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Résumé : Pour toute courbe projective lisse C' et théorie homologique orientée de Borel-Moore

libre A, on construit un produit associatif de type Hall sur les A-groupes du champ de modules
des faisceaux de Higgs de torsion sur C. On montre que ’algebre AHa% qu’on obtient admet une
présentation de battage naturelle, qui est fidele dans le cas ou A est I’homologie de Borel-Moore
usuelle. On introduit de plus les espaces de modules des triplets stables M(d,n), fortement
inspirés par les variétés de carquois de Nakajima. Ces espaces de modules sont des variétés
lisses symplectiques, et admettent une autre caractérisation comme les espaces de modules de
faisceaux sans torsion stables encadrés sur P(7*C). De plus, on munit leurs A-groupes avec
une action de AHaOC, qui généralise les opérateurs de modification ponctuelle de Nakajima sur
I’homologie des schémas de Hilbert de T*C.

Title : Cohomological Hall algebras and Nakajima varieties associated to curves

Key words : Hall algebras, moduli spaces, representation theory, Higgs bundles, shuffle
algebras

Abstract : For a smooth projective curve C and a free oriented Borel-Moore homology
theory A, we construct a Hall-like associative product on the A-theory of the moduli stack of
Higgs torsion sheaves on C. We show that the resulting algebra AHa% admits a natural shuffle
presentation, and prove it is faithful when A is replaced with usual Borel-Moore homology
groups. We also introduce moduli spaces of stable triples M(d, n), heavily inspired by Nakajima
quiver varieties. These moduli spaces are shown to be smooth symplectic varieties, which admit
another characterization as moduli of framed stable torsion-free sheaves on P(7*C'). Moreover,
we equip their A-theory with an AHaOC—action, which generalizes Nakajima’s raising operators
on the homology of Hilbert schemes of points on T*C.
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Chapitre 1

Introduction

Cette these est consacrée a I’étude d’une classe d’algebres, appelées algébres de Hall co-
homologiques. Nous associons une telle algebre a toute courbe lisse projective, étudions leurs
propriétés et construisons une action sur les groupes d’homologies des certains espaces de mo-
dules des faisceaux cohérents sur des surfaces.

1.1 Motivation

Soit S une surface quasi-projective lisse. On s’intéresse a ’ensemble des d-uplets des points de
S, i.e. aux puissances symétriques Symd S pour d > 2. On peut regarder ces puissances comme
les espaces de configuration de d points dans S. Or, il se trouve que Sym? S est singulier deés que
d > 1 (contrairement au cas des courbes lisses). Une maniére de remédier a ceci est de considérer
a la place ’ensemble des sous-variétés fermées Z C S de dimension 0 et de longueur fixée d. De
fagon équivalente, on peut considérer ’ensemble HilbyS des faisceaux d’idéaux Z C Og dont le
quotient Og/Z est de longueur d.

Théoréme 1.1.1 (Grothendieck [31], Fogarty [20]). Il existe une variété algébrique lisse Hilbg S
dont les C-points sont en bijection avec HilbyS. De plus, le morphisme

7 : Hilby S — Sym? S, 7 — supp(Og/Z)
est une résolution de singularités.

La définition précise de Hilb; S se formule en termes de foncteurs explicites, cf [54]. On
appelle Hilby S le schéma de Hilbert, et w le morphisme de Hilbert-Chow.

Ezemple 1.1.1. Soit d = 2. Alors Sym? S ~ 52/G, est lisse en dehors de la diagonale, et le
schéma de Hilbert Hilby S est isomorphe & 1’éclatement de Sym? S le long de la diagonale.
Ezemple 1.1.2. Soit S = C2. Dans ce cas, le morphisme de Hilbert-Chow Hilby C2 — Sym? C2
posseéde beaucoup de propriétés similaires & la résolution de Springer 7 : T*(G/B) — N, et
peut étre considéré comme un analogue. En particulier, on a Hilby C2 ~ T*P! x C%, Sym? C? ~
Nii, X C2) et le morphisme de Hilbert-Chow est égal & 7 au facteur C2 pres.

Une question naturelle qu’on peut se poser est le calcul des groupes de cohomologie (sin-
guliere, & coefficients rationnels) H*(Hilby S). Pour S = C?, la réponse a été obtenue par Elling-
srud et Stromme en étudiant les points fixes sous 'action naturelle de C* x C*.

Théoréme 1.1.2 (Ellingsrud-Strgmme [I8]). Le polynéme de Poincaré de Hilby C? est donné
par l’expression suivante :

Zt” dim H"(Hilby C?) = Z $2(n=1(m)
n>0 n€Pq

ot Py est l'ensemble des partitions de d et [(n) est la longueur de 7.
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Cette formule a été généralisée par Gottsche [27] & toute surface projective en comptant les
[F,-points, et a toute surface quasi-projective par Gottsche et Soergel en utilisant le théoreme de
décomposition pour les faisceaux pervers.

Théoréme 1.1.3 (Gottsche-Soergel [28]). Soit S une surface lisse quasi-projective. La cohomo-
logie de Hilby C? est déterminée par la formule suivante :

1+ t?m—lqm)bl (1 + t2m+lqm)b3
t1g? dim H™ (Hilby §) = ( |
d;() nl;[l (1 — t2m*2qm)b0(l _ t2mqm)b2 (1 _ t2m+2qm)b4

ot b; = b;(S) est le i-éme nombre de Betti de S.

(1.1)

Apres avoir calculé 'espace vectoriel H*(Hilby S), la prochaine question naturelle est de
savoir comment on peut y retrouver les classes cohomologiques naturelles, par exemples les
classes de Chern des fibrés en droites sur Hilby S. L’apport décisif de Nakajima a été de voir
que la formule ressemble a la formule de caracteres pour une représentation de 1’algebre
de Heisenberg.

On commence par rappeler quelques définitions. Soit V' = Vy @ V7 un super-espace vectoriel
(de maniere équivalente, un espace Z/2Z-gradué), muni d’une forme bilinéaire super-symétrique
(,), c’est-a-dire telle que

<U, w> — (71)degvdegw<w’ U>.

On peut étendre cette forme a Pespace W := (V @ tC[t]) & (V @ t1C[t™!]) par la formule
et wet!) =i _jv,w).
On voit W comme une (super-)algebre de Lie abélienne.
Définition 1.1.3. L’algebre de Heisenberg Heis(V') associée a V est I'extension centrale
0—>C-1— Heis(V) > W =0
en tant qu’une super-algebre de Lie, donnée par [wi, ws] = (w1, w2)1, wy,ws € W.
Cette algebre admet une représentation naturelle.
Définition 1.1.4. L’espace vectoriel
FV)=8S*(Vyet 'Cit™ ) @ A*(Vi @ t7IClt™1))
est appelé [’espace de Fock.

Pour tout v € V et i € NT, on note v_; = v ®t~* € F(V). Les éléments de I’espace de Fock
peuvent alors étre vus comme des produits Py - P;, ou Fy est un polynome symétrique en v_;,
v € VY et Py est un polynéme anti-symétrique en v’_,, v’ € V4. L’algébre de Heisenberg agit sur
F(V) comme suit :
kav;ik(POPI)a k>01
vy, - Py Py, k <0.

Afin de formuler le résultat de Nakajima, on définit pour tout ¢ > 0 la sous-variété P[i] C
Hilby_; S x Hilby S de drapeaux d’idéaux :

(v @ t*)(PoPy) = {

Pl =] {(11,12) € Hilby S x Hilby; S | 7y D T, |supp(Z1/T2)| = 1}.

d
Pour i < 0, on définit P[i] en échangeant les roles de Z; et Zo. Notons qu’on dispose de projections
naturelles

pr: Pli] = [[Hilba S,  pp(T1,T0) =T, k=1,2,

d

ainsi que de l'application II : P[i] — S, qui envoie (Z1,Zs) a supp(Z;/Zs). Ensuite, pour tout
a € H.(S) et i € Z, on introduit 'opérateur

P,li] : H«(Hilby S) — H.(Hilbgy; S), ¢ — pa(pic- T a).
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Théoréme 1.1.4 (Nakajima [54]). Les opérateurs P,li], o € H.(S), i € Z satisfont les relations
suivantes :

[Palil, P5lj]] := Palil Pslj] — (~1)®* 48P Py [j]Pafi] = (=1)" id;, (e, B) id,

et donc définissent une action de Heis(H,(S)) sur @, H.(Hilby S). De plus, Hg := @, H.(Hilby S)

est isomorphe a l’espace de Fock comme Heis(V')-module.

Remarque 1.1.5. La valeur précise de coefficient (—1)*~1i a été calculé par Ellingsrud et Strgmme
dans [19].

Cette description de Hg a été utilisée par Lehn pour calculer les classes de Chern de certains
faisceaux tautologiques. Soit £ un fibré en droites sur S, et L4 le faisceau localement libre sur
Hilby S dont la fibre au point Z est égale & H°(L ® (Og/T)).

Théoréme 1.1.5 (Lehn [45]). Les classes de Chern totales c(£™) sont exprimées par la formule

sutvante :
N X (-1t
g (L) 2% = exp E Tpcl(ﬁ) [m]z™ | - 1.

d=0 m=1

Pour S = C?, le schéma de Hilbert Hilby C? s’interpréte en termes de faisceaux sans torsion de
rang 1 sur P2. 1l existe de tels espaces de modules M(d,r) en rang r quelconque, voir section
Il se trouve que l'action de ’algebre de Heisenberg peut s’étendre a ce cadre, mais ne constitue
qu'une partie d’une algébre bien plus grosse — 'algebre Wi(gl,). Cette action est construite &
Paide de la théorie des algebres de Hall cohomologiques (CoHA), voir section

Le but de cette these est de développer une théorie analogue pour les surfaces de la forme
P(T*C), ou C est une courbe algébrique projective lisse. Cette généralisation fait naturellement
intervenir les algebres de Hall (cohomologiques ou pas) associées aux courbes. Dans ce qui suit,
on rappellera les définitions de ces algebres. Puis, nous énoncerons quelques résultats sur les
représentations de carquois qui nous ont servis d’inspiration, et enfin, résumerons les résultats
obtenus dans cette these.

1.2 Les algebres de Hall

Commencons par rappeler la définition des algebres de Hall. Soit C une catégorie [Fy-linéaire
de dimension homologique finie. On note IsoC I’ensemble des classes d’isomorphisme d’objets
de C, et pour tout objet M € ObC on note [M] la classe d’isomorphisme correspondante. Dans
ce qui suit, on suppose que les espaces Hom(M, N), Ext’(M, N) sont de dimension finie pour
tout M, N € ObC(.

Définition 1.2.1. L’algébre de Hall He de C est engendrée par IsoC en tant que C-espace
vectoriel ; pour tout M, N € ObC le produit est donné par la formule suivante :

—+N —-R— M — 0}
| Aut M| - | Aut N|

)= r Y

[R]€lsoC

(R,

ou (M,N) := q% YZ0(=1)" dim Ext! (M,N) désigne la forme d’Euler.

Cette notion est apparu, bien que sous un autre nom, pour la premiere fois dans les travaux
de Steinitz dans le contexte des p-groupes abéliens [72]. Par la suite, Ringel a démontré [63] que
He est une algebre associative pour toute catégorie C.

Les algebres de Hall ont gagné en importance apres la découverte de leur lien avec les groupes
quantiques par Ringel et Green. Afin de pouvoir donner I’énoncé précis de ce résultat, fixons un
carquois (c’est-a-dire un graphe orienté) @@ = (I, E'). On supposera que @) n’a pas de boucles.
Soit Hg = HRequ o lalgebre de Hall associée a la catégorie de représentations de dimension
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finie sur F, de Q. Pour tout sommet i € I, I’élément S; € Hg est donné par la représentation
de ) de dimension 1 supportée en 7. Notons

Aqg = (aij)iger,  aij = #{i = j} +#{j =i},
et C' =2Id —Ag. Sil'on suppose @ sans boucle, alors C' est une matrice de Cartan (symétrique)
généralisée. Soit gg = no® b @ng I’algebre de Kac-Moody associée. Par le théoreme de Gabber-

Kac [22], l'algebre enveloppante U (nzg) est engendrée par les éléments e;, i € I et les relations

de Serre
1—cij

1—o¢ e
(e

p=0

Drinfeld et Jimbo ont introduit une déformation quantique U,(gg) de l'algebre associative
U(gg) [15]. En particulier, U, (gq) contient une sous-algebre U, (ng), engendrée par les éléments
E;, © € I sujets aux relations suivantes :

1701']'

1—c¢y T—cii—
Z(_l)p[ p Z]]EfEiEj =0,
p=0

ou les coeflicients sont donnés par

[t] r (Vt—T—i-i _ V—t—i—r—z’)

i=1 COa
Théoréme 1.2.1 (Ringel [63], Green [29]). Soit v = q%. L'application E; — [Si], i € I se
prolonge en une injection U : Uy(né) — Hg. C’est un isomorphisme si et seulement si Q) est de
type fini, c’est-a-dire si g est une algebre de Lie semisimple.

Remarque 1.2.2. Un raffinement du théoréme [1.2.1] a été utilisé par Lusztig afin de définir la
base canonique de Ul,(ng).

On suppose maintenant que C est héréditaire, c’est-a-dire que les espaces Exti(M , ) sont
triviaux pour ¢ > 2 et tout M, N € Ob(C. Dans ce cas, Green a montré que H¢ peut étre munie
d’une structure de bigebre topologique (et méme d’algebre de Hopf, voir Xiao [75]). Comme 'a
montré Drinfeld [15], il existe un moyen purement algébrique de reconstruire le groupe quantique
U,(gq) en entier a partir de 'algebre de Hopf Uy(ng) — le double de Drinfeld [I5]. Ceci permet
de donner une réalisation de U, (gg) en terme d’algebre de Hall de carquois.

Dans le cadre géométrique qui est celui de cette these, nous nous intéressons plutot a une
autre classe de catégories héréditaires : les catégories Coh C' de faisceaux cohérents sur une
courbe projective lisse C' sur IF;. On a malheureusement beaucoup moins de résultats structurels
sur les algebres Ho := Hcono, €t ils sont largement limités aux courbes de petit genre. Nous
considérons ici brievement les cas de courbes de genre inférieure a 2.

Genre 0. Soit C' = P!. Rappelons que le groupe quantique de lacets U, (L£b™T) associé au Borel

b' C sly est engendré par les éléments E;,1 € Z et Hy, k € NT avec les relations suivantes :
2k =2k -

Ey1 B — V?E|Ey1 = v’ ERE11 — B Ey.

[H,, H,] =0, (Hy, Ey] =

Remarque 1.2.3. Ceci n’est pas la déﬁnitiorll la plus courante. En effet, on ajoute d’habitude les
générateurs K*! et un élément central C*z & U,(L£b™). Nous la modifions ainsi pour éviter les
détails superflus a notre présentation.
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Dans la catégorie Coh P!, pour tout d € Z on a un unique fibré en droites O(d) de degré d.
De plus, pour tout point fermé z € P! on a un unique faisceau irréductible O, ; de longueur ,
qui est supporté en x. On définit les éléments suivants :

B ok ‘
ooy deg(x) (2 [oxfw}) si deg(z)|k,

Tk = >0

5

0 sinon,
ou deg(x) := [ky : Fy], et on note T}, := > T} ».

Théoréme 1.2.2 (Kapranov [36]). L’application E; — [O(1)], Hy, +— T} s’étend en un mor-
phisme injectif d’algébres W : U, (LbT) < Hp.

Comme avant, on peut élever ¥ au rang d’un morphisme entre algebres de Hopf.

Genre 1. Si C est une courbe elliptique, la catégorie Coh C' a une structure particulierement
simple. On dira que £ € Coh C' est semi-stable si deg &' rgE < degErg &’ pour tout £ C &, et
on va noter par C, la sous-catégorie des faisceaux semi-stables avec dreggg‘g = 7. En particulier,

Cxo est précisément la sous-catégorie des faisceaux de torsion.

Théoréme 1.2.3 (Atiyah [3]). Pour tout n € Q il existe une équivalence de catégories py :
Coo = Cy. De plus, tout faisceau & € Coh C peut étre décrit comme @n E, avec E, € C,.

Grace a ce théoreme, on pose Ty, 1, = ¢, (1)) et T g = T%
engendrée par les éléments T}, ;, a une description explicite :

pecd(p,q)- Lia sous-algebre UJCC C He

Théoréme 1.2.4 (Burban-Schiffmann [10]). Pour tout n € N, a,b € Z avec pged(a,b) =1 on
définit Opq ny par la formule suivante :

"—1D(1l—-c™)(1—-7"
Z Hna,nbxn = €xXp Z (q )( )( )Tna,nbxn )

n
n>0 n>1

ot 0,0 € C sont les nombres de Weil de C. Alors le noyau du morphisme C(Tp ) — U% est
engendré par des relations de deux types :

1. si les vecteurs (p,q), (p',q') sont colinéaires, alors [Ty 4, Ty o] =0;
2. sipged(p, q) = 1, et si le triangle avec les sommets (0,0), (p',q'), (p+p',q+¢') ne contient

pas de points entiers a l'intérieur, alors

9p+p’7q+q’

(- -0o)(1-0)

[Tpqu Tp’,q’] =

Cette algebre est extrémement importante dans la théorie des représentations, notamment
dans le contexte de la correspondance AGT ; voir section [L.5]

Dans les genres supérieurs a 1, on est loin de comprendre I’ensemble de relations dans He. 11
existe des résultats partiels, par exemple les relations quadratiques prouvées par Kapranov [36].
Pour illustrer la difficulté de cette question, 'auteur ne peut s’empécher de faire une comparaison
avec le cadre arithmétique. Dans ce contexte on peut définir une version arithmétique de I’algebre
de Hall en remplagant la courbe lisse par Spec(Z). Alors les relations cubiques dans Hgpeq(z)
sont gouvernées par les zéros de la fonction zéta de Riemann [38].
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1.3 Une version cohomologique

Comme le montrent les exemples de la droite projective et des courbes elliptiques, il est
souvent utile de considérer des fonctions caractéristiques de sous-catégories naturelles (faisceaux
de torsion, semi-stables, etc.) pour étudier 1’algebre de Hall d’une catégorie C. Dans la méme
logique, on peut s’intéresser a une version plus topologique des algebres de Hall, modelées sur
la cohomologie des espaces de modules d’objets de C. C’est la théorie des algebres de Hall
cohomologiques.

A partir de maintenant, on remplace F, par C dans le role du corps de base. Commengons
par décrire I’exemple le plus simple d’une telle algebre, associée a la catégorie des représentations
d’un carquois Q = (I, E), ou I est 'ensemble de sommets, et E est I’ensemble de fleches. Pour
tout aréte e € E, on note sa source s(e) et son but ¢(e). L’ensemble des représentations de Q
dans V = €, Cv7,

Rep(Q,v) = @ Hom(CVs@), CVite)),
eckE
admet une action naturelle de GLy = [[;c; GL+,(C). Ainsi, les objets de Rep @ de dimension
v sont paramétrés par les points du champ quotient [Rep(Q,v)/GLy]. On va fixer un Borel
By C GLy, qui équivaut au choix de drapeaux complets C € C2 c ... ¢ CV® pour tout i € I.
Alors pour tout vi, vo on a le sous-espace

Rep(Q; v1,v2) = {(Xo)ecr € Rep(Q, vi + v2) | Xo(CV1s)) € CV1) Ve € B},
qui est préservé sous l'action du sous-groupe parabolique Py, v, = By - (GLy, X GLy,).

Définition 1.3.1 (Kontsevich-Soibelman [40]). L’algébre de Hall cohomologique associée a Q
est I'espace vectoriel Hag := @, H GLv(Rep(Q,Vv)), avec le produit défini par

Q1 % Qg =Ty, vy 0 ¥y 0 @* () M ag) o € H*GL”Z' (Rep(Q,vi)),i = 1,2,

ou ®*, U, sont les applications

& HO™ (Rep(Q,v1)) @ He 72 (Rep(Q. va)) — Hi ™2 (Rep(Q; vi, va)),

U, : HD2 (Rep(Q; vi, va)) — HL™? (Rep(Q, V),

associées aux morphismes naturels

Rep(Q; vi, v2)
% x&
Rep(@, v1) x Rep(Q, va) Rep(Q, V)

et iy, v, est donnée par la composition

GLv
dPVl Vo

H"™1v2(Rep(Q, v)) L HY™(GLy xp,, ,, Rep(Q,v)) = H™ (Rep(Q, v)).

L’algebre Hag admet une présentation de battage, qui peut étre obtenue par localisation
équivariante. Les formules étant assez complexes, on expliquera cette idée plus en détail dans
un autre contexte (cf. Théoreme [B]).

Au premier regard, 'algébre Hag ressemble formellement a Hg. Cependant, cette construc-
tion ne produit pas un objet proche des algebres de Hall classiques. Par exemple, si on prend le
carquois () = e — e, 'algebre H( contient (la partie positive de) U, (£:[2). En méme temps, on
a le théoreme suivant :
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Théoréme 1.3.1 (Efimov [17]). Si Q est un carquois symétrique, l’algébre de Hall cohomologique
Hag est libre super-symétrique.

Cette divergence finalement n’est pas trés surprenante, parce que les algebres de Hall sont
liées au comptage de F,-points, qui sont gouvernés par les faisceaux constructibles sur les champs
de modules. D’apres la correspondance de Riemann-Hilbert on sait que ces objets sont plutot
liés aux D-modules, et donc aux faisceaux cohérents sur le fibré cotangent au champ de modules.
Ceci motivera l'introduction d’une algebre de Hall cohomologique plus compliquée (en dimension
2).

