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Résumé
Cette thèse de mathématiques appliquées en physiologie rénale a pour thème principal l’étude

de l’homéostasie du calcium à travers le développement d’un modèle mathématique à l’échelle de
l’organisme. Ce modèle est construit à partir de données expérimentales récentes ainsi que de
travaux théoriques précédents. Nous cherchons à répondre à certaines questions soulevées par les
néphrologues dans le cas de pathologies impliquant la formation de calculs rénaux ou de calcifica-
tions. Nous examinons notamment les cas de l’hypercalciurie observée durant l’hyperparathyroïdie
primaire dont les causes ne sont pas élucidées, l’effet de l’inhibition de la résorption par les bis-
phosphonates sur le métabolisme du calcium, ainsi que les mécanismes de complexation du cal-
cium et phosphate et notamment les conséquences d’une infusion intraveineuse de phosphate sur
l’homéostasie du calcium. Nous commençons par développer un modèle de la synthèse et sécrétion
de l’hormone parathyroïdienne (PTH), l’hormone principale régulant la calcémie. Ce modèle prend
en compte l’inhibition de la sécrétion de PTH par le calcium qui requiert l’activation du récepteur
sensible au calcium (CaSR). Nous simulons l’effet de clamps hypocalcémique et hypercalcémique
sur la sécrétion de PTH et comparons les prédictions aux données expérimentales, ce qui nous per-
met d’ajuster la valeur des paramètres non documentés dans la littérature. Puis, nous construisons
un modèle de l’homéostasie du calcium incluant la PTH, la vitamine D3 - deuxième régulateur
majeur de la calcémie, ainsi que les compartiments du métabolisme calcique à savoir l’intestin, l’os,
les reins et le plasma. Le modèle prend aussi en compte le pool rapidement échangeable de calcium
dans l’os, le retard lié à la synthèse de la vitamine D ainsi qu’une description détaillée de la réab-
sorption rénale du calcium. Ce modèle est validé par rapport à des données expérimentales et nous
simulons les cas de l’hyperparathyroïdie primaire, ainsi que l’inhibition de la résorption par les bis-
phosphonates pour répondre aux questions soulevées. L’effet de l’âge et du sexe sur les paramètres
du modèle sont également discutés. Les résultats de ce modèle suggèrent que la présence ou non
d’une hypercalciurie lors de l’hyperparathyroïdie primaire peut être expliquée par des mécanismes
antagonistes dans la branche ascendante large de Henle, avec d’un côté le CaSR inhibant la réab-
sorption de calcium et de l’autre la PTH diminuant l’excrétion de calcium. Par ailleurs, lorsque la
résorption osseuse est inhibée, notre modèle prédit que des mécanismes complexes se mettent en
place afin de limiter les pertes en calcium, en augmentant d’une part l’absorption intestinale et en
réduisant d’autre part son excrétion urinaire. Le métabolisme de calcium étant étroitement lié à
celui du phosphate, nous construisons ensuite un modèle de l’homéostasie du phosphate, rajoutant
une nouvelle hormone, FGF23 synthétisée dans l’os. De plus, nous modélisons les mécanismes de
liaison du calcium et du phosphate, prenant en compte la Fetuine A, un inhibiteur des calcifi-
cations, ainsi que la formation de particules liées à la précipitation du calcium et du phosphate.
Nous comparons les résultats obtenus à ceux du précédent modèle. Ce dernier modèle suggère que
l’infusion intraveineuse de phosphate induit une hypocalcémie majeure, due principalement à la
précipitation du calcium et du phosphate dans le plasma et dans l’os. Par ailleurs, la divergence
entre les prédictions de notre modèle et les observations expérimentales vis-à-vis du comportement
dynamique de la PTH plasmatique suggère un retard dans l’activation de la synthèse de PTH par
le phosphate.



Abstract
This thesis of applied mathematics in renal physiology focuses on the study of calcium home-

ostasis, through the development of a mathematical model at the organism scale. This model is
built based upon recent experimental studies as well as previous models in the field. We aim to an-
swer several questions raised by nephrologists regarding diseases involving calcium stone formation
or calcifications. In particular, we are interested in the origins of the hypercalciuria observed dur-
ing primary hyperparathyroidism, the causes of which remain to be elucidated, the effects of bone
resorption inhibition by bisphosphonates on calcium metabolism, as well as the consequences of an
intravenous infusion of phosphate on calcium homeostasis. We begin by developing a model that
describes the synthesis and secretion of parathyroid hormone (PTH), which is the main hormone
involved in the regulation of calcemia. This model takes into account the negative feedback loop
between calcium and PTH secretion, which is modulated by the calcium sensing receptor (CaSR).
Then, we simulate the effects of hypocalcemic and hypercalcemic clamps on PTH secretion and
compare the predicted results with experimental observations, which allows us to adjust parameter
values that were not available in the literature. The PTH model is then incorporated into a model
of calcium homeostasis that considers all the compartments involved in calcium metabolism, that
is, the intestine, bone, kidneys and plasma. Vitamin D3, the second major regulator of calcemia
is added. We introduce some novel features such as the rapidly exchangeable pool of calcium in
bone, the delay in vitamin D3 synthesis, together with a more complete description of the renal
reabsorption of calcium. In particular, the effects of CaSR on renal calcium handling in the thick
ascending limb are considered for the first time. This model is validated against experimental data;
we then simulate scenarios such as primary hyperparathyroidism as well as the inhibition of bone
resorption to answer the questions raised above. Additionally, the effects of sex and age on model
parameters and predictions are discussed. This model suggests that the variable presence of hy-
percalciuria during primary hyperparathyroidism can be explained by counteracting mechanisms
in the thick ascending limb of Henle, involving on one hand the calcium sensing receptor, which
inhibits calcium reabsorption, and on the other hand PTH which decreases calcium excretion. Be-
sides, when bone resorption is impaired, our model predicts that complex feedback mechanisms act
to diminish calcium losses, mainly by increasing the intestinal absorption of calcium and reducing
its urinary excretion. The metabolism of calcium is tightly bound to that of phosphate. In the next
step, we build a mathematical model of phosphate homeostasis, including a new hormone, FGF23
which is synthetized in bone. Furthermore, we represent the binding mechanisms between calcium
and phosphate, and account for the effects of Fetuin-A, an inhibitor of calcifications, as well as
the formation of calciprotein particles. We compare the results obtained with this combined model
and the previous one. The model also explains why, in vivo, the intravenous infusion of phosphate
triggers a major hypocalcemia: this is due to the precipitation of calcium and phosphate in both
bone and plasma. Moreover, the divergence between our model predictions and experimental ob-
servations regarding the dynamic evolution of plasma PTH suggests a delay in the activation of
PTH synthesis by phosphate.
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 General introduction on calcium homeostasis

The introductory material presented below has been summarized in a book chapter that has been
submitted for publication (Granjon D, Edwards A. and Bonny O, Calcium Homeostasis, submitted.)

1.1.1 Overview of calcium homeostasis

Homeostasis is the capacity of a system to maintain a condition of balance or equilibrium even when
external perturbations affect the system. It was defined by Claude Bernard in 1865 and Walter
Bradford Cannon in 1926 [43]. Calcium homeostasis specifically refers to the ability of the body
to maintain a stable plasma calcium concentration, by controlling the fluxes of calcium between
the different organs involved in mineral metabolism. Therefore, calcium homeostasis shouldn’t be
confused with calcium balance, which corresponds to the net difference between calcium intake and
calcium loss in a given organism.
Calcium plays a primary role in many biological processes such as the regulation of cardiac activity,
muscle contraction, bone remodeling, and blood clotting. In order to achieve all these functions, the
extracellular concentration of calcium has to be kept between tight bounds since any dysregulation
may have major consequences on the organism. Indeed, hyper- or hypocalcemia, hypercalciuria,
calciphylaxis, vascular calcifications or osteoporosis are caused by abnormalities of calcium home-
ostasis [224, 40]. The regulation of calcium concentration in the organism takes place at several
levels: intracellularly (mitochondria, endo/sarcoplasmic reticulum, cytosolic complexation with in-
tracytoplasmic chelators), within the interstitium, plasma, and tissues, and at the scale of whole
organism. Some calcium sensors are involved, which are localized in key organs and also within
endocrine glands which secrete hormones to regulate calcium homeostasis. As a result, even modest
variations in the plasma or interstitial concentration of calcium can be detected. Hormones whose
role is to convey this information are modulated and effectors regulated by these hormones can
restore calcemia to normal values (Figure 1.1).
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Calcium

CaSR

Parathyroid hormone
1,25-(OH)2 vitamin D

Calcitonin

Kidneys
Bone

Intestine

Sensor

Transducers

Effectors

Figure 1.1: The calcium homeostatic system composed of a sensor (the calcium sensing receptor),
transducers (hormones such as PTH, vitamin D3 and calcitonin) and effectors (organs). A per-
turbation activates the sensor which modulates the synthesis of hormones, as required. Theses
hormones act on organs so that calcemia returns to its physiological value. Taken from Granjon
D, Edwards A, Bonny O, submitted.

Furthermore, in the kidney for instance, these sensors can directly regulate calcemia inde-
pendently of the most powerful calciotropic hormone, i.e., parathyroid hormone (PTH) [134]. In
human, 99.9% of the body calcium is found in the bone and 0.1% in the extracelular compartment
and blood (Figure 1.2).

Bone is the major pool of calcium with about 1.25 kg (that is, 31.4 mol) of calcium for a
70 kg person. This calcium is stored as hydroxyapatite, a very stable salt composed of calcium
and phosphate whose chemical formula is Ca10(PO4)6(OH)2. In plasma, there are three forms of
calcium: 55% of total calcium is present as an ionized solute (Ca2+), 40% is bound to plasma
proteins and 5% complexed to other ions such as bicarbonate, phosphate or citrate [210, 216].
Of note, the percentage of calcium bound to proteins depends on plasma pH; thus in case of
acidosis, this fraction decreases and that of ionized calcium is raised. Ionized calcium constitutes the
biologically active fraction, and it is the form that is detected by calcium sensing receptors (CaSR)
and controlled by a complex regulatory system. The physiological plasma calcium concentration is
between 2.2 and 2.5 mM and that of ionized calcium is between 1.1 and 1.4 mM [168, 210].

A part of the plasma calcium is bound to phosphate and Fetuin-A, which is produced by
the liver. These complexes are called calciprotein particles [100, 164, 215]. These nanoparticles
prevent the precipitation of critical concentrations of calcium and phosphate in the plasma which
could ultimately lead to vascular calcifications. When Fetuin-A is missing or in case of excess of
calcium or phosphate or lack of magnesium, which destabilize these nanoparticles, calcifications can
appear. The stability of these nanoparticles can be tested by nephelometry and is correlated with
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cardiovascular mortality in dialyzed patients or those who have received a kidney transplant [155].
Only ionized and complexed calcium is filtered by the kidney, since calcium bound to protein does
not cross the glomerular barrier. The filtered fraction, also called ultrafiltrate calcium, represents
about 50% of the total plasma calcium, yet it cannot be precisely measured in clinical settings.

Three main organs are involved in calcium homeostasis (Figure 1.2): the intestine where calcium
is absorbed across the intestinal mucosa under the influence of hormones and whose calcium flux
contributes to approximately one-third of the total calcium influx into plasma; the bone which
stores or releases calcium, and which contributes about two- thirds of the total calcium influx into
plasma [222, 121]; kidneys which excrete calcium so that calcium balance is preserved. In the
following section, we describe in detail each organ.

intestine

plasma

Calcium intake
0.4-1.5 g

Fecal excretion
0.35-1 g

Urinary excretion
0.15-0.3 g

bone
1250 g

reabsorption
7.9-9.7 g

rapid
pool

accretion
0.25-0.5 g

resorption
0.25-0.5 g

filtration
8-10 g

2.2-2.5 mM

absorption
0.25-0.5 g

secretion
0.1-0.2 g

exchange
5-6 g

slow 
pool

kidney

Figure 1.2: Calcium balance in humans. Taken from Granjon D, Edwards A, Bonny O, submitted.

1.1.2 Transport mechanisms in organs involved in calcium homeostasis

Bone

Bone can be divided in two compartments, namely a rapidly exchangeable pool and a slowly
exchangeable pool (Figure 1.2). The rapid pool contains calcium that is immediately available for
exchange, probably stored as brushite, a very unstable salt composed of calcium and phosphate
(also known as dicalcium dihydrate, CaHPO4.2H2O). The existence of this pool was evinced by
radiolabeled calcium studies, which indicated the presence of a fast calcium deposit in the haversian
system of cortical long bones [54, 137, 158]. It contributes to the minute-to-hour regulation of
calcemia, for example during the night when calcium intake is reduced. The size and localization
of this pool remain to be refined, but it is thought to allow for calcium exchanges with plasma
(about 5 to 6g of calcium per day) that are 10-fold higher than those between the deep pool and
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plasma. The deep pool is difficult to mobilize and is localized in the calcified matrix of bone. It is
composed of hydroxyapatite, as previously described, and it exchanges 0.25 to 0.5 g of calcium per
day with plasma.

The bone remodeling process is continuous and involves 2 types of cells:

• Osteoclasts bind to calcified bone matrix and release its components into the bloodstream.
Their maturation is complex and highly regulated from monocytes in bone marrow [230].

• Osteoblasts constitute 4 to 6 % of bone cells and their lifespan is about 3 months. They
crystallize the bone matrix, regulate osteoclasts maturation, and interact with osteocytes
more deeply in the bone [151].

Bone remodeling begins with an activation phase during which pre-osteoclasts are recruited
and merge together, leading to large multinucleated cells (Figure 1.3). This step is regulated by
PTH, the insulin growth factor I (IGF-I), and the tumor necrosis factor α (TNF-α) as well as
estrogens. The resorption phase by activated osteoclasts lasts 2 to 4 weeks. The mature osteoclast
is a polarized cell that has an integrin crown delimiting a basolateral compartment next to the bone
marrow and an apical compartment that has a large ruffled border in contact with the bone matrix,
called Howship lacuna. It contains some proteases with an acid pH. The calcium concentration in
the lacuna can reach 40 mM. The acidification process participates in dissolving hydroxyapatite
crystals, releasing calcium and phosphate, which are then carried into plasma either by crossing
osteoclasts or by transcytosis. After a transition period lasting about 9 days, the formation phase
or accretion is led by osteoblasts. The building of a new bone matrix takes 4 to 6 months. First,
entwined collagen fibers are laid down by osteoblasts and form a non calcified matrix, the osteoid.
Then, vesicles containing calcium and phosphate are added to this matrix thereby mineralizing the
bone. A quiescent phase ends the cycle: osteoblasts stay and can differentiate into osteocytes or
vanish by apoptosis.

Osteocytes are the most abundant bone cells (90-95%), with a life time about 25 years [8, 166].
They are formed from osteoblast differentiation, but unlike osteoblasts, they are located in the
bone matrix, also called the osteoplast. Cellular processes called canaliculi of 250-300 nm diameter
constitute a network connecting osteocytes to each other as well as to other bone cells such as
osteoblasts and osteoclasts. Osteocytes are the major producer of RANKL, responsible for the
maturation of osteoclats (Figure 1.3). Conversely, they are capable of mineralizing the osteoid
laid down by osteoblasts. Additionally, they are the major source of FGF23, which is involved
in the regulation of phosphate homeostasis (Section 1.2.3) [8]. The role of osteocytes in calcium
homeostasis was uncertain for a long time but is now established, through the concept of osteolytic
osteolysis [8, 166]. The mecanism is thought to be similar to that of osteoclasts since proton pumps
are expressed by osteocytes [8]. However, the relative contribution of osteoblasts and osteocytes
remains to be elucidated. Moreover, comparing the quantity of osteocytes to that of osteoclasts,
they could be a good candidate for the rapid regulation of calcium homeostasis [8].
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Figure 1.3: The bone remodeling process.

The intestine

Intestinal absorption mainly occurs in the duodenum and to a lesser extent in the ileum and jejunum
[117]. Calcium transport across the intestinal epithelium can be decomposed into paracellular and
transcellular pathways (Figure 1.4). The relative contribution of each pathway depends on calcium
intake: in case of high calcium intake, 90% of the absorption is achieved via the non-saturable
paracellular pathway. Conversely, in case of calcium deprivation, the transcellular pathway prevails
and accounts for 80% of total absorption. Paracellular calcium transport consists of passive diffusion
between cells, across tight junctions under the control of a concentration gradient: the luminal
concentration of calcium in the intestine, which varies according to food intake, is about 10-20
mM; thus it is higher than its interstitial concentration, which is 2 mM. This paracellular flux is
mediated by specialized proteins, claudins, and is also regulated by cytokines (which increase the
permeability of cells for calcium [5]), hormones and kinases.

In contrast, the transcellular transport of calcium is an active process that requires energy and
proceeds through channels, pumps, and transporters that carry calcium from the intestinal lumen
to the interstitial compartment. At the apical side, calcium enters the cell by transient receptor
potential cation channels type 6 (TRPV6). Once in the cytosol, calcium binds to calbindin D9k

which plays a buffering role, preventing intracellular calcium concentrations from reaching toxic
levels [117]. Finally, calcium extrusion occurs at the basolateral side via plasma membrane calcium
pumps (PMCA) in conjunction with type 1 exchangers Na+/Ca2+ (NCX1) [218]. PMCA has a
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high affinity for calcium (kM = 0.3 mM) and requires ATP consumption. This pump is the main
basolateral transporter of calcium in the intestine, whereas NCX1 exchangers only play a minor role
in that organ. The active form of vitamin D (calcitriol) is a major regulator of intestinal calcium
transport, where it acts by modulating the expression of TRPV6, PMCA, as well as calbindin D9k

[189]. Indeed, vitamin D response elements have been discovered on the promoters of these genes
[142] and it has been shown that mice invalidated for the vitamin D receptor (VDR) exhibit a
substantial drop in the intestinal absorption of calcium (-40%) together with a decrease in TRPV6
and calbindin D9k expression [212]. Additionally, the intestinal absorption of phosphate appears to
be reduced in VDR-KO mice [177]. The intestinal response to a stimulation by vitamin D occurs
with a delay of several hours. TRPV6 expression at the surface of enterocytes is also directly
regulated by dietary calcium, with an increase in TRPV6 expression in case of low calcium intake.
Other regulating factors have been highlighted, such as estrogen and pH.

intestinal 
lumen

CaBD9k

enterocyte

NCX1

PMCA
Ca2+

Ca2+

Ca2+

Ca2+

ATP

Ca2+paracellular
transport

transcellular
transport

ADN D3

VDR

D3

tight junctions

[Ca2+]
blood

TRPV6

Ca2+

+

+

+

+

2Na+

Ca2+

hormonal 
regulation

Figure 1.4: Intestinal calcium absorption.

The kidney

Under normal conditions, kidneys excrete about 1-2% of the calcium filtered by the glomerular
capillaries. Along the nephron, calcium is first reabsorbed passively, via the paracellular pathway,
in the proximal tubule (60-65%) and the thick ascending limb of Henle (20-25%) [20, 32]. The
regulation of calcium transport in the proximal tubule is not fully understood. It is known that PTH
inhibits Ca2+ reabsorption in that segment indirectly: it inhibits the activity of the sodium/proton
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exchanger NHE3, thereby reducing the transmembrane electric potential difference that drives
the paracellular reabsorption of Ca2+ (Figure 1.5). In the thick ascending limb, the paracellular
permeability to calcium is regulated by claudins 16 and 19 [66].

Downstream, the remaining part of the filtered load of calcium (10-15%) is actively reabsorbed
across cells constituting the tight epithelium of the distal convoluted tubule (DCT) and the con-
necting tubule (CNT). This transcellular transport occurs by means of TRPV5 calcium channels
at the apical side, and via Na+/Ca2+ exchangers (NCX1) and plasma membrane calcium pumps
(PMCA4) at the basolateral side. In contrast with the intestine, the contribution of NCX1 to baso-
lateral calcium extrusion predominates compared to that of PMCA. Inside the cell, calbindin D28k

enhances calcium transport from the apical side to the basolateral side by unknown mechanisms.
PTH stimulates calcium reabsorption in the distal nephron. In the thick ascending limb (TAL), it
increases the paracellular permeability to Ca2+ [134] (Figure 1.6). In the DCT and CNT, it induces
a rise in the expression of TRPV5, NCX1, as well as calbindin D28k [211] (Figure 1.7). Calcitriol
also increases the expression of proteins involved in transepithelial calcium transport in the DCT
[103].

Some studies have suggested that Ca2+ is transported across the inner medullary collecting duct
(CD) epithelium [16, 136, 47], and the CD has been estimated to reabsorb up to 3% of the filtered
load of calcium [104]. However, other studies have found no evidence of Ca2+ transport in that
segment [94, 3]. The issue remains controversial in part because the medullary CD is not easily
accessible to micropuncture [94]. A recent, epithelial-cell based model of Ca2+ transport along the
nephron indicates that passive transport favors Ca2+ secretion along the CD [69], which means
that if it occurs, calcium reabsorption in CD must be an active process, against the electrochemical
potential gradient.
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Figure 1.5: Renal calcium handling in the proximal tubule. PTH inhibits the activity of NHE-3 [56].
The entry of Na+ is then reduced, thereby lowering water reabsorption through cells via aquaporins.
This decreases the lumen-to-basolateral side calcium concentration gradient, thus blunting calcium
reabsorption across the paracellular pathway [56].
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1.1.3 Regulation of calcium homeostasis

Calcemia is regulated by various feedback systems, which involves the calcium sensing receptors
(CaSR) and calcitropiques hormones, primarily parathyroid hormone (PTH), calcitriol (1,25(OH)2
vitamin D, the active form of vitamin D), and calcitonin. Other determinants are known but their
exact role remains to be determinded (estrogens, klotho, FGF23, etc.).

Parathyroid hormone

Parathyroid hormone (PTH) is synthesized in the chief cells of parathyroid glands, where it is
stored in vesicles ready to be carried out of the cells. As a result, PTH acts on the scale of minutes.
Its half-life in plasma is about 7 minutes and its plasma concentration is between 1.6 and 6.8 pM
[49, 81]. PTH can be rapidly cleaved into a multitude of fragments by plasma proteases. The intact
form of PTH contains the 1 to 84 amino acids, whose N-terminal fragment binds to the PTHR1
receptor leading to the specific action of the hormone [87]. It has been recently suggested that
the active form of PTH is non oxidized, but the physiological relevance of this observation remains
to be proved [204]. PTH secretion is pulsatile, with a complex rhythm, including a pulse every
7-10 minutes and a circadian rhythm. The maximum PTH secretion occurs during the night and
its nadir is reached in the morning. The significance of this circadian rhythm is illustrated by its
opposite effect on bone: in case of continuous secretion at a high dose, PTH has a catabolic effect,
whereas given once a day (teriparatide), it is used to treat osteoporosis for its anabolic action.

The determination of PTH concentration is tricky and a lot of tests have been developed; the
most recent tests measure the concentration of intact PTH instead of its fragments. The value
of plasma PTH must always be interpreted in light of calcemia (ionized calcium concentrations if
possible), phosphatemia, and the concentration of vitamin D. Indeed, Ca2+ directly regulates PTH
secretion with a reverse sigmoidal function whose slope is steep and with an affinity coefficient
Ki of about 1.24 mM. This means that above this value, PTH secretion is substantially inhibited.
Conversely, in response to a drop in plasma calcium, PTH is secreted and binds to its receptor,
PTHR1, at the surface of osteoblasts in bone and some renal cells [60]. There, it stimulates
bone resorption indirectly by increasing the maturation of osteoclasts via osteoblasts. It also
stimulates renal calcium reabsorption by two mechanisms: (a) by acting on tight junctions in the
TAL, thereby increasing the permeability to calcium; and (b) by enhancing the expression of genes
involved in calcium transport such as TRPV5 and NCX1 in the DCT, restoring calcemia to its
basal value [81]. Besides, it enhances the synthesis of calcitriol (1,25(OH)2D3). Calcitriol increases
the intestinal absorption of calcium [4, 46, 68, 77] and its renal reabsorption, leading to plasma
calcium normalization in the long term [4, 35, 68, 145, 168, 210]. Conversely, when plasma calcium
concentration is too high, PTH secretion is blunted (Figure 1.8); as a result, calcium reabsorption
decreases and calcium urinary excretion increases, which favors a return to equilibrium [60, 210].

9



CHAPTER 1. INTRODUCTION 1.1. GENERAL INTRODUCTION ON CALCIUM HOMEOSTASIS

parathyroid cell

CaSR Ca2+

PTH

F(Ca)

nucleus

PTHp

blood stream

hypercalcemia

(3)
(2)

(1)

bone

resorption

Low ca 
release

-

-
kidney Ca2+

reabsorption
(4)

D3 synthesis

intestine

absorption

normalization

Figure 1.8: Consequences of an hypercalcemia on PTH secretion. (1) PTH synthesis; (2) vesicles
degradation; (3) PTH secretion; (4) low concentration of PTH in plasma. During hypercalcemia,
PTH secretion is repressed by the calcium sensing receptor. As a result, less PTH is active in
plasma, thereby lowering the bone resorption of calcium, its renal reabsorption, and its intestinal
absorption (via vitamin D3). Ultimately, this contributes to normalizing calcemia.

The calcium sensing receptor (CaSR)

PTH secretion is directly regulated by ionized calcium concentration, via the calcium sensing re-
ceptor (CaSR). The CaSR can detect very small variations in the concentration of calcium, that is,
0.1 mM or 4% of its equilibrium value [210], and its sensitivity is maximal when the concentration
of ionized calcium is between 1.0 and 1.5 mM. CaSR belongs to the protein G coupled receptor C
family (GPRCs). There are several calcium binding sites at its surface but they are specific not
only to calcium but also to magnesium (Mg2+), aluminium (Al3+), as well as other cations. CaSR
is mainly expressed at the surface of parathyroid glands but also in kidney, bone and intestine [71].
When the plasma calcium concentration increases, more calcium binds to the CaSR, which triggers
an intracellular signaling pathway involving G proteins. The subsequent activation of phospholipase
C (PLC) stimulates inositol triphosphate production (IP3), which in turn releases calcium from the
endoplasmic reticulum. The subsequent increase in intracellular calcium activates proteases which
then cleave and inactivate PTH contained in vesicles. This signaling cascade characterizes the rapid
regulation of PTH by calcium (in a few minutes). In addition, CaSR has another role: it enhances
the rise and proliferation of chief cells in parathyroid glands in case of sustained hypocalcemia,
leading to the long term regulation of the parathyroid gland size, on the scale of days or even
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weeks.
CaSR is also present in kidneys, where it acts to decrease calcium reabsorption in the TAL by

reducing the paracellular permeability for calcium in this segment [134]. Its specific localization and
its function in other segments of the kidney are controversial [44, 134, 170]. In bone, studies with
mice lacking CaSR in osteoblasts show a decreased bone mass together with an excess of RANKL
expression, thereby increasing bone resorption [38]. Besides, CaSR plays an anabolic role in case
of high calcium concentration by stimulating osteoblasts maturation and the synthesis of alkaline
phosphatase, but its precise impact on calcium homeostasis, that is on the rapidly exchangeable
pool in the bone and also deep pool remains unknown [38]. In the intestine, CaSR expression was
found in both humans and rats [86]. CaSR is localized on the apical and basolateral sides in the
colon and small intestine [89]. Garg and Mahalle suggested the presence of an "intestinal calcistat"
which would control intestinal calcium absorption, in addition to the vitamin D system [88]. CaSR
could be the sensor of such mechanism since it is widely expressed in the intestine. It would be able
to adjust vitamin D synthesis as a function of the calcium concentration in the gastrointestinal tract.
For example, in case of high calcium intake, CaSR would be saturated leading to the inhibition of
1-α-(OH)-ase in the intestine to reduce vitamin D3 levels [70]. Besides the number of vitamin D3

receptors could be decreased. This would lead to a reduction in intestinal calcium absorption, and
inversely in case of low calcium diet. Yet, the precise mechanisms by which CaSR acts are still to
be elucidated.

Vitamin D

The synthesis of vitamin D is intricate and tightly regulated (Figure 1.9). Many nutrients contain
the precursor of vitamin D, cholecalciferol. However, sunlight is the main provider of cholecalciferol,
through a reaction between cholesterol in skin and ultraviolet (UV) light: 7-dehydrocholesterol is
converted to pre-vitamin D3, then to cholecalciferol. Cholecalciferol is carried in the plasma bound
to the vitamin D binding protein (VDBP) and is hydroxylated in position 25 in the liver by several
enzymes of the P450 cytochrome, particularly CYP2R1. 25(OH)-vitamin D (or calcidiol) is the
storage form of vitamin D. Its plasma concentration is about 20-100 nM and its half-life is several
days. It is converted to 1,25(OH)2 vitamin D (calcitriol) by hydroxylation in position 1 by 1-α-
hydroxylase (CYP27B1) [106] mainly in proximal tubule cells.

Calcitriol is the active form of vitamin D. Its plasma concentration is tightly regulated, at the
synthesis level by CYP27B1 and at the degradation level by CYP24A1. Its concentration is between
50 and 150 pM, that is, about 1000 times less than that of 25(OH)-vitamin D [92]. Besides, its
half-life is several hours. CYP27B1 activity is increased by PTH and repressed by plasma calcium
and phosphate, together with the FGF23/klotho axis (see below) [68]. Calcitriol inhibits its own
synthesis and activates its degradation by respectively repressing CYP27B1 and raising CYP24A1.
In case of inactivating mutations of CYP27B1, vitamin D-dependent rickets is observed (OMIM
264700). Inactivating mutations of CYP24A1 lead to infantile hypercalcemia (OMIM 143880) and
hypersensitivity to low doses of vitamin D, resulting in hypercalcemia [181].
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Calcitriol is a calcitropic hormone that mobilizes calcium by acting on the kidney, specifically by
increasing calcium reabsorption in the distal tubule. In addition, it enhances calcium absorption in
the intestine, and it stimulates resorption in bone. Furthermore, calcitriol inhibits PTH synthesis,
thereby contributing to the maintenance of calcium homeostasis [189] (Figure 1.10).
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Figure 1.9: The vitamin D synthesis pathway. Taken from Granjon D, Edwards A, Bonny O,
submitted.
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Calcitonin

Calcitonin is another hormone that regulates calcium homeostasis. It is composed of 32 amino
acids and secreted by parafollicular cells in the thyroid gland [59]. Its secretion is regulated by
the calcium sensing receptor. Calcitonin receptors (CTR) are coupled to G-proteins and are found
in osteoclasts and kidneys. Calcitonin is an antagonist of PTH, that is, it decreases plasma cal-
cium concentration thus preventing acute hypercalcemia. Calcitonin decreases bone resorption by
inhibiting the maturation osteoclasts [74]. Furthermore, it has been shown in humans that it in-
creases renal calcium excretion, even if the mechanisms remains to be clarified. Its role in bone
and in kidney is limited and a desensitization is quickly observed when calcitonin is used to treat
hypercalcemia.

In conclusion, calcium homeostasis is the result of an extremely complex regulation system
composed of sensors, hormones (transducers) and effectors (organs), as shown in Figure 1.11.
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1.2 Overview of phosphate homeostasis

The homeostasis of calcium cannot be studied without considering that of phosphate, owing to
the tight relationship between these two species. In the following section, we briefly described the
determinants of phosphate homeostasis and its interaction with calcium.

1.2.1 Phosphate distribution in the organism

In the organism phosphate is the skeleton of DNA, and the second major element of bone after
calcium. It plays a key role in metabolic pathways, such as ATP hydrolysis, and in transduction
signals (MAPK,MAPKK). It is present in two forms in the body, as inorganic phosphate and as a
component of organic compounds. Phosphate is distributed as follows: 85% is found in bone and
teeth (as hydroxyapatite), 14% in tissues and cells (as phospholipids, phosphoproteins), and 1% in
the extracellular compartment. In plasma, 50% of phosphate species is present as H2PO−4 /HPO2−

4
, 40% forms complexes with other ions such as Ca2+, Na+ and Mg2+, and the last 10% is bound to
proteins [131, 72]. Sodium-phosphate complexes account for 30% of total plasma phosphate. All
but the protein-bound forms, that is, 90% of plasma phosphate, are freely filtered by the kidney.

1.2.2 Phosphate transport in organs

Intestinal absorption of phosphate

Phosphate crosses the intestinal barrier via paracellular and transcellular pathways [138, 85]. About
70% of the ingested phosphate is absorbed mainly in the duodenum and jejunum [203]. On a low
phosphate diet, the transcellular route predominates, whereas on a high phosphate diet, paracellular
transport prevails. There are several phosphate transporters in intestinal cells, namely Pit1, Pit2,
NaPi-IIb (apical side); Pit transporters belong to the Type III sodium-phosphate co-transporters
also known as SLC20, whereas NaPi-IIb is part of Type II sodium-phosphate co-transporters or
SLC34. NaPi-IIb mediates 90 % of total absorption. The regulation of phosphate absorption by
vitamin D is controversial; in the jejunum, the effects of vitamin D appear to be small [219, 45,
138, 172]. Moreover, it has been shown that aging could reduce the stimulatory effect of vitamin
D3 together with NaPi-IIb expression [226].

Renal phosphate handling

The ionized and ion-bound forms of phosphate are freely filtered by the kidney, representing about
90% of the total plasma phosphate, but this fraction can decrease in case of hypercalcemia through
calcium-phosphate fetuin complexes [162]. Approximately 70 to 80 % of the filtered load is reab-
sorbed in the proximal tubule [203], mostly via the cotransporter NaPi-IIa (or SLC34A1), which
accounts for 80% of phosphate reabsorption in that segment, but also by NaPi-IIc. About 10% is
reabsorbed in the distal tubule but the nature of the transporter(s) involved has yet to be discov-
ered [23]. In the proximal tubule, phosphate reabsorption is negatively regulated by PTH, FGF23
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[184, 114], and high phosphate intake. However, the role of 1,25(OH)2D in the regulation of renal
phosphate reabsorption remains unclear [85].

1.2.3 Hormonal control of phosphate homeostasis

FGF23, a regulator of phosphate homeostasis

FGF23 is a 32 kDa protein that belongs to the family of fibroblast growth factors; FGFs are
involved in diverse functions such as development, repair, and metabolism [133]. FGF23 exists
under 2 different shapes: 25(FGF23)251 which is biologically active, and 25(FGF23)179 which lacks
the binding domain to klotho, resulting in an inactive pattern [139]. FGF23 is synthetized in bone
by osteocytes and osteoblasts [28].

FGF23 is an important regulator of phosphate homeostasis. It inhibits phosphate reabsorption
in the kidney by reducing the expression of NaPi-IIa [18]. It may also indirectly affect serum calcium
by acting on vitamin D3, as further described below. FGF23-null mice have hyperphosphatemia
and increased vitamin D levels. In addition, their bone turnover is unexpectedly decreased, for
reasons that remain unclear [95].

Vitamin D3 is the most important systemic regulator of FGF23 production. Indeed, VDR-null
mice have undetectable levels of FGF23 [139]. Several other regulators are known: DMP1 and
PHEX inhibit the synthesis of FGF23 through mechanisms that remain to be elucidated [139].
Conversely, CYP27B1 (1-α-(OH)ase) and phosphate enhance the production of FGF23 [186]. It
has also been shown that PTH activates the orphan receptor Nurr1 to induce FGF23 transcription
[141]. Moreover, FGF23 synthesis is blunted in PTX rats and conversely enhanced in primary
hyperparathyroidism. However, the effects of PTH could be indirect, that is, mediated by vitamin
D3 [15, 139].

FGF23 is known to protect cells against the toxicity of vitamin D3 (Figure 1.12). The overex-
pression of FGF23 triggers the suppression of vitamin D3 synthesis. On the other hand, the plasma
levels of vitamin D3 are 3-fold higher in FGF23-null mice than in control mice [139, 48, 15]. FGF23
regulates the metabolism of vitamin D3 by inhibiting the expression of CYP27B1 and increasing
that of CYP24A1 [48, 184].

