❈❤❛♣t❡r ✸ ❆♣♣r♦❛❝❤ ❚❤❡ ❙✉❞♦❝ ✶ ❤❛s ❜❡❡♥ ❛ ❋r❡♥❝❤ ❝♦••❡❝t✐✈❡ ❝❛t❛•♦❣ ♠❛♥❛❣❡❞ ❜② ❆❇❊❙ ✭❋r❡♥❝❤ ❇✐❜✲ •✐♦❣r❛♣❤✐❝ ❆❣❡♥❝② ❢♦r ❍✐❣❤❡r ❊❞✉❝❛t✐♦♥✮ s✐♥❝❡ ✷✵✵✶✳ ■t ❝♦♥t❛✐♥s ❛r♦✉♥❞ ✶✵ ♠✐•✲ •✐♦♥ ❞♦❝✉♠❡♥t ❞❡s❝r✐♣t✐♦♥s ✭❝❛••❡❞ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✮ ❛♥❞ ♣❡rs♦♥ ❞❡s❝r✐♣t✐♦♥s ✭❝❛••❡❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡s✮✳ ❇✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❛r❡ •✐♥❦❡❞ t♦ s♦♠❡ ❛✉t❤♦r✐t② ♥♦✲ t✐❝❡s ❜② •✐♥❦s✳ ❚❤♦s❡ •✐♥❦s r❡♣r❡s❡♥t t❤❡ ❢❛❝t t❤❛t ❛ ♣❡rs♦♥ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ ❛ ❞♦❝✉♠❡♥t✱ ❛s ❛♥ ❛✉t❤♦r ♦r ✐••✉str❛t♦r ❢♦r ❡①❛♠♣•❡✳ ❙✉❞♦❝ ♥♦t✐♦♥s ✇✐•• ❜❡ ❞❡t❛✐•❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ✇✐•• ❞❡t❛✐• t❤❡ r❡❛•✲✇♦r•❞ ♣r♦❜•❡♠ ❢♦r •✐❜r❛r✐❛♥s ✉s✐♥❣ ❙✉❞♦❝ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❚❤❡♥ ✇❡ ✇✐•• ♣r♦♣♦s❡ ♦✉r ❛♣♣r♦❛❝❤ t♦ s♦•✈❡ t❤✐s ♣r♦❜•❡♠ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳
✸✳✶ ■ss✉❡ ✐♥ ❙✉❞♦❝ ❊✈❡r②t❤✐♥❣ st❛rts ✇✐t❤ ❛ •✐❜r❛r✐❛♥ ✇❤♦ ❤❛s ❛ ❜♦♦❦ ♦♥ ❤✐s t❛❜•❡✱ ❛♥❞ ♠✉st r❡❢❡r❡♥❝❡ ✐t ✐♥ t❤❡ ❙✉❞♦❝ ❞❛t❛❜❛s❡✳ ■♥❞❡❡❞✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❛s❦s ❢♦r ❆❇❊❙ ❡①♣❡rts ✐s t♦ r❡❢❡r❡♥❝❡ ❛ ♥❡✇ ❜♦♦❦ ✐♥ ❙✉❞♦❝✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡ ❡①♣❡rt ❤❛s t♦ r❡❣✐st❡r ✐ts t✐t 

