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❈❤❛♣$❡& ✶

■♥$&♦❞✉❝$✐♦♥

✶✳✶ "#♦❜❧❡♠

❙✐♥❝❡ ✷✵✵✶✱ ❆❇❊❙ ✭❋.❡♥❝❤ ❇✐❜❧✐♦❣.❛♣❤✐❝ ❆❣❡♥❝② ❢♦. ❍✐❣❤❡. ❊❞✉❝❛;✐♦♥✮ ❤❛= ❜❡❡♥

♠❛♥❛❣✐♥❣ ❙✉❞♦❝

✶

✭❯♥✐✈❡.=✐;② ❙②=;❡♠ ♦❢ ❉♦❝✉♠❡♥;❛;✐♦♥✮✱ ❛ ❋.❡♥❝❤ ❝♦❧❧❡❝;✐✈❡ ❝❛;❛✲

❧♦❣ ❝♦♥;❛✐♥✐♥❣ ♦✈❡. ✶✵ ♠✐❧❧✐♦♥ ❞♦❝✉♠❡♥; ❞❡=❝.✐♣;✐♦♥= ✭❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦+✐❝❡-✮ ❛♥❞

❛.♦✉♥❞ ✷✳✹ ♠✐❧❧✐♦♥ ♣❡.=♦♥ ❞❡=❝.✐♣;✐♦♥= ✭❛✉+❤♦%✐+② ♥♦+✐❝❡-✮✳ ▼♦=; ♦❢ ;❤❡ ;✐♠❡✱ ❜✐❜❧✐✲

♦❣.❛♣❤✐❝ ♥♦;✐❝❡= ❞❡=❝.✐❜❡ ❜♦♦❦= ❜✉; ;❤❡② ❝❛♥ ❛❧=♦ ❞❡=❝.✐❜❡ ♦;❤❡. ❦✐♥❞= ♦❢ ❞♦❝✉♠❡♥;=✱

❧✐❦❡ ♠✉=✐❝ ♦. ♠♦✈✐❡=✳ ❆✉;❤♦.✐;② ♥♦;✐❝❡= ❛.❡ ✉=❡❞ ;♦ ❞❡=❝.✐❜❡ ♣❡.=♦♥= ❛♥❞ ❡♥;✐;✐❡=

;❤❛; ❤❛✈❡ ❝♦♥;.✐❜✉;❡❞ ✭❛= ;❤❡ ❛✉;❤♦. ♦. ;❤❡ ♣✉❜❧✐=❤❡.✮ ;♦ ❛ ❞♦❝✉♠❡♥; ❞❡=❝.✐❜❡❞ ✐♥

❙✉❞♦❝✳ ■♥ ;❤✐= ;❤❡=✐=✱ ✇❡ ❢♦❝✉= ♦♥ ❜♦♦❦ ❞❡=❝.✐♣;✐♦♥= ❛♥❞ ❧✐♠✐; ♦✉.=❡❧✈❡= ;♦ ♣❡.=♦♥

❞❡=❝.✐♣;✐♦♥=✳

❇✐❜❧✐♦❣.❛♣❤✐❝ ♥♦;✐❝❡= ❤❛✈❡ =❡✈❡.❛❧ ❛;;.✐❜✉;❡= ✭❧✐❦❡ ;✐;❧❡✱ ♣♣♥ ♦. ;❤❡ ✉♥✐I✉❡ ✐❞❡♥✲

;✐✜❡.✱ ♣✉❜❧✐❝❛;✐♦♥ ❧❛♥❣✉❛❣❡✱ ♣✉❜❧✐❝❛;✐♦♥ ❞❛;❡✳✳✳✮✳ K❡.=♦♥= ✇❤♦ ❤❛✈❡ ❝♦♥;.✐❜✉;❡❞ ;♦ ❛

❜✐❜❧✐♦❣.❛♣❤✐❝ ♥♦;✐❝❡ ❛.❡ .❡♣.❡=❡♥;❡❞ ❜② ❧✐♥❦- ;❤❛; ♣♦✐♥; ❛; ❛✉;❤♦.✐;② ♥♦;✐❝❡= .❡♣.❡✲

=❡♥;✐♥❣ ;❤♦=❡ ♣❡.=♦♥=✳ ❆✉;❤♦.✐;② ♥♦;✐❝❡= ❤❛✈❡ =❡✈❡.❛❧ ❛;;.✐❜✉;❡=✿ ♣♣♥ ✭;❤❡✐. ✉♥✐I✉❡

✐❞❡♥;✐✜❡.✮✱ ❧✐=;= ♦❢ ♥❛♠❡= ❛♥❞ =✉.♥❛♠❡=✱ ❧✐❢❡ ❞❛;❡= ❛♥❞ =♦✉.❝❡=✳ ❚❤❡ -♦✉%❝❡ ❛;;.✐❜✉;❡

.❡❢❡.= ;♦ ;❤❡ ❜✐❜❧✐♦❣.❛♣❤✐❝ ♥♦;✐❝❡ ❢♦. ✇❤✐❝❤ ;❤❡ ❛✉;❤♦.✐;② ♥♦;✐❝❡ ✇❛= ❝.❡❛;❡❞✳

❊①❛♠♣❧❡ ✶ ✭▲✐♥❦✮✳ ❙♦♣❤♦❝❧❡' ✐' )❡♣)❡'❡♥+❡❞ ❜② +❤❡ ❛✉+❤♦)✐+② ♥♦+✐❝❡ ✇✐+❤ ♣♣♥ ✏✵✷✼✶✹✸✻✶✾✑✳

❍❡ ❤❛' ❝♦♥+)✐❜✉+❡❞ ❛' ❛♥ ❛✉+❤♦) +♦ +❤❡ ♣❧❛② ♥❛♠❡❞ ✏❆♥+✐❣♦♥❡✑✳ ❚❤✐' ♣❧❛② ✐' )❡♣✲

)❡'❡♥+❡❞ ❜② +❤❡ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦+✐❝❡ ✇✐+❤ ♣♣♥ ✏✶✻✻✽✺✽✵✶✸✑✱ '♦✱ +❤❡)❡ ✐' ❛ ❧✐♥❦ ❧❛✲