Several studies suggest that FGF23 affects the synthesis and secretion of PTH, in part via the
MAPK signaling pathways [15]. Intravenous injections of FGF23 decrease the gene expression and
secretion of PTH in a dose-dependent manner [124]. On the other hand, other studies suggest a
stimulatory effect of FGF23 on PTH secretion, as summarized in reference [139]. In parathyroid
glands, FGF23 increases the expression of CaSR and VDR, and thereby plays a hypocalcemic role
[42]. In case of hypocalcemia, PTH mRNA is doubled and if FGF23 is added, PTH mRNA is
drastically reduced. Interestingly, in hypercalcemia, PTH mRNA is reduced but the addition of
FGF23 does not change anything. Besides, the expression of VDR and CaSR is stimulated by
FGF23 in case of low calcium concentration, whereas FGF23 has no effect in hypercalcemia even if
the expression of VDR snd CaSR is doubled. Uremic patients may develop a resistance to FGF23
since PTH levels are not decreased despite the presence of FGF23. Note that recently, Martin et
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al. observed CKD patients with secondary hyperparathyroidism in spite of elevated FGF23 levels
[139]. This is not in line with an inhibitory action of FGF23. There may exist confounding factors
to explain this contradiction, especially the reduction in klotho and FGFr1 levels in CKD patients.
To date, the interactions between PTH and FGF23 remain to be fully elucidated, as depicted in
Figure 1.12.

Phosphate, a regulator of PTH and vitamin D

Phosphate itself is known to be a regulator of PTH gene expression as shown in Figure 1.12
[188, 119]. On a low (0.02%) phosphate diet, PTH mRNA levels are more than halved; conversely
they increase by 25% on a high (1.2%) phosphate diet [119]. The effects of phosphate are direct
(i.e., independent of those of vitamin D3 and Ca2+) and post-transcriptional, even if the sensing
mechanism remains to be identified [140]. Phosphate may also regulate parathyroid cell proliferation
in the long term [146]. In addition, phosphate is an independent inhibitor of CYP27B1 (Figure
1.12); however, the underlying mechanisms are not well established [85].
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regulation of calcium homeostasis by PTH and vitamin D3. Shown on the right is the regulation
of phosphate homeostasis by PTH, vitamin D3, and FGF23.

16



CHAPTER 1. INTRODUCTION 1.2. OVERVIEW OF PHOSPHATE HOMEOSTASIS

1.2.4 Precipitation of calcium-phosphate

Precipitation and crystallization are often erroneously mingled, yet there are substantial differences.
Whereas precipitation is a fast irreversible process, crystallization is relatively slow. Moreover,
during crystallization, elements are organised according to a specific lattice while in precipitation,
amorphous precipitates are formed. However, they are both dependant on the solubility of the
solution, particularly when the concentration of some components exceed their solubility in this
solution, they can precipitate or crystallize. In this section, we introduce some aspects of calcium
phosphate precipitation, in plasma as well as in the urine.

Acid base equilibria between phosphate components

At physiological pH (7.4), the major components of phosphate in plasma are H2PO−4 and HPO2−
4 ,

whose ratio varies with pH [203]. Phosphate can also be found in the form of PO3−
4 , but as shown

below, the plasma concentration of PO3−
4 is negligible. The acid-base reaction between these species

can be written as
H+ +HPO2−

4 
 H2PO
−
4

The equilibrium constant of this reaction is defined as

KA = [H+][HPO2−
4 ]

[H2PO
−
4 ]

.

In other words,

pH = pKA + log10

( [HPO2−
4 ]

[H2PO
−
4 ]

)
. (1.1)

The pKA of the pair H2PO−4 /HPO
2−
4 is 6.8. Thus, at pH = 7.4

[HPO2−
4 ]

[H2PO
−
4 ]

= 10(pH−pKA) = 100.6 = 3.98

Note that since the pKA of the pair HPO−4 /PO
3−
4 is 12.3, at pH = 7.4

[PO3−
4 ]

[HPO2−
4 ]

= 10−3.9

Hence, the amount of PO3−
4 in plasma is negligible, and if [PO4]p denotes the total concentration

of phosphate species in plasma, we have

[HPO2−
4 ]p = 0.80[PO4]p, (1.2)

[H2PO
−
4 ]p = 0.20[PO4]p. (1.3)
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Binding of calcium and phosphate

In plasma, Ca2+ reacts with HPO2−
4 and H2PO−4 as follows:

Ca2+ +HPO2−
4

kCaHPO4
f




kCaHPO4
d

CaHPO4.

Ca2+ +H2PO
−
4

k
CaH2PO+

4
f




k
CaH2PO+

4
d

CaH2PO
+
4 ,

If the concentration of CaHPO4 and CaH2PO+
4 reaches a certain threshold, these salts precipitate

and form insoluble crystals. The different species that can be formed are listed in Table1.1:

Table 1.1: Calcium Phosphate species

Name Abbreviation Chemical formula Ksp at 37◦C
Dicalcium phosphate dihydrate DCPD CaHPO4.2H2O 1.87 ×10−7 M2

Octacalcium phosphate OCP Ca8H(PO4)6.5H2O 5.1 ×10−50 M8

Hydroxyapatite HAP Ca10(PO4)6(OH)2 2.35 ×10−59 M9

Mechanisms of calcium-phosphate precipitation

Whether precipitation occurs depends on the supersaturation S of the system:

S = IP

Ksp
, (1.4)

where IP is the ionic product and Ksp is the constant of solubility. If S < 1, the solution re-
mains below saturation and no insoluble crystals are formed. Conversely, if S > 1, the solution is
saturated, and the complex forms a solid precipitate. The ionic product is given by:

IP =
nT∏

([xi]fzi)ni . (1.5)

where nT is the total number of ions that form the complex, [xi] is the concentration of ion i and
ni is the stoichiometric coefficient of i. The activity coefficient (denoted fzi below) depends on the
valence zi of i as well as the ionic strength I of the solution, which is determined using the Davies
formula [213]:

− log10(fzi) = A× z2
i

( I1/2

1 + I1/2 − 0.3× I
)
. (1.6)
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I = 1
2

n∑
1

[xi]z2
i . (1.7)

where A is estimated as 0.52 at 37◦C. Note that Eq. (1.6) can be used only if I ≤ 0.5 M; in human
and rat plasma, I is approximately equal to 0.16 M [80]. Substituting this value of I into Eq. (1.6),
we obtain

fzi = 100.12×z2
i , (1.8)

which yields f1 = 0.76, f2 = 0.33 and f3 = 0.08, respectively, for monovalent, divalent, and trivalent
ions. In practice, the renal threshold for saturation is not 1 but about 10 [101] even if there exist
a individual variability, depending on plasma pH and other individual-specific factors..

Thus, the supersaturation index for DCPD is given by:

SDCPD = IPDCPD
Ksp,DCPD

= [Ca2+][HPO2−
4 ]f2

2
Ksp,DCPD

= 0.9. (1.9)

Since SDCPD is less than 10, DCPD does not precipitate in plasma under normal conditions.
However, it is important to note that changes in the concentration of calcium and/or phosphate
could raise SDCPD above 10. As the amount of PO3−

4 in plasma is negligible (see 1.2.4), we assume
that OCP and HAP never form.

However, some mechanisms are known to prevent the formation of crystals outside of bone.

Regulation of bone mineralization by fetuin-A

Fetuin-A is a glycoprotein synthetized in the liver which accounts for 25% of the noncollagenous
proteins in the bone. It is known to play a major role in mineralization, owing to its high affinity
for calcium-phosphate salts such as brushite (DCPD) and hydroxyapatite (HAP). By binding to
calcium-phosphate complexes , it forms calciprotein particles (CPPs) in a multistep process, thereby
preventing the formation of larger aggregates. However fetuin-A cannot dissolve already formed
minerals [110, 164, 126, 123, 163, 155, 215]. Fetuin-A has a major role in preventing the formation
of vascular calcifications. It has been shown that patients with chronic kidney disease or with
inflammation have reduced levels of Fetuin-A, thereby increasing the risk of mortality [192, 198].

Precipitation of calcium and phosphate in the urine

The formation of small crystals or precipitate does not necessary lead to kidney stones. Indeed, early
crystals can be filtered and are ultimately eliminated in the urine, the latter called crystalluria [116].
Thus the formation of urinary stones involves not only a crystallization step, but also a retention
process as well as growth of the initial crystal. Most of the kidney stones are composed of calcium-
oxalate, altough some are made of calcium phosphate (brushite, hydroxyapatite) or magnesium
phosphate (struvite). There exist several inhibitors of hydroxyapatite formation such as citrate
[91], or more recently, hydroxycitrate [53]. Several methods have been designed to estimate the
risk of CaP precipitation in urine. In the eighties, Tiselius developed an index based on the
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concentrations of calcium, phosphate, citrate and pH [206]. It is defined as follows:

RiskCaP = 1
pHCaP − 5.8 . (1.10)

pHCap is the pH corresponding to the formation of 500 particles which is interpolated and 5.8 is
the starting pH (in urine pH may vary from 4 to 8). As a result, if pHCap is near 5.8, the risk is
high and conversely. Tiselius also considered the ion activity product of CaP in human which is:

APCaP = 0.0027× Ca1.07 × PO0.70
4 × (pHu − 4.5)6.8

Cit0.20 × V 1.31
u

. (1.11)

He concludes that if APCaP is higher than 60, there is a great risk of precipitation. According to
this formula, calcium, phosphate and pHu are activators of precipitation, whereas citrate and urine
volume Vu are inhibitors. Equation (1.11) was refined in 2012 by the addition of magnesium [207]
and extended to the mouse. Furthermore, several programs exist to calculate the supersaturation
of ions such as SUPERSAT, EQUIL2 and JESS [173].

1.3 Historical perspectives on Mathematical Models of Calcium
Homeostasis

In this part, we review the evolution of calcium homeostasis modeling and their increasing com-
plexity over time.

1.3.1 The first calcium kinetic studies

The first models designed to understand calcium homeostasis were developped in the early sixties
[11, 9]. 45Ca was used to investigate the dynamic aspects of calcium exchanges in the rat. Aubert
and Milhaud [11] proposed a new method to quantify the contribution of each compartment after
an intravenous injection 45Ca. Their model is composed of a central compartment and a bone cal-
cium pool. They considered calcium absorption by the intestine and calcium excretion by kidneys
together with fecal excretion and bone turnover (Figure 1.13). They showed that 45Ca disappear-
ance can be modeled by a 4 exponential decreasing curve corresponding to several exchangeable
pools of calcium. Yet, it is not obvious that each of these pools corresponds to an existing, phys-
iological pool. They mentionned the existence of two mechanisms for bone calcium exchanges: a
fast phenomenon at the surface of bone and a slow process in the deep bone. However, they did
not incorporated these features in their model. Furthermore, the hormonal regulation of calcium
homeostasis was not studied at all, even though the impact of PTH on calcium homeostasis had
been known for several years. PTH was discovered in 1925 by Collip [57], and its resorptive effects
were observed by Barnicot in 1948 [13]. Jahan and Pilts highlighted its anti-calciuric effect the
same year [109]. Calcitonin was discovered later in 1962 [59].

The model of Aubert and Milhaud aimed to determine calcium exchanges between plasma and
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bone such as accretion and resorption. Finally in 1969, Besançon and Gueguen suggested that bone
resorption can be regulated by parathyroid hormone and calcitonin [21].

Ca pool

Ca intake

Intestine

absorbed Ca

Feces

fecal
excretion

endogenous fecal
excretion

urinary Ca 
excretion

Bone

Ca deposition Ca removal

Figure 1.13: Schematic diagram of calcium exchanges between plasma, bone, intestine, and kidney
in the model of Aubert and Milhaud [11].

1.3.2 A global model of calcium Homeostasis

Later, Powell developed a more complex model including hormonal regulation by parathyroid hor-
mone and calcitonin [160]. This model was inspired by the one that of Aubert and Bronner devel-
oped 5 years later after their original study [10]. Even though the author mentioned the existence
of a rapid bone pool and a fast bone pool, only one bone compartment was taken into considera-
tion. The model did account for the opposite effects of PTH and calcitonin on bone metabolism;
as depicted in Figure 1.14, whereas PTH increases bone resorption and inhibited bone accretion,
calcitonin enhances calcium storage in bone and decreases calcium release from bone. However,
the role of PTH and calcitonin on the intestinal absorption of calcium were not integrated as they
are controversial. Finally, the model took into account the feedback mechanisms between PTH and
calcium and those between calcitonin and calcium [160] whereas Aubert and Bronner in 1965 had
only considered the effect of PTH [10].
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Figure 1.14: Schematic diagram of the model proposed by Powell in 1972.

The rate of calcium intake is denoted νi, α is the fraction of ingested calcium absorbed in
the intestine, therefore the rate of calcium absorption is νa = ανi. The rate of endogenous fecal
excretion νf is defined as νf = νd(1 − β), where νd is the rate of calcium excretion from plasma
into the the intestine and β is the fraction reabsorbed into plasma. Thus, the net flux Jc(t) from
intestine to plasma is:

Jc(t) = ανi − νf (1.12)

Bone metabolism is modeled as follows:

∆(t) = νo+ − νo−, (1.13)

where the first and second terms on the right-hand-side respectively characterize the rates of bone
accretion and bone resorption. As a result, the dynamic evolution of the plasma calcium concen-
tration is given by:

d[C]
dt

= 1
Vp

(
Si(t)−∆(t)

)
. (1.14)

Si(t) is defined as Jc(t)−νu, where νu is calcium urinary excretion and Vp the plasma volume. Then
to take into consideration hormonal regulation, Powell decomposed each flux into two components,
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a non regulated part and a regulated part; for example:

νo+ = ν ′o+ + li[H]. (1.15)

The first term on the right-hand-side represents the part of bone accretion that is not regulated
and the second part incorporates its regulation by hormones (H) such as PTH and calcitonin
(respectively denoted [P] and [T]).

The dynamics of each hormone are described by the following equations:

d[P ]
dt

=
R′
(
CZP − [C]

)
Vp

−m(P )[P ]. (1.16)

d[T ]
dt

=
M ′
(
[C]− CZT

)
Vp

−m(T )[T ]. (1.17)

JP (t) = R′
(
CZP − C

)
is the secretion rate of PTH from parathyroid gland. Dilution into plasma

is taken into account. m(P) represents PTH degradation from plasma. The terms for calcitonin
are similar. The control of PTH and calcitonin secretion by calcium is expressed by the constants
CZP and CZT at which secretion rates are null; beyond these values, secretion is fixed to 0 so that
it cannot be negative, for physiological consistency.

Powell mentionned that techniques to determine hormonal concentration were not available for
his model. Thereby, this model enables to investigate their contribution on calcium homeostasis.
Furthermore, plasma concentration of calcium is known to be very stable allowing only small
variation (± 10%) and this model has some problems to corresponds to this criteria.

1.3.3 Dividing the bone compartment into two exchangeable pools

One of the first models to included the rapidly exchangeable pool of calcium in the bone was
that of Cohn and coworkers [55]. The model is shown in Figure 1.15. This study is noteworthy
since it compares model predictions to a balance study and tries to quantify the size of each pool.
However, they assumed that the rate of exchange between the rapidly exchangeable pool of calcium
in the bone and plasma are equal, a hypothesis that has since been refuted. Moreover, the fast
bone pool in their model is decoupled from the deep bone pool, which has not been demonstrated
experimentally. Besides, the investigators described difficulties in determining the resorption rate:
since the method is indirect and based on balance studies, they found negative resorption rates
for high calcium intake, which is not physiological. Finally, the hormonal regulation was not
incorporated in this model even though the authors highlighted it in the discussion.
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Figure 1.15: Simplified model of calcium homeostasis including the two calcium bone pools from
[55]. Parameters have been measured using radiolabelled 45Ca.

Later in 1977, Knop et al. developed a more elaborate model of calcium homeostasis in human
[122]. It is a multi-compartmental model including the two bone compartments which are coupled.
Contrary to previous models (Figure 1.15), they considered accretion as the flow from the rapidly
exchangeable pool to the deep bone pool of calcium, not the direct flow from blood to the rapidly
exchangeable pool.

The model consists in 4 linear first-order differential equations that result from Figure 1.16.
Their model predicts that in a healthy subject, the flux from the rapidly exchangeable pool to
soft tissue (i.e., the extracellular and intracellular pools) represents 70% of the exchangeable bone
calcium while accretion is only 13%. The mineralization turnover (that is, the percentage of cal-
cium incorporated into bone compared to the total skeletal mass of calcium) is predicted to be 15%
per year . Several cases, in addition to the "normal" condition, were examined, including pseu-
dohypoparathyroidism and primary hyperparathyroidism. In conclusion, this study supports the
hypothesis that calcium homeostasis is mainly regulated by the turnover of the rapidly exchangeable
pool.
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Figure 1.16: A model of 47Ca kinetics in humans according to Knop and coworkers [122].

1.3.4 Toward more elaborate models

The main weakness of the previous models is that they do not consider the impact of hormones
on calcium homeostasis, except that of Powell [160]. None of them included the effects of vitamin
D effects on calcium metabolism. In this part, we review the first models that included such
regulation.

The model of Hurwitz

In 1983, Hurwitz et al. developed a global model of calcium homeostasis in the bird using experi-
mental work on vitamin D and parathyroid hormone metabolism [106]. Calcitonin was not included
because its role in calcium homeostasis was not clear. The model is composed of the main calcium
compartments, that is, the intestine, bones, and kidneys, together with parathyroid glands. The
equation describing plasma calcium dynamics is:

dC

dt
= 1
Vb

(
Fi − Fk − Fb

)
. (1.18)

Fi, Fk and Fb respectively denote net intestinal, kidney and bone calcium fluxes; Vb is the blood
volume. Fi is the difference between calcium intake and calcium fecal excretion. It is increased by
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vitamin D3.
Hurwitz et al. computed Fi as:

Fi = αFin = 0.13Fin + 0.70LFin, (1.19)

where Fin is calcium intake. The coefficient 0.13 corresponds to the fraction of intestinal absorption
that is independent of vitamin D, 0.70 is the fraction that is regulated by vitamin D and L is
the calcium absorption capacity. Fk is the difference between filtered plus secreted calcium and
reabsorbed calcium. Fb is the difference between calcium utilized for bone formation and calcium
released by bone resorption. Bone resorption is enhanced by PTH such that Fb can be rewritten
as:

Fb = A− PbP, (1.20)

where A is the PTH-independent calcium flux into bone and Pb characterizes the linear effect of
PTH. Thus, if A < PbP there is negative net flux and vice versa.

Furthemore, Hurwitz et al. added the extracellular calcium compartment (Ce) of volume Ve
which can exchange calcium with the plasma:

dCe
dt

= K∆C
Ve

. (1.21)

K is a kinetic distribution constant and ∆C is the calcium concentration difference between plasma
and the extracellular compartment. Eq 1.18 becomes:

dC

dt
= 1
Vb

(
Fi − Fk − Fb −K∆C

)
. (1.22)

Parathyroid hormone dynamics was modeled as follows:

dP

dt
= Gp −BpP. (1.23)

The first term on the right-hand-side represents PTH secretion. This function was tabulated
according to the data of Brown [37] so that it is a decreasing sigmoidal function of calcium. The
second term is a first order degradation rate. Regarding vitamin D3 synthesis, Hurwitz et al.
assumed an infinite supply of vitamin D precursor (25(OH)D). They took the effect of PTH on
CYP27B1 into consideration but not that of calcium. The activity of 1-α(OH)-ase (E) was then
defined as:

dE

dt
= GE −BEE. (1.24)

GE corresponds to a sigmoidal increasing function of PTH (P). Two pools of vitamin D3 were
considered: one in plasma (DB) and the other in the intestine (DI) such that:
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dDB

dt
= −R2DB +R1DI + E

VT
−BDB. (1.25)

The first two terms characterizes vitamin D3 exchanges between intestine and plasma whereas the
third one represents vitamin D3 production by CYP27B1 divided by the total volume VT (i.e., the
sum of Ve and Vb); lastly, the fourth term is the inactivation of vitamin D3. It is obvious that:

dDI

dt
= −R1DI +R2DB. (1.26)

This simple model allowed the authors to perform simulations such as investigating the effects
of a calcium load, an EDTA infusion and also a vitamin D3 defficiency. They concluded that bones
handle hypocalcemia whereas kidneys handle hypercalcemia. Bones and kidneys react within min-
utes whereas intestine reacts with a lag of several hours, due to the delay in vitamin D3 production
and diffusion. Besides, intestinal absorption can adapt to a large range of calcium intake so as
to maintain plasma calcium concentration within tolerated bounds with an exception for very low
intake where it is not enough to allow for normal bone formation. In spite of the effort made to
include hormonal regulation, this model lacks a lot of feedback loops partly because some discov-
eries were made after the model was developed. For instance, the net flux of calcium towards the
kidney was modeled as a third degree polynomial function without taking the effect of PTH nor
vitamin D and calcium sensing receptor into consideration. The different sites of calcium along
the nephron, namely the proximal tubule, the thick ascending limb, and the distal tubule, were
not distinguished. In addition, vitamin D3 regulation was incomplete since the inhibition of PTH
synthesis was missing together with its effect on bone metabolism.

This model was improved in 1987 [107]. Remarkably, the authors included the effets of growth
process which had never been done before. They modeled the body weight by a Gompertz function:

WB = W1[exp−W2(exp−W3t)]. (1.27)

Consequently, they linked plasma volume and extra-cellular space with body weight as follow:

Vb = V1WB, (1.28)

and

Ve = V2WB. (1.29)

Additionally, Hurwitz and coworkers modified their bone and kidney functions according to
body weight [107]. They limited the calcium absorption capactity to 90%, which seems too high
based on actual observations. They predicted oscillations probably as a result of the dual effect of
PTH, but did not provide experimental support.
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The latest models of calcium homeostasis

To date, the most complete models of calcium homeostasis are those of Raposo and Peterson
[168, 157]. They gather all improvements of previous models. Among the most noticeable changes,
they include phosphate which had never been done before. The model proposed by Raposo et al.
is composed of 11 compartments relative to calcium and phosphate homeostasis. Figure 1.17 only
depicts the calcium homeostasis model developped by Raposo et al. in 2002.
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Figure 1.17: A model of calcium homeostasis according to Raposo and coworkers.

In contrast to previous models [107], Raposo et al. considered the effect of vitamin D on bone
resorption. Moreover, the intestinal transport of calcium was modeled as follows: calcium diffuses
from the intestine into plasma and conversely; active transport is regulated by vitamin D such
that inactive translocators are activated and active translocators are inactivated. This pathway is
saturable and modeled by a Michaelis-Menten function. However, Raposo and coworkers did not
consider the regulation of the intestinal paracellular pathway, specifically the vitamin D3-mediated
modulation of calcium transport across claudins. PTH synthesis and secretion are inhibited by
plasma calcium and vitamin D3. Yet, the vitamin D3 synthesis pathway was not represented in
that study. One of the most regulated flux is bone resorption which is increased by PTH, vitamin
D3 and bone calcium. The model representation of the renal compartment is the most questionable.
The authors erroneously assumed that urinary excretion is increased by vitamin D3 and inhibited
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by calcium, whereas the opposite holds. As mentionned above, this model also includes phosphate
metabolism for which regulation mechanisms are not described as well as for calcium. Furthemore,
the coupling between calcium and phosphate, that is to say calcium phosphate salt formation, is not
explicitly represented. Finally, some aspects of bone metabolism, such as the role of interactions
between osteoblasts and osteoclasts in bone remodeling processes, are not taken into account.

In 2010, Peterson and Riggs compiled almost all existing models about calcium homeostasis,
including that of Raposo et al., and improved the description of the bone compartment [157].
They added bone morphogenenic units such as RANK, RANK-L and OPG based on models of
Lemaire and Bellido [129, 14]. Their main goal was to predict the two different effects of PTH on
bone namely an anabolic effect in case of daily ponctual administration and catabolic effect if the
administration is continuous. The model is composed of 28 highly coupled non-linear differential
equations. Stimulation effects are modeled with a sigmoidal increasing function:

H+
x = αxγ

xγ + δγ
, (1.30)

where α is the maximum response, γ is the slope, δ is the value for which the response half maximal.
This function is equal to 0 in the absence of the activator which is not always the case. For example,
the enzyme 1-α(OH)-ase is activated by PTH but has a basal, PTH-independent production rate.
As a result authors defined a threshold sigmoidal function:

H±x = α± (α− ρ)xγ

xγ + δγ
, (1.31)

with ρ the minimum response. These functions are frequently employed to model activating-
inhibiting processes. They replace functions tanh previously defined by Raposo et al. which are
more difficult to interpret from a biological point of view.

The model is depicted in Figure 1.18. The authors considered two bone pools assuming that 90%
of bone exchange occurs passively whereas 10% is under the control of osteoblasts and osteoclasts.
Compared to the model of Raposo, they did not considered the effects of vitamin D3 on calcium
release from the exchangeable bone pool. They only modeled the contribution of PTH in the
RANK/RANK-L/OPG system. Yet vitamin D3 is known to enchance the production of RANK-
L by oseoblasts. Intestinal absorption follows the same scheme as in the model of Raposo and
coworkers. Kidney reabsorption of calcium is stimulated by both PTH and vitamin D3 in agreement
with experimental observations. The inhibition of calcium reabsorption by the calcium sensing
receptor is missing. Finally, 1-α(OH)-ase activity is enhanced by PTH and repressed by phosphate.
In this model, the authors include phosphate but do not include important aspects of the coupling
between phosphate and calcium. For example, it has been known for a long time that calcium
and phosphate exist in different forms in plasma such as CaHPO4 and CaH2PO+

4 . Besides, in the
bone a lot of calcium-phosphate salt can be found and mainly hydroxyapatite which results from
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a cascade of chemical reactions. However, none of these chemical processes has been included in
the model. Furthermore, several hormonal regulation mechanisms of phosphate homeostasis are
missing, of note the effect of vitamin D3 on phosphate absorption, the inhibition of phosphate
reabsorption in the kidney by PTH. FGF23 which is a major regulator of phosphate metabolism,
is not included either in the model.
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Figure 1.18: A model of calcium and phosphate homeostasis according to Peterson and Riggs.

Recently, Christie and coworkers developed a mathematical model of calcium homeostasis based
on that of Peterson and Riggs [51]. They simulated several diseases such as primary hyperparathy-
roidism (PHP1), vitamin D deficiency. However they found some issues in PHP1 since their model
was predicting an hypocalciuria, while in the major cases PHP1 is characterized by hypercalciuria.
This is likely a problem in their way to model calcium reabsorption in the kidney since they did
not incorporated the effect of calcium sensing receptor in the thick ascending limb.
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1.3.5 PTH modeling review

In this part, we describe models of PTH synthesis which is the main hormone involved in the
regulation of calcium homeostasis.

A sigmoidal relationship between PTH and calcium

In 1983, Brown determined the mathematical relationship between PTH secretion and ionized
calcium plasma concentration using isolated human and bovine parathyroid cells [37]. He used the
following equation to describe PTH secretion

Y = D + (A−D)

1 +
(Ca
C

)B , (1.32)

where D is the minimal PTH secretion rate, A is the maximal secretion rate, Ca is the ionized
calcium concentration, C is the set point and B the slope of the curve. This is a sigmoidal decreasing
curve. The set point is about 1.2 mM in humans, versus 1.1 mM in rats. Brown examined the
influence of all parameters on PTH secretion. For example, the greater the slope is, the more
substantial PTH secretion is for small calcium variations. Increasing the set point shifts the curve
to the right and conversely. Figure 1.19 depicts some parameter changes that can be made and
their effects.
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Figure 1.19: Sigmoidal curve representing the percentage of PTH secretion as a function of ionized
plasma calcium concentration.
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The first model of PTH synthesis and secretion

Momsen and Shwarz developped the first mathematical model of PTH synthesis and secretion based
on the work of Brown [144]. As depicted in Figure 1.20, PTH is synthetized in the parathyroid
cells and stored in vesicles. Vesicles can degrade at a constant rate or be carried out the cell. PTH
exocytosis is regulated by calcium concentration through the calcium sensing receptor present at
the surface of parathyroid cells. Ultimately, PTH is cleared by the liver and kidneys at a constant
rate.
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Figure 1.20: The model built by Momsen and Shwarz in 1997.

PTH in the parathyroid gland is denoted mc and PTH in the plasma is denoted mb (in mass
unit). The corresponding equations are

dmc

dt
= kp −

(
kt(Ca) + kd

)
mc,

dmb

dt
= kt(Ca)mc − kumb.

(1.33)

kp represents the rate of PTH production within parathyroid cells, kd is the degradation rate, and
kt(Ca) is the exocytosis function:
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kt(Ca) = D + (A−D)

1 +
( Ca
Cas

)C , (1.34)

defined according to Brown (1983). The above system has one steady state (m∗c ,m∗b) that satisfies:

m∗c = kp
kt + kd

, (1.35)

and

m∗b = ktkp
ku(kt + kd)

, (1.36)

Momsen and Scharz assume that Ca can reach a steady state such that kt(Ca) = ksst . Linearizing
the system around (m∗c ,m∗b) yields:

J∗ =
(
−ksst − kd 0

kt −ku

)
(1.37)

Given that Tr(J)< 0, det(J)> 0 and ∆ > 0, the equilibrium point is a stable node.
The authors performed some experiments such as citrate injection to study the impact of the

calcium sensing receptor on PTH response. Ca concentration was reduced by about 0.3 mM during
2 hours. This resulted in a transient PTH release up to 2-10 times the baseline within the first 5-10
minutes. Then plasma PTH decreased until it reached a new steady state value above the previous
one. It would have been interesting to also analyze the impact of an hypercalcemic clamp on PTH
secretion.

A more elaborate model of PTH synthesis and secretion

In 2009, Abraham et al., proposed a revised model of PTH synthesis and secretion in both humans
and rats [1]. They explicitly modeled the dynamics of plasma calcium by using the following
differential equation:

dCa2+

dt
= kin−Ca2+ − kout−Ca2+

(
1 +H(Cchel)

)
Ca2+. (1.38)

The first term on the right-hand-side describes the calcium production rate. kout−Ca2+ is the first
order degradation rate of calcium. The function H(Cchel) which models the effect of the calcium
chelating agents (such as EGTA, EDTA) is a mathematical function often used in pharmacology
called precursor-dependent indirect response [183]:

H(Cchel) = SmaxCchel
Cchel + EC50

. (1.39)

This description of calcium homeostasis is very simple compared to that found in the model of
Peterson and Riggs [157], but coupled to a model of PTH, it is a better way of investigating the
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effect of a chelating agent such as EGTA on PTH secretion than the model that Momsen and
Shwarz developed several years before [144]. Equations for PTH in parathyroid gland and PTH
in plasma are similar to those of Momsen and Shwarz except the function of exocytosis which has
been modified:

kexo = kp(1 +mPTH(0)ρ′(Ca2+)), (1.40)

with

ρ′(Ca2+) = KD(Ca2+
0 − Ca2+)

Ca2+
0 (Ca2+ +KD)

, (1.41)

ρ′ represents the change in CaSR occupancy between time t = 0 and any time t > 0. The sign of ρ′

is directly determined by that of ∆Ca = Ca2+
0 - Ca2+. If Ca2+ < Ca2+

0 , ρ′ >0 meaning that kexo
increases, thereby leading to more exocytosis and conversely. Curiously, authors did not choose
a sigmoidal curve. This model adequately reproduces situations of hypocalcemic clamp together
with transient calcium drop. Abraham et al. mentioned that their model could be improved by
adding a plasticity for parathyroid cells to investigate more long-term effects.

An asymmetric exocytosis function for PTH secretion

Two years later, Shrestha et al. introduced a new function for PTH exocytosis [187]. In their paper,
they showed that when they chose a symmetric sigmoidal function as earlier defined by Brown [37],
they could predict the bi-exponential behaviour of PTH during an hypocalcemic clamp by sodium
citrate. However, in the case of a hypercalcemic clamp, the predicted time profile of PTH did not
fit at all the experimental data. Consequently, they modified the sigmoidal function of Brown as
follows:

λCa(t) = B + (A−B)

1 +
(Ca(t)

S

)m(Ca(t)) , (1.42)

where the slope m(Ca(t)) is given by:

m(Ca(t)) = m1
1 + exp−β(R−Ca(t)) +m2. (1.43)

The slope mainly depends on the difference between R and Ca(t). β is an amplification coefficient
which can produce a shift between the highest value of the slope (that is, m1 + m2) to a lower
value (m2) following variations in the plasma calcium concentration. However, the authors did not
manage to interpret this function from a physiological point of view.
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A subpopulation of PT cells to model PTH dynamics

Recently, Pruett and Hester introduced a novel approach to model PTH synthesis and secretion
[165]. Their reasoning is based on a study in bovine parathyroid cells published by Sun et al. in 1993
[199] suggesting that these cells respond heterogeneously to a perturbation in [Ca2+]p. Indeed, only
50% of them secrete PTH in case of severe hypocalcemia, whereas only 25% release PTH during
hypercalcemia. Sun et al. proposed the existence of a secretory cell cycle, which explains why some
cells are unable to release PTH since they are at the early stage of the cycle while others are capable
of releasing PTH. This mecanism would be useful during several perturbations that take place at
different time points and could explain the circadian rythm observed for PTH secretion. Thus,
Pruett and Hester [165] considered parathyroid cells as a mass of responsive and unresponsive
cells to external stimuli such as hypocalcemia. The two types of cells have the same secretion
mechanisms but their parameters can change. Moreover, the authors took into consideration the
extra-cellular compartment as depicted in Figure 1.21. The secretion function is:

PTHsecreted = β − γ[Ca2+]m

[Ca2+]m +Km
d

. (1.44)

Sensitive cells have high values of Kd, γ, and m, whereas unsensitive cells have low values for
these parameters. Whereas each cell is considered to have its own rate of PTH synthesis, the
rate of granule degradation is the same for all cells. The authors considered 20 parathyroid cells
subpopulations for simulations.

Their model was adjusted to previous experimental data obtained by Shwarz et al. [182] who
performed two successive hypocalcemic clamps. Pruett and Hester compared their predictions to
those of Brown [37] and found a better agreement with the data of Shwarz et al.. The authors men-
tioned that this model makes some simplifications. Indeed, they did not explicitly consider plasma
calcium concentration dynamics in order to avoid including PTH effects on calcium metabolism.
It would have been also interesting to model the kinetic switch between inactive cells and active
cells. Finally, PTH production inside parathyroid cells was chosen to be constant; this could be
improved by adding the effect of vitamin D3 on PTH transcription or some time delays. Overall,
this model is laudable for its innovative approach to characterize PTH secretion.
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Figure 1.21: The parathyroid cell subpopulation model of Pruett and Hester.

1.3.6 About Vitamin D and FGF23

Modeling the vitamin D3 synthesis pathway

As mentioned previously, the vitamin D3 synthesis pathway is quite complex since it involves a lot
of compounds and several organs, in contrast with PTH which is only synthetized by parathyroid
glands. As a result, few models have been built to represent its absorption, metabolism, and
distribution. A rather complex pharmacokinetic-pharmacodynamic model was recently developed
by Ramakrishnan et al. [167]. Briefly, this model takes into consideration the presence of plasma,
liver, kidney, brain, ileum and other compartments. It models the kinetic behavior of CYP24A1
and CYP27B1.

Modeling the effects of FGF23

Similarly, very few models account for FGF23 dynamics, mainly because it was discovered later
than vitamin D and PTH [228]. In 2009, Yokota et al. [229] proposed a mathematical model of
calcium and phosphate homeostasis based on the previous model of Raposo et al.. This new model
described the dynamic evolution of FGF23 as:
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dQFGF23
dt

= JFGF23 − δQFGF23. (1.45)

QFGF23 is the quantity of FGF23 in plasma. The first term on the right-hand-side characterizes
the rate of FGF23 synthesis, which is given by:

JFGF23 = VPXP

XP +KP

VD3XD3

XD3 +KD3
. (1.46)

XP and XD3 are the concentrations of phosphate and vitamin D3, respectively; VP and VD3 are
the maximal rates of activation by phosphate and vitamin D3, respectively; KP and KD3 are the
concentrations of phosphate and vitamin D3, respectively, that yield half the maximal response.

