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This thesis aims to design non-asymptotic and robust estimators for a class of frac-

tional order linear systems in noisy environment. It deals with a class of commensur-

ate fractional order linear systems modeled by the so-called pseudo-state space rep-

resentation with unknown initial conditions. It also assumed that linear systems un-

der study can be transformed into the Brunovsky’s observable canonical form. Firstly,

the pseudo-state of the considered systems is estimated. For this purpose, the Brun-

ovsky’s observable canonical form is transformed into a fractional order linear differ-

ential equation involving the initial values of the fractional sequential derivatives of

the output. Then, using the modulating functions method, the former initial values

and the fractional derivatives with commensurate orders of the output are given by al-

gebraic integral formulae in a recursive way. Thereby, they are used to calculate the

pseudo-state in the continuous noise-free case. Moreover, to perform this estimation,

it provides an algorithm to build the required modulating functions. Secondly, inspired

by the modulating functions method developed for pseudo-state estimation, an oper-

ator based algebraic method is introduced to estimate the fractional derivative with an

arbitrary fractional order of the output. This operator is applied to cancel the former

initial values and then enables to estimate the desired fractional derivative by a new

algebraic formula using a recursive way. Thirdly, the pseudo-state estimator and the

fractional order differentiator are studied in discrete noisy case. Each of them con-

tains a numerical error due to the used numerical integration method, and the noise

error contribution due to a class of stochastic processes. In particular, it provides an

analysis to decrease noise contribution by means of an error bound that enables to

select the optimal degrees of the modulating functions at each instant. Then, several

numerical examples are given to highlight the accuracy, the robustness and the non-

asymptotic property of the proposed estimators. Moreover, the comparisons to some

existing methods and a new fractional order H∞-like observer are shown. Finally, con-

clusions are outlined with some perspectives.

Index Terms: Fractional order linear systems, Pseudo-state space representation,

Modulating functions method, Algebraic method, Non-asymptotic and robust estima-

tion, Pseudo-state estimator, Fractional order differentiators, Initial condition estim-

ator, Fractional order Luenberger-like observer, Fractional order H∞-like observer,

Fractional order Legendre differentiator.
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Cette thèse vise à concevoir des estimateurs non-asymptotiques et robustes pour les

systèmes linéaires d’ordre fractionnaire commensurable dans un environnement bruité.

Elle traite une classe des systèmes linéaires d’ordre fractionnaire modélisées par la dite

pseudo représentation d’état avec des conditions initiales inconnues. Elle suppose

également que les systèmes étudiés ici peuvent être transformés sous la forme can-

onique observable de Brunovsky. Pour estimer le pseudo-état, la forme précédente est

transformée en une équation différentielle linéaire d’ordre fractionnaire en prenant en

compte les valeurs initiales des dérivées fractionnaires séquentielles de la sortie. En-

suite, en utilisant la méthode des fonctions modulatrices, les valeurs initiales précédentes

et les dérivées fractionnaires avec des ordres commensurables de la sortie sont don-

nées par des formules algébriques avec des intégrales à l’aide d’une méthode récurs-

ive. Ainsi, ces formules sont utilisées pour calculer le pseudo-état dans le cas continu

sans bruit. En outre, elle fournit un algorithme pour construire les fonctions mod-

ulatrices requises à l’accomplissement de l’estimation. Deuxièmement, inspirée par

la méthode des fonctions modulatrices développée pour l’estimation de pseudo-état,

une méthode algébrique basée sur un opérateur est introduite pour estimer la dérivée

fractionnaire avec un ordre quelconque de la sortie pour les systèmes considérés. Cet

opérateur sert à annuler les valeurs initiales non désirées, puis permet d’estimer la

dérivée fractionnaire souhaitée par une nouvelle formule algébrique à l’aide d’une

méthode récursive. Troisièmement, l’estimateur du pseudo-état et le différenciateur

d’ordre fractionnaire obtenus précédemment sont étudiés respectivement dans le cas

discret et bruité. Chacun d’entre eux contient une erreur numérique due à la méthode

d’intégration numérique utilisée et une autre due au bruit. En particulier, elle fournit

une analyse pour diminuer la contribution du bruit au moyen d’une majoration d’erreur

qui permet de sélectionner les degrés optimaux des fonctions modulatrices à chaque

instant. Ensuite, des exemples numériques sont donnés pour mettre en évidence la

précision, la robustesse et la propriété non-asymptotique des estimateurs proposés.

En outre, les comparaisons avec certaines méthodes existantes et avec un nouvel ob-

servateur d’ordre fractionnaire de type H∞ sont montrées. Enfin, elle donne des con-

clusions et des perspectives.

Mots clés : Systèmes linéaires d’ordre fractionnaire, Pseudo représentation d’état,

Méthode des fonctions modulatrices, Méthode algébrique, Estimation non-asymptotique

et robuste, Estimateur de pseudo-état, Différentiateurs d’ordre fractionnaire, Estim-

ateur de conditions initiales, Observateur d’ordre fractionnaire de type Leuenberger,

Observateur d’ordre fractionnaire de type de H∞, Différentiateur de Legendre d’ordre

fractionnaire.



A��
���	��	�	
��

The PhD work presented in this thesis was supported by the Central Region of

France, and has been carried out within the PRISME (Pluridisciplinaire de Recherche

en Ingénierie des Systèmes, Mécanique et Énergétique) laboratory at INSA Centre Val

de Loire Campus of Bourges

Firstly, I would like to thank my advisor Prof. Driss Boutat and supervisor Dr. Dayan

Liu, for the great opportunities, for their high lever of guidance, for their patience, for

broadening my vision in research and other things in daily life.

I would like to express my sincere gratitude to Laleg-Kirati Taous-Meriem and Mel-

chior Pierre who have kindly accepted the invitation to be the reviewers of my PhD

thesis. My heartfelt thanks are dedicated to Prof. Maïtine BERGOUNIOUX, Frédéric

KRATZ, Prof. Olivier GIBARU and Dr. Gang ZHENG, for their kind acceptance to be the

members of my PhD Committee.

Thank you to all my colleagues working in the same place, with whom I know I am

not fighting alone in research world. I would especially like to mention Antoine FER-

REIRA, Omar TAHRI, Adel HAFIANE, Arnaud PARIS, Toufik AGGAB, Bassem CHIEB,

Julien THUILLIER, Bainan LIU, Ruipeng CHEN, Lifei WANG, Tingting ZHANG and Yan-

qiao WEI.

I would like to thank all the support staffs. Especially for Marylene VALLEE, Nath-

alie MACHU, Karine COTTANCIN, Laura GUILLET and Laure SPINA.

I would like to thank all my friends in France for their friendships and supports.

Last, but certainly not the least, many thanks to my mother’s choice of studying in

France, thank you to all my family for the sacrifices they had to make in order to allow

me to pursue my studies in France. Thank you for my wife years of companionship that

I always believe in love. All the family’s love is the source of strength let me stronger.

Since there are too many people helped me during this period, please forgive me

for not listing more.



L��� �� ���������� �

Journals
[1] Xing Wei, Da-Yan Liu, and Driss Boutat, “Non-asymptotic pseudo-state estimation

for a class of fractional order linear systems,” IEEE Transactions on Automatic Control,

vol. 62, no. 3, pp. 1150–1164, 2017, Impact Factor: 4.27.

Under review:

[2] Xing Wei, Da-Yan Liu, Driss Boutat, and Yi-Ming Chen, “Algebraic fractional order

differentiator based on the pseudo-state space representation,” IEEE Transactions on

Automatic Control.

International Conferences
[3] Xing Wei, Da-Yan Liu, Driss Boutat, Hao-Ran Liu, and Ya-Qian Li, “Modulating

functions-based fractional order differentiator for fractional order linear systems with

a biased output,” in 20th IFAC World Congress, 2017.

[4] !"#$%&"' ()&* Xing Wei, Da-Yan Liu, and Driss Boutat, “Robust estimation for the

fractional integral and derivative of the output for a class of fractional order linear sys-

tems,” in Control Conference (CCC), 2017 36th Chinese.

[5] Xing Wei, Da-Yan Liu, and Driss Boutat, “Extension of modulating functions method

to pseudo-state estimation for fractional order linear systems,” in Control Conference

(CCC), 2016 35th Chinese, pp. 10469–10474, TCCT, 2016.

[6]Xing Wei, Da-Yan Liu, and Driss Boutat, “A new model-based fractional order differ-

entiator with application to fractional order pid controllers,” in 2015 54th IEEE Confer-

ence on Decision and Control (CDC), pp. 3718–3723, IEEE, 2015.

[7]Xing Wei, Da-Yan Liu, and Driss Boutat, “Caputo fractional derivative estimation for

a class of signals satisfying a linear differential equation,” in Control Conference (CCC),

2015 34th Chinese, pp. 4598–4603, IEEE, 2015.





C� �+ ��

0.1 List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

1 General Introduction 1
1.1 Getting started . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -
1.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /
1.3 Motivations and objectives of the thesis . . . . . . . . . . . . . . . . . . . . . 0
1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Fractional calculus and fractional order systems 7
2.1 Some useful functions and Laplace transform . . . . . . . . . . . . . . . . . 3
2.2 Definitions and properties of fractional calculus . . . . . . . . . . . . . . . . --
2.3 Commensurate fractional order linear systems . . . . . . . . . . . . . . . . -4
2.4 Fractional order controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5/
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Modulating functions method 68
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.2 Modulating functions method for integer order linear systems . . . . . . . 53
3.3 Fractional order differentiator for integer order linear systems . . . . . . . 00
3.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4 Non-asymptotic pseudo-state estimator :1
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2-
4.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,5
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4/

5 Non-asymptotic fractional order differentiator ;6
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.2 Algebraic fractional order differentiator . . . . . . . . . . . . . . . . . . . . . 49



5.3 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -<3
5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . --0

6 General conclusions and perspectives 118
6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . --9
6.2 Future works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . --3

Annexes I

A Appendix: different properties of Modulating functions III
A Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . =>>

0.1 List of Figures

2.1 The variation of the Gamma function. . . . . . . . . . . . . . . . . . . . . . . ,
2.2 Riemann-Liouville definition case x(t ) = 1

t 1−α Eα,α(tαA) withα = 0.1,0.5,0.9,1. /5
2.3 Caputo definition case x(t ) = Eα(tαA)x(0) with α = 0.1,0.5,0.9,1. . . . . . . /5
2.4 Caputo definition case: x(t ) = Eα(tαA)x(0) withα = 0.1 and A = −0.1,−1,−8,−20. /0
2.5 Riemann surface for w = s1/4. . . . . . . . . . . . . . . . . . . . . . . . . . . . /9
2.6 The evaluation contour Γ0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . /2
2.7 |arg(λ)| = π

4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /3
2.8 |arg(λ)| > απ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /3
2.9 arg(λ) = π. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /,
2.10 |arg(λ)| < απ

2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /,
2.11 απ

2 < |arg(λ)| < απ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . /4
2.12 Block diagram of a closed-loop system with a fractional order PIλDµ con-

troller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5/
2.13 Classical PID controllers and fractional order PIλDµ controllers. . . . . . . 55

3.1 Classic modulating functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 5,
3.2 Example 1: Open-loop case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.3 Example 2: Closed-loop case. . . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.4 Example 3: Sinusoidal signal case . . . . . . . . . . . . . . . . . . . . . . . . 9,

4.1 Example: Output of the linear system defined in (4.109)-(4.110), and its

discrete noisy observation corrupted by a zero-mean white Gaussian noise

with SNR= 20dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,,
4.2 Noise error and noise error bound for the estimation of D

1
2
t y . . . . . . . . . ,4



4.3 Estimation of D
1
2
t y obtained by the proposed method (resp. the Grünwald-

Letnikov scheme) in the discrete noisy case (resp. noise-free case), and

estimations of

[

D
− 1

2
t

{

D

k
2

t y(t )

}]

t=0
, for k = 0,1,2. . . . . . . . . . . . . . . . 4<

4.4 Estimations of x1 obtained by the proposed estimator and the fractional

order Luenberger-like observer and H∞-like observer in the discrete noisy

case, and the ones obtained by the Grünwald-Letnikov scheme in the dis-

crete noise-free case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4-

5.1 Repartition of the orders: ν0, . . . ,νd . . . . . . . . . . . . . . . . . . . . . . . . -<5
5.2 Example 5.2 The output and its discrete noisy observation. . . . . . . . . . -<,
5.3 Example 5.2 The variation of the noise error bound given in (5.43) with

m = 2, . . . ,10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -<,
5.4 Example 5.2 Estimations and estimation errors obtained by the proposed

method and the fractional order Legendre differentiator . . . . . . . . . . . -<4
5.5 Example 5.3 The output and its discrete noisy observation of a fractional

electrical circuit model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ---
5.6 Example 5.3 The variation of the noise error bound given in (5.43) with

m = 2, . . . ,10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ---
5.7 Example 5.3 The numerical calculations obtained by the Grünwald-Letnikov

scheme in discrete noise-free case and the estimations obtained by the

proposed method in the discrete noisy case. . . . . . . . . . . . . . . . . . . --/
5.8 Example 5.3 Estimations and estimation errors obtained by the proposed

method and the modulating functions method [1]. . . . . . . . . . . . . . . --5





L��� �� ?@B����

N the set of natural numbers

Z the set of integers

R the set of real numbers

C the set of complex numbers

(·)∗ the set of non-zero numbers

(·)+ the set of positive numbers

(·)− the set of negative numbers

ℜ(·) the real part of a complex number

ℑ(·) the imaginary part of a complex number

⌊·⌋ the floor function

⌈·⌉ the ceiling function

Γ(·) the Gamma function

B(·, ·) the Beta function

Eα(·) one parameter Mittag-Leffler function

Eα,α(·) two-parameter Mittag-Leffler function

Eγ

α,β(·) three-parameter Mittag-Leffler function

δi n(·) the Kronecker delta function

D−α
a,t {·} the Riemann-Liouville fractional integral operator

Dα
a,t {·} the Riemann-Liouville fractional derivative operator

Dα
t {·} the Riemann-Liouville fractional derivative operator start from 0

D
kα
a,t {·} the Riemann-Liouville fractional sequential derivative operator

CDα
a,t {·} the Caputo fractional derivative operator



DDα
t ,b{·} the right-sided Caputo fractional derivative operator

GLDα
a,t {·} the Grünwald-Letnikov fractional derivative operator

Dα{·} the Riemann-Liouville or the Caputo fractional derivative operator start from 0



CE���+F G

General Introduction

1.1 Getting started

Before starting this thesis, let us briefly answer the following three basic questions.

1.1.1 What is fractional calculus?

Fractional calculus is a branch of mathematical analysis, where the integer orders in

the integral and differentiation operators are extended to real numbers or complex

numbers, and which develops the properties of the classical calculus.

1.1.2 Why do we use fractional calculus?

When we try to describe the real world, the fractional characteristic is more conven-

tional and rational than the integer one. The fractional calculus is an extension of the

classical one. Due to the existence of massive non-integer properties in nature, fra-

tional order systems are more suitable to describe them [8* 9* 10* 11].

1.1.3 How can we use fractional calculus?

Thanks to the development of computer science, more and more applications of frac-

tional calculus appear in many science and engineering fields such as economics[12]*
physics [9]* H&'J'KMN13* 14* 15]* OP)Q&STUMN16]* "VT'Q"T&O O'#TU'J N8* 10* 17]* )TO. WQ'#K
theses applications, the classical integral and differentiation operators are usually re-

placed by the fractional order ones, such that the non-standard dynamical behaviors

can be characterized with long memory or with hereditary effects.
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1.2 Introduction

1.2.1 History and applications of fractional calculus

Fractional calculus is an old mathematical subject flowing with young blood. It was

born in 1695 during the communications between L’Hôpital and Leibniz. Some inter-

esting questions and answers can be found in their letters:

• Leibniz:"Can the meaning of derivatives with integer order be generalized to de-

rivatives with non-integer orders?"

• L’Hôpital: "What if the order will be 1/2?"

• Leibniz: "It will lead to a paradox, from which one day useful consequences will

be drawn."

Since then, fractional calculus was studied and developed by many famous mathem-

aticians during more than 300 years. Readers can refer to [18* 19* 20] Y'U Q'U) X)T"&JS
on the history of fractional calculus. Now, fractional calculus has been becoming very

useful in many scientific and engineering fields, such as:

• automatic control [10* 21* 22]*

• robotics [23]*

• electrical engineering [24* 25* 26]*

• signal and image processing [27]*

• physics [9]*

• chemistry [28]*

• mechanic [29* 30]*

• biology [13* 14* 15* 31]*

• economics [32]*

• rheology [33* 34* 35* 36]*

• earthquakes [37]*

• etc.

Among all these domains, an important research topic is on fractional order sys-

tems and controllers in automatic control. In the following section, let us recall some

famous groups and their outstanding works in the world. As the list is long, there are

risks to forget some works to cite.

2
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1.2.2 Some research groups

There are many well-known researchers and research groups in the world, who work

on fraction order systems and controllers, such as Machado [38* 39]* ZUT&KV)&U" N40]*
Trigeassou [41* 42])TO. ['\)^)U* \) O"# #'T )#VQ)U"T) "JJ 'Y TP)Q. [)U)* \) &#TU'XVO)
some stars in this domain.

One of the most celebrated group in France is the CRONE team [43* 44]. _`Zab &S
the French abbreviation for Commande robuste d’ordre non entier with the meaning of

non-integer order robust control. "We live in a 2.3-dimensional world, which is larger

than the surface but smaller than the volume" -Alain Oustaloup. This brilliant sentence

opened my door to fractional palace when I was a Master student at University Bor-

deaux 1. This team is formed by Oustaloup, Sabatier, Melchior, Lanusse, Malti et al.

The CRONE Toolbox is one of the earliest Matlab Toolbox for frational order control

[17]. cP) H''d N11] SVQQ"U&e)S TP) \'Ud 'Y TP) _`Zab T)"Q SVOP "S TP) ST"H&J&TM 'Y
frational order systems, different generations of CRONE control and the H∞ control.

Further more, some frational order applications have been implemented like suspen-

sion CRONE [29* 30].
The contribution of Igor Podlubny’s group has been widely recognized. The book of

Podlubny [21] &S '#) 'Y TP) Q'ST O&T)X fVHJ&O"T&'# &# YU"OT&'#"J O"JOVJVS X'Q"&#. cP)
proposed fractional order PIλDµ controllers are used to improve the performance of

systems [8]. [) X)Q'#STU"T)X TP) H)TT)U U)Sf'#S) 'Y TP&S TMf) 'Y O'#TU'JJ)US O'Qf"U&#K
to the classical PID controllers. A frequency domain approach using the fractional or-

der PIλDµ controllers was also studied [45]. cP) &QfJ)Q)#T"T&'# 'Y TP)S) O'#TU'JJ)US &S
presented by an approach to the design of analogue circuits [46].

Yangquan Chen’s group is one of the leading contributors to the research field of

fractional order systems and controllers. Their research interests include both theoret-

ical and practical issues, such as the Impulse Response Invariant Discretization (IRID)

method for approximating the fractional differential operators [47* 48]* TP) g"T$fP"S)
tuning rule based on the iso-damping property [49* 50]* TP) O'#TU'J 'Y P"UX$X&SO XU&^)
servos [51]* "#X TP) g&KPT O'#TU'J 'Y V#Q"##)X "U&"J ^)P&OJ)S N52]. cP)S) Q'#'KU"fPS
[10* 53] "U) K''X T''JS T' H) Y"Q&J&"U \&TP YU"OT&'#"J 'UX)U SMST)QS "#X O'#TU'JJ)US.

3
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1.3 Motivations and objectives of the thesis

During the past decades, fractional order systems and controllers have been applied

to improve performance and robustness properties in control design, for example, to

increase of the stability margin [8* 54* 55* 56].
On the one hand, there exist two linear models for fractional order systems: the

fractional order differential equation model and the one with the pseudo-state space

representation. For the systems which can be transformed into the Brunovsky’s observ-

able canonical form, these two models are equivalent in the case with zero initial con-

ditions [1]. jV) T' TP) #'#$J'O"J&TM 'Y TP) YU"OT&'#"J X)U&^"T&^) 'f)U"T'U* TP) U)"J$ST"T)
of a fractional order system can be divided into two parts: the pseudo-state and an ini-

tialization function. However, for some applications, the knowledge of pseudo-state is

enough to understand the behavior of a studied fractional order system [55* 57]. WS Y'U
integer order linear systems, the design of pseudo-state estimators for fractional order

linear systems is also important in automatic control. Indeed, for cost and technolo-

gical reasons, the pseudo-state can not always be measured. Moreover, the estimation

normally requires the measurements which are usually noisy. Existing pseudo-state

observers for fractional order systems are often extensions of the ones for integer or-

der systems, which usually converge asymptotically. However, estimations with fast

convergence in finite-time are required to achieve the control objective in numerous

applications [58]. _'#S)kV)#TJM* #'#$"SMQfT'T&O "#X U'HVST fS)VX'$ST"T) )ST&Q"T'US
are useful for fractional order systems.

On the other hand, for a studied system whatever integer order or fractional order,

when dealing with the problem of output regulation such as the stabilization of the

output, a fractional order controller can be designed using the fractional derivatives of

the output [59]. l'U )m"QfJ)* \P)# X)S&K#&#K " YU"OT&'#"J 'UX)U n>λDµ controller, the

fractional derivative of the output needs to be estimated using its discrete noisy obser-

vation, whose order can be arbitrary [21]. _'#S)kV)#TJM* #'#$"SMQfT'T&O "#X U'HVST
fractional order differentiators are useful for fractional order systems and controllers.

When designing a fractional order differentiator, the accuracy and the robustness to

noise effect need be considered. Based on these criteria, various robust fractional order

differentiators have been proposed in the frequency domain [60* 61* 62* 63] "#X &# TP)
time domain [62* 64* 65* 66* 67]. cP)M O"# H) X&^&X)X &#T' T\' OJ"SS)So YU"OT&'#"J 'UX)U
model-free differentiators [60* 61* 64* 66] "#X YU"OT&'#"J 'UX)U Q'X)J$H"S)X X&YY)U)#T&$
ators [62* 63* 67]. cP) pUST OJ"SS 'Y YU"OT&'#"J 'UX)U X&YY)U)#T&"T'US "U) 'HT"&#)X HM TUV#$
cating the analytical expression. Hence, they contain truncated errors even in noise

free case, which reduce the accuracy of the differentiators. It was shown in [66] TP"T
the truncated term error can be significantly reduced by admitting a time-delay. The

second class of fractional order differentiators are obtained from the differential equa-

4
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tions of considered signals. They do not introduce any truncated errors [62* 63* 67].
Recall that the latter model-based differentiators were obtained by applying two recent

non-asymptotic method: the algebraic parametric estimation method working in the

frequency domain [68] "#X TP) Q'XVJ"T&#K YV#OT&'#S Q)TP'X \'Ud&#K &# TP) T&Q) X'$
main [64* 69* 70]* \P&OP )mP&H&T K''X U'HVST#)SS fU'f)UT&)S \&TP U)Sf)OT T' O'UUVfT&#K
noises, even if the statistical properties of the noises are unknown [71* 72]. cP)S) X&Y$
ferentiators were exactly given by algebraic integral formulae which can be considered

as a low-pass filter. Hence, they are non-asymptotic and robust. However, they are not

applicable for the systems modeled by the pseudo-state space representation.

Bearing the previous ideas in mind, the objectives of this thesis are to design non-

asymptotic and robust pseudo-state estimators and fractional order differentiators for

a class of fractional order linear systems modeled by the pseudo-state space represent-

ation with unknown initial conditions.

Finally, remark that most of the modeling and analysis on fractional order systems

and controllers were done in the frequency domain. However, the works in this thesis

will be directly carried out in the time domain.

5
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1.4 Outline

This thesis summarizes my PhD work from 2014-2017, which is organized as follows.

Chapter 2 fU)S)#TS S'Q) VS)YVJ X)p#&T&'#S "#X fU'fU&)T&)S '# YU"OT&'#"J O"JOVJVS*
and some fundamental results on fractional order systems.

Chapter 3 U)O"JJS TP) &X)"S 'Y TP)Q'XVJ"T&#K YV#OT&'#SQ)TP'X '# f"U"Q)T)U &X)#$
tification and derivative estimation for integer order linear systems via simple examples.

Then, it is explained how to apply the modulating functions method to design frac-

tional order differentiators for integer order linear systems in several cases by constrict-

ing different types of modulating functions.

The main contributions of this thesis are given in Chapter 4 "#X _P"fT)U 5* \P)U)
a class of commensurate fractional order linear systems modeled by the pseudo-state

space representation with unknown initial conditions are considered. It is assumed

that these systems can be transformed into the Brunovsky’s observable canonical form.

Chapter 4 &S X)^'T)X T' )ST&Q"T&#K TP) fS)VX'$ST"T) 'Y TP) O'#S&X)U)X SMST)QS. qM
applying the modulating functions method, both the initial values of sequential frac-

tional derivatives and the commensurate fractional order derivatives of the output are

exactly given by algebraic integral formulae using a recursive way, which are used to

calculate the pseudo-state in continuous noise-free case. Moreover, it is shown how to

construct the required modulating functions.

Chapter 5 &S &#Sf&U)X HM TP) Q'XVJ"T&#K YV#OT&'#S Q)TP'X X)^)J'f)X &# _P"fT)U 4*
where an operator-based algebraic method is introduced to estimate the fractional de-

rivative with an arbitrary order of the output for the considered systems. The designed

operator is applied to eliminate the undesired initial values and to calculate the desired

fractional derivative by a new algebraic formula using a recursive way.

Both the estimators obtained in Chapter 4 "#X _P"fT)U 5 "U) STVX&)X &# X&SOU)T)
noisy case. In particular, the noise error contribution is analyzed, where an error bound

useful for the selection of design parameter is provided. Then, numerical examples are

given to illustrate the accuracy, the robustness and the non-asymptotic property of the

proposed estimators, where some comparisons to other methods are shown.

Finally, conclusions are outlined in Chapter 6\&TP S'Q) f)USf)OT&^)S.

6
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Fractional calculus and fractional order

systems

Résumé en français
Dans ce chapitre, on rappelle quelques éléments importants du calcul fraction-

naire : les différentes définitions de la dérivation fractionnaire dans l’espace-temps

ainsi qu’à l’aide de la transformée de Laplace. Puis, nous introduisons quelques pro-

priétés fondamentales des systèmes d’ordre fractionnaire telles que la stabilité, la pro-

priété de la dimension infinie, l’observabilité et la contrôlabilité. Enfin, certains con-

trôleurs de commande d’ordre fractionnaire sont présentés.

2.1 Some useful functions and Laplace transform

In this section, we will introduce some fundamental functions which play an important

role in fractional calculus.

2.1.1 Gamma Function

Like the factorial operator which plays an indispensable role in the classical calculus,

the Gamma function is one of the most fundamental tools in fractional calculus. It was

first introduced by the famous mathematician Leonhard Euler as a natural extension

of the factorial operator from positive integers to real numbers [73].

Definition 2.1 [74s tuv wxyyx z{|}~��| �� �v�|v� ��� ∀x ∈C
∗ \Z−,

Γ(x) =
∫∞

0
t x−1e−t d t . (2.1)

The variation of the Gamma function is illustrated in Fig. 2.1* \P)U) TP) #'#$f'S&T&^)
integers represent its poles.

Some useful properties of the Gamma function can be given as follows [74]o
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• Γ(1) = 1,

• ∀x ∈R
∗
+, Γ(x +1) = xΓ(x),

• ∀z ∈R\Z, Γ(1− z)Γ(z) = π
sin(πz) .

Hence, it yields:

• ∀n ∈N, Γ(n +1) = n!,

• Γ(0.5) =
p
π.

2.1.2 Beta function

The Beta function is another important function which occurs in fractional calculus.

This function is related to the Gamma function and defined as follows.

Definition 2.2 [75stuv�v~x z{|}~��| �� �v�|v� ��� ∀x, y ∈Cwithℜ(x) > 0 andℜ(y) > 0,

B(x, y) =
∫1

0
t x−1(1− t )y−1d t . (2.2)

This functions have the following properties:

• B(x, y) = B(y, x),

• B(x, y) =
Γ(x)Γ(y)

Γ(x + y)
.

8
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2.1.3 Mittag-Leffler functions

The exponential function is an important function in the classical calculus. There

exist several types of Mittag-Leffler functions in the fractional case [76]. cP) '#)$
parameter Mittag-Leffler function is the generalization of the exponential function,

which is defined as follows.

Definition 2.3 [21s  v~ α ∈C with ℜ(α) > 0, then the one-parameter Mittag-Leffler func-

tion defined by: ∀z ∈C,

Eα(z) =
∞
∑

k=0

zk

Γ(αk +1)
. (2.3)

The two-parameter Mittag-Leffler function introduced by Agarwal [77] &S TP) Q'ST
popular and widely applicable in fractional calculus.

Definition 2.4 [77s  v~ α,β ∈ C with ℜ(α) > 0 and ℜ(β) > 0, then the two-parameter

Mittag-Leffler function defined by: ∀z ∈C,

Eα,β(z) =
∞
∑

k=0

zk

Γ(αk +β)
. (2.4)

Some times, a more generalized Mittag-Leffler function with three parameters is

needed.

Definition 2.5 [78s  v~ α,β,γ ∈ C with ℜ(α) > 0, ℜ(β) > 0 and ℜ(γ) > 0, then the three-

parameter Mittag-Leffler function defined by: ∀z ∈C,

Eγ

α,β(z) =
∞
∑

k=0

Γ(k +γ)

Γ(γ)k !

zk

Γ(αk +β)
. (2.5)

These types Mittag-Leffler functions are sufficient in this thesis. Hence, we do not

need more general functions. In particular, by taking z = 0, we get:

Eα,β(0) = Eγ

α,β(0) =
1

Γ(β)
. (2.6)

Moreover, by taking some special values to the parameters α and β, we obtain the fol-

lowing well-known classical functions [21]o

• E1,1(z) = ez ,

• E2,1(z) = ez−1
z

,

• E2,1(z2) = cosh(z) = ez+e−z

2 ,

• E2,2(z2) = sinh(z)
z

= ez−e−z

2z
,

• Eα,1(z) = Eα(z).

9
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2.1.4 Laplace transform

Finally, let us introduce the well-known Laplace transform which can be used to ana-

lyze the stability of systems in the frequency domain.

Definition 2.6 [21s tuv  x¡¢x}v ~£x|�z�£y �z x z{|}~��| z �v|�~v� �� F is defined as

follows: ∀ s ∈C,

F(s) := L
{

f (t )
}

(s) =
∫∞

0
e−st f (t )d t , (2.7)

where s is the variable in the frequency domain, and f is a causal function, i .e. ∀ t < 0,

f (t ) = 0.

Then, we give the Laplace transform of some useful functions in the following table.

Frequency domain Time domain

1

sα
tα−1

Γ(α)
1

s +a
e−at

sα−β(sα±A)−1 1

t 1−β Eα,β(∓tαA)

∞
∑

k=0

Γ(m +1)

Γ(kα+β)sm+1
Eα,β(t ) =

∞
∑

k=0

t k

Γ(kα+β)

sα

s(sα−a)
Eα(atα) =

∞
∑

k=0

ak t kα

Γ(kα+1)
sα−1

sα∓λ
, ℜ(s) > |λ|

1
α Eα,1(±λtα)

sαγ−β

(sα+a)γ
tβ−1Eγ

α,β(−atα)

Table 2.1: Laplace transform of some useful functions.

10
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2.2 Definitions and properties of fractional calculus

There exist several definitions for fractional derivatives, among which the Riemann-

Liouville one [58* 79* 80* 81] "#X TP) _"fVT' '#) N82* 83] "U) VSV"JJM O'#S&X)U)X &#
control field. There also exists the Grünwald-Letnikov one [84] \P&OP O'&#O&X)S \&TP
the Riemann-Liouville one in many cases[21]. WJJ TP)S) YU"OT&'#"J X)U&^"T&^)S \&JJ H)
introduced in this section.

Physical and geometric interpretations of fractional derivatives can be found in [85]
and the references cited therein. Moreover, the physical meaning to initial conditions

with the Riemann-Liouville fractional derivative was explained in [86].
Through this section, let I = [a,b] ⊂ R, α ∈ R+, and l = ⌈α⌉, where ⌈α⌉ (resp. ⌊α⌋)

denotes the smallest (resp. largest) integer greater than or equal to α. Then, all the

definitions given in this section can be found in [21* 87].

2.2.1 Riemann-Liouville fractional integrals and derivatives

Let us begin this subsection by the following definition.