•❡✱ ♥✉♠❜❡r ♦❢ ♣❛❣❡s✱ t②♣❡ ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥s✱ •❛♥❣✉❛❣❡✱ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✱ ❛♥❞ s♦ ♦♥✱ ✐♥ ❛ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡✳ ❚❤✐s ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ r❡♣r❡s❡♥ts t❤❡ ♣❤②s✐❝❛• ❜♦♦❦ t❤❛t t❤❡ •✐❜r❛r✐❛♥ ✐s r❡❣✐st❡r✐♥❣✳ ✭❙✮❤❡ ❛•s♦ ❤❛s t♦ r❡❣✐st❡r t❤❡ ♣❡rs♦♥s ✇❤♦ ♣❛rt✐❝✐♣❛t❡❞ ✐♥ t❤❡ ❜♦♦❦✬s ❝r❡❛t✐♦♥ ✭♥❛♠❡•② t❤❡ ❝♦♥tr✐❜✉t♦rs✱ ✇❤✐❝❤ ✐♥❝•✉❞❡s ❛✉t❤♦rs✱ ✐••✉str❛t♦rs✱ tr❛♥s•❛t♦rs✱ t❤❡s✐s ❛❞✈✐s♦r ❛♥❞ s♦ ♦♥✮✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ❢♦r ❡❛❝❤ ❝♦♥tr✐❜✉t♦r✱ ✭s✮❤❡ s❡•❡❝ts ❡✈❡r② ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭♥❛♠❡❞ ❝❛♥❞✐❞❛t❡s✮ t❤❛t ❤❛s ❛ ♥❛♠❡ ❛♥❞ s✉r♥❛♠❡ ✭❝❛••❡❞ ❛♣♣❡••❛t✐♦♥✮ s✐♠✐•❛r t♦ t❤❡ ❜♦♦❦ ❝♦♥tr✐❜✉t♦r✳ ❯♥❢♦rt✉♥❛t❡•②✱ t❤❡r❡ ✐s ♥♦t ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❜❡❝❛✉s❡ t❤❡ •✐❜r❛r✐❛♥s✬ ♣♦•✐❝② ✐s t♦ ❣✐✈❡ ♠✐♥✐♠❛• ✐♥❢♦r♠❛t✐♦♥✱ s♦•❡•② ✐♥ ♦r❞❡r t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❛✉t❤♦r✐t② ♥♦t✐❝❡s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ❛♣♣❡••❛t✐♦♥✱ ❛♥❞ ♥♦t❤✐♥❣ ♠♦r❡✳ ❙♦ t❤❡ •✐❜r❛r✐❛♥ ❤❛s t♦ •♦♦❦ ❛t t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s t❤❛t ❛r❡ •✐♥❦❡❞ t♦ ✶ ❆ ♣✉❜•✐❝ ❛✉❞✐❡♥❝❡ ✈❡rs✐♦♥ ♦❢ ❙✉❞♦❝ ✐s ❛✈❛✐•❛❜•❡ ♦♥
N b✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ N b i t♦ r❡❢❡r t♦ t❤❡ i ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡✳ ❆ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❝♦♥t❛✐♥s s❡✈❡r❛• ❛ttr✐❜✉t❡s✿ t❤❡ ✉♥✐q✉❡ ✐❞❡♥t✐✜❡r ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭♣♣♥✮✱ t❤❡ t✐t•❡✱t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✱ t❤❡ •✐st ♦❢ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s ❛♥❞ t❤❡ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡ ❝♦❞❡s✳ ▲❡t ✉s ❡①♣•❛✐♥ t❤❡s❡ ❝♦❞❡s ❜❡❢♦r❡ ❣✐✈✐♥❣ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❊①❛♠♣•❡✳ ❚❤❡ •❛♥❣✉❛❣❡ ❝♦❞❡s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ •❡tt❡rs✱ t❤✐s r❡❢❡rs t♦ ❛ s✐♥❣•❡ •❛♥✲ ❣✉❛❣❡✱ •✐❦❡ ✏❡♥❣✑ ❢♦r ❊♥❣•✐s❤ •❛♥❣✉❛❣❡✳ ❚❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦❞❡s ♦❢ |❛♠❡❛✉ ❦❡②✲✇♦r❞s✳ |❛♠❡❛✉ ✐s ❛♥ ✐♥❞❡①✐♥❣ •❛♥❣✉❛❣❡ ✉s❡❞ t♦ ❛♥♥♦t❛t❡ t❤❡❵❞♦❝✉♠❡♥t ❞❡s❝r✐♣t✐♦♥s ♦❢ ❋r❡♥❝❤ •✐❜r❛r✐❡s ✶ ✳ ❉♦♠❛✐♥ ❝♦❞❡s ❛r❡ s✐♠♣•✐✜❡❞ t♦ ❦❡❡♣ ♦♥•② t❤❡ ❞♦♠❛✐♥ ✭❛s ✏✐♥❢♦r♠❛t✐❝s✑ ✐♥st❡❛❞ ♦❢ ✏❦♥♦✇•❡❞❣❡ r❡♣r❡s❡♥t❛t✐♦♥✑ ❢♦r ❡①❛♠♣•❡✮✳ ❚❤✐s s✐♠♣•✐✜❝❛t✐♦♥ ❝❛♥ ❡①♣•❛✐♥ t❤❡ ❞✐✛❡r✲ ❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞♦♠❛✐♥s ✐♥ t❤❡ ❙✉❞♦❝ ▼❆|❈ ✈❡rs✐♦♥ ❛♥❞ ✐♥ ♦✉r ❙✉❞♦❝ ❢♦r♠❛•✐③❛t✐♦♥✳ ■♥ ♦✉r ❢♦r♠❛•✐③❛t✐♦♥ ❛♥❞ |❉❋✭❙✮ ✈❡rs✐♦♥ ♦❢ ❙✉❞♦❝✱ t❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ❛r❡ ❛ str✐♥❣ ♦❢ ✸ ❞✐❣✐ts✳ ▲❡t ✉s s❡❡ ❛♥ ❡①❛♠♣•❡ ♦❢ t✇♦ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✳ ❊①❛♠♣•❡ ✽ ✭❆ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦
❛♥❞ N a 1 ✳ ❲❡ ❝❤♦♦s❡ t♦ s❡❡ ❙✉❞♦❝ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❢r♦♠ ❛ ❝♦♥tr✐❜✉t♦r✬s ✈✐❡✇ ♣♦✐♥t✳ ❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② r❡♣r❡s❡♥ts ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❢r♦♠ t❤❡ ✈✐❡✇ ♣♦✐♥t ♦❢ ♦♥❡ ♦❢ ✐ts ❝♦♥tr✐❜✉t♦rs✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛rt✐❝✉•❛r ❝♦♥tr✐❜✉t♦r ❝❛••❡❞ t❤❡ C ❝♦♥tr✐❜✲ ✉t♦r✳ ❚❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② k ✐s ❞❡♥♦t❡❞ N c k ✳ ❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② ❡①♣•✐❝✐t❛t❡s ❛ ❝♦♥tr✐❜✉t♦r •✐♥❦ ❢r♦♠ ❙✉❞♦❝✳ ❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② ♣♦ss❡ss❡s ❛•• t❤❡ ❛ttr✐❜✉t❡s ♦❢ ✐ts ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✭t✐t•❡✱ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡✱ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✱ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥✮✱ ❛♥❞ ✜✈❡ ♦t❤❡r ❛ttr✐❜✉t❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ C ❝♦♥tr✐❜✉t♦r✿ ❼ ❛♣♣❡••❛t✐♦♥s✿ t❤❡ ❛♣♣❡••❛t✐♦♥ •✐st ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t❤❛t r❡♣r❡s❡♥ts t❤❡ C ❝♦♥tr✐❜✉t♦r✳ ❼ r♦•❡✿ r♦•❡ ♦❢ t❤❡ C ❝♦♥tr✐❜✉t♦r✳ ❼ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs✿ t❤❡ •✐st ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ✇❤✐❝❤ r❡♣r❡s❡♥t ❛•• t❤❡ ❝♦♥tr✐❜✉t♦rs ♦❢ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❜✉t ♥♦t t❤❡ ❈ ❝♦♥tr✐❜✉t♦r✳ ❼ t❤❡ s♦✉r❝❡ •❛❜❡• ✐s ♣r❡s❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦
❼ ❞❛t❡ ♦❢ ❜✐rt❤✿ ✶✾❄❄ ▲❛t❡r✱ ✇❡ ✇✐•• ❞❡♥♦t❡✿ cc(N c i )✱ t❤❡ ❈ ❝♦♥tr✐❜✉t♦r ♦❢ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N c i ❀ N b(N c i )✱ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❢r♦♠ ✇❤✐❝❤ N c i ✇❛s ❝r❡❛t❡❞❀ ❛♥❞ N a(N c i )✱ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❢r♦♠ ✇❤✐❝❤ N c i ✇❛s ❝r❡❛t❡❞ ❛♥❞ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t❤❛t r❡♣r❡s❡♥ts cc(N c i )✳ ❚❤❡ ❊①❛♠♣•❡ ✶✶ ✐••✉str❛t❡s t❤❡s❡ ♥♦t❛t✐♦♥s✳ ❊①❛♠♣•❡ ✶✶ ✭❆♥ ❝♦♥t❡①t✉❛• ❡♥t✐t②✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N c 21 ❞❡✲ ✜♥❡❞ ✐♥ ❊①❛♠♣•❡ ✶✵✳ ❚❤✐s ❝♦♥t❡①t✉❛• ❡♥t✐t② ✇❛s ❝r❡❛t❡❞ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ r❡♣r❡s❡♥t✐♥❣ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ N b 11 ❛♥❞ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ N a 1 ✿ ❼ N a(N c 21 ) = N a 1 ✭N a 1 r❡♣r❡s❡♥ts cc(N c 21 )✮✱ ❼ N b(N c 21 ) = N b 11 ✱ ❛♥❞ ❼ sources(N a 1 ) = {N c 21 }✳ ✹✳✶✳✺ ■♥t❡r❡st✐♥❣ ❙✉❞♦❝ s✉❜s❡ts ❲❡ ❡①♣•❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥ ❤♦✇ ✇❡ ✈✐❡✇❡❞ ❙✉❞♦❝ ❞❛t❛ ❛s ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ▲❡t ✉s ♥♦✇ ❡①♣•❛✐♥ ❤♦✇ ✇❡ s❡•❡❝t t❤❡ r❡•❡✈❛♥t ❙✉❞♦❝ s✉❜s❡ts✳ ❋✐rst✱ ✇❡ s❡•❡❝t s♦♠❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣❡••❛t✐♦♥ ♦❢ t❤❡✐r ❛✉t❤♦r✐t② ♥♦t✐❝❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ C ❝♦♥tr✐❜✉t♦r✳ ❚♦ t❤✐s ❛✐♠✱ ❛♥ ❛♣♣❡••❛t✐♦♥ ✭❛♣♣❡••❛t✐♦♥ A✮ ✐s ✜rst ❝❤♦s❡♥ ✇❤❡♥ ✇♦r❦✐♥❣ ♦♥ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✭✏ ❈❤r✐st✐❡✱ ❆✳✑ ❢♦r ❡①❛♠♣•❡✮✳ ❆•• ❛✉t❤♦r✐t② ♥♦t✐❝❡s t❤❛t ❝♦✉•❞ r❡♣r❡s❡♥t ❛ ♣❡rs♦♥ ♥❛♠❡❞ ❆ ❛r❡ s❡•❡❝t❡❞ ✭❢♦r ❡①✲ ❛♠♣•❡✱ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ✇✐t❤ ✏ ❈❤r✐st✐❡✱ ❆✳✑✱ ✏❈❤r✐st✐❡✱ ❆❣❛t❤❛✑ ♦r ✏ ❈❤r✐st✐❡✱ ❆❞❛♠✑ ✐♥ t❤❡✐r •✐st ♦❢ ❛♣♣❡••❛t✐♦♥s ❛ttr✐❜✉t❡s ❛r❡ s❡•❡❝t❡❞ ❢♦r t❤❡ ❛♣♣❡••❛t✐♦♥ ✏ ❈❤r✐st✐❡✱ ❆✳✑✮✳ ❚❤✐s ✐s ❛ s❡r✈✐❝❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❆❇❊❙✳ ❚❤✐s s❡r✈✐❝❡ ✉s❡s t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ❛s t❤❡ ♦♥❡ t❤❛t ✐s ✉s❡❞ t♦ s❡•❡❝t ❛✉t❤♦r✐t② ♥♦t✐❝❡s ✇❤❡♥ ❛ •✐❜r❛r✐❛♥ ✇❛♥ts t♦ •✐♥❦ t❤❡ ❝♦♥tr✐❜✉t♦r ♦❢ ❛ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ t♦ ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ♣❛❣❡ ✸✸✮✳ ❊❛❝❤ ❝♦♥tr✐❜✉t♦r •✐♥❦ ❜❡t✇❡❡♥ ❛ s❡•❡❝t❡❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛♥❞ ❛♥② ❝♦♥♥❡❝t❡❞ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✐s r❡tr✐❡✈❡❞✳ ❈♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t s✉❝❤ ❛ •✐♥❦ ❛r❡ s❡•❡❝t❡❞ ❛♥❞ ❢♦r♠ t❤❡ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ t❤❡ ❛♣♣❡••❛t✐♦♥ ❆ ✭❢♦r ❡①❛♠♣•❡✱ t❤❡ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏ ❈❤r✐st✐❡✱ ❆✳✑✮✳ ▲✐❜r❛r✐❛♥s ✉s❡ t❤❡ ❛♣♣❡••❛t✐♦♥ ❛ttr✐❜✉t❡ ♦❢ ❛✉t❤♦r✐t② ♥♦t✐❝❡s t♦ s❡•❡❝t t❤❡ ❛✉✲ t❤♦r✐t② ♥♦t✐❝❡s t❤❛t ♠✐❣❤t r❡♣r❡s❡♥t t❤❡ ❝♦♥tr✐❜✉t♦r ♦❢ ❛ ❞♦❝✉♠❡♥t✳ ❲❡ ✉s❡ t❤❡ ❛♣♣❡••❛t✐♦♥ ❛ttr✐❜✉t❡ ✐♥ ♦r❞❡r t♦ s❡•❡❝t ❛ ❙✉❞♦❝ s✉❜s❡t t❤❛t ❝♦♥t❛✐♥s ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s t❤❛t ♠✐❣❤t s❤❛r❡ t❤❡ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ ❛s t❤❡✐r C ❝♦♥tr✐❜✉t♦r✳ ❲❡ ♠❛❦❡ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ♦♥•② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ✇✐t❤ ❛ ❝•♦s❡ ❛♣♣❡••❛t✐♦♥ ❝❛♥ r❡♣r❡s❡♥t ❛ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ ✭❲♦r❦ ❍②♣♦t❤❡s✐s ✶ ♣❛❣❡ ✶✼✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥•② ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✇✐t❤ ❛ ❝•♦s❡ ❛♣♣❡••❛t✐♦♥ ❝❛♥ s❤❛r❡ t❤❡ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ ❛s t❤❡✐r C ❝♦♥tr✐❜✉t♦r ✭❲♦r❦ ❍②♣♦t❤❡s✐s ✺ ♣❛❣❡ ✶✽✮✳ ❖♥❝❡ ♦❜t❛✐♥❡❞✱ t❤❡ ❙✉❞♦❝ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s②♠✲ ❜♦•✐❝ ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❦♥♦✇ ✐❢ t❤❡✐r C ❝♦♥tr✐❜✉t♦rs ♠✐❣❤t ❜❡ t❤❡ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✇✐•• ❜❡ ❞❡t❛✐•❡❞ ❛♥❞ ❝♦♥t❡①t✉❛•✐s❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❲❡ ✇✐•• ♥♦✇ ❞❡t❛✐• t❤❡ ❝r✐t❡r✐❛ t❤❛t ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✐❢ t✇♦ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s s❤❛r❡ t❤❡ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ ❛s t❤❡✐r C ❝♦♥tr✐❜✉t♦r✳ ✹✳✷ ❈r✐t❡r✐❛ t♦ ❞❡t❡❝t •✐♥❦ ✐ss✉❡s ✐♥ ❙✉❞♦❝ ❆s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ♣❛❣❡ ✸✺✱ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛r❡ ❝♦♠♣❛r❡❞ t♦❣❡t❤❡r ✐♥ ♦r❞❡r t♦ ❣r♦✉♣ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ t❤❛t ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❞❡s❝r✐❜❡❞ ❞♦❝✉♠❡♥ts✳ ❈♦♥t❡①t✉❛• ❡♥t✐t② ❣r♦✉♣s ❛r❡ ♠❛❞❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✭❞❡t❛✐•❡❞ ✐♥ ❈❤❛♣t❡r ✺✮✳ ❚❤❡s❡ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✉s❡ s②♠❜♦•✐❝ ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ❙②♠❜♦•✐❝ ❝r✐t❡r✐❛ ❛r❡ ❢♦r♠❛••② ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶ ❜❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ❛❝✲ t✉❛• ❝r✐t❡r✐❛ ✉s❡❞ t♦ ❝♦♠♣❛r❡ ❙✉❞♦❝ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷✳ ✹✳✷✳✶ ❙②♠❜♦•✐❝ ❝r✐t❡r✐❛ ■♥ ♦r❞❡r t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❙✉❞♦❝✱ ✇❡ ✇♦✉•❞ •✐❦❡ t♦ ♣❛rt✐t✐♦♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ s❡t ✇✐t❤ r❡s♣❡❝t t♦ s❡✈❡r❛• ❝r✐t❡r✐❛✳ ■♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✱ ✇❡ ✇♦✉•❞ •✐❦❡ t♦ ♣❛rt✐t✐♦♥ ❛♥ ♦❜•❡❝t s❡t O ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝r✐t❡r✐♦♥ s❡t C = {C 1 , ..., C n }✳ ■♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✱ ❛ ❝r✐t❡r✐♦♥ C i ∈ C ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❣✐✈❡s ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❢♦r ❛♥② ❝♦✉♣•❡ ♦❢ ♦❜•❡❝ts ✐♥ O * O✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s ❞✐s❝r❡t❡✱ ✐♥ ❛ ♣❛rt✐❛••② ♦r❞❡r❡❞ s❡t V = {never} ∪ V C f ar ∪ {neutral} ∪ V C close ∪ {always}✱ ✇❤❡r❡✿ ❼ never ❛♥❞ always ♠❡❛♥ t❤❛t t❤❡ ♦❜•❡❝ts ❛r❡ str✐❝t•② ❞✐✛❡r❡♥t ✭r❡s♣❡❝t✐✈❡•② ✐❞❡♥t✐❝❛•✮✳ ❼ neutral ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦t ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♦❜•❡❝ts ♦r t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♠❡❛♥✐♥❣•❡ss✳ ❼ V C f ar ❛♥❞ V C close ❛r❡ t✇♦ t♦t❛••② ♦r❞❡r❡❞ ✈❛•✉❡ s❡ts ✭<✮ ♦❢ ✈❛•✉❡s ❣✐✈✐♥❣ ❛ ❢❛r♥❡ss ❞❡❣r❡❡ ✭r❡s♣❡❝t✐✈❡•② ❝•♦s❡♥❡ss ❞❡❣r❡❡✮ ❜❡t✇❡❡♥ ♦❜•❡❝ts✳ ❲❡ ❞❡♥♦t❡ V C f ar = {-, --, ...} ✭r❡s♣❡❝t✐✈❡•② V C close = {+, ++, ...}✮ t❤❡ s❡ts ♦❢ ❢❛r♥❡ss ✭r❡s♣❡❝t✐✈❡•② ❝•♦s❡♥❡ss✮ ✈❛•✉❡s ♦❢ t❤❡ ❝r✐t❡r✐♦♥ C s✉❝❤ t❤❛t neutral < -< --< ... < never ✭r❡s♣❡❝t✐✈❡•② neutral < + < ++ < ... < always✮✳ a < b ♠❡❛♥s t❤❛t b ✐s str♦♥❣❡r ♦r ♠♦r❡ ✐♥t❡♥s❡ t❤❛♥ a✿ ✐❢ a, b ∈ V C close ✱ t✇♦ ♦❜•❡❝ts ❛r❡ ♠♦r❡ s✐♠✐•❛r ❛❝❝♦r❞✐♥❣ t♦ C ✐❢ t❤❡✐r ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s b t❤❛♥ ✐❢ ✐t ✐s a✳ |❡s♣❡❝t✐✈❡•②✱ ✐❢ a, b ∈ V C f ar ✱ t✇♦ ♦❜•❡❝ts ❛r❡ ♠♦r❡ ❞✐ss✐♠✐•❛r ❛❝❝♦r❞✐♥❣ t♦ C ✐❢ t❤❡✐r ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s b t❤❛♥ ✐❢ ✐t ✐s a✳ never✱ always ❛♥❞ neutral ✈❛•✉❡s ❛r❡ ❝♦♠♠♦♥ ❢♦r ❛•• ❝r✐t❡r✐❛✱ ❜✉t V C close ❛♥❞ V C f ar ❛r❡ s♣❡❝✐✜❝ t♦ t❤❡ ❝r✐t❡r✐❛ ♥❛♠❡❞ C✳ ▲❡t ✉s ❢♦r♠❛••② ❞❡✜♥❡ t❤❡ ✉s❡❞ ❝r✐t❡r✐❛✳ ❉❡✜♥✐t✐♦♥ ✸ ✭❙②♠❜♦•✐❝ ❝r✐t❡r✐♦♥✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t✳ ❆ ❝r✐t❡r✐♦♥ C ✐s ❛ ❝♦✉♣•❡ (e C , V C ) s✉❝❤ ❛s✿ ❼ V C ✐s ❛ s❡t ♦❢ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s✿ V C ⊇ {never} ∪ V C f ar ∪ {neutral} ∪ V C close ∪ {always} ❛♥❞ V C ⊆ V C f ar ∪ V C close ✳ ❼ < ✐s t♦t❛••② ♦r❞❡r❡❞ r❡•❛t✐♦♥ ♦♥ {never} ∪ V C f ar ∪ {neutral} ❛♥❞ {neutral} ∪ V C close ∪ {always} s❡ts✳ ❼ e C ✐s ❛ ❜✐♥❛r② ♦♣❡r❛t✐♦♥✱ ❝♦♠♠✉t❛t✐✈❡ ♦♥ O✱ ✇❤✐❝❤ t❛❦❡s ✐ts r❡s✉•ts ✐♥ V C ✳ ❲❡ r❡♣r❡s❡♥t ❜② C t❤❡ s❡t ♦❢ ❛•• ♣♦ss✐❜•❡ ❝r✐t❡r✐❛✱ ❛♥❞ C ⊂ C t❤❡ s✉❜s❡t ♦❢ t❤❡ ❝r✐t❡r✐❛ ♦❢ ✐♥t❡r❡st✳ ❆ ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ❛ ❝•♦s❡♥❡ss✲❝r✐t❡r✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✹✮✱ ❛ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✺✮ ♦r ❜♦t❤ ❝•♦s❡♥❡ss ❛♥❞ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ✐t ❝❛♥ ❣✐✈❡✳ ❆ ❝•♦s❡♥❡ss✲❝r✐t❡r✐♦♥ c ✐s ❛ ❝r✐t❡r✐♦♥ t❤❛t ❝❛♥ ❣✐✈❡ ❛ ❝•♦s❡♥❡ss ♦r always ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ t✇♦ ♦❜•❡❝ts✳ ❆ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥ ✐s ❛ ❝r✐t❡r✐♦♥ t❤❛t ❝❛♥ ❣✐✈❡ ❛ ❢❛r♥❡ss ♦r never ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ t✇♦ ♦❜•❡❝ts✳ ❚❤✐s ♥♦t✐♦♥ ✇✐•• ❜❡ ✐♠♣♦rt❛♥t •❛t❡r ✐♥ ❈❤❛♣t❡r ✼✳ ❉❡✜♥✐t✐♦♥ ✹ ✭❈•♦s❡♥❡ss ❝r✐t❡r✐♦♥✮✳ ❆ ❝•♦s❡♥❡ss✲❝r✐t❡r✐♦♥ C ✐s ❛ ❝r✐t❡r✐♦♥ t❤❛t ❝❛♥ ❣✐✈❡ ❛ ❝•♦s❡♥❡ss ♦r ❛♥ always ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ t✇♦ ♦❜•❡❝ts✿ V C ∩ (V C close ∪ {always}) = {}✳ ❉❡✜♥✐t✐♦♥ ✺ ✭❋❛r♥❡ss ❝r✐t❡r✐♦♥✮✳ ❆ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥ ✐s ❛ ❝r✐t❡r✐♦♥ t❤❛t ❝❛♥ ❣✐✈❡ ❛ ❢❛r♥❡ss ♦r ❛ never ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ t✇♦ ♦❜•❡❝ts✿ V C ∩ (V C f ar ∪ {never}) = {}✳ ▲❡t ✉s ❞❡t❛✐• t❤❡ ❝r✐t❡r✐❛ ❞❡✈❡•♦♣❡❞ ❛♥❞ ✉s❡❞ t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✐♥ ❙✉❞♦❝✳ ✺✵ ❈❍❆P❚❊| ✹✳ ❇❆❙■❈ ◆❖❚■❖◆❙ ✹✳✷✳✷ ❈r✐t❡r✐❛ ✉s❡❞ t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❲❡ ❞❡✈❡•♦♣❡❞ ❛♥❞ ✐♠♣•❡♠❡♥t❡❞ ♥✐♥❡ ❝r✐t❡r✐❛ ✐♥ t❤❡ ❛✐♠ ♦❢ ❝♦♠♣❛r✐♥❣ ❝♦♥t❡①t✉❛• ❡♥✲ t✐t✐❡s t♦❣❡t❤❡r✳ ❲❡ ✉s❡ s②♠❜♦•✐❝ ❝r✐t❡r✐❛ ♦✈❡r ♥✉♠❡r✐❝❛• ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❜❡❝❛✉s❡✿ ❼ ❈r✐t❡r✐❛ ♠♦❞❡• ❤♦✇ ❛♥ ❡①♣❡rt ❝♦♠♣❛r❡s ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ❈r✐t❡r✐❛ ❛r❡ ❜❛s❡❞ ♦♥ ♦♥❡ ♦r s❡✈❡r❛• ❛ttr✐❜✉t❡s ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ❼ ❊①♣❡rts ❝❛♥ ❡①♣•❛✐♥ t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ❛ttr✐❜✉t❡ s❡t✱ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s s❡❡♠ ✏♠♦r❡ ♦r •❡ss✑ t♦ r❡♣r❡s❡♥t ❞♦❝✉♠❡♥ts ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ s❛♠❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥✱ ❜✉t ❼ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇ ♠✉❝❤ t❤❡ ✏♠♦r❡✑ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ❛ttr✐❜✉t❡ s❡t ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ ✏•❡ss✑ ❛❝❝♦r❞✐♥❣ t♦ ❛♥♦t❤❡r ❛ttr✐❜✉t❡ s❡t✱ ❡①❝❡♣t ✇❤❡♥ t❤❡② ❛r❡ ❛❜s♦•✉t❡•② ❝❡rt❛✐♥ ✭✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s always ❛♥❞ never✮✳ ❼ ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ❞♦ ♥♦t ✇✐s❤ t♦ ❛❣❣r❡❣❛t❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❛s ✇❡ ❝❛♥ ❞♦ ✇✐t❤ ♥✉♠❡r✐❝❛• ✈❛•✉❡s✱ s♦ ✉s❡❞ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❛r❡ s②♠❜♦•✐❝✳ ❊❛❝❤ ♦❢ t❤❡s❡ ♥✐♥❡ ❝r✐t❡r✐❛ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✇✐t❤ ❆❇❊❙ ❡①♣❡rts✳ ❋♦✉r ♦❢ t❤❡♠ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❙✉❞♦❝❆❞ ♣r♦•❡❝t ❬✷✶( ✭appellation✱ date✱ title✱ domain✮ t❤❛t ❛✐♠s t♦ ♣r❡❞✐❝t ❛ •✐♥❦ ❜❡t✇❡❡♥ ❛ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛♥❞ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛•r❡❛❞② ✐♥ ❙✉❞♦❝ ✭t❤❛t r❡♣r❡s❡♥t t❤❡ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❝♦♥tr✐❜✉t♦rs✱ ❛s ❡①♣•❛✐♥❡❞ ♣❛❣❡ ✸✹✮✳ ❊❛❝❤ ❝r✐t❡r✐♦♥ ✇✐•• ❜❡ ✐••✉str❛t❡❞ ❜② ❛♥ ❡①❛♠♣•❡ ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N c 21 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡ ✶✵ ❛♥❞ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N b 22 ♦❢ t❤❡ ❊①❛♠♣•❡ ✶✷✳ ❊①❛♠♣•❡ ✶✷ ✭❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② t♦ ❜❡ ❝♦♠♣❛r❡❞✮✳ ❚❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ N b 12 ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✽ ✐s •✐♥❦❡❞ t♦ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ N a 2 ✇❤✐❝❤ ❤❛s ✶✻✽✻✵✸✶✻✵ ❛s ♣♣♥✳ ▲❡t ✉s ♣r❡s❡♥t ❛•• t❤❡ ❛ttr✐❜✉t❡s ♦❢ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N b 22 t❤❛t r❡♣r❡s❡♥ts t❤✐s •✐♥❦✿ ❼ t✐t•❡✿ ✏❈❤❛♥ ❡t ♣♦és✐❡ ❝❤❡③ ✉♥ ❛✉t❡✉r ❝♦♥t❡♠♣♦r❛✐♥ ✿ )❤♦✉ ▼❡♥❣❞✐❡✑ ❼ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✿ ✶✾✾✸ ❼ •✐st ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s✿ {800} ✭✽✵✵ ✐s t❤❡ ❞♦♠❛✐♥ ❝♦❞❡ ✇❤✐❝❤ ♠❡❛♥s ✏•✐tt❡r❛t✉r❡✑✮ ❼ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡✿ ✏❢r❡✑ ✭✇❤✐❝❤ ✐s t❤❡ ❝♦❞❡ ❢♦r ❋r❡♥❝❤ •❛♥❣✉❛❣❡✮✳ ❼ ❛♣♣❡••❛t✐♦♥s✿ {✏▲❡r♦✉①✱ ❆•❛✐♥✑} ❼ r♦•❡✿ ✏❛✉t❤♦r✑✳ ✹✳✷✳ ❈|■❚❊|■❆ ❚❖ ❉❊❚❊❈❚ ▲■◆❑ ■❙❙❯❊❙ ■◆ ❙❯❉❖❈ ✺✶ ❼ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs✿ {✭✵✷✼✵✼✸✾✷✵✱ ❛s ✏t❤❡s✐s ❛❞✈✐s♦r✑✮✱ ✭✏ P✐♠♣❛♥❡❛✉✱ ❏❛❝q✉❡s✑✱ ❛s ✏t❤❡s✐s ❛❞✈✐s♦r✑✮} ❼ s♦✉r❝❡❄ ✏②❡s✑ ✭❜❡❝❛✉s❡ t❤❡ s♦✉r❝❡ ♦❢ N a 2 ♠❛t❝❤❡s ✇✐t❤ N b 12 ✳✮ ❼ ❞❛t❡ ♦❢ ❜✐rt❤✿ ✶✾❄❄ ❙♦♠❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝r✐t❡r✐❛ ❛r❡ ❢❛r♥❡ss✲❝r✐t❡r✐❛ ✭thesis✱ thesisAdvisor✱ date✱ appellation✱ language✮✱ ❝•♦s❡♥❡ss✲❝r✐t❡r✐❛ ✭title✱ otherContributors✮✱ ❛♥❞ ♦t❤❡rs ❛r❡ ❜♦t❤ ✭role✱ domain✮✳ ❈r✐t❡r✐❛ ♠❛② ✉s❡ ♦♥❡ ♦r s❡✈❡r❛• ❛ttr✐❜✉t❡s ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ❊❛❝❤ ♦❢ t❤♦s❡ ❝r✐t❡r✐❛ ❣✐✈❡s t❤❡ neutral ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✇❤❡♥ ❛ r❡q✉✐r❡❞ ❛ttr✐❜✉t❡ ♦❢ ❛ ❝♦♠♣❛r❡❞ ❝♦♥t❡①t✉❛• ❡♥t✐t② ✐s ✉♥❦♥♦✇♥✳ ❋✐rst ✇❡ ✇✐•• ♣r❡s❡♥t ❢❛r♥❡ss✲❝r✐t❡r✐❛✱ t❤❡♥ ❝•♦s❡♥❡ss✲❝r✐t❡r✐❛ ❛♥❞ ✜♥❛••② ❝r✐t❡r✐❛ t❤❛t ❛r❡ ❜♦t❤ ❢❛r♥❡ss ❛♥❞ ❝•♦s❡♥❡ss ❝r✐t❡r✐❛✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ❝r✐t❡r✐♦♥ ❞❡s❝r✐♣t✐♦♥s✱ ♦♥•② t❤❡ ❝❛s❡s ✇✐t❤ ❛ ♥♦t neutral ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❛r❡ s♣❡❝✐✜❡❞✳ ▲❡t N c i ✱ N c j ❜❡ t✇♦ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ❋❛r♥❡ss✲❝r✐t❡r✐❛ ❼ ❚❤❡ appellation ❝r✐t❡r✐♦♥ ✐s ❛ ♣❛rt✐❝✉•❛r ❢❛r♥❡ss✲❝r✐t❡r✐♦♥✳ ■♥❞❡❡❞✱ ✐t ❝♦♠♣❛r❡s ❛♣♣❡••❛t✐♦♥ •✐sts t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❝❛♥♥♦t ❤❛✈❡ ❛ s❛♠❡ C ❝♦♥✲ tr✐❜✉t♦r✳ ❲❤❡♥ ✐t ✐s ❝❡rt❛✐♥ ✭❛s ✇❤❡♥ ❛♣♣❡••❛t✐♦♥s ❛r❡ ✏ ❈♦♥❛♥ ❉♦②•❡✱ ❆rt❤✉r✑ ❛♥❞ ✏❈❤r✐st✐❡✱ ❆❣❛t❤❛✑✮✱ ✐t ❣✐✈❡s ❛ never ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✱ t❤❛t ❢♦r❜✐❞s ♦t❤❡r ❝r✐t❡r✐❛ t♦ ❝♦♠♣❛r❡ t❤❡ ❝♦♥❝❡r♥❡❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡s t♦❣❡t❤❡r✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥s ✉s❡❞ ✐♥ t❤❡ ❙✉❞♦❝❆❞ ♣r♦•❡❝t ❬✷✶( ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❢❛♠✐•② ♥❛♠❡s ❛♥❞ s✉r♥❛♠❡s✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s ❞✐st✐♥❝t ❢r♦♠ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ✐s ✉s❡❞ t♦ s❡•❡❝t ❙✉❞♦❝ s✉❜s❡ts r❡•❛t❡❞ t♦ ❛♥ ❛♣♣❡••❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✺✳ ❊①❛♠♣•❡ ✶✸ ✭appellation ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ ❚❤❡ ❛♣♣❡••❛t✐♦♥ ❛ttr✐❜✉t❡ ♦❢ N c 21 ✐s ❡①❛❝t•② t❤❡ ❛♣♣❡••❛t✐♦♥ ❛ttr✐❜✉t❡ ♦❢ N c 22 ✿ {✏▲❡r♦✉①✱ ❆•❛✐♥✑}✱ s♦ appellation(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ date ❝r✐t❡r✐♦♥ ✐s ❛ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥✳ ❋♦r ✶✵✵ ✭r❡s♣❡❝t✐✈❡•② ✻✵✮ ②❡❛rs ❛t •❡❛st ❜❡t✇❡❡♥ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡s✱ ✐t ❣✐✈❡s --✭r❡s♣❡❝t✐✈❡•② -✮ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✳ ❙♦♠❡t✐♠❡s✱ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡s ❛r❡ ♥♦t ②❡❛rs ❜✉t ❞❡❝❛❞❡s ♦r ❝❡♥t✉r✐❡s✳ ❚❤✐s ✐s ✇❤② t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡s ❛r❡ ❝♦♠♣❛r❡❞ ♥♦t ❛s ♥✉♠❜❡rs ❜✉t ❛s ✐♥t❡r✈❛•s✳ ❋♦r t❤❡ date ❝r✐t❡r✐♦♥✱ t❤❡ ♠✐♥✐♠❛• ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❛r❡❞ ❞❛t❡✲✐♥t❡r✈❛•s ✐s t❤❡ ♦♥❡ t❤❛t ♠❛tt❡rs✳ ❊①❛♠♣•❡ ✶✹ ✭date ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸ s♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ ❞❛t❡ ❛ttr✐❜✉t❡s✳ ❚❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡ ♦❢ N c 21 ✐s ✏✷✵✵✵✑ ❛♥❞ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡ ♦❢ N c 22 ✐s ✏✶✾✾✸✑ s♦ t❤❡r❡ ❛r❡ ✼ ②❡❛rs ❛t ♠♦st ❜❡t✇❡❡♥ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡s ❛♥❞ date(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ language ❝r✐t❡r✐♦♥ ✐s ❛ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥✳ ❲❤❡♥ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡s ❛r❡ ❞✐st✐♥❝t ❛♥❞ ♥♦♥❡ ♦❢ t❤❡♠ ✐s ❊♥❣•✐s❤ ✭✏❡♥❣✑ ❝♦❞❡✮ ♦r ✉♥❞❡✜♥❡❞ ✭✏✉♥❞✑ ❝♦❞❡✮✱ language r❡t✉r♥s -✈❛•✉❡✱ ❛♥❞ ✐♥ ♦t❤❡r ❝❛s❡s✱ neutral ✈❛•✉❡✳ ❊①❛♠♣•❡ ✶✺ ✭language ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ s♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡ ❛ttr✐❜✉t❡s✳ ❚❤❡ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡ ♦❢ ❜♦t❤ N c 21 ❛♥❞ N c 22 ✐s t❤❡ s❛♠❡✱ ✏❢r❡✑ ♦r ❋r❡♥❝❤ s♦ language(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ thesisAdvisor ❝r✐t❡r✐♦♥ ✐s ❛ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥✳ thesisAdvisor(N c i , N c j ) = --♠❡❛♥s t❤❛t N c i ❛♥❞ N c j ❤❛✈❡ ❛ s❛♠❡ C ❝♦♥tr✐❜✉t♦r ✐❢ t❤❡✐r ❛ttr✐❜✉t❡s ❛••♦✇ t♦ ❞❡t❡❝t t❤❛t t❤✐s ❝♦♥tr✐❜✉t♦r ❤❛s s✉♣❡r✈✐s❡❞ ❛ t❤❡s✐s ❜❡❢♦r❡ s✉❜♠✐tt✐♥❣ ❤✐s✴❤❡r ♦✇♥ t❤❡s✐s✳ thesisAdvisor(N c i , N c j ) = -♠❡❛♥s t❤❛t N c i ❛♥❞ N c j ❤❛✈❡ ❛ s❛♠❡ C ❝♦♥tr✐❜✉t♦r ✐❢ t❤❡✐r ❛ttr✐❜✉t❡s ❛••♦✇ t♦ ❞❡t❡❝t t❤❛t t❤✐s ❝♦♥tr✐❜✉t♦r ❤❛s s✉♣❡r✈✐s❡❞ ❛ t❤❡s✐s s✉❜♠✐tt❡❞ ♦♥•② ✷ ②❡❛rs ❛❢t❡r s✉❜♠✐tt✐♥❣ ❤✐s✴❤❡r ♦✇♥ t❤❡s✐s✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✉s❡s s❡✈❡r❛• ❛ttr✐❜✉t❡s ✐♥ ♦r❞❡r t♦ ❝❛•❝✉•❛t❡ ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✿ r♦•❡✱ ♦t❤❡r ❝♦♥tr✐❜✉t♦r ❛♥❞ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡ ❛ttr✐❜✉t❡s✳ ❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② r❡♣r❡s❡♥ts ❛ t❤❡s✐s ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ t❤❡s✐s ❛❞✈✐s♦r ✐❢ t❤❡ r♦•❡ ✐s ✏t❤❡s✐s ❛❞✈✐s♦r✑✳ ❆ ❝♦♥t❡①t✉❛• ❡♥t✐t② r❡♣r❡s❡♥ts ❛ t❤❡s✐s ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ✐ts ❛✉t❤♦r ✐❢ t❤❡ r♦•❡ ✐s ✏❛✉t❤♦r✑ ❛♥❞ ♦♥❡ ♦❢ t❤❡ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs ❤❛s ❝♦♥tr✐❜✉t❡❞ ❛s ❛ ✏t❤❡s✐s ❛❞✈✐s♦r✑✳ ❊①❛♠♣•❡ ✶✻ ✭thesisAdvisor ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝✲ ❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ ❜♦t❤ ❛r❡ t❤❡s❡s ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✼✱ ❜✉t ♥❡✐t❤❡r ♦❢ t❤❡♠ ❤❛s t❤❡s✐s ❛❞✈✐s♦r ❛s r♦•❡✱ s♦ thesisAdvisor(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ thesis ❝r✐t❡r✐♦♥ ✐s ❛ ❢❛r♥❡ss✲❝r✐t❡r✐♦♥✳ thesis(N c i , N c j ) = -♠❡❛♥s t❤❛t N c i ✱ N c j ❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t ❞✐st✐♥❝t t❤❡s❡s ✭♥♦t t❤❡ s❛♠❡ t✐t•❡✱ r❡❝♦❣♥✐③❡❞ t❤❛♥❦s t♦ t❤❡ title ❝r✐t❡r✐♦♥✱ t❤❛t ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ❢✉rt❤❡r✮ ❢r♦♠ t❤❡✐r ✏❛✉t❤♦r✑ ♣♦✐♥t ♦❢ ✈✐❡✇✳ thesis(N c i , N c j ) = --♠❡❛♥s t❤❛t N c i ✱ N c j ❤❛✈❡ ❛•s♦ ❜❡❡♥ s✉❜♠✐tt❡❞ s✐♠✉•t❛♥❡♦✉s•② ✭✸ ②❡❛rs ❛t ♠♦st ❜❡t✇❡❡♥ s✉❜♠✐ss✐♦♥s✮✳ ❊①❛♠♣•❡ ✶✼ ✭thesis ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ ❙✐♥❝❡ appellation(N c 21 , N c 22 ) = neutral ❛❝✲ ❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ r♦•❡s ❛r❡ ✏❛✉t❤♦r✑ ❛♥❞ ❜♦t❤ ❤❛✈❡ ❛ t❤❡s✐s ❛❞✈✐s♦r ❛s ♦t❤❡r ❝♦♥✲ tr✐❜✉t♦r✳ N c 21 ❛♥❞ N c 22 ❜♦t❤ r❡♣r❡s❡♥t ❛ t❤❡s✐s ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡✐r ❛✉t❤♦r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ t✐t•❡s ❛r❡ ❞✐st✐♥❝t ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✽ ✭title(Nc 21 , N c 22 ) = neutral✮✳ P✉❜•✐❝❛t✐♦♥ ❞❛t❡s ❛r❡ s❡♣❛r❛t❡❞ ❢r♦♠ ✼ ②❡❛rs✱ s♦ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡s ❛r❡ ♥♦t t♦♦ ❝•♦s❡ ❜✉t thesis(N c 21 , N c 22 ) = -✳ ❈•♦s❡♥❡ss✲❝r✐t❡r✐❛ ❼ ❚❤❡ title ❝r✐t❡r✐♦♥ ✐s ❛ ❝•♦s❡♥❡ss✲❝r✐t❡r✐♦♥✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❝❛♥ ❣✐✈❡ ❛♥ always ✈❛•✉❡ ❛♥❞ ✸ ❝•♦s❡♥❡ss ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛ ▲❡✈❡♥s❤t❡✐♥ ❝♦♠♣❛r✐s♦♥ ✸ ❬✺✸(✳ ❋♦r ❡❛❝❤ ❝♦♠♣❛r✐s♦♥ ♦❢ t✐t•❡s✱ t❤❡ ▲❡✈❡♥s❤❡✐♥ ❝♦♠♣❛r✐s♦♥ ❣✐✈❡s ❛ ♥✉♠❜❡r i ❜❡t✇❡❡♥ ✵ ✭t♦t❛••② ❞✐✛❡r❡♥t✮ ❛♥❞ ✶ ✭✐❞❡♥t✐❝❛•✮✳ ❲❡ ❞✐s❝r❡t❡ t❤✐s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ♠❛♥♥❡r✿ ❼ ✐❢ i > 0.95✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s always ❼ ✐❢ 0.95 > i ≥ 0.8✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s + + + ❼ ✐❢ 0.8 > i ≥ 0.6✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s ++ ❼ ✐❢ 0.6 > i ≥ 0.5✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s + ■t ✐s ✉s❡❢✉• t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s r❡♣r❡s❡♥t t❤❡ s❛♠❡ ✇♦r❦ ✭❡✈❡♥✲ t✉❛••② ❡❞✐t❡❞ s❡✈❡r❛• t✐♠❡s✮✳ ■t ✐s ❛•s♦ ✉s❡❞ ❜② t❤❡ thesis ❝r✐t❡r✐♦♥✳ ❊①❛♠♣•❡ ✶✽ ✭title ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✲ ✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ s♦ t❤❡ appellation ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t ❡①❝•✉❞❡ t❤❛t N c 21 ❛♥❞ N c 22 ❝♦✉•❞ ❤❛✈❡ ❛ s❛♠❡ C ❝♦♥tr✐❜✉t♦r ❛♥❞ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t✐t•❡ ❛ttr✐❜✉t❡s✳ ❚❤❡ t✐t•❡ ♦❢ N c 21 ✐s ✏❚❡❝❤♥✐q✉❡s ❞❡ ♣r♦♠♦t✐♦♥ ❡t ❞❡ ❞②♥❛♠✐s❛t✐♦♥ ❞❡s ✈❡♥t❡s✑ ❛♥❞ t❤❡ t✐t•❡ ♦❢ N c 22 ✐s ✏❈❤❛♥ ❡t ♣♦és✐❡ ❝❤❡③ ✉♥ ❛✉t❡✉r ❝♦♥t❡♠♣♦r❛✐♥ ✿ )❤♦✉ ▼❡♥❣❞✐❡✑✱ s♦ t❤❡ title(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ otherContributors ❝r✐t❡r✐♦♥ ✐s ❛ ❝•♦s❡♥❡ss✲❝r✐t❡r✐♦♥✳ ■t ❝♦✉♥ts t❤❡ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs ✐♥ ❝♦♠♠♦♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡✐r ❛✉t❤♦r✐t② ♥♦t✐❝❡s✳ ❖♥❡ ♦t❤❡r ❝♦♠♠♦♥ ❝♦♥tr✐❜✉t♦r ❣✐✈❡s + ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✳ ❙❡✈❡r❛• ♦t❤❡r ❝♦♠♠♦♥ ❝♦♥tr✐❜✉t♦rs ❣✐✈❡ ++ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✳ ❊①❛♠♣•❡ ✶✾ ✭otherContributors ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ ❙✐♥❝❡ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs ❛ttr✐❜✉t❡s✳ ❚❤❡ t✐t•❡ ♦❢ N c 21 ❤❛s ✶ ♦t❤❡r ❝♦♥tr✐❜✉t♦r✱ t❤❛t ✐s ♥♦t ❛♥② ♦❢ t❤❡ t✇♦ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs ♦❢ N c 22 ✱ s♦ otherContributors(N c 21 , N c 22 ) = neutral✳ ❇♦t❤ ❢❛r♥❡ss ❛♥❞ ❝•♦s❡♥❡ss✲❝r✐t❡r✐❛ ❼ ❚❤❡ role ❝r✐t❡r✐♦♥ r❡t✉r♥s + ✇❤❡♥ ❝♦♥tr✐❜✉t♦r ❈ r♦•❡s ❛r❡ t❤❡ s❛♠❡ ✭❡①❝❡♣t ❢♦r s♦♠❡ ♣❛✐rs ♦❢ r♦•❡s ❛s ✏t❤❡s✐s ❛❞✈✐s♦r✑ ❛♥❞ ✏❛✉t❤♦r✑✮✱ ♦r -✇❤❡♥ ❞✐st✐♥❝t ✭❡①❝❡♣t ❢♦r ❝♦♠♠♦♥ r♦•❡s ❛s ✏❛✉t❤♦r✑✱ ✏♣✉❜•✐s❤✐♥❣ ❡❞✐t♦r✑ ♦r ✏❝♦••❛❜♦r❛t♦r✑✮✳ ✸ ❚❤❡ ▲❡✈❡♥st❡✐♥ ❞✐st❛♥❝❡ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠❛• ♥✉♠❜❡r ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡✲ t✇❡❡♥ t✇♦ str✐♥❣s✳ ❆ ♠✐♥✐♠❛• tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ r❡♣•❛❝❡ ❛ ❝❤❛r❛❝t❡r ❜② ❛♥♦t❤❡r✱ r❡♠♦✈❡ ♦r ❛❞❞ ❛ ❝❤❛r❛❝t❡r✳ ❊①❛♠♣•❡ ✷✵ ✭role ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ s♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡✐r r♦•❡ ❛ttr✐❜✉t❡✳ |♦•❡ ♦❢ ❜♦t❤ N c 21 ❛♥❞ N c 22 ❛r❡ t❤❡ s❛♠❡✱ ✏❛✉t❤♦r✑✱ t❤❛t ✐s ❛ ✈❡r② ❝♦♠♠♦♥ r♦•❡ s♦ role(N c 21 , N c 22 ) = neutral✳ ❼ ❚❤❡ domain ❝r✐t❡r✐♦♥ ❝♦♠♣❛r❡s t❤❡ •✐sts ♦❢ ❞♦♠❛✐♥ ❝♦❞❡s✳ ❉♦♠❛✐♥ ❝♦❞❡s ❛r❡ ❝♦♠♣❛r❡❞ ♣❛✐r✲✇✐s❡✳ domain(N c i , N c j ) ❝♦♠♣❛r❡s t❤❡ •✐sts ♦❢ ❞♦♠❛✐♥ ❝♦❞❡s✱ ❛♥❞ ❣✐✈❡s ❝•♦s❡♥❡ss ✭r❡s♣❡❝t✐✈❡•② ❢❛r♥❡ss✮ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ❝•♦s❡ ✭r❡s♣❡❝t✐✈❡•② ❢❛r✮ ❢r♦♠ ❛ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✳ neutral ✈❛•✉❡ ✐s ❣✐✈❡♥ ❜② ❞❡❢❛✉•t✳ ❚❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ❛r❡ ❝♦♠♣❛r❡❞ ♣❛✐r✲✇✐s❡ ❛s ✏✐❞❡♥t✐❝❛•✑✱ ✏✈❡r② ❝•♦s❡✑✱ ✏❝•♦s❡✑✱ ✏♥♦t s♦ ❝•♦s❡✑✱ ✏❛ ❜✐t ❢❛r✑✱ ✏❢❛r✑✱ ✏✈❡r② ❢❛r✑✳ domain(N c i , N c j ) ❝♦♠♣❛r❡s •✐st ♦❢ ❞♦♠❛✐♥ ❝♦❞❡s✿ ❼ + + + + ++ ✐❢ N c i ❛♥❞ N c j ❞♦♠❛✐♥ ❝♦❞❡ •✐sts ❛r❡ ✐♥❝•✉❞❡❞ ✐♥ ❡❛❝❤ ♦t❤❡r❀ ❼ + + + + + ✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ❛t •❡❛st ✏✈❡r② ❝•♦s❡✑ ❢r♦♠ ❛ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞❀ ❼ + + ++ ✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ❛t •❡❛st ✏❝•♦s❡✑ ❢r♦♠ ❛ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞❀ ❼ + + +✱ ++ ♦r + ✐❢ t❤❡r❡ ❛r❡ s♦♠❡ ✏✐❞❡♥t✐❝❛•✑✱ ✏✈❡r② ❝•♦s❡✑ ♦r ✏❝•♦s❡✑ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ♦❢ N c i ❛♥❞ N c i ✱ ❜✉t ♥♦ ✏♥♦t s♦ ❝•♦s❡✑✱ ✏❛ ❜✐t ❢❛r✑✱ ✏❢❛r✑✱ ♦r ✏✈❡r② ❢❛r✑ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ♦❢ N c i ❛♥❞ N c i ❀ ❼ neutral ✐❢ t❤❡r❡ ❛r❡ s♦♠❡ ✏✐❞❡♥t✐❝❛•✑✱ ✏✈❡r② ❝•♦s❡✑ ♦r ✏❝•♦s❡✑ ❛♥❞ s♦♠❡ ✏♥♦t s♦ ❝•♦s❡✑✱ ✏❛ ❜✐t ❢❛r✑✱ ✏❢❛r✑✱ ♦r ✏✈❡r② ❢❛r✑ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞♦♠❛✐♥ ❝♦❞❡s ♦❢ N c i ❛♥❞ N c i ❀ ❼ -✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ✏♥♦t s♦ ❝•♦s❡✑✱ ✏❛ ❜✐t ❢❛r✑✱ ✏❢❛r✑✱ ♦r ✏✈❡r② ❢❛r✑ ❢r♦♠ ❡❛❝❤ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞❀ ❼ --✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ✏❛ ❜✐t ❢❛r✑✱ ✏❢❛r✑✱ ♦r ✏✈❡r② ❢❛r✑ ❢r♦♠ ❡❛❝❤ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞❀ ❼ ---✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ✏❢❛r✑✱ ♦r ✏✈❡r② ❢❛r✑ ❢r♦♠ ❡❛❝❤ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞❀ ❼ ----✐❢ ❡✈❡r② N c i ❞♦♠❛✐♥ ❝♦❞❡ ✐s ✏✈❡r② ❢❛r✑ ❢r♦♠ ❡❛❝❤ N c j ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✳ ❊①❛♠♣•❡ ✷✶ ✭domain ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c 21 ❛♥❞ N c 22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡s ✶✵ ❛♥❞ ✶✷✳ appellation(N c 21 , N c 22 ) = neutral ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✶✸✱ s♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡✐r •✐st ♦❢ ❞♦♠❛✐♥s ❛ttr✐❜✉t❡s✳ N c 22 •✐st ♦❢ ❞♦♠❛✐♥s ✐s {800} ❜✉t N c 21 •✐st ♦❢ ❞♦♠❛✐♥s ✐s ♠✐ss✐♥❣ s♦ domain(N c 21 , N c 22 ) = neutral✳ ❲❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❈❤❛♣t❡r ❤♦✇ ✇❡ s❛✇ ❙✉❞♦❝ ❞❛t❛ ❛♥❞ ❤♦✇ ✇❡ ❝♦♠♣❛r❡❞ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ▲❡t ✉s ♣r❡s❡♥t t❤❡ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❙✉❞♦❝ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❈❤❛♣t❡r✳ ❈❤❛♣t❡r ✺ P❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ❝❤❛♣t❡r t✇♦ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✉s✐♥❣ s②♠❜♦•✐❝ ❝r✐t❡r✐❛✳ ❚❤❡ ✐♥♣✉t ♦❢ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✐s ❛ ♣❛rt✐t✐♦♥ ✶ P ♦♥ ❛ s❡t ♦❢ ♦❜•❡❝ts ❛♥❞ ❛ s❡t ♦❢ ❝r✐t❡r✐❛ s✉❝❤ ❛s ❡❛❝❤ ❝r✐t❡r✐♦♥ ❣✐✈❡s ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ♦❜•❡❝ts✳ ❚❤❡ ♦✉t♣✉t ✐s t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ P ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t✳ P❛rt✐t✐♦♥ ✈❛•✉❡s ❛••♦✇ ✉s t♦ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ♦♥ t❤❡ s❛♠❡ ♦❜•❡❝t s❡t✱ ❛♥❞ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♦♥❡ ✐s t❤❡ ❜❡st ♣❛rt✐t✐♦♥✳ ❚❤❡ ❢♦r♠❛• ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✶✳ P❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ♦❢ ❙✉❞♦❝ s✉❜s❡ts✳ ❚❤✐s ❛••♦✇s ✉s t♦ ❞❡t❡❝t ✐❢ t❤❡r❡ ❛r❡ ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ t❤❡ ❙✉❞♦❝ s✉❜s❡ts ❝♦♥s✐❞❡r❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ ✐❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✐s ❛ ❜❡st ♣❛rt✐t✐♦♥✱ ❛s ✐t ❤❛s ❜❡❡♥ ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✸ ♣❛❣❡ ✸✼✳ P❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❡✈❛•✉❛t❡ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ♦♥❡ ♦r s❡✈❡r❛• ❝r✐t❡r✐❛✳ ❆s ♣r❡✈✐♦✉s•② ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ❛ s②♠❜♦•✐❝ ❝r✐t❡r✐♦♥ C ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t r❡t✉r♥s ❛ s②♠❜♦•✐❝ ✈❛•✉❡ ❢♦r t✇♦ ♦❜•❡❝ts✳ ❚❤✐s s②♠❜♦•✐❝ ✈❛•✉❡ ✐s ❞✐s❝r❡t❡ ❛♥❞ ❝♦✉•❞ ❜❡ neutral✱ always✱ never✱ ✐♥ V C f ar ✭❢❛r♥❡ss ✈❛•✉❡✮ ♦r V C close ✭❝•♦s❡♥❡ss ✈❛•✉❡✮✳ ❊❛❝❤ ❝r✐t❡r✐♦♥ ❤❛s ✐ts ♦✇♥ s❡ts ♦❢ ❢❛r♥❡ss ❛♥❞ ❝•♦s❡♥❡ss ✈❛•✉❡s✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✳ ❆•❣♦r✐t❤♠s ✉s❡❞ t♦ ✜♥❞ ❜❡st ♣❛rt✐t✐♦♥s ❢♦❝✉s ♦♥ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✐♥st❡❛❞ ♦❢ ❜❡st ♣❛rt✐t✐♦♥s ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ❇❡•• ♥✉♠❜❡r ✭B n ✮ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥s ♦♥ ❛♥ ♦❜•❡❝t s❡t✳ ■❢ t❤✐s ♦❜•❡❝t s❡t ❤❛s ❛ s✐③❡ n✱ t❤❡ ❇❡•• ♥✉♠❜❡r ✐s✱ ✇✐t❤ B 0 = B 1 = 1✿ B n = n-1 k=0 n -1 k B k ❲❡ ✇✐•• st❛rt ✇✐t❤ ❝♦♠♠♦♥ ♥♦t✐♦♥s ❢♦r ❜♦t❤ s❡♠❛♥t✐❝s✱ ❛s t❤❡ ❣❡♥❡r❛• ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳ ❚❤❡♥✱ ✇❡ ✇✐•• ♣r❡s❡♥t t❤❡ ❣•♦❜❛• s❡♠❛♥t✐❝s ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❛♥❞ t❤❡ •♦❝❛• s❡♠❛♥t✐❝s ✐♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❤✐❝❤ ♣❡r♠✐ts t♦ ✐♠♣r♦✈❡ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ❲❡ ✇✐•• ✜♥✐s❤ ❜② ❣✐✈✐♥❣ s♦♠❡ ❞❡t❛✐•s ❛❜♦✉t ✐♠♣•❡♠❡♥t❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳ ✶ ❆ ♣❛rt✐t✐♦♥ P ♦❢ ❛♥ ♦❜•❡❝t s❡t X ✐s ❛ s❡t ♦❢ ❝•❛ss❡s✭X s✉❜s❡ts✮ s✉❝❤ ❛s ❡❛❝❤ ♦❜•❡❝t ♦❢ X ✐s ✐♥ ♦♥❡ ❛♥❞ ♦♥•② ♦♥❡ P ❝•❛ss✳ ✺✼ ✺✽ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ✺✳✶ ❇❛s✐❝ ♥♦t✐♦♥s ❢♦r ❜♦t❤ s❡♠❛♥t✐❝s ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ✐♠♣♦rt❛♥t ❝♦♠♠♦♥ ♥♦t✐♦♥s ❢♦r ❜♦t❤ ❣•♦❜❛• ❛♥❞ •♦❝❛• s❡♠❛♥t✐❝s✳ ❲❡ st❛rt ✇✐t❤ ❛ ❣❡♥❡r❛• ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❙❡❝t✐♦♥ ✺✳✶✳✶✳ ❚❤❡♥✱ ✇❡ ❡①♣•❛✐♥ ❤♦✇ t❤❡ ♣r♦❜•❡♠ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❛♥ ♦❜•❡❝t s❡t ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t ✐s ✈✐❡✇❡❞ ❛s ❛ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠ ✭❙❡❝t✐♦♥ ✺✳✶✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶✳✸✱ ✇❡ ✇✐•• ❜❡ ❛❜•❡ t♦ ♣r❡s❡♥t ❝♦♠♠♦♥ ♥♦t✐♦♥s ❛❜♦✉t ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❢♦r ❜♦t❤ ❣•♦❜❛• ❛♥❞ •♦❝❛• s❡♠❛♥t✐❝s✳ ✺✳✶✳✶ •❡♥❡r❛• ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝ ❞❡✜♥✐t✐♦♥ ▲❡t ✉s ❞❡✜♥❡ ✇❤❛t ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✐s ✐♥ ❛ ❣❡♥❡r❛• ❝❛s❡✳ ■♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✱ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❣✐✈❡s ❛ ✈❛•✉❡ t♦ ❛♥② ♣❛rt✐t✐♦♥ ♦♥ ❛♥ ♦❜•❡❝t s❡t✳ ❚❤❡s❡ ✈❛•✉❡s s❡r✈❡ t♦ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s✳ ▲❡t ✉s ❢♦r♠❛••② ❞❡✜♥❡ ✇❤❛t ❛ ♣❛rt✐t✐♦♥ ✐s ✭❉❡✜♥✐t✐♦♥ ✻✮ ❜❡❢♦r❡ ❞❡✜♥✐♥❣ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳ ❉❡✜♥✐t✐♦♥ ✻ ✭P❛rt✐t✐♦♥✮✳ ❆ ♣❛rt✐t✐♦♥ P ♦❢ ❛♥ ♦❜•❡❝t s❡t O ✐s ❛ s❡t ♦❢ ❝•❛ss❡s ✭O s✉❜s❡ts✮ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❡♠♣t② ❝•❛ss ❛♥❞ ❡❛❝❤ ♦❜•❡❝t ♦❢ O ✐s ✐♥ ♦♥❡ ❛♥❞ ♦♥•② ♦♥❡ P ❝•❛ss✳ ▲❡t o ❜❡ ❛♥ ♦❜•❡❝t ✐♥ O✱ ❛♥❞ P ❛ ♣❛rt✐t✐♦♥ ♦♥ O✳ ❚❤❡ ❝•❛ss ♦❢ P ❝♦♥t❛✐♥✐♥❣ o ✐s ❞❡♥♦t❡❞ class(o, P ) ♦r ❛❜✉s✐✈❡•② class(o) ✐❢ P ✐s ♦❜✈✐♦✉s✳ ❊①❛♠♣•❡ ✷✷ ✭P❛rt✐t✐♦♥✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t s✉❝❤ t❤❛t O = {a, b, c, d, e}✳ P = {{a, c}, {b, d}, {e}} ✐s ❛ ♣❛rt✐t✐♦♥ ♦♥ O✳ class(b, P ) = {b, d}✳ ❉❡✜♥✐t✐♦♥ ✼ ✭P❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s✮✳ ▲❡t C ❜❡ ❛ s❡t ♦❢ ❝r✐t❡r✐❛ ♦♥ t❤❡ ♦❜•❡❝t s❡t O✱ P t❤❡ s❡t ♦❢ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥s ♦♥ O ❛♥❞ VP t❤❡ s❡t ♦❢ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ❆ s❡♠❛♥t✐❝s ♦❢ ❜❡st ♣❛rt✐t✐♦♥✐♥❣ ✐s ❝♦♠♣♦s❡❞ ♦❢✿ ❼ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❣✐✈❡s ❛ ✈❛•✉❡ ❢♦r ❛ ♣❛rt✐t✐♦♥✿ v : P, C → VP✱ ❛♥❞ ❼ ❛♥ ♦r❞❡r ♦♥ VP✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❛♥ ♦❜•❡❝t s❡t O✳ ❲❡ ❞❡♥♦t❡ v(P, C) ✭r❡s♣❡❝t✐✈❡•② v(P, C) t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ C ✭r❡s♣❡❝t✐✈❡•② t❤❡ ❝r✐t❡r✐♦♥ s❡t C✮✳ ■❢ C ✭r❡s♣❡❝t✐✈❡•② C✮ ✐s ♦❜✈✐♦✉s✱ ✇❡ ❞❡♥♦t❡ ❛❜✉s✐✈❡•② v(P ) t❤❡ ✈❛•✉❡ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ C ✭r❡s♣❡❝t✐✈❡•② C✮✳ ▲❡t P i ✱ P j ❜❡ t✇♦ ♣❛rt✐t✐♦♥s ♦♥ t❤❡ s❛♠❡ ♦❜•❡❝t s❡t ❛♥❞ vp i ✱ vp j t❤❡✐r r❡s♣❡❝t✐✈❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❛♥❞ ❛ ❝r✐t❡r✐♦♥ s❡t✳ ❈♦♠♣❛r✐♥❣ P i ❛♥❞ P j ✱ ❝♦♠❡s ❞♦✇♥ t♦ ❝♦♠♣❛r✐♥❣ t❤❡✐r ✈❛•✉❡s✳ ❲❡ ❞❡♥♦t❡✿ ❼ ✏vp i ❡q✉❛• vp j ✑✿ vp i = vp j ✭P i ❛♥❞ P j ❛r❡ s❛✐❞ ❡q✉✐✈❛•❡♥t✱ ❞❡♥♦t❡❞ vp i ≈ vp j ✮❀ ❼ ✏vp i ✐s str✐❝t•② ♣r❡❢❡rr❡❞ t♦ vp j ✑✿ vp i ≻ vp j ❀ ❼ ✏vp i ✐s ♣r❡❢❡rr❡❞ t♦ vp j ✑✿ vp i vp j ❀ ✺✳✶✳ ❇❆❙■❈ ◆❖❚■❖◆❙ ❋❖| ❇❖❚❍ ❙❊▼❆◆❚■❈❙ ✺✾ ❼ ✏ vp i ✐s ♥♦t ❝♦♠♣❛r❛❜•❡ t♦ vp j ✑✿ vp i ⋄ vp j ✭♠❡❛♥s t❤❛t vp i vp j ❛♥❞ vp i vp j ❛r❡ ❜♦t❤ ❢❛•s❡✮✳ P i = P j ♠❡❛♥s t❤❛t P i ✐s str✐❝t•② t❤❡ s❛♠❡ ♣❛rt✐t✐♦♥ ❛s P j ✳ ❲❡ ❛❜✉s✐✈❡•② ✉s❡ t❤❡ s❛♠❡ s②♠❜♦•s ✭≻✱ ✱ ⋄✮ ❛♥❞ ✈♦❝❛❜✉•❛r② t♦ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ❛♥❞ t♦ ❝♦♠♣❛r❡ t❤❡✐r ✈❛•✉❡s✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t✇♦ ♣❛rt✐t✐♦♥s P i ✱ P j ♦♥ t❤❡ s❛♠❡ ♦❜•❡❝t s❡t O ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝r✐t❡r✐♦♥ s❡t C✱ ✇❡ ❝♦♠♣❛r❡ P i ❛♥❞ P j ✈❛•✉❡s r❡t✉r♥❡❞ ❜② t❤❡ s❡♠❛♥t✐❝s ❝♦♥s✐❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ C✳ ❚✇♦ ♣❛rt✐t✐♦♥s ❛r❡ ❡q✉✐✈❛•❡♥t ✭P i ≈ P j ✮ ✇❤❡♥ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✈❛•✉❡ ✭v(P i ) = v(P j )✮✳ ❆ ♣❛rt✐t✐♦♥ ✐s str✐❝t•② ♣r❡❢❡rr❡❞ t♦ ❛♥♦t❤❡r ♦♥❡ ✭P i ≻ P j ✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ ✐ts ✈❛•✉❡ ✐s ♣r❡❢❡rr❡❞ ✭v(P i ) ≻ v(P j )✮✳ ❆ ♣❛rt✐t✐♦♥ ✐s ♣r❡❢❡rr❡❞ t♦ ❛♥♦t❤❡r ♦♥❡ ✭P i P j ✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ ✐ts ✈❛•✉❡ ✐s ♣r❡❢❡rr❡❞ ✭v(P i ) v(P j )✮✳ P❛rt✐t✐♦♥s ❛r❡ ♥♦t ❝♦♠♣❛r❛❜•❡ t♦ ❡❛❝❤ ♦t❤❡r ✭P i ⋄ P j ✮ ✇❤❡♥ t❤❡✐r ✈❛•✉❡s ❛r❡ ❛•s♦ ♥♦t ❝♦♠♣❛r❛❜•❡ t♦ ❡❛❝❤ ♦t❤❡r ✭v(P i ) ⋄ v(P j )✮✳ ❲❡ ♣r❡s❡♥t❡❞ t❤❡ ❣❡♥❡r❛• ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❛♥❞ t❤❡ ♥♦t❛t✐♦♥s ❢♦r ❝♦♠♣❛r✐♥❣ ♣❛rt✐t✐♦♥s ❛♥❞ ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ▲❡t ✉s tr❛♥s❢♦r♠ t❤❡ ♣r♦❜•❡♠ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❛♥ ♦❜•❡❝t s❡t ✐♥t♦ ❛ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠✳ ✺✳✶✳✷ •r❛♣❤ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥♥✐♥❣ ♣r♦❜•❡♠ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ♣r♦❜•❡♠ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❛♥ ♦❜•❡❝t s❡t ❜② ❛ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠✳ ❋♦r ❡❛❝❤ ❝r✐t❡r✐♦♥ C ∈ C ❛♥❞ ❛ s❡t ♦❢ ♦❜•❡❝ts O✱ ✇❡ ❞❡✜♥❡ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤✳ ❚❤✐s ❣r❛♣❤ r❡♣r❡s❡♥ts t❤❡ ♦❜•❡❝ts ♦❢ O ❜② ✈❡rt❡①❡s ❛♥❞ t❤❡ C ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❜② •❛❜❡•s ♦❢ ❡❞❣❡s✳ ❉❡✜♥✐t✐♦♥ ✽ ✭❈r✐t❡r✐♦♥ ❣r❛♣❤✮✳ ❲❡ r❡♣r❡s❡♥t ❛ ❝r✐t❡r✐♦♥ C ♦♥ ❛♥ ♦❜•❡❝t s❡t O ❜② ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C = (S, E C ) s✉❝❤ t❤❛t ✈❡rt❡①❡s ❛r❡ t❤❡ ❡•❡♠❡♥ts ❝♦♥t❛✐♥❡❞ ✐♥ O ❛♥❞ ❡❞❣❡s ❛r❡ •❛❜❡••❡❞ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❞❡✜♥❡❞ ❜② E C ✇❤❡♥ t❤✐s ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐s ♥♦t neutral✳ ❲❡ ❝❛•• ❛ ✏❝•♦s❡♥❡ss ❡❞❣❡✑ ❛♥ ❡❞❣❡ t❤❛t ✐s •❛❜❡••❡❞ ❜② ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐♥ V C close ∪ {always}✱ ❛♥❞ ✏❢❛r♥❡ss ❡❞❣❡✑ ❛♥ ❡❞❣❡ t❤❛t ✐s •❛❜❡••❡❞ ❜② ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐♥ V C f ar ∪ {never}✱ ❊①❛♠♣•❡ ✷✸ ✭❈r✐t❡r✐♦♥ ❣r❛♣❤✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❜•❡♠ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ♦❜•❡❝t s❡t O = {a, b, c, d, e} ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ C 1 ✳ ❲❡ r❡♣r❡s❡♥t t❤✐s ♣r♦❜•❡♠ ❜② t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡ •❛❜❡•s ♦❢ G C 1 ❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❜❡t✇❡❡♥ ♦❜•❡❝ts ♦❢ O ❛❝❝♦r❞✐♥❣ t♦ ❝r✐t❡r✐♦♥ C 1 ✳ ❋♦r ❡①❛♠♣•❡✱ t❤❡ ❡❞❣❡ (a, c) •❛❜❡••❡❞ ✰ ❛❝❝♦r❞✐♥❣ t♦ C 1 ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❜❡t✇❡❡♥ a ❛♥❞ c ❛❝❝♦r❞✐♥❣ t♦ C 1 ✐s + ✭❞❡♥♦t❡❞ ❛•s♦ C 1 (a, c) = + ❛s ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✮✳ ✻✵ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ❛ ❜ ❝ ❞ ❡ ✈❡rt❡① ❡❞❣❡ •❛❜❡••❡❞ ++ ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ ♥❡✈❡r ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ -❜② C 1 ❋✐❣✉r❡ ✺✳✶✿ ❈r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ❜❡t✇❡❡♥ b ❛♥❞ e✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t C 1 (b, e) = neutral✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛•✐s❡❞ t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❛♥ ♦❜•❡❝t s❡t ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t✳ ❚❤✐s ♣r♦❜•❡♠ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠✉•t✐✲❣r❛♣❤ ✇✐t❤ •❛❜❡••❡❞ ❡❞❣❡s✳ ❉❡✜♥✐t✐♦♥ ✾ ✭❈r✐t❡r✐❛ ✭s❡t✮ ❣r❛♣❤✮✳ ▲❡t C✱ ❜❡ ❛ ❝r✐t❡r✐♦♥ s❡t ♦♥ ❛♥ ♦❜•❡❝t s❡t O s✉❝❤ ❛s ❡✈❡r② ❝r✐t❡r✐♦♥ C i ✐♥ C ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C i = (S, E C i )✳ ❚❤❡ ♠✉•t✐❣r❛♣❤ G C = (S, E C i ∀C i ∈ C) ✐s t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ ♦❢ C✱ ❞❡♥♦t❡❞ G C = (S, E C )✳ ❛ ❜ ❝ ❞ ❡ ✈❡rt❡① ❡❞❣❡ •❛❜❡••❡❞ ++ ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ ♥❡✈❡r ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ -❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 2 ❋✐❣✉r❡ ✺✳✷✿ ❈r✐t❡r✐♦♥ ❣r❛♣❤ G {C 1 ,C 2 } ❊①❛♠♣•❡ ✷✹ ✭❈r✐t❡r✐❛ ✭s❡t✮ ❣r❛♣❤✮✳ ■♥ ❊①❛♠♣•❡ ✷✸✱ ✇❡ r❡♣r❡s❡♥t❡❞ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠ ♦❢ t❤❡ ♦❜•❡❝t s❡t O = {a, b, c, d, e} ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ C 1 ❜② t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ▲❡t ✉s r❡♣r❡s❡♥t t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠ ♦❢ t❤❡ ♦❜•❡❝t s❡t O = {a, b, c, d, e} ❛❝✲ ❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C = {C 1 , C 2 } ❜② t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G {C 1 ,C 2 } ♦♥ ❋✐❣✉r❡ ✺✳✷✳ ✺✳✷ ••♦❜❛• s❡♠❛♥t✐❝s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐•• s❡❡ ❤♦✇ t♦ ❡✈❛•✉❛t❡ ❛♥❞ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✭❙❡❝t✐♦♥s ✺✳✷✳✶ ❛♥❞ ✺✳✷✳✷✮ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦r s❡✈❡r❛• ❝r✐t❡r✐❛✳ ❖♥❝❡ ✐t ✐s ❞♦♥❡✱ ✇❡ ✇✐•• ♣r❡s❡♥t ❛•❣♦r✐t❤♠s t♦ ✜♥❞ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ❝r✐t❡r✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✷✳✸✮ ♦r s❡✈❡r❛• ❝r✐t❡r✐❛ ✭❙❡❝t✐♦♥ ✺✳✷✳✹✮✳ ▲❡t ✉s ❡✈❛•✉❛t❡ ❛♥❞ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ♦♥ ❛ s❛♠❡ s❡t ♦❢ ♦❜•❡❝ts O ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❛t ✐s ❛ ❜❡st ♣❛rt✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ❲❡ r❡♠✐♥❞ ♦✉rs❡•✈❡s t❤❛t ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛♥② ❝r✐t❡r✐♦♥✱ ✇❡ ♣r❡❢❡r t♦ ❣r♦✉♣ ♦❜•❡❝ts •✐♥❦❡❞ ❜② ❛ str♦♥❣❡r ❝•♦s❡♥❡ss ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t❤❛♥ ❛ ✇❡❛❦❡r ♦♥❡✳ ❙✐♠✐•❛r•②✱ ✇❡ ♣r❡❢❡r t♦ s❡♣❛r❛t❡ ♦❜•❡❝ts ✇✐t❤ ❛ str♦♥❣❡r ❢❛r♥❡ss ✈❛•✉❡ t❤❛♥ ♦❜•❡❝ts ✇✐t❤ ❛ ✇❡❛❦❡r ❢❛r♥❡ss ✈❛•✉❡✳ ❲❡ ✇✐•• st❛rt ❜② ❞♦✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥ ❜❡❢♦r❡ ❞♦✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ s❡✈❡r❛• ❝r✐t❡r✐❛✳ ✺✳✷✳✶ ❊✈❛•✉❛t✐♥❣ ❛♥❞ ❝♦♠♣❛r✐♥❣ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❢♦r ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥ ▲❡t ✉s r❡♠✐♥❞ ♦✉rs❡•✈❡s t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥•② ✐♥t♦ ♣❛rt✐t✐♦♥s t❤❛t ♥❡✈❡r ♣✉t str✐❝t•② ❞✐✛❡r❡♥t ♦❜•❡❝ts ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛♥❞ ❛•✇❛②s ♣✉t ✐❞❡♥t✐❝❛• ♦❜•❡❝ts ✐♥ t❤❡ s❛♠❡ ❝•❛ss✳ ❚❤♦s❡ ♣❛rt✐t✐♦♥s ❛r❡ ❝❛••❡❞ ✈❛•✐❞ ❛s s❡❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✶✳ ◆♦t ✈❛•✐❞ ♣❛rt✐t✐♦♥s ❛r❡ s✐♠♣•② ❛ss✐❣♥❡❞ ❜② t❤❡ s❡♠❛♥t✐❝s ❛ notV alid ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❖♥❝❡ ❛ ♣❛rt✐t✐♦♥ ✐s ✈❛•✐❞✱ t❤❡ ✈❛•✉❡ ♦❢ ❛ ♣❛rt✐t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ✈❛•✉❡s✿ t❤❡ ✐♥t❡r ✭❝•❛ss✮ ✈❛•✉❡ ✭❞❡♥♦t❡❞ v p ✱ ✇✐t❤ p ❢♦r ✏♣♦s✐t✐✈❡✑✮ ❛♥❞ t❤❡ ✐♥tr❛ ✭❝•❛ss✮ ✈❛•✉❡ ✭❞❡♥♦t❡❞ v n ✱ ✇✐t❤ n ❢♦r ✏♥❡❣❛t✐✈❡✑✮✳ ❚❤❡ ✐♥t❡r ✈❛•✉❡ v p ✐s t❤❡ ✇❡❛❦❡st ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✸✮ ❝•♦s❡♥❡ss ♦r always ✈❛•✉❡ s✉❝❤ t❤❛t ❛•• ♦❜•❡❝t ♣❛✐rs ✇✐t❤ ❛ str♦♥❣❡r ♦r ❡q✉✐✈❛•❡♥t ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ v p ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ✭❞❡♥♦t❡❞ ✏s❛t✐s✜❡❞✑ ❡❞❣❡ ✐♥ ❬✹(✱ ♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✷✮✳ ❚❤❡ ❜✐♣♦•❛r ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✐♥tr❛ ✈❛•✉❡ v n ❛•s♦ ❛♣♣•✐❡s✿ v n ✐s t❤❡ ✇❡❛❦❡st ❢❛r♥❡ss ♦r never ✈❛•✉❡ s✉❝❤ t❤❛t ❛•• ♦❜•❡❝t ♣❛✐rs ✇✐t❤ ❛ str♦♥❣❡r ♦r ❡q✉✐✈❛•❡♥t ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t♦ v n ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✐♥t❡r ❝•❛ss ✈❛•✉❡ ❝♦♥❝❡r♥s ♣r♦①✐♠✐t② ❜❡t✇❡❡♥ ❝•❛ss❡s ✭✏s♣•✐t ♦❢ ❝•❛ss❡s✑ ❝r✐t❡r✐♦♥ ❬✸✸(❬✸✷(✮✱ ❛♥❞ t❤❡ ✐♥tr❛ ❝•❛ss ✈❛•✉❡ ❝♦♥❝❡r♥s t❤❡ ❢❛r♥❡ss ✐♥t♦ ❝•❛ss❡s ✭❤♦♠♦❣❡♥❡✐t② ❝r✐t❡r✐♦♥ ❬✸✸(❬✸✷(✮✳ ❚❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ P ❛❝❝♦r❞✐♥❣ t♦ C ✐s ❞❡♥♦t❡❞ v(P, C) = (v p , v n )✳ ■♥ ♦r❞❡r t♦ ❢♦r♠❛••② ❞❡✜♥❡ ✐t ✐♥ ❉❡✜♥✐t✐♦♥ ✶✹✱ ✇❡ r❡q✉✐r❡ t♦ ❞❡✜♥❡ t❤❡ ✇❡❛❦❡st ✈❛•✉❡ ♦❢ ❛ s❡t ♦❢ ❝♦♠♣❛r❛❜•❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✸✳ ❉❡✜♥✐t✐♦♥ ✶✸ ✭❲❡❛❦❡st ✈❛•✉❡✮✳ ▲❡t V ❜❡ ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ s❡t s✉❝❤ t❤❛t ❛•• ♣❛✐rs ♦❢ ✈❛•✉❡s v 1 ✱ v 2 ✐♥ V ❛r❡ ❝♦♠♣❛r❛❜•❡ t♦❣❡t❤❡r✳ ❚❤❡ ✈❛•✉❡ v