) and (uq,...,ux_1) are known and satisfy

ui(t,n) = tn* + C1(t),

1
Zfl uo(t), t)n* + Cy(t) € L2(V1), 1=1,.. .k —1, CleKer(Eg—E—)\g)l,

and the functions ¢ — Cj(t) and t — f{(uo(t),t) decay exponentially, for all i < [ and
I <k—1. We want to determine (A, uy). We first use the equation obtained by collecting

the terms in o272 i.e.
L _qug + Loup_1 = Z Ajug, (IV.3.19)
i+j=k—1
+0,up(t, £1) = tup_1 (¢, £1). (IV.3.20)

Using (IV.3.19) and the hypotheses we have

Logug= Y A (Z F(uo(t), )™ + Ci(t )) + Ap_1uo(t)
itj=k—1
i#0
k—1
= > (Lofiy(uo(t), ) 1™ = LoCr-1(1).
We integrate it two times in 7 and we use the boundary condition (IV.3.20) to cancel the
term corresponding to 7, then there exists ¢t — Cj(t) such that

( Z N ( Z f ) ,,72m+2
(f i " (uolt 2m + 1)(2m + 2)
1#0
k-1 2m+2
n
i (Cofia(uo(®),) @m + 1) (2m + 2)
2 ~
Z AjCi(t) — ,C[)Ck_l(t) + )\k_lu(](t)> % + Ck(t)) . (IV.3.21)
itj=k—1
i£0
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We set

2

m . o m—1 _
fk (S[?,t) . 2m(2m — 1 (’L ;1>\kz l—lf ( ) »COfk,1 (ﬂf,t)) y M= 27 "'aka

2
et = =2 NGO = Lot () + N |

Notice that each t — f"(ug(t),t), m = 1,...k, is then in L?(R;) and decay exponentially
due to the hypothesis on (f™(uo(-),))" i=1,..,k—1,and (CZ())k ' Then (IV.3.21)

m=1’
can be written in the form

ks
Z ™ + Ci ().

We have now to determine A and C%. Let us consider the equation obtained after collecting
the terms in o2*:

£_1Uk+1 + Lou = Z )\jui, (IV.3.22)
it+j=k
:tanuk+1(t, +1) = tug(t, £1). (IV.3.23)

The integration of (IV.3.22) on (—1,1) with respect to n and the boundary conditions
(IV.3.23) give,

1 K i 1
(20§ = 20) Cutt) = § 32 (w000 32 5ty Losi )0
+ —— fHuo(t),t) + Ci(t Aetio(t). (IV.3.24
;k (Z%H (uo(t),t) + ()>+ ruo(t).  ( )
10,570

This equation admits a solution Cj € Ker(H® — A\o)* iff the right hand side belongs to
Ker(H® — \g)*. Thus, \ is uniquely determined by

1 oo
de= (=g 00+ 2 5 Lol (ol

m=1

- 2N (i%i_lfl(%() )+Ci(')>>u0>

itj=k
1#0,j7£0

L2(®y)

As CY, satisfies the inhomogeneous equation (IV.3.24), a standard application of the variation
of constants shows that it is exponentially decaying, which concludes the construction of
the formal asymptotics.

Now we are going to show that the above formal expression for F, provides an
asymptotics for the eigenvalues of L,. Now let us fix N € N and consider the finite sums

N N

2 2

EN:Z)\J'O(], @N:Zujoa]
Jj=0 Jj=0
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By the preceding constructions one has

2N
(Lo+a™2L1)en = Exon + 0™V n, oy = Louy — 3. (30 iy )a?EN),
k=N i+j=k

+0hon(t,£1) = o’ton(t, £1) — N P tun (¢, £1).

Remark that ¢n does not belong to the domain of L, as it does not satisfy the boundary
condition, but belongs to the form domain of L, and for any v € D(¢,) one has, using the
integration by parts,

Lo (N, v) —EN/V oyvdtdn
1

— t,1)v(t, 1 t,—1)v(t,—1
:a2N< U dtdn—/ unlt, Dot, 1) + un(t, ~Lol, )dt>. (IV.3.25)
Vl R+ t
Recall that inf spec L, = o2 inf spec Q4 = —a?(sin? @) ~!. Furthermore, without loss of

generality we may assume that the constant b in (IV.3.15) is such that L) := L, +b>1
for small o and consider the associated shifted sesquilinear form

£(1,0) = ba(u,0) + b(u 020y, D(E) = D(fa).

Using the preceding estimates and the Cauchy-Schwarz inequality one deduces from
(IV.3.15) and (IV.3.25) that for any v € D(¢,,) there holds, with some a; > 0,

Mﬁx(gpNu U) - (EN + b) <()0N7 ’U>L2(V1)’
< ara® (0, (0w, ¥n) 2, (0,0)2 + Ly (u, un) 26, (v,0)F) - (IV.3.26)

as «a is sufficiently small. Remark that for small « the values £, (Y, 1¥n) and £, (un, un)
can be estimated as O(a~2). On the other hand, . (¢n,¢n) > |len]|? = 1+ O(1) for
small «, and it follows from (IV.3.26) that, with some ag > 0,

(o, v) = (B + B){on, vz | < aza® " (ow, on) 20, (0,0)2, v € D(L,).

A simple application of the spectral theorem, see Proposition I11.3.5 in Section III.3, shows
that

CLQOJQN_I

dist (spec Lo, En) < W(EN +b) = O(a*¥71) as a tends to 0.
By Theorem IV.3.1, the only point of the spectrum of L, which can satisfy the above
estimate is the nth eigenvalue E,(L,). As N is arbitrary, the result follows. O

IV.4 Decay of eigenfunctions

Let a € (0, %) be fixed. The following proposition (Agmon-type estimate) shows that the
eigenfunctions of T, corresponding to the discrete eigenvalues are localized near the vertex
of the sector.

Theorem IV.4.1. Let a € (0,%5). Let E be a discrete eigenvalue of T, and V be an
associated eigenfunction, then for any e € (0,1) one has

/ (IVV? + |V]2)20-9V1=Elelgy « 4o (IV.4.1)
U,

@
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We remark that the term (—1 — E) appearing in the exponential is exactly the distance
between the eigenvalue and the bottom of the essential spectrum of T,,.

Proof. Let € € (0,1) and L > 0. Define ¢1(z) = v/—1 — Emin (Jz], L). We are going to
show first that there exists K, > 0 such that

Vel =L |2, ) < Ke. (IV.4.2)

The proof follows essentially the same steps as in [HP15, Proposition 2.8] where a similar
result for the lowest eigenvalue of corner domains is shown.
Let xo and x; be smooth functions of R, satisfying

xo(t) =1for0<t<1, xo(t)=0fort>2 x2(t)+2(t)=1.

For R > 0, consider the functions x; r(z) := x;(|z|/R) defined on U,, j = 0,1. We get
easily, applying Lemma I11.2.2, for u € H'(U,) and for v > 0,

to(u,u) = 3 (uxo,r, uxo.r) + 3 (ux1,r, uxr) — > UV Rl
j=0,1

In particular, by definition of x; r, there exists C' > 0 such that for any R > 0,

C
£ ) 2 6 (uxo,m, wxo.0) + 0 (01, m0x1,m) — sl w € HI(Ua). (IV.A3)

1

For 6 € (0,1) we have to(u,u) = 6||Vu|]%2(Ua) + (1 = 6)ta "’ (u,u), and (IV.4.3) leads to

ta(u, u) 2 8[| Vullj2, )
1 5 = c 2
+ (1= 9) ( ta* (uxo.r, uxo.r) + ta ° (ux1,R, UX1,R) — i lullz2,y ) - (IV.4.4)
We are going to provide a lower bound for the first two terms in the bracket. As uxo.r €
H'(U,), we have immediatly by the min-max principle
L 1

ta=® (uxo,r> uX0,R) = Ei(Ta ) ) = _m” XORHLQ Ua): (IV.4.5)

1

To estimate ta° (ux1 g, ux1,r) We introduce the domain Ut = {z € U,, |z| > R}. Let Cg
be the sector obtained by translation of vector (R,0) of U,. Define

D* = (UMTR) N (R x Ry), D™ = (UATR) N (R x R_),

see Figure IV.4, then Uif = Dt U D~ UCR. Consider the sesquilinear forms

+ 2 2 + 1 + :
U, u) = Vu dx—i ul“ds, D ={ue H (D"), u=0if |z| = R},
g (u, u) /Di| | BUaﬁaDi| | (ar) { (D7) |z| }

tealuw) = [ [Vufdz, Digey) = H'(Cr).
R

and denote by Qﬁ and Q¢ the associated self-adjoint operators in L?(D¥) and L?(CR)
respectively. As Q; and Q5 are unitarily equivalent and qc, is non-negative, we have by
the min-max principle,

1

ta " (ux1,r  ux1,R) = ¢ (ux1,R uX1L,R) + 05 (UX1,R UX1,R) + 40k (UX1,R, UX1,R)
> M(Qp) (lxrlFeo) + luxa rlF o) ) -
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Figure 1V.4 — Partition of UE.

Define

Ra:{$ER2:tana_ 1_tana+R}’

Remark that, if one takes u € D(qg) and denotes by u its extension by zero to R, then,
a5 (u, u) = qr,, (4, @), where

_ 2 _
qm(u,u)—/mw da */\ s

Then inf spec QE > inf spec Qr,,, where QQr,, is the self-adjoint operator associated with
qr., acting in L?(R,). The domain R, is simply a straight strip of width Rsina. Thus,
by separation of variables one can see that Qr,, is unitarily equivalent to AN gy a,(1-5)-1 ®
1 +1® (—-Ag), where Aggina,(1-5)-1 is the one-dimensional Robin-Neumann Laplacian,
defined in Section I11.5.2, acting in L?(0, Rsin o) and —Ap is the free Laplacian in L?(R).
Then, inf spec Qr,, = inf spec Ny o, (1—5)-1- By Lemma II1.5.2 we have

ue HY(R,).

‘2 dxg

sina’

1 4 _2Rsinoc
E1(</VRsino¢,(l—6)_1) == (1 _ 5)2 - (1 _ 5)26 e

_4R51no¢

+ O(Re 5 ), R — oo,

and there exist Ry > 0 and Cy > 0 such that for all R > Ry we have

1 2Rs1na

El(f/ﬁ%sina,(l—é)*l) > —m — Cpe “ 15,

Finally, for all u € H'(U,) we have

_1 1 RblI e
- 2
ta”" (ux1,Rr, uX1,R) > (— (= Coe 2 0-5) )”'UXI,RHLQ(UQ), R>Ry.  (IV.4.6)
Combining (IV.4.4) with (IV.4.5) and (IV.4.6) we get, for all u € H'(U,) and R > Ry,

to(u, u) > 8[|Vl 2,y — m“ xo.rll72(0)

1 2R sin o _(1 - )
(1 —5 +(1=8)Coe 1= ) lux,gll72 0, — (Rg)luuiz(%). (IV.4.7)

Denote by 91, ¢ :== (1 — €)¢r. The functions v, . and Vi, . belong to L>(R?) and
Vo, < (1—e?(—1- E). (IV.4.8)
Thus we can apply Lemma II1.3.2 to obtain

toé(vem,ejvedm,e):/ ’VewL,e|2(
Ua

. 2)dx.
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As Ve¥Le € HY(U,), we obtain by (IV.4.7), for all R > Ry,

/ Verre2 (B + Vi [?) de
Ua

1
(1 —6)sin

]. __2Rsina w 2
~ (105 + @ =800 ) errons alitag, -

> 8|V (Ve )22, —

Ve E<xo.r |%2(Ua)

O - 5)
R2

|’V67/’L,e||%2(Ua)7

which can be transformed in virtue of (IV.4.8) into

AOHVewL,eXD7RH%2(Ua) > 5HV(V6¢L,6H%2(UQ) +A1HV€¢L’€X1,RH%2(UQ)7 R > Ry, (IV.4.9)
with
cos? a + dsin? o n C(1-9)

(1—6)sin’ Rz

) _2msina C(1 —0)
_ 2 -
Al—(2€—€)(—1—E)—m—(1—(5)00€ 1-4 —T
As e € (0,1), we have 0 < 2¢ — €2 < 1. In addition, 0 < -1 — E < —1 — Ey(T,) = cot? a.
Therefore, one can find R, > Ry and . € (0,1) such that A4g > 0 and 4; > 0 for all
R > R.. Furthermore, there exists m, > 0 such that A1 > m. for R > R.. For the same J,
we can show that there exits M, > 0 such that Ag < M, for all R > R.. The inequality
(IV.4.9) implies then

MEHVQwL’eXO,RH%?(Ua) > 5€HV(V6"/’L7€)H%2(UQ) + meuvelpL’eXl,R”%Q(Ua), R > RE?

Ay = (€2 —2¢)(—1 - E) +

and, finally,
Ce”vewL’EXO,R”%Q(UQ) = HvedjL’EH?{l(Ua)) R > R,
with C, = % + 1. Notice that,

||V€¢L,5XO7R||%2(UQ) < 64(1_6)\/_1_ERHVXO,RHQLQ(UQ) < 64(1—6)

which gives (IV.4.2).
Now let us pass from (IV.4.2) to (IV.4.1). We have

VEEERp|2,

Ve <3 ) :/U ’VV+VV¢L,6

2
e?VLedy +/ V|2e2¥riedz.
Ue
Using the inequality

1
2| / VY (VY - Vi) de| < 0| VVeVie o) + VoL Ve o), o >0,
. 1
with 0 = > we get

1
Vre||2 _ 2 2 291 ¢ - 2 291 e

Vel = [ (L= 190n ) VRenede+ 5 [ VR,

and then
1

Vers <y + IVonVer gy 2 5 [ (I9VE +VIE)eneda.

By combining (IV.4.2) with (IV.4.8) we arrive at
/U (IVVP + [V2)etrcde < 2K (14 (1 - 0)*(~1 - B)).

As the right-hand side does not depend on L, one can pass to the limit as . — 400 using
the monotone convergence, which gives the result. O
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IV.5 Robin-Neumann Laplacians on truncated convex sec-
tors

This last section of the present chapter is dedicated to the operator T; p» defined in
Section I1.2.3. The results presented here will be used in Section V.4 for the study of Robin
Laplacians acting on polygons with straight edges.

Recall that T 2 > defined by (I1.2.4), acts as the Laplacian on the quadrangle U, g with
the v-Robin boundary condition on 0U, g N OU, and the Neumann boundary condition
on the remaining part of the boundary, according to Definition I11.6.1. It is easy to see
that, by change of variables, the operator Tl p is unitarily equivalent to 'yQTalﬁ r- Thus, in
what follows we restrict the study to the operator

Tor:=T: g

@,

We also use the simpler notation
Na = N(TO“ _].).

Recall that N, < +oo by Theorem IV.2.1. The following proposition gives some explicit
non-resonant angles, see Definition 11.2.6.

Proposition IV.5.1. All angles o € [T, §) are non-resonant.

Proof. The proof is divided in two steps. First we prove that 7 is non-resonant. Then, we
use an argument of monotonicity to conclude.

Let o= 7. As Ng =1, see Corollary IV.2.5, we have to prove that there exists C' > 0
such that for large R,

C
EQ(T%J%) > -1+ R (IV.5.1)

By separation of variables, it is easy to see that for any n € N,
En(T5.5) = EnlNes @ 1+ 18 Hia),

where A% is defined in Lemma II1.5.2. In particular, EQ(T%7R) = E1(Ar1) + E2(ANR1)

and due to the asymptotics (II1.5.2) and the inequality Eo(AR,1) > %, see (II1.5.3), we
obtain (IV.5.1).

Now, let aw > §. Then N, = 1, see Corollary IV.2.5. We start with a decomposition of
T, r with respect to the axial symmetry of U, r. Consider UOJZR =UyrN (Rt xRy) and
the unitary map

U: L*(Ua,r) 3 urs (9,h) € LP(USp) & L(US ),

u(xy, xe) — u(wy, x2)

V2

By a direct computation, for u € D(ts, r) one has t, g(u,u) = tC]XR(g, 9) + th(h, h), with

thr(9.9) =/U+ |V9!2dw—/

+
o.R 6UQ,R08UO¢

w(z1, 2) +u(x1, —x2)

g(x1,22) := \@ )

h(zxy1,x9) :=

l9|*ds, g€ H'(US p),
and tg’ R is given by the same expression but acts on the smaller domain
D(t2g) = {h € H'(U} ) : h(-,0) = 0}.
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Then by construction, the operator T, r is unitarily equivalent to the direct sum of TC’? R
and TO{V R
Tor =UTDR & TVRU.

Let us first study the infimum of the spectrum of T 5 r- Remark that U, ;L r is included
in a rectangle of length Rtan a and width R. Extending h € D(tﬁ r) by zero and using
separation of variables we easily get

El(Toll?R) > El(@Rtana,l ®1+1® TRDN),

where T}? N'is the Dirichlet-Neumann Laplacian acting on L?(0,R) as f +— —f" with
f(0) = f/(R) = 0 and ZRtana,1 is defined in Lemma II1.5.3. Using the asymptotics
(II1.5.10) we have

C
El(To?R) > El(@Rtana,l) + El(T}lg)N) > -1+ ﬁ
Thus,
C N C
spec(To,r) N (=00, =1 + ﬁ) = spec(Ty g) N (=00, =1 + —RQ),

Let us now focus on T,. After an anti-clockwise rotation of angle 5 —aof Ul Ry One

can see that TO{V r is unitarily equivalent to fév r defined as the unique self-adjoint operator
associated with

R ~
B () :/ﬁ+ |Vu|2dx—/0 (0, 22) [2dws, w e H(UZ p),

o,R

where ﬁ;rR :={x1 > 0,22 € (0,R) : 71 < xgtan a}. Using the scaling ¢t = xs tan v, and

writing v := u(z1, =) we have

~ 1 - dt

N N 2 2

Pl ) = P (v 0) (0% 1) [ oo

1
2 _ 1 2 2
and HUHLQ(ﬁ;R) = tanaHvHLz(ﬁJEF Y As a > 7, we have tan“a — 1 > 0 and by the
s 7 -Rtana
min-max principle we get for any n € N,
=N =N
En(TOL,R) > En(Tg,Rtana)' (IV52)

In particular, as we already proved that 7 is non-resonant, there exists C' > 0 such that

By (TN Rtana) = —1+ % for large R, which implies due to (IV.5.2) that « is non-resonant.
47

O

The following result gives the asymptotics of the N, first eigenvalues of T, g as R is
large.

Proposition IV.5.2. Let 0 < a < g For any n < N, there holds
En(Tor) = En(Ta) +0(1), as R — +oo.
Proof. Let n € {1,..., N} be fixed. Let us prove the upper bound, namely:

E,(Tor) < E,(T,) for large R. (IV.5.3)
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Figure IV.5 — Partition of U,,.

The idea is to introduce an appropriate decomposition of the infinite sector U, and the
associated Neumann barriers to obtain the desired estimate. Let V,, be the infinite sector
obtained by translation of vector R (cos™!«,0) of Uy, and consider for j € {+, —},

Ch = (Ua\UarUVa) N (Ry X R).

We thus obtain a partition of U, see Figure IV.5,

Up = Uar UV UCH UCR.

Define the sesquilinear forms

) = [ [VuPde—y [ juPds. D(*) = H'(CH).
cE ACENIU,

and
av,(w.w) = [ [VuPde, Diay,) = H'(Va).

By the min-max principle we have immediately
En(Ta) > En(Ta,R D Q+ D Q_ S QVQ)'

Remark that the operator Qv is positive. But, for n < N, we have E,(T,) < —1, thus
En(Ta,R @ Q+ @ Q_ > QVa) = En(TCV,R 2] Q+ 2] Q_) and

En(To) > En(Tor @ QT @ Q7). (IV.5.4)

By symmetry it is easy to see that Q1 and Q~ are unitarily equivalent. It is thus sufficient
to focus on Q. By separation of variables one can write

inf spec(Q ™) = inf spec(T¥ ® 1+ 1® NRtana,1)

where T is the Neumann Laplacian acting on L?(Ry) as f + —f” with f’(0) = 0 and
NRtana,1 is defined in Lemma II1.5.2. Due to the asymptotics (II1.5.2), there exist two
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constants C, ¢ > 0 such that Ey(ARtana,1) > —1 — Ce " as R is large. As a consequence,
infspec(QT) > —1 — Ce “F. Due to (IV.5.4) and the fact that E,(T,) < —1, this
necessarily implies (IV.5.3).

Let us pass to the proof of the lower bound, namely: there exists a constant C > 0
such that

E,(To.r) > En(Ty)

R) > - 132, for large R. (IV.5.5)

Here we use a partition of unity of U, r to add some Dirichlet barriers in order to obtain
the estimate. To be more specific, let ¢ € C°(R;) satisfying ¢(t) = 1 if ¢ < % and

p(t) =01ift > 1 and 0 < ¢ < 1. We introduce Xo(z) := ¢ (%) ,and x1(x) :=1— xo(x)
for x € Uy . Let (xo0,x1) be a partition of unity of U, g defined as

) )20(33) 7 = 521(30)
WO = e M T TRer s e

Defined like this xo, x1 € C®(Ua.r) and (x0)? + (x1)?> = 1 on U, g. We also define the
following subdomains of U, g:

R R
Ao =U,NB (0, 2) , Bpr:= Ua,R\B (0, 4).
We now can apply Lemma II1.2.2 to obtain, for any u € HY (U, r),

b (1,0) = o (00, 0x0) + bl wx) = [ (190 + [V ) [l

a,R

By definition of (xo, x1) there exists a constant C' > 0 satisfying

C
Vol + [V < 2.

and we have the obvious inequality

C
Fae(t,0) 2 om0, 0X0) + tar(xt, wxa) = 5l - (IV.5.6)

Let us define the sesquilinear forms

C
aas(w) = [ (Vo= ) o= [ s
Ao R dARNOU,

with D(ga,) := {u € H'(A,) : u =0 on .A,\0U,}, and

C
U, U) = VUQ—U2>d.TU—/ ul?ds,
s (v, 1) /BR (‘ | R2‘ | 8BR08UJ |

with D(gg,) := {u € HY(Bg) : w =0 on dBg N dB(0, %)}. Due to

uxo € D(ga,),  wx1 € D(asg)s  luxollFzan) + lluxall7zsy):

inequality (IV.5.6) and the min-max principle we get

En(Tor) > En(Qa, ® QBg)- (IV.5.7)
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Figure IV.6 — Partition of Bg.

We can now study separately the operators @4, and @Qp,. Remark that, extending
u € D(qa,) by zero, it is easy to see that

C

ETL(QAQ) Z En(Ta) - ﬁ (IV.5.8)

To estimate the infimum of the spectrum of ()5, we introduce a partition of Br. Let W,
be the infinite sector obtained by translation of vector (%, 0) of Uy and Wy g := Wy NUq,R.
We introduce the new domains for j € {+, —},

Ry = (Be\War) N (Ry x Ry).

We thus obtain a partition of Bg, see Figure IV.6,

Br = 'RE URRU Wy, R.

We define the associated sesquilinear forms

+ _ 25 2
diu) = [ Vutde— [ s

+
RE RENUa

with D(qf) := {u € H'(RE) : u =0 on 9R%NIB(0, §)}, and

av,alww)= [ Vs Diaw, ) i= ' (War).

Wa,R

We immediately get by the min-max principle

En(@85) = Bn(Q ® Qp © Qw,, »)-

Notice that Qw, j is a non-negative operator. By symmetry the operators QJIEL and Qp are
unitarily equivalent and as a result,

Er(Qsy) = min(E1(QF), B1(Qw, x))- (IV.5.9)
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The domain R is included in a rectangle of length R(1 — €52) and width % sin . Thus,
extending u € D(q}f) by zero and using separation of variables, we obtain the inequality

E1(QF) 2 BEr( Nz g0y @ L+ 1O TEY),

where TE? is the Dirichlet-Neumann Laplacian acting on L? (0, R(1 — €%52)) as f + — f”
with f(0) = 0 and f'(R(1 — €3%)) = 0 and A& | is defined in Lemma II1.5.2. Due
4

—< sina,

to the asymptotics (II1.5.2), there exist two constants C, ¢ > 0 such that E; (JV% sina1) =
—1 — Ce~“F and thus

Ey(QF) > -1+ % for large R,
where C' > 0. This implies, due to (IV.5.9), that E1(Qp,) > —1+ % for large R. We now
can conclude the proof: recall that we already proved in the first part of the demonstration

that for n < N, we have E, (T, r) < —1. Due to (IV.5.7), this implies, as we just proved
that £1(Qp,) > —1+ %,

En(Ta,R) > En(QAa @ QBR) = En(Q.Aa)

This finishes the proof of (IV.5.5) thanks to the inequality (IV.5.8).
Gathering (IV.5.3) and (IV.5.5) we have for large R

C
En(Ta) - ﬁ < En(Ta,R) < En(Ta)a
which finishes the proof of the proposition passing to the limit R — +oo. O

Let us introduce a new operator, which is in a sense the Dirichlet counterpart of T ;’ R
Consider the sesquilinear form

oy (1, ) =/ [Vul? - 7/ |ul?ds, (IV.5.10)
Uoz,R 8Ua’Rﬂ8Ua
with D(ti’g) = {u € H' (Usg) : u=0 on U, g\OU,}. Defined in this way, the form

qf’g is closed and hence defines a unique self-adjoint operator in LQ(U(L r) denoted by T, C? }’g.
Remark that this operator acts as the Laplacian with the y-Robin boundary condition on
OUqs,r N OU, and the Dirichlet boundary condition on the remaining part of the boundary

of Uy, g, according to Definition II1.6.1. We have an analogue of Proposition IV.5.2 for

D,y
Ta’R.

