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Images et fibres des applications rationnelles et
algebres d’éclatement

Résumé

Les applications rationnelles sont des objets fondamentaux en géométrie algébrique.
Elles sont utilisées pour décrire certains objets géométriques, tels que la représenta-
tion paramétrique d’une variété algébrique rationnelle. Plus récemment, les applica-
tions rationnelles sont apparues dans des contextes d’informatique pour I'ingénierie,
dans le domaine de la modélisation de formes, en utilisant des méthodes de concep-
tion assistée par ordinateur pour les courbes et les surfaces. Des paramétrisations
des courbes et des surfaces sont utilisées de maniere intensive afin décrire des ob-
jets dans la modélisation géométrique, tel que structures des voitures, des avions.
Par conséquent, ’étude des applications rationnelles est d’intérét théorique dans la
géométrie algébrique et 'algebre commutative, et d’'une importance pratique dans
la modélisation géométrique. Ma thése étudie les images et les fibres des applica-
tions rationnelles en relation avec les équations des algebres de Rees et des algebres
symétriques.

Dans la modélisation géométrique, il est important d’avoir une connaissance dé-
taillée des propriétés géométriques de 'objet et de la représentation paramétrique
avec lesquels on travaille. La question de savoir combien de fois le méme point est
peint (c’est-a-dire, correspond a des valeurs distinctes du parameétre), ne concerne
pas seulement la variété elle-méme, mais également la paramétrisation. Il est utile
pour les applications de déterminer les singularités des paramétrisations. Dans les
chapitres 2 et 3, on étudie des fibres d'une application rationnelle ¢ : P;* --» P}
qui est génériquement finie sur son image. Une telle application ¢ est définie par un
ensemble ordonné de polyndémes homogenes f := fy, ..., f,, de méme degré d, dans
I'anneau de coordonnées homogenes R = k[ Xy, ..., X,,], tel que ged(fo, ..., fn) = 1.
Plus précisément, dans le chapitre 2, nous traiterons le cas des paramétrisations
¢ : P2 --» P} de surfaces rationnelles, et y donnons une borne quadratique en d pour
le nombre de fibres de dimension 1 de la projection canonique du graphe de ¢ sur son
image. Nous déduisons ce résultat d'une étude de la différence du degré initial entre
les puissances ordinaires et les puissances saturées. Dans le chapitre 3, on affine et
généralise les résultats sur les fibres du chapitre précédent. Plus généralement, nous
établissons une borne linéaire en d pour le nombre de fibres (m — 1)-dimensionnelles
de la projection canonique du graphe de ¢ : P} --» P} sur son image, en utilisant
des idéaux de mineurs de la matrice jacobienne de f.

Dans le chapitre 4, nous considérons des applications rationnelles F : X XY --»
Z,ouX C P Y CPP'and Z C PP, sont des sous-variétés irréductibles. Notre prin-
cipal objectif est d’étudier les critéres de birationalité pour ces applications. Tout
d’abord, un critere général est donné en termes du rang d'une couple de matrices
connues sous le nom matrices jacobiennes duales. Ensuite, nous nous concentrons sur
des applications rationnelles de P} x P vers P2 en bidegré bas et fournissons de nou-



vi Résumé

veaux criteres de birationalité en analysant les syzygies des équations de définition
de l'application ; en particulier en examinant la dimension de certaines parties bi-
graduées du module de syzygies. Enfin, les applications de nos résultats au contexte
de la modélisation géométrique sont discutées a la fin du chapitre.

Dans le dernier chapitre, nous étudions les intersections résiduelles. Nous mon-
trons la propriété de Cohen-Macaulay et décrivons le module canonique d’une inter-
section résiduelle J = a: gl d’un idéal I qui satisfait des conditions de profondeur
sur les homologies de Koszul de I, de type "sliding depth", dans un anneau local
de Cohen-Macaulay R. Dans ce travail, nous construisons et étudions, en utilisant
un article récent de Hassanzadeh et Naéliton [HN16], une famille de complexes qui
contient des informations importantes sur une intersection résiduelle et son module
canonique. Nous déterminons également plusieurs invariants d’une intersection ré-
siduelle comme le module canonique gradué, la série de Hilbert, la régularité de
Castelnuovo-Mumford et le type. Enfin, supposons que [ soit fortement de Cohen-
Macaulay, alors nous montrons des résultats de dualité pour les intersections rési-
duelles qui sont liés aux résultats de Eisenbud et Ulrich dans [EU16], et établissons
ainsi des relations étroites entre les séries de Hilbert de quelques puissances symé-
triques de I/a. Nous proposons également des formules fermées pour les types et
pour les nombres de Bass de certaines puissances symétriques de I/a.

Mots-clés

Complexes d’approximation, applications rationnelles bigraduées, criteres de bira-
tionalité, algebres d’éclatement, fibres des paramétrisations de surfaces, fibres des
applications rationnelles, accouplement parfait, intersection résiduelle, fortement de
Cohen-Macaulay.



Images and fibers of rational maps and Blow-up
algebras

Abstract

Rational maps are fundamental objects in algebraic geometry. They are used to
describe some geometric objects, such as parametric representation of rational al-
gebraic varieties. Lately, rational maps appeared in computer-engineering contexts,
mostly applied to shape modeling using computer-aided design methods for curves
and surfaces. Parameterized algebraic curves and surfaces are used intensively to
describe objects in geometric modeling, such as car bodies, airplanes.Therefore, the
study of rational maps is of theoretical interest in algebraic geometry and commu-
tative algebra, and of practical importance in geometric modeling. My thesis studies
images and fibers of rational maps in relation with the equations of the symmetric
and Rees algebras.

In geometric modeling, it is of vital importance to have a detailed knowledge
of the geometry of the object and of the parametric representation with which one
is working. The question of how many times is the same point being painted (i.e.,
corresponds to distinct values of parameter), depends not only on the variety itself,
but also on the parameterization. It is of interest for applications to determine the
singularities of the parameterizations. In the chapters 2 and 3, we study the fibers
of a rational map ¢ : P}* --» P} that is generically finite onto its image. Such a map
¢ is defined by an ordered set of homogeneous polynomials f := fy,..., f,, of the
same degree d, in the homogeneous coordinate ring R = k[Xy, ..., X,,], such that
ged(fo, ..., fn) = 1. More precisely, in the second chapter, we will treat the case of
parameterizations ¢ : P7 --» P} of algebraic rational surfaces. In this case, we give
a quadratic bound in d for the number of one-dimensional fibers of the canonical
projection of the graph of ¢ onto its image, by studying of the difference between the
initial degree of ordinary and saturated powers of the base ideal of ¢. In the third
chapter, we refine and generalize the results on fibers of the previous chapter. More
generally, we establish a linear bound in d for the number of (m — 1)-dimensional
fibers of the canonical projection of the graph of ¢ : P} --» P} onto its image, by
using ideals of minors of the Jacobian matrix of f.

In the fourth chapter, we consider rational maps whose source is a product of two
subvarieties, each one being embedded in a projective space. Our main objective is
to investigate birationality criteria for such maps. First, a general criterion is given
in terms of the rank of a couple of matrices that came to be known as Jacobian dual
matrices. Then, we focus on rational maps from P} x P} to P? in very low bidegrees
and provide new matrix-based birationality criteria by analyzing the syzygies of the
defining equations of the map, in particular by looking at the dimension of certain
bigraded parts of the syzygy module. Finally, applications of our results to the con-
text of geometric modeling are discussed at the end of the chapter.
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In the last chapter, we study residual intersections. We show the Cohen-Macaulay
property and describe the canonical module of residual intersections J = a: g/ in a
Cohen-Macaulay local ring R, under sliding depth type hypotheses. For this purpose,
we construct and study, using a recent article of Hassanzadeh and Naéliton [HN16],
a family of complexes that contains important informations on a residual intersec-
tion and its canonical module. We also determine several invariants of a residual
intersection as the graded canonical module, the stability of Hilbert function, the
Hilbert series, the Castelnuovo-Mumford regularity and the type. Finally, whenever
1 is strongly Cohen-Macaulay, we show duality results for residual intersections that
are closely connected to results by Eisenbud and Ulrich in [EU16], and thus establish
some tight relations between the Hilbert series of some symmetric powers of I/a.
We also provide closed formulas for the types and for the Bass numbers of some
symmetric powers of I/a.

Keywords

Approximation complexes, bigraded rational maps, birationality criteria, Blow-up
algebras, fibers of parameterization surfaces, fibers of rational maps, perfect pairing,
residual intersections, sliding depth, strongly Cohen-Macaulay.
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Introduction

Rational maps are fundamental objects in algebraic geometry. They are used to
describe some geometric objects, such as parametric representation of rational alge-
braic varieties. More precisely, let k£ be a field and V' C P} be a rational algebraic

subvariety of dimension m defined by a homogeneous ideal J = (F}, ..., F}) in the
homogeneous coordinate ring B = k[Ty, ..., T, of P{. Then there exist (n + 1) ho-
mogeneous polynomials fy, ..., f, in R = k[Xy,..., X,,] of the same degree d such

that ged(fo, ..., fn) =1, Fj(fo,...,fn) = 0forall j =1,... k and the kernel of
the k-algebra homomorphism ¢ : B — k[fo, ..., fu], which sends T; to f; for all
i =0,...,n,is the prime ideal J*** := J: g(Ty, ..., T,)*. In other words, the closed
image of rational map ¢ : P}'— --» P} defined by fo,..., f, is the subvariety V' of
P?. Such a rational map ¢ is called a parameterization of V.

Lately, rational maps appear in computer-engineering contexts. Mostly they are
applied to shape modeling using computer-aided design methods for curves and
surfaces. Parameterized algebraic curves and surfaces are used intensively to describe
objects in geometric modeling, such as car bodies, airplanes. Therefore, the study
of rational maps is of theoretical interest in algebraic geometry and commutative
algebra, and of practical importance in geometric modeling. My thesis studies images
and fibers of rational maps in relation with the equations of the symmetric and Rees
algebras.

Let k be a field. We investigate rational maps ¢ : P;' --» P}. Such a map
¢ is defined by homogeneous polynomials fy,..., f,, of the same degree d, in a
standard graded polynomial ring R = k[ X, ..., X, such that ged(fo, ..., fn) = 1.
The ideal of R generated by these polynomials is denoted by I and is called the
base ideal of ¢. The scheme B := Proj(R/I) C P} is called the base locus of ¢.
Let B = k[T, ..., T,] be the homogeneous coordinate ring of P} with each T; is of
degree one. The map ¢ corresponds to the k-algebra homomorphism ¢ : B — R,
which sends 7; to f; for all « = 0,...,n. The closed image X4 of ¢ is defined
by the kernel of this homomorphism. In other words, after degree renormalization,
k(fo, ..., fa] = B/Ker(yp) is the homogeneous coordinate ring of X, and the minimal
set of generators of Ker(yp) is called its implicit equations. The implicitization problem
is to find these implicit equations. There are several results in commutative algebra
that describe implicit equations of parameterized algebraic varieties in special case,
such as algebraic curves, surfaces or hypersurfaces. Nevertheless, the implicitization
problem is known to be very hard in general.

The implicitization problem for curves or surfaces has been of increasing interest
to commutative algebraists and algebraic geometers due to its applications in Com-
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puter Aided Geometric Design as explained by Cox [Cox05]. In this context, knowing
the implicit equation of the curve or surface is important to perform elementary op-
erations with these objects. For example describing the curve of intersection of two
surfaces, or the points of intersection of a curve and a surface, or testing if a given
point lies in the image of a parameterization,. ... For this reason, the implicitization
problem is a classical problem and there are numerous approaches to its solution.
For a good historical overview on this subject we refer the reader to [SC95] and
[Cox01].

The implicitization problem amounts to eliminating variables in a system of
polynomial equations. Therefore, standard tools such as Grobner bases or resultants
can be used to solve it. However, Grobner bases algorithms provide a straightforward
theoretical approach that in practice tends to be very slow, hence it is rarely used
in geometric modeling (see, e.g., [Hof89]). Resultants provide a more convenient
representation of the implicit equation as a determinant of a matrix (see, e.g., [Jou96,
Bus01]). But in many applications, the resultant vanishes identically due to the
presence of base points, which are the source points where the parameterization is
not well defined. The best current methods rely on Rees algebra techniques. The
Rees algebra of I is the graded R-algebra

R;=Rolol’PeolPo---.

Let S = R[Ty,...,T,] be a polynomial ring over R with the standard bigrading
where deg(X;) = (1,0) and deg(7;) = (0, 1). Since [ is generated in a fixed degree,
the Rees algebra

R~ R[It] C RJt]

is a standard bigraded k-algebra. Mapping 7; — f;t yields a presentation S/P =~
Ry, with B a bihomogeneous ideal of S. It is known that 3 depends only on the
rational map defined by f and not on this particular representative, see, for example,
[Sim04] or [DHS12|. The generators of P are the defining equations of the Rees
algebra.

We now blow up the base locus of ¢ and obtain the following commutative
diagram of algebraic varieties

[ PP x Pr

|

The variety I" is the blow-up of P}* at B and it is also the Zariski closure of the graph
of ¢ in P}* x P}. Moreover, I' is the geometric version of the Rees algebra of I, i.e.
Proj(R;) =T (see [Har77, Chapter 11, §7]). As R is the graded domain defining T',
the projection mo(I') = X is defined by the graded domain R; N k[Tp,...,T,]. In
other words,

Ker(¢) =B Nk[To,...,T,)

and we can thus obtain the implicit equations of X4 from the defining equations of
R;. However, Rees algebras are hard to study and finding explicit descriptions of
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their defining equations is a difficult open problem. It has been studied by Huneke,
Vasconcelos, Kustin, Polini, Ulrich among others, see for instance in [Hun82, Vas94,
UV93, KPU15].

Fortunately, the symmetric algebra of an ideal I over R
Sy :=Symy(I) = R® I ® Symy(I) ® Sym%(I) @ - --
is easier to understand than R; and is closely related to it via a canonical surjection

528[

Rr.
If 5B, is the graded piece of B in degree one with respect to the T;, then

‘,]31:{a0T0+---+anTn|ai€R,aof0+---+anfn:O}
~ Syz(fo, -, fn)-

Using (P1) C B, one easily obtains the commutative diagram

S/(B1) S/%B
L,
St Ri.

The vertical map on the right is an isomorphism by definition, and the vertical
map on the left is known to be an isomorphism (see [Vas94, Page 2|). Thus the
syzygies of the f;’s define the symmetric algebra and give the degree one relations
of the Rees algebra. If the base locus B of ¢ is assumed to be locally a complete
intersection, then Proj(S;) = Proj(R;) = I'. Hence, under this assumption, we can
extract the implicit equations of X, from the defining equations of Sy, i.e. the syzy-
gies of I. The use of syzygies to find implicit equations for curves and surfaces was
introduced by Chen and Sederberg [SC95] and Cox [Cox01, Cox03]. It was precisely
formulated in terms of Rees algebra by Jouanolou, Busé, Chardin, Botbol and others
[BJ03, BCO5, Cha06, BCJ09, Botl1]. One of the key tools of this approach is the
approximation complexes. These complexes were introduced by Herzog, Simis, and
Vasconcelos [HSV82] to study the canonical surjection 6 : S — R; and in some
cases they are free resolutions of Sj.

Besides the computation of implicit representations of parameterized curves or
surfaces, syzygies of parameterizations have been studied and analyzed because syzy-
gies are related to many geometric properties, such as singularities. The importance
of the first syzygy module of the coordinates of a parameterization goes back to
the paper [CSC98] where the concept of a p-basis was introduced. In the context
of rational plane and space curves, u-bases are deeply linked to their singularities
[SCGO7, BD12, WJG09, JG09, JG12]; in the case of surfaces, there also exist some
results in the same direction [BBC14, SSV14] but a lot of problems, including the
extraction of singularities, are still open in this case.

In geometric modeling, it is of vital importance to have a detailed knowledge of
the geometry of the object and of the parametric representation one is working with.
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The question of how many times is the same point being painted (i.e. corresponds
to distinct values of parameter), depends not only on the variety itself, but also on
the parameterization. It is of interest for applications to determine the singularities
of the parameterizations. In the chapters 2 and 3, we study the fibers of rational
maps, in particular parameterizations of surfaces embedded in the projective space
of dimension 3. More precisely, we set

mi=mr: ' — P

For every closed point y € P}, we will denote by k(y) its residue field, that is,
k(y) = (Bp/pBy)o, where p is the defining homogeneous prime ideal of y. If k is
assumed to be algebraically closed, then k(y) ~ k. The fiber of 7 at y € P} is the
subscheme

W_l(y) = Proj(R; ®p k(y)) C ]P)ZEy) ~ P
Let 0 < ¢ <m. We set
Ve={yeP}| dimﬂfl(y) =/(} C P}

Chevalley’s theorem shows that the subsets ), are constructible, that is, they can

be written as
S

Vo= | |(Uin Z;),
i=1
where U; (respectively Z;) are the open (respectively closed) subsets of P}. We are
interested in studying the structure of these subsets.

In the second chapter, the map ¢ is assumed to be generically finite onto its
image and m > 2, it follows that }),_1 is a 0-dimensional subscheme of P}, that is,
7 only has a finite number of (m — 1)-dimensional fibers. For each y € V,,_1, 7 1(y)
is a subcheme of Pty = P of dimension m—1, as k is algebraically closed. Thus the
unmixed component of the fiber 77! (y) is defined by a homogeneous polynomial h,, €
R, as R is factorial. One of the purposes of my thesis is to bound }°,cy, , deg(h,)
in terms of the degree d.

As the fibers of 7 are defined by the specialization of the Rees algebra, which is
closely related to the symmetric algebra of I via the canonical surjection ¢, it would
be natural to study the fibers of the canonical projection 7' := myy @ V. — P,
where V' := Proj(S;). Recall that for any closed point y € P}, the fiber of 7" at y is
the subscheme

7'~} (y) = Proj(S; @ k(y)) C Py, ~ Py

As the symmetric algebra is defined by the syzygies of I, one can determine the

unmixed components of (m — 1)-dimensional fibers of 7’ as in Lemma 2.2.3, is a

trivial generalization of [BBC14, Lemma 10]. Furthermore, the unmixed components

of (m—1)-dimensional fibers of 7 and 7’ are the same, whenever ged(fo, ..., fn) = 1.
For simplicity, we summarize the following data.
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Data 2.2.5. Let R = k[X] = k[Xo,..., Xn] (m > 2) be the standard polynomial
ring over an algebraically closed field k and £ := fq, ..., f, be k-linearly independent
forms of the same degree d > 1, not all zero, such that ged(fo, ..., fn) = 1. Suppose
that ¢ : P} --» P} s a rational map defined by these forms and m is the canonical
projection of the graph of ¢ onto its image. Let I = (fo,..., fn) be the base ideal
and B = Proj(R/I) the base locus of ¢. Assume that ¢ is generically finite onto its
image and put

Vi1 = {y € P} | dim7 ! (y) =m — 1} C P}.

For each y € YVp—1, we denote by hy € R a defining equation of the unmized com-
ponent of the fiber 771 (y).

We recall that the initial degree of a graded R-module M is defined by
indeg(M) :=inf{n € Z : M,, # 0},

with the convention that sup () = +oc and the saturation of an ideal .J of R is defined
by J% := J: p(X)*. The following theorem is a key tool for our purpose.

Theorem 2.2.6. Adopt Data 2.2.5. If there exists an integer s such that v =
indeg((1°)%*) < sd, then
> deg(hy) < v < sd.

yeymfl

The important assumption in the above theorem is the existence of an integer
s such that indeg((I%)**") < sd. Observe that I® C (I*)** and in general we have a
strict inclusion, that is, I® is not saturated. It is interesting to study the initial degree
of saturated powers, namely, indeg((7°)**). Note that if X is a zero-dimensional
scheme in P} defined by a saturated ideal J, then (J*)* = J() where J©) is the
s-th symbolic power of J. More generally, the symbolic power of a homogeneous ideal
gives the saturated ideal for the scheme which is the scheme defined by ordinary
power, having subtracted the embedded components. Therefore, we wish to establish
a bound for the minimal degrees of elements in symbolic powers. There are some
results and also several conjectures on the initial degree of symbolic power, see for
example [HH13, Chu81, BCH14, CEHH16]. In other words, saturated powers have
been of increasing interest to commutative algebraists and algebraic geometers. It
is shown that there are several results on the regularity of saturated powers, see,
for example [CELO1, Chal3a, Chal3b, Niul3|. In particular, in [Chal3a], Chardin
proved that lim (reg((I")%™") — td) exists and this limit is a nonnegative integer (or

equivalent, this limit is not —oo) if and only if the projection 7 admits a fiber of
positive dimension.

The main section of this chapter studies the one-dimensional fibers of a pa-
rameterization of an algebraic surface ¢ : P% --» P3. More precisely, we give a
bound for -, cy, deg(h,) in terms of the degree d. The idea is to show the exis-
tence an integer s as in Theorem 2.2.6. Indeed, we prove that indeg((I°)*") < sd
for all integer s > ¢ under the assumption that indeg(/**) = indeg(I) = d and

2
B is locally a complete intersection of dimension zero in Corollary 2.3.6. Our key
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tool in the proof is the Z-approximation complex associated to f := fy, f1, fo, f3,
which is a resolution of S; under these assumptions. Theorem 2.2.6 implies that
Y ey, deg(hy) < d if indeg(I***) < d, the delicate case is when the ideal I satisfies
indeg(I**) = indeg(I) = d. Moreover, in this case, we deduce immediately that
d > 3. Theorem 2.3.7 prove that }°, .y, deg(h,) < 4 whenever d = 3. In the general
case, our main result in this chapter is following.

Theorem 2.3.9. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that
indeg(I%*) = d > 4 and that B is locally a complete intersection. Then

Y deg(h,) < m d—1,
yeVL 2

where |z] := max{n € Z|n < x}.

In the third chapter, we refine and generalize the results on fibers of rational
maps in the previous chapter, by using ideals of minors of the Jacobian matrix of a

representative of ¢. Recall that if f := fy, ..., f,, are polynomials in the polynomial
ring R = k[Xy, ..., X,,] over a field k, then the Jacobian matrix of f is defined by
Of ... Of
0Xo 0Xm
JE) = : :
fn ... Ofn
9Xo OXom

Denote by I;(J(f)) the ideal of R generated by the s-minors of J(f), where 1 < s <
min{m + 1,n + 1}. One of the main results in this chapter is following.

Theorem 3.2.2. Adopt Data 2.2.5. Assume further that I3(J(f)) # 0 and denote
by I be the greatest common divisor of generators of I3(J(f)). Then

S deg(hy) < Y (26— 1) des(hy) < deg(F) < 3(d 1)

YEYm—1 YEYm—1 =1

(&2
where h, = h$" -+ hy”

,is an irreducible factorization of hy in R.

If the field & is of characteristic zero, then the assumption I3(J(f)) # 0 is always
satisfied due to the hypothesis that ¢ is generically finite onto its image. Therefore,
Theorem 3.2.2 is a significant improvement and generalization of the theorems 2.3.7
and 2.3.9 in the previous chapter, at least in the case where k is of characteristic zero.
Theorem 3.2.2 holds for any d > 1, without any condition on the initial degree of I3
and the assumption locally a complete intersection of B. However, if indeg(I5*") < d,
then we have a good bound for }° ¢y | deg(h,) < d as in Theorem 2.2.6.

For a parameterization of surfaces, we studied the syzygies of f;’s in relation with
the degree of F, the greatest common divisor of generators of I3(J(f)). We have a
good bound for }° .y, deg(h,) as follows.

Corollary 3.3.4. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that the
characteristic of k does not divide d, and that [k(f) : k(X)] is separable. Then

> deg(hy) < 3(d — 1) — indeg(Syz(I)) < 3(d — 1).

yeEV1



Introduction 7

Notice that the last two conditions in the above corollary are automatically sat-
isfied if £ is of characteristic zero.

Given a rational map ¢ : P --» P} between projective spaces that is defined by
an ordered set of homogeneous polynomials f := fy, ..., f,, of the same degree d, in
the homogeneous coordinate ring R = k[X, ..., X,,] of P{*. One of the important
problems is to determine necessary and sufficient conditions for such a map ¢ to be
birational onto its image. This problem has been studied extensively in the past and
it is still an active area of research. For computational purposes, methods based on
the nature of the syzygies of f are the most suitable in the sense of effective results
in the usual implementation of the Grobner basis algorithm. For n = m this syzygy-
based approach appears already in the work of Hulek, Katz, and Schreyer [HKS92]
where sufficient conditions for birationality were given, and for n > m it has been
further developed in [RS01]. In [Sim04, DHS12] the method has been advanced by
emphasizing the role of the Rees algebra associated to the ideal I = (fo, ..., f,) of R.
This method has been introduced in relation with the fibers of ¢ in [EU08, KPU16].

In the fourth chapter, we aim to extend some of these methods and techniques
to the context of rational maps whose source is a product of two projective spaces
Py x IP}* instead. These maps are defined by an ordered set of bihomogeneous poly-
nomials in two sets of n+ 1 and m + 1 variables, respectively. In order to emphasize,
we call them bigraded rational maps. Important modern motivation for considering
bigraded rational maps comes from the field of geometric modeling. Indeed, the
geometric modeling community uses almost exclusively bigraded rational maps for
parameterizing surfaces, dubbing such maps rational tensor-product Bézier parame-
terizations.

First, we provide a general effective criterion for birationality of bigraded rational
maps. This criterion is given in terms of the rank of a couple of matrices that
came to be known as Jacobian dual matrices. Let X C P}, Y C P} and Z C Py,
denote nondegenerate irreducible projective varieties over an algebraically closed
field k. Let A = k[x] = k[xg,...,z,)/a, B = kly] = k[yo,...,ym)/b and S =
klz] = k[zo,...,z2s]/c stand for the respective homogeneous coordinate rings. We
also denote R := A ®; B ~ k[x,y|/(a,b). A rational map F : X xY — Z is
defined by bihomogeneous polynomials fy(x,y),..., fs(Xx,y) in R of fixed bidegree
(a,b), not all zero. We say that F is birational with image Z if it is dominant and
admits an inverse rational map with image X X Y. Note that the inverse map is
necessarily given by a pair of rational maps Z — X and Z — Y defined by
homogeneous polynomials g := ¢gg,...,g, and h := hg, ..., h,, of fixed degrees d;
and dy, respectively. Let I := (fo(x,y),..., fs(x,y)) be the ideal of R and consider
a polynomial presentation

Riz) = "X ) gy = KBV

(a,b) (a,b)
whose restriction to R = k[x,y]/(a, b) is the identity. Let 7 = (a,b, J)/(a, b) denote
the kernel, with J the ideal generated by the z-homogeneous polynomials, with
bihomogeneous polynomial coefficients in k[x, y|, vanishing on fo(x,¥), ..., fs(X,¥)
modulo (a, b).
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We will focus on the presentation ideal (a,b, J) C k[x,y,z] of the Rees algebra
Rgr(I). Consider the elements of degrees (1,0, %) and (0,1, %) in (a,b,J), where x*
denotes an arbitrary degree in z. Since by assumption X and Y are nondegenerate,
these elements belong to the graded pieces J(1,0+) and J(o,1,+), respectively. Now,
a form of degree (1,0,%) can be thought as a form of bidegree (1,%) in k[x,z].
Moreover, since X is nondegenerate, each such form has a unique expansion of the
shape Y, Qi(z)x;, where Q;(z) € k[z] is homogeneous of degree *. Considering these
expansions for a minimal set of generating forms of the ideal (J(1,0+)) and taking the
corresponding matrix of x-derivatives, we obtain a weak Jacobian dual matrix W, in
the sense of [DHS12, Section 2.3] — here dubbed an x-partial Jacobian dual matriz.
We similarly introduce an y-partial Jacobian dual matriz V. Finally, thinking of
these matrices as maps over k[z], we denote by Uy ®j,S and Wy ®y(,) S the respective
maps obtained modulo c.

We obtain one of the main results of this chapter.

Theorem 4.2.2. With the previous notations, the rational map F : X XY --» Z
is birational with image Z if and only if rankg(Vx ®gz S) = n and ranks(Vy
S) = m. In addition, both halves of the expression of the inverse of F are given
by (signed) ordered mazximal minors of an n x (n + 1) submatriz of Yy and of an
m x (m + 1) submatriz of Uy, respectively.

The above theorem yields an explicit criterion for deciding if a given bigraded
rational is birational. In order to apply this criterion, we need to get the equations of
a Rees algebra, which are usually done by using Grobner basis computations. There-
fore, it has certain disadvantages in practice. Moreover, in order to overcome these
drawbacks, we investigate how birationality can be detected by means of syzygies of
the ideal I generated by the coordinates of the rational maps, instead of the whole
collection of equations of I. Syzygies are computable by using any computational
algebraic geometry system, such as Macaulay?2 or Singular. The following proposi-
tion gives an effective criterion related to the syzygies of the ideal I for deciding if
a given bigraded rational is birational.

Proposition 4.2.3. Let F : P} x P}* --» P} stand for a rational map defined
by bihomogeneous polynomials fo(X,y), ..., fs(X,y¥) in R = k[x,y] and set I =
(fo(x,¥),..., fs(x,¥)). If the image of F has dimension n+m and the submatriz of
the syzygy matriz of I consisting of columns of bidegrees (1,0) and (0,1) has rank s
(mazximal possible), then F is birational onto its image.

Then, in the main section of this chapter, we focus on the linear syzygies of
bigraded rational maps from P} x P} to P?. More precisely, let k be an infinite
field and R := k[z,y; u,v] be the bigraded polynomial ring with weights defined by
deg(x) = deg(y) = (1,0) and deg(u) = deg(v) = (0,1). Consider a rational map
¢ : PL x PL --» P} is defined by three bihomogeneous polynomials fy, f1, f2 € R, of
bidegree (a,b). We assume throughout that ¢ is a dominant rational map, namely
it is a bihomogeneous parameterization of a surface. These parameterizations are
very important in Computer Aided Geometric Design applications because they are
useful to model intricate geometry (see, for example [Bot1l, DS16, SSV14]).
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Motivated from the fact that the plane Cremona maps P2 --+» P% defined by
three homogeneous polynomials in degree 2 or 3 are automatically de Jonquieres
maps. In both cases the base ideal is an ideal of 2-minors of a 3 x 2 matrix, with two
linear syzygies or a linear syzyzy and a quadratic one, respectively [HS12]. We will
generalize these results when bigraded rational maps ¢ : P}, X P --» P2 of bidegree
(a,b) with a4+ b < 3. More precisely, these bigraded rational maps of bidegree (1, 1)
or (1,2) are birational if and only if the polynomials fo, f1, f> have a nonzero syzygy
of bidegree (0,1), or equivalent to, the base ideals I are an ideal of 2-minors of a
3 X 2 matrix, with two syzygies in bidegree (1,0) and (0, 1) or a syzyzy in bidegree
(0,1) and a syzyzy in bidegree (1, 1), respectively. We list these criteria as follows:

Proposition 4.3.3. Let ¢ : P} x PL --» P2 be a dominant rational map given
by bihomogeneous polynomials fo, f1, fo of bidegree (1,1) without common factor in
R\ k. The following three assertions are equivalent:

(i) ¢ is birational,

(ii) the polynomials fo, f1, fo have a nonzero bidegree (1,0) syzygy,

(iii) the polynomials fo, f1, fo have a nonzero bidegree (0,1) syzygy.

Theorem 4.3.5. Let ¢ : Pt x Pt --» P2 be a dominant rational map given by
bihomogeneous polynomials fo, f1, fo € R of bidegree (1,2) without common factor
in R\ k. Setting I = (fo, f1, f2) C R, the following four assertions are equivalent:

(i) ¢ is birational,

(ii) deg(B) = 3, and hence I is generically a complete intersection,

(iii) dimk SyZ(I)(OJ) = 1,

(iv) dimy Syz(1)a,1) = 3.

Unlike the cases of rational maps of bidegree (1,1) or (1,2), the linear syzygies
associated to a given parameterization are not enough to give birational criterion in
higher bidegrees. However, in the case of bidegree (2, 2), by studying the multiplicity
of the base locus of the parameterization, we are able to describe a complete list of
possible birational maps.

Theorem 4.3.12. Let ¢ : P, x P}, --» P2 be a dominant rational map given by
bihomogeneous polynomials fo, f1, fo € R of bidegree (2,2) without common factor in
R\ k. Assume that the point in B with the largest multiplicity is the point p := (x,u).
Let J be the ideal generated by fo(x,1,u,1), fi(z,1,u,1), fo(x,1,u,1). Then ¢ is
birational if and only if deg B =6 and J = (z,u)?* or

J = (2% + \? + pau, 2*u, zu?), X #0.

Furthermore, by Lemma 4.3.9, if ¢ : P! x P! ——» P? is a birational map defined by
bihomogeneous polynomials fo, f1, f2 € R of bidegree (2,2) without common factor
in R\ k, then I = (fy, f1, f2) is perfect ideal with exactly two minimal syzygies, of
bidegree (1,1), and the free resolution of I is of the form

0— R(—3,—3)2 > R(—2, —2)3 —= T ——0.
By a suitable coordinate change, I is generated by 2-minors of the following matrices

uwr+y) yu (ax +y)u  (a—1)zv U 0
—z(u+wv) —yu| or —z(au+v) —(a—1)zv| or —zv yu
0 Tv 0 yu — v Ayu + prv  xv
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where a, a, A, pp € k with (a,a) # (1,1), a # o and A # 0.

Finally, in the last section of this chapter, we investigate applications of our
results to the field of modeling. In particular, for bigraded plane rational maps of
bidegree (1,1) and (1,2) we explain how some particular coefficients of the map,
called the weights of the parameterization, can be tuned in order to obtain a bira-
tional map. It is important to notice that the inverse map is then given by explicit
minors from the matrix characterizing the birationality of the map. In the bidegree
(1,2) case, our new birationality criterion allows to assign the control of this tuning
to a structured low-rank matrices approximation algorithm, in the context of nu-
merical computations.

The last chapter of this thesis is not motivated by the same question in terms
of syzygies. However, our objects are still the Rees and symmetric algebras, and
our tools in proofs are the approximation complexes and, specially, the spectral
sequence.

In the fifth chapter, we study residual intersection theory. In [AN72], Artin and
Nagata introduced the concept of a residual intersection of an ideal; they did not
define explicitly this concept but roughly speaking if X is an algebraic variety and
Y C Z C X is a closed embedding of schemes, then the residual intersection of Y in
Z (with respect to X) is a closed subscheme W such that WUY = Z. Later, Huneke
and Ulrich [HUS8S8] gave a precise definition of residual intersection as follows: if R
is a Noetherian ring, I an ideal of height g and s > g an integer, then:

e An s-residual intersection of I is a proper ideal J of R such that ht(J) > s
and J = (a: gl) for some ideal a C I generated by s elements.

e A geometric s-residual intersection of I is an algebraic s-residual intersection
J of I such that ht(I +.J) > s+ 1.

Based on a construction of Laksov for residual intersections, Fulton [Ful98, Def-
inition 9.2.2] presents a formulation for residual intersection that, locally, can be
expressed as follows: suppose that X = Spec(R) and that Y and Z are closed sub-
schemes of X defined by the ideals I and a, respectively. Let X = Proj(R;) be the
blow-up of X along Y. Consider the natural map 7 : X — X. Let ¥ = 1Y)
and Z = 7 '(Z). Then Y = Proj(R;/IR;) and Z = Proj(R;/aR;) are closed
subschemes of X, with ideal sheaves 7y and Z, where 7 is an invertible sheaf.
Let W C X be the closed subscheme defined by the ideal sheaf Z5 = IE.I;.
Then W is called the residual scheme to'Y in Z , [Ful98, Definition 9.2.1]. Precisely,
W = Proj(R;/vR;) in which v = a C (R;)p). Finally, the residual intersection to
Y in Z [Ful98, Definition 9.2.2] is the direct image of Oy, i.e., .(Op;). Since O; is
a coherent sheaf, by [Har77, Chapter III, Proposition 8.5],

m.(05) = (H'(X,05)) = (I(X,05)) "

Note that (X, Op) equals (X, Op(0)), which is equal to the ideal transform
Dy, (Ri/YRr1)j0, by an application of the Cech complex [BS13]. The latter is
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closely related to the ideal

H?RI)+(RI /AR = J(al’: gI™).

In many situations, two ideals are the same. In the current works of Hassanzadeh
and Naéliton [Has12, HN16], they consider the symmetric algebra S; instead of the
Rees algebra R;. This generalization has already proved its usefulness in studying
multiple-point formulas by Kleiman; see [Ful98, Example 17.6.2]. We then find a
kind of arithmetical residual intersection to be

U(ySymp(1): gSym (1)),

where 7 = a C Sympg(I)p;. Comparing the above three definitions for residual
intersection, we have

J = (a: gl) C | J(vSymy(I): gSym7F (1)) C J(al': gI™).

Interestingly, these ideals coincide if the residual intersection J does not share any
associated primes with I, e.g., if J is unmixed and the residual is geometric. De-
termining the cases where the first inclusion above is an equality leads to define an
arithmetic residual intersection. More precisely, an arithmetic s-residual intersec-
tion of I is an s-residual intersection J = (a: gl) such that pu((I/a),) < 1 for all
prime ideals p D (I + J) with ht(p) < s, here p denotes the minimum number of
generators.

The theory of residual intersections is a center of interest since the 80’s, after
Huneke repaired in [Hun83] an argument of Artin and Nagata in [AN72], introduc-
ing the notion of strongly Cohen-Macaulay ideal: an ideal such that all its Koszul
homlogy is Cohen-Macaulay. The notion of strong Cohen-Macaulayness is stable
under even linkage, in particular ideals linked to a complete intersection satisfy this
property.

In [Hun83] Huneke showed that if R is a Cohen-Macaulay local ring, J is a
geometric s-residual intersection of a strongly Cohen-Macaulay ideal I of R satisfying
G, then R/J is Cohen-Macaulay of codimension s. Following [AN72], one says that
I satisfies G if the number of generators pig,(/,) is at most dim(R,) for all prime
ideals p with I C p and dim(R,) < s — 1 and that [ satisfies G if I satisfies
G, for all s. Later, Herzog, Vasconcelos, and Villarreal in [HVV85] replaced the
assumption strong Cohen-Macaulayness by the weaker sliding depth condition, for
geometric residuals, but they also showed that this assumption cannot be weakened
any further. On the other hand, Huneke and Ulrich proved in [HUS8] that the
condition Gy is superfluous for ideals in the linkage class of a complete intersection,
and more precisely:

Theorem. [HU88, Theorem 5.3] Let R be a Gorenstein local ring and I be an ideal
of height g that is evenly linked to a strongly Cohen-Macaulay ideal satisfying G .
If J = a: gl is an s-residual intersection of I, then R/J is Cohen-Macaulay of
codimension s and the canonical module of R/J is the (s — g + 1)-th symmetric
power of I/a.
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Let us notice that, in the proof of this statement, it is important to keep track
of the canonical module of the residual along the deformation argument that they
are using. The reason why (G, comes into the proof stems from the original proof in
[Hun83] or even the incorrect proof in [AN72] which proves residual intersections are
Cohen-Macaulay by an induction which necessitates the G, hypothesis. However
Huneke and Ulrich mentioned the following natural question.

Question. [HU88, Question 5.7] Suppose that R is a Cohen-Macaulay local ring
and I is an ideal of R which is strongly Cohen-Macaulay (or even satisfies sliding
depth). Let J be any residual intersection of I. Then is R/J Cohen-Macaulay?

Hassanzadeh [Has12] answered affirmatively the above question for arithmetic
residual intersections, thus in particular for geometric residuals, under the sliding
depth condition. One of the main results in this chapter is to answer affirmatively
this question. To state our results, one needs to recall the following definition: let
R be a Noetherian local ring of dimension d and I = (f) = (f1,..., f.) an ideal of
height ¢g. For an integer k > 0, we say that [ satisfies SDy, if

depth(H;(f; R)) > min{d — g,d —r + i+ k}

for all ¢ such that H;(f; R) # 0.
Notice that SDy is the sliding depth condition and that I satisfies SD,_, if and
only if I is a strongly Cohen-Macaulay ideal. We obtain the following result.