s✉❝❤ t❤❛t v ∈ V ❛♥❞ v ≤ v i ∀v i ∈ V ✐s s❛✐❞ t❤❡ ✇❡❛❦❡st ✈❛•✉❡ ♦❢ V✳ ❚❤❡ ✇❡❛❦❡st ✈❛•✉❡ v ♦❢ V ✐s ❞❡♥♦t❡❞ weakest(V)✳ ✻✹ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ❉❡✜♥✐t✐♦♥ ✶✹ ✭P❛rt✐t✐♦♥ ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥✮✳ ▲❡t G C = (S, E)✱ ❜❡ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ ♦❢ ❝r✐t❡r✐♦♥ C✱ ❛♥❞ P ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s ♥♦t ✈❛•✐❞ ✭❉❡✜♥✐t✐♦♥ ✶✵✮✱ t❤❡♥ P ✬s ✈❛•✉❡ ✐s notV alid✳ ■❢ P ✐s ✈❛•✐❞✱ P ✬s ✈❛•✉❡ ✐s (v p , v n ) ✇✐t❤ ✿ ❼ v p ❂ weakest((V C close ∪ {always}) ∩ {v|∀ ❡❞❣❡ (s i , s j ) •❛❜❡••❡❞ v✱ classe(s i ) = classe(s j )}) ❼ v n ❂ weakest((V C f ar ∪ {never}) ∩ {v|∀ ❡❞❣❡ (s i , s j ) •❛❜❡••❡❞ v✱ classe(s i ) = classe(s j )}) ❲❡ ❞❡♥♦t❡ v(P, C) t❤❡ P ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ❝r✐t❡r✐♦♥ C ✭❛❜✉s✐✈❡•② v(P ) ✐❢ C ✐s ♦❜✈✐♦✉s✮✳ ❊①❛♠♣•❡ ✷✽ ✭P❛rt✐t✐♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ♦❢ ❊①❛♠♣•❡ ✷✸ t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ❋♦r t❤✐s ❝r✐✲ t❡r✐♦♥✱ t❤❡r❡ ❛r❡ t✇♦ ❝•♦s❡♥❡ss ✈❛•✉❡s ✭V C close = {+, ++}✮ ❛♥❞ ❛ s✐♥❣•❡ ❢❛r♥❡ss ✈❛•✉❡ ✭V C f ar = {-}✮✳ ▲❡t ✉s ❡✈❛•✉❛t❡ s❡✈❡r❛• ♣❛rt✐t✐♦♥s ♦♥ O = {a, b, c, d, e} ❛❝❝♦r❞✐♥❣ t♦ C 1 ✿ ❼ P 1 = {{a, c}, {b, d, e}}✳ v(P 1 , C 1 ) = notV alid✳ ❚❤✐s ♣❛rt✐t✐♦♥ ✐s ♥♦t ✈❛•✐❞ ❜❡❝❛✉s❡ d ❛♥❞ e ❛r❡ ✐♥ ❛ s❛♠❡ ❝•❛ss ❛♥❞ C 1 (d, e) = never✳ ❼ P 2 = {{b, d, c}, {a}, {e}}✳ v(P 2 , C 1 ) = (++, -)✳ ❚❤❡ ✐♥t❡r ✈❛•✉❡ ✐s ♦♥•② ++ ❜❡❝❛✉s❡ a ❛♥❞ c ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ❜✉t C 1 (a, c) = +✳ ❼ P 3 = {{b, d}, {a, c}, {e}}✳ v(P 3 , C 1 ) = (++, -)✳ ❚❤❡ ✐♥t❡r ✈❛•✉❡ ✐s ♦♥•② ++ ❜❡❝❛✉s❡ d ❛♥❞ e ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ❜✉t C 1 (d, c) = +✳ ❼ P 4 = {{a, d, c}, {b, e}}✳ v(P 4 , C 1 ) = (always, never)✳ b ❛♥❞ d ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ❞❡s♣✐t❡ C 1 (b, d) = ++✱ s♦ t❤❡ ✐♥tr❛ ✈❛•✉❡ ❝❛♥ ♦♥•② ❜❡ always✳ ❍♦✇❡✈❡r✱ t❤✐s ♣❛rt✐t✐♦♥ ✐s ✈❛•✐❞ ❜❡❝❛✉s❡ d ❛♥❞ e ❛r❡ ❛•s♦ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✳ ❼ P 5 = {{a, b, c, d}, {e}}✳ v(P 5 , C 1 ) = (+, never)✳ ❚❤❡ ✐♥t❡r ✈❛•✉❡ ✐s never ❜❡❝❛✉s❡ a ❛♥❞ d ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❜✉t C 1 (a, d) = -✳ ▲❡t ✉s s❡❡ ❤♦✇ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s t♦ ❡❛❝❤ ♦t❤❡r✳ ❆ ♣❛rt✐t✐♦♥ P i ✐s ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r ♦♥❡ P i ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ C ✐❢ t❤❡② s❤❛r❡ t❤❡ s❛♠❡ ♦❜•❡❝t s❡t ❛♥❞ ❜♦t❤ ✐♥tr❛ ❛♥❞ ✐♥t❡r ✈❛•✉❡s ♦❢ P i ❛r❡ ✇❡❛❦❡r t❤❛♥ ✐♥tr❛ ❛♥❞ ✐♥t❡r ✈❛•✉❡s ♦❢ P j ❛❝❝♦r❞✐♥❣ t♦ C✳ ❆ ✇❡❛❦❡st ✐♥tr❛ ✈❛•✉❡ ✐♥t✉✐t✐✈❡•② ♠❡❛♥s t❤❛t ♠♦r❡ •❡✈❡•s ♦❢ ❝•♦s❡♥❡ss ✈❛•✉❡s ♦❢ C ❛r❡ s❛t✐s✜❡❞✱ ❛♥❞ ❡❛❝❤ str♦♥❣❡r •❡✈❡•s ♦❢ ❝•♦s❡♥❡ss ✈❛•✉❡s ❛r❡ s❛t✐s✜❡❞✳ ■❢ P j ❛♥❞ P i ❤❛✈❡ t❤❡ s❛♠❡ ✐♥tr❛ ❛♥❞ ✐♥t❡r ✈❛•✉❡s✱ t❤❡✐r ✈❛•✉❡s ❛r❡ ❡q✉❛•✳ ■❢ t❤❡✐r ✈❛•✉❡s ❛r❡ ♥♦t ❡q✉❛• ❜✉t P j ❤❛s ❛ ✇❡❛❦❡r ✐♥tr❛ ✈❛•✉❡ t❤❛♥ P i ❛♥❞ P i ❤❛s ❛ ✇❡❛❦❡r ✐♥t❡r ✈❛•✉❡ t❤❛♥ P j ✱ t❤❡✐r ✈❛•✉❡s ❛r❡ ✐♥❝♦♠♣❛r❛❜•❡ ❛♥❞ s♦ ❛r❡ P i ❛♥❞ P j ✳ ❉❡✜♥✐t✐♦♥ ✶✺ ✭P❛rt✐t✐♦♥ ♦r❞❡r ❢♦r ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥✮✳ ▲❡t P i ✱ P j ❜❡ t✇♦ ✈❛•✐❞ ♣❛rt✐✲ t✐♦♥s ♦♥ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C s✉❝❤ ❛s t❤❡✐r ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛r❡ r❡s♣❡❝t✐✈❡•② (v p , v n ) ❛♥❞ (v ′ p , v ′ n )✳ ❼ (v p , v n ) ✐s ❡q✉❛• t♦ (v ′ p , v ′ n ) ✭❞❡♥♦t❡❞ (v p , v n ) = (v ′ p , v ′ n )✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ v p = v ′ p ❛♥❞ v n = v ′ n ✳ ❼ (v p , v n ) ✐s ❜❡tt❡r t❤❛♥ (v ′ p , v ′ n ) ✭❞❡♥♦t❡❞ (v p , v n ) (v ′ p , v ′ n )✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ v p ≤ v ′ p ❛♥❞ v n ≥ v ′ n ✳ ❼ (v p , v n ) ✐s str✐❝t•② ❜❡tt❡r t❤❛♥ (v ′ p , v ′ n ) ✭❞❡♥♦t❡❞ (v p , v n ) ≻ (v ′ p , v ′ n )✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ (v p , v n ) ≻ (v ′ p , v ′ n ) ❛♥❞ (v p , v n ) = (v ′ p , v ′ n )✳ ❼ ✐♥ ♦t❤❡r ❝❛s❡s✱ (v p , v n ) ❛♥❞ (v ′ p , v ′ n ) ❛r❡ ♥♦t ❝♦♠♣❛r❛❜•❡ ✭❞❡♥♦t❡❞ (v p , v n ) ⋄ (v ′ p , v ′ n )✮✳ ❚❤❡ ♣❛rt✐t✐♦♥ ♦r❞❡r ❢♦••♦✇s t❤❡✐r ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦r❞❡r✳ ❊①❛♠♣•❡ ✷✾ ✭P❛rt✐t✐♦♥ ✈❛•✉❡s ♦r❞❡r ❢♦r ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ♦❢ ❊①❛♠♣•❡ ✷✸ t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥s ❡✈❛•✉❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✷✽ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ C 1 ✿ ❼ v(P 1 , C 1 ) = notV alid✳ ❼ v(P 2 , C 1 ) = (++, -)✳ ❼ v(P 3 , C 1 ) = (++, -)✳ ❼ v(P 4 , C 1 ) = (always, never)✳ ❼ v(P 5 , C 1 ) = (+, never)✳ P 1 ✐s ♥♦t ✈❛•✐❞✱ s♦ ❝♦♠♣❛r✐♥❣ P 1 ✇✐t❤ ❛♥♦t❤❡r ♣❛rt✐t✐♦♥ ❤❛s ♥♦ ♠❡❛♥✐♥❣ ✭P 1 ✐s ✇♦rs❡✮✳ P 2 ❛♥❞ P 3 ❤❛✈❡ t❤❡ s❛♠❡ ✈❛•✉❡✿ P 2 ✐s ❡q✉✐✈❛•❡♥t t♦ P 3 ✭❞❡♥♦t❡❞ P 2 ≈ P 3 ✮✳ P 3 ❤❛s ❛ ✇❡❛❦❡r ✈❛•✉❡ t❤❛♥ P 5 ✭-< never✮ ❜✉t ❛ str♦♥❣❡r ✐♥t❡r ✈❛•✉❡ t❤❛♥ P 5 ✭++ > +✮✱ s♦ P 3 ❛♥❞ P 5 ❛r❡ ♥♦t ❝♦♠♣❛r❛❜•❡ ✭P 3 ⋄ P 5 ✮✳ P 5 ❤❛s ❛ ❜❡tt❡r ✈❛•✉❡ t❤❛♥ P 4 ❜❡❝❛✉s❡ ❜♦t❤ ✐♥tr❛ ❛♥❞ ✐♥t❡r ✈❛•✉❡s ♦❢ P 3 ❛r❡ ✇❡❛❦❡r t❤❛♥ ✐♥tr❛ ❛♥❞ ✐♥t❡r ✈❛•✉❡s ♦❢ P 4 ✭+ < always ❛♥❞ never ≤ never✱ s♦ v(P 5 , C 1 ) v(P 4 , C 1 )✮✱ s♦ P 5 ✐s ♣r❡❢❡rr❡❞ t♦ P 4 ✭❞❡♥♦t❡❞ P 5 P 4 ✮✳ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❛✇ ❤♦✇ t♦ ❡✈❛•✉❛t❡ ❛♥❞ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥✳ ▲❡t ✉s ❡①t❡♥❞ ✐t t♦ s❡✈❡r❛• ❝r✐t❡r✐❛ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❙❡❝t✐♦♥✳ ✻✻ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ✺✳✷✳✷ ❊✈❛•✉❛t✐♥❣ ❛♥❞ ❝♦♠♣❛r✐♥❣ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❢♦r s❡✈❡r❛• ❝r✐t❡r✐❛ ▲❡t ✉s ♣r❡s❡♥t t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ s❡✈❡r❛• ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛♥ ♦r❞❡r ♦♥ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ s❡✈❡r❛• ❝r✐t❡r✐❛✳ ❉❡✜♥✐t✐♦♥ ✶✻ ✭P❛rt✐t✐♦♥ ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝r✐t❡r✐♦♥ s❡t✮✳ ▲❡t G C = (S, E)✱ ❜❡ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ ♦❢ t❤❡ ❝r✐t❡r✐♦♥ s❡t C✱ ❛♥❞ P ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s ♥♦t ✈❛•✐❞ ✭❉❡✜♥✐t✐♦♥ ✶✶✮✱ t❤❡♥ P ✬s ✈❛•✉❡ ✐s notV alid✳ ■❢ P ✐s ✈❛•✐❞✱ P ✬s ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ C ✐s t❤❡ s❡t ♦❢ P ✬s ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ❝r✐t❡r✐♦♥ C ∈ C✳ ❲❡ ❞❡♥♦t❡ v(P, C) = v(P, C) = {C C(P,C) |C ∈ C} t❤❡ P ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ❝r✐t❡r✐♦♥ s❡t C ✭❛❜✉s✐✈❡•② v(P )✱ ✐❢ C ✐s ♦❜✈✐♦✉s✮✳ ❊①❛♠♣•❡ ✸✵ ✭P❛rt✐t✐♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐✲ t❡r✐♦♥ ❣r❛♣❤ G {C 1 ,C 2 } ♦❢ ❊①❛♠♣•❡ ✷✹ t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✷✳ ❲❡ ❡✈❛•✉❛t❡❞ s♦♠❡ ♣❛rt✐t✐♦♥s ✐♥ ❊①❛♠♣•❡ ✷✽ ✇✐t❤ r❡s♣❡❝t t♦ ❝r✐t❡r✐♦♥ C 1 ✳ ▲❡t ✉s ❡✈❛•✉❛t❡ t❤❡♠ ❛❝❝♦r❞✐♥❣ t♦ C = {C 1 , C 2 } ✇✐t❤ C 2 s✉❝❤ ❛s V C 2 close = {+} ❛♥❞ V C 2 f ar = {}✿ ❼ P 1 = {{a, c}, {b, d, e}}✳ v(P 1 , C) = notV alid✳ ❼ P 2 = {{b, d, c}, {a}, {e}}✳ v(P 2 , C) = {C 1(++,-) , C 2(+,never) }✳ ❼ P 3 = {{b, d}, {a, c}, {e}}✳ v(P 3 , C) = {C 1(++,-) , C 2(always,never) }✳ ❼ P 4 = {{a, c, d}, {b, e}}✳ v(P 4 , C) = {C 1(always,never) , C 2(+,never) }✳ ❼ P 5 = {{a, b, c, d}, {e}}✳ v(P 5 , C) = {C 1(+,never) , C 2(+,never) }✳ ■❢ t❤❡r❡ ❛r❡ s❡✈❡r❛• ❝r✐t❡r✐❛✱ ✇❡ ❝♦♥s✐❞❡r ❛❝❝♦r❞✐♥❣ t♦ ❲♦r❦ ❍②♣♦t❤❡s✐s ✻ ♣❛❣❡ ✶✾ t❤❛t ❝r✐t❡r✐❛ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❬✶✹( ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♥♦ ❝r✐t❡r✐♦♥ ✐s str✐❝t•② ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ ❛♥♦t❤❡r t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣❛rt✐t✐♦♥ ✐s ❜❡st✳ ▲❡t A✱ B✱ ❜❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐❛ ✭❞❡♥♦t❡❞ A ⋄ B✮ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ♦❜•❡❝t s❡t O✳ ❚♦ ❝♦♠♣❛r❡ t✇♦ ♣❛rt✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ {A, B}✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡✐r ✈❛•✉❡s ✇✐t❤ r❡s♣❡❝t t♦ A ✐s ❛s ✐♠♣♦rt❛♥t ❛s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡✐r ✈❛•✉❡s ✇✐t❤ r❡s♣❡❝t t♦ B✳ ▲❡t C ❜❡ ❛ ❝r✐t❡r✐♦♥ s❡t s♦ t❤❛t ❝r✐t❡r✐❛ ❛r❡ ❛•• ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r ✭♥❛♠❡•② ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐♦♥ s❡t✮✳ ❚❤❡♥ ❢♦r ❛•• ❞✐st✐♥❝t C i , C j ∈ C ✇❡ ❤❛✈❡ C i ⋄ C j ✳ ❆ ♣❛rt✐t✐♦♥ P ❤❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t C ✐❢ P ✐s ✈❛•✐❞ ❛♥❞ ✐t ✐s ✐♠♣♦ss✐❜•❡ t♦ ✐♠♣r♦✈❡ ❛♥ ✐♥t❡r ♦r ✐♥tr❛ ✈❛•✉❡ ♦❢ ♦♥❡ C ❝r✐t❡r✐♦♥ ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ ❛♥ ✐♥t❡r ♦r ✐♥tr❛ ✈❛•✉❡ ♦❢ ❛t •❡❛st ❛ C ❝r✐t❡r✐♦♥✳ ❆ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ P❛r❡t♦ ❡q✉✐•✐❜r✐✉♠ ❬✼✾( ❛♠♦♥❣ ❝r✐t❡r✐❛ ✈❛•✉❡s✳ ■♥❞❡❡❞✱ ❛ P❛r❡t♦ ❡q✉✐•✐❜r✐✉♠ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✐t ✐s ✐♠♣♦ss✐❜•❡ t♦ ✐♠♣r♦✈❡ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ s♦♠❡t❤✐♥❣ ✭❛ ❝r✐t❡r✐♦♥ ❤❡r❡✮ ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ s♦♠❡t❤✐♥❣ ❡•s❡✳ ▲❡t ✉s ❢♦r♠❛••② s❡❡ ❤♦✇ t♦ ❝♦♠♣❛r❡ t✇♦ ♣❛rt✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐♦♥ s❡t ✐♥ ❉❡✜♥✐t✐♦♥ ✶✼✳ ❉❡✜♥✐t✐♦♥ ✶✼ ✭P❛rt✐t✐♦♥ ✈❛•✉❡s ♦r❞❡r ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐♦♥ s❡t✮ ✳ ▲❡t P 1 ✱ P 2 ❜❡ t✇♦ ♣❛rt✐t✐♦♥s ♦♥ G C ✱ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤ s✉❝❤ t❤❛t C ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐♦♥ s❡t✳ ❚❤❡ P 1 ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s ❜❡tt❡r t❤❛♥ P 2 ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭❞❡♥♦t❡❞ v(P 1 , C) v(P 2 , C)✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ ∀C i ∈ C, v(P 1 , C i ) v(P 2 , C i )✳ ❚❤❡ P 1 ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s str✐❝t•② ❜❡tt❡r t❤❛♥ P 2 ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭❞❡♥♦t❡❞ v(P 1 , C) ≻ v(P 2 , C)✮ ✐❢ ❛♥❞ ♦♥•② ✐❢✿ ❼ ∀C i ∈ C✱ v(P 1 , C i ) v(P 2 , C i ) ❛♥❞ ❼ ∃C j ∈ C|v(P 1 , C j ) ≻ v(P 2 , C j )✳ ❱❛•✉❡s ♦❢ ♣❛rt✐t✐♦♥s P 1 ❛♥❞ P 2 ❛r❡ ✐♥❝♦♠♣❛r❛❜•❡ ❢♦r G C ✐♥ ♦t❤❡r ❝❛s❡s✳ ❊①❛♠♣•❡ ✸✶ ✭P❛rt✐t✐♦♥ ✈❛•✉❡s ♦r❞❡r ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐♦♥ s❡t✮ ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G {C 1 ,C 2 } ♦❢ ❊①❛♠♣•❡ ✷✹ t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥s ❡✈❛•✉❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✸✵ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C = {C 1 , C 2 }✳ ❼ P 1 = {{a, c}, {b, d, e}}✳ v(P 1 , C) = notV alid✳ ❼ P 2 = {{b, d, c}, {a}, {e}}✳ v(P 2 , C) = {C 1(++,-) , C 2(+,never) }✳ ❼ P 3 = {{b, d}, {a, c}, {b}, {e}}✳ v(P 3 , C) = {C 1(++,-) , C 2(always,never) }✳ ❼ P 4 = {{a, e}, {b}, {c, d}}✳ v(P 4 , C) = {C 1(always,never) , C 2(+,never) }✳ ❼ P 5 = {{a, b, c, d}, {e}}✳ v(P 5 , C) = {C 1(+,never) , C 2(+,never) }✳ P 1 ✐s ♥♦t ✈❛•✐❞✱ s♦ ❝♦♠♣❛r✐♥❣ P 1 ✇✐t❤ ❛♥♦t❤❡r ♣❛rt✐t✐♦♥ ❤❛s ♥♦ ♠❡❛♥✐♥❣✳ P 2 ❛♥❞ P 3 ❤❛✈❡ t❤❡ s❛♠❡ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ C 1 ❜✉t P 2 ❤❛s ❛ ❜❡tt❡r ✈❛•✉❡ t❤❛♥ P 3 ❛❝❝♦r❞✐♥❣ t♦ C 2 s♦ P 2 P 3 ❛❝❝♦r❞✐♥❣ t♦ C✳ P 3 ✐s ♥♦t ❝♦♠♣❛r❛❜•❡ t♦ P 5 ✇✐t❤ r❡s♣❡❝t t♦ C 1 ✱ s♦ P 3 ❛♥❞ P 5 ❛r❡ ❛•s♦ ♥♦t ❝♦♠♣❛✲ r❛❜•❡ ✭P 3 ⋄ P 5 ✮ ✇✐t❤ r❡s♣❡❝t t♦ C✳ P 5 ❤❛s ❛ ❜❡tt❡r ✈❛•✉❡ t❤❛♥ P 4 ❜❡❝❛✉s❡ ✐t ❤❛s ❛ ❜❡tt❡r ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❜♦t❤ C 1 ❛♥❞ C 2 ❝r✐t❡r✐❛✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❛✇ ❤♦✇ t♦ ❡✈❛•✉❛t❡ ❛♥❞ ❝♦♠♣❛r❡ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦r s❡✈❡r❛• ❝r✐t❡r✐❛✳ ▲❡t ✉s s❡❡ ✇❤✐❝❤ ❛•❣♦✲ r✐t❤♠s ❛r❡ ✉s❡❞ t♦ ✜♥❞ ❜❡st ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ✺✳✷✳✸ ❋✐♥❞✐♥❣ ❜❡st ♣❛rt✐t✐♦♥s ❢♦r ❛ s✐♥❣•❡ ❝r✐t❡r✐♦♥ ▲❡t C ❜❡ ❛ ❝r✐t❡r✐♦♥ ♦♥ ❛♥ ♦❜•❡❝t s❡t O✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦♥ O ✇✐t❤ r❡s♣❡❝t t♦ C✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛♥❞ t♦ ❡✈❛•✉❛t❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ♦♥ O ✇✐t❤ r❡s♣❡❝t t♦ C ❢♦r ❛•• ❝•♦s❡♥❡ss ✈❛•✉❡s v i ∈ V C close ∪ {always}✳ ❚♦ ❞❡✜♥❡ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ❛s ❡①♣•❛✐♥❡❞ ❜❡•♦✇✳ ❉❡✜♥✐t✐♦♥ ✶✽ ✭|❡✜♥❡❞ ♣❛rt✐t✐♦♥✮✳ ▲❡t P i , P j ❜❡ t✇♦ ♣❛rt✐t✐♦♥s ♦♥ ❛♥ ♦❜•❡❝t s❡t O✳ P i ✐s ♠♦r❡ r❡✜♥❡❞ t❤❛♥ P j ✐❢ ❛♥❞ ♦♥•② ✐❢ ∀ c i ❝•❛ss ∈ P i ∃c j ❝•❛ss ∈ P j |c i ⊆ c j ✳ ❚❤❡ ♣❛rt✐t✐♦♥ P j ✐s s❛✐❞ t♦ ❜❡ •❡ss r❡✜♥❡❞ t❤❛♥ P i ♣❛rt✐t✐♦♥✳ ❊①❛♠♣•❡ ✸✷ ✭|❡✜♥❡❞ ♣❛rt✐t✐♦♥✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t s✉❝❤ ❛s O = {a, b, c, d, e}✳ ❚❤❡ ♣❛rt✐t✐♦♥ P a = {{a, b, c}, {d, e}} ✐s ♠♦r❡ r❡✜♥❡❞ t❤❛♥ t❤❡ ♣❛rt✐t✐♦♥ P a = {{a, b, c, d, e}} ❜✉t ❜♦t❤ ❛r❡ •❡ss r❡✜♥❡❞ t❤❛♥ P c = {{a, b}, {c}, {d, e}}✳ ❍♦✇❡✈❡r✱ P a ✐s ♥♦t ♠♦r❡ r❡✜♥❡❞ t❤❛♥ P d = {{a, b}, {c, d}, {e}} ❜❡❝❛✉s❡ ♥♦ ❝•❛ss ♦❢ P a ✐♥❝•✉❞❡s {c, d} ❛♥❞ P d ✐s ❛•s♦ ♥♦ ♠♦r❡ r❡✜♥❡❞ t❤❛♥ P a ❜❡❝❛✉s❡ ♥♦ ❝•❛ss ♦❢ P d ✐♥❝•✉❞❡s {d, e}✳ ❉❡✜♥✐t✐♦♥ ✶✾ ✭|❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ❢♦r ❛ ❝r✐t❡r✐♦♥✮✳ ▲❡t C ❜❡ ❛ ❝r✐t❡r✐♦♥ ♦♥ ❛♥ ♦❜•❡❝t s❡t O ❛♥❞ v i ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ s✉❝❤ t❤❛t v i ∈ V C close ∪ {always}✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ❢♦r C ✇✐t❤ r❡s♣❡❝t t♦ v i ✐s t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ P s✉❝❤ ❛s v(P, C) = (v p , v n ) ❛♥❞ v p ≤ v i ✳ ▲❡t G C ❜❡ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ ♦♥ O ✇✐t❤ r❡s♣❡❝t t♦ C ❝r✐t❡r✐♦♥✳ ❲❡ ❞❡♥♦t❡ ref (v i , G C ) t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ❢♦r ❛ ❝r✐t❡r✐♦♥ C ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ v i ✭♦r ❛❜✉s✐✈❡•② ref (v i ) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❊①❛♠♣•❡ ✸✸ ✭|❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ❢♦r ❛ ❝r✐t❡r✐♦♥✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ✐♥ ❊①❛♠♣•❡ ✷✸ t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ♦❢ t❤❡ ❝r✐t❡r✐♦♥ C 1 ✿ V C 1 close = {+, ++}✳ ▲❡t ✉s ♣r❡s❡♥t r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ♦♥ O = {a, b, c, d, e} ❛❝❝♦r❞✐♥❣ t♦ C✳ ❼ P + = ref (+) = {{a, b, c, d}, {e}}✳ a✱b✱c ❛♥❞ d ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥s ✈❛•✉❡s C(d, b) = ++ ❛♥❞ C(a, b) = C(a, c) = C(c, d) = +✳ ❼ P ++ = ref (++) = {{a}, {b, d}, {c}, {e}}✳ b ❛♥❞ d ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ C(d, b) = ++✳ ❼ P a = ref (always) = {{a}, {b}, {d}, {c}, {e}}✳ ◆♦ ♦❜•❡❝ts ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦t t✇♦ ✈❡rt❡①❡s s✉❝❤ t❤❛t t❤❡✐r ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ C ✐s always ♦r ❛ str♦♥❣❡r ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✭♥♦ ❝♦♠♣❛r✐s♦♥ str♦♥❣❡r t❤❛♥ always ❡①✐sts✮✳ ❚❤♦s❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ str♦♥❣❡r t❤❡ t❛❦❡♥ ✏❛s r❡❢❡r❡♥❝❡✑ ✈❛•✉❡ ✐s✱ t❤❡ ♠♦r❡ t❤❡ ♣❛rt✐t✐♦♥ ✐s r❡✜♥❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t •❡ss ❝•♦s❡♥❡ss ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s r❡q✉✐r❡ t♦ ♣✉t s♦♠❡ ♦❜•❡❝t ♣❛✐rs ✐♥ ❛ s❛♠❡ ❝•❛ss✳ ❊✈❛•✉❛t✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ✐s ❡♥♦✉❣❤ t♦ ❝❛•❝✉•❛t❡ ❛♥❞ ❡✈❛•✉❛t❡ ❛•• t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ❙✐♥❝❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝•♦s❡♥❡ss ♦r ❛♥ always ✈❛•✉❡ v i ❢♦r ❝r✐t❡r✐♦♥ C ✐s t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ✇✐t❤ v p ≤ v i ✱ ✐t ✐s t❤❡ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ •❡ss ♣♦ss✐❜•❡ ✉♥s❛t✐s✜❡❞ ❢❛r♥❡ss ❡❞❣❡s ✭❢❛r♥❡ss ❡❞❣❡s s✉❝❤ ❛s ❜♦t❤ ✈❡rt❡①❡s ❛r❡ ✐♥s✐❞❡ t❤❡ s❛♠❡ ❝•❛ss✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✷✮✳ ❚❤✐s ♠❛❦❡s ✐t ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❜❡st ♣♦ss✐❜•❡ v n ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ v p s✉❝❤ t❤❛t ✐t ✐s ≤ v i ✳ ✺✳✷✳ •▲❖❇❆▲ ❙❊▼❆◆❚■❈❙ ✻✾ ❛ ❜ ❝ ❞ ❡ ❝•❛ss ♦❢ P + ❝•❛ss ♦❢ P ++ ❝•❛ss ♦❢ P a ✈❡rt❡① ❡❞❣❡ •❛❜❡••❡❞ ++ ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ ♥❡✈❡r ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ -❜② C 1 ❋✐❣✉r❡ ✺✳✸✿ |❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r G C 1 ❇❡❝❛✉s❡ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❤❛s ❛ v p ✐♥ V C close ∪ {always}✱ ❝❛•❝✉•❛t✐♥❣ t❤❡ ✈❛•✉❡s ♦❢ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r ❡❛❝❤ v i ✐♥ V C close ∪ {always} ✐s ❡♥♦✉❣❤ t♦ ❞❡t❡r♠✐♥❡ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ❚♦ ❝❛•❝✉•❛t❡ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝•♦s❡♥❡ss ✈❛•✉❡ v i ❢♦r ❛ ❝r✐t❡✲ r✐♦♥ C ❝♦♠❡s t♦ ❝❛•❝✉•❛t✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦♥ G C ❝♦♥s✐❞❡r✐♥❣ ♦♥•② v ′ i •❛❜❡••❡❞ ❡❞❣❡s s✉❝❤ ❛s v ′ i ≥ v i ✳ ❲❡ ❝❛♥ t❤❡♥ s✐♠♣•② ✉s❡ ❛ ❑r✉s❦❛•✬s ❛•❣♦r✐t❤♠❬✺✵(✳ ❚❤✐s ❛•✲ ❣♦r✐t❤♠ ✐s ✉s❡❞ t♦ ✜♥❞ t❤❡ s❤♦rt❡st s♣❛♥♥✐♥❣ tr❡❡ ♦❢ ❛ ❣r❛♣❤ ❜❛s❡❞ ♦♥ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷✸(✱ t❤❡ ❝♦♠♣•❡①✐t② ♦❢ ❑r✉s❦❛•✬s ❛•❣♦r✐t❤♠ ✐s O(m log n) ❢♦r n ✈❡rt❡①❡s ❛♥❞ m ❡❞❣❡s ✐❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛r❡ ✐♠♣•❡♠❡♥t❡❞ ❛s ❛ ❞✐s•♦✐♥t✲s❡t ❞❛t❛ str✉❝t✉r❡✳ ❆•❣♦r✐t❤♠ ✷ ♣r❡s❡♥ts ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ❑r✉s❦❛•✬s ❛•❣♦✲ r✐t❤♠ ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❣r❛♣❤ ✐♥st❡❛❞ ♦❢ t❤❡ s❤♦rt❡st s♣❛♥♥✐♥❣ tr❡❡✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐s ✐♠♣•❡♠❡♥t❡❞ ✐♥ ❛ t❛❜•❡ s✉❝❤ ❛s t❤❡ ✐♥❞✐❝❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❡rt❡①❡s t♦ ♣❛rt✐t✐♦♥ ❛♥❞ t❤❡ ✈❛•✉❡s t♦ t❤❡ ❝•❛ss❡s ❛✛❡❝t❡❞ t♦ t❤❡ ♦❜•❡❝ts✳ ❙♦✱ ♠❡r❣✐♥❣ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❤❛s ❛ ❝♦♠♣•❡①✐t② ♦❢ O(n) ❢♦r n ✈❡rt❡①❡s ✭❡❛❝❤ ✈❡rt❡① ♠✉st ❜❡ ❝❤❡❝❦❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r✲ ♠✐♥❡ ✐❢ ✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❤❛s ❝❤❛♥❣❡❞✮ ❛♥❞ ✜♥❞ t❤❡ ❝•❛ss ♦❢ ❛ ✈❡rt❡① ❤❛s ❛ ❝♦♠♣•❡①✐t② ♦❢ O(1)✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ n ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤❡r❡ ❛r❡ n -1 ♠❡r❣❡s ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛t ♠♦st ❜❡❝❛✉s❡ ❡❛❝❤ ♠❡r❣❡ ❞❡❝r❡❛s❡s ♦❢ ✶ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❙♦✱ t❤❡ ♠❡r❣❡ ✭❝♦♠♣•❡①✐t② O(n) ✐♥ ♦✉r ✐♠♣•❡♠❡♥t❛t✐♦♥✮ •✐♥❡ ✻ ✐s ❞♦♥❡ n -1 t✐♠❡s ❛t ♠♦st✳ ❊❛❝❤ ❡❞❣❡ ✭m✮ ✐s ❛•s♦ ❝❤❡❝❦❡❞ •✐♥❡ ✹✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝♦♠♣•❡①✐t② ♦❢ ❝❛•❝✉•❛t✐♥❣ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✐s✱ ✐♥ ♦✉r ✐♠♣•❡♠❡♥t❛t✐♦♥✱ O(m + n 2 )✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣•❡①✐t② ✐s O(m log n) ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ✐♠♣•❡♠❡♥t❛t✐♦♥✱ ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❙♦✱ ✇❡ ✇✐•• ❝♦♥s✐❞❡r O(m log n) ❛s t❤❡ ❝♦♠♣•❡①✐t② ♦❢ ❝❛•❝✉•❛t✐♥❣ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s t❤❡s✐s✳ P•❡❛s❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ✐❞❡❛ ❤❛s ❜❡❡♥ ❛•r❡❛❞② ❡①♣•♦r❡❞ ✐♥ ❬✸✷( ✼✵ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ❛♥❞ ❬✹(✳ ❍♦✇❡✈❡r t❤❡ ❛✉t❤♦rs ❞♦ ♥♦t ❝♦♥s✐❞❡r ✐♥❝♦❤❡r❡♥❝❡ ♣r♦❜•❡♠s ♦r ❡✈❡♥ ♠♦r❡ •❡✈❡•s ♦❢ ❢❛r♥❡ss ❛♥❞ ❝•♦s❡♥❡ss ✈❛•✉❡s✳ ■❢ ❛ t❡st❡❞ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ❤❛s ❛ ✈❛•✉❡ (v n , v p ) s✉❝❤ ❛s v p ✐s t❤❡ ✇❡❛❦❡st ✈❛•✉❡ ✐♥ V C f ar ∪ {never}✱ t❤❡♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❛ ✈❛•✉❡ v ′ p > v p ✇✐•• ❤❛✈❡ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✇♦rs❡ t❤❛♥ P ref ❛♥❞ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❡✈❛•✉❛t❡ ❛♥❞ t❡st t❤❡♠✳ ❆•❣♦r✐t❤♠ ✶ ❡♥❞s ✐♥ t❤✐s ❝❛s❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ t❡st •✐♥❡ ✽✳ ❆•❣♦r✐t❤♠ ✶ ❇❡st❱❛•✉❡s❋♦r❆❙✐♥❣•❡❈r✐t❡r✐♦♥ |❡q✉✐r❡✿ C✿ ❝r✐t❡r✐♦♥ ♦♥ ❛♥ ♦❜•❡❝t s❡t O❀ G C ✿ ❝r✐t❡r✐♦♥ ❣r❛♣❤ ♦❢ C ♦♥ O❀ ❊♥s✉r❡✿ s❡t ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✇✐t❤ r❡s♣❡❝t t♦ C ♦♥ O ✶✿ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ s❡t bestV = {}❀ ✷✿ ❢♦r ❛•• ✈❛•✉❡s v i ∈ V C close ∪ {always} ✐♥ < ♦r❞❡r ❞♦ ✸✿ P❛rt✐t✐♦♥ P ❂ ref (v i )❀ ✹✿ P❛rt✐t✐♦♥ ✈❛•✉❡ v = v(P )❀ ✺✿ ✐❢ P ✐s ✈❛•✐❞ ❛♥❞ ∃v ′ ∈ bestV |v ′ v t❤❡♥ ✻✿ ❛❞❞ v t♦ bestV ❀ ✼✿ ❡♥❞ ✐❢ ✽✿ ✐❢ v(P ) = (v ′ p , v ′ n ) s✉❝❤ ❛s v n = weakest(V C f ar ∪ {never}) t❤❡♥ ✾✿ r❡t✉r♥ bestV ❀ ✶✵✿ ❡♥❞ ✐❢ ✶✶✿ ❡♥❞ ❢♦r ✶✷✿ r❡t✉r♥ bestV ❀ ▲❡t ✉s s❡❡ ❛♥ ❊①❛♠♣•❡ ❛❜♦✉t t❤❡ r❡s✉•ts ♦❢ ❆•❣♦r✐t❤♠ ✶✳ ❊①❛♠♣•❡ ✸✹ ✭|❡s✉•ts ♦❢ ❆•❣♦r✐t❤♠ ✶✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ♦♥ t❤❡ ♦❜•❡❝t s❡t O = {a, b, c, d, e} ❞❡✜♥❡❞ ❊①❛♠♣•❡ ✷✸✳ ■♥ ❊①❛♠♣•❡ ✸✸ ✇❡ ❣❛✈❡ ❛•• ✐ts r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ▲❡t ✉s ❛♣♣•② ❆•❣♦r✐t❤♠ ✶ ♦♥ G C 1 ✳ ❲❡ r❡♠✐♥❞ ♦✉rs❡•✈❡s t❤❛t V C close = {+, ++} ❛♥❞ V C f ar = {-}✳ ❼ + ✐s t❤❡ ✇❡❛❦❡st ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐♥ V C close ∪ {always}✱ s♦ t❤❡ ✜rst r❡❢❡r✲ ❡♥❝❡ ♣❛rt✐t✐♦♥ ❝❛•❝✉•❛t❡❞ ❛♥❞ ❡✈❛•✉❛t❡❞ ✐s P + = ref (+) = {{a, b, c, d}, {e}}✳ v(P + ) = (+, never) ❛♥❞ ✐s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❜❡❝❛✉s❡ v(P + ) ✐s ✈❛•✐❞ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦t ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ②❡t✳ ❼ ++ ✐s t❤❡ ✇❡❛❦❡st ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✐♥ V C close ∪{always}-{+}✱ s♦ t❤❡ ✜rst ❝❛•✲ ❝✉•❛t❡❞ ❛♥❞ ❡✈❛•✉❛t❡❞ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✐s P ++ = ref (++) = {{a}, {b, d}, {c}, {e}}✳ v(P ++ ) = (++, -)✳ ❚❤✐s ✈❛•✉❡ ✐s ♥♦t ❝♦♠♣❛r❛❜•❡ t♦ v(P + )✱ s♦ ✐t ✐s ❛•s♦ ❛ ❜❡st ✈❛•✉❡✳ -✐s t❤❡ ✇❡❛❦❡st ✈❛•✉❡ ✐♥ V C f ar ∪ {never}✱ s♦ t❤❡ ❛•❣♦r✐t❤♠ ❡♥❞s ✭✇✐t❤✲ ♦✉t ❝❛•❝✉•❛t✐♥❣ ❛♥❞ ❡✈❛•✉❛t✐♥❣ ref (always)✮ ❛♥❞ r❡t✉r♥s t❤❡ s❡t ♦❢ ❢♦✉♥❞❡❞ ❜❡st ✈❛•✉❡s✿ {(+, never), (++, -)}✳ ■♥ ❊①❛♠♣•❡ ✷✽✱ ✇❡ ❡✈❛•✉❛t❡❞ ✜✈❡ ♣❛rt✐t✐♦♥s ♦♥ G C 1 ✳ P❛rt✐t✐♦♥s P 2 ❛♥❞ P 3 ❛r❡ ❜❡st ♣❛rt✐t✐♦♥s ❜❡❝❛✉s❡ t❤❡② ❜♦t❤ ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡ (++, -)✳ P❛rt✐t✐♦♥ P 5 ✐s ❛•s♦ ❛ ❜❡st ♣❛rt✐t✐♦♥ ❜❡❝❛✉s❡ ✐t ❤❛s ❛ ❜❡st ✈❛•✉❡ (+, never)✳ ❈♦♠♣•❡①✐t②✳ ■♥ t❤❡ ✇♦rst ❝❛s❡ ✭✇❤❡♥ t❤❡r❡ ✐s ♥♦ ✈❛•✐❞ ♣❛rt✐t✐♦♥ ✇✐t❤ ❛ v n ✈❛•✉❡ s✉❝❤ t❤❛t v n = max(V C f ar ∪ {never}) ✮ ✇❡ ❤❛✈❡ k + 1 = |V C close ∪ {always}| r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s t♦ ✜♥❞ ❛♥❞ ❡✈❛•✉❛t❡✳ ❚❤❡ ❝♦♠♣•❡①✐t② ♦❢ t❤❡ ❣•♦❜❛• s❡♠❛♥t✐❝s ❢♦r ♦♥❡ ❝r✐t❡r✐♦♥ ❛•❣♦r✐t❤♠ ✐s O((k + 1) * m log n)✱ ❛♥❞ ✐t ✐s ❞❡♣✐❝t❡❞ ❜❡•♦✇ ✭❆•❣♦r✐t❤♠ ✶✮✳ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❛✇ ❤♦✇ t♦ ❝❛•❝✉•❛t❡ ❡✈❡r② ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ ❛♥ ♦❜•❡❝t s❡t O ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ ❈✳ ▲❡t ✉s ❡①t❡♥❞ t❤✐s t♦ s❡✈❡r❛• ❝r✐t❡r✐❛✳ ✺✳✷✳✹ ❋✐♥❞✐♥❣ ❜❡st ♣❛rt✐t✐♦♥s ❢♦r s❡✈❡r❛• ❝r✐t❡r✐❛ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❣•♦❜❛• s❡♠❛♥t✐❝s ✇❤❡♥ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❝r✐t❡r✐♦♥ t♦ ❝♦♥s✐❞❡r✳ ❲❡ ✇✐•• ✜rst ♥❡❡❞ t❤r❡❡ ♥♦t✐♦♥s✿ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t✱ ❛s❝❡♥❞❛♥t ❝•♦s❡✲ ♥❡ss ✈❛•✉❡ s❡t ❛♥❞ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✸✱ ❛r❡ t❤❡ ❛❝t✉❛• t❡sts t♦ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❛•❣♦r✐t❤♠✳ ❚❤❡ ❝❛r❞✐♥❛•✐t② ♦❢ t❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ t❡sts t❤❛t t❤❡ ❛•❣♦r✐t❤♠ ✇✐•• ♥❡❡❞ t♦ ♣❡r❢♦r♠ ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❋✐♥❛••②✱ t❤❡ ❛s❝❡♥❞❛♥t ❝•♦s❡♥❡ss ✈❛•✉❡s ♥♦t✐♦♥ ✇✐•• ❛••♦✇ ✉s t♦ s❦✐♣ s♦♠❡ t❡sts✱ ❛♥❞ ♦♣t✐♠✐s❡ t❤❡ ❛•❣♦r✐t❤♠✳ ❉❡✜♥✐t✐♦♥ ✷✵ ✭❈•♦s❡♥❡ss ✈❛•✉❡ s❡t✮✳ ❆ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t VC ❢♦r ❛ ❝r✐t❡r✐♦♥ s❡t C ✐s ❛ s❡t ♦❢ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s v i s✉❝❤ ❛s v i ∈ V C i close ∪ {always} ❛♥❞ C i ∈ C✱ ✇✐t❤ ♦♥❡ ❛♥❞ ♦♥•② ♦♥❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ v i ❢♦r ❡❛❝❤ ❝r✐t❡r✐♦♥ C i ∈ C✳ ❊①❛♠♣•❡ ✸✺ ✭❈•♦s❡♥❡ss ✈❛•✉❡ s❡t✮✳ ■♥ ❊①❛♠♣•❡ ✷✹✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G {C 1 ,C 2 } ✇✐t❤ C 1 , C 2 s✉❝❤ ❛s V C 1 close = {++, +} ❛♥❞ V C 2 close = {+}✳ ▲❡t ✉s ❡♥✉♠❡r❛t❡ t❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ❛❝❝♦r❞✐♥❣ t♦ {C 1 , C 2 }✿ ❼ VC 1 = {C 1,+ , C 2,+ } ❼ VC 2 = {C 1,+ , C 2,always } ❼ VC 3 = {C 1,++ , C 2,+ } ❼ VC 4 = {C 1,++ , C 2,always } ❼ VC 5 = {C 1,always , C 2,+ } ❼ VC 6 = {C 1,always , C 2,always } ❉❡✜♥✐t✐♦♥ ✷✶ ✭❆s❝❡♥❞❛♥t ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t✮✳ ▲❡t VC 1 ❛♥❞ VC 2 ❜❡ t✇♦ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts ❢♦r t❤❡ s❛♠❡ ❝r✐t❡r✐♦♥ s❡t C✳ VC 1 ✐s ❛♥ ❛s❝❡♥❞❛♥t ♦❢ VC 2 ✐❢ ❛♥❞ ♦♥•② ✐❢ VC 1 ❤❛s ❛ ✇❡❛❦❡r ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ t❤❛♥ VC 2 ❢♦r ❡❛❝❤ ❝r✐t❡r✐♦♥ ✐♥ C✳ VC 2 ✐s s❛✐❞ ❛ ❞❡s❝❡♥❞❛♥t ♦❢ VC 1 ✳ ❊①❛♠♣•❡ ✸✻ ✭❆s❝❡♥❞❛♥t ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t✮✳ ■♥ ❊①❛♠♣•❡ ✸✺✱ ✇❡ ❡♥✉♠❡r❛t❡❞ ❛•• ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts ❢♦r C 1 , C 2 s✉❝❤ ❛s V C 1 close = {++, +} ❛♥❞ V C 2 close = {+}✳ ▲❡t ✉s ❞❡t❡r♠✐♥❡ t❤❡✐r ❛s❝❡♥❞❛♥t r❡•❛t✐♦♥s✳ ❼ VC 1 = {C 1,+ , C 2,+ } ❤❛s t❤❡ ✇❡❛❦❡st ♣♦ss✐❜•❡ ✈❛•✉❡ ❢♦r ❜♦t❤ C 1 ❛♥❞ C 2 ✱ s♦ VC 1 ✐s ❛♥ ❛s❝❡♥❞❛♥t ♦❢ ❛•• t❤❡ ♦t❤❡r ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts ✭VC 2 ✱VC 3 ✱VC 4 ✱VC 5 ❛♥❞ VC 6 ✮✳ ❼ VC 2 = {C 1,+ , C 2,always } ✐s ❛♥ ❛s❝❡♥❞❛♥t ♦❢ VC 4 VC 6 ✳ ■♥ ❢❛❝t✱ VC 3 ❛♥❞ VC 5 ❤❛✈❡ ❛ ✇❡❛❦❡r ✈❛•✉❡ ✭+✮ t❤❛♥ VC 2 ❢♦r C 2 ✭always✮✳ ❼ VC 4 = {C 1,++ , C 2,always } ✐s ❛ ❞❡s❝❡♥❞❛♥t ♦❢ VC 2 ❛♥❞ ❛♥ ❛s❝❡♥❞❛♥t ♦❢ VC 6 ✳ ❼ VC 6 = {C 1,always , C 2,always } ✐s ❛ ❞❡s❝❡♥❞❛♥t ♦❢ ❛•• ♦t❤❡r ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts✳ ❉❡✜♥✐t✐♦♥ ✷✷ ✭|❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝r✐t❡r✐♦♥ s❡t✮✳ ▲❡t C ❜❡ ❛ ❝r✐t❡r✐♦♥ s❡t ♦♥ ❛♥ ♦❜•❡❝t s❡t O✱ ❛♥❞ VC ❛ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ❢♦r C✳ ❚❤❡ r❡❢❡r✲ ❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ❢♦r C ✇✐t❤ r❡s♣❡❝t t♦ VC ✭❞❡♥♦t❡❞ ref (VC)✮ ✐s t❤❡ ♠♦st r❡✜♥❡❞ ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✽✮ ♣❛rt✐t✐♦♥ s✉❝❤ ❛s v(P ref ) = {v(P ref , C i )∀C i ∈ C} ✇✐t❤ ∀C i ❝r✐t❡r✐♦♥✿ v(P ref , C i ) = (v p , v n )|v p ≤ v i ∈ VC✳ ❊①❛♠♣•❡ ✸✼ ✭|❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝r✐t❡r✐♦♥ s❡t✮✳ ■♥ ❊①❛♠♣•❡ ✸✸✱ ✇❡ ❝❛•❝✉•❛t❡❞ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C 1 ❞❡✜♥❡❞ ❊①❛♠♣•❡ ✷✸ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ▲❡t ✉s ❡♥✉♠❡r❛t❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G {C 1 ,C 2 } ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝•♦s❡♥❡s ✈❛•✉❡ s❡t ❡♥✉♠❡r❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✸✺✿ ❼ P +,+ = ref ({C 1,+ , C 2,+ }) = {{a, b, c, d}, {e}} ❼ P +,a = ref ({C 1,+ , C 2,always }) = {{a, b, c, d}, {e}} = P +,+ ✳ P +,+ = P +,a ✐s ❡①❛❝t•② t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P + ♦♥ t❤❡ ❣r❛♣❤ G C ✭❊①❛♠♣•❡ ✸✸✮ ❛♥❞ ✐s r❡♣✲ r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ❼ P ++,+ = ref ({C 1,++ , C 2,+ }) = {{a}, {b, d, c}, {e}}✳ ❼ P ++,a = ref ({C 1,++ , C 2,always }) = {{a}, {b, d}, {c}, {e}}✳ P ++,a ✐s ❡①❛❝t•② t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ++ ♦♥ t❤❡ ❣r❛♣❤ G C ✭❊①❛♠♣•❡ ✸✸✮ ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ❼ P a,+ = ref ({C 1,always , C 2,+ }) = {{a}, {b}, {d, c}, {e}}✳ ❼ P a,a = ref ({C 1,always , C 2,always }) = {{a}, {b}, {d}, {c}, {e}}✳ P a,a ✐s ❡①❛❝t•② t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P a ♦♥ t❤❡ ❣r❛♣❤ G C ✭❊①❛♠♣•❡ ✸✸✮ ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✸✳ ❚❤❡ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛•❣♦r✐t❤♠ ❢♦r s❡✈❡r❛• ❝r✐t❡r✐❛ ✐s t❤❡ ❡①t❡♥s✐♦♥ ❢♦r t❤❡ ❛•❣♦✲ r✐t❤♠ ❢♦r ♦♥❡ ❝r✐t❡r✐♦♥ ✭❆•❣♦r✐t❤♠ ✶✮✳ ❚❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛r❡ ❛•s♦ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡s✱ s♦ ✇❡ ❝❛•❝✉•❛t❡✱ ❡✈❛•✉❛t❡ ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠✳ ❋✐rst✱ ✇❡ ✜♥❞ ❛•• ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ✭❉❡✜♥✐t✐♦♥ ✷✵✮ ❢♦r C✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✷✷✮ ❢♦r ❡❛❝❤ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t VC ❜② s❡❛r❝❤✐♥❣ ❢♦r ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✇✐t❤ ❑r✉s❦❛•✬s ❛•❣♦r✐t❤♠ ✭❝♦♠♣•❡①✐t② O(m log n) ✷ ✮ ♦♥ G C ❝♦♥s✐❞❡r✐♥❣ ♦♥•② v p •❛❜❡••❡❞ ❡❞❣❡s s✉❝❤ t❤❛t v p ≥ v i |v i ∈ (V C i close ∪ {always}) ∩ VC ❛♥❞ C i ∈ C✳ ❲❡ t❤❡♥ ❡✈❛•✉❛t❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛♥❞ ♦♥•② ❦❡❡♣ ❜❡st ♦♥❡s✳ ■❢ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ref (VC) ❤❛s v(P, C i ) = (v p , v n ) ❢♦r ❡❛❝❤ ❝r✐t❡r✐♦♥ C i ∈ C s✉❝❤ ❛s v n = weakest(V C i f ar ∪ {never})✱ t❤❡♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ref (VC ′ ) ✇✐t❤ VC ′ ❞❡s❝❡♥❞❛♥ts ✭❉❡✜♥✐t✐♦♥ ✷✶✮ ♦❢ VC ❤❛✈❡ ❛ ✇♦rs❡ ♦r s❛♠❡ ✈❛•✉❡ t❤❛♥ ref (VC)✱ s♦ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❡✈❛•✉❛t❡ t❤❡♠✳ ❆•❣♦r✐t❤♠ ✷ ❈♦♥♥❡❝t❡❞❈♦♠♣♦♥❡♥t |❡q✉✐r❡✿ G(V, E)✿ ❣r❛♣❤ ✇✐t❤ V ✱ t❤❡ ✈❡rt❡① s❡t ❛♥❞ E✱ t❤❡ ❡❞❣❡ s❡t❀ ❊♥s✉r❡✿ t❤❡ ♣❛rt✐t✐♦♥ ♦♥ V s✉❝❤ t❤❛t ✐ts ❝•❛ss❡s ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲ ♥❡♥ts ♦❢ G(V, E) ✶✿ ❢♦r ❛•• ✈❡rt❡① v ∈ V ❞♦ ✷✿ connectedComponentOf (v) = {v}❀ ✸✿ ❡♥❞ ❢♦r ✹✿ ❢♦r ❛•• ❡❞❣❡ (x, y) ∈ E ❞♦ ✺✿ ✐❢ connectedComponentOf (x) = setOf (y) t❤❡♥ ✻✿ ♠❡r❣❡ connectedComponentOf (x) ❛♥❞ connectedComponentOf (y)❀ ✼✿ ❡♥❞ ✐❢ ✽✿ ❡♥❞ ❢♦r ✾✿ r❡t✉r♥ t❤❡ s❡t ♦❢ t❤❡ connectedComponentOf (v)❀ ❆•❣♦r✐t❤♠ ✸ ❣•♦❜❛•❆•❣♦r✐t❤♠ |❡q✉✐r❡✿ C✱ ❛ ❝r✐t❡r✐♦♥ s❡t ♦♥ ❛♥ ♦❜•❡❝t s❡t O❀ G C ❝r✐t❡r✐❛ ❣r❛♣❤ ♦❢ C ❊♥s✉r❡✿ s❡t ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✇✐t❤ r❡s♣❡❝t t♦ C ♦♥ O✳ ✶✿ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ s❡t bestV = {}❀ ✷✿ s❡t ♦❢ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t t♦ t❡st toT est = {VP|VP✱ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ❢♦r C}❀ ✸✿ ✇❤✐•❡ toT est = {} ❞♦ ✹✿ ♣✐❝❦ ✉♣ VP ❢r♦♠ toT est s✉❝❤ ❛s VP ❤❛s ♥♦ ❛s❝❡♥❞❛♥t ✐♥ toT est❀ ✺✿ P❛rt✐t✐♦♥ P = ref (VP)❀ ✻✿ P❛rt✐t✐♦♥ ✈❛•✉❡ v = v(P, C)❀ ✼✿ ✐❢ P ✐s ✈❛•✐❞ ❛♥❞ ∃v ′ ∈ bestV |v ′ v t❤❡♥ ✽✿ ❛❞❞ v t♦ bestV ❀ ✾✿ ❡♥❞ ✐❢ ✶✵✿ ✐❢ ∀C i ∈ C, v(P, C i ) = (v p , v n )|v n = weakest(V C i f ar ∪ {never}) t❤❡♥ ✶✶✿ r❡♠♦✈❡ ❛•• ❞❡s❝❡♥❞❛♥ts ♦❢ VP ❢r♦♠ toT est❀ ✶✷✿ ❡♥❞ ✐❢ ✶✸✿ ❡♥❞ ✇❤✐•❡ ✶✹✿ r❡t✉r♥ bestV ❀ ✷ ✇✐t❤ n ✈❡rt❡①❡s ❛♥❞ m ❡❞❣❡s ✼✹ ❈❍❆P❚❊| ✺✳ P❆|❚■❚■❖◆■◆• ❙❊▼❆◆❚■❈❙ ❊①❛♠♣•❡ ✸✽ ✭|❡s✉•ts ♦❢ ❆•❣♦r✐t❤♠ ✸✮✳ ■♥ ❊①❛♠♣•❡ ✸✹✱ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ r❡s✉•ts ♦❢ ❆•❣♦r✐t❤♠ ✶ ❛♣♣•✐❡❞ ♦♥ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C ✳ ▲❡t ✉s ❛♣♣•② ❆•❣♦r✐t❤♠ ✸ ♦♥ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G {C 1 ,C 2 } ✭❞❡✜♥❡❞ ✐♥ ❊①❛♠♣•❡ ✷✹ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✷✮ ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦♥ G {C 1 ,C 2 } ✳ ❋✐rst✱ ✇❡ ♥❡❡❞ t❤❡ s❡t ♦❢ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts ❢♦r {C 1 , C 2 }✳ ❆•• t❤♦s❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡ts ❛r❡ ❡♥✉♠❡r❛t❡❞ ✐♥ ❊①❛♠✲ ♣•❡ ✸✼✿ toT est = {{C 1,+ , C 2,+ }✱ {C 1,+ , C 2,always }✱ {C 1,++ , C 2,+ }✱ {C 1,++ ✱C 2,always }✱ {C 1,always , C 2,+ }✱ {C 1,always , C 2,always }}✳ ❼ ❚❤❡ ♦♥•② ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t ♦❢ toT est t❤❛t ❤❛s ♥♦ ❛s❝❡♥❞❛♥t ✐♥ toT est ✐s {C 1,+ , C 2,+ }✳ ref ({C 1,+ , C 2,+ }) = {{a, b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛s {C 1(+,never) , C 2(+,never) } ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❚❤❡r❡ ✐s ♥♦ ❜❡st ✈❛•✉❡ ②❡t✱ s♦ t❤✐s ♦♥❡ ✐s ❛ ❜❡st ✈❛•✉❡✳ {C 1,+ , C 2,+ } ✐s r❡♠♦✈❡❞ ❢r♦♠ toT est✳ ❼ ❚❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t {C 1,+ , C 2,always } ♦❢ toT est t❤❛t ❤❛s ♥♦ ❛s❝❡♥❞❛♥t ✐♥ toT est✳ ref ({C 1,+ , C 2,always }) = {{a, b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛s {C 1(+,never) , C 2(+,never) } ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❚❤✐s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s ❛•r❡❛❞② ✐❞❡♥t✐✜❡❞ ❛s ❛ ❜❡st ♦♥❡✳ {C 1,+ , C 2,always } ✐s r❡♠♦✈❡❞ ❢r♦♠ toT est✳ ❼ ❚❤❡ ❝•♦s❡♥❡ss ✈❛•✉❡ s❡t {C 1,++ , C 2,+ } ♦❢ toT est t❤❛t ❤❛s ♥♦ ❛s❝❡♥❞❛♥t ✐♥ toT est✳ ref ({C 1,++ , C 2,+ }) = {{a}, {b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛s {C 1(++,-) , C 2(+,never) } ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❚❤✐s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s ♥♦t ✇♦rs❡ t❤❛♥ t❤❡ ❛❝t✉❛• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ {C 1(+,never) , C 2(+,never) }✱ s♦ ✐t ✐s ❛•s♦ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❲❡ ♥♦t✐❝❡ t❤❛t weakest(V C 1 f ar ∪ {never}) = -❛♥❞ weakest(V C 2 f ar ∪ {never}) = never✱ s♦ t❤❡ t❡st •✐♥❡ ✶✵ ♦❢ ❆•❣♦r✐t❤♠ ✸ r❡s✉•t ✐s ✏tr✉❡✑ ❛♥❞ ✇❡ r❡♠♦✈❡ ❢r♦♠ totest {C 1,++ , C 2,+ } ❛♥❞ ✐ts ❞❡s❝❡♥❞❛♥ts ✭{C 1,++ ✱C 2,always }✱ {C 1,always , C 2,+ }✱ {C 1,always , C 2,always }}✮✳ toT est ❜❡❝❛♠❡ ❡♠♣t② ❛♥❞ t❤❡ ❛•❣♦r✐t❤♠ r❡t✉r♥s t❤❡ s❡t ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦♥ G {C 1 ,C 2 } ✿ {{C 1(+,never) , C 2(+,never) }✱ {C 1(++,-) , C 2(+,never) }}✳ ❈♦♠♣•❡①✐t②✳ ❋♦r ❛ ❝r✐t❡r✐♦♥ s❡t C ♦❢ c ❝r✐t❡r✐❛✱ ✇❡ ❤❛✈❡ t♦ ❝❛•❝✉•❛t❡ ❛♥❞ ❡✈❛•✉❛t❡ |V C 1 close ∪ {always}| * ... * |V Cc close ∪ {always}| r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ✐♥ t❤❡ ✇♦rst ❝❛s❡✱ ♥❛♠❡•② (k + 1) c r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ✇✐t❤ k = max(|V C i close | ∀C i ∈ C)✳ ❙♦✱ t❤✐s ❛•❣♦r✐t❤♠ ❤❛s O((k + 1) c * m log n) ❛s ❝♦♠♣•❡①✐t② ✭♣•❡❛s❡ s❡❡ ❆•❣♦r✐t❤♠ ✸✮✳ ▲❡t ✉s s❤♦✇ ✇✐t❤ t❤❡ t❤r❡❡ ❢♦••♦✇✐♥❣ ❊①❛♠♣•❡s t❤❛t ❣•♦❜❛• s❡♠❛♥t✐❝s ❝❛♥ ❣✐✈❡ ❣♦♦❞ q✉❛•✐t❛t✐✈❡ r❡s✉•ts ❛♥❞ t❤❛t ❣•♦❜❛• s❡♠❛♥t✐❝s r❡s✉•ts ❛r❡ ✈❡r② ❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ❝♦♥s✐❞❡r❡❞ ♦❜•❡❝t s❡t✱ ✇❤✐❝❤ ✐s ✜①❡❞ ❜② •♦❝❛• s❡♠❛♥t✐❝s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❊①❛♠♣•❡ ✐♥ ❚❛❜•❡ ✺✳✷✳✹ t❤❛t r❡♣r❡s❡♥ts ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛♥❞ ♥❛♠❡•② t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t✇♦ ❙✉❞♦❝ s✉❜s❡ts r❡•❛t❡❞ t♦ ✺✳✷✳ •▲❖❇❆▲ ❙❊▼❆◆❚■❈❙ ✼✺ ✐❞ t✐t•❡ ❞❛t❡ ❞♦♠❛✐♥ ❛♣♣❡••❛t✐♦♥ N c 1 ✏▲❡ ❜❛♥q✉❡t✑ ✏✶✽✻✽✑ ✏P•❛t♦♥✑ N c 2 ✏▲❡ ❜❛♥q✉❡t✑ ✏✷✵✵✼✑ ✏P•❛t♦♥✑ N c 3 ✏▲❡tt❡r t♦ ❛ ❈❤r✐st✐❛♥ ♥❛t✐♦♥✑ r❡•✐❣✐♦♥ ✏❍❛rr✐s✱ ❙❛♠✑ N c 4 ✏❙✉r❛t t❡r❜✉❦❛ ✉♥t✉❦ ❜❛♥❣s❛ ❦r✐st❡♥ ✑ ✏✷✵✵✽✑ r❡•✐❣✐♦♥ ✏ ❍❛rr✐s✱ ❙❛♠✑ N c 5 ✏❚❤❡ ♣❤✐•♦s♦♣❤✐❝❛• ❜❛s✐s ♦❢ t❤❡✐s♠ ✑ ✏✶✽✽✸✑ r❡•✐❣✐♦♥ ✏ ❍❛rr✐s✱ ❙❛♠✑ N c 6 ✏❇✉✐•❞✐♥❣ ♣❛t❤♦•♦❣②✑ ✏✷✵✵✶✑ ❜✉✐•❞✐♥❣ ✏ ❍❛rr✐s✱ ❙❛♠✉❡•✑ N c 7 ✏❇✉✐•❞✐♥❣ ♣❛t❤♦•♦❣②✑ ✏✶✾✸✻✑ ❜✉✐•❞✐♥❣ ✏ ❍❛rr✐s✱ ❙❛♠✉❡•✑ N c 8 ✏❆•✉♠✐♥✐✉♠ ❛••♦②s ✷✵✵✷ ✑ ✏✷✵✵✷✑ ♣❤②s✐❝s ✏ ❍❛rr✐s✱ ❙❛♠✉❡•✑ ❚❛❜•❡ ✺✳✶✿ ❊①❛♠♣•❡ ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❡ ✏❍❛rr✐s✱ ❙❛♠✑ ❛♣♣❡••❛t✐♦♥ ✭❞❡♥♦t❡❞ O s = {N c 3 , N c 4 , N c 5 , N c 6 , N c 7 , N c 8 }✮ ❛♥❞ ✏P•❛t♦♥✑ ❛♣♣❡••❛t✐♦♥ ✭O p = {N c 1 , N c 2 }✮✳ ❚❤✐s ❚❛❜•❡ ♣r❡s❡♥ts t❤❡ ✐❞✱ t❤❡ t✐t•❡✱ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡ ✭✏❞❛t❡✑✮✱ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ✭✏❞♦♠❛✐♥✑✮ ❛s ❛ ❦❡②✇♦r❞✱ ❛♥❞ t❤❡ ❛♣♣❡••❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr✐❜✉t♦r ❈ ✭✏❛♣♣❡••❛t✐♦♥✑✮ ❢♦r ❡❛❝❤ ❝♦♥t❡①t✉❛• ❡♥t✐t②✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ♦r ❡①♣❡rt✲✈❛•✐❞❛t❡❞ ♣❛rt✐t✐♦♥s ❢♦r t❤❡ t✇♦ ❙✉❞♦❝ s✉❜s❡ts ❛r❡ r❡s♣❡❝✲ t✐✈❡•② P h s = {{N c 5 }✱ {N c 3 , N c 4 }✱ {N c 7 }✱ {N c 6 }✱ {N c 8 }} ❛♥❞ P h p = {{N c 1 , N c 2 }}✳ ❲❡ ❝❛•❝✉•❛t❡❞ ✐❢ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ❛r❡ ❜❡st ♣❛rt✐t✐♦♥s ❢♦r t❤❡ t✇♦ s❡♣❛r❛t❡ ❙✉✲ ❞♦❝ s✉❜s❡ts ❛♥❞ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C = {appellation✱ domain✱ date✱ title}✳ ❚❤♦s❡ ❝r✐t❡r✐❛ ❤❛✈❡ ❜❡❡♥ ❞❡t❛✐•❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳ ❊①❛♠♣•❡ ✸✾ ✭❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏ ❍❛rr✐s✱ ❙❛♠✑ ❛♥❞ ❣•♦❜❛• s❡♠❛♥t✐❝s✮✳ ▲❡t ✉s ❛♣♣•② ❣•♦❜❛• s❡♠❛♥t✐❝s ♦♥ O s = {N c 3 , N c 4 , N c 5 , N c 6 , N c 7 , N c 8 }✳ ❚❤✐s ♦❜•❡❝t s❡t ✐s ♥♦t ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ♦✉r ❝r✐t❡r✐❛✳ ❚❤❡ P h s ✈❛•✉❡ ✐s s✉❝❤ t❤❛t✿ ❼ v(P h s , domain) = (always, -) ✭✐t ❡①✐sts ❛♥ ❡❞❣❡ •❛❜❡••❡❞ + + + + ++ t❤❛t ✐s ♥♦t s❛t✐s✜❡❞✱ ❜❡t✇❡❡♥ N c 3 ❛♥❞ N c 4 ✮✱ ❼ v(P h s , date) = (always, --) ✭✐t ❡①✐sts ❛♥ ❡❞❣❡ •❛❜❡••❡❞ -t❤❛t ✐s ♥♦t s❛t✐s✜❡❞✱ ❜❡t✇❡❡♥ N c 6 ❛♥❞ N c 7 ✮✳ P h s ❤❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ O s ✳ ❍♦✇❡✈❡r✱ ♣❛rt✐t✐♦♥s P ′ s = {{N c 5 , N c 3 , N c 4 }✱ {N c 7 }✱ {N c 6 }✱ {N c 8 }} ✇✐t❤ (+, -) ✈❛•✉❡ ❢♦r domain ❝r✐t❡r✐♦♥ ❛♥❞ (always, never) ✈❛•✉❡ ❢♦r date ❝r✐t❡r✐♦♥ ✐s ❛•s♦ ❛ ❜❡st ♣❛rt✐t✐♦♥✳ ❚❤❡ ♣•✉r❛•✐t② ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❝♦♠❡s ❢r♦♠ ✐♥❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ date ❛♥❞ domain ❝r✐t❡r✐❛✳ ❊①❛♠♣•❡ ✹✵ ✭❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏ P•❛t♦♥✑ ❛♥❞ ❣•♦❜❛• s❡♠❛♥t✐❝s✮✳ ▲❡t ✉s ♥♦✇ ❛♣♣•② ❣•♦❜❛• s❡♠❛♥t✐❝s ♦♥ O p = {N c 1 , N c 2 }✳❚❤❡ ❡①♣❡rt✲✈❛•✐❞❛t❡❞ ♣❛rt✐t✐♦♥ ✐s P h p = {{N c 1 , N c 2 }}✳ ❚❤❡r❡ ✐s ❛♥ ✐♥❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ date ❛♥❞ title ❝r✐t❡r✐❛✳ P h p ✈❛•✉❡ ✐s s✉❝❤ t❤❛t✿ ❼ v(P h p , date) = (always, never)✳ ✭✐t ❡①✐sts ❛♥ ❡❞❣❡ •❛❜❡••❡❞ --t❤❛t ✐s ♥♦t s❛t✐s✜❡❞✱ ❜❡t✇❡❡♥ N c 1 ❛♥❞ N c 2 ✮✳ P h p ✐s t❤❡ ♦♥•② ♣♦ss✐❜•❡ ❜❡st ♣❛rt✐t✐♦♥ ♦♥ O p ❜❡❝❛✉s❡ {{N c 1 }, {N c 2 }} ✐s ♥♦t ✈❛•✐❞ ✇✐t❤ r❡s♣❡❝t t♦ title ❝r✐t❡r✐♦♥✳ ❊①❛♠♣•❡ ✹✸ ✭■♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐♥❝♦❤❡r❡♥t ♣❛rts✮✳ ■♥ ❊①❛♠♣•❡ ✹✷✱ ✇❡ ❞❡t❛✐•❡❞ t❤❡ ♠✐♥✐♠❛• ✐♥❞❡♣❡♥❞❡♥t s✉❜s❡ts ♦❢ t❤❡ G u {C 1 ,C 2 } ❝r✐t❡r✐❛ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❛✮ ✺✳✹✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rts ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ♦❢ t❤♦s❡ s✉❜s❡ts ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✲ ✉r❡ ✺✳✹✿ incoherentP art({a, b, c, d, e}) ♦♥ ❋✐❣✉r❡ ❜✮ ✺✳✹✱ incoherentP art({f, g}) ♦♥ ❋✐❣✉r❡ ❝✮ ✺✳✹ ❛♥❞ t❤❡ independentP art({h, i}) ♦♥ ❋✐❣✉r❡ ❞✮ ✺✳✹✳ ❙✐♥❝❡ t✇♦ ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s✉❜s❡ts ✇❡r❡ ✐♥❝♦❤❡r❡♥t ✭ {a, b, c, d} ❛♥❞ {f, g}✮✱ t❤❡ ❞❡❞✉❝❡❞ ✐♥❞❡♣❡♥❞❡♥t ♣❛rts ❛r❡ ❛•s♦ ✐♥❝♦❤❡r❡♥t ♣❛rts✳ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ✈❡rt❡① ❡❞❣❡ •❛❜❡••❡❞ ++ ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ ♥❡✈❡r ❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ -❜② C 1 ❡❞❣❡ •❛❜❡••❡❞ never ❜② C 2 ❡❞❣❡ •❛❜❡••❡❞ + ❜② C 2 ❛✮ ❈r✐t❡r✐♦♥ ❣r❛♣❤ G u {C 1 ,C 2 } ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❜✮ ❚❤❡ incoherentP art({a, b, c, d, e}) ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❝✮ ❚❤❡ incoherentP art({f, g}) ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❞✮ ❚❤❡ independentP art({h, i}) ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❡✮ ❚❤❡ coherentP art(G u {C 1 ,C 2 } ) ❋✐❣✉r❡ ✺✳✹✿ P❛rts ♦❢ ❝r✐t❡r✐❛ ❣r❛♣❤ G u {C 1 ,C 2 } ❚❤❡ ❝♦❤❡r❡♥t ♣❛rt ❝♦♥t❛✐♥s ❛•• O ♦❜•❡❝ts ❜✉t ❞♦❡s ♥♦t ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❛r✐s♦♥ ✺✳✸✳ ▲❖❈❆▲ ❙❊▼❆◆❚■❈❙ ✼✾ ✈❛•✉❡s ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ♦❜•❡❝ts t❤❛t ❛r❡ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s❛♠❡ ♠✐♥✐♠❛• ✐♥❝♦❤❡r❡♥t s✉❜s❡t✳ ❉❡✜♥✐t✐♦♥ ✷✼ ✭❈♦❤❡r❡♥t ♣❛rt✮✳ ▲❡t G C ❜❡ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ t❤❛t r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜•❡♠ ♦❢ t❤❡ ♦❜•❡❝t s❡t O ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C✳ ▲❡t ✉s ❞❡♥♦t❡ IP t❤❡ s❡t ♦❢ ❛•• ✐♥❝♦❤❡r❡♥t ♣❛rts ♦♥ G C ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✻✮✳ ❚❤❡ ❝♦❤❡r❡♥t ♣❛rt ♦❢ G C ❛❝❝♦r❞✐♥❣ t♦ C ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ G C s✉❝❤ t❤❛t ❛•• ❡❞❣❡s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✐♥❝♦❤❡r❡♥t ♣❛rt ✐♥ IP ❛r❡ r❡♠♦✈❡❞✳ ❚❤❡ ❝♦❤❡r❡♥t ♣❛rt ♦❢ G C ❛❝❝♦r❞✐♥❣ t♦ C ✐s ❞❡♥♦t❡❞ coherentP art(G C )✳ ❊①❛♠♣•❡ ✹✹ ✭❈♦❤❡r❡♥t ♣❛rt✮✳ ■♥ ❊①❛♠♣•❡ ✹✸ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ✐♥❝♦❤❡r❡♥t ♣❛rts ♦❢ t❤❡ G u {C 1 ,C 2 } ❝r✐t❡r✐❛ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✹✳ ▲❡t ✉s r❡♣r❡s❡♥t t❤❡ ❝♦❤❡r❡♥t ♣❛rt ♦❢ G u {C 1 ,C 2 } ✱ coherentP art(G u {C 1 ,C 2 } ) ♦♥ ❋✐❣✉r❡ ❡✮ ✺✳✹✳ ❆ ♣❛rt✐t✐♦♥ ♦♥ O ✐s ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r ♣❛rt✐t✐♦♥ ✐❢ ✐t ❤❛s ❛ ❜❡st ✈❛•✉❡ ❢♦r t❤❡ ❝♦❤❡r❡♥t ♣❛rt ❛♥❞ ❢♦r ❡❛❝❤ ✐♥❝♦❤❡r❡♥t ♣❛rt✳ ❚❤❡ ✈❛•✉❡s ♦❢ ❡❛❝❤ ✭✐♥✮❝♦❤❡r❡♥t ♣❛rt ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ▲❡t ✉s ❞❡t❛✐• ❛♥ ❊①❛♠♣•❡ ✐♥ t❤❡ ❛✐♠ ♦❢ s❤♦✇✐♥❣ ❤♦✇ •♦❝❛• s❡♠❛♥t✐❝s ✐s ✉s❡❢✉• t♦ ❛❞❞ t❤❡ •♦❝❛•✐t② ♥♦t✐♦♥ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ❊①❛♠♣•❡ ✹✺ ✭▲♦❝❛• s❡♠❛♥t✐❝s ✐♥t❡r❡st✮✳ ■♥ ❊①❛♠♣•❡s ✸✾✱ ✹✵ ❛♥❞ ✹✶✱ ✇❡ s❛✇ t❤❛t ❣•♦❜❛• s❡♠❛♥t✐❝s ❝❛♥ ❝♦♥s✐❞❡r t✇♦ ♣❛rt✐t✐♦♥s ✭P s ❛♥❞ P p ✐♥ t❤✐s ❝❛s❡✮ ❛s ❜❡st ♣❛rt✐t✐♦♥s ♦♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ♦❜•❡❝t s❡ts ✭O s ❛♥❞ O p ✮ ❜✉t t❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡ ❜❡st ♣❛rt✐t✐♦♥s ✐s ♥♦t ❛ ❜❡st ♣❛rt✐t✐♦♥ ♦♥ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♦❜•❡❝t s❡t✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❛ ♣r♦❜•❡♠ ❜❡❝❛✉s❡ ♦❜•❡❝ts ♦❢ O s ❤❛✈❡ ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ ♦❜•❡❝ts ♦❢ O p ✱ s♦ ❛♥❛•②s✐♥❣ t❤❡♠ t♦❣❡t❤❡r ♦r s❡♣❛r❛t❡•② ♠✉st ♥♦t ❝❤❛♥❣❡ t❤❡ r❡s✉•ts✳ ❚❤❡ ♣❛rt✐t✐♦♥ P p = {{N c 1 , N c 2 }} ♦♥ O p ❤❛s t❤❡ s❛♠❡ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s ❛s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✭✐♥ ❊①❛♠♣•❡ ✹✵✮ ❜❡❝❛✉s❡ O p ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ s✐♥❣•❡ ✐♥❝♦❤❡r❡♥t ♣❛rt ✭{Nc 1 , N c 2 }✮✳ ❚❤❡ ♣❛rt✐t✐♦♥ P s = {{N c 3 , N c 4 }✱ {N c 5 }✱ {, N c 6 , N c 7 }✱ {N c 8 }} ❤❛s ❛ ❜❡st ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✭✐♥ ❊①❛♠♣•❡ ✸✾✮ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ■♥❞❡❡❞✱ t❤❡ ❝♦❤❡r❡♥t ♣❛rt ❤❛s ❛ ❜❡st ✈❛•✉❡✱ ❛s ❡❛❝❤ ✐♥❝♦❤❡r❡♥t ♣❛rt ✭{Nc 3 , N c 4 , N c 5 } ❛♥❞ {, N c 6 , N c 7 }✿ ❼ ❚❤❡ P s ❤❛s ❛ ✈❛•✉❡ ❢♦r t❤❡ incoherentP art({N c 3 , N c 4 , N c 5 }) s✉❝❤ t❤❛t v(P h s , domain) = (always, -)✳ ❚❤✐s ✈❛•✉❡ ✐s ❛ ❜❡st ♦♥❡ ❢♦r incoherentP art({N c 3 , N c 4 , N c 5 }) ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ date ❛♥❞ domain ❝r✐t❡r✐❛ ❢♦r ♦❜•❡❝ts N c 4 ❛♥❞ N c 5 ✳ ❼ ❚❤❡ P p ❤❛s ❛ ✈❛•✉❡ ❢♦r t❤❡ incoherentP art({N c 6 , N c 7 }) s✉❝❤ t❤❛t v(P h p , date) = (always, --)✳ ❚❤✐s ✈❛•✉❡ ✐s ❛ ❜❡st ♦♥❡ ❢♦r incoherentP art({N c 6 , N c 7 }) ❜❡✲ ❝❛✉s❡ ♦❢ t❤❡ ✐♥❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ title ❛♥❞ date ❝r✐t❡r✐❛ ❢♦r ♦❜•❡❝ts N c 6 ❛♥❞ N c 7 ✳ ❈♦♥tr❛r② t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✱ t❤❡ ♣❛rt✐t✐♦♥ P h ps = P p ∩ P s = {{N c 1 , N c 2 }✱ {N c 3 , N c 4 }✱ {N c 5 }✱ {N c 7 } ❤❛s ❛ ❜❡st ✈❛•✉❡ ♦♥ t❤❡ ✉♥✐♦♥ ♦♥ O s ∩ O p ✳ ■♥ t❤✐s ❝❛s❡✱ always✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ N c i ❛♥❞ N c j ❛r❡ s♦✉r❝❡s ♦❢ t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ■♥ t❤❡ ♦t❤❡r ❝❛s❡s✱ t❤❡ source ❝r✐t❡r✐♦♥ r❡t✉r♥s neutral ✈❛•✉❡✳ ❲✐t❤ t❤✐s ❝r✐t❡r✐♦♥✱ ❛•• s♦✉r❝❡s ♦❢ ❛ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✇✐•• ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ ❛•• ✈❛•✐❞ ✹ ♣❛rt✐t✐♦♥s ❜❡❝❛✉s❡ ✐❢ ♥♦t✱ t❤❡ ♣❛rt✐t✐♦♥ ✐s ♥♦t ✈❛•✐❞✳ ❇❡❝❛✉s❡ ❡❛❝❤ ♣❛rt✐t✐♦♥ t❤❛t ❤❛s ❛ ❜❡st ✈❛•✉❡ ✐s ✈❛•✐❞✱ t❤❡ r❡♣❛✐r ❛•❣♦r✐t❤♠s t❤❛t ❣✉❛r❛♥t❡❡ t♦ ❣✐✈❡ ❛s t❤❡ r❡s✉•t ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ✭✈❛•✐❞✮ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✇✐•• ♦♥•② ♣r♦♣♦s❡ ♣❛rt✐t✐♦♥ r❡♣❛✐rs s✉❝❤ t❤❛t ❛•• s♦✉r❝❡s ♦❢ t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss✱ ❡✈❡♥ ✐❢ ✇❡ ❢♦r♠❛••② ❝♦♥s✐❞❡r ❛ s✐♥❣•❡ s♦✉r❝❡ ❜② ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ✻✳✶✳✷ P❛rt✐t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥s ▲❡t ✉s ♣r❡s❡♥t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ✇❡ ✉s❡ t♦ ♠❛❦❡ ❛ ♣❛rt✐t✐♦♥ P ✐♥t♦ ❛ ♠♦❞✐✜❡❞ ♣❛r✲ t✐t✐♦♥✳ ❚❤❡r❡ ❛r❡ t✇♦ t②♣❡s✿ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ✭❉❡✜♥✐t✐♦♥ ✷✽✮ ❛♥❞ ❝♦♠♣♦s❡❞ tr❛♥s❢♦r♠❛t✐♦♥s ✭❉❡✜♥✐t✐♦♥ ✷✾✮✳ ❉❡✜♥✐t✐♦♥ ✷✽ ✭❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥✮✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥✳ ❆♥ ❛t♦♠✐❝ tr❛♥s❢♦r✲ ♠❛t✐♦♥ ♦❢ P ✐s✿ ❼ ❛ ♠❡r❣❡ ♦❢ ❝•❛ss❡s✿ t✇♦ ❝•❛ss❡s c i , c j ♦❢ P ❛r❡ r❡♣•❛❝❡❞ ❜② ❛ s✐♥❣•❡ ❝•❛ss c ij = c i ∪ c j ✭❛ ♠❡r❣❡ r❡t✉r♥s ❛ ♥❡✇ ♣❛rt✐t✐♦♥ t❤❛t ✐s ❞❡♥♦t❡❞ merge(c i , c j , P )✮✱ ♦r ❼ ❛ ❞✐✈✐s✐♦♥ ♦❢ ❛ ❝•❛ss✿ ❛ ❝•❛ss c ♦❢ P ✐s r❡♣•❛❝❡❞ ❜② t✇♦ ♥❡✇ ❝•❛ss❡s c i , c j s✉❝❤ t❤❛t c i ∪ c j = c✱ c i ∩ c j = {} ❛♥❞ c i , c j = {} ✭❛ ❞✐✈✐s✐♦♥ r❡t✉r♥s ❛ ♥❡✇ ♣❛rt✐t✐♦♥ t❤❛t ✐s ❞❡♥♦t❡❞ division(c i , P )✮✳ ❊①❛♠♣•❡ ✹✻ ✭❆t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥✮✳ ▲❡t P ❜❡ t❤❡ ♣❛rt✐t✐♦♥ {{a, b, c, d}, {e, f, g✱ h, i, j}}✳
❼ merge({a, b, c, d}, {e, f, g, h, i, j}, P ) = {{a, b, c, d, e, f, g, h, i, j}}✳ ❼ division({a, b}, P ) = {{a, b}, {c, d}, {e, f, g, h, i, j}}✳ 