❜❡❧❧❡❞ ✏❛✉+❤♦)✑ ❜❡+✇❡❡♥ +❤❡ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦+✐❝❡ ✏✶✻✻✽✺✽✵✶✸✑ ❛♥❞ +❤❡ ❛✉+❤♦)✐+② ♥♦+✐❝❡

✏✵✷✼✶✹✸✻✶✾✑✳

❲❤❡♥ ❛ ❧✐❜.❛.✐❛♥ ♥❡❡❞= ;♦ .❡❣✐=;❡. ❛ ♥❡✇ ❜♦♦❦ ✐♥ ;❤❡ ❙✉❞♦❝✱ ✭=✮❤❡ ❝.❡❛;❡= ❛

❜✐❜❧✐♦❣.❛♣❤✐❝ ♥♦;✐❝❡ ❞❡=❝.✐❜✐♥❣ ;❤✐= ❜♦♦❦✳ ❋♦. ❡❛❝❤ ♣❡.=♦♥ ✇❤♦ ❤❛= ❝♦♥;.✐❜✉;❡❞

;♦ ;❤❡ ❜♦♦❦ ✭♥❛♠❡❞ ❝♦♥+%✐❜✉+♦%✮✱ ✭=✮❤❡ ❤❛= ;♦ ✜♥❞ ✇❤❡;❤❡. ❛♥ ❛✉;❤♦.✐;② ♥♦;✐❝❡

❞❡=❝.✐❜✐♥❣ ;❤✐= ♣❡.=♦♥ ❛❧.❡❛❞② ❡①✐=;= ✐♥ ❙✉❞♦❝✳ ❙❡✈❡.❛❧ =;❡♣= ❛.❡ ♣❡.❢♦.♠❡❞✿

✶

❆ ♣✉❜❧✐❝ ✈❡)*✐♦♥ ♦❢ ❙✉❞♦❝ ✐* ❛✈❛✐❧❛❜❧❡ ♦♥ 1❤❡ ✇❡❜*✐1❡

http://en.abes.fr/Sudoc/The-Sudoc-catalog✳
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❼ ✭❙✮❤❡ ❡♥(❡)* (❤❡ ♥❛♠❡ ❛♥❞ *✉)♥❛♠❡ ✭(❤❡ ❛♣♣❡❧❧❛(✐♦♥✮ ♦❢ (❤❡ ♣❡)*♦♥✳ ❆ ❢✉♥❝(✐♦♥

*❡❧❡❝(* ❛❧❧ (❤❡ ❛✉(❤♦)✐(② ♥♦(✐❝❡* (❤❛( ❤❛✈❡ ❛♥ ❛♣♣❡❧❧❛(✐♦♥ (❤❛( ♠✐❣❤( )❡❢❡) (♦

(❤❡ *❛♠❡ ♣❡)*♦♥✳

❼ ❋♦) ❡❛❝❤ *❡❧❡❝(❡❞ ❛✉(❤♦)✐(② ♥♦(✐❝❡✱ ✭*✮❤❡ ❧♦♦❦* ❛( (❤❡ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦(✐❝❡*

❧✐♥❦❡❞ (♦ ✐( ✭(❤❡ ❜✐❜❧✐♦❣)❛♣❤②✮ ✐♥ ♦)❞❡) (♦ ❝♦♠♣❛)❡ (❤❡♠ (♦ (❤❡ ♥❡✇ ❜✐❜❧✐♦✲

❣)❛♣❤✐❝ ♥♦(✐❝❡✳ ❯♥❢♦)(✉♥❛(❡❧②✱ ✐( ✐* ♣♦**✐❜❧❡ (♦ ❤❛✈❡ ❛ ❧♦( ♦❢ *❡❧❡❝(❡❞ ❛✉(❤♦)✐(②

♥♦(✐❝❡*✱ ❜❡❝❛✉*❡ ♦❢ ❤♦♠♦♥②♠*✳

❼ ✭❙✮❤❡ *❡❧❡❝(* (❤❡ ❛✉(❤♦)✐(② ♥♦(✐❝❡ (❤❛( )❡♣)❡*❡♥(* (❤❡ ❞❡*✐)❡❞ ❝♦♥()✐❜✉(♦) ❛♥❞

❧✐♥❦* ✐( (♦ (❤❡ ♥❡✇ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦(✐❝❡✳ ■❢ ♥♦ ❛✉(❤♦)✐(② ♥♦(✐❝❡ ✜(*✱ ✭*✮❤❡ ❝)❡❛(❡*

❛♥ ❛✉(❤♦)✐(② ♥♦(✐❝❡ ✐♥ ♦)❞❡) (♦ )❡♣)❡*❡♥( (❤✐* ❝♦♥()✐❜✉(♦) ❛♥❞ ❧✐♥❦* ✐( (♦ (❤❡

♥❡✇ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦(✐❝❡✳ ■♥ (❤✐* ♣❛)(✐❝✉❧❛) ❝❛*❡✱ (❤❡ ♥❡✇ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦(✐❝❡

❜❡❝♦♠❡* (❤❡ *♦✉)❝❡ ♦❢ (❤❡ ♥❡✇ ❛✉(❤♦)✐(② ♥♦(✐❝❡✳

❚❤❡ ❧✐♥❦ ❞❡❝✐*✐♦♥ ♦❢ ❛ ❧✐❜)❛)✐❛♥ ✐* ❜❛*❡❞ ♦♥ (❤❡ ❜✐❜❧✐♦❣)❛♣❤② ♦❢ (❤❡ *❡❧❡❝(❡❞ ❛✉(❤♦)✲

✐(② ♥♦(✐❝❡✳ ❙♦✱ (❤❡ ❞❡❝✐*✐♦♥ (♦ ♠❛❦❡ ❛ ❧✐♥❦ ✐* ❜❛*❡❞ ♦♥ ❡①✐*(✐♥❣ ❧✐♥❦*✳ ❯♥❢♦)(✉♥❛(❡❧②✱

(❤❡)❡ ❛)❡ ❡))♦♥❡♦✉* ❧✐♥❦* ✐♥ ❙✉❞♦❝✱ (❤❛( ❡♥(❛✐❧ ♥❡✇ ❡))♦♥❡♦✉* ❧✐♥❦*✳ ❆♥ ❡))♦♥❡♦✉*