Theorem 5.4.6. Let (R,m) be a Cohen-Macaulay local ring with canonical module
w and a C I two ideals of R, with ht(I) = g. Suppose that I satisfies SD; and
J = (a: gl) is an s-residual intersection of I. Then R/J is Cohen-Macaulay of
codimension s.

The next question is if J is a residual intersection of I, what is the canonical
module of R/J? This question was studied by Huneke and Ulrich [HUS8S, Ulr94]
when R is Gorenstein and by Cumming [Cum07] when R is Cohen-Macaulay. More
precisely, Cumming proved the following

Theorem. [Cum07, Theorem 4.2] Let R be a local Cohen-Macaulay ring with canon-
ical module w and I an R-ideal of height g satisfying G, where s is an integer sat-
isfying s > g. Suppose that depth(w/HFw) > dim R/I—j+1for1<j<s—g+1
and Exth7(R/,w) =0 forall1 < j <s—g—1. If J = a: gl is an i-residual
intersection of I for g <i <'s, then

(a) R/J is Cohen-Macaulay,
(b) the canonical module of R/J is '™ w/al'9w.

The above theorem is a generalization of [Ulr94, Theorem 2.9] where Ulrich
assumed that R was a local Gorenstein ring. Let us notice that, in the proof of these
statements, it is important to prove the Cohen-Macaulayness of residual intersections
by an induction which necessitates the G, hypothesis, hence the G5 condition has
become an important assumption which is not avoidable. In the recent article of
Hassanzadeh and Naéliton [HN16], they proved that Symf{gﬂ(f /a) is the canonical
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module of R/J, provided any arithmetic s-residual intersection J = (a: rl) of a
strongly Cohen-Macaulay ideal I of height ¢ in a Gorenstein local ring R. Our
second main result in this chapter is to generalize this result. More precisely, we
obtain the following.

Theorem 5.4.9. Let (R, m) be a Cohen-Macaulay local ring with canonical module w
and a C I two ideals of R, with ht(I) = g. Suppose that I satisfies SDy, Torf(R/I,w) =
0 and J = (a: rl) is an s-residual intersection of I. Then the canonical module of
R/J is Sym3 7T (I/a) @g w.

Let us notice that, the hypothesis Tor[(R/I,w) = 0 is immediately satisfied if
R is Gorenstein or I has finite projection dimension.

In the last section of chapter, and also to close this thesis, we prove a result on
duality for residual intersections of strongly Cohen-Macaulay ideals. This could be
compared to recent results of Eisenbud and Ulrich in [EU16] where similar dualities
were obtained under slightly different hypotheses. In their work, conditions on the
local number of generators are needed and depth conditions are asked for some of the
first powers of the ideal I, along the lines of [Ulr94], and the duality occurs between
powers I'/al'~! in place of symmetric powers Sym’%(I/a). Although their results
and ours coincide in an important range of situations, like for geometric residuals
of strongly Cohen-Macaulay ideals satisfying GG, the domains of validity of the two
results are quite distinct. We prove the following.

Theorem 5.6.7. Let (R, m) be a Gorenstein local ring and a C I two ideals of R,
with ht(I) = g. Suppose that J = (a: rl) is an s-residual intersection of 1. If I is
strongly Cohen-Macaulay, then wg); ~ Symj{f}“([/a) and for all0 <k <s—g+1

(i) the R/J-module Symg/J(]/a) is faithful and Cohen-Macaulay,
(i) the multiplication
Symi,.(1/a) ®rys Symiy 57 (1/a) — Symj 57 (1/a)
s a perfect pairing,
(iii) setting A := Symp,;(I/a), the graded R/J-algebra

s—g+1

A= AfAss g1 = EB Symzé/(](f/a)
i=0

1s Gorenstein.

In this chapter, we also determine several invariants of a residual intersection as
the graded canonical module, the stability of Hilbert function, the Hilbert series, the
Castelnuovo-Mumford regularity and the type. Furthermore, whenever [ is strongly
Cohen-Macaulay, via the duality results for residual intersections, we establish some
tight relations between the Hilbert series of some symmetric powers of I/a and
provide closed formulas for the types and for the Bass numbers of some symmetric
powers of I /a.
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In this chapter we collect the definitions, results and techniques that we require for
the later chapters. As a consequence, most of the material in this chapter is well
known. We refer to [BH98] as standard text book, in particular for the discussion of
regular sequences and depth, Cohen-Macaulay modules, graded rings, graded mod-
ules, Koszul complexes and Hilbert functions. The reader can consult the notations
and general facts about local cohomologies and canonical modules in [BS13]. We
refer to [HSV83b] for studying approximation complexes and [Sim04] or [DHS12]
for the notions introduced in the last section.
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Throughout, all given rings are assumed to be commutative, associative, with
identity, and all modules are assumed to be unital. By a Noetherian local ring
(R, m, k) we mean a Noetherian ring R with unique maximal ideal m and residue

field k = R/m.

1.1 Cohen-Macaulay modules

1.1.1 Regular sequences and depth

Let M be a module over a ring R. We say that x € R is an M-regular element if
xz = 0 for z € M implies z = 0, in other words, if = is not a zero-divisor on M.
Regular sequences are composed of successively regular elements:

Definition 1.1.1. A sequence x = x1, ..., x, of elements of R is called an M -reqular
sequence if the following conditions are satisfied: (i) x; is an M/(zy,...,2;-1)M-
regular element for i = 1,...,n, and (ii) M/xM # 0.

A regular sequence is an R-regular sequence. Very often used in present tense
R is a Noetherian local ring with maximal ideal m, and M # 0 a finitely gener-
ated R-module. If x C m, then condition (ii) is automatically satisfied because of
Nakayama’s lemma.

The classical example of a regular sequence is the sequence X1, ..., X, of inde-
terminates in a polynomial ring R = S[Xq,..., X,].

We use M to denote the m-adic completion of a module M over a Noetherian
local ring (R, m).

Proposition 1.1.2. [BH98, 1.1.3] Let R be a Noetherian ring, M a finitely generated
R-module, and x an M -regqular sequence.

(a) Suppose that a prime ideal p € Supp M contains x. Then x (as a sequence in
R,) is an M,-reqular sequence.

(b) Suppose that R is local with mazimal ideal m. Then x (as a sequence in R) is
an M -regular sequence.

Proposition 1.1.3. [BH98, 1.2.4] Let R be a ring, M, N be R-modules, and x =
T, ..., T, an M-reqular sequence in anng(N). Then

Hompg (N, M /xM) ~ Ext'y (N, M).

Let R be a Noetherian ring and M an R-module. I[f x = x4, ..., x, is an M-regular
sequence, then the sequence (z1) C (21,22) C --- C (21,...,2,) ascends strictly.
Therefore an M-regular sequence can be extended to a maximal such sequence: an
M-regular sequence x (contained in an ideal I) is mazimal (in I), if zq,..., 2,41 18
not an M-regular sequence for any z,,41 € R (2,41 € I).

Theorem 1.1.4 (Rees). [BH98, 1.2.5] Let R be a Noetherian ring, M a finitely
generated R-module, and I an ideal such that IM # M. Then all maximal M -
reqular sequence in I have the same length n given by

n = min{i : ExtR(R/I, M) # 0}.
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Definition 1.1.5. Let R be a Noetherian ring, M a finitely generated R-module,
and I an ideal such that IM # M. Then the common length of the maximal M-
regular sequence in [ is called the grade of I on M, denoted by depth; (M), hence

depth; (M) = min{i : Ext%(R/I, M) # 0},

with the convention that depth;(M) = oo if IM = M.
If in addition R is a local ring with maximal ideal m and residue field £k = R/m,
then grade of m on M is called the depth of M, denoted by depth(M).

Because of its importance we repeat the most often used special case of Rees’s
theorem.

Theorem 1.1.6. Let (R,m, k) be a Noetherian local ring, M «a finitely generated
nonzero R-module. Then

depth(M) = min{i : Ext}(k, M) # 0}.
We now study the behaviour of depth; (M) along exact sequences.

Proposition 1.1.7. [BH98, 1.2.9] Let R be a Noetherian ring, [ C R an ideal, and
0O—M-—N—P—0

an exact sequence of finitely generated R-modules. Then

depth;(N) > min{depth;(M), depth;(P)},
depth, (M) > min{depth,;(N), depth,(P) 4+ 1},
depth,(P) > min{depth,; (M) — 1,depth;(N)}.

In the case where (R, m) is local, consider I = m in the above proposition, we
obtain the following.

Corollary 1.1.8. Let (R, m) be a Noetherian local ring, and
0O—M-—N-—P—0

an ezxact sequence of finitely generated R-modules. Then, either
(a) if depth(N) < depth(P), then depth(M) = depth(N) or
(b) if depth(N) > depth(P), then depth(M) = depth(P) + 1, or
(c) if depth(NN) = depth(P), then depth(M) > depth(N).

1.1.2 Cohen-Macaulay modules

Definition 1.1.9. Let R be a Noetherian local ring. A finitely generated R-module
M # 0 is a Cohen-Macaulay module if depth(M) = dim M. It R itself is a Cohen-
Macaulay module, then it is called a Cohen-Macaulay ring. A maximal Cohen-
Macaulay module is a Cohen-Macaulay module M such that depth(M) = dim R.
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If I is an ideal contained in anng (M), then it is irrelevant for the Cohen-Macaulay
property whether we consider M as an R-module or an R/I-module. In particular,
if R is local and M is a Cohen-Macaulay module, then M is a maximal Cohen-
Macaulay module over R/anng(M).

The next theorem exhibits the fact that for a Cohen-Macaulay module, the grade
of an arbitrary ideal is given by its codimension.

Theorem 1.1.10. [BHO8, 2.1.2] Let (R, m) be a Noetherian local ring, and M # 0
a Cohen-Macaulay R-module. Then

(a) dim R/p = depth(M) for all p € Ass M,

(b) depth;(M)=dim M —dim M/IM for all ideals I C m,

(¢) x =x1,...,x, is an M-reqular sequence if and only if dim M /xM = dim M— n,

(d) x is an M- regular sequence if and only if it is part of a system of parameters
of M.

The Cohen-Macaulayness is stable under specialization and localization:

Theorem 1.1.11. [BH98, 2.1.3] Let (R, m) be a Noetherian ring, and M a finitely
generated R-module.

(a) Suppose x is an M -regqular sequence. If M is a Cohen-Macaulay module, then
M/xM is Cohen-Macaulay (over R or R/(x)). The converse holds if R 1is
local.

(b) Suppose M is Cohen-Macaulay. Then for every multiplicatively closed set S
in R the localized S™*M s also Cohen-Macaulay. In particular, M, is Cohen-
Macaulay for every p € Spec(R). If M, # 0, then depth(M,) = depth, (M); if
in addition R is local, then dim M = dim M, + dim M /pM.

An ideal generated by a regular sequence is said to be a complete intersection
ideal. An important property of complete intersection ideals is following.

Proposition 1.1.12. [ZS60, Appendix 6, Lemma 5] Let R be a Cohen-Macaulay
local ring, and a a complete intersection ideal of R. For every exponent n, the ideal
a” is unmized, and admits, therefore, the same associated prime ideals as a.

Now we recall an important numerical invariant of modules.

Definition 1.1.13. Let R be a Noetherian ring, M a finitely generated nonzero R-
module and p € Spec(R). The number p;(p, M) = dimy, ExtR (k(p), M,) is called
the i-th Bass number of M with respect to p, where k(p ) Rp/pR]J

These numbers have an interpretation in terms of the minimal injective resolution

of M.

Proposition 1.1.14. [BH98, 3.2.9] Let R be a Noetherian ring, M a finitely gen-
erated R-module, and E*(M) the minimal injective resolution of M. Then

EM)~ @ E(R/py ",
peSpec(R)

where E(R/p) is the injective hull of R/p.
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Definition 1.1.15. Let R be aring and M be an R-module. The injective dimension
of M is the smallest integer n for which there exists an injective resolution E*(M) of
M with E™(M) = 0 for m > n. If there is no such n, the injective dimension of M
is infinite. A Noetherian local ring R is a Gorenstein ring if its injective dimension
is finite. A Noetherian ring R is Gorenstein if its localisation at every maximal ideal
is a Gorenstein local ring.

Theorem 1.1.16. [Mat89, Theorem 18.8] A necessary and sufficient condition for
a ring R to be Gorenstein is that a minimal injective resolution E*(R) : 0 — R —
E° — E' — ... of R satisfies

E'= P E(R/p),

htp=1i
or, in other words, p;(p, R) = d;nyp for every p € Spec(R).

When (R, m) is a Noetherian local ring, and M is a finitely generated R-module
of depth ¢, the Bass number p,(m, M) is of particular importance.

Definition 1.1.17. Let (R, m, k) be a Noetherian local ring, and M a finitely gener-
ated non-zero R-module of depth t. The number r(M) = dim, Ext’(k, M) is called
the type of M. In particular, (M) = u(m, M).
Theorem 1.1.18. [BH98, 3.2.10] Let (R, m) be a Noetherian local ring. The follow-
ing conditions are equivalent:

(a) R is a Gorenstein ring;

(b) R is a Cohen-Macaulay ring of type 1.

Example 1.1.19. The polynomial ring R = k[X7, ..., X,] over a field k is Goren-
stein.

Definition 1.1.20. Let (R, m) be a Cohen-Macaulay local ring and 1, J two ideals
of R.

(i) I and J are said to be directly linked if there is a regular sequence x :=
T1,...,x, € I'NJ such that I = (x): gJ and J = (x): grl.

(ii) We say I and J are in the same linkage class (or liaison class) if there exists
a sequence of ideals I = Iy, ..., I, = J such that I; is directly linked to I;;,
for0<j<n-—1.

Proposition 1.1.21. [Vas94, 4.1.1] Let (R,m) be a Gorenstein local ring, I an
unmized ideal of height g, and x = x1,...,24 a regular sequence contained in 1.
Then the ideal J = (x): gl is directly linked to I; more precisely, I = (x): gJ.
Furthermore, R/I is Cohen-Macaulay if and only if R/J is Cohen-Macaulay.

1.1.3 Graded Rings and Modules

Definition 1.1.22. An N-graded ring R is a ring together with a decomposition (as
abelian groups) R = Ry® Ry @. .. such that R,,.R,, C Ry, for all m,n € Z>(, and
where Ry is a subring (i.e. 1 € Ry). A Z-graded ring is one where the decomposition
is into R = @,ezR,. In either case, the elements of the subgroup R, are called
homogeneous of degree n.
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Example 1.1.23. Let R be a ring and Xy,..., X, indeterminates over R. For
a=(ag,...,0,) € N set X = X{"--- X2 and |a] = a1 + -+ + a,,. Then the
polynomial ring S = R[X7,..., X,,] is a graded ring, graded by the total degree of
polynomials. In this case the graded pieces can be write as

Sd:{z aaXo‘]aaeR}.

|a|=d
S is called the standard polynomial ring over R.

Definition 1.1.24. A graded R-module is an ordinary R-module M together with
a decomposition M = @z M) as abelian groups, such that R,,.M, C M,,,, for all
m € Zso and n € Z. Elements in one of these pieces are called homogeneous. Any
m € M is thus uniquely a finite sum >> m,,, where each m,, € M, is homogeneous
of degree n; and n; # n; for i # j.

In the category of graded R-modules 9 (R), the morphisms of R-modules are
the ones that preserve the grading. In other words, morphisms of graded modules
take homogeneous elements to homogeneous elements of the same degree. We say
these morphisms are homogeneous homomorphisms or graded homomorphisms of
degree zero.

Definition 1.1.25. If M is a graded module, we set M (n) for the same R-module
but with the grading M (n)y = M, .

Example 1.1.26. (a) If R is a graded ring, then R is a graded module over itself.

(b) If S is any ring, then S can be considered as a graded ring with Sy = S and
S; = 0 for ¢+ > 0. Then a graded S-module is just a Z-indexed collection of
(ordinary) S-modules.

(¢) [The blow-up algebra, also called Rees algebra] Let R be any ring, and let [
be an ideal of R. We can make R; = R® I & I? @ --- (the blow-up algebra)
into a graded ring, by defining the multiplication from the one of R after
noticing that I'/7 C I'™. Given any R-module M, there is a graded R;-
module M @ IM @ I*?M & - - -, where multiplication is defined in the obvious
way. We thus get a functor from R-modules to graded R;-modules.

Definition 1.1.27. Suppose that R is graded, and let M = @,,cz M,, be a graded
R-module. We define the end degree of M by

end(M) :=sup{n € Z : M, # 0}
with the convention that sup() = —oco. We similarly define the initial degree of M

by

indeg(M) :=inf{n € Z : M,, # 0}
with the convention that sup ) = +oo.
Definition 1.1.28. Let R be a graded ring, M be a graded R-module and N C M
an R-submodule. N is called a graded submodule if the homogeneous components of
elements in N are in N. Furthermore, M /N is a graded R-module where (M/N); =

M;/N; for i € Z. In particular, if M = R, an ideal I of R is also called a graded ideal
if it is a graded R-submodule.
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The most important graded rings arise in algebraic geometry as the coordinate
rings of projective varieties. They have the form R = k[Xi,...,X,]/] where k is
a field and I is an ideal generated by the homogeneous polynomials (in the usual
sense). Then R is generated as k-algebra by elements of degree 1, namely the residue
classes of the indeterminates. Graded rings R, which as Rgp-algebras, are generated
by 1-forms will be called standard graded Ry-algebras or homogeneous Ry-algebras.
More generally, if R is a graded Ry-algebra generated by elements of positive degree,
then we say that R is a positively graded Ry-algebra.

Proposition 1.1.29. [BH98, 1.5.4] Let R be a positively graded Ry-algebra, and
x1, ..., T, homogeneous elements of positive degree. Then the following are equiva-
lent:

(a) x1,...,x, generate the ideal Ry = @;>1 Ry;

(b) xi,...,x, generate R as an Ry-algebra.
In particular R is Noetherian if and only if Ry is Noetherian and R is a finitely
generated Ry-algebra.

Let I be an arbitrary ideal of R. Then the graded ideal I* is defined to be
the ideal generated by all homogeneous elements a € I. It is clear that [* is the
largest graded ideal contained in I, and that R/I* inherits a natural structure as a
graded ring. Very often we shall derive properties of a graded ring or module from
its localization with respect to graded prime ideals. The following lemma is basic
for such arguments.

Lemma 1.1.30. [BH98, 1.5.6] Let R be a graded ring.
(a) For every prime ideal p the ideal p* is a prime ideal.
(b) Let M be a graded R-module.
(i) If p € Supp M, then p* € Supp M.
(ii) If p € Ass M, then p is graded; furthermore p is the annihilator of a
homogeneous element.

Let p be a prime ideal of R and S the set of homogeneous elements of R not
belonging to p. Then S is a multiplicatively closed set and we put My = S~'M
for any graded R-module M. For x/a € M), x homogeneous, we set deg(z/a) =
deg(x) — deg(a). We further define a grading on M, by setting

(Mp))n = {z/a € M) : « homogeneous, deg(z/a) = n}.

Let M, N be graded R-modules. An R-module homomorphism ¢ : M — N is
called homogeneous of degree i it ¢(M,,) C N4, for all n. Denote by Hom; (M, N) the
group of homogeneous homomorphisms of degree i. The Z-submodules Hom; (M, N)
of Hompg(M, N) form a direct sum, and it is obvious that

*Homp(M, N) = @@ Hom;(M, N)
i€Z

is a graded R-submodule of Hompg (M, N).

For any N € 9My(R) we define *Ext’,(M, N) as the i-th right derived functor of
*Hompg(—, N) in My(R).
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Proposition 1.1.31. [BH98, 1.5.11] Let R be a Noetherian graded ring and I an
ideal in R generated by homogeneous elements of positive degree. Set h = ht(I)
and g = depth;(M) where M is a finitely generated R-module. Then there exist
sequences X = T1,...,Tp andy = yi,...,Y, of homogeneous elements of I such that
ht(xy,...,z;) =1 fori=1,... h and y is an M-regular sequence.

Often one needs a stronger version of Proposition 1.1.31.

Proposition 1.1.32. [BH98, 1.5.12] In addition to the hypotheses of Proposition 1.1.31
assume that Ry is a local ring with an infinite residue class field and that I is gener-
ated by elements of degree 1. Then the sequences X = x1,...,xp andy = yi,...,Yq
can be composed of elements of degree 1.

Definition 1.1.33. Let R be a graded ring. A graded ideal m of R is called *mazimal,
if every graded ideal that properly contains m equals R. The ring R is called *local,
if it has a unique *maximal ideal m. A graded "ocal ring with *maximal ideal m will
be denoted by (R, m).

Let (R, m) be a flocal ring. All nonzero homogeneous elements of the graded ring
R/m are invertible, and so R/m is either a field, or else R/m =~ k[t, '], where k
is a field and t is a homogeneous element of positive degree which is transcendental
over k. In the first case m is a maximal ideal, and in the second m is a prime ideal
with dim R/m = 1. Note that Ry is a local ring with maximal ideal myg = m N Ry,
and that all homogeneous elements a € R\ m are units. We define *dimension of R
as the height of m and denote it by *dim R.

Example 1.1.34. Let R be a graded ring.
(a) Let p be a graded prime ideal. Then R, is a ocal ring.

(b) If R is a positively graded ring for which Ry is a local ring with maximal ideal
my, then R is a flocal ring with *maximal ideal m = my®&@®,,~ R,,. In particular
a positively graded algebra over a field is "local.

1.2 Local cohomology and canonical module

1.2.1 Local cohomology

Definition 1.2.1. If R is a Noetherian ring, [ is an ideal of R, and M is an R-
module, then the 0-th local cohomology module of M is

HY(M) :={m € M | I"m = 0 for some n}.

HY(—) is a functor in an obvious way: if ¢ : M — N is a map, the induced
map HY(y) is the restriction of ¢ to HY(M). It is immediate to see from this that
the functor H?(—) is left exact, so it is natural to study its derived functors, which
we call the local cohomology functors, denoted by H:(—), the right derived functors
of HY(—).
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Proposition 1.2.2. [Eis05, 10.1] If R is a Noetherian ring, I is an ideal of R, and
M is an R-module, then there is a canonical isomorphism

Hj(M) = lim Exty(R/I", M),

where the limit is taken over the maps Ext'y(R/I™, M) — Extz(R/I™, M) induced
by the natural epimorphisms R/I™ —s R/I" for m > n.

Proposition 1.2.3 (Grothendieck). [BH98, 3.5.7] Let (R, m) be a Noetherian local
ring and M a finitely generated R-module. Then

(a) Ifi < depth(M) ori > dim M then H. (M) = 0.

(b) Ifi = depth(M) ori = dim M then H (M) # 0.

The next result implies immediately from the above proposition.

Corollary 1.2.4. Let (R,m) be a Noetherian local ring. A finitely generated R-
module M is Cohen-Macaulay if and only if HL. (M) =0 for all i # dim M.

Another useful expression for the local cohomology is obtained from a Cech
complex: Suppose that [ is generated by elements (z1,...,z,). We write [n] =
1,...,n for the set of integers from 1 to n, and for any subset J C [n] we set
vy = [ljes ;. We denote by M, the localization of M by inverting x;. If ¢ ¢ J we

let (i) denote the number of elements of J less than i. The modified Cech complex

of I over M, denoted by C7(M), is defined by

Ce(M): 0 M—tsar M, *—s...— > M, ., —=0 (1.1)
I [ |
CO(M) CL(M) (M)

whose differential takes an element
my € My, C Qpj=sM,, = C*(M)

to the element '
d(my) =Y (=17 Dmyupy € CTHM),
i¢J

where m jug; denotes the image of m; in the further localization M, M),

JU{iy (

Theorem 1.2.5. [Eis05, 10.2] Suppose that R is a Noetherian ring and I = (x1, ..., 2,).
For any R-module M the local cohomology HE(M) is the i-th cohomology of the Cech
complez (1.1)

Suppose that ¢ : R — R’ is a homomorphism of rings, I is an ideal of R,
and M is an R'-module. Using the map ¢ we can also regard M as an R-module. In
general, the relation between Ext’(R/I", M) and Ext’y, (R'/I'™", M), where I' = IR,
is mysterious. However, Theorem 1.2.5 gives the following easy consequence.

Corollary 1.2.6. Suppose that ¢ : R — R’ is a homomorphism of Noetherian
rings. With notation as above, there is a canonical isomorphism Hy(M) ~ Hjp (M).
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Proposition 1.2.7. [Has12, Lemma 2.1] Let R be a Noetherian ring and M an
R-module. Suppose that S = R[Ty,...,T,| is a standard graded polynomial ring over
R. Then

(i) Hs, (M ®gS) =0 for all i #n,

(ii) there exists a functorial isomorphism 6y« Hg, (M ®@g S) — M @g Hg, (5).

Proof. (i) follows from the fact that 77, ..., T, is a regular sequence on M ®x S and
(ii) from the computation of Hg, (—) via the Cech complex on Ty, ..., T,. O

We now start our approach to the Local Duality Theorem. From now on for
any (R, m) is a local ring, we denote by E(R/m) (or E for simplicity) the injective
envelope of the simple R-module R/m.

Lemma 1.2.8. [BS13, 11.2.3] Let (R, m) be a Gorenstein local ring of dimension d.
Then HL(R) ~ E(R/m).

Definition 1.2.9. The functor Homg(—, E) is called the Matlis duality functor, to
be denoted as —V, MY = Hompg(M, E) is called the Matlis dual of R-module M
and M"Y stands for (M").

Theorem 1.2.10 (Local duality for a Gorenstein local ring). [BS13, 11.2.5] Let
(R,m) be a Gorenstein local ring of dimension d and M a finitely generated R-
module. Then

HT (M) ~ Ext’, (M, R)"

for alli € Z.

Theorem 1.2.11 (Local Duality Theorem). [BS13, 11.2.6] Suppose that (R, m) is a
local ring which is a homomorphic image of a Gorenstein local ring A of dimension
n. For each finitely generated R-module M,

H (M) ~ Exty (M, A)"
for alli € Z.

Note that if the ring R is graded, M is a graded R-module and I is generated
by the homogeneous elements 1, . .., x, with deg(z;) = d;, then the Cech complex
is canonically graded by putting deg(m) = deg(m) — a(d;, +---+d;,), the
differentials d” are thus all of degree zero. Therefore, by Theorem 1.2.5, the local
cohomology H%(M) is isomorphic to the i-th cohomology of the Cech complex, in-
herits a grading. Moreover, this grading is independent of the choice of homogeneous
generators for I, see instance [BS13, Chapter 13] or [BH98, §3.6]. We use Hi(M),
to denote the n-th component of the graded R-module H}(M).

Proposition 1.2.12. [BS13, 16.1.5] Assume that R = @;°, R, is positively graded
and M 1is a finitely generated graded R-module. Set Ry = @,~o Rx.

(a) For alli € Zxo and all n, the Ro-module Hy, (M), is finitely generated.

(b) There exists r € Z such that Hy, (M), =0 for all i € Z>o and all n > 7.
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Definition 1.2.13. Assume that R = @, R,, is positively graded and M is a
finitely generated graded R-module. Set Ry = @,,~¢ R,,. The Castelnuovo-Mumford
reqularity of M, denoted by reg(M), is defined by

reg(M) : = sup{end(H}'h(M)) +i:i€Zso}
= sup{end(Hp, (M)) + i : depth(M) < i < dim M}.

The last equality implies from Proposition 1.2.3.

If M is any module over a Noetherian ring R and I = (zy,...,2,) C Risanideal,
then M gives rise by restriction to a sheaf Fj; on the affine scheme SpecR \ V(1)
whose i-th sheaf cohomology H'(F);) may be defined as the i-th cohomology of the
Cech complex:

CHM) : 0—= & My, L @1 My, S = M, —— 0 (1.2)
I I H
v 0 v 1 xn—1
¢ (M) ¢ (M) ¢ (M)

whose differential is defined as in (1.1). Note that CZ(M) = C™(M) and d = d; 4
for all 7 > 0.
The local cohomology is related to sheaf cohomology in a simple way:

Proposition 1.2.14. With notations as above, then

(a) there is an exact sequence of R-modules
0— H)(M) — M — H*(Fy) — H} (M) — 0;

(b) for everyi > 2
Hi(M) = H"YFy).

Proof. This follows from the identification Ker(dy) = H°(Fys) and Theorem 1.2.5.
O]

Henceforward we will restrict our attention to the case where R is the polynomial
ring S = k[Xo,...,X,] over a field k with its standard grading deg(X;) = 1 for all
i =0,...,n, the ideal I is the homogeneous maximal ideal m = (Xj, ..., X,,), and
the module M is finitely generated and graded. It follows that all the cohomology
is graded too. Following our usual convention we will write H: (M )y for the d-th
graded component of H’ (M), and similarly for the sheaf cohomology of Fj;.

In this setting the sheaf cohomology has another interpretation: Any graded S-
module M gives rise to a quasicoherent sheaf M on the projective space P} (for
the definition and properties of this construction see for example [Har77, I1.5].) The
Cech complex for M is the degree 0 part of the complex (1.2). In particular, the
i-th cohomology of the sheaf M is the degree 0 part of the cohomology of Fj;, that
is, H'(M) = H'(Fa)o. If we shift the grading of M by d to get M(d), then M(d)
is the sheaf on P} associated to M(d), so in general H'(M(d)) = H'(Fu)g. Thus
Proposition 1.2.14 takes on the following form:
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Proposition 1.2.15. Let M be a graded S-module and M the corresponding quasi-
coherent sheaf on P}.

(a) There is an exact sequence of graded S-modules

0 — HAM) — M — @ H(M(d)) — HL(M) — 0.

(b) For every i > 2 N
Hy (M) = @Hifl(M(d))-

Corollary 1.2.16. If S = k[Xy,..., X,] withn > 1 and m = (X, ..., X,,) then

0 ifi<n

Hi(S)y =
n(5)a {Homk(Snld,k) ifi=n+1.

Proof. 1t is an immediate consequence of Proposition 1.2.15, given the cohomology

1.2.2 Canonical module

In this section, we will define and collect some properties of canonical modules for a

local (not necessarily Cohen-Macaulay) ring. Recall that for a Noetherian local ring

(R,m, k), the m-adic completion lim R/m! of R will be denoted by R, and M stands
t

for lim M/m*M for each R-module M. We write E is the injective envelope Eg(k)
t
of the residue field &.

Proposition 1.2.17. [Str90, Proposition 3.4.2] Matlis duality is a faithful, exact
contravariant functor and anng(MY) = anng(M) for every module M.

Proposition 1.2.18. [Str90, Corollary 3.4.7] Let (R,m) be a Noetherian local ring
and M a finitely generated R-modules. Then MYV ~ M.

Proposition 1.2.19. [HK71, Lemma 5.8] Let (R, m) be a Noetherian local ring and
let M, N be two finitely generated R-modules. If M ~ N, then M ~ N.

We now define a canonical module for a local (not necessarily Cohen-Macaulay)
ring. Here, we shall adopt the definition used by Hochester and Huneke in [HH94].
Many results in this subsection are due to Aoyama [Aoy80, Aoy83].

Definition 1.2.20. [BS13, 12.1.2] The canonical module of a d-dimensional local
ring (R, m), if it exists, is a finitely generated R-module wg such that wp' ~ HE(R).

Remark 1.2.21. [BS13, 12.1.3] We can make the following observations right away.
Let (R, m) be a local ring with dim R = d.

(a) Recall that the R-module HZ(R) is Artinian, and that the Matlis dual of a
finitely generated R-module is also Artinian.
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(b) It is immediate from the Local Duality Theorem 1.2.11 that, if R is a ho-
momorphic image of a Gorenstein local ring A of dimension n, then R has a
canonical module, namely Ext} %(R, A).

(c) In particular, if R itself is Gorenstein, then R has a canonical module which
is isomorphic to R. The converse holds if R is Cohen-Macaulay, by Theo-
rem 1.1.18.

(d) In particular, when R is complete, so that it is a homomorphic image of a
regular local ring by Cohen’s Structure Theorem, R has a canonical module,
and any canonical module is isomorphic to HZ(R)Y.

Theorem 1.2.22. [BS13, 12.1.6] Any two canonical modules for R are isomorphic.

It will be convenient to have a notation for the ideal that turns out to be the
annihilator of the canonical module.

Definition 1.2.23. For a local ring R, we denote by j(R) the largest ideal which is a
submodule of R of dimension smaller than dim(R). Then j(R) is nonzero if and only
if some prime p of Ass R is such that dim(R/p) < dim R, and then j(R) DO anng(p).
Thus, j(R) = (0) if and only if R is equidimensional and unmixed (where unmixed
means that (0) has no embedded primes). Moreover, j(R) consists of all elements
r € R such that dim(R/anng(r)) < dim(R).

Lemma 1.2.24. [BS13, 12.1.12] A canonical module for R must be killed by j(R),
and is also a canonical module for R/j(R), while any canonical module for R/j(R)
is a canonical module for R. Thus, R has a canonical module if and only if R/j(R)
has a canonical module.

Theorem 1.2.25. [BS13, 12.1.15] Let (R, m) be a local ring of dimension d. Suppose
that canonical module wgr exists. Then

(0: gwr) = (0: RHR(R)) = j(R).

Definition 1.2.26. Let R be a Noetherian ring and n a nonnegative integer. A
finitely generated R-module M satisfies Serre’s condition S, if

depth(M,) > min{n, dim M,}
for every prime ideal p of R.

Proposition 1.2.27. [BS13, 12.1.18] Let (R, m) be a local ring. Suppose that wr
exists.

(i) We have
Supp wgr = {p € Spec(R) : ht(p) + dim R/p = dim R};

also the R-module wr and Hompg(w,w) satisfy the condition Ss.

(ii) If R is a homomorphic image of a Gorenstein local ring, then, for each p €
Supp wg, the localization (wg), is a canonical module for R,.
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Suppose that canonical module wg of a local ring (R, m) exists. we shall use
hR ‘R — HOIHR<OJR,WR)

to denote the natural homomorphism for which hg(r) = rld,, for all r € R.

Note that hpg is both an R-module homomorphism and a ring homomorphism,
and that Im(hg) is contained in the center of the ring Homg(wg, wr). Theorem 1.2.25
implies immediately the following.

Corollary 1.2.28. Let (R,m) be a local ring with canonical module wg. The kernel
of the map hg is j(R). Thus, wg is faithful if and only if R is equidimensional and
unmized.

Proposition 1.2.29. [BS13, 12.2.7] Suppose that wg exists. Then
hr : R — Hompg(wg, wg)

has Supp(Coker(hg)) C {p € Spec(R) : ht(p) > 2}. Thus each element of Coker(hg)
has annihilator of height at least two.

Proposition 1.2.30. [BS13, 12.2.9] Suppose R is a homomorphic image of a Goren-
stein local ring, so that wg exists. Then hgr is an isomorphism if and only if R
satisfies the condition S,.

The following variant of the Local Duality Theorem will be useful.

Theorem 1.2.31 (Local Duality Theorem). [BS13, 12.1.20] Let (R, m) be a Cohen-
Macaulay local ring of dimension d which has the canonical module wgr. Then, for
each finitely generated R-module M, there exist natural isomorphisms

HEH (M) ~ Extly (M, wg)Y
for all 1.

Corollary 1.2.32. [BS13, 12.1.21] Suppose that the local ring R is Cohen-Macaulay
of dimension d, and that wg exists. Then wgr has finite injective dimension equal to
d and is a maximal Cohen-Macaulay R-module.

Remark 1.2.33. [BS13, 12.1.27] Suppose that (R, m) is a Cohen-Macaulay local
ring of dimension d. A finitely generated R-module C' is a canonical module of R if
and only if dimy, Ext),(R/m, C) = 4 for all i > 0. Thus, if R is a Cohen-Macaulay
local ring, then the canonical module of R in our definition is a canonical module
of R in the sense of [BH98, Definition 3.3.1], that is, a finitely generated R-module
wp is a canonical module of R if it is a maximal Cohen-Macaulay R-module of type
1 and of finite injective dimension.

The next proposition lists some useful and often applied change of ring formulas
for the canonical module.

Proposition 1.2.34. [BH98, 3.3.5] Let (R,m) be a Cohen-Macaulay local ring of
dimension d, with canonical module wg. Let x = x1,...,x,,, € m. Then
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(i) x is a reqular sequence if and only if x is a wg-reqular sequence. Moreover,
when is the case, R/(x) has a canonical module and wr/xr ~ Wr/XWg.
(ii) (wr)p =~ wr,, for all p € Spec(R).
(iil) @p ~ wp.

Proposition 1.2.35. [BHO8, 3.3.3] Let (R,m) be a Cohen-Macaulay local ring. If
wg 18 a canonical module of R and x is a reqular sequence, then

Homp(M,wg) ®r R/xR ~ Hompg/xg(M/xM,wr/xwp)
for any maximal Cohen-Macaulay R-module M.

The next theorem clarify for which Cohen-Macaulay local rings the canonical
module exists.

Theorem 1.2.36. [BH98, 3.3.6] Let (R,m) be a Cohen-Macaulay local ring. The
following conditions are equivalent:

(a) R admits a canonical module;

(b) R is the homomorphic image of a Gorenstein local ring.

In the next propositions, some useful characterizations of a canonical module
will be given.

Proposition 1.2.37. [BH98, 3.3.10] Let (R, m, k) be a Cohen-Macaulay local ring
of dimension d and C' a finitely generated R-module. Then the following conditions
are equivalent:

(a) C is the canonical module of R;
(b) wi(p,C) = b, for alli >0 and all p € Spec(R), where h = ht(p);
(c) dimy, Exth(k, C) = dig. In particular, rg(C) = 1;
(d) for all mazimal Cohen-Macaulay R-module M one has

(i) Homg(M,C) is a mazimal Cohen-Macaulay R-module,

(ii) Extl(M,C) =0 fori >0,

(iii) the natural homomorphism M — Hompg(Hompg(M,C),C) is an isomor-

phism.

Note that if C' is the canonical module of R, then, by replacing M by R in the
item (d)(iii), we have a natural isomorphism R — Hompg(C, C).

Proposition 1.2.38. [BH98, 3.3.11| Let R be a Cohen-Macaulay local ring of dimen-
ston d, with canonical module wg, and M a Cohen-Macaulay R-module of dimension
t. Then

() p(M) = r(Bxtl (M, wp)),

(b) (M) = p(Extf (M, wg)),

(¢) wg is a faithful R-module, and
(i) r(wr) =1, plwr) =r(R),
(ii) Endgr(wgr) ~ R.
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1.2.3 Graded canonical module and the graded local duality
theorem
Definition 1.2.39. [BS13, 14.5.1] Let (R, m) be a graded *local ring of “dimension

d. A finitely generated R-module C' is a *canonical module (or a graded canonical
module) of R if there exists a homogeneous isomorphism

‘Homp(C, *Er(R/m)) ~ HL(R).

When R is Cohen-Macaulay, our definition is the same as the definition in [BH9S,
3.6.8]

Proposition 1.2.40. [BS13, 14.5.12] Let (R, m) be a graded Cohen-Macaulay *local
ring of *dimension d. A finitely generated R-module C is a *canonical module of R
if and only if there exists a homogeneous isomorphism

0 for i#d

‘Extly(R/m,C) ~ {R/m for i=d.

Proposition 1.2.41. [BH98, 3.6.9] Let (R, m) be a Cohen-Macaulay *local ring, and
C be a *canonical module of R. Then

(a) C is a canonical module of R,
(b) C' is uniquely determined up to homogeneous isomorphism, provided m is mazx-

imal.

Example 1.2.42. Let R = k[Xj,...,X,] be a polynomial ring over a field, and
assign to the indeterminates the degree deg(X;) = a; > 0 for all i = 0,...,n. The
‘maximal ideal of R is m = (X,...,X,) and the Koszul complex of Xj,..., X,
yields a homogeneous free resolution of R/m whose last term is R(— .1, a;). From
this one concludes that

- 0 for i#n+1
Exth(R/m, R) ~
Xt (f/m, ) {(R/m)( roai) for i=n-+1.