Proposition IV.5.3. Let v > 0 be fized and 0 < a < 5. For any n < N, there holds
En(TYR) = En(T)) +0(1), as R — +oo.
Proof. Let n € {1,..., N} be fixed. Let us prove the lower bound, namely:
EL (TR > En(TY). (IV.5.11)
Let u € D(tfi’g). If we denote by @ the extension by zero of u to U,, we have ti’%(u, u) =

tY(u,u). The min-max principle gives immediately (IV.5.11).
Let us now prove the upper bound, i.e: there exists a constant C > 0 such that

En(T2R) < En(T)) + % for large R. (IV.5.12)
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To do that, we introduce a partition of unity of the infinite sector U, to add some Dirichlet
barriers. The decomposition of U, associated with the partition will be the same as the
one in the proof of Theorem IV.4.1, see Figure IV.4, up to a constant. Thus, some results
involved in this proof will be used here. Let ¢ € C*° (R ) satisfying ¢(t) = 1 if t < % and
p(t) =01ift > 1 and 0 < ¢ < 1. We introduce Xo(z) := ¢ (%) ,and x1(x) := 1 — Xo(x)
for z € U,. Let (xo0,x1) be a partition of unity of U, defined as

2 Xo(z) ) e X1(z)
W@ = T aer YT e m@r

Defined like this xo, x1 € C*°(U,) and (x0)? + (x1)> = 1 on U,. We can thus apply
Lemma II1.2.2 to the form ¢, to obtain for any u € H(U,),

12 (u,u) =t (uxo, uxo) + t2 (ux1, uxi) — /U (]VXO\Q + \VX1|2> ]u\zd:r.

By definition of (g, x1) there exists a constant C' > 0 such that |Vxo|? + |Vx1]? < % and
thus we obtain the inequality

C
tl(u, U) > tl(uX07uX1) + t’oy[(uXh qu) - ﬁHUH%E(Ua) (IV513)
Let us define the subdomains

R
<Ua)0,§ =U, ﬂB(O,g), Ud = {x €Uy : |z| > f},

and the associated sesquilinear forms

c
wgn)= [ (IVaP - leP) do -y uf?as,
2 (Ua)o, 2 R OUa)y NV

02
6,00 Ag('“' R|m) " Jou o,

R R
with D(q ») := {u € HY(U4') : uw =0 on dU NIB(0, f)}. Thanks to the fact that for
Uq

any u € H'(U,) we have

uxo € D(gg,z), ux1 € D(q z), luxollzz@,) + lwxalliz@,) = el 2@,

qUa%
and using the min-max principle and inequality (IV.5.13), we have for any n < N,

En(T) > E(Qoz ©Q 1) (IV.5.14)

Notice that the operator ) R was already studied in the proof of Theorem IV.4.1. In
U,

particular, using the notation of this latter we have

¢ >

C
== " for large R.

inf spec(QU%) = Al(Q%) -

o

Recall that for any n < N, there holds E,(TJ) < —v?. We necessarily have, due to

[0}

(IV.5.14), E,(T})) > En(Qq &) Let u € D(q, =) and denote by u its extension by zero to
b 2 b

2
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Uq,r- Thus, one can write qog(u,u) = ti’%(u,u) - %HaH%%UQ,R) and by the min-max
principle we get En(QO%) > FE, (T£ ") — % for large R, which finishes the proof of the

upper bound (IV.5.12).
Finally, gathering (IV.5.11) and (IV.5.12) gives

C
En(T3) < Ea(T,)7) < Ea(T2) + 23

«

which ends the proof passing to the limit R — +o0. O

In the following proposition, we prove that the eigenfunctions of T, g associated with
the NV, first eigenvalues are localized near the origin. The strategy of the proof is the same
as the one of Theorem IV.4.1.

Proposition IV.5.4. Let ¢ be an eigenfunction of To g associated with E := E,(Ty Rr),
n < N,. Then, there exist n > 0 and C > 0 such that

[ (Ve +162) eeldn < Cllpliag, - as R is large
a,R

Proof. Let n > 0 to be chosen later and define ¢(x) := n|z|. We are going to prove first
that

H(Pe(ﬁH%[l(Ua’R) < C||QDH%2(U%R), as R is large. (IV.5.15)

As ¢, V¢ € L*>(U,, r) and by adapting Lemma II1.3.2 we have the useful equality

ta.r(pe?, pe?) = / (\V¢|2 + E) lpe?|?dzx. (IV.5.16)

Ua,R

For B € (0,1) to be fixed later, we also have
1

ta,r(pe?, pe?) = BIIV ()72, py + (1= B)ta g (9, o). (IV.5.17)

Let us focus on the second term of the right hand side of this equality. We want to obtain

a lower bound involving [|¢e?||, (U )+ Lo do this, we introduce a partition of Uy, g and

the associated Neumann barriers. Let 0 < L < R and define
Dy := Uy r\Ua,r,

and the sesquilinear form

1

-3 1
a5 (u,u) = / Vu|2dz — 17/ lul?ds, D(qp,) := H'(Dy).
DL — B Japnou,
Thus, one can write for any u € H' (U, g),
1 1 1
tor (Wu) =ty 7 (u,u) +qp. " (u,u). (IV.5.18)
We have the obvious inequality

1
4 1
tor (u,u) > mEl(Ta,ﬁ)HuH%Q(UmL)'
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Figure IV.7 — Partition of Dy,

By Proposition IV.5.2, for any e > 0, there exists Lo > 0 such that E1(T] 1, ) > E1(Ta)—¢,

]
and then

5 1 1 5
oo () 2 T g2 <_sin2(a) =) Il (Iv.5.19)
1
as E1(T,) = —Sin12 —~. We now focus on the lower bound of E( ELB ) and to this purpose

we introduce a partition of the domain Dy. Let V, be the infinite sector obtained by
translation of vector (Coga,O) of Uy and Vo g := V, N Dy. Consider the domains, for
j € {+a _}7

Cl = (Dr\Var) x (R4 x Ry).

We obtain a partition of Dy, see Figure IV.7,

Dy = CE ch U VQ,R.

Define the associated sesquilinear forms
1
+ 2 2 + 1o+
U, u) = Vul“dr — / ul“ds, D =H (Cs),
qp (u,u) /(Z§| | 1-8 BC?%:QBUJ | (qr) (CRr)

and
Wy nlw) = [ [Vulde, Diay, ) i=H' (Vo)

Va,R

By the min-max principle we immediately get

E(Qp,) > E1(Qf ® Qi ® Qv, »)-

Remark that the operator Qv,  is non-negative and that, by symmetry, QE and Q5 are
unitarily equivalent. Moreover, by separation of variables one can write

E1(QR) = Ei(A L ®1+1@TR),

Ltana,1=3
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where the operator TH is the Neumann Laplacian acting on L2(R — L) as f — —f” with

—f'(0) = f'(R— L) =0 and ‘/‘/Ltana,ﬁ is defined in Lemma II1.5.2. By the asymptotics
(II1.5.2), for any € > 0 there exists L; > Lg such that El(%ltana,ﬁ) > ﬁ(—l —€)
and thus ) .
1-8 + s (1
El(QDLl) > E1(Qr) > 1 _5)2( 1—e¢).

Gathering this inequality and (IV.5.19) we obtain by (IV.5.18) for R large enough such
that R > L1,

= 1 1 1
1-8 2 2
to.r (U, u) 2 e (_sin2a - 6) lullz2w, . + A=pe 5)2(—1 = lullzzp,,)-

To finish the proof of the estimate (IV.5.15), we apply the previous inequality to we? and
we use (IV.5.16) and (IV.5.17) to get

| (1968 + B) lpe?Pda = BIV (e Eao, 1y

a,R

1 1
N G @12 1 — @12
+ 175 (g ~ eIy + (1= el ).

As |[Vo|? < n?, we can rewrite it as follows
Aillee? 2w, ) = BIV(0e) 2w, o + A2llee®Z2p, s

with
1 1
A=’ +FE+ — [ ——
L= +1—B<sin2a+€>’

1
A2:7T]2*E+m(*1*6>

Recall that E > E1(Ty r) > Ei1(Ty) — € for large R. Thus it is easy to see that A; > 0.
On the other hand, £ < —1 and rewriting As as follows

B+ €

1-p3

one can see that for small 3, there exists n < v/—FE — 1 such that Ay > 0. With these
choices of  and 3, there exists C' > 0 satisfying

Ay=—1?—E—1-

Cllee o, 1.y = V@) Baw, w + l0eBap, )

For # € Uy, 1,,, we have |¢(z)] < n--, and thus

cosa’
Ly
205 || |32,y > eIl o, o for large R,

which finishes the proof of (IV.5.15). In order to finish the proof of the proposition, we
write

IV (e 172w, ) = /U (IVel2e* + Vo pe? 2 + 2062 VpV ) da.

a,R

Using the estimate

1
2 ‘/ 0e??VVpdr| < 2/ V|2 |pe?|?da + 7/ V|2 dz,
UQ’R UQ,R 2 Ua,R

105



CHAPTER IV. ROBIN LAPLACIANS IN INFINITE SECTORS

we obtain

1
o\112 >7/ 2 2¢ _/
IV (e M 0 > 5, (Vefeda= |

V6| |pe?Pda.
a,R
Thus,

| (196 +16) eda < 2petling, o +2 [ [V6PIgePda,

a,R a,R

and we can finish the proof thanks to |Vé|? < n? and applying (IV.5.15).
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Technical proofs of Chapter IV

Content
A.1 Proofof Lemma IV.1.2 . . ... ... ... ... 107
A.2 Study of the operator H* . . ... .. ... ... .. ... 108
A21 Theadjointof H, . . . .. .. . 108
A.2.2 Self-adjoint extensions of H, . . . . . ... ... ... ... ... 110

A.1 Proof of Lemma IV.1.2

By standard arguments, C°(R?) is dense in H!(U,). In order to prove Lemma IV.1.2
it is then sufficient to show that any function v € C2°(R?) can be approximated by the
functions from F in the norm of H(U,).

Let v € C2°(R?). Pick a smooth function 1 € C*°(R ) with

1
vis)=1 if s<o, W(s)=0 if s>1, 0<yp<l,
and set, for small € > 0,
In|x|

Finally, set ve(z) = xe(z)v(z).
Notice that x. is radial and then there exists ¢, € CS°(Ry) sucht that xe(z) = @e(|z]).
In addition, ¢, satisfies

S
\/E
and ve € F. Let us show that ||v — vel|g1(y,) — 0 as € = 0.

Denote u(r,0) := v(rcos@,rsinf) and ue(r,0) := v (rcosd,rsinf), then

1
), we(r)=0 if r<e or r>-,
€

we(r)=1 if re (ﬁ,

« —+o00
lo = vella, = / / u(r, 0) — e (r, 0) [2rdrdo
—a JO

a e a oo
= / / [u?|1 — @c|*rdrdf +/ /1 [ul?|1 — @c|*rdrds,
—a J0 —aJ ==
e
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and the right-hand side tends to 0 as € is small due to the dominated convergence.
Furthermore,

a +oo
Vo — VUEH%Q(UQ) < 2/ / |Vo(rcos 8, rsin )1 — ¢ (r)|*rdrdd
—a J0
a +oo
+2/ / lv(r cos 0, r sin ) 2|V xc(r cos 0, 7 sin 0)|*rdrd®,
—aJo

and the first term tends to 0 by the dominated convergence. On the other hand,

(el

1 2

r2|lne|?

Inr

|V xe(rcosf,rsin 9)\2 = \gog(r)|2 =

Ine ’

and

400
/ / [u(r cos 0, 7 sin 0) 2|V xe(r cos 0,7 sin 0)|*rdrdd =
0

/ / u(r, 0)*|ee(r )lzrdrd9+/ / lu(r, 02| (r)|*rdrdf.

The functions v and v’ are bounded, and we can get the following upper bound:

+o00 2 1|12
/ / |v(r cos 6, 7 sin 9)|2|VX€(7’ cos 0, rsinG)lgrdrdH < aHuHOOHX [ES 0,
0 |In € €0

which concludes the proof.

A.2 Study of the operator H.°

We consider the operator acting on L?(0, +00) defined by:

211
Hy,=———-———, D(H,)=CRy).

and the associated sesquilinear form hg,

2 2
ha(u,w) :/]R (’u’(’r)fdr— |ui:g| — |ui7;)| )d’r, u € CP(Ry).

Some parts of the analysis of the operator 7)) are based on the spectral properties of
the Friedrichs extension H;° of H,. Various parts of the description and of the spectral
analysis of H.° are spread through the literature, and in the present section we give a
compact presentation of the necessary results.

A.2.1 The adjoint of H,
Let H} be the adjoint of H,. Recall the deficiency subspaces of H, are defined by
K1 = Ker(H: Fi) = Ran(H, +1)",

and their dimensions ny = dim(K4) are called the deficiency indices of H,. The following
proposition gives us the existence of self-adjoint extensions of H,.
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Proposition A.2.1. The operator H} is given by the same differential expression as H,
and acts on the domain

D(H}) ={u € L*(Ry) : u € H*(e, +00) for any e > 0 and Hiu € L*(Ry)}.  (A.2.1)
The deficiency indices of H, are equal to 1, and H, admits self-adjoint extensions.

Proof. Denote by D the set on the right-hand side of (A.2.1). Let v € D(H™), then for all
u € D(H,) one has

(e v) sy = (2000 = gru0r) = L) Jo(r)dr = (o Hivs
and * " 1 1 . /
Hv(r)=—v"(r) — RU(T) — av(r) in D'(Ry).

In particular, D(H}) C {v € L?>(Ry),Hv € L?>(Ry)}. Let u € L*(R,) satisfy H}u €
L*(R), then, for all € > 0, we have u/r?* € L?(e,+00) and u/r € L*(e, +o0). Due to

~u(r) = Hiu(r) + Jgu(r) + -ulr) € I(e, +00),

we also have u € H?(e, +00) for all € > 0. This shows the inclusion D(H}) C D.
Let us prove the reverse inclusion. Let v € D. After an integration by parts we have,
for all e > 0 and for all u € D(H,),

(Ho, ) 2, / Hou(r)o(r)dr + /m ( ") — ) — 11;(7»)) dr

4r2 ar
+u'(€)v(€) — ule)v’(e).

Notice that the boundary terms are well defined as u,v,u/, v’ are continuous. Moreover, as
u € CP(Ry) we have

lim (W(ev(e) - u(e)v'(€)) = 0.

e—0

Hence, in the limit € — 0 we obtain

—_ 1 1

(Hou,v) [2m,y = / u(r) <—v”(r) - —u(r) - v(r)) dr,
R4 4r

for all w € D(H,). Then D C D(H}) and, finally, D(H}) = D.

Recall that a symmetric operator admits self-adjoint extensions if and only if his
deficiency indices are equal. In our case, H; commutes with the complex conjugation,
which gives immediately ny =n_, as K and K_ are mutually complex conjugate.

It remains to determine the deficiency indices. The functions u € Ker(H} + i) are the
solutions to the differential equation

"

1
—u _RU_JU_FZU_O

Represent u(r) = w(2ez§r), then the function w is a solution to the Whitakker’s equation,

1 1 1
"
o — = = 0.
w”(y) + <4y2 Sty 4> w(y)

whose linearly independent solutions are expressed in terms on the confluent hypergeometric
functions, and the space of L? solutions is one-dimensional, see [AS64, Eq. 13.1.31]. O

109



APPENDIX A. TECHNICAL PROOFS OF CHAPTER IV

A.2.2 Self-adjoint extensions of H,

To describe the self-adjoint extensions of the operator H, we use the boundary triple
approach, see e.g. [BGP08, GGI1|. The integration by parts gives

<H;¢7w>L2(IR+) - <¢7H;w>L2(R+) = 5(¢? w)a Y, ¢ € D(H;zk)7
. o N )
with §(9,¥) = lim (@) (r) = $(r)/(r)) .
The self-adjoint extensions of H, are restrictions of H} to maximal subspaces D satisfying
D(H,) C D C D(H}) with the property that d(¢,1) = 0 for all ¢,9 € D. Notice that
d(¢, ) is finite but lim,_ ¢(z) or lim,_,¢ ¢'(x) could be infinite.

As shown in e.g. [GTV12, page 301], based on the asymptotic behavior of the confluent

hypergeometric functions, there exists linear maps aj,as : D(H}) — C such that for any
¥ € D(H}) one has, as z — 0,

b(r) = ar(O)Vr + az(¥)v/FInr + O(r2 Inr),

W (r) = C;l\(/;) + ai(ff) (h;r + 1) +O0(vrinr),

or, equivalently,

_ o W) () —ax(@)yrinr
a2(¢) N 7“1—1>1/(I)1Jr \/?an al(q/)) N 7"1—1>r(l)l+ \/7j ’

and a direct computation gives the equality (¢, 1) = a2(¢)ai(y) — ai1(p)az(y). Further-
more, for any (b1, by) € C? there is ¢ € D(H) such that a;(¢)) = by and az(1)) = by. In the
language of [BGPO08], the triple (C,aj,a2) is a boundary triple for H,, and any self-adjoint
extension of H,, is a restriction of H; to the functions ¢ satisfying the boundary condition
a1 (1) cos ¥ = ay (1)) sinv, where ¥ is a real-valued parameter.

By [BG85, Theorem 3.1], the Friedrichs extension HS° corresponds to the boundary
condition az(¢)) = 0, i.e. to ¥ = 5. The spectral properties for this case are completely
analyzed in [GTV12, Subsection 8.3.3]: the essential spectrum is [0, +00), and the discrete
spectrum consists of the simple eigenvalues &, (a) with the associated eigenfunctions v,
given by

1 1
a? (2n —1)%’

r 2r

Un(r) = Vrexp ( C (2n— 1)a)L"71((2n - 1)a>’

where L,, are the Laguerre polynomials [AS64, Section 22.1].

Sn(a) = n e N,
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Chapter V

Robin Laplacians on polygons

Abstract

Let Q C R? be a simply connected polygon with straight edges. In this chapter we study the
Robin Laplacian Q¢ acting on L?(Q) as Qdu = —Au with the Robin boundary condition
dyu = vyu on 0f), where v > 0 and v is the outward unit normal. This operator has a
compact resolvent and thus its spectrum is purely discrete: we denote by En(Qg) its
eigenvalues enumerated in the non-decreasing order and counting the multiplicities. We are
interested in the behavior of the eigenvalues of Q¢ as v becomes large. In Section V.1 we
introduce some useful notation and the test functions, called the quasi-modes, used in the
proof of this chapter. In Section V.2, we prove that there exists Ng € N such that the Ng
first eigenvalues of Q{, are exponentially close to those of model operators associated with
the vertices: the Robin Laplacians acting on the tangent sectors associated with 9€2. In
Section V.3, we prove that the associated eigenfunctions are concentrated near the convex
vertices of 2 and that they are exponentially close, in a certain sense, to the quasi-modes.
Finally in Section V.4, we obtain a second order asymptotics for the further eigenvalues
Eng+(Q¢,) when the polygon Q admits only non-resonant or concave corners.
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CHAPTER V. ROBIN LAPLACIANS ON POLYGONS

V.1 Preliminaries

V.1.1 Notation

In this section we recall and introduce some important notation which will be used in this
chapter.

Let © be a simply connected polygon with straight edges. As there is no ambiguity, we
denote

Q" =@}
in the rest of this chapter. For a vertex v € 0¢), denote by «, the half aperture of Q at v

measured inside ). Recall that the set of convex vertices of {2 denoted by V was introduced
in Section 11.2.2,

V:={v € 0 is a vertex and «, € (0, g)}

For each v € V, there exists U,, an infinite sector of half aperture «, and of vertex v such
that, for » > 0 small enough,

QN B(v,r) = Uy, N B(v,r),
and there exists F,, a rotation composed by a translation satisfying
Uy, = {Fy(z),z € Uy, }.

Recall that, as U, is invariant by dilations, the operator T ' is unitarily equivalent to
'yQTollv. In the following, we keep the same notation as in Chapter IV and denote by

To, =T, .

The essential spectrum of Ty, is equal to [—1,+00), see Theorem IV.1.1, and its discrete
spectrum is finite as shown in Theorem IV.2.1. The number of discrete eigenvalues of Tj,,
is denoted by

Ny =N (Ty,,—1) < +o0.

For v € V, we denote by (¢;)n<n;, the orthonormalized eigenfunctions of Ty, associated
with the N, discrete eigenvalues. Then, (¢)"V),<y;, defined as

Uy () = vy (v), (V.1.1)

are the eigenfunctions of T associated with the A, discrete eigenvalues satisfying

[l 2a,) =1 [IVeR”

The model operator T is defined as the direct sum of Robin Laplacians acting on tangent
sectors associated with the convex vertices of 0f2,

T% := P T,
veY
acting on @,cy L?(Ua, ). Then spec(T®) = U, ey spec(Th, ). We denote by

N = ZNU7 and A® := {)\,1 <1< K%},
veY

2a,) = MMVl w.,), 10’ l2eu.,) = vAllvallLzeou,, )

the eigenvalues of T9 ordered in the increasing way and counted without multiplicity,
namely : \} < Ay < ... < Age. For 1 <1 < K® we introduce

S :={(n,v):veV,1<n<N,: E,(T,,) =N}, and my := #S.
Defined in this way, m; is then the multiplicity of \; as an eigenvalue of T® and Z{Si mp =

N®. Finally we denote by E™aX := E\- (T?).
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V.1.2 Construction of quasi-modes

Let v € V. For n € {1,...,N,} we set
Qb%’v = qu’v o Fy,.

Let us introduce ) )

o dlSt(’U,;\{’U})’ and p = mmyzey Po.
Let ¢ € C*°(R4) be a smooth cut-off function satisfying 0 < o <1, p(t) =1if 0 <t <1,
and ¢(t) = 0 if t > 2. We introduce the smooth radial cut-off function x, defined as
follows:

Xo(z) =@ ('93;1}') , zeq. (V.1.2)

Notice that, for v # v/, supp x» Nsupp Y = 0. Finally we set, for 1 < n < N,,
5%’” = @Yy on Q.

Proposition V.1.1. For any e € (0,1), there exists C > 0 such that for v € V, n €
{1,.., Ny} and v > 0 we have ¢»¥ € D(Q7), and

1— 06_27(1_6)\/Wp < Hg%’v”%%g) <1, (V.1.3)

Ty A2 )
Q77 Y En( av)w ||L2(Q < Ce-(1—eV=T-Em)
1627112 -

(V.1.4)

Proof. The main tool is the property of localization of the eigenfunctions ;¥ near the
vertex v, proved in Section IV.4.

We start by proving (V.1.3). We immediately sce that ||¢7 ”||L2(Q < || UHL?(UQ =1.
On the other hand, we have

Ty, (2 >/ ¥,V
||¢n HLQ(Q) = QﬁB(v,p)‘d)n

We now can apply Theorem IV.4.1 to 97"" to get:

J
Uay \B(0,p)

which gives us the lower bound for ||¢ ”H%g () and concludes the proof of (V.1.3).
To prove that gb“’ € D(Q") we have to show that —AQW v ¢ L2(Q), which is easily

checked as x, is smooth, and that 9, ng'Y’ = ’y¢% on 00). As y, is radial, d,x, = 0 on

& (2N B(v,2p)) \dB(v, p) and then ¢ satisfies the Robin boundary condition. Thus we
can write

o= [ fuptPde- [ Pde,
Ua Uay \B(0,p)

v

2 dr < 0672(176)7\/ij

QU1 = —A(G1)xw — Alxo) 9L — 2V VX,
and,
—AGYY = V2B (Ta, )P0
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and,
V67Tl < IV xelZCe 20V T

Gathering the two previous inequalities gives us
Q487 = 7 En(Ta, )6 |[f2(q) < Ce 20 NVImEme, (V.1.5)
Putting (V.1.3) and (V.1.5) together finishes the proof. O

Corollary V.1.2. For any e € (0,1) there exists a constant C' > 0 such that
dist(7” Bn(Ta, ), spec(Q")) < Ce™ /12,

Proof. This is a consequence of the Theorem II1.3.1 due to (V.1.4). O

V.1.3 Properties of quasi-modes

In order to prove the main results of this chapter we need some properties satisfied by the
quasi-modes gathered in the following lemma.

Lemma V.1.3. Let e € (0,1). There exists a constant C > 0 such that, for allv € V, for
alln € {1,..,N,} and for alli # j, (i,5) € {1, ..., Nu,}? we have for «y large enough,

7 (B3, 837) = AP En (T, )| < ACe20-0V"TmE", (V.1.6)
‘<$¢%va 5}”&2(9)’ < 06—2(1—6)7\/WP’ (V.1.7)
Q($7",67")| < ACe 2=V ZI=ETp, (V.L.8)

Proof. We start by proving (V.1.6). Let us first expand ¢7(¢?, ¢7?):
@ = [l IVerde = [ pofler s

+ [ [Vl

2dr + 2R / Xo VOV ot da.
Q

As supp Vx, C B(v,2p)\B(v, p), we can use Theorem IV.4.1 to bound the cross-term:

| (190l Po + 2R [ Vi Tl
Q Q

<(2Vnll [ rPdet bl [ (vl
Uav \B(v,p) UQ1;\B(”7P)

< Ce—Z(l—e)’ﬂ/Wp.

‘We now focus on the main term:

[hoPIveyPde < [ Ve Pde, and [ polflePds < [ e
Q U, o0 ouU,

@y @y

2ds.

On the other hand,

Jhebrvepa = [ 1wue s
. UaUnB(O,p)
= / IVt Pde — Cle~ 2=V =1-E"%p

Qy
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and,

[ halienpas > | U s
(UavnB( 7p))\8B(O p)

= [ s [ o3
O(Uay \B(0,0))\DB(0,0)

Notice that, as Uy, \B(0, p) is a Lipschitz domain there exists K > 0 such that

KA

Then, using (V.1.9) and Theorem IV.4.1 we obtain

AQ\XUIQIW;”I% > /(SU |2 2ds — Clem 2=V =1=Emp,

v

2ds.

L2 (0(Uay\B(0,0))) ||1/JW||H1(UQ \BO7)" (V.1.9)

As 8 (W10, 00Y) = v En(Ta,),
‘/QIXUIQIVM;”I% — /Emlxﬁlcﬁ%’”l?cis —~ 72En(Tav)’ < Qe 2mVmImEnp

which concludes the proof combining this estimate with the one on the cross-term.
Let us now prove (V.1.7). Asi # j, / " dx = 0. Then,
Uay

(67", 61" ) 2y = (Ixw o B2 = 1) 47 0] da.