❧✐♥❦ ✐* ❛ ❧✐♥❦ ❜❡(✇❡❡♥ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦(✐❝❡ ❛♥❞ ❛♥ ❛✉(❤♦)✐(② ♥♦(✐❝❡ (❤❛( ❞♦❡* ♥♦(

)❡♣)❡*❡♥( (❤❡ ❝♦))❡❝( ❝♦♥()✐❜✉(♦)✱ ❜✉( ❥✉*( ❛ ♣❡)*♦♥ ✇✐(❤ ❛ ❝♦♠♣❛(✐❜❧❡ ❛♣♣❡❧❧❛(✐♦♥✳

❚❤✐* ✐♠♣❧✐❡* (❤❡ ❢♦❧❧♦✇✐♥❣ ❘❡*❡❛)❝❤ ◗✉❡*(✐♦♥✿

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥✳ ❍♦✇ #♦ ❞❡#❡❝# ❛♥❞ )❡♣❛✐) ❡))♦♥❡♦✉- ❧✐♥❦- ✐♥ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝

❦♥♦✇❧❡❞❣❡ ❞❛#❛❜❛-❡ ✉-✐♥❣ 3✉❛❧✐#❛#✐✈❡ ♠❡#❤♦❞-❄

▲❡( ✉* ♣)❡*❡♥( ❤♦✇ ✇❡ ❛♥*✇❡) (♦ (❤✐* ❘❡*❡❛)❝❤ ◗✉❡*(✐♦♥ ✐♥ (❤❡ ♥❡①( ❙❡❝(✐♦♥ ✶✳✷✳

❲❡ ✇✐❧❧ *✉♠ ✉♣ ❤♦✇ )❡*✉❧(* ❛)❡ ❡✈❛❧✉❛(❡❞ ✐♥ ❙❡❝(✐♦♥ ✶✳✸ ❜❡❢♦)❡ ❞❡(❛✐❧✐♥❣ (❤❡ (❤❡*✐*

*()✉❝(✉)❡ ✐♥ ❙❡❝(✐♦♥ ✶✳✹✳

✶✳✷ ▼♦❞❡❧✐)❛+✐♦♥ ❛♥❞ ♣♦)✐+✐♦♥✐♥❣

▲❡( ✉* ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ♣)♦♣♦*❡ (♦ ❞❡(❡❝( ❛♥❞ )❡♣❛✐) ❡))♦♥❡♦✉* ❧✐♥❦*✳ ❲❡ ✇✐❧❧ *(❛)(

✇✐(❤ (❤❡ ❞❡(❡❝(✐♦♥ ♣❛)( ✭✐♥ ❙❡❝(✐♦♥ ✶✳✷✳✶✮ ❛♥❞ ❡♥❞ ✇✐(❤ (❤❡ )❡♣❛✐) ♣❛)( ♦❢ (❤❡ ♣)♦❜❧❡♠

✐♥ ❙❡❝(✐♦♥ ✶✳✷✳✷✳

✶✳✷✳✶ ❉❡%❡❝%✐♥❣ ❡**♦♥❡♦✉- ❧✐♥❦-

▲❡( ✉* ♣)❡*❡♥( ❤❡)❡ ✉♥❞❡) ✇❤✐❝❤ ❤②♣♦(❤❡*❡* ❛♥❞ ❤♦✇ ✇❡ ❞❡(❡❝( ❛♥❞ )❡♣❛✐) ❡))♦♥❡♦✉*
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✏✵✷✼✶✹✸✻✶✾✑ ❧✐♥❦❡❞ -♦ -❤❡ ❜✐❜❧✐♦❣2❛♣❤✐❝ ♥♦-✐❝❡ ✇✐-❤ ♣♣♥ ✏✶✻✻✽✺✽✵✶✸✑ -❤❛- 2❡♣2❡,❡♥-,

-❤❡ ♣❧❛② ❡♥-✐-❧❡❞ ✏❆♥-✐❣♦♥❡✑✳

▲❡- ✉, ❞❡-❛✐❧ ,♦♠❡ ♦❢ -❤❡ ❛--2✐❜✉-❡, ♦❢ -❤❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② -❤❛- 2❡♣2❡,❡♥- -❤✐,

❧✐♥❦ ♦2 ❙♦♣❤♦❝❧❡, ✐♥ -❤❡ ❝♦♥-❡①- ♦❢ ✏❆♥-✐❣♦♥❡✑✿

❼ ❛♣♣❡❧❧❛-✐♦♥,✿{✏❙♦♣❤♦❝❧❡'✑✱✏❙♦♣❤♦❦❧❡'✑✱✏❙♦♣❤♦❝❧❡✑}

❼ -✐-❧❡✿ ✏❆♥-✐❣♦♥❡✑

❼ ♣✉❜❧✐❝❛-✐♦♥ ❞❛-❡✿ ✏✷✵✶✷✑

❼ ♦-❤❡2 ❝♦♥-2✐❜✉-♦2,✿ {✏❇♦✉'+✉❡,✱ ❏♦,❡♣❤✑✱ ✏❱❛❝+✉❡❧✐♥✱ ▼✳✑✱ ✏❑❛❧♥✐♥✲▼❛❣❣✐♦5✐✱

❍M❧N♥❡✑} ✭❚❤♦,❡ ♦-❤❡2 ❝♦♥-2✐❜✉-♦2, ❛2❡ -❤❡ -2❛♥,❧❛-♦2,✱ ❛♥❞ -❤❡ ❡❞✐-♦2✳✮

❚❤❡ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. ♣♦..❡.. (❤❡ ❛♣♣❡❧❧❛(✐♦♥. ♦❢ (❤❡ ❛✉(❤♦%✐(② ♥♦(✐❝❡ ♣♦✐♥(❡❞

❛( ❜② (❤❡ ❧✐♥❦ (❤❡② %❡♣%❡.❡♥(✳ ❚❤❡ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. ❛❧.♦ %❡♣%❡.❡♥( ❛ ♣❡%.♦♥ ✐♥

(❤❡ ❝♦♥(❡①( ♦❢ ❛ ❞♦❝✉♠❡♥(✳ ❲❡ %❡❝❛❧❧ (❤❛( ❛✉(❤♦%✐(② ♥♦(✐❝❡. ❝❛♥♥♦( %❡♣%❡.❡♥( (❤❡

.❛♠❡ ♣❡%.♦♥ ✉♥❧❡.. (❤❡② ❤❛✈❡ ❝♦♠♣❛(✐❜❧❡ ❛♣♣❡❧❧❛(✐♦♥. ✭❲♦%❦ ❍②♣♦(❤❡.✐. ✶✮✳ ❚❤✐.

