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Chapitre 1

Introduction

Résumé

Dans cette these nous nous sommes intéressés a trois types de problemes :
- Existence et unicité d’une fonction harmonique strictement positive
associée a une marche aléatoire inhomogene confinée dans un orthant
de 7.
- Etude de la convergence en loi des arbres de Galton Watson critiques
conditionnés a avoir un nombre assez grand de noeuds protégés.
- Etude de la convergence en loi des arbres de Galton Watson condi-
tionnés a avoir une génération anormalement grande.
Ce manuscrit de these contient quatre chapitres.

Le premier chapitre est réservé a une introduction générale dans laquelle
nous présentons les principales motivations et les résultats significatifs ob-
tenus dans ce travail.

Le deuxieme chapitre est consacré a 1’étude d’une marche aléatoire in-
homogene confinée dans un orthant de Z¢ et ses liens avec les fonctions
harmoniques associées.

L’objet du troisieme chapitre est d’étudier la convergence en loi des
arbres de Galton Watson critiques conditionnés a avoir un nombre assez
grand des noeuds marqués lorsqu’on marque ces noeuds de fagon aléatoire,
puis d’appliquer ce résultat a I’étude du méme arbre conditionné a avoir un
nombre assez grand de noeuds protégés.

Finalement, dans le quatrieme chapitre, nous étudions la convergence en
loi des arbres de Galton Watson conditionnés & avoir une génération anor-
malement grande dans le cas d’une loi de probabilité géométrique ayant une
masse en 0 dont nous avons étudié tous les cas : critique, sous-critique et
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sur-critique.

La suite de cette introduction présente les différents objets étudiés ainsi
que les principaux résultats obtenus.

Mots clés : Marches aléatoires, fonctions harmoniques discretes, or-
thant, arbres aléatoires, arbres de Galton-Watson, limite locale, noeuds
protégés.

Abréviations :

— 1i.i.d : indépendantes et identiquement distribuées.

— p.s : Presque stirement.

1.1 Définitions et état de ’art.

1.1.1 Fonctions harmoniques

On introduit ici la notion de fonction harmonique :

Soient E un ensemble dénombrable et (X,,),ecn une chaine de Markov a
espace d’états E de matrice de transition Q).

Une fonction f: E — R, est dite harmonique si pour tout z € F,

fl@) =Qf (@) ==Y Qz,y)f(y) = E(f(X1 | Xo = ).

yekl

Notons également que
f est harmonique sur E si et seulement si (Lf)(z) =0 VzeFE

avec

(Lf)(xz) = Z Q(x,y)f(y) — f(x) : Laplacien discret de f.

yer

L’étude de I'existence de fonctions harmoniques positives pour les marches
aléatoires homogenes a intéressé de nombreux chercheurs depuis plusieurs
années.

Dans [14] Doney décrit les fonctions harmoniques et la frontiere de Mar-
tin associés & une marche aléatoire apériodique (Z,)nen dans Z tuée lors-
qu’elle franchit la demi-droite réelle négative {z € Z; z < 0}, puis Alily et
Doney étendent ce résultat pour la marche aléatoire spatio-temporelle cor-
respondante ((Z,,n); n € N).

Kurkova et Malyshev [39] décrivent la frontiére de Martin pour deux
marches aléatoires dont l'une est sur Z x N dont l’ensemble des sauts est
{(0,0),(0,1),(0,-1),(1,0), (—1,0)} et Pautre est sur Z2 avec des conditions



1.1. DEFINITIONS ET ETAT DE L’ART. 7

de reflexion sur la frontiére.

Plus tard Kurkova et Raschel [40] (2009) étudient les marches aléatoires
du quart de plan ayant des sauts & distance au plus un, avec un drift non
nul a l'intérieur et absorbées au bord. Plus précisement, ils obtiennent de
fagon explicite les séries génératrices des probabilités d’absorption au bord,
puis leur asymptotique lorsque le site d’absorption tend vers l'infini. Ils
calculent également I'asymptotique des fonctions de Green le long de toutes
les trajectoires, en particulier selon celles tangentes aux axes.

Notons également que ces résultats semblent peu susceptibles de pos-
tuler dans une situation générale; en fait ils reposent de facon essentielle
sur la structure unidimensionnelle du processus. En effet Kurkova et Ma-
lyshev [39], et Raschel utilisent une méthode analytique dont la structure
géométrique de la courbe elliptique définie par la fonction génératrice de la
loi de saut de la marche aléatoire joue un roéle crucial.

Notre travail, rédigé au chapitre 2, se situe dans la continuité des résultats
présentés dans cette section. En fait nous le considérons comme complémentaire
a ceux de Raschel [50] car nous répondons a la conjecture indiquée dans [50]
Concernant 'existence et I'unicité de la fonction harmonique associée a une
marche aléatoire confinée dans un plan de Z2.

1.1.2 Limite locale des arbres de Galton Watson
Processus de Galton-Watson et arbre de Galton-Watson

Le processus de Galton Watson est considéré comme le premier modele
stochastique pour 1’évolution de la population. Ce processus a été étudié
par les britanniques Francis Galton et Henry William Watson. En réalité,
en 1873, anthropologue et statistien Sir Francis Galton, préocuppé par
Iextinction des familles nobles et bourgeoises en Angleterre, publiait un
article dans la revue ”Educational times” posant le probléeme suivant :

Une grande population de N individus portant tous des noms de famille
distincts, dans laquelle nous ne nous intéresserons qu’aux adultes de sexe
masculin, colonise une région. Dans cette population, a chaque génération,
ag pour cent des hommes adultes n’ont aucun fils qui atteindra 1’age adulte,
a1 pour cent en ont 1, ag pour cent en ont 2, et ainsi de suite jusqu’a as
pour cent qui en ont 5. Trouver
(1) quelle proportion des noms de famille aura disparu apreés n générations;
(2) combien de noms de famille seront portés par exactement k personnes.

F. Galton suppose que les individus donnent naissance indépendamment
I’'un de 'autre a un nombre aléatoire d’enfants avec la méme loi de reproduc-
tion. Aprés n’avoir recu aucune réponse précieuse, il commence a travailler
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avec H-W. Watson sur ce probléeme et réussissent a publier un article un
an plus tard [22] ou ils ont prouvé que la probabilité de Iextinction est un
point fixe de la fonction génératrice de la loi de reproduction (ce qui est vrai)
et que cette probabilité est toujours égale a 1 (ce qui est faux, voir le pa-
ragraphe suivant). Notons également qu’un probléme similaire a été étudié
en 1845 par le mathématicien Francais I.J. Bienaymé, c’est pour cela que
ce processus est parfois appelé processus de Bienaymé - Galton - Watson.
Nous nous référons notamment a l’article de D.Kendal [33] " The genealogy
of genealogy : branching processes before (and after) 1873” et au livre de T.
Harris [24] pour des commentaires historiques.

On se donne une suite de réels positifs ou nuls p = (p(k))xen telle que

[e.9]
Zp(k) = 1. Le processus de Galton - Watson se déroule de la maniere
k=0

suivante : on commence avec un individu que I'on appelle en général la ra-
cine. Elle a k enfants avec probabilité p(k). Chacun d’eux a de méme k
enfants avec probabilité p(k), indépendamment les uns des autres. De plus,
chaque individu vivant & 'instant n meurt a la génération n+ 1. Cela conti-
nue indéfiniment on s’arréte lorsqu’il n’y a plus d’enfant (on parle alors
d’extinction). Plus formellement, soit X une variable aléatoire telle que
P(X = k) = p(k) (p est appelée la loi de natalité du processus de Galton -
Watson) et soit (Xi(n))m-zl des copies indépendantes de X. La taille de la
génération a l'instant n, notée Z,, est définie récursivement de la maniere
suivante :

ZZZ:TLI Xi(n—i-l)

Zo=1, Zy.4=
0 i {0 si Z, =0

Notons également que (Z,)nen est une chaine de Markov de matrice de
transition ) définie par :

Q(x,y) =p™(y)

avec
pO=06) et p P =px...xp sixz>1

On note -
p=">_ kp(k).
k=0

Un processus de Galton-Watson est qualifié de sous-critique quand p < 1,
critique quand p = 1 et surcritique quand g > 1.

Deux résultats classiques et particulierement utiles dans I’étude du pro-
cessus de Galton-Watson (Z,),cn sont les suivants :

Proposition 1.1.1. La fonction génératrice de Z,, est
E(s%") = f"(s) := fo...0 f(s)

litéré n fois, ou f est la fonction génératrice de la loi p.



1.1. DEFINITIONS ET ETAT DE L’ART. 9

De plus on a :

Z,
Proposition 1.1.2. Lorsque p €]0,+o0[, la suite —Z est une martingale
1

positive relativement a la filtration
Fo = {(ba Q}

]:n:o*(X,gj) ck<n, 7€N) pourn >1.
et converge p.s vers une variable aléatoire intégrable.

On appelle extinction 1'événement {In € N;Z, = 0}. En notant ¢ la
probabilité de I’extinction, on a
¢q=P@EneN; Z,=0) = HETOOIP’(Zn =0) = nllg—loo f(0).
Alors
— Si p <1 (critique ou sous-critique) et p(1) # 1 alors ¢ = 1.
— Si g > 1 alors ¢ est 'unique point fixe de la fonction génératrice f
dans [0, 1].

La premiere détermination complete et donne une version correcte de la
probabilité d’extinction a été donné par J.F. Steffensen (1932). Ce probléme
a également été traité par A. Kolmogorov (1938), qui a réussi a déterminer
la forme asymptotique de la probabilité que la famille existe encore apres
un grand nombre fini de générations.

A.J. Lotka a réalisé I'idée de Galton, en utilisant les données de ferti-
lité américaines, pour déterminer la probabilité d’extinction d’une lignée de
descendance masculine.

Notons également qu’il existe un lien intéressant entre le processus de
Galton-Watson et le processus de naissance et de mort dans une étude
du taux de formation de nouvelles especes. Il existe également des liens
avec la théorie du rayonnement cosmique formulée indépendamment par
H.J.Bhabha et W. Heitler (1937) et par F. Carleson et R. Oppenheiner
(1937).

Le processus de Galton - Watson intervient dans plusieurs domaines. N.
Semonoff a utilisé le modéle de Galton-Watson dans les étapes élémentaires
de son traité théorique sur les réactions chimiques, et W. Shockley et J.
Pierre (1938) ont utilisé ce modéle pour étudier la multiplication des électrons
dans un dispositif de détection électronique (multiplicateur d’electrons).

Aprés 1940, en raison de I'analogie entre la croissance des familles et
les réactions de la chaine nucléaire et grace a l'interét général accru pour
les applications de la théorie des probabilités, 'interét pour ce modéle a
augmenté. Les premiers travaux stimulés par ’analogie nucléaire sont ceux
de Hawkins et Ulam (1944) et Everett. Au cours des derniéres années, le
modéle de Galton-Watson a fait 'objet de nombreux travaux, nous nous
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référons notamment a T. Harris [24] , K. Athreya et P. Ney [8] pour des
résultats importants autour le processus de Galton-Watson, a M. Kimmel
et D. Axelrod [36] et P. Haccou, P. Jagers et V. Vatutin [23] pour des
applications en biologie.

Afin d’étudier les processus de Galton-Watson, on peut considérer ce
qu’on appelle les arbres géanéalogiques ou les arbres de Galton-Watson qui
sont considérés actuellement parmi les domaines actifs dans la recherche.

Les arbres de Galton-Watson jouent un role crucial dans la description
de la généalogie du processus de Galton-Watson, ce dernier étant en fait
simplement le nombre d’individus & chaque génération d’un arbre.

En adaptant la notation de Neveu [46] pour le formalisme d’arbres, on
considere

n>0

'ensemble des suites finies d’entiers avec la convention (N*)? = {@}. Pour
n>1etu= (u,...,up) € U, on pose |u| = n : la longueur de u et
uloo = max(|ul,u1,...,ul) avec la convention || = [B|oc = 0. Si u et v
deux éléments de U, on désigne par uv la concatenation de u et v, avec la
convention uv = u si v = () et uv = v si u = @, on dit que v est un ancétre
de u et on note v < w si : Jw € U\ O tel que u = vw. On note

Ay, ={veld;v=<u}

I’ensemble des ancétres de w.

Un arbre discret est un sous-ensemble de U obtenu en représentant les
individus par des sommets chacun étant lié par une aréte a ses enfants.
On renvoit le lecteur au chapitre 3 pour la définition exacte. Un sommet
de l'arbre sera représenté par une suite finie d’entiers u = (uq,...,u,). On
note k,(t)(€ NU {+oo}) le nombre d’enfants de u dans 'arbre t avec la
convention k,(t) = —1si u ¢ t.

Rappelons ici quelques vocabulaires des arbres discrets et les propriétés
topologiques de certains espaces d’arbres :

— Le noeud u € t est appelé une feuille si k,(t) = 0 et appelé noeud
infini si &y (t) = 400
— Le noeud 0 est appelé la racine de t
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111 211 212 331

11 12 21 31 32 33

¢

FIGURE 1.1 — Le codage d’un arbre discret

On désigne par :
— T4 'ensemble des arbres.
— T ={t € Too; ku(t) < +00, Vu € t} 'ensemble des arbres sans aucun
noeud infini.
— Ty = {t € T; Card(t) < +o0} 'ensemble des arbres finis.
— Lo(t) = {u € t; ky(t) = 0} Pensemble des feuilles de arbre t.
— H(t) = sup{|u|, u € t} la hauteur de l'arbre t, peut étre infinie.
— Hoo(t) = sup{| ¢ |00, u € t} = max(H (t),sup{ky(t),u € t}).
— Zy(t) = Card{u € t, |u| = n} la taille de la génération n de l’arbre
t, peut étre infinie.
— T™ = {t € T; H(t) < h} I'ensemble des arbres de hauteur inférieur
ou égale a h.
— T = {t € Te; Hoolt) < h}.
— T I’ensemble des arbres ayant une unique branche infinie.
Pour h € N et t € T; on définit la fonction restriction r; de I’arbre
tronqué a la hauteur h par

ra(t) = {uet,[u|<h}
et on munit T d’une distance ultramétrique
d(t,t') = 9= sup{heN,rp, (t)=ry(t')}
Une suite d’arbres (t,,n € N) converge vers un arbre t dans (T, d) si et
seulement si Vh € N, 7,(t,,) = rp(t) pour n assez grand, i.e

Yuel, nirrioo ku(tn) = ky(t).
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Notons également que (T, d) est un espace métrique complet séparable
non compact. Plus précisemment T est une partie dénombrable dense dans
(T, d).

On peut généraliser dans T, et on définit la fonction restriction ry o de
Ty a Ty définie par :

vVt e T, Thoolt) ={u €t, |u|oc < h}

qui consiste a restreindre la hauteur de ’arbre au niveau h et a ne garder
en chaque sommet que les h premiers enfants.
On munit Ty, d’une distance ultramétrique dy :

doo(t,t/) — 2fsup{h€N7 rhyw(t):rh’w(t/)}.

Une suite d’arbres (t,,n € N) converge vers un arbre t dans (Too, doo)
si Vh € N, 7p, oo(tn) = 7h,00(t) pour n assez grand, i.e
Yuel, ngnglroo ky(tn) = kyu(t) € NU{—1, +o0}.

Rappelons la remarque dans [3] page 6 : Soient (t,,n € N) une suite
d’arbres dans T et t € T. Alors (t,,,n € N) converge vers t dans (T, d) si et
seulement si (t,,n € N) converge vers t dans (T, doo)-

Pour la définition exacte d’'un arbre de Galton-Watson 7, nous renvoyons
le lecteur au chapitre 3. Cette définition est caractérisée par la relation
suivante : 7 € T p.s. et, Vh e N* et t € T® on a :

Pira(r) =t) = [ »pka(t)).

u€rp—1(t)

En particulier, on a pour les arbres finis :

Vt € Ty, P(r=t) =[] p(ku(t)).
uct

Nous nous référons & M. Drmota [16] et S.Evans [20] pour une vision
d’ensemble sur les arbres aléatoires discrets y compris les arbres de Galton-
Watson.

En utilisant les arbres de Galton-Watson, on peut avoir une vision complete
sur la probabilité d’extinction en traitant tous les cas de p. Il y a tout d’abord
tous les cas dégénérés :

— Sip(0) =0 alors ¢ =0 ie T ¢ Ty.

— Sip(0) =1 alors 7 = {0} et ¢ = 1.