Pour la catégorie des faisceaux cohérents sur une courbe C, 'algebre de Hall cohomologique
est encore peu étudiée. Cependant, on peut montrer qu’elle contient, entre autres, information
sur les relations dans I’anneau de cohomologie de ’espace de modules des fibrés stable sur C' [66].

1.4 Espaces de modules et représentations

Pour pouvoir expliquer le lien entre les CoHAs et schémas de Hilbert de points sur S = A2,
reprenons plus précisément le cadre de la section Il existe une présentation plus algébrique du
schéma de Hilbert. Tout d’abord, on peut voir A? comme un ouvert de P2, avec le complémentaire
loo == P?\ A2. Alors Hilby A? est isomorphe & M(d, 1), ott M(d,n) dénote I'espace de modules
de faisceaux sans torsion E sur P? de rang n et co(E) = d avec une trivialisation & l'infini
El,, = O™

Théoréme 1.4.1 (Barth [B]). Il existe un isomorphisme

M<d7n)—{(X7Y717.]) ﬂvgcdc[ij]Imlcv GLd7
ot X,Y € End(C?%), i € Hom(C",C%), j € Hom(C?, C"), et l’action de GLg est donnée par
9+ (X,Y,1,)) = (9Xg ', 9Yg ' giig ).
On peut donc voir M(d,n) comme un espace de modules de représentations du carquois
suivant (vérifiant des conditions supplémentaires) :

Y

7

ch%cn
&

L’intérét de considérer ici des CoHAs se voit plus aisément si on se place dans le cadre général
des variétés de Nakajima, dont les espaces M(d,n) sont des cas particuliers. Plus précisément,
étant donné un carquois @ = (I, E), on considere le carquois Q¥ = (I', E’), défini par

I'={iiliecl}y E={ee|lecE}ulini,i—ilicll),

ol € est I’aréte opposée a e. Pour toute paire de vecteurs de dimension v, w € N’, on considere
I'espace Rep(QV, v, w) de représentations de Q¥ :

Rep(QY, v, w) = @) Hom(C*), C"*)) & @) Hom(CV(»), C¥+(®))

ecll eck
@ @ Hom(CY:, CY") @ @ Hom(CY#,C%"?).
icl el

On notera un élément de Rep(@, v,w) par R = (X,Y,1,j). Par exemple, si @ est de la forme

suivante :
\Z!

e
™~

Vs

Vi V2 V3
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alors les éléments de Rep(@, v, W) représentent le carquois ci-dessous :

X 20

Xi X %314\ ja

Vi Y Vo 2 % V3 y, Ve

iﬁlh iﬂljz i3ﬂ'j3k

w1 w2 W3 V5
i5le5
W5

Le groupe G = [[;c.; GLy, agit sur Rep(@,v,w) par conjugaison. On définit I'application
moment L
p:Rep(QV,v,w) — g ~g, u(X,Yij)=[X,Y]+ijeg

D’apres la théorie géométrique des invariants de Mumford [52], & chaque caractere x : G — Gy,
on peut associer I'ouvert de points stables UX~%!. Ici, on ne considére qu'un caractére précis :

Xdet ((9i)ier) = H det g; *.
icl

Dans ce cas la condition de stabilité se décrit de la fagon suivante :

Lemme 1.4.1. (X,Y,i,j) est stable si et seulement s’il n’existe pas d’une collection de sous-
espaces N; C CVi, telle que Imi C ®;c1N; et BierN; est invariant sous laction de X et Y.

Les variétés de Nakajima M (v, w) sont alors définies par
M(v,w) = (=1(0) N U =51) /G,

Ces variétés sont lisses. Le lecteur pourra aisément vérifier que pour () = e D ,v=detw=mn

on retrouve bien M(d,n) (cf. théoréme [1.4.1). On note M(w) := ], M(v,w).

Comme dans le cas des schémas de Hilbert, on considere les correspondances

z =] {R CR|ReM(v,w),R € M(v+ ei,w)}.

v

On note par H, I'homologie de Borel-Moore. Les correspondances Z; définissent les opérateurs
E;: H{(M(v,w)) = H,(M(v+e€;,w)), ol ¢ et le vecteur de dimension égal & 1 dans le sommet
i € I, et & 0 dans les autres sommets. De plus, on a les opérateurs duaux F; : H,(M(v,w)) —
H,(M(v — ¢,w)), et les commutateurs H; = [E;, F;]. 1l est facile de vérifier que E;, F;, H;
préservent le sous-espace

Ly = @ Hdim/\/l(v,w) (M(v,w)).

Théoréme 1.4.2 (Nakajima [53]). Supposons que Q n’a pas de boucles. Les opérateurs E;, F;, H; €
End(H,(M(w))) définissent une action de U(gq) sur My := H,(M(w)). De plus, L est iso-
morphe au gg-module simple intégrable de plus haut poids Ay =) Wiw;.

Il existe aussi une version de ce théoréme pour @ avec boucles [7].

En fait, il existe une action sur My, d’une algebre beaucoup plus grande que U(gg), qui
change le degré homologique et donc ne fixe plus L. Afin de construire une telle algebre, on
consideére le fibré en droites L; sur Z;, dont la fibre au-dessus de point {R C R’} est égale a la
droite R’'/R. De cette fagon, on obtient un morphisme Z; — BG,, vers le champ classifiant des
fibrés en droites. On définit de nouveaux opérateurs F;;, [ > 0 en tordant la correspondance Z;
par la classe de Chern cl(Ll@). On peut interpréter le champ BG,,, comme 'espace de modules
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des représentations de 1’algebre préprojective Il (de dimension ¢;), c’est-a-dire représentations
(X,Y) du carquois doublé @) avec [X,Y]=0:

\Z!

~

V1 < V2 <

V3
Y1 Yo

4
Vs

Ici, on a imposé la condition dim(R’'/R) = ¢; pour faire le lien avec le théoréme Rien
n’interdit de considérer, en général, le champ

2y = H{Rc R'|Re M(u,w),R eM(quv,w)},

u

qui donne lieu & une correspondance (ol on note quotient champétre par des crochets)

Zy
SN
[Rep(Ilg, v)/GLy] x M(w) M(w)

Par conséquent, pour tout v € N/ et aw € HELv (Rep(Ilg,Vv)) on obtient un opérateur
Ev,a = \II*Q)*(Q X —) € End H*(M(W)),

pour des foncteurs ®*, ¥, bien définis. En particulier, E, 1 = E;, ou 1 € H,([Rep(Ilg,v)/GLy])
désigne la classe fondamentale. Ces opérateurs feront une partie de 1'algebre de Hall cohomolo-
gique Hayy, de l'algebre préprojective Ilq.

Théoréme 1.4.3 (Schiffmann-Vasserot [68], Yang-Zhao [70]).
Posons Hary, = @, H¥ (Rep(Ilg, v)). Alors

1. il existe une structure d’algebre associative sur Hayy, ;

2. il existe une action de Har, sur My, compatible avec l'action de U(gq) du théoreme .

Cette algebre a été aussi étudié du point de vue de la théorie de Donaldson-Thomas par
Davison et Meinhardt (par exemple, voir [13]). L’énoncé reste valable pour toute théorie d’ho-
mologie “raisonnable”, voir section En particulier, si on considere la sous-algebre de Hayy,,
engendrée par les opérateurs E, ., le théoreme nous permet, dans le cas des carquois sans
boucles, de retrouver I’action du Yangien Y;,(gq) sur My et I'action de I’algebre affine quantique
sur K (M(w)), étudiées par Varagnolo [74] et Nakajima [55].

1.5 Carquois a une boucle

Explicitons le théoreme|1.4.3|dans le cas correspondant au carquois de Jordan. Ici () = e D ,
IIo =C[X,Y], et

Rep(HQ,d) =6y = {(X’ Y) € gly ’ [Xa Y] = 0}

est la variété commutante. Ainsi, il existe une structure d’algebre associative sur

HaAz = @H?Ld(%d)
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Notons que [6;/G Ly est précisément le champ des faisceaux de torsion de longueur d sur C?, par
lesquels on effectue des modifications ponctuelles de faisceaux sans torsion sur P?. On retrouve,
en particulier, pour des bons choix de o € H*G La (%4), les opérateurs de Nakajima.

On peut se poser la question : a quoi cette algebre plus grosse ressemble-t-elle 7 Une réponse
est fournie par la correspondance originale de Alday-Gaiotto-Tachiwaka (AGT) [I], qui prédit
une relation entre la théorie de jauge super-symétrique N' = 2 en dimension 4 et la théorie
conforme des champs de Liouville en dimension 2. Sans rentrer dans les détails physiques (du fait
de I'incompétence de 'auteur), cette correspondance implique une égalité de certaines quantités,
a savoir le volume équivariant des espaces M (d,2) d’un coté, et la dimension des blocs conformes
de Liouville de 'autre. Ces derniers sont associés a ’algebre de Virasoro.

Définition 1.5.1. L’algebre de Lie Vir, appelé ['algébre de Virasoro, est engendrée par les
générateurs Ly, n € Z et ¢, modulo les relations

3
[e, L) =0, [Lm,Ln] = (m —n)Lyin+ %(Lm_nc.

On note M,, := @, HE *“" (M(d,n)), ol la structure C* x C*-équivariante est induite par
laction naturelle C* x C* ~ A2. On peut reformuler et renforcer la prédiction d’AGT, en disant
que l'algebre Vir doit agir sur My de telle fagcon que Ma est isomorphe a un module de Verma
de Heis x Vir. Cet énoncé peut étre généralisé en remplagant 2 par n et Heis x Vir par 'algebre
W affine W, := Wi(gl,,), k € C. On ne reproduira pas la définition des algebres W, ici, car elle
est tres technique; par exemple, aucune présentation de W,, par générateurs et relations n’est
connue pour n > 4.

Il s’avere que 'action de W, sur M,, provient de ’action de ’algebre de Hall cohomologique
préprojective Hayy,. Plus précisément, I'action naturelle C* x C* ~ A? induit une action sur
les variétés commutantes €. Soit Hajj o la version C* x C*-équivariante de Hary,. Alors on a
le théoréme suivant.

Théoréme 1.5.1 (Schiffmann-Vasserot [68]). M, admet une action du double de Drinfeld
ID)(HaﬂQ). De plus, cette action se factorise par l'algébre enveloppante U(W,,), et M, est iso-
morphe a un module de Verma explicite de W,.

L’action de W, sur M, a aussi été construite aussi par Maulik et Okounkov [47], en utilisant
des méthodes différentes, fondées sur la notion d’enveloppe stable.

Bien qu’elle soit moins développée que la version mentionnée ci-dessus, il existe une version
quantique de la correspondance AGT, impliquant & présent les algebres W quantiques (par
exemple, 'algebre de Virasoro quantique) et la K-théorie équivariante des espaces d’instantons
KC > (M(d,n)). La premiere partie du théoreme est le sujet de [69], ou le produit de
Hall K-théorique est définie sur

KHajA; — @KGLdX(C* xC* ((gd)’
d
et la deuxieme assertion est démontrée dans [5§]. L’analogue du théoréme est également
vrai.

Il est naturel de se demander s’il existe une histoire analogue pour d’autres surfaces S. Cette
question a été évoquée dans une série de papiers récents de Negut; [60} 57, [56] ; voir la section
pour la comparaison avec les résultats obtenus dans cette these.

Pour finir, notons le résultat — qui peut paraitre surprenant — qui donne une autre ca-
ractérisation de l'algebre K Hag o €n terme des algebres de Hall classiques.

Théoréme 1.5.2 (Schiffmann-Vasserot [69]). Soit C' une courbe elliptique dont les nombres de
Weil sont o,a. Alors il existe un isomorphisme

T
KHays|i—g—c ~ U/

De plus, cette algebre agit sur @, K(M(d,n)) pour tout n > 0 comme avant.



CHAPITRE 1. INTRODUCTION 19

1.6 Théories homologiques orientées

Pour traiter 'homologie et la K-théorie de fagon homogene, on travaille avec les théories
homologiques orientées [46]. En grandes lignes, une théorie homologique orientée de Borel-Moore
(OBM) associe a chaque schéma X un groupe abélien gradué A,(X), de fagon partiellement
fonctorielle, et plus précisément :

e pour tout morphisme f: X — Y projectif, il y a une image directe f, : A, (X) — A.(Y);

e pour tout morphisme localement d’intersection complete (l.ci.) g : X — Y de dimension
relative d, il y a une image inverse f*: A (Y) — A, q4(X).

Ces morphismes satisfont les conditions de compatibilité standards, une des plus remarquables
étant le changement de base. Plus précisément, on a f* o g, = ¢, o f"* pour tout carré cartésien
avec g projectif, qui est transversal a f l.c.i. :

ZxxY -1 7

o s
y — x

Soit f : Y — X un morphisme l.c.i., et ¢ : Z — X un autre morphisme (sans aucune
condition). Alors on peut définir l’image inverse de Gysin

i ANZ) = AJZ xx Y),

qui est fonctorielle en f et g, et coincide avec f* pour Z = X, g = Idx. Il faut noter que malgré
la notation ce morphisme dépend de g d’'une maniere importante.

Si X est lisse, le groupe A*(X) := Agim x—«(X) peut étre muni d’un produit d’intersection,
devenant un anneau commutatif. Pour tout fibré en droites L — X avec la section nulle s : X —
L, le morphisme s* o s, : A,(X) — A, 1(X) peut étre réalisé par un élément e(L) € Al(X),
appelé la classe d’Fuler (ou premiere classe de Chern) de L. Il s’avere qu’il existe toujours une
loi de groupe formel Fy € A*(pt)[u,v] sur A*(pt), qui gouverne la classe d’Euler du produit
tensoriel pour tout schéma X :

e(L ® M) = Fa(e(L),e(M)).

On va supposer que la OBM A est libre, c’est-a-dire universelle parmi les autres OBM avec la
méme loi. Par exemple, les groupes de Chow CH, et le groupe de Grothendieck de faisceaux
cohérents Ky sont des OBM libres; on a Fop(u,v) = u+ v et Fg,(u,v) = u+ v — uv.

Remarque 1.6.1. Une lectrice attentive peut noter que le foncteur standard de I’homologie de
Borel-Moore H, n’est ni un exemple de OBM libre, ni méme de OBM tout court. Dans le cas
des variétés de Nakajima ceci ne pose aucun probleme, car leurs homologies de Borel-Moore sont
isomorphes aux groupes de Chow. C’est faux pour une variété générale ; cependant, toutes les
propriétés des OBM qu’on utilise ont des analogues homologiques.

1.7 Faisceaux de Higgs

Le point de départ est 'observation qu’on peut systématiquement remplacer les carquois
par les courbes algébriques dans les constructions de la section Par exemple, le champ des
représentations de l'algebre préprojective IIg peut étre vu comme la réduction hamiltonienne
de T* Rep(Q, v) sous l'action de G Ly :

Rep(Ilg, v) = p~'(0);
p:T*Rep(Q,v) =Rep(Q,v) — g, (X,Y)— [X,Y].
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Donc [Rep(Ilg,v)/GLy] = T*[Rep(Q,v)/GLy]. Pour une courbe C, il est donc naturel de
regarder le fibré cotangent T*CohC' au champ des faisceaux cohérents.
Soit we le fibré canonique de C. Les objets de T Coh C' sont décrits de la facon suivante.

Définition 1.7.1. Un faisceau de Higgs sur C est un faisceau £ € Coh C muni d’un morphisme
0:&—ERue.

On note le champ des faisceaux de Higgs de rang r et degré d par Higgs, dC’. Ce champ n’est

pas noethérien pour r > 0 (comme le champ des faisceaux cohérents Coh, ,C), et de plus il est
tres singulier. Pour illustrer la géométrie de ’Hz’ggsr dC’ , rappelons le théoréeme de Bozec sur les
composantes irréductibles du sous-champ

Ar g ={(€,0)]6 est nilpotent} C Higygs, dC-

On sait, par Laumon [42], que A, 4 est un sous-champ Lagrangien de ’Higgsr dC. Pour £ un

faisceau cohérent sur C, on appellera type de £, et on notera 7(€), la paire 7(€) = (rg €, deg€).
Pour tout faisceau de Higgs nilpotent (£, 6), on définit son type de Jordan J(E,0) par

J(E,0) = (i(€,0));,  Ji(€,0) =7 (Ker ' /(Tm 6 N Ker 0% + Ker 6°)) .

Soit v = (1,19, ...) une collection finie d’éléments v; € (N* x Z) U ({0} x NT) qui satisfait les
conditions numériques

S iri=r, Y idi+i(i = 1)(g — Dy = d,
ou v; = (r4,d;) et g = g(C) est le genre de C'. On définit le champ
Nil, ={(£,0) e Arq: J(E,0) =v}.
Ces sous-champs définissent une stratification A, g =[], Nil,.
Théoréme 1.7.1 (Bozec [§]). Les champs Nil,, sont les composantes irréductibles de A, 4.

En particulier, 'ensemble des composantes irréductibles de A, 4 est infini dénombrable pour
r > 0.

1.8 Les résultats

Dans cette these, on traite le cas des faisceaux de Higgs de rang 0. L’avantage de cette
restriction est que le champ Higgso d C peut étre représenté comme un quotient [Xy4/G Ly, avec

X4 un schéma noethérien. Explicitement, on sait que Cohy ; C' ~ [Quoty 4/G Lg], o
Quoty g = {gp Cl'®0Oc & ‘ (&) = (0,d), H(y) est invertible} ,

donc Higgso dC’ peut étre obtenu comme la réduction hamiltonienne de T™Quoty 4 par GLg.
Soit d = dy + da. De méme, le champ des extensions

P

Higg5, 4, ) = {(51 C E,0) ‘ (€,0) € Higgs, & € Cohg g, 0(E1) C 51}

0,d’
est isomorphe a un quotient global [Yy, 4,/GLg], et donc la correspondance

—_——

Higgs, (4, 4)

’Hz’gngdI X ’Hz’ggsO’dQ ’HiggsO’d
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est équivalente (dans toute A-théorie G Lg4-équivariante) a la correspondance

Yd17d2
‘IV N\
Xa

GLd XHdld (Xd1 X Xd2

Notons que méme si Wy, 4, est propre, ®4, 4, n’est pas lisse, ou méme l.c.i. Malgré tout, on peut
prolonger ce morphisme a un morphisme entre des variétés lisses, qui sont construites a partir
des plongements Xy < T Quot 4. De cette facon, on obtient un morphisme d’image inverse de
Gysin <I>!dh 4, d’apres la section En utilisant les propriétés formelles de A, on obtient alors le
théoreme suivant.

Théoréme A. Les applications (\I’dl,dg)*oq)!dl 4, définissent un produit associatif sur AHag ¢ =
D, A(’Higgso’d Q).

Remarque 1.8.1. On peut généraliser cette construction de fagon assez immédiate pour avoir un
produit sur la somme des A-groupes de ’Hz’ggsr dC’ pour tout » > 0. Dans ce cas, ’espace de

modules des fibrés de Higgs n’est plus un champ quotient global; il faut donc vérifier que la
procédure décrite ci-dessus ne dépend pas du choix d’atlas.

Soit AHag;’C =, AT(Higgso 4 C) la version équivariante de AHag ¢, ot le groupe T' = C*
agit sur les faisceau de Higgs par dilation de 6. Un autre avantage de se restreindre en rang 0
est I'existence d'une présentation combinatoire de AHa;{C.

Définition 1.8.2. L’algebre de battage globale est I'espace vectoriel
d Sa
Asho = @) ASheld] = @B (ACH)(e(t)ie(th). . elta)
d d

muni du produit

= : ASh¢[dy] x AShc|ds] — ASheldy + do),

E(f7 h’) = Z g. H g <tlt+]) f(tlv"‘7td1)h(td1+17°"atd1+d2) P

oc€Sh(dy,d2) 1<i<dy
1<j<d>
ou g€ A*(C x C)((e(t))((e(2))) est une série formelle de Laurent donnée par

g = £20(=2))eltz0(4))
e(2)e(tz) '

Pour tout choix d’une base dans C? il existe une application C¢ ~ Quotgl — €%, donnée
par la somme directe. C’est une immersion fermée, qui définit une image inverse en A-théorie

pa : AGT (6 — AT(C?)® ¢ She[d].

Théoréme B. L’ensemble des applications pg, d € N définit un morphisme d’algébres associa-
tives graducées
p: AHa), — AShc.

Théoréme C. Soit A = H [’homologie de Borel-Moore. Alors 'application p : HHaac —
HShe est injective.
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L’analyse qui nous permet de démontrer le théoréme[C|est spécifique au cas de ’homologie de
Borel-Moore standard. En particulier, on utilise la notion de pureté homologique pour considérer
chaque strate Nil, séparément. Néanmoins, on s’attend & ce qu’'un résultat analogue soit vraie
pour toute OBM A.

Pour construire des représentations de cette algebre, on cherche un analogue aux variétés de
Nakajima. Rappelons qu’ils parametrent

(i) les points stables
(ii) dans le fibré cotangent
(iii) du champ des représentations encadrées
d’un carquois fixe. Si on remplace les représentations de carquois par les faisceaux cohérents sur

notre courbe C et si on applique les étapes (ii) et (iii), on arrive a la définition suivante :

Définition 1.8.3. Un triplet de Higgs de rang r, degré d et cadre F est la donnée (&, ,6) d'un
6

faisceau € € Coh, 4 C, d’un morphisme o : F — &, et d’une autre application 6 € Ext!(&,(F
£) ®w).

Comme dans le cas de carquois, il existe une famille de conditions de stabilité des triplets.