In other words, the *canonical module of R is R(— Y1 a;).
Proposition 1.2.43. [BH98, 3.6.11] Let (R,m) be a Cohen-Macaulay *local ring
with *canonical module wr. The following conditions are equivalent:
(a) R is a Gorenstein ring;
(b) wg ~ R(a) for some integer a € Z.
The number a occurring in Proposition 1.2.43 is a numerical invariant of the

Gorenstein focal ring (R, m), provided m is maximal. In the case of a positively
graded algebra over a field it will be given a special name.

Definition 1.2.44. Let k be a field, and R a Cohen-Macaulay positively graded
k-algebra. Then

a(R) = —min{i : (wg); # 0}

is called the a-invariant of R.
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Proposition 1.2.45. [BH9S8, 3.6.14] Let (R,m) be a Cohen-Macaulay *local ring
with *canonical module wr and x = x1,...,x, a reqular sequence of homogeneous
elements with deg(z;) = a; fori=1,...,n. Then

WR/xR (wR/wa) (Z az-).

=1

In particular, if k is a field and R is a Cohen-Macaulay positively graded k-algebra,
then

a(R/xR) = a(R) + iai.

Example 1.2.46. A graded polynomial ring R = k[X, ..., X,,] over a field k with
deg(X;) = a; > 0 has the a-invariant a(R) = — Y1 ; a;.

We now state the graded version of the local duality theorem. This will concern
the situation where (R, m) is a graded *local ring that can be expressed as a ho-
momorphic image of a graded Gorenstein flocal ring by means of a homogeneous
homomorphism. Many of the graded rings that occur in applications are finitely
generated algebras over a field, and so we are only imposing a mild restriction.

Theorem 1.2.47. [BS13, 14.4.1] Let (R, m) be a graded *local ring of *dimension d,
i.e. ht(m) = d. Assume that there is a graded Gorenstein *local ring (A, m’) and a
surjective homogeneous ring homomorphism ¢ : A — R. Let ht(m') = n. Then

(a) there exists a € Z such that H'/(A) ~ *E4(A/m')(—a);
(b) for any such a, there are homogeneous isomorphisms
H: (M) ~ *Hompg(*Exty "(M, A(a))," Er(R/m))
for all finitely generated graded R-module M and for all i > 0.

In the situation of the above theorem, the functor *D :=* Hompg(—," Er(R/m))
would seem to be an obvious graded analogue of the Matlis functor. However, there
is another approach to *D which is particularly useful when the 0-th component R,
of the focal ring R is a field.

Let (R, m) be a Noetherian flocal ring; then Ry is local with maximal ideal m.
We consider Ry as a graded ring by defining (Ry); = 0 for ¢ # 0. Similarly any Ro-
module may be consider a graded Ry-module concentrated in degree 0. Moreover,
if M is a graded R-module, it may be viewed as a graded Ry-module as well. Put
Ey := Eg,(Ro/my), we can define

M* = "Hompg, (M, Ey).
A priori, M* is a graded Ry-module whose grading is given by
(M*>,L = HOH’IRO(M,,L', Eo))

for all « € Z. But it is obvious that M* has a natural structure as a graded R-module,

and we have the identity
M* = "Hompg(M, Ey),

as a graded R-module.
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Proposition 1.2.48. [BS13, 14.4.2] There are the naturally homogeneous isomor-
phisms M* ~ *D(M), for all finitely generated graded R-module M.

Thus, it is reasonable for us to regard the functor —* = *Hompg,(—, *Ep) as the
'graded Matlis duality functor".

Theorem 1.2.49 (Graded Local Duality Theorem). [BS13, 14.5.10] Let (R, m)
be a graded Cohen-Macauley *local ring of *dimension d. Assume that R admits
a *canonical module wr. For each finitely generated graded R-module M, there are
homogeneous isomorphisms

Hy™ (M) = Extp(M,wr)" = “Hompg, (Exty(M, wg), “Eo)
for alli € 7.

In the particular case in which Ry is a field k, Er,(Ro/mg) = k, and, for a graded
R-module M = @,c; M;, the grading of the 'graded Matlis duality" is given by the
attractively simple formula

M* = *Homk(M, ]{3) = @Homk(M_l,k:)

i€Z
as a graded k-vector space or
M* = "Hompg(M, k)

as a graded R-module.

Let R = k[Xo, ..., X,] be a standard graded polynomial ring over a field k. Then
R is a Gorenstein focal ring with “canonical module R(—n — 1). Therefore, we have
the following.

Corollary 1.2.50. [BS13, 14.5.18] Let R = k[Xo, ..., X,]| be the standard graded
polynomial ring over a field k and m = (Xy,...,X,) the homogeneous maximal
ideal. For all finitely generated graded R-modules M and for all i € Z, then there
are naturally homogeneous homomorphisms

Hi(M) ~ “Homp(Extj™ (M, R(—n — 1)), k)

and
*Homp(HL (M), k) ~ Ext);™ (M, R(—n — 1)).

Proposition 1.2.51. [MNO1, Lemma 10] Let R = k[Xo, ..., X,] be the standard
graded polynomial ring over a field k. Suppose that I is a homogeneous ideals of R of
height g. Let x = x1,...,2,4 be a reqular sequence contained in I and deg(z;) = d;

foralli=1,... 9. Put J := (x): rI. Then there are exact sequences (of graded
R-modules)

g
0— (x) — J —wrn+1=> d;j) —0
j=1
and

0 — wryr(n+1- idj) — R/(x) — R/J — 0.

j=1
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Proof. We have to show that J/(x) ~ wr/r(n +1—9_, d;).
There are the following isomorphisms

J/(x) = ((%): r)/(x) ~ Homg(R/I, R/(x))

and

j=1 j=1
Thus, our claim follows from the isomorphism

Homg(R/I,R/(x)) ~ Ext%(R/I, R)(— zg: d;).

J=1

1.3 Hilbert functions and multiplicities

We will recall some definitions and notations of Hilbert function of graded modules
over a graded ring and Hilbert-Samuel function of finitely generated modules over
a local ring.

1.3.1 Hilbert functions for graded algebras

Our standard assumption in this section will be that Ry is an Artinian local ring,
and that R is finitely generated over Ry. Notice that for each finitely generated
graded R-module, the homogeneous components M, of M are finitely generated
Ro-module, and hence have finite length.

Definition 1.3.1. Let M be a graded R-module whose graded components M,
have finite lenght for all n. The numerical function HFy(—) : Z — Z with
HFy(n) = length(M,,), for all n € Z, is the Hilbert function of M, and HSy(t) :=
Sonez HEy (n)t" is the Hilbert series of M.

In this section we consider positively graded algebras over an Artinian local ring
Ry, that is, graded algebras of the form R = @;5o; where Ry is an Artinian
local ring and R is finitely generated over Ry. The generators of a positively graded
algebra may be of arbitrarily high degree.

We first give a structure result about Hilbert series.

Proposition 1.3.2. [BH98, 4.4.1] Let R be a positively graded algebra over an Ar-
tinian local ring Ry, and M # 0 be a finitely generated graded R-module of dimension
d. Then there exist positive integers ai, . ..,aq, and Q(t) € Z[t,t7] such that

Q(t)

HSu(0) = 51—

with Q1) > 0.
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Let a be the least common multiple of degrees of the generators of the algebra
R over Ry, we may write the Hilbert series of M in the above proposition as
Q(t) .
HSy(t) = ———— th 1) > 0.
)= 2 ith Q)

The next results show that the Hilbert series of the canonical module of a Cohen-
Macaulay positively graded algebra may be deduced from its Hilbert series. The
automorphism ¢ : Z[t, t7'] — Z[t,t71], p(t) =t~ can be extended to all rational
functions F'(t), and we set F'(t71) = @o(F(t)).

Theorem 1.3.3 (Stanley). [BH98, 4.4.6] Let R be a d-dimensional Cohen-Macaulay
positively graded algebra over an Artinian local ring Ry, with canonical module wg.
Suppose that R has the Hilbert series

i hat’

HSa(0) = 5 oy

(a) Then HS,,,(t) = (—1)HSR(t™Y), equivalently,

1229755 Ryt
HS,.(t) = e _Otaj)
j=1

(b) If R is Gorenstein, then HSg(t) = (—1)%*P HSp(t~1).

(c) Suppose R is a domain, and HSg(t) = (—=1)4IHSR(t™") for some integer q.
Then R is Gorenstein.

1.3.2 Hilbert functions for standard graded algebras

In this subsection we will assume that R is generated over R, by elements of degree
1, that is, R = Ry|[R;]. Recall that such a ring is said to be standard graded.

Theorem 1.3.4 (Hilbert). [BH98, 4.1.3] Let M be a finitely generated graded R-
module of dimension d. Then there exists a polynomial HPy(X) € Q[X] of degree
d — 1 such that HFy(n) = HPy(n) for all n > 0.

Definition 1.3.5. Let M be a finitely generated graded R-module of dimension
d. The unique polynomial H Py (X) € Q[X] of degree d — 1 for which HFy(n) =
H Py(n) for all n > 0 is called the Hilbert polynomial of M. We write

d-1 ;
(0 = S e (Y1)

Then the multiplicity of M is defined to be

(A =
length(M) if d=0.
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Corollary 1.3.6. Let M # 0 be a finitely generated graded R-module of dimension
d. Then there exists a unique Qu(t) € Z[t, t7] with Qpr(1) # 0 such that

HSy(t) = (?f‘j %)d.

Moreover, if Qu(t) = 3, hit', then min{i : h; # 0} is the least number such that
M; # 0.

Proof. The first part of the assertion is a consequence of Proposition 1.3.2. In order

to prove the second part, multiply both sides of HSy(t) = (llit()tz by (1 —t)¢ and

compare coefficients. n

In the next proposition we show how one can recover the coefficients e; of the
Hilbert polynomial of a module M from @Q,;. We will denote by P® the i-th formal
derivative of an element P € Z[t, t'].

Proposition 1.3.7. [BH98, 4.1.9] Under the assumptions of Corollary 1.3.0 the
following formulas hold:

Q)
]
fori=0,...,d—1. Moreover, e(M) = Qpn(1).

Remark 1.3.8. The multiplicity e(M) of M is also often called the degree of M
because of its geometric meaning. Indeed, let k be a field, and R = k[X,, ..., X,)]
with each X; is of degree one. Suppose that I is a graded ideal of R and consider
the quotient ring A = R/I. If d denotes the dimension of A then the subscheme
Proj(A) of P} is of dimension d — 1. The degree of Proj(A) over P} is defined to be
the number of points obtained by cutting out Proj(A) by d — 1 general linear forms.
To be more precise, if ¢1,...,043_1 are general linear forms of R, then the scheme
B = Proj(A/(y,...,0;_1)) is finite and we set

degPZ(PrOj(A)) = dimy I'(B,0p) = dimg A,/ (01, ..., La—1),

for all sufficiently large v. It turns out that this geometric degree equals the multi-
plicity of A, i.e. we have
degpg(PTOj(A)) = e(A).

Theorem 1.3.9 (Grothendieck-Serre). [BHI8, 4.4.3] Let R be a positively standard
graded algebra over a field Ry =k, and M # 0 a finitely generated graded R-module
of dimension d. Denote the homogenous mazximal ideal of R by m = @;>0R;. For
every d € Z
i>0

Theorem 1.3.10. [BS13, 17.1.11] Let R be a positively standard graded algebra
such that Ry is Artinian. Let M # 0 be a finitely generated graded R-module and i
a nonnegative integer. Then there exists a polynomial HPi, € Q[X] of degree less
than i such that

HE%MM@:HmNﬁfMM1d<0
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Proposition 1.3.11. [MNO1, Corollary 9] Let k be a field, and R = k[ X, ..., X,]
with each X; is of degree one. Let I be a graded ideal of codimension g < n and
X 1= I1,...,%, a reqular sequence contained in I. Put J = (x): gl. Setting X =

Proj(R/I), Y = Proj(R/J) and Z = Proj(R/(x)). Then we have
deg(X) + deg(Y') = deg(2).

Proof. Suppose that deg(z;) = d; foralli =1,...,g. By Theorem 1.3.10, the degree
of the Hilbert polynomial of H: (R/I) is at most i — 1. Therefore, by Theorem 1.3.9,
we obtain for all d < 0

_HPR/[(d) = (_1)n+1—9 dlmk Hnﬂ{-i-l—g(R/]—)d _|_ O(dn_l_g)
(—1)"* 9 dimy (wryr)—a + O(d™179).

Combined with the standard exact sequence in Proposition 1.2.51, this provides

g
HPpys(d) = HPrjp(d) + (=1)"*HPg;(3_dj —n —1—d) + O(d"~'79).

j=1
Comparing coefficients we get if g < n

deg(X) = deg(Z) — deg(Y).

1.3.3 Macaulay’s theorem for Hilbert functions

In this subsection we recall a beautiful theorem of Macaulay describing exactly
those numerical functions which occur as the Hilbert function H Fg(n) of a standard
graded k-algebra R, k is a field.

Let R = @,,>0 R, be a standard graded k-algebra, where Ry = k is a field. We
will show that R has an k-basic consisting of monomials in basic z1, ..., x,, of R;.
We are going to define this basic of monomials on the level of the polynomial ring.
So let

T kX, X — R

be the surjective k-algebra homomorphism with 7(X;) = x;.

Definition 1.3.12. A nonempty set 9t of monomials in the indeterminates X1, ..., X,,
is called an order ideal of monomials if the following holds: whenever m € 991 and

a monomial m’ divides m, then m' € 9M. Equivalently, if X{*--- X% € 9 and
0<b <a;fori=1,...,m,then X2 ... Xt c .

Remark 1.3.13. An order ideal of monomials 9 is not an k-basis of an ideal, let
alone an ideal. Quite the contrary, if we let Ct be the complement of 91 in the set
of all monomials, then C9N is an k-basis of the ideal generated by the monomials
m € CIN.
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Theorem 1.3.14 (Macaulay). [BH98, 4.2.3] Let R be a standard graded k-algebra,
k is a field. Further let xq,...,2,, be an k-basis of Ry, and 7 : k[X1,..., X, — R
be the surjective k-algebra homomorphism with w(X;) = x; fori =1,...,m. Then
there exists an order ideal MM of monomials such that ©(IM) is an k-basis of R.

Theorem 1.3.14 and Remark 1.3.13 immediately imply:

Corollary 1.3.15. Let J be the ideal which is generated by the monomials in CN.
Then the standard graded k-algebra R and k[X, ..., X,,]/J have the same Hilbert
function. In particular, all Hilbert functions of standard graded rings arise as Hilbert
function of standard graded rings whose defining ideal is generated by monomials.

The set of monomials C9 associated with R can be described differently. First,
we recall the following definition.

Definition 1.3.16. A monomial order < on k[X7,...,X,,] is a total ordering on
the set of monomials of k[ X1, ..., X,,] having two additional properties:

(i) 1 < m for every monomial m # 1.

(ii) whenever m; < mg and c is a monomial, then cmy < cmes.

Now let < be a monomial order on k[Xy,...,X,]. Let I = Ker(r), and set
LT(I) = {LT(f): f € I}, where LT(f) denotes the leading monomial of f, that is,
the monomial occurring in f which is maximal with respect to < . Then LT () =
COM. Indeed, let v € LT(I), and choose f € I, f = > | \;u; with monomials v; such
that v = LT(f) = v,. Assume v,, ¢ CON, then v, € M, and so

0 % 7T('Un) = —nz:: /\;1)\171'('112)

Each m(v;) is a linear combination Y a;;m(u;), a;; € k,u; € M u; < v; < v,. Re-
placing the 7(v;) in the above equation by their linear combinations gives a repre-
sentation as a nontrivial combination of elements in 7 (9%). This contradicts Theo-
rem 1.3.14.

Conversely, suppose v € CIM. Then 7(v) = X \w(u;) with u; € M u; < v.
Hence, if we set f =v — Y \im(uw;), then 7(f) =0 and LT(f) = v.

Set in(7) is the ideal of k[ X1, ..., X,,] generated by LT (7). Then in(7) is finitely
generated. Therefore there exist polynomials fi,...,f, € [ such that in(/) =
(LT(f1),...,LT(f,)). Any such subset of I is called a Grébner or standard basis
of I. Note that any Grobner basis of I generates I.

Let n,d > 0 be two integers. We write

d+1)(d+2)--n -
" = % if0<d<n
d 0 otherwise.

Lemma 1.3.17. [BHO8, 4.2.6] Let d be a positive integer. Any a € N can be written

uniquely in the form
mgq mg—1 my
_ 1.
= () () e () =

where mg > mg_1 > -+ > mq > 0.
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Skipping the summands which are zero in (1.3) we get the following definition.

Definition 1.3.18. Let a and d two positive integers.

(a) The d-binomial expansion of a is the unique expression

() )ee)

where mg > mg_1 >--->m; > 5> 1.

(b) If a has d-binomial expansion as in (1.4), then we set

<> [ma+1 Mmg—1 +1 m; + 1
¢ —<d+1>+< a )T )

For example, the 5-binomial expansion of 76 is

=)+ )+
w00+ ()

Definition 1.3.19. A sequence of non-negative integers {c¢; : i > 0} is called an
O-sequence if

SO

<i>
1 )

co=1land ¢y <c

for all 7 > 1.

The importance of the binomial expansions described above becomes apparent
from the following beautiful theorem of Macaulay:

Theorem 1.3.20 (Macaulay). [BH98, 4.2.10] Let k be a field and h : N — N qa

numerical function. The following conditions are equivalent:

(i) there exists a standard graded k-algebra R with Hilbert function HFg(n) =
h(n) for all n > 0;

(i) there exists a standard graded k-algebra R with monomial relations and with
Hilbert function HFg(n) = h(n) for all n > 0;

(iii) {h(n):n >0} is an O-sequence;

(iv) let m = h(1), and for each n > 0 let M, be the first h(n) monomials in the

variables X1, ..., X,, of degree n in the reverse degree-lexicographical order;
set M = U0 Ma; then M is an order ideal of monomials.
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1.3.4 Hilbert-Samuel functions and multiplicities

Let R be a ring and I an ideal of R. Set

gr;(R) =@ 1"/1".

n>0

An element I"/I™"! can be expressed as a linear combination of products of n
elements of I/I?, so that gr;(R) is generated over the subring gr;(R)y = R/I by
elements of I/I%. If I = (1,...,z,) and & denotes the image of x; in I/I?* then

ng(R) = (R/I)[§17”'7€7’]7

and gr;(R) is a quotient of the polynomial (R/I)[Xy,...,X,] as graded algebras.
Therefore gr;(R) is a standard graded algebra.

Definition 1.3.21. Let R be a ring and [ an ideal of R. The associated graded ring
of R with respect to I is defined by

gr(R) =1/

i>0
Let M be an R-module. If we set

gr, (M) =P rm/r'm

120

then gr;(M) is in a natural way a graded module over gr;(R).

Let (R,m) be a Noetherian local ring. If I is a ideal of R such that for some
v > 0 we have m” C I C m, we call [ an ideal of definition. As R/I is Artinian local
ring, the homogeneous components I"M/I""*M of gr;(M) are finitely generated
R/I-module, and hence have finite length.

Definition 1.3.22. The first iterated Hilbert function

Xar(n) = 3 HFyeyan)(n)
i=0
= length(I"M/I""* M) = length(M/I"*" M)

1=0

is called the Hilbert-Samuel function of M, and e(I, M) := e(gr;(M)) the multiplicity
of I in M.

As an immediate consequence of Theorem 1.3.4, there exists a polynomial S,(X) €
Q[X] of degree d = dim(M) such that x%,(n) = S%,(n) for n > 0. This polynomial
is called the Hilbert-Samuel polynomial of M with respect to I and it can be written
of form:

I.M
Si(X) = el ;l' )Xd + terms of lower powers in X.

The multiplicity e(Z, M) of I in M is also called the algebraic multiplicity one can
define the algebraic multiplicity of a zero-dimensional subscheme as follows: Let J be
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a graded ideal of a N-graded ring R such that B = Proj(R/J) is a finite subscheme
of Proj(R). For each = € B, we denote p by the defining ideal of z. Then its algebraic
multiplicity is defined by

e(B,Proj(R)) :== > _ e(Jy, Ry).

zeB

Definition 1.3.23. Let R be a Noetherian local ring, I a proper ideal, and M a
finitely generated R-module. An ideal J C [ is called a reduction ideal of I with
respect to M if JI"M = I"*'M for some (or equivalently all) n > 0.

Proposition 1.3.24. [BH98, 4.6.10] Let (R, m) be a Noetherian local ring with infi-
nite residue class field, M a finitely generated R-module, and I an ideal of definition

of M. Then there exists a system of parameters x of M such that (x) is a reduction
ideal of I with respect to M. Moreover, e(1, M) = e((x), M).

1.4 Spectral sequences

In this section, we are going to collect some necessary notations and terminologies
about spectral sequences.

1.4.1 Definition of spectral sequences

Definition 1.4.1. A spectral sequence (starting with °E ) in an abelian category €
consists of the following data:
(i) A family {"EP?} defined for all p,q € Z and r > 0.

(ii) Maps d?4: "EP? — TEPTTH are differentials in the sense that d,.d, = 0
for all r > 0.

(iii) There is isomorphisms between "1 EP? and homology of "E** at the spot "EP?:

r+1Ep,q ~ Ker(df’q) )
Im (d};—r,q—‘r’r—l )

Note that "1 EP? is a subquotient of "EP9. The total degree of the term "EP? is
n = p + q; the terms of total degree n lie on a line of slop 1, and each differential
dP? increases the total degree by one.

Definition 1.4.2.

(a) A spectral sequence is called bounded if for each n there are only finitely many
nonzero terms of total degree degree n in °E**; more precisely there is an r
such that "EP? = " EPY for all p,q € Z and r > ry. We write “EP? for this
stable value of "EP,

(b) A bounded spectral sequence is called converges to a given family {H"} of
objects of an abelian category €, if we have a finite filtration for each H™ :

0=F'H"C..-.C FPP'H" Cc FPH" C FP"'H" C ... C F'H" = H",
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and we are given isomorphisms
[P Epr+a
Fr+l Hpta

and write "EPY = HP' to represent this fact.

ORI —

Definition 1.4.3. A spectral sequence collapses at "E (r > 2) if there is exactly
one nonzero row or column in the lattice {"EP?}. If a collapsing spectral sequence
converges to H*, we can read the H™ off: H" is the unique nonzero "E? with
p+¢q = n. The overwhelming majority of all applications of spectral sequence involve
spectral sequence that collapses at 'E or 2E.

For a spectral sequence, each ""'EP? is a subquotient of the previous term "EP9.
By induction on r, we see that there is a nested family of subobjects of "EP :

0=Bc---CcBMfMCcBY,C---Cczlicztic...CcZyl= "EP

such that "EP? ~ ZP4 /B4 We introduce the intermediate objects
o [e.e]
BYi =) B and ZB7=()ZP¢
r=0 r=0
and define *EP? = ZP4 /BP9, In a bounded spectral sequence, both the union and
intersection are finite, so B2? = BP4 and Z2? = ZP4 for large r. Thus we recover
our earlier definition *EP? = "EP1 for large r.

1.4.2 Spectral sequences of a double complex

Where do interesting spectral sequences come from? Most of the applications in
algebra have to do with a spectral sequence that arises from a double complex C.
More precisely, there are two filtrations associated to every double complex, resulting
in two spectral sequences related to homology of Tot(C').

Let C = C** be a double complex in an abelian category €

e (P Ll ope-l L Ooptle-l oL

. s (OprLa P4 Ccprtlha o ...

o (P Lt opg-l L Ooptletl oL

The total complex G = Tot(C) is defined by G" = @, ;—,C"I. There are two natural
filtrations on the total complex - vertical filtration and horizontal filtration. The
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horizontal filtration is defined by subcomplex PF?, (G), where PFp. (G) comes from
the rows of C' where the second index > p. Similarly, the vertical filtration ?F, (G)

is the subcomplex coming from the columns of C' where the first index > p. More
fomally, we let

PFi(G) = @ Cn

mz>p

pFn (G) — @ Cm,n—m

ver
m2>p

with differential defined as the restrcition of the differential of G.

Theorem 1.4.4. [Eis95, Theorem A.3.24] Let C' = C?? be a double complex in an
abelian category A. There are two spectral sequences " By, and " Ey., determined by
the filtrations P, (Tot(C)) and PFS, (Tot(C)) with

ver

By = CP1 LB = Hy, (C*F) 2ERG = HE Hy, (C)

hor ver

Bl = O B = HIL(CP) B = HiWHL(C)

ver ver hor

If CP1 =0 for allp <0 and ¢ <0 orp >0 and q > 0, then both spectral sequences
"Ehor and " Ey, converge to HPT4(Tot(C')).
1.5 Koszul complexes and approximation complexes

We give here a discussion on the most useful complexes in commutative algebra:
Koszul complexes and approximation complexes, in particular, their applications on
the implicitization problem.

1.5.1 Koszul complexes

Let R be a ring and x := x1,...,z, a sequence of elements in R. Suppose that
{e1,...,e,} denotes the canonical basis of R", then we define Ky(x) = R and for
allp > 1
p
K,(x) = &y Rej, N+ Ney, ~ \ R",

1<i1 <<ip<n

where AP R" is the p-th exterior power of R"™. Moreover, the differential
o Kp(x) — K, 1(x)

sends a basis element e;; A--- Ae;, to
¢ k1
3;;(61-1 /\---/\e,-p) = Z(—l) + T4, €4q N /\é\zk /\---/\eip,
k=1

where the symbol é; indicates that e; has been omitted from the exterior product.
The collection of the maps J; defines a graded R-homomorphism

o NR* — \R"
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of degree —1. By a straightforward calculation one verifies the following identities:
P00 =0 and 0*(aAb)=0%(a) Ab+ (—1)%% A (D)
for all homogeneous a,b € A R". To say that 0* o 0* = 0 is to say that

X X
o

s 2
Ko(x): 0—=A\"R" > A\""'"R"——... — \'R" —> R——0.

is a complex. The second equation expresses that 0* is an antiderivation (of degree
—-1).

Definition 1.5.1. The complex K,(x) is called the Koszul complez of x. More
generally, if M is an R-module, then K(x; M) := K,(x) ®g M, is called the Koszul
complex of x with coefficients in M; its differential is denoted by 05%;.

Proposition 1.5.2. Let R be a ring, X a sequence of elements in R and M an
R-module.

(a) The Koszul compler K4(x) carries the structure of an associative graded al-
ternating algebra, namely that \ R™. Its differential 0* is an antiderivation of
degree —1.

(b) The Koszul complex Ko(x; M) is a Ko(x)-module in a natural way.

(c) One has 9%(a.b) = 0%(a).b+ (—1)4e@q.0%,(b) for all homogeneous element a
of Ke(x) and all element b € Ko(x; M).

Proof. Ttem (a) derives immediately from the construction of Koszul complex. Item
(b) is obvious: if A is an R-algebra, then A®g M is an A-module for every R-module
M. For item (c), it is enough to verify the equation for elements y = w ® z with
w € Ko(x),z € M. Then 0% (z.w ® z) = 05 ((xr ANw) ® z) = 0*(x Aw) ® z, and the

rest follows from the fact that 9% is an antiderivation. O
Set
Zo(x) := Ker 0* Zo(x; M) := Ker 0%,
B(x) :=Im 0* Be(x; M) :=Im 0%,

Ho(X) := Z¢(X)/Be(x) He(x; M) := Zo(x; M)/ Be(x; M).

Definition 1.5.3. Z,(x), B.(x) and H,(x) are called the Koszul cycle of x, the
Koszul boundary of x and the Koszul homology of x, respectively. We say that
Zo(x; M), Be(x; M) and He(x; M) are the Koszul cycle of x with coefficients in M,
the Koszul boundary of x with coefficients in M, and the Koszul homology of x with
coefficients in M, respectively.

It is also useful to introduce the Koszul cohomology (with coeficients in M ): we
set

K*(x) = Homg(K.(x), R) K*(x; M) =Hompg(K.(x; M), R)
He(x) = HY(K*(x)) | He(xi M) = H*(K*(x. M)).

Let I be an ideal of R generated by these elements x4, ..., z,. Then, by construction,
Hy(x) = R/I and Hy(x; M) = M/IM.
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Proposition 1.5.4. [BHO8, 1.6.5] Let R be a ring, x = 1, ...,x, a sequence in R,
and M an R-module. Set I = (x).

(a) For every a € I multiplication by a on Ke(x), Ke(x; M), K*(x), K*(x; M) is
null-homotopic.

(b) In particular, I annihilates Ho(X), Ho(x; M), H*(x), H®*(x; M).

(¢) If I = R, then the complexes Ko(x), K¢(x; M), K*(x), K*(x; M) are null-
homotopic.In particular their (co)homology vanishes.

Proposition 1.5.5. Let R be a ring and x = x1,...,%, a sequence R. If [ = (x) =
R, then Z;(x) ~ AR,

Proof. Since I = R, H;(x) =0, for all i by Proposition 1.5.4(c). As K;(x) ~ /Z\R",
using induction on ¢ and the sequence exact

00— Z;j(x) —= K;(x) —= Z;_1(x) —=0
is split for all 1 < i < n. O

Lemma 1.5.6 (Koszul-Hilbert’s lemma). Let R be a commutative ring and n a
positive integer. Let p stand for an (n + 1) X n matriz with arbitrary entries in R
and A = {Ay,..., A} stand for its (ordered, signed) n-minors. Then the Koszul

relations of A belong to the submodule
Im(p) C R

Proof. Let S = Z[X] be a polynomial ring in (n + 1) X n indeterminates and let x
denote the corresponding (n + 1) x n matrix whose entries are X. Then the ideal
of Z[X] generate by the n-minors of x has graded > 2. Indeed, this is clear as, say,
Ay € Z[X] generate a prime ideal and, say, A, is not a multiple of A;.

As a consequence, the Hilbert-Burch theorem [Eis95, Theorem 20.15] says that
the sequence

0 — Z[X]" —> Z[X]" T 2~ 7Z[X]
is exact. Clearly, then the Koszul relations of A belong to the image of the map x
as this is exactly the matrix of the first syzygies of A.

Now specialize the variables X to the entries of p by means of the obvious
homomorphism Z[X] — R extending the inclusion Z — R (n — n - 1g). Since
the formation of determinants and the Koszul complex specialize, it is clear that the
specialization preserves the above relation. O

Proposition 1.5.7. [BH98, 1.6.10] Let x = x1, ..., 2, be a sequence in a ring R.

(a) The complezes Ko(x) and K*(x) are isomorphic (we say that K.(x) is self-
dual).

(b) More generally, for every R-module M the complezes Ko(x; M) and K*(x; M)
are isomorphic, and

(c) Hi(x; M)~ H" " (x; M) fori=0,...,n.
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Proposition 1.5.8. [BH98, 1.6.16] Let R be a ring, X = x1,...,%, a Sequence in
R, and M an R-module. If I = (x) contains a reqular sequence y := yi,...,Ym ON
M, then

Hypoi(x; M)=0 fori=1,...,m, and
H, p(x; M) ~Homp(R/I, M/yM) ~ Exty(R/I,M).
Theorem 1.5.9. [BH98, 1.6.17] Let R be a Noetherian ring, and M a finitely gen-
erated R-module. Suppose that I is an ideal of R generated by x := x4, ..., x,.
(i) All the modules H;(x; M), i =0, ..., n, vanish if and only if M = I M.
(i) Suppose that H;(x; M) # 0 for some i, and let

h = max{i: H;(x; M) # 0}.

Then every maximal M -regular sequence in I has length g = n — h; in other
words, depth, (M) =n — h.

Proposition 1.5.10. [Vas05, 5.4] Let R be a Noetherian ring and I an ideal of R
generated by x := x1,...,x,. Suppose that M is a finitely generated R-module such
that IM # M and depth;(M) = g. If a = a4, ..., a4 is a mazimal reqular sequence
on M contained in I, then

H,_,(x; M) ~ Ext%(R/I, M) ~ Homg(R/I, M/aM) ~ (aM: rI)/aMl.

In the case that R is a Cohen-Macaulay ring with a canonical module wg, and
I = (x) is an ideal of codimension g, the last non-vanishing homology module of
Ko(x;wg) is Ext%(R/I,wg), the canonical module of R/I.

Proposition 1.5.11. [Vas05, 5.17] Let R be a Cohen-Macaulay local ring. If I =
(x) is an unmized ideal then all nonzero homology modules of Ko(x; R) have Krull
dimension equal to dim R/I.

The next theorem gives a criterion for a sequence being M-regular sequence.

Theorem 1.5.12. [BH98, 1.6.19] Let (R, m) be a Noetherian local ring, M # 0 a
finitely generated R-module, and I C m an ideal generated by x := x1,...,x,. Then
the following are equivalent:

(i) depth, M = n;

(i) Hi(x; M) =0 for all i > 0;
(i) Hy(x; M) =0;
(iv) x is an M-regular sequence.

To close this subsection, we recall a result of Busé and Chardin on the cycles of
certain Koszul complexes.

Proposition 1.5.13. [BC05, Lemma 1] Let R = k[Xo, ..., X,,_1] be the standard
graded polynomial ring over a field k and £ = fo,..., fn € R be homogeneous
polynomials of positive degrees dy, .. .,d,. Suppose that dim(R/I) < 1, where I is
the ideal of R generated by fo, ..., fn. Denotem := (Xo, ..., X,,_1), 0 :=do+- - -+d,.
Then
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(i) Hy(f) #0 fori = 0,1, H;(f) =0 for i > 2 and Hy(f) is zero if and only if
dim(R/I) = 0. If dim(R/I) =1, Hy(f) ~ wg/[n — o).

(ii) If n > 3, then

0 for 1=0,1
H (Z (f)) ~ Hr?l(Hz—p(f))*[n - U] for i =
WPV  Hy () [ — o) for 2<i<n
Zp—p(£)*[n — o] for i=n

where —* := *Homp(—, k).

1.5.2 Approximation complexes

Let R be a Noetherian ring, x = x1,...,x, a sequence in R, and M a finitely gen-
erated R-module. There is a double complex (£,,,0,0) : £.5 = M @r N (F) @r
Sym®%(F), with A"(F) the r-th exterior power of F' and Sym?%(F’) the s-th symmetric
power of F, where F'is a free R-module with basis {e,...,e,} — one generator for
cach element in the sequence x. We shall also denote S = Symy(F) = R[T},...,T,].
The differential 95, and 03, are, respectively, obtained by viewing £ as either
Ko(x; M) @ S = Ko(x; M ®p 5), the Koszul complex of the sequence x C S with
coefficients in M @z S; or as Ko(T; M @z .S), the Koszul complex of T :=Ty,...,T,
with coefficients in M ®z S. Now we consider the following double complex

0 0 0
i s I
0—— M ®g S(—n) M"®rS(—n) ———— M ®r S(—n) ——0
a5 Chy Chy
n I O 2 rm n N n
00— Me@rS"(l-—n) — -+ ——M"®@rS"(1—n) —> M ®@r S"(1 —n) ——0
9 s Gl
Cly O Chv
n O O 2 rm n I n
0—— M ®r S™(-1) M"®@gr S"(-1) ————= M ®r S"(-1) ——0
A O Gl
R R n R
00— M®grS M" Qg S M®prS——— 0
0 0 0

It is easy to verify that

&y o0y, + 0y 005 =0.

If we denote by ZM := Z,(x; M) the cycles of K,(x; M) and by HM := H,(x; M)
its homologies, the (skew)-commutativity of 9%, and 93, yield several new complexes
among which we single out those defined as follows.
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Definition 1.5.14. Let I be an ideal generated by the sequence x = zq,...,x,
in R. The approzximation complexes of x are the following chain complexes of S =
R[Ty,...,T,]-modules:

ZJ(x; M) ={ZM @ S, 07}
Mo(x; M) = {HM ®5 S, 0%},

called, respectively, the Z-complex and the M-complezx of I with coefficients in M.

We consider S as a standard graded algebra over R. The Z-complex, as well the
M-complex, are graded complexes over S. The ¢-th homogeneous part Z;(x; M) of
Z.(x; M) is a complex of finitely generated R-modules of the form

M ]”\r/[ JE M 8}} M
0—=2 @prSt-n—=——=2" Qr S4-1 —= 2" ®p Sy —=0

In a similar manner M,(x; M) is a complex of finitely generated R-modules. For
certain uses, however, we must view Z,(x; M) and M,(x; M) as complexes over the
polynomial ring S. Thus, for instance, the Z-complex Z,(x; M) is

M o %1 u Y
0—=ZM @5 S(—n) s . 2L ZM @ §(—1) -2 ZM @ § —5 0

that can be written

s i i

0— ZY[T|(—n) —> - —= Z{[T|(-1) ——= M[T] —0

where N (k) denotes the graded S-module with Ny, for its component in degree
m.

Proposition 1.5.15. The homology modules of the complezes Z4(x; M) and Mq(x; M)
do not depend on the generating set x of the ideal I.

Proof. See Proposition 3.2.6 and Corollary 3.2.7 of [Vas94] or [HSV83b, §3]. O

For this reason we shall often denote these complexes by Z,(1; M) and M. (I; M),
or if [ is fixed in a discussion, by Z4(M) and M(M). If M is fixed as well, as above
we shall denote the complexes simply by Z, and M,.

A major source of interest for introducing these complexes occur when one takes
M = R. The Z, and M, are then differential graded algebras with Hy(Z,) = Sy and
Ho(M,) = Symp(I/1?) with I = (x). They permit comparisons of these rings to the
more standard blowing-up algebras represented by the Rees algebra Ry := @507
and the associated graded ring gr;(R) := @®;>0l7 /7.

There are natural surjections

a: Hy(Z(I; M) — Ri(M) := @50’ M = associated Rees module,
and
B Ho(Mo(I; M)) — gr;(M) := @50’ M/’ M = associated graded module.
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Proposition 1.5.16. Let R be a Noetherian ring and M a finitely generated R-
module. Suppose that I = (x1,...,x,) is an ideal of R. Then the homology modules
of the Z-complex Zqo(x; M) are Sr-modules.

Proof. We identify S; with S/£, where £ = 9T(Z,(x; R)). The Koszul complex
KM := K,®s M[T},...,T,] is a (homologically) graded S-module over the exterior
algebra K, = A\ S™. It is a multiplication,

K; @5 K" — K[

sending * ® (y ® m) to (z A y) ® m, satisfying 93,(p.q) = 0¥ (p).q + (—1)'p.0%;(q)
and 9% (p.q) = 0%(p).q + (=1)'p.0%(q) by Proposition 1.5.2(c). This map restricts
to a map

Zi(x;9) ®s Zi(x; M) — Zij(x; M)

(and similarly for cycles with repect to 9T).

Let a be a j-th cycle of Z,(x; M). We have to show that for any syzygy b =
(bi,...,bn) € Z1(x; R) C R", 0T (b).a = (3; b;T;).cv is a border.

By the above formula giving the action of T on a product (in the case i = 1),

Oy (b.a) = 0T (b).a — b.03; (o) = 9T (b).cx,
as « is a cycle for 93;. Hence 9T (b).« is the image of b.aw € Z;11(x; M). O

We next study the acyclicity of these complexes. To do it, we need some defini-
tions of the various regular sequences we shall be interested in.

Definition 1.5.17. Let x = x1,...,2, be a sequence of elements of a ring R,
I = (z1,...,2,) an ideal of R and M a R-module. We say that x is a
1. d-sequence with respect to M, if
a) x is a minimal generating set of the ideal [;

b) (x1,...,z;)M: yxiix, = (x1,...,2)M: yay, for i =0,...,n —1 and
k>1i+1.

2. proper sequence with respect to M, if z; .1 H;(zy,...,2;; M) = 0, for ¢ =
0,...,m, 7>0.
These conditions are related in the following way:

regular sequence = d-sequence = proper sequence.

The acyclicity of the Z,(x; M)-complexes and M, (x; M )-complexes bears a striking
resemblance to that of an ordinary Koszul complex K, (x; M), with the role of regular
sequences being played by the proper sequences and d-sequences.