Definition 2.7 The Riemann-Liouville fractional integral of a function f is defined as

follows: ∀ t > a,











D0
a,t f (t ) := f (t ),

D−α
a,t f (t ) :=

1

Γ(α)

∫t

a
(t −τ)α−1 f (τ)dτ.

(2.8)

Remark that if f is continuous for t ≥ 0, we have lim
α→0

D−α
a,t f (t ) = D0

a,t f (t ) = f (t ) [21].
By taking integer numbers in (2.8¤* \) O"# 'HT"&# TP) Y'JJ'\&#K _"VOPM Y'UQVJ"o

∀n ∈N
∗,

D−n
a,t f (t ) =

1

(n −1)!

∫t

a
(t −τ)n−1 f (τ)dτ, (2.9)

which refers to the nth order integral from a to t .

The Riemann-Liouville fractional integral of f can also be interpreted as the con-

volution product of tα−1

Γ(α)
and f : ∀ t > a,

D−α
a,t f (t ) = x[a,+∞[

tα−1

Γ(α)
∗ f (t ), (2.10)

where ∗ stands for the convolution product, tα−1

Γ(α)
is usually called the kernel of frac-

tional integral operator, where x[a,+∞[ is indcator function of the interval [a,+∞[. Thus,

the function is assumed to be 0 for t < a (causality). Thus, the Laplace transform of the

Riemann-Liouville fractional integral can be obtained as follows:

L
{

D−α
a,t f (t )

}

(s) = L

{

tα−1

Γ(α)
∗ f (t )

}

(s) =
1

sα
F(s). (2.11)

11
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Based on the Riemann-Liouville fractional integrals, the fractional derivatives can

be defined by applying the integer order derivative operator.

Definition 2.8 The Riemann-Liouville fractional derivative of a function f is defined as

follows: ∀ t > a,

Dα
a,t f (t ) :=

d l

d t l

{

Dα−l
a,t f (t )

}

. (2.12)

Remark 2.1 According to (2.11¥¦ �z 0 < α < 1, the Riemann-Liouville fractional integ-

rals are defined by improper integrals. Thus, if l 6= α, the Riemann-Liouville fractional

derivatives are also defined by improper integrals.

Then, some useful properties on Riemann-Liouville fractional integrals and deriv-

atives are recalled in the following lemmas.

Lemma 2.1 [21s tuv  x¡¢x}v ~£x|�z�£y �z ~uv §�vyx||¨ ��{©�¢¢v z£x}~��|x¢ �v£�©x~�©v
of f is given by:

L
{

Dα
a,t f (t )

}

(s) = sαF(s)−
l−1
∑

k=0

[

Dα−k−1
a,t f (t )

]

t=a
sk . (2.13)

Lemma 2.2 [74s Fractional Leibniz formulae: Let α ∈R+ and m ∈N. Then, the follow-

ing formulas hold:

D−α
a,t

{

t m f (t )
}

=
m
∑

k=0

(−1)k

(

m

k

)

Γ(α+k)

Γ(α)
t m−k D−α−k

a,t f (t ), (2.14)

Dα
a,t

{

t m f (t )
}

=
αm
∑

k=0

(

α

k

)

m!

(m −k)!
t m−k Dα−k

a,t f (t ), (2.15)

where αm ≤ m is defined as follows:

αm =











α, if α ∈N
∗, and α≤ m,

m, else.
(2.16)

Lemma 2.3 [21s Additive index laws: Let α ∈R+, and β ∈R. Then, the following formu-

lae hold:

Dβ
a,t

{

D−α
a,t f (t )

}

= Dβ−α
a,t f (t ), (2.17)

Dβ
a,t

{

Dα
a,t f (t )

}

= Dβ+α
a,t f (t )−ψβ,α

{

f (t )
}

, (2.18)

where ψβ,α
{

f (t )
}

is a decreasing function of t and defined as follows:

ψβ,α
{

f (t )
}

:=
⌈α⌉
∑

i =1
cβ,i (t −a)−β−i

[

Dα−i
a,t f (t )

]

t=a
(2.19)

12
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with

cβ,i =











0, if β ∈Z,

1
Γ(1−β−i )

, else.
(2.20)

Remark 2.2 According to the behavior of f at t = a, the initial values of the Riemann-

Liouville fractional derivatives of f can be equal to zero, infinity, or a fixed value. (see

[21s z�£ y�£v �v~x�¢�¥ª

Now, let us consider the case with zero initial conditions.

Lemma 2.4 [21s «��{yv ~ux~ z �x~���v� ~uv ¬�­�|® }�|��~��|�

• (Ĉ1) : f is (l −1)-times continuously differentiable on I and f (l ) is integrable on I.

Then, the following two conditions are equivalent:

• (Ĉ2) : f (i )(a) = 0, for i = 0, . . . , l −1,

• (Ĉ3) :
[

Dα
a,t f (t )

]

t=a
= 0 with l −1 < α< l .

Moreover, if (Ĉ2) or (Ĉ3) holds, we have: ∀γ ∈R with γ≤ α,

[

Dγ
a,t f (t )

]

t=a
= 0. (2.21)

Based on the Riemann-Liouville fractional derivative, we define a new kind of frac-

tional derivatives.

Definition 2.9 Let k ∈ N, the Riemann-Liouville fractional sequential derivative of a

function f is defined as follows: ∀ t > a,

D
kα
a,t f (t ) :=











f (t ), for k = 0,

Dα
a,t

{

D
(k−1)α
a,t f (t )

}

, for k ≥ 1.
(2.22)

Remark that D
kα
a,t f and Dkα

a,t f are two different kinds of derivatives, the relation

between them is given in the following lemma which is the first important result ob-

tained in this thesis.

Lemma 2.5 The Riemann-Liouville fractional integral and derivative of a fractional se-

quential derivative can be given as follows: ∀β ∈R, ∀k ∈N
∗,

Dβ
a,t

{

D
kα
a,t f (t )

}

= Dβ+kα
a,t f (t )−φβ,k,α

{

f (t )
}

, (2.23)

13
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where

φβ,k,α
{

f (t )
}

:=
k
∑

j =1
ψβ+( j−1)α,α

{

D
(k− j )α
a,t f (t )

}

, (2.24)

where ψβ+( j−1)α,α

{

D
(k− j )α
a,t f (t )

}

can be given by (2.19¥ª
Moreover, we have: ∀k ≥ 2,

D
kα
a,t f (t ) = Dkα

a,t f (t )−φα,(k−1),α
{

f (t )
}

. (2.25)

Proof. This lemma is proven by induction.

Step 1. Initial step: According to (2.16¤* ¯2.23¤ P'JXS Y'U k = 1.

Step 2. Inductive step: Assume (2.23¤ P'JXS Y'U k ≥ 1. Then, we have:

Dβ
a,t

{

D
(k+1)α
a,t f (t )

}

= Dβ
a,t

{

D
kα
a,t {Dα

a,t f (t )}
}

= Dβ+kα
a,t {Dα

a,t f (t )}−φβ,k,α
{

Dα
a,t f (t )

}

,
(2.26)

where

φβ,k,α
{

Dα
a,t f (t )

}

=
k
∑

j =1
ψβ+( j−1)α,α

{

D
(k+1− j )α
a,t f (t )

}

. (2.27)

By applying (2.18¤* \) K)To

Dβ+kα
a,t {Dα

a,t f (t )} = Dβ+(k+1)α
a,t f (t )−ψβ+kα,α{ f (t )}. (2.28)

From (2.26¤$¯2.28¤* \) K)To

Dβ
a,t

{

D
(k+1)α
a,t f (t )

}

= Dβ+(k+1)α
a,t f (t )−φβ,k+1,α

{

f (t )
}

. (2.29)

Thus, (2.23¤ "JS' P'JXS Y'U k +1. Consequently, (2.23¤ P'JXS Y'U "#M &#T)K)U J"UK)U TP"#
1. Finally, (2.25¤ O"# H) 'HT"&#)X HM SVHST&TVT&#K β and k by α and k − 1 in (2.23¤* U)$
spectively. �

In order to simplify the presentation of this thesis, Dα
t f (resp. D

kα
t f ) will be referred

to Dα
a,t f (resp. D

kα
a,t f ) with a = 0 in the sequel.

2.2.2 Caputo fractional derivatives

Different from the Riemann-Liouville fractional derivative, the Caputo fractional de-

rivative is defined by taking the the Riemann-Liouville fractional integral of an integer

order derivative.

Definition 2.10 The Caputo fractional derivative of f is defined as follows:

∀ t ∈]a,+∞[,
CDα

a,t f (t ) :=
1

Γ(l −α)

∫t

a
(t −τ)l−α−1 f (l )(τ)dτ. (2.30)

14
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The upper-left index C in CDα
a,t f is used to distinguish from the Riemann-Liouville

fractional derivative. The relationship between these two fractional derivatives are es-

tablished in the following formulae.

• If −1 < α< 0, then l = 0. We have:

Dα
a,t f (t ) = CDα

a,t f (t ). (2.31)

• If α ∈R+ \N, then l ∈N
∗. We have [21]o

CDα
a,t f (t ) = Dα

a,t f (t )−
l−1
∑

i =0

(t −a)i−α

Γ(i +1−α)
f (i )(a). (2.32)

Remark that (2.32¤ O"# "JS' H) 'HT"&#)X HM "ffJM&#K TP) "XX&T&^) &#X)m J"\ K&^)# &#
(2.16¤.

Then, we have the following property.

Lemma 2.6 [21s tuv  x¡¢x}v ~£x|�z�£y �z ~uv °x¡{~� z£x}~��|x¢ �v£�©x~�©v �z z �� ®�©v|
by:

L
{CDα

a,t f (t )
}

(s) = sαF(s)−
l−1
∑

k=0

f (k)(a) sα−k−1. (2.33)

Consequently, different form the Laplace transform of the Riemann-Liouville fractional

derivative, the one of the Caputo fractional derivative contains the integer order deriv-

atives initial values.

In this thesis, the following right-sided Caputo fractional derivative is widely used,

which is different from the Caputo fractional derivative defined in (2.30¤ HM X&ST&#KV&SP$
ing the lower and upper limits of the integration.

Definition 2.11 The right-sided Caputo fractional derivative of f is defined as follows:

∀ t ∈]−∞,b[,

CDα
t ,b f (t ) :=

(−1)l

Γ(l −α)

∫b

t
(τ− t )l−α−1 f (l )(τ)dτ. (2.34)

Remark that if α ∈N
∗, then we have: CD

α
t ,b f (t ) = (−1)α f (α)(t ) [87].

Using the right-sided Caputo fractional derivative, the following fractional order

integration by parts formulae are given, which are indispensable tools in this thesis.

Lemma 2.7 [88s ±�£ x|� �|~v£©x¢ [a, t ] ⊂ I, the following formulae hold:

∫t

a
g (τ)D−α

a,τ f (τ)dτ =
∫t

a

CD
−α
τ,t g (τ) f (τ)dτ, (2.35)

∫t

a
g (τ)Dα

a,τ f (τ)dτ =
∫t

a

CD
α
τ,t g (τ) f (τ)dτ+

l−1
∑

k=0

(−1)k
[

g (k)(τ)Dα−1−k
a,τ f (τ)

]τ=t

τ=a
. (2.36)

15
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2.2.3 Grünwald-Letnikov fractional derivative

Let us introduce the last fractional derivative which is useful in this thesis.

Definition 2.12 The Grünwald-Letnikov fractional derivative of a function f is given

by: ∀ t > a,

GLDα
a,t f (t ) := lim

h→0
h−α

⌈ t−a
h

⌉
∑

j =0
(−1) j

(

α

j

)

f (t − j h), (2.37)

where

(

α

j

)

=
Γ(α+1)

Γ(α+1− j ) j !
is the generalized binomial coefficient.

Then, the relation between the Riemann-Liouville and Grünwald-Letnikov frac-

tional derivatives is given in the following lemma.

Lemma 2.8 [21s ²z z �x~���v� ~uv }�|��~��| (Ĉ1) given in Lemma 2.3ª tuv|¦ z�£ v©v£�
0 < γ< l the Riemann-Liouville fractional derivative Dγ

a,t f exists and coincides with the

Grünwald-Letnikov fractional derivative GLDγ
a,t f .

Thanks to the previous lemma, the Grünwald-Letnikov scheme is usually used to

approximate the Riemann-Liouville fractional integrals and derivatives in discrete case

[10* 21]* \P&OP &S K&^)# HM ∀α ∈R,

Dα
a,t y(t ) ≈

1

Tα
s

⌈ t−a
Ts

⌉
∑

j =0
w (α)

j
y(t − j Ts), (2.38)

where Ts is the sampling period of the discrete data, and the binomial coefficients can

be recursively calculated as follows:











w (α)
0 = 1, if j = 0,

w (α)
j

=
(

1− α+1
j

)

w (α)
j−1, else.

(2.39)

The Grünwald-Letnikov scheme is the extension of the finite difference scheme is effi-

cient in noisy free case [10]. ['\)^)U* &T &S P&KPJM S)#S&HJ) T' #'&S)S.

2.2.4 Fractional derivatives of some usual functions

Different from the integer order derivatives, the fractional derivative of a function usu-

ally can not be analytically calculated. In this subsection, the fractional derivatives of

some usual functions are given.

16
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Fractional derivatives of a constant

According to Definition 2.9* TP) _"fVT' YU"OT&'#"J X)U&^"T&^) 'Y " O'#ST"#T &S )kV"J T'
0. However, using (2.10¤ TP) `&)Q"##$�&'V^&JJ) YU"OT&'#"J X)U&^"T&^) 'Y " O'#ST"#T _ &S
given by:

Dα
a,t C = C

(t −a)−α

Γ(1−α)
. (2.40)

Power functions

The Riemann-Liouville fractional derivative of the power function (t −a)ν with ν>−1

is given by [21]o

Dα
a,t (t −a)ν =

Γ(ν+1)

Γ(ν−α+1)
(t −a)ν−α. (2.41)

Trigonometric functions

The Riemann-Liouville fractional derivatives of the sine and cosine functions are given

by [74]o

Dα
t sin(ωt ) =

ω t 1−α

Γ(2−α)
1F2

(

1;
1

2
(2−α),

1

2
(3−α);−

1

4
ω2t 2

)

, (2.42)

Dα
t cos(ωt ) =

t−α

Γ(1−α)
1F2

(

1;
1

2
(1−α),

1

2
(2−α);−

1

4
ω2t 2

)

, (2.43)

where 1F2 is the generalized hypergeometric function.

There exists a second way to calculate the Riemann-Liouville fractional derivatives

of the ordinary trigonometric functions, which is given in the following form with the

aide of rotation matrix [89]o






Dα
t sin(t )

Dα
t cos(t )






=







cos
(

απ
2

)

sin
(

απ
2

)

−sin
(

απ
2

)

cos
(

απ
2

)













sinα(t )

cosα(t )






, (2.44)

where sinα(t ) and cosα(t ) are the generalized trigonometric functions which are given

by [89]o

sinα(t ) =
∞
∑

k=0

t k−α

Γ(k +1−α)
sin

[

(k −α)
π

2

]

, (2.45)

cosα(t ) =
∞
∑

k=0

t k−α

Γ(k +1−α)
cos

[

(k −α)
π

2

]

. (2.46)

It is simple to verify that if α = 1, then they become the sine and cosine functions.

17
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Remark that the characteristics of these generalized trigonometric functions are

different from the traditional ones, since their integer order derivatives are aperiodic

functions:

D 1
t sinα t = cosα t −

sin
(

απ
2

)

Γ(−α)tα+1
, (2.47)

D 1
t cosα t = −sinα t +

cos
(

απ
2

)

Γ(−α)tα+1
. (2.48)

Right-sided Caputo fractional derivatives of a polynomial

Finally, let us give the right-sided Caputo fractional derivatives of a polynomial as well

as its integral in the following lemma. These results will be very useful in thesis.

Lemma 2.9 [6s ±�£−1 < α ∈R\N with l−1 < α< l ∈N, the right-sided Caputo fractional

derivative of a polynomial t n with n ∈N is given on ]−∞,b] by:

CDα
t ,b

{

t n
}

=















0, if α> n,

(−1)l

Γ(l −α)

n!

(n − l )!

n−l
∑

i =0

(

n − l

i

)

t n−l−i (b − t )i+l−α

i + l −α
, else,

(2.49)

Moreover, if α< n, the following formula holds:

∫b

a

CDα
t ,b

{

t n
}

d t =
(−1)l

Γ(l −α)

n!

(n − l )!

n−l
∑

i =0

(

n − l

i

)

n−l−i
∑

k=0

(

n − l − i

k

)

×

an−l−i−k (b −a)k+i+l−α+1B(k +1, i + l −α+1)

i + l −α
.

(2.50)
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2.3 Commensurate fractional order linear systems

There is an increasing interest in fractional order systems due to not only their novelty

but also their practical applications [90* 91* 92]. cP&S \'Ud '#JM &#^)STS &# TP) O'Q$
mensurate fractional order linear systems which are modeled by a fractional order lin-

ear differential equation and the pseudo-state space presentation, respectively. In this

section, some important properties are recalled.

In order to simplify the presentation, the notation Dα is used in this section to refer

both the Riemann-Liouville fractional derivative Dα
a,t and the Caputo fractional deriv-

ative CDα
a,t with a = 0.

2.3.1 Fractional order linear differential equation model

A general fractional order linear differential equation has the following form [21]o ∀ t ≥ 0,

aNDαN y(t )+aN−1DαN−1 y(t )+·· ·+a0Dα0 y(t ) =

bMDβM u(t )+bM−1DβM−1 u(t )+·· ·+b0Dβ0 u(t ).
(2.51)

where ai ∈ R, αi ∈ R+, for i = 0, . . . ,N, b j ∈ R, β j ∈ R+, for j = 0, . . . ,M, u and y are the

input and output, respectively.

If all the orders of the fractional order derivation are integer multiples of a base

order α ∈R+ in (2.51¤* TP)# TP) X&YY)U)#T&"J )kV"T&'# &S O"JJ)X O'QQ)#SVU"T) 'UX)U* "#X
defined by: ∀ t ≥ 0,

N
∑

i =0
ai Dkαy(t ) =

M
∑

j =0
b j D jαu(t ), (2.52)

where αi = iα for i = 0, . . . ,N, and β j = jα for j = 0, . . . ,M.

If there is no special statement in this section, the frational order system means

commensurate fractional order linear systems in the sequel.

2.3.2 Pseudo-state space presentation model

Within this framework, the following fractional order linear system is also considered:

Dαx = Ax +Bu, (2.53)

y = Cx, (2.54)

on I ⊂ R+∪ {0}, where α ∈ R, A ∈ R
N×N, B ∈ R

N×1, C ∈ R
1×N, Dαx = (Dαx1, . . . ,DαxN)T ,

x ∈ R
N is the pseudo-state column vector with unknown initial values, y ∈ R and u ∈ R

are the output and the input, respectively. In order to guarantee the stability of the con-

sidered fractional order system, it is assumed that 0 < α< 2 [93]. l'U X&SOU)T) YU"OT&'#"J
order state-space systems, some analysis can be found in [94* 95].
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Remark 2.3 Since the fractional derivative is an hereditary operator, i .e. a nonlocal op-

erator, both the knowledge of the vector x at a moment and its past are required to pre-

dict the behavior of a fractional order system. In fact, the real-state of a fractional order

system can be divided into two parts: the pseudo-state and an initialization function

[57¦ 96¦ 97¦ 98sª tux~ �� ­u� ³ �� £vzv££v� ~� ~uv ¡�v{��¨�~x~v �| ~uv ¢�~v£x~{£vª

It will be shown in Chapter 4 TP"T TP) fS)VX'$ST"T) Sf"O) fU)S)#T"T&'# Q'X)J "#X
the fractional order linear differential equation model are equivalent for a class of frac-

tional order linear systems with zero initial conditions.

2.3.3 Solutions using Laplace transform

In this subsection, we calculate the solution of (2.53¤ &# TP) O"S) 'Y q ´ < VS&#K TP)
Laplace transform method.

By applying the Laplace transform to (2.53¤* \) K)To

L
{

Dαx(t )
}

(s) = AX(s), (2.55)

where X is the Laplace transform of x. Then, by applying Lemma 2.1 "#X �)QQ" 2.5*
the following cases need to be distinguished:

• if 0 < α≤ 1, then

– in the case with the Riemann-Liouville fractional derivative, we get:

X(s) =
(

sαI−A
)−1 Dα−1

t [x(t )]t=0 , (2.56)

– in the case with the Caputo fractional derivative, we obtain:

X(s) = sα−1 (

sαI−A
)−1

x(0); (2.57)

• if 1 < α< 2, then

– in the case with the Riemann-Liouville fractional derivative, we get:

X(s) = (sαI−A)−1 (

Dα−1
t [x(t )]t=0 + sDα−2 [x(t )]t=0

)

, (2.58)

– in the case with the Caputo fractional derivative, we obtain:

X(s) = sα−1 (

sαI−A)−1(sα−1x(0)+ sα−2D1x(0)
)

. (2.59)

Then, the solutions in each can be computed by using the inverse Laplace trans-

form given in Tab. 2.1o
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• in the case with the Riemann-Liouville fractional derivative, we get:

– if 0 < α≤ 1, then

x(t ) =
1

t 1−α Eα,α(tαA)Dα−1
t [x(t )]t=0 , (2.60)

– if 1 < α< 2, then

x(t ) =
1

t 1−α Eα,α(tαA)Dα−1
t [x(t )]t=0 +

1

t 2−α Eα,α−1(tαA)Dα−2 [x(t )]t=0 . (2.61)

• in the case with the Caputo fractional derivative, we get:

– if 0 < α≤ 1, then

x(t ) = Eα(tαA)x(0), (2.62)

where Eα,1 = Eα,

– if 1 < α< 2, then

x(t ) = Eα(tαA)x(0)+ tEα,2(tαA)ẋ(0). (2.63)

Remark 2.4 According to Remark 2.2¦ ~uv ©x¢{v �z Dα−1
t [x(t )]t=0 in (2.60¥ }x| �v �v

equal to zero, infinity, or a fixed value.

• If Dα−1
t [x(t )]t=0 is infinity, then x is also infinity in (2.60¥ª

• If Dα−1
t [x(t )]t=0 = 0, then x(t ) = 0 everywhere in (2.60¥ª

• If Dα−1
t [x(t )]t=0 = C with C ∈R

∗, then using (2.60¥ x|� µ2.6¥¦ ­v ®v~�

Γ(α) lim
t→0

(

t 1−αx(t )
)

= Dα−1
t [x(t )]t=0 = C. (2.64)

Therefore, then behavior of x in the neighbourhood of 0 must be of the form C
Γ(α)

tα−1.

2.3.4 Stability of commensurate fractional order linear systems

This subsection deals with stability conditions of frational order linear dynamical sys-

tems. Moreover, it provides examples that show the damping behaviors of such sys-

tems. In order to determine the stability conditions of the system defined in (2.53¤$
(2.54¤* TP) Y'JJ'\&#K X)p#&T&'#S "#X TP)'U)QS "U) #))X)X.

Definition 2.13 [99s tuv ¶v£� ��¢{~��| �z x z£x}~��|x¢ �£�v£ ���~vy Dαx(t ) = f (t , x) is

said to be stable, if for any initial conditions x(0) ∈ R
n , there exists δ ∈ R+ such that any

solution x(t ) of the system satisfies ‖x(t )‖ < δ for all t > 0. Further, the zero solution of

the system is said to be asymptotically stable, if in addition to being stable, ‖x(t )‖→ 0 as

t →∞.
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Consider the following integer order linear system:

ẋ(t ) = Ax(t ), (2.65)

whose solution is x(t ) = e t Ax(0). It is well-known that this system is stable if |arg(eig(A))| ≥ π
2 .

Further, if |arg(eig(A))| > π
2 , the system is said to be asymptotically stable.

Before stating the characterization of the frational order stability, let us show the

behavior of a frational order system. Let us consider the following frational order sys-

tem:

Dαx(t ) = Ax(t ), (2.66)

where 0 < α< 1. According to (2.60¤ "#X ¯2.62¤ * \) P"^)o

• for Caputo fractional derivative: x(t ) = Eα(tαA)x(0),

• for Riemann-Liouville fractional derivative: x(t ) = 1
t 1−α Eα,α(tαA)Dα−1

t [x(t )]t=0.

By taking different values of α, the variations of x are shown in Figure 2.2 "#X l&KVU)
2.3* \P)U) W ´−1.

It is important to note that for small α, we have a sort of damping. We can chose a

matrix A with A < 0 and ‖A‖ big enough to overcome this phenomena which is shown

in Figure 2.4.
Now, let us introduce the fractional version of the asymptotic stability.

Theorem 2.1 [100s tuv }�yyv|�{£x~v z£x}~��|x¢ �£�v£ ¢�|vx£ ���~vy �v�|v� �| µ2.66¥
is asymptotic stable if the following condition fulfils:

|arg(eig(A))| > α
π

2
, (2.67)

where eig(A) represents the eigenvalues of the matrix A.

For the integer order linear system defined in (2.65¤* TP) O'#X&T&'# ¯2.67¤ Q)"#S
that the real parts of all the eigenvalues of A are negative. Hence, as x(t ) = e t Ax(0), we

have ‖x(t )‖ ≤ Me−λmi n t , which goes to 0 as t →∞. In this case, the asymptotic stability

is exponential. This kind of exponential stability cannot be used to characterize the

asymptotic stability of fractional systems. Some new definitions should be introduced.

t−α stability

The t−α stability can be used to refer to the asymptotic stability of frational order sys-

tems.

Definition 2.14 [101s tuv ~£x·v}~�£� ³(t ) = 0 of the system defined in (2.66¥ �� ~−α asymp-

totically stable if the system is uniformly asymptotically stable and if there exist N ∈ R+

and b ∈R such that: ∀ t > t0,

‖x(t )‖ ≤ N(t −b)−α, (2.68)

where t0 = 0 is the initial time.
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������ ��à� Ð�Ñ��� Ä�Å������ ��Æ�� x(t ) = Eα(tαA)x(0) with α = 0.1 and A = −0.1,−1,−8,−20.

Mittag-Leffler stability

By using the Lyapunov direct method, the stability of the frational order system defined

in (2.66¤ O"# H) X)T)UQ&#)X* \P&OP &S "SS'O&"T)X \&TP TP) h&TT"K$�)Yg)U ST"H&J&TM.

Definition 2.15 [102s tuv ��¢{~��| �z ~uv ���~vy �v�|v� �| µ2.66¥ �� �x�� ~� �v á�~~x®¨
Leffler stable if there exist λ,b ∈R+ and a locally Lipschitz function m such that

‖x(t )‖ ≤
(

m(x0)Eα

(

−λ(t − t0)α
))b , (2.69)

where x0 = x(t0) with t0 = 0 being the initial time, m(0) = 0 and m(x) ≥ 0.

Examples: some behaviors of frational order systems

Consider a frational order system with the following transfer function:

G(s) =
1

s2α+µsα+ν
, (2.70)

where α = 1
q

, q ∈N
∗, µ,ν ∈R. sα is a multi-valued function which admits q sheets of the

Riemann surface given by [103]o

s = |s|e jφ, −π+2kπ<φ<π+2kπ, k = 0,1,2 · · · , q −1. (2.71)

The case with k = 0 is called the principal sheet that −π < θ < π. The regions of the

plane w = sα can be defined by:

w = |w |e jθ, −απ+2kαπ< θ< απ+2kαπ. (2.72)
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������ ��ä� À������ Æ������ ��� w = s1/4.

In practice, we only work on the principal sheet [10]. cP)U)Y'U)* \) '#JM O'#S&X)U
the poles of the equation given in (2.70¤ ¯U''TS 'Y TP) X)#'Q&#"T'U¤ TP"T J&) \&TP TP)
principal sheet. Only the roots that are in the principal sheet of the Riemann surface

have influence on the different dynamics: damped oscillation, oscillation of constant

amplitude, oscillation of increasing amplitude with monotonic growth.

For example, consider the following equation:

s2α+µsα+ν = 0, (2.73)

the solutions are given by

w = sα =
−µ±

√

µ2 −4ν

2
. (2.74)

If we suppose λ =
−µ±

p
µ2−4ν

2 , then we have:

s = b
1
α = |b|∠

arg(b)+2kπ

α
, (2.75)

where k ∈N, and only the roots satisfying the condition:

∣

∣

∣

∣

arg(b)+2kπ

α

∣

∣

∣

∣

<π (2.76)

are on the principal sheet.
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Example: (2.70å æçèé α = 1
2

By taking α = 1
2 in (2.70¤* \) K)To

G(s) =
1

s2
( 1

2

)

+µs
1
2 +ν

. (2.77)

If we evaluate the function with λ = s
1
2 , then we have:

G(λ) =
1

λ2 +µλ+ν
(2.78)

along the curve Γ0 which is a simple closed contour oriented in counter clockwise

direction in defined by

Γ0 =Γ1 ∪Γ2 ∪Γ3, (2.79)

where

Γ1 : arg(λ) = −
π

4
,

Γ2 : λ = |λ|e jφ,−
π

4
<φ<

π

4
,

Γ3 : arg(λ) =
π

4
,

(2.80)

with λ ∈R
∗ (see Figure 2.6¤.

�

�

�
�

�
�

�
�

������ ��ê� ��� ���Ã������ ������� Γ0.
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The roots of the characteristic equation can be obtained from the following poly-

nomial:

P(λ) = λ2 +µλ+µ, (2.81)

whose roots are λ1,2 =
−µ±

p
µ2−4ν

2 . Thus, s1,2 are the roots of the denominator of G(s):

s1,2 = (λ1,2)2. (2.82)

The transient response depends on the roots of the characteristic equation, which

has several different cases [10þì

• There are roots in the Riemann principal sheet, located in ℜ(s) > 0 and ℑ(s) 6= 0.

In this case, the response is a oscillatory function with a constant amplitude

when t →∞. For example, as shown in Figure 2.7ÿú÷w µ = −1 and ν = 0.5.
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Figure 2.7: |arg(λ)| = π
4 .

• There are roots in the Riemann principal sheet, located in ℜ(s) < 0 and ℑ(s) 6= 0.

The response is a monotonically increasing function. For example, as showed in

Figure 2.8ÿú÷w µ = 1 and ν = 1.
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Figure 2.8: |arg(λ)| > απ.
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• There are no roots in the Riemann principal sheet which located in the negative

real axe. In this case, the response is a oscillatory function with a constant amp-

litude when t → ∞. For example, as shown in Figure 2.9 ÿú÷w µ = 2 and ν = 1.

S��� ��������

Time (seconds)

A
m

p
lit

u
d

e

� 
 �� �
 �� �
 �� �
 �� �
 
�0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

7=2
ν=1

Figure 2.9: arg(λ) = π.

• There are roots in the Riemann principal sheet, located in ℜ(s) > 0 and ℑ(s) 6= 0.

In this case, the response is a oscillatory function with a increasing amplitude.

For example, as shown in Figure 2.10ÿú÷w µ = −
p

3 and ν = 1.
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Figure 2.10: |arg(λ)| < απ
2 .

• There are roots in the Riemann principal sheet. In this case, the response is a os-

cillatory function with a decreasing amplitude. For example, as shown in Figure

2.11ÿú÷w µ = −1 and ν = 1.
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S��� ��������

Time (seconds)

A
m

p
lit

u
d

e

� � �� �� �� ��  �  � !� !� ��0

0.5

1

1.5

2

2.5 7=-1
ν=1
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2.3.5 Infinite dimension property of fractional order systems

This subsection presents a state space presentation for fractional order systems, which

involves a classical integer order linear model and a model described by a parabolic

equation. This representation is based on the decomposition of the impulse response

of a frational order system into an exponential part and an aperiodic part. The decom-

position of the impulse response appears in the literature since the in [104þì ]ôùw õñ"#
resentation makes it possible to show the real state of a frational order system, which

is of infinite dimension (see [55, 105þ øïõ ðïõñ üñ÷öúû$ì
The impulse response of a fractional order system with the following transfer func-

tion:

G(s) =
1

sγ−a
, (2.83)

where γ, a ∈R+ with 0 < γ< 2, can be written by [106þ%

y(t ) =
∫t

0

1

aγ

k
∑

i =1
pi e(t−τ)pi u(τ)dτ

+
∫t

0

sin(γπ)

π

(∫∞

0

xγe−(t−τ)x

a2 −2axγ cos(γx)+x2γ
d x

)

u(τ)dτ,

(2.84)

where u is the input, y is the output, and pi for i = 1, . . . ,k are the poles defined by

pi = |pi |e jθi with


























|pi | = (|λl |)
1
n ,

θi =
arg(λl )

n
+

2iπ

n
,

−
n

2
−

arg(λl )

2π
< k <

n

2
−

arg(λl )

2π
,

(2.85)

λl represents the sn poles of G(s).