Définition 1.8.4. Soit (&, a, ) est un triplet de Higgs, et § > 0.

e Un sous-faisceau & C & est compatible, si Ima C &' et a(f) € Imb pour les applications
naturelles

Ext' (&, (F % &) ®w) % Ext! (€, (F % &) @w) < Ext (&, (F % &) o w).
o (&,,0) est -(semi-)stable, si pour tout sous-faisceau compatible £ C € on a

deg &’
rg&’

deg € — 6

—_— / —_—
deg& — 6 G I 5,; deg& 1)
rg€

rg g rg g S11no1.

(<)

(<)

e (&, a,0) est co-stable, 8'il n’existe aucun sous-faisceau compatible £’ C &, tel que Ima C &'.

Dans cette these, on traite le cas particulier de rang 0 et cadre O%™. Avec telles restrictions,
il n’y a qu’un seul choix de ¢ qui est bien défini, & savoir § — +o0o. On appelle simplement ces
triplets stables.

Théoréme D. L’espace de modules des triplets stables de degré d et de cadre OF™ est représentée
par une variété lisse B(d,n).

Remarque 1.8.5. Il y a une autre raison de se restreindre a § = +o00o : c’est la seule condition
de stabilité telle que les sous-objets des objets stables soient stables. Sans cette restriction,
I'analogue de 'application (Wgq, 4,)« utilisé dans la définition de I'action cesse d’étre propre.

Théoreme E. Pour tout n > 0, l'espace A, = P, A(B(d,n)) admet une action de AHag c.

Il se trouve que les variétés ZA(d,n) admettent une autre description, dans lesprit de la
correspondance de Beauville-Narasimhan-Ramanan [6] et du théoreme Soit S = P(T*(C),
et m: § — (C'la projection naturelle. On dit qu’un faisceau sans torsion E sur S est f-semi-stable
si sa restriction & la fibre générique de 7 est isomorphe & O(i)®* pour i € Z, k € N.

Théoréme F. La variété %(d,n) est isomorphe a lespace de modules M¢(n,0,d) qui paramétre
les faisceaux sans torsion f-semistables E& sur S munis d’une trivialisation d l'infini, tels que
rgE=n, ci(E) =0, et ca(E) = d. En particulier, (d,1) ~ Hilby T*C.
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L’algebre AHag ¢ contient les opérateurs de Nakajima P,[1] pour les schémas de Hilbert,
et conjecturalement les autres opérateurs P,[i], ¢ € N. La difficulté de cette conjecture réside
essentiellement dans la géométrie des champs

[{(X,Y) e N, | [X.Y] =0} /GL4]

pour d > 1.

Cette description nous permet d’établir le rapport entre cette these et les travaux récents
de Negut [60]. Pour toute surface projective lisse S et H un diviseur nef sur S, il considere
I’espace de modules M des faisceaux H-stables sur S avec la seconde classe de Chern qui varie,
et définit les opérateurs e, : K(M) — K(M x S) par les correspondances de Hecke pour tout
n € Z. Ces opérateurs engendrent une sous-algebre A dans €., Hom(K(M) — K(M x S¥)),
qui se projette dans une algebre de battage Vg, (S). On conjecture que 'action de A sur K (M)
se factorise par cette projection. L’algebre Vs, (S) est définie pour toute S surface lisse quasi-
projective, et coincide avec KSh¢ pour S = T*C. Alors les résultats des théoremes [C]
impliquent une version “homologique non-compacte” de cette conjecture pour un certain choix

de H.

1.9 Développements futurs

Surface quelconque. En parallele avec les travaux de Negut, on peut étudier le champ des
faisceaux de longueur finie sur une surface lisse S. Il apparait qu’on peut munir les A-groupes
de ce champ d’un produit associatif pour toute surface projective en utilisant les techniques de
Alvarez-Cénsul et King [2]. De plus, on peut aussi obtenir une présentation de battage similaire
au théoreme Dans le cas S = T*C on espere prouver 'injectivité en étudiant l'action de
AHaOC sur les modules A.#,,. Par contre, pour une surface générale il n’y a pas de candidat clair
pour I'analogue des variétés M(d,n) permettant de généraliser un tel argument.

CoHA totale et AGT. Comme mentionné plus en avant, I’algebre AHa% n’est qu’une partie
d’une algebre plus grosse AHag, qui tient compte des faisceaux de Higgs dans tous les rangs.
Par analogie avec le théoréme [E] on doit avoir une structure de AHac-module sur les A-groupes
des espaces de modules de triplets co-stables de rang quelconque. De plus, on doit pouvoir munir
AHa¢ d’une structure d’algebre de Hopf (topologique) de telle fagon que cette action s’étend a
une action du double de Drinfeld D(AHac). Il a été montré dans [56] que les opérateurs Ext,
qui apparaissent dans la correspondance AGT, ne sont pas déterminés par son interaction avec
AHa?,. On peut se demander alors si les interactions avec toute I'algebre D(AHac) fournissent
assez de controle sur ces opérateurs.

Filtration perverse. Il a été montré dans [64] qu'on peut induire le produit de AHac au
sous-champ ouvert Higgsjsd des fibrés de Higgs semi-stables. Son espace de modules grossier

admet une application vers I'espace affine @j_; H°(C, wgk), obtenue en prenant le polynéme
caractéristique du champ de Higgs. Cette application induit une filtration P, sur H *(Higgsis d)’
appelée la filtration perverse. Heuristiquement, P, doit bien se comporter par rapport au prod7uit
de Hall. Une maniere de formuler la conjecture P = W de de Cataldo, Hausel et Migliorini est
de dire que la filtration perverse est multiplicative par rapport au produit homologique. Sans
rentrer dans des détails inutiles, I’existence d’un autre produit compatible avec P, peut nous
servir pour déduire un résultat similaire concernant le produit homologique.






Chapitre 2

Cohomological Hall algebras for
Higgs torsion sheaves

2.1 Introduction

Let C be a hereditary abelian category over finite field Iy, such that all Hom- and Ext-spaces
have finite dimension. We have two important examples of such categories :

— for a finite quiver @, the category of finite dimensional representations Rep () = RequQ;
— for a smooth projective curve C' over [Fy, the category of coherent sheaves Coh C'.

Given a category C satisfying the conditions above, one can associate to it the Hall algebra
H(C), as defined in [65]. Broadly speaking, its basis is given by isomorphism classes of objects in
C, and the product is given by the sum of all non-isomorphic extensions. In the case C = Rep @,
where @ is a quiver of Dynkin type, a famous theorem by Ringel [63] describes the Hall algebra
H(Rep Q) as the positive half of the quantum group U, (gq), specialized at v = q'/2. Moreover,
one can upgrade H(C) into a (twisted, topological) bialgebra, such that the Drinfeld double
D(H(Rep Q)) is isomorphic to the quantum group itself.

By contrast, the Hall algebra H(Coh C') seems to be far less understood. For instance, an
explicit description of (the spherical part of ) H(Coh C') by generators and relations is known only
when C' is rational [36] or elliptic [10]. Our principal motivation is to get a better understanding of
this algebra. One way to do it is to study its representation theory. Unfortunately, since we do not
possess an explicit combinatorial description of H(Coh C') in terms of generators and relations
(see, however, [65, Section 4.11] for partial results), we have to construct its representations
indirectly.

We use an approach close in spirit to the well-known construction of Nakajima [53], which
realizes irreducible representations of the universal enveloping algebra U(g) of a simple Lie
algebra g as homology groups of certain varieties. Let us summarize a variant of this construc-
tion, following the point of view from [76]. Namely, for a finite type quiver Q = (I, E) and a
projective CQ-module P with top of graded dimension w € ZZ, one considers the algebraic
stack T* RepS ¥ Q, where Rept® @ parametrizes pairs (V, @) with V € Rep @, dimV = v, and
¢ € Homcg(P, V). The C-points of this stack can be identified with representations of a qui-

ver @O, satisfying certain conditions [25, Section 5]. For every dimension vector v € Zfr, one
introduces a stability condition on these representations, such that subrepresentations of stable
representations are stable, and the moduli stack of stable representations forms a smooth va-
riety M(v, w). Inside these varieties, one has Lagrangian subvarieties £(v,w) := 7, 1(0), where
Ty : M(v,w) — SpecT'(Opq(v,w)) is the affinization map. Finally, one considers a correspon-
dence Z, C (T* Rep, Q X M (vy,w)) x M(v+ vy, w), which parametrizes triples (V, Vi, V) with
Vo/V1 =~ V. Denoting the projections on the first and second factor by ®, and V¥, correspon-

25
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dingly, we have the following operators in Borel-Moore homology :

€iv = (Ve )« (®e)"([T" Rep, QI W —) : HM(v, w)) = M(v + &, W),
fize = ((2e)(e,)" (=), [T" Rep, Q) : HM(v,w)) = M(v — e, W),

where ¢; is the dimension vector of the simple representation at vertex i € I. Then e; := ) e; v,
fi == >, fiv give rise to an action of U(gg) on My, = @, H(M(v,w)), and moreover its
restriction to @, H(L(v,w)) is the irreducible highest module of weight w.

In fact, this action can be extended to a much bigger algebra, so-called Yangian. This
can be achieved by realizing it inside the cohomological Hall algebra [68) [76], isomorphic to
@D, H(T* Rep, Q) as a vector space (see [47] for another perspective on Yangians). The latter
algebra then acts on M, by correspondences similar to the ones described above. The purpose
of this paper is to begin investigation of analogous algebras and their representations in the
context of curves.

In order to apply the same set of ideas to our situation, we have to introduce several mo-
difications to our context. First, we have to consider T* Coh C' instead of Coh C'; note that the
former stack is isomorphic to the stack of Higgs sheaves Higgs C'. Secondly, we will study a
homological version of Hall algebra. It will be modeled on the vector space A(Higgs C'), where
A is either Borel-Moore homology or an arbitrary free oriented Borel-Moore homology theory
(see [46l, Chapter 5] for the definition of the latter).

Optimistically speaking, our program is as follows :

1. construct a (bi-)algebra structure AHac on A(HiggsC);

2. define a suitable stability condition on T*Coh™” C, where Coh™ C' is the stack of pairs
(€, a) with £ € Coh C, @ € Hom(F,€);

3. construct an action of the Drinfeld double D(AHa¢) on the A-theory A(M) of the moduli
of stable objects.

In the present article, we treat a very particular case of the plan above. Namely, we restrict
our attention to the category of torsion sheaves on C. Then, we have the following result :

Theorem 2.1.1. There exists an associative product on @, A(Higgs, ,C), which makes it into
an algebra AHag ¢ (Theorem .

Furthermore, we choose our framing to be a free sheaf : F = Q%"

Definition. A stable Higgs triple of rank 0, degree d and weight n is a triple (£, a,0) with
€ € Cohy 4 C, o € Hom(k" ® O,€), 0 € Ext!(&, (k" ® O % £) @ w), such that for each proper
subsheaf & C &€ for which 6 restricts (see Definition [2.3.10)) to &', we have Ima ¢ £'.

Theorem 2.1.2. Let C' be a smooth projective curve, and d, n positive integers.

1. The moduli of stable Higgs triples of degree d and weight n is represented by a smooth

variety A(d,n) (Theorem ;
2. for any n, the space Ay, = @, A(H(d,n)) is equipped with a structure of an AHag c-
module (Corollary[2.7.9).

Note that we do not construct a coproduct on AHag . However, if we denote by AHaac the
version of AHag ¢ equivariant with respect to the scaling action of G,, on the cotangent fibers,
one can define a certain algebra AShe with explicit formulas for multiplication and construct
amap p: AHaaC — ASh¢. Roughly speaking, ASh¢ looks like the space of formal series with
coefficients in A(C), and the product is given by twisted symmetrization (see Definition [2.5.3)).
We expect p to be injective (Conjecture . This prediction is supported by the following
theorem :

Theorem 2.1.3. If A = H are the usual Borel-Moore homology groups, the map p : HHa%jC —
HSh¢ is injective (Corollary .
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If the conjecture is true, this map can be used to find relations in AHaaC via direct compu-
tations, and also to transport a natural coproduct from AShe. Unfortunately, it is not entirely
clear how to extend a AHa%:C—module structure on A to a Yetter-Drinfeld module [62] with
respect to such coproduct. Still, the isomorphism %(d,1) ~ Hilby(T*C) suggests that A.Z,
should admit an action of AHaac, similar to [54, Chapter §].

In order to prove the results stated above, we adapt the techniques found in [69, [76]. Because
of our restrictions on rank of sheaves and a particular choice of F, all stacks we consider can be
explicitly realized as global quotients, and thus we can forget about their stacky nature and work
with equivariant A-theory of their atlases instead. In positive rank the stack Coh, 4 is only locally
a quotient stack, which entails certain technical difficulties, and thus renders the application of
analogous methods much less direct. Still, this can be done with enough determination, see [64].
Unfortunately, our geometric methods break down completely if we try to define a coproduct.

In higher rank, we expect the moduli of stable Higgs triples to be closely related to the
moduli of sheaves on P(7T*C) framed at infinity. For instance, we have the following theorem :

Theorem 2.1.4. The variety B(d,n) is isomorphic to the moduli space of f-semisimple torsion-
free sheaves, equipped with a trivialization at infinity and satisfying certain numerical conditions.
In particular, $(d, 1) is isomorphic to the Hilbert scheme of points Hilby T*C (Corollary .

We refer the reader to Section for definitions and a precise statement. Similar objects
appear in the works of Negut [60], 57], where for any smooth projective surface S he defines an
action of a certain W-algebra on K-theory of moduli of stable sheaves on S. We expect that
for § = T*C, these algebras get embedded into a suitable completion of KHag ¢. In general,
since Higgs sheaves on C' can be thought of as coherent sheaves with proper support on T*C
via BNR-correspondence [6], one can imagine a much more general picture :

Guiding principle. Let S be a smooth projective surface together with a smooth divisor D C S.
Denote by Coh(S, D) the stack of Og-modules with support disjoint from D, and by Cohy(S, D)
its substack of Og-modules of finite length. Then AHag = A(Coh(S, D)) should admit a Hall-like
structure of an associative algebra, such that AHag g = A(Cohy(S, D)) is a subalgebra containing
A-theoretic W-algebra. Furthermore, AHag should act on the A-theory of stable sheaves on S
framed at D, for a certain stability condition.

For this principle to hold true, one will certainly need additional technical assumptions, such
as transversality of the divisor defining stability condition with D. However, this discussion
reaches far beyond the scope of this article.

Let us finish the introduction with a brief outline of the structure of the paper. In Section
we recall the notion of oriented Borel-Moore homology functor, following the monograph by
Levine and Morel [46], and gather the statements necessary for our proofs. In particular, we
adapt the localization theorem of Borel-Atiyah-Segal to this framework. In Section [2.3] we choose
explicit presentations of Cohy ; and ’Higgso g 38 global quotient stacks, given by certain Quot-
schemes. We also recollect basic facts about these schemes. In Section 2.4 we recall a construction
introduced in works of Schiffmann and Vasserot, which permits us to define an associative
product on &, A(Higgs()’d). In Sectionwe introduce global shuffle algebras AShg, prove that

these algebras satisfy some quadratic relations, and obtain a shuffle presentation p of AHa(()jT
for a certain choice of g. The map p is obtained by localizing our product diagrams to the
fixed point sets of a certain torus T. In passing, we also propose a geometric interpretation of
the difference between two types of shuffle product, appearing in literature in similar context
(Corollary . In Section we introduce the moduli stack of Higgs triples, and prove that
an open substack of stable triples can be represented by a smooth variety B(d,n). In Section
we construct an action of AHal, on @, A(B(d,n)), and discuss how it can be related to the
classical action of Heisenberg algebra on cohomology groups of Hilbert schemes of points on
T*C [54]. In Section we prove that for A = H the shuffle presentation p is faithful. The
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proof uses the scaling torus action and weight filtration in a crucial way, so that it cannot be
easily translated to other homology theories. However, we conjecture that p is faithful for general
A. Finally, in Section we provide an alternative description of B(d,n) as a moduli of sheaves
on P(T*C'). We also briefly describe the relation of our work to the W-algebras of Negut,
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Conventions :

We denote by Sch/k the category of k-schemes of finite type over an algebraically closed base
field k of characteristic 0 ; pt stands for the terminal object Speck € Sch/k. For any X € Sch/k,
the category of coherent Ox-sheaves is denoted by Coh X. We will usually denote coherent
sheaves by calligraphic letters, and implicitly identify locally free sheaves with corresponding
vector bundles. For any £, F € Coh X, we write Ext!(£, F) for Ext-functors, Hom := Ext?,
and Ext'(&, F) for Ext-sheaves, Hom := £xt°. More generally, for any two complexes of sheaves
E®, F* we denote by Hom(E®, F*) the space of morphisms in the derived category D(Coh X), and
Ext!(£®, F*) := Hom(E*, F*[i]). All unshifted complexes throughout the text begin in degree 0
unless otherwise stated. Finally, we will liberally use the language of stacks; see [43] or [61] for
background.

2.2 Oriented Borel-Moore homology theories

In this section we recall the notion of equivariant oriented Borel-Moore functor and recollect
some of its properties. For a more detailed exposition, we refer the reader to the monograph [46]
for a treatment of non-equivariant version, and to [32] for the equivariant case.

Definition 2.2.1. An oriented Borel-Moore homology theory A on Sch/k (or OBM for short)
is the data of :

1. for every object in X € Sch/k, a graded abelian group A,(X);

2. for every projective morphism f : X — Y, a homomorphism f, : A,(X) — A.(Y);

3. for every locally complete intersection (l.c.i. for short) morphism g : X — Y of relative
dimension d, a homomorphism f*: A, (Y) — A.ra(X);

4. an element 1 € Ag(pt), and for any X,Y € Sch/k a bilinear pairing
X Au(X) @ Au(Y) = A(X xY),

URUV U XU,

which is associative, commutative and has 1 as unit ;
satisfying the following conditions :
(BMO0) A, (X7 UX2) =A.(X1) ® A(X2);
(BM1) 1dy = Idy, x), (f o 9)* = g0/
(BM2) g* o f. = fL o g™ for any cartesian diagram with projective f, transversal to l.c.i. g :

WLX

Ll

y 4.7
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(BM3) (f x g)«(u' xv) = fu(u) x g« (v'), (f X 9)"(u X v) = f*(u) x g*(v);
(PB) let E — X be a vector bundle of rank n+1, ¢ : PE — X its projectivization, O(1) — PE
tautological line bundle, and s : PE — O(1) its zero section. Then the map

n

Y (s 0s.) 0q" P Avsin(X) = A(PE)
1=0

i=0
is an isomorphism ;
(EH) let p : V' — X be an affine fibration of rank n. Then p* : A.(X) — A.n(V) is an

isomorphism ;
(CD) for r, N > 0, let W = (PN)", with p; : W — P¥ being i-th projection. Let also [Xg : -~ :
Xn] be homogeneous coordinates on PN, ni,...,n, € Z, and i : E — W the subscheme

defined by []._; pf(Xn)™ = 0. Then i, : A (E) — A.(W) is injective.

Given an OBM A, we can further define :
— for any smooth variety Y, set A*(Y) := Agimy—+(Y). The map Aj ox : A*(Y)R A*(Y) —
A*(Y) defines an associative product on A*(Y');
— for any f : Z — Y, we have the graph morphism I'y = (f,Idz) : Z — Y x Z, which
is always a regular embedding. The map I'} o x : A*(Y) ® A.(Z) — A.(Z) defines a
A~*(Y)-module structure on A.(Z);

— for any l.c.i. morphism f : Y — X and arbitrary morphism g : Z — X, we have a Gysin
pullback map
fr="1yAdlZ) = AlZ xx Y).

It coincides with the usual pullback for Z = X, g = Idx. We will also liberally replace f
by its pullback f': Z xx Y — Z in the notations;

— for any line bundle . — X, denote by s : X — L its zero section. We have a graded
homomorphism
(L) =508, : Au(X) = A1 (X).

Moreover, let us consider any vector bundle £ — X of rank n together with its projectivi-
zation ¢ : PE — X and the tautological line bundle O(1) — PE. Then there exist unique
homomorphisms ¢;(E) : A.(X) = A._i(X) for i = {0,...,n}, called i-th Chern classes,
such that ¢g(F) =1 and

3 (~1)e(O(1))" 0 g* o ¢i(E) = 0.

=0

They satisfy all the usual properties of Chern classes (see [46, Proposition 4.1.15]). For a
smooth variety X, the classes ¢;(E) can be realized by elements of A*(X);

— there exists a formal group law F4 € (u+v) +uvA*(pt)[u,v] on A*(pt) such that for any
X € Schy and two line bundles L, M on X, we have

c1(L ® M) = Fa(er(L), c1(M)).

Since we never consider two OBMs at the same time, we will use multiplicative notation
for group laws, and write Fa(ci(L),c1(M)) = c1(L) x c1(M).

In [46], Levine and Morel define and study algebraic cobordism theory ¥, associated to the
universal formal group law (LL, F1,) on the Lazard ring L. Let us call an OBM A free if the
natural map X, ®p, A*(pt) — A, is an isomorphism. For this class of OBMs many properties
will follow immediately after establishing them for X,.
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Ezxample 2.2.2. Chow group functor CH, and the Grothendieck group of coherent sheaves Kj
are free OBMs.

Note that usual Borel-Moore homology is not an OBM, because of the presence of odd-
dimensional part. Moreover, even the even-dimensional part fails to be a free OBM, which
prevents us from translating results found in [46] in a straightforward way. Still, all of the
results we need can be proved in a similar way for the usual Borel-Moore homology. We will
thus abuse the language somewhat and allude to it as a free OBM in the propositions below,
giving separate proofs where needed ; in the case of omitted proof, we give a separate reference.