/Uav \B(0,2p)

We can conclude, as ||x,|* — 1| < 1, using Cauchy-Schwarz inequality and Theorem IV.4.1.
To finish, let now focus on (V.1.8). Let ¢ # j, we have

q($]",6)") = /Q IXo*V VG dr — m|xv\2¢z’”st+I<v>,

where

10) = [ {1V 37 + 67" Vx Vo] xo + oV Vrad] "} d

Using the fact that supp Vx, C B(v,2p)\B(v, p), Cauchy-Schwarz and Theorem IV.4.1 we
get

[I(7)] < Cem20mnV=1=Ems, (V.1.10)

By the spectral theorem we have t], ()", 1/1}’”) = 0, which implies

[PV Ve dn— [ ol 6] ds
Q o0N
(oo F; P=1) Vo V9T da— |

O(Ua, \B(0,20)\0B(0,2p)

/UM\B(O,zm

We can use the same arguments as before and (V.1.9) to obtain

‘ / Xl V$] VI da — / o267 6] Vds| < yCem2mNVIImETe (v 11])
Q o0

Putting (V.1.10) and (V.1.11) together finishes the proof of (V.1.8). O
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Lemma V.1.4. For v large enough the family (%?l”) 1s linearly independent.

(nv)e UZIS}; S

Proof. Let us denote by G the Gramian matrix associated with (gg;{“) which

(nw)euk?s,
entries are G; j = <qg%fi, 571}Uj>, where (n;, v;), (nj,vj) € Ul[i?&. First, the diagonal is simply
composed of 1+ o(1) as v — +o00, according to (V.1.3). Secondly, if (n;,v;) # (nj,v;)
then v; = v; and n; # n; or v; # v;. In the first case, we already know by (V.1.7) that
Gij; = o(1) as v — 4o0. In the second case, supp x,;, N supp x,, = @, then G;; = 0.
Necessarily, det(G) = 1+ o(1) as v — 4o00. In particular, det(G) # 0 for v large enough,
which gives us the result. O

V.2 Asymptotic behavior of the corner-induced eigenvalues
on polygons

This section is devoted to the proof of the asymptotics of the N'® first eigenvalues of Q7,
see Theorem 11.2.3, for € being a polygon with straight edges.

Theorem V.2.1. Let Q C R? be a polygon with straight edges. For any e € (0,1) there
exists C' > 0 such that for allm € {1,...,.N®} and for v large enough,

|Ba(QY) — 12E(T%)] < Cem 1 TBT,

Proof. The proof of Theorem V.2.1 requires two steps. First, we prove the upper bound
and a lower bound for the eigenvalues of )7, using respectively the properties of the
quasi-modes and a partition of unity. The remainder obtained in the first lower bound
appears to be a constant, and in order to improve it to the exponential one we use a
spectral approximation result.

Recall that A® is the set of the eigenvalues of the operator T® enumerated in the
increasing order and counted without multiplicity, K% := #A® and we denote by m; the
multiplicity of \; € A® as an eigenvalue of T®, see Section V.1.1.

Proposition V.2.2. For any € € (0,1) there exist C > 0 and ¢ > 0 such that, for all
0 <1< K9 and for v large enough,

By gy (Q7) < 2N + O 2000V =I5, (V.2.1)
Epottm+1(Q7) > ¥ A1 — ¢, (V.2.2)

with the convention mgy = 0.
Proof. er begin by proving (V.2.1). Let [ € {1, ..., K%} be fixed. In the sequel we denote

by d := Z m;. By the min-max principle:
j=1

. (P, )
E, Q") = inf W, )
(@) FED(@) ver ]2

dim(F)=d 10

We introduce

FY = span{¢)", (n,v) € UézlSj}.
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For simplicity we denote by (1, ..., 4q) the elements of {¢)?, (n,v) € Ué-zlSj}. By
Lemma V.1.4, dim(F7) = d for «y large enough and

al N b, S i
Eq(Q) < sup 100 (%;ﬂ) = sup (0N dj¢j 2=1%%) (V.2.3)
verr Y (c1,0mca)EC 1325=1 cisl1?
$h#0 (c1,-.-,¢q)#(0,...,0)
Expanding the numerator we get
d _ d
(Y cidj D cidy) = Z\CJI q"(8, ;) +2§ch]cw (65, n)-

We can use (V.1.6) and (V.1.8) to obtain

d d
Z ]¢]’ Z C]d)] S Z|Cj‘ 2)\[ + 706_2(1_5)7\/Wp)

7=1

+23 |ejer|yCe 2NV I=ETp,

i<k
As Z Z lcjer] < dZ|CJ\2 we can write
J=1k=j+1
d d d
W(Z Cj¢j, chgbj) < (’)/2)\1 + ’706_2(1_6)7 —1=F p) Z|Cj‘2. (V.2.4)

j=1
The denominator expands as
d d N o
1> cioil® =D leilPllosl® + 2R Y cjen(e;, on).
j=1 j=1 i<k
Then, using (V.1.3) and (V.1.7) we have

d d
1Y sl = lejl?

J=1 J=1 J=1

!
< 06—2(1—6)’7\/—1—Emaxp (Z|Cj|2) . (V25)

Combining (V.2.4) and (V.2.5) we first get :

(X iy, Y0 ¢joy) . ( V2, . 7062(16)W1Emaxp> zd:|c'|2
IX9 ) ¢ T ¢l 1S9, ;6512 =
A2\ 706_2(1—e)wmp
= 1 + Ce—2(1—e)yV/—1-E™>p + 1 — Ce—2(1—eyvV—1—Emaxp’

Recall that there exists (n,v) € & such that 72\, = Y2E,(T,,). Then, —42)\; <
—~v2minyey E1(T,,) and one has, for v large enough

d
CIV(Z Hicj%iqj H21 CJ¢J) <2\ + C,yZe—Q(l—e)%/WP.
j=1CjPj

This concludes the proof of (V.2.1) thanks to (V.2.3).
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l
We now focus on the lower bound. Here [ € {0,.., K®} and d := ij. Using the
=0
(Xv)vey defined in (V.1.2), we introduce xo := 1 — 3,y X» and for v € VU {0},

(@) : %:(a)

= , x e
Ve (@)

Defined in this way, X, € C*°(Q2) and 3 cpuqoy X2 =1o0n Q. We can apply Lemma II1.2.2
to have

W)= D WYX = Y [UWVXllia)y v ED(@).  (V.2:6)

veVU{0} veVU{0}

Let us introduce some notation. Let

V)= Y [VXu@)P, Q=0\{J B,p),

veVU{0} veY
and for v € V we denote by
Du2p :=QNB(v,2p), Tyopi=082,\0B(v,2p).
By definition of V, there exists ¢ > 0 such that for all x € ),
V] < (V.2.7)

We also introduce

VW)= [ (V6P - VEP)de = [ o

v,2p

where D(q)"V) := {1 € HY(Qy2,),¢(z) = 0 for & € 0Qy2,\v,2,} and

¥ w.0) = [ (Vo= Vi@)P) do - jp[2ds,

0QpNON

where D(qg’v) = {v € HY(Q),¥(z) = 0forz € 9Q\0Q}. Notice that, if ¢ €
Buevuior D(gY), then ¢ € D(q") and ||@ZJ||%2(Q) = Zvevu{o}H?ﬁ%vH%Q(m. By the min-max
principle and (V.2.6) we can write for all n € N,

E Q) >E.( @ V).

veVU{0}

By definition, Q9 NV = (). Moreover, £y does not depend on v and we can extend it in a
smooth way to obtain a domain with a Lipschitz, piecewise smooth boundary without any
convex corners, which we call 2. We define

CrE ) = [ VoPde = [ juPds, v e H' (@),
Qreg oQres
By [Pan13, Theorem 1], we know that there exists C' > 0 such that, for v large enough,

Ey(QV"®%) > —7* — O
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In addition, by the min-max principle and (V.2.7) we also have, for all n € N, E,( g’V) >
E,(Q7™8) — c. Then, for v large enough,

E(QF") > - - Cy—c. (V.2.8)

On the other hand, extending v € D(q)""") by zero and using the min-max principle and
(V.2.7), one can write for all n < N,

En(QZV) 2 'YQEn(Tav) —C.
In particular,

Eqr (P Q1Y) > 1 Eq1(T?) — ¢ =Ny — .
veEY

Combining it with (V.2.8), we finally get E4.1(Q7) > v2\41 — ¢, since ;41 < —1. This
concludes the proof of (V.2.2). O

This proposition tells us that the eigenvalues of Q7 are gathered in clusters. For each
n € {1,.., NP}, there exists | € {0, ..., K% — 1} such that mg +m3 + ...+ m;+1<n <
mo + ... + myy1. Then, N1 = E,(T%) and

En(Q) € Iit1 == (P N4t — ¢, 72Ny + CrPe 2079V =1=Em0)

for v large enough. Notice that, as \; < \jy1 we have I; N [;;1 = () for large 7: the I; are
disjoint sets.

In order to conclude, we can now use the spectral approximation result stated in
Section II1.3. Let us recall (V.1.4). For all 1 <1 < K% and for all (n,v) € S; there holds,

QY — ¥\ || < Cem(ImOVZI=E™p) gy

Let n := Ce~(1=97W—1-E"%p Recall that the family ((EZ’”)(”W)G s, is linearly independent
for large v by Lemma V.1.4. Denote by (5;);" the eigenvalues of the Gramian matrix of
@;’L’v)(n,v)esl with 81 = Bmin and By, = Pmax. Recall that P4(a,b) denotes the spectral
projection of the operator A on the interval (a,b) C R. Then we can apply Corollary I11.3.4
to obtain for large -,

dim Ran Pg~ (72/\1 — m?/zm / ’gméx , 72)\1 + m?ﬂm/ gméx) >my.

Notice that, by (V.1.3) and (V.1.7), we have for all 1 < i < my,

18; — 1] < Ce 2=V —1=Em¥p, (V.2.9)

and it follows that gmax =14 o0(1), as v — +oo. Moreover, as specess(Q7) =
min

the operator Q7 admits at least m; eigenvalues in I = (72N — m?/277 %,72/\1 +

m®/%n %) But, as I; N I =0, LNy =0and ;N I, # 0, we can conclude by

the previous corollary that Q7 admits exactly m; eigenvalues in I, and these eigenvalues
correspond to the [th cluster mentioned above, which concludes the proof.
O

119



CHAPTER V. ROBIN LAPLACIANS ON POLYGONS

V.3 Approximation of eigenspaces

We are now going to prove that the corresponding N'® first eigenfunctions of Q7 are, in a
sense, exponentially close to linear combinations of the above quasi-modes (5}”)

Recall that the distance between two closed subspaces E and F' of a Hilbert space
H is defined in Section II1.4 and is denoted by dist(E, F'), and that P4(a,b) denotes the
spectral projection of a self-adjoint operator A on the interval (a,b) C R. We introduce

F = span{d}", (4,v) € ),

and
517 := Ran Py~ (’yQ)\l — Ce—(l—E)v\/Wp,,)ﬁ)\l + Ce—u_e)wm,,)

We can now state the theorem on the eigenspaces.

Theorem V.3.1. For any | € {1, ..., K®}, there exists a constant ¢ > 0 such that,
dist(&), F)) = O(e™), as v is large.

The proof is based on the fact that the N'® first eigenfunctions of Q7 are exponentially
decreasing outside neighborhoods of the vertices. This is due to an Agmon-type estimate
satisfied by the eigenfunctions. The proof of this estimate follows the same steps as the
one of Theorem IV.4.1 and Proposition IV.5.4 and it is proved for more general domains,
the curvilinear polygons, see Proposition VI.3.4 below. Denote

dy(z) = dist(z,v), d(x):= IUHEIB dy(x).

Proposition V.3.2. Let ¢ be an eigenfunction of Q7 associated with E := E,(Q7), where
n < N®. Then, for any 6 € (0,1) there exist n > 0, C > 0 and ¢ > 0 satisfying, as vy is
large,

]
/Q (|V<p\2 + \90]2) M) g < e ngH%g(Q).

Proof of Theorem V.3.1. Recall that x,(z) := ¢ (@) We introduce

() =) xo(a).

veY

Consider the subspace -
& =g

Using the assertion (2) of Proposition II1.4.1, one can write
dist(€), F7') < dist(€],£)) + dist(€], F7). (V.3.1)
Let u € & be normalized and xo := 1 — xp. We can write u = xou + xyu, and
llu— Pg;“”%%sz) < 2[[xyu — Pg;“”%?(g) + 2| xoull 2 (g -

Remark that for any = € supp xo, the distance of = to the corners of 2 satisfies d(x) > p.
By Proposition V.3.2, there exists ¢ > 0 and 1 > 0 such that

Ixoull72q) < ce @ =),
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for § € (0,1). In particular, for v large enough there exists ¢ > 0 such that

Ixoull7> () = Oe™).

As qu(xyu) = xyu, we obtain
!

[xvu — P@UH%%Q) = HPng(XVU - U)H%Q(Q) < lIxvu — UH%?(Q) = 0(e™),

which finally implies .
dist(&], &) = O(e™).

In view of (V.3.1), it remains to prove

dist(£], F)') = O(e™). (V.3.2)
Let ¢ € &, then
XV¢ = Z vaf)a
veEY

and for each v € V, (xu¢) o F, ! € L?(U,,), where F,, defined in Section V.1.1, is a
diffeomorphism mapping Q N B(v, p) onto Uy, N B(0, p). Introduce

E ={) (x¢) o F, o €&} and F) = {1 o F,*, (n,v) € Sy}
veyY

Thus, it is easy to see that, by change of variables we have
diStLQ(Q) (Sl’y, .F;y) = diSt@vevLQ(Uav)(El’y’ F;y)

Denote by G} the subspace of ®,eyL?(Ua,») spanned by the eigenfunctions of v*T% :=
DyevTy associated with V2N, e

G) = span{y)’ : (n,v) € §;}.
Using again the assertion (2) of Proposition I11.4.1, we can write
dist(E], F}') < dist(E}, G} ) + dist(G] , F))).

We can prove that dist(G}, F}') is exponentially small. Indeed, let © € G} be normalized
and g :=1— 3, cpXv 0o F, L. One can write u = pou + (X ,ep Xv © F, H)u and

||u - PFZ’YquBvEVLQ(Uav) S ZH(E;;X’U © Fvil)u o PFl’YquB'UGVI?(UOw) + 2”800“”?9116\/[’2([]&1))
ve

For any z € supp pg N U,,, the distance of x to the origin satisfies d(x,0) > p, and then
using Theorem IV.4.1 we have

||SDOU/H§BUEVL2(UQU) =0 ), ¢>0.

As PFlv (XCpey xvo Fv_l)u) = (CpevXvo Fv_l)u7 we also have

1> xwoFy Du=Prpully, 2,y < 102 ooy Du—ully, 12w,y = O™, >0,
veY veVY
which finally implies
dist(G], F}') = O(e™"), for large .
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Let us now focus on dist(E}', G}). Let ¢; € & be normalized eigenfunction of Q7 associated
with E,;(Q"), where n; is such that E, (T%) = A;. Denote by

i =Y (xwdj) o F, ' € E].

veY

As the cut-off functions x, are radial we have 0,7¢; = v1; on each 0U,, and thus
V; € D(¥*T®). Moreover, by change of variables

VT = By QM52 12w, = 178 00vds) = Eny (@ )xv05ll 72y (V.3.3)
By direct computation we have
~A(xvoj) = (—Adj)xv + i (—Axy) — Vo; Vxy.

Notice that —A¢; = Ep, (Q") on supp xy. In order to estimate on the last terms, remark
that supp Axy C supp Vxy C U,ep B(v,2p)\B(v, p) and there exists C' > 0 such that

[Vxvl*> < C, and |Axy|* < C.
We thus can apply Proposition V.3.2 to obtain

167 Axv 1720y = Ole™),
IV, VxvlZae) = Oe™).

Gathering these estimates we obtain
||_A (ngbj) - Enj (QW)XVQS]H%%Q) = 0(6_6’\/),
and then by (V.3.3)
||72T®1/}j - Enj (Qv)ijéUEVLz(U%) =0 ). (V.3.4)

Recall that m; is the multiplicity of \; viewed as an eigenvalue of T®. Let us prove that
(p1XxVs ---s Pm, xv) is linearly independent. It is easy to see that

leixvlliz@) < l105llL2@) = 1.

Recall that p > 0 is chosen such that supp x, Nsupp X = 0 if v # v’. Thus, ||¢ijH%2(Q)

ZvGVH¢jXD||%2(Q)- Moreover,

o2z > / o = [ fo;dr — [ [2da.
D w N A A

using again Proposition V.3.2 we have
loixvll3a(q) =1 — Ce .

Let i € {1,...,my}, i # j. One can write, as ¢; and ¢; are orthonormal in L?((2),

(ixv, Pixv) L2 Z/ nyF - 1 quqﬁzdx

veY

As ||x0]? — 1] €1 and using Cauchy-Schwarz inequality we get
‘(%X%@Xv)m(m‘ < H@HLQ(Q\m I 65l 2. @ U, B’
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which gives, using again Proposition V.3.2,

(Pixv, Pixv)r2() = O(e™ ).
If we denote by G the Gramian matrix of the family (¢1xv, ..., #m,xv), which entries
are Gj; := (Qjxv, Pixv)12(q), We just proved that Gj; = d;; + O(e™7), where d;; is the
kronecker symbol. Thus, we necessarily have det(G) =1+ O(e™®") and as a consequence
the family is linearly independent for large . Notice that this also proves that

Bi=1+0(e"),

where (3;)]" are the eigenvalues of the Gramian matrix G. By change of variables, using
the diffeomorphism F,, this implies that the family (¢1, ..., ¥, ) is linearly independent. In
order to apply Proposition I11.4.1, we need to choose a suitable spectral interval I. Recall
that, by Theorem V.2.1, we know that

By (Q7) =7 N| = O(e™).

Thus, we introduce I := (y2\; — Ce™, 42\, + Ce™7) and a := min (7)‘172[7177&%4\1)-

Defined in this way, spec(y2T%) N (I + B(0,2a))\I = @ and by Proposition I11.4.1 we
obtain o
dgist(By, G7) < Y
av/B
which concludes the proof of (V.3.2) as a = O(1) and 8; = 1+ o(1) and the proof of the
theorem.
O

Recall that dist(&), F)) = |1Per = ProPex||. Thus, if ¢ € &/ is normalized one can
write
16 = Pradllrz) = (Pey — PraPev) ¢l 12) = Oe™),
and we say that ¢ is exponentially close to linear combinations of quasi-modes. Using
again Proposition I11.4.2, we can also prove that the quasi-modes are exponentially close
to the eigenspaces of Q7.

Theorem V.3.3. For anyl € {1,..., K%}, there exists ¢ > 0 such that
dist(F, &) = O(e™), as v is large.
Proof. By (V.1.5), there exists ry,, € L*(Q2) such that
Q%" = VNG + T,

and |7, || < Ce” =W =I=E2 for any (n,v) € S;. Let a := min(
Denote by

Air1 — A A — /\171)
4 ’ 4 '

L= (N - Ce(I=V=1-E"p 2y, 1 Ce—u_e)wmp).

By Theorem V.2.1, we have spec(Q7) N ((fl —|—B(O,2a))\fl> = (). Then by Proposi-
tion II1.4.2,

\/ﬁlce—(l—ewx/mp

ay/ /Bmin
As by (V.2.9) we have fBmin = 1 + 0(1), this concludes the proof. O

dist(F, &) <

Notice that by the assertion (4) of Proposition I11.4.1, we have the following corollary.
Corollary V.3.4. For anyl € {1,..., K%}, there holds for large ,
dist(&, F') = dist(F], &) = O(e™).
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V.4 Effective operator for the further Robin eigenvalues on
polygons

This section is devoted to the proof the asymptotics of the further eigenvalues Eye, ;(Q7)
stated in Theorem II.2.8.

Some important notation were introduced in Section I1.2.3. In particular, the definition
of the truncated sector Uy, g is given, see Figure I1.4, and the one of the operator Tl Ry See
(I1.2.4). Some properties of this operator are given in Section IV.5 and will be used here.
Finally, the definition of the non-resonant angles is introduced in Definition 11.2.6 and will
be of importance.

In this section, 2 is a polygon with straight edges admitting only non-resonant angles
and non-convex corners, see the assumptions in Theorem II1.2.8. The operator Q, is the
v-Robin Laplacian in L?(Q2) and as there is no ambiguity, we still use the notation

Q= Qh

We keep the same notation introduced in Section I1.2.3. The proof of Theorem I1.2.8
decomposes in two steps: we first prove the upper bound in Section V.4.2, which is a direct
consequence of the non-resonance condition by a Dirichlet bracketing, and we prove the
lower bound in Section V.4.3. Let us first introduce a decomposion of the polygon and the
associated notation.

V.4.1 Decomposition of the polygon

Let us pick some small § > 0 and denote
Q5 :={x € Q:dist(z,00) <5}, Ts:=090\00.

In this section we denote by Ay, ..., Ay the vertices of €, by £, the length of the side
Ay Ay and by o, the angle of 2 at the vertex A,, measured inside 2. We also use the
convention

v+1l=1ifv=1V,
v—1=Vifv=1.

Our aim is to construct a special neighborhood for each vertex A, included into £25. The
construction will be different for convex and concave vertices.

- Let A, be a convex vertex of , that is to say o, € (0,%5). Denote by Aff(; the
point lying on [A,, Ay+1] at the distance d cot i, from A,. Let Hfﬁ s be the half-line
originating from Af 5, orthogonal to [A,, A,4+1] and pointing to the interior of €.

Denote by B, s the intersection point of II, s and Hj’ s, then B, 5 is at the distance ¢
from [A,, Ayt1]. We set

Zy,s = the quadrangle AUAUJF(SBU’(;A;&

Remark that Z, 5 is just a rotated copy of the truncated sector Uy, 5 cot o, » introduced
in Section I1.2.3, and that Z, s C € if ¢ is sufficiently small. The constructions are
illustrated in Figure V.1(a). We denote

Ay = cot oy, if A, is convex.
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(a) Convex vertex (b) Concave vertex

Figure V.1 — The neighborhood Z, s is shaded.

- Let A, be a concave vertex of . Denote by ITF the half-line originating from A,
orthogonal to [A,, Ay+1] and pointing to the interior of Q, and let S, be the convex
sector bounded by II;; and II; and Bfé be the intersection points of I with T's.
We denote 7

Zv’g = 5, Ny,

which is just a sector of radius § and opening angle 2, — 7, see Figure V.1(b). We
denote
Ay = 0 if A, is concave.

Now we decompose 25 as follows, see Figure V.2. Remark that the set 5\ vazl Zy.s
represents the union of V' disjoint rectangles W, s glued to the sides [A,, Ay+1]. One easily
sees that each rectangle W, s is isometric to I, 5 x (0,d) with

Ins = (A6, Ly — Ayt10).

In what follows, on each W, 5 we will use the coordinates (s,,t,) € I, 5 x (0,6) defined in
the natural way, e.g. ¢, is the distance between (s,,t,) and the side [A,, Ay+1], and s, is
the coordinate along the side, such that the points with s, = \,d are attached to Z,, 5.
We will also need the common boundaries between the rectangles and the vertex
neighborhoods,
2;5 = Zv,é N Wv—1,57 Z;J = Zv,d N Wv,(i-

Using the coordinates (sy,t,), the set 2;5 corresponds to s,_1 = £,_1 — A,d, while 2:25
corresponds to s, = A,0.
V.4.2 Dirichlet-Neumann bracketing and the upper bound

For subsequent constructions ¢ should depend on ~. In the rest of this section we assume
that,

§=co-27 o >0. (V.4.1)
v

Later on we will choose a suitable value of ¢y which will be sufficiently large. A discussion
on the choice of ¢ is made in Remark V.4.12.

Denote by QE/N’(; the self-adjoint operators acting in L?(s) as u — —Au on Qs with
the 7-Robin boundary condition at 0f2, i.e.: d,u = yu on €, and with the Dirichlet
boundary condition u = 0 (denoted by the letter D), or the Neumann boundary condition
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A2
Vel
Zas ) %e%a Q3 Ay
)RR N " >
NS W) N A, Wy T
% 2 d Z
é:'(? Z3b = i
[T
Zis ?*1_5 8 Wes
AIL €6

Figure V.2 — An example of the decomposition of {25 for a polygon with six vertices.

dyu = 0 (denoted by the letter N) at the remaining part of the boundary 99s\02. Notice
that they are well defined in the sense of Definition II1.6.1. By the min-max principle one
has for all negative eigenvalues

En(Qy5) < En(Q7) < En(Q@p5)-

We introduce the unions

1% v v j
= U Zv,57 W5 = U Wv,5a 25 = U U 23)75
v=1 v=1

v=1j=%

Denote B}, INZ, the Laplacian in L?(Z, ) with the y-Robin boundary condition at

072, 5N 0N and the Dirichlet/Neumann boundary condition at the remaining part of the
boundary. Note that, if v is a concave vertex, B D/N.Z, 5 is simply the Dirichlet/Neumann

Laplacian on Z,, 5 as 07, 5 N 02 = {A,}, see Figure V.2. If the vertex v is convex, then
Zy.s is a rotated copy of the truncated sector Uy, scota,- It follows that B?V 7., is unitary
.6 cot ay » defined by (I1.2.4), while Bz) Z , is unitary equivalent to T 5 oot g ?

defined by (IV.5.10) We introduce the following operators acting in @Y_, L*(Z, 4):

equivalent to 77

D/N Zs * @ BD/N Zys

Furthermore, denote by BZ) N, W the Laplacian in L?(Ws) with the y-Robin boundary
condition at 9Ws NI and the Dirichlet/Neumann boundary condition at the remaining
part of the boundary, which in turn represents the direct sum of respective operators in
L*(W, ), and the part on each L?(W, s5) admits a separation of variables using the one-
dimensional operators .45, and s~ defined in Section II1.5.2 and the Dirichlet/Neumann
Laplacian on I, 5 denoted respectively by D, s and N, ;.