The difference between a frational order system and an integer order system is the

second part in (2.84$, ÿwúùw úó ùöôóñü )ý ÷wñ &õöòùw "ïúò÷ì 'wñõñøïõñ, ÷wñ ñ(ôö÷úïò
in (2.85$ "õï*úüñó ùïòüú÷úïòó ïò ÷wñ "ïûñó ÷ï ûúñ ÿú÷w ÷wñ "õúòùú"öû ówññ÷ ïø +úñðöòò
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surface. These poles enable to write the first part of (2.84$ öó úò ÷wñ úò÷ñ-ñõ ïõüñõ ùöóñ
where sine, cosine and exponential functions are mixed.

If we interchange the integral in the second part of (2.85$, ÷wñò ú÷ )ñùïðñó%
∫∞

0

xγw(t , x)

a2 −2axγ cos(γx)+x2γ
d x, (2.86)

where,

w(t , x) =
∫t

0
e−(t−τ)xu(τ)dτ. (2.87)

Then, by taking the time derivative of the w , we obtain:

ẇ(t , x) = −xw(t , x)+u(t ). (2.88)

Consequently, the state space representation of system G(s) = 1
sγ−a

can be written as a

diffusive representation [105, 107, 108þ%




















ẇ1(t )

...

ẇk (t )

ẇ(t , x)





















=





















p1 (0)

. . .

pk

(0) −x









































w1(t )

...

wk (t )

w(t , x)





















+





















1

...

1

1





















u(t ), (2.89)

y(t ) =y1(t )+ y2(t )

=

(

p1
aγ · · · pk

aγ

)















w1(t )

...

wk (t )















+
sin(γπ)

π

∫∞

0

xγw(t , x)

a2 −2axγ cos(γx)+x2γ
d x.

(2.90)

2.3.6 Another explication of infinity dimension property

In this subsection, some demonstration is provided to describe the infinite dimension

property of the fractional order derivative operator in the case of 0 < α< 1 [109þì
Let us start with Definition 2.1 ïø ÷wñ oöððö øôòù÷úïò%

Γ(α) =
∫∞

0
xα−1e−xd x. (2.91)

By taking the following change of variables x → zt with t ∈R+ in (2.91$,ÿñ -ñ÷%

t−α =
1

Γ(α)

∫∞

0
zα−1e−zt d z. (2.92)

Then, by taking the Laplace transform to the two sides of (2.91$ öòü )ý úò÷ñõùwöò-úò-
the order of the integrations with respect to z and t , we get:

Γ(1−α)

s1−α =
1

Γ(α)

∫∞

0

zα−1

s + z
d z. (2.93)
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Hence, we get:

sα−1 =
1

Γ(α)Γ(1−α)

∫∞

0

zα−1

s + z
d z. (2.94)

Finally, by taking the following change of variables z → 1
τ

with τ ∈R+, we obtain:

sα =
1

Γ(α)Γ(1−α)

∫∞

0
−τ−α

( τs

τs +1

) dτ

τ
. (2.95)

Consequently, it can be seen that the fractional integrator sα−1 and the fractional

operator sα are expressed in terms of an integral of low-pass filters and high-pass fil-

ters, respectively [15þì 'wôó, ÷wñ øõöù÷úïòöû ïõüñõ ï"ñõö÷ïõ ùöò )ñ õñ-öõüñü öó úò.òú÷ñ
dimension.

2.3.7 Observability and controllability of commensurate frational or-

der order linear systems

This subsection reviews two results on the controllability and observability of fractional

order systems.

Theorem 2.2 [110/ 123 454638 93:;39 <5 =2.53>?=2.54> @4 A<43BCD<E3 @F 623 A<43BCD<@E@65
matrix is of full rank:

rank





















C

CA

...

CAN−1





















= N. (2.96)

Theorem 2.3 [110/ 123 454638 93:;39 <5 =2.53>?=2.54> @4 GA;6BAEED<E3 @F 623 GA;6BAEED<?
ility matrix is of full rank:

rank

(

A AB A2B · · · AN−1B

)

= N. (2.97)
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2.4 Fractional order controllers

This section introduces different types of controllers, where fractional integrals and

derivatives are applied in control design.

2.4.1 Fractional order PIλDµ controllers

PID (Proportional-Integral-Derivative) controllers are the most famous and widely ap-

plied controller in industrial production. As the extension of classical PID controllers,

fractional order PID controllers, denoted by PIλDµ, are widely used both for integer

order and fractional order systems [21, 111þ,ÿwúùw öõñ ÿú÷w ÷wñ øïûûïÿúò- øïõð%

u(t ) = Kp e(t )+Ki D−λe(t )+Kd Dµe(t ), (λ,µ> 0), (2.98)

where Kp , Ki and Kd are proportional, integral and derivative gains, respectively, e is

the regulation error, D−λe and Dµe are the fractional integral and derivative of e, re-

spectively.

The transfer function of such controllers is with the following form:

Gc (s) =
U(s)

E(s)
= Kp +Ki s−λ+Kd sµ, (2.99)

which can be realized in Fig. 2.12ì

JKLMNO PQRPT UVWXY ZK[LN[\ W^ [ XVW_OZ`VWWa _b_cO\ dKce [ ^N[XcKWf[V WNZON ghλDµ controller.

Since the fractional order PIλDµ controllers have two more parametersλ andµ than

the classical PID controllers , the use of such controllers can enhance the performance

and the robustness of the controlled system. In particular, by takingλ = µ = 1, we obtain

the classical PID controllers. The relation between them is shown in Fig. 2.13i10þì
The parameter tuning of these controllers has been well discussed in the literature

[112, 113, 114þ, øïõ ñjöð"ûñ, ÷wñ kúñ-ûñõ#lúùwïûó ðñ÷wïü i115, 116þì

2.4.2 Other typical fractional order controllers

There also exist other types of fractional order controllers in the literature, such as (see

[10, 11, 117þ øïõ üñ÷öúûñü úò÷õïüôù÷úïò$%
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JKLMNO PQRmT nV[__KX[V ghp XWfcNWVVON_ [fZ ^N[XcKWf[V WNZON ghλDµ controllers.

• CRONE controllers [104þ% ÷wúó qúòü ïø ùïò÷õïûûñõó öõñ üñ*ñûï"ñü )ý ÷wñ î+rls
group, an exhaustive overview of these controllers can be found in [11þ ÿú÷w ñj#
amples that can be reworked using the CRONE toolbox.

• TID (Tilt-Integral-Derivative) controllers [117, 118, 119þ% ùïð"öõñü ÷ï ùïò*ñò#
tional fractional order PIλDµ controllers, the kind of controllers have the follow-

ing advantages: simpler tuning, better disturbance rejection ratio, and smaller

effects of plant parameter variations on closed loop response.

• Lead-lag compensators [120, 121þ% ÷wñ ï)tñù÷ú*ñ ïø ÷wúó qúòü ïø ùïò÷õïûûñõó úó ÷ï
develop a auto-tune method for fractional order PIλDµ controllers.

• Observer based fractional order controllers [122, 123, 124þ% ÷wñ "óñôüï#ó÷ö÷ñ
estimated by a fractional order observer is used to design such kind of controllers.
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2.5 Conclusions

In this chapter, some important functions on fractional calculus were firstly recalled,

as well as the Laplace transform. Then, different kinds of fractional derivatives were

introduced with useful properties. Some fundamental properties on fractional order

systems were reviewed, such the stability, the infinity dimension property, observabil-

ity and controllability. Finally, some fractional order controllers were presented.
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Modulating functions method

Résumé en français
Dans ce chapitre, nous introduisons tout d’abord l’idée d’estimation des paramètres

d’une équation différentielle ainsi que des différentes dérivées entières de sa sortie à

l’aide des dites fonctions modulatrices. Dans ce travail, nous adaptons cette technique

pour estimer les dérivées fractionnaires de la sortie (la mesure) avec ou sans bruit. Pour

ce faire, nous multiplions l’équation différentielle par des fonctions modulatrices que

nous construisons, puis nous utilisons une intégration par parties d’ordre fractionnaire

pour aboutir au résultat désiré. Enfin, un différentiateur est proposé et appliqué pour

concevoir un PID d’ordre fractionnaire pour un système linéaire d’ordre entier dans

des exemples numériques.

3.1 Introduction

In many practical engineering situations, on the one hand, there always exist some

non-measurable variables and parameters for cost and technological reasons, on the

other hand, the measured variables and parameters usually contain noises. In order

to overcome these problems, different kinds of robust estimation methods have been

developed [125, 126, 127, 128, 129, 130þì �ïõñï*ñõ, óïðñ÷úðñó òïò#öóýð"÷ï÷úù ñó÷úð#
ation with fast convergence in finite-time is required in online applications [58, 59,
131, 132, 133þì �ðïò- ñjúó÷úò- òïò#öóýð"÷ï÷úù ðñ÷wïüó, ÷wñ ðïüôûö÷úò- øôòù÷úïòó
method originally introduced by Shinbrot [134þ wöó )ññò ÿúüñûý ôóñü ÷ï ñó÷úðö÷ñ ôò#
known parameters for linear and non-linear continuous time systems [135, 136, 137þ,
systems modeled by partial differential equations [138þ, öòü òïúóý óúòôóïúüöû óú-òöûó
[139, 140, 141þì 'wñ ö""ûúùö÷úïò ïò "öõöðñ÷ñõ ñó÷úðö÷úïò ïø ÷wúó ðñ÷wïü úó )öóñü ïò
the linear differential equation of a measurable signal. The idea is to transform the

linear differential equation into a set of algebraic integral equations by applying the

following basic steps:
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• choose a set of modulating functions,

• multiply each modulating function to the linear differential equation,

• integrate the obtained equation over an interval with a finite length,

• apply the integration by parts formula to shift the derivative operations from the

measurable signal to the multiplied modulating functions, where the undesired

boundary values are eliminated by the properties of modulating functions,

• replace the measurable signal by its measured observation in the obtained algeb-

raic integral equations,

• solve the linear system of the algebraic integral equations which are linear with

respect to the unknown parameters.

Thus, parameter estimators are exactly given by algebraic integral formulae involving

the measured noisy signal, which can be considered as a low-pass filter. A detailed

example will be given later in this chapter. Consequently, the modulating functions

method has the following advantages:

• exact algebraic formulation using integral formulae of the noisy signal,

• non-asymptotic and fast estimation using a sliding integration window with a

finite length;

• no need of initial conditions,

• without calculating the derivatives of the noisy signal,

• good robustness with respect to corrupting noises without the need of knowing

in priori their statistical properties (see [71, 72þ øïõ ðïõñ ÷wñïõñ÷úùöû üñ÷öúûó$ì

There also exists another robust and non-asymptotic method which is the algeb-

raic parametric estimation method originally introduced by by Fliess and Sira-Ramirez

for linear identification [68þì �úøøñõñò÷ ÷ï ÷wñ ðïüôûö÷úò- øôòù÷úïòó ðñ÷wïü ÿwúùw úó
applied in the time domain, the algebraic parametric estimation method is applied in

the frequency domain. However, these two methods have the same previously men-

tioned advantages. Consequently, the algebraic parametric estimation method has

been widely extended to various problems in signal processing [62, 63, 142, 143, 144,
145, 146, 147þì �ò óñõ*öû ùöóñó, ÷wñ ðïüôûö÷úò- øôòù÷úïòó ðñ÷wïü ùöò )ñ ùïòóúüñõñü öó
a generalization of the algebraic parametric estimation method via working in the time

domain [148þì �ïÿñ*ñõ, ÿwñò ÷öùqûúò- ö ùïð"ûñj "õï)ûñð, ÿñ ùöò .õó÷ )ñ úòó"úõñü )ý
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the algebraic parametric estimation method via working in the frequency domain. In-

deed, the modulating functions method has been extended to fractional order linear

identification [149þ, úò÷ñ-ñõ ïõüñõ öòü øõöù÷úïòöû ïõüñõ üúøøñõñò÷úö÷ïõó øïõ úò÷ñ-ñõ ïõüñõ
linear systems [67, 150þì

In this chapter, the ideas of the modulating functions method on parameter iden-

tification and derivative estimation for integer order linear systems are recalled via

simple examples. Then, it is shown how to apply the modulating functions method to

design fractional order differentiators for integer order linear systems in several cases

by constructing different types of modulating functions. Moreover, it is shown how to

construct the required modulating functions.

3.2 Modulating functions method for integer order linear

systems

In this section, the idea of the classical modulating functions method for linear iden-

tification is explained via simple examples. Then, it is shown how to generalize this

method to design integer order differentiators for integer order linear systems.

3.2.1 Linear identification

Before introducing the modulating functions method, the definition of the classical

modulating functions is recalled.

Definition 3.1 [135/ �36 [a,b] ⊂ R, N ∈N
∗, and g be a function satisfying the following

properties: for k = 0,1, . . . ,N−1,

(P1) : g ∈C
N([a,b]),

(P2) : g (k)(a) = 0,

(P3) : g (k)(b) = 0.

Then, g is called a Nth order modulating function on [a,b].

There exist several kinds of modulating functions in the literature, such as polyno-

mial modulating functions [138, 141þ, �öûówðïüôûö÷úò- øôòù÷úïòói151þ, �ñõðú÷ñðïü#
ulating functions [152, 153þ, Iïôõúñõ ðïüôûö÷úò- øôòù÷úïòó i136, 154, 155þ, öòü ó"ûúòñ#
type modulating functions[139, 140, 156, 157þì Iïõ ñjöð"ûñ, ö lth order polynomial

modulating function can be defined on [a,b] as follows: ∀ t ∈ [a,b],

gn,m(t ) = (t −a)N+n(t −b)N+m , (3.1)
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where n,m ∈N. Indeed, it is easy to verify that g (k)
n,m(a) = g (k)

n,m(b) = 0, for k = 0,1, . . . ,N−1.

By taking different values of n and m, the curves of gn,m is shown in Figure 3.1, ÿwñõñ
a = 0, b = 2, N = 3, n = 0,m = 0,1,2.
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When applying the modulating functions method, the integration by parts formula

is always needed. The fractional order integration by parts formula is introduced in

Lemma 2.7,ÿwúùw ùöò )ñ -ú*ñò úò ÷wñ úò÷ñ-ñõ ïõüñõ ùöóñ öó øïûûïÿó%
∫b

a
g (t ) f (n)(t )d t = (−1)n

∫b

a
g (n)(t ) f (t )d t +

n−1
∑

k=0

(−1)k
[

g (k)(t ) f (n−1−k)(t )
]b

a
, (3.2)

where f , g ∈C
n(R) with n ∈N

∗.

Now, let us explain how to apply the classical modulating functions method for

linear identification in the following example.

Example 3.1 Consider the following third order linear system: ∀ t ∈ [a,b] ⊂R,

...
a 3 y(t )+a2 ÿ(t )+a1 ẏ(t )+a0 y(t ) = u(t ), (3.3)

where y, u are the output, input respectively. It is assumed that a3 = 1, and a0, a1, a2 are

unknown to be estimated using y and u. Then, the following steps are needed:

Step 1. Modulating functions: Take 3 third order modulating functions on [a,b]: gn , for

n = 0,1,2.

Step 2. Multiplication and Integration: By multiplying both sides of (3.3> <5 �n and in-

tegrating from a to b, we get: for n = 0,1,2,
∫b

a

(

gn(τ)
...
y (τ)+a2gn(τ)ÿ(τ)+a1gn(τ)ẏ(τ)+a0gn(τ)y(τ)

)

dτ =
∫b

a
gn(τ)u(τ)dτ.

(3.4)
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Step 3. Integration by parts: By applying the integration by parts formula given in (3.2>
to (3.4>� �3 A<6D@;� FAB ; = 0,1,2,

Sn(b)−Sn(a)+
3

∑

i =0
(−1)i ai

∫b

a
g (i )

n (τ) y(τ)dτ =
∫b

a
gn(τ)u(τ)dτ, (3.5)

where Sn(a) =
3

∑

i =1
ai

i−1
∑

k=0

(−1)k g (k)
n (a) y (i−1−k)(a) and Sn(b) =

3
∑

i =1
ai

i−1
∑

k=0

(−1)k g (k)
n (b) y (i−1−k)(b)

contain all the boundary values.

Step 4. Elimination of undesired boundary values: Thanks to the properties of gn , we get

Sn(a) = Sn(b) = 0. Hence, (3.5> <3GA834� FAB ; = 0,1,2,

3
∑

i =0
(−1)i ai

∫b

a
g (i )

n (τ) y(τ)dτ =
∫b

a
gn(τ)u(τ)dτ. (3.6)

Thus, 3 algebraic integral equations are obtained, which are linear with respect to a0, a1

and a2.

Step 5. Resolution of a linear system: According to (3.6>� 623 FAEEA�@;� E@;3DB 454638 @4
obtained:















∫b
a g0(τ)y(τ)dτ −

∫b
a ġ0(τ)y(τ)dτ

∫b
a g̈0(τ)y(τ)dτ

∫b
a g1(τ)y(τ)dτ −

∫b
a ġ1(τ)y(τ)dτ

∫b
a g̈1(τ)y(τ)dτ

∫b
a g2(τ)y(τ)dτ −

∫b
a ġ2(τ)y(τ)dτ

∫b
a g̈2(τ)y(τ)dτ















×















a0

a1

a2















=















∫b
a g0(τ)u(τ)dτ+

∫b
a

...
g 0(τ)y(τ)dτ

∫b
a g1(τ)u(τ)dτ+

∫b
a

...
g 1(τ)y(τ)dτ

∫b
a g2(τ)u(τ)dτ+

∫b
a

...
g 2(τ)y(τ)dτ















.

(3.7)

Consequently, algebraic integral formulae can be obtained for the unknown parameters

by solving (3.10>� �23B3 5 �@EE <3 B3�EDG39 <5 @64 ;A@45 A<43BCD6@A;�

Remark 3.1 More modulating functions can be taken in Example 3.1� 623; 8AB3 DE?
gebraic integral equations will be obtained. Then, the linear system can be solved by

applying the least square method in Step 5.

Remark 3.2 For each t ∈]a,b], a sliding integration window over [t −h, t ] can be used

in Example 3.1 <5 6D�@;� D = t −h and b = t such that [t −h, t ] ⊂ [a,b].

3.2.2 Integer order differentiators

The classical modulating functions method presented in Subsection 3.2.1ÿöó ôóñü øïõ
parameter estimation by many researchers. Recently, it has been originally generalized
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to estimate the derivatives of the output for integer order linear time-varying systems

with unknown inputs in [150þì �ò ÷wúó óô)óñù÷úïò, ÷wñ úüñö ïø ÷wúó -ñòñõöûú�ñüðïüôûö÷#
ing functions method is explained.

Inspired by Example 3.1 úò ]ô)óñù÷úïò 3.2.1, úø ]n(a) or Sn(b) is kept in Step 4, then

the unknown boundary values can be obtained. For this purpose, several kinds of gen-

eralized modulating functions can be introduced.

Definition 3.2 Let [a,b] ⊂ R, N ∈ N
∗. If a function g only satisfies (P1) and (P2) (resp.

(P1) and (P3)), then g is called a Nth order left-sided (resp. right-sided) modulating func-

tion on [a,b].

Thanks to Definition 3.2, ÷wñ úò÷ñ-ñõ ïõüñõ üñõú*ö÷ú*ñó ïø ÷wñ ïô÷"ô÷ øïõ ÷wñ óýó÷ñð
given in (3.3$ ùöò )ñ ñó÷úðö÷ñüì

Example 3.2 Consider the following third order linear system: ∀ t ∈ [a,b] ⊂R,

...
a 3 y(t )+a2 ÿ(t )+a1 ẏ(t )+a0 y(t ) = u(t ), (3.8)

where y, u are the output, input respectively. It is assumed that a3 = 1, and a0, a1, a2 are

known. Then, y, ẏ and ÿ can be estimated by applying the following steps:

Steps 1-3.: By replacing the classical modulating functions used in Steps 1-3 in Example

3.1 <5 3 third order left-sided modulating functions on [a, t ]: gn for n = 0,1,2, (3.5> <3?
comes: ∀ t ∈]a,b],

Sn(t )−Sn(a)+
3

∑

i =0
(−1)i ai

∫t

a
g (i )

n (τ) y(τ)dτ =
∫t

a
gn(τ)u(τ)dτ, (3.9)

where Sn(t ) =
3

∑

i =1
ai

i−1
∑

k=0

(−1)k g (k)
n (t ) y (i−1−k)(t ) contains the derivative values of y.

Step 4. Elimination of undesired boundary values at t = a: Thanks to the properties of gn ,

we get Sn(a) = 0. Hence, (3.9> <3GA834� FAB ; = 0,1,2, ∀ t ∈]a,b],

Sn(t )+
3

∑

i =0
(−1)i ai

∫t

a
g (i )

n (τ) y(τ)dτ =
∫t

a
gn(τ)u(τ)dτ. (3.10)

Thus, 3 algebraic integral equations are obtained, which contain y(t ), ẏ(t ) and ÿ(t ).

Step 5. Resolution of a linear system: Let us present all the terms in the double sum in

Sn(t ) in the following matrix: for n = 0,1,2, ∀ t ∈]a,b],

Mn(t ) =















a1gn(t ) y(t ) a2gn(t ) ẏ(t ) a3gn(t ) ÿ(t )

0 −a2ġn(t ) y(t ) −a3ġn(t ) ẏ(t )

0 0 a3g̈n(t ) y(t )















. (3.11)
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By regrouping the terms containing y (i )(t ) in (3.11> FAB @ = 0,1,2, we get: for n = 0,1,2,

Sn(t ) =
2

∑

i =0
Gi ,n(t )y (i )(t ), (3.12)

where we define:

Gi ,n(t ) =
2−i
∑

k=0

(−1)k ai+1+k g (k)
n (t ). (3.13)

Then, according to (3.10> D;9 =3.12>� 623 FAEEA�@;� E@;3DB 454638 @4 A<6D@;39� ∀ t ∈]a,b],















G0,0(t ) G1,0(t ) G2,0(t )

G0,1(t ) G1,1(t ) G2,1(t )

G0,2(t ) G1,2(t ) G2,2(t )















×















y(t )

ẏ(t )

ÿ(t )















=





















∫t
a g0(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

0 (τ) y(τ)dτ

∫t
a g1(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

1 (τ) y(τ)dτ

∫t
a g2(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

2 (τ) y(τ)dτ





















.

(3.14)

Consequently, if the matrix in (3.14> @4 @;C3B6@<E3� 623; DE�3<BD@G @;63�BDE FAB8�ED3 GD;
be obtained for the derivative values y(t ), ẏ(t ) and ÿ(t ) by solving (3.14>� �23B3 5 �@EE <3
replaced by its noisy observation.

Step 6. Triangular matrix case: Remark that if gn for n = 0,1,2, satisfy the following prop-

erty: for k = 0,1,2, ∀ t ∈]a,b],

g (k)
n (t ) =, (3.15)

where δkn is the Kronecker delta function defined as follows: δkn = 1 if k = n, δkn = 0 else,

then the matrix in (3.14> <3GA834 6B@D;��EDB D4 FAEEA�4�















a1 a2 a3

−a2 −a3 0

a3 0 0















, (3.16)

with a3 = 1. Then, by solving (3.14> 5 (n)(t ) for n = 0,1,2 are given algebraic integral
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formulae using a recursive way: ∀ t ∈]a,b],

y(t ) =
∫t

a
g2(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

2 (τ) y(τ)dτ, (3.17)

ẏ(t ) = −
∫t

a
g1(τ)u(τ)dτ+

3
∑

i =0
(−1)i ai

∫t

a
g (i )

1 (τ) y(τ)dτ−a2 y(t ), (3.18)

ÿ(t ) =
∫t

a
g0(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

0 (τ) y(τ)dτ−
(

a1 y(t )+a2 ẏ(t )
)

. (3.19)

Step 7. Identical matrix case: Remark that the matrix in (3.14> GD; <3 @93;6@GDE� @F �n for

n = 0,1,2, satisfy the following property: for i = 0,1,2, ∀ t ∈]a,b],

Gi ,n(t ) = δi n . (3.20)

Then, y (n)(t ) for n = 0,1,2 are directly given algebraic integral formulae as follows: ∀ t ∈]a,b],

y (n)(t ) =
∫t

a
gn(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

n (τ)y(τ)dτ. (3.21)

Remark 3.3 Similar to Remark 3.2� ��D8�E3 3.2 GD; DE4A <3 @8�BAC39 <5 �4@;� D 4E@9@;�
integration window over [t −h, t ], where the lower integration bound a is replaced by

t −h.

Remark 3.4 If we take 3 third order right-sided modulating functions on [a, t ]: gn for

n = 0,1,2 in Example 3.2� 623; 623 @;@6@DE CDE�34 5 (n)(a) for n = 0,1,2, can also be given

by algebraic integral formulae by two ways.

Recursive estimators: If the modulating functions gn satisfy the following property: for

k = 0,1,2,

g (k)
n (a) = δkn , (3.22)

then y (n)(a) for n = 0,1,2 are given by the following recursive way:

y(a) = −
∫t

a
g2(τ)u(τ)dτ+

3
∑

i =0
(−1)i ai

∫t

a
g (i )

2 (τ) y(τ)dτ, (3.23)

ẏ(a) =
∫t

a
g1(τ)u(τ)dτ−

3
∑

i =0
(−1)i ai

∫t

a
g (i )

1 (τ) y(τ)dτ−a2 y(a), (3.24)

ÿ(a) = −
∫t

a
g0(τ)u(τ)dτ+

3
∑

i =0
(−1)i ai

∫t

a
g (i )

0 (τ) y(τ)dτ−
(

a1 y(a)+a2 ẏ(a)
)

. (3.25)

Independent estimators: If the modulating functions gn satisfy the following property:

for i = 0,1,2,

Gi ,n(a) = δi n , (3.26)

where Gi ,n(a) can be obtained by taking t = a in (3.13>� 623; 5 (n)(a) for n = 0,1,2, are

independently given as follows:

y (n)(a) = −
∫t

a
gn(τ)u(τ)dτ+

3
∑

i =0
(−1)i ai

∫t

a
g (i )

n (τ)y(τ)dτ. (3.27)
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Consequently, it can be seen that the core ideas of the derivative estimation method

presented in Example 3.2 öõñ ÷ï ÷õöòóøïõð ÷wñ üúøøñõñò÷úöû ñ(ôö÷úïò úò÷ï öò úò÷ñ-õöû
equation, where conditions are designed for the modulating functions to eliminate the

undesired terms and keep the desired ones. In the next section, these ideas will be

generalized for designing fractional order differentiators.
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3.3 Fractional order differentiator for integer order lin-

ear systems

In the previous section, it is shown how to generalize the modulating functions method

to design integer order differentiators for integer order linear systems. The method was

also extended to design fractional order differentiators for integer order linear systems

in [67þì �ò ÷wúó óñù÷úïò, ÷wñ úüñö ÿúûû )ñ ñj"ûöúòñü öòü üñ*ñûï"ñü )ý ùïòóúüñõúò- ÷wõññ
cases, where the contributions of can be summarized as follows:

• Fractional order differentiators are proposed for the output with an unknown

bias in zero initial conditions case [6þì

• The Caputo fractional derivatives of the signals satisfying a linear differential

equation are estimated [7þì

• The construction of the modulating functions is improved with respect to [67þì

3.3.1 Problem formulation

Let us consider the following integer order linear system:

N
∑

i =0
ai y (i )(t ) = u(t ) (3.28)

on I = [a,b] ⊂ R, where N ∈N
∗, aN ∈ R

∗, ai ∈ R for i = 0, · · · ,N−1, are assumed known.

Moreover, y and u are the output and the input, respectively. The objective of this

section is to estimate the fractional order derivative with an arbitrary order of y in noisy

environment. The idea is to generalize the modulating functions method developed in

Example 3.2 ÷ï üñóú-ò ÷ÿï qúòüó ïø øõöù÷úïòöû ïõüñõ üúøøñõñò÷úö÷ïõó% ÷wñ õñùôõóú*ñ ïòñó
and the independent ones.

Firstly, we define two new kinds of modulating functions, where the conditions

given in (3.15$ öòü �3.20$ öõñ -ú*ñò úò ö -ñòñõöû ùöóñ, õñó"ñù÷ú*ñûýì

Definition 3.3 Let [a,b] ⊂ R, N ∈ N
∗, n ∈ {0, . . . , l − 1}, and g be a Nth order left-sided

modulating function satisfying the following property: for k = 0,1, . . . ,N−1,

(P4) : g (k)(b) = δkn .

Then, g is called a (N,n)th order modulating function on [a,b].

Definition 3.4 Let [a,b] ⊂ R, N ∈ N
∗, n ∈ {0, . . . ,N−1}, ai ∈ R for i = 0,1, . . . ,N−1, and

g be a Nth order left-sided modulating function satisfying the following property: for

i = 0,1, . . . ,N−1,
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(P5) : Gi (b) = δi n , where Gi (b) =
N−1−i
∑

k=0

(−1)k ai+1+k g (k)(b).

Then, g is called a mixed (N,n)th order left-sided modulating function on [a,b].

Secondly, in order to apply the generalized functions method to design fractional

order differentiators, an intuitive idea is to transform the integer order linear differen-

tial equation given in (3.28$ úò÷ï ö øõöù÷úïòöû ïõüñõ ïòñì Iïõ ÷wúó "ôõ"ïóñ, ûñ÷ ôó ÷öqñ
D−β

a,t to (3.28$ ÿú÷w β ∈]0,1], and then apply the additive index law giving in Lemma 2.3,
the following lemma can be obtained.

Lemma 3.1 [67/ �36 β ∈]0,1], then the integer order linear differential equation given in

(3.28> GD; <3 6BD;4FAB839 D4 FAEEA�4� ∀ t ∈ I,

N
∑

i =0
ai Di−β

a,t y(t ) = D−β
a,t u(t )+

N
∑

i =1
ai

i−1
∑

j =0
ψ−β, j

{

y(t )
}

, (3.29)

where ψ−β, j

{

y(t )
}

can be given by (2.19>�

Now, inspired by the ideas on derivative estimation explained in Example 3.2, öû#
gebraic integral formulae will be given in several cases without considering the noise in

the following subsections. Indeed, the corresponding differentiators can be obtained

by replacing y by its noisy observation in the obtained formulae. In the next subsec-

tion, the cases with zero initial conditions are firstly considered.

3.3.2 Fractional order differentiators with zero initial conditions

In this subsection, we assume that the integer order linear system defined in (3.28$
satisfy the following conditions:

y (i )(a) = 0, for i = 0, . . . ,N−1. (3.30)

Then, the following theorem is given.

Theorem 3.1 Let y be the output of the linear system defined in (3.28> �;93B 623 GA;9@?
tions (3.30>�  AB 6 ∈]a,b], let gn be a set of functions satisfying (P1) and (P4) on [a, t ], for

n = 0, . . . ,N−1. Let α ∈]−1,N−1] ⊂R with l = ⌈α⌉, there exists β ∈ [0,1[ such that β = l −α.

Then, Dα
a,t y(t ) with α = l −β can be calculated by a recursive way as follows:

• if l = 0, then

Dα
a,t y(t ) = F0

(

u(τ), y(τ),
{

CDi−β
τ,t gN−1(τ)

}N

i =0

)

, (3.31)

• if l ≥ 1, then

Dα
a,t y(t ) = Fl

(

u(τ), y(τ),
{

CDi−β
τ,t gN−1−l (τ)

}N

i =0
,
{

Di−β
a,t y(t )

}l−1

i =0

)

, (3.32)
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where the operators Fk for k = 0,1, . . . ,N−1 are defined by:

F0

(

u(τ), y(τ),
{

CDi−β
τ,t gN−1(τ)

}N

i =0

)

=:

(−1)N−1

aN

(

∫t

a

CD−β
τ,t gN−1(τ)u(τ)dτ−

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gN−1(τ)y(τ)dτ

)

,
(3.33)

and for k = 1,2, · · · ,N−1,

Fk

(

u(τ), y(τ),
{

CDi−β
τ,t gN−1−k (τ)

}N

i =0
,
{

Di−β
a,t y(t )

}k−1

i =0

)

=:

(−1)N−1−k

aN

∫t

a

CD−β
τ,t gN−1−k (τ)u(τ)dτ−

k−1
∑

i =0

ai+N−k

aN
Di−β

a,t y(t )

−
(−1)N−1−k

aN

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gN−1−k (τ)y(τ)dτ.