— Sip(0) =0 et p(1) =1 alors arbre est réduit & une unique branche

infinie, en particulier ¢ = 0.
— Si0 < p(0) < letp(0)+p(1l) =1 alors H(7)+1 suit la loi géométrique
de paramétre p(1) et 7 = Up<p<p(r)11}". Dans ce cas ¢ = 1.
Dans toute la suite on suppose que p vérifie

+oo
p(0) >0, p(0) +p(1) <1, et p:= an(n) < +00. (1.1)

n=0
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Convergence en loi des arbres de Galton Watson, limite locale

Il existe de nombreux types de limites qui peuvent étre envisagées pour
étudier les grands arbres, parmi lesquels sont les limites locales et limites
d’échelle. Les limites locales sont celles associées aux distances d et do in-
troduites précédemment. De facon informelle, on regarde ’arbre jusqu’a une
hauteur fixe arbitraire donc on ne voit que ce qui se passe a une distance
finie de la racine. Pour les limites d’échelle, on considere les suites d’arbres
ou les branches sont mises a 1’échelle de sorte que tous les sommets restent
a une distance bornée de la racine. Ces limites, qui aboutissent aux arbres
aléatoires continus dont les branches ont une longueur infinitésimale, ont été
intensément étudiées ces dernieres années, voir [5], [17] et [18].

Nous nous intéressons ici uniquement aux limites locales des arbres de
Galton-Watson critiques ou sous-critiques conditionnés a étre anormalement
grands. Le fameux conditionnement est le théoréeme de Kesten qui stipule
que les arbres de Galton-Watson critiques ou sous-critiques conditionnés a
avoir une hauteur assez grande convergent vers l'arbre de Kesten 7. Ce
résultat sera rappelé dans le paragraphe suivant.

L’arbre de Kesten associé a une loi de reproduction p est un arbre de
Galton-Watson multi-type défini comme suit :

— Il y a deux types de noeuds : les noeuds normaux et les noeuds

spéciaux.

— La racine est spéciale.

— Les noeuds normaux se reproduisent selon la loi p et tous les enfants

sont normaux.

— Les noeuds spéciaux se reproduisent selon la loi p biaisée par la taille

définie par

Tous les enfants d’un noeud spécial sont normaux sauf un, choisi au
hasard uniformément parmi tous les descendants (il faut remarquer
qu’un noeud spécial a forcément au moins un enfant puisque p(0) =
0).
Ainsi I'arbre de Kesten est un arbre comportant une épine dorsale infinie
sur laquelle se greffent des arbres de Galton-Watson normaux. L’arbre de
Kesten est appelé encore 'arbre biaisé par la taille car la loi de I'arbre
tronqué au niveau n est absolument continue par rapport & la loi de 'arbre
de Galton-Watson initial tronqué au méme niveau, la densité étant donnée
par la martingale classique Z,/u™. Cet arbre a été étudié par Hawkes [25],
Joffe et Waugh [32] et aussi par Lyons, Permantle et Peres [42]. Il peut
également étre vu comme un arbre de Galton-Watson avec immigration voir
Athreya et Ney [8].
Avant de citer les fameux théoréemes de convergence, il est utile de rappe-
ler une conséquence du théoréme de Portemanteau qui caractérise la conver-
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gence en loi des arbres : Soient (T,;n € N*) une suite d’arbres aléatoires
de T et T un arbre aléatoire appartenant également a T. On désigne par
dist(7T") la distribution ou la loi de T' (qui est parfaitement déterminée par
la suite de distributions de rp(7") pour tout h > 0 ) et on note

lim dist(7},) = dist(T")

n—-+4oo

la convergence en loi de (T,;n € N*) vers T.

Theorem 1.1.3. La suite (T),;n € N*) converge en loi vers T' si et seulement

st
Vhe NVt e T, lim P(ry(T,) =t) = P(ry(T) = t).
n—r+00

On peut généraliser dans T, si on travaille avec des arbres ayant des
noeuds infinis, en utilisant 7, o au lieu de rj, et tout reste vrai. Nous nous
référons a l'article de Abraham et Delmas [3] page 6 pour plus de détails.

Une caractérisation de convergence locale a été effectué par Abraham
et Delmas [2] afin d’étudier d’autres conditionnements. Avant de citer ce
résultat, on introduit quelques notations :

Sit,t' € T et z € Lo(t), on note :

t®,t' ={uet}U{zv; vet}
la greffe de t’ sur la feuille z de t.
T(t,z) = {t ®, t'; t' € T}.

I’ensemble de tous les arbres obtenus en greffant un arbre sur la feuille x de
t.

Lemma 1.1.4. Soient T et T,,,n € N des arbres aléatoires tels que p.s
TeToUT; et T, € ToUT; pour tout n € N. Alors (T),)nen converge en loi
vers T si et seulement si pour tout arbre fini t et toute feuille x de t
ngrriOOIF’(Tn e T(t,z)) =P(T € T(t,x)) et nimroo P(T, =t) =P(T =t).

Un résultat analogue dans le cadre des arbres ayant des noeuds infinis
est obtenu dans [3] page 7.

Le théoréme suivant, considéré parmi les fameux résultats dans la conver-
gence locale des arbres, a été prouvé par Kesten en 1986 en ajoutant la
condition "la variance est finie”.

Theorem 1.1.5. (Kesten [35], 1986) Soit T un arbre aléatoire de Galton-
Watson critique ou sous-critique de loi de reproduction p vérifiant (1.1). Soit
Tn un arbre aléatoire dont la loi est celle de T conditionné par {H (1) > n}.
Alors

lim dist(7,) = dist(7").

n—-4oo
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Notons également que ce théoréme a été prouvé aussi par Janson [29] en
toute généralité.

Plus tard, Abraham et Delmas ont donné une preuve de ce résultat
comme une application simple d’un résultat plus général :

Theorem 1.1.6. (Abraham, Delmas [2], 2014) Soit A : T — N U {oo}
finie sur To. On suppose que A vérifie la condition d’additivité suivante : il
existe une fonction D(t,x) telle que

At ®,t') = A(t)) + D(t, )
pour A(t") suffisamment grand. On pose
A, ={t e T, A(t) € [n,n+no)}.

Soit T un arbre de Galton-Watson associé a une loi de reproduction p vérifiant
(1.1). Si
— p est critique ou
— p est sous-critique et D(t,x) =| z |,Vt € Ty, x € Lo(t).
Alors, si
lim P(T c An+1) —
n—+oo P(1 € Ay)

on a:
lim dist(r | 7€ A,) = dist(77).

n—> 00
Grace a ce théoreme; plusieurs résultats deviennent des applications
simples, par exemple en posant :
— A(t) = H(t) et ng = 400, on obtient le théoréme de Kesten.
— A(t) = Card(t) et np = 1, on obtient dans le cas critique
lim dist(7 | Card(7) = n) = dist(77)

n—>-+oo

et en prenant ng = +00,

ngnloo dist(7 | Card(7) > n) = dist(77).
Ce résultat a été prouvé par Aldous-Pitman [6], méme s’il apparait
plus ou moins explicitement dans [34]. On peut également se référer
a S.Janson [29], théoréme 7.1.
— A(t) = Card(Ly(t)) = Lo(t) : nombre total des feuilles de t. On
obtient dans le cas critique pour ng = 1

ngrrioo dist(7 | Lo(7) = n) = dist(7™)
et pour ng = +00

lim dist(7 | Lo(7) > n) = dist(77").

n—>-+o0o

Ce résultat a été prouvé par Curien et Kortchemski [12] en 2014 en
supposant que la variance est fnie.
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Nous nous référons a I'article [2] pour plus de détails et les preuves.
Ces résultats ont été généralisé par Abraham et Delmas en 2014 comme
suit :

Soit A une partie de N et t un arbre. Posons
La(t) ={u € t;ky(t) e A} et La(t) = Card(La(t)).

Theorem 1.1.7. Soit 7 un arbre de Galton-Watson de loi de reproduction
p vérifiant (1.1). Alors

nirgoo dist(7 | La(7) > n) = dist(77)
Remarquons que si :
— A =N on obtient L4(t) = Card(t).
— A = {0} on obtient L, le nombre des feuilles de t. ce qui est déja
fait.
Notons que L4 vérifie la propriété d’additivité :

La(t ®,t') = La(t") + La(t) — Lypeay-

D’apres le théoreme 1.1.6, il reste a prouver que le ratio tend vers 1. Ici
ils utilisent le fait que La(7) suit la loi du cardinal d’un autre arbre de
Galton-Watson critique 74, propriété introduite par Mimami [43] et Rizzolo
[51].

Notre travail, rédigé au chapitre 3, se situe dans la continuité des résultats
présentés dans cette section. Nous étudions la convergence en loi d’un arbre
de Galton-Watson conditionné & avoir un nombre assez grand de noeuds
marqués, puis comme application nous étudions le conditionnement d’avoir
un nombre assez grand de noeuds protégés.

Arbres de condensation

La situation est totalement différente dans le cas sous-critique. Ce probléme
a été étudié par Abraham et Delmas dans [3]. En fait c’est ce qu’on appelle
le phénomene de condensation.

Avant d’énoncer le résultat obtenu, il nous faut au préalable introduire
quelques objets.

Soit p une probabilité vérifiant (1.1) et pu(p) < 1. On définit 'arbre de
condensation 7*(p) comme étant un arbre de Galton-Watson multi-type :

— Il existe deux types des noeuds : noeud normal et noeud spécial.

— La racine est spéciale.

— Les noeuds normaux se reproduisent suivant la loi p et tous leurs

enfants sont normaux.
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— Les noeuds spéciaux se reproduisent suivant la loi p : la loi biaisée
sur NU {400} définie par :

_ kp(k) sikeN
p(k) = :
1—p sik=+4oc.

— Si un noeud spécial donne naissance a un nombre fini d’enfants, on

en choisit 1 au hasard et il est spécial, les autres sont normaux.

— Si un noeud spécial donne naissance a un nombre infini d’enfants, ils

sont tous normaux.

— Tous les noeuds se reproduisent d’une fagon indépendante.

Notons également que deux cas qui se produisent :

— Si p est critique, alors p.s 7%(p) est I'arbre de Kesten.

— Si p est sous-critique, alors p.s 7*(p) a exactement un noeud infini et

sans branche infinie.

Cet arbre a été introduit dans [31] ou il apparait comme arbre limite
d’arbres de Galton-Watson sous-critiques conditionnés par leur population
totale dans des cas particuliers. Ce résultat a été généralisé dans [29] a des
lois de reproductions générales puis dans [3] & des conditionnements plus
généraux et dont nous rappelons le résultat maintenant.

Soit A C N. On pose

cA(0)0%p(k) sike A
Pas(k) = {Qk_lp(k‘) sikd A
avec X
a0~ P EO e
OE(6*1(xcay)

ou X une variable aléatoire de loi p. On note par I4 ’ensemble des 6 stric-
tement positifs tel que p g est une probabilité.

Rappelons que si p est sous-critique, alors d’apres le lemme 5.2 de [3]
page 12, ou bien il existe un unique §5 € I4 tel que pa g est critique (dans
ce cas on dit que p est générique pour A), ou bien DAy, est sous-critique
avec 6% := max(/4) (dans ce cas on dit que p n’est pas générique pour A).

Definition 1.1.8. Sous les mémes notations, on définit p% par :
— Sip est critique : ply = p
— Sip est sous-critique et générique pour A (il existe une unique 05 €
Iy tel que page est critique) : pYy = PA6;
— Sip est sous-critique et non générique pour A : ply = pa e, -

Le résultat peut alors s’écrire :

Theorem 1.1.9. Soit 7 un arbre de Galton-Watson de loi de reproduction
p vérifiant (1.1) et u(p) < 1. Alors

lim dist(7 | La(r) > n) = dist(7"(p}))-

n——+00
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Notons également que ce théoreme a été prouvé dans le cas critique et
le cas sous-critique générique dans [2].

Conditionnement par la taille de la n-éme génération

Un autre conditionnement intéressant étudié par Abraham et Delmas
dans [2] page 16, est le conditionnement sur la taille de la n-iéme génération.
Le résultat obtenu est le suivant :

Proposition 1.1.10. Soit 7 un arbre de Galton-Watson critique de loi de
reproduction p vérifiant (1.1) et soit (an)nen une suite d’éléments de N*. Si
Vj € N*

P(Zn—j = an)
li —~— 7y R
nﬁlrfoo P(Z, = ay)

alors

li dist Z, = = dist(77").
o lim  dis (T | Zn(T) = ay) = dist(77)

Puis ils s’intéressent a appliquer ce résultat dans le cas d’une loi géométrique
critique ou les calculs sont explicitement déterminés et prouvent que

lim dist(7 | Z,(7) = ay) = dist(77)

n—-+o0o

a
n—g =0.

Notre travail, rédigé au chapitre 4, se situe dans la continuité de ce
résultat. Nous considérons une loi géométrique dans un cadre plus général
et nous donnons une description compléte de I’arbre limite dans les trois
régimes : sous-critique, critique et sur-critique et selon le comportement
asymptotique de la taille de la génération.

si (an)nen une suite d’éléments de N* vérifiant lim,,— 4o

1.2 Description des résultats obtenus

1.2.1 Chapitre 2 : Fonctions harmoniques discrétes dans un
orthant

Ce travail est issu d’une collaboration avec monsieur Sami Mustapha
et monsieur Mohamed Sifi et a fait I'objet d’un article [10] publié dans le
journal ECP.

L’objectif de ce chapitre est d’établir une approche générale pour étudier
le probléme d’existence et unicité des fonctions harmoniques strictement
positives associés aux marches aléatoires tuées au bord d’un orthant de Z?
et de généraliser le quart du plan & I'orthant dans Z¢.

Avant d’énoncer le résultat obtenu il nous faut au préalable introduire
quelques objets.
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Soit :
— T = —T' C Z¢ une partie finie symétrique de Z% contenant tous les
vecteurs unitaires de Z<. i.e les vecteurs ej, = 0,...,0,1,0,...,0), ke

(,....d}

— 7:2Z%x T — [0, 1] une application vérifiant :

Vo € 79, ZTI’(J},E) = 1.

ecl

— (Sp)nen une chaine de Markov définie par :

P(Sp1=x+el|S,=x)=mn(xe),VecT,zcZ etnecN.

On suppose de plus que :

— | T |< 400 : 'ensemble des sauts est fini.

— Zw(x, e)e = 0 : marche aléatoire centrée.
eecl

— 3a >0, tel que Vo € Z% | e |= 1, 7(z,+e) > a : condition d’ellipti-
cité.

Notons également que la condition d’ellipticité implique l'irréductibilité

de la chaine (Sy,)nen.
Notons

D:{(xl,...,xd)GZd;x1>0,...,md>0}
lorthant de Z¢, et

ID=(D+T)ND° ={x €D telque x=z+e; z€D,ecT}

la frontiére de D. Posons D = D U dD.
Le résultat que nous obtenons peut alors s’écrire :

Theorem 1.2.1. Il existe une unique, a une constante multiplicative prés,
fonction harmonique u strictement positive sur D et nulle sur la frontiére.
u: D — R vérifiant :
— Va € D,u(z) = Zw(x, e)u(z +e).
ecl
— Va € D,u(z) > 0.
— Vz € 9D, u(z) = 0.

La preuve de ce résultat repose sur les outils de la théorie du potentiel
discrete a savoir le principe de maximum, inégalités de Harnack, inégalités de
Harnack au bord et mesure harmonique discréte. En fait ces outils jouent un
role crucial dans I’établissement d’estimations optimales pour les fonctions
harmoniques.
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Notons également que dans le travail de Sami Mustapha [44], ces outils
servent a établir aussi des estimations gaussiennes pour le noyau de transi-
tion d’une marche aléatoire inhomogene ainsi que pour son noyau de Green.

1.2.2 Chapitre 3 : Convergence d’un arbre de Galton Watson
critique conditionné a avoir un nombre infini de noeuds
protégés

Ce travail est issu d’une collaboration avec Romain Abraham et Jean-
Frangois Delmas et a fait ’'objet d’un article [1] publié dans le journal ” Jour-
nal of applied probability”.

Soit t un arbre fixé ; on place aléatoirement des marques sur les noeuds
de t indépendamment les unes des autres avec une probabilité qui dépend
uniquement du nombre d’enfants du noeud. Plus précisemment, on considere
une fonction de marquage ¢ : N — [0,1] et une famille de variables
aléatoires (Z,(t),u € t) telle que P(Z,(t) = 1) = q(ky(t)). On dit qu'un
noeud u de t est marqué si Z,(t) = 1.

On désigne par M (t) le nombre des noeuds marqués de t. Alors on a le
résultat suivant :

Theorem 1.2.2. Soit 7 un arbre de Galton- Watson critique de loi de repro-
duction p vérifiant (1.1). On suppose qu’il existe k € N tel que p(k)q(k) > 0.
Alors

ngl?i-oo dist(7 | M (1) = n) = dist(7").

En posant g(k) = 1{c4} on obtient le théoreme 1.1.7.

La preuve de ce résultat contient deux parties : la premiere partie consiste
en une adaptation de la preuve du théoreme 1.1.6 de [2]. Dans la deuxieme
partie, la preuve repose sur que le fait M (7) suit la méme loi que le cardinal
d’un arbre de Galton-Watson critique dont la construction est identique a
celle de Rizzolo.