❉❡✜♥✐t✐♦♥ ✷✾ ✭❝♦♠♣♦s❡❞ tr❛♥s❢♦r♠❛t✐♦♥✮✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥✳ ❆ ❝♦♠♣♦s❡❞ tr❛♥s✲ ❢♦r♠❛t✐♦♥ ♦❢ P ✐s✿ ❼ ❛ r❡♣•❛❝❡♠❡♥t ♦❢ ✈❡rt❡①❡s ❜❡t✇❡❡♥ t✇♦ ❝•❛ss❡s✿ •❡t c i , c j ❜❡ t✇♦ ❝•❛ss❡s ♦❢ P ✱ ❛♥❞ c ⊂ c i ✳ c i ❛♥❞ c j ❛r❡ r❡♣•❛❝❡❞ ❜② c i -c ❛♥❞ c j ∪ c ✭❛ r❡♣•❛❝❡♠❡♥t r❡t✉r♥s ❛ ♥❡✇ ♣❛rt✐t✐♦♥ t❤❛t ✐s ❞❡♥♦t❡❞ replacement(c, c j , P )✮❀ ❼ ❛ ♥❡✇♣•❛❝❡♠❡♥t ♦❢ ✈❡rt❡①❡s ❢r♦♠ t✇♦ ❝•❛ss❡s✿ •❡t c i , c j ❜❡ t✇♦ ❝•❛ss❡s ♦❢ P ✱ c ′ i ⊂ c i ❛♥❞ c ′ j ⊂ c j ✳ c i ❛♥❞ c j ❛r❡ r❡♣•❛❝❡❞ ❜② c i -c ′ i ✱ r❡s♣❡❝t✐✈❡•② c j -c ′ j ✹ ❚❤❡ ✈❛•✐❞✐t② ♦❢ ❛ ♣❛rt✐t✐♦♥ ✐s ❞❡✜♥❡❞ ❉❡✜♥✐t✐♦♥ ✶✶ ♣❛❣❡ ✻✶✳ ❆ ♣❛rt✐t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ✈❛•✐❞ ❝❛♥♥♦t ❜❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ❛♥❞ ✐s ♥♦t ❡✈❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❡♥t✐t② r❡s♦•✉t✐♦♥ ♣r♦❜•❡♠✳ ■♥t✉✐t✐✈❡•②✱ ✐t ✐s ❛ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ♦❜•❡❝ts ✐♥ t❤❡ s❛♠❡ ❝•❛ss t❤❛t ❤❛✈❡ t♦ ❜❡ never t♦❣❡t❤❡r ❛❝❝♦r❞✐♥❣ ❛ ❝r✐t❡r✐♦♥✱ ♦r ♦♥ t❤❡ ❝♦♥tr❛r② ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ❜✉t t❤❡② ❤❛✈❡ t♦ always ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥✳ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❛♥❞ c k = c ′ i ∪ c ′ j ✭❛ ♥❡✇♣•❛❝❡♠❡♥t r❡t✉r♥s ❛ ♥❡✇ ♣❛rt✐t✐♦♥ t❤❛t ✐s ❞❡♥♦t❡❞ newplacement(c k , P )✮✳ ❆ r❡♣•❛❝❡♠❡♥t ❝♦✉♥ts ❛s t✇♦ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ✭❛ ❞✐✈✐s✐♦♥ ❛♥❞ ❛ ♠❡r❣❡✮ ❛♥❞ ❛ ♥❡✇♣•❛❝❡♠❡♥t ❝♦✉♥ts ❛s t❤r❡❡ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ✭t✇♦ ❞✐✈✐s✐♦♥s ❛♥❞ ❛ ♠❡r❣❡✮✳ ❊①❛♠♣•❡ ✹✼ ✭❈♦♠♣•❡① tr❛♥s❢♦r♠❛t✐♦♥✮✳ ▲❡t P ❜❡ t❤❡ ♣❛rt✐t✐♦♥ {{a, b, c, d}, {e, f ✱ g, h, i, j}} ❞❡✜♥❡❞ ❊①❛♠♣•❡ ✹✻✳ ❼ replacement({c}, {e, f, g, h, i, j}, P ) = {{a, b, d}, {c, e, f, g, h, i, j}}✳ ❼ newplacement({c, e}, P ) = {{a, b, d}, {c, e}, {f, g, h, i, j}}✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❛ ♣❛rt✐t✐♦♥ ❝♦rr❡s♣♦♥❞ t♦ •✐♥❦ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ ❙✉❞♦❝✳ ■♥t✉✐t✐✈❡•②✱ ❛ ♠❡r❣❡ ❝♦rr❡s♣♦♥❞s t♦ ❢✉s❡ t✇♦ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ t♦ •✐♥❦ t❤❡✐r ❜✐❜•✐♦❣r❛♣❤② t♦ t❤❡ ♥❡✇ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❆ ❞✐✈✐s✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❝r❡❛t✐♥❣ ❛ ♥❡✇ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛♥❞ t♦ •✐♥❦✐♥❣ ✐t t♦ ❛ s❡t ♦❢ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ♦r✐❣✐♥❛••② •✐♥❦❡❞ t♦ ❛ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❆ r❡♣•❛❝❡♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ r❡❞✐r❡❝t✐♥❣ •✐♥❦s ❢r♦♠ s♦♠❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ✭♦r✐❣✐♥❛••② •✐♥❦❡❞ t♦ t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡✮ t♦ ❛♥♦t❤❡r ❡①✐st✐♥❣ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❆ ♥❡✇♣•❛❝❡♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ r❡❞✐r❡❝t✐♥❣ •✐♥❦s ❢r♦♠ s♦♠❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ✭♦r✐❣✐♥❛••② •✐♥❦❡❞ t♦ t✇♦ ❞✐st✐♥❝t ❛✉t❤♦r✐t② ♥♦t✐❝❡s✮ t♦ ❛ ♥❡✇ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥❞✐❝❛t❡ ✇❤✐❝❤ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❤❛✈❡ t♦ ❜❡ •✐♥❦❡❞ t♦ ✇❤✐❝❤ ❛✉t❤♦r✐t② ♥♦t✐❝❡s✱ ❜✉t ❞♦ ♥♦t ✐♥❞✐❝❛t❡ ❤♦✇ t♦ ❢✉s❡ t✇♦ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ t❤❡✐r ❛ttr✐❜✉t❡s ♦r ✇✐t❤ ✇❤✐❝❤ ❛ttr✐❜✉t❡s t♦ ❝r❡❛t❡ ❛ ♥❡✇ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✇❤❡♥ ✐t ✐s ♥❡❝❡ss❛r②✳ ■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♣❛rt✐t✐♦♥s ✉s❡❞ ❜② t❤❡ ♣r♦♣♦s❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠✳ ❊❛❝❤ tr❛♥s❢♦r♠❛t✐♦♥ ❛✐♠s t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t❤❛t ❛r❡ ✉♥s❛t✐s✜❡❞✱ ❜✉t ♥♦t •✉st ❛♥② ♦❢ t❤❡♠✿ t❤❡ ✐♠♣♦rt❛♥t ♦♥❡s ❢♦r ❛ ♣❛rt✐t✐♦♥ ❤❛✈✐♥❣ ❛ ❝❤♦s❡♥ v ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ✐✳❡✳ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✳ ✻✳✶✳✸ ❈r✉❝✐❛• ❛♥❞ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ■♥t✉✐t✐✈❡•②✱ ❛♥ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ✭❉❡✜♥✐t✐♦♥ ✶✷✮ ❢♦r ❛ ♣❛rt✐t✐♦♥ P ❛♥❞ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ✐s ❛♥ ❡❞❣❡ t❤❛t ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② ♣❛rt✐t✐♦♥ ✇✐t❤ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭❝❛••❡❞ ❝r✉❝✐❛• ❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥s ✸✵ ❛♥❞ ✸✶✮ ❜✉t ✐s ♥♦t s❛t✐s✜❡❞ ✐♥ P ✳ ❚❤♦s❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛r❡ t❤❡ ❡❞❣❡s t❤❛t ❢♦r❜✐❞ P t♦ ❤❛✈❡ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❉❡✜♥✐t✐♦♥ ✸✵ ✭❈r✉❝✐❛• ❡❞❣❡ ❢♦r ❛ ❝r✐t❡r✐♦♥✮✳ ▲❡t G C ❜❡ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤✱ v(P, C) = (v p , v n )✱ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✺ ♦❢ ❛ ♣❛rt✐t✐♦♥ P ♦♥ G C ✱ ❛♥❞ x, y t✇♦ ✈❡rt❡①❡s ♦❢ G C ✳ ❆♥ ❡❞❣❡ (x, y) ✐s ❛ ❝r✉❝✐❛• ❡❞❣❡ ✐❢ C(x, y) = v s✉❝❤ t❤❛t✿ ✺ ❲❡ r❡❝❛•• ♦✉rs❡•✈❡s t❤❛t t❤❡ ✈❛•✉❡ (v p , v n ) ♦❢ ❛ ♣❛rt✐t✐♦♥ P ♦♥ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C ✭❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✹ ♣❛❣❡ ✻✹✮ ✐s s✉❝❤ t❤❛t✿ ❼ v p ✐s t❤❡ ✇❡❛❦❡st ❝•♦s❡♥❡ss ♦r always ✈❛•✉❡ s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ✉♥s❛t✐s✜❡❞ ❡❞❣❡ ✐♥ G C ❛❝❝♦r❞✐♥❣ t♦ P ✭❛♥ ❡❞❣❡ s✉❝❤ t❤❛t ✐ts ✈❡rt❡①❡s ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✮ •❛❜❡••❡❞ ❜② ❛ ✈❛•✉❡ ❼ v ∈ V C close ∪{always} ❛♥❞ v ≥ v p ✭(x, y) ✐s s❛✐❞ ❛ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❞❡♥♦t❡❞ ❈❈❊✮✱ ♦r ❼ v ∈ V C f ar ∪ {never} ❛♥❞ v ≤ v n ✭(x, y) ✐s s❛✐❞ ❛ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❞❡♥♦t❡❞ ❋❈❊✮✳ ❚❤❡ s❡t ♦❢ ❛•• ❝r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❢♦r v(P, C) ✐s ❞❡♥♦t❡❞ crucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ crucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❚❤❡ s❡t ♦❢ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡s ✐s ❞❡♥♦t❡❞ closeCrucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ closeCrucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❚❤❡ s❡t ♦❢ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡s ✐s ❞❡♥♦t❡❞ f arCrucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ f arCrucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ✈❡rt❡① s♦✉r❝❡ ❡❞❣❡ •❛❜❡••❡❞ ✰✰ ❡❞❣❡ •❛❜❡••❡❞ ✰ ❡❞❣❡ •❛❜❡••❡❞ ✕ ❡❞❣❡ •❛❜❡••❡❞ ✲ ❋✐❣✉r❡ ✻✳✶✿ ❈r✐t❡r✐♦♥ ❣r❛♣❤ G C ❊①❛♠♣•❡ ✹✽ ✭❈r✉❝✐❛• ❡❞❣❡ ❢♦r ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤✮✳ ▲❡t G C ✱ ❜❡ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✶✱ ❛♥❞ v = (++, -)✱ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❼ closeCrucialEdges(v) = {(b, d), (d, c), (c, e), (f, g)} ❜❡❝❛✉s❡ ✕ ++ ∈ V C close ❛♥❞ C(b, d) = C(d, c) = C(c, e) = C(f, g) = ++✱ s♦ {(b, d)✱ (d, c)✱ (c, e)✱ (f, g)} ⊆ closeCrucialEdges(v)❀ ✕ C(c, f ) = +✱ + ∈ V C close ❜✉t + < ++ s♦ C(b, d) ∈ closeCrucialEdges(v)✳ ❼ f arCrucialEdges(v) = {(d, f )✱ (g, h)✱ (f, j)✱ (i, d)} ❜❡❝❛✉s❡ ✕ C(d, f ), C(g, h), C(f, j), C(i, d) ∈ V C f ar ❛♥❞ ✕ C(d, f ), C(g, h), C(f, j), C(i, d) ≤ - ❼ crucialEdges(v) = f arCrucialEdges(v) ∪ closeCrucialEdges(v) = {(b, d)✱ (d, c)✱ (c, e)✱ (f, g)✱ (d, f )✱ (g, h)✱ (f, j)✱ (i, d)}✳ ❈r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❢♦r t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ (++, -) ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✷✳ ✽✽ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❋✐❣✉r❡ ✻✳✷✿ ❈r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❢♦r t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ (++, -) ❉❡✜♥✐t✐♦♥ ✸✶ ✭❈r✉❝✐❛• ❡❞❣❡ ✐♥ ❛ ❣❡♥❡r❛• ❝❛s❡✮✳ ▲❡t G C ❜❡ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤ ✱ ❛♥❞ v(P, C)✱ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✻ ♦❢ ❛ ♣❛rt✐t✐♦♥ P ♦♥ G C ✳ ▲❡t x, y ❜❡ t✇♦ ✈❡rt❡①❡s ♦❢ G C ✳ ❆♥ ❡❞❣❡ (x, y) ✐s✿ ❼ ❛ ❝r✉❝✐❛• ❡❞❣❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ ∃C ∈ C|(x, y) ∈ crucialEdges(v(P, C), G C ) ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✸✵✮✳ ❼ ❛ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ ∃C ∈ C|(x, y) ∈ closeCrucialEdges(v(P, C), G C )✳ ❼ ❛ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ ∃C ∈ C|(x, y) ∈ f arCrucialEdges(v(P, C), G C )✳ ❚❤❡ s❡t ♦❢ ❛•• ❝r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❢♦r v(P, C) ✐s ❞❡♥♦t❡❞ crucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ crucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❚❤❡ s❡t ♦❢ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡s ✐s ❞❡♥♦t❡❞ closeCrucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ closeCrucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❚❤❡ s❡t ♦❢ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡s ✐s ❞❡♥♦t❡❞ f arCrucialEdges(v(P, C), G C ) ✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉s✐✈❡•② ❞❡♥♦t❡❞ f arCrucialEdges(v(P, C)) ✇❤❡♥ G C ✐s ♦❜✈✐♦✉s✮✳ ❉❡✜♥✐t✐♦♥ ✸✷ ✭❯♥❛❝❝❡♣t❡❞ ❡❞❣❡✮✳ ▲❡t P ✱ ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C ✱ ❛♥❞ v✱ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✳ ❆♥ ❡❞❣❡ (x, y) ✐s ✉♥❛❝❝❡♣t❡❞ ❢♦r P ✇✐t❤ r❡s♣❡❝t t♦ v ✐❢ ❛♥❞ ♦♥•② ✐❢✿ ❼ (x, y) ✐s ❝r✉❝✐❛• ❢♦r t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✸✶✮✱ ❛♥❞ ❼ (x, y) ✐s ✉♥s❛t✐s✜❡❞ ❜② P ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮✳ ❲❡ ✇✐•• ❞❡♥♦t❡ unacceptedEdges(v, P ) t❤❡ s❡t ♦❢ ✉♥❛❝❝❡♣t❡❞ ✭❝r✉❝✐❛•✮ ❡❞❣❡s ❢♦r P ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v❀ closeU nacceptedEdges(v, P ) t❤❡ s❡t ♦❢ ✉♥❛❝❝❡♣t❡❞ ❝•♦s❡♥❡ss ✭❝r✉❝✐❛•✮ ❡❞❣❡s ❢♦r P ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v❀ ❛♥❞ str♦♥❣❡r t❤❛♥ v p ✳ ❼ v n ✐s t❤❡ ✇❡❛❦❡st ❢❛r♥❡ss ♦r never ✈❛•✉❡ s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ✉♥s❛t✐s✜❡❞ ❡❞❣❡ ✐♥ G C ❛❝❝♦r❞✐♥❣ t♦ P ✭❛♥ ❡❞❣❡ s✉❝❤ t❤❛t ❜♦t❤ ✈❡rt❡①❡s ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss✮ •❛❜❡••❡❞ ❜② ❛ ✈❛•✉❡ str♦♥❣❡r t❤❛♥ v n ✳ ✻ ❲❡ r❡❝❛•• t❤❛t ✐♥ ❛ ❣❡♥❡r❛• ❝❛s❡✱ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ ❛ ♣❛rt✐t✐♦♥ P ♦♥ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C ✐s t❤❡ s❡t ♦❢ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦❢ P ♦♥ G C ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ❝r✐t❡r✐♦♥ C ∈ C✳ P•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✻ ♣❛❣❡ ✻✻ ❢♦r ❢✉rt❤❡r ❞❡t❛✐•s✳ f arU nacceptedEdges(v, P ) t❤❡ s❡t ♦❢ ✉♥❛❝❝❡♣t❡❞ ❢❛r♥❡ss ✭❝r✉❝✐❛•✮ ❡❞❣❡s ❢♦r P ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v✳ ❊①❛♠♣•❡ ✹✾ ✭❯♥❛❝❝❡♣t❡❞ ❡❞❣❡✮✳ ▲❡t G C ✱ ❜❡ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ ❛♥❞ v = (++, -) t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ ❊①❛♠♣•❡ ✹✽✳ ▲❡t G C ❜❡ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ s✉❝❤ t❤❛t C = {C} ❛♥❞ G C ✈❡rt❡①❡s ❛r❡ G C ✈❡rt❡①❡s✳ ❙♦✱ ❝r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❛r❡ ❡①❛❝t•② t❤❡ ❝r✉❝✐❛• ❡❞❣❡s ♦❢ G C ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✸✶✱ ❛♥❞ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✷✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P = {{a, b, c, d}, {e, f, g, h, j, i}} ♦♥ G C ✱ r❡♣✲ r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸ ✇✐t❤ t❤❡ ❝r✉❝✐❛• ❡❞❣❡s ♦♥ G C ✳ ❚❤❡ ❝r✉❝✐❛• ❡❞❣❡s ❢♦r v ✭crucialEdges(v) = {(b, d)✱ (d, c)✱ (c, e), (f, g)✱ (d, f )✱ (g, h)✱ (f, j)✱ (i, d)} ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣•❡ ✹✽✮ ✇❤✐❝❤ ❛r❡ ✉♥s❛t✐s✜❡❞ ❜② P ❛r❡ ✉♥❛❝❝❡♣t❡❞ ❜② P ✇✐t❤ r❡s♣❡❝t t♦ v✳ ❙♦✱ unacceptedEdges(v, P ) = {(c, e), (g, h), (f, j)}✳ (c, e) ✐s ❛ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛♥❞ (g, h)✱ (f, j) ❛r❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✳ ❚❤❡ ❢♦••♦✇✐♥❣ Pr♦♣❡rt② ❛ss❡rts t❤❛t ♣❛rt✐t✐♦♥s ✇✐t❤ ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✲ ✐♥❣ t♦ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❤❛✈❡ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❜❡tt❡r ♦r ❡q✉❛• t♦ v✳ ■♥t✉✐t✐✈❡•②✱ ✐t ✐s ❜❡❝❛✉s❡ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡❞❣❡s ✇✐t❤ t❤❡ ♠♦st ✐♥t❡♥s❡ •❛❜❡• ✭❝♦♠✲ ♣❛r✐s♦♥ ✈❛•✉❡✮ ✇❤✐❝❤ ❛r❡ ✉♥s❛t✐s✜❡❞✳ |❡♠♦✈✐♥❣ t❤❡♠ ❛•• ✐♠♣r♦✈❡s t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ Pr♦♣❡rt② ✶ ✭P❛rt✐t✐♦♥s ✇✐t❤ ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛❝❝♦r❞✐♥❣ t♦ v✮✳ ▲❡t G C ❜❡ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤✱ P ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❛♥❞ v ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ G C ✳ P ❤❛s ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛❝❝♦r❞✐♥❣ t♦ v✱ ✐❢ ❛♥❞ ♦♥•② ✐❢ P ❤❛s ❛t •❡❛st v ❛s ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ♦r ❛ ❜❡tt❡r ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ Pr♦♦❢ ✶ ✭P❛rt✐t✐♦♥s ✇✐t❤ ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛❝❝♦r❞✐♥❣ t♦ v✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ P ♦♥ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤ G C ❛♥❞ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ♦♥ G C ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ♦❢ P ❛❝❝♦r❞✐♥❣ t♦ v✿ unacceptedEdges(v, P )✳ ■❢ t❤❡r❡ ❛r❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r P ❛❝❝♦r❞✐♥❣ t♦ v ✭unacceptedEdges(v, P ) = {}✮✱ t❤❡♥ t❤❡r❡ ✐s ❛t •❡❛st ❛♥ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ (x, y) ❛❝❝♦r❞✐♥❣ t♦ P ❛♥❞ v s✉❝❤ t❤❛t x ❛♥❞ y ❛r❡ G C ✈❡rt❡①❡s✳ ❆♥ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝❛♥ ❜❡ ❛ ❝•♦s❡♥❡ss ♦r ❛ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡✳ ❼ ✐❢ (x, y) ✐s ❛ ❈❯❊✱ t❤❡♥✿ ✕ x ❛♥❞ y ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ♦❢ P ✭class(x, P ) = class(y, P )✮✱ ❛♥❞ ✕ t❤❡r❡ ✐s ❛ ❝r✐t❡r✐♦♥ C ∈ C s✉❝❤ t❤❛t C(x, y) = v ′ p ✇✐t❤ v ′ p ≥ v p ✱ t❤❡ ✐♥t❡r ✈❛•✉❡ ♦❢ v ❛❝❝♦r❞✐♥❣ t♦ C✳ ❯♥❢♦rt✉♥❛t❡•②✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ P ❛❝❝♦r❞✐♥❣ t♦ C ✐s v(P, C) = (v ′ p , v n ) ❛t t❤❡ ❜❡st ✭✇✐t❤ v n ✱ t❤❡ ✐♥tr❛ ✈❛•✉❡ ♦❢ v ❛❝❝♦r❞✐♥❣ t♦ C✮✱ s♦ v(P, C) ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ ♦r ❡q✉❛• t♦ v ✐❢ t❤❡r❡ ❛r❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r P ❛❝❝♦r❞✐♥❣ t♦ v✳ ❼ ✐❢ (x, y) ✐s ❛ ❋❯❊✱ t❤❡♥✿ ✾✵ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ✕ x ❛♥❞ y ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ✭class(x, P ) = class(y, P )✮✱ ❛♥❞ ✕ t❤❡r❡ ✐s ❛ ❝r✐t❡r✐♦♥ C ∈ C s✉❝❤ t❤❛t C(x, y) = v ′ n ✇✐t❤ v ′ n ≥ v n ✱ t❤❡ ✐♥tr❛ ✈❛•✉❡ ♦❢ v ❛❝❝♦r❞✐♥❣ t♦ C✳ ❯♥❢♦rt✉♥❛t❡•②✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦❢ P ❛❝❝♦r❞✐♥❣ t♦ C ✐s v(P, C) = (v p , v ′ n ) ❛t t❤❡ ❜❡st ✭✇✐t❤ v p ✱ t❤❡ ✐♥t❡r ✈❛•✉❡ ♦❢ v ❛❝❝♦r❞✐♥❣ t♦ C✮✱ s♦ v(P, C) ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ ♦r ❡q✉❛• t♦ v ✐❢ t❤❡r❡ ❛r❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r P ❛❝❝♦r❞✐♥❣ t♦ v✳ v(P, C) ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ ♦r ❡q✉❛• t♦ v ✐❢ t❤❡r❡ ❛r❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r P ❛❝❝♦r❞✐♥❣ t♦ v✳ ◆♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r P ❛❝❝♦r❞✐♥❣ t♦ v ✐♠♣•✐❡s t❤❛t v(P, C) ✐s ❜❡tt❡r t❤❛♥ ♦r ❡q✉❛• t♦ v ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❛② ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛r❡ ❞❡✜♥❡❞✳ ❆ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s ❛ ♣❛rt✐t✐♦♥✱ t❤❛t✱ ❛s ❛♥② ♣❛rt✐t✐♦♥ ✇✐t❤ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ❞♦❡s ♥♦t ❤❛✈❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ v✳ ❯♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛r❡ ❝r✉❝✐❛• ✉♥s❛t✐s✜❡❞ ❡❞❣❡s❀ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❝r✉❝✐❛• ❡❞❣❡s ❛r❡ s❛t✐s✜❡❞✳ ❚❤✐s ✐♠♣•✐❡s t❤❡ ❢♦••♦✇✐♥❣ Pr♦♣❡rt②✳ Pr♦♣❡rt② ✷ ✭❈❈❊s✱ ❋❈❊s ❛♥❞ P ref ✮✳ ▲❡t v ❜❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ ❛ ❣r❛♣❤ G C ✱ P ref = P ref (v, G C ) t❤❡ ✉♥✐q✉❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ❛♥❞ (x, y) ❛ ❝r✉❝✐❛• ❡❞❣❡ ♦❢ G C ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ v ✈❛•✉❡✳ ❼ ■❢ (x, y) ✐s ❛ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡✱ t❤❡♥ ✈❡rt❡①❡s x ❛♥❞ y ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ✿ class(x, P ref ) =
♣❤ G C s✉❝❤ t❤❛t v(P ref , C) = v✳ ❙✐♥❝❡ P ref ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ t❤❡r❡ ❛r❡ ♥♦ ❝r✉❝✐❛• ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✐♥ G C ❛❝❝♦r❞✐♥❣ t♦ P ❛♥❞ v ✭♣•❡❛s❡ s❡❡ Pr♦♣❡rt② ✶✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛•• ❝r✉❝✐❛• ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ v ❛r❡ s❛t✐s✜❡❞ ❜② P ✭❛❝❝♦r❞✐♥❣ t♦ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✷✮✳ ❆ ❝r✉❝✐❛• ❡❞❣❡ (x, y) ❝❛♥ ❜❡ ❛ ❈❈❊ ♦r ❛ ❋❈❊✿ ❼ ✐❢ (x, y) ✐s ❛ ❝•♦s❡♥❡ss ❡❞❣❡✱ t❤❡♥ class(x, P ) = class(y, P ) ✭❛❝❝♦r❞✐♥❣ t♦ s❛t✲ ✐s✜❡❞ ❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥❉❡✜♥✐t✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮❀ ❼ ✐❢ (x, y) ✐s ❛ ❢❛r♥❡ss ❡❞❣❡✱ t❤❡♥ class(x, P ) = class(y, P ) ✭❛❝❝♦r❞✐♥❣ t♦ s❛t✐s✜❡❞ ❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮✳ ❚❤❡ Pr♦♣❡rt② ✷ ✐s ✈❡r✐✜❡❞✳ ▲❡t G C ❜❡ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤ ❛♥❞ v✱ t❤❡ ✈❛•✉❡ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✳ P•❡❛s❡ ♥♦t❡ t❤❛t ✐❢ v ✐s ❛ ❜❡st ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ✱ ✐t ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t •❡❛st ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✇✐t❤ ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✇✐t❤ r❡s♣❡❝t t♦ v✳ ❚❤♦s❡ ♣❛rt✐t✐♦♥s ❤❛✈❡ ✻✳✷✳ ◆❆■❱❊ |❊P❆■| ❆▲•❖|■❚❍▼ ✾✶ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✸✿ ❯♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❢♦r t❤❡ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✼ ✇❤✐❝❤ ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❤❛s ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✇✐t❤ r❡s♣❡❝t t♦ v✳ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❞❡t❛✐•❡❞ ❝❡♥tr❛• ❝♦♥❝❡r♥s ❢♦r ❛ ❣♦♦❞ r❡♣❛✐r ❛•❣♦r✐t❤♠✿ ✐t s❤♦✉•❞ r❡t✉r♥ ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭✐✳❡✳ ✇✐t❤♦✉t ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❞❡s✐r❡❞ ♣❛rt✐t✐♦♥ ✈❛•✉❡✮✱ ❣♦ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛• ♣❛rt✐t✐♦♥ t♦ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ •❡❛st ♣♦ss✐❜•❡ ♥✉♠❜❡r ♦❢ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✱ ❛♥❞ t❛❦❡ ❝❛r❡ ♦❢ ♥♦t s❡♣❛r❛t✐♥❣ ✈❡rt❡①❡s ❢r♦♠ t❤❡✐r s♦✉r❝❡s ✇❤❡♥ ✐t ✐s ❛✈♦✐❞❛❜•❡✳ ❋✐rst✱ ✇❡ ✇✐•• ♣r♦♣♦s❡ ❛ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ❢♦r r❡♣❛✐rs ❜❛s❡❞ ♦♥•② ♦♥ ❛t♦♠✐❝ r❡♣❛✐rs ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳ ❚❤❡♥✱ ✇❡ ✇✐•• ♣r♦♣♦s❡ ❛♥ ✐♠♣r♦✈❡❞ ❛•❣♦r✐t❤♠ ♦♥ ❙❡❝t✐♦♥ ✻✳✸ t❤❛t ✉s❡s ❝♦♠♣♦s❡❞ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ t❤❡ ❛✐♠ ♦❢ r❡✜♥✐♥❣ t❤❡ ✜rst ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✐♥ s♦♠❡ ❝❛s❡s ❜✉t t❤✐s ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣•❡①✐t② ✭O(m * n) t♦ O(m * (m + n)) ✇✐t❤ n ✈❡rt❡①❡s ❛♥❞ m ❡❞❣❡s✮✳ ■♥ ❙❡❝t✐♦♥ ✻✳✹✱ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✇✐•• ✜♥❛••② t❛❦❡ ❝❛r❡ ♦❢ t❤❡ s♦✉r❝❡ ♥♦t✐♦♥✱ ✉♥•✐❦❡ t❤❡ ♣r❡✈✐♦✉s ❛•❣♦r✐t❤♠✳ ❋✐♥❛••②✱ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✱ ✇❡ ✇✐•• ❛❞❞ ❛ •❛st st❡♣ ✐♥ t❤❡ ❛•❣♦r✐t❤♠ ✐♥ t❤❡ ❛✐♠ ♦❢ ❝♦rr❡❝t✐♥❣ t❤❡ ❞✐✈✐s✐♦♥s ♦❢ ❝•❛ss❡s t❤❛t ❝♦✉•❞ ❤❛✈❡ ❜❡❡♥ ✇✐s❡r✳ ✻✳✷ ◆❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❛ ❝r✐t❡r✐♦♥ ❣r❛♣❤ G C ✱ ❛♥❞ v ❛ ❜❡st ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ✳ ■♥ t❤❡ r❡♠✐♥❞❡r ♦❢ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ✇✐•• ♦♥•② ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ❝r✉❝✐❛• ❡❞❣❡s✳ ❲❡ ✇✐•• ❞❡♥♦t❡ P ref (v, G C ) t❤❡ ✭✉♥✐q✉❡✮ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❚❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮ ✐s ✐♥t✉✐t✐✈❡✳ ■t ❤❛s t✇♦ st❡♣s✿ ✜rst✱ ✇❡ ✇♦✉•❞ •✐❦❡ t♦ ❞✐✈✐❞❡ ❝•❛ss❡s c ♦❢ P ✐♥ s❡✈❡r❛• ❝•❛ss❡s s✉❝❤ t❤❛t t❤❡r❡ ✇♦✉•❞ ❜❡ ♥♦ ♠♦r❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✱ ❛♥❞ ♥♦ ♥❡✇ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✳ ❙❡❝♦♥❞✱ ♦♥❝❡ ✐t ✐s ❞♦♥❡✱ ✇❡ ♠❡r❣❡ ❝•❛ss❡s ✐♥ t❤❡ ❛✐♠ ♦❢ ❤❛✈✐♥❣ ♥♦ ♠♦r❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✱ •✐❦❡ ✐♥ ❆•❣♦r✐t❤♠ ✺✳ ❚❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ ✐s P ′ ✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣✱ P ′ ✐s ❛ ❝♦♣② ♦❢ ✼ ❲❡ r❡❝❛•• t❤❛t ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✐s t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✶✽ ♣❛❣❡ ✻✽✮ ✇✐t❤ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ P•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✷ ♣❛❣❡ ✼✷ ❢♦r ❢✉rt❤❡r ❞❡t❛✐•s✳ s❛♠❡ ❝•❛ss ♦❢ P ref ✭class(x, P ref ) = class(y, P ref )✮✳ ❚❤❡♥ ✐♥ ❛♥② ♣❛rt✐t✐♦♥ ♦♥ G C t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ x ❛♥❞ y ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss✳ Pr♦♦❢ ✸ ✭❆❜♦✉t ✈❡rt❡①❡s ♦❢ ❛ s❛♠❡ ♣❛rt✐t✐♦♥ r❡❢❡r❡♥❝❡ ❝•❛ss✮✳ ▲❡t G C ❜❡ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤✱ v✱ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ❛♥❞ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✐s t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ✇✐t❤ ✐ts ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭♣•❡❛s❡ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✷ ♣❛❣❡ ✼✷✮✱ s♦ P ref ✐s t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ♦♥ G C t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P, C) = v ❛♥❞ x✱ y t✇♦ ✈❡rt❡①❡s ♦❢ G C s✉❝❤ t❤❛t t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ❜✉t ♥♦t ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ref ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t P ref ✐s ♥♦t ♠♦r❡ r❡✜♥❡❞ t❤❛♥ P ✱ s♦ P ref ✐s ♥♦t t❤❡ ♠♦st r❡✜♥❡❞ ♣❛rt✐t✐♦♥ ♦♥ G C ✇✐t❤ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✿ P ref ✐s ♥♦t ❛ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥✱ ♦r P ❤❛s ♥♦t v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ Pr♦♣❡rt② ✸ ✐s ✈❡r✐✜❡❞✳ ❚❤❡ Pr♦♣❡rt② ✹ ❛••♦✇s ✉s t♦ ❞✐✈✐❞❡ t❤❡ ❝•❛ss❡s ♦❢ ❛ ♣❛rt✐t✐♦♥ P ✇✐t❤♦✉t ❝r❡❛t✐♥❣ ♥❡✇ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ✐♥ t❤❡ r❡s✉•t❡❞ ♣❛rt✐t✐♦♥✳ ■t ✐s ✐♥t✉✐t✐✈❡•② ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ t❤❛t ❞✐✈✐❞✐♥❣ ❛ ❝•❛ss ♦❢ P ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ ✈❡rt❡①❡s ♦❢ ❛ s❛♠❡ ❝•❛ss ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ✇❤✐❝❤ ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❝❛♥♥♦t ❛❞❞ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✐♥ t❤❡ r❡s✉•t❡❞ ♣❛rt✐t✐♦♥ P ′ ❜❡❝❛✉s❡✿ ❼ ❙❡♣❛r❛t❡ ✈❡rt❡①❡s ❝❛♥♥♦t ❝r❡❛t❡ ❋❯❊s✱ ❜❡❝❛✉s❡ ❛ ❋❯❊ ✐s ❛ ❋❈❊ s✉❝❤ t❤❛t ✐ts ✈❡rt❡①❡s ❛r❡ ❜♦t❤ ✐♥s✐❞❡ t❤❡ s❛♠❡ ❝•❛ss✳ ❼ ❋♦r ❡❛❝❤ ❈❈❊✱ ✐ts ✈❡rt❡①❡s ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥✱ s♦ ❞✐✈✐❞✐♥❣ ❛ ❝•❛ss ♦❢ P ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ ✈❡rt❡①❡s ♦❢ ❛ ❝•❛ss ♦❢ P ref ❝❛♥♥♦t ❛❞❞ ❈❯❊s✳ ❚❤❡ Pr♦♣❡rt② ✹ ✉s❡s t❤❡ ❢♦••♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡s ✇❤✐❝❤ ✈❡rt❡①❡s ❤❛✈❡ t♦ st❛② t♦❣❡t❤❡r ❞✉r✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥ ❝•❛ss✳ ❉❡✜♥✐t✐♦♥ ✸✸ ✭❚❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ ❛ ✈❡rt❡①✮✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❣r❛♣❤ G C ✱ x ❛ ✈❡rt❡① ♦❢ G C ❛♥❞ P ref ❛ ❜❡st r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❚❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ x ✐♥ P ❛❝❝♦r❞✐♥❣ t♦ v ✐s class(x, P ) ∩ class(x, P ref ) ❛♥❞ ✐s ❞❡♥♦t❡❞ around(x, P, P ref )✳ Pr♦♣❡rt② ✹ ✭❉✐✈✐s✐♦♥ ✇✐t❤ ❛ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ ①✮✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❣r❛♣❤ G C ✱ x ❛ ✈❡rt❡① ♦❢ G C ❛♥❞ P ref ❛ ❜❡st r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❊✈❡r② ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ (y, w) ✐♥ division(around(x, P, P ref ), P ) ✇✐t❤ r❡s♣❡❝t t♦ v ✐s ❛•s♦ ✉♥❛❝❝❡♣t❡❞ ✐♥ P ✇✐t❤ r❡s♣❡❝t t♦ v ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ Pr♦♦❢ ✹ ✭❉✐✈✐s✐♦♥ ✇✐t❤ ❛ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ ①✮✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦♥ ❣r❛♣❤ G C ✱ x ❛ ✈❡rt❡① ♦❢ G C ❛♥❞ P ref ❛ ❜❡st r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ s✉❝❤ t❤❛t v(P ref , G C ) = v✱ c x t❤❡ ❝•❛ss ♦❢ P ❝♦♥t❛✐♥✐♥❣ x ✭c x = class(x, P )✮ ❛♥❞ c ′ x t❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ x ♦❢ P ❞❡♥♦t❡❞ c ′ x = around(x, P, P ref ) ✭❉❡✜♥✐t✐♦♥ ✸✸✮✳ ✾✹ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ▲❡t P ′ ❜❡ t❤❡ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t P ′ = division(around(x, P, P ref ), P )✳ ❚❤❡ ❝•❛ss c x ♦❢ P ❤❛s ❜❡❡♥ r❡♣•❛❝❡❞ ✐♥ P ′ ❜② ❝•❛ss❡s c ′ x ❛♥❞ c x -c ′ x s✉❝❤ t❤❛t c x = c ′ x ∪ (c x -c ′ x )✳ ❙♦✱ ✐❢ ❛ ❝r✉❝✐❛• ❡❞❣❡ ❛❝❝♦r❞✐♥❣ t♦ v ❞❡♥♦t❡❞ (y, z) ✐s ✉♥❛❝❝❡♣t❡❞ ✐♥ P ′ ❜✉t ♥♦t ✐♥ P ✱ t❤✐s ❡❞❣❡ ♠✉st ❜❡✿ ✶✳ ❛ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❛♥❞ ♥♦t ❛ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ✭t❤❡r❡ ❛r❡ ♥♦ t✇♦ ✈❡r✲ t❡①❡s i✱j s✉❝❤ t❤❛t class(i, P )! = class(j, P ) ❜✉t ♥♦t class(i, P ′ ) = class(j, P ′ )❀ ✷✳ s✉❝❤ t❤❛t y ∈ c ′ x ❛♥❞ z ∈ c x -c ′ x ✭♦r z ∈ c ′ x ❛♥❞ y ∈ c x -c ′ x ✿ ✇❡ ✇✐•• ❢♦❝✉s ♦♥ t❤❡ ✜rst ❝❛s❡ ♦♥•②✱ ❜❡❝❛✉s❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s s②♠♠❡tr✐❝✮✳ ■❢ ✭z, y✮ ✐s ❛ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❛❝❝♦r❞✐♥❣ t♦ v ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ t❤❡♥ class(z, P ref ) = class(y, P ref ) ✭Pr♦♣❡rt② ✷✮✳ ■❢ y ∈ c ′ x ❛♥❞ z ∈ c x -c ′ x ✱ t❤❡♥ z, y ∈ c x ❜❡❝❛✉s❡ c x = c ′ x ∪ (c x -c ′ x )✳ y ∈ c x ✐♠♣•✐❡s y ∈ class(x, P ref ) ❜❡❝❛✉s❡ y ∈ c ′ x ❛♥❞ c ′ x = around(x, P, P ref ) = class(x, P ) ∩ class(x, P ref )✳ ❍♦✇❡✈❡r✱ z ∈ c x -c ′ x ✐♠♣•✐❡s z ∈ class(x, P ref ) ❜❡❝❛✉s❡ c x -c ′ x = c x -(class(x, P )∩ class(x, P ref ))✱ s♦ c x -c ′ x = c x -(c x ∩ class(x, P ref )) ❛♥❞ z ∈ c x ✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❛r❡ ♥♦ ✈❡rt❡①❡s ✐♥ t✇♦ ❞✐st✐♥❝t ❝•❛ss❡s ♦❢ ❛ s❛♠❡ ♣❛rt✐✲ t✐♦♥✳ ❍♦✇❡✈❡r✱ y ∈ class(x, P ref ) ❛♥❞ z ∈ class(x, P ref ) ❜✉t class(z, P ref ) = class(y, P ref )✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡ ❛❝❝♦r❞✐♥❣ t♦ ❝•❛ss❡s✬ ❞❡✜♥✐t✐♦♥✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t Pr♦♣❡rt② ✹ ✐s ♥♦t tr✉❡ ✐♠♣•✐❡s ❛ ♥♦♥✲s❡♥s❡✱ s♦✱ Pr♦♣❡rt② ✹ ✐s tr✉❡ ❛♥❞ ❡✈❡r② ✉♥❛❝✲ ❝❡♣t❡❞ ❡❞❣❡ (y, w) ✐♥ division(around(x, P, P ref ), P ) ✐s ❛•s♦ ✉♥❛❝❝❡♣t❡❞ ✐♥ P ❛❝❝♦r❞✲ ✐♥❣ t♦ t❤❡ v ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ▼❡r❣❡ st❡♣✿ ❚❤❡ ♥❛✐✈❡ ✇❛② t♦ t❛❦❡ ❝❛r❡ ♦❢ ❈❯❊s ✐♥ P ′ ✐s t♦ t❛❦❡ ❡❛❝❤ ❈❯❊ (x, y) ♦♥❡ ❜② ♦♥❡✱ ❛♥❞✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡♠✱ ♠❡r❣❡ class(x, P ′ ) ❛♥❞ class(y, P ′ ) ✐♥t♦ ♦♥❡ ✉♥✐q✉❡ ❝•❛ss✳ ❆s ✇❡ ✇✐•• s❡❡ ✐♥ ❊①❛♠♣•❡ ✺✵✱ t❤❛t ❝♦✉•❞ ❜❡ ✉s❡❢✉• ❢♦r ❣✐✈✐♥❣ ❛ ♣❛rt✐t✐♦♥ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❜✉t t❤❛t ❝❛♥ ❛•s♦ ❛❞❞ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✐♥t♦ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❊①❛♠♣•❡ ✺✶✳ ❊①❛♠♣•❡ ✺✵ ✭◆❛✐✈❡ ❛•❣♦r✐t❤♠✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ❝r✉❝✐❛• ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v = (++, -) ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✽✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ♣❛rt✐t✐♦♥ P a ♦♥ G C s✉❝❤ t❤❛t P a = {{a, c, e, h}✱ {b, d}✱ {i, j, f, g}} ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❛✮ ✻✳✹ ✇✐t❤ ✐ts ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ✇✐t❤ r❡s♣❡❝t t♦ v✳ ▲❡t t❤❡ ♣❛rt✐t✐♦♥ P ′ a ❜❡ ❛♥ ❡①❛❝t ❝♦♣② ♦❢ P a ✱ ❛♥❞ P ref = {{a}✱ {b, c, d, e}✱ {f, g}✱ {h}✱ {i}✱ {j}} ❜❡ t❤❡ ♦♥•② r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❚❤❡ ✜rst st❡♣ ♦❢ ❆•❣♦r✐t❤♠ ✺ ✐s t♦ ✐❞❡♥t✐❢② ❋❯❊ ✭❤❡r❡✱ (j, f )✮✳ ❚❤❡ ❛•❣♦r✐t❤♠ t❛❦❡s ❝❛r❡ ♦❢ (j, f ) ❛♥❞ ♣✉ts j ✐♥ ❛ ♥❡✇ ❝•❛ss ✇✐t❤ ❛•• t❤❡ ♦t❤❡r ✈❡rt❡①❡s ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ref ❛♥❞ t♦ class(f, P ′ a )✿ t❤❡ ♥❡✇ ❝•❛ss ♦❢ j ✐s {j}✱ ❛♥❞ t❤❡ ♥❡✇ ♣❛rt✐t✐♦♥ P ′ a ❛❢t❡r division({j}, P ′ a ) ✐s P ′ a = {{a, c, e, h}✱ {b, d}✱ {i, j, g}✱ {j}}✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❜✮ ✻✳✹✳ ❚❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❋❯❊ ✐♥ P ′ ✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ ♠❡r❣❡ ❝•❛ss❡s ♦❢ ✈❡rt❡①❡s ♦❢ ❛ s❛♠❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡✳ ❚❤❡r❡ ✐s ❛ s✐♥❣•❡ ❈❯❊✿ (c, d)✳ class(c, P ′ a ) = {a, c, e, h} ❛♥❞ class(d, P ′ a ) = ❆•❣♦r✐t❤♠ ✺ ♥❛✐✈❡|❡♣❛✐r❆•❣♦r✐t❤♠ |❡q✉✐r❡✿ G C = (V, E)✱ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤❀ v✱ ❛ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ❀ P ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v❀ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ P ′ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭♦r ❛ ❜❡tt❡r ♦♥❡✮ ✶✿ P❛rt✐t✐♦♥ P ′ = copy(P )❀ ✷✿ ✇❤✐•❡ ∃(x, y)✱ ❛ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ♦❢ P ′ ❢♦r v ❞♦ ✸✿ P ′ = division(around(x, P ′ , P ref ), P ′ )❀ ✹✿ ❡♥❞ ✇❤✐•❡ ✺✿ ✇❤✐•❡ ∃(x, y)✱ ❛ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ♦❢ P ′ ❢♦r v ❞♦ ✻✿ P ′ = merge(class(x, P ′ ), class(y, P ′ ), P ′ )❀ ✼✿ ❡♥❞ ✇❤✐•❡ ✽✿ r❡t✉r♥ P ′ ❀ {b, d}✱ s♦ t❤❡ ♥❡✇ ❛♥❞ ✜♥❛• P ′ a ♣❛rt✐t✐♦♥✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❝✮ ✻✳✹ ✐s {{a, c, e, h, b, d}✱ {i, f, g}✱ {j}}✳ ❚❤✐s ♣❛rt✐t✐♦♥ ❤❛s ♥♦ ♠♦r❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛♥❞ ❤❛s v = (++, -) ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❊①❛♠♣•❡ ✺✶ ✭❈♦✉♥t❡r ❡①❛♠♣•❡ ❢♦r ♥❛✐✈❡ ❛•❣♦r✐t❤♠✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❢♦r t❤❡ ♣❛rt✐t✐♦♥ P ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✾ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ▲❡t t❤❡ ♣❛rt✐t✐♦♥ P ′ ❜❡ ❛♥ ❡①❛❝t ❝♦♣② ♦❢ P ✱ ❛♥❞ P ref = {{a}, {b, c, d, e}, {f, g}, {h}✱ {i}, {j}} ❜❡ t❤❡ ♦♥•② r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❚❤❡ ✜rst st❡♣ ♦❢ ❆•❣♦r✐t❤♠ ✺ ✐s t♦ ✐❞❡♥t✐❢② ❋❯❊ ✭❤❡r❡✱ (j, f ) ❛♥❞ (g, h)✮✳ ❚❤❡ ❛•❣♦r✐t❤♠ t❛❦❡s ❝❛r❡ ♦❢ (j, f ) ❛t ✜rst ❛♥❞ ♣✉ts j ✐♥ ❛ ♥❡✇ ❝•❛ss ✇✐t❤ ❛•• t❤❡ ♦t❤❡r ✈❡rt❡①❡s ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ref ❛♥❞ t♦ class(f, P ′ )✿ t❤❡ ♥❡✇ ❝•❛ss ♦❢ j ✐s {j}✱ ❛♥❞ t❤❡ ♥❡✇ ♣❛rt✐t✐♦♥ P ′ ❛❢t❡r division({j}, P ′ ) ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❛✮ ✻✳✺✳ (g, h) ✐s st✐•• ❛ ❋❯❊ s♦ t❤❡ ❛•❣♦r✐t❤♠ ♣✉ts g ✐♥t♦ ❛ ♥❡✇ ❝•❛ss ✇✐t❤ ❛•• t❤❡ ♦t❤❡r ✈❡rt❡①❡s ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝•❛ss ♦❢ P ref ❛♥❞ t♦ class(h, P ′ )✿ f ✳ ❚❤❡ ♥❡✇ ❝•❛ss ♦❢ g ✐s {g, f }✱ ❛♥❞ t❤❡ ♥❡✇ ♣❛rt✐t✐♦♥ P ′ = {{a, b, c, d}, {e, h, i}, {f, g}, {j}} ❛❢t❡r division({g, f }, P ′ ) ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❜✮ ✻✳✺✳ ❚❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❋❯❊s ✐♥ P ′ ✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ ♠❡r❣❡ ❝•❛ss❡s ♦❢ ✈❡rt❡①❡s ♦❢ ❛ s❛♠❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡✳ ❚❤❡r❡ ✐s ❛ s✐♥❣•❡ ❈❯❊✿ (c, e)✳ class(c, P ′ ) = {a, b, c, d} ❛♥❞ class(e, P ′ ) = {e, h, i}✱ s♦ t❤❡ ♥❡✇ ❛♥❞ ✜♥❛• P ′ ♣❛rt✐t✐♦♥✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❝✮ ✻✳✺ ✐s {{a, b, c, d, e, h, i}✱ {f, g}, {j}}✳ ❯♥❢♦rt✉♥❛t❡•②✱ t❤❡r❡ ✐s ❛ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡✱ (d, i)✱ t❤❛t ✐s ♥♦t ❛❝❝❡♣t❡❞ ❛♥❞ s❤♦✇s t❤❛t t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❡❛❝❤ t✐♠❡ ❛ ♠♦❞✐✜❡❞ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ✈❛•✉❡✱ ♦r ✇✐t❤♦✉t ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✳ ❈♦♠♣•❡①✐t② ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♥✉♠❜❡r✳ ▲❡t ✉s ❞❡♥♦t❡ f t❤❡ ♥✉♠❜❡r ♦❢ ❋❯❊s ✐♥ t❤❡ ♣❛rt✐t✐♦♥ P ♦♥ G C ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v✳ ❚❤❡ ❞✐✈✐s✐♦♥ st❡♣ ✾✻ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛✮ ❯♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ P a ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❜✮ P ′ a ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❝✮ P ′ a ❛❢t❡r t❤❡ ♠❡r❣❡ st❡♣ ❋✐❣✉r❡ ✻✳✹✿ ▼♦❞✐✜❝❛t✐♦♥s ♦❢ P a ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -)✿ ❡①❛♠♣•❡ ❢♦r t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✭✺✮ ♦❢ ❆•❣♦r✐t❤♠ ✺ ❞♦❡s ♦♥❡ ❞✐✈✐s✐♦♥ ♣❡r ❋❯❊ ✐♥ t❤❡ ✇♦rst ❝❛s❡✱ s♦ ✐t ❞♦❡s f ❞✐✈✐s✐♦♥s ✭♦r ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s✮ ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❚❤❡ ❝♦♠♣•❡①✐t② ♦❢ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❞✐✈✐s✐♦♥ st❡♣ ✐s O(m * n)✱ ✇✐t❤ m ❡❞❣❡s ✭❋❯❊s✮ t♦ ❝❤❡❝❦ ✐♥ t❤❡ ✇♦rst ❝❛s❡ ❛♥❞ n ✈❡rt❡①❡s✳ ❚❤❡ ❝♦♠♣•❡①✐t② ♦❢ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ♠❡r❣❡ st❡♣ ✐s ❛•s♦ O(m * n)✱ ✇✐t❤ m ❡❞❣❡s ✭❈❯❊s✮ t♦ ❝❤❡❝❦ ✐♥ t❤❡ ✇♦rst ❝❛s❡ ❛♥❞ n ✈❡rt❡①❡s✳ ■♥❞❡❡❞✱ ✐t ❞♦❡s ❛ ❢✉s✐♦♥ ♦❢ ❝•❛ss❡s ♣❡r ❈❯❊ ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❙♦✱ t❤❡ ❝♦♠♣•❡①✐t② ♦❢ ❆•❣♦r✐t❤♠ ✺ ✐s O(m * n)✳ ❲❡ s❛✇ ✐♥ ❊①❛♠♣•❡ ✺✶ t❤❛t t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮ ❞✐❞ ♥♦t ❛•✇❛②s ❣✐✈❡ ❛ ♣❛rt✐t✐♦♥ ❢r❡❡ ♦❢ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛s t❤❡ r❡s✉•t✳ ▲❡t ✉s ❝♦rr❡❝t t❤✐s ♣♦✐♥t ✇✐t❤ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✳ ✻✳✸ ■♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❚❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻✮ ♣r♦♣♦s❡s ❛ s♠❛rt❡r ✇❛② t♦ t❛❦❡ ❝❛r❡ ♦❢ ❈❯❊s ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✭❙❡❝t✐♦♥ ✻✳✷✮ ✐♥ t❤❡ ❛✐♠ ♦❢ ♥♦t ❤❛✈✐♥❣ ♥❡✇ ❋❯❊ ❛❢t❡r ♠❡r❣❡s✳ ▲❡t ✉s ❞❡t❛✐• t❤✐s ♠❡r❣❡ st❡♣✳ ✻✳✸✳ ■◆❚❯■❚■❱❊ |❊P❆■| ❆▲•❖|■❚❍▼ ✾✼ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❛✮ ❯♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ P ′ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❜✮ P ′ ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❝✮ P ′ ❛❢t❡r t❤❡ ♠❡r❣❡ st❡♣ ❋✐❣✉r❡ ✻✳✺✿ ▼♦❞✐✜❝❛t✐♦♥s ♦❢ P ′ ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -)✿ ❝♦✉♥t❡r ❡①❛♠♣•❡ ❢♦r t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮ ▼❡r❣❡ st❡♣✿ ✭•✐♥❡s ✺ t♦ ✷✻ ❢r♦♠ ❆•❣♦r✐t❤♠ ✻✮✳ ❚❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✱ ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮✱ t❛❦❡s ❈❯❊s ♦❢ P ′ ♦♥❡ ❜② ♦♥❡✳ ❋♦r ❡❛❝❤ ❈❯❊ (x, y)✱ ✐t ❝❤❡❝❦s ✐❢ t❤❡ ♠❡r❣❡ ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ ❝•❛ss❡s ✭class(x, P ′ ) ❛♥❞ class(y, P ′ )✮ ❛❞❞s s♦♠❡ ❋❯❊ ✐♥ t❤❡ r❡s✉•t❡❞ ♣❛rt✐t✐♦♥✳ ❼ ■❢ ♥♦t✱ t❤❡ ❛•❣♦r✐t❤♠ ♠❡r❣❡s t❤♦s❡ ❝•❛ss❡s •✐❦❡ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•✲ ❣♦r✐t❤♠ ✺✮ ❞♦❡s✳ ❼ ■❢ ✐t ✐s t❤❡ ❝❛s❡✱ •✐❦❡ ✐♥ ❛ ❞✐✈✐s✐♦♥✱ t❤❡ ❛•❣♦r✐t❤♠ tr✐❡s t♦ ♣✉t x ✭❛♥❞ t❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ x ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✸✱ ✐♥ t❤❡ ❛✐♠ ♦❢ ♥♦t ❛❞❞✐♥❣ ❛ ♥❡✇ ❈❯❊ ❛s ❢♦r ❞✐✈✐s✐♦♥s ♦❢ ♥❛✐✈❡ ❛•❣♦r✐t❤♠✮ ✐♥t♦ ❝•❛ss class(y, P ′ )✱ ♦r ✐♥ t❤❡ s❛♠❡ ✇❛②✱ y ✐♥t♦ class(x, P ′ )✳ ❋♦r ❡❛❝❤✱ ✐t ❝❤❡❝❦s ✐❢ t❤✐s ❞♦❡s ♥♦t ❝r❡❛t❡ ❛ ♥❡✇ ❋❯❊ ✐♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✳ ■❢ ♥♦♥❡ ♦❢ t❤❡s❡ ♣♦ss✐❜✐•✐t✐❡s ✐s ❛❝❝❡♣t❡❞✱ ✐t ❝r❡❛t❡s ❛ ♥❡✇ ❝•❛ss ❛♥❞ ♣✉ts ✐♥t♦ ✐t x✱ y ❛♥❞ ✈❡rt❡①❡s ❛r♦✉♥❞ x ❛♥❞ y✱ •✐❦❡ ✐♥ t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠✬s ❞✐✈✐s✐♦♥ st❡♣ ✭✐♥ t❤❡ ❛✐♠ ♦❢ ♥♦t ❝r❡❛t✐♥❣ ❛ ❋❯❊ ✐♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✮✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✱ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❋❯❊s ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ st❡♣✱ ❛♥❞ ♥♦ ♠♦r❡ ❈❯❊s ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠❡r❣❡ st❡♣✱ s♦ ✇❡ ♦❜t❛✐♥ ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v✳ ▲❡t ✉s s❤♦✇ ❤♦✇ t❤❡ ❛•❣♦r✐t❤♠ ❤❛♥❞•❡s ❈❯❊s ✇✐t❤ ❊①❛♠♣•❡ ✺✷✳ ❆•❣♦r✐t❤♠ ✻ ✐♥t✉✐t✐✈❡|❡♣❛✐r❆•❣♦r✐t❤♠ |❡q✉✐r❡✿ G C = (V, E)✱ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤❀ v✱ ❛ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❢♦r G C ❀ P ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ P ′ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭♦r ❛ ❜❡tt❡r ♦♥❡✮ ✶✿ P❛rt✐t✐♦♥ P ′ = copy(P )❀ ✷✿ ✇❤✐•❡ ∃(x, y) ∈ f arU nacceptedEdge(v, P ′ ) ❞♦ ✸✿ P ′ = division(around(x, P ′ , P ref ), P ′ )❀ ✹✿ ❡♥❞ ✇❤✐•❡ ✺✿ ✇❤✐•❡ ∃(x, y) ∈ closeU nacceptedEdge(v, P ′ ) ❞♦ ✻✿ ❈•❛ss c x = class(x, P ′ )❀ ✼✿ ❈•❛ss c y = class(y, P ′ )❀ ✽✿ P❛rt✐t✐♦♥ P test = merge(c x , c y , P ′ )❀ ✾✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )|(z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✶✵✿ P ′ = P test ❀ ✶✶✿ ❡•s❡ ✶✷✿ ❈•❛ss c ′ x = around(x, P ′ , P ref )❀ ✶✸✿ ❈•❛ss c ′ y = around(y, P ′ , P ref )❀ ✶✹✿ P test = replacement(c ′ x , c y , P ′ )❀ ✶✺✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )|(z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✶✻✿ P ′ = P test ❀ ✶✼✿ ❡•s❡ ✶✽✿ P test = replacement(c ′ y , c x , P ′ )❀ ✶✾✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )|(z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✷✵✿ P ′ = P test ❀ ✷✶✿ ❡•s❡ ✷✷✿ P ′ = newplacement(c ′ x ∪ c ′ y , P ′ )❀ ✷✸✿ ❡♥❞ ✐❢ ✷✹✿ ❡♥❞ ✐❢ ✷✺✿ ❡♥❞ ✐❢ ✷✻✿ ❡♥❞ ✇❤✐•❡ ✷✼✿ r❡t✉r♥ P ′ ❀ ❊①❛♠♣•❡ ✺✷ ✭■♥t✉✐t✐✈❡ ❛•❣♦r✐t❤♠✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❢♦r t❤❡ ♣❛rt✐t✐♦♥ P ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✾ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ❚❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻✮ ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮✳ ❙♦✱ ❛❢✲ t❡r t❤✐s st❡♣✱ t❤❡ ♠♦❞✐✜❡❞ ♣❛rt✐t✐♦♥ ✐s P ′ = {{a, b, c, d}, {e, h, i}, {f, g}, {j}} ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❜✮ ✻✳✺✳ ❚❤❡r❡ ✐s ♥♦ ❋❯❊ ✐♥ P ′ ❢♦r t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v✳ ❚❤❡ ♠❡r❣❡ st❡♣ t❛❦❡s ❝❛r❡ ♦❢ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛ s✐♥❣•❡ ❈❯❊✿ (c, e)✳ class(c, P ′ ) = {a, b, c, d} ❛♥❞ class(c, P ′ ) = {e, h, i}✳ ▼❡r❣✐♥❣ t❤♦s❡ ❝•❛ss❡s •✐❦❡ ✐♥ t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ✐s ♥♦t ❛♥ ♦♣t✐♦♥ ❜❡❝❛✉s❡ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ {{a, b, c, d, e, h, i}, {f, g}, {j}} ❝♦♥t❛✐♥s ❛ ❋❯❊✱ (c, i)✳ ❙♦✱ t❤❡ ❛•❣♦r✐t❤♠ tr✐❡s t♦ ♣✉t c ✐♥ t❤❡ ❝•❛ss ❝♦♥t❛✐♥✐♥❣ e✱ class(e, P ′ ) = {e, h, i}✳ ❆❞❞✐♥❣ c t♦ {e, h, i} ✐♠♣•✐❡s t♦ ❛•s♦ ❛❞❞ d ❛♥❞ b ✐♥t♦ ✐t ❜❡❝❛✉s❡ ♦❢ ❈❈❊ (c, d) ❛♥❞ (d, b) ✭d ❛♥❞ b ❛r❡ ✐♥ t❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ e ❛❝❝♦r❞✐♥❣ t♦ t❤❡ (++, -) ♣❛rt✐t✐♦♥ ✈❛•✉❡✮✳ ❯♥❢♦rt✉♥❛t❡•②✱ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ {{a}, {b, c, d, e, h, i}, {f, g}, {j}} ❛•s♦ ❝♦♥t❛✐♥s ❛ ❋❯❊✱ (c, i)✳ ❚❤❡ ❛•❣♦r✐t❤♠ tr✐❡s t♦ ♣✉t e ✐♥ t❤❡ ❝•❛ss ❝♦♥t❛✐♥✐♥❣ c✱ class(c, P ′ ) = {a, b, c, d}✳ ❚❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ {{a, b, c, d, e}, {h, i}, {f, g}, {j}} ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❋❯❊s ♥♦r ❈❯❊s✳ ❚❤✐s ♣❛rt✐t✐♦♥ ✐s t❤❡ r❡s✉•t ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ ❛•❣♦r✐t❤♠ ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✻✳ ❍♦✇❡✈❡r✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✈❡rt❡① i ✐s ♥♦t ✇✐t❤ ✐ts s♦✉r❝❡ f ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦❜•✐❣❛t✐♦♥ t♦ s❡♣❛r❛t❡ ✐t ❢r♦♠ ✐ts s♦✉r❝❡ ✭t❤❡ s♦✉r❝❡ ♥♦t✐♦♥ ✐s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳✶✮✳ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✻✿ ❚❤❡ ♣❛rt✐t✐♦♥ P ′ ✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) ❛❢t❡r t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻✮ ❈♦♠♣•❡①✐t② ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♥✉♠❜❡r✳ ▲❡t G C ❜❡ ❛ ❣r❛♣❤✱ v✱ ❛ ❜❡st ♣❛r✲ t✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ✱ m✱ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝r✉❝✐❛• ❡❞❣❡s✱ f ue✱ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ v✱ cue✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ v✱ ❛♥❞ n t❤❡ ✈❡rt❡①❡s ♥✉♠❜❡r✳ ❚❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✺✮✱ s♦ ✐t ❞♦❡s f ue ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ✭❞✐✈✐s✐♦♥s ❤❡r❡✮ ✇✐t❤ O(m * n) ❝♦♠♣•❡①✐t② ✐♥ t❤❡ ✇♦rst ❝❛s❡ ✇✐t❤ m ❡❞❣❡s ❛♥❞ n ✈❡rt❡①❡s✱ ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✻✳✷✳ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❚❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❞♦❡s ♦♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣❡r ❈❯❊ ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❚❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❝♦✉•❞ ❜❡ ❛ ♠❡r❣❡✱ ❛ r❡♣•❛❝❡♠❡♥t ♦r ❛ ♥❡✇♣•❛❝❡♠❡♥t✳ ❆ r❡♣•❛❝❡♠❡♥t ✐s ✇♦rt❤ ✷ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ ❛ ♥❡✇♣•❛❝❡✲ ♠❡♥t ✸ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s✱ s♦ t❤❡ ❛•❣♦r✐t❤♠ ❞♦❡s ✸ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ♣❡r ❈❯❊ ✐♥ t❤❡ ✇♦rst ❝❛s❡✿ 3 * cue ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡ ❝♦♠♣•❡①✐t② ✐♥ t❤❡ ✇♦rst ❝❛s❡ ✐s O(m * (m + n)) ✇✐t❤ m ❡❞❣❡s ❛♥❞ n ✈❡rt❡①❡s✳ ■♥ ❢❛❝t✱ ❡❛❝❤ ❈❯❊ ✐s ❝❤❡❝❦❡❞ ✭m ❝❤❡❝❦s ✐♥ t❤❡ ✇♦rst ❝❛s❡✮✱ ❛♥❞ ❢♦r ❡❛❝❤ ❝❤❡❝❦✱ ♦♥❡ t♦ t❤r❡❡ ✏✐s t❤❡r❡ ❛ ♥❡✇ ❋❯❊ ❄✑ t❡sts ❛r❡ ❞♦♥❡ ✭•✐♥❡s ✾✱ ✶✺ ❛♥❞ ✶✾✮✳ ❚❤❡s❡ t❡sts ❤❛✈❡ O(m) ❝♦♠♣•❡①✐t② ✐♥ t❤❡ ✇♦rst ❝❛s❡ ❜❡❝❛✉s❡ t❤❡② r❡q✉✐r❡ t♦ ❝❤❡❝❦ ❡❞❣❡s ✭m✮✱ ❛♥❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡♠✱ t♦ ❝❤❡❝❦ t❤❡ ❝•❛ss❡s ♦❢ t❤❡✐r ✈❡rt❡①❡s ✭✹✮✳ ❖t❤❡r ♦♣❡r❛t✐♦♥s ❛r❡ ❞♦♥❡✱ •✐❦❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦r ✐❞❡♥t✐✜❝❛t✐♦♥s ♦❢ ❛ ❝•❛ss✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s r❡q✉✐r❡ t♦ ❝❤❡❝❦ ✈❡rt❡①❡s ✭n✮✱ s♦✱ ❢♦r ❡❛❝❤ t❡st❡❞ ❈❯❊✱ t❤❡r❡ ✐s ❛ ❝♦♠♣•❡①✐t② ♦❢ O(m + n) ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❚❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✜♥❛••② ❤❛s 3 * m ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ✭❜❡❝❛✉s❡ ❛♥ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ✐s ❛ ❢❛r♥❡ss ♦r ❛ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡✱ ❜✉t ♥♦t ❜♦t❤✮ ❛♥❞ ❛ ❝♦♠♣•❡①✐t② ♦❢ O(m * (m + n)) ✐♥ t❤❡ ✇♦rst ❝❛s❡ ✇✐t❤ m ❡❞❣❡s ❛♥❞ n ✈❡rt❡①❡s✳ ❚❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ r❡♣❛✐rs t❤❡ ♣❛rt✐t✐♦♥✱ ❜✉t ❞♦❡s ♥♦t t❛❦❡ ❝❛r❡ ♦❢ s♦✉r❝❡s ✭♥♦t✐♦♥ ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳✶✮ ❛♥❞ ❞♦❡s ♥♦t tr② t♦ •❡t ✈❡rt❡①❡s ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛s t❤❡✐r s♦✉r❝❡s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜•❡✳ ❚❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❛❞❞s s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✐♥ t❤❡ ❛✐♠ ♦❢ ❛•s♦ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t s♦✉r❝❡s✳ ✻✳✹ ❙♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❚❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ❢✉♥❝t✐♦♥s ❛s t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦✲ r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻ ❙❡❝t✐♦♥ ✻✳✸✮ ❜✉t t❛❦❡s ❝❛r❡ ♦❢ s♦✉r❝❡s✬ ♣♦s✐t✐♦♥s✳ ❆s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳✶✱ s♦✉r❝❡s ❛r❡ ♣❛rt✐❝✉•❛r ✈❡rt❡①❡s✳ ❚❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ✈❡rt❡①❡s ♦❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P i✳ ❲❡ ❝❤♦♦s❡ t♦ t❛❦❡ ❝❛r❡ ♦❢ s♦✉r❝❡s ❜②✱ ❢♦r t❤❡✐r ❝•❛ss✱ ♥♦t r❡♠♦✈✐♥❣ ❛ ✈❡rt❡① ✐♥✐t✐❛••② ✐♥ ✐t✱ ✐❢ ✐t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✳ ❚❤❡ ❛•❣♦r✐t❤♠ st❛♥❞s ♦♥ t❤❡ Pr♦♣❡rt② ✸✳ ❚❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻✮ ✉s❡s t❤❡ s♦✉r❝❡ ♣♦s✐t✐♦♥s ✇❤❡♥ ❛ ❝•❛ss ❤❛s t♦ ❜❡ ❞✐✈✐❞❡❞ ♦r ♠❡r❣❡❞✳ ❚❤❡ s♦✉r❝❡ ♣♦s✐t✐♦♥s ❛✛❡❝t tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ❝•❛ss❡s✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ❛✛❡❝t❡❞ ♦♣❡r❛t✐♦♥s✿ ❞✐✈✐s✐♦♥ ♦❢ ❛ ❝•❛ss✱ r❡♣•❛❝❡♠❡♥t ❛♥❞ ♥❡✇♣•❛❝❡♠❡♥t✳ ▲❡t ✉s ❡①♣•❛✐♥ ❤♦✇ t❤♦s❡ ♦♣❡r❛t✐♦♥s ❛r❡ ❛✛❡❝t❡❞✳ ▲❡t P i✱ ❜❡ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C ✱v✱ ❛ ❜❡st ✈❛•✉❡ ♦♥ G C ✱ P ref = P ref (v, G C )✱ ❛♥❞ P ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❛♥❞ t❤❡ ❝♦♣② P ′ ♦❢ P ✳ ❉✐✈✐s✐♦♥ st❡♣✿ ✭•✐♥❡s ✷ t♦ ✹ ❢r♦♠ ❆•❣♦r✐t❤♠ ✶✵✮✳ ❚❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ s♦✉r❝❡s r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ❝❤❛♥❣❡s t❤❡ ❝•❛ss ❞✐✈✐s✐♦♥ ♦❢ ❆•❣♦r✐t❤♠ ✻ ❛ ❜✐t ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ s♦✉r❝❡ ♣♦s✐t✐♦♥✳ ▲❡t (x, y) ❜❡ ❛ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ♦❢ P ′ ❛❝❝♦r❞✐♥❣ t♦ v ✈❛•✉❡ s✉❝❤ t❤❛t x✱ y ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss c ♦❢ P ′ ✳ ■♥ t❤❡ ❛✐♠ ♦❢ ❞✐✈✐❞✐♥❣ c ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ ❛ ✈❡rt❡① k ∈ c ♦❢ ✐ts s♦✉r❝❡ ❞❡♥♦t❡❞ s = source(k, P i) ✭♣•❡❛s❡ s❡❡ ❙❡❝t✐♦♥ ✻✳✶✳✶ ❢♦r ❞❡t❛✐•s ❛❜♦✉t s♦✉r❝❡s✮✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✐❢ x ♦r y ❤❛✈❡ t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛s s ❛❝❝♦r❞✐♥❣ t♦ ❝•❛ss❡s ♦❢ P ref ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t t♦ s ❜❡✐♥❣ ✐♥ t❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ x ♥♦r y✮✳ ■❢ ♥♦♥❡ ♦❢ t❤❡♠ r❡q✉✐r❡s t♦ ❜❡ ✇✐t❤ s✱ t❤❡ ❞✐✈✐s✐♦♥ ✇✐•• ❜❡ t❤❡ s❛♠❡ ❛s ✐♥ ♣r❡✈✐♦✉s ❛•❣♦r✐t❤♠s ✺ ❛♥❞ ✻✳ ■♥ t❤❡ ♦t❤❡r ❝❛s❡✱ t❤❡ ✈❡rt❡① t❤❛t ❞♦❡s ♥♦t r❡q✉✐r❡ t♦ ❜❡ ✇✐t❤ ✐ts ♦✇♥ s♦✉r❝❡ ✇✐•• ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❝•❛ss ✭✐♥st❡❛❞ ♦❢ t❤❡ ♦t❤❡r r❡q✉✐r✐♥❣ t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛s s✮✱ ❛s ✐♥ ♣r❡✈✐♦✉s ❛•❣♦r✐t❤♠s✳ ❚❤❡ ❞❡t❛✐•s ♦❢ ❛ ❞✐✈✐s✐♦♥ r❡•❛t✐✈❡ t♦ t❤❡ s♦✉r❝❡ ♣♦s✐t✐♦♥ ❛r❡ ✐♥ ❆•❣♦r✐t❤♠ ✼✳ ❆•❣♦r✐t❤♠ ✼ s♦✉r❝❡❉✐✈✐s✐♦♥ |❡q✉✐r❡✿ (x, y)✱ ❛♥ ✉♥❛❝❝❡♣t❡❞ ❢❛r♥❡ss ❡❞❣❡ ❢♦r t❤❡ ♣❛rt✐t✐♦♥ P i ♦♥ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C = (V, E) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v = v(P r ef )❀ P i✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ′ ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❀ v✱ ❛ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ❀ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref ) = v✳ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ r❡s✉•t✐♥❣ ❢r♦♠ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ t❤❡ ❝•❛ss ❝♦♥t❛✐♥✐♥❣ x ❛♥❞ y✱ r❡•❛t✐✈❡ t♦ s♦✉r❝❡ ♣♦s✐t✐♦♥✳ ✶✿ ❈•❛ss result = around(x, P ′ , P ref )❀ ✷✿ ✐❢ source(x, P i) ∈ result t❤❡♥ ✸✿ result = around(y, P ′ , P ref )❀ ✹✿ ❡♥❞ ✐❢ ✺✿ r❡t✉r♥ division(result, P ′ )❀ ❊①❛♠♣•❡ ✺✸ ✭❙♦✉r❝❡ ❞✐✈✐s✐♦♥✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❢♦r t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P = {{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✾ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ❚❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ s♦✉r❝❡s r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ❝❤❛♥❣❡s t❤❡ ❝•❛ss ❞✐✈✐s✐♦♥ ♦❢ ❆•❣♦r✐t❤♠ ✻ ❛ ❜✐t ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ s♦✉r❝❡ ♣♦s✐t✐♦♥✳ ❚❤❡ ♠♦❞✐✜❡❞ ♣❛rt✐t✐♦♥ ❜❡❢♦r❡ t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ✐s P ′ = P ✳ ❚❤❡r❡ ❛r❡ t✇♦ ❋❯❊s✿ (j, f ) ❛♥❞ (g, h)✳ ▲❡t ✉s ❞✐✈✐❞❡ t❤❡ ❝•❛ss ❝♦♥t❛✐♥✐♥❣ j ❛♥❞ f ✱ c = {e✱ f ✱ g✱ h✱ i✱ j} ❜❡❝❛✉s❡ ♦❢ (j, f )✳ ❚❤❡ ✜rst ✈❡rt❡① ✐s j✱ ❛♥❞ ✐s ♥♦t •✐♥❦❡❞ t♦ ❛♥② ♦t❤❡r ✈❡rt❡①✱ s♦ j ✐s ♣✉t ✐♥ ❛ ♥❡✇ ❝•❛ss ❛s ❢♦r t❤❡ ♥❛✐✈❡ ❛•❣♦r✐t❤♠ ❛♥❞ P ′ ❜❡❝♦♠❡s {{a✱ b✱ c✱ d}✱ {j}✱ {e✱ g✱ h✱ i✱ f }} ✭❛s ✐♥ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✮✳ P ′ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ❛✮ ✻✳✺✳ ▲❡t ✉s ❞✐✈✐❞❡ t❤❡ ❝•❛ss ❝♦♥t❛✐♥✐♥❣ g ❛♥❞ h✱ c = {e✱ g✱ h✱ i✱ f } ❜❡❝❛✉s❡ ♦❢ (g, h)✳ ❈♦♥tr❛r② t♦ t❤❡ ♥❛✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✱ ✇❡ ✇✐•• ♥♦t ♣✉t g ❛♥❞ f ✭•✐♥❦❡❞ ❜② t❤❡ ❈❈❊ (f, g)✮ ✐♥ ❛ ❞✐st✐♥❝t ❝•❛ss ❜❡❝❛✉s❡ f ✐s t❤❡ s♦✉r❝❡✳ ❙♦✱ h ✐s ♣✉t ✐♥ ❛ ♥❡✇ ❝•❛ss ❛♥❞ t❤❡ r❡s✉•t✐♥❣ ♥❡✇ P ′ ♣❛rt✐t✐♦♥ ✐s✿ {{a✱ b✱ c✱ d}✱ {j}✱ {h}✱ {e✱ g✱ i✱ f }}✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✼✳ ❚❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❋❯❊s ✐♥ P ′ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ st❡♣✳ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✼✿ ❚❤❡ ♣❛rt✐t✐♦♥ P ′ ✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ▼❡r❣❡ st❡♣✿ ✭•✐♥❡s ✺ t♦ ✷✽ ♦❢ ❆•❣♦r✐t❤♠ ✶✵✮ ❚✇♦ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ♠♦❞✐✜❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✻✮✿ r❡♣•❛❝❡♠❡♥t ❛♥❞ ♥❡✇✲ ♣•❛❝❡♠❡♥t✳ ▼❡r❣❡ ✐s ✉♥❝❤❛♥❣❡❞✳ ❼ |❡♣•❛❝❡♠❡♥t ✭•✐♥❡s ✶✹ t♦ ✷✵✮ ✐s ❝❤❛♥❣❡❞ ❜❡❝❛✉s❡ t❤❡ s♠❛••❡st s✉❜s❡t ❛r♦✉♥❞ ❛ ✈❡rt❡① x ♦❢ ❛ ❝•❛ss ✐s ❝❤❛♥❣❡❞✿ ✐❢ x ❤❛s t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛s ✐ts s♦✉r❝❡ source(x, P i) ❢♦r ❛♥② ♣❛rt✐t✐♦♥ ✇✐t❤ v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭s ✐s ✐♥ around(x, P ′ , P r ef )✮✱ t❤❡♥ t❤✐s s♠❛••❡st s✉❜s❡t ✐s t❤❡ ❡♥t✐r❡ ❝•❛ss ♦❢ x ✭class(x, P ′ )✮✱ ❡•s❡✱ t❤✐s ✐s t❤❡ s♠❛••❡st ❝♦♠♠♦♥ s✉❜s❡t t♦ class(x, P i) ❛♥❞ class(x, P ref )✳ ❲❡ ❛❜✉s✐✈❡•② ❞❡✲ ♥♦t❡ t❤✐s ♥♦t✐♦♥ classSource(x, P ′ , v) ❜❡❝❛✉s❡ P ref ❛♥❞ P i ❛r❡ ✜①❡❞ ✭♣•❡❛s❡ s❡❡ ❆•❣♦r✐t❤♠ ✽✮✳ ❼ ◆❡✇♣•❛❝❡♠❡♥t ✭•✐♥❡s ✷✶ t♦ ✷✺✮ ✐s ❝❤❛♥❣❡❞ ✐❢ ♦♥❡ ♦❢ t❤❡ ❝♦♥❝❡r♥❡❞ ✈❡rt❡①❡s x✱ y ❤❛s t♦ ❜❡ ✇✐t❤ ✐ts r❡s♣❡❝t✐✈❡ s♦✉r❝❡ ✭✐❢ ♦♥•② ♦♥❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝•❛ss❙♦✉r❝❡ ♥♦t✐♦♥✱ •✐❦❡ ✐♥ r❡♣•❛❝❡♠❡♥t✮✳ ■❢ ❜♦t❤ ♦❢ t❤❡♠ ❤❛✈❡ t♦ ❜❡ ✇✐t❤ t❤❡✐r r❡s♣❡❝t✐✈❡ s♦✉r❝❡✱ t❤❡② ✜rst ❛r❡ ♣✉t ✐♥ ❛ ♥❡✇ ❝•❛ss ❛s ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭✇✐t❤ class(x, P ′ ) ∩ class(x, P ref ) ❛♥❞ class(y, P ′ ) ∩ class(y, P ref )✮✱ ❛♥❞ ❡❛❝❤ s✉❜s❡t class(z, P ′ ) ∩ class(z, P ref ) s✉❝❤ t❤❛t z ✇❛s ✐♥ class(x, P ′ ) ♦r class(y, P ′ ) ✐s ❛❞❞❡❞ t♦ t❤❡ ♥❡✇ ❝•❛ss ✐❢ t❤✐s ❞♦❡s ♥♦t ❛❞❞ ❛♥② ❋❯❊ ✐♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✳ ❆•❣♦r✐t❤♠ ✾ ❞❡t❛✐•s t❤✐s ♠♦❞✐✜❝❛t✐♦♥✳ ❊①❛♠♣•❡ ✺✹ ✭❆•❣♦r✐t❤♠ ❝•❛ss❙♦✉r❝❡✮✳ ▲❡t P ❜❡ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t P = {{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ♦❢ t❤❡ ♣r❡✈✐♦✉s ❊①❛♠♣•❡s✳ ■ts ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v = (++, -) ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ❚❤❡ ❝•❛ss s♦✉r❝❡ ♦❢ g ❛❝❝♦r❞✐♥❣ t♦ v ✐♥ P ✐s classSource(g, P ) = {e✱ f ✱ g✱ h✱ i✱ j}} ❜❡❝❛✉s❡ g ❤❛s t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛s f ✇✐t❤ r❡s♣❡❝t t♦ v ❛♥❞ f ✐s ❛ s♦✉r❝❡✱ ❜✉t classSource(e, P ) = {e}}✳ ❊①❛♠♣•❡ ✺✺ ✭❚❤❡ ♠❡r❣❡ st❡♣ ♦❢ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❢♦r t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P = ❆•❣♦r✐t❤♠ ✽ ❝•❛ss❙♦✉r❝❡ |❡q✉✐r❡✿ x✱ ❛ ✈❡rt❡① ♦❢ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C = (V, E)❀ P i✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ′ ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ✱ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v❀ ❊♥s✉r❡✿ ❛ s✉❜❝•❛ss ♦❢ class(x, P ′ ) r❡•❛t✐✈❡ t♦ source(x, P i) ♣♦s✐t✐♦♥✳ ✶✿ ❈•❛ss result = around(x, P ′ , P ref )❀ ✷✿ ✐❢ source(x, P i) ∈ result t❤❡♥ ✸✿ result = class(x, P ′ )❀ ✹✿ ❡♥❞ ✐❢ ✺✿ r❡t✉r♥ result❀ ❆•❣♦r✐t❤♠ ✾ ♥❡✇P•❛❝❡♠❡♥t❙♦✉r❝❡ |❡q✉✐r❡✿ x✱ y t✇♦ ✈❡rt❡①❡s ♦❢ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C ❀ P i✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ′ ✱ ❛ ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v❀ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ ❛ ♥❡✇♣•❛❝❡♠❡♥t ♦❢ ❝•❛ss❡s class(x, P ′ ) ❛♥❞ class(y, P ′ ) r❡•❛t✐✈❡ t♦ source(x, P i) ❛♥❞ source(y, P ) ♣♦s✐t✐♦♥s✱ s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡✇ ❋❯❊ ✐♥ ✐t✳ ✶✿ P❛rt✐t✐♦♥ P result = newplacement(around(x, P ′ , P ref ) ∪ around(y, P ′ , P ref ), P ′ )❀ ✷✿ ❢♦r ❛•• z ∈ class(x, P ′ ) ∪ class(y, P ′ )|z ∈ class(x, P result ) ❞♦ ✸✿ ❈•❛ss c z = around(z, P result , P ref )❀ ✹✿ P❛rt✐t✐♦♥ P test = replacement(c z , class(x, P result ), P result )❀ ✺✿ ✐❢ ∃(q, w) ∈ f arU nacceptedEdge(v, P test )|(q, w) ∈ f arU nacceptedEdge(v, P result ) t❤❡♥ ✻✿ P result = P test ❀ ✼✿ ❡♥❞ ✐❢ ✽✿ ❡♥❞ ❢♦r ✾✿ r❡t✉r♥ P result ❀ {{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✾ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ❲❡ t♦♦❦ t❤❡ P ′ ♣❛rt✐t✐♦♥ t❤❛t ✐s t❤❡ ♠♦❞✐✜❡❞ ♣❛rt✐t✐♦♥ ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❊①❛♠♣•❡ ✺✸✮✿ P ′ = {{a✱ b✱ c✱ d}✱ {j}✱ {h}✱ {e✱ g✱ i✱ f }}✳ ❚❤❡ s✐♥❣•❡ ❈❯❊ ✐s (e, c)✳ ❆s ✇✐t❤ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❊①❛♠♣•❡ ✺✷✮✱ ♠❡r❣✐♥❣ ❝•❛ss❡s ♦❢ e ✭class(e, P ′ ) = {e✱ g✱ i✱ f }✮ ❛♥❞ c ✭class(c, P ′ ) = {a✱ b✱ c✱ d}✮ ✐s ♥♦t ❛♥ ♦♣t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❋❈❊ (i, d) ✇♦✉•❞ ❜❡ ✉♥❛❝❝❡♣t❡❞ ✐♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✳ ❍♦✇❡✈❡r✱ e ❝❛♥ ❜❡ r❡♣•❛❝❡❞ ✐♥ c✬s ❝•❛ss✳ ❚❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ ✐s P ′ = {{a✱ b✱ c✱ d✱ e}✱ {j}✱ {h}✱ {g✱ i✱ f }} ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✽✳ ■♥ t❤✐s ❊①❛♠♣•❡✱ t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❣✐✈❡s ❛ ❞✐st✐♥❝t r❡s✉•t ❢r♦♠ t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ♦♥•② ❜❡❝❛✉s❡ t❤❡ ♣❛rt✐t✐♦♥s ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ st❡♣s ♦❢ t❤❡ ❛•❣♦r✐t❤♠s ❛r❡ ❞✐st✐♥❝t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ j✱ h ❛♥❞ e ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ✐♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ♦❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P ❛♥❞ t❤❡r❡ ✐s ♥♦ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❢♦r❜✐❞s t❤❡♠ t♦ ❜❡ ✐♥ ❛ s❛♠❡ ❝•❛ss✳ ❈♦♠♣•❡①✐t② ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♥✉♠❜❡r✳ ❋♦r ❛♥② ♣❛rt✐t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ t❛❦❡s ❛ s♣❡❝✐❛• ❝❛r❡ ♦❢ s♦✉r❝❡s✳ ❍♦✇❡✈❡r✱ ✐t ❞✐✈✐❞❡s ❝•❛ss❡s ❛ ❜✐t t♦♦ ♠✉❝❤✱ ❛s s❤♦✇♥ ✐♥ ❊①❛♠♣•❡s ✺✸ ❛♥❞ ✺✺✳ ❲❡ ♣r♦♣♦s❡ ❛ ✇❛② t♦ ✜① t❤✐s ♣♦✐♥t ✐♥ t❤❡ ♥❡①t ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠✳ ❚❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❤❛s t❤❡ s❛♠❡ ❝♦♠♣•❡①✐t② ✐♥ t❤❡ ✇♦rst ❝❛s❡ ❛s t❤❡ ✐♥t✉✐t✐✈❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭O(m * (n + m))✱ ✇✐t❤ m ❡❞❣❡s ❛♥❞ n ✈❡rt❡①❡s✮✳ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✽✿ ❚❤❡ ♣❛rt✐t✐♦♥ P ′ ✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) ❛❢t❡r t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ✻✳✺ ❆❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❚❤❡ ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❝♦♠♣❡♥s❛t❡s t❤❡ ❢❛❝t t❤❛t t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦✲ r✐t❤♠ ❞✐✈✐❞❡s ❝•❛ss❡s ❛ ❜✐t t♦♦ ♠✉❝❤ ✭❜② ❞✐✈✐s✐♦♥✱ r❡♣•❛❝❡♠❡♥t ♦r ♥❡✇♣•❛❝❡♠❡♥t tr❛♥s❢♦r♠❛t✐♦♥s✮✱ ♦r ♥♦t ❛•✇❛②s ❛t t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❝✉t✳ ■t ✐s ❢♦r t❤✐s r❡❛s♦♥ t❤❛t t❤❡ ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❛❞❞s ❛♥ ✉♥❞♦✲❞✐✈✐s✐♦♥ st❡♣ t♦ t❤❡ ❞✐✈✐s✐♦♥ ❛♥❞ t❤❡ ♠❡r❣❡ st❡♣s ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❙❡❝t✐♦♥ ✻✳✹✮✳ ■♥ t❤❡ r❡♠✐♥❞❡r ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ♥♦t❛t✐♦♥ classes(c, P ) t♦ r❡❢❡r t♦ t❤❡ s❡t ♦❢ t❤❡ ❝•❛ss❡s ♦❢ t❤❡ ♣❛rt✐t✐♦♥ P t❤❛t ❝♦♥t❛✐♥s ❛t •❡❛st ❛ ✈❡rt❡① ✐♥❝•✉❞❡❞ ✐♥ t❤❡ ✈❡rt❡① s❡t ✭♦r ❝•❛ss✮ c✳ ❯♥❞♦✲❞✐✈✐s✐♦♥s st❡♣✿ ✭•✐♥❡s ✷ t♦ ✹ ♦❢ ❆•❣♦r✐t❤♠ ✶✶✮✳ ▲❡t P i ❜❡ t❤❡ ✐♥✐t✐❛• ♣❛r✲ t✐t✐♦♥ ♦♥ t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ G C ✱ ❛♥❞ v✱ ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ♦♥ G C ✳ P ′ ✐s t❤❡ ♠♦❞✐✜❡❞ ♣❛rt✐t✐♦♥✱ r❡s✉•t✐♥❣ ❢r♦♠ ❆•❣♦r✐t❤♠ ✶✵✿ P ′ ❤❛s ♥♦ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ v✱ ❜✉t ✐t ✐s ♣♦ss✐❜•❡ t❤❛t s♦♠❡ ❝•❛ss❡s ❤❛✈❡ ❜❡❡♥ ❞✐✈✐❞❡❞ t♦♦ ♠✉❝❤✳ ❚❤❡ ✉♥❞♦✲❞✐✈✐s✐♦♥s st❡♣ ❝❤❡❝❦s ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ❝•❛ss❡s c✱ c ′ ♦❢ P ′ ✐❢ t❤❡② ❤❛✈❡ ✈❡rt❡①❡s ❢r♦♠ ❛ s❛♠❡ ❝•❛ss ❆•❣♦r✐t❤♠ ✶✵ s♦✉r❝❡|❡♣❛✐r❆•❣♦r✐t❤♠ |❡q✉✐r❡✿ G C = (V, E)✱ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤❀ v✱ ❛ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❢♦r G C ❀ P i✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ❀ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v❀ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ P ′ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭♦r ❛ ❜❡tt❡r ♦♥❡✮ ✶✿ P❛rt✐t✐♦♥ P ′ = copy(P i)❀ ✷✿ ✇❤✐•❡ ∃(x, y) ∈ f arU nacceptedEdge(v, P ′ ) ❞♦ ✸✿ P ′ = sourceDivision((x, y), P i, P ′ , P ref )❀ ✹✿ ❡♥❞ ✇❤✐•❡ ✺✿ ✇❤✐•❡ ∃(x, y) ∈ closeU nacceptedEdge(v, P ′ ) ❞♦ ✻✿ ❈•❛ss c x = class(x, P ′ )❀ ✼✿ ❈•❛ss c y = class(y, P ′ )❀ ✽✿ P❛rt✐t✐♦♥ P test = merge(c x , c y , P ′ )❀ ✾✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )|(z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✶✵✿ P ′ = P test ❀ ✶✶✿ ❡•s❡ ✶✷✿ ❈•❛ss c ′ x = classSource(x, P i, P ′ , P ref )❀ ✶✸✿ ❈•❛ss c ′ y = classSource(y, P i, P ′ , P ref )❀ ✶✹✿ P test = replacement(c ′ x , c y , P ′ )❀ ✶✺✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )|(z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✶✻✿ P ′ = P test ❀ ✶✼✿ ❡•s❡ ✶✽✿ P test = replacement(c ′ y , c x , P ′ )❀ ✶✾✿ ✐❢ ∃(z, w) ∈ f arU nacceptedEdge(v, P test )| (z, w) ∈ f arU nacceptedEdge(v, P ′ ) t❤❡♥ ✷✵✿ P ′ = P test ❀ ✷✶✿ ❡•s❡ ✐❢ source(x, P i) ∈ c x ❛♥❞ source(y, P i) ∈ c y t❤❡♥ ✷✷✿ P ′ = newplacementSource(x, y, P i, P ′ , P ref ) ✷✸✿ ❡•s❡ ✷✹✿ P ′ = newplacement(c ′ x ∪ c ′ y , P ′ )❀ ✷✺✿ ❡♥❞ ✐❢ ✷✻✿ ❡♥❞ ✐❢ ✷✼✿ ❡♥❞ ✐❢ ✷✽✿ ❡♥❞ ✇❤✐•❡ ✷✾✿ r❡t✉r♥ P ′ ❀ ♦❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✭•✐❣♥❡ ✷✮ ❛♥❞ ♥♦ ❋❯❊ ❜❡t✇❡❡♥ t❤❡♠ ✭✉♥❞♦✲❞✐✈✐s✐♦♥s ❞♦❡s ♥♦t ❛❞❞ ❋❯❊✭s✮ t♦ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥✮✳ ■❢ ✐t ✐s t❤❡ ❝❛s❡✱ P ′ ❜❡❝♦♠❡s merge(c, c ′ , P ′ ) ❛♥❞ s♦ ♦♥ ✉♥t✐• s✉❝❤ ❝•❛ss❡s ❞♦ ♥♦t ❡①✐st ❛♥② ♠♦r❡✳ ❈❍❆P❚❊| ✻✳ |❊P❆■| ❆▲•❖|■❚❍▼❙ ❚❤✐s st❡♣ ❡♥❛❜•❡s ✉s t♦ ❝♦♠♣❡♥s❛t❡ ❝❛s❡s ✇❤❡r❡ t❤❡ ❛•❣♦r✐t❤♠ ♦✈❡r ❞✐✈✐❞❡s ❜② ♠❡r❣✐♥❣ ♦✈❡r✲❞✐✈✐❞❡❞ ❝•❛ss❡s✱ ❛s ✇❡ ✇✐•• s❡❡ ✐♥ t❤❡ ♥❡①t ❊①❛♠♣•❡✳ ❆•❣♦r✐t❤♠ ✶✶ ❛❞✈❛♥❝❡❞|❡♣❛✐r❆•❣♦r✐t❤♠ |❡q✉✐r❡✿ G C = (V, E)✱ ❛ ❝r✐t❡r✐❛ ❣r❛♣❤❀ v✱ ❛ ♣♦ss✐❜•❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❢♦r G C ❀ P i✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ♦♥ G C ❀☎ P ref ✱ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ G C s✉❝❤ t❤❛t v(P ref , G C ) = v✳ ❊♥s✉r❡✿ ❛ ♣❛rt✐t✐♦♥ P ′ t❤❛t ❤❛s v ❛s ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭♦r ❛ ❜❡tt❡r ♦♥❡✮ ✶✿ ❛rt✐t✐♦♥ P ′ = sourceRepairAlgorithm(G C , v, P )❀ ✷✿ ✇❤✐•❡ ∃c, c ′ ❞✐st✐♥❝t ❝•❛ss❡s ♦❢ P ′ |classes(c, P i) ∩ classes(c ′ , P i) = {} ❛♥❞ f arU nacceptedEdge(v, merge(c, c ′ , P ′ )) = {} ❞♦ ✸✿ P ′ = merge(c, c ′ , P ′ )❀ ✹✿ ❡♥❞ ✇❤✐•❡ ✺✿ r❡t✉r♥ P ′ ❀ ❊①❛♠♣•❡ ✺✻ ✭❆❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠✮✳ ▲❡t ✉s t❛❦❡ t❤❡ ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G C ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐t✐♦♥ ✈❛•✉❡ v ❢♦r t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ P = {{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✹✾ ❛♥❞ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✸✳ ■❢ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ P ′ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✇❛s t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ P ′ = {{a✱ b✱ c✱ d}✱ {e✱ j✱ h}✱ {g✱ i✱ f }}✱ P ′ ✇♦✉•❞ ❜❡❝♦♠❡ P ′ = {{a✱ b✱ c✱ d✱ e✱ j✱ h}✱ {g✱ i✱ f }} ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❜❡❝❛✉s❡ ♦❢ ❈❯❊ (d, i)✳ ❍♦✇❡✈❡r✱ P ′ ✐s t❤❡ ♣❛rt✐t✐♦♥ {{a✱ b✱ c✱ d✱ e}✱ {j}✱ {h}✱ {g✱ i✱ f }} r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✽✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❊①❛♠♣•❡ ✺✺ ❜❡❝❛✉s❡ j✱ h ❛♥❞ e ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡✐r ♦r✐❣✐♥❛• ❝•❛ss {e✱ f ✱ g✱ h✱ i✱ j} s❡♣❛r❛t❡•②✳ ❚❤❡ ✉♥❞♦✲❞✐✈✐s✐♦♥ st❡♣ ✉♥❞♦❡s t❤❛t ❜② ♠❡r❣✐♥❣✿ ❼ {j} ❛♥❞ {h} ✭t❤❡r❡ ✐s ♥♦ ❋❯❊ ❜❡t✇❡❡♥ t❤❡♠ ❛♥❞ class(j, P i) = class(h, P i) = {e✱ f ✱ g✱ h✱ i✱ j}✳ P✬ ❜❡❝♦♠❡s P ′ = merge({j}, {h}, P ′ ) ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✾✳ P ′ = {{a✱ b✱ c✱ d✱ e}✱ {j✱ h}✱ {g✱ i✱ f }} ❼ {a✱ b✱ c✱ d✱ e} ❛♥❞ {j, h} ✭t❤❡r❡ ✐s ♥♦ ❋❯❊ ❜❡t✇❡❡♥ t❤❡♠ ❛♥❞ class(e, P i) = class(j, P i) = {e✱ f ✱ g✱ h✱ i✱ j}✳ P✬ ❜❡❝♦♠❡s P ′ = merge({a✱ b✱ c✱ d✱ e}, {j✱ h}, P ′ ) ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✳✶✵✳ P ′ = {{a✱ b✱ c✱ d✱ e✱ j✱ h}✱ {g✱ i✱ f }}✳ ❚❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ P ′ ❝•❛ss❡s t♦ ♠❡r❣❡ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ •❛st t✇♦ ❝•❛ss❡s✱ •✐❦❡ (i, d)✳ ❚❤❡ t✇♦ ♠❡r❣❡s ❝♦♠♠✐tt❡❞ ❜② t❤❡ ✉♥❞♦✲ ❞✐✈✐s✐♦♥ st❡♣ ❡♥❛❜•❡ ✉s t♦ ❝♦♠♣❡♥s❛t❡ t✇♦ ♦❢ t❤❡ t❤r❡❡ ❞✐✈✐s✐♦♥s ❝♦♠♠✐tt❡❞ ❜② t❤❡ ❞✐✈✐s✐♦♥ ❛♥❞ ♠❡r❣❡ st❡♣s✳ ■♥ ❢❛❝t✱ t❤❡ ♠❡r❣❡ st❡♣ ✉s❡s tr❛♥s❢♦r♠❛t✐♦♥s •✐❦❡ r❡♣•❛❝❡✲ ♠❡♥t ❛♥❞ ♥❡✇♣•❛❝❡♠❡♥t ✇❤✐❝❤ ✐♠♣•② ♦♥❡ ♦r t✇♦ ❞✐✈✐s✐♦♥s✳ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✾✿ ❚❤❡ ♣❛rt✐t✐♦♥ P ′ ✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) ❛❢t❡r t❤❡ ✜rst ♠❡r❣❡ ✐♥ t❤❡ ✉♥❞♦ ❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦✲ r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ • ❛ ♣❛rt✐t✐♦♥ ❝•❛ss ✈❡rt❡① s♦✉r❝❡ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❝•♦s❡♥❡ss ❝r✉❝✐❛• ❡❞❣❡ ❢❛r♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❝•♦s❡♥❡ss ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ❋✐❣✉r❡ ✻✳✶✵✿ ❚❤❡ ♣❛rt✐t✐♦♥ P ′ ✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ P ♦♥ G C ✇✐t❤ r❡s♣❡❝t t♦ (++, -) ❛❢t❡r t❤❡ ✉♥❞♦✲❞✐✈✐s✐♦♥ st❡♣ ♦❢ t❤❡ ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭❆•❣♦r✐t❤♠ ✶✵✮ ❈♦♠♣•❡①✐t② ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♥✉♠❜❡r✳ ❚❤❡ ❛❞✈❛♥❝❡❞ r❡♣❛✐r ❛•❣♦r✐t❤♠ ❛❞❞s ✶ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♣❡r ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ✐♥ t❤❡ ✇♦rst ❝❛s❡ ✭t♦ t❤❡ ✸ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ♣❡r ✉♥❛❝❝❡♣t❡❞ ❡❞❣❡ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✮✱ t❤❛t ❛✈♦✐❞s ❛♥ ❛t♦♠✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ✭❞✐✈✐s✐♦♥✮ ♣r❡✈✐♦✉s•② ❞♦♥❡ ❜② t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✳ ❙♦✱ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ ❤❛s ❜❡❡♥ •❡ss ❞✐✈✐❞❡❞ t❤❛♥ t❤❡ r❡s✉•t✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠✱ ❛s s❤♦✇♥ ✐♥ ❊①❛♠♣•❡ ✺✻✳ ▲❡t n ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt❡①❡s ❛♥❞ m ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✳ ❚❤❡ ✉♥❞♦✲ ❞✐✈✐s✐♦♥ st❡♣ ❝❤❡❝❦s ❡❛❝❤ ♣❛✐r ♦❢ ✈❡rt❡①❡s ✭n * (n -1)/2 ❝❤❡❝❦s ✐♥ t❤❡ ✇♦rst ❝❛s❡✮✳ ❋♦r ❡❛❝❤ ♣❛✐r ♦❢ ✈❡rt❡①❡s✱ ✐❢ t❤❡② ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✱ ✐t ❝❤❡❝❦s ✐❢ t❤❡r❡ ✐s ❛ ❢❛r♥❡ss ❡❞❣❡ ❜❡t✇❡❡♥ t❤❡s❡ ❝•❛ss❡s ✭m ❡❞❣❡s t♦ ❝❤❡❝❦ ✐♥ t❤❡ ✇♦rst ❝❛s❡✮ ❛♥❞ ♠❛② ♠❡r❣❡ t❤❡s❡ ❝•❛ss❡s ✭n ♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ✇♦rst ❝❛s❡✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝♦♠♣•❡①✐t② ♦❢ t❤❡ ✉♥❞♦✲❞✐✈✐s✐♦♥ st❡♣ ✐s O(n 2 (m + n)) ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❚❤❡ ❛❞✈❛♥❝❡❞ ❛•❣♦r✐t❤♠ ❛•s♦ ✉s❡s t❤❡ s♦✉r❝❡ r❡♣❛✐r ❛•❣♦r✐t❤♠ ✭O(m * (n + m)) ❝♦♠♣•❡①✐t② ✐♥ t❤❡ ✇♦rst ❝❛s❡✮✱ ✶✶✶ ❋✐❣✉r❡ ✼✳✶✿ ▲✐♥❦s ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ ❙✉❞♦❝ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❼ •❡ss t❤❛♥ ✷ s❡❝♦♥❞s ❢♦r ✉♣ t♦ ✹✹✹ ❛✉t❤♦r✐t② ♥♦t✐❝❡s❀ ❼ •❡ss t❤❛♥ ✶ s❡❝♦♥❞ ❢♦r ✉♣ t♦ ✷✸✶ ❛✉t❤♦r✐t② ♥♦t✐❝❡s✳ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ❊①❡❝✉t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s ✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✷✺✵ ✸✵✵ ✸✺✵ ✹✵✵ ✹✺✵ ✺✵✵ ✺✺✵ ✻✵✵ ✻✺✵ ◆✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❋✐❣✉r❡ ✼✳✷✿ ❊①❡❝✉t✐♦♥ t✐♠❡ ❢♦r ❣•♦❜❛• s❡♠❛♥t✐❝s ❛•❣♦r✐t❤♠ ❚❤♦s❡ r❡s✉•ts ❛r❡ ❣♦♦❞✿ ✐t ✐s r❡❛s♦♥❛❜•❡ t♦ ❝♦♥s✐❞❡r t❤❛t t❤❡r❡ ❛r❡ ♦♥•② ❛ ❢❡✇ ❙✉❞♦❝ s✉❜s❡ts ❝♦♥t❛✐♥ ♠♦r❡ t❤❛♥ ✸✺✵ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ■♥❞❡❡❞✱ ✇❡ s❛✇ ♦♥ ❋✐❣✲ ✉r❡ ✼✳✶ t❤❛t t❤❡r❡ ❛r❡ ♦♥•② ✾✼✷ ❛✉t❤♦r✐t② ♥♦t✐❝❡s t❤❛t ❛r❡ •✐♥❦❡❞ t♦ ✷✺✵ ♦r ♠♦r❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❛s ❛♥ ✏❛✉t❤♦r✑ ✐♥ t❤❡ ❡♥t✐r❡ ❙✉❞♦❝✳ ❚❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ ❙✉❞♦❝ s✉❜s❡ts ♦❢ t❤❡ st✉❞✐❡❞ s❛♠♣•❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r s✐③❡ ✭♥✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✮ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼✳✸✳ ❚❤✐s ❋✐❣✉r❡ ❝♦♥✜r♠s t❤❛t ❙✉❞♦❝ s✉❜s❡ts ❤❛✈❡ ♦❢t❡♥ ❛ s♠❛•• s✐③❡✿ ✶✱✶✾✹ ✐♥ ✶✼✾✻ ❙✉❞♦❝ s✉❜s❡ts ❝♦♥t❛✐♥ ✶✵ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛t t❤❡ ♠♦st✱ ❛♥❞ ♦♥•② ✷✻ ✐♥ ✶✼✾✻ ❙✉❞♦❝ s✉❜s❡ts ❝♦♥t❛✐♥ ♦✈❡r ✸✺✵ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳
•❣♦r✐t❤♠ ✸ ❤❛s t♦ ❝❛•❝✉•❛t❡ ❛♥❞ ❡✈❛•✉❛t❡ ❛ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ✇❤✐❝❤ ❣♦❡s ❢r♦♠ ✶ t♦ ✽✹ ❢♦r t❤❡ ✉s❡❞ ❝r✐t❡r✐♦♥ s❡t✳ ❚❤✐s ❞❡♣❡♥❞s ♦♥ ✐♥❝♦❤❡r❡♥❝❡s ✹ ✐♥ t❤❡ ❙✉❞♦❝ s✉❜s❡t ❡✈❛•✉❛t❡❞✱ ❛s ✇❡ ✇✐•• s❡❡ ✐♥ ❙❡❝t✐♦♥ ✼✳✷✳✷✳ ▲♦❝❛• s❡♠❛♥t✐❝s ✭❆•❣♦r✐t❤♠ ✹ ♣❛❣❡ ✽✶✮✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ t♦ ✜♥❞ ❛•• t❤❡ ❜❡st ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s ❛•❣♦r✐t❤♠ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼✳✹ ❛♥❞ •♦♦❦s ❞❡♣✐❝t❡❞✳ ❚❤❡ •♦❝❛• s❡♠❛♥t✐❝s ✐♠♣r♦✈❡s ❣•♦❜❛• s❡♠❛♥t✐❝s ❜② ❛❞❞✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ •♦❝❛•✐t②✱ ❜✉t t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ t♦ ✜♥❞ ❛•• t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✐s •♦♥❣❡r t❤❛♥ t❤❡ ♦♥❡ ❢♦r t❤❡ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛•❣♦r✐t❤♠✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♠♣•❡①✐t② ✐s ❛•s♦ ❣r❡❛t❡r ❢♦r t❤❡ ❛•❣♦r✐t❤♠ ✉s❡❞ t♦ ✜♥❞ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• ✹ ❲❡ r❡❝❛•• t❤❛t ❛♥ ✐♥❝♦❤❡r❡♥❝❡ ✐♥ ❛♥ ♦❜•❡❝t s❡t ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t C ✐s ✇❤❡♥ t✇♦ ♦❜•❡❝ts ♠✉st ❜❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ❛❝❝♦r❞✐♥❣ t♦ ♦♥❡ ❝r✐t❡r✐♦♥ ♦❢ C ❛♥❞ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❝r✐t❡r✐❛ ♦❢ C✳ ■♥❝♦❤❡r❡♥❝❡s ❛r❡ ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻✳ ✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵ ✶✶✵ ✶✷✵ ✶✸✵ ✶✹✵ ❊①❡❝✉t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s ✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✷✺✵ ✸✵✵ ✸✺✵ ✹✵✵ ✹✺✵ ✺✵✵ ✺✺✵ ✻✵✵ ✻✺✵ ◆✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❋✐❣✉r❡ ✼✳✹✿ ❊①❡❝✉t✐♦♥ t✐♠❡ ❢♦r •♦❝❛• s❡♠❛♥t✐❝s ❛•❣♦r✐t❤♠ s❡♠❛♥t✐❝s ✭O(n * (k + 1) c * m log n) ✇✐t❤ n ✈❡rt❡①❡s✱ m ❡❞❣❡s✱ c ❝r✐t❡r✐❛✱ ❛♥❞ k t❤❡ ♠❛①✐♠❛• ♥✉♠❜❡r ♦❢ ❝•♦s❡♥❡ss ✈❛•✉❡s ♦❢ ❛ ❝r✐t❡r✐♦♥ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝r✐t❡r✐♦♥ s❡t✮ t❤❛♥ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✭ O((k+1) c * m log n)✮✳ ❚❤❡ r❡s✉•ts ❛r❡ ❛❝❝❡♣t❛❜•❡ ✭•❡ss t❤❛♥ ✻ s❡❝♦♥❞s✮ ❢♦r ❙✉❞♦❝ s✉❜s❡ts t❤❛t ❝♦♥t❛✐♥ •❡ss t❤❛♥ ✷✸✷ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❜✉t ❛r❡ ♥♦t ❛❝❝❡♣t❛❜•❡ ❢♦r •❛r❣❡r ❙✉❞♦❝ s✉❜s❡ts✳ ■♥❞❡❡❞✱ t❤❡ ❛•❣♦r✐t❤♠ ♥❡❡❞s ✷✷ s❡❝♦♥❞s ❛t ✇♦rst ❢♦r ❙✉❞♦❝ s✉❜s❡ts ❝♦♥t❛✐♥✐♥❣ ✉♣ t♦ ✸✹✾ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ♦r ✾✼ s❡❝♦♥❞s ❢♦r ❙✉❞♦❝ s✉❜s❡ts ❝♦♥t❛✐♥✐♥❣ ✉♣ t♦ ✸✹✾ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✳ ■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ s❛✇ t❤❛t ❛•❣♦r✐t❤♠s ✉s❡❞ t♦ ✜♥❞ t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• ♦r •♦❝❛• s❡♠❛♥t✐❝s ❛r❡ ❡✣❝✐❡♥t ❡♥♦✉❣❤ ❢♦r ❜❡✐♥❣ ✉s❡❞ ♦♥ ♠♦st ♦❢ r❡❛• ❙✉❞♦❝ s✉❜s❡ts✳ ▲❡t ✉s s❡❡ ❤♦✇ t❤❡ ❝❤♦✐❝❡ ♦❢ ❝r✐t❡r✐❛ ❝❛♥ ✐♠♣r♦✈❡ t❤❡✐r ❡✣❝✐❡♥❝②✳ ✼✳✷ ◗✉❛♥t✐t❛t✐✈❡ ❡①♣❡r✐♠❡♥ts✿ ❞❛t❛ ✐♥✢✉❡♥❝❡ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ st✉❞② ❤♦✇ ✐♥♣✉t ❝❤❛r❛❝t❡r✐st✐❝s ✭❞❛t❛ ❛♠❜✐❣✉✐t②✱ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛✱ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✮ ✐♥✢✉❡♥❝❡ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s✬ ♦✉t♣✉t ✭❤✉♠❛♥ ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❛♥❞ ❛•❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥ t✐♠❡✮✳ ❈♦♥s✐❞❡r❡❞ ✐♥♣✉t ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡✿ ❉❡✜♥✐t✐♦♥ ✸✺ ✭❆❝❝✉r❛❝② ♦❢ ❛ ❝r✐t❡r✐♦♥✮✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ ❛ ❝r✐t❡r✐♦♥ c ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣❛✐rs ♦❢ ♦❜•❡❝ts ✇❡•• ❝♦♠♣❛r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ r❡❛•✲✇♦r•❞ ✭t❤❡ ❝r✐t❡r✐♦♥ ❣✐✈❡s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝•♦s❡♥❡ss✱ ❢❛r♥❡ss✱ never ♦r always ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✮ t♦ t❤❡ ♣❛✐rs ♦❢ ♦❜•❡❝ts ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ ❞✐✛❡r❡♥t t❤❛♥ neutral ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✳ ❋♦r ❛ ❣✐✈❡♥ ❝r✐t❡r✐♦♥ s❡t C✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛ ✐s t❤❡ ❛✈❡r❛❣❡ ❛❝❝✉r❛❝② ♦❢ C ❝r✐t❡r✐❛✳ ▲❡t ✉s s❡❡ ❤♦✇ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛ ✐♥✢✉❡♥❝❡s r❡s✉•ts✳ ❚❤❡ •❡ss ❛❝❝✉r❛t❡ ❝r✐t❡r✐❛ ❛r❡✱ t❤❡ ♠♦r❡ ✐t ❤❛♣♣❡♥s t❤❛t ♣❛✐rs ♦❢ ♦❜•❡❝ts ❝♦♠♣❛r❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥✱ ✇✐t❤ ❛ ❝•♦s❡♥❡ss ♦r always ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✭r❡s♣❡❝t✐✈❡•② ❢❛r♥❡ss ♦r never ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡✮ ❛r❡ ❛❝t✉❛••② ❢❛r ✭r❡s♣❡❝t✐✈❡•② ❝•♦s❡✮ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s ❝♦✉•❞ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✳ ❚❤❡ •❡ss ❛❝❝✉r❛t❡ ❝r✐t❡r✐❛ ❛r❡✱ t❤❡ ♠♦r❡ ❛♠❜✐❣✉♦✉s ❞❛t❛ s❡❡♠s✱ ❛♥❞✱ t❤❡ ♠♦r❡ ❛♠❜✐❣✉♦✉s ❞❛t❛ ✐s✱ t❤❡ ♠♦r❡ ❞✐✣❝✉•t ✐t ✐s t♦ ♠❛❦❡ ❛❝❝✉r❛t❡ ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ♦❜•❡❝ts✳ ❲❡ s❛✇ t❤❛t ❞❡❝r❡❛s✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝r✐t❡r✐❛ ♦r ✐♥❝r❡❛s✐♥❣ ❞❛t❛ ❛♠✲ ❜✐❣✉✐t② ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✳ ▲❡t ✉s s❡❡ ✇❤❛t ✐s ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❙❡❝t✐♦♥✳ ✼✳✷✳✷ ◆✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ■♥ ❛♥ ♦❜•❡❝t s❡t O ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ s❡t C✱ ✐t ✐s ❤❛r❞ t♦ ❞✐r❡❝t•② ♠❡❛s✉r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✺ ✳ ■♥❞❡❡❞✱ t♦ ♠❡❛s✉r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♠♣•✐❡s t♦ ❝❛•❝✉•❛t❡ ❡✈❡r② ♣❛t❤ ❜❡t✇❡❡♥ ❡✈❡r② ♣❛✐r ♦❢ ♦❜•❡❝ts •✐♥❦❡❞ ❜② ❛ ❢❛r♥❡ss ❡❞❣❡✳ ❲❡ ✇✐•• ❝♦♥s✐❞❡r ✐♥ t❤✐s ❙❡❝t✐♦♥ t❤❛t ❞❡❝r❡❛s✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✭❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✷✳✶✮✱ ❛♥❞ ✇✐•• ✉s❡ ✐t t♦ ♦❜s❡r✈❡ t❤❡ ❡✛❡❝ts ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ♦♥ s❡✈❡r❛• ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ r❡s✉•ts ✭✐✳❡✳ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm ❛♥❞ globalAlgorithm✱ ❛♥❞ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✮✳ ❍✉♠❛♥ ♣❛rt✐t✐♦♥ ❤❛✈✐♥❣ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ■♥ ♦r❞❡r t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✻ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✐❢ ❛♥❞ ♦♥•② ✐❢ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥✳ ❚❤❛t ✐♠♣•✐❡s t❤❛t t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ♠✉st ❤❛✈❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❲♦r❦ ❍②♣♦t❤❡s✐s ✼ ✭♣❛❣❡ ✷✵✮✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ■❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❛♥❞ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡✱ t❤❛t ❝♦✉•❞ ❜❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❛s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t ❊①❛♠♣•❡✳ ✺ ❚❤❡ ■♥❝♦❤❡r❡♥❝❡ ♥♦t✐♦♥ ✐s ❞❡t❛✐•❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻✳ ✻ ❆s ❡①♣•❛✐♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶ ♣❛❣❡ ✸✼✱ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✐s t❤❡ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❝♦♥t❡①✲ t✉❛• ❡♥t✐t✐❡s ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡② r❡♣r❡s❡♥t ❛ •✐♥❦ ♣♦✐♥t✐♥❣ ❛t t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❚❤✐s ♣❛rt✐t✐♦♥ r❡♣r❡s❡♥ts t❤❡ st❛t❡ ♦❢ t❤❡ ❙✉❞♦❝ ❜❡❢♦r❡ r❡♣❛✐r✐♥❣ •✐♥❦s✳ ❊①❛♠♣•❡ ✺✼ ✭❍✉♠❛♥ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛♥❞ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✮✳ ▲❡t O nm ❜❡ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏ ◆✐❝♦•❛s✱ ▼❛✉r✐❝❡✑✳ ▲❡t C ❜❡ t❤❡ ❝r✐✲ t❡r✐♦♥ s❡t C s✉❝❤ t❤❛t C = {date✱ title✱ appellation✱ otherContributors✱ language✱ domain}✳ ❆❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✱ t❤❡r❡ ❛r❡ ✷ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✭t❤❡ ✜rst ✐s ❣♦♦❞ ❛❝❝♦r❞✐♥❣ t♦ ❛•• ❝r✐t❡r✐❛ ❜✉t language✱ t❤❡ s❡❝♦♥❞ ✐s ❣♦♦❞ ❢♦r ❛•• ❝r✐t❡r✐❛✱ ❡①❝❡♣t title ❛♥❞ otherContributors✮ ❛♥❞ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❤❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ▲❡t ✉s ❛❞❞ ✐♥❝♦❤❡r❡♥❝❡s ❜② ❞❡❝r❡❛s✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝r✐t❡r✐❛✳ ▲❡t 20%randomDate ❜❡ ❛ ♥❡✇ ❝r✐t❡r✐♦♥ s✉❝❤ t❤❛t✱ ❢♦r t✇♦ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✇✐t❤ ❛ ❞❛t❡ ❛ttr✐❜✉t❡ ✐♥ ❜♦t❤ ♦❢ t❤❡♠✱ t❤❡r❡ ✐s ❛ 20% ❝❤❛♥❝❡ t♦ ❣✐✈❡ ❛ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ✭neutral✱ ❛ ❝•♦s❡♥❡ss ♦r ❛ ❢❛r♥❡ss ✈❛•✉❡✮✳ ■♥ ♦t❤❡r ❝❛s❡s✱ ✐t ✐s t❤❡ s❛♠❡ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❛s t❤❡ ♦r✐❣✐♥❛• date ❝r✐t❡r✐♦♥ ✭neutral ♦r ❛ ❢❛r♥❡ss ✈❛•✉❡✮✳ ❲❡ ❝❛•❝✉•❛t❡❞ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛♥❞ ❡✈❛•✉❛t❡❞ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ♦♥ O nm ❢♦r C ′ = (C∪{20%randomDate}- {date}) ❛♥❞ ❢♦✉♥❞ ✹ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❞✐❞ ♥♦t ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ C ′ ✳ ❲❡ ❝❛♥ t❤✉s s❡❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❝♦✉•❞ ♠❛❦❡ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ♥♦t ❤❛✈❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✱ ❜✉t ✐t ❝♦✉•❞ ❛•s♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜❡st ♣❛rt✐t✐♦♥s✱ ❛s ✇❡ ✇✐•• s❡❡ ✐♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ♦❜•❡❝t s❡t O ✇✐t❤ ♥♦ ❞❛t❛ ❛♠❜✐❣✉✐t②✱ ❛♥❞ ❛ ♣❡r❢❡❝t•② ❛❝❝✉r❛t❡ ❝r✐t❡r✐♦♥ s❡t C s✉❝❤ t❤❛t C ❝r✐t❡r✐❛ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛s ❝•♦s❡ ✭r❡s♣❡❝t✐✈❡•② ❢❛r✮ s♦♠❡ ♦❜•❡❝ts t❤❛t s❤♦✉•❞ ♥♦t ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ✭r❡s♣❡❝t✐✈❡•② ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✮✳ ❚❤❡r❡ ✐s ❛ s✐♥❣•❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ t❤❛t ✐s t❤❡ ❜❡st ♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ ❛•• ❝r✐t❡r✐❛✳ ■❢ ✇❡ ❛❞❞ ❛♥ ✐♥❝♦❤❡r❡♥❝❡✱ ❜② ♠❛❦✐♥❣ ❛ ❝r✐t❡r✐♦♥ c ∈ C ❝♦♥s✐❞❡r t❤✐s ♣❛✐r ♦❢ ♦❜•❡❝ts ❛s ❢❛r ✭r❡s♣❡❝t✐✈❡•② ❝•♦s❡✮ ❞❡s♣✐t❡ ♦t❤❡r ❝r✐t❡r✐❛✬s ❛❞✈✐❝❡✱ t❤❡r❡ ❛r❡ t✇♦ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✿ ❼ t❤❡ ♦♥❡ t❤❛t ✐s ❣♦♦❞ ❛❝❝♦r❞✐♥❣ ❛•• ❝r✐t❡r✐❛ ❜✉t ♥♦t c ❛♥❞ ❼ t❤❡ ♦♥❡ t❤❛t ✐s ❣♦♦❞ ❛❝❝♦r❞✐♥❣ t♦ c ❜✉t ♥♦t t♦ ♦t❤❡r ❝r✐t❡r✐❛✳ ❆❞❞✐♥❣ ♠♦r❡ ✐♥❝♦❤❡r❡♥❝❡s ♣♦t❡♥t✐❛••② ❛❞❞s ♠♦r❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✱ ❜✉t ❞❡✲ ❝r❡❛s❡s t❤❡s❡ ✈❛•✉❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡r❡ ❛r❡ ❛ •♦t ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✱ ✭❡s♣❡❝✐❛••② t❤♦s❡ ✐♥✈♦•✈✐♥❣ always ♦r never ✈❛•✉❡s✮✱ t❤❛t r❡❞✉❝❡s t❤❡ ✈❛•✐❞ ✭❛♥❞ ♣♦ss✐❜•❡✮ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❜❡✲ ❝❛✉s❡ s♦♠❡ ♦❢ t❤❡ ♠♦st ✐♥t❡♥s❡ ✈❛•✉❡s ♦❢ s♦♠❡ ❝r✐t❡r✐❛ ❛r❡ ✐♥❝♦❤❡r❡♥t ✇✐t❤ s♦♠❡ ♦❢ t❤❡ ♠♦st ✐♥t❡♥s❡ ✭♦r always ❛♥❞ never✮ ✈❛•✉❡s ♦❢ ♦t❤❡r ❝r✐t❡r✐❛✳ ■♥ ❡①tr❡♠❡ ❝❛s❡s✱ t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❝❛♥♥♦t ❜❡tt❡r s❛t✐s❢② ❛ ❝r✐t❡r✐♦♥ ♦✈❡r ♦t❤❡rs ❜✉t ❝❛♥ ♦♥•② s❛t✐s❢② ❝•♦s❡♥❡ss ✈❛•✉❡s ✭❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛rt✐t✐♦♥ ✇✐t❤ ❛ s✐♥❣•❡ ❝•❛ss✮ ♦r ❢❛r♥❡ss ✈❛•✉❡s ✭❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛rt✐t✐♦♥ ✇✐t❤ ❛ ❝•❛ss ♣❡r ♦❜•❡❝t✮✱ ✐❢ t❤❡r❡ ❛r❡ ♥♦ always ♦r never ✈❛•✉❡s ✐♥✈♦•✈❡❞✳ ■❢ t❤❡r❡ ❛r❡ always ❛♥❞ never ✈❛•✉❡s ✐♥✈♦•✈❡❞ ✐♥ t❤❡ s❛♠❡ ✐♥❝♦❤❡r❡♥❝❡✱ ✇❡ ❤❛✈❡ ♥♦ ♠♦r❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ✈❛•✐❞ ♣❛rt✐t✐♦♥s✳ title✱ language✱ otherContributors✱ role✱ thesis✱ thesisAdvisor ❛♥❞ randomDate ′ ✳ ❚❤❡ randomDate ′ ✐s ❛ ❝r✐t❡r✐♦♥ ❛s 20%randomDate ❝r✐t❡r✐♦♥ ❞❡t❛✐•❡❞ ✐♥ ❊①❛♠♣•❡ ✺✼ ❜✉t t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ✈❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ ✏♣❡r❝❡♥t ♦❢ randomDate ′ ✑ ♦❢ ❋✐❣✉r❡ ✼✳✺✳ ❋♦r ❡❛❝❤ t❡st❡❞ ♣❡r❝❡♥t❛❣❡ ✭❢r♦♠ 0 t♦ 100% ❜② st❡♣s ♦❢ 5✮ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥✿ ❼ ✇❡ ❣❡♥❡r❛t❡❞ ✷✺ t✐♠❡s t❤❡ randomDate ′ ❝r✐t❡r✐♦♥ ❛♥❞ ♠❡❛s✉r❡❞ ❡✈❡r② t✐♠❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ✭r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣r❛② ❞♦t✮❀ ❼ ✇❡ ❝❛•❝✉•❛t❡❞ t❤❡ ❛✈❡r❛❣❡ ♠❛r❦ ♦❢ t❤♦s❡ ✷✺ ❡①❡❝✉t✐♦♥ t✐♠❡ ♠❡❛s✉r❡s ❛♥❞ r❡♣✲ r❡s❡♥t❡❞ ✐t ❜② ❛ ❜•❛❝❦ ❞♦t ♦♥ ❋✐❣✉r❡✳ ❲❡ ❝❛♥ s❡❡ ♦♥ ❋✐❣✉r❡ ✼✳✺ t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♣❡r✲ ❝❡♥t❛❣❡ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s ♦❢ randomDate ′ ❝r✐t❡r✐♦♥ ❢r♦♠ ✶ ♠✐••✐s❡❝♦♥❞s ♦♥ ❛✈❡r❛❣❡ ❢♦r ✵✪ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s ✭✇❤❡♥ randomDate ′ ❝♦rr❡s♣♦♥❞s t♦ date ❝r✐t❡r✐♦♥✮ t♦ ✾ ♠✐••✐s❡❝♦♥❞s ♦♥ ❛✈❡r❛❣❡ ❢♦r ✶✵✵✪ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s✳ ❆•s♦✱ ❢♦r ❛ ❣✐✈❡♥ ♣❡r❝❡♥t❛❣❡ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦♥•② s•✐❣❤t•② ✢✉❝t✉❛t❡s✳ ❚❤❡r❡ ✐s ❛ s✐♥❣•❡ t✐♥② s♣✐❦❡ ❛t ✺✪ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s✱ ✇❤✐❝❤ ❝♦✉•❞ ❜❡ ❡①♣•❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❡①❡❝✉t✐♦♥ t✐♠❡s ✢✉❝t✉❛t❡ ♠♦r❡ ❢♦r ✺✪ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s t❤❛♥ ❢♦r ✶✵✪ t♦ ✷✵✪ ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s✳ ❋♦r ❛ s✐♥❣•❡ ❣r❛♣❤ ❆✈❡r❛❣❡ ♠❛r❦ ✵ ✷ ✹ ✻ ✽ ✶✵ ✶✷ ❊①❡❝✉t✐♦♥ t✐♠❡ ✐♥ ♠✐••✐s❡❝♦♥❞s ✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵ P❡r❝❡♥t ♦❢ randomDate ′ ❋✐❣✉r❡ ✼✳✺✿ ❊①❡❝✉t✐♦♥ t✐♠❡ t♦ ✜♥❞ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✽ ❝r✐t❡r✐❛ ✐♥❝•✉❞✐♥❣ randomDate ′ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥❝r❡❛s❡s ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r globalAlgorithm ✐♥ ❛ ♥❡❛r•② ♠♦♥♦t♦♥♦✉s ♠❛♥♥❡r✳ ❇❡❢♦r❡ s❡❡✐♥❣ ❤♦✇ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥✢✉❡♥❝❡s localAlgorithm✬s ❡①❡❝✉t✐♦♥ t✐♠❡✱ ✇❡ ✜rst ♥❡❡❞ t♦ s❡❡ ❤♦✇ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥✢✉❡♥❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ■♥❝♦❤❡r❡♥t ♣❛rts✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻✱ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rts t❤❛t ❝♦♥t❛✐♥ ❛t •❡❛st ❛♥ ✐♥❝♦❤❡r❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ❛❞❞✐♥❣ ✐♥❝♦❤❡r❡♥❝❡s ❝❛♥✱ ❛t t❤❡ s❛♠❡ t✐♠❡✿ ❼ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ✭❜② ❛❞❞✐♥❣ ❛ ❢❛r♥❡ss ♦r never ✈❛•✉❡ t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♣❛rt ♥♦t ✐♥❝♦❤❡r❡♥t ②❡t✱ ✐t ✇✐•• ❛❞❞ ❛♥ ✐♥❝♦❤❡r❡♥❝❡ ✐♥ ✐t ❛♥❞ ♠❛❦❡ ✐t ❛ ♥❡✇ ✐♥❝♦❤❡r❡♥t ♣❛rt✮❀ ❼ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ✭❜② ❛❞❞✐♥❣ ❛ ❝•♦s❡♥❡ss ♦r always ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ❜❡t✇❡❡♥ t✇♦ ♦❜•❡❝ts ❢r♦♠ t✇♦ ✐♥❝♦❤❡r❡♥t ♣❛rts✱ ✇❤✐❝❤ ✇✐•• ♠❡r❣❡ t❤❡♠ ❛♥❞ ❞❡❝r❡❛s❡ t❤❡ t♦t❛• ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ❜② ✶✮✳ ❊①❛♠♣•❡ ✻✵ ✭■♥❝♦❤❡r❡♥❝❡s ❛♥❞ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✮✳ ■♥ t❤✐s ❊①❛♠♣•❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦❜•❡❝t s❡t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♣♣❡••❛t✐♦♥ ✏ ▲❡r♦✉①✱ ❆•❛✐♥✑ ❛♥❞ t❤❡ ❝r✐t❡✲ r✐♦♥ s❡t ♦❢ ❊①❛♠♣•❡ ✺✾✳ ❋♦r ❡❛❝❤ t❡st❡❞ ♣❡r❝❡♥t❛❣❡ randomDate ′ ✿ ❼ ✇❡ t♦♦❦ t❤❡ ✷✺ randomDate ′ ❝r✐t❡r✐❛ ❣❡♥❡r❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✺✾ ❛♥❞ ♠❡❛s✉r❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✼✳✻ ❜② ❛ ❣r❡② ❞♦t❀ ❼ ✇❡ ❝❛•❝✉•❛t❡❞ t❤❡ ❛✈❡r❛❣❡ ♠❛r❦ ♦❢ t❤♦s❡ ✷✺ ✐♥❝♦❤❡r❡♥t ♣❛rts ♠❡❛s✉r❡s ❛♥❞ r❡♣r❡s❡♥t❡❞ ✐t ❜② ❛ ❜•❛❝❦ ❞♦t ♦♥ ❋✐❣✉r❡✳ ❋♦r s♠❛•• ♣❡r❝❡♥t❛❣❡s ♦❢ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥ ✭✺✪ t♦ ✶✺✪✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥✲ ❝♦❤❡r❡♥t ♣❛rts ✢✉❝t✉❛t❡s ❛ •♦t✱ ✐♥ ♣❛rt✐❝✉•❛r ❢♦r ✺✪ ❛♥❞ ✇❤❡♥ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ✐s ♠♦r❡ t❤❛♥ ✶✳ ❋♦r ♥♦ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s ♦r ✷✵✪ ❛♥❞ ♠♦r❡ r❛♥❞♦♠ ❝♦♠♣❛r✐s♦♥s✱ t❤❡r❡ ✐s ❛ s✐♥❣•❡ ✐♥❝♦❤❡r❡♥t ♣❛rt ❛•• t❤❡ t✐♠❡✳ ❚❤❛t ❊①❛♠♣•❡ s❤♦✇s t❤❛t ❞❡❝r❡❛s✐♥❣ s•✐❣❤t•② t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ❜② ❛❞❞✐♥❣ ✐♥❝♦❤❡r❡♥❝❡s ✐♥ ✐♥❞❡♣❡♥✲ ❞❡♥t ♣❛rts✱ ❜✉t ✐♥❝r❡❛s✐♥❣ ❛ •♦t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❞♦❡s ♥♦t ✐♥✲ ❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rts ❛r❡ ♠❡r❣❡❞ ✐♥ ❛ s✐♥❣•❡ ❜✐❣ ✐♥❝♦❤❡r❡♥t ♣❛rt✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥❝r❡❛s❡s t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ globalAlgorithm✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❛•s♦ ✐♥❝r❡❛s❡s t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm✳ ❍♦✇❡✈❡r✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm ❛•s♦ ❞❡♣❡♥❞s ♦♥ ✐♥❝♦❤❡r✲ ❡♥t ♣❛rts ❜❡❝❛✉s❡ ✐t ❡①❡❝✉t❡s globalAlgorithm ❢♦r ❡❛❝❤ ✐♥❝♦❤❡r❡♥t ♣❛rt✱ ❛s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ♣❛❣❡ ✼✻✳ ❙♦✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm ❛•s♦ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s✱ ❛s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✼✳✷✳✷✳ ❋♦r ❛ s✐♥❣•❡ ❣r❛♣❤ ❆✈❡r❛❣❡ ♠❛r❦ ✵ ✷ ✹ ✻ ◆✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵ P❡r❝❡♥t ♦❢ randomDate ′ ❋✐❣✉r❡ ✼✳✻✿ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ❛❝❝♦r❞✐♥❣ t♦ ✽ ❝r✐t❡r✐❛ ✐♥❝•✉❞✐♥❣ randomDate ′ ❊①❛♠♣•❡ ✻✶ ✭❆❜♦✉t t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm✮✳ ■♥ t❤✐s ❊①❛♠♣•❡✱ ✇❡ t♦♦❦ t❤❡ ♦❜•❡❝t s❡t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♣♣❡••❛t✐♦♥ ✏ ▲❡r♦✉①✱ ❆•❛✐♥✑ ❛♥❞ t❤❡ ❝r✐t❡r✐♦♥ s❡t ♦❢ ❊①❛♠♣•❡ ✺✾✳ ❋♦r ❡❛❝❤ t❡st❡❞ ♣❡r❝❡♥t❛❣❡ randomDate ′ ✿ ❼ ✇❡ t♦♦❦ t❤❡ ✷✺ randomDate ′ ❝r✐t❡r✐❛ ❣❡♥❡r❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✺✾ ❛♥❞ ❡❛❝❤ t✐♠❡ ♠❡❛s✉r❡❞ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ localAlgorithm✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣r❡② ❞♦t ♦♥ ❋✐❣✉r❡ ✼✳✼❀ ❼ ✇❡ ❝❛•❝✉•❛t❡❞ t❤❡ ❛✈❡r❛❣❡ ♠❛r❦ ♦❢ t❤♦s❡ ✷✺ ❡①❡❝✉t✐♦♥ t✐♠❡ ♠❡❛s✉r❡s ❛♥❞ r❡♣✲ r❡s❡♥t❡❞ ✐t ❜② ❛ ❜•❛❝❦ ❞♦t ♦♥ ❋✐❣✉r❡ ✼✳✼✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♠♦♥♦t♦♥♦✉s•② ✐♥❝r❡❛s❡ ❡①❝❡♣t ❢♦r ✺ t♦ ✶✺✪ ♦❢ r❛♥❞♦♠ ❝♦♠✲ ♣❛r✐s♦♥ ✈❛•✉❡s✱ ❢r♦♠ ✷ ♠✐••✐s❡❝♦♥❞s ♦♥ ❛✈❡r❛❣❡ ❢♦r ✵✪ t♦ ✶✹ ♠✐••✐s❡❝♦♥❞s ♦♥ ❛✈❡r❛❣❡ ❢♦r ✶✵✵✪✳ ❚❤❡ s♣✐❦❡ ♦♥ ✺✪ t♦ ✶✺✪ ❡①❛❝t•② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✺✾✳ ❲❡ ❛•s♦ ♥♦t✐❝❡ t❤❛t ❡①❡❝✉t✐♦♥ t✐♠❡ ✢✉❝t✉❛t❡s ❛ •♦t ♦♥ t❤❡s❡ ♣❡r❝❡♥t❛❣❡s✱ ❜✉t ✢✉❝t✉❛t❡s s•✐❣❤t•② ❢♦r ♦t❤❡r ♣❡r❝❡♥t❛❣❡s✳ ❋♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥❝r❡❛s❡s t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r localAlgorithm✳ ❈♦♥❝•✉s✐♦♥✳ ❆s ❛ ❝♦♥❝•✉s✐♦♥ t♦ t❤✐s ❙❡❝t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ✐♥❝r❡❛s❡s ✇✐t❤ ❞❛t❛ ❛♠❜✐❣✉✐t② ❛♥❞ ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥❝❡s ❣r❡❛t•② ✐♥✢✉❡♥❝❡s ❡①❡❝✉t✐♦♥s t✐♠❡ ♦❢ t❤❡ ❛•❣♦r✐t❤♠s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜❡st ♣❛rt✐t✐♦♥s ❛♥❞ ✐❢ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❤❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ▲❡t ✉s q✉❛•✐t❛t✐✈❡•② ❡✈❛•✉❛t❡ t❤❡ ❣•♦❜❛• ❛♥❞ •♦❝❛• ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s✳ ✼✳✸ ◗✉❛•✐t❛t✐✈❡ ❡①♣❡r✐♠❡♥ts ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ✇✐•• ❜❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ q✉❛•✐t❛t✐✈❡ r❡s✉•ts ♦❢ t❤❡ •♦❝❛• ❛♥❞ ❣•♦❜❛• ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❋♦r ❛ s✐♥❣•❡ ❣r❛♣❤ ❆✈❡r❛❣❡ ♠❛r❦ ✵ ✷ ✹ ✻ ✽ ✶✵ ✶✷ ✶✹ ✶✻ ✶✽ ❊①❡❝✉t✐♦♥ t✐♠❡ ✐♥ ♠✐••✐s❡❝♦♥❞s ✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵ P❡r❝❡♥t ♦❢ randomDate ′ ❋✐❣✉r❡ ✼✳✼✿ ❊①❡❝✉t✐♦♥ t✐♠❡ t♦ ✜♥❞ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡✲ ♠❛♥t✐❝s ❛♥❞ ✽ ❝r✐t❡r✐❛ ✐♥❝•✉❞✐♥❣ randomDate ′ ❆❇❊❙ ❡①♣❡rts s❡•❡❝t❡❞ ✺✸✼ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s •✐♥❦❡❞ t♦ ✽✷ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ✼ ❛♣♣❡••❛t✐♦♥s✳ ❚❤✐s s❛♠♣•❡ ✇❛s ❣✐✈❡♥ ✐♥ t✇♦ ✈❡rs✐♦♥s✿ ❼ t❤❡ ✐♥✐t✐❛• ✈❡rs✐♦♥ ✭t❤❡ •✐♥❦s ❜❡t✇❡❡♥ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❛♥❞ ❛✉t❤♦r✐t② ♥♦✲ t✐❝❡s ❛r❡ ❛s t❤❡② ✇❡r❡ ✇❤❡♥ t❤❡ s❛♠♣•❡ ✇❛s s❡•❡❝t❡❞✮❀ ❼ t❤❡ ❤✉♠❛♥ ✈❡rs✐♦♥ ✭t❤❡ •✐♥❦s ❜❡t✇❡❡♥ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❛♥❞ ❛✉t❤♦r✐t② ♥♦✲ t✐❝❡s ✇❡r❡ ♠❛♥✉❛••② r❡♣❛✐r❡❞ ❜② t❤❡ ❡①♣❡rts✮✳ ❚❤❡ s❛♠♣•❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✼ ❙✉❞♦❝ s✉❜s❡ts r❡•❛t❡❞ t♦ ❛♥ ❛♣♣❡••❛t✐♦♥ ✭✶ ♣❡r ❛♣♣❡••❛t✐♦♥✮✳ ❊❛❝❤ ❙✉❞♦❝ s✉❜s❡t ❝♦♥t❛✐♥s t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s r❡♣r❡s❡♥t✐♥❣ ❛ •✐♥❦ ❜❡t✇❡❡♥ ❛♥ ❛✉t❤♦r✐t② t❤❛t ❝♦✉•❞ r❡♣r❡s❡♥t ❛ ♣❡rs♦♥ ♥❛♠❡❞ ❜② t❤❡ ❛♣♣❡••❛t✐♦♥ ❛♥❞ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ •✐♥❦❡❞ t♦ s✉❝❤ ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ♦♥ ❛ ❙✉❞♦❝ s✉❜s❡t ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❤✉♠❛♥ ✈❡rs✐♦♥✱ ❛♥❞ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ✐♥✐t✐❛• ✈❡rs✐♦♥ ♦❢ t❤❡ ❙✉❞♦❝ s❛♠♣•❡ ❝❤♦s❡♥ ❜② t❤❡ ❡①♣❡rts✳ ▲❡t ✉s ❞❡✜♥❡ ❛♥❞ ❡✈❛•✉❛t❡ t❤❡ ♣r❡❝✐s✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✸✻✮✱ t❤❡ r❡❝❛•• ✭❉❡✜♥✐t✐♦♥ ✸✼✮ ❛♥❞ t❤❡ ❋✲♠❡❛s✉r❡ ✭❉❡✜♥✐t✐♦♥ ✸✽✮ ♦❢ ❜♦t❤ s❡♠❛♥t✐❝s ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ t❤✐s s❛♠♣•❡✳ ■♥t✉✐t✐✈❡•②✱ t❤❡ ♣r❡❝✐s✐♦♥ ✐s ✉s❡❢✉• t♦ ❞❡t❡r♠✐♥❡ ✐❢ ❛ t❡st ✜♥❞s ❛s ♣♦s✐t✐✈❡ ♦♥•② ♦❜•❡❝ts t❤❛t s❤♦✉•❞ ❜❡✳ ❚❤❡ r❡❝❛•• ✐s ✉s❡❢✉• t♦ ❞❡t❡r♠✐♥❡ ✐❢ ❛ t❡st ✜♥❞s ❛s ♣♦s✐t✐✈❡ ❛•• t❤❡ ♦❜•❡❝ts t❤❛t s❤♦✉•❞ ❜❡✳ ❚❤❡ ❋✲♠❡❛s✉r❡ ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠ ❜❡t✇❡❡♥ ♣r❡❝✐s✐♦♥ ❛♥❞ r❡❝❛••✳ ❉❡✜♥✐t✐♦♥ ✸✻ ✭Pr❡❝✐s✐♦♥✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t s✉❝❤ t❤❛t ♦❜•❡❝ts ❝❛♥ ❜❡ ♣♦s✐t✐✈❡ ❢♦r ❛ ❝♦♥❝❡♣t C✳ ❚❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♦❜•❡❝ts ✐s ❞❡♥♦t❡❞ O p ❛♥❞ t❤❡ s❡t ♦❢ ♦❜•❡❝ts ❢♦✉♥❞ ❜② ❛ t❡st ❚ ❛s ♣♦s✐t✐✈❡ ❢♦r t❤❡ ❝♦♥❝❡♣t ❈ ✐s ❞❡♥♦t❡❞ O f ✳ ❚❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ t❡st ❚ ♦♥ O ✐s✿ precision(T, O) = |Op∩O f | |O f | ✳ ❉❡✜♥✐t✐♦♥ ✸✼ ✭|❡❝❛••✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t s✉❝❤ t❤❛t ♦❜•❡❝ts ❝❛♥ ❜❡ ♣♦s✐t✐✈❡ ❢♦r ❛ ❝♦♥❝❡♣t ❈✳ ❚❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♦❜•❡❝ts ✐s ❞❡♥♦t❡❞ O p ❛♥❞ t❤❡ s❡t ♦❢ ♦❜•❡❝ts ❢♦✉♥❞ ❜② ❛ t❡st ❚ ❛s ♣♦s✐t✐✈❡ ❢♦r t❤❡ ❝♦♥❝❡♣t ❈ ✐s ❞❡♥♦t❡❞ O f ✳ ❚❤❡ r❡❝❛•• ♦❢ t❤❡ t❡st ❚ ♦♥ O ✐s✿ ✿ recall(T, O) = |Op∩O f | |Op| ✳ ❉❡✜♥✐t✐♦♥ ✸✽ ✭❋✲♠❡❛s✉r❡✮✳ ▲❡t O ❜❡ ❛♥ ♦❜•❡❝t s❡t s✉❝❤ t❤❛t ♦❜•❡❝ts ❝❛♥ ❜❡ ♣♦s✐t✐✈❡ ❢♦r ❛ ❝♦♥❝❡♣t ❈✱ ❚✱ ❛ t❡st ❢♦r t❤❡ ❝♦♥❝❡♣t ❈✱ precision✱ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ❚ ♦♥ O ❛♥❞ recall✱ t❤❡ r❡❝❛•• ♦❢ ❚ ♦♥ O✳ ❚❤❡ ❋✲♠❡❛s✉r❡ ♦❢ t❤❡ t❡st ❚ ♦♥ O ✐s✿ F -measure(T, O) = 2 * precision(T,O) * recall(T,O) (precision(T,O)+recall(T,O)) ✳ ✼✳✸✳✶ ❊✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❜♦t❤ s❡♠❛♥t✐❝s ▲❡t ✉s ❝❤❡❝❦ ✐❢ t❤❡ ❣•♦❜❛• ❛♥❞ •♦❝❛• s❡♠❛♥t✐❝s ❛••♦✇ ✉s t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ t❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥✳ ❚❛❜•❡ ✼✳✶ s❤♦✇s ❢♦r ❡❛❝❤ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ t❤❡ ❝❤♦s❡♥ ❛♣♣❡••❛t✐♦♥ ✭✐♥ ✏❛♣♣❡••❛t✐♦♥✑✮✿ ✶✳ ✏❙✐③❡✑ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t ❛ •✐♥❦ ❜❡t✇❡❡♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛♥❞ ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t❤❛t ❤❛s ❛ ❝•♦s❡ ❛♣♣❡••❛t✐♦♥ t♦ t❤❡ ❝❤♦s❡♥ ❛♣♣❡
❛♥❞ ♦♥•② ✐❢ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ❤❛s ❛ ❜❡tt❡r ✈❛•✉❡ t❤❛♥ P i ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 ✳ ❚❛❜•❡ ✼✳✷ s❤♦✇s t❤❡ s❛♠❡ ✐♥❢♦ ❛s ❚❛❜•❡ ✼✳✶ ❜✉t ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s ✐♥st❡❛❞ ♦❢ ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ▲♦❝❛• s❡♠❛♥t✐❝s ❤❛s t❤❡ s❛♠❡ r❡s✉•ts ❛s ❣•♦❜❛• s❡♠❛♥t✐❝s ♦♥ t❤✐s s❛♠♣•❡✳ ❲❡ ✜rst ❡✈❛•✉❛t❡❞ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ✭P i ❛♥❞ P h ❢♦r ❡❛❝❤ ❙✉❞♦❝ s✉❜s❡t ❢♦r ❜♦t❤ s❡♠❛♥t✐❝s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✳ ❚❤❡ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥ ✭P i✮ ❤❛s ❛ ♣❛rt✐t✐♦♥ ✈❛•✉❡ t❤❛t ✐s ✇♦rs❡ t❤❛♥ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ✭P h✮ ❢♦r ❡❛❝❤ ❚❛❜•❡ ✼✳✶✿ ❊✈❛•✉❛t✐♦♥ ♦❢ P i ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❆♣♣❡••❛t✐♦♥ ❙✐③❡ ■s P i ❜❡st❄ ■s P h ❜❡tt❡r t❤❛♥ P i❄ ✏❇❡r♥❛r❞✱ ❆•❛✐♥✑ ✶✻✺ ♥♦t ✈❛•✐❞ ②❡s ✏❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ ✷✼ ♥♦ ②❡s ✏▲❡r♦✉①✱ ❆•❛✐♥✑ ✺✾ ♥♦t ✈❛•✐❞ ②❡s ✏|♦②✱ ▼✐❝❤❡•✑ ✺✷ ♥♦t ✈❛•✐❞ ②❡s ✏◆✐❝♦•❛s✱ ▼❛✉r✐❝❡✑ ✷✵ ♥♦ ②❡s ✏❙✐♠♦♥✱ ❆•❛✐♥✑ ✻✸ ♥♦ ②❡s ✏❙✐♠♦♥✱ ❉❛♥✐❡•✑ ✶✺✶ ♥♦t ✈❛•✐❞ ②❡s ❚❛❜•❡ ✼✳✷✿ ❊✈❛•✉❛t✐♦♥ ♦❢ P i ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s ❆♣♣❡••❛t✐♦♥ ❙✐③❡ ■s P i ❜❡st❄ ■s P h ❜❡tt❡r t❤❛♥ P i❄ ✏❇❡r♥❛r❞✱ ❆•❛✐♥✑ ✶✻✺ ♥♦t ✈❛•✐❞ ②❡s ✏❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ ✷✼ ♥♦ ②❡s ✏▲❡r♦✉①✱ ❆•❛✐♥✑ ✺✾ ♥♦t ✈❛•✐❞ ②❡s ✏|♦②✱ ▼✐❝❤❡•✑ ✺✷ ♥♦t ✈❛•✐❞ ②❡s ✏◆✐❝♦•❛s✱ ▼❛✉r✐❝❡✑ ✷✵ ♥♦ ②❡s ✏❙✐♠♦♥✱ ❆•❛✐♥✑ ✻✸ ♥♦ ②❡s ✏❙✐♠♦♥✱ ❉❛♥✐❡•✑ ✶✺✶ ♥♦t ✈❛•✐❞ ②❡s ❚❛❜•❡ ✼✳✸✿ ••♦❜❛• s❡♠❛♥t✐❝s✿ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❡✈❛•✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ❆♣♣❡••❛t✐♦♥ ❙✐③❡ ◆✉♠❜❡r ♦❢ N a P h ❜❡st❄ ✏❇❡r♥❛r❞✱ ❆•❛✐♥✑ ✶✻✺ ✷✼ ♥♦ ✏❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ ✷✼ ✽ ♥♦ ✏▲❡r♦✉①✱ ❆•❛✐♥✑ ✺✾ ✻ ♥♦ ✏|♦②✱ ▼✐❝❤❡•✑ ✺✷ ✾ ♥♦ ✏◆✐❝♦•❛s✱ ▼❛✉r✐❝❡✑ ✷✵ ✸ ②❡s ✏❙✐♠♦♥✱ ❆•❛✐♥✑ ✻✸ ✶✸ ♥♦ ✏❙✐♠♦♥✱ ❉❛♥✐❡•✑ ✶✺✶ ✶✻ ♥♦ ❚❛❜•❡ ✼✳✹✿ ••♦❜❛• s❡♠❛♥t✐❝s✿ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❡✈❛•✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❆♣♣❡••❛t✐♦♥ ◆✉♠❜❡r ♦❢ N c ◆✉♠❜❡r ♦❢ N a P h ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✏❇❡r♥❛r❞✱ ❆•❛✐♥✑ ✶✻✺ ✷✼ ②❡s ✏❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ ✷✼ ✽ ♥♦ ✏▲❡r♦✉①✱ ❆•❛✐♥✑ ✺✾ ✻ ②❡s ✏|♦②✱ ▼✐❝❤❡•✑ ✺✷ ✾ ♥♦ ✏◆✐❝♦•❛s✱ ▼❛✉r✐❝❡✑ ✷✵ ✸ ②❡s ✏❙✐♠♦♥✱ ❆•❛✐♥✑ ✻✸ ✶✸ ♥♦ ✏❙✐♠♦♥✱ ❉❛♥✐❡•✑ ✶✺✶ ✶✻ ②❡s ✷✳ ✏◆✉♠❜❡r ♦❢ N a✑ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛❝❝♦r❞✐♥❣ t♦ ❤✉♠❛♥ ♣❛r✲ t✐t✐♦♥s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝•❛ss❡s ✐♥ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s✮✱ ✸✳ ✏P h ❜❡st❄✑ s❤♦✇s ✇❤❡t❤❡r t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ✐ss✉❡❞ ❢r♦♠ t❤❡ ❤✉♠❛♥ ✈❡rs✐♦♥ ❤❛s ❛ ❜❡st ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✳ ❚❛❜•❡ ✼✳✹ s❤♦✇s t❤❡ s❛♠❡ ✐♥❢♦ ❛s ❚❛❜•❡ ✼✳✸ ❜✉t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 7 = C 9 -{language✱ domain}✮✳ ❲❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜•❡ ✼✳✸ t❤❛t t❤❡r❡ ✐s ♦♥•② 1/7 ♦❢ t❤❡ ❙✉❞♦❝ s✉❜s❡t ♦♥ ✇❤✐❝❤ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ✭❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❤✉♠❛♥ ✈❡rs✐♦♥✮ ❤❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 ✳ |❡♠♦✈✐♥❣ domain ❛♥❞ language ❢r♦♠ t❤❡ ❝r✐t❡r✐♦♥ s❡t ✐♠♣r♦✈❡s s✉❝❤ ❙✉❞♦❝ s✉❜s❡ts t♦ 4/7 ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜•❡ ✼✳✹✳ ❙♦✱ ✇❡ ❤❛✈❡ ❛ r❡❝❛•• ♦❢ 4/7 ♦r ✺✼✪ ❛♥❞ ❛ ♣r❡❝✐s✐♦♥ ♦❢ ✶✵✵✪ ❢♦r ❞❡t❡❝t✐♥❣ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛s ❛ ❜❡st ♣❛rt✐t✐♦♥✳ ▲❡t ✉s ❞❡t❛✐• t❤❡ ❡①❝❡♣t✐♦♥s✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ♦♥ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏|♦②✱ ▼✐❝❤❡•✑ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❜❡❝❛✉s❡ t✇♦ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❤❛✈❡ ❛ ❝♦♠✲ ♠♦♥ ❝♦♥tr✐❜✉t♦r ✇❤♦ ✐s ♥♦t ✏ |♦②✱ ▼✐❝❤❡•✑✱ ❜✉t ❛r❡ ♥♦t ✐♥ t❤❡ s❛♠❡ ❝•❛ss✳ ❚❤✐s ♦t❤❡r ❝♦♥tr✐❜✉t♦r ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✸✶✻✽✹✼✻✾✑✳ ❚❤✐s ✶✷✻ ❈❍❆P❚❊| ✼✳ ❊❳P❊|■▼❊◆❚❙ ✐s ✇r♦♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ otherContributor ✶✶ ✳ ❚❤♦s❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s r❡♣r❡s❡♥t t❤❡ ❢♦••♦✇✐♥❣ •✐♥❦s✿ ❼ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✶✻✺✼✻✵✷✶✹✑ ❛♥❞ t❤❡ t✐t•❡ ✏▲❛ ♠é❞❛✐••❡ ✿ t❡❝❤♥✐q✉❡ ❞❡ ❢❛❜r✐❝❛t✐♦♥ ✑ ❛♥❞ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✶✻✽✺✽✸✷✼✺✑ r❡♣r❡s❡♥t✐♥❣ ✏ |♦②✱ ▼✐❝❤❡•✑❀ ❼ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✶✷✾✶✻✶✾✹✷✑ ❛♥❞ t❤❡ t✐t•❡ ✏▼❛✐••❡✱ ♠❡❞❛❣•✐❛✱ ♠é❞❛✐••❡✑ ❛♥❞ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✶✻✽✺✽✵✾✻✾✑ r❡♣r❡s❡♥t✐♥❣ ✏ |♦②✱ ▼✐❝❤❡•✑✳ ❚❤❡ ❆❇❊❙ ❡①♣❡rt ❤❛s ❝♦♥✜r♠❡❞ t❤❛t t❤❡r❡ ✐s ❛♥ ❡rr♦♥❡♦✉s •✐♥❦✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ♦♥ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏❙✐♠♦♥✱ ❆•❛✐♥✑ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❜❡❝❛✉s❡ t❤❡ ✏ ❙✐♠♦♥✱ ❆•❛✐♥✑ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✸✵✹✽✵✸✽✽✑ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ s✉♣❡r✈✐s❡❞ ❛ t❤❡s✐s ✶✷ ✐♥ ✏✶✾✽✽✑✱ ♦♥❡ ②❡❛r ❜❡❢♦r❡ s✉❜♠✐tt✐♥❣ ❤✐s ♦✇♥ t❤❡s✐s ✶✸ ✐♥ ✏✶✾✽✾✑✳ ❚❤✐s ✐s ✇r♦♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❝r✐t❡r✐♦♥ thesisAdvisor✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❆❇❊❙ ❡①♣❡rt✱ t❤♦s❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ♠❛② r❡♣r❡s❡♥t ❞✐st✐♥❝t ♣❡rs♦♥s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡② r❡❝♦♠♠❡♥❞ t♦ •✐♥❦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦✲ t✐❝❡s t♦ ❞✐st✐♥❝t ❛✉t❤♦r✐t② ♥♦t✐❝❡s✳ ❚❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ P h ♦♥ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜❡st ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❜❡❝❛✉s❡ t❤❡ ✏ ❉✉❜♦✐s✱ ❖•✐✈✐❡r✑ r❡♣✲ r❡s❡♥t❡❞ ❜② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✾✷✾✸✺✽✵❳✑ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ s✉♣❡r✈✐s❡❞ t✇♦ t❤❡s❡s ✶✹ ✐♥ ✏✶✾✽✾✑✱ t❤r❡❡ ②❡❛rs ❜❡❢♦r❡ s✉❜♠✐tt✐♥❣ ❤✐s ♦✇♥ t❤❡s✐s ✶✺ ✐♥ ✏✶✾✾✷✑✳ ❚❤✐s ✐s ✇r♦♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❝r✐t❡r✐♦♥ thesisAdvisor✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❆❇❊❙ ❡①♣❡rt✱ t❤♦s❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ♠✉st r❡♣r❡s❡♥t ❞✐st✐♥❝t ♣❡rs♦♥s✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡rr♦♥❡♦✉s •✐♥❦✳ ✶✶ ❈r✐t❡r✐❛ ❛r❡ ❞❡t❛✐•❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳ ✶✷ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✹✸✶✶✽✶✽✻✑ ❛♥❞ t❤❡ t✐t•❡ ✏ P▲❆❈❊ ❉❊❙ ❱❆❙❖❉■▲❆❚❆❚❊❯|❙ ❉❆◆❙ ▲❆ P❍❆|▼❆❈❖▲❖•■❊ ❆◆❚■❍(P❊|❚❊◆❙■❱❊ ✑ ✶✸ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✹✸✷✷✾✷✽❳✑ ❛♥❞ t❤❡ t✐t•❡ ✏ ▲❊❙ ❆❇❈❊❙ ❉❯ ❋❖■❊ ❆ P(❖•❊◆❊❙ ✿ ❆ P|❖P❖❙ ❉✬❯◆❊ ❙❊|■❊ ❉❊ ❉■❳ P❆❚■❊◆❚❙ ✑ ✶✹ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✹✸✶✼✾✾✷✹✑ ✇✐t❤ ✏ ❈❊❙❆|■❊◆◆❊ ❆❱❆◆❚ ❚|❆❱❆■▲ ❊❚ ❍(P❊|❚❊◆❙■❖◆ ❆|❚❊|■❊▲▲❊ ❉❊ ▲❆ •|❖❙❙❊❙❙❊ ✿ |❊❚❊◆❚■❙❙❊✲ ▼❊◆❚ ◆❊❖◆❆❚❆▲ ❆ P|❖P❖❙ ❉❊ ✹✼✹ ❈❆❙ ❉ ❍❚❆ ❆❙❙❖❈■❊❊ ❆ ▲❆ •|❖❙❙❊❙❙❊✱ ❊❚❯❉❊ P❆|❚■❈❯▲■❊|❊ ❉❊❙ ❈❆❙ ❆(❆◆❚ ❏❯❙❚■❋■❊ ❯◆❊ ❈❊❙❆|■❊◆◆❊ ✑ ❛s t✐t•❡✱ ❛♥❞ t❤❡ ❜✐❜•✐✲ ♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✹✸✷✺✹✸✽✶✑ ✇✐t❤ ✏ ▲❊ ❚❆❇❆•■❙▼❊ ❈❍❊) ▲❆ ❋❊▼▼❊ ❊◆✲ ❈❊■◆❚❊ ❉❆◆❙ ▲❆ |❊•■❖◆ ◆❖|❉✴P❆❙✲❉❊✲❈❆▲❆■❙ ✿ ❋|❊◗❯❊◆❈❊✱ ❈❖◆❙❊◗❯❊◆❈❊❙ ❋❖❊❚❆▲❊❙ ❊❚ ◆❊❖◆❆❚❆▲❊❙ ✑ ❛s t✐t•❡ ✶✺ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❤❛✈✐♥❣ t❤❡ ♣♣♥ ✏✵✹✵✾✷✶✵✶✽✑ ✇✐t❤ ✏ ▲✬❆❋❋■|▼❆❚■❖◆ ❉❊ ❙❖■ ❊◆ ❙❊|❱■❈❊ ❉ ❍❖❙P■❚❆▲■❙❆❚■❖◆ P❙(❈❍■❆❚|■◗❯❊ ✿ ▼■❙❊ ❊◆ P▲❆❈❊ ❉ ❯◆ •|❖❯P❊ ❚❍❊|❆P❊❯❚■◗❯❊ ❊❚ |❊❋▲❊❳■❖◆ ❈|■❚■◗❯❊ ❆❯ ❚❊|▼❊ ❉ ❯◆ ❆◆ ❉❊ P|❆✲ ❚■◗❯❊✑ ❛s t✐t•❡ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❆❇❊❙ ❡①♣❡rts✱ ❛•• ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ♦♥ ❙✉❞♦❝ s✉❜s❡t t❤❛t ✇❡r❡ ♥♦t ❡✈❛•✉❛t❡❞ ❛s ❜❡st ♣❛rt✐t✐♦♥s ❜② ❣•♦❜❛• s❡♠❛♥t✐❝s ❝♦♥t❛✐♥ ❡rr♦♥❡♦✉s •✐♥❦s✳ ❚❤❡② ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ❛♥② ♠♦r❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❆❇❊❙ ❡①♣❡rt✱ t❤♦s❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ♠✉st r❡♣r❡s❡♥t ❞✐st✐♥❝t ♣❡rs♦♥s✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡rr♦♥❡♦✉s •✐♥❦✱ s♦ t❤❡ r❡❝❛•• ✐s 4/4 ✭✶✵✵✪✮ ❛♥❞ ♥♦t 4/7 ✭✺✼✪✮ t♦ ✐❞❡♥t✐❢② t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❛s ❛ ❜❡st ♣❛rt✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❛♥❞ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 7 ✳ ▲❡t ✉s ❡✈❛•✉❛t❡ t❤❡ r❡❝❛•• ❛♥❞ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ •♦❝❛• s❡♠❛♥t✐❝s ❢♦r ✐❞❡♥t✐❢②✐♥❣ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❛s ❛ ❜❡st ♣❛rt✐t✐♦♥✳ ✼✳✸✳✸ ❊✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ •♦❝❛• s❡♠❛♥t✐❝s ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❡✈❛•✉❛t❡❞ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ♦♥ t❤❡ ❙✉❞♦❝ s❛♠♣•❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❡✈❛•✉❛t❡❞ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ♦♥ ❡❛❝❤ ❙✉❞♦❝ s✉❜s❡t ✭❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❤✉♠❛♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ❙✉❞♦❝ s❛♠♣•❡✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ •♦❝❛• s❡♠❛♥t✐❝s ❛♥❞ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✳ ❚❤♦s❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ❤❛✈❡ ❛•s♦ ❜❡❡♥ ❡✈❛•✉❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 7 ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ C 9 ✇✐t❤♦✉t domain ❛♥❞ language ❝r✐t❡r✐❛✳ |❡s✉•ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜•❡ ✼✳✺✿ ✶✳ ✏❙✐③❡✑ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t ❛ •✐♥❦ ❜❡t✇❡❡♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛♥❞ ❛♥ ❛✉t❤♦r✐t② ♥♦

