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Résumé

Dans cette these, nous présentons des applications de la réécriture a I’étude de problémes issus
de la catégorification et de la théorie des représentations. En particulier, nous appliquons les
méthodes de réécriture aux problemes de cohérence dans les catégories linéaires et au calcul de
décatégorifications. Des méthodes de réécriture ont été développées pour obtenir des résultats
de cohérence dans les monoides et les catégories monoidales présentés par des systemes de
réécriture nommés polygraphes. Ces constructions basées sur des résultats de Squier permettent
en particulier de calculer des présentations cohérentes de catégories de dimension supérieure
a partir des diagrammes de confluence de polygraphes convergents. Dans ce mémoire, nous
étendons ces constructions pour obtenir des résultats de cohérence dans les catégories linéaires de
dimension supérieure. Nous introduisons les polygraphes linéaires afin de présenter les catégories
linéaires de dimension supérieure par des systemes de réécriture. Nous étudions ensuite les
propriétés de réécriture de ces systemes. Nous donnons une description polygraphique du calcul
de décatégorification de Grothendieck. Nous généralisons également la procédure de Knuth-
Bendix appliquée aux polygraphes de dimension supérieure. Cette procédure permet de compléter
des présentations de catégories de dimension supérieure n’admettant pas nécessairement d’ordre
de terminaison induit par une orientation des regles. De plus, nous étudions des problemes de
cohérence dans les catégories de dimension supérieure. Etant donné un polygraphe confluent
et quasi-terminant, nous introduisons une notion de complétion de Squier de ce polygraphe
composée de diagrammes de décroissance. Nous prouvons que cette complétion rend asphérique
la catégorie de dimension supérieure libre sur ce polygraphe. Ce résultat généralise un résultat
de Squier au cas des présentations quasi-terminantes. Nous présentons enfin les applications des
propriétés des polygraphes linéaire a 1’étude de la catégorie AOB définie par Brundan, Comes,
Nash et Reynolds. Nous retrouvons par des méthodes de rééciture les bases des espaces de
morphismes de AQOB exhibées par Brundan, Comes, Nash and Reynolds.






Remerciments

Mes premiers remerciements vont naturellement a mes directeurs de these Philippe Malbos et
Stéphane Gaussent. Je les remercie d’abord de m’avoir permis de découvrir un sujet de recherche
enrichissant et de m’avoir encadré sur ce sujet. Je les remercie également pour leur patience
ainsi que I’ensemble des échanges scientifiques que j’ai pu organiser avec eux. Ils ont su rester a
disposition de mes interrogations malgré leurs lourdes charges administratives. J’ai pu grace a
eux avancer scientifiquement et découvrir toutes les autres implications de I’enseignement et de
la recherche. Ils ont su m’inculquer le souci d’avoir une pédagogie exemplaire. J’ai découvert a
leur contact les exigences d’une bonne rédaction ainsi que celles d’une bonne présentation orale.
Je les remercie donc pour tout ce qu’ils m’ont apporté.

Je remercie Paul-André Mellies et Catharina Stroppel qui ont accepté de rapporter ma these.
Leurs commentaires m’ont été précieux.

Je remercie Eric Goubault, Delia Kesner et Anne-Laure Thiel d’avoir accepté de participer
a mon jury. J’ai beaucoup apprécié leur enthousiasme ainsi que leurs conseils concernant de
futures perspectives de recherche.

Je remercie I’ensemble des membres du projet ANR CATHRE. J’ai pu griace eux exposer mes
recherches a plusieurs reprises et en discuter en profondeur. Je remercie plus particulierement
Yves Guiraud, Pierre-Louis Curien et Samuel Mimram pour les divers contacts que j’ai eus avec
eux durant ma these.

Je remercie I’ICJ pour son accueil agréable et I’atmosphere dans laquelle j’ai pu travailler
aussi bien 2 Lyon qu’a Saint-Etienne. Mes remerciements vont particulierement aux algébristes
que j’ai cOtoyés pendant ma theése et qui m’ont permis d’assister a d’excellents séminaires
et groupes de travail. Une autre mention spéciale va bien slir aux doctorants, post-docs et
stagiaires de I’ICJ, trop nombreux pour étre tous nommés, qui ont maintenu une ambiance sans
laquelle je n’aurais pas pu arriver au bout de cette these. Je commencerai par Nohra, mon frere
mathématique, que je remercie pour son grand support moral et pour tout ce que j’ai pu vivre
de positif avec lui. Je remercie Auguste, Hanane, Hanene et Christoper avec qui j’ai partagé
mon bureau durant la majeure partie de ma these. Je remercie Maxime, Nils et Coline avec qui



j aurais aimé partager un bureau.

Je terminerai ces remerciements par ma famille et mes amis. Je commencerai bien entendu
par mes parents pour leur soutien inconditionnel en faveur de la voie dans laquelle je me suis
engagée. Ils ont également su identifier tout ce qui n’allait pas et sur lequel je ne mettais pas de
mot. Rester en contact avec eux malgré 1’éloignement m’a été salutaire. Je remercie Thomas
qui a su me rappeler que le monde existait aussi en dehors des mathématiques. Je remercie mon
oncle et ma grand-mere pour I’intérét qu’ils ont porté a mon travail. Je remercie mes cousins
et cousines. J aurais aimé les voir plus souvent. Je remercie enfin Martin et tout le groupe de
ceux qui ont suivi ma these pendant que je suivais leurs histoires qui m’ont fait relativiser les
moments les plus absurdes d’une vie de doctorant.



Abstract

In this thesis, we study applications of rewriting theory to categorification problems and repre-
sentation theory. We apply rewriting methods to coherence problems in linear categories and
computation of decategorifications.

Proofs of coherence results for monoids and monoidal categories by rewriting methods are
well known. In particular, several constructions based on Squier’s results lead to the computation
of coherent presentations of higher-dimensional categories from the confluence diagrams of
convergent rewriting systems. In this memoir, we extend those constructions to coherence results
for higher-dimensional linear categories.

We introduce linear polygraphs to present higher-dimensional linear categories by rewriting
systems. We then develop the main rewriting properties of these systems. We focus next
on the applications of those properties to the study of categorification problems such that
the computation of Grothendieck decategorification by rewriting methods. Another result we
obtain on higher-dimensional polygraphs is a generalization of the Knuth-Bendix procedure
to higher-dimensional polygraphs. This new procedure allows us to complete presentations of
higher-dimensional categories which do not necessarily admit a termination order induced by
any orientation of rules.

We also study general coherence problems. Given a confluent and quasi-terminating poly-
graph, we define a globular extension of this polygraph called decreasing Squier’s completion.
We prove that this extension makes aspherical the free higher-dimensional category over the given
polygraph. This result generalizes a result of Squier to the case of non terminating presentations.

Finally, we focus on the applications of those properties to higher-dimensional linear cate-
gories such that the category AOB defined by Brundan, Comes, Nash and Reynolds. We find by
rewriting methods the bases of the morphisms spaces of . AOB that Brundan, Comes, Nash and
Reynolds exhibited.
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Chapter

Introduction

1.1. AN OVERVIEW OF REWRITING THEORY

1.1.1. Abstract rewriting. In 1914, Thue [?] introduced rewriting to study the word problem
in semi-groups. Thue’s method consists in orienting the relations of a semi-group to study the
properties of normal forms, or irreducible expressions. Explicitly, a rewriting system is a data
made of objects and transformation rules on these objects. Given an equational structure and
two expressions in this structure, the word problem is the question of whether or not those two
expressions are equal modulo the relations of the structure. An instance of the word problem
appears for monoids. In a monoid generated by an alphabet, the word problem is the question of
whether or not two strings in the alphabet are equal in the monoid.

Beyond the word problem, rewriting theory finds applications in computer science. Those
applications led to multiple variants of rewriting systems such that term rewriting, graph rewriting
or tree rewriting. Other applications of rewriting theory appear in algebra with Grobner bases.
Abstract rewriting is a model of computation on a set of objects and a relation on this set called
the rewrite relation encompassing all other variants of rewriting. This model is also Turing
complete.

Two important properties of rewriting systems are termination, which ensures that all compu-
tations end, and confluence, which ensures that all computations from a same expression
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CHAPTER 1. INTRODUCTION

lead to a same result.
*
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A rewriting system which is both terminating and confluent is called convergent. Other properties
like local confluence, a property weaker than confluence and easier to decide are also studied.
The conjunction of termination and confluence is called convergence. In 1942, Newman [?]
introduced a criterion linking local confluence to confluence under termination hypothesis. He
proved that local confluence and confluence are equivalent in a terminating rewriting system.
This result is called Newman’s Lemma [?]. Newman’s Lemma is also called diamond’s Lemma
due to its proof. Another important result of abstract rewriting is Church-Rosser’s Theorem [?]
stating that confluence is equivalent to a property called Church-Rosser property. All results of
abstract rewriting are valid for the other variants of rewriting.

1.1.2. Word rewriting and polygraphs. In the context of higher-dimensional categories,
rewriting is formalized by the notion of polygraph. Polygraphs were introduced in 1987 by
Street [?] under the name of computads and independently by Burroni in 1993 [?] as systems
of generators and oriented relations, for higher-dimensional categories. Those oriented rela-
tions are called rewriting rules. Polygraphs find applications in algebra to study structures like
monoids or monoidal categories by rewriting [?]. Thus, a polygraph is a rewriting system on a
higher-dimensional category.

Polygraphs are defined by induction on their dimension using the notion of globular extension.
A 0-polygraph is a set. For n > 0, an n-polygraph is a data made of an (n — 1)-polygraph £ and
a globular extension of the free (n — 1)-category over X. This globular extension makes a set of
rewriting rules over the (n—1)-cells of a free (n—1)-category. Quotienting an (n+1)-polygraph
by the congruence relation generated by its (n+ 1)-cells, one obtains an n-category which is said
to be presented by the (n+ 1)-polygraph. In particular, a 2-polygraph is a string rewriting system
and a 3-polygraph is a rewriting system on the 2-cells of a 2-category. Another particular case of
3-polygraphs are rewriting systems on monoidal categories. In computer science, polygraphs are
used to study rewriting on Petri nets [?].

1.1.3. Confluence and decreasingness. In a rewriting system, a conflict between two rewriting
rules is called a local branching. Local confluence of a polygraph X can be decided by examining
some local branchings of X which are called the critical branchings. More explicitly, if all
critical branchings of a polygraph are confluent, then all its local branchings are confluent. We
thus get local confluence from the confluence of a family of local branchings. This result is
called critical pairs Lemma [?]. The main confluence problem for rewriting systems is to decide
confluence from local confluence and supplementary conditions. Since Newman’s work, this is
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1.1. AN OVERVIEW OF REWRITING THEORY

a well-studied problem in rewriting. Newman’s Lemma states that in a terminating rewriting
system, local confluence and confluence are equivalent properties. A whole series of works [?]
led to criteria dropping the termination condition of Newman’s Lemma in favor of the properties
of the local branchings to prove confluence from local confluence. For example, an abstract
rewriting system in which all local branching are confluent by using only one rewriting step is
confluent. In 1994, van Oostrom defined decreasingess, a criterion used to prove confluence
from local confluence. Decreasingness is a refinement of an unpublished earlier criterion, weak
diamond property, defined by de Bruijn. We refer the reader to [?] for the links between those
properties. Then, van Oostrom proves the following result:

Theorem [?, Theorem 2.3.5.] Any decreasing abstract rewriting system is conflu-
ent.

This result is stronger than Newman’s Lemma because any terminating rewriting system is
decreasing. Furthermore, decreasingness is a universal criterion to decide confluence of countable
rewriting systems. Any confluent countable rewriting system is indeed decreasing.

1.1.4. Knuth-Bendix’s procedure. A completion procedure is a procedure adding generators
and rewriting rules to a presentation to obtain a presentation of the same structure. The redundant
generators and rules are expected to give a confluent rewriting system.

A general procedure to find a convergent, a fortiori confluent, term rewriting system given an
equational presentation has been introduced by Knuth and Bendix in [?]. We will develop Knuth-
Bendix’s procedure for (n + 1)-polygraphs. Given Z an (n + 1)-polygraph, Knuth-Bendix’s
procedure applied to X uses an order on the set of n-cells of £ which is compatible with the
rewrite relation. The procedure is based on the critical pairs Lemma and adds (n + 1)-cells to
an (n + 1)-polygraph. For each non confluent critical pair leading to two chosen normal forms u
and v, we add an (n + 1)-cell from wto v if v < u or from v to u if u < v. Knuth-Bendix’s
procedure either terminates in the case where all critical pairs are made confluent, creates an
infinite increasing sequence of (n + 1)-polygraphs or fails. In the first two cases, we obtain a
convergent (n + 1)-polygraph in a finite or infinite number of steps. The procedure fails when
we encounter two n-cells which cannot be compared. If the order we use is total, we call it a
total termination order.

1.1.5. Coherence. A coherent presentation of an n-category C is a data made of an (n + 1)-
polygraph I presenting C and a family of (n + 2)-cells X, such that the quotient of the
free (n + 1,n)-category over X, or (n + 1)-category of congruences generated by X, by the
congruence generated by X, is aspherical, that is for any ordered pair («, 3) of (. + 1)-cells,
there exists an (n + 2)-cell from « to 3.

The syzygies problem was first introduced by Hilbert [?]. A syzygy in a module M over a
ring R generated by a family of n elements (gi,-- -, g,) is a n-uple (as, - - - , a,) of elements
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of R such that
aigi+---+angn =0

The set of all syzygies of M forms a module called the module of syzygies. Multiple methods
have been developed to compute the moduleof syzygies by rewriting. Coherence problems in
higher-dimensional categories have been studied in [?] and lead to the notion of polygraphic
resolution, a generalization of the module of syzygies. A polygraphic resolution of an n-category
is a cofibrant approximation of this n-category in the category of (oo, n)-categories. The
construction of polygraphic resolutions is a problem arising in the context of Squier’s theory,
which has been developed in a different context than the one of the study of polygraphs.

1.1.6. Squier’s theory. Some properties of a higher-dimensional category can be derived from
a presentation of this higher-dimensional category by a polygraph. In 1987, Squier proved [?]
that all finitely presented monoids do not admit a presentation by a finite convergent rewriting
system. In Squier’s work, the notion of presentation of monoids is extended into the notion
of coherent presentation [?]. A coherent presentation of a monoid M is a data X made of a
2-polygraph (X, Xy, ;) presenting M and a globular extension X3 of the free (2, 1)-category
over (Lo, L1,X,). The 3-cells of X3 are relations between the relations of M, or coherence
rules. Given a coherent presentation X of a monoid M, we can construct a resolution of the ZM-
modules, where ZM denotes the ring generated by the elements of M and whose multiplication
is induced by the monoid law of M:

ZMI%;] 4, ZMIL,] Y2, ZMIZ ] LY SN N 0

where for any k, ZM[Z,] denotes the free ZM-module over Xy. In particular, a monoid with a
finite coherent presentation is of homological type left-FP; and a finitely presented monoid is
of homological type left-FP,. Furthermore, from a convergent presentation of a monoid, it is
possible to construct a coherent presentation of this monoid. For each critical branching (f, g) of
this monoid we choose a confluence diagram (f - f'; g - g’) for this branching and a 3-cell filling
this diagram.
/
% v wxf& ,
u MD fg W
\% A
g g

This process is called Squier’s completion.

Theorem [?, Theorem 5.2.] Let C be a category and X a convergent presentation
of C. Squier’s completion of ¥ is a coherent presentation of C.

12



1.1. AN OVERVIEW OF REWRITING THEORY

We say that a monoid has finite derivation type if it admits a finite coherent presentation.
Moreover, if a monoid admits a finite convergent presentation, Squier’s completion of this
monoid is finite. This implies the following result linking a combinatorial property of monoids
to a homological one.

Theorem [?, Theorem 4.1.] If a monoid admits a finite convergent presentation, it
is of finite derivation type.

Finite derivation type can be generalized to higher dimensions. A monoid admitting a finite
convergent presentation admits a finite coherent presentation. In the same way, we say that a
higher-dimensional category is of finite derivation type if it admits a coherent presentation.

1.1.7. Linear rewriting. In parallel to Squier’s theory, rewriting was developed in a linear
context for the case of algebras presented by generators and relations. A first instance of linear
rewriting was introduced in 1965 by Buchberger under the name of Grobner bases. A Grobner
basis for an ideal I of a commutative algebra A endowed with a monomial order < is a generating
set G for the ideal I such that the rewrite relation on A defined by G and < is confluent. The
notion of Grobner basis was then generalized by Mora [?] for two-sided ideal of non commutative
algebras.

Grobner bases find applications in homological algebra like the study of the koszulity property.
It is proved in [?] that an algebra with a quadratic Grobner basis is Koszul. Another application
of Grobner bases to homological algebra is the construction of Anick’s resolutions [?]. Indeed,
the free modules appearing in this resolution are generated by the critical pairs arising from a
Grdobner basis.

Grobner bases make use of monomial orders. However multiple finitely presented algebras
do not admit a finite Grobner basis whichever monomial order is chosen. The algebra on three
generators X, Yy and z and verifying the relation

xyz:x3+y“”+z3

is such an example [?, Example 3.4.7.]. Two-dimensional linear polygraphs were introduced in
[?] as a generalization of non commutative Grobner bases. In particular, linear polygraphs do
not use monomial orders. In particular, the above algebra can be presented by a linear polygraph
with only one 2-cell

Xyz = x3—|—y3—i—z3
whose orientation does not correspond to any monomial order. We will develop in this work the
notion of linear polygraph for any dimension.

Extending a presentation of a monoid by coherence rules returns a polygraphic resolution
of this monoid, see [?]. Extending a coherent presentation of a monoid also returns a cofibrant
replacement of this monoid in the category of (oo, 1)-categories [?, ?]. Finding a linear structure
for polygraphs would enable us to find polygraphic resolutions for algebras.
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CHAPTER 1. INTRODUCTION

1.2. CATEGORIFICATION IN REPRESENTATION THEORY

1.2.1. Grothendieck decategorification. The terminology "categorification" was introduced
in 1995 by Crane. Categorification is a process giving from an algebra A a linear monoidal
category C whose Grothendieck group is isomorphic to the algebra A [?, ?]. We say that C is a
categorification of A or, categorifies A. The Grothendieck group of a linear category C is the
abelian group generated by the isomorphism classes of C and subject to the relation [a] =
[b] + [c] whenever an object a is direct sum of two objects b and c, that is there are 1-

1 1
cells a &» b, a & c, b %, aand ¢ —% a such that:

- pb*Oib +pc*0ivc = 1(1,
— ip %0 Po = Tv,
— iAo pe = 1e.

The process of constructing the Grothendieck group of a linear category is a case of decate-
gorification. This process can be generalized to any higher-dimensional linear category and is
called Grothendieck decategorification.

Categorification finds many applications in algebra. An example of a categorification is the
Khovanov homology [?], a categorification of the Jones polynomials. This categorification was
used to give a new proof of Milnor’s conjecture [?]. A classical categorification problem is to
exhibit from a ring A a categorification of A with properties such that having all its idempotents
split.

1.2.2. The category of Bott-Samelson bimodules. In 1979, Kazhdan and Lusztig constructed
a basis for the Hecke algebra and conjectured that the base change polynomials from this
basis to the classical basis had positive coefficients. This conjecture was proved in 1981 by
Beilinson and Bernstein, and independently by Brylinski and Kashiwara, in the case of Hecke
algebras of Weyl groups. The conjecture was proved in the general case in 2013 by Elias and
Williamson [?] using categorification methods. Inspired by categorification, Elias and Williamson
categorified the Hecke algebra by a category called the category of Soergel bimodules, which is
the idempotent-complete grading shift closure of a category called category of Bott-Samelson
bimodules. Then, from the properties of the category of Soergel bimodules, Elias and Williamson
proved Kazhdan-Lusztig’s conjecture.

Elias and Williamson category of Bott-Samelson bimodules is defined diagrammatically
by generators and relations and can be studied from a combinatorial point of view. An open
problem on this category is the study of its syzygies. This problem is a coherence problem for
the category Bott-Samelson bimodules.

14



1.3. THESIS SUMMARY AND MAIN CONTRIBUTIONS

1.2.3. Brauer algebras and the affine oriented Brauer category. Schur-Weyl duality [?] is
a result stating that there is an isomorphism between the C-representation of the symmetric
group &y and the endomorphism algebra of the gl (C)-algebra (C™)®* whenever the integers k
and n satisfy n > k. In 1989, Turaev [?] and Koike [?] introduced independently the walled
Brauer algebra B, ;(3), an algebra having a Schur-Weyl duality with the tensor product V" @W®*
where V is the natural representation of GL,, (C) and W is the dual of V.

Another variation of Schur-Weyl duality for superalgebras was studied by Rui and Su [?], and
independently by Sartori [?], and led to the introduction of affine walled Brauer algebras. They
proved that there is a Schur-Weyl duality between general Lie superalgebras and affine walled
Brauer algebras. Those algebras are further studied in [?]. A linear monoidal category, the affine
oriented Brauer category AOB was introduced in [?] to encode each walled Brauer algebra as
one of its morphism spaces. The category AOZB is presented by generators and relations using
dotted oriented string diagrams. Brundan and al prove that a given family of those diagrams
provides a basis for each morphism space of AOB.

1.3. THESIS SUMMARY AND MAIN CONTRIBUTIONS

1.3.1. Applications of rewriting to representation theory. In this work, we use rewriting to
study higher-dimensional linear categories appearing in representation theory.

We first define linear polygraphs. A first definition of two-dimensional linear polygraphs was
given by Guiraud, Hoffbeck and Malbos [?]. We generalize their definition to all dimensions. A
linear (2, 1)-polygraph is a data £ made of a directed graph (X, Z;) and a globular extension X,
of the free linear category over (Ly, X;). In particular, if £, is made of only one 0O-cell, the
directed graph (Z,, Z;) generates a free algebra over the 1-cells of £; and the set of 2-cells X, is
a set of oriented relations for the quotient of this algebra by X,. We say that the linear (2, 1)-
polygraph X is a presentation of an algebra A if A is isomorphic to the quotient of the free
algebra over (Xo,X;) by X,.