✐. ❡①(❡♥❞❡❞ (♦ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. ✇❤✐❝❤ ❝❛♥♥♦( %❡♣%❡.❡♥( (❤❡ .❛♠❡ ♣❡%.♦♥ ✐♥ (❤❡

❝♦♥(❡①(. ♦❢ .❡✈❡%❛❧ ❞♦❝✉♠❡♥(. ✐❢ (❤❡② ❞♦ ♥♦( ❤❛✈❡ ❛( ❧❡❛.( ❛ ❝♦♠♣❛(✐❜❧❡ ❛♣♣❡❧❧❛(✐♦♥

✭❲♦%❦ ❍②♣♦(❤❡.✐. ✺✮✳

❲♦1❦ ❍②♣♦#❤❡5✐5 ✺ ✭❈♦♠♣❛(✐❜❧❡ ❛♣♣❡❧❧❛(✐♦♥ ♦❢ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡.✮✳ ❖♥❧② ❝♦♥✲

-❡①-✉❛❧ ❡♥-✐-✐❡, ✇✐-❤ ❝♦♠♣❛-✐❜❧❡ ❛♣♣❡❧❧❛-✐♦♥, ❝❛♥ 2❡♣2❡,❡♥- ❛ ,❛♠❡ 2❡❛❧✲✇♦2❧❞ ♣❡2,♦♥

✐♥ -❤❡ ❝♦♥-❡①- ♦❢ ❞✐,-✐♥❝- ❞♦❝✉♠❡♥-,✳

❇❡❝❛✉.❡ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. %❡♣%❡.❡♥( ❛ ♣❡%.♦♥ ✐♥ (❤❡ ❝♦♥(❡①( ♦❢ ❛ ❞♦❝✉♠❡♥(✱

❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. ✇❤✐❝❤ ❝♦%%❡.♣♦♥❞ (♦ ❧✐♥❦. ♣♦✐♥(✐♥❣ (♦ (❤❡ .❛♠❡ ❛✉(❤♦%✐(② ♥♦(✐❝❡

❛%❡ .✉♣♣♦.❡❞ (♦ %❡♣%❡.❡♥( (❤❡ .❛♠❡ ♣❡%.♦♥ ❛♥❞ (♦ ❜❡ .✐♠✐❧❛%✳ ■♥ (❤❡ .❛♠❡ ✇❛②✱

❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. ✇❤✐❝❤ ❝♦%%❡.♣♦♥❞ (♦ ❧✐♥❦. ♣♦✐♥(✐♥❣ ❛( ❞✐.(✐♥❝( ❛✉(❤♦%✐(② ♥♦(✐❝❡.

❛%❡ .✉♣♣♦.❡❞ (♦ %❡♣%❡.❡♥( ❞✐.(✐♥❝( ♣❡%.♦♥. ❛♥❞ ❜❡✐♥❣ ❞✐..✐♠✐❧❛%✳ ■❢ ✐( ✐. ♥♦( (❤❡ ❝❛.❡✱

(❤❡ ❲♦%❦ ❍②♣♦(❤❡.❡. ✷ ❛♥❞ ✸ ❛%❡ ❢❛❧.❡ ♦% (❤❡%❡ ❛%❡ ❡%%♦♥❡♦✉. ❧✐♥❦.✳

❈♦♥.❡L✉❡♥(❧②✱ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. (❤❛( ❛%❡ .✐♠✐❧❛% ❛%❡ .✉♣♣♦.❡❞ (♦ %❡♣%❡.❡♥( ❧✐♥❦.

♣♦✐♥(✐♥❣ ❛( (❤❡ .❛♠❡ ❛✉(❤♦%✐(② ♥♦(✐❝❡✱ ❛♥❞ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡. (❤❛( ❛%❡ ❞✐..✐♠✐❧❛% ❛%❡

.✉♣♣♦.❡❞ (♦ %❡♣%❡.❡♥( ❧✐♥❦. ♣♦✐♥(✐♥❣ ❛( ❞✐.(✐♥❝( ❛✉(❤♦%✐(② ♥♦(✐❝❡.✳
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❲❡ ❛%❡ ✐♥(❡%❡)(❡❞ ✐♥ )❡() ♦❢ )✐♠✐❧❛% ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡) ✐♥ ♦%❞❡% (♦ ❞❡(❡❝( ✇❤✐❝❤

❧✐♥❦) )❡❡♠ ❡%%♦♥❡♦✉)✳ ❚❤❡ ♣%♦❜❧❡♠ ♦❢ ❞❡(❡❝(✐♥❣ )✐♠✐❧❛% ♦❜❥❡❝() ✐) ❡①❛❝(❧② (❤❡ ❡♥(✐(②

%❡)♦❧✉(✐♦♥ ♣%♦❜❧❡♠✳ ❍♦✇❡✈❡%✱ ✇❡ ❛%❡ ❛❧)♦ ✐♥(❡%❡)(❡❞ ✐♥ ❞❡(❡❝(✐♥❣ ❡%%♦♥❡♦✉) ❧✐♥❦)

❛♥❞ %❡♣❛✐%✐♥❣ (❤❡♠✳ ❚❤♦)❡ (❛)❦) ❛%❡ ❧✐♥❦ ♠✐♥✐♥❣ (❛)❦)✳ ■♥❞❡❡❞✱ (❤❡ ❧✐♥❦ ♠✐♥✐♥❣ ✐)

(❤❡ ✏♣!♦❝❡%% ♦❢ ❞✐%❝♦✈❡!✐♥❣ ✉%❡❢✉❧ ♣❛//❡!♥% ♦! ❦♥♦✇❧❡❞❣❡ ❢!♦♠ ❞❛/❛ ✑ ❬✺✺❪ ✐♥ ❞❛(❛ (❤❛(

❝♦♥(❛✐♥ ❧✐♥❦)✱ ❧✐❦❡ ❜✐❜❧✐♦❣%❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛)❡)✳ ❊♥(✐(② %❡)♦❧✉(✐♦♥ ❝❛♥ ❛❧)♦ ❜❡ ❛