  t❤❡ ✇❡❜s✐t❡ http://en.abes.fr/Sudoc/The-Sudoc-catalog✳ ✸✸ ✸✹ ❈❍❆P❚❊| ✸✳ ❆PP|❖❆❈❍ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❝❛♥❞✐❞❛t❡s ✭t❤❡ ❜✐❜•✐♦❣r❛♣❤② ♦❢ ❝❛♥❞✐❞❛t❡s✮ ✐♥ ♦r❞❡r t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ❜♦♦❦ ❛t ❤❛♥❞s s❡❡♠s t♦ ❜❡ ♣❛rt ♦❢ t❤❡ ❜✐❜•✐♦❣r❛♣❤② ♦❢ ❛ ♣❛rt✐❝✉•❛r ❝❛♥❞✐❞❛t❡✳ ■❢ ✐t ✐s t❤❡ ❝❛s❡✱ ✭s✮❤❡ •✐♥❦s t❤❡ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ t♦ t❤✐s ❝❛♥❞✐❞❛t❡ ❛♥❞ •♦♦❦s ❛t t❤❡ ♥❡①t ✉♥•✐♥❦❡❞ ❝♦♥tr✐❜✉t♦r✳ ■❢ t❤❡r❡ ✐s ♥♦ ❣♦♦❞ ❝❛♥❞✐❞❛t❡✱ ✭s✮❤❡ ❝r❡❛t❡s ❛ ♥❡✇ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦♥tr✐❜✉t♦r✳ ▲❡t ✉s ✐••✉str❛t❡ t❤✐s ♦♥ ❋✐❣✉r❡ ✸✳✶✳ ❋✐❣✉r❡ ✸✳✶✿ ▲✐♥❦❛❣❡ ♦❢ ❛ ♥❡✇ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❚❤✐s t❛s❦ ✐s ❢❛st✐❞✐♦✉s ❜❡❝❛✉s❡ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❤❛✈❡ ❛ •♦t ♦❢ ❝❛♥❞✐❞❛t❡s ❢♦r ❛ s✐♥❣•❡ ❝♦♥tr✐❜✉t♦r ✭❛s ♠❛♥② ❛s ✷✼ ❢♦r ❛ ❝♦♥tr✐❜✉t♦r ♥❛♠❡❞ ✏ ❇❡r♥❛r❞✱ ❆•❛✐♥✑✮✳ ❚❤❡ ❙✉❞♦❝❆❞ ♣r♦•❡❝t ❬✷✵( ♣r♦♣♦s❡s ❛ ❞❡❝✐s✐♦♥ s✉♣♣♦rt s②st❡♠ t♦ ❛ss✐st •✐❜r❛r✐❛♥s t♦ ❝❤♦♦s❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❙✉❞♦❝❆❞ ♣r♦•❡❝t r❡•✐❡s ♦♥ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ❡①✐st✐♥❣ ❞❛t❛ ✐♥ t❤❡ ❙✉❞♦❝ ❛r❡ ❝•❡❛♥✱ ❛♥❞ ♥❛♠❡•②✿ ✶✳ t❤❡r❡ ❛r❡ ♥♦ ❞✐st✐♥❝t ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❞❡s❝r✐❜✐♥❣ ♦♥❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥✱ ✷✳ ❡❛❝❤ ❝♦♥tr✐❜✉t♦r✬s ♥❛♠❡ ✐♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✐s •✐♥❦❡❞ t♦ t❤❡ ✏❝♦rr❡❝t✑ ❛✉t❤♦r✐t② ♥♦t✐❝❡✱ ❛♥❞ ✸✳ ❢♦r ❡❛❝❤ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛♥❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡✱ t❤❡r❡ ❛r❡ ♥♦ ♠✐st❛❦❡s ❜✐❣❣❡r t❤❛♥ ♠✐ss♣❡••✐♥❣s ✐♥ ✐ts ❛ttr✐❜✉t❡s✬ ✈❛•✉❡s ✳ ❯♥❢♦rt✉♥❛t❡•②✱ s♦♠❡ ♣❡rs♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② s❡✈❡r❛• ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ t❤❡r❡ ❛r❡ ❛•r❡❛❞② •✐♥❦ ✐ss✉❡s ✐♥ ❙✉❞♦❝✳ ❚♦ ❝r❡❛t❡ ♥❡✇ •✐♥❦s ❜❛s❡❞ ♦♥ ❡①✐st✐♥❣ ❡rr♦✲ ♥❡♦✉s •✐♥❦s ❝r❡❛t❡s ❡rr♦rs✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❝❛♥ ❝r❡❛t❡ ♥❡✇ ❡rr♦rs s✐♥❝❡ •✐♥❦✐♥❣ ✐s ❛♥ ✐♥❝r❡♠❡♥t❛• ♣r♦❝❡ss✳ ❙♦ ✇❡ r❡•❡❛s❡ ❤②♣♦t❤❡s❡s ✶ ❛♥❞ ✷ ❛♥❞ ❢♦❝✉s ♦♥ ❡rr♦♥❡♦✉s •✐♥❦ ❞❡t❡❝t✐♦♥✳ ❚❤✐s ✇✐•• ❛••♦✇ ✉s t♦ ❡✈❛•✉❛t❡ t❤❡ q✉❛•✐t② ♦❢ ❝♦♥tr✐❜✉t♦r •✐♥❦s ✐♥ ❙✉❞♦❝ ❛♥❞ ✐♠♣r♦✈❡ ✐t✳ ▲❡t ✉s ❡①♣•❛✐♥ ♦✉r ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❙❡❝t✐♦♥✳ ✸✳✷ ❆♣♣r♦❛❝❤✿ t♦ ❞❡t❡❝t ❛♥❞ r❡♣❛✐r ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❙✉❞♦❝ ■♥ ♦r❞❡r t♦ ❤❡•♣ ❡①♣❡rts t♦ r❡♣❛✐r ❡rr♦♥❡♦✉s •✐♥❦s✱ ✇❡ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ ❢♦r t❤❡ ❞❡✲ t❡❝t✐♦♥ ❛♥❞ t❤❡ r❡♣❛✐r ♦❢ •✐♥❦s ❜❡t✇❡❡♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✳ ❚❤❡ ❋✐❣✉r❡ ✸✳✷ ♣r❡s❡♥ts ❛ s❝❤❡♠❛ ♦❢ t❤❡ ♠❡t❤♦❞✱ ❛♥❞ ✐♥❞✐❝❛t❡s ✇❤✐❝❤ ♣❛rt ✐s ❞❡t❛✐•❡❞ ✐♥ ✇❤✐❝❤ ❈❤❛♣t❡r✳ ❚❤✐s ♠❡t❤♦❞ ✐s s✉♠♠❡❞ ✉♣ ✐♥ ❋✐❣✉r❡ ✸✳✷ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✹(✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛ ✇❛② t♦ ❛♥s✇❡r t❤❡ |❡s❡❛r❝❤ ◗✉❡st✐♦♥ ♣r❡s❡♥t❡❞ ♣❛❣❡ ✶✻✿ ✏ ❍♦✇ t♦ ❞❡t❡❝t ❛♥❞ r❡♣❛✐r ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❞❛t❛❜❛s❡ ✉s✐♥❣ q✉❛•✐✲ t❛t✐✈❡ ♠❡t❤♦❞s❄ ✑✳ ❚❤❡r❡ ❛r❡ ❢♦✉r st❡♣s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✸✳✷✳ ▲❡t ✉s ❞❡t❛✐• t❤❡♠ st❡♣ ❜② st❡♣✳ ❋✐❣✉r❡ ✸✳✷✿ •❡♥❡r❛• ❛♣♣r♦❛❝❤ ✸✳✷✳✶ ❙t❡♣ ✶✿ ✜♥❞✐♥❣ ❛ ❙✉❞♦❝ s✉❜s❡t ❙t❡♣ ✶ ❝♦♥s✐sts ✐♥ ❡♥❝♦❞✐♥❣ •✐♥❦s ❜❡t✇❡❡♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❛s ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❞♦❝✉♠❡♥t ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♦♥❡ ♦❢ ✐ts ❝♦♥tr✐❜✉t♦rs✱ ❛s ✐t ✐s ❞❡t❛✐•❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❛♥❞ ❬✷✹(❬✸✼(✳ ❚❤❡ ❛♣♣❡••❛t✐♦♥ ♦❢ ❲❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡ ♦❢ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❜② ❢♦••♦✇✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s "was_produced_by(2) : * " ✭❋✮✱ "has time-span" ✭❍✮✱ "is identified by(2)" ✭❏✮ ❛♥❞ "value" ✭▲✮ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ t✐t•❡✳ ❚❤✐s ❛••♦✇s ✉s t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ♦❢ ■❞ ✏✵✽✸✸✾✻✹✻✷✑ r❡♣r❡✲ s❡♥ts ❛ ❞♦❝✉♠❡♥t t❤❛t ✇❛s ♣✉❜•✐s❤❡❞ ✐♥ ✏✶✾✾✵✑✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ♦❢ ■❞ ✏✵✽✸✸✾✻✹✻✷✑ r❡♣r❡s❡♥ts ❛ ❞♦❝✉✲ ♠❡♥t t❤❛t ✇❛s ♣✉❜•✐s❤❡❞ ✐♥ ✶✾✾✵ ❛♥❞ ❤❛s ✏❆♥❣•❛✐s ▲P✑ ❛s t✐t•❡✱ ❛♥❞ ✇❡ ♥❡❡❞ ✻ tr✐♣•❡s ✭✶ ♣❡r ♣r❡❞✐❝❛t❡✮ t♦ ❡①tr❛❝t t❤✐s ♣✐❡❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❋✐❣✉r❡ ✹✳✷✿ |❉❋ ✈❡rs✐♦♥ ♦❢ ❙✉❞♦❝ ✈✐s✉❛•✐③❡❞ ✇✐t❤ ❈♦❣✉✐ ◆✲tr✐♣•❡s ✈❡rs✐♦♥✳ ❚❤❡ ❢♦r♠❛•✐③❛t✐♦♥ ♦❢ ❙✉❞♦❝ ✭✐♥ ♥✲tr✐♣•❡s •❛♥❣✉❛❣❡✱ ✇❤✐❝❤ ✐s ❛•s♦ ❛ |❉❋ ❢♦r♠❛t✮ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ |❉❋ ✈❡rs✐♦♥✳ ■t ❛•s♦ ✉s❡s tr✐♣•❡s ❜✉t t❤❡ ❞❛t❛ ❛r❡ s✐♠♣•✐✜❡❞✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❊①❛♠♣•❡ ✻✳ ❊①❛♠♣•❡ ✻ ✭❆ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✐♥ ♥✲tr✐♣•❡s ✈❡rs✐♦♥✮✳ ❲❡ s❛✇ ✐♥ ❊①❛♠♣•❡ ✺ t❤❛t ✻ tr✐♣•❡s ✇❡r❡ r❡q✉✐r❡❞ t♦ ❡①tr❛❝t t❤❡ ❢♦••♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥✿ t❤❡r❡ ✐s ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ♦❢ ■❞ ✏✵✽✸✸✾✻✹✻✷✑ t❤❛t r❡♣r❡s❡♥ts ❛ ❞♦❝✉♠❡♥t ♣✉❜•✐s❤❡❞ ✐♥ ✶✾✾✵ ✉♥❞❡r t❤❡ t✐t•❡ ✏❆♥❣•❛✐s ▲P✑✳ ■t r❡q✉✐r❡s ♦♥•② ✸ tr✐♣•❡s ✐♥ t❤❡ ♥✲tr✐♣•❡s ✈❡rs✐♦♥ ♦❢ ❙✉❞♦❝✱ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✳✸✳ ❋✐❣✉r❡ ✹✳✸✿ ♥✲tr✐♣•❡s ✈❡rs✐♦♥ ♦❢ ❙✉❞♦❝ ▲❡t ✉s ❞❡t❛✐• t❤❡ ❢♦r♠❛•✐③❛t✐♦♥ ♦❢ ❙✉❞♦❝ ♥♦t✐♦♥s✳ ✹✳✶✳✷ P❡rs♦♥ ❞❡s❝r✐♣t✐♦♥s ✭❛✉t❤♦r✐t② ♥♦t✐❝❡s✮ ❚❤❡ ❞❡s❝r✐♣t✐♦♥s ♦❢ ♣❡rs♦♥s ❛r❡ ♥❛♠❡❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡s✱ ❞❡♥♦t❡❞ N a✱ ❛♥❞ t❤❡ j ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✐s ❞❡♥♦t❡❞ N a j ✳ ❆✉t❤♦r✐t② ♥♦t✐❝❡s ❤❛✈❡ s❡✈❡r❛• ❛ttr✐❜✉t❡s✿ ❼ t❤❡ ✉♥✐q✉❡ ■❞ ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭t❤❡ ♣♣♥✮✳ ❼ t❤❡ •✐st ♦❢ ❛♣♣❡••❛t✐♦♥s✱ ✐✳❡✳ ♥❛♠❡s ❛♥❞ s✉r♥❛♠❡s t❤❛t ❝❛♥ r❡❢❡r t♦ t❤❡ r❡❛•✲ ✇♦r•❞ ♣❡rs♦♥✳ ❼ s♦♠❡t✐♠❡s t❤❡ ❞❛t❡s ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✳ ❼ t❤❡ t❡①t✉❛• ❞❡s❝r✐♣t✐♦♥s ♦❢ ♦♥❡ ♦r s❡✈❡r❛• ❞♦❝✉♠❡♥ts ❢♦r ✇❤✐❝❤ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞✳ ❚❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤♦s❡ ❞♦❝✉♠❡♥ts ❛r❡ ♥❛♠❡❞ t❤❡ s♦✉r❝❡s ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡✳ ❊①❛♠♣•❡ ✼ ✭❆ ❛✉t❤♦r✐t② ♥♦t✐❝❡✮✳ ▲❡t N a 1 ❜❡ t❤❡ ❙✉❞♦❝ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛✈❛✐•❛❜•❡ ♦♥ t❤❡ ✇❡❜ ✐♥ ❋✐❣✉r❡ ✹✳✹✳ ❚❤✐s ❋✐❣✉r❡ r❡♣r❡s❡♥ts t❤❡ ▼❆|❈ ✈❡rs✐♦♥ ♦❢ N a 1 s✉❝❤ ❛s ✇❡ ❝❛♥ s❡❡ ✐t ♦♥ t❤❡ ✇❡❜✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✶✳ ❲❡ s❡❡ t❤✐s N a 1 ❛s t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❛ttr✐❜✉t❡s✿ ❼ ♣♣♥✿ ✏✶✻✽✻✵✸✵✵✹✑ ❼ ❛♣♣❡••❛t✐♦♥s✿ {✏▲❡r♦✉①✱ ❆•❛✐♥✑} ❼ ❜✐rt❤ ❞❛t❡✿✹✳✶✳ ❋❖|▼❆▲■)❆❚■❖◆ ❖❋ ❙❯❉❖❈ ✹✸ ❋✐❣✉r❡ ✹✳✹✿ ❆♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❙✉❞♦❝ ✇❡❜✲✈❡rs✐♦♥ ❼ ❞❡❛t❤ ❞❛t❡✿ ♥♦♥❡ ❼ s♦✉r❝❡✿ ✏❚❡❝❤♥✐q✉❡s ❞❡ ♣r♦♠♦t✐♦♥ ❡t ❞❡ ❞②♥❛♠✐s❛t✐♦♥ ❞❡s ✈❡♥t❡s ✴ ❆•❛✐♥ ▲❡r✲ ♦✉① ❀ s♦✉s •❛ ❞✐r❡❝t✐♦♥ ❞❡ ❆•❛✐♥ P✐❝❛r❞✱ ✷✵✵✵✳ ✲ ❚❤ès❡ ❞✬❡①❡r❝✐❝❡ ✿ P❤❛r♠❛❝✐❡ ✿ ❆♠✐❡♥s ✿ ✷✵✵✵✑ ❲❡ ❝❛♥ ❝♦♠♣❛r❡ ✐t ✇✐t❤ t❤❡ ✇❡❜✲✈❡rs✐♦♥ ♦❢ t❤✐s ❛✉t❤♦r✐t② ♥♦t✐❝❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✳✹ ✹✳✶✳✸ ❉♦❝✉♠❡♥t ❞❡s❝r✐♣t✐♦♥s ✭❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✮ ❚❤❡ ❞❡s❝r✐♣t✐♦♥s ♦❢ ❞♦❝✉♠❡♥ts ❛r❡ ❝❛••❡❞ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✱ ❛♥❞ ❛r❡ ❞❡♥♦t❡❞