Theorem 1.5.18. [HSV83a, Theorem 4.1] Let (R,m) be a local ring with infinite
residue field. Let I = (x) be an ideal of R and M a finitely generated R-module.
Then the following conditions are equivalent:

(a) Mq(x; M) is acyclic;
(b) I is generated by a d-sequence with respect to M.
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Theorem 1.5.19. [HSV83b, Theorem 12.9] Let (R, m) be a local ring with infinite
residue field. Let I = (x) be an ideal of R and M a finitely generated R-module.
Then the following conditions are equivalent :

(a) Zo(x; M) is acyclic;
(b) I is generated by a proper sequence with respect to M.

Finally, we recall some results on implicitizing rational hypersurfaces using ap-
proximation complexes. Let f := fy,..., f, be n + 1 homogeneous polynomials in
R = k[Xy, ..., X, 1] of the same degree d > 1. Denoting by Z; the i-th cycles of the
Koszul complex of the f on R, we set Z; := Z;[id] @ R|T|, where T := Ty, ..., T,
and [—] (respectively (—)) stands for the degree shift in the X/s (respectively in the
T;’s). Note that 2,11 = 0, the Z,(f)-complex is of form

9% or

20— Zy(—n) e Zy(—2) 22 Z,(—1) > Z, = R[T).

It is a naturally a bigraded complex, and Hy(Z,) ~ Sympg(I). We now give some
acyclicity criterions in the case where I = (fy,..., f,) define isolated points in
Proj(R). Set m = (Xo, ..., X,—1).

Proposition 1.5.20. [BC05, Lemma 2| Suppose that I = (fo,..., fn) is of codi-
mension at least n — 1, k is infinite, and set B := Proj(R/I). Then the following
are equivalent:

(1) Z, is acyclic;

(2) Z, is acyclic outside V(m);
(3
(
(

1 is generated by a proper sequence;

5) B is locally defined by n equations.

)

)
4) B is locally defined by a proper sequence;

)
Theorem 1.5.21. [BC05, Theorem 4| Let n > 3. Let I = (fo,..., fn) be an ideal
of R, B := Proj(R/I) and I**" the saturation of I with respect to m. Assume that
k is infinite and that dim B < 0, that is, B define a finite number of base points in
Proj(R), possibly empty. Then we have

(1) 2, is acyclic if and only if B is locally defined by n equations.

(2) Letv > vy := (n—1)(d—1)—indeg(I**"). Then HY(Symg(I))p) = 0. Moreover
(Ze)1) @iy k[T is acyclic if and only if Z, acyclic.

(3) Let v > vy and assume that B is locally defined by n equations. Then D =
det((Za))) is a non zero homogeneous element of k[T], independent of v (mod-
ulo k* ), of degree d"1 — > pes dyp. Denoting by H the closed image of the ra-
tional map ¢ : Py~' — PP, D = HY G where H is an implicit equation of
H. Moreover G € k> if and only if B is locally of linear type, and if and only
if B is locally a complete intersection.
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1.6 Rational maps and Jacobian dual criterion of
birationality

In this section, we recall some definitions and notations on rational maps. Let k
be an algebraically closed field. We are given nondegenerate irreducible projective
variety X C P}, with homogeneous coordinate ring R := k[X] = k[X]/[(X) =
k[ Xo, ..., Xm]/I(V). A rational map F : X --» P} is defined by homogeneous poly-
nomial fy,..., f, € R of the same degree d, the tuple f := fy,..., f, is called a
representative of F and the f;’s are its coordinates.

There is nothing unique about the choice of fy, ..., f,. However, any other choice
of such a representative of F, say, f{,..., f,, necessarily satisfies the condition that
the (2 x 2)-minors of the matrix

fo i o fa
fo fio- I
vanish (as elements of the homogeneous coordinate ring R.)

If f and f" are two representatives of F, then they induce a k-isomorphism of
the respective representative algebras k[f] and k[f'], such that f; <> f]. Although
this isomorphism is graded, it is not homogeneous (of degree zero). Nevertheless,
one can renormalize the gradings of all these algebras so that they become standard
k-algebras. What this actually means is that one can take a common polynomial
representative S = k[Y|/J = k[Yy, ..., Y,]/J ~ k[f] for all the representative of F,
with S is standard. We call Y = Proj(S) C P} the image of F.

Proposition 1.6.1. [Sim04, Proposition 1.1] Let F : X --» P} be a rational map
and £ = fo,..., fu a representative of F. Set I = (f) C R. Then the set of represen-
tatives of F correspond bijectively to the homogeneous vectors in the rank one graded
R-module Hompg(I, R). In particular, F is uniquely represented up to proportionality
if and only if I has grade at least two.

Proof. Given another representative f' = f,..., f/ of F, then by definition

fo fio )
IQ(fé £l f,;>‘0’

i.e., the two sets f and f’ are proportional by a factor which is a homogeneous
element of the field of fractions K of R. This establishes a bijection between the set
of representatives of F and the set of homogeneous elements of K that drive I = (f)
into R. The last one generates the fractional ideal R: I ~ Hompg(I, R). Finally, it
is known that the natural inclusion R C Homg(/, R) is an equality if and only if [
has grade at least two. Therefore, F is uniquely represented up to proportionality
if and only if I has graded at least two. O]

The above proposition motivates the following notion.
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Definition 1.6.2. The degree sequence of the rational map F : X --» P} is the
sequence dy < --- < d, of degrees of a minimal set of generators of Hompg((f), R),
where f is a representative of F.

The previous proposition shows that the degree sequence of F depends solely on
F and not on the choice of representative. In particular, if for one representative f
the corresponding ideal has grade at least two - for example, if X = IP}” - then every
representative of F is a multiple of f by a factor which is a homogeneous element
of k[X]. Clearly, this is then the unique (up to a nonzero factor in the base field k)
representative with this property. In this case, the degree sequence consists of an
unique number, namely, the degree of f. This degree will then be said the degree
of F and the corresponding representative will generate the (uniquely defined) base
ideal of F.

Definition 1.6.3. Given a rational map F : X --» P} and let Y C P} denote its
image. One says that F is birational onto its image if there exists a rational map
G :Y --» PJ” whose image is X such that F and G are inverse to each other.

Proposition 1.6.4. [Sim04, Proposition 2.1] Let X C Py and Y C P} denote
subvarieties of positive dimension and let F : X --+ P} and G : Y --» P} stand for
rational maps with image Y and X, respectively (so that, in particular, dim X =
dim Y). Let R = k[X]/I(X) and S = k[Y]/I(Y) denote the respective homogeneous
coordinate ring of X and Y. Fix sets of forms £ = fo,..., fn € k[X] and g =
9o, - - -, gm € kY] whose respective residues in R and S are representatives of F and
G. The following are equivalent conditions:

(i) F and G are inverse to each other;
(ii) the identity map of k[X, T|/(I(X),I(Y)) induces a bigraded isomorphism

1D (0100

RR( 1(X) I(Y)

of Rees algebras.

Consider the bigrading of the Rees algebra Rr(f) in more detail. Let F :
X --» P} be a rational map and f = fy,..., f, be a representative of F. Let
R[Y] = R[Yy,...,Y,] be a polynomial ring over R with the standard bigrading
where deg(X;) = (1,0) and deg(Y;) = (0,1). Since I = (f) is generated in a fixed
degree, the Rees algebra

Rr(I)=R®I®[*® -~ R[It] C R[t]

is a standard bigraded k-algebra. The map Y; — f;t yields a presentation R[Y]/Jr ~
Rgr(I), with J¢ a bihomogeneous defining ideal. Note that if f and f’ denote two
representatives of F, then J¢ = Jp so that Rr((f)) ~ Rr((f')). Therefore, J¢ de-
pends only on the rational map and not on any of its representative, we write J for
the defining ideal of the Rees algebra Rg([). Write

J = @ Tp.a)s

(p,q)EN?
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where 7, 4) denotes the k-vector space of forms of bidegree (p, q).

First focus on J(o ), which is spanned by the forms of bidegree (0, ¢) for all ¢ > 1.
Since these forms have coefficients only in k, one can view as elements of k[Y]. As
such they generate the ideal of all polynomial relations (over k) of f. Thus,

k[Y]/(T0,0kv)) = KIE],

as standard graded k-algebras, after a degree renormalization in k[f]. Thus, the ideal
J(0,)k[Y] recovers the ideal J of the image of F.
For birationality, the following bihomogeneous piece is no less important:

VAR @ J(1,9)

qeN

with J(1,4) denoting the bigraded piece of J spanned by the forms of bidegree (1, q)
for all ¢ > 0.

Now, a form of bidegree (1,*) can be written as > /", Q;(Y)X;, for suitable
homogeneous Q;(Y) € k[Y] C R[Y] of the same degree. Moreover, since X is
nondegenerate, each such form has unique expansion.

Next, one can pick a minimal set of generators of the ideal (J(1,)) consisting of a
finite number of forms of bidegree (1, ¢) for various ¢’s. Let {Py, ..., P;} C k[X,Y]
denote liftings of these biforms. Consider the Jacobian matrix Ux of the polynomial
{P, ..., P;} with respect to X, hence Ux is a graded matrix since its rows are
homogeneous vectors in k[Y] and we say that Ux will be a weak Jacobian dual
matriz of associated to the given set of generators of (J1.4)).

Remark 1.6.5. Though the definition of a weak Jacobian dual matrix depends only
on F and not on a representative of JF, it is not uniquely given. However, for a fixed
bidegree (1, ¢) the number of (1, ¢)-biforms in any minimal set of generating biforms
of J C R[Y] is invariant and equals the dimension of the correspondingly spanned
k-vector subspace of the whole space (1, ¢)-biforms of 7. This implies that any two
weak Jacobian dual matrices of the same rational map F have the same sizes.

Finally, we will mainly consider ¥x ®j[y) S as a matrix over the homogeneous
coordinate ring S = k[Y]/I(Y') of the image ¥ C IP}. Note that Ux ®jy) S can be
the zero matrix, as it happens in many cases.

Lemma 1.6.6. [DHS12, Lemma 2.13| If the weak Jacobian dual matriz of associated
to a set of bihomogeneous minimal generators of (Ju,«)) has a rank over S, then the
weak Jacobian dual matriz of associated to any other set of bihomogeneous minimal
generators of (Ja «) has a rank over S and two ranks coincide.

Because of the previous lemma, we define the following.

Definition 1.6.7. Let F : X --» PP} be a rational map.

(i) We say that any weak Jacobian dual matrix of associated to a minimal set of
generators of (J(1,4)) is a Jacobian dual matriz of F.

(i) If the matrix Ux ®yy) S has a rank over S, we will say that F has a Jacobian
dual rank and write jdrank(F) := rankg(¥x ®ky) S).
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The next result shows that the rank just introduced is sensitive to the dimension
difference between the source and the target.

Proposition 1.6.8. [DHS12, Proposition 2.15] Let F : X --+ P} be a rational map
defined by f = fo,..., fn € R. Set S = k[Y]/I(Y) ~ k[f] C R. If F has a Jacobian
dual rank then

0 <dim R—dim S <m — jdrank(F).
As a consequence, jdrank(F) < m, and if equality holds then dim R = dim S.

Theorem 1.6.9. [DHS12, Theorem 2.18] With the previous notations, the rational
map F : X C PP --s P} is birational with image Y if and only if jdrank(F) = m.
Moreover, when F is birational onto its image, then the coordinates of the inverse
to F are the (signed, ordered) m-minors of an arbitrary m x (m+ 1) submatriz rank
m of a weak Jacobian dual matriz of F.

The above theorem gives a criterion for deciding if a given rational map is bi-
rational. This criterion relies on Grobner basis computations in order to get the
equations of a Rees algebra which is very hard. For computational purposes, we
investigate how birationality can be detected by means of syzygies of the ideal [
generated by the coordinates of the rational maps, instead of the whole collection
of equations of I.

Theorem 1.6.10. [DHS12, Theorem 3.2] Let F : P} --» P} stand for a rational
map defined by homogeneous polynomials fo, ..., fn of a fized degree in R = k[X]
and set I = (fo,..., fn). If the image of F has dimension m and the submatriz of
the syzygy matriz of I consisting of columns of degree one (linear syzygies) has rank
n (mazimal possible), then F is birational onto its image.
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Abstract: Given a rational map ¢ : IP’% -3 IP’%, which is a parameterization
of an algebraic surface . C IP’%, defined by four homogeneous polynomial
f:= fo,..., f3, of the same degree d, in the standard graded polynomial ring
R = k[Xy, X1, X2|, we give a quadratic bound in terms of d for the number of
one-dimensional fibers of ¢, by studying of the difference between the initial
degree of ordinary and saturated powers of the base ideal of ¢. The results in
this chapter have been submitted [Tral5].

2.1 Introduction

Rational algebraic variety can be described in several ways, the most common being
parametric and implicit representations. Parametric representations describe such
variety as the closed image of a rational map, whereas implicit representations de-
scribe it as the zero locus of some algebraic equations, e.g. as the zeros of a system
of polynomials. Both representations have a wide range of applications in Computer
Aided Geometric Design, and depending on the problem one needs to solve, one
or the other might be better suited. It is thus interesting to be able to pass from
parametric representations to implicit representations. This is a classical problem
and there are numerous approaches to its solution. For a good historical overview
on this subject we refer the reader to [SC95] and [Cox01].

Find the implicit equations for a rational algebraic variety, in particular for
curve or surface, starting from a parameterization is a central problem in geometric
modeling, it is called the implicitization problem. Computing the implicit equations
can be solved by computing a suitable Grobner basis. However, it is known to be
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quite slow in practice and hence is rarely used in geometric modeling [Hof89]. An
other method for finding the implicit equations is to eliminate by computing the
resultant of the polynomials (see, e.g., [Bus01, Jou96]). But in many applications, the
resultant vanishes identically due to the presence of base points, which are the source
points where the parameterization is not well defined. Instead, the method of moving
curves and surfaces was introduced by Sederberg and Chen [SC95] for the case of
parameterized curves, and then was regularly extended for the case of surfaces, such
as in [BCD03, CGZ00, LC16]. It was precisely formulated in terms of Rees algebra by
Jouanolou, Busé, Chardin, Botbol and others [BJ03, BC05, Cha06, BCJ09, Bot11].
One of the key tools of this approach is the approximation complexes that were
introduced by Herzog, Simis, and Vasconcelos [HSV82].

Besides the computation of implicit representations of parameterizations, in ge-
ometric modeling it is of vital importance to have a detailed knowledge of the ge-
ometry of the object and of the parametric representation one is working with. The
question of how many times is the same point being painted (i.e., corresponds to
distinct values of parameter), depends not only on the variety itself but also on
the parameterization. It is of interest for applications to determine the singularities
of the parameterizations. The main goal of this chapter is to study the fibers of
parameterizations, in particular, parameterizations of surfaces.

The chapter is organized as follows. In Section 2.2, we study fibers of a ra-
tional map ¢ : P} --» P} defined by an ordered set of homogeneous polynomi-
als f := fo,..., fn, of the same degree d, in the standard graded polynomial ring
R = k[Xy, ..., X,,] over an algebraically closed field k, such that ged(fo, ..., fn) = 1.
Let I' C PJ* x P} be the closure of the graph of ¢ and 7 be the canonical projection
of I' onto its image. Let R; be the Rees algebra of the ideal (f) which is the ho-
mogeneous coordinate ring of I' and B = k[T, ..., T,,] the homogeneous coordinate
ring of P}. For every y € P}, the fiber of 7 at y is the subscheme

7 (y) == Proj(R; ®p k(y)) C IP’ZEy) ~ P,

where k(y) is its residue field. Assume that ¢ is generically finite onto its image.
Then the subset

Vo1 i={y €P} | dimn (y) =m — 1}

is finite. Therefore, in this chapter and the next one, we will propose some methods
to estimate the cardinality of },,_1. More precisely, for any y € V,,_1, we denote by
h, € R the defining equation of the unmixed components of the fiber 77*(y), then
our purpose is to bound for }° .y, | deg(h,) in the terms of d.

In this section, we propose the following key tool — recall that the saturation of
an ideal J of R is denoted by J** := J: r(Xo, ..., X;n)>™.

Theorem (Theorem 2.2.6). Adopt Data 2.2.5. If there exists an integer s such that
v = indeg((I°)*") < sd, then

Z deg(hy,) < v < sd.

yeym—l

In Section 2.3, we will restrict to the case where ¢ is a parameterization of a
surface. More precisely, one studies the one-dimensional fibers of a parameterization
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of an algebraic surface ¢ : P? --» P3. The idea is to show the existence an integer s as
in Theorem 2.2.6 and our key tool in the proof is to use the Z-approximation complex
associated to f := fy, f1, f2, f3, which is a resolution of &; under the assumption
that B is locally a complete intersection of dimension zero. The main results are the
following.

Theorem (Theorems 2.3.7 and 2.3.9). Adopt Data 2.2.5. Assume further that m =
n—1=2and set p=inf{v | I?** #0}.
(i) If u < d, then Y, cy, deg(hy) < p.
(ii) If p = d and B = Proj(R/I) is locally a complete intersection of dimension
zero, then

4 if d=3
Zdeg(hy)g{[djdq if d>4

yeEV1 2

where |z] = max{n € Z :n < z}.

2.2 Fibers of rational maps

Let R := k[Xo,...,X;n] (m > 2) be the standard graded polynomial ring over an
algebraically closed field k. Suppose we are given an integer d > 1 and n+1 (n > m)
homogeneous polynomials fy, ..., f, € Rg, not all zero. We may further assume that
ged(fo, ..., fn) = 1, replacing the f/s by their quotient by the greatest common
divisor of fy, ..., f, if needed, hence the ideal I of R generated by these polynomials
is of codimension at least two. Set B := Proj(R/I) C P}* := Proj(R) and consider
the rational map

¢: Pr— -5 PT
x> (fo(z) 1+t fulz))

whose closed image is the subvariety . in P}. Let I'y C P} x P} be the graph of
¢ : PP\ B — P} and T" the Zariski closure of T'g. We have the following diagram

PP x PP

Py- - - -}

where the maps 7, 7wy are the canonical projections. One has
y = 7TQ(F0) = WQ(F),

where the bar denotes the Zariski closure. The first equality directly follows from
the definition of ., and the second from the fact that ms is a projective morphism
(so that the image of a closed variety is a closed variety).

Furthermore, I' is the irreducible subscheme of P} x P} defined by the Rees
algebra R; := Reesg([) (see [Har77, Chapter II, §7]). Let B := k[Ty,...,T,] be
the homogeneous coordinate ring of P} and S := R ®y B = R[Ty,. .., T, with the
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standard bigraded structure by the canonical grading deg(X;) = (1,0) and deg(7}) =
(0,1) for all @ = 0,...,m and j = 0,...,n. The natural bigraded morphism of
bigraded k-algebras

a: S— R =Ds0l(d)° = Bs>0l°(sd)
T — f;

is onto and corresponds to the embedding I' C P}* x P}.

Let 3 be the kernel of a. Then it is a bihomogeneous ideal of S and the part of
degree one of ‘B in T}, denoted by B; = P, 1), is the module of syzygies of the f;

CL0T0+"'+(ZnTnE%1<:>a0f0+"'+anfn:0.

Set S := Sympg(I) for the symmetric algebra of I. The natural bigraded epi-
morphisms

S —S/(P1) ~S; and &:8 ~S/(P1) — S/P ~ R,

correspond to the embeddings of schemes I' C V' C P} xPP, where V is the projective
scheme defined by S;.

Let K be the kernel of §, one has the following exact sequence
00— K —8—R;—0.

Notice that the module K is supported in B because [ is locally trivial outside B.

As the construction of symmetric and Rees algebras commute with localization,
and both algebras are the quotient of a polynomial extension of the base ring by the
Koszul syzygies on a minimal set of generators in the case of a complete intersection
ideal, it follows that I" and V' coincide on (P}*\ X) x P}, where X is the (possibly
empty) set of points where B is not locally a complete intersection.

Now we set m := mop : I' — P} For every closed point y € P}, we will denote
by k(y) its residue field, that is, k(y) = (By/pBy)o, where p is the defining prime
ideal of y. As k is algebraically closed, k(y) ~ k. The fiber of 7 at y € P} is the
subscheme

7} (y) = Proj(R; ®p k(y)) C Py, ~ Py
Let 0 < ¢ < m, we define
YVe={y P} dim 7! (y) = (} C P

One is interested in studying the structure of ),. First, Chevalley’s theorem
shows that the subsets ), are constructible, that is, they can be written as

S

Vo= | |(Uin Z;),

i=1

where U; (respectively Z;) are the open (respectively closed) subsets of P.
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Lemma 2.2.1. Let ¢ : P* --» P} be a rational map and I' be the closure of the
graph of ¢. Consider the canonical projection m : I' — P}}. Then

dim Y, + ¢ < m.

Furthermore, this inequality is strict for any ¢ > m —dim ., where .7 is the closed
image of ¢.
Proof. Set V; := m=%(}), a subvariety of I'. For the first statement

dim Yy + /¢ =dim V, <dim I' =dim .¥ <m.

Moreover, if dim Y, + ¢ = m, then dim V;, = dim I' = m. It implies that ), = .
and proves the second assertion. O

From now on, we will always assume throughout that ¢ is generically finite onto
its image, or equivalently that the closed image of ¢ is a subvariety . in P} of
dimension m. Therefore, by Lemma 2.2.1, dim )),, < 0, which shows that ), = 0.
This was noticed in [BBC14, Lemma 14]. Now if f = m — 1 > 1, as m > 2, then
Ym_1 consists of only a finite number of points in P?. In other words, 7 only has a
finite number of (m — 1)-dimensional fibers.

For any y € V,,_1, 7 *(y) is a subcheme of Py, = Pi" of dimension m — 1, as
k is algebraically closed. Thus the unmixed part of the fiber 771(y) is defined by a
homogeneous polynomial h, € R, as R is factorial. Our purpose is then to bound
> yey,,_ . deg(hy) in the terms of the degree d.

The fibers of 7 are defined by the specialization of the Rees algebra. However,
Rees algebras are hard to study. Fortunately, the symmetric algebra of [ is easier to
understand than R; and the fibers of 7 are closely related to the fibers of

=yt V — P}
Recall that for any closed point y € P}, the fiber of 7’ at y is the subscheme
" (y) = Proj(S; @ k(y)) C Py, ~ Py

The next result gives a relation between fibers of 7 and 7’ —recall that X is the
(possible empty) set of points where B is not locally a complete intersection.

Lemma 2.2.2. The fibers of m and ' agree outside X, hence they have the same
(m — 1)-dimensional components.

Proof. The first statement implies directly from the fact that I' and V' coincide
on (P \ X) x P}. Moreover, as I is assumed to be of codimension at least two,
dim B < m — 2, showing that dim X < m — 2. The second statement follows. O

As the symmetric algebra is defined by the syzygies of I. We have the following
lemma that is a simple generalization of [BBC14, Lemma 10]. Let us denote by 7%
the saturation of I, that is,

I =T pm™ = U I: pm",
neN

where m := (X, ..., X,,) is the irrelevant maximal ideal of R.
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Lemma 2.2.3. Assume that £ := fo,..., f. are k-linearly independent such that
ged(fo, .-, fn) = 1. Suppose that the fiber of @' over a closed point y with coordi-
nates (po : -+ : pn) 18 of dimension m — 1, and its unmized component is defined by
hy, € R. Let {, be a linear form in T =Ty, ..., T, such that £,(po,...,p,) =1 and
set U;(T) =T, — pily(T) (i =0,...,n). Then, h, = gcd(lp(f),...,l(f)) and

I = (L,(£)) + hy(go, - - Gn)

with £;(f) = hyg; and £,(go, ..., gn) = 0. In particular,

(y(£)) + hy(go, -, )™ C T C (£y(£), hy).

Proof. A syzygy L = Y0 a;T; = 0 a;(pily(T) + ¢;(T)) provides an equation
for the fiber: L = 7" ;a;p;. Recall that h, = ged(Ly,...,L;) where the L; are
generators of the syzygiez of I.

The particular syzygy L) = £;(£)0,(T) — £,(£)¢;(T) satisfies L) = €;(f). Tt
follows that h, divides h := ged({o(f),. .., 0 (f)). Set £;(f) = hg; for some g; €
R. The /;’s span the linear forms vanishing at y, and are related by the equation
ly(ly, ..., 0,) =0. It follows that

I= (Ey(f%éo(f)a e 7€n(f)) = (éy(f)) + hy(goa . 7971)7

and 2,(go,...,9,) = 0. Now if one has a relation af,(f) + >_;b;hg; = 0, then h
divides a, as the f;’s have no common factor. This in turn shows that h divides h,,
and completes the proof. O]

Notice that if p; # 0, g; is a linear combination of the g;’s for j # i as 0,(go, . . ., gn) =
0. For instance if py # 0,1 = (£, (f)) + hy(g1, .- -, gn).

Remark 2.2.4. The above lemma shows that fibers of dimension m — 1 can only
occur when V(I) # 0 as V(1) D V((¢,(f), hy)). It also shows that

ddeg(hy) S deg(‘[)7
if there is a (m — 1)-dimensional fiber with unmixed part given by h,.

For simplicity, we summarize the following data.

Data 2.2.5. Let R = k[X] = k[Xo,...,Xmn] (m > 2) be the standard polynomial
ring over an algebraically closed field k and £ := fy, ..., f. be k-linearly independent
forms of the same degree d > 1, not all zero, such that ged(fo, ..., fn) = 1. Suppose
that ¢ : P} --» P} is a rational map defined by these forms and 7 is the canonical
projection of the graph of ¢ onto its image. Let I = (fo,..., fn) be the base ideal
and B = Proj(R/I) the base locus of ¢. Assume that ¢ is generically finite onto its
image and put

Vmo1 ={y €Py|dima'(y) =m—1} C P}

For each y € Yp—1, we denote by hy € R a defining equation of the unmized com-
ponent of the fiber 771 (y).
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The following theorem gives an approach for our purpose.

Theorem 2.2.6. Adopt Data 2.2.5. If there exists an integer s such that v =
indeg((1°)%*) < sd, then
Z deg(hy) <v < sd.

yeym—l

Proof. By Lemma 2.2.2, the unmixed components of 7—'(p) and 7'~ '(p) are the
same for every closed point p € Y,,_1. By Lemma 2.2.3, there exists a homogeneous
polynomial f € I of degree d such that, for any y € V,,_1,

I=(f)+hy(g1ys--->9ny) and I C (f, hy)

for some g1y, ..., 00y € R. Since (f, hy) is a complete intersection ideal, it follows
from Proposition 1.1.12 that (f, h,)® is unmixed, hence saturated. Therefore, for all

y e ym—la
([s)sat g (([sat)s)sat g ((f’ hy)s)sat — (f7 hy)s — (fs, fsflhy’ . h;)

Now, let 0 # F € (I*)®™" such that deg(F) = v < sd, then h, is a divisor of F.
Moreover, if y # 3’ in Y,,_1, then ged(hy, hy) = 1. We deduce that

II hlF

yeymfl

which gives
> deg(hy) < deg(F) =v < sd.

yeym—l

In particular, if indeg(75*") = 0 < d, Theorem 2.2.6 shows that

Z deg(h,) <9 < d.

yeym—l
Example 2.2.7. Let ¢ : P} --» P} be a parameterization of surface defined by

fo=XPX3(X} - X3)  fo= XGXP(X? - X3)
fi = X3(Xg - X5) f3 = X{(Xg = X3).

Using Macaulay? [GS], we see that I is a saturated ideal with B locally a complete
intersection of dimension zero. Since indeg((1?)*') = 8 < 2.6 = 12, Theorem 2.2.6
shows that

> deg(hy) < 8.

yeEN

Precisely, I admits a minimal free resolution of the form

0— R(—8)3 2~ R(—6)* R R/I 0
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where the matrix M is given by

e 0 X2
0 X2 0
X2 0 —X2

_X12 4 X22 —X22 0
We thus get V) = {p1, P2, p3, pa} with

yr=(1:0:1:0) h,=Xg—X2 y2=(0:1:0:1) hy, =X
y3=(1:0:=-1:0) hy,,=Xe4+X3 y,=(0:1:0:0) hy, =X

which gives

> deg(hy) = 8.

yeEVL

2.3 Estimation of number of one-dimensional fibers
of parameterization surfaces

In this section, we consider a rational map ¢ : P2 --» P? given by four homogeneous
polynomials fo, ..., f3 € R = k[ Xy, X1, X of the same degree d > 1. We will always
assume throughout that ¢ is generically finite onto its image, or equivalently that the
closed image of ¢ is a surface . in P}, and that the base locus B = Proj(R/I) C P
of ¢ is supported on a finite set of points.

From now on we assume that the ideal [ is locally a complete intersection outside
V(m), that is, B is locally a complete intersection. Under this hypothesis, the module
K is supported in mS, hence H:(K) = 0 for any ¢ > 1. We deduce that

Our main purpose in this section is to give a bound for 3y, deg(h,) in the terms
of d. First, we recall a result of Botbol, Busé, and Chardin in [BBC14, Lemma 4].

Lemma 2.3.1. Let J be a graded ideal in R generated in degree d such that dim(R/J)
1 and p(Jy) < 3 for every prime ideal m 2 p O J. Then,

IN

reg(R/J*™) < 2d — 3

and
reg(R/J) < 3d — 3 — indeg(J%")

unless p(J) = 2, in which case J = J®* and reg(R/J) = 2d — 2.

Let K, := K,(f; R) be the Koszul complex associated to the sequence of poly-
nomials f := fo, f1, f2, f3 in R. We denote by Z; := Z;(f; R), B, := B;(f;R), H; :=
H;(f; R) = Z;/B; the Koszul cycle, the Koszul boundary and the Koszul homology
in degree 7, respectively. Since the ideal I is homogeneous, these modules inherit a
natural structure of graded R-modules.
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Let Z, be the Z-complex associated to the ideal I = (f). By definition
Zq = Zq[qd] XRr R[Tg, ce ,Tg](—q)

for all ¢ =0, ...,3. This complex is of the form

0
Z. :0 Zg 2 ZQ 2 Zl . Zo :R[To,...,Tg]HO,

where 9T (ag, ay, az, az) = agTy+- - - +asT3. As B is assumed to be locally a complete
intersection, it follows from Theorem 1.5.21 that the complex Z, is acyclic, and it
is thus a resolution of Hy(Z,) ~ Sj.

As we already noticed that Y-, cy, deg(h,) < d if indeg(/**") < d, the delicate case
is when the ideal I satisfies indeg(/**) = indeg(/) = d. This condition implies d > 3.
Indeed, by Lemma 2.3.1, d = indeg(I***) < reg(I®*") = reg(R/I*") +1 < 2d — 2,
hence d > 2. Moreover, it is known that in [HW14, Proposition 3.5 that if d = 2,
then indeg(I**) = 1 < 2 = indeg(I).

Theorem 2.3.2. Let B = k[T, ..., Ts] be the standard graded polynomial ring over
a field k and I = (fo,...,f3) be a homogeneous ideal of R. Suppose that B =
Proj(R/I) is locally a complete intersection of dimension zero and indeg(I*') =
indeg(I) = d. Then there exists a complex (C,) of free B-modules

0 —> B(—3)! —= B(—2)™ —= B(—1)" —=0
I I I
Cs Cy C,

where n = dimy, H3(Z1)q_1, m = dimy, H3(Z3)9q_1, | = dimy H3(Z3)34_1 with ho-
mologies

Hi(Cy) =~ ®ysoHo(I%)sam1,  Ha(C) = @,50(I°)3,,  Hs(C,) = 0.

Proof. By Proposition 1.5.13, one has the following graded (degree zero) isomor-
phisms of R-modules:

0 forp=0,1
Hy(Zg) ~ § Hp, (Hy—g)*[3 — 4d]  for p =2 (2.1)
Zr I3 — 4d] for p=3

where —* := *Hompg(—, k).

Let C®(M) denote the Cech complex on M relatively to the ideal m. We consider
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the two spectral sequences associated to the double complex Cg(Z,)

0—=Ch(23) —= Cp(22) —= Cp(21) —= C,,

Since Z, is acyclic, one of them abuts at step two with:

OOE_p7_q — 2E_p7_q —

hor hor

HE(S;) for ¢=0
0 for q#0.

The other one gives at step one:

Bl = HY(Z,) = HY(Z)|gd] ®r R[To, ..., T3](—q) = HY(Z,)|gd] ®k B(—q)-

ver

Notice that H?(Z,) = 0 for p = 0,1; Z3 ~ R[—4d| and Z; = R. Therefore the
first page of the vertical spectral sequence has only two nonzero lines

0

Hi(Z,)[2d] @ B(=2) = Hy(Z1)[d] @ B(-1)

H(Z3)[3d) @4 B(=3) = H(Z2)[2d] @4 B(=2) = H(Z1)[d] ®p B(—1) -~ H(Zo) @k B.

In bidegree (—1,x), we have H3(Zy)_1 ®x B = H2(R)_; ®; B = 0. Therefore,
we obtain the complex (C,) of free B-modules

0 — B(—3)! —= B(—2)™ ——= B(—1)" —=0.
I ] I
Cs Cy 4
Let us compute the homology of (C,). The exact sequence

0— Z — R[—d* — 1 —0 (2.3)

gives

H2(Z,) ~ H\(I) ~ H(R/I) ~ I**/I.
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Since indeg(I***) = indeg(I) = d, we have
H2(Z)) g1 ~ (I /1)y, = 0. (2.4)

It follows from (2.1) that H2(Zs)ag-1 =~ HO(Hy)s og =~ Homp((I5%/1)9q_ o, k) as
HY(Hp) ~ I**'/I. Tt implies from Lemma 2.3.1 that reg(R/I) < 2d — 3, therefore

m
Log—o = (I"")94_o, thus

H(Z2)2a-1 = 0. (2.5)
It follows from (2.4) and (2.5) that

(1E_p’_q)(f1,*) =0 unless p=3 andgq € {1,2,3}.

ver

Therefore, in bidegree (—1, %),

RP—4 — 2P — {Hq(c-) ifp=3andg¢=1,23

ver ver
0 else.

By comparing the two spectral sequences (2.2) and (2.6), one has:

Hi(Cy) = HA(S1) (1,0 = Bss0Ha (I%)sd-1,

Hy(Co) = Hy(S1)(—14) = Bss0Hn(I%)sa—1 = B0 Hu(R/I)sa—1 = Bs0((1%)™/1%)sa-1
= @y>0(1°)5, since I3, , =0,

H;3(Ca) = HR\(S1) (1,0 € (S1)(-1,9 € R-1 ®), B=0.

We now give an expression of m,n,l in terms of the degree d and deg(B).

Lemma 2.3.3. Under the assumptions of Theorem 2.3.2,
1 1
n = deg(B) — id(d +1), m=deg(B) —dand | = id(d —1).

As a consequence, n —m + 1 = 0.

Proof. We first compute n = dimy H2(Z;)q_1. From (2.3), we derive an exact se-
quence
0 — Hy(I) — Hy (%) — Hy(R)[—d]* — 0,

hence H3(Z1)g-1 ~ H2(I)4_1. We get
n = dimy H2(I)g_, = dimy HL(R/1)4 1.
We now consider an exact sequence

0 — R/I*™ — P H(P}, Os(p)) — Hy(R/I) — 0,

MEZL

hence

dlmk H&l(R/I)d,1 = dlmk HO(]P%, OB<d—1))—dimk<R/Isat)d,1 = deg(B)—dimk(R/Isat)d,l.
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Since indeg(I***) = d, dimg(R/I%") 41 = dimy Rg—1 = (d—gl) = 2d(d+1). Tt follows
that

1
n = deg(B) — §d<d +1).
We next compute m = dimy, H2 (Z)a4_1. It follows from (2.1) that
Hyy(Z2)2a-1 = (£1)3-24 = Homp((Z1)2a-2, k).

Therefore, by (2.3),
: : 4 : d :
m = dlmk(Zl)Qd,Q = dlmk Rd72 - dlmk Igd,Q =4 9 - dlmk Igdfg.

Since dimy, Iog_o = dimy Rog_o — dimg(R/1)2q—o = (22d) — deg(B), it follows that

m— 4@ - (2;) + deg(B) = deg(B) — d.

Finally, we have

1
| = dimg H2(Z3)34-1 = dimy, H3(R) _q_1 = <d> = 5d(d —1).

Now we will give a bound for the degree of the projective variety B C P% in terms
of the degree d.

Lemma 2.3.4. Under the assumptions of Theorem 2.5.2,
1
5d(d +1) < deg(B) < d*> —2d + 3.

Proof. The Hilbert function of R/I**" is weakly increasing, hence for any pu
dim (R/I**), < deg(B).
Since indeg(I**") = d, deg(B) > dimy,(R/I*")4_y = dimy Ry_y = 3d(d + 1).

We can assume that k is infinite. Since codim(/) = 2, there are homogeneous
polynomials g1, go € I of degree d which form a regular sequence. Therefore b :=
(91, 92) is a complete intersection ideal. Setting J := b: g, J is saturated and %" =
b: rJ since R is Gorenstein, by Proposition 1.1.21.

We set Q = Proj(R/J) and X = Proj(R/b). By Proposition 1.3.11

deg(B) + deg(Q) = deg(&),

hence deg(B) = d* — deg(Q).
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Proposition 1.1.3 and Corollary 1.2.50 show that

HX(R/J) ~ Ext},(R/J, R[-3))" ~ (Homp(R/J, R/6)[2d — 3])"
~ ((b: pJ)/b) [3 — 2] ~ (I°**/b)[3 — 2d].

We thus get
Hy(R/J), =~ Homp((I°/6)24-3-4, k).

Since indeg(I***) = indeg(b) = d, we obtain

0 if p>d—3

Hi(R/J),u - {HomR((Isat/b)d7k) 7&0 1flu:d—3

Moreover, we have H2(R/J) = J%/J = 0. We therefore conclude that
reg(R/J) =d—2,
and hence dimg(R/J )42 = deg(Q), by Theorem 1.3.9.

On the other hand, the Hilbert function H Fg/ (1) of R/J strictly increases from
1 in degree 0 until deg(Q) in degree d — 2. Therefore one has deg(Q) > d — 1. By
Theorem 1.3.9
HFpyy(p) = deg(Q) — dimy Hy(R/J),,

for any p. Since dimy HL(R/J)4_3 = dimg(I**/b)4 > 2, we deduce deg(Q) > d.

The proof will be completed by showing that deg(Q) > 2d — 3. Set ¢; =
dimy(R/J); for all ¢ > 0. The sequence ¢ = {¢; : i > 0} satisfies the following
properties:

(i) co = 1 and ¢; = 3. Indeed, if ¢; < 3, then J; # 0, there is therefore a linear
form ¢ € J;. We assume that J = (¢, wy,ws, ..., ws). Since reg(J) = d — 1,
we have deg(w;) < d—1forall i = 1,...s. Fix i € {1,...,s} such that
ged(, w;) = 1. Since Q C V (¢, w;), hence deg(Q) < d — 1, a contradiction.

(i) ¢; = deg(Q) for any i > d — 2 and ¢4_9 — ¢4_3 = dimy HL(R/J)4_3 > 2.

Since J is saturated and k is infinite, there is a linear form ¢ in R such that
J 10 ~ J(—1) as graded R-modules. It follows that ¢ induces an injection X/¢ :
(R/J)[—1] — R/J. Therefore the Hilbert function of R/(J+¢)is b= {b; : i > 0}
with by = 1 and b; = ¢; — ¢;_1 for every i > 1.

By (ii), we have by_o > 2. We will show that b; > 2, for any i = 1,...,d — 2.
Indeed, suppose that there exists an integer ¢+ > 1 such that b; = 1, and let

v=sup{i | b = 1}.