For any reductive group G, free OBM A, and a G-variety X Heller and Malagén-Lépez [32]
define equivariant homology groups A% (X). Roughly speaking, the group G has a classifying
space represented by a projective system { EGpy} nen of G-varieties, and we set

AY(X) = lim A.(X x¢ EGN).
N

For example, if G = GLg4, the varieties EGy are just the Grassmanians Grassd(d, N). Most of
the constructions mentioned above for ordinary OBMs can be extended to the equivariant ones.

Ezxample 2.2.3. If G =T is an algebraic torus of rank d, then we have

AL (pt) = Au(pt)[er(tr), .- ., ca(ta)],

for some choice of basis ¢1,...,t, of the character lattice of T' [T, Lemma 1.3].

Remark 2.2.4. One can observe that in the case of algebraic K-theory we get KT (pt) = Z[1 —
tfl, T t;l], which is different from the usual ring of Laurent polynomials Z[[tlﬂ, e ,tfl]].
However, the two become isomorphic after passing to completion. One can prove that this
happens for any T-scheme X, using the argument in [4, Lemma 3.1] (the author would like to
thank Gufang Zhao for pointing out this article).

From now on until the end of this section, let us fix a free OBM A. Moreover, since we're
concerned neither with questions of integrality nor with homological grading, we will only consi-
der the groups

AX) =2 AX)@2Q A%(X) =) AF(X)@2Q Ac(X) =) Ag(X) @2 Q.

Remark 2.2.5. To the best of author’s knowledge, the notion of oriented Borel-Moore homology
theory isn’t yet fully developed for arbitrary algebraic stacks. However, since all the stacks of
interest in our paper are quotient stacks, we usually slightly abuse the notation and write

A(IX/G)) = A%(X)
for any quotient stack [X/G] (see also [32, Proposition 27]).

Proposition 2.2.6 ([32, Theorem 26]). Let H C G be a closed subgroup, and X a G-variety.
Then there exists a natural isomorphism

ind% : A(X) 5 AY((X x G)/H),
where H acts on X x G diagonally.

Proposition 2.2.7 ([32, Theorem 33|). Let G be a reductive simply connected algebraic group,
T C G a mazximal torus with normalizer N, W = N/T the Weyl group, and X a G-variety.
Then W acts on AT(X), and we have a natural isomorphism

AY(X) ~ AT(X)W,
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Proposition 2.2.8. Let Z be a non-reduced G-scheme, and denote by Z™? its reduction. Then
the pushforward map along the natural embedding

A% (Z7e) — A%(2)
s an isomorphism.

Proof. Follows from the definition of algebraic cobordism theory. For an explicit mention of this
fact, see the proof of Proposition 3.4.1 in [46]. O

Proposition 2.2.9 (Projection formula). Let f : X — Y be a G-equivariant projective mor-
phism of smooth varieties, § € AS(X), and o € A%(Y). We have the following identity :

L(ffa-B) = a- f..

Proof. See [46], Proposition 5.2.1] for non-equivariant version; equivariant proof is completely
analogous. O

The following proposition holds only for universal OBMs, usual Borel-Moore homology not
included.

Proposition 2.2.10 ([32, Theorem 20]). Let i : Z — X be a closed equivariant embedding of
G-varieties, and j : U — X the complementary open embedding. Then the sequence

AC(Z) = AC(X) L AC(U) = 0
18 exact.

For a G-equivariant vector bundle £ — X, we define its Fuler class e(E) as the top Chern
class :
e(E) = cnp(E) € A%(X).

Proposition 2.2.11 (Self-intersection formula). Let ¢ : N < M be a G-equivariant reqular
embedding of smooth G-varieties. Then

iYis(c) =e(TNM) - ¢
for any ¢ € A9(N).
Proof. Follows from [46, Theorem 6.6.9]. For A = H, see [12, Corollary 2.6.44]. O

Given G-equivariant regular embeddings j : P — N, i : N < M, Whitney product formula
applied to the short exact sequence

0—TpN = TpM — *TNM — 0

tells us that
e(TpM) =e(TpN) - j e(TnM). (2.1)

For our purposes, one of the most important pieces of data coming from an OBM is the
Gysin pullback. Let us state several compatibility results about it.

Lemma 2.2.12. The following properties of Gysin pullback are verified :

1. Gysin pullback commutes with composition, that is for any diagram with cartesian squares

A Y’ X'
| .
7 f2 % fi X

one has (f1 ofg); = (fQ);/O(fl);, provided that fi and fy are locally complete intersections ;
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2. letF:Y - X,G: X — X, 1:Z— X be morphisms of schemes such that F is l.c.i, G
and v are proper, and F and G are transversal. Consider the following diagram, where all
squares are cartesian :

Y’ X'
"
w L,z
/ v \

Then we have an equality

gio fii=flog.
Proof. See [46, Theorem 6.6.6(3)] for (1) and [76, Lemma 1.14] for (2). O

Proposition 2.2.13. Leti:Y < X be a closed embedding of T-varieties, and {x1,...,xx} C
TV a finite set of characters. Suppose that X7 is not empty, X© C Y, and for any point x € X\Y
its stabilizer under the action of T is contained in Ule Ker(xi). Then the pushforward along i
induces an isomorphism

it Ay ()leta) ™ ala) T S ATl a) e ba) -

Proof. In the interest of brevity, we will abuse the notation and write x; instead of ¢1(;). Let
us start with surjectivity. By Proposition [2.2.10| we have an exact sequence

AT(Y) 5 AT(X) —» AT(X\Y) — 0.

Thus it suffices to prove that AT(X \ Y)[c1(x1)~ ..., c1(xx) '] = 0. By Lemma 2 in [16], there
exists an open subvariety U C X \Y and a subgroup 77 C T such that U ~ UxT /Ty as T-variety,
where U is equipped with a trivial action of T'. In particular, AT(U) ~ A,(U)® 4. (o) AL(T/Ty).
Because of our hypotheses, one has 71 C Ker(;) for some i, and thus c1(x;)AL(U) = 0. We
conclude by Noetherian induction. Namely, let Z be the complement of U in X \ Y. We have
the following exact sequence :

AT(7) I AT(X\Y) — AT(U).

By induction pAT(Z) = 0, where p is a monomial in X1, ... xx. Therefore AT(X) is annihilated
by xip, and thus AT (X \ Y) [Xfl, e 7X];1] =0.

It is left to prove injectivity. If A = H, we may already conclude by invoking long exact
sequence in homology. Otherwise, we follow an approach found in [9} 2.3, Corollary 2]. First, let

Yh:{er Stab(y QUKerxz}

=1

us denote

Note that Y} is non-empty, since X Tc Y,. We have the following commutative triangle

Xk\» / )

Y)[X1 e Xr

AT X
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where the diagonal arrows are surjective by the first part of the proof. If the horizontal arrow is
injective, the same can be said of the map A*T(Y)[Xl_l, - ,Xlzl] — A*T(X)[Xl_l, . ,Xgl]. Thus,
from now on we’ll assume that ¥ =Y.

Let U ~ U x T/Ty C X \'Y be as in the proof of surjectivity. Since 77 C Ker(y;) for some i,
we get a regular function

f:UxT/Ty — k¥, (u,t) = xi(t).

It extends to a rational function f: X — PL with the property that f(t.z) = x;(t)f(z) for any
x € X and t € T. In particular, if y € Y and ¢t € Ker(y;) \ Stabr(y) this equality becomes
Xi(t)f(y) = f(y), so that y belongs to the support of the divisor associated to f. Let us denote
this support by D. Thus Y C D, and the map A?(D) — AL'(X) becomes injective after inverting
Xi ; see [9] for details. We conclude by Noetherian induction on D. O

For any commutative k-algebra R and an R-module M, let M, be the localized Frac(R)-
module Frac(R) ®p M.

Theorem 2.2.14 (Localization theorem). Let T be an algebraic torus, R = AL (pt), X a T-
variety, and ip : X© — X inclusion of the fized point set. Suppose that XT is not empty. Then

the Frac(R)-linear map
(A AZ(XT)ZOC — A:{(X)loc

is an isomorphism. Moreover, if X is smooth, then the map
Z; : AI(X)[OC — AI(XT)IOC
1 an isomorphism as well.

Proof. Any action of an algebraic torus has finitely many distinct stabilizers. One can therefore
assume that

k
U Stabr(x) C U Ker(xi)
zeX\XT i=1

for some choice of characters x1,...,xx € TV. Applying Proposition to the embedding
XT < X and localizing Chern classes of all characters instead of chosen ones, we see that ip,
becomes an isomorphism after localization. In view of Proposition it remains to prove
that if X is smooth, then the Euler class e(TyrX) is not a zero-divisor in AZ(X7). Since the
T-action on X7 is trivial, we can decompose Tyr X into isotypical components :

TxrX = @pi ® Ej,
i

where p; are non-trivial characters of T, and E; are vector bundles on X 7. It suffices to assume
TxrX = p; ® E, because Euler class is multiplicative with respect to direct sums. In the case
when Fj is a line bundle, we have

e(p1 ® Eq) = c1(p1) xc1(Er) = ci(pr) + (B (L +c(pr +--+)).

The class ¢1(p1) is not a zero-divisor by Example c1(E1) is nilpotent by [46, Remark 5.2.9],
therefore e(p; ® E1) is not a zero-divisor as well. Finally, the case when rank of E; is bigger
than 1 can be reduced to the former by using axiom (PB) and the usual technique of Chern
roots. O

The following proposition describes the behavior of localization map with respect to pullbacks
and pushforwards.
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Proposition 2.2.15. Let f : X — Y be a morphism of smooth T-varieties. Assume that the
fized point sets XT, YT are non-empty, and consider the natural commutative diagram

x 1,y
inJ\ }-Y
X fT YT

1. of fis l.c.i., then i% o f* = ff oy ;

2. if f is projective, then the following diagram commutes :

AT(X)loc —> AT( )loc
(5, ) @i )| |e@ e )
AT(XT)lOC Ir- AT(YT)ZOC

Proof. First claim is obvious, and Proposition [2.2.11] coupled with the localization theorem
proves the second claim as well. O

Corollary 2.2.16. Under conditions of Proposition|2.2.15(2), we have

iy o fule) = fre (F1(e(TyyY) - e(Tx, X) 7 ik (c)

for any ¢ € AT(X)joe. If, moreover, f is a reqular embedding such that XT = Y7, then

iy o fi(c) =ix(e(TxY)c).

For the following proposition we fix a reductive group G, and let T' C H C P be a maximal
torus, Levi and parabolic subgroup of G respectively. Denote by W and Wy the Weyl groups of
T in G and H respectively ; we also fix a representative o for each class in W/Wy.

Proposition 2.2.17. Let X be an H-variety, and denote Y = G xp X, where the action of
P on X is given by the natural projection P — H. Then YT = W X Wy XT | and we have a
commutative diagram

an(x) — M 4oy

- sk
le JV’LY

AT(XT) = AT(W xyp,, XT)
where s : W xyw, XT — X7 is the projection associated to the choice of representatives o.

Remark 2.2.18. For an arbitrary H-variety X, the action of normalizer Ny (7") can be restricted
to X7, and thus induces an action of Weyl group Wy on AT (XT). Moreover, the restriction
map AT(X) — AT(XT) can be seen to be Wy-equivariant. With that in mind, note that even
though s* depends on the choice of representatives o, its restriction to the Wi-equivariant part
AT(XTYWr | which contains the image of i, does not.

Proof. First, let us compute T-fixed points of Y. Let (g, x) be a point in G x X. Then we have :

t(g,x) = (g,x)mod PVt e T &Vtc TIpeP:tg=gp ', pr==x
&g Tgc Pre X9’
& geNG(T) Poexd T

P eP g teNg(T),zep X
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Therefore (g,r) mod P is T-stable iff (g,z) € (Ng(T)P) x (p/.XT)/P = W xyw, XT, which
proves the first claim. Next, let i¢ : X < Y be the inclusion of the fiber over £ € G/P. Note
that by definition of indg, it is a right inverse to ;. Therefore, G-equivariance implies that

i;P(indg ¢)~g.cec AT (X) for all g € G.
If we restrict all our structure groups to 7' and suppose that g € N(T), we get
it(ind% ) ~ g.c € AT(X) for all £ € G/P

with the action of g on AT(X) is as in Proposition . Moreover, we have the following
commutative square

AT(X) —2— AT(X)

5k 3k

AT(XTy L AT(XT)

since the action of g on AT(X7) is just the restriction of the action above. Finally,

i (ind$ ¢) = i% > itp | (indf c) = i% > e
§eNg(T)/Nu(T) §eNg(T)/Nu(T)
= Y oix(e)=s"i%(c)
O’EW/WH
for all ¢ € A”(X), and the second claim follows. O]

Remark 2.2.19. The same proof as above shows that (G xp X)T = W xy,, XT for a P-variety
X.

2.3 Coherent sheaves and Quot-schemes

Let C be a smooth projective curve defined over k, and O its structure sheaf. Then one can
define the following algebraic stacks (over Sch/k in étale topology) :

— Cohy 4, the stack of torsion sheaves on C' of degree d [43, Théoreme 4.6.2.1] ;

— for any F € Coh C, the stack CLh(‘ff of pairs (€ € Cohg 4 C,a € Hom(F,€)) [24, Section
4.1];

— the cotangent stack Higgs, , = T*Cohy 4. It is defined as the relative Spec of the symmetric
algebra of the tangent sheaf; see [43, Chapitre 14,17] for the relevant definitions.

All of the stacks above can be realized as global quotient stacks. Below we will make an
explicit choice of such presentation for computational purposes.

Definition 2.3.1. Let Quot, , be the following functor :
Quot, , Sch/k — Set?,

S {Wkd@%xc%& &s € Coh(S x ), ¢ flat over S, }

for any s € S;rk&; = 0 and degé&; = d.
(8" L9 = (o ).

Moreover, let us consider its open subfunctor Quot; , C Quot, ,, consisting of quotients

go:lkd®05><c—»53

such that the map H%(y;) : k% — H(E;) is an isomorphism for all s € S.
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Let Ggq := GLg(k). Note that G4 acts on Quot] , via linear transformations of k.

Proposition 2.3.2. Let d > 0 be an integer.
1. Quot ; and %&d are representable by smooth schemes Quoty g and Quoty ; respectively,
and Quoty 4 is a projective variety of dimension d?;
2. we have an isomorphism [Quotg ;/Ga] =~ Cohy 4 ;
3. let F 2~V ®&QO for some finite dimensional vector space V.. Then we have an isomorphism
[(Hom(V, k%) x Quotg 4)/Gal ~ @f{df.

Proof. For (1), see [44]. The claim (2) follows from the observation that any torsion sheaf of
degree d is generated by its global sections, and every isomorphism of torsion sheaves is comple-
tely determined by its action on global sections. Finally, for (3) let us consider the natural map
CLh(T L}/ ®0 _, Cohy 4. This is a vector bundle, which is trivialized in the atlas given by Quot& P

Coh&}/@O X Coh, , Quotj 4 = Hom(V, k9) x Quoty 4.
The statement of (2) then implies the desired isomorphism. O

Remark 2.3.3. Note that (3) fails for other sheaves F £ V ® O. In general we’d have to pick a
certain closed subvariety out of Hom(F, k¢ ® O) x Quotg 4) ; see [34] for more details.

Recall that for any algebraic group G and any smooth G-variety X the cotangent bundle
T*X is naturally equipped with a Hamiltonian G-action. Let y : T* X — g* be the corresponding
moment map, where g is the Lie algebra of G, and put T5,.X := 1~ 1(0). Note that the infinitesimal

G-action provides a morphism g ® Ox 2 Tx, where Tx is the tangent sheaf of X.

Lemma 2.3.4. Let X be a smooth variety equipped with an action of G. Then we have a natural
isomorphism of stacks T*[X/G] ~ [TEX/G).

Proof. 1t follows from the definition of the moment map that the composition
T*X = Spec Sym(Tx) », SpecSym(g® Ox) =g* x X LAENPS
coincides with u. Therefore Spec Sym(Coker p*) ~ p~1(0) = T X, and we obtain the desired
isomorphism after descending to [X/G]. O
The lemma above implies that

Higygs, , = T"Cohg 4 =~ [T;Quot; 4/ Gl.

Ezample 2.3.5. Let d = 1. As a set, Quotg (k) = {O 5 F | F € Cohg 1, # 0}. Note that since
the G1 = Gy,-action is trivial here and Hom(O, F) = k by Riemann-Roch, we actually have
Quotpy ~ Quotgy ~ C, and Cohyy ~ C x BGy,. The corresponding universal family is given
by Oa € Coh(C x C), where O, is the structure sheaf of the diagonal A C C' x C. Moreover,
T¢Quotg ~ T*Quotg 1 ~ T*C, and thus 7—Lz'gg$0’1 ~ T*C x BG,,.

Let us also define the following filtered version of Quota d-

Definition 2.3.6. For any d¢ = {0 = dp < d; < ... < dy = d}, fix a filtration k¥ ... c k%
Denote by Quotg 4, the subset of Quoty 4 consisting of quotients k@ O % £ such that the map
HO(¢)|ytip0 : k% — HO(Im ¢|ya; ) is an isomorphism for any i.

We introduce the following notations for the later use :

k k k
G4, = H Gdi_di—17 QUOtO,do = H QUOt07di—di—17 QUOtS,d. = H QUOtS,di—di_l'
i=1 i=1 i=1
We also fix isomorphisms k% /kdi-1 ~ k%~di-1 for each i € [1,k], so that Gg4,_4, , gets
identified with invertible maps in Hom(k%~%-1 k% /k4-1) and quotients of (k% /k%-1) @ O
are parametrized by the variety Quotg 4,—q; ;-
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Proposition 2.3.7. é’L\L/OtO,d. s a smooth closed subvariety in Quot8 d

Proof. In order to prove that QL/oth. is a closed subvariety of Quot& 4+ let us recall the construc-
tion of Quot-schemes in [44, Chapter 4]. Namely, fix n > 0 and an ample line bundle O(1) on C.

Denote by H = H(O(n)) the space of global sections of O(n), h = dim H. Let Grass®(k?® H)
be the Grassmanian of subspaces of codimension d in k¢ ® H, and consider the following map :

Quot g — Grass®(k? @ H),
<0%K%kd®(9ﬁ>5%0) o (HO(IC®O(n)) C]kd®H).

It is a closed embedding for n big enough. Now, for each quotient k¢ ® O %, & and for each
i € [1, k] we have the restricted short exact sequence

0K —-kio0 258 -0 (2.2)

with K; := KN (k% ® O), ;i = ¢[00, and & = Im ¢;. Since HO(¢) is an isomorphism, HO(;)
is injective for all i, and thus h°(&;) > d; for all i; moreover, ¢ belongs to Quoto 4, precisely
when all the previous inequalities turn into equalities. Tensoring (2.2)) by O(n) and taking global
sections, we get an exact sequence

0— HKi(n)) = k% @ H— H°(&(n)) =0

for n big enough and all ;. Since &; is torsion sheaf, there exists an isomorphism &;(n) ~ &,
and the exact sequence above implies that

dim H°(K;(n)) = dim H*(K(n)) N (k% @ H) < d;(h — 1),
where the equality holds if and only if ¢ belongs to él\t/olf()’d.. Therefore

dimV = d(h — 1),
dimV N (k% @ H) > d;(h — 1)

Quotg 4, = Quot] 4N {v cki® H' } C Grass’(k? @ H).

The second set is closed in Grass(k? ® H), and thus éz\z/oto,d. is closed in Quotg ; as well.

In order to prove that Quotg 4, is smooth, consider the following diagram :

é_&/oto,d. X Gd.

e

Quotg 4, X G, Quotg 4,

where we identify Gg,_g,_, with invertible maps in Hom(k%~%-1 k% /k%-1), the map p sends
(¢, (g)F_) to ((gf(gp|kdi/kdi,1 NE_L, (gi)f“':l), and ¢ is the projection on the first coordinate. Note

that we have the following map between short exact sequences for any point in Quotg 4, :

0 —— kb1 ks y ki /k%i-1 ——— 0

B = [0l i)

0—— Ho(f,’i_l) E— Ho(gz) E— HO<EZ‘/5¢_1) — 0

It follows that the map ¢4 Jidio1 (k% /k%-1) @ O — & /&1 induces an isomorphism on
global sections, and thus the image of p belongs to Quot& 4. X G4, Moreover, the diagram above
also implies that p is an affine fibration over Quotg ; with fiber

k k
P Hom(k% % © 0,&1) = Pk % @ HE 1)

i=1 i=1



CHAPITRE 2. COHAS FOR HIGGS TORSION SHEAVES 38

of dimension (d; — d;—1)d;—1. Since Quotg ;. is smooth and ¢ is a trivial G4,-torsor, this obser-
vation implies the smoothness of él\t/oto’d.. O
Remark 2.3.8. In the proof above we chose an n big enough so that all K’s and IC;’s cease to

have higher cohomologies and become generated by global sections after tensoring by O(n). It
is possible because all our sheaves live in bounded families (see [44]).

Notation. Throughout the paper, for any quotient k¢ ® O 2 Ein Quotg g we will denote Ker ¢
by K, and the inclusion K — k¢ ® O by «. We will also decorate K, £, ¢ and ¢ with appropriate
indices and markings.

Next, we recall the description of tangent spaces of Quot-schemes.
Proposition 2.3.9. Let k40O % € be a point in Quotg 4, and let K = Ker ¢. Then the tangent
space Ty, Quoty g4 at ¢ is naturally isomorphic to Hom(KC,E). Moreover, if ¢ € Quotg 4, we have
Tcpég/oto,d. ={v € Hom(K, &) : v(K;) C & Vi}.

Proof. The proof of the first claim can be found in [44] ch. 8]. The second claim can be proved
in a similar fashion, keeping track of the condition of admitting a sub-quotient throughout the
proof of the first claim. O

Because of this proposition, we will usually regard T* Quotg ; as a variety, whose k-points
are identified with pairs

T*Quotj 4 = { (¢, 8) | v € Quotj 4, B € Hom(K,E)"}.