  t✐❝❡✮✳ ▲❡t ✉s ❞❡t❛✐• t❤❡ ❛ttr✐❜✉t❡s ♦❢ t✇♦ ❙✉❞♦❝ ❜✐❜✲•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s✳ ▲❡t N b 11 ❜❡ t❤❡ ❙✉❞♦❝ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛✈❛✐•❛❜•❡ ♦♥ t❤❡ ✇❡❜ ♦♥ ❋✐❣✉r❡ ✹✳✺✳ ❚❤✐s ❋✐❣✉r❡ r❡♣r❡s❡♥ts t❤❡ ▼❆|❈ ✈❡rs✐♦♥ ♦❢ N b 11 s✉❝❤ ❛s ✇❡ ❝❛♥ s❡❡ ✐t ♦♥ t❤❡ ✇❡❜✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✶✳ ❲❡ s❡❡ t❤✐s N b 11 ❛s t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❛ttr✐❜✉t❡s✿ ❼ ♣♣♥✿ ✵✺✸✼✷✾✾✷✼ ❼ t✐t•❡✿ ✏❚❡❝❤♥✐q✉❡s ❞❡ ♣r♦♠♦t✐♦♥ ❡t ❞❡ ❞②♥❛♠✐s❛t✐♦♥ ❞❡s ✈❡♥t❡s✑ ❼ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✿ ✷✵✵✵ ❼ •✐st ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s✿ {} ❼ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡✿ ✏❢r❡✑ ✭✇❤✐❝❤ ✐s t❤❡ ❝♦❞❡ ❢♦r ❋r❡♥❝❤ •❛♥❣✉❛❣❡✮✳ ❲❡ ♥♦t✐❝❡ t❤❛t N b 11 ♠✐ss❡s ✐ts ✏•✐st ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s✑ ❛ttr✐❜✉t❡✳ ▼✐ss✲ ✐♥❣ ♦r ✐♥❝♦♠♣•❡t❡ ❛ttr✐❜✉t❡s ❛r❡ ❝♦♠♠♦♥✳ ▲❡t N b 12 ❜❡ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❛ttr✐❜✉t❡s✿ ❼ ♣♣♥✿ ✵✹✶✹✾✵✾✼✺ ❼ t✐t•❡✿ ✏❈❤❛♥ ❡t ♣♦és✐❡ ❝❤❡③ ✉♥ ❛✉t❡✉r ❝♦♥t❡♠♣♦r❛✐♥ ✿ )❤♦✉ ▼❡♥❣❞✐❡✑ ❼ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✿ ✶✾✾✸ ❼ •✐st ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s✿ {800} ✭✽✵✵ ✐s t❤❡ ❞♦♠❛✐♥ ❝♦❞❡ t❤❛t ♠❡❛♥s ✏•✐tt❡r❛t✉r❡✑✮ ❋✐❣✉r❡ ✹✳✺✿ ❆ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❙✉❞♦❝ ✇❡❜✲✈❡rs✐♦♥ ❼ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡✿ ✏❢r❡✑ ✭✇❤✐❝❤ ✐s t❤❡ ❝♦❞❡ ❢♦r ❋r❡♥❝❤ •❛♥❣✉❛❣❡✮✳ ❚❤❡ ❊①❛♠♣•❡ ✽ ❞♦❡s ♥♦t s❤♦✇ t❤❡ ❛✉t❤♦rs ♦❢ t❤❡ ❞♦❝✉♠❡♥ts r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s N b 11 ❛♥❞ N b 12 ✳ ❚❤✐s ♣✐❡❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❛✈❛✐•❛❜•❡ ❜② t❤❡ ❛ttr✐❜✉t❡ ✈❛•✉❡s ♦❢ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ❜✉t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ •✐♥❦ ❜❡t✇❡❡♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ❛♥❞ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t❤❛t r❡♣r❡s❡♥ts t❤❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❛s ❛♥ ❛✉t❤♦r✳ ❲❡ ❞❡t❛✐• ✐t ✐♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✳ ✹✳✶✳✹ ▲✐♥❦s ❛♥❞ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❆ •✐♥❦ r❡♣r❡s❡♥ts t❤❡ ❢❛❝t t❤❛t t❤❡ r❡❛•✲✇♦r•❞ ♣❡rs♦♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✐s ♦♥❡ ♦❢ t❤❡ ❝♦♥tr✐❜✉t♦rs ✷ ♦❢ t❤❡ ❞♦❝✉♠❡♥t r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ✷ ❆ ❝♦♥tr✐❜✉t♦r ♦❢ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✐s ❛ ♣❡rs♦♥ ✇❤♦ ❤❛s ♣❛rt✐❝✐♣❛t❡❞ t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❞❡s❝r✐❜❡❞ ❜② t❤✐s ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡✳ ♥♦t✐❝❡✳ ❚❤❡ ❝♦♥tr✐❜✉t♦r •✐♥❦s ❛r❡ •❛❜❡••❡❞ ❜② t❤❡ r♦•❡ ♦❢ t❤❡ ❝♦♥tr✐❜✉t♦r✿ ❛✉t❤♦r✱ ✐••✉str❛t♦r ❛♥❞ s♦ ♦♥✳ ▲❡t ✉s s❡❡ t❤❡ ❡①❛♠♣•❡ ♦❢ ❛ •✐♥❦✳ ❊①❛♠♣•❡ ✾ ✭❆ •✐♥❦✮✳ ❚❤❡ ♣❡rs♦♥ ✏▲❡r♦✉①✱ ❆•❛✐♥✑ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ N a 1 ♦❢ ❊①❛♠♣•❡ ✼ ✇r♦t❡ t❤❡ t❤❡s✐s ✏❚❡❝❤♥✐q✉❡s ❞❡ ♣r♦♠♦t✐♦♥ ❡t ❞❡ ❞②♥❛♠✐✲ s❛t✐♦♥❞❡s ✈❡♥t❡s✑ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ N b 11 ♦❢ ❊①❛♠♣•❡ ✽✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❙✉❞♦❝ ❜② ❛ •✐♥❦ •❛❜❡••❡❞ ✏❛✉t❤♦r✑ ❢r♦♠ N b 11 t♦ N a 1 ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ❛♥ ✏❛✉t❤♦r✑ •✐♥❦ ❜❡t✇❡❡♥ N b 11