(3.34)

Proof. Similar to Example 3.2, ÷wúó "õïïø òññüó ÷wñ øïûûïÿúò- ó÷ñ"óì
Step 1. Multiplication and integration: By multiplying both sides of (3.29$ )ý gn and

integrating from a to t , we obtain: for n = 0, . . . ,N−1, ∀ t ∈]a,b],

N
∑

i =0
ai

∫t

a
gn(τ)Di−β

a,τ y(τ)dτ =
∫t

a
gn(τ)D−β

a,τu(τ)dτ. (3.35)

Step 2. Fractional order integration by parts: By applying the fractional order integra-

tion by parts formula given in Lemma 2.7,ÿñ -ñ÷% øïõ n = 0, · · · ,N−1, ∀ t ∈]a,b],

∫t

a

CD−β
τ,t gn(τ)u(τ)dτ =

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)y(τ)dτ+Sn(t )−Sn(a), (3.36)

where Sn(τ) =
N
∑

i =1
ai

i−1
∑

k=0

(−1)k g (k)
n (τ)Di−β−1−k

a,t y(τ) for τ = a, t . Then, in order to better

illustrate the derivative values in Sn(t ), they are presented in the following matrices:

for n = 0, · · · ,N−1,

Mn(t ) =





























a1 g (0)
n (t )D−β

a,t y(t ) a2 g (0)
n (t )D1−β

a,t y(t ) · · · aN g (0)
n (t )DN−1−β

a,t y(t )

0 −a2 g (1)
n (t )D−β

a,t y(t ) · · · −aN g (1)
n (t )DN−2−β

a,t y(t )

0 0 · · · (−1)2aN g (2)
n (t )DN−3−β

a,t y(t )

...
...

. . .
...

0 0 · · · (−1)N−1aN g (N−1)
n (t )D−β

a,t y(t )





























.

(3.37)

Step 3. Elimination of all the undesired initial values: Under the zero initial conditions

given in (3.30$, öùùïõüúò- ¡ñððö 2.4, ÿñ wö*ñ%
[

Di−β
a,τ y(τ)

]

τ=a
= 0 for i = 0, . . . ,N− 1.

Hence, it yields Sn(a) = 0.
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Step 4. Calculation of the boundary values at τ = t : Thanks to (P4), all the rows in (3.37$
are equal to 0, except the (n + 1)th one. Thus, (3.36$ )ñùïðñó% øïõ n = 0, . . . ,N − 1,

∀ t ∈]a,b],

∫t

a

CD−β
τ,t gn(τ)u(τ)dτ =

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)y(τ)dτ+ (−1)n

N
∑

i =n+1
ai Di−n−1−β

a,t y(t ).

(3.38)

Hence, according to (3.38$,ÿñ wö*ñ% øïõ n = N−1,

D−β
a,t y(t ) =

(−1)N−1

aN

(

∫t

a

CD−β
τ,t gN−1(τ)u(τ)dτ−

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gN−1(τ)y(τ)dτ

)

, (3.39)

and for n = N−2,N−3, . . . ,0,

DN−n−1−β
a,t y(t ) =

(−1)n

aN

∫t

a

CD−β
τ,t gn(τ)u(τ)dτ−

N−1
∑

i =n+1

ai

aN
Di−n−1−β

a,t y(t )

−
(−1)n

aN

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)y(τ)dτ.

(3.40)

Finally, this proof can be completed by applying a change of indices n → N−1−k. �

Remark 3.5 If the order α of the desired fractional derivative is larger than N−1, then in

order to apply Theorem 3.1 �3 ;339 6A 9@FF3B3;6@D63 623 3¢�D6@A; �@C3; @; =3.28> (⌈α⌉−N+1)

times.

It is previously mentioned there exists several kinds of modulating functions in the

literatures [135þì £òûúqñ ùûöóóúùöû úò÷ñ-ñõ ïõüñõ üñõú*ö÷ú*ñó, ÷wñ øõöù÷úïòöû üñõú*ö÷ú*ñó
of the existing modulating functions usually cannot be formally calculated. For this

reason, we consider polynomials whose right-sided Caputo fractional derivatives can

be formally calculated using Lemma 2.9ì�ïõñï*ñõ, úòó"úõñü )ý ÷wñ öû-ñ)õöúù "öõöðñ÷#
ric method [158, 159þ, ÷wñóñ "ïûýòïðúöûó öõñ ñöóý ÷ï ùïòó÷õôù÷ ÷ï øôû.ûû ÷wñ õñ(ôúõñü
properties.

Proposition 3.1 Let [a, t ] ⊂R, m,n ∈N, N ∈N
∗ with n ≤ N−1 ≤ m, and gn be a polyno-

mial with the following form:

gn(τ) =
N−1
∑

i =0
ci t n−m−iτm+i . (3.41)

If the coefficient vector (c0, . . . ,cN−1)T is the solution of the following system:

Am















c0

...

cN−1















= In , (3.42)
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where for j = 0, . . . ,N−1, In( j ) = δ j n , and for i , j = 0, . . . ,N−1,

Am( j , i ) =
(m + i )!

(m + i − j )!
, (3.43)

then gn satisfies (P1) and (P4) on [a, t ].

Proof. Since gn is a polynomial, it satisfies (P1). By calculating the j th order derivative

of gn , for j = 0, . . . ,N−1, we obtain:

g
( j )
n (τ) =

N−1
∑

i =0
ci

(m + i )!

(m + i − j )!
t n−m−iτm+i− j . (3.44)

Hence, we get:

g
( j )
n (t ) = t n− j

N−1
∑

i =0
ci

(m + i )!

(m + i − j )!
. (3.45)

Finally, if (c0, . . . ,cN−1)T is the solution of the system (3.42$, ÷wñò gn also satisfies (P4).

Thus, this proof is completed. �

Remark 3.6 m is a design parameter in the constructed modulating functions. The role

of t n−m−i is to make the matrix Am be independent to t such that the coefficient vector

(c0, . . . ,cN−1)T does not depend on t. Hence, this coefficient vector can be obtained by

solving the linear system (3.42> A;G3 FAB 3C3B5 6 �

We can see in Theorem 3.1 ÷wö÷ ÷wñ øõöù÷úïòöû üñõú*ö÷ú*ñó ïø y are simultaneously

calculated in a recursive way. If we use (P5) as done in Example 3.2, ÷wñóñ øõöù÷úïòöû
derivatives can be independently calculated.

Theorem 3.2 Let y be the output of the linear system defined in (3.28> �;93B 623 GA;9@?
tions (3.30>� �36 α ∈]−1,N−1] ⊂R with l = ⌈α⌉, there exists β ∈ [0,1[ such that β = l−α. For

t ∈]a,b], let gl be a function satisfying (P1) and (P5) with l = n on [a, t ]. Then, Dα
a,t y(t )

with α = l −β can be independently calculated as follows:

Dα
a,t y(t ) =

∫t

a

CD−β
τ,t gl (τ)u(τ)dτ−

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gl (τ)y(τ)dτ. (3.46)

Proof. This proof is similar to the one of Theorem 3.1ì £óúò- �3.37$, ÷wñ ÷ñõðó úò ÷wñ
double sum in Sl (t ) can be regrouped as follows:

Sl (t ) =
N−1
∑

j =0
G j ,l (t )D j−β

a,t y(t ), (3.47)

where G j ,l (t ) =
N−1− j

∑

k=0

(−1)k a j+1+k g (k)
l

(t ). Hence, if gl satisfies (P5) with l = n, this proof

can be completed by using (3.36$ ÿwñõñ ]l (a) = 0. �

By using a similar way as done in Proposition 3.1, ÷wñ õñ(ôúõñü øôòù÷úïòó úò 'wñ#
orem 3.2 ùöò )ñ ùïòó÷õôù÷ñü úò ÷wñ øïûûïÿúò- "õï"ïóú÷úïòì
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Proposition 3.2 Let [a, t ] ⊂R, m,n ∈N, N ∈N
∗ with n ≤ N−1 ≤ m, and gn be a polyno-

mial with the following form:

gn(τ) =
N−1
∑

i =0
di τ

m+i . (3.48)

If the coefficient vector (d0, . . . ,dN−1)T is the solution of the following system:

Bm















d0

...

dN−1















= In , (3.49)

where for j = 0, . . . ,N−1, In( j ) = δ j n , and for i , j = 0, . . . ,N−1,

Bm( j , i ) =
N−1− j

∑

k=0

(−1)k a j+1+k
(m + i )!

(m + i −k)!
t m+i−k , (3.50)

then gn satisfies the properties (P1) and (P5) on [a, t ].

Polynomial type modulating functions are constructed in Proposition 3.1 �õñó"ì ¤õï#
position 3.2$, öùùïõüúò- ÷ï ¡ñððö 2.9 öòü ÷wñ üñ.òú÷úïò üïðöúò ïøm, it can be deduce

that all the integrals involving u and y in (3.33$¥�3.34$ �õñó"ì úò �3.46$$ öõñ "õï"ñõì îïò#
sequently, unlike the improper integral in Definition 2.11, ÷wñ +úñðöòò#¡úïô*úûûñ øõöù#
tional derivatives of y are exactly given by proper integral formulae in Theorem 3.1 öòü
Theorem 3.2,ÿwúùw üï òï÷ ùïò÷öúò öòý óïôõùñ ïø ñõõïõó úò ùïò÷úòôïôó òïúóñ øõññ ùöóñì

Now, let us assume that the output y of the linear system defined by (3.28$ ùïò÷öúòó
an unknown constant bias: ∀ t ∈ I,

yδ(t ) = y(t )+δ, (3.51)

where δ ∈ R
∗ is the unknown bias. In order to cape with this situation, the following

proposition is given.

Proposition 3.3 Under the same hypotheses given in Theorem 3.1 =B34�� 123AB38 3.2>�
we assume that the used modulating functions gn also satisfy the following property:

(P6) :
N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)dτ = 0.

Then, by replacing y by yδ in (3.33>?=3.34> =B34�� =3.46>� 623 DE�3<BD@G @;63�BDE FAB8�?
lae for Dα

a,t y(t ) still hold.

Proof. This proof can be completed by adding the following step in the proof of The-

orem 3.1 öòü 'wñïõñð 3.2 õñó"ñù÷ú*ñûý%
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New Step. Elimination of the unknown bias: If gn satisfies(P6), then we get:

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)yδ(τ)dτ =

N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)y(τ)dτ. (3.52)

Hence, the error due to the unknown bias δ is eliminated. �

Let us recall that the modulating functions constructed in Proposition 3.1 �õñó"ì
Proposition 3.2$ ùïò÷öúòl ùïñø.ùúñò÷ó ÿwúùw öõñ üñ÷ñõðúòñü óôùw ö÷ ÷wñl ùïòüú÷úïòó
required in (P4) (resp. (P5)) fulfils Thus, since a new condition should be fulfilled in (P6),

the required modulating functions can be constructed by increasing one coefficient,

i .e. by increasing the degree of the polynomials. Hence, one more 0 is added in In , and

the dimension of Am (resp. Bm) is increased from (N,N) to (N+1,N+1) where the new

row of Am (resp. Bm) is given by: for i = 0, . . . ,N,

Am(N, i ) = t n−m−i
N
∑

k=0

ak

∫t

a

CDk−β
τ,t τm+i dτ, (3.53)

Bm(N, i ) =
N
∑

k=0

ak

∫t

a

CDk−β
τ,t τm+i dτ, (3.54)

where
∫t

a
CDi−β

τ,t

{

τm+ j
}

dτ can be given by (2.50$ì
In this subsection, the initial conditions are assumed to be zero. In the next subsec-

tion, unknown initial conditions will be considered, which can be non-zero.

3.3.3 Fractional order differentiators with unknown initial conditions

From now on, the unknown initial conditions y i (a) for i = 0, · · · ,N−1 will be considered

for the integer order linear system defined in (3.28$, ÿwúùw ùöò )ñ òïò#�ñõïì ]úð#
ilar to the previous subsection, the modulating functions method will be applied to

(3.29$ì �úøøñõñò÷ øõïð ÷wñ "õñ*úïôó óô)óñù÷úïò, üôñ ÷ï ÷wñ ôòqòïÿò úòú÷úöû ùïòüú÷úïòó,
ψ−β, j {y(t )} and Sn(a) given in (3.36$ ówïôûü öûóï )ñ ñûúðúòö÷ñüì 'wñò, ÷wñ øïûûïÿúò-
proposition is given.

Proposition 3.4 [67/ ¦;93B 623 4D83 25�A623434 �@C3; @; 123AB38 3.1 =B34�� 123AB38
3.2>� �3 D44�83 62D6 623 �439 8A9�ED6@;� F�;G6@A;4 �n also satisfy (P2) and the following

property: for i = 1,2, . . . ,N,

(P7) :
∫t

a
(τ−a)β−i gn(τ)dτ = 0.

Then, the algebraic integral formulae for Dα
a,t y(t ) still hold in the case with unknown

initial conditions.
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Proof. The objective of this proof is to eliminate the undesired terms due to the un-

known initial conditions in the proofs of Theorem 3.1 öòü 'wñïõñð 3.2ì Iúõó÷ûý, ÷wöòqó
to (P7), we obtain:

∫t

a
gn(τ)ψ−β, j {y(τ)}dτ = 0. Hence, the equation given in (3.35$ wïûüó

in non-zero conditions case. Secondly, thanks to (P2), we get: Sn(a) = 0 in (3.36$ì îïò#
sequently, the rest of the proofs of Theorem 3.1 öòü 'wñïõñð 3.2 öûóï holds. Thus, this

proof is completed. �

According to Proposition 3.4, ö óñ÷ ïø �l, n)th order modulating functions (resp. a

mixed (N,n)th order modulating function) satisfying (P7) on [a, t ] are (resp. is) required

in Theorem 3.1 �õñó"ì 'wñïõñð 3.2$ì �òó"úõñü )ý ¤õï"ïóú÷úïò 3.1 öòü ¤õï"ïóú÷úïò 3.2,
these modulating functions are constructed in the following two propositions.

Proposition 3.5 Let [a, t ] ⊂R, m,n ∈N, N ∈N
∗ with n ≤ N−1 < m, and gn be a polyno-

mial with the following form:

gn(τ) =
2N−1
∑

i =0
ci (t −a)n−m−i (τ−a)m+i . (3.55)

If the coefficient vector (c0, . . . ,c2N−1)T is the solution of the following system:

Am















c0

...

c2N−1















= In , (3.56)

where for j = 0, . . . ,2N−1, In( j ) = δ j n , and for i = 0, . . . ,2N−1,

Am( j , i ) =















(m + i )!

(m + i − j )!
, for j = 0, . . . ,N−1,

1

m + i +β− j +N
, for j = N,. . . ,2N−1,

(3.57)

then gn is a (N,n)th order modulating function satisfying (P7) on [a, t ].

Proof. Since gn is a polynomial, it satisfies (P1). Then, by calculating the j th order

derivative of gn , for j = 0, . . . ,N−1, we obtain:

g
( j )
n (τ) =

2N−1
∑

i =0
ci

(m + i )!

(m + i − j )!
(t −a)n−m−i (τ−a)m+i− j . (3.58)

Since m > N−1, gn satisfies (P2). Moreover, we have:

g
( j )
n (t ) = (t −a)n− j

2N−1
∑

i =0
ci

(m + i )!

(m + i − j )!
. (3.59)

51



íìíì Iõöù÷úïòöû ïõüñõ üúøøñõñò÷úö÷ïõ øïõ úò÷ñ-ñõ ïõüñõ ûúòñöõ óýó÷ñðó

Then, we calculate the following integral: for j = 1, . . . ,N,

∫t

a
(τ−a)β− j gn(τ)dτ = (t −a)n+β− j+1

2N−1
∑

i =0
ci

1

m + i +β− j +1
. (3.60)

Finally, according to (3.58$ öòü �3.60$ úø �c0, . . . ,c2N−1)T is the solution of the system

(3.56$, ÷wñò gn also satisfies (P4) and (P7) on [a, t ]. Thus, this proof is completed.

�

Consequently, similar to Proposition 3.1, ÷wñ ùïñø.ùúñò÷ *ñù÷ïõ �c0, . . . ,c2N−1)T is in-

dependent to t . Similar to Proposition 3.5, ÷wñ øïûûïÿúò- "õï"ïóú÷úïò ùöò )ñ ï)÷öúòñüì

Proposition 3.6 [67/ �36 [a, t ] ⊂ R, n,m ∈ N, N ∈ N
∗ with n ≤ N− 1 < m, and gn be a

polynomial with the following form:

gn(τ) =
2N−1
∑

i =0
di (τ−a)m+i . (3.61)

If the coefficient vector (d0, . . . ,d2N−1)T is the solution of the following system:

Bm















d0

...

d2N−1















= In , (3.62)

where for j = 0, . . . ,2N−1, In( j ) = δ j n , and for i = 0, . . . ,2N−1,

Bm( j , i ) =



















N−1− j
∑

k=0

(−1)k a j+1+k
(m + i )!

(m + i −k)!
(t −a)m+i−k , for j = 0, . . . ,N−1,

1

m + i +β− j +N
(t −a)m+i+β− j+N, for j = N,. . . ,2N−1,

(3.63)

then gn is a mixed (N,n)th order modulating function satisfying (P7) on [a, t ].
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3.4 Numerical results

In order to illustrate the accuracy and robustness with respect to corrupting noises of

the modulating functions method presented in Section 3.2 öòü ]ñù÷úïò 3.3, òôðñõúùöû
examples are given in this section by considering two cases:

• the initial conditions are assumed to be zero and the output observation contains

an unknown bias [6þ,

• the initial conditions are assumed to be non-zero [7þì

For this purpose, the independent differentiators designed in Section 3.3 ÿúûû )ñ
applied in discrete noisy case, where the output is replaced by its noisy observation

in the integrals in the formula and the trapezoidal numerical integration method is

applied to approximate these integrals.

3.4.1 Case of zero initial conditions and an unknown bias

In this subsection, two third order linear systems with zero initial conditions are con-

sidered by taking N = 3 in (3.28$ öòü �3.30$ì 'wñ ï)tñù÷ú*ñ úó ñó÷úðö÷ñ �α
a,t y by consid-

ering the following noisy output observation: ∀ t ∈ I,

y̟(t ) = y(t )+̟(t )+δ, (3.64)

where ̟ is a corrupting noise, and δ ∈R
∗ is an unknown constant bias.

Example 1. Open-loop case In this example, the following linear system is considered:

∀ t ∈ [0,10],

y (3)(t )+2y (2)(t )+2y (1)(t )+ y(t ) = u(t ), (3.65)

where u(t ) = sin(3t ). It is assumed that y(t j ) = y(t j )+̟(t j )+0.1, where t j = j Ts with

Ts = 0.001, and the noise {̟(t j )} is simulated from a zero-mean white Gaussian i i d

sequence with Var[̟(t j )] = 0.124. The value of the variance is adjusted such that the

signal-to-noise ratio SNR= 10log10

(∑

|y̟(ti )|2
∑

|̟(ti )|2
)

is equal to SNR= 15dB (see [160þ$ øïõ ÷wúó
well known concept in signal processing). The original output and the biased noisy

output are shown in Figure 3.2(a)ì �0.85
0,t y is estimated in this discrete noisy case by

the differentiator proposed in Theorem 3.2 öòü ¤õï"ïóú÷úïò 3.2 )ý ùïòóúüñõúò- �¤6).

Moreover, the design parameter m is set to 3 in Proposition 3.2 öòü �3.54$ øïõ ÷wñ ðïü#
ulating function. Since the fractional derivatives of y can not be analytically calculated,

the Grünwald-Letnikov scheme given in (2.38$#�2.39$ úó ö""ûúñü úò òïúóñ øõññ ùöóñ ÷ï
verify the estimated result. Recall that this scheme is only efficient in noise free case

and is not robust against noises. Hence, the estimation obtained by the Grünwald-

Letnikov scheme is considered as the original one. Finally, the obtained estimation is

shown in Figure 3.2(b)ì
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Example 2. Closed-loop case In this example, the following system is considered [161þ%
∀ t ∈ [0,10],

y (3)(t )+7y (2)(t )+12y (1)(t ) = u(t ), (3.66)

where a PIλDµ controller u(t ) = Kp e(t )+Ki D−λ
0,t e(t )+Kd Dµ

0,t e(t ) is applied to this sys-

tem. This controller u is realized as follows: Kp = 42.458, Ki = 87.2733, Kd = 53.1352,

λ = 0.85030, µ = 0.9623 and e(t ) = r (t )− y(t ) with r being a reference. It is assumed that

y̟(t j ) = y(t j )+̟(t j ), where Ts = 10−3, and {̟(t j )} is simulated from a Poisson i i d se-

quence with E(̟(t j )) = Var[̟(t j )] = 0.05. In order to design u, D−λ
0,t j

y(t j ) and Dµ
0,t j

y(t j )

are estimated by applying the same differentiator to the previous example with m = 3

and the Grünwald-Letnikov scheme in the noise case, respectively. The obtained out-

puts and the designed controllers are shown in Figure 3.3(a) öòü Iú-ôõñ 3.3(b), õñó"ñù÷#
ively. It can be seen in Figure 3.3(a) ÷wö÷ ÷wñ òïúóñ ñõõïõ ùïò÷õú)ô÷úïò ï)÷öúòñü )ý ÷wñ
Grünwald-Letnikov scheme is much larger than the one obtained by the proposed dif-

ferentiator. Moreover, it can be seen in Figure 3.3(b) ÷wö÷ ÷wñ "õï"ïóñü üúøøñõñò÷úö÷ïõ
can cope with the bias term.

3.4.2 Case of non-zero initial conditions

In this section, it will be shown that the differentiators designed in Section 3.3 ùöò also

be applied to estimate the Caputo fractional derivatives of a signal satisfying a linear

differential equation [7þì
Example 3. Sinusoidal signal Let us consider the following sinusoidal signal: ∀ t ∈ I ⊂R,

y(t ) = Asin(ωt +φ), (3.67)

where A = 3, ω = 5, and φ = 0.85. Hence, y satisfies the following harmonic oscillator

equation: ∀ t ∈ I,
...
y (t )+ω2 ẏ(t ) = 0. (3.68)

The Riemann-Liouville fractional derivatives of y can be given using the expansion of

y and the linearity of the Riemann-Liouville fractional derivatives [21þ%

Dα
t y(t ) = AcosφDα

t sin(ωt )+AsinφDα
t cos(ωt )

where Dα
t sin(ωt ) and Dα

t cos(ωt ) are given by (2.42$#�2.43$ì �ïõñï*ñõ, ÷wñ îö"ô÷ï øõöù#
tional derivatives of y can be obtained using (2.32$ì

Assumed that y̟(ti ) = y(ti )+̟(ti ) is a discrete noisy observation with I = [0,10] and

Ts = 0.001, where the noise {̟(ti )} is simulated from a zero-mean white Gaussian i i d

sequence, and the variance is adjusted such that SNR= 20dB. The discrete signal y and

its noisy observation y̟ are shown in Figure 3.4(a),ÿwñõñ §öõi̟(ti )] = 0.2152.
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The 0.85th order Caputo fractional derivative of y will be estimated on [0.85,10].

Firstly, according to (2.32$ y(0) needs to be estimated. For this, the estimator obtained

in (3.27$ úó ö""ûúñüì 'wñ ôóñü ðïüôûö÷úò- øôòù÷úïò ùöò )ñ ùïòó÷õôù÷ñü ôóúò- ö óúðúûöõ
way as done in Proposition 3.2 ÿwñõe τm+i is replaced by (τ− t )m+i . The obtained re-

lative estimation error for y(0) is shown in Figure 3.4(b), ÿwñõñ m = 5. Secondly, the

Riemann-Liouville fractional derivative D0.85
0,t y is estimated by the differentiator pro-

posed in Theorem 3.2 öòü ¤õï"ïóú÷úïò 3.4 )ý ùïòóúüñõúò- �¤7). The design parameter

m is set to 5 in Proposition 3.6 øïõ the used modulating function. Finally, the estimated

derivative is shown in Figure 3.4(c)ì
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Figure 3.2: Example 1: Open-loop case.
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Figure 3.3: Example 2: Closed-loop case.
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Figure 3.4: Example 3: Sinusoidal signal case
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3.5 Conclusions

In this chapter, the idea of the classical modulating functions on parameter estimation

was explained: we transform the studied differential equation into an integral equa-

tion. Then, it was shown that by changing the properties of the modulating functions,

this method can also be applied to estimate the integer order derivatives and the initial

conditions of the output for a class of integer order linear systems. By transforming

the studied integer order linear differential equation into a fractional order one, and

thanks to the fractional order integration by parts formulae, the modulating functions

method was extended to design two kinds of fractional order differentiators in three

cases. The first case with zero initial conditions was a direct extension of the integer

order case. The unknown bias in the second case was eliminated by an additional prop-

erty on the modulating functions. Hence, the obtained differentiators can cope with a

class of non zero-mean noises. Similarly, by adding more properties, the undesired

terms were eliminated in the third case with non-zero initial conditions case. All the

used properties are listed in Annexe AÐ 21 /Ö4ÕÖ Ü/ Ø/1ÛÜÖÓØÜ Ü5Õ ÖÕ6Ó×ÖÕ4 Ô/4ÓÚÙÜ×17
functions, polynomial were considered which can easily be determined by solving lin-

ear systems. Finally, a proposed differentiator was applied to design a fractional order

PIλDµ controller for an integer order linear system in numerical examples. Moreover,

the Caputo fractional derivative of a sinusoidal signal was also estimated. Indeed, the

obtained fractional order differentiators can be applied for the signals satisfying an in-

teger order linear differential equation. The basic ideas of the modulating functions

were explained in this chapter, which will be applied in the next chapter for fractional

order linear systems.
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Non-asymptotic pseudo-state estimator

Résumé en français
Dans ce chapitre, nous concevons un estimateur non-asymptotique du pseudo-

état pour une classe de systèmes linéaires d’ordre fractionnaire commensurable qui

peuvent être transformés sous la forme canonique observable de Brunovsky avec des

conditions initiales inconnues. Dans un premier temps, cette forme canonique est

exprimée par une équation différentielle entrainant des valeurs initiales de dérivées

fractionnaires séquentielles de la sortie. Ensuite, nous mettons en évidence deux al-

gorithmes récursifs qui donnent des formules algébriques intégrales pour calculer ces

conditions initiales et les dérivées fractionnaires de la sortie à l’aide de deux familles de

fonctions modulatrices. Ces formules permettent d’estimer le pseudo-état en temps

fini. Dans le cas discret et bruité, l’estimateur du pseudo-état contient deux types

d’erreurs : une erreur numérique due à la méthode d’intégration numérique utilisée

et une autre due au bruit. En particulier, une analyse est fournie pour diminuer la con-

tribution du bruit au moyen d’une majoration d’erreur qui permet de sélectionner les

degrés optimaux des fonctions modulatrices à chaque instant. Enfin, les comparaisons

avec certaines méthodes existantes et avec un nouvel observateur d’ordre fractionnaire

de type H∞ sont montrées.

4.1 Introduction

Fractional order systems and controllers have been applied to improve performance

and robustness properties in control design [218 548 588 668 1628 1638 164]Ð 9ÓÕ Ü/
the nonlocality of the fractional derivative operator, the real-state of a fractional or-

der system can be divided into two parts: the pseudo-state and an initialization func-

tion [578 968 978 98]Ð :/;Õ<ÕÖ8 =/Ö Û/ÔÕ Ù>>Ú×ØÙÜ×/1Û8 Ü5Õ ?1/;ÚÕ47Õ /= >ÛÕÓ4/@ÛÜÙÜÕ
is enough to understand the behavior of a studied fractional order system [55]Ð BÛ =/Ö
integer order linear systems, the design of pseudo-state estimators for fractional order
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linear systems is also important in automatic control. Indeed, for cost and techno-

logical reasons, the pseudo-state can not always be measured. Existing pseudo-state

observers for fractional order systems are often extensions of the ones for integer order

systems [1248 1658 1668 167]8 ;5×Ø5 ÓÛÓÙÚÚF Ø/1<ÕÖ7Õ ÙÛFÔ>Ü/Ü×ØÙÚÚFÐ :/;Õ<ÕÖ8 Û/ÔÕ@
times fast convergence in finite-time is required in online applications, [1318 1328 133]Ð
Consequently, non-asymptotic pseudo-state estimators are useful for fractional order

systems.

The aim of this chapter is to apply the modulating functions method to design a

non-asymptotic (with convergence in finite-time) and robust (against corrupting noises)

pseudo-state estimator for a class of fractional order linear systems which can be trans-

formed into the Brunovsky’s observable canonical form of pseudo-state space repres-

entation with unknown initial conditions. The contributions of this chapter can be

summarized as follows:

1. The transformation between the pseudo-state space representation and the frac-

tional order differential equation is given without the knowledge of initial condi-

tions.

2. The initial values of the fractional sequential derivatives and the fractional de-

rivatives of the output are exactly given by algebraic integral formulae using a

recursive way, which permit us to calculate the pseudo-state of the system.

3. The choice of the design parameter is studied by providing a noise error bound.

4. A new fractional order H∞-like observer is designed in order to compare with

the proposed non-asymptotic pseudo-state estimator.
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4.2 Problem formulation

From now on, the following fractional order linear system is considered:

Dα
t x = Ax +Bu, (4.1)

y = Cx, (4.2)

on I ⊂ R+∪ {0}, where 0 < α< 2, A ∈ R
N×N, B ∈ R

N×1, C ∈ R
1×N, Dα

t x =
(

Dα
t x1, . . . ,Dα

t xN
)T

with α = p

q
, p, q,N ∈ N

∗, x ∈ R
N is the pseudo-state column vector with unknown ini-

tial values, y ∈ R and u ∈ R are the output and the input, respectively. Moreover, the

following conditions are assumed to be fulfilled:

(C1) : rank





















C

CA

...

CAN−1





















= N,

(C2) : CB = CAB = · · · = CAN−2B = 0,

(C3) : CAN−1B 6= 0.

Remark that it was mentioned in [57] Ü5ÙÜ ×= Ü5Õ .Ù>ÓÜ/ =ÖÙØÜ×/1ÙÚ 4ÕÖ×<ÙÜ×<Õ ×Û ÓÛÕ4
to describe a fractional system, the infinite dimension property is lost at initial time

but exists elsewhere, which is not physically consistent. For this reason, the Riemann-

Liouville fractional derivative is considered in (4.1K@L4.2KÐ
The objective of this chapter is to estimate the pseudo-state x in noisy environ-

ment. For this purpose, the system defined by (4.1K@L4.2K MÖÛÜÚF 1ÕÕ4Û Ü/ JÕ ÜÖÙ1Û=/ÖÔÕ4
into the well-known Brunovsky’s observable canonical form [10]Ð P14ÕÖ Ü5×Û =/ÖÔ8 Ü5Õ
system can be represented by a fractional order differential equation, based on which

the modulating function method will be applied.

Lemma 4.1 By taking the following change of coordinates

z = M1 x, (4.3)
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where

M1 =









































CAN−1 +
N−1
∑

i =1
ai CAi−1

...

CAN− j +
N−1
∑

i = j

ai CAi− j

...

CA+aN−1C

C









































, (4.4)

and ai ∈ R, for i = 0, . . . ,N−1, are coefficients of the characteristic polynomial of A, the

system defined by (4.1QST4.2Q UVWXUYZX[\ ^_[`XWX_[U (C2)−(C3) can be transformed into the

following Brunovsky’s observable canonical form of pseudo-state space representation:

Dα
t z = Âz + B̂u, (4.5)

y = Ĉz, (4.6)

where B̂ = [CAN−1B,0, . . . ,0]T ∈R
N×1, Ĉ = [0, . . . ,0,1] ∈R

1×N,

Â =



































0 0 · · · 0 0 −a0

1 0 · · · 0 0 −a1

0 1 · · · 0 0 −a2

...
...

. . .
...

...
...