In this thesis, we generalize the notion of coherent presentation to higher-dimensional
linear categories. Then, we generalize Squier’s theory to linear polygraphs. This leads to the
construction of coherent presentations of higher-dimensional linear categories and Squier’s
completion of higher-dimensional linear polygraphs. Coherent presentations in the linear case
can be used to construct for an algebra A a resolution

d; d;

AL B Al B A &

A5 70
where X is a coherent presentation of A and for any k, A[X] denotes the free A-module over Z;.

A first result in the context of higher-dimensional linear polygraph is that Squier’s completion
of a convergent linear polygraph yields a coherent presentation of a higher-dimensional linear
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CHAPTER 1. INTRODUCTION

category. We call this result linear Squier’s Theorem. Furthermore, it is proved in [?] that
any convergent presentation of an algebra can be extended into a free infinite resolution of this
algebra. Such a resolution is called a polygraphic resolution.

Another combinatorial result obtained from the construction of convergent presentations for
higher-dimensional linear categories is the construction of bases for the morphism spaces of this
higher-dimensional linear category. More precisely, a higher-dimensional linear category with
a confluent and normalizing presentation has a basis for each of its morphism spaces indexed
by the normal forms of this presentation. This result is motivated by the bases computation
problems appearing in representation theory such that the study of the affine oriented Brauer
category AOB presented in [?]. We study this problem from a rewriting point of view. For
this, we use the notion of decreasingness defined by van Oostrom [?]. More precisely, we give
a decreasing and quasi-terminating presentation for AOB and use van Oostrom’s Theorem.
This leads to a confluent and quasi-terminating presentation of AOB. Then, we prove that
the equivalence classes of the quasi-normal forms for this presentation index a basis for each
morphism spaces of AOB.

Another part of this memoir is the use of decreasingness techniques in Squier’s theory. We
prove in [?] that a decreasing and quasi-terminating presentation of a monoid yields a coherent
presentation of this monoid when some other properties are verified. It is also shown by Yudin in
[?] that the geometric proof of van Oostrom’s Theorem presented in [?] leads to a version of
Squier’s Theorem with quasi-termination. Yudin’s result uses stronger hypotheses than [?] on
the Peiffer confluences and the compatibility between the product and the decreasing labelling.
This result leads to the construction of a coherent presentation of the 0-Hecke monoid.

Finally, we use rewriting methods to study categorification problems. For this, we first
define the notion of Karoubi envelope for polygraphs. This leads to the construction of Karoubi
envelope for (coherent) presentations of higher-dimensional linear categories. We prove that for
any higher-dimensional linear category C, the Karoubi envelope of a (coherent) presentation of C
is a (coherent) presentation of the Karoubi envelope of C. Another important remark in linear
polygraph is that rewriting paths and their inverses generate equality proofs in the presented
higher-dimensional linear category. This leads us to define isomorphisms proofs and direct sum
proofs in the free higher-dimensional linear category over a linear polygraph. Isomorphism
proofs and direct sum proofs are then used to construct Grothendieck decategorifications of
higher-dimensional linear categories.

1.3.2. Higher-dimensional linear categories and rewriting. In the first chapter, before we
introduce the rewriting tools used to study higher-dimensional linear categories, we present the
classical theory of rewriting. In particular, we state and prove Church-Rosser’s Theorem and
Newman’s Lemma.

Next, after having presented polygraphs, we generalize the families of local branchings
appearing in word rewriting. Those families are aspherical, Peiffer and overlapping branchings.
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Among the overlapping branchings, we can define critical branching as in the case of word
rewriting. Then, we recall the critical pairs Lemma for polygraphs. This lemma links local
confluence of a polygraph to the confluence of its critical pairs. This result allows us to use
Newman’s Lemma [?], stating that in a terminating abstract rewriting system, local confluence
and confluence are equivalent, to decide the convergence of a terminating polygraph by examining
all its critical pairs.

1.3.3. Computing bases with linear polygraphs. In the second chapter, we present linear
polygraphs and their rewriting theory. A first definition of 2-polygraphs was given in [?]. We
present in this memoir the notion of linear polygraph introduced in [?]. For n and p two integers
such that n > p, we define the category of linear (n, p)-polygraphs. This category is constructed
by induction by first defining the category of linear (1, n)-polygraphs, and then by defining the
category of linear (n + 1, p)-polygraphs from the category of linear (n, p)-polygraphs.

Adding a linear structure to polygraphs creates multiple rewriting problems which do not
appear in the set-theoretic setting. The first of those problems is the definition of rewriting
steps. Indeed, in a linear (n 4 1, n)-category, all (n + 1)-cells are invertible. As a consequence
defining rewriting steps as (n + 1)-cells in this free linear (n + 1, n)-category requires to find
some conditions to ensure that the inverse of a rewriting step is not always a rewriting step.
Furthermore, if a linear (n + 1, n)-polygraph contains two (1. + 1)-cells with respective sources
of the form uw+ v and v + w, defining rewriting steps on this (n 4 1, n)-polygraph would lead to
overlapping branchings with source of the form u 4+ v +w. We will thus define rewriting steps
of linear polygraphs only when the sources of the rewriting rules are monomials.

The local branchings of linear polygraphs are also more complex. They belong to four fami-
lies: aspherical branchings, Peiffer branchings, additive branchings and overlapping branchings.
Contrarily to the set-theoretical case, local branchings other than overlapping branchings are not
always confluent. Examples of this fact are given in [?]. As a consequence, the critical pairs
Lemma for linear polygraphs needs more conditions than in the set-theoretical case. The new
critical pairs Lemma becomes:

Theorem ?? Let X be a quasi-terminating exponentiation free left-monomial linear
polygraph. If all critical branchings of X are confluent, all local branchings of X are
confluent.

See Chapter 3 for the context of this statement.

Defining the rewriting theory associated to linear polygraphs allows us to construct bases for
the morphism spaces of higher-dimensional linear categories. This problem appears in [?] for
the affine oriented Brauer category AQB. We propose to compute bases of morphisms spaces
by constructive methods. Linear rewriting links the elements of the bases to normal forms in a
linear polygraph. More precisely, we have the following result:
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Proposition ?? Let X be a left-monomial linear (n + 1,n)-polygraph presenting
an (n,n)-linear category C. Let us assume that L is confluent and normalizing.
Then, for all parallel (n — 1)-cells w and v of C, a basis of C.(u, V) is given by the
set of equivalence classes of monomials in normal form of £ (u,v).

The constructive part of this result is the explicit computation which can be used to find
the elements of the bases. Indeed, given a confluent and normalizing rewriting system with an
enumerable set of rewriting rules, it is possible to determine algorithmically all normal forms.

1.3.4. Completion procedure in quasi-terminating polygraphs. Many rewriting problems
as the word problem can be solved by giving for a higher-dimensional category a polygraph
presenting this higher-dimensional category. For the word problem, such a presentation would
lead to apply the normal form procedure to decide the question of whether or not two n-cells
of an n-category presented by generators and relations are equal. If X is a convergent (n + 1)-
polygraph, two n-cells of X* are equal in the n-category presented by X if and only if they have
the same normal form. The normal form procedure consists in computing the normal forms of
the two n-cells we wish to compare and checking if the two normal forms are equal or not.

Given an n-category presented by an (n + 1)-polygraph, we study in the third chapter
of this memoir how to compute a confluent presentation of this n-category. Given a non
confluent (n + 1)-polygraph, this problem can be solved by constructing a Tietze-equivalent
confluent (n + 1)-polygraph, that is a polygraph presenting the same n-category. This approach
is taken by Knuth and Bendix in [?] for term rewriting systems. They give a procedure to add
generators and rewriting rules to a presentation of an equational structure to obtain a confluent
presentation of the same structure. This procedure is thus called Knuth-Bendix’s completion
procedure, or Knuth-Bendix’s procedure. If a well-founded order on the terms compatible with
the rewrite relation is given, we can guarantee the existence of the constructed presentation, that
is the procedure does not fail, see [?]. Such an order is called a total termination order.

In the case of n-categories, Knuth-Bendix’s procedure is applied to (n + 1)-polygraphs.
Given X an (n + 1)-polygraph, Knuth-Bendix’s procedure applied to X uses an order on the set
of n-cells of the free (n + 1)-category over X which is compatible with the rewrite relation. The
procedure is based on the critical pairs Lemma.

Lemma [?,4.1.5.]) An n-polygraph L is locally confluent if and only if all critical
branchings of L are confluent.

Knuth-Bendix’s procedure adds (n + 1)-cells to an (n + 1)-polygraph. For each non confluent
critical pair leading to two chosen normal forms u and v, we add an (n + 1)-cell from u to v
if v < uorfromvtouif u < v. Knuth-Bendix’s procedure either terminates in the case where
all critical pairs are made confluent, creates an infinite increasing sequence of (n+ 1)-polygraphs
or fails. In the first two cases, we obtain a convergent (n + 1)-polygraph in a finite or infinite
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number of steps. The procedure fails when we encounter two n-cells which cannot be compared.
If the order we use is total, we call it a total termination order and Knuth-Bendix’s procedure
does not fail. In this case, we construct a confluent polygraph in a finite number of steps if
the procedure terminates or we obtain a confluent polygraph as an infinite increasing union of
polygraph if the the procedure does not terminate.

Knuth-Bendix’s procedure for (n + 1)-polygraphs gives a convergent (n + 1)-polygraph
from an (n 4 1)-polygraph with a total termination order. However, note that in general not all
terminating (n + 1)-polygraphs have a total termination order, see ??. This raises the problem
of finding another completion procedure for terminating (n + 1)-polygraphs. We introduce such
a procedure, the generalized Knuth-Bendix’s procedure on (n + 1)-polygraphs. This procedure
takes for input an (n + 1)-polygraph X and an order on the n-cells of the free (n + 1)-category
over X. We then define quasi-termination orders and maximal quasi-termination orders which
are generalizations of termination orders. We then prove the following result:

Proposition ?? Let © be an (n + 1)-polygraph and let < be a maximal quasi-
termination order on L. Then, the application of the generalized Knuth-Bendix’s
procedure on (L, <) does not fail.

Finally, we prove that generalized Knuth-Bendix’s procedure returns a confluent, not neces-
sarily terminating, polygraphs.

Proposition ?? Let ¥ be an (n + 1)-polygraph and < a maximal quasi-termination
order on X. Let us assume that for each congruent n-cells f and g of L}, such
that f < g, the n-cell g rewrites into f. Then, the (n + 1)-polygraph X is confluent.

1.3.5. Coherence by decreasingess. In the fourth chapter, we present the applications of
decreasingness to the construction of coherent presentations using quasi-termination. Decreas-
ingness is criterion introduced by van Oostrom to prove confluence of abstract rewriting systems.
Van Oostrom’s Theorem can be applied to terminating rewriting systems by labelling all rewriting
steps by the distance of its target to a normal form. On the other hand, Squier’s Theorem is a
coherence result using Newman’s Lemma to prove that a family of confluence diagrams for each
critical pair of a convergent (n + 1)-polygraph gives a coherent presentation of an n-category.
The question we study is the generalization of Squier’s Theorem to non terminating polygraphs
using decreasingness.

Given an n-category C and a convergent (n + 1)-polygraph X presenting C, the homotopy
basis given by Squier’s Theorem is indexed by the critical branchings of X. For each critical
branching of X, we chose a confluence diagram for this branching and fill this diagram by
an (n + 2)-cell to obtain a coherent presentation. Such a family of confluence diagrams is called
a family of generating confluences. In [?], we weaken the termination hypothesis to proves that
for confluent quasi-terminating polygraphs verifying some hypotheses, a homotopy basis can be
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constructed from a family of generating confluences and a family of elementary loops, which
can be non empty since we work with quasi-terminating polygraphs.

Our result uses decreasingness as one of its conditions. We can define multiple notions of
decreasingness for polygraphs. We say that a polygraph is (strictly) decreasing if it is (strictly)
decreasing as an abstract rewriting system. Decreasingness being a property defined on a
labelling of the rewriting steps of an abstract rewriting system, we can refine the notion of
decreasingness for polygraph. We say that a labelling is compatible with contexts if applying
any context to a decreasing diagram also gives a decreasing diagram. Another compatibility
condition between decreasingness and the structure of polygraph is Peiffer compatibility. Indeed,
in a polygraph, all Peiffer branchings are decreasing by using confluence diagrams called Peiffer
confluences. But, in a decreasing polygraph, Peiffer confluences are not decreasing. We say that
a polygraph is Peiffer decreasing if all its Peiffer confluences are homotopically equivalent to a
decreasing diagram. Other compatibility conditions appear in Yudin’s work, see [?]. The result
we prove in [?] is:

Theorem ?? Let (X,\) be a strictly decreasing n-polygraph. Let 8¢(Z,1) be
a strictly decreasing Squier’s completion of L. If \ is compatible with con-
texts and (Z,1) is Peiffer decreasing with respect to the extension $¢(Z,\),
then 8%4(X,1)) is a coherent presentation of the category presented by .

1.3.6. Rewriting applied to categorification. In the fifth chapter of this thesis, we present
applications of rewriting to categorification. We will present two main questions. First, we want
to define polygraphs presenting Karoubi envelopes of higher-dimensional categories. Algebras
like Hecke algebras [?] can be categorified by the Karoubi envelope of a monoidal category.
Khovanov conjectured that the Karoubi envelope of some diagrammatic category [?] categorifies
the Heisenberg algebra. Categorifications of algebras are generally defined as Karoubi envelopes
of explicit categories.

The Karoubi envelope of a 1-category C contains the objects of C plus one object for each
non identity idempotent of C and is generated by the morphisms of C plus a family of injections
and projections morphisms verifying relations splitting all idempotents. In particular, if all
idempotents of the category C are split, the category Kar(C) is equivalent to C. First, we extend
the notion of Karoubi envelope to higher-dimensional categories. This higher-dimensional notion
is consistent with the classical notion of Karoubi envelope and the definitions of Karoubi envelope
of a monoidal category considered either as a 1-category or a 2-category with only one O-cell
are equivalent. This leads to define Karoubi envelopes for polygraphs. Given an n-category C
presented by an (n + 1)-polygraph X, we define an (n + 1)-polygraph Kar(X) presenting the
Karoubi envelope of C by universal construction.

Theorem ?? Let C be an n-category presented by an (n + 1)-polygraph L. The
Karoubi envelope of C is presented by the (n + 1)-polygraph Kar(X).
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Furthermore, we extend this result by defining Karoubi envelopes of globular extension to
treat coherence problems in Karoubi envelopes. We prove the following result:

Theorem ?? Let C be an n-category and let (X, X.,,) be a coherent presentation
of C. The (n 4 2,n)-polygraph (Kar(X),Kar(Z, 1)) is a coherent presentation of
the Karoubi envelope of C.

As a consequence of this result, we have a computation of coherent presentation of a higher-
dimensional category which does not appeal to a confluent or terminating presentation.

The second question we study is the construction of decategorifications by rewriting methods.
The decategorification process for higher-dimensional linear categories, is called Grothendieck
decategorification. This process creates a linear (n — 1, n — 1)-category from a linear (n,n)-
category. Isomorphisms proofs and direct sum proofs in a linear (n, n)-category C presented by
an (n+1,n)-polygraph X can be interpreted as (n+ 1)-cells in the free linear (n+ 1, n)-category
over . This allows us to define Grothendieck decategorification for linear polygraphs. We
finally prove the following result:

Theorem ?? Let C be a linear (n,n)-category presented by a linear (n + 1,n)-
polygraph X. The Grothendieck decategorification K(L) of L presents the Grothendieck
decategorification K(C) of C.

1.3.7. A confluent presentation of the affine oriented Brauer category. In the last chapter,
we give an application of decreasingness to the study of the affine oriented Brauer category AQOB.

The basis theorem of [?] uses an intermediate result on cyclotomic quotients of AOB. For
each of those quotients, a basis is given. With these multiple bases, each morphism space
of AOB is given a generating family which is proved to be linearly independent. This result is
not constructive in AOB. A constructive proof of this result by rewriting can however be given.
For this, we use the results of Section ?? of and give a confluent presentation of AOB. This
presentation is a linear (3, 2)-polygraph that we call AOB.

Theorem ?? The linear (3, 2)-polygraph AOB is a confluent presentation of AOB.

The linear (3, 2)-polygraph AOB is not terminating. This will prevent us to prove that AOB
is confluent by using Newman’s Lemma. To prove that AOB is confluent, we will use the
decreasingness property We will prove that AOB is decreasing and use van Oostrom’s Theorem
to prove that AOB is confluent. We first prove that AOB is quasi-terminating by expliciting
monomials we call quasi-reduced and we prove them to be quasi-normal forms. Then, we
prove that AOB is a presentation of the linear monoidal category AOB. Using decreasingness,
we finally prove that all monomials of AOB can be rewritten into a linear combination of
quasi-reduced monomials.
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Chapter

Rewriting, polygraphs and coherence

In this chapter, we introduce the rewriting and categorical notions used in the rest of this thesis.
The notion of rewriting system was introduced in 1914 by Thue [?] for the study of the word
problem in combinatorial structures. Rewriting is a computation model in which calculus is
expressed as a sequence of elementary transformations called rewriting steps. Each rewriting
step comes from a rewriting rule. The set of rewriting rules defines a rewriting system. Two
important properties of rewriting systems are termination, which ensures that all computations
end, and confluence, which ensures that all computations from a same expression lead to a same
result. The conjunction of termination and confluence is called convergence.

In the case of a monoid presented by generators and relations, the word problem amounts to
deciding if two words correspond to the same element of the monoid. Rewriting can be used
to decide this problem by presenting the monoid by a finite convergent rewriting system. The
decision algorithm using such a rewriting system is called the normal form algorithm. Rewriting
also has applications in computer science. In particular, rewriting appear in operational semantic,
formal calculus or automatic theorem proving.

In the context of higher-dimensional categories, rewriting is formalized by the notion of
polygraph. Polygraphs were introduced in 1987 by Street [?] under the name of computads and
independently by Burroni in 1993 [?] as systems of generators and oriented relations, or rewriting
rules, for higher-dimensional categories. Forn > 1, an (n + 1)-polygraph is a presentation
of an n-category by generators and relations. Polygraphs find applications in algebra to study
structures like monoids or monoidal categories by rewriting.

In 1987, Squier proved [?] that all finitely presented monoids do not admit a presentation by
a finite convergent rewriting system. Thus, the normal form algorithm is not a universal decision
procedure for the word problem. He linked the existence of a finite convergent presentation for
a finitely presented monoid to a homological property by showing that the critical branchings
of a convergent string rewriting system generate the module of the 2-homological syzygies of
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the presentation. A combinatorial approach is then presented in [?] to the question of whether
or not a finitely presented monoid admits a finite convergent presentation. The existence of
such a presentation is linked to a finiteness condition of finitely presented monoids, called finite
derivation type, that extends the properties of being finitely generated and finitely presented. He
then gives an example of finitely presented monoid which does not have finite derivation type. In
term of higher-dimensional rewriting, a monoid admitting a finite convergent presentation admits
a finite coherent presentation. A coherent presentation of an n-category C is a data made of
an (n+ 1)-polygraph X presenting C and a family of (n + 2)-cells X, ,, such that the quotient of
the free (n + 1,n)-category over X, of (n + 1)-category of congruences generated by X, by the
congruence generated by X, is aspherical, that is for any ordered pair («, 3) of (1. + 1)-cells,
there exists an (n + 1)-cell from « to f3.

Plan of Chapter. In Section ??, we begin by introducing the notions of abstract rewriting
used and the main properties of abstract rewriting systems. Those notions can also be found in
[?, ?]. In Section ??, we present n-polygraphs and their associated rewriting systems. Rewriting
properties of n-polygraphs are given by exhibiting the families of local branchings in an n-
polygraph. This chapter ends by an introduction of coherence for n-categories and by the
statement of Squier’s Theorem ??.

2.1. ABSTRACT REWRITING

We recall in this section the classical notions of abstract rewriting. Abstract rewriting is treated
in many references such as [?].

2.1.1. Abstract rewriting systems. An abstract rewriting system is a data made of a set S and
arelation — on S. For all x and y in S, we denote x — y if (x,y) is in —.
In the rest of this section, we fix (S, —) an abstract rewriting system.

2.1.2. Rewriting sequences. The transitive closure of — will be denoted by 2. The transitive

reflexive closure of — will be denoted by —. The symmetric transitive closure of — will be
denoted by <. We recall that for all x and y in S, we have

— x5 y if and only if there exists n > 1 and a family (Xy)xeon] of elements of S such
that x = Xy, y = X, and x — Xy,1 forany 0 < k < n,

— xgyifandonlyifx=yorx$y,

— x&Svyifandonlyif x 5 yory = x.
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We say that x rewrites into y if x 5 y. We say that there is a rewriting sequence from x to y
. k
ifx = vy.

2.1.3. Confluence. We say that the relation — is confluent, or that (S, —) is confluent, if for
any triple (a, b, c) of elements of S such that a = b and a = ¢

*/ab
a
S—c

there exists d in S such that b = d and ¢ - d.
*
*/> b —~

a d

et

2.1.4. Church-Rosser’s property. We say that (S, —) verifies Church-Rosser’s property, or
is Church-Rosser, if for any pair (a, b) of elements of S such that a & b, there exists ¢ in S
such that a = cand b 5 c.

2.1.5. Theorem (Church-Rosser’s Theorem [?]). An abstract rewriting system is confluent if
and only if it is Church-Rosser.

Proof. Let us assume that (S, —) is Church-Rosser. Let a, b and ¢ in S such that a = b
and a = c. So, we have b <& ¢, which implies the existence of an element d in S such
that b = d and ¢ = d. Thus, the abstract rewriting system (S, —) is confluent.