FGF23 synthesis is activated by both phosphate (P) and vitamin D3. The term δ denotes
the first-order rate constant for the degradation of FGF23. Yokota et al. simulated the effect of
transient increase of FGF23 on PTH, vitamin D3, phosphate and calcium as well as steady state
increase in FGF23 concentration [229]. They mentioned that their model parameters have to be
validated.

1.4 Aim of this thesis

1.4.1 Building of model of calcium homeostasis

The overall goal of this thesis work was to build a new mathematical model of calcium and phosphate
homeostasis that takes into account recent findings on calcium and phosphate metabolism, in order
to investigate their dysregulations. In particular, we wanted to investigate the following questions:

• what could explain hypercalciuria during primary hyperparathyrodism?

• what is the effect of inhibition of bone resorption on calcium metabolism?

• Is it better to treat secondary hyperparathyroidism by giving small amounts of vitamin D
once daily or giving one dose every 3 months?

• In case of intestinal hyper-absorption of calcium (triggering hypercalciuria), do vitamin D
injections allow reabsorption of enough calcium in the kidney, without stimulating too much
intestinal absorption?

• what are the effects of a large intravenous infusion of phosphate on calcium and phosphate
homeostasis? Are the effects of a large intestinal absorption of phosphate similar?

The mathematical models developed until now do not allow us to answer these questions. In-
deed, these models do not include the effects of PTH on renal calcium handling, which is a significant
shortcoming when examining the consequences of primary-hyperparathyroidim on calcium home-
ostasis, particularly on the renal component. Our model considers separately the effects of PTH in
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the thick ascending limb, the distal convoluted tubule, together with the proximal tubule so as to
model more accurately its role on renal calcium reabsorption.

Besides, even the most recent models (Raposo et al. and Peterson and Riggs) do not take
into account the action of the CaSR on calcium reabsorption in kidney [157, 168]. The model of
Christie et al erroneously predicted hypocalciuria in the case of primary-hyperparathyroidism, and
this could be due to the absence of CaSR-induced regulation in their model [51]. The counteracting
mechanisms between PTH and CaSR could explain why calciuria is inconstant during primary-
hyperparathyroidism. We incorporated these counterbalancing effects in our model.

Our model is also unique in that it represents the regulation of vitamin D3 synthesis by PTH
and FGF23, by including feedback mechanisms involving CYP27B1 as well as CYP24A1. It also
incorporates the regulation by vitamin D3 of paracellular intestinal calcium absorption, via mod-
ulation of transport across claudins, and of calcium reabsorption in the distal convoluted tubule,
both of which were missing in other models. Considering these specific effects of vitamin D3 makes
it possible to examine the impact of vitamin D3 supplementation in the case of vitamin D defiency
(low levels of 25(OH)D). Indeed, the issue is to avoid triggering hypercalciuria after (uncontrolled)
vitamin D supplementation.

The last difference between our model and the ones described previously concerns the link
between calcium and phosphate. Only Raposo et al. together with Peterson and Riggs examined
the contribution of phosphate to calcium homeostasis [157, 168]. However, as described above,
their modeling approach had some shortcomings; in particular, they omitted the binding between
phosphate and calcium, as well as the effects of FGF23, which we added to our model in order to
predict accurately the consequences of hyper/hypo-phosphatemia, acidosis, alkalosis and FGF23-
related dysregulations.

The thesis is divided into 6 parts. The first part describes our experimental studies, whereas
the latter parts focus on model development.

More specifically, in the second chapter, we describe the experiments we designed so as to
(a) determine the total content in bone of calcium and phosphate, which had not been measured
previously, and (b) understand the kinetics of calcium fluxes between plasma and the rapidly ex-
changeable pool in bone.

In chapter 3, we present a model of PTH synthesis and secretion regulated by calcium through
the calcium sensing receptor. We explain our modeling approach considering what has been done
in section 1.3.5. This model is then qualitatively and quantitatively analyzed using usual phase
plane analysis and integration methods. For this analysis, we consider that calcium is at steady
state. We then conduct simulations to probe the effects of hypocalcemia and hypercalcemia on
PTH secretion. We then add vitamin D3 to this model so as to understand the interactions be-
tween PTH and calcitriol. We finally consider the time delay necessary for vitamin D3 synthesis
and explore the consequences of adding such a lag. This hormonal model is eventually included in
a preliminary model of calcium homeostasis.
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In chapter 4, we introduce our mathematical model of calcium homeostasis in the rat which
has been accepted for publication in the American Journal of Physiology. The novel character-
istics of this model are the following: (a) it considers the presence of two bone pools, a rapidly
exchangeable pool and a slow exchangeable pool; (b) it distinguishes between calcium reabsorption
mechanisms in the different nephron segments, from the proximal tubule to the distal convoluted
tubule; (c) it accounts for the inhibitory effects of CaSR on calcium reabsorption in the thick as-
cending limb; (d) it is the first which includes the delay needed for vitamin D to be synthetized.
We used the model to simulate the effects of perturbations related to calcium homeostasis such as
primary-hyperparathyroidism, hypoparathyroidism, vitamin D3 deficiency, and the full inhibition
of Cyp24a1. We also simulated treatments such as inhibition of bone resorption by bisphospho-
nates, or the administration of cinacalcet to treat patients with primary-hyperparathyroidism who
cannot be treated by surgery. Finally, we discussed the effects of age and sex on model results.

In chapter 5, we improve upon the previous model by including the binding mechanisms of
calcium and phosphate in both plasma and bone so as to potentially consider the effect of external
factors such as an intravenous infusion of phosphate or calcium, a hypocalcemic clamp, pH vari-
ations (acidosis, alcalosis) as well as Fetuin-A deficiency. At the hormonal level, we consider the
threesome PTH, vitamin D3, and FGF23; to our knowledge, the latter has thus far rarely been
included in homeostatic models. The regulation of vitamin D3 synthesis is also represented more
accurately, as we take into account the regulation of CYP27B1 and CYP24A1 by phosphate and
FGF23, in light of recent observations.

Chapter 6 summarizes the results obtained in the model we have built and lists the remaining
task to complete.
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Chapter 2

Experimental measurements of some
bone parameters

2.1 Aim of these experiments

In section 1.3.3, we show that some modeling studies have tried to determine the quantity of calcium
in the different pools of bone. Cohn et al [55] quantified the size of the rapidly exchangeable calcium
pool in the bone of 15 male Sprague-Dwaley rats of 81 days and found 50 mg (or 1.3 mmol) of
calcium. In a later study, Blanusa et al. [27] obtained values of 15 mg and 30 mg of calcium,
respectively, in the rapidly and slowly exchangeable pools in 4 months old female albino rats. The
corresponding values in male albino rats of the same age were 23 and 43 mg of calcium, respectively.
These results differ significantly from those of Cohn et al [55]. Besides, the latter investigators did
not measure the total quantity of calcium in bone. Finally, the amount of phosphate was not
assessed. These discrepancies led us to conduct our own experiments to evaluate the calcium and
phosphate content in bone. In this chapter, we aimed to address basic aspects of the rapidly
exchangeable pool, and to measure the size of the deep bone calcium pool in mice. We also sought
to quantify fluxes between plasma and the rapid bone pool (2.1). These data were then included
in the mathematical model of calcium homeostasis introduced in Chapter 4.

Figure 2.1: Goal of our experiments: (1) quantify the size of total calcium and phosphate pools in
bone; (2) clarify the kinetics of calcium exchanges between plasma and the rapidly exchangeable
pool in bone; (3) estimate the quantity of calcium in this rapid pool.
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2.2 Method

All experiments were conducted in accordance with the regulations of the Veterinarian office of the
Canton de Vaud.

2.2.1 Determination of the total calcium and phosphate bone content in mice

We performed experiments to determine the total quantity of calcium in bone of normal mice. Five
male and five female C57Bl/6J mice aged 55 days and weighing about 20g were sacrificed, and
their skeleton was prepared according to the method of Pramod et al. [161]. Skin was removed,
as well as viscera and muscles. The uncleaned skeletons were washed with water, immersed in a
95% ethanol solution during 2-4 days, and then in a 2% KOH solution. KOH bathing was repeated
during 3 extra days (to remove remaining parts of skin, gristles). The skeletons were then cleaned
with hot water in a mesh strainer to prevent small bones from being lost, and then weighed. Two
samples of final KOH solutions from each mouse were examined to ensure that no calcium was
dissolved in the bath. Skeletons were dried in a stove during 1 day at 37◦C. Finally, they were
reduced to ashes in ceramic cups in an oven at 800◦C during 4 days (60h heating + cooling time).
Ashes were collected, weighed and ultimately dissolved in a 6 mol/L HCl solution (4mL). Calcium
content, was assessed by the NM-BAPTA method on a Cobas analyzer.

Eviscerate and remove the 
most of skin as possible

KOH 2% 
100mL

Leave 3 days and 
agitate at 150 rpm

Critical step: pH 
must not dissolve 
the bone

Do it again
during 3 
days

(1) (2)

(3)

Wash skeletons with hot water(5)

Dry them 3 days in a stove to 
remove water

Recover
supernatant in 
an ependorf

(4)

Loss of 
Ca?

The oven used
(3 days at 
800°C) 

Dissolution of 
ashes in X mL
of HCl at 6 
mol/l

Vacid = 4 mL

mL/mL

Do not add
too much acid (6)

Calculate concentrations

(7)

Figure 2.2: Protocol of the first experiment.
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Kinetic study of calcium exchanges between plasma and the bone compartment

We investigated the size of the rapidly exchangeable pool by injecting 45Ca intravenously and
measuring the quantity of radiolabeled 45Ca appearing in plasma and bones at 2, 5, 15 and 30
minutes in mice previously treated with pamidronate, an inhibitor of bone resorption (PAM),
or vehicle (total n=19 and 18 C57Bl/6J male mice aged 4 months respectively). By blocking
resorption, we expected to isolate fluxes between plasma and the rapid bone pool of calcium. The
dose of pamidronate approximately inhibited 70% of bone resorption [178]. For each mouse, we
calculated the total quantity of 45Ca we had to inject. Based on its body weight, we injected
5µL/g BW (Figure 2.3). We also ensured that the quantity of 45Ca injected would not trigger
hypercalcemia (0.03% of ionized calcemia) to avoid any hormonal effect.

Animals were put on a warm table to maintain their body temperature constant during the
whole experiment. A catheter was inserted in the jugular vein and radioactivity was injected,
avoiding the formation of air bubbles. Thereafter, the catheter was rinsed with a saline solution,
which also allowed us to eliminate the dead volume inside it. Additionally, the health of each
animal was monitored, meaning that in case of substantial hemorrhage, breathing perturbations
as well as problems relative to anesthesia, mice were forthwith killed by cervical dislocation so
that results were not altered. Before the end of the check point (either 2, 5, 15 or 30 minutes),
blood was collected from the eye with a glass capillary. Then, the mouse was killed to harvest
bones. As we did not recover the whole skeleton, we normalized the radioactivity to the mass of
each skeleton, assuming the radioactivity is equally distributed along the skeleton (based on growth
curves of mice available in Charles River’s documentation) to take into account all the radioactivity
in bone. Based upon the liquid scintillation results, we estimated the percentage of recovery of the
radioactivity in plasma, urine, and bones. Since the experiments were scheduled over a duration of
3 months, we measured each time the radioactivity of the solution injected to take into account the
radioactive decrease and to normalize results if required. Additionally, we checked the influence of
the solution (plasma, acid, bones) in the number of counts obtained to detect possible quenching
but we did not observe any quenching phenomenon.
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45Ca iv 5µL/g BW 

Non treated group PAM treated mice
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(3)

• 2 min after 45Ca injection 
• 5 min after
• 15 min after
• 30 min after

kill at ≠ time points 
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(4)

(3)

(2)

45Ca iv

Recover blood, urine and bones
(2 femurs, 2 tibia and L1 L2 L3 
vertebraes)

(5)

(6)

Isolate plasma from blood (10 min 
centrifugation) and put plasma into
scintillation analyzer

reduce bones to ashes at 
800°C during 8 hours

(7)

dissolve with
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put 10 µL/tube into
scintillation analyzer

(8) (9)

Figure 2.3: Detailed protocol of the second experiment. We compare between a control group
and a pamidronate treated-group, the later designed to isolate the rapidly exchangeable bone pool
compartment and the plasma compartment by blocking bone resorption, so as to determine the
calcium fluxes between these two compartments.

2.3 Results

2.3.1 Calcium and phosphate content in the bone

Results for male and female mice are summarized in table 2.1. No calcium and no phosphate were
lost in the supernatant during the cleaning of muscle and skin in the KOH solution. According to
our measurements, there are 6.01/6.04 mmol (0.24g) calcium and 3.77/3.68 mmol (0.35g) phosphate
in the skeleton of 20g male and female mice, respectively.
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male female
mean se mean se

Body weight (g) 25.42 0.03 20.07 0.82
Skeleton weight (g) 0.94 0.04 1.08 0.02
femur weight (mg) 33 1.3 34 1.2
tibia weight (mg) 29 2 28 0.5
vertebra L1/L2/L3 (mg) 27 1.3 29 1.1
skull (g) 0.27 0.004 ∅ ∅
nCa2+

b
(mmol) 6.01 0.38 6.04 0.19

nPO4b
(mmol) 3.77 0.09 3.68 0.14

Table 2.1: Calcium and phosphate total bone content in 55-day old male and female mice.

2.3.2 Kinetic part

Results of the second experiments are shown in Figure 2.4. We used a bilateral, unpaired Student
t-test for the statistical analysis. In vehicle-treated mice, there was no difference in the recovery
of the amount of 45Ca in plasma 2 minutes and 5 minutes after the injection (p = 0.35; Figure
2.4, panel A). However, between 5 and 15 minutes, 45Ca was divided by 1.4. There was also a
significant difference in plasma between the 15 min and 30 min groups (p = 0.007), albeit a smaller
one: 45Ca was divided by 1.24 times during this interval. The pamidronate-treated mice followed
the same trend. The small difference between the 15 and 30 min suggests that calcium levels in
plasma reached a plateau.

In mice treated with vehicle only, calcium was progressively stored in bone over time (Figure
2.4, panel B). Indeed, except between 2 minutes and 5 minutes groups (p = 0.07), all results are
significantly different. However, the kinetics were not the same as for plasma since at 30 min bone
continued storing calcium. In the PAM-treated mice group, no significant difference was observed
in bone except between 2 min and 5 minutes (p = 0.01). This means that saturation was quickly
reached (< 5 minutes). Moreover, there was a large difference in bone calcium storage at 30 min
between the two groups (p = 0.002).

Plasma counts are for 10µL of plasma but can be extended to the whole plasma volume. Ac-
cording to the literature, the plasma volume of a 30g mouse is about 1.8 mL (60mL/Kg of body
weight; [171]). Based on this value, we estimated that 10% of the radioactivity was already in
plasma 2 minutes after the 45Ca injection. Besides, radioactivity lost in the urine or stored in bone
was less than 1% of the total. This strongly suggests that most of the remaining radioactivity is in
the interstitium, since the intracellular pool of calcium is small in comparison.
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Figure 2.4: Panel A: Histogram showing radioactivity recovered in plasma 2, 5, 15, and 30 minutes
after 45Ca injection. PAM-treated mice are denoted by dashed bars and vehicle-treated by plain
bars. In the vehicle group N respectively equals 2, 5, 7, and 5 for each time point; in the PAM-
treated goupe, N equals 2, 4, 6, and 6. Panel B: radioactivity recovered in bone 2, 5, 15, and 30
minutes after 45Ca injection.

2.4 Discussion

2.4.1 About the total pool of calcium and phosphate in bone

In a 20g mouse, we found about 6 mmol of calcium in bone, that is, 0.24g. In other words, we
obtained a ratio of 0.012g Ca/g BW. For a 300g rat, using our ratio yields 3.6g (or 90 mmol) of
calcium in bone.

Furthermore, Knop et al. [122] estimated that the rapidly exchangeable pool in bone contains 3g
of calcium in a normal subject, namely 0.3 % of the total calcium bone content [122]. Extrapolating
to the rat yields 0.3 mmol, which is significantly lower than the values obtained by Cohn [55] (1.3
mmol) and Blanusa et al. [27] (0.74 mmol). According to Peterson and Riggs [157], the calcium
content of the rapid pool is between 100 and 250 mmol in humans (2.5-6.25g), that is, 0.4-1 %
of the total calcium in bone. Using the latter fractions, the rapidly exchangeable pool in rats is
estimated to contain 0.4-1 mmol calcium. Altogether, there remains considerable uncertainty in
the calcium content of this pool in rats.

In mice, there are 0.017 g phosphate/g body weight. Using the latter ratio to estimate the
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amount of phosphate in a 300 g rat yields 54 mmol phosphate. Assuming that the rapidly ex-
changeable pool of phosphate contains about 1% of total phosphate in bone, there is approximately
0.5 mmol phosphate in that pool.

This experiment should be improved by studying the impact of age on bone content by making
at least 3 additional groups of mice of 2 weeks, 5 months and 8 months, respectively for each sex.

2.4.2 About the kinetic experiments

We have to acknowledge several difficulties and shortcomings in this experiment. The first issue is
that urine recovery was not possible at 2 and 5 minutes after 45Ca injection. The second problem
relates to the possible contamination of urine by blood vessels surrounding the bladder, which can
burst during collection by catheter; this contamination was likely the source of very high counts
in some urine samples, similar to those of plasma. Finally, the urinary levels of creatinine should
have been counted so as to normalize results appropriately.

To estimate the quantity of radiolabeled calcium in bone, we only recovered the following bones:
2 femurs, 2 tibias, vertebrae (L1, L2 and L3). We made an important assumption, namely that
radioactivity is equally distributed in bone, so as to extrapolate the 45Ca quantity in these bones
to the whole skeleton. Some experiments should be done to check whether this assumption is valid.

The results of this experiment indicate that 45Ca is quickly distributed in the plasma but the
rate of incorporation into bone is very low. Indeed, 60 minutes after the injection, bones stored
only 0.5% of the quantity of 45Ca injected. It would take about 200h to recover all the radioactivity
in bone, assuming a constant incorporation rate. The rapidly exchangeable pool of calcium was
probably saturated and we were not able to dissect its contribution.

About 10% of the radioactivity injected was found in plasma within 30 minutes. Since bone
and urine stored negligible amount of calcium during this interval, it is likely that the remaining
45Ca went into the interstitial fluid. Assuming equal concentrations in plasma and interstitial fluid,
we estimated the volume of the interstitial fluid as 12.5 mL. This value, however, is significantly
higher than the estimate we obtained using a different approach, namely by extrapolating human
results. Plasma volume is approximately 11.5 mL for a 300g rat [127] and 1.8 mL for a 30g mouse.
In humans, the extracellular volume is about 15 L, 80% (12 L) of which is interstitial fluid and 20%
(3L) plasma. Similar fractions yield an extracellular volume of 57.5 mL in rats and 9 mL (7.2 mL
interstitial fluid) in mice.

The reduction in bone calcium storage in the PAM group can be explained by an inhibition of
osteoblast activity, consecutive to the drop in osteoclast activity after the pamidronate treatment.
We performed one experiment to see whether bone storage saturates in the vehicle group after 30
min. 60 min after the injection, the amount of 45Ca deposited in bone was greater than that at 30
minutes (+200 pmol/10µl HCL+ bone). However, it is not possible to draw definite conclusions
since N=1. Note too that we measured the accumulation of calcium in teeth 60 min after the
injection in the vehicle-treated mice: we found that the quantity stored is 15 times lower than that
in the bone, so teeth are not a significant storage compartment.
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To investigate the size of the rapidly exchangeable pool in bone and its exchanges with plasma
an alternative solution would be to work with isolated perfused bone, which has been done by
Somerville and Kaye [195]. The main idea is to study 45Ca kinetics using the tail of rats. The tail
has to be washed to remove the blood and put in a warmed box. Then, 45Ca can be injected into
the main artery and we measure the time needed for disappearance. Conversely, the rat can be
loaded with 45Ca, then we can determine the quantity of calcium release by bone.

2.4.3 Conclusion

These experiments enabled us to determine the size of the total calcium and phosphate pools in
bone. Yet, it was not possible to quantify the size of the rapidly exchangeable pool, so we suggest
a new protocol to investigate these aspects of bone metabolism. Results in humans suggest that
the rapidly exchangeable pool represents about 1% of the total bone pool.
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Chapter 3

Model of calcium homeotasis, PTH
synthesis and secretion, and vitamin
D3 effects

In this chapter we develop a mathematical model of PTH synthesis and secretion which will be
included in a global model of calcium homeostasis. The first global model only considers PTH
effects on calcium metabolism, while the second includes the contribution of both vitamin D3 and
PTH.

3.1 Mathematical model of PTH synthesis and secretion

In this part, we state all the equations that govern PTH dynamics. Then the model is scaled
and analyzed to understand its behavior. Finally, we perform some simulations to compare our
predictions with previous models and to adjust our parameters so that model predictions match
well experimental data.

3.1.1 Modeling PTH synthesis

As mentioned in the introduction (1.1.3), PTH synthesis is regulated by vitamin D, through vitamin
D receptors that bind to PTH promoters (Figure 1.10). Additionally, the calcium sensing receptor
may affect PTH synthesis at the transcriptional level but the mechanisms are not known. Models
previously developed assumed that PTH was synthesized at a constant rate (1.3.5). Denoting PTH
concentration in the parathyroid gland by PTHg, we consider a constant rate of PTH mRNA
production, namely kPTHg

prod . Then PTHg is degraded at a rate kPTHg

deg [PTH]p, were [PTH]p is the
concentration of PTH in plasma. Moreover, it is carried out of the cell at a rate F ([Ca2+]p)[PTH]p,
under the control of the calcium sensing receptor (Figure 3.1).
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PTHp

blood stream

-
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Figure 3.1: What we modeled in a parathyroid cell.

As a result, the equation describing the behaviour of PTHg is:

d[PTH]g
dt

= k
PTHg

prod −
(
k
PTHg

deg + F ([Ca2+]p)
)
[PTH]g. (3.1)

3.1.2 PTH exocytosis from the cell

F ([Ca2+]p) accounts for the inhibition of PTH secretion by calcium that we describe below. We
model the activity of CaSR with a Hill function, as frequently used in gene regulation. We use
the following notations: [Ca2+]p is the plasma calcium concentration, [CaSR] is the membrane
concentration of free CaSR, [CaSR∗] is the membrane concentration of activated CaSR by Ca2+

and Npc is the number of parathyroid cells. If we consider that there are m CaSR per parathyroid
cell and a total of Npc cells, the total number of receptors is given by (Panel 1, Figure 3.2):

CaSR+ CaSR∗ = mNpc = CaSRtot. (3.2)

Furthermore, we assume that n atoms of calcium bind to one CaSR to activate it (Panel 2, Fig-
ure 3.2):

CaSR+ nCa2+ 
 CaSR∗. (3.3)

Using the mass-action law:
[CaSR][Ca2+]n

K
= [CaSR∗], (3.4)
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where K is the dissociation equilibrium constant of the reaction. Moreover, we assume that the rate
of secretion of PTH from the parathyroid gland is a decreasing affine function of the concentration
of activated CaSR, such that:

F = F0 −
[CaSR∗]
[CaSRtot]

. (3.5)

where F0 is a constant. We know that:

[CaSR∗] =
[CaSR][Ca2+]np

K
. (3.6)

As [CaSR] + [CaSR∗] = [CaSRtot], this yields:

[CaSR∗] =

(
[CaSRtot]− [CaSR∗]

)
[Ca2+]np

K
,

= [CaSRtot]
K

[Ca2+]np −
1
K

[CaSR∗][Ca2+]np ,

=⇒ [CaSR∗]
K + [Ca2+]np

K
= [CaSRtot]

K
[Ca2+]np ,

=⇒ [CaSR∗] =
[CaSRtot][Ca2+]np
K + [Ca2+]np

.

(3.7)

Consequently:
[CaSR∗]
[CaSRtot]

=
[Ca2+]np

K + [Ca2+]np
= F0 − F,

=⇒ F = F0 −
[Ca2+]np

K + [Ca2+]np
.

(3.8)

By defining KCa = K1/n, the previous expression becomes:

F ([Ca2+]p) = F0 −
[Ca2+]np

Kn
Ca + [Ca2+]np

, (3.9)

which is the expression of a Hill function. These functions, which were introduced by Archibald
Vivian Hill in 1910, are widely used to analyze ligand-receptor interactions, especially in pharma-
cology, biochemistry together with physiology. In particular, when F0 = 1, F becomes:

F ([Ca2+]p) = Kn
Ca

[Ca2+]np +Kn
Ca

. (3.10)
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CaSR

Ca2+

Parathyroid
Chief cell

CaSR + nCa2+ CaSR*

Inactivated
receptors [CaSR]

Activated receptors
[CaSR*]

Ca2+n needed to activate one receptor

1

2

Figure 3.2: A schematic view of CaSR activation by Ca2+ in parathyroid chief cells.

Equation (3.9) is well defined from a biological point of view when F([Ca2+]p) > 0. This means
that F0 ≥ 1. In practice, the inhibition by CaSR cannot be total, thus we introduce a maximal
rate of inhibition by CaSR, that is, γPTHg

exo . F0 is renamed βPTHg
exo , which is the maximal secretion

of PTH without any CaSR effects. It is obvious that :

βPTHg
exo − γPTHg

exo ≥ 0. (3.11)

As a result, we define:

F ([Ca2+]p) = βPTHg
exo −

γ
PTHg
exo [Ca2+]np

Kn
Ca + [Ca2+]np

, n ≥ 1. (3.12)

It is easily shown that:

lim
[Ca2+]p→0

F ([Ca2+]p) = βPTHg
exo and lim

[Ca2+]p→+∞
F ([Ca2+]p) = βPTHg

exo − γPTHg
exo . (3.13)

Moreover F is a strictly decreasing function.
From a biological point of view, PTHg secretion is activated by low values of calcium, but

as calcium concentration increases, F decreases and PTHg secretion is slowed. Below is a quick
representation of the impact of parameter variations on F . Panel A of Figure 3.3 represents the
evolution of the exocytosis function with respect to the plasma calcium concentration when KCa

changes. When KCa increases the curve shifts right meaning that more calcium is needed halve the
rate of exocytosis (see dotted lines). Therefore KCa can be interpreted as the inverse of the CaSR
affinity to Ca2+ (i.e facility to bind). If we take Equation (3.3) which accounts for the binding of
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Ca2+ and CaSR (ka is the association rate and kd is the dissociation rate):

[CaSR] + n[Ca2+]
ka




kd

[CaSR∗], (3.14)

the equilibrium constant of the reaction is:

K = kd
ka
⇐⇒ KCa = n

√
kd
ka

= exp
( 1
n

ln
(kd
ka

))
. (3.15)

Thus KCa is elevated if the dissociation coefficient kd is high or if the association coefficient ka is
low. Panel B of Figure 3.3 describes the rate of exocytosis process as a function of the plasma
calcium concentration for varying values of n. The higher the value of n, the steeper the slope
of the curve, which means that for small variations in the concentration of plasma calcium in the
vicinity of KCa, the response has a large amplitude.

KCa

Figure 3.3: Panel A: F as a function of [Ca2+]p for several values of KCa and parameters in Table
3.1. Panel B: F as a function of [Ca2+]p for several values of n.

Other models are available to describe the binding of Ca2+ and CaSR, particularly cooperativity
models. Cooperativity means that the binding of a molecule to a receptor affects the binding of
another molecule at the surface of the previous receptor.

3.1.3 PTH dynamics in plasma

We assume that PTH degrades linearly with a coefficient kPTHp

deg . Thus, the equations for PTHp

are:
d[PTH]p

dt
= F ([Ca2+]p)

Vc
Vp

[PTH]g − k
PTHp

deg [PTH]p. (3.16)
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The plasma volume Vp is assumed to be constant and Vc is the volume of parathyroid gland, thereby
the ratio takes into account PTH dilution into plasma, which was missing from previous models
(1.3.5).

3.1.4 Parameters

We choose a rat weighing approximately 300g as the basis for our study.

Table 3.1: PTH parameters

Parameter Symbol Value Reference
PTHg synthesis rate k

PTHg

prod 2.2 nmol.min−1 estimated

PTHg degradation rate constant k
PTHg

deg 0.035 min−1 [1]
Maximal secretion rate constant of PTHg β

PTHg
exo 0.059 min−1 fitted from [81]

Maximal inhibition of secretion by Ca2+ γ
PTHg
exo 0.057min−1 fitted from [81]

Binding of Ca2+ to CaSR KCa2+
p

1.14 mM [81]
n 10 [187]

Equilibrium plasma calcium concentration [Ca2+]∗p 1.2 mM [210]
PTHp degradation rate constant k

PTHp

deg 2.2 min−1 [1]
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3.1.5 Mathematical analysis of the PTH model

This model depends on the plasma calcium concentration which we fix to a physiological observed
value (1.2 mM [210]). Then we analyse the existence of steady state(s) and study its (their)
stability. Afterwards, because the structure of the system allows us to find them, we compare
explicit solutions performed by integration by hand to that computed by the Matlab solver. It is
a way to know whether the method used in the solver is suitable or not. Then, we run simulations
with 2 different initial conditions to see the evolution until steady state is reached.

We consider the system:
d[PTH]g

dt
= k

PTHg

prod −
(
k
PTHg

deg + F ([Ca2+]p)
)
[PTH]g,

d[PTH]p
dt

= F ([Ca2+]p)
Vc
Vp

[PTH]g − k
PTHp

deg [PTH]p.
(3.17)

Non-dimensionalization

The plasma concentration of calcium is several orders of magnitude greater than that of PTHp and
PTHg. An appropriate scaling may help avoid numerical inaccuracies. We define:

t = τ t̃, PTHg = ¯PTHg × ˜PTHg and PTHp = ¯PTHp × ˜PTHp, (3.18)

where˜ indicates the non-dimensional variable, and¯the constant used for normalization.
As a result, the previous system 3.17 becomes:

d( ¯PTHg × ˜PTHg)
d(τ t̃)

= k
PTHg

prod −
(
k
PTHg

deg + F ([Ca2+]p)
)

¯PTHg × ˜PTHg,

d( ¯PTHp × ˜PTHp)
d(τ t̃)

= F ([Ca2+]p)
Vc
Vp

¯PTHg × ˜PTHg − k
PTHp

deg
¯PTHp × ˜PTHp.

(3.19)

Multiplying the two equations respectively by τ
¯PTHg

and τ
¯PTHp

, yields the system:



d ˜PTHg

dt̃
=
τk

PTHg

prod

¯PTHg
−
(
k
PTHg

deg + F ([Ca2+]p)
)
τ ˜PTHg,

d ˜PTHp

dt̃
= τ

¯PTHp
F ([Ca2+]p)

Vc
Vp

¯PTHg × ˜PTHg − τk
PTHp

deg
˜PTHp.

(3.20)

If we set: [
τk

PTHg

prod

¯PTHg

]
= 1,

[
τk

PTHp

deg

]
= 1 and

[ ¯PTHg

¯PTHp

Vc
Vp

]
= 1, (3.21)
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then we have:

τ = 1
k
PTHp

deg

, ¯PTHg =
k
PTHg

prod

k
PTHp

deg

and ¯PTHp =
k
PTHg

prod Vc

k
PTHp

deg Vp
. (3.22)

We define 2 new parameters, α and κ:

α =
[
k
PTHg

deg τ

]
=
k
PTHg

deg

k
PTHp

deg

and κ =
[
F ([Ca2+]p)τ

]
= F ([Ca2+]p)

k
PTHp

deg

. (3.23)

Finally let:
ω = α+ κ, (3.24)

so that the final system is: 
d ˜PTHg

dt̃
= 1− ω ˜PTHg,

d ˜PTHp

dt̃
= κ ˜PTHg − ˜PTHp.

(3.25)

Parameters α and κ are strictly positive.

Existence and unicity

The above system can be rewritten as follows:

X ′(t̃) = P (t̃)X(t̃) +Q(t̃), (3.26)

with X(t̃) =

PTHg(t̃)

PTHp(t̃)

, P (t̃) =

−ω 0

κ −1

 and Q(t̃) =

1

0

.
All functions in the matrices P and Q are continuous on R, and thus on [0,+∞[. As a result, for
all t̃0 in I and for all X0 in R2, there exists only one solution for the problem:

X ′(t̃) = P (t̃)X(t̃) +Q(t̃),

X(t̃0) =

PTHg(t̃0)

PTHp(t̃0)

 . (3.27)

Explicit solutions

In the following sections, we omit the ˜ for non-dimensional variables. As the first equation is
decoupled from the second one, we can express PTHg(t). We recall that its dynamics are governed
by the following differential equation:

dPTHg

dt
= 1− ωPTHg, (3.28)

55



CHAPTER 3. MODEL OF CALCIUM HOMEOTASIS, PTH SYNTHESIS AND SECRETION, AND VITAMIN D3 EFFECTS 3.1. MATHEMATICAL MODEL OF PTH SYNTHESIS AND SECRETION

that is of the form:
dx

dt
= p(t)x(t) + q(t), (3.29)

with x(t) = PTHg(t), p(t) = −ω and q(t) = 1. We can see immediately that both p(t) and q(t)
are constants, which simplifies the subsequent analysis. The general solution of the differential
equation dx

dt
= p(t)x(t) + q(t) with the initial condition x(t0) = x0 is:

x(t) = e

∫ t

t0
p(s)ds

(∫ t

t0

(
q(s)e−

∫ s

t0
p(τ)dτ)

ds+ x0

)
. (3.30)

Applying this to the normalized PTH system (3.25):

x(t) = x0e
−ω(t−t0) + 1

ω

[
1− e−ω(t−t0)

]
. (3.31)

In particular, when t0 = 0 it yields:

x(t) = e−ωt
[
x0 −

1
ω

]
+ 1
ω
. (3.32)

Similarly for PTHp we have:
dy

dt
= κx(t)− y(t), (3.33)

the solution of which is given by Duhamel formula:

y(t) = et0−t
[
y0 + κ

ω(1− ω) −
κx0

1− ω −
κ

ω

]
− κ

ω
e−ω(t−t0) + κ

ω
, (3.34)

When t0 = 0, we have:

y(t) =
[
x0 −

1
ω

] κ

1− ωe
−ωt + e−t

[
y0 + κ(1− x0)

(1− ω)
]

+ κ

ω
(3.35)

A quick study of these solutions indicates that:

lim
t→+∞

PTHg(t) = 1
ω
. (3.36)

lim
t→+∞

PTHp(t) = κ

ω
. (3.37)

that is congruent with results found by hand for steady state values in 3.1.5.

In Figure 3.4, we compare numerical results (PTHsolve
g ) with exact solutions (PTHth

g ). As
shown in panels C-D, the differences are very small (less than 10−3) and the two curves are indis-
tinguishable. We define εg and εp as follows:

εg = |PTHsolve
g − PTHth

g | and εp = |PTHsolve
p − PTHth

p |. (3.38)
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Figure 3.4: Panel A: PTHg as a function of time. Panel B: PTHp as a function of time. Panel
C: difference between solver and exact solution for PTHg. Panel D: difference between solver and
exact solution for PTHp. The initial condition is chosen as [30,0.5].

Expected values at steady state

Steady state values are denoted by an asterisk. At steady state in system (3.25) we have:
PTH∗g = 1

ω
,

PTH∗p = κ

ω
.