By the min-max principle one has

En(BY 7, © Bhw,) < En(Qy ) < En(Q) < En(Qp ) < En(Bp 7, © B y,). (V.4.2)

Remark that due to the assumption that all convex vertices are non-resonant, see
Definition II.2.6, one has, with a suitable ¢ > 0 and for large -,

Ene 1(B) z,) 2 Exe 1(BY z) = =7 + 52- (V.4.3)
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Recall that D, denotes the Dirichlet Laplacian in L?(0,4,) and D := D; @ --- @ Dy.
The non-resonance condition gives a simple proof of the upper bound of the eigenvalues

Epeyi(Q7):

Proposition V.4.1. For any fixed j € N one has
Ene1(Q7) < =7 + Ej(D) + O(9).

Proof. Using first (V.4.2) one has

Ene1;(Q") < Eneyj(Bp 7, ® Bh yw,)-
Furthermore, the separation of variables gives

Vv
Bi(Bhw,) = B (@ (Dus©1+12 5,), )

v=1

with D, s the Dirichlet Laplacian on I, ;5 and %5, being defined in Lemma IIL.5.3. In
particular, for any fixed j one has

Ej(Dys) = Ej(Dy) + O(9).
Using the asymptotics (II1.5.10) one has
E;(Bhw,) = -7+ Ej(D1®--- @ Dy) + O(3). (V.4.4)

By Proposition IV.5.3 and the scale invariance En(T£ n) = 72En(T£ :le) we know that for
any n < N9 and € > 0 there holds

1%
En(B}, 2,) < E.(PT),) + e, for large 7.

v=1

In particular, due to (V.4.4) one has for any n < N'® and for large 7,
En(B} 7,) < E1(Bphw,)-
On the other hand, by (V.4.3) we also have for any fixed j
Ej(BZ),W(;) < EN@+1(B%,Z(5)'
Thus, one can conclude
EN€B+j (B%,Z5 ©® B%,W(;) = E] (B%,W(;)’

which finishes the proof thanks to (V.4.4).

V.4.3 The lower bound

We still assume the above choice of § made in (V.4.1), and the validity of the inequality
(V.4.3), and we are going to obtain a lower bound for Eye;(Qy ;). All estimates below
are for large . In view of (V.4.2), to get a lower bound we need to study the operators
ij\f, z, and B?V,W(;' As there is no ambiguity, we denote in the rest of this chapter

)Y W ._ nv Z ._ npv
Q.—QM&, B ._BN7W6, B '_BN,Z(;'
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Similar to the preceding constructions we obtain

Vv
Ej(BY) = Ej( (Nos @ 141 45,))

v=1

with NV, 5 being the Neumann Laplacian on I, 5 and .45, being defined in Lemma II1.5.2.
This implies, for any fixed j,

E;(BY) = Ey(A4) + Ej(N15 ® ... ® Nys),

in particular, by the asymptotics (I11.5.2), for any m > 0 there exists ¢y > 0 large enough
such that
E((BY) = Ei(A5,) = =" + O(y™) < Eye1(B?).

Moreover, by Proposition IV.5.2 and the scale invariance Ey, (T, ) = V2E, (T} 5), we also

a, YR
have for any € > 0 and n < N®, E,(B?) < E,(@,_; T1,) + €)? for large ~, which implies

E.(B?) < Ey(BY), n<N®.
Hence, due to (V.4.2),

Ene11(Q) > Exe(B? @ BY) = Ey(BY) = E1(A45,). (V.4.5)

V.4.3.1 Localization estimates for the eigenfunctions

Denote
dy(x) := dist(x, A,), d(x):= mind,(x). (V.4.6)
Denote by:
- A the subspace of L?({)5) spanned by the first N'® eigenfunctions of @Q,
- Az the subspace of L?(€;) spanned by the first N'® eigenfunctions of B @ BY.

Remark that the N'® first eigenvalues of B4 @ BW are given by the N'® first eigenvalues
of BZ and each function of A, vanishes in Ws. The following proposition is a consequence
of Proposition IV.5.4.

Proposition V.4.2. There exist n > 0 and C' > 0 such that there holds, as 7y is large,

| (9uP + 2 u)er®@ds < 2 Clulifaqy, we Az
5

Proof. Notice that, as the N'® first eigenvalues of B @ BY are given by the N'® first
eigenvalues of BZ, it is sufficient to give the proof for u being an eigenfunction of BZ. But,
as BZ is simply a direct sum of Robin-Neumann Laplacians on the truncated sectors Ly s,
it is sufficient to give the proof for u being an eigenfunction of 7./ a € (0,%). Recall
that in Section IV.5, we introduced the notation

0 cot a?

Tor:=T: g

&2

For o € (0, §), let v be an eigenfunction of Ty ¢ 1og y cot a» associated with Ey, (Tt cology cot o)
n < N®. By Proposition IV.5.4, there exists 7 > 0 and C' > 0 such that for large v there
holds

2 2 2
/ (|Vv| + |v| ) el < CHUHLQ(UQ,C0 log v cot @)
a,cq log vy cot
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Now define u(z) := v(yz). It is easy to check that u is then an eigenfunction of 7))
associated with E,, (T

a,d cot o¢>
/.

a,cq logy cot

,0 cot av
=2 Ey(Tacologycota)- By change of variables,

(1902 + [of?) e¥ldz = / (19l ++?[uf?) 7l d,
U,

a,d cot v

and HUH%Q(UMO eea) = '72Hu”%2(Ua,5cota)’ which finishes the proof. O

The following proposition tells us that the first N'® eigenfunctions of BZ @ BV are close,
in the sense of the distance dist defined in Section II1.4, to the first N'® eigenfunctions of

Q.
Proposition V.4.3. For any m > 0, there exists co > 0 such that
dist(Az,A) =O(y™™).

Proof. Let a € (0, 3) be fixed with 2a < cot a, for all convex A,,. Let x be a cutoff function
satisfying
x:R—10,1], x(t)=1fort<a, x(t)=0fort>2a,

and set

Consider the intermediate subspace
Ay = xshz C L*(Qs).

Using the properties of the distance between subspaces, assertion (2) in Proposition I11.4.1,
one can write

dist(Az, A) < dist(Az, A) + dist(A’, A). (V.4.7)
Let w € Az be normalized and yg := 1 — x5. We can write u = xou + xsu and
lu = Pay ullZ2 i, < 2lxsu = Pay ull7ziq, + 2lx0ulZ2(,)-
Notice that, for any x € supp xo N 25 we have
a(x) > da,

where d(z) denotes the distance of = to the corners of €2 introduced in (V.4.6). Hence, by
Proposition V.4.2 we obtain the upper bound

||X0U||%2(Qé) < 0726_77%5”“”%2(95)-
Recall that § := cob%. For any m > 0, there exists ¢g > 0 such that
Ixoullr2(0q5 < Cy™™. (V.4.8)

As Py (xsu) = xsu we obtain, using (V.4.8), |[xsu — Py ullz20s) < lIXou — ullz2(q) <
C~~™, which implies
dist(Az,A%) = O(y™™).

In view of (V.4.7), we now need to estimate dist(A’,, A) in order to conclude. We want to
apply Proposition II1.4.2 and we have to prove first some estimates on A’.
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Let j € {1,..N®} and u; € Az be a normalized eigenfunction of BZ @& B" associated
with E;(BZ @ BY) = E;(B?). Then, u;xs € A’; and with this choice of x; it is easy to
see that ujx; € D(Q): indeed as x; is radial, u;xs still satisfies the v-Robin boundary
condition on 025 N 9S). Moreover,

Q(ujxs) = (—Auj)xs + (—Axs)u; — 2Vu; Vxs.

Notice that —Au; = E;j(B?)u; on supp xs. In order to estimate the last terms, remark
that supp Axs C supp Vs C U})/Zl (B(AU, 20a)\B(Ay, 5a)) and

Vxsl? = O(y?), and |Axs|* = O(v").

Thus, by Proposition V.4.2 there exists ¢y > 0 such that

lujAxsl 72, < CY ™ (V.4.9)
Using again Proposition V.4.2, we also have

IV Vsl 72y < CY ™ (V.4.10)
Gathering (V.4.9) and (V.4.10) we obtain

1Q(usxs) — Ej(BYYujxslr2(as < Cv ™ (V.4.11)
Let us prove that (u1xs, ..., upyeXxs) is linearly independent. It is easy to see that
lujxsll7z;) < 1-

On the other hand,

|u-X5\2dx2/ |u-|2dx:/ |u-|2dzv—/ — |u;da.
/95 ! 20 (UY, B(Ava0) Q5 0 2\UY_, B(Ay.a0)

Using Proposition V.4.2, we have the upper bound

— juiPde<CyT™,
LﬂdﬁBMwaj

and then
lujxsllFe(o, =1 +0(G™™).

Let ¢ € {1,...,N¥} and i # j. One can write, using the fact that u; and u; are orthogonal
in L*(€s),

(X5uj, X5Ui>L2(95) = / <|X5|2 - 1) uud.
Qs
As ||xs/* = 1| <1 and by the Cauchy-Schwarz inequality we have

g xau) 2@l < 1032 0 570 1 e 7 B0a )y

and we can conclude using again Proposition V.4.2 that
|(xsws, Xowi) r2(05)| = O(v™™).

If we denote by G the Gramian matrix of (u;xs); which entries are Gj; := (ujxs, wiXs) £2(0y)
then we just proved that G;; = 6;; + O(y~™), where §;; is the Kronecker symbol.
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Necessarily, det(G) = 1+ O(y™™) # 0 and (u;xs); is linearly independent for ~ large
enough. Notice that this also proves the following estimate

Bi=14+0(y™), (V.4.12)

where (@)fﬁ are the eigenvalues, counted in the non-decreasing order, of the matrix G.
Let us now introduce the spectral interval I as in Proposition II1.4.2. By Proposition IV.5.2,
and the scale invariance E, (T p) = v’ Epn(Tayr), we know that for any n € {1,..., N9}
and € > 0,

|En(B?) = *En(@©y-1T0,)| < 7e. (V.4.13)
Moreover, in Theorem V.2.1, it is proved that, for any n < N
|En(Q7) — VQEn(@q‘;/:lTav” < e

By (V.4.2), we know that E,(B% @ BY) < E,(Q) < E,(Q"), thus gathering the above
estimate and (V.4.13) we have

‘En(Q) - 'YQEn(@vvleav” < ’725-

We introduce [ := (72E1(®¥:1Tav) — 726,V Epe (®)_1Ta,) + ’y%). Notice that, due to
(V.4.5),
Eye41(Q) = —7* +0(y™™).

As a consequence, for any constant a > 0 we get

spec(Q) N (I + B(0,2a))\I = 0.

We are now able to apply Proposition 111.4.2 to obtain
dist(A%,A) < Cy™™,

which finishes the proof due to (V.4.7). O

V.4.3.2 Construction of the identification map

To obtain the sought lower bound we will use the technique introduced in Proposition II1.1.7.
We thus have to define the appropriate operators B and B’ and the identification map J.
In what follows we simply put

E = E\(A,).

Remark that in view of the properties of the 1D operator .45, see Lemma II1.5.2, the
inequality (V.4.3) can be rewritten as

c

EN@+1(BZ) 2 E+ 527

¢>0. (V.4.14)

We are going to apply Proposition I11.1.7 for:
- B the restriction of @@ — E to the orthogonal complement of A.

- B = Dlﬁ@"'@DVﬁ'
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In other words, the Hilbert spaces H and H' will be
1%
#H := the orthogonal complement of A in L*(Q;), H = EB L*(I,5),
v=1

and the forms b and b’ are given by

blu,u) = /Q |Vul|?dz — v lul?ds — E/Q lu|?*dz, D(b) := H'(Qs) NH,
& 8

00s NON
and
Vv Vv
NTIEDS /1 f[2ds, D) = @D HL(L.s).
v=1""1v,8 v=1

Remark that due to (V.4.5) we have b > 0, and the inequality ' > 0 is obvious. Moreover,
E.(B') = E,(D) + O(0) for any fixed n. Due to (V.4.2) and Proposition V.4.1 one has
(14 E,(B))™! > m(l + O(9)), namely there exists a constant C' > 0 such that

(1+E.(B)™'>cC. (V.4.15)

In order to construct the identification operator J we proceed as follows. Let ® € L2(0, )
be the positive normalized eigenfunction associated with the first eigenvalue of .45 . Define
19
P:L2(Wy) =M, (Pu)(sy) = / B(ty)u(s0, to)dts, 50 € Ly,
0

Remark that L?(Ws) > u + (Pu)® € L?(Wj) is simply the orthogonal projection on the
subspace @y_;L?(I,s) ® span{®} C L?(W;). We have the following simple result:

Lemma V.4.4. For any u € H,

v

SO IPu(WO)? + [Pully — Apy16)[2 < /

lu|?ds.
25

v=1

Proof. Let uw € H and v € {1,...,V}. By Cauchy-Schwarz, and as ® is normalized we have,
IPu(rd)? + [Pu(ly — Aoi1)[2 < / (u[2ds +/ lu[2ds, (V.4.16)

E:r,a Yoi1s
with the convention Xy, | s = X 5. Summing (V.4.16) on v gives the result. O

Let p € C*(R) with p(0) =1 and p(s) =0 for s > a, with a < £, /2 for all v, then set
Py (8) = p(s = Aod),  py(s) = p(ly — Apt16 — 5).
Finally as an identification map J we take
(Ju)(50) = (Pu)(s0) — (Pu) (0d)pi (50) — (Pu)(l — Ao 1006t (0), 50 € s (V.ALT)

Clearly, by construction one has Ju € D(V') for any u € D(b).
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V.4.3.3 Estimates for the identification map

In order to proceed with estimates, let us first decompose the above expression of the form
b as follows:
b(uau):(bZ_E)(uvu)+(bW_E)(u7u)7 U’ED(b)a

with b4/W the quadratic forms associated with the operators B4/W where we use the
notation (b4 — E)(u,u) := b%/W (u,u) — EHU”%%Z,;/W(;) and denote the restriction of u
to Zs/Ws by the same symbol.

We now want to control the trace on X5 of functions in D(b) using the non-resonance
condition. We represent, for any u € D(b),

w=10vi+vs, v)eAy wvse (M)t (V.4.18)

Recall that vg vanishes on W, i.e.
0 0
HU6HL2(Z5) = HU§HL2(95)~
The following result is a consequence of the closeness between Az and A.
Lemma V.4.5. For any m > 0, there exists cg > 0 and C > 0 such that for any u € H,
081l z205) < Cv ™ lull 2 (0y)-
Proof. Let u € H. Then, by definition u = (1 — Py)u and vg = Py, u. One can write
108117 2(0p) = 1Pa, (1 = Pa)ull72(q,):

By Proposition V.4.3, for any m > 0 there exists cg > 0 such that d(Az,A) := || Py, —
Py, Pp|| = O(y™™). Using this estimate we finally obtain

HUgHH(m) < Oy "™|ull 2(qy)-
O

We are now able to get an estimate on the trace of u on X5, which is a crucial point for
our purpose.

Proposition V.4.6. There exists C > 0 such that for any u € D(b),

Z
[ull32(s,) < CO% (67 = B)(u,w) + [ul32(qy) ) -
Proof. The proof needs several steps that we decompose in intermediary lemmas.

Lemma V.4.7. There exists a constant A > 0 such that for any w € D(b) there holds
2 Loz 211,112
sy < = (07 = B) ) + A7 fulazy )

Proof. Consider the Laplacian with the v-Robin boundary condition in L?(Zs) denoted by
Q}é. We have the trivial inequality for any u € H'(Z;),

Now, by change of variables one has F( }5) = 6%E1(Q§ZZ). Using the asymptotics of
Theorem V.2.1, there exists a constant A > 0 such that El(Q‘SZZ) > —A(8v)? which gives
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Rewriting (V.4.19), one has for any u € H'(Z;),
[ 1vular = [ julds =y [ julds 2 — A0 ulida gy
Zs s 0ZsNoN
As bZ (u,u) = fZJIVu\Qd:U — 'yfaZmaQ]ulzds, this can be transformed into

b7 (u,u) = Yulfes,) = =47 [ulli2 z,),
and as £/ < 0 this ends the proof. ]

Lemma V.4.8. For any m > 0, there exists co > 0 such that
(b7 — )00, v0) = O(v~"™) [ullZ (g
Proof. By the min-max principle, as vg € Az, one has
Ev(BY) 10§12z, < b7 (05, v8) < Enre (BY)103][72(z,)-

Due to Proposition IV.5.2, we also have Fi(B?) = O(v?) and Ejye(B?) = O(72).
Moreover, by the asymptotics (II1.5.2), for any m > 0, there exists ¢y > 0 such that
E=-—2+0(y"™) > Eye(B?) > E1(B?) and thus

(b7 = B)(v5,v8) = O 108112224
which concludes the proof thanks to Lemma V.4.5. 0

We are now able to give the proof of Proposition V.4.6. Let u € D(b). Then, for
u = vg + vs one has
[ullZeisyy < 20108172055 + 2l105][72(5;)-

Applying Lemma V.4.7 to vg and vs this gives

(07 = BYul o) + Ayl )

2
+2 (07 = Byws, v5) + A7 sl - (VA4:20)

2
Jullfars,) < =
L2(Zs) ~y

The first term on the right hand side is easily controlled: using Lemma V.4.8 together with
Lemma V.4.5, we know that for any m > 0 there exists ¢p > 0 such that

(v = E)(o2,09) + A3 2,y = O™ ull 3y (V.4.21)

Let us now focus on the second term. Writing (b% — E)(vs, vs) = (b% — E)(u,u) — (b% —
E)(vY,0?), we have by Lemma V.4.8,

(b7 — E)(vs,v5) = (b7 — B)(u,u) + O™ Jul22(- (V.4.22)
Moreover, as v5 € (A Z)lH, the spectral theorem implies

b7 (vs,v5) > Envos1(B7)||vsl|72 (2,

which gives, due to the non-resonance condition (V.4.14),

0511322,y < CO* (b7 = B) (vs,v5), € >0. (V.4.23)
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We can apply (V.4.22) to the above inequality to have
lvsllF2z,) < C8* (b7 = E) (u,w) + O™ [ullF2(q,). (V.4.24)
Gathering (V.4.22) and (V.4.23) gives the upper bound
(7 — E) (05, v5) + 425l ) < Clog? 7 (b7 — E) (u,0) + O™ [ull3a(g.

This estimate and (V.4.21) finish the proof in view of (V.4.20).
O

In order to apply Proposition III.1.7 to our situation, we need to compare ||u||3, and

Lemma V.4.9. There exists C > 0 such that for any u € D(b) one has
log v
2 2 2
ullz, — [|Jullfz, < C b(u,u) + ||u .
Julf = ulfe < O (b ) + )

Proof. We first give a lower bound for || Jul|3,. Let n > 0 to be chosen later. Using the
inequality

1
(a1 —a2)? > (L —n)ai — =a3, a1,a2 >0,
n
we get

\% \%
2R
| Tullfe = (1=m) > /I [Pu(s)Pds, = == 3 (IPuOO) +Putls = Xor1d)f)
v=1""1v,6 v=1

with

R:= max <max(/ \p_(sv)\zdsv,/ p+(sv)\2d8v)>.
\4 I,u75 ]v,é

v=1,...,

Applying Lemma V.4.4 to the last summand we obtain the lower bound

\%
2R
Il = =) > [ (Putso)Pds, = == [ Julds.
v/ 1v,s n Jes

Using Cauchy-Schwarz inequality and the fact that ® is normalized we have

v 1%
Z/ | Pu(s,)|?ds, = Z/
v=1 I'u,é v=1 I’u,é

and we can gather the previous inequalities to obtain

5 2
/0 D (ty)u(sy, ty)dty| dsy, < HUH%2(W5)7

Vv
lullf, = I Tullfe < lulfeqz,) + lullzeq,) — Zl/f JPu(su)!stv
2R
5

By the spectral theorem, as Eo(.45~) > 0 we have

9
/ ( / |8tuu|2dtv—fy|u<sv,5>12—E||Pu<sv><1>u%2(o,5)> ds, >0,

v,0
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and then .
OV (1, ) — EZ/I | Pu(s,) B2 .5, ds0 = 0.
v=1 0,0

As / HPU(Sv)‘I’H%z(O 5)dsy = / |Pu(s,)|?ds, and E < 0 we can rewrite this inequality
Iv,5 ’ v,8
as follows:

v
1
ullZ 2wy — Z/ |Pu(sy)*ds, < 5 (bW(Ua u) — EHUH%Q(Wg)) :
v=1 IU76

Using the fact that E = O(v?), this gives

\%4
C
e Z/I VPu(s) s, < (3"~ B) (ww), C>o. (V.4.26)
v=1""v,
Moreover writing HUH%Q(Z(;) = ”WH%%Z(;) + HUES)H%?(Z[;)’ we can apply Lemma V.4.5 and

(V.4.24) to obtain
[ull32z,) < CO2 (b7 = E) (u,u) + Oy ™) [ul32(q)-
Using this upper bound and (V.4.26), the inequality (V.4.25) becomes

lullf, = 1Tule < C8% (07 = B)(w,u) + 6" = B)(u,w)) +nllul2 ;)

2R L
+55 [ lastulagzy + 06Tl

)

Applying Proposition V.4.6 to the trace term, we can rewrite it as

1 2
lul3, — || Tully < C(6* + %)(bz — B)(u,u) + C8*(0" — E)(u,u)
log® i
+C(n+ ” Mul?z0) + O™l Z2(qy):
]
We conclude the proof by taking n = 087 O
Vi

Now we need to compare b’ (Ju, Ju) and b(u, ).

Lemma V.4.10. There ezists C > 0 such that for any w € D(b) there holds
logy 2
/
W (Ju, Ju) — b(u, u) < CW (b, w) + ull3,) -

Proof. Let us first estimate b'(Ju, Ju). By Cauchy-Schwarz inequality and the fact that ®
is normalized we have

|4 v
> / P GoPds =3 /

< / |05, u|*ds,dt,.
Ws

5 2
/ Do, (50, £)B(Ly)dty| dsy
0

(V.4.27)
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)
As [[17/Pdty =) ~ NI 0s) > 0 for any f € H'(0,6), one can write for any
0 k)
u € D(b),
O, u|’dx — / ul’ds — E||u|? >0,
[ Vorlar = [ uds = Blulagy, >

and we can add this positive term to the right hand side of (V.4.27) to obtain

g
S [ 1P () sy < 8 (u,0) = Blullfaq (V-4.28)
v=1""v,6

Moreover, using Lemma V.4.4 we get

y
> [ IPun8) (o) () Pds,
v=1 Iv,5
+/ 1Pully — Aos18) (p+) (s0)Pdse < R’/ lul?ds, (V.4.29)
IU,(S s
where

R = max <max< |10 s, | \<p+>'<sv>|2dsv>) .
v=1,..,V Iys Iys

Let 8 € (0,1) to be chosen later. Using the inequality

2

B8

and gathering the inequalities (V.4.28) and (V.4.29) we obtain the upper bound

(a1 +a2)? < (1+B)ai + 2a3, ai,a2 >0,

AR
(T, Ju) < (L4 B) (8 () — Bllul3r,) + = /26|u]2ds. (V.4.30)

On the other hand writing u = v{ + vs as in (V.4.18) one has, due to the non-resonance
condition (V.4.14),

(b7 = B)(vs,v5) = (Ewe41(B?) = B) vsll32(z,) = 0,
and by Lemma V.4.8 we also have
(7 ~ B)o ) 2 ~Cy ™ ullayy € >0,
We thus obtain, gathering the above inequalities,
(b7 = E)(u,u) > =Cy ™ u]|Z2qy)- (V.4.31)
Using (V.4.30) and (V.4.31) we arrive at
/ w 4R 2 —-m 2
(T, Ju) = b(u,w) < (0" = B) (u,u) + /E [ulds + O(y ™) lull}20)-
&
Applying Lemma V.4.6 to the trace term gives

V' (Ju, Ju) — b(u,u) < 8 (bW - E) (u,u)

log® “m
+ = (07 = B)w ) + [l agay) + OOl

log v

val

This concludes the proof choosing 8 =
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Now let €1 = €3 = Ck’%. Due to the inequality (V.4.15), we have

(L+ Ea(B))™" 2 e,

and thanks to Lemma V.4.9 and Lemma V.4.10 we can apply Proposition I11.1.7 to obtain

Eo(B') < En(B) + o<1‘\’gf]>.

Recall that E,(B) < Exe,,(Q) +792+O(y™™) and E,(B') = E,(D) + O(J). This proves
the following proposition which finishes the proof of Theorem II.2.8.

Proposition V.4.11. For any fixed j € N one has

Bye 5(Q7) > — + E,(D) +o<kﬁ>.

Remark V.4.12. Let us make a small comment on ¢ := colo%. The choice of § is lead
by two conditions which have to be satisfied:

0 — 0 and 6y — +o0 as 7 — +00.

