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Résumé

Les travaux de la thèse sont axés sur le développement de méthodes numériques pour les
écoulements diphasiques, compressibles, à faible vitesse, prenant en compte l’ apparition sou-
daine de forts gradients de pression. La vitesse matérielle de chacune des phases étant très petite
devant la vitesse du son associée aux ondes acoustiques, l’écoulement étudié est caractéristique
d’un régime dit à faible nombre de Mach. Beaucoup de travaux de la littérature se basent sur une
analyse asymptotique en faisant tendre le nombre de Mach vers zéro pour aboutir à des modèles
dits incompressibles. Dans le cadre de la thèse, la compressibilité de chacune des phases sera sys-
tématiquement prise en compte. Néanmoins, que celle-ci soit analytique ou tabulée, la loi d’état
contient toujours une information relative à la raideur thermodynamique mesurant la plus ou
moins grande compressibilité de la phase considérée. Ainsi, dans le cadre d’écoulements eau-
vapeur, la phase liquide est très faiblement compressible. D’un point de vue dynamique, la faible
compressibilité de l’eau peut produire un régime d’écoulement particulier où des sauts de pres-
sion importants apparaissent même si le nombre de Mach est très faible. Ceci est régulièrement
observé et mesuré dans le cadre de l’étude de transitoires rapides appelés coups de bélier. La pre-
mière partie de la thèse s’est focalisée sur un modèle diphasique dit homogène-équilibré. Les deux
phases de l’écoulement ont alors la même vitesse, pression, température ainsi que le même po-
tentiel chimique. On observe alors l’évolution de l’écoulement uniquement à travers des variables
dites de mélange. Dans ce contexte, un premier travail a été dédié à la construction et à l’éva-
luation de solveurs de Riemann approchés dits tout-nombre-de-Mach. Lors qu’aucun transitoire
rapide ne vient perturber l’écoulement, ces solveurs ont la capacité de baser leur contrainte de pas
de temps sur la vitesse des ondes matérielles lentes et restent donc précis pour suivre les fronts as-
sociés à ces ondes. En revanche, lorsqu’une onde de choc, caractérisée par un saut de pression
important et une vitesse de propagation élevée traverse l’écoulement, ces solveurs s’adaptent au-
tomatiquement pour capturer la bonne position du choc ainsi que les bons niveaux de pression de
part et d’autre du front. La seconde partie de la thèse s’est focalisée sur la prise en compte du cou-
plage convection-source dans le cadre des modèles en approche bi-fluides. Dans ces modèles, les
deux phases de l’écoulement possèdent leur propre jeu de variables pression, vitesse, température
et taux de présence. Contrairement au modèle homogène, la valeur des trois premières variables
ainsi que du potentiel chimique peut a priori différer entre les deux phases. Aussi, les modèles
bi-fluides incluent généralement la présence de termes sources de relaxation afin de garantir un
retour rapide vers l’équilibre mécanique et thermodynamique. Le cadre de travail a été le modèle
simplifié à cinq équations appelé Baer-Nunziato isentropique au sein duquel seules les relaxa-
tions en pression et en vitesse sont considérées. Un schéma implicite à mailles décalées, basé sur
l’influence des termes sources dans des problèmes de Riemann linéaires, a été proposé pour ce
modèle. De plus, une analyse sur la prise en compte de l’équilibre asymptotique dans la partie
convective des modèles bi-fluides a été également conduite.

Mots clés : Méthodes numériques, Écoulements basse vitesse compressibles, Écoulements
diphasiques, Sauts de pression, Relaxation, Modèles bi-fluides.
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Abstract

The present work focuses on the development of numerical methods for low-material velo-
city compressible two-phase flows with high pressure jumps. In this context, the material velocity
of both phases is small compared with the celerity of the acoustic waves. The flow is said to be
a low-Mach number flow. By making the Mach number tend towards zero, many authors in the
literature perform an asymptotic analysis of the conservation laws at stake. Incompressible mo-
dels are then derived. In this work, compressibility of both phases is systematically considered.
Nevertheless, either analytical or tabulated, the equation of state always contains information re-
lated to the thermodynamical stiffness of the fluid. Such a stiffness can be seen as a measure of
the compressibility of the considered phase. Thus, for two-phase flows involving sub-cooled li-
quid water and over-heated vapor, the liquid phase is known to be slightly compressible. When
sudden events occur such as valve closures, the low-compressibility of liquid water may lead to
fast transients in which high pressure jumps are produced even if the flow Mach number is low.
This is often observed experimentally through the study of water hammer events. The first part
of this work has leaned on two-phase homogeneous-equilibrium models. Thus, both phases have
the same velocity, pressure, temperature as well as the same chemical potential. The evolution of
the flow is observed only through mixture variables. The construction and the evaluation of what
is called an all-Mach-number approximate Riemann solver has been conducted. When no fast
transients come through the flow, the above solvers enable computations with CFL conditions ba-
sed on low-material velocities. As a result, they remain accurate to follow slow material interfaces,
or subsonic contact discontinuities. However, when fast shock waves associated with high pres-
sure jumps propagate, these solvers automatically adapt in order to capture the position of the
shock front as well as the right pressure levels. The second part of the thesis has been dedicated
to the design of numerical methods enhancing the coupling between convection and relaxation
in two-fluid models. In such models, both phases have their own set of variables : velocity, pres-
sure, temperature and void fraction. Contrary to homogeneous models, the mechanical and ther-
modynamical equilibriums are not imposed, and the value of velocity, pressure, temperature and
chemical potential between both phases may differ. Convergence towards equilibrium is ensured
by adding relaxation source terms in these models. For the sake of simplicity, the framework has
been restricted to the isentropic Baer-Nunziato model with velocity-pressure relaxations. A time-
implicit staggered scheme, based on the influence of relaxation source terms on linear Riemann
problems has been proposed. What is more, an asymptotic analysis dealing with the integration of
relaxation source terms into the convective part of the two-phase flow model has been carried out.

Key words : Numerical methods, Low-velocity compressible flows, Two-phase flows, Pressure
jumps, Relaxation, Two-fluid models.
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1.1 Contexte industriel

Les travaux présentés ici sont à mettre en lien avec différents types d’écoulements eau-vapeur
présents à l’intérieur de certaines conduites des réacteurs à eau pressurisée (REP). On identifie en
particulier deux configurations d’intérêt.

liquide
u0

liq

p0
liq

(a) Régime nominal monophasique liquide

liquide
u0

liq

p0
liq

u∗
liq = 0

p∗
liq

csat
liq

Va
nn

e

(b) Coup de bélier mécanique

FIGURE 1.1 – Transition : écoulement nominal, coup de bélier mécanique

La première, illustrée en FIGURE 1.1, représente un écoulement monophasique liquide dans
une conduite en charge (conduite pleine) du circuit secondaire. Sur la FIGURE 1.1a, le régime
d’écoulement est nominal à pression constante p0

liq et vitesse constante u0
liq. Comme décrit en

FIGURE 1.1b, lors de la brusque fermeture d’une vanne d’arrêt présente sur le circuit, la colonne
d’eau est violemment stoppée. Si l’on introduit ρliq la densité de l’eau liquide, on peut définir
la quantité de mouvement en régime nominal comme ρliq u0

liq. À la fermeture de la vanne, cette

1



Introduction générale

dernière tend soudainement vers zero. Par conservativité, une telle chute se traduit par une aug-
mentation significative de la pression qui passe de pliq à p∗

liq. L’inertie de la colonne d’eau, due à la

forte densité de l’eau liquide ρliq, implique que alors que le saut de pression relatif
(
p∗

liq −p0
liq

)
/p0

liq
peut être largement supérieur à un. Par la suite, une onde associée à ce saut de pression de grande
amplitude remonte le long de la conduite et peut causer des dégâts sur sa structure. Ce type de
scénarios est appelé coup de bélier hydraulique [9, 43, 53].

liquide

vapeur

G
V

uI

(a) Écoulement stratifié eau-vapeur

liquide

poche de
vapeur

poche de
vapeur

G
V

uI

(b) Écoulement eau-vapeur de type “slug”

FIGURE 1.2 – Transition : écoulement stratifié, écoulement de type “slug”

La deuxième configuration, représentée en FIGURE 1.2 décrit un écoulement eau-vapeur stra-
tifié [15, 54, 55] localisé au niveau de la branche froide du circuit secondaire alimentant le gé-
nérateur de vapeur (GV). Lors de certains régimes de fonctionnement dits hors-charge, un filet
de vapeur peut remonter le long du circuit secondaire. Les deux phases circulent alors à contre-
courant l’une de l’autre. Dans ce contexte, on définit uI, la vitesse matérielle associée à l’interface
eau-vapeur. Sous l’effet des forces de cisaillement, cette interface eau-vapeur se déforme progres-
sivement et une instabilité de type Kelvin-Helmholtz [62] se développe. Comme illustré sur la FI-
GURE 1.2b, pour des échelles de temps suffisamment longues, l’écoulement stratifié peut se trans-
former en écoulement de type “slug” [15, 54, 55] où des poches de vapeurs se retrouvent piégées
au sein de l’écoulement d’eau liquide. Par la suite, la condensation brutale de ces poches peut gé-
nérer des ondes de choc appelées coups de bélier de condensation dont l’impact sur les structures
peut engendrer des déformations, des fissures ou même des brèches.

Outre la spécificité inhérente à l’aspect diphasique des écoulements présentés ci-dessus, on
peut également identifier d’autres particularités relatives aux ordres de grandeur de certaines
quantités d’importance. En effet, des mesures expérimentales révèlent que :

|uI| ≈ 1m.s−1,
∣∣∣u0

liq

∣∣∣≈ 1m.s−1,
∣∣∣u∗

liq

∣∣∣= 0m.s−1. (1.1)

Par ailleurs, on peut également introduire :

csat
vap = 481m.s−1, csat

liq = 909m.s−1, (1.2)

les vitesses du son de la phase vapeur et de la phase liquide sur la courbe de saturation à tem-

pérature Tsat = 300◦ C. Définissant cI = min
(
csat

vap, csat
liq

)
, on constate alors que pour l’ensemble des

écoulements présentés ci-dessus :

MI =
|uI|
cI

¿ 1, Mliq =

∣∣∣u0
liq

∣∣∣
csat

liq

¿ 1, M∗ =

∣∣∣u∗
liq

∣∣∣
csat

liq

= 0. (1.3)

La faible valeur du nombre de Mach dans chacune de ces configurations, assortie au fait que les
phases considérées sont systématiquement dotées d’une équation d’état thermodynamique, sont
des caractéristiques des écoulements dits compressibles à faible vitesse.

Par ailleurs deux échelles de temps tref différentes peuvent être associées aux phénomènes
présentés ci-dessus. La première, commune à l’écoulement stratifié FIGURE 1.2a et au régime no-
minal FIGURE 1.1a, se base sur la dynamique des ondes matérielles dont les vitesses sont uI et

2



1.2. Contexte scientifique

u0
liq :

t I
ref =

L

|uI|
≈ t 0

ref =
L∣∣∣u0
liq

∣∣∣ , (1.4)

où L est une longueur caractéristique de la conduite (par exemple son diamètre). La deuxième
échelle de temps caractéristique est rattachée à la propagation du coup de bélier de la FIGURE 1.1b.
Le front de discontinuité entre les zones de pression p0

liq et p∗
liq se déplace alors à une vitesse

proche de csat
liq . On peut donc écrire :

t∗ref =
L

csat
liq

. (1.5)

Un grand écart relatif existe donc entre les dynamiques des phénomènes étudiés puisque t 0
ref/t∗ref =

1/Mliq À 1. On peut enfin souligner une différence importance quant aux variations de pression
relevées dans chacun des scénarios présentés. En effet, dans le cadre de l’écoulement stratifié ou
au cours du régime nominal précédant la fermeture de la vanne, les fluctuations de pression dans
la phase vapeur ou la phase liquide sont très faibles. En revanche, celles associées au coup de bé-
lier mécanique sont, pour un fluide aussi dense et aussi peu compressible que l’eau liquide, très
importantes.

Les phénomènes physiques décrits dans les exemples industriels précédents sont à la croisée
des chemins entre plusieurs domaines des mathématiques appliqués à la mécanique des fluides
compressibles. Tout d’abord, l’interaction entre l’eau et sa vapeur dans la configuration 1.2 relève
de la modélisation diphasique des écoulements. Ensuite, dans le cadre des scénarios 1.2a et 1.1a, la
prépondérance des ondes matérielles combinée à l’absence de sauts de pression de grande am-
plitude appellent à faire le parallèle avec les écoulements à faible nombre de Mach (où en général
la densité est faible et la compressibilité importante). Enfin, dans le cadre de la configuration 1.1b,
l’apparition et la propagation d’un saut de pression de grande amplitude dans un écoulement uni-
formément à faible vitesse requiert l’étude d’un régime asymptotique particulier propre aux coups
de bélier.

Par la suite, chacun de ces différents axes sont présentés en regard de la littérature déjà exis-
tante.

1.2 Contexte scientifique

Conformément aux thèmes évoqués dans les éléments de contexte, on aborde ici successive-
ment les notions de modélisation diphasiques des écoulements, la convergence asymptotique des
équations d’Euler compressible vers le système d’Euler incompressible ainsi que celle vers un autre
modèle asymptotique appelé système d’Allievi.

1.2.1 Modélisation diphasique des écoulements à phases compressibles

La modélisation diphasique des écoulements à phases compressibles est un domaine en plein
essor depuis une cinquantaine d’années. Comme proposé dans les ouvrages [36, 54, 55], le point
de départ consiste à représenter ces écoulements comme un ensemble de domaines monopha-
siques séparés par des interfaces mobiles. Au sein de chacune des régions délimitées par ces in-
terfaces, la phase en présence vérifie les équations de Navier-Stokes. Les interfaces sont quant à
elle modélisées par des lois algébriques et leur évolution prend en compte les multiples échanges
mécaniques, thermiques et chimiques entre les différents domaines délimités.

Du point de vue de la simulation numérique, la prise en compte de l’ensemble des échelles
spatiales définies par les interfaces suppose d’utiliser des méthodes de suivi dites Lagrangiennes.
Ces dernières peuvent se révéler inadaptées lorsque l’échelle caractéristique des bulles ou des
gouttes présentes dans l’écoulement est bien plus petite que la taille de maille considérée. De
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plus, lorsque le nombre d’interfaces à suivre augmente considérablement, ces méthodes peuvent
s’avérer coûteuses en temps de calcul.

Dans ce contexte, deux alternatives basées sur des méthodes Eulériennes peuvent être men-
tionnées. Il s’agit de la modélisation diphasique par approche homogène et par approche bifluide.
Ces techniques reposent sur un principe de moyennisation temporelle, spatiale ou statistique (voir
[35, 54]) permettant de remplacer les interfaces discontinues, introduites initialement entre les
phases, en interfaces diffuses. Les spécificités relatives à chacune de ces méthodes de modélisa-
tion sont décrites ci-dessous.

Approche homogène

Dans le cadre de la modélisation diphasique par approche homogène, les deux phases sont
décrites comme un seul et même fluide. Dans le cas plus spécifique du modèle homogène équi-
libré (HEM en anglais) [20], des équilibres en vitesse, pression, température ainsi qu’en potentiel
chimique sont supposés entre les deux phases. On suit alors l’évolution du fluide à travers une
densité ρ, une quantité de mouvement ρu ainsi qu’une énergie totale ρe de mélange. Le système
d’équations aux dérivées partielles (EDP) vérifié par ces variables est alors très similaire au sys-
tème d’Euler compressible :

∂t ρ+∇· (ρu) = 0, (1.6a)

∂t (ρu)+∇· (ρu⊗u+p I) = 0, (1.6b)

∂t (ρe)+∇· ((ρe +p)u) = 0, (1.6c)

e = |u|2
2

+ε, ε= εEOS (
ρ, p

)
. (1.6d)

L’équation d’état présentée en (1.6d) relie l’énergie interne du mélange ε à la densité et la pression.
Dans le cadre d’écoulements diphasiques, cette dernière peut être approximée par une loi d’état
tabulée [50, 91]. Une autre alternative est basée sur la résolution d’un problème de maximisation
sous contrainte pour l’entropie du mélange [7]. Si l’hypothèse d’équilibre en potentiel chimique
est relâchée, une équation supplémentaire sur le titre massique doit être ajoutée. On obtient alors
un modèle dit homogène relaxé (HRM en anglais) [12, 34]. Enfin, le déséquilibre en vitesse entre
les deux phases peut être également ré-introduit à travers une loi de fermeture à l’intérieur du flux
de quantité de mouvement et éventuellement d’un des flux de masse. On parle alors de modèle de
dérive (“drift-flux model” en anglais) [38, 47, 93].

La nature des modèles présentés ci-dessus est telle que ces derniers sont plutôt adaptés aux
écoulements diphasiques dispersés [15, 54] présentant une certaine uniformité spatiale (distribu-
tion homogène de bulles de vapeur au sein d’un écoulement d’eau liquide). Leur formalisme basé
sur une écriture conservative des flux permet par ailleurs de poser un cadre mathématique rigou-
reux. Du point de vue de la simulation numérique, ceci se traduit par une certaine robustesse des
solveurs développés notamment pour les écoulements dans le coeur des REP (code THYC d’EDF
[67], code FLICA du CEA [90]).

Ils sont nettement moins appropriés lorsqu’ apparaissent des phénomènes thermodynami-
quement hors-équilibre comme la métastabilité [16]. Ces modèles peuvent également manquer
de précision dans des configurations d’écoulements stratifiés où les vitesses de chaque phase
peuvent être fortement décorrélées.

Approche bifluide

Contrairement aux modèles homogènes, la modélisation diphasique par approche bifluide
considère les phases comme deux fluides distincts. En accord avec la notion d’interfaces diffuses,
cette approche repose sur un processus de moyennisation des lois de conservation vérifiées par
chacune des phases k ∈ {1, 2}. Ces lois de conservation sont au préalable pondérées par une fonc-
tion couleur qui spécifie la présence ou l’absence de la phase k dans le domaine d’étude.
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Dans le cas le plus général, chaque phase admet donc une EDP relative à sa propre densité
moyenne αk ρk , quantité de mouvement moyenne αk ρk uk et énergie totale moyenne αk ρk ek . La
variable αk représente le taux de présence moyen de la phase k au sein du domaine considéré.
La dynamique de cette variable est souvent modélisée par une équation de transport (appelée
également équation topologique) impliquant une vitesse interfaciale uI. Par ailleurs, une pression
interfaciale pI intervient également dans la partie convective de ces modèles.

Qui plus est, les variables thermodynamiques de chaque phase sont liées par une loi d’état
indépendante des variables de l’autre phase. Aucun équilibre entre les vitesses, les pressions, les
températures ou les potentiels chimiques des deux phases n’est donc a priori supposé. De ce fait,
l’approche bifluide contient intrinsèquement une plus grande richesse quant à la gamme d’écou-
lements diphasiques qu’elle peut représenter.

En contrepartie, de nombreuses lois de fermeture doivent être spécifiées. Ces dernières modé-
lisent notamment les échanges mécaniques et thermodynamiques entre les phases mais caracté-
risent également la vitesse et la pression interfaciales. Encore à l’heure actuelle, aucun consensus
clair n’existe quant aux critères de détermination de ces lois de fermeture. Différents travaux fon-
damentaux de modélisation diphasique par approche bifluide sont donc présentés ci-dessous.

Un des premiers modèles bifluides à deux vitesses et deux pressions appliqués aux écoule-
ments eau-vapeur a été introduit par Ransom et Hicks [79]. On peut aussi mentionner le modèle
à une seule pression de Stewart et Wendroff [87]. Dans le cadre de scénarios de combustion de
matériaux granulaires baignant dans une phase de gaz brûlés, le modèle de Baer et Nunziato [5]
a été également pionnier. Ce dernier a largement été repris pour le même type d’applications par
Kapila et al. [60, 61] mais aussi pour des écoulements eau-vapeur [42, 45].

Une version isentropique et monodimensionnelle du modèle de Baer et Nunziato sera étudiée
dans le cadre de la deuxième partie de cette thèse. Aussi, il nous paraît important de présenter, au
préalable, le système d’EDP général (i. e. avec équations d’énergie) de ce modèle. Dans un forma-
lisme multidimensionnel, ce dernier s’écrit donc :

∂t αk + uI ·∇αk = (−1)k+1Φα,
∂t mk + ∇· (mk uk ) = (−1)k+1Φm ,
∂t mk uk + ∇· (mk uk ⊗uk +αk pk I

) − pI∇αk = (−1)k+1Φmu ,
∂t mk ek + ∇· ((mk ek +αk pk )uk

) − pI uI ·∇αk = (−1)k+1Φme ,

avec : mk = αk ρk , ek = |uk |2
2

+εk , εk = εEOS
k

(
ρk , pk

)
.

(1.7)

Les termes à droite des égalités modélisent les échanges mécaniques, chimiques et thermiques
entre les deux phases. Dans le cadre des travaux présentés dans [52, 71], une proposition de lois
de fermeture est faite pour chacun de ces termes. Elle s’appuie sur le principe d’augmentation de
l’entropie de mélange des deux phases. D’autres approches basées sur l’augmentation des entro-
pies phasiques sont explorées dans [42, 75].

Par ailleurs, on remarque que la vitesse et la pression interfaciales
(
uI, pI

)
interviennent en fac-

teur du gradient du taux de présence. On constate alors que dans les régions où αk est constant,
ces termes non-conservatifs disparaissent et le système (1.7) est similaire à deux systèmes d’Euler
compressibles découplés. Dans le cas non constant, ces termes sont cruciaux car ils modélisent
l’interaction entre les deux phases à travers une onde de couplage. Plusieurs fermetures pour le
couple

(
uI, pI

)
ont été proposées dans la littérature [44, 79, 82]. On peut également mentionner

[1] où des fermetures discrètes sont proposées. On peut notamment distinguer les travaux de Co-
quel et al. [21] et Gallouët et al. [40] qui proposent des formes admissibles de vitesse interfaciale
afin d’assurer le caractère linéairement dégénéré de l’onde de couplage entre les deux phases. Ce
faisant, les produits non-conservatifs présents dans le système (1.7) peuvent être complètement
définis au sens faible. Une fois uI définie, la pression interfaciale pI est également déduite à l’aide
du critère portant sur le bilan d’entropie de mélange du système.

Au delà des modèles de type Baer-Nunziato, l’approche bifluide est très utilisée pour déve-
lopper certains codes industriels dans le domaine du nucléaire. On peut mentionner le code CA-
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THARE [11] développé par le CEA, NEPTUNE_CFD [46] dans le cadre du consortium EDF-CEA-
IRSN-AREVA, mais aussi les codes RELAP5 [66] et RELAP7 [10] pour le nucléaire américain.

Les approches homogène et bifluide présentées ci-dessus permettent à présent de justifier
les choix de modélisation effectués dans cette thèse afin de traiter les configurations (1.1) et (1.2)
introduites dans les éléments de contexte industriel. En effet, la configuration présentée en (1.2a)
correspond à un écoulement stratifié eau-vapeur en conduite où la déformation de l’interface est
engendrée par le déséquilibre en vitesse entre les deux phases. L’approche bifluide, basée sur un
modèle monodimensionnel de type Baer-Nunziato isentropique incluant des termes sources de
relaxation en pression et en vitesse sera donc privilégiée pour ce type de scénario. Il convient de
remarquer que la condensation brutale des poches de vapeurs au sein du régime de type “slug”
n’entre pas dans le cadre de ces travaux de thèse. Un modèle de type Baer-Nunziato avec équations
d’énergie et effets de relaxation en pression, vitesse, potentiel chimique et température aurait été
requis pour étudier un tel phénomène.

En revanche, aucun déséquilibre eau-vapeur n’est la cause de la transition entre le régime
d’écoulement nominal et le coup de bélier mécanique présentés en (1.1a), (1.1b). Par ailleurs, le
caractère monophasique liquide de l’écoulement pousse à adopter l’approche homogène pour ce
type de scénario.

1.2.2 Amplitude des sauts de pression pour les écoulements à phases compressibles à
faible vitesse

Comme cela a été brièvement mentionné dans les éléments de contexte, le mécanisme à l’ori-
gine des coups de bélier mécaniques relève de la conversion brutale de l’énergie cinétique en éner-
gie interne du fluide considéré. Ce transfert s’effectue à travers la loi d’état et son ordre de grandeur
dépend de la compressibilité du fluide mis en jeu. Rappelons par ailleurs que cet événement par-
ticulier se développe au sein d’un écoulement compressible à basse vitesse. Deux analyses asymp-
totiques formelles, menées lorsque le nombre de Mach tend vers zéro, permettent alors de rendre
compte de la présence ou de l’absence d’importants sauts de pression liés à l’occurrence de ce
phénomène.

Ces analyses sont présentées ci-dessous.

Limite asymptotique vers le modèle Euler incompressible

Beaucoup de travaux de la littérature sur les écoulements à faible nombre de Mach [27, 33,
48, 49, 65, 74] traitent de la convergence formelle des solutions du système d’Euler compressible
(1.6) vers celles issues du système d’Euler incompressible. Des résultats théoriques rigoureux ont
par ailleurs été établis dans les travaux de Klainerman et Majda [63, 64] pour le système d’Euler
isentropique ainsi que ceux de Schochet et Métivier [73, 83] pour le système d’Euler complet.

Nous ne soulignons ici que les hypothèses clefs utilisées au cours de ces analyses et commen-
tons la compatibilité du modèle asymptotique obtenu avec la propagation d’un saut de pression
de grande amplitude au sein d’un écoulement d’eau liquide.

L’analyse asymptotique repose sur l’adimensionnement du système (1.6). Le temps de réfé-
rence tref associé aux dérivées partielles temporelles est alors construit à l’aide d’une vitesse ma-
térielle de référence uref ainsi qu’une longueur de référence lref :

tref =
lref

uref
. (1.8)

Les estimations des temps caractéristiques proposées en (1.4) et (1.5) permettent dors et déjà de
remarquer que l’adimensionnement par tref convient davantage au régime nominal (1.1a) qu’à la
propagation d’un coup de bélier (1.1b).

Un second point d’importance concerne l’adimensionnement du gradient de pression. Consi-
dérons ρref, pref et cref une densité, pression et vitesse du son de référence propres au fluide étudié.
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Dans de nombreux travaux, ces quantités sont reliées par la relation :

pref = ρref c2
ref. (1.9)

La pertinence de cette égalité peut être discutée suivant le niveau de compressibilité du fluide
considéré. En effet, on peut remarquer que

ρref c2
ref =

1

βref
,

avec β=−1

τ

∂τ

∂p |s
, τ= 1/ρ,

(1.10)

le coefficient de compressibilité isentropique. On peut alors relever de très grandes variations de
valeur de βref entre de l’air compressible à température et pression ambiante et de l’eau très peu
compressible circulant dans le circuit secondaire d’un REP. Dans le premier cas cela conduit à un
ordre de grandeur de pref cohérent. Dans le second cas la valeur obtenue surestime largement les
données expérimentales. En effet, pour de l’eau liquide circulant dans le circuit secondaire d’un
REP à une pression de l’ordre de 150 bar et une température de 300◦ C on obtient une valeur de
pref de l’ordre de 104 bar.

Dans tous les cas, on peut définir le nombre de Mach de référence de l’écoulement comme :
M = uref/cref. L’analyse asymptotique basée sur les égalités (1.8), (1.9) conduit alors à une décom-
position de la pression adimensionnée de la forme :

p (x, t ) = p0 (t )+M2π (x, t )+O
(
M3) . (1.11)

Dans l’égalité (1.11), p0 (t ) est une pression thermodynamique déterminée à l’aide des conditions
limites aux bords du domaine d’étude. L’expression π (x, t ) désigne quant à elle une pression hy-
drodynamique qui n’est plus reliée à la densité et à l’énergie interne à travers la loi d’état. Cette
dernière modélise les forces de pression dans le système d’Euler incompressible :

∂t ρ+u ·∇ρ= 0, (1.12a)

∂t u+u ·∇u+τ∇π= 0, (1.12b)

∇· u = 0. (1.12c)

La décomposition (1.11) indique par ailleurs que les fluctuations spatiales de la pression totale adi-
mensionnée sont de l’ordre de M2. Dans le cadre d’un écoulement compressible à faible vitesse,
M2 ¿ 1 et ces variations sont donc infinitésimales. Ceci contraste avec l’amplitude du saut de
pression relatif observée lors d’un coup de bélier. L’étude asymptotique menant au modèle (1.12)
n’est donc pas satisfaisante pour traiter correctement l’apparition et la propagation des coups de
bélier mécaniques.

Une autre analyse asymptotique permettant de mieux prendre en compte ces phénomènes est
présentée ci-dessous.

Limite asymptotique vers le modèle d’Allievi

L’étude asymptotique présentée ici mène au modèle d’Allievi [2]. Bien que les lois de conser-
vation linéaires de ce dernier soient très simples, il fournit néanmoins des estimations précises
sur les sauts de pression lors de coups de bélier mécanique pour de l’eau liquide à température
constante. Ce modèle peut, par ailleurs, être enrichi afin de prendre en compte les sauts de sec-
tion ainsi que l’interaction fluide-structure (IFS) dans les conduites où le coup de bélier se propage
[9, 43].

Le point de départ de l’analyse est le système d’Euler compressible à température constante.
Contrairement à la technique d’adimensionnement précédente, le temps de référence associé à
l’opérateur temporel est construit sur les vitesses d’ondes acoustiques :

tref =
lref

cref
. (1.13)
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De plus la pression de référence s’écrit maintenant comme :

pref = ρref cref uref. (1.14)

Cette définition est en accord avec les niveaux de pression caractéristiques d’un écoulement en
conduite d’eau liquide à une vitesse de l’ordre du mètre par seconde et dont la température ne
dépasserait pas les 179◦ C (température de saturation pour un niveau de pression de l’ordre de
la dizaine de bar). Réécrit en variables pression-vitesse, les solutions régulières du modèle sans
dimension vérifient alors formellement à l’ordre zéro :

∂t p +ρc2∇ · u = 0, (1.15a)

∂t u+τ∇p = 0. (1.15b)

En supposant que la densité et la vitesse du son de l’eau varient très peu autour d’un couple
(
ρ0, c0

)
constant à température donnée, le modèle d’Allievi s’écrit alors :

∂t p +∇ · (ρ0 (c0)2 u) = 0, (1.16a)

∂t u+∇(τ0 p) = 0. (1.16b)

Les valeurs propres de ce modèle hyperbolique linéaire sont ±c0. L’application des relations de
Rankine-Hugoniot aux équations (1.16) pour un écoulement monodimensionnel permettent alors
d’écrire les relations de saut de Joukowski [59] :[

p
]=±ρ0 c0 [u] , (1.17)

où
[
φ

]
symbolise le saut associé à la variableφ à travers une discontinuité. Cette relation fait écho

à l’adimensionnement (1.14) et permet d’estimer les bons niveaux de sauts de pression associés
à la propagation d’un coup de bélier mécanique pour un écoulement d’eau liquide en conduite
[85].

1.3 Objectifs des travaux

L’objectif de ce travail de thèse est de proposer des méthodes numériques nouvelles pour la
simulation de deux scénarios de transition d’écoulements diphasiques relatifs aux FIGURE 1.1,
1.2 :

(I) Transition rapide d’un régime d’écoulement nominal monophasique liquide à l’apparition
et la propagation d’un coup de bélier mécanique.

(II) Évolution d’un écoulement stratifié eau-vapeur vers un écoulement eau-vapeur de type
“slug”.

À la lumière des éléments introductifs présentés ci-dessus il s’avère que les écoulements au sein
des scénarios (I) et (II) sont compressibles et à basse vitesse matérielle.

Par ailleurs, les différents régimes d’écoulement associés au point (I) peuvent être modélisés
par une approche homogène. Qui plus est, lorsque le nombre de Mach tend vers zéro, deux mo-
dèles asymptotiques distincts sont sous-jacents à ce scénario de transition. Les très faibles fluctua-
tions de pression observées lors du régime d’écoulement nominal suggèrent une proximité avec
le modèle d’Euler incompressible. En revanche, la propagation rapide d’un saut de pression de
grande amplitude liée au coup de bélier appelle à considérer le modèle d’Allievi et les relations de
sauts de Joukowski.

Le régime d’écoulement de type “slug” du point (II) résulte d’une déformation de l’interface
eau-vapeur due à un écart de vitesse entre les deux phases. Ce scénario de transition sera donc
modélisé avec une approche bifluide.
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1.4 Synthèse des travaux

Faisant écho aux scénarios de transition présentés en (I) et (II) , les travaux de thèse sont sépa-
rés en deux parties. La première propose d’aborder les difficultés relatives aux point (I) sous l’angle
des méthodes numériques dites multi-régimes. La seconde se focalise sur le développement d’un
nouveau schéma numérique pour un modèle de type Baer-Nunziato isentropique. Sa ligne direc-
trice repose sur la prise en compte du couplage entre opérateur de convection et opérateur de
relaxation pour ce type de modèle bifluide.

1.4.1 Partie I : Écoulements compressibles à faible vitesse et brusques sauts de pres-
sion

Comme annoncé précédemment, la première partie de ce travail se focalise sur le dévelop-
pement d’une méthode numérique dite multi-régimes [17] pour des modèles diphasiques homo-
gènes. Le jeu d’équations aux dérivées partielles (EDP) étudié est alors similaire au système d’Euler
compressible (1.6).

Rappelons que dans ce système, ρ, u, p et e désignent respectivement la densité, le vecteur
vitesse, la pression ainsi que l’énergie totale spécifique de la phase de mélange étudiée. Comme
précisé en (1.6d), l’énergie totale spécifique est composée de la somme de l’énergie cinétique et
de l’énergie interne spécifique ε. Cette dernière est reliée à la densité et à la pression via l’équation
d’état générale décrite également en (1.6d). Par la suite on introduit aussi

c
(
ρ, p

)
, (1.18)

la vitesse du son associée au système d’Euler compressible.

Contexte

Au sein de ce travail, la notion d’écoulement compressible multi-régimes fait référence à trois
types de configuration :

(i) L’écoulement est tel que le nombre de Mach moyen est supérieur ou égal à un. La compressi-
bilité du fluide considéré permet alors l’apparition d’ondes de choc et d’ondes de raréfaction
associées à de fortes variations de pression.

(ii) L’écoulement est tel que le nombre de Mach maximal sur le domaine d’étude est très pe-
tit devant un. De plus, le fluide considéré est suffisamment peu dense pour admettre une
équation d’état telle que le saut de pression relatif, au travers d’une onde de choc, est borné
devant le nombre de Mach. Il en résulte que seules des variations de pression de petite am-
plitude peuvent traverser l’écoulement.

(iii) De manière similaire à la configuration précédente, le nombre de Mach maximal de l’écou-
lement est très petit devant un. En revanche, le fluide considéré est très dense et possède
une équation d’état qualifiée de “raide” ce qui signifie une faible compressibilité. Des ondes
non-linéaires associées à des variations de pression de grande amplitude peuvent alors se
propager à travers le domaine d’étude ; ceci même si le nombre de Mach de l’écoulement est
très petit devant un.

À titre d’illustration on pourra donner, dans le cas de la configuration (i) , l’exemple d’un écoule-
ment d’air autour du profil d’aile d’un avion se déplaçant à la vitesse du son [26]. Parmi l’immense
variété d’écoulements eau-vapeur en conduite auxquels pourrait correspondre la configuration
(ii) , on peut mentionner la déformation progressive de l’interface eau-vapeur au sein d’un écou-
lement stratifié menant progressivement à un régime de type “slug” [54]. Enfin, la configuration
(iii) fait écho à des phénomènes transitoires violents tels que les coups de bélier d’origine méca-
nique [43]. On pourra notamment mentionner l’expérience due à Simpson [85] impliquant un
écoulement d’eau liquide en conduite et où la brusque fermeture d’une vanne provoque des va-
riations de pression de 15 bar, se propageant à 1280 mètres par seconde dans un écoulement dont
la vitesse matérielle reste de l’ordre du mètre par seconde.
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Le développement d’une méthode numérique “multi-régimes”, au sens de la définition don-
née dans [17], implique que deux objectifs sont atteints quelle que soit la configuration d’écoule-
ment rencontrée. Ces objectifs sont les suivants :

1. La discrétisation spatiale de la méthode proposée doit être capable de capturer précisément
les ondes d’intérêt du régime rencontré.

2. Considérons C , le nombre de Courant basé sur les valeurs propres associées aux ondes d’in-
térêt du régime étudié. La zone de stabilité du schéma numérique développé doit contenir
des valeurs de C proches de l’unité.

Précisons que dans le cadre des régimes d’écoulement (i) et (iii) l’attention se porte a priori sur les
ondes de choc et de raréfaction associées aux champs vraiment non-linéaires. Les vitesses carac-
téristiques de ces ondes sont alors |u|+c pour la configuration (i) et |u|+c ≈ c pour (iii) . Le régime
d’écoulement (ii) se focalise quant à lui sur la propagation des ondes matérielles ou plus généra-
lement sur les ondes de contact associées au champ linéairement dégénéré du système (1.6). Leur
vitesse caractéristique est donnée par |u| qui, par définition d’un écoulement à faible nombre de
Mach, est très petite devant c.

La méthode numérique multi-régimes résultant des chapitre 2 et chapitre 3 est construite pas
à pas. Dans le chapitre 2, la structure générale de l’approche ainsi que les éléments théoriques
clefs sont présentés et étudiés. Ces concepts se traduisent alors par un schéma volumes-finis dont
l’intégration explicite en temps permet de traiter, au sens des objectifs 1. et 2. , des régimes d’écou-
lement proches de (i) et (iii) . Les lignes directrices ayant déjà été posées, le chapitre 3 modifie le
schéma numérique précédent en y proposant une intégration en temps semi-implicite. Ce cha-
pitre s’attache alors à montrer que la méthode développée est capable de remplir les objectifs 1. et
2. lors de scénarios de transition entre les régimes (ii) et (iii) . Précisons enfin que, dans le cadre du
chapitre 3, la méthode numérique développée afin de traiter convenablement le régime d’écou-
lement (ii) ne se focalise que sur l’obtention des objectifs 1. et 2. . En particulier, la propriété de
préservation de l’asymptotique du système d’Euler incompressible démontrée dans de nombreux
travaux [27, 33, 49] n’a pas fait l’objet d’une étude dédiée dans ce chapitre.

Chapitre 2 : Splitting d’opérateur dépendant du nombre de Mach pour le système d’Euler

Inspiré des travaux de Baraille et al. [6] et Klein [65], ce chapitre propose d’aborder la problé-
matique des écoulements multi-régimes en introduisant un splitting au sein du système (1.6). On
met alors en évidence un opérateur dit convectif responsable des phénomènes de transport à vi-
tesse matérielle et un opérateur acoustique à l’origine des variations de pression au sein de l’écou-
lement. Ces deux opérateurs sont alors associés à deux sous-systèmes d’équations aux dérivées
partielles C (pour l’opérateur convectif) et A (pour l’opérateur acoustique) donnés par :

C :


∂t ρ+∇· (ρu) = 0,

∂t (ρu)+∇· (ρu⊗u+E 2
0 (t ) p I

)= 0,

∂t (ρe)+∇· ((ρe)+E 2
0 (t ) p)u

)= 0,

(1.19)

A :


∂t ρ= 0,

∂t (ρu)+∇· ((1−E 2
0 (t )) p I

)= 0,

∂t (ρe)+∇· ((1−E 2
0 (t )) p u

)= 0.

(1.20)

Il est important de remarquer qu’un paramètre temporel E0(t ) apparaît dans ces sous-systèmes
conservatifs. On comprend alors qu’au cours du temps, l’évolution de E0(t ) peut engendrer un
splitting de nature différente. Dans ce chapitre, le paramètre E0(t ) est une fonction du nombre de
Mach maximal instantané de l’écoulement dans le domaine d’étude Ω. On le définit comme :

E0(t ) ∝ max
(
Ei n f , min(Mmax (t ), 1)

)
,

Mmax (t ) = sup
x∈Ω

(
M(x, t ) = |u(x, t )|

c(x, t )

)
, 0 < Ei n f ¿ 1.

(1.21)
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Par construction, ce paramètre prend ces valeurs dans ]0, 1]. Ainsi, les écoulements dont le
nombre de Mach maximal à l’instant t est supérieur ou égal à un seront associés à l’asympto-
tique E0(t ) → 1. On peut alors remarquer que le sous-système C converge formellement vers le
système d’Euler complet pendant que le sous-système A dégénère en un système stationnaire. En
revanche, si le nombre de Mach maximal de l’écoulement est très petit devant un, E0(t ) → 0+ et les
termes liés au gradient de pression disparaissent totalement de C pour ré-apparaître dans A. On
tend alors vers un découplage complet des phénomènes convectifs et de la production d’ondes
acoustiques.

Par la suite, la méthode numérique proposée est basée sur une approche à pas fractionnaires
qui résout successivement, par le biais d’un schéma de type volumes-finis, le sous-système C et le
sous-systèmeA. Ceci requiert au préalable d’étudier le système d’EDP relatif à chacun de ces deux
nouveaux sous-systèmes. Ce chapitre se focalise en particulier sur l’hyperbolicité, la structure des
champs (Proposition 2.2.1) ainsi que la positivité de la densité et de l’énergie interne spécifique
(Section 2.2.2) pour des lois d’état de type gaz raide. Sous réserve de positivité de la pression, les
deux sous-systèmes sont hyperboliques et deux nouvelles célérités c2

C > 0 et c2
A > 0 telles que,

(cC)2 + (
1−E 2

0

)
(cA)2 = c2, (1.22)

interviennent respectivement au sein de chacun d’eux. Les valeurs propres de chacun de ces sous-
systèmes s’écrivent :

λC1 = u −E0 cC ≤ λC2 = u ≤ λC3 = u +E0 cC ,

λA1 =−(
1−E 2

0

)
cA ≤ λA2 = 0 ≤ λA3 = (

1−E 2
0

)
cA.

(1.23)

Qui plus est, les champs 1 et 3 associés à ces ondes sont vraiment non-linéaires alors que les
champs 2 sont linéairement dégénérés.

La structure hyperbolique des sous-systèmes C et A suggère un choix de discrétisation impli-
quant des solveurs de Riemann approchés. Notons tout d’abord que la dépendance en temps du
paramètre E0(t ) ne perturbe pas la résolution du problème de Riemann général associé à chacun
des sous-systèmes. En effet, au niveau discret, la fonction t → E0(t ) est remplacée, avant chaque
résolution, par sa valeur prise au pas de temps précédent. Le paramètre E0 est donc constant
au cours de la résolution des sous-systèmes C et A. Dans ce chapitre, afin de contourner la dif-
ficulté relative à la prise en compte des champs vraiment non-linéaires, un schéma de relaxa-
tion [13, 23, 58] de type Suliciu [88] est appliqué à chacun des sous-systèmes. Comme mentionné
dans les éléments de contexte, dans ce chapitre, les deux sous-systèmes font l’objet d’une intégra-
tion explicite en temps. Par ailleurs, sous réserve d’une condition sous-caractéristique [92] légère-
ment modifiée, et avec un pas de temps discret basé sur les vitesses d’onde du système d’Euler, le
Lemma 2.3.1 et le Lemma 2.3.2 assurent la positivité de la densité ainsi que de l’énergie interne
spécifique obtenues avec l’approche à pas fractionnaires proposée.

Comme expliqué ci-dessus, dans le cadre du régime d’écoulement (i) , les valeurs discrètes
du paramètre E0 sont proches de un. Le schéma de relaxation associé au sous-système C tend
alors formellement vers un schéma de relaxation de type Suliciu pour le système d’Euler complet.
L’intégration explicite en temps des termes liés au gradient de pression implique alors que, sous
une condition CFL de la forme

∆t =C
∆x

sup
Ω

(|u|+ c)
, 0 <C < 1/2, (1.24)

le schéma proposé est stable et capture précisément les ondes liées aux champs vraiment non-
linéaires. Les objectifs 1. et 2. sont donc remplis.

Le régime (iii) présente, quant à lui, une difficulté supplémentaire intrinsèquement liée à la
discrétisation spatiale des schémas de type Godunov approchés. Comme expliqué dans [29–31],
cette difficulté est en réalité à mettre en relation avec une problématique plus générale d’incom-
patibilité entre ce type de solveur et l’espace des solutions incompressibles. Dans le cadre de l’ap-
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proche à pas fractionnaires proposée dans ce chapitre, cela se traduit par une diffusion numé-
rique prohibitive associée à l’équation de moment. En effet, pour des maillages grossiers et dans
la configuration (iii) , l’ordre de grandeur de cette dernière peut s’écrire comme

νnum = O

(
∆x

M

)
, ∆x À M, M ¿ 1. (1.25)

Adaptant la démarche présentée dans [17, 18], une analyse sur l’erreur de troncature relative aux
schémas de relaxation de chacun des sous-systèmes puis sur celle produite par l’approche à pas
fractionnaires globale est menée. On montre alors que l’application d’une θ-correction similaire
à celle proposée dans [31, 39, 80] sur la partie décentrée du flux de quantité de mouvement du
sous-système A permet de réduire la diffusion numérique de l’approche à

νnum,θ = O

(
θ∆x

M

)
≈ O(∆x) , ∆x À M, M ¿ 1. (1.26)

La méthode à pas fractionnaires proposée dans ce chapitre est par la suite comparée à une ap-
proche de type Lagrange-Projection décrite dans [17] et dont le splitting a été proposé dans [22].
Les deux schémas sont testés sur une série de tube à choc de type Sod [86] en faisant varier le
nombre de Mach maximal de l’écoulement Mmax ainsi que la raideur de l’équation d’état du
fluide étudié. Le régime d’écoulement (i) correspond alors à des tubes à choc dont le fluide est
peu dense et doté d’une loi d’état de type gaz parfait. Les cas tests associés au régime (iii) , quant à
eux, utilisent un fluide dense et une loi d’état de type gaz raide. Il s’avère que dans le cadre du ré-
gime (i) , l’approche proposée est aussi précise et aussi efficace que la méthode de type Lagrange-
Projection. En revanche, l’activation de la θ-correction dans le cadre du régime (iii) produit, au
travers des ondes vraiment non linéaires et sur des maillages grossiers, des oscillations artificielles
plus importantes pour le schéma proposé que pour le schéma Lagrange-Projection.

Chapitre 3 : Un schéma implicite-explicite adapté aux écoulements compressibles multi-régimes

Dans la lignée du chapitre précédent, le chapitre 3 ré-utilise le même splitting ainsi que les
mêmes sous-systèmes C et A sous-jacents. Néanmoins, on s’intéresse ici au régime d’écoulement
(ii) dont les ondes d’intérêt correspondent à l’onde de contact du système d’Euler. Pour des écou-
lements compressibles à faible nombre de Mach cette dernière se propage très lentement rela-
tivement aux ondes produites par l’opérateur acoustique. En effet, si l’on introduit de manière
formelle

C|u| = ∆t |u|
∆x

, (1.27a)

C|u|+c = ∆t (|u|+ c)

∆x
, (1.27b)

les nombres de Courant basés respectivement sur la valeur propre de l’onde de contact et les va-
leurs propres des ondes vraiment non-linéaires, on peut remarquer que :

C|u| = M

1+M
C|u|+c ¿

M¿1
C|u|+c . (1.28)

Si, comme au chapitre précédent, le sous-système acoustique est discrétisé à l’aide d’un solveur
de Riemann approché d’ordre un, intégré explicitement en temps, alors la contrainte sur le pas de
temps afin de garantir la stabilité du schéma numérique s’écrira C|u|+c ≈ 1. Pour des temps de si-
mulation basés sur la vitesse matérielle |u|, la précision sur l’onde de contact sera, par conséquent,
grandement détériorée de par l’application répétitive de l’opérateur de diffusion numérique sur
un nombre important de pas de temps trop petits.

Le schéma numérique développé dans ce chapitre repose également sur une technique à pas
fractionnaires. Comme au chapitre précédent, un schéma de relaxation explicite en temps est ap-
pliqué au sous-système C. Néanmoins, afin de traiter la difficulté relative à la précision sur les
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1.4. Synthèse des travaux

ondes de contact lentes, ce chapitre propose une intégration implicite en temps du sous-système
acoustique A. Pour ce faire, le même modèle de relaxation ayant servi à construire le solveur de
Godunov approché du chapitre précédent est considéré. On cherche alors à construire une esti-
mation implicite de

(
Π∗
A

)
f et

(
u∗
A

)
f , la pression et la vitesse créées à la face f d’un maillage mo-

nodimensionnel par le problème de Riemann associé à ce système de relaxation acoustique. Ces
variables interviennent notamment dans le flux acoustique donné par :

(
F∗
A

)
f =

(
1−E 2

0

) 0(
Π∗
A

)
f(

Π∗
A

)
f

(
u∗
A

)
f

 . (1.29)

Les estimations requises sont obtenues en adaptant les idées développées dans [17, 22]. Ces der-
nières se basent sur une ré-écriture équivalente du système d’EDP de relaxation acoustique met-
tant en évidence les équations de transport relatives à deux invariants de Riemann forts notés :

W = u − Π

aA
, R = u + Π

aA
, (1.30)

avec aA la constante de relaxation introduite dans ce modèle et Π la pression de relaxation. Par
définition, W ne saute qu’au travers de la discontinuité de contact associée à la valeur propre de
relaxation λ1

A = −(1−E 2
0 ) aAτ ; τ étant le volume spécifique 1/ρ. De manière symétrique, R ne

saute qu’au travers de l’onde de contact associée à λ4
A =+(1−E 2

0 ) aAτ. La FIGURE 1.3 représente
les régions d’invariance respectives de W et R dans le domaine espace-temps. L’axe spatial repré-
sente une cellule d’un maillage monodimensionnel délimitée par deux faces au niveau desquelles
les ondes se propagent. Sur la base de ces propriétés, une intégration implicite en temps des équa-
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FIGURE 1.3 – Comportement des invariants de Riemann forts

tions de transport associées à W et R est alors possible. Des relations (1.30), on peut alors déduire
les estimations attendues sur les variables

(
Π∗
A

)
f et

(
u∗
A

)
f .

Une fois le schéma numérique complètement défini, le chapitre se focalise sur deux types de
scénarios d’écoulement. Le premier correspond au cas où le régime (ii) est établi. Le pas de temps
discret est alors exprimé en fonction du nombre de Courant C|u| introduit en (1.27a). Une étude
heuristique basée sur la propagation d’une onde de contact isolée décrite en Section B de ce cha-
pitre suggère que, pour tout nombre de Mach, l’approche semi-implicite développée est stable
pour des valeurs de C|u| de l’ordre de 0.5. Par ailleurs, les courbes de convergence et d’efficacité
obtenues sur un problème de Riemann de type tube à choc révèlent que l’approche proposée est
aussi précise et coûteuse en temps CPU qu’une version semi-implicite de la méthode Lagrange-
Projection [17]. Le domaine de stabilité de cette dernière admet néanmoins des nombres de cou-
rant C|u| plus élevés que le schéma numérique de ce chapitre.

Le deuxième type de scénarios étudiés correspond à la transition rapide entre le régime (ii) et le
régime (iii) . Au cours du temps l’écoulement reste donc uniformément à faible nombre de Mach.
Néanmoins, des ondes de choc associées à de fortes variations de pression apparaissent au cours
de cette transition. Dans ce chapitre, deux nouveaux éléments viennent enrichir l’approche pro-
posée afin de traiter au mieux cette configuration particulière.

Premièrement, on complète la définition du paramètre E0 ∈ ]0, 1] en y incluant un détecteur
de choc dont le rôle est de faire tendre E0 vers 1 lorsqu’une variation de pression de grande am-
plitude traverse l’écoulement. Ce changement a un premier impact sur la discrétisation spatiale
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de la méthode. En effet, lorsque E0 passe soudainement de 0+ à 1, l’approche à pas fractionnaires
dont l’intégration en temps est explicite sur C et implicite sur A, se transforme en un solveur de
relaxation explicite en temps, consistent avec le système d’Euler complet.

Un second impact porte également sur l’ordre de grandeur du pas de temps discret utilisé par
le schéma. En effet ce dernier est construit en utilisant les valeurs propres λC1,3 (1.23) du sous-
système C. On peut l’écrire formellement comme :

∆t =CC
∆x

|u|+E0 cC
, CC ≈ 1/2. (1.31)

Ainsi, tant que le régime (ii) est établi, E0 tend vers 0+ et le pas de temps est similaire à celui basé
sur C|u| dans (1.27a). Puis, lors de la brusque transition vers le régime (iii) , E0 tend vers 1, cC tend
vers c de par la relation (1.22) et le pas de temps s’adapte automatiquement pour prendre des va-
leurs similaires à celui construit à partir des valeurs propres du système d’Euler complet (1.27b).
Notons que dans ce chapitre, le détecteur de choc proposé s’appuie simplement sur la relation de
Rankine-Hugoniot appliquée à l’équation de la masse du système d’Euler. Une autre piste, testée
mais non présentée dans ce manuscrit, est basée sur une estimation de célérité grâce à la rela-
tion de Joukowski (1.17). L’idée sous-jacente est d’intégrer l’information relative à l’amplitude des
sauts de pression issus du modèle asymptotique d’ Allievi (1.16) ; modèle qui caractérise bien la
propagation des coups de bélier hydrauliques.

La brusque transition entre le régime (ii) et le régime (iii) est illustrée à travers un cas test de
vérification dans lequel le fluide est dense et doté d’une loi d’état de type gaz raide. La solution
analytique, dont le nombre de Mach maximal reste inférieur à 10−2, se construit comme la suc-
cession de deux problèmes de Riemann produisant des niveaux très différents de pression et de
vitesse intermédiaires. Contrairement à la méthode semi-implicite de type Lagrange-Projection,
l’approche proposée dans ce chapitre adapte son pas de temps ainsi que la discrétisation spatiale
de son flux numérique afin de capturer avec un niveau de détail suffisant l’ensemble des états
intermédiaires créés.

1.4.2 Partie II : Couplage convection-source pour un modèle bifluide à deux pressions
et deux vitesses

La seconde partie des travaux de thèse se focalise sur les modèles diphasiques à deux pressions
et deux vitesses en présence de termes sources. Plus particulièrement, son objectif est de s’inté-
resser à l’interaction entre l’opérateur de convection et l’opérateur algébrique de relaxation pour
un système de type Baer-Nunziato isentropique soumis à des effets de relaxation en pression ainsi
qu’en vitesse. Dans le cadre d’un écoulement diphasique monodimensionnel, un tel système, ini-
tialement proposé dans sa forme générale avec équations d’énergie, par Baer et Nunziato dans [5]
peut s’écrire sous la forme :

∂t αk + uI∂x αk = (−1)k Kp (U)∆p,
∂t mk + ∂x mk uk = 0,
∂t mk uk + ∂x

(
mk u2

k +αk pk
) − pI∂x αk = (−1)k+1 Ku (U)∆u.

(1.32)

Ici k ∈ {1, 2} désigne l’indice de la phase correspondante. Les quantitésαk , mk , uk , ρk , pk désignent
respectivement le taux de présence statistique, la masse partielle, la vitesse, la densité ainsi que la
pression de la phase k. La masse partielle est reliée à la densité par la relation : mk = αk ρk . Dans
ce modèle isentropique, la densité et la pression sont reliées par une loi d’état thermodynamique
que l’on note :

pk = pEOS
k

(
ρk

)
,
(
pEOS

k

)′
(ρk ) > 0,

lim
ρk→0

pk = 0, lim
ρk→∞pk =+∞.

(1.33)

Des opérateurs différentiels dits non-conservatifs sont également présents dans ce modèle. Ils cor-
respondent aux termes :

uI∂x αk , pI∂x αk , (1.34)
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où le couple
(
uI, pI

)
désigne une vitesse et une pression interfaciales que l’on prendra égal à(

u2, p1
)
. Enfin, dans le système (1.32), les termes à droite des égalités pilotent les effets de re-

laxation en pression et en vitesse et sont tels que :

∆p = p2 −p1,

∆u = u2 −u1.
(1.35)

Les cofacteurs positifs Kp (U) et Ku (U), U = [α1, m1, m1u1, m2, m2u2]T, caractérisent la forme ainsi
que la vitesse des trajectoires de relaxation. Ils contiennent notamment des échelles de temps
de relaxation en pression et en vitesse

(
τp(U), τu(U)

)
dont des estimations sont proposées dans

[41, 56].

Contexte

La notion de système hyperbolique avec relaxation a été introduite par Liu dans [70]. Cette der-
nière désigne un système hyperbolique dont la partie convective peut-être ré-écrite sous la forme
d’une divergence de flux complétée par des termes sources. L’expression de ces termes sources
est telle qu’il existe un ensemble non-vide d’états pour lesquels ces derniers s’annulent. Par la
suite cet ensemble est appelé variété d’équilibre. Dans ce formalisme, les travaux de Chen, Le-
vermore et Liu [19] ont montré que, sous réserve d’existence d’une entropie mathématique pour
le système hyperbolique avec relaxation, ce dernier converge vers un système d’équilibre de di-
mension inférieure. De plus cette convergence se traduit également à travers une condition dite
“sous-caractéristique” [70, 92] qui insère les valeurs propres du système d’équilibre entre celles du
système de relaxation. Le formalisme posé par les auteurs cités ci-dessus fournit un cadre théo-
rique précieux auquel se raccrocher lors du développement de schémas numériques. Néanmoins
trois types de difficultés apparaissent au cours de cet exercice :

(i) Apparition de solutions d’équilibre artificielles dues à des violations locales de la condition
sous-caractéristique [14, 77], ou par manque de précision des schémas [68].

(ii) Perte de précision des schémas numériques d’ordre élevé dans des régimes de relaxation
très raides [76, 78].

(iii) Non respect du principe de préservation de l’asymptotique associé au système d’équilibre
étudié [57] et faible précision sur les variables dîtes de relaxation [8].

Dans la Partie II, nous ne traiterons aucune de ces difficultés. En effet, la présence des termes
non-conservatifs dans le système (1.32) fait que ce dernier ne s’insère pas dans la théorie évoquée
ci-dessus. Bien que des études formelles sur l’asymptotique d’équilibre de modèles bifluides de
type Baer-Nunziato aient déjà été menées dans [4, 28, 69], d’importantes difficultés relevant de
l’analyse théorique de ces systèmes d’EDP demeurent.

Aussi, le travail présenté ici se contente de s’approprier (chapitre 4) puis d’étendre (chapitre 5)
certaines idées proposées par Bereux et Sainsaulieu dans [8] afin de proposer les premières es-
quisses d’un nouveau type de schémas numériques prenant en compte le couplage convection-
source pour le système (1.32).

À ce titre, le chapitre 4 se veut pédagogique. Il synthétise certaines des idées développées dans
[8] et présente des exemples simples d’application. Il écarte volontairement les difficultés relatives
à la présence des termes non-conservatifs en “gelant” la matrice Jacobienne de convection du
modèle (1.32). Les termes de relaxation en pression et en vitesse sont également remplacés afin de
construire facilement des solutions analytiques au problème étudié. Le schéma numérique issu
des travaux de Bereux et Sainsaulieu est généralisé afin de traîter des phénomènes de relaxation
dont la non-linéarité et la non-monotonie sont plus importantes que les termes d’échange de
quantité de mouvement présents dans le modèle bifluide de [8].

Le chapitre 5, quant à lui, reprend le même cadre de réflexion que celui posé au chapitre précé-
dent et propose d’y introduire la présence des termes non-conservatifs du système Baer-Nunziato
isentropique. Un nouveau schéma associé à (1.32) est alors mis en place. Outre une étude relative à
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certaines propriétés discrètes telles que la conservativité ou le principe du maximum, ce schéma
est comparé à des méthodes à pas fractionnaires sur des problèmes de Riemann homogènes et
généralisés.

Chapitre 4 : Construction d’une méthode non-splittée pour les modèles bifluide avec effets de
relaxation

Une fois le cadre d’étude relatif au système (1.32) introduit, le chapitre 4 s’attache à y détailler
certaines propriétés mathématiques. Bien que certaines de ces propriétés aient déjà été prou-
vées par Embid et Baer [37] dans le contexte non-isentropique, d’autres, en revanche, sont moins
connues et constituent le socle sur lequel s’appuie la stratégie de couplage convection-source pro-
posée. Adaptant la preuve décrite dans [25], la Proposition 4.2.2 de ce chapitre montre notamment
que le système (1.32) est symétrisable.

La stratégie proposée afin de prendre en compte le couplage entre la convection et les effets
de relaxation est motivée par le constat suivant :

(i) Premièrement, une théorie unifiée visant à construire une ou des solutions associées à un
problème de Riemann non-linéaire généralisé (i.e où des termes sources de relaxation sont
actifs) n’a pas encore émergé.

(ii) Deuxièmement, même dans le cadre simplifié de problèmes de Riemann linéaires générali-
sés (matrice Jacobienne de convection constante, termes sources de relaxation linéaires) , il
est difficile de construire une solution analytique si aucune hypothèse, reliant la matrice de
relaxation à la matrice Jacobienne de convection, n’est faite.

Forts de ces observations, Bereux et Sainsaulieu mènent dans [8] une analyse basée sur l’existence
et la régularité de solutions pour les problèmes de Riemann linéaires généralisés s’écrivant sous la
forme :

∂t U+C
0
∂x U = 1

τ
B

0
U,

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0,

(1.36)

avec U ∈ Rp , C
0
∈ Rp ×Rp une matrice Jacobienne constante reliée à la partie convective, B

0
∈

Rp ×Rp une matrice constante de relaxation, τ une échelle de temps de relaxation. Sous réserve
d’hypothèses sur l’hyperbolicité et la symétrisation du système (1.36), ils mettent en évidence
un système d’équations différentielles ordinaires (EDO) qui décrit la dynamique en temps de la
moyenne spatiale H de la solution du problème (1.36). Ce système d’EDO, présenté dans ce cha-
pitre à la Property 4.3.1 s’écrit :

dH

dt
= 1

τ
B

0
H− 1

L
C

0
(UR(t )−UL(t )) , H(0) = U0

R +U0
L

2
,

∀k ∈ {L, R} :

dUk

dt
= 1

τ
B

0
Uk , Uk (0) = U0

k ,

(1.37)

avec L la longueur du domaine d’étude monodimensionnel.
Il est important d’insister sur le fait que, dans le chapitre 4, le système d’EDO (1.37) constitue

la pierre d’angle permettant de construire un schéma numérique. Inspiré de [8], ce schéma numé-
rique est en effet basé sur une intégration implicite en temps de (1.37). Cette dernière s’applique à
chacune des cellules d’un maillage dual contenant les faces d’un maillage primal.

Sans pour autant donner tous les détails de la preuve proposée dans [8], ce chapitre synthé-
tise les idées les plus importantes notamment à travers la Property 4.3.3. En effet, cette dernière
traite du cas particulier où la matrice de relaxation B

0
peut être diagonalisée dans la même base

de vecteurs propres que la matrice C
0

. Par la suite, on qualifiera cette configuration de “processus

de relaxation indépendants”. En effet, considérons ak , k ∈ [
1, p

]
, la k-ième composante de la solu-

tion projetée sur la base des vecteurs propres de C
0

. On peut alors remarquer que la contribution
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du vecteur de termes sources à l’EDP vérifiée par ak est indépendante de toutes les autres compo-
santes a j , j 6= k. L’intérêt de ce cas particulier vient du fait qu’une solution analytique unique peut
être trouvée.

Le point névralgique de la preuve de Bereux et Sainsaulieu consiste à appliquer une transfor-
mée de Fourier spatiale au système d’équations convection-source étudié. On peut alors remar-
quer que, dans le cas général, une unique solution appartenant à l’espace des fonctions à varia-
tions bornées existe. Cette solution peut être construite comme la somme de deux contributions.
La première est solution d’un système convection-source avec processus de relaxation indépen-
dants. L’expression de la seconde contribution n’est pas connue explicitement, en revanche les
auteurs de [8] prouvent que cette dernière est continue en temps et en espace. Cette propriété de
régularité est cruciale dans la mesure où elle permet par la suite d’intégrer la solution à travers
l’éventail des ondes de contact associées à C

0
sans se préoccuper des relations de saut à travers les

fronts discontinus. On peut alors mettre en évidence le système d’EDO (1.37).

Le schéma à mailles décalées implicite en temps proposé dans ce chapitre est directement
inspiré des travaux ménés par Bereux et Sainsaulieu. Néanmoins, une légère extension y est ajou-
tée afin de pouvoir traiter des phénomènes de relaxation plus fortement non-linéaires et moins
monotones que les termes d’échange de moment présents dans le modèle bifluide de [8]. Cette
extension se base sur une technique implicite d’intégration en temps d’ordre élevé appelée mé-
thode de Rosenbrock [51]. Outre de bonnes propriétés de stabilité et de robustesse, cette approche
s’appuie sur la linéarisation des termes sources. Le schéma numérique qui s’en dégage présente
alors une certaine proximité avec le problème de Riemann linéaire généralisé (1.36).

Le schéma numérique développé dans ce chapitre est évalué sur un modèle bifluide simplifié
à deux pressions et deux vitesses. Ce modèle a été construit en “gelant” la matrice Jacobienne de la
partie convective du système (1.32). Ce faisant, la problématique liée à la présence des termes non-
conservatifs n’est pas traitée dans ce chapitre. Les termes de relaxation en pression et en vitesse
sont également remplacés par un terme source dont le comportement est arbitrairement assimilé
à celui d’un ressort non-linéaire.

Par la suite, l’approche proposée est testée sur un problème de Riemann généralisé impli-
quant le modèle simplifié ci-dessus et dont les conditions initiales sont fortement hors-équilibre.
Le temps de relaxation associé au ressort non-linéaire est, quant à lui, très petit devant les échelles
de temps liées aux valeurs propres de la partie convective. Le problème est donc “raide” au sens de
la relaxation. Les résultats obtenus sont comparés à ceux produits par une méthode à pas fraction-
naires impliquant un flux de type Rusanov. Les courbes de convergence ainsi que les profils des
variables

[
α1, u1, p1, u2, p2

]
révèlent que le schéma développé est plus précis mais plus coûteux

en temps de calcul que la méthode à pas fractionnaires.