Le reste de notre article est réservé a I’étude du conditionnement par les
noeuds protégés. Un noeud protégé est un noeud qui n’est pas une feuille et
dont aucun des ses enfants est une feuille. Le comportement asymptique du
nombre de noeuds protégés dans un arbre de Galton-Watson conditionné a
sa population totale a par exemple été étudié par Devroye et Janson [13].

Le résultat que nous obtenons peut alors s’écrire :

Theorem 1.2.3. Soit 7 un arbre de Galton-Watson critique de loi de re-
production p vérifiant (1.1). On note A(T) le nombre des noeuds protégés de
7. Alors

lim dist(r | A(7) = n) = dist(7").

n——+00
Notons tout d’abord que A vérifie la propriété d’additivité du théoreme
1.1.6 de [2]. Pour finir la preuve de ce résulat, il suffit donc de démontrer
que :
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lim P(A(T) =n+1)
n—+oo  P(A(T) =n)

Dans cette étape, nous avons utilisé le résultat sur les noeuds marqués.

Tout d’abord, soit 7° un arbre aléatoire ayant la méme loi que T |
{kg(7) > 0}. En utilisant le théoreme précédent, avec q(k) = 1g~03, (ou
bien Theorem 6 and Corollary 2 dans [51] avec A = N*) on a que l’arbre
% (qui est 'arbre 79 auquel on a retiré toutes les feuilles) est un arbre
de Galton-Watson critique. Sachant {r{. = t}, on ajoute des enfants aux
noeuds de TI(\\)]* de telle sorte qu’on obtient un arbre 7 ayant la méme loi que
’arbre initial 7°.

Dans cette procédure, on marque les noeuds de TIQI* dont le nombre d’en-
fants ajoutés est 0. Alors M (TIQI*), le nombre des noeuds marqués, est égale
en loi & A(7), le nombre de noeuds protégés, ce qui termine la preuve.

=1.

1.2.3 Chapitre 4 : Convergence d’un arbre de Galton Watson
géométrique conditionné a avoir une génération anor-
malement grande

Ce travail, rédigé au chapitre 4, est issu d’une collaboration avec Ro-
main Abraham et Jean-Francois Delmas et fait I’objet d’un article qui sera
prochainement soumis.

L’objectif de ce chapitre est d’étudier le probleme de conditionnement
d’'un arbre de Galton-Watson géométrique a avoir une génération anorma-
lement grande dont nous traitons tous les cas sous-critique, critique et sur-
critique. Plus précisemment

Soit n € (0,1] et ¢ € (0,1). On considére une loi géométrique p =
(p(k), k € N) définie par :

p(O) =1-—mn,
{P(k) =ng(1 —¢)* ' pour k € N*. (1.2)

Nous avons étudié la limite en loi de 7 | Z,, = a, et les résultats que
nous obtenons se résument dans le tableau suivant :

régime de Kesten | régime de Poisson | régime de Condensation
Sous-critique ap L =" Qp ~ Ou™" ap > p "
Critique an < n® an ~ On? an > n®
Sur-critique an < p" an ~ Ou" an > p"

Notons également que :

— Dans le régime de Kesten, ’arbre limite est ’arbre de Kesten. Nous
renvoyons le lecteur a chapitre 4, section 4 pour la description complete
de I'arbre de Kesten.

— Dans le régime de Poisson, ’arbre limite est un arbre multi-type
mais qui ne vérifie par la propriété de branchement. Il est consitué
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d’un squelette infini obtenu par immigration poissonienne a chaque
génération sur lequel se greffent des arbres de Galton-Watson nor-
maux conditonnés a s’éteindre. Nous renvoyons le lecteur a chapitre
4, section 5 pour plus de détails.

— Dans le régime de condensation, ’arbre limite obtenu est un arbre
multi-type dont la racine est un noeud infini et sur les individus
de la premiére génération sont greffés des arbres de Galton-Watson
indépendants dont la loi de reproduction dépend de la génération du
noeud parent. Cet arbre vérifie & nouveau la propriété de branche-
ment. La section 6 est consacrée pour la description compléte de cet
arbre. Nous avons donné aussi une représentation avec les martingales
qui sera trés utile d’établir le résultat de convergence.

Les preuves de ces résultats reposent sur les deux caractérisations de

convergence en loi suivantes :

— Soient (T,,,n € N) et T des arbres aléatoires sans noeuds infinis. On
suppose que H(T) = +oo p.s. Alors :

T, Dy 7= lim P(ry(T,) =t) =P(r,(T) =t) pour tout h € N*, t arbre fini d
n—oo n—oo
(1.3)

— Soient (T, n € N) et T' des arbres aléatoires dans Tf = {t € T; Vu €

t*, kyu(t) < 400}, on suppose que p.s H(T) = 400 et ky(T) = o0

alors :
T, Dy 7 = lim P(rpi(Tn) =t) =P(rpx(T) =t) pour tout h,k € N*, et pour tout 2
n—oo n—o0

(1.4)



Chapitre 2

Discrete harmonic functions
on an orthant in Z¢

This work comes from a collaboration with Sami Mustapha and Moha-
med Sifi and has been the object of an article [10] published in the journal
Electronic Communications in Probability.

Abstract. We give a positive answer to a conjecture on the uniqueness of
harmonic functions stated in [50]. More precisely we prove the existence and
uniqueness of a positive discrete harmonic function for a random walk satis-
fying finite range, centering and ellipticity conditions, killed at the boundary
of an orthant in Z¢.

2.1 Introduction

An explicit description of the Martin compactification for random walks
is usually a non-trivial problem and the most of the existing results are
obtained for so-called homogeneous random walks, when the transition pro-
babilities of the process are invariant with respect to the translations over
the state space E (see [15], [19], [48], [53]). In [11] Cartier identified the
Martin compactification for random walks on non-homogeneous trees. Do-
ney [14] described the harmonic functions and the Martin boundary of a
random walk (Z(n)) on Z killed on the negative half-line {z : z < 0}. Alili
and Doney [7] extend this result for the corresponding space-time random
walk S(n) = (Z(n),n). Kurkova and Malyshev [39] described the Martin
boundary for nearest neighbor random walks on Z x N and on Zi with re-
flected conditions on the boundary. The recent results of Raschel [50] and
Kurkova and Raschel [40] identify the Martin compactification for random
walks in Zi with jumps at distance at most 1 and absorbing boundary. All
these results use methods that seem to be unlikely to apply in a general
situation. The methods of Doney [14] and Alili and Doney [7] rely in an es-

23
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sential way on the one-dimensional structure of the process (Z(n)). Kurkova
and Malyshev [39], Raschel [50] and Kurkova and Raschel [40] use an analy-
tical method where the geometrical structure of the elliptic curve defined by
the jump generating function of the random walk plays a crucial role. For
small steps walks the methods use the fact that the corresponding elliptic
curve is homeomorphic to the torus. In a very recent paper Fayolle and Ra-
schel [21] show how to extend the method for random walks with arbitrary
big jumps (in this case the algebraic curve is no more homeomorphic to the
torus).

The aim of our chapter is to offer a general appoach allowing to study
positive harmonic functions for random walks killed at the boundary of an
orthant in Z? without assuming invariance with respect the translations over
the state space.

More precisely let ' = —I' € Z¢, be a symmetric finite subset of Z?
containing all unit vectors in Z¢, and 7 : Z¢ x ' — [0, 1] be such that

Zﬂ(x,e) =1, zez4

ecl’

Then, we let (S;);en, be the Markov chain defined by
P[Sj1 =2 +e/S; =] =7(v,e), ecT,zcZj=0,1, -

We shall impose the following three conditions on the step set I' and the
probabilities 7(x,e) :

(Finite range) | < o0,

(Centering) Z m(x,e)e =0,

ecl’
(Ellipticity) there exists o > 0 such that 7(z,+e;) > o; z € Z%, i =
1 d.

We shall denote by :
D:{(:rl,....,xd) GZd; 1 >0,--- ,.%'d>0}

and we shall be interested in characterizing the positive harmonic functions
for the random walk killed at the boundary of the orthant D, i.e in functions
u: D — R such that :

i) For any € D, u(x) = Zw(az, e)u(z + e),

ecl’

i) if zeD, wu(zx)>0,

iii) if ze€dD, wu(z)=0,
where we denote by

OD={x €Dz =z2+e, forsomez€ D, andec'}; andD = DUID.
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Theorem 2.1.1. Let (S;);en be a spatially inhomogeneous random walk sa-
tisfying the above centering, finite range and ellipticity conditions. Then, up
to a multiplicative constant, there exists a unique positive harmonic function
for the random walk killed at the boundary.

Note that general results on harmonic functions for killed random walks
in half spaces Z1 x Z9~1 and orthants were obtained in the non-zero drift
case in [28, 40]. In this case, the Martin boundary is composed of infinitely
many harmonic functions. Regarding random walks with zero drift, impor-
tant results were obtained recently by Raschel in [50] in the quarter plane.
In a sense our results can be seen as complementing those of [50] because
they provide an answer to the conjecture stated in [50] in the case of ran-
dom walks with finite support (Cf. Conjecture 1,S4.1 of [50]). Our methods,
using ideas introduced in [44, 45], allow on the other hand to generalize from
the quarter plane to orthants in higher dimensions and to treat the spatially
inhomogeneous walks.

The chapter is organized as follows. Section 2 gives in its first part the
main technical ingredients in the proof of Theorem 1. A lower estimate of
the harmonic measure providing a Holder continuity property at the boun-
dary is established. Specifically, Proposition 1 gives a control of the growth
of positive harmonic functions vanishing on the boundary. A Carleson-type
estimate in then derived. In section 2.2 we establish the existence of a posi-
tive harmonic function on D. Section 3 is devoted to prove the uniqueness
of such positive harmonic function on D.

2.2 Proof of Theorem 2.1.1

2.2.1 Key technical ingredients

The proof of Theorem 2.1.1 relies on a systematic use of two fundamental
principles of potential theory, maximum principle and Harnack principle.

Let A C Z% denote a bounded domain (i.e. a finite connected set of
vertices of Z%). We let

OA={r e A°/x=2+e, forsomeze€ A, andeec'}; and A= AUIA.

We say that a function v : A — R is harmonic on A if
u(z) = Zw(m, eu(x +e), z€A.
ecl’

The following maximum principle is immediate

Theorem 2.2.1. (Mazximum principle) Let A C 72 be a bounded domain
in Z% and u: A — R a harmonic function on A. Assume that u > 0 on OA.
Then u >0 in A.
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The following theorem is a centered version of the Harnack inequality
established by Lawler [41] for spatially inhomogeneous random walk with
bounded symmetric increments.

Theorem 2.2.2. (Harnack principle) (Cf. [37]) Let u : Bar(y) — R a
nonnegative harmonic function on a discrete Fuclidean ball centered at y
and with radius 2R (R =1,2--- and y € Z%). Then

max u(r) <C min u(z),
z€BR(y) z€Br(y)

where C = C(d,a,T") is independent of y € Z%, R > 1 and u.

In the proof of Theorem 2.1.1, together with Theorems 2.2.1 and 2.2.2,
we need their parabolic versions.

Let B=Ax {a <k <b}CZ?x7Z where A C Z¢ is a bounded domain
of Z¢ and a < b € Z. We let

8@3 - Ua<k<baA X {k}
8,B = 0,BU(Ax {a})
B = BUJ,B

0pB is the parabolic boundary of B and 9,B its lateral boundary. We say
that u: B — R is caloric in B if

u(z,k+1) = Zﬂ(m,e)u(aj +ek), (z,k)€e Ax{a<k<b}
ecl

Caloric functions share with harmonic functions the fundamental pro-
perty that there exist quantitative relations between their values at different
points. Maximum principle extends so that we have a control of the values
of a caloric function inside the cylinder B by its values on the parabolic
boundary 0, B.

Harnack principle generalizes for nonnegative caloric functions on two
conditions : being at distance R- in the parabolic sense- from the parabolic
boundary and observing a waiting period of time ~ R2. This requires to
be at a distance R? from the bottom and R from the lateral boundary in
addition to the waiting time. We then obtain a control of the values of the
function in the lower sub-cylinder Br(y) x {s—3R? < k < s—2R?} by those
in the upper sub-cylinder Br(y) x {s — R? < k < s}.

Theorem 2.2.3. (Parabolic maxzimum principle) Let B = A x {a <
k < b} C_Zd X Z, where a < b€ Z and A C Z% is a bounded domain in Z%,
and v : B = R a caloric function in B. If u> 0 on 0,B then u >0 on B.

The following theorem is a parabolic version of Harnack principle
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Theorem 2.2.4. (Cf. [38]) Let u be a nonnegative caloric function on
Bor(y) x [s — 4R2, 5], where (y,s) € Z¢ x Z and R > 1. Then

max {u(z,k); € Br(y), s—3R*<k<s—2R*}
§Cmin{u(w,k‘); x € Br(y), S—R2<k<s},

where C = C(d,,T) is independent of (y,s) € Z% x Z, R > 1 and u.

2.2.2 A lower estimate of the harmonic measure

For a finite set A C Z% we denote by 74 the exit time from A. We define
the harmonic measure h?%)(E) (E C 0A) of (S))jen in A at the point = € A,
by

Ri(E) =P, [S:, € E].

Lemma 2.2.5. Let y € 9D and R > 1 denote a large integer. Then
Bon(y)p (0D N Bar(y)] > 0, = € Br(y) ND (2.1)
where 6 = 0(d, a, ") > 0 is independent of y and R.

The proof of (2.1) we give below is the only place where caloric functions
are used. It may seem strange than an issue regarding harmonic functions
requires going through caloric functions. Indeed, it would have been more
natural to estimate the left hand side of (2.1) by W) (0Bar(y)NDC)(using
the maximum principle) and then establish the desired lower estimate for
h%m (y)(8B2 r(y) N D). Such an approach may lead to the conclusion pro-
vided we have good estimates of the Green Kernel as in [27] p. 511; or by
using a barrier argument as in [9] p.157, but this difficult to implement for
inhomgeneous walks. A way to get round the difficulty is to apply Harnack
principle to a harmonic extension of h%m(y)(ﬁBz r(y) N'D°), but harmonic
functions are difficult to extend ; hence the idea of going through a caloric
function defined on a cylinder outside of D x Z and much easier to extend
so that it is possible to apply parabolic Harnack principle. The idea of such
a construction is inspired by the proof of Lemma 4.1 in [52].

R
Démonstration. Let z =y——e; (i =1,--- ,d) (the direction e; to be chosen

in an appropriate way depending on the piece of the boundary to which y
belongs) and w1, u2 and ug the three caloric functions defined by :
o uy: (Bagp(y) ND) x {—4R? <k <0} = R,

u(z, k) = P, o (0D N Bar(y)) -
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o uy: Q= Bop(y)x{—4R? < k < 0} — R, the solution of the parabolic
boundary problem

up(w,k+1) =Y w(x,e)us(z + e, k), if (2,k) € Barly) x {—4R? <k <0}
ecl

ug(x, —4R?) = 1Bgs(2) (@)

u2‘8pQ\B§(z) =0

e uz : Q' = Bpjs(z) x {-4R* < k < 0} — R, the solution of the
parabolic boundary problem

us(x,k+1) = Zﬂ(x,e)u;;(m +e,k), if (x,k) € Bgjg(z) x {—4R* < k < 0}
ecl

u;»,(x, _4R2) = 1BR/8(Z)(x)

uz|gr =0
The parabolic maximum principle implies :
up(z, k) > us(w, k), (2,k) € (DN Bagr(y)) x {—4R? <k <0}
ug(z, k) > wug(z, k), (z,k) € Brys(z) x {—4R* <k <0}
Combining with parabolic Harnack principle gives that for =z € Br(y) N D

hx

Bar(y)ND (0D N Bag(y)) > cus(z, —RQ) >0 >0,

simply because the caloric function us can be extended to a larger domain

(e.g. Br(z) x {—10R?> < k <0} so that uz3 = 1 on Br(z) x {-10R?2 <k <
8 8

—4R?}. O

2.2.3 The Holder continuity at the boundary

An important consequence of the lower bound of Lemma 2.2.5 is that :

Proposition 2.2.6. Let y € 0D and R > 1 denote a large integer. Let u

a non negative harmonic function in D N Bag(y) which vanishes on 9D N
Bsogr(y). Assume that R > C. Then

max u(x) < max  u(x 2.2
2€DNBR(y) (@) pxem o >

with 0< p=p(d,a,T)<1.
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Démonstration. Let x € DN Bgr(y). Let 7 denote the exit time from D N

Bar(y)-
‘We have
U("IJ) — Z U(Z)]P)x [ST = Z]
2€9d(DNB2gr(y))
_ u(2)Py [Sr = 2]
2€0(PNB2r(y)) \ (0DNB2r(v))
Hence

u(z) < Pp[S;r €9 (DN Bar(y)) \ (0D N Bar(y))] EDIrrTng ( )u(x)

= (1-P,[S; € 9DN Bar(y)]) max  u(x).
z€DNBar(y)

Using Lemma 2.2.5 and taking supremum on z € DN Bg(y) we deduce that :

max ulz) < (1 -6 max u\x),
z€DNBR(y) (z) = ( )xem (@)

which implies (2.2) with p =1 — 6. O

2.2.4 The Carleson principle

This principle asserts that

sup u(z) < Cu(Re), R>C, (2.3)
rz€DNBR
where u is a positive harmonic function on D, vanishing on 0D N Bap
and where Bpr denote the R— discrete ball centered at the origin and
e = (1,.....,1). The positive constant C' in (2.3) depends on d,«, and T,
ie C =C(d,a,T) but is independent of R and u.