Multiple choices of § are then possible and our choice may be not optimal. However,
one can see easily that the obvious choice § = O(y~™) with m € (0,1) does not improve
our result. On one hand, the Dirichlet bracketing will give a remainder of order O(y~™)
in the upper bound. On the other hand, the remainder in the lower bound is given by
Proposition V.4.6. Indeed, in Proposition V.4.6 we obtain an upper bound for the trace of
functions u € D(b) involving 627, and the remainder in the lower bound is in fact given by

€1 = €9 = /02y = O(vfer%).
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Chapter VI

Robin Laplacians on curvilinear
polygons

Abstract

Let © C R? be a curvilinear polygon. In this chapter we study the Robin Laplacian Q4
acting on L*(Q) as Qyu = —Au with the Robin boundary condition d,u = yu on 99,
where v > 0 and v is the outward unit normal. This operator has a compact resolvent
and thus its spectrum is purely discrete: we denote by E,(Qy,) its eigenvalues enumerated
in the non-decreasing order and counting the multiplicities. We are interested in the
behavior of the eigenvalues of Q{, as v becomes large. In Section VI.1 and Section VI.2 we
introduce the test functions used in the proofs of this chapter and some technical results.
In Section VI.3, we prove that there exists Ng € N such that the asymptotics of the Ng
first eigenvalues of Q{, are determined at the leading order by those of model operators
associated with the vertices: the Robin Laplacians acting on the tangent sectors associated
with 9€2. We also prove that the associated eigenfunctions are localized near the convex
vertices of ). In Section V1.4, we prove a Weyl asymptotics for the eigenvalue counting
function of QY for a threshold depending on 7. When the threshold is negative the leading
term is the same as the one for smooth domains, while we obtain the same leading term as
the one of the classical Weyl law for Dirichlet or Neumann Laplacians when the threshold
is positive. Finally, in Section VI.5 we give the first order in the asymptotics of the further
eigenvalues En,,1;(QJ,).-
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V1.5 The further eigenvalues . . . . . ... ... ... ... ... 175

V1.1 Preliminaries

VI.1.1 Construction and properties of weak quasi-modes

In this chapter © denotes a curvilinear polygon in the sense of Definition I11.2.2. As there
is no ambiguity we still denote

Q" = Qp
We keep the same notation as in Chapter V, namely the model operator is defined by

TY = @Tav, and N¥ .= ZN”'

veY vey

We denote by A? := {\;,1 <1 < K%} the eigenvalues of T® enumerated in the increasing
order and counted without multiplicity, namely : \; < Ag < ... < Ago. For 1 <1 < K we
introduce

S i={(n,v):veV,1<n<Ny: E,(Ta,) = N},

and my := #8;. Defined in this way, m; is then the multiplicity of )\; as an eigenvalue of
T® and Y1 m; = N®. Finally we denote by E™ := Eje(T9).

We can now introduce the test functions which will play the role of the quasi-modes we
used in the proofs for polygons with straight edges. Recall that ¢"Y are the eigenfunctions
of the v-Robin Laplacian acting on the infinite sector Uy, introduced in Section V.1.1. For
veVand 1l<n<N, we set

oy =) o F,.

where F, is the C?-diffeomorphism maping B(v,7,) N Q onto B(0,7,) N U,,, as described
in Section I1.2.2. Then, ¢)>¥ € H' (2N B(v,7,)). Let ¢ € C®°(R,) be a smooth cut-off
function satisfying 0 < ¢ <1, o(t) =1if 0 <t <1, and ¢ = 0 if ¢t > 2. We introduce the
smooth radial cut-off function x; defined as follows:

XJ(@) = e(lz —vh?), zeq, (VL.1.1)

where 8 € (1/2,1) will be chosen later. Notice that for v large enough supp x7 C B(v,ry)
and supp x; Nsupp x,, = 0 for v # v'. In the following, v will be supposed large enough
such that these conditions are satisfied. We define

o1Y = ¢lVx] on Q. (VI.1.2)

Defined as above, ¢V € D(¢") := H*(Q) but ¢ does not belong to the domain of
the operator Q7 as it does not satisfy the Robin boundary condition: we call it a weak
quasi-mode.

In order to list some properties of the weak quasi-modes we will need some additional
results and notations.
Notation.

(a) If D C R% we set Dy, := DN B(y,r).

(b) Let g : R? — R? be C'. We denote by Jg the determinant of the Jacobian matrix of
g, namely
Jg = det(Vyg).
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Lemma VIL.1.1. Let v eV, ¥ € H'(Uy,) and ¢ :=p o F,. Then, ¢ € H'(Q, 5,-5) for~
large enough and there exists a constant C > 0 such that

[ w@pkd- [ b < €y [ p(w)Pdu,  (VIL3)
Qv,2W75 (UO‘U)O,Q"/*B D"U)O,2W7ﬁ
’ / V(z)2dz — / V() 2du| < Cr~? / Vab(u) P du, (VI.1.4)
2, 2,-8 Uay 0,2v—8 (Uav)o,zyfﬁ
[ ePds— [ el <o [ )P (VL15)
FU,277B 'u,2'y7B v,2'y7ﬁ

where Ty, == 0, ,\OB(v,r) and L, , := 0(Uq, )o,\0B(0,7).

Proof. We first want to estimate the L?-norm of ¢. By change of variables,

J

As F; 1 is C?, then u + JF, ! (u) is also C? and by Taylor-Lagrange for all u € B(0,2y~?)
we have

() dz = / [h(u) 2| TF (u)|du.

v,2y—B (Uaw)g 0,8

|JJF~L(u) — 1| < Cy 7P, (VL.1.6)

Writing

J

finishes the proof of (VI.1.3).
We now estimate the L2norm of V. By definition of ¢ we have Ve (x) = Vi)(F,(x))V E, ().

Then,
s

Using again Taylor-Lagrange, we know that for all u € B(0,2y~?),

()| da — / () PP

(Uav)O’Q,ny

< () [1JF; 1~ 1| du,
(U&v)ogryfﬁ

1),2’y76

Vo) de = | V() VE(F; @)L (w)du.

’U,Q’Y_ﬁ Qv 0,27_6

IVE,(F, (u) — I < Cy~°. (VLLT)
We denote [ := ‘/ \V¢(m)|2d:c _/ \Vw(u)lzdu‘. Then,
Q’U,Q’y_B (Uay 0,28
1< /(U%)Wﬂ (V) V Fu (B () 2= Ve () [2) [T F~ ()|
+ / V() *(|JFy (u)] = 1)dul .
(Uan 0,2y—8

First we have using (VI.1.7),

V() VE(F; ()2 = V)| < Cr 2 Va2,
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and using (VI.1.6) we also get
Vo)V (B () = V()P [T F ()] < Cy=8|Vib(u) 2,

which gives us the upper bound for the first term of I. We can use again (VI.1.6) for the
second term and we get (VI.1.4).

We are now interested in the integral along the boundary. Recall that by assumption
o) = U{C\/lzl Tk Without loss of generality, we suppose that two components I';, Ty, intersect
iff k=j+1ork=j—1. Then, there exists j € {1,..., M} such that v =T; N T;;; and
', 245 is composed by two connected C* components

Ffj 2y-8 T I'; N B(v, 2y #), and Fszy—ﬂ =141 N B(v,2y ),

. i - '
such that T 9,5 Y Ff};{ s =1y 2,8 We can introduce

1 1
2] o 5= = F, (F 2 75) and 23172775 =F, (Pi—;A/ B)

such that ¥, _5 = >/ s U yJ H_ . Notice that
B 1)723/ B

v,2y=8 = v,27
Ei} 2B = {(t, £tan ayt),t € (0,2’)/75 cos(aw))}, l=4,7+1.
Thus,
9 2y~ Bcos av
/ 6(s)Pds = 3 /l 6(s)[2ds = 3 / [ (t, + tan ayt) 20! () dt
FU’Q'Y_[-} l=3,j+1 Fv,2'y75 1=5,j+1
where

Y

Pt) = \/det ((CZ(Fvl(t,itan avt)))T(%(val(t, itanavt)))) = ’VFJl(t, + tan a,t)T"

with T! = . Finally we can write
+ tan oy,

2ds = 2 ot !| cos(av)ds
[ lelras= % / [V(s) PV, (5)T" cos(an)d

l
0,298 1=5,j+17 %, 008

= [, WOPVET T cos(au)ds,

where T'(s) = T when s € X! voytr b =107+1 Ast — VE,L(t, & tana,t) is C! on
(0,27~" cos(a)), by Taylor-Lagrange, for all ¢t € (0,2v~7 cos(aw,)),

IVE M (t, £ tan apt) — | < Cy 7. (VL.1.8)
1 -8
Then, |p!(t) — | < Oy , as |T!| = cos™! . Finally,
cosay, ' T Cosay,
[ w@kas— [ wekds < [ )R] IVE 6T cos(a) 1] ds
Fv,2'y75 Ev,Q’y*B 1},2’)/7B
which concludes the proof of (VI.1.5). O
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Remark VI.1.2. Let us briefly explain the choice of the cut-off functions x7 with g < 1.
Following the steps of the proof of Theorem V.2.1, we need to prove some estimates on
the weak quasi-modes to apply the min-max principle. To prove these estimates, we use
the exponential decay of the eigenfunctions )", stated in Theorem IV.4.1. Then, it is
necessary that the size of the supports of the cut-off functions decreases with respect to -,
in order to control the error term due to the change of variable F), at each convex vertex
v. With our choice, supp x7 C B(v, 2y F ) and we are lead to estimate, after change of
variables,

/ 07
Ua, ﬂB(O,Q’yfﬁ)

Using the same tricks as before, this rewrites as

= [ oy [ Juip e

/Uammozvﬁ) Ua, Uay \B(0,27~7

and the second term of the right hand side has to be small as  is large. To prove this, let
us apply Theorem IV .4.1:

/ |w'y,v‘2du < 06*2(1*6)7\/*1*En(Tau)27_ﬂ7
Vo \BOZy ) " T

and we immediately see that 5 < 1 is necessary to have a suitable exponential decay. The
choice 3 > 1/2 becomes clear later.

We can now summarize some properties of the weak quasi-modes. The ideas are the
same as the ones for polygons with straight edges and the following results are based on
the decay property of the eigenfunctions of the Robin Laplacian acting on infinite sectors,
see Theorem 1V.4.1.

1
Proposition VI.1.3. Let 8 € (5, 1). Foralli,j € {1,...,.,N,} and for v large enough we

have

(677,61 ) Lag) — iyl < Cv 772, (VL.1.9)
(67, 67°) = 6572 Ei(Tw,)| < C*7, (VL.1.10)

where 0; j denotes the Kronecker symbol.

Proof. Let us first estimate the L2-norm of ¢;"*. We have immediately

572, 0 =
187 sy = |,

We conclude thanks to (VI.1.6). For the lower bound we remark that

187 By = [ 167"
Q, -8

v,y

Pl e < [ U3, Y du.

0,276 v/0,2y~F

o= [ P TEy | du.

av /o,y

We can use again (VI.1.6) to obtain

19 ey = [

Qy )();y—ﬁ

[ W= [ e
(Uav)oﬁ»y—ﬂ UOé'U
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and using the Agmon-type estimate for ¢}"" proved in Theorem IV.4.1 to get a lower bound
for the second term permits us to conclude the proof of (VI.1.9) when i = j.
Now, if i # j,

a0

Uay )0,27—5

B '/U LT (G e B ) E ()] = 1) du

av/)o,2y—B
By Taylor-Lagrange, for all v € B(0,2y?),
(7 0 B ()2 B (w) = 1] < Cy™° (VLL.11)

Then we get, using the Cauchy-Schwarz inequality,

’@2’“,5}’% —~ / YT du| < Cy P

Uav)o 2,8

We have now to estimate / ¥ du more precisely. As (Y"")n<;, is orthonor-

(Uav )0’27—[3

mal we can write

Ju

We then obtain, using again Cauchy-Schwarz and Theorem 1V 4.1,

/ W du
(Uav )

0,27*3

G du = — / T,

v)()72qfﬁ UOév \B(Ovz'y_ﬁ)

<] 7T du < Cem 21 TAVEIEEE
N Uav\B( 7’\/_6

which ends the proof of (VI.1.9). o
Let us focus of (VI.1.10). We first expand ¢7(¢;"", ¢;""):

F@G = [ e = [Pl R
@ o9
+ [ 9P Pde + 2R [ QV6] TxT6 e,
@ Q

Notice that supp VX7 C A, := B(v,2y?)\B(v,y?) and by definition of X} we also have
VX212 <4%8||¢'||%,. Then using (VI.1.6) we can write

[ vkl P

<P+ O [ 07"
OC'L)\B Y ﬁ)
We use Theorem IV.4.1 to obtain

‘/ VX671 Pde| <P (1+ Oy Pl |2 Ce 0" VATmETS (v
Q

We can obtain the same kind of upper bound for the cross-term using Cauchy-Schwarz,

1
([ wapwerpa) ([ 1oapepas)’
QNA, QNA,

the estimate (VI.1.6) and Theorem IV.4.1,

’ / IV TXI6 da
Q

’ / XAV VxadT dx| < AP || |loo (1 + Cy~P)Ce 20" PVEI=ERS (v 13)
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Combining (VI.1.12) and (VI.1.13) we get

’/ VXY Pd + 2R / XAV VX6 dx| < 420 Cem 1 IVIImETE
Q Q
(VI.1.14)

Let us now focus on the main term. First, using (VI.1.4) we obtain

Lo

o < [ VU] P+ O VO s,

v

and
/Q'XZ‘Q!W?’”!% > /U VY7 Pdu — Cv* PV 2
—(1- 0776)0672(176)71—13@'

For the boundary term, we use (VI.1.5) to obtain

L DGR Rds < [ it Rds £ o [ el s

@y

and,

bl ) - 17
[ Pl s> [ wptids oyt [ el
a0 ey a,

245 — (1 — Oy ") / 14 2 ds.
aUQv \ZU’W*B

As Uy, \B(v,y=#) is a Lipschitz domain, there exists a constant K such that
U112
HWUHL%)U%\EM,B) < ’YﬂKWWHHl(Ua \BloaP))’

for all v € V and i < N,. Then we can use Theorem IV.4.1 to get

_ _ _ 1-B8,/_71_ fpmax
/m!xZ!z\(bZ’”\stz/a 97| 2ds—C! 5/8[] 12 ds— Oy 20— VT B

Qy

This concludes the proof of (VI.1.10) when i = j as tJ (¢}, %)) = v*Ei(Ta,).
Let ¢ # j. We can write

§E, ) = /Q NPV Ve dn — [ P61 E s + 1)

I(v) 1:/9( IV VX gb% dx—i—/ &'V V(ls% +/‘VXZ‘ S ¢7, )

We first estimate I(7y) using the same tools as before. We have

[P 65 da] < 71+ Oy )20 I
Q

Notice that the other terms in the brackets are symmetric with respect to ¢ and j, it is
then sufficient to estimate one of them

[N

Clo—2(1—e)y1 =8/ —T-Fmex

[ XV NI | <P e (14 Oy )1+ €0 7%))
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Then,

1(7)] < 7?8 e PVEI=Em, (VI.1.15)

Let us now focus on the main term. By Taylor-Lagrange, for all u € B(0, 2y—8 ) and for all
t € (0,2777) we have

(X3 0 Fy (W) 2T F,  (w) VE,(F  (u) = I < Cy 77, (VL.1.16)
|(X) 0 F M (t, £ tan a,t))>VE, L (t, + tan apt) — Io] < Cy 7. (VL.1.17)

Then by (VI.1.16), (VI.1.17) and Theorem IV.4.1 we get

[InapverveTaa - [ VY] da| < Oy 8 4 Cem2mn TV
Q (Ua

| U)O,Q'yfﬁ

and

’/ PGP0 s = [ U] < Oy 4 G2 VI
o2

'u,2'y_f8

As i # j, by the spectral theorem 7 (1", gb}’”) = 0. Then,

< 07275 + 0672(176)71%@7

‘ /Q I[PV Ve dr — /8 lel\%?’“qb}’”ds

which concludes the proof using (VI.1.15). O]

Lemma VI1.1.4. For ~ large enough the family (gg%’“)( is linearly independent.

n,v)GUlK:ﬂfSl

Proof. Let us denote by G' the Gramian matrix associated with ((57;”)(”71)) cUK®s, which

entries are G;; = @;{’ivi,(%;vj% where (n;,v;), (nj,v;) € U{Sﬁ S;. On one hand, the
diagonal is simply composed by G;; = 1+ O(y~?), according to (VI.1.9). On the other
hand, if (n;,v;) # (nj,v;) then two cases are allowed: v; = v; and n; # nj or v; # v;.
In the first case, we already know by (VI.1.9) that G;; = O(y™?). In the second case,
supp X, N supp X = 0 for ~y large enough which implies G; ; = 0. Then we can conclude

that det(G) = 1 + O(y~?) and in particular det(G) # 0 for v large enough. O

VI.1.2 Cutting out the vertices

This section is a prelude to the study of the asymptotics of the eigenvalues of Q7 (Sec-
tion VI.3) and the Weyl asymptotics (Section VI.4). We show how to separate the convex
vertices from the rest of €2, which we call reqular part, using a partition of unity and a
Dirichlet bracketing.

Let us introduce the smooth function x defined by xJ :=1 — 3 ,cy X7, where the x7
are defined in (VI.1.1). For all v € VU {0}, let

) e
o(x) = X , x €.
W Ko @)

Defined in this way, x7 € C*°(Q2) and ngVU{O}(%ZV = 1 on Q2. Thus we can apply
Lemma I11.2.2 to obtain, for any ¢ € H'(1),

146



CHAPTER VI. ROBIN LAPLACIANS ON CURVILINEAR POLYGONS

P68 = Y QOx00) - [ ViwlePdr, (VL.L1S)
veVU{0} Q
with V(z) := Z |VX7(x)|?. Notice that, by definition of X7, there exists ¢ > 0 such
veVU{0}
that
Voo < ev?. (VL.1.19)

Let us define the regular part, which is y-dependent,

Qo ==\ | B(v,7 7). (VI.1.20)
veY

For all v € V we introduce the sesquilinear forms

QY 500 = [ (Ve -V@lP =y [ 1o
v,2y~8

v,2'y_ﬁ

with D(q) 2y ,ﬁ) ={¢ € H'(Q,9,-5), ¢(x) = 0 for x € 9Q,, 5, -5\I', 5,5}, and

@V (6.9)= [ (VoF = V(@)loldz — [ lofds (VL1.21)
0 0
where I’y := 0Qp N Q2 and D(qg’v) = {¢ € HY(Q),p(z) =0 for z € 9Q\T'o}.
Lemma VI.1.5. For alln € N and for all v > 0,

En(Q7) 2 En <@Qv2’y_ﬂ @Qg"/)-

veY

Proof. Notice that ¢x7 € D(q;”;,ﬁ) for all v € V and ¢x] € D(g]""). Thanks to (VI.1.18)
one can write

> Y a0y (830, 6X0) + a0 (653, 9X7), @ € H'(Q). (VI.1.22)
veY

Moreover, [|¢l72) = D I6x3720 ) T 19X3 1172 ()- Then, by (VI.1.22) and the

veY
min-max principle we get, for all n € N,

Bo(Q) > min g = s (0K 0XD) + ai” (06, 0X)

GCD(q") $€G v )+ Xo
Sebun o<8 S oevlloxillze Q.- X0 172 ()

| Svev @y (00, @) + 03" (60, b0)
> mln .

GCD((@ @ ) ¢”)£37)‘§50)€G ’UEVH(b’UH%?(Q ) + HQSOH%Q(Q())
vev 0a-a) BT ) (6.)00i00)£(0,..0) v,2y8
dim(G)=n

(@Qm 5) @Q&’V),

vey

which concludes the proof. O
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Let us now introduce the sesquilinear forms

iy s@0) = |

) = {¢ c H! (Qv{yfg), (Z)(:L’) =0 for x € (991}777,3\1_‘7)7773} and

Vo |2z — /F |6[2ds,

v,y =8 v,y~B

with D(q’ g

@(0.0) = [ [VoPde—v [ jofds (VL1.23)

where D(q]) := D(qg’v).
Lemma VI1.1.6. For alln € N and for all v > 0,
EQ) < B, (E%Q T 5@%)
ve

Proof. It is a consequence of the min-max principle, noticing that (,cy qz,y_ 5)@Dqq is a
restriction of ¢7. O

Recall that for each component of the boundary I'y,, we denote by [ its length and by
K its signed curvature, see (VI.2.1) for a rigorous definition. The following lemma gives us
some estimates concerning the operators acting on the regular part of €1, i.e. the operators
Qg’v and Q. The proof is given in the next section.

Lemma VI.1.7. For ~y large enough and for all 5 € (1/2,1) one has
ELQYY) = =%+ 0(y*). (V1.1.24)

Moreover, for any E € (—1,0), A € R and for any f € (1/2,1), one has as v > 0 is large
enough,

N@QYY, Ey?) < vM 7TE+1 + 0>, (VL.1.25)
N(QY, E~?) > ’YW + 0y, (VI.1.26)

and,

M k
N@QFY, =7+ M) < ? > /Ol (kk(s) + N)4ds + O(7P71/2), (VI.1.27)
k=1
M k
N@QIL, —7* + \) > g > /Ol (ki (8) + N)ds + O(1). (VI.1.28)
k=1

V1.2 Proof of Lemma VI.1.7

This section is devoted to the proof of Lemma VI.1.7. We first introduce some notation.
The boundary of €2 is composed by M connected arcs: 92 = Ué\il T). We consider ¢},
the parametrization by the arc length of I'y, namely : ¢, € C*([0,1x], R?) is injective,
Gh(5) = (G (), Gra(s)) € Ty and [C4(s)] = 1 for all s € [0, 4], Let Ti(s) = (G, (), Ch(s))
be the unit tangent vector of 'y, at the point (i (s). We choose the anti-clockwise orientation
of the boundary so that

v(s) == (CIQ,Q(S)v —Cl/f,l(s))a
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is the unit vector, normal to the boundary and pointing outward at the point (i (s). The
signed curvature of I'y is defined by the identity

Ti(s) = —r(s)vi(s),

which gives

Ki(s) = gl;,l(s)CI/c,,Q(S) - CI/c,Q(S)CI/c/,I(S)' (VI.2.1)
Defined in this way, xi is non-negative on convex domains. We also denote
Fmax 7= | MAX (;g{l&ﬁ] ﬁk(s)> . (VI.2.2)

Let us introduce the map
ek (0,0k) X R > R?, (s, t) = Gu(s) — tun(s).
There exists ap > 0 such that, for all a < ag, yi is a diffeomorphism between D’fb =
(0,11) x (0,a) and QF := . (OF). We define
QF .= ok N Q. (V1.2.3)

Recall that Qq, defined in (VI.1.20), is y-dependent and that the parameter g € (1/2,1)
was introduced in (VI.1.1). For € € (0,1 — 3), let a, := y~1*¢. Then, for v large enough
and for k # k' we have

QF Nk =0. (V1.2.4)
Y Y

In the following, v > 0 is large enough such that (VI.2.4) is satisfied and a, < . in ag.

VI.2.1 Proof of (VI.1.24), (VI.1.25) and (VI.1.27)

Notice that in order to prove (VI.1.24) we cannot use the same trick used in the proof
of Proposition V.2.2, namely extending the domain in a smooth way to apply [Panl3,
Theorem 1], as £ depends on ~. Instead, we study the problem manually by following
the construction of [Pan13]. The difficulty remains in the fact that we have to control the
potential V appearing in the expression of the sesquilinear form qa”v.

Let k € {1,..., M} be fixed. We define

iV 00) = [ (VoP —V@lel)dr—v [ loPds

k
ary

where D(q)"™") := {¢ € HY(QE ), ¢(x) = 0 for 2 € TF UTE}, TF := {(0,1),t € (0,a,)}
and TF := {op(lg, 1), t € (0,a,)}.

Proposition VI.2.1. For v large enough and for any § € (1/2,1), one has
E((QPMY) = =2+ 0(+%). (V1.2.5)

Moreover, for any E € (—1,0),

N@QI™MY Ey?) <

ylLfH +O("), (V1.2.6)

and for any A € R,
Uk
N@EY, = 00) < 22 [ k(o) + ) + 0077 (VL.27)
0
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Proof. Step 1. As the study is the same for all k € {1,..., M'} we omit the indices k in
the proof. The idea is to perform a change of variables thanks to the diffeomorphism ¢
in order to work in [, which will allow us to use the separation of variables. But, in
order to avoid the weight in the integrals due to the Jacobian of the change of variables,
we first introduce a unitary transform, following the idea of [Pan13] and [EMP14]. Define
Ua, : L*(Q,) = L*(0a,) by

Ua,y(¢)(8,t) =1 tﬁ(s) ((b o) (Svt)'

It is easy to check that U, (D(q%Ny)) = {¢ € H'(O,,),#(0,-) = ¢(l,-) = 0}. Let us
define

~ 1 ~
(0= [ ((HWWF 1010 = V(s,0)]0f — P(s,0[of? ) dsd

~

Lt k(s) L)
v5 f TastetaPas = [ (55 44 ol 0P

)
where D(p'YNV) =U,, ( (q'VNV))7 V(s,t) =V op(s,t) and
)

G W) L SR ()
PO = 0P T 20— te(e)P T A= tr(s)

(VL.2.8)

We want to prove that Q7YY and P*™V are unitarily equivalent. To be more specific,
we will prove the following equality

NV (6,6) = "N (U, 6, Ua,0), 6 € D@ M), (VI.2.9)

By change of variables we can write for any ¢ € D(¢g""'V)

¢ (6,0) = / (102,60 9I* + [0y 0 0 2 = V 0 0|6 0 ) (1 — ti(s))dsdlt
O

@y
l
7 [160 (s, 0)%ds.

Moreover, by a direct computation we have

° o | 2 # 2
10216 0 @l* + |00, 0 |* = = m(s))g\a U, 6 + gy 09
+< (tr/(s))? K2(s) )\U o
4(1 —tr(s))? ( —tr(s))3 ay
_ tR'(s) k(s
+ (1 —tr(s))4 OsUa, ®Ua, & + a m(s))QatU%(pangb,

Remark that we can rewrite 05 (Ua, ) (Ua,®) = 505 ((Ua,¢)?). Thus, by integration by
parts we obtain

| 18/() () B ()
J; 00 00 ) 2 Tts = [0 ( ~in(5)) +3<1—m<s>>4> -
as Uy, #(0,t) = Uq, ¢(1,t) = 0. Using the same trick we also have
o W) Lo k() Lo
J) O d) (U0, 0) gt = 51U 000, 1 s = U 6l OP(5)
1 aW‘U ¢]2&dt
2Jo TN (1 —tr(s)?2
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This finishes the proof of (VI.2.9) gathering all the previous equalities. As U, is a unitary
map, we immediately get by the min-max principle, for all n € N,

En(QVNY) = B, (PNY), (V1.2.10)

Step 2. Let us make a remark on the potential V. Recall that V (x) = > vevu(oy VXI () 2.