Chapitre 5 : Extension de la méthode de couplage convection-source pour le modèle de Baer-
Nunziato isentropique

La stratégie présentée dans ce chapitre consiste à adapter le formalisme du problème de Rie-
mann linéaire généralisé (1.36) introduit précédemment pour y inclure de nouveaux termes mo-
délisant les effets associés aux produits non-conservatifs du système (1.32). Pour ce faire, notre
démarche s’appuie sur les travaux décrits dans [3, 24, 84]. En effet, les termes non-conservatifs y
sont modélisés comme une mesure de Dirac portée par la demi-droite

t ∈R+ → (
u∗

2 (U0
R, U0

L) t , t
)

, (1.38)

où u∗
2 (U0

R, U0
L) est la vitesse exacte de l’onde de contact associée à la solution d’un problème de

Riemann basé sur le système (1.32) et dont
(
U0

R, U0
L

)
sont les données initiales. Plus précisément,

l’application des relations de Rankine-Hugoniot au travers de cette onde de contact sur les équa-
tions du taux de présence statistique et de la quantité de mouvement phasique permet d’écrire
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que, au sens faible : 
u2

0
−p1

0
+p1

 ∂x α1 =


[u2α1]u∗

2 (U0
R,U0

L)

0
+[
α2 p2

]
u∗

2 (U0
R,U0

L)

0
−[
α2 p2

]
u∗

2 (U0
R,U0

L)

 δ
{

x=u∗
2 (U0

R,U0
L) t

}, (1.39)

la notation
[
φ

]
u∗

2 (U0
R,U0

L) représentant le saut de la variable φ à travers l’onde u∗
2 .

Inspiré par l’expression (1.39), un nouveau type de problème de Riemann linéaire généralisé
est alors introduit. Ce dernier s’écrit sous la forme :

∂t U+C
0
∂x U = 1

τ
B

0
U+b0δ

{
x=u∗

I t
},

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0,

(1.40)

où b0 est une masse constante reliée à la mesure de Dirac portée par la demi-droite t ∈ R+ →(
u∗

I t , t
)

avec u∗
I une vitesse constante donnée. Il est important de noter que dans le problème

(1.40), la vitesse u∗
I n’est égale à aucune des valeurs propres associées à la matrice Jacobienne

convective C
0

. On s’intéresse alors à la dynamique temporelle des solutions moyennées en espace

de ce problème. Dans ce chapitre on montre notamment que, dans le cas de processus de relaxa-
tion indépendants, une extension simple du système d’EDO (1.37) présenté au chapitre précédent
peut être trouvée malgré la présence de la mesure de Dirac. Cette dernière s’écrit alors :

dH

dt
= 1

τ
B

0
H− 1

L
C

0
(UR(t )−UL(t ))+ b0

L
, H(0) = U0

R +U0
L

2
,

∀k ∈ {L, R} :

dUk

dt
= 1

τ
B

0
Uk , Uk (0) = U0

k .

(1.41)

Par la suite, le reste du chapitre s’attache à construire puis à étudier un schéma de couplage
convection-source, basé sur la dynamique (1.41) pour le système de type Baer-Nunziato isentro-
pique (1.32). Le schéma s’appuie sur une intégration semi-implicite en temps de cette dynamique.
Comme au chapitre 4, c’est un schéma à mailles décalées. Il est à noter que, lors de la construction
de ce schéma, la partie convective gelée

C
0

(UR(t )−UL(t )) , (1.42)

est remplacée par une divergence de flux conservatifs associée au système de type Baer-Nunziato
isentropique :

F (UR(t ))−F (UL(t )) , (1.43)

avec F (U) = [
0, m1u1, m1u2

1 +α1 p1, m2u2, m2u2
2 +α2 p2

]T
. Par ailleurs, la masse de Dirac b0 est

remplacée par une formulation discrète des relations de saut décrites en (1.39). Ces relations de
saut sont estimées à l’aide des invariants de Riemann simplifiés [72] associés à l’onde de contact
u∗

2 pour une configuration d’écoulement subsonique.
Par la suite, certaines propriétés discrètes du schéma numérique sont mises en évidence. Le

traitement particulier des produits non-conservatifs sous la forme d’une mesure de Dirac garan-
tit la conservativité des masses partielles ainsi que de la quantité de mouvement de mélange.
La positivité des masses partielles discrètes s’obtient sous une contrainte de pas de temps ba-
sée uniquement sur les vitesses d’onde de la partie convective du système (1.32). Enfin, deux
pistes sont proposées afin d’assurer la préservation du principe du maximum pour le taux de
présence statistique α1. La première, similaire à la stratégie menée au chapitre précédent, pro-
pose de linéariser l’opérateur de relaxation en pression puis de le projeter sur la variété d’équilibre

18



1.4. Synthèse des travaux

{
U, tels que, ∆p =∆u = 0

}
. La nouvelle valeur de α1 peut alors s’écrire comme une combinaison

convexe des taux de présence statistiques des instants précédents. Le principe du maximum qui
émerge de cette approche est donc plus fort que le principe d’invariance dans l’intervalle ]0, 1[
dicté par l’équation continue de α1. La seconde approche s’éloigne du cadre de travail de Be-
reux et Sainsaulieu pour reprendre une méthode utilisée dans [32, 81]. L’opérateur de relaxation
en pression n’est pas linéarisé et un système non-linéaire doit être résolu afin de déterminer la
nouvelle valeur de α1. On montre que sous réserve de positivité des masses partielles, ce système
non-linéaire admet une unique solution dans ]0, 1[.

Le schéma numérique développé est comparé à deux approches à pas fractionnaires. La pre-
mière utilise un flux de type Rusanov complété par une discrétisation de type “free-streaming” [82]
pour les produits non-conservatifs. La seconde met en jeu une adaptation au cadre Baer-Nunziato
isentropique du solveur de Riemann approché HLLAC proposé par Lochon et al. [72] et inspiré de
[89]. Les produits non-conservatifs sont alors discrétisés en utilisant la “thin layer approximation”
de Schwendeman et al. [84]. La discrétisation du système d’EDO relative aux termes sources est
basée sur la stratégie proposée par Gallouët et al. [40].

Une étude comparative des profils de solutions obtenues avec les trois approches est alors
menée sur des problèmes de Riemann généralisés et pour différentes échelles de temps de relaxa-
tion. Il s’avère que, à maillage donné, l’approche proposée est systématiquement plus proche des
profils de solutions convergées en maillage que la méthode à pas fractionnaires de type Rusanov.
En revanche, dans la région où se situe la discontinuité de contact u∗

2 , elle demeure moins pré-
cise pour capturer les variations de la solution que l’approche basée sur le solveur HLLAC. Sur des
problèmes de Riemann généralisés raides au sens des échelles de temps de relaxation, le schéma
numérique proposé semble néanmoins mieux capturer le profil des variables de relaxation ∆p et
∆u que les deux autres approches.

1.4.3 Valorisation des travaux

Les travaux réalisés dans cette thèse ont fait l’objet des éléments de valorisation suivants :

• Les travaux du chapitre 2 ont été acceptés pour publication dans la revue ESAIM: Mathema-
tical Modelling and Numerical Analysis sous la référence :

D. Iampietro, F. Daude, P. Galon, and J. M. Hérard. A Mach-sensitive splitting approach for
Euler-like systems. ESAIM : Mathematical Modelling and Numerical Analysis, 52 : 207–253,
2018.

Ils ont été présentés lors du congrès international FVCA VIII (Lille, juin 2017) et apparaissent
dans les proceedings associés sous la forme :

D. Iampietro, F. Daude, P. Galon, and J. M. Hérard. A weighted splitting approach for low-
Mach number flows. Finite Volumes for Complex Applications VIII-Hyperbolic, Elliptic and
Parabolic Problems : FVCA 8, 200, 2017.

Par ailleurs, l’extension de ces travaux à des cas multidimensionnels a été présentée lors du
congrès international CANUM 2018 (Cap d’Agde, mai 2018). Cette extension fait l’objet d’un
article en cours de préparation.

• Les travaux réalisés dans le cadre du chapitre 3 ont été acceptés pour publication dans la
revue Journal of Computational and Applied Mathematics sous la référence :

D. Iampietro, F. Daude, P. Galon, and J. M. Hérard. A Mach-sensitive implicit-explicit scheme
adapted to compressible multi-scale flows. Journal of Computational and Applied Mathe-
matics, 340 : 122–150, 2018.

Ils ont été présentés lors du Groupe de Travail “Schémas numériques pour les écoulements
à faible nombre de Mach” (Toulouse, Novembre 2017).

• Les travaux associés au chapitre 4 ont été présentés lors d’une session poster du Groupe de
Travail “Compressible Multiphase Flows : Derivation, closure laws, thermodynamics” (Stras-
bourg, Mai 2018).
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Chapitre 2

Splitting d’opérateur dépendant du
nombre de Mach pour le système d’Euler

Ce chapitre pose les bases d’une nouvelle méthode numérique afin d’aborder la probléma-
tique d’écoulements multi-régimes pour des modèles diphasiques homogènes. La stratégie repose
sur un splitting du système d’Euler permettant d’identifier un sous-système dit convectif, noté C,
ainsi qu’un sous-système acoustique noté A. Initialement proposé, dans une version statique, par
les travaux de Baraille et al. [1], le splitting introduit ici a la capacité d’évoluer dans le temps par
l’intermédiaire d’un paramètre E0(t ) ∈ ]0, 1]. Ce paramètre vient pondérer les contributions liées
au gradient de pression au sein des flux de chacun des sous-systèmes. Dans ce chapitre E0(t ) est
uniquement basé sur le nombre de Mach maximal instantané de l’écoulement :

E0(t ) ∝ max
(
Ei n f , min(Mmax (t ), 1)

)
,

Mmax (t ) = sup
x∈Ω

(
M(x, t ) = |u(x, t )|

c(x, t )

)
, 0 < Ei n f ¿ 1.

(2.1)

Deux tendances asymptotiques peuvent alors être identifiées. Lorsque le nombre de Mach maxi-
mal à l’instant t est supérieur ou égal à un, E0(t ) tend vers un. Par construction le sous-système C
converge formellement vers le système d’Euler complet pendant que le sous-système A dégénère
en un système stationnaire. En revanche, si le nombre de Mach maximal de l’écoulement est très
petit devant un, E0(t ) tend vers zéro et le splitting découple complètement les effets convectifs,
traités dans C, des effets acoustiques, traités dans A.

Par la suite, ce chapitre s’attache à étudier, au niveau continu, les propriétés liées à l’hyper-
bolicité ainsi qu’à la positivité de la densité et de l’énergie interne des solutions des deux sous-
systèmes. La méthode numérique issue de cette analyse est une approche à pas fractionnaires,
dont l’intégration est explicite en temps, résolvant successivement le sous-système C et le sous-
système A. La technique de résolution employée pour ces derniers est un schéma de relaxation de
type Suliciu [5, 42]. L’intégration explicite en temps des termes liés au gradient de pression impose
de construire le pas de temps discret à partir des ondes non-linéaires les plus rapides du système
d’Euler.

Une comparaison entre la méthode à pas fractionnaires proposée et une approche de type
Lagrange-Projection [10, 14] est alors menée. Les éléments comparatifs sont les courbes de conver-
gence, les profils de solutions calculées ainsi que les courbes d’efficacité obtenus sur une série de
tubes à choc de type Sod [41]. Dans ces cas tests, le nombre de Mach maximal ainsi que la rai-
deur de l’équation d’état du fluide étudié sont des paramètres d’entrée permettant de modéliser
plusieurs types de régimes d’écoulement. Dans le cadre du régime particulier où l’écoulement
compressible est à faible nombre de Mach mais développe des sauts de pression de grande ampli-
tude, un terme correctif repris de certains travaux de la littérature [20, 22, 35] est introduit afin de
pallier à une problématique de diffusion numérique sur ces sauts de pression.
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Abstract

Herein, a Mach-sensitive fractional step approach is proposed for Euler-like systems. The key idea
is to introduce a time-dependent splitting which dynamically decouples convection from acous-
tic phenomenon following the fluctuations of the flow Mach number. By doing so, one seeks to
maintain the accuracy of the computed solution for all Mach number regimes. Indeed, when the
Mach number takes high values, a time-explicit resolution of the overall Euler-like system is en-
tirely performed in one of the present splitting step. On the contrary, in the low-Mach number
case, convection is totally separated from the acoustic waves production. Then, by performing
an appropriate correction on the acoustic step of the splitting, the numerical diffusion can be
significantly reduced. A study made on both convective and acoustic subsystems of the present
approach has revealed some key properties as hyperbolicity and positivity of the density and in-
ternal energy in the case of an ideal gas thermodynamics. The one-dimensional results made on
a wide range of Mach numbers using an ideal and a stiffened gas thermodynamics show that the
present approach is as accurate and CPU-consuming as a state of the art Lagrange-Projection-type
method.

2.1 Introduction

Condensation Induced Water Hammer (CIWH) is a very specific two-phase fast transient phe-
nomenon. It starts by the smooth deformation of a slow material interface between hot vapor and
cooler liquid water. Then, as time goes on, shear instabilities and steep temperature gradients en-
tail the trapping and then the sudden condensation of vapor pockets leading to the production of
strong shock waves in the liquid phase.

In the above description, two time-scales can be identified: a material scale linked to the slow
interface deformation and a fast acoustic scale related to the propagation of the shock front. As
the Euler compressible system produces similar multi-scale waves, it constitutes the framework of
the present paper. Indeed, the Mach number of the flow M = |u|/c, with u the velocity field and
c the fluid speed of sound, measures the gap between the material and the acoustic time-scales.
The particularity of a CIWH results from the fact that, initially, since the deformation of the slow
material wave is the leading process, the fluid behaves as a low Mach number compressible flow:
0 < M ¿ 1. Then, because of the stiffness of the liquid water thermodynamics, strong shock waves
are triggered even if 0 < M ¿ 1. In order to enforce this fact, one can find in [39] a water-hammer
experiment in liquid water for which |u| ≈ 0.2m.s−1, cliquid ≈ 1.5× 103 m.s−1 leading to pressure
jumps of several bars. Besides, the analytical solution of a symmetric double shock Riemann prob-
lem obtained with the Euler compressible system endowed with a stiffened gas thermodynamics
is derived later on in this work. It allows to better understand this peculiar aspect.

Thus, the long-term objective of the present work is to set out a method involving compressible
Godunov-like solvers in order to fulfill a two-fold aim:

(I) Accurately follow the slow material waves when 0 < M ¿ 1

in the absence of fast transient phenomena.

(II) Then, accurately follow the fast and strong acoustic waves even when 0 < M ¿ 1.
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In the sequel, the different issues inherent to point (I) and point (II) are described. However, the
present study is entirely dedicated to point (II) and we leave point (I) for future works.

Godunov-like schemes perform poorly in the context of point (I) . A first issue is related to the
first order time-discretization of such methods when 0 < M ¿ 1. Indeed, let us introduce ∆x the
cell size of a 1D mesh, ∆t the time-step built using a time-explicit Godunov-like scheme, λu+c (re-
spectively λu) the non-dimensional acoustic eigenvalue (respectively the slow convective eigen-
value). Besides, define C|u|+c = 1

M
∆t λu+c
∆x (respectively C|u| = ∆t λu

∆x ) the acoustic Courant number
(respectively the convective Courant number). The stability of the fast acoustic dynamics requires
C|u|+c = 1− and then C|u| ≈ MC|u|+c ≈ M ¿ 1. Hence, the slow material wave dynamics are largely
depreciated because C|u|, associated with a first order time-discretization, is too small to compen-
sate the numerical diffusion induced by the first-order space-discretization. In [32], the evolution
of the stiffness of the profile of an isolated slow contact-discontinuity as function of C|u|+c sup-
ports this point. A solution, described in [17, 29] for the Euler isentropic system and in [21, 34] for
the whole Euler compressible system endowed with an ideal gas thermodynamics, consists in ap-
plying a time-implicit discretization on the stiff pressure gradient. By doing so, one can replace the
constraining time-explicit acoustic CFL condition C|u|+c = 1− by a convective CFL one: C|u| = 1−,
the latter being adapted to accurately follow slow material waves. What is more, in the above refer-
ences, additional time-implicit discretizations hold on the density convection term [17, 29] or on
the total energy convection term [21]. The resulting implicit-explicit schemes are thus consistent,
when M → 0 and ∆t , ∆x fixed, with a discrete incompressible solver. Schemes that are stable un-
der the CFL condition C|u| = 1− and have the above consistent behavior are said to be Asymptotic
Preserving (AP) towards the Euler incompressible system.

A second issue, in the framework of point (I) is related to the spatial discretization of Godunov-
like schemes. Indeed, in [27, 28] the authors show, using a 2D discrete asymptotic decomposition
w.r.t M on a cartesian mesh, that Godunov-like schemes are not able to maintain an initial incom-
pressible solution in the incompressible phase-space from one time-step to an other. In [18–20],
the authors transpose the Schochet theory [36, 37] at the discrete level and highlight the same dif-
ficulty. Moreover, they point out that this issue only concerns 2D (respectively 3D) non-triangular
(respectively non-tetrahedral) meshes for which the non-dimensional mesh size is bigger than M.
Then, they concentrate on means to control the computed solution proximity towards the incom-
pressible well-prepared space (see [20] for a definition) for non-dimensional time-scales lower
than M. Without going into details, the key idea is that the discrete acoustic operator of Godunov-
like schemes contains a non-centered diffusive part scaling as O(∆x/M) notably in the discrete
momentum equation. When applied to an initial well-prepared solution, the latter produces new
acoustic pressure waves scaling as O(M) instead of O(M2). In [22, 35] a low Mach number cor-
rection rescaling the momentum diffusive part as O(∆x) is proposed. It has since been re-used in
[10, 11, 20].

The background of point (II) is more simple since we "only" want to be accurate on fast acous-
tic waves neglecting the slow material wave diffusion induced by the time-discretization as well
as the proximity towards the incompressible phase space. However, as mentioned in the above
paragraph, Godunov-like schemes suffer from a numerical diffusion of order O(∆x/M) due to the
spatial discretization which can be observed even in 1D under the CFL condition C|u|+c = (1/2)−.

In the light of the time-scale difficulties encountered in point (I) , it seems relevant to introduce
a fractional step method allowing to solve the slow convection process and the fast acoustic waves
production separately. It is based on a Weighted Splitting Approach (WSA). The "Weighted" notion
stems from the fact that the proposed splitting relies on a decomposition of the pressure balanced
by a time-dependent splitting parameter. Inspired from [1, 7], a first part of the pressure decom-
position, seen as a "small" pressure fluctuation if 0 < M ¿ 1, is sent to a convective subsystem
C. The remaining part goes into an acoustic subsystem A. In the context of point (I) , a time-
implicit resolution of A combined with a time-explicit resolution of C moves the proposed ap-
proach towards the convective CFL condition Cu0 = 1−. The stability proof of the implicit-explicit
version of the present method is examined a more recent companion paper [32]. As already men-

30



2.2. Convective and Acoustic Effects in Euler-like Systems

tioned, this paper focuses on the point (II) . Thus, a time-explicit Godunov-like scheme is applied
for both subsystems C and A. The spatial discretization comes from the relaxation schemes the-
ory [2, 4, 12, 15, 33] and notably from the Suliciu-like relaxation solvers [4, 42]. It provides a simple
approximate Riemann solver whose writing is independent of the equation of state. Besides, in
order to reduce the numerical diffusion when 0 < M ¿ 1, an anti-diffusive term, directly taken
from [10, 20, 35], but simply seen as a tool here, is added to the present acoustic pressure flux. In
the sequel, the anti-diffusive term is referred to as θ-correction.

Let us end the present WSA description by saying that, in the more common case where the
production of shock waves is associated with a local rise of the Mach number M ≈ 1, the present
splitting is canceled and the overall Euler system is retrieved in the C subsystem. Thus fast acoustic
waves are accurately captured.

The paper is structured as follows: in section one, the dynamic splitting is firstly described
at the continuous level. A study of each resulting conservative subsystem is done through hy-
perbolicity and positivity analyses involving ideal and stiffened gas equations of state. Section
two deals with the approximate Riemann solvers derived for the subsystems spatial discretization.
Discrete positivity properties in the case of ideal gas thermodynamics are also derived under a
non-restrictive condition. Following the steps of [10], section three is devoted to different trun-
cation error analyses. The dependence in terms of Mach number as well as the impact of the θ-
correction on the numerical diffusive operator of the overall scheme is shown. Eventually, section
four presents one-dimensional time-explicit results obtained for ideal and stiffened gas thermo-
dynamics and for a wide panel of Mach numbers. It turns out that the presented method is as
accurate and efficient as a Lagrange-Projection method presented in [10]. However in the case
of a stiffened gas thermodynamics with 0 < M ¿ 1, the proposed method, although L∞ stable,
produces more oscillations than the Lagrange-Projection approach.

2.2 Convective and Acoustic Effects in Euler-like Systems

2.2.1 Homogeneous Equilibrium Model Equations

When the non-equilibrium effects are small, one way to model two-phase flows is to assume
that the two phases have the same velocity, pressure, temperature and chemical potential. The
conservation laws are then similar to the Euler compressible system. Define U = [

ρ, ρu, ρe
]T the

conservative variables vector with ρ the fluid density, u its velocity vector and e its total specific
energy. The mass, momentum and energy conservation then read:

∂t ρ+∇· (ρu) = 0, (2.2a)

∂t (ρu)+∇· (ρu⊗u+p I) = 0, (2.2b)

∂t (ρe)+∇· ((ρe +p)u) = 0, (2.2c)

e = |u|2
2

+ε, ε= εEOS (
ρ, p

)
. (2.2d)

Equality in (2.2d) is the equation of state for a single phase fluid. It relates ε the specific internal
energy with density and pressure. Its strong level of nonlinearity is known to produce rarefaction
or shock waves inside the flow. Recall that the Euler system is strictly hyperbolic, its eigenvalues
being in one-dimension: λEuler

1 = u − c < λEuler
2 = u < λEuler

3 = u + c; with c the sound speed which
strongly depends on the equation of state and can be defined as:

ρc2 = (
∂p ε|ρ

)−1
(

p

ρ
− ρ∂ρ ε|p

)
. (2.3)

What is moreλEuler
1 andλEuler

3 are related to genuinely non-linear fields whereasλEuler
2 is associated

with a linearly degenerate one.
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Eventually, let us write the second law of thermodynamics principle, introducing the specific
entropy variable s = sEOS

(
ρ, ε

)
related with ρ and ε by the differential equation:

dε= T ds −p d

(
1

ρ

)
,

with: T = TEOS(ρ, s) = ∂s ε|ρ, p = pEOS(ρ, s) = ρ2∂ρ ε|s .

(2.4)

Using equation (2.4), it can be easily verified that, for smooth EOS, s is also solution of the PDE:

∂ρ s|p + c2∂p s|ρ = 0. (2.5)

Such a physical entropy is used to characterise admissible weak solutions of Euler system (2.2). In-
deed, as proved in [26], the mapping

(
ρ, ρu, ρe

)→−ρ s is a strictly convex function and
(−ρ s,−ρu s

)
constitutes a mathematical entropy pair. Thus, any admissible weak solution of the Euler system
should verify the inequality:

∂t (ρ s)+∇· (ρ s u
)≥ 0. (2.6)

Beyond conservativity and maximum principle, inequality (2.6) is a key theoretical property that
one would like to obtain, at the discrete level, in a numerical scheme.

Let us end this subsection by defining the one-dimensional Riemann problem associated to
system (2.2). Let UL and UR be two constant states of the one-dimensional Euler system (2.2). It
reads:

∂t U+∂x F (U) = 0,

U(., t = 0) =
{

UL, if x < 0

UR, if x > 0,
with: F (U) =

 ρu
ρu2 +p

(ρe +p)u

 .
(2.7)

As proved in [40], in the case of ideal gas or in [26] under more general thermodynamical hypothe-
sis, Riemann problem (2.7) admits a unique entropic solution made of contact waves, rarefaction
waves and shock waves as long as UL and UR are close enough.

2.2.2 A Weighted Splitting Approach

As mentioned in the introduction in the context of point (I) , two different physics are at stake
inside Euler-like systems. In 1D, the first convects conservative variables using velocity u, the
second contains pressure effects responsible for shock and rarefaction waves propagating at speed
u ± c. Thus, in the case of low-Mach compressible flows, |u| ¿ c and the acoustic physics goes
much faster than the convective one. Therefore, time-explicit schemes restricted by the acoustic
CFL condition tend to diffuse material waves as time goes on.

Looking at the Euler compressible system (2.2), a first step to elaborate a cure consists in de-
coupling the convective from the acoustic physics and proceed to their resolution separately and
successively. This can be done by splitting the conservation laws system into two new continuous
subsystems:

C :


∂t ρ+∇· (ρu) = 0,

∂t (ρu)+∇· (ρu⊗u+E 2
0 (t ) p I

)= 0,

∂t (ρe)+∇· ((ρe)+E 2
0 (t ) p)u

)= 0,

(2.8)

A :


∂t ρ= 0,

∂t (ρu)+∇· ((1−E 2
0 (t )) p I

)= 0,

∂t (ρe)+∇· ((1−E 2
0 (t )) p u

)= 0.

(2.9)

Here, E0(.) is a time-dependent weighting factor belonging to interval ]0, 1] and proportional to
the maximal Mach number of the flow:

E0(t ) ∝ max
(
Ei n f , min(Mmax (t ), 1)

)
,

Mmax (t ) = sup
x∈Ω

(
M(x, t ) = |u(x, t )|

c(x, t )

)
,

(2.10)
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Ω being the computational domain. It has to be mentioned that in [1], Baraille and co-authors in-
troduce the same kind of splitting for the Euler barotropic system with E0 equal to zero. Since their
resulting C-subsystem is not hyperbolic, they re-introduce a similar pressure perturbation, with E0

seen as a fixed parameter. They solve the Riemann problem associated with the perturbed sub-
system and make E0 tend towards zero in the obtained solution in order to derive their numerical
scheme.

In the present splitting, E0(t ) is strictly positive because of the lower bound Ei n f defined such
that 0 < Ei n f ¿ 1. By doing so, the above loss of hyperbolicity on the jacobian of C is avoided.
Besides, here E0(t ) has a physical interest since it measures the gap between the convective and
the acoustic time-scales.

Indeed, assume that at instant t the flow is such that Mmax (t ) is close or superior to 1. Then,
E0(t ) will be close to 1, the subsystem C formally converges towards the full Euler system while A
is a degenerated stationary subsystem. Hence, if C is solved using a time-explicit Godunov-like
scheme, Euler shocks related to a temporal rise of the Mach number would be correctly captured.
On the contrary, In the case of a globally low-Mach number flow, Mmax (t ) ≈ E0(t ) ¿ 1, and pres-
sure terms completely disappear from C which turns out to be a pure "convective" subsystem.
Pressure terms are treated afterwards in A which becomes an "acoustic" subsystem. Particularly,
a time-implicit scheme ([14, 21]) applied on it would remove the most constraining part of the
CFL condition. Let us end the splitting description by saying that both subsystems C and A are
conservative, and that their formal summation allows to recover the original Euler system (2.2).

In the sequel, C is referred as the convective subsystem and A the acoustic one. Before go-
ing further into the numerical resolution of C and A, one has to study their basic mathematical
properties: hyperbolicity and maximum principle. This is done in the next section.

Hyperbolicity of C and A

Above all, the hyperbolicity of the two subsystems C and A is investigated. This ensures that
solutions of C and A do not suffer from definition issues by producing waves with celerities evolv-
ing in the C space. This is the object of the following proposition written in one space dimension
but easily extendable to the multi-dimensional case:

Proposition 2.2.1 (Hyperbolicity of convective and acoustic subsystems)
Let us introduce cC

(
ρ, p

)
and cA

(
ρ, p

)
two modified sound speeds such that:(

ρcC
(
ρ, p

))2 = (
∂p ε|ρ

)−1 (
E 2

0 p − ρ2∂ρ ε|p
)

,(
ρcA

(
ρ, p

))2 = (
∂p ε|ρ

)−1 p.
(2.11)

In the case of a stiffened gas thermodynamics, c2
C ≥ 0. Besides, if pressure remains positive, c2

A ≥ 0.
Under this condition, the subsystems C and A are hyperbolic. Their eigenvalues are:

λC1 = u −E0 cC ≤ λC2 = u ≤ λC3 = u +E0 cC ,

λA1 =−(
1−E 2

0

)
cA ≤ λA2 = 0 ≤ λA3 = (

1−E 2
0

)
cA,

(2.12)

the 1-wave and 3-wave of both subsystems are associated to genuinely non-linear fields whereas the
2-wave field are linearly degenerate. What is more, cC , cA and c are related by:

(cC)2 + (
1−E 2

0

)
(cA)2 = c2. (2.13)

The proof of this proposition is written in subsection B. Beside, using relation (2.13), it can be
observed that, when E0 is close to one, C is approximately equivalent to the Euler system, and that
is why: ∀k, lim

E0→1
λCk = λEuler

k . Moreover, when E0 tends towards zero, lim
E0→0

λCk = λEuler
2 = u, because of

the pressure terms disappearance. C then degenerates into a pure convective subsystem already
exhibited in [1, 7]. However, thanks to equality (2.13), we have ∀k ∈ {1, 3} :

∣∣λAk ∣∣ ≤ c even when E0

goes to zero. Thus, the weighted splitting approach always tends to underestimate acoustic wave

33



Chapitre 2. Splitting d’opérateur dépendant du nombre de Mach pour le système d’Euler

speeds whatever the thermodynamics is. In Section 2.3, the transcription, at the discrete level, of
these non physical wave speeds will be seen. A numerical way to bridge the gap between cA and
c so that to follow the real physics will also be proposed. In order to make them less abstract, the
expressions of cC and cA are provided below, in the case of ideal gas:

cC =
√
γE0 p

ρ
< c, γE0 = E 2

0

(
γ−1

)+1 < γ,

cA =
√(

γ−1
)

p

ρ
< c =

√
γp

ρ
.

(2.14)

In the following, positivity of the relevant quantities got from the thermodynamical phase-space
is analyzed in both continuous subsystems C and A.

Positivity of Density and Internal Energy

Positivity requirements reflect the invariance of a given solution towards its thermodynamical
phase space. In this study, one focuses on the ideal (IG) and the stiffened gas (SG) thermodynamics
defined by the following sets:

ρε= p

(γ−1)
, (2.15a)

ΦPG =
{

U, s. t. e = |u|2
2

+ε, ρ> 0, ρε> 0

}
, (2.15b)

=
{

U, s. t. e = |u|2
2

+ε, ρ> 0, p > 0

}
, (2.15c)

ρε= p +γP∞
(γ−1)

, P∞ > 0, (2.16a)

ΦSG =
{

U, s. t. e = |u|2
2

+ε, ρ> 0, ρε−P∞ > 0

}
, (2.16b)

=
{

U, s. t. e = |u|2
2

+ε, ρ> 0, p +P∞ > 0

}
. (2.16c)

For both thermodynamics, the construction of the above phase-spaces allows to guarantee that
the Euler speed of sound c is real and strictly positive since:

(Φ)IG : c =
√

γp
ρ =

√
γ (γ−1)(ρε)

ρ ,

(Φ)SG : c =
√

γ (p+P∞)
ρ =

√
γ (γ−1)(ρε−P∞)

ρ .

(2.17)

Thus, in the case of an ideal gas thermodynamics (respectively in the case of a stiffened gas ther-
modynamics), the positivity of ρ and ρε (respectively the positivity of ρ and ρε−P∞) is studied.
First of all, assume that ∀φ ∈ {

ρ, ρε, ρε−P∞
}

a positive inlet boundary condition as well as an
admissible initial condition hold, namely:

φ|∂Ω ≥ 0 if u ·n|∂Ω ≤ 0,

φ(., t = 0) ≥ 0,
(2.18)

with Ω the spatial domain of boundary ∂Ω and n the outward local normal vector of ∂Ω.
Then, as recalled in [24] for sufficiently smooth solutions, positivity of density ρ is naturally

obtained from mass equation in subsystem C for both thermodynamics. Density is also stationary
in subsystem A. So, after having successively solved C and A, density remains positive.
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In the case of an ideal gas thermodynamics, since ρ remains positive, the positivity of ρε is
equivalent to the positivity of ε. For smooth solutions, the specific internal energy in subsystems
C and A verifies: 

∂t ε+u ·∇ε+E 2
0 (t )

p

ρ
∇· u = 0, (C)

∂t ε+
(
1−E 2

0 (t )
) p

ρ
∇· u = 0. (A)

(2.19)

By making the same kind of regularity hypothesis than in [24], one can prove that, in the case of an
ideal gas thermodynamics, ε remains positive on Ω throughout time. See subsection C for more
details.

In the case of a stiffened gas thermodynamics, let us introduce P = ρε−P∞ = p+P∞
(γ−1) which is

the variable concerned by the positivity requirement. In C and A, it verifies the PDEs:{
∂t P+∇· (P u)+E 2

0 (t ) (γ−1)P∇· (u)+ (1−E 2
0 (t ))P∞∇·u = 0, (C)

∂t P+ (1−E 2
0 (t )) (γ−1)P∇· (u)− (1−E 2

0 (t ))P∞∇·u = 0. (A)
(2.20)

Let us first notice that P∞
P = (γ−1) P∞

p+P∞
is not a priori bounded since the stiffened gas phase-space

allows p to tend towards −P∞. Then, as shown in equation (2.104) of subsection C, this prevents
from controlling the operator (1−E 2

0 (t ))P∞∇·u, and the positivity of P cannot a priori be ensured
unless P∞ = 0 which is the ideal gas case or E0 = 1 which corresponds to the resolution of Euler
system with no splitting. More details are given in subsection C. Thus, in the case of a stiffened
gas thermodynamics, computations involving the discrete resolution of subsystems C and A in
which the discrete pressure field is close to −P∞ could potentially produce complex numbers for
c. Nevertheless, in most cases, pressure remains positive and this difficulty can be avoided.

The next section is dedicated to the design of a time-explicit scheme to solve the above Mach-
sensitive fractional step.

2.3 Relaxation Scheme Applied to the Weighted Splitting Approach

For the sake of simplicity and with no loss of generality, the scheme description is done in one
dimension. Literature dealing with relaxation schemes is vast. Without being exhaustive, we refer
to [33] for the derivation of relaxation schemes applied to abstract hyperbolic systems in which
the whole flux is relaxed. In [12], the authors question the existence of solutions for the relaxation
systems as well as their convergence towards a local equilibrium. A detailed study of the entropy-
satisfying relaxation method applied to the isentropic gas dynamics system and extended to the
fully compressible Euler system is given in [5]. It uses a Suliciu-like relaxation technique [42] which
is also applied in [2] on a Drift-Flux model. Besides, the acoustic part of the Lagrange-Projection
splitting derived in [10, 25] is solved the same way too. Eventually in [15], an extension of the
Suliciu approach to general fluid systems is done. Following the same approach, we proceed to a
Suliciu-like relaxation method on both subsystems C and A.

Let us recall that the Suliciu relaxation method applied on Euler-like systems consists in in-
troducing a new pressure variable Π endowed with a "quasi-linear" dynamics converging towards
the real pressure variable p. This convergence is ensured thanks to a source term whose timescale
µ¿ 1. The new system is still hyperbolic and has only linearly degenerate fields which makes the
derivation of an exact Godunov solver easier. What is more, the high level of nonlinearity brought
by the pressure variable via the equation of state (2.2d) is encapsulated in one single constant. As a
consequence, the derivation of the numerical scheme can be done independently of the thermo-
dynamics law. The cost to be paid is the increase of the system dimension through an additional
equation for Π. What is more, one has to decide how to treat the equilibrium between Π and p
numerically.
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2.3.1 Suliciu Relaxation for the Weighted Splitting Approach

As previously mentioned, the Suliciu-like relaxation technique leans on a linearization of the
pressure dynamics. Let us first derive the PDEs associated with p for both subsystems C and A.
Using the mass equations, internal energy equations (2.19), and the fact that

∀D ∈ {∂t , ∂x } , D p = (∂ρ p)|εDρ+ (∂ε p)|ρDε, (2.21)

it yields:

C : ∂t p +u∂x p +ρ (cC)2∂x u = 0, (2.22a)

A : ∂t p + (1−E 2
0 )ρ (cA)2∂x u = 0. (2.22b)

Then, replace pressure p
(
ρ, ε

)
by a new relaxation pressure variable Π which no longer depends

of density and internal energy. One also expectsΠ to mimic the above physical pressure dynamics
but with an additional linearization effect on the thermodynamics. This is done by introducing
two constants aC > 0 and aA > 0 such that Π verifies:

C : ∂t Π+u∂x Π+ a2
C
ρ
∂x u =

(
p −Π)
µ

, (2.23a)

A : ∂t Π+ (1−E 2
0 )

a2
A
ρ
∂x u =

(
p −Π)
µ

. (2.23b)

Here, aC (respectively aA) is homogeneous to a density times a velocity and encapsulates the non-
linear effects brought by ρcC(ρ, ε) (respectively ρcA(ρ, ε)). Besides, by using the mass equation
and because aC and aA are constant, it is possible to rewrite equations (2.23a) and (2.23b) in a
conservative way namely:

C : ∂t (ρΠ)+∂x
(
(ρΠ+a2

C)u
)= ρ

(
p −Π)
µ

, (2.24a)

A : ∂t (ρΠ)+∂x
(
(1−E 2

0 )a2
A u

)= ρ
(
p −Π)
µ

. (2.24b)

One can observe that, when µ→ 0 in (2.23a) and (2.23b), the relaxation pressure Π tends formally
towards p at zeroth order in µ. Hence

(
p −Π)

/µ can be formally interpreted as a correction term
of time scale µ forcing the relaxation pressure to converge towards the physical pressure instanta-
neously if µ tends to zero. Finally, the relaxation convective and acoustic systems read:

Cµ :



∂t ρ+∂x (ρu) = 0,

∂t (ρu)+∂x
(
ρu2 +E 2

0 (t )Π
)= 0,

∂t (ρe)+∂x
(
(ρe +E 2

0 (t )Π)u
)= 0,

∂t (ρΠ)+∂x
(
(ρΠ+a2

C)u
)= ρ

(
p −Π)
µ

,

(2.25)

Aµ :



∂t ρ= 0,

∂t (ρu)+∂x
(
(1−E 2

0 (t ))Π
)= 0,

∂t (ρe)+∂x
(
(1−E 2

0 (t ))Πu
)= 0,

∂t (ρΠ)+∂x
(
(1−E 2

0 (t )) a2
A u

)= ρ
(
p −Π)
µ

.

(2.26)

Remark 2.3.1
It is worth noting that, the relaxation schemes framework can be formulated differently. Indeed, one
can rewrite the subsystems Cµ and Aµ without the relaxation term ρ (p−Π)

µ . Hence, the relaxation
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pressure Π is free to move away from the real pressure p. However in that case, the resolution of
the homogeneous relaxation subsystems is completed by a projection sub-step on the equilibrium
manifold: {(

ρ, ρu, ρe, ρΠ
)

such that, Π= p(ρ, ε),with ε= e − ρu2

2

}
. (2.27)

As it will be seen in the sequel (see equation (2.47) dealing with the overall algorithm of the fractional
step), in practice both subsystems Cµ and Aµ are solved without ρ(p−Π)

µ . Then, at the end of each
subsystem resolution, the updated relaxation state is projected instantaneously on the equilibrium
manifold.

One way to calibrate the constant relaxation coefficient aC (respectively aA) is to perform a
Chapman-Enskog expansion by rewriting all the variables φ ∈ {

ρ, u, e,Π
}

in power of µ:

φ=φ0 +µφ1 +µ2φ2 + ..,

Π0 = p.

By doing so, one can exhibit a subcharacteristic-like condition, also called Whitham-like condi-
tion [44]. It allows to prevent Cµ (respectively Aµ) from triggering instabilities when µ→ 0. What
is more, it can be used as a sufficient condition to build an entropy pair and an extended entropy
inequality for the relaxation system (see [5, 6, 12]). As detailed in subsection F, the subcharacter-
istic conditions obtained are:

Cµ : aC > ρcC , (2.28a)

Aµ : aA > ρcA. (2.28b)

Remark 2.3.2
By proceeding in the same manner, one could have obtained a Suliciu-like relaxation Euler system.
The relaxation pressure PDE would have been:

∂t Π+u∂x Π+ a2
E

ρ
∂x u =

(
p −Π)
µ

, (2.29)

with aE the constant relaxation coefficient constrained by the Euler subcharacteristic condition:

aE > ρc. (2.30)

Recall that lim
E0→1

cC = c, and then (2.28a) becomes (2.30) in that case. More generally, the shape of

such a Suliciu-like relaxation Euler system can be obtained by formally making E0 tend towards one
in Cµ.

Remark 2.3.3
In [13], [5], [9], [14] and [15], in order to solve the Euler system using relaxation techniques, the
authors perform an inversion between the role played by total energy and entropy. The idea is to turn
the total energy equation into a mathematical entropy constraint while injecting the pure transport
entropy equation:

∂t s +u∂x s = 0. (2.31)

By doing so, one can lean on good properties brought by relaxation methods applied on the barotropic
Euler system and enforce the entropy inequality (2.6) in the numerical resolution of the full Euler
system. More details can be found in the above references. In our splitting approach, such a strat-
egy is avoided. Indeed, let us consider UC (respectively UA) the conservative state solution of the
subsystem C (respectively A). It can be shown that the physical entropy function s

(
UC)

(respec-
tively s

(
UA)

) defined in equation (2.5) does no longer verify equation (2.31). For both subsystems,
an additional non-conservative term appears and prevents from applying directly the barotropic-
relaxation system results. That is why, in our case, a simple Suliciu-relaxation method is performed
on the conservative system including total energy. Note that a similar relaxation treatment is done
in [10] for the acoustic subsystem.
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Remark 2.3.4
As previously noted in Section 2.2.2, the lower bound in the acoustic subcharacteristic condition
(2.28b) uses cA an artificial celerity naturally provided by subsystem A. In the case of an ideal or a
stiffened gas thermodynamics, cA < c, so that one can provide, at the discrete level, a constant aA
fulfilling a discrete version of inequality (2.28b) while violating the natural acoustic subcharacter-
istic condition (2.30) based on the real sound speed which is found in [9], [14] and [25]. According to
a formal Chapman-Enskog expansion, the subcharacteristic condition (2.28b) provides a sufficient
condition guaranteeing the stability of the time-explicit scheme for the resolution of Aµ. However,
no theoretical result has been found to prove that it was also a sufficient condition to obtain the
stability of the overall weighted splitting approach. In particular, in the case of low Mach number
compressible flows with cA ¿ c, we think that it is relevant to numerically compare the effect of con-
sidering the more demanding condition (2.30) rather than (2.28b). This will be done in Section 2.5.2.

2.3.2 Derivation of the Relaxation Scheme

Let us define∆x (respectively∆t ) the space step (respectively the time step) of the scheme. For
i ∈ [1, .., Ncel l s] let us set xi = i ∆x, the coordinate of the cell center i and xi+1/2 = xi +∆x/2, the co-
ordinate of face i +1/2. Let us consider W = [

ρ, ρu, ρe, ρΠ
]T the extended relaxation conservative

vector. Following Remark 1, the Riemann problem related to the homogeneous versions of (2.25)
or (2.26) writes:

∂t W+∂x Fµ (W) = 0, W(t = 0, .) =
{

WL if x < x0,

WR if x > x0,
(2.32)

with

Fµ ∈

FµC (W) =


ρu

ρu2 +E 2
0 Π

(ρe +E 2
0 Π)u

(ρΠ+ (aC)2)u

 , FµA (W) = (1−E 2
0 )


0
Π

Πu
(aA)2 u


 . (2.33)

Let us introduce Un
i the discrete approximation of 1

∆x

∫ xi+1/2
xi−1/2

L(W) (x, t n) d x, W verifying ∂t W +
∂x Fµ (W) = 0 ∀(x, t ) , and L : W = [w1, w2, w3, w4]T ∈ R4 → [w1, w2, w3]. Therefore Un

i represents
the discrete approximation of the solution of the relaxation system without the component ρΠ.
Then, the Godunov solver can be derived easily and reads:

Un+1
i = Un

i − ∆t

∆x

(
Hn

i+1/2 −Hn
i−1/2

)
,

Hn
i+1/2 = L

(
Fµ

(
WGod (0; Wn

i , Wn
i+1)

))
= Hn

i+1/2

(
Un

i , Un
i+1

)
,

(2.34)

and (x, t ) → WGod
( x−xi+1/2

t ; Wn
i , Wn

i+1

)
the self similar solution of the Riemann problem (2.32) lo-

cated at x0 = xi+1/2.
The study of Cµ and Aµ leading to the time-explicit expression of the Godunov flux has been

done using the non-conservative variable ZT = [ρ, u,Π, e]T. In the following, the structure of the
fields, the eigenvalues and the Riemann invariants are described.

Convective Part

The relaxation system Cµ is strictly hyperbolic, its eigenvalues being: λC,µ
1 = u −E0 aCτ, λC,µ

2 =
λ
C,µ
3 = u, λC,µ

4 = u+E0 aCτ with τ= 1/ρ. Furthermore, each field is linearly degenerate and admits
simple Riemann invariants:

IC,µ
E0,1 =

{
u −E0 aCτ, Π+a2

Cτ, e + E0

aC
Πu

}
,

IC,µ
E0,2,3 = {u, Π} ,

IC,µ
E0,4 =

{
u +E0 aCτ, Π+a2

Cτ, e − E0

aC
Πu

}
.

(2.35)
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Let us notice that, for smooth solutions, mass equation in subsystem Cµ can be rewritten ∂t τ+
u∂x τ− τ∂x u = 0. By multiplying this equation by a2

C and summing it with the Π equation in
(2.26), one obtains:

∂t
(
Π+a2

Cτ
)+u∂x

(
Π+a2

Cτ
)= 0. (2.36)

Thus,Π+a2
Cτ remains constant along the characteristic curves of speed u. Besides, it is a 2,3-strong

Riemann invariant meaning that it is invariant through the 1-wave and the 4-wave. Eventually one
can notice that this quantity is solution of the following equation:

∂ρ (ψ)|Π+
(

aC
ρ

)2

∂Π (ψ)|ρ = 0, (2.37)

which can be related to the entropy equation (2.5). The pressure term linearization induced by
the relaxation method has logically implied a linearization of the equation originally verified by
entropy and Π+a2

Cτ seems to play the same role.

Besides, the knowledge of the Riemann invariants allow to easily solve the one-dimensional
Riemann problem at a given face f , with ZL and ZR taken as initial conditions. Figure 2.1a de-
scribes the different states and waves produced.

xf
x

t

uL − E0 aCτL

u∗C

uR + E0 aCτR

ZL

Z∗f, C

ZR

Z∗∗f, C

(a) Subsystem Cµ: waves and states

xf
x

t
−

(
1 − E 2

0
)
aAτL

0
(
1 − E 2

0
)
aAτR

ZL

Z∗f,A

ZR

Z∗∗f,A

(b) Subsystem Aµ: waves and states

Figure 2.1 – Relaxation Riemann problems

xf
x

t
−

(
1 − E 2

0
)
aAτL

0
(
1 − E 2

0
)
aAτR

ZL

Z∗f, θ

ZR

Z∗∗f, θ

(a) Approximate Riemann Solver of Subsystem Aµ:
waves and states

Figure 2.2 – Acoustic relaxation Riemann problems: θ-correction

The two intermediate states Z∗
f ,C and Z∗∗

f ,C are:

Z∗
f ,C =


ρ∗L,C
u∗
C

Π∗
C

e∗L,C

 , Z∗∗
f ,C =


ρ∗R,C
u∗
C

Π∗
C

e∗R,C

 , (2.38)
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with, 

u∗
C = uR +uL

2
− E0

2 aC

(
pR −pL

)
,

E 2
0 Π

∗
C = E 2

0
pR +pL

2
− E0 aC

2
(uR −uL) ,

ρ∗k,C = 1/τ∗k,C , τ∗k,C = τk +
(−1)ik+1

E0 aC

(
u∗
C −uk

)
,

e∗k,C = ek +E0
(−1)ik

aC

(
Π∗
C u∗

C −pk uk
)

,

k ∈ {L, R} , iL = 1, iR = 2.

(2.39)

Define W∗,n
i+1/2 (respectively W∗∗,n

i+1/2) using Z∗
i+1/2,C (respectively Z∗∗

i+1/2,C) and introduce U∗,n
i+1/2 =

L
(
W∗,n

i+1/2

)
, U∗∗,n

i+1/2 = L
(
W∗∗,n

i+1/2

)
. The convective numerical flux then reads:

Hc
n
i+1/2 =



L
(
FµC

)(
Un

i

)
if un

i −E n
0 (an

C )i+1/2τ
n
i > 0,

L
(
FµC

)(
U∗,n

i+1/2

)
if un

i −E n
0 (an

C )i+1/2τ
n
i ≤ 0 < (u∗

C )n
i+1/2,

L
(
FµC

)(
U∗∗,n

i+1/2

)
if (u∗

C )n
i+1/2 ≤ 0 < un

i+1 +E n
0 (an

C )i+1/2τ
n
i+1,

L
(
FµC

)(
Un

i+1

)
if un

i+1 +E n
0 (an

C )i+1/2τ
n
i+1 ≤ 0,

(an
C )i+1/2 = K max

(
ρn

i (cC)n
i , ρn

i+1 (cC)n
i+1

)
, K > 1.

(2.40)

Furthermore, using the exact Godunov structure and the fact that all the fields are linearly degen-
erate, one can rewrite the relaxation flux in a more compact way (see [2, 3]) as:

Hc
n
i+1/2 =



1

2

(
L

(
FµC

)(
Un

i

)+L
(
FµC

)(
Un

i+1

))
− 1

2

∣∣un
i −E n

0 (an
C )i+1/2τ

n
i

∣∣ (U∗,n
i+1/2 −Un

i )

− 1

2

∣∣(u∗
C )n

i+1/2

∣∣ (U∗∗,n
i+1/2 −U∗,n

i+1/2)

− 1

2

∣∣un
i+1 +E n

0 (an
C )i+1/2τ

n
i+1

∣∣ (Un
i+1 −U∗∗,n

i+1/2).

(2.41)

Acoustic Part

The acoustic systemAµ is also hyperbolic and its eigenvalues are: λA,µ
1 =−(1−E 2

0 ) aAτ, λA,µ
2 =

λ
A,µ
3 = 0, λA,µ

4 = (1−E 2
0 ) aAτ. Once again the Riemann invariants can be easily found and read:

IA,µ
E0,1 =

{
ρ, u + Π

aA
, e + Πu

aA

}
,

IA,µ
E0,2,3 = {u, Π} ,

IA,µ
E0,4 =

{
ρ, u − Π

aA
, e − Πu

aA

}
.

(2.42)

It can be noticed that:

∂t

(
u + Π

aA

)
+λA,µ

4 ∂x

(
u + Π

aA

)
= 0,

∂t

(
u − Π

aA

)
+λA,µ

1 ∂x

(
u − Π

aA

)
= 0.

(2.43)

Thus, ω+
A = u + Π

aA
(respectively ω−

A = u − Π
aA

) remains constant along the characteristic curves

of speed λ
A,µ
4 (respectively λA,µ

1 ). Besides, ω+
A is a 4-strong Riemann invariant whereas ω−

A is a
1-strong Riemann invariant. Following the steps of [14] and [25], equations (2.43) associated with
the strong Riemann invariants natural properties provides a simple way to derive a time-implicit
relaxation scheme for the acoustic subsystem. More details are given in [31, 32].

40



2.3. Relaxation Scheme Applied to the Weighted Splitting Approach

The one-dimensional Riemann problem can be solved exactly without difficulty. The solution
is described in Figure 2.1b.

Z∗
f ,A =


ρL

u∗
A

Π∗
A

e∗L,A

 , Z∗∗
f ,A =


ρR

u∗
A

Π∗
A

e∗R,A

 , (2.44)

with, 

u∗
A = uR +uL

2
− 1

2 aA

(
pR −pL

)
,

Π∗
A = pR +pL

2
− aA

2
(uR −uL) ,

e∗k,A = ek +
(−1)ik

aA

(
Π∗
A u∗

A−pk uk
)

,

k ∈ {L, R} , iL = 1, iR = 2.

(2.45)

One can notice that the weighting parameter E0 does not appear in the different intermediate
quantities. Besides, the intermediate velocity, pressure and energy formulas are similar to those
obtained using the Lagrange-Projection method [10, 25]. The only difference is that, in the present
approach, aA is bounded by the modified acoustic subcharacteristic condition (2.28b) whereas in
[10, 25] it is (2.30). The related numerical flux writes:

Hac
n
i+1/2 =

(
1− (E n

0 )2)  0
(Π∗

A)n
i+1/2

(Π∗
A)n

i+1/2 (u∗
A)n

i+1/2

 ,

(an
A)i+1/2 = K max

(
ρn

i (cA)n
i , ρn

i+1 (cA)n
i+1

)
, K > 1.

(2.46)

General Remarks on the Splitting Operator Algorithm:

The overall algorithm updating the discrete solution from t n to t n+∆t is the following: starting
from a given state Un , a given relaxation pressure Πn = pEOS (Un) and a given splitting parameter
E n

0 , the homogeneous versions of subsystems Cµ and Aµ are successively solved using the relax-
ation scheme fluxes presented in (2.40) and (2.46). At the end of each resolution, the new discrete
states Wn+

i (after the convective sub-step) and Wn+1
i (after the acoustic sub-step) are projected on

the equilibrium manifold (2.27). Such a projection procedure presented in [5] can be seen as an
additional sub-step resolving ∂t W = Sµ(W) with Sµ(W) = [

0, 0, 0, (p −Π)/µ
]T and µ→ 0. It allows

to provide the appropriate physical pressure for the flux construction between two sub-steps. Af-
terwards, the weighting factor E0 is updated. One can notice that the overall operator splitting
procedure is conservative since C and A are conservative subsystems and the resolution of Cµ
and Aµ is performed using an exact conservative Godunov scheme. The global relaxation scheme
including both steps writes:{

Un+
i = Un

i − ∆t
∆x

(
Hci+1/2

(
Un

i , Un
i+1

)−Hci−1/2

(
Un

i−1, Un
i

))
,

Πn+
i = pEOS

(
Un+

i

)
,{

Un+1
i = Un+

i − ∆t
∆x

(
Haci+1/2

(
Un+

i , Un+
i+1

)−Haci−1/2

(
Un+

i−1, Un+
i

))
,

Πn+1
i = pEOS

(
Un+1

i

)
.

(2.47)

Written in one single conservative step, the scheme reads:

Un+1
i = Un

i −
∆t

∆x

(
Hci+1/2

(
Un

i , Un
i+1

)−Hci−1/2

(
Un

i−1, Un
i

))
−∆t

∆x

(
Haci+1/2

(
Un+

i , Un+
i+1

)−Haci−1/2

(
Un+

i−1, Un+
i

))
.

(2.48)
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Following the continuous definition (2.10) of the parameter E0, one can introduce E n
0 as:

E n
0 = max

(
Ei n f , min

(
Mn

max , 1
))

,

with Mn
max = max

i∈[1,Ncel l s ]

(∣∣un
i

∣∣
cn

i

)
.

(2.49)

Here, cn
i = c

(
ρn

i , pn
i

)
where c(., .) is the sound speed function defined in equation (2.3). As already

mentioned in Section 2.2.2, 0 < Ei n f ¿ 1 is only a lower bound preventing E n
0 from being exactly

equal to zero if velocity is initially null everywhere.

2.3.3 CFL Condition Choice

Definition 2.3.1 (CFL condition based on the Euler system)
In order to adapt timesteps to the real waves produced by the Euler system, let us define the discrete
time step at iteration n as:

∆t n
E = σ

2

∆x

max
i+1/2

(
max

(∣∣un
i

∣∣+ cn
i ,

∣∣un
i+1

∣∣+ cn
i+1

)) ,

0 <σ< 1.

(2.50)

CFL condition (2.50) is adapted to the resolution of the overall Euler system. However, because
of the weighted splitting approach, one can exhibit two additional CFL conditions which would
be sufficient to guarantee stability of both C and A subsystems if they were solved independently.
These CFL conditions write:

∆t n
C = σ

2

∆x

max
i+1/2

(
max

(∣∣un
i −E n

0 (aC)n
i+1/2τ

n
i

∣∣ ,
∣∣un

i+1 +E n
0 (aC)n

i+1/2τ
n
i+1

∣∣)) ,

∆t n
A = σ

2

∆x(
1− (E n

0 )2
)

max
i+1/2

(
(aA)n

i+1/2 max
(
τn

i , τn
i+1

)) ,

0 <σ< 1.

(2.51)

One should keep in mind that it is absolutely not sufficient, in a fractional-step method, to con-
strain the time-step by only sub-steps CFL condition in order to guarantee the stability of the over-
all algorithm. A very simple hand-made but rather convincing example described in [16] shows
that the CFL condition of the unsplit system has to be taken into account too. Hence, the final CFL
condition reads:

∆t n = min
(
∆t n

E ,∆t n
C ,∆t n

A
)

. (2.52)

We now study the discrete properties of our weighted splitting approach. Special attention will be
paid to the positivity of both density and internal energy.

2.3.4 Discrete Properties of the Overall Scheme

Discrete Density Positivity

Let us first notice that the acoustic resolution step of Aµ does not modify density. Then, one
has just to check that discrete density remains positive after the convective step. This is classically
done in [2] by rewriting the convective relaxation scheme (2.34), (2.40) as:

Un+1
i = U+ (

Wn
i , Wn

i−1

)+U− (
Wn

i+1, Wn
i

)
2

,

with: U+ (WL, WR) = 2∆t

∆x

∫ ∆x
2∆t

0
L

(
WGod

)
(ξ, WL, WR)d ξ,

U− (WL, WR) = 2∆t

∆x

∫ 0

− ∆x
2∆t

L
(
WGod

)
(ξ, WL, WR)d ξ.

(2.53)
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Hence, positivity of the discrete density ρn+1
i is maintained if all the intermediate densities appear-

ing in the Riemann problem described on Figure 2.1a and equalities (2.39) are positive. This can
be done by adding an additional lower bound for constant aC into the subcharacteristic condition
(2.28a):

Lemma 2.3.1 (Positivity of intermediate density)
Consider a given mesh face and the related local Riemann problem related to subsystem C, produc-
ing waves described on Figure 2.1a with UL and UR as initial data. Assume that the global CFL
condition (2.52) holds so that waves produced by local Riemann problems do not interact. Consider
the intermediate densities ρ∗L,C and ρ∗R,C defined in (2.39); then:

{
ρ∗L,C ≥ 0,

ρ∗R,C ≥ 0,
⇔


fL(aC) = a2

C +
ρL (uR −uL)

2E0
aC −

ρL
(
pR −pL

)
2

≥ 0,

fR(aC) = a2
C +

ρR (uR −uL)

2E0
aC +

ρR
(
pR −pL

)
2

≥ 0.

(2.54)

Define aρL (respectively aρR) the highest positive root related to the second order polynomial function
fL(aC) (respectively fR(aC)). Thus, under the modified subcharacteristic condition:

Cµ : aC ≥ max
(
ρL (cC)L, ρR (cC)R, aρL, aρR

)
, (2.55)

inequalities (2.54) hold. Furthermore, if UL and UR are such that aρL (respectively aρR) is complex
or negative, ρ∗L,C ≥ 0 (respectively ρ∗R,C ≥ 0) is automatically fulfilled and aρL (respectively aρR) can
be removed from (2.55). Eventually, it is equivalent to guarantee the intermediate density positivity
and the ordering of the waves speeds: uL −E0 aC τL ≤ u∗

C ≤ uR +E0 aC τR.

The proof of this lemma, including the expressions of aρL and aρR, is written in subsection D. The
same kind of results can be found in [2] in order to enforce the mass fraction positivity. One has to
mention that the non-dimensional expressions of aρL and aρR are of order O(1+M/E0). Therefore
considering the discrete splitting parameter E n

0 defined in (2.49), the non-dimensional roots aρL
and aρR are of order one w.r.t the Mach number. Thus, their impact on the overall fractional step
and notably on the numerical diffusion associated with the convective flux (2.41) is controlled in
the sense that the modified subcharacteristic condition (2.55) does not imply that lim

M→0
aC =+∞.

Discrete Internal Energy Positivity for Ideal Gas Thermodynamics

As already presented in Section 2.2.2, in the case of an ideal gas thermodynamics, specific
internal energy ε remains positive throughout space and time. Although ε is not a conservative
variable, we can still consider equation (2.53) seen as a continuous convex combination of conser-
vative states and notice that ΦPG defined in (2.15) is a convex set in the conservative phase-space
(see [5] for a proof). Thus, similarly to density, a sufficient condition to guarantee the positivity
of εn+1 is to make sure that for k ∈ {L, R}, ε∗k,C = e∗k,C − (u∗

C )2/2 as well as ε∗k,A = e∗k,A− (u∗
A)2/2 are

positive. Such a sufficient condition is presented in the next lemma:

Lemma 2.3.2 (Positivity of the intermediate internal energy)
Consider a given mesh face and the related local Riemann problem associated with subsystem C (re-
spectively A), producing waves described in Figure 2.1a (respectively Figure 2.1b) with UL and UR as
initial data. Assume that the global CFL condition (2.52) holds so that waves produced by local Rie-
mann problems do not interact. For k ∈ {L, R}, consider the intermediate densities ε∗k,C (respectively
ε∗k,A) defined with quantities introduced in (2.39) (respectively (2.45));

for the acoustic subsystem:
fA,L(aC) = a2

A−ρεL
(uR −uL)

2
aA+ρεL

(
pR −pL

)
2

≥ 0,

fA,R(aA) = a2
A−ρεR

(uR −uL)

2
aA−ρεL

(
pR −pL

)
2

≥ 0

⇒
{
ε∗L,A ≥ 0,

ε∗R,A ≥ 0,
(2.56)
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with ρεk = pk

εk
.

for the convective subsystem:


fC,L(aC) = a2

C −E0ρ
ε
L

(uR −uL)

2
aC +E 2

0 ρ
ε
L

(
pR −pL

)
2

≥ 0,

fC,R(aC) = a2
C −E0ρ

ε
R

(uR −uL)

2
aC −E 2

0 ρ
ε
L

(
pR −pL

)
2

≥ 0

⇒
{
ε∗L,C ≥ 0,

ε∗R,C ≥ 0,
(2.57)

Define (aεA,L, aεC,L) (respectively (aεA,R, aεC,R)) the highest positive roots related to the couple of second
order polynomial functions ( fA,L(aA), fC,L(aC)) (respectively ( fA,R(aA), fC,R(aC))). Then one can
show that:

aεC,L = E0 aεA,L,

aεC,R = E0 aεA,R,
(2.58)

so that under the modified subcharacteristic condition:

Cµ : aC ≥ max
(
ρL (cC)L, ρR (cC)R, aεA,L, aεA,R

)
,

Aµ : aA ≥ max
(
ρL (cA)L, ρR (cA)R, aεA,L, aεA,R

)
,

(2.59)

inequalities (2.56) and (2.57) hold. Eventually, if UL and UR are such that aεA,L (respectively aεA,R) is
complex or negative, the positivity of (ε∗L,C , ε∗L,A) (respectively (ε∗R,C , ε∗R,A) ) is automatically fulfilled
and aεA,L (respectively aεA,R) can be removed from (2.59).

The proof of this lemma and the formulas for the polynomial roots are provided in subsection E.
Once again, it can be shown that the non-dimensional expressions of aεA,L and aεA,R are of order
one w.r.t the Mach number.

In the following section, a truncation error analysis performed on smooth solutions is derived
in order to assess the effect of the splitting parameter E0 in terms of numerical diffusion in the case
of one-dimensional low Mach number compressible flows.

2.4 A Truncation Error Analysis

In [10, 25] a fractional step approach based on a Lagrange-Projection splitting [14] is proposed.
The authors use a relaxation scheme, very similar to these introduced in (2.44), (2.45), (2.46), to
discretize their corresponding acoustic flux. By performing a 1D non-dimensional truncation er-
ror analysis, they show that the dissipative part of the discrete acoustic momentum flux scales as
O(∆x/M). This prohibitive dissipation does not vanish through their transport sub-step and the
resulting diffusive operator for the overall scheme is of the same order.

A detailed study in [18–20] points out that this pathology actually holds for all Godunov-like
schemes and hides far more intricate spatial discretization issues if one is interested in maintain-
ing the solution of compressible Riemann solvers close to its incompressible initial part.

As explained in the introduction, the present work evolves within the point (II) framework.
Then, we are simply interested in reducing the numerical diffusion which could occur on acoustic
wave fronts in the case where 0 < M ¿ 1. Hence, we only consider 1D non-dimensional trunca-
tion error analysis as a simple (although incomplete) tool to have a rough idea of the numerical
diffusion produced by the spatial discretization of the present compressible solver when the Mach
number is small compared with one. We notably want to measure the effect of the splitting param-
eter E n

0 on the amplitude of the overall scheme numerical diffusion. For that purpose, we start by
performing a truncation error analysis for each subsystem as if they were solved independently.
Then, the additional numerical diffusion due to the composition between the discrete convective
state update and the acoustic flux is analyzed.
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2.4.1 Truncation Error of the Weighted Splitting Subsystems

Each truncation error analysis is made on non-dimensional systems. Let us introduce

tref, lref, ρref, uref, pref, (2.60)

the reference time-scale, space-scale, density, material velocity and pressure. Besides, define a ref-
erence acoustic celerity cr such that ρref c2

r = pref. Finally, consider the Mach number M = uref/cr

and the Strouhal number Str = lref/(tref uref). Then, the overall non-dimensional Euler compress-
ible system reads:

E :


Str∂t ρ+∂x (ρu) = 0,

Str∂t (ρu)+∂x

(
ρu2 + p

M2

)
= 0,

Str∂t (ρe)+∂x
(
(ρe +p)u

)= 0,

(2.61)

with e = ε(
ρ, ε

)+M2 u2

2 . Note that in the context of point (II) , the reference time-scale is based on
the fast acoustic waves: tref = lref/cr. Thus, Str = 1/M. In the sequel, the Mach number is fixed to
a given low value: 0 < M ¿ 1. Then, by making the non-dimensional space-step ∆x tend towards
zero for smooth solutions, one seeks to find the amplitude of the diffusive operator induced by
the spatial discretization of the overall fractional step. We notably want to identify the diffusion
sources of order O(∆x/M).