Démonstration. To prove (2.3) we first observe that positive harmonic func-
tions satisfy (thanks to the ellipticity condition) an obvious local Harnack
principle. This local Harnack principle allows us to assume that to distance
of x = (z1,...,2q) € DN Bagr to the boundary 9D is sufficiently large. Wi-
thout loss of generality we may assume that minj<;<q2; = 1 > C. On the
other hand, the Harnack principle implies (by the classical chain argument)
that

u(z) <C <{i>7u(Re); x € BopND (2.4)

where v and C' are positive constants depending only on d, « and I'. Let zg =
(0, x2,...,xq) € OD. By proposition 2.2.6 applied to the positive harmonic
function in Bay, (z9) N D, we have

u(z) < pu(2),
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where z € DN By, (x0) satisfies

max  u(x) = u(z).
'DﬂBQzl(J}o)

1
We distinguish two cases : (i) where 21 < 2—N(2R— |  |) and (ii) where

x> QLN(QR— | z |). The constant N that appears in the definition of these
conditions is appropriately large and will be chosen later.

1
Case (i) : 71 < oy v (2R—|z|).
In this case we observe that z € D N Byg. This because :

lz| < |z—z|+ |z |<8x+ ||
1
< oag@R- |zt 2]
R 1
< W+(1—W)|$|
R 1
and that
1
2R— |z |>2R— |z | —8x1 > (1 — SN= ~n—3)2R— [z )

From which it follows that

svs) 2R = ) pu(z)

1
— IR— v
< ( 2N_3) P max 2R— |z |)u(x)

(2R |z [)'uz) < (1-

and we choose N large enough such that (1 —

Case (ii) : 21 > 75 (2R— |z |).
In this case we observe that :

1
sv=s) p=p <L

(2R— | z |)Tu(z) < 2V zTu(z) < C 27N R7u(Re)

where the last inequality follows from (2.4). Combining case (i) and case
(ii) we deduce that for all x € DN Bagr

(2R— |z |)u(z) < p max (2R— |z ) u(z) + C27N RYu(Re)).

IGDﬁBgR

Using the fact that p’ < 1 and (2R— | z |) ~ R for z € DN B we deduce
the estimate (2.3). O
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2.2.5 Existence of a positive harmonic function on D

In order to establish the existence of a positive harmonic function on D
vanishing on 0D, let :

w(z) = a(Gryi(z,e) — Gi(z,e)), x € BuND,

where Gj(x,e);l = 1,--- is the Green function of (Sp)nen in the discrete
ball By, with pole at e = (1,---,1) and where the a; are chosen so that
wi(e) = 1;1 = 1,2---. Harnack principle combined with Carleson estimate

(2.3) implies that the wu; satisfy

w(z) <C, x€ By ND; 1>k,

with a constant C' = C'(k) depending only on k. The diagonal process then
allows us to deduce the existence of a positive harmonic function defined
globally in D and vanishing on dD. More precisely, for each k = 1,2, ... there
exists an extraction ¢y so that (U%(n))nzl converges on Byx ND. An easy
induction on k gives a sequence of harmonic functions (“<p10¢20---0<pk(n))n>1
converging on Byx N'D. Taking ¢(n) = ¢jo....... 0 pn(n) and setting u(y) =
limy, .00 Uy (n)(y) gives the required harmonic function.

2.3 Uniqueness of the positive harmonic function

2.3.1 Boundary Harnack principle

The previous section provides us a positive harmonic function in D va-
nishing on 0D. It remains to show that up to a multiplicative constant, this
function is unique. One way that this can be seen is by using boundary
Harnack principle.

Theorem 2.3.1. Assume that u and v are two non-negative harmonic func-
tions in D. Assume that u =0 on 0D. Then

u(Re)
su <C ,
xe:Dm%R/g v(xz) ~  v(Re)

R>C, (2.5)

where C' = C(d,a,T") > 0.
Démonstration. Using (2.3) we see that

u(z) < Cu(Re), x € dBrND.
Hence the maximum principle implies that

u(z) < Cu(Re)h,np [0Br N D] (2.6)
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for all x € BpND. For x € (0BRND)N{x; > eR, i = 1,...,d} (for an
appropriate small € > 0), Harnack principle gives

v(x) > cv(Re),
and so the maximum principle implies that
v(r) > cv(Re)hp,np [(OBrRND)N{zi > eR, i=1,...,d}] (2.7)

for all x € B ND. The proof will follow from the following claim.
Claim. Let x = (x1,...,24) € Br/; N D with 0 < x; < eR for some
1=1,...,d. Then

1 o 0BrND) < C Wy (o [(OBrND)N {z; > €R, i=1,...d}] (2.8)

provided that € is small enough.

Let us take the claim for granted and show how to finish the proof. We
can assume, in the proof of (2.5), that dist(xz,0D) < eR (otherwise (2.5) is
an immediate consequence of Harnack principle). Combining (2.6) and (2.8)
we deduce that

u(z) 2 ,
w(Re) < ChErp [(OBRND)N{z; > eR, i=1,...,d}].
Since
B (OBRND) A mi > R, i =1,....d} < o)
BrND R i = €L, — Ly = U(R€)7
by (2.7), our inequality is verified. O

Proof of the claim. Let z = (z1,...,24) € Bgj, N D. Without loss of
generality we can assume that z; = dist(z, 9D) and suppose that 0 < z; <
eR. It follows from Harnack principle (using, as in S2.4, a sequence of balls,
connecting x to fe) that

R vy
1<C (xl) h%,p [0Br N D)

Hence

1 T1\?
X > . —

On the other hand, the same considerations, as in S2.2.3, show that
R
%RHD [(OBRND)N{x; <eR, i=1,..,d}] < Cyp1,
where 0 < p < 1. Setting p = e™", for an appropriate r > 0 and choosing e

sufficiently small and satisfying

r 1
Coe e e < —
2€ )

gives the inequality (2.8).
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2.3.2 The denouement

Let us consider u; and ug, two positive harmonic functions on D vani-
shing on 9D. By the boundary Harnack principle, we have
1 up(z) uz(x) ui(x)

— < <’ BrionND, R>C
Cui(Re) ~ ug(Re) =  wui(Re)’ T Era Y, -

where C > 1 is an appropriate large positive constant. Assume that u; and
ug are normalized so that uj(e) = ug(e) = 1. It follows then that

%ul(Re) < wug(Re) < Cui(Re), R>C.

Then by letting R — +o0o we deduce that :

1 us(z) 2
— < < D.
C? ~ wuy(x) sC% we
Define 1
uz(z) = ua(z) + ot ] (uz(x) —ui(z)), x€D.
We have

us(z) = o1 (ug(m) - Clqul(a:)> >0, zeD.

and clearly ug is harmonic function, vanishing on the boundary 0D and
satisfies the normalization condition uz(e) = 1. We iterate and define (for
p=4)

up() =ty 1(2) + g (spa () — 1 (2)).

An easy computation shows that u, is a non-negative harmonic function on
D, vanishing on the boundary 0D, satisfying the normalization condition
up(e) = 1 and such that

—<
C? = uy(x)

On the other hand, combining

C? 1
up(x) = 02 _ 1up—1(95) m“l(l’)
C? 1

We deduce that

up(z) — ui(z) = -1
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From which it follows that

2 p—2
wio) = (gr—y) (1)~ w@) + ula)

Dividing by u;(z) we deduce that :

1 c? \"? ug(z) 9
— < | == —1 1< D,p > 4.
(o) (i) rsen semez

Letting p — +00 we deduce that we necessarily have

ui(z) = ug(x), x€D.

2.3.3 An example

Here we illustrate our main result by an example of a spatially inhomo-
geneous random walk in the quarter plane Zi.

Example 1 We consider a random walk with alternating transition pro-
babilities defined as follows. On the lines L = {(z,x +2k); x € Z} (k € Z)
the transition probabilities are those of the simple random walk, see Figure
2.1,

FIGURE 2.1 — The simple random walk in the quarter plane

On the lines £} = {(z,z + 2k + 1); = € Z} the walk is allowed to visit
its eight nearest neighbors with probabilities p; ; = 3’ -1 <i4,5 <1, see
Figure 2.2.
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FIGURE 2.2 — Walks with small steps in the quarter plane

The resulting random walk with killing at 823 is represented on Figure
2.3.

FI1GURE 2.3 — The walk has alternating transition probabilities inside the
quarter plane and is killed on the boundary of Zi which consists of
{(z,0); 2 e N} U{(0,y); y e N"}.

Easy computation shows that the function

u(z,y) = xy (2.9)

satisfy, as in the case of the simple random walk, conditions i), ii) and iii)
of S 1 with respect to our random walk and is then the unique harmonic
function found in S2.
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The previous example can be generalized as follows. Let (.S,)nen denote
a random walk as in Figure 2, but where the transition probabilities p;; =
pij(x,y) depend on the position (z,y). Assume that

P1,0; P-1,0; Po—1; P-1,-1=>a>0

(i.e the ellipticity condition is satisfied) and that (S, )nen is centered :

Z ipij = Z Jpij = 0. (2.10)

~1<i,j<1 ~1<i,j<1

Then u as defined by (2.9) is harmonic for the random walk (Sy,)nen, if it
satisfies the finite difference equation

> pilyu(z +i,y +5) = ulz,y). (2.11)
~1<i <1

We observe that the right hand side of (2.11) is given by

ST o+t = | pi(ny) | ay

~1<ij<1 ~1<i,j<1

+ Z ipij(z,y) | =+ Z ipij (%, y) | y
—1<i,j<1 —1<4,j<1

+ Y ijpi(z,y).

~1<i,j<1

Using (2.10) and the fact that Z pij = 1, we see that equation(2.11)
—1<4,j<1
is satisfied if and only if

Z ijpij(z,y) = 0.

—1<i,j<1

This condition is obviously satisfied by the random walk represented on Fi-
gure 3.

A second example : we now give a second example, more sophisticated
than the previous one and whose harmonic function is not of the product
xy. We start from the random walk in the weyl chamber of the lie algebra
SL3(C) (c.f [50]) and we reflect this walk with respect to the diagonal z = y.
The obtained walk is assigned to the even lines £ where is alloawed to visit
its six neighbors with equal probabilities

1
b1,0 =P-1,0 = Po,1 = P0,—1 =P1,—-1 =P-1,1 = 6
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on the odd lines £} we modify these probabilities as follows

2—«
6

P10 =DP-11=P0,—-1 =
et
«
Po1 =P-10=P1,-1 =
6
where 0 < o < 1 is fixed. Easy computations show that

zy(z + y)

u(x7y) - 2

37

(The same function as in [50]) is harmonic for inhomogeneous random
walk, we observe that we can allow « to take different values on the odd

lines as it varies within a range ensuring ellipticity.
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Chapitre 3

Local limits of
Galton-Watson trees
conditioned on the number
of protected nodes

This work comes from a collaboration with Romain Abraham and Jean
Francois Delmas and has been the object of an article in ” Journal of Applied
Probability”.

Abstract. We consider a marking procedure of the vertices of a tree where
each vertex is marked independently from the others with a probability that
depends only on its out-degree. We prove that a critical Galton-Watson
tree conditioned on having a large number of marked vertices converges in
distribution to the associated size-biased tree. We then apply this result to
give the limit in distribution of a critical Galton-Watson tree conditioned
on having a large number of protected nodes.

3.1 Introduction

In [35], Kesten proved that a critical or sub-critical Galton-Watson (GW)
tree conditioned on reaching at least height h converges in distribution (for
the local topology on trees) as h goes to infinity toward the so-called sized-
biased tree (that we call here Kesten’s tree and whose distribution is descri-
bed in Section 4.4.1). Since then, other conditionings have been considered,
see [2, 3, 26] and the references therein for recent developments on the sub-
ject.

A protected node is a node that is not a leaf and none of its offsprings is a
leaf. Precise asymptotics for the number of protected nodes in a conditioned

39
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GW tree have already been obtained in [13, 30] for instance. Let A(t) be the
number of protected nodes in the tree t. Remark that this functional A is
clearly monotone in the sense of [26] (using for instance (3.13)); therefore,
using Theorem 2.1 of [26], we immediately get that a critical GW tree 7
conditioned on {A(7) > n} converges in distribution toward Kesten’s tree
as n goes to infinity. Conditioning on {A(7) = n} needs extra work and is
the main objective of this paper. Using the general result of [2], if we have
the following limit

lim P(A(T) =n+1)

AR TPA( =n) (3.1)

then the critical GW tree 7 conditioned on {A(7) = n} converges in distri-
bution also toward Kesten’s tree, see Theorem 3.5.1.

In fact, the limit (3.1) can be seen as a special case of a more general
problem : conditionally given the tree, we mark the nodes of the tree inde-
pendently of the rest of the tree with a probability that depends only on the
number of offsprings of the nodes. Then we prove that a critical GW tree
conditioned on the total number of marked nodes being large converges in
distribution toward Kesten’s tree, see Theorem 3.3.3.

The chapter is then organized as follows : we first recall briefly the fra-
mework of discrete trees, then we consider in Section 3.3 the problem of a
marked GW tree and the proofs of the results are given in Section 3.4. In
particular, we prove the limit (3.1) when A is the number of marked nodes
in Lemma 3.4.2 and we deduce the convergence of a critical GW tree condi-
tioned on the number of marked nodes toward Kesten’s tree in Theorem
3.3.3. We finally explain in Section 3.5 how the problem of protected nodes
can be viewed as a problem on marked nodes and deduce the convergence
in distribution of a critical GW tree conditioned on the number of protected
nodes toward Kesten’s tree in Theorem 3.5.1.

3.2 Technical background on GW trees

3.2.1 The set of discrete trees

We denote by N = {0,1,2,...} the set of non-negative integers and by
N* ={1,2,...} the set of positive integers.

If ¥ is a subset of N*, we call the span of E the greatest common divisor
of E. If X is an integer-valued random variable, we call the span of X the
span of {n > 0; P(X =n) > 0}.

We recall Neveu’s formalism [46] for ordered rooted trees. Let U =
U,>0(N*)™ be the set of finite sequences of positive integers with the conven-
tion (N*)0 = {()}. For u € U, its length or generation |u| € N is defined by
u € (N9 If 4 and v are two sequences of U, we denote by uv the conca-
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tenation of the two sequences, with the convention that uv = u if v = () and
uv = v if u = (). The set of ancestors of u is the set

An(u) = {v € U; Jw € U such that u = vw}.

Notice that u belongs to An(u). For two distinct elements u and v of U, we
denote by u < v the lexicographic order on U i.e. u < v if u € An(v) and
u # v or if u = wiv’ and v = wjv’ for some i,j € N* with ¢ < j. We write
u<wvifu=voru<w.

A tree t is a subset of U that satisfies :

— Det.

— If u € t, then An(u) C t.

— For every u € t, there exists k,(t) € N such that, for every i € N*,

wi € tiff 1 < i < ky(t).

The vertex () is called the root of t. The integer k,(t) represents the
number of offsprings of the vertex u € t. The set of children of a vertex
u € t is given by :

Cu(t) = {ui; 1 <i<ky(t)}. (3.2)

By convention, we set k,(t) = —1 if u & t.

A vertex u € t is called a leaf if k,(t) = 0. We denote by Lo(t) the set
of leaves of t. A vertex u € t is called a protected node if C,(t) # () and
Cu(t) N Lo(t) = 0, that is u is not a leaf and none of its children is a leaf.
For u € t, we define F,(t), the fringe subtree of t above u, as

F,(t)={vet; ueAn(v)} = {uv; v e S,(t)}

with S, (t) = {v e U;uv € t}.

Notice that S,(t) is a tree. We denote by T the set of trees and by
Ty = {t € T; Card(t) < +oo} the subset of finite trees.

We say that a sequence of trees (t,, n € N) converges locally to a tree
t if and only if lim,, 00 ky(ty) = ky(t) for all w € U. Let (T),, n € N) and T
be T-valued random variables. We denote by dist(7") the distribution of the
random variable 7" and write

lim dist(7},) = dist(T")
n—r-+00

for the convergence in distribution of the sequence (7, n € N) to T with
respect to the local topology.