❧✐♥❦ ♠✐♥✐♥❣ (❛)❦ ✇❤❡♥ ❞❛(❛ ❝♦♥(❛✐♥ ❧✐♥❦) ❬✸✶❪✳ ▲✐♥❦ ♠✐♥✐♥❣ (❛)❦) ❛❝❝♦%❞✐♥❣ (♦ ❬✸✶❪

✇✐❧❧ ❜❡ ❞✐)❝✉))❡❞ ❧❛(❡% ✭✐♥ ❙❡❝(✐♦♥ ✷✳✷✳✶✮✳

■♥ ♦%❞❡% (♦ ✐❞❡♥(✐❢② ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡) (❤❛( ❧♦♦❦ ❧✐❦❡ ❡❛❝❤ ♦(❤❡%✱ ✇❡ ✉)❡ ❛ ♣❛%(✐✲

(✐♦♥✐♥❣ ♠❡(❤♦❞ ❧✐❦❡ ❬✹❪✳ ❆ ♣❛%(✐(✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝( )❡( O ✐) ❛ )❡( ♦❢ ❝❧❛))❡) ✭O )✉❜)❡()✮

)✉❝❤ (❤❛( ❡❛❝❤ ♦❜❥❡❝( ♦❢ O ✐) ✐♥ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❝❧❛))✳ ❚❤❡ ♣❛%(✐(✐♦♥✐♥❣ ♠❡(❤♦❞

❝♦♥)✐)() ✐♥ ❝♦♥)(%✉❝(✐♥❣ ❛ ♣❛%(✐(✐♦♥ )✉❝❤ (❤❛( ♦❜❥❡❝() (❤❛( ❛%❡ )✐♠✐❧❛% ❛%❡ ✐♥ (❤❡ )❛♠❡

❝❧❛)) ❛♥❞ ♦❜❥❡❝() (❤❛( ❛%❡ ❞✐))✐♠✐❧❛% ❛%❡ ✐♥ ❞✐)(✐♥❝( ❝❧❛))❡)✳ ❙✐♠✐❧❛%✐(② ✐) ❞❡(❡%♠✐♥❡❞
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❝❛♥ ❝♦♥)✐❞❡% (❤❡ neutral ✈❛❧✉❡✱ ♠❡❛♥✐♥❣ (❤❛( (❤❡ ❝%✐(❡%✐♦♥ ❝♦♥)✐❞❡% (❤❡ ♦❜❥❡❝() ❛)

❜❡✐♥❣ ♥❡✐(❤❡% )✐♠✐❧❛% ♥♦% ❞✐))✐♠✐❧❛%✳ ❍♦✇❡✈❡%✱ (❤❡ ❣%❛♣❤ (♦ ♣❛%(✐(✐♦♥ ❝❛♥♥♦( ❤❛✈❡

❡❞❣❡) ❧❛❜❡❧❧❡❞ neutral ✐♥ ❬✷❪ ❛♥❞ ❬✹❪✳ ■♥ ❝♦♥(%❛)(✱ (❤❡ (✇♦ ♣❛%(✐(✐♦♥✐♥❣ )❡♠❛♥(✐❝) ♣%❡✲

)❡♥(❡❞ ✐♥ (❤✐) (❤❡)✐) ❛❝❝❡♣( (❤❛( ❝♦♠♣❛%✐)♦♥ ✈❛❧✉❡) ❜❡(✇❡❡♥ (✇♦ ♦❜❥❡❝() ❝❛♥ ❜❡ ❥✉)(

neutral✱ ❡✈❡♥ ✐♥ (❤❡ ❣%❛♣❤ (♦ ♣❛%(✐(✐♦♥✳ ❍♦✇❡✈❡%✱ ❧✐❦❡ ✐♥ ❬✷❪✱ )♦♠❡ ✈❛❧✉❡) ✭always
❛♥❞ never✮ ❛%❡ )❤❛%❡❞ ❜② ❛❧❧ ❝%✐(❡%✐❛ ❛♥❞ ❛%❡ ♠♦%❡ )✐❣♥✐✜❝❛♥( (❤❛♥ ♦(❤❡% ✈❛❧✉❡)✳ ❋♦%

❡①❛♠♣❧❡✱ ✇❤❡♥ (✐(❧❡) ❛%❡ ✐❞❡♥(✐❝❛❧✱ (❤❡ title ❝%✐(❡%✐♦♥ ❣✐✈❡) (❤❡ always ✈❛❧✉❡✱ ✇❤✐❝❤

♠❡❛♥) (❤❛( ♦❜❥❡❝() %❡♣%❡)❡♥( (❤❡ )❛♠❡ ✇♦%❦✳

■♥ (❤✐) ✇♦%❦✱ ✇❡ ♦♥❧② ❝♦♥)✐❞❡% (❤❡ ❝❛)❡ ✇✐(❤ ♥♦ ♠♦%❡ ♦% ❧❡)) )✐❣♥✐✜❝❛♥( ❝%✐(❡✲

%✐♦♥ (❤❛♥ ❛♥♦(❤❡% ❝%✐(❡%✐♦♥✳ ❈%✐(❡%✐❛ ❛%❡ )❛✐❞ ✐♥❞❡♣❡♥❞❡♥( ❢%♦♠ ❡❛❝❤ ♦(❤❡% ✭❲♦%❦

❍②♣♦(❤❡)✐) ✻✮✳

❲♦"❦ ❍②♣♦'❤❡*✐* ✻ ✭■♥❞❡♣❡♥❞❛♥❝② ❜❡(✇❡❡♥ ❝%✐(❡%✐❛✮✳ ❲❡ ❝♦♥%✐❞❡! ✐♥ /❤✐% /❤❡%✐%

/❤❛/ ❝!✐/❡!✐❛ ❛!❡ ✐♥❞❡♣❡♥❞❡♥/ ❬✶✹❪ ❢!♦♠ ❡❛❝❤ ♦/❤❡!✱ ✇❤✐❝❤ ♠❡❛♥% /❤❛/ ♥♦ ❝!✐/❡!✐♦♥ ✐%

%/!✐❝/❧② ♠♦!❡ ✐♠♣♦!/❛♥/ /❤❛♥ ❛♥♦/❤❡! /♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣❛!/✐/✐♦♥ ✐% ❜❡%/✳