Definition 2.3.10. Let 0 - £ — k% ® O — £ — 0 be a point in Quoty 4, and &' C & be a
subsheaf. An element 8 € Hom(IC, £)* is said to restrict to ' if a(8) C Im b for the natural maps

Hom(KC, £)* & Hom(KC, E')* L Hom(K', £')*.
Consider the following commutative diagram for visual aid :

Hom(K',£/E")* —— Hom(K,E/E")* —— Hom(K/K',E/E")*

Hom(K', £)* ———— Hom(K,&)* ———— Hom(K/K', €)*
| Js l
Hom(K',&')* —2— Hom(K, £&')* —— Hom(K/K',&')*
Since locally free sheaves cannot be extended by torsion sheaves, all rows and columns are
short exact sequences. Therefore we see that 3 restricts to £ if and only if its image in
Hom(K/K',E")* vanishes. Moreover, for any such 8 we have Imc¢ € Hom(K/K',E/E")*. We
will denote (b(8), ¢(8)) € Hom(K',E")* x Hom(K/K',E/E")* by gr(B).
Additionally, let us define for later purposes the nilpotent part (T, Quotg 4, )PP of T, Quoty q, :
(T,,Quot 4,)""" := {v € Hom(K, &) : v(K;) C &1 Vi) (2.3)
Note that
Hom(k? ® O, ) ~ Hom(k?, H’(£)) ~ Hom(k?, k) =: gg4,
with the second isomorphism being induced by H°(¢) : k* = H9(£). In these terms the moment
map for the G4-action on T™Quot; ;, can be written as follows :
o T Quotg 4 — gg,
(¢,0) — 1*0 € Hom(k? ® O, £)* ~ g2
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Since £ is a torsion sheaf, we have Ext!(k?® O, &) = 0, and thus over each ¢ € Quotg ; the
restriction i, of the map p to T Quotg ; can be embedded in a long exact sequence :
0 — Ext!(&,€)* — Hom(K, £)* £ Hom(k? ® 0, £)* — Hom(E,E)* — 0.
This implies that ,u;l(O) ~ Ext!(€,£)*, and we get an identification on the level of k-points
T¢,, Quotg 4 = {(¢,0) : ¢ € Quotf 4, 0 € Ext'(£,€)*} C T*Quot§ ;.

Example 2.3.11. Let C = A'. Even though this curve is not projective, we can fix an isomorphism
Al = P!\ {o0}, and define

Quoto,d(Al) = {Ikd Q@ Opt = & :supp€ C Al} C Qu0t07d(IF’1).
Then the open subvariety
Quot&d(Al) = Quotgy 4(A') N Quot&d(]P’l)

parametrizes quotients k%[t] =+ V', where V is a torsion k[t]-module of length d, and « induces
an isomorphism of k-vector spaces k?° ~ V. Equivalently, Quot] ;(A!) parametrizes linear
operators on k%, that is

Quot&d(Al) ~ g4,

where the Gg-action on the left gets identified with the adjoint action on the right. Thus
T+ Quot&d(Al) ~ (gq)?, and T, Quotad(Al) is isomorphic to the commuting variety € (gq) =
{(u,v) € (ga)* : [u,v] = O}.

In light of the example above, we will refer to T, Quotg , as the commuting variety of C,
and denote it by € = 44(C). We will also write 64, = 64, (C) := T, Quotg 4. .

Ezample 2.3.12. Let us fix a geometric point x € C(k), and consider the punctual Quot-scheme
Quot( 4() = (K'©0 % € :supp€ =z} C Quot 4.

Such quotient is completely determined by its localization at x. More explicitly, since C' is
smooth, the completion O, is (non-canonically) isomorphic to k[t]. The stalk of o at a is thus
of the form k%[t] <% &, where & is a k[[t]-module, and a; induces an isomorphism of k-vector
spaces k%Y ~ £. Such quotient is in its turn uniquely determined by a nilpotent operator T' on
k?, the correspondence given by

T € End(k?) — (0 = k[t] & k[t] = € = 0), (vt}) = (T.0)t" — vt

Thus we see that Quota 4(x) is isomorphic to the nilpotent cone .43 C gq together with the ad-
joint action of G 4. Moreover, under this identification the cotangent space Hom(/C, £)* in Quot{ ,
of a point o gets identified with gg, and the restriction of the moment map p : T* Quotg ;, — jd
to g X gq is the commutator. In particular, 7

CanT* Quot&d\guot&d(x) ~ ¢} = {(u,v) € (g4)* : [u,v] = 0, u nilpotent}.

2.4 The product

Let us once and for all fix a free oriented Borel-Moore homology theory (OBM) A; for the
definition and basic facts about this notion, see Appendix [2.2] As explained there, we abuse the
notation somewhat and consider the usual Borel-Moore homology H, as if it were a free OBM.
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We also equip the cotangent bundle T*C' with an action of G,,, given by dilations along the
fibers; let us denote this torus by 7.

We begin by recalling a general construction from [67]. Let G be an algebraic group with fixed
Levi and parabolic subgroups H C P. Assume we are given smooth quasi-projective varieties
X', Y, V, equipped with actions of G, H, P respectively, and H-equivariant morphisms

v
R
Y X'
such that p is an affine fibration and ¢ is a closed embedding. Set W =G xpV, X =G xp Y,

where the P-action on Y is induced by the natural projection P — H, and consider the following
maps of G-varieties :

w
N
X X
The map (f,g) : W — X x X' is a closed embedding, so from now on we’ll identify the

smooth variety W with its image in X x X'. Let Z = T};,(X x X’) be the conormal bundle.
Projections on factors define two maps :

> N

X T*X'

f:(g,v)mod P — (g,p.v) mod P,
g:(g,v)mod P — g.q(v).

/

We denote Zg = Z N (TEX x TEX'). Then @ YTEX) = U HTEX') = Zg [69, Lemma 7.3(b)],
and we have the following induced diagram :

AR

TEX Z ¢ (2.4)
[ 27 N
T*X T* X'

Now, ¥ and Vg are projective, ® is an l.c.i. map, so that we get the following morphisms in
A-groups :
(Ug)s: A%(Zg) — AY(TLX),
D' AC(TEX) — A% (Zg).

By composing these two maps and using the induction isomorphism A?(T5Y) = AG(TgX )
(see Proposition [2.2.6]), we obtain a map

T = (V). 0® oind§ : AH(THY) — AY(TEXY). (2.5)

Let us apply this general construction to a particular case of Quot-schemes of rank 0. Namely,
let dg = {0 =dyp < dy < ... <dy =d}, denote G = Gy, H = Gg,, and let P = P;, be the
parabolic group preserving the flag k% C ... C k% We use Gothic letters g, p, b for corresponding
Lie algebras, and p_ for the parabolic algebra opposite to p. Next, put

Y = Quotg g4, , V = Quotgq,, X' = Quotg 4.
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By Proposition we have a closed embedding g : V < X’ and an affine fibration f = gr :
V ->Y.
The following lemma will help us to identify all the terms in diagram ([2.4]).

Lemma 2.4.1. Let G,P,H, X', X, V.Y be as above.

1. There exist natural isomorphisms of G-varieties

! o o . —
T X" = T" Quotg 4, Z=Gxp {((p, 0)eT” Quot(]’d\@\&o’d. : 0|(T¢,§1\L&07d.)"“1’ = O} ;

T*X = G xp (pZ xp T*Quoty 4,) = G xp {(7, (pe,0s)) € p= x T Quotq 4, : 2|y = (e, 0s) },
where (Tcpéa/oto,d.)"”p is defined as in (ﬂ) For each (p,0) € T* éz/otg,d. we have

®((g, p,0) mod P) = (g, pu(,0), gr(e, 0)) mod P,
U ((g,9,0)mod P) = g.(,0).

2. There are isomorphisms of G-varieties
TéX,:(gd, TéX:GXPng..
Proof. (1) The first isomorphism is obvious, so we start with 7% X :
T°X =T"(G xp Quoty 4,) = TH(G x Quoty 4,)/ P
={(9, 2, (ve,0s)) € G x g" x T"Quoty 4, : g-x|y — (e, 0s) =0 € p*}/P
— G xp (@, (0, 02)) € 5% X T*Quot g, : aly = i(ipas Ba)}.
Let us also note that the moment map p: T*X — g* is given by
1 ((g,x, pe,Be) mod P) = g.x.

By the same reasoning,

T*(X x X') = T*(G xp (Quoty 4, x Quotg 4)) = TH(G x Quotg 4, x Quoty 4)/P
=G xp {(7, (e, 0s), (p,0)) € g x T Quotg 4, x T Quoty 4 : x|y = j1(pe, 0s) + 11(p, 0)|p}-

Next, let us compute Z = Ty, (X x X’). We have W = G xp %O,d., and therefore

T*W = TH(G x Quotga,)/P
— {(g,2,9,0) € G x g* x T*Quotg g, : g-xly — u(p, ) = 0}/P
=G xp{(z,¢,0) € g x T*Quotyq, : x|y = pu(p,0)},

so that

x,p, O, 0) €grx é_TTOtO,d. X TgrchU’Otg,d. X TS: Q“Otad } .

T (X x X' =G (
XAl XP{ such that 2 = fi(ger60) + (5, 6)

But the conormal bundle T3, (X x X’) can be expressed as the kernel of the following map of
vector bundles :

T (X x X')|lw — T*W,

(9,2,0,0e,0) mod P — (g, z,p,0e — 0 ) mod P.

T(,g Quotoy,j.
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Therefore, we finally obtain

T (X x X') =G xp {(p,0,0) € Quotg 4, % Tg*wQuot&d. X T;Quot&d : 0|T¢@o/t0 L= 0e}
~G xp {(gp, 0) € Quotg 4, x T, Quoty 4 : 9'(%%0@.)”“? = 0} .

Note that the desired formula for ® follows from the first equality, and the formula for ¥
is evident. The claim (2) follows from the explicit descriptions of moment maps T*X’ — g*,
X — g*. O

The general construction thus produces a map
T AR () — A ().
For instance, if k = 2, then H = Gy x Gy, d = d' + d”, and we get a bilinear map
m: AHal[d] © AHal[d"] - AHal[d],  AHal[d] := A(Higgso.q) = A%(E)).
We denote AHal, = Do AHal [d], where AHa,[0] := A(pt).
Theorem 2.4.2. (AHaY,m) is an associative algebra.

Proof. We begin by introducing some notations. Let di < do < d, do = (d1,d2,d), d, = (di,d),
dy = (dg —di,d — dy), G = Gq, P = Py,, P' = Py, Define the following varieties :

X1 =G xp QUOt&d.; W1 =G xpr é_'lj/ot(]’[f.;
Xy =G xpr Quot§ 4 Wy = G x p Quotga, ;
X3 = Quot§ j; W3 = G xp (Quot] 4, x Quot 4y).

These varieties are Quot- and @/ot-bundles over certain partial flag varieties, so we may identify
their k-points as pairs (flag, quotient). Adopting “mod 3”-notation for indices, we have obvious
inclusions Wz — Xi—l X Xz‘+1.
Lemma 2.4.3. Using the notations above,

1. we have an isomorphism Wy — W1 xx, W3 ;

2. the intersection (W1 x X1) N (X3 x W3) in X3 x Xy x X is transversal.

Proof. First of all, we introduce a small abuse of notation. Namely, for any morphism of sheaves

&L F and for any subsheaf & < &, the codomain of H’(f)|e is assumed to be HO(f(£")).
With that in mind, we have

— X1 ={(De, (¢:i)3_;) | dim Dy = da,; : D;/Di—1 ® O — &, H(¢;) is an iso,i € {1,2,3}};

— Xo ={(D,,(p)2,) | dim D, = d,,; : D;/Di—1 ® O — &, H%(¢;) is an iso,i € {1,2}};

— Xz3={o| k@0 = & Hy) is an iso} ;

— Wy ={(D,,p) | dimD, =d,, ¢:k?®@ O — & H°(p)|p,g0 is an iso,i € {1,2}};

— Wa = {(De, ) | dim Dy = do, p : k¢ @ O — &, H*(¢)|p,00 is an iso,i € {1,2,3}};
dim Dy = de, 01 : D1 @ O — &1, 02 : k%/D1 @ O — &,

o= {Bnpren [ L e e}

Next, consider a commutative diagram
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p12: (D .,cp) (De, g’ ¢) ;
14 Wy 225 X, P13 1 (De, ) = @}
\ Tagg Tplg p21 - (DO ) ( o, 8 90);
bat g1 D23 - (Doa@) = Q3
Wy ——= W™ P31 1 (Des p1,92) = (D, (01,81" 92)) ;
o 7 2 (Deo1,02) o (ft(Da), (o1, 22));
X; Qa1 E o) = (fgt(De), )

a3 : (Da, @) — (D o gr’ ©),

where gr = gr,. : éa/oto,d. — Quot& du is the natural affine fibration, and
fgt (Dl Cc Dy C E) — (Dl C E),
gr' = gry,, 81" = gray .
(1) We have the following equalities on the level of k-points :

W1 xx, Ws = {((Dq, ), (Ds, 01, ¢2)) | fgt De = Dy, (01, 02) = g’ ¢}
= {((fgt Ds, ), (Ds, g1’ ©)) } € W1 x W5.

The natural map

p = (p23,p21) : Wo — Wi xx, W3,
(Da, @) > ((fgt Da, ), (Da, g’ ¢))

can be thus seen to be a bijection. The fiber product W; x x, W3 is normal by [30, Proposition
6.14.1], Wy is connected, therefore Zariski’s main theorem implies that p is an isomorphism.

(2) To prove that our intersection is transversal, we need to show that for any x € (W7 x X1)N
(X3 x W3) ~ W; there is an equality

Tx(Wl X Xl) N Tx(Xg X Wg) =T, Ws.

By Proposition we have the following isomorphisms :

T, Quotyq = Hom(K, E); (2.6)
T,Quoto 4, = Hom(K,, &) := @) Hom(K;/K;i—1,E/Ei-1); (2.7)
T, Quotg g, = Homg, (K, £) := {0 € Hom(K, ) : 0(K;) C &; for all i}. (2.8)

Let us fix a flag D, of dimension d,, and a quotient ¢ € Quoty 4 such that (D.,¢) € Wa. Then
the equalities above allow us to compute all the tangent spaces in question :
W3 — T(D/

T(Dugro)X1 < 1Dy g o) L g’ ) X2

\ T T T(pyp)W1 = g/p" & Homy, (K, €);

TpepyW2 — T, W1 T(p..p)W2 = g/p & Homg, (K, £) ;
\ l T(Du g o)Ws = 8/p © Hom(Ky, £1)
T X3 EBHomd,(IC/ICl,S/Sl),

where p’,p C g are parabolic subalgebras associated to flags D, D, respectively, and K; =
Ker ¢|p, g0y - A straightforward computation shows that at a point = (D, ¢) € W we have

T, (Wi x X1) N To(Xs x Ws) = {(0, (€%, 1’ 0), (€, 81 0)) | 6 € Homg, (K, €), € € g/p},
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where £7°? denotes the image of ¢ under the quotient map g/p — g/p’. The space above is
isomorphic to T, W5 by means of

T.Wy — Tx(Wl X Xl) N Tx(Xg X Wg),
(€,0) = (0, (€7, &1' 0), (&, 21 0)).

This proves the transversality. O

Let us now put Z; = Ty, (Xi—1 X Xi+1). The lemma above, combined with Theorem 2.7.26
in [12], tells us that the projection T (X35 x Xox X1) — T%(X3x X1) gives rise to an isomorphism

Z1 X T X, Z3 — ZQ.

Therefore, we obtain the following diagrams with cartesian squares :

Lo} \\
T*X, <25 7z, Y3, Trx, TEXy <29 Zag —2% ThXo
S~ Sl
Zoy —2 5 7 Zoc —=— Zig
AL AT
T* X5 T X3

where Z;q := Z; N (TEXi—1 x TEXi41). In view of Lemma [2.2.12} the second diagram implies
that

mo (id@m) = (P16)s © Pig) © (Ps6)s © Pi) = (P16)x © (Be)x © ag © Phg = (V26)x © Pigr-

In a similar way we may prove that m o (m ® id) = (Wag)« o @b, so that the associativity of
multiplication in AHa% follows. O

Note that all varieties in the definition of AHa% admit a T' = G,,-action (by dilation along
the fibers of cotangent and conormal bundles) and all maps we consider are T-equivariant.
Therefore, the construction above also defines an associative product on

AHa%T = @ AHa%T[d] = EBAT(HiggSQd).
d d

Example 2.4.4. Let C = A', and equip it with a natural action of weight 1 of another torus 7" =
Gy, In this case K Ha%TXT and H Ha%TXT are precisely the K-theoretic and cohomological
Hall algebras studied in [69] and [68] respectively.

2.5 Global shuffle algebra

In this section we focus our attention on the algebra AHa%T. In order to study its product,
we will utilize the localization theorem Let de = {0 =dp < dy < ... < dj = d}, and
denote G = Gy, P = Py,, H = G4, as before. We will also denote by Ty C H the maximal
torus of operators, which are diagonal with respect to the standard basis v1,...,vq of k% The
Weyl group of G is then naturally isomorphic to &4, and the Weyl group of H is isomorphic to
Sy, = Hz Sdi—di_1-

Denote T = T; x T, and write t1,...,tq for the basis of character lattice of Ty corresponding
to the standard basis of k. In the same way, let ¢ be the character of T of weight 1. One can
think about characters of T as equivariant line bundles over a point. In this fashion, we identify

AT (pt)j0e := Frac(AT(pt)) with A(pt)(e(t1), ..., e(tq),e(t))) (see Example [2.2.3)).
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Lemma 2.5.1. We have (T*Quot d)T = Quotf‘il, where the embedding Quot&l — Quotg ; is
defined by the basis {v1,...,vq} associated to Tj.

Proof. First of all, (T* Quotg ,)T4*T = (Quot] ;)T¢. Next, a point (k¢ ® O % ) € Quotyq is
Ty-stable if and only if for any7g € T,; we have IC;, = Ker ¢ = Ker(go(g®id)) = ¢.K,. We choose
an integer N and an ample line bundle £ such that for any ¢ the sheaf L&V ® K, is generated
by its global sections. Then K, is uniquely determined by the subspace V := H 0L®N K,) C
k¢ ® HO(L®N) of codimension d, that is by a point in certain Grassmanian. Let us denote
H = H°(L®N). Then K, is T-stable if and only if V is T-stable. But we know that the only
subspaces stable under the torus actions are direct sums of subspaces of weight spaces. Therefore
V=@,V n(kv;®H), and thus K, is T-stable iff K, = @?:1 K, N (kv; ® O). Finally, this
is equivalent to saying that & = @?:1 o(kv; ® O), that is ¢ € Quot&l. O

Recall that Quotg; ~ C (see Example [2.3.5)), and let p;; : Quotg x Quotgy x C — C x C
denote the projection along the unnamed factor.

Lemma 2.5.2. Let IC, £ € Coh(Quoty; x C) =~ Coh(C x C) be the universal families of kernels
and images of quotients O — & respectively. Then

P12« Hom(p13KC, p33E) =~ Ocxo(A),
pra«Hom(pi30, p33E) ~ Ocxc,

where A C C x C' is the diagonal.

Proof. Tt’s easy to see that & ~ Oa, K ~ O(—A). Since K is locally free and &£ is torsion sheaf
over any point ¢ € Quotg 1, the higher Ext-sheaves Ext!(p}3K, p53€) vanish for all i > 0. We
denote A;; = pl._le, and Aje3 C C' x C x C the small diagonal. Then

pra«Hom (pisK, p3s€) 2= p12«(P13K)" @ p33€) = p12+(O(A13) ® Onyy) = P12:4(Ongs (Ar23)) =~
~ Ocxc(A).

This proves the first equality. For the second one, we conclude by a similar computation :

p12:Hom(p130, p33E) = P12:(Ongs) = Ocxc- o

Notation. In order to keep notation concise, for any two sheaves A, B € Coh(Quoty 1 x C) we'll
write Hom(A, B) instead of pia«Hom(pisA, p5sB8) (here the pushforward pia. is underived).

Let jg : 64, — 1™ Quotg da denote the closed embedding, and let iz : Quotg’1 — T Quotg du
be the inclusion of the fixed point set. Recall that by localization theorem the map Z*H
becomes an isomorphism upon tensoring with the fraction field of AT (pt). Consider the following
composition :
pu = iy 0 e s AT (Gy,) = AT (64,) Ve — AT (O,

where the isomorphism on the left is given by Proposition Weyl group acts on the right-
hand side by Remark [2.2.18] and Quot&l is identified with C?. In the same way, we can define

a map
pa = pa: AT(6g) - AT(CHV,

The goal of this section is to construct a map Yy, (at the level of localized A-groups), such that
the following diagram commutes :

AT (g Xy ACKT ()

b b

AT xT(Cd)Gd. Tioe AT, xT(Cd)Gd

loc loc
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As in [69, Section 10], one expects Y, to be some incarnation of shuffle product. Let z be
a formal variable, and let g € (A*(C x C)((%))) (e(2))) be a A% (C x C)joe-valued formal Laurent
series in e(z), where we interpret the latter as a formal symbol. We will also abuse the notations
and write g as a function of z. For any positive dy, ds with di + ds = d, put

dy d
2
gdl,dg(zlv"'7zd): || || g<Z]>
(2

i=1j=di+1
Let us also fix the following set of representatives of classes in G4/(Sq, X Sg,) :
Sh(dl,d2)2{066d|0(i)<O’(j) ifl<i<j<d ord1—|—1§i<j§d}.