  t✐❝❡ ✐s t❤❡ s♦✉r❝❡ ♦❢ t❤❡ C ❝♦♥tr✐❜✉t♦r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② ✐s ❛ s♦✉r❝❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ s♦✉r❝❡ •❛❜❡• ✐s ❛❜s❡♥t✳❼ t❤❡ ❞❛t❡ ♦❢ ❜✐rt❤ ♦❢ t❤❡ C ❝♦♥tr✐❜✉t♦r ✐s ♣r❡s❡♥t ✐❢ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② ✐s ❛ s♦✉r❝❡ ✭✐✳❡✳ ✐❢ t❤❡ s♦✉r❝❡ •❛❜❡• ✐s ♣r❡s❡♥t✮✳ ❲❡ ♠❛❦❡ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ❛ ❝♦♥tr✐❜✉t♦r •✐♥❦ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝♦♥t❡①t✉❛• ❡♥t✐t② ♠❛② ❜❡ ✇r♦♥❣✱ ✉♥•❡ss t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ ✐s t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭❲♦r❦ ❍②♣♦t❤❡s✐s ✹ ♣❛❣❡ ✶✼✮✳ ❚❤✐s ✐s ✇❤② ✇❡ ❝❤♦♦s❡ t♦ ❝♦♥s✐❞❡r ✏❞❛t❡ ♦❢ ❜✐rt❤✑ ❛s ❛ ❝♦♥t❡①t✉❛• ❡♥t✐t② ❛ttr✐❜✉t❡ ♦♥•② ✐❢ t❤✐s ❝♦♥t❡①t✉❛• ❡♥t✐t② ✐s ❛ s♦✉r❝❡✳ ❲❡ ❞❡♥♦t❡ sources(N a i ) t❤❡ •✐st ♦❢ t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s N c k t❤❛t r❡♣r❡s❡♥t ❛ •✐♥❦ t♦ N a i s✉❝❤ ❛s N c k ✐s ❛ s♦✉r❝❡✳ ❊①❛♠♣•❡ ✶✵ ✭❚❤❡ ❛ttr✐❜✉t❡s ♦❢ ❛ ❝♦♥t❡①t✉❛• ❡♥t✐t②✮✳ ▲❡t ✉s t❛❦❡ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ N a 1 ❛♥❞ t❤❡ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡ N b 11 ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠♣•❡s ✼ ❛♥❞ ✽✳ ❚❤❡r❡ ✐s ❛♥ ✏❛✉t❤♦r✑ •✐♥❦ ❜❡t✇❡❡♥ t❤❡♠ ❛s s❤♦✇♥ ✐♥ ❊①❛♠♣•❡ ✾✳ ❲❡ ❝♦♥str✉❝t t❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t② N c 21 t❤❛t r❡♣r❡s❡♥ts t❤✐s •✐♥❦✳ N c 21 ✬s ❛ttr✐❜✉t❡s ❛r❡✿ ❼ t✐t•❡✿ ✏❚❡❝❤♥✐q✉❡s ❞❡ ♣r♦♠♦t✐♦♥ ❡t ❞❡ ❞②♥❛♠✐s❛t✐♦♥ ❞❡s ✈❡♥t❡s✑ ❼ ♣✉❜•✐❝❛t✐♦♥ ❞❛t❡✿ ✷✵✵✵ ✹✳✶✳ ❋❖|▼❆▲■)❆❚■❖◆ ❖❋ ❙❯❉❖❈ ✹✼ ❼ •✐st ♦❢ ♣✉❜•✐❝❛t✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡s✿ {} ❼ ♣✉❜•✐❝❛t✐♦♥ •❛♥❣✉❛❣❡✿ ✏❢r❡✑ ❼ ❛♣♣❡• •❛t✐♦♥s✿ {✏▲❡r♦✉①✱ ❆•❛✐♥✑ } ❼ r♦•❡✿ ✏❛✉t❤♦r✑✳❼ ♦t❤❡r ❝♦♥tr✐❜✉t♦rs✿ {✭✏P✐❝❛r❞✱ ❆•❛✐♥✑✱ ❛s ✏t❤❡s✐s ❛❞✈✐s♦r✑✮} ❼ s♦✉r❝❡ ✭❜❡❝❛✉s❡ t❤❡ s♦✉r❝❡ ♦❢ N a 1 ♠❛t❝❤❡s ✇✐t❤ N b 11 ✳✮