Let us assume that (S, —) is confluent. Let a and b be in S. We prove by induction on the
smallest n which makes exist a family (Xk)ke[[o,n]] of elements of S such that a = x;, b = x,,
and x; — X1 for tout 0 < k < n that there exists ¢ € S verifying a Secandb S Ifn =0,
we have a = b and we can choose ¢ = a = b. If n > 0, there exists by induction hypothesis ¢’
in S such that a = ¢’ and x,,_1 — c’. If b rewrites into x,,_;, we can chose ¢ = ¢’ to prove
that (S, —) is Church-Rosser. Else, we have x,_; — ¢’ and x,_; — b, which allows us to
construct cby confluence. L]

2.1.6. Normal forms and quasi-normal forms. We say that a € S is in normal form (or is a
normal form) if there does not exist b in S such that a — b. A normal form of a is a normal
form a’ € S such that a rewrites into a’. We say that (S, —) is normalizing if all elements of S
have a normal form.
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We say that a € S is in quasi-normal form (or is a quasi-normal form) if for all a and b
in S such that a — b, we have b = a. A quasi-normal form of a is a normal form a’ € S such
that a rewrites into a’. We say that (S, —) is quasi-normalizing, see [?], if all elements of S
have a quasi-normal form.

2.1.7. Termination and quasi-termination. We say that (S, —) is ferminating if there does
not exist any sequence (uy)yxen of elements of S such that w, — w4 for all k.

Uy > U] — Uy —> -

The terminologies strongly normalizing and noetherian are also used in literature.
We say that (S, —) is quasi-terminating, see [?], if any sequence (1w )xen of elements of S
such that uy — w7 for all k contains infinitely many occurrences of the same element of S.

2.1.8. Noetherian induction. Let us assume that (S, —) is terminating. The relation % is thus

well-founded, that is there does not exist any infinite decreasing sequence for the relation &, An
induction on this relation is called a noetherian induction.

2.1.9. Lemma. Any terminating abstract rewriting system is normalizing.

Proof. We prove this lemma by noetherian induction. Let us assume that (S, —) is terminating
and let a € S. If a is a normal form, a is normal form of a. If there exists a’ such that a Al
and a’ has a normal form, then any normal form of a’ is a normal form of a. This concludes the
proof. ]

2.1.10. Lemma [?, Lemma 2.6.]. Let (S,—) be an normalizing abstract rewriting system.
Then, (S, —) is confluent if and only if all elements of S have a unique normal form.

Proof. Let us assume that (S, —) is normalizing. Let a € S. If a has two distinct normal
forms a’ and a”, we have a — a’ and a = a”. By definition of a normal form, there does not
existany b € S such that a’ 5 b and a” = b. Thus, (S, —) is not confluent.

Let us now assume that any element of S has a unique normal form. Let a, b and c in S such
that a = b and a = c. Let d be the unique normal form of a. The unique normal form of b and
the unique normal form of ¢ are then necessarily equal to d. Then, we have b — d and ¢ = d,
which proves the confluence of (S, —). m

2.1.11. Convergence. We say that (S, —) is convergent, or converges, if (S, —) is both conflu-
ent and terminating.
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2.1.12. Lemma. Let (S, —) be a convergent abstract rewriting system. Any element of S has a

unique normal form. Moreover, any pair (a,b) of elements of S verifies a < b if and only if a
and b have the same normal form.

Proof. The system (S, —) being convergent, it is in particular terminating and normalizing by
Lemma ??. Moreover, (S, —) is confluent. By Lemma ??, any element of S has a unique normal
form. Let now a and b be in S.

Let us assume that the unique normal form of a is equal to the unique normal form of b, and
let ¢ be this normal form. Then, we have a — ¢ and b - ¢, which implies a &b,

If a & b, by Theorem ??, there exists ¢ € S such that a X cand b =5 ¢ because (S,—)is
confluent. The unique normal form of a is then equal to the unique normal form of ¢, which is
equal to the unique normal form of b. 0

2.1.13. Local confluence. We say that the relation — is locally confluent, or that (S, —) is
locally confluent, if for all triple (a, b, c) of elements of S such that a — b and a — c, there

exists d € S such thatb 5 d and ¢ = d.
ﬁb\*
a d
et

2.1.14. Lemma (Newman’s Lemma [?, Theorem 3]). A terminating abstract rewriting system
is confluent if and only if it is locally confluent.

Proof. Let (S, —) be a terminating abstract rewriting system. If (S, —) is confluent, then (S, —)
is locally confluent.

Let us now assume that (S, —) is locally confluent. We prove by noetherian induction
that (S, —) is confluent. Let a € S. If a is a normal form, then the only pair (b, c) such
that a = b and a = cis (a,a). If a is not a normal form, we can consider a pair (b, c) of
elements of S verifying a — b and a 5 c. Then, there exists b’ and ¢’ such that a — b’ 5 b
and a — ¢/ 5 c. By local confluence of (S, —), there exists d € S such that b’ = d
and ¢/ = d. By induction hypothesis, there exists d’ € S such that b =5 d’and d - d’. By
applying the induction hypothesis a second time, there exists d” such that ¢ = d” and d’ — d”,
which allows to conclude that ¢ =5 d” and b = d”. O

2.1.15. Example. Let us give an example of locally confluent abstract rewriting system which
is not confluent. By Newman’s Lemma, such an abstract rewriting system is not terminating.
The following abstract rewriting system

—
a+—Db c—d

27



CHAPTER 2. REWRITING, POLYGRAPHS AND COHERENCE

has two local branchings a <~ b — cand b « ¢ — d. Both are confluent. However, the
branching

a+—b—c—d

is not confluent.

2.2. POLYGRAPHS

In this section, we recall the definition of polygraphs. We also recall for any n > 1 the
presentation of an n-category by generators and relation by an (n + 1)-polygraph.

2.2.1. Categorical notations. We will denote by Set the category of sets. For n € N, we will
denote by Cat,, the category of small n-categories. All n-categories will be considered small in
this document. An (n + 1)-category will then be a small category enriched in Cat,, that is a
small category whose morphism spaces have a structure of n-category and whose composition
is n-bifunctorial.

In an n-category, for any integer 0 < k < n — 1, we will denote the k-composition
in diagrammatic order by %,. We will also denote by 1, the (k + 1)-cell identity of u for
any 0 < k < n— 1 and k-cell u. If uis a k-cell and « is a (k + 1)-cell such that the
composition 1, *; o (respectively o *; 1,,) is defined for an integer 0 < j < k, we use the
notation u j & (respectively o x; u) for 1., x; o (respectively o xj 1,,).

2.2.2. Spheres. A O-sphere in an n-category is a pair of O-cells. For any integer k > 0, a
k-sphere in an n-category is a pair of parallel k-cells.

2.2.3. n-graphs. An n-graph in a category C is a diagram in C

So $1 Sn—2 Sn—1
Go G 1 e Gn—] Gn
to t th2 th

such that forall T <k <n — 1, we have s;_7 0 S, = S;_1 0 ty and ty_7 o s = ti_71 o ty. These
relations are called the globular relations. We just call n-graph an n-graph in Set. The maps sy
and ty are respectively called k-source and k-target maps.

A morphism of n-graphs F from G to G’ is a collection (Fy : Gy — G;.) of maps such that

28



2.2. POLYGRAPHS

for all 0 < k < m, the following diagrams commute:

Sk—1 |
Gy_1— Gy Gy_1— Gy
Fk—]j h Fx Fk]j h Fyx
Gk—1‘ﬁ* Gl/< Gﬁ—]‘?* Gk
k-1 K—

We denote by Grph,, the category of n-graphs. There exists forgetful functor ¢4, : Cat, —
Grph,,.

2.2.4. Globular extensions. The category Cat, the n-categories with a globular extension is
defined by the following pullback diagram:

Cat: Grphn+1
_
Cat, Grph,,
Un

A globular extension of an n-category C is thus a data made of a set I" and of two applications s,
and t, from I" to C;, making the diagram

So $1 Sn—2 Sn—1 Sn
Co G e Cni Cn r
to t th2 tha tn

an n-graph. Consequently, there exists a forgetful functor from Cat, 1 to Cat;. This functor
has a left adjoint. This left adjoint, constructed in [?], is the free functor from Cat; to Cat,,
and we denote this functor by F ;.

2.2.5. The category of polygraphs. We define the category Pol,, of n-polygraphs and the free
Jfunctor F,, from Pol,, to Cat,, by induction on n. We define first Poly = Set and define F;, as
the identity functor. Let us assume then that Pol,, and F;, are defined for some n. We define
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then Pol,, . ; by the following pullback diagram:

Us?,
Pol,, Grph,
_|
uy Us
Pol, Cat, Grph,
Fa Un

To define Fy,1, we set first 7 ; the unique functor making the following diagram commutative:

P01n+1

Pol,,

The functor F;,; is then the composition

fTFl,+1 '7:W

n n+1
Poln+] Catn

Cath

Given an n-polygraph X, we call free n-category on ¥~ the n-category JF,(Z). We denote by L*
this n-category.

For n > 0, an n-polygraph can be defined as a data of an (n— 1)-polygraph IT and a globular
extension of 1. For all n-polygraph £ and all 0 < k < n, we will denote by L, the set of k-cells
of .

We now consider X an n-polygraph with n > 0 for the rest of this section.

2.2.6. Example. A 3-polygraph is a data made of a generating set of 0-cells, 1-cells and 2-cells
of a free 2-category and a globular extension of this 2-category. A set made of only one O-cell,
one 1-cell and two 2-cells represented by:

M, U
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2.2. POLYGRAPHS

generates a free 2-category. Let C be this free 2-category. We denote the 2-cells by planar
diagrams with an upper boundary and a lower boundary. The upper boundary corresponds to the
1-source of the 2-cell and the lower boundary corresponds to its 1-target. The O-composition is
represented by the horizontal concatenation and the 1-composition is represented by the vertical
concatenation. An example of globular extension of C is given by the 3-cell

O= 0

2.2.7. Rewriting steps. A rewriting step of L is an n-cell of the n-category 2* of the form

Wy Hng -+ (Uno1 %0 X ko Uy ) - -+ Hn2 Upn—2

where « is an n-cell of £ and u; isan (n — 1)-cell of Z* for 0 < i < 2n — 2.

2.2.8. Interpretation of n-polygraphs as rewriting systems. The rewriting system defined
by X is the abstract rewriting system (X' _;, —) where we have u — v if and only if there exists
a rewriting step from u to v. This abstract rewriting system will be confused with 2.

2.2.9. Remark. In the n-category X¥, any n-cell can be written as an (n — 1)-composition of

rewriting steps. So, the relation — of the system (Z*_;, —) is defined by u = v if and only if

n—1»
there exists an n-cell from utovin X}.

2.2.10. Branchings. A branching of L is a pair of n-cells of ¥ with the same (n — 1)-
source. A local branching of X is a pair of rewriting steps of L, with the same (n — 1)-
source. A branching («, 3) is said to be confluent if there exists two n-cells o’ and 3’ of I
such that & x, 1 «’ and 3 *,_; 3’ have the same (n — 1)-target. We then say that the n-
sphere (o *n_1 &’y B *xn_1 B’) is a confluence of (o, 3).

2.2.11. Branchings of an abstract rewriting system. An abstract rewriting system (S, —)
can be seen as a 1-polygraph whose O-cells are the elements of S and whose 1-cells have source x
and target y for each (x,y) in S x S such that x — y. The branchings of an abstract rewriting
system are then defined as its branchings when seen as a 1-polygraph.

2.2.12. Remark. As an abstract rewriting system, the n-polygraph X is (locally) confluent if
and only if all its (local) branchings are confluent.
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CHAPTER 2. REWRITING, POLYGRAPHS AND COHERENCE

2.2.13. Classification of local branchings. The local branchings of £ can be classified into
three families.

i) An aspherical branching of X is a local branching of £ made of two identical rewriting

steps.
g

u

S

ii) A Peiffer branching is a local branching of X of the form (o *, , v, u*,, > 3) where u
and v are (n — 1)-cells and « and 3 are rewriting steps.

XHrn 2V u 4y oV
UAkxn_2V

/
U A2 WUkn 2V

iii) An overlapping branching is a local branching of X which is neither aspherical nor Peiffer.

Let C be the order relation on X} _, defined by u C v if there exists an integer 0 < k <n—2
and an (n — 1)-cell w of X}, such that uxx w C v or w x, uw C v. A critical branching, or
critical pair, of L is an overlapping branching of X of source u such that no (n — 1)-cell v
of L7, verifying v C u is the source of an overlapping branching.

2.2.14. Lemma [?, 4.1.5.] (Critical pairs Lemma). An n-polygraph X is locally confluent if
and only if all critical branchings of X are confluent.

Proof. If ¥ is locally confluent, then the critical branchings of £ are confluent. Let us now
assume that all critical branchings of £ are confluent and let (, 3) be a local branching of X.

If (o, 3) is an aspherical branching, we have sp_1(xxn—1 15 () = Sn_1(B *n-1 15, 1(8))-
The branching («, 3) is then confluent.

If («, ) is a Peiffer branching, we can assume without loss of generality that there exists two
rewriting steps o’ and 3" and two (n—1)-cells wand v such that « = &'*,_;vand B = ux, 2p’.
We have then (o' %, 2 V) *n1 (WHkn 2 B) = o' %2 B/ = (WHkn 2 B') *n1 (&' *n_2 V). The
branching («, 3) is then confluent.

If (o, ) is an overlapping branching, there exists a critical branching (o', 3’) and two
families (W )xepr ong and (Vi)xepi,ong of (n — 1)-cells of X such that

0= Uy *n_ (Ug Hn_p (- Uy %o o’ %o Un) * -+ Hn_2 Wan—1) *n_1 Udn,
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B =1y *n_1 (UzHn2 (+ Uy x0 B’ %0 Un) *** Hn2 Uzn—1) *n—1 Upp.

Let «” and 3” be two n-cells of X such that t, (&’ *xn_1 &”) =t (B *n_1 B”). We have
then

Tt (W Ay (U2 *n (- U %o o’ %0 Up )« +* kn—2 Un—1) *n—1 Uzn)
=t (W *no1 (U Hpg (- U %o B" *0 Un )+ *n—2 Uan—1) *n_1 Upn).

Thus, the branching («, ) is confluent. This proves that £ is locally confluent. ]

2.3. COHERENCE

In this section, we define the notion of coherence which will be used in Chapter 3. This notion is
based on (1, p)-polygraphs.

2.3.1. (n,p)-categories. Let p < n. An (n,p)-category is an n-category having all its k-
cells invertible for any k > p. The category of (n,p)-categories will be denoted by Cat,, ,,.
The forgetful functor from Cat,, , to Grph, will be denoted by U, ,. The category Cat]:’]D
of (n,p)-categories with a globular extension will be defined by the following pullback diagram:

Cat) Grph, .,
Cat, Grph,

Un,

The free functor from Catj{’]D to Cat,, ,,, restriction of the functor ]—"T‘l"jr] , will finally be denoted
by FW

n+l,p*

2.3.2. (n,p)-polygraphs. We define the category Pol,,,, of (1n,p)-polygraphs and the free
functor f,,, from Pol, to Cat, by induction on n > p. We define first Pol,,, = Pol, and
Fun = Fn. Let us now assume that Pol,, , and F,, , are defined for a certain pair of oriented

33



CHAPTER 2. REWRITING, POLYGRAPHS AND COHERENCE

integers (n,p) verifying n > p. We define then Pol,, ,, by the following pullback diagram:

U GP
n+1,p
P01n+1 P Grpthr]
_l
P
Unp uy
Pol,,, —— Cat, , Grph,,

mp un\p

To define Fy .1, we set first F
tive:

+1,p the unique functor making the following diagram commuta-

POln+1 P

P
Unyp

Pol,, ,

mnp mp

The functor F,, .1, is then the composition

F FY

n+1,p i n+1,p
Pol, ., Catn’p Cat,

Given an (n, p)-polygraph Z, we call free (n, p)-category over L the (n,p)-category Fn,(Z).
The functor F,  is called the free functor from Pol,, , to Cat,, ,. The fact that this functor is
free is proven in [?]. We denote by £ this (n, p)-category.

Forn > p, an (n, p)-polygraph can be defined as a data made of an (n — 1, p)-polygraph TT
and a globular extension of TT. Any (n, p)-polygraph is in particulier an n-polygraph.

We now fix C an n-category for the rest of this section.

2.3.3. Homotopy bases. A homotopy basis of C is a globular extension I" of C such that for
any ordered pair («, 3) of parallel n-cells of C, there exists an (n + 1)-cell from o to 3 in the
free (n + 1)-category over (C,T).
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2.3.4. Presentation of an n-category. Let £ be an (n 4 1)-polygraph. We say that X is a
presentation of C, or that X presents C, if the quotient of the n-category X by the globular
extension X, is isomorphic to C, by this, we mean the quotient of the set X} by the equivalence
relation spanned by X, ;.

2.3.5. Coherent presentation of an n-category. Let X be an (n + 2, n)-polygraph. We say
that X is a coherent presentation of C, if the underlying (n + 1)-polygraph of  presents C and
the globular extension L., is a homotopy basis of the (n + 1,n)-category I\ ;.

2.3.6. Squier’completion. Let X be an (n + 1)-polygraph. A Squier’s completion of X is
an (n + 2, n)-polygraph S(X) defined by

— &S(X) has the same k-cells than X for0 < k <n+1,

— for each critical branching («, 3) of X, there exists a unique confluence (o, o’y 3 %, ')
of (a, ) and a unique (n + 2)-cell A from & x,, &’ to 3 x, ' such that A € L 5.

We recall Squier’s Theorem for (n + 1)-polygraphs.

2.3.7. Theorem [?, Theorem 5.2]. Let ¥ be an (n+ 1)-convergent polygraph presenting an n-
category C. Let S(X) be a Squier’s completion of C. The (n + 2,n)-polygraph S(XL) is then a
coherent presentation of C.

Proof. We prove this theorem in three steps.
Step 1. Let («,3) be a local branching of £. We prove that there exists a confluence
(0t *n &'y B xn B') of (&, B) such that S(X) " contains an (1. 4 2)-cell from ot %, o’ to B %y B’

If (o, B) is an aspherical branching, the branching («, 3) is an n-sphere and the wanted
(n + 2)-cell is an identity.

If (o, B) is a Peiffer branching, we can write (&, 3) = (¢’ *n_1 vV, W, 1 ') where w and v
are n-cells and « and {3 are rewriting steps. The n-sphere (&' *, 1 B, &’ *,_1 B’) is then a
confluence of («, 3) and the wanted (n + 2)-cell is an identity.

If («, 3) is an overlapping branching, we can write

!
0= Uy *n_1 (Ug Hn_p (- Uy Ko & ko Up1) -+ k1 Un1) Hn Uon,

B =1y Hn_g (U Hn_2 (- Un %o ﬁ/ *0 Un1) * - %1 Uzni1) *n_1 Un

where (', ') is a critical branching. Let (&' *, &”, B’ %, B”) be the confluence of (', 3’)
such that the (n + 2, n)-polygraph S(X) contains an (n + 2)-cell A from o’ *, &” to B/ *, "
or from B’ x, " to &’ x, &”. The (n + 2)-cell

W ko1 (U2 An—2 (- Un %0 A ko Untt) -+ %1 Uzna1) *n_i Uz
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or
Wy 1 (U2 xn2 (- U ko A *0 Ung1) =+ %1 Upng) *n_1 Uzn
is thus an (n + 2)-cell from « to B in S(X)".
Step 2. Let («, ) be an (1 + 1)-sphere of £". We prove by noetherian induction that there
exists an (n + 2)-cell from « to 3. If the source of («, 3) is a normal form, we have o« = 3 and
the wanted (n + 2) cell is an identity. If the source of («, 3) is not a normal form and that &
and {3 are not identities, we can consider two decompositions &« = 1 *, &’ and B = 1 *,, B’
where o and (37 are rewriting steps. By step 1, there exists then a confluence (o x,, &2, 31 *n 32)
of (o7, B1) such that S(£) " contains an (n + 2)-cell A from o¢; *n &2 to B1 *n 2. Let u be
the target of (o %, &z, B1 *n 2) and 1’ be the target of («, ). Let U be the common normal
form of uand u’. Let y be an (n + 1)-cell from u to  and 'y’ be an (n + 1)-cell of 1’ to .
By induction hypothesis, S(X)" contains an (n + 2)-cell B’ from o *, ¥’ to &, %, y and
an (n + 2)-cell C’ from B, , Y to B’ x, y’'. Let us pose B = B’ %, vy~ " and C = C’ 5, y'~".
The (n 4 2)-cell () %5 B) *ns1 (A *n¥'™"') *ns1 (B1#n C) of S(Z) 7 is thus an (n + 2)-cell of
source o and of target [3.
Step 3. Let (, ) be an (n + 1)-sphere of S(X)". We prove that there exists an (n + 2)-cell
from « to 3. On can write for a certain odd integer k

0= O oy 0 |y ==+ ey O K Oy
0 o
B:f”*nf’z *n"'*nﬁk_1*nf’k

where o and B; are (1. + 1)-cells, possibly identities, of ZT for tout 0 < i < k. By convergence
of X, there exists a normal form u of £ and a family (07 )icpi k417 of (n + 1)-cells of £* such that

— sn(0y) = sp(o) for for all odd i of [1,k + 1],
— sn(0i) =ty (o) for for all even i of 1,k + 1],
— tn(oxs1) =ufortoutie [1,k+ 1].
By step 2, S(X) " contains a family (A;)ip1g of (n + 2)-cells of S(X) " such that

— Snt1(Ai) = o for for all odd i of 1,k + 1],
— sni1(Ay) = ocf for for all even 1 of [[1,k + 1],
— t(Ay) = 0y % 0;21 for touti € [[1,k + 1].

The COl’IlpOSitiOl’l
A_—(A *n ]* R < )* "'((T* (Y]* A)
1 X, n n &) *n41 17 n YUy *n Nk

is then an (n + 2)-cell from « to o7 *, 0'1;11. Moreover, the convergence of X implies the
existence of a family (vi)icpi k17 of (n + 1)-cells of £* such that
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— Y1 =07 and Vi1 = Oy,
— Sn(vi) = sn(PBy) for for all odd i of [1,k + 1],
— sn(vi) = tn(Pi) for for all even i of 1,k + 1],
— ta(yks1) =ufortoutie 1,k + 1].
By step 2, S(X) " contains a family (B; )i of (n 4 2)-cells of S(X) " such that
— $nt1(Bi) = vi*n Yi_+11 for touti € [[1,k + 1],
— tu1(By) = By for for all odd i of 1,k + 1],
— tn1(Bs) = By for for all even i of [1,k + 1].