If t,t' € T and x € Ly(t) we denote by

t®,t' ={uet}U{zv; vet} (3.3)

the tree obtained by grafting the tree t’ on the leaf x of the tree t. For every
t € T and every = € Ly(t), we shall consider the set of trees obtained by
grafting a tree on the leaf x of ¢ :

T(t,z) = {t ®, t'; t' € T}.
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3.2.2 (Galton Watson trees

Let p = (p(n), n € N) be a probability distribution on N. We assume

that
“+o00

p(0) >0, p(0) +p(1) <1, and p:= an(n) < +oo. (3.4)
n=0
A T-valued random variable 7 is a GW tree with offspring distribution
p if the distribution of ky(7) is p and it enjoys the branching property : for
n € N*, conditionally on {k¢(7) = n}, the subtrees (S1(7),...,Sn(7)) are
independent and distributed as the original tree 7.
The GW tree and the offspring distribution are called critical (resp. sub-
critical, super-critical) if yu =1 (resp. p <1, p > 1).

3.3 Conditioning on the number of marked ver-
tices

3.3.1 Definition of the marking procedure

We begin with a fixed tree t. We add marks on the vertices of t in an
independent way such that the probability of adding a mark on a node u
depends only on the number of children of u. More precisely, we consider a
mark function ¢ : N — [0, 1] and a family of independent Bernoulli random
variables (Z,(t), u € t) such that for all u € t :

P(Zu(t) = 1) =1 =P(Zu(t) = 0) = q(ku(t)).

The vertex w is said to have a mark if Z,(t) = 1. We denote by M(t) =
{u € t; Z,(t) = 1} the set of marked vertices and by M (t) its cardinal. We
call (t, M(t)) a marked tree.

A marked GW tree with offspring distribution p and mark function ¢
is a couple (7, M(7)), with 7 a GW tree with offspring distribution p and
conditionally on {7 = t} the set of marked vertices M(7) is distributed as

M(t).

Remark 3.3.1. Notice that for A C N, if we set q(k) = 1ipc 4y, then the set
M(t) is just the set of vertices with out-degree (i.e. number of offsprings)
in A considered in [2, 51]. Hence, the above construction can be seen as an
extension of this case.

3.3.2 Kesten’s tree

Let p be an offspring distribution satisfying Assumption (3.4) with p <1
(i.e. the associated GW process is critical or sub-critical). We denote by
p* = (p*(n) =np(n)/u, n € N) the corresponding size-biased distribution.
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We define an infinite random tree 7* (the size-biased tree that we call
Kesten’s tree in this paper) whose distribution is described as follows :

There exists a unique infinite sequence (vg, k € N*) of positive inte-
gers such that, for every h € N, vy ---v, € 7%, with the convention that
vy -+ -vp = 0 if h = 0. The joint distribution of (v, k € N*) and 7 is deter-
mined recursively as follows. For each h € N, conditionally given (v1,...,vp)
and {u € 7; |u| < h} the tree 7* up to level h, we have :

— The number of children (k,(7*), v € 7%, |u| = h) are independent
and distributed according to p if u # vy - - - vy and according to p* if
U=V]...0p.

— Given {u € 7*; |u| < h + 1} and (vy,...,vp), the integer vy is
uniformly distributed on the set of integers {1, ..., ky,...o, (T%)}.

Remark 3.3.2. Notice that by construction, a.s. 7™ has a unique infinite
spine. And following Kesten [35], the random tree T* can be viewed as the
tree T conditioned on non extinction.

Fort € Ty and x € Ly(t), we have :

P(r* € T(t,x)) = W

3.3.3 Main theorem

Theorem 3.3.3. Let p be a critical offspring distribution that satisfies As-
sumption (3.4). Let (1, M(7)) be a marked GW tree with offspring distribu-
tion p and mark function q such that p(k)q(k) > 0 for some k € N. For every
n € N*, let 7, be a tree whose distribution is the conditional distribution of
T given {M (1) = n}. Let 7 be a Kesten’s tree associated with p. Then we
have :

lim dist(7,) = dist(77),

n—-+o0o

where the limit has to be understood along a subsequence for which P(M (1) =
n) > 0.

Remark 3.3.4. If for every k € N, 0 < q(k) < 1, then P(M(7)) =n) >0
for every n € N, hence the above conditioning is always valid.

3.4 Proof of Theorem 3.3.3

Set v = P(M(7) > 0). Since there exists k € N with p(k)q(k) > 0, we
have v > 0. A sufficient condition (but not necessary) to have P(M (1) =
n) > 0 for every n large enough is to assume that v < 1 (see Lemma 3.4.3
and Section 3.4.4). Taking g = 1 4, see Remark 3.3.1 for 0 € A C N implies
v = 1 and some periodicity may occur.
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The following result is the analogue in the random case of Theorem 3.1
in [2] and its proof is in fact a straighforward adaptation of the proof in [2]
by using :
(i) M(t) < Card(t).
(ii) For every t € Ty, x € Lo(t) and t’ € T, we have that M(t ®, t) is
distributed as M (t) + M(t) — 1{z,(t)=1}, where M (t) is distributed
as M(t') and is independent of M(t).

Proposition 3.4.1. Let ny € NU{oco}. Assume that P(M(7) € [n,n+ng)) >
0 for n large enough. Then, if

hy POM(7) € [n+1,n+ 1+ no)
n—+oo  P(M(7) € [n,n + nyp))

~1, (3.5)

we have :
lim dist(t|M(7) € [n,n+ ng)) = dist(7").

n—>-+o0o

Démonstration. According to Lemma 2.1 in [2], a sequence (T}, n € N)
of finite random trees converges in distribution (with respect to the local
topology) to some Kesten’s tree 7* if and only if, for every finite tree t € Ty
and every leaf x € Ly(t),

nErEOOIP’((Tn € T(t,z)) =P(r* € T(t,z)) and NETOOP(Tn =t)=0.
(3.6)

Let t € To and z € Lo(t). We set D(t,x) = M(t) — 11z, (t)=1;- Notice
that D(t,z) < Card(t) — 1. Elementary computations give for every t’ € Ty
that :

P(r = t®,t') = p(lo)u»(r —6P(r=t) and P(r* € T(t,2)) = p(lo)P(T _ ).

As 7 is a.s. finite, we have :

P(r € T(t,z), M(7) € [n,n + ng))
=Y P(r=t®,t,M(r) € [n,n+ng))
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Notice that :

P(M (1) + D(t,z) € [n,n + ng))
Card(t)—1 X
= Y P(M(7)+ D(t,2) € [n,n+ng) | D(t,z) = k) P(D(t,z) = k)
k

I
=)

= P(M(7) € [n—k,n+mno—k))P(D(t,z) = k).
k=0

Then we obtain using Assumption (3.5) that :

~

lim P(M(T)+ D(t,z) € [n,n + ng))
n—s+00 P(M(7) € [n,n+ ng))

=1,

that is

lim P(reT(t,z)| M(7) € [n,n+ng)) =P(r" € T(t,z)).

n—--+o0o

This proves the first limit of (3.6).
The second limit is immediate since, for every n > Card(t),

P(r =t | M(7) € [n,n+ng)) = 0.
U

The main ingredient for the proof of Theorem 3.3.3 is then the following
lemma.

Lemma 3.4.2. Let d be the span of the random variable M (1) —1. We have

L PO €+ 1n+1+d)
n—too  P(M(7) € [n,n+d))

~1. (3.7)

The end of this section is devoted to the proof of Lemma 3.4.2, see
Section 3.4.4, which follows the ideas of the proof of Theorem 5.1 of [2].

3.4.1 Transformation of a subset of a tree onto a tree

We recall Rizzolo’s map [51] which from t € Ty and a non-empty subset
A of t builds a tree t4 such that Card(A) = Card(ty). We will give a
recursive construction of this map ¢ : (t,4) — t4 = ¢(t, A). We will check
in the next section that this map is such that if 7 is a GW tree then 74 will
also be a GW tree for a well chosen subset A of 7. Figure 1 below shows
an example of a tree t, a set A and the associated tree t4 which helps to
understand the construction.
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For a vertex u € t, recall Cy,(t) is the set of children of u in t. We define
foruet:
Ryt)= |J {veCult)u<u}

weAn(u)

the vertices of t which are larger than wu for the lexicographic order and are
children of u or of one of its ancestors. For a vertex u € t, we shall consider
A, the set of elements of A in the fringe subtree above u :

Ay, =ANF,(t) = An{uv;v € Syu(t)}. (3.8)

Let t € Tgp and A C t such that A # (). We shall define t4 = ¢(t, A)
recursively. Let ug be the smallest (for the lexicographic order) element of
A. Consider the fringe subtrees of t that are rooted at the vertices in R, (t)
and contain at least one vertex in A, that is (F,(t);u € Ri (t)), with

Ri(t) = {u € Ryy(t); Ay # 0} = {u € Ryy(t); Jv € A such that u € An(v)}.

Define the number of children of the root of tree t4 as the number of those
fringe subtrees :

kip(ta) = Card(RE (t)).

If ky(ta) = 0 set t4 = {0}. Otherwise let uy < ... < up,,) be the ordered
elements of Rfo (t) with respect to the lexicographic order on Y. And we
define t 4 = ¢(t, A) recursively by :

Fi(ta) = ¢ (Fu,(t), Ay,) for 1 <i < ky(tn). (3.9)

Since Card(A,,;) < Card(A), we deduce t4 = ¢(t, A) is well defined and it
is a tree by construction. Furthermore, we clearly have that A and t4 have
the same cardinal :

Card(t4) = Card(A). (3.10)

FIGURE 3.1 — Left : A tree t and the set A. Center : The fringe subtrees
rooted at the vertices in Ry, (t). Right : the tree t4. The labels have no
signification, they only show which node of t corresponds to a node of t 4
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3.4.2 Distribution of the number of marked nodes

Let (7, M(7)) be a marked GW tree with critical offspring distribution p
satisfying (3.4) and mark function ¢. Recall v = P(M (1) > 0) = P(M(7) #
0).

Let ((X;, Zi),i1 € N*) be i.i.d. random variables such that X; is distribu-
ted according to p and Z; is conditionally on X; Bernoulli with parameter
q(X;). We define :

G =inf{k e N*; Y8 (X; —1) = -1}.
N =inf{k € N*; Z;, = 1}.
— X a random variable distributed as 1 + Efi 1(Xi — 1) conditionally
on {N < G}.
— Y a random variable which is conditionally on X binomial with pa-
rameter (X, 7).

We say that a probability distribution on N is aperiodic if the span of
its support restricted to N* is 1. The following result is immediate as the
distribution p of X satisfies (3.4).

Lemma 3.4.3. The distribution of Y satisfies (3.4) and if v < 1 then it is
aperiodic.

Recall that for a tree t € Ty, we have :

> (ku(t) —1) = -1 (3.11)

uct

and 3 et <y (Ku(t)—1) > —1 for any v € t. We deduce that G is distributed
according to Card(7) and thus N is distributed like the index of the first
marked vertex along the depth-first walk of 7. Then, we have :

v=P(N <G). (3.12)

We denote by (7%, M(7°)) a random marked tree distributed as (7, M(7))
conditioned on {M(7) # 0}. By construction, Card(r°) is distributed as G
conditioned on {N < G}.

Lemma 3.4.4. Under the hypothesis of this section, we have that TJQA(TO) =

&(1°, M(79)) is a critical GW tree with the law of Y as offspring distribution.

3.4.3 Proof of Lemma 3.4.4

In order to simplify notation, we write 7 for 73, (r0) = d(79, M(7%)) and
for u € 70, we set R, for R,(7°).

Lemma 3.4.5. The random tree T is a GW tree with offspring distribution
the law of Y.
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Démonstration. Let ug be the smallest (for the lexicographic order) element
of M(7Y). The branching property of GW trees implies that, conditionally
given ug and R,,, the fringe subtrees of 7 rooted at the vertices in R,
(Su(7),u € R,,) are independent and distributed as 7. Recall notation
(3.8) so that the set of marked vertices of the fringe subtree rooted at w
is Myu(1%) = M7 N Fu(7°). Define My (7%) = {v; uv € My(7°)} the
corresponding marked vertices of S, (t). Then, the construction of the marks
M(7) implies that the corresponding marked trees ((S,(7°), My (7°)),u €
R,,) are independent and distributed as (7, M(7)). Notice that for u € R,,,
the fringe subtree F,(7°) contains at least one mark iff v belongs to

R%(TO) — {u € Ryy; v € M(7°) such that u € An(v)} .

Then by considering only the fringe subtrees containing at least one mark,
we get that, conditionally on R%(TO), the subtrees ((S,(7°), My (79)),u €
R%(TO)) are independent and distributed as (7°, M(7°)). We deduce from
the recursive construction of the map ¢, see (3.9), that 7 is a GW tree. Notice
that the offspring distribution of 7 is given by the distribution of the cardinal

0
of Rf,%l ™) We now compute the corresponding offspring distribution. We
first give an elementary formula for the cardinal of R, (t). Let t € Ty and
u € t. Consider the tree t' = R, (t) | J{v € t; v < u}. Using (3.11) for t/, we

get :
“1=) () -1= > (E)-D+ > (-1).
vet! vet;v<u VE Ry (t)
This gives Card(Ry(t)) = 1+ 3 ¢ <y (ko(t’) — 1). We deduce from the
definition of X that Card(R,,) is distributed as X. We deduce from the
first part of the proof that conditionally on Card(R,,), the distribution of

Card(R%(To)) is binomial with parameter (Card(R,,(7°)),~). This gives
that the offspring distribution of 7 is given by the law of Y. O

Lemma 3.4.6. The GW tree T is critical.

Démonstration. Since the offspring distribution is the law of Y we need to
check that E[Y] = 1 that is YE[X] = 1 since Y is conditionally on X binomial
with parameter (X,~).

Recall N has finite expectation as P(Z; = 1) > 0, is not independent
of (X;)ien+ and is a stopping time with respect to the filtration genera-
ted by ((Xi, Zi),i € N*). Using Wald’s equality and E[X;] = 1, we get
E [Zf\;l(Xz - 1)} = 0 and thus using the definition of X as well as (3.12) :

YEX]=~v+E

N
Z(Xi - 1)1{N§G}] =7—-E

i=1

N
> (X - 1)1{N>G}] :

i=1
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We have :
N G N
E [Z(Xi ~Diwvsay| =B D (X — Dlgysey | +P(N > GE | (X, —1)
i=1 i=1 i=1
=—-P(N > G)
=7 17

where we used the strong Markov property of ((X;, Z;),7 € N*) at the stop-
ping time G for the first equation, the definition of 7" and Wald’s equality

for the second, and (3.12) for the third. We deduce that E[Y] = yE[X] = 1,
which ends the proof. O

3.4.4 Proof of (3.7)

According to Lemma 3.4.4 and (3.10), we have that M (7%) is distributed
as the total size of a critical GW whose offspring distribution satisfies (3.4).
The proof of Proposition 4.3 of [2] (see Equation (4.15) in [2]) entails that if
7’ is a critical GW tree, then, if d denotes the span of the random variable
Card(7") — 1, we have

iy P(Card(r) €nt1n+1+d)
nes0 P(Card(7’) € [n,n + d)) o

3.5 Protected nodes

Recall that a node of a tree t is protected if it is not a leaf and none of
its offsprings is a leaf. We denote by A(t) the number of protected nodes of
the tree t.

Theorem 3.5.1. Let 7 be a critical GW tree with offspring distribution p
satisfying (3.4) and let T* be the associated Kesten’s tree. Let T, be a random
tree distributed as T conditionally given {A(T) =n}. Then :
. . .
nin}roo dist(r,) = dist(7").

Démonstration. Notice that P(A(7) =n) > 0 for all n € N. Notice that the
functional A satisfies the additive property of [2], namely for every t € T,
every x € Lo(t) and every t’ € T that is not reduced to the root, we have

At @, t') = A(t) + A(t) + D(t, z) (3.13)

where D(t,xz) = 1 if = is the only child of its first ancestor which is a leaf
(therefore this ancestor becomes a protected node in t ®,t’) and D(t,z) =0
otherwise. According to Theorem 3.1 of [2], to end the proof it is enough to
check that
lim P(A(T) =n+1)
n—+oo  P(A(T) =n)

=1. (3.14)
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For a tree t # {0}, let tn« = ¢(t,t\ Lo(t)) be the tree obtained from t by
removing the leaves. Let 70 be a random tree distributed as 7 conditioned
to {kg(7) > 0}. Using Theorem 6 and Corollary 2 of [51] with A = N* (or
Lemma 3.4.4 with g(k) = 1yz50}), we have that 74. is a critical GW tree
with offspring distribution :

+00 n
pet = Y o) () 6Orta-po) ke

n=max(k,1)

Conditionally given {TI%* = t}, we consider independent random variables
(W (u),u € t) taking values in N* whose distributions are given for all u € t
by P(W(u) = 0) = 0 for k,(t) = 0 and otherwise for k,(t) +n > 0 (remark
that pn+(ky(t)) > 0), by

P(W(u) = n) = w <ku(t71+ n)p(o)n(l _ p(O))k“(t)_l.