(3.39)

In Figure 3.5 our results indicate that PTHg and PTHp reach the same steady state, independently
of the initial conditions.
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Figure 3.5: Panel A: normalized PTHg concentration as a function of time. Panel B: normalized
PTHp concentration as a function of time. Initial conditions are [25,1] (solid line) and [50,0.2]
(dashed line). Parameters are given in Table 3.1.

PTH∗g is a increasing function of [Ca2+]∗p, whereas PTH∗p decreases when [Ca2+]∗p increases, as
illustrated in Figure 3.6. The predicted profile of plasma PTH concentration at steady state (Panel
B, Figure 3.6) is similar to the experimental profile observed by Brown (Brown, Journal of Clinical
Endocrinology and Metabolism, 56, 1983).

* *

* *

Figure 3.6: Panel A: PTH∗g (panel A) and PTH∗p (panel B( as a function of [Ca2+]∗p. Parameters
are given in Table 3.1.
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Building of the plane phase

We build the phase plane as shown in Figure 3.7. There are 4 distincts areas in which trajectories
have different behaviours. We start by determining nullclines: (1) the vertical nullcline is given by:

˜PTHg = 1
ω
, (3.40)

which is a vertical line and the horizontal nullcline is:

˜PTHp = κ ˜PTHg. (3.41)

The steady state ( 1
ω
,
κ

ω
) is located at the intersection of these two lines (green point).

𝟏

𝝎

κPTHg

A B

CD

~

~

Figure 3.7: Phase plane of the normalized system with some trajectories. Parameters are given in
Table 3.1.
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Table 3.2: Determination of the sign of velocity vector within each area.

˜PTHg <
1
ω

˜PTHg >
1
ω

˜PTHp > κ ˜PTHg

A B

d ˜PTHg

dt
> 0 d ˜PTHg

dt
< 0

d ˜PTHp

dt
< 0 d ˜PTHp

dt
< 0

˜PTHp < κ ˜PTHg

D C

d ˜PTHg

dt
> 0 d ˜PTHg

dt
< 0

d ˜PTHp

dt
> 0 d ˜PTHp

dt
> 0

Table 3.2 summarizes the localization of the 4 areas. By continuity, when ˜PTH0
g = 0, PTHg

increases. PTHp decreases until it crosses the horizontal nullcline.
By varying parameter values, it is possible to change the position of the steady state. Decreasing

1
ω

shifts this point to the right and inversely. Increasing κ increases the slope of the horizontal
nullcline, leading to a higher value of ˜PTHp. However, as previously demonstrated, the steady state
is always asymptotically stable and no other point can appear (no bifurcation can be highlighted).

Simulation results

As mentioned previously in section 1.3.5, some models investigated hypocalcemic clamp situations
on PTH secretion. Yet, all the available data were for humans and not for rats. We found an
experimental study of the impact of acute hypocalcemia on PTH secretion in the rat [81]. In
this experiment, [Ca2+]p was reduced about 0.3 mM during 120 minutes. We simulated a sudden
decrease in plasma calcium concentration in the system (3.25) by changing the value of [Ca2+]p
from 1.2 to 0.9 mM during 2 hours. Results are shown in Figure 3.8. Following an induced, acute
hypocalcemia, PTH is released from parathyroid gland into plasma. The plasma concentration of
PTH exhibits a peak and plateau behavior; its value at steady state is higher than its initial value,
due to the induced hypocalcemia. Yet, using parameters taken in the literature does not yield a
good fit (Panel A Figure 3.8). Thus, we adjusted model parameters so that predictions match the
experimental data more closely, by applying the Levenberg-Marquardt algorithm on the following
objective function:
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fobj =
n∑
i=1

[
yexp − yth

]2
, (3.42)

where yexp correspond to the experimental values of Ref. [81] and yth is the PTH function returned
by our model. As shown in Figure 3.8, there is good agreement between model predictions and
experimental observations after the parameter adjustment. Compared to previous parameters,
β
PTHg
exo increased by 15% and kPTHg

deg decreases by 37%; other parameters remain unchanged.

Figure 3.8: Measured and computed values of PTHp as a function of time during a hypocalcemic
clamp. Open circles represent the experimental data of Fox [81], and solid lines denote model
predictions. Panel A: without parameter adjustment. Panel B: with parameter adjustment using
the Levenberg-Marquardt method.

We then simulated the reverse situation, namely a hypercalcemic clamp. Results are depicted
in Figure 3.9. When calcium concentration is increased by 0.3 mM, PTHp drops by a factor 1.5.

Figure 3.9: PTH profile during a hypercalcemic clamp.
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3.1.6 Possible improvements to the PTH model

A problem that can be encountered with this model is mentioned by Shrestha et al. in section
1.3.5 [187]. In case of a hypercalcemic clamp, PTH secretion cannot be properly accounted for
by a symmetrical sigmoidal function. Instead, it is better to replace the exponent n in the PTH
secretion function by an adaptive function such as:

n(Ca) = nexo1
1 + e−ρexo(R−[Ca2+]p) + nexo2 (3.43)

nexo1 and nexo2 respectively characterize the sensitivity of the receptor under hypocalcemia and
hypercalcemia, R is the threshold between these two states, and ρexo is an amplification term.
When [Ca2+]p is well below R, n(Ca) tends towards an elevated value (nexo1 + nexo2 ), as commonly
used to fit hypocalcemia profiles [1, 165, 187]. Conversely, when [Ca2+]p rises above R, n(Ca)
takes on a lower value. The outstanding features of this new function are depicted in Figure 3.10.
Additionnally, as suggested by Momsen and Shwarz [144], kPTHg

deg could be chosen as a function of
plasma calcium.
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Figure 3.10: Analysis of the relationship between PTH secretion and plasma Ca2+ concentration.
Panel A: n as a function of [Ca2+]p for varying values of ρexo. Panel B: n as a function of [Ca2+]p
for varying values of R. Panel C: F as a function of [Ca2+]p some value of ρexo. Panel D: surface
plot of F as a function of ρexo and R. When they are not varied, parameters are: R = 1, nexo1 = 10,
nexo2 = 2 and ρexo = 1.1.
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3.2 Mathematical model of calcium homeostasis with PTH

We present here the first version of our model of calcium homeostasis developed at the beginning
of this thesis.

3.2.1 Calcium balance in the intestine, bone, kidney and plasma.

Letters i, b, k, p and g respectively refer to the intestinal, bone, kidney, plasma and parathyroid
gland compartments. The compartments are represented as black boxes. NCaj corresponds to the
quantity of calcium in compartment j and Vp is the total volume of plasma in rats (about 10 mL).
Parameter choices and values are given in Table 3.3.

Equation (3.44) characterizes the dynamics of Ca in the intestine (Figure 3.11). It does not
represent explicitly the mechanisms of calcium transport across the cells of the intestine border
[117, 191, 113, 218], which could be developed in a later version of the model. The intestinal
compartment has 3 fluxes of calcium: ICa is the rate of calcium dietary intake, ECa is the rate
of net calcium fecal excretion, and Γabs is the rate of net intestinal calcium absorption. As a first
step, Γabs is taken to be constant. The passive diffusion of calcium in the intestine is created by a
gradient that can be directed either from lumen to plasma or from plasma to lumen. We have:

dNCai

dt
= ICa − ECa − Γabs. (3.44)

Furthermore, we assume that there is no net accumulation of calcium in the intestinal compartment
over time, so that intestinal calcium excretion (ECa) is the difference between calcium intake (ICa)
and net intestinal absorption:

ECa = ICa − Γabs. (3.45)

Experimental findings suggest that at most, 60% of ingested calcium is absorbed into the blood-
stream [46].

Equation (3.46) represents the conservation of calcium in bones. Two mechanisms are involved
in bone remodeling: accretion (Γac) and resorption (see section 1.1.2). Specific cells are involved
in these processes, namely osteoblasts in accretion and osteoclasts in resorption. Our model does
not take into account cellular-scale mechanisms of bone formation and removal, but they could be
described in detail at a further stage.

dNCab

dt
= Γac − Γ0

res

(
1 + γPTHp

res

PTHp

K
PTHp
res + PTHp

)
. (3.46)

The resorption term is the sum of a fixed rate Γ0
res and a rate that is PTH-dependent. To ensure

that the latter remains bounded, we choose a Michaelis-Menten function that represents the binding
of PTH at the surface of osteoblasts to activate osteoclastogenesis (see section 1.1.2 and Figure 1.3).
Neither PTH nor calcium seems to play a role in calcium accretion, although no specific study is
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available. For this reason, we assume that the accretion rate (Γac) remains constant. Since rats
keep growing throughout most of the lifespan, Equation (3.46) cannot be taken to be at steady
state. Instead we have:

dNCab

dt
= δb > 0. (3.47)

where δb is the net difference between bone calcium accretion and resorption.
Equation (??) describes the overall calcium balance in the kidney compartment (see 1.1.2).

Calcium is filtered non-selectively, in proportion to the glomerular filtration rate (GFR). A large
fraction of the filtered load (λreab is then reabsorbed, whereas a small fraction (λu) is excreted in
urine. The rate of reabsorption includes a fixed contribution (λ0

reab) as well as a PTH-dependent
contribution; the latter is modeled using a function similar to that for bone resorption.

d[NCak
]

dt
= GFR[Ca2+]p

[
1− λreab − λu

]
,

= GFR[Ca2+]p

[
1− λ0

reab

(
1 + γ+

reab

PTHp

K
PTHp

reab + PTHp

)
− λu

]
.

(3.48)

As in the intestine, we assume that there is no accumulation of calcium in the kidney over time, so
that the fractions of the filtered load that are reabsorbed and excreted in the urine sum to unity.
In other words:

λreab + λu = 1 (3.49)

Thus equation (3.48) is rewritten as:

λu(PTH) = 1− λ0
reab

(
1 + γ

PTHp

reab

PTHp

K
PTHp

reab + PTHp

)
. (3.50)

Net changes in the total amount of calcium in plasma result from the combined effect of net
intestinal calcium absorption, the difference between bone Ca2+ resorption and accretion, and
urinary Ca2+ excretion, such that:

Vp
d[Catot]p

dt
=
{

Γabs + Γ0
res

(
1 + γ

PTHp
res

PTHp

K
PTHp
res + PTHp

)

−Γac +GFR[Ca2+]p

[
λ0
reab

(
1 + γ

PTHp

reab

PTHp

K
PTHp

reab + PTHp

)
− 1

]}
.

(3.51)

A substantial fraction of calcium (κb) in plasma is bound to proteins such as albumin. We
assume that this fraction remains fixed at 0.5 [216, 210, 90] such that the total concentration of
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calcium ([Catot]p) can be expressed as:

[Catot]p = [Ca2+]p + [Cabound]p, [Cabound]p = κb[Catot]p and [Ca2+]p = (1− κb)[Catot]p. (3.52)

Thus we have:
d[Catot]p

dt
= d[Ca2+]p

dt
+ d[Cabound]p

dt
,

=
(
1 + κb

1− κb

)d[Ca2+]p
dt

,

= 1
1− κb

d[Ca2+]p
dt

.

(3.53)

As a result:

d[Ca2+]p
dt

= 1− κb
Vp

{
Γabs + Γ0

res

(
1 + γ

PTHp
res

PTHp

K
PTHp
res + PTHp

)

−Γac +GFR[Ca2+]p

[
λ0
reab

(
1 + γ

PTHp

reab

PTHp

K
PTHp

reab + PTHp

)
− 1

]}
,

= 1− κb
Vp

{
Γabs − δb(PTH)−GFR[Ca2+]pλu(PTH)

}
.

(3.54)

Ca2+

Ca2+

Ca2+

Ca2+

bones

plasma

kidneys

Parathyroid glands

intestine

intake

fecal excretion

filtration

reabsorption

urinary
excretion

PTHg

absorption
+

+

accretionresorption -

PTHp PTHp

Figure 3.11: Calcium metabolism model considered in section 3.2. The regulation by calcitriol is
not taken into account.
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3.2.2 Mathematical analysis of the PTH-calcium model

In the following section, we examine the existence and numerical stability of steady state in the full
calcium balance model. Our first objective is to find a coherent set of parameter values, one that
yields the desired equilibrium point. To do so, we set the values of [PTH]p and [Ca2+]p at their
desired steady state values, namely 6 pM and 1.2 mM. The system we consider is the following:

d[PTH]g
dt

= k
PTHg

prod −
(
k
PTHg

deg + F ([Ca2+]p)
)
[PTH]g,

d[PTH]p
dt

= F ([Ca2+]p)
Vc
Vp

[PTH]g − k
PTHp

deg [PTH]p,

d[Ca2+]p
dt

= 1− κb
Vp

{
Γabs − δb(PTH)−GFR[Ca2+]pλu(PTH)

}
.

(3.55)

Non-dimensionalization of the model

We first define the parameters χ, ¯[Ca2+]p, α, β, γ, K̃Ca,
˜

K
PTHp
res , ˜

K
PTHp

reabs , Γ1 and Γ0
2 as:

χ = τ(1− κb)
Vp

, ¯[Ca2+]p = χΓabs, α = k
PTHg

deg τ , β = β
PTHg
exo τ , γ = γ

PTHg
exo τ , K̃Ca = KCa

¯[Ca2+]p
,

˜
K
PTHp
res = K

PTHp
res

¯[PTH]p
, ˜
K
PTHp

reab = K
PTHp

reab
¯[PTH]p

, Γ1 = Γac
Γabs

and Γ0
2 = Γ0

res

Γabs
.

(3.56)
According to the scaling made in section 3.1.5, we have the non-dimensional system:

d ˜PTHg

dt̃
= 1−

[
α+ β − γ

1 +
( K̃Ca

˜Ca2+
p

)n ] ˜PTHg,

d ˜PTHp

dt̃
=
[
β − γ

1 +
( K̃Ca

˜Ca2+
p

)n ] ˜PTHg − ˜PTHp,

d ˜Ca2+
p

dt̃
= 1− Γ1 + Γ0

2

[
1 + γ+

res

˜PTHp

˜PTHp + ˜
K
PTHp
res

]

−χGFR ˜Ca2+
p

[
1− λ0

reab

(
1 + γ+

reab

˜PTHp

˜PTHp + ˜
K
PTHp

reab

)]
.

(3.57)
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Identification of steady state

In this section, Ca2+
p is denoted Ca∗p when it is at steady state. At steady state, system (3.57)

yields:
˜PTH∗g = 1

α+ β − γ

1 +
(K̃Ca

˜Ca∗p

)n ,

˜PTH∗p =
[
β − γ

1 +
(K̃Ca

˜Ca∗p

)n ] ˜PTH∗g ,

˜Ca∗p =

1− Γ1 + Γ0
2

[
1 + γ+

res

˜PTHp∗
˜PTH∗p + ˜

K
PTHp
res

]

χGFR
[
1− λ0

reab

(
1 + γ+

reab

˜PTHp∗
˜PTHp∗+ ˜

K
PTHp

reab

)] .

(3.58)

Since the term within brackets in the denominator, which corresponds to λu(PTH), is strictly
positive, for ˜Ca∗p to also be positive it is necessary that:

Γ1 − Γ0
2

[
1 + γ+

res

˜PTHp∗
˜PTH∗p + ˜

K
PTHp
res

]
≤ 1, (3.59)

meaning that the normalized intestinal absorption has to be higher than the difference between
bone accretion and bone resorption.

Numerical stability of the steady state

The calculation of the Jacobian yields a rather complex matrix, thus the Routh-Hurwitz criterion is
not easy to apply. As a result, we propose to use the Lyapunov stability, introduced by Alexander
Lyapunov in 1892. This concept considers a dynamical system in terms of energy. If the energy of
this system decreases as time increases, it reaches an equilibrium. This energy can be defined as
follows:

(i) V (0, 0, 0) = 0,

(ii) V (x, y, z) > 0, ∀(x, y, z) 6= (0, 0, 0),

(iii) V̇ (x, y, z) ≤ 0,∀(x, y, z) 6= (0, 0, 0).

(3.60)

The two first points ensure that the energy is indeed well defined (as a positive function) while
the third one corresponds to the property of energy dispersal. Furthermore, the latter implies that
V must be differentiable. If a function V satisfies all the properties listed above in (3.60), it is a
weak Lyapunov function. For a system having a weak lyapunov function, the equilibrium is locally
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stable (but not asymptotically stable). Moreover, if the following condition is fulfilled:

V̇ (x, y, z) < 0,∀(x, y, z) 6= (0, 0, 0), (3.61)

then V is a strong Lyapunov function, meaning that the equilibrium is asymptotically stable.
In the following, we try to show that the system (3.57) has a Lyapunov function. The system

(3.57) is centered to make calculation simpler.
We let:

x = ˜PTHg, y = ˜PTHp and z = ˜Ca2+
p . (3.62)

We perform the following change of coordinates, so that (0,0,0) is the steady state:

u = x− x∗, v = y − y∗ and w = z − z∗. (3.63)

Following several algebraic manipulations, we obtain:

du

dt̃
= −

[
α+ β − γ

1 +
( K̃Ca

w + z∗

)n ]u,
dv

dt̃
=
[
β − γ

1 +
( K̃Ca

w + z∗

)n ]u− v,
dw

dt
= −χGFR

[
1− λ0

reab

(
1 + γ+

reab

v + y∗

v + y∗ + ˜
K
PTHp

reab

)]
w.

(3.64)

We consider the function V such that:

V (u, v, w) = 1
2(u2 + v2 + w2), (3.65)

which satisfies the two first properties of (3.60). We have to check if the energy along the trajectories
of the system dissipates. Taking the total derivative of V :

V̇ = −A1u
2 −A2v

2 −A3w
2 +A4uv, (3.66)

with A1 = α+β− γ

1 +
( K̃Ca

w + z∗

)n , A2 = 1, A3 = χGFR
[
1−λ0

reab

(
1 +γ+

reab

v + y∗

v + y∗ + ˜
K
PTHp

reab

)]
and
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A4 = β − γ

1 +
( K̃Ca

w + z∗

)n . We search for the extremum of V̇ :

∇V̇ = −→0 ⇐⇒



−2
[
α+ β − γ

1 +
( K̃Ca

w + z∗

)n ]u+
[
β − γ

1 +
( K̃Ca

w + z∗

)n ]v = 0,

[
β − γ

1 +
( K̃Ca

w + z∗

)n ]u− 2v + χGFRλ0
reabγ

+
reab

˜
K
PTHp

reab

(v + y∗ + ˜
K
PTHp

reabs )2
w2 = 0,

f(w)u2 + g(w)uv − 2χGFR
[
1− λ0

reab

(
1 + γ+

reab

v + y∗

v + y∗ + ˜
K
PTHp

reab

)]
w = 0.

(3.67)
f is the partial derivative of A1 and g is the partial derivative of A4, with respect to w. If we set
w = 0, the previous system becomes:

u

[
− α− 3

(
α+ β − γ

1 +
(K̃Ca

z∗

)n)
]

= 0,

[
β − γ

1 +
(K̃Ca

z∗

)n ]u− 2v = 0,

f(w)u2 + g(w)uv = 0

(3.68)

In the first equation, either u = 0 or −α = 3
(
α+β− γ

1 +
(K̃Ca

z∗

)n). The second case is impossible

since α > 0 and the term on the right-hand-side is also positive. As a result, u = 0 and v = 0, as
derived from the second equation. With u = 0, according to the third equation, either w = 0 or
1−λ0

reab

(
1 + γ+

reab

v + y∗

v + y∗ + ˜
K
PTHp

reab

)
= 0. The second case is not biologically realistic since λu > 0,

so w = 0, leading to v = 0 in the second equation. Consequently, (0,0,0) is an extremum of V̇ .
Applying the Taylor formula (order 2) around (0,0,0) to V̇ and using the Schwarz theorem, we
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calculate the second order derivatives:

1
2
∂2V

∂u2

∣∣∣∣∣
(0,0,0)

= −
[
α+ β − γ

1 +
(K̃Ca

z∗

)n ] < 0, 1
2
∂2V

∂v2

∣∣∣∣∣
(0,0,0)

= −1 < 0,

1
2
∂2V

∂w2

∣∣∣∣∣
(0,0,0)

= −χGFR
[
1− λ0

reab

(
1 + γ+

reab

y∗

y∗ + ˜
K
PTHp

reab

)]
< 0,

∂2V

∂u∂v

∣∣∣∣∣
(0,0,0)

=
[
β − γ

1 +
(K̃Ca

z∗

)n ] > 0, ∂2V

∂u∂w

∣∣∣∣∣
(0,0,0)

= 0, ∂
2V

∂v∂w

∣∣∣∣∣
(0,0,0)

= 0

(3.69)

Thus:

V̇ (u, v, w)− V̇ (0, 0, 0) = −
[
α+ β − γ

1 +
(K̃Ca

z∗

)n ]u2 − v2 +
[
β − γ

1 +
(K̃Ca

z∗

)n ]uv. (3.70)

We cannot conclude regarding the sign of this expression.
However, we numerically investigated the sign of (3.70), based on parameter values. We con-

clude that V is a strong Lyapunov function with our set of parameters so that the steady state is
asymptotically stable.
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3.2.3 Parameters of the PTH-calcium model

Determination of unknown parameters

Some parameters are well documented (Table 3.3) such as calcium intake, intestinal absorption,
fecal excretion and bone turnover. The glomerular filtration rate and plasma volume can easily be
estimated based upon the weight of the animal considered. Moreover, at equilibrium and under
basal conditions, the urinary excretion of calcium is on the order of 1-2%. However, parameters
describing the activation by PTH of bone resorption (γPTHp

res and KPTHp
res ) as well as calcium reab-

sorption (γPTHp

reab andKPTHp

reab ) are not known. Yet, they can be determined under certain conditions,
and/or by making some assumptions. First, a common practice consists in setting a given affinity
constant equal to the equilibrium concentration of the solute to which it is related. Since [PTH]p
is about 6 pM at steady state in the rat, we set KPTHp

res = K
PTHp

reab = 6 pM.
To satisfy the requirement that, 0 < λu, for every large values of PTHp (i.e., even when the

Michaelis-Menten function that characterizes the contribution of PTH in Eq.(3.50) tends towards
unity), it is necessary that γ+

reabs be bounded as:

γ
PTHp

reab <
1− λ0

reab

λ0
reab

. (3.71)

Moreover at steady state, we expect λ∗u ≤ 0.02, that is to say:

γ
PTHp

reab ≥ 2(0.98− λ0
reab)

λ0
reab

. (3.72)

As a result, λ0
reab must satisfy these two inequalities, at any time for the first one and at least at

steady state for the second. Therefore, 0.96 ≤ λ0
reab < 0.98 and we set its value to 0.96, which

yields γPTHp

reab ≈ 0.04.
To determine the value of γPTHp

res , we choose a parameter value which must satisfy the condition
3.59 . As a result, γPTHp

res ≈ 0.1 is suitable.
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Parameters of the calcium/PTH model

Table 3.3: Parameters of the PTH/calcium model.

Parameter Symbol Value Reference
PTHg synthesis rate k

P T Hg

prod 2.2 nmol.min−1 estimated

PTHg degradation rate constant k
P T Hg

deg 0.035 min−1 [1]

Maximal secretion rate constant of PTHg β
P T Hg
exo 0.068 min−1 fitted from [81]

Maximal inhibition of secretion by Ca2+ γ
P T Hg
exo 0.057min−1 fitted from [81]

Binding of Ca2+ to CaSR KCa2+
p

1.14 mM [81]

nexo
Ca 10

PTHp degradation rate constant kP T Hp

deg 2.2 min−1 [1]
Volume of parathyroid glands Vc 0.1 µL [98]

Calcium intake ICa 3 µmol.min−1 [55, 134]
Calcium absorption Γabs 1.45 µmol.min−1 [55]
Accretion rate Γac 1.4 µmol.min−1 [55]
Minimal resorption rate Γ0

res 0.14 µmol.min−1 [55]

Maximal effect of PTH on resorption rate γ
P T Hp
res 0.1 estimated

Stimulation of resorption by PTH K
P T Hp
res 6 pM estimated

Glomerular filtration rate GFR 2 mL.min−1 [231]
Minimal calcium reabsorption λ0

reab 0.96 estimated

Maximal effect of PTH on calcium reabsorption γ
P T Hp

reab 0.04 estimated

Stimulation of Ca2+ reabsorption in by PTH K
P T Hp

reab 6 pM estimated
Plasma volume Vp 10 mL [127]
Fraction of bound calcium κb 0.5 [208]

73



CHAPTER 3. MODEL OF CALCIUM HOMEOTASIS, PTH SYNTHESIS AND SECRETION, AND VITAMIN D3 EFFECTS3.3. MATHEMATICAL MODEL OF CALCIUM HOMEOSTASIS WITH PTH AND VITAMIN D3

3.3 Mathematical model of calcium homeostasis with PTH and
vitamin D3

In this part, we introduce an additional factor in calcium homeostasis, namely vitamin D3. This
hormone affects intestinal calcium absorption, renal calcium reabsorption, bone accretion, PTH
production and its own synthesis [62].

3.3.1 Hormonal part of the model

Balance equation for vitamin D3

The biosynthesis pathway of vitamin D3 (also denoted 1, 25(OH)2D3) involves a large range of
components which cannot be fully represented in our model. As illustrated in Figure 3.12, we
represent the synthesis of1, 25(OH)2D3 as follows.

kidney

plasma

1,25(OH)2 D3

PT glands

PTH

PTH

+ 1α(OH)-ase

Ca2+

25(OH)-D

24,25(OH)2D3

Cyp24a1

-

+

-

(proximal tubule)

1

2

Figure 3.12: Regulation of the 1, 25(OH)2D3 synthesis pathway considered in our model. Step (1)
characterizes the conversion of 25(OH)-vitamin D to active vitamin D3 and step (2) accounts for
vitamin D3 degradation.

We focus on the kidney compartment where 25(OH)-vitamin D (Dinact
3 ) is converted into its

active form, 1, 25(OH)2D3. This conversion is accomplished by the enzyme 1-α-hydroxylase whose
activity may be enhanced by PTH or silenced by the plasma calcium concentration. 1, 25(OH)2D3

negatively regulates 1-α-hydroxylase (CYP27B1) and activates CYP24A1, which degrades 1, 25(OH)2D3

into 24, 25(OH)2D3. For simplicity, we assume that the level of Dinact
3 remains constant. Hurwitz

et al. [106] modeled the activity of CYP27B1 with a sigmoïdal increasing function of PTH. In our
model we added the contributions of vitamin D3 and calcium to the conversion of Dinact

3 . Finally,
we make the hypothesis that inhibitors or activators of the 1-α-hydroxylase are not in competition.
Consequently, the rate of vitamin D3 formation (Rconv) is expressed as:

Rconv =
[
kminconv +

δmaxconv[PTH]nconv
p

([PTH]nconv
p +Knconv

conv )(1 + γCaconv[Ca2+]p)(1 + γD3
conv[D3]p)

]
(3.73)

It has a minimal rate kminconv and a maximal rate δmaxconv. The parameters γCaconv and γD3
conv respectively
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account for the repression of 1-α(OH)-ase by calcium and vitamin D3.
The degradation of vitamin D3 is assumed to be first order such that the dynamics of vitamin

D3 is:
d[D3]p
dt

= Rconv([PTH]p, [D3]p, [Ca2+]p)[Dinact
3 ]p − kD3

deg[D3]p. (3.74)

The baseline value of Dinact
3 is 25 nM [81], which appears to decrease with age. In parathyroidec-

tomized (PTX) rats, the level of vitamin D3 decreases by a factor of at least 2 [209] and our
parameters are chosen to correspond to this observation. The equilibrium plasma concentration of
vitamin D3, namely [D3]∗p is 200 pM in a 200-250g rat [93, 209] and decreases with aging (Negrea,
Kidney Int, 44, 1993 [81, 147]. Furthermore, kD3

deg is chosen so that the half life of vitamin D3 is
between 4 and 8 hours.

Effect of vitamin D3 on PTH production

Vitamin D3 directly acts on the promoter of the gene that triggers PTH synthesis [189, 190],
as depicted in Figure 3.13. Interestingly, Silver et al. [189] found an (exponential) decreasing
relationship between the mRNA expression of the PTH precursor in parathyroid glands and the
injected quantity of vitamin D3. Thus, we model PTH synthesis by the following function:

PTHsynthesis =
k
PTHg

prod

1 + γD3
prod[D3]p

. (3.75)

CaSR

Ca2+

kprod
PTH

g
PTHg

kdeg
PTHg

F(Ca)

nucleus

cytoplasm

PTHp

PTH gene

1,25(OH)2D3

VDR

-

diffusion

blood stream

--

parathyroid cell

Figure 3.13: Regulation of PTH synthesis by vitamin D3 in our model.

The repression factor γD3
prod is adjusted so that at steady state, the synthesis of PTH is reduced

by 33 %, in agreement with [189].
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3.3.2 Effect of vitamin D3 on calcium metabolism

Regulation of intestinal calcium absorption

In section 3.2.1 (Equation (3.44)), the equation describing the evolution of the amount of calcium
in the intestine was:

ECa = Ica − Γabs, (3.76)

with Γabs taken to be constant. Yet, vitamin D3 is known to exert several effects within intestinal
cells (Figure 1.4): (1) it regulates the transcellular transport of calcium by increasing the activity of
TRPV6 which is responsible for calcium entry from the lumen into the border cells (enterocytes),
even if there may exist other Ca2+ transporters yet to-be-identified in the gut [17]; (2) vitamin
D3 enhances the transcription of the calbindin (CaBD9k) gene which facilitates to the calcium
transport inside each cell; (3) additionally, it improves calcium extrusion at the basal pole of the
cell by acting on the membrane pump PMCA1b [4, 77]; (4) finally vitamin D3 modulates the
paracellular transport of calcium by increasing the permeability of tight junctions such as claudin
2 and claudin 12 [84]. As a result, mutant VDR mice show a decrease in the intestinal calcium
absorption. Some investigations such as that of Carlsson et al. [46] have found that vitamin D3

increases calcium absorption up to 60% of calcium intake. As a result, we use the following function
to represent the calcium absorption in the intestine:

Γabs(D3) = ICa
(
Γ0
abs + (0.6− Γ0

abs)[D3]p
KD3
abs + [D3]p

)
, (3.77)

Γ0
abs represents the ratio of basal (i.e., in the absence of vitamin D3) to total absorption (at satu-

rating levels of vitamin D3), and is taken as 0.4. With this choice of parameters, the model predicts
that vitamin D3 contributes to one third of calcium intestinal absorption, as observed experimen-
tally [46]. The sensitivity of model predictions to the parameters Γ0

abs and KD3
abs is illustrated in

Figure 3.14. In order to obtain a physiological equilibrium value for [Ca2+]p (about 1.2 mM),
we choose KD3

abs = 200 pM and Γ0
abs = 0.2, which corresponds to the yellow curve in the panel A

of Figure 3.14. Thereby, when vitamin D3 is at steady state (100 pM for a 300g rat), intestinal
absorption of calcium is 40% of the intake, which is consistent with the literature.

76



CHAPTER 3. MODEL OF CALCIUM HOMEOTASIS, PTH SYNTHESIS AND SECRETION, AND VITAMIN D3 EFFECTS3.3. MATHEMATICAL MODEL OF CALCIUM HOMEOSTASIS WITH PTH AND VITAMIN D3

Figure 3.14: Panel A: effect of vitamin D3 contribution on intestinal calcium absorption. The base
case is in blue. Panel B: effect of varying KD3

abs on intestinal calcium absorption.

Regulation of bone remodeling

Similarly to PTH, vitamin D3 is known to increase the production of RANK-L by binding to the
vitamin D receptor in osteoblasts, which enhances the maturation of osteoclasts, thereby stimulating
bone resorption (Figure 1.3) [200, 227]. However, few models have taken this feature into account
(except that of Raposo et al., [168]). As a result, we consider an equation similar to that of PTH
and assume that the two pathways are independent:

Γres(PTH,D3) = Γ0
res

[
1 + γPTHp

res

[PTH]p
[PTH]p +K

PTHp
res

+ γD3
res

[D3]p
[D3]p +KD3

res

]
. (3.78)

KD3
res is chosen equal to the plasma equilibrium concentration of vitamin D3, that is, 100 pM. The

relative contribution of PTH and D3 is unknown. We assume that γD3
res = γ

PTHp
res = 0.05 (to have a

positive value of [Ca2+]∗p).

Regulation of kidney reabsorption

Vitamin D3 enhances calcium transport in the kidney [4, 32] by several mechanisms (Figure 1.7),
even though its contribution is lower than that of PTH: (1) it positively regulates the TRPV5
channel that allows calcium to enter cells in the DCT; (2) it increases the expression of two calcium-
binding proteins (calbindin-D28K and calbindin-D9K), to respectively facilitate the transport of
calcium at the apical side and at the basolateral side; and (3) it may indirectly regulate the activity
of the renal calcium pump by acting on calbindin-D9K expression. Here too, we assume that D3

and PTH exert independent effects on calcium reabsorption [25, 83]. The equation (3.48) that
describes calcium urinary excretion is therefore rewritten as:

λu(PTH,D3) = 1− λ0
reabs

[
1 + γ

PTHp

reab

[PTH]p
[PTH]p +K

PTHp

reab

+ γD3
reab

[D3]p
[D3]p +KD3

reab

]
. (3.79)
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It is thought that PTH has a greater impact than vitamin D3 on λu(PTH,D3), yet their relative
contributions are not well characterized. We assume that γPTHp

reab = 2γD3
reab. We can estimate the

bounds of γD3
reab assuming that, at steady state, 0 < λu(PTH,D3) ≤ 0.02. This condition yields:

0.98− λ0
reab

3λ0
reab

≤ γD3
reabs ≤

1− λ0
reab

3λ0
reab

. (3.80)

This yields 0.046 ≤ γD3
reab ≤ 0.054. We choose γD3

reab = 0.05, leading to γPTHp

reab = 0.1.

3.3.3 Equations of the model

Equations of the hormonal system

To obtain non-dimensional variables, we define the parameters D̄3, ˜
γD3
prod, kconv, ˜Kconv, ˜γCaconv,

˜
γD3
conv

and ν as:

D̄3 = δmaxconv[Dinact
3 ]pτ , ˜

γD3
prod = γD3

prodD̄3, kconv = kminconv

δmaxconv

, ˜Kconv = Kconv

¯PTHp
,

˜γCaconv = γCaconv
¯Ca2+
p , ˜

γD3
conv = γD3

convD̄3 and ν = τkD3
deg.

(3.81)

Scaling the equations as in 3.1.5 and assuming that the plasma calcium concentration is fixed at a
given steady-state value, we obtain:

d ˜PTHg

dt̃
= 1

1 + ˜
γD3
prodD̃3

− ω ˜PTHg,

d ˜PTHp

dt̃
= κ ˜PTHg − ˜PTHp,

dD̃3
dt̃

= kconv + 1[
1 +

( ˜Kconv

˜PTHp

)nconv

](
1 + ˜γCaconv

˜Ca2+
p

)(
1 + ˜

γD3
convD̃3

) − νD̃3.

(3.82)

A mathematical analysis of this model could be performed, as in section 3.1.5.

Equations of calcium homeostasis regulated by PTH and D3

For the global model of calcium homeostasis, we define the additional parameters ¯[Ca2+]p, ˜
KD3
abs,˜

KD3
res, ˜

KD3
reab, Γ1 and Γ0

2:

¯[Ca2+]p = χICa, ˜
KD3
abs = KD3

abs

D̄3
, Γ1 = Γac

ICa
,

˜
KD3
res = KD3

res

D̄3
, ˜
KD3
reab = KD3

reab

D̄3
, Γ0

2 = Γ0
res

ICa
.