❚❤❡ (❤❡)✐) ✇♦%❦ ✐) ✐♥ ❡♥(✐(② %❡)♦❧✉(✐♦♥ ❛♥❞ ✐♥ ❧✐♥❦ ♠✐♥✐♥❣ ❞♦♠❛✐♥)✱ ❛) ✐( ✐)

%❡♣%❡)❡♥(❡❞ ♦♥ ❋✐❣✉%❡ ✶✳✶✳ ■( ✉)❡) )②♠❜♦❧✐❝ ❝%✐(❡%✐❛ ❛♥❞ ❢♦❝✉)❡) ♦♥ (❤❡ ♣❛%(✐❝✉❧❛%

❝❛)❡ ♦❢ ❜✐❜❧✐♦❣%❛♣❤✐❝ ❞♦♠❛✐♥✳
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❋✐❣✉&❡ ✶✳✶✿ ❚❤❡-✐- ✇♦&❦ ❞♦♠❛✐♥

❊✈❛❧✉❛8✐♥❣ ♣❛&8✐8✐♦♥- ❛❧❧♦✇- ✉- 8♦ ❝♦♠♣❛&❡ 8❤❡♠ ✐♥ ♦&❞❡& 8♦ ❞❡8❡❝8 ❡&&♦♥❡♦✉-

❧✐♥❦-✳ ❚✇♦ ♣❛&8✐8✐♦♥- ❛&❡ ❝♦♥-✐❞❡&❡❞ ✐♥ ♣❛&8✐❝✉❧❛&✿

❼ 8❤❡ ✐♥✐8✐❛❧ ♣❛&8✐8✐♦♥✿ 8❤❡ ♣❛&8✐8✐♦♥ -✉❝❤ 8❤❛8 ❝♦♥8❡①8✉❛❧ ❡♥8✐8✐❡- ❛&❡ ✐♥ 8❤❡ -❛♠❡

❝❧❛-- ✐❢ ❛♥❞ ♦♥❧② ✐❢ 8❤❡② &❡♣&❡-❡♥8 ❛ ❧✐♥❦ ♣♦✐♥8✐♥❣ 8♦ 8❤❡ -❛♠❡ ❛✉8❤♦&✐8② ♥♦8✐❝❡

✐♥ 8❤❡ ❙✉❞♦❝✳

❼ 8❤❡ ❤✉♠❛♥ ♣❛&8✐8✐♦♥✿ 8❤❡ ♣❛&8✐8✐♦♥ -✉❝❤ 8❤❛8 ❝♦♥8❡①8✉❛❧ ❡♥8✐8✐❡- ❛&❡ ✐♥ 8❤❡

-❛♠❡ ❝❧❛-- ✐❢ ❛♥❞ ♦♥❧② ✐❢ 8❤❡② &❡♣&❡-❡♥8 ❞♦❝✉♠❡♥8- ❢&♦♠ 8❤❡ ♣♦✐♥8 ♦❢ ✈✐❡✇ ♦❢

8❤❡ -❛♠❡ &❡❛❧✲✇♦&❧❞ ♣❡&-♦♥ ❛❝❝♦&❞✐♥❣ 8♦ ❛ ❤✉♠❛♥ ❡①♣❡&8✳

■♥ ♦&❞❡& 8♦ ❞❡8❡❝8 ❡&&♦♥❡♦✉- ❧✐♥❦-✱ ✇❡ ❡①♣❡❝8 8❤❛8 8❤❡ ❤✉♠❛♥ ♣❛&8✐8✐♦♥ ♠✉-8

❜❡ ❛ ❜❡-8 ♣❛&8✐8✐♦♥✱ ❛♥❞ ✇❡ ❛--✉♠❡ 8❤❛8 8❤❡ ✐♥✐8✐❛❧ ♣❛&8✐8✐♦♥ ✐- ❛ ❜❡-8 ♣❛&8✐8✐♦♥

✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐8 ❝♦&&❡-♣♦♥❞- 8♦ 8❤❡ ❤✉♠❛♥ ♣❛&8✐8✐♦♥ ✭❲♦&❦ ❍②♣♦8❤❡-✐- ✼✮✳ ❚❤✐-

❲♦&❦ ❍②♣♦8❤❡-✐- ❤❛- ❜❡❡♥ ❡✈❛❧✉❛8❡❞ ❛♥❞ ✈❛❧✐❞❛8❡❞ ♦♥ ❛ ❙✉❞♦❝ -❛♠♣❧❡ ❛❝❝♦&❞✐♥❣ 8♦

❧✐❜&❛&✐❛♥ ❡①♣❡&8-✳

❲♦"❦ ❍②♣♦'❤❡*✐* ✼ ✭❆❜♦✉8 ✐♥✐8✐❛❧ ❛♥❞ ❤✉♠❛♥ ♣❛&8✐8✐♦♥-✮✳ ❲❡ "✉♣♣♦"❡ &❤❛& &❤❡

❤✉♠❛♥ ♣❛+&✐&✐♦♥ Ph ✐" ❛ ❜❡"& ♣❛+&✐&✐♦♥✱ ❛♥❞ &❤❛& &❤❡ ✐♥✐&✐❛❧ ♣❛+&✐&✐♦♥ Pi ✐" ❛ ❜❡"&
♣❛+&✐&✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ph ✐" Pi✳

❚♦ ✜♥❞ ❡&&♦♥❡♦✉- ❧✐♥❦- ❝♦♠❡- ❞♦✇♥ 8♦ ✜♥❞ 8❤❛8 8❤❡ ✐♥✐8✐❛❧ ♣❛&8✐8✐♦♥ ✐- ♥♦8 ❛ ❜❡-8

♦♥❡✳ ▲❡8 ✉- ❡①♣❧❛✐♥ 8❤❡ &❡♣❛✐& ♦❢ 8❤♦-❡ ❡&&♦♥❡♦✉- ❧✐♥❦- ✐♥ 8❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝8✐♦♥✳

✶✳✷✳✷ ❘❡♣❛✐( ♦❢ ❡((♦♥❡♦✉- ❧✐♥❦-

❚❤❡ ♣❛&8 ✏&❡♣❛✐&✐♥❣ ❡&&♦♥❡♦✉- ❧✐♥❦-✑ 8❛❦❡- 8❤❡ ♣❛&8✐8✐♦♥ ✈❛❧✉❡ v ♦❢ ❛ ❜❡-8 ♣❛&8✐8✐♦♥