Definition 2.5.3. The shuffie algebra associated to g is the vector space

Ah, = @ Ashy[d) = @) (ACH (et e(n).. ... o(t2))
d

d

equipped with the product
E: AShy[di] x AShg[dy] — AShy[d; + da],

E(f.h) = Z 0 (G do (t15 - - s tay o) f(E1, - ta) )P(tay 415 - s tdy+dn) - (2.9)
O’ESh(d1,d2)

The formula (2.9) requires some explanation. First of all, the product between f and h is
given by the map A(C%) ® A(C%) 5 A(CH+92) Next, after replacing z;’s by t;’s and taking
Euler classes, the function gg, 4, becomes an honest cohomology class, which then operates on
the product f-h. Finally, the natural action of o € Sh(dy,ds) (see Remark[2.2.18)) simultaneously
permutes t;’s and factors in the direct product C%+d2,

It’s easy to check that this product is associative. We will be mostly concerned with two
specific choices of g :

— the global shuffle algebra, denoted by ASh¢, is the shuffle algebra associated to

B e(tzfl)e(z@(—A))e(tz(’)(A))'
gc = 6(2) ;

— the normalized global shuffle algebra, denoted by ASh¢”", is the shuffle algebra associated
to

e(zO(=A))e(tzO(A))
e(z)e(tz) )

By invoking formal group x associated to A, we can deduce that both functions are Laurent
series in e(z) (see also discussion before Proposition [2.5.12)).

Remark 2.5.4. Two algebras above are isomorphic under the map RN = @, RN|[d], where :

norm __

RN[d] : ASh™[d] — AShe|d],
Fltrs o ta) He(t?) Fltr, ).
i#j ‘

Theorem 2.5.5. The collection of maps pg : AG<T(€;) — AT(C?)%a C AT(Cd)S)Z defines a
morphism of graded associative algebras

p: AHa2, — AShc.
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Proof. Let us first introduce some notations. Define

I3 = [1;d] x [1;d] C 7%

k k—1
Tp = U[di_l + 1,dl] X [di—l —+ 1;d]; T, = U [di—l + 1,dl] X [dl + 1,d]
=1 =1

Also, let us denote the space W Xy, C? from Proposition by C. Recall that we have a
projection s : C% — C?, given by shuffle permutations Sh(d;, ds).

Recall the notations of Section c.f. Lemma 2). Our proof will proceed in two steps.
First, consider the following diagram :

: G
ind%

AHXT (5, ) s AGT(T5X)

I \ » e

d
AHXT(T*Quot&d_) SN AHXT(]J’: X e T*QUOtad.) mJ) AGXT(T*X)

. . sk
ll* ll* !

AT(Cd)Gd AT(Cd)Gd s* AT(C«d)Gd

Let us denote all vertical compositions by p, leaving out the subscripts.

Lemma 2.5.6. We have
t;
poind%(c) = s* H e (t) p(c)

for any c € ATXT(€,,).

Proof. Everything in this diagram commutes, except for the lower left square. Moreover, by
Proposition [2.2.15| this square becomes commutative after multiplying by an appropriate Euler
class. Note that since p* =n* @ bh*, we have an isomorphism

pr X T Quotg 4, ~ n* x T*Quotg 4, .

This (trivial) vector bundle has the same T-fixed points as its zero section T Quotg ; . Therefore,
the Proposition [2.2.15| tells us that the required Euler class is

cd> =e(n’) = H e (tZ) )

(,J)€Tn

e (TT*Quotg W5 X T™Quotg 4,

and we’re done. O

Next, consider another diagram :

AGXT(TéX) P! AGXT(ZG) Uy AGXT(cgd)

> > B

ACT(TeX) 2y AT (Z) Ty AT (T*Quot )

I+ |+ I+

AT(éd)Gd AT(C’d)Gd Sx A’]I‘(Cd)Gd

Let p;; : C? — C x C be the projection to i-th and j-th components, and A;; = p;jl(A).
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Lemma 2.5.7. We have
poW,od'(c)=s, |s* H e i 716 ﬁ(’)(—A~) e tﬁ(’)(A-) p(c)
(7'7.7)€Tﬁ
for any ¢ € AT(T}X).

Proof. Once again, all squares in this diagram commute, except for the lower right one, which
commutes up to multiplication by a certain Euler class (see Lemma [2.2.12(2) and Proposi-

tion [2.2.15)). Therefore, we have :
poW, od'(c)=s,0p (e(TOdZ)_ls*(e(TCdT*Quot&d)) ‘o).

It is left to compute the product of Euler classes in parentheses. We have the following chain of
equalities :
e(TpaZ) ' s*(e(TeaT” Quotg 4))

=s" (e(TCd é_’lz/ot[)’d.)_le(T

Quotg 4

. ( T Quot&d
"\

T Quoty g, )P

Z|ca) te(Tpa Quotad)e(TQuot&dT* Quot&dlcd))

-1
) .
cd
x e(TeaQuoty g)e(T* Quotg 4l ca))

— & (e(n,)—le((T@Toto,d,)”ilP’*|Cd)e(TCd Quotoa,) 'e(Tpa Quotgvd)) .

=s" | e(Tea ézfoto,d.)_le(n_)

Let ¢ = 69?:1@1- be a point in C% ~ Quot&l, where each ¢; produces a short exact sequence

0 — K; = Oc 25 & — 0. Formulas ||1D provide us with explicit expressions for the
tangent spaces of various Quot-schemes :

d d
T@Quot&l = @Hom(l@-,&); T, Quotg 4 = @ Hom(K;, &);

i=1 ij=1

T@%O,d.: @ Hom(le,Ei).
(i»j)eTP

Therefore by lemma [2.5.2

o . t:
(TQictoa ) les =t @) Hom(; &)= B 170(a,),
(i.5) !

(4,5)€Tn 4,7)€Tn

— t;
TeaQuotg 4, = @ Hom(K;, &;) =~ @ —O0(-Ay),

t
(4,9) €Ty i#] (4,5)ETy itj 7
o t
TeaQuoty g = @Hom(l@,&) o~ @ #O(—Aij),
i#£] iti

and a straightforward computation shows that

(l,])ETn

Cd)G(Tcd%07d.>_l€<TchU0t8’d) = H e (tj(’)(—Aij)> e (t?j(’)(A@) .

(i»j)eTﬂ

e((T Quotg 4, )"

The statement of lemma follows. O
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Combining the results of two lemmas, we get :

pom(e) = pol, 0 ' oind§(c) = 5. 05" o (gea, (2)p(e)) = E o par(c),
which proves the theorem. ]

Remark 2.5.8. In order to recover the shuffle presentation in |69, Theorem 10.1], we can add
an action of another torus as in Example If we denote by g the T’-character of weight by
—1, we get O(A) = ¢~!, and we obtain the desired presentation after further replacing ¢ by gt.
Unfortunately, we don’t have a succinct explanation of the latter change of variables. Morally
speaking, it occurs because in the natural compactification A? C P? the divisor at infinity is
“diagonal”, and for T*C C P(T*C) it is “horizontal”.

Even though we’ve got an explicit formula, the morphism p depends on the embedding of %,
into a smooth ambient variety 7" Quotg ;. Unfortunately, the scheme %y is highly singular; for

instance, the inclusion C% < % is not known to be l.c.i., so that we can not localize to T-fixed
points directly. Still, we can do a little better. Let /i be the composition T* Quot; ; LN gy~ 84 —
94/tq, where tg C gq is the tangent algebra of T;. We introduce the following aﬁxiliary variety,
analogous to the one in [39] :

=7 (0) = p (ta).

Proposition 2.5.9. The closed embedding CKdA — T*Quotg ; is a complete intersection.

Proof. First of all, the statement is true for C = A! [39]. For general C, it suffices to prove that
dim ¢ < dim Quot] ; + dimty = d(d + 1). Let us consider the map

o T" Quotj 4 — sic,
(k% — &) +— supp£.
For any v = (v > --- > vg) partition of d let
S'C={z=vx1+ -+ vz :x #2j fori;ﬁj}CSdC
Then S9C = [],.,S”C, and this defines us a stratification of €5 :

e =1[¢> €2 =%no'(570).
vhd

Consider the restriction of o to these strata. For any point € SYC, we have a G4-equivariant
map

o Y 2)NER = H Grass”i (k%),

(Ikd 205 ¢, /3) s (HY(Elay), .., HY(E,)) -

The image of this map is an open subset where the vector subspaces defined by points in Grass-
manians do not intersect. At each such point, the Gg-action induces an isomorphism between

the preimage of 7 and []; CKZZ"’A by Example [2.3.12] where
‘@”;"’A ={(z,y) € (gk)2 : [z, y] € t, x nilpotent }.
Since in particular this applies to C = A!, we have

dm G (C) =k + > (vi(d - vi) + dimE*?) = dim € (A') < d(d + 1).

The dimension of CKdA is bounded above by the dimensions of stratas, therefore dim CKdA <
d(d+1). O
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Armed with the proposition above, let idA O — ‘KdA, jdA :Gq — (KdA be the natural closed
embeddings, and consider the composition

0 = (ig)" 0 (ji')s : AV (G) — AT(CY)S.

Corollary 2.5.10. The collection of maps o4, d € NT defines a morphism of graded associative
algebras
0: AHal — ASh™.

Proof. Denote the closed embedding ‘KdA — T* Quot& 4 by j5. By Corollary [2.2.16] we have the
following identity :

ple) =i o jas(e) = if0 jou 0 (T)(e) = (i7)7 0 (j)(ere) = o(erc), e = e(TypaT*Quotg ).
Note that the map [ is T-equivariant. Since T' contracts T Quot& 4 to a subvariety of ‘KdA and

dim ngA = dim i, the argument similar to the one found in [23] Proposition 2.3.2] shows that [
is flat. In particular,

e(TgaT" Quot 4) = e((ga/ta)”),
by base change ; see [21], B.7.4]. Therefore, we have
-1
o(c) = plegte) =p He (t?) c| =poRN ).
i#j ’
Since both p and RN are morphisms of algebras, ¢ is as well. ]

Remark 2.5.11. For any function g, one can equip the algebra ASh, with a topological coproduct,
analogous to the coproduct in [59, Section 4]. If the morphism p is injective (see Section for
discussion and partial results), it can be used to induce a coproduct on AHa%. However, it is
less clear how to construct such coproduct without using shuffle presentation.

Let us conclude this chapter by computing some relations in the algebra AShg, for arbitrary
Laurent series g. Given a line bundle £ on C, define a bi-infinite series

1€EZ

where z is a formal variable, and we consider e(z) to be a formal expression. Using the formal
group law x associated to A (see Appendix [2.2), we have the following equality for some f €

A*(pt)[u,v]

z

0=e(l) =e (7) —e(z) xe(zl) = e(2) + e(z7Y) + e(2)e(z ) f(e(2), (1))

z

= e(z71) = —e(2) (1 +e(z7Y) fle(2), e(zil))) .

Therefore, by implicit function theorem for formal series [71, Exercise 5.59] e(z~!) can be
interpreted as formal series in e(z). In particular, g (w/z) is a formal series in e(w), e(z).

Proposition 2.5.12. Let L1, L9 be two line bundles on C. Suppose that e(zw) is a rational
function in e(z) and e(w), and e(z~1) is a rational function of e(z). Then the following equality
holds :

t1L1w B toLoz
g <t2£2z> e, () B, (w) =g (t1£1w> B, (w)Ee, (2), (2.10)

where product between Eg, and Er, is taken in AShy, and we consider both sides as bi-infinite
series in e(z), e(w) with coefficients in AShg[2].
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Proof. In order to unburden the notation, denote Z = e(z), W = e(w), T; = e(t;), L; = e(L;).
Let us also introduce bi-infinite series 6(z) = },., 2". Note that for any Laurent polynomial
f(2) the following identity, which we call change of variables, is satisfied :

S(w/2)f(2) = 8(w/2) f(w). (2.11)
We have :

ir7i =i | — —ir—=J t2 J b ¢
Er, (2)E,(w (%L Z) jez;% Wi _g-e:z(Ll L, g< >+L Ly g(h))ZWJ

:5(L112)5(L21W)g<2>+6(L11W)6( 2'2) g Cl)

2

Therefore, the equality is equivalent to the following :
_ _ t1£1w tz t2£22 tl
§(L7'Z)6 (Ly'w = - —=
(£:72)3 (L )<g<t2£2z>g<t1) g<tlﬁlw>g(t2>>
toLoz t t1 Liw t
=6 (Ly'W) 6 (Ly'Z 22 2) —g =
( 1 W) ( 2 ) <g <t1[,1w g tl g tQ,CQZ g t2

Note that getting rid of denominators we can assume that the expressions in brackets are polyno-
mials in e(z) and e(w), so that the equality above makes sense. Using change of variables (2.11)
for LHS, we get :

starzyatesw) (o (522) o () -0 () o ()
- (1020 (522)) (10209 ()
(s (i) (s aams ()
—ara e (o () (50) o (50 o (222)) o

By the same reasoning RHS is also equal to zero. Therefore (2.12)) is satisfied, and we may
conclude. 0

(2.12)

In particular, if we set £1 = tl_l and Lo =1, ! the equality li assumes an easier form :

w

9(5) B@Ew) =g(=) BEw)E(), (2.13)

z

where E(z) =Y.z e(t; ') le(2)".

Remark 2.5.13. For A = K there is a subtle point to address. Equivariant K-theory, considered
in the context of OBM homology theories, has two dissimilarities with the usual equivariant
K-theory, as defined for instance in [I2, Chapter 5]. First and less serious issue is that our K-
theory possesses a synthetic homological grading. Secondly, as per Remark our K-theory
has a different set of equivariant generators, and isomorphic to usual equivariant K-groups
only up to certain completion. This fact has several undesired consequences. For example, our
identity doesn’t exactly match the identity (3.4) in [60], since i-th power of Chern class
of a line bundle £ is quite different from the [£%] or the Chern class of £L®'. However, this is a
sacrifice made for the sake of uniformity, and all of our methods and proofs can be adapted to
the usual equivariant K-theory in a straightforward fashion.



CHAPITRE 2. COHAS FOR HIGGS TORSION SHEAVES 52

2.6 Moduli of stable Higgs triples

In this section we construct a certain family of smooth varieties, which can be regarded as a
generalization of the Hilbert schemes of points on T*C' (see Corollary .

We start with the stack Coho i, where F € Coh(C is a fixed coherent sheaf on C. The
following proposition seems to be well-known (compare to [34, Theorem 4.1.(i)] and the entirety
of [26]), but we didn’t manage to find a precise reference.

Proposition 2.6.1. Let p = (£, a) € Coho < be a pair. Then the tangent space T CohOd at p
is naturally isomorphic to Hom(F % £, &).

Proof. Let D = Spec k[e]/€2. By definition, the tangent space T, pCOhﬁdf is given by the space of
maps D — CohO 7, which restrict to p at origin. Again, by definition

{D—>C’0hof} {f[]%gzgeOc[e]—mod; £,a flat over D;  amode = a},

and since the infinitesimal deformations of a coherent sheaf over a scheme are given by its
self-extensions, we see that the maps D — Coh& df are parametrized by diagrams of the form

0—— F —— FOF — F ——0

Pe

0 £ & £ 0

Splitting off F on the left, this data is equivalent to the following diagram :

T
lﬁyl (2.14)

0 & & & 0

On the other hand, let us compute Hom(F < £,&). Fix an injective resolution Z® of &.
Applying Hom-functor, one produces a double complex

Hom(&, 1Y) oom, Hom(€,71) EUCN Hom(€,7%) — -

|-ea |-ea |-ea

Hom(F,ZY) oo, Hom(F,T') e, Hom(F,Z?) — ---
Taking cohomology of its total complex, we get
{(f,9) € Hom(&,7') @ Hom(F,Z%) :dyo f =0,dyog = foa}
{(dyoh,—hoa):h € Hom(&,Zp)}

_ {(f,9) € Hom(&,Kerd;) ® Hom(F,Z°) :dgog = foa}
- {(dyoh.—hoa) : h & Hom(e.2y)) |

Hom(F & £,8) =

But by Yoneda construction, pullback of the extension 0 — & — Z° — Kerd; — 0 gives a
bijection between self-extensions of £ and morphisms £ — Kerd; up to the ones factorizing
through Zy. Associating to every element p € Ext!(£,€) the corresponding extension 0 — & —

Epﬂ—p>5%0,weget
Hom(F % £,8) = {(p € Ext'(£,8),9: F = &,) : gom, = a},

which is precisely the space of infinitesimal deformations of (£,«) as seen above in the dia-
gram (2.14]). O
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From now on, let us suppose that F ~ k”®0. Following [73], we call the pairs (£, k"®0 % &)
Bradlow pairs of weight n, and denote

Brg 4 = Cohfﬁk ©o,

Remark 2.6.2. We use the word “weight” as in “highest weight representation” ; see Example[2.7.3]
for an explanation of this choice.

Consider the cotangent stack T*BTO 4- Thanks to Serre duality and the proposition above,
we can describe the points of this stack rather explicitly. In what follows, we denote by w = w¢e
the canonical bundle on C.

Definition 2.6.3. A Higgs triple of rank 0, degree d and weight n is the data (£, «, ) of a torsion
sheaf £ € Cohg ¢ C, a morphism o : k" ® O — £, and another morphism 6 € Ext!(&, k"®0 %
&) ®w). Given two Higgs triples T1 = (&1, a1,61), Ta = (€2, a2, 02), a morphism from T; to Ty
is a map f € Hom(&1, &) such that as = f o ay, and fy0 f=fob.

Remark 2.6.4. The same exact definition makes sense for positive rank and arbitrary framing
sheaf. The author intends to study the properties of these more general objects in the future.

Definition 2.6.5. A Higgs triple is called stable if there doesn’t exist a subsheaf & C & such
that :

— Ima C &, and

— a(f) € Im(b), where a, b are the maps below, induced by inclusion & C & :

Ext'(,(k"®0 % &)ow) % Ext (&, (k"20 % &)ow) < Ext (&, (k"00 % &) ow).
(2.15)

In other words, a triple is stable if the image of « generates £ under 6. Note that any
subobject of a stable object is stable.

Recall that for an abelian category % of homological dimension 1 every complex in the
derived category D(%) is quasi-isomorphic to the direct sum of its shifted cohomology objects
(see |37, Proposition 2.1.2]). Because of this observation, we can alternatively write Higgs triples
as quadruples

(€, 0,0¢,0,): £€Cohpy, a:k"®0O—=E,
6. € Ext'(§,Kera @ w), 6), € Hom(&, Coker a @ w).

Lemma 2.6.6. A Higgs triple is stable if and only if there are no non-trivial subsheaves &' C &
such that Tma C € and 0,(E") C (£'/Ima) @ w.

Remark 2.6.7. Note that the stability condition doesn’t depend on 6, in this form.

Proof. Replacing the complex k™ ® @ % £ by the sum of its kernel and cokernel, the dia-
gram (|2.15]) splits into two :

Ext! (£, Kera ® w) 2% Ext! (&', Kera @ w) a Ext! (£, Kera @ w),
Hom(&, Coker o ® w) % Hom(&', Coker a ® w) s Hom (&', (£'/Ima) ® w).

Note that the map b, is an isomorphism. Therefore, the condition a(f) € Im(b) is equivalent to
ah(eh) S Im(bh), that is gh((c:/) C (8,/ Im Oé) R w. ]

We say that a morphism of triples is a quotient, if the underlying map of sheaves is surjective.

Lemma 2.6.8. Let T = (€,,0), T' = (£',d/,0") be two triples, together with a quotient map
m: &= E.IfT is stable, then T' is stable as well.
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Proof. Suppose that T” is not stable, that is there exists a subsheaf & C &’, such that Im o/ C &
and 0'(&]) C (&]/Im o) ®w. Consider its preimage & = 7 }(&]). Since o/ = Toa by definition,
we get Ima C &;.

Let us denote U = Ker 7. Since ' o™ = 7 o §, we have

0L(U)Cc(U/(UNIma))®@w C (&/Ima) @w. (2.16)
Moreover, since &1 /U ~ &], we get

0n(E1)/(U +Ima) = 0,(&) C (&/Ima) @ w = (& /(U +Ima)) @ w. (2.17)

Combining (2.16) and (2.17)), we conclude that 0;,(£1) C (£1/Ima) ® w. Therefore & C € is a
destabilizing subsheaf by Lemma and thus instability of 7" implies instability of 7. [

The following lemma can be viewed as an avatar of Schur’s lemma.
Lemma 2.6.9. Stables Higgs triples have no non-trivial automorphisms.

Proof. Let T = (£, a, 0) be a stable Higgs triple, and suppose f € End(£) induces an automor-
phism of T'. We pose £ = Ker(f —idg) C €. Since f oo = a, we have Ima C £'. Moreover, by
definition f|g = idgs. Therefore the equality 00 f = fo#6), implies that (f —idcokera) ©0nler = 0,
and thus 0, (") C &'/ Im «.. This means that £’ is a destabilizing subsheaf, which can only happen
for & = £. Thus f = idg. 0

Let us now state the main theorem of this section :

Theorem 2.6.10. The moduli stack of stable Higgs triples of degree d and weight n can be
represented by a smooth quasi-projective variety AB(d,n).

We will prove this theorem by relating stability of Higgs triples to Mumford’s GIT stabi-
lity [52]. Recall that by Lemma and Proposition [2.3.2(3) the stack T*Brg ; is a global
quotient stack, namely

T*Brg =~ (T4, (Hom(K", k%) x Quotd ;)/Ga) C [T* (Hom(]k",]kd) X Quot&d) /Gd] . (2.18)

It is tempting to appeal to Hilbert-Mumford criterion [52], Theorem 2.1] in order to deduce
a numerical description of stable points in the latter variety. However, it is not projective, so
we cannot pursue this approach directly. Instead, we will consider a slight variation of Hilbert-
Mumford criterion.