0 0 · · · 1 0 −aN−2

0 0 · · · 0 1 −aN−1



































. (4.7)

Proof. Using (4.1K Ù14 L4.3K8 ;Õ /JÜÙ×1a =/Ö j = 1, . . . ,N−1,

Dα
t z j = CAN− j Dα

t x +
N−1
∑

i = j

ai CAi− j Dα
t x

= CAN− j (Ax +Bu)+
N−1
∑

i = j

ai CAi− j (Ax +Bu)

= CAN− j+1x +CAN− j Bu +
N−1
∑

i = j

ai CAi− j+1x

+
N−1
∑

i = j

ai CAi− j Bu,

(4.8)

and

Dα
t zN = CDα

t x = C(Ax +Bu) = CAx +CBu. (4.9)
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Thanks to (C2), (4.8K JÕØ/ÔÕÛa
• if j = 1, then

Dα
t z j = CANx +CAN−1Bu +

N−1
∑

i =1
ai CAi x, (4.10)

• if 2 ≤ j ≤ N−1, then

Dα
t z j = CAN− j+1x +

N−1
∑

i = j

ai CAi− j+1x

= z j−1 −a j−1Cx = z j−1 −a j−1zN,

(4.11)

and (4.9K JÕØ/ÔÕÛa

Dα
t zN = CAx = zN−1 −aN−1Cx = zN−1 −aN−1zN. (4.12)

By applying (C3) and the Cayley-Hamilton theorem that states: AN +
N−1
∑

i =0
ai Ai = 0 to

(4.10K8 ;Õ 7ÕÜa
Dα

t z1 = CAN−1Bu −a0Cx = CAN−1Bu −a0zN. (4.13)

Finally, since y = Cx = zN, (4.6K ×Û /JÜÙ×1Õ4Ð �

Remark 4.1 The Brunovsky’s observable canonical form given in (4.5QST4.6Qb cdX^d XU
similar to the one of ordinary integer order systems, is only associated to the pseudo-state

space representation. It is not available for the real-state space representation, which is

of infinite dimension (see [11e Y_f g_fh `hWVXiUQj

Secondly, the Brunovsky’s observable canonical form of pseudo-state space repres-

entation defined by (4.5K@L4.6K ØÙ1 JÕ Õk>ÖÕÛÛÕ4 JF Ù =ÖÙØÜ×/1ÙÚ /Ö4ÕÖ Ú×1ÕÙÖ 4×==ÕÖÕ1Ü×ÙÚ
equation in the following lemma.

Lemma 4.2 The system defined by (4.5QST4.6Q ^V[ lh cfXWWh[ X[W_ Wdh Y_ii_cX[\ Y_fg _[
I:

N
∑

i =0
ai D

αi
t y(t ) = CAN−1Bu(t ), (4.14)

where aN = 1, and αi = iα =
p

q
i , for i = 0, . . . ,N. Moreover, we have:





















z1

...

zN−1

zN





















= M2





















y

D
α
t y

...

D
(N−1)α
t y





















, (4.15)
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where

M2 =





















a1 a2 a3 · · · aN−1 1

...
...

...
. . .

...
...

aN−1 1 0 · · · 0 0

1 0 0 · · · 0 0





















. (4.16)

Proof. Using (4.5K@L4.7K8 ;Õ 7ÕÜa .BN−1Bu = Dα
t z1 +a0 y , and



































z1

...

zN− j

...

zN−1

zN



































=



































Dα
t z2 +a1 y

...

Dα
t zN− j+1 +aN− j y

...

Dα
t zN +aN−1 y

y



































. (4.17)

Then, the following equation is proven by induction: for j = 1, . . . ,N−1,

zN− j = D
jα
t y +

j
∑

i =1
aN−i D

( j−i )α
t y, (4.18)

which is equivalent to (4.15K ;×Ü5 zN = y .

Step 1. Initial step: According to (4.17K8 L4.18K 5/Ú4Û =/Ö j = 1.

Step 2. Inductive step: Assume (4.18K 5/Ú4Û =/Ö j = 1, . . . ,k with 1 ≤ k ≤ N−2. Then, we

have:

zN−k = D
kα
t y +

k
∑

i =1
aN−i D

(k−i )α
t y. (4.19)

Using (4.17K Ù14 L4.19K8 ;Õ /JÜÙ×1a

zN−k−1

=Dα
t zN−k +aN−k−1 y

=D
α
t

{

D
kα
t y

}

+
k
∑

i =1
aN−i D

α
t

{

D
(k−i )α
t y

}

+aN−k−1 y

=D
(k+1)α
t y +

k+1
∑

i =1
aN−i D

(k+1−i )α
t y.

(4.20)

Hence, (4.18K ÙÚÛ/ 5/Ú4Û =/Ö k + 1. Consequently, (4.18K 5/Ú4Û =/Ö ÙÚÚ j ∈ {1, . . . ,N− 1}.

Thus, we have:

Dα
t z1 = Dα

t

{

D
(N−1)α
t y

}

+
N−1
∑

i =1
aN−i Dα

t

{

D
(N−1−i )α
t y

}

= D
Nα
t y +

N−1
∑

i =1
aN−i D

(N−i )α
t y.

(4.21)
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Finally, (4.14K ØÙ1 JÕ /JÜÙ×1Õ4 ÓÛ×17 .BN−1Bu = Dα
t z1 +a0 y .

�

If condition (C1) is fulfilled, the matrix M1 defined in (4.4K ×Û ×1<ÕÖÜ×JÚÕÐ ./1ÛÕ6ÓÕ1ÜÚF8
by applying Lemma 4.1 Ù14 nÕÔÔÙ 4.28 Ü5Õ =/ÚÚ/;×17 ÚÕÔÔÙ ØÙ1 JÕ /JÜÙ×1Õ4Ð

Lemma 4.3 The pseudo-state variables of the system defined by (4.1QST4.2Q UVWXUYZX[\
conditions (C1)− (C3) can be written as linear combinations of the fractional sequen-

tial derivatives of the output y:

x = M−1
1 M2





















y

D
α
t y

...

D
(N−1)α
t y





















, (4.22)

where M1 and M2 are defined in (4.4Q V[` T4.16Qb fhUoh^WXphiZj

Consequently, if the fractional sequential derivatives of the output y are estimated,

the pseudo-state x can be estimated using Lemma 4.3Ð q/Ö Ü5×Û >ÓÖ>/ÛÕ8 ÙØØ/Ö4×17
to Lemma 2.28 Ü5Õ =ÖÙØÜ×/1ÙÚ 4ÕÖ×<ÙÜ×<ÕÛ /= y and the initial values of the fractional se-

quential derivatives of y should be estimated. Inspired by this idea, a non-asymptotic

pseudo-state estimator is constructed in the next section.

4.3 Main results

In this section, the modulating functions method will be applied to design a non-

asymptotic pseudo-state estimator for the system defined by (4.1K@L4.2K ÛÙÜ×Û=F×17 L.1)−(C3).

Before giving this main result, let us explain the originality of the ideas in the following

example.

Example 4.1 Let us assume α = 1
2 and N = 3 in (4.1QST4.2Qj rdh[b V^^_f`X[\ W_ shggV

4.2b ch dVpht ∀ t ∈ I,
3

∑

i =0
ai D

αi
t y(t ) = û(t ), (4.23)

where û = CA2Bu. Moreover, according to Lemma 4.3b ch dVpht

x = M−1
1 M2















y

D
α
t y

D
2α
t y















. (4.24)
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By applying the additive index law for fractional sequential derivatives given in Lemma

2.2b ch \hWt ∀ t ∈ I,

D
2α
t y(t ) = ẏ(t )−

1

Γ(−1
2 )

t−
3
2

[

D
− 1

2
t y(t )

]

t=0
. (4.25)

Consequently, if y, D

1
2
t y = D

1
2
t y, ẏ and

[

D
− 1

2
t y(t )

]

t=0
are estimated, the pseudo-state x

can be estimated. Thus, both the fractional derivatives and the o initial values need to

be estimated.

Algebraic integral formulae for fractional order initial values

By applying the modulating functions methods, algebraic integral formulae will be given

for the fractional order initial values.

Step 1. Construction of differential equations: By applying Lemma 2.2b Wdh YfV^WX_[Vi _fS
der differential equation obtained in (4.23Q cXWd YfV^WX_[Vi Uhuvh[WXVi `hfXpVWXphU XU WfV[US
formed as follows:

3
∑

i =0
ai D

i
2
τ y(τ) = û(τ)+

τ−
3
2

Γ(−1
2 )

(a2d0 +d1), (4.26)

where d0 =

[

D
− 1

2
τ y(τ)

]

τ=0
and d1 =

[

D
− 1

2
τ

{

D
1
2
τ y(τ)

}]

τ=0
.

Remark that (4.26Q XU [_W h[_v\d W_ UhoVfVWhiZ ^Vi^viVWh `0 and d1 by the modulating

functions method. Hence, we take D
− 1

2
τ to (4.23Q W_ ^_[UWfv^W V [hc huvVWX_[j rdh[b lZ

applying Lemma 2.2b ch \hWt

3
∑

i =0
ai D

i−1
2

τ y(τ) = D
− 1

2
τ û(τ)+

τ−
3
2

Γ(−1
2 )

d0 +
τ−

1
2

Γ( 1
2 )

(a1d0 +a2d1 +d2), (4.27)

where d2 =

[

D
− 1

2
τ

{

D
1
2
τ

{

D
1
2
τ y(τ)

}}]

τ=0
.

Step 2. Multiplication and integration: Let us take two functions h1 and h3 satisfying the

following property: for n, j = 1,3,

∫t

0
hn(τ)τ−

j
2 dτ = δn j . (4.28)

Then, by multiplying hn to (4.26QwT4.27Q V[` X[Wh\fVWX[\ Yf_g 0 to t , we get:

3
∑

i =0
ai

∫t

0
h3(τ)D

i
2
τ y(τ)dτ =

∫t

0
h3(τ)û(τ)dτ+

a2d0 +d1

Γ(−1
2 )

, (4.29)

3
∑

i =0
ai

∫t

0
h3(τ)D

i−1
2

τ y(τ)dτ =
∫t

0
h3(τ)D

− 1
2

τ û(τ)dτ+
d0

Γ(−1
2 )

, (4.30)

3
∑

i =0
ai

∫t

0
h1(τ)D

i−1
2

τ y(τ)dτ =
∫t

0
h1(τ)D

− 1
2

τ û(τ)dτ+
a1d0 +a2d1 +d2

Γ( 1
2 )

. (4.31)
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Step 3. Successive fractional integration by parts: Moreover, if hn for n = 1,3, are second

order modulating functions on [0, t ] satisfying (4.28Qb Wdh[ lZ VooiZX[\ Wdh YfV^WX_[Vi
integration by parts given in Lemma 2.7 W_ T4.29QST4.31Qb ch \hWt

3
∑

i =0
ai

∫t

0
D

i
2
τ,t h3(τ)y(τ)dτ =

∫t

0
h3(τ)û(τ)dτ+

a2d0 +d1

Γ(−1
2 )

, (4.32)

3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t h3(τ)y(τ)dτ =
∫t

0
D

− 1
2

τ,t h3(τ)û(τ)dτ+
d0

Γ(−1
2 )

, (4.33)

3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t h1(τ)y(τ)dτ =
∫t

0
D

− 1
2

τ,t h1(τ)û(τ)dτ+
a1d0 +a2d1 +d2

Γ( 1
2 )

, (4.34)

where all the boundary conditions are eliminated using (P2)–(P3).

Step 4. Recursive algorithm: Finally, the unknown initial values can be recursively given

by solving the following linear system:















1
Γ( 1

2 )
a2

Γ( 1
2 )

a1

Γ( 1
2 )

0 1
Γ(− 1

2 )
a2

Γ(− 1
2 )

0 0 1
Γ(− 1

2 )































[

D
− 1

2
τ

{

D
1
2
τ

{

D
1
2
τ y(τ)

}}]

τ=0
[

D
− 1

2
τ

{

D
1
2
τ y(τ)

}]

τ=0
[

D
− 1

2
τ y(τ)

]

τ=0

















=





















3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t h1(τ)y(τ)dτ−
∫t

0
D

− 1
2

τ,t h1(τ)û(τ)dτ

3
∑

i =0
ai

∫t

0
D

i
2
τ,t h3(τ)y(τ)dτ−

∫t

0
h3(τ)û(τ)dτ

3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t h3(τ)y(τ)dτ−
∫t

0
D

− 1
2

τ,t h3(τ)û(τ)dτ





















. (4.35)

Algebraic integral formulae for fractional derivatives

Now, using a similar ways as done in Section 3.3b Vi\hlfVX^ X[Wh\fVi Y_fgviVh cXii lh
given for the fractional derivatives by applying the modulating functions methods.

Step 1. Construction of differential equations: Let us consider (4.26QwT4.27Qj x[ oVfWX^vS
lar, according to (4.27Qb ch dVpht

ẏ = −a2 D
1
2
τ y(τ)−a1 y(τ)−a0D

− 1
2

τ y(τ)+D
− 1

2
τ û(τ)

+
τ−

3
2

Γ(−1
2 )

d0 +
τ−

1
2

Γ( 1
2 )

(a1d0 +a2d1 +d2) .
(4.36)

Step 2. Multiplication and integration: Consider two functions gn for n = 0,1, which sat-

isfy the following property: ∀ j ∈ {1,3},

∫t

0
g (τ)τ−

j
2 dτ = 0. (4.37)
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Then, by multiply gn to (4.26QwT4.27Q V[` X[Wh\fVWX[\ Yf_g 0 to t , we get: for n = 0,1,

3
∑

i =0
ai

∫t

0
gn(τ)D

i
2
τ y(τ)dτ =

∫t

0
gn(τ)û(τ)dτ, (4.38)

3
∑

i =0
ai

∫t

0
gn(τ)D

i−1
2

τ y(τ)dτ =
∫t

0
gn(τ)D

− 1
2

τ û(τ)dτ. (4.39)

Step 3. Successive fractional integration by parts: If gn(0) = ġn(0) = 0 for n = 0,1, i .e. gn

satisfy (P2), by applying fractional integration by parts to (4.38QST4.39Qb ch \hWt

3
∑

i =0
ai

∫t

0
D

i
2
τ,t gn(τ)y(τ)dτ =

∫t

0
gn(τ)û(τ)dτ− gn(t )

(

D
1
2
t y(t )+a2 y(t )

)

+ ġn(t )D
− 1

2
t y(t ),

(4.40)
3

∑

i =0
ai

∫t

0
D

i−1
2

τ,t gn(τ)y(τ)dτ =
∫t

0
D

− 1
2

τ,t gn(τ)û(τ)dτ− gn(t )

(

y(t )+a2D
− 1

2
t y(t )

)

. (4.41)

Step 4. Construction of new equations: Furthermore, if gn satisfy (P4) for n = 0,1, i .e. gn

for n = 0,1 are (2,n)th order modulating functions on [0, t ] satisfying (4.37Qb T4.40QST4.41Q
become:

3
∑

i =0
ai

∫t

0
D

i
2
τ,t g0(τ)y(τ)dτ =

∫t

0
g0(τ)û(τ)dτ−D

1
2
t y(t )−a2 y(t ),

3
∑

i =0
ai

∫t

0
D

i
2
τ,t g1(τ)y(τ)dτ =

∫t

0
g1(τ)û(τ)dτ+D

− 1
2

t y(t ),

3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t g0(τ)y(τ)dτ =
∫t

0
D

− 1
2

τ,t g0(τ)û(τ)dτ−y(t )−a2D
− 1

2
t y(t ).

Step 5. Recursive algorithm: Finally, the unknown fractional derivative values can be

recursively given by solving the following linear system:















−1 −a2 0

0 1 a2

0 0 1





























D
1
2
t y(t )

y(t )

D
− 1

2
t y(t )















=





















3
∑

i =0
ai

∫t

0
D

i
2
τ,t g0(τ)y(τ)dτ−

∫t

0
g0(τ)û(τ)dτ

3
∑

i =0
ai

∫t

0
D

i−1
2

τ,t g0(τ)y(τ)dτ−
∫t

0
D

− 1
2

τ,t g0(τ)û(τ)dτ

3
∑

i =0
ai

∫t

0
D

i
2
τ,t g1(τ)y(τ)dτ−

∫t

0
g1(τ)û(τ)dτ





















. (4.42)

In the next subsection, the ideas explained in the previous example will be de-

veloped in a general case. Before doing so, let us define the following useful set: for
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j ∈ {0, . . . , q −1} and 0 < α< 2,

Φ j :=











{

( j ′, i ′) ∈N
2;1 ≤ i ′ ≤ ⌈α⌉,1 ≤ j ′ ≤ N−1, j

q
− j ′α− i ′ ∉Z

}

, if j = 0,
{

( j ′, i ′) ∈N
2;1 ≤ i ′ ≤ ⌈α⌉,0 ≤ j ′ ≤ N−1, j

q
− j ′α− i ′ ∉Z

}

, else.
(4.43)

Remark that it can be verify that ∀ j ′ ∈ {0, . . . ,N−1}, i ′ ∈ {1,⌈α⌉}, ∃ j ∈ {0, . . . , q −1} such

that ( j ′, i ′) ∈Φ j .

4.3.1 Algebraic formulae in continuous noise-free case

Now, we are ready to present the mains results of this chapter. Firstly, the initial values

of the fractional sequential derivatives of y are calculated by algebraic formulae in the

following theorem.

Theorem 4.1 [1e y_f z ∈ {0, . . . , q − 1}, (n,k) ∈ Φ j , and for t ∈ I, let h j ,n,k be a set of

(⌈Np− j

q
⌉)th order modulating functions on [0, t ] satisfying the following property: ∀ ( j ′, i ′) ∈Φ j ,

(P8) :
∫t

0
h j ,n,k (τ)τ

j
q − j ′α−i ′

dτ =











1, if (n,k) = ( j ′, i ′),

0, else.

Then, the initial values of the fractional sequential derivatives of the output of the system

defined by (4.1QwT4.2Q UVWXUYZX[\ ^_[`XWX_[U (C1)−(C3) can be obtained by a recursive way

as follows: for j ∈ {0, . . . , q −1},

• ∀ (N−1,k) ∈Φ j ,

[

Dα−k
τ y(τ)

]

τ=0
=

1

c − j
q +(N−1)α,k

N
∑

i =0
ai

∫t

0

CD
iα− j

q

τ,t h j ,N−1,k (τ) y(τ)dτ

−
1

c − j
q +(N−1)α,k

∫t

0

CD
− j
q

τ,t h j ,N−1,k (τ) û(τ)dτ,

(4.44)

• ∀ (n,k) ∈Φ j with n ∈ {0, . . . ,N−2},

[

Dα−k
τ

{

D
(N−n−1)α
τ y(τ)

}

]

τ=0
=

1

c − j
q +nα,k

N
∑

i =0
ai

∫t

0

CD
iα− j

q

τ,t h j ,n,k (τ) y(τ)dτ

−
1

c − j
q +nα,k

∫t

0

CD
− j
q

τ,t h j ,n,k (τ) û(τ)dτ−
N−1
∑

i =n+1
ai

[

Dα−k
τ

{

D
(i−n−1)α
τ y(τ)

}]

τ=0
,

(4.45)

where
1

c − j
q +nα,k

=Γ(1+
j

q
−nα−k) is given by (2.20Qj
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Proof. According to Lemma 4.1 Ù14 nÕÔÔÙ 4.28 Ü5Õ ÛFÛÜÕÔ 4ÕM1Õ4 JF L4.1K{L4.2K ØÙ1
be transformed into (4.14K ÓÛ×17 Ø/14×Ü×/1Û L.1)− (C3), based on which this proof re-

quires the following steps.

Step 1. Construction of equations: By applying D
− j
q

τ to (4.14K8 =/Ö j = 0, . . . , q −1, we get:

N
∑

i =0
ai D

− j
q

τ

{

D
iα
τ y(τ)

}

= D
− j
q

τ û(τ). (4.46)

Then, by applying Lemma 2.5 Ü/ L4.46K8 ;Õ 7ÕÜa =/Ö j = 0,

N
∑

i =0
ai Diα

τ y(τ) = û(τ)+
N
∑

i =2
ai φα,i−1,α

{

y(τ)
}

, (4.47)

and for j = 1, . . . , q −1,

N
∑

i =0
ai D

iα− j
q

τ y(τ) = D
− j
q

τ û(τ)+
N
∑

i =1
ai φ− j

q ,i ,α

{

y(τ)
}

. (4.48)

Step 2. Multiplication and integration: Multiply both sides of (4.47K Ù14 L4.48K JF h j ,n,k ,

and integrate from 0 to t . It yields: for j = 0,

N
∑

i =0
ai

∫t

0
h j ,n,k (τ)Diα

τ y(τ)dτ =
∫t

0
h j ,n,k (τ)û(τ)dτ+

N
∑

i =2
ai

∫t

0
h j ,n,k (τ)φα,i−1,α

{

y(τ)
}

dτ,

(4.49)

and for j = 1, . . . , q −1,

N
∑

i =0
ai

∫t

0
h j ,n,k (τ)D

iα− j

q

τ y(τ)dτ =
∫t

0
h j ,n,k (τ)D

− j

q

τ û(τ)dτ+
N
∑

i =1
ai

∫t

0
h j ,n,k (τ)φ − j

q
,i ,α

{

y(τ)
}

dτ.

(4.50)

Step 3. Successive integration by parts: By applying Lemma 2.7 Ü/ L4.49K Ù14 L4.50K8 ;Õ
get: for j = 0,

N
∑

i =2
ai

∫t

0
h j ,n,k (τ)φα,i−1,α

{

y(τ)
}

dτ =
N
∑

i =0
ai

∫t

0

CD
iα
τ,t h j ,n,k (τ) y(τ)dτ−

∫t

0
h j ,n,k (τ)û(τ)dτ,

(4.51)

and for j = 1, . . . , q −1,

N
∑

i =1
ai

∫t

0
h j ,n,k (τ)φ − j

q
,i ,α

{

y(τ)
}

dτ =
N
∑

i =0
ai

∫t

0

CD
iα− j

q

τ,t h j ,n,k (τ) y(τ)dτ−
∫t

0

CD
− j

q

τ,t h j ,n,k (τ) û(τ)dτ,

(4.52)

where all the boundary conditions are eliminated using (P2)− (P3).
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Step 4. Recursive algorithm: By applying Lemma 2.5 Ù14 L2.19K8 ;Õ 7ÕÜa

N
∑

i =2
ai φα,i−1,α

{

y(τ)
}

=
N
∑

i =2
ai

i−1
∑

j ′=1

ψ j ′α,α

{

D
(i−1− j ′)α
τ y(τ)

}

=
N
∑

i =2
ai

i−1
∑

j ′=1

⌈α⌉
∑

i ′=1

c j ′α,i ′ τ
− j ′α−i ′ ×

[

Dα−i ′
τ

{

D
(i−1− j ′)α
τ y(τ)

}]

τ=0
.

(4.53)

Then, regrouping terms in (4.53K 7×<ÕÛa

N
∑

i =2
ai φα,i−1,α

{

y(τ)
}

=
⌈α⌉
∑

i ′=1

N−1
∑

j ′=1

c j ′α,i ′ τ
− j ′α−i ′ ×

(

N
∑

i = j ′+1

ai

[

Dα−i ′
τ

{

D
(i−1− j ′)α
τ y(τ)

}]

τ=0

)

.

(4.54)

Similarly, we get: for j = 1, . . . , q −1,

N
∑

i =1
ai φ− j

q ,i ,α

{

y(τ)
}

=
⌈α⌉
∑

i ′=1

N−1
∑

j ′=0

c − j
q + j ′α,i ′

τ
j
q − j ′α−i ′ ×

(

N
∑

i = j ′+1

ai

[

Dα−i ′
τ

{

D
(i− j ′−1)α
τ y(τ)

}]

τ=0

)

.

(4.55)

Thanks to (4.43K Ù14 LI8), using (4.53K Ù14 L4.55K8 L4.51K Ù14 L4.52K JÕØ/ÔÕa ∀ (n,k) ∈Φ j

with n = 1, . . . ,N−1 and j ∈ {0, . . . , q −1},

c − j
q +nα,k

N
∑

i =n+1
ai

[

Dα−k
τ

{

D
(i−n−1)α
τ y(τ)

}]

τ=0
=

N
∑

i =0
ai

∫t

0

CD
iα− j

q

τ,t h j ,n,k (τ) y(τ)dτ

−
∫t

0

CD
− j
q

τ,t h j ,n,k (τ) û(τ)dτ,

(4.56)

and ∀ (0,k) ∈Φ j with j ∈ {1, . . . , q −1},

c − j
q ,k

N
∑

i =1
ai

[

Dα−k
τ

{

D
(i−1)α
τ y(τ)

}]

τ=0
=

N
∑

i =0
ai

∫t

0

CD
iα− j

q

τ,t h j ,0,k (τ) y(τ)dτ

−
∫t

0

CD
− j
q

τ,t h j ,0,k (τ) û(τ)dτ,

(4.57)

where according to (2.20K8 c − j
q +nα,k

6= 0. Hence, using (4.56K Ù14 L4.57K8 L4.44K Ù14 L4.45K
are obtained. Thus, this proof is completed. �

Secondly, algebraic formulae are given in the following theorem to calculate the

fractional derivatives of the output y .

Theorem 4.2 [1e y_f z ∈ {0, . . . , q−1} and n ∈ {0, . . . ,⌈Np− j

q
⌉−1}, there exists d = Np− j−nq

with d ∈ {1, . . . ,Np}. For t ∈ I, let g j ,n be a set of (⌈Np− j

q
⌉,n)th order modulating functions

on [0, t ] satisfying the following property:

(P9) : ∀ ( j ′, i ′) ∈Φ j ,
∫t

0
g j ,n(τ)τ

j
q − j ′α−i ′

dτ = 0.
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Then, the fractional derivative D
d−q

q

t y (1 ≤ d ≤ Np) of the output of the system defined by

(4.1QwT4.2Q UVWXUYZX[\ ^_[`XWX_[U (C1)−(C3) can be obtained by a recursive way as follows:

• if d = 1, then

D
d−q

q

t y(t ) = H1

(

û(τ), y(τ),

{

CD
i ′− j

q

τ,t g j ,n(τ)

}Np

i ′=0

)

, (4.58)

• if 2 ≤ d ≤ Np, then

D
d−q

q

t y(t ) = Hd



û(τ), y(τ),

{

CD
i ′− j

q

τ,t g j ,n(τ)

}Np

i ′=0

,

{

D
i ′−q

q

t y(t )

}d−1

i ′=1



 , (4.59)

where the operators Hd for d = 1, . . . ,Np are defined by:

H1

(

û(τ), y(τ),

{

CD
i ′− j

q

τ,t g j ,n(τ)

}Np

i ′=0

)

=

(−1)n

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ+ (−1)n+1
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ,

(4.60)

and for d = 2, . . . ,Np,

Hd



û(τ), y(τ),

{

CD
i ′− j

q

τ,t g j ,n(τ)

}Np

i ′=0

,

{

D
i ′−q

q

t y(t )

}d−1

i ′=1



 =

(−1)n

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ+ (−1)n+1
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ

−
d−1
∑

i ′=1

âi ′+Np−d D
i ′−q

q

t y(t ).

(4.61)

Moreover, û = CAN−1Bu, and âi ′ are defined as follows:

âi ′ =











ai , if ∃ i ∈ {0, . . . ,N} such that i ′ = i p,

0, else.
(4.62)

Proof. This proof is similar to the one of Theorem 4.18 Ù14 ÖÕ6Ó×ÖÕÛ Ü5Õ =/ÚÚ/;×17 ÛÜÕ>Û
based on (4.47K Ù14 L4.48KÐ |
Step 1. Multiplication and integration: Multiply both sides of (4.47K Ù14 L4.48K JF g j ,n

for n = 0, . . . ,⌈Np− j

q
⌉−1, and integrate from 0 to t . It yields: for j = 0,

N
∑

i =0
ai

∫t

0
g j ,n(τ)Diα

τ y(τ)dτ =
∫t

0
g j ,n(τ)û(τ)dτ+

N
∑

i =2
ai

∫t

0
g j ,n(τ)φα,i−1,α

{

y(τ)
}

dτ,

(4.63)
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and for j = 1, . . . , q −1,

N
∑

i =0
ai

∫t

0
g j ,n(τ)D

iα− j
q

τ y(τ)dτ =
∫t

0
g j ,n(τ)D

− j
q

τ û(τ)dτ+
N
∑

i =1
ai

∫t

0
g j ,n(τ)φ− j

q ,i ,α

{

y(τ)
}

dτ.

(4.64)

Step 2. Elimination of undesired terms: According to (4.53K8 L4.55K8 Ù14 Ü5Ù1?Û Ü/ LI9),

the orders of the power functions in the integrals containingφα,i−1,α
{

y(τ)
}

andφ− j
q ,i ,α

{

y(τ)
}

in (4.63K Ù14 L4.64K ØÙ1 JÕ ÕÚ×Ô×1ÙÜÕ4Ð |5ÓÛ8 L4.63K Ù14 L4.64K JÕØ/ÔÕa =/Ö j = 0, . . . , q−1,

N
∑

i =0
ai

∫t

0
g j ,n(τ)D

iα− j
q

τ y(τ)dτ =
∫t

0
g j ,n(τ)D

− j
q

τ û(τ)dτ. (4.65)

Then, (4.65K ØÙ1 JÕ ;Ö×ÜÜÕ1 ×1Ü/ Ü5Õ =/ÚÚ/;×17 =/ÖÔa =/Ö j = 0, . . . , q −1,

Np
∑

i ′=0

âi ′

∫t

0
g j ,n(τ)D

i ′− j
q

τ y(τ)dτ =
∫t

0
g j ,n(τ)D

− j
q

τ û(τ)dτ. (4.66)

Step 3. Successive integration by parts: By applying Lemma 2.7 Ü/ L4.66K8 ;Õ 7ÕÜa

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ =
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ

+
Np
∑

i ′= j+1

âi ′

⌈ i ′− j
q ⌉−1
∑

k=0

(−1)k g (k)
j ,n(t )D

i ′− j
q −1−k

t y(t ),

(4.67)

where all the initial conditions are eliminated using (P2). Moreover, there is no bound-

ary values when i ′ ≤ j .

Step 4. Elimination of undesired boundary values: By regrouping the terms in the double

sum in (4.67K8 ;Õ 7ÕÜa

Np
∑

i ′= j+1

âi ′

⌈ i ′− j
q ⌉−1
∑

k=0

(−1)k g (k)
j ,n(t )D

i ′− j
q −1−k

t y(t ) =

⌈Np− j
q ⌉−1
∑

k=0

Np
∑

i ′= j+kq+1

âi ′(−1)k g (k)
j ,n(t )D

i ′− j
q −1−k

t y(t ).

(4.68)

Since g j ,n satisfies (P4), using (4.67K Ù14 L4.68K 7×<ÕÛa

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ =
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ+ (−1)n
Np
∑

i ′= j+nq+1

âi ′D
i ′− j

q −1−n

t y(t ).

(4.69)

Step 5. Recursive algorithm: According to (4.69K8 Ü5Õ =/ÚÚ/;×17 ÖÕØÓÖÛ×<Õ ÙÚ7/Ö×Ü5Ô ×Û
obtained:
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• If j +nq +1 = Np, i .e. d = Np − j −nq = 1,

D
1−q

q

t y(t ) = (−1)−n

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ− (−1)−n
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ.

(4.70)

• If 1 ≤ j +nq +1 ≤ Np −1, i .e. 2 ≤ d ≤ Np,

D
d−q

q

t y(t ) = (−1)−n

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ− (−1)−n
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ

−
Np−1
∑

i ′= j+nq+1

âi ′D
i ′− j

q −1−n

t y(t )

= (−1)n

∫t

0

CD
− j
q

τ,t g j ,n(τ) û(τ)dτ+ (−1)n+1
Np
∑

i ′=0

âi ′

∫t

0

CD
i ′− j

q

τ,t g j ,n(τ) y(τ)dτ

−
d−1
∑

i ′=1

âi ′+ j+nq D
i ′−q

q

t y(t ).

(4.71)

Thus, this proof is completed. �

Finally, the following corollary is deduced from Theorem 4.1 Ù14 |5Õ/ÖÕÔ 4.2Ð

Corollary 4.1 Under the same hypotheses given in Theorem 4.1 V[` Theorem 4.2b Wdh
following fractional derivatives of the output y can be obtained by a recursive way: for

j = 1, . . . , q −1,

D
Nα− j

q

t y(t ) =D
− j
q

t û(t )−
N−1
∑

i =0
ai D

iα− j
q

t y(t )+
N
∑

i =1
ai φ− j

q ,i ,α

{

y(t )
}

, (4.72)

and

DNα
t y(t ) = û(t )−

N−1
∑

i =0
ai Diα

t y(t )+
N
∑

i =2
ai φα,i−1,α

{

y(t )
}

, (4.73)

where
N
∑

i =1
ai φ− j

q ,i ,α

{

y(t )
}

(resp.
N
∑

i =2
ai φα,i−1,α

{

y(t )
}

) can be given by (4.55Q TfhUoj T4.54QQ

and Theorem 4.1b D
d−q

q

t y(t ), for d = 1, . . . ,Np, are given by Theorem 4.2j

Proof. This proof can be given using (4.47K Ù14 L4.48KÐ �

In order to apply the initial value estimator proposed in Theorem 4.18 Ü5Õ =/ÚÚ/;×17
algorithm is required:

Function [D] = Estimator ([a0, . . . , aN], p, q,u, y, t ),

D =
(

[

Dα−k
τ y(τ)

]

τ=0 , . . . ,
[

Dα−k
τ

{

D
(N−1)α
τ y(τ)

}]

τ=0

)T
. This algorithm contains the follow-

ing two steps:
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Step 1. For each n ∈ {0, . . . ,N−1},k ∈ {1,⌈α⌉}, find j ∈ {0, . . . , q −1} such that (n,k) ∈ Φ j .