(3.83)
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Based on equations written in sections 3.2.1 and 3.3.2, we have:

d ˜PTHg

dt̃
= 1

1 + ˜
γD3
prodD̃3

−
[
α+ β − γ

1 +
( K̃Ca

˜Ca2+
p

)n ] ˜PTHg,

d ˜PTHp

dt̃
=
[
β − γ

1 +
( K̃Ca

˜Ca2+
p

)n ] ˜PTHg − ˜PTHp,

dD̃3
dt̃

= kconv + 1[
1 +

( ˜Kconv

˜PTHp

)nconv

](
1 + ˜γCaconv

˜Ca2+
p

)(
1 + ˜

γD3
convD̃3

) − νD̃3,

d ˜Ca2+
p

dt̃
= Γ0

abs + (0.6− Γ0
abs)

D̃3

D̃3 + ˜
KD3
abs

− Γ1 + Γ0
2

[
1 + γ

PTHp
res

˜PTHp

˜PTHp + ˜
K
PTHp
res

+ γD3
res

D̃3

D̃3 + ˜
KD3
res

]

−χGFR ˜Ca2+
p

[
1− λ0

reab

(
1 + γ

PTHp

reab

˜PTHp

˜PTHp + ˜
K
PTHp

reab

+ γD3
reab

D̃3

D̃3 + ˜
KD3
reab

)]
.

(3.84)
The condition to obtain a positive value of ˜Ca2+

p is:

Γ0
abs + (0.6− Γ0

abs)
D̃3

D̃3 + ˜
KD3
abs

− Γ1 + Γ0
2

[
1 + γPTHp

res

˜PTHp

˜PTHp + ˜
K
PTHp
res

+ γD3
res

D̃3

D̃3 + ˜
KD3
res

]
≥ 0.

(3.85)
Figure 3.15 summarizes all the mechanisms taken into account in this model.
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Figure 3.15: Calcium homeostasis model with PTH and vitamin D3. The regulation of vitamin D3
synthesis is shown in Figure 3.12.
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Parameters of the calcium homeostasis model

Table 3.4: Vitamin D3 parameters

Parameter Symbol Value Reference
Minimum production rate constant of vitamin D3 kmin

conv 6.6× 10−6 min−1 [209]
Maximal increase in vitamin D3 production rate δmax

conv 9.03× 10−5 min−1 [209]
Plasma concentration of Dinact

3 [Dinact
3 ]p 25 nM [81]

Activation of vitamin D3 production by PTH Kconv 6 pM estimated
PTH sensitivity coefficient nconv 6 estimated
Inhibition of D3 production by Ca2+ γCa

conv 0.3 mM−1 estimated
Inhibition of vitamin D3 production by itself γD3

conv 1.2 × 10−2 pM−1 estimated
Degradation rate constant of vitamin D3 kD3

deg 0.0029 min−1 [12, 64, 111]

Table 3.5: Parameters of the PTH-vitamin D3-calcium model.

Parameter Symbol Value Reference

PTHg synthesis rate k
P T Hg

prod 2.2 µmol.min−1 estimated
Inhibition of PTHg synthesis by vitamin D3 γD3

prod 5 pM−1 estimated
PTHg degradation rate constant k

P T Hg

deg 0.022 min−1 [1]
Maximal secretion rate constant of PTHg β

P T Hg
exo 0.068 min−1 fitted from [81]

Maximal inhibition of secretion by Ca2+ γ
P T Hg
exo 0.057min−1 fitted from [81]

Binding of Ca2+ to CaSR KCa2+
p

1.14 mM [81]
nexo

Ca 10
PTHp degradation rate constant k

P T Hp

deg 2.2 min−1 [1]
Volume of parathyroid glands Vc 0.1 µL [98]

Calcium intake ICa 2.1 µmol.min−1 [55, 134]
Basal absorption without D3 Γ0

abs 0.2 estimated
Stimulation of absorption by D3 KD3

abs 200 pM estimated
Accretion rate Γac 1.4 µmol.min−1 [55]
Minimal resorption rate Γ0

res 0.8 µmol.min−1 [55]
Maximal effect of PTH on resorption rate γ

P T Hp
res 0.1 estimated

Maximal effect of D3 on resorption rate γD3
res 0.1 estimated

Stimulation of resorption by PTH K
P T Hp
res 6 pM estimated

Stimulation of resorption by D3 KD3
res 100 pM estimated

Glomerular filtration rate GFR 2 mL.min−1 [231]
Minimal calcium reabsorption λ0

reabs 0.86 estimated
Maximal effect of PTH on calcium reabsorption γ

P T Hp

reab 0.1 estimated
Maximal effect of D3 on calcium reabsorption γD3

reab 0.05 estimated
Stimulation of Ca2+ reabsorption in by PTH K

P T Hp

reab 6 pM estimated
Stimulation of Ca2+ reabsorption in by D3 KD3

reab 100 pM estimated
Plasma volume Vp 10 mL [127]
Fraction of bound calcium κb 0.5 [208]
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3.4 Summary of the mathematical properties of the model

In section 3.2.2, we show the existence of a physiological (positive) steady state in the model of
calcium homeostasis with PTH under a given condition in Equation (3.59). The stability analysis is
quite complex and tightly depends on parameter values. With parameters considered in Table 3.3,
the steady state is stable from a numerical point of view. In the calcium homeostasis model with
PTH and vitamin D3, the existence condition is very similar. We did not investigate its stability
from a theoretical point of view, but numerical simulations suggest that the system is indeed stable
around the steady state.

3.5 Discussion and improvements to the model

In contrast with most of the mathematical studies introduced in 1.3, this model includes the
metabolism of vitamin D3 (albeit a simplified representation), as well as its actions on calcium
homeostasis. As such, the model could serve to investigate the relative role of PTH and vitamin
D3 on calcium renal reabsorption and bone resorption.

However, it does not consider the rapidly exchangeable bone pool of bone, which is a major
shortcoming. Experiments performed by Lewin and coworkers [132] have shown that after a 20 min
EGTA infusion, calcium returned quickly to its physiological steady-state value, independently of
PTH. The role of the rapid pool is precisely to buffer these perturbations. This might explain why
our model predicts extremely low values of calcium in case of dietary calcium deprivation (results
not shown), which is not realistic.

Additionally, as mentioned in section 3.1.6, the response of PTH to calcium should be asym-
metric to fit acute/chronic hypocalcemic perturbations as well as acute/chronic hypercalcemic
situations, which was not the case with the function we used above. Moreover, some factors in the
regulation of vitamin D3 synthesis and degradation are missing. First, we did not take into con-
sideration the delay needed for PTH to activate 1-α-(OH)-ase (CYP27B1), that is, about 4 hours.
This feature has not been incorporated in models up to now. From a mathematical point of view,
the main challenge is to handle delay-differential equations, which are more complex to numerically
solve than classical ordinary differential equations, especially when the system is stiff. Secondly,
among a lot of factors, PTH has been shown to repress the activity of CYP24A1 [232, 112].

Finally, one of the most predominant issues is the description of renal calcium reabsorption.
Indeed, the model presented above does not accurately represent the role of PTH and vitamin D3

in the kidney. The effects of PTH are considered to be global whereas PTH has been shown to
exert opposite effects in the proximal tubule (inhibition), and in the thick ascending limb and distal
convoluted tubule (activation). As a result, the model should take into account each part of the
nephron, with their contribution to calcium reabsorption (65% in the proximal tubule, 25% in the
thick ascending limb and 10% in the distal convoluted tubule). Furthermore, the implications of the
recent finding that calcium sensing receptor inhibits calcium reabsorption in the thick ascending
limb [134] should be investigated.

81



CHAPTER 4. A MATHEMATICAL MODEL OF CALCIUM HOMEOSTASIS IN THE RAT

Chapter 4

A Mathematical Model of Calcium
Homeostasis in the Rat

This chapter is taken from the article "accepted for publication" in the American Journal of Phys-
iology: Granjon D, Bonny O, and Edwards A. A Model of Calcium Homeostasis in the Rat. Am J
Physiol Renal Physiol, 29 June 2016. DOI: 10.1152/ajprenal.00230.2016.

It describes the full model of calcium homeostasis developed during the thesis. As illustrated
in Figure 4.1, this model contains the missing features mentioned in section 3.5: (1) the effects of
the calcium sensing receptor on calcium reabsorption in the thick ascending limb; (2) the delayed
response of vitamin D3 synthesis to PTH; (3) the contribution of PTH on calcium reabsorption in
the proximal tubule; (4) the rapidly exchangeable pool in the bone; (5) and the asymmetry of the
PTH response to changes in plasma calcium.
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reabsorption
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+

+

PTH
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Figure 4.1: New features of the model. The reabsorption of Ca2+ in the kidney is significantly
more detailed than in the model built in section 3.3.

82



CHAPTER 4. A MATHEMATICAL MODEL OF CALCIUM HOMEOSTASIS IN THE RAT 4.1. INTRODUCTION

4.1 Introduction

As summarized in Figure 4.2, the mechanisms that regulate plasma Ca2+ levels are highly coupled
and can be hard to decipher. The major objective of this study was to develop a mathematical
model of calcium homeostasis in the rat so as to better understand the impact of dysfunctions (such
as primary hyperparathyroidism) on calcium balance and concentration. Several models in humans
have been developed [51, 128, 157, 168], however they do not incorporate a number of findings
that the present study seeks to account for: the role of the renal CaSR, the delayed response of
vitamin D3 synthesis to changes in PTH levels, and the rapidly exchangeable pool in bone (with
the exception, for the latter, of the model of Peterson and Riggs [157]).
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Figure 4.2: Schematic diagram of calcium exchanges between plasma, bone, intestine, and kidney.
Calcium fluxes between compartments are depicted with black arrows. Regulation by parathyroid
hormone (shown in dashed arrows) acts to enhance bone resorption and renal calcium reabsorption,
and to stimulate the conversion of the inactive form of vitamin D3 into its active form. Regulation
by vitamin D3 (dotted arrows) acts to increase bone resorption, intestinal calcium absorption, and
renal calcium reabsorption; vitamin D3 also represses its own synthesis. In addition, plasma calcium
levels regulate PTH secretion via the calcium-sensing receptor (CaSR) and inhibit the synthesis of
vitamin D3. CaSR-mediated effects on renal calcium reabsorption are not shown in this figure.
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4.2 Mathematical Model

Our model of calcium homeostasis is based on conservation equations that yield the plasma con-
centration of Ca2+, PTH, and vitamin D3 in rats, as well as Ca2+ fluxes between plasma, bone,
intestine, and kidneys. Model parameters apply to a rat weighing about 300 g (i.e.,∼ 2 month old).

4.2.1 PTH synthesis and secretion

We recall that changes in [PTH]g with time are given by:

d[PTH]g
dt

=
kPTHgprod

1 + γD3
prod[D3]p

−
(
k
PTHg

deg + F ([Ca2+]p)
)
[PTH]g (4.1)

The first term on the right-hand-side represents the synthesis of PTH modulated by vitamin D3.
The exocytosis function is defined as:

F ([Ca2+]p) = βPTHg
exo − γ

PTHg
exo [Ca2+]n(Ca)

p

[Ca2+]n(Ca)
p +K

n(Ca)
Ca

(4.2)

As discussed in section 3.1.6, to properly account for the effects of both hypercalcemia and hypocal-
cemia on PTH secretion, it is necessary to use an adaptive n, which is calculated as:

n(Ca) = nexo1
1 + e−ρexo(R−[Ca2+]p) + nexo2 (4.3)

nexo1 and nexo2 respectively characterize the sensitivity of the receptor under hypocalcemia and
hypercalcemia, R is the threshold between these two states, and ρexo is an amplification term.
When [Ca2+]p is well below R, n(Ca) tends towards high values (>100), as commonly used to fit
hypocalcemia profiles [1, 165, 187]. Conversely, when [Ca2+]p rises above R, n(Ca) takes on a lower
value. The values of the parameters nexo1 , nexo2 , R and ρexo were chosen so as to fit the experimental
data of Lewin et al. [132] (see sections 4.2.5 and 4.3.2).

4.2.2 Vitamin D3

The dynamic evolution of the plasma concentration of vitamin D3 is now determined as:

d[D3]p
dt

=
[
kminconv +

δmaxconv[PTH(t− τ)]nconv
p(

[PTH(t− τ)]nconv
p +Knconv

conv

)(
1 + γCaconv[Ca2+]p

)(
1 + γD3

conv[D3]p
)
]
[Dinact

3 ]p

−
kD3
deg[D3]p

1 + γ
PTHp

deg [PTH]p
(4.4)

The first term on the right-hand side represents the formation of vitamin D3; it assumes that PTH
activates vitamin D3 synthesis with a delay τ of 4 hours. The second term represents the degradation
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rate of vitamin D3 in plasma, which is catalyzed by CYP24A1 and regulated by calcitriol and PTH
(among other factors). γPTHg

deg accounts for PTH-induced repression of CYP24A1.

4.2.3 Calcium exchanges between organs

The intestinal compartment

Experimental findings suggest that at most, 70% of ingested calcium is absorbed into the blood-
stream [46], and that two thirds of intestinal calcium transport are modulated by vitamin D3 [34].
The rate of net intestinal calcium absorption is thus determined as:

Γabs(D3) = ICa
(
0.25 +

0.45[D3]2p
[D3]2p + (KD3

abs)2

)
(4.5)

Compared to the previous version of this equation (Equation (3.77)), we added an exponent 2 in
the term that describes the regulation of absorption by vitamin D3, so as to obtain a more adequate
response following vitamin D3 stimulation.

The bone compartment

The bone compartment can be divided into a rapidly exchangeable pool and a slowly exchangeable
pool as mentioned in sections 1.3.3 and 3.5; the amount of Ca2+ they respectively contain is denoted
NCaf

and NCas . The rapidly exchangeable (or "fast") pool is thought to mediate the short-term
regulation of calcium homeostasis, but it remains poorly characterized [36, 158]. We assume that
the amount of Ca2+ in the fast pool is given by:

dNCaf

dt
= kCap−f [Ca2+]pVp − kCaf−pNCaf

− ΓacNCaf
(4.6)

The first two terms on the right-hand-side represent the flow of Ca2+ from the plasma to the
rapidly exchangeable pool and vice-versa, which we assume obey first-order kinetics. Since it
remains unclear whether PTH and vitamin D3 act directly on the rapidly exchangeable pool, we
assume no such regulation. The last term accounts for Ca2+ accretion from the fast to the slow
pool, which we also assume to be a first-order process with a rate constant Γac.

The amount of Ca2+ in the slow bone pool varies with time as:

dNCas

dt
= ΓacNCaf

− Γres(PTH,D3) (4.7)

where the Ca2+ resorption rate, Γres(PTH,D3), is determined as:

Γres(PTH,D3) = Γminres + δmaxres

(
0.2×

[PTH]2p
[PTH]2p + (KPTHp

res )2
+ 0.8×

[D3]2p
[D3]2p + (KD3

res)2

)
. (4.8)

We assume that resorption is activated by (saturating levels of) PTH and D3 [90, 120], and that
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resorption increases 6-fold when stimulation by PTH and vitamin D3 is maximal; that is, Γminres +
δmaxres = 6Γminres . Additionally, we assume that the relative contribution of PTH and vitamin D3

differs, more specifically that vitamin D3 exerts a greater impact that PTH, as this gives more
accurate model predictions (see section 4.3.3).

The kidney compartment

Our modeling approach for Ca2+ reabsorption in the kidney is substantially revised compared to
that in Chapter 3, so as to take into account the specificity of each nephron segment. The role of
PTH, vitamin D3, and CaSR is precisely characterized in each segment (from the proximal tubule
to the distal convoluted tubule), thereby allowing us to investigate the relative contributions of
each hormone on calcium reabsorption.

The fraction of calcium that is not bound to plasma proteins is filtered non-selectively in pro-
portion to the glomerular filtration rate (GFR). Most of the filtered load (about 98 %) is then
reabsorbed: roughly two thirds across the tight junctions of the proximal tubule, ∼ 25% via the
paracellular route in the thick ascending limb (TAL), and ∼ 10% in distal convoluted (DCT) and
connecting (CNT) tubules via transcellular pathways [82]. The contribution and mechanisms of
Ca2+ transport in the collecting duct remain poorly understood, and are not explicitly considered
here.

As in the intestine, we assume that there is no accumulation of calcium in the kidney over time,
so that the fractions of the filtered load that are reabsorbed (λreab) and excreted (λu) sum to unity.
In other words:

λreab + λu = 1 (4.9)

Ca2+ reabsorption in the kidney (relative to its filtered load) is given by the sum of fractional Ca2+

reabsorption in the proximal tubule (λPT ), the thick ascending limb (λTAL), and the DCT-CNT
(λDCT ):

λreab = λPT + λTAL + λDCT (4.10)

PTH inhibits Ca2+ reabsorption in the proximal tubule indirectly: it inhibits the activity of the
sodium/proton exchanger NHE3, thereby reducing the entry of Na+ in cells. Since the transport
of water follows that of sodium, less water is reabsorbed through cells, which reduces the lumen-
to-interstitium calcium concentration gradient; as a consequence, the paracellular reabsorption of
calcium is lowered [6, 153]. We assume that λPT is given by:

λPT = λ0
PT + δmaxPT

1 +
( [PTH]p
PTHref

)nP T
. (4.11)

where λ0
PT is taken as 0.60, δmaxPT as 0.05, PTHref as 15 pM, and nPT as 5. Besides, λTAL is

modulated by Ca2+ (via CaSR) and PTH, and λDCT by PTH and vitamin D3. In the thick
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ascending limb, we assume that:

λTAL = λ0
TAL + δTAL(Ca) + δTAL(PTH) (4.12)

where
δTAL(Ca) = δmaxCASR

1 +
( [Ca2+]p

Cref

)nT AL
(4.13)

δTAL(PTH) = δmaxPTH [PTH]p
[PTH]p +KPTH

TAL

(4.14)

The maximum value of λTAL is set to 0.250; λ0
TAL is taken as 0.225, δmaxCASR as 0.0175, and δmaxPTH

as 0.0075. We assume that Cref equals 1.33 mM and nTAL equals 4, so that the regulation by
CaSR is very sensitive to small changes in Ca2+ levels. Similarly, fractional Ca2+ reabsorption in
the DCT-CNT is calculated as:

λDCT = λ0
DCT + δDCT (PTH,D3) (4.15)

where
δDCT (PTH,D3) = δmaxDCT

(
0.8× [PTH]p

[PTH]p +KPTH
DCT

+ 0.2× [D3]p
[D3]p +KD3

DCT

)
(4.16)

The maximum value of λDCT equals 0.10, with λ0
DCT set to 0.08 and δmaxDCT to 0.02. Equation (4.16)

assumes that the contribution of PTH is greater than that of vitamin D3 [211].

The plasma compartment

Net changes in the total amount of calcium in plasma result from the combined effects of intestinal
calcium absorption, Ca2+ resorption from the slow bone pool, Ca2+ exchanges with the fast pool,
and urinary Ca2+ excretion, such that:

d[Ca2+]p
dt

= (1− κb)
Vp

{
Γabs(D3) + Γres(PTH,D3) + kCaf−p[Ca2+]fVf − kCap−f [Ca2+]pVp

−λuGFR[Ca2+]p

} (4.17)

4.2.4 Determination of unknown parameters

Similarly to what was done in section 3.2.3, we determine unknown parameters as follows. All
affinity constants are initially set to the equilibrium value of the hormone or component they are
related to. These affinities, as well as the coefficients n (such as nTAL, nPT , ...) and the threshold
parameters PTHref and Cref are then chosen so as to fit the experimental data introduced in
section 4.3.2.
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Parameters in the rapidly exchangeable pool are determined based upon steady state conditions.
Indeed, taking Equation 4.6 at steady state yields:

kCaf−p = 1
N∗Caf

(
kCap−f × [Ca2+]∗p × Vp − ΓacN∗Caf

)
, (4.18)

Knowing the content of calcium in the rapid pool NCaf
and fixing kCap−f , we can determine kCaf−p.

Moreover, kCaf−p > 0 so that the term in parenthesis has to be positive:

kCap−f [Ca2+]∗pVp − ΓacN∗Caf
> 0⇐⇒ kCap−f > Γac

N∗Caf

[Ca2+]∗pVp
, (4.19)

This condition is used to select an appropriate value for kCap−f . With the parameters given in Table
4.3, Eq.(4.19) implies that kCap−f > 0.13. We set kCap−f = 0.17 min−1, which produces a suitable fit
in section 4.3.2 and leads to kCaf−p = 2.75× 10−4 min−1.

Parameters related to the metabolism of PTH, vitamin D3, and calcium are respectively listed
in Tables 4.1, 4.2, and 4.3.
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Table 4.1: PTH parameters

Parameter Symbol Value Reference
PTHg synthesis rate k

PTHg

prod 1.8 µmol.min−1 estimated
Inhibition of PTHg synthesis by vitamin D3 γD3

prod 5 × 10−3 pM−1 estimated
PTHg degradation rate constant k

PTHg

deg 0.035 min−1 [1]
Maximal secretion rate constant of PTHg β

PTHg
exo 0.059 min−1 fitted from [81]

Maximal inhibition of secretion by Ca2+ γ
PTHg
exo 0.057min−1 fitted from [81]

Binding of Ca2+ to CaSR KCa2+
p

1.16 mM [81]
nexo1 100 [187]
nexo2 15 [187]
R 1.1 mM [187]
ρexo 106 mM−1 [187]

PTHp degradation rate constant k
PTHp

deg 2.2 min−1 [1]
Volume of parathyroid glands Vc 0.1 µL [98]

PTHg and PTHp respectively denote parathyroid hormone in the parathyroid gland and in plasma.

Table 4.2: Vitamin D3 parameters

Parameter Symbol Value Reference
Minimum production rate constant of vitamin D3 kminconv 4.4× 10−6 min−1 [209]
Maximal increase in vitamin D3 production rate δmaxconv 6.02× 10−5 min−1 [209]
Plasma concentration of Dinact

3 [Dinact
3 ]p 25 nM [81]

Activation of vitamin D3 production by PTH Kconv 3 pM estimated
PTH sensitivity coefficient nconv 6 estimated
Time delay for PTH effects on Dinact

3 conversion τ 240 min [125]
Inhibition of D3 production by Ca2+ γCaconv 0.3 mM−1 estimated
Inhibition of vitamin D3 production by itself γD3

conv 1.8 × 10−2 pM−1 estimated
Degradation rate constant of vitamin D3 kD3

deg 0.0029 min−1 [12, 64, 111]
Inhibition of CYP24A1 by PTH γ

PTHp

deg 0.52 pM−1 estimated
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Table 4.3: Ca2+ parameters

Parameter Symbol Value Reference
Calcium intake ICa 2.2 µmol.min−1 [55, 134]
Stimulation of absorption by D3 KD3

abs
100 pM estimated

Rate constant of Ca2+ transfer from plasma to fast bone pool kCa
pf 0.17 min−1 estimated

Rate constant of Ca2+ transfer from fast bone pool to plasma kCa
fp 2.75 ×10−4 min−1 estimated

Initial calcium content in bone NCab
105 mmol measured

Initial calcium content in rapidly exchangeable pool NCaf
1.60 mmol measured

Accretion rate constant Γac 1.0 min−1 [55]
Minimal resorption rate Γmin

res 0.142 µmol.min−1 [55]
Maximal resorption rate δmax

res 0.950 µmol.min−1 [55]
Stimulation of resorption by D3 KD3

res 100 pM estimated
Stimulation of resorption by PTH K

P T Hp
res 1.75 pM estimated

Glomerular filtration rate GFR 2 mL.min−1 [231]
Minimal fractional reabsorption of Ca2+ in the PT λ0

P T 0.60 [20, 154]
Stimulation of Ca2+ reabsorption in PT by PTH δmax

P T 0.05 estimated
Sensitivity of Ca2+ reabsorption in PT to PTH PTHref 15 pM estimated
Minimal fractional reabsorption of Ca2+ in the TAL λ0

T AL 0.225 [20, 154]
Stimulation of Ca2+ reabsorption in TAL by PTH δmax

P T H 0.0075 estimated
Sensitivity of Ca2+ reabsorption in TAL to PTH K

P T Hp

T AL 1.2 pM estimated
Stimulation of Ca2+ reabsorption in TAL by CaSR δmax

CaSR 0.0175 estimated
Sensitivity of Ca2+ reabsorption in TAL to Ca2+ Cref 1.33 mM estimated
Minimal fractional reabsorption of Ca2+ in the DCT-CNT λ0

DCT 0.080 [20, 154]
Stimulation of Ca2+ reabsorption in the DCT-CNT by PTH and vitamin D3 δmax

DCT 0.020 estimated
Sensitivity of Ca2+ reabsorption in the DCT-CNT to PTH K

P T Hp

DCT 1.8 pM estimated
Sensitivity of Ca2+ reabsorption in the DCT-CNT to vitamin D3 KD3

DCT 80 pM estimated
Plasma volume Vp 10 mL [127]
Fraction of bound calcium κb 0.4 [208]

PT: proximal tubule; TAL: thick ascending limb; DCT: distal convoluted tubule; CNT: connecting
tubule. Parameters apply to a 300 g (2 month-old) male rat.

4.2.5 Numerical methods

The differential equations were integrated using the MATLAB solver dde23. Simulations were per-
formed on a personal computer with an Intel-based processor. Model adjustement to experimental
data was done using the Levenberg-Marquardt algorithm of the MATLAB function lsqnonlin.

4.3 Results

4.3.1 Experimental Measurements

Most of the variables used for the model were obtained from the literature. However, bone calcium
content was measured directly in mice and extrapolated to a 300 g rat as described in Chapter 2.
Briefly, the calcium content of the whole mouse skeleton was measured as 6.02 +/- 0.57 mmol per
animal (n = 10) with a mean weight of 20 g, or 0.012g/g BW. We extrapolate these data to a 300
g rat, assuming that the ratio of bone calcium to body weight is the same in rats and mice. With
this hypothesis, the total amount of calcium in the rat skeleton was estimated as 90 mmol, which is
similar to the value of 105 mmol reported by Peterson and Riggs [157]. Based upon this value and
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other model parameters, the amount of calcium in the rapidly exchangeable pool was estimated as
1.6 mmol, or 1.5% of the total amount in bone.

4.3.2 Model Validation

Predicted values of Ca2+, PTH, and vitamin D3 plasma concentrations at steady-state, summarized
in Table 4.4, all fall within the experimental range. The plasma concentration of free Ca2+ (denoted
[Ca2+]p) is predicted as 1.21 mM. Intestinal Ca2+ absorption is computed as 1.06 µmol/min, urinary
excretion is 0.047 µmol/min, and the balance (1.02 µmol/min) is the net flux of Ca2+ into bone
(i.e., the difference between accretion and resorption). We also validated our model by comparing
the predicted and measured profiles of [Ca2+]p as a function of time under different scenarios.

Table 4.4: Steady-state values under normal conditions

Steady State range Source
[Ca2+]p (mM) 1.21 1.1-1.3 [24, 33, 168, 211]
[PTH]p (pM) 1.93 1.5-13 [24, 49, 81, 211]
[D3]p (pM) 94.5 80-250 [41, 50, 93]
Intestinal Ca2+ absorption (µmol/min) 1.06 0.55-1.22 [78, 134]
Fractional intestinal absorption, Fintest (%) 46.2 40-60 [46]
Ca2+ accretion (µmol/min) 1.50
Ca2+ resorption (µmol/min) 0.48
Net Ca2+ flux into bone (µmol/min) 1.02
Urinary Ca2+ excretion (µmol/min) 0.047 0.015-0.054 [115, 134, 180, 231]
Fractional excretion, λu (%) 1.95 0-2 [115, 134, 180, 231]

Acutely induced hypocalcemia

Lewin and coworkers infused the chelating agent EGTA into normal and parathyroidectomized
rats during two hours [132]. They observed a steep decrease in [Ca2+]p during the first 20 minutes,
followed by a two-phase return to steady state over the next 3 hours. We simulated this experiment
by accounting for the reaction between calcium and EGTA in the plasma compartment, as described
in the Appendix. As shown in Figure 4.3, the dynamic behavior of [Ca2+]p (normalized by its initial,
pre-injection value) that our model predicts closely matches the experimental data in normal rats.

We also compared model predictions of the plasma concentration of PTH (denoted [PTH]p)
with measured values reported in another study. As observed by Fox [81], when EGTA was infused
at a exponentially decreasing rate during 2 hours, [PTH]p exhibited a peak-and-plateau behavior:
[PTH]p reached its peak value in less than 10 minutes, and its plateau value was twice as high as
its steady-state value. In section 3.1.5, we were unable to investigate the effect of EGTA on [Ca2+]p
since this section was devoted to the study of PTH secretion, thus calcium did not explicitly appear
in a differential equation; this is why we imposed the 0.3 mM drop in plasma calcium concentration
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that Fox had observed [81]. In the current model, we introduce two equations to describe the
reaction between calcium and EGTA (see section 4.4). As illustrated in Figure 4.3, the predicted
and experimental time courses of [PTH]p are in good agreement.

Acutely induced hypercalcemia

Finally, we simulated the experiment performed by Bronner and Stein, in which rats received an
intravenous calcium gluconate bolus [36]. As shown in Figure 4.3, predicted values of [Ca2+]p fit
the experimental data well in the initial phase, but the model predicts too rapid a return to steady
state. Part of this discrepancy may stem from the fact that the rats in these experiments weighed
significantly less than our model rats (180 vs. 300 g), such that there must have existed important
differences in plasma volume, [PTH]p and/or calcium bone content between the two populations.
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Figure 4.3: Comparison of model results (solid curves) with experimental data (circles). Panel
A depicts the [Ca2+]p profile obtained by Lewin et al. following a 20 minute infusion of EGTA
[132]. Panel B represents the plasma concentration of PTH measured by Fox during a 2 hour
administration of EGTA [81]. Panel C shows the [Ca2+]p profile obtained by Bronner and Stein
following the rapid intravenous injection of calcium-gluconate [36].
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4.3.3 Model Predictions

We then used the model to better understand how the plasma concentration of Ca2+ is regulated
following various metabolic perturbations.

Primary hyperparathyroidism
Primary hyperparathyroidism was simulated by increasing the base-case PTH synthesis rate

(kPTHg

prod ) by a factor ranging from 1 to 100. Shown in Figure 4.4 are the predicted steady-state
values of [PTH]p, [Ca2+]p, and [D3]p, as well as intestinal calcium absorption, urinary excretion,
resorption, and accretion, as a function of kPTHg

prod . The focus of these simulations is not on transient
(dynamic) profiles, but on concentrations and fluxes once steady-state is reached.

Our model suggests that [PTH]p increases approximately linearly with k
PTHg
prod . Since PTH

stimulates bone Ca2+ resorption and reabsorption, as well as the synthesis of vitamin D3 (which in
turn enhances intestinal calcium absorption), [Ca2+]p and [D3]p rise in parallel with [PTH]p. Given
that the effects of PTH on vitamin D3 production and calcium exchanges between compartments are
modeled as saturable processes, the rate at which [Ca2+]p and [D3]p increase with PTH synthesis
diminishes as kPTHg

prod is elevated beyond 20 times its baseline value.
Note that the rise in [Ca2+]p leads to a partial, CaSR-mediated inhibition of PTH exocytosis.

This, combined with the inhibitory effects of vitamin D3 on PTH synthesis, explains why the rate
at which [PTH]p varies with k

PTHg
prod is slow at first; the slope increases once kPTHg

prod reaches 10 times
its baseline value (Figure 4.4).

Interestingly, our results suggest that fractional urinary calcium excretion and total urinary
calcium excretion (UCa) may not vary monotonically with kPTHg

prod . Indeed, urinary Ca2+ excretion
is regulated by counterbalancing mechanisms: whereas an increase in vitamin D3 favors enhanced
Ca2+ reabsorption, increases in [Ca2+]p, via the renal calcium-sensing receptor (CaSR), act instead
to inhibit renal calcium reabsorption; moreover, PTH inhibits and stimulates Ca2+ transport,
respectively, in the proximal tubule and in the distal nephron. Our model predicts that urinary
calcium excretion first increases rapidly with increasing k

PTHg
prod , because CaSR-mediated effects

prevail. As kPTHg
prod is elevated above 20 times its baseline value, [PTH]p increases at a much greater

rate than [Ca2+]p and PTH-mediated effects thus become dominant; given the counteracting effects
of PTH along the nephron, UCa is predict to decrease slightly before rising steeply (Figure 4.4).
It is equal to 2.4 times its base-case value when k

PTHg
prod is multiplied by 100, and 4.7 times at its

plateau level (Figure 4.5).
These results were obtained assuming a constant GFR. There is evidence that GFR decreases

under hypercalcemic conditions; a large enough GFR reduction could abolish the CaSR-induced
UCa increase. According to our simulations, a 30 % GFR decrease, as reported in Ref. [130], lowers
urinary Ca2+ excretion below its base-case value if kPTHg

prod is increased by a factor < 60 above its
baseline value (and PTH levels by a factor < 4.5); above that, urinary Ca2+ excretion is predicted
to be higher than in the base case.

The extent to which PTH modulates Ca2+ transport in the proximal tubule remains to be
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determined. To evaluate the impact of this uncertainty on model results, we varied the PTH-
dependent component of Ca2+ reabsorption in the PT (i.e, the parameter δmaxPT in Eq. 4.11) between
0 and 0.10; its baseline value is 0.05. In these simulations, the total percentage of Ca2+ reabsorbed
by the PT was kept fixed at 65%, and the PTH synthesis rate (kPTHg

prod ) was increased by a factor
ranging from 1 to 300.

In the absence of PTH effects on proximal tubule Ca2+ transport (i.e., δmaxPT = 0), urinary cal-
cium excretion fluctuates less as kPTHg

prod is varied. As kPTHg

prod is increased above 20 times its baseline
value, PTH-mediated stimulation of Ca2+ reabsorption in the TAL and DCT/CNT predominates
and UCa decreases (Figure 4.5). Conversely, when the (inhibitory) effects of PTH in the proximal
tubule are enhanced (i.e., δmaxPT = 0.10), urinary calcium excretion varies much more significantly
with k

PTHg

prod . Assuming a constant GFR, absolute urinary calcium excretion (which equals 0.047
µmol/min in the base case) is predicted to reach a maximal value of 0.06 µmol/min for δmaxPT = 0,
0.22 µmol/min for δmaxPT = 0.05, and 0.37 µmol/min for δmaxPT = 0.10 (Figure 4.5). In the remainder
of the study, δmaxPT is fixed at 0.05.

Experimental evidence suggests that CaSR and PTH act via independent pathways in the TAL
[134]. However, their respective contributions to Ca2+ handling in that segment also remains
unclear. To probe the impact of this uncertainty, we conducted simulations in which we enhanced
the contribution of CaSR relative to that of PTH in the TAL (while keeping the total contribution
fixed), and vice-versa. More specifically, we first increased δmaxCaSR from 0.0175 to 0.0200, while
decreasing δmaxPTH from 0.0075 to 0.0050 (Eq. 4.12). Conversely, we then raised δmaxPTH from 0.0075
to 0.0200 while reducing δmaxCaSR from 0.0175 to 0.0050.