1>1

One has 2 < v < d — 3 and since R/(J + () is a standard graded k-algebra, Theo-
rem 1.3.20 shows that b = {b; : ¢ > 0} is a O-sequence. Therefore

2 < by <O =19 = 1.
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This contradiction shows that b; > 2, for any ¢ = 1,...,d — 2, which is equivalent
tociy1 > ci+2foralli=0,...,d— 3, hence

deg(Q) > 2(d—2) + 1 =2d — 3.
O

Proposition 2.3.5. Under the assumptions of Theorem 2.3.2, the following holds
for any integer s:

1 1
dimy H2(I%)sq1 = 55(5 + 1) deg(B) — §sd(sd + 1) + dimy (I°)%' ;.
Proof. By Theorem 2.3.2, for any integer s, one has

dimy H2(I*)s4_1 = n.dimg B,_; — m.dimy By_y + [. dimy B3 + dim (I°)%"

s+ 2 s+1 s ) s\sa
:n( 5 )—(n—i—l)( 5 >+l<3>+d1mk(f )t
s+1 s ) S\ sa
—n< 5 )—l<2>+d1mk(l )t .

Using Lemma 2.3.3, we have

1

dimy, H2(1%) a1 = ( deg(B) - ;d(d +1)) (5 ; 1) —5dd—1) @ + dimy, (I°)52

1 1
= 5s(s + 1) deg(B) — isd(sd + 1) + dimy, (1°)%2 ;.
0

Corollary 2.3.6. Under the assumptions of Theorem 2.3.2, indeg((I%)*') < sd for
all integer s > g.

Proof. 1f there exist an integer s > ¢ such that indeg((I*)**") = sd. Then (1*)3 , =
0. By Proposition 2.3.5,

1 1
dimy, H2(I%)sq-1 = 55(5 + 1) deg(B) — §sd(sd +1)

1 1
< 55(5 +1)(d* —2d + 3) — isd(sd +1) by Lemma 2.3.4

1
< is(al2 —2sd — 3d + 3s + 3)
1 3 3

< Ssl(d— S)(d - 2s) — S(d - 2)]

We already noticed at beginning of this section that d > 3 and by hypothesis
5> g, dimy, H2(I*)sq—1 < 0, which is impossible. O

As we already noticed that the interested cases are that the locus ideal of ¢
satisfying indeg(l) = indeg(I%*) = d > 3. In the case d = 3, using Theorem 2.2.6
and Corollary 2.3.6, we have }°, v, deg(h,) < 6. However, the following result gives
a sharp bound for )°, v, deg(h,) in this case.
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Theorem 2.3.7. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that
indeg(I**) = d = 3 and that B is locally a complete intersection. Then

> deg(hy,) < 4.

yeN

Proof. We will prove first that I = I***. In this case, deg(B) = 6 by Lemma 2.3.4.
Moreover, with the notations in the proof of Lemma 2.3.4, we have

Hy (R/I™) =~ (J/6)"[-3]
and reg(R/J) = 1. Hence dimy(R/J), = deg(Q) = 3 for all © > 1. It follows that
dimy, HL(R/I*™),, = 0, Yy > 2, dimy, HL(R/I*), = 3.

Therefore reg(R/I%) = 2, it follows that I is generated in degree at most
3. Since indeg (%) = 3, it is immediate that [*** is exactly generated in degree 3.
Furthemore,

dimy,(1*%)3 = dimy, Ry — dimy,(R/I**)3 = 10 — 6 = 4,

which implies % = .
By the Hilbert-Burch Theorem, I admits a free resolution of the form

00— R(—4)3 s R(—3)* R R/I 0.

By changing the coordinates, there is no loss of generality in assuming the matrix

M be of the form
Xo 0 0

CL1X1 X1 0
leg b2X2 X2
ClL CQL CgL

where L = a1 Xy + as X7 + a3Xs. One has c3 # 0 since f; # 0 for all - = 0,1, 2, 3.
Since [ is locally a complete intersection, V (I2(M)) = (), where Ir(M) is the ideal
of 2-minors of M. It follows that ajasas # 0.

Let now a fiber over a closed point y of coordinates (A; : Ao : A3 : A\y) € P2 be

of dimension 1 and its unmixed component be defined by h, € R. It follows from
Lemma 2.2.3 that

M =

hy = ng(fl, gg, 63),

where

61 = ()\1 + clal)\4)X0 + (CLl)\Q + 01042>\4)X1 -+ (bl)\g + 01043)\4)X2,
Uy = coonAaXo + (Ao + cocody) X1 + (boAg + coazAg) X,
63 = 03041/\4X0 + 03042)\4X1 + ()\3 + CgOKg/\4)X2.

e [f \y = 0, then there are the following cases:

Case 1: A3 # 0. In this case we have A\; = Ay = 0. Therefore y = (0 : 0 : 1 : 0) and
hy == XQ.
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Case 2: A3 =0 and Ay # 0. It follows that Ay =0. Thusy = (0:1:0:0) and h, = Xj.

Case 3: A3 = 0 and Ay = 0. We must have A; # 0. Hence y = (1 : 0 : 0 : 0) and
h, = Xo.

o If \y =1, then from three polynomials 1, {5, {3 have a common divisor, we have

)\1 + c10n . CL1)\2 + c100 . bl)\g + ci103

- 9
C3(vq C3(o )\3 —+ c303
C2 A2 + cocra . baAs + cocrs

3 C30r2 A3 + czas

These equalities imply that Ay = Ay = 0. Furthermore, we also have A3 = 0. Indeed,
if A3 # 0, then ¢; = bicg and ¢y = bacg, contrary to f; # 0 for all ¢ = 0,...,3.
Therefore y =(0:0:0:1) and h, = L. O

Example 2.3.8. Let ¢ : P --» P be a parameterization of surface defined by

fo=XiXo(Xo+ X1 +Xo)  fo=XoXa(Xo+ X1+ Xo)
fl - X(]XQ(XO + Xl + XQ) f3 — XoXlXQ.

Using Macaulay?2 [GS], we see that B is locally a complete intersection of degree 6
and that [ is a saturated ideal with free resolution

0— R(—4)3 2L R(—3)* R R/I 0,

where the matrix M is given by

0 0 Xo
X -X 0
- X5 0 0

0 Xo+Xi+Xo —(Xo+ X1+ X,)
Thus we obtain Yy = {y1, y2, y3, Y4} with

y1=(1:0:0:0) hy, =Xo yo=(0:1:0:0) hy, =X4
ys=(0:0:1:0) hyy =Xy y4=(0:0:0:1) hy, = Xo+ Xq + Xo.

Consequently, we have

> deg(hy,) = 4.

yeN

Now, we prove the main result of this chapter.

Theorem 2.3.9. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that
indeg(I°*) = d > 4 and that B is locally a complete intersection. Then

> deg(hy) < m d—1,

yeV1

where |z] = max{n € Z|n < x}.
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Proof. Set v = [£]. By Theorem 2.2.6, it suffies to show that (1*)5%_ | # 0. Suppose
on the contrary that (I*)%f ; = 0. By Proposition 2.3.5, one has

1 1
dimy H2(1"),4-1 = §y(1/ + 1) deg(B) — iyd@d +1).

We now show that this is not possible by using Lemma 2.3.4: deg(B) < d? — 2d + 3.
Indeed, consider two cases:

(i) If d = 2s with s > 2, then v = || = 5. Therefore

dimy, H2(I*)sq_1 — ;s((s +1) deg(B) — 25(25* + 1))

1
< 53((3 +1)(4s* — 45 + 3) — 25(2s* + 1))
< —§s(s —-1) <0,
2
which is impossible.

(i) Similarly, if d = 25+ 1 with s > 2, then v = [ = s. Thus dimy, H3(I*)sq-1 <
—3s(s — 1) < 0, which is impossible.

]

Example 2.3.10. Let d > 4 be an integer and ¢ : P2 --+ P% a parameterization of
surface defined by

fo=Xg7X1(Xg — XT)  fo= X3 Xo(XF — X3)
fi=Xi7Xa(X5 - XT)  fs =X Xa(XF - X3).

Using Macaulay2 [GS], we see that B is locally a complete intersection of degree
d?* — 3d + 7. Moreover, [ is a saturated ideal with free resolution

0—>R(—d—1)® R(—d — 2) ® R(-2d + 3) X~ R(-d)* —= R——= R/ —=0,
where the matrix M is given by

—X, 0 0
X, X?-X? 0
0 —-X2+Xxt X{7?
0 0 —X¢3

We consider the following cases.

Case 1: if d — 3 is odd, we obtain Y, = {y1, Y2, Y3, Y, U5, Ys } With

1 =01:0:0:0) hy =X Yo =(0:0:0:1)  hy, = X3
y3:<1100) hy3:X1—X2 y4:(1—100) hy4:X1—|—X2
y5_(0011) hy5:X0_X1 y6:<001_1) hy6:X0+X1.
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Case 2: if d — 3 is even, we have V) = {y1, Y2, Y3, Vs, Y5} with
) hy, =X, Yyp=(0:0:0:1)  hy, = X5 2

y1=(1:0:0:0

ys=(1:1:0:0) hyy=X1—Xo ys=(1:-1:0:0) hy, =X1+Xs,
ys=(0:0:1:1) h, = X3 — X}

Therefore

> deg(hy) =d+2.

yeEV1

Question 2.3.11. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that
indeg(/**) = d and that B is locally a complete intersection. Is Y 5, deg(h,)

bounded linearly in the degree d?
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Abstract: A rational map ¢ : P;* --» P} is defined by homogeneous polyno-
mials of a common degree d. We establish a linear bound in terms of d for the
number of (m — 1)-dimensional fibers of ¢, by using ideals of minors of the
Jacobian matrix. In particular, we answer affirmatively the question in the
end of the previous chapter. The results in this chapter are joint work with
M. Chardin and S. D. Cutkosky and have been submitted [CCT17].

3.1 Tangent space maps and Jacobian matrices

Suppose that X is a k-scheme where £ is an algebraically closed field, and ¢ € X is
a closed point. The tangent space T'(X), of X at ¢ is the k-vector space T'(X), =
Homy (my/m2, k) where m, is the maximal ideal of Ox 4. Suppose that Y is another
k-scheme and ¢ : X — Y is a morphism of k-schemes. Then ¢* : Oy 4 — Ox4
induces a homomorphism of k-vector spaces do, : T(X); — T(Y )4 If V is a
subscheme of X and W is a subscheme of Y such that ¢(V') C W, then we have a
natural commutative diagram of homomorphisms of k-vector spaces

V), < T(X),

I I (3.1)
TW)sq C TY)g(q)-

From now on, we will consider the following situation. Suppose that & is an alge-
braically closed field of characteristic p > 0. Consider fy, ..., f, homogeneous poly-
nomials of a common degree d in the standard polynomial ring k[ Xy, ..., X,,], such
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that ged(fo, ..., fn) = 1. Let ¢ : P{* --» P} be a rational map defined by fo, ..., fu.
The maximal open set on which ¢ is a morphism is Q4 = P7* \ Z(fo,..., fa). Let

Of ... Of
8X0 8X7n
JE) = : :

fn ... Ofn

9Xo X om
be the Jacobian matrix of f = fy, ..., f,. For any closed point ¢ = (qo : -+ : gm) €
P, we denote by J(g) the matrix obtained from J(f) by mapping X; to ¢; for all
¢t = 0,...,m. The entries of this matrix are defined by ¢ up to multiplication by a

common non zero scalar.

Proposition 3.1.1. Suppose that p does not divide d and q € §y is a closed point.
Then
rank J(q) = rank dp, + 1

where dog : T(P1)q — T(Py) (g is the tangent space map.

Proof. After possibly making linear changes of homogeneous coordinates in P}* and
P?, we may assume that g = (1:0:---:0) and ¢(¢) = (1:0:---:0). Let X; = if(o

for 1 <i<m. Let F, = % € k[X1,..., X ], which is the affine coordinate ring of
0
PP\ Z(Xo). As ¢ is a regular map near g,
d=(fo:fr:ifa)=(11g1: 1 gn),
where ¢; = &£ = % Let a = (1,0,...,0). We have that

fo
of;
TX]O(O‘) = dfj(a)
for all j, by Euler’s formula. Thus
o) ) - g
d o 1 o 1 o
rank J(p) = rank hi(e) 3X1‘< ) axm( )
dfale) gE(c) - 5¢=()
dfol) %(O‘) a?; @
0 8)1211 (Oé) 8){; (07
= rank ' ‘
0 g - g
() o ()
= rank : : +1
o () - (a)
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for 1 <i<nand1<j<m (it suffices to check this on a monomial), so

3)1211 (@) 8%,;; (@) g% (@) aBYF; (@)
rank : : = rank : :
(@) o g(a) o (@ - (@)
0, 0,
(@) (@)
= rank : :
0, n (—~ o) n [(—
b m) o (@)
since
0 <E) 0K -1 p2 0Fy 7
0X; \Fy/) 0x;° ° ox; "
SO
0X; ' Fp(a)oX;
for1<i<nand1<j<m,as Fy(@) #0and Fy(a) =0 for 1 <i<n. m

Remark 3.1.2. If p divides d the proof of Proposition 3.1.1 shows that we can
either have
rank J(¢) = rank d¢, + 1 or rank J(¢q) = rank de,.

Both options are possible.

Proposition 3.1.3. Suppose that r € N and V is a subvariety of P}' such that
VNQy,#0 andr =dimV —dim (V). Then V' C Z(1y—ri2(J)), where Iy, io(J)
is the ideal generated by the (m — r + 2)-minors of J.

Proof. There exists a dense open subset U of V such that for any ¢ € U, V
is smooth at ¢ and ¢(V) is smooth at ¢(q) (take U to be the intersection of
smooth locus of V' with the preimage of the smooth locus of ¢(V')). We have that
dimT(¢(V))g(q) = dimV —r for ¢ € U, so by consideration of diagram (3.1), it
follows that dim Ker d¢, > r for ¢ € U, hence rank d¢, < m —r for ¢ € U. By
Proposition 3.1.1 and Remark 3.1.2,

rank J(q) <rankdp, +1<m—r+1

for ¢ € U. Thus U is contained in the closed set Z(l,—,42(J)), so the closure V' of
U is contained in this set. ]

3.2 Bound for the number of (m — 1)-dimensional
fibers of a rational map ¢ : P}’ --» P}
Let R := k[Xo,...,Xmn] (m > 2) be the standard graded polynomial ring over an

algebraically closed field k. Suppose we are given an integer d > 1 and n+1 (n > m)
homogeneous polynomials fy, ..., f, € R4, not all zero. We denote by I the ideal of
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R generated by these polynomials and set B := Proj(R/I) C P}* := Proj(R). Let
B = k[Ty, ..., T, with its standard grading and consider the rational map

¢: Pr— -5 PT
x> (fo(z) 1+t ful2)).

From now on we assume that ¢ is generically finite onto its image, or equiva-
lently that the closed image of ¢ is a subvariety . in P} := Proj(B), of dimension
m. We may further assume that ged(fy, ..., fn) = 1, replacing the f/s by their quo-
tient by the greatest common divisor of fy, ..., f, if needed, hence the ideal I is of
codimension at least 2.

For f = fy,..., fa, set

9fo ... Ofo
X0 X m
J(f)=| : :
Ofn ... Ofn
0Xo 0Xm

for the Jacobian matrix of f and I;(J(f)) for the ideal of R generated by the s-minors
of J(f), where 1 <s <m+ 1.

Lemma 3.2.1. Suppose that dimpI; = n+ 1 and let £ = fo,..., f, and g =
90y - - - Gn be two bases of Iy. Then I,(J(£)) = Is(J(g))), for any s.

Proof. Indeed, these are the Fitting ideals (with the same indices) of two matrices
that are equal after change of basis over the base field. m

Now we state the main result in this section.

Theorem 3.2.2. Adopt Data 2.2.5. Assume further that I3(J(f)) # 0 and denote
by F' be the greatest common divisor of generators of I3(J(f)). Then

S deg(hy) < Y (26 — 1) de(hy) < deg(F) < 3(d 1)

YEVm—1 YEYVm—1 1=1

enr
where hy, = h{'---h.!

. is an irreducible factorization of hy in R.

Proof. By Lemma 2.2.2, the unmixed components of 7—'(p) and 7'~ '(p) are the
same for every closed point p € V,,_1. By Lemma 2.2.3, there exists a homogeneous
polynomial f € I of degree d such that, for any p € V,, 1

I=(f)+hy(gy, - 9ny),

for some g1y, ..., 9ny € R.
The Jacobian matrix of f' = (f, hyg1y, ..., hyGny) is

of of

001, 0 o 001, 5™ an
g1y y . Jly y
J(£) = hy, ax, T 91y hy, ax,, T 9yax,,

Ogny ohy Ogny oh,,
hy ax, T Invax, hyoxs + Inyox
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Forall j =0,...,m
Oh, :sze'@ Oh;
0X; = 'h;0X;’

=1

therefore the i-th row of J(f’) has a common factor h{* ' hi;“’_l, for all i =
2,...,n+ 1. It follows that, for any subset Z of {1,...,n + 1} with 3 elements and
a subset J of {1,...,m + 1} with 3 elements,

Tz = k2D 2 Vg, (3.2)

where [Q]z,7 denotes the 3-minor of a (n 4 1) x (m + 1)-matrix ) that corresponds
to the rows with index in Z and the columns with index in J and M is the (n +
1) x (m + 1)-matrix

~ 8 0Xo ~ 5 0Xm
g1y . 91y

hy ax, + 91400 hygxs & G1y0m
. . )

N 6gny 7 89”9

hyoxs &+ gnyoo -+ hygxt + GnyOm

7 & hy o
here h, = hy---h,, and o; = ‘21 eiiTl:aX;’ (7 =0,...,m). Thus there is a homoge-

1=

neous polynomial P such that [M]z,; = h, P+[N]z.7, where N is the (n+1)x (m+1)-
matrix

or L. af

0Xo 0Xm
giy0o - G1y0m
9ny00 = GnyOm

which shows that [N]z.7 = 0, as rank N < 2. By (3.2), we obtain

J(E))z.g = B30 itV p— et p, (3.3)
for all Z, 7. Let G be the greatest common divisor of generators of I3(J(f")). Then
it hijry_l is a divisor of G by (3.3). By Lemma 3.2.1, b7 ' .. hfj”y‘l is a
divisor of F.

Moreover, if y # y' in Yy, 1, then ged(hy, hy) = 1, hence ged(hy, b)) = 1, for
every factor h; (ves. h’}) of hy, (res. h,). We deduce that

_ 2, —1
[T et | F
yeymfl
which gives

S (26 — 1) deg(h) < deg(F) < 3(d - 1).

YE€Vm-1 1=1

]

Remark 3.2.3. Let p = char(k) be the characteristic of the field k. Then there are
two cases:
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(i) Case 1: p does not divide d. Then I,,1(J(f)) # 0 if and only if [k(f) : £(X)] is
separable, where X := Xy, ..., X,,. In particular, if p = 0, then the condition

I (J(f)) # 0 always holds.
(ii) Case 2: p divides d. Then I, 1(J(f)) # 0 only if [k(f) : k(X)] is separable.
Note that if I,,41(J(f)) # 0, then [;(J(f)) # 0, forall 1 < j < m+ 1. In
particular, if the characteristic of k is 0, then the assumption I3(J(f)) # 0 is always

satisfied.
Remark 3.2.4.
(i) The inequality

> deg(h,) < > Z 2e; — 1) deg(h;)

yeymfl yeym 1 1=1

becomes an equality if and only if the defining equation of the unmixed com-
ponent of the fiber 77 (y) has no multiple factors, for every y € V,,_1.

(ii) The bound
S 3 (26 — 1) deg(hy) < deg(F)

yeymfl i=1

is optimal as the following example shows.

Example 3.2.5. Let d > 4 be an integer. Consider the parameterization given by

f:f(),...,fg, with
fo=XX0(Xg - X7),  fo= X3 Xo(X? — X3),
fr=X07X0(X3 - X1),  fa= X2 Xo(XT — X3)

in Example 2.3.10. Using Macaulay2 [GS], the greatest common divisor of generators

of I3(J(f)) is
F = X" X5(Xg = XP) (X} = X3).

It is known as in Example 2.3.10 that

> deg(hy) =d+2
yeN

and
S (2, — 1) deg(hs) = 2(d — 1) = deg(F) < 3(d — 1).

yeV i=1

Furthermore, if d = 4, then

S deg(hy) = 3 S°(26: — 1) deg(he) — deg(F).

yeEW yeY1 i=1
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3.3 Bound for the number of one-dimensional fibers
of a parameterization surface

In this section, we will treat the case of parameterizations ¢ : P2 --» P} of al-
gebraic rational surfaces. Such a map ¢ is defined by four homogeneous polyno-
mials fo, ..., f3, of a common degree d, in the standard graded polynomial ring
R = k[Xo, X1, X5]. Our objective is to refine the bound )7y, deg(h,) which gave
in the previous chapter.

The following result is a direct consequence of Theorem 3.2.2.

Corollary 3.3.1. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that
I3(f) # 0 and let F' be the greatest common divisor of generators of I3(f). Then

S deg(hy) < 3 (26 — 1) des(h) < deg(F) < 3(d 1),

yeV1 yeYV1 i=1

€r . . . . . .
where hy = h{' - hr,” is an irreducible factorization of h, in R.

Notice that the condition I3(J(f)) # 0 is always satisfied if the characteristic of
k is zero. Thus, the above corollary gives an affirmative answer for Question 2.3.11,
at least in the case where k is of characteristic zero. Note that we do not need the
assumption locally a complete intersection of B.

Now we study the syzygies of f;’s in relation with the degree of the greatest
common divisor of the generators of I3(J(f)).

Proposition 3.3.2. Letf := fy, ..., f3 be the homogeneous polynomials of the same
degree d and F' the greatest common divisor of generators of I3(J(f)). Suppose that
p does not divide d. If deg(F) = 3(d — 1) — 0, then I = (fo,..., f3) has a syzygy
of degree ¢ : there exist the homogeneous polynomials ag,...,az € R, not all 0, of
degree ¢, such that

apfo+---+azf3=0.

Proof. Suppose that deg(F) = 3(d — 1) — 6. Then there exist the homogeneous

polynomials aq, . ..,a3 € R, not all 0, of the same degree ¢ such that F; = a;_F for

alli =1,...,4. Without loss of the generatily, we assume that ag # 0. For simplicity,

we set P;; = g)’?_, foralli=0,...,3 and j = 0,1,2. Then (%, —% %) ig a root of
J ao ap’ ag

the system of equations

PioY1 + PyYs + P3gYs = Py
PiuYi+ PuYs + PyYs = Py
P1oY1 4 PyYs + P3Ys = Py

which implies that
a

POj = a—lplj — %ng + %ng, for aHj = 0, ]_,2
0 0 0

It follows that

2 2 2 2
aOZXjPoj = alZijlj —aszjPQj +ai’>ZXJ‘P3>j

J=0 Jj=0 J=0 J=0
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gives dag fo = d(ay fi — asfo + asf3), by Euler’s formula. Thus (ag, —ay, az, —as) is a
syzygy of fo,.... fs. O
Corollary 3.3.3. Under the assumptions of Proposition 3.3.2. Then deg(F') = 3(d—
1) if and only if fo, ..., f3 are linearly dependent over k.
Proof. Suppose that deg(F') = 3(d—1). By Proposition 3.3.2, there exist ay, ..., ag €
k, not all 0, such that
aofo +arfi +azfo +aszfz =0.
Suppose that fy, ..., f3 are linearly dependent over k. Then there are \g, ..., A3 €

k, not all 0, such that A fo+- - -+ A3 f3 = 0. Without loss of the generality, we assume
that A\ = —1, hence fo = A1 f1 + Ao fo + A3 fs. It follows that

9fo dfr dfa Ofs -
DX, Al@X +)\28X —i—)\gaX for all j =0,1,2.
Thus, we obtain I3(f) = (F1, \{F1, Ao F1, A3F} ), which shows that F' = F}. O

We denote by Syz(I) C R* the module of syzygies of I. It is a graded module
and in the structural graded exact sequence

(—d) (f07f17f27f3)

0— 7, — R* I —0,

we have the identification Syz(I) = Z;(d). Recall that for a finitely generated graded
R-module M, its initial degree is defined by

indeg(M) := inf{v | M, # 0},
with the convention indeg(M) = +o0o when M = 0.
Corollary 3.3.4. Adopt Data 2.2.5. Assume further that m = n — 1 = 2, that the
characteristic of k does not divide d, and that [k(f) : k(X)] is separable. Then

> deg(hy) < 3(d — 1) — indeg(Syz(I)) < 3(d — 1).
yeEVL
Proof. By Proposition 3.3.2,
deg(F) < 3(d — 1) — indeg(Syz({)).
The last inequality implies from the fact that indeg(Syz(/)) = 0 if and only if
fo, ..., f3 are linearly dependent over k. ]

Notice that the two last condition in the above corollary are automatically sat-
isfied if k is of characteristic zero.

Example 3.3.5. Consider the parameterization given by f = fy, f1, f2, f3, with

fo=X1X3 = X1X3,  fo= XgXIX3 - X3X],

fir = XX3 — X3, fs = Xg X7 — XX,
in Example 2.2.7. Using Macaulay?2 [GS], the greatest common divisor of generators
of I3(J(f)) is

F = XoXiXa(Xg — X5)(X7 = X3).
It is known as in Example 2.2.7 that
> deg(hy) =8 < deg(F) = 11 < 3.5 — indeg(Syz(f)) = 13.

yeN
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Abstract: In this chapter, we consider rational maps whose source is a prod-
uct of two subvarieties, each one being embedded in a projective space. Our
main objective is to investigate birationality criteria for such maps. First, a
general criterion is given in terms of the rank of a couple of matrices that came
to be known as Jacobian dual matrices. Then, we focus on rational maps from
IP’,lC X IP’,IC to ]P’z in very low bidegrees and provide new matrix-based birational-
ity criteria by analyzing the syzygies of the defining equations of the map,
in particular by looking at the dimension of certain bigraded parts of the
syzygy module. Finally, applications of our results to the context of geometric
modeling are discussed at the end of the chapter. The results in this chapter
are joint work with N. Botbol, L. Busé, M. Chardin, S. H. Hassanzadeh and
A. Simis and have been published [BBC*17].
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4.1 Introduction

A rational map F : P --» P} between projective spaces is defined by an ordered
set of homogeneous polynomials f := fy,..., f, in m + 1 variables, of the same
degree and not all zero. The problem of providing sufficient conditions for such a
map F to be birational has attracted much interest in the past and it is still an
active area of research. For computational purposes, methods based on the nature
of the syzygies of f are the most suitable in the sense of effective results in the
usual implementation of the Grobner basis algorithm. This syzygy-based approach
goes back to [HKS92] where sufficient conditions for birationality were given in the
case m = n. Then, several improvements have been introduced in relation with the
equations of the symmetric and the Rees algebras of the ideal generated by f (
see, e.g., [RS01, Sim04]), including in arbitrary characteristic [DHS12], and also in
relation with the fibers of F in [EU08, KPU16].

In this chapter, we aim to extend some of these methods and techniques to the
context of rational maps whose source is a product of two projective spaces P} x P}
instead of. These maps are defined by an ordered set of bihomogeneous polynomials
in two sets of n + 1 and m + 1 variables, respectively. In order to of emphasize,
we call them bigraded rational maps. Important modern motivation for considering
bigraded rational maps comes from the field of geometric modeling. Indeed, the
geometric modeling community uses almost exclusively bigraded rational maps for
parameterizing surfaces, dubbing such maps rational tensor-product Bézier parame-
terizations. It turns out that an important property is to guarantee the birationality
of these parameterizations onto their images. An even more important property is
to preserve this birationality property during a design process, that is to say when
the coefficients of the defining polynomials are continuously modified. As a first
attempt to tackle these difficult problems, we will analyze in detail birational maps
from P} x P} to P% in low bidegrees by means of syzygies.

Through its various sections, this chapter traverses topics from algebra to geom-
etry and to modeling. In Section 4.2, a general criterion for characterizing bigraded
birational maps is proved by means of algebraic tools. It is based on the rank of two
matrices, called Jacobian dual matrices, that are built from some particular equa-
tions of the Rees algebra of the bihomogeneous equations defining the rational map.
This criterion is actually an analogue of the existing Jacobian dual criterion of ra-
tional maps between varieties embedded in projective spaces [RS01, Sim04, DHS12].

In Section 4.3, we turn to a more geometric language since the bigraded rational
maps are investigated through the properties of their base locus. By focussing on
bigraded birational maps from P x Pi to P2, we obtain very simple birationality
criteria in bidegree (1,1) and bidegree (1,2) in terms of the dimension of some
bigraded parts of the syzygies of the equations defining the rational map. Another
important contribution of our work is a detailed study of the case of bidegree (2, 2)
maps for which we provide a complete list of possible birational maps.

Finally, in Section 4.4 we investigate applications of our results to the field of
modeling. In particular, for bigraded plane rational maps of bidegree (1,1) and (1, 2)
we explain how some particular coefficients of the map, called the weights of the
parameterization, can be tuned in order to obtain a birational map. It is important
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to notice that the inverse map is then given by explicit minors from the matrix
characterizing the birationality of the map. In the bidegree (1,2) case, our new
birationality criterion allows to assign the control of this tuning to a structured low-
rank matrices approximation algorithm, in the context of numerical computations.

4.2 General birationality criterion

In this section, we provide a general effective criterion for birationality of a bigraded
rational map with source a biprojective space P} x; P;*. We will state the results
under more general hypotheses, namely, when the source is a product X x, Y,
where X C Pp, Y C P}* denote nondegenerate irreducible projective varieties over
an algebraically closed field k. The criterion is an analogue of the so-called Jaco-
bian dual criterion which has been studied so far in the context of a rational maps
between varieties embedded in projective spaces [RS01, Sim04, DHS12]. For detail,
see Section 1.6.

4.2.1 Birationality and bigraded Rees algebras

As in the case of a rational map between projectively embedded varieties, where the
notion of the graph of the map is encoded in taking the Rees algebra of an equigen-
erated homogeneous base ideal, a rational map with source a multi-projectively
embedded variety and target a projectively embedded variety has a graph encoded
in taking the Rees algebra of an equigenerated multihomogeneous ideal.

As for a rational map with source a projectively embedded variety and target a
multi-projectively embedded variety, the algebraic object that conveniently encodes
the graph is a multi-Rees algebra — i.e., the Rees algebra of a module which is the
direct sum of a finite set of equigenerated homogeneous ideals of various degrees.

Although valid in the arbitrary multigraded case, for simplicity, we state it in
the biprojective case. Thus, let X C Py, Y C P} and Z C P}, denote nondegenerate
irreducible projective varieties over an algebraically closed field k. Let A = k[x] =
klxo,...,z,]/a, B = kly] = k[yo,...,ym]/b and S = k[z] = klz,...,2]/c stand
for the respective homogeneous coordinate rings. We also denote R := A ®;, B ~
k[x,y]/(a,b). A rational map F : X x Y — Z is defined by bihomogeneous
polynomials fo(x,y),..., fs(x,¥) in R of fixed bidegree (a,b), not all zero. We say
that F is birational with image Z if it is dominant and admits an inverse rational
map with image X x; Y. Note that the inverse map is necessarily given by a pair
of rational maps Z7 — X and Z — Y defined by homogeneous polynomials
g:={g0,...,9n} and h:= {ho,..., hy} of fixed degrees d; and ds, respectively. Set
I'=(fo(x,y),...,fs(x,y)) CRand J; :=(g) C S, Jo:=(h) CS.

Lemma 4.2.1. With the above notations. Then the identity map on k[X,y,z| in-
duces a k-algebra isomorphism between the Rees algebra Rr(I) and the multi-Rees

algebra Rg(J; & J2).

Proof. The proof is tailored on the one in [Sim04, Proposition 2.1] (see also [DHS12,
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Theorem 2.18]). Consider a polynomial presentation

k[x,y]
(a,b)

whose restriction to R = k[x,y]/(a, b) is the identity. Let 7 = (7, a,b)/(a, b) denote
the kernel, with J the ideal generated by the z-homogeneous polynomials, with
bihomogeneous polynomial coefficients in k[x, y|, vanishing on fo(x,y), ..., fs(X,¥)
modulo (a, b).

Note that ¢ C J. Indeed, taking f as homogeneous polynomials for the total
degree of their fixed bidegree, it is clear that the image Z is identified with Proj(k[f])
up to degree normalization. Since the two algebras k[f] and k[ft] are k-isomorphic
as graded algebras and ker(k[z] — k[ft]) C J, we are through. In particular, the
Rees algebra Rg([) is a residue k-algebra of R[z]/¢ = k[x,y,z]/(a,b,¢).

By the same token, one has

Rlz] = 2] — RIft] = [ft] = Rr(l), 2, fit

Rs(h & J2) = S[gu, ho] ~ klz][x, y]/(c, T'),

where J' is generated by those x,y-bihomogeneous polynomials with homogenous
coefficients in k[z| vanishing on both sets g and h modulo ¢. Similarly, both a and b
are contained in J’ — for example, note for this, that a form of degree d in k[x] is a
bihomogeneous polynomial in k[x, y| of bidegree (d, 0) with homogeneous coefficients
in k[z] of degree 0. Thus, Rg(J; @& J2) is a residue k-algebra of S[x,y]/(a,b) =
k[x,y,z]/(a,b,c) as well.

We now claim that the identity map of k[x,y,z|/(a,b,¢) induces the required
k-algebra isomorphism, for which it suffices now to show that J' C (a,b,J) and
that J C (¢, J').

Let F(z,x,y) = X, pi(z)x%y? € J', where |o;| = p and |3;| = ¢ for all i. By the
definition of J’, one has F(z,g,h) € ¢. Therefore, thus F(f,g,h) =0 € R. On the
other hand since the pair (g;h) defines the inverse map to F, there exist forms D
and D" in R\ 0, perhaps of different degrees, such that g(f) = x D and h(f) =y D".
It follows that F(f, g, h) = (3, p;(F)x®y®)D*D". Since R is an integral domain, the
vanishing of the latter shows that F'(f,x,y) = 0 on R. In particular F' € (a,b, 7).

The other inclusion is obtained by a similar argument. O]

4.2.2 Bigraded Jacobian dual criterion

We are now ready to present a multiprojective version of the Jacobian dual criterion
of birationality. For simplicity, we stick to the biprojective case, as the arbitrary
multiprojective case requires only a small set of changes.

We will focus on the presentation ideal (a,b, J) C k[x,y,z] of the Rees algebra
Rg(I). Consider the elements of degrees (1,0, %) and (0,1, %) in (a,b,J), where x*
denotes an arbitrary degree in z. Since by assumption X and Y are nondegenerate,
these elements belong to the graded pieces J(1,0+) and J(o,1+), respectively. Now,
a form of degree (1,0,%) can be thought as a form of bidegree (1,x) in k[x,z].
Moreover, since X is nondegenerate, each such form has a unique expansion of the
shape Y°; Qi(z)z;, where Q;(z) € k[z] is homogeneous of degree *. Considering these



4.2. General birationality criterion 85

expansions for a minimal set of generating forms of the ideal (J(1,0)) and taking
the corresponding matrix of x-derivatives, we obtain a weak Jacobian dual matrix
U, as in Section 1.6 — here dubbed an x-partial Jacobian dual matriz. We similarly
introduce an y-partial Jacobian dual matriz ¥. Finally, thinking of these matrices
as maps over k[z], we denote by W @iz S and Uy @y, S the respective maps
obtained modulo c.

Theorem 4.2.2. With the previous notations, the rational map F : X XY --» Z
is birational with image Z if and only if rankg(Vx ®gz S) = n and ranks(Vy
S) = m. In addition, both halves of the expression of the inverse of F are given
by (signed) ordered mazximal minors of an n x (n + 1) submatriz of ¥y and of an
m x (m+ 1) submatriz of Uy, respectively.

Proof. Suppose that F is birational with image Z. By the proof of Lemma 4.2.1, in
particular J1,0,+) = \7(,*,1,0) —notice that %, 1 and 0 are the respective degrees in z,x
and y. This implies that U, can also be written in terms of ‘7(’*’170). But, as such
and due to the definition of J’, we get an equality

Li([wo - 2] - ("W ® S)) = Li([z0 - - - ] - Syzs(g)),

where Syzg(g) denotes the matrix of syzygies of (g) C S. Since neither ‘¥, ® S nor
Syzg(g) involves any variables other than z, it then follows that these matrices define
the same column space and hence have the same rank. But, clearly rankg(Syz¢(g)) =
n. A similar argument applies to the y part.

The proof of the converse statement is the same as the proof for the projective
varieties in [DHS12], with the obvious adaptation. Thus, let M denote an n x (n+1)
submatrix of Wy which is of rank n over S. Let A¢(z), - - -, A,(z) be its ordered signed
minors. By the Hilbert-Koszul’s lemma 1.5.6, the vector A;(z)e; —A;(z)e; belongs to
the column space of M and hence to that of Wy. The fact that I;([zg---z,] - ¥x) =
(J(1,0,+)) ensures that ;A ;(z) —2;A;(2) € (J1,0,))- In particular ;A (£) —x;A;(f) =
0 in R. We claim that the n+ 1-tuple (Ao(f) - -+ A, (f)) does not vanish on R. To see
this, recall that the homogeneous coordinate ring of the image of F is k[fo, - - - , fs] =
S (up to degree normalization). Since S = k|z|/c, then A;(f) = 0 € R if and only
if A;(z) € ¢, ie., if and only if A;(z) = 0 € S. But this cannot happen for all i
because rank(M ®pjz S) = n. It now follows that the rational map Z --» X defined
by (A¢(z) : -+ : A,(z)) gives the first half of the inverse to F.

The second half is treated entirely in the same way. O

4.2.3 Linear syzygies and birationality

Theorem 4.2.2 yields an explicit criterion for deciding if a given bigraded rational is
birational. In order to apply this criterion, we need to get the equations of a Rees
algebra, which are usually done by using Grobner basis computations. Therefore,
it has certain disadvantages in practice. Moreover, in order to overcome these two
drawbacks, we investigate how birationality can be detected by means of syzygies of
the ideal I generated by the coordinates of the rational maps, instead of the whole
collection of equations of I. Indeed, any criterion based on some syzygies of given
bidegree of I will only rely on linear algebra computations.
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We will need to consider not just Rees algebras of ideals or multi-Rees algebras,
but the full notion of the Rees algebra of a module as discussed in [SUV03].
The following proposition gives an analogue of [DHS12, Theorem 3.2].

Proposition 4.2.3. Let F : P} x P} --» P} stand for a rational map defined
by bihomogeneous polynomials fo(X,y), ..., fs(X,¥) in R := k[x,y] and set I :=
(fo(X,¥),- .., fs(x,¥)). If the image of F has dimension n+m and the submatriz of
the syzygy matriz of I consisting of columns of bidegrees (1,0) and (0,1) has rank s
(mazximal possible), then F is birational onto its image.

Proof. Note that the image of F is a projective subvariety of P;. Let z be homo-
geneous coordinates on Pj and set S = k[z]/c for the homogeneous coordinate ring
of the image of F. Since I is bihomogeneous, it admits a minimal syzygy matrix
whose columns are bihomogeneous. Clearly, the independent syzygies of degrees
either (1,0) or (0,1) will be columns of this matrix. Let M denote the subma-
trix with these columns. Then choose a matrix N with entries in k[z] such that
z] - M = [x,y]- N. Let E = Coker(N ®g S).

We now introduce in the discussion the Rees algebras R z(Coker M) and Rg(E).
Thus, one has

k[x,y, 2]
(C, [Xa Y]N7 7—2)

where 7 is the R-torsion of Symp(CokerM) lifted to k[x,y,z] and, similarly, 7 is
the S-torsion of Symg(F) lifted to k[x,y, z].

Note that, by definition, the Rees algebra Rg(E) of E and that of E' modulo its
torsion coincide. Since S is a domain, the latter module embeds into a free module
over S. In particular, Rg(FE) is a domain, i.e., (¢, [x,y|N, 72) is a prime ideal.

We claim that ([z]M, 1) C (¢, [x,y]|N, 72).

Indeed, let G = G(Xx,y,z) € 71. Then there exists F(x,y) € k[x,y] \ {0}
such that F(x,y)G C (Ii(z - M)) C (¢,[x,¥]N, ). If G & (¢,[x,y]N,72) then
F(x,y) € (¢, [x,y]N, 7). By the definition of 75 there exists H(z) € k[z] \ ¢ such
that H(z)F(x,y) € (¢, [x,y]N). Recall that [z] - M = [x,y]| - N. Evaluating z — f
would give H(f)F(x,y) = 0 whence F(x,y) = 0 since H(f) # 0; this is a contra-
diction.