Then, the integrals involving u and y obtained in (4.44K Ù14 L4.45K ÙÖÕ ØÙÚØÓÚÙÜÕ4Ð 21
particular,

[

Dα−k
τ y(τ)

]

τ=0 is obtained for n = N−1.

Step 2. For n = 0, . . . ,N−2,
[

Dα−k
τ

{

D
(N−n−1)α
τ y(τ)

}]

τ=0
can be given using a recursive way

by (4.45KÐ
Similarly, in order to apply the fractional order differentiator proposed in Theorem

4.2 Ù14 ./Ö/ÚÚÙÖF 4.18 Ü5Õ =/ÚÚ/;×17 ÙÚ7/Ö×Ü5Ô ×Û ÖÕ6Ó×ÖÕ4a

Function [D] = Differentiator ([a0, . . . , aN], p, q,u, y, t ),

where D =

(

D
1−q

q

t y(t ), . . . ,D
Np
q

t y(t )

)T

. It contains the following three steps:

Step 1. In this step, all the integrals involving u and y obtained in (4.60K Ù14 L4.61K ÙÖÕ
calculated, for j = 0, . . . , q −1 and n = 0, . . . ,⌈Np− j

q
⌉−1.

Step 2. In this step, the values of D
d−q

q

t y(t ) are calculated, for d = 1, . . . ,Np. Since

d = Np − j − nq , the key point is to find the corresponding j and n. According to

the proof of Theorem 4.28 q equations are constructed in (4.66KÐ q/Ö ÕÙØ5 Õ6ÓÙÜ×/18
the orders of the fractional derivatives of y are given in the first row of Table 4.18 =/Ö
j ∈ {0, . . . , q −1}. Moreover, the orders of all the boundary values obtained in (4.67K ÙÖÕ
given in the other rows of Table 4.18 ;5ÕÖÕ k +1 represents the times of integration by

parts applied to each equation. According to the properties of g j ,n , only the boundary

values at τ = t in the row where n = k are kept. In this row, the value of the fractional de-

rivative of y , i .e. D
d−q

q

t y(t ), whose order is given in the last column, is calculated using

the values of the fractional derivatives of y whose orders are given in the other columns.

Consequently, this step begins with finding a j such that 1
q
− 1 = Np− j

q
− ⌈Np− j

q
⌉.

Then, D
1−q

q

t y(t ) is given by (4.60K ;×Ü5 n = ⌈Np− j

q
⌉−1. Hence, D

d−q
q

t y(t ) for d = 2, . . . ,Np,

can be given using a recursive way by (4.61K8 ;5ÕÖÕ Ü5Õ <ÙÚÓÕÛ /= j and n are taken as

follows: if j > 0, then j = j −1, else j = q −1 and n = n −1.

Step 3. In this step, the values of D
Np− j

q

t y(t ) are calculated using (4.72K8 =/Ö j = 0,1, . . . , q−1,

where the values of D
i ′− j

q

t y(t ) for i ′ = 0, . . . ,Np−1, are previously calculated, φ− j
q ,i ,α

{

y(t )
}

and φα,i−1,α
{

y(t )
}

can be obtained using the previous algorithm and Lemma 2.5Ð
Inspired by Proposition 3.58 Ü5Õ Ô/4ÓÚÙÜ×17 =Ó1ØÜ×/1Û ÖÕ6Ó×ÖÕ4 ×1 |5Õ/ÖÕÔ 4.1 Ù14

Theorem 4.2 ÙÖÕ Ø/1ÛÜÖÓØÜÕ4 ×1 Ü5Õ =/ÚÚ/;×17 >Ö/>/Û×Ü×/1Ð

Proposition 4.1 Let t ∈R+, 0 < α< 2, j ,m,M ∈N, q,N ∈N
∗, L = ⌈Nα− j

q
⌉, where 0 ≤ j ≤ q−1,

m > (N−1)α+⌈α⌉− j

q
, and g j be a polynomial with the following form: ∀τ ∈ [0, t ],

g j (τ) =
N′+L−1

∑

i =0
ci t M−m−iτm+i , (4.74)
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j th Equation − j

q
· · · 0 1

q
· · · 1 1+ 1

q
· · · · · · Np− j

q

k = 0 1
q
−1 · · · 0 1

q
· · · · · · Np− j

q
−1

k = 1 1
q
−1 · · · · · · Np− j

q
−2

...
. . . . . .

...

k = ⌈Np− j

q
⌉−1 1

q
−1 · · · Np− j

q
−⌈Np− j

q
⌉

Table 4.1: Orders of the fractional derivatives of y in (4.66} [fZ ~4.67}Q

where N′ = card
(

Φ j

)

, Φ j is defined in (5.22Qb V[` Wdh ^_hY�^Xh[W ph^W_f (c0, . . . ,cN′+L−1)T

is the solution of the following system:

Bm















c0

...

cN′+L−1















= bn , (4.75)

where bn ∈R
N′+L and Bm ∈R

(N′+L)×(N′+L) is defined as follows: for i = 0, . . . ,N′+L−1, for

( j ′, i ′) ∈Φ j ,

Bm(k ′, i ) =



















(m + i )!

(m + i −k ′)!
, for k ′ = 0, . . . ,L−1,

1

m + i + j

q
− j ′α− i ′+1

, for k ′ = L, . . . ,N′+L−1.
(4.76)

• Let (n,k) ∈Φ j , if M = nα+k− j

q
−1 bn is defined as follows: for k ′ = 0, . . . ,L−1, bn(k ′) = 0,

and for k ′ = L, . . . ,N′+L−1, for ( j ′, i ′) ∈Φ j ,

bn(k ′) =











1, if ( j ′, i ′) = (n,k),

0, else.
(4.77)

Then, g j is a Lth order modulating function on [0, t ] satisfying (P8).

• If M = n with 0 ≤ n ≤ L−1, and bn is defined as follows: for k ′ = 0, . . . ,N′+L−1,

bn(k ′) = δk ′n , (4.78)

then g j is a (L,n)th order modulating function on [0, t ] satisfying (P9).

Proof. Since g j is a polynomial, g j ,n ∈C
L−1([0, t ]), i .e. (P1) is fulfilled. On the one hand,

by calculating the (k ′)th order derivative of g j , for k ′ = 0, . . . ,L−1, we obtain: ∀τ ∈ [0, t ],

g (k ′)
j

(τ) =
N′+L−1

∑

i =0
ci

(m + i )!

(m + i −k ′)!
t M−m−iτm+i−k ′

. (4.79)
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Since m > (N−1)α+⌈α⌉− j

q
≥ L−1, g (k ′)

j
(0) = 0, i .e. (P2) is fulfilled. Moreover, we have:

g (k ′)
j

(t ) = t M−k ′ N′+L−1
∑

i =0
ci

(m + i )!

(m + i −k ′)!
. (4.80)

On the other hand, the definition domain of m guarantees the convergence of the fol-

lowing improper integral. Hence, we get:

∫t

0
g j (τ)τ

j
q − j ′α−i ′

dτ =
N′+L−1

∑

i =0
ci

t
M+ j

q − j ′α−i ′+1

m + i + j

q
− j ′α− i ′+1

. (4.81)

Consequently, using (4.80K{L4.81K Ù14 JF Û/Ú<×17 Ü5Õ ÛFÛÜÕÔ L4.75K8 Ü5×Û >Ö//= ØÙ1 JÕ
completed. �

Remark that m is a design parameter in (4.74KÐ 2Ü ;×ÚÚ JÕ Û5/;1 5/; Ü/ Ø5//ÛÕ Ü5×Û
parameter latter.

Remark 4.2 According to (4.76Q wT4.78Qb Wdh ^_hY�^Xh[W ph^W_f ^ XU X[`hoh[`h[W _Y Wdh
time t . Thus, in order to construct the modulating functions, the system given in (4.75Q
only needs to solve once for every t . This result improves the construction of the modu-

lating functions proposed in [1ej

Polynomial type modulating functions are constructed in Proposition 4.18 ÙØØ/Ö4@
ing to Lemma 2.9 Ù14 Ü5Õ 4ÕM1×Ü×/1 4/ÔÙ×1 /= m, it can be deduce that all the integrals

involving u and y in (4.44K Ù14 L4.45K LÖÕÛ>Ð ×1 L4.60K Ù14 L4.61KK ÙÖÕ >Ö/>ÕÖÐ 21 Ü5×Û ØÙÛÕ8

on the one hand,
[

Dα−k
τ y(τ)

]

τ=0 (resp. D
1−q

q

t y(t )) is given by a proper integral formula in

(4.44K LÖÕÛ>Ð ×1 L4.60KKÐ Then,
[

Dα−k
τ

{

D
(N−n−1)α
τ y(τ)

}]

τ=0
(resp. D

d−q
q

t y(t )) calculated us-

ing a recursive way by (4.45K =/Ö n = 0, . . . ,N−2 (resp. by (4.61K =/Ö d = 2, . . . ,Np), are also

given by proper integral formulae. On the other hand, D
Np− j

q

t y(t ) for j = 0,1, . . . , q −1,

are given by the Riemann-Liouville integrals of u in (4.72K8 ;5×Ø5 ØÙ1 JÕ =/ÖÔÙÚÚF /Ö
numerically calculated. Thus, the algebraic integral formulae for the initial values of

the fractional sequential derivatives of the output (resp. for the fractional derivatives

of the output) can be written as follows:

D =
∫t

0
Q(τ) y(τ)dτ+

∫t

0
Pm u(τ)dτ, (4.82)

where D refers to
[

Dα−k
τ

{

D
(N−n−1)α
τ y(τ)

}]

τ=0
with n ∈ {0, . . . ,N−1} and k ∈ {1,⌈α⌉} (resp.

to D
j
q

t y(t ) with j ∈
{

1−q, . . . ,Np
}

), Q and Pm denote the corresponding functions in the

integrals involving y and u, respectively. Consequently, according to Lemma 2.58 Ü5Õ
fractional sequential derivatives of the output y can be calculated by algebraic integ-

ral formulae. Then, the pseudo-state can also be obtained using Lemma 4.3Ð �ÕÔÙÖ?
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that these formulae do not contain any source of errors in continuous noise-free case,

and can provide non-asymptotic estimations in finite-time without knowing the initial

conditions of the considered system. Moreover, the proper integrals of y can be con-

sidered as a low-pass filter in noisy cases [71]Ð 21 Ü5Õ 1ÕkÜ ÛÓJÛÕØÜ×/18 Ù >ÛÕÓ4/@ÛÜÙÜÕ
estimator is introduced in discrete noisy cases.

4.3.2 Non-asymptotic pseudo-state estimator in discrete noisy case

From now on, let y̟ be a discrete noisy observation of y on I = [0,h]:

y̟(ti ) = y(ti )+̟(ti ), (4.83)

where ti = i Ts , for i = 0,1, . . . ,M, with an equidistant sampling period Ts = h
M . Moreover,

the noise {̟(t ), t ∈ I} is assumed to be a continuous stochastic process satisfying the

following conditions:

(C4) : for any s, t ∈ I, s 6= t , ̟(s) and ̟(t ) are independent,

(C5) : the mean value function of {̟(t ), t ∈ I} denoted by E[·] is equal to zero,

(C6) : the variance function of {̟(t ), t ∈ I} denoted by Var[·] is bounded on I,

i .e. ∃δ ∈R+,∀ t ∈ I,Var[̟(t )] ≤ δ.

Note that a zero-mean white Gaussian noise satisfies these conditions.

In order to estimate the fractional sequential derivatives of y using y̟, the integral

formulae given in Theorem 4.1 Ù14 |5Õ/ÖÕÔ 4.2 1ÕÕ4 Ü/ JÕ >ÕÖ=/ÖÔÕ4 ×1 Ü5Õ 4×ÛØÖÕÜÕ
case. For this purpose, a numerical integration method is applied to approximate the

integrals. Denote the integral involving y in (4.82K ÙÛ =/ÚÚ/;Ûa

Iy

Q(t ) :=
∫t

0
Q(τ) y(τ)dτ. (4.84)

Hence, Iy

Q can be approximated in the discrete case by:

Iy,ti

Q := Ts

i
∑

j =0
w j Q(t j ) y(t j ), (4.85)

where 0 ≤ w j ∈R are the weights for a given numerical integration method. Then, using

the discrete noisy observation y̟, we get:

Iy̟,ti

Q = Iy,ti

Q +e
̟,ti

Q , (4.86)

where e
̟,ti

Q := Ts

i
∑

j =0
w j Q(t j )̟(t j ). Thus, the integral Iy

Q is subject to two sources of

errors:
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• the numerical error due to the numerical integration method;

• the noise error contribution e
̟,ti

Q .

Similarly, it can be deduced that the integrals involving u in Theorem 4.1 Ù14 |5Õ/ÖÕÔ
4.2 /1ÚF Ø/1ÜÙ×1 1ÓÔÕÖ×ØÙÚ ÕÖÖ/ÖÛ ×1 Ü5Õ 4×ÛØÖÕÜÕ ØÙÛÕÐ ./1ÛÕ6ÓÕ1ÜÚF8 Ù >ÛÕÓ4/@ÛÜÙÜÕ
estimator is proposed, which contains numerical errors and noise error contributions

in the discrete noisy case. It is well known that the numerical errors due to a numerical

integration method converge to 0 when Ts → 0 [168]Ð 21 Ü5Õ =/ÚÚ/;×17 >Ö/>/Û×Ü×/18 ×Ü
is shown that the convergence in mean square of the noise error contributions when

Ts → 0.

Proposition 4.2 [1e shW {̟(ti )} be a sequence of {̟(t ), t ∈ I} with an equidistant sampling

period Ts , where {̟(t ), t ∈ I} is a continuous stochastic process satisfying conditions

(C4)− (C6). Assume that Q ∈L
2([0, t ]), then we have:

E

[

(

e
̟,ti

Q

)2
]

Ts→0−−−→ 0, (4.87)

where e
̟,ti

Q is given by (4.86Qj

The proof of the previous proposition can be obtained using a similar way to Pro-

position 4 in [62]Ð 21 =ÙØÜ8 ÓÛ×17 L.4), (C5) and (C6) we obtain: E[e̟,i
Q ] = 0 and

E

[

(

e̟,i
Q

)2
]

= Var
[

e̟,i
Q

]

≤ Tsδ

(

Ts

i
∑

j =0
w 2

j Q2(t j )

)

. (4.88)

Hence, if Q ∈L
2([a, t ]), the convergence in (4.87K ØÙ1 JÕ /JÜÙ×1Õ4Ð B Û×Ô×ÚÙÖ ÖÕÛÓÚÜ 5ÙÛ

been shown using non-standard analysis in [718 72]Ð ./1ÛÕ6ÓÕ1ÜÚF8 J/Ü5 Ü5Õ 1ÓÔÕÖ×ØÙÚ
errors due to a numerical integration method and the noise error contributions in the

proposed pseudo-state estimator can be reduced by decreasing the sampling period

Ts . However, if the computations are performed on a finite precision numerical ma-

chine, there are also round-off errors [169]Ð :Õ1ØÕ8 Ü5Õ ×1M1×ÜÕ ÖÕ4ÓØÜ×/1 /= |s would

not lead to arbitrary reduction of estimation errors, since the round-off errors would

become too large at some points.

When the sampling period is set, on the one hand the numerical errors can be

bounded by the well-known error bounds for numerical integration methods [168]8 /1
the other hand the noise error contribution e

̟,ti

Q satisfying E[e̟,ti

Q ] = 0 can be bounded

using the Bienaymé-Chebyshev inequality:

∀γ ∈R+, Pr

(

∣

∣

∣e
̟,ti

Q

∣

∣

∣< γ
(

Var[e̟,ti

Q ]
) 1

2

)

> 1−
1

γ2
, (4.89)
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i .e. the probability for
∣

∣

∣e
̟,ti

Q

∣

∣

∣ to be smaller than γ
(

Var[e̟,ti

Q ]
) 1

2
is larger than 1− 1

γ2 . Thus,

the following error bound is deduced from (4.88K Ù14 L4.89Ka

∣

∣

∣e
̟,ti

Q

∣

∣

∣

pγ

< γTs

(

δ
i

∑

j =0
w 2

j Q2(t j )

) 1
2

, (4.90)

where a
pγ

< b means that the probability for a real number b to be larger than an other

real number a is equal to pγ with pγ > 1− 1
γ2 . Remark that the value of pγ can be given

by the probability density function of the considered noise ̟. In particular, if ̟ is a

white Gaussian noise, according to the three-sigma rule, we have:

∣

∣

∣e
̟,ti

Q

∣

∣

∣

pγ

≤ γTs

(

δ
i

∑

j =0
w 2

j Q2(t j )

) 1
2

, (4.91)

where p1 = 68.26%, p2 = 95.44% and p3 = 99.73%, for γ = 1,2,3, respectively.

Thanks to the probability properties of the mean value and the variance functions,

and the Bienaymé-Chebyshev inequality, the noise error bound obtained in (4.90K ×Û
sharp, especially in white Gaussian noise cases. Since it depends on the design para-

meter m, the study of the influence of m on this error bound is useful to deduce the

influence of m on the noise error contribution. Consequently, at each ti the noise er-

ror contribution can be reduced by choosing the value of m which minimizes the noise

error bound at ti .

Remark 4.3 If the parameters N, α and ai for i = 0, . . . ,N are known in a studied system,

the selection of the design parameter m can be done offline by fixing the desired initial

value (resp. the desired fractional derivative), Ts and the used numerical integration

method, without the knowledge on u, y and the noise level δ. Indeed, the idea of setting

m is to choose the value of m which minimizes the noise error bound obtained in (4.90Qj
Since this bound is linear with respect to γδ

1
2 Ts , the optimal value of m is independent

of γδ
1
2 Ts and only depends on the weights w j and the values of Qm(t j ). Hence, if the de-

sired initial value (resp. the desired fractional derivative) is fixed, Qm can be calculated

in an offline work, so is the error bound.

In order to reduce the noise error contributions, the error bound obtained in (4.90K
will be applied to choose the design parameter m for the modulating functions con-

structed in Proposition 4.1Ð
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4.4 Simulation results

In this section, the accuracy and the robustness with respect to corrupting noises of the

proposed non-asymptotic pseudo-state estimator will be shown by comparing with

fractional order observers. For this purpose, the pseudo-state of the system defined

by (4.1K{L4.2K ÛÙÜ×Û=F×17 Ø/14×Ü×/1Û L.1)− (C3) will be estimated using the noisy output

defined in (4.83KÐ |5ÓÛ8 Ü5Õ =/ÚÚ/;×17 Ô/4ÕÚ ×Û Ø/1Û×4ÕÖÕ4a

Dα
t x = Ax +Bu, (4.92)

y̟ = Cx +D̟̟, (4.93)

where D̟ = 1. Based on (4.92K@L4.93K8 Ü;/ ?×14Û /= =ÖÙØÜ×/1ÙÚ /Ö4ÕÖ /JÛÕÖ<ÕÖÛ ÙÖÕ 4Õ@
signed in the two following subsections.

4.4.1 Fractional order Luenberger-like observer

The well-known Luenberger observer is wildly applied for integer order systems [165]Ð
This observer can be extended for fractional order systems as follows [11]a

Dα
t x̂ = Ax̂ +Bu +η, (4.94)

ŷ = Cx̂, (4.95)

η = L
(

y̟− ŷ
)

, (4.96)

where x̂ is the pseudo-state estimation, and L is the observer gain. In order to get a

good compromise between the convergence speed and the sensitivity to noises, L is

set using a classical eigenvalues placement technique in this chapter.

4.4.2 Fractional order H∞-like observer

H∞ observer is another useful integer order observer, where the observer gain is ob-

tained using the H∞-optimization technique. In this subsection, the H∞ observer

proposed in [170] =/Ö Ú×>ÛØ5×Ü� ×1ÜÕ7ÕÖ /Ö4ÕÖ 1/1Ú×1ÕÙÖ ÛFÛÜÕÔÛ ×Û Ù4Ù>ÜÕ4 Ü/ 4ÕÛ×71 Ù
new H∞-like observer for fractional order linear systems.

Firstly, the following fractional order dynamical observer is proposed:

Dα
t x̂ = Ax̂ +Bu +η, (4.97)

ŷ = Cx̂, (4.98)

Dα
t ε = AFε+BFν, (4.99)

η = CFε+DFν, (4.100)

where ε is an auxiliary pseudo-state, η is obtained by the dynamical system (4.99K@
(4.100K ;×Ü5 ν = y̟− ŷ . It can be seen that if AF = BF = CF = 0 and DF = L, (4.94K@L4.96K
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is deduced from (4.97K@L4.100KÐ 21 Ü5×Û ØÙÛÕ8 Ù =ÖÙØÜ×/1ÙÚ /Ö4ÕÖ H∞-like observer is de-

signed in [171]Ð

Secondly, the matrix F =







AF BF

CF DF






needs to be determined. By subtracting (4.97K@

(4.98K =Ö/Ô L4.92K@L4.93K Ù14 ÓÛ×17 L4.99K@L4.100K8 Ü5Õ =/ÚÚ/;×17 ÛFÛÜÕÔ ×Û /JÜÙ×1Õ4a






Dα
t e

Dα
t ε






= AL







e

ε






+BL̟, (4.101)

e = CL







e

ε






+DL̟, (4.102)

where e = x − x̂, AL =







A−DFC −CF

BFC AF






, BL =







−DFD̟

BFD̟






, CL = ( I 0 ) and DL = 0.

Then, the matrix F is calculated such that:

• the matrix AL is stable,

• the error e is robust against the noise ̟, i .e. the L2-gain of the system (4.101K@
(4.102K ×Û J/Ó14Õ4a

‖Ge̟‖∞ := sup
ω∈R

σ
(

Ge̟( jω)
)

≤ γ̄, (4.103)

where Ge̟ is the transfer function of the system (4.101K@L4.102K8 σ(·) denotes the

maximum singular value of the matrix Ge̟, and γ̄ ∈R+.

It is shown in [172] Ü5ÙÜ Ü5Õ Ü;/ >ÖÕ<×/ÓÛ Ø/14×Ü×/1Û ÙÖÕ =ÓÚMÚÚÕ4 ×= Ü5ÕÖÕ Õk×ÛÜÛ Ù
symmetric positive definite matrix XL such that the following Linear Matrix Inequality

(LMI) holds:















βA∗
LXL +β∗XLAL XLBL βC∗

L

B∗
LXL −γ̄2I D∗

L

β∗CL DL −I















≺ 0, (4.104)

where β = e(α−1) j π
2 , β∗ = e(1−α) j π

2 , and J∗ denotes the complex conjugate of a complex

matrix J. Hence, if XL is known, F can be obtained by solving (4.104K ÓÛ×17 nm2 Ü//ÚÛ
[1738 174]Ð :/;Õ<ÕÖ8 �L is unknown and (4.104K ×Û 1/Ü �/×1ÜÚF Ù=M1Õ ×1 �L and F. In order

to overcome this problem, a solution is proposed as done in [175]Ð
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By denoting Ā =







A 0

0 0






, B =







0 −I

I 0






, C =







0 I

C 0






, D =







0

D̟






, C̄ = ( I 0 ),

we obtain: AL = Ā+BFC, BL = BFD, CL = C̄ and DL = 0. Thus, (4.104K ×Û ÜÖÙ1Û=/ÖÔÕ4 ×1Ü/
the following LMI:

HXL +Q∗F∗PXL +P∗
XL

FQ ≺ 0, (4.105)

where Q =
(

β∗C,D,0
)

, PXL =
(

B∗XL,0,0
)

, and

HXL =















βĀ∗XL +β∗XLĀ 0 βC̄∗

0 −γ̄2I 0

β∗C̄ 0 −I















. (4.106)

Finally, using the algorithm proposed in [175]8 q ØÙ1 JÕ /JÜÙ×1Õ4 JF Û/Ú<×17 L4.105KÐ

4.4.3 Example: Fractional electrical circuit model

Some numerical results are presented in this subsection by considering a fractional

electrical circuit model introduced in [176]Ð �Ü5ÕÖ ?×14Û /= =ÖÙØÜ×/1ÙÚ Ø×ÖØÓ×Ü ÕÚÕÔÕ1ÜÛ
have been used to model biological tissues in [109]Ð

Let us consider the electrical circuit presented in Figure 4.1(a)8 ;5ÕÖÕ �k for k = 0, . . . ,N,

are conductances, C j for j = 1, . . . ,N, are capacitances, and u is a source. Then, this

electorial circuit can be modeled by the following fractional order pseudo-state space

representation (see [176] =/Ö Ô/ÖÕ 4ÕÜÙ×ÚÛKa

Dα
t x = Ax +Bu, (4.107)

where

A =





















−G1G−G2
1

C1G
G1G2
C1G · · · G1GN

C1G

G2G1
C2G −G2G−G2

2
C2G · · · G2GN

C2G
...

...
. . .

...

GNG1
CNG

GNG2
CNG · · · −GNG−G2

N
CNG





















(4.108)

and B =
(

G0G1
C1G , G0G2

C2G , · · · G0GN
CNG

)T
with G =

N
∑

k=0

Gk .

In this example, the following system is considered:

Dα
t x = Ax +Bu, (4.109)

y = Cx, (4.110)
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where α = 1
2 , N = 3, C = (−1,0,1), B = (0,1,0)T, and

A =















11 1 −11

6 0 −6

18 1 −17















. (4.111)

It can be verified that this system satisfies conditions (C1)− (C3).

It is mentioned in Remark 2.3 Ü5ÙÜ 4ÓÕ Ü/ Ü5Õ 5ÕÖÕ4×ÜÙÖF >Ö/>ÕÖÜF /= Ü5Õ =ÖÙØÜ×/1ÙÚ
derivative operator, the real-state of a fractional order system depends on not only the

pseudo-state but also an initialization function which is also called a history function

[578 97]Ð �×Ü5/ÓÜ Ø/1Û×4ÕÖ×17 Ü5Õ 5×ÛÜ/ÖF =Ó1ØÜ×/18 Ü5Õ Ó1×6ÓÕ1ÕÛÛ /= Ü5Õ ÛÜÙÜÕ ØÙ11/Ü
be guaranteed. Consequently, the initialization problem is an important concept for

fractional order systems [1018 177]Ð |5ÕÖÕ ÙÚÛ/ Õk×ÛÜÛ Ù1 Ù>>Ö/ÙØ5 JÙÛÕ4 /1 Ü5Õ ×1M1@
ite dimensional representation, which is equivalent to the one based on the history

function [178]Ð 21 Ü5×Û ÕkÙÔ>ÚÕ8 ÓÛ×17 Ù Û×Ô×ÚÙÖ ;ÙF ÙÛ 4/1Õ ×1 �808 1798 180]8 Ü5Õ ×1×Ü×ÙÚ@
ization of the considered fractional order system is realized as follows:

• The system is at rest on ]−∞,−2[.

• A constant input u(t ) = 0.5 is applied on [−2,0]. Then, a history function of x

is generated by solving (4.109K ÓÛ×17 Ü5Õ �Ö�1;ÙÚ4@nÕÜ1×?/< ÛØ5ÕÔÕ 7×<Õ1 ×1
(2.38K@L2.39K8 ;5ÕÖÕ ;Õ 7ÕÜa x(0) = (0.2362,0.5324,0.2719)T.

• u(t ) = sin(5t ) is applied on ]0,5]. Then, the output is obtained by solving (4.109K@
(4.110K ÓÛ×17 Ü5Õ �Ö�1;ÙÚ4@nÕÜ1×?/< ÛØ5ÕÔÕÐ

Assume that y̟(ti ) = y(ti )+σ̟(ti ) is the noisy observation of the output y on I = [0,5],

where ti = i Ts with Ts = 0.0005, the noise {̟(ti )} is simulated from a zero-mean white

Gaussian i i d sequence, and the value of σ is adjusted such that SNR = 20dB. The out-

put and the associated noisy output are shown in Figure 4.1(b)8 ;5ÕÖÕ Ü5Õ /ÓÜ>ÓÜ ×Û
obtained by solving (4.1K@L4.2K ÓÛ×17 Ü5Õ �Ö�1;ÙÚ4@nÕÜ1×?/< ÛØ5ÕÔÕÐ

We are going to estimate the pseudo-state x using the discrete noisy output. For

this purpose, the non-asymptotic pseudo-state estimator proposed in Section 4.3.1 ×Û
applied, where the used modulating functions are constructed in Proposition 4.18 Ù14
the trapezoidal numerical integration method is considered.

According to Lemma 4.38 D

k
2

t y for k = 0,1,2, need to be estimated. Hence, according

to Lemma 2.5 Ù14 ./Ö/ÚÚÙÖF 4.18 9
k
2
t y and

[

D
− 1

2
t

{

D

k
2

t y(t )

}]

t=0
, for k = 0,1,2, also need

to be estimated using Theorem 4.1 Ù14 |5Õ/ÖÕÔ 4.2Ð q×ÖÛÜÚF8 Ü5Õ Ø5/×ØÕ /= Ü5Õ 4ÕÛ×71
parameter m is studied using the noise error bound obtained in (4.91K ;×Ü5 γ = 3. Ac-

cording to Proposition 4.18 m ≥ 2. Then, by taking different values of m, the variation
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of the noise error bound for D
1
2
t y is shown in Figure 4.2(a)Ð :Õ1ØÕ8 Ü5Õ ×1�ÓÕ1ØÕ /= m

on the noise error contribution can be deduced. Thus, in order to reduce the noise

error contribution, the following values of m are chosen: m = 2 for ti ∈ [Ts ,0.4], and

m = 14 for ti ∈ [0.4+Ts ,5]. Secondly, the estimated D
1
2
t y is shown in Figure 4.3(a)Ð �×1ØÕ

the analytical Riemann-Liouville fractional derivatives of the output are unknown, the

estimation obtained by the Grünwald-Letnikov scheme in the noise-free case is also

given to verify the estimation obtained by the proposed method. The associated abso-

lute noise error for D
1
2
t y is shown in Figure 4.2(b)8 ;5ÕÖÕ Ü5Õ Ø/ÖÖÕÛ>/14×17 1/×ÛÕ ÕÖÖ/Ö

bound is also given. Using a similar way, y , ẏ and

[

D
− 1

2
t

{

D

k
2

t y(t )

}]

t=0
, for k = 0,1,2,

can also be estimated. The estimations of the latter are shown in Figure 4.3(b)8 ;5×Ø5
are obtained by taking m = 2. According to the error analysis given in Subsection 4.3.28
these estimations can be improved by reducing the sampling period. Moreover, since

φ− 1
2 ,k, 1

2

{

y(t )
}

is decreasing with respect to t , the role of

[

D
− 1

2
t

{

D

k
2

t y(t )

}]

t=0
becomes

less important when t becomes larger.

Finally, the obtained estimations of x1 are shown in Figure 4.48 ;5ÕÖÕ Ü5Õ 1/1@
asymptotic property and the robustness of the proposed estimator can be distinguished

by comparing with the fractional order Luenberger-like observer and the fractional or-

der H∞-like observer designed in Subsection 4.4.2Ð |5Õ ×1×Ü×ÙÚ <ÙÚÓÕ x̂0 = (1,2,3)T is

used for these observers. Then, two different gains are chosen for the fractional or-

der Luenberger-like observer. The first gain is chosen by taking the eigenvalues to

be 1.5 times greater than the ones of the system in order to guaranty the robustness

against the noise. The obtained estimation is shown in Figure 4.4(a)Ð |5Õ ÛÕØ/14 7Ù×1
is chosen by taking the eigenvalues to be 4 times greater than the ones of the system

in order to improve the convergence speed, which produces larger noise error contri-

bution. The absolute error between the obtained estimation and the one calculated by

the Grünwald-Letnikov scheme in noise-free case is shown in Figure 4.4(b)8 ÙÛ ;ÕÚÚ ÙÛ
the ones obtained by the fractional order H∞-like observer and the proposed pseudo-

state estimator.