As expected, when the maximal amplitude of CaSR-mediated inhibition is enhanced and that
of PTH-mediated stimulation is reduced as described above, the model predicts that total urinary
calcium excretion is higher than with base-case parameters, by about 0.006 µmol/min at a given
value of kPTHg

prod (Figure 4.6). Conversely, when the maximal amplitude of CaSR-mediated inhibition
is reduced and that of PTH-mediated stimulation is augmented as described above, UCa is about
0.03 µmol/min lower than with base-case parameters at a given value of kPTHg

prod (Figure 4.6).
Altogether, these results suggest that the extent to which primary hyperparathyroidism affects

urinary Ca2+ excretion is strongly dependent on the balance between PTH- and CaSR-mediated
effects along the nephron. The influence of other factors, such as the hydration status and possible
variations in vitamin D3 levels, was not considered here.
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Figure 4.4: Predicted effects of primary hyperparathyroidism on concentrations and fluxes at steady
state. Panel A: normalized plasma concentration (relative to base-case value) of Ca2+ (solid curve),
PTH (dashed curve), and vitamin D3 (dotted curve), as a function of PTH synthesis (normalized
by its base-case value). The rate of PTH synthesis (kPTHg

prod ) is increased by a factor ranging from
1 to 100. Panel B: urinary Ca2+ excretion (dashed curve), intestinal calcium absorption (dotted
curve), bone accretion (solid curve), and bone resorption (dot-dashed curve), as a function of PTH
synthesis (normalized by its base-case value); fluxes are normalized by their base-case value.
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Figure 4.5: Predicted urinary Ca2+ excretion as a function of the normalized PTH synthesis rate,
depending on the relative contribution of PTH to Ca2+ reabsorption in the proximal tubule. The
rate of PTH synthesis (kPTHg

prod ) is increased by a factor ranging from 1 to 300. The parameters
λ0
PT and δmaxPT are respectively taken as 0.65 and 0 (dashed curve; without PTH effects on proximal

tubule reabsorption), 0.60 and 0.05 (solid curve, base-case values), and 0.55 and 0.10 (dot-dashed
curve).
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Figure 4.6: Predicted urinary Ca2+ excretion as a function of the normalized PTH synthesis rate,
depending on the relative contribution of PTH and the renal CaSR to Ca2+ reabsorption in the
thick ascending limb. The rate of PTH synthesis (kPTHg

prod ) is increased by a factor ranging from 1
to 300. The parameters δmaxCaSR and δmaxPTH in Eq. 4.13 and Eq. 4.14 are respectively taken as 0.0175
and 0.0075 (solid curve; base-case values), 0.020 and 0.005 (dot-dashed curve), and 0.005 and 0.020
(dotted curve).

Primary hypoparathyroidism
We then simulated the opposite scenario, hypoparathyroidism, by decreasing kPTHg

prod from its base-
case value to zero. Depicted in Figure 4.7 are the steady-state values of [PTH]p, [Ca2+]p, [D3]p as
well as Ca2+ fluxes between compartments. As shown, the plasma concentration of PTH decreases
slowly for small reductions in k

PTHg

prod , and faster as kPTHg

prod nears zero; indeed, the compensatory
effects exerted by vitamin D3 and Ca2+ diminish as their own concentration decreases.

In the absence of PTH, [D3]p and [Ca2+]p are respectively 59 % and 41 % lower than in the
base case: whereas vitamin D3 synthesis isn’t stimulated by PTH any more, it is also less inhibited
by calcium under these hypocalcemic conditions. In the absence of PTH, calcium bone resorption
is reduced by 55 % (relative to the base case) as a result of the [PTH]p and [D3]p decrease, while
calcium bone accretion is reduced by 40 % owing to the [Ca2+]p decrease. Intestinal absorption is
33 % lower than in the base case.

Urinary Ca2+ excretion was computed assuming a constant GFR, as suggested by studies in
hypocalcemic dogs [176]. UCa is determined by the balance between counteracting effects: whereas
the reduced levels of PTH and vitamin D3 act to lower Ca2+ reabsorption, lower plasma Ca2+

levels decrease the filtered load. As shown in Figure 4.7, the latter effects predominate (i.e., UCa

decreases) until PTH synthesis is almost fully abolished.

97



CHAPTER 4. A MATHEMATICAL MODEL OF CALCIUM HOMEOSTASIS IN THE RAT 4.3. RESULTS

0 10 20 30 40 50 60 70 80 90 100
-100

-80

-60

-40

-20

0
%

 C
h

an
g

e

[Ca2+]p

[PTH]p
[D3]p

0 10 20 30 40 50 60 70 80 90 100
% Inhibition of PTH synthesis

-60

-50

-40

-30

-20

-10

0

%
 C

h
an

g
e

urinary excretion
intestinal absorption
bone resorption
bone accretion

A

B

Figure 4.7: Predicted effects of primary hypoparathyroidism on concentrations and fluxes at steady
state. Panel A: fractional change in the plasma concentration of Ca2+, PTH, and vitamin D3, as a
function of the percentage of PTH synthesis inhibition. Panel B: fractional change in urinary Ca2+

excretion, intestinal calcium absorption, bone accretion, and bone resorption, as a function of the
percentage of PTH synthesis inhibition.
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Vitamin D3 deficiency
To investigate the effects of vitamin D3 deficiency, we decreased the concentration of its precursor

([Dinact
3 ]) by a factor ranging from 1 to 100. In these simulations too, we focused on steady-state

profiles. As shown in Figure 4.8, diminishing [Dinact
3 ] reduces the rate of vitamin D3 synthesis,

which subsequently decreases the rate of intestinal Ca2+ absorption and bone resorption, thereby
lowering [Ca2+]p. In parallel, diminishing [Dinact

3 ] reduces the inhibitory effects of vitamin D3 on
PTH production, thereby elevating [PTH]p. Together, the [Ca2+]p decrease and [PTH]p increase
accelerate the conversion of Dinact

3 to vitamin D3 (i.e., by stimulating 1-α(OH)-ase), therefore
mitigating the effects of decreasing the concentration of its precursor. Owing to these feedback
mechanisms, when [Dinact

3 ] is halved, [D3]p is predicted to decrease by 10 % only. Intestinal Ca2+

absorption concomitantly decreases from 1.06 to 1.01 µmol/min.
Relative to its base-case value, [PTH]p is 28 % higher when [Dinact

3 ] is halved. The increase in
PTH levels favors enhanced Ca2+ reabsorption along the nephron, but the [D3]p decrease acts in
the opposite direction. The net result is a decrease in fractional Ca2+ excretion (from 1.95 to 1.75
%), i.e., an increase in fractional reabsorption. Note that since the filtered load of Ca2+ is lower,
absolute Ca2+ reabsorption is nevertheless slightly reduced (from 2.37 to 2.28 µmol/min).

Similarly, the [PTH]p increase stimulates Ca2+ resorption whereas the [D3]p decrease has op-
posite effects. There is near compensation; i.e., bone resorption diminishes slightly, from 0.48 (base
case) to 0.47 µmol/min when [Dinact

3 ] is halved. The overall effect of the reduction in calcium
absorption, resorption, and urinary excretion is a 4 % decrease in [Ca2+]p (from 1.21 to 1.16 mM).

As [Dinact
3 ] is decreased by more than a factor of 10, vitamin D3 concentrations are predicted to

fall more rapidly: the counterbalancing effects of Ca2+ and PTH on its conversion by 1-α(OH)-ase
(see above) are less potent at very low [Dinact

3 ] values. Concomitantly, intestinal calcium absorption,
bone resorption, and urinary Ca2+ excretion decrease more rapidly, and variations in [Ca2+]p and
[PTH]p with [Dinact

3 ] become more significant (Figure 4.8). Since bone accretion decreases at a
faster rate than bone resorption, calcium retention diminishes, but it remains positive even under
vitamin D3 depletion.
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Figure 4.8: Predicted effects of vitamin D3 deficiency on steady-state concentrations and fluxes.
Panel A: normalized plasma concentration of Ca2+, PTH, and vitamin D3, as a function of [Dinact

3 ]p
(normalized by its base-case value). Panel B: normalized urinary Ca2+ excretion, intestinal calcium
absorption, bone accretion, and bone resorption, as a function of [Dinact

3 ]p (normalized by its base-
case value).

CYP24A1 inhibition
To mimic the effects of an inactivating CYP24A1 mutation, we set the degradation rate constant

kD3
deg to zero. The model then predicts an 8-fold increase in [D3]p, a 95 % reduction in [PTH]p (since

vitamin D3 inhibits PTH synthesis), and a 44% increase in [Ca2+]p. Calcium intestinal absorption
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and calcium bone resorption respectively increase by 49% and 42%. The [PTH]p reduction, in
combination with the increase in the filtered load of Ca2+, enhances total calcium excretion by a
factor of 2.6. In comparison, in CYP24A1 knock-out mice, [D3]p and [Ca2+]p were respectively
increased by a factor of 9 and 2 [197].

Inhibition of resorption
Bisphosphonates, which inhibit bone resorption, are used to treat several bone diseases, such

as osteoporosis and Paget’s disease. To investigate the effects of bisphosphonates on calcium
metabolism, we performed simulations in which the maximal resorption rate (the sum of Γminres

and δmaxres in Eq. 4.7) was progressively reduced to zero. We first examined the dynamic effects
of halving the maximal rate of resorption on the dynamic evolution of plasma Ca2+, PTH, and
vitamin D3 levels. As depicted in Figure 4.9, diminishing the resorption rate leads to a sudden
decrease in [Ca2+]p, which in turn triggers a rapid increase in PTH levels, and parallel reductions
in accretion and urinary Ca2+ excretion. Since the effects of PTH on vitamin D3 production occur
with a time delay (taken as 4 hours in our model), [D3]p varies slowly over the first 4 hours. When
it starts to rise significantly, intestinal calcium absorption is augmented, which in turn elevates
[Ca2+]p and conversely lowers [PTH]p. Due to these feedback mechanisms, oscillations ensue, but
they dampen rapidly. At steady-state, the predicted value of [Ca2+]p is 5 % lower than its basal
value, which is similar to the values reported by Fleisch [78]. The steady-state values of [PTH]p
and [D3]p are respectively 17 % and 30% higher than in the base case, which is also comparable to
experimental measurements [75].

We then varied the resorption rate over a large range, from its base-case value to zero. Shown
in Figure 4.10 are predicted concentrations and fluxes at steady state (i.e., once equilibrium has
been reached) as a function of the resorption rate. As described above, inhibiting resorption lowers
the plasma level of Ca2+, raises that of PTH and vitamin D3, enhances Ca2+ absorption, decreases
Ca2+ accretion, and reduces both absolute and fractional urinary Ca2+ excretion.

Our results suggest that the (steady-state) plasma concentration of PTH increases with de-
creasing resorption, before reaching saturation (Figure 4.10): as [Ca2+]p decreases, CaSR-mediated
inhibition of PTH exocytosis is reduced. Since PTH stimulates the synthesis of vitamin D3 and
inhibits its degradation, [D3]p increases in parallel with PTH (Figure 4.10). In counterbalance, the
increase in vitamin D3 levels lowers the rate of PTH synthesis.

Intestinal calcium absorption, which is stimulated by vitamin D3, increases as the resorption
rate is lowered, whereas Ca2+ accretion decreases (Figure 4.10). The model predicts that the rate
of accretion falls more slowly than that of resorption, so that Ca2+ retention increases, as observed
experimentally [78, 169]. Urinary Ca2+ excretion decreases with the resorption rate, which indicates
that the reabsorption-enhancing effects of PTH and vitamin D3 (as a result of PTH and vitamin
D3 elevation) are greater than the excretion-enhancing effects of Ca2+ (via CaSR).
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Figure 4.9: Predicted effects of inhibiting bone resorption on the evolution of concentrations and
fluxes with time. In this simulation, the maximal bone resorption rate (δmaxres ) is divided by 2
starting at t = 2 hours. Panels A, B, and C respectively depict the plasma concentration of Ca2+,
PTH, and vitamin D3, as a function of time; panel D: urinary Ca2+ excretion; panel E: intestinal
calcium absorption, accretion, and resorption.
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Figure 4.10: Predicted effects of inhibiting bone resorption on steady-state concentrations and
fluxes. Panel A: fractional change in the plasma concentration of Ca2+, PTH, and vitamin D3, as
a function of the percentage of inhibition. Panel B: fractional change in urinary Ca2+ excretion,
intestinal calcium absorption, bone accretion, and bone resorption, as a function of the percentage
of inhibition.
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Cinacalcet treatment
Cinacalcet, a calcimimetic agent that acts on the calcium sensing receptor by increasing its

sensitivity to calcium, is commonly used to treat secondary hyperparathyroidism in chronic renal
failure or, more rarely, primary hyperparathyroidism. Cinacalcet decreases PTH exocytosis from
parathyroid glands, and decreases Ca2+ reabsorption in the TAL [134].

To assess the theoretical impact of Cinacalcet on rats with hyperparathyroidism, we performed
the following simulations. To mimic primary hyperparathyroidism, we increased the rate of PTH
synthesis by a factor of 185, so that the plasma concentration of PTH is 10-fold its basal value. To
mimic the effects of Cinacalcet, we fixed the rate of PTH exocytosis to its minimal value, and max-
imized the inhibitory effects of CaSR on Ca2+ reabsorption in the TAL. As illustrated in Table 4.5,
Cinacalcet is predicted to return both [PTH]p and [D3]p in rats with hyperparathyroidism to their
levels in control animals; the plasma calcium concentration is thus rescued, i.e., its predicted value
(1.24 mM) falls within the normal range. The rates of calcium exchanges between compartments
are also very close to their base-case values (i.e., without primary hyperparathyroidism).

Table 4.5: Effects of Cinacalcet administration to rats with primary hyperparathyroidism

Control PHPT PHPT with Cinacalcet
[Ca2+]p (mM) 1.21 1.79 1.24
[PTH]p (pM) 1.93 19.5 2.01
[D3]p (pM) 94.6 665.5 100.4
Intestinal Ca2+ absorption (µmol/min) 1.06 1.59 1.09
Ca2+ accretion (µmol/min) 1.50 2.21 1.57
Ca2+ resorption (µmol/min) 0.48 0.83 0.51
Net Ca2+ flux into bone (µmol/min) 1.02 1.38 1.06
Urinary Ca2+ excretion (µmol/min) 0.047 0.200 0.030

Primary hyperparathyroidism (PHPT) is simulated by increasing the rate of PTH synthesis (kPTHg

prod )
by a factor of 185 (so that [PTH]p is multiplied by 10). In the presence of Cinacalcet, the rate
of PTH exocytosis is set to its minimum value (0.00007 min−1 vs. 0.0199 in the base case), and
the inhibitory effects of CaSR on Ca2+ reabsorption in the TAL are maximized (δTAL(Ca) from
Eq. 4.13 is set to 0.0175, vs 0.010 in the base case).

Effects of age and sex on calcium homeostasis
Maintenance of the calcium balance varies between the two sexes; it also evolves with age. In

particular, the plasma concentration of vitamin D3 is about 50% lower in female rats than in
age-matched male rats [150]. Vitamin D3 levels (and intestinal calcium absorption) also decrease
with age [223]. Conversely PTH levels increase with age, but do not vary significantly between
age-matched female and male rats [81, 96, 150]. Bone turnover is also widely affected by aging
[30, 67]. Despite these differences, plasma calcium concentration varies very little as a function of
either age or sex, under physiological conditions.
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We used the model to examine how [Ca2+]p can remain stable given these documented variations
in hormonal levels. We considered 2- and 8-month old, male and female rats, and accounted for
differences in PTH and vitamin D3 synthesis, as described above. We also accounted for sex-
and age-based differences in plasma volume (Vp), glomerular filtration rate (GFR), calcium intake
(ICa), the sensitivity of intestinal absorption to vitamin D3 (KD3

abs), and the rate of bone resorption
(i.e., the parameters Γminres and δmaxres ), as summarized in Table 4.6. The model predicts that to
maintain [Ca2+]p around 1.2 mM in all 4 rat groups, it is also necessary to posit sex- and age-based
differences in the rate of calcium exchanges between plasma and the rapidly exchangeable bone
pool (i.e., kCafp and kCapf ), as also suggested by one study [27]. However, other model parameters
need not change (Table 4.6).

Intestinal absorption is predicted to be halved in 2-month old female rats compared to young
male rats, mainly because vitamin D3 levels are 50% lower in females. Bone resorption follows the
same trend. Bone accretion is decreased in females because they have less calcium in the rapidly
exchangeable bone pool than males. This results in a lower bone turnover in females and a net
calcium flux into the deep bone that is halved, which is observed during menopause, due to the
lack of estrogens. Urinary calcium excretion is predicted to be reduced in females, as a result of the
lower GFR, even though fractional calcium excretion is higher in females (owing to lower levels of
vitamin D3). In 8-month old animals, the intestinal absorption and bone accretion of calcium are
substantially reduced (∼ -50% in both sexes) [30, 67, 223]. Given that PTH levels increase with
age [81, 96, 150], urinary calcium excretion is predicted to be lower (-15% and -17%, respectively,
in 8-month old male and female rats).
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Table 4.6: Predicted impact of age and sex on calcium homeostasis

2 months old 8 months old Source
male female male female

Body weight (g) 300 150 400 200 [150]
Plasma volume (mL) 10 5 15 7.5 [127]
GFR (mL.min−1) 2 1 2 1 [127] and [76]
β

P T Hg
exo (min−1) 0.059 0.018 0.25 0.063
γ

P T Hg
exo (min−1) 0.057 0.017 0.057 0.057
kmin

conv (min−1) 4.4× 10−6 2.2× 10−6 2.64× 10−7 1.10× 10−7

δmax
conv (min−1) 6.02× 10−5 3.01× 10−5 3.61× 10−6 1.50× 10−6

ICa (µmol.min−1) 2.3 1.5 2.0 1.0
KD3

abs
(pM) 100 100 200 200 [223]

Γmin
res (µmol.min−1) 0.142 0.142 0.043 0.028
δmax

res (µmol.min−1) 0.70 0.70 0.21 0.14
kCa

pf (min−1) 0.125 0.140 0.063 0.063
kCa

fp (min−1) 10−5 10−5 8.5×10−4 10−3

[Ca2+]p (mM) 1.21 1.20 1.20 1.20
[PTH]p (pM) 1.93 1.93 3.88 4.05 [150]
[D3]p (pM) 94.6 51.5 40.0 20.8 [150]
Intestinal Ca2+ absorption (µmol/min) 1.06 0.52 0.53 0.25
Fractional intestinal absorption, Fintest (%) 46.0 34.6 26.7 25.5
Ca2+ accretion (µmol/min) 1.5 0.83 0.60 0.29
Ca2+ resorption (µmol/min) 0.48 0.34 0.13 0.06
Net Ca2+ flux into bone (µmol/min) 1.02 0.49 0.47 0.25
Urinary Ca2+ excretion (µmol/min) 0.047 0.024 0.040 0.020
Fractional excretion, λu (%) 1.95 2.00 1.64 1.68

Shown in the upper part of the table are the parameters that we varied as a function of sex and
age. Model predictions are given in the lower part of the table.
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4.4 Discussion

Scope of model
We have developed a mathematical model that describes Ca2+ exchanges between the intestine,

plasma, slowly and rapidly exchangeable bone pools, and the kidneys, as well as their regulation
by PTH and vitamin D3. To our knowledge, this is the first such model of Ca2+ homeostasis that
applies to the rat, accounts for the rapidly exchangeable pool in bone, and considers the impact of
the renal CaSR. As shown in Figure 4.3, the model adequately reproduces experimental findings in
different scenarios.

Model limitations
We should nevertheless acknowledge a number of limitations. Model parameters apply to ∼

300 g rats, a weight at which rats are typically used for physiological experiments but for which
experimental calcium measurements are limited. We thus extrapolated measured values of calcium
bone content in mice. The model also assumes fixed values for plasma volume and GFR, whereas
these may vary in tandem with Ca2+ and/or PTH under certain conditions. Taking into consid-
eration the numerous factors that regulate plasma volume and GFR is beyond the scope of this
model. Instead, we accounted for observed changes in GFR in specific simulations.

In addition, our model does not consider the interactions between calcium and phosphate, which
are particularly relevant in bone. Accounting for this coupling is challenging because the regulation
of phosphate homeostasis has not been fully characterized. Fibroblast growth factor 23 (FGF23), a
bone-derived hormone that regulates systemic phosphate homeostasis, has recently been recognized
as an important component of the bone-parathyroid-kidney axis; in particular, FGF23 inhibits the
synthesis of vitamin D3 and the secretion of PTH [19]. Of note, FGF23 may have also a direct
effect on calcium transport in the kidney [7]. A better quantitative understanding of phosphate
metabolism is needed before it can be added to the model.

Since we do not represent the metabolism of compounds other than Ca2+, PTH, and vitamin
D3, we cannot account for the allosteric factors that modulate the binding affinity of CaSR to Ca2+,
such as sodium and ionic strength. Nor can we account for the effects of plasma volume, sodium
reabsorption, and thiazides on the fraction of Ca2+ that is reabsorbed in the proximal tubule (λPT ).
Similarly, the model does not consider other known regulators of calcium homeostasis, including
klotho, calcitonin, and steroids. Sex hormones are also known to regulate calcium homeostasis
by modifying calcium absorption in the intestine, calcium bone metabolism, and renal calcium
reabsorption. The model does not explicitly represent the mechanisms underlying these regulations
and takes into account only some aspects of sex-based differences (body size, calcium intake, as
well as PTH and vitamin D3 levels) [65, 105, 152].

Finally, the model is hampered by its description of organs as black boxes, meaning that trans-
port and regulation mechanisms at the molecular and cellular scales are described instead by
simplified relationships, such as first-order kinetics and Michaelis-Menten equations. There exist
detailed, cellular-based models of calcium homeostasis in the kidney [69] and intestine [73, 99, 191];
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these could be integrated in the present mathematical model in the future. Similarly, models of
bone remodeling could be incorporated to describe more accurately the dynamics of bone resorption
and formation [129, 159].

PTH-related disorders and Ca2+ metabolism
Our results suggest that the effects of primary hyperparathyroidism (HPTH) on urinary Ca2+

excretion (and thus hypercalciuria) depend in part on the degree to which PTH levels are in-
creased. PTH favors the release of Ca2+ from bone and therefore enhances its filtered load, but
it also stimulates Ca2+ reabsorption along the nephron. Moreover, PTH and Ca2+ exert opposite
effects on Ca2+ fluxes in the thick ascending limb. Whereas an increase in PTH stimulates reab-
sorption therein, increased binding of Ca2+ to calcium-sensing receptors expressed by that segment
inhibit reabsorption. Thus, our model predicts that whether urinary Ca2+ excretion increases or
decreases varies according to the balance between PTH and Ca2+, i.e., their respective contri-
bution to Ca2+ fluxes along the nephron. The inconstant presence of hypercalciuria in primary
hyperparathyroidism may also be due to variations in vitamin D levels. Broadus et al. observed
a strong positive correlation between plasma levels of vitamin D and calcium excretion in humans
with primary hyperparathyroidism [31]. Altogether these results suggest that the high variability of
hypercalciuria in primary hyperparathyroidism may be related to differences in PTH-CaSR and/or
vitamin D levels.

Patients with hypoparathyroidism are treated with vitamin D supplements that restore their
plasma Ca2+ levels but promote hypercalciuria, since intestinal calcium reabsorption is stimulated
while PTH-enhancing effects on renal Ca2+ reabsorption are significantly reduced [220, 221]. It
has been suggested that CaSR inhibitors may be used to treat disorders related to impaired PTH
secretion [134], and a recent model of Ca2+ transport along the nephron suggests that blocking
the renal CaSR could significantly reduce urinary Ca2+ excretion in the absence of PTH secretion
[69]. In the present study, fractional Ca2+ reabsorption along the entire nephron equals 88.2 %
in parathyroidectomized rats. Inhibition of the renal CaSR would raise that fraction to 92.4 %,
without a noticeable impact on [Ca2+]p or on calcium exchanges between other compartments.
However, given that concentration of Ca2+ in the tubular fluid increases approximately 10-fold
along the collecting duct, a small increase in reabsorption in the TAL can have a significant im-
pact on urinary concentration [69]. The current model does not track tubular and urinary Ca2+

concentrations, however.

Other regulations of Ca2+ metabolism
According to our simulations, when PTH synthesis is raised so that [PTH]p is doubled, [Ca2+]p

increases by 44%. In contrast, when [Dinact
3 ] is raised so that [D3]p is doubled, [Ca2+]p increases

by 26%. However, we cannot conclude that plasma Ca2+ levels are more sensitive to changes
in PTH levels than in vitamin D3 levels, since raising [PTH]p stimulates calcitriol production,
whereas raising [D3]p represses PTH synthesis. Given the combination of both negative and positive
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feedback mechanisms, the interactions between Ca2+, PTH, and vitamin D3 are highly non-linear,
as illustrated in Figures 4.4, 4.6, and 4.8.

We investigated the effects of bisphosphonates on calcium metabolism in rats by lowering the
maximal resorption rate over the entire duration of the simulation. Thus our results should be com-
pared with experimental studies in which bisphosphonates were administered to rats chronically. In
accordance with these studies, our model predicts that inhibiting resorption reduces plasma Ca2+

concentrations and increases Ca2+ retention [169]. The model also predicts that the secondary
hyperparathyroidism of bisphosphonate treatment reduces urinary Ca2+ excretion, as observed by
Bushinsky et al. [39]; other studies, however, have found that at high doses, bisphosphonates may
raise UCa, for reasons that remain unclear [169]. It has been suggested that some bisphosphonates
may exert direct effects on tubular calcium transport in the kidney [169].

Overall, the effect of vitamin D3 on intestinal calcium absorption is predicted to be limited.
In our simulations, primary hyperparathyroidism resulted in only a 1.5-fold increase in intestinal
calcium reabsorption despite a 7-fold increase in vitamin D3 levels. During profound vitamin D3

deficiency, however, intestinal calcium absorption decreased significantly. The proposed model for
calcium homeostasis takes into account the role of the two CYP450 enzymes involved in the tight
control of vitamin D3 metabolism, i.e., CYP27B1 and CYP24A1. The latter enzyme has been
shown to be critical for regulating calcemia, as genetic variants lead to hypersensitivity to vitamin
D3 supplementation and hypercalcemia. We reproduced here the phenotype induced by decreasing
CYP24A1 activity and found that vitamin D3 levels increased 8-fold, plasma calcium by 44%, and
calciuria by a factor of 2.6. Overall, the model fits well with observations in infantile hypercalcemia
[181].

The model takes into account a pool of calcium that is rapidly available from the bone. This
pool was described several decades ago following radiolabeled calcium experiments in vivo [217].
Our model suggests that calcium exchanges between plasma and the rapidly exchangeable pool
are 2- to 20-fold greater (depending upon [Ca2+]p) than those between plasma and the slowly
exchangeable pool. As currently integrated in the model, the rapid exchange of calcium between
plasma and bone plays an important role in both the dynamic evolution and the overall stability
of plasma calcium levels.

In summary, this model of calcium homeostasis, which includes two important calcium regula-
tors, i.e., the renal CaSR and the rapidly exchangeable bone calcium pool for which renewed interest
has been evinced, shows robustness when challenged. In particular, it predicts that hypercalciuria
in primary hyperparathyroidism is dependent upon the ratio of PTH vs. CaSR activity and upon
vitamin D3 levels. In primary hypoparathyroidism, urinary calcium excretion is partly sustained,
given the absence of PTH-induced stimulation of calcium reabsorption.
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Appendix

In a subset of simulations, we considered the reaction between calcium and the chelator ethylene glycol
tetraacetic acid (EGTA):

[Ca2+] + [EGTA]
k+

EGTA



k−
EGTA

[Ca.EGTA] (4.20)

The rate of reaction (REGTA) is given by:

REGTA = −k+
EGTA[Ca2+][EGTA] + k−

EGTA[Ca.EGTA] (4.21)

In the presence of EGTA in plasma, the conservation equation of Ca2+ in plasma (Eq. (5.47)) is thus written
as:

d[Ca2+]p
dt

|EGTA = (1− κb)
Vp

{
Γabs(D3) + Γres(PTH,D3) + kCa

f−p[Ca2+]fVf

−kCa
p−f [Ca2+]pVp − λuGFR[Ca2+]p

}
−REGTA

(4.22)

The kinetic rates k+
EGTA and k−

EGTA are respectively taken as 9×104 mM−1 ·min−1 and 18 min−1 [2, 193, 194].
To mimic the protocol used by Lewin et al. [132], we simulated a continuous intravenous injection of EGTA
during 20 min using the following differential equations:

d[EGTA]p
dt

= 1
Vp
kEGT A

inject +REGTA (4.23)

d[Ca.EGTA]p
dt

= k+
EGTA[Ca2+]p[EGTA]p − k−

EGTA[Ca.EGTA]p (4.24)

where kEGT A
inject is the rate of injection. During the injection, this rate is set to 3×10−4 mmol.min−1, as

estimated from the concentration of the EGTA solution, the rate of injection, and the total volume injected.
Before and after the 20 minute injection, kEGT A

inject is set to 0. In addition, immediately prior to injection, the
plasma concentrations of EGTA and Ca.EGTA are zero, whereas [Ca2+]p is equal to its equilibrium value
(1.21 mM). To reproduce the [Ca2+]p profile obtained by Fox and coworkers [81], we used the same equations,
but modified the injection rate. During the first 2 minutes, kEGT A

inject was set to 1.7×10−3 mmol.min−1, yielding
the observed 0.3 mM decrease in [Ca2+]p. For the next 118 minutes, during which [Ca2+]p remained stable,
the rate of injection was set to:

kEGT A
inject = 1.6× 10−4

[
e0.001(t−10) + e0.0025(t−30)

]
. (4.25)

where time (t) is expressed in minutes.
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Chapter 5

A Model of Calcium and Phosphate
Homeostasis in the Rat

As mentioned in section 1.2, the homeostatic regulation of calcium is tightly coupled to that of
phosphate. The calcium model we built in Chapters 3 and 4 did not account for phosphate, and the
objective of the present chapter is to remedy this omission. A major challenge is that the regulation
of phosphate homeostasis has not been characterized as well as that of calcium.

In this chapter, we begin by introducing a new hormone, namely FGF23. Next, we modify the
equations that govern vitamin D3 and PTH dynamics to account for the effects of FGF23 and those
of phosphate. Additionally, we describe the chemical reactions between calcium and phosphate in
both plasma and the rapid bone pool compartment. We then describe the phosphate conservation
equations, and make necessary changes in the model of calcium homeostasis; those changes include
incorporating explicitly the binding kinetics of calcium with proteins, which we previously did
not account for (section 3.2.1). Finally, we validate the combined calcium-phosphate model and
perform a set of simulations in line with those of Chapter 4.
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5.1 Mathematical model

Our model describes calcium and phosphate homeostasis, and is based upon the conservation
equations of Ca2+, PO4, PTH, vitamin D3 and FGF23. It applies to a rat weighing about 300 g
(male, 2 months old). As mentioned in the discussion of Chapter 4, parameters can be adapted to
rats of different sex and/or age.

5.1.1 Hormone conservation equations

FGF23 dynamics

In the following equations, FGF23 is denoted FGF and its corresponding concentration in plasma is
[FGF ]p. In light of the uncertainties described above, we assume that FGF23 synthesis is directly
modulated only by vitamin D3 and phosphate. The conservation of FGF23 is thus expressed as:

d[FGF ]p
dt

= kFGFprod

(
1 +G1([D3]p) +G2([PO4]p)

)
− kFGFdeg [FGF ]p. (5.1)

The first term on the right-hand-side denotes the amount of FGF23 that has been generated in
bone and transported into plasma; the coefficient kFGFprod represents the basal synthesis rate. The
second term represents the degradation of FGF23, with a rate constant kFGFdeg taken as 0.013 min−1

[229], consistent with its half life of 46-58 minutes [118].
The previous equation assumes that vitamin D3 and phosphate independently modulate the

production of FGF23 [184, 179]. More specifically, we make the hypothesis that:

G1([D3]p) =
δFGFprod [D3]

nF GF
prod
p

(KD3
prod)

nF GF
prod + [D3]

nF GF
prod
p

, (5.2)

G2([PO4]p) = [PO4]p
KPO4
prod + [PO4]p

. (5.3)

These equations assume that vitamin D3 can increase the production of FGF23 by, at most, a
factor of δFGFprod = 10, whereas phosphate can increase it by, at most, a factor of 2. Thus, in case
of high stimulation by both vitamin D3 and PO4, the FGF23 synthesis rate is multiplied by 12
relative to its basal value. The constants KD3

prod and KPO4
prod are set to the equilibrium values of the

plasma concentration of vitamin D3 and phosphate, respectively.
Since we could not find estimates of kFGFprod in the literature, we estimated its value based on

steady-state conditions. Additionally, the basal concentration of FGF23 is taken as 15 pM [205].
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Conservation of Vitamin D3

FGF23 and phosphate both inhibit CYP27B1, whereas FGF23 also activates CYP24A1. The
conservation equation for vitamin D3 is therefore rewritten as:

d[D3]p
dt

=
[
kminconv +

δmaxconv[PTH(t− τ)]nconv
p(

[PTH(t− τ)]nconv
p +Knconv

conv

) × 1(
1 + γCaconv[Ca2+]p

)(
1 + γD3

conv[D3]p
)

× 1(
1 + γFGFconv [FGF ]p

)(
1 + γPO4

conv [PO4]p
)][Dinact

3 ]p

−
kD3
deg(1 + γFGFdeg [FGF ]p)[D3]p

1 + γ
PTHp

deg [PTH]p
,

(5.4)

The first term within brackets on the right-hand-side represents the basal synthesis rate of vitamin
D3. The next term accounts for its activation by PTH and its repression by vitamin D3, Ca2+,
FGF23 and PO4. We assume that FGF23 and PO4 act independently, with respective sensitivity
coefficients γFGFconv and γPO4

conv . The last term on the right-hand-side characterizes the degradation of
vitamin D3, which is henceforth activated by FGF23 in proportion to γFGFdeg , in addition to being
repressed by PTH, as already included in the model.

5.1.2 Conservation equation for PTH

In section 1.2.3, we highlighted the fact that the interactions between FGF23 and PTH remain to
be clarified (Figure 1.12). These interactions are not included in the current model, but they could
be incorporated at a later stage once more experimental data become available. We account for
the effects of phosphate on PTH production as follows:

d[PTH]g
dt

=
kPTHgprod βPO4

prod [PO4]n
P O4
prod(

1 + γD3
prod[D3]p

)(
(KPO4

prodP T H
)n

P O4
prod + [PO4]n

P O4
prod

) − (kPTHg

deg + F ([Ca2+]p)
)
[PTH]g,

(5.5)
The first term on the right-hand-side now includes the activation of PTH synthesis by phosphate.
The second term characterizes PTH degradation and exocytosis. The modulation of CaSR or VDR
expression by FGF23 is not taken into account as quantitative data are lacking.

Corresponding parameters are listed in Table 5.1, Table 5.2 and Table 5.3.

113



CHAPTER 5. A MODEL OF CALCIUM AND PHOSPHATE HOMEOSTASIS IN THE RAT 5.1. MATHEMATICAL MODEL

Table 5.1: PTH parameters

Parameter Symbol Value Reference
PTHg synthesis rate k

PTHg

prod 52.4 µmol.min−1 estimated
Inhibition of PTHg synthesis by vitamin D3 γD3

prod 8.33 × 10−4 pM−1 estimated
PTHg degradation rate constant k

PTHg

deg 0.035 min−1 [1]
Maximal secretion rate constant of PTHg β

PTHg
exo 0.059 min−1 fitted from [81]

Maximal inhibition of secretion by Ca2+ γ
PTHg
exo 0.057min−1 fitted from [81]

Binding of Ca2+ to CaSR KCa2+
p

1.16 mM [81]
nexo1 100 [187]
nexo2 15 [187]
R 1.1 mM [187]
ρexo 10 mM−1 [187]

PTHp degradation rate constant k
PTHp

deg 1.3 min−1 [1]
Volume of parathyroid glands Vc 0.1 µL [98]
Sensitivity of PTH production to PO4 KPO4

prod 2.4 mM estimated
Maximal stimulation of PTH synthesis by PO4 βPO4

prod 1 estimated
nPO4
prod 5 estimated

Table 5.2: Vitamin D3 parameters

Parameter Symbol Value Reference
Minimum production rate constant of vitamin D3 kminconv 8.8× 10−6 min−1 [209]
Maximal increase in vitamin D3 production rate δmaxconv 1.4× 10−4 min−1 [209]
Plasma concentration of Dinact

3 [Dinact
3 ]p 25 nM [81]

Activation of vitamin D3 production by PTH Kconv 15.7 pM estimated
PTH sensitivity coefficient nconv 6 estimated
Time delay for PTH effects on Dinact

3 conversion τ 240 min [125]
Inhibition of D3 production by Ca2+ γCaconv 0.3 mM−1 estimated
Inhibition of vitamin D3 production by itself γD3

conv 3 × 10−3 pM−1 estimated
Degradation rate constant of vitamin D3 kD3

deg 0.001 min−1 [12, 64, 111]
Inhibition of CYP24A1 by PTH γ

PTHp

deg 1 pM−1 estimated
Inhibition of D3 production by PO4 γPO4

conv 0.2 mM−1 estimated
Inhibition of D3 production by FGF23 γFGFconv 0.02 pM−1 estimated
Activation of CYP24A1 by FGF23 γFGFdeg 0.13 pM−1 estimated
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Table 5.3: FGF23 parameters

Parameter Symbol Value Reference
FGF23 synthesis rate kFGFprod 8.12 fM.min−1 estimated
Modulation of FGF23 synthesis by D3 KD3

prod 564 pM [229]
Maximal activation of FGF23 by D3 δFGFprod 10 estimated
Sensitivity of FGF23 synthesis to D3 nFGFprod 5 estimated
Modulation of FGF23 synthesis by PO4 KPO4

prod 1.6 mM [229]
FGF23 degradation rate constant kFGFdeg 0.038 min−1 [229, 118]

5.1.3 Modeling calcium-phosphate binding in plasma and bone

Even though they were never considered previously in models (section 1.3), the mechanisms by
which phosphate and calcium bind to each other are crucial to bone formation (formation of hy-
droxyapatite). They are tightly controlled by inhibitors of aggregation such as Fetuin-A (section
1.2.4). Dysregulations can lead to precipitation beyond the bone compartment that can ultimately
generate calcium-phosphate crystals in kidneys or in other organs and widely increase the risk of
mortality.