The composition

B = (B1 *n Y2 *n Yl:-:-]) Kngl cce (B] *n [52_1 *n otttk 5[11 *n Bk)

is then an (n + 2)-cell of 07 *, (rlj}r] to 3. The (n + 2,n)-category S(Z)' contains then
the (n + 2)-cell A %, 1 B from « to 3. This concludes the proof. [
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Chapter

Higher-dimensional linear rewriting

As seen in Chapter 2, the structure of polygraph is a model for higher-dimensional rewriting.
This model can be used to study the relations in a higher-dimensional category. The rewriting
paths arising from an (n + 1)-polygraph are the (n + 1)-cells of a free (n + 1)-category. The
congruences arising from an (n + 1)-polygraph are the (n 4 1)-cells of a free (n + 1,n — 1)-
category. Those higher-dimensional cells give us relations between relations, also called syzygies,
and are used to compute coherent presentations of higher-dimensional categories. A coherent
presentation of a monoid is the first step to construct a resolution of this monoid. Finding a linear
structure for polygraphs would enable us to find polygraphic resolutions for algebras.

A linear version of 2-polygraphs was defined in [?]. In this chapter, we present the notion
of linear polygraph we introduced in [?], which is slightly more general than the one in [?].
Adding a linear structure to polygraphs creates multiple rewriting problems which do not appear
in the set-theoretic setting. First, rewriting steps of linear polygraphs are only defined when
the sources of the rewriting rules are monomial. The local branchings of linear polygraphs are
also more complex. They belong to four families: aspherical branchings, Peiffer branchings,
additive branchings and overlapping branchings. Contrarily to the set-theoretical case, local
branchings other than overlapping branchings are not always confluent. As a consequence, as
pointed out in [?] the critical pairs Lemma for linear polygraphs needs more conditions than in
the set-theoretical case.

Plan of Chapter. We begin in Section ?? by defining linear (n,p)-categories. Then, we
introduce linear (n, p)-polygraphs. The main rewriting properties of linear (n, p)-polygraphs
are also given. Finally, in Section ??, we present a criterion allowing to give bases for the n-cells
spaces of an (1, n)-linear category using some linear (n + 1, n)-polygraphs.
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3.1. LINEAR POLYGRAPHS

3.1.1. Internal n-categories. Let C be a category with pullbacks. An n-category internal to C
is a data made of an n-graph in C

So N Sn—2 Sn—1
Go Gy e Gn1 Gn
to t th2 th

and an identity morphism x — 1, from G; to Gi for all i € [0,n — 1], and a composition
morphism *, of Gy xg, Gy for all k € [O,n] and 1 € [0,n — 1] such that the identity and
composition morphisms verify the axioms of n-category.

3.1.2. Linear (n,p)-categories. Let us fix k a commutative ring and let kMod be the category
of k-modules. We define the category LinCat,,, of linear (n,p)-categories by induction
onn = p.

The category LinCat,, , is the category of n-categories internal to kMod.

Let us assume that the category LinCat,, , is defined for two integers n and p verifyingn > p.
Then, an object of LinCat, ; is defined by a data made of a set Cy and

— for all a and b of C, a linear (n, p)-category C(a,b),
— for all a of Cy, an identity morphism i, from the terminal n-category I, to C(a, a),

— for all a, b and c in Cy, a composition morphism x*"¢ from C(a, b) x C(b, ¢) to C(a,c)
which is bilinear in each morphisms space of C(a, b) x C(b, c¢) internal to kMod.

such that

_ *a,c,d o (*a,b,c % idC(c,d)) — *a,b,d o (idC(a,b) % *b,c,d)’

— %9 o (i X ideqp)) © 181 = ide(ap) = *@P° 0 (ide(ap) X iq) © is; where is, and is,
respectively correspond to the canonical isomorphism from C(a,b) to I,, x C(a,b) and

from C(a,b) toC(a,b) x I,.

In particular, a linear (n + 1, p)-category has a structure of (n + 1)-category. A morphism
in LinCat, ; , is then an (n + 1)-functor which is linear in each internal part to kMod.
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The category LinCat,, ,, of linear (n, p)-categories with a globular extension is defined by
the following pullback diagram:

LinCat, , Grph,
LinCat, Grph,,

n,p

where L{fw is the forgetful functor from LinCat, , to Grph,,.

3.1.3. Notation. For p < k < n, if uis a k-cell of a linear (n,p)-category C and « is
a (k + 1)-cell of C, we denote by & + u the (n + 1)-cell & + 1.

3.1.4. Free construction of linear (n,p)-categories. Let us define the free functor Fy
from Cat, to LinCat, ;,. Let C be an n-category. We define first /7 ,(C) to be the linear (n, 0)-
category such that for any 0 < k < n, the module ]:Tﬁyo(C)k is the free module over Cy. Let us
now assume that p # 0. We define 3 (C) to be the linear (n, p)-category such that:

— forany 0 < k < p, the linear (n, p)-category 7 ,(C) has the same k-cells than C,

— for any parallel (p — T)-cells a and b of C and any p < k < n, the module ¢ ,(C)k(a, b)
is the free module over Cy(a, b).

The compositions of F; (C) are defined by:

— for any 0 < k < m, the compositions of k-cells of C remain unchanged,

— for any 0 < k < p, the composition xy is bilinear.

— for any parallel (p—1)-cells a and b of C, forany p < i < n, any i < j < n, any scalars A
and p, any i-composable j-cells f and f’ of Cj(a, b) and any i-composable j-cells g and g’
of Cj(a, b), we have

(M + pg) xi (A" + pg’) = AMfx ') + (g x g').

The composition #; is linear on Cj(a, b) x¢, Cj(a, b).
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Note that the compositions still verify the exchange relations. Indeed, for any 0 <i < p —1 and
any i <j < p—1, we have

(O A * (O mygy) % (D ALEL) % (D gl

xeX yey x/eX’ y’ey’

= ( Z Aty Ty *i Gy) %5 ( Z )\//uy’fx/ *i Qy /)
XEXYEY X'eX/y €Y’
xEX,yEY,x/eX/y’ ey’

= Z }\Xll«g)\;/}l;/(fx *j f)/(/) *i (gy *j g;')
xeX,yeYx’'eXy’ey’

= (O M) % () AL % (D mygy) % () wlig))

xeX x/eX’ yey y’ey’

Forany0 <i<p-—Tandanyp—1<j<n—1, wehave

(S At % (Y ) %5 (5 A % (3 myg))

xeX yey xeX yey
= () Amyfexig) s () Aufixg
xeX,yeY xeX,yeY
Z }\xlvl'y(fx *i gy) *j (f)lc *i gé)
xeX,yeyY
D Ay ks 1) i (gy % 9f)
xeX,yey
— (3 A 55 (T AED) % (3 wygy) %5 (Y 1))
xeX xeX yey yeYy

Foranyp—T<i<n—Tlandanyi<j<n-—1,wehave

(O At % (3 Ag)) %5 (O At w6 (3 Acgl))

xeX xeX xeX xeX
= (Z Ay %1 gx)) % (Z Ac(fy % gy))
xeX xeX
—ZA « %1 Gx) xj (Fy %1 gy)
xeX
= ((Z }\xfx) *j (Z Axf)lg)) *i ((Z }\xgx) *q (Z Axg;))
xeX xeX xeX xeX

The functor F; , extends all n-functors between n-categories by linearity into morphisms of
linear (n, p)-categories.
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3.1.5. Remark. Each linear (n,p)-category has a structure of (n,p)-category. Letp < k <n
and let  be a k-cell of a linear (n, p)-category C. The k-cell « is then invertible for the (k — 1)-
composition and its inverse is sy (o) + tx_1() — «.

3.1.6. Linear (1, p)-polygraphs. We define the category LinPol, ,, of linear (n, p)-polygraphs
and the free functor F ¢ from LinPol, , to LinCat, , by induction on n > p. We define
first LinPol,, , = Pol,, and F! _ as the composition of the functor F,, defined in ?? with the free
functor F. . from Cat,, to LlnCatn’n.

‘FTel,Tl Fﬁ)n
Cat,

LinPoln,n Lincatn,n

Let us assume then that LinPol,, , and F ¢ n,p are defined for an ordered pair of integers (n (n,p)
verifying n > p. We define then LinPol,, ; , by the following pullback diagram:

uGP(’,

. n+1,p
LinPol,, ., Grph,
_

P G
Uy Uy

LinPol, , ——LinCat,, ,,
¢
np P

Grph,,

To define F p» We set first Fr, ,» the unique functor making the following diagram commuta-
tive:
LinPol,
1" LinCat, , Grph,
np
LinPol, , e LinCat, Grph,,
n,p p
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The functor F¢ +1,p 1s then the composition
. v r]:+1,p . i F T\I/\J/rl,p .
LinPol,, LlnCatmp LinCat,

Given a linear (n, p)-polygraph X, we call free linear (n,p)-category over L the linear (n,p)-
category F, (X). We denote by Z° this linear (n, p)-category.

For n > p, a linear (n, p)-polygraph can be defined as a data made of an (n — 1, p)-linear
polygraph TT and a globular extension of T1°.

3.1.7. Remark. By Remark ??, any linear (1, p)-polygraph is also an (n, p)-polygraph.

3.1.8. Presentation of a linear (1, p)-category. Letn > p and let £ be a linear (n + 1,p)-
polygraph. We say that X is a presentation of a linear (n, p)-category C, or that X presents C, if
the quotient of the linear (1, p)-category L’ by the globular extension £, is isomorphic to C.

3.1.9. Coherent presentation of a linear (n,p)-category. Let n > p and let X be
an (n + 2,p)-linear polygraph. We say that X is a coherent presentation of C if the under-
lying linear (n + 1, p)-polygraph to I presents C and the globular extension X, , is a homotopy
basis of the linear (n + 1,p)-category ¢ ..

3.2. REWRITING PROPERTIES OF LINEAR POLYGRAPHS

For the rest of this section, n will be a non negative integer and £ a linear (n 4 1, n)-polygraph.

3.2.1. Monomials. A monomial of * is an n-cell of the (n + 1)-category L*. We say that L is
left-monomial if all (n + 1)-cells of the linear (n + T, n)-polygraph X have a monomial source.

3.2.2. Remark. Any n-cell of £ has a unique decomposition as a linear combination of
monomials.
For the rest of this section, we assume that X is left-monomial.

3.2.3. Rewriting steps of a linear (n + 1, n)-polygraph. A rewriting step of Zisan (n+ 1)-
cell of £* of the form

AU A - (U ko ko Unq) -+ - *n1 Upn + R

where A is a non zero scalar, « is an (n + 1)-cell of £, u; is a monomial of X for T < i < 2n
and h is an n-cell of £ such that 1y %, - - - (Un *o & %0 Unp1) - - - %n_1 Uzn does not appear in
the monomial decomposition of h.
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3.2.4. Local branchings of a linear (n + 1, )-polygraph. The local branchings of X can be
classified into five families.

i) An aspherical branching of X is a local branching of £ made of two identical rewriting

steps.
S

u

.

ii) A Peiffer branching is a local branching of X of the form (& x, v+ h,u*, 1 +h)
where 1 and v are monomials, oc and 3 are rewriting steps and h is an n-cell of Z‘.

VR S v

Ux, 1 V+h

Mu*nq v +h

iii) An additive branching of Z is a local branching of ~ of the form (& + v, u + ) where
and {3 are rewriting steps and u and v are n-cells of ‘.

%u’—kv

u+v+h

u+ u+v'

iv) An overlapping branching is a local branching of £ which is not aspherical, Peiffer or
additive.

Let C be the order relation on the monomials of £ defined in ??. A critical branching, or
critical pair, of X is an overlapping branching of ¥ with a monomial source u such that no
monomial v of X verifying v C u is source of an overlapping branching.

3.2.5. Elementary (n + 1)-cells. An (n + 1)-cell of £' is said to be elementary if it is of the
form

AU k- (U ko ko Unq) -+ - *p1 Upn + R

where A is a non zero scalar, o« is an (n + 1)-cell of X, u; is a monomial of Z for T <1 < 2n
and h is an n-cell of X*.
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3.2.6. Lemma. Let  an elementary (n + 1)-cell of £‘. Then, there exist two (1. + 1)-cells 3
and y of Z' such that o = 3 %, Y~ " and 3 and y are either identities or rewriting steps.

Proof. Let us write « = &’ + w where «’ is a rewriting step from an n-cell u to an n-cell v
and w is an n-cell. Let us write w = Au + h where v does not appear in the monomial
decomposition of h. Then, (A + 1)u + h rewrites into (A + 1)v + h by a rewriting step
if (A+1)u+h # (A+ 1)v+ h. Moreover, u + v rewrites into (A + 1)u + h by a rewriting
stepifu+v# A+ 1)u+h. ]

3.2.7. Rewrite orders. The rewrite order of the linear (n+1, n)-polygraph I is the relation <5
on L! defined by

— if w and v are monomials, then v <5 W is W = Vv or u rewrites into v,

— if for any monomial y of v not appearing in u, there is a monomial x of u not appearing
in v such thaty <5 x, thenv <5 u.

The strict rewrite order of L is the strict order relation <y on ! defined by v <5 wu if we
have v <5y u but not u <5 v.

3.2.8. Remark. The relation <y is not necessarily an order relation. In particular if two
distinct n-cells of * rewrite into each other, the antisymmetry is not satisfied.

3.2.9. Exponentiation freedom. We say that X is (scalar) exponentiation free if no mono-
mial m of £* can be rewritten into Am + f for some scalar A other than O or 1 and some non
zero n-cell f which does not contain m in its monomial decomposition. Note that if X is
quasi-terminating, exponentiation freedom is equivalent to the fact that for every monomial m
rewriting into a n-cell f containing m in its monomial decomposition, we have f = m. With the
terminology of Dershowitz, see [?, Definition 2., Definition 3.], the conjunction of exponentiation
freedom and quasi-termination means that in the associated rewriting system, all loops are cycles.

The following lemma is needed to prove the critical pairs Lemma for linear polygraph. Note
that there is a gap in [?] which does not make use of this lemma. Indeed, exponentiation freedom
hypothesis is not mentioned although it is necessary.

3.2.10. Lemma. Let X be a quasi-terminating exponentiation free left-monomial linear poly-
graph. All additive branchings of X are confluent.

Proof. Let « be a rewriting step of monomial source u, 3 be a rewriting step of monomial
source v, A and p non zero scalars and h a n-cell of ¥ which does not contain w or v in its
monomial decomposition. Let us denote a = t;(«) and b = t;(3). We prove that the additive
branching (Ax + puv + hy, Au + pf + h) is confluent by considering four cases.
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Case 1. If u does not appear in the monomial decomposition of b and v does not appear in the
monomial decomposition of a, the 2-cells Aa + puf3 + h and Ax + pb + h are rewriting steps
and make the branching (Ax + pv + hyAu + pfp + h) confluent.

MR h e da g+

AL+ pupuv+h Aa+pb+h

mxuﬂwm X+ ub+h

Case 2. If u appears in the monomial decomposition of b and v does not appear in the monomial
decomposition of a, we consider the n-cell f and the scalar 'y such that ub + Au = yu+fand u
does not appear in the monomial decomposition of f. If y = 0, the n-cell Aa + pv + h rewrites
into f + h, using the rewriting step Aa + pf3 + h.

A+ uv+h AMa—u)+f+h

TR e T

Else, Aa + puv + h rewrites into Aa + (y — A)u + f + h, which rewrites into ya + f + h
and yu+ f + h rewrites into ya + f + h. This makes the branching (Acc+ puv+h, Au+ up +h)
confluent.

Aa—yka—f—u\)—f—h:}?\a-ﬁ- (Y-)\)l*—f—f
AL+ uv+h

A+ pup FRYu+f+h

Case 3. If u does not appear in the monomial decomposition of b and v appears in the monomial
decomposition of a, we are in a case symmetric to Case 2.

Case 4. If u appears in the monomial decomposition of b and v appears in the monomial
decomposition of a, we can write

h
Y—Aa+f+h
ya+f+h

x+up+h

a:Yuu+va+f)

b=ocu+o,v+g
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where f and g are n-cells which do not contain u or v in their monomial decompositions, v,
and o, are non zero scalars, and 'y, and o, are scalars in {0, 1} because X is exponentiation free.

Because X is quasi-terminating, we also have y,, = 0, = 0. By quasi-termination hypothesis,
we also have f = g = 0. This implies y, = o, = 1. Thus, we have

a=v,

b=1u.

The targets of the branching (Ax+ puv+h, Au+ pf +h) are thus (A+ p)u-+hand (A4 p)v+h.
Then, the banching (A 4+ puv + hy Au + pp + h) is confluent because u rewrites into v.

%(AJru)wh

A+ pv+h j)(?\-FH)(X-Fh
Au+ up F A+uv+h
This concludes the proof. L]
In this way, we prove the following theorem by well-founded induction on the order <y.
3.2.11. Example. Let us give an example of quasi-terminating left-monomial linear (2, 2)-

polygraph which is not locally confluent. By Lemma ??, such a linear (2, 2)-polygraph is not
exponentiation free. Let us consider the left-monomial linear (2, 2)-polygraph £ with

— only O-cell and two 1-cells x and y,
— two 2-cellsx = yandy = —x.

It has a non confluent local branching of source x 4+ y. Indeed, the 2-cell x + y rewrites both
into 0 and 2y and 2y does not rewrite into 0. Because of the rewriting sequence

X =Yy =X
the linear (2, 2)-polygraph X does not satisfy the conditions of Lemma ??.
3.2.12. Theorem. Let X be a quasi-terminating exponentiation free left-monomial linear poly-
graph. If all critical branchings of X are confluent, all local branchings of X are confluent.

Proof. By Lemma ??, all additive branchings of X are confluent. Because aspherical branchings
are always confluent, all that remains to prove is that Peiffer and overlapping branchings of X
are confluent. Let (&, 3) be a branching of X that is aspherical or Peiffer. We proceed by
well-founded induction on the order <.
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If («, 3) is an overlapping branching, we can write f = Au+h where u is a monomial which
is the source of an overlapping branching (o, 3’) and A is a nonzero scalar. The overlapping
branching can be («, 3) written (Ax’ +h, A’ +h) where (Ax’, A’) is confluent by hypothesis
to a common target g. If t,(Ax’) = t,(AR’) or if we do not have f <z g + h, we have
either t,(Ax’) <5z to(AR’) + hor t,(AR’) + h <r to(Ax’) + h, and the overlapping branching
is confluent. Else, because <y is well-founded, there is a monomial m of t,(Aa’) — t,(AR’)
such that:

— m can be rewritten into a linear combination of the others monomials of t, (Ax')—t.(AR'),
— m only appears in t, (Ax) or t;(f3).

This makes all overlapping branchings confluent.

If (o, ) is a Peiffer branching, we can write f = Auw*,_; v+ h with u and v two monomials.
Let o’ and 3’ be the rewriting steps such that « = A’ %, ;v+hand f = Aux, 1 '+h. If we
do not have At, (') *n_1v+h <5 for Aux,_1t (B’)+h <;s f, then At, (') *n_1 v+ h rewrites
into f or Au x, 1 t, (") + h rewrites into f because X is quasi-terminating and exponentiation
free. Let us now assume without that At, (') x,_1 v+ h <5 fand Au,_; t.(B’) + h <z f.
Then, we have a confluence diagram of the form

AMo(a) *p 1 v+h
/ od v * /;# \
/o>

f Atn((xl) Fn— 1t

\Au*n_1 ta(B) +h x) /

where the (n+1)-cells y and o are elementary, the two (n+1)-cells of sources At, (') %, 1v+h
and Auw +,_1 t,(B’) + h are rewriting steps and the others (n + 1)-cells are compositions of
rewriting steps. The branching of source At,(«’) x,_1 to(B’) + h is confluent by induction
hypothesis.

This makes the branching (, 3) confluent and concludes the last case of local branching. [

3.3. BASES IN HIGHER-DIMENSIONAL LINEAR CATEGORIES

In this section, we set 1 > 0 . Given an (n, n)-linear category C, we study the question of how
to explicit a basis for each n-cells module of C. In particular, from a presentation C, we want to
compute a basis for the module C,,(u, v) for any parallel (n — 1)-cells u and v. We give a result,
Theorem ?7?, using rewriting to exhibit such bases. This result is proved using the following
lemma.
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3.3.1. Lemma [?, Lemma 4.2.14.]. Let X be a left-monomial linear (n + 1,n)-polygraph
presenting an (n, n)-linear category C. Let us assume that * is confluent. Then, for all paral-
lel (n—1)-cells wand v of C, the linear map sending each element of ¢ (11,V) on its equivalence
class in C,, (1, v) has for kernel the submodule of Z{ (11, v) made of the n-cells having 0 as a
normal form.

Proof. Let T be the canonical surjection of £ (u,v) into C, (u,v). If an element of £ (u,V)
rewrites into 0, then this element has the same equivalence class as 0 and is in Ker(t). Let
now A be an element of Ker(t). Because 0 is a normal form and Church-Rosser’s property is
equivalent to confluence, A rewrites into 0. This concludes the proof. 0

3.3.2. Theorem [?, Proposition 4.2.15.]. Let X a be left-monomial linear (n+ 1, n)-polygraph
presenting an (n, n)-linear category C. Let us assume that X is confluent and normalizing. Then,
for all parallel (n — 1)-cells w and v of C, a basis of C,,(u, V) is given by the set of equivalence
classes of monomials in normal form of ¢ (u,v).

Proof. Let T be the canonical surjection of £ (u,v) into C,(u,v). All elements of £ (u,v)
have a normal form because X is normalizing. Then, the image of the set of monomials in normal
form of ¢ (1, V) by T is a generating family. The confluence of £ allows us to use Lemma ?? to
conclude that this family is free. [
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Chapter

Completion of higher-dimensional
polygraphs

As we have seen in chapter 2, higher-dimensional categories can be presented by generators
and relations using the structure of polygraphs, and rewriting is a tool to study those presenta-
tions. When a polygraph presenting a higher-dimensional category satisfies properties such that
termination and confluence, we can use results like Squier’s Theorem to compute a coherent
presentation or Theorem ?? to compute bases. Given a higher-dimensional category presented
by generators and relations, one problem is the computation of a confluent presentation of this
higher-dimensional category. Given a non confluent polygraph, this problem can be solved by
constructing a Tietze-equivalent confluent polygraph. This can be done by adding cells to a
polygraph.