Here is the truncation error analysis performed on the convective subsystem C:

Proposition 2.4.1 (Truncation error analysis of the convective subsystem)
Consider the convective numerical scheme defined by equations (2.34), (2.40) and (2.41). Under the
CFL condition (2.50), This scheme is consistent with the non-dimensional convective subsystem:

C tr unc :



Str∂t ρ+∂x (ρu) = O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
,

Str∂t (ρu)+∂x

(
ρu2 + E 2

0 (t )

M2 p

)
= O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
,

Str∂t (ρe)+∂x
(
(ρe +E 2

0 (t ) p)u
)= O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
.

(2.62)

The proof is given in subsection H. Let us start by mentioning that the first order time-dis-
cretization of the present approach produces a diffusion of order O(Str∆t ) = O(∆t/M) which can
be important when 0 < M ¿ 1. This difficulty is not treated in the present paper which focuses ex-
clusively on simple means to reduce the numerical diffusion induced by the spatial discretization
of Godunov-like schemes. In order to better understand the above orders of magnitude, consider
the diffusive part of the convective flux written in (2.41). Then one can rewrite the difference of
states as:

U∗
i+1/2 −Ui =

 ρ∗i ,C −ρi

(ρ∗i ,C −ρi ) (u∗
C)i+1/2

(ρ∗i ,C −ρi )e∗i ,C

+

 0
ρi ((u∗

C)i+1/2 −ui )
ρi (e∗i ,C −ei )

 , (2.63)

U∗∗
i+1/2 −Ui+1 =

 ρ∗i+1,C −ρi+1

(ρ∗i+1,C −ρi+1) (u∗
C)i+1/2

(ρ∗i+1,C −ρi+1)e∗i+1,C

+

 0
ρi+1 ((u∗

C)i+1/2 −ui+1)
ρi+1 (e∗i+1,C −ei+1)

 , (2.64)

where the expressions of (ρ∗i ,C , e∗i ,C) respectively (ρ∗i+1,C , e∗i+1,C) are provided in (2.39) with L = i ,

R = i +1. The diffusion of order O
(

M
E0
∆x

)
has been produced by the density differences ρ∗i ,C −ρi

and ρ∗i+1,C − ρi+1. It stems from the volume contraction operator ρ∂x u which, contrary to [10],
is present in our convective subsystem to provide a conservative mass flux when associated with

the transport operator u∂x ρ. The diffusion of order O
(

E0
M∆x

)
has been produced by the acoustic
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part of the non-dimensional relaxation eigenvalues ui − E0
M (aC)i+1/2τi and ui+1+ E0

M (aC)i+1/2τi+1;

as well as the non-centered part of the intermediate velocity (u∗
C )i+1/2 = ui+1+ui

2 − (E0/M) (pi+1−pi )
2(aC)i+1/2

.
In both cases, the splitting parameter acts as a compensator of the strong diffusive effect of order
O(1/M).

Therefore the numerical diffusion produced by the convective subsystem C is of order O(∆x)
in every Mach regime. If the convective part of the present weighted splitting approach struc-
turally avoids the numerical diffusion when 0 < M ¿ 1, the acoustic one continues to suffer from
it. Indeed:

Proposition 2.4.2 (Truncation error analysis of the acoustic subsystem)
Consider the acoustic numerical scheme defined by equations (2.34) and (2.46). Under the CFL
condition (2.50), This scheme is consistent with the non-dimensional acoustic subsystem:

Atr unc :



Str∂t ρ= O(Str∆t ),

Str∂t (ρu)+∂x

(
(1−E 2

0 (t ))

M2 p

)
= O(Str∆t )+O

(
(1−E 2

0 )

M
∆x

)
,

Str∂t (ρe)+∂x
(
(1−E 2

0 (t )) p u
)= O(Str∆t )+O

(
(1−E 2

0 )(M+ 1

M
)∆x

)
.

(2.65)

Here, the term of order O
(

(1−E 2
0 )

M ∆x
)

in the momentum equation truncation error is directly

produced by the dissipative part of the intermediate acoustic pressure:

(Π∗
A)i+1/2

M2 = (1/M2)
pi+1 +pi

2
− (1/M)

(aA)i+1/2

2
(ui+1 −ui ) . (2.66)

Besides, in the energy flux, the product between the centered part of (Π∗
A)i+1/2 and the non-

centered one of (u∗
A)i+1/2 = ui+1+ui

2 − (1/M) 1
2(aA)i+1/2

(
pi+1 −pi

)
provides the contribution

−(1/M) 1
4(aA)i+1/2

(
p2

i+1 −p2
i

)
also responsible for the O

(
(1−E 2

0 )
M ∆x

)
dissipative term. One can notice

that the splitting parameter E0 does not allow to damp the above diffusive terms since it solely acts
as a (1−E 2

0 ) factor.
What is more, the flux construction in the acoustic sub-step is fed by a modified conserva-

tive state Un+ which is solution of the discrete convective scheme (2.34), (2.40) and (2.41). Such a
modified state can hold perturbations which, once injected in the non-dimensional acoustic pres-

sure flux (2.66), can potentially bring additional numerical diffusion of order O
(

(1−E 2
0 )

M ∆x
)
. This is

studied in the following paragraph.

2.4.2 Effect of the Convective and Acoustic Operators Composition on the Truncation
Error

Let us consider a smooth initial state xi → U(xi )n+ solution of the non-dimensional discrete
convective scheme. According to (2.62), under the CFL condition (2.50), Un+

i is such that:

Un+
i = Un

i +Bn
i +O

(
M(1+ E0

M
+ M

E0
)∆x2

)
,

with: Bn
i =−∆t n

Str
∂x L

(
FµC

)(
Un

i

)=−∆t n M∂x L
(
FµC

)(
Un

i

)
,

L
(
FµC

)(
Un

i

)= [
ρn

i un
i , ρn

i

(
un

i

)2 + (E n
0 /M)2 pn

i ,
(
ρn

i en
i + (E n

0 )2 pn
i

)
un

i

]T
,

ρn
i en

i = ρn
i ε

n
i +M2ρn

i

(un
i )2

2
,

and ∆t n = A
n
∆x = σ

2

∆x

max
i+1/2

(
M

∣∣un
i

∣∣+ cn
i , M

∣∣un
i+1

∣∣+ cn
i+1

) , 0 <σ< 1.

(2.67)
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Neglecting the second order term O
(
M(1+ E0

M + M
E0

)∆x2
)
, we want to study the influence of the per-

turbation Bn
i in terms of additional numerical diffusion when injected inside the non-dimensional

pressure flux of the acoustic momentum equation (2.66). According to (2.67), Bn
i is of order O(M∆x)

since, according to formula (2.49), E0 is proportional to the Mach number. Thus, it is only its con-
tribution to the centered part of (Π∗

A)i+1/2/M2 that can potentially create an additional numerical
diffusion scaling as a O(∆x/M) term. Let us first rewrite p

(
Un+

i

)
as:

p
(
Un

i

)−A
n

M∆x
[∇Up

(
Un

i

) ·∂x L
(
FµC

)(
Un

i

)]+O
(
(M∆x)2) ,

with: p
(
Un

i

)= p(ρn
i , ρn

i en
i −M2

(ρn
i un

i )2

2ρn
i︸ ︷︷ ︸

ρn
i ε

n
i

),

and ∇Up
(
Un

i

)=
∂ρ p|ρε(ρn

i ,ρn
i ε

n
i )+M2 (un

i )2

2 ∂ρε p|ρ(ρn
i ,ρn

i ε
n
i )

−M2 un
i

2 ∂ρε p|ρ(ρn
i ,ρn

i ε
n
i )

∂ρε p|ρ(ρn
i ,ρn

i ε
n
i )

 .

(2.68)

Then, the zeroth order terms w.r.t M of the product ∇Up
(
Un

i

) ·∂x L
(
FµC

)(
Un

i

)
are only:[

∂ρ p|ρε(ρn
i ,ρn

i ε
n
i )

]
∂x (ρn

i un
i )+ [

∂ρε p|ρ(ρn
i ,ρn

i ε
n
i )

]
∂x (ρn

i ε
n
i un

i ). (2.69)

In the case of a stiffened gas thermodynamics (2.16):

∂ρ p|ρε(ρn
i ,ρn

i ε
n
i ) = 0,[

∂ρε p|ρ(ρn
i ,ρn

i ε
n
i )

]
∂x (ρn

i ε
n
i un

i ) = ∂x (pn
i un

i ) = un
i ∂x pn

i +pn
i ∂x un

i .
(2.70)

Thus, if no supplementary hypothesis are made on the shape of pn
i and un

i , the combination
of both convective and acoustic sub-steps entails a spurious numerical diffusion because of the
equation of state relating the pressure with the internal energy ρε. Such a difficulty can be circum-
vented if one assumes that at time t n the discrete solution Un

i lies into the discrete well-prepared
space (see [18, 20, 38]):

un
i = u0 +O(M),

pn
i = p0 +O

(
M2) ,

with: u0, p0 constants of order one,

(2.71)

since in that case ∂x (pn
i un

i ) becomes of order O(M). Recall that the present work concentrates on
the point (II) described in the introduction. Hence, in the case where the stiffness of the thermo-
dynamics allows to generate high amplitude pressure jumps even if 0 < M ¿ 1, the well-prepared
conditions (2.71) do not hold. However we can still consider the above analysis as a basic way
to identify the main sources of numerical diffusion, try to remove them when it is possible and
observe the impact of the corrections on the numerical results. In the sequel, we restrict our trun-
cation error analysis to stiffened gas thermodynamics and initial well-prepared conditions.

In any case, a last special treatment has to be implemented to remove the O
(

(1−E 2
0 )∆x

M

)
diffusive

terms brought by the acoustic non-centered part in the momentum flux.

2.4.3 Correction of the Acoustic Splitting Step

In [18, 25], facing at similar difficulties regarding the amplitude of the numerical diffusion
brought by their acoustic sub-step, the authors apply a discrete correction to the non-centered
part of the acoustic pressure. Such a correction, originally introduced in [22], has been also stud-
ied in [20, 35] as a way to control the accuracy of the computational solution towards its initial
incompressible part when the Mach number is close to zero. Here, however, we only consider
the correction as a tool which could potentially reduce the one-dimensional diffusion of our com-
pressible solver and then provide a better accuracy towards the compressible solution of Riemann
problems when the Mach number is small compared with one.
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The correction consists in adding artificially a term of order O(M) in front of the non-centered
part in the acoustic pressure. This new term can be built using the local velocity and sound speed.
The modified acoustic flux reads:

Hac
n
i+1/2 =

(
1− (E n

0 )2)
 0

(Π∗
A,θ)n

i+1/2
(Π∗

A,θu∗
A)n

i+1/2

 ,

with: (Π∗
A,θ)n

i+1/2 =
pn

i+1 +pn
i

2
− (aAθ)n

i+1/2

2

(
un

i+1 −un
i

)
,

and θn
i+1/2 = min

( ∣∣(u∗
A)n

i+1/2

∣∣
max

(
cn

i+1, cn
i

) , 1

)
.

(2.72)

As noticed in [25], the introduction of this correction does not alter the consistency of the numer-
ical scheme because it solely impacts the non-centered part in the momentum flux which is only
responsible for the numerical diffusion. Furthermore, it is possible to build an approximate Rie-
mann solver in the sense of Harten, Lax and Van Leer [30] with the same eigenvalues than those
produced by the exact Riemann problem associated with the acoustic relaxation system Aµ. De-
tails on this approximate Riemann solver are given in Figure 2.2a, and equations (2.73), (2.74). The
insensitivity of the eigenvalues to the correction allows to maintain the same kind of CFL condition
(2.52) for the modified acoustic scheme.

Z∗
f ,θ =


ρL

u∗
L,θ

Π∗
A,θ

e∗L,θ

, Z∗∗
f ,θ =


ρR

u∗
R,θ

Π∗
A,θ

e∗R,θ

 , (2.73)

with:


u∗

k,θ = u∗
A+ (−1)ik (1−θ)

(uR −uL)

2
,

e∗k,θ = e∗k,A+ (−1)ik (1−θ)
(uR −uL)u∗

A
2

,

k ∈ {L, R} , iL = 1, iR = 2.

(2.74)

Thanks to this correction term, numerical diffusion of the subsystem A is modified, namely:

Proposition 2.4.3 (Truncation error analysis of the acoustic subsystem with correction)
Consider the acoustic numerical scheme defined by equations (2.34) with the corrected flux (2.72).
Suppose that pressure follows the well-prepared initial condition written in (2.71). Then, under the
CFL condition (2.50), This scheme is consistent with the non-dimensional acoustic subsystem:

Atr unc :



Str∂t ρ= O(Str∆t ),

Str∂t (ρu)+∂x

(
(1−E 2

0 (t ))

M2 p

)
= O(Str∆t )+O

(
(1−E 2

0 )θ

M
∆x

)
,

Str∂t (ρe)+∂x
(
(1−E 2

0 (t )) p u
)= O(Str∆t )+O

(
(1−E 2

0 )(1+θ)M∆x
)

.

(2.75)

Assume that there exists a smooth function (x, t ) → θ(x, t ) such that ∀(i , n), θ(xi+1/2, t n) =
θn

i+1/2. Then the numerical diffusion contained in the term of order O
(

(1−E 2
0 )θ

M ∆x
)

is actually of

order O
(
(1−E 2

0 )∆x
)
. Moreover, the global truncation error analysis writes:

Proposition 2.4.4 (Truncation error analysis of the overall scheme with correction)
Assume a fluid endowed with a stiffened gas thermodynamics (2.16). Consider the global relaxation
scheme defined by equations (2.48) endowed with the corrected acoustic flux (2.72). Suppose that
initial state Un

i follows the well-prepared initial conditions written in (2.71). Then, under the CFL
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condition (2.50), this scheme is consistent with the non-dimensional system:

E tr unc :



Str∂t ρ+∂x (ρu) = O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
,

Str∂t (ρu)+∂x

(
ρu2 + p

M2

)
= O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
+O

(
(1−E 2

0 )(1+ θ

M
)∆x

)
,

Str∂t (ρe)+∂x
(
(ρe +p)u

)= O(Str∆t )+O

(
(1+ E0

M
+ M

E0
)∆x

)
+O

(
(1−E 2

0 )(1+θ)M∆x
)

.

(2.76)

The proofs of the above propositions are written in subsection H. Since the local correction θn
i+1/2

as well as the splitting parameter E n
0 are by construction of order M, the numerical diffusion for

the overall fractional step becomes of order O(∆x) even when the Mach number is small com-
pared with one. In the sequel, the anti-diffusion introduced by the coefficient θ is refered as to
"θ-correction".

In the next section, one-dimensional numerical results of the present weighted splitting ap-
proach are presented. They are only made of 1D compressible test cases including ideal and stiff-
ened gas thermodynamics. The main objective here is to assess the accuracy w.r.t the compressible
analytical solution of the present approach as well as its efficiency for a wide panel of Mach num-
bers. In order to do so, we systematically compare the present work with the Lagrange-Projection
method described in [10, 25].

2.5 Numerical Results

2.5.1 Ideal Gas Thermodynamics

Let us first consider a one-dimensional configurable shock-tube test-case. The fluid has been
firstly endowed with an ideal gas thermodynamics (2.15a) with the heat capacity ratio γ= 7/5. The
simulation has been conducted on a domain of length 1m, the initial discontinuity of the Riemann
problem being located at x = 0.5m. The initial inputs of the Riemann problem are summed up on
Table 2.1. Recall that the analytical solution is made of a left-going 1-rarefaction wave, a 2-contact

Left state Right state
ρ (kg .m−3) ρ0,L = 1. ρ0,R = 0.125
u (m.s−1) u0,L = 0. u0,R = 0.

p (bar ) p0,L = p0,R (1+∆) p0,R = 0.1

Table 2.1 – Ideal gas shock tube initial conditions

discontinuity propagating to the right and a right-going 3-shock wave. The maximal Mach number
is reached at the tail of the 1-rarefaction wave and can be controlled by increasing or diminishing
the parameter ∆. When ∆= 9, the classical Sod shock-tube described in [41] is retrieved, and the
maximal Mach number Mmax is about 0.92. We will refer to it as a Mach one case. When ∆ =
2×10−1, Mmax ≈ 9.5×10−2. This will be considered as an intermediate regime. Finally, when ∆=
8×10−3, Mmax ≈ 4.2×10−3 and we call it low-Mach case. Let us mention that in the above three test
cases, the Mach number across the left-going 3-rarefaction wave evolves from 0 to Mmax . Then,
low Mach number regions are present in every test case. However, the definition of the splitting
parameter E0(t ), based on Mmax (t ), will provide a completely different behavior according to ∆.
Indeed, in the first case, after several time-steps, E0(t ) ≈ 1 and the contribution of the acoustic
subsystemA is almost negligible. This test case allows to assess the quality of the present approach
in the classical configuration where large pressure variations are related to a sudden rise of the
Mach number. In the third case 0 < E0(t ) ¿ 1 and the Euler system is fully split. Besides, one can
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notice that, in this case, the amplitude of the 1-rarefaction and the 3-shock waves is small due to
the ideal gas thermodynamics. Indeed, initial conditions are such that:∣∣p0,R −p0,L

∣∣
p0,R

= O(Mmax ). (2.77)

For every test case, the computation ends when the right-going 3-shock wave reaches the posi-
tion x = 0.75m. The corresponding final times are Tend = 4.51× 10−4 s for Mmax = 0.92, Tend =
7.31×10−4 s for Mmax = 9.5×10−2 and Tend = 7.43×10−4 s for Mmax = 4.2×10−3. Besides, trans-
missive boundary conditions have been considered. Finally, the CFL condition of our time-explicit
scheme is the one written in (2.52) with σ= 0.9. In the sequel, Mmax is rewritten M for the sake of
simplicity.

As previously announced, three criteria have been involved in order to measure the quality of
the present approach: mesh convergence in L1 norm, profiles of the different computed solutions
and efficiency.

Convergence Curves

Convergence curves have been built using a wide range of cells number:
Ncel l s ∈

{
102, 103, 104, 3×104,5×104,7×104,9×104

}
. Convergence rates have been calculated

using the error of the cases: Ncel l s = 7×104 and Ncel l s = 9×104. For each variable of interest, three
convergence curves are plotted according to the three different maximal Mach numbers defined
above. Besides, five different schemes have been tested: "no-Sp" corresponds to the case where
E n

0 = 1 is imposed along the simulation. Thus, the weighted splitting is not triggered. "Sp-(
p

M)" is

the weighted splitting approach with E n
0 = max

(√
Ei n f , min

(√
Mn

max , 1
))

while "Sp-(M)" involves

E n
0 defined in formula (2.49). Although the asymptotic behavior w.r.t the Mach number is the same

for both above definitions of E n
0 , the convective flux of the second should provide a lower numeri-

cal diffusion in smooth areas according to Proposition 2.4.1 and Proposition 2.4.4. Eventually, "LP"
is the Lagrange-Projection splitting method, fully described in [10] and taken as a benchmark. The
mention "-corr" means that the correction defined in (2.72) is triggered. Figure 2.3 corresponds to
the velocity convergence curve while Figure 2.4 is associated with the pressure variable. Density
convergence curve has intentionally not been plotted because results were extremely close.
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Figure 2.3 – Velocity Convergence Curves

Every numerical scheme converges towards the analytical compressible solution as the mesh
is refined. In the Mach one regime, convergence curves overlap quasi perfectly. It is coherent with
the fact that, in such a regime, subsystem C is almost similar to the full Euler system. By construc-
tion, the numerical contribution of the acoustic subsystem A is negligible. Still, the proximity
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between the Lagrange-Projection scheme with correction and the weighted splitting schemes is
less straightforward.

Furthermore, as Mmax decreases one can observe that the schemes with the θ-correction Sp-
(
p

M)-corr and Sp-LP-corr are clearly more accurate than the other ones. For example in Figure 2.3,
for M = 9.5×10−2, Sp-(

p
M)-corr reaches the precision level of 2×10−3 with a 3×103 cells mesh

whereas it requires more than 7×103 for No-Sp. This is in agreement with the acoustic truncation
error result of Proposition 2.4.3 derived for a smooth and initially well-prepared solution. In 1D,
the θ-correction has an anti-diffusion effect which improves the global accuracy of the proposed
approach in smooth regions of the computational solution. Although this was already observed
in [20] for a Godunov scheme (without splitting), it is satisfying to notice that the present splitting
does not alter this anti-diffusion effect. Moreover, as it can be seen in Figure 2.4, for M = 4.2×10−3,
switching the weighting parameter E n

0 from
√

Mn
max to Mn

max has only a very slight positive effect
on the scheme accuracy. This is due to the fact that, in case of low-Mach number compressible
flow, most of the numerical diffusion is generated by the acoustic part of the weighted splitting ap-
proach. To complete this comparison, one could have wished to see the case Sp-(M)-corr which,
according to Proposition 2.4.4, is supposed to reduce the convective and acoustic numerical diffu-
sion for a smooth solution initially in the well-prepared space. Unfortunately this case suffers from
strong non-physical oscillations located in the left rarefaction wave area. Plots of these oscillations
for different cells numbers can be seen on subsection G.
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Figure 2.4 – Pressure Convergence Curves

They have already been observed for low-Mach corrected numerical schemes written in Eu-
lerian coordinates (see [25], chapter 3, section 3.G). However, these spurious perturbations are
damped in the sense of the L∞ and L1 norms as the mesh is refined. So far finding the optimal
choice for the couple (E0,θ) in order to prevent the acoustic momentum flux from being com-
pletely centered and thus triggering such oscillations is still an open issue.

Let us do a last remark about the convergence rates of the different curves as the Mach num-
ber tends towards zero. In [23], the authors show that, for Riemann problems whose maximal
Mach number Mmax is close to 1, the rate of convergence of variables varying through genuinely
non-linear waves is around 1. However, for variables jumping through a contact wave, typically
the density ρ, the rate is around 0.5. This numerical observation holds independently of the ap-
proximate Riemann solver at stake and is also mentioned in [20]. Thus, since u and p do not
jump through the right-going 2-contact discontinuity of the above shock tubes, the expected rate
of convergence should be 1.

Table 2.2 presents these orders of convergence for pressure. One can see that for every schemes,
the order of convergence is depreciated as the maximal Mach number decreases. Indeed for
pressure, it passes from 0.87 at M = 0.92 (the expected order already obtained in [23]) to 0.82 at
M = 9.5×10−2 and 0.56 in the low-Mach number case. Seeking to confirm this behavior, the same

51



Chapitre 2. Splitting d’opérateur dépendant du nombre de Mach pour le système d’Euler

M = 0.92 M = 9.5×10−2 M = 4.2×10−3

No-Sp 0.870 0.803 0.530

Sp-(
p

M) 0.868 0.814 0.531
Sp-M 0.860 0.829 0.597

Sp-(
p

M)-corr 0.868 0.833 0.580
Sp-LP-corr 0.882 0.806 0.572

HLLC 0.879 0.802 0.528

Table 2.2 – Pressure Convergence Rate (L1 norm)

test case has been computed using an HLLC-type scheme [43]; once again, at M = 4.2×10−3 the
convergence rate is 0.528. This unusual behavior can be summed up as: the lowest the maximal
Mach number is, the slowest Godunov-like schemes are to reach the analytical compressible so-
lution as the mesh is refined. The same convergence rate order can be found in [21] (page 20,
Table 6.2) for a 1D double rarefaction wave problem performed on the Euler barotropic system
with M ≈ 3.1×10−2. The implicit-explicit AP scheme used to obtain this order is based on a Ru-
sanov spatial discretization. Further investigations have to be undertaken in order to understand
this numerical phenomenon.

Beyond convergence curves and rates, one must also have a look on the solution profile ob-
tained with the different numerical schemes at a fixed mesh size. This is done in the next subsec-
tion.

Solution Profiles

Figure 2.5 and Figure 2.6 show the velocity and pressure final profiles calculated with the dif-
ferent numerical solutions in the low-Mach regime. We only plot the left-going 1-rarefaction and
the right-going 3-shock waves through which u and p change. Mesh is made of Ncel l s = 103 cells.
Let us point out that the stiffness of the rarefaction wave exact profile is only due to the fact that
the width of the fan at a given instant t writes:

∣∣(u0,L − c0,L
)− (

u∗− c∗L
)∣∣ t = ∣∣c∗L − c0,L −u∗∣∣ t ; with

u∗ the intermediate analytical velocity and c∗L the intermediate sound speed located at the left
of the 2-contact discontinuity. Since the maximal Mach number is very low compared to one
|u∗| ¿ min

(
c0,L, c∗L

)
, and since c0,L ≈ c∗L , the width of the fan is approximately equal to |u∗| t .

Thus, it is very small when acoustic time-scales such as 0 < t < 10−3 s are considered.
One can notice that No-Sp is always the most diffusive scheme. Besides, the positive effect

of the E n
0 = max

(
Ei n f , min

(
Mn

max , 1
))

choice compared to E n
0 = max

(
Ei n f , min

(√
Mn

max , 1
))

is

exclusively located in the left rarefaction wave fan where the solution is continuous. In addition,
No-Sp, Sp-(

p
M) and Sp-(M) profiles overlap in the shock front region.
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Figure 2.5 – Velocity profile at M = 4.2×10−3, with Ncel l s = 103

Eventually, the correction globally improves the computed solution accuracy. The Sp-(
p

M)-
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corr case produces profiles closer to the analytical solution than Sp-LP-corr at the cost of little
overshoots in the tail of the left rarefaction wave and before the shock front.
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Figure 2.6 – Pressure profile at M = 4.2×10−3, with Ncel l s = 103

Efficiency Curve

Computational cost at fixed accuracy level is now investigated. Figure 2.7 and Figure 2.8 de-
scribe the pressure efficiency curves of the different numerical schemes for the three Mach regimes.
In the Mach one regime, every scheme seems to behave equivalently, the proposed weighted split-
ting approach requiring slightly more CPU time than No-Sp or Sp-LP-corr. When M = 9.5×10−2,
the weighted splitting approach is still slower than No-Sp, however the θ-corrected schemes are
clearly less time consuming, at fixed error than the other ones. Indeed Sp-(

p
M)-corr and Sp-LP-

corr reach the precision of 7×10−5 in about one hour and a half whereas it requires six hours for
No-Sp and more than seven hours for Sp-(

p
M). Eventually, in the low-Mach case, Sp-(

p
M)-corr

seems to produce better results than Sp-LP-corr. For a fixed precision of 4×10−6 the weighted split-
ting method needs about one hour and forty minutes whereas the Lagrange-Projection method
requires a little less than three hours.
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Figure 2.7 – Pressure Efficiency Curves: M = 0.92 (left), M = 9.5×10−2 (right)

2.5.2 Stiffened Gas Thermodynamics

In the above subsection, some elements seem to suggest that the weighted splitting approach
produces satisfying results for a wide range of Mach number. The present method is notably

53



Chapitre 2. Splitting d’opérateur dépendant du nombre de Mach pour le système d’Euler

10−4 10−3 10−2 10−1 100 101

10−5

10−4

CPU time (h) (log scale)

p
L

1
er

ro
r

(lo
g

sc
al

e)

no-Sp Sp-(
p

M) Sp-(M) Sp-(
p

M)-corr Sp-LP-corr

Figure 2.8 – Pressure Efficiency Curves: M = 4.2×10−3

able to capture strong shock waves associated with a sudden rise of the maximal Mach num-
ber. Nevertheless, as mentioned in point (II) in the introduction, we are interested in configu-
rations where strong shock waves appear even if 0 < M ¿ 1. In subsection A, the analytical so-
lution of a symmetric double shock Riemann problem involving the Euler compressible system
endowed with a stiffened gas thermodynamics (2.16) is derived. Starting with initial states of den-
sity ρ0 = 103 kg .m−3, velocity |u0| = 1m.s−1 and pressure p0 = 3×105 Pa, one can analytically show
that the non-dimensional pressure jump reads:∣∣p∗−p0

∣∣
p0

= M0 (1+α)×O(1) w.r.t M0,

with: M0 =
|u0|
c0

, α= P∞
p0

,

and p∗ the intermediate pressure behind the shock fronts.

(2.78)

Then, one can notice that the stiffness of the non-dimensional thermodynamical coefficient α can
compensate the amplitude reduction effect of M0. By choosing γ = 7.5 and P∞ = 3×108 Pa, one
can obtain c0 ≈ 1.5×103 m.s−1 which is representative of liquid water at T0 = 295K. A numerical
application leads to:

M0 ≈ 7×10−4,

α= 103,∣∣p∗−p0
∣∣

p0
≈ 5.2.

(2.79)

Hence, 15-bar amplitude shock waves are created while the Mach number is of order 10−3.
In the following, a shock tube Riemann problem using the above stiffened gas thermodynam-

ics is tested. The initial conditions have been defined in Table 2.3, and we still have γ = 7.5,
P∞ = 3× 108 Pa. In this case, the maximal Mach number is about Mmax ≈ 4.6× 10−5. Thus, we
are still in a very low-Mach regime. The final time of the simulation is Tend = 1.58×10−4 s.

Left state Right state
ρ (kg .m−3) ρ0,L = 103 ρ0,R = 9×102

u (m.s−1) u0,L = 0. u0,R = 0.
p (bar ) p0,L = 3 p0,R = 1

Table 2.3 – Stiffened gas shock tube initial conditions
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Acoustic Relaxation Coefficient Calibration

Let us go back to Remark 2.3.4. Testing a stiffened gas thermodynamics allows to compare
the acoustic subcharacteristic condition (2.28b) derived from the weighted splitting approach and
(2.30) obtained directly from the relaxation of the full Euler system and found in [25]. Let us recall
that the inferior bound of (2.28b) uses an artificial acoustic sound speed cA whereas (2.30) is based
on the physical sound speed c. In the previous ideal gas thermodynamics case cA =√

(γ−1)p/ρ=√
(γ−1)/γc and

√
(γ−1)/γ≈ 0.53 such that this non-physical acoustic celerity was of the same or-

der that the real sound speed. However, with a stiffened gas thermodynamics, cA does not change
while c becomes

√
γ (p +P∞)/ρ≈√

γP∞/ρ. Thus cA/c ≈√
(γ−1)/γ

√
p/P∞ ¿ 1. One could won-

der if considering the subcharacteristic condition (2.28b) based on a non-physical celerity rather
than the one based on the real sound speed (2.30) has an effect on the overall scheme accuracy? So
far, numerical arguments seem to go in favor of an acoustic relaxation coefficient based on the real
sound speed. Indeed, Figure 2.9 shows two weighted splitting simulations of type Sp-(

p
M). The

first one, noted Sp-(
p

M)-aA, takes the subcharacteristic condition (2.28b) into account whereas
the second one, Sp-(

p
M)-aE, involves (2.30). The mesh was composed of 103 cells.

It turns out that Sp-(
p

M)-aA produces non-physical oscillations inside the rarefaction fan and
before the shock front. Things are even worse when Sp-(M)-aA and Sp-(M)-aE are compared. In-
deed, even if the non-physical subcharacteristic condition (2.28b) is fulfilled, the amplitude of
the spurious oscillations is such that pressure becomes negative after several timesteps. Simula-
tion crashes because cA becomes a complex number. On the contrary, Sp-(M)-aE does not suffer
from any oscillations or stability issues. Recall that the relaxation coefficient aA multiplies the
non-centered part of the acoustic momentum flux responsible for most of the numerical diffusion
of the scheme. Hence, by considering subcharacteristic condition (2.30) rather than (2.28b) this
coefficient has been considerably increased as well as the numerical diffusion coefficient. Non-
physical oscillations are then removed.
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Figure 2.9 – Effect of the Estimation of the Relaxation Coefficient

In the sequel, the acoustic relaxation coefficient aA has been calculated using the physical
sound speed: aA > ρc. The global CFL condition (2.52) is modified in consequence.

Convergence Curves and Computed Solutions Profiles

Similarly to the ideal gas thermodynamics configuration, pressure convergence curve plotted
in Figure 2.10 shows that the θ-corrected schemes are the most accurate as the mesh is refined.
However, one can notice that the Sp-(

p
M)-corr curve remains at the same level of accuracy than

the non-corrected schemes until Ncel l s > 103. This can be explained by observing the solutions
profiles drawn in Figure 2.11. The correction centers the pressure flux since the Mach number is
very small in every computational region. Hence, it triggers oscillations in areas where the solution
is sharp. Such oscillations are present even in the case of Sp-LP-corr but their amplitude is smaller.
In any case, the domain on which these oscillations are located as well as their relative height w.r.t
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the analytical solution are reduced as the mesh is refined. The present method is thus L∞ stable.
For Ncel l s ≥ 3×104 the Sp-(

p
M)-corr becomes as accurate as the Sp-LP-corr one.

Once again let us point out an amazing numerical result already observed in the above ideal
gas thermodynamics shock tube with M = 4.2 × 10−3. For every scheme (expect Sp-(

p
M)-corr

but additional points should be added to catch the asymptotic trend of its convergence curve),
the observed pressure convergence rate written in Table 2.4 is close to 0.5, the expected order for
variables jumping through contact discontinuities; which was not the expected.
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Figure 2.10 – Pressure Convergence Curve

M = 4.6×10−5

No-Sp 0.506

Sp-(
p

M) 0.502
Sp-M 0.503

Sp-(
p

M)-corr 0.783
Sp-LP-corr 0.561

Table 2.4 – Pressure Convergence Rate (L1 norm)
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2.6 Conclusions

In this work, a conservative fractional step approach based on a time-weighted splitting has
been proposed for Euler-like models. The weighting parameter is proportional to the instanta-
neous maximal flow Mach number M. When the latter takes high values the splitting allows to di-
rectly solve the overall Euler-like system in one step with an explicit time integration. Thus, shock
waves are correctly captured without any diffusion or dispersion induced by the acoustic time-
implicit discretization. On the contrary, if M is close to zero, convection is completely decoupled
from acoustic. In that case, the acoustic discrete flux is modified by an anti-diffusive correction. If
the fluid is endowed with a stiffened gas thermodynamics and if the solution is smooth as well as
initially well-prepared, it results in a uniform truncation error with respect to M.

What is more, the Suliciu-like relaxation method used to discretize both convective and acous-
tic subsystems provides the density and internal energy positivity, in the case of an ideal gas ther-
modynamics, up to the introduction of new non-restrictive lower bounds for the relaxation con-
stants. Besides, such relaxation constants encapsulate the thermodynamic nonlinearity and offer
an easy way to deal with general equations of state.

The one-dimensional results performed with an ideal and a stiffened gas thermodynamics
show that the time-explicit weighted splitting approach is as accurate and efficient as the time-
explicit Lagrange-Projection method [10] for a wide range of Mach numbers. It can notably cap-
ture strong shock and rarefaction waves linked to a sudden rise of the Mach number of the flow. In
the specific case where high amplitude shock waves appear even if 0 < M ¿ 1, the present method,
completed with the anti-diffusive correction, remains L∞ stable but suffer from stronger oscilla-
tions than the Lagrange-Projection method.

Besides, if one is interested in following the slow material waves of low-Mach number com-
pressible flows when no fast transient phenomenon is present, the implicit-explicit version of the
present approach can be relevant. Additional developments whose results are presented in [31, 32]
deal with the adaptation of a time-implicit discretization technique proposed in [10, 14] to the
present acoustic subsystem.

Among many areas of improvement, one would concern the definition of the discrete weight-
ing parameter E n

0 : in the same manner as for the relaxation constants, it could be transformed
into a local weighting factor which would be only uniform for the Riemann problem solved at the
interface. By doing so, the present weighted splitting approach could react to the spatial fluctua-
tions of the flow Mach number and could improve even further the global accuracy of the method.
Eventually, a reflection about the relevance of an extension of the present weighted splitting ap-
proach to homogeneous relaxed models will be undertaken.
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2.7 Appendices

A A Symmetric Double Shock Rieman Problem with a Stiffened Gas Equation of State

Let us consider a fluid endowed with a stiffened gas equation of state described in (2.16). Let
us define the 1D Riemann problem: The analytical solution is made of a left-going 1-shock, a

Left state Right state
ρ (kg .m−3) ρ0,L = ρ0 = 103 ρ0,R = ρ0

u (m.s−1) u0,L = u0 = 1. u0,R =−u0

p (bar ) p0,L = p0 = 3 p0,R = p0

Table 2.5 – Stiffened gas symmetric double shock initial conditions

steady 2-contact discontinuity and a right-going 3-shock. The symmetry of the problem forces
the intermediate velocity u∗ related to the contact discontinuity speed to be equal to zero. This
considerably simplifies the Rankine-Hugoniot relations. The intermediate pressure p∗ and den-
sity ρ∗ can be found analytically. Since u∗ = 0, there is only one remaining Mach number that one
can control through the initial conditions: M0 = (|u0|/c0). In the sequel, the analytical formula for
the pressure jump

∣∣p∗−p0
∣∣= p∗−p0 is derived.

Let us focus on the 3-shock Rankine-Hugoniot relations. Using the mass and the momentum
equations, one obtains:

−σ[
ρ0 −ρ∗

]+
−ρ0u0 −ρ∗

=0︷︸︸︷
u∗

= 0 ⇒σ= u0( τ0
τ∗ −1

) ,

ρ0u0σ+ (
ρ0u2

0 +p0 −p∗)= 0 ⇒ ρ0u2
0

(
1+ 1( τ0

τ∗ −1
))

+ (p0 −p∗) = 0,

with: τ= 1/ρ.

(2.80)

Recall that the energy equation reads: [ε]+p [τ] = 0; with p = (p∗+p0)/2 and ε= (p+γP∞)τ
γ−1 . Let us

introduce P = p +P∞ and P0 = p0 +P∞. As explained in subsection 2.2.2, P is the relevant variable
in the case of a stiffened gas thermodynamics. It results that:

τ∗(P∗) = τ0

(
(P0/β)+P∗)(
(P∗/β)+P0

) ,

with: β= γ−1

γ+1
.

(2.81)

After calculation,

1+ 1( τ0
τ∗ −1

) = 1+ β

1−β

(
(P0/β)+P∗)

(P∗−P0)
. (2.82)

When (2.82) is injected in (2.80) and after having multiplied by (P∗−P0), one obtains a second-
order polynomial function equation, namely:

X2 − γ

1−β M2
0 X−γ 1+β

1−β M2
0 = 0,

⇔X2 − γ (γ+1)

2
M2

0 X−γ2 M2
0 = 0, with: X = P∗−P0

P0
.

(2.83)

As P∗ > P0, we are looking for a strictly positive root , the solution writes:

P∗−P0

P0
= M0γ

γ+1

4
M0 +

√
1+ (γ+1)2

16
M2

0

 . (2.84)
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One can notice that if P∞ = 0 then, P∗ = p∗, P0 = p0, and equality (2.84) becomes similar to these
obtained in [8] (page 845) for an isolated shock endowed with an ideal gas thermodynamics. Thus,
in the case of an ideal gas thermodynamics:

p∗−p0

p0
= M0 ×O(1) w.r.t M0 ⇒ lim

M0→0

p∗−p0

p0
= 0. (2.85)

However, in the case of a stiffened gas thermodynamics, since P0 = p0 (1+α) with α= (P∞/p0):

p∗−p0

p0
= M0 (1+α)γ

γ+1

4
M0 +

√
1+ (γ+1)2

16
M2

0

 ,

= M0 (1+α)×O(1) w.r.t M0.

(2.86)

Here we can clearly see that, provided that the non-dimensional thermodynamical coefficient α
behaves as M−δ

0 with δ> 1, the stiffened gas thermodynamics is "stiff enough" to compensate the
damping effect of M0 when M0 → 0. For example, if one considers γ = 7.5 and P∞ = 3× 108 so
that to obtain a speed of sound c0 ≈ 1.5×103 m.s−1 and a temperature of T0 = 295K, a numerical
calculation gives:

M0 ≈ 7×10−4,

α= 103,

p∗−p0

p0
≈ 5.26.

(2.87)

Hence, on this analytical solution got from the Euler compressible system endowed with a stiff-
ened gas thermodynamics, a pressure jump of approximately 15 bars is created whereas the flow
Mach number is of order 10−3.

B Subsystems Hyperbolicity

For the sake of simplicity, we prove Proposition 2.2.1 in 1D. Let us consider the set of non
conservative variables V = [

ρ, u, p
]T. If the solutions of subsystems C and A are smooth, one can

rewrite them equivalently as:

CNC :


∂t ρ+u∂x ρ+ρ∂x u = 0,

∂t u +u∂x u + 1

ρ
∂x

(
E 2

0 (t ) p
)= 0,

∂t p +u∂x p +ρc2
C ∂x u = 0,

(2.88)

ANC :


∂t ρ= 0,

∂t u + 1

ρ
∂x

(
(1−E 2

0 (t )) p
)= 0,

∂t p + (1−E 2
0 (t ))ρc2

A∂x u = 0.

(2.89)

In variables V the Jacobian matrices of subsystems CNC and ANC are:

CNC :

u ρ 0
0 u E 2

0 /ρ
0 ρc2

C u

 , (2.90)

ANC :

0 0 0
0 0 (1−E 2

0 )/ρ
0 (1−E 2

0 )ρc2
A 0

 . (2.91)
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Supposing that c2
C ≥ 0 and c2

A ≥ 0, the eigenvalues and eigenvectors can be easily obtained and
read:

CNC :

λC1 = u −E0 cC ,

λC2 = u,

λC3 = u +E0 cC ,

rC1 =
 ρ

−E0 cC
ρc2

C

 , rC2 =
1

0
0

 , rC3 =
 ρ

+E0 cC
ρc2

C

 , (2.92)

ANC :

λA1 =−(
1−E 2

0

)
cA,

λA2 = 0,

λA3 = (
1−E 2

0

)
cA,

rA1 =
 0

1
−ρcA

 , rA2 =
1

0
0

 , rA3 =
 0

1
ρcA

 . (2.93)

Then, one can notice that, for the two subsystems, the 1-field and 3-field are genuinely non linear
whereas the 2-field is linearly degenerate. Let us now study the sufficient conditions for which
c2
C ≥ 0 and c2

A ≥ 0. Consider the ideal gas thermodynamics presented in equation (2.15). Then:

c2
C = (

1+E 2
0 (γ−1)

) p

ρ
= γE0

p

ρ
,

c2
A = (γ−1)

p

ρ
.

(2.94)

Since E 2
0 ∈ [0, 1], γE0 ∈

[
1, γ

]
. What is more, by definition of the ideal gas phase-space (2.15), the

pressure variable p is positive. Thus, in case of an ideal gas thermodynamics, c2
C and c2

A are natu-
rally positive. On the contrary, when the stiffened gas thermodynamics is at stake one obtains:

c2
C = γE0 p +γP∞

ρ
,

c2
A = (γ−1)

p

ρ
.

(2.95)

The stiffened gas phase-space (2.16) ensures that p >−P∞ ⇒ γE0 p+γP∞ > (γ−γE0 )P∞. And γ−γE0

is positive. Once again, c2
C is positive without any condition. However c2

A ≥ 0 ⇔ p ≥ 0 which is not
guaranteed in the stiffened gas phase space since p +P∞ > 0.

C Phase Space Invariance of the Continuous Subsystems

Consider Ω a bounded spatial domain of Rd , d ∈ {1, 2, 3} which boundary is ∂Ω. The objective
here is to study the positivity of ε (respectively P = ρε−P∞) in the case of an ideal gas thermody-
namics (respectively a stiffened gas thermodynamics). According to (2.15), (2.16), it corresponds
to the phase-space invariance for both ideal and stiffened gas thermodynamics.

Ideal Gas Thermodynamics

The specific internal energy of both subsystems verifies the following PDEs:
∂t ε+u ·∇ε+E 2

0 (t )
p

ρ
∇· u = 0, (C)

∂t ε+
(
1−E 2

0 (t )
) p

ρ
∇· u = 0, (A)

(2.96)

which can also be rewritten:{
∂t ε+u ·∇ε+E 2

0 (t ) (γ−1)ε∇· u = 0, (C)

∂t ε+
(
1−E 2

0 (t )
)

(γ−1)ε∇· u = 0, (A)
(2.97)

because p/ρ= (γ−1)ε.
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Define ε− = ε−|ε|
2 the negative part of the specific internal energy. Consider the following hy-

pothesis about the solution’s smoothness and the initial and boundary conditions:

∀t ≥ 0, u(t , .) ∈ L∞ (Ω) , ∇·u(t , .) ∈ L∞ (Ω) , (2.98a)

∀t ≥ 0, ε(t , .) ∈ L∞ (Ω) , ∇ε(t , .) ∈ L∞ (Ω)d , (2.98b)

∀x ∈Ω, ε(t = 0,x) > 0 ⇔ ε−(0,x) = 0, (2.98c)

ε|∂Ω ≥ 0 if u ·n|∂Ω ≤ 0. (2.98d)

By multiplying equation (2.96) by ε− and integrating over Ω one obtains:
d

d t

∫
Ω

(ε−)2

2
dΩ+

∫
Ω

u ·∇ (ε−)2

2
dΩ+

∫
Ω

(γ−1)E 2
0 (t ) (ε−)2∇· udΩ= 0 (C) ,

d

d t

∫
Ω

(ε−)2

2
dΩ+

∫
Ω

(γ−1)
(
1−E 2

0 (t )
)

(ε−)2∇· udΩ= 0 (A) .

(2.99)

By using Green’s formula, the above equations can be transformed into:
d

d t

||ε−||2
L2

2
=

∫
Ω
∇· u

(
1

2
− (γ−1)E 2

0 (t )

)
(ε−)2 dΩ−

∫
∂Ω

(ε−)2

2
u ·ndΓ (C) ,

d

d t

||ε−||2
L2

2
=−

∫
Ω
∇· u(γ−1)

(
1−E 2

0 (t )
)

(ε−)2 dΩ (A) .

(2.100)

Because of the admissible inlet boundary condition (2.98d), −∫
∂Ω

(ε−)2

2 u ·ndΓ is always negative
so that we can derive the following inequalities:

d

d t
||ε−||2L2 ≤

LC(t )︷ ︸︸ ︷
sup
Ω

∣∣∇· u
(
1−2E 2

0 (t ) (γ−1)
)∣∣ ||ε−||2L2 (C) ,

d

d t
||ε−||2L2 ≤ sup

Ω

∣∣2∇· u
(
1−E 2

0 (t )
)

(γ−1)
∣∣︸ ︷︷ ︸

LA(t )

||ε−||2L2 (A) .
(2.101)

Thus, because of Grönwall’s lemma: ||ε−||2L2 (t ) ≤ ||ε−||2L2 (0)e
∫ t

0 LC(s)d s = 0 ⇒||ε−||2L2 (t ) = 0 (C) ,

||ε−||2L2 (t ) ≤ ||ε−||2L2 (0)e
∫ t

0 LA(s)d s = 0 ⇒||ε−||2L2 (t ) = 0 (A) .
(2.102)

One can notice that, beyond hypothesis presented in (2.98), a sufficient condition to derive in-
equalities (2.101) is p

ρ = Kε with K a bounded function on Ω. Indeed, as previously seen, it allows

to control the term
∫
Ω ε

− p
ρ ∇·udΩ by sup

Ω

∣∣K∇·u
∣∣ ||ε−||2

L2 .

Stiffened Gas Thermodynamics

When a stiffened gas thermodynamics defined by (2.16a) and (2.16b) is at stake, one is inter-
ested in the positivity of P = ρε−P∞. Such a variable follows the PDEs:{

∂t P+∇· (P u)+E 2
0 (t ) (γ−1)P∇· u+P∞ (1−E 2

0 (t ))∇·u = 0, (C)

∂t P+ (1−E 2
0 (t )) (γ−1)P∇· u−P∞ (1−E 2

0 (t ))∇·u = 0. (A)
(2.103)

By doing exactly the same kind of hypothesis (but replacing ε by P) and calculations than for the
ideal case, one can obtain:

d

d t
||P−||2L2 ≤ (2E 2

0 (γ−1)+1)sup
Ω

∣∣∇·u
∣∣ ||P−||2L2 − (1−E 2

0 (t ))P∞
∫
Ω

P−∇· udΩ, (C)

d

d t
||P−||2L2 ≤ 2(1−E 2

0 )(γ−1)sup
Ω

∣∣∇·u
∣∣ ||P−||2L2 + (1−E 2

0 (t ))P∞
∫
Ω

P−∇· udΩ. (A)
(2.104)
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Assume that there exists a function K ∈ L∞(Ω) such that:

P∞ = K P. (2.105)

Then, it is possible to control the term P∞
∫
ΩP−∇·udΩwith ||P−||2

L2 . Inequalities (2.104) turn into:

d

d t
||P−||2L2 ≤ sup

Ω

∣∣((2E 2
0 (γ−1)+1)−K (1−E 2

0 )
)∇·u

∣∣ ||P−||2L2 , (C)

d

d t
||P−||2L2 ≤ sup

Ω

∣∣(1−E 2
0 )

(
2(γ−1)+K

)∇·u
∣∣ ||P−||2L2 , (A)

(2.106)

and the Grönwall’s lemma can be applied so that to obtain ||P−||2
L2 (t ) = 0. However, in the case

of a stiffened gas thermodynamics P∞/P = (γ−1)P∞
(p+P∞) and p is allowed to tend towards −P∞. Thus,

hypothesis (2.105) does not hold a priori and we cannot ensure the positivity of P unless P∞ = 0
(ideal gas thermodynamics) or E0 = 1 (splitting not triggered).

D Positivity of the Discrete Intermediate Density

Consider the Riemann problem presented in Figure 2.1a related to the convective subsystem.
It produces intermediate states described in relations (2.38) and (2.39). Let us find a sufficient
condition on the subcaracteristic coefficient aC so that the intermediate densities ρ∗k,C , k ∈ {L, R}
are positive.

ρ∗k,C ≥ 0 ⇔ τ∗k,C ≥ 0,

⇔ τk +
(−1)ik+1

E0 aC

(
u∗
C −uk

)≥ 0,

⇔ a2
C +

ρk (uR −uL)

2E0
aC +

(−1)ikρk
(
pR −pL

)
2

≥ 0.

(2.107)

The second order polynomial function admits real roots if and only if

∆
ρ

k ≡ ρk (uR −uL)2

8E 2
0

+ (−1)ik+1 (
pR −pL

)≥ 0. (2.108)

Let us notice that ∆ρL < 0 ⇒ ∆
ρ
R > 0 and conversely. In that case the polynomial constraint (2.107)

related to ∆ρL is automatically verified. Thus, consider the most demanding case where ∆ρL ≥ 0 and
∆
ρ
R ≥ 0, namely:

−ρL (uR −uL)2

8
≤ E 2

0

(
pR −pL

)≤ ρR (uR −uL)2

8
. (2.109)

If uL 6= uR, inequality (2.109) holds easily with low-Mach flows when E0 tends toward zero.
Let us define aρk , k ∈ {L, R} the highest roots related to the above polynomial functions:

aρL ≡ 1

2

−ρL (uR −uL)

2E0
+

√√√√ρ2
L (uR −uL)2

4E 2
0

+2ρL (pR −pL)

 ,

aρR ≡ 1

2

−ρR (uR −uL)

2E0
+

√√√√ρ2
R (uR −uL)2

4E 2
0

−2ρR (pR −pL)

 .

(2.110)

By noticing that ∀A ≥ 0,−A+
p

A2 +B > 0 ⇔ B > 0, one can build the following table which gives
the sign of aρL and aρR: In practice, when either aρL or aρR are positive, we add it as an additional
constraint into the subcaracteristic condition (2.28a) leading to the modified subcaracteristic con-
dition (2.55).
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uR > uL uR < uL

pR > pL aρL > 0, aρR < 0 aρL > 0, aρR > 0
pR < pL aρL < 0, aρR > 0 aρL > 0, aρR > 0

Table 2.6 – Positivity Domain of aρL and aρR

The non-dimensional expressions of aρL and aρR are:

aρL ≡ 1

2

−M

E0

ρL (uR −uL)

2
+

√(
M

E0

)2 ρ2
L (uR −uL)2

4
+2ρL (pR −pL)

 ,

aρR ≡ 1

2

−M

E0

ρR (uR −uL)

2
+

√(
M

E0

)2 ρ2
R (uR −uL)2

4
−2ρR (pR −pL)

 .

(2.111)

Thus, if E0 is proportional to the Mach number as defined in (2.49), the above non-dimensional
roots are of order one.

Concerning the equivalence between the intermediate density positivity and the ordering of
the eigenvalues of subsystem Cµ, one can notice that:

uL −E0 aC τL ≤ u∗
C ,

⇔ 0 ≤ E0 aC

(
τL + 1

E0 aC

(
u∗
C −uL

))
,

⇔ 0 ≤ τ∗L,C .

(2.112)

By doing the same calculation, one can see that u∗
C ≤ uR +E0 aC τR ⇔ τ∗R,C ≥ 0.

Finally, let us recall that, in the acoustic Riemann problem presented in Figure 2.1b, ρ∗L,A = ρL

and ρ∗R,A = ρR. The intermediate densities are then already positive. No additional constraint on
aA needs to be provided in order to preserve the density positivity.

E Positivity of the Discrete Intermediate Internal Energy

For an ideal gas thermodynamics, the specific internal energy is supposed to remain positive
throughout space and time under admissible boundary conditions. Here a sufficient condition
under the relaxation constants aC and aA is looked for in order to obtain the positivity of the
intermediate internal energies produced by the Riemann problems described in Figure 2.1a and
Figure 2.1b.

Relaxed Convective Subsystem

Once again, for the Riemann problem related to the convective relaxed subsystem C, the spe-
cific internal energy reads:

ε∗k,C = e∗k,C −
(u∗

C )2

2
,

= ek −
(u∗

C )2

2
+E0

(−1)ik

aC

(
Π∗
C u∗

C −Πk uk
)

,

= εk +
u2

k − (u∗
C )2

2
+E0

(−1)ik

aC

(
Π∗
C u∗

C −Πk uk
)

,

= εk +
u2

k + (u∗
C )2

2
+E0

(−1)ik

aC
u∗
C

(
Π∗
C +

(−1)ik+1 aC
E0

u∗
C

)
−E0

(−1)ik

aC
Πk uk .

(2.113)

By combining, u+(−1)ik E0 aC τ andΠ+(aC)2τwhich both are 1-Riemann invariants of subsystem

Cµ, one can build a new one: Π+ (−1)ik+1 aC
E0

u. Then, one can simplify the above expression of ε∗k,C ,
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namely:

ε∗k,C = εk +
u2

k + (u∗
C)2

2
+E0

(−1)ik

aC
u∗
C

(
Πk +

(−1)ik+1 aC
E0

uk

)
−E0

(−1)ik

aC
Πk uk ,

= εk +E0
(−1)ik

aC
Πk

(
u∗
C −uk

)+ (
u∗
C −uk

)2

2
.

(2.114)

Thus, a sufficient condition which would guarantee that ∀k ∈ {L, R} , ε∗k,C ≥ 0 is:

εk +E0
(−1)ik

aC
pk

(
u∗
C −uk

)≥ 0 ⇔ a2
C −E0ρ

ε
k

(uR −uL)

2
aC + (−1)ik+1E 2

0 ρ
ε
k

(
pR −pL

)
2

≥ 0, (2.115)

with ρεk = pk

εk
, and considering that pk = Πk . Inequality (2.115) is very similar to the one ob-

tained for the intermediate density positivity. The most demanding case is the one where ∀k ∈
{L, R} , ∆εk ≡ ρεk (uR−uL)2

8 + (−1)ik
(
pR −pL

)≥ 0:

−ρ
ε
R (uR −uL)2

8
≤ pR −pL ≤

ρεL (uR −uL)2

8
. (2.116)

Once again the highest roots related to the polynomial functions written in (2.115) are:

aεC,L ≡
E0

2

ρεL (uR −uL)

2
+

√
(ρεL)2 (uR −uL)2

4
−2ρεL (pR −pL)

 ,

aεC,R ≡ E0

2

ρεR (uR −uL)

2
+

√
(ρεR)2 (uR −uL)2

4
+2ρεR (pR −pL)

 .

(2.117)

The sign of aεL and aεR is given by the following table: The non-dimensional version of these roots

uR > uL uR < uL

pR > pL aεC,L > 0, aεC,R > 0 aεC,L < 0, aεC,R > 0

pR < pL aεC,L > 0, aεC,R > 0 aεC,L > 0, aεC,R < 0

Table 2.7 – Positivity Domain of aεC,L
and aεC,R

reads:

aεC,L ≡
E0

2

MρεL (uR −uL)

2
+

√
M2 (ρεL)2 (uR −uL)2

4
−2ρεL (pR −pL)

 ,

aεC,R ≡ E0

2

MρεR (uR −uL)

2
+

√
M2 (ρεR)2 (uR −uL)2

4
+2ρεR (pR −pL)

 .

(2.118)

Then, contrary to the non-dimensional roots involved in the intermediate density positivity they
are of order O(E0). When either aεL or aεR are positive, they are injected in the subcaracteristic
condition (2.28a).

Relaxed Acoustic Subsystem

The acoustic relaxed subsystemAµ also produces intermediate specific internal energies ε∗k,A =
e∗k,A− (u∗

A)2

2 = εk + (−1)ik

aA
Πk

(
u∗
A−uk

)+ (
u∗
A−uk

)2

2 . The proof is similar to the one done for the con-
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vective relaxed subsystem. Indeed:

ε∗k,A = e∗k,A− (u∗
A)2

2
,

= ek −
(u∗

A)2

2
+ (−1)ik

aA

(
Π∗
A u∗

A−Πk uk
)

,

= εk +
u2

k − (u∗
A)2

2
+ (−1)ik

aA

(
Π∗
A u∗

A−Πk uk
)

,

= εk +
u2

k + (u∗
A)2

2
+ (−1)ik

aA
u∗
A

(
Π∗
A+ (−1)ik+1 aA u∗

A

)
− (−1)ik

aA
Πk uk .

(2.119)

Recall that ω−
A = u − Π

aA
(respectively ω+

A = u + Π
aA

) introduced in Section 2.3.2 is 1-Riemann

invariant (respectively a 4-Riemann invariant). Then, one can replace Π∗
A + (−1)ik+1 aA u∗

A by
Πk + (−1)ik+1 aA uk . Hence, equality (2.119) is equivalent to:

ε∗k,A = εk +
(−1)ik

aA
Πk

(
u∗
A−uk

)+ (
u∗
A−uk

)2

2
. (2.120)

Thus, a sufficient condition which would guarantee that ∀k ∈ {L, R} , ε∗k,A ≥ 0 is:

εk +
(−1)ik

aA
pk

(
u∗
A−uk

)≥ 0 ⇔ a2
A−ρεk

(uR −uL)

2
aA+ (−1)ik+1ρεk

(
pR −pL

)
2

≥ 0. (2.121)

Sufficient conditions allowing to guarantee the intermediate specific energy positivity turns into
the positivity of two polynomial functions of order two in aA. The most demanding case corre-
sponds exactly to inequalities (2.116). Finally the roots above which the relaxation coefficient has
to be are:

aεA,L ≡
aεC,L

E0
; aεA,R ≡

aεC,R

E0
. (2.122)

Since for k ∈ {L, R}, aεC,k = O(E0), the non-dimensional expressions of aεA,k are of order one. One
can notice that, in case of low-Mach flows, the constraint imposed by the relaxation convective
subsystem on the specific internal energy positivity is negligible compared to the one of the re-
laxed acoustic subsystem.

F Subcharacteristic Conditions for the Subsystems

The proof written below is only formal. It aims at exhibiting subcaracteristic conditions under
which the relaxation subsystems contain diffusive operators. The latter would avoid instabilities
which could prevent the convergence of the relaxation subsystems Cµ and Aµ towards C and A.

Relaxed Convective Subsystem

Consider the relaxed convective subsystem Cµ:

Cµ :



∂t ρ+∂x (ρu) = 0,

∂t ρu +∂x (ρu2)+∂x
(
E 2

0 (t )Π
)= 0,

∂t ρe +∂x
(
(ρe +E 2

0 (t )Π)u
)= 0,

∂t Π+u∂x Π+ a2
C
ρ
∂x u = 1

µ

(
p −Π)

.

(2.123)

Define W = [
ρ,ρu, ρe, ρΠ

]T and U = [
ρ, ρu, ρe

]T. Assume that one can perform a Chapman-
Enskog expansion on U and Π and write them in powers of µ, namely:

U = U0 +µU1 +O(µ2),

Π= p (U0)+µΠ1 +O(µ2),
(2.124)
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with U0 and p(U0) solutions of subsystem C and U1, Π1 of order one. Making µ tend formally
toward zero, the relaxed pressure equation becomes at order zero:

∂t p(U0)+u0∂x p(U0)+ a2
C
ρ0

∂x u0 =−Π1 ⇔
(

a2
C
ρ0

−ρ0 cC(U0)2

)
∂x u0 =−Π1. (2.125)

In order to make Cµ converge towards C, a basic step is to make sure that U1 remains of order one
throughout time. Its evolution is influenced by non linear convective effects which mix order zero
and order one terms as well as pressure effects related to E 2

0 ∂x Π1 for the momentum equation
and E 2

0 ∂x (Π1 u0 +p0 u1) for the energy equation. Using equation (2.125), one can notice that:

−E 2
0 ∂x Π1 = E 2

0 ∂x

((
a2
C
ρ0

−ρ0 cC(U0)2

)
∂x u0

)
. (2.126)

Thus, under the convective subcaracteristic condition aC > ρ0 cC(U0), order zero terms results in a
diffusive effect on the order one momentum equation. One can believe that this diffusion will be
sufficient to prevent U1 from exploding when µ tends toward zero.

Relaxed Acoustic Subsystem

The same argumentation can be done on the relaxed acoustic subsystem Aµ. It gives the ex-
pected subcaracteristic condition (2.28b).

G Bounded Oscillations of Sp-(M)-corr

According to the truncation error analyses derived in Section 2.4, the scheme Sp-(M)-corr al-
lows to reduce the spatial numerical diffusion in the convective as well as in the acoustic sub-
system in the case of low-Mach number compressible flows. In Figure 2.12 velocity profiles are
plotted for different meshes. The diffusion reduction results in non-physical oscillations in the tail
of the left rarefaction wave. However, the L∞ and the L1 norms of the induced error decay as the
cells number increases. Hence, the scheme is stable and converges to the analytical solution.
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Figure 2.12 – Velocity profile at M = 4.2×10−3, Sp-(M)-corr
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H Truncation Error Analysis

Truncation Error of the Convective Subsystem

Let us consider the convective numerical flux located at face indexed by i +1/2. For the sake
of notations simplicity and in order to adopt an unstructured formalism, let us rewrite the index
i + 1/2 as f for "face". Finally let us call L (respectively R) the index of the left (respectively the
right) neighbor cell of the face f . Typically, in 1D L = i and R = i +1. As mentioned in Section 2.3.2
the relaxation scheme for the convective subsystem can be written:

Hc
n
f = Hc

n(UL, UR) = 1

2

(
L(FµC) (UL)+L(FµC) (UR)

)−1

2
|uL −E0 aC τL|

(
U∗

f −UL

)
−1

2

∣∣u∗
C

∣∣(U∗∗
f −U∗

f

)
−1

2
|uR +E0 aC τR|

(
UR −U∗∗

f

)
,

L(FµC) (U) = [
ρu, ρu2 +E 2

0 p, (ρe +E 2
0 p)u

]T
.

(2.127)

Using the classical rescaling described in [10], the non-dimensional version of this numerical flux
writes:

Hc
n
f = Hn(UL, UR) = 1

2

(
L(FµC) (UL)+L(FµC) (UR)

)−1

2

∣∣∣∣uL − E0

M
aC τL

∣∣∣∣(U∗
f −UL

)
−1

2

∣∣u∗
C

∣∣(U∗∗
f −U∗

f

)
−1

2

∣∣∣∣uR + E0

M
aC τR

∣∣∣∣(UR −U∗∗
f

)
,

L(FµC) (U) = [
ρu, ρu2 + (E0/M)2 p, (ρe +E 2

0 p)u
]T

, ρe = ρε+ M2

2
ρu2.

(2.128)

For the sake of notations, let us rewrite U∗
f as U∗

L and U∗∗
f as U∗

R. The non-dimensional intermedi-

ate states U∗
k , k ∈ {L, R} can be expressed as:

U∗
k =

 ρ∗k,C
ρ∗k,C u∗

C

ρ∗k,C e∗k,C

 , (2.129)

with: 

u∗
C = uR +uL

2
− E0

M

(
pR −pL

)
2 aC

,

p∗ = pR +pL

2
− M

E0

aC (uR −uL)

2
,

ρ∗k,C = 1/τ∗k , τ∗k = τk +
M

E0

(−1)ik+1

aC

(
u∗

C −uk
)

,

e∗k,C = ek +E0 M
(−1)ik

aC

(
p∗ u∗

C −pk uk
)

,

aC = K ·max
(
ρL cC(ρL, pL), ρR cC(ρR, pR)

)
, K > 1,

k ∈ {L, R} , iL ≡ 1, iR ≡ 2.