Then, suppV C Uyey B(v,2y?)\B(v,7=#). This implies that there exists a constant
b > 0 such that

supp V C ((O,b’fﬁ) X (O,av)) U ((l —byP1) x (O,av)) :

We denote s, := by~? and introduce

1, ifse(0,sy)orse(l—sy,l),
) (0,89) or s € (1= 1.1
0, otherwise.

By (VI.1.19) we can write, for all (s,t) € O,
V(s,t) < cy*7¢(s).

We now give some estimates which will simplify the study. As x € C%([0,1],R), there exist
K >0 and C > 0 such that we have for all (s,t) € O, :

’ K(s)

<2 1-—
T tns)| = KC, a,C <

<1l+4+a,C, |P(s,t)]<C. (VIL.2.11)

1
(1 —tr(s))?
Thus for all ¢ € D(p%N"N/) we have p%N’v(qb, ¢) > V& (¢, @), where
WN(0.6) = [ (1= a,C)l0udf? + 0uof = &, (9)10f* — Clof) d

b k(s)

l
K [ Jos,a) s = (52 Il 0) s
where D(RV47) := H'(O,,) and

&(s) = er™Pe(s).

We now can conclude by the min-max principle that, for all n € N,

Eo(PTNY) > By (HWVE), (VL.2.12)

In order to control the potential &,, we have to introduce some new sesquilinear forms. We
define

N (p, p) / / (1 —a,C)|0s8| + |0r0|* — 0725|¢|2—C\¢>|2)dsdt

—IC/ P(s,ay)| st—/osw(ﬂ(;)

l—s~ a~
2,9 = [ [T (0= w000 + o ~ CloP) dsdt

(5,0)%ds, ¢ € H'((0,5,) x (0,a,)),

l—5+ l—5+
K [ lots,a)Ps = [T 1) ios, 00 s, 6 € B (5000 ) % (0,0,),
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and

l Ay
BN (6, ) = /l | (0= 000100 +1816 = 0|62 = Clo12) dsds

x [ 25— [ (") 2 L -
K[ lolsa)Pds— [ (el 0)Pds. o€ H (1= 5,0) x (0.a,)).

l—s, —5y

Using the min-max principle we obtain the following inequality for all n € N,

3
E,(H"N) > E, (@ H“/’N”) : (V1.2.13)
=1

Step 3. Let us introduce, for simplicity, the more general sesquilinear form

N (6,9) // (1~ a,C)[0u0 + 106 — es[0[?) dsdt

g(s
1 [ 1ot an)Pds — [T 4 plo(s,00Pds, 6 € H((0,0) x (0,0,)),
where L > 0, ¢, > 0 depends on v and will play the role of the potentials P +CorC
and g € C2([0, L],R). We first prove some results on H?" namely estimates on the first
eigenvalue and the eigenvalue counting function, and then apply them to the H7N: . For
any K € N, we denote

L . . .
6 = ?, Ij = (5(] - 1)75.7)7 J € {17 ""K}’
and
g;-' := sup g(s).

SEI]'

We begin by defining the sesquilinear forms associated with the partition of (0, L). For
j€A{l,..., K}, let us consider

£ (6,) = // (1~ a,C)[0P + 106 — e 10[?) dsd

+

K [ 1ot an)Pds = [ (54 Ios, 0Pds, 6 € B (L x (0,0:)

j
Clearly we have for any ¢ € D(h"),

K

WY (6, 0) > Z

and then, by the min-max principle we get for all n € N
K
E,(H"™N)> B, |1 |. (V1.2.14)
j=1

Let us fix j € {1,..., K}. By separation of variables, it is easy to see that En(Tj%N) =
E,(LN ® 14 1® %), where the operator £ acts on L%(0,6) as

LVf=—(1—a,0)f" —cyf. D(LY) = {f € H*(0,0) : —f'(0) = f'(8) = 0}
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The operator Z; :== %+ is defined in Proposition II1.5.7 and acts on L?(0, a) as

a—y,%—i—'y,lC
f s —f" with
+
D) = {f € H*(0,0,) : ~(0) ~ (% +7)1(0) = F'(ay) — Kf(as) = 0},

Recall that a, := y~17¢ where € € (0,1 — 3). Thus, there exists 41 > 0 such that for all
Jr

~v > 1 we have (% +7v) > K and a,K < 1. Applying Proposition II1.5.7, we know that

for any v > 1, E1(#;) is the unique negative eigenvalue of #;. Moreover, there exists a
constant C' > 0 such that, for v large enough,

+ +

+ , Py
Eu(##y) > ~(% 472 = O 4 yte G, (VL.2.15)
As inf spec(LY) = —c,, we get
E(T)N) = By(%)) — ¢ (V1.2.16)

Using (VI.2.16) and (VI.2.15), there exists 72 > =1 such that for all v > o,

Jr
g.
E(T]™) 2 ~(F +7) ey = C.
For all j € {1,..., K}, g;-r < gmax = maxe,r] 9(s) and by (VI.2.14) we can conclude that

for all v > 7o,
Ey (H%N) > _’72 — Y9max — Cy — C.

Notice that it is easy to apply the previous result to the operators H"V* by making a
translation and considering, for i = 2, g(s) := k(s+s,) and for i = 3, g(s) :== k(s +(l—s,)).
Thus, for v > 2 we have

EI(H%NJ) 2 _72 — YRmax — 6725 - Ca 1= 17 37

and
Ei(H"N?) > =42 — ykmax — C.

There exists 3 > 72 such that for all v > 3 we have, thanks to (VI.2.13),
Ey(HVN&Y) > 42 - C~?8,

as f € (1/2,1). Finally, this concludes the proof of (VI.2.5) thanks to (VI.2.10) and
(VI.2.12).

Step 4. Let us now focus on the eigenvalue counting function. Let E € (—1,0) be
fixed. Thanks to the fact that E;(%#;) is the unique negative eigenvalue of the operator %;
as v > 1 and using estimate (VI.2.15) one can write

)
NI, By < ——— J(E4+1)72+ g C+1.
(T} 7)_WW\/( + 1)y +giv+e +C+
Thus, summing on k € {1, ..., K} and using (VI.2.14) we obtain for v large enough,
LVvE+1

NHTN, EA?) <~ +LCeyy ' + K.

/1 —a,C
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Recall that a, := v~ 17 with € € (0,1 — ). We have
1
(1-— aAYC')_l/2 =1+ 507‘““ + Oy 2% as v — +oo.

Then,

N(HN, Ey?) <~

LvE+1
% +LCy + LCeyy ' + K.

We can now apply this previous result to the operators HY"N¥ with Cy = cy?# + C and
L=by P fori=1,3and cy=Cand L=1—- 20y~ P for i = 2. We finally obtain, choosing
K € [y, 27NN,

IWVE +1
NN, By2) <422 10(y), 7 +oo,

with € < 1 — 8. This finishes the proof of (VI.2.6) thanks to (VI.2.10) and (VI.2.12).
Let us prove (VI.2.7). Let A € R be fixed. There exists 4 > 71 such that for all v > 4
we have —y2 4+ Ay < 0. We can write, using again (V1.2.15),

)
TN 2 <7 (gt -1/2 4 1.
N(T], — +>\7)_7T T—aC Y(g; + A+ + Cdcyy +

We can sum the inequalities on j € {1,..., K} and apply it to the operators HNi - We
obtain, for ¢ = 1, 3,

NH -2 4 \y) < CyYV2PK + 0412 1 K,

and

2l -2y P & ~1/2
N(HTN2, 42 4 xy) < —0 Vg + N+ +Cy P+ K,
m/1—a,C K Jz::l J

where g(s) = k(s + sy). Notice that (0,L) > s +— /(g + )4 is Lipschitz, thus we can use
the convergence of Riemann sum to have

K
/OL S+ ) ds = i;w/(gj Y +0(%), K — 0.

Recall that 8 € (1/2,1). Let us choose K € [y#~1/2,2¢/=1/2]AN. Then for v large enough,

~ l—s~ B
NHN2 —4? 4 \y) < % / ) A 0y

In addition we have

[ Vst + 2ds = [ i) 4 0w £ 067, 5 e

as v/(k(s) + N+ < v/(Kmax + A)+ for all s € (0,1). Finally,

I
VNE, 2 < \ﬁ/ B—1/2
NHTTS, =97+ 29) < 22 |/ (6(s) + A)ds + 0075,y = oo

This concludes the proof of (VI.2.7) thanks to (VI.2.10) and (VI.2.12). O
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Proof of (VI.1.24), (VI.1.25) and (VI.1.27). Recall that the regular part Qg is defined in
(VI.1.20) and ng is defined in (VI.2.3).

We introduce Qg := Qo\ UM, @ and the closed sesquilinear forms

o) = [ (IVoP - V@IeR)do—v [ Jofds

kN

with D(@™") == {¢ € HY(QF), ¢(x) = 0 for = € (9QF N 9Q)\To} and
W 0.0 = [ (VoP - V@lof) da

with D(cjévv) = {¢ € H'(Q), p(z) = 0 for 2 € 90 N I }. Noticing that D(qg’v) C
oM, D(W’NV) &) D(@év’v) and thanks to (VI.2.4), we can use the min-max principle and
immediately obtain, for all n € N,

E. Q) ( EBQ”’NV ®Qp" ) . (VL.2.17)

Notice that, by (VI.1.19), N(@év’v, EA? 4+ \y) < N(QY, Ev% 4 My + v?P), where QY is
the unique self-adjoint operator associated with the sesquilinear form

& (6,6) = /5 Vol?dz, ¢€D@):=D@").

The operator QO is positive. As § < 1, there exists 7y > 0 such that, for all v > g
we have E"y + Ay + y¥ < 0, with E € [—1,0) and A € R. Then, for all v > 7,
N(QY, Ev? 4+ My + ¢v?%) = 0 and by (VI1.2.17),

M
N@QPY BV +x9) < S N@QINY Ev? + \y). (V1.2.18)
k=1

As (NZI(jW - st’ extending ¢ € D((}Z’Ny) by zero we obtain, by the min-max principle and
for all n € N,

E.(QP™Y) = B (@QP™Y). (V1.2.19)

We are now able to conclude. On one hand, noticing that F; (@év ’V) > —cv?8 and by
(VI.2.5) we have for 7 large enough,

M
B (EB AN P QY ’V> > 4% — Cy*P,
k=1

which finishes the proof of (VI.1.24) thanks to (V1.2.17). On the other hand, combining the
estimates (VI.2.6) and (VI.2.7) of Proposition VI.2.1 and (VI.2.18) and (VI.2.19) finishes
the proof of (VI.1.25) and (VI.1.27). O

VI1.2.2 Proof of (VI.1.26) and (VI.1.28)

We still follow the ideas of the proof of [Pan13], but this proof is easier than the previous
one as there is no potential V' in the sesquilinear form ¢J to control.
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Let us introduce the sesquilinear form

Q@"6.0) = [ IVoPdo v [ loPds (VL.2.20)

kN
where D(qg’D) = {¢ € Hl(()’gw),gb(:ﬂ) =0forz € aﬁgw\rk}, and the domain ﬁgw is
defined in (VI.2.3). Notice that even if the strategy of the proofs will be same as in

Section VI.2.1, we have to work with (NZI;7 instead of ng as the trick we used previously
does not apply here.

Remark VI.2.2. Let k be such that I'y links two convex corners. Then, by definition of
Q’;W, there exists b > 0 such that ng = ¢k (D’;W) , with
OF = 0y ™%, 1 — by P) x (0,a).

0%%

In the following we denote by s, := by~P. Notice that it is sufficient to study the case where
I'; links two convex corners. Indeed, in the two other cases (namelyNFk links one convex
corner and one non-convex corner or two non-convex corners) we have D’;w = (84,1)x(0,ay)

or EV’;7 :=(0,1) x (0,a) and the study is then the same.

Proposition VI.2.3. Let k € {1,...,M}. For any E € (—1,0) and X\ € R, one has for
v > 0 large enough,

N@QYP, BY?) = vl’“i”fzﬁ +0(y'7P), (V1.2.21)
and
NQEP = 20) = 0 [ fio)+ 2 s+ 01 (V1222
ez k(s +ds : -2

Proof. Step 1. In the following we omit the indices k. Let £ € (—1,0) and A € R. We want
to perform a change of variables in order to work in [, . Following the same steps as in the

previous section, we first introduce a unitary transform. Define an : L2 (@aw) — LQ(EQW),

ﬁa7¢($7t) = 11— ’{(5) (¢ © 90) (Svt)‘

Then, Us, (D(q"P)) = {6 € H'(Ch,),0(57,t) = ¢l = 55,t) = ¢(s,a,) = 0} It i
easy to prove that, after a using integration by parts, q”/’D(qS, @) = p%D(ﬁawqﬁ, ﬁaw) with
D(q""P) := (7% (D(q'Y’D )) and p?'P is given by the following expression:

.D _ 1 2 2 2
P00 = [ (g0 + 1008 — Plo,lof st

_/ZSW(H(S)_F 2
S s 0 ds,

where the potential P is given by the expression in (VI.2.8), namely

K2(s) tr"(s) 5t2(k/(5))?
41 —tr(s))2  2(1 —tr(s))®  4(1 —tr(s))*

P(s,t) =

As (7% is a unitary map we have, for all n € N,

E,(Q"P) = E,(PYP). (V1.2.23)
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Step 2. We use the estimates (VI.2.11) mentioned in the proof of Proposition VI.2.1
to simplify the study. Recall that, as x € C?([0,1],R?) there exists C' > 0 such that for all
(s,t) € Og,

1—-a,C < 5 <1l+a,C, [P(s,t)]<C. (VI.2.24)

o
(1 —tr(s))
Thus, for all ¢ € D(p"'P) we have p¥P (¢, ) < kP (¢, ¢), where

WP (6,6) = [ (140,C)[0.0 + |01 + Clof)dd

ay

_ /Sl_sv(”(;) +79)|6(s,0)|%ds, ¢ € D(R"P) = D(p"P).

We obtain, by the min-max principle,
E,(P"P) < E,(H"P). (V1.2.25)
Let us introduce L, := [ — 2s, and K(s) := k(s + s,), for s € (0,L,). Then, HYP s

unitarily equivalent to the operator H"'? acting on L2((0, L) x (0,a,)) and defined as
the unique self-adjoint operator associated with the sesquilinear form

20,0 = [ [T (04 a, 000l + 06l + Clof s
0 0

_ Ly R(s) 2
[+ it 0)ds,
0

where D(AYP) := {¢ € HY((0,Ly) x (0,a7)),6(0,) = ¢(Ly,t) = ¢(s,a,) = 0} By the
min-max principle we obtain the equality

E, (H"P) = E,(H"P). (V1.2.26)

Step 3. Let us now introduce a partition of (0, L,). For any K € N, we denote

L . N
0i==2 Li=000—-1),6j), jefl,..K}
and,
k. = inf & .
b= )

We define the new sesquilinear forms adapted to this partition,

(6, 9) = /I /0%((1 +a,0)|0s¢]” + |0:9]? + C|¢|*)dsdt
- | GG +lots 0

where D(}P) = {6 € H'(I; x (0,05)), 6((j — 1)5,1) = 6(5),1) = 6(s,a,) = 0}. Clearly
we have for any ¢ € EB]K:1 D(t]’D),

K
WP (6,0) <37 (6,0),
j=1
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and by the min-max principle we get
E,(H"P) < B (81, T)7). (V1.2.27)
Let us fix j € {1,..., K}. It is easy to see that, by separation of variables, En(T;”D) =
E,(LP @1+ 1® %)), where the operator L acts on L%(0,6) as
LPf = —(1+a,O)f" +Cf, D(L”):= H*(0,6) N Hy(0,6).
The operator Z; := 2 = defined in Lemma I11.5.3 acts on L%(0,a,) as f — —f" with
ary, =+

D(2)) = {f € H*(0,a,) : —f'(0) — (=% +7)£(0) = f(ay) = 0}.

There exists 1 > 0 such that, for all ¥ > +; we have (7] + v)ay > 1. Then, using
Lemma III.5.3 we know that E;(%;) is the unique negative eigenvalue of Z; and we have
the following estimate, for all v > 1,

K-
B9 < ~(F 4?4 4L 4 22 (V1229)
Let E € (—1,0) be fixed. For all v > 77 one can write, using estimate (VI.2.28),
OVE +1
NP By > -2
J m/1+a,C
We immediately have summing on j € {1, ..., K},
L.WwE+1
N(H%D,E’}/Z) > 72 _
my/1+a,C

Recall that a, :=y717¢ and then

1

(1+ CL’YC)_I/Q =1- §C7_1+E +O(y722%9), as v — +o0.

Moreover, L, :=1 — 2by~#. Thus we have

IWE+1
N(H”’D,EWQ)ZviﬂJF - O,

with € € (0,1 — /). This concludes the proof of (VI1.2.21) thanks to (VI.2.23) and (VI.2.25).
Let A € R. We have

1 K
HYP 42 4 \y) > ZINT Ay —C.
N( ) ’Y—*‘V)_\ﬁﬂ T—a,0 Kz:: Ry + M)+

Again, we can use the convergence of Riemman sum of the Lipschitz function s +—
(F(s) + A)+ to write

Ly K
/0 JR(S) + ) ads = ?; JE TN+ 0(%), K — +oo.

This concludes the proof of (VI.2.22) taking K € [vy,2y] NN. O
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Proof of (V1.1.26) and (VI.1.28). Let us introduce the sesquilinear form
@ (0.0) = [ [VoPds, e HY(),
0

with Qo := Qo\ UM, 62757 For any ¢ € @M., D(q)"") B D(G}) one has ¢ € D(q]) and

M
030, 0) <@ (0.0) + > a6, ).
k=1

Then, we obtain by the min-max principle for all n € N,
En(@3) < En(@iL,Q0" @ Q7). (V1.2.29)

As s, = by~P we have,

/slksv V(5 (s) + A)ds = /olk J(5i(s) + A)pds +O(v77), 7 — +o0.

Combining it with Proposition VI.2.3 and (VI.2.29) finishes the proof. O

VI.3 Asymptotic behavior of the corner-induced eigenval-
ues on curvilinear polygons

This section is devoted to the proof of the asymptotics of the N'® first eigenvalues of Q7,
see Theorem I1.2.3, for 2 being a curvilinear polygon (Definition I11.2.2).

Theorem VI.3.1. Let Q C R? be a curvilinear polygon. There exists C > 0 such that, for
alln € {1,..,N®} and for v large enough we have,

|En(Q7) = v2En(T®)] < Cy5.

The proof follows the same steps as the one for polygons with straight edges: the weak
quasi-modes &EZ” defined in (VI.1.2) are used to obtain the upper bound and we use a
partition of unity to get the lower bound.

Recall that A® is the set of the eigenvalues of the operator T® enumerated in the
increasing order and counted without multiplicity, K% := #A® and we denote by m; the
multiplicity of A\; € A® as an eigenvalue of T, see Section VI.1.1. We need the following
intermediary result.

Proposition VI.3.2. For alll € {0,..., K®} and for v large enough we have,
Erygomy (Q7) < 42N + O3, (VI.3.1)
Bt tm+1(Q7) = ¥ N1 — CyY/3, (VI1.3.2)
with the convention mg = 0.
Theorem VI.3.1 is easily deduced from Proposition VI.3.2 as follows:

Proof of Theorem VI.3.1. For each n € {1,..., N®}, there exists [ € {0, ..., K% — 1} such
that mg + ... +my+1<n <mg+ ... +my1 and 11 = E,(T®). We get the result by
Proposition VI.3.2 and the fact that the eigenvalues are ordered in the increasing way. [
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Proof of Proposition VI.3.2. We begin with the proof of (VL.3.1). We introduce d :=
Zé’:l m; and

F7 = span{¢]” U S;}.
For simplicity we denote by (ggl,...,ggd) the elements of {d)%’”,(n, v) € Ué-:l S} By

Lemma VI.1.4, dim(F7) = d for 7 large enough. Then, by the min-max principle, for ~
large enough we have

g (¥, (10595, i1 ¢595)
Eq(Q7) < sup H(T/JHQ ) _ sup =L d] ? .NJ. 5 7 (VL.3.3)
YEF (€1,emycq)ECH Hijl cjdjl|
¥#0 (Clv-'vcd)?é(or“vo)

Let us first expand the numerator:

d d
’Y(ZCj¢j,ZCj¢] Z‘C]’ q ¢ja¢] +2§chjckq ¢]7¢k>
=1 j=1

i<k

We use (VI.1.10) to obtain

d

d
ZCJ¢J=ZCJ¢J (’72/\1 +CV275> Z’Cj|2- (VI.3.4)
j=1

7j=1

The denominator expands as

d
1> eidsll* = Zlcg! 16512 + 2R > ¢;er(dy, o),
j=1

j<k

and by (VI.1.9) we get

d d d
1D esill* = leil*| < Cv77 (Zlcﬁ) . (VL.3.5)
j=1 j=1 j=1
Combining (VI.3.4) and (VI.3.5), we get for « large enough,
QW(Z? 1%@72; 1CJ¢J)
HZj:l CJ¢J 12

which concludes the proof on the upper bound thanks to (VI.3.3) and taking 5 = %
Let us now focus on the lower bound (VI.3.2). In the following d := Z] 0my. Thanks
to Lemma VI.1.5 we can write

<N+ Oy,

Ea11(Q7) = Eq1 (@ QV’27 Py ) . (VL.3.6)
veY
Moreover, by (VI.1.19), we have the lower bound, for all n € N,
,V
En(Q)y,-5) = Eal(Q] 5, -5) — 7, (VL3.7)

where Ql%_ﬂ acts on L2(Qv’277g) and is defined as the unique self-adjoint operator
associated with

Qo s(0.0)= [ [VoPdr—v | ofds, 0 €Dl )= D)

u,?’y_ﬂ
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Let us fix v € V. In order to study QZ 9y We perform a change of variables. For
¢ € D(q v2’y_5) we introduce 1 (u) = ¢ o F;'(u) for all u € U,, N B(0,2y7%). By
Taylor-Lagrange, for all u € B(0,2y?) we have

(VE; )™t — L] < Cy7~. (VL3.8)

Thanks to the estimates (VI.1.4), (VI.1.5) and (VI1.3.8) we get, for all ¢ € D(q 2y 5)s

IV 2du — ~(1 + Cy~F) / llds.  (VI1.3.9)

v,2’y_ﬁ

s (6,0)2 (1= ) [

/0,248

We now introduce the sesquilinear form

0w = [ Voldu— s [ [P,

av)g 2y—B v,2y—B

with D(t/7))) = {t € H' (U, )o2,-5) - 9(u) = 0 for u € O(Un, )g.0,-5\Sy 2,4}, and

fo(y) =7+ Cy' 7.
Lemma VI1.3.3. For any n € N and for v large enough,

En(Q)y,-0) > (1= Cy )BT,

Proof. First, we have to notice that if ¢ € D(q” .2y _s), then ¢ € D(t 2(725) We can use

(VL.3.9) and the min-max principle to obtain,

f,BV)
BQ1, > (1-0vh) e sp ezt Y

v2r77 gch(a), _p) ¢€g 161122 5)
dlm(g) n K
By (VI.1.3) we have
/ |V |2da / (Ve |2dz
(Uoév)ogfyfﬁ (Uav)o’}y*ﬁ
2 -1 B 2 ’
[ et
and
Lo s L s
—faly >%z—fﬁ<> .
1-C~y=P
[P, A= M, )
Thus, we first obtain
fﬁ('Y) Qp dj
En( 327_[3) (1-C~y7 ) Dlnf sup HWTZW o 9,9) (VIL.3.10)
gch(a, , ,5)$eg L((Uaw)ops—5)

dlm(g) n

If we denote J := {1 = ¢po F, 1, ¢ € G} and if (¢1, ..., $,) is an orthonormal basis of G,
then using again (VI.1.6) we obtain

(i éi)120, ,,-0) = Wi Vi) 12 (W), 5, 0) | S Cv Pl oi didrra,, o)l
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where ¢y = ¢y o F,L. Then, (1x)7_, is linearly independent if 7 is large enough which

implies that dim(J) = n for large . Thus, we can use the min-max principle to get the
inequality o
s(y

fﬁ(')’) ) S inf sup tvaz’}’_ﬂ(d)’w)

gcD(q, , 5) ¢€G

dim(G)=n ¢#0

which concludes the proof combining it with (VI.3.10). O

E”(Tv,%*B

)

02 (o

041))0’27*/3)

Extending ¢ € D(tfﬂ 2(,72 5) by 0, we immediately have for all n < N® and for v large

enough, thanks to Lemma VI.3.3 and the min-max principle,

En(Q) ,-5) = (1= Cy Y E (T, (VL3.11)

In particular,

Eii(P Q) ,,5) = (1= Cv ) (fs(1)*Easr (T7)
veV

= (1= Oy ) (fs(M)) A1

Notice that (1 — 07_5)(1"5(7))2 =2+ 0(1*?), as ¥ — 400. Then, for v large enough,

Eini(@ Q)5 5) =7 N —CF* 7 (VL3.12)
veV

To finish the proof, in view of (VI.3.6), we need a lower bound of the first eigenvalue of
Qg’v. By the inequality (VI.1.24) of Lemma VI.1.7 we know that El(Qg’V) > 2 - Cy?P
for v large enough and € (1/2,1). As A1 < —1, we finally obtain

Ed-'-l(Q’y) Z ’72>\l+1 — Cry2_6 _ C’)/Qﬂ-
Taking 5 = 2/3 gives us the result. .

We can also prove that the associated eigenfunctions are concentrated, in a suitable
sense, near the convex vertices of 2. This is due to the standard Agmon-type approach
and the proof is similar to the ones of Theorem IV.4.1 and Proposition IV.5.4. Let us
introduce the distance to the convex vertices of €2,

dy(x) = dist(z,v), d(x):= 151618 dy(x).

Proposition V1.3.4. Let ¢ be an eigenfuntion of Q7 associated with E := E,(Q7), where
n < N®. Then, for any 6 € (0,1) there exist n > 0, C > 0 and ¢ > 0 such that there holds

xX C o
(V6P +10P) et < Ce g2 gy, or large 7.