In this chapter, we present a completion method for higher-dimensional categories. A
completion procedure is a procedure adding generators and rewriting rules to a presentation
to obtain a presentation of the same structure. The redundant generators and rules we add are
expected to give us a confluent rewriting system. A general procedure to find a convergent, a
fortiori confluent, rewriting system given an equational presentation has been introduced by
Knuth and Bendix in [?]. In the case of n-categories, Knuth-Bendix’s procedure is applied
to (n + 1)-polygraphs. Given X an (n + 1)-polygraph, Knuth-Bendix’s procedure applied to &
uses an order on the set of n-cells of X* which is compatible with the rewrite relation. The
procedure is based on the critical pairs Lemma and adds (n+-1)-cells to an (n+1)-polygraph. For
each non confluent critical pair leading to two chosen normal forms w and v, we add an (n + 1)-
cell fromutovifv < uwor fromvtouifu < v. Knuth-Bendix’s procedure and either terminates
in the case where all critical pairs are made confluent, creates an infinite increasing sequence
of (n + 1)-polygraphs or fails. In the first two cases, we obtain a convergent (n + 1)-polygraph
in a finite or infinite number of steps. The procedure fails when we encounter two n-cells which
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cannot be compared. If the order we use is total, we call it a total termination order.

Note that to effectively apply Knuth-Bendix’s procedure, one must be able to compute the
set of critical pairs of the (n + 1)-polygraph X. If X is a finite 2-polygraphs, this can be done
algorithmically by enumerating all the 2-cells of X. The set of critical pairs is always finite in this
case. However, there is no known algorithm to compute this set in the case of (n+ 1)-polygraphs
if n > 2. Even in the case of finite 3-polygraphs, the set of critical pairs can be infinite, see [?].

Knuth-Bendix completion procedure for (n 4 1)-polygraphs gives a convergent (n + 1)-
polygraph from an (n + 1)-polygraph with a total termination order, meaning the procedure does
not fail if a total termination order is used, see [?]. Not all terminating (n + 1)-polygraphs have
a total termination order. This raises the problem of finding another completion procedure. For
finite terminating (n + 1)-polygraphs, we introduce a completion procedure, the generalized
Knuth-Bendix’s procedure which gives us local confluence.

Plan of Chapter. We will recall first in Section ?? the notion of total termination order and give
an example of 3-polygraph which does not admit such an order. We also recall Knuth-Bendix’s
procedure for polygraphs. Then, in Section ?? we introduce quasi-termination orders, they
are generalizations of total termination orders to all terminating (n + 1)-polygraphs. Next,
we introduce the generalized Knuth-Bendix’s procedure. We prove this procedure produces a
locally confluent (n + 1)-polygraph when it does not fail. Moreover, we give a criterion on the
used quasi-termination order guaranteeing the procedure does not fail. We discuss after when
the produced locally confluent (n + 1)-polygraph is confluent. We finally give a criterion to
guarantee confluence.

4.1. KNUTH-BENDIX’S PROCEDURE FOR POLYGRAPHS

Suppose 1 > 1. We set X a finite (. + 1)-polygraph. In this section, we recall Knuth-Bendix’s
procedure for polygraphs. This procedure takes the set of critical pairs of the (n + 1)-polygraph
as an input. Computing this set is not part of the procedure. In the case of 2-polygraphs,
algorithms are known to compute the critical pairs. If n > 2, we do not know general algorithms
to compute the set of critical pairs of X, even if this set can be given in the cases we will study.

4.1.1. Total termination orders. A rotal termination order on the (n + 1)-polygraph L is a
strict order relation < on X}, such that:

*

i) for each parallel (n — T)-cells uw and v of L}_,,

well-founded total order,

the restriction of < to X’ (u,v) is a

ii) for any n-cells f and g of X such that g rewrites into f, we have f < g,
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iii) for any parallel n-cells f and g such that f < g, for every integer 0 < i < m and
every n-cell h such that f x; h is defined, we have f x; h < g% h,

iv) for any parallel n-cells f and g such that f < g, for every integer 0 < 1 < n and
every n-cell h such that h ; f is defined, we have h x; f < h x; g.

Even if the (n + 1)-polygraph X is terminating, it does not always have a total termination
order.

4.1.2. Example. Let 2., be the 3-polygraph with only one O-cell, one 1-cell and two 2-cells
represented by:

M, U

If there is a total termination order < on X.,, we have one of the following inequalities:
O<0| o« O]<|O

Let us assume that the first inequality is true, the other case being symmetric. Then, we have:

o|<CM-1M9<|c

which contradicts the existence of a total termination order X., because a total termination order
is strict.

Knuth-Bendix’s procedure [?] is a completion procedure used in term rewriting to com-
plete non confluent terminating term rewriting systems into convergent ones. We present the
application of this procedure for (n 4 1)-polygraphs.

4.1.3. Knuth-Bendix’s procedure for (n + 1)-polygraphs. We give on the set X} a well-
founded order < compatible with the rewrite relation, that is for all n-cells f and g such that g
rewrites into f, we have f < g. Knuth-Bendix’s procedure can then complete the (n + 1)-
polygraph X into a convergent (n + 1)-polygraph KB(Z) or fail. Knuth-Bendix’s procedure is
defined as follows

Input: ¥ a terminating (n + 1)-polygraph
Attribute to CP the set of non confluent critical branchings of X
Attribute to KB(X) the (n + 1)-polygraph
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while CP # & do
Choose («, 3) in CP where « is a rewriting step with target a and f3 is a rewriting step with
target b
Attribute to A the set {a’ € X*|a rewrites into a'}
Choose in A a minimal element u, with respect to <
Attribute to B the set {b’ € L’ [b rewrites into b’}
Choose in B a minimal element ug with respect to <
if u, < ug then
Add to KB(XZ) an (n + 1)-cell from ug to uy
end if
if ug < u, then
Add to KB(Z) an (n + 1)-cell from u, to ug
end if
if we do not have u, < ug or ug < u, then
Return "Fail"
end if
Attribute to CP the set of non confluent critical branchings of KB(X)
end while
Return KB(X)

The minimal elements for A and B exist because < is well-founded. More precisely, by u,
minimal, we mean no element a’ of A verifies a’ < u,. This procedure is indeed a completion
procedure of the critical branchings because a rewrites into 1, and b rewrites into ug. We also
remark u, and ug are normal forms because X is terminating. Comparing u, and ug and adding
an (n + 1)-cell from the greatest of those n-cells to the lowest has for goal to keep termination
and ensure convergence of the obtained (n + 1)-polygraph.

4.1.4. Correctness of the Knuth-Bendix’s procedure. To guarantee that Knuth-Bendix’s
procedure does not fail, < must be a total termination order, see [?]. What remains to prove is
that KB(X) is confluent if < is a total termination order.

If Knuth-Bendix’s procedure ends in a finite number of steps, then all critical branchings
of KB(X) are confluent, which implies that KB(X) is locally confluent by the critical pairs
Lemma, and confluent by Newman’s Lemma.

4.2. GENERALIZED KNUTH-BENDIX’S PROCEDURE

4.2.1. Quasi-termination orders. A quasi-termination order on an (n + 1)-polygraph X is a
strict order relation < on X} such that:
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i) for each parallel (n — T)-cells u and v of L} _,, the restriction of < to X’ (u,v) is a
well-founded order,

ii) for any n-cells f and g of 2}, such that g rewrites into f and f does not rewrite into g, we
have f < g,

iii) for any parallel n-cells f and g such that f < g, for every integer 0 < i1 < n and
every n-cell h such that f x; h is defined, we do not have g x; h < f %; h,

iv) for any parallel n-cells f and g such that f < g, for every integer 0 < 1 < n and
every n-cell h such that h x; f is defined, we do not have h x; g < h x; f.

A quasi-termination order can also be defined as a strict order contained into a well-founded
quasi-order compatible with the rewrite relation, see [?]. We say the order < is maximal if for
every congruent n-cells f and g of X7 relatively to 2,1, one of the following properties holds:

— f=<g,
— g=<f,

— there is no quasi-termination order <’ on X such that f <’ gor g <’ f.

4.2.2. Generalized Knuth-Bendix’s procedure for (n + 1)-polygraphs. We give on the
set X7 a quasi-termination order <. Generalized Knuth-Bendix’s procedure is defined by
the same procedure as Knuth-Bendix’s procedure where the termination order is replaced by
the quasi-termination order <. Like in the case of Knuth-Bendix’s procedure, we note that the
minimal elements for A and B exist because < is well-founded.

4.2.3. Proposition. Let X be an (n + 1)-polygraph and let < be a maximal quasi-termination
order on X. Then, the application of the generalized Knuth-Bendix’s procedure on (X, <) does
not fail.

Proof. Let us assume that the generalized Knuth-Bendix’s procedure fails on (X, <). This
implies the existence of a branching of X leading to n-cells f and g of X such that:

— there is no n-cell f’ such that f’ < f and f rewrites into f’,
— there is no n-cell g’ such that g’ < g and f rewrites into g’,
— f does not rewrite into g,

— g does not rewrite into f,

35



CHAPTER 4. COMPLETION OF HIGHER-DIMENSIONAL POLYGRAPHS

— we have neither f < gnor g < f.

Because < is maximal, this implies no quasi-termination order <’ on X verifies f <’ gor g <’ f.
Let X’ be the union of the (n + 1)-polygraph £ and an (n + 1)-cell from f to g. So, f rewrites
into g relatively to X’. Besides, < is also a quasi-termination order on L’. And because we do
not have g < f, this implies the n-cells f and g rewrite into each other relatively to the (n. + 1)-
polygraph L’. Thus, we can rewrite g into f only by using (1.4 1)-cells of X% ;. This contradicts
the failure of the generalized Knuth-Bendix’s procedure. 0

4.2.4. Proposition. Let X be an (n + 1)-polygraph and < a maximal quasi-termination order
on X. Let us assume that for each congruent n-cells f and g of X such that f < g, the n-cell g
rewrites into f. Then, the (n + 1)-polygraph X is confluent.

Proof. Let («, ) be a branching of X such that t,(«x) = fand t,(f) =g. If f < gorg < f,
the branching («, 3) is confluent by hypothesis. If we do not have f < g or g < f, the n-cells f
and g rewrite into each other because < is maximal. We conclude that the branching (o, 3) is
confluent. ]
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Chapter

Coherence by decreasingness

Proving confluence of rewriting systems from their local confluence and some supplementary
conditions is a problem treated in [?]. We recall from chapter 2 that Newman’s Lemma states
that in a terminating rewriting system, local confluence and confluence are equivalent properties.
Some criteria drop the termination condition of Newman’s Lemma in favor of the properties
of the local branchings to prove confluence from local confluence. For example, an abstract
rewriting system in which all local branching are confluent by using only one rewriting step
is confluent. In 1994, inspired by an unpublished work of de Bruijn, see [?], van Ostroom
defined decreasingness [?], a criterion used to prove confluence from local confluence. Any
decreasing rewriting system is confluent. This result is stronger than Newman’s Lemma because
any terminating rewriting system is decreasing. Furthermore, decreasingness is a universal
criterion to decide confluence of countable rewriting systems. Indeed, any confluent countable
rewriting system is decreasing.

We recall from chapter 2 that Squier showed that there are finitely presented monoids with a
decidable word problem that cannot be presented by a finite convergent string rewriting system,
[?]. Beyond the questions of decidability of the word problem and of the existence of finite
convergent presentations, the graph-theoretical tools associated to convergent presentations of
monoids developped in [?] were applied to question of coherence problems for monoids such
that Artin monoids [?] or plactic monoids [?] and monoidal categories [?]. In particular, one of
the problems is to compute a coherent presentation of a monoid presented by a string rewriting
system. A method is given in [?] to solve this problem from a convergent string rewriting system.
However, in some situations it is difficult to get both confluence and termination on a finite set of
generators and a finite set of rules. This leads to the goal of weakening the Squier’s termination
condition to construct coherent presentations.
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Plan of Chapter. In this chapter, we present the applications of decreasingness, a property
defined by van Oostrom [?], to the construction of coherent presentations introduced in [?] using
quasi-termination. We begin in Section ?? by recalling the notion of decreasingness in abstract
rewriting. We also recall van Oostrom’s main result stating decreasingness implies confluence. In
Section ??, we introduce labelled polygraphs. Multiple notions of decreasing polygraphs follow.
We will present those notions. In Section ??, we generalize Squier’s Theorem to some confluent,
non terminating, polygraphs. Finally, in Section ??, we give a coherence result confluent, non
terminating, linear polygraphs.

5.1. DECREASINGNESS IN ABSTRACT REWRITING

5.1.1. Labellings. Let (S, —) be an abstract rewriting system. A labelling of (S, —) is a data
made of

— a partition of — indexed by a set W,

— a well-founded order < on W.

We call the data (S, —, W, <) a labelled rewriting system. We denote for each rewriting step f
a—b

the label of f by \(f).
We denote for each rewriting sequence f

Uy —m U — - — Uy

the set of labels of f by LW (f).

5.1.2. Distance. Let (S, —) be an abstract rewriting system. Let a and b be elements of S such
that a rewrites into b. The distance from a to b, denoted by d(a, b) is the length of the shortest
rewriting sequence from a to b.
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5.1. DECREASINGNESS IN ABSTRACT REWRITING

5.1.3. Decreasingness. A local branching of (S,—, W, <) is said to be decreasing (resp.
strictly decreasing) if there is a confluence diagram of the following form

f
f’ — ?
g " g !
g9 (resp. )
hy g ’
g/ f// hz

such that the following properties hold
— k < P(f), forall k in LW ("),
— k< 1(g), forall kin LV (g’),
— f” is an identity or a rewriting step labelled by 1 (f),
— g” is an identity or a rewriting step labelled by {(g),
— k=< YP(f)ork <P(g), forall kin LW (h;) U LY (h,).

Such a diagram is then called a decreasing confluence diagram (resp. strictly decreasing conflu-
ence diagram). A labelled rewriting system (S, —, W, <) is decreasing if all its local branchings
decreasing. An abstract rewriting system (S, —) is decreasing if it admits a labelling (W, <)
making all its local branchings decreasing.

5.1.4. Measure of a branching [?, Definition 3.1]. Let (S, —, W, <) be a well-founded la-
belled rewriting system. Let w = wy...w, and W' = wy...w/ be 1-cells in the free
monoid W* with w; and wj’ in W. We denote by w®) the T-cell W ...w, such that for
every 0 < k < m, the 1-cell wy is defined by

—_— 1 ifwk<wj’forsome1<j<m,
K = :
wy  otherwise.

Following [?, Definition 3.1], we consider the measure | - | from the free monoid W* to the
set of multisets over W and defined as follows:

i) for every iin W, the multiset |i| is the singleton {i},
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CHAPTER 5. COHERENCE BY DECREASINGNESS

ii) for every iin W and every 1-cell w in W*, we have [iw| = [i] U lw|.

The measure | - | is extended to the set of finite rewriting sequences of S by setting, for every
rewriting sequence fy - ... - f,,, with f; labelled by k; for all i,

If1 - fal =1k oo Kal,

where k; ...k, is a product in the monoid W*. Finally, the measure | - | is extended to the set of
finite branchings (f, g) of L, by setting

I(f, g)l = IfUlgl.

Recall from [?, Lemma 3.2], that for every 1-cells w;, w; in W*, we have

wiwa| = i U i,

As a consequence, for any rewriting sequences f and g of X the following relation holds
If- gl =1IflUlg”],

where |g'")| is defined by
|g(f)| — |k] . .k(h...ln)l)

m

withf=f;-...-fyand g = g7 -...- gn and f; labelled by 1; and g; labelled by k;.

5.1.5. Multiset order [?, ?]. Given a well-founded set of labels (W, <), we consider the partial
order <1t on the multisets over W defined as follows. For any multisets M and N over W, we
set M <t N if there exist multisets X, Y and Z such that:

i) M=ZUX,N=ZUY and Y is not empty,
ii) for every iin W such that X(i) # 0, there exists j in W such that Y(j) # O and 1 < j.

The order <,,1; is well-founded because < is. We call <+ the symmetric closure of < .

5.1.6. Lemma. Let (S, —, W, <) be a decreasing labelled rewriting system. For every diagram
in (S, —, W, <) of the following form

g

where f; is a non empty rewriting sequences, f, and g; are rewriting sequence and the confluence
diagram (f; - f{, g7 - g7) is decreasing, the inequality |(f7, f2)| <mwi (g1, f1 - f2)] holds.
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5.1. DECREASINGNESS IN ABSTRACT REWRITING

Proof. We use the inequalities
(1, T2)] St |f1|+|(ff(m>fz(ﬁ))| = [f1%o F114+ 162" St (g1, F)IH+1£2] = [(g1, FrxoF2)l-

]

5.1.7. Proposition. Let (S, —, W, <) alabelled rewriting system. Then (S, —, W, <) is strictly
decreasing if and only if any branching of (S, —, W, <) is strictly decreasing.

Proof. One implication is trivial. Let us assume that (S, —, W, <) is strictly decreasing and
let (f, g) be a branching of (S, —, W, <). We prove by induction on |(f, g)| that (f, g) is strictly
decreasing. If f or g is an empty rewriting sequence, the strict decreasingness of (f, g) is trivial.
Else, we can write

f/

f —
Y
f//
N
9 ///‘
91\; -
~

such that the confluence diagram (fy - f”; gy - g”) is strictly decreasing. By Lemma ??, we
have |(f'; f”)| <muwit [(f1, g)|. Thus, we have |(f'; f”)| <muwit |(f, g)| and we can use the induction
hypothesis to construct a strictly decreasing confluence diagram (f’ - k;, f” - k;). By using
again Lemma ??, we have |(g” - k2, ¢’)| <muut |(f, g)|. Thus, by applying again the induction
hypothesis, we have a diagram

f/

f U k
/\ \
f//
N

kz—)

///l
g
k - 1
9\ —_

L

where the diagram (f - kg - 1;, g - 1,) is strictly decreasing. m
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CHAPTER 5. COHERENCE BY DECREASINGNESS

5.1.8. Lemma (Pasting property [?, Lemma 2.3.17.]). Let (S, —, W, <) be a decreasing
labelled rewriting system. For every diagram of the form:

Y1 Y2

[ o s

_—

T T2

such that:
— 180 %0 T1] e 1(80, Y1)l and [y1 o &1 <mue 1(80, Y1),
— 101 %0 T2l e [(81,Y2) and vz %o 82 <t 1(81,7v2)l-

We have 5o %o T1 *o T2l <muwt |80, Y1 %0 Y2)I and [y1 x0 Y2 %0 82| <mute (80, Y1 %0 V2)I-

Proof. We use the inequalities

5 5
80 %0 T1 %0 T2l = |80 %o T1] + |T(z ™| < e 180y Y1) + |T£ ootV < e 180, 1 %0 ¥2),

['Y1 %0 Y2 %0 02 = [y1 %0 Va2l + |5£wm)| <mutt [Y1 %0 V2l + |59/2)| <mutt (80, Y1 %0 V2)I.

]

5.1.9. van Qostrom’s Theorem [?, Theorem 2.3.5.]. Any decreasing abstract rewriting sys-
tem is confluent.

Proof. Let (S, —, W, <) be a decreasing labelled rewriting system. Let (f, g) be a branching
of (S, —, W, <) such that f and g are not empty. We prove by well-founded induction that (f, g)
can be completed into a confluence diagram (f - f'; g - g’) such that
|ff/| %mult |(f39)|) (51)
|9 ’ 9/| Smult |(f> 9)| (5.2)

Let us consider f, the first rewriting step of f and g, the first rewriting step of g. We have a

62



5.2. DECREASING POLYGRAPHS

confluence diagram

SN
NN
o

N

where D verifies (??) and (??) by decreasingness of (S, —, W, <). The diagram IH1 exists
because of the induction hypothesis and verifies (??) and (??) by the pasting property. Finally,
the induction hypothesis allows us to construct IH2. The pasting property proves that all the
diagram verifies (??) and (??). This proves in particular by well-founded induction that X is
confluent. ]

5.2. DECREASING POLYGRAPHS

In this subsection, we introduce decreasing polygraphs. The notions of decreasingness and strict
decreasingness for polygraphs will be the same as in the case of abstract rewriting systems by
viewing polygraphs as abstract rewriting systems, see 2?.

5.2.1. Labelled polygraphs. A labelled n-polygraph is a data (X, W, <,1{) made of an n-
polygraph X, a set W, a well-founded order < on W and a map { : Ly, — W where L, is
the set of rewriting steps of . The map 1 is called a well-founded labelling of X and associates
to a rewriting step f a label {(f). In particular, labelled n-polygraphs are also labelled rewriting
systems.

5.2.2. Labelling to the quasi-normal form. Let n > 0. Let X be an n-polygraph (respec-
tively a linear (n,n — 1)-polygraph). If I is quasi-terminating, any (n — 1)-cell w of X} _,
(respectively £! ) admits a quasi-normal form. Let us fix a family of quasi-normal forms Q
such that any (n — 1)-cell win £* _; (respectively £ ;) rewrites into an (n — 1)-cell in Q. For
each (n — 1)-cell win £* , (respectively £ ), let us choose 1t a quasi-normal form of 1 in Q
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CHAPTER 5. COHERENCE BY DECREASINGNESS

such that d(w, u) is minimal. The labelling to the quasi-normal form, labelling QNF for short,
is the map \ : L5, — N defined by

—

ll)(f) = d(tnfl (ﬂ) th (ﬂ))

for any rewriting step f of . Note that if X is confluent, then any labelling QNF of X is
decreasing.

5.2.3. Remark. If X is confluent, any two congruent (n — 1)-cells of £* ; (respectively ! ;)
can be rewritten into a same quasi-normal form.