As a consequence, one has a surjective R-algebra map Rpr(Coker M) — Rg(E)
and hence

kx,y,z]

Rr(Coker M) = M)

and Rg(F)=

dim(Rg(F)) < dim(Rg(Coker M)).

Now dim(Rgs(E)) = dim(S)+(n+1+m+1)—rank(N®S) and dim(R g (Coker M)) =
dim(R) + s + 1 — rank(M). Since dim(R) = dim(P} x P7*) 4+ 2 we have dim(R) —
dim(S) = 1. Therefore the above inequality implies that

n+m + (rank(M) — s) < rank(N ® 5).

Since rank(M) = s by assumption, we obtain n+m < rank(N ® S). Notice that
N ® S is a submatrix of the "concatenated” Jacobian dual matrix

U ® S
P=\o, 29
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in the notation introduced in the previous subsection.
Thus we have rank(p) > n + m, whenever rank(M) = s.

Claim: rank(¥y ® S) < n (and, similarly, rank(¥, ® S) < m).

Assuming the claim, it follows that rank(p) < n+m and the equality happens if
and only if rank(VUx ® S) = n and rank(Vy, ® S) = m. Therefore, the result follows
from Theorem 4.2.2.

We now show that rank(¥, ® S) < n. Indeed, consider the field K := k(y) (the
generic point of P{*) and the rational map

F P - P

which is defined by the polynomials fo, ..., fs viewed as polynomials in K[x]. Let
S":= Kly]/(¢) be the coordinate ring of the image of 7" and consider the Jacobian
dual matrix of 7’ over S’ : ¥/ ® S’. Then, because of the field inclusion k& — K
the column space of ¥, ® S is contained in the column space of ¥’ ® S. There-
fore, rank(V, ® S) < rank(¥V’' ® S’) < n where the last inequality follows from
Proposition 1.6.8. []

Remark 4.2.4. The mutual independence of the hypotheses in Proposition 4.2.3
has already been observed in [DHS12, bottom p. 409] in the case the source of F is
a single projective space; likewise, in our setting. The most obvious situation where
the number of linear syzygies of the required type is maximal and yet the image
has smaller dimension is obtained as follows. We explain the projective version, the
biprojective one being entirely similar.

Let F : P} --» P} be a birational map onto the image such that the linear
syzygies of the defining forms f have maximal rank. Let I C R denote the base ideal
of F. Consider the coordinate projection 7 : P;™! —-» P} defined by the first r + 1
variables — thus, this corresponds to the ring extension R = k[xo, ..., x,] C R[Z,41].
Since the latter is a faithfully flat extension, or directly, the module of syzygies of f
on R[z,,1] is extended from the R-module of syzygies of f, in particular the linear
parts have the same rank as R-module or R[z,;;]-module. At the other end the
k-algebra k[f] is the same whether considered as a subalgebra of R or of R[z,1].
Therefore, the composite map F o« : Pt -—» P§ has the same linear rank and
the same image as F. This shows that maximal linear rank does not imply maximal
dimension of the image.

To get a biprojective analogue, it suffices to take a one-sided projection P;*! x
Py --» P} x P} to the source of a birational map P} x P}* --» P} having maximal
linear rank in the sense of the statement of the above proposition (e.g., an arbitrary
Segre map).

It is of course clear that the full converse of the statement in the proposition is
false. In the projective case, one can take a birational parameterization Pi --+ P2 of
a plane curve with parameters of degree > 4 (hence, with linear rank 0). For example,
take the parameters z*, y*, 3y + zy® on k[z, y]. Since the image is a quartic curve,
the map F defined by these parameters is automatically birational onto the curve.
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To extract a biprojective example, compose the induced map
(id, F) : Py x P —-» Py x P?

with the Segre map P, x P2 --» PJ. The result is clearly birational onto a subvariety
of dimension 2 of the Segre embedding. However, a calculation with Macaulay?2
shows that the linear rank is only 3.

4.3 Syzygies of low degree of bigraded maps in
the plane

In this section, we will focus on the linear syzygies of bigraded rational maps from
P} x P} to P. Under consideration will be the cases where the total degree of the
biforms is 2 or 3. Note that in the projective case, the plane Cremona maps of these
degrees are automatically de Jonquieres maps. In both cases the base ideal is an
ideal of 2-minors of a 3 x 2 matrix, with two linear syzygies or a linear syzyzy and
a quadratic one, respectively [HS12].

In the case of a bigraded rational map defined by polynomials f := { fo, f1, f2} of
bidegree (1,1) it is very easy to see that, up to linear transformations in the source
and target spaces, there are only two maps:

Py x P — P, (v:y) x (u:v)— (zu:yu:yv),
PLxPL— P (x:y) x (u:v) = (vu:yu: 2o+ yu).

The first one is birational and f has two minimal syzygies of respective bidegrees
(1,0) and (0, 1), whereas the second one is not birational and f has exactly five
linearly independant minimal syzygies. Therefore, birationality is here guaranteed
by the existence of a linear syzygy. To understand to which extent such a result can
be generalized to higher bidegree, some preliminary work is required. Our tools will
be largely homologically oriented. Before going into the details, we first fix some
notation.

We will switch from the previous notation F for a rational map to the symbol
¢. Let k be an infinite field. Let R := k[z,y;u,v] be the bigraded polynomial ring
with weights defined by deg(xz) = deg(y) = (1,0) and deg(u) = deg(v) = (0,1).
Let fo, f1, f2 be three bihomogeneous polynomials of bidegree (a,b) and set I =
(fo, f1, f2) C R. Consider the rational map defined by

¢:PLxP. - P2
((aﬁ>’(’75)) = (fO(OQBa’%é):fl(aaﬁ)’%é):f2(a767775))'

We assume throughout that ¢ is a dominant rational map and that the polyno-
mials fy, f1, fo do not have a proper common factor in R, which, in a more geomet-
ric terminology, means that these polynomials define a zero-dimensional scheme in
P, x IP}; let B denote this scheme — called the base scheme of ¢. We note that the
degree of B, denoted deg(B) is equal to the bigraded Hilbert function of R/I for
sufficiently high bidegree (u,v).
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In analogy to a well-known degree formula in the projective case, one has the

following degree formula in the biprojective counterpart (see, e.g., [Bot1l, Lemma
7.4]):

deg(¢) = 2ab — > e, (1), (4.1)
zeB
where deg(¢) stands for the field degree of the rational map ¢ and e, (I) stands for
the Hilbert-Samuel multiplicity of I on the localization R, at the defining prime
ideal p of the point x. An important property of this latter multiplicity is that it is
equal to the length of the residue of R, modulo the ideal generated by two general
k-linear combinations of the polynomials fy, f1, fa.

In particular, the degree formula (4.1) can be easily derived from this property
as follows. Two linear forms in three variables define a point P in the target P? and
the corresponding linear combinations of fy, f1, f> define a subscheme Yp in PL x P}
giving the inverse image of P by ¢ off B. On an open subset of P%, or equivalently of
the space of coefficients of the linear forms, the inverse image is a finite set. Hence,
for a general point P, Yp is a complete intersection of degree 2ab and is the union
of a component Xp not meeting B, of degree equal to the degree of the map (notice
that Xp is reduced by Bertini’s theorem) and a component with support B in which
each point x has multiplicity equal to e,(/). Indeed, the multiplicity at a point x
is constant and equal to its minimal value for two linear forms corresponding to a
dense open subset of P%; this value is e, (I) by Proposition 1.3.24.

4.3.1 Counting linear syzygies

We denote by Syz(I) C R? the module of syzygies of I. It is a bigraded module
and the linear syzygies correspond to the graded parts Syz(/)(1,0y and Syz([)(o,1). In
other words, in the structural bigraded exact sequence

0— 21 — R3(_a7_b) M 1 — 0,

we have the identification Syz(I) = Z;(a,b). In the sequel, we will use the notation
K., Z,, B, and H, to refer to the terms, cycles, boundaries and homology mod-
ules of the Koszul complex of the sequence fy, f1, fo. We set n := (x,y) N (u,v) =
(xu, zv,yu,yv) C R for the ideal generated by all monomials of bidegree (1,1).
Recall the following bigraded exact sequence in local cohomology

0— H)R/I)— R/I — @ HP} x P}, 04(u,v)) — Hy(R/I) — 0. (4.2)
(1,v)EZ?

In the following, an upper right star * attached to an R-module will denote its
Matlis dual.

Lemma 4.3.1. Set Q := {(p,v) € Z*| — 2b < bu — av < 2a}. Then

Hi(R/I)(mu) = (Hl)ikSa—,u—Q,Sb—y—2)v

for every (u,v) € 2
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Proof. Let K, be the Koszul complex of the sequence fy, fi, fo. The argument hinges
on the two spectral sequences associated to the double complex C? = C?(K,)

0 0 0 0
0 CU(Ky) — COU(EKy) — = CO(K,) — = CO(Kp) — 0
0 CH(Ky) — CMEKy) — CY(K,) —— O (Kp) —— 0
0 C2(Ky) — C2(Ky) —— C2(K,) —— C(Ky) —— 0

n

0—— CB(Kg) —_— Cg(KQ) —_— 03(K1) —_— Cg(Ko) —0

n

@]
o]
]
]

HO(Hs) HO(Hy) HO(Hy) HY(Ho)
H,(Hs) Hy(Hy) H,(H,) H,(H)
0 0 0 0
0 0 0 0
The other one gives at step one:
0 — 0 — 0 — 0
0 — 0 — 0 — 0
HX(Ks) — HY(K;) — H (K1) — H;(Ko)
H}(Ks) — HY(K,;) — H}(K) — H(Ko)

Notice that for every (u,v) € Q, HZ(R)(,) = 0, hence HZ(K;) () = 0 for all j =
0,...,3. Moreover H}(K,) ~ K3 ,[2—3a,2 — 3b] for every ¢ =0, ..., 3. Therefore,
this spectral sequence at step two in bidegree (u,v) € € gives

0 0 0 0
0 0 0 0
0 0 0 0

Hi[2—3a,2—3b] HI[2—3a,2—3b Hi[2—3a,2—3b Hi2—3a,2— 3]

By comparing the two spectral sequences, one has Hy = H3 = 0 and for all (u,v) €
), we have

Hi(R/I)(u,v) = (H1>Z<3a—u—2,3b—1/—2) = Hompg((H1)@3a—p-2,30-1-2), k)

as claimed. O
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Next, let throughout I*** := I : n® denote the saturation of I with respect to
n = (z,y) N (u,v).

Proposition 4.3.2. With the above notation, one has
(i) If 0 < b < 2a then dimy, Syz(1) o) = deg(B) — dimy(R/I**") (24—3,26-2)-
(ii) If 0 < a < 2b then dimy Syz(1) (1) = deg(B) — dimy(R/I%")(2q—2,26—3)-

Proof. (i) Observe that since (B1)+1,5) = 0, Lemma 4.3.1 and (4.2) imply that

dimy, Syz(1)q,0) = dimg(Z1) @416 = dimg(H1)(a+1,0)
= dimy Hy (R/I)2a-320-2)
= deg(B) — dimk(R/Isat)(ga_&Qb_g).

(ii) is proved similarly. O

4.3.2 Birationality of bidegree (1,1) maps

As noticed at the beginning of Section 4.3, the birationnality of bidegree (1, 1) maps
can be easily characterized by means of linear syzygies. Below, we reprove this fact
using Proposition 4.3.2.

Proposition 4.3.3. Let ¢ : Pp x P, --» P} be a dominant rational map given
by bihomogeneous polynomials fo, f1, fo of bidegree (1,1) without common factor in
R\ k. The following three assertions are equivalent:

(i) ¢ is birational,

(ii) the polynomials fo, f1, fo have a nonzero bidegree (1,0) syzygy,

(iii) the polynomials fo, f1, fo have a nonzero bidegree (0,1) syzygy.

Proof. The map ¢ is birational if and only if deg(¢) = 1 and by the degree formula
(4.1) this is equivalent to having deg(B) = > ,cge.(I) = 1. Now, by Proposition
4.3.2 with a = b =1, we have

dimy, Syz(1) 1,0y = deg(B) — dimy (R/I*") 1,0y = deg(B),

dimy, Syz(1)0,1) = deg(B) — dimy(R/I*") 0,1 = deg(B).

Therefore, ¢ is birational if and only if dimy, Syz([)(1,0) = 1, or equivalently if and
only if dimy, Syz(I)1) = 1. n

The above birationality criterion can be translated into a numerical effective test.
For that purpose, set

filx,y;u,v) == ¢ oru + €120 + ¢ 2yu + ¢ 3Y0.

We seek a triple of polynomials go, g1, g2 that are linear forms in x, y (or equivalently
u,v) and such that 3 ¢; f; = 0. Such a triple can be found as elements in the kernel
of a matrix M whose columns are filled with the coefficients of the polynomials

z fo,yfo, v f1, yf1, v f2, y f
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in a basis of bihomogeneous polynomials of bidegree (2, 1), typically
22u, 2%, y2u, y?, xyu, Tyv.

The matrix M is hence the following 6 X 6-matrix

[ €o0,0 0 C1,0 0 C2.0 0
Co,1 0 C1,1 0 C2.1 0
0 Co,2 0 C1,2 0 C2.2
0 Co,3 0 1,3 0 C23
€2 Coo Ci,2 Cip C22 C20
L €03 Co1 C13 C11 C23 C21

As a consequence, in Proposition 4.3.3, we could add as a fourth item the statement

that det(M) = 0.

4.3.3 Birationality of bidegree (1,2) maps

Before providing our birationality criteria in this case, we establish the following
technical lemma.

Lemma 4.3.4. Let ¢ : P} x PL -+ P% be a dominant rational map defined by
bihomogeneous polynomials fo, f1, fo € R of bidegree (1,2) without common factor
in R\ k. Set I = (fo, f1, f2) C R. Then, we have

(i) dimy Syz(1)(o,1) = deg(B) — 2,

(ii) dimy Syz(1)a 1) = deg(B).

Proof. (i) Since (a,b) = (1,2), Proposition 4.3.2 shows that
dlmk Syz([)(O,l) = degB — dimk(R/[sat)(o’l).

If deg(B) = 1, then the base scheme of ¢ consists of a single simple point. Therefore
I’**" = (z,u) up to a coordinate change, hence dimy(R/I*")1) = 1 and we deduce
that there is no nonzero syzygy of bidegree (0,1), as claimed.

Now, we assume that deg(B) > 2. Since dimy(R(,1)) = 2, it suffices to show that
I fgfl) = 0. Thus, suppose that I (ngl) # 0; without loss of generality we may assume
that u € I***. Now, since deg(B) > 2, there exists a form ¢(x,y) of bidegree (2,0)
such that I*** C (g, u). But since f; € I**| we have

fi = aiq+biu7 L= 071a2'

As deg(fi) = (1,2), we deduce that ay = a1 = ax = 0 and that u divides f; for all
© = 0,1,2; this is a contradiction.

(ii) By inspecting the shifts of bidegrees in the Koszul complex of the sequence
fo, f1, f2, and taking into account that the f;’s are of bidegree (1,2), we observe that

dimy, Syz (1) 1,1y = dimg(Z1)2,3) = dimy(H1)2,3)-
Applying Lemma 4.3.1 (we have (—1,1) € ), we get the equality
dimk(Hl)(gﬁ) = dlmk Hi (R/[)(—l,l)'



4.3. Syzygies of low degree of bigraded maps in the plane 93

Now, the exact sequence (4.2) restricted to bidegree (—1,1) yields the equality
dimy Hy (R/I)(-1,1) = deg(B) — dimy(R/I***)(_1 1) = deg(B)

and the claimed equality is proved. O

Theorem 4.3.5. Let ¢ : Pt x Pt --» P2 be a dominant rational map given by
bihomogeneous polynomials fo, f1, fo € R of bidegree (1,2) without common factor
in R\ k. Setting I = (fo, f1, f2) C R, the following four assertions are equivalent:

(i) ¢ is birational,

(ii) deg(B) = 3, and hence I is generically a complete intersection,

(iii) dimy Syz(f ) 01) = 1,

(iv) dimy Syz([ )(1,1) =3.

Proof. Since (ii) is equivalent to both (iii) and (iv) by Lemma 4.3.4, it suffices to
show that (i) and (ii) are equivalent.
Now, by the degree formula (4.1), we have

S eu(l) = 4 - deg(6) < 3. (43)

z€eB

Moreover, by property of the Hilbert-Samuel multiplicity we also have deg(B) <
> e €x(I) with equality if and only if I is generically a complete intersection, by
Proposition 1.3.24. Therefore, if deg(B) = 3 then Y ,cpe.(I) = 3, so that [ is
generically a complete intersection, and from (4.3) we deduce that deg(¢) = 1, i.e. ¢
is birational. Thus, we have just proved that (ii) implies (i). To prove the converse,
suppose that deg(B) # 3. Then, necessarily, deg(B) < 2 and this implies that I is
generically a complete intersection. Therefore deg(B) = > ,cze.(I) < 2 and hence
¢ cannot be birational by (4.3). It follows that (i) is equivalent to (ii). O

Remark 4.3.6. Item (iii) provides us with a minimal syzygy of bidegree (0, 1) so
that u(X7_, aifi) = (X7, bifi) for some a;’s and b;’s in k. It follows that there exist
three polynomials p, ¢, 7 of bidegree (1, 1) such that I = (pu, pv, qu+ rv). Therefore,
I is a perfect ideal generated by the 2-minors of the matrix

v q
M:=—-u r
0 —p

Thus, one could add yet another equivalent condition to Theorem 4.3.5, namely that
the ideal I has a free R-resolution of the form

0— R(—1,-3) & R(—2,-3) X~ R(-1,—2)3 R R/I 0.
Note that, in this format, three independent (1, 1)—syzygies of I are

(l’U, —Tu, 0)7 (yva —yu, 0)7 (q7 T, _p>7

the first two being non-minimal. Hence, in contrast to the spirit of Proposition 4.3.3,
in item (iv) of the above theorem Syz([)(1,1) is not spanned by 3 minimal syzygies
of bidegree (1,1).
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Corollary 4.3.7. If ¢ is birational, then dimy Syz([)(1,9) = 0.

Proof. This is an immediate consequence of Remark 4.3.6, using the fact that p and
qu + rv have no proper common factor as I has codimension 2. O]

Remark 4.3.8. Theorem 4.3.5 and Corollary 4.3.7 provide another illustration that
the converse of Proposition 4.2.3 does not hold, here for some dominant rational
maps from PL x P} to P%.

4.3.4 Birationality of bidegree (2,2) maps

Unlike the cases of rational maps of bidegree (1,1) or (1,2), the linear syzygies
associated to a given parameterization are not enough to give birational criterion
in higher bidegrees. Yet, in the case of bidegree (2,2), we are able to describe a
complete list of such birational maps.

Let ¢ : Pi x P, --» P? be a dominant rational map given by bihomogeneous
polynomials fy, f1, fo € R of bidegree (2,2). We set I = (fo, f1, f2) and we denote
by B the base scheme of ¢ which is assumed to be zero-dimensional (i.e. supported
on a finite set of points). The degree formula yields the equality

deg(¢) =8 — > e, (I). (4.4)

z€B

And since deg(¢) > 1, we deduce that

1 <degB < Zex(l) <T.

z€eB

For a codimension 2 bihomogeneous prime ideal p O I, we will set d,, := dimy (R, /1)
(“point degree”) and let as before e, denote the Hilbert-Samuel multiplicity of I on
p. As is well-known, e, > d,, with equality if and only if /, is a complete intersection
(a fact we have already used in the proof of Theorem 4.3.5).

By abuse, one may think of p as belonging to B; as such it is the defining prime
ideal of a point p € P} x Pj.

First, we remark the following:

Lemma 4.3.9. Assume the above notation. If ¢ is birational then deg B < 6. More-
over, if deg B = 6 then I is perfect with a minimal resolution of the form :

0—> R(—3,-3) —> R(—2, —2)* —> I ——>0,

Proof. Two general k-linear combinations of the f;’s define a scheme on the support
of B plus an additional simple point ¢ that does not share any coordinate with the
base points (the argument is similar to the one given in the last paragraph of the
introduction of Section 4.3). If deg B = 7 then choose a point p in the support of B,
and if deg B = 6 then take p as the point for which the Hilbert-Samuel multiplicity
is not equal to its degree. After a linear change of coordinates on the source and
target spaces, we may and will assume that ¢ = (1,0) x (1,0), p = (0,1) x (0,1), i.e.
q=(y,v), p = (z,u) and (fo, f1) = (y,v)NJNK N L where J C (x,u) is unmixed
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with associated primes corresponding to the support of B, while K (respectively
L) is (z,y)-primary (respectively (u,v)-primary) of degree 4 and generically a com-
plete intersection (i.e. the image of K (respectively L) in k(u,v)[x,y] (respectively
k(x,y)[u,v]) is a complete intersection).

Now, we observe that the defining ideal of B is either J if degB = 7, or either
J: r(z,u) if deg B = 6. The latter is a consequence of liaison, see Proposition 1.3.11.
Furthermore, we have that K: g(z,y) = (z,y)? and L: r(u,v) = (u,v)?. Therefore

(fo, f1): mlzv,yu) = (T2 gz, w) N (2,y)* N (u,0)?

and in particular ((fo, f1): r(zv,yu))22 = (J: r(@,u))@2). By rewriting f, =
Axv + Byu and f; = Cxv + Dyu, we get

(f()vfl): R(‘Tv7yu) = (f17f27AD - BC)

Now, fo € I C (J: r(z,u))N(z,y)*N(u,v)?. As the f;’s are linearly independent,
fo is a nonzero multiple of AD — BC modulo f, and f;, hence we should have
I = (fo, f1): r(zv,yu) which is unmixed of degree 6. This rules out the possibility
of having deg B = 7 and concludes the proof. m

Fix p € B. By changing coordinates, there is no loss of generality in assuming
p=1(0,1) x (0,1), i.e., p = (x,u). We now discuss how the strict inequality e, > d,
reflects in the form of the generators of I. For this, we resort to explicit computations
on the affine piece y = v = 1. Now, one has I C (z,u)(22) and the latter is spanned
by the monomials

zyv?, yPuv, 2202, zyw, v*u?, 2 uv, zyu?, 22

Therefore, for j = 0,1,2, g; :== f;(x,1,u,1) is a k-linear combination of the mono-
mials {z, u, 2%, vu, u?, v?u, xu?, *u®}. Set J := (g0, g1, 92) C S := k[z, ul.
Consider the total order > on the monomials of S by decreeing

I1>e>u>22>zu>uwl>22 >22u>au >0 > 2 > 2% > 22w > -

Let in(J) be the initial ideal J with respect to the order >. Therefore d, = dim(k[z, u]/in(J)).

Lemma 4.3.10. With the above notation, the equality d, = e, holds except in the
following cases:

(i) J = (z,u)?, in which case d, =3, e, = 4,
(ii) J = (2 + M? + pau, 22u, zu?), X # 0, in which case d, =5, e, = 6.
(iii) J = (zu + pu?® + zu?, 22 + azu + Bu?, 2?u?), u # 0, in which case one has
4 <degB <5 and Y cpe.(l) <6.
Proof. Write d, =n, n > 1. We will argue in terms of the initial ideal in(.J).

We first consider the easy case where z € in(J) or u € in(J). The argument
will be totally symmetric in the two cases, so it suffices to consider one of them,
say, z € in(J). Then u" € in(J) and u"~* ¢ in(.J), hence in(J) = (z,u"). Letting
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then hy, hy € J be polynomials such that in(hy) = x,in(hg) = u", {hy, ho} will be a
Grobner basis of J. Therefore, J is a complete intersection, hence d, = e,.

Next consider the case where neither x € in(J) nor u € in(J). Notice that
z? € in(J), as otherwise in(J) C (u). We now analyse all possibilities: both zu and
u? belong to in(J); zu € in(J) and v? ¢ in(J); zu ¢ in(J) and w* € in(J); and
neither zu nor u? belongs to in(.J), respectively.

Case 1: zu,u® € in(J). By the chosen order of the monomials, one must have
{z? zu,u®} C J. But certainly J C (22, zu, u?) since it does not contain either x or
w and further {z?u, zu? r?u®} C (22, zu,u?). This shows that that J = (z,u)?, in
which case d, = 3 and e, = 4.

Case 2: ru € in(J) and v ¢ in(J). Hence e, > d, > 4. Write

go = 2% + M + zul, g = xu+ pu® + zul’, g, = zul”

where (A, 1) # (0,0) and I,1’,1"belong to the k-vector space spanned by z, u, xu.

If 4 =0 (hence A # 0) then zu € J and 2% 4+ \u? € J, thus showing that e, < 4,
and hence that d, = ¢, = 4.

If u # 0, pick explicit coefficients for [,1’,1":

go = 2% + M + a12’u + bizu® + ¢’

g1 = 2+ pu? + asxu + boxu® + coxu®,

Go = asx’u + byzu® + csr’u’.

We are led to consider the following sub-cases:

(a) If (as,b3) = (0,1), then zu® € J, hence z*u € J. It follows that J D (z* +
Au?, zu + pu?) which show that e, = 4.

b) If (as, b3) = (1,v), then we write:
(b) : V),
go = 2% + \u® + azu® + bau?,
g1 = vu + pu® + cou® + dr*u?,
go = z*u 4 vau® + exu?.
Therefore xg; — go = (1 — v)zu? + (¢ — e)x*u? + dz®u®. If u # v then zu? € J.
Hence J D (22 + Mu?, zu 4+ pu?®) which shows that e, = 4. Conversely, if
i =v =1, then we write:
go = * — \zu + aru® + friu?,
g1 = 2u 4+ u? + yru® + 6xu?,
go = v2u + xu’ + Erut
Taking g, — ugy € J gives zu? € J, therefore J O (2 + A\u?, zu + u?) which
shows that e, = 4.
c) If (a3, b3) = (0,0), then we write:
( ) 3, Y3 y V),

go = 2% + \u® + az’u + bru?,
g1 = vu + pu® + cru + dru?,

go = U’
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Since z?u? € I, B has only one prime p, which shows that deg B = d, and
Seener(I) = ep. It is easy to see that a* € J, hence 4 < d, < 5. Moreover
(z,u)* C J, hence z?u + pru® € J. We can write

go = 2% + Mu? + (b — ap)au?,
g1 = vu + pu® + (d — cp)ru?,

go = 2.

Ifb—apu = d—cu = 0 then J D (22 + Mu?, zu + pu?) which shows that
dy = e, = 4. Conversely, if (b — ap)? + (d — cu)* # 0 then

J D (zu + pu® + zu?, 2 + avu + Bu?),

therefore e, < 6.

Case 3: ru ¢ in(J) and u? € in(J). Therefore d, > 4. We write

go = 2° + \vu + zu(az + bu + cru),
g1 = v + zu(d'z + Vu + dzu),

go = zu(a’x + V'u+ "xu).

Since g; — a'ugy = v*(1 + az + Bx? + yru + dx°u) € J, hence u? € J, therefore
22 + \vu + azx’u € J. It follows that

(u?, 2% + A\vu + az?u) C J.

Consider the codimension 2 homogeneous ideal G = (u?, 22z + Avuz +az?u) C T =
k[x,u, z] obtained by homogenizing the two generators of the leftmost ideal in the
above inclusion. Then T'/G is a complete intersection of degree 6 supported on two
points in P, namely, ¢; = (0: 0: 1) and go = (1 : 0 : 0). Letting g1, g2 denote the
respective defining prime ideals, one has dy, = eq, = 2, hence d,;, = ¢;, = 4. Since
ep < eq, = 4, therefore e, = d, = 4.

Case 4: zu,u? ¢ in(J). It is seen that d, > 5. We can write

go = 2% + Mu® + pau + zu(ax + bu + cru),

g1 = ax’u + bizu® + e rtu?,

go = asz?u + bozu® + coxu?,

where A # 0. Again, consider the following sub-cases:

(a) If a1 = as = 0, then (b1, bs) # (0,0). Therefore, we obtain

go = 2° + M? + pzu + ar’u,
g1 = xu’,

go = 22U’

Since go = g1, hence J = (go, g1) is a complete intersection, therefore e, = d,,.
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(b)

If a; =1 and b, = 0. We obtain

go = 2 + \? + pzru + ax*u + Bau?,
g1 = v*u + yau?,

go = 2.

If v = 0, then J = (go, g1) is a complete intersection, hence e, = d,. We deduce
that v # 0 and hence zu?® = v~ *(ug, — g2) € J. Write

go = 2% + \® + pau + ar’u,

g1 = T2u + yru,

g2 = 7.
It is easy to see that u* € J. If u® ¢ in(J), then d, = e, = 7. Conversely, if
u® € in(J), then 5 < d, < 6. Moreover, since zu? ¢ in(J), we obtain in(J) =

(22, u?). Therefore, there exists a Grobner basis of J of two polynomials, hence
J is a complete intersection.

If a; =1 and b, = 1. We obtain

go = 2% + M + pzru + az?u?,

g1 = 7?u+ Br*u® = 2?u(l + Bu),
g2 = zu? + yriu? = 2u*(1 + o).

It follows that zu, zu? € J. We write
ugo = r°u + \u® + pru® + ar*u® € J,

which shows that u* € J. It follows that d, = 5 and e, = 6. In this case
J = (2% + \® 4 pau, 2*u, zu?), X # 0.

[]

Now, we derive consequences of the above technical lemma and the degree for-
mula (4.4).

Corollary 4.3.11. Let ¢ : Pi x P} --» P2 be a dominant rational map given by
bihomogeneous polynomials fo, f1, fo € R of bidegree (2,2) without common factor
in R\ k. If ¢ is birational then deg B = 6.

Theorem 4.3.12. Let ¢ : P, x PL --» P2 be a dominant rational map given by
bihomogeneous polynomials fo, f1, f2 € R of bidegree (2,2) without common factor in

R\k.

Assume that the point in B with the largest multiplicity is the point p := (x,u).

Let J be the ideal generated by fo(x,1,u,1), fi(z,1,u,1), fo(x,1,u,1). Then ¢ is
birational if and only if deg B =6 and J = (x,u)* or

J = (2% + \® + pau, 2*u, zu?), A # 0.
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Proof. First, assume that ¢ is birational. Corollary 4.3.11 shows that deg(B) = 6.
Moreover, by (4.4) we have Y ,cze, = 7 and hence Lemma 4.3.10 implies that
(dy,ep) = (3,4) or (dy,e,) = (5,6), that is to say J = (z,u)? or J = (2? + \u? +
pau, r?u, zu?), A # 0, as claimed.

For the converse it suffices to prove that if degBB = 6 and J = (z,u)? or J =
(22 + Mu? + paou, 2?u, xu?), A # 0, then ¢ is birational, i.e. Y cze,.(I) = 7. We now
analyse these two possibilities.

Case 1: Suppose that degB = 6 and J = (z,u)? € B. Let {p1,...,p,} denote
the primes of B other than p = (x, u). Since d, = 3, then >_/_, d,, = 3. Thus, in order
to have the total sum Y, cze,(I) = 7 is now tantamount to having J,, a complete
intersection for every ¢ = 1,...,r. But this is clear because Lemma 4.3.10 shows
that otherwise d,, = 3 and e,, = 4, for every i = 1,...,r.

Case 2: Suppose that deg B = 6 and J = (22 +\u? + pxu, v°u, zu?), X # 0. Since
deg B = 6, Lemma 4.3.10 implies that B has only one prime q other than p = (z,u),
with d; = 1 and eq = 1. Therefore Y-, c5e,(f) = 7 as required. O

By Lemma 4.3.9, if ¢ : P}, x P} --» P? is a birational map defined by bihomoge-
neous polynomials fo, f1, fo € R of bidegree (2,2) without common factor in R\ k,
then, I = (fo, f1, f2) is perfect ideal with exactly two minimal syzygies, of bidegree
(1,1). Indeed, the free resolution of I is of the form

0— R(—3,—3)2 Y~ R(—2,—2)3 —= T ——0.

To understand the shape of the matrix M, we consider three cases.

Case 1: Suppose that B = {py,pa,p3} C P} x P} with d,, = 3, dy,, = 2 and
d,, = 1. By a suitable coordinate change, one can assume without loss of generality
that the three primes are p; = (z,u), p2 = (y,v) and p3 = (x +y, u+v). Accordingly

IC(z,u)’N(y*0) N (2 +y,u+tv).

Now, I is generated by elements of bidegree (2,2). A computation with Macaulay?2
gives that
{2%v(u +v), zuv(x + y), y*u® — zyuv}

are the only forms of bidegree (2,2) in the variables z,y,u, v. In particular, I must
be contained in the ideal generated by these three forms, and hence coincides with
it. These three forms are the 2-minors of the following 3 x 2 matrix

ulr+y) yu
M=|—-z(ut+v) —yu
0 v

Case 2: Suppose that B = {py, pa, p3, ps} C PpxP; with dp, =3 andd,, =1,i =
2,3,4. By the same token as in the first case, we may assume that p; = (z,u), ps =
(y,v), p3 = (x+y,u+v) and py = (ax +y, au+ v), for suitable coefficients a, a € k
with (a,a) # (1,1). Accordingly,

IC (z,u)’*N(y,v) N (z+y,u+v)N(az +y,ou+v).
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Repeating the same computational device as in the first case, one obtains that [ is
generated by the following forms

{(yu —2v)(azu+zv), (azu+yu)(yu—2v), (@ — a)z*uv + (o — 1) zyuv — (a — 1)x*0*}.
Once again, one can verify that these forms are the 2-minors of the 3 x 2 matrix
(ax +y)u  (a—1)zv
M=|—-z(acu+v) —(a—1)zv
0 YU — TV
If a # a, the three minors have no factor in common and it follows that M
provides the free resolution of I. If & = a, then all elements of bidegree (2,2) in
(z,u)*N (y,v)N(z+y,u+v)N(ax+y,au+v) are multiple of yu — zv, contradicting
the hypothesis that the f;’s have no common factor.
Case 3: Suppose that B = {p,q} C P} x P} with d, =5 and d, = 1. Always by

the same token, we may assume that p = (x,u) and q = (y,v). Accordingly, one has
I C (2% + M2 + pru, 2%u, zu?) N (y,v), for suitable A € &\ 0. Since then

I C (%0 + M\y*u? + pyuv, 2?uv, vyu?),

it must be generated by these three forms of bidegree (2,2).
As before, direct inspection shows that [ is perfect with syzygy matrix

TU 0
M = —zv yu
Ayu + pxrv  xv

4.4 Modeling: tensor-product maps in the plane

In this section we will explore the consequences of our previous results to the field
of geometric modeling. Indeed, in this field bigraded rational maps are intensively
used to describe parameterizations of curves, surfaces and volumes, including plane
parameterizations. For that purpose, the Bernstein basis is preferred to the usual
power basis for representing polynomials. Recall that the homogeneous Bernstein
polynomials are defined by the formula

B}'(z,y) = C) y(x —y)

They are homogeneous of degree n and any homogeneous polynomial of degree n can
be written as a linear combination of them. Consequently, a bihomogeneous poly-
nomial of bidegree (a,b) can be written as a linear combination of all the products
B (x, y)le?(u,v), i=20,...,aand j =0,...,b. Rational maps written in this basis
are dubbed tensor-product Bézier parameterizations.

It turns out that an important property of tensor-product Bézier parameteriza-
tion is to guarantee their birationality. Moreover, an even more important property
is to preserve this birationality property during a design process, that is to say when
the coefficients of the defining polynomials are continuously modified (see e.g. Figure
4.1). In what follows, we will show how Proposition 4.3.3 and Theorem 4.3.5 allow
to translate the detection of birationality as rank decision problems in the case of
tensor-product parameterizations of bidegree (1,1) and (1,2).
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4.4.1 Plane tensor-product parameterizations

For defining a bigraded rational map of bidegree (a,b) in Bernstein form we need
to introduce a collection of control points P, ; = (x; ;,yi ;) € R? and their associated
weights w; ; € R. The map is then defined as

¢ Py x Py --» P2 (4.5)

(x:y) x(u:v) (Z w,-ijf:’jb : Zwi,jxi,jBZ’jb : Zwi7jyi7sz’f)
i i ij

where Bz’jb = B¥(«x, y)B?(u, v). Observe that ¢ “interpolates” the control points, in
the sense that

gb((l : Z) X (1 j)) = (ww- Wi %45 ¢ wivjyivj), 1= 0, ]_, ] = O, 1.

In addition, if all the weights are equal to 1 then >, ; wi7jBZ’f =1, so that the control
points P, ; fully control the map ¢.

In general, the control points are the only coefficients of the map ¢ that are
modified during a hand-design process because they really provide an intuitive way
to reshape the parameterization ¢. The weights are hidden behind and not used as
an intuitive design tool. When the control points of a given birational parameteriza-
tion are moved, then the new parameterization is in general no longer a birational
parameterization. Below, we will illustrate how the weights of the map ¢ can be
changed in order to retrieve a birational map without touching again to the control
points modified by the designer.

4.4.2 Bilinear tensor-product parameterizations

Consider a bilinear rational map as defined in (4.5) with (a,b) = (1,1). By Propo-
sition 4.3.3, this rational map will be birational if and only if there exists a syzygy
of bidegree (1,0), or equivalently a syzygy of bidegree (0, 1). Writing this condition
under a linear system in the Bernstein basis, we obtain the following matrix whose
kernel yields those bidegree (1,0) syzygies:

To,0Wo,0 0 Yo,0Wo,0 0 wo,0 0
To,1Wo0,1 0 Yo,1Wo,1 0 Wo 1 0
M= %xl,owl,o %xo,owo,o %yl,owl,o %?Jo,owo,o %wl,o %wo,o
5T11W11 5%0,1Wo,1  5Y11W11 5Y0,1Wo,1 5Wi11 5Wo1
0 T1,0W1,0 0 Y1,0W1,0 0 w10
0 T1,1W1,1 0 Y1,1W11 0 W11

As a consequence, the map is birational if and only if det(M) = 0. Now, using the
Laplace expansion formula of determinants by 3 x 3-blocks with respect to columns
1,3,5 and 2,4,6, we get the condition :

(wl,owo,l ‘150,0]50,1151,0‘ : ’P0,1151,0151,1 — W1,1Wo,0 ‘150,0150,1151,1‘ : ‘]50’0]51,0]5171‘) X

wo,0Wo,1w1,0w1,1 =0
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where ]5ZJ is the vector (z;;, i, 1) = (P ,1). Weights are in general assumed to be
nonzero; therefore, under this assumption we recover the following condition that
already appeared in the recent paper [SZ15]:

wiowos | PooPorPua| - [PooProPy|
W1,1Wo,0 ’P0,0P0,1P1,0‘ : ‘P0,1P1,0P1,1‘

(4.6)

From here, it appears clearly that given the control points, a suitable modification
of a single weight so that (4.6) holds, allow to obtain a birational map [SZ15].

4.4.3 Bidegree (1,2) tensor-product parameterizations

Now, consider a rational map as defined in (4.5) with (a,b) = (1, 2). By our previous
results, this rational map will be birational if and only if there exists a syzygy of
bidegree (0, 1). Proceeding as in the previous case of bilinear maps, we obtain the
following multiplication matrix

Wo,00,0 0 Wo,0Y0,0 0 Wo,0 0
%wo,lxo,l %wo,oxo,o %wo,lyo,l éwo,oyo,o %wo,l %wo,o
%wo,ﬂog %wo,lxo,l %wogyoz %wo,lyo,l %woz %wo,l
Moe 0 Wo,270,2 0 Wo,2Y0,2 0 wo,2 (4.7)
W1,071,0 0 w1,0Y1,0 0 w10 0
%w1,1$1,1 %’wml‘l,o %wl,lyl,l %wl,oyl,o %wm %wl,o
%w1,2x1,2 %wmxm %w1,2yl,2 %wl,lyl,l %wm %wm
0 W1 ,271 2 0 W1,2Y1,2 0 w12

It is 8 x 6-matrix and rank(M) < 6 if and only if the corresponding map is birational.
Similarly, the analysis of bidegree (1, 1) syzygies leads to a square 12 x 12-matrix
with the property that its rank drops by 3 if and only if the corresponding map is
birational. Therefore, the decision of birationality is not given by a single polynomial
condition as in the previous case of bilinear maps. Nevertheless, our syzygy-based
formulation of birationality by means of the rank of the matrix M translates bi-
rationality decision to a rank decision problem. This opens a bridge to the field of
numerical linear algebra where a huge amounts of works on this problem have been
done during the last decades. In the following, we illustrate this link on an example
with the help of a recent algorithm for structured low-rank approximation [SS16].