Formation of CaHPO4 and CaH2PO+
4 salts in plasma

The reactions between Ca2+ and the two main phosphate components in plasma, HPO2−
4 and

H2PO−4 (see section1.2.4), are:

Ca2+ +HPO2−
4

kCaHPO4
f




kCaHPO4
d

CaHPO4.

Ca2+ +H2PO
−
4

k
CaH2PO+

4
f




k
CaH2PO+

4
d

CaH2PO
+
4 ,

The equilibrium constants of these reactions are given by:

K = a(CaHPO4)
a(Ca2+)a(HPO2−

4 )
=
kCaHPO4
f

kCaHPO4
d

. (5.6)
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K = a(CaH2PO
+
4 )

a(Ca2+)a(H2PO
−
4 )

=
kCaH2PO4+
f

kCaHPO4+
d

. (5.7)

where a(i) denotes the activity of ion i, i.e., the product of the concentration and activity coef-
ficient of i. The equilibrium constants of the first and second reactions (Eq. (5.6) and Eq. (5.7))
are respectively equal to 681 M−1 and 31.9 M−1 at 37◦C [135, 213]. Assuming that the plasma
concentrations of Ca2+, H2PO−4 and HPO2−

4 (at pH 7.4) are about 1.2, 0.32, 1.28 mM respectively,
the plasma concentrations of CaHPO4 and CaH2PO+

4 can be estimated as:

[CaHPO4]p = 0.681× [Ca2+]p × f2 × [HPO2−
4 ]p × f2 = 0.11 mM.

[CaH2PO
+
4 ]p = 0.032× [Ca2+]p × f2 × [H2PO

−
4 ]p × f1 = 0.003 mM = 3 µM.

Note that it is essential to take into account activity coefficients in the previous calculations [52].
Note too that the concentration of the complex CaHPO4 is about 10% that of [Ca2+]p, that is,
a non-negligible fraction. In the dynamic model, we do not assume instant equilibrium between
these species. Instead, we fix the value of kCaHPO4

d and k
CaH2PO+

4
d at 100 s−1 (1.7 min−1). With

this assumption, we have kCaHPO2−
4

f = 1.16 mM−1.min−1 and kCaHPO2−
4

f = 0.054 mM−1.min−1.

Regulation of bone mineralization by fetuin-A

We assume that the reaction between fetuin-A and either CaHPO4 or CaH2PO+
4 is a first order,

irreversible kinetic process. Thus, the dynamic evolution of the plasma concentrations of CaHPO4

and CaH2PO+
4 is given by:

d[CaHPO4]p
dt

= kCaHPO4
f [Ca2+]p[HPO2−

4 ]pf2
2 − k

CaHPO4
d [CaHPO4]p

−kfetAf [CaHPO4]p,
(5.8)

d[CaH2PO
+
4 ]p

dt
= k

CaH2PO+
4

f [Ca2+]p[H2PO
−
4 ]pf1f2 − k

CaH2PO+
4

d [CaH2PO
+
4 ]pf1

−kfetAf [CaH2PO
+
4 ]pf1.

(5.9)

In the absence of data, we assume that the rate of reaction between fetuin-A on one hand and either
CaHPO4 or CaH2PO+

4 on the other hand is the same. To simplify notations, we define kCaHPO4
on =

kCaHPO4
f f2

2 , kCaH2PO+
4

off = k
CaH2PO+

4
d f1 , kCaH2PO+

4
on = k

CaH2PO+
4

f f1f2, and kfetAon = kfetAf f1.
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Finally, the dynamics of calciprotein particles (CPPs) is governed by the following equation:

d[CPP ]p
dt

= kfetAf

(
[CaHPO4]p + f1[CaH2PO

+
4 ]p
)
− kCPPc [CPP ]p. (5.10)

The first term on the right-hand side accounts for the binding of fetuin to calcium-phosphate
complexes. The last term characterizes CPP degradation through the reticuloendothelial system
[102] which occurs over several minutes. Thus, the constant kCPPc is taken equal to 3 min−1 [102].

Ca2+

+

+

HPO4
2- H2PO4

-

CaHPO4

CaH2PO4
+

Fet-A

high affinity

(1)

(2)

(3)

CPP (calciprotein particles)

(4)

degradation

macrophages

cleared by liver and spleen

H+ +

Figure 5.1: Calcium and phosphate complexation mechanisms considered in the model. (1) There
are two forms of phosphate in plasma: HPO2−

4 and H2PO−4 . (2) These species can react with calcium
(Ca2+) to form complexes. (3) Fetuin-A (Fet-A), which is synthetized by the liver, prevents these
complexes from aggregating and forming calcium salt crystals. Calciprotein particles (CPP) result
from the binding of Fet-A with calcium-phosphate complexes. (4) Finally, CPP are quickly cleared
by macrophages.

Calcium and phosphate in the rapid bone pool

We make the hypothesis that the rapidly exchangeable pool is composed of Ca2+, HPO2−
4 , H2PO−4 ,

CaHPO4, as well as CaH2PO+
4 .

The total amount of calcium and phosphate in this pool varies jointly with fluxes between
plasma and the rapidly exchangeable pool, the loss due to accretion in the deep bone pool, and
complexation reactions, such that:

dNCa2+
f

dt
= kCap−f [Ca2+]pVp − kCaf−pNCa2+

f
− ΓacNCa2+

f

−
dNCaHPO4f

dt
−
dNCaH2PO4+

f

dt
,

(5.11)
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and
dNPO4f

dt
= kPhop−f [PO4]pVp − kPhop−fNPO4f

− ΓacNPO4f

−
dNCaHPO4f

dt
−
dNCaH2PO4+

f

dt
.

(5.12)

As noted above in section 1.2.4, we define:

NHPO4
2−
p

= aNPO4f
,

NH2PO4
−
p

= bNPO4f
,

(5.13)

where a and b are:
a = 10pH−pKa

1 + 10pH−pKa ,

b = a

10pH−pKa ,
(5.14)

which yields a = 0.8 and b = 0.2 at pH 7.4. Finally, the conservation equations for the two complexes
are:

dNCaHPO4f

dt
= kCaHPO4

on NCa2+
f
aNPO4f

− kdNCaHPO4f
, (5.15)

and
dNCaH2PO4+

f

dt
= kCaH2PO4

on NCa2+
f
bNPO4f

− koffNCaH2PO4+
f
. (5.16)

5.1.4 Equations for phosphate

Our phosphate homeostasis model is built following the same approach as that used to develop the
calcium model. In the following, we denote PO4 the sum of HPO2−

4 and H2PO−4 .

Intestinal absorption of phosphate

Assuming no accumulation of phosphate in the intestinal compartment, we have:

EPO4 = IPO4 − ΓPO4
abs ([D3]p), (5.17)

where IPO4 , ΓPO4
abs , and EPO4 respectively represent phosphate intake, net intestinal phosphate

absorption, and fecal phosphate excretion. We assume that vitamin D3 contributes to at most 3/7
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= 43% of ΓPO4
abs , and that the remaining 4/7 = 57% are unregulated; that is:

ΓPO4
abs ([D3]p) = IPO4

(
0.4 +

0.3[D3]nabs
p

[D3]nabs + (KD3
abs)nabs

)
. (5.18)

Moreover, we consider that nabs and KD3
abs are the same for calcium and phosphate.

Intracellular phosphate

To our knowledge, the quantity of intracellular phosphate in rats, NPO4c
, has not been determined.

This parameter is therefore estimated during the model validation phase (see section 5.3.1). Intra-
cellular phosphate can be bound or incorporated into the phospholipids of cell membranes but most
of the phosphate is in mitochondria. Besides, there exists a weak outgoing phosphate concentration
gradient from the cytosol to plasma [72]. Assuming that phosphate fluxes between plasma and the
intracellular compartment obey first-order dynamics, we have:

dNPO4c

dt
= kp−c[PO4]pVp − kc−pNPO4c

. (5.19)

where kp−c characterizes the rate of phosphate transport from plasma to cells and kc−p that from
cells to the plasma.

Hormonal control of phosphate reabsorption in the kidney

The ionized and ion-bound forms of phosphate are freely filtered by the kidney, representing about
90 % of the total plasma phosphate, but this fraction can decrease in case of hypercalcemia probably
because of calcium-phosphate fetuin complexes [162]. Approximately 70 to 80 % of the filtered load
is reabsorbed in the proximal tubule [203], mostly via the cotransporter NaPi-IIa (or SLC34A1),
which accounts for 80% of phosphate reabsorption in that segment. In the absence of phosphate
accumulation in the kidney, the sum of fractional reabsorption (λPO4

reab ) and fractional excretion
(λPO4
u ) is unity:

λPO4
reab + λPO4

u = 1. (5.20)

We assume that phosphate reabsorption occurs essentially in the PT and DCT, such that:

λPO4
reab = λPO4

PT + λPO4
DCT . (5.21)
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In the proximal tubule, phosphate reabsorption is negatively regulated by PTH, FGF23 [114, 184],
and high phosphate intake. We therefore rewrite λPO4

PT as:

λPO4
PT (PTHp, FGFp, PO4p) = λ0

PT + δPT (PTHp) + δPT (FGFp) + δPT (PO4p) (5.22)

where

δPT (PTHp) = δmaxPTH(KPTH
PT )n

P O4
reab

[PTH]n
P O4
reab
p + (KPTH

PT )n
P O4
reab

, (5.23)

δPT (FGFp) = δmaxFGF (KFGF
PT )n

P O4
reab

[FGF ]n
P O4
reab
p + (KFGF

PT )n
P O4
reab

, (5.24)

δPT (PO4p) =
δmaxPO4

(KPO4
PT )n

P O4
reab

[PO4]n
P O4
reab
p + (KPO4

PT )n
P O4
reab

. (5.25)

We make the following assumptions: λ0
PT is fixed at 55%; PTH and PO4 contribute equally to the

variable part of phosphate reabsorption in the PT, i.e., δmaxP O4
PTH and δmaxPO4

are each taken as 5%;
FGF23 is the main regulator of phosphate transport in the PT, and we assume that its fractional
contribution is δmaxFGF23 = 25%; the constants KPTH

PT , KFGF
PT , and KPO4

PT are given in Table 5.4; nPO4
reab

is taken equal to 5; lastly, fractional phosphate reabsorption in the distal tubule (λPO4
DCT ) is taken

to be fixed (10%).
Since the role of vitamin D3 in the regulation of renal phosphate reabsorption remains unclear

[85], it is not considered in this model.

Phosphate in the bone compartment

The bone compartment is divided into a rapidly exchangeable pool and a slowly exchangeable pool.
We respectively denote NPO4f

and NPO4b
the amounts of phosphate in these pools. In section 2.4.1,

we estimated NPO4b
as about 54 mmol in a 300 g male rat and NPO4f

as about 0.5 mmol. The
dynamics of phosphate in the fast pool is described in Eq. (5.12):

dNPO4f

dt
= kPO4

p−f [PO4]pVp − kPO4
f−pNPO4f

− ΓPO4
ac NPO4f

−
dNCaHPO4f

dt
−
dNCaH2PO4+

f

dt
.

(5.26)
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The amount of phosphate in the deep bone varies with time as:

dNPO4b

dt
= ΓPO4

ac NPO4f
− ΓPO4

res (PTH,D3). (5.27)

The rates of phosphate accretion (ΓPO4
ac ) and resorption (ΓPO4

res ) are chosen to fit the experimental
data of Thomas et al. (Thomas et al., JASN, in Press, 2016)(Table 5.6).

Phosphate binding to Na+

Sodium-phosphate complexes (NaPO4) account for 30% of total plasma phosphate and thus have
to be taken into consideration. There are two species: NaHPO−4 and NaH2PO4, whose proportion
depends on plasma pH. The corresponding reactions are as follows:

Na+ +HPO2−
4

k
NaHPO−

4
f




k
NaHPO−

4
d

NaHPO−4 , (5.28)

with the association constant:

KNaHPO−
4

= [NaHPO−4 ]p
[Na+]p[HPO2−

4 ]p
=
k
NaHPO−

4
f

k
NaHPO−

4
d

.

The second reaction is:

Na+ +H2PO
2−
4

kNaH2PO4
f




kNaH2PO4
d

NaH2PO4, (5.29)

with the association constant:

KNaH2PO4 = [NaH2PO4]p
[Na+]p[H2PO

−
4 ]p

=
kNaH2PO4
f

kNaH2PO4
d

.

The equilibrium constants KNaHPO−
4

and KNaH2PO4 have been measured as, respectively, 4.70

×10−3 mM−1 and 2.94 ×10−3 mM−1 [143]. If we assume that kNaH2PO4
d and k

NaHPO−
4

d are
1.7 min−1, then k

NaHPO−
4

f and kNaH2PO4
f are, respectively, 8 ×10−3 mM−1.min−1 and 5 ×10−3

mM−1.min−1.
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In addition, NaH2PO4 and NaHPO−4 form an acid/base pair:

NaHPO−4 +H+ 
 NaH2PO4, (5.30)

with pKA equal to 7.2. Thus, the ratio between the two species at pH 7.4 is:

[NaHPO−4 ]p
[NaH2PO4]p

= 10pH−pkA ≈ 1.6.

This means that we have the following proportions:

[NaHPO−4 ]p = c[NaPO4]p, (5.31)

[NaH2PO4]p = d[NaPO4]p. (5.32)

where c and d depend on pH (similarly to a and b defined in Equation (5.14)), and equal 0.68
and 0.32, respectively, at pH 7.4. The dynamics of NaPO4 complexes is governed by the following
equations:

d[NaHPO−4 ]p
dt

= k
NaHPO−

4
f [Na+]p[HPO2−

4 ]p − k
NaHPO−

4
d [NaHPO−4 ]p

−kon[NaHPO−4 ][H+] + koff [NaH2PO4],
(5.33)

and
d[NaH2PO4]p

dt
= kNaH2PO4

f [Na+]p[H2PO
−
4 ]p − kNaH2PO4

d [NaH2PO4]p

+kon[NaHPO−4 ][H+]− koff [NaH2PO4].
(5.34)

By summing these equations we obtain:

d[NaPO4]p
dt

= (akNaHPO
−
4

f + bkNaH2PO4
f )[Na+]p[PO4]p

−(ckNaHPO
−
4

d + dkNaH2PO4
d )[NaPO4]p.

(5.35)

To simplify notations, we define kNaPO4
f = ak

NaHPO−
4

f + bkNaH2PO4
f and kNaPO4

d = ck
NaHPO−

4
d +
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dkNaH2PO4
d . Eq. 5.35 is rewritten as:

d[NaPO4]p
dt

= kNaPO4
f [Na+]p[PO4]p − kNaPO4

d [NaPO4]p. (5.36)

We consider that [Na+]p = 142 mM [135]. Based on the chosen parameters, the quantity of NaPO4

at equilibrium is:

[NaPO4]p =
kNaPO4
f

kNaPO4
d

[Na+]p[PO4]p ≈ 1 mM,

which is about 30% of the plasma concentration of total phosphate (see below).

Phosphate in plasma

The plasma concentration of total phosphate ([POtot4 ]p) is on the order of 3 mM in the rat. As
mentioned above, about half of total phosphate is ionized (and present as HPO2−

4 and H2PO−4 ); the
rest is bound to proteins and other ions such as Ca2+, Na+ and Mg2+. We assume that MgHPO4 is
negligible [216]. In the remainder of this chapter, the term [Ca : PO4] denotes calcium-phosphate
complexes (not including CPPs). Adding Eqs. (5.8) and (5.9) yields:

d[Ca : PO4]
dt

= d[CaHPO4]p
dt

+ d[CaH2PO
+
4 ]p

dt
,

= kCaHPO4
on [Ca2+]pa[PO4]p − kCaHPO4

d [CaHPO4]p

−kfetAf [CaHPO4]p + k
CaH2PO+

4
on [Ca2+]pb[PO4]p

−kCaH2PO+
4

off [CaH2PO
+
4 ]p − kfetAon [CaH2PO

+
4 ]p.

(5.37)

Thus we write the conservation of total phosphate in plasma as:

d[POtot4 ]p
dt

= d[PO4]p
dt

+ d[Ca : PO4]
dt

+ d[NaPO4]p
dt

+ d[CPP ]p
dt

⇐⇒ d[PO4]p
dt

= d[POtot4 ]p
dt

− d[Ca : PO4]p
dt

− d[NaPO4]
dt

− d[CPP ]p
dt

,

(5.38)

The total amount of phosphate in plasma varies according to the phosphate fluxes from plasma to
bone (JpbPO4

), kidney (JpkPO4
), cells (JpcPO4

), intestine (JpiPO4
) and macrophages such that:

d[POtot4 ]p
dt

= 1
Vp

(−JpiPO4
− JpbPO4

− JpkPO4
− JpcPO4

)− kCPPc [CPP ]p. (5.39)
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Combining Eqs. (5.38) and (5.39), macrophages and fetuin terms can be eliminated such that we
finally obtain:

d[PO4]p
dt

= 1
Vp

{
ΓPhoabs (D3)− kPO4

p−f [PO4]p + kPO4
f−pNPO4f

+ ΓPO4
res (PTH,D3)

−λPO4
u GFR([PO4]p + [CaHPO4]p + [CaH2PO

+
4 ]p + [NaPO4]p)

+kc−pNPO4c
− kp−c[PO4]pVp

}

−kNaPO4
f [Na+]p[PO4]p + kNaPO4

d [NaPO4]p

−kCaHPO4
on [Ca2+]pa[PO4]p + kCaHPO4

d [CaHPO4]p

−kCaH2PO+
4

on [Ca2+]pb[PO4]p + k
CaH2PO+

4
off [CaH2PO

+
4 ]p.

(5.40)

5.1.5 Determination of unknown parameters

With the addition of phosphate, the parameters related to calcium in the rapidly exchangeable pool
are re-evaluated, using the same approach as in section 4.2.4, taking Eq. (5.11) at equilibrium.
We also use the same method to estimate the rapid pool phosphate parameters, based upon
Eq. (5.12):

kPO4
p−f > ΓPO4

ac

N∗PO4f

[PO4]∗pVp
. (5.41)

The selected values of N∗PO4f
and ΓPO4

ac are given in Table 5.4. By setting kPO4
p−f to 11.25 min−1,

we obtain kPO4
f−p = 0.36 min−1. Note that kPO4

p−f is chosen both to satisfy Eq. (5.41) and to fit the
experimental data in section 5.3.1.

In order to estimate parameters for the intracellular phosphate, we proceed as for the rapidly
exchangeable bone pool of calcium and phosphate. At equilibrium, we have:

dN∗PO4c

dt
= 0⇐⇒ kp−c =

kc−pN
∗
PO4c

[PO4]∗pVp
. (5.42)

Setting kc−p = 0.001 min−1 and N∗PO4c
= 3 mmol (which yields the best fit in section 5.3.1), we

obtain kp−c = 0.19 min−1.

Corresponding parameters are listed in Table 5.4.
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Table 5.4: Phosphate metabolism parameters

Organ Parameter Symbol Value Reference

Intestine
Phosphate intake IP O4 2.2 µmol.min−1 [202]

nabs 2 estimated
Sensitivity of PO4 absorption to D3 KD3

abs
640 pM estimated

Kidney

Minimal fractional reabsorption of PO4 in the PT λ0
P T 0.55 [162]

Stimulation of PO4 reabsorption in PT by PTH δmax
P T H 0.05 estimated

Sensitivity of PO4 reabsorption in PT to PTH KP T H
P T 20 pM estimated

Stimulation of PO4 reabsorption in PT by FGF δmax
F GF 0.25 estimated

Sensitivity of PO4 reabsorption in PT to FGF KF GF
P T 20 pM estimated

Stimulation of PO4 reabsorption in PT by PO4 δmax
P O4

0.05 estimated
Sensitivity of PO4 reabsorption in PT to PO4 KP O4

P T 1.6 mM [229]
Fractional reabsorption of PO4 in the DCT λP O4

DCT 0.1 [162]
nP O4

reab
5 estimated

Slow Bone

PO4 accretion rate ΓP O4
ac 1.2 µmol.min−1 [157]

Pho resorption rate ΓP O4
res 0.7 ΓCa

res [157]
Stimulation of resorption by D3 KD3

res 600 pM estimated
Stimulation of resorption by PTH K

P T Hp
res 6.12 pM estimated

Fast Bone Rate constant of PO4 transfert from plasma to fast bone pool kP O4
p−f

11.25 min−1 estimated
Rate constant of PO4 transfert from fast bone pool to plasma kP O4

p−f
0.29 min−1 estimated

Intracellular Phosphate
Total quantity of PO4 in cells NP O4c

3 mmol estimated
Rate constant of PO4 transfert from plasma to intracellular pool kp−c 0.19 min−1 estimated
Rate constant of PO4 transfert from intracellular pool to plasma kc−p 0.001 min−1 estimated

5.1.6 Improvement to the calcium homeostasis model

We previously assumed (see section 3.2.1) that the fraction κb of calcium bound to proteins such as
albumin remained constant. However, this is not accurate since the concentration of both calcium
and plasma proteins may vary at any time. Therefore, we refine our model by taking into account
the binding of calcium to albumin.

Calcium binding to proteins

In plasma, about 50% of calcium is bound to proteins, with albumin being the dominant ligand
(46%) [22]. Let Alb2− denote the free calcium binding sites on the albumin molecules and CaAlb
the number of bound sites. The binding of calcium to albumin binding can be represented as
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follows:

Ca2+ +Alb2−
kCaAlbf




kCaAlbd

CaAlb, (5.43)

with the association constant:
KA = [CaAlb]p

[Ca2+]p[Alb2−]p
.

At pH 7.4, KA = 0.1 mM−1 and the number of available binding sites NAlb per albumin molecule
is equal to 20 [79]; note that NAlb is not very sensitive to small pH variations. We thus have:

NAlb × [Albtot]p = [Alb2−]p + [CaAlb]p ⇐⇒ [Alb2−]p = NAlb × [Albtot]p − [CaAlb]p.

Assuming that kCaAlbd = 1.7 min−1, we have kCaAlbf = 0.19 mM−1.min−1. The conservation equation
for the calcium-albumin complex is:

d[CaAlb]p
dt

= kCaAlbf [Ca2+]p[Alb2−]p − kCaAlbd [CaAlb]p,

= kCaAlbf [Ca2+]p(NAlb[Albtot]p − [CaAlb]p)− kCaAlbd [CaAlb]p.
(5.44)

We assume that [Albtot]p is constant and equal to 0.6 mM. Thus, at equilibrium the concentration
of bound sites on albumin molecules is estimated as:

[CaAlb]p ≈ KA[Ca2+]p[Albtot]pNAlb = 1.44 mM.

Conservation equation for plasma calcium

As in section 5.1.4, the term [Ca : PO4]p denotes calcium-phosphate complexes (not including
CPPs), and its derivative is given by Eq. (5.37). Assuming that albumin is the main protein ligand
of calcium, the conservation equation for calcium in plasma can be written as:

d[Catot]p
dt

= d[Ca2+]p
dt

+ d[CaAlb]p
dt

+ d[Ca : PO4]p
dt

+ d[CPP ]p
dt

⇐⇒ d[Ca2+]p
dt

= d[Catot]p
dt

− d[CaAlb]p
dt

− d[Ca : PO4]p
dt

− d[CPP ]p
dt

.

(5.45)

As described previously, the total amount of calcium in plasma varies according to the calcium
fluxes from plasma to bone (JpbCa), kidney (JpkCa), intestine (J

pi
Ca), and the macrophage compartment
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for CPP degradation, such that:

d[Catot]p
dt

= 1
Vp

(−JpiCa − J
pb
Ca − J

pk
Ca)− k

CPP
c [CPP ]p. (5.46)

JpbCa corresponds to bone resorption and the exchanges between the rapidly exchangeable pool and
plasma.

Combining Eqs. (5.45) and (5.46), the terms related to fetuin complexation and macrophage-
induced degradation can be eliminated such that we finally obtain:

d[Ca2+]p
dt

= 1
Vp

{
Γabs(D3) + Γres(PTH,D3)− kCap−f [Ca2+]pVp + kCaf−pNCa2+

f

−λuGFR([Ca2+]p + [CaHPO4]p + [CaH2PO
+
4 ]p)

}

−kCaAlbf [Ca2+]pNAlb[Albtot]p + kCaAlbd [CaAlb]p

−kCaHPO4
on [Ca2+]pa[PO4]p + kCaHPO4

d [CaHPO4]p

−kCaH2PO+
4

on [Ca2+]pb[PO4]p + k
CaH2PO+

4
off [CaH2PO

+
4 ]p.

(5.47)

The terms weighted by 1
Vp

refer to external fluxes while the others are associated with reactions

within plasma. All new parameters are listed in Table 5.5.
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Table 5.5: Calcium metabolism parameters

Organ Parameter Symbol Value Reference

Intestine Calcium intake ICa 2.2 µmol.min−1 [55, 134]
Stimulation of absorption by D3 KD3

abs
640 pM estimated

Kidney

Glomerular filtration rate GFR 2 mL.min−1 [231]
Minimal fractional reabsorption of Ca2+ in the PT λ0

P T 0.64 [20, 154]
Stimulation of Ca2+ reabsorption in PT by PTH δmax

P T 0.01 estimated
Sensitivity of Ca2+ reabsorption in PT to PTH PTHref 15 pM estimated

Minimal fractional reabsorption of Ca2+ in the TAL λ0
T AL 0.225 [20, 154]

Stimulation of Ca2+ reabsorption in TAL by PTH δmax
P T H 0.0075 estimated

Sensitivity of Ca2+ reabsorption in TAL to PTH K
P T Hp

T AL 4.2 pM estimated
Stimulation of Ca2+ reabsorption in TAL by CaSR δmax

CaSR 0.0175 estimated
Sensitivity of Ca2+ reabsorption in TAL to Ca2+ Cref 1.33 mM estimated

Minimal fractional reabsorption of Ca2+ in the DCT-CNT λ0
DCT 0.090 [20, 154]

Stimulation of Ca2+ reabsorption in the DCT-CNT by PTH and vitamin D3 δmax
DCT 0.010 estimated

Sensitivity of Ca2+ reabsorption in the DCT-CNT to PTH K
P T Hp

DCT 6.3 pM estimated
Sensitivity of Ca2+ reabsorption in the DCT-CNT to vitamin D3 KD3

DCT 480 pM estimated

Slow Bone

Initial calcium content in bone NCab
105 mmol measured

Accretion rate constant Γac 0.5 min−1 [55]
Minimal resorption rate Γmin

res 0.10 µmol.min−1 [55]
Maximal resorption rate δmax

res 0.30 µmol.min−1 [55]
Stimulation of resorption by D3 KD3

res 600 pM estimated
Stimulation of resorption by PTH K

P T Hp
res 16.12 pM estimated

Fast Bone
Initial calcium content in rapidly exchangeable pool NCaf

1.60 mmol measured
Rate constant of Ca2+ transfer from plasma to fast bone pool kCa

pf 0.41 min−1 estimated
Rate constant of Ca2+ transfer from fast bone pool to plasma kCa

fp 2.30 ×10−3 min−1 estimated

Other parameters Plasma volume Vp 10 mL [127]
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Table 5.6: Complexation parameters

Reaction Parameter Symbol Value Reference

Calcium-albumin
CaAlb formation rate constant kCaAlb

f 0.19 mM−1.min−1 [79]
CaAlb dissociation rate constant kCaAlb

d 1.7 min−1 estimated
Concentration of albumine in plasma [Albtot]p 0.6 mM ?

Sodium-phosphate

NaHPO−
4 formation rate constant k

NaHP O−
4

f
8× 10−3 mM−1.min−1 [143]

NaHPO−
4 dissociation rate constant k

NaHP O−
4

d
1.7 min−1 estimated

NaH2PO4 formation rate constant kNaH2P O4
f

5× 10−3 mM−1.min−1 [143]
NaH2PO4 dissociation rate constant kNaH2P O4

d
1.7 min−1 estimated

Sodium plasma concentration [Na+]p 142 mM [135]

Calcium-Phosphate precipitation

CaHPO4 formation rate constant kCaHP O4
f

1.16 mM−1.min−1 [213]
CaHPO4 dissociation rate constant kCaHP O4

d
1.7 min−1 estimated

CaH2PO+
4 formation rate constant k

CaH2P O+
4

f
0.054 mM−1.min−1 [213]

CaH2PO+
4 dissociation rate constant k

CaH2P O+
4

d
1.7 min−1 estimated

Fetuin-A binding to CaHPO4 and CaH2PO+
4 kfetA 0.3 min−1 estimated

CPP degradation kCP P
deg 3 min−1 [102]
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5.2 Summary of the main equations

In this part, we summarize the main equations developed in the previous sections. The hormonal

part of the model is composed of the following equations:

d[PTH]g
dt

=
kPTHgprod βPO4

prod [PO4]n
P O4
prod(

1 + γD3
prod[D3]p

)(
(KPO4

prodP T H
)n

P O4
prod + [PO4]n

P O4
prod

) − (kPTHg

deg + F ([Ca2+]p)
)
[PTH]g,

(5.48)

d[PTH]p
dt

= F ([Ca2+]p)
Vc
Vp

[PTH]g − k
PTHp

deg [PTH]p, (5.49)

d[D3]p
dt

=
[
kminconv +

δmaxconv[PTH(t− τ)]nconv
p(

[PTH(t− τ)]nconv
p +Knconv

conv

) × 1(
1 + γCaconv[Ca2+]p

)(
1 + γD3

conv[D3]p
)

× 1(
1 + γFGFconv [FGF ]p

)(
1 + γPO4

conv [PO4]p
)][Dinact

3 ]p

−
kD3
deg(1 + γFGFdeg [FGF ]p)[D3]p

1 + γ
PTHp

deg [PTH]p
,

(5.50)

d[FGF ]p
dt

= kFGFprod

(
1 +G1([D3]p) +G2([PO4]p)

)
− kFGFdeg [FGF ]p, (5.51)

respectively describing the dynamics of PTHg, PTHp, D3 and FGFp.

The equations corresponding to the dynamics of CaHPO4, CaH2PO+
4 complexes and calciprotein

particles in plasma are:

d[CaHPO4]p
dt

= kCaHPO4
f [Ca2+]p[HPO2−

4 ]pf2
2 − k

CaHPO4
d [CaHPO4]p

−kfetAf [CaHPO4]p,

(5.52)

d[CaH2PO
+
4 ]p

dt
= k

CaH2PO+
4

f [Ca2+]p[H2PO
−
4 ]pf1f2 − k

CaH2PO+
4

d [CaH2PO
+
4 ]pf1

−kfetAf [CaH2PO
+
4 ]pf1.

(5.53)
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d[CPP ]p
dt

= kfetAf

(
[CaHPO4]p + f1[CaH2PO

+
4 ]p
)
− kCPPc [CPP ]p. (5.54)

In the rapidly exchangeable pool, there are two differential equations which account for the

dynamics of CaHPO4 as well as CaH2PO+
4 :

dNCaHPO4f

dt
= kCaHPO4

on NCa2+
f
aNPO4f

− kdNCaHPO4f
, (5.55)

and
dNCaH2PO4+

f

dt
= kCaH2PO4

on NCa2+
f
bNPO4f

− koffNCaH2PO4+
f
. (5.56)

Equations describing the dynamics of binding between calcium and albumin and between phos-

phate (HPO2−
4 and H2PO−4 ) and sodium are:

d[CaAlb]p
dt

= kCaAlbf [Ca2+]pNAlb[Albtot]p − kCaAlbd [CaAlb]p. (5.57)

and

d[NaPO4]p
dt

= kNaPO4
f [Na+]p[PO4]p − kNaPO4

d [NaPO4]p. (5.58)

Then, the equations characterizing the dynamics of calcium in plasma, in the rapidly exchange-
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able pool in bone and in the deep bone pool are:

d[Ca2+]p
dt

= 1
Vp

{
Γabs(D3) + Γres(PTH,D3)− kCap−f [Ca2+]pVp + kCaf−pNCa2+

f

−λuGFR([Ca2+]p + [CaHPO4]p + [CaH2PO
+
4 ]p)

}

−kCaAlbf [Ca2+]pNAlb[Albtot]p + kCaAlbd [CaAlb]p

−kCaHPO4
on [Ca2+]pa[PO4]p + kCaHPO4

d [CaHPO4]p

−kCaH2PO+
4

on [Ca2+]pb[PO4]p + k
CaH2PO+

4
off [CaH2PO

+
4 ]p,

(5.59)

dNCa2+
f

dt
= kCap−f [Ca2+]pVp − kCaf−pNCa2+

f
− ΓacNCa2+

f

−
dNCaHPO4f

dt
−
dNCaH2PO4+

f

dt
,

(5.60)

dNCas

dt
= ΓacNCaf

− Γres(PTH,D3). (5.61)

Finally, the equations describing the dynamics of phosphate in plasma, the rapidly exchangeable

pool of phosphate in bone, the deep bone pool of phosphate and the cellular pool of phosphate are:

d[PO4]p
dt

= 1
Vp

{
ΓPhoabs (D3)− kPO4

p−f [PO4]p + kPO4
f−pNPO4f

+ ΓPO4
res (PTH,D3)

−λPO4
u GFR([PO4]p + [CaHPO4]p + [CaH2PO

+
4 ]p + [NaPO4]p)

+kc−pNPO4c
− kp−c[PO4]pVp

}

−kNaPO4
f [Na+]p[PO4]p + kNaPO4

d [NaPO4]p

−kCaHPO4
on [Ca2+]pa[PO4]p + kCaHPO4

d [CaHPO4]p

−kCaH2PO+
4

on [Ca2+]pb[PO4]p + k
CaH2PO+

4
off [CaH2PO

+
4 ]p,

(5.62)
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dNPO4f

dt
= kPhop−f [PO4]pVp − kPhop−fNPO4f

− ΓacNPO4f

−
dNCaHPO4f

dt
−
dNCaH2PO4+

f

dt
,

(5.63)

dNPO4b

dt
= ΓPO4

ac NPO4f
− ΓPO4

res (PTH,D3), (5.64)

dNPO4c

dt
= kp−c[PO4]pVp − kp−cNPO4c

. (5.65)

5.3 Results

5.3.1 Model validation

As for the model of calcium homeostasis, we compared the steady-state values predicted by the
combined model to those in the literature, as summarized in Table 5.7. The model was further
validated by simulating different scenarios.

Table 5.7: Steady-state values under normal conditions.