(2.130)

Let us define x f , xL and xR the positions of the face, left cell and right cell barycenters. In 1D:
xL = xi , xR = xi+1 and x f = xL +∆x/2 = xR −∆x/2. At a given time t , for a smooth function φ(., t )
let us write φ f for φ(x f , t ) and φL for φ(xL, t ) . Particularly, we will consider x → a(x, t ) a smooth
function such that aC(xi+1/2, t n) = (aC)n

i+1/2.
Let us consider a non-dimensional smooth state (x, t ) → U(x, t ) verifying:

Str
U(xi , t n +∆t )−U(xi , t n)

∆t
+ Hc (U(xi , t n), U(xi+1, t n))−Hc (U(xi−1, t n), U(xi , t n))

∆x
= 0, (2.131)
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One wonders which partial differential equation does such a smooth solution verify?
It can be first noticed that U(xi , t n+∆t )−U(xi , t n )

∆t is consistent with ∂t Ui +O(∆t ). Let us now focus
on Hc

n(UL, UR): first, ∀k ∈ {L, R}:

U∗
k −Uk =

 ρ∗k,C −ρk

(ρ∗k,C −ρk )u∗
C +ρk (u∗

C −uk )

(ρ∗k,C −ρk )e∗k,C +ρk (e∗k,C −ek )

 . (2.132)

Furthermore, performing a Taylor expansion around x f , and setting iL = 1, iR = 2, one obtains:

ρ∗k,C −ρk =
[
−
ρ2

f

a f

(
M

E0

)
∂x u| f + (−1)ik+1

(
ρ f

a f

)2

∂x p| f

]
∆x

2
+O

(
(1+ M

E0
)∆x2

)
,

u∗
C −uk =

[
(−1)ik+1∂x u| f −

(
E0

M

)
1

a f
∂x p| f

]
∆x

2
+O

(
(1+ E0

M
)∆x2

)
,

e∗k,C −ek = ME0

[
− 1
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Then:
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k −Uk = ∆x
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One can finally observe that, for the terms in order one in space, the Mach number is always com-
pensated with the weighting parameter E0. Thus ∀k ∈ {L, R}:

U∗
k −Uk = O

(
(1+ E0

M
+ M

E0
)∆x

)
f

. (2.135)

Similarly:
U∗

R −U∗
L = (
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L

)
,
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(
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M
+ M
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)∆x

)
f

.
(2.136)

Furthermore, one can easily see that ∀k ∈ {L, R}:∣∣∣∣uk + (−1)ik
E0

M
aC τk

∣∣∣∣= ∣∣∣∣u f + (−1)ik
E0
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a f τ f
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∣∣u∗
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)∆x

)
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Thus, at a given face f we have:

Hc
n
f = Hc

n(UL, UR) = 1

2

(
L(FµC) (UL)+L(FµC) (UR)

)+O

(
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M
+ M
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)
f

. (2.138)
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Besides, 1
2

(
L(FµC) (UL)+L(FµC) (UR)

)
is consistent with L(FµC)

(
U f

)+O
(
∆x2

)
.

Finally
Hn
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i−1/2
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(
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M + M
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)∆x
)
. Thus we have found

that the smooth solution U(x, t ) verified the PDE ∀xi , t n :
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M
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)
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Truncation Error of the Acoustic Subsystem

Keeping the same notations than previously, the non-dimensional relaxation flux for the acous-
tic subsystem writes:
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with: aA = K ·max
(
ρL cA(ρL, pL), ρR cA(ρR, pR)

)
, K > 1.

(2.140)

It is easy to check that
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 , (2.141)
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Besides,
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0 )
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is consistent with
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Finally, one obtains at order one in space:
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Thus we have found that the smooth solution U(x, t ) verified the PDE ∀xi , t n :

Str∂t ρ= O(Str∆t ),
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(2.146)
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Truncation Error of the Acoustic Subsystem with low-Mach Correction

Endowed with the low-Mach correction described in equation (2.72), the acoustic flux at face
x f reads:
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The correction part is now consistent with:
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.

At first order w.r.t ∆x:
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For a smooth solution U(x, t ), the truncation error analysis made on the acoustic scheme with
low-Mach correction gives ∀xi , t n :
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Chapitre 3

Un schéma implicite-explicite adapté aux
écoulements compressibles
multi-régimes

Sur la base de l’approche à pas fractionnaires développée précédemment, ce chapitre est dédié
à la construction d’un schéma implicite-explicite adapté à la transition entre différents régimes
d’écoulement pour un modèle diphasique homogène. On souhaite notamment que le schéma
numérique proposé puisse suivre précisément, au cours du même scénario d’écoulement basse
vitesse, des ondes matérielles lentes puis des ondes de choc très rapides associées à des sauts de
pression de grande amplitude.

Pour ce faire, un schéma de relaxation explicite en temps est appliqué au sous-système convec-
tif C tandis qu’une technique d’intégration implicite est développée pour le sous système acous-
tique A. Cette technique d’intégration est construite en adaptant les idées développées dans [8,
11]. Ces idées sont basées sur les équations de transport relatives à deux invariants de Riemann
forts obtenues à partir du sous-système A par une technique de relaxation de type Suliciu [36].

Une fois le schéma implicite-explicite complètement défini, une étude heuristique, basée sur
la propagation d’ondes de contact isolées, propose d’évaluer les contraintes de stabilité de l’ap-
proche. Cette étude suggère que, pour tout nombre de Mach, la méthode développée est stable
pour des valeurs de nombre de Courant basé sur les vitesses d’ondes matérielles de l’ordre de 0.5.

Afin de traiter l’apparition soudaine de sauts de pression de grande amplitude au sein d’un
écoulement compressible étant uniformément à basse vitesse, la définition du paramètre E0 ∈
]0, 1] est enrichie afin d’y inclure un détecteur de choc. Le rôle d’un tel détecteur est de faire tendre
E0 vers 1 lorsqu’une variation de pression de grande amplitude traverse l’écoulement. Une telle
évolution des valeurs prises par E0 engendre alors simultanément deux changements au sein de
l’approche proposée. Premièrement, l’intégration implicite en temps des contributions liées au
gradient de pression du sous-système A disparait au profit d’un solveur de relaxation complète-
ment explicite en temps, consistant avec le système d’Euler complet. Le deuxième changement
vient du fait que le pas de temps discret utilisé pour ce type de scénario de transition est construit
sur la base des valeurs propres du sous-système convectif C :

∆t =CC
∆x

|u|+E0 cC
, CC ≈ 1/2,

lim
E0→1

cC = c.
(3.1)

Ainsi, lors de l’activation du détecteur de choc, le pas de temps initialement basé sur la vitesse
matérielle |u| (car E0 ¿ 1), s’adapte automatiquement pour prendre des valeurs similaires à celui
construit à partir des valeurs propres du système d’Euler complet.

La capacité de la méthode proposée à saisir la transition entre un régime d’écoulement privi-
légiant les ondes matérielles lentes et un régime où des sauts de pression de grande amplitude se
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propagent très rapidement est alors testée pour un fluide dense doté d’une loi d’état de type gaz
raide. Un des cas tests est construit comme la succession de deux problèmes de Riemann produi-
sant des échelles très différentes de pression et de vitesse intermédiaires au sein d’un écoulement
à faible nombre de Mach. Contrairement à la méthode semi-implicite de type Lagrange-Projection
[8, 11], l’approche proposée dans ce chapitre parvient à capturer avec un niveau de détail suffisant
l’ensemble des états intermédiaires créés.

Les travaux présentés dans ce chapitre ont été acceptés pour publication dans la revue Journal
of Computational and Applied Mathematics sous la référence :

D. Iampietro, F. Daude, P. Galon, and J. M. Hérard. A Mach-sensitive implicit-explicit scheme
adapted to compressible multi-scale flows. Journal of Computational and Applied Mathematics,
340 : 122–150, 2018.
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3.1. Introduction
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Abstract

The method presented below focuses on the numerical approximation of the Euler compress-
ible system. It pursues a two-fold objective: being able to accurately follow slow material waves as
well as strong shock waves in the context of low Mach number flows. The resulting implicit-explicit
fractional step approach leans on a dynamic splitting designed to react to the time fluctuations of
the maximal flow Mach number. When the latter rises suddenly, the IMEX scheme, so far driven
by a material-wave Courant number, turn into a time-explicit approximate Riemann solver con-
strained by an acoustic-wave Courant number. It is also possible to enrich the dynamic splitting in
order to capture high pressure jumps even when the flow Mach number is low. One-dimensional
low Mach number test cases involving single or multiple waves confirm that the present approach
is as accurate and efficient as an IMEX Lagrange-Projection method. Besides, numerical results
suggest that the stability of the present method holds for any Mach number if the Courant number
related to the convective subsystem arising from the splitting is of order unity.

3.1 Introduction

The present work deals with the construction of a time implicit-explicit scheme providing a
sketch of answer to cope with multi-scale wave scenarios and more specifically with what is called
a condensation induced water hammer (CIWH).
Indeed, in the very first instants of this phenomenon, one is interested in following a slow inter-
face between hot vapor and cooler liquid water. Since the speed of such a material wave is of the
order of 1 m.s−1, which is considerably smaller than the acoustic wave speeds in both phases, the
interface dynamics is typical of low Mach number flows. Nonetheless, as time goes on, shear in-
stabilities and steep temperature gradients entail the trapping and then the sudden condensation
of vapor pockets. This leads finally to the production of strong shock waves in the liquid phase.
The objective is thus to design a numerical scheme accurate for material waves in a low Mach
number flow while being able to capture high pressure gradients.
On one hand, fulfilling both aims might seem contradictory if one considers the Euler or Navier-
Stokes incompressible systems since their divergence-free constraint prohibits any compressible
effects and hence the occurrence of compressive shock waves. On the other hand, the pioneering
works of Joukowski [27] and Allievi [1] state that, at constant temperature, pressure jumps in a
low Mach number compressible flow are given by: ∆p = ρ0 c0∆u; with ρ0 (respectively c0) the
constant density (respectively the constant speed of sound) of the fluid. See also [18] for a review
of the water hammer theory. Thus, in the case of liquid water, at 295K, ρ0 ≈ 103 kg .m−3, c0 ≈
1.5×103 m.s−1. If one assumes that ∆u ≈ 1 m.s−1, pressure jumps amplitude is of 15 bar which is
the order of magnitude observed experimentally in [35].

From a numerical point of view, different strategies have been adopted in order to be accurate
on slow material waves in the case of low Mach number flows. Preconditioning methods stemming
from [37] and improved in [20, 21, 32] aim at modifying the Jacobian eigenvalues of hyperbolic
systems in order to get rid of their constraining acoustic part. Asymptotic preserving schemes (AP
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schemes), introduced by Jin in [26], are based on the identification of a non-stiff and a stiff part of
hyperbolic systems. The latter is then discretized using a time-implicit method which allows the
scheme to be consistent, for fixed time and space-steps, with a targeted asymptotic discrete solver
as a scale parameter tends towards zero. Recently in [14, 16, 22, 33], different kinds of AP schemes
have been derived to seize the incompressible limit of the Euler or the Navier-Stokes system as
the flow Mach number tends towards zero. It results in an implicit-explicit (IMEX) algorithm pro-
viding a time-implicit discretization for the hydrodynamic pressure gradient, and a time-explicit
discretization for the convective terms. Besides, if one considers the Courant number C based on
the slowest material waves of the flow, a key property for the above AP schemes is also to remain
stable for C ≈ 1 at any Mach number. This typical issue has been explored using the “modified
equation” tools as well as the spectral theory by Noelle an his collaborators in [34, 40]. See also
[39] in which the AP property as well as the Mach-uniform stability property has been proved for
a Lagrange-Projection method described in [8].
If the Mach number flow is small, the above strategies produce satisfying results when one seeks to
seize the slow material waves dynamics as well as the pressure incompressible profile. However,
no satisfying solution has been yet found in order to dynamically capture strong shock waves if
they suddenly appear in such a configuration.

Continuing ideas suggested in [11, 24, 25], the present work derives an IMEX scheme based on
a Mach-sensitive splitting of the Euler system. Such a splitting stems from the pioneering work
of Baraille et al. [4] extended by Buffard et al. [7]. Contrary to [4, 7, 8, 16], the splitting evolves
dynamically in time thanks to a parameter measuring a priori the instantaneous maximal Mach
number of the flow. It results in a dynamically Weighted Fractional Step Approach (WFSA) en-
abling to cope with a wide panel of situations. Indeed, in the context of a low Mach number flow,
starting from a completely decoupled IMEX formulation with C ≈ 1, it offers the possibility to re-
trieve a time-explicit Godunov-like solver for the overall Euler system if a sudden rise of the Mach
number is detected. The CFL condition adapts itself and is re-based on the fastest physically rele-
vant wave speed, i.e. the acoustic one. Thus, if this rise of the Mach number is associated with the
production of shock waves, they will be optimally captured. What is more, the temporal splitting
parameter can be enriched by a simple “shock detector” ensuring that a time-explicit solver is re-
covered when high amplitude shock waves arise even if the material velocity is low. Then, strong
water hammer pressure jumps occurring in low Mach number flows can also be handled.

The second section of this article is a condensed presentation of the Mach-sensitive splitting
fully described in [24, 25]. The readers are notably referred to this work for the construction of
a time-explicit scheme for both convective and acoustic parts of the Mach-sensitive splitting.
Hence, the third and the fourth section of the present manuscript are entirely dedicated to the
study and then the derivation of a time-implicit scheme related to the acoustic part of the splitting.
It leans on the relaxation schemes theory and particularly on a Suliciu-like relaxation procedure
detailed in [6, 11, 12, 36]. The fifth section aggregates four types of one-dimensional numerical re-
sults. A first part briefly describes the effect of the Courant number when an IMEX scheme is trig-
gered on isolated shock or contact waves in the context of a low Mach number flow. Secondly, the
accuracy and the efficiency of the present approach are compared with the Lagrange-Projection
fractional step method described in [8]. This comparative study is based on a low-Mach shock
tube test case in which pressure fluctuations remain small. Thirdly a double Riemann problem in-
volving a stiffened gas equation of state is examined. It aims at modeling the occurrence of water
hammers in a low-Mach number flow. Finally, in the last part of the numerical results, the ability
of the proposed IMEX scheme to deal with very specific low-velocity flow regimes is assessed. It
focuses on the capture of constant states initially perturbed by small amplitude acoustic waves as
well as the capacity to compute weakly compressible approximate solutions.
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3.2 A Mach-Sensitive Fractional Step Approach

The present work focuses on the Euler compressible system. However its extension to the two-
phase Homogeneous Equilibrium Model (HEM, [10]) in which both phases have the same velocity
u, pressure p, temperature T and chemical potential is straightforward since it results in the same
conservation law structure, namely:

∂t ρ+∇· (ρu) = 0, (3.2a)

∂t (ρu)+∇· (ρu⊗u+p I) = 0, (3.2b)

∂t (ρe)+∇· ((ρe +p)u) = 0, (3.2c)

e = |u|2
2

+ε, ε= εEOS (
ρ, p

)
, (3.2d)(

ρc
)2 = (

∂p ε|ρ
)−1 (

p − ρ2∂ρ ε|p
)

, (3.2e)

with ρ the density of the mixture and ε its specific internal energy. The function εEOS(., .) defines
the equation of state between the thermodynamic variables while c is the sound speed involved
in the nonlinear wave propagation.
As described in [24, 25], it is possible to derive a scheme able to deal with highly compressible
flows as well as low Mach number flows by splitting the system (3.2) into a convective (C) and an
acoustic (A) subsystem:

C :


∂t ρ+∇· (ρu) = 0,

∂t (ρu)+∇· (ρu⊗u+E 2
0 (t ) p I

)= 0,

∂t (ρe)+∇· ((ρe)+E 2
0 (t ) p)u

)= 0,

(3.3)

A :


∂t ρ= 0,

∂t (ρu)+∇· ((1−E 2
0 (t )) p I

)= 0,

∂t (ρe)+∇· ((1−E 2
0 (t )) p u

)= 0.

(3.4)

Here, E0(t ) ∈ ]0, 1] is a dynamic splitting parameter designed to be equal to one in the case of sonic
or supersonic flows or equal to the maximal flow Mach number in the case of subsonic flows:

E0(t ) = max
(
Mi n f , min(Mmax (t ), 1)

)
,

Mmax (t ) = sup
x∈Ω

(
M(x, t ) = |u(x, t )|

c(x, t )

)
,

(3.5)

with Mi n f a given lower bound preventing E0(t ) from being exactly equal to zero. As shown in
[24, 25], both subsystems are hyperbolic for a stiffened gas EOS provided that the pressure remains
positive throughout space and time. In one dimension, their eigenvalues are:

λC1 = u −E0 cC ≤ λC2 = u ≤ λC3 = u +E0 cC ,

λA1 =−(
1−E 2

0

)
cA ≤ λA2 = 0 ≤ λA3 = (

1−E 2
0

)
cA,

(3.6)

with cC (respectively cA) the convective (respectively the acoustic) celerity defined by:(
ρcC

(
ρ, p

))2 = (
∂p ε|ρ

)−1 (
E 2

0 p − ρ2∂ρ ε|p
)

,(
ρcA

(
ρ, p

))2 = (
∂p ε|ρ

)−1 p,
(3.7)

and:
(cC)2 + (

1−E 2
0

)
(cA)2 = c2. (3.8)

What is more, for both subsystems, the 1-wave and 3-wave are associated to genuinely non-linear
fields whereas the 2-wave field is linearly degenerate.
It can be noticed that, when the Mach number is small so that E0(t ) is close to zero, pressure terms
completely disappear from the subsystem C which only conserves the convective spatial operator
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∇ · (u ∗). Pressure terms are retrieved in the subsystem A which turns out to hold most of the
acoustic effects. That is why, in the case of low Mach number flows, if the physics of interest is
essentially related to material waves propagating at speed |u| ¿ c, a time-implicit discretization
will be provided for subsystem A while C will be solved with a time-explicit scheme.

Indeed, define∆x the space-step of the computational domain. If∆t is the time-step guaranteeing
the stability of the numerical scheme, one can formally introduce several Courant numbers related
to the above wave speeds, namely:

CE = ∆t

∆x
(|u|+ c) Euler Courant number,

C|u| = ∆t

∆x
|u| Convective Courant number,

CC = ∆t

∆x
(|u|+E0 cC) Courant number related to C,

CA = ∆t

∆x
((1−E 2

0 )cA) Courant number related to A.

(3.9)

By using a time-implicit scheme for the resolution of the subsystem A, one seeks to be relieved
from most of the time-explicit stability condition: CE < 1. Particularly, if the scheme allows to
fulfill CC ≈ 1 when E0 ¿ 1, one expects a substantial drop of the numerical diffusion holding on
the material waves propagating at speed |u|. We refer the readers to [24, 25] for the complete study
of both continuous subsystems C and A as well as the derivation of a full time-explicit fractional
step involving relaxation schemes. A short description of the time-explicit convective flux related
to the subsystem C is written in subsection A.

In the following, the derivation of the A-time-implicit C-time-explicit fractional step approach is
presented. As the C-time-explicit scheme described in [24, 25] is given in subsection A, focus is
only given on the A-time-implicit integration.

3.3 A Sulicu-like Relaxation Scheme for the Acoustic Subsystem

Let us introduce a new Suliciu-like relaxation subsystem Aµ as:

Aµ :



∂t ρ= 0,

∂t (ρu)+∂x
(
(1−E 2

0 (t ))Π
)= 0,

∂t (ρΠ)+∂x
(
(1−E 2

0 (t )) a2
A u

)= ρ
(
p −Π)
µ

,

∂t (ρe)+∂x
(
(1−E 2

0 (t ))Πu
)= 0,

(3.10)

(Aµ)NC :



∂t τ= 0,

∂t u + (1−E 2
0 (t ))τ∂x Π= 0,

∂t Π+ (1−E 2
0 (t )) a2

Aτ∂x u =
(
p −Π)
µ

,

∂t e + (1−E 2
0 (t ))τ∂x (Πu) = 0.

(3.11)

More details on relaxation schemes can be found in [5, 12, 36]. Moreover, the derivation of the
above relaxation subsystem can be found in [24, 25]. Recall thatΠ is the relaxation pressure forced
to converge towards the real pressure p thanks to a source term of timescaleµ¿ 1. Besides, aA is a
relaxation constant encapsulating the thermodynamic nonlinearity. In order to provide sufficient
diffusion to the relaxation subsystem, one can exhibit (see [8, 24, 25, 38]) the following subcharac-
teristic condition:

aA > ρcA. (3.12)
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Let us define τ = 1/ρ the specific volume. Using the fact that the density is independent of time,
the relaxation subsystem Aµ is equivalent to its non-conservative version (Aµ)NC. Then, one can
easily prove that the relaxation subsystem is hyperbolic, and that its eigenvalues are:

λ
A,µ
1 =−(1−E 2

0 ) aAτ< λA,µ
2 = λA,µ

3 = 0 < λA,µ
4 = (1−E 2

0 ) aAτ. (3.13)

Besides all its characteristic fields are linearly degenerate. Let us now introduce W and R as:

W = u −Π/aA,

R = u +Π/aA.
(3.14)

It is worth noticing that the non-conservative subsystem (Aµ)NC is equivalent to:

∂t τ= 0,

∂t W +λA,µ
1 ∂x W =−

(
p −Π)
aAµ

,

∂t R+λA,µ
4 ∂x R =

(
p −Π)
aAµ

,

∂t e + (1−E 2
0 (t ))τ∂x (Πu) = 0.

(3.15)

with u(W, R) = (R+W)/2 and Π(W, R) = aA (R−W)/2. Thus, W (respectively R) is constant along
the 1-characteristic curves (respectively the 4-characteristic curves). What is more, it is a 1-strong
Riemann invariant (respectively a 4-strong Riemann invariant) meaning that it is constant through
the 2,3 and 4 waves (respectively the 1 and 2,3 waves). In Figure 3.1 the domains of invariance of
R and W are drawn.

xi−1/2 xi+1/2

Wn
i

Wn
i

Rn
i

Rn
i

Wn
i+1

Rn
i−1

x

t−(1 − (E n
0 )2)(aA)nτn

i−1/2 (1 − (E n
0 )2)(aA)nτn

i−1/2 −(1 − (E n
0 )2)(aA)nτn

i+1/2 (1 − (E n
0 )2)(aA)nτn

i+1/2t

Cell: i− 1 Cell: i Cell: i+ 1

Figure 3.1 – Strong Riemann Invariants Behaviors

As already noticed in [11, 19], if one formally removes the relaxation terms±(p−Π)/(aAµ) from the
PDEs (3.15), the dynamics of W and R become totally uncoupled. Besides the energy flux depends
only on these two quantities since according to equation (3.14):

Πu = aA
4

(
R2 −W2) . (3.16)

In the next subsection, the time-implicit scheme for the subsystem A is derived. It is based on the
discretization of the simple transport dynamics of the quantities W and R.

3.4 The Acoustic Time-Implicit Scheme

This section focuses on the space and time discretization of the acoustic subsystemA. It is split
in three parts. Section 3.4.1 and Section 3.4.2 provide the way to derive the time-implicit acous-
tic flux. Section 3.4.3 points out some properties of the overall IMEX scheme while Section 3.4.4
concentrates of the discrete time-step construction.
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3.4.1 A One-dimensional Implicit-Solver for the Evolution Step

The numerical resolution of the acoustic relaxation subsystem Aµ is split into two steps: the
first one, sometimes called the evolution step corresponds to the resolution of the homogeneous
subsystem where the term (p −Π)/µ has been removed. It becomes active afterwards in an addi-
tional step which consists in solving:

∂t Π= (
p −Π)

/µ. (3.17)

However, in the present approach, the relaxation pressure Π is relaxed instantaneously. Then,
µ= 0 and the resolution of Eq (3.17) is replaced by the projection onto the equilibrium manifold:{

W = [
ρ, ρu, ρΠ, ρe

]T , ε= e −u2/2, s.t. p(ρ, ε) =Π
}

. (3.18)

For the sake of simplicity, this second step is called the projection step.
Suppose that the computational domain Ω = [0, L] is made of Ncel l s cells. Let us define ∆x =
L/Ncel l s (respectively ∆t ) the space-step (respectively the time-step) of the scheme.
For i ∈ [1, .., Ncel l s] let us set xi = (i − 1/2)∆x, the coordinate of the cell center i and xi+1/2 =
xi +∆x/2, the coordinate of face i +1/2. Finally define Ωi =]xi−1/2, xi+1/2[. Suppose that at time
t n+, the set of states Un+

i = [
ρn+

i , (ρu)n+
i , (ρe)n+

i

]T , i ∈ [1, .., Ncel l s] produced after the resolution of

the convective subsystem C is provided to Aµ as an initial piece-wise constant datum on tNcel l s

i=1 Ωi .

Then, by averaging the W-equation and the R-equation in (3.15) over Ωi×]t n+, t ñ > t n+[ one ob-
tains:

Wñ
i −Wn+

i

∆t
−

(
1− (E n

0 )2
)

(aA)n+τn+
i

∆x

(
Wi+1/2(t n , t n+)−Wi−1/2(t n , t n+)

)= 0,

Rñ
i −Rn+

i

∆t
+

(
1− (E n

0 )2
)

(aA)n+τn+
i

∆x

(
Ri+1/2(t n , t n+)−Ri−1/2(t n , t n+)

)= 0,

(3.19)

with Wn+
i the spatial average over Ωi at time t n+,

Wi+1/2(t n , t n+) =
(
1/(t ñ − t n+)

)
×

∫ t ñ

t n+
W(xi+1/2/t )d t , (3.20)

and (aA)n+ = K max
i∈[1,Ncel l s ]

(
ρn+

i (cA)n+
i

)
, K > 1, the discrete acoustic relaxation constant fulfilling in-

equality (3.12) throughout the whole computational domain. Eventually the Mach-sensitive dis-
crete parameter, built using the initial states Un

i , i ∈ [1, .., Ncel l s] before the convective subsystem
resolution, is given by:

E n
0 = max

(
Mi n f , min

(
Mn

max , 1
))

,

with: Mn
max = max

i∈[1,Ncel l s ]

(∣∣un
i

∣∣
cn

i

)
.

(3.21)

Remark 3.4.1 (Averaging over a non-conservative term)
One can notice that, even if the R and W PDEs are non-conservative because of the τ∂x (.) operator,
the fact that ∂t τ = 0 in the acoustic subsystem of the current splitting and the piecewise contin-
uous structure of the computed solution at time t n allow to derive exactly relations (3.19). This,
is a key point to make sure that the discrete acoustic relaxation subsystem is conservative which,
for the present IMEX scheme, is a necessary condition to ensure that the overall fractional step ap-
proach is conservative (see Proposition 3.4.1 below). Finally, it has to be mentioned that, up to the
Mach-sensitive parameter, similar equations have already been obtained in the framework of the
Lagrange-Projection methods where a mass variable m such as ∂m = τ∂x is at stake. See [8, 11] for
more details.
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The end of the scheme derivation follows naturally by remembering that W (respectively R)
is constant over the 2,3 and 4-waves (respectively the 1 and 2,3-waves). Indeed, the signs of the
different eigenvalues drawn in Figure 3.1 suggest that Wi+1/2(t n , t n+) (respectively Ri+1/2(t n , t n+))
can be approximated by Wñ

i+1 (respectively by Rñ
i−1). Finally the two discrete dynamics write:

Wñ
i −Wn+

i

∆t
−

(
1− (E n

0 )2
)

(aA)n+τn+
i

∆x

(
Wñ

i+1 −Wñ
i

)
= 0,

Rñ
i −Rn+

i

∆t
+

(
1− (E n

0 )2
)

(aA)n+τn+
i

∆x

(
Rñ

i −Rñ
i−1

)
= 0.

(3.22)

Thus,
(
Wñ

i

)
i∈[1,Ncel l s ]

(respectively
(
Rñ

i

)
i∈[1,Ncel l s ]

) is solution of an uncoupled linear system involv-
ing an upper-bidiagonal matrix (respectively a lower-bidiagonal matrix). If transmissive boundary
conditions are used by introducing fictitious states Uñ

0 = Uñ
1 and Uñ

Ncel l s+1 = Uñ
Ncel l s

, then Wñ
Ncel l s+1 =

Wñ
Ncel l s

and Wñ
0 = Wñ

1 . The matrices involved in (3.22) are then non singular since all their diagonal
terms are strictly positive. What is more their bidiagonal structure, inherited from the transport
dynamics of the strong relaxation Riemann invariants W and R, allows to invert them without us-
ing any particular linear solver.

3.4.2 Projection Step and Time-Implicit Acoustic Flux

Once the two uncoupled linear systems (3.22) have been solved, the time-implicit acoustic flux
related to the subsystem Aµ can be deduced immediately. It reads:

Hµ

A
ñ
i+1/2

= (
1− (E n

0 )2)


0
(Π∗

A)ñ
i+1/2

(an+
A )2 (u∗

A)ñ
i+1/2

(Π∗
A)ñ

i+1/2 (u∗
A)ñ

i+1/2

 ,

(u∗
A)ñ

i+1/2 =
Rñ

i +Wñ
i+1

2
,

(Π∗
A)ñ

i+1/2 =
(aA)n+ (

Rñ
i −Wñ

i+1

)
2

.

(3.23)

In the present work, the projection step is performed instantaneously. Indeed, µ is forced to tend
fictively towards zero such that p = Π. Particularly, the time-implicit acoustic pressure at face
i+1/2 can be defined as: (p∗

A)n+1
i+1/2 = (Π∗

A)ñ
i+1/2. The other flux quantities remain invariant through

the projection step and one can rewrite (u∗
A)ñ

i+1/2 as (u∗
A)n+1

i+1/2. Finally the time-implicit scheme
for the acoustic subsystem A writes:

Un+1
i = Un+

i − ∆t

∆x

(
HA

n+1
i+1/2 −HA

n+1
i−1/2

)
,

with HA
n+1
i+1/2 =

(
1− (E n

0 )2)  0
(p∗

A)n+1
i+1/2

(p∗
A)n+1

i+1/2 (u∗
A)n+1

i+1/2

 .
(3.24)

One can notice that, up to the factor (1−(E n
0 )2), the obtained time-implicit acoustic flux is identical

to the one derived in [8, 19]. Furthermore, the relaxation constant aA makes it independent of the
fluid EOS. As already stated, it requires no particular linear solver since the two uncoupled systems
(3.22) can be inverted by hand. Besides, as proved in subsection A, solving the discrete momentum
equation of (3.24) is equivalent to setting:

un+1
i = Rn+1

i +Wn+1
i

2
, (3.25)

provided that un+
i = Rn+

i +Wn+
i

2 .
In the sequel, some additional properties of the overall IMEX fractional step are presented.
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3.4.3 The IMEX Scheme Properties

Three properties are underlined below. The two first deal with the conservativity and the max-
imum principle whereas the last one concerns the discrete preservation of the Riemann Invariants
of single contact discontinuities.

Proposition 3.4.1 (Conservativity and maximum principle of the overall IMEX scheme)
• Conservativity:

Let us formally introduce HC
n
i+1/2

(
Un

i , Un
i+1

)
the time-explicit numerical flux associated to the

subsystem C (see [24, 25] or (3.51) in subsection A for a definition). Then, the overall IMEX scheme is
conservative and writes:

Un+1
i = Un

i − ∆t

∆x

(
HC

n
i+1/2

(
Un

i , Un
i+1

)+HA
n+1
i+1/2 −HC

n
i−1/2

(
Un

i−1, Un
i

)−HA
n+1
i−1/2

)
. (3.26)

• Maximum principle:
Consider ρφ a given conservative variable such as ∀ (x, t ) : ∂t (ρφ)+∂x

(
ρφu

)= 0. Assume that
(ρφ)n

i ∈ [(ρφ)Min, (ρφ)Max]. Then, the maximum principle preservation (ρφ)n+1
i ∈ [(ρφ)Min, (ρφ)Max]

depends only on the convective sub-step discretization. It naturally holds under a non-restrictive
sufficient condition written in [24]: p.17, Lemma 1 (Positivity of intermediate density),
(see Lemma 2.3.1 in the former chapter).

It is well known that the above global conservativity result, which in this case is directly obtained
because the acoustic sub-step discretization is conservative by construction, is a necessary step in
order to capture the Euler physical shock fronts (see [23]). As for the maximum principle preser-
vation for purely convected quantities, it can be considered as a first step towards the L∞ stability
of the overall scheme.

Proposition 3.4.2 (Discrete preservation of the contact discontinuity Riemann invariants)
Assume that the equation of state is such that

(
ρε

)EOS (
ρ, p

)= C(p)ρ+B(p), with p → C(p) and p →
B(p) smooth functions such as

(
ρε

)EOS
|ρ : p → C(p)ρ+B(p) is injective on the domain of definition

of p (see [17] or subsection A for an explanation of such hypothesis); then, the overall IMEX scheme
exactly preserves the constant velocity and the constant pressure of an isolated contact discontinuity
from one time-step to another.

According to [17], the above general expression of
(
ρε

)EOS (
ρ, p

)
belongs to the category of the “T1”

equation of state. One can notably notice that the stiffened gas EOS: ρε = p +γΠ, is included in

it. However the Van der Waals EOS: ρε= (p+aρ2) (1−bρ)
γ−1 −aρ2 is out of it. The above proposition will

be useful in the sequel to detect the appearance of instabilities related to high convective Courant
number C|u|. Proofs, including a brief description of the time-explicit convective flux related to
subsystem C, can be found in subsection A. The next subsection is devoted to the discrete time-
step specification.

3.4.4 Construction of the numerical time-step

The time-step of the IMEX scheme is built using the convective eigenvalues λC1 and λC3 written
in equation (3.6). As described in [24, 25], the convective subsystem C is discretized using the
same relaxation techniques as the one described in Section 3.3. The eigenvalues of the resulting

relaxation system Cµ then write: λC,µ
1 = u−E0 aC τ, λC,µ

2,3 = u and λC,µ
4 = u+E0 aC τ. They are related

to the subcharacteristic condition aC > ρcC .
For a given convective Courant number CC , the time-step at the n-th iteration of the numerical

scheme is:

∆t n
C =CC

∆x

max
i+1/2

(
max

(∣∣un
i −E n

0 (aC)n
i+1/2τ

n
i

∣∣ ,
∣∣un

i+1 +E n
0 (aC)n

i+1/2τ
n
i+1

∣∣)) ,

(an
C )i+1/2 = K max

(
ρn

i (cC)n
i , ρn

i+1 (cC)n
i+1

)
, K > 1.

(3.27)
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Let us assume that the stiffness of the discrete pressure gradient in the acoustic subsystem A has
been completely removed thanks to the time-implicit integration. In that case one should expect
that the present IMEX scheme is stable under the convective CFL condition: CC ≈ 1.

From a numerical stability point of view, the time-step definition (3.27) is thus the only admissible
one regarding the waves produced by the convective subsystem. However, these waves never exist
in the overall Euler system. For low Mach number flows under convective time-scales, the acoustic
waves have vanished and the leading phenomenon is driven by the material velocity u. For that
reason, one can introduce another time-step as:

∆t n =C|u|
∆x

max
i

(∣∣un
i

∣∣) . (3.28)

Once again, let us stress that the time-step definition (3.28) is essentially motivated by physical
considerations. In the context of IMEX schemes based on convective-acoustic splittings, its for-
mulation has also the advantage of being completely independent of the way to split as well as
the way to discretize the associated subsystems. That is why, in the following numerical results
section, the cases appealing to a fine accuracy or stability comparison between IMEX schemes are
performed using the physical and universal time-step formula (3.28). On the contrary, more com-
plicated configurations requiring the proposed approach to be stable in order to capture some
specific asymptotic regimes at low Mach number are tested with the convective-like time-step
(3.27).

3.5 Numerical Results

The following section is devoted to one-dimensional numerical results produced by the present
IMEX approach. Section 3.5.1 focuses on the sensitivity w.r.t C|u| of the acoustic and material
waves propagation. Section 3.5.2 mainly concentrates on grid-convergence studies completed by
efficiency comparisons between time-explicit and time-implicit solvers. For the reasons given in
the above paragraph, IMEX schemes involved in Section 3.5.1 and Section 3.5.2 use the discrete
time-step (3.28). Nevertheless for each value of C|u| an estimation of CC is systematically pro-
vided. Section 3.5.3 deals with the appearance, in a fluid endowed with a stiff equation of state,
of strong pressure jumps in an uniformly low-Mach number flow. Finally, Section 3.5.4 aims at
testing the ability of the present approach to treat a larger application spectrum like weakly com-
pressible flows. In the last two subsections, the proposed method is systematically combined with
the convective-like time-step (3.27).

3.5.1 Low Mach Isolated Waves

The first part of the numerical results is dedicated to the influence of the Courant number on
quantities varying through the acoustic or material waves. Indeed, it is well known (see [2, 3, 13,
29–31]) that full time-implicit schemes, even with the use of high-order accurate discretizations in
space, are only accurate on σ-like waves when the time-steps ∆t are such that Cσ = (|σ|∆t )/∆x ≈
1. In the following, one seeks to investigate the accuracy of the above IMEX fractional step with re-
spect to C|u| and compare it with an other IMEX Lagrange-Projection (LP) fractional step described
in [8, 9] in the context of low Mach number flows. Two low Mach number cases are thus evaluated.
The first one details the propagation of a single 3-shock wave while the second one corresponds
to the evolution of a single contact wave. In both cases, a particular attention will be paid to the
diffusive or stiffening effects associated with the increase of C|u|. Transmissive conditions are used
at the inlet and the outlet of the computational domain.
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Chapitre 3. Un schéma implicite-explicite adapté aux écoulements compressibles multi-régimes

Isolated Shock Wave

For this test case, the fluid is endowed with an ideal gas EOS:

ε= p

(γ−1)ρ
, and c =

√
γp

ρ
, (3.29)

with γ = 7/5, the heat capacity ratio. The left state of the considered 3-isolated shock wave is
completely defined by:

ρ0
L = 1 (kg .m−3), p0

L = 104 (Pa), and u0
L = M0 × c0

L, (3.30)

with M0 = 10−2 the maximal Mach number of the flow. What is more, the shock wave speed σ is
fixed equal to c0

L ≈ 118.32 (m.s−1). The three remaining unknowns ρ0
R, u0

R and p0
R are the solutions

of the corresponding Rankine-Hugoniot problem and can then be found analytically. Besides,
the resulting right state abides by the Lax entropy criterion: u0

R + c0
R < σ < u0

L + c0
L. The analytical

solution is then composed of a single 3-shock wave.
In Figure 3.2, the isolated 3-shock wave pressure profile is shown. The physical time of the simu-
lation is such that the initial discontinuity located at x0 = 0.5 m stops at x = 0.75 m. The mesh is
made of 103 cells.
Different curves are plotted; Sp-(M) stands for the current splitting presented in Eqs (3.3) and (3.4)
whereas Sp-LP refers to a Lagrange-Projection splitting method fully described in [8] and taken
as a benchmark in this work. Besides the abbreviation “Exp” indicates that the acoustic part of
the Sp-(M) splitting (respectively the Sp-LP splitting) has been discretized using a time-explicit
scheme detailed in [24, 25] (respectively [8]). In this case, the CFL condition is such that CE = 1.
On the contrary “Imp” refers to the above time-implicit approach.
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Figure 3.2 – Pressure profile, Ideal Gas, M = 10−2, with Ncel l s = 103

Two different convective Courant numbers values have been tested in the implicit-explicit ap-
proaches: the first one C|u| = 0.01 (CC ≈ 2.37×10−2) has been deliberately chosen to provide time-
steps close to those based on the constraint CE ≈ 1 since formally C|u| = M/(1+M)CE and M = 10−2.
The other value C|u| = 0.3 (CC ≈ 7.11×10−1) corresponds to CE ≈ 30 and is thus expected to be too
high for the IMEX scheme to accurately follow the shock wave front.
In this low Mach number case, it turns out that the sharper pressure profiles are those provided
by the time-explicit schemes complying with the constraint: CE ≈ 1. On the contrary the higher is
CE, the more diffused the shock profile is. Besides, for a fixed Euler Courant number CE ≈ 1, the
averaging effect of the time-implicit schemes relatively to the time-explicit ones can be observed
as the profile of “Sp-(M)-Imp: C|u| = 0.01” is largely more diffused than “Sp-(M)-Exp: CE = 1”.
Finally, one can notice that, for all the Courant number values involved here, the Sp-(M) splitting
is as accurate as the Sp-LP method. These results, obtained in the context of the Euler system,
seem to be close to the predictions given by the linear stability analysis in [13].
The above simple test case, involving a fast acoustic wave related to a genuinely non-linear field,
has allowed to test the robustness with respect to C|u| of the present approach compared with the
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LP method. In the sequel the same study is performed on a slow material wave associated with a
linearly degenerate field.

Isolated Contact Discontinuity

For the same thermodynamical law, a single contact discontinuity is created by imposing:

ρ0
L = 1 (kg .m−3), ρ0

R = 0.125 (kg .m−3),

p0
L = p0

R = p0 = 104 (Pa),

u0
L = u0

R = M0 × c0
R = u0,

(3.31)

with M0 = 10−2. This wave linked to a linearly degenerate field propagates at speed u0 ≈ 3.35 (m.s−1).
In Figure 3.3, one can observe the density profiles. As it was expected, the isolated contact dis-
continuity sharpens as the convective Courant number C|u| reaches 1. Once again, for the same
Courant number, the profiles between the present IMEX scheme and the IMEX-LP scheme overlap
quasi-perfectly.
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Figure 3.3 – Density profile, Ideal Gas, Mmi n = 10−2, with Ncel l s = 103

However, one can notice that the ideal target associated to C|u| = 0.95 ≈ 1 has only been achieved
for the LP method. Indeed, for this test case, the present splitting and the resulting IMEX approach
triggers instabilities for C|u| above 0.44. Trying to connect this threshold with a reconstructed value
of the convective Courant number CC , one can define:

(CC)n
i+1/2 =

max
(∣∣un

i −E n
0 (aC)n

i+1/2τ
n
i

∣∣ ,
∣∣un

i+1 +E n
0 (aC)n

i+1/2τ
n
i+1

∣∣)∆t n

∆x
, (3.32)

with ∆t n the discrete time-step defined in equation (3.28) and used in this test case. In Figure 3.4
the value of (CC)n

i+1/2 is displayed at the final simulation time and overall the computational do-
main. One can observe that the reconstructed convective Courant number is strictly higher than
one in the region where the Mach number is minimal. Let us recall that, as the term E0 decreases,
the proportion of the pressure gradient that is discretized using a time-implicit integration in-
creases as

(
1−E 2

0

)
according to the definition of the time-implicit acoustic flux (3.24). Then, when

E0 is small enough, the amount of numerical diffusion produced by the time-implicit part of the
scheme is sufficient to balance the anti-diffusive effect brought by the time-explicit discretization
if CC > 1. Such a phenomenon is analyzed in [34, 40] using the modified equation tool.
Conversely, when M0 is high enough, the splitting parameter E0 tends towards one so that the
time-implicit numerical diffusion is canceled out. The classical time-explicit CFL condition CC ≈ 1
is then retrieved.
Details dealing with the stability of the proposed IMEX scheme when applied to this test case
with varying Mach number M0 are provided in subsection B. The residual term E0 cC prevents
from reaching the material CFL condition C|u| = 1 proved by Zakerzadeh in [39] for the IMEX LP
scheme. This is the price to be paid after having introduced E 2

0 p into the convective subsystem
C. Nevertheless, in this test case, the stability of the proposed IMEX scheme holds under CC ≈ 1
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for any value of the flow Mach number. These numerical observations support a “Mach-uniform”
CC-stability property of the present method.
In the sequel, accuracy and efficiency of the above IMEX schemes are compared with their full
time-explicit versions in the context of low Mach number flows.

3.5.2 A Low Mach Sod Shock Tube

By imposing a common Courant number relying on the material velocity u, the above isolated
wave test cases have pointed out some stability differences between the proposed IMEX scheme
and the LP-IMEX method. In the sequel, one wishes to refine the comparison by adding some
grid-convergence and efficiency results obtained from a multiple wave test case.
Herein, a low Mach number shock tube is computed. The fluid is endowed with the same previous
ideal gas EOS. The initial conditions are made of a density discontinuity, a constant velocity, and a
slightly discontinuous pressure:

ρ0
L = 1 kg m−3, ρ0

L = 0.125 kg m−3

u0
L = u0

R = u0 = 1 m s−1

p0
L = 10080 Pa, p0

R = 10000 Pa.

(3.33)

It results in a left-going 1-rarefaction wave, a 2-contact discontinuity propagating to the right and
a right-going 3-shock wave. The maximal Mach number of the flow, reached in the head of the
rarefaction wave, is equal to 1.26×10−2.
Various time-explicit schemes have been tested: “no-Sp” corresponds to the case where E n

0 = 1
is imposed along the simulation. Thus, the splitting is not triggered. “Sp-(

p
M)” is the weighted

splitting approach with E n
0 = max

(√
Mi n f , min

(√
Mn

max , 1
))

while “Sp-(M)” involves E n
0 defined

in formula (3.21) which is a priori optimal for a time-explicit scheme, because, as shown in [24, 25],
it minimizes the numerical diffusion of the subsystem C in the low-Mach number case. Lastly,
“Sp-LP” is again the Lagrange Projection splitting method, described in [8]. Besides, the mention
“-corr” means that a low-Mach correction inspired from [15] and written in [24, 25] is triggered.
As observed in [8, 9, 24, 25], it aims at considerably reducing the numerical diffusion in the case of
low Mach number flows.
Regarding the time-implicit schemes, two values for C|u| have been tested. As shown in subsec-
tion E, the ratio between C|u| the convective Courant number based on u0 and C 0,∗

E the most
constraining Euler Courant number is:

C u0

|u| ≈ 1.5×10−3 C 0,∗
E . (3.34)

Then, the selected convective Courant numbers are C|u| = 1.5×10−2 (C 0,∗
E ≈ 10, CC ≈ 6.34×10−2)

and C|u| = 4.5×10−2 (C 0,∗
E ≈ 30, CC ≈ 1.9×10−1).
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Figure 3.5 – Convergence curve (left), Efficiency curve (right) for the pressure variable p: M = 1.26×10−2
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In this test case, in order to isolate the effect of the IMEX scheme on the contact discontinuity, a
passive tracer Y has been added to the Euler system. Its PDE writes:

∂t (ρY)+∂x
(
ρY u

)= 0. (3.35)

Starting from Y0
L = 1 and Y0

R = 0.5, the exact solution jumps only through the contact discontinuity.
Figure 3.5 (respectively Figure 3.6) presents the convergence curve and the efficiency curve for the
pressure (respectively Y) variable. As already pointed out in [24, 25], for such a low Mach number,
and focusing on the pressure (or any variable jumping through the genuinely non-linear fields),
the time-explicit schemes with the low Mach number correction Sp-(

p
M)-corr and Sp-LP-corr,

are the most accurate as well as the most efficient. As already observed in the isolated 3-shock
wave test case, time-implicit schemes such that CE > 1 are less accurate than any of the time-
explicit schemes. Besides, according to the pressure efficiency curve, this lack of accuracy is not
compensated by a substantial gain in CPU time. Indeed, for a given pressure L1-error level, time-
implicit schemes are still more CPU-consuming than the time-explicit ones.
In the case of the passive tracer Y, no specific difference on the convergence curve can be noticed
between the time-explicit and the time-implicit schemes. Indeed, the convective Courant number
C|u| ≤ 4.5×10−2 is still very far from one. Thus for every scheme, numerical diffusion has uniformly
smoothed the variables only jumping through the slow material wave. Nevertheless, as shown in
Table 3.1, time-implicit schemes are clearly more efficient, for the Y variable, than the time-explicit
ones, the latter being 7 (respectively 13) times more CPU-consuming than time-implicit schemes
when setting C 0,∗

E = 10 (respectively C 0,∗
E = 30).

Ncel l s CE = 10 CE = 30
102 1.97 2.80
103 3.75 5.51
104 7.52 13.36

3×104 7.26 13.71
5×104 6.74 13.66
7×104 7.39 13.34
9×104 7.67 13.78

Table 3.1 – TCPU
No-Sp/TCPU

Sp-(M)-Imp

As announced in the introduction, one of the objective of the present approach is to capture high
amplitude pressure jumps in low velocity areas as it is noticed in water-hammer events. This is the
purpose of the next numerical example.

3.5.3 A Double Riemann Problem With Stiff Thermodynamics

In the following test case, two Riemann problems are triggered at x0 = 0.55m and x1 = 1.23m
in a domain of length L = 2m. The three initial condition areas are written in Table 3.2.

Left state (x < x0) Middle state (x0 < x < x1) Right state (x1 < x)
ρ (kg .m−3) ρ0

L = 103 ρ0
m = 9.98×102 ρ0

R = 9.97×102

u (m.s−1) u0
L = 1 u0

m = 1 u0
R = 1

p (bar ) p0
L = 103 p0

m = 10 p0
R = 1

Y Y0
L = 0.7 Y0

m = 0.2 Y0
R = 0.1

Table 3.2 – Double Riemann Problem: initial conditions

The fluid is endowed with a stiffened gas EOS, i.e.:

ε= p +P∞
(γ−1)ρ

, and c =
√
γ

(
p +P∞

)
ρ

, (3.36)

90



3.5. Numerical Results

with γ= 7.5 and P∞ = 3×103 bar. These constants have been chosen such that, at a given temper-
ature T = 295K, the value of the speed of sound is approximately c ≈ 1.5×103 m.s−1. It is represen-
tative of the liquid water behavior.
The analytical solution of the present test case is composed of two successive shock tubes whose
waves are similar to these presented in Section 3.5.2. The maximal Mach number of the Riemann
problem initially located at x0 (respectively x1) is Mx0

max ≈ 2×10−2 (respectively Mx1
max ≈ 8.6×10−4).

Thus, the flow Mach number is uniformly low. Besides the important variations of the Mach num-
ber are associated with strong velocity fluctuations. It passes from u ≈ 32m.s−1 in the contact
wave related to the Riemann problem located at x0 to u ≈ 1.3m.s−1 in the contact wave of the one
located at x1. That is why in the sequel, the Riemann problem initially located at x0 is referred as
“high-velocity” shock tube, whereas the one initially located at x1 is called “low-velocity” shock
tube.
In any case, the stiffened gas EOS combined with high initial pressure discontinuities produce
strong shock waves in both Riemann problems. The pressure jump amplitude associated with the
high-velocity shock tube (respectively the low-velocity shock tube) is approximately 480 bar (re-
spectively 4.5 bar). The above test case represents the sudden occurrence of high amplitude shock
waves in a uniformly low Mach number flow as it can be observed in water-hammer scenarios.
In the sequel, a comparison between the IMEX fractional steps Sp-(M)-Imp and Sp-LP-Imp is
done. For each numerical scheme, the time-step is only provided by the waves produced by the
convective subsystem: ∆t n

C written in formula (3.27) for the present splitting and

∆t n
LP =CC

∆x

max
i+1/2

((
(u∗

A)n
i−1/2

)+− (
(u∗

A)n
i+1/2

)−) ,

(u∗
A)n

i+1/2 =
un

i+1 +un
i

2
− 1

2 an
i+1/2

(
pn

i+1 −pn
i

)
,

an
i+1/2 = K max

(
ρn

i cn
i , ρn

i+1 cn
i+1

)
, K > 1,

(3.37)

for the Lagrange-Projection splitting (see [8]). For both time-steps, the convective Courant num-
ber CC is set to 0.9. What is more, the discrete splitting parameter E n

0 defined in Eqs (3.21) is here
enriched for the present test case with a simple hand-made shock detector:

E n
0 = max

(
Mi n f , min

(
max

(
Mn

max , Mn
S,max

)
1
))

,

with Mn
max = max

i∈[1,Ncel l s ]

(∣∣un
i

∣∣
cn

i

)
, Mn

S,max = max
i∈[1,Ncel l s ]

( ∣∣(σS)n
i+1/2

∣∣
max

(
cn

i+1, cn
i

))
,

(3.38)

and

(σS)n
i+1/2 =


(ρu)n

i+1 − (ρu)n
i

ρn
i+1 −ρn

i

if
∣∣ρn

i+1 −ρn
i

∣∣> εthres max
(
ρn

i+1, ρn
i

)
0 otherwise,

(3.39)

where εthres = 10−8. One can notice that in Eqs (3.38), (σS)n
i+1/2 corresponds to the exact shock

front speed formula in the case of an isolated shock wave separating the states Un
i and Un

i+1. If one
considers the waves related to the genuinely non-linear fields, i.e. u±c, the Lax entropy conditions
related to admissible shock waves then give:

un
i ± cn

i > (σS)n
i+1/2 > un

i+1 ± cn
i+1. (3.40)

Hence, in the case of a low Mach number flow, for which
∣∣un

i+1

∣∣/cn
i+1 ¿ 1 and

∣∣un
i

∣∣/cn
i ¿ 1, the

term
∣∣(σS)n

i+1/2

∣∣ should approximately belong to
]
min(cn

i+1, cn
i ), max(cn

i+1, cn
i )

[
. Besides, the low

compressibility of a fluid endowed with the above stiffened gas EOS involves very small variations
of ρ if p ¿ P∞. Then, c should remain constant at least in the low-velocity shock tube area. Thus,
in the case of shock waves, Mn

S,max should be of order one and the present IMEX approach should
turn into a fully time-explicit Godunov-like solver.
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The number of cells is 2×103 and the simulation time Tend = 1.95×10−4 s is set in order to avoid
interactions between the 3-right-going shock wave of the high-velocity shock tube and the 1-left-
going rarefaction wave of the low-velocity shock tube. Transmissive boundary conditions have
been used.
Figure 3.7 and Figure 3.8 show the pressure and the velocity profiles for both successive shock
tubes. Figure 3.9 displays the passive tracer profile Y which only jumps through the contact waves.
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Figure 3.7 – Pressure profile, stiffened gas EOS, Ncel l s = 2×103
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Figure 3.8 – Velocity profile, stiffened gas EOS, Ncel l s = 2×103

In the case of Sp-(M)-Imp, once the different waves have appeared, the measured shock detec-
tor Mn

S,max is of order one through the rarefaction and the shock waves. Then after several time-
steps E n

0 = 1, and a full time-explicit Riemann solver associated with an Euler-like time-steps,

∆t n
C ≈CC

∆x

max
i+1/2

(
max

(∣∣un
i − cn

i

∣∣ ,
∣∣un

i+1 + cn
i+1

∣∣)) ,

CC = 0.9,

(3.41)

is recovered. Thanks to the degree of freedom offered by E n
0 , the present fractional step is there-

fore able to select the appropriate time-discretization for the acoustic flux and in the same time
the right time-step adapted to the physics of interest. On the contrary, the acoustic part of the
Lagrange-Projection fractional step is still discretized using a time-implicit scheme linked to a CFL
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condition based on a very low material velocity such as u ¿ c. Then, it is far less accurate at cap-
turing stiff rarefaction and shock waves in both “high-” and “low-velocity” shock tubes. One can
notably observe in Figure 3.7b and Figure 3.8b that, on this mesh, Sp-LP-Imp fails to capture the
initial state (u0

m, p0
m) between the 1-right-going shock wave of the high-velocity shock tube and

the 3-left-going rarefaction wave of the low-velocity one. This is due to an excessive numerical
dissipation through the associated waves.
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(b) Y profile: low velocity area

Figure 3.9 – Y profile, stiffened gas EOS, Ncel l s = 2×103

Eventually, as seen in Figure 3.9, both IMEX schemes produce similar results regarding the accu-
racy of the Y profile. It can be explained because the simulation time Tend is based on the fast
acoustic waves, the exact contact discontinuities only move a few space-steps. One can assume
that, on a larger time of simulation, the Sp-LP-Imp should be more accurate on Y than Sp-(M)-Imp.
Indeed, the LP time-step is directly based on slow material velocities.
Therefore, this test case has shown that the degree of freedom offered by the splitting parameter
E n

0 allows to automatically switch from a scheme designed to follow slow material dynamics to a
scheme able to capture fast acoustic waves even when the flow Mach number is low.
The next section proposes to widen the application fields of the present IMEX scheme. Indeed, it
aims at assessing the scheme ability to seize some simple constant states as well as weakly com-
pressible flows.

3.5.4 Applications to some other asymptotic regimes

Constant state perturbed by small amplitude acoustic waves

The first configuration is a “dimensionalized” version of a Riemann problem taken from [16].
The fluid at stake is endowed with an ideal gas EOS with γ = 1.4. Its density and pressure are
initially constant: ρ0 = 1kg .m−3, p0 = 1 bar. Let us also introduce u0 = 1m.s−1 and a reference
Mach number M0 = u0/c0 with c0 ≡=

√
p0/ρ0. For these values, one obtains M0 ≈ 3.2×10−3.

As detailed in Table 3.3, the computational domain of length L0 = 1m is split in three areas in
which the constant velocity u0 is perturbed by a term scaling as O(M0). The initial conditions are
thus “well-prepared” according to the definition written in [15, 32].
As time goes on, the four discontinuities of the initial velocity field will produce interacting non-
linear waves of small amplitude. For long convective time-scales one expects that these waves fade
away and leave a constant velocity field. Here, the ability of the present IMEX approach to seize
this almost incompressible state is analyzed.
Once again the proposed IMEX method is compared with the LP-IMEX scheme. The time-steps
are given by formulas (3.27) and (3.37) and the computational domain is made of a 103 cells mesh.
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(zone 1): x < 0.2 or x > 0.8 (zone 2): x ∈ [0.2, 0.25] or x ∈ [0.75, 0.8] (zone 3): x ∈ [0.25, 0.75]
ρ (kg .m−3) ρ0 ρ0 ρ0

u (m.s−1) u0
L = u0 × (

1−M0/2
)

u0
R = u0 × (

1+M0/2
)

u0
m = u0

p (bar ) p0 p0 p0

Table 3.3 – Dimarco et al Riemann Problem: initial conditions

The physical time of the simulation is Tend = 0.05× t 0 with t 0 = L0/u0 the convective time-scale of
reference. Finally periodic boundary conditions are imposed so that the acoustic waves are con-
stantly re-introduced in the computational domain. Let us end the setting description by men-
tioning that the shock detector presented in equations (3.38), (3.39) has been unplugged in this
test case.
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Figure 3.10 – Dimarco’s et al Riemann problem: initial conditions and comparison with a full time-explicit
scheme
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Figure 3.11 – Dimarco’s et al Riemann problem: zoom on the constant incompressible state

At the final simulation time, Figure 3.10a shows the velocity initial distribution while Figure 3.10b
displays the profiles, of the present approach, the LP-IMEX method and a full time-explicit Rie-
mann solver No-Sp. The latter has already been used in Section 3.5.2 and is obtained by imposing
E n

0 = 1 at every time-step during the simulation. One can notice that both IMEX schemes manage
to reach a plateau by the end of the simulation. On the contrary, No-Sp continues to solve all the
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details produced by the acoustic waves interaction. A closer look at Figure 3.11a reveals that both
time-implicit methods reach the constant value u∗ ≈ 0.999526m.s−1. Such a velocity is consistent
with the total momentum conservation since periodic boundary conditions are at stake:∫

Ω
ρ0 u∗ dΩ=

∫
Ω
ρ0 u(x, t = 0)dΩ,

⇔ρ0 u∗ = ρ0 u0 [
0.4(1−M0/2)+0.5+0.1(1+M0/2)

]
,

⇔u∗ ≈ 0.9995256.

(3.42)

Finally, a look at Figure 3.11b confirms that the pressure obtained from the IMEX methods also
remains constant at the end of the simulation.

3.5.5 Weakly Compressible Colliding Pulses

The last test considered has been taken from [28] and is also treated in [16, 33]. It deals with
weakly compressible flows whose solutions are made of long wave acoustic pressure and density
pulses. Here, the ability of the present IMEX scheme to follow smooth but fast acoustic waves
associated with an intermediate value of the Mach number is assessed. The fluid is endowed with
an ideal gas EOS with γ= 1.4. The non-dimensional initial conditions presented in [28] read:

ρ(x, 0) = ρ0 +
(

M0
ref

2

)
ρ1

(
1−cos

(
2πx

L

))
, ρ0 = 0.955, ρ1 = 2,

u(x, 0) =−u0

2
sign(x)

(
1−cos

(
2πx

L

))
, u0 = 2

p
γ,

p(x, 0) = p0 +
(

M0
ref

2

)
p1

(
1−cos

(
2πx

L

))
, p0 = 1, p1 = 2γ.

(3.43)

The Mach number of reference M0
ref has been taken equal to 1/11 ≈ 9.1×10−2. The computational

domain Ω is [−L, L] with L = 2/M0
ref. Thus, the first-order pulses w.r.t M0

ref evolve with a large
space-scale variable ξ = M0

ref x. Let us introduce p0
ref (respectively ρ0

ref, u0
ref) a reference pressure

(respectively a reference density, a reference velocity) such that:

ρ0
ref = 1kg .m−3, u0

ref = 1m.s−1,

p0
ref =

ρ0
refρ0

γ

(
u0

ref u0

M0
ref

)2

.
(3.44)

The reference pressure p0
ref has been set such that the exact maximal value of the initial Mach

number is of the order of M0
ref. The dimensional initial conditions then write: ρ(x, 0) = ρ0

refρ(x, 0),
u(x, 0) = u0

ref u(x, 0) and p(x, 0) = p0
ref p(x, 0).

Figure 3.12 and Figure 3.13 display the pressure and velocity profiles at two physical times. The
first one captures the time when the two pulses collide producing an over-pressure peak at the
center of the computational domain. The second one corresponds to the instant where the two
pressure pulses have separated again.
The present IMEX approach with no shock detector, is compared with the LP-IMEX and No-Sp
schemes. The non-dimensional initial conditions have been added as a dashed line in order to
observe the diffusion and dispersion introduced w.r.t the initial pulses.
In Figure 3.12a, one can notice that both IMEX methods manage to catch the over-pressure peak
although they are slightly more diffusive than the full time-explicit scheme. However, in Fig-
ure 3.12b, the full time-implicit discretization of the pressure gradient in the LP-Imp approach
combined with a CFL condition based on u completely diffuses the re-appearing pressure pulses.
On the contrary, in the case of the present IMEX method, one can notice that E n

0 remains of order
M0

ref during most of the simulation. For example, at time t = 8.41×10−1 s, Mn
max = 7.4×10−2 = E n

0 .
The intermediate value of E0 is enough to produce considerably lower time-steps which are more
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Figure 3.12 – Pressure: just after the pulses super-position (a), once the pulses have separated again (b)

appropriate to follow the long acoustic waves. As a result, even if it is more diffused compared
with the full-time explicit scheme, the global shape of the pressure pulses is retrieved. However,
the present approach suffers from the same drawback as the one noticed in [28]: in the vicinity of
the locations x ≈ ±18.5m, the pressure gradient stiffens such that the long-length scale acoustic
wave hypothesis no longer holds, and the time-implicit discretization of the acoustic subsystem
considerably smears the appearing discontinuities. In any case, a specific additional work should
be undertaken if one is interested in capturing the fast acoustic dynamics related to first-order
pressure terms w.r.t M0

ref.
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Figure 3.13 – Velocity: just after the pulses super-position (a), once the pulses have separated again (b)
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3.6 Conclusions

The present work focuses on the derivation of an IMEX version of the Mach-sensitive frac-
tional step introduced in [24, 25]. The time-implicit scheme derived for the acoustic subsystem
is based on the non-conservative dynamics of strong Riemann invariants provided by the relax-
ation schemes framework. Although such a technique stems from the Lagrange-Projection the-
ory [11, 19], it can be extended to the present splitting because of density time invariance in the
acoustic sub-step and the piece-wise constant structure of the computed solution. The resulting
IMEX scheme is simple, the implicit part being inverted by hand, and conservative by construc-
tion. What is more, the maximum principle preservation for purely convected quantities holds
under a non-restrictive condition for the time-explicit convective flux.

A low Mach number shock tube involving an ideal gas thermodynamics and small pressure
jumps has highlighted a trade-off in the use of IMEX schemes. Indeed, if one is interested by pres-
sure jumps through shock waves, then using an IMEX scheme with CE À 1 might be inappropriate
in terms of accuracy. Besides, the gain in CPU time is not sufficient to compensate the implicit dif-
fusion and dispersion errors: for the pressure variable, IMEX schemes are still less efficient than
full time-explicit ones. However, any quantities varying only through material waves should be
depicted more efficiently and with a sufficient accuracy.

When the thermodynamics becomes stiffer, high amplitude pressure jumps can occur in low-
Mach number flows. This is for example the case during water-hammer events. Then, one can
complete the splitting parameter E n

0 with a basic “shock detector” which enforces the initial IMEX
scheme associated with a convective-like CFL condition to turn into a fully time-explicit approx-
imate Riemann solver related to an acoustic-like CFL condition. Hence, the splitting parameter
allows to select the acoustic-flux time-discretization and in the same time the time-step adapted
to the physical-scale looked at. The application of such a strategy to a double Riemann problem
endowed with a stiffened gas EOS has shown that, contrary to the IMEX version of the Lagrange-
Projection fractional step, the present IMEX approach is able to accurately follow stiff rarefaction
and shock waves even in low velocity regions.

Besides, when the fluid is at rest, the proposed IMEX scheme is able to filter out small ampli-
tude acoustic waves of no interest in order to retrieve the underlying constant state. The present
IMEX approach has also been tried on intermediate configurations in which smooth and large-
scale acoustic waves associated with first order terms w.r.t the flow Mach number propagate and
need to be followed. The proposed method provides lower time-steps than the one produced
by the LP-IMEX scheme. It is thus able to capture the global shape of the pressure colliding or
re-appearing pulses but considerably smears the solution in regions where the pressure gradient
stiffens.

Finally, the different test cases presented in this study show that the present IMEX scheme is
stable, whatever the Mach number, under CC ≈ 1; with CC the Courant number based on the eigen-
values of the convective subsystem C. Even if it is not yet rigorously proved, the Mach-uniform-CC
stability property seems to hold.