PN~ (ku(t))
In particular for k,(t) > 0, we have :
w) — p(ku(t)) ke (£)—1
PW(u) =0) == -k u(t))( —p(0)) : (3.15)

Then, we define a new tree 7 by grafting, on every vertex u of 79., W (u)
leaves in a uniform manner, see Figure 3.2.

(5 SN

FIGURE 3.2 — The trees 7° TN* and T

More precisely, given 7. and (W (u),u € 79.), we define a tree 7 and a
random map 1 : 79, — 7 recursively in the following way. We set ¢ (0) = 0.
Then, given ky(m.) = k, we set kg(7) = k+ W (0). We also consider a family
(i1, ...,1x) of integer-valued random variables such that (i1,io —i1,...,0 —
ik—1, W(u) + k + 1 — i) is a uniform positive partition of W (u) + k + 1.
Then, for every j < k such that j & {i1,...,i}, we set k;(7) = 0 i.e. these
are leaves of 7. For every 1 < j < k, we set ¢(j) = i; and we apply to them
the same construction as for the root and so on.

Lemma 3.5.2. The new tree 7 is distributed as the original tree 7°.

Démonstration. Let t € Ty. As P(7 = {0}) = 0, we assume that kgy(t) > 0.
Let ty+« be the tree obtained from t by removing the leaves. Using (3.11),
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we have
B(r =) = [ o Crultor ) BOW (1) = k() — kb)) —p 15—
uEtys (ku(t)—ku(tN*))
P(r =1
1 —p(0)
=P(r0 =1).

O]

Notice that the protected nodes of 7 are exactly the nodes of 7‘1%* on
which we did not add leaves i.e. for which W (u) = 0. If we set M(13.) =
{u € 3., W(u) =0}, we have M(13.) = A(?).

Using (3.15), we get that the corresponding mark function g is given by :

_ k—1
oy = PR=PO

0

As 7 is distributed as 7°, we have :

P(A(T%) =n+1) P(A(7) =n+1)

i = lim = lim )=
ngr—&r-loo P(A(TO) — n) - nL-{-oo [[D(A(f-) = n) an-oo P(M(TI(\\)]*) = n)

As P(A(T) = n) = P(A(1) = nlkg(t) > 0)P(kg(r) > 0) and P(A(T) =
nlkg(t) > 0) = P(A(7%) = n) for n > 2, we obtain (3.14) and hence end the
proof. O
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Chapitre 4

Very fat geometric
Galton-Watson trees

This work comes from a collaboration with Romain Abraham and Jean
Francois Delmas and has been the object of an article that will be shortly
submitted.

Abstract. Let 7, be a random tree distributed as a Galton-Watson tree
with geometric offspring distribution conditioned on {Z,, = a,} where Z,
is the size of the m-th generation and (a,) is a deterministic increasing
sequence. We study the local limit of these trees 7,, as n — 400 and observe
three distinct regime : if (ay) increases slowly, the limit is the sized-biased
tree which consists in an infinite spine decorated with finite trees, in an
intermediate regimes, the limiting tree is composed of an infinite skeleton
(that does not satisfy the branching property) still decorated with finite
trees and, if the sequence (ay,,) increases rapidly, a condensation phenomenon
appears and the root of the limiting tree has an infinite number of offspring.
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Marches aléatoires et arbres aléatoires de Galton
Watson

Aymen Bouaziz
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4.1 Introduction

A Galton-Watson (GW for short) process (Z,,n > 0) describes the size
of an evolving population where, at each generation, every extant individual
reproduces according to the same offspring distribution p independently of
the rest of the population. The associated genealogical tree 7 is called a
Galton-Watson tree. A classical result is, if we denote by p the mean number
of offspring per individual, then if ;1 < 1 (sub-critical case) or u = 1 (critical
case), then the population becomes a.s. extinct (i.e. Z,, = 0 for some n > 0
a.s.) whereas if y > 1 (super-critical case), the population has a positive
probability for living forever.

Another now classical result is Kesten’s work [35] in which the limit in
distribution of a critical or subcritical GW tree conditioned on {Z,, > 0} is
studied. The limiting tree is the so-called sized-biased tree which can also be
viewed as a two-type GW tree and which therefore can be seen as a critical
or sub-critical GW tree conditioned on non-extinction.

There are other ways of conditioning the tree of being large : conditioning
on having a large total population size, or a large number of leaves... In the
critical case, all these conditionings lead to the same limit (see [2]). In the
sub-critical case, a condensation phenomenon (i.e. a vertex with an infinite
number of offspring at the limit) may happen (see [3]), but even there,
there can be only two different limiting trees, a size-biased GW tree or a
condensation tree.

In order to have different limits, an idea is to condition the tree to be
even bigger, i.e. to consider conditionings of the form {Z, = a,} for some
deterministic sequence a,, — +0o0.

Some results on branching processes conditioned on their limit beha-
viour already appeared in previous works, see for instance [47] where the
distributions of the conditioned Yule process (which corresponds to a super-
critical branching process) or a critical binary branching are described via
an infinitesimal generator and a martingale problem.

The first study of local limits for GW trees with such a conditioning
appears in [2] where it is proven that, if p is a critical offspring distribution
with finite variance, then the tree conditioned on {Z, = a,} converges in
distribution to the associated sized-biased tree if and only if lim a,n =2 = 0.

The goal of this paper is to study what happens beyond that condi-
tion and in the sub-critical and super-critical cases. We give a complete
description of all the cases when the offspring distribution is a geometric
distribution with a Dirac mass at 0 (in that case, the distribution of Z, is
explicit).

For this geometric distribution, we observe three regimes according to (in
the critical case) the limit of P(Z,—1 = a,)/P(Z,, = a,) is equal to 1 (Kesten
regime), belongs to (0,1) (Poisson regime), and is equal to 0 (condensation
regime).
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— In the Kesten regime, the limiting tree is the so called Kesten tree,
which is a two-type GW tree, with an infinite spine corresponding to
the individuals having an infinite progeny (called the survivor type),
on which are grafted independent GW trees distributed as 7 condi-
tioned to be finite (notice this conditioning is useless in the critical
or sub-critical cases as 7 is a.s. finite) corresponding to individuals
having a finite progeny (called extinction type).

— In the Poisson regime, the limiting tree is no more a GW tree, but
it still has two types, with a backbone without leaves corresponding
to individuals having an infinite progeny (also called the survivor
type), on which are grafted independent GW trees distributed as 7
conditioned to be finite corresponding to individuals having a finite
progeny (also called extinction type). However, the backbone can not
be seen as a GW tree, as it lacks the branching property. This is more
like a random tree with a Poissonian immigration at each generation,
with all the configuration having the same probability. (The Kesten
tree appears as the limit of the Poisson regime, when the Poissonian
immigration goes down to zero.)

— In the condensation regime, the limiting tree is again a two-type GW
tree, with a backbone without leaves corresponding to individuals
having an infinite progeny (also called the survivor type), on which
are grafted independent GW trees distributed as 7 (notice there is
no more conditioning on 7 to be finite, and the corresponding in-
dividuals are called normal type). The backbone can be seen as an
inhomogeneous GW tree with the root having an infinite number of
children (condensation regime), and super-critical offspring distribu-
tion at level h > 0 with finite mean uj which decreases to 1 as h goes
to infinity.

Kesten regime

Poisson regi

We summarize all these cases in the following table :

Sub-critical case Qp L " Qp ~ Op™
Critical case a, < n® ap ~ On?
Super-critical case ap L p" an ~ Q"

Remark 4.1.1. In the super-critical case, the distribution of T conditionally
on non-extinction that is on the event £¢ = {H(1) = +oo} is given in
Corollary 1.2.7 of [4]. Even if on E¢ a.s. limy, oo u~ "2, exists and belongs
to (0,+00), we notice that conditioning on the non extinction event ¢ is
not equivalent to condition on {u~"Z, = 0} for some 0 € (0,4+00) and let
n goes to infinity.

4.2 Notations

We denote by N = {0,1,2,...} the set of non-negative integers, by N* =
{1,2,...} the set of positive integers and N = NU {+o0o}. For any finite set
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E, we denote by #§F its cardinal.

4.2.1 The set of discrete trees

We recall Neveu’s formalism [46] for ordered rooted trees. Let U =
U,>0(N*)™ be the set of finite sequences of positive integers with the conven-
tion (N*)? = {}. We also set U* = [J,,~; (N*)" = U\{0}.

For u € U, let |u| be the length or the generation of u defined as the
integer n such that u € (N*)™. If u and v are two sequences of U, we denote
by uv the concatenation of two sequences, with the convention that uv = u
if v="0and uwv=v if u= 0.

The set of strict ancestors of u € U* is defined by :

An(u) ={vel, Jweld”, u=vw},

and for S C U*, being non-empty, we set An(S) = J,cs An(u).

A tree t is a subset of U that satisfies :

— Det.

— If u € t, then An(u) C t.

— For every u € t, there exists k,(t) € N such that, for every positive

integer 7, ui € t <= 1 <1 < k,(t).

We denote by T, the set of trees. Let t € Ty, be a tree. The vertex () is
called the root of the tree t and we denote by t* = t\{(}} the tree without its
root. For a vertex u € t, the integer k,(t) represents the number of offspring
(also called the out-degree) of the vertex u € t. By convention, we shall
write k,(t) = —1 if u & t. The height H(t) of the tree t is defined by :

H(t) = sup{|u|, u € t} € N.
For n € N, the size of the n-th generation of t is defined by :
zn(t) = H{u € t, |u = n}.

We denote by T} the subset of trees with finite out-degrees except the
root’s :
TF = {t € Too; Yu € t*, ky(t) < +o0}

and by Ty = {t € Tf; ky(t) < +oo} the subset of trees with finite out-
degrees.
Let h, k € N*. We define T") the subset of finite trees with height & :

T = {t € Ty; H(t) = b}

and T,gh) ={te Tgh); kg(t) = k} the subset of finite trees with height equal
to h and out-degree of the root equal to k. We also define the restriction
operators 1, and 7y, ;, defined by, for every t € Ty :

rp(t) ={uet; Jul <h} and rpe(t) = {0}U{u € rp(t)"; An(u)N{l,..., k} # 0},
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so that, for t € T, if H(t) > h then rp,(t) € Tgh) and if furthermore ky(t) > k
then Th7k(t) S T]ih).

4.2.2 Convergence of trees

Set Ny = {—~1} UN, endowed with the usual topology of the one-point
compactification of the discrete space {—1} UN. For a tree t € T, recall that
by convention the out-degree k,(t) of u is set to -1 if u does not belong to t.
Thus a tree t € Ty is uniquely determined by the sequence (k,(t),u € U)
and then T, is a subset of N¥. By Tychonoff theorem, the set N endowed
with the product topology is compact. Since T, is closed it is thus compact.
In fact, the set T, is a Polish space (but we don’t need any precise metric
at this point). The convergence of sequences of trees is then characterized
as follows. Let (t,,n € N) and t be trees in Tw,. We say that lim,, o t, =t
if and only if limy,— o ky(trn) = ky(t) for all uw € U. Tt is easy to see that :

— If (t,,» € N) and t are trees in Tf, then we have lim,_, t, = t if

and only if lim,_,o 74 (ty) = 71, (t) for all h € N*.
— If (t,,n € N) and t are trees in Tf, then we have lim, o t, = t if
and only if limy, o0 7 1 (tn) = 74k(t) for all h, k € N*.

Let T be a T¢-valued (resp. Tf-valued) random variable. It is easy to get

that if a.s. H(T') = +oo (resp. a.s. H(T') = +o0 and ky(T") = +00), then the

distribution of 7" is characterized by (P(rh (T)=t); heN*, t e Tlgh)> (resp.
(P(rh,k(T) =t); h,ke N* t e T,(gh))). Using the Portmanteau theorem, we

deduce the following results :

— Let (T,,n € N) and T be T¢-valued random variables. Then we have

the following characterization of the convergence in distribution if
a.s. H(T) = +o0 :

T, (;L% T = lim P(r(T,) = t) = P(ri(T) = t) forall he N*, ¢ € T{".

(4.1)

— Let (T,,n € N) and T be Tf-valued random variables. Then we have

the following characterization of the convergence in distribution if
a.s. H(T) = +o0, ko(T) = +0o0 :

T, (;L% T = lim P(r,4(T) = t) = P(r4(T) = t) for all hk € N*, t € T,

(4.2)

4.2.3 Galton-Watson trees

Let p = (p(n),n € N) be a probability distribution on N. A T¢-valued
random variable 7 is called a GW tree with offspring distribution p if for all
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h € N* and t € Ty with H(t) < h :

Pira(r) =t) = [ »pka(t)).

u€ry_1(t)

The generation size process defined by (Z,, = z,(7), n € N) is the so called
GW process. We refer to [8] for a general study of GW processes. We set
[Pt the probability under which the GW process (Z,,)n>0 starts with Zy =k
individuals and write P for IP; so that

Pr(Z, = a) :[p:(Z(l) 4.4 ZF) =a)

n n

where the (Z(i), 1 <i < k) are i.i.d. copies of Z under P.
We consider a sequence (a,,n € N*) of elements in N* and, when P(Z,, =
ap) > 0, 7, a random tree distributed as the GW tree 7 conditionally on

{Z,=an}.Let n>h>1and te Tgh). We have, with k£ = z,(t) :

(s () = £) = P(rs(r) = &) e 7= 5. (43)

4.2.4 Geometric distribution

Let n € (0,1] and ¢ € (0, 1). We define the geometric G(7, q) distribution
p= (p(k),k € N) by

p(0) =1—n,
{p(k) =nq(1 —q)*t for k € N*. (4.4)

We shall always consider that 7 is a GW tree with geometric offspring
distribution G(n, q).

The mean of G(n, q) is given by u = n/q and its generating function ¢ is
given by :

(1-n)—-s(1-q—n)

olo) = P e /(- g).
We set : ) .
_ _-—n
7—1_(] and K - (4.5)

where v is the radius of convergence of ¢ and x and 1 are the only fixed
points of ¢ on [0,7). If x = 1 then there is only one fixed point as k = 1.
We shall use frequently the following relations :

K —1
1—

y—k=p(y—1) and, ifp#1, y-1= (4.6)
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Notice that x € [0, +00) and v € (1,400) allow to recover n and ¢ as :

1
nzlfg and qzlf;- (4.7)

For this reason, we shall also write G[k,~| for G(n, q). Notice that if p < 1,
then ¢ >npandy>x>1;andif g >1,thenn >qgand y>1>k >0.
Since ¢ is an homography, we get for s € [0,v)\{1} :

(p(S)—H_lS—/-{
e(s)—1 pns—1

(4.8)

We set 1 = ¢ and, for n € N*, 41 = po,. Notice that & is a fixed point
of ¢y, as it is a fixed point of . We deduce from (4.8) and the second equality
of (4.6) if 4 # 1 and by direct recurrence if = 1, that ¢, for n € N*, is the
generating function of the geometric distribution G|k, vn] = G(Mn, gn) with
mean p, = p" and, thanks to (4.7) :

m—u " Na—n) .

1 =1 -1)—— if 1

Yn Yn +(y-1)1i if p=1.
(4.9)

By convention, we set ¢p the identity function defined on [0,400) and
70 = 400 so that for all n € N, we have v, = lim, s, ¢, () that is in
short 7, = ¢, 1(c0). We deduce that for all n > ¢ >0 :

©e(Yn) = Yn—t- (4.10)

We derive some asymptotics for v, for large n. It is easy to deduce from
(4.9) that :

ko ifpu<l,

4.11
1 ifp>1. (4.11)

nh_{rolo o = max(1, k) = {
Using (4.6), we get for large n :

p (k= 1) + O (") if <1,
(y—1)%n=2 if =1, (4.12)
p Mk —1)2+ 0@ ifu> 1.

(Y —K)(m—1) =

We derive from (4.9) the logarithm asymptotics of 7, /vn—n for given h € N*
and large n :

pur O—uﬂ0v4ﬂﬂ+0m%) if p<1,

(y = Dhn=2 4+ O(n™3) if =1,

(Wt = 1) (1= k) O™ if > 1
(4.13)

log(Yn—n/vn) = 1og(Yn—n)—log(vn) =
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We recall the following well-known equality which holds for all £ € N*

and r € (0,1) : k
Z(/ﬁj)’l: (1;) : (4.14)

0>k

And we end this section with an elementary lemma.