We start with the canonical non-rational tensor-product parameterization of the
plane, i.e. all the weights are set to 1 and the control points have a rectangular
shape. More precisely, we set P, ; = (z;,v:;) = (i,7) forall i = 0,1 and j = 0,1, 2,
which is illustrated on the left side of Figure 4.1. This initial parameterization is
birational, which can be checked by observing that the matrix M specialized to this
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Figure 4.1 — Change of control points in a tensor-product parameterization of bide-
gree (1,2).

setting, that is to say the matrix

o 0 0 0 1 0
0 0 2/3 0 2/31/3
0 0 2/32/3 1/3 2/3
o 0o 0 2 0 1

1 0 0 0 1 0
2/3 1/3 2/3 0 2/3 1/3
1/3 2/3 2/3 2/3 1/3 2/3

o 1 0 2 0 1

has rank 5.

Now, as illustrated in Figure 4.1, suppose that these control points are "moved"
in order to reach the following new coordinates :

PO,O = (070)7P0,1 = (_1/27 1)aP0,2 - (072)7
P o=(2,-1/2),Pi1 = (5/2,1), P12 = (2,5/2).

If the weights are left unchanged, i.e. all equal to 1, then this new parameterization
is no longer birational. Indeed, it is straightforward to check that the matrix M
specialized with these new control points and all weights equal to 1

0 0 0 0o 1 0
~1/3 0 2/3 0 2/3 1/3
0 -1/3 2/3 2/3 1/3 2/3
0 0 0 2 0 1
2 0 -1/2 0 1 0
5/3 2/3 2/3 —1/6 2/3 1/3
2/3 5/3 5/6 2/3 1/3 2/3
0 2 0 5/2 0 1

has rank 6. So, we aim at changing the weights w; ;, without changing the control
points, so that the parameterization becomes birational. For that purpose, we will
apply the structured low-rank approximation algorithm developed in [SS16].
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Given a matrix M, the basic idea of structured low-rank approximation is to
compute a matrix M’ of given rank r in a linear subspace F of matrices such that
the distance, in the sense of the Frobenius norm, between M and M’ is small. Such
an algorithm, based on Newton-like iterations, is given in [SS16]. In our context, by
(4.7) the matrix M can be written as

M = wooFoo+ wo1Ep1 + woolos +wiolkho+wii B+ wio B

where the F; ;’s are matrices of size 8 x 6 whose entries only depend on the control
points. These latter define a linear subspace of matrices and we are looking for a
matrix M’ such that M’ belongs to this linear subspace and its rank is lower or
equal to 5. Thus, applying the algorithm in [SS16], we find the following weights,
up to numerical precision:

wo,0 ~ 0.949726775368655, wp,1 ~ 1.0867765091791244,
wp 2 ~ 0.9521336386754828, wy o ~ 1.0233828904581144,
w1 ~ 0.9458573850234199, wy 2 ~ 1.0259764181881534,

Therefore, by modifying the weights with the above values, the parameterization
becomes birational “up to numerical precision”, which means in practice that its
5-minors yield inversion formulas for almost all points, up to numerical precision.



Chapter 5

Cohen-Macaulayness and
canonical module of residual
intersections

Contents
5.1 Introduction ... ... ......... .. . ... 106
5.2 Koszul cycles and approximation complexes ... .. .. 109
5.2.1 Duality for Koszul cycles . . . ... ... ... ... ... 109
5.2.2  Homology modules of approximation complexes . . . . . . 113
5.3 Residual approximation complexes . . . . ... ... ... 114

5.4 Cohen-Macaulayness and canonical module of residual
intersections . . . ... ... .. oo oo n e s e 120

5.5 Hilbert functions and Castelnuovo-Mumford regularity
of residual intersections . . . . .. ... ... ... .. ... 129

5.6 Duality for residual intersections of strongly Cohen-
Macaulay ideals . . . . ... ... v v 133

Abstract: We show the Cohen-Macaulayness and describe the canonical mod-
ule of residual intersections J = a: rl in a Cohen-Macaulay local ring R, un-
der sliding depth type hypotheses. For this purpose, we construct and study,
using a recent article of Hassanzadeh and Naéliton [HN16], a family of com-
plexes that contains important informations on a residual intersection and
its canonical module. We also determine several invariants of residual inter-
sections as the graded canonical module, the Hilbert series, the Castelnuovo-
Mumford regularity and the type. Finally, whenever I is strongly Cohen-
Macaulay, we show duality results for residual intersections that are closely
connected to results by Eisenbud and Ulrich [EU16]. It establishes some tight
relations between the Hilbert series of some symmetric powers of I/a. We
also provide closed formulas for the types and for the Bass numbers of some
symmetric powers of I/a. The results in this chapter are joint work with
M. Chardin and J. Naéliton and have been submitted [CNT17].
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5.1 Introduction

The concept of residual intersection was introduced by Artin and Nagata in [ANT72],
as a generalization of linkage; it is more ubiquitous, but also harder to understand.
Geometrically, let X and Y be two irreducible closed subschemes of a scheme Z with
codimz(X) < codimz(Y) = s and Y € X, then Y is called a residual intersection
of X if the number of equations needed to define X UY as a subscheme of Z is
the smallest possible, i.e. s. For a ring R and a finitely generated R-module M, let
pr(M) denotes the minimum number of generators of M.
The precise definition of a residual intersection is the following.

Definition 5.1.1. Let R be a Noetherian ring, I be an ideal of height g and s > ¢
be an integer.

1. An s-residual intersection of I is a proper ideal J of R such that ht(J) > s
and J = (a: gl) for some ideal a C I which is generated by s elements.

2. An arithmetic s-residual intersection of I is an s-residual intersection J of 1
such that pg,(({/a),) <1 for all prime ideal p with ht(p) < s.

3. A geometric s-residual intersection of I is an s-residual intersection J of [
such that ht(I + J) > s+ 1.

Notice that an s-residual intersection is a direct link if I is unmixed and s = ht([).
Also any geometric s-residual intersection is arithmetic.

The theory of residual intersections is a center of interest since the 80’s, after
Huneke repaired in [Hun83] an argument of Artin and Nagata in [ANT72], introduc-
ing the notion of strongly Cohen-Macaulay ideal: an ideal such that all its Koszul
homlogy is Cohen-Macaulay. The notion of strong Cohen-Macaulayness is stable
under even linkage, in particular ideals linked to a complete intersection satisfy this
property.

In [Hun83] Huneke showed that if R is a Cohen-Macaulay local ring, J is a
geometric s-residual intersection of a strongly Cohen-Macaulay ideal I of R satisfying
G, then R/J is Cohen-Macaulay of codimension s. Following [ANT2], one says that
I satisfies G if the number of generators pig,(/,) is at most dim(R,) for all prime
ideals p with I C p and dim(R,) < s — 1 and that [ satisfies G if I satisfies
Gy for all s. Later, Herzog, Vasconcelos, and Villarreal in [HVV85] replaced the
assumption strong Cohen-Macaulayness by the weaker sliding depth condition, for
geometric residuals, but they also showed that this assumption cannot be weakened
any further. On the other hand, Huneke and Ulrich proved in [HUS8] that the
condition Gy is superfluous for ideals in the linkage class of a complete intersection,
and more precisely:

Theorem. [HUS88] Let R be a Gorenstein local ring and I be an ideal of height g
that is evenly linked to a strongly Cohen-Macaulay ideal satisfying Goo. If J = a: gl
is an s-residual intersection of I, then R/J is Cohen-Macaulay of codimension s
and the canonical module of R/J is the (s — g + 1)-th symmetric power of I/a.

Let us notice that, in the proof of this statement, it is important to keep track
of the canonical module of the residual along the deformation argument that they
are using.
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A natural question is then to know if the GG, assumption is at all needed to assert
that residuals of ideals that are strongly Cohen-Macaulay, or satisfy the weaker
sliding depth condition, are always Cohen-Macaulay, and to describe the canonical
module of the residual. In this direction, Hassanzadeh and Naéliton remarked in
[HN16] that the following long-standing assertions were, explicitely or implicitly,
conjectured:

Conjectures. [HU8S, Ulr92, CEUO1] Let R be a Cohen-Macaulay local (or *local)
ring. Suppose that I is strongly Cohen-Macaulay, or even just satisfies sliding depth.
Then, for any s-residual intersection J = (a: rl) of I,

(1) R/J is Cohen-Macaulay.

(2) The canonical module of R/J is the (s — g + 1)-th symmetric power of I/a, if
R is Gorenstein, with g = ht(I) < s.

(3) a is minimally generated by s elements.
(4) J is unmized.

(5) When R is positively graded over a field, the Hilbert series of R/J depends
only upon I and the degrees of the generators of a.

The first conjecture was shown by Hassanzadeh [Has12] for arithmetic residual
intersections, thus in particular for geometric residual intersections, under the sliding
depth condition. In the recent article [HN16], Hassanzadeh and Naéliton proved
that the second and fifth conjectures hold for the arithmetic residual intersections
of strongly Cohen-Macaulay ideals and that the third and fourth conjectures are
true if depth(R/I) > dim(R) — s and [ satisfies the sliding depth condition.

In this chapter we will complete the picture, by showing that the first and fifth
conjectures hold whenever I satisfies SD; and that the second conjecture is true
if I satisfies SDy — recall that an ideal I = (f) = (f1,..., f;) of height ¢ in a
Noetherian local ring R of dimension d satisfies SDy, (k > 0) if depth(H;(f; R)) >
min{d — g,d — r + i+ k} for all i > 0; note that SDy is the sliding depth condition
and [ satisfies SD,_, if and only if I is strongly Cohen-Macaulay.

In particular all items in the conjecture holds for strongly Cohen-Macaulay ideals.
The following puts together part of these results:

Theorem (Theorems 5.4.6, 5.4.9 and 5.6.2). Let (R, m) be a Cohen-Macaulay local
ring with canonical module w. Assume that J = (a: gl) is an s-residual intersection
of I with a C I and ht(I) =g < s = pgr(a). Then

(i) R/J is Cohen-Macaulay of codimension s if I satisfies SD;.
If furthermore Torf(R/I,w) = 0, then
(i) wryy =~ Symy " (I/a) @g w, provided I satisfies SDs.

(iii) Weymk (1/a) Symf{g“_k(l/a) Qrw for 1 < k < s— g, provided I is strongly

Cohen-Macaulay.

Notice that Torf(R/I,w) = 0 if R is Gorenstein or I has finite projective dimen-
sion.
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A key ingredient of our proofs is a duality result between some of the first
symmetric powers of I/a together with a description of the canonical module of the
residual as in items (ii) and (iii) above. This could be compared to recent results of
Eisenbud and Ulrich in [EU16] where similar dualities were obtained under slightly
different hypotheses. In their work, conditions on the local number of generators
are needed and depth conditions are asked for some of the first powers of the ideal
I, along the lines of [Ulr94], and the duality occurs between powers I*/al*™! in
place of symmetric powers Sym’(7/a). Although their results and ours coincide in
an important range of situations, like for geometric residuals of strongly Cohen-
Macaulay ideals satisfying G, the domains of validity of the two results are quite
distinct. We prove the following.

Theorem (Theorem 5.6.7). Let (R,m) be a Gorenstein local ring and let a C I
be two ideals of R, with ht(I) = g. Suppose that J = (a: gl) is an s-residual
intersection of 1. If I is strongly Cohen-Macaulay, then wg/; ~ Sym;_/?”l(l/a) and
forall0<k<s—g+1

(i) the R/J-module Symﬁ/J(I/a) is faithful and Cohen-Macaulay,

(i) the multiplication

Symiy,(I/a) @rys Symiy 57" (1/a) — Symf 5™ (1/a)
s a perfect pairing,
(iif) setting A := Sympy,;(I/a), the graded R/.J-algebra

s—g+1

A=AlAss g1 = EB Symﬁ%/(](]/a)
i=0

1s Gorenstein.

The chapter is organized as follows.

In Section 5.2, we prove duality results for Koszul cycles in Propositions 5.2.1
and 5.2.2. We also describe the structure of the homology modules of the approxi-
mation complexes in Propositions 5.2.3 and 5.2.4.

In Section 5.3, we construct a family of residual approximation complex, all of
same finite size, {MZ }1cz. This family is a generalization of the family {,Z) }rez
that is built in the recent article [HN16] by Hassanzadeh and Naéliton. We study the
properties of these complexes, of particular complexes ¥ Z}, where w is the canonical
module of R. The main results of this section are Propositions 5.3.2, 5.3.3 and 5.3.5.

In Section 5.4, we prove one of the main results of this chaper: the Cohen-
Macaulayness and the description of the canonical module of residual intersections.
Recall that in [Has12], Hassanzadeh proved that, under the sliding depth condition,
Hy(02$) = R/K is Cohen-Macaulay of codimension s, with K C J, VK = v/J,
and further K = J whenever the residual is arithmetic. First, we consider the
height two case and show that under the SD; condition, there exist an epimor-
phism ¢ : Ho(,_{"Z}) — wr/x which is an isomorphism if I satisfies SD, (Propo-
sition 5.4.5). By exploring these complexes, we show that, under the SD; condition,
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K = J; and therefore, under the SDy condition, the canonical module of R/J is
Ho(,_¥Z}). In a second step, we reduce the general case to the height two case.
Our main results in this section are Theorems 5.4.6 and 5.4.9.

In Section 5.5, we study the stability of Hilbert functions and Castelnuovo-
Mumford regularity of residual intersections. Using the acyclicity of ¢Z;, Propo-
sition 5.5.1 says that the Hilbert function of R/J only depends on the degrees of the
generators of a and the Koszul homologies of I. The graded structure of the canonical
module of R/J in Proposition 5.5.5 is the key to derive the Castelnuovo-Mumford
regularity of residual intersection in Corollary 5.5.6.

Finally, in Section 5.6, we consider the case where [ is strongly Cohen-Macaulay.
The main results of this section are Theorems 5.6.2 and 5.6.7. In particular, for
1<k<s—y,

s—g+1—k
Wsymk, (1/a) = Symp, ot (I/a) @pw,

whenever Torf(R/I,w) = 0. Consequently, we obtain some tight relations between
the Hilbert series of the symmetric powers of I /a in Corollary 5.6.8. We also give the
closed formulas for the types and for the Bass number of some symmetric powers of
I/a in Corollaries 5.6.9 and 5.6.10, respectively.

5.2 Koszul cycles and approximation complexes

In this section, we give some results on the duality for Koszul cycles and describe the
0-th homology modules of approximation complexes with coefficients in a module.

Assume that R is a Noetherian ring, I = (f1,..., f.) is an ideal of R. Let M be a
finitely generated R-module. The symmetric algebra of M is denoted by Sym g (M)
and the k-th symmetric power of M is denoted by Sym’(M). We consider S =
R[Ty,...,T,] as a standard graded algebra over Sy = R. For a graded S-module N,
the k-th graded component of N is denoted by Np;. We make Symp(/) an S-algebra
via the graded ring homomorphism S — Sympy(/) sending 7; to f; as an element
of Symg(I)py = I, and write Symp(I) = S/L.

For a sequence of elements x in R, we denote the Koszul complex by Ko(x; M),
its Koszul cycles by Z;(x; M), its Koszul boundaries by B;(x; M) and its Koszul
homologies by H;(x; M). If M = R, then we denote, for simplicity, K;, Z;, B;, H;. To
set more notation, when we draw the picture of a double complex obtained from a
tensor product of two complexes (in the sense of [Wei94, 2.7.1]) which at least one
of them is finite, say A ® B where B is finite, we always put A in the vertical and
B in the horizontal one. We also label the module which is in the up-right corner
by (0,0) and consider the labels for the rest, as the points in the third-quadrant.

5.2.1 Duality for Koszul cycles

Duality results for Koszul homology modules over Gorenstein rings have been ob-
tained by several authors, for instance in [Her74, Cha04, MRS14]. For Koszul cycles,
the following holds.
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Proposition 5.2.1. Let (R,m) be a Noetherian local ring and I = (fi,..., f.) an
ideal of R. Suppose that R satisfies So and ht(I) > 2. Then, for all 0 <i <r —1,

Zi >~ HomR(Zr,l,i, R)
(! r—1—i
Proof. The inclusions Z; — K; = AR" and Z,_;_; — K,_1_;, = A R’ induce a
map

Qi1 Ly X Ly — K X Koy —— K,y

where the last map is the multiplication of the Koszul complex, which is a differential
graded algebra, and Im(y;) C Z,_1 ~ K, ~ R. It follows that ¢; induces a map

Uit Z; 4>HOIHR<Z7”7171'7 R)-
We induct on the height to show that for every p € Spec(R), (1), is an isomor-

phism. If ht(p) < 2, then I, = R,, by Proposition 1.5.5

) r—1—1

(Zh= NB and (Zasdy= N\ By

and the self-duality of the Koszul complexes (see Proposition 1.5.7(a)) shows that
(1;)p is an isomorphism.

Suppose that ht(p) > 2 and (¢;)q is an isomorphism for all prime contained
properly in p. Replacing R by R, and m by pR,, we can suppose that v; is an
isomorphism on the punctured spectrum : the kernel and the corkernel of 1; are
annihilated by a power of m. It follows that HZ (Ker(v;)) = HI (Coker(¢;)) = 0 for
j > 0. Since R satisfies Sz, depth(Z;) > min{2, depth(R)} = 2. The exact sequence

0 — Ker(v;) — Z; — Im(¢);) — 0
implies that Ker(i;) = H)(Ker(1;)) = 0. Observing that
depth(Hompg(Z,-1-;, R)) > min{2,depth(R)} = 2,
the exact sequence
0 —— Z; ——Hom,(Z,_1_;, R) —— Coker(¢;) —=0
implies that Coker(1);) = H2(Coker(1;)) = 0. O
If R is a Gorenstein local ring, wr ~ R, therefore, by Proposition 5.2.1,
Wz, = Lr_1—p

for all 0 < p <r — 1. The next proposition will generalize this result.

We are particularly interested in the case that R admits the canonical module,
hence in the sequel we assume that R is a homomorphic image of a Gorenstein ring
and write wg for the canonical module of R. We will denote by Z;" := Z;(f; wg) the
module of i-th Koszul cycle, with f = f,..., f..
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Proposition 5.2.2. Let (R, m) be a Noetherian local ring of dimension d which is
a homomorphic image of a Gorenstein local ring. Suppose that I = (f1,..., f») is an
ideal of R, with ht(I) > 2. Then, for all0 <p <r —1,

Wz, ~ 27,

Moreover, if R satisfies So, then
Wyer Zr—1—p.
Proof. For simplicity, set w := wg. First we consider the truncated complexes
K?:0—K, — - — K,\1 — Z, — 0.
The double complex C2(K.?)

0 0 0
0— () —= - —= Gl 1) — C(Z,) —0

0 —=Cr(Ky) ==+ —= Cp(Kp1) —= C(Z,) —=0

0— CUK,) — - - —— C(K i) — C

0 0 0

gives rise to two spectral sequences. The second terms of the horizonal spectral
are

QE}?&?] = H%(HHP)
and the first terms of the vertical spectral are

0 —— Hp(K;) Hy(Kpi1) Hy(Z,) —=0
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Since I annihilates H;, dim(H;) < dim(R/I) < dim(R)—ht(I) < d—2if H; # 0.
Therefore, ?E, "7 = HI(H,;,) = 0, for all j > d—2. The comparison of two spectral
sequences gives a short exact sequence

ng(Kp+2> - ng(KpH) - Hri(Zp) —0. (5-1)

By local duality
HE(K;) ~ Hompg(K;,w)" ~ (Hompg(K;, R) @ w)" ~ (K,_; @pw)” = K,_;(f;w)".
Thus the exact sequence (5.1) provides an exact sequence

Ky poalfi0)" —— Koy (F5)Y —— HA(Z

p

)—=0

that gives HI(Z,) ~ Z% | V.

r—1—p
Now one has

VV’VAZW

~ A% d \% w
Wz, ~wy ~ Hy(Z,)" ~Z P

r—1—p

Therefore the first isomorphism follows from Proposition 1.2.19.

The second assertion is proved similarly, by considering the truncated complexes
K70 — K, (fiw) — - — Ky (fiw) — Z7 — 0

and the double complex C(K* 7).

Since I annihilates H;(f;w), dim(H;(f;w)) < dim(R) — ht(/) < d — 2, for all
0 <i<r—2 Thus H(H;(f;w)) =0, forall j >d—2and 0 <i <r—2. By
comparing two spectral sequences, we also obtain a short exact sequence

Hy (Kpyo(fiw)) — Hy (K (f5w)) — Hy(Zy) — 0. (5.2)

By local duality

He(K;(f;w)) ~ HYK; ®p w) ~ Homg(K; ®p w,w)"
~ Homp(K;, Homp(w,w))" ~ Homg(K;, R)" ~ K, .

as Hompg(w,w) ~ R since R satisfies Sy by Proposition 1.2.30.
The exact sequence (5.2) provides an exact sequence

KV

Y
r7p72gggétk;f

p —= Hy(Zy) —=0

which shows that H{(Z%) ~ Z,

r—1—p-
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5.2.2 Homology modules of approximation complexes

Now we describe the 0-th homology module of approximation complexes. These
complexes was introduced in [SV81] and systematically developed in [HSV82] and
[HSV83a]. Recall that the approximation complex Z,(f; M) is

T

)
O—>Zﬁ” ®RS(—7")—>--~—>ZfW ®RS(—1)M—>Z(§W QprS——0
that can be written

0 ZY[T) (1) —= - = ZYT) (1) Pm M(T] 0

where T = T,...,T, and ZM = Z;(f; M) is the i-th Koszul cycle of K,(f; M). By
the definition,

Ho(Z.(£;M)) ~ M[Ty, ..., T,]/ %o, (5.3)

where £,/ is the submodule of M[T},...,T,] generated by the linear forms ¢;7} +
-+ ¢, T, with (cq,...,c,) € ZM.
Let F, be a free resolution of R/I of the form

F, -2~ Rr R 0,

where F} is the free R-module indexed by a generating set of Z;. By the definition,
Torf(R/I, M) = ZM /Im(6 ® 157) < M" /Im(6 ® 1),

where 1,; denote the identity morphism on M. Note that 4 is induced by the inclusion
Zy“—— R". Therefore, Im(6 ® 15) = (0 ® 13/)(Z1 ®g M) and we obtain an exact
sequence

Z1 ®R M 0R1 s

zM Torf(R/I, M) —0.

Let £ be the submodule of S = R[T3,...,T,] generated by the linear forms
aTy+ -+ ¢ T, with (cq,...,¢.) € Z;. Then the exact sequence

0 g--5 Symp(l) —=0
provides an exact sequence

e Cop M M MIT, L T —= Symp(I) @ M — 0.

The image of 8 ® 1, is denoted by £M. It follows that
Symg(I) ®g M ~ M[Ty,...,T,|/LM. (5.4)

Notice that £M is the submodule of M|[Ty,...,T,]| generated by the linear forms
oy + -+ ¢ T, with (c1,...,¢.) € Im(d @ 1)) C ZM; thus £M C £y.
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Let £ be the submodule of M[T},...,T,]/£M generated by the linear forms
aTi+ -+ ¢ T, + &M with (c1,...,¢,) +Im(6 ® 1y) € Torf(R/I, M). Then

Sl ~ SM/SM
It follows that
M[Ty,....T,]/(EM + &) ~ (M[T},...,T,]/ M)/ &
~ (M[Ty,..., T,)/£M) /(L /EM)
~ M|[Ty,...,T.]/Lun.
Thus we have already proved the following.

Proposition 5.2.3. Let R be a Noetherian ring and I = (f1,..., f.) an ideal of R.
Assume that M s a finitely generated R-module. Then

Ho(Z,(f; M) ~ M[Ty,...,T,]/ (M + £'),

where £ C S is the defining ideal of Sympg(I) and £ is spanned by generators of
Tor®(R/I, M).

Proposition 5.2.4. Let R be a Noetherian ring and I = (f1,..., f,) an ideal of
R. Assume that M is a finitely generated R-module. Then there exists a narural
epimorphism

¢ Symp(I) @r M Ho(Z.(f; M)),

that equals Ho(Z4(f; R)) ~ Symp(I) when M = R. Furthermore, ¢ is an isomor-
phism if and only if Tor¥(R/I, M) = 0.

Proof. As £M C £);, we can define an epimorphism

¢ Sympg(l) ©r M Ho(Z.(f; M),
by (5.3) and (5.4). Moreover, the kernel of ¢ is isomorphic to £3;/£M. Thus
Torf(R/I, M) = 0 if and only if ¢ is an isomorphism. O

5.3 Residual approximation complexes

Assume that R is a Noetherian ring of dimension d, I = (f) = (fi,..., f,) is an
ideal of height g. Let a = (aq,...,as) be an ideal contained in I with s > g¢. Set
J=ua:rl, S=R[T,....,T,] and g := (T1,...,T;). We write a; = >_, ¢;if;, and
Y = Zgzl c;iT;. Notice that the v;’s depend on how one expresses the a;’s as a linear
combination of the f;’s. Set v = 71, ...,7s. Finally, for a graded module N, we define
end(N) :=sup{p | N, # 0} and indeg(N) := inf{u | N, # 0}.

Let M be a finitely generated R-module and we consider the approximation
complex Z,(f; M)

0—=ZY ®@rS(-r)—= 2, @r S —1) —= —=Z} ®r S —0,
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where ZM := Z;(f; M) the i-th Koszul cycle of f with coefficients in M. The Koszul
complex Ko(7v;S) of v =1,...,7s with coefficients in S

0——5O(s)—=stDa—s)—>. 5O (1) =50

Y

with K;(v;9) = S()(—z) We build a complex DM from Z,(f; M) and K,(v;S)
taking the total complex of the double complex

0—=Z,(f; M) ®s Ks(7;5) — - — Z.(£; M) @5 K1(v; S) —= Z,(f; M) @5 Ko(7; S)

—0

0=Z, (M) @5 Ky(7;5) == Z,1(£; M) @5 K1(7;S) = Z,_1(£; M) @5 Ko(7;S) =0

0—Z(f; M) @5 Ks(7;5) — -+ — Zo(f; M) @5 K1(7; S) —= Zo(f; M) @5 Ko(7; S)

It follows that

D" = EB (21 @ $)\) (=),

with Z =0 for j < 0 or j > r, and for j = r unless depth,(I) = 0.
In what follows, we assume that depth,,(I) > 0, (hence ZM = 0), in order that
the complexes we will construct have length s.

For a graded S-module N, the k-th graded component of N is denoted by N
We have (D) = 0 for all k < i. Consequently, the complex (D) is

0— (DY — DY )y — - —— (D" )y —= 0

and therefore

He(DY) iy = Ker(DY — Dl ).

Now the Cech complex of S with respect to the ideal g = (T3, .., T, ») is denoted

—0
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by Cy = C3(S). We consider the double complex C§ ®g D2’

0 0 0
0—Cl@DM | — - —=Cl@ DY —=C)® D) —=0
0—=C!'@DM | —...—=Cl@ DM —=Cle D}y —=0

g g

0—=Cr@DM, | —> - —=Cr @D} —=Cr @ D) —0

0 0 0

that gives rise to two spectral sequence. The second terms of the horizonal spectral
are
2g—i,—J j M
En ' = H{(Hi(D,"))

and the first terms of the vertical spectral are

1E70,7j —

ver

{OHH;XD%S1>H--~HH5<D%HH;”<D%HO it j=r

0 otherwise

and .
H; (DY) = @ (2 @r Hy(S)5) (i)
j=i—s
by Proposition 1.2.7. Since end(H}(S)) = —r, it follows that end(H} (D)) =i —r
if DM # 0, thus H} (D} )ji—r4+;) = 0, for all j > 1. Hence, the k-th graded component
of 'E_>7" is the complex:

ver

00— HS(D%s_l)[k] - T HQ(DﬁkH

¢ r
) —— Hy (D)) g — 0.
Since the vertical spectral collapses at the second step, the horizonal spectral
converges to the homologies of Hj (DM). Since all of the homomorphisms are ho-
mogeneous of degree 0, the convergence will be case for any graded component.
Therefore for any k& > 0 there exists a filtration --- C Fop, C Fip C Coker(¢y) such
that

Cokerlon) o (*myt),

Fik

Notice that H, *(H;(DM)) = 0 for all ¢ > 1, one has "E; * ¢ HY(H,(DM)) for all

T

[ > 2. Hence we have the following chain of maps for which except the isomorphism
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in the middle all are canonical

r Coker
H:(DM,) ) — Coker(¢y) erlon)

~

hor

(OOE_"“’O) o HY)(Hp(DY)) g Hi(DY) g (DY) -

We denote the composition of the above chain of R-homomorphisms by 7.

Thus we may define a complex of lenght s, for any integer k,

VEF 0B e I T MEE M
wherein
Mg _ {(D;M)[k] i < min{k, s}
B Hi(DM | )y i> k.

It is a trivial generalization of the family of complexes 2} in [HN16, Section 2.1].

Since Hy (M ®r S) =~ M ®@g Hy(S) for any R-module M, Mz + have, like graded
strands of DM, components that are direct sums of modules of Koszul cycles of
Ko (f; M).

The structure of ¥Z is depending on the generating sets of I, on the expression
of the generators of a in terms of the generators of I and on M. The complex FZ}
considered by Hassanzadeh and Naéliton in [HN16], will be denoted by 2/ instead
of BZf.

Definition 5.3.1. The complex ¥Z is called the k-th residual approzimation com-

plex of J = a: gl with coefficients in M.
We consider the morphism

8’7
MITy, ... T (=1) = M @ §%(—1) — 2%

M®@gS~MT,..., T,

where dY is the first differential of K(7;.S), and denote by yM the image of 1), ®0; .
It is the submodule of M[T3,. .., T,| generated by the linear forms 1, ..., ;. Recall
from Section 5.2.2 that we set £ for the defining ideal of Symy(7) in S and £ for
the module spanned by the linear forms correspond to generators of Torf(R/I, M).

Proposition 5.3.2. Let R be a Noetherian ring and a C I two ideals of R. Suppose
that M 1is a finitely generated R-module. Then

Ho(DM) ~ M|Ty,...,T,]/(EM + & +~yM)
and for all k > 1,

Ho(YVZ]) ~ M[Ty, ..., T,/ (EM + £ + yM) .
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Proof. The first isomorphism follows from the definition of DM and Proposition 5.2.3.
The last isomorphism is a consequence of the fact that, for all k > 1, Hy(MZ[)
Hy(D) )y is the k-th graded component of Hy(D2).

oo

Proposition 5.3.3. Let R be a Noetherian ring and a C I two ideals of R. Assume
that M is a finitely generated R-module. Then, for all k > 1, there exists a natural
epimorphism

Y : Symh(I/a) ®@p M Hy(Mz]).

Furthermore, if Tor®(R/I, M) = 0, then v is an isomorphism.

Proof. As Sympg(I/a) ~ Sympg(I)/aSymg(I) ~ S/(£ + (7)), we have an exact se-
quence
£ (7) —2~ 5 — Symp(I/a) —0

which provides a commutative diagram, with exact rows

a®1 s

(L£® (7)) @r M M|T] —— Sympg(I/a) @ M —0

| N

£@n M@ () ©p ML MT) —— Symp(I/a) @ M —0
where $ is the inclusion (y) < S and hence Im(5 ® 1) = vM. It follows that
Sympg(I/a) @p M ~ M[T]/Im(a ® 1)) ~ M[Th,...,T,]/(EM + vM).

The natural onto map

MI[Ty, ..., T.]/(EM + yM) MI[Ty, ..., T.)J(EM + & + v M)

provides an epimorphism, for all £ > 1,

(I Sym%([/a) Rr M

Ho(y'2])

by Proposition 5.3.2. Moreover, Torf(R/I, M) = 0 is equivalent to £3; = £M which
gives the last assertion. O]

Lemma 5.3.4. Let M be a module over a ring R. Suppose that N is a quotient of
MITy, ..., T,], with T;’s indeterminates of degree 1, by a graded submodule. Then,
forall k > 1,

anng(N) C anng(Ngy1).

Proof. We consider a graded S-homomorphism of degree zero
v M[Ty,..., T, (-1) — M[Ty,...,T,] .

(91, 90) ———= 21 6T
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Then 9 provides the epimorphisms of R-modules, for all £ > 1,
’5 k - N, ]: — N, k+1-

We will show that anng(N,) C anng(Ngy1), for all & > 1. Let a € anng(Ny)
and u € Niy1. We have to show that au = 0. Since ¥ is surjective, there exist
g1y, gr € Ng such that u = Yx(g1, ..., g,). Therefore,

au = aly(gi,...,q) = Oklag, ..., ag.) = 9:(0,...,0) = 0.
O]

Proposition 5.3.5. Let R be a Noetherian ring and a C I two ideals of R. Assume
that M is a finitely generated R-module. Then J = a: gl annihilates Ho(MZ[), for
all k > 1.

Proof. Fix k > 1. As in the proof of Lemma 5.3.4, the epimorphism 1) in Proposi-
tion 5.3.3 implies that

annp(Symf,(I/a) ®p M) C anng(Ho(y'2)")). (5.5)
On the other hand, one always has
anng(Sym%(1/a)) C anng(Sym5(I/a) @5 M). (5.6)
Notice that Symp(1/a) ~ Symp(I)/(7)Symg(I) =~ S/(£+ (7). By Lemma 5.3.4,
J = anng(I/a) C anng(Sym%(I/a)). (5.7)
By (5.5), (5.6) and (5.7), J C anng(Ho(MZ7)). O

However, the structure of Hy(}'Z;") is difficult to determine. We recall a definition
of Hassanzadeh and Naéliton in [HN16, Definition 2.1].

Definition 5.3.6. Let R be a Noetherian ring and a C I two ideals of R. The dis-
guised s-residual intersection of I w.r.t. a is the unique ideal K such that Hy(oZ}) =
R/K.

To make use of the acyclicity of the ,Z} complexes, we recall the definition of
classes of ideals that meet these requirements.

Definition 5.3.7. Let (R, m) be a Noetherian local ring of dimension d and I =
(f1,..., fr) an ideal of height g. Let £ > 0 be an integer. Then

(i) [ satisfies the sliding depth condition, SDy, if
depth(H;(f; R)) > min{d — g,d — r + i + k}, Vi;

also SD stands for SDy;
(i) I satisfies the sliding depth condition on cycles, SDCy, if

depth(Z;(f; R)) > min{d —r +i+k,d— g +2,d},Vi <1 — g
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(iii) I is strongly Cohen-Macaulay if H;(f; R) is Cohen-Macaulay, for all .

Since the definition, we see that if I satisfies SDg, then it satisfies SD; for all
k > t. Clearly I is strongly Cohen-Macaulay if and only if I satisfies SD,_,. Some
of the basic properties and relations between such conditions SD; and SDC, are
given in [Hasl2, Remark 2.4, Proposition 2.5], [HN16, Proposition 2.4, also see
[HSV83b, HVV85, Vas94]. It will be of importance to us the following proposition.

Proposition 5.3.8. [Has12, Proposition 2.5] Let R be a Cohen-Macaulay local ring
and k > 0 an integer. If I satisfies SDy, then I satisfies SDCpyq.

Remark 5.3.9. Notice that adding an indeterminate x to the ring and to ideals [
and a. One has (a + (z)): ({ + (z)) = (a: I) + (z) in R[z] and in its localization at
m + (x). Hence, for most statements, one may reduce to the case where the height
of I is big enough, if needed.

We will recall some important results that were proved by Hassanzadeh and
Naéliton. The Cohen-Macaulay hypothesis in this theorem is needed to show that if
for an R-module M, depth(M) > d—t then for any prime p, depth(M,) > ht(p) —t,
see [Vas94, Section 3.3].

Theorem 5.3.10. [HN16, Theorem 2.6] Let (R, m) be a Cohen-Macaulay local ring
of dimension d and I = (f1,..., f.) an ideal of height g. Let s > g and fir 0 < k <
min{s, s — g + 2}. Suppose that one of the following hypotheses holds:

(i) 7+ k < s and I satisfies SD, or

(ii) r+k > s+ 1, I satisfies SD and depth(Z;) > d — s+ k, for 0 <i <k, or
(iii) I is strongly Cohen-Macaulay.
Then for any s-residual intersection J = (a: rl), the complex v Z} is acyclic. Fur-
thermore, Sym%(I/a), for 1 <k < s — g+ 2, and the disquised residual intersection
R/K are Cohen-Macaulay of codimension s.

Notice that the condition (iii) is stronger than (i) and (ii).

Theorem 5.3.11. [Has12, Theorem 2.11] Let (R,m) be a Cohen-Macaulay local
ring and a C I two ideals of R. Suppose J = (a: rl) is an s-residual intersection
and K 1is the disgquised s-residual intersection of I w.r.t. a. If I satisfies the sliding
depth condition SD, then K C J and VK = /J. Furthermore K = J, whenever the
residual intersection J is arithmetic.

5.4 Cohen-Macaulayness and canonical module of
residual intersections

In this section we will prove two most important conjectures in the theory of resid-
ual intersections. They are the Cohen-Macaulayness and the canonical module of
residual intersections.

In order to make reduction to lower height case and prove the Cohen-Macaulayness
when s = g, we first state the following proposition, which is a trivial generalization
of [HVVS85, Lemma 3.5] that only treated the sliding depth condition SD. The proof
goes along the same lines.
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Proposition 5.4.1. Let (R, m) be a Cohen-Macaulay local ring, I an ideal of height
g and k > 0 an integer. Let x1,...,x; be a reqular sequence in I. Let I denote the
canonical epimorphism R — R' = R/(x1,...,x;). Then I satisfies SDy, if and only
if I' satisfies SDy (in R'). In particular, I is strongly Cohen-Macaulay if and only
if I' is also strongly Cohen-Macaulay (in R').

Proof. Tt is suffice to prove the assertion for £ = 1. Let I be an ideal generated by
the sequence x = x1,...,x,. We have the exact sequence of Koszul complexes

00— Ko(x; R) > K (x; R) — K,(x; R') —=0.

The last complex is the same as K,(x'; R') where x’ = {0,2),..., 2!

Y rl):

Taking the homology sequence, we obtain a long exact sequence

= Hi(x; R) 2 Hy(x; R) = Hy(x'; R') ~ Hi_1(x; R) 2 H,_y (x; R) =+ - - .

Since I annihilates the Koszul homologies, we obtain an exact sequence, for all ¢

By Corollary 1.1.8, we have
(i) ifdepth(H;(x'; R') < depth(H;_1(x; R)), then depth(H;(x; R)) = depth(H;(x"; R')),

or

(i) if depth(H;(x"; R') > depth(H;_1(x; R)), then depth(H;(x; R)) = depth(H;_1(x; R))+ 1,

or
(iii) if depth(H;(x; R') = depth(H;_1(x; R)), then depth(H;(x; R)) > depth(H;_1(x; R)).
Notice that dim(R') = d — 1 and ht(I") = g — 1, hence I" of R’ satisfies SDy, if

depth(H;(x'; R')) > min{d — g,d —r + i+ k — 1}.
It is easy to prove the assertion by comparing (i), (ii) and (iii). O

Proposition 5.4.2. Let (R, m) be a Cohen-Macaulay local ring of dimension d and
I an ideal of height g. Let x = x1,...,x4 be a reqular sequence contained in I and
J = ((x): gl). Suppose that R/I is Cohen-Macaulay and I satisfies SD. Then R/J
is Cohen-Macaulay of codimension g.

Proof. The proof goes along the same lines as in [HVV85]. By Proposition 5.4.1, we
may reduce modulo X = z1,...,z, and consider R' = R/(x). Thus we can assume
that ht(/) = g =0and J = (0: gl).