The fact is that, at a given instant, the computational domain can feature subsonic areas as
well as sonic or supersonic ones. Thus, the spatial dependence of the splitting parameter could
also been examined. Indeed, provided that the consistency of the overall fractional step is not
deteriorated, such a spatial dependence would allow to capture local fluctuations of the Mach
number, and the present approach to react more finely. In addition, some improvements regard-
ing the construction of the “shock detector” could also be proposed.
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be improved.
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3.7 Appendices

A Discrete Preservation of the Contact Discontinuity Riemann Invariants

Before focusing on the preservation of the contact discontinuity Riemann invariants property,
let us have a look on the discrete momentum equation related to the flux (3.24).

Assume that: un+
i = Rn+

i +Wn+
i

2
,then:

un+1
i = Rn+1

i +Wn+1
i

2

⇔ un+1
i −un+

i

∆t
= 1

2

[
Rn+1

i −Rn+
i

∆t
+ Wn+1

i −Wn+
i

∆t

]

⇔ un+1
i −un+

i

∆t
=− (1− (E n

0 )2)(aA)n+τn+
i

2

[
Rn+1

i −Rn+1
i−1

∆x
− Wn+1

i+1 −Wn+1
i

∆x

]
ρn+1

i =ρn+
i︷︸︸︷⇔ ρn+1

i un+1
i −ρn+

i un+
i

∆t
+ (1− (E n

0 )2) (aA)n+

∆x

[
Rn+1

i −Wn+1
i+1

2
− Rn+1

i−1 −Wn+1
i

2

]
= 0

⇔ ρn+1
i un+1

i −ρn+
i un+

i

∆t
+ (1− (E n

0 )2)
(p∗

A)n+1
i+1/2 − (p∗

A)n+1
i−1/2

∆x
= 0,

with: (p∗
A)n+1

i+1/2 = (aA)n+ Rn+1
i −Wn+1

i+1

2
.

(3.45)

Thus:

un+
i = Rn+

i +Wn+
i

2
, and un+1

i = Rn+1
i +Wn+1

i

2
⇔

un+
i = Rn+

i +Wn+
i

2
, and

(ρu)n+1
i − (ρu)n+

i

∆t
+ (1− (E n

0 )2))
(p∗

A)n+1
i+1/2 − (p∗

A)n+1
i−1/2

∆x
= 0.

(3.46)

Then, if un+
i = (

Rn+
i +Wn+

i

)
/2, solving the momentum equation is strictly equivalent to directly

setting un+1
i = (

Rn+1
i +Wn+1

i

)
/2.

Discrete Preservation of the Riemann Invariants of a Contact Discontinuity

Consider an equation of state such that:(
ρε

)EOS (
ρ, p

)= C(p)ρ+B(p), (3.47)

with p → C(p) and p → B(p) smooth functions such as
(
ρε

)EOS
|ρ : p → C(p)ρ+B(p) is injective on

the domain of definition of p. Formula (3.47) belongs to the “T1-class” of EOS introduced in [17].
One can notice that the stiffened gas EOS is included in this category. In the sequel, the exact in-
variance of velocity and pressure in the case of an isolated contact wave described in Section 3.5.1
is checked.

Acoustic Sub-step

Assume that at the end of the convective sub-step, the isolated contact discontinuity has been
preserved:

∀ i : un+
i = u0, pn+

i = p0,

⇒∀ i : Wn+
i = u0 − p0

an+
A

= W0,n+, Rn+
i = u0 + p0

an+
A

= R0,n+.
(3.48)
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Considering the discrete dynamics of W and R written in (3.22) coupled with the transparent
boundary conditions Wn+

Ncel l s+1 = Wn+
Ncel l s

and Wn+
0 = Wn+

1 , one can easily see that:

∀ i : Wn+1
i = W0,n+, Rn+1

i = R0,n+. (3.49)

Please note that the constant relaxation hypothesis (aA)n = K max
i∈[1,Ncel l s ]

(
ρn

i (cA)n
i

)
, K > 1, plays

an important role here since a local value of aA would have been sensible to the density dis-
continuity preventing W and R to remain constant. Thus, property (3.49) cannot be guaranteed
in this case. Then, (p∗

A)n+1
i+1/2 = (p∗

A)n+1
i−1/2 = an+

A
(
R0,n+−W0,n+)

/2 and (u∗
A)n+1

i+1/2 = (u∗
A)n+1

i−1/2 =(
R0,n++W0,n+)

/2 such that the discrete fluctuation of the time-implicit acoustic flux is null. The
mass, momentum and the energy equations thus become:

ρn+1
i −ρn+

i

∆t
= 0,

ρn+
i

un+1
i −un+

i

∆t
= 0,

ρn+
i

(
εn+1

i −εn+
i

)+ (
(un+1

i )2/2− (un+
i )2/2

)
∆t

= 0.

⇒
ρn+1

i = ρn+
i ,

un+1
i = un+

i = u0,(
ρε

)EOS (
ρn+

i , pn+1
i

)= (
ρε

)EOS (
ρn+

i , pn+
i

)
.

(3.50)

Since
(
ρε

)EOS
|ρ : p → C(p)ρ+B(p) is injective, pn+1

i = pn+
i = p0 and the acoustic sub-step exactly

preserves the velocity and pressure uniform profiles.

Convective Sub-step

The convective flux associated to subsystem C is obtained using the same kind of relaxation
method. Details are given in [24, 25]. The convective flux formula at face i +1/2 reads:

HC
n
i+1/2 =



(
FC

)n
i if un

i −E n
0 (an

C )i+1/2τ
n
i > 0(
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0 p)u
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(3.51)

where (an
C )i+1/2 = K max

(
ρn

i (cC)n
i , ρn

i+1 (cC)n
i+1

)
, K > 1, the discrete convective relaxation constant

fulfilling the convective subcharacteristic condition, i.e. aC > ρcC , throughout the whole compu-
tational domain and with:

(
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i (u∗

C )n
i+1/2

(ρ∗C)n
i

(
(u∗

C )n
i+1/2

)2 + (E n
0 )2(Π∗

C)n
i+1/2(

(ρ∗C e∗C)n
i + (E n

0 )2(Π∗
C)n

i+1/2

)
(u∗

C )n
i+1/2

 ,

(
FC

)∗∗,n
i+1/2 =

 (ρ∗C)n
i+1 (u∗

C )n
i+1/2

(ρ∗C)n
i+1

(
(u∗

C )n
i+1/2

)2 + (E n
0 )2(Π∗

C)n
i+1/2(

(ρ∗C e∗C)n
i+1 + (E n

0 )2(Π∗
C)n

i+1/2

)
(u∗

C )n
i+1/2

 ,

(u∗
C )n

i+1/2 =
un

i+1 +un
i

2
− E n

0

2(aC)n
i+1/2

(
pn

i+1 −pn
i

)
,

(E n
0 )2 (Π∗

C)n
i+1/2 = (E n

0 )2
pn

i+1 +pn
i

2
− E n

0 (aC)n
i+1/2

2

(
un

i+1 −un
i

)
,

(ρ∗C)n
k = 1/(τ∗k,C)n , (τ∗k,C)n = τn

k + (−1)Jk+1

E n
0 (aC)n

i+1/2

(
(u∗

C )n
i+1/2 −un

k

)
,

(e∗C)n
k = en

k +E n
0

(−1)Jk

(aC)n
i+1/2

(
(Π∗

C u∗
C )n

i+1/2 −pn
k un

k

)
,

k ∈ {i , i +1} , Ji = 1, Ji+1 = 2.

(3.52)
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The time-explicit scheme solving the convective subsystem then reads:

Un+
i = Un

i −
∆t

∆x

(
HC

n
i+1/2 −HC

n
i−1/2

)
. (3.53)

In the case of an isolated contact discontinuity with u0 > 0, the convective flux writes:

HC
n,Contact
i+1/2 =

 ρn
i u0

ρn
i (u0)2 + (E n

0 )2 p0(
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)EOS (
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0 )2 p0 u0

 . (3.54)

The mass, momentum and energy dynamics then read:
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= 0.

(3.55)

By rewriting ρn+
i un+

i −ρn
i u0 as ρn+

i

(
un+

i −u0
)+(

ρn+
i −ρn

i

)
u0 and using the discrete mass equation,

the momentum equation can be simplified:

ρn+
i

un+
i −u0

∆t
= 0 ⇒ un+

i = u0. (3.56)

The kinetic part in the discrete energy equation then vanishes by factorizing by (u0)2/2 and using,
once again, the discrete mass equation. Injecting formula (3.47), one obtains:

C(pn+
i )ρn+

i +B(pn+
i )− (

C(p0)ρn
i +B(p0)

)
∆t

+u0
C(p0)

(
ρn

i −ρn
i−1

)
∆x

= 0. (3.57)

The linear behavior of
(
ρε

)EOS
|p : ρ→ C(p)ρ+B(p) as well as the fact that C(p) = C(p0) is a con-

stant in this configuration, play an important role. Indeed, it allows to retrieve the discrete mass
equation by factorizing by C(p0). Finally, one obtains:

C(pn+
i )ρn+

i +B(pn+
i )− (

C(p0)ρn+
i +B(p0)

)
∆t

= 0

⇔
(
ρε

)EOS (
ρn+

i , pn+
i

)− (
ρε

)EOS (
ρn+

i , p0
)

∆t
= 0.

(3.58)

Using the fact that
(
ρε

)EOS
|ρn+

i
: p → C(p)ρn+

i +B(p) is injective, it results in pn+
i = p0.

B Stability Analysis

This appendix deals with the definition of a stability criterion for the proposed IMEX scheme.
It focuses on the isolated contact discontinuity test case discussed in Section 3.5.1. As shown in
Figure 3.15 and Figure 3.16 in subsection D, the present splitting seems to suffer from instabilities
when the convective Courant number C|u| goes over a certain threshold. In the following, the
dependence to the Mach number M of such a threshold is examined. One can notably wonder
whether the time-explicit CFL condition C|u| = M/(1+M)CE is retrieved as M tends toward zero.
In the sequel, the first subsection describes a pragmatic way to measure stable Courant num-
bers while the second one endeavors to derive a von Neumann stability analysis predicting stable
Courant numbers analytically.
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Empirical Stable Courant Numbers

As stated in Proposition 3.4.2 for a sufficiently simple shape of the equation of state, velocity
and pressure are supposed to be left constant by the overall scheme from one time-step to another.
Nonetheless, truncation errors on double-precision floating-point numbers can be amplified by
the scheme’s instability and lead to the crash of the simulation. Thus, the selected criterion to de-
tect the instability appearance is: max

i

(∣∣pn
i −p0

∣∣)/p0 > η with η= 10−7 which is nearly the single-

precision for floating-point numbers. Besides at the beginning of each calculation a ramp of CFL is
enforced so that the targeted Courant number is reached after 200 time-steps, which corresponds
to a propagation of 0.1 m of the exact contact discontinuity. If the calculation ends without trig-
gering the above pressure stability criterion then the same calculation is launched again on a five
times finer mesh of 5×103 cells in order to make sure that the numerical diffusion has not damped
the instability appearance.

In Figure 3.14, the curve labeled Sp-(M) gathers the different points resulting from the above
stable convective Courant number research. Recall that in this test case the velocity is given by

u0 = Mmi n c0
R, with c0,R =

√
(γp0)/ρ0

R the maximal sound speed and Mmi n the minimal Mach
number of the flow used as an input parameter here. Hence the stable Courant number upper
bound is displayed as a function of Mmi n . The latter starts from Mmi n = 1, u0 = 335(m.s−1) and
decreases until Mmi n = 10−4, u0 = 0.0335(m.s−1).
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(a) Global view
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(b) Zoom: C|u| ∈ [0.2, 0.5]

Figure 3.14 – Evaluation of an upper bound for the stable convective Courant number C|u| as function of the
Mach number Mmi n : global view (a) and zoom in the region C|u| ∈ [0.2, 0.5] (b)
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One can observe that for Mmi n ≈ 1, E n
0 ≈ 1 so that the full Euler system is brought back into

the time-explicit convective subsystem. The latter is thus bound by the classical CFL condition
CE ≈ 1. As C|u| = M/(1+M)CE, this leads to C|u| ≈ 0.5 for Mmi n ≈ 1 which is observed here. Then,
as the Mach number decreases, the contribution of the time-implicit part of the acoustic subsys-
tem becomes more and more active. It results in a drop of the Euler time-explicit CFL condition
until Mmi n ≈ 0.35 where C|u| = 0.26.
An attempt at explaining this decline is given in the following. First, as it will be shown, this behav-
ior might be related to the gap between the definition of C|u| and the Courant number involving
the largest eigenvalues of the convective subsystem as given in Section 3.4.4:

CC = ∆t

∆x

(∣∣u0
∣∣+E n

0 c0,R
C

)
with: c0,R

C = cC
(
ρ0

R, p0) .
(3.59)

One can notice that:

C|u| =
(

1+E n
0

c0,R
C∣∣u0

∣∣
)−1

CC =
(

1+ E n
0

Mmi n

c0,R
C

c0,R

)−1

CC ,

since:
∣∣u0

∣∣= Mmi n c0,R,

and:
c0,R
C

c0,R
=

√
(E n

0 )2γ−1

γ
+ 1

γ
∈ [

1/γ, 1
]

.

(3.60)

Besides, according to formula (3.21):

E n
0 = min

(
Mn

max , 1
)= min

(∣∣u0
∣∣/c0,L, 1

)
= min

Mmi n

√√√√ρ0
L

ρ0
R

, 1

 ,

then for Mmi n ≥ Mthr es =
√√√√ρ0

R

ρ0
L

: E n
0 = 1,

and for Mmi n < Mthr es =
√√√√ρ0

R

ρ0
L

: E n
0 = Mmi n/Mthr es .

(3.61)

It results that:

C|u| =



(
1+ 1

Mmi n

)−1

CC , if Mmi n ≥ Mthr es ,(
1+ 1

Mthr es

√(
Mmi n

Mthr es

)2 γ−1

γ
+ 1

γ

)−1

CC , otherwise.

(3.62)

Define Mmi n → C th
|u| (Mmi n), the continuous function described by formula (3.62). This function

has been plotted as a dashed black line in Figure 3.14.
For every Mmi n between Mthr es and 1 the comparison between C th

|u| and the measured stable

convective Courant number is fair: the cut-off Mmi n = Mthr es ≈ 0.35, the C th
|u| (Mthr es) ≈ 0.26 value

as well as the global shape of C th
|u| (.) are retrieved. Yet, as Mmi n falls below Mthr es , the measured

stable convective Courant number increases to reach the plateau value C|u| = 0.43 which is bigger
than the one predicted by the above analysis.

In any case, for this specific test case, C|u| ≈ 0.26 or equivalently CC ≈ 1 is sufficient to en-
sure the scheme stability for every Mach number. Thus, the “Mach-uniform” stability property,
C|u| ≈ 1, ∀Mmi n , obtained by Zakerzadeh in [39] for the IMEX LP scheme and which can be ob-
served in Figure 3.14, is not retrieved for the present method. At a given Mach number, the pres-
ence of ±E0 cC in the eigenvalues of the convective subsystem prevents from reaching the stability
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condition C|u| ≈ 1. However, in the above simple test case, the stable convective Courant number
CC no longer behaves as O(Mmi n) as Mmi n → 0.

This latter result is absolutely not guaranteed by the time-implicit integration of the stiff part
of the IMEX approach and strongly depends on the splitting at stake. Indeed, in [34, 40] sev-
eral IMEX fractional steps on Euler-like systems are studied. It turns out that the “modified”
equation obtained from the order two Taylor expansion of a smooth solution of an IMEX frac-
tional step approach exhibits a diffusive operator which can be written as D0∂xx U; with D0 =
βC|u| I− (AC

0 )2 + (AA
0 )2 + [

AC
0 , AA

0

]
, β being a coefficient related to the scheme numerical diffusion

of the convective sub-step, AC
0 (respectively AA

0 ) the linearized jacobian matrix related to the con-
vective (respectively the acoustic) subsystem, and

[
AC

0 , AA
0

]= AC
0 AA

0 −AA
0 AC

0 being the commutator
linked to the splitting. The latter can be viewed as a mathematical operator which couples the two
subsystems of the fractional step approach. Hence, even if it is discretized using a time-implicit
scheme, the acoustic subsystem can still have an influence on the overall fractional step stabil-
ity through the commutator which can impact the diffusion (or the anti-diffusion) effect of the
modified equation. In Figure 3.14, the orange-triangle line labeled “Sp-LP” represents the stable
convective Courant number obtained with the Lagrange-Projection IMEX approach. As already
proven in [39], this scheme is Mach-uniformly stable for C|u| = 1.

The next subsection provides an analytical stability analysis in order to compare with the above
measured stable Courant numbers.

A Von Neumann Stability Analysis

In order to better understand the shape of the stable Courant number, a von Neumann-like
stability analysis based on a linearized version of the IMEX approach has been performed. This
strategy is motivated by the fact that, as shown in Figure 3.15 of subsection D, the instability seems
to appear in a region where ρ, u and p are constant. The linearization required by the von Neu-
mann analysis is thus justified. However, one should keep in mind that such a method relies on
periodic boundary conditions which is not the case here because of the density discontinuity.

Starting at time-step t n with a perturbed constant flow:

ρn
i = ρ0 +ερ1,n

i , ρ0 = ρ0
R,

un
i = u0 +εu1,n

i ,

pn
i = p0 +εp1,n

i ,

(3.63)

the discrete dynamics of the perturbation is derived when a Rusanov scheme is used to solve the
first convective subsystem (3.3). The numerical flux at face i +1/2 associated to this scheme reads:

Hrus
n
i+1/2 =

FC (
Un

i+1

)+FC (
Un

i

)
2

−
∣∣λn

i+1/2

∣∣
2

(
Un

i+1 −Un
i

)
,

with: FC (U) = [
ρu, ρu2 +E 2

0 p, (ρe +E 2
0 p)u

]T
,

and:
∣∣λn

i+1/2

∣∣= max
(∣∣un

i+1

∣∣+ (E0)n (cC)n
i+1,

∣∣un
i

∣∣+ (E0)n (cC)n
i

)
.

(3.64)

Let us define ρn+
i = ρ0,n+

i + ερ1,n+
i , un+

i = u0,n+
i + εu1,n+

i , and pn+
i = p0,n+

i + εp1,n+
i the solution

produced by the Rusanov scheme applied to the convective subsystem. Then, zeroth order and

104



3.7. Appendices

first order dynamics can be decoupled and one obtains:

ρ0,n+
i = ρ0,

u0,n+
i = u0,

p0,n+
i = p0,

ρ1,n+
i −ρ1,n

i

∆t
+u0

ρ1,n
i+1 −ρ1,n

i−1

2∆x
+ρ0

u1,n
i+1 −u1,n

i−1

2∆x
− ∣∣λ0

∣∣ ρ1,n
i+1 −2ρ1,n

i +ρ1,n
i−1

2∆x
= 0,

u1,n+
i −u1,n

i

∆t
+u0

u1,n
i+1 −u1,n

i−1

2∆x
+ (

(E n
0 )2/ρ0) p1,n

i+1 −p1,n
i−1

2∆x
− ∣∣λ0

∣∣ u1,n
i+1 −2u1,n

i +u1,n
i−1

2∆x
= 0,

p1,n+
i −p1,n

i

∆t
+u0

p1,n
i+1 −p1,n

i−1

2∆x
+ρ0 (c0

C)2
u1,n

i+1 −u1,n
i−1

2∆x
− ∣∣λ0

∣∣ p1,n
i+1 −2 p1,n

i +p1,n
i−1

2∆x
= 0,

with:
∣∣λ0

∣∣= ∣∣u0
∣∣+ (E0)n (c0

C).

(3.65)

If ∀φ ∈ {
ρ, u, p

}
the following sinus spatial pulse is conjectured φt

i = φ̂t e j k xi , t ∈ {n, n+}; one can
derive the von Neumann gain matrix related to the convective subsystem:

ρ̂n+

ûn+

p̂n+

=


G −ρ0 C|u|

|u0| j sin(k∆x) 0

0 G − (E n
0 )2 C|u|
ρ0 |u0| j sin(k∆x)

0 −ρ0 (c0
C)2 C|u|
|u0| j sin(k∆x) G


ρ̂n

ûn

p̂n

 ,

with: G = 1−2

∣∣λ0
∣∣∣∣u0
∣∣C|u| sin2(k∆x/2)− j

u0∣∣u0
∣∣C|u| sin(k∆x).

(3.66)

The spectral radius |G|C related to this gain matrix can be found easily and one can state that (See
subsection C for a proof):

C|u| <C crit
|u| = ∣∣u0

∣∣/
∣∣λ0

∣∣⇒|G|C < 1. (3.67)

In particular, when Mmi n tends towards one, (E0)n tends towards one and c0
C tends towards c0 such

that |G|C < 1 ⇔C|u| < Mmi n/(1+Mmi n). Thus, the classical CFL condition is retrieved.
The same kind of analysis is performed on the acoustic subsystem. However, the time-implicit

flux (3.24) raises new issues in the sense that its energy contribution strongly couples zeroth-order
and first-order terms:

(p∗
A)n+1

i+1/2 (u∗
A)n+1

i+1/2 = (p0,∗
A )n+1

i+1/2 (u0,∗
A )n+1

i+1/2

+ε
(
(p0,∗

A )n+1
i+1/2 (u1,∗

A )n+1
i+1/2 + (p1,∗

A )n+1
i+1/2 (u0,∗

A )n+1
i+1/2

)
.

(3.68)

What is more, this coupling is strongly non-linear and prevents from deriving a simple von Neu-
mann analysis. That is why, it has been additionally assumed that zeroth-order terms including
these taken at time t n+1 were constant namely:

ρ0,n+1
i = ρ0,

u0,n+1
i = u0,

p0,n+1
i = p0;

(3.69)

then, as proved in subsection C the dynamics of the perturbation reads:

ρ1,n+1
i −ρ1,n+

i

∆t
= 0,

u1,n+1
i −u1,n+

i

∆t
+ (

1− (E n
0 )2)[ 1

ρ0

p1,n+1
i+1 −p1,n+1

i−1

2∆x
−

a0
A
ρ0

u1,n+1
i+1 −2u1,n+1

i +u1,n+1
i−1

2∆x

]
= 0,

p1,n+1
i −p1,n+

i

∆t
+ (

1− (E n
0 )2) ρ0 (c0

A)2

[
u1,n+1

i+1 −u1,n+1
i−1

2∆x
− 1

a0
A

p1,n+1
i+1 −2 p1,n+1

i +p1,n+1
i−1

2∆x

]
= 0.

(3.70)
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The von Neumann gain matrix writes:1 0 0
0 1+2αn sin2(k∆x/2) αn

a0
A

j sin(k∆x)

0 αn (ω0
A)2 a0

A j sin(k∆x) 1+2αn (ω0
A)2 sin2(k∆x/2)


ρ̂n+1

ûn+1

p̂n+1

=
ρ̂n+

ûn+

p̂n+

 ,

with: αn = (
1− (E n

0 )2) a0
AC|u|
ρ0

∣∣u0
∣∣ ,

and: ω0
A = ρ0 c0

A
a0
A

.

(3.71)

Finally the von Neumann gain matrix related to the fractional step approach reads:[
G 0
0 G−1

A GC

]
,

with:

GC =
 G − (E n

0 )2 C|u|
ρ0 |u0| j sin(k∆x)

−ρ0 (c0
C)2 C|u|
|u0| j sin(k∆x) G

 ,

GA =
[

1+2αn sin2(k∆x/2) αn

a0
A

j sin(k∆x)

αn (ω0
A)2 a0

A j sin(k∆x) 1+2αn (ω0
A)2 sin2(k∆x/2)

]
,

G−1
A = 1

∆

[
1+2αn (ω0

A)2 sin2(k∆x/2) − αn

a0
A

j sin(k∆x)

−αn (ω0
A)2 a0

A j sin(k∆x) 1+2αn sin2(k∆x/2)

]
, ∆= detGA.

(3.72)

G is a first eigenvalue related to the mass equation. As written in C, |G| < 1 if C|u| < C crit
|u| . The

two remaining eigenvalues are linked to the matrix G−1
A GC which couples the momentum and

the energy equations and can not be easily found analytically. Starting from C crit
|u| , a loop on all

the k modes ∈ [0, 4π/∆x] is performed and the spectral radius |G|kAC associated to
(
G−1
A GC

)
(k) is

calculated. If, during the loop, |G|kAC > 1, then C crit
|u| is slightly decreased and the loop is restarted.

Otherwise the current Courant number is stored and considered as the stable Courant number of
the above von Neumann analysis.

In Figure 3.14, the curve labeled “VN-Sp” (red line) displays the different stable convective
Courant numbers obtained thanks to the above von Neumann method. Recall that the analytical
curve M → C th

|u| (M) is equivalent to CC = 1 for this test case. For Mmi n ∈ [
7.5×10−2, 1

]
, “VN-Sp”

and M →C th
|u| (M) overlap quasi-perfectly. Unfortunately, for very low Mach numbers, C|u| plunges

down. For example, it predicts C|u| = 10−2 when Mmi n = 10−4.
This difference could stem from the assumptions made on the time-implicit acoustic scheme

in order to linearize it. Indeed the zeroth order terms of the updated solution have been assumed
to be constant:

ρ0,n+1
i = ρ0,

u0,n+1
i = u0,

p0,n+1
i = p0.

(3.73)

The resulting dynamics then binds only first-order pressure terms with first-order velocity terms.
Yet, in that case the small perturbation parameter ε is not related to the flow Mach number. As
formally shown in [24, 25] on the continuous subsystem A, one could make the discrete acoustic
scheme (3.24) non-dimensional and consider a constant base flow perturbed by modes written in
powers of the Mach number. Then, one would observe that the zeroth-order momentum term is
fed by the second-order pressure gradient. Thus, one could assume that if the amplitude of this
second-order pressure gradient explodes because of an instability, the zeroth-order momentum
term would rise too. It would result in an increase of the Mach number associated with a decrease
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of the discrete numerical time-step built on the zeroth-order velocity terms. This might damp the
instability. In any case, further investigations should be done in order to better understand this
sudden drop.

C Study of the von Neumann Gain Matrices

This appendix is dedicated to the study of the von Neumann gain matrices written in (3.66)
and (3.72). The derivation of the convective gain matrix being relatively straightforward, special
attention is paid to the expression of its eigenvalues as well as a sufficient condition ensuring that
their modulus is strictly lower than one. Besides, the derivation of the acoustic gain matrix is
completely done.

Analysis of the Convective Gain Matrix Eigenvalues

Let us consider the von Neumann gain matrix associated with the convective sub-step:


G −ρ0 C|u|

|u0| j sin(k∆x) 0

0 G − (E n
0 )2 C|u|
ρ0 |u0| j sin(k∆x)

0 −ρ0 (c0
C)2 C|u|
|u0| j sin(k∆x) G

 ,

and: G = 1−2
C|u|
C crit
|u|

sin2(k∆x/2)− j
u0∣∣u0

∣∣C|u| sin(k∆x),

with: C crit
|u| = ∣∣u0

∣∣/
∣∣λ0

∣∣ ∈ ]0, 1[ .

(3.74)

G is the first eigenvalue of this matrix. Define X = sin2(k∆x/2) ∈ [0, 1], then sin2(k∆x) = 4X (1−X).
Thus:

|G|2 =
(

1−2
C|u|
C crit
|u|

X

)2

+4C 2
|u| X (1−X),

|G|2 < 1 ⇔C|u| <
C crit
|u|(

(1− (C crit
|u| )2)X+ (C crit

|u| )2
) .

(3.75)

Since X ∈ [0,1] the most constraining CFL condition is C|u| <C crit
|u| .

The two other eigenvalues of the above gain matrix are the roots of the characteristic polyno-
mial function:

(G−λ)2 + (E n
0 )2 (C|u|)2

(
c0
C

u0

)2

sin2(k∆x). (3.76)

They write:

λ± = G∓ j E n
0 C|u|

∣∣∣∣∣ c0
C

u0

∣∣∣∣∣ |sin(k∆x)| ,

∣∣λ±∣∣2 =
(

1−2
C|u|
C crit
|u|

X

)2

+C 2
|u|

[1+ (E n
0 )2

∣∣∣∣∣ c0
C

u0

∣∣∣∣∣
2

]4X (1−X)± 2E n
0

u0∣∣u0
∣∣
∣∣∣∣∣ c0

C
u0

∣∣∣∣∣sin(k∆x) |sin(k∆x)|


⇒ ∣∣λ±∣∣2 ≤
(

1−2
C|u|
C crit
|u|

X

)2

+4

(
1+E n

0

∣∣∣∣∣ c0
C

u0

∣∣∣∣∣
)2

C 2
|u| X (1−X) =

(
1−2

C|u|
C crit
|u|

X

)2

+4

(
C|u|
C crit
|u|

)2

X (1−X).

(3.77)

A sufficient condition ensuring that
∣∣λ±∣∣< 1 is once again C|u| <C crit

|u| .
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Derivation of the Linearized Acoustic Dynamics

The von Neumann analysis has to be made on the relaxation system (3.10). Define at time t n+:

Wn+
i = un+

i − pn+
i

an+
A

= un+
i − Πn+

i

an+
A

,

Rn+
i = un+

i + pn+
i

an+
A

= un+
i + Πn+

i

an+
A

.

(3.78)

Then, 

ρn+1
i −ρn+

i
∆t = 0,

(ρu)n+1
i −(ρu)n+

i
∆t + (

1− (E n
0 )2

) (p∗
A)n+1

i+1/2−(p∗
A)n+1

i−1/2
∆x = 0,

(ρΠ)n+1
i −(ρΠ)n+

i
∆t + (

1− (E n
0 )2

)
(an+
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Supposing that ∀φ ∈ {
ρ, u,Π, e

}
, φ0,n+1

i =φ0 a constant, one can extract the linearized dynamics
related to (3.79):
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During the projection step,Πn+1
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i = pEOS
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)
is imposed with εn+1
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If one assumes that this projection holds separately for zeroth order and first order terms then
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Using the momentum equation, the perturbed pressure dynamics is then:
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According to definition (3.7),
(
∂ε p|ρ)

)0 p0

ρ0 is exactly equal to ρ0 (c0
A)2. The linearized dynamics of
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the non conservative variables related to the acoustic scheme is then:
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D Location of the IMEX Instability

Figure 3.15 and Figure 3.16 show the growth of the numerical instability observed in the case
presented in Section 3.5.1. The picture is taken at time t = 2.496×10−2 s but for a mesh of 103 cells
(Figure 3.15) and for a finer one of 5×103 cells (Figure 3.16).
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One can observe than the instability originates from the region located after the contact dis-
continuity front where the Mach number takes its lowest value. As the mesh is refined, the ampli-
tude of the instability surges considerably since the numerical diffusion is largely diminished.
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E The Most Constraining Euler Courant Number

Let us consider the shock tube test case presented in Section 3.5.2. The fastest Euler eigenvalue
is u∗+ c0,∗

R with c0,∗
R = c

(
ρ∗R, p∗)

. It corresponds to the characteristic colliding with the 3-shock
wave front speed. Here u∗ and p∗ are the intermediate velocity and pressure whose values can be
approximatively calculated: u∗ ≈ 1.49886 m s−1, p∗ ≈ 10020.9 Pa. What is more, the conservation

of entropy through the 3-shock brings: ρ∗R = ρ0
R

(
p∗/p0

R

)1/γ
, and c

(
ρ∗R, p∗) = c0

R

(
p∗/p0

R

)(γ−1)/γ ≈
336.36256 m s−1.

The most constraining time-step got from the above wave speed writes:
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. (3.84)

Besides the time-step related to u0 writes simply ∆t u0
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Chapitre 4

Construction d’une méthode
non-splittée pour les modèles bifluide
avec effets de relaxation

Le contexte physique en filigrane des deux chapitres précédents se basait sur un écoulement
monophasique liquide à faible vitesse. La transition entre un régime d’écoulement nominal et la
production de coups de bélier hydrauliques était alors initiée par une fermeture soudaine d’une
vanne d’arrêt présente sur le circuit.

Les développements proposés dans ce chapitre s’insèrent dans le cadre de la transition d’un
écoulement stratifié eau-vapeur vers un régime de type “slug” où des poches de vapeur se re-
trouvent piégées au sein de l’eau liquide [32]. L’origine de la transition provenant des effets de
cisaillement dus à l’écart de vitesse entre les phases au niveau de l’interface eau-vapeur, la mo-
délisation diphasique homogène utilisée précédemment est remplacée par une modélisation par
approche bifluide. Plus précisément le système d’équations mis en jeu correspond à une version
isentropique d’un modèle de type Baer-Nunziato [5] avec effets de relaxation en pression ainsi
qu’en vitesse.

Dans ce type de modèle, la présence simultanée de termes sources et de produits non-conser-
vatifs fait que ces derniers ne relève pas de la théorie des systèmes hyperboliques avec effets de
relaxation développée par Liu [38]. Dans la littérature, ce niveau de complexité se traduit fréquem-
ment par le recours à des approches à pas fractionnaires où la résolution des effets de relaxation
est séparée de la discrétisation de l’opérateur de convection [22, 40, 47].

Ce chapitre se place volontairement à contre-courant de ces stratégies et présente les pre-
mières esquisses d’un nouveau type de schéma numérique prenant en compte le couplage convec-
tion-source pour le modèle Baer-Nunziato isentropique. Certaines propriétés inhérentes à l’opé-
rateur de convection sont dans un premier temps introduites et démontrées. Ces propriétés sont
notamment nécessaires pour appliquer certains résultats issus des travaux de Bereux et Sainsau-
lieu [6] portant sur l’analyse de la solution de problèmes de Riemann linéaires généralisés (i. e.
avec présence de termes sources linéaires).

Ces travaux sont succinctement décrits puis illustrés de manière pédagogique à travers des
exemples simples d’application. Par la suite le schéma numérique à maillage décalé proposé est
une simple adaptation de celui développé dans [6]. Une légère extension y est ajoutée afin que ce
dernier puisse traiter des phénomènes de relaxation plus fortement non-linéaires et moins mo-
notones que la relaxation en vitesse.

Dans ce chapitre, on écarte volontairement les difficultés relatives à la présence des termes
non-conservatifs en “gelant” la matrice Jacobienne de convection du modèle de Baer-Nunziato.
Les termes de relaxation en pression et en vitesse sont également remplacés par un vecteur source
dont le comportement de chacune des composantes correspond à un ressort non-linéaire indé-
pendant. On peut alors exhiber des solutions analytiques associées au problème de Riemann gé-
néralisé de ce nouveau modèle bifluide simplifié.
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relaxation

Par la suite, l’approche proposée est testée sur un problème de Riemann généralisé impliquant
des conditions initiales fortement hors-équilibre ainsi que des échelles de temps de relaxation très
raides. Les résultats obtenus sont comparés à ceux produits par une méthode à pas fractionnaires
impliquant un flux de type Rusanov.
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4.1. Introduction

4.1 Introduction

The present work is devoted to the computation of two-phase flows in presence of non-equi-
librium relaxation terms.

In the literature, this problem has been extensively studied for models abiding by the Liu’s
general definition of hyperbolic systems of conservation laws with relaxation [38]. In such a defini-
tion, the convection part of the hyperbolic system is conservative and endowed with an additional
entropy pair. Besides, the set of variables can be split between equilibrium variables, for which
relaxation source terms are null, and relaxation variables, whose formal time-relaxation dynamics
projects them into an equilibrium manifold. In [10], the authors prove that, when the relaxation
time-scale tends to zero, solutions of the above system tend towards solutions of a well-posed
homogeneous hyperbolic equilibrium system. Such a system derives from the set of conserva-
tion laws associated with the equilibrium variables in which every relaxation variable has been
projected into the equilibrium manifold. What is more, a subcharacteristic condition interlacing
the eigenvalues of the original hyperbolic system with those of the equilibrium hyperbolic sys-
tem holds. As proved in [38, 50], the above subcharacteristic condition ensures that the resulting
equilibrium system is stable under small perturbations.

In the present approach, the two-fluid two-pressure Baer-Nunziato model [5, 18] is considered.
Contrary to Liu’s equations setting, non-conservative terms appear in its formulation. The pres-
ence of the latter is mandatory to enforce a binding between both phases through the appearance
of a coupling wave. As a consequence, the convergence result proved in [10] cannot be applied
to this model. However, in [1, 16], formal Chapman-Enskog expansions have been performed for
similar two-fluid two-pressure models in the vanishing relaxation time-scale limit. They under-
line strong relations between the obtained asymptotic two-fluid two-pressure models and some
other class of models of lower dimension such as the drift-flux models [19, 51]. Starting from a
two-pressure one-velocity six-equation model, a hierarchy of two-phase relaxation models can
also be found in [20, 41]. A similar hierarchy is established in [37] whose root model is the non-
equilibrium Baer-Nunziato system with pressure, temperature, chemical potential and velocity
relaxation.

Even in the convenient framework of Liu, the simulation of hyperbolic systems with relaxation
raises different issues, the origins of which do not find consensus in the community. Before going
further, let us mention that every numerical method that will be considered in the sequel under-
resolves the stiff relaxation time-scales of the source terms. This means that discrete time-steps are
only based on the eigenvalues of the Jacobian matrix related to the convective part of the system.
By definition, stiff problems are those where at least one time-scale of the relaxation source terms
is very small with respect to the convective time-scales.

The first difficulty deals with the appearance of spurious solutions. Indeed, in [44], Pember
studies the evolution of discrete solutions computed with a first-order fractional-step method that
solves separately the relaxation source terms and the convective part of the system. He points out
that, when the subcharacteristic condition is locally violated, one can construct and observe non-
physical one-cell per time-step discrete discontinuities fulfilling the Rankine-Hugoniot conditions
of the equilibrium hyperbolic system. In [8], Bourlioux shows simulations based on split or unsplit
methods that exhibit the same kind of spurious solutions.

A second issue focuses on the accuracy of the numerical methods when relaxation source
terms become stiff. In [45], by performing truncation error analysis, Pember proves that second-
order Strang-splitting techniques involving Godunov schemes degenerate into first-order meth-
ods with respect to the equilibrium system when the relaxation source terms tend to zero. He
suggests the use of appropriate unsplit methods to cure this drawback. He ends up by stating that
the approximate Riemann solver involved in the unsplit method should be asymptotically consis-
tent, when the relaxation time-scales tend to zero, with an approximate Riemann solver related to
the equilibrium system. In contrast to the conclusions of Pember, Jin in [34] emphasizes that the
above asymptotic-preserving condition is a key property, whether the numerical method is split
or unsplit, to provide accurate solutions at equilibrium.
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Bridging the gap between both parts, the work of Bereux and Sainsaulieu [6] proves that, when
the relaxation time-scales tend to zero, second-order Strang-splitting techniques do preserve the
second-order accuracy of the equilibrium variables. However, they underline that nothing is told
about the accuracy of the relaxation variables in this asymptotic regime. Then, focusing on the
need to compute accurate relaxation-variable solutions in stiff and non-stiff configurations, they
derive an unsplit time-implicit staggered scheme that is asymptotically consistent with the equi-
librium system. Subsequently, other high-order unsplit asymptotically-preserving schemes have
been proposed [43].

When it comes to the simulation of two-fluid models with relaxation, the complexity of the
wave pattern, the presence of non-conservative products, as well as the strong non-linear coupling
introduced by relaxation source terms are such that, in many works, fractional-step approaches
are preferred. Without being exhaustive, let us mention the works of Saurel and Abgrall [47] and
Andrianov et al. [4] in which Strang-splitting techniques are applied to two-fluid two-pressure
models. First-order fractional-step methods ensuring a discrete maximum principle of the statis-
tical fraction and the positivity of pressures during the relaxation sub-step are also proposed by
Gallouët et al. in [22]. In line with [22], the fractional-step method is extended in [15, 40] in order
to include mass transfer and temperature relaxation.

To our knowledge, the only attempt to use partially unsplit methods for two-fluid two-pressure
models has been proposed by Ambroso et al. in [3]. In this work, the convection part is dis-
cretized using an approximate Riemann solver that is consistent, in the integral sense, with a
seven-equation model endowed with velocity-relaxation source terms.

In this context, the present work proposes some building blocks for the derivation of fully un-
split numerical methods in order to compute two-fluid two-pressure models with relaxation. The
starting point of the study leans on the work of Bereux and Sainsaulieu [6] in which an analytical
result is proved about the shape of the exact solution of a generalized linear Riemann problem
when linear relaxation source terms are active. The proposed time-implicit staggered scheme lies
on a formal extension of this analytical result. The first section of this work introduces the two-
fluid two-pressure model considered here. It is the isentropic Baer-Nunziato model with pressure
and velocity relaxations [2, 13]. In the second section, the analytical result stated by Bereux and
Sainsaulieu is presented. The third section concentrates on the derivation of the proposed nu-
merical scheme. Finally, the last part is dedicated to numerical test cases. They are based on a
simplified frozen version of the isentropic Baer-Nunziato model allowing to derive analytical so-
lutions. Accuracy and efficiency comparisons between the present approach and more classical
fractional-step methods are performed.

4.2 The isentropic Baer-Nunziato system with pressure and velocity re-
laxation

This section is dedicated to the presentation of the framework in which the study of two-phase
flows with relaxation effects will be carried out. One focuses on the two-fluid two-pressure Baer-
Nunziato model. For the sake of simplicity, energy equations of both phases are omitted, and the
analysis is restricted to the five-equation isentropic Baer-Nunziato model. Thereafter, one starts
by describing the main differential blocks composing the set of equations at stake. Key mathe-
matical properties that will be useful to derive a convection-relaxation coupling scheme are intro-
duced. Lastly, the section ends with a hand-made example pointing out some drawbacks related
to the use of standard fractional-step methods in the resolution of hyperbolic systems with relax-
ation source terms.

4.2.1 Presentation of the two-fluid two-pressure model

The Baer-Nunziato system is a two-velocity two-pressure model originally formulated by Baer
and Nunziato [5] in the context of granular materials embedded in gaseous combustion products.
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Its mathematical properties have been analysed by Embid and Baer in [18]. Then, this model has
been extensively studied in deflagration-to-detonation transition scenarios [36] and more gen-
erally in two-phase flows modelling [24, 25, 46–48]. Contrary to the category of homogeneous
models [11], both phases have their own dynamics in the system. In the specific context of isen-
tropic Baer-Nunziato system (in which both energy equations are dropped off) each phase in-
dexed k ∈ {1, 2} has its own mass equation and momentum equation. A last transport equation
involves a volume fraction variable α1 ∈ [0, 1]. The latter can be seen as a measure of the presence
of phase 1 in a given bounded domain. Consider the vector,

U = [α1, m1, m1u1, m2, m2u2]T . (4.1)

The 5-equation two-velocity two-pressure model finally reads ∀k ∈ {1, 2}:

∂t αk + uI∂x αk = (−1)k Kp (U)∆p,
∂t mk + ∂x mk uk = 0,
∂t mk uk + ∂x

(
mk u2

k +αk pk
) − pI∂x αk = (−1)k+1 Ku (U)∆u,

(4.2)

with ρk , uk and pk respectively the density, velocity and pressure of phase k. As for the partial
mass mk , it reads: mk = αkρk . Let us also define,

∆p = p2 −p1,

∆u = u2 −u1,
(4.3)

the relative pressure and velocity. Eventually, Kp (U) and Ku (U) are positive cofactors whose defi-
nition will be discussed below. For both phases, pressure is a smooth function of density defined
by the EOS:

pk = pEOS
k

(
ρk

)
,
(
pEOS

k

)′
(ρk ) > 0,

lim
ρk→0

pk = 0, lim
ρk→∞pk =+∞.

(4.4)

In the following, for ease of notation, each thermodynamical function ρk → φEOS(ρk ) is directly
referred to as φk . Let us also introduce the specific internal energy εk (ρk ), the specific internal
enthalpy hk (ρk ) as well as the speed of sound ck (ρk ):

(εk )′(ρk ) = pk

ρ2
k

, hk (ρk ) = εk (ρk )+ pk (ρk )

ρk
, c2

k (ρk ) = p ′
k (ρk ). (4.5)

Finally, let us define the positive quantity Ck as:

Ck = ρk c2
k . (4.6)

Note that (hk )′(ρk ) = Ck /ρ2
k . Since phases 1 and 2 are not miscible, volume fractions are con-

strained by the condition :
α1 +α2 = 1. (4.7)

The equation of α2 is thus redundant with the one of α1. In (4.2), the couple of interfacial velocity
and interfacial pressure

(
uI, pI

)
needs to be specified with closure laws. Subsequently, this couple

is set to (
uI, pI

)= (
u2, p1

)
, (4.8)

which is a choice already done in [5, 12, 24]. Different alternatives have been explored in the lit-
erature, see for instance [47]. In [22], the authors point at different categories of closure laws pro-
viding two main properties for system (4.2). The first property deals with the linearly-degenerate
aspect of the field related to the transport of α1. The second property focuses on the existence of a
mixture entropy pair

(
η, Fη

)
(U) such that

∂t η+∂x Fη ≤ 0. (4.9)
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In [39], a comparison is performed between seven-equation models (that is five equations plus two
equations involving total energy for both phases) corresponding to different closure laws proposed
in [12, 22]. It concludes that, when relaxation terms are active in fast transient scenarios, only a
few differences hold between the several choices of closure laws.

System (4.2) admits pressure and velocity relaxation processes. Pressure relaxation acts on the
transport equation of α1 through the term:

−Kp (U)∆p =−Kp (U)
(
p2 −p1

)
. (4.10)

In a region where the spatial gradient of the volume fraction is null, the time-variation of α1 is
driven by the local pressure difference between both phases. Such a relaxation phenomenon can-
cels out when both phases have the same pressure∆p = 0 or when the transport ofα1 is sufficiently
strong to balance the pressure difference uI∂x α1 = −Kp (U)∆p. The strength of the pressure re-
laxation process is characterized by the non-linear positive cofactor Kp (U). One can rewrite it
formally by introducing a pressure relaxation time-scale τp (U), a pressure of reference pref and a
positive non-dimensional cofactor K̃p (U):

−Kp (U)∆p =− K̃p (U)

τp (U)

∆p

pref
, K̃p (U) ≥ 0, (4.11a)

lim
α1→0

K̃p (U) = lim
α1→1

K̃p (U) = 0. (4.11b)

In single-phase regions, pressure relaxation process does not take place and the non-dimensional
cofactor has to vanish. This is imposed by equation (4.11b). It is crucial to have a good estimation
of the pressure relaxation time-scale τp (U). The latter strongly depends on the kind of two-phase
flow configurations. On that topic, we refer to the work [23] in which an analytical expression for
τp (U) is proposed. It is based on the analysis of a bubble dynamics in an infinite domain and
includes surface tension, viscous effects, thermal diffusion as well as radiation effects. The same
kind of correlation between the Rayleigh-Plesset dynamics and pressure relaxation time-scale has
been conducted in [17]. The pressure relaxation time-scale is related to a micro-inertia coefficient
modeling the microscopic pulsations of the interface between a bubble and the surrounding liquid
phase. The obtained pressure relaxation time-scales are then similar to those derived by Gavrilyuk
and Saurel in [24].

The second relaxation phenomenon acts on the momentum equation of both phases. It reads:

(−1)k+1 Ku (U)∆u = (−1)k+1 Ku (U) (u2 −u1) , (4.12)

and models the relative drag forces that one phase applies to the other. Such a relaxation term van-
ishes when both phases have the same velocity or when a pressure gradient is at equilibrium with
the drag effects. Similarly, one can rewrite the momentum source term using a velocity relaxation
time-scale τu (U) and a reference density ρref:

Ku (U)∆u = K̃u (U)

τu (U)
ρref∆u, (4.13a)

lim
α1→0

K̃u (U) = lim
α1→1

K̃u (U) = 0. (4.13b)

Once again, the relaxation time-scale modeling depends on the flow settings. We refer to [33] in
which constitutive relations between relative-velocity relaxation terms and drag forces are derived
in the context of bubbly, droplet or particulate flows.
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In the following, the isentropic Baer-Nunziato system will be written in a contracted form:

∂t U+∂x F (U)+E (U) ∂x U = S (U) ,

F (U) =


0

m1u1

m1u2
1 +α1p1

m2u2

m2u2
2 +α2p2

 , E (U) = [
b (U) , 0, 0, 0, 0

]
, b (U) =


uI

0
−pI

0
+pI

 ,

S (U) =


−Kp (U)∆p

0
Ku (U)∆u

0
−Ku (U)∆u

 .

(4.14)

In the next subsection, special attention is paid to the mathematical properties of the isentropic
Baer-Nunziato system.

4.2.2 Mathematical properties of the isentropic Baer-Nunziato system

A substantial advantage of two-fluid two-pressure models (like the Baer-Nunziato model) with
respect to the two-fluid single pressure models is that, up to specific resonant configurations (see
[26, 31] for a general definition of resonance), they do not suffer from any lack of hyperbolicity.
Thus, the Cauchy problem associated with the two-fluid two-pressure models is not “ill-posed” a
priori. A second important property is directly related to the definition of the non-conservative
product b (U) ∂x α1 through shock and contact discontinuities. Property 4.2.1 and Property 4.2.2
summarize these issues.

Property 4.2.1 (Hyperbolicity of the isentropic Baer-Nunziato system)
The convective part of system (4.14) is weakly hyperbolic in the sense that the Jacobian matrix

C (U) = ∂U F (U)+E (U) =


uI 0 0 0 0
0 0 1 0 0[

(p1 −pI −C1)
]

(c1)2 − (u1)2 2u1 0 0
0 0 0 0 1

−[
(p2 −pI −C2)

]
0 0 (c2)2 − (u2)2 2u2

 (4.15)

admits five real eigenvalues associated with five right eigenvectors that span R5 if the non-resonant
sufficient condition

∀k ∈ {1, 2} , |uI −uk | 6= ck , (4.16)

is fulfilled. The eigenvalues read:

λ1 = uI, λ2 = u1 + c1, λ3 = u1 − c1, λ4 = u2 + c2, λ5 = u2 − c2. (4.17)

The corresponding right eigenvectors are:

R = [
r1, r2, r3, r4, r5

]

=



1 0 0 0 0

− [p1−pI−C1]
(c1)2−(u1−uI)2 ρ0

ref ρ0
ref 0 0

− [p1−pI−C1]uI

(c1)2−(u1−uI)2 ρ0
ref (u1 + c1) ρ0

ref (u1 − c1) 0 0
[p2−pI−C2]

(c2)2−(u2−uI)2 0 0 ρ0
ref ρ0

ref
[p2−pI−C2]uI

(c2)2−(u2−uI)2 0 0 ρ0
ref (u2 + c2) ρ0

ref (u2 − c2)


,

(4.18)

with ρ0
ref an arbitrary constant density introduced to make the eigenvectors homogeneous to the

dimensions of the state U.
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Property 4.2.2 (Isentropic Baer-Nunziato system: fields structure and non-conservative prod-
ucts definition)
Consider the closure laws given in (4.8) where uI = u2. Then, λ1 is related to a linearly-degenerate
field whereas

{
λ2, . . . , λ5

}
correspond to genuinely non-linear fields. The volume fraction α1 is a

Riemann invariant for the 2-5-fields meaning that it only jumps through the 1-wave. Besides, one
can identify four 1-Riemann invariants which provide a parametrization for the crossing of the 1-
contact-wave. They write: 

I1 = u2,

I2 = m1 (u1 −u2) ,

I3 = m1 (u1 −u2)2 +α1 p1 +α2 p2,

I4 = (u1 −u2)2

2
+h1.

(4.19)

Then, the non-conservative products b (U)∂x α1 are only active through the 1-wave and are fully
defined, in the weak-sense, using this parametrization.

The proof of Property 4.2.1 can be found in [2, 13, 42] for the barotropic case. For the general Baer-
Nunziato system, detailed proofs of Property 4.2.1 and Property 4.2.2 can be found in [12, 22]. The
non-resonant condition (4.16) prevents the superposition of the material wave uI and the non-
linear acoustic waves uk ± ck . In most applications of nuclear industry, material velocities uk are
assumed to be small with respect to the acoustic-wave speeds of both vapor and liquid phases.
Then, condition (4.16) is generally replaced by the more constraining subsonic flows hypothesis:

∀k ∈ {1, 2} , |uI −uk | < ck . (4.20)

As shown in [22], uI = u2 is sufficient to bring the linearly-degenerate property to the 1-field. The
other closure law pI = p1 contributes to establish an additional entropy PDE for system (4.14) as
stated in Proposition 4.2.1.

Proposition 4.2.1 (A mathematical entropy pair for the isentropic Baer-Nunziato system)
Define the specific total energy of the mixture and the total energy flux as:

E = m1
(
u2

1/2+ε1
)+m2

(
u2

2/2+ε2
)

,

F (U) = m1
(
u2

1/2+ε1
)

u1 +m2
(
u2

2/2+ε2
)

u2 +α1 p1 u1 +α2 p2 u2.
(4.21)

For smooth solutions of the isentropic Baer-Nunziato system, the PDE verified by E reads:

∂t E+∂x F (U)+A(U) ∂x α1 =−Kp (U)
(
∆p

)2 −Ku (U) (∆u)2 , (4.22)

with,
A(U) = pI (u2 −u1)+p1 (u1 −uI)+p2 (uI −u2) . (4.23)

Assume that uI is closed by the relation uI = β (U) u1+(1−β (U))u2 with β (U) ∈ [0, 1]. Then, provided
that pI = (1−β (U)) p1 +β (U) p2,

A(U) = 0. (4.24)

Thus, the couple (E, F (U)) is an entropy-pair of system (4.14) in the sense that U → E (U) is convex
(not strictly convex) and, equality (4.22) can be signed:

∂t E+∂x F (U) ≤ 0. (4.25)

Proof 1
The convexity proof of the function U → E (U) is similar to the one presented in [14] in the case of the
Baer-Nunziato system with energy equations. It consists in re-writting E (U) as:

E (U) = α1 (ρe)1 (u1)+ (1−α1) (ρe)2 (u2) ,

= α1 (ρe)1

(
α1u1

α1

)
+ (1−α1) (ρe)2

(
(1−α1)u2

1−α1

)
,

(4.26)
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with ∀k ∈ {1, 2} , uk = [
ρk , ρk uk

]T, U = [α1, α1u1, (1−α1)u2] and (ρe)k = ρk
(
u2

k /2+εk
)
. Thus, dif-

ferentiating twice equation (4.26), one can obtain the Hessian matrix:

E′′ (U) =

a cT dT

c
(
ρe

)′′
1 (u1)/α1 0

d 0
(
ρe

)′′
2 (u2)/(1−α1)

 , (4.27)

with,

a = 1

α1
uT

1

(
ρe

)′′
1 (u1)u1 + 1

1−α1
uT

2

(
ρe

)′′
2 (u2)u2,

c =− 1

α1

(
ρe

)′′
1 (u1)u1,

d = 1

1−α1

(
ρe

)′′
2 (u2)u2.

(4.28)

Let us define X = [
x, y, z

] ∈R5. Then, one can notice that:

XT E′′ (U) X = (
y−x u1

) 1

α1

(
ρe

)′′
1 (u1)

(
y−x u1

)+ (z+x u2)
1

1−α1

(
ρe

)′′
2 (u2) (z+x u2) . (4.29)

Recalling [7] that ∀k ∈ {1, 2} , uk → (ρe)k (uk ) is strictly convex, the quantity XT E′′ (U) X is non-
negative.

Equation (4.25) results from classical manipulations of system (4.14). The idea is to derive the
kinetic energy PDE of phase k and to combine it with the one associated with εk . Thus, one can
derive the dynamics of the specific total energy of both phases. Summing them allows to exhibit
the proposed closure law for pI as a sufficient condition to obtain the negative right hand side in
equation (4.25). Additional details can be found in [12, 22] for the Baer-Nunziato system with energy
equations.

Let us end this section by focusing on the symmetrization of system (4.14). This property will be
crucial, in section 4.3, in order to state an important theoretical result related to the integration of
the relaxation source terms into a general linearized Riemann problem.

Proposition 4.2.2 (Symmetrization of the isentropic Baer-Nunziato system)
Consider the C1-diffeomorphism U → W (U) = [

α1, u1, p1, u2, p2
]
. There exists a symmetric positive

definite matrix P (W) and a symmetric matrix Q (W) such that, out of the resonant condition (4.16),

smooth solutions U (W) of system (4.14) verify equivalently:

P (W)∂t W+Q (W) ∂x W = 0. (4.30)

In that sense, system (4.14) is said to be symmetrizable.

Proof 2
The proof is similar to the one derived for the Baer-Nunziato system with energy equations in [14].
Considering smooth solutions of system (4.14), one can rewrite it equivalently in a non-conservative
form using variable W. It reads:

∂t W+M (W) ∂x W = 0,

M (W) =

 uI 0T 0T

Mα,1 M
1

0

Mα,2 0 M
2

 ,

M
k
=

[
uk τk

Ck uk

]
, Mα,k = (−1)k+1

[
(pk −pI)/mk

Ck (uk −uI)/αk

]
.

(4.31)
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Let us define a symmetric matrix P as:

P =

Pα PT
1 PT

2
P1 D

1
0

P2 0 D
2

 , D
k
=

[
(ρk ck )2 0

0 1

]
, Pk = [

p1,k , p2,k
]T . (4.32)

Then, one can observe that the matrix

Q (W) = P M (W)

=


PαuI +PT

1 Mα,1 +PT
2 Mα,2 PT

1 M
1

PT
2 M

2
uI P1 +D

1
Mα,1 D

1
M

1
0

uI P2 +D
2

Mα,2 0 D
2

M
2

 ,
(4.33)

is symmetric if ∀k ∈ {1, 2}:
D

k
M

k
is symmetric,(

MT
k
−uI I

)
Pk = D

k
Mα,k .

(4.34)

By construction of D
k

, the matrix D
k

M
k
=

[
(ρk ck )2 uk Ck

Ck uk

]
is symmetric. Besides, in (4.34) the

linear system can be solved if det
(
MT

k
−uI I

)
= (uk −uI)2 − c2

k 6= 0. This condition is exactly the non-

resonant condition (4.16). Both vectors Pk being completely defined, let us now concentrate on the
positive-definite property of matrix P. Recall [30] that a symmetric matrix is positive-definite if and
only if all its principal minors are strictly positive. In the case of matrix P, positivity of the five
principal minors reads:

δ1 = Pα > 0,

δ2 = δ1(ρ1c1)2 −p2
1,1 > 0,

δ3 = δ2 − (ρ1c1)2 p2
2,1 > 0,

δ4 = (ρ2c2)2δ3 − (ρ1c1)2 p2
1,2 > 0,

δ5 = δ4 − (ρ1c1)2 (ρ2c2)2 p2
2,2 > 0.

(4.35)

One can observe that δ5 > 0 ⇒∀k ∈ {1, .., 4} , δk > 0. This condition can be rewritten:

(ρ1c1)2 (ρ2c2)2 Pα > (ρ2c2)2 p2
1,1 + (ρ1c1)2 p2

1,2 + (ρ1c1)2 (ρ2c2)2 (
p2

2,1 +p2
2,2

)
. (4.36)

Then, if Pα is taken sufficiently large so that inequality (4.36) holds, matrix P is positive-definite.

The above properties provide a convenient framework to study the weak solutions of the isen-
tropic Baer-Nunziato model. Non-conservative terms in the convection part vanish through rar-
efaction and shock waves and are completely defined across the uI-contact wave using the corre-
sponding Riemann invariants. The closure laws are compatible with the relaxation source terms
so that an entropy inequality can be derived for smooth solutions.

However, the presence of the source terms triggers two main difficulties that one needs to
tackle.

The first one arises in the more general Baer-Nunziato model endowed with energy equations
or in the isentropic Baer-Nunziato model with mass transfer. Indeed, even in the very specific
case where two-phase variables do not depend on space, the remaining system of ODEs is strongly
coupled.

In [28], Guillemaud analyses the behavior of the time trajectories of the ODE system associated
with a seven-equation model with pressure, temperature and velocity relaxation. Under mild ther-
modynamical assumptions and using entropy considerations he shows that any bounded time
trajectory converges towards the unique point where both phases have the same pressure, tem-
perature and velocity. Such a point is also compatible with the mixture mass, momentum and
energy constraints.
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Nevertheless, the analytical derivation of the time-relaxation trajectories is still out of reach for
such a complex system.

As a result, successive operator splitting strategies separating the relaxation effects according
to the stiffness of their time-scale are needed to provide an exact time-integration. For example,
details about the two-steps splitting approach for the Baer-Nunziato model with velocity-pressure
relaxations can be found in [22].

The second difficulty is related to the stiffness of the pressure and velocity relaxation time-
scales τp (U), τu (U) with respect to the time-step based on the eigenvalues uk ± ck of the Baer-
Nunziato convective Jacobian matrix. Avoiding computations with prohibitive CFL constraints
requires to apply robust time-implicit integrations on the source terms.

The above issues related to the coupling and the stiffness of the relaxation processes entail
that, in the literature, the time-integration of the source terms is generally treated separately with
respect to the convection discretization [4, 17, 22, 40, 47]. Yet, this additional operator splitting
procedure can lead to a substantial depreciation of the accuracy of the numerical scheme. The
following subsection provides a simple analytical model underlining the main issues met in such
a context.

4.2.3 Inaccuracy of fractional step methods applied to hyperbolic systems with relax-
ation

Consider a Riemann problem involving the Burgers’ equation,

∂t u +∂x
u2

2
= 0,

u(., t = 0) =
{

u0
L if x < 0,

u0
R if x > 0.

(4.37)

Assume that the initial datum is such that 0 < u0
R < u0

L. As proved in [27], the entropic solution
associated with (4.37) is a shock wave propagating at speed σ= (

u0
R +u0

L

)
/2:

ushock (x/t ) =
{

u0
L if x/t <σ,

u0
R if x/t >σ.

(4.38)

In this example, system (4.37) and solution (4.38) are considered as the formal asymptotic limit
of a relaxation system of higher dimension including relaxation source terms. The formalism to
derive the Riemann problem associated with such a relaxation system has been introduced by Jin
and Xin in [35]. It reads:

∂t u +∂x v = 0,

∂t v +∂x
(
a2 u

)=−1

τ

(
v −u2/2

)
,

(4.39)

u(., t = 0) =
{

u0
L if x < 0,

u0
R if x > 0,

v(., t = 0) =
{

v0
L if x < 0,

v0
R if x > 0.

(4.40)

Here, τ is a stiff relaxation time-scale formally forcing v to converge towards u2/2. One can notice
that injecting v = u2/2 in the equation of u allows to retrieve the Burgers’ equation. In system
(4.39), a is a relaxation coefficient constant in the computational domain Ω. Decomposing v as
u2/2+τv1+O

(
τ2

)
, a Chapman-Enskog expansion allows to exhibit a sufficient condition in order

to enforce the diffusivity of the first-order convection-diffusion system related to (4.39). Such a
condition writes:

a > sup
Ω

|u| . (4.41)

Inequality (4.41) is often referred to as the subcharacteristic condition or the Whitam’s condition
(see [10, 35, 50] for more details on the relaxation scheme theory). In the above example, a is
defined as:

a = max
(
u0

L, u0
R

)= u0
L. (4.42)
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Once more, let us stress that Riemann problem (4.37) has to be seen as the resulting equilibrium
system that couples the convection part,

∂x

[
v

a2 u

]
, (4.43)

with the relaxation source terms

− 1

τ

(
v −u2/2

)
, (4.44)

in the limit τ→ 0. Solution (4.38) then represents the physical solution that one expects to find
out when performing the fractional-step resolution of (4.39) using a splitting between convection
and source terms.

In the following, one time-step of such a procedure is solved analytically. The shape of the
obtained solution is then compared with the shock wave profile (4.38). Starting from a piece-wise
constant initial solution (4.40), the first step of fractional-step methods consists in solving in the
half-planes x < 0 and x > 0 (labeled “L” and “R” in the sequel) the relaxation ODEs:

k ∈ {L, R} ,

dt uk = 0,

dt vk =−1

τ

(
vk −u2

k /2
)

,

uk (t = 0) = u0
k , vk (t = 0) = v0

k .

(4.45)

After one time-step ∆t , the exact solution of (4.45) reads ∀k ∈ {L, R}:

u0,rel
k (∆t ) = u0

k ,

v0,rel
k (∆t ) =

(
u0

k

)2

2

(
1−e−∆t/τ)+e−∆t/τ v0

k .
(4.46)

The second step of the convection-source operator splitting technique has to solve:

∂t u +∂x v = 0,

∂t v +∂x
(
a2 u

)= 0,

u(., t = 0) =
{

u0,rel
L (∆t ) if x < 0,

u0,rel
R (∆t ) if x > 0,

v(., t = 0) =
{

v0,rel
L (∆t ) if x < 0,

v0,rel
R (∆t ) if x > 0.

(4.47)

System (4.47) is strictly hyperbolic, its eigenvalues, λ± = ±a, are associated with linearly degen-
erate fields whose Riemann invariants write I± = u ∓ v/a. The Godunov solution can be derived
exactly and reads:

[
ufs

v fs

]
(x/t ) =


[

u0,rel
L (∆t ) , v0,rel

L (∆t )
]T

if x/t <−a,[
u∗, v∗]T

if −a < x/t < a,[
u0,rel

R (∆t ) , v0,rel
R (∆t )

]T
if x/t > a,

(4.48)

with,

u∗ = u0,rel
R (∆t )+u0,rel

L (∆t )

2
− 1

2a

(
v0,rel

R (∆t )− v0,rel
L (∆t )

)
,

v∗ = v0,rel
R (∆t )+ v0,rel

L (∆t )

2
− a

2

(
u0,rel

R (∆t )−u0,rel
L (∆t )

)
.

(4.49)

Focusing on the first component ufs, one can simplify its expression by using relations (4.46). It
yields:

ufs (x/t ) =


u0

L if x/t <−a,

u∗ = u0
R+u0

L
2 − (1−e−∆t/τ)

2a

(
(u0

R)2

2 − (u0
L)2

2

)
− e−∆t/τ

2a

(
v0

R − v0
L

)
if −a < x/t < a,

u0
R if x/t > a.