Proof. Let n > 0 to be fixed later and denote by ¢(z) := nyd(x). We are going to prove
first

||906¢H§{1(Q) < Cenvg“¢||%2(g) as vy is large. (VL.3.13)
For ¢ € (0,1) to be fixed later we have for any u € H* (),

0"(u,u) = €] Vul[Fao) + (1~ g™ (u, ). (VL3.14)
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To obtain a lower bound for the last term of this equality we use the previous results. Let
B € (0,1). Recall that X7 and X are defined in (VI.1.1) and in Section VI.1.2. By the
inequality (VI.1.22) we have

> Y 0 i) + e R ).
veVY
In particular,
0 (s = BuQE )l e
and by (VI.3.7) and (VI.3.11) we have

Vv 1-C
El(Q; Qi_ﬁ) > ((l_z))El(Tc{f( )) - C’72B, c> 0,

where f3(7) := v + Cy*7#. On the other hand, by (VI.1.24) we also have

~
1 v

2
— ~ ~ Y ~
dp (UX37UX3) > (_ (1 — 5)2 - 072/8)||UX3H%2(Q)) C>0.

Gathering these estimates we can write

1—-Cy P

(sE fENEN(T®) = e )ZHUXUHLQ(Q

veY

¢ (u,u) > (

2
_77 _ 28 ~Y12 13.1
* ( (1—¢)? Cy ) HUXOHLz(Q). (VL.3.15)

As ¢,V € L*>(Q), we can apply Lemma II1.3.2 to obtain, as ¢ is an eigenfunction of Q7
associated with F,

0 (pe? pe) = [ (Vo] + ) et da.

We can now apply the estimates (VI.3.14) and (VI.3.15) to @e® and use the previous
equality to get

| (V6 + E) le? Pz 261V (¢e?) 2o

1—CyP -
+< 750 )El(T@)w?ﬁ) > llee”X3Iz2 )
veV

2
¥ _
+ (-1 " 0726> e’ X0 1720

As |Vo¢|? < 42n?, we can rewrite it as follows

VALY llee? Xl T2 i) = €IV (9e?) | 72i) + 7 A2llee X0 172 ()

veY
where
_ 1-C
Ay =n® + Ey 72—y~ <l_zfg(7)E (T%) —072B> ;
A2
Ayi=—n* =By 2+ 2(—1_£—Cv2ﬂ>
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Recall that, by Theorem VI.3.1 we have E < v2E,(T®) + C’V% and thus
Ey? < 1.

It is easy to see that there exists n < \/—FE~y~2 — 1 such that Ay > 0 for £ € (0,1) small
enough. Recall that fz(y) = v+ C~y'=8. By Theorem VI.3.1 we have the inequality

E > ~2E(T9) — C’fy%. Thus we obtain a first lower bound for Ay,
1
Azt B(T0) = Oy = g Bl (T%) = Oy = e,
and we can conclude that A; > 0 for v large enough and ¢ sufficiently small. With these
choices of 1 and &, there exists C' > 0 satisfying

Cv* Y llee” iz = IV (0e)llT2i) + 0e? X312 (0)-
veY

Notice that for any = € supp Y.,y XJ we have ¢(z) < 2ny!7P. Using the fact that
ZveVn‘Pe(ﬁ%zH%?(Q) =+ ||<P€¢)ZE)YH%2(Q) = ||90€¢||%2(Q)7 we finally obtain

1-5
lee?lFn ) < OV llelliz(q).

for any 8 € (0, 1), which proves (VI.3.13). We finish the proof following the same steps as
in Theorem IV.4.1 and Proposition IV.5.4.
O

V1.4 Eigenvalue counting functions of curvilinear polygons
and truncated sectors

In this section, we give the proofs concerning the eigenvalue counting function of Q)7 in
Theorem VI.4.4 for the negative thresholds and Proposition VI.4.5 for the positive one.
We need some estimates on the truncated sectors €2, 5. -5 := QN B(v, 27y ?) gathered in
the following section.

v,2y

VI.4.1 Estimates on the truncated sectors

Let us recall some notation. The operator QZ 9y is defined as the unique self-adjoint

operator in LZ(Q%QTB) associated with the sesquilinear form

qZ,Z'y—ﬂ (ua U) = /Q

—_g = 00NN

|Vu|2d:L‘—'y/F |u|?ds,

v,2y— 8 v,2y— B

where I _p and

v,2y v,27y

D(ql%_ﬂ) = {u c HI(QU,QT[;) cu(x) =0 on an,2’y*B\Fv,2’y*5} )
The following lemma is a direct consequence of Lemma VI.3.3.

Lemma VI.4.1. For anyv €V, € (1/2,1), C € R and for large v there holds
fa() ¢
N(@Q) 5,-5,C) S N(T,5. "5, m%
where fg(y) :=v+ Cy'=5.
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The following result gives an estimate on the eigenvalue counting function of truncated
sectors for negative thresholds.

Proposition VI.4.2. For anyv €V, C1 € (0,1), 5 € (1/2,1) and for large vy we have,
N(ngwfﬁa —C1y%) = 0('79).

Proof. By Lemma VI1.4.1 one can write
N(QZ,Q')/—B’ 701’)/ ) < N(Tfﬁ =B 0172)7 (VI41)

fs(v)

and we are now lead to study the eigenvalue counting function of T' 2B
y

We introduce
Ud, = Ua, N(Ry x Ry) and B}, 5 =5, 5,5 N U,

Due to the symmetry of the domain (Uy, )g 2, With respect to the rj—axis, it is easy to
see that

NI, —Ci?) <oN@ls —ciy?), (V1.4.2)

where Tfﬁz(7}5+ is the unique self-adjoint operator associated with

S e = [ 0f2ds,

Vol g [
au 0,27*/8 Ev,?'y_ﬁ

with
D) = {v € H ((UF)o.2y-5) + w(u) = 0 for u € DU, )g0,-5 NOB(0,2y7)}

Let us now introduce a partition of (U

)o,2,-6- Consider the points A, := (v~1,0), and
0205 Let V be the infinite sector
obtained by translation of vector (y~1,0) of U,,. We denote V* := VN (R, x R, ). Notice
that Ha. is well defined as V is the set of convex vertices of Q : then «, € (0,7/2). We
introduce the two new domains:

H ., defined as the orthogonal projection of A, on ¥t

- D% the right-angled triangle defined by its vertices (0,0), A, and Hy_;
- D= (U )opy-5\ (DIUVT).

Hence we have, see Figure VI.1,

(UdJo,29-5 = DYUD?U (V) 305,

where (V1)q5,-5 := VT N B(0,2777).

We will obtain an upper bound of N( .2y ,B ,—C17?) by adding some Neumann
barriers at the boundaries of these new domams To do this, we introduce the sesquilinear
forms associated with this covering. Recall that fg(7y) := v+ C~' 8. Hence, there exists
> 0 such that

fa(y) < wy for any v > 0.

Consider the sesquilinear forms

rw) = [ VP

0,2y—8
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p

(U(::)O,Qw*@
HAW D2
1 +
0 o D, T, v )0727‘/’
A, (2970

Figure VL1 — Partition of (U] )g2,-s by the domains DI, D? and (V1) 9,-5.

with
D(h) = {w € H' ((V¥)gz0-5) s w(u) = 0 for u € O(VF)g 2,5 N OB(0,277)},

and

PI) = [ IVePdu—py [ s,
D2 aD2nau,

with
D(p") := {¢ € H'(D?) : (u) = 0 for u € OD* N 9B(0,27 ")} .

Furthermore, we introduce the following notation. For a Lipschitz bounded domain D C R?
we define

) = [IVoPdu iy [ s, e D) = H(D),

(Mt

It is easy to see that vagrﬁ

> R‘l‘;l ® H & P*. Moreover, as the operator H is positive
Y
we have

N(H, —Cl’)/Q) =0.

Thus we obtain,

N(THE —ciy?) < N(RE;, =C17?) + N(P*7, ~C1y?). (VL.4.3)

1

We perform the change of variables u = v~ v in the sesquilinear form r’l‘;. Then, for all
vy

n € N we have E,(RY)) = v*E,(RY),), where D' is a right-angled triangle defined by its
i

vertices (0,0), A := (1,0) and Hy4 the orthogonal projection of A on 0U,, N (R4 x Ry).

In particular,

N(RpL, =Cry*) = N(Rl,, —C1) = O(1).

Let us now focus on the operator P*Y. Notice that D? is included in a rectangle of length
2y~ —~4~1 cos a, and width 4! sin ar,. Extending ¢ € D(p*?) by 0 and using the min-max
principle, we obtain

NP, —C17?*) S N(LYP @ 141 ® A1 ginay uyr —C172),

1

where £NP is the operator acting on L?(0,27™? —~y7Lcos ) as f — —f" on

D(END) = {f € H2(0,27_ﬂ — 'y_l cosay) : —f'(0) = f(2y_ﬁ —~y"teos ay) = O} .
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The operator -1y 4, 4 defined in Lemma I11.5.2 acts on L?(0,y 'sinay) as f — —f”
on

D(Ayt inay i) = {H20,7 sinay) s —f(0) = pf(0) = f/(y ' sinay) = 0} .

We know by Lemma I11.5.2 that E1 (A1 q, 4y) IS the unique strictly negative eigenvalue
of A1 ginay uy A0d B1( A1 gin 0y py) = Y2 E1(Asinay,p)- Thus, we have

N(PM,~C17?) < # {n € N, Bl(LNP) + 7 Ei(Sana, ) < —C17°}

which implies

C +E J‘éinav,
N(PW7—0172)§’>’1_B\/| Il “)|+C.

™
Combining it with (VI.4.1), (VI.4.2) and (VI.4.3) finishes the proof. O

We now give an estimate on the eigenvalue counting function of truncated sectors for
positive thresholds.

Proposition VI.4.3. For anyv €V, Cy > 0, B € (1/2,1) and large v there holds,
N(@Q] 5,5 C27®) = O(*7%).
Proof. The proof is based on the decomposition used in the proof of [KK13, Lemma 2.5].
Using Lemma VI.4.1, there exists C'5 > 0 such that, for large v we have
N(@Q] -5 Cr®) < < N7, 0392).

v,2y=8?

Let ¢ € C*°(R4) be a smooth cut-off function satisfying 0 < o <1, p(t) =1if0<t <1
and ¢(t) = 0if ¢ > 2. Let us define X (z) := ¢(|z|y) and x] (z) := 1 —x{(z). We introduce
the smooth partition (xg, x]) as follows:

(@) )
J(x) = X0 . Xq(x) = 1 .
. rrar K2+ )

Defined in this way, it satisfies (x§)* + (x])? = 1 on (Ua,)g2,-# and there exists C' > 0
such that

VX3 + VA2 < O (VL4.4)
Using Lemma III.2.2, one can write for any u € D(tf;ﬁg),
800 800 fs()
UBQA/ s(u,u) = Uﬁgz ﬁ(“X07UX0) "‘thgA, B(UX17UX1)
- /(U (V312 + V3 ?) fulPde. (VLA5)
av)g 2y—B

Let us introduce the subdomains

(Uav)0,2’}’_1 = Uav N B(O7 2’7_1)7 Aﬂ = (Uav)0,2’}/76\(Uav)O,’y_l7

and the sesquilinear form

wyww) = [ Ve = f50) [ jufas,
B

OA5MNOVa,
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with D(qa,) = {u € H'(Ag) :u(x) =0 on (0AzNOB(0,v 1)U (aA/g NoB(0, 27_5))}.

Let u € D(t 2( 2,3) Then, ux] € D(tf:ﬁz(ﬁl), ux] € D(qa,), and

312 2
[Juxg || L2((Ua )y 5,5 +HUX1HL2((UM)O’27_5) = ”UHLQ((UM)OM_ZB)-

Applying the min-max principle, and taking into account (VI1.4.5) and (VI1.4.4), there exists
Cy > 0 such that

NI, C30?) < NI, Civ®) + N (Qay, Cir?).

Remark that we simply have (Uq, )o.2,-1 =77 " (Ua, ) - By change of variables, one can

write for any n € N,
—1

E (TjﬁQSV) ) — ,YQEn(TJ;g(’Y)’Y )7

and f5(y)y~! =1+ Cy~#. In particular, for v large enough one has
-1
Eu(T)577) 2 Bu(T2),

and thus
N(TBD, Cun?) < N(T25,Ca) = O(1).

0,27y

Let us focus on the operator Q4,. We want to introduce a partition of Ag. Let us
introduce the polar coordinates (r,0) € R4 x [0, 27) which are more convinient to describe
the truncated shell Ag. In polar coordinates it is described by

Ag = {x = (rcosf,rsinf) :re (v 1, 2977),0 € (—av,av)}.
We define the domain
Sg = {:1: = (rcosf,rsinf) :r e (v 1, 2v77),0 € (0, 20@)},
which is a rotated copy of Ag. We denote by
Y= {a:G/Tg: || ZW_I}U{:L‘E%: || :275}, I':=053\X.

such that Sz =I' UX and we introduce the sesquilinear form
asa(ww) = [ [Vuldo = fo(2) [ Jul*ds,
Sg r

with D(gs,) := {u € H'(Sg) :u=0on X}. One can see that Q4, and Qg, are unitary
equivalent and thus

N(Qas,Cav*) = N(Qs,, Cay?).
We will introduce a partition of unity depending only on the angle of aperture 6 € (0, 2a,).
More precisely, we want to define a partition satisfying, if we write z = (r cos 8, sin0),
x1(z) =1, if 6 € (0, ),
x1(z) =0, if 0 € (o + €, 20,), (VI1.4.6)
X%%—X%:l on Sg,
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for a suitable € > 0. Let us now construct this partition of unity using the cartesian
coordinates. Let

0<e< g — . (VLA.7)

Pick a cut-off function ¢ € C*°(R) satisfying 0 < ¢ <1, p(t) = 1if t < o, and p(t) =0
if t > a, + €. We introduce

~ I ~ ~
X1(#) := ¢ [ arccos | ———= ;ox2=1-x1,
\/:r% +x%

and the smooth partition (x1, x2) by

X1(z) Xa(7)
x1(z) == ——= — x2(2) = ——= —-
(X1)* + (X2)? (X1)* + (X2)?
Defined in this way it satisfies the three properties of (VI.4.6), and there exists C' > 0 such
that

|VX1|2 + ’VXQ‘Q < 072 on SB. (VI.4.8)
Consider the subdomains, described in polar coordinates for simplicity,
Sé = {$ = (rcos@,rsind) :r € (v7,2979),0 € (0,0, + e)},
5’% = {x = (rcosf,rsinf) :r e (v 1, 2977),0 € (av,2av)} ,

and the associated sesquilinear forms, for j = 1,2,

(u,u :/ Vul|?dx — / u|?ds,
qp(u, u) Sg‘ | fa() asg;mrl \

with D(qé) = {u € Hl(Sé) cu=0on aSé\F}. Applying Lemma I11.2.2 to gs, and
(x1,x2) we first obtain, for any u € H'(Sp),

qs; (U, u) = qs,; (ux1, ux1) + gs, (uxz, uxz) — /S (!VX1!2 + \VX2\2) |u|*dz.
B

Now using (VI.4.8), this gives
g, (u,u) > gs, (uxa, uxa) + gs, (uxz, uxz) — C92[[ul 7z, (VI.4.9)
Notice that, for any u € H'(Sgz) we have ux; € D(qé), uxs2 € D(q%),
HUX1||%2(S,3) + HUX2H%2(SB) = ||U”2L2(55),
and thus, applying the min-max principle and using (VI1.4.9) we obtain
N(Qs, Cay*) S N(Q, C57%) + N(Q3,C577),  C5 > 0.

Let us study the operators Qé and Q%. The domain S é is a truncated shell of total aperture
o, + € < 5 due to the choice of € in (VI.4.7), and the domain Sg, is a truncated shell of
total aperture a,, < 5 by definition of a,. Hence, both of these domains are included in a
square of length 27~?. Moreover, the respective operators act as the Laplacian with the
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f3(v)-Robin boundary condition on Sé N T and the Dirichlet boundary condition on the

remaining part of the boundary. This implies that, extending u € D(qgj) by zero, applying
the min-max principle and using the separation of variables one has, for j =1, 2,

N( ]év Csy?) < N(-@%pﬂ,fﬁ(y) @1+1® LP,C5v%),

where £P is the Dirichlet Laplacian in L?(0,2y~?) acting as f — —f" with f(0) =
f(2y7%) = 0 and the operator Don-5,14(v) Was introduced in Lemma II1.5.3. First, we can
write

N(Poy-s.g,) @ L+ 18 LY, C57%) = NP0 ) @ 1+ 10 L7, 0)
T {(n,m) EN?:0 < En(Zoy-s 5,(9) + Em(LP) < 0572} .

Let us first count the negative eigenvalues. Recall that fg(7y) := v+ C~'=#. Thus, for ~
large enough 2777 f5(v) > 1 and by Lemma I11.5.3, we then know that El(@%‘ﬁ,fﬁ(v)) is
the unique negative eigenvalue of %y, -5 fo(v): Moreover, by the asymptotics (I11.5.10), we
have

E1(9277B1f6(7)) > —’)/2 — C’yl_ﬁ, C > 0.

2
As En(LP) = (;,;TB) we obtain

N (D5 @1+ 10 LP,0)=0(y'7").
In order to count the positive eigenvalues, we can use (II11.5.11) to write, for any j € N,

SN2
™
Eri (Do f57) = (27_’3> +0(1), as v — +o0.

This implies

#{(n,m) € N? 0 < Ep(Zy-5.4,7) + Em(LP) < C597}

)

2 2
9 ™ ™ 9
S#{(n,m)eN :0< (27—6> +(2’y—f3> < Cy },
and the right hand side admits as an upper bound the area of the circle of radius R :=

2V/CH P
™

. Finally we obtain

# {(n,m) eEN2:0< E”(QQW’ﬁ,fﬁ(v)) + En(L£P) < 05,},2} — O(225),

which concludes the proof.
O

VI.4.2 Weyl-type asymptotics for Robin Laplacians on curvilinear poly-
gons

This section is devoted to the proof of the Weyl-type asymptotics for the eigenvalue counting
function of Q7 := Q{,. We first present the asymptotics for two negative thresholds similar
to the ones involved in [HKR17].
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Theorem VI1.4.4. For any E € (—1,0) and 5 € (1/2,1) there holds

0NNVE+1

N(QY, Ev?) (Y'P), as v — +oo. (V1.4.10)

For any A € R there holds

M Iy
N@Q', =7+ X)) = g Z/O V(kr(s) + N yds +O(YY,  as v — 400, (VL4.11)
k=1

Proof. Let E € (—1,0) be fixed. Using Lemma VI.1.5, we have the upper bound
N(Q,EY*) < Y N(@QLy, -5 EY) + N(Q), BY). (V1.4.12)
veY

By (VI.3.7) we also have

1%
N( Z:zfﬁa Ey?) < /\/(QZQTB,E')/2 + 0726), c>0,

and as # < 1 this gives, using the asymptotics in Proposition VI1.4.2,

N@)y 5 E¥*) <Cy 7, O >0 (V1.4.13)

Taking into account (VI.4.13) and the upper bound (VI.1.25), the inequality (VI1.4.12)
becomes

0NUVE+1
N(Q7, Ev?) < 7||7r+ +Cy'P O >o. (VL.4.14)
By Lemma VI.1.6, we have the lower bound
N(Q, E¥?) > N(QF, Ev?),
and using (VI.1.26) this gives
0NVE+1
N(Q7, Ev?) > 7||7T+ —Cy' P e >o. (V1.4.15)

Gathering the upper bound (VI.4.14) and the lower bound (VI.4.15) finishes the proof of
(VL4.10).

The proof of (VI.4.11) follows the same steps. Let X\ € R. First, we have the following
upper bound thanks to Lemma VI.1.5 and (VI.3.7):

N, =7 +3) < S NQLy 5=V + X+ )+ N(QF, =" + M), ¢>0,
veY

There exists C' € (0,1) such that —y2 + Ay + ¢v?? < —C~?, and we can apply Proposi-
tion VI.4.2 and the upper bound VI.1.27 to get

M Ik
N(QY, =42+ M) < ? Z/ V(5i(8) + N)ads + CyP2 + Coy B, o, C > 0.
k=170

We can take 8 = % to have
2 VY Ml 1
N(@Q, =y 4+ \y) < " Z/ \ (kk(s) + N)pds +Cyi, C > 0. (V1.4.16)
=179
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To obtain the lower bound, we apply Lemma VI.1.6 and (VI.1.28) and get

M Ik
N(Q, =%+ \y) > g > / \/ (kx(s) + N)yds —C, C > 0. (V1.4.17)
k=170
The upper bound (VI.4.16) and the lower bound (VI.4.17) conclude the proof of (VI.4.11).
O

Let us now prove the Weyl-type asymptotics for a positive threshold.

Proposition VI1.4.5. For any C > 0 there holds

N(Q7,Cy%) = C’f’f' +0(7?), asy — occ.
v

Proof. The proof is composed by two steps: first we give an upper bound for N'(Q7,C~?)
and then a lower bound. We keep the same notation as in Section VI.1.2 and Section VI.2.
Step 1. Let us prove the upper bound. Recall that by Lemma VI.1.5, we first have

N(Q1,C%) € Y N(Q)y,-5:C7") + N (@Y. CHP). (VL.4.18)

veV
Let us focus on Qg’v. First, remark that due to (VI.1.19), we have
N@FY.C) S N(@QF,CF* + ™), e>0,

where Q) is defined in (VI.1.23). Let ¢ € C*°(Ry) be a smooth cut-off function satisfying
0<p<1l,et)=1if0<t< % and @(t) = 0 if t > 1. We introduce the smooth cut-off
functions {/;k, k=1,...,M as follows:

i) = o (dist(@, Te)y' ™), @€ O,

where € € (0,1 — ). Recall that each T'y is C4 and thus, for v large enough the cut-off
functions 1, are smooth. Let wo =1- Zk 1 ¢k For any k= 0,1, ..., M we define

B
\/ S ilov?

Defined in this way the 1, are smooth, satisfy Z%:o 1[1,% = 1 on Qy and there exists a
constant ¢y > 0 such that

Yy =

M
DIV < oy (VI1.4.19)
k=0

Moreover, in accordance with notation (VI.2.3) we have for any k = 1,..., M,
supp ¢, M C QO . (VI.4.20)

Define Qf := Qo (U{C\il supp wk) and the sesquilinear form

48 (u,u) = /Q*|Vu|2dx, we HYQ).
0
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We can apply Lemma II1.2.2 to gJ and the smooth partition (1%)iL, together with the
estimate (VI.4.19) to get, for any u € D(q]),

M
qg(u, U) > Z qa(uwkv uqujk) - 0072_26||UH%2(QO)- (VI421)
k=0

Recall that the forms qk’D were defined in (VI.2.20). For any u € D(q]), we have thanks
to the inclusion (VI1.4.20), uty € D(qZ’D) for k=1,...,M and uyg € D(qgs), and

M
D llwdrlZ200) = ull22(0y)-
k=0

We can apply the min-max principle and use (VI.4.21) to obtain

M
N(Q3,C7* +ev*) < DN(QP .67 + o + ™)
k=1

+N(Q837072 + o7 + ).

By the choice of € € (0,1 — 3), and 8 € (1/2,1), there exists C' > 0 such that for large ~
there holds
V2 4 o2 % 4 2P < 02

Thus, the previous inequality becomes

M
N(Q3.C7* + ) < STN@QYP,CF) + N(QB;, €7 + o ™ + ™). (VIA.22)
k=1

The operator Qgg acts simply as the Dirichlet Laplacian in L?(£2) and Q% C Q. Thus,
using the monotonicity of the Dirichlet eigenvalues we have

N(QE:,C* + con® 7 + ) SN(QR,CY* + o7’ > + ).

We can now apply the classical Weyl law, see e.g. [RS78, Theorem XIIIL. 78], to QL and
obtain

Q
N(QB,CY* + cor* > + ey*’) = 072|47T| +0(7%), as ¥ = +o0. (V1.4.23)

In view of (VI1.4.22), we now have to obtain an upper bound for N(Qz’D, C~?). First, we
can apply (VI.2.23) to write

N(@QYP.Cy?) = N(PPP, C?).

Define the sesquilinear form

W00 = [ (100 + 0uol? - Clop) dsdt — [ ("2 1) 65,0 s,

k
ay

with D(A)”) == {¢ € HYOE ) : 6(0,1) = ¢(lk, 1) = ¢(5,a,) = 0}. Recall that

Kmax := Imax ( max K}k(S)> .

k=1,....M \ s€[0,;]
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The functions in the domain of PV’D satisfy a Robin boundary condition on {(s,0),s €
(0,1x)} and the Dirichlet boundary condition on the remaining part of the boundary of
Dk Due to the inclusion Dk C E]k7 and the monotonicity of the Dirichlet eigenvalues,
and using the estimates (VI.2. 24) one can write

N(PYP,Cy?) < N(H)P,C).

It is easy to see that by separation of variables we have, for any n € N,
E,(HY=E,(LP 914+ 12 2).

The operator £ acts on L?(0,1;,) as

LPf=—(1—a,C)f —Cf, D(LP):=H*0,lx) N H0,1),

and the operator 7 := 7, smax i, is defined in Lemma IIL5.3. Thus,

/\/'(ITI,Z’D,C’ny) =# {(n,m) eN?:E,(LPY+EL(2) < 0}
+# {(n,m) € N*: 0 < Eo(LP) + Bn(2) < O}

2
For any n € N, E,(£LP) = (%) . There exists 79 > 0 such that for any v > vy we have

("2 + v)a, > 1. Thus, by Lemma II1.5.3 we know that for v > 79, E1(2) is the unique
negative eigenvalue of 2. Moreover, due to (II1.5.10) we have for large ~,

E(2) > —*—=Ce ™", C,e>0.
Finally, this gives
#{(n,m) € N2 Bp(LP) + En(2) < 0} = O(7).
In order to count the positive eigenvalues, we can use (II1.5.11) to write for any j € N,

N\ 2
Eij(2) = <7T‘7> +o0(1), as 7 — +o0.