♦♥ ❛♥ ♦❜❥❡❝8 -❡8 O✳ ■❢ 8❤✐- ✈❛❧✉❡ ✐- ♥♦8 8❤❡ ✈❛❧✉❡ ♦❢ 8❤❡ ✐♥✐8✐❛❧ ♣❛&8✐8✐♦♥ Pi ♦♥ O✱ ✐8

♣&♦♣♦-❡- ❛ &❡♣❛✐&✲♣❛&8✐8✐♦♥ ✇❤✐❝❤ ❤❛- v ❛- ♣❛&8✐8✐♦♥ ✈❛❧✉❡✱ ❜✉8 ✐- ❛- ❝❧♦-❡ ❛- ♣♦--✐❜❧❡

8♦ Pi✳ ❚❤❡ &❡♣❛✐& ♣❛&8✐8✐♦♥ ✐- ❛ &❡♦&❣❛♥✐③❛8✐♦♥ ♦❢ ❙✉❞♦❝ ❧✐♥❦-✱ ✇✐8❤ 8❤❡ ❧❡❛-8 ❝❤❛♥❣❡-

❛- ♣♦--✐❜❧❡✳
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✶✳✸ ❊✈❛❧✉❛(✐♦♥

❚❤✐% ✇♦(❦ ❤❛% ❜❡❡♥ ❡✈❛❧✉❛1❡❞ ❢♦( ❜♦1❤ ❡((♦♥❡♦✉% ❧✐♥❦ ❞❡1❡❝1✐♦♥ ❛♥❞ (❡♣❛✐( ❧✐♥❦ ♣❛(1%✳

❋♦( ❡((♦♥❡♦✉% ❧✐♥❦% ❞❡1❡❝1✐♦♥✿

❼ ✇❡ %1✉❞✐❡❞ ❤♦✇ ❞❛1❛ ❝❤❛(❛❝1❡(✐%1✐❝% ✭❧✐❦❡ 1❤❡ ❝(✐1❡(✐❛✬% ♣(♦♣❡(1✐❡% ♦( ❛♠❜✐❣✉✐1②

✐♥ ❞❛1❛✮ ✐♥✢✉❡♥❝❡ ♣❛(1✐1✐♦♥✐♥❣ ❛❧❣♦(✐1❤♠% (❡%✉❧1%✳

❼ ✇❡ ❤❛✈❡ %❤♦✇♥ 1❤❛1 1❤❡ ❝❤♦%❡♥ ♣❛(1✐1✐♦♥✐♥❣ ❛❧❣♦(✐1❤♠% ❛(❡ ❡✣❝✐❡♥1 ❡♥♦✉❣❤ 1♦

❡✈❛❧✉❛1❡ ❛❧♠♦%1 1❤❡ ❡♥1✐(❡ ❙✉❞♦❝✳

❼ ✇❡ ❤❛✈❡ %❤♦✇♥ 1❤❛1 1❤❡ ♠❡1❤♦❞ ✐% (❡❧❡✈❛♥1 ✐♥ ♦(❞❡( 1♦ ❞❡1❡❝1 ❡((♦♥❡♦✉% ❧✐♥❦%

❛❝❝♦(❞✐♥❣ 1♦ ❆❇❊❙ ❡①♣❡(1% ♦♥ ❛ (❡❛❧ ❙✉❞♦❝ %❛♠♣❧❡✳

❋♦( ❧✐♥❦ (❡♣❛✐(✱ ✇❡ ♣(♦✈❡❞ 1❤❛1 1❤❡ ♣(♦♣♦%❡❞ ❛❧❣♦(✐1❤♠% ❣✐✈❡ ❛ (❡♣❛✐(✲♣❛(1✐1✐♦♥

✇❤✐❝❤ ❤❛% 1❤❡ ❞❡%✐(❡❞ ✈❛❧✉❡✳

❚♦ ❝♦♥❝❧✉❞❡ 1❤✐% ❈❤❛♣1❡(✱ ❧❡1 ✉% ❞❡1❛✐❧ 1❤❡ 1❤❡%✐% %1(✉❝1✉(❡ ✐♥ ❙❡❝1✐♦♥ ✶✳✹✳

✶✳✹ ❚❤❡0✐0 0(1✉❝(✉1❡

❚❤✐% 1❤❡%✐% ❝♦♥1❛✐♥% ✻ ♦1❤❡( ❈❤❛♣1❡(% ❜❡❢♦(❡ 1❤❡ ❝♦♥❝❧✉%✐♦♥ ✐♥ ❈❤❛♣1❡( ✽✳

❈❤❛♣1❡( ✷ ♣(❡%❡♥1% 1❤❡ ❧✐♥❦ ♠✐♥✐♥❣ ❞♦♠❛✐♥✱ ❛♥❞ ❢♦❝✉%❡% ♦♥ ❡♥1✐1② (❡%♦❧✉1✐♦♥✳

❚❤❡ 1❤❡%✐% ✇♦(❦ ✐% ❛❞❛♣1❡❞ 1♦ 1❤❡ ♣❛(1✐❝✉❧❛( ❝❛%❡ ♦❢ ❜✐❜❧✐♦❣(❛♣❤✐❝ ❞♦♠❛✐♥✳ ❚❤✐%

❈❤❛♣1❡( ❛❧%♦ %❤♦✇% ❤♦✇ ❛ ❧❛(❣❡ ❞❛1❛%❡1 ✐% ❞✐✈✐❞❡❞ ✐♥ %♠❛❧❧ ♣❛(1% 1♦ ❜❡ ♠❛♥❛❣❡❛❜❧❡✳