(4.50)
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Solution (4.50) then has to be compared with the Burgers’ shock wave (4.38). First of all, suppose
an instantaneous time-relaxation, e−∆t/τ = 0. The intermediate state u∗ then becomes:

u∗ = u0
L

2

[
1+ u0

L

2a

]
+ u0

R

2

[
1− u0

R

2a

]
. (4.51)

Then, assume that initial conditions are such that:

0 < u0
L, 0 < u0

R, u0
L À u0

R. (4.52)

Hence, σ= (
u0

R +u0
L

)
/2 ≈ u0

L/2 < a = u0
L. The fractional step method produces waves that system-

atically propagate faster than the physical shock speed. What is more, injecting (4.42) into (4.51),
one can notice that,

u∗ = 3

4
u0

L +
u0

R

2

[
1− 1

2

u0
R

u0
L

]

≈ 3

4
u0

L < u0
L.

(4.53)

Thus, after one time-step, whatever the stiffness of the relaxation sub-step (4.45), the fractional-
step approach will never reach the right physical state u0

L in the intermediate region created by the
relaxation Riemann problem. Conversely, one can observe that:

u∗ = u0
L ⇔ a = u0

R +u0
L

2
. (4.54)

The appropriate shock speed is thus retrieved but it strongly violates the subcharacteristic condi-
tion (4.41) that ensures the stability of the relaxation system (4.39).

The above hand-made example points out the fact that, injecting the effect of time-relaxation
only through the initial conditions of the homogeneous relaxation Riemann problem (4.39) does
not provide enough “information” to catch up the right Rankine-Hugoniot jump relations related
to the relaxed equilibrium system (4.37). It also highlights that straightly imposing the right equi-
librium shock speed, a = (

u0
R +u0

L

)
/2, may trigger instabilities during the resolution of the homo-

geneous relaxation Riemann problem.
Of course the highlighted drawbacks have to be balanced by the fact that the intermediate ve-

locity expression (4.53) has been obtained after one time-step ∆t . As shown in [9], fractional-step
methods applied to hyperbolic systems with sufficiently stiff relaxation converge in practice to-
wards the equilibrium solution. Nevertheless our assumption is that convection-relaxation split-
ting techniques entail additional accuracy issues that one needs to tackle.

As a consequence the following section is devoted to the conception of a scheme able to cou-
ple convection with relaxation source terms into one single step for the isentropic Baer-Nunziato
model with pressure-velocity relaxation. On that topic, one can mention the works of Ambroso
and co-authors [3] which integrate velocity-relaxation effects into the flux-discretization by using
the notion of consistency in the integral sense for hyperbolic systems with source terms. In the end,
their approach associates the velocity-relaxation term with a Dirac function following the material
wave uI. Readers are referred to [3] for additional details about the resulting HLL-like scheme.

Let us also underline the work of Pareschi and Russo [43] based on high order finite-volume
Implicit-Explicit (IMEX) schemes applied to general hyperbolic systems with relaxation. Their ap-
proach simultaneously includes the contributions of both convective fluxes and stiff source terms.
However, contrary to [3], the presence of the latter has no influence on the convective-flux dis-
cretization. Besides, their strategy is only applied to hyperbolic systems with relaxation fulfilling
the Liu’s definition [38] in which non-conservative products are absent. Attention has been ac-
tually drawn to this work because it describes how to increase the scheme’s accuracy order by
combining WENO techniques for the convective time-explicit flux discretization and Diagonally
Implicit Runge-Kutta methods (DIRK) [29] for the stiff source terms time-integration.

The present approach relies on a result proved by Bereux and Saintsaulieu in [6]. Starting from
the analysis of a generalized Riemann problem with a linearized Jacobian matrix and linearized
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source terms, it has the advantage to show exactly how source terms interact with waves produced
by the convection-operator. Then, contrary to [3], source terms effects are not artificially projected
on a particular wave. Hereafter, details about the Bereux-Sainsaulieu results are provided.

4.3 Solution of a generalized linear convection-relaxation hyperbolic
system

In the first part of this section, the Bereux-Sainsaulieu lemma is set out. Some elements of
proof are subsequently added in order to help the reader to understand the stated result. The sec-
ond part proposes to illustrate the Bereux-Sainsaulieu lemma with a simple hand-made example.
The exact solution of a simple generalized Riemann problem with linear coupling relaxation terms
is derived. Then, the properties proved by the authors of [6] can be easily retrieved.

4.3.1 The Bereux-Sainsaulieu lemma

Let us introduce the generalized Riemann problem presented below:

∂t U+∂x F (U) = 1

τ
S (U) ,

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0.

(4.55)

S(.) is a source term forcing the conservative variable vector U ∈ Rp to relax towards a given equi-
librium Ueq such as S

(
Ueq

)= 0. The relaxation time-scale is provided by the parameter τ.

Remark 4.3.1 (About the structure of system (4.55))
It can be noted that the structure of system (4.55) abides by the Liu’s definition of hyperbolic systems
with relaxation: no non-conservative flux are present in such systems. This is the framework in
which the strategy presented in [6] has been developed and tested. Nevertheless extensions of the
Bereux-Sainsaulieu method to the Baer-Nunziato model will be presented in the next chapter.

Although solutions of problem (4.55) are still out of reach, Bereux and Sainsaulieu in [6, lemma
3.1, p. 152] bring a substantial breakthrough by stating the following lemma:

Property 4.3.1 (Bereux-Sainsaulieu lemma [6])
Define a time-space domainΩ= [0, T]×[−L/2, L/2], L being a given length and T a given final time.
Consider the generalized linear Riemann problem:

∂t U+C
0
∂x U = 1

τ
B

0
U,

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0,

(4.56)

with C
0

a constant convection matrix and B
0

a constant source term matrix. Assume that there

exists an eigenvector basis for C
0

related to a set of ordered eigenvalues
{
λ1

0 < . . . < λp
0

}
. Additionally,

assume that system (4.56) is symmetrizable in the sense that there exists a positive definite symmetric
matrix S

0
such that S

0
C

0
is symmetric. Consider the space-averaged variable H:

H = 1

L

∫ L/2

−L/2
Udx. (4.57)

Then, problem (4.56) admits a unique solution U ∈ C1 ([0, T], BV([−L/2, L/2])); BV([−L/2, L/2]) be-
ing the set of bounded-variation functions in [−L/2, L/2]. What is more, if T is such that,

T < L

2max
∣∣λk

0

∣∣
k∈[1, p]

, (4.58)
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H is solution of the following ODE system:

dH

dt
= 1

τ
B

0
H− 1

L
C

0
(UR(t )−UL(t )) , H(0) = U0

R +U0
L

2
,

∀k ∈ {L, R} :

dUk

dt
= 1

τ
B

0
Uk , Uk (0) = U0

k .

(4.59)

Without detailing the entire proof of Property 4.3.1, one can catch the main idea by setting two
additional results. Let us first define some notations which will remain unchanged subsequently.
First of all, consider

R
0
= [

r0
1 . . . r0

k . . . r0
p
]

, R−1
0

=


l0
1

. . .
l0
k

. . .
l0
p

 , (4.60)

the matrices of the right and left eigenvectors related to the frozen Jacobian matrix C
0

. Recall that

∀ (i , j ) ∈ [1, p]2:

l0
i · r0

j =
{

0 if i 6= j ,
1 if i = j .

(4.61)

The Jacobian matrix can be rewritten:

C
0
= R

0
Λ

0
R−1

0
,

Λ
0
= diag

([
λ0

1, . . . , λ0
p

]T
)

.
(4.62)

For a given vector v ∈ Rp , diag(v) is a p ×p diagonal matrix filled with the components of v. For a

given state U ∈ Rp , consider a ∈ Rp the vector of coordinates of U projected into the right eigen-
vector basis:

a =



a1
...

ak
...

ap

= R−1
0

U ⇔ U = R
0

a. (4.63)

Eventually, define:

a0 = R−1
0

(
U0

R −U0
L

)
. (4.64)

Some notations also need to be defined for the linear relaxation source terms. First, the matrix B
0

can be expressed using the right eigenvector basis R
0

. It reads:

Br
0
= R−1

0
B

0
R

0
. (4.65)

Then, one can isolate Bd
0

, the diagonal of the matrix Br
0

:

Br
0
= Bd

0
+δB

0
,

Bd
0
= diag

([
(l0

1)T B
0

r0
1, . . . , (l0

p )T B
0

r0
p

]T
)

.
(4.66)

We can now state a first known result (see [27] for a proof) dealing with homogeneous linear hy-
perbolic systems:
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Property 4.3.2 (Solution of a linear homogeneous Riemann problem)
Consider problem (4.56) in the case B

0
= 0. Then, the solution is made of p +1 constant states,

{
U0

0 = U0
L, . . . U0

k , U0
k+1, . . . , U0

p = U0
R

}
, (4.67)

such that

U0
k = U0

k−1 + (a0)k r0
k , (4.68)

separated by p contact discontinuities propagating at speed λ0
k , k ∈ [1, p]. Hence, the solution is

self-similar and simply writes:

U (x/t ) = U0
L +

p∑
k=1

(
a0)

k H
(
x −λ0

k t
)

r0
k , (4.69)

with H(x), the Heaviside function.

The next property aims at presenting the structure of the solution of (4.56) when linear relaxation
terms are active.

Property 4.3.3 (Influence of the linear relaxation terms on the solution’s structure)
Consider problem (4.56) with a full relaxation matrix B

0
. The solution is made of two contributions:

U (x, t ) = ∼
U (x, t )+δU (x, t ) . (4.70)

∼
U can be determined explicitly as:

∼
U(x, t ) = R

0

∼
a(x, t ), (4.71)

with
∼
a, the solution of,

∂t
∼
a+Λ

0
∂x

∼
a = 1

τ
Bd

0

∼
a,

∼
a(., t = 0) =

{
a0

L if x < 0,
a0

R if x > 0.

(4.72)

Assume that solutions of problem (4.56) belong to the tempered distribution space and apply Fourier
transform on this system. Then, one can prove that, δU (x, t ) is continuous on Ω. Besides, under the
condition (4.58):

∼
U(x, t )+δU (x, t ) = e

B
0

t/τ
U0

L if x < λ0
1 t ,

∼
U(x, t )+δU (x, t ) = e

B
0

t/τ
U0

R if x > λ0
p t .

(4.73)

For a detailed proof of Property 4.3.3, the reader is referred to [6]. Let us underline that the

structure of the solution
∼
U is similar to the one presented in Property 4.3.2. Indeed, the diagonal

shape of Bd
0

ensures that relaxation effects are decoupled component by component. Following

the characteristic line
dx

dt
= λ0

k , the dynamics of each k-th component (
∼
a)k of

∼
a reads:

d(
∼
a)k

dt
=

(l0
k )T B

0
r0

k

τ
(
∼
a)k . (4.74)

The integration is thus straightforward and gives:

(
∼
a)k (x, t ) = e

{
(l0

k )T B
0

r0
k

}
t/τ

(a0
L)k + [(a0

R)k − (a0
L)k︸ ︷︷ ︸

(a0)k

]H(x −λ0
k t )

 . (4.75)
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Finally,
∼
U simply writes:

∼
U(x, t ) = R

0

∼
a(x, t ) =

p∑
k=1

(
∼
a)k (x, t )r0

k . (4.76)

Across the wave fronts, the produced states are constant in space but evolve exponentially in time
due to the contribution of the diagonal source term. Similarly to equality (4.68), the jump relations
between the p +1 states read:

∼
U

0

k (t ) = ∼
U

0

k−1(t )+ (
∼
a

0
)k (t )r0

k ,

(
∼
a

0
)k (t ) = e

{
(l0

k )T B
0

r0
k

}
t/τ

(a0)k .
(4.77)

Let us also point out that the second contribution δU somehow aggregates the effect of the off-

diagonal relaxation terms δB
0

on the convective part of the system. Contrary to
∼
U, it cannot be

determined explicitly for such a general system.
Figure 4.1a and Figure 4.1b summarize the ideas developed through the above properties. The

0
x

U

λp
0 t

U0
p−1

U0
R

λ1
0 t

U0
L

λk
0 t

U0
1

λk+1
0 t

U0
k

U0
k = U0

k−1 + (a0)k r0
k

(a)

0
x

U

λp
0 t

∼
U

0

p−1

∼
U

0

R

λ1
0 t

∼
U

0

L

λk
0 t

∼
U

0

1

λk+1
0 t

∼
U

0

k

∼
U

0

k =
∼
U

0

k−1 + (∼a
0
)k (t/τ) r0

k

δU (x, t)

(b)

Figure 4.1 – Solution of the generalized linear Riemann problem: (a) without source terms, (b) with source
terms.

red-dotted curve displayed in Figure 4.1b illustrates the continuous behavior of δU across the wave

fronts associated with
∼
U.

Coming back to the proof of Property 4.3.1, one can decompose the variable H as a sum of
integrals throughout the fan of waves. Under condition (4.58), the time derivative then gives:

L
dH

dt
=

∫ λ0
1 t

−L/2
∂t Udx +λ0

1U
(
(λ0

1 t )−, t
)

+
p−1∑
k=1

{∫ λ0
k+1 t

λ0
k t

∂t Udx +λ0
k+1U

(
(λ0

k+1 t )−, t
)−λ0

k U
(
(λ0

k t )+, t
)}

+
∫ L/2

λ0
p t
∂t Udx −λ0

p U
(
(λ0

p t )+, t
)

.

(4.78)

After having replaced ∂t U by −C
0
∂x U+ 1

τB
0

U inside the integrals, one obtains:

L
dH

dt
= L

1

τ
B

0
H−C

0
(U(L/2, t )−U(−L/2, t ))

+
p∑

k=1

{[
−C

0
+λ0

k I
] (

U
(
(λ0

k t )−, t
)−U

(
(λ0

k t )+, t
))}

.
(4.79)

Using relations (4.70), (4.77) and the continuity of δU one can deduce that:[
−C

0
+λ0

k I
] (

U
(
(λ0

k t )−, t
)−U

(
(λ0

k t )+, t
))= [

−C
0
+λ0

k I
] (∼

U
(
(λ0

k t )−, t
)− ∼

U
(
(λ0

k t )+, t
))

=
[
−C

0
+λ0

k I
]

(
∼
a

0
)k (t )r0

k

= 0.

(4.80)
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ODEs (4.59) immediately follow from equations (4.73) and the fact that

∀t ∈ [0, T], |L/2| > max
(∣∣λ0

1

∣∣ t ,
∣∣∣λ0

p

∣∣∣ t
)

. (4.81)

In the above sketch of proof, the continuity of δU is the key property allowing to derive the H-
dynamics. In the sequel, the exact solution of a hand-made linear convection-source system is
provided. The expression of δU as well as its continuous behavior are shown. Once again, the
reader is referred to [6] for a rigorous proof of Property 4.3.1.

4.3.2 Application to a hand-made linear system with coupling relaxation processes

The following example is made of two transport equations. In each of them a “diagonal” relax-
ation term is active. Furthermore, the first equation also contains a linear relaxation term involv-
ing the variable related to the second transport equation.

Example 4.3.1 (Exact solution of a hand-made convection-source system)
Consider U = [u, v]T such that:

∂t u + λ0
u ∂x u = − 1

τu
u − 1

τ v,

∂t v + λ0
v ∂x v = − 1

τv
v,

(4.82)

[
u
v

]
(., t = 0) =

{ [
u0

L, v0
L

]T
if x < 0,[

u0
R, v0

R

]T
if x > 0,

(4.83)

with 0 < λ0
u < λ0

v two constant eigenvalues, τu , τ and τv three positive time-relaxation constants. If
τu 6= τv the solution of system (4.82) (4.83) reads:

u(x, t ) = e− t/τu
[
u0

L +∆u0 H(x −λ0
u t )

]− 1

τ

τu τv

τv −τu
δu(x, t ),

v(x, t ) = e− t/τv
[
v0

L +∆v0 H(x −λ0
v t )

]
,

(4.84)

with ∆u0 = u0
R −u0

L, ∆v0 = v0
R − v0

L, and

δu(x, t ) =


v0

L

(
e−t/τv −e−t/τu

)
if x < λ0

u t ,

v0
R

(
e

(1/τu−1/τv )
x−λ0

u t

λ0
v −λ0

u
− t
τu −e−t/τu

)
+ v0

L

(
e−t/τv −e

(1/τu−1/τv )
x−λ0

u t

λ0
v −λ0

u
− t
τu

)
if x ∈ ]λ0

u t ,λ0
v t [,

v0
R

(
e−t/τv −e−t/τu

)
if x > λ0

v t .
(4.85)

Thus, one can notice that,

δU(x, t ) =
[− 1

τ
τu τv
τv−τu

δu(x, t )

0

]
, (4.86)

is continuous on R×R+. Besides, if one defines the matrix B
0

as:

B
0
=

[−1/τu −1/τ
0 −1/τv

]
, (4.87)

one recovers the result shown by Bereux and Sainsaulieu,

[
u
v

]
(x, t ) =


e

B
0

t
[

u0
L

v0
L

]
if x < λ0

u t ,

e
B

0
t
[

u0
R

v0
R

]
if x > λ0

v t .

(4.88)
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Proof 3
The dynamics of variable v being completely independent of the one of variable u, it can be solved

easily by following the characteristic curve
dx

dt
= λ0

v . It yields directly:

v(x, t ) = e− t/τv
[
v0

L +∆v0 H(x −λ0
v t )

]
. (4.89)

Injecting solution (4.89) into (4.82) and introducing u′(x, t ) = u(x+λ0
u t , t ), one looks for a function

u′ such that:

∂t u′(x, t ) =− 1

τu
u′(x, t )− 1

τ
e− t/τv

[
v0

L +∆v0 H
(
x + (λ0

u −λ0
v ) t

)]
,

u′(x, 0) = [
u0

L +∆u0 H(x)
]

.
(4.90)

Applying the variation of constants method, let us introduce ũ such that u′(x, t ) = ũ(x, t )e−t/τu . The
time-integration of ũ gives:

ũ(x, t ) = ũ(x, 0)− 1

τ

∫ t

0
e(1/τu−1/τv ) t

′ [
v0

L +∆v0 H
(
x + (λ0

u −λ0
v ) t

′)]
dt

′
. (4.91)

In order to derive the analytical expression of the above time integral, one needs to specify three

different spatial areas for x. Indeed, if x < 0, then for any t
′ ∈ [0, t ], H

(
x + (λ0

u −λ0
v ) t

′) = 0 since

λ0
u < λ0

v . If x > (λ0
v −λ0

u) t , then ∀t
′ ∈ [0, t ], H

(
x + (λ0

u −λ0
v ) t

′)= 1. Otherwise, the time integral can

be split in two contributions:∫ x/(λ0
v−λ0

u )

0
v0

R e(1/τu−1/τv ) t
′
dt

′ +
∫ t

x/(λ0
v−λ0

u )
v0

L e(1/τu−1/τv ) t
′
dt

′
. (4.92)

In the end, one can write:

ũ(x, t ) = ũ(x, 0)− 1

τ
δũ(x, t ), (4.93)

with,

δũ(x, t ) =


∫ t

0 v0
L e(1/τu−1/τv ) t

′
dt

′
if x < 0,∫ x/(λ0

v−λ0
u )

0 v0
R e(1/τu−1/τv ) t

′
dt

′ +∫ t
x/(λ0

v−λ0
u ) v0

L e(1/τu−1/τv ) t
′
dt

′
if x ∈ ]0, (λ0

v −λ0
u) t [,∫ t

0 v0
R e(1/τu−1/τv ) t

′
dt

′
if x > (λ0

v −λ0
u) t .

(4.94)
With formula (4.94), one can notice that ũ is continuous at points x = 0 and x = (λ0

v −λ0
u) t . After

calculations, one obtains:

δũ(x, t ) = τu τv

τv −τu


v0

L

(
e(1/τu−1/τv ) t −1

)
if x < 0,

v0
R

(
e

(1/τu−1/τv )

(λ0
v −λ0

u )
x −1

)
+ v0

L

(
e(1/τu−1/τv ) t −e

(1/τu−1/τv )

(λ0
v −λ0

u )
x
)

if x ∈ ]0, (λ0
v −λ0

u) t [,

v0
R

(
e(1/τu−1/τv ) t −1

)
if x > (λ0

v −λ0
u) t .

(4.95)
In formulas (4.93), (4.95), replacing x by x −λ0

u t and multiplying by e−t/τu , allows to finally recover
the expression of u(x, t ) provided in (4.84) and (4.85).

The next subsection describes how to apply the theoretical Property 4.3.1 in order to derive a
numerical scheme for hyperbolic systems with relaxation whose structure is similar to the one pre-
sented in (4.55). This will provide a first step towards the construction of a convection-relaxation
coupling scheme for the isentropic Baer-Nunziato system.

4.4 A time-implicit staggered scheme

As proved in Section 4.2, under the non-resonant condition (4.16), the isentropic Baer-Nunziato
system is hyperbolic and symmetrizable. Hence, after having linearized its Jacobian matrix and its
relaxation source terms, the Bereux-Sainsaulieu lemma holds for this system.
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The numerical scheme that is proposed is based on the hypothesis that the Bereux-Sainsaulieu
lemma can be extended to the non-linear case. Consider the generalized Riemann problem (4.55)
and the following computational domain: Ω = [−∆x/2,∆x/2]. Assume that the dynamics of the
space-averaged variable

H = 1

∆x

∫ ∆x/2

−∆x/2
Udx, (4.96)

reads: 

dH

dt
= 1

τ
S (H)− 1

∆x
[F (UR(t ))−F (UL(t ))] , H(0) = U0

R +U0
L

2
,

∀k ∈ {L, R} :

dUk

dt
= 1

τ
S (Uk ) , Uk (0) = U0

k .

(4.97)

Then, similarly to [6], a two-step staggered scheme is derived. In the following, the overall deriva-
tion of the numerical approach is first described. Then, special attention is paid to the time-
integration of the relaxation source terms. Subsequently, the resulting numerical scheme is com-
pletely written in the linear case. Its numerical diffusion as well as its stability properties are com-
pared to other existing schemes of the literature. Finally, a short discussion about the computa-
tional cost of the approach with respect to fractional-step methods is carried out.

4.4.1 Derivation of the scheme

Consider a one-dimensional computational domain Ω = [0, L] made of Ncel l s cells. Let us
define ∆x = L/Ncel l s (respectively ∆t ) the space-step (respectively the time-step) of the scheme.
For i ∈ [1, .., Ncel l s] let us set xi = (i −1/2)∆x, the coordinate of the cell center i and xi+1/2 = xi +
∆x/2, the coordinate of face i + 1/2. Finally define Ωi =]xi−1/2, xi+1/2[ the cell of a primal mesh
centered around xi and Ωi+1/2 =]xi , xi+1[ the cell of a dual mesh centered around xi+1/2.

Assume that at time t n , the solution of (4.55) is approximated by a set of piece-wise constant
datum: {

Un
j , j ∈tNcel l s

i=1 Ωi

}
. (4.98)

Let us also introduce an abstract function Φτ (U,∆t ) such that, for a smooth function U (t ),

U(t n +∆t )−U(t n)

∆t
=Φτ

(
U(t n),∆t

)
, (4.99)

is consistent to a certain order with

dU (t n)

dt
= 1

τ
S

(
U(t n)

)
, (4.100)

when ∆t → 0. As shown in the left picture in Figure 4.2, the first step of the staggered scheme
focuses on the dual mesh ti+1/2Ωi+1/2 endowed with a reconstructed piece-wise constant set
of states Hn

i+1/2 = (
Un

i+1 +Un
i

)
/2. The update Hn+1/2

i+1/2 is obtained thanks to a consistent time-

xi−1 xi xi+1xi−1/2 xi+1/2
x

Un
i

Un
i+1

Un
i−1

Hn
i+1/2 = Un

i+1+Un
i

2

xi−1 xi xi+1xi−1/2 xi+1/2
x

Hn+1/2
i−1/2

Hn+1/2
i+1/2

Un+1/2
i =

Hn+1/2
i+1/2 +Hn+1/2

i−1/2
2

Figure 4.2 – Staggered scheme: (left) dual grid, (right) primal grid
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integration of the extended dynamics (4.97):

Hn+1/2
i+1/2 = Hn

i+1/2 + (∆t/2)Φτ
(
Hn

i+1/2,∆t/2
)

− ∆t

2∆x

(
F

(
Un+1/2

i+1

)−F
(
Un+1/2

i

))
,

∀ j ∈ {i , i +1} :

Un+1/2
j = Un

j + (∆t/2)Φτ
(
Un

j ,∆t/2
)

.

(4.101)

Then, one reconstructs the intermediate update on the primal mesh as Un+1/2
i = (

Hn+1/2
i+1/2 +Hn+1/2

i−1/2

)
/2

(see the right picture in Figure 4.2). In the end, the final update Un+1
i is obtained by a similar time-

integration: 

Un+1
i = Un+1/2

i + (∆t/2)Φτ
(
Un+1/2

i ,∆t/2
)

− ∆t

2∆x

(
F

(
Hn+1

i+1/2

)−F
(
Hn+1

i−1/2

))
,

∀ j ∈ {i −1/2, i +1/2} :

Hn+1
j = Hn+1/2

j + (∆t/2)Φτ
(
Hn+1/2

j ,∆t/2
)

.

(4.102)

Introducing the operator Ψ∆x
τ (UR, UL, δt ) such that,

Ψ∆x
τ (UR, UL, δt ) =UR +UL

2
+δtΦτ

(
UR +UL

2
, δt

)
− δt

∆x
(F (UR +δtΦτ (UR, δt ))−F (UL +δtΦτ (UL, δt ))) ,

(4.103)

the above staggered scheme can be rewritten more compactly as:

Un+1
i =Ψ∆x

τ

[
Ψ∆x
τ

(
Un

i+1, Un
i ,∆t/2

)
,Ψ∆x

τ

(
Un

i , Un
i−1,∆t/2

)
,∆t/2

]
. (4.104)

4.4.2 Choice of the discrete source terms operator

This section synthetically describes how the system of ODEs (4.100) is discretized. Consider a
discrete time-step ∆t defined using

∣∣λ∣∣n , the spectral radius related to the convective part of the
system (4.55) at time t n :

∆t =C
∆x

max
i+1/2

(
max

(∣∣λ∣∣n
i ,

∣∣λ∣∣n
i+1

)) ,

C ∈]0, 1[.

(4.105)

When the relaxation time-scale τ is such that τ¿ ∆t , problem (4.55) is said to be stiff. After a
very thin time-boundary layer of order O(τ), the solution is formally projected on the equilibrium
manifold {U, S (U) = 0}. From a numerical point of view, one wishes to accurately capture the steep
transition towards the equilibrium while guaranteeing the stability of the discretization. High-
order time-explicit Runge-Kutta methods [29] are thus automatically put aside since their stability
domain would require to adapt the Courant number such that∆t ≤ τ. In a stiff regime, such a CFL
constraint is extremely expensive computationally. Besides, in the context of conservation laws
with stiff relaxation terms, large numerical diffusion would smear the waves profile related to the
j -components of U that do not “feel” the relaxation process (S j (U) = 0).

As a result the discrete source term operator Φτ (U,∆t ) is obtained thanks to a fourth-order
linearly-implicit Runge-Kutta method called: the Rosenbrock method [29]. Details presenting the
main lines of the approach are provided below.

Let us consider a state Un at time t n and introduce

Jn = ∂U S
(
Un)

, (4.106)

the Jacobian matrix of the relaxation source term involved in equation (4.100).
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A s-stage Rosenbrock method is given by the formulas:

Un+1 = Un +
s∑

j=1
b j k j , (4.107a)

∀i ∈ [1, s],

[
I−γ ∆t

τ
Jn

]
ki = ∆t

τ
S

(
Un +

i−1∑
j=1

αi j k j

)
+ ∆t

τ
Jn

i−1∑
j=1

γi j k j . (4.107b)

Assume that Uex (t n) is a solution of (4.100). For a fourth-order Rosenbrock method, the coeffi-
cients

(
αi j

)
j<i ,

(
γi j

)
j<i ,

(
b j

)
j , γ are chosen so that, for any smooth solution U verifying (4.107),

equality
U

(
t n)= Uex (

t n)+O
(
∆t 5) , (4.108)

holds.
Among the large class of high-order implicit or semi-implicit techniques, the Rosenbrock method

has been chosen for its capacity to avoid the resolution of non-linear systems (as soon as implicit
time-integration is applied to S (U)) by replacing them with a sequence of linear systems. Indeed,
if one imposes γ= 1 and ∀(i , j ), γi j = 0, equality (4.107b) formally corresponds to the application
of one Newton iteration to each stage i ∈ [1 s].

What is more, such a linear strategy is compatible with Property 4.3.1. As a matter of fact, in
the linear configuration

F (U) = C
0

U, S (U) =
B

0

τ
U, (4.109)

the application of the scheme (4.107) with s = 1 and b1 = γ= 1 corresponds exactly to an implicit
Euler time integration of the exact dynamics (4.59).

Finally, as proved in [29], the method is A-stable and can be L-stable for a convenient choice
of γ. Besides, it is relatively cheap computationally. Indeed, all the k j ’s can be obtained with the
computation and the inversion of one single matrix: I−γ ∆t

τ Jn . Additional details dealing with the

analysis of the Rosenbrock methods can be found in [29].

4.4.3 Properties of the scheme in the linear case

Here, one is interested in deriving the expression of the overall numerical scheme (4.104) in the
simplified linear case (4.109). Let us first start by the homogeneous case: B

0
= 0. After calculations,

the scheme (4.104) reads:

Un+1
i = Un

i −∆t C
0

Un
i+1 −Un

i−1

2∆x
+ ∆t

2

[
∆x

∆t
I+ ∆t

∆x
(C

0
)2

] Un
i+1 −2Un

i +Un
i−1

2∆x
. (4.110)

The linear flux FBS (“BS” stands for Bereux-Sainsaulieu) at face i +1/2 writes:

FBS (
Un

i+1, Un
i

)= C
0

Un
i+1 +Un

i

2
− 1

4

[
∆x

∆t
I+ ∆t

∆x
(C

0
)2

](
Un

i+1 −Un
i

)
. (4.111)

Introducing the Lax-Friedrichs flux FLF and the Rusanov flux FRus as,
FLF

(
Un

i+1, Un
i

) = C
0

Un
i+1+Un

i
2 − ∆x

2∆t

(
Un

i+1 −Un
i

)
,

FRus
(
Un

i+1, Un
i

) = C
0

Un
i+1+Un

i
2 − |r0|

2

(
Un

i+1 −Un
i

)
,

(4.112)

with |r0| the spectral radius related to the Jacobian matrix C
0

, one can express FBS using the ex-

pression of FLF or FRus. It yields:
FBS

(
Un

i+1, Un
i

) = FLF
(
Un

i+1, Un
i

) − 1
4

[
∆t
∆x (C

0
)2 − ∆x

∆t I
] (

Un
i+1 −Un

i

)
,

FBS
(
Un

i+1, Un
i

) = FRus
(
Un

i+1, Un
i

) − 1
4

[
∆t
∆x (C

0
)2 + (

∆x
∆t −2 |r0|

)
I
](

Un
i+1 −Un

i

)
.

(4.113)
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Let us introduce the matrices:

DBS-LF
0

=
[
∆t

∆x
(C

0
)2 − ∆x

∆t
I
]

,

DBS-Rus
0

=
[
∆t

∆x
(C

0
)2 +

(
∆x

∆t
−2 |r0|

)
I
]

.
(4.114)

Consider that the time-step is defined according to formula (4.105). Thus, in the case of a frozen Ja-
cobian matrix C

0
, ∆t =C ∆x/ |r0|, and the eigenvalues λBS-LF,0

k , λBS-Rus,0
k of matrices (4.114) write:

λBS-LF,0
k = 1

C |r0|
(
C 2 (λ0

k )2 −|r0|2
)

,

λBS-Rus,0
k =

C (λ0
k )2

|r0|
+2 |r0| ( 1

2C
−1).

(4.115)

It can be seen that under the classical CFL condition C < 1/2: λBS-LF,0
k < 0 and λBS-Rus,0

k > 0.
Hence, in the homogeneous linear case, the present scheme is less diffusive that the Lax-Friedrichs
scheme but more diffusive than the Rusanov one.

Besides, one can project equation (4.110) on the eigenvector basis R
0

related to the frozen

Jacobian matrix C
0

. For a given cell i at time t n , consider an
i = R−1

0
Un

i . Each component (ak )n
i of

an
i verifies:

(ak )n+1
i = (ak )n

i −∆t λ0
k

(ak )n
i+1 − (ak )n

i−1

2∆x
+∆t D0

k

(ak )n
i+1 −2(ak )n

i + (ak )n
i−1

2∆x
,

D0
k = 1

2

[
∆x

∆t
+ ∆t

∆x
(λ0

k )2
]
= 1

2

[ |r0|
C

+ C

|r0|
(λ0

k )2
]

.
(4.116)

The right hand side of equality (4.116) can be rewritten as a convex combination of (ak )n
i , (ak )n

i+1
and (ak )n

i−1:

(ak )n+1
i = ∆t

2∆x

[
D0

k −λ0
k

]
(ak )n

i+1 +
∆t

2∆x

[
D0

k +λ0
k

]
(ak )n

i−1 +
[

1− ∆t

∆x
D0

k

]
(ak )n

i . (4.117)

One can notice that, under the CFL condition C < 1/2: D0
k±λ0

k > 0, D0
k <∆x/∆t . As a consequence,

in the linear homogeneous case, a discrete maximum principle holds for every component ak and
the scheme is L∞-stable.

Linear source terms are now present. Let us consider the case where the first-order implicit
Euler scheme ΦIeu-1

τ is used to discretize (B
0

/τ)U:

ΦIeu-1
τ (U, δt ) =

[
I− (δt/τ)B

0

]−1
(B

0
/τ)U =ΦIeu-1

τ
(δt )U. (4.118)

Consider Ψ
τ
= I+ (∆t/2)ΦIeu-1

τ
(∆t/2). The proposed time-implicit staggered scheme can be writ-

ten:

Un+1
i = (Ψ

τ
)2 Un

i − ∆t

2

[
Ψ
τ

C
0
Ψ
τ
+C

0
(Ψ

τ
)2

] Un
i+1 −Un

i−1

2∆x

+ ∆t

2

[
∆x

∆t
(Ψ

τ
)2 + ∆t

∆x
(Ψ

τ
C

0
)2

] Un
i+1 −2Un

i +Un
i−1

2∆x
.

(4.119)

Let us stress that when τ→+∞ with ∆t fixed, Ψ
τ
→ I and the homogeneous scheme (4.110) is re-

trieved. Even in the linear case, the general study of the scheme (4.119) is complex. Let us assume
that B

0
can be diagonalized using the eigenvector basis R

0
. Such a strong hypothesis is not true

for the frozen isentropic Baer-nunziato system with linear relaxations. However it allows to study
the discrete evolution of the eigenvector coordinates when relaxation source terms are discretized
with the Bereux-Sainsaulieu strategy.
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Assume that there exists a diagonal matrix ΛS
0

of positive coefficients λ0, s
k such that:

B
0
=−R

0
ΛS

0
R−1

0
. (4.120)

In that case, the dynamics of the discrete components (ak ) reads:

(ak )n+1
i =ω0, s

k

{
∆t

2∆x

[
D0

k −λ0
k

]
(ak )n

i+1 +
∆t

2∆x

[
D0

k +λ0
k

]
(ak )n

i−1 +
[

1− ∆t

∆x
D0

k

]
(ak )n

i

}
,

ω0, s
k = 1(

1+ (∆t/2τ)λ0, s
k

)2 .
(4.121)

Consider the vector aeq, an equilibrium state projected on the eigenvector basis R
0

. Up to the

translation a → a−aeq applied to the continuous linear Riemann problem with linear relaxations,
one can replace every ak by ak−aeq

k into the discrete dynamics (4.121). Consider the CFL condition

∆t = C ∆x/ |r0| with C < 1/2. Thus, using the fact that ω0, s
k ∈ [0, 1], one can notice that a discrete

maximum principle still holds. Besides,

sup
i∈[1,N]

∣∣(ak )n+1
i

∣∣≤ω0, s
k sup

i∈[1,N]

∣∣(ak )n
i

∣∣≤ sup
i∈[1,N]

∣∣(ak )n
i

∣∣ . (4.122)

The scheme is therefore L∞-stable and convergences towards aeq in L∞-norm.

4.4.4 Comparison with a time-implicit fractional-step approach

The quality of the above staggered scheme approach is assessed with respect to a fractional-
step strategy. The latter is built using a Rusanov scheme for the flux discretization. The overall
fractional-step method can be written:

Un+
i = Un

i +∆tΦτ
(
Un

i ,∆t
)

,

Un+1
i = Un+

i − ∆t

∆x

(
FRus (

Un+
i+1, Un+

i

)−FRus (
Un+

i , Un+
i−1

))
,

(4.123)

with,

FRus (UR, UL) = F (UR)+F (UL)

2
−

∣∣rL,R
∣∣

2
(UR −UL) , (4.124)

and
∣∣rL,R

∣∣ the maximum spectral radius between the Jacobian matrix ∂U F (U) evaluated at UL and
UR. Recall that in (4.123), the function (U, δt ) → Φτ (U, δt ) corresponds to an implicit time inte-
gration of the relaxation ODEs system (4.100) using a first order implicit Euler scheme or a fourth
order Rosenbrock method.

In the sequel, one wishes to compare the fractional step method (4.123), (4.124) with respect
to the extended Bereux-Sainsaulieu approach (4.104). The quality criteria are based on conver-
gence and efficiency curves. Without going into too much details, it can be argued that the com-
putational cost of the proposed time-implicit staggered scheme is higher than the fractional-step
approach. Let us first stress that the implementation of both methods involve the same number
of loops through the computational domain: a loop on the cell-list plus a loop on the face-list for
the fractional-step scheme, a loop on the primal-face-list plus a loop on the dual-face-list for the
present approach. However, the CPU time spent for the discretization of the relaxation source
terms is considerably larger in the case of the time-implicit staggered scheme. Indeed, for each
primal or dual face, three calls to build the function Φτ are necessary: one for the update of the
average state, and two for the update of the left and right fluxes. In contrast, the fractional-step
method builds only once Φτ for each cell during the relaxation step.

Thereafter, the present approach is tested against a hand-made two-fluid two-pressure sys-
tem with a frozen Jacobian matrix. Three configurations are studied: absence of relaxation source
terms, presence of linear relaxation source terms and finally presence of non-linear relaxation
source terms. In the last case, the Bereux-Sainsaulieu Property 4.3.1 does not hold and the rele-
vance of the extended Bereux-Sainsaulieu ODEs system (4.97) is assessed.
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4.5 Application to hand-made two-fluid two pressure systems

The objective of this section is twofold. First, recall that the time-implicit staggered scheme
provided in (4.104) lies on the hypothesis that the Bereux-Sainsaulieu Property 4.3.1, holding for
linear Riemann problems with linear source terms, can be extended to the non-linear case. Thus,
one is interested in evaluating the limits of such an assumption. The accuracy of the approach
when non-linear and non-monotonous relaxation source terms are active has to be checked. Sec-
ondly, we wish to compare the accuracy and the efficiency of the staggered scheme with respect to
the more classical fractional step approach presented in (4.123), (4.124).

Both methods are tested in the context of the isentropic Baer-Nunziato model (4.14). However,
one can notice that the proposed staggered scheme is based on a general conservative system with
relaxation source terms. For the sake of clarity, the extension of the Bereux-Sainsaulieu lemma
for non-linear hyperbolic systems with non-conservative products will be treated in the next chap-
ter. As a consequence, in this section, the isentropic Baer-Nunziation system written in (4.14) is
replaced by,

∂t U+C
0
∂x U = S (U) ,

C
0
= ∂U F (U0)+E (U0) ,

F (U) =


0,

m1u1

m1u2
1 +α1p1

m2u2

m2u2
2 +α2p2

 , E (U) = [
b (U) , 0, 0, 0, 0

]
, b (U) =


uI

0
−pI

0
+pI

 ,

S (U) =


−Kp (U)∆p

0
Ku (U)∆u

0
−Ku (U)∆u

 .

(4.125)

Here, U0 is a constant state and C
0

is the frozen convective Jacobian matrix for the isentropic Baer-

Nunziato system. In the following subsections, in order to provide simple analytical solutions for
system (4.125), the relaxation source terms S (U) are artificially replaced by a more convenient
form which acts only on the coordinates associated with the eigenvector basis R

0
of C

0
. Let us

write,
C

0
= R

0
Λ

0
R−1

0
, (4.126)

the expression of the frozen eigenvector basis R
0

being given in (4.18) and,

Λ
0
= diag

(
Λ0

)
,

Λ0 = [uI = u2, u1 + c1, u1 − c1, u2 + c2, u2 − c2]T
0 .

(4.127)

Then, consider a, the coordinates of state U projected on the eigenvector basis R
0

:

a = R−1
0

U =



a1
...

ak
...

a5

 . (4.128)

In the sequel, S (U) is replaced by,

R
0

S̃ (a (U)) , (4.129)
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such that system (4.125) is equivalent to,

∂t a+Λ
0
∂x a = S̃ (a) . (4.130)

The present time-implicit staggered scheme is applied to Riemann problems of increasing dif-
ficulty. First, the convergence of the method is assessed in the very simple homogeneous case
(S̃ (a) = 0). Then, the approach is tested in presence of linear relaxation source terms. Finally, ac-
curacy and efficiency comparisons between the present scheme and fractional-step methods are
performed in the case where the relaxation source terms are stiff and act as a non-linear spring.

4.5.1 Linearized homogeneous isentropic Baer-Nunziato system

Consider the computational domain Ω=]0, L[, L = 1m, and the homogeneous Riemann prob-
lem,

∂t U+C
0
∂x U = 0,

U(., t = 0) =
{

U0
L if x < 0.5,

U0
R if x > 0.5.

(4.131)

Define a∆U = R−1
0

(
U0

R −U0
L

)
. As shown in [49], the analytical solution of problem (4.131) reads:

U(x/t ) = UL +
5∑

k=1
(a∆U)k H

(
x −λ0

k t
)

r0
k , (4.132)

with
(
λ0

k

)
k∈[1,5]

, the eigenvalues given in (4.17). Consider the non-conservative vector

W = [
α1, u1, p1, u2, p2

]T . (4.133)

The initial states W0
L and W0

R are summarized in Table 4.1.

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
W0

L 0.2 3 4 10 10
W0

R 0.8 2 1 5 20

Table 4.1 – Homogeneous Riemann problem: initial conditions

The Jacobian matrix of the system is frozen using the averaged constant state

U0 = U
(
(W0

R +W0
L)/2

)
. (4.134)

For both phases, the isentropic EOS reads:

∀k ∈ {1, 2} , pk = κk
(
ρk

)γk ,

κ1 = 1.86×103 J (kg )−1 K−1, γ1 = 2.26,

κ2 = 4.15×103 J (kg )−1 K−1, γ2 = 1.03.

(4.135)

The coefficients have been chosen such that ρ2 ≈ 103 kg .m−3 for p2 = 50 bar and ρ1 ≈ 10kg .m−3

for p1 = 3.4 bar. The simulation time is Tend = 8.5× 10−4 s. Finally the time-step is determined
using the fastest wave speeds at instant t n :

∆t n =C
∆x

max
i+1/2

(
max

(∣∣un
1 + cn

1

∣∣ ,
∣∣un

1 − cn
1

∣∣ ,
∣∣un

2 + cn
2

∣∣ ,
∣∣un

2 − cn
2

∣∣)) ,

C = 0.45.

(4.136)

As presented in (4.69), the analytical solution of problem (4.131) is made of five contact discon-
tinuities whose speed corresponds to one component of Λ0 in (4.127). The convergence of the
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Figure 4.3 – Convergence curve: homogeneous Riemann problem

method is verified by plotting the error in L1 norm for each component of W as a function of the
mesh size. The number of cells is taken in the set:{

103, 2×103, 4×103, 6×103, 8×103, 104} .

The convergence curve is displayed in Figure 4.3. As mentioned in subsection 4.4.3, in the ho-
mogeneous case, the method is close to the Lax-Friedrich or the Rusanov schemes and has no
difficulty to converge towards the analytical solution. As already noticed in [21], the presence of
contact discontinuities deteriorates the convergence rate of first-order schemes. It is depreciated
to 0.5.

In the next subsection, linear relaxation source terms are present.

4.5.2 Linearized isentropic Baer-Nunziato system with linear relaxations

Here, the general linearized Riemann problem writes:

∂t U+C
0
∂x U =−R

0
τ−1 R−1

0

(
U−Ueq)

,

U(., t = 0) =
{

U0
L if x < 0.5,

U0
R if x > 0.5.

(4.137)

The matrix τ−1 governs the relaxation time-scales,

τ−1 = 1

τ
diag

([
µ1, . . . ,µ5

]T
)

. (4.138)

Besides, Ueq is an equilibrium state towards which the solution of (4.137) converges. The above
general linear Riemann problem can be projected on the eigenvector basis. It reads:

∂t a+Λ
0
∂x a =−τ−1 (

a−aeq)
,

a(., t = 0) =
{

a0
L if x < 0.5,

a0
R if x > 0.5.

(4.139)

with aeq = R−1
0

Ueq, a0
L = R−1

0
U0

L, a0
R = R−1

0
U0

R. The analytical solution of each component ak , k ∈
[1, 5] of the vector a can be found since, along the characteristics

dx

dt
= λ0

k , it verifies:

dak

dt
=−µk

τ

(
ak −aeq

k

)
,

⇔ ak (x, t ) = ak (x, t = 0)e−µk t/τ+aeq
k

(
1−e−µk t/τ) ,

⇔ ak (x, t ) = [
(a0

L)k +H(x) (a0
R −a0

L)k
]

e−µk t/τ+aeq
k

(
1−e−µk t/τ) .

(4.140)
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The analytical solution finally writes:

U (x, t ) =
5∑

k=1

[
(a0

L)k +H
(
x −λ0

k t
)

(a0
R −a0

L)k
]

e−µk t/τ r0
k

+
5∑

k=1
aeq

k

(
1−e−µk t/τ) r0

k .

(4.141)

It can be observed that the Bereux-Sainsaulieu Property 4.3.1 holds for the above general linearized
Riemann problem. Thus, if U is solution of (4.137), the ODEs system (4.97), with F (U) = C

0
U and

S (U) =−R
0
τ−1 R−1

0

(
U−Ueq

)
is exactly verified.

The linearity of the relaxation source terms entails that no high order time-integration method
is required to catch the trajectories towards the equilibrium state. As a consequence, the proposed
time-implicit staggered scheme (4.104) is tested with Φτ = ΦIeu-1

τ , the relaxation operator related
to the first-order implicit-Euler time-integration.

CFL condition is the same that the one derived in (4.136). The EOS and the initial conditions
are similar to these presented in (4.135) and Table 4.1. The physical time of the simulation is Tend =
8.5×10−4 s. The relaxation time-scales are initially the same for every component of a:

∀k ∈ [1, 5], µk = 1, τ= 10−3 s. (4.142)

By using pressure values given as initial conditions, one can observe that the order of the maximal
speed of sound is c ≈ 300m.s−1. Then, for a mesh made of 5×102 cells, the order of the discrete
time-step (4.136) is ∆t ≈ 3×10−6 s ¿ τ. In that sense, the linear Riemann problem (4.137) is not
stiff. The idea here is only to check that the proposed staggered scheme has no difficulty to capture
the analytical solution of a generalized linear Riemann problem for which the Bereux-Sainsaulieu
lemma holds. Besides, the exponential operator appearing in (4.141) prevents from taking τ¿∆t
if one wishes to observe the propagation of the contact-wave profiles.

The equilibrium state writes Ueq = U
(
Weq

)
, with Weq an input state given in Table 4.2. In Fig-

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
Weq 0.5 1 15 1 15

Table 4.2 – Linear Riemann problem: equilibrium state

ure 4.4, the convergence curves of the non-conservative variables are displayed. All of them con-
verge towards their analytical solution as the mesh is refined. Figure 4.5, 4.6 and 4.7 show the pro-
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Figure 4.4 – Convergence curve: linear Riemann problem

file of the non-conservative variables through the computational domain at the end of the simula-
tion. The couple

(
u1, p1

)
(respectively

(
u2, p2

)
) does not jump through the waves (u2±c2)0 (respec-
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Figure 4.5 – Pressure profiles, linear Riemann problem: Ncel l s = 103

tively (u1 ± c1)0). This is simply due to the fact that, in matrix (4.18), the eigenvectors
{

r0
2, r0

3

}
are

linearly independent from
{

r0
4, r0

5

}
. Up to some numerical diffusion, the proposed time-implicit
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Figure 4.6 – Velocity profiles, linear Riemann problem: Ncel l s = 103

staggered scheme manages to capture the right speed of contact waves and also the right states
undergoing the exponential time-relaxation. Away from the contact waves, the time-implicit Eu-
ler scheme has no difficulty to capture the time-relaxation of system (4.137).

In Figure 4.8, the profile of p2 is compared according to the value of the relaxation time-scale
τ. The green curve is for τ = 10−3 s whereas the red one stands for τ = 5×10−4 s. As expected, in
the stiffest relaxation-regime, the computed solution is considerably closer to the pressure equi-
librium value. Eventually, in Figure 4.9, the shape of p2 is plotted when the relaxation time-scale
related to the first component of a, a1 = α1, is a hundred times lower than those of the other com-
ponents: µ1 = 102, ∀k ∈ [2, 5], µk = 1. In that case, the relaxation of the variable α1 is expected
to be quasi-instantaneous with respect to the other components. As a consequence, the pres-
sure jump through the (u2)0-contact wave vanishes. One can notice that the non-linearity of the

reconstruction function a → p2

(
C

0
, a

)
is such that the instantaneous relaxation of a1 = α1 consid-

erably slows down the relaxation of process of pressure p2. Indeed, away from the contact waves
in the left part of the computational domain, p2 ≈ 22bar when µ1 = 102 while p2 ≈ 18bar in the
non-instantaneous relaxation configuration.

The above test case has shown that the proposed approach works perfectly when both the
Jacobian matrix and the relaxation source terms are linear. In the sequel, non-linearity is injected
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Figure 4.7 – α1 profile, linear Riemann problem: Ncel l s = 103
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into the relaxation process. Besides, relaxation time-scales are such that, for coarse meshes, the
Riemann problem is stiff.

4.5.3 Linear isentropic Baer-Nunziato system with non-linear non-monotone time-
relaxation

In order to easily derive analytical solutions, the relaxation non-linearity takes the form of a
cubic spring. The generalized Riemann problem writes:

∂t U+C
0
∂x U =−R

0
τ−1 diag

({
R−1

0

(
U−Ueq)}3

)
,

U(., t = 0) =
{

U0
L if x < 0.5,

U0
R if x > 0.5,

(4.143)

with ∀a ∈ R5, diag
(
a3

) = diag
([

a3
1, · · · , a3

5

]T
)
. Matrix τ−1 is now a function of a reference state Uref

in order to correctly scale the relaxation source term:

τ−1 = 1

τ
diag

([
µ1, . . . ,µ5

]T
)
·diag

({
Uref

}−2
)

. (4.144)

Once again, the above generalized Riemann problem can be projected on the eigenvector basis.
Along the λ0

k -characteristics , each component ak , k ∈ [1, 5] of a = R−1
0

U is solution of:

dak

dt
=−µk

τ

(
ak −aeq

k

)3

(Uref
k )2

. (4.145)

ODE (4.145) can be integrated easily and provides solutions which do not blow up for finite or
infinite time. The analytical solution related to (4.143) reads:

ak (x, t ) =


aeq

k + 1√(
ak (x, t=0)−aeq

k

)−2+2µk (t/τ) (Uref
k )−2

if ak (x, t = 0) > aeq
k ,

aeq
k − 1√(

ak (x, t=0)−aeq
k

)−2+2µk (t/τ) (Uref
k )−2

if ak (x, t = 0) < aeq
k ,

(4.146)

with ak (x, t = 0) = (a0
L)k +H(x) (a0

R −a0
L)k . The analytical solution (4.146) contains two asymptotic

relaxation behaviors depending on how far from the equilibrium are the initial conditions. Con-
sider a reference time-scale tref based on the waves produced by the Jacobian matrix C

0
. Assume

that the initial states are far from equilibrium,∣∣∣∣∣ Uref
k

ak (x, t = 0)−aeq
k

∣∣∣∣∣¿ O(1). (4.147)

In that case, for t = δt = O(τ), the time-relaxation slope between ak (x, δt ) and aeq writes:∣∣∣∣∣ak (x, δt )−aeq
k

δt

∣∣∣∣∣≈
∣∣Uref

∣∣
δt

√
2µk (δt/τ)

≈ O

(∣∣Uref
∣∣

τ

)
. (4.148)

For stiff relaxation source terms, τ¿ tref, and the time-relaxation slope (4.148) is very steep with
respect to the time-scale tref. However, if initial conditions are sufficiently close from equilibrium:∣∣∣∣∣ Uref

k

ak (x, t = 0)−aeq
k

∣∣∣∣∣= O

(
tref

τ

)
, (4.149)

using once again δt = O(τ) allows to find,∣∣∣∣∣ak (x, δt )−aeq
k

δt

∣∣∣∣∣≈
∣∣Uref

∣∣
δt

√
(tref/τ)2 +2µk (δt/τ)

≈ O

(∣∣Uref
∣∣

tref

)
. (4.150)
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And the convergence towards the equilibrium state is relatively slow on the time-scale related to
τ.

In the context of two-phase flows involving subcooled water and overheated vapor, the EOS
parameters of both phases have been defined using saturated pressure, densities and heat capacity
ratios. The values of these quantities are summarized in Table 4.3.

p (bar) ρ
(
kg .m−3

)
γ κ

(
J.kg−1.K−1

)
Liquid psat = 150 ρsat

liq = 603.52 γsat
liq = 2.76 κsat

liq = 0.32

Vapor psat = 150 ρsat
vap = 97.73 γsat

vap = 3.62 κsat
vap = 0.94

Table 4.3 – Saturation parameters

with κsat
liq = psat

(
ρsat

liq

)−γsat
liq

, κsat
vap = psat

(
ρsat

vap

)−γsat
vap

. The EOS write

p1 = κsat
vap

(
ρ1

)γsat
vap ,

p2 = κsat
liq

(
ρ2

)γsat
liq .

(4.151)

As shown in Table 4.4, the equilibrium pressure is psat for both phases. The initial conditions,
presented in Table 4.5 are taken out of equilibrium for both phases. Besides, initial pressure jumps
for both p1 and p2 are sufficiently important to produce high amplitude contact discontinuities
notably for phase 1 which is the most compressible phase. In the sequel, the relaxation time-scale
τ is equal to 10−9 s.

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
Weq 0.6 1 psat 1 psat

Table 4.4 – Riemann problem, non-linear spring relaxation: equilibrium state

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
W0

L 0.8 1.5 110 −2 170
W0

R 0.2 2 158 −1.5 120

Table 4.5 – Riemann problem, non-linear spring relaxation: initial conditions

In Figure 4.10 and Figure 4.11a are displayed the time evolution of the components of vector W
built using the analytical solutions written in (4.146). In that case, the initial condition is W (t = 0) =
W0

L. The time-trajectories are in agreement with formulas (4.148) and (4.150): at the beginning,
when initial conditions are far from equilibrium, the slope of the time-relaxation is steep with
respect to the convective time-scale. However, as times goes on, the solution comes closer to
the equilibrium and the time evolution is smoothed. What is more, one can underline that the
convergence towards equilibrium is non-monotonous for every variable except α1.

In the following, three schemes are compared. The first one called “BS-Ros-4” stands for the
proposed time-implicit staggered scheme (4.104) (BS refers to “Bereux-Sainsaulieu”). The fourth-
order Rosenbrock method is used for the time-integration of the source terms. The second, “FS-
Ros-4” corresponds to the fractional-step approach (4.123), (4.124) combining the fourth-order
Rosenbrock method with a first-order time-explicit Rusanov scheme. Finally, “FS-Ieu-1” stands
for the same fractional-step strategy but with a first-order Rosenbrock method that is equivalent
to the first-order implicit Euler time-integration in the linear case.

As mentioned previously many authors in the literature [4, 22, 40, 47] apply Strang-splitting
techniques to successively treat the hyperbolic part and the relaxation part of the system at stake.
As highlighted in [43], even for high order splitting methods, the order of accuracy in time is depre-
ciated, in the case of stiff problems, to one. Thus, “FS-Ieu-1” might be regarded as a representative
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Figure 4.10 – Pressure-velocity time relaxation: non-linear spring
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of these splitting methods in the above simplified setting where convection is frozen and relax-
ation is stiff.

Let us end the setting of the test case by showing, in Figure 4.11b, the convergence curves of
the non-conservative variables associated with the resolution of the relaxation system of ODEs
(4.145) using the fourth-order Rosenbrock method. As expected, when ∆t/τ→ 0, the curves are
aligned with y = x4. Besides the method is stable even for ∆t/τÀ 1.

Discrete solutions of the generalized Riemann problem (4.143) are now considered. In Fig-
ure 4.12, 4.13 and 4.14, the profiles of the non-conservative variables at final time Tend = 2×10−4 s
are presented. The pictures are zoomed around the u0

2-contact-discontinuity. The mesh is made
of 103 cells. Let us point out that the speeds of sound at equilibrium are c1(psat) ≈ 7.46×102 m.s−1

and c2(psat) ≈ 2.62× 102 m.s−1. Thus, the most constraining CFL condition is given by phase 1.
For a mesh of 103 cells, the scale of the convective time-step produced is ∆t ≈ 6.7×10−7 s. Recall
that the relaxation time-scale is τ= 10−9 s. Hence, the generalized Riemann problem is stiff since
∆t/τ≈ 6.7×102.
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Figure 4.12 – Pressure profiles, linear Riemann problem, non-linear spring relaxation: Ncel l s = 103

It turns out that for every variable, the proposed time-implicit staggered-scheme is slightly
more accurate than both fractional-step methods. Differences between fourth and first order
time-integration of the relaxation source terms can be observed in the u1 profile. Indeed, the
scheme FS-Ieu-1 localizes the right plateau of the contact-discontinuity around−3.46m.s−1 whereas
BS-Ros-4 and FS-Ros-4 manage to catch the exact value around −3.405m.s−1.
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Figure 4.13 – Velocity profiles, linear Riemann problem, non-linear spring relaxation: Ncel l s = 103

148



4.5. Application to hand-made two-fluid two pressure systems

Nevertheless, a close look to the u2-profile reveals that, up to a translation along the ordinate
axis, the shape of the u0

2-contact discontinuity front is not necessarily better captured with FS-Ros-
4 than with FS-Ieu-1. However, a substantial sharpening effect can be observed between FS-Ieu-1
and BS-Ros-4.
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Figure 4.14 – u2 profile zoomed (left), α1 profile (right), linear Riemann problem, non-linear spring relax-
ation: Ncel l s = 103

Figure 4.15, Figure 4.16 and Figure 4.17 display the convergence curves for the three numerical
methods. Each of them converges towards the analytical solution as the mesh is refined. Besides,
they confirm the trend already observed on the profile of the u0

2-contact discontinuity: the pro-
posed method is more accurate that the fractional-step approaches.

More precisely, differences between the convergence curves of (u1, p1), (u2, p2) and α1 have
to be underlined. Recall that the couple (u1, p1) jumps through the fastest waves whose speed
magnitude is approximately c0

1 . For these variables, one can notice that the gap of errors be-

tween the schemes FS-Ieu-1 and BS-Ros-4 is larger on coarse meshes. Consider eX,N
r , the er-

ror in L1-norm of the scheme X related to a mesh made of N-cells. Then, for the variable u1:
eBS-Ros-4,102

r /eFS-Ieu-1,102

r ≈ 7.8×10−2, whereas eBS-Ros-4,104

r /eFS-Ieu-1,104

r ≈ 8.3×10−1.
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Figure 4.15 – Pressure convergence curves, linear Riemann problem, non-linear spring relaxation

Besides, for the variables u1 and p1, only small differences can be seen between the conver-
gence curves of the BS-Ros-4 and FS-Ros-4 schemes. That is why, the gap of errors reduction
observed between the BS-Ros-4 and FS-Ieu-1 methods might be due to the fact that the rate ∆t/τ
decreases as the mesh is refined. Indeed, for finer meshes, the discrete resolution becomes less
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stiff and the relative accuracy advantage held by fourth-order time-integration methods with re-
spect to first-order ones is lost.
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Figure 4.16 – Velocity convergence curves, linear Riemann problem, non-linear spring relaxation

The second behavior concerns the couple of variables (u2, p2) which jumps through the slow-
est acoustic waves whose celerity magnitude is approximately c0

2 . Here, the additional accuracy
brought by high-order time-integration methods applied to the source terms seems to vanish. In-
deed, the curves related to the fractional-step approaches FS-Ros-4 and FS-Ieu-1 overlap. Never-
theless, the curve of the proposed scheme remains systematically below the ones of the fractional-
step methods. The gap between the curves appears to be approximately the same for any mesh
size.
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Figure 4.17 – α1 convergence curve, linear Riemann problem, non-linear spring relaxation

Finally, for the variable α1 jumping through the slowest u0
2-contact wave, convergence curves

seem to aggregate the trends observed for (u1, p1) and (u2, p2): the gap of errors between fourth
and first order time-integration schemes is reduced as the mesh is refined, a constant gap is main-
tained between the present time-implicit staggered scheme and the fractional-step methods.

Unfortunately, accuracy that seems to be gained by the present coupling method is paid in
terms of efficiency. Indeed, Figure 4.18 displays the efficiency curve related to the variable p1 for
the three above schemes. As expected, the resolution of two additional Rosenbrock methods that
directly take into account the relaxation effect into the fluxes, makes the present approach less
efficient, for every mesh size, than the fractional step methods. This trend is also observed for all
the other variables.
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Figure 4.18 – p1 efficiency curve, linear Riemann problem, non-linear spring relaxation

However, one can nuance this result by noting that the present non-linear spring relaxation
vector is artificially acting on the five equations of the hand-made two-fluid two-pressure model.
Hence, the discrete time integration techniques are applied to vectors and matrices of dimension
five. However, the isentropic Baer-Nunziato system (4.14) with pressure and velocity relaxations
can be rewritten as a set of three PDEs involving three conserved quantities for which relaxation
source terms are null completed by two convection-relaxation PDEs related to the variables ∆p
and ∆u. Hence, the measured loss of efficiency might be substantially decreased if the Bereux-
Sainsaulieu strategy was only applied to the reduced relaxation variables system of dimension two.

4.6 Conclusions

In the present work, the two-fluid two-pressure isentropic Baer-Nunziato model has been in-
troduced. Pressure and velocity relaxations are also added in this hyperbolic system. It has been
shown that such a model is endowed with the appropriate symmetrization property needed to
apply a lemma proved by Bereux and Sainsaulieu. This important result sets the ODEs system
verified by the space-averaged solution of a generalized Riemann problem obtained after the lin-
earization of an hyperbolic system with relaxation abiding by the Liu’s definition.

From this general result, assuming that the Bereux-Sainsaulieu ODEs system can be formally
generalized to the non-linear case, one can derive a time-implicit staggered scheme. Such a scheme
couples convection and relaxation into one single step. A brief analysis made in the context of lin-
ear hyperbolic systems has shown that, when relaxation source terms are omitted, the resulting
numerical flux is slightly more diffusive than a Rusanov one. Besides, when stiff linear relaxation
is active and acts independently on each component of the solution projected into the eigenvector
basis, the scheme is stable under a CFL condition only based on the eigenvalues of the convective
Jacobian matrix.

The present approach has been compared with a classical fractional-step method involving a
Rusanov numerical flux. The generalized Riemann problem on which the comparison has been
conducted is based on a hand-made two-fluid two-pressure system in which the convective part
of the Baer-Nunziato system has been substituted for its frozen Jacobian matrix. As for the Baer-
Nunziato relaxation source terms, they have been replaced by a stiff non-linear spring vector.
Hence, analytical solutions can be derived and convergence as well as efficiency curves can be
drawn. It appears that, for very stiff configurations, the proposed method is more accurate than
the fractional step strategy. Nevertheless, the gain of accuracy is balanced by a loss of efficiency.
This is caused by the injection of relaxation effects into the convective numerical flux which re-
quires two additional calls to the high-order discrete time-relaxation operator.
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Beyond its computational cost, one of the main drawbacks of the proposed method is that
it relies on the Bereux-Sainsaulieu lemma which was originally formulated for conservative hy-
perbolic systems with relaxation. For such models, the frozen Jacobian matrix C

0
related to the

space-averaged dynamics (4.59) can be replaced by a Roe matrix in order to retrieve conservativity
in the numerical method. In the case of the isentropic Baer-Nunziato model with pressure and
velocity relaxations, non-conservative products are present in the convective part and the Bereux-
Sainsaulieu approach needs to be extended. This is the objective of the next chapter.
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Chapitre 5

Extension de la méthode de couplage
convection-source pour le modèle de
Baer-Nunziato isentropique

Dans la lignée des pistes de réflexion décrites précédemment, ce chapitre propose de construire
un schéma numérique couplant opérateur de convection et termes sources pour le système Baer-
Nunziato isentropique avec relaxation pression-vitesse. Contrairement au chapitre précédent, un
traitement particulier lié à la présence des produits non-conservatifs du modèle est proposé. La
démarche s’appuie sur les travaux décrits dans [1, 3, 10] dans lesquels les termes non-conservatifs
sont modélisés comme une mesure de Dirac portée par une demi-droite du plan espace-temps.
Par la suite, un nouveau type de problème de Riemann linéaire généralisé est étudié. Ce dernier
contient notamment une mesure de Dirac de masse constante. Dans la configuration particulière
où les effets de relaxation linéaires sont indépendants les uns des autres, une solution analytique
peut être construite.