87



ÑÐÑÐ �×ÔÓÚÙÜ×/1 ÖÕÛÓÚÜÛ

¹º» Fractional electrical circuit model.
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¹Î» Output y and its discrete noisy observation.

Figure 4.1: Example: Output of the linear system defined in (4.109���4.110�� ��  ¡¢£  ¡£¤¥¦¢¦
noisy observation corrupted by a zero-mean white Gaussian noise with SNR= 20dB.
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4.5 Conclusions

In this chapter, a non-asymptotic pseudo-state estimator was constructed for a class

of commensurate fractional order linear systems which can be transformed into the

Brunovsky’s observable canonical form of pseudo-state space representation with un-

known initial conditions. Firstly, this form was expressed by a set of fractional or-

der linear differential equations involving the initial values of the fractional sequen-

tial derivatives of the output, based on which the modulating functions method was

applied. Then, algebraic integral formulae were exactly obtained for the former initial

values and the commensurate fractional order derivatives of the output by a recurs-

ive way, where the required modulating functions were constructed. These formulae

were used to calculate the pseudo-state of the system, which can provide estimations

in finite-time. Secondly, the pseudo-state estimator was studied in discrete noisy case,

which contains the numerical error due to a used numerical integration method, and

the noise error contribution due to a class of stochastic processes. The convergence

in mean square of the noise error contribution was shown when the sampling period

tends to zero. Moreover, a noise error bound was provided, which can help us to choose

the design parameter in order to reduce the noise error contribution. Finally, numer-

ical examples were given to show the efficiency of the proposed pseudo-state estim-

ator, where some comparisons with the fractional order Luenberger-like observer and

a new fractional order H∞-like observer were studied.
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NOQRSTU V

Non-asymptotic fractional order

differentiator

Résumé en français
Dans ce chapitre, nous introduisons un nouveau différentiateur algébrique et ro-

buste. Il permet d’estimer la dérivée fractionnaire d’ordre quelconque de la sortie à la

fois pour les systèmes modélisés par la pseudo représentation d’état et ceux modél-

isés par une équation différentielle d’ordre fractionnaire avec des conditions initiales

inconnues. Comme dans toute cette thèse, c’est un estimateur non-asymptotique qui

donne des estimations en temps fini. Puis, il est introduit dans le cas discret et bruité.

Enfin, nous donnons des résultats numériques afin de montrer la précision et la ro-

bustesse du différentiateur d’ordre fractionnaire proposé.

5.1 Introduction

Fractional order systems and controllers have been applied to improve performance

and robustness properties in control design [8W 54W 55W 56]W XYÔÓÔ ÐYÔ ZÓÏMÐËÑÒÏÎ [ÔÓË\^
atives of the output usually need to be estimated from its discrete noisy observation.

An interesting research topic concerns with designing robust fractional order differ-

entiators with convergence in finite-time. In is shown in Chapter 3 YÑX ÐÑ ÏhhÎ_ ÐYÔ
modulating functions method to estimate the fractional derivative of the output with

an arbitrary order for a class of integer order linear systems. In Chapter 4W ÐYËÕ ÌÔÐYÑ[
is developed to estimate the commensurate order fractional derivatives of the output

for a class of fractional order linear systems modeled by the pseudo-state space rep-

resentation. In particular, the obtained differentiators can also be applied for the sys-

tems modeled by a fractional order linear differential equation. Recently, the algebraic

parametric estimation method has been applied for the former systems to estimate the

fractional derivative of the output with an arbitrary order [63]É `ÑXÔ\ÔÓW ÐYÔ ÑaÐÏËÒÔ[



JÉbÉ cÒÐÓÑ[ÍMÐËÑÒ

differentiator is not applicable to the systems modeled by the pseudo-state space rep-

resentation.

Having these ideas in mind, the objective of this chapter is to introduce a new al-

gebraic fractional order differentiator which has the following advantages similar to the

ones designed in Chapter 3W KYÏhÐÔÓ 4 ÏÒ[ [63]d

• it is accurate, robust against corrupting noises, non-asymptotic with estimations

in finite-time, and without knowing the initial conditions.

Moreover, it also has the following advantages:

• it can be applied to estimate the fractional derivative of the output with an arbit-

rary order both for the systems modeled by the pseudo-state space representa-

tion and the ones modeled by a fractional order linear differential equation.

For this purpose, inspired both by the algebraic parametric estimation method and

the modulating functions method, a new operator based algebraic method is intro-

duced. The operator can transform the considered system into a fractional order in-

tegral equation by eliminating all the unknown initial conditions. Then, based on the

obtained equation, the desired fractional derivative can be given using a recursive way.
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5.2 Algebraic fractional order differentiator

The main results of this chapter will be given in this section in continuous noise-free

case and discrete noisy cases, respectively.

5.2.1 Problem formulation

As done in Chapter 4W ÐYÔ ZÑÎÎÑXËÒg ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ ÎËÒÔÏÓ Õ_ÕÐÔÌ ËÕ MÑÒÕË[ÔÓÔ[d

Dα
t x = Ax +Bu, (5.1)

y = Cx, (5.2)

on I ⊂ R+∪ {0}, where 0 < α< 2, A ∈ R
N×N, B ∈ R

N×1, C ∈ R
1×N, Dα

t x =
(

Dα
t x1, . . . ,Dα

t xN
)T

with α = p

q
, p, q,N ∈N

∗, x ∈R
N is the pseudo-state column vector with unknown initial

values, y ∈ R and u ∈ R are the output and the input, respectively. Without loss of gen-

erality, p is assumed to be equal to 1 in the sequel. Moreover, the following conditions

are assumed to be fulfilled:

(C1) : CB = CAB = · · · = CAN−2B = 0,

(C2) : CAN−1B 6= 0.

The objective of this chapter is to non-asymptotically estimate the fractional deriv-

ative of the output y with an arbitrary order. As mentioned in Remark 2.1W ÐYÔiËÔÌÏÒÒ^
Liouville fractional derivatives of y are defined by taking the integer order derivatives of

fractional improper integrals. Unlike Definition 2.8W Ï ÒÔX ÏÎgÔaÓÏËM ZÑÓÌÍÎÏ ËÒ\ÑÎ\ËÒg
proper integrals of y will be proposed in continuous noise-free case in the next sub-

section. This new formula can cope with the noisy observation of y in discrete noisy

cases.

5.2.2 Algebraic formulas in continuous noise-free case

Before giving the main results of this chapter, the following example is devoted to ex-

plaining the originally of the proposed idea.

Example 5.1 Let us consider the following fractional order linear system:

∀ t ≥ 0, D
1
2
t y(t )+ y(t ) = u(t ), (5.3)

y(0) = 0. (5.4)

We will express D
− 1

2
t y, y, D

1
2
t y and ẏ by means of proper integrals of y (which are robust

against corrupting noises) and a part involving u, the fractional integrals and derivat-

ives of u. For this purpose, the following steps are required.
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Step 1: Fractional integration. According to Remark 2.1jD
− 1

2
t y is defined by an improper

integral. Hence, it needs to be calculated. For this, it is enough to apply D−1
t to (5.3k lmn

use the additive law given in (2.18k opqr qrs tsuv pmpqplw xvmnpqpvm ypzsm pm {5.4k| }r~�j
we obtain:

D
− 1

2
t y(t ) = −D−1

t y(t )+D−1
t u(t ). (5.5)

Then, successive fractional differentiations will be applied to (5.5k|
Step 2: Fractional differentiation. By applying D

1
2
t to (5.5k lmn ~�pmy qrs lnnpqpzs wlo

given in (2.17kj os ysq�
y(t ) = −D

− 1
2

t y(t )+D
− 1

2
t u(t ). (5.6)

Step 3: Recursive way. Using (5.6k lmn qrs s��us�� v� D
− 1

2
t y obtained in (5.5kj os v�qlpm�

y(t ) = D−1
t y(t )−D−1

t u(t )+D
− 1

2
t u(t ). (5.7)

Similarly, by applying D1
t and D

3
2
t to (5.5k us��sxqpzsw�j os xlm ysq ~�pmy l usx~u�pzs ol��

D
1
2
t y(t ) = −D−1

t y(t )+D−1
t u(t )−D

− 1
2

t u(t )+u(t ), (5.8)

ẏ(t ) = D−1
t y(t )−D−1

t u(t )+D
− 1

2
t u(t )−u(t )+D

1
2
t u(t ). (5.9)

Obviously, in order to apply the method proposed in Example 5.1 ÐÑ ÐYÔ Õ_ÕÐÔÌ
defined by (5.1�^�5.2�W ÐYÔ ZÑÎÎÑXËÒg ÐYÓÔÔ hÓÑaÎÔÌÕ ÕYÑÍÎ[ aÔ ÕÑÎ\Ô[W XYÔÓÔ �ÓÑaÎÔÌ e
and Problem 3 are due to unknown initial conditions.

Problem 1: System model. As shown in Example 5.1W ÐYÔ hÓÑhÑÕÔ[ ÌÔÐYÑ[ ËÕ aÏÕÔ[
on a fractional order differential equation. Consequently, the pseudo-sate space rep-

resentation given in (5.1�^�5.2� �ÓÕÐÎ_ ÒÔÔ[Õ ÐÑ aÔ ÐÓÏÒÕZÑÓÌÔ[ ËÒÐÑ Ï ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ
differential equation. Thus, the following result is given.

Proposition 5.1 [1� }rs ���qs� ns�msn �� {5.1k�{5.2k �lqp���pmy xvmnpqpvm� (C1)-(C2) can

be transformed into the following form:

N
∑

i =0
ai Dαi

t y(t ) = û(t )+b
N
∑

i =2
ai φi ,α

{

y(t )
}

, (5.10)

where b = 1, aN = 1, ai ∈R, for i = 0, . . . ,N−1, are coefficients of the characteristic polyno-

mial of A, αi = iα for i = 0, . . . ,N, û = CAN−1Bu, and φi ,α
{

y(t )
}

is given by (2.24k|

Remark 5.1 By taking b = 0 in (5.10kj qrs �ulxqpvmlw vunsu np��susmqplw s�~lqpvm �vnsw
can be deduced for a class of fractional order linear systems. Consequently, according to

Lemma 2.4 lmn {2.24k qrp� �vnsw p� s�~pzlwsmq qv qrs ��s~nv��qlqs ��lxs us�us�smqlqpvm
model defined by (5.1k�{5.2k pm qrs xl�s v� tsuv pmpqplw xvmnpqpvm�|
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Problem 2: Unknown initial conditions. Inspired by Example 5.1W ÐYÔ ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ
differential equation obtained in (5.10� ÕYÑÍÎ[ aÔ ÐÓÏÒÕZÑÓÌÔ[ ËÒÐÑ Ï ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ
integral equation. A simple way is to integrate the equation using the additive index

law given in (2.18�É `ÑXÔ\ÔÓW ËZ ÐYÔ ËÒËÐËÏÎ MÑÒ[ËÐËÑÒÕ ÏÓÔ ÒÑÒ^�ÔÓÑW ÐYËÕ ÎÏX MÏÒ hÓÑ^
duce additional undesired terms in the obtained integral equation. Unlike the additive

index law given in (2.18�W Ï ZÑÓÌÍÎÏ XYËMY [ÑÔÕ ÒÑÐ ËÒ\ÑÎ\Ô ËÒËÐËÏÎ MÑÒ[ËÐËÑÒÕ XËÎÎ aÔ
introduced in Proposition 5.2É �Ñ ÏMYËÔ\Ô ÐYËÕW �ÓÕÐÎ_ ÐYÔ ZÑÎÎÑXËÒg [Ô�ÒËÐËÑÒ ËÕ gË\ÔÒÉ

Definition 5.1 Let β ∈R+∪ {0}, l ,m ∈N, the following operator is defined for a function

f : ∀ t ∈R+,

Π
β,l
m { f } := D−(β+l )

t

{

t m f (t )
}

. (5.11)

Secondly, the following useful function is defined: ∀n ∈Z,

Iα,β
m,l ,n

{

f (t )
}

: = β
m
∑

k=1

(−1)k

(

m

k

)

Γ(β+k)

Γ(β+1)
t m−k+nDα−l−β−k

t f (t )

+ l0

l
∑

j =1

m− j
∑

k=0

(

l

j

)

(−1) j+k m!

k !(m − j −k)!

Γ(β+ j +k)

Γ(β+ j )
t m− j−k+nDα−l−β− j−k

t f (t ),

(5.12)

where l0 = 0 if l = 0, l0 = 1 else.

Proposition 5.2 [2��sq Πβ,l
m be the operator defined by (5.11k| }rsmj ∀α ∈ R+∪ {0}, by

taking l = ⌈α⌉ with l ≤ m we have:

Π
β,l
m

{

Dα
t f (t )

}

= t mDα−l−β
t f (t )+ Iα,β

m,l ,0

{

f (t )
}

, (5.13)

where Iα,β
m,l ,0

{

f (t )
}

is given by (5.12k opqr m = 0.

Proof. According to Definition 2.7 ÏÒ[ �Ô�ÒËÐËÑÒ 2.8W XÔ YÏ\Ôd ∀ t ∈R+,

D−(β+l )
t

{

t mDα
t f (t )

}

=
∫t

0
g t (τ)

d l

dτl

{

Dα−l
τ f (τ)

}

dτ, (5.14)

where g t (τ) = (t−τ)β+l−1τm

Γ(β+l )
. If α = l = 0, (5.13� MÏÒ aÔ ÑaÐÏËÒÔ[ ÍÕËÒg �ÔÌÌÏ 2.2É cZ α> 0,

by applying l times integration by parts formula to (5.14�W XÔ gÔÐd ∀ t ∈R+,

D−(β+l )
t

{

t mDα
t f (t )

}

= (−1)l

∫t

0
g (l )

t (τ)Dα−l
τ f (τ)dτ+

l−1
∑

k=0

(−1)k
[

g (k)
t (τ)Dα−1−k

τ f (τ)
]t

0
,

(5.15)

where for k = 0, . . . , l ,

g (k)
t (τ) =

k
∑

j =δ0

(

k

j

)

(−1)k− j m!

Γ(β+ l −k + j )(m − j )!
(t −τ)β+l−1−k+ jτm− j (5.16)
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where δ0 = 1 if β+ l −k = 0, δ0 = 0 else. Then, two cases are considered.

• First case β> 0 : In this case, since m ≥ l , we get: g (k)
t (0) = g (k)

t (t ) = 0 for k = 0, . . . , l −1.

Hence, using (5.15�W �5.16� aÔMÑÌÔÕd ∀ t ∈R+,

D−(β+l )
t

{

t mDα
t f (t )

}

= (−1)l

∫t

0
g (l )

t (τ)Dα−l
τ f (τ)dτ

=
l

∑

j =0

(

l

j

)

(−1) j m!

Γ(β+ j )(m − j )!

∫t

0
(t −τ)β−1+ jτm− j Dα−l

τ f (τ)dτ

=
l

∑

j =0

(

l

j

)

(−1) j m!

(m − j )!
D−(β+ j )

t

{

t m− j Dα−l
t f (t )

}

.

(5.17)

By applying Lemma 2.3 ÏÒ[ ÐYÔ Ï[[ËÐË\Ô ÎÏX gË\ÔÒ ËÒ �2.17� ÐÑ �5.17�W XÔ gÔÐd ∀ t ∈R+,

D−(β+l )
t

{

t mDα
t f (t )

}

=
l

∑

j =0

(

l

j

)

(−1) j m!

(m − j )!

m− j
∑

k=0

(−1)k

(

m − j

k

)

Γ(β+ j +k)

Γ(β+ j )
t m− j−k Dα−l−β− j−k

t f (t )

=
l

∑

j =0

m− j
∑

k=0

(

l

j

)

(−1) j+k m!

k !(m − j −k)!

Γ(β+ j +k)

Γ(β+ j )
t m− j−k Dα−l−β− j−k

t f (t )

=t mDα−l−β
t f (t )+

m
∑

k=1

(−1)k

(

m

k

)

Γ(β+k)

Γ(β)
t m−k Dα−l−β−k

t f (t )

+
l

∑

j =1

m− j
∑

k=0

(

l

j

)

(−1) j+k m!

k !(m − j −k)!

Γ(β+ j +k)

Γ(β+ j )
t m− j−k Dα−l−β− j−k

t f (t ).

(5.18)

• Second case β = 0 : In this case, g (l−1)
t (t ) 6= 0. Hence, using (5.16�W �5.15� aÔMÑÌÔÕd

∀ t ∈R+,

D−l
t

{

t mDα
t f (t )

}

= t mDα−l
t f (t )+ (−1)l

∫t

0
g (l )

t (τ)Dα−l
τ f (τ)dτ. (5.19)

Finally, similar to the first case, this proof can be completed by applying Lemma 2.3W
the additive law given in (2.17� ÏÒ[ ÍÕËÒg �5.19�É �

Remark 5.2 According to (5.15k�{5.16kj qrs uvws v� qm with l ≤ m is devoted to eliminat-

ing the unknown initial conditions in (5.15k| �smxsj p� qrs pmpqplw xvmnpqpvm� lus s�~lw qv
0, the design parameter m can be set to any positive integer number.

Similar to (5.18�W a_ ÏhhÎ_ËÒg �ÔÌÌÏ 2.3W ÐYÔ Ï[[ËÐË\Ô ÎÏX gË\ÔÒ ËÒ �2.17� ÏÒ[ ÍÕËÒg
(5.12�W ÐYÔ ZÑÎÎÑXËÒg ÎÔÌÌÏ MÏÒ aÔ ÑaÐÏËÒÔ[É

98



JÉeÉ fÎgÔaÓÏËM ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ [ËZZÔÓÔÒÐËÏÐÑÓ

Lemma 5.1 [2� �sq m ∈N, we have: ∀γ ∈R+∪ {0},

Dγ
t

{

Iα,β
m,l ,n

{

f (t )
}

}

=

β
m
∑

k=1

(−1)k

(

m

k

)

Γ(β+k)

Γ(β+1)

γm−k+n
∑

k ′=0

(

γ

k ′

)

(m −k +n)!

(m −k +n −k ′)!
t m−k+n−k ′

Dγ−k ′+α−l−β−k
t f (t )

+ l0

l
∑

j =1

m− j
∑

k=0

(

l

j

)

(−1) j+k m!

k !(m − j −k)!

Γ(β+ j +k)

Γ(β+ j )
×

γm− j−k+n
∑

k ′=0

(

γ

k ′

)

(m − j −k +n)!

(m − j −k +n −k ′)!
t m− j−k+n−k ′

Dγ−k ′+α−l−β− j−k
t f (t ),

(5.20)

where γm−k+n and γm− j−k+n are given by (2.16k|

Remark 5.3 Let n f ,nl ∈R and s ∈R+, the following set is defined:

Sn f ,nl ,s :=
{

n f ,n f − s, . . . ,nl

}

, (5.21)

which contains all real numbers varying from n f to nl with a common difference s. Con-

sequently, according to (5.12k lmn {5.20kj pq xlm �s zsup�sn qrlq qrs vunsu� v� Dα−l−β−k
t f

in Iα,β
m,l ,n

{

f (t )
}

belong to Sα−l−β−1,α−l−β−m,1 and the ones of Dγ−k ′+α−l−β− j−k
t f in

Dγ
t

{

Iα,β
m,l ,n

{

f (t )
}

}

belong to Sγ+α−l−β−1,γ+α−l−β−m−n,1.

Problem 3: Undesired term. Different from the fractional order differential equation

given in (5.3�W ÐYÔ ÑÒÔ ÑaÐÏËÒÔ[ ËÒ �5.10� MÑÒÐÏËÒÕ ÐYÔ ÍÒ[ÔÕËÓÔ[ ÐÔÓÌ
N
∑

i =2
ai φi ,α

{

y(t )
}

involving unknown initial conditions (see (2.19��É It is shown in the following proposi-

tion that by taking a combination of operators given by (5.11�W ÐYËÕ ÍÒ[ÔÕËÓÔ[ ÐÔÓÌ MÏÒ
be annihilated. Before doing this, the following notation is useful:

Φ :=
{

j ′ ∈N
∗;1 ≤ j ′ ≤ N−1, j ′α ∉N

∗}

(5.22)

with N′ = card(Φ).

Proposition 5.3 [2��st β ∈R+∪ {0}, l ,m ∈N, the following operator is defined: ∀ t ∈R+,

Π
β,l
m,N′ :=

N′
∑

i ′=0

ci ′ t
N′−i ′

Π
β,l
m+i ′ , (5.23)

where Π
β,l
m+i ′ is defined by (5.11k| �� β+ l > 0 and m > (N−1)α, we have:

Π
β,l
m,N′

{

N
∑

i =2
ai φi ,α

{

y(t )
}

}

= 0, (5.24)
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where the coefficient vector c = (c0, . . . ,cN′)T is the solution of the following system:

Bm(c0, . . . ,cN′)T = (0, · · · ,0,1)T, (5.25)

where Bm ∈R
(N′+1)×(N′+1) is defined as follows: for i ′ = 0, . . . ,N′ and for j ′ ∈Φ,

Bm(k ′, i ′) =















Γ(m + i ′− j ′α)

Γ(β+ l +m + i ′− j ′α)
, for k ′ = 0, . . . ,N′−1,

1, for k ′ = N′.

(5.26)

Proof. Using (2.24� ÏÒ[ �2.19�W XÔ gÔÐd
N
∑

i =2
ai φi ,α

{

y(t )
}

=
N
∑

i =2
ai

i−1
∑

j ′=1

c j ′α,1 t− j ′α−1
[

Dα−1
t

{

D
(i−1− j ′)α
t y(t )

}]

t=0
, (5.27)

whereα = 1
q

and c j ′α,1 6= 0 for j ′ ∈Φ. Then, by applying the following change of variables:

τ→ tτ, we get:

Π
β,l
m,N′

{

t− j ′α−1
}

=
1

Γ(β+ l )

N′
∑

i ′=0

ci ′ t
N′−i ′

∫t

0
(t −τ)β+l−1τm+i ′− j ′α−1dτ

=
tβ+l+m+N′− j ′α−1

Γ(β+ l )

N′
∑

i ′=0

ci ′

∫1

0
(1−τ)β+l−1τm+i ′− j ′α−1dτ.

(5.28)

Hence, if β+ l > 0 and m > (N−1)α, by using the Beta function B(·, ·) defined in Defini-

tion 2.2W XÔ ÑaÐÏËÒd ZÑÓ j ′ ∈Φ,

Π
β,l
m,N′

{

t− j ′α−1
}

=
tβ+l+m+N′− j ′α−1

Γ(β+ l )

N′
∑

i ′=0

ci ′B(β+ l ,m + i ′− j ′α)

= tβ+l+m+N′− j ′α−1
N′
∑

i ′=0

ci ′
Γ(m + i ′− j ′α)

Γ(β+ l +m + i ′− j ′α)
.

(5.29)

Consequently, by taking the vector c as the solution of the system given in (5.25�W ÐYÔ
result in (5.24� ËÕ ZÍÎ�ÎÎÔ[É �YÍÕW ÐYËÕ hÓÑÑZ ËÕ MÑÌhÎÔÐÔ[É �

Remark 5.4 According to (5.25k lmn {5.26kj qrs xvs��xpsmq zsxqvu x p� pmns�smnsmq v� qrs
time t . Thus, in order to construct Π

β,l
m,N′ the system given in (5.25k vmw� mssn� qv �vwzs

once for every t .

Thanks to Proposition 5.2W ÐYÔ ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ [ËZZÔÓÔÒÐËÏÎ Ô�ÍÏÐËÑÒ ÑaÐÏËÒÔ[ ËÒ
(5.10� MÏÒ aÔ ÐÓÏÒÕZÑÓÌÔ[ ËÒÐÑ Ï ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ ËÒÐÔgÓÏÎ Ô�ÍÏÐËÑÒÉ �YÔÒW ÏMMÑÓ[ËÒg
to Remark 2.1 ÏÒ[ ÕËÌËÎÏÓ ÐÑ ��ÏÌhÎÔ 5.1W ÐYÔ ZÓÏMÐËÑÒÏÎ ËÒÐÔgÓÏÎ ÑZ y with an order be-

longing to ]−1,−1+ 1
q

] should first be deduced from the integral equation. Then, by

differentiating this integral equation, the fractional derivative of y with an arbitrary or-

der can be given using a recursive way. Now, we are ready to state the first main result

of this chapter.
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Theorem 5.1 [2��� l��w�pmy qrs v�sulqvuΠβN,lN

m,N′ defined by (5.23k qv qrs �ulxqpvmlw vunsu
differential equation obtained in (5.10kj orsus wi = ⌈αi ⌉ for i = 0, . . . ,N, m ∈N

∗ is a design

parameter with m ≥ lN, βN = β̄+αN−lN+1− 1
q

with β̄ ∈ [0, 1
q

[, Dνd
t y with νd = −1+ 1+d

q
−β̄

and d ∈N can be given on ]0,h] as follows:

Dν0
t y(t ) = D−lN−βN

t û(t )+
N′
∑

i ′=0

ci ′I
0,βN+lN

m+i ′,0,−m−i ′ {û(t )}

−
N−1
∑

i =0
ai Dαi−lN−βN

t y(t )−
N′
∑

i ′=0

ci ′

N
∑

i =0
ai Iαi ,βN+lN−li

m+i ′,li ,−m−i ′
{

y(t )
}

,

(5.30)

then by induction for d ∈N
∗,

Dνd
t y(t ) = −

(

d
q

)

m+N′
∑

k=1

(

d
q

k

)

(m +N′)!

(m +N′−k)!

1

t k
D

d
q −k+αN−lN−βN

t y(t )

+

(

d
q

)

m+N′
∑

k=0

(

d
q

k

)

(m +N′)!

(m +N′−k)!

1

t k
D

d
q −k−lN−βN

t û(t )+
1

t m+N′

N′
∑

i ′=0

ci ′D
d
q

t

{

I0,βN+lN

m+i ′,0,N′−i ′ {û(t )}
}

−
N−1
∑

i =0
ai

(

d
q

)

m+N′
∑

k=0

(

d
q

k

)

(m +N′)!

(m +N′−k)!

1

t k
D

d
q −k+αi−lN−βN

t y(t )

−
1

t m+N′

N′
∑

i ′=0

ci ′

N
∑

i =0
ai D

d
q

t

{

Iαi ,βN+lN−li

m+i ′,li ,N′−i ′
{

y(t )
}

}

,

(5.31)

where
(

d
q

)

m+N′
is given by (2.16kj I0,βN+lN

m+i ′,0,−m−i ′ {û(t )} and Iαi ,βN+lN−li

m+i ′,li ,−m−i ′
{

y(t )
}

are given by

(5.12kj D
d
q

t

{

I0,βN+lN

m+i ′,0,N′−i ′ {û(t )}
}

and D
d
q

t

{

Iαi ,βN+lN−li

m+i ′,li ,N′−i ′
{

y(t )
}

}

are given by (5.20k|

Proof. This proof requires the following steps.

Step 1: Application of constructed operator. Let us apply the operator ΠβN,lN

m,N′ defined

by (5.23� ÐÑ �5.10�É �YÔÒW ÍÕËÒg �ÓÑhÑÕËÐËÑÒ 5.3W XÔ gÔÐd

N
∑

i =0
ai

N′
∑

i ′=0

ci ′ t
N′−i ′D−(βN+lN)

t

{

t m+i ′Dαi
t y(t )

}

=
N′
∑

i ′=0

ci ′ t
N′−i ′D−(βN+lN)

t

{

t m+i ′û(t )
}

. (5.32)

Step 2: Transformation to an integral equation. By applying Proposition 5.2W XÔ gÔÐd
for i = 0, · · · ,N, and for i ′ = 0, · · · ,N′,

D−(βN+lN−li )−li

t

{

t m+i ′Dαi
t y(t )

}

= t m+i ′Dαi−lN−βN
t y(t )+ Iαi ,βN+lN−li

m+i ′,li ,0

{

y(t )
}

, (5.33)

and

D−(βN+lN)
t

{

t m+i ′û(t )
}

= t m+i ′D−lN−βN
t û(t )+ I0,βN+lN

m+i ′,0,0 {û(t )} . (5.34)
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Hence, the following fractional order integral equation is obtained using (5.32�^�5.34�

and the relation
N′
∑

i ′=0

ci ′ = 1:

t m+N′
aNDαN−lN−βN

t y(t ) = t m+N′
D−lN−βN

t û(t )+
N′
∑

i ′=0

ci ′I
0,βN+lN

m+i ′,0,N′−i ′ {û(t )}

− t m+N′ N−1
∑

i =0
ai Dαi−lN−βN

t y(t )−
N′
∑

i ′=0

ci ′

N
∑

i =0
ai Iαi ,βN+lN−li

m+i ′,li ,N′−i ′
{

y(t )
}

.

(5.35)

Thus, (5.30� MÏÒ aÔ [Ô[ÍMÔ[ ÍÕËÒg aN = 1.

Step 3: Successive fractional differentiations. By applying D
d
q

t with d ∈ N
∗ to (5.35�W

since ci ′ are constant, we get:

D
d
q

t

{

t m+N′
DαN−lN−βN

t y(t )
}

= D
d
q

t

{

t m+N′
D−lN−βN

t û(t )
}

+
N′
∑

i ′=0

ci ′D
d
q

t

{

I0,βN+lN

m+i ′,0,N′−i ′ {û(t )}
}

−D
d
q

t

{

t m+N′ N−1
∑

i =0
ai Dαi−lN−βN

t y(t )

}

−
N′
∑

i ′=0

ci ′

N
∑

i =0
ai D

d
q

t

{

Iαi ,βN+lN−li

m+i ′,li ,N′−i ′
{

y(t )
}

}

.

(5.36)

Consequently, this proof can be completed by applying Lemma 2.2 ÏÒ[ ÍÕËÒg �5.20�É �

Remark 5.5 By taking β̄ = 0 in Theorem 5.1j {5.31k xlm ypzs qrs xv��sm�~ulqs vunsu
fractional derivatives of the output, as done in Chapter 4| �voszsuj qrs np��susmqplqvu
proposed in Chapter 4 xlmmot estimate the fractional derivative of y with an arbitrary

order.

Remark 5.6 According to Remark 5.1j }rsvus� 5.1 xlm also be applied for the systems

modeled by a fractional order differential equation. In this case, we can take the coeffi-

cient vector c = 1 with N′ = 0. Consequently, the results obtained in this chapterare more

general than the ones obtained in [62j 181�|

Thanks to Theorem 5.1W ÐYÔ iËÔÌÏÒÒ^�ËÑÍ\ËÎÎÔ ZÓÏMÐËÑÒÏÎ [ÔÓË\ÏÐË\Ô ÑZ y with an ar-

bitrary order can be given by (5.31�É cÒ[ÔÔ[W ∀α∗ ∈R+, there exists d ∈N
∗ and β̄ ∈ [0, 1

q
[

such that α∗ = −1+ 1+d
q

− β̄ = νd ∈ ]−1+ d
q

,−1+ 1+d
q

], where D
νd ′
t y with νd ′ = νd − d−d ′

q

for d ′ = d −1, . . . ,0, needs to be firstly calculated (see Figure 5.1�É
Moreover, ∀d ∈N, Dνd

t y is exactly given by proper integrals of y and a part involving

û using a recursive way. Indeed, according to Remark 5.3W XÔ YÏ\Ôd
• for d = 0, on the one hand, the part involving û in (5.30� ËÕ Ï MÑÌaËÒÏÐËÑÒ ÑZ ÐYÔ

fractional integrals of û whose orders belong to Sν0−αN,ν0−αN−m−N′,1 with ν0 −αN ≤−1.

On the other hand, Iαi ,βN+lN−li

m+i ′,li ,−m−i ′
{

y(t )
}

contains the fractional integrals of y whose or-

ders belong to Sν0+αi−αN−1,ν0+αi−αN−m−i ′,1. Thus, the part involving y in (5.30� ËÕ Ï MÑÌ^
bination of the fractional integrals of y whose orders belong to Sν0− 1

q ,ν0−αN−m−N′, 1
q

.

Since ν0 − 1
q

= −1− β̄≤−1, according to Remark 2.1W ÐYÔÕÔ ËÒÐÔgÓÏÎÕ ÏÓÔ hÓÑhÔÓÉ
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������  ¡¢£ ¤�¥¦�§�§�¨© ¨ª §«� ¨�¬��­£ ν0, . . . ,νd .