  class(y, P ref )✳ ❼ ■❢ (x, y) ✐s ❛ ❢❛r♥❡ss ❝r✉❝✐❛• ❡❞❣❡✱ t❤❡♥ ✈❡rt❡①❡s x ❛♥❞ y ❛r❡ ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ P ref ✿ class(x, P ref ) = class(y, P ref )✳ Pr♦♦❢ ✷ ✭❈❈❊s✱ ❋❈❊s ❛♥❞ P ref ✮✳ ▲❡t P ref ❜❡ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥ ♦♥ ❛ ❝r✐t❡r✐❛ ❣r❛

  ♦❢ ❙✉❞♦❝ s✉❜s❡ts ✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✷✺✵ ✸✵✵ ✸✺✵ ✹✵✵ ✹✺✵ ✺✵✵ ✺✺✵ ✻✵✵ ✻✺✵ ◆✉♠❜❡r ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❋✐❣✉r❡ ✼✳✸✿ ❙✉❞♦❝ s✉❜s❡ts s✐③❡ ❋✐❣✉r❡ ✼✳✷ s❤♦✇s s♣✐❦❡s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❆

  t✐❝❡ t❤❛t ❤❛s ❛ ❝•♦s❡ ❛♣♣❡••❛t✐♦♥ t♦ t❤❡ ❝❤♦s❡♥ ❛♣♣❡••❛t✐♦♥✱ ✷✳ ✏◆✉♠❜❡r ♦❢ |N a|✑ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛❝❝♦r❞✐♥❣ t♦ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝•❛ss❡s ♦❢ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s✮✱ ✸✳ ✏P h ❡✈❛•✉❛t✐♦♥✑ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rts ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❙✉❞♦❝ s✉❜s❡t ❢♦r ✇❤✐❝❤ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❤❛s ❛ ❜❡st ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s ✶✻ ♦♥ t❤❡ t♦t❛• ♥✉♠❜❡r ♦❢ ♣❛rts ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✮✳ ❚❛❜•❡ ✼✳✻ s❤♦✇s t❤❡ s❛♠❡ ✐♥❢♦ ❛s ❚❛❜•❡ ✼✳✺ ❜✉t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 7 = C 9 -{language✱ domain}✮✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ❛r❡ ♦❢t❡♥ s❡✈❡r❛• ♣❛rts ❢♦r ❛ ❙✉❞♦❝ s✉❜s❡t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡t C 9 ✐♥ ❚❛❜•❡ ✼✳✺✱ s♦ t❤❡r❡ ❛r❡ ♦❢t❡♥ ✐♥❝♦❤❡r❡♥t ♣❛rts ❛❝❝♦r❞✐♥❣ t♦ C 9 ✳ ❲❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜•❡ ✼✳✻ t❤❛t t❤❡r❡ ✐s ❛•✇❛②s ❛ s✐♥❣•❡ ♣❛rt ❢♦r ❛ ❙✉❞♦❝ s✉❜s❡t ❛❝❝♦r❞✐♥❣ t♦ C 7 t❤❡r❡ ✐s ❛•✇❛②s ❛ s✐♥❣•❡ ♣❛rt✳ ❊❛❝❤ ♦❢ t❤❡s❡ s✐♥❣•❡ ♣❛rts ✐s t❤❡ ❝♦❤❡r❡♥t ♣❛rt ♦♥ ❛•• t❤❡ ❙✉❞♦❝ s✉❜s❡ts ♦❢ t❤❡ s❛♠♣•❡✳ ❙♦✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ r❡s✉•ts ❛r❡ ❡①❛❝t•② t❤❡ s❛♠❡ ❛s ❢♦r ❣•♦❜❛• s❡♠❛♥t✐❝s✳ ✶✻ ❲❡ r❡❝❛•• t❤❛t t❤❡ •♦❝❛• s❡♠❛♥t✐❝s ❞✐✈✐❞❡s t❤❡ ❝r✐t❡r✐❛ ❣r❛♣❤ ✐♥t♦ ❝♦❤❡r❡♥t ♣❛rts ❛♥❞ ✐♥❝♦❤❡r❡♥t ♣❛rts✳ ❚❤❡r❡ ✐s ❛•✇❛②s ❛ s✐♥❣•❡ ❝♦❤❡r❡♥t ♣❛rt ❛♥❞ t❤❡ ❝r✐t❡r✐♦♥ ❣r❛♣❤ ♠❛② ❤❛✈❡ s❡✈❡r❛• ✐♥❝♦❤❡r❡♥t ♣❛rts✱ ♦r ♥♦♥❡✳ ❉❡t❛✐•s ❛❜♦✉t •♦❝❛• s❡♠❛♥t✐❝s ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❛❜•❡ ✼✳✺✿ ▲♦❝❛• s❡♠❛♥t✐❝s✿ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❡✈❛•✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ❆♣♣❡••❛t✐♦♥ ❙✐③❡ ◆✉♠❜❡r ♦❢ N a P h ❡✈❛•✉❛t✐♦♥ ✏❇❡r♥❛r❞✱ ❆•❛✐♥✼✳✻✿ ▲♦❝❛• s❡♠❛♥t✐❝s✿ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❡✈❛•✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❆♣♣❡••❛t✐♦♥ ❙✐③❡ ◆✉♠❜❡r ♦❢ N a P h ❡✈❛•✉❛t✐♦♥ ✏❇❡r♥❛r❞✱ ❆•❛✐♥Pr❡❝✐s✐♦♥✱ r❡❝❛•• ❛♥❞ ❋✲♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ❚❡st Pr❡❝✐s✐♦♥ |❡❝❛•• ❋✲♠❡❛s✉r❡ ❉❡t❡❝t✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ P i ✶✵✵✪ ✶✵✵✪ ✶✵✵✪ |❡❝♦❣♥✐③✐♥❣ t❤❡ P h ❛s ❡rr♦♥❡♦✉s •✐♥❦s ❢r❡❡ ✶✵✵✪ ✷✺✪ ✹✵✪ ❚❛❜•❡ ✼✳✽✿ Pr❡❝✐s✐♦♥✱ r❡❝❛•• ❛♥❞ ❋✲♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ❚❡st Pr❡❝✐s✐♦♥ |❡❝❛•• ❋✲♠❡❛s✉r❡ ❉❡t❡❝t✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ✐♥t♦ P i ✶✵✵✪ ✶✵✵✪ ✶✵✵✪ |❡❝♦❣♥✐③✐♥❣ t❤❡ P h ❛s ❡rr♦♥❡♦✉s •✐♥❦s ❢r❡❡ ✶✵✵✪ ✶✵✵✪ ✶✵✵✪ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❝r✐t❡r✐❛ ✐♥ C 7 ❤❛✈❡ ❛ ❣♦♦❞ ❛❝❝✉r❛❝② ❡①❡♣t ❢♦r t❤❡ domain ❛♥❞ language ❝r✐t❡r✐❛✱ ✇❤✐❝❤ ❛r❡ ✐♥ C 9 ❛♥❞ ♥♦t ✐♥ C 7 ✳ ■♥❞❡❡❞✱ ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✼✳✷✳✷ t❤❛t ❛ ❜❛❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝r✐t❡r✐❛ ♠❛② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts✳ |❡s✉•ts ❛r❡ s✐♠✐•❛r t♦ r❡s✉•ts ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ ❝r✐t❡r✐♦♥ s❡ts C 9 ❛♥❞ C 7 ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❙✉❞♦❝ s✉❜s❡t✳ ❚❤❡ s✐♥❣•❡ ❡①❝❡♣t✐♦♥ ✐s ❢♦r t❤❡ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ ✏ ▲❡r♦✉①✱ ❆•❛✐♥✑ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ✿ ❼ P h ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s✱ ❛s s❡❡♥ ✐♥ ❚❛❜•❡ ✼✳✸✳ ❼ P h ❤❛s ❤❛•❢ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✭❢♦r ♦♥❡ ♦❢ ✐ts t✇♦ ♣❛rts✮ ❛❝❝♦r❞✐♥❣ t♦ •♦❝❛• s❡♠❛♥t✐❝s✱ ❛s s❡❡♥ ✐♥ ❚❛❜•❡ ✼✳✺✱ ❜✉t t❤❡ P h ♣❛rt✐t✐♦♥ ✈❛•✉❡ r❡♠❛✐♥s ♥♦t ❛ ❜❡st ♦♥❡✳ ✼✳✸✳✹ ❈♦♥❝•✉s✐♦♥ ❚❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ❜♦t❤ s❡♠❛♥t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t❡r✐♦♥ s❡ts C 7 ❛♥❞ C 9 ✐s ✈❡r② ❣♦♦❞ ✭✶✵✵✪✮ t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ✐♥✐t✐❛• ♣❛rt✐t✐♦♥s ♦r t♦ ✐❞❡♥t✐❢② t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥ ❛s ❛ ❜❡st ♦♥❡✳ ❚❤❡ r❡❝❛•• ✐s s✐♠✐•❛r ♦♥ t❤❡ st✉❞✐❡❞ s❛♠♣•❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝r✐t❡r✐❛ ✉s❡❞ ✭❜❡t✇❡❡♥ ✷✺✪ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ❛♥❞ ✶✵✵✪ ✇✐t❤♦✉t domain ❛♥❞ language ✐♥ t❤❡ ❝r✐t❡r✐♦♥ s❡t✮✳ ▲❡t ✉s s✉♠♠❛r✐③❡ t❤❡ r❡s✉•t✐♥❣ ♣r❡❝✐s✐♦♥✱ r❡❝❛•• ❛♥❞ ❋✲♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ C 9 ✐♥ ❚❛❜•❡ ✼✳✼ ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ C 7 ✐♥ ❚❛❜•❡ ✼✳✽ ❢♦r t❤❡ ❢♦••♦✇✐♥❣ ✐ss✉❡s ❼ ❞❡t❡❝t✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ❜❡❢♦r❡ ❤✉♠❛♥ r❡♣❛✐r ✭✏❉❡t❡❝t✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ✐♥t♦ P i✑✮ ❛♥❞ ❼ r❡❝♦❣♥✐③✐♥❣ t❤❡ ❤✉♠❛♥ ♣❛rt✐t✐♦♥s ❛s t❤❡ ❜❡st ♣❛rt✐t✐♦♥s ♦r ✇✐t❤♦✉t ❡rr♦♥❡♦✉s •✐♥❦s ✭✏|❡❝♦❣♥✐③✐♥❣ t❤❡ P h ❛s ✇✐t❤♦✉t ❡rr♦♥❡♦✉s •✐♥❦s✑✮✳ ❚❤❡ ❡✈❛•✉❛t✐♦♥ ❞✐❞ ♥♦t ♣❡r♠✐t t♦ ❝♦♥❝•✉❞❡ t❤❛t ♦♥❡ s❡♠❛♥t✐❝s ❣✐✈❡s ❜❡tt❡r q✉❛•✲ ✐t❛t✐✈❡ r❡s✉•ts t❤❛♥ t❤❡ ♦t❤❡r✳ ❆❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✼✳✶✱ t❤❡ ❆•❣♦r✐t❤♠ ❢♦r ❣•♦❜❛• s❡♠❛♥t✐❝s s❤♦✇s ❛ s❤♦rt❡r ❡①❡❝✉t✐♦♥ t✐♠❡ t❤❛♥ t❤❡ ❆•❣♦r✐t❤♠ ❢♦r •♦❝❛• s❡♠❛♥t✐❝s ✐♥ ✜♥❞✐♥❣ ❛•• ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✷ ♣❛❣❡ ✽✵ t❤❛t •♦❝❛• s❡♠❛♥t✐❝s ❛••♦✇s ✉s t♦ ❡✈❛•✉❛t❡ ♣❛rt✐t✐♦♥s ♦✈❡r s❡✈❡r❛• ❙✉❞♦❝ s✉❜s❡ts t♦❣❡t❤❡r ♦r s❡♣❛r❛t❡•② ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ r❡s✉•ts✱ ❝♦♥tr❛r② t♦ ❣•♦❜❛• s❡♠❛♥t✐❝s ❢♦r ✇❤✐❝❤ r❡s✉•ts ❞❡♣❡♥❞ ♦♥ ❤♦✇ ❙✉❞♦❝ s✉❜s❡ts ❤❛✈❡ ❜❡❡♥ s❡•❡❝t❡❞✳ ❚❤♦s❡ s❡♠❛♥t✐❝s ❛••♦✇ ✉s t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡ •✐♥❦s ✐♥ ❛ ❙✉❞♦❝ s✉❜s❡t ❤❛✈❡ t♦ ❜❡ r❡✈✐s❡❞✳ ■t ❛•s♦ ❛••♦✇s ✉s t♦ ❡❛s✐•② ❡✈❛•✉❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝r✐t❡r✐❛ ❜② ❣✐✈✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦❤❡r❡♥t ♣❛rts ♦r t❤❡ ♣❛✐rs ♦❢ ♦❜•❡❝ts t❤❛t s❤♦✉•❞ ❜❡ ✐♥ t❤❡ s❛♠❡ ❝•❛ss ✭r❡s♣❡❝t✐✈❡•② ✐♥ ❞✐st✐♥❝t ❝•❛ss❡s✮ ❜✉t t❤❛t ❛r❡ ♥♦t ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ s♣❡❝✐✜❝ ❝r✐t❡r✐❛✳ ❙♦✱ t❤❡ ❡①♣❡rt ❝❛♥ •♦♦❦ ❛t t❤❡s❡ ♦❜•❡❝ts ❛♥❞ ❞❡❝✐❞❡ ✇❤❡t❤❡r ✐t ✐s t❤❡ ♣❛rt✐t✐♦♥ t❤❛t ✐s ✇r♦♥❣ ♦r t❤❡ ❝r✐t❡r✐♦♥ t❤❛t ✐s ♥♦t ❛❝❝✉r❛t❡ ❡♥♦✉❣❤✳ ❚❤✐s ♣r♦♣❡rt② ❤❡•♣❡❞ ✉s t♦ ❞❡t❡❝t r❡♠❛✐♥✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❛ s❛♠♣•❡ ❝♦rr❡❝t❡❞ ❜② ❡①♣❡rts✳ ✼✳✹ ❯s❡r ✐♥t❡r❢❛❝❡ ♣r♦♣♦s❛• ■♥ ♦r❞❡r t♦ ❤❡•♣ •✐❜r❛r✐❛♥s t♦ s❡❡ ❙✉❞♦❝ ❡rr♦♥❡♦✉s •✐♥❦s ❞❡t❡❝t❡❞ ❜② t❤❡ ❛•❣♦r✐t❤♠s✱ ✇❡ ♣r♦♣♦s❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ❛♥ ✐♥t❡r❢❛❝❡✳ ❚❤✐s ✐♥t❡r❢❛❝❡ ✐s ✐♥ ❋r❡♥❝❤✳ ▲❡t ✉s ♣r❡s❡♥t ✐t ✐♥ t❤✐s ❙❡❝t✐♦♥✳ ❋✐❣✉r❡ ✼✳✽ s❤♦✇s t❤❡ ✐♥t❡r❢❛❝❡ st❛t❡♠❡♥t ❛❢t❡r t❤❡ •✐❜r❛r✐❛♥ ❤❛s s❡•❡❝t❡❞ t❤❡ ❛♣♣❡•✲ •❛t✐♦♥ ✏❍❡r♠ès✱ P✐❡rr❡✑✳ ❚❤✐s ✐♥t❡r❢❛❝❡ ❛••♦✇s t❤❡ •✐❜r❛r✐❛♥ t♦ s❡•❡❝t ❛♥ ❛♣♣❡••❛t✐♦♥ ✭✜rst ♥❛♠❡ ❛♥❞ ♥❛♠❡✮ ❛♥❞ t♦ ✈❛•✐❞❛t❡ ✐t ✇✐t❤ t❤❡ "Ok" ❜✉tt♦♥✳ ❆ ❙✉❞♦❝ s✉❜s❡t ✐s s❤♦✇♥✳ ❚❤❡♥✱ t❤❡ ✐♥t❡r❢❛❝❡ s❤♦✇s ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛♥❞ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❙✉❞♦❝ s✉❜s❡t r❡•❛t❡❞ t♦ t❤❡ s❡•❡❝t❡❞ ❛♣♣❡••❛✲ t✐♦♥ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ ❝r✐t❡r✐❛✳ ❆ ♥♦t❡ s❛②s ✐❢ t❤❡r❡ ❛r❡ ❡rr♦♥❡♦✉s •✐♥❦s ♦r ♥♦t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❋✐❣✉r❡ ✼✳✽✱ t❤❡r❡ ❛r❡ ❡rr♦♥❡♦✉s •✐♥❦s ❛♥❞ t❤❡ ♥♦t❡ ✐s r❡❞ ❛♥❞ r❡❛❞s "Liens erronés !"✳ ❚❤❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t ❛ •✐♥❦ t♦ t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛r❡ r❡♣r❡s❡♥t❡❞ t♦❣❡t❤❡r ✐♥s✐❞❡ ❛ ❜♦① t❤❛t r❡♣r❡s❡♥t t❤❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ t❤❡② ❛r❡ •✐♥❦❡❞ t♦✳ ❆♣♣❡••❛t✐♦♥s ♦❢ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ❛♥❞ t✐t•❡s ♦❢ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛r❡ ❛•✇❛②s s❤♦✇♥✱ ❜✉t ♦t❤❡r ❛ttr✐❜✉t❡s ❛r❡ ❛✈❛✐•❛❜•❡ ❜② ♠♦✈✐♥❣ t❤❡ ❝✉rs♦r ♦♥ t❤❡ ♦❜•❡❝t✳ ❇❡t✇❡❡♥ t✇♦ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✱ t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦ •✐♥❡s t♦ r❡♣r❡s❡♥t ❡❞❣❡s✿ ❛ ❞♦tt❡❞ •✐♥❡ ❢♦r ❢❛r♥❡ss ❛♥❞ never •❛❜❡••❡❞ ❡❞❣❡s ❛♥❞ ❛ ❢✉•• •✐♥❡ ❢♦r ❝•♦s❡♥❡ss ❛♥❞ always •❛❜❡••❡❞ ❡❞❣❡s✳ ❚❤❡ ❝♦•♦r ♦❢ t❤❡ •✐♥❡ ✐s✿ ❼ ❣r❡❡♥ ✐❢ ❛•• ❡❞❣❡s ✐♥s✐❞❡ ❛r❡ s❛t✐s✜❡❞✱ ❼ ♦r❛♥❣❡ ✐❢ t❤❡② ❛r❡ ♥♦t s❛t✐s✜❡❞ ❜✉t ♥♦ ❡❞❣❡ •❛❜❡••❡❞ never ♦r always ✐s r❡♣r❡✲ s❡♥t❡❞✱ ❼ r❡❞ ✐❢ t❤❡② ❛r❡ ♥♦t s❛t✐s✜❡❞ ❛♥❞ ❛t •❡❛st ❛♥ ❡❞❣❡ •❛❜❡••❡❞ never ♦r always ✐s r❡♣r❡s❡♥t❡❞✳ ❋✐❣✉r❡ ✼✳✽✿ ■♥t❡r❢❛❝❡ ❢♦r ❞❡t❡❝t✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ✇✐t❤ ❛♥ ❛♣♣❡••❛t✐♦♥ s❡•❡❝t❡❞ ▼♦✈✐♥❣t❤❡ ❝✉rs♦r ♦♥ t❤❡ •✐♥❡ s❤♦✇s t❤❡ •❛❜❡•s ♦❢ ❡❛❝❤ r❡♣r❡s❡♥t❡❞ ❡❞❣❡ ✭✈❛•✉❡ ❛♥❞ ❝r✐t❡r✐♦♥✮✳ ❚❤❡ ❝♦•♦✉r ♦❢ ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❜♦① ❞❡♣❡♥❞s ♦♥ t❤❡ ❡❞❣❡s ✐♥s✐❞❡ ✐t✳ ■t ✐s ❣r❡❡♥ ✐❢ ❛•• ❡❞❣❡s ✐♥s✐❞❡ ❛r❡ s❛t✐s✜❡❞✱ ♦r❛♥❣❡ ✐❢ ❛t •❡❛st ❛ ✭❢❛r♥❡ss✮ ❡❞❣❡ ✐♥s✐❞❡ ✐s ✉♥s❛t✐s✜❡❞ ♦r r❡❞ ✐❢ ❛t •❡❛st ❛ never •❛❜❡••❡❞ ❡❞❣❡ ✐♥s✐❞❡ ✐s ✉♥s❛t✐s✜❡❞✳ ❆t t❤✐s st❛❣❡✱ ❛•• ❡❞❣❡s ❛r❡ r❡♣r❡s❡♥t❡❞✳ ❍♦♣❡❢✉••②✱ t✇♦ ♠❡♥✉s ❛••♦✇ t❤❡ •✐❜r❛r✐❛♥ t♦ ❝❤♦♦s❡ ✇❤✐❝❤ •❛❜❡••❡❞ ❡❞❣❡s ✭s✮❤❡ ❞♦❡s ♥♦t ✇❛♥t t♦ s❡❡✳ ❚❤❡ "Best compromises" ♠❡♥✉ ✭♦r "Meilleur compromis" ✐♥ ❋r❡♥❝❤✮ ♣r♦♣♦s❡s t♦ s❤♦✇ ❛•• ❡❞❣❡s ♦r ❛•• ❝r✉❝✐❛• ❡❞❣❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡✳ ❆•• t❤❡ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ❛r❡ ❡♥✉♠❡r❛t❡❞ ✐♥ ❝♦♠♠♦♥ •❛♥❣✉❛❣❡✳ ❋✐❣✉r❡ ✼✳✾ s❤♦✇s t❤✐s ♠❡♥✉ ❛❢t❡r t❤❡ •✐❜r❛r✐❛♥ ❤❛s s❡•❡❝t❡❞ t♦ s❤♦✇ ❛•• ❝r✉❝✐❛• ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛rt✐t✐♦♥ ✈❛•✉❡ ✇❤✐❝❤ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❞❛t❡ ❝r✐t❡r✐♦♥✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❢❛r♥❡ss ✉♥s❛t✐s✜❡❞ ❡❞❣❡ ❜❡t✇❡❡♥ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s t✐t•❡❞ ✏ ❆ •✬♦♠❜r❡ ❞❡s ❜♦sq✉❡ts✑ ❛♥❞ ✏P♦és✐❡ ❞❡ ❏❛r❞✐♥✑ ✐s ♥♦ ♠♦r❡ ✈✐s✐❜•❡ ♦♥ ❋✐❣✉r❡ ✼✳✾ ❜✉t ✇❛s ♦♥ ❋✐❣✉r❡ ✼✳✽✳ ❚❤❡ "Modifying the comparisons showing" ♠❡♥✉ ✭♦r "Modifier l' affichage des comparaisons" ✐♥ ❋r❡♥❝❤✮ ♣r♦♣♦s❡s✱ ❢♦r ❡❛❝❤ ❝r✐t❡r✐♦♥✱ t♦ ❝❤❡❝❦ ✇❤✐❝❤ t②♣❡s ♦❢ ❡❞❣❡s ❤❛✈❡ t♦ ❜❡ s❤♦✇♥✳ ❚❤❡ t②♣❡ ♦❢ ❛♥ ❡❞❣❡ ❝♦rr❡s♣♦♥❞s ❋✐❣✉r❡ ✼✳✶✵✿ ▼❡♥✉ "Modifying the comparisons showing" ❲❡ ✜♥❛••② ♣r❡s❡♥t❡❞ ❛ ❢✉t✉r❡ ✐♥t❡r❢❛❝❡ ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❞ ❜② •✐❜r❛r✐❛♥s t♦ ❡❛s✐•② ❛❝❝❡ss t♦ ❡rr♦♥❡♦✉s •✐♥❦s✳ ■♥ t✐♠❡✱ t❤✐s ✐♥t❡r❢❛❝❡ ✇✐•• ❜❡ ❡①t❡♥❞❡❞ t♦ ❤❡•♣ •✐❜r❛r✐❛♥s t♦ r❡♣❛✐r t❤♦s❡ ❡rr♦♥❡♦✉s •✐♥❦s✳ ❈❤❛♣t❡r ✽ ❈♦♥❝•✉s✐♦♥ ■♥ t❤✐s t❤❡s✐s ✇❡ ♣r❡s❡♥t❡❞ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❞ r❡♣❛✐r ♦❢ ❡rr♦♥❡♦✉s •✐♥❦s✳ ❚❤✐s ♣r♦❜•❡♠ ✐s ❛ •✐♥❦ ♠✐♥✐♥❣ ♣r♦❜•❡♠ ❜✉t✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ♦✉r ❛♣♣r♦❛❝❤ ✉s❡s ❛♥ ❡♥t✐t② r❡s♦•✉t✐♦♥ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ s♦•✈❡ ✐t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ •✐♥❦ ♠✐♥✐♥❣ ❛♥❞ ❡♥t✐t② r❡s♦•✉t✐♦♥ ❞♦♠❛✐♥s ❛r❡ ❜♦t❤ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❛❞❛♣t❡❞ t♦ ❜✐❜•✐♦❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❜❛s❡s ❛♥❞ ❛♣♣•✐❡❞ t♦ ❙✉❞♦❝✳ ❙✉❞♦❝ ❛♥❞ ✐ts ♠♦❞❡•✐③❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ t✇♦ ♠❛•♦r st❡♣s✳ ❚❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❡rr♦♥❡♦✉s •✐♥❦s ✉s❡s ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❜❛s❡❞ ♦♥ s②♠❜♦•✐❝ ❝r✐t❡r✐❛✳ ❙✉❝❤ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❆•❣♦r✐t❤♠s ❢♦r r❡♣❛✐r✐♥❣ ❡rr♦♥❡♦✉s •✐♥❦s ❛r❡ ♣r♦♣♦s❡❞ ❛♥❞ t❤❡♦r❡t✐❝❛••② ✈❛•✐❞❛t❡❞ ✐♥ ❈❤❛♣t❡r ✻✳ ❋✐♥❛••②✱ ❈❤❛♣t❡r ✼ ♣r❡s❡♥ts t❤❡ q✉❛•✐t❛t✐✈❡ ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❡①♣❡r✐♠❡♥ts ♦♥ r❡❛• ❙✉❞♦❝ ❞❛t❛ ❢♦r t❤❡ ✈❛•✐❞❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s✳ ■t ❛•s♦ ♣r♦♣♦s❡s ❛♥ ✐♥t❡r❢❛❝❡ ❢♦r ❤✉♠❛♥ ✉s❡rs✳ ❚❤✐s ✐♥t❡r❢❛❝❡ ✐s ✐♥ ❞✐s❝✉ss✐♦♥ ✇✐t❤ ❡①♣❡rts✳ ❚❤✐s ❈❤❛♣t❡r ❝♦♥❝•✉❞❡s t❤❡ t❤❡s✐s ❜② s✉♠♠❛r✐s✐♥❣ t❤❡ ❛❝❤✐❡✈❡♠❡♥ts ♦❢ ♠② ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✽✳✶ ❛♥❞ ♣r❡s❡♥t✐♥❣ ❢✉t✉r❡ r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✽✳✷✳ ✽✳✶ |❡s❡❛r❝❤ ❛❝❤✐❡✈❡♠❡♥ts ❲❡ ♣r❡s❡♥t❡❞ t❤❡ r❡s❡❛r❝❤ q✉❡st✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✐♥ ❈❤❛♣t❡r ✶✿ ✏❍♦✇ t♦ ❞❡t❡❝t ❛♥❞ r❡♣❛✐r ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❞❛t❛❜❛s❡ ✉s✐♥❣ q✉❛•✐t❛t✐✈❡ ♠❡t❤✲ ♦❞s❄✑ ■♥ ♦r❞❡r t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ ✇❡ ❢♦❝✉s❡❞ ♦♥ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ✐♥st❡❛❞ ♦❢ •✐♥❦s✱ ❛✉t❤♦r✐t② ♥♦t✐❝❡s ♦r ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡s ✭✇❤✐❝❤ ❛r❡ ❛•r❡❛❞② ✐♥ t❤❡ ❜✐❜•✐♦✲ ❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❜❛s❡ ✉♥•✐❦❡ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s✮✳ ■♥❞❡❡❞✱ ❝♦♥t❡①t✉❛• ❡♥t✐t✐❡s ❛r❡ ♦❜•❡❝ts t❤❛t r❡♣r❡s❡♥t •✐♥❦s ✭❜❡t✇❡❡♥ ❛♥ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ❛♥❞ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ♥♦t✐❝❡✮ ♦r ❛ ♣❡rs♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ ❞♦❝✉♠❡♥t✳ ❚❤✐s ❛••♦✇❡❞ ✉s t♦ ❞❡t❡❝t ✇❤✐❝❤ •✐♥❦s ❤❛✈❡ t♦ ♣♦✐♥t t♦ t❤❡ s❛♠❡ ❛✉t❤♦r✐t② ♥♦t✐❝❡ ✭♦r t♦ ❞✐st✐♥❝t ❛✉t❤♦r✐t② ♥♦t✐❝❡s✮ ✉s✐♥❣ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✇❡ ♣r♦♣♦s❡❞ t✇♦ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✭•♦❝❛• ❛♥❞ ❣•♦❜❛• s❡♠❛♥t✐❝s✮ ✉s✐♥❣ s②♠❜♦•✐❝ ❝r✐t❡r✐❛✳ ❚❤❡② ✐♠♣r♦✈❡ ✐♥ ♣❛rt✐❝✉•❛r ❬✷( ❜② ❝♦♥s✐❞❡r✐♥❣ ❡❞❣❡s •❛❜❡••❡❞ neutral ✐♥ t❤❡ ❣r❛♣❤ t♦ ♣❛rt✐t✐♦♥✳ ❚❤❡ •♦❝❛• s❡♠❛♥t✐❝s ❛❞❞s ❛ ♥♦t✐♦♥ ✶✸✺ ❆•❣♦r✐t❤♠ ✶✷ ❣•♦❜❛•❆•❣♦r✐t❤♠❲✐t❤Pr✐♦r✐t② |❡q✉✐r❡✿ ❛♥ ♦❜•❡❝t s❡t O❀ ❛ ❝r✐t❡r✐♦♥ s❡t C = C i s✉❝❤ ❛s t❤❡ d ❝r✐t❡r✐♦♥ s✉❜s❡ts C i ♣♦ss❡ss ✐♥❞❡♣❡♥❞❡♥t ❝r✐t❡r✐❛ ❛♠♦♥❣ t❤❡♠✱ ❛r❡ ♣❛✐r✇✐s❡ ❞✐s•♦✐♥t✱ C k ≫ C j ✐❢ ❛♥❞ ♦♥•② ✐❢ k < j✱ ❛♥❞ ✇✐t❤ C ∈ C 0 ✱ ❛ ❝r✐t❡r✐♦♥ t❤❛t ❝♦♥t❛✐♥s ❛•• always ♦r never •❛❜❡••❡❞ ❡❞❣❡s✳ ❊♥s✉r❡✿ t❤❡ s❡t ♦❢ ❜❡st ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦♥ O ❛❝❝♦r❞✐♥❣ t♦ C ❛♥❞ ❣•♦❜❛• s❡♠❛♥t✐❝s ✇✐t❤ ♣r✐♦r✐t②✳ ✶✿ s❡t ♦❢ ❜❡st r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r ♣r✐♦r✐t② ❝r✐t❡r✐❛ bestP A = {P |P ✱ ❜❡st r❡❢❡r✲ ❡♥❝❡ ♣❛rt✐t✐♦♥ ❢♦r C 0 }❀ ✷✿ s❡t ♦❢ ❜❡st r❡❢❡r❡♥❝❡ ♣❛rt✐t✐♦♥s ❢♦r ❝r✐t❡r✐❛ t❤❛t ❛r❡ ❝✉rr❡♥t•② ❡①♣•♦r❡❞ bestP B = {}❀ ✸✿ ❢♦r i ❢r♦♠ ✶ t♦ d ❞♦ ✹✿ ❢♦r ❛•• P❛rt✐t✐♦♥ P ∈ bestP A ❞♦ ✺✿ G ′ i = copy(G i )④✇❡ ✇✐•• ♠♦❞✐❢② s♦♠❡ ❡❞❣❡s✬ •❛❜❡•s⑥ ✻✿ ❢♦r ❛•• (s i , s j ) ∈ S 2 |s i , s j ❛r❡ ✈❡rt❡①❡s ✐♥ t❤❡ s❛♠❡ P ❝•❛ss ❞♦ ✼✿ ❢♦r ❛•• G ′ C ∈ G ′ i ❞♦ ✽✿ vc = •❛❜❡• ♦❢ ❡❞❣❡ (s i , s j )❀ ✾✿ ❡❞❣❡ (s i , s j ) ❜❡❝♦♠❡s •❛❜❡••❡❞ ❜② always❀ ✶✵✿ ✐❢ vc ∈ V C f ar t❤❡♥ ✶✶✿ ❡r❛s❡ ❛•• ❡❞❣❡s ♦❢ G ′ C •❛❜❡••❡❞ ✇✐t❤ ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ≥ vc❀ ❛•• s i , s j ✈❡rt❡①❡s s✉❝❤ t❤❛t t❤❡② ❛r❡ ✐♥ ❡♥❡♠② ❝•❛ss❡s ♦❢ P ❢♦r G j |j < i ❛❜❡• ♦❢ ❡❞❣❡ (s i , s j )❀ ✶✽✿ ❡❞❣❡ (s i , s j ) ❜❡❝♦♠❡s •❛❜❡••❡❞ ❜② jamais❀ ✶✾✿ ✐❢ vc ∈ V C proche t❤❡♥ ✷✵✿ ❡r❛s❡ ❛•• ❡❞❣❡s ♦❢ G ′ C •❛❜❡••❡❞ ✇✐t❤ ❛ ❝♦♠♣❛r✐s♦♥ ✈❛•✉❡ ≤ vc❀ s❡t ♦❢ ♣❛rt✐t✐♦♥ ✈❛•✉❡s ♦❢ ♣❛rt✐t✐♦♥s ✐♥ bestP A❀ ✽✳✷✳✷ ■♠♣r♦✈✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ❢♦r •✐❜r❛r✐❛♥ ✉s❡rs ❋✐♥❛••②✱ t❤❡r❡ ❛r❡ q✉❡st✐♦♥s ❛❜♦✉t ❤♦✇ t♦ ❞❡✈❡•♦♣ ❛♥❞ ❛❞❛♣t t❤❡ ✐♥t❡r❢❛❝❡ t♦ ❡♥❛❜•❡ ✈✐s✉❛•✐③❛t✐♦♥ ♦❢ •❛r❣❡ ❙✉❞♦❝ s✉❜s❡ts✳ ❲❡ ♣r♦♣♦s❡ t✇♦ ♣♦✐♥ts✿ |és✉♠é ◆♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ❛♣♣r♦❝❤❡ q✉❛•✐t❛t✐✈❡ ♣♦✉r •❛ rés♦•✉t✐♦♥ ❞✬❡♥t✐tés ❡t •❛ ré♣❛✲ r❛t✐♦♥ ❞❡ •✐❡♥s ❞❛♥s ✉♥❡ ❜❛s❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ❜✐❜•✐♦❣r❛♣❤✐q✉❡s✳ ◆♦tr❡ q✉❡st✐♦♥ ❞❡ r❡❝❤❡r❝❤❡ ❡st✿ ✏❈♦♠♠❡♥t ❞ét❡❝t❡r ❡t ré♣❛r❡r •❡s •✐❡♥s ❡rr♦♥és ❞❛♥s ✉♥❡ ❜❛s❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ❜✐❜•✐♦❣r❛♣❤✐q✉❡s ❡♥ ✉t✐•✐s❛♥t ❞❡s ♠ét❤♦❞❡s q✉❛•✐t❛t✐✈❡s ❄✑✳ ▲✬❛♣♣r♦❝❤❡ ♣r♦♣♦sé❡ s❡ ❞é❝♦♠♣♦s❡ ❡♥ ❞❡✉① ❣r❛♥❞❡s ♣❛rt✐❡s✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥✲ tr✐❜✉t✐♦♥ ❡st ✉♥❡ sé♠❛♥t✐q✉❡ ❞❡ ♣❛rt✐t✐♦♥♥❡♠❡♥t✉t✐•✐s❛♥t ❞❡s ❝r✐tèr❡s s②♠❜♦•✐q✉❡s ❡t s❡r✈❛♥t à ❞ét❡❝t❡r •❡s •✐❡♥s ❡rr♦♥és✳ ▲❛ s❡❝♦♥❞❡ ❝♦♥tr✐❜✉t✐♦♥ ❡st ✉♥ ❛•❣♦r✐t❤♠❡ ré♣❛r❛♥t •❡s •✐❡♥s ❡rr♦♥és✳ ◆♦✉s ❛✈♦♥s ✐♠♣•é♠❡♥té ♥♦tr❡ ❛♣♣r♦❝❤❡ ❡t ♣r♦♣♦sé ✉♥❡ é✈❛•✉❛t✐♦♥ q✉❛•✐t❛t✐✈❡ ❡t q✉❛♥t✐t❛t✐✈❡ ♣♦✉r •❛ sé♠❛♥t✐q✉❡ ❞❡ ♣❛rt✐t✐♦♥♥❡♠❡♥t ❛✐♥s✐ q✉❡ ♣r♦✉✈é •❡s ♣r♦♣r✐étés ❞❡s ❛•❣♦r✐t❤♠❡s ✉t✐•✐sés ♣♦✉r •❛ ré♣❛r❛t✐♦♥ ❞❡ •✐❡♥s✳ ❆❜str❛❝t ❲❡ ♣r♦♣♦s❡ ❛ q✉❛•✐t❛t✐✈❡ ❡♥t✐t② r❡s♦•✉t✐♦♥ ❛♣♣r♦❛❝❤ t♦ r❡♣❛✐r •✐♥❦s ✐♥ ❛ ❜✐❜•✐♦✲ ❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❜❛s❡✳ ❖✉r r❡s❡❛r❝❤ q✉❡st✐♦♥ ✐s✿ ✏ ❍♦✇ t♦ ❞❡t❡❝t ❛♥❞ r❡♣❛✐r ❡rr♦♥❡♦✉s •✐♥❦s ✐♥ ❛ ❜✐❜•✐♦❣r❛♣❤✐❝ ❦♥♦✇•❡❞❣❡ ❜❛s❡ ✉s✐♥❣ q✉❛•✐t❛t✐✈❡ ♠❡t❤✲ ♦❞s❄✑ ❚❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ♠❛•♦r ♣❛rts✳ ❚❤❡ ✜rst ❝♦♥✲ tr✐❜✉t✐♦♥ ❝♦♥s✐sts ✐♥ ❛ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ✉s✐♥❣ s②♠❜♦•✐❝ ❝r✐t❡r✐❛ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❡rr♦♥❡♦✉s •✐♥❦s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥s✐sts ✐♥ ❛ r❡♣❛✐r ❛•❣♦r✐t❤♠ r❡st♦r✐♥❣ •✐♥❦ q✉❛•✐t②✳ ❲❡ ✐♠♣•❡♠❡♥t❡❞ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ ♣r♦♣♦s❡❞ q✉❛•✐t❛t✐✈❡ ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❡✈❛•✉❛t✐♦♥ ❢♦r t❤❡ ♣❛rt✐t✐♦♥✐♥❣ s❡♠❛♥t✐❝s ❛s ✇❡•• ❛s ♣r♦✈✐♥❣ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ r❡♣❛✐r ❛•❣♦r✐t❤♠s✳ ▲■|▼▼ ✕ ✶✻✶✱ r✉❡ ❆❞❛ ✕ ✸✹✵✾✺ ▼♦♥t♣❡••✐❡r ❈❡❞❡① ✺ ✕ ❋r❛♥❝❡

  

  

  

  

  

  

  

  

  

  

✶ ❚❤❡ ◆❛t✐♦♥❛• ❋r❡♥❝❤ ▲✐❜r❛r② ✭❇◆❋✮ ♣r❡s❡♥ts t❤✐s •❛♥❣✉❛❣❡ ♦♥ t❤❡ ✇❡❜ s✐t❡✿ http://rameau.bnf.fr/ ✭✐♥ ❋r❡♥❝❤ •❛♥❣✉❛❣❡✮✳

✻✳✶✳✸ ❈r✉❝✐❛•