5.2.4. Theorem. Letn > 0. Let X a decreasing left-monomial linear (n,n — 1)-polygraph.
Then, X is confluent.

Proof. By van Oostrom’s Theorem, any decreasing abstract is confluent. Thus, any decreasing
left-monomial linear (n,n — 1)-polygraph is confluent. m

5.2.5. Theorem. Letn be anon negative integer. Let X be an exponentiation free linear (1, n—
1)-polygraph and 1 a labelling to the quasi-normal form on X. If all critical branchings of X are
decreasing with respect to 1, then X is decreasing.

Proof. L, having a labelling QNF, is quasi-terminating. By Theorem ??, this implies that X is
locally confluent because X is also exponentiation free. Let («, [3) be a local branching of X. Let
us prove that the branching («, [3) is decreasing with respect to . Letus set f = s, 1(x) =
sn_1(B). By local confluence of X, we have a diagram

P

o) ——— (o)

/ \ S
\ / N/

B)m——tn (P

P

where we have either f = t,,_; (o ( ) or f=t, () and the confluence diagrams of sources t,, ()
and t, (P) exist because all overlapping branchings of X are confluent. Because t, ()

and t,,_;(f3) are quasi-normal forms, they rewrite into each other. This implies the existence of a

decreasing diagram
B

\
P

n— 1
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5.3. SQUIER’S DECREASING COMPLETION

and conclude the proof. [

5.2.6. Stability by contexts. Let n > 0. A context in an n-category C is an application C
from C,,(a, b) for some (n — 1)-cells a and b to C,, defined by

C(x) = w1 *n1 (U Fnz (- Uy K0 X A0 U )« =+ Hn_2 Upn—1) *n_1 U

for some family (;)ic[1,2n) Oof n-cells and for any x in Cy,(a, b).

Let (X,1) be a labelled n-polygraph. The labelling 1 is compatible with contexts if for any
decreasing (resp. strictly decreasing) confluence diagram (f - ', g - g’), where (f, g) is a local
branching, and any context C of the free n-category X* such that (C(f) - C(f’), C(g) - C(g’)) is
defined, the diagram (C(f) - C(f'), C(g) - C(g’)) is decreasing (resp. strictly decreasing).

5.2.7. Peiffer decreasingness. A decreasing (resp. strictly decreasing) n-polygraph (Z,1) is
Peiffer decreasing with respect to a globular extension I of the free (n,n — 1)-category £ |
over X if, for any Peiffer branching (fv,ug) : uv = (u'v,uv’), there exists a decreasing (resp.
strictly decreasing) confluence diagram (fv - f’;ug - g’):

f/
/
fv ! u/g\
uv u'v’ u”
ug u\)/i/
g/

such that u'g *, 1 (fv')~ =r f' x,_1 (g’)~. Here we denote for any n-cell x of £, the inverse
of x by x™.

5.3. SQUIER’S DECREASING COMPLETION
5.3.1. Loops in an n-polygraph. An n-loop in the n-category 2, is an n-cell f of X such
that s;(f) = t;(f). Two n-loops f and g in X* are equivalent if there exist a decomposition
f="fisng...xmfp
where f; is a rewriting step of X for any 1 < i < p, and a circular permutation ¢ such that
g = fo1) *n-1 ... *n_1 fo(p)-

This defines an equivalence relation on n-cells of Z*. We will denote by £(f) the equivalence
class of an n-loop f in X7 for this relation.
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5.3.2. Support of an n-cell. Any n-cell f in 27 can be written as a composite of finitely many
rewriting steps C1(@1),..., Cx(@y), where the C; are contexts and the ¢; are n-cell of £,,. We
define the support of the n-cell f as the multiset, denoted by Supp(f), consisting of the n-cells @;
occurring in this decomposition. The support is well-defined because any decomposition of f
in X7 into a composite of rewriting steps involves the same elements of X,,. Note also that
any such a decomposition is finite and thus the support of an n-cell is a finite multiset. As a
consequence, the multiset inclusion is a well-founded order on supports, allowing us to prove
some properties by induction on the support of n2-cells.

5.3.3. Minimal and elementary loops. We say that an n-loop f in X2 is

i) minimal with respect to (n — 1)-composition, if any decomposition f = g *,_ ;1 h %, 1 k
in X7 with h an n-loop implies that h is either an identity or equal to f,

ii) minimal by context, if there is no decomposition f = C(g), where C is a context and g is a
loop in 27.

An n-loop f in X is elementary if it is minimal both with respect to (n — 1)-composition
and by context. As an immediate consequence of these definitions, any n-loop f minimal
for (n — T)-composition can be written f = C(g), where g is an elementary loop and C is a
context.

*

5.3.4. Lemma. For any equivalent n-loops f and g in £¥, there exist n-cells h and k of £
such that f = h 1 g *1 k.

Proof. Let us decompose f into a sequence f = fj x,_1 ... xq_1 f, of rewriting steps and
let o be a circular permutation such that g = fg(1) *n_1 ... *n_1 fo(p). Let 1 be the integer such
that o(i) = 1. Let k be the n-cell f5(1) *n_1 ... *n_1 foi_1). Let h = k™ be the inverse of k for
the (n — 1)-composition. Then, we have f = h x, 1 g x,_1 k. ]

5.3.5. Lemma. Let f be a nonidentity n-loop in 2. Then, there exists a decomposition
f =11 sy ' xqg o

in X, where f’ is an n-loop minimal with respect to (n—1)-composition and f; and f, are n-cells
such that f; 1 f; is an n-loop.

Proof. Let f be a nonidentity n-loop in X*. The proof is by induction on the support Supp(f).
If the n-loop f is minimal for (n — 1)-composition, we can write f = T, (5 xn_1 T *n_1 15, (5).
If f is not minimal for (n — 1)-composition, there exists a decomposition f = g x, 1 h %, 1 k,
where h is an n-loop that is neither an identity nor equal to f. Hence, Supp(h) is strictly included
in Supp(f). This proves the decomposition. m
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*

5.3.6. Lemma. Let £(X) be a loop extension of X. For any n-loop f in X¥, there exists
an (n + 1)-cell from f to 1, (s in the free (n + 1,1 — 1)-category £(Z) " generated by the (n +
1,n — 1)-polygraph (X, £L(X)).

Proof. Let us fix a loop extension £(X). Let f be n-loop in . We proceed by induction on the
support Supp(f).

Step 1. Suppose that f is elementary. By definition of £(X), the equivalence class £(f)
contains an elementary n-loop e such that £(X) contains an (n + 1)-cell A, from e to Tg, ().
The n-loop e being equivalent to f, by Lemma ?? there exist two n-cells h and k of | such
that f = h,_j exn_1 k. Thus, the (n+1)-cell hsp_j Aexn_1kin £(Z)T goes from f to hx,_1 k.
By construction the n-cell h x,_; k is equal 1y, ). In this way we construct an (n + 1)-cell
in £(X)T from f to T, 4.

Step 2. Suppose that f is minimal with respect to (n — T)-composition. Then, there is a
decomposition f = ugv, where u and v are (n — 1)-cells in £}, and g is an elementary n-loop
in £7. By Step 1, there exists an (n + 1)-cell Ay from g to 1, (g in £(Z)7. Thus, uA4v is
an (n+ 1)-cellin £(X)" from f to 1, (5.

Step 3. Suppose that f is a nonidentity n-loop. By Lemma ??, the n-loop f can be written
as f1 x,_1 f’ %1 f, where f’ is an n-loop minimal for (n — 1)-composition and f; and f;
are n-cells such that f; ,,_; f; is an n-loop. By Step 2, there exists an (. + 1)-cell A in £(Z) "
from f’ to 1, (+/). Hence, the (n — 1)-composite f; x,_1 A #y1 T, is an (n + 1)-cell from f
to fy %1 f2in £(Z)T. The support of f; x,_1 f; being strictly included in the support of f, this
proves the lemma by induction on the support of f. [

5.3.7. Loop extension. We will denote by £(X) the set of equivalence classes of elementary n-
loops of L. A loop extension of L is a globular extension of the (n,n — 1)-category £ made
of a family of (n+ 1)-cells Ay : @ = Ty, () indexed by exactly one « for each equivalence class
in&(X).

5.3.8. Generating decreasing confluences. A family of generating decreasing confluences
of £ with respect to\ is a globular extension of the (n,n — 1)-category L that contains, for
every critical branching (f, g) : u = (v, w) of X, exactly one (n + 1)-cell D;{’g of the following
form
f oy f !
e I
u ﬂD fg W
Enard
and where the confluence diagram (f - f; g - g) is decreasing with respect to \. We denote here
the n-cells by 1-arrows and the (n + k)-cells by (n + k)-arrows for any positive integer k. Any
decreasing n-polygraph admits such a family of generating decreasing confluences. Indeed, any

/
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critical branching is local and thus confluent by decreasingness hypothesis. However, such a
family is not unique in general.

5.3.9. Squier’s decreasing completion. Let (X,1) be a decreasing n-polygraph. A Squier’s
decreasing completion of L with respect to \ is an (n + 1,n — 1)-polygraph that extends
the n-polygraph X by a globular extension

O, p)uL(L)

where O(Z, ) is a chosen family of generating decreasing confluences with respect to
and £(X) is a loop extension of X. If (X 1) is a strictly decreasing n-polygraph, a strictly
decreasing Squier’s completion is a Squier’s decreasing completion, whose generating decreasing
confluences are required to be strict.

5.3.10. Lemma. Let (Z,1) be a strictly decreasing n-polygraph. Let 8¢(Z, 1) be a strictly
decreasing Squier’s completion of X. Suppose that 1 is compatible with contexts and that (X))
is Peiffer decreasing with respect to the extension 8¢(Z, ). Then, for any n-sphere (f, g) in Z,
there exists an (n. + 1)-cell from f to g in the (N + 1,1 — 1)-category 8¢(Z, ) .

Proof. We proceed in two steps.

Step 1. We prove that, for every local branching (f,g) : w = (v,w) of L, there exists
a confluence (f’,g’) : (vyw) = w of Landan (n + 1)cell A : f*, 1 ' = g*,1 9’
in 8%¢(Z,1) " such that the confluence diagram (f - f', g - g’) is strictly decreasing.

In the case of an aspherical branching, we can choose f’ and g’ to be identity n-cells, A to
be an identity (n + 1)-cell and the confluence diagram (f, f) is trivially strictly decreasing.

Suppose that (f, g) is a Peiffer branching (f;vi,ui1g1) : wivi = (ujvi, wyvy). By hypothesis,
the Peiffer confluence (f1vq - u{gr,w1g; - f1v]) is equivalent to a strictly decreasing confluence
diagram (fyvy - f], w197 - g7). Hence, there exists an (n+1)-cell A : f1vy %1 f{ = w191 %n_1 9]
in the (n + 1, — 1)-category $¢(Z, ) .

If (f, g) is an overlapping branching, we have (f, g) = (C(h), C(k)) with (h, k) a critical
branching and C a context. We consider the (n+ 1)-cell D}ik thx 1h! = kx, 1k’ of O(Z, )
corresponding to the strict generating decreasing confluence of the critical branching (h, k) with
respect to the labelling 1, or its inverse. Let us define the n-cells f' = C(h’) and g’ = C(k’) and
the (n+ 1)-cell A = C(Dﬁ"k). The labelling 1\ being compatible with contexts, the confluence
diagram corresponding to the (n 4 1)-cell A is strictly decreasing.

Step 2. Let (f,g) be an n-sphere in X}. This n-sphere defines a branching with
source s, 1(f) = s,_1(g). The n-polygraph X being strictly decreasing, we prove the lemma
by well-founded induction on the measure |(f, g)| of the branching (f, g). If f or g is an iden-
tity n-cell, say g = 1, the n-cell f is an n-loop. By Lemma ??, there exists an (n + 1)-cell E :
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f= 1y, in the (n+ 1,1 — 1)-category £(X)". Else, we have decompositions f = f; x, 1 f2
and g = gy *,_1 g2 in I}, where (fy, g7) is a local branching. Note that f, or g, can be equal to an
identity n-cell. The local branching (f;, g;) is confluent by decreasingness. Moreover, by Step 1,
there exists an (n+1)-cell A : f1x, 1 f] = g1%,_1¢] inthe (n+1,n—1)-category §¢(Z, )7,
where the confluence diagram (f; - f{, g; - g7) is strictly decreasing.

The branching (f}, f;) is confluent by decreasingness. Moreover, the n-polygraph X being
strictly decreasing, by Proposition ??, there exist rewriting sequences h and k as indicated in the
following diagram:

7]

ﬁ/m \f/ B/
v

u A U —h— —k—1u

\ 9’/
1
91 V1 / C\/

gz

such that the confluence diagrams (f; - h, f; - k) is strictly decreasing.

Consider the multiset order =<, associated to the order <. The confluence
diagram (f; - f], g7 - g7) being strictly decreasing, for any k in L (f{) and any 1 in L(g/),
we have k < P(f;) and L < P(gy). Thus [fy - fj| = |f;] and |gy - g{| = |g1]. This implies the
following equality

I(f1, g1)l = I(f, g)I.

The confluence diagram (f] - h, f; - k) being strictly decreasing, by the same argument, we have
|(f} - hy f2 - k)| = (7, F2)].
Moreover, by Lemma ??, we have |(f], f2)| <mut |(f, g1). It follows that
(7 - 1y f2 - K < |, )

By induction hypothesis, we deduce that there exists an (n+ 1)-cell B: f; x, 1 k= f{ x, 1 h
in 8%¢(Z, ).
Finally, let us prove that there exists an (n+1)-cell C : g%, 1h = ga*n_1 kin 84(Z, )",
We have
(9] -1y g2 - k)| =g} U] U [gal U k(2.

On the other hand, we have

(£, 9) = U gl = Ifl Ulgi| U g2
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Furthermore, there exists a multiset R, possibly empty, such that |g,| = |g£91 )| UR. Hence

(g} -hygz-K)| =1g¥"|UX and |(f,g)l=]g|UY.

where X = |g/|U[h!97| URU [k92)| and Y = [f|U |g;|. Moreover, we check that for every i in W
such that X(1) # 0, there exists j in W such that Y(j) # 0 and i < j. Hence, we have

|(g h)QZ k)| mult|(f>9)|-

The existence of the (n 4 1)-cell C follows by induction hypothesis. In this way, we have
constructed an (n + 1)-cell in 8%¢(Z,) " from f to g obtained by composition of the (n + 1)-
cells A, B and C. U]

5.3.11. Theorem. Let (X,1) be a strictly decreasing n-polygraph. Let 8¢(Z,) be a strictly
decreasing Squier’s completion of L. If \ is compatible with contexts and (X,\) is Peiffer
decreasing with respect to the extension $¢(Z,1), then 84(Z,) is a coherent presentation of
the (n — 1)-category presented by X.

Proof. Let (f,g) be an n-sphere of the (n,n — 1)-category £!. By definition of ¥, the n-
cell f %, g~ can be decomposed into a zigzag

fy LF} fr2 i1
g1 92 g2 g1
where the n-cells fo, ..., fy and go, ..., g; are n-cells of the n-category 7. Note that some

of those n-cells can be identities. By confluence of the n-polygraph X, there exist families
of n-spheres of L,

—

fk—»\f{ gka& }—»\ﬂ *—)«
\%/ D N

/ / / /
i1 9i-1 9j 9o 9i ! 91

(=}

with same (n — 1)-target, forall 2 < i < k—Tand 2 < j < 1l — 1. Note that some of
these n-spheres can be trivial. Then the n-sphere (f, g) can be filled up by these n-spheres as
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follows:

f Lp)

fo
f]
g
Jo

g1 g2

By Lemma ??, these n-spheres can be filled up by (n + 1)-cells of the (n + T,n — 1)-
category $*¢(Z,1)". Finally, the composition of these (n + 1)-cells gives an (n + 1)-cell
of 8¢(Z,) " from f to g. O

5.4. COHERENCE BY DECREASINGNESS

We fix in this section X a left-monomial linear (n,n — 1)-polygraph. We will also denote
P Lgp — W a well-founded labelling of  where W is a set endowed with a well-founded
order <. We first state the following result:

5.4.1. Linear contexts. A contextin alinear (n,n)-category C is an application C from C, (a, b)
for some (n — 1)-cells a and b to C,, defined by

C(x) = Ay Hn—1 (Up *nn (- Uy 40 X ko Up ) -+ Hn2 Upn_1) *n—1 Upn + N

for some family (11;)icp1,2n) of n-cells, n-cell h, scalar A and for any x in Cy,(a, b).

5.4.2. Minimal and elementary loops in linear polygraphs. A loop f of X‘ is minimal by
context if there is no decomposition f = C(g), where C is a context of X! and g is a loop in Z*.
An elementary loop in £‘ is a loop which is both minimal with respect to (n — 1)-composition
and by context.

5.4.3. Stability by contexts in labelled linear polygraph. The well-founded labelling 1 is
compatible with contexts if for any decreasing (resp. strictly decreasing) confluence
diagram (f-f’, g-g’), where (f, g) is a local branching, and any context C of the free n-category £*
such that (C(f) - C(f’), C(g) - C(g’)) is defined, the diagram (C(f) - C(f'), C(g) - C(g’)) is
decreasing (resp. strictly decreasing).
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5.4.4. Peiffer decreasingness in linear polygraphs. Let ' be a globular extension of the
linear (1, n)-category £‘. The labelled (n,n)-linear polygraph (Z,) is (strictly) Peiffer de-
creasing with respect to I" if the following conditions hold

i) I isdecreasing with respect to the labelling (W, <,1),

ii) for any Peiffer branching (w4 Afv, w+Aug), there exists a (strictly) decreasing confluence

diagram:
f,
Wﬂ» w+ Au'v w’g
w + Auv w + Auv’ u”

such that (W + Afv) x, 1 f' =r (W + Aug) 1 g’

iii) for any additive branching (f + v,u + g), there exists a (strictly) decreasing confluence
diagram:
f/

f+v ! u'g
/>u —|—v\

u/ +V/ u//

+v
%u—i—v@/

/

g9

u

such that (f +v) %, 1 ' =r (W+g) *n_1 9.

5.4.5. Proposition. Let X be a strictly decreasing left-monomial linear (n, n — 1)-polygraph
with respect to a strict well-founded labelling (W, 1, <). Let D(Z, 1) be a strict decreasing
Squier’s completion of X. If the following conditions hold

i) 1 is whisker compatible,
ii) 1 is strictly Peiffer decreasing with respect to D(Z, 1),

then the strict decreasing Squier’s completion D (X 1) is a coherent presentation of the lin-
ear (n — 1,n — 1)-category presented by L.
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5.4. COHERENCE BY DECREASINGNESS

Proof. To prove this Proposition, we need to prove that any local branching of X can be completed
into a strict decreasing diagram. Step 2 of the proof of Lemma [?, Lemma 3.1.4.] is the same.
The cases of aspherical, Peiffer and overlapping branchings are treated in Step 1 of the proof
of Lemma [?, Lemma 3.1.4.]. By strict Peiffer decreasingness of the linear polygraph X, we
conclude the proof. [
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Chapter

Categorification of linear categories

Categorification. The terminology "categorification" was introduced in 1995 by Crane. Cat-
egorification is a process giving from an (associative) algebra A a linear monoidal category C
whose Grothendieck group is isomorphic to A [?, ?]. We say that C is a categorification of A or,
categorifies A. An example of a categorification is the Khovanov homology [?], a categorification
of the Jones polynomials. More precisely, Khovanov defines a family of chain complexes whose
homologies have the Jones polynomials as Euler’s characteristics. This categorification was used
to give a new proof of Milnor’s conjecture [?]. A classical categorification problem is to exhibit
from a ring A a categorification of A with properties such that having all its idempotents split.
Algebras like Hecke algebras [?] can be categorified by the Karoubi envelope of a diagrammatic
category, that is a monoidal category in which the morphism spaces are depicted by string
diagrams, the 0-composition by horizontal concatenation and the 1-composition by vertical
concatenation. Khovanov conjectured that the Karoubi envelope of some diagrammatic category
[?] categorifies the Heisenberg algebra [?]. More applications of categorification can be found in

[?].

Karoubi envelopes. Categorifications of algebras are generally defined as Karoubi envelopes
of explicit categories. Karoubi envelopes of categories were introduced as a way to classify the
idempotents of a category [?]. The Karoubi envelope of a category C is a completion Kar(C)
of C splitting all idempotents. More precisely, the Karoubi envelope of C contains the objects
of C plus one object for each non identity idempotent of C and is generated by the morphisms
of C plus a family of injections and projections morphisms verifying relations splitting all
idempotents. In particular, if all idempotents of the category C are split, the category Kar(C) is
equivalent to C. Karoubi envelopes also find applications in topology when considering some
enriched categories [?, ?]. The construction of Karoubi envelopes can also be defined for higher-
dimensional categories. We wish to present Karoubi envelopes of higher-dimensional categories
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by generators and relations. Karoubi envelopes being used to construct categorifications of
algebras, computing a presentation of Kar(C) from a presentation of C is the first step to present
categorification of algebras presented by generators and relations.

Higher-dimensional categorification. The categorification process can be defined for higher-
dimensional linear categories, a case that generalizes the one of algebras. This definition
uses a generalization of the Grothendieck group we present in this chapter: Grothendieck
decategorification. The process we present in this chapter to compute Karoubi envelopes and
Grothendieck decategorification can be generalized to any dimension.

Plan of chapter. In this chapter, we present the applications of rewriting to categorification
we introduced in [?]. We begin in Section ?? by recalling the notion of Karoubi envelope
for 1-categories from [?]. We also introduce notion of Karoubi envelope for n-categories and
linear (n, n)-categories given in [?]. In Section ??, we recall the definitions of Grothendieck
group and Grothendieck decategorification from [?]. In Section ??, we introduce the notions
of Karoubi envelope and decategorification for polygraphs. We also prove that those notions
respectively present the Karoubi envelope ?? and the Grothendieck decategorification ?? of
higher-dimensional categories. This chapter ends in ?? by a presentation of a categorification of
the Hecke algebra given in [?], the category of Soergel bimodules.