• for d ∈N
∗, on the one hand, the part involving û in (5.31� ËÕ Ï MÑÌaËÒÏÐËÑÒ ÑZ ÐYÔ

fractional integrals and derivatives of û whose orders belong to Sνd−αN,νd−αN−m−N′,1,

where three cases should be considered:

1. if νd −αN ≤−1, this part only contains proper fractional integrals of û,

2. if −1 < νd −αN < 0, this part contains fractional integrals of û, which are im-

proper,

3. if νd −αN ≥ 0, this part contains û and its fractional derivatives.

On the other hand, the part involving y in (5.31� ËÕ Ï MÑÌaËÒÏÐËÑÒ ÑZ ÐYÔ ZÓÏMÐËÑÒÏÎ
integrals and derivatives of y whose orders belong to Sνd−1,νd−αN−m−N′, 1

q
, where D

νd ′
t y

with νd ′ = νd − d−d ′

q
for d ′ = d −1, . . . ,0, are previously given by proper integrals of y and

a part involving û.

Thus, by grouping the integrals of y , Dνd
t y can be given by an algebraic formula as

follows:

Dνd
t y(t ) =

∫t

0
Wm(τ) y(τ)dτ+Um(t ), (5.37)

where Um denotes the part involving û, and Wm denotes the combination of the asso-

ciated functions in the proper integrals of y . It can be seen that Wm depends not only

on m, but also on t , νd , N, α and ai for i = 0, . . . ,N.

Consequently, the Riemann-Liouville fractional derivative of y with an arbitrary or-

der is exactly given by a new algebraic formula in Theorem 5.1W i .e. it does not contain

any source of errors in continuous noise-free case, and can provide non-asymptotic

estimations in finite-time without knowing the initial conditions of the considered sys-

tem. Moreover, the proper integrals of y can be considered as a low-pass filter in noisy

cases [71W 72]É cÒ ÐYÔ ÒÔ�Ð ÕÍaÕÔMÐËÑÒW Ï [ËgËÐÏÎ ZÓÏMÐËÑÒÏÎ ÑÓ[ÔÓ [ËZZÔÓÔÒÐËÏÐÑÓ ËÕ ËÒÐÓÑ^
duced in discrete noisy cases.
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5.2.3 Digital fractional order differentiator in discrete noisy cases

From now on, the framework will be given in a noisy environment. Let y̟ be a discrete

noisy observation of y on I = [0,h] ⊂R+:

y̟(ti ) = y(ti )+̟(ti ), (5.38)

where ti = i Ts , for i = 0,1, . . . ,M, with an equidistant sampling period Ts = h
M , and ̟ is a

noise.

According to (5.37�W ÐYÔ ZÑÓÌÍÎÏ ÑZ �νd
t y contains two parts: the one given by a

proper integral of y , and the other one involving û. In order to estimate the Riemann-

Liouville fractional derivatives of y in discrete noisy cases, Dνd
t y is approximated by the

following digital fractional order differentiator: for i = 1, . . . ,M,

Dνd
m y̟(ti ) := Ts

i
∑

j =0
w j Wm(t j ) y̟(t j )+ Ũm(ti ), (5.39)

where wi ∈ R+ are the weights of a given numerical integration method. According to

the analysis in previous subsection, Ũm(ti ) is calculated in the following way:

• the fractional integrals of û of order larger than 1 are calculated using a numerical

integration method;

• the fractional integrals of û of order strictly smaller than 1 and the fractional de-

rivatives of û are numerically calculated using the Grünwald-Letnikov scheme

given in (5.1�^�5.2�É

Consequently, the digital fractional order differentiator Dνd
m y̟(ti ) can be used to

estimate the Riemann-Liouville fractional derivative Dνd
t y for any νd ∈ R

∗
+, where y is

the output of the fractional order linear system defined by (5.1�^�5.2�É cÐ MÑÒÐÏËÒÕ ÐYÓÔÔ
sources of errors:

• the numerical error due to the numerical integration method used to approxim-

ate the proper integral involving y ;

• the noise error contribution of the following form:

e̟
m(ti ) := Ts

i
∑

j =0
w j Wm(t j )̟(t j ); (5.40)

• the numerical errors in Ũm(ti ), which are due to a numerical integration method

and the Grünwald-Letnikov scheme, respectively.
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Firstly, it is well known that the numerical errors due to the numerical integration

method converge to 0 when Ts → 0 [168]É ÊÔMÑÒ[Î_W ÏÕ ÕYÑXÒ hÓÔ\ËÑÍÕÎ_W ÐYÔ®Ó¯ÒXÏÎ[^
Letnikov scheme is used to approximate Dα

t û with−1 < α in the calculation of Ũm(ti ). It

is shown in [92] ÐYÏÐ ËÒ ÐYÔ MÏÕÔ ÑZ−1 < α< 0 (resp. α> 0), if û is continuous on I (resp. û

is ⌈α⌉-times continuously differentiable on I), the produced numerical error converges

to 0 when Ts → 0. Thirdly, using a similar way as done in Chapter 4W ËÐ MÏÒ aÔ ÕYÑXÒ
that the noise error contribution e̟

m(ti ) converges to 0 in mean square when Ts → 0,

if the noise {̟(t ), t ∈ I} is assumed to be a continuous stochastic process satisfying the

conditions (C4)− (C6). Consequently, both the numerical errors and the noise error

contribution can be reduced in the proposed digital fractional order differentiator by

decreasing the sampling period Ts .

When the sampling period is set, by applying (C4)–(C6) and the properties of the

mean value and the variance functions to (5.40�W XÔ gÔÐd

E[e̟
m(ti )] = 0, (5.41)

Var
[

e̟
m(ti )

]

≤ δT2
s

i
∑

j =0
w 2

j W2
m(t j ). (5.42)

Hence, similar to Chapter 4W a_ ÍÕËÒg ÐYÔ °ËÔÒÏ_Ì±^KYÔa_ÕYÔ\ ËÒÔ�ÍÏÎËÐ_ ÏÒ[ �5.42�
the following error bound can be obtained:

∣

∣e̟
m(ti )

∣

∣

pγ

< γδ
1
2 Ts

(

i
∑

j =0
w 2

j W2
m(t j )

) 1
2

, (5.43)

where a
pγ

< b means that the probability for a real number b to be larger than another

real number a is equal to pγ with 1− 1
γ2 < pγ < 1.

Finally, according to the previous analysis, the following algorithm is required to

realize the proposed differentiator Dνd
m y̟(ti ), which is devoted to applying Proposition

5.3W �YÔÑÓÔÌ 5.1W ÏÒ[ MÑÒÐÏËÒÕ ÐYÔ ZÑÎÎÑXËÒg ÕÐÔhÕd

Step 1. using (5.22�W �Ò[ ²′;

Step 2. using N′ and Proposition 5.3W �Ò[ ÐYÔ MÑÔZ�MËÔÒÐ \ÔMÐÑÓ c = (c0, . . . ,cN′)T;

Step 3. find β̄ ∈ [0, 1
q

[ and d such that νd = −1+ 1+d
q

− β̄;

Step 4. using β̄, N′ and c, calculate Dν0
t y by (5.30�W XYÔÓÔ ÏÎÎ ÐYÔ ËÒÐÔgÓÏÎÕ �−α

t y and

D−α
t û are proper withα≥ 1, and calculated using a numerical integration method;

Step 5. using d , β̄, N′ and c, calculate D
νd ′
t y by (5.31�W ZÑÓ d ′ = 1, . . . ,d in a loop. For each

d ′, the fractional integrals and derivatives D−α
t y (resp. D−α

t u) in the expression of

D
νd ′
t y are calculated as follows:
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• if α≥ 1, they are calculated using the numerical integration method;

• otherwise they are previously calculated (resp. calculated using the Grünwald-

Letnikov scheme).
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5.3 Simulation results

In order to show the accuracy and the robustness of the proposed fractional order dif-

ferentiator, some numerical results are presented in this section.

Example 5.2 In most cases, neither the output of a fractional order linear system nor its

fractional derivatives can be analytically calculated. In order to obtain the exact value

of the sought fractional derivative, the following academic model is considered in this

example: ∀ t ∈]0,30],
4

∑

i =0
ai D

i
3
t y(t ) = û(t )+ t−

4
3 + t−

5
3 , (5.44)

where ai = 1 for i = 0, . . . ,4, û(t ) =
4

∑

i =0
ai D

i
3
t y(t ), y(t ) = y1(t )+ y2(t ), y1(t ) = sin(ω1t ) and

y2(t ) = cos(ω2t ) with ω1 = 1.2 and ω2 = 0.6. The analytical Riemann-Liouville fractional

derivatives of y1 and y2 can be given by [74� {2.42k�{ (2.43kk|
D

1
2
t y will be estimated in the discrete noisy case with ti = i Ts ∈ I = [0,30], Ts = 0.01,

for i = 0, . . . ,3000, and y̟(ti ) = y(ti )+δ̟(ti ), where the noise {̟(ti )} is simulated from

a zero-mean white Gaussian i i d sequence, and the value of δ is adjusted such that

SNR = 15dB. The original output y and the discrete noisy output y̟ are shown in Fig-

ure 5.2| }rsmj qrs �ulxqpvmlw vunsu np��susmqplqvu �uv�v�sn pm {5.39k p� l��wpsnj orsus qrs
trapezoidal numerical integration method is considered.

Firstly, it is shown how to choose the value of the design parameter m using the noise

error bound obtained in (5.43k opqr γ = 2. Since the value of νd is set in Theorem 5.1

opqr νd = 1
2 and β̄ = 2

3 −
1
2 , the expression of D

1
2
t y can be obtained. Thus, the expression

of Wm can be deduced in (5.37k| }rsmj �� ql´pmy np��susmq zlw~s� v� �j qrs zlw~s� v� qrs
error bound obtained in (5.43k xlm �s xlwx~wlqsn lq slxr qi for i = 2, . . . ,3000. Using such

a way, the variation with respect to m of the noise error bound can be observed in Figure

5.3| µxxvunpmy qv ¶py~us 5.3j qrs pm·~smxs v� � vm qrs mvp�s suuvu xvmqup�~qpvm xlm �s
deduced. Hence, in order to reduce the noise error contribution, the following values of

m are chosen: m = 2 for ti ∈ [2Ts ,13], and m = 10 for ti ∈ [13+Ts ,30].

Secondly, in order to compare with the proposed method, the fractional order Le-

gendre differentiator proposed in [62� p� l��wpsn| }rs wlqqsu p� l �vnsw��uss np��susmqplqvu
and obtained by a polynomial approximation method. Hence, it contains a truncated

term error which can be significantly reduced by admitting a time-delay. Consequently,

this differentiator depends on two design parameters: the order of the used polynomial

N and the time-delay ϑ. According to the analysis done in [62�j qrs ns�pym �lul�sqsu�
are set in this example as follows: ϑ = 0.8, N = 6 for ti ∈ [0.9,8], N = 12 for ti ∈ [8+Ts ,18],

and N = 20 for ti ∈ [18+Ts ,30].

Finally, the obtained estimations of D
1
2
t y are shown in Figure 5.4(a)| �q xlm �s �ssm
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Figure 5.4: Example 5.2 ¼­§�¾¦tions and estimation errors obtained by the proposed method

and the fractional order Legendre differentiator .
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that different from the fractional order Legendre differentiator the proposed differenti-

ator does not produce a time-delay. The reason is that the proposed method is based on

the system model. Moreover, the corresponding absolute estimation errors are shown in

Figure 5.4(b)j orsus qrs vms �vu qrs �ulxqpvmlw vunsu �sysmnus np��susmqplqvu p� v�qlpmsn
by shifting the estimation to avoid the time-delay. The latter principally contains the

amplitude error (in vertical direction) and the noise error contribution.

Example 5.3 In this example, the system defined in (4.109k){4.110k p� xvm�pnsusn opqr
the same initialization.

Assume that y̟(ti ) = y(ti )+σ̟(ti ) is the noisy observation of the output y on I = [0,5],

where ti = i Ts with Ts = 0.001, and {σ̟(ti )} is a zero-mean white Gaussian noise with

SNR = 22dB. The output and the associated noisy output are shown in Figure 5.5|
Firstly, using a similar way as done in Example 1, the design parameter m needs

to be set. For this purpose, D0.3
t y is considered as an example. Then, the values of the

corresponding error bound are calculated at each ti for i = 2, . . . ,5000, and the variation

with respect to m is shown in Figure 5.6| �smxsj lxxvunpmy qv ¶py~us 5.6j qrs �vwwvopmy
values of m are chosen: m = 2 for ti ∈ [2Ts ,0.3], and m = 10 for ti ∈ [0.3+Ts ,5].

Secondly, since the analytical Riemann-Liouville fractional derivatives of the output

are unknown, the Grünwald-Letnikov scheme is applied in the noise-free case to verify

the efficiency of the proposed fractional order differentiator.

Thirdly, the obtained estimation of D0.3
t y is shown in Figure 5.7(a)| .vusvzsuj ��

applying the recursive way proposed in Theorem 5.1j D0.8
t y is also estimated using the

previous design parameter values. The obtained estimation is shown in Figure 5.7(b)|
Finally, recall that the advantages of the proposed differentiator with respect to the

one obtained in Chapter 4 p� �qlqsn pmis�lu´ 5.5| �m �luqpx~wluj qrs wlqqsu xlmmvq �s ~�sn
to estimate D0.3

t y and D0.8
t y for the considered system. In order to compare further these

two differentiators, they are both applied to estimate D0.5
t y, where m = 2 for ti ∈ [2Ts ,0.4],

and m = 14 for ti ∈ [0.4+Ts ,5]. The obtained results and the related noise error contribu-

tions are shown in Figure 5.8| �vm�s�~smqw�j pq xlm �s �ssm qrlq �vqr �sqrvn� ypzs yvvn
results and the noise error produced by the proposed differentiator is a little smaller. In

fact, the idea of both differentiators is to use an integral involving a designed function

to reduce the noise effect in y. Since these two differentiators are constructed by two dif-

ferent methods, the designed functions are different. As shown previously, the designed

function is Wm for the proposed method. Moreover, since these designed functions can be

calculated offline, as well as the ones associated to u, the algorithm of each differentiator

can be realized only using two scalar products of vectors in online applications.

110



ÓÔÕÔ Ö×ØÙÚÛÜ×ÝÞ ßàáÙÚÜá

0	
 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

t
 

 

yϖ

y

������  ¡ £ ¼½¦¾¥¿� 5.3 À«� output and its discrete noisy observation of a fractional electrical

circuit model.

��
 0.4 0.6 0.8 1 1.2 1.4

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

�
 

 

m�

m��
m��
m��
m���

������  ¡F£ ¼½¦¾¥¿� 5.3 À«� Ä¦��¦§�¨© ¨ª §«� ©¨�­� ���¨� Ã¨�©¬ ��Ä�© �© Ð5.43Ñ Ò�§« m = 2, . . . ,10.

111



ÓÔÕÔ Ö×ØÙÚÛÜ×ÝÞ ßàáÙÚÜá

��� 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

�

 G������� � !�"#$% &'( * 
+�$,$& � -&!"*�!$�

/12 Estimations of D0.3
t y .

345 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

6

 

789:;<=> ?@A:BCDE HIJ@K@
L8DMDH@> NHABK<AD8

/O2 Estimations of D0.8
t y .

Figure 5.7: Example 5.3 À«� numerical calculations obtained by the Grünwald-Letnikov

scheme in discrete noise-free case and the estimations obtained by the proposed method in

the discrete noisy case.
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5.4 Conclusions

In this chapter, a new algebraic and robust fractional order model-based differentiator

was proposed. It can be applied to estimate the fractional derivative of the output with

an arbitrary order both for the systems modeled by the pseudo-state space representa-

tion and the ones modeled by a fractional order differential equation without knowing

the initial conditions. Firstly, by applying a designed operator, the considered system

was transformed into a fractional order integral equation, where all the unknown ini-

tial conditions were eliminated. Then, based on the obtained equation, the desired

fractional derivative was exactly given by a new algebraic formula using a recursive

way. This formula does not contain any source of errors in continuous noise-free case.

Hence, it can provide estimations in finite-time. Secondly, a digital fractional order dif-

ferentiator was introduced in discrete noisy cases. Finally, numerical results were given

to show the accuracy and the robustness of the proposed fractional order differentiator.
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General conclusions and perspectives

6.1 Conclusions

This PhD thesis was devoted to estimating the pseudo-state and the fractional derivat-

ive of the output with an arbitrary order for a class of commensurate fractional order

linear systems which can be transformed into the Brunovsky’s observable canonical

form of pseudo-state space representation with unknown initial conditions. For this

purpose, two algebraic non-asymptotic methods were developed, which exhibits good

robustness properties with respect to corrupting noises.

Firstly, the ideas of modulating functions method on parameter identification and

derivative estimation for integer order linear systems were recalled in Chapter 3 �×Û
simple examples: we transform the studied differential equation into an integral equa-

tion by applying the integration by parts formula, where the desired boundary values

such as the derivative values or the initial conditions, can be kept thanks to the prop-

erty of the modulating functions and the undesired ones can also be eliminated. Then,

it was explained how to extend the method to estimate the fractional derivatives of the

output of the studied integer order linear system: we transform the studied integer or-

der differential equation into a fractional order one, and we apply the fractional order

integration by parts formulae. By changing the properties of the modulating functions,

it was shown that this method can cope with different situations: the cases of zero ini-

tial conditions with a bias or not, and the case of non-zero initial conditions. All the

used properties are listed in Annexe AÔ ��à �Ûá×� ×�àÛá ÝÞ Ü�à �ÝÞáÜßÙ�Ü×ÝÞ Ý� Ü�à ßà�
quired modulating functions were also given: we used polynomials and we find the

unknown coefficients by solving linear systems. Finally, a proposed differentiator was

applied to design a fractional order PIλDµ controller for an integer order linear system

in numerical examples. Moreover, it was shown that the obtained fractional order dif-

ferentiators can be applied for the signals satisfying an integer order linear differential

equation.
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Secondly, based on the ideas explained in Chapter 3� Û ÞÝÞ�Ûá�Ø�ÜÝÜ×� �áàÙ�Ý�
state estimator was constructed for the studied systems. In order to apply the modu-

lating functions method, the studied system was transformed into a set of fractional

order linear differential equations involving the initial values of the fractional sequen-

tial derivatives of the output. Then, algebraic integral formulae were exactly obtained

for the former initial values and the commensurate fractional order derivatives of the

output by a recursive way, where the required modulating functions were constructed.

These formulae were used to calculate the pseudo-state of the system in continuous

noise free case, which can provide estimations with convergence in finite-time. In this

chapter, a new fractional order H∞-like observer was also designed.

Thirdly, inspired by the modulating functions method developed in Chapter 4� ÛÞ
operator-based algebraic method was introduced in Chapter 5 ÜÝ àáÜ×ØÛÜà Ü�à �ßÛ��
tional derivative with an arbitrary order of the output for the considered systems. The

designed operator was applied to eliminate the fractional sequential derivative initial

values involved in the obtained fractional order linear differential equation and to cal-

culate the desired fractional derivative by a new algebraic formula using a recursive

way. In particular, this method can also be applied for the fractional order systems

modeled by a commensurate fractional order linear differential equation.

Fourthly, both the estimators obtained in Chapter 4 ÛÞ� ��Û�Üàß 5 �àßà áÜÙ�×à� ×Þ
discrete noisy case, each of which contains the numerical error due to a used numerical

integration method, and the noise error contribution due to a class of stochastic pro-

cesses. In particular, the noise error contribution was analyzed, where an error bound

useful for the selection of design parameter was provided. Then, numerical examples

were given to illustrate the accuracy, the robustness and the non asymptotic property

of the proposed estimators, where some comparisons to other methods are shown.

Finally, let us outline in the following table the recent works on the applications of

the modulating functions methods in different situations.

y (n) D
p
q y Dα y x C.I.

IOLDE C.I. = 0+bias [6� X X

C.I. 6= 0 [150� [62� 67� X [7�

FOLDE C.I. = 0+bias [3� X X

C.I. 6= 0 * X NY

PSSP C.I. = 0 [5� NY [5� X

C.I. 6= 0 [1� [2� 4� [1� [1�

where IOLDE (resp. FOLDE) refers to the systems modeled by an integer order (resp.
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a fractional order) linear differential equation, PSSP refers to the systems modeled by

the pseudo-state space representation, C.I. refers to initial conditions, y is the output,

x is the pseudo-state, y (n) is the integer order derivative of y , D
p
q y is the commensur-

ate fractional order derivative of y , Dαy is the fractional derivative of y with an arbit-

rary order, X means the situation is not applicable, and NY means the situation is not

considered yet. ∗ this situation has been considered by the algebraic parametric es-

timation method [63�Ô �àØÛß� Ü�ÛÜ Ü�à àáÜ×ØÛÜÝßá Ý�ÜÛ×Þà� ×Þ Ü�à �ÖÖ� �Ûáà �ÛÞ ÛÚáÝ
be applied for the FOLDE case.

6.2 Future works

Fractional calculus is promising in the domain of automatic control. Based on the res-

ults obtained in this thesis, several perspectives should be considered:

• Extend the modulating functions method to the fractional order systems with

tim-delay.

• Extend the modulating functions method to fractional order nonlinear systems.

• Extend the modulating functions method to fractional order partial differential

equation systems.
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Appendix: different properties of

Modulating functions

Classic modulating function : Let [a,b] ⊂R, N ∈N
∗, and g be a function satisfying the

following properties: for k = 0,1, . . . ,N−1,

(P1) : g ∈C
N([a,b]).

(P2) : g (k)(a) = 0.

(P3) : g (k)(b) = 0.

Generalized modulating functions:

(P4) : g (k)
n (b) = δkn .

(P5) : Gi (b) = δi n ,where Gi (b) =
N−1−i
∑

k=0

(−1)k ai+1+k g (k)(b).

(P6) :
N
∑

i =0
ai

∫t

a

CDi−β
τ,t gn(τ)dτ = 0.

(P7) :
∫t

a
(τ−a)β−i gn(τ)dτ = 0.

(P8) :
∫t

0
h j ,n,k (τ)τ

j
q − j ′α−i ′

dτ =











1, if (n,k) = ( j ′, i ′),

0, else.

(P9) : ∀ ( j ′, i ′) ∈Φ j ,
∫t

0
g j ,n(τ)τ

j
q − j ′α−i ′

dτ = 0.
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Cette thèse a été consacrée à estimer le pseudo-état et la dérivée fractionnaire de la

sortie avec un ordre quelconque pour une classe de systèmes linéaires d’ordre fraction-

naire commensurable qui peuvent être transformés sous la forme canonique observ-

able de Brunovsky avec des conditions initiales inconnues. A cet effet, deux méthodes

algébriques non-asymptotiques ont été développées, qui présentent de bonnes pro-

priétés de robustesse par rapport aux bruits. Premièrement, les idées de la méthode

des fonctions modulatrices sur l’identification des paramètres et l’estimation des dérivées

pour les systèmes linéaires d’ordre entier ont été rappelées au Chapitre 3 à Ú²Û×�à�àá à³�
emples simples: nous transformons l’équation différentielle étudiée en une équation

intégrale en appliquant la formule d’intégration par parties, où les valeurs aux bords

souhaitées telles que les valeurs des dérivées ou les conditions initiales, peuvent être

conservées grâce aux propriétés des fonctions modulatrices et des valeurs non désirées

peuvent également être éliminées. Alors, il a été expliqué comment étendre la méthode

pour estimer les dérivées fractionnaires de la sortie du système linéaire d’ordre entier

étudié: nous transformons l’équation différentielle étudiée en une équation différen-

tielle d’ordre fractionnaire, et nous appliquons la formule de l’intégration par parties

d’ordre fractionnaire. En changeant les propriétés des fonctions modulatrices, il a été

montré que cette méthode peut être appliquée aux situations différentes: les cas de

conditions initiales nulles avec ou sans biais, et le cas avec des conditions initiales non

nulles. Toutes les propriétés utilisées ont été énumérées dans Annexe AÔ ´àá ×�µàá
de base sur la construction des fonctions modulatrices requises ont également été

données: nous utilisons des polynômes et nous trouvons les coefficients inconnus en

résolvant des systèmes linéaires. Enfin, un différentiateur proposé a été appliqué pour

concevoir un contrôleur PID d’ordre fractionnaire pour un système linéaire d’ordre

entier dans des exemples numériques. De plus, il a été montré que les différenti-

ateurs d’ordre fractionnaire obtenus peuvent être appliqués aux signaux satisfaisant

une équation différentielle linéaire d’ordre entier.

Deuxièmement, basé sur les idées exposées au Chapitre 3� ÙÞàáÜ×ØÛÜàÙß ÞÝÞ�Ûá�Ø�
-totique de pseudo-état a été construit pour les systèmes d’ordre fractionnaire étudiés

au Chapitre 4Ô ¶·Þ �²Û��Ú×¸Ùàß ÚÛ ØµÜ�Ý�à �àá �ÝÞ�Ü×ÝÞá ØÝ�ÙÚÛÜß×�àá� Úà á�áÜ¹Øà
étudié a été transformé en un ensemble des équations différentielles linéaires d’ordre

fractionnaire impliquant les valeurs initiales des dérivées fractionnaires séquentielles

de la sortie. Ensuite, des formules intégrales algébriques ont été obtenues pour les

valeurs initiales précédentes et les dérivées fractionnaires commensurables de la sortie

d’une manière récursive, où les fonctions modulatrices nécessaires ont été construites.

Ces formules ont été utilisées pour calculer le pseudo-état du système en continu cas
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áÛÞs bruit, qui peuvent fournir des estimations en temps fini. Dans ce chapitre, un

nouvel observateur d’ordre fractionnaire de type H∞ a également été conçu.

Troisièmement, inspirée par la méthode des fonctions modulatrices développée

au Chapitre 4� ÙÞà ØµÜ�Ý�à ÛÚºµ�ß×¸Ùà �Ûáµà áÙß ÙÞ Ý�µßÛÜàÙß Û µÜµ ×ÞÜßÝ�Ù×Üà ÛÙ
Chapitre 5 �ÝÙr estimer la dérivée fractionnaire avec un ordre quelconque de la sortie

pour les systèmes considérés. Le opérateur conçu a été appliqué pour éliminer les

valeurs initiales des dérivées fractionnaires séquentielles impliquées dans l’équation

différentielle linéaire d’ordre fractionnaire obtenu et pour calculer la dérivée fraction-

naire désirée par une nouvelle formule algébrique utilisant un algorithme récursive.

En particulier, cette méthode peut également être appliquée aux systèmes d’ordre frac-

tionnaire modélisés par une équation différentielle linéaire d’ordre fractionnaire com-

mensurable.

Quatrièmement, les deux estimateurs obtenus au Chapitre 4 àÜ ÛÙ ��Û�×Üßà 5 ÝÞÜ
été étudiés dans le cas discret et bruité, dont chacun contient l’erreur numérique due

à la méthode d’intégration numérique utilisée, et l’erreur de bruit due à une classe de

processus stochastiques. En particulier, l’erreur de bruit a été analysée, où une major-

ation d’erreur liée pour la sélection du paramètre de conception a été fournie. Ensuite,

des exemples numériques ont été donnés pour illustrer la précision, la robustesse et

la propriété non-asymptotique des estimateurs proposés, où certaines comparaisons

avec d’autres méthodes sont montrées.
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éêëìíîïëð ïñëðìòóôìòîõ õîõöôð÷óøìîìòùúëð ïëð ð÷ðìûëóëð ïñîüïüë
fractionnaire et applications

Résumé :

Cette thèse vise à concevoir des estimateurs non-asymptotiques et robustes pour les systèmes

linéaires d’ordre fractionnaire commensurable dans un environnement bruité. Elle traite une

classe des systèmes linéaires d’ordre fractionnaire modélisées par la dite pseudo représentation

d’état avec des conditions initiales inconnues. Elle suppose également que les systèmes étudiés

ici peuvent être transformés sous la forme canonique observable de Brunovsky. Pour estimer

le pseudo-état, la forme précédente est transformée en une équation différentielle linéaire

d’ordre fractionnaire en prenant en compte les valeurs initiales des dérivées fractionnaires

séquentielles de la sortie. Ensuite, en utilisant la méthode des fonctions modulatrices, les

valeurs initiales précédentes et les dérivées fractionnaires avec des ordres commensurables de

la sortie sont données par des formules algébriques avec des intégrales à l’aide d’une méthode

récursive. Ainsi, ces formules sont utilisées pour calculer le pseudo-état dans le cas continu sans

bruit. En outre, elle fournit un algorithme pour construire les fonctions modulatrices requises

à l’accomplissement de l’estimation. Deuxièmement, inspirée par la méthode des fonctions

modulatrices développée pour l’estimation de pseudo-état, une méthode algébrique basée sur

un opérateur est introduite pour estimer la dérivée fractionnaire avec un ordre quelconque

de la sortie pour les systèmes considérés. Cet opérateur sert à annuler les valeurs initiales

non désirées, puis permet d’estimer la dérivée fractionnaire souhaitée par une nouvelle formule

algébrique à l’aide d’une méthode récursive. Troisièmement, l’estimateur du pseudo-état et le

différenciateur d’ordre fractionnaire obtenus précédemment sont étudiés respectivement dans

le cas discret et bruité. Chacun d’entre eux contient une erreur numérique due à la méthode

d’intégration numérique utilisée et une autre due au bruit. En particulier, elle fournit une

analyse pour diminuer la contribution du bruit au moyen d’une majoration d’erreur qui permet

de sélectionner les degrés optimaux des fonctions modulatrices à chaque instant. Ensuite,

des exemples numériques sont donnés pour mettre en évidence la précision, la robustesse et

la propriété non-asymptotique des estimateurs proposés. En outre, les comparaisons avec

certaines méthodes existantes et avec un nouvel observateur d’ordre fractionnaire de type H∞

sont montrées. Enfin, elle donne des conclusions et des perspectives.

Mots clés : Systèmes linéaires d’ordre fractionnaire, Pseudo représentation d’état, Méthode

des fonctions modulatrices, Méthode algébrique, Estimation non-asymptotique et robuste,

Estimateur de pseudo-état, Différentiateurs d’ordre fractionnaire, Estimateur de conditions

initiales, Observateur d’ordre fractionnaire de type Leuenberger, Observateur d’ordre fraction-

naire de type de H∞, Différentiateur de Legendre d’ordre fractionnaire.



ýîõöôð÷óøìîìòþ óëìíîï ëðìòóôìòîõ ôõï ôøøÿòþôìòîõð Nîü

fractional order systems

Abstract :

This thesis aims to design non-asymptotic and robust estimators for a class of fractional

order linear systems in noisy environment. It deals with a class of commensurate fractional

order linear systems modeled by the so-called pseudo-state space representation with unknown

initial conditions. It also assumed that linear systems under study can be transformed into the

Brunovsky’s observable canonical form. Firstly, the pseudo-state of the considered systems

is estimated. For this purpose, the Brunovsky’s observable canonical form is transformed

into a fractional order linear differential equation involving the initial values of the fractional

sequential derivatives of the output. Then, using the modulating functions method, the former

initial values and the fractional derivatives with commensurate orders of the output are given by

algebraic integral formulae in a recursive way. Thereby, they are used to calculate the pseudo-

state in the continuous noise-free case. Moreover, to perform this estimation, it provides an

algorithm to build the required modulating functions. Secondly, inspired by the modulating

functions method developed for pseudo-state estimation, an operator based algebraic method

is introduced to estimate the fractional derivative with an arbitrary fractional order of the

output. This operator is applied to cancel the former initial values and then enables to estimate

the desired fractional derivative by a new algebraic formula using a recursive way. Thirdly, the

pseudo-state estimator and the fractional order differentiator are studied in discrete noisy case.

Each of them contains a numerical error due to the used numerical integration method, and

the noise error contribution due to a class of stochastic processes. In particular, it provides

an analysis to decrease noise contribution by means of an error bound that enables to select

the optimal degrees of the modulating functions at each instant. Then, several numerical

examples are given to highlight the accuracy, the robustness and the non-asymptotic property

of the proposed estimators. Moreover, the comparisons to some existing methods and a new

fractional order H∞-like observer are shown. Finally, conclusions are outlined with some

perspectives.

Index Terms: Fractional order linear systems, Pseudo-state space representation, Modu-

lating functions method, Algebraic method, Non-asymptotic and robust estimation, Pseudo-

state estimator, Fractional order differentiators, Initial condition estimator, Fractional order

Luenberger-like observer, Fractional order H∞-like observer, Fractional order Legendre differ-

entiator.