Suivant une démarche similaire à celle proposée par Bereux et Sainsaulieu dans [2], la pierre
d’angle de la méthode numérique développée dans ce chapitre repose sur un système d’EDO re-
présentant la dynamique temporelle de la moyenne spatiale de la solution analytique mentionnée
ci-dessus. Deux contributions peuvent alors être identifiées dans ce système. La première est une
divergence de flux de bord basée sur des états relaxés. La seconde est un terme de dérive asso-
cié à la masse de la mesure de Dirac. L’intégration en temps du schéma à maille décalée proposé
est implicite pour les termes en divergence de flux et explicite pour le terme de dérive. De plus la
discrétisation de la masse de la mesure de Dirac est basée sur l’égalité d’invariants de Riemann
approchés au travers l’onde de couplage du modèle Baer-Nunziato isentropique.

Le schéma numérique proposé est alors conservatif pour les masses partielles ainsi que pour
la quantité de mouvement de mélange. La positivité des masses partielles est également garantie
sous-réserve d’une condition CFL seulement basée sur les valeurs propres de la partie convective
du système étudié. Enfin, un traitement des effets de relaxation en pression similaire à celui pré-
senté dans [5, 8] permet au schéma de préserver le principe du maximum sur le taux de présence
statistique.

Le schéma numérique développé est comparé à deux approches à pas fractionnaires. La pre-
mière utilise un flux de type Rusanov complété par une discrétisation de type “free-streaming” [9]
pour les produits non-conservatifs. La seconde met en jeu une adaptation du solveur de Riemann
approché HLLAC proposé dans [7] et inspiré de [11]. Les produits non-conservatifs sont alors dis-
crétisés sur la base des travaux présentés dans [10]. La discrétisation du système d’EDO relative
aux termes sources est inspirée d’une stratégie proposée par Gallouët et al. [6].

Les éléments de comparaison sont construits à partir du profil des solutions de problèmes de
Riemann généralisés associés au système Baer-Nunziato isentropique avec relaxation en pression-
vitesse. Les échelles de temps de relaxation sont alternativement très petites puis très grandes
devant celles liées aux valeurs propres de l’opérateur convectif. La qualité des profils obtenus est
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alors mise en regard de ceux issus de solutions convergées en maillage.
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5.1. Introduction

5.1 Introduction

The objective of this chapter is to extent the previous strategy to the complete isentropic Baer-
Nunziato system (4.14). As pointed out in the introduction of Chapter 4, the formalism of such a
system differs from Liu’s definition of hyperbolic systems with relaxation in the sense that non-
conservative products are now present. In order to tackle this new difficulty the analysis con-
ducted by Bereux and Sainsaulieu in [2] has to be revisited. It notably requires to redefine the
shape of the generalized linear Riemann problem which is the cornerstone of their strategy in or-
der to isolate the role played by the non-conservative products.

In order to do so, the present work leans on the non-conservative products formulation pro-
posed in [1, 3, 10]. In such a formulation, these terms are assimilated to a Dirac measure binded to
the uI-contact-wave trajectory accross the time-and-space half plane. Besides, the “mass” of such
a measure is determined by applying the Rankine-Hugoniot relations through the uI-contact-wave
to the momentum and energy equations of both phases.

The first section of the present work is dedicated to the analysis of a generalized Riemann
problem involving a linear convective Jacobian matrix, linear relaxation source terms as well as a
frozen-mass Dirac measure. An analytical solution is notably derived in the specific case where the
relaxation matrix can be diagonalized using the right eigenvector basis of the convective Jacobian
matrix. Taking profit of such an analytical solution, the Bereux-Sainsaulieu ODEs system involving
a space-averaged state and already presented in (4.59) can be simply extended.

The second section relies on this new time-dynamics to provide a time-implicit staggered
scheme for the isentropic Baer-Nunziato system with pressure and velocity relaxations. Special
attention is paid to the non-conservative products discretization as well as the ability, of the pro-
posed method, to be conservative for the mass and momentum mixture variables. One can also
prove that the resulting approach preserves the volume fraction maximum principle under a clas-
sical CFL condition.

The last section is devoted to numerical results. The first two verification test cases focus on
the proposed scheme suitability to converge towards the analytical solution of a hand-made linear
model similar to the one studied in the first section. The third verification test case is a Riemann
problem related to the homogeneous isentropic Baer-Nunziato system. The time-implicit stag-
gered scheme is compared with the Rusanov scheme and an isentropic adaptation of the HLLAC
approximate Riemann solver developed in [7]. Finally, the last test cases are generalized Baer-
Nunziato Riemann problems in which pressure and velocity relaxations are no longer omitted.
The present scheme is compared with fractional step approaches composed of Rusanov or HLLAC
convective schemes and time relaxations based on the work of Gallouët et al. in [6] combined with
more recent approaches proposed in [5, 8].

5.2 Analysis of a generalized linear Riemann problem endowed with a
Dirac measure

The extension of the former coupling scheme is based on the study of a new generalized linear
Riemann problem involving a frozen mass Dirac measure. Let us introduce a given constant mass
vector b0 and a given constant interfacial velocity u∗

I . In this subsection, these quantities are sim-
ply considered as given inputs. In the following, one is interested in studying the solutions U ∈Rp

of:

∂t U+C
0
∂x U = 1

τ
B

0
U+b0δ

{
x=u∗

I t
},

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0.

(5.1)

Here, C
0

is a frozen convective Jacobian matrix which can be diagonalized in R. In the sequel we
note,

λ0
1 < . . . < λ0

k < . . . < λ0
p , (5.2)
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the sequence of its ordered eigenvalues. Besides, B
0

/τ is a constant relaxation matrix. Eventually,

δ{
x=u∗

I t
} is a Dirac measure binded to the half straight line t ∈R+ → (

u∗
I t , t

)
. Introducing,

C∞
0 (R× [0, +∞[)p , (5.3)

the space of C∞ functions with compact support in R× [0, +∞[, δ{
x=u∗

I t
} can be defined in the

sense of distributions as:

∀φ ∈ C∞
0 (R× [0, +∞[)p , 〈b0δ

{
x=u∗

I t
},φ〉 = b0

∫ +∞

0
φ

(
u∗

I t , t
)

d t , (5.4)

with 〈., .〉 standing for the integration over R× [0, +∞[. Let us stress that equation (5.1) has to be
considered in a weak sense. We look for piece-wise C1 (R× [0, +∞[)p solutions verifying,

∂t U+C
0
∂x U = 1

τ
B

0
U, (5.5)

in smooth regions, and abiding by appropriate Rankine-Hugoniot relations across discontinuities.
The convective Jacobian matrix being frozen, two categories of Rankine-Hugoniot relations can be
pointed out. These categories are described in the following property:

Property 5.2.1 (Two kinds of Rankine-Hugoniot relations)
Assume that ∀k ∈ [1, p], λ0

k 6= u∗
I . Then, across the discontinuity front line t → (

λ0
k t , t

)
, weak solu-

tions of problem (5.1) verify, (
−λ0

k I+C
0

)
[U]λ0

k
= 0,

[U]λ0
k
= U

(
(λ0

k t )+, t
)−U

(
(λ0

k t )−, t
)

,
(5.6)

with,
∀X ∈R, (X)+ = lim

x→X, x>X
x, (X)− = lim

x→X, x<X
x. (5.7)

Besides, across the discontinuity front line t → (
u∗

I t , t
)
, the Rankine-Hugoniot relations read:(

−u∗
I I+C

0

)
[U]u∗

I
= b0,

[U]u∗
I
= U

(
(u∗

I t )+, t
)−U

(
(u∗

I t )−, t
)

.
(5.8)

In the sequel, the analytical solution of problem (5.1) is derived in the case where the relaxation
matrix B

0
can be diagonalized using the right eigenvector basis R

0
of C

0
.

5.2.1 Analytical solution in the case of independent linear relaxation processes

The relaxation matrix 1
τ B

0
is now replaced by −R

0
τ−1 R−1

0
. Recall that R

0
(respectively R−1

0
) is

the matrix of the right eigenvectors (respectively of the left eigenvectors) of the frozen Jacobian
matrix C

0
already defined in (4.60). Furthermore, τ−1 is a diagonal time-relaxation matrix intro-

duced in (4.138). Finally, Ueq is a given constant equilibrium state. Hence, the generalized linear
Riemann problem writes:

∂t U+C
0
∂x U =−R

0
τ−1 R−1

0

(
U−Ueq)+b0δ

{
x=u∗

I t
},

U(., t = 0) =
{

U0
L if x < 0,

U0
R if x > 0.

(5.9)

As previously, problem (5.9) can be projected into the right eigenvector basis R
0

. Using the same

notations than in (4.128), if U is solution of (5.9), then the k-th component ak of R−1
0

U verifies

equivalently:

∂t ak +λ0
k ∂x ak =−µk

τ

(
ak −aeq

k

)
+ l0

k · b0δ
{

x=u∗
I t

},

ak (., t = 0) =
{

a0
L if x < 0,

a0
R if x > 0.

(5.10)
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The exact solution of problem (5.10) can be found by looking at Figure 5.1 which displays the
two discontinuities related to λ0

k (thick blue line) and u∗
I (thick red line) in the x-t plane in the case

where λ0
k < u∗

I .

0
x

t

u∗
Ia∗

k(x, t)λk
0

(aL)k

(
t̃
)

(aR)k

(
t̃
)

t

t̃

u∗
I t̃

Figure 5.1 – Generalized linear Riemann problem with Dirac mass: characteristic lines

For a given time t̃ three different regions can be defined:

AL =
{

x ∈R, s. t., x < λ0
k t̃

}
,

A∗ = {
x ∈R, s. t., λ0

k t̃ < x < u∗
I t̃

}
,

AR = {
x ∈R, s. t., x > u∗

I t̃
}

.

(5.11)

In each of these regions, ak verifies,

∂t ak +λ0
k ∂x ak =−µk

τ

(
ak −aeq

k

)
. (5.12)

Then, for a given point in AL tAR, one can follow the characteristic line
dx

dt
= λ0

k downwards

and reach the initial conditions: a0
L for a point in AL, a0

R for a point belonging to AR. The time
integration of equation (5.12) is thus straightforward and gives: (aL)k

(
t̃
)= (a0

L)k e−µk t̃/τ+aeq
k

(
1−e−µk t̃/τ

)
if x ∈AL,

(aR)k
(

t̃
)= (a0

R)k e−µk t̃/τ+aeq
k

(
1−e−µk t̃/τ

)
if x ∈AR.

(5.13)

Consider the u∗
I -discontinuity front at time t̃ and define a∗

k

(
t̃
)

the value of the component ak at
the point

(
(u∗

I t̃ )−, t̃
)

in the A∗ region. Then, thanks to the Rankine-Hugoniot relations (5.8), one
can completely determine the value of a∗

k

(
t̃
)

as:

a∗
k

(
t̃
)= (aR)k

(
t̃
)− l0

k ·b0

λ0
k −u∗

I

. (5.14)

Hence, for a given point (x, t ) ∈ A∗, one can once again follow the λ0
k -characteristic line. Nev-

ertheless, the root of such characteristic line will never reach initial conditions since, at a given
instant t̃ < t it is crossed by the u∗

I -characteristic line. As a consequence the problem to be solved
writes:

dak

dt |λ0
k

=−µk

τ

(
ak −aeq

k

)
,

ak
(
t = t̃

)= a∗
k

(
t̃
)
,

(5.15)

where
d

dt |λ0
k

stands for the time derivative along the λ0
k -characteristic line. After calculations, one

obtains ∀(x, t ) ∈A∗:

ak (x, t ) = (aR)k (t )−e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
l0
k ·b0

λ0
k −u∗

I

. (5.16)
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The expression obtained in (5.16) requires a few comments that are summarized below.

Remark 5.2.1 (On the structure of the solution in the A∗ region)
Recall that, as shown in equation (4.140) in the previous chapter, when the Dirac measure is omitted,
the solution in the A∗tAR region simply reads:

ak (x, t ) = (aR)k (t ). (5.17)

The self-similarity is lost because of the time-relaxation effect, but at a given instant t , the solution
is spatially constant in this region.

Here, the presence of the Dirac measure brings the second term in the right hand side of equation
(5.16) which is exponentially decreasing in space. Then, at x = (u∗

I t )−,

e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
l0
k ·b0

λ0
k −u∗

I

→
l0
k ·b0

λ0
k −u∗

I

, (5.18)

and the jump relation (5.14) is retrieved. In that case, the mass of the Dirac measure is totally “trans-
mitted” to the solution through the discontinuity line. However, at x = (λk t )+,

e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
l0
k ·b0

λ0
k −u∗

I

→ e−(µk t/τ)
l0
k ·b0

λ0
k −u∗

I

, (5.19)

and the mass brought by the Dirac measure decreases due to relaxation effects.
Let us stress that for the converse configuration in which u∗

I < λ0
k , the solution is similar to the

one obtained in (5.16):

ak (x, t ) = (aL)k (t )+e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
l0
k ·b0

λ0
k −u∗

I

. (5.20)

Finally, the solution of problem (5.9) can be completely written.

Property 5.2.2 (Solution of a linear Riemann problem with independent linear relaxation ef-
fects and a frozen mass Dirac measure)
For the ease of notations, let us introduce,

[ak ]u∗
I
=

l0
k ·b0

λ0
k −u∗

I

,

a0
k (x, t ) = [

(a0
L)k + (a0

R −a0
L)k H

(
x −λ0

k t
)]

e−µk t/τ+aeq
k

(
1−e−µk t/τ) .

(5.21)

The solution of problem (5.9) can be written in a compact form as:

U (x, t ) =
p∑

k=1

{
a0

k (x, t )−e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
[ak ]u∗

I

(
H

(
x −λ0

k t
)−H

(
x −u∗

I t
))}

r0
k . (5.22)

If one wishes to isolate the contribution brought by the crossing of the u∗
I -discontinuous line, one

can rewrite the solution as:

U (x, t ) =
p∑

k=1

{
a0

k (x, t )−e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
[ak ]u∗

I
H

(
x −λ0

k t
)}

r0
k

+
{

p∑
k=1

e
−(µk /τ)

(
u∗I t−x

u∗I −λ0
k

)
[ak ]u∗

I
r0

k

}
H

(
x −u∗

I t
)

.

(5.23)

Proof 4
The proof of Property 5.2.2 results from equalities (5.11), (5.13) and (5.16) combined with the fact
that U (x, t ) = R

0
a (x, t ).

Using the analytical solution derived in (5.23), the next subsection proposes to show how the
Bereux-Sainsaulieu lemma written in Property 4.3.1 of the previous chapter is impacted by the
presence of a frozen mass Dirac measure.
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5.2.2 Extension of the Bereux-Sainsaulieu lemma

Using the same formalism than the one introduced in Property 4.3.1, one can state the follow-
ing proposition:

Proposition 5.2.1 (Extension of the Bereux-Sainsaulieu lemma: independent relaxation pro-
cesses and frozen mass Dirac measure)
Define a time-space domainΩ= [0, T]×[−L/2, L/2], L being a given length and T a given final time.
Consider the solution (5.23) of problem (5.9). Up to the change of variable Ũ = U−Ueq, one can
rewrite it in the non-restrictive case Ueq = 0. Consider the space-averaged variable H,

H = 1

L

∫ L/2

−L/2
Udx. (5.24)

Then, if T is such that,

T < L

2max
∣∣∣λ0

k

∣∣∣
k∈[1, p]

, (5.25)

H is solution of the following ODE system:

dH

dt
= 1

τ
B

0
H− 1

L
C

0
(UR(t )−UL(t ))+ b0

L
, H(0) = U0

R +U0
L

2
,

∀k ∈ {L, R} :

dUk

dt
= 1

τ
B

0
Uk , Uk (0) = U0

k ,

(5.26)

with 1
τB

0
=−R

0
τ−1 R−1

0
.

Hence, in the specific case where the relaxation matrix B
0

can be diagonalized using the same

right eigenvector basis than C
0

, the presence of a frozen mass Dirac measure only entails the ap-

pearance of a drifting constant term b0/L in the H dynamics.

Proof 5
The proof is similar to the one briefly presented in equation (4.78) in the previous chapter. Assume
that there exists an index J ∈ [1, p] such that:

λ0
J < u∗

I < λ0
J+1. (5.27)

At a given instant t , the variable H is decomposed as a sum of integrals across the smooth regions of
the solution (5.23),

]− L

2
, λ0

1 t [ . . . ]λ0
J t , u∗

I t [ t ]u∗
I t , λ0

J+1 t [ . . . ]λ0
p t ,

L

2
[. (5.28)

Applying the Leibniz rule, the time derivative of H reads:

L
dH

dt
=

∫ λ0
1 t

−L/2
∂t Udx +λ0

1U
(
(λ0

1 t )−, t
)

+
J−1∑
l=1

{∫ λ0
l+1 t

λ0
l t

∂t Udx +λ0
l+1U

(
(λ0

l+1 t )−, t
)−λ0

l U
(
(λ0

l t )+, t
)}

+
∫ u∗

I t

λ0
J t

∂t Udx +u∗
I U

(
(u∗

I t )−, t
)−λ0

J U
(
(λ0

J t )+, t
)

+
∫ λ0

J+1 t

u∗
I t

∂t Udx +λ0
J+1U

(
(λ0

J+1 t )−, t
)−u∗

I U
(
u∗

I t )+, t
)

+
p−1∑

l=J+1

{∫ λ0
l+1 t

λ0
l t

∂t Udx +λ0
l+1U

(
(λ0

l+1 t )−, t
)−λ0

l U
(
(λ0

l t )+, t
)}

+
∫ L/2

λ0
p t
∂t Udx −λ0

p U
(
(λ0

p t )+, t
)

.

(5.29)
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After having replaced ∂t U by −C
0
∂x U+ 1

τB
0

U inside the integrals, one obtains:

L
dH

dt
= L

1

τ
B

0
H−C

0
(U(L/2, t )−U(−L/2, t ))

+
p∑

l=1

{[
−C

0
+λ0

l I
] (

U
(
(λ0

l t )−, t
)−U

(
(λ0

l t )+, t
))}

+
[
−C

0
+u∗

I I
] (

U
(
(u∗

I t )−, t
)−U

(
(u∗

I t )+, t
))

.

(5.30)

Looking at the solution (5.23), the contribution gained through the crossing of a given λ0
l -contact

wave is:

U
(
(λ0

l t )+, t
)−U

(
(λ0

l t )−, t
)={

a0
l (x, t )−e

−(µl /τ)

(
u∗I t−x

u∗I −λ0
l

)
[ak ]u∗

I
H

(
x −λ0

l t
)}

r0
l . (5.31)

Since it is colinear with r0
l , the third term in the right hand side of equality (5.30) is null. Further-

more, looking at the contribution related to H
(
x −u∗

I t
)

in (5.23), one can deduce that:

[
−C

0
+u∗

I I
] (

U
(
(u∗

I t )−, t
)−U

(
(u∗

I t )+, t
))=−

p∑
k=1

[ak ]u∗
I

[
−C

0
+u∗

I I
]

r0
k

=
p∑

k=1
[ak ]u∗

I

(
λ0

k −u∗
I

)
r0

k

=
p∑

k=1
(l0

k ·b0)r0
k .

(5.32)

Using relations (4.61), one can deduce that the last sum in (5.32) corresponds to the vector b0 de-
composed on the right eigenvector basis. This completes the proof.

The extension of the space-averaged state dynamics has been performed using the analytical
solution derived in the specific case where source terms act independently on each right eigen-
vector component. Of course, in order to completely extend the Bereux-Sainsaulieu approach,
one should be able to prove that the ODEs system (5.26) holds for any relaxation matrix B

0
. Recall

that in their paper [2] the authors manage to prove this result in the general case by using conti-
nuity arguments based on a Fourier transform analysis. A similar approach has been conducted
in the present configuration. Unfortunately, the presence of the frozen mass Dirac measure adds
complexity to the Fourier transform analysis. So far, the proof remains incomplete.

Still, we conjecture that the time-dynamics (5.26) is an incentive to construct a new staggered
scheme adapted to the isentropic Baer-Nunziato system. In the following section, the derivation
of such scheme is presented. Particular attention will be paid to the non-conservative products
discretization. Numerical properties dealing with conservativity and volume fraction maximum
principle are also proved.

5.3 A time-implicit staggered scheme for the isentropic Baer-Nunziato
system

For the sake of clarity, the isentropic Baer-Nunziato system with pressure and velocity relax-
ations is recalled. The state vector is,

U = [α1, m1, m1u1, m2, m2u2]T . (5.33)

Closure laws defined in (4.8) are directly injected in the two-fluid two-pressure system. Besides,
constant pressure and velocity relaxation time-scales are considered. Eventually, the non-dimensional
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cofactors K̃p (U), K̃u (U) introduced in (4.11b), (4.13b) are set equal to the product α1α2. As a result,
the system reads:

∂t U+∂x F (U)+E (U) ∂x U = S (U) ,

F (U) =


0

m1u1

m1u2
1 +α1p1

m2u2

m2u2
2 +α2p2

 , E (U) = [
b (U) , 0, 0, 0, 0

]
, b (U) =


u2

0
−p1

0
+p1

 ,

S (U) =


−α1α2

τp

∆p
p1+p2

0
1
τu

m1 m2
m1+m2

∆u

0
− 1
τu

m1 m2
m1+m2

∆u

 .

(5.34)

Recall that, in the expression of S (U),∆p = p2−p1 and∆u = u2−u1. The derivation of a numerical
scheme based on the Bereux-Sainsaulieu approach will require the computation of the gradient of
the relaxation source terms with respect to the state U. It is given by,

∂U S (U) =


− (1−2α1)

τp

∆p
p2+p1

− α1α2
τp

P
p2+p1

1
τp

2α2 p2 c2
1

(p2+p1)2 0 − 1
τp

2α1 p1 c2
2

(p2+p1)2 0

0 0 0 0 0
0 1

τu
Y2 U − 1

τu
Y2 − 1

τu
Y1 U 1

τu
Y1

0 0 0 0 0
0 − 1

τu
Y2 U 1

τu
Y2

1
τu

Y1 U − 1
τu

Y1

 , (5.35)

with,

P =
(

C2

α2
+ C1

α1

)
−

(
C2

α2
− C1

α1

)
∆p

p2 +p1
,

Yk = mk /m, m = m1 +m2,

U = Y1 u1 +Y2 u2.

(5.36)

After having set these preliminary notations, one can present the numerical scheme inspired from
Proposition 5.2.1.

5.3.1 Derivation of the scheme

The same discrete notations that these presented in subsection 4.4.1 are adopted. Recall that
the function (U,∆t ) →Φτ (U,∆t ) is related to the consistent discretization of the ODEs system:

dU

dt
= S (U) , (5.37)

the expression of S (U) being provided in (5.34). Consider a given face indexed i +1/2; at a given
instant t n

Hn
i+1/2 =

Un
i+1 +Un

i

2
, (5.38)

is the space-averaged variable associated with the dual mesh cell centered around the face i +1/2.
Then, the first step of the numerical method reads:

Hn+1/2
i+1/2 = Hn

i+1/2 + (∆t/2)Φτ
(
Hn

i+1/2,∆t/2
)

− ∆t

2∆x

(
F

(
Un+1/2

i+1

)−F
(
Un+1/2

i

))+ ∆t

2∆x
b̃n

i+1/2,

∀ j ∈ {i , i +1} :

Un+1/2
j = Un

j + (∆t/2)Φτ
(
Un

j ,∆t/2
)

.

(5.39)
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After having reconstructed the intermediate update on the primal mesh as

Un+1/2
i = (

Hn+1/2
i+1/2 +Hn+1/2

i−1/2

)
/2, (5.40)

the second step writes equivalently:

Un+1
i = Un+1/2

i + (∆t/2)Φτ
(
Un+1/2

i ,∆t/2
)

− ∆t

2∆x

(
F

(
Hn+1

i+1/2

)−F
(
Hn+1

i−1/2

))+ ∆t

2∆x
b̃n+1/2

i ,

∀ j ∈ {i −1/2, i +1/2} :

Hn+1
j = Hn+1/2

j + (∆t/2)Φτ
(
Hn+1/2

j ,∆t/2
)

.

(5.41)

Up to the additional terms b̃n
i+1/2, b̃n+1/2

i which will be specified in the next subsection, the pro-
posed numerical scheme is completely defined. Besides, it is very similar to the one already de-
rived in (4.101), (4.102). Nevertheless, let us underline that, in the numerical applications pre-
sented in the previous chapter, F (U) was systematically replaced by C (U0) U; with

C (U) = ∂U F (U)+E (U) , (5.42)

the convective Jacobian matrix of the isentropic Baer-Nunziato system including the non-con-
servative products contributions. Here, F (U) corresponds to the true conservative flux written in
(5.34). As for the non-conservative products, they are put aside and treated separately via the “b̃”
terms. It will be seen later that such a distinction will play an important role for the conservativity
of the numerical method.

Let us make a final remark about the time integration of the above approach:

Remark 5.3.1 (An implicit-explicit time integration in order to tackle the stiff relaxation ef-
fects)
In each step (5.39), (5.41) of the present staggered scheme, the abstract functional

(U, δt ) → U+δtΦτ (U, δt ) , (5.43)

systematically stands for a implicit time integration of ODEs system (5.37). By doing so, one ex-
pects that the stability issues associated with the stiffness of the relaxation source terms is handled.
Nevertheless, such a time-implicit integration of the relaxation process is injected afterwards into
an explicit time integration of the discrete flux divergence as well as the non-conservative products
discretization. Hence, one could say that the proposed scheme stems from an implicit-explicit time
integration.

In the sequel, attention is paid to the discretization of the “b̃” terms.

5.3.2 Non-conservative products discretization

Formerly in Chapter 4, it has been seen in Property 4.2.2 that the closure law uI = u2 ensures
that non-conservative products are only active accross the uI-wave. What is more, the uI-field is
linearly degenerate. Hence, as proved in [6] and used in [1, 3], the non-conservative products can
be completely defined by using the four Riemann invariants (4.19) or equivalently the Rankine-
Hugoniot jump relations involving the partial mass, the momentum and the total energy mixtures.
In any case, in the weak sense, one can write:

b (U) ∂x α1 =


u2

0
−p1

0
+p1

 ∂x α1 =


[u2α1]u∗

2 (U)

0
+[
α2 p2

]
u∗

2 (U)

0
−[
α2 p2

]
u∗

2 (U)

 δ{x=u∗
2 (U) t}, (5.44)
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where the expression
[
φ

]
u∗

2 (U) stands for the jump of the variableφ across the u∗
2 (U)-contact wave.

Besides, δ{x=u∗
2 (U) t} is the Dirac measure centered around the point x = u∗

2 (U) t .

In the sequel, the expressions of the “b̃” terms in (5.39) and (5.41) are based on a consistent
estimation of the mass vector 

[u2α1]u∗
2 (U)

0
+[
α2 p2

]
u∗

2 (U)

0
−[
α2 p2

]
u∗

2 (U)

 . (5.45)

Following the strategy presented in [7], let us start by simplifying the Riemann invariants (4.19)
associated with the uI-contact wave in the context of subsonic flows.

Property 5.3.1 (Estimation of [u2α1]u∗
2 (U) and

[
α2 p2

]
u∗

2 (U) thanks to Riemann-invariant simpli-

fications)
For both phase k ∈ {1, 2} define the thermodynamical coefficient:

γ̂k = Ck

pk
⇔ pk

ρk
= c2

k

γ̂k
. (5.46)

Assume that the two-phase flow is such that:

(u1 −u2)2 ¿ c2
1

γ̂1
. (5.47)

Then, one can provide four simplified Riemann invariants related to the uI-contact wave:

Ĩ1 = u2,

Ĩ2 = α1 (u1 −u2) ,

Ĩ3 = α1 p1 +α2 p2,

Ĩ4 = p1.

(5.48)

For a given instant t , define φ+ (respectively φ−) the value of the variable φ in the half plane{
x > u∗

2 (U) t
}

(respectively in the half plane
{

x < u∗
2 (U) t

}
). Then, equalities

Ĩ−
1 = Ĩ+

1 ,

Ĩ−
3 = Ĩ+

3 ,

Ĩ−
4 = Ĩ+

4 ,

(5.49)

allow to find an estimation of [u2α1]u∗
2 (U) and

[
α2 p2

]
u∗

2 (U):

[u2α1]u∗
2 (U) = (u2α1)+− (u2α1)− =+(

α+1 −α−1
) u+

2 +u−
2

2
, (5.50a)

[
α2 p2

]
u∗

2 (U) =
(
α2 p2

)+− (
α2 p2

)− =−(
α+1 −α−1

) p+
1 +p−

1

2
. (5.50b)

Before detailing the proof of the above property, let us make a remark about the link between the
obtained estimations (5.50a), (5.50b) and the non-conservative products path theory introduced
by Dal Maso Le Floch and Murat in [4]:

Remark 5.3.2 (The choice of a path for the non-conservative products definition)
Consider 

u2

0
−p1

0
+p1

 ∂x α1, (5.51)
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the non-conservative products differential term related to the isentropic Baer-Nunziato system. For
the variable φ ∈ {

α1, u2, p1
}
, let us introduce the linear path:

s ∈ [0, 1] →φ (s) = (1− s)φ−+ sφ+. (5.52)

Then, one can notice that:

1∫
0


u2(s)

0
−p1(s)

0
+p1(s)

 ∂s α1(s)ds =


+(
α+1 −α−1

) u+
2 +u−

2
2

0

−(
α+1 −α−1

) p+
1 +p−

1
2

0

+(
α+1 −α−1

) p+
1 +p−

1
2

 . (5.53)

Hence, provided the choice of the linear path (5.52), the non-conservative products path theory re-
sults in the same estimations than the approximated Riemann invariants equality (5.49).

Proof 6 (Property 5.3.1)
The proof is straightforward. It relies on the fact that one can rewrite I3 as:

I3 = α1ρ1 (u1 −u2)2 +α1 p1 +α2 p2

= α1ρ1

(
(u1 −u2)2 + c2

1

γ̂1

)
+α2 p2.

(5.54)

Using assumption (5.47), one can deduce that,

I3 ≈ α1ρ1
c2

1

γ̂1
+α2 p2 = α1 p1 +α2 p2 = Ĩ3. (5.55)

Thus, one can approximate equality I−
3 = I+

3 by,

(
α1 p1

)−+ (
α2 p2

)− = (
α1 p1

)++ (
α2 p2

)+ ,

⇔(
α2 p2

)+− (
α2 p2

)− = (
α1 p1

)−− (
α1 p1

)+ .

(5.56)

Besides, one can rewrite I4 as:

I4 = (u1 −u2)2

2
+h1

= (u1 −u2)2

2
+ c2

1

γ̂1
+ε1

≈ h1.

(5.57)

As a consequence if h1 is considered as an approximated Riemann invariants, it is also the case
for p1 and ρ1. Thus, one can replace I2 by Ĩ2 since:

I2 = m1 (u1 −u2) = ρ1α1 (u1 −u2) . (5.58)

Finally, I−
4 = I+

4 can be approximated by p−
1 = p+

1 ⇔ Ĩ−
4 = Ĩ+

4 and the last equality in (5.56) becomes:

(
α2 p2

)+− (
α2 p2

)− = (
α−1 −α+1

) p+
1 +p−

1

2
, (5.59)

which is the relation stated in (5.50b).
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One can notice that in the case of an isentropic equation of state,

pk = κk ρ
γk

k , (5.60)

the parameter γ̂k is equal to γk which is bigger than one but remains bounded. It is thus a O(1)
term and inequality (5.47) is only slightly more restrictive than the classical subsonic flow condi-
tion:

(u1 −u2)2 ¿ c2
1 . (5.61)

Let us come back to the numerical scheme (5.39), (5.41). Following equality (5.50b), one can set:

b̃n
i+1/2 =


− (u2)n

i+1+(u2)n
i

2
0

(p1)n
i+1+(p1)n

i
2
0

− (p1)n
i+1+(p1)n

i
2


(
(α1)n

i+1 − (α1)n
i

)
,

b̃n+1/2
i =



− (u2)n+1/2
i+1/2 +(u2)n+1/2

i−1/2
2

0
(p1)n+1/2

i+1/2 +(p1)n+1/2
i−1/2

2
0

− (p1)n+1/2
i+1/2 +(p1)n+1/2

i−1/2
2


(
(α1)n+1/2

i+1/2 − (α1)n+1/2
i−1/2

)
.

(5.62)

The numerical method is thus completely defined. One can observe that b̃n
i+1/2/∆x (respectively

b̃n+1/2
i /∆x) is consistent with −b (U(xi+1/2, t n)) ∂x α1(xi+1/2, t n)

(respectively −b (U(xi , t n)) ∂x α1(xi , t n)).

In the sequel, the main properties of the numerical scheme are given.

5.3.3 Numerical scheme properties

So as to facilitate the understanding of the discrete notations, in the following any spatial index
“i ” refers to a quantity associated with the i -cell of the primal mesh. On the contrary, “ j ” stands
for an j -cell located on the dual mesh.

What is more, in order to derive the discrete properties verified by the present numerical
scheme one needs to specify the choice of the discrete relaxation function (U, δt ) → Φτ (U, δt ).
Here, the source-term time integration is fulfilled using an implicit Euler method. In that case,

Φτ (U, δt ) = [I−δt ∂U S (U)]−1 δt S (U) . (5.63)

After calculations, one obtains:

Φτ (U, δt ) =



−α1α2 (δt/τp) ∆p
p2+p1

1+(δt/τp)
[

(1−2α1) ∆p
p2+p1

+α1α2
P

p2+p1

]
0

δt/τu
1+δt/τu

m1 m2
m1+m2

∆u

0

− δt/τu
1+δt/τu

m1 m2
m1+m2

∆u


, (5.64)

the expression of P being given in (5.36) and ∆p = p2 − p1 while ∆u = u2 −u1. Hence, one can
completely write the discrete dynamics of both steps (5.39), (5.41). As a consequence, one can
state the following propositions.

Proposition 5.3.1 (Conservativity and positivity of the discrete partial masses)
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(i) The discrete equation verified by (mk )n
i , k ∈ {1, 2} is conservative.

(ii) The discrete equation verified by (m1u1)n
i + (m2u2)n

i is conservative.

(iii) Suppose that at time t n , the discrete time-step is defined as:

∆t n =C
∆x

max
i

(∣∣(u1)n
i ± (c1)n

i

∣∣ ,
∣∣(u2)n

i ± (c2)n
i

∣∣) , 0 <C < 1. (5.65)

For j ∈ {i −1/2, i +1/2} and k ∈ {1, 2} consider (mk )n+1/2
j the discrete partial masses solutions

of (5.39). Then,
∀i , (mk )n

i > 0 ⇒ (mk )n+1/2
j > 0. (5.66)

Consider

(uk )n+1/2
j =

(mk uk )n+1/2
j

(mk )n+1/2
j

, (5.67)

with, (mk uk )n+1/2
j the discrete momentum solution of (5.39). Assume that,∣∣∣(uk )n+1/2

j

∣∣∣≤ max
i

(∣∣(u1)n
i ± (c1)n

i

∣∣ ,
∣∣(u2)n

i ± (c2)n
i

∣∣) . (5.68)

Then,
∀ j , (mk )n+1/2

j > 0 ⇒ (mk )n+1
i > 0. (5.69)

Proof 7

(i) In the discrete partial mass equations of both steps (5.39), (5.41), the discrete source terms
Φτ

(
Hn

i+1/2,∆t/2
)
, Φτ

(
Un+1/2

i ,∆t/2
)

as well as the Dirac masses b̃n
i+1/2, b̃n+1/2

i are null. Thus,
for both steps, the partial mass update is only based on a flux difference which makes the final
scheme conservative.

(ii) Looking at the momentum discrete source term formulas in (5.64) as well as the discrete mo-
mentum contributions of the Dirac masses in (5.62), one can notice that, for both steps (5.39),
(5.41), 

{
Φτ

(
Hn

i+1/2,∆t/2
)}

(m1u1) +
{
Φτ

(
Hn

i+1/2,∆t/2
)}

(m2u2) = 0,{
b̃n

i+1/2

}
(m1u1) +

{
b̃n

i+1/2

}
(m2u2) = 0,

{
Φτ

(
Un+1/2

i ,∆t/2
)}

(m1u1) +
{
Φτ

(
Un+1/2

i ,∆t/2
)}

(m2u2) = 0,{
b̃n+1/2

i

}
(m1u1) +

{
b̃n+1/2

i

}
(m2u2) = 0.

(5.70)

Thus, for both steps, the momentum mixture update is only based on a flux difference which
makes the final scheme conservative for this quantity.

(iii) Let us start by focusing on implication (5.66). In the first step (5.39), in absence of mass trans-
fer, one knows that ∀l ∈ {i +1, i } ,

(m1)n+1/2
l = (m1)n

l . (5.71)

Thus, introducing
(u1)n+1/2

l = (m1u1)n+1/2
l /(m1)n+1/2

l , (5.72)

the discrete equation related to the partial mass m1 can be written:

(m1)n+1/2
i+1/2 = 1

2

(
1− ∆t

∆x
(u1)n+1/2

i+1

)
(m1)n

i+1 +
1

2

(
1+ ∆t

∆x
(u1)n+1/2

i

)
(m1)n

i ,

∀l ∈ {i +1, i } :

(u1)n+1/2
l =

(
1−

∆t
2τu

1+ ∆t
2τu

(m2)n
l

(m1)n
l + (m2)n

l

)
(u1)n

l +
( ∆t

2τu

1+ ∆t
2τu

(m2)n
l

(m1)n
l + (m2)n

l

)
(u2)n

l .

(5.73)
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Hence, ∀l ∈ {i +1, i } ,

(u1)n+1/2
l ∈

[
min

k∈{1,2}, l ′∈{i+1, i }
(uk )n

l ′ , max
k∈{1,2}, l ′∈{i+1, i }

(uk )n
l ′

]
. (5.74)

Thus, under the CFL condition (5.65) (m1)n+1/2
i+1/2 is positive. The same result holds for (m2)n+1/2

i+1/2 .

During the second step (5.41), the same equalities that in (5.73) hold after having replaced the
spatial indexes {i +1, i } by {i +1/2, i −1/2} and the time indexes {n +1/2, n} by {n +1, n +1/2}.
Then, assumption (5.68), which is non-trivial a priori, ensures that ∀ j ∈ {i +1/2, i −1/2},

1± ∆t

∆x
(u1)n+1

j > 0, (5.75)

which implies that (m1)n+1
i is positive.

The next proposition deals with the ability of the scheme to maintain the volume fraction α1

in the interval ]0, 1[ from one time-step to another. As it will be seen later on, such a property is
obtained after having modified the discrete pressure relaxation source term. The remark below
introduces such a new time integration operator.

Remark 5.3.3 (Another choice for the discrete pressure relaxation time integration)
Consider the implicit Euler discrete relaxation operator written in (5.63) and (5.64). One can observe
that if the matrix [I−δt ∂U S (U)]−1 is approximated by [I−δt ∂U S (U)]−1

eq , which stands for its value
on the equilibrium manifold {

U, s. t. ∆p = 0, ∆u = 0
}

, (5.76)

then, the implicit Euler time-integration operator simplifies into:

[I−δt ∂U S (U)]−1
eq δt S (U) =



−α1α2 (δt/τp) ∆p
p2+p1

1+(δt/τp) α1 C2+α2 C1
p2+p1

0
δt/τu

1+δt/τu

m1 m2
m1+m2

∆u

0

− δt/τu
1+δt/τu

m1 m2
m1+m2

∆u


. (5.77)

Proposition 5.3.2 (Maximum principle on the volume fraction)
Consider the approximated pressure relaxation operator written in (5.77). The discrete equation of
the volume fraction during the first step (5.39) writes:

(α1)n+1/2
i+1/2 = (α1)n

i+1/2 −
∆t

2∆x
(u2)n

i+1/2

(
(α1)n

i+1 − (α1)n
i

)
− (α1)n

i+1/2 (α2)n
i+1/2

(
∆t/2τp

) (
∆p

p2+p1

)n

i+1/2

1+ (
∆t/2τp

) (
α1 C2+α2 C1

p2+p1

)n

i+1/2

,
(5.78)

with 

(α1)n
i+1/2 =

(α1)n
i+1 + (α1)n

i

2
,

(u2)n
i+1/2 =

(u2)n
i+1 + (u2)n

i

2
,(

∆p

p2 +p1

)n

i+1/2
=

(
∆p

p2 +p1

)func (Un
i+1 +Un

i

2

)
,(

α1 C2 +α2 C1

p2 +p1

)n

i+1/2
=

(
α1 C2 +α2 C1

p2 +p1

)func (Un
i+1 +Un

i

2

)
,

(5.79)
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noting U → φfunc (U), the variable φ expressed as a function of U. Assume that each phase k is
endowed with an EOS sucht that

γ̂k = Ck

pk
> 1, with Ck = ρk c2

k . (5.80)

Then, under the modified CFL condition

∆t n =C
∆x (1−Φn)

max
i

(∣∣(u1)n
i ± (c1)n

i

∣∣ ,
∣∣(u2)n

i ± (c2)n
i

∣∣) , 0 <C < 1, (5.81)

with,
Φn = max

i+1/2

(∣∣Φn
i+1/2

∣∣) , (5.82)

and

∣∣Φn
i+1/2

∣∣=


|(∆p)n
i+1/2|(

α1
α2

)n

i+1/2
(C2)n

i+1/2+(C1)n
i+1/2

if
(
α1
α2

)n

i+1/2
> 1,

|(∆p)n
i+1/2|

(C2)n
i+1/2+

(
α2
α1

)n

i+1/2
(C1)n

i+1/2

otherwise,

(5.83)

the discrete maximum principle holds for (α1)n+1/2
i+1/2 , that is:

∀i , (α1)n
i ∈]0, 1[ ⇒ (α1)n+1/2

i+1/2 ∈]0, 1[. (5.84)

Proof 8
Let us consider the non-restrictive case where

(
α1
α2

)n

i+1/2
> 1. Define

Ψn
i+1/2 = (α2)n

i+1/2

(
∆t/2τp

) (
∆p

p2+p1

)n

i+1/2

1+ (
∆t/2τp

) (
α1 C2+α2 C1

p2+p1

)n

i+1/2

. (5.85)

Using inequality (5.80), one can deduce that,

∣∣Ψn
i+1/2

∣∣=
∣∣∣∣∣∣∣∣∣∣∣

(
∆t/2τp

) (
∆p

p2+p1

)n

i+1/2

1
(α2)n

i+1/2
+ (
∆t/2τp

) ( (
α1
α2

)
γ̂2 p2+γ̂1 p1

p2+p1

)n

i+1/2

∣∣∣∣∣∣∣∣∣∣∣
< ∣∣Φn

i+1/2

∣∣< 1, (5.86)

with
∣∣Φn

i+1/2

∣∣ given in (5.83). Injecting the expression of Ψn
i+1/2 in (5.78), the discrete dynamics of α1

can be rewritten:

(α1)n+1/2
i+1/2 = 1

2

[
1−Ψn

i+1/2 +
∆t

∆x
(u2)n

i+1/2

]
(α1)n

i+1 +
1

2

[
1−Ψn

i+1/2 −
∆t

∆x
(u2)n

i+1/2

]
(α1)n

i . (5.87)

One can notice that equality (5.81) is a sufficient condition guaranteeing

1

2

[
1−Φn

i+1/2 ±
∆t

∆x
(u2)n

i+1/2

]
∈]0, 1[. (5.88)

Looking at the modified CFL condition (5.81), one can observe that in regions where one of

the phases vanishes we have
(
α2
α1

)n

i+1/2
→+∞ or

(
α1
α2

)n

i+1/2
→+∞; implying that

∣∣Φn
i+1/2

∣∣→ 0. Thus,

the local time-step built using
∣∣Φn

i+1/2

∣∣ becomes identical to the classical CFL condition for the
isentropic Baer-Nunziato system (5.65). On the contrary, the highest depreciation of the local

time-step is observed in mixing regions where
(
α2
α1

)n

i+1/2
≈ 1. Such a depreciation actually results

from the choice of the implicit time-integration technique which is based on a linearization of the
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pressure source term. This choice has been initially made to remain as close as possible to the
Bereux-Sainsaulieu generalized linear Riemann problem formalism (5.1). It is also to circumvent
the computational cost involved in the resolution of a non-linear system.

However, beyond the more constraining CFL condition, Proposition 5.3.2 has the disadvan-
tage to potentially impose non-physical bounds to the volume fraction values. Indeed, looking at
equality (5.87), one can observe that, whatever is the pressure difference (∆p)n

i+1/2, the averaged
volume fraction (α1)n+1/2

i+1/2 cannot leave the interval between the minimum and the maximum val-
ues of the couple

{
(α1)n

i , (α1)n
i+1

}
. As a result, the present scheme might have difficulties to reach

the right volume fraction equilibrium value.

In order to cure this drawback, another alternative is proposed for the discretization of the
volume fraction equation. The idea stems from [8] and has been used in [5]. It is summarized in
the property below.

Property 5.3.2 (Another discretization for the volume fraction equation)
Define {

Φτ
(
Hn

i+1/2,∆t/2
)}
α1

,
{

b̃n
i+1/2

}
α1

, (5.89)

the discrete relaxation source term and the non-conservative product components related to the vol-
ume fraction equation. Consider the first step (5.39) of the proposed time-implicit staggered scheme
after having removed those terms.

If, at the end of such a step, the volume fraction update is given by the resolution of the non-
linear system:

(α1)n+1/2
i+1/2 − (α1)n

i+1/2

∆t/2
=

{
b̃n

i+1/2

}
α1

∆x

− 1

τp

(
α1α2

p2 +p1

)n

i+1/2

[
p2

(
(m2)n+1/2

i+1/2

1− (α1)n+1/2
i+1/2

)
−p1

(
(m1)n+1/2

i+1/2

(α1)n+1/2
i+1/2

)]
,

(5.90)

with (m1)n+1/2
i+1/2 , (m2)n+1/2

i+1/2 the partial masses obtained in (5.39); then provided that these partial
masses are positive,

(α1)n+1/2
i+1/2 ∈ ]0, 1[, (5.91)

without any additional constraint on the time-step.

Proof 9
Let us introduce the function

G (α1, m1, m2, r ) = α1 + r

[
p2

(
m2

1−α1

)
−p1

(
m1

α1

)]
, (5.92)

with r > 0, m2 > 0, m1 > 0. Under the EOS assumptions (4.4) made in the previous chapter one can
notice that:

∂α1 G (α1, m1, m2, r ) = 1+ r

[
m2

(1−α1)2 c2
2

(
m2

1−α1

)
+ m1

(α1)2 c2
1

(
m1

α1

)]
> 0,

lim
α1→0+G (α1, m1, m2, r ) =−∞, lim

α1→1−G (α1, m1, m2, r ) =+∞.
(5.93)

Hence, after having fixed the parameters r , m1 and m2, one can deduce that α1 → G (α1, m1, m2, r )
is bijective from ]0, 1[ to R. The proof ends by observing that equality (5.90) can be recast as

G
(
(α1)n+1/2

i+1/2 , (m1)n+1/2
i+1/2 , (m2)n+1/2

i+1/2 ,
∆t

2τp

(
α1α2

p2 +p1

)n

i+1/2

)
= (α1)n

i+1/2 +
∆t

2∆x

{
b̃n

i+1/2

}
α1

. (5.94)

As a consequence, there exists a unique (α1)n+1/2
i+1/2 ∈ ]0, 1[ solution of (5.94).
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In the above proposition, one has to highlight that the partial mass positivity assumptions hold
thanks to Proposition 5.3.1 under the classical CFL condition (5.65). In the sequel, the proposed
time-implicit staggered scheme solves equation (5.90) using a dichotomy method in order to ob-
tain the volume fraction update.

The above discrete properties take part of the most essential requirements for the computa-
tion of two-phase flows using the isentropic Baer-Nunziato system. Other alternatives like frac-
tional step methods fulfill these requirements and thus constitute a benchmark for the proposed
scheme. These numerical approaches are presented below.

5.3.4 Fractional step methods

As it will be seen in the numerical result section below, the present numerical scheme is com-
pared with fractional step methods. That is why in this subsection, we recall the two main steps
of these approaches. The time integration procedure of the relaxation source terms is notably
completely written. In a compact form, the overall fractional step strategy reads:


Un+

i =ΦFS
τ

(
Un

i ,∆t
)

,

Un+1
i = Un+

i − ∆t

∆x

(
FL

(
Un+

i+1, Un+
i

)−FR
(
Un+

i , Un+
i−1

))
.

(5.95)

First equation in (5.95) corresponds to the discrete time-integration of the ODEs system:

dα1

dt
=−α1α2

τp

∆p

p2 +p1
,

∀k ∈ {1, 2} :

dmk

dt
= 0,

dmk uk

dt
= (−1)k+1 m1 m2

m1 +m2

∆u

τu
.

(5.96)

Following the velocity-pressure splitting strategy proposed in [6], the velocity relaxation is based
on a time-implicit scheme associated with the system:

dα1

dt
= 0,

∀k ∈ {1, 2} :

dmk

dt
= 0,

duk

dt
= (−1)k+1 m3−k

m1 +m2

∆u

τu
.

(5.97)

It leads to the velocity updates:

(u1)n+
i = 1+(Y1)n

i (∆t/τu)
1+(∆t/τu) (u1)n

i + (Y2)n
i (∆t/τu)

1+(∆t/τu) (u2)n
i ,

(u2)n+
i = (Y1)n

i (∆t/τu)
1+(∆t/τu) (u1)n

i + 1+(Y2)n
i (∆t/τu)

1+(∆t/τu) (u2)n
i .

(5.98)

One can note that the transfer matrix allowing to obtain
[
(u1)n+

i , (u2)n+
i

]T from
[
(u1)n

i , (u2)n
i

]T is
identical to the one associated with the implicit Euler time integration method proposed in (5.64).
As for the pressure relaxation, it is taken into account by focusing on the system

dα1

dt
=−α1α2

τp

∆p

p2 +p1
,

∀k ∈ {1, 2} :

dmk

dt
= 0,

dmk uk

dt
= 0.

(5.99)
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Following, the same technique than the one presented in Property 5.3.2, the volume fraction up-
date is given by

(α1)n+
i − (α1)n

i

∆t/2
=− 1

τp

(
α1α2

p2 +p1

)n

i

[
p2

(
(m2)n+

i

1− (α1)n+
i

)
−p1

(
(m1)n+

i

(α1)n+
i

)]
,

∀k ∈ {1, 2} , (mk )n+
i = (mk )n

i .

(5.100)

It guarantees existence and uniqueness of (α1)n+
i in the interval ]0, 1[ provided that (mk )n

i > 0.
The second equality in (5.95) is linked to the resolution of local homogeneous Riemann prob-

lems for the isentropic Baer-Nunziato system. For a given face noted f separating two constant
states UL and UR, FL (UL, UR) (respectively FR (UL, UR)) stands for the combined contribution of a
conservative flux and a non-conservative term acting on the left cell (respectively on the right cell)
with respect to face f .

In the numerical results section, two kinds of discretization for FL (UL, UR) and FR (UL, UR)
are involved. The first one corresponds to the Rusanov scheme whose numerical flux is given in
equation (4.124) of the previous chapter. This scheme is very simple to implement. However it
does not belong to the category of approximate Riemann solvers and the non-centered part of its
flux is known to be diffusive. As for the non-conservative part of such a method, it is discretized
using the free-streaming physical condition proposed in [9].

The second numerical method is based on the HLLAC scheme proposed by Lochon et al. in
[7] inspired from the work of Tokareva and Toro [11]. It has been adapted to the isentropic Baer-
Nunziato system in subsonic configurations. We briefly recall that such a scheme is an approxi-
mate Riemann solver. The genuinely non-linear waves related to uk ± ck , k ∈ {1, 2} are taken into
account through HLLC-like jump conditions (see [12] for additional details). Besides, the presence
of the u2-contact wave is also considered in the numerical flux construction. Indeed, the resolu-
tion of the Riemann solver intermediate states ends up with the equality of the approximated Rie-
mann invariants (5.48) obtained in subsonic configurations. Eventually the discretization of the
non-conservative part of the system is performed using the thin layer approximation proposed by
Schwendeman et al. in [10]. The reader is referred to [7] or to subsection A for additional details
on this approach. Before going further on, let us make some comments about the position of the
proposed approach with respect to the Rusanov and the HLLAC schemes.

Remark 5.3.4 (On the position of the proposed method between the Rusanov and the HLLAC
schemes)
Recall that the proposed scheme is based on the time evolution of space-averaged state vectors cen-
tered around primal or dual-mesh faces. As a consequence, all the wealth of information contained
in the local-face convective fluxes of approximate Riemann solvers is, in the present case, diluted
into the space-averaging process. According to our understanding, this is the price to be paid for not
knowing the shape of the exact solution of generalized non-linear Riemann problems.

Hence, when source terms are omitted, we may expect that the proposed numerical scheme is
closer to the Rusanov scheme than to the HLLAC one.

After having briefly presented the numerical methods which will constitute the benchmark for
the present approach, one can switch to the next section dedicated to numerical results.

5.4 Numerical results

The scheme (5.39), (5.41) resulting from the extension of the Bereux-Sainsaulieu approach is
now applied to a series of numerical applications. The first two ones are verification test cases
related to the analytical solution exhibited in (5.23). They aim at checking that, when applied to
a hand-made linear frozen model, the scheme stemming from the ODEs system derived in (5.26)
converges towards the expected solution.
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A third test case is a Riemann problem based on the homogeneous isentropic Baer-Nunziato
system for which an analytical solution can be found. Finally, pressure and velocity relaxation
source terms are added and a generalized non-linear Riemann problem is performed. In that case
no analytical solution is available. The present scheme is compared with a fractional step methods
involving the Rusanov scheme and an HLLAC approximate Riemann solver.

5.4.1 Verification test cases of a hand-made linear frozen model

In this subsection, one concentrates on a generalized linear Riemann problem with linear in-
dependent time-relaxation processes and a frozen mass Dirac measure. Consider a computational
domain of length L = 1m. The problem reads:

∂t U+C
0
∂x U =−R

0
τ−1 R−1

0

(
U−Ueq)+b0δ

{
x=u∗

I t
},

U(., t = 0) =
{

U0
L if x < 0.5,

U0
R if x > 0.5.

(5.101)

Consider W0
L and W0

R two state vectors whose values are given in Table 5.1. Then, define

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
W0

L 0.8 5 4 2 2
W0

R 0.2 3 5 4.5 3.5

Table 5.1 – Linear Riemann problem with dirac mass: initial conditions

U0
L = U

(
W0

L

)
, U0

R = U
(
W0

R

)
, U0 = U

(
W0

R +W0
L

2

)
. (5.102)

In this hand-made model, C
0
= C (U0) with U → C (U) the Jacobian matrix of the isentropic Baer-

Nunziato system written in (4.15). Note that the contributions of the non-conservative products
are included inside C

0
. As a consequence, five eigenvalues

λ0
1 = u0

2, λ0
2 = (u1 + c1)0, λ0

3 = (u1 − c1)0, λ0
4 = (u2 + c2)0, λ0

5 = (u2 − c2)0, (5.103)

associated with five contact discontinuities are linked to C
0

. Besides, the constant speed u∗
I , asso-

ciated with the Dirac mass function is chosen such that:

max
(
(u1 − c1)0, (u2 − c2)0)¿ u0

2 ¿ u∗
I < min

(
(u1 + c1)0, (u2 + c2)0) . (5.104)

Hence, the Dirac measure adds a sixth discontinuous front in the computational domain which, in
this case, is completely independent from the five linearized Baer-Nunziato contact waves. Never-
theless, for the sake of coherence, the constant mass b0 of the Dirac measure has the same struc-
ture as the non-conservative terms of the Baer-Nunziato isentropic system:

b0 =


−u∗

I
0

+p0
I

0
−p0

I


(
(α1)0

R − (α1)0
L

)
, (5.105)

with,

p0
I = Y0

2 p0
1 +Y0

1 p0
2, Y0

k =
m0

k

m0 , m0 = m0
1 +m0

2, (5.106)

the masses m0
k and the pressures p0

k being calculated from the state U0. In (5.101), the equilibrium
state writes Ueq = U

(
Weq

)
, with Weq given in Table 5.2.
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α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
Weq 0.5 3 3 3 3

Table 5.2 – Linear Riemann problem with dirac mass: equilibrium state

For both phases, the isentropic EOS reads:

∀k ∈ {1, 2} , pk = κk
(
ρk

)γk ,

κ1 = 103 J (kg )−1 K−1, γ1 = 5,

κ2 = 103 J (kg )−1 K−1, γ2 = 4.

(5.107)

Finally, the time of the simulation is Tend = 3×10−4 s and u∗
I = 102 m.s−1.

For the sake of completeness, the numerical scheme used to solve the above hand-made prob-
lem is provided below. Let us first introduce the function

χ ∆x
2

(x) =
{

1 if x ∈ ]−∆x
2 , ∆x

2

[
,

0 otherwise,
(5.108)

and x0 = 0.5m, the center of the computational domain. Noting Hn
i+1/2 = (

Un
i+1 +Un

i

)
/2, the first

step writes: 

Hn+1/2
i+1/2 = Hn

i+1/2 + (∆t/2)Φτ
(
Hn

i+1/2,∆t/2
)

− ∆t

2∆x
C

0

(
Un+1/2

i+1 −Un+1/2
i

)+ ∆t

2∆x
b0χ ∆x

2

(
xi+1/2 −x0 −u∗

I t n)
,

∀ j ∈ {i , i +1} :

Un+1/2
j = Un

j + (∆t/2)Φτ
(
Un

j ,∆t/2
)

.

(5.109)

Then, the primal mesh update being defined as Un+1/2
i = (

Hn+1/2
i+1/2 +Hn+1/2

i−1/2

)
/2, the second step

reads: 

Un+1
i = Un+1/2

i + (∆t/2)Φτ
(
Un+1/2

i ,∆t/2
)

− ∆t

2∆x
C

0

(
Hn+1

i+1/2 −Hn+1
i−1/2

)+ ∆t

2∆x
b0χ ∆x

2

(
xi −x0 −u∗

I t n+1/2) ,

∀ j ∈ {i −1/2, i +1/2} :

Hn+1
j = Hn+1/2

j + (∆t/2)Φτ
(
Hn+1/2

j ,∆t/2
)

.

(5.110)

The above scheme is thus very similar to the one presented in (5.39), (5.41). The only difference is
that the frozen Dirac mass contribution b0 is only active in the dual or primal cells crossed by the
front line t → u∗

I t .
Let us end this paragraph by saying that in the two following verification test cases the time-

step is determined using the classical Baer-Nunziatio CFL condition (5.65) with C = 0.45.
In the sequel, convergence curves and variable profiles are displayed in the case where relax-

ation source terms are not present in the hand-made system (5.101).

Case with no linear relaxation

Consider the configuration where the relaxation effects are canceled: τ−1 = 0. Thus, attention
is paid to the effect of the presence of the Dirac measure in system (5.101). Recall that according
to the analytical solution derived in (5.23), after having imposed ∀k ∈ [1, 5] µk = 0, one can write:

Uexact (x, t ) =
5∑

k=1

{
a0

k (x, t )− [ak ]u∗
I

H
(
x −λ0

k t
)}

r0
k

+
{

5∑
k=1

[ak ]u∗
I

r0
k

}
H

(
x −u∗

I t
)

,

(5.111)
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with,
a0

k (x, t ) = [
(a0

L)k + (a0
R −a0

L)k H
(
x −λ0

k t
)]

. (5.112)

The analytical solution is thus self-similar and jumps through the additional discontinuous front
line t → u∗

I t .
Figure 5.2 displays the convergence curves of

[
α1, p1, u1, p2, u2

]
for meshes varying from 102

to 104 cells.
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y = x−1/2

Figure 5.2 – Convergence curve: linear Riemann problem with Dirac mass

It turns out that the numerical scheme (5.109), (5.110) converges towards the analytical solu-
tion (5.111). Besides, one can observe that the rate of convergence is not modified by the presence
of the Dirac measure. Indeed, the measured order is 1/2 which is the expected order when contact
discontinuities are present in the computational domain.
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Figure 5.3 – Pressure profiles, linear Riemann problem with Dirac mass

Figure 5.3, Figure 5.4 and Figure 5.5 show the pressure, velocity and volume fraction profiles
obtained with the present scheme. The computed profiles are provided for three different meshes:
102 cells (red), 103 cells (blue) and 104 cells (green). Pictures are centered in the region ]0.4, 0.6[ in
which only the u0

2-contact wave and the u∗
I -discontinuity can be seen. Since u0

2 ¿ u∗
I , the contact

wave corresponds to the discontinuity very close to x = 0.5m.
It can be observed that the computed solution related to the coarse mesh of 102-cells presents

some non-monotonous trends in the vicinity of the u∗
I -discontinuous front. This is due to the

sudden activation of the function χ ∆x
2

(x) which injects the Dirac mass b0 into the appropriate

cell. Subsequently, as the mesh is refined, these non-monotonous patterns tend to vanish. The
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scheme manages to catch the new intermediate plateau between the u0
2-contact wave and the

u∗
I -discontinuous front.
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Figure 5.4 – Velocity profiles, linear Riemann problem with Dirac mass
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Figure 5.5 – α1 profile, linear Riemann problem with Dirac mass

In the next verification test case linear relaxation effects are added in the hand-made model.

Case with linear relaxations

Linear relaxation terms are now active. The time-relaxation matrix reads:

τ−1 = 1

τ
I, (5.113)

with τ = 3 × 10−4 s. Recall that the analytical solution is the one provided in (5.23). The self-
similarity is lost because of the time-relaxation effects. What is more, interactions between the
Dirac measure and the linear relaxation operator entail that exponentially decreasing profiles
in space are expected in the intermediate region between a given λ0

k -contact wave and the u∗
I -

discontinuous front. The convergence curves presented in Figure 5.6 suggest that the proposed
numerical scheme converges towards the analytical solution.

Once again, Figure 5.7, Figure 5.8 and Figure 5.9 display the pressure, the velocity and the vol-
ume fraction profiles in the vicinity of x = 0.5m. Let us mention that the profile ofα1 in Figure 5.9 is
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Figure 5.6 – Convergence curve: linear Riemann problem with Dirac mass and linear relaxation

the easiest to study because it corresponds to the first right eigenvector coordinate a1 (x, t ) whose
expression writes:

α1 (x, t ) = a1 (x, t ) =


(α1)L(t ) if x < u0

2 t ,

(α1)R(t )−e
−(1/τ)

(
u∗I t−x

u∗I −u0
2

)
l0
1·b0

u0
2−u∗

I
if u0

2 t < x < u∗
I t ,

(α1)R(t ) if x > u∗
I t ,

(5.114)

with, {
(α1)L(t ) = (α1)0

L e−t/τ+αeq
1

(
1−e−t/τ) ,

(α1)R(t ) = (α1)0
R e−t/τ+αeq

1

(
1−e−t/τ) .

(5.115)
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Figure 5.7 – Pressure profiles, linear Riemann problem with Dirac mass and linear relaxation

In Figure 5.9, the relaxation effect can be observed as the left final plateau of α1 is located
around 0.6 on the y-axis whereas the initial condition was 0.8. Besides the exponentially decreas-
ing area for x ∈ ]

u0
2 t , u∗

I t
[

is captured as the mesh is refined.
The profiles of the other variables are more difficult to understand as each of them is a lin-

ear combination of the different eigenvector coordinates ak (x, t ) , k ∈ [1, 5]. Similarly to the case
with no relaxation effect, for coarse meshes, the computed velocity profiles display steep non-
monotonous behaviors around the u∗

I -discontinuity. However, for finer meshes, the present nu-
merical scheme manages to retrieve the analytical exponential plateaus as well as the right loca-
tion of the discontinuities.
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Figure 5.8 – Velocity profiles, linear Riemann problem with Dirac mass and linear relaxation
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Figure 5.9 – α1 profile, linear Riemann problem with Dirac mass and linear relaxation
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Let us end this verification test case by simply showing in Figure 5.10, Figure 5.11 the profiles
of the pressure and velocity variables throughout the overall computational domain.
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Figure 5.10 – Pressure profiles, linear Riemann problem with Dirac mass and linear relaxation
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Figure 5.11 – Velocity profiles, linear Riemann problem with Dirac mass and linear relaxation

In the above verification test cases, the convergence of the hand-made scheme (5.109), (5.110)
suggests that the proposed extension of the Bereux-Sainsaulieu staggered scheme (5.39), (5.41)
might be a potential candidate to solve the isentropic Baer-Nunziato system with pressure and
velocity relaxations. Before testing the present scheme on this intricate model, a last intermediate
verification step proposes to test it against an homogeneous isentropic Baer-Nunziato Riemann
problem.

5.4.2 Homogeneous isentropic Baer-Nunziato system

Here, the system at stake is the one written in (5.34) with S (U) = 0. The computational domain
is Ω = [0, L] with L = 1m. Consider the initial conditions written in Table 5.3. For

(
pk , uk

)
, k ∈

{1, 2}, the analytical solution is made of (uk − ck )-shock wave propagating to the left followed by a
non-stationary u2-contact discontinuity. The EOS of both phases is similar to the ones written in
(5.107). The intermediate analytical state between the shock waves and the contact discontinuity
is given by:

Eventually, the time of the simulation is Tend = 2×10−4 s and the time-step is determined by
the classical CFL condition (5.65) with a Courant number C = 0.45.
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Left cell Right cell
α1 0.8 0.2

u1 (m.s−1) 8.33444149645988652 8.00004159069419529
p1 (bar) 4.90242785728564020 4.99974006626945105

u2 (m.s−1) 7.20241600910508240 4
p2 (bar) 2.92896681753376033 4.49996101026474556

Table 5.3 – Initial conditions

Intermediate state
α1 0.8

u1 (m.s−1) 5
p1 (bar) 5

u2 (m.s−1) 4
p2 (bar) 3

Table 5.4 – Analytical intermediate state

In the following, the present approach, noted BS in the sequel, is compared with Rusanov and
HLLAC schemes presented in subsection 5.3.4.