6.1. KAROUBI ENVELOPES

6.1.1. Idempotents. Letn > 1 be an integer and C be an n-category. An idempotent of C is
an n-cell e of C such that e x,,_; e = e. Note that the (n — 1)-source and the (n — 1)-target
of an idempotent are necessarily equal. If there are no integer k < n — 1 and non identities
idempotents e’ and e” such that, e = e’ x e” # e’ x, 1 e”, we say that the idempotent e is
minimal. We say that the idempotent e is split if there exists an (n — 1)-cell A of C, an n-cell p
from s, _1(e) to A and an n-cell p from A to s,,_1(e) such that:

- p*n—]i:e’

— i*n,1p:1A.

6.1.2. Karoubi envelope of an n-category. The Karoubi envelope of the n-category C is
the n-category Kar(C) such that:

— Kar(C) has the same k-cellsas C fork <n — 1,

— Kar(C) has an (n — 1)-cell A, from s,, ;(e) to t, ;(e) for each idempotent e of C,

76



6.2. DECATEGORIFICATION

— for k < n — 1, for each k-composable idempotents e and e’ of C, we have
Ae * Ae/ - Ae*ke’a

— Kar(C) has an n-cell x(e, f,e’) from A, to A, for each triple (e, f,e’) of n-cells of C
such that e and e’ are idempotents verifying f = e x, 1 f x,,_1 €/,

— for k < n — 1, for each pairs of k-composable idempotents (e;,e,) and (ej, e;) of C
and each k-composable n-cells f; and f; of C such that x(ey, 1, e;) and (e, f2, e}) are
defined, we have

«(er, f1ye1) x cx(ez, T2, €5) = aler xi ez, i xi 2, €7 %k €3),
— for each (n— 1)-composable n-cells f and g of C and each triple (e, e’, e”) of idempotents
of Csuchthatf = e*, 1 fx, 1e and g =-e' *,_1 g*,_1e”, we have
(e, fye’) g ale’,g,e”) = (e, fx,1g,e").
6.1.3. The surjective n-functor CS. LetC be an n-category. There is a surjective n-functor CS
from Kar(C) to C defined by:
— the restriction of CS to C is an identity,
— CS,.1(A¢) = sn_1(e) for any idempotent e of C,
— CS,(x(e,f,e’)) = f for each triple (e, f,e’) of n-cells of C such that e and e’ are
idempotents verifying f = e x,, 1 f *,_1 €’.

We call this n-functor the canonical surjection n-functor from Kar(C) to C.

6.1.4. Karoubi envelope of a linear (n,n)-category. Let C be a linear (n,n)-category. In
particular, C is an n-category. Let us denote by Kar(C) its Karoubi envelope. There is a structure
of linear (n,n)-category on Kar(C) defined by «(e,Af + g,e’) = Ax(e,f,e’) + «(e,g,e’)
for each scalar A, each parallel n-cells f and g of C and each idempotents e and e’ of C such
thatf = e*, 1 fx, e’ andg=ex, 1 g*, 1€

6.2. DECATEGORIFICATION

6.2.1. Direct sums. Letn > 1 be an integer and C be a linear (n, n)-category. Let a, b and ¢

be (n — 1)-cells of C. We say that a is direct sum of b and c if there exist n-cells a &» b,

i 1
a Pe, c.b —% aandc —% a such that:
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— Pb *n-1 ib +pc Fn—1 ic — ]as
— 1y Fno1po = To,
— e *n Pec = I..

In this case, we denote a >~ b & c.

6.2.2. Grothendieck decategorification. The Grothendieck decategorification, or Grothendieck
group, of a linear category C is the group generated by the isomorphism classes of C and subject

to the relation [a] = [b] + [c] whenever an object a is direct sum of two objects b and c. If the

category C is monoidal, this case corresponding to a linear (2, 2)-category the Grothendieck

decategorification of C is also a ring with a product defined by [a ® b] = [a][b] for any ob-
jects a and b of C. In this section, we extend the definition of Grothendieck decategorification

to arbitrary linear (n, n)-categories and give a construction for presenting such Grothendieck

decategorifications.

6.2.3. Grothendieck decategorification of a linear (n, n)-category. Letn > 1 be an integer
and C be a linear (n, n)-category. Two (n— 1)-cells w and v of C are isomorphic if there is an n-
cell from u to v which is invertible for the n-composition. We will call [u] the isomorphism class
of the (n—1)-cell w. The Grothendieck decategorification of C is the linear Z-linear (n—1,n—1)-
category K(C) defined by:

— for k < m — 1, the linear Z-linear (n — 1,n — 1)-category K(C) has the same k-cells
than C,

— for any parallel (n — 2)-cells x and y of K(C), the Z-module K(C),,_1[x, y] is the abelian
group generated by the isomorphisms classes of C,_1[x, y] and subject to the relation [a] =
[b] + [c] for each (n — 1)-cells a, b and ¢ such thata ~ b @ c,

— forany 0 < k < n — 2 and any k-composable (n — 1)-cells u and v of C, 1, we
have [u] * [v] = [uw % V).

If the spaces of (n — 1)-cells of C are Z-graded, K(C) has a structure of Z[q, q']-linear
(n — 1,n — 1)-category where for any (n — 1)-cell u of C, we have [u[1]] = q[ul].
We say that C categorifies K(C), or is a categorification of K(C).

6.3. CATEGORIFICATION AND REWRITING

6.3.1. Karoubi envelope of an (n + 1)-polygraph. Let £ be an (n + 1)-polygraph. The
Karoubi envelope of X is the (n 4 1)-polygraph Kar(X) defined by:
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— Kar(X)y =X fork<n-—1,
— Kar(X), 1 = L, 1 U{A,| e is a minimal idempotent of C},

— for each minimal idempotent e of C, we have s, ;(A.) = s, 2(e) and t, 2(A.) =
tan(e),

— Kar(X), = L, U{pe, i € is a minimal idempotent of C},

— for each minimal idempotent e of C, we have s,_1(p.) = sn_1(€e) and t,,_1(pe) = A,

— for each minimal idempotent e of C, we have s,_1(i.) = A and t,,_1(ie) = t_1(e),

— Kar(X), 1 = L1y U{m,, L| e is a minimal idempotent of C},

— for each minimal idempotent e of C, we have s, (7t.) = e and t,,(7T.) = Pe *n e,

— for each minimal idempotent e of C, we have s, (te) = i *n Pe and t,,(tc) = Ta,.
6.3.2. Proposition [?, Proposition 3.1.2.]. Let C be an n-category presented by an (n + 1)-
polygraph X. The Karoubi envelope of C is presented by the (n + 1)-polygraph Kar(X).

Proof. Let Kar(C) be the Karoubi envelope of the n-category C. For k < n — 1, the n-
category Kar(C) has the same k-cells than C and Kar(Z),, = . Then, the (n+1)-polygraph Kar(X)
presents an n-category with the same k-cells than Kar(C). Let us now prove that Kar(Z) presents
an n-category with the same (n — 1)-cells than Kar(C). Let e be an idempotent of C and let us
write for some implied bracketing:

€ = € *k, €1 *x, * " *ky, Em

where all e; are minimal idempotents or identities and all k; are integer smaller than n — 1. By
denoting A., = 1, if e; is an identity, we can write for some implied bracketing:
Ae = Aeo *k Ae1 Fky T Kk A

em

which corresponds to an (n — 1)-cell in the n-category presented by Kar(X). What remains to
prove is that the n-category Kar(X)*/Kar(X),,.; has the same n-cells and relations on n-cells
than Kar(C). There is an injective n-functor F from Kar(X)*/Kar(X),,; to Kar(C) defined by:

— for k < n — 1, F sends each k-cell of Kar(Z)y onto its representative in Kar(C),
— for each minimal idempotent e of C, the n-functor F sends the n-cell p. onto (15, (), €, €),

— for each minimal idempotent e of C, the n-functor F sends the n-cell i, onto x(e, e, T, ,(e))-
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Let us prove that the n-functor F is surjective. Let e be an idempotent of C and let us write again
the decomposition into minimal idempotents:

€ = €0 *k; €1 Xk, ' Xk, Cme
We then have the decompositions:
“(1sn_1(e)> e, 6) - (X(]Sn_] (eo)y €0, 60) *y (x(]sn_l (e1)y €1, 61) Xy T Kk 0‘(1sn_1(em)> €m, em))

(x(ea e, ]an(e)) = O‘(eO> €0, ]an(eo)) *i, “(61 y €1, ]an(e])) Ko T Kk “(em» €m, ]an (em))-

Thus, the n-cells (15, ,),e,e) and «(e,e, 15 () are images by F of m-cells
of Kar(X)*/Kar(XZ),,1. Let now «(e,f,e’) be an n-cell of the Kar(C) such that e and e’
are idempotents of C. We have:

“(e) f» e,) = Cx(e) e, 1sn,1(e)) *n—1 O((lsn,l(e)) f) ]sn,1 (e)) *n—1 0‘(]5“4 (e)y e/» e,)-

Thus, the n-cell «(e, f, e’) is the image by F of an n-cell of Kar(X)*/Kar(X),, 7. This concludes
the proof. ]

Let us remark that, because of this proposition, the construction of Karoubi envelope of a
polygraph verifies a universal property. If two polygraphs are Tietze-equivalent, their Karoubi
envelopes are also Tietze-equivalent.

6.3.3. Karoubi envelope of a globular extension. Let C be an n-category presented by
an (n + 1)-polygraph £. Let I' be a globular extension of £'. We define a globular exten-
sion Kar(T") of Kar(X)" as follows. For each (n + 2)-cell A of I' with n-source f and n-
target g, let P(f, g) be the set of parallel (n 4 1)-cells f" and g’ of Kar(C) such that CS(f’) = f
and CS(g’) = g with CS being the canonical surjection (n + 1)-functor from Kar(Z)" to £ .
We fix for each (f', g) in P(f, g) an (n + 2)-cell A¢ 4/ from f’ to g’. Then, we define

-1
CSHA) = |  Awg.
(f’,g’)€P(f,g)

The Karoubi envelope of the globular extension T is the globular extension of Kar(X) " defined
by

Kar(T") = U CS'(A).

Ael
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6.3.4. Theorem [?, Theorem 3.1.5.]. Let C be an n-category and let (L, L. ;) be a coherent
presentation of C. The (n + 2,n)-polygraph (Kar(X),Kar(X,,,>)) is a coherent presentation of
the Karoubi envelope of C.

Proof. We proceed in four steps.

Step 1. Let f and g be parallel (n + 1)-cells of Kar(Z) " such that there is an (n + 2)-cell A
from CS(f) to CS(g) in Z,.,,. We prove that there is an (1. + 2)-cell from g to f in Kar(Z,,)".
There is an (n + 2)-cell of CS™'(A) from f to g. The inverse of this (n + 2)-cell is in Kar(Z)".

Step 2. Let f and g be parallel (n + 1)-cells of Kar(X)" such that there is an (n + 2)-cell A
from CS(f) to CS(g) in Z,,.,. Let f" and g’ be parallel (n + 1)-cells of Kar(Z) " such that there
is an (n+ 2)-cell A’ from CS(f’) to CS(g’) in X,,,,. Let us assume that the (1.4 1)-cells f x f’
and g x g’ are defined for an integer k < n. We prove that there is an (n + 2)-cell from f % f’
to g x¢ g’ in Kar(Z,.,)". There is an (n + 2)-cell of CS™'(A) from f to g and an (n + 2)-cell
of CS™'(A’) from f’ to g’. Their k-composition is in Kar(X)".

Step 3. Let f, g and h be parallel (n + 1)-cells of Kar(Z)" such that there is an (n + 2)-cell A
from CS(f) to CS(g) in £, ,, and an (n + 2)-cell B from CS(g) to CS(h) in X,,,,. We prove
that there is an (n + 2)-cell from f to h in Kar(Z,.,)". There is an (n + 2)-cell of CS™'(A)
from f to g and an (n + 2)-cell of CS™'(B) from g to h. Their n-composition is in Kar(X).

Step 4. Let f and g be parallel (n + 1)-cells of Kar(Z)". We prove that there is an (n + 2)-cell
from f to g in Kar(Z,,,)". Because L, is a homotopy basis of Z', there is an (1. + 2)-cell
from CS(f) to CS(g) obtained by compositions and inversions of (n + 2)-cells of X, ., and
identities (n + 2)-cells. By steps 1, 2 and 3, this allows us to construct an (n + 2)-cell from f
to g in Kar(Z, ;) ". O

6.3.5. Remark. The free (n+1)-category over the Karoubi envelope of an (n+-1)-polygraph
is not the Karoubi envelope of the free (n + 1)-category £*. Indeed, the only idempotents of X*
are the identities (n + 1)-cells. Thus, Kar(X*) is isomorphic to Z* and not to Kar(X)*. This
implies a homotopy basis of Kar(X*) is not a homotopy basis of Kar(Z)* in general.

6.3.6. Coherent presentation of the Karoubi envelope of a linear (1, n)-category. LetC be
a linear (n, n)-category and let (X, Z,.,) be a coherent presentation of C. Let Kar(Z,,,) be the
globular extension of Kar(X) defined as in ??. The (n + 2, n)-polygraph (Kar(X), Kar(Z,,,))
is a coherent presentation of the Karoubi envelope of C.

Proof. To prove this proposition, we just have to prove that for each paralell (n + 1)-cells f
and g and each paralell (n + 1)-cells f’ and g’ of Kar(Z)* and each scalar A such that Af +
and Ag + g’ are defined, we can construct an (n + 2)-cell from Af + f’ to Ag + g’ in Kar(Z,,,,)*
if there is an (n + 2)-cell A from CS(f) to CS(g) and an (n.+ 2)-cell A’ from CS(f’) to CS(g’)
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in L., There is an (n + 2)-cells B from f to g in CS™' (A) and is an (n + 2)-cells B’ from '
to g’ in CS™'(A’). Then, Kar(Z,,,)" contains the (n + 2)-cell AB + B’ from Af + ' to Ag + g’.
This concludes the proof. [

6.3.7. Isomorphism proofs. Let £ be a linear (n + 1,n)-polygraph. Let u and v be dis-
tinct (n — 1)-cells of the free linear (n + 1,n)-category ‘. An isomorphism proof between u

and v is a data (o, ot,) made of two (n + 1)-cells in Z* such that there exist n-cells u G,y
and v v, u verifying:
— & isan (n+ 1)-cell from a, *,_1 a, to 1,
o, is an (n + 1)-cell from a, *,_1 a, to 1,.

An isomorphism proof (o, &) is minimal if there is no (n — 1)-cell w, no integer k < n — 1
and no isomorphism proof (&, &,) other than (o, o, ) such that

(Otuy Xy) = (W k1 Xy Wk 1 0ty )

or
(o‘u) o‘v) = (“u’ Fn—1 Wy Kyr *n1 W)

6.3.8. Direct sum proofs. Let X be alinear (n+1,n)-polygraph. Let a, b and c be (n—1)-cells
of the free linear (n + 1,n)-category ‘. A direct sum proof of a ~ b @ c is a data (otg, 0, &)

made of three (n + 1)-cells in Z‘ such that there exist n-cells a Py, b, a Pe, c,b 2 a

and ¢ L a in ¢ verifying:
— g isan (n+ 1)-cell from py *n_1 ip + Pe *n_1 ic to 1g,
— oy isan (n+ T)-cell from iy *, 7 Py to Ty,
— o isan (n + 1)-cell from i, x, 1 p. to 1.

A direct sum proof (o, &y, &) is said to be minimal if there are no (n — 1)-cell u, no
integer k < n — 1 and no direct sum proof (o¢gs, &y, Xc/) other than (g, 0y, &) such that

((Xa» Koy CXC) = (u*nf1 Kary WHhn_1 Kpry W xp_g O‘c’)

or
(&ay Opy ) = (ar *n_1 Wy Opr *n_1 Wy Ker K1 W),
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6.3.9. Grothendieck decategorification of a linear (n + 1,n)-polygraph. Let C be a lin-
ear (n, n)-category presented by a linear (n + 1, n)-polygraph X. The Grothendieck decategori-
fication of L is the linear Z-linear (n,n — 1)-polygraph K(X) defined by:

— for k < n — 1, the linear Z-linear (n, n — 1)-polygraph K(X) has the same k-cells than X,

— foreach (n—1)-cells wand v of Zflq such that u # v and there is a minimal isomorphism
proof between w and v, there is an n-cell in K(Z) from u to v.

— for each (n — 1)-cells a, b and ¢ of ZfH such that there is a minimal direct sum proof
of a ~ b @ c, there is an n-cell in K(X) from atob + c.

6.3.10. Theorem [?, Theorem 4.1.8.]. Let C be a linear (n,n)-category presented by a lin-
ear (n + 1,n)-polygraph L. The Grothendieck decategorification K(L) of L presents the
Grothendieck decategorification K(C) of C.

Proof. By definition, the (n—1,n—1)-category presented by K(X) has the same k-cells as K(C)
for k < n — 1. This linear (n — 1,n — 1)-category is also generated by the same (n — 1)-cells
as K(C). Each relation verified by the (n — 1)-cells of the (n — 1,n — 1)-category presented
by K(Z) is also verified by the (n — 1)-cells of K(C). Let us now prove that each relation verified
by the (n — 1)-cells of K(C) is verified by the (n — 1)-cells of the (n — 1,n — 1)-category
presented by K(X).

Let a ~ b & c be a direct sum in C. If there is a minimal proof of this direct sum, then there
is an n-cell in K(Z)f1 from [a] to [b] + [c]. Else, there are decompositions:

— A =Uy *n (Ug ko3 (- (Unog %0 @' %0 Un) -+ ) *n—3 Uzn—3) Hn_2 Uzn_2,
— b= *n2 (U k3 (- (Uno1 %0 B %o Un) -+ ) H*n—3 Uan—3) *n—2 Un_2,
— = A2 (UpHn_3 (- (Uno1 %0 € H0 Up) -+ ) *n_3 Uzn—3) *n—2 Upn_2

where all w; are (n — 1)-cells of C and the direct sum a’ ~ b’ & ¢’ has a minimal proof. Hence,
by distributivity of the compositions there is an n-cell in K(Z)! from [a] to [b] + [c]. This
concludes the proof. L]

6.4. CATEGORY OF SOERGEL BIMODULES

6.4.1. Coxeter groups. A Coxeter group is a group W generated by a finite set S and, for any s
and t in S, subject to the relations
(st)™st =1

where each my; is an element of N+, U {oo} such that
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— foreach s in S, we have m¢, = 2,

— foreach sin S and each t in S, we have mg = M.

If mg; = oo, there is no relation between s and t. The data made of such a set S and the group W
it generates is called a Coxeter system.
In the rest of this section, we fix (W, S) a Coxeter system.

6.4.2. Hecke algebras. The Hecke algebra associated to (W, S) is the Z[q, q~']-algebra gener-
ated by the set {Ts|s € S} and, for any s in S subject to the relations
Ts2 =(q-1)Ts +q,

and, for all s # t, the relations

T =TT, -.
—_—  ——
Mst Mst

This algebra is denoted by H (W, S).

6.4.3. Category of Bott-Samelson bimodules. Let h be a vector space with basis {)[s € S}.
Let us consider a subset {o|s € S} of h* verifying the following properties:

— for each s in S, we have o, () = 2,

— for each s in S and each t in S, we have o (o)) oy (o)) = 4(cos(mlst))2 .

Let BB be a basis of h*. For each s in S, the Demazure operator associated to s is the linear
form 0, of h* sending each element f of h* to f(e). The category of Bott-Samelson bimodules,
denoted by Dyys or D if not ambiguous, is the linear (2, 2) category defined by:

— D has only one 0-cell,

— D has S as a set of generating 1-cells,

— the elements of 3 are generating 2-cells of D
— for each s € S, D has the generating 2-cells:

60 Vs A

— foreach s € S and each f € h*, D is subject to the relations

=0 =X =X
=l a=1 =l Y=l

g=o  If=s.0+0.73
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— for each (s,t) of S x S such that s # t and m,; # oo, we have a 2-cell

st---=>ts---
<~ <=~
Mst Mst

represented by

— foreach (s,t) of S x S such that s # t and m,; # oo, we have the relation

where

is the only idempotent of D such that the 2-cells

are zero,
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— for each triple (s, t,u) of distinct elements of S such that m,,, = my,, = 2, we have the
relation

— for each triple (s, t,u) of distinct elements of S such that m;; = m, = 3 and m,,, = 2,
we have the relation

— for each triple (s, t,u) of distinct elements of S such that msy = 3, ms,, = 2 and my,, =4,
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we have the relation

— for each triple (s, t,u) of distinct elements of S such that msy = 3, ms,, = 2 and my,, =5,
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we have the relation

—

where X is a 2-cell which factors through some 1-cell w for w a subword of stutsututsututu,
see [?].

\

6.4.4. Category of Soergel bimodules. The category of Soergel bimodules associated to (W, S),
denoted by SBimyy s or SBim if not ambiguous, is the closure of the linear (2, 2)-category Kar(D)
by grading shift. This linear (2, 2)-category categorifies the Hecke algebra H (W, S).