Let X be a smooth projective variety equipped with an action of a reductive group G, and
E 5 X a G-equivariant vector bundle of rank r. Let us also fix an ample G-equivariant line
bundle L — X. Recall that we have an open immersion G,, — G, ~ Al.

Definition 2.6.11. Let v € E and A : G,;, — G be a cocharacter of G, such that there exists a
G-equivariant extension of the map A, : G,,, — E, t — A(t).v to Al :

Gm%E

In this case we say that A, admits a limit = A, (0), and define
trer (v, N) = p(v, \) = wtg,, (7*L|;).

Note that since E is separable, such limit is unique if it exists, therefore u is well-defined.
When such limit doesn’t exist, we pose pu(v, A\) = —oo. The following lemma is immediate.
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Lemma 2.6.12. Let X1, Xo be two G-varieties equipped with G-equivariant line bundles L1 —
Xl, L2 — XQ. Then
pramr, (71, 22), A) = pr, (21, A) + pr, (T2, A)

for any x1 € X1, 2 € Xo, A : G, — G.

Definition 2.6.13. A point v € E is (L-)stable if dim Stab(v) = 0, and for any cocharacter
A : Gy, — G such that A, admits a limit, one has u(v, ) < 0.

Leti: B — E = Px(E®Xk) be the projectivization of E, and denote by Q(1) the line bundle
on E associated to the divisor at infinity.

Proposition 2.6.14. Suppose that Stabg(x)~z's connected for all x € X. For N big enough, a
point v € E is L-stable if and only if i(v) € E is (L ® Q(N))-stable in the sense of Mumford’s
GIT.

Proof. Let us denote L(N) := L®Q(N). Recall that by Hilbert-Mumford criterion [52, Theorem
2.1] a point & € E is stable if for any cocharacter A : G,, — G one has pu(z,\) < 0, and
dim Stabg(x) = 0. Let us fix a cocharacter A, and compute u(i(v),A) for a point v € E. We
denote v/ = limy_0i(A(t).v) :

ppvy (i), A) = ppvy (V' A) = pr((v'), X) + poy (0, A) = pr(m(v), A) + pony (0, N).

Note that the second summand can be computed directly on the fiber of E over n(v'). Thus,
we're reduced to computing pio_(n) (v, A) for v € E =k, E = P(E @ k). One can suppose that
E =@, E;, where A(t).w = t'w for w € E;. Let us write v = > Vi, vi € Ej, and consider two
cases :

— v € 69120 E;. Then the limit of A, is [vg : 1] € E, and p(v,\) = 0;

— v & D50 Ei- Let iop = min{i : v; # 0}. Then the limit of A, is [v;, : 0] ¢ E, and

p(v, ) = Nig < —N.

Putting everything together, we see that

BL(N) (i(v),A) = pr(v, A)

if ' € E, and prnv)(i(v),\) < pr(v,A) — N otherwise. However, we know that there exists a
finite set S of cocharacters of G, such that pr(7(v),A) < N for any cocharacter A if and only if
pur(m(v),A\) < N for A € S (see [70, Example 1.5.1.18]). Let N > maxyeg pr(7(v), A) + 1. Then
for all A such that v € E we have

prny (i), A) < pr(r(v), ) = N <0,

and thus i(v) is L(N)-stable if and only if pz(v,A) < 0 for all A such that A\, admits a limit in
E. O

Corollary 2.6.15. The set E® of stable points is open in E, and the stack [E®/G] is represented
by a quasi-projective variety.

Proof. Follows directly from [2.6.14} coupled with Theorem 1.10 in [52]. O

Remark 2.6.16. One may wonder if Definition can be used to generalize Hilbert-Mumford
criterion to any quasi-projective variety F. Unfortunately, this is not the case. For example,
consider E = k2 \ {0} equipped with a G,,-action of trace 0. Then ), admits no limit for any
point v € E and any cocharacter A. This means that stability condition is trivially satisfied for
all points ; however, the stack [E/G,,] is not separated.
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Let [ > 0 be an integer, and write H = H°(O(l)). For | big enough, we have a closed Gd—

equivariant embedding 7; : Quoty g — Grass (Ikd ® H), which sends any quotient k¢ @ O 5
to HO(K ® O(1)) € k¢ ® H (see proof of Proposition E In order to analyze the Gg-action
on Quotg g, let us recall several properties of Grassmanians. To that end, we fix a vector space
V and a cocharacter \ : G,,, — GL(V). We have V = @;V;, where V; = {v € V | A(t).v = tiv};
set VZ@' = @jzi‘/j'

Lemma 2.6.17 ([44], Lemma 6.6.2). Let D — Grass®(V) be the determinant line bundle, and
K e Grassd(V) a subspace of V' of codimension d. Denote K; = K N V>, K, = K;/Kiy1 C V.
Then limy_0 A(t).K = &;K;, and pp(K,\) =, idim(K;).

Notation. Until the end of this section, we will denote quotients in Quotg 4 by letter p instead
of ¢, in order to avoid conflict of notations later on.

Now choose [ > 0 big enough, so that for any point k% @ O 2, & and for any V C k¢ the
sheaf LN (V ® O) is generated by global sections and has no higher cohomology groups. Denote
by L; the pullback of the determinant line bundle under the closed embedding i; : Quotg 4 —
Grass?(k? ® H). Let also A : G,,, — G4 be a cocharacter, which defines a weight decomposition
ke = @;V; as above.

Proposition 2.6.18. For any (k% ® O N £) € Quoty 4, let & = p(V>; ® O), and Ei=E& /&1
Then we have limy_,o A(t).p = ®;(V; @ O LiN &;), where p; is the natural subquotient of p, and
pr,(p,A) =dimH Y, idimV; — >, i deg(&;).

Proof. Let K; = KN (V>; ® O). By Lemma we have :
. B 0k .
in(lim A(1).p) = lim A(1). = @ ) H (1)
= P irp)-

Since i; is a closed embedding, this proves the first claim. For the second claim, recall that [ is
chosen so that H'(K;(I)) = 0, and invoke Lemma once again :

pr,(p, ) = up(in(p), A) = Zl (h(Ki(1)) = R°(Kisa (1)) = Zl (dim H @ V; + 1% (Ei1) — B0(&))

=dimH Y idimV; — ) ideg(&),

which provides the desired expression. O

Proposition 2.6.19. Let (k% ® O 2 &) € Quotyq, and B € Hom(K, E)* = T, Quotg 4. Then f3
admits a limit in T Quoty g under X if and only if B restricts to & for any 1.

Proof. The M-orbit of p in Quoty 4 together with the limit at 0 gives us a closed G,,-equivariant
embedding A — Quoty 4, where the G,,-action on Quoty 4 is given by A. Since the limit of 3, if
it exists, lies over the image of 0 € A!, we can work with the restriction of the cotangent bundle
to A'. The natural map

T%j = Hom(lCi,S/EjH)* — HOHl(IC,g)*

is injective for any i, j. Therefore, (T};);; defines a double filtration, descending in ¢ and ascen-
ding in j, on the cotangent bundle restricted to A'. This filtration is G,,-equivariant, therefore
existence of limits is preserved if we pass to associated bigraded bundle

@ HOHI(K:Z'/ICZ'Jrl, EJ)*

1]



CHAPITRE 2. COHAS FOR HIGGS TORSION SHEAVES 57

Note that each of the bundles Hom(K;/K;11,&;)* is canonically trivialized over Al. Moreover, A
acts on Hom(/C; /K41, &5)*, regarded as a vector space, by =7, Collecting all our considerations,
the limit of 8 under A exists if and only if 8 € >, Tj;. A simple computation shows that

> Hom(K;, £/€11)" = () (Hom(K;, £)* UHom(K, £/£)*)

)

= ﬂKer (Hom(KC, £)* — Hom(K/K;, E)*) .

)

But the remark after Definition [2.3.10] shows that the intersection of kernels on the right-hand
side is precisely the set of elements in Hom(K, £)* which restrict to & for any i. O

Observe also that ¢ € Hom(k", k%) admits a limit under X if and only if Im¢ C V50, and
Y € Hom(k?, k™) admits a limit if and only if V51 C Ker .

Proof of Theorem [2.6.10. Let us consider the Gg4-variety Y := T*(Hom(k", k%) x Quoty 4), which
is a vector bundle over Quotyq. We can equip variety Quotpq with a Gg-equivariant ample
line bundle L;;, := L; ® Lé@efz, where Lge; is the character of Gy given by determinant, and
h = —dim H. Let us compute the set of L;j-stable points in Y. Let A : G,, — G4 be a
cocharacter with corresponding weight decomposition k¢ = &,V;. Proposition and remarks
after it show that for any given quadruple x = (p, 8, ¢,v) € Y, A, admits a limit if and only if :

— [ restricts to &; for all i;
— Imyp C V>p;
— V51 C Ker .
By Proposition [2.6.18] and Lemma [2.6.12] for any such quadruple z and cocharacter A\ we have

prg, (@A) =h) idimV; =) ideg(E;) —h Y _idimVi == ideg(E)).
Note that if & = £, we have

@, A) = — Zideg@) <0,

>0

so that such cocharacter bears no relevance on stability. Let us therefore assume that & is strictly
contained in €. Given such quadruple, consider another cocharacter As, which acts trivially on
V>0, and with weight —1 on V; for all negative . We have

p(x, A) = = i deg(E;) = deg(€) — deg(&n) > 0.
This analysis shows that a quadruple (p, 8, ¢, 1) is stable if and only if

A" c & suchthat Ime C &, J restricts to &'

Recall that we have the following cartesian square :

Z = Tg (Hom(k", k%) x Quot] ;) ——— Y

| |

T*Bry, - y [V/Gyl

In order to compare the stability condition on Z induced from Y to the one for Higgs triples, we
have to understand the map 7 : Z — T*Br{ ;. Let us fix a quadruple x = k¢®0 5.8, 0, 1),
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and compute its image m(x) := (£, a, 0). First, it’s evident that &' = £, a = p o . Next, given
p and ¢, let us look at the corresponding fibre of Z :

Zep ={(B4) : "B=(p@w)ov}.
This equality can be understood as commutativity of the following diagram in D(Coh C) :

£ —Y LK owl

Jﬁ |

K®wl — k%@ w[l]

where a number in square brackets denotes cohomological shift. Providing two maps (8,v) is
equivalent to giving a map from £ to a certain cone :

e v

- Cone </c ok o0) YWy 0) © w[l] —— k" @ w[l]

P Kew(l] k¢ @ w(1]

However, this cone is quasi-isomorphic to the complex k" @ O < &, thus the data of (B,%) is
equivalent to an element of Ext!(£, (k" ® O % £) ® w), which is precisely our 6.

Under this correspondence, we can also see that destabilizing subsheaves for a point x € Z get
projected to destabilizing subsheaves for w(z) = (€,a,0) € T*Brg 4, and vice versa. Therefore,
we have an isomorphism

(T"Brg.q)* ~[2°/Gdl,

and Corollary shows that [Z°/G ] is represented by a variety Z(d,n).

In order to finish the proof, it remains to show that the variety %(d,n) is smooth. Recall
that for any hamiltonian action of a group G on a symplectic variety X, the cokernel of the
differential of the moment map at a point p € X is dual to the Lie algebra of Stabg(p) :

Coker(X bir, g") ~ Lie(Staba(p))*.

Therefore, all points with trivial stabilizer are smooth. In particular, all stable Higgs triples lie
in the smooth locus by Lemma and thus %(d,n) is smooth. O

For another description of varieties %(d,n), see Section

Remark 2.6.20. Our stability condition implicitly depends on a parameter, namely h in the
beginning of the proof of Theorem One could ask what happens when we vary h. It’s easy
to see that for any h < — dim H stability condition stays the same. However, if we increase h, the
notion of stability will eventually change; for instance, Hilbert-Chow morphism Hilby(7T*C) —
Sym(T*C)) can be recovered in this picture as degeneration of %(d, 1) toward the closest special
stability condition (see [70, Corollary 1.4.3.23] for an example of such degenerations). This
phenomenon becomes crucial when one considers moduli of Higgs triples of positive rank, which
will be done in a future work [48].



CHAPITRE 2. COHAS FOR HIGGS TORSION SHEAVES 59

2.7 Action on stable triples

In this section we will produce the action of AHa, on the A-theory of moduli spaces B(d, n).
In order to do this, we will use the general machinery from the beginning of Section [2.4]

Let dg = {0 =dy < dj <...<dj =d}, and F a vector space of dimension n. As always, we
note G = G4, P = P,,. We put :

Y = Hom(F, k%/k%-1) x Quot§ 5., V = Hom(F, k%) x Quoty,,, X' =Hom(F,k% x Quot],.

We have a natural closed embedding § : V < X’ and an affine fibration f :V — Y. The
formula ([2.5)) gives rise to a map in A-theory

ma, : AT (TY) — AT(TEX).
For instance, in the case k = 2 we get a map :
Maydy + AHag[d1] ® Au(T*Brig_q,) < Ax(Higgs, , x T*Br g g,) = Au(T"Brg ).
Collecting these maps for all dy, ds, we get a map
m : AHal, @ AM,, — AM,,,
where AM,, = D, A«(T"Brg 4)-
Proposition 2.7.1. The map m defines a AHaOC—module structure on AM,,.

Proof. The proof is mostly analogous to the proof of Theorem Namely, using notations of
that proof, let us consider the following varieties :

X1 =G xp (Hom(F, k%/k®) x Quot] ;.); Wi =G xp (Hom(F, k%) x Quotq 4, );
Xo = G xpr (Hom(F, k?/k™) x Quot{ ;,); Wa =G xp (Hom(F,k?) x Quoto,);
X3 = Hom(F, k%) x Quot§ 4; Ws = G x p (Hom(F,k?/k) x Quot§ 4, x @I/Oto,d’.’)-

Again, we have inclusions W — XZ 1 X Xerl Taking into account Hom-terms, the proof of
Lemma easily implies that Wg W1 X%, Wg, and that the intersection (W1 x X )N (X 3 X W3)

inside X3 X X2 X X1 is transversal. Finally, putting Z TITV- (Xl,l X Xz+1) and contemplating
the diagram with cartesian square below :

T*X, Zs T* X,

N

N

T*X;3
we may conclude as in the proof of Theorem [2.4.2] O

Recall that we have open embeddings #(d,n) C T*Brg ;. If we denote
Ay, = @ Atln]d @ A%

the collection of these embeddings defines us a map of graded vector spaces
AM,, —» A, (2.20)
which is surjective if A # H by Proposition
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Corollary 2.7.2. There exists a AHaY-module structure on A.#y,, such that the map (2.20
commutes with the action of AHaOC.

Proof. Let us consider the following diagram :

(T X)* 2

~G)st
\{i \[z jz (2.21)
X 2 7y

where
(TEX')* = TEX! xpepyy , B(d,n),
(TR = T2 % X ("HiggsO’ o X B(d—dy, n)) ,

Higgs, , XT*Brl ,_q,
(Ze) = Za N ((Tgf()st X (Tg;Xf)st) .
Recall that quotients of stable triples are stable by Lemma [2.6.8] Therefore we have an equality
Za 0V (T6X x (TG X0)") = Za 0 (WX x (LX),

which shows that the map U’ is proper, and right square in the diagram above is cartesian.
Hence, we have
i* oW, = WU o4

by Lemma [2.2.12/ This shows us that the diagram (2.21)) defines a commutative square

AHa2 ® AM,, —"— AM,,

lid ®n lw

AHAY, ® Ay, " A,

where m/ = (U), o (®)'. Moreover, if we replace all varieties in diagram (2.19) by open subvarie-
ties of stable points as above, we can equally see that the upper right square remains cartesian.
Therefore the map m’ defines a AHa%-module structure on A.,. O

Since the whole construction is T-equivariant, we also obtain an action of AHagLT on AM% =

@y AT(T"Bry ) and AatT = @, AT(B(d.n)).

Example 2.7.3. Suppose C' = A', and equip it with the natural action of G,, of weight 1 as in
Example [2:4.4] In this setting, for A = H and A = K we recover algebras and representations
constructed in [68, Proposition 6.2] and [69, Proposition 7.9] respectively.

We finish this section by comparing our results with the classical construction by Grojnowski
and Nakajima. Recall [54, Chapter 8] that for any smooth surface S there exists an action of
Heisenberg algebra on @, H.(Hilby S). More precisely, for any positive & and any homology
class a € H.(X) we possess an operator P,[k], given as follows :

Poli)(8) = g op' (@R B), B € H,(HilbyS)
72 = {(11,T,) | Ty © T», | supp(Z1/T2)| = 1} C Hilby S x Hilbg,s S
p:Z% = S x HilbyS, (11, To) — (supp(T1 /Do), T );
q:Z® — Hilbgy;, S, (I1, 1) — To.
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We now suppose that S = T*C'. Let us compare this action with the H Ha%—action on H.. In
view of Corollary H.#, = H.(Hilby T*C). Recall that ”Higgso’k =~ Cohy ,(T*C), where the
latter stack parametrizes coherent sheaves of length k& on T*C. Therefore, the correspondence
defining the H Haoc—module structure on H.#) can be identified with the lower row in the
following diagram with cartesian square :

T*C x Hilby(T*C)

Tsxid \

Colfy (T*C) x Hilby(T"C) = 72

[ N

Cohy 1,(T*C) x Hilby(T*C) +2— Z —¥— Hilbg4(T*C)

where

Cohiys(T"C) = {€ € Cohox(T"C) | |supp €| = 1},
Z = {(Il,IQ) | 71D IQ} C Hilby T*C' x Hilbd+k T*C,

i is the natural closed embedding Cohg',(T*C) — Cohy(T*C), and s : Cohg (T*C) — T*C
associates to each coherent sheaf its support. One would like to prove an equality of the form

Gop = (U, 08" o ((i xid), o (s x id)"), (2.22)

so that the operators P,[i] are realized by action of certain elements in H Ha%, supported at
the diagonals @@(T *C). Unfortunately, the map s is too singular for a pullback to be well-
defined. However, one can easily check that it’s a locally trivial fibration with a fiber isomorphic
to [4,"" /G|, where

G = {(2,y) € (@) : [2,y) = 0,2,y nilpotent}.

If the local system I¥ on T*C, given by homology groups of fibers of s, were trivial, H, (@ék (T*C))

would be isomorphic to the direct product H,(T*C) @ HE* (¢,""), and one would be able to
define the pullback s' by ¢ — ¢ 1. After that, the identity (2.22)) would follow once we proved
that p' = (®2)' o (s' x id). In light of these considerations, let us state the following conjecture :

Conjecture 2.7.4. The local system I¥ is trivial, and the action of P,[i] on H.#) ~ @, H.(Hilby T*S)
is given by 1.(a ¥ 1) € HHa..

Note that Conjecture is trivially satisfied for k = 1. Indeed, @OAJ (T*C) = Coh 1 (T*C) ~
T*C' x BG,,, thus the diagram above takes the following form :

T*C x Hilby(T*C

[oxia \

BG,, x T*C x Hilbg(T*C e Z= Z5 7Y Hilby, (T7C)

Since the scheme Z is smooth by [11], pullbacks along all of the maps in triangle are well-defined,
and therefore

(]*Op!:q*op*:(\IJ*OCD*)o(sxjd)*’

which gives us a realization of operators Py[1].
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2.8 Injectivity of shuffle presentation

Definition 2.8.1. A Higgs sheaf (£,0) is called nilpotent if 8V = 0 for N big enough.

nilp

o It is a closed substack

We denote the stack of nilpotent Higgs torsion sheaves by Higgs
of Higgso & which has the following global quotient presentation :

Higgsy' = 67" /Gal,

€7 = {(Ikd 0% ep) :pe Quotg 4, 8 € Hom(E, & ® wx), B is nilpotent} ,

and the embedding Higgsgiép — Higgs, , is given by the natural inclusion ng. s 6.

Proposition 2.8.2. Let G be a reductive group, and let i : A — X be a closed equivariant
embedding of G x G,,-varieties. Suppose that

{reX:GxnA#0}=A, (2.23)

and assume that for any x € X the intersection Gy,.x N A is not empty. Then the pushforward
along i induces an isomorphism of localized A-groups :

AGEm (A) @4, () Frac(Ag,, (pt)) = A (X) ® 4, (pr) Frac(Ag,, (pt)).

Proof. Note that our assumptions imply X&*®» < A. Furthermore, by Proposition we can
assume that G is a torus. Take z € X, and let (g,t) € G X Gy, lie in the stabilizer of x. Suppose
that t has infinite order. Then 1.z = g.x, and by consequence G.x N A = (G x T).x N A is
non-empty, so that € A. We conclude that for any = € X \ A there exists a positive number
N(x) such that Stab(z) C G X N(z)- Since torus actions on finite type schemes always possess
finitely many stabilizers, one can assume that N = N(z) doesn’t depend on x. Let us consider
the following character of G x Gy, :

x: G x Gy — Gy,
(g, ) — tV.

It is clear that for any x € X \ A one has Stabg«g,, (x) C Ker x. Therefore by Proposition [2.2.13
one has an isomorphism

AGEm(M)[er ()1 = ATE(X)[er 007,
which implies the desired result. O

Corollary 2.8.3. The natural map

AT(Higgsgzp) — AT(’Hz'ggsO’d)

becomes an isomorphism upon tensoring by Frac(Ar(pt)).

Proof. Take X = €3, A = €;". Any point in (p,3) € X \ A is separated from A by the
characteristic polynomial of 8. Therefore condition is verified. Moreover, the action of T’
contracts any Higgs field to zero, that is for any € X the intersection T.z N Quot& 4 C TxNA
is not empty. We conclude by invoking Proposition |2.8.2 O

From now on till the end of the section we suppose that k = C, and A is the usual Borel-
Moore homology H.