Figure 5.12, Figure 5.13 and Figure 5.14 display the pressure, velocity and volume fraction con-
vergence curves associated with the different schemes.
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Figure 5.12 – Convergence curves, pressure: BS, Rusanov, HLLAC

As expected, for every variable, the HLLAC scheme is by far the most accurate with respect to
the proposed approach and the Rusanov scheme. Note that even for a 104-cell mesh, the trend for
the HLLAC-convergence curve of p2 has not yet reached the asymptotic behavior corresponding
to a straight line of slope −1/2. This might be due to the fact that the amplitude of the jump of
p2 through the u2-contact wave is considerably bigger than the one corresponding to the u2-c2-
shock wave. A similar slowness of the convergence process can also be observed for the variable
u2 which only jumps through the u2-contact wave. One can finally observe that for every variable,
the present is scheme is always slightly more accurate than the Rusanov scheme.

The profiles of the variables are shown in Figure 5.15, Figure 5.16 and Figure 5.17. Let us first
underline that the jump of variable p1 through the u2-contact wave is almost invisible. Thus, for
this test case, it justifies a posteriori the Riemann invariants approximation proposed in (5.48).

Besides, the profiles are in agreement with the results observed on the convergence curves.
The profile of the solutions computed with the HLLAC scheme is steeper than those obtained with
the BS or the Rusanov schemes. One can also note that, the u2 profile computed with the BS and
the Rusanov schemes exhibits a non-monotonous behavior which does not appear for the HLLAC
scheme. However, it can be stressed that the trace of spurious ghost waves, which can be observed
in the right part of the computational domain, is less pronounced for the BS scheme than for the
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Figure 5.13 – Convergence curves, velocity: BS, Rusanov, HLLAC
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Figure 5.14 – Convergence curve of α1: BS, Rusanov, HLLAC
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Figure 5.15 – Pressure profiles, Baer-Nunziato shock-contact, Ncel l s = 5×102
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Figure 5.16 – Velocity profiles, Baer-Nunziato shock-contact, Ncel l s = 5×102

Rusanov one.
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Figure 5.17 – α1 profile, Baer-Nunziato shock-contact, Ncel l s = 5×102

The above test case has assessed the ability of the present numerical approach to capture the
analytical solution of an homogeneous Riemann problem. Subsequently, pressure and velocity
relaxations are no longer omitted, and we focus on generalized non-linear Riemann problems
associated with the isentropic Baer-Nunziato system.
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5.4.3 Isentropic Baer-Nunziato system with pressure and velocity relaxations

In this section, the problem at stake is given by:

∂t U+∂x F (U)+E (U) ∂x U = S (U) ,

U(., t = 0) =
{

U0
L if x < 0.5,

U0
R if x > 0.5.

(5.116)

Formulas related to F (U), E (U) and S (U) are given in (5.34). The setting of this test case is similar
to the one presented in subsection 4.5.3 of the previous chapter. Let us recall that for both phases,
EOS is determined using vapor or liquid saturation values:

p (bar) ρ
(
kg .m−3

)
γ κ

(
J.kg−1.K−1

)
Liquid psat = 150 ρsat

liq = 603.52 γsat
liq = 2.76 κsat

liq = 0.32

Vapor psat = 150 ρsat
vap = 97.73 γsat

vap = 3.62 κsat
vap = 0.94

Table 5.5 – Saturation parameters

with κsat
liq = psat

(
ρsat

liq

)−γsat
liq

, κsat
vap = psat

(
ρsat

vap

)−γsat
vap

. The EOS write:p1 = κsat
vap

(
ρ1

)γsat
vap ,

p2 = κsat
liq

(
ρ2

)γsat
liq .

(5.117)

Initial conditions are recalled in Table 5.6.

α1 u1 (m.s−1) p1 (bar) u2 (m.s−1) p2 (bar)
W0

L 0.8 1.5 110 −2 170
W0

R 0.2 2 158 −1.5 120

Table 5.6 – Generalized non-linear Riemann problem: initial conditions

The complexity of problem (5.116) entails that, so far, no analytical solution can be found. As a
consequence, the comparisons performed below are only based on the variable profiles. Besides,
the proposed approach is tested with the modified discretization for the volume fraction equation
provided in Property 5.3.2. Recall that such a choice ensures the discrete volume fraction max-
imum principle under the classical CFL condition (5.65). Besides, the Courant number in (5.65)
is fixed to C = 0.45. In this test case, the unsplit BS-type scheme is compared with two fractional
step methods: the one using the Rusanov scheme for the convective part of the isentropic Baer-
Nunziato model, and the other using the HLLAC solver.

In the paragraph below, a non-stiff relaxation regime is considered.

Non-stiff relaxation

The pressure and velocity relaxation time-scales are set equal to

τp = τu = 10−4 s. (5.118)

For a mesh made of 5×102 cells, the approximated value of the discrete time-step related to (5.65)
is ∆t ≈ 3× 10−6 s. Hence, the generalized non-linear Riemann problem is not stiff in that case.
Figure 5.18, Figure 5.19 and Figure 5.20 display the pressure, velocity and volume fraction profiles
obtained with the BS, Rusanov and HLLAC schemes with a mesh made of 5× 102 cells. These
profiles are compared with a grid-converged solution computed thanks to a Rusanov fractional
step approach using a 105-cell mesh. Let us underline that the other grid-converged solutions
obtained with the BS or the HLLAC schemes are similar to the Rusanov one.
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As a first general remark, let us point out that the discontinuity associated with the u2-contact
wave can be observed on the p2 and u1 profiles but not on the p1 profile. In the context where
velocity relaxation forces |u1 −u2| to tend to zero, this is coherent with the approximated Riemann
invariants (5.48) obtained in the subsonic flow configurations.
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Figure 5.18 – Pressure profiles, Baer-Nunziato non-stiff generalized Riemann problem, Ncel l s = 5×102

Whatever the variable examined, the Rusanov scheme is the numerical method which has the
most important difficulty to capture the variations of the grid-converged solution. The profile
comparison is thus oriented between the fractional step method involving the HLLAC scheme
and the proposed approach.
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Figure 5.19 – Velocity profiles, Baer-Nunziato non-stiff generalized Riemann problem, Ncel l s = 5×102

From a general point of view, the HLLAC method manages to be more accurate than the BS
scheme. This is notably true in regions close to x = 0.5m where the u2-contact wave is supposed
to be. Those good results for the HLLAC solver might have been fostered by the fact that relaxation
is not stiff in this test case. Indeed, the structure of the grid-converged profiles could formally
still contain some remains of solutions related to the homogeneous version of the generalized
Riemann problem (5.116). Those remaining patterns are supposed to be captured by the HLLAC
Riemann solver.

Nevertheless, we may have a closer look to the left and right regions of the computational
domain which only undergo the velocity and pressure relaxation processes. In the latter regions,
the p1 and p2 plateaus obtained with the BS scheme are closer to the grid-converged solution than
the ones produced by the HLLAC fractional step method.

The next generalized Riemann problem is identical to the one presented above. The only dif-
ference is that the relaxation time-scales are chosen such that the problem becomes stiff.
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Figure 5.20 – α1 profile, Baer-Nunziato non-stiff generalized Riemann problem, Ncel l s = 5×102

Stiff relaxation

The pressure and velocity relaxation time-scales are now equal to:

τp = τu = 10−8 s. (5.119)

Thus, they are a hundred times faster than the discrete time-step obtained using the eigenvalues
of the isentropic Baer-Nunziato system. Since the relaxation process takes place almost instanta-
neously, one focuses on the profiles of the mixture variables: P = α1 p1 +α2 p2, U = Y1 u1 +Y2 u2,
m = m1 +m2; as well as the relaxation variables ∆p and ∆u.
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Figure 5.21 – U, P profiles, Baer-Nunziato stiff generalized Riemann problem, Ncel l s = 5×102

These profiles are displayed in Figure 5.21, Figure 5.22, Figure 5.23 and Figure 5.24. Let us first
consider the structure of the grid-converged solution. Looking at the P, U and m profiles, it seems
that the computed solution is composed of three discontinuities. Similarly to the Euler system, the
mixture pressure and velocity only jump across two of them which propagate at the fastest speeds.
Although it cannot be easily seen, the mixture density m jumps through the three discontinuities.

The three numerical methods manage to capture the appropriate intermediate states as well
as the right locations associated with the fastest discontinuous fronts. The Rusanov scheme seems
to be slightly more diffusive than the two other approaches. Besides, it turns out that the HLLAC
fractional step is more accurate than the two other methods to capture the slowest discontinuity
whose structure has been inherited from the u2-contact wave. However, it can be observed that
the profiles of the relaxation variables computed thanks to the proposed method are considerably
closer to the ones of the grid-converged solution in comparison with those computed with the
fractional step methods.
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Figure 5.22 – m profile, Baer-Nunziato stiff generalized Riemann problem, Ncel l s = 5×102
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Figure 5.23 – ∆p profile, Baer-Nunziato stiff generalized Riemann problem, Ncel l s = 5×102
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Figure 5.24 – ∆u profile, Baer-Nunziato stiff generalized Riemann problem, Ncel l s = 5×102
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Even if, in that case, the amplitude of such relaxation variables is considerably small, the ability
for a two-phase flow numerical solver to correctly compute these quantities is crucial.

Indeed, the velocity relaxation variable ∆u is used to determine the magnitude of the shear
stress that both phases apply to each other [13]. More generally, in more complicated scenarios,
the relaxation time scales can vary. Then, the local generalized Riemann problem to be solved
might switch from stiff to non-stiff regimes. Hence, from one time-step to another, a surge of the
small amplitude relaxation variables can potentially be triggered by strong pressure gradients re-
lated to the convective part of the Baer-Nunziato model. The accuracy of the increasing relaxation
variables thus depends on the accuracy of their initial small values.

5.5 Conclusions

Based on the time-implicit staggered scheme derived by Bereux and Sainsaulieu for hyperbolic
systems with relaxation in the sense of Liu, the present work proposes to extend this strategy to the
isentropic Baer-Nunziato system with pressure and velocity relaxations.

The origin of such an extension comes from the weak formulation of the non-conservative
products arising in this two-fluid two-pressure system. Indeed, one can assimilate such terms to
a Dirac measure weighted by appropriate masses extracted from the Rankine-Hugoniot relations.

Subsequently, one can analyze the solution structure related to a new kind of generalized Rie-
mann problem including linear relaxations and a frozen version of such a singular Dirac measure.
In the specific case where the relaxation matrix is diagonal, the analytical solution can be found
and provides a simple extension of the ODEs system verified by the space-averaged solution state.

The present numerical method stems from this extended time dynamics and proposes a time-
implicit staggered scheme which conserves the partial masses as well as the momentum mixture
of the Baer-Nunziato system. Furthermore, the discretization of the volume fraction equation
involving initially the linearization of the pressure relaxation operator can be replaced by the res-
olution of a non-linear system. The latter system guarantees that a maximum principle holds for
the discrete volume fraction update under classical CFL conditions.

Numerical results composed of homogeneous and generalized non-linear Riemann problems
linked to the isentropic Baer-Nunziato system have assessed the accuracy of the proposed method
with respect to the Rusanov and HLLAC schemes as well as their related fractional step versions.

In this comparison, one has to recall that, contrary to the HLLAC approximate Riemann solver,
the space-averaging process of the present method voluntarily blurs the precious information
stemming from the exact intermediate states created by homogeneous or generalized Riemann
problems. Such a strategy has been adopted to circumvent one’s inability to find the analytical
solution of Riemann problems in which source terms are present.

It turns out that, for both homogeneous and generalized Riemann problems, the present time-
implicit staggered scheme is more accurate than the Rusanov fractional step method. Moreover,
though the proposed scheme is unable to be as accurate as the HLLAC scheme for homogeneous
Riemann problems, it offers interesting elements of comparison when pressure and velocity re-
laxation effects are no longer omitted. One can notably stress that, in stiff regimes, the present
approach better resolves the pressure and velocity relaxation variables.

In any case many perspectives exist for the improvement of the present method. One of them
could be to progressively release the linear assumptions holding on the generalized linear Rie-
mann problem proposed by Bereux-Sainsaulieu which is the starting point of this work. This
suggestion is all the more motivating when one observes the proximity between the analytical
solutions obtained in the case of linear generalized Riemann problems (see Figure 5.10b) and the
grid-converged solutions based on the isentropic Baer-Nunziato system with pressure and veloc-
ity relaxations (see Figure 5.18b).

Another difficulty is the extension of the proposed staggered scheme to the multi-dimensional
flows computed on unstructured meshes. Eventually one could also study the asymptotically pre-
serving property of the present approach towards some given reduced models. However, this
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would require to define exactly what is the asymptotic limit of the isentropic Baer-Nunziato sys-
tem.
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5.6 Appendices

A Adaptation of the HLLAC scheme for the isentropic Baer-Nunziato system

In this section, the exact forms of the contributions FL (UR, UL) and FR (UR, UL) introduced in
(5.95) will be specified in the case of the HLLAC scheme. One can start by rewriting them as:

FL (UR, UL) = F f (UR, UL)−HL (UR, UL) ,

FR (UR, UL) = F f (UR, UL)+HR (UR, UL) .

(5.120)

In equation (5.120), F f (UR, UL) stands for a numerical flux whereas H j (UR, UL) , j ∈ {L, R} are non-
conservative contributions. In the sequel, these two kinds of discrete quantities are determined.

Conservative flux

The adaptation of the HLLAC scheme can be understood by looking at Figure 5.25. For k ∈
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Figure 5.25 – HLLAC waves and states

{1, 2}, define the left and right wave speed estimates as

(Sk )L = min((uk − ck )L, (uk − ck )R, ûk − ĉk ) ,

(Sk )R = max((uk + ck )L, (uk + ck )R, ûk + ĉk ) ,
(5.121)

with,

ûk =
√

(ρk )L (uk )L +
√

(ρk )R (uk )R√
(ρk )L +

√
(ρk )R

, ĉk =
√

(ρk )L (ck )L +
√

(ρk )R (ck )R√
(ρk )L +

√
(ρk )R

. (5.122)

Let us also define a contact wave velocity u∗
2 whose expression will be determined later on. Cur-

rently it is only assumed that ∀k ∈ {1, 2}:

(Sk )L < u∗
2 < (Sk )R, (5.123)

which means that the flow is subsonic. Similarly to the real isentropic Baer-Nunziato system, it
is assumed that the volume fraction α1 does not jump through the (Sk ) j -waves, j ∈ {L, R} which
models the genuinely non-linear wave fronts. As a consequence, across those fronts both phase
PDEs behave as two decoupled Euler systems. The intermediate states produced behind those
fronts are thus approximated using HLLC-like jump conditions [12] applied to the Euler system of
both phases:

∀ j ∈ {L, R} , F
(
(Uk )∗j

)
−F

(
(Uk ) j

)= (Sk ) j

(
(Uk )∗j − (Uk ) j

)
, (5.124)

with F (Uk ) = [
mk uk , mk u2

k +αk pk
]T

. Equality related to the mass component of equation (5.124)
yields:

(mk )∗j = (mk ) j
(uk ) j − (Sk ) j

(uk )∗j − (Sk ) j
. (5.125)
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Using equation (5.125), the momentum component of equation (5.124) gives:

(pk )∗j = pk

(
(uk )∗j

)
= (pk ) j − (ρk ) j

[
(uk ) j − (Sk ) j

] [
(uk )∗j − (uk ) j

]
. (5.126)

Let us stress that equation (5.125) will not be used to derive the expression of (ρk )∗j since this
quantity is related to (pk )∗j through the EOS. Hence, considering only equation (5.126), one can
notice that there are four remaining unknowns that need to be determined in order to close the
system:

(u1)∗L , (u1)∗R, (u2)∗L , (u2)∗R, (5.127)

or equivalently,

(p1)∗L , (p1)∗R, (u2)∗L , (u2)∗R. (5.128)

One can find these unknowns using equalities between the approximated Riemann invariants
(5.48) through the u∗

2 -contact wave. It simply reads:

(u2)∗L = (u2)∗R = u∗
2 , (5.129a)

(α1)L
(
(u1)∗L −u∗

2

)= (α1)R
(
(u1)∗R −u∗

2

)
, (5.129b)

(α1)L (p1)∗L + (α2)L (p2)∗L = (α1)R (p1)∗R + (α2)R (p2)∗R, (5.129c)

(p1)∗L = (p1)∗R = p∗
1 . (5.129d)

Thus, equalities (5.129b) and (5.129c) are used to find the couple
{
u∗

2 , p∗
1

}
. For k ∈ {1, 2}, define the

quantities:
(qk )R = (ρk )R [(Sk )R − (uk )R] ,

(qk )L = (ρk )L [(uk )L − (Sk )L] .
(5.130)

Equalities (5.129b), (5.129c) can be rewritten as a linear system to be solved:[
(α1)R
(q1)R

+ (α1)L
(q1)L

−∆α1

∆α1 (α2)R (q2)R + (α2)L (q2)L

]
·
[

p∗
1

u∗
2

]
= S1,2, (5.131)

with,
∆α1 = (α1)R − (α1)L,

S1,2 =

 (α1)L

[
(u1)L + (p1)L

(q1)L

]
− (α1)R

[
(u1)R − (p1)R

(q1)R

]
(α2)L

[
(p2)L + (q2)L (u2)L

]− (α2)R
[
(p2)R − (q2)R (u2)R

]
 .

(5.132)

If one assumes that volume fractions belong to the open interval ]0, 1[ and according to the defi-
nition (5.121) of the wave estimates, there exists a unique solution to linear system (5.131). Indeed
the determinant of its matrix reads:

det =
(

(α1)R

(q1)R
+ (α1)L

(q1)L

)
× (

(α2)R (q2)R + (α2)L (q2)L
)+ (∆α1)2 > 0. (5.133)

For a given state U ∈R5, let us introduce the notations:

U =
α1

u1

u2

 , ∀k ∈ {1, 2} , uk =
[

mk

mk uk .

]
, fk (αk , uk ) =

[
mk uk

mk u2
k +αk pk

]
. (5.134)

The conservative part of the scheme can be written:

F f (UR, UL) =
 0

(F1) f (UR, UL)
(F2) f (UR, UL)

 , (5.135)
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with ∀k ∈ {1, 2},

(Fk ) f (UR, UL) =



fk ((αk )L, (uk )L) if (Sk )L > 0,

fk ((αk )L, (uk )L)+ (Sk )L
(
(uk )∗L − (uk )L

)
if (Sk )L ≤ 0 < u∗

2 ,

fk ((αk )R, (uk )R)+ (Sk )R
(
(uk )∗R − (uk )R

)
if u∗

2 ≤ 0 < (Sk )R,

fk ((αk )R, (uk )R) if (Sk )R ≤ 0.

(5.136)

The intermediate states (uk )∗L and (uk )∗R are defined by:

(u1)∗L =
[

(m1)∗L
(m1)∗L (u1)∗L

]
, (u1)∗R =

[
(m1)∗R

(m1)∗R (u1)∗R

]
, (u2)∗L =

[
(m2)∗L

(m2)∗L u∗
2

]
, (u2)∗R =

[
(m2)∗R

(m2)∗R u∗
2

]
, (5.137)

with,
(m1)∗L = (α1)Lρ1

(
p∗

1

)
,

(m1)∗R = (α1)Rρ1
(
p∗

1

)
,

(m2)∗L = (α2)Lρ2
(
(p2)∗L

)
,

(m2)∗R = (α2)Rρ2
(
(p2)∗R

)
.

(5.138)

In (5.137), (5.138), the expressions of (u1)∗j and (p2)∗j , j ∈ {L, R} are given by equality (5.126) com-

bined with the couple
{

p∗
1 , u∗

2

}
.

Non-conservative contributions

Following the thin boundary layer approximation described in [10], the non-conservative con-
tributions write:

HL (UR, UL) =




u∗

2 [(α1)R − (α1)L]
0[

(α2)R (p2)∗R − (α2)L (p2)∗L
]

0
−[

(α2)R (p2)∗R − (α2)L (p2)∗L
]

 if u∗
2 < 0,

0 if u∗
2 ≥ 0,

(5.139)

and

HR (UR, UL) =



0 if u∗
2 < 0,


u∗

2 [(α1)R − (α1)L]
0[

(α2)R (p2)∗R − (α2)L (p2)∗L
]

0
−[

(α2)R (p2)∗R − (α2)L (p2)∗L
]

 if u∗
2 ≥ 0.

(5.140)
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Chapitre 5. Extension de la méthode de couplage convection-source pour le modèle de
Baer-Nunziato isentropique
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Le contexte industriel de ces travaux de thèse se focalise sur deux configurations d’écoule-
ments diphasiques eau-vapeur rencontrées dans certaines conduites des réacteurs à eau pressu-
risée. La première est initiée par la fermeture soudaine d’une vanne d’arrêt présente sur le circuit.
L’écoulement monophasique liquide voit alors brutalement apparaître et se propager un front
d’onde associé à un saut de pression de grande amplitude. Un tel front est appelé coup de bé-
lier hydraulique [7, 13]. L’impact de ce dernier sur la structure mécanique de la conduite peut
potentiellement engendrer des déformations, des fissures ou même des brèches.

La seconde configuration correspond à un régime d’écoulement stratifié [15] entre une phase
d’eau liquide et une phase de vapeur circulant à contre courant l’une de l’autre. Sous l’effet des
forces de cisaillement, l’interface entre les deux phases se déforme et l’écoulement évolue peu à
peu vers un régime de type “slug” [15]. Des poches de vapeur se retrouvent alors piégées au sein
de l’écoulement d’eau liquide. Le passage de ces poches à travers les systèmes de pompage du cir-
cuit peut engendrer une baisse du débit ainsi que des dégâts matériels. De plus, leur condensation
brutale peut générer des coups de bélier dont l’impact sur les structures présente également un
danger.

La première partie de cette thèse aborde la première configuration présentée ci-dessus. Si
aucun phénomène de cavitation n’apparaît, l’écoulement est par nature monophasique liquide.
Aussi, une modélisation diphasique par approche homogène [8] a été retenue. Le système d’équa-
tions à résoudre correspond alors au système d’Euler compressible. Au cours de la transition entre
le régime nominal et la propagation du coup de bélier, la vitesse matérielle de l’écoulement reste
très faible devant la célérité des ondes acoustiques. La particularité de cet écoulement compres-
sible à faible nombre de Mach résulte alors de la soudaine apparition de sauts de pression de
grande amplitude. En effet, le modèle asymptotique porté par le système d’Euler incompressible,
pertinent pour le régime nominal, doit être remplacé par le modèle d’Allievi [1], plus adapté pour
estimer ces sauts de pression.

Afin de traiter cette problématique d’écoulements multi-régimes, une méthode à pas fraction-
naires, basée sur un splitting inspiré des travaux de Baraille et al. [5] entre un opérateur convectif
et un opérateur acoustique a été proposée. L’originalité de l’approche tient à ce que le splitting est
évolutif en temps à travers la donnée d’un unique paramètre E0 (t ) à valeur dans l’intervalle ]0, 1].
Cet aspect dynamique du splitting est crucial dans la mesure où il permet de sélectionner une ré-
solution numérique adaptée à la nature de l’écoulement rencontré. En effet, pour des lois d’état
de type gaz raide et sous réserve de positivité de la pression, ce splitting définit, dynamiquement,
deux sous-systèmes hyperboliques conservatifs. Le premier est appelé sous-système convectif,
noté C. Lorsque le paramètre E0 tend vers un, ce sous-système tend formellement vers le système
d’Euler complet. Cependant lorsque E0 tend vers zéro les termes associés au gradient de pression
disparaissent de son jeu d’équations.

La résolution de ce sous-système s’appuie sur le comportement asymptotique du paramètre
E0 dont la définition constitue un objectif de cette première partie de thèse. On souhaite notam-
ment que E0 tende vers un pour des écoulements compressibles à haut nombre de Mach ou pour
des écoulements compressibles basse vitesse admettant des sauts de pression de grande ampli-
tude. Aussi, un solveur de Riemann approché dont l’intégration en temps est explicite a été pro-
posé pour construire le flux numérique de ce sous-système. Combinée à un pas de temps basé sur
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la célérité des ondes acoustiques les plus rapides, la résolution du sous-système C permet, lorsque
E0 tend vers un, de capturer précisément les ondes de choc, ondes de raréfaction ainsi que les
coups bélier potentiellement présents dans l’écoulement.

Le second sous-système, noté A, est dit sous-système acoustique. Par complémentarité avec
le sous-système C, son flux s’annule quand E0 tend vers un. En revanche, dans le cas contraire où
E0 tend vers zéro, son flux contient l’ensemble des contributions liées au gradient de pression. Le
choix de discrétisation de ce sous-système est motivé par le fait que les petites valeurs de E0 cor-
respondent à un régime d’écoulement à faible vitesse, admettant des sauts de pression de faible
amplitude et dont l’importance est secondaire relativement à la dynamique des ondes matérielles.
Aussi, le flux numérique du sous-système A est construit à partir d’une intégration implicite en
temps de la dynamique associée à certains invariants de Riemann forts. Ce faisant, on espère pou-
voir relaxer la contrainte de stabilité de l’approche à pas fractionnaires proposée et utiliser des pas
de temps discrets adaptés à la propagation des ondes matérielles. Une analyse heuristique basée
sur la propagation d’une onde de contact isolée suggère que la méthode numérique reste stable,
pour tout nombre de Mach, pour des nombres de Courant basés sur les vitesses matérielles de
l’ordre de 0.5.

La capacité de la méthode proposée à s’adapter aux transitions entre différents régimes d’écou-
lement repose donc sur la définition du paramètre E0. Au cours de ces travaux de thèse, E0 a été
initialement construit sur la base du nombre de Mach maximal instantané de l’écoulement. Une
telle définition permet alors de traiter des écoulements soniques ou supersoniques mais aussi des
écoulements subsoniques au sein desquels les gradients de pression sont de faible amplitude.

Dans ce dernier cas de figure, on peut s’interroger sur l’aptitude du schéma numérique déve-
loppé à approcher des solutions asymptotiques issues du système d’Euler incompressible mono
ou multidimensionnel.

Face à cette problématique tout un pan de la littérature [11, 14, 19] met en garde quant aux dif-
ficultés rencontrées par les schémas de type Godunov approchés pour approximer, sur maillages
grossiers, les solutions du système d’Euler incompressible multidimensionnel. Un traitement nu-
mérique préconisé consiste à introduire un terme correctif θ, proportionnel au nombre de Mach,
afin de recentrer le flux de pression dans l’équation de quantité de mouvement du système.

Une telle correction a été introduite dans le deuxième chapitre de cette thèse afin de répondre
à une problématique différente de précision sur les sauts de pression pour un écoulement mono-
dimensionnel à faible nombre de Mach. Elle a néanmoins révélé une grande sensibilité du couple
(E0, θ) sur la production d’oscillations artificielles venant polluer la qualité de la solution numé-
rique. Des cas tests multidimensionnels non présentés dans cette thèse montrent que cette sen-
sibilité perdure lors de la simulation d’écoulements incompressibles à densité variable. Dans tous
les cas une étude plus approfondie sur la donnée du couple (E0, θ) afin de garantir la stabilité et
la précision du schéma numérique proposé dans un régime proche de l’asymptotique du système
d’Euler incompressible devrait être menée.

Afin de traiter le régime d’écoulement basse vitesse dans lequel un coup de bélier apparaît et
se propage, la définition du paramètre E0 a été enrichie afin d’inclure un détecteur de sauts de
pression. La construction d’un tel détecteur constitue un défi en soi. En effet, ce dernier doit dis-
tinguer d’une part les ondes de choc parasites de faible amplitude produites par l’écoulement à
faible nombre de Mach d’un fluide très compressible, et d’autre part les sauts de pression très im-
portants associés au passage d’un coup de bélier dans de l’eau très peu compressible. Dans le troi-
sième chapitre de cette thèse, une approche naïve basée sur les relations de Rankine-Hugoniot ap-
pliquées à l’équation de la masse a été proposée. Une autre idée, non présentée dans ces travaux,
consiste à construire ce détecteur de sauts de pression sur la base des relations de saut de Jou-
kowski (1.17) [16]. Rappelons que ces relations sont obtenues dans le cadre du modèle asympto-
tique d’Allievi adapté à la modélisation des coups de bélier mécaniques à température constante.
Malheureusement, les premières analyses basées sur des solutions de type ondes de choc isolées
montrent que ce nouveau détecteur s’active même à travers les sauts de pression de faible ampli-
tude d’un fluide de type gaz parfait s’écoulant à faible vitesse. Un travail de recherche sur l’inclu-
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sion de la notion de compressibilité dans ce détecteur de sauts de pression devrait être mené à
l’avenir.

Les idées présentées dans la deuxième partie de cette thèse ont été développées autour de
la problématique liée à la transition entre l’écoulement stratifié eau-vapeur et le régime de type
“slug”. La modélisation diphasique choisie est construite sur la base d’une approche bifluide à
deux pressions réprésentée à l’aide d’une version isentropique du système de Baer-Nunziato [4]
avec termes sources de relaxation en pression et en vitesse. Lorsque ces derniers sont absents, une
grande variété de solveurs de type Godunov approchés a déjà été proposée pour ce type de modèle
[3, 10, 21]. Cependant, les preuves d’existence et d’unicité, ainsi que la construction d’une solu-
tion pour des problèmes de Riemann généralisés où les termes sources sont actifs, restent encore
aujourd’hui hors d’atteinte. La construction d’un schéma numérique pour approximer la solution
de ce type de problème se base alors souvent sur une approche à pas fractionnaires séparant la
résolution de l’opérateur convectif de la résolution des termes de relaxation [12, 18, 20].

Ce travail prend le parti de renoncer à cette séparation, et entreprend la construction d’un
schéma numérique où les effets de relaxation sont couplés à la convection. Pour ce faire, les tra-
vaux de Bereux et Sainsaulieu [6] sur les problèmes de Riemann linéaires généralisés sont repris et
étendus. Les auteurs y présentent notamment le système d’EDO vérifié par la solution, moyennée
en espace, d’un système linéaire hyperbolique et symmétrisable dans lequel des termes sources
linéaires sont également présents. Le système d’EDO proposé tient compte des effets de convec-
tion et de relaxation à travers une différence de flux de bord, construits sur la base d’états soumis
à la relaxation. Par la suite, le système d’EDO obtenu constitue la pierre d’angle d’une méthode
numérique monodimensionnelle à maillage décalé.

L’extension des travaux de Bereux et Sainsaulieu se situe au niveau de la prise en compte des
termes non-conservatifs inhérents au système de type Baer-Nunziato isentropique. Au sein du
problème de Riemann linéaire généralisé, ces derniers sont modélisés par l’ajout d’une mesure de
Dirac, de masse constante, portée par la trajectoire d’une onde matérielle dont la vitesse est gelée.
En étudiant la structure de la solution dans le cas particulier où les effets de relaxation peuvent
être découplés, ce travail propose une actualisation simple du système d’EDO introduit précé-
demment. Le schéma numérique proposé est alors conservatif pour les masses partielles ainsi
que pour la quantité de mouvement de mélange. La positivité des masses partielles est également
garantie sous-réserve d’une condition CFL seulement basée sur les valeurs propres de la partie
convective du système étudié. Enfin, la positivité des masses partielles entraîne également le fait
que le schéma préserve le principe du maximum sur le taux de présence statistique.

La méthode développée est comparée à des approches à pas fractionnaires construites à par-
tir du schéma de Rusanov ou du solveur de Riemann approché HLLAC [17, 22]. La comparaison
s’effectue sur des problèmes de Riemann généralisés basés sur le système de Baer-Nunziato isen-
tropique avec relaxation en pression et en vitesse. Quelles que soient les échelles de temps de re-
laxation, les profils obtenus par la méthode non splittée proposée sont plus proches des solutions
convergées en maillage que ceux issus de l’approche à pas fractionnaires basée sur le flux de Ru-
sanov. Cependant, dans les régions où évoluent les discontinuités associées à l’onde de couplage
du modèle, la méthode à pas fractionnaires de type HLLAC parvient à mieux saisir les détails de la
solution obtenue sur maillages fins. Cependant, pour des échelles de temps de relaxation très pe-
tites relativement aux échelles de temps de l’opérateur convectif, le schéma proposé semble mieux
approcher les variables d’écart en vitesse et en pression que les méthodes à pas fractionnaires.

Il convient de rappeler que, contrairement aux solveurs de Riemann approchés de type HL-
LAC, le schéma numérique proposé occulte l’estimation fine de l’ensemble des ondes et des états
intermédiaires produits par la partie hyperbolique du modèle. Cette perte de détail intervient lors
du processus de moyenne spatiale appliquée à la solution du problème de Riemann linéaire géné-
ralisé afin d’en extraire le système d’EDO mêlant convection et effets de relaxation. Cette moyenne
spatiale est une solution de contournement face aux difficultés inhérentes à la prise en compte
des effets de relaxation au sein d’un problème de Riemann, dans le cas du système Baer-Nunziato
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isentropique.
Toujours est-il qu’une proximité troublante peut être observée entre les profils de solution

analytique obtenus pour des problèmes de Riemann linéaires généralisés avec effets de relaxa-
tion découplés (voir FIGURE 5.10b du chapitre 5) et ceux calculés pour des problèmes de Rie-
mann généralisés de type Baer-Nunziato isentropique avec relaxation en pression-vitesse (voir
FIGURE 5.18b du chapitre 5). Aussi, pourrait-on s’interroger quant aux hypothèses de linéarisation
suffisantes pour construire des solutions exactes d’un problème de Riemann généralisé basé sur
un modèle bifluide convection-source relativement proche du système de Baer-Nunziato isen-
tropique avec relaxation en pression et en vitesse. Ces solutions seraient alors utilisées afin de
construire un schéma numérique. Reprenant les idées décrites à la FIGURE 5.1 du chapitre 5, les
termes non-conservatifs du modèle de Baer-Nunziato seraient remplacés, dans le modèle appro-
ché, par une mesure de Dirac portée par la demi-droite x = u∗

I t , avec u∗
I une vitesse a priori don-

née. On chercherait alors à mettre en évidence des invariants de Riemann forts dont on pourrait
intégrer les effets de relaxation le long de leur unique courbe caractéristique, et ce jusqu’au pied du
front discontinu introduit par la mesure de Dirac. Pour exhiber de tels invariants, une technique
pourrait consister à geler artificiellement le taux de présence statistique afin de pouvoir ré-écrire
le système, dans les régions où la solution est régulière, comme deux systèmes d’Euler découplés.
La construction d’un modèle de relaxation pour le système d’Euler décrite dans [9] montre alors
que uk ±Πk /ak (Πk et ak étant respectivement une pression et une constante de relaxation) sont
des invariants de Riemann forts de ce modèle.

Une autre piste de réflexion est motivée par le fait que pour des conditions initiales unifor-
mément à l’équilibre en pression et en vitesse dans tout le domaine, p2 = p1 = P, u2 = u1 =
U, le schéma proposé préserve ces équilibres dans le temps. On pourrait alors étudier sa ca-
pacité à préserver certains autres équilibres physiques plus complexes qui peuvent potentielle-
ment émerger du modèle de Baer-Nunziato isentropique en fonction des lois de fermeture et des
échelles de temps de relaxation des termes sources. Ces équilibres s’écrivent généralement sous
la forme d’une égalité liant les termes de relaxation algébriques à des termes différentiels d’ordre
un construits à partir des gradients en espace de certaines quantités de mélange. Comme pré-
senté dans [2], la construction formelle de certains de ces équilibres peut s’appuyer sur des dé-
veloppements de Chapman-Enskog appliqués aux EDP des variables de relaxation ∆p = p2 − p1

et ∆u = u2 −u1. Une démarche similaire moins spécifique présentée en Annexe A propose une
description de l’ensemble des équilibres rencontrés en fonction du rapport des temps de relaxa-
tion en pression et en vitesse. Afin que ces équilibres transparaissent dans le schéma numérique
construit, il nous semble primordial de baser ce dernier sur une ré-écriture du système de Baer-
Nunziato isentropique en variables : [

U
∆

]
=

[
[m1, m, mU]T[
∆u,∆p

]T

]
,

m = m1 +m2, mU = m1u1 +m2u2.

(5.141)

Dans cette ré-écriture, seules les EDP associées à la variable∆ sont soumises à des effets de relaxa-
tion. Ayant au préalable gelé les contributions en U et ∂x U dans les équations associées à ∆, les
idées de Bereux-Sainsaulieu pourrait être appliquées à ce sous-système. On obtiendrait alors un
système d’EDO en temps associées à la moyenne spatiale de∆ autour d’une face du maillage. Pour
des temps de relaxation très petits devant les échelles de temps liées à la convection, ce système
d’EDO projetterait la moyenne de ∆ sur les équilibres attendus.

On pourrait alors s’intéresser au système conservatif associé à la variable U après avoir gelé,
à l’aide des valeurs actualisées par le système d’EDO précédent, les contributions en ∆ présentes
dans le flux de cet autre sous-système. Sous-réserve d’hyperbolicité, on pourrait alors essayer de
construire une solution exacte au problème de Riemann défini à une face du maillage. Pour des
temps de relaxation très courts, l’idée serait de construire un schéma de Godunov associé à la
variable U au sein duquel les contributions en variables ∆ joueraient le rôle de loi de fermeture.
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Annexe A

Équilibres convection-source pour le
système Baer-Nunziato isentropique avec
relaxation pression-vitesse

Le cadre de travail de cette annexe est la version isentropique d’un modèle de type Baer-
Nunziato avec relaxation en pression-vitesse. Un tel modèle est présenté en (4.2). Dans ce sys-
tème, l’expression des termes sources reste volontairement générale. Dans le jeu de variable U =
[α1, m1, m1u1, m2, m2u2]T, les effets de relaxation en pression et en vitesse s’écrivent en effet
comme suit : [

− K̃p

τp
∆p/pref, 0, K̃u

τu
ρref∆u, 0, − K̃u

τu
ρref∆u

]T
. (A.1)

Dans (A.1), τp et τu représentent des échelles de temps de relaxation qui sont a priori supposées
très petites devant celles construites à partir des valeurs propres de la partie convective du sys-
tème. Par ailleurs les co-facteurs K̃p et K̃u sont des termes en O(1) vis à vis des temps de relaxation.

Cette annexe se focalise principalement sur l’obtention de relations d’équilibre entre les termes
sources algébriques de relaxation et certains gradients spatiaux liés à la convection. Pour cela, une
ré-écriture du système est nécessaire. Elle s’appuie sur le jeu de variables

V = [
α1, P, U,∆u,∆p

]T , (A.2)

où P et U sont respectivement une pression et une vitesse de mélange du système. La construc-
tion des équilibres convection-source se base sur un développement de type Chapman-Enskog
impliquant un rescaling des variables de relaxation. Une multitude d’équilibres peut alors être
construite suivant la valeur du rapport τp/τu.

Par la suite une étude plus approfondie est menée lorsque les relations d’équilibre de la confi-
guration τp/τu = O(1) sont “injectées” au sein de la matrice Jacobienne de convection. L’hyperbo-
licité, les valeurs propres ainsi que la structure des champs dans la limite∆u → 0,∆p → 0 sont no-
tamment étudiées. On met alors en évidence l’existence d’une nouvelle célérité, cstar, dont l’ordre
de grandeur est supérieur à la célérité de Wood propre aux mélanges diphasiques. Cette nouvelle
célérité est reliée à la propagation des ondes non-linéaires de faible amplitude des variables de
relaxation.

Cette annexe se termine par une dernière ré-écriture du système en variables

Z = [
m1, m, mU,∆u,∆p

]T . (A.3)

Ce choix est motivé par un objectif de construction d’un schéma numérique qui intégrerait les
relations d’équilibre convection-source établies dans cette annexe dans le flux numérique lié aux
variables conservatives U = [m1, m, mU].
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Annexe A. Équilibres convection-source pour le système Baer-Nunziato isentropique avec
relaxation pression-vitesse

A.1 Re-writing of the system in equilibrium-relaxation variables

As previously introduced, consider the vector of conservative variables related to the isentropic
Baer-Nunziato system (4.14): U = [α1, m1, m1u1, m2, m2u2]T. It belongs to the phase-space ΦC

defined by:
ΦC = {

U ∈R5, s. t. α1 ∈]0, 1[, m1 > 0, m2 > 0
}

. (A.4)

Let us introduce the change of variable involving the non-conservative mixture variables com-
pleted by the velocity and pressure differences:

U → V (U) =


α1

U
P
∆u
∆p

 , (A.5)

with, 

α2 = 1−α1,
m = m1 +m2,
m U = m1u1 +m2u2,

P = α1 p1

(
m1
α1

)
+α2 p2

(
m2
α2

)
,

∆u = m2u2
m2

− m1u1
m1

,

∆p = p2

(
m2
α2

)
−p1

(
m1
α1

)
.

(A.6)

Remark A.1.1 (Admissibility of the change of variable U → V (U))
The change of variable (A.5) is admissible in the sense that,

∀U ∈ΦC , det(∂U V) = c2
1 c2

2

α1α2

1

m1 m2
> 0, (A.7)

and,
ΦC 7−→ V

(
ΦC

)
U → V (U)

(A.8)

is bijective.

Proof 10
The derivation of the determinant results from classical manipulations on the differentials d(U),
d(P), d(∆u) and d(∆p). Let us show that function (A.8) is injective. Assume that there exist two
states U− and U+ ofΦC such that V (U−) = V

(
U+)

. Thus, ∀k ∈ {1, 2} , α−k = α+k . Besides one can write:

p1 = P−α2∆p,

p2 = P+α1∆p.
(A.9)

Then,

p1

(
m+

1

α+1

)
= P+−α+2 ∆p+ = P−−α−2 ∆p− = p1

(
m−

1

α−1

)
= p1

(
m−

1

α+1

)
. (A.10)

Recall that according to the EOS properties written in (4.4), ρk → pEOS
k

(
ρk

)
is bijective from R+ to

R+. One can deduce that m+
1 = m−

1 and m+
2 = m−

2 . Finally, one can notice that,

m1u1 = m1 U− m1 m2

m
∆u,

m2u2 = m2 U+ m1 m2

m
∆u,

(A.11)

from which one obtains (m1u1)+ = (m1u1)− and (m2u2)+ = (m2u2)−.
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A.1. Re-writing of the system in equilibrium-relaxation variables

In the following the isentropic Baer-Nunziato system (4.14) is rewritten using the new set of vari-
ables V. Let us first re-write the isentropic Baer-Nunziatio system using the non-conservative set
of variables W = [

α1, u1, p1, u2, p2
]T. For smooth solutions, it reads ∀k ∈ {1, 2}:

∂t αk + uI∂x αk = (−1)k Kp∆p,

∂t uk + uk ∂x uk + τk ∂x pk + pk−pI

mk
∂x αk = (−1)k+1 Ku

mk
∆u,

∂t pk + uk ∂x pk + Ck ∂x uk + Ck
αk

(uk −uI) ∂x αk = (−1)k+1 Kp
Ck
αk
∆p.

(A.12)

Recall that Ck is equal to ρk c2
k and that closure laws are such that uI = u2, pI = p1. What is more,

define Yk = mk /m.
The PDEs of U, P,∆u and∆p are obtained by manipulating system (A.12) and using the differ-

ential relations written below:

∂x Y1 = Wα∂x α1 +WP ∂x P+W∆p ∂x ∆p, (A.13)

with, 

Wα = Y1Y2

[
1

α1α2
+∆p

(
1

C1
− 1

C2

)]
,

WP = Y1Y2

(
1

C1
− 1

C2

)
,

W∆p = Y1Y2

(
α2

C1
+ α1

C2

)
.

(A.14)



∂x p1 = ∂x P+∆p ∂x α1 −α2∂x ∆p,

∂x p2 = ∂x P+∆p ∂x α1 +α1∂x ∆p,

∂x u1 = ∂x U+∆u∂x Y1 −Y2∂x ∆u,

∂x u2 = ∂x U+∆u∂x Y1 +Y1∂x ∆u.

(A.15)

After tedious calculations, the isentropic Baer-Nunziato system, expressed in variable V, reads:

∂t V + C (V) ∂x V = G (V) , (A.16)

the Jacobian matrix C (V) being equal to,


U+Y1∆u 0 0 0 0
ωU,α1 (∆u)2 U 1

m

(
1+ωU,P (∆u)2

)
2Y1Y2∆u ωU,∆p (∆u)2

ωP,α1 ∆u α1C1 +α2C2 U+ωP,P∆u ωP,∆u ωP,∆p ∆u
Wα (∆u)2 +ω∆u,α1 ∆p ∆u WP (∆u)2 +τ2 −τ1 U+ω∆u,∆u∆u α2τ1 +α1τ2 +W∆p (∆u)2

ω∆p,α1 ∆u C2 −C1 ω∆p,P∆u Y2C1 +Y1C2 U+ω∆p,∆p ∆u

 ,

(A.17)
with, 

ωU,α1 = Y1Y2

[(
Y2

C1
+ Y1

C2

)
∆p +

(
Y2

α1
− Y1

α2

)]
,

ωU,P = mY1Y2

[
Y2

C1
+ Y1

C2

]
,

ωU,∆p =−Y1Y2

[
Y2α2

C1
− Y1α1

C2

]
,

(A.18)



ωP,α1 =−[
α1∆p +C1 − (α1C1 +α2C2)Wα

]
,

ωP,P =−α1Y2 +α2Y1 + (α1C1 +α2C2)WP,

ωP,∆u =− [Y2(α1C1)−Y1(α2C2)] ,

ωP,∆p = α1α2 + (α1C1 +α2C2)W∆p ,

(A.19)
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Annexe A. Équilibres convection-source pour le système Baer-Nunziato isentropique avec
relaxation pression-vitesse  ω∆u,α1 =−

(
1

m2
+τ1 −τ2

)
,

ω∆u,∆u = (2Y1 −1) ,
(A.20)


ω∆p,α1 =∆p + C1

α1
+ (C2 −C1)Wα,

ω∆p,P = 1+ (C2 −C1)WP,

ω∆p,∆p =−α2Y2 +α1Y1 + (C2 −C1)W∆p ,

(A.21)

and,

G =


−Kp∆p

0
Kp

(
∆p − (C2 −C1)

)
∆p

−Ku
m

m1m2
∆u

−Kp

(
C1
α1

+ C2
α2

)
∆p

 . (A.22)

Let us notice that the coefficients ωX,Y are zeroth-order term with respect to ∆u or ∆p. Inside the
Jacobian matrix (A.17), most of those terms are multiplied by these relaxation variables. Thus, the
remaining zeroth-order terms with respect to ∆u, ∆p in (A.17) have been highlighted in green.

In the next section, formal Chapman-Enskog expansions on the relaxation-variable equations
are performed so that to deduce important information about the conversion of algebraic relax-
ation source terms into spatial gradients at equilibrium.

A.2 Conversion of algebraic source terms into spatial gradients

The expressions of relaxation source term cofactors Ku and Kp are not specified in this section.
Following formulas given in (4.11b) and (4.13b), one can rewrite them as:

Kp = K̃p

τp pref
, Ku = K̃u

τu
ρref. (A.23)

Recall that, τp (respectively τu) is a pressure (respectively a velocity) relaxation time-scale. What
is more, pref (respectively ρref) is a reference pressure (respectively a reference density). Finally
K̃p and K̃u are non-specified non-dimensional cofactors tending towards zero as α1 tends towards
zero or one. Let us also stress that both K̃p and K̃u are O(1) with respect to τp and τu. In many works
[1, 2, 5], the pressure relaxation process is assumed to be much faster than the velocity relaxation.
As a result, τp ¿ τu is generally imposed when performing the derivation of an asymptotic equilib-
rium sub-system. In this work, no assumption is made a priori about the order of τp/τu. Indeed,
leaning on the work of Gavrilyuk [6], a large variety of physical phenomena can influence the pres-
sure relaxation time-scale. Besides, the order of magnitude of each of them depends on external
parameters as well as flow configurations. Hence, one could assume the existence of two-phase
flow patterns such that τp ≈ τu.

In order to preserve symmetry between pressure and velocity relaxation time-scales, let us
introduce τ, ηp, ηu such that:

τ= min
(
τp, τu

)
, ηp = τ

τp
, ηu = τ

τu
. (A.24)

Similarly to chapter 4 and chapter 5, stiff hyperbolic relaxation systems are considered herein.
Thus, τ¿ τconv, where τconv is a time-scale based on the eigenvalues of the convective Jacobian
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A.2. Conversion of algebraic source terms into spatial gradients

matrix. Hence, three different sub-regimes can be identified in the limit τ→ 0:

ηp

ηu
≈ 1 ⇔ τp ≈ τu, (A.25a)

ηp

ηu
À 1 ⇔ τp ¿ τu, τ= τp, (A.25b)

ηp

ηu
¿ 1 ⇔ τp À τu, τ= τu. (A.25c)

In the first case, pressure and velocity relaxation processes occur at the same rate. The formal
equilibrium model is made of a single pressure and a single velocity. Starting from seven-equation
models, the work of Kapila et al. [7, 8] describes a five-equation model resulting from successive
velocity-pressure asymptotic relaxations. Let us also mention the work of Kreeft and Koren [10]
which provides a new conservative formulation of the above five-equation model.

In the formal asymptotic sub-regime (A.25b), both phases should be endowed with the same
pressure and two distinct velocities. Such a configuration might be associated with two-fluid
single-pressure models. It is known that those models lack of good mathematical properties. In-
deed, the eigenvalues of their Jacobian matrix may take complex values and thus threaten the
hyperbolicity of the system at stake.

Eventually, in the limit of sub-regime (A.25c), both phases have the same velocity but different
pressures. As a consequence, this configuration might correspond to two-fluid two-pressure six-
equation models as the one proposed by Saurel et al. [15].

In the sequel, a formal Chapman-Enskog expansion is applied to the relaxation-variable equa-
tions (A.16), (A.17). Considering state values close to the equilibrium manifold,{

V ∈R5, s. t. ∆u = 0, ∆p = 0
}

, (A.26)

the relaxation variables are reformulated as:{
∆u = 0+τu∆u′+O(τ2

u),

∆p = 0+τp∆p ′+O(τ2
p).

(A.27)

What is more, the remaining equilibrium variables α1, U and P are supposed to contain a zeroth-
order contribution with respect to max

(
τu, τp

)
. Thus, no expansion in powers of τu or τp is intro-

duced for these variables. We now try to identify the terms of similar order of magnitude in the
relaxation-variable equations according to the different asymptotic regimes presented in (A.25).

A.2.1 Equilibrium in the case: τp ≈ τu

When the above re-scaling is injected into the equations of∆u and∆p, one can identify differ-
ential and algebraic expressions weighted by ηp/τ or ηu/τ. If one keeps only these leading-order
terms, one can extract two equilibrium relations namely:

−Ku
m

m1m2
∆u = (τ2 −τ1)∂x P, (A.28a)

−Kp

(
C1

α1
+ C2

α2

)
∆p = (C2 −C1)∂x U. (A.28b)

Equilibrium (A.28a) says that velocity relaxation acts actually as a mixture pressure gradient weighted
by the specific volume difference of both phases. On the contrary, pressure relaxation effects can
be related to the gradient of a velocity mixture balanced by the difference C2 −C1. One can men-
tion that the equilibrium relations (A.28) have already been obtained in [12, 13] by performing the
same simultaneous pressure-velocity relaxation assumption. The trace of these equilibriums is
also present in the single-velocity and single-pressure five-equation model derived in [8] and [11]
where pressure and velocity relaxations are performed successively.
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Annexe A. Équilibres convection-source pour le système Baer-Nunziato isentropique avec
relaxation pression-vitesse

A.2.2 Equilibrium in the case: τp ¿ τu

In this sub-regime three additional contributions can be added into equality (A.28b) if it is
assumed that τu/τp = O(1/τp) with τp → 0. The new pressure equilibrium then reads:

−Ku
m

m1m2
∆u = (τ2 −τ1)∂x P, (A.29a)

−Kp

(
C1

α1
+ C2

α2

)
∆p = (C2 −C1)∂x U+ω∆p,P∆u∂x P+ ω̂∆p,α1 ∆u∂x α1 + [Y2C1 +Y1C2] ∂x ∆u,

(A.29b)

with, 
ω∆p,P = 1+ (C2 −C1)WP,

ω̂∆p,α1 =
C1

α1
+ (C2 −C1)

Y1 Y2

α1α2
.

(A.30)

One can notice that τu/τp = O(1/τp) is equivalent to τu = O(1). Thus, the stiffness of the velocity
relaxation process might vanish. If it is the case, equality (A.29a) does not hold anymore.

A.2.3 Equilibrium in the case: τp À τu

Supposing that τp/τu = O(1/τu) with τu → 0, The equilibrium relation (A.28a) is completed by
the differential terms weighted by τp/τu. It gives:

−Ku
m

m1m2
∆u = (τ2 −τ1)∂x P+ [α2τ1 +α1τ2]∂x ∆p +ω∆u,α1∆p ∂x α1, (A.31a)

−Kp

(
C1

α1
+ C2

α2

)
∆p = (C2 −C1)∂x U, (A.31b)

with,

ω∆u,α1 =−
(

1

m2
+τ1 −τ2

)
. (A.32)

Once again, τp/τu = O(1/τu) is equivalent to τp = O(1). Thus, the stiffness of the pressure relax-
ation process might vanish. If it is the case, equality (A.31b) does no longer hold.

A.2.4 Global equilibrium formulation

It is possible to summarize relations (A.28), (A.29) and (A.31) in a more compact form. Indeed,
consider a smooth (at least continuous) function Φ :R+ → [0, 1] such that ∀X ∈R+:

Φ(X) =
{

1 if X ¿ 1 (→ 0),

0 if X ∈ [1, +∞[.
(A.33)

Then, the equilibriums can be formally rewritten as:

−Ku
m

m1m2
∆u = (τ2 −τ1)∂x P+Φ

(
τu

τp

)(
[α2τ1 +α1τ2]∂x ∆p +ω∆u,α1∆p ∂x α1

)
,

−Kp

(
C1

α1
+ C2

α2

)
∆p = (C2 −C1)∂x U

+Φ
(
τp

τu

)(
ω∆p,P∆u∂x P+ ω̂∆p,α1 ∆u∂x α1 + [Y2C1 +Y1C2]∂x ∆u

)
.

(A.34)

The above section has allowed to define three different relaxation sub-regimes. For each of
them, one can turn the algebraic source terms into first-order differential expressions. Therefore,
at equilibrium, relaxation acts as a sum of gradients which can be integrated into the initial Ja-
cobian matrix of the isentropic Baer-Nunziato system. In the following, attention is paid to the
influence of those new gradients in terms of hyperbolicity for the asymptotic system obtained un-
der the sub-regime τp ≈ τu, τ→ 0.
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A.3. Isentropic Baer-Nunziato system at equilibrium

A.3 Isentropic Baer-Nunziato system at equilibrium

Formulas (A.28) are now injected into system (A.16). Let us define the pressure Peq as:

Peq = C1

α1
+ C2

α2
. (A.35)

For smooth solutions, the resulting system reads:

∂t V + Ceq (V) ∂x V = Geq (W) , (A.36)

with Ceq:
U+Y1∆u −C2−C1

Peq 0 0 0
ωU,α1 (∆u)2 U 1

m

(
1+ωU,P (∆u)2

)
2Y1Y2∆u ωU,∆p (∆u)2

ωP,α1 ∆u m c2
w U+ωP,P∆u ωP,∆u ωP,∆p ∆u

Wα (∆u)2 +ω∆u,α1 ∆p ∆u WP (∆u)2 +0 U+ω∆u,∆u∆u α2τ1 +α1τ2 +W∆p (∆u)2

ω∆p,α1 ∆u 0 ω∆p,P∆u Y2C1 +Y1C2 U+ω∆p,∆p ∆u

 ,

(A.37)
and,

Geq =


0
0

Kp
(
∆p

)2

0
0

 . (A.38)

In matrix (A.37), the coefficients written in red result from the injection of the pressure equilibrium
relation (A.28b) into the Jacobian matrix while the blue coefficients refer to the injection of the ve-
locity equilibrium (A.28a). As already observed in [8, 11, 13, 14], the pressure relaxation source
term provides an additional non-conservative term − (C2 −C1)/Peq∂x U in the equation of α1. Be-
sides, the Wood [17] or Wallis [16] celerity pops up in the equation of P. Recall that it is defined
as:

1

mc2
w
= α1

C1
+ α2

C2
. (A.39)

It replaces the initial frozen celerity m c2
froz = α1 C1 +α2 C2. In Figure A.1, the Wood celerity (red

curve) and the frozen celerity (green curve) are displayed as a function of α1 for thermodynamical
parameters corresponding to saturated liquid and vapor phases. One can also notice that the
integration of relations (A.34) in the relaxation variables dynamics allows to remove two zeroth-
order terms with respect to ∆u and ∆p.

In many works dealing with the derivation of reduced equation models stemming from two-
phase hyperbolic systems with relaxation, the relaxation-variable equations are in the end dis-
carded and replaced by algebraic equilibrium relations. Following [3], in the present work, we
conjecture that it is important for the accuracy of the numerical method to capture the dynamics
of the relaxation variables whatever the stiffness of the relaxation time-scales is. Therefore, in the
sub-regime τu ≈ τp, τ→ 0, it is assumed that even if the amplitudes of ∆u and ∆p vanish almost
immediately towards zero, the dynamics of these variables can be potentially crossed by fast non-
linear waves. As a result, the gradients ∂x ∆u and ∂x ∆p are not dropped off, and the asymptotic
Jacobian is still a matrix belonging to R5×5.

A.3.1 Asymptotic Jacobian matrix

In the limit ∆u → 0 and ∆p → 0, the convection matrix Ceq can be simplified as:

Ceq

∆→0
=


U −C2−C1

Peq 0 0 0
0 U 1

m 0 0
0 m c2

w U ωP,∆u 0
0 0 0 U α2τ1 +α1τ2

0 0 0 Y2C1 +Y1C2 U

 . (A.40)
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It can be observed that the injection of relations (A.28) into the relaxation-variable dynamics al-
lows to obtain an asymptotic Jacobian matrix that is block upper triangular. The dynamics of
∆u and ∆p do no longer depend on ∂x α1, ∂x U and ∂x P. Besides, the dynamics of the equilibrium
variables is only coupled with the relaxation-variable equations through the termωP,∆u ∂x ∆u. The
simple stucture of the above asymptotic matrix (A.40) allows to derive its eigenvalues as well as its
fields composition. The eigenvalues are:

λ
eq
1 = U, λeq

2 = U+ cw, λeq
3 = U− cw, λeq

4 = U+ cstar, λeq
5 = U− cstar, (A.41)

with,
c2

star = (α2τ1 +α1τ2)× (Y2C1 +Y1C2) = α2c2
1 +α1c2

2 . (A.42)

One can point out that the first three eigenvalues are related to the block of equilibrium variables.
They have already been found in [8]. However the emergence of cstar results from the fact that the
relaxation variable dynamics has been maintained in the asymptotic approach. To the best of our
knowledge cstar is a new celerity associated with the relaxation variables.

In Figure A.1, a comparison between the frozen celerity cfroz, the Wood celerity cw and the new
celerity cstar seen as functions of α1 is conducted. For this purpose the phase 1 (respectively the
phase 2) is assimilated to a saturated vapor phase (respectively a saturated liquid phase) whose
density ρsat

vap(psat), ρsat
liq (psat) and sound speed csat

vap(psat) and csat
liq (psat) are given in Table A.1.

Pressure (bar) Density (kg .m−3) Sound speed (m.s−1)
Phase 1 psat = 50 ρsat

vap = 25.351 csat
vap = 498.043

Phase 2 psat = 50 ρsat
liq = 777.369 csat

liq = 1087.810

Table A.1 – Phase densities and celerities
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Figure A.1 – Celerity comparison for saturated liquid and vapor phases

As already observed [4, 16, 17], the expression of the Wood celerity allows to retrieve a property
measured experimentally [9]: the value of sound speed in liquid-vapor mixtures is lower than both
liquid or vapor sound speeds. Such a feature is not shared by cfroz and cstar. However recall that
cstar is related to the relaxation variable waves which have to be distinguished from the mixture
pressure acoustic waves.

Besides, cstar displays a rather surprising behavior which is quite different from cw or cstar. In-
deed, when one of the phases vanishes, cstar takes the value of the vanishing phase celerity. One
can notably observe that for a wide range of α1, cstar takes higher values than cw. Consequently,
even if the amplitude of the relaxation variables ∆u and ∆p is close to zero, their dynamics trig-
gers waves that propagate considerably faster than the waves linked to the equilibrium-variable
dynamics.
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A.4. Re-writing of the system using conserved-mixture variables and relaxation variables

The following subsection is dedicated to a brief study of the fields related to the asymptotic
Jacobian matrix Ceq

∆→0
.

A.3.2 Fields structure

The eigenvectors related to the equilibrium variables can be calculated easily and write:

rU±cw
=


−C2−C1

Peq

±cw

m c2
w

0
0

 , rU =


1
0
0
0
0

 . (A.43)

Thus, ∇ (U± cw) · rU±cw
6= 0 and ∇ (U±) · rU = 0. Thus, the fields related to

{
U± cw, rU±cw

}
are gen-

uinely non-linear while the one associated with
{
U, rU

}
is linearly degenerate.

In the case of the relaxation eigenvalues {U± cstar}, the effect of the coupling term ωP,∆u ∂x ∆u
can be measured through the complexity of the expression of rU±cstar

. Indeed, if cw 6= cstar:

rU±cstar
=



1
m (c2

w−c2
star)

C2−C1
Peq ωP,∆u

∓ cstar

m (c2
w−c2

star)
ωP,∆u

− c2
star

(c2
w−c2

star)
ωP,∆u

cstar

±ρ1ρ2

m c2
star

 . (A.44)

In that case the field
{

U± cstar, rU±cstar

}
is a priori genuinely non-linear. What is more, the set{

rU±cw
, rU, rU±cstar

}
maps R5 and the asymptotic system

∂t V + Ceq
∆→0

(V) ∂x V = 0, (A.45)

is hyperbolic. However, a new resonant configuration comes up when cw = cstar. Indeed, in this
specific case, rU±cw

= rU±cstar
and the set of eigenvectors only maps R3.

The following section is dedicated to another re-writing of the isentropic Baer-Nunziato model.
When discretized numerically, the new set of equations will potentially allow to take into account
the equilibrium relations obtained in (A.34) while guaranteeing the conservativity of mixture vari-
ables.

A.4 Re-writing of the system using conserved-mixture variables and re-
laxation variables

Let us define the new set of variables Z composed of three conservative quantities completed
by velocity and pressure differences:

U → Z (U) =


m1

m
mU
∆u
∆p

 . (A.46)

Remark A.4.1 (Admissibility of the change of variable U → Z (U))
The change of variable (A.46) is admissible in the sense that,

∀U ∈ΦC , det(∂U Z) =−
(

C2

α2
+ C1

α1

)
×

(
1

m1
+ 1

m2

)
< 0, (A.47)
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and,
ΦC 7−→ Z

(
ΦC

)
U → Z (U)

(A.48)

is bijective.

Proof 11
Consider U+ and U− such that Z(U+) = Z(U−). Equalities related to the first and the second compo-
nents of Z give ∀k ∈ {1, 2} : m+

k = m−
k . By using formulas (A.11) and the fact that ∆u+ = ∆u−, one

also obtains (mk uk )+ = (mk uk )−. Finally, since the function α1 → p2

(
m2

1−α1

)
− p1

(
m1
α1

)
is bijective

(strictly increasing from ]0, 1[ to R):

∆p+ =∆p− ⇔ p2

(
m+

2

1−α+1

)
−p1

(
m+

1

α+1

)
= p2

(
m+

2

1−α−1

)
−p1

(
m+

1

α−1

)
⇔ α+1 = α−1 .

(A.49)

As mentioned in the proof, provided that m1 > 0, m > 0 and ∆p are given, the variable α1 is
always implicitly defined, by:

p2

(
m2

1−α1

)
−p1

(
m1

α1

)
=∆p. (A.50)

In the sequel the isentropic version of the Baer-Nunziato system with pressure and velocity relax-
ations is rewritten using the new set of variables Z. Let us split this vector between the conservative
mixture variables and the relaxation variables:

Z =
[
U
∆

]
=

[
[m1, m, mU]T[
∆u,∆p

]T

]
. (A.51)

The subsystem related to U is conservative by definition and reads:

∂t U +∂x F (U ,∆) = 0, (A.52)

with,

F (U ,∆) =
 m1u1

mU
m1 (u1)2 +m2 (u2)2 +α1 p1 +α2 p2



=

 Y1 (mU− (m −m1)∆u)
mU

m U2 +Y1 (m −m1) (∆u)2 +α1 p1

(
m1
α1

)
+ (1−α1) p2

(
m−m1
1−α1

)
 .

(A.53)

After tedious calculations and in the case of smooth solutions, the PDEs verified by the relaxation
variable vector ∆ is given by:

∂t ∆ + C
∆,U

∂x U + C
∆,∆

∂x ∆ =

 −Ku
m

m1m2
∆u

−Kp

(
C1
α1

+ C2
α2

)
∆p

 , (A.54)

with,

C
∆,U

=
[
ω∆u,m1 ω∆u,m

∆u
m

ω∆p,m1 −u2
C2−C1

m
C2−C1

m

]
, C

∆,∆
=

[
U+ (2Y1 −1)∆u ω∆u,∆p

Y1 C2 +Y2 C1 u2

]
, (A.55)

and, 

ω∆u,m1 =
(∆u)2

m
− (τ2 −τ1)2 mc2

w − ∆p

m2

c2
star

α1α2Peq ,

ω∆u,m =−u2
∆u

m
+τ2 (τ2 −τ1)mc2

w + ∆p

m2

c2
2

α2Peq ,

ω∆p,m1 =∆u

(
C2 −C1

m
− (τ2 −τ1)mc2

w + C1

α1

c2
star

α1α2Peq

)
,

ω∆u,∆p = 1

α1α2Peq

[
c2

star −
α1

ρ2
∆p

]
.

(A.56)
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