6.4.5. A confluent presentation of D. In the linear (2, 2)-category D, all identity 2-cells can be
written as a sum of orthogonal non trivial idempotents, that is two of such distinct idempotents e;
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and e; verify e; x; e; = 0. All non identity idempotents of D appear in such a decomposition.
Let us consider the linear (3, 2)-polygraph X defined by:

— X has only one 0-cell,
— L1 =S,
— foreach s € S, & contains the 2-cells:

6,0, 7 A

— for each (s,t) of S x S such that s # t and m,; # oo, L contains the 2-cells

St:>t5
S~ S~~~
Mst Mst

represented by

— foreach (s,t) of S x S such that s # t and m; # oo, Z contains the 3-cell

— foreach (s,t) of S x S such that s # t and m; # oo, Z contains the 3-cells

— for each (s,t) of S x S such that s # t and m,; # oo, L contains the 3-cell
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— for each triple (s, t,u) of distinct elements of S such that m,, = m, = 2, X contains
the 3-cell

— for each triple (s, t, u) of distinct elements of S such that myy = my,, =3 andm,,, =2, %
contains the 3-cell

— for each triple (s, t,u) of distinct elements of S such that msy = 3, ms,, = 2 and my,, =4,
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2 contains the 3-cell

— for each triple (s, t,u) of distinct elements of S such that msy = 3, ms,, = 2 and my,, =5,
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2 contains the 3-cell

-

-

— for each 1-cell w of £%, ¥ contains the 3-cell

for a maximal integer n such that each ey is a non trivial idempotent.
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The linear (3, 2)-polygraph X is a presentation of D. Because of the last family of 3-cells, we
have rewriting sequences of the form

lw= Zek3 (Zek)*1 (Zek) =N
P P =1

and X is not terminating. However, X is confluent. Indeed, each 2-cell of ¥ ¢ can be rewritten into
a unique linear combination of 2-cells whose class in D form a basis of each space of 2-cells.
Those bases are called light-leaves bases, see [?].
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Chapter 7

Affine oriented Brauer category and rewriting

Affine walled Brauer algebras were introduced by Rui and Su [?], and independenly by Sartori
[?], in the study of super Schur-Weyl duality. They show the Schur-Weyl duality between general
Lie superalgebras and affine walled Brauer algebras. The affine oriented Brauer category AOB
is a linear monoidal category introduced in [?] to encode walled Brauer algebras. Each walled
Brauer algebra is expressed as a morphism space of AOB. In particular, the category AORB is
used to prove basis theorems for the affine walled Brauer algebras given in [?]. More precisely,
Brundan, Comes, Nash and Reynolds provide an explicit basis for each affine walled Brauer
algebra. The proof of this theorem uses an intermediate result on the cyclotomic quotients of
AQOB. A basis is then given for each morphism space of those quotients. Brundan, Comes, Nash
and Reynolds finally use those bases to construct a basis for each morphism space of AOB.

In this memoir, we give a constructive proof of the mentioned basis result. We study the
linear monoidal category AQOB by rewriting methods. For this, we use the result from Section
?? of Chapter 4 and give a confluent presentation of AQOB. This presentation is a linear (3, 2)-
polygraph denoted by AOB. The confluence property of this linear (3, 2)-polygraph gives us the
bases of the morphisms spaces of AOB explicited in [?]. The linear (3, 2)-polygraph AOB will
not be terminating, which will prevent us to prove that AOB is confluent by using Newman’s
Lemma, see Lemma ??. To prove that AOB is confluent, we will use the decreasingness property
introduced by van Ostroom in [?], see also [?]. We will prove that AOB is decreasing and then
use the theorem from [?] stating that decreasingness implies confluence.

Plan of Chapter. In Section ??, we recall from [?] the definition of the linear monoidal category
AQOB using dotted oriented Brauer diagrams. Then, in Section ??, we define the linear (3, 2)-
polygraph AOB. We first prove that AOB is quasi-terminating by expliciting monomials we call
quasi-reduced. Then, we prove that AOB is a presentation of the linear monoidal category AQOB.
We finally prove in ?? that AOB is confluent.
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7.1. THE CATEGORY AOB

7.1.1. Dotted oriented Brauer diagrams with bubbles. A dotted oriented Brauer diagram
with bubbles is a planar diagram such that:

— edges are oriented,
— edges are either bubbles or have a boundary as source and target,

— each edge is decorated with an arbitrary number of dots not allowed to pass through the
crossings.

A dotted oriented Brauer diagram is normally ordered if:
— all bubbles are clockwise,
— all bubbles are in the leftmost side region,

— all dots are either on a bubble or a segment pointing toward a boundary.

7.1.2. Equivalence of dotted oriented Brauer diagrams with bubbles. Two dotted oriented
Brauer diagrams are equivalent if one can be transformed into the other with isotopies and
Reidemeister moves. A description of those moves can be found in [?, Chapter I, Section 4]. An
isotopy can move a dot along an edge but cannot make a dot go through a crossing.

7.1.3. Definition of AOB. The affine oriented Brauer category AQOB is the linear (2,2)-
category with one O-cell, two generating 1-cells and with 2-cells from a to b given by linear
combinations of dotted oriented Brauer diagrams with bubbles with source a and target b subject
to the following relations:

— invariance by equivalence given in ??,

K=K+
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7.1.4. Presentation of AOB. Let us recall the presentation of AOB given by Brundan, Comes,
Nash and Reynolds in [?]. The generators of this presentation are:

i) only one O-cell,
ii) two generating 1-cells denoted by /\ and V,
iii) five generating 2-cells
15 AV, VAL 1 AA S AN AV RS VA A A

respectively represented by:

ST
HIRV

The relations are:

— — _|_

w

7.1.5. Polygraphic presentation of AOB. Let us define the linear (3, 2)-polygraph AOB with
only one 0-cell and:

— AOB; ={A,V},

Saom-{ OV, UL X Xy
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— AOB; is made of the following 3-cells:

fJe] el

Uﬁe%% @ﬂéH

7.1.6. Remark. The linear (3, 2)-polygraph AOB presents the linear (2, 2)-category AOB but
is not confluent. For example, the following critical branching is not confluent:

ue§3§+x.

Note that AOB verifies the relations

0-01 10-0}

Because of those relations, finding a terminating, a fortiori convergent presentation of AOB
with a finite number of 2-cells is not possible. We have indeed seen in ?? that such relations
cannot be oriented to make a terminating presentation. We will thus search for a confluent and
quasi-terminating presentation of AOB.

7.2. A QUASI-CONVERGENT PRESENTATION OF AOB

In this section, we define another presentation of AOB. We will call this presentation AOB. Then,
we will prove that AOB is a confluent and quasi-terminating presentation of the linear (2, 2)-
category AOB.
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7.2.1. Definition of AOB. We define the linear (3, 2)-polygraph AOB by:
— AOB has the same 0-cells and 1-cells than the linear (3, 2)-polygraph AOB,

— AOB,=AOB,U{ { ), 1, $ >< ><}

— AOB;3; is made of the following four families of 3-cells:
Isotopy 3-cells, V(e, @) € {(/\, V), (V,/\)}, we have the following 3-cells

SEREE
20 N0 Usy Uy

Reidemeister 3-cells, V(e, @) € {(/\, V), (V, A\ V(e, ) € {(/\,V), (V,\)},Ve € {/\, V},

we have the following 3-cells
4 FU = w

._g

_g

S

° Ul

lll

L@
s

Rin K3u :

® 0

Ordering 3-cells
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ERRIER
-] el
Ba-R ReR
KRR ReR R

10 (030-9 @;@zgg@

Sliding 3-cells

030] UL )ik el

0201 {UzU-) |B)2E)1+-0)

where the last three families of 3-cells correspond to infinite families of relations which can
be calculated by induction. The first induction formula is given in [?]. If we denote the
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¢

as U, o and by expressing the clockwise bubbles with m dots

e

Untim = Wnym+1 — Uno *1 Uom-

counterclockwise bubble with n dots

as Ug ;,, we have for any n and m of N:

Which can be used to rewrite u, o as a linear combination of the family (uo’i)ogign’jel\]. The
others induction formulas are:
n—1
Vint+l,m = Vnym+1 + Wnim + E Winn—k *1 Vk,0y
k=0

m—1
/ o +w! - - /
nelm = Vnmel T Wigm Vok 1 Wiink
k=0

where v 0, Vom, Vi o and v{ ., respectively denote:
) ) ) )

SNSRI

and where w,, and w/, respectively denote:

A

Let us first expand on the first chapter of [?]. This chapter defines first ribbon categories as
braided monoidal categories with duals and twist. The twist is a natural transformation © from
the identity functor to itself satisfying:

v

9V®W == bVV»V (¢] (ev X ew) (¢] b\/’W

for each objects V and W, where b denotes the braiding. A ribbon category satisfies the axiom
0" =0.

An example of ribbon category is the category of ribbon tangles on a set S of colors. This
strict monoidal category RZs is defined by:
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— the objects of RZBs are the words of the free monoid on S x {\VV/, A},

— the morphisms of RZBs from a word u to a word v are the oriented tangles of colored
ribbons such that the word u is on the upper boundary and the word v is on the lower
boundary,

— two isotopic tangles are equal.

In this category, each object the twist corresponds to transversally twisting a ribbon by 360
degrees. Turaev then gives a presentation by generators and relations of RZBs. The generators
are the cups, caps, crossings and twistings of each ribbon colors and directions. The relations are
invariance by multiple moves Turaev describes as elementary isotopies and Reidemeister moves.

From this presentation of RZBs by generators and relations, we can present the category
‘RZB of ribbon tangles with only one color by generators and relations. Because RZB is a
monoidal category, we can describe it as a 2-category with only one O-cell. The linearization
of RZB is thus a linear (2, 2)-category with the same O-cell and 1-cells than RZSB. We will
call RZBk this linear (2, 2)-category, where K is our fixed field. Let OB be the subcategory of
AQOB defined by:

— OBO = .AOBO and OB] = .AOB],
— OB, is made of the oriented Brauer diagrams with bubbles (without dots).

The linear 2-functor from RZBx to OB sending each ribbon to a string with the same direction
and ignoring the twists is full as noted in [?]. We derive from this fact a description of elementary
isotopies and Reidemeister moves first described in [?] for the linear (2, 2)-category AOB.

7.2.2. Proposition. The linear (3,2)-polygraph AOB is a presentation of the linear (2,2)-
category AOB.

Proof. All 3-cells of AOB correspond to a relation verified in the linear (2, 2)-category AOB by

Definition ??. Moreover, the set of 3-cells of type i%, v, v, 72, %, and > contains all elementary

%9 Pk T Ty Dy
isotopies and Reidemeister moves given in [?] (Chapter 1, Section 4), and thus generates the
equivalence of dotted oriented Brauer diagram with bubbles. As a consequence, the 3-cells

of AOB are sufficient to find any relation verified in AOB. ]

Then, we define some particular 2-cells of AOB;.
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7.2.3. Quasi-reduced monomials. We call a monomial of AOB quasi-reduced if the only
3-cells we can apply to it are of the form:
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We call a 2-cell of the linear (2, 2)-category AOB' quasi-reduced if all monomials in its monomial
decomposition are quasi-reduced.

7.2.4. Lemma. The linear (3,2)-polygraph AOB is locally confluent.

Proof. The linear (3, 2)-polygraph AOB is quasi-terminating by the fact that all quasi-reduced
monomials are quasi-normal forms. The linear (3,2)-polygraph AOB is exponentiation free
because no quasi-reduced monomial m can be rewritten into Am for A a scalar other than 1. We
will deduce local confluence of AOB by Lemma ??. We have to check that all critical branchings
of AOB are confluent.

We enumerate first the sources of the critical branchings which do not involve dotted bubbles,
starting with the overlapping of the isotopy 3-cells and continuing in the order in which the
3-cells are given. The final enumeration is given in the first section of the appendix ??. By doing
this, we remark we can eliminate multiple critical branchings similar to others. First, we can
ignore the directions of the ups and downs for each of the following interactions:

— all critical branchings involving two isotopy 3-cells other than i} for some 1 < k < 4,

k
— all critical branchings involving an isotopy 3-cell other than i for some 1 < k < 4 and a
Reidemeister 3-cell,

— all critical branchings involving two Reidemeister 3-cells.

Indeed, the above 3-cells correspond to the relations verified by the category OB defined in [?].
Those relations do not depend on the up or down directions. Those relations are also invariant
by axial symmetry. Those facts allow us to withdraw multiple critical branchings from our
enumeration. In the same way, any critical branchings involving two isotopy 3-cells can be
studied up to axial symmetry.

The interactions between an ordering 3-cell and a Reidemeister 3-cell are not invariant by
symmetry. But, when a critical branching involving an ordering 3-cell and a Reidemeister 3-cell
¥ is confluent, all critical branchings involving an ordering 3-cell and a 3-cell of the form ¥ or
a 3-cell whose source has an axial symmetry with the source of T* are confluent. This fact allows
us to treat multiple cases of critical branching simultaneously.

We now verify each critical branching is confluent. In the second section of the appendix ??,
we give the source of each critical branching and a target attained by a confluence diagram for
this critical branching.

The sliding 3-cells can be seen as making a bubble going through an identity and creating
some additive residues. For each n of N, the only bubbles created by the 3-cells s° and s! have
less than n dots. Thus, treating the confluence of the critical branchings involving no sliding
3-cell other than s and s} shows by induction on n all critical branchings involving sliding
3-cells are confluent. This deals with the totality of the critical branchings. [
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7.2.5. Weight functions. Let C be a linear (2, 2)-category. A weight function on C is a func-
tion T from C; to N such that:

— for each 0-composable monomials a and b we have t(a xo b) = t(a) + t(b),
— for each 1-composable monomials a and b we have T(a x; b) = t(a) + t(b),

— for each 2-cell x, we have T(x) = max{t(a)|a appears in the monomial decomposition of x}.

7.2.6. Lemma. Each 2-cell of the linear (2,2)-category AOB' can be rewritten into a quasi-
reduced 2-cell.

Proof. To prove that each 2-cell of AOB; rewrites into a normally dotted oriented Brauer
diagram, we give first a weight function T on AOBg defined by:

Tﬂ :Tm :TU :TU =1

e e s

Then, we give the following procedure taking a monomial m as an entry:
— While m can be rewritten into a 2-cell m’ such that t(m’) < t(m) do:

— assign m to m’
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— While m can be rewritten into a 2-cell m’ without applying a 3-cell of the form:

) 3@ 3! 3@
A= B=0-)

Qg@ﬂm@
2-6 9-@-N
QE@H{M@
5-1d §-1g-U
ég@ﬂw@
5o g-lgU
ég@ﬂm@
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— assign m to m’

This procedure terminates because X is terminating without the sliding 3-cells and the isotopy 3-
cells that do not decrease the weight. This results in rewriting any 2-cell into a linear combination
of normally ordered Brauer diagrams. For each equivalence class of dotted oriented Brauer
diagram with bubbles, exactly one representative of this class can appear in a 2-cell attained by
the given procedure because there is no isotopy or Reidemeister 3-cell to apply anymore. Those
are the quasi-reduced monomials. ]

7.2.7. Lemma. The linear (3, 2)-polygraph AOB is decreasing.

Proof. We define the labelling to the quasi-normal form (N, <,1) on AOB where for each
rewriting step « of AOB, the integer () is the distance from t, () to a quasi-reduced 2-cell.
By Lemma ??, every 2-cell of mﬁ can be rewritten into a quasi-reduced one. This makes the
map 1 well-defined because rewriting sequences leading to a quasi-reduced 2-cell always exist.
The branchings of AOB are decreasing for this well-founded labelling. The decreasing diagrams
for the critical branchings of AOB are given in the third section of the appendix ??.

All critical branchings of AOB, by Theorem 22, all local branchings of AOB are decreasing
because AOB is exponentiation free. O

As an immediate consequence of Theorem ??, Lemma ?? implies the following result:

7.2.8. Theorem. The linear (3,2)-polygraph AOB is a confluent presentation of AOB.

7.3. BASES OF THE 2-CELLS SPACES OF AOB

Let X be a left-monomial linear (3, 2)-polygraph presenting the linear (2, 2)-category AOB
verifying the two following properties:

i) each monomial of the free linear (2, 2)-category L} corresponds to a dotted oriented Brauer
diagram with bubbles,

ii) each 2-cell of £ is congruent to a linear combination of normally ordered dotted oriented
Brauer diagrams.

Then, for any a and b in AOB;, any element of AOB;(a,b) is equal to a linear combination of
normally ordered dotted oriented Brauer diagrams. The vector space AOB;(a, b) has then a
generating family given by the equivalence classes of normally ordered dotted oriented Brauer
diagrams with bubbles with source a and target b

Let X be a left-monomial linear (3, 2)-polygraph presenting the linear (2, 2)-category AOB
verifying the two following properties:
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i) each monomial of the free linear (2, 2)-category L} corresponds to a dotted oriented Brauer
diagram with bubbles,

ii) a normally ordered dotted oriented Brauer is not congruent to a linear combination of
non-equivalent others.

The vector space AOB;(a, b) has then a free family given by the equivalence classes of normally
ordered dotted oriented Brauer diagrams with bubbles with source a and target b. Note that, by
Church-Rosser Theorem ??, the second property is implied by the following two properties:

i) X is confluent,

ii) a normally ordered dotted oriented Brauer does not rewrite into a linear combination of
non-equivalent others.

The linear (3, 2)-polygraph AOB is a presentation of AOB verying:

i) each monomial of the free linear (2, 2)-category AOB; corresponds to a dotted oriented
Brauer diagram with bubbles,

ii) each 2-cell of AOBg is congruent to a linear combination of normally ordered dotted
oriented Brauer diagrams.

iii) AOB is confluent,

iv) a normally ordered dotted oriented Brauer does not rewrite into a linear combination of
non-equivalent others.

Property i) is a direct consequence of the definition of AQB. Property ii) is a consequence of
Lemma ??. Property iii) is a consequence of ??. Let us now prove Property iv).

. ——=t .
7.3.1. Lemma. In the free linear (2, 2)-category AOB,, no normally ordered dotted oriented
Brauer can be rewritten into a linear combination of non-equivalent others.

Proof. To prove this Lemma, it is sufficient to show that a quasi-reduced 2-cell does not rewrite
into another quasi-reduced 2-cell. The only way to rewrite a quasi-reduced monomial is to apply
sliding 3-cells or isotopy 3-cells that do not decrease the weight. So, the only way to rewrite
a quasi-reduced monomial into a linear combination of others is to use rewriting paths of the

0-0-0  -0-0 -
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2.0)-2  Ya0):)-Y
R=01=5  R=0-M=7
5+19-3  g=l0)-U=g
Jalo)=8  gel0-U=g

Then, a quasi-reduced 2-cell does not rewrite into a linear combination of others. O]
Thus, we get the following result as a consequence of Theorem ??:
7.3.2. Corollary [?, Theorem 1.2.]. Let a and b be two 1-cells of the linear (2, 2)-category AOB.

Then, the vector space AOB,(a,b) has a basis given by the equivalence classes of normally
ordered dotted oriented Brauer diagrams with bubbles with source a and target b.
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Appendix

8.1. CRITICAL BRANCHINGS OF AOB

We give the enumeration of the critical branchings of the linear (3, 2)-polygraph AOB. This
enumeration is used in the proof of Lemma ??.

i) Critical branchings involving an isotopy 3-cell:
0 21y (30 :2y (0 22y (i1 :2y (1 :2y (:0 3 14
(1.31.)3 hmlz)) (l\/>l3)> (1/\»1])’ ( V) 4)) (lo)ro,o)) (lo?ro,o)
4 3 3

122y (a1 12y (22 2 2 4 2 4
(iry 14), (P T.,.)a (ir, 1), (Hﬂ”v,/\)) (HaTv‘v)» (15, TA,\/% (i3, T/\,/\)

ii) Other critical branchings involving a Reidemeister 3-cell:

1 1 1 2 1 2 1 4
(To,o) ro,o)) (ro@) ro,o,o)) (rc,.) ro,o,o)) (ro,o) ro,-,o))

1 5 1 6 1 7 1 3 1 0 1 0 1 0 1 0
(To,o) To,o)) (To,o) To,o)’ (To,o) To)’ (To,o) To)’ (T\/,/\) 06)) (T\/,/\) 07)) (T/\,\/) 05)) (T/\’\/, 08))

1 0y (1 0y (42 2 2 0y (42 0y (42 0y (42 0
(T'v,m 04), (rv,w 07), (13 0,0 T'.,.,.% (r/\,/\,/v 01), (T'A,A,m 03), (Tv,A,m 05), (Tv,A,m 07),

Y
2 0y (4.2 0y (42 0y (42 0y (42 0 (42 0y (42 0
(T, 05)y (TA A0 06)y (TA A0 07)5 (TA Ay 01) (TA A vy 025 (TA A vy 06 (TA Ay 08),s

2 0y (42 0y (42 0y (42 0y (42 0y (42 0y (42 0
(rv,v,w 03), (W,v,v» 04), (Tv,v,m 05), (rv,v,m 07), (TA,v,w 04), (TA,v,m 05), (T'A,v,w 06),

2 0 2 0 2 0 3 4 3 0 3 [
(Tv,A,w 03), (T\/,A,v) 05), (T\/,A,\/) 0g), (T.,.» T.,.)a (T/\,Aa 07), (T/\,/\» 03),

3 0 4 0 3 0 4 0 4 0
(130,70 05)5 (TA A 06)y (T3, 045 (TA A5 03, (T4 15 04),
4 0 4 0 4 0 4 0 5 0 5 0 5 0 5 0
(T\/,/\» 07)) (T/\,\/» 06)) (T/\,\/> 08)) (TV,V) 02)» (T/\‘/\> 01 )) (r/\,/\> 02)» (r/\,V) 05)) (YA,\/) 06)>

5 0y (5 0y (5 3y (5 0y (5 0y (6 0y (6 0
(Tv,m 03), (Tv,m 05), (Tv,w Ts), (Tv,v» 05), (Tv,v> 07), (Tv,v> 03), (Tv,w 04),
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6 0 6 0 6 0 6 [ 6 0 6 0
(Tv,m 07), (Tv,m 0g), (T/\,m 01), (T/\,vy 07), (T/\,/\y 05), (T/\,m 07),

0 8 0 8 0 9 0 9 0
(T‘Z/, 05)) (rm OS)) (T/\, O7)> (T/\, o ), (T‘\/, 03),

(1'(0)? S*)) (1’1) S*)) (Tl,o? S*)) (T%,o,o’ S*)) (Tf,o) S*)) (T:‘,o) S*))

6 8 9
(rio> S*)) (ro,.) S*)? (YZ) S*)) (ro) S*)) (ro) S*))

iii) Other critical branchings involving a sliding 3-cell:

(Ol» S*)) (S*) S*)-

8.2. CONFLUENCE DIAGRAMS OF AOB

We give a confluence diagram for each critical branching of the linear (3, 2)-polygraph AOB we
need to check in the proof of Lemma ??.

Mafl fUs1 Q-0 Ny
=Rl E?Lﬁ Ju
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0000 00=00

8.3. DECREASINGNESS OF AOB

We give a decreasing diagram for each critical branching of the linear (3, 2)-polygraph AOB we
need to check in the proof of Lemma ??.
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