Model Prediction Experimental Range
[Ca2+]p (mM) 1.21 1.1-1.3
[Pi]p (mM) 1.50 0.8-1.6
[PTH]p (pM) 5.94 1.5-15
[D3]p (pM) 536 80-700
[FGF23]p (pM) 14.80 11.7-21.1
Calcium intestinal absorption (%) 43.5 40-60
Phosphate intestinal absorption (%) 52.4 50-80
Fractional calcium excretion (%) 1.65 0-2
Fractional phosphate excretion (%) 11.2 0-15

Calcium and Phosphate in Primary Hyperparathyroidim

Jaeger and coworkers [108] developed an experimental model of primary hyperparathyroidism in
the rat. Sprague-Dawley PTX and thyroparathyroidectomized (TPTX) rats weighing 215-295g
were infused with PTH1−34 via mini-pumps at varying doses. The highest dose yielded a 3.5-fold
increase in plasma PTH concentration. They observed a 50% increase in [Ca2+]p, whereas [PO4]p
was reduced by 35%. Additionally, vitamin D3 levels were multiplied by 3 compared to the base
case. We simulated this experiment by increasing the coefficient of PTH production (kPTHg

prod ) until
[PTH]p reached 3.5 times its basal value, in agreement with the experimental value [108], and
computed the corresponding steady-state concentrations. Results are summarized in Table 5.8 and
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shown in Figure 5.2. Overall, our model predicts that calcium concentration increases by 55%,
while phosphate decreases by 30%. Vitamin D3 concentration is 3.3 times higher than its basal
value. In other words, there is a good agreement between our model predictions and observations
in the primary hyperparathyroidism study of Jaeger and coworkers [108].

+55%

-30%

Figure 5.2: A simulation of primary hyperparathyroidism in rats. Panel A: normalized plasma con-
centrations of calcium and phosphate as a function of the normalized PTH synthesis rate (kPTHg

prod ).
Panel B: normalized plasma concentration of PTH and vitamin D3 as a function of the normalized
PTH synthesis rate. See Table 5.8 for comparison with the data of Jaeger et al. [108].

FGF23 deficiency

Shimada et al. investigated the suppresion of FGF23 in mice [185]. They observed that PO4

concentration was increased by 30%, Ca2+ concentration was not significantly different from the
base case, and vitamin D3 was not increased (however, there was a large uncertainty in the mea-
surements). We simulated the full inhibition of FGF23 (denoted FGF23 KO below) by setting the
coefficient of FGF23 production, kFGFprod , to 0, and the initial plasma FGF23 concentration to 0.
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Table 5.8: Comparison of model prediction with experimental data in rats with primary hyper-
parathyroidism (PHP1) rats [108] and in FGF23 KO mice [185].

Simulation Variable Model of Chapter 4 Model Predictions Experimental Values

PHP1
[Ca2+]p +60% +55 % +50%

[Pi]p ∅ -30% -35%
[D3]p 4 fold higher 3.3 fold higher 3 fold higher

FGF23 KO
[Ca2+]p ∅ NS NS

[Pi]p ∅ +14% +30%
[D3]p ∅ +40% NS (large standard error)

Intravenous injection of Phosphate

We also validated our model against the experimental data of Thomas et al. [205], who infused
rats with 0.5 mmol Na2HPO4/NaH2PO4 over 2-3 minutes. To simulate an intravenous injection
of phosphate with our model, we increased the concentration of PO4 concentration by a factor 2
in 10 minutes. The glomerular filtration rate was varied as in the experimental study. Numerical
results are compared to experimental data, as illustrated in Figure 5.3. Overall, our model fit the
experimental data well. As shown in panel A, the slope of the phosphate curve is in agreement
with the experimental values. The amount of calcium that is not bound to phosphate drops at
once by 20% after the infusion and does not return to its initial value after 250 minutes (panel
B). This is due to the precipitation of calcium and phosphate which cannot be measured. Finally,
PTH concentration rises substantially in response to PO4, but it is not maintained at the end of
the simulation contrary to experimental observations, which show [PTH]p remaining stable at 10
times its basal value (Panel C). The reason for this discrepancy is unclear; there may be a delay in
the feedback mechanism between changes in plasma phosphate and PTH synthesis that the model
does not capture.
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Figure 5.3: A simulation of phosphate intravenous infusion. Experimental values are represented
by open circles. Panel A: PO4 total concentration as a function of time. Panel B: total Ca
concentration (without calcium/phosphate complexes) as a function of time. Panel C: normalized
plasma PTH concentration.

136



CHAPTER 5. A MODEL OF CALCIUM AND PHOSPHATE HOMEOSTASIS IN THE RAT 5.3. RESULTS

Phosphate gavage

In the same study, another set of rats received the same amount (500 µmol) of Na2HPO4/NaH2PO4

by intestinal gavage. Experimental results are presented in Figure 5.4. Our model adequatly
reproduces experimental data. The standard errors are quite large for calcium (Panel B), so there
is not necessarily a discrepancy between model predictions and experimental observations. The
authors did not observe any significant difference in calcium concentration and our model agrees
with this fact. Phosphate is slightly increased 25 minutes after the gavage, while PTH is doubled.
As previously, the predicted value of plasma PTH returns to its base case value faster than observed
experimentally.
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Figure 5.4: A simulation of phosphate gavage. Experimental values are represented by open circles.
Panel A: PO4 total concentration as a function of time. Panel B: normalized total Ca concentration
(without calcium/phosphate complexes). Panel C: normalized plasma PTH concentration.
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5.3.2 Model Predictions

The predictions of the combined model are then compared to those obtained with the calcium
homeostasis model developed in Chapter 4.

Primary hyperparathyroidism

Primary hyperparathyroidism was simulated by increasing the base-case PTH synthesis rate (kPTHgprod )
by a factor ranging from 1 to 300 as in Chapter 4. Shown in Figure 5.5 are the predicted steady-state
values of urinary excretion, intestinal absorption, bone accretion and bone resorption for calcium
(Panel C) and phosphate (Panel D), as a function of the normalized PTH synthesis rate, namely
k
PTHg

prod .
Vitamin D3 increases as a direct consequence of the PTH elevation. This increase is counterbal-

anced by the inhibiting effects of FGF23 which increases as well as calcium, but to a lesser extent
than PTH. During primary hyperparathyroidism, our model predicts that [FGF23]p increases ow-
ing to vitamin D3, despite the reduction in phosphate levels which has a lesser impact than the
increase in vitamin D3 levels. Moreover, [FGF23]p reaches a saturation value that is 2-fold it base-
line value, as soon as the rate of PTH synthesis is increased by a factor 50. This can be explained
by the drop in phosphate concentration, which blunts the activating effect of vitamin D3 on FGF23.

Calcium urinary excretion is predicted to increase monotonically with the rate of PTH synthesis,
but at a rate that diminishes with increasing kPTHgprod . Our model suggests that for small elevations of
kPTHgprod (<100), the effects of CaSR predominate over those of PTH and vitamin D3, which explains
the rapid increase in Ca2+ urinary excretion. Conversely, for higher degrees of hyperparathyroidism
(>100), the contributions of PTH and vitamin D3 rise because of elevated levels of PTH and vitamin
D3, while that of CaSR decreases as a result of a saturation in [Ca2+]p. This explains why UCa
reaches a plateau.

Both calcium bone accretion and resorption are predicted to increase and saturate at about 1.6
times their basal value. Moreover, the difference between these two fluxes does not vary, which
implies that the net calcium bone flux remains constant. Finally, the intestinal absorption of
calcium is enhanced by a factor 1.5 and saturates as well.

Phosphate urinary excretion also increases with kPTHgprod (Panel D), in part as a direct effect of
higher PTH levels, but more importantly as a result of the rise in FGF23 concentration (Panel D).
It reaches saturation (at a value that is 2.25 times higher than its base-case value) mainly because
of saturating levels of FGF23.

As in the case for calcium, phosphate bone storage is predicted to remain constant. The
intestinal absorption of phosphate also increases with kPTHgprod , albeit less than that of calcium (that
of PO4 increases by a factor of 1.3 at saturating levels). This is because vitamin D3 is assumed to
have a lower effect on the intestinal absorption of phosphate than on that of calcium (section 5.1.4,
Equation 5.18).

138



CHAPTER 5. A MODEL OF CALCIUM AND PHOSPHATE HOMEOSTASIS IN THE RAT 5.3. RESULTS

0 50 100 150 200 250 300
0.6

0.8

1

1.2

1.4

1.6

1.8
N

o
rm

al
iz

ed
 c

o
n

ce
n

tr
at

io
n

s

[Ca2+]p

[PO4]p

0 50 100 150 200 250 300
1

2

3

4

5

6

N
o

rm
al

iz
ed

 c
o

n
ce

n
tr

at
io

n
s

[PTH]p
[D3]p

[FGF23]p

0 50 100 150 200 250 300
Normalized PTH synthesis

1

1.5

2

2.5

3

3.5

4

N
o

rm
al

iz
ed

 c
al

ci
u

m
 f

lu
xe

s

urinary excretion
intestinal absorption
bone resorption
bone accretion

0 50 100 150 200 250 300
Normalized PTH synthesis

1

1.5

2

2.5

3

3.5

4
N

o
rm

al
iz

ed
 p

h
o

sp
h

at
e 

fl
u

xe
s urinary excretion

intestinal absorption
bone resorption
bone accretion

A B

C D

Figure 5.5: A simulation of primary hyperparathyroidism in rats. Panel A: normalized Ca2+

and PO4 concentrations as a function of the normalized PTH synthesis rate (kPTHg

prod ). Panel B:
normalized PTH, D3 and FGF23 concentrations. Panel C: normalized Ca2+ fluxes. Panel D:
normalized PO4 fluxes.

In the combined calcium-phosphate model, [PTH]p is predicted to be significantly lower than
in the model built in Chapter 4 (Figure 5.6, panels A and B). When kPTHg

prod is increased, [PTH]p
increases, which triggers an increase in of the urinary excretion of phosphate (since PTH inhibits
phosphate reabsorption). Besides, the elevation of [FGF ]p also increases phosphate excretion. As
a result, this lowers [PO4]p. Since phosphate is an activator of PTH synthesis, the drop in plasma
PO4 levels (Figure 5.5, panel A) explains why [PTH]p doesn’t rise as much as in the absence of
phosphate effects. As a direct consequence, the plasma concentration of vitamin D3 is also predicted
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to increase significantly less with increasing kPTHg

prod . Besides, [Ca2+]p saturates for higher levels of
PTH synthesis than in the previous model. Panels C and D show that the bone resorption, bone
accretion, and intestinal absorption of calcium do not saturate as rapidly as in the Chapter 4 model;
however they reach the same value when k

PTHg

prod is multiplied by 100. Finally, the profile of the
urinary excretion of calcium differs between the two models: while it was non monotonic in the
calcium homeostasis model, it is continuously increasing in the present model. This is due to the
change in the relative contribution of PTH and Ca2+ to the renal reabsorption of calcium. Indeed,
in the present model, λ0

DCT (the basal fractional reabsorption of calcium in the DCT) is increased
by 12%, meaning that in the DCT, hormones have less influence (the total fractional reabsorption
in the DCT is kept fixed). In particular, the effects of PTH are blunted, thereby increasing urinary
calcium excretion. Finally, the sensitivity coefficients to PTH in the TAL and DCT are increased
compared to the previous model, meaning that for the same variation in [PTH]p, the response is
reduced and calcium urinary excretion is enhanced.
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Figure 5.6: Comparison between the predictions of the Chapter 4 model and the combined calcium-
phosphate model, in the case of primary hyperparathyroidism. Panels A-B: normalized Ca2+, PTH
and vitamin D3 plasma concentrations as a function of the normalized PTH synthesis rate (kPTHg

prod ),
using the Chapter 4 model (panel A) and the combined calcium-phosphate model (panel B). Panels
C and D: normalized Ca2+ fluxes, using the Chapter 4 model (panel C) and the combined calcium-
phosphate model (panel D).
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Primary hypoparathyroidism

To simulate primary hypoparathyroidism, we conversely decreased kPTHg

prod from its base-case value
to zero. Results are depicted in Figure 5.7.

In the absence of PTH, vitamin D3 and FGF23 levels are both predicted to fall by 70 % (Panel
B), which is expected since PTH enhances the synthesis of vitamin D3, and the latter in turn
activates FGF23 production. The drop in vitamin D3 triggers a decrease in both calcium and
phosphate intestinal absorption (respectively -35% and -20% in the absence of PTH, Panel C and
D). Additionally, predicted bone resorption is drastically reduced due to the PTH and vitamin D3

decline (-45% for calcium and phosphate, in the absence of PTH), together with bone accretion.
Moreover, the predicted difference between accretion and resorption appears to grow with the
degree of hypoparathyroidism.

Calcium urinary excretion is predicted to fall by about 20% in the absence of PTH, mainly
due to the diminished filtered load of calcium, even though the stimulating effects of vitamin D3

and PTH on Ca2+ reabsorption are blunted. Interestingly, predicted phosphate urinary excretion
decreases even more, because of the [FGF23]p reduction; it is reduced by 50% in the absence of
PTH.

The decrease in calcium bone resorption as well as intestinal absorption explains why [Ca2+]p
drops by 35%. The slight increase in [PO4]p for small decreases in kPTHg

prod can be explained by the
rapid drop of phosphate urinary excretion compared to other fluxes. For larger decreases in kPTHg

prod ,
resorption and absorption are sufficiently reduced so that [PO4]p decreases as well.

The predictions of the Chapter 4 model and the present model are compared side by side on
Figure 5.8. As illustrated, the predicted curves are significantly smoother using the combined
calcium-phosphate model. Indeed, in the calcium-phosphate homeostasis model, all sensitivity
coefficients to hormones such as PTH and vitamin D3 were changed to correctly reproduce the
experimental observations of Thomas et al. [205] (Table 5.9). In particular, [PTH]p decreases
approximately linearly with kPTHg

prod in the present model (panel B), in contrast with previous results
(panel A). In total absence of PTH, the present model predicts a 35% decrease in the plasma
concentration of calcium, versus 40% using the previous model; conversely, the plasma concentration
of vitamin D3 decreases more (70% vs 60% before). In addition, the urinary excretion of calcium
is now predicted to decrease in a monotonic manner (panel D), which was not the case using the
previous model (panel C). This is likely due to the fact that in the combined calcium-phosphate
model, the contribution of PTH to calcium reabsorption in the PT is significantly reduced (δmaxPT =
0.05 in the previous model, vs δmaxPT = 0.01 in the present model, Table 5.9). Lastly, when [PTH]p is
reduced to 0, bone resorption is decreased by 45% in the present model, vs 55% using the previous
model.
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Figure 5.7: A simulation of primary hypoparathyroidism in rats. Panel A: fractional change in the
plasma concentration of Ca2+ and PO4 as a function of the percentage of PTH synthesis inhibition.
Panel B: fractional change in the plasma concentration of PTH, vitamin D3 and FGF23. Panel C:
fractional change in calcium fluxes. Panel D: fractional change in phosphate fluxes.
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Figure 5.8: Comparison between the predictions of the Chapter 4 model and the combined calcium-
phosphate model, in the case of primary hypoparathyroidism. Panels A-B: fractional change in the
plasma concentration of Ca2+, PTH and vitamin D3 as a function of the percentage of PTH
synthesis inhibition, using the Chapter 4 model (panel A) and the combined calcium-phosphate
model (panel B). Panels C and D: normalized Ca2+ fluxes, using the Chapter 4 model (panel C)
and the combined calcium-phosphate model (panel D).
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Vitamin D3 deficiency

To simulate the effects of vitamin D3 deficiency, we decreased the concentration of its precursor,
namely [Dinact

3 ]p,by a factor ranging from 1 to 100. Results are shown in Figure 5.9.
The plasma concentration of calcium is predicted to remain stable until [Dinact

3 ]p is divided by
10, when it drops by 40 % (panel A). That of phosphate slightly increases for small variations in
[Dinact

3 ]p, because FGF23 slightly diminishes (panel B), thereby increasing PO4 reabsorption in the
proximal tubule. Besides, the inhibitory effects of PTH (panel B) and PO4 itself are not enough
to reduce phosphate levels. When [Dinact

3 ]p is divided by a factor of 10 or more, [PO4]p starts
decreasing, owing to a significantly reduced intestinal absorption (-50%), caused by the decrease in
[D3]p (panels B and D).

The profile of calcium urinary excretion is noteworthy (panel C). First, it decreases until
[Dinact

3 ]p is halved, then it rises until [Dinact
3 ]p is divided by 10 and finally it substantially drops.

The initial decrease can be explained by the enhancing effects of PTH on Ca2+ reabsorption in the
thick ascending limb, which predominate over the inhibitory effects of PTH on Ca2+ reabsorption
in the proximal tubule; moreover, the contribution of CaSR is small due to the [Ca2+]p reduction.
Then, as PTH keeps increasing (panel B), its inhibitory effects in the proximal tubule prevail over
its stimulating effects in the TAL. Indeed, the sensitivity of Ca2+ reabsorption to PTH differs be-
tween the two segments (Equation 4.11 and Equation 4.14). The final drop is directly related to the
filtered load which decreases in parallel with [Ca2+]p (panel A), thus counteracting the hormonal
effects.

Interestingly, the bone storage of calcium and phosphate is affected by vitamin D3 deficiency.
Bone resorption is regulated predominantly by vitamin D3, and to a lesser extent by PTH. Up
to the point where [Dinact

3 ]p is divided by 10, bone resorption increases (in parallel with [PTH]p)
whereas bone accretion decreases, meaning that the bone balance is negative. Note that this effect
is more significant for calcium than for phosphate. When [D3]p starts decreasing markedly, bone
resorption diminishes as well.

The predictions of the Chapter 4 model and the present model are compared side by side on
Figure 5.10. As illustrated, the [Ca2+]p profiles are similar, but there are differences in the [PTH]p
profiles. When the concentration of the vitamin D3 precursor is divided by 10, the combined
calcium-phosphate model predicts that phosphate bone release decreases substantially, which low-
ers [PO4]p, and therefore also slightly reduces [PTH]p (since phosphate is an activator of PTH
synthesis). In the complete absence of the vitamin D3 precursor, [PTH]p is 3-fold higher than its
basal value based upon the present model, vs. 2.75-fold higher based upon the Chapter 4 model.
Note too that the calcium urinary excretion profile is different from that obtained previously (pan-
els C-D), owing to our adjustment of PTH-related parameters in the proximal tubule (Table 5.9).
In the complete absence of the vitamin D3 precursor, urinary Ca2+ excretion is reduced by 45%
compared to base case using the present model, vs. 70% using the previous model.
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Figure 5.9: A simulation of vitamin D3 deficiency in rats. Panel A: normalized Ca2+ and PO4
concentrations as a function of the normalized [Dinact

3 ]p. Panel B: PTH, vitamin D3 and FGF23
concentrations. Panel C: normalized calcium fluxes. Panel D: normalized phosphate fluxes.
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Figure 5.10: Comparison between the predictions of the Chapter 4 model and the combined calcium-
phosphate model, in the case of vitamin D3 deficiency. Panels A-B: normalized Ca2+, PTH and
vitamin D3 plasma concentrations as a function of the normalized [Dinact

3 ]p, using the Chapter 4
model (panel A) and the combined calcium-phosphate model (panel B). Panels C and D: normalized
Ca2+ fluxes, using the Chapter 4 model (panel C) and the combined calcium-phosphate model
(panel D).
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5.4 Discussion

5.4.1 Scope of the model

Our model of calcium and phosphate homeostasis describes Ca2+ and PO4 exchanges between
the intestine, plasma, the kidneys and the two bone pools. It accounts for the regulation by
PTH, vitamin D3 as well as FGF23; the recent discovery of the latter means that FGF23 was
ignored in all but the latest homeostasis models. This model is validated against several scenarios
such as primary hyperparathyroidism [108] and phosphate infusion or gavage, which are correctly
reproduced (Figures 5.5, 5.3 and 5.4).

5.4.2 Model limitations

Our model is hampered by the lack of data, meaning that some parameter values are uncertain. For
instance, the amount of phosphate in the intracellular compartment is not known, to our knowledge,
nor are the rates of exchange between PO4 in plasma and cells (and inversely, between cells and
plasma). The intracellular amount of PO4 in rats could be measured using a similar method as the
one we used to determine the quantity of calcium and phosphate in bone. It should be possible to
harvest some muscles, reduce them to ashes, measure the amount of phosphate, and extrapolate
these data to the whole body. This would yield at the very least an order-of-magnitude estimate
of the total quantity of intracellular phosphate.

This model also involves kinetic constants related to sodium-phosphate binding, calcium-phosphate-
fetuin binding and calcium-albumin reactions. Whereas the equilibrium constants of these reactions
can easily be found in chemical handbooks, we were not able to obtain separate estimates of the
formation and dissociation rates. Moreover, a lot of external factors are known to affect these rates,
such as pH, concentration of the reactants, temperature [213, 135].

Regarding the binding of calcium and albumin, we assume a constant concentration of albumin
in our model. Yet, several factors affect plasma albumin levels and ultimately plasma calcium
concentration. In diabetic patients, albumin is decreased because of the reduction of insulin; be-
sides, fasting, nephrotic syndrome, liver disease or cardiac insufficiency are other factors that affect
albumin levels [148]. Nevertheless, taking all these factors into consideration is beyond the scope
of this model. Nevertheless, they can be incorporated in specific situations, by modifying albumin
levels in certain scenarios.

In the current state, the model does not consider the effects of insulin on phosphate metabolism
[63, 149]; insulin is known to decrease urinary phosphate excretion. Nowicki and coworkers [149]
also observed a reduction in PTH levels in case of hyperinsulinemia. Recent findings suggest that
the reduction in plasma phosphate is responsible for the decrease of PTH [119, 188], which is already
included in our model.
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5.4.3 Calcium and phosphate metabolism

According to our simulations, when PTH synthesis is raised so that [PTH]p is doubled, calcium
increases by 30% (vs 44% in the model of calcium homeostasis), while phosphate is reduced by
30%. Besides, when [Dinact

3 ]p is raised so that [D3]p is doubled, [Ca2+]p increases by 36% (vs 26%
previously) whereas [PO4]p is decreased by 27%, as a consequence of the 2-fold rise in [FGF ]p.

Our model does not fully support the PTH dynamics observed by Thomas et al. (Thomas
et al., JASN, in Press, 2016) following an intravenous infusion of phosphate. The discrepancy
suggests that there may be a delay in the regulation of PTH synthesis by phosphate, meaning that
a decrease in phosphate would not immediately lower PTH synthesis. This would explain why the
observed plasma concentration of PTH stays high even after phosphate levels return to normal in
the experiments of Thomas et al. [205]. Note that [Ca2+]p is reduced by 0.5 mM (Figure 5.3, Panel
C), which is not sufficient to maintain [PTH]p about 10 times above its basal value [81].

5.4.4 Calcium and phosphate metabolism dysfunctions

Compared to the model of calcium homeostasis in Chapter 4, less PTH is produced during primary
hyperparathyroidism when phosphate is present. This is explained by the reduction in plasma
phosphate levels, as a consequence of the inhibitory effects of PTH on phosphate reabsorption;
since phosphate is an activator of PTH synthesis, any decrease in [PO4]p lowers [PTH]p (Figure
1.12). The model predicts that vitamin D3 plasma levels are also lower as a direct consequence
of the reduction in [PTH]p. Calcium urinary excretion is predicted to increase continuously as
a function of the PTH production rate, whereas it did not change in monotonic manner in the
previous model.

During vitamin D3 deficiency, the combined calcium-phosphate model predicts that [Ca2+]p,
[PTH]p and all calcium fluxes decrease more slowly than in the previous model. This change is a
consequence of parameter adjustments we made; as described above, we modified the sensitivity of
receptors to PTH and vitamin D3 in bone and kidney (Table 5.9), so that the present model could
correctly fit the experimental data presented in section 5.3.1.

In case of FGF23 deficiency, Shimada et al. found that [D3]p is not affected immediately. How-
ever, the standard errors in their measurements are large so that they cannot detect any statistical
difference. Our model predicts that vitamin D3 increases by at least 40%, which is expected since
one of the roles of FGF23 is to prevent vitamin D3 toxicity.

In summary, the addition of phosphate to our previous model of calcium homeostasis does not
radically change the behaviour of the calcium homeostasis model and improves its physiological
relevance. Indeed, the present model better describes the case of primary hyperparathyroidism than
the model developed in Chapter 4 (Figure 5.2). It predicts that calcium-phosphate complexation
mechanisms underlie important fluctuations in the plasma concentration of calcium when phosphate
is infused intravenously.
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Table 5.9: Differences in the parameters of calcium metabolism between the two models.

Organ Parameter Symbol Value in Chapter 4 Value in Chapter 5

Intestine Stimulation of absorption by vitamin D3 KD3
abs

100 pM 640 pM

Kidney

Minimal fractional reabsorption of Ca2+ in the PT λ0
P T 0.60 0.64

Stimulation of Ca2+ reabsorption in PT by PTH δmax
P T 0.05 0.01

Sensitivity of Ca2+ reabsorption in TAL to PTH K
P T Hp

T AL 1.2 pM 4.2 pM
Minimal fractional reabsorption of Ca2+ in the DCT-CNT λ0

DCT 0.080 0.090
Stimulation of Ca2+ reabsorption in the DCT-CNT by PTH and vitamin D3 δmax

DCT 0.020 0.010
Sensitivity of Ca2+ reabsorption in the DCT-CNT to PTH K

P T Hp

DCT 1.8 pM 6.3 pM
Sensitivity of Ca2+ reabsorption in the DCT-CNT to vitamin D3 KD3

DCT 80 pM 480 pM

Slow Bone

Accretion rate constant Γac 1 min−1 0.5 min−1

Minimal resorption rate Γmin
res 0.142 µmol.min−1 0.10 µmol.min−1

Maximal resorption rate δmax
res 0.95 µmol.min−1 0.30 µmol.min−1

Stimulation of resorption by vitamin D3 KD3
res 100 pM 600 pM

Stimulation of resorption by PTH K
P T Hp
res 1.75 pM 16.12 pM

Fast Bone Rate constant of Ca2+ transfer from plasma to fast bone pool kCa
pf 0.17 min−1 0.41 min−1

Rate constant of Ca2+ transfer from fast bone pool to plasma kCa
fp 2.75 ×10−4 min−1 2.30 ×10−3 min−1
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Chapter 6

Discussion and General Conclusion

The main goal of this thesis was to build a mathematical model of calcium homeostasis based on the
literature described in the Introduction. In spite of some shortcomings, the models developed from
1950 until now were very useful in building our own model. This thesis work allowed us to answer
3 of the 5 questions that were raised in Chapter 1 in section 1.4: our model yielded specific insight
into the mechanisms underlying hypercalciuria during primary hyperparathyroidism, the effects of
bone resorption inhibition on calcium metabolism, and the impact of an intravenous infusion of
phosphate on calcium and phosphate homeostasis. The two other questions cannot be investigated
with our current approach, as explained below (section 6.2).

6.1 What does our model bring to the understanding of calcium
homeostasis?

Whereas most calcium homeostasis models developed up to now represent the kidney as a homoge-
neous black box compartment, our approach to represent renal Ca2+ reabsorption is novel. Indeed,
we distinguish between reabsorption along the different segments of the nephron, and we consider
the effects of PTH, calcitriol, and the CaSR, in specific segments. In particular, the counteracting
effects of PTH and CaSR in the thick ascending limb (TAL) may partly explain the variable be-
haviour of calciuria during primary hyperparathyroidism. Our model suggests that the dynamics
of calciuria is strongly dependent upon the relative contribution of calcium and PTH. For example,
increasing the impact of CaSR relative to that of PTH would result in enhanced Ca2+ excretion
and conversely.

Our model also takes into consideration the inhibition by PTH of Ca2+ reabsorption in the
proximal tubule, which was missing from previous studies, mainly because the underlying mech-
anisms are still not clear. Our predictions indicate that when the contribution of PTH is twice
its basal value, urinary Ca2+ excretion may increase by as much as a factor of 10 during primary
hyperparathyroidism. Inversely, assuming no PTH effects in the proximal tubule, urinary Ca2+

excretion remains approximately constant as the rate of PTH synthesis is increased. Altogether,
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these results highlight the need to conduct experimental studies to assess the relative importance
of the contribution of PTH and CaSR to renal Ca2+ reabsorption.

In both vitamin D3 deficiency and primary hypoparathyroidism, our model suggests that the
calcium homeostatic system is robust enough to handle small perturbations in [Dinact

3 ] and PTH
synthesis, respectively. Yet, when the magnitude of perturbation increases, calcium concentration
can be affected to a significant extent ([Ca2+]p decreases by 50% when [Dinact

3 ] is zero and -40%
when PTH synthesis is zero).

Our model also accounts for all the known effects of vitamin D3 on calcium metabolism, some
of which were absent in previous models [157, 168]. We show that perturbations affecting vitamin
D3 metabolism may have noteworthy effects. For example, inactivating CYP24A1 is predicted to
raise calcium intestinal absorption and bone resorption by about 50%. The subsequent reduction in
PTH levels, in addition to the higher filtered load, generates significant hypercalciuria. This leads
to a doubled calcemia, with the resulting consequences, which is observed experimentally [197].

Bisphosphonates are used to treat several bone diseases such as osteoporosis. Our model allows
us to predict the effects of bisphosphonates on calcium metabolism. More precisely, we examined
the change in plasma concentrations at steady state as a function of the degree of inhibition of
bone resorption. Overall, our results suggest that complex feedback mechanisms act to compensate
for the loss of calcium from bone, by increasing intestinal absorption as well as lowering calcium
excretion. Consequently, this prevents plasma calcium levels from falling (only 10% of loss at
maximal inhibition of resorption).

We also discuss the effects of age and sex on calcium metabolism, which were first mentioned
by Hurwitz in 1987 [107] but absent in later models. Overall, our model predicts that even though
calcium concentration remains stable in rats regardless of their sex and age, intestinal absorption
is significantly reduced in old animals (-50% compared to young rats in both males and females)
[223]. Besides, bone turnover is also halved in aging animals. Finally, urinary excretion is predicted
to be lower in females due to a reduced GFR (related to weight).

Previous models such as that of Peterson and Riggs [157] already took into consideration phos-
phate, in addition to calcium. However, they did not consider the mechanisms of calcium and
phosphate binding in plasma and bone, or the interactions between calcium and albumin. In con-
trast, our model accounts for all these kinetic processes. This allows us to include plasma pH as a
parameter, and will make it possible to examine the impact of acidosis or alkalosis; note that the
distribution of phosphate species is highly dependent on pH. Our model is also the only one, to our
knowledge, that is adapted to investigate the effects of precipitation inhibitors such as Fetuin-A,
so as to examine the consequences of a deficiency in this protection against calcification.

To conclude, this model is adapted to study global dysregulations in calcium and phosphate
homeostasis, such as primary hyperparathyroidism, vitamin D3 deficiency, as well as treatments

152



CHAPTER 6. DISCUSSION AND GENERAL CONCLUSION 6.2. WHAT IS STILL MISSING?

such as bisphosphonate or cinacalcet. Primary-hyperparathyroidism was investigated by simply
increasing the synthesis of PTH, which allows the modeler to focus on the evolution of all calcium
and phosphate fluxes. The simulation of treatments is more arbitrary, as discussed below.

6.2 What is still missing?

We must acknowledge several limitations in our current approach. Firstly, the main organs involved
in calcium and phosphate metabolism are considered to be ’black boxes’, which could be improved
upon in the future by including the detailed organ models cited in Chapter 4, at least in the
kidney. For the moment, our model cannot be used to predict urinary calcification, mainly because
the kidney is modeled as a blackbox. Similarly, the current model is not suited to investigate
the impact of mutations in specific transporters. Bonny and Edwards [29] developed a detailed
model of calcium reabsorption across each cell of the distal convoluted and connecting tubules,
which represents the specific apical and basolateral ionic transporters. They examined the effects
of aldosterone, amiloride, furosemide and pH on calcium transport. In comparison, our model
cannot predict the effects of inhibiting transporters such as TRPV5 or NCX1 as they do not
appear explicitly in the model. More recently, Edwards published a detailed, cell-based, model of
calcium reabsorption along the distal nephron, from the thick ascending limb to the inner medullary
collecting duct [69]. Integrating this detailed model into our global model of calcium homeostasis
would be a logical next step.

The modeling approach chosen for the bone compartment could also be improved. Indeed, in the
current version of the model, the resorption rate does not depend on the quantity of bone calcium
and phosphate. Until now, it was not a problem since we were not interested in the evolution
of bone mass, but were focusing instead on the rapidly exchangeable pool. Yet, if we want to
simulate bone mass diseases such as osteoporosis as well as osteopetrosis, we should take this into
consideration. Additionally, the formation/dissociation of calcium and phosphate complexes in the
deep bone is not modeled and should be considered in the future. Moreover, in section 5.1.3, we
assumed that there is no exchange of calcium-phosphate complexes between plasma and bone. The
reason for this assumption is the absence of parameters for these fluxes. These exchanges should
be included in a further version of the model when experimental data are available.

Our model takes into account many regulatory feedback loops, as depicted in Figure 1.12. Yet,
the PTH-FGF23 axis should be refined since we do not take the inhibitory effect of FGF23 on PTH
synthesis, mainly because experimental data are missing.

The present model cannot be used for pharmacokinetic and pharmacodynamic simulations,
unless we add specific compartments, as we did to describe the infusion of EGTA. However, this
is not the main goal of the model and should be considered on an individual basis if needed. For
these reasons, the remaining questions raised in 1.4, namely, the injections of vitamin D3 to treat
secondary hyperparathyroidism and the intestinal hyper-absorption of calcium, cannot be answered
without adapting the model.
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6.3 Further extensions?

Below we discuss a possible extension to the model, based on new experimental measurements
obtained in the host laboratory in Paris.

Magnesium is an element that interacts with calcium homeostasis, especially in the kidney.
Briefly, 96% of filtered magnesium is reabsorbed, of which 40 to 70% is achieved in the thick as-
cending limb [26, 225]. Magnesium transport occurs along with calcium through tight junctions.
Moreover, it is modulated by the calcium sensing receptor, similarly as calcium, as well as by
claudins (14, 16 and 19). Importantly, the CaSR can be activated by calcium and magnesium. Re-
cent unpublished data (Tokonami and Houillier, personal communication) show that PTH-clamped
rats fed with a high calcium diet have a higher urinary excretion of magnesium. Additionally, fol-
lowing a high magnesium diet, urinary calcium excretion rises.

Conversely, there is no evidence of coupled mechanisms between calcium and magnesium in the
intestine [196], except precipitation that can occur and reduce the absorption of these ions [97].

Besides, some studies in rat parathyroid glands show that magnesium can affect parathyroid
hormone secretion only under moderate hypocalcemia [174, 201, 214]. Otherwise its effects are
negligible or require extremely high magnesium concentrations. Rodriguez-Ortiz and coworkers
[174] observed that increasing magnesium concentration shifts the calcium-PTH curve to the left
(Figure 1.19 in section 1.3.5), resulting in a decrease of the set point. Furthermore, when magnesium
is increased 4-fold, the mRNA levels of CaSR and VDR are about doubled.

To include magnesium in our model is a real challenge since it has been far less studied than
other ions. To our knowledge, there are no mathematical models of magnesium homeostasis. How-
ever, some balance studies are available in the rat [58], and they could serve as a basis for building
a basic model of magnesium homeostasis, which could then be coupled to that of calcium and
phosphate [61, 175]. It would also be fairly easy to modify the function used to model calcium re-
absorption in the thick ascending limb to include the effects of magnesium on CaSR. The coupling
between magnesium and phosphate is already discussed in Chapter 5 and is negligible (3% of total
phosphate).

In conclusion, in addition to shedding light on complex aspects of calcium and phosphate
metabolism, we hope that this model will serve as a basis for future work in the field.
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