Ay

This gives,
# {(n,m) eEN?:0< E,(LP)+ En(2) < 072}

A 2
< #{(n,j) e N*: <7m)2 + <m> < Cy*Y,

Ui ay
Cl
and the right hand side admits as an upper bound the area of the ellipse of radii A := VCliy
T
VG
and B := a'ﬂ, where a, := v~ with € € (0,1 — ). The area is given by TAB and
™
then

#{(n.m) € N?: 0 < E,(£P) + En(2) < C7*} = O(7).

Gathering the previous estimates we finally have

N(HPP,Cy%) = 0(9),
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and using also (VI.4.23) we obtain the upper bound
YV o2 2 1€ 2
M@ ,07) < 0P 4 0(7?) (VI.4.24)
Due to (VI.4.18), we now need an estimate on ngrﬁ' First, by (VL.3.7) we have

A%
N(@yy5,C7") SN(Q],, 5,07 + v?f), ¢>0,

and we can apply Proposition VI.4.3 to get the upper bound

N(@)y 5,CY") <Cy¥ P, C>o0. (VL.4.25)

Gathering (VI.4.24) and (VI1.4.25), we finally obtain the upper bound

N(@Q,Cy*) < 072|4m + o(~?). (V1.4.26)

™

Step 2. Let us now focus on the lower bound. By the min-max principle, we have for
any n € N,
Eq(Q) < En(QR),

where Qg is the Laplacian in L?(£2) with the Dirichlet boundary condition on 9. Thus,
applying the classical Weyl law to Qg , see e.g. [RS78, Theorem XIII. 78], we immediately

have Q
N@.07%) 2 eI 4 o),

and this finishes the proof of the lower bound and of the proposition due to (VI1.4.26). O

V1.5 The further eigenvalues

In Theorem VI.3.1, we proved that the asymptotics of the N'® first eigenvalues of the
operator )7 is determined by Robin Laplacians acting on the tangent sectors. The next
natural step would be to understand what happens for the further eigenvalues. More
precisely, we would like to obtain an asymptotics for Eye,;(Q7) as v becomes large. For
now, we can give a first answer stating that the corners do not contribute at the leading
order to the asymptotics.

Proposition VI.5.1. For each j > 1, theres exists C > 0 such that, for v large enough,
=% = Oy"? < Bye 1 5(Q7) < =12 — Ky + C,
where Kmin 1= ming—1__ (minse[o,lk] nk(s)). Consequently,
Ene (@)= +0(1%), as 7 +oo.

Proof. We obtain the lower bound by Proposition VI.3.2: using (V1.3.2) with | = K% we
immediately have, for « large enough,

Eno41(Q7) > =% — Cy'/3,

Let us now focus on the upper bound. We use the notations of Section VI.2.2. Let
ke {1,...,M}. Recall that D(qz’D) ={¢pc Hl(Q];W),(;S =0on aQﬁw\Fk}. As D(qz’D) C
H'(Q) we get by the min-max principle and for all n € N,

Eo(Q") < En(Q7P).
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Following the steps of the proof of Proposition VI.2.3, we know that En(QZ’D) < E,(H ,Z’D).
We now introduce

P (6,9) / / (14 a,C) |05 + [0r]* + C|o[) dst

L ~
— () [Tles,0)Rds, 6 € D)

where £, min 1= mingep,] #x(s). Then, by the min-max principle,
En(Q") < En(H!'7).

By separation of variables it is easy to see that ﬁ[,z’D’_ is unitarily equivalent to the
operator Ea ®1+1® 2~ where the one-dimensional operator Ea acts on L?(0, L) as

f=—-14+a,C)f"+Cf with
D(‘C?W) = Hz(ovL’Y) n H&(OvL’Y)

The operator 2~ := 9 rmin _ defined in Lemma II1.5.3 acts on L%*(0,a,) as f — —f"

a’)’7 ’2 +ﬂ/
with

D(Z7) = {f € H*(0,a,),—f'(0) = (5™ + ) = f(a;) = 0}.

k min

There exists 79 > 0 such that for all v > vy we have (—5— + v)ay > 1. Then for all

v > 70, we know by Lemma I11.5.3 that E1(27) is the unlque negative eigenvalue of 2~
and we have the following estimate, thanks to the asymptotics (I11.5.10),

E(27) < —(@ +9)?+C.
As spec(ﬁﬂ) C R, we then have for v large enough,
En(Q") < En(LL) + El(27).
Using the previous estimate on E1(2~) we get for any k € {1,..., M},

En(QA/) < _’72 — Kk,min” + C.

We can take the minimum over k to conclude the proof.
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Chapter VII

Prospects

To conclude this manuscript, we discuss in this section some open problems arising from
this thesis, and which may lead to future research projects.

VII.1 Embedded eigenvalues on infinite sectors

In Chapter IV, we do not discuss the (non-)existence of eigenvalues embedded into the
continuous spectrum. Some partial information can be easily obtained, for example, the
Rellich-Type result [BBDFHT16] implies the absence of positive embedded eigenvalues for
a > 5. Moreover, by a simple adaptation of the virial theorem [RS78, Theorem XIII.59],
we are able to prove that this still holds for any a € (0, 7).

Proposition VII.1.1. For any a € (0,7) and v > 0, the operator T, has no positive
embedded eigenvalue.

Proof. Suppose that there exist k € R and u € D(T})) satisfying

—Au = k*u on Uy,
dyu = ~yu on OU,,.

Denote by uq(z) := u(azx) for a € Ry, a # 1. Then u, € D(TJY) and satisfies —Au, =
a’k*u, on U, and 0,uq = ayug on OU,. Let us consider

tl(u,uq) = VuVugdr — 'y/ UUGdS.
Ua AU,
By integration by parts we get on one hand

t2(u,ug) = k2/ uugde,

[e3

and on the other hand

12 (u,ug) = a2k2/ uugdr — (1 — a)'y/ UG dS.
@ OUq

Gathering both of the previous equalities one can write

(a+ 1)1{:2/ uugdr = —'y/ UG dS.
@ OUq

Passing to the limit a — 1 gives 2k2HuH%Q(Ua) = —")/HUH%Q(BUQ) which concludes the
proof. O
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Qe / b, r

Che C.c

Dy . Cape D3

Figure VII.1 — An example of €. with J = 3 and the associated graph I'.

This method cannot be adapted to negative embedded eigenvalues and for now this
question remains open. One can remark that, as the spectra of the Robin Laplacian and
the Dirichlet-to-Neumann operator are linked, this question also remains open for this
latter operator, as mentioned by [Ivr, Remark A.18].

VII.2 Effective operator for Robin eigenvalues on curvilin-
ear polygons

As already mentioned in Section I1.2.3, we expect that, for any curvilinear polygon Q C R?,
the further eigenvalues of @/, behave as

Eno,;(Q%) = =2+ Ej(L,) + R(7), as v — +00,

where the operator FI:,Y acts in L2(09) as u + —02?u — yku, where & is the signed curvature
of 012, on functions satisfying some additional boundary conditions at the corners and
R(7) is a small remainder. This intuition comes from the fact that the Robin Laplacian
seems to make some links with the Dirichlet Laplacian acting on domains collapsing on
metric graphs. Let us develop this idea.

For € > 0, consider the domain 2. C R? defined as follows: €, is composed by J € N
cylinders Cj. := I; x (0,¢€), with I; := (0,¢;), 'glued’ to J bounded Lipschitz domains
D;. C R? where each Dj . is isometric to eD;, with D; C R2 being an e-independent
bounded Lipschitz domain. The underlying metric graph I" is defined by its J edges formed
by the cylinders and its J vertices corresponding to the domains D;, see Figure VIIL1.
Denote by QP := Qgﬁ the Dirichlet Laplacian acting on . and by E,(€) its eigenvalues,
enumerated in the increasing order and counting the multiplicities. We are interested in
the asymptotic behavior of F,(¢) as € — 0. In a sense, the metric graph I' can be viewed
as an asymptotic support of the problem and it seems natural to expect that the properties
of E,(€) as € is small are determined by the properties of I'. Such a relation was studied
in details in more general contexts and in any dimension in [Gri08, MV07, Pos05], and it
was proved that the asymptotics of the eigenvalues is determined by an effective operator
acting on I'. In the situation described above, the results are as follows. First, by rescaling
one can see that

Q. =exV, N:=

o=

)

where X ¥ is formed by the cylinders (0, N¢;) x (0,1) attached to the domains D;. Remark
that this rescaling implies in particular: €2E,(e) = En(QQ ~) for any n € N. The limit
object limy_s 400 XN will be of importance:

X = Uj:L“_’JX]C-)O,
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Figure VII.2 — The domain X := Uj:LQ’ngOO.

where X2° is formed by the domain Dj; attached to the infinite cylinders [0, +-00) x (0, 1),
see Figure VIL.2. Following the denomination of [Pan17b], the domain X7° is called a
star waveguide. The spectrum of Q)'%Oo is no longer discrete. In particular, its essential
spectrum is equal to [72, +00) and its discrete spectrum is finite. Denote by E;(QR«) its
discrete eigenvalues and by

NOO = # SpeCdisc(Q)%oo)-

Then, it was proved in [Gri08, MV07] that there exists N > AN such that for small e
there holds

1. forn < N,

2. and for any j € N,
™
Enyje) = Tt O(e),

where p; is the j-th eigenvalue of the self-adjoint operator L acting on @3]:1 L%(0,¢5)
as u — —u” with additional boundary conditions at the vertices of I' which are
determined by the scattering matrices of Q)%_x, at the threshold 72.

J

The asymptotics of the N first eigenvalues of QP arise from the discrete spectrum of Q¥
and the bottom of the essential spectrum 7, while the further ones arise from the interior
of the essential spectrum, and the determination of the boundary conditions, also called
transmission conditions, of the effective operator L is a difficult task in general.

In our context, the eigenfunctions of the Robin Laplacian are easily shown to be
concentrated in a small vicinity of the boundary of the domain. Hence, the boundary
can be considered as a kind of asymptotic support, and it is natural to expect that the
existence of an effective operator acting on the boundary will determined the asymptotics
of the eigenvalues in the strong coupling limit v — 4o00. This was in particular rigorously
proved in any dimension for smooth domains by [PP16]. For the case of planar domains
with corners, the only result available is the one presented in Section I1.2.3, which holds
for a particular class of curvilinear polygons, and the proof cannot be adapted to general
ones. Our idea is to adapt the machinery proposed in [Gri08] to the Robin case, in order to
prove an asymptotics for the Robin eigenvalues on any curvilinear polygon. By analogy, we
believe that the tangent sectors play the role of the star waveguides X7°. Indeed, similarly
to the asymptotics of the N first E,(¢), the asympotites of the N9 eigenvalues of Q{, are
led by the discrete spectrum of the Robin Laplacians acting on the tangent sectors, see
Theorem I1.2.3. Following this analogy, it seems that we will have to carry out a precise
study of scattering-type problems on infinite sectors to understand the behavior of the
further Robin eigenvalues.
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Meanwhile, we also intend to prove that our definition of non-resonant angles, see
Definition I1.2.6, makes sense in this context, and more precisely that it is linked to an
intrinsic characteristic of Robin Laplacians on infinite sectors. Actually, the definition of
non-resonant angles comes from a naive adaptation of a sufficient condition for the absence
of threshold resonance in star waveguides. Let us introduce some definition and notation
to explain this link.

For any domain  C R? we define the subset H? () as follows:

HE.(Q) :={u:u € H*(KNQ) for any compact K C R*}.

Let X C R? be a star waveguide. Then, u is a threshold resonance of Q¥ if u € L>(X) N
H} .(X) is a non-trivial solution of

—Au = 7%y on X,
u=0on 0X.

The non-existence of threshold resonance is linked to the behavior of the scattering matrix

of Q¥ at the threshold 72 and thus to the asymptotic behavior of E,(€) as proved in

[Gri08, MV07]: suppose that for any j = 1,..., J, the operator Q¥ does not admit any
J

threshold resonance. Then, there holds for small e,

1. for n < N,

D
E,(e) = ETZ(?QXOO) +0(e7%), ¢>0,

2. and for any j € N,
2

v
Epreoqj(€) = R O(e),
where 115 is the j-th eigenvalue of the Dirichlet Laplacian acting on @3‘]:1 L%(0,¢;).

This result means that when there is no threshold resonance, the effective operator is
decoupled. Hence, the question of whether or not there exist some resonances becomes of
importance and some investigations have been made in [BN, Panl7a]. Let us come back to
the Robin case.

Definition VIL.2.1. Let a € (0, §). We say that T, admits a threshold resonance if there
exists a non-trivial u € L®(U,) N HE (U,) satisfying

—Au = —u on U,,

Oyu = u on OU,,.

By analogy with the conditions given in [BN, Panl7a] for star waveguides, we intend
to prove:

Conjecture VII.2.2. The angle a € (0, %) is non-resonant if and only if T,, does not
admit any threshold resonance.

For now, this problem remains open. Nevertheless, we can prove a first result, which is an
adaptation of [Pan17a, Proposition 11], and which allows us to rephrase Conjecture VIL.2.2.

Proposition VII.2.3. If T,, admits a threshold resonance for some a € (0, 5), then the
eigenvalue counting function 0 — N (Ty, —1) admits a jump at a.

The proof is given below. Due to this proposition, the sufficiency condition in Conjec-
ture VII.2.2 becomes
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if o € (0,7%) is resonant, then a is a jump of § — N (Tp, —1).

Recall that in his paper [McC11], McCartin made a study of the asymptotic behavior of
the Robin eigenvalues on equilateral triangles. For an equilateral triangle 7 C R?, we have
N® =3 and McCartin proved in [McC11, Section 7.4] that

Ex(QF) = —7* +0(1), as v = +oo.

Due to the asymptotics of Theorem I1.2.8, we see that § is necessarily a resonant angle.
Then, combining Conjecture VII.2.2 and Proposition VII.2.3 we arrive at

Conjecture VII.2.4. The angle % is a jump of § — N (T, —1).

Proof of Proposition VII.2.3. Let us recall some notation of Chapter IV. We denote by
Ny = N (T, —1). Let UF := U, N (Ry x R;). The self-adjoint operator T defined in
L*(U[), and introduced in (IV.2.1), acts as the Laplacian on U} with the Robin boundary
condition on AU} N U, and the Neumann boundary condition on the remaining part of
the boundary. In Section IV.2.1, we proved that

No = N(TY —1), (VIL.2.1)

see (IV.2.4).
We want to prove that Nz > N, + 1 for any 8 € (0,). In view of (VIL2.1), it is
sufficient to prove

N(TF,-1) > N(TY,-1) + 1. (VIL2.2)

The proof follows the same steps as in [Panl7a, Proposition 11]. The idea is to construct a
subspace W C H 1(UB+ ) of dimension N, + 1 satisfying
Y v,V
sup HBII() < -1, (VIL.2.3)
ok )
which proves (VII.2.2) by the min-max principle.
Step 1. To construct such a subspace W, we first need to construct a family of
N, + 1 linearly independent functions. By assumptions, there exists a non-zero u €
L>®(Uy) N HE (Uy,) satisfying

—Au = —u on Uy,
O,u = u on OU,,.
We introduce the even part of ug,
vo() == u(x)—i—Qu(—x)’ ze UL

Then, vy € L®(US) N HE (UF) and satisfies

—Awvg = —vg on U],
d,v9 = vo on AU N AU, (VIL.2.4)
d,v9 = 0 on QU \AU,,.

For simplicity we denote by N := N(TY, —1) and E; := E;(TY), j =1,.., N2 the dis-
crete eigenvalues of T, Let (v1,...,v Név) be the associated orthonormalized eigenfunctions
of TIN. Then, we have the following result:

181



CHAPTER VII. PROSPECTS

Lemma VII.2.5. The functions vo, v1, ..., unn are linearly independent on any open subset

of Ut.

Proof. Let us make the proof by contradiction. Suppose that there exists a non-empty
N
domain Q@ C U and & := (&0, &1, -, {pny) € RN +1\ {0} such that

N
> & =0on Q. (VIL.2.5)
j=0

Denote by Fg = —1. Let £ € A := {Eo, Ey, ..., ENé\r} be fixed and apply the differential
expression (—A — \) successively for any A € A\{E} to (VIL.2.5). This gives

( H (E—/\)) pp=00nQ, pp:= Z &vj.
AEA\{E} JEj=E

Due to this equality, the function pg vanishes on 2. Moreover, it satisfies —Apgp = Fyg
on U} and by the unique continuation principle this implies

op=0onUJ.

In particular, if £ = Ey we have vy = 0 on U} wich implies & = 0 as vg is not
identically zero. If E = E; with j # 0, this implies & = 0 for all k£ such that E, = E;
as the eigenfunctions (v, ..., v Né\/) are orthogonal. At the end, we obtain {; = 0 for any
j=0,...., NN which is a contradiction with & # 0. O

Let ¢ € C*°(R4) be a smooth cut-off function satisfying 0 < p <1, p(t) =1if t <1
and p(t) =0 if t > 2. For € > 0, define

Xe() = o(|]). (VIL2.6)
Then y. satisfies:

- Xe(z) = 11if |z| <1, and xe(z) =0 if |z| > 2t,

supp Vxe C A 1 1= B(0, 2%)\3(0, 1),

2
€
- |VXe(l’)’2 = W|‘Pl(‘x|e)’27

2 2 4
€ € €
- Axe(r) = MT_eSOI(WE) + |x’2_2€<ﬂ”(|$15)7 and [Ax.|* < CW’ ¢ >0.

As vy € L>(UJ) N HE, (U) we have voxe € L*(U7) and

Lemma VII.2.6. The functions voxe,v1, ..., unn are linearly independent in L2(U}) for
any € > 0.

Proof. One has vpx. = vp on U} N B(0,1) for any ¢ > 0, and the result follows from
Lemma VII.2.5. O
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Step 2. We introduce the sector
Vi = {(z1,22) € R1)? : 21 < zotanal,
the following components of its boundary
Ypi={z=(0,22),22 € Ry}, 3n:={zr=(ratana,z2),x2 € Ry},

and the sesquilinear form
aN (u,u) = / |Vu|?dz —/ lu|®ds, we HY (V).
Vi SR

Remark that there exists a rotation R, such that U} = R,(V,), and the operators T.Y
and QY are thus unitary equivalent. Let 3 € (0,«) and consider the unitary map

U:L*(V)3v—ue LX(Vy),

e tanﬁvw . tanﬁ)
~ Vtana U Ptana’
For any v € L?(V,") one has
év(l/lv,l/h}) = ¢N(v,v) — /f/J@mu]de, (VIL.2.7)
Vil
2
with kK :=1— (tanﬁ) > 0. Define
tan «

uy = Xe (V0o Ra), uj:=vjoRy, j=1, ...,Ng,

and w; = Uu;, j = 0,1, .o NN As U is an isomorphism, the functions wg, wy, ..., WyN are
linearly independent by Lemma VII.2.6. Denote by W := span{wy, w1, --'w/\/é\’+1}- The
operators Tév and Qév are unitary equivalent, hence to show (VIIL.2.3) we have to prove

g5 (v, v)
sup —-—5———

BE —
e

and due to (VIL.2.7) it is in fact sufficient to prove the following estimate:

NN NY NY
sup (g ( Z@ug,z@uy +||Z§]u]HL2 W nuzgjamujuﬂ w)
seRNé\/Jrl
lé]=1 (VIL.2.8)
= sup (§,(A—kB)§) <0,
fGRN§+1
|€]=1

where A = (a;;), B = (bi;),
B - . N
a; j .—/ VuiVujda:—/ uiujds—i—/ ujujdr by j ~—/ Oy uiOpyujdz, 1,5 =0, e NG
v YR Vit Vo

Step 3. Let us prove (VII.2.8). For any i,j = 1, ,Név we have immediately

aij = 0ij(Ej +1),  bij

, :51]7

),
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where §; j is the Kronecker symbol. In particular a;; < 0 for any i € {1,.., N2}. The
coefficients involving vy need more attention. To estimate ag o we decompose the first term

[ vuolde = [ 19@ox)fde = [ | (1xTul + ool + 200 VooV de.

@ @

An integration by parts gives

. 2
2/UCT VoXe VUV Xedr = /U;[ (voVvg) V (Xe) dx

= —/ (]Vvolz + Avo) Ixe|2dx + lvoxe|?de,
op UL NaU,,
where we use 9,v9 = 0 on U \OU,, and d,v9 = vg on OUS NU,. As —Avy = —vg we

can conclude that
ap,0 = / ‘Uovxe‘2d$.
Ut

By definition of y., see (VIL.2.6), we have

1
2¢ pa 2
/U+|VX€|2dx _ /1 /0 el ) Prdadr = 0(c),

and thus ag o = O(e) as € — 0. To estimate ag ; with j # 0 we first make an integration by
parts to get

/VJ VugVujde = /UJ V(voxe)Vvjder = — /U;“ A(voxe)vidr + S XeVovjds,

where we use the fact that d,x. = 0 on U} as x. is radial, 8,09 = 0 on U \dU,, and
dyvo = vg on OUS N U,. Moreover,

— /U;r Avoxe)vjdr = — /U;r VoXevjdr — /U(1+ (voAXev; + 2VugVxevj) de,

which gives
aoj = — / . (0AXe + 2V Vxe) vjd.
U,

a

Using again an integration by parts, we arrive at

apj = /U+ vo (VjAXe + VX Vv;) de.

o

Using the Cauchy-Schwarz inequality we can estimate

'/U; w00 Axeda] < [[vill 2 //ijvoAprdx.

By definition of x. we have

1
2¢ ra 1
2 4 _ 4
/U(;F‘AXE’ dx S Ce /1 /0 m’rd@dr = 0(6 )

In the same way,
/ voVxVvjde = O(e),
U+

@
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and finally this gives ag ; = O(€) as € — 0. As the matrix A is symmetric, we just proved
that A = diag(0, F1 + 1, ..., Eyviq+ 1) + O(e) which implies that there exists a constant
¢ > 0 such that

sup (&, AE) < ce, as e — 0. (VIL.2.9)
56&/\/5%-1
lgl=1

To conclude the proof, let us show that there exists b > 0 such that

inf (¢, BE) >b. (VIL.2.10)

geRN§+1
1€1=1

First, notice that by definition of y., we have

N
l)rgoam (Voo Ra) + Y &0uyuj|*dz := I(£),

j=1

(€, BE) > /

VinB(0

and to prove (VII.2.10) it is then sufficient to prove that infx6 N+ g1 I(§) > 0. Let us

R
make the proof by contradiction and assume that

inf I(§)=0.
geRNG +1 [¢|=1

By compactness of the unit ball of RN 1 there exists £ := (80, .-, §ary) satistying [§] =1
and I(§) = 0, which implies

Op,¥(21,22) = 0 on Vj N B(0,1),

where (21, x2) := &o(vo 0 Ra) + Z;\g &ju;. Thus, ¢ depends only on the x; variable on
V.F N B(0,1): there exists ¢ satisfying

Y(x1,72) = p(x1) on V7 N B(0,1).

Notice that by elliptic regularity, see e.g. [Dan09, Corollary 4.2], we have u; € C (Vah N B(0,1)),

and due to the fact that vg € L®(Uy,) N HZ,.(Uy,) we also have vy o Ry € C(Var N B(0,1)).
Thus ¢ € C([0,sin a). Moreover, as vgo R, and the eigenfunctions u; satisfy the Neumann
boundary condition on Y we have

¢'(x1) =0, 1 €[0,sinal,

which implies that ¢ is a constant. Moreover, vg o R, and the eigenfunctions u; also satisfy
the Robin boundary condition on X g, which gives

and then ¢ =0 on [0,sina]. Hence we have ¢ =0 on V7 N B(0,1). By Lemma VIIL.2.5,
we know that vg o Ra,u1, ..., upv are linearly independent on V.F N B(0,1) which implies
¢ = 0. This is a contradiction with [{| = 1 and (VIL.2.10) is proved. Finally, (VII.2.9)
and (VII.2.10) show that (VII.2.8) holds for small € and this concludes the proof of the
proposition.

O
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Titre : Problémes spectraux avec conditions de Robin sur des domaines & coins du plan

Mots clefs : Laplacien, condition de bord de Robin, analyse asymptotique, géométrie
spectrale, coins

Résumé : Dans cette these, nous étudions les propriétés spectrales du Laplacien avec la
condition de bord de Robin attractive , 0,u = ~yu, ou v est la normale unitaire sortante au
domaine et v > 0, défini sur des domaines du plan & coins. Notre but est de comprendre
I'influence des coins convexes sur 'asymptotique des valeurs propres de cet opérateur
lorsque v — +00. Nous montrons en particulier que 'asymptotique des premieéres valeurs
propres de Robin sur des polygones curvilignes est déterminée par des opérateurs modeles :
les Laplaciens agissant sur les secteurs tangents au domaine. Pour une certaine classe de
polygones droits, nous montrons ’existence d’un opérateur effectif sur le bord du domaine
qui détermine I'asymptotique des valeurs propres suivantes. Enfin, des asymptotiques de
Weyl pour différents seuils dépendant de ~y sont obtenues.

Title: Spectral problems with Robin boundary conditions on planar domains with corners

Keys words: Laplacian, Robin boundary condition, asymptotic analysis, spectral geome-
try, corners

Abstract: In this thesis, we are interested in the spectral properties of the Laplacian with
the attractive Robin boundary condition, 9, = yu, where v is the unit outward normal of
the boundary and v > 0, on planar domains with corners. The aim is to understand the
influence of the convex corners on the spectral properties of this operator when v — 4oc0.
In particular, we show that the asymptotics of the first Robin eigenvalues on curvilinear
polygons is determined by model operators: the Robin Laplacians acting on infinite sectors.
For a particular class of polygons with straight edges, we prove the existence of an effective
operator acting on the boundary of the domain and determining the asymptotics of the
further eigenvalues. Finally, some Weyl-type asymptotics for different thresholds depending
on -y are obtained.
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