Theorem 2.8.4. The group H*T(Higgsgilip) is torsion-free as an Hf. (pt)-module.
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Corollary 2.8.5. The morphism p : HHaOC’,T — HSh¢ of Theorem becomes injective after
tensoring by Frac(Ap(pt)).
We will prove Theorem in three steps :

1. shrink localization set ;

nilp .

2. reduce question to Cohy ; C Higgsojd ;

3. explicit computation for Cohy 4.

First of all, let I C H{,, p(pt) be the ideal of functions f(t1,...,t4,t) such that f(0,...,0,t) =
0. It is clear that Q[t]NI = {0}. For any H., (pt)-module M we denote by M. s its localization
with respect to HZ, p(pt) \ 1.

Since H.(pt) \ {0} C HE, (pt) \ I, the localization theorem yields an isomorphism

H*GdXT((Cg"n)T)loc,I = H*GdXT(Cg.’n)loc,I'
Note, however, that
HET (™) ige,r = HIT (Quotd )ioe,r = HY (Cohg g)ioe, 1,

where the T-action on the latter stack is trivial. By Poincaré duality and a result of Laumon [41]
Théoreme 3.3.1],

H,(Colg g) ~ H*(Cohy z) ~ SYH"(C x BG,,)) = SYH*(C)[2).

The H{ (pt)-action on the latter space is given as follows. The natural free Q[z]-module structure
on H*(C)[z] defines embeddings of algebras :

H(pt) == S4Qlz]) —— SUH*(C)[2])

j j (2.24)

TUQlz]) —— TUH*(C)[2])

The upper horizontal map defines us the desired action. Note that since lower horizontal
map turns T¢(H*(C)[z]) into a free T¢(Q[z])-module, the same is true for a H(pt)-module
S4(H*(C)[z]). In particular, this implies that the Hp. (pt)-module HI (Cohg q)ioc,s is torsion-
free. Putting together the arguments above, we get the following result :

Proposition 2.8.6. The group HI (Higgs™'P

0 )ioe,1 15 torsion-free as a H}. . (pt)-module.

Next, let us break down the stack of nilpotent Higgs sheaves into more manageable pieces.
Recall the following stratification of Higgsgzcllp due to Laumon [42].

Definition 2.8.7. For any partition v F d, v = (1"12"2 .. ), let
Nil, = {(5, ) € Higgs’gﬁlp : deg (Ker 6°/(Im 6 N Ker 6° 4 Ker Gi_l)) = y; for all z} .

These substacks are locally closed, disjoint, and cover the whole stack of nilpotent Higgs
sheaves :

%iggsgillp = |_| Nil,,.
vd

Proposition 2.8.8. For any vt d, there exists a stack vector bundle p, : Nil,, — []; Cohy ,,..

Proof. See the proof of Proposition 5.2 in [50]. O
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As a consequence of this proposition, for any v F d we have an isomorphism
py - HI (] Cohy,,,) = HI (Nil,). (2.25)
i
Let us choose a total order < on the set of partitions of d such that for any two partitions
v,V the inclusion Nil,, C Nil,, implies v < v/. Denote

Nil,, = [[ Nil,;  Nils, = Nil_, UNil,.

V' <v

For each v, this order gives rise to a long exact sequence in Borel-Moore homology :

The homology groups H.(Coh 4) comprise the &4-invariant part of H, (X x BG,,)®?. Since
the latter group is pure as a mixed Hodge structure, the same is true for the former one as well,
and for HI (A\il,) for any v. Since natural applications in homology are strictly compatible with
the weight filtration (see for example [14]), an easy induction shows that both HI' (NVil_,) and
HT (Nil.,) are also pure. Furthermore, the long exact sequence splits into short exact
sequences :

These short exact sequences yield a filtration F, of HI (Higgsgillp), such that F; is of the form
H ];F (M<l/)7 and

grp H (Higgsy'?) = D HI (Vil,). (2:27)
vd

Proof of Theorem [2.8.4) The desired statement is equivalent to injectivity of the localization
morphism, which can be written as a composition of two successive localizations :

. i l . i . ;
H (Higgsy?) = HI (Higgsy")ioe,r — H[ (Higgsy' ¥ )ioc-

The second map being injective by Proposition [2.8.6] it suffices to prove injectivity of [;. Taking
into account isomorphisms (2.27)), (2.25), and the fact that H (Cohg 4) is a free H(pt)-module,
we are reduced to proving the injectivity of

Im : H, (H cszo) — H, (H Coho>

for any v I d, where we localize at m C H(pt) — maximal homogeneous ideal with respect to
homological grading. Since H.([[; Cohy ,,) is evidently a graded H¢,(pt)-module, the annihilator
of ¢ is a graded ideal for any ¢ € H.(]];Cohy,,), therefore fully contained in m. This proves
injectivity of [, and concludes the proof of the theorem. O

loc,m

Corollary 2.8.9. The identity holds in HHa%T.
Proof. Note that we have the following chain of isomorphisms :
HG (T Quotg q) ~ Hg, 7 (Quotg g) ~ H*(Cohg 4) ® Hr(pt)
~ SU(H*(Coh)[t] = (H*(CY)[t; t1, .., ta]) ™.

Therefore, the closed embedding 63 — T*Quotg ; defines a (H “(ON[t;te, ..., tq))®4-module

structure on H Ha%T7 compatible with p. In particular, the identity 1) is well-defined in
HHa".
C
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Combining Corollary [2.8:3] and Theorem [2.8.4] we see that the natural morphism
H[ (Miggsy'¥) — HI (Higgs, ,)

is injective. Furthermore, it easily follows from the construction in Section [2.4] that the space
D, H (’Hzggsmlp) is a subalgebra in HHa%T. Since H; (Hzggsmlp) HT (Cohy ;) =~ H:;F(Higgso
all operators intervening in identity (2.10]) belong to @, H (’Hzggsm’p ), and we conclude by Co-
rollary and Proposition [2.5.12 ]

Remark 2.8.10. Note that for A = H the function g™ takes the following form :

R () — e(z0(= ))eitzo( ) _z-A)z+t+4A) . Alt+A)

e(z)e(tz) N z2(z +1t) B z(t+2z2)’

where A € H%(C x C) is the class of diagonal. Using this explicit expression, we can rewrite the
identity (D as a set of relations. In particular, for £; = tl_l, Lo =ty 1 we get

[ei, ej]g — (t2 + A(t + A))[el, 6j]1 + tA(t + A)(eiej + ejei) =0

for any ¢, 7 € Z, where ¢; = tzi, and

n

617 ej § ( > €i+kCjtn—k — €j+nfk€i+k)-

=0
For general £1 and L4 the relations become more complicated.

Conjecture 2.8.11. For any oriented Borel-Moore theory A, the morphism p : AHag’,T
ASh¢ of Theorem [2.5.5 is injective.

We expect to prove Conjecture [2.8.11f in subsequent work [48] by analyzing the action of
AHaC on A for varying n.

2.9 Torsion-free sheaves on P(7*C)

In this section we provide an alternative description of #(d,n) as a moduli of sheaves on a
surface.

Consider the surface S := Po(w @ O), which compactifies the cotangent bundle T*C'. Denote
by D = Dy, the complement of T*C in S. Let also i : D — S be the natural embedding, and
w5 — C the natural projection.

Let us recall some properties of sheaves on S'; we will closely follow the exposition in [49]
Section 2]. The Neron-Severi group of S is given by NS(S) = H?(S,Z) = ZD & Zf, where
f is the class of a fiber of 7. Thus, for any coherent sheaf E on S we will write ¢1(E) =
c1,p(E)D + c¢1,7(E) f. The product in NS(S) is determined by the following formulas :

f?=0, Df=1,  D*=2-2g,

where the last equality follows from the fact that Og(D)|p ~ w~!. Moreover, the canonical
divisor of S is Kg = —2D. We will write elements of H®*"(S,Z) as triples (a,b,c) € Z &
NS(S) @ Z; the same applies to H"(C,Z). In this fashion, Todd classes of S and C are
respectively given by

tdS = (1,D,1—g), tdC = (1,1 —g),

and the push-forward along 7 in cohomology is given by

W*(a’7 bDD + bff? C) = (bD7C)'

D,
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With that in mind, given a sheaf E € Coh S, the Chern character of its push-forward Rm,E can
be computed using Grothendieck-Riemann-Roch theorem. Namely, let a = ¢, p(E), b = ¢1 ¢(E),
r =rk F, and recall that

C1 (E)2 — 262<E)
2

h(E) = ( e(E), ) — (r.aD + bf.a*(1— g) + ab — c3(E)).

We have :

(rtk(RmwE), c1 (R E) + (1 — g) rk(Rm E)) = ch(RmE)td C = m(ch Etd S)
= m((r,aD +bf,a*(1 — g) + ab — c2(E))(1, D, 1 — g))
=(a47(r+a®+2a)(1—g)+ (a+1)b—c2(E)).

Therefore rk(Rm FE) = a+r, and ¢1(RmFE) = (a+1)(a(l1—g)+b) —co(E). In particular, suppose
that RO, F = 0, and R'7.F is a torsion sheaf of degree d. Then rk(Rm.E) =0, c1(Rm.E) = —d,
and we have

a=-r,  cE)=d+(r-1)(r(1-g)-0).

For any nef divisor H on S, we can define a notion of slope H-semistability for sheaves on S.
One example of nef divisor is given by f. Instead of giving general definitions, we will use the
following characterization of f-semistable sheaves :

Lemma 2.9.1 ([49, Lemma 4.3]). A torsion-free sheaf E on S is f-semistable if and only if its
generic fiber over C is isomorphic to Opi (1)®™ for some l € Z ,m € N.

Theorem 2.9.2. Stable Higgs triples (£,a,0) € %(d,n) are in one to one correspondence
with f-semistable torsion-free sheaves E on S equipped with a trivialization ¢ : E|p — Og”,
satisfying the following numerical conditions :

tkE=n, cf(E)=n(2-29), capE)=-n c(E)=d+nn-1)(g—-1). (2.28)
We will need the following technical result :

Lemma 2.9.3 (Derived see-saw principle). Let E* € D*(CohS) be a complex of sheaves, such
that Rm.(E®) = 0. Then we have an isomorphism E®* ~ 7*(N®) @ Og(—D), where N®* =
Rm.(E* ® Og(D)).

Proof. If F is a coherent sheaf, then the condition Rm,F = 0 means that at each point of the
base ¢ € C' the fiber E, is isomorphic to a direct sum of several copies of Op1(—1) [51], Corollary
5.4]. In particular, this implies that F (D). is trivial at each point ¢, and thus the natural map
m*m«(E (D)) — E(D) is an isomorphism. We can therefore conclude by taking N to be 7. (E(D)).

In the general case, we proceed by induction on the cohomological length of E®. Let E*® be
a complex of length k£ 4 1 starting in degree 0, and consider the following exact triangle :

HO(E®) — E* — E%, 5
Applying the functor R, to the triangle above yields an isomorphism Rm.(ES,)[—1] = Rm.H"(E*®).
However, cohomology of the complex on the left is concentrated in degrees strictly bigger than
1, while Rm,H°(E*®) lives in degrees 0 and 1. Therefore both complexes must be null-homotopic,
and by induction

HO(E®) = n* (RmH(E*(D))) ® Os(~D),
B2y =7 (Rmi(E21(D))) © Os(=D).

Since both isomorphisms above are obtained by applying the counit map 7n*Rw, = Idg, it also
induces an isomorphism 7* R, (E*(D)) = E*(D). O
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Recall [33, Section 3.4] that Rm, admits a right adjoint 7', given by
T E% = T (E°) @ well],
where w; is the relative canonical bundle. The latter is given by

wr = wg @ m*w ! = Og(—2D) @ w1t

Since Os(D)|p ~ w™!, we deduce i*w, ~ w.

Proof of Theorem[2.9.3. (1) Let us begin with an f-semistable torsion-free sheaf £ € Coh S,
equipped with a trivialization ¢ : E|p — Og” and satisfying the numerical conditions .
Lemma implies that the generic fiber of E over C is isomorphic to O(—1)®". In particular,
both 7. E and R'x, E have finite support. Since F is torsion-free, m, F is as well, so that 7, F = 0.
Moreover, by computation at the beginning of the section R'm,E is a torsion sheaf of degree d.
All in all, we have R, E[1] ~ Rin,E =€ c Cohg 4 C'.

Adjunction R, 4 7' provides us with the unit map u : E — 7' R, E. It can be completed
to a triangle with mapping cone K := Cone(u) :

EY% o' RrE— K15 (2.29)

If we apply R, to this triangle, the map u gets sent to the identity RmyFE — Rm.E. Therefore
Rm.K =0, and by Lemma [2.9.3] we have

K ~ n*(Rm.(K(D))) ® Os(~D) = 7 (Rr.(K (D)) ®w) & Os(D)[~1] = 7(N) © Os(D),
where N := Rm.(K (D)) ® w[—1].
Twisting the triangle by Os(—D) before pushing it down to C, we get :
Rr.(E(-D)) = Rm,E® (O ®w) = N 5
where the middle term is computed using projection formula :
R, (' Rn,E(—D)) = Rn,E @ w™! ® Rm,(O(=3D)[1]) = Rm.E ® (0 & w).

Let us denote € := R'm,E ®w = Rm.E ®@wl[l], and W = N[1]. We can then rewrite the triangle
above as follows :

Rr (E(-D)[1] > (E@w Het>w

Let us denote the second map by ( ® w™!,:), where § € Hom(E, W ® w) and ¢ € Hom(E, W).
Restricting the triangle (2.29)) to the divisor at infinity via the map *, we get :

*E — Rm,E @i (wr[l]) > N @ i*(we(D)[1]) 5

& 0" S RnE®wWl] N1 o o0 sewih

Let us denote the map O%™ — £ by a.. We have thus obtained an isomorphism W ~ Cone(«). In
particular, 6 gets identified with an element in Ext!(£, 09" & &). Putting everything together,
we obtain a Higgs triple (&, «,0). We'll prove its stability later on.

(2) In the opposite direction, let us start with a stable triple (£, «,0) € %(d,n). The natural
map ¢ : £ — afl] coupled with the Higgs field 6 gives rise to a morphism £@w 1@ (Odw) — all].
Since

EQw l®(0dw) =Rr(r'(E@w™) ® Os(—D)),
]

by adjunction we obtain a map ¥ : 7'(£ ® w™!) — m'a ® Og(D)[1]. Define E := Cone(¥)[-2].
Since 7' is obtained from 7* by applying an invertible map (7*(w™') ® —)[1], it suffices to study
the map ¥/ : 7€ — 1*(a @ w) ® Og(D)[1].
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Recall (see section that as a complex « is quasi-isomorphic to K @ J[—1], where K =
Ker o, J = Coker . Thus, we can express U’ as a sum of ¢ : 7€ = (7*K @ w) ® Og(D)[1]
and ¢y, : 7€ — m(J @w) ® Og(D). Let M € Ext!(7*E, 7* K (D)) be the extension given by 1.
Then the two-step complex given by ¥’ is quasi-isomorphic to M — 7*J @ Og(D), where the
arrow is given by composing ¢, with M — 7*E. Therefore the cone of ¥’ has length 1 if and
only if v}y, is surjective.

Lemma 2.9.4. The map 1y, is surjective if and only if the triple (€, a, 0) is stable.

Proof. In order to simplify the notation, we will omit the subscript and write ¢ = 1}, throughout
the proof. It’s easy to see that ¢ is adjoint to

0,0): &€= J®we0),

where § = 6, and ¢ : £ — J is the natural projection. Let ¢ € C, and s = 77 1(c) = P(w.®O,.). If
we choose an identification w, ~ O,, the fiber 15 at the point s is given by a linear combination
af. + be. for some a,b € k. In particular, ¢ is surjective if and only if it is surjective at each
point s € S, that is for every ¢ € C' and [a : b] € P! the map af. + bi. is surjective.

Suppose that 1 is not surjective. Then there exists a point s € 7~!(c), ¢ € C' where surjec-
tivity fails. This means that J. := Im(af. + bi.) is a proper subsheaf of J. for some a # 0, b.
Denote &' = 1 71(J.); then 0.(£.) C J.. Further, let

g=cao P & JT=Jo P I
peC\{e} peC\{e}

Then Ima C & and 6(&’) C J’', which precludes the triple T' = (&, «, 0) from being stable.

Conversely, suppose that T = (£, «, 0) is destabilized by the subsheaf & C €. Denote J' =
L(£"). Let us choose a point ¢ € C, such that £, C &, is a proper subsheaf. For a point s € 71(c¢),
consider the degree of the sheaf Im1)5. By assumption ¢ (&) C J., therefore

degIm s = deg &. — deg Ker 15 = deg &, + deg &./E. — deg(Ker s NEL) — x
=deg J. +deg&./E. — x = deg J. — x,

where x = deg(Ker ),/ Ker s N EL). We deduce that Ker, C &.. Since this is true for every
¢ and s, the map 1 induces an automorphism of £/&’. In particular, the map alId +b6. is an
automorphism of £/&’ for each [a : b] € P'. However, if we regard £/’ as a k-module, # must
possess an eigenvalue A, so that # — AId cannot be invertible. Thus v is not surjective. O

Due to the Lemma above, E is isomorphic to Ker(¥). Moreover, E sits inside a torsion-free
sheaf M, which in its turn is obtained as an extension of a torsion-free sheaf 7*K (D) by 7*&.
As a consequence, Tor F is contained in 7*E. However, restricting ¥ to D, we can check that
E|p ~ O%" Hence the support of Tor £ must be disjoint from D. Since for every subsheaf of
m*€ its support intersects D, the sheaf F is torsion-free. Furthermore, outside of the support of
& the complex ¥ is isomorphic to O(—D)®". By Lemma[2.9.1 it implies that E is f-semistable.

Let us compute the Chern character of E. We have :

ch(E) = ch(7'E) — ch(n'a ® Og(D)[1])

ch(m*w ™' @ O(=2D)[1]) (ch(r*E @ w ™) — ch(r*a © Og(D)[1]))
(1,=2D + (2 = 29)f,0) ((0,df, 0) = (=n, df,0)(1,D,1 — g))
(n,—nD +n(2 —2g)f,—n(1l — g) — d).

Therefore tk £ = n, ¢ ¢(E) = n(2 — 2g), c1,p(E) = —n, and

co(E) = c1(E)?/2 — chy(E) = d +n(n —1)(g — 1).
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Finally, it is easy to check that the procedure (2) is inverse to (1). Suppose that the triple
we’ve obtained from (F, ) is not stable. Then E cannot be a sheaf, but rather a complex
of sheaves, by Lemma Therefore the resulting triple is necessarily stable, and we may
conclude. O

Let us denote by My(r,c1,c2) the moduli space of f-semistable torsion-free sheaves E on
S with trivialization at D, such that tk B = r, ¢1(F) = ¢1, c2(E) = c2. It is a smooth quasi-
projective variety, see [35, Chapter 4].

Corollary 2.9.5. We have an isomorphism of moduli spaces %(d,n) ~ M¢(n,0,d). In particu-
lar, #B(d,1) ~ Hilby T*C.

Proof. Since constructions in Proposition [2.9.2| work in flat families, we obtain an isomorphism
AB(d,n) ~ M¢(n,—nD +n(2 —29)f,d+n(n —1)(g — 1)).
Furthermore, the map E — F(D) ® m*w establishes an isomorphism
M¢(n,—nD +n(2 —2g)f,d+n(n—1)(g — 1)) ~ M¢(n,0,d).

We prove the first statement by taking the composition of two maps above. For the second
statement, let E; be a locally free sheaf on S of rank 1 and ¢;(F) = 0. By see-saw principle,
E, ~ 7*n.E,. For instance, if Ei|p ~ O¢, then E; ~ Og. By consequence, the isomorphism

M{(1,0,d) = Hilb, T*C,
FE— (E 7+ C EV\/’T*C =~ OT*C)

provides us with the desired description of #(d,n). O

Corollary 2.9.6. For any n > 0, the space @, HL (%#(d,n)) admits a natural HHa%T—module
structure. ]

It is instructive to compare this corollary with recent works of Negut [60, 57]. For any
smooth projective surface S and a nef divisor H, he considers the moduli space M of H-
stable sheaves on S with varying second Chern class, and for every n € Z defines an operator
en : K(M) - K(M x S) by Hecke correspondences. These operators generate a subalgebra A
inside @), Hom(K (M) — K (M x S¥)), which can be then projected to a shuffle algebra V.
The content of Conjecture 3.20 in [60] is that this projection is supposed to be an isomorphism.
The conjecture is proved under rather restrictive assumptions; for instance, it is required that
K(SxS)~K(S)® K(9).

Let us now take S = T*C together with a scaling action of T' ~ G,,, and replace usual
K-groups with their T-equivariant counterpart. In this case, the algebra Vs, can be identified
with the subalgebra of KSh’"™ generated by K (BG,,) C KShZ"[1] ~ KT(C x BG,,). If we
further replace K-groups by Borel-Moore homology, then by Corollary homological version
of Vg, is realized as a subalgebra of H Ha(()/lT. Therefore, one can regard Corollary as a
“homological non-compact” version of Negut’s conjecture for S = T*C, ¢; = 0, and stability
condition given by f. Another modest gain of our approach is that AHa%T gets abstracted away
from its natural representations, unlike A.

In general, one expects that the moduli of framed sheaves on P(7*C') with non-trivial first
Chern class can be recovered from the moduli of stable Higgs triples of positive rank. Neverthe-
less, as stability condition for triples varies, Lemma[2.9.4]seems to suggest that the corresponding
objects on S don’t have to lie in the usual heart of D(Coh S).
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