Lemma 4.2.1. Let (X;, ¢ € N*) be independent random variables with dis-
tribution G(n,q) = G|k,7|. Fora>k>1:

P <£Zk; X, = a> - Zk; (f) (‘;_ 11> Ky — R)i(y — 1)in 0k,

Démonstration. We have :

k k i
k .
P<§ ng@)zE (i)IP(Xlzo)k P<§ Xy=a, X, >1for L€ {1,...
/=1

i=1 (=1

-y ) gy C.L:l (ng)' (1 —q)* "
i=1 <Z i1

Then use (4.7) to conclude. O

(4.15)

4.3 The geometric GW tree

Let 7 be a GW tree with geometric G(n, ¢) offspring distribution p given
by (4.4), with n € (0,1] and ¢ € (0,1). We denote by (Z,,n € N) the
associated Galton-Watson process defined for every n € N by Z,, = 2z, (7).

For k € N*, we denote by Py the distribution of the geometric Galton-
Watson forest composed of k i.i.d. geometric Galton-Watson trees, and write
P for P;. For convenience, we shall under P denote by Z®*) = (Z,(lk), n € N)
a GW process distributed as Z = (Z,,,n € N) under Py.

For n € N*, we set :

My, =3y 20, (4.16)

Since Z, has generating function ¢, under P, we deduce from (4.10) that
(M,,,n € N*) is a martingale with M; = 1.

Forn>h>1, we set :
Y\
boh = ( = ) : (4.17)
Yn—h

We shall use the following formula when lim,,_,«, by, 5, exists and belongs
to (0, 00).
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Lemma 4.3.1. Letn > h >1 and k € N*. We have :

k
Pk(Zn—h = an) k k—i .
) — v 4.1
P(Zn—an) ; i)r Cnalkd), (4.18)
with

N [Qn — 1 Tn (’Vn—h — I{)Z(’Yn—h — 1)
G (k:8) = ( i—1 > 757h (Y —£) (7 — 1)

i

(4.19)

Démonstration. Let n > h > 1. Since Z,, has distribution G[k, 7y,], we obtain
thanks to (4.5) :

]P’(Zn = an) = nnqn(l — qn)anfl — (’Yn _ H)(’Yn _ 1)%7%71'

Using that Z,,_j is under Py, distributed as the sum of k independent random
variables with distribution G[k, y,—p], we deduce from Lemma 4.2.1 that :

k .

Pk(Zn—h = an) _ Z <k> <an - 1> ki (’Yn—h - /{)Z('Yn—h - 1)i ’Y?z"—H
P(Z, = ay,) — \i i—1 Antk (" — &) (1 — 1)
"k
=b, =g (k. i).
230 (7) 7 Cnat
This gives the result. O

We shall use the following formula when lim;, o b, , = 0 and lim;, o a, =
+00.

Lemma 4.3.2. Let n > h > 1, kg € N* and t € Ty ,. We have, with
an >k = zp(t) :

Bt () = ) = —1P(rn(r) = 1) (3 = Rl(k) = REA(4)) . (420

with o = (Yn—n — K)(Yn—h — 1), Tn = Yn/VYn—hn and :

k—1
0= R}%h(k‘) < bnvh 1 fnjx maX(L K)k_l 22k_1 <2 =+ (1 f”x ) + (anan)k_1> )
n n

(4.21)

IEDk:(Zn—h = an)
R2 (k)= 1 — ) e 4.22
k) = (n 1= 7)ot (4.22)
Démonstration. Let n > h > 1, kg € N* and t € T}, ,. We set k = 2,,(t). For
every 1 < j < ko, we denote by t; the subtree rooted at the j-th offspring
of the root i.e.

uet; < juect.
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In what follows, we denote by Z(® a process distributed as Z() and inde-
pendent of Z*). We have :

P(Thko Tn _t ZPZ—F]{?O H]P)Th 1 ) niDZ :na>
+00 k) > (i
P2, 2+ 2,2y = an)

- 177;‘-’P<rh<7> —t)(A+B),

where we used the branching property for the first and second equalities,
the independence of Z®*) and Z® for the third, where

(4) k) _
P(Z ', =a,—¥) nq P(Z", = ap)
A= IP’Z(k = n—l B=( 1 __ “\Zn_p = )
Z 0 Zp Sz = ({0 00) S
We have :
" P(Zy = an — L) &
A=3"P(z®, = 1) (1[»( o )>= P25, = 0096 = (eun ()" — Ran(h))
=0 no o =0

where we used that kg(7) has distribution p for the first equality, that Z,, has

distribution G|k, ;] for the second one and thus P(Z,, = k) = n,qnVn k=D

and for the last one that :

k) = ZIP’(Zflk_h = (4 ap)yiton,
£>0

We have, with o, = (Yn—n — £)(Ya—n — 1) and @y = v/ Yn—p

o g‘i‘an_l i
P(Z(k)h—€+a E+n_bnh2(>< ‘ )k (Yot — K) (Ynn — L)' 5 FAE

1—1
b k {4+ a, —1 :
§bn,hxfl max(l,ka)k_l ; (z) < i—nl >a;,

where we used Lemma 4.2.1 for the first equality and 7,,—; > max(1, k) for
the last. Using that (z +y)/ < 2072/ + /) for j € N* and z,y € (0, +0c0),
we deduce that :

(+a,—1 201
< g’b 1 .
< i1 )“@—1ﬂ( )
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We have the following rough bounds :

k .
, k g%l A
0 < R, (k) < b, max(1, )k~ 2k1 E a% zt +atat
: ’ = —1)!

i=1

0
k
<bnha:a maxlml~C Logk= 12 k + (anan)’ -1
- 1—x, P 1—xn
—1
O (anan)k 1
1—x,

where we used that z, € (0,1) as the sequence (ym,,m € N*) is non-
increasing and that >, o ¢ 12f/(i—1)! < z(1—2)""! for the last inequality
but one. Then use (4.10), which gives ¢, (7n) = Y, to get A = ’y,’f—R}l’h(k)
as well as (4.21).

We can rewrite the constant in B as (% —(1- 77)) =—(k+1—7),s0

that B = —Rih(k), see (4.22), and thus A + B = 4§ — erz,h(k) — Ri,h(k).
This ends the proof. O

(87
< bn,h 1 =

max(1, x)F~1 221 (

4.4 The Kesten regime or the not so fat case

4.4.1 The Kesten tree

In this section, we denote by 7 a GW tree with geometric p = G(1,q)
with 7,q € (0,1). Recall that the extinction event £ = {H(7) < 400} has
probability ¢ = min(1, k). Moreover, as we assume 7 < 1, we have ¢ > 0.

We define the probability distribution p = (p(n),n € N) by :

p(n) =" Ip(n) for n € N. (4.23)

The tree 7 conditionally on the extinction event &£ is distributed as a
GW tree with offspring distribution p. We denote by m the mean of p. If
w <1, then we have p =p, m = p and ¢ = 1.

Let £ € N*. We define the k-th order size-biased probability distribution
of p as py) = (pj(n),n € N) defined by :

n!
= f € Nand n > k. 4.24
Pk (n) (= k)l (1) p(n) forn and n > ( )
The generating function of py is ) (s) = skp*)(5) /) (1). The probability
distribution pyy) is the so-called size-biased probability distribution of p.
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For the distribution G(n, q), we have o) (1) = klng=*(1 — ¢)*~1, so the
k-th order size-biased probability distribution of p is given by :

Py (n) = <Z> 1 — g% forneNandn > k. (4.25)

We now define the so-called Kesten tree 7¥ associated with the offspring

distribution p as a two-type GW tree where the vertices are either of type s
(for survivor) or of type e (for extinction). It is then characterized as follows.
— The number of offspring of a vertex depends, conditionally on the
vertices of lower or same height, only on its own type (branching
property).

— The root is of type s.

— A vertex of type e produces only vertices of type e with offspring
distribution p.

— The random number of children of a vertex of type s has the size-
biased distribution of p that is pp; defined by (4.24) with k = 1.
Furthermore, all of the children are of type e but one, uniformly
chosen at random, which is of type s.

Informally the individuals of type s in 7° form an infinite spine on which
are grafted independent GW trees distributed as 7 conditionally on the
extinction event £.

We define 70 = Ske(7°) as the tree 7° when one forgets the types of the
vertices. The distribution of 70 is given in the following classical result.

Lemma 4.4.1. Let p = G(n,q) with n,q € (0,1). The distribution of 7° is
characterized by : for allm > h>1 and t € Tgh) with k = z,(t) -

P(ry(7°)) = t) = kFtm ™ P(ry (1) = t). (4.26)
We give a short proof of this well-known result.

Démonstration. Since 7° belongs to Ty and has infinite height, its distribu-
tion is indeed characterized by (4.26) for alln > h > 1 and t € Tgh) with
k = zp(t).

Letn>h>1,t¢€ T§h) and v € t such that |v| = h. Let V' be the vertex
of type s at level h in 7°. We have, with k = 2(t) :

P =t V=)= [ etk I] e PuOu(®)

| (®
uet\An({v}); |u|<h u€An({v})
— ey ku(®)=1) H p(ku(t))
uEThfl(t)

= m TPy () = 1),
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where we used (4.24) (with k = 1, n = k,(t) and p replaced by p) and (4.23)
(with n = ky(t)) for the second equality and that }_,c,, ) (ku(t) —1) =
k — 1 for the last one. Summing over all v € t such that |v| = h gives the
result. O

4.4.2 Convergence of the not so fat geometric GW tree

We consider a sequence (ap,n € N*) with a,, € N* and a random tree
Tp, distributed as the GW tree 7 with offspring distribution p = G(n,q)
conditionally on {Z,, = a,,}. We have the following result.

Proposition 4.4.2. Letn € (0,1) and g € (0,1). Assume that lim,,_,cc apu™ =
0ifpu <1, limyoooann™2=0if =1 orlimy oo anu™™ =0 if > 1. Then
we have the following convergence in distribution :
d
Tn —>( ) 9.
n—oo

The critical case, p = 1, appears in Corollary 6.2 of [2] for general off-

spring distribution with second moment.

Démonstration. Let h € N* and k € N*. Recall the definitions of b, in
(4.17) and of Gy, 5 in (4.19). According to Lemma 4.3.1, we have for n >
h>1and k € N*:

k
Pk(Zn_h = an) o k k—i .
]P)(Zn = an) n bn’h ; l w Gn’h(k’ Z).

According to (4.17), we have by, = exp (—an log(Vn—n/vn)). We deduce
from (4.13) and the hypothesis on (a,,n € N*) that lim,,_,c an 10g(Yn—n/7m) =
0 and thus lim, o0 by, , = 1. We deduce from (4.19), (4.11) and (4.12) that,
for k> i > 1, limy o0 Gpp(k,i) =0 and for k> 1:

AT T
lim G, p(k,1) =141 if p=1,
n—oo
uh if p>1.
We deduce that :

ku=" ifp<1
k ifu=1p =k tm™"
ExF=lplh if p>1

L PeZan = an)
m — =

Then, as a.s. H(r’) = +o0, we can use the characterization (4.1) of the
convergence in Ty, as well as (4.3) and Lemma 4.4.1 to conclude. O
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4.5 The Poisson regime or the fat case

4.5.1 An infinite Poisson tree

Let § € (0,400). We consider a two-type random tree 7Y where the
vertices are either of type s (for survivor) or of type e (for extinction). We
define 79 = Ske(7?) as the tree 7% when one forgets the types of the vertices
of 9. We denote by Sy, = {u € 7%; |u| = h and u is of type s in 77} the set
of vertices of 77 with type s at level h € N. Notice that 7% is completely
characterized by 7% and (Sy, h € N). Recall p defined by (4.23) and the k-th
order size-biased distribution, py, defined by (4.24). The random tree 79 is
defined as follows.

— The root is of type s (i.e. So = {0}).

— The number of offspring of a vertex of type e does not depend on
the vertices of lower or same height (branching property only for
individuals of type e).

— A vertex of type e produces only vertices of type e with offspring
distribution p (as in the Kesten tree).

— For h € N, let Ay, = 5,11 — Sk be the increase of number of vertices
of type s between generations h and h + 1. Conditionally on rj,(7%)
and (Sp,0 < ¢ < h), Ay, is distributed as a Poisson random variable
with mean 6¢;, where :

p A =) (k= 1)/ i p <,
Gh=1(y-1) if =1, (4.27)
p(pn—1)(1 = k) if > 1.

The vertex u € Sp, has k%(u) > 1 children of type s, with all the
configurations (k°(u),u € Sp) having the same probability, that is
1/ (ﬂ%: 1:11) = 1/(ﬁ8h§i_1). (This breaks the branching property!)
Furthermore, conditionally on x°(u) = s, > 1, the vertex u has k°(u)
vertices of type e such that k,(7%) = x%(u) + x°(u) has distribution
Pls,) and the s, individuals of type s are chosen uniformly at random
among the k,(7%) children.

More precisely, for h € N, n € N, u € Sp, ky > sy > 1, Ay, C
{1,...,ky} with §4, = s, and Zuesh Sy = n + S, we have with
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k= ZUESh ku
P (/{S(u) + k%(u) = ky and Spy1 N{ul, ... uky,} = uA, Yu € S| T‘h(Te),Sh)

(QCh)n —0 1 1
- ot 1Shtn—1 H i Plsa) (Fu)

nl ( n ) u€eSH (su)
_ @S -nt _ n ,—6Ck p kS ifp<1,
B (ﬁ8h+n_1)|(9(’7 1)Ch) e ughp(ku) {Mﬁsh (%)n 1f,u> 1,
(4.28)

where we used (4.25) and (4.23) as well as (4.7) for the last equality.
By construction, a.s. individuals of type s have a progeny which does
not suffer extinction whereas individuals of type e have a progeny which
suffers extinction. Since the individuals of type s do not satisfy the branching
property, the random tree 7% is not a multi-type GW tree. We stress out
that 7¥ truncated at level h can be recovered from rj,(7%) and Sy, as all the
ancestors of a vertex of type s are also of type s and a vertex of type s has
at least one children of type s.
We have the following result.

Lemma 4.5.1. Letn € (0,1] and g € (0,1). Let 8 € (0,+00). Letn > h >1
and t € Ty,. We have, with k = zp(t) :

P(ry(7?) = t) = H(h, k,0) P(ry(1) = t),
where H(h, k,0) is equal to

i —h 9, \i—1
h (1) (k—1)/k k (9M (k — 1) /R) |
o ;<Z> (i—1)! if p<1,
k o
—0(r- K\ (0(y —1)?) |
6(y=1)h (-1 )
e ; <l> (i —1)! ifu=1,
i h oyi—1

h —0(uh—1)(1—k) kE\ i (gﬂ (1— k) ) |

. ZE;I(Z)K (i —1)! if p> 1.

Remark 4.5.2. We deduce from Lemma 4.4.1 that 79 —(—)—> 79, Therefore

the trees 70 appear as a generalization of the Kesten tTee. We will also prove
in Proposition 4.6.3 that a limit also exists when 0 — —+oo0.

Démonstration. We consider only the super-critical case. The sub-critical
case and the critical case can be handled in a similar way.

Let h € N*, t € Ty, and S, C {u € t; |u| = h} be non empty. In order
to shorten the notations, we set A = An(Sy). Notice that A is a tree. We
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set, for £ € {0,...,h — 1}, Sy = {u € A, |u| = £} the vertices at level ¢
which have at least one descendant in S, and Ay = §Sp11 — #5¢. We recall
that 79 truncated at level h can be recovered from 7, (7%) and Sy, as all the
ancestors of a vertex of type s is also of type s and a vertex of type s has at
least one children of type s. We compute Cs, = P(r;,(7%) = t, S, = S). We
have, using (4.28) and (4.27) :

Cs), = | ECHO)
uct,ugA, lu|<h
}i:[l (ﬁSZ - 1)' (9( C Ag H 45, (M)Ag
e 1 e)~re p(k e
g | (BSeen — 1) S, K
' (ew—nw—n(l—n))ﬂﬁ A -
K _ h—1
- H p(ku(t)) #S —1)! e 02 G H M(5+1)Aé+ﬁsz
L u€rn_1(t) =0
(M)“Sh*
_ ku(t)=1 P R S A N Ry LA
I = [T wtkue)| g2 5
Lu€rn—1(t) u€rp_1(t)
h (9 h(l _ K)Q)ﬁsh—l
= kO 85 p(ry () = £) L e~ =1 1=)

(8Sh — 1)!

where we used for the third equality that Z?:_ol Ay =15, — 1, Z?:_ll G =
(= 1)(1 = k) and 32320 (€+1)Ag+ S0 = S0 (€+1)4Se41 — £4Sy = hitSh.
Since Cg, depends only of §S},, we shall write Cyg, for Cg,. Set k = z,(t) =
#{u € t; |u| = h}. Since £S5, > 1 as the root if of type s, we obtain :

k k
k
-0
P(rp(77) = t) = Z Z 1s,-iy Cs), = Z <z> Ci =P(rn(r) =t)H(h,k,0),
1=1 S C{uet; |u|=h} i=1
where we used the definition of H for the last equality. O

4.5.2 Convergence of the fat geometric GW tree

We consider a sequence (a,,n € N*), with a, € N* and 7, a random
tree distributed as the GW tree 7 conditionally on {Z,, = a,}. We have the
following result.