Suppose that I is an ideal generated by the sequence x1,...,z,. Then Z, =
(0: gI) = J and K, ~ R. The exact sequence

00— 42, — K, — B,_1 —0

shows that B,y ~ K, /Z, ~ R/ J.
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Since [ satisfies SD, [ satisfies SDC; by Proposition 5.3.8. It follows that Z,_;
is Cohen-Macaulay of dimension d. Moreover, [ satisfies SD, depth(H,_1) > d — 1.
Therefore, the exact sequence

0O—B,_1—2,_1—H,_1—0

implies that H! (B,_) = 0, for all i # d, hence B,_; is Cohen-Macaulay of dimension
d. ]

To study the Cohen-Macaulayness of residual intersections in the general case,
we will use the following lemmas.

Lemma 5.4.3. [Bou70, II, §4, no 4, Proposition 4] Let R be a ring and My, My, N1, Ny
four finitely generated R-modules. If one of couples (M, Ms), (My, Ny), (Ms, Ny) are
formed by projective R-modules, then the canonical homomorphism

A HOHIR(Ml, Nl) ®R I‘IOIHR(]\/[Q7 NQ) — HOHIR(Ml ®R Nl, M2 ®R Ng)
s an isomorphism.

Lemma 5.4.4. Let (R,m) be a Cohen-Macaulay local ring of dimension d, with
canonical module w. Suppose that S = R[T\,...,T,] is the standard graded polyno-
mial ring over R and g := Sy. Let a C I = (f1,...,[fr) be two ideals of R, with
hWt(I) =g. If J = (a: gl) is an s-residual intersection of I, then

(i) There is a natural graded isomorphism
Hy(S) =~ Homg(S(—7), R).
In particular, for all u € Z,

Hy(S), ~ 8", ., =Homg(S_, ., R).

I

(i) If g > 2, then depth(,Z;) = depth(xZ]) = d, for all0 < k < s — 1.
(iii) If g =2 and I satisfies SDy, then

depth(pZ;") > min{d,d — s + i + (},

foralll <1< s—1.

(iv) If g > 2, then the following diagram, where the vertical isomorphisms are
induced by the identifications H(Z,) ~ Z% | " in Proposition 5.2.2, is com-
mutative, for all0 < k < s— 2,

Hy(:2]) H(1254)

ﬁi ig

(s—k—fUZGL)V - (s—k—fJZlJF)V-
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Proof. (i) is the graded local duality theorem.
(ii) Since Z,_1 ~ Zy = R, depth(x2;) = depth(,.Z]) = d.
(iii) By Proposition 5.3.8, I satisfies SDCy, 1, that is
depth(Z;) > min{d —r + j + ¢+ 1,d},

forall0 < j <r—2.
Forany 1 <i<s—1,

r—1 s
E =B D= @ (2 enHy$) )
j=r—1+i—s
Thus ¢Z;" is a direct sum of copies of modules Z, ..., Z,_1, where § = max{0,r —

1+ — s}. Notice that 0 < ¢ < r — 2. It follows that
+ _ . . _ . . .
depth(oZ;") = aglglgl?_l{depth(ZJ)} = mln{égrjnglil_Q{depth(ZJ)}, d}
>min{d,d —r+0+ ¢+ 1} > min{d,d — s+ i+ (}.

(iv) We have the following commutative diagrams, for all 0 < k < s —2,

H{i(ij) = ng(Hg(DrJrsfl))[k] Hg«x(H;(DrJrsfﬁ)[k] = Hg«»(kzstl)

~

~

H:i(erl) XR Hg(S)[k—r—s+1] — Hgl(erl) Or HgT(S)[Sk_r_5+2] D H$(2r72) XR Hg(S)[k—r—s+2]

~ ~

Z8Y ®n Sl k1] Zg" @r (Sf—p—g)" ® Z¢Y @r ST k—a]
(Z§ @R Sis—k-11)" (Z§ @R Sf,_j_o) ® Zf ®R Sis—k-21)"
(sm6-520)" = (D§)js—t-11)" (D) is—r-1)" = (45 21)Y

where the first diagram and the last diagram are commutative by the definitions,
the second diagram is commutative by the natural isomorphisms in item (i) and
Proposition 5.2.2, and the third diagram is commutative by the natural isomorphism

ZV ®p Sfy ~ (27 ®r S)",
for all 4, ¢, by Lemma 5.4.3. O]

Proposition 5.4.5. Let (R,m) be a Cohen-Macaulay local ring of dimension d,
with canonical module w, and I = (fi,..., f.) an ideal of height 2. Suppose that
J = (a: gl) is an s-residual intersection of I and K is the disquised s-residual
intersection of I w.r.t. a. If I satisfies SDy, then there exists an epimorphism of
R-modules

¢ Ho(, '2J) —=wr/x

and ¢ is an isomorphism if I satisfies SD,.
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Proof. Since [ satisfies SDy, ¢Z; is acyclic and R/K is Cohen-Macaulay of dimen-
sion d — s by Theorem 5.3.10. By local duality

Hi(R/K) ~ why g (5.8)
Now the double complex C?(0.Z.)

0 0 0

0—=Cg (0Z7)—=C¢

(025) —=0

m

0 0 0

gives rise to two spectral sequences. The second terms of the horizonal spectral are

hor

2 HIS(R/K) if j=d—sandi=0
1o otherwise

and the first terms of the vertical spectral are

0 0 0 0 0 0
0 0 0 0 e 0
0 0 0 i Hi—s+2( ZF) 0
0 0 -7 Hi'025 ) > = Hy ' (025) — Hy '(02]) 0
Hi(0Z2F) = H(021) — Hi(025) — - — Hy(025) — Ha(021) — Hg(027)

since depth(pZ;") = depth(oZ]) = d and depth(4Z;") > d — s +i + 1, for all
1 <i<s—1, by Lemma 5.4.4 (ii) and (iii), respectively.
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By the convergence of the spectral sequences, we obtain

HS(R/K) ~ “E 5% c B2 (5.9)

ver ver

By Lemma 5.4.4(iv), we have the following commutative diagram

Hy(02]) — Hy(0251)

:i lg

(s—iuZJ)V - (s—iuzf)v'

Therefore
B~ Hy(, ¥Z25)Y. (5.10)

ver

By (5.8), (5.9) and (5.10), we can define a monomorphism of R-modules by the
compositions

Wk — = Hy *(R/K) =SB B 0 > Ho(,_12])"

ver ver
which provides an epimorphism
¢ Ho(,_Y'2)) — wr/k

If I satisfies SDo, then depth(pZ;") > min{d,d —s+i+2}, forall 1 <i < s—1,
by Lemma 5.4.4(iii). It follows that
Hﬁ_S(R/K) ~ ooE—s,—d — QE—S,—d

ver ver
and thus ¢ is an isomorphism. O]

Now we state our main result that answers the question of Huneke and Ulrich in
[HU88, Question 5.7] and also answers the conjecture of Hassanzadeh and Naéliton
in [HN16, Conjecture 5.9].

Theorem 5.4.6. Let (R, m) be a Cohen-Macaulay local ring with canonical module
w and a C I two ideals of R, with ht(I) = g. Suppose that I satisfies SD; and
J = (a: gl) is an s-residual intersection of I. Then R/J is Cohen-Macaulay of
codimension s.

Proof. Let K be the disguised s-residual intersection of I w.r.t. a. Since [ satisfies
SD;, hence SD, R/K is Cohen-Macaulay of dimension d — s by Theorem 5.3.10 and
K C J by Theorem 5.3.11. The proof will be completed by showing that J C K.

We first consider the case where g = 2. By Proposition 5.4.5, there is the epi-
morphism
¢ Ho(,_1'2) — wr/k.

As R/K is Cohen-Macaulay, anng(wg/x) = anng(R/K) = K. The epimorphism ¢
implies that
anng(Ho(,_{'2S)) C anng(wr/x) = K.
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By Proposition 5.3.5, J C anng(Hy(,_1'Z,")) C K.

We may always reduce to the case g > 2 by Remark 5.3.9. If g > 2, then we can
choose a regular sequence a of length g — 2 inside a which is a part of a minimal
generating set of a. Since R is Cohen-Macaulay, by Theorem 1.1.11 (a), R/a is a
Cohen-Macaulay local ring of dimension d — g + 2. Moreover, J/a = a/a: I/a and
p(a/a) = p(a) — g + 2, therefore J/a is an (s — g + 2)-residual intersection of I/a
which is of height 2. Furthermore, I /a satisfies SD; by Proposition 5.4.1. Hence, it
follows from the height two case that R/J ~ (R/a)/(J/a) is Cohen-Macaulay of
dimension d — s. O

It follows from the proof of Proposition 5.3.5 that J C anng(Sym’(1/a)), for all
k > 1. Then a natural question is: under what conditions one has

anng(Symh(1/a)) = J?

It is known that anng(Sym%(I/a)) = J, for all k > 1 whenever J is arithmetic in
[HN16, Corollary 2.8(iv)]. The next result answers this question.

Corollary 5.4.7. Let (R, m) be a Cohen-Macaulay local ring of dimension d, with
canonical module w, and a C I two ideals of R, with ht(I) = g. Suppose that J is
an s-residual intersection of I and let 1 <k <s— g+ 1.

(i) If I satisfies SDy, then Sym%(I/a) is a faithful R/.J-module.

(i) If I satisfies strongly Cohen-Macaulay, then Sym%(I/a) is a mazimal Cohen-
Macaulay faithful R/J-module.

Proof. (i) The proof will be completed by showing that anng(Sym% 9™ (I/a)) C J.
As in the proof of Theorem 5.4.6, it suffices to prove that anng(Sym% 9™ (I /a)) € J
in the case g = 2. The inclusions anng(Sym?% ' (I/a)) C anng(Ho(, ¥ZF) Cc K = J
are demonstrated in the proofs of Proposition 5.3.5 and of Theorem 5.4.6.

(ii) follows immediately from Theorem 5.3.10, Theorem 5.4.6 and the first item.
O

The following example shows that the above corollary does not hold for the
(s — g + 2)-th symmetric power of [/a.

Example 5.4.8. [HN16, Example 2.10] Let R = Q[z,y],I = (z,y) and a = (22, 3?).
We set J = a: gI. Using Macaulay?2 [GS], we see that J = (2%, xy, y?) is a 2-residual
intersection (a link in this case) of I and

Symp(1/a) ~ R[Tx, T2]/($T1> yTs, —yTh + HSTz)-

Thus a free resolution of Sym%(1/a) is

0 RN, po M. Rs Sym%(I/a) — 0,
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where
-y 0 0
2 00y 00 8_()y_(]
M=|0 2 00y 0| and N= Y
00z 00 r 00
y 0 =
0 0

It follows that

anng(Symp(I/a)) = (z,y) 2 J.
We now give a description the canonical module of residual intersections.

Theorem 5.4.9. Let (R, m) be a Cohen-Macaulay local ring with canonical module w
and a C I two ideals of R, with ht(I) = g. Suppose that I satisfies SDy, Torf(R/I,w) =
0 and J = (a: gl) is an s-residual intersection of I. Then the canonical module of
R/J is Symy T (I/a) @ w.

Proof. We first consider the case where g = 2. By Proposition 5.4.5 and Theo-
rem 5.4.6,
WR/J Ho(, YZ}) ~ Sym‘;{l(I/a) Qpr w.

The last isomorphism by Proposition 5.3.3.

We may always reduce to the case g > 2 by Remark 5.3.9. If ¢ > 2, then we can
choose a regular sequence a of length g — 2 inside a which is a part of a minimal
generating set of a as in the proof of Theorem 5.4.6. As a C [ is regular on w,

Torf(R/I,w) ~ Tort/*(R/I,w/aw) = 0.

Furthermore, observing that the canonical module of R/a is w/aw by Proposi-
tion 1.2.34 (i), it follows from the height two case that
(s-g+2)-1 ( I/a

WR/J SymR/a a/a) ®R/a WR/a ™ Sym}g{ﬁl([/a) Orw.

O

Notice that the hypothesis Torf(R/I,w) = 0 is always satisfied for ideals of
finite projective dimension. In particular, if R is Gorenstein, then w ~ R, hence
Torf(R/I,w) ~ Tor®(R/I,R) = 0, therefore the canonical module of R/.J is (s —
g + 1)-th symmetric power of I/a. As a consequence, the second conjecture in the
introduction is proved under the SDy condition.

Remark 5.4.10.

(i) Under assumptions of Theorem 5.4.9, but I only satisfies SD; instead of SDs.
Then there exists an epimorphism of R-modules

Symj; (I /a) ©r w—=wrys -
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(ii) In the height two case, by using Propositon 5.4.5, we could omit the assumption
Torf(R/I,w) = 0 in Theorem 5.4.9. In this case, the canonical module of R/.J is
the (s — 1)-th graded component of

w(Th, ..., T,]/(Lw + £ + yw)
by Proposition 5.3.2 and Theorem 5.4.6.

The following example shows that Theorem 5.4.9 does not hold if I only satisfies
SD condition.

Example 5.4.11. [EU16, Example 2.9] Let R = k[[zy,...,x5]] and let I be the
ideal of 2 x 2 minors of the matrix

Ty T2 T3 T4
To XT3 T4 Iy '
Then [ is of height 3. If we take a to be the ideal generated by 4 sufficiently general

cubic forms in I, then J = a: gr[ is a 4-residual intersection. Using Macaulay?2 [GS],
it is easy to see that I satisfies SD. Moreover, we see that I%/al requires 20 gener-

ators, whereas wg,; requires only 16. Thus there is no surjection wg/; —1 2/al,
therefore wg,; is not isomorphic to Syms(I/a).

Computation of the initial degree of Sym%(//a) and wp/; shows that there
can be no surjection Sym%(I/a) —s=wg/s . This shows that SD; condition in Re-

mark 5.4.10 (i) is necessary.

Recall that in a Noetherian local ring (R, m), the type of a finitely generated
R-module M is the dimension of the R/m-vector space Ext%epth(M)(R/m, M) and
it is denoted by rg(M) or just r(M). The minimal number of generators of the
R-module M is the dimension of the R/m-vector space R/m®pg M and it is denoted
by pu(M). Notice that if M, N are two finitely generated R-modules, then

= dlmR/m(M XRpr R/m ®R/m N Xpr R/m)
= p(M)p(N).

Corollary 5.4.12. Under the assumptions of Theorem 5.4.9,
p(l/a) +s— g)
r(R/J) = r(R).
= (M0
Thus R/J is Gorenstein if and only if R is Goenstein and u(I/a) = 1.

Proof. Since the canonical module of R/.J is Sym$; 9! (I/a) @ gw by Theorem 5.4.9,
it follows from Proposition 1.2.38 that

r(R/J) = p(wrys) = p(Sym3; (1 /a) @ w)
= p(Symj; (I /a))p(w)
= dimp/m(Sym}; " (I/a) @ R/m)r(R)
= dimR/m(SymE/ﬁfl(I/a ®@pr R/m))r(R).
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Since I/a ®p R/m is a R/m-vector space of dimension u(l/a),
SymR/m(I/a QR R/m) ~ (R/m)[Yl, e 7Y,u([/a)].

It follows that ([/ )
. % a)+ s —4dg r
A ‘”‘( u(Ija) —1 ) (8).
0

5.5 Hilbert functions and Castelnuovo-Mumford
regularity of residual intersections

One is based on the resolution of residual intersections ¢Z;", from which we could
provide many informations concerning R/.J, like the stability of Hilbert functions
and the Castelnuovo-Mumford regularity of residual intersections.

First we study the stability of Hilbert functions of residual intersections. In
[CEUO01], Chardin, Eisenbud and Ulrich restated an old question of Stanley in [Sta80]
asking for which open sets of ideals a the Hilbert function of R/a depends only on
the degrees of the generators a. More precisely, they consider the following two
conditions.

(A1) Is the Hilbert function of R/a is constant on the open set of ideals a generated
by s forms of the given degrees such that ht(a: gI) > s;

(A2) Is the Hilbert function of R/(a: gl) is constant on this set.

It is shown in [CEUO1, Theorem 2.1] that ideals with some sliding depth condi-
tions in conjunction with Gs_; or G satisfy these two conditions. In [HN16, Propo-
sition 3.1], Hassanzadeh and Naéliton proved that if (R, m) is a Cohen-Macaulay
graded local ring of dimension d over an Artinian local ring Ry and if a C I are two
homogeneous ideals, I satisfies SD, and depth(R/I) > d — s, then the above condi-
tion (A1) is satisfied for any s-residual intersection J = (a: g[l). It follows directly
from [Has12, Theorem 2.11] and [HN16, Proposition 3.1} that if I satisfies SD, then,
for any arithmetic s-residual intersection J = (a: gl), the above condition (A2) is
satisfied.

The next proposition, we will show that the above condition (A2) is satisfied for
any residual intersection under SD; condition.

Proposition 5.5.1. Let (R, m) be a graded Cohen-Macaulay local ring over an Ar-
tinian local ring Ry and a C I two homogeneous ideals, with ht(I) = g. Suppose that
I satisfies SDy and J = (a: gl) is an s-residual intersection of I. Then the Hilbert
function of R/J satisfies the above condition (A2).

Proof. By Theorem 5.3.10 and Theorem 5.4.6, the complex (Z; is a resolution
of R/J. Hence, the Hilbert function of R/J can be written in terms of the Hilbert
functions of the components of the complex o Z; which, according to the definition of
027, are just some direct sums of Koszul cycles of I shifted by the twists appearing
in the Koszul complex K,(7;S). Since the Hilbert functions of Koszul cycles are
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inductively calculated in terms of those of the Koszul homology modules, the Hilbert
function of R/J only depends on the Koszul homology modules of I and on the
degrees of the generators of a. [

Next, the important numerical invariant associated an algebraic or geometric
object is the Castelnuovo-Mumford regularity. Assume that R = @,,>¢ I, is a pos-
itively graded Noetherian *local ring of dimension d over a Noetherian local ring
(Ro, mp). Set m = my + R,. Suppose that I and a are two homogeneous ideals of
R generated by homogeneous elements f1,..., f, and ay, ..., as, respectively. For a
homogeneous ideal b, the sum of the degrees of a minimal generating set of b is
denoted by o(b). For a finitely generated graded R-module M, the Castelnuovo-
Mumford regularity of M is defined as

reg(M) = max{end(H}éAM)) +i}.

In [Has12], Hassanzadeh defined the regularity with respect to the maximal ideal m
as
reg, (M) := max{end(H. (M)) +i}.

The following lemma establishes a relation between reg(M) and reg, (M ).

Lemma 5.5.2. [Has12, Proposition 3.4] Assume that (R,m) is a positively graded
Cohen-Macaulay *local ring and let M be a finitely generated graded R-module. Then

reg(M) < reg, (M) < reg(M) + dim(Ry).

The next proposition improves [Has12, Theorem 3.6] by removing the arithmetic
hypothesis of residual intersections.

Proposition 5.5.3. Let (R,m) be a positively graded Cohen-Macaulay *local ring
over a Noetherian local ring (Ro,mg) and a C I two homogeneous ideals, with
ht(I) = g. Suppose that I satisfies SDy. Then, for any s-residual intersection J =

(Cll RI)7
reg(R/J) <reg(R)+ dim(Ry) + o(a) — (s — g + 1)indeg({/a) — s.

Proof. The proof of this result goes along the same lines as in [Has12, Theorem 3.6].
Indeed, Theorem 5.4.6 implies that R/.J is Cohen-Macaulay and is resolved by (2.
O

We recall that in the case of linkage, that is when s = g, if in addition one
has dim(Ry) = 0, then the inequality in Proposition 5.5.3 is in fact an equality.
However, when dim(Ry) # 0, the next simple example shows that, in some cases,
the regularity of residual intersections (or even linked ideals) may be strictly less
than the proposed formula.

Example 5.5.4. Let R, := k[z](,) and R := Ry[y]. In this case let I = (y),a = (xy)
and J = (z) be ideals of R. It is now easy to see that [ is linked to J by a, whence
the invariants mentioned in Proposition 5.5.3 are determined as follows: reg(R) =
reg(R/I) =reg(R/J) = 0,dim(Ry) = 1,0(a) =1,s—g+1 = 1,indeg(//a) = 1, and
indeg(.J/a) = 0. Therefore the formula is the equality for R/.J and a strict inequality
for R/1.
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The next proposition improves the result of Hassanzadeh and Naéliton in [HN16,
Proposition 3.3].

Proposition 5.5.5. Let (R,m) be a positively graded Cohen-Macaulay *local ring
of dimension d over a Noetherian local ring (Ro, mg), with canonical module w. Let
a C I be two homogeneous ideals, with ht(I) = g, and J = (a: rl) an s-residual
intersection of I. Suppose that I satisfies SDy and Tort(R/I,w) = 0. Then

WR/J = Sym% 9T (I/a) @i w(o(a)).
Proof. The proof proceeds along the same lines as in the local case. O

The following result is already an improvement of [Has12, Proposition 3.15] and
also of [HN16, Proposition 3.3]. We show the equality of the proposed upper bound

for Castelnuovo-Mumford regularity of residual intersections in Proposition 5.5.3.

This equality is showed by Hassanzadeh for perfect ideals of height 2 [Has12, The-
orem 3.16(iii)].

Corollary 5.5.6. Under the assumptions of Proposition 5.5.5,
reg,(R/J) =reg,(R) +o(a) — (s — g + 1)indeg({/a) — s.
In particular, if dim(Ry) = 0 then
reg(R/J) =reg(R) + o(a) — (s — g + 1)indeg({/a) — s.

Proof. By Theorem 5.4.6, R/J is Cohen-Macaulay of dimension d — s. By using the
local duality theorem and Proposition 5.5.5,
reg,(R/J) = end(HL*(R/J)) +d — s = —indeg(wrys) +d — s
= o(a) — indeg(Sym$; T (I/a) @pw) +d — s
= o(a) — indeg(Sym? 9" (I /a)) — indeg(w) + d — s
= reg, (R) + o(a) — indeg(Sym3; 9T (I /a)) — s,
since reg,,(R) = end(HZ(R)) + d = —indeg(w) + d.
It remains to prove that indeg(Sym3; 9! (I/a)) = (s — g + 1)indeg(I/a).
Let g1, ..., g, be a minimal set of generators of I/a. We have

Sympg(I/a) @ R/m ~ (R/m)[Y;,..., Y],

where Y is the class of g; in Symg(I/a) ®pg R/m.
Suppose that deg(g;) = indeg(//a). Since
Symg(1/a) @n Bfm =~ (R/m)[Vi, ..,V

is a polynomial ring, we see that Y;" 9" #£ 0, hence gi 9™ # 0 (this product in

Symp(I/a)) and g; 9" € Sym3, "' (I/a). Thus

indeg(Sym?% 9™ (I/a)) < deg(gi ™) = (s — g + 1) deg(g1) = (s — g + 1)indeg(I/a).
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On the other hand, indeg(Sym$; 9*'(I/a)) > (s — g + 1)indeg(I/a). Thus
indeg(Sym?%, 9™ (I/a)) = (s — g + 1)indeg(I/a).

The remaining part follows from reg(M) < reg,, (M) < reg(M) + dim(R,) for
any finitely generated graded R-module M, by Lemma 5.5.2. O]

Finally, we close this section by giving some tight relations between the Hilbert
series of a residual intersection and the (s — g + 1)-th symmetric power of I/a.

Corollary 5.5.7. Let (R,m) be a positively graded Cohen-Macaulay *local algebra
of dimension d over an Artinian local ring Ry, with canonical module w. Suppose
that a C I are two homogeneous ideals of R, with ht(I) = g, and J = (a: rl) is an
s-residual intersection of 1. Write

P(t t
Hpgys(t) = (1_;;“7 Hgpno =001 (1 /0 o (1) (1?;;6137

with a the least common multiple of the degrees of the generators of the algebra
R over Ry and P(t),Q(t) € Z[t,t7], with P(1),Q(1) > 0. If I satisfies SDy and
Torf(R/1,w) = 0, then

P(t) — tcr(u)—i—a(d—s)Q(t—l).

In particular, if R is generated over Ry by elements of degree 1, that is, R = Ry[Ry],
then

e(R/J) = e(Symy "' (I/a) ®p w).
Proof. By Proposition 5.5.5,
W/ Sym%, 9 (I/a) @ w(o(a)).
It follows from Theorem 1.3.3 (a) that
Hyponi=o (1 ey oty () = (=1 Hry s (t77)
is equivalent to

H

Sym?{gH(I/u)@Rw

(t) — (—1)d_st0(a)HR/J(t_1).

Thus
Q(t) _ zfa(a)Jra(clfs)P(th

gives
P(t) _ ta(a)+a(d_s)Q(t_l).

In particular,
e(R/J) = P(1) = Q(1) = e(Sym} " (I /a) ®p w),

by Proposition 1.3.7. O
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5.6 Duality for residual intersections of strongly
Cohen-Macaulay ideals

The duality for residual intersetcions is a center of interest in during the development
of the theory of residual. The first results of duality were proven by Peskine and
Szpiro for the theory of liaison in [PS74]. Afterwards, around the works of Huneke
and Ulrich in [HUS8S], generalizing the corresponding statement in the theory of
linkage of Peskine and Szpiro. In particular, the recent works of FEisenbud and Ulrich
in [EU16| give some results on the duality for residual intersections.

In this section, we provide the duality for residual intersections in the case where
I is a strongly Cohen-Macaulay ideal. In this case, the structure of the canonical
module of some symmetric powers of I/a is given. Therefore, we may establish some
tight relations between the Hilbert series of the symmetric powers of I/a and we
give the closed formulas for the type and for the Bass number of Sym”%(I/a).

First we prove on the duality of residual approximation complexes in the height
two case.

Proposition 5.6.1. Let (R, m) be a Cohen-Macaulay local ring of dimension d, with
canonical module w, and a C I two ideals of R. Suppose that I is a strongly Cohen-
Macaulay ideal of height 2 and J = (a: gl) is an s-residual intersection of I. Then,
forall0 <k <s-—2,

wHo(ij') = Hg(sfkif)Z:r).

Proof. By Theorem 5.3.10, the complex ,Z) is acyclic and Hy(xZ[) is Cohen-
Macaulay of dimension d — s. Therefore, by local duality,

wl\go(kzj_) = H‘i_s(HO(ij)) (5.11)

As [ is strongly Cohen-Macaulay of height 2, we have that depth(Z;) = d, for
all 0 <4 < r — 1. By the definition of ,Z}, for all 0 < i < s, ,Z; is a direct sum
of copies of modules Zy, Z1, ..., Z,_1, therefore depth(yZ;") = d.

We now consider the double complex C2(xZ])

0 0 0

0——=C?

B2 — e ——

m

(k21) —=Co(k2y) —=0

m

0= CAGZH) —= o —=C

(k21) — Cp(xZ5) —=0

0—=CR2y) —=-—=Cf

(W2) —C4

m

(kZ0) —=0
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that gives rise to two sequences. The second terms of the horizonal spectral are

i—j _ Hi=(Ho(x2))) if j=d—sandi=0
0 otherwise

and the first terms of the vertical spectral are

ver

1pii _ ) 0 HowZ)) — - —= Ha(o2]) — HR(vZg) — 0 if j =d
0 otherwise.

By the convergence of the spectral sequences, we obtain

HY*(Ho(n21)) ~ “E 5 "= "E 2" (5.12)

ver ver

By Lemma 5.4.4 (iv), we have a commutative diagram, for all 0 < k < s — 2

Hy(:2]) Hy(1254)

gi lz

(s—k—le(T)v - (s—k—f)zf_)v'

Therefore
Boi e~ Ho(, 25V, (5.13)

ver

By (5.11), (5.12), (5.13) and Proposition 1.2.19,
YHy (25 = Ho(s_p_1"2)).
[l

We now state the main result of this section. Let recall us that if M, N, L be three
R-modules, then a morphism ¢ : M ®zr N — L is a perfect pairing if ¢, : M —
Hompg (N, L), sending m to ¥1(m) : n — o(m ® n) and 1y : N — Hompg(M, L),
sending n to ¥y(n) : m — p(m ® n) are two isomorphisms.

Theorem 5.6.2. Let (R,m) be a Cohen-Macaulay local ring with canonical module
w and a C I two ideals of R, with ht(I) = g. Suppose that J = (a: gl) is an s-
residual intersection of I. If I is strongly Cohen-Macaulay and Torf’(R/],w) = 0,
then, for all1 <k <s—g,

(i) the canonical module of Symb,(I/a) is Symf{gﬂ*k([/a) ®p w;

(ii) there is a perfect pairing
(Symp(I/a) ©r w) ©g Symy " (I/a) — Symy " (I/a) @p w.
Proof. (i) First we treat the case g = 2. By Proposition 5.6.1, for all 1 < k < s — 2,

Wyt (1/a) =2 Ho(s_p_1"2J)

~ Symy; " (I/a) @p w.
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The last isomorphism follows from Proposition 5.3.3.

Now, we may suppose that g > 2 by Remark 5.3.9. If g > 2, then we choose a
regular sequence a of length g — 2 inside a which is a part of a minimal generating
set of a as in the proof of Theorem 5.4.9. As I/a is strongly Cohen-Macaulay by
Proposition 5.4.1, it follows from the height two case that

_gi2—k—1(1/a
~ (s—g+2)—k—1
= Symp (a/a) ®Rr/a (w/aw)

~ Sym% T F (1 /a) @5 w.

Weymfy(I/a) = Ysymb, (12

(ii) It suffices to prove that, for all 1 <k < s —g,
Sym%(I/a) @z w ~ Homp (Symi{gﬂ_k(]/a), Sym% 9 (I/a) ®p w).

As SymS$; 9717 (I/a) is a maximal Cohen-Macaulay R/.J-module by Corollary 5.4.7(ii)
and Sym?%, 9" (I /a) ®p w is the canonical module of R/.J by Theorem 5.4.9,

wsym;—gﬁ—l—k(l/a) ~ HOH}R (Sym‘;%fg‘Fl*k([/a), Symj{*g+1 ([/a) ®R (,U) .

The conclusion follows from (i). O

In particular, if the residual intersections are geometric, we obtain the following
results that could be compared to one of [EU16, Theorem 2.2].

Corollary 5.6.3. Let (R,m) be a Gorenstein local ring and a C I two ideals of R.
Assume that I is a strongly Cohen-Macaulay ideal of height g and J = (a: gl) is a
geometric s-residual intersection of I. Then, for all1 < k < s — g,

(i) the canonical module of I*/aI*=t js [579FH1=k [q[s=9-F,

(ii) there is a perfect pairing
I*al* ' @p 197 7K Jal* 97" — [0 JaI*79.

Proof. Tt is an immediate translation from Theorem 5.6.2 with the fact that Sym/,(I/a) ~
I¥/aI*=! by [HN16, Corollary 2.11] and wg ~ R. O

Notice that the pairings in this corollary and in the main theorem above need
not be given by multiplication. However, Eisenbud and Ulrich proved that, in many
situations where our results apply, the multiplication indeed produces a perfect
pairing. In this regards, an example they provide is interesting.

Example 5.6.4. [EU16, Example 2.8] Let R = k[[z,v, z]|, where k is an infinite
field and I = (z,y)%. If a is generated by 3 sufficiently general elements of degree 3
in I, then J = a: gl is a 3-residual intersection. Using Macaulay2 [GS], they verified
that I is strongly Cohen-Macaulay, hence wg/; =~ Sym%(I/a). Moreover w; e 1/a

Computation shows that there is a unique (up to scalars) nonzero homogeneous
map //a ®p I/a — wp/; of lowest degree, and this is a perfect pairing. But they
notice that there can be no perfect pairing I/a®g I/a — I?/al because the target
is annihilated by (z,y, z)? while I/a is not. This implies that wg/; # I*/al and J
is not geometric.

However, the multiplication with value in the symmetric square I /a ®g I /a —
Sym%(I/a) is a perfect pairing.



136 Chapter 5. Cohen-Macaulayness and canonical module of residual intersections

Next, we will show that the perfect paring in Theorem 5.6.2 and also in Corol-
lary 5.6.3 could be chosen by multiplication. Fisrt, we need the following lemmas.

Lemma 5.6.5. Let (R, m, k) be a local Noetherian ring and S a Noetherian standard
graded R-algebra. For any s > t, we consider

Sy — Hompg(Ss_4, Ss)

the natural map given by the algebra structure of S. If Hg+(5’ ®prk); =0, then Yy @k
18 into.

Proof. Let L € S; be such that 0 £ L € S; @z k = (S ®p k);. The element L is sent
to the class of the homomorphism x L. We have to prove that this class is not zero.
As

mHomR(Ss—t> Ss) g HomR(Ss—t7 mSS)a

it suffices to show that the image of x L is not contained in mS,. The assertion is
obvious if s = t. If s > ¢, as L ¢ Hg (S ®g k), and S,y = (S;)°", there exist
u € Ss_; such that L. # 0. Hence the image of x L contains L.u ¢ mS,. m

Lemma 5.6.6. Let (R, m, k) be a local Noetherian ring and M a finitely generated
R-module. For any s > t, if there exists a R-module isomorphism

¢ : Homp(Symy, (M), Sym3(M)) — Symp(M),
then the natural map given by the algebra structure of Symp(M)

¥ Symp(M) — Homp(Symy; (M), Symy(M))
s an isomorphism.

Proof. The assertion of the lemma is equivalent to show that ¢ o1 is onto, which
in turn is equivalent to 1) ®g k being into (or equivalently onto).

Choose 11 : R — M onto with n minimal (equivalently such that R" ®p k ~
M ®pg k via 71). Then 7 := Sympg(m) : Symp(R") — Symp(M) is onto and 7 ®p k
is an isomorphism identifying Symy(M) ®g k with a polynomial ring in n variables.
It follows that S = Symp (M) satisfies the condition of Lemma 5.6.5, hence ¢ ® k is
into. O

Note that Sym§, ,(I/a) = R/J and Sym}, ,(I/a) = Sym}(I/a) for k > 0. We
have the following results.

Theorem 5.6.7. Let (R, m) be a Gorenstein local ring and a C I two ideals of R,
with ht(I) = g. Suppose that J = (a: gl) is an s-residual intersection of I. If I is
strongly Cohen-Macaulay, then wr/; ~ Sym;_/gﬂ(]/a) and for all0 <k <s—g+1

(i) the R/J-module Sym%/J(]/a) is faithful and Cohen-Macaulay,
(i) the multiplication

Symﬁ/J(I/a) QRr/s Symf{/f]fl_k(]/a) — Symf{/gfl(l/a)

s a perfect pairing,
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(iil) setting A := Symp, ;(I/a), the graded R/J-algebra
A= AfAer g = @ Svmiy, (/)
i=0

is Gorenstein.

Proof. The first item is Corollary 5.4.7 (ii). The second and last items directly follow
from Lemma 5.6.6 together with Theorem 5.6.2 (ii) and (i), respectively. O

Corollary 5.6.8. Let (R,m) be a positively graded Cohen-Macaulay *local algebra
of dimension d over an Artinian local ring Ry, with canonical module w. Suppose
that a C I are two homogeneous ideals of R, with ht(I) = g, and J = (a: rl) is an
s-residual intersection of I. Write

Qr ()

Py(t)
HSymIfg(I/a) (t) = m’ HSymIE(I/ﬂ)QQRw(t) - m’

with a the least common multiple of the degrees of the generators of the algebra R
over Ry and Py(t), Qr(t) € Z[t,t71], with Py(1),Qx(1) > 0, for each 1 <k < s —g.
If I is strongly Cohen-Macaulay and Torf(R/I,w) = 0, then

Pk(t) _ ta(a)+a(d_s)Qs—g+1—k(t_1)-
In particular, if R is generated over Ry by elements of degree 1, then
e(Symp(I/a)) = e(Symy "7 (I /a) ©p w).

Proof. The proof is analogous to one of Corollary 5.5.7. It follows from the fact that

d—s40 -1
Hgymk (1/a)@rw(t) = (1) (a)HSym;_gH_k(I/a) ).
O

The next corollary enables us to calculate the type of some symmetric powers of
I/a. This is comparable with the results of Hassanzadeh and Naélitonr in [HN16,
Theorem 2.12].

Corollary 5.6.9. Let (R, m) be a Cohen-Macaulay local ring with canonical module
w and a C I two ideals of R, with ht(I) = g. Suppose that J = (a: gl) is an s-
residual intersection of I. If I is strongly Cohen-Macaulay and Torlf(R/],w) = 0,
then, for each 1 <k <s—g,

(Symly(I/a)) = (“ et k)mm.

Proof. The proof is totally similar to one of Corollary 5.4.12. Forall 1 <k < s — g,
r(Symp(1/a)) = u(Symy *7H(I/a) @5 w),

by Theorem 5.6.2 (i) and Proposition 1.2.38. O
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The next corollary enables us to calculate the Bass numbers of some symmetric
powers of I/a.

Corollary 5.6.10. Under the assumptions of Corollary 5.6.9. If p is a prime ideal
containing J of R, with ht(p) = i, then, for every 1 <k < s — g,

p((I/a)y) +5—9— /f)
p((I/a)y) = '

Proof. By Theorem 5.4.6, R/J is Cohen-Macaulay of codimension s and by Corol-
lary 5.4.7(ii), Sym? (I /a) is a maximal Cohen-Macaulay faithful R/.J-module, for all
1 < k < s— g+ 1. Furthermore, by Theorem 5.6.2(i), Sym5,(I/a) ®gw is a maximal
Cohen-Macaulay faithful R/J-module, for all 1 <k < s —g.

Suppose that J C ps € psy1 © -+ € p; = p is a maximal chain of primes
of Spec(R/J) contained in p. Let b; € p; — p,;_q, for all s +1 < j < i. Then
b = (bsy1,...,b;) is a regular sequence over R/.J and therefore also over Sym” (I /a)
and Sym%,(I/a) @pw, forall 1 <k <s—g.

pi-s(p, Symp(I/a) ®pw) = (

By Proposition 1.1.2, (bsy1, . . ., b;) is a regular sequence over (Sym’,(I/a) ®zw),
and annihilates k(p) for all 1 <k < s — g, hence Proposition 1.1.3 gives

Extp,* (k(p), (Symp(I/a) @ w)y) = Homp, (k(p), (Sym§(I/a) @ w)y @r, Ry/bR,)
~ Homp, (k(p) Homp(Sym$, " *(I/a),wr/s) ®r Rp/bRp>.

The last isomorphism follows from Theorem 5.4.9 and Theorem 5.6.2 (ii). By Propo-
sition 1.2.35

HomR(SymS = (]/a),wR/J) ®r Ry/bR,

Thus, we obtain
Eth,S(k(P)v(Symlfz(I/ﬂ) ®RrW)p)
~ Hompg, (k(p) Homp, (Sym}, IH1F(IJa) @ Ry /bRy, wr/j ®R Rp/bRp)>
~ Homp, (k(p) ©r, Sym}; "' (I /a) @r Ry /bRy, wrys ©n Ry/bR,)
~ Homp, (k ®r Symy, * (/). wryy @R Rp/bRp)
~ Homp, (Symj ™' ¥ (k(p) ©r I/a),wr/s ©r Ry/bRy ).

Since k(p) ®r I/a ~ k(p) ®g, (I/a), is a k(p)-vector space of dimension pu, :=

p((I/a)y),

Sy (K(p) @5 T/a) = k(p)[Vi, .-, Vi ]
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It follows that

npts—g—k

Bxtiy " (k(p), (Sym(I/a) @nw)y) = Homp, (k)" wnys @ By R,

ppts—g—k
~ HOIIlRp (k‘(p), WR/J Xpr Rp/bRp>( pp—1 )
(up+sfgfk)
pp—1

~ Extgs (k(p), (WR/J)p)

The last isomorphism follows from the fact that bR, is regular over (wg/;), and
annihilates k(p). Therefore

+s—g—Fk
ﬂ’z—s(p7syml;2(]/a) ®R W) = (MP m _i >Mi_s(p,UJR/J)
p

_(up+s—g—k’>
pp — 1 ’

since ht(p) =4 — s in R/J, p;—s(p,wrys) = 1, by Proposition 1.2.37 (b). O]
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