Proposition 4.5.3. Letn € (0,1], ¢ € (0,1) and 0 € (0,+00). Assume that
limy, o0 @np”™ = 0 if it < 1 orlim, oo apn 2 =0 if p = 1 orlim, oo app™" =
0 if u > 1. Then we have the following convergence in distribution :

(d) )

T — T
n—00
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Démonstration. Recall the definitions of b, j, in (4.17) and of Gy, j, in (4.19).
According to Lemma 4.3.1, we have for n > h > 1 and k € N* :

k
]P)k(Zn_h = an) _ k k—i .
]P)(Zn = an) B bn’h ; l a Gn’h(k’ Z).

According to Definition (4.17), we have by, = exp (—an log(Vn—r/Vn))-
We deduce from (4.13) and the hypothesis on (a,,n € N*) that

O(u=" —1)(k—1)/x if p<1,
nlgrgo—log(bn,h) =40(v—1)h if p=1,
O(p —1)(1 — k) if > 1.

We deduce from (4.19), (4.11) and (4.12), that for h e N*, k >¢>1:

(Op"(k — 1)2)1‘71 phetE i <1,
Tim (i = 1)!Gp (k1) = (6(y—1)2)"" if =1,
(Oph(1 — /1)2)1_1 uh if u>1.

Using definition of H in Lemma 4.5.1, we obtain that :

lim Pk(Zn—h = an)

Jimy S5 S = Ak 6).

Then use the characterization of the convergence in T¢, (4.3) and Lemma
4.5.1 to conclude. 0

4.6 The condensation regime or the very fat case

4.6.1 An infinite geometric tree

Recall 7, defined in (4.9). For n € N* we define the probability p, =
(Pn(k), k € N) by :
K
Pn(k) = “p(k).
Tn
Thanks to (4.10), we get >, cn Pn(k) = @(Yn41)7n ' = 1, so that p is indeed
a probability distribution on N. For n = 0, we set pg the Dirac mass at 400,
which is a degenerate probability measure on N.

We define 7°° as a Galton-Watson tree with reproduction distribution
pn at generation h € N. In particular the root has an infinite number of
children, whereas all the other individuals have a finite number of children.
More precisely, for all h € N*, kg € N* and t € Ty, 1, we have :

P(rh,ko (TOO) = t) = H ﬁ\u|(ku(t))a (4'29)

u€rp_1(t)*
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where we recall that t* =t \ {0}. Remark that a.s. 7> € T}.
We give a representation of the distribution of 7°° as the distribution of
7 with a martingale weight.

Lemma 4.6.1. Let n € (0,1] and g € (0,1). For all h € N*, ky € N* and F
a non-negative function on Ts, we have :

E |F(rp(T)) M, =ko
E [F(r o (7))] = (;((k;)mhjgg;) for]

where (Mp, h € N*) is the martingale defined by (4.16). Equivalently, for all
h e N*, kg e N* and t € ’]I‘,(;;), we have with k = z,(t) :

I1—q

P (1 (77°) =t) = . vp P(rp(r) =1t). (4.30)

Démonstration. Let h € N*, kg € N* and t € T}, ;. Set k = 2z, (t). We have :

177—qq7}]fp(7“h(7'):t):1n—qq I I plka(t)

u€et, |u|=h—1 u€rp_1(t)
L—q 4 —1_ku(t)
= W'Ylo H Ml V| +1 H p(ku(t))
uEry_1(t)* u€ry_1(t)

= 177_qq'yfop(k‘0) H ﬁ|u|(ku(t))

u€rp_1(t)*
= P(Th,k?o (TOO) = t)v

where we used that >, ¢ (= Fu(t) = Xt juy=e+1 1 for the second equality
and the definition of p(ko) and v, = v as well as (4.29) for the last one. To
conclude, notice also that thanks to the definition of p(kg) and v; = « as
well as (4.16), we have on {k¢y(7) = ko} :

O]

We give an alternative description of 7*° as the skeleton of a two-type

GW tree. We set for n € N :

Yot =1 fp(l =) (1= pr i p
n(n+1)71 if p=1.
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We have v, € [0,1). It is easy to check (using the first expression of v, for
the first equality and the second expression for v,_1 and v, for the second
equality) that for all n € N* :

Un

1-— _ 1
LT Vn-1 v and (1= vp_1)

=1. 4.31
I—gq 2 -, ( )

We consider a two-type GW tree 7°° where the vertices are either of
type s (for survivor) or of type n (for normal). We define Ske(7) as the
tree 7°° when one forgets the types of the vertices of 7°°. We denote by
Sp = {u € Ske(7>°); |u| = h and u is of type s in 7°°} the set of vertices of
7 with type s at level h € N. The random tree 7°° is defined as follows :

— The number of offspring of a vertex depends, conditionally on the
vertices of lower or same height, only on its own type (branching
property).

— The root is of type s (i.e. So = {0}).

— A vertex of type n produces only vertices of type n with offspring
distribution G(n,q). Notice the difference with the Kesten tree in
Section 4.4.1 and the tree described in Section 4.5.1 for p > 1.

— A vertex u € 7> at level h of type s produces k°(u) vertices of type
s with probability distribution G(1,v4) (with the convention that if
h =0, then x5(0) = +00) and k" (u) vertices of type n such that the
type of the vertices (ui, 1 <i < k*(u) + k™ (u)) is a sequence of heads
(type s) and tails (type n) where the probability to get an head is
g and a tail is 1 — ¢, stopped just before the (k%(u) + 1)-th head.
Equivalently, for |u| > 1, conditionally on k°(u) = s, > 1, the vertex
u has k" (u) vertices of type n such that k,(Ske(7°°)) = £*(u) + £°(u)
has distribution pys,), defined in (4.25), and the s, individuals of type
s are chosen uniformly at random among the £, (Ske(7°°)) children.
More precisely, we have for ko € N* and Sy C {1,...,ko} :

P(Sl N {1, .. .,ko} - Sl) = qﬁsl(l — q)k()_tisl,

and for h > 2, k € N*, u € U with |u| = h, s, € {1,...,k}, and
A C{1,...,k} such that A = s, :

P (k*(u) + £"(u) = k, Spe1 N{ul,...,uk} =uA|u e Sp)

— Vh(l _ l/h)s“_l q5“+1(1 _ q)k—su.

By construction individuals of type s have a progeny which does not suffer
extinction. Notice that if u < 1, then individuals of type n have a.s. a finite
progeny. However in the super-critical case p > 1, the GW trees which
are grafted have the same distribution as the initial GW tree 7, and thus
individuals of type n (for normal!) have a probability 1 — x of having an
infinite progeny. This is a major difference with Sections 4.4.1 and 4.5.1,
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where the grafted trees had the same distribution as the initial GW tree 7
conditioned to be extinct.

We stress out that 7°°; truncated at level h and when considering only
the first ko children of the root, can be recover from rp g, (Ske(7°°)) and Sp,
as all the ancestors of a vertex of type s is also of a type s and a vertex of
type s has at least one children of type s.

We have the following result.

Lemma 4.6.2. Let n € (0,1] and q € (0,1). We have that 7 is distributed
as Ske(7°°).

Démonstration. Let h € N*, kg € N*, t € Ty, and S, C {u € t; |u| = h}
which might be empty. In order to shorten the notations, we set A = An(Sp)
which is a tree if Sj, is non-empty. For u € A, we set s, = #§{i € N; ui €
AU Sp} the number of children of u which have at least one descendant in
Sh. We set, for £ € {0,...,h—1}, Sy = {u € A, |u| = £} the vertices at level
¢ which have at least one descendant in Sj,. Notice that ) s, Su = 8S011.
Set k = z,(t). We compute Cg, = P(74 1, (Ske(7%°)) = t, Sp, = Sp). If S}, is
non-empty, we have :

Csy = [T @) (=7 [T vy = w)™~Hgm (1 = g 07

|u€rp—1(t), ugA uEA*

vedr L Vil

-5tma-o(e2)” F (255" (50-)
<

L

- 177_(1%(%(7) _

1-g¢ B q #Sh
= P(rp(7) = t) <1_q(1 — Uh_1)> ,

where we used for the second equality that if u € A and S, = S, then
kgke(so0)(u) > 1; and for the fifth the second equation from (4.31) as well as
v1/(1—v1) = p=n/q (which comes also from the second equation in (4.31)
with n = 0). If Sy is empty, then we have :

Co=(-of T[ plka®) = —LP@(r) = 1)
u€rp_1(t)* M

n \"'( ¢ Bn iy g
1 21—y 11
11/177) <1q( vh 1)> H<1V€77(

_ Vw 1—q( q .
#ia- g T P (L))
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Notice that Cg, depends on S}, only trough #S5. We deduce that :

k
P(rp ko (Ske(777)) = t) = Z Z 1(45,=i} Cs),

1=0 Sp, C{uet; |u|=h}

1—g¢ uaye q Z
o) ()
k
_ 177_qq[P(rh(T) —t) <1 (- Vh—1)>
_ ) =) (Lo
= nq P( h( ) t) l—q )
_ 177_quP>(7‘h(7') = t)),

where we used the first equation from (4.31) for the last equality. Then we
conclude using (4.30) from Lemma 4.6.1. O

As in Remark 4.5.2, we also have the convergence of the trees 7% intro-
duced in Section 4.5.1 to the infinite geometric tree 7°° as 0 — +o0.

Proposition 4.6.3. Letn € (0,1] and q € (0,1). Then we have the following
convergence in distribution :
0 (d) 0o

79— T
0— 00

Démonstration. We only deal with the supercritical case, the subcritical and
critical cases can be handled in a similar way.

For t,t’ € Ty, let us denote by t *t’ the tree obtained by grafting t and
t’ on the same root i.e. :

txt' =t U {(ug +kg(t),ug,...,un), (ui,...,u,) €™},

with the convention t x t' = t if t' = {0}.
We denote by ’H‘Fh) the subset of Tt of trees with height less than or

equal to h. Let h,kg > 0 and let t € T,(Jol). Then using Lemma 4.5.1 with
k = z,(t) and k' = z,(t'), we have :
P(rp ko (77) = t)

= Z P(r (%) =t x t)

t/eT{="

k+K ’ h i1
— h —0(uh"—1)(1—k k k k+k —i (H/J (1 — H) )
= g ph e 0t =1 (1=r) g ( ; )/—; =) P(rp(r) =t = t').

t/eT(SP) i=1
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Let us remark that, if t' # {0}, then

P(ra(r) =t ) = P(ZE;ES . Pi’éé@ij{“’)p@@(w + ko(t))
— 177_quP>(rh(7') = t)P(rp(r) = t').

Since P(r;,(1%) = t) converges to 0 as # increases to infinity, we deduce that
for § — 400 :

1—
Blrn (') = £) = = Lu"B(ry(7) = £) W00 4, 4 0(1),
with

etk , i
A = Z i K + K >l-€k+k/—i (6u"(1 — r)?) 1]P’(rh(T) =t).

; { i —1)!
veT=M\{o} =1 =1

We have :
+oo k+k
kKN i (0p"(1 = r)?)!
A=y 3 (M) = 2. B =
k=0 i=1 (€T, 2, (6)=k'}

k=0 i=1 ! (i -
_ +Z°° ’“*f k4R s (001 = r)) (1 1 ) <1 ) 1
= ~ _ T L) e
k=0 i=1 ! (i —1)! Vh Y/ vy
= <1—1 <1—H) (A2+A3),
Th Yk
where
“+oo +oo / k' —1 h i—
k+k K (Op"(1—r)*)" i
B ()
imhtl \W—ik N Th (i—-1)
and

CEEC )

i=1 \k'=0

Using (4.14), it is easy to check that limg_, o e~ 0" =1)(1—K) Az = 0. We
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have using (4.14) that :

Ay = i@ ( io (ktk/) ( K >k/_1> (eﬂhill':f))f)i_lﬁk_iﬂ

Th

i=k+1 \k'=i—k
+oo i—k—1 —
_ 1 &Y Op" (1= k) 4
= Z i+l - I K
i=k+1 (1 - i) Th (2= 1)1
o Yh
—1 sha-rn?
N Sk =
Y — R

Then, as (v, — 1)/(yn — &) = p ™" and (1 — k) /(yp — k) = 1 — u~", we

get that :

HETOO o0 =1)(1-r) A = GETOO o 0" —1)(1—r) Ay = pAF

We deduce that :

i B (1) = t) = = Lo Bra(r) = 0)

Using (4.30), this gives the result. O

4.6.2 Convergence of the very fat geometric GW tree

We consider a sequence (a,,n € N*), with a, € N* and 7, a random
tree distributed as the GW tree 7 conditionally on {Z,, = a,}. We have the
following result.

Proposition 4.6.4. Letn € (0,1] and g € (0,1). Assume that lim,_,oc anpu™ =
400 if o < 1 or limy_yo0 apn =2 = +o0 if 4 =1 or lim,_so0 app™ "™ = +oo if
1> 1. Then we have the following convergence in distribution :

d
™ —>() 7%,

Démonstration. First notice that a.s. H(7°°) = +o00. Then, using the cha-
racterization (4.2) for the convergence in distribution in T}, the result is a
direct consequence of (4.20) in Lemma 4.3.2 and of (4.30) in Lemma 4.6.1,
provided that lim,, R;,h(k) =0forie {1,2}, h > 2 and k € N*, where
R;,h are defined in (4.21) and (4.22).

According to (4.17) and the definitions in Lemma 4.3.2, we have b, j, =
exp (—an 10g(Yn—n/vn)), n = (Yn—h —k)(Yn—n —1) and x,, = ¥, /Yn—p- Since
k> 1 (resp. v > 1, resp. k < 1) if p < 1 (resp. p = 1, resp. u > 1), and
since h > 1, we deduce from (4.9), (4.12) and (4.13) that log(vn—n/Vn), on
and 1 — z,, are of the same order p~™ (resp. n~2, resp. p"). In particular
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lim,, 00 v /(1 —2,,) exists and is finite. Because of the hypothesis on (a,,n €
N*), we deduce that lim, o ap, 10g(Yn—r/7m) = +00 and thus limy, o0 by, =
0 as well as limy, o by, (nan)*~1 =0 as a, log(Yn—n/vm) and ana, are of
the same order. This gives lim,, . R}l’h(k) =0

Since p(k)Px(Zn—n = an) < 3 ienP(O)Pi(Zn—p = an) = P(Zn_pt1 = an),
we deduce that :
IEDk:(Zn—h = an) < 1 [P(Zn—h—l—l = an)
P(Z,=a,) ~ plk) P(Z,=ap)
_ 1 b bl (’Yn—h—f—l - K/)(’Yn—h-&-l - 1) Tn
" (’Yn - H) (’Yn - ]—) ’Yn—h—l—l’

p(k)

where we used that Z, has distribution G|r, 7] and (4.9) for the last equality.
According to the previous paragraph, we have lim, o b, -1 = 0 as h > 2.
Furthermore, using (4.13), we get that :

lim (Yn—ht1 = K)(Ya—n+1 = 1) " _ ,,—h+1
n—00 (771 - "5) (’Yn - 1) Yn—h+1

This implies that lim,, 0o Pt (Zn—p = an)/P(Zn = a,) = 0 and thus lim, o, B2, (k)

0. This finishes the proof. O
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Aymen Bouaziz

Marches aléatoires et arbres de Galton-Watson

Dans cette these nous nous sommes intéressés de trois types de problemes :

-Existence et unicité d’une fonction harmonique strictement positive associée a une marche aléatoire
inhomogéne confinée dans un orthant.

-Etude de la convergence en loi des arbres de Galton Watson critiques conditionn€s @ avoir un nombre
assez grand de noeuds protégés.

-Etude de la convergence en loi des arbres de Galton Watson conditionnés a avoir une génération
anormalement grande.

Mots clés : Marches aléatoires, fonctions harmoniques discrétes, orthant,arbres al@atoires, arbres de
Galton-Watson, limite locale, nceuds protégés.

Random Walk and Galton-Watson trees

In this thesis we are interested in three types of problems:

-Existence and uniqueness of a positive harmonic function associated with an inhomogeneous random
walk confined in an orthant.

-Study of convergence in distribution of critical Galton Watson trees conditioned to have a large enough
number of protected nodes.

-Study of the convergence in distribution of Galton Watson trees conditioned to have a large generation.

Key words: Random walks, discrete harmonic functions, orthant, random trees, Galton-Watson trees, local
limit, protected nodes.