❈❤❛♣1❡( ✸ ❞❡1❛✐❧% 1❤❡ ♣(♦♣♦%❡❞ ❛♣♣(♦❛❝❤ ❢♦( ❧✐♥❦ (❡♣❛✐( ✐♥ ❧❛(❣❡ ❜✐❜❧✐♦❣(❛♣❤✐❝

❦♥♦✇❧❡❞❣❡ ❞❛1❛❜❛%❡%✳ ❚❤✐% ❛♣♣(♦❛❝❤ ✐% ❝♦♠♣♦%❡❞ ♦❢ ✷ %1❡♣%✿ 1❤❡ ❡((♦♥❡♦✉% ❧✐♥❦

❞❡1❡❝1✐♦♥ %1❡♣ ❛♥❞ 1❤❡ ❧✐♥❦ (❡♣❛✐( %1❡♣✳

❈❤❛♣1❡( ✹ ❞❡1❛✐❧% ♠② ♣♦✐♥1 ♦❢ ✈✐❡✇ ♦❢ ❙✉❞♦❝ ❝♦♥1❡①1 ❛♥❞ ♥♦1✐♦♥%✳ ■1 ❛❧%♦ ♣(❡%❡♥1%

❝(✐1❡(✐❛ 1❤❛1 ❛(❡ ✉%❡❞ ✐♥ ♦(❞❡( 1♦ ❝♦♠♣❛(❡ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦1✐❝❡%✳

❈❤❛♣1❡( ✺ ♣(❡%❡♥1% 1✇♦ ♣❛(1✐1✐♦♥✐♥❣ %❡♠❛♥1✐❝% ❜❛%❡❞ ♦♥ %②♠❜♦❧✐❝ ❝(✐1❡(✐❛✳ ❚❤♦%❡

♣❛(1✐1✐♦♥✐♥❣ %❡♠❛♥1✐❝% ❛(❡ ✉%❡❞ 1♦ ❡✈❛❧✉❛1❡ ♣❛(1✐1✐♦♥% ✐♥ ♦(❞❡( 1♦ ❝♦♠♣❛(❡ 1❤❡♠ ❛♥❞
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♣❛(1✐1✐♦♥✐♥❣ %❡♠❛♥1✐❝% ❛♥❞ ❝♦♠♣❛(❡ 1❤❡♠✳
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❈❤❛♣$❡& ✷

❘❡❧❛$❡❞ ✇♦&❦

❚❤❡ ❡♥$✐$② '❡(♦❧✉$✐♦♥ ♣'♦❜❧❡♠ ✐( $❤❡ ♣'♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ♦❜❥❡❝$( $❤❛$ '❡♣'❡(❡♥$ $❤❡

(❛♠❡ '❡❛❧✲✇♦'❧❞ ❡♥$✐$②✳ ❚❤❡ ❡♥$✐$② '❡(♦❧✉$✐♦♥ ♣'♦❜❧❡♠ ✐( ✐♥❝❧✉❞❡❞ ✐♥ ❞❛$❛ ♠✐♥✐♥❣✱

✇❤✐❝❤ ✐( $❤❡ ✏♣!♦❝❡%% ♦❢ ❞✐%❝♦✈❡!✐♥❣ ✉%❡❢✉❧ ♣❛//❡!♥% ♦! ❦♥♦✇❧❡❞❣❡ ❢!♦♠ ❞❛/❛ ✑ ❛❝❝♦'❞✲

✐♥❣ $♦ ❬✺✺❪✳ ❚❤❡(❡ ❞❛$❛ ✐♥❝❧✉❞❡ ✇❡❜ ♣❛❣❡(✱ ❞❛$❛❜❛(❡(✱ ♣✐❝$✉'❡(✳✳✳ ▲✐♥❦ ♠✐♥✐♥❣ ✐( ❛

♣❛'$ ♦❢ ❞❛$❛ ♠✐♥✐♥❣✱ ❜✉$ '❡($'❛✐♥$( $❤❡ ♣'♦❝❡(( ♦❢ ❦♥♦✇❧❡❞❣❡ ❞✐(❝♦✈❡'② ✐♥$♦ ❞❛$❛ $❤❛$

❝♦♥$❛✐♥( ❧✐♥❦(✱ ❧✐❦❡ ❜✐❜❧✐♦❣'❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛(❡( ♦' (♦❝✐❛❧ ♥❡$✇♦'❦(✳

❚♦ ✜♥❞ ♦❜❥❡❝$( $❤❛$ '❡♣'❡(❡♥$ $❤❡ (❛♠❡ '❡❛❧✲✇♦'❧❞ ❡♥$✐$② ✇❤❡♥ $❤♦(❡ ♦❜❥❡❝$(

❛'❡ '❡❧❛$❡❞ $♦ ❡❛❝❤ ♦$❤❡' ❜② ❧✐♥❦( ✭❧✐❦❡ ✐♥ ❜✐❜❧✐♦❣'❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛(❡( ♦' (♦❝✐❛❧

♥❡$✇♦'❦(✮ ✐( ❜♦$❤ ❛ ❧✐♥❦ ♠✐♥✐♥❣ ♣'♦❜❧❡♠ ❛♥❞ ❛♥ ❡♥$✐$② '❡(♦❧✉$✐♦♥ ♣'♦❜❧❡♠✳ ■♥ $❤❡

❣❡♥❡'❛❧ ❝❛(❡✱ ❡♥$✐$② '❡(♦❧✉$✐♦♥ ♣'♦❜❧❡♠( ♦❢$❡♥ ✉(❡ ❛ ❞✐($❛♥❝❡ ❢✉♥❝$✐♦♥ ♦' (❡✈❡'❛❧

❛❣❣'❡❣❛$❡❞ ❝'✐$❡'✐❛ ✐♥ ♦'❞❡' $♦ ❝♦♠♣❛'❡ ♦❜❥❡❝$(✳ ■♥ $❤✐( ✇♦'❦✱ ✇❡ ❢♦❝✉( ♦♥ ♦❜❥❡❝$(

✇❤✐❝❤ ❛'❡ ❝♦♠♣❛'❡❞ ✉(✐♥❣ (②♠❜♦❧✐❝ ✈❛❧✉❡( ❛♥❞ ♥♦$ ♥✉♠❡'✐❝❛❧ ✈❛❧✉❡(✳ ■♥❞❡❡❞✱ ✇❡

✇✐(❤ $♦ ♠✐''♦' ❤♦✇ ❛ ❤✉♠❛♥ ❡①♣❡'$ ❞❡❝✐❞❡( ✇❤❡$❤❡' $✇♦ ❜♦♦❦( ✇❡'❡ ✇'✐$$❡♥ ❜②

$❤❡ (❛♠❡ ♣❡'(♦♥ ♦' ♥♦$✳ ❍✉♠❛♥ ❡①♣❡'$( ❡①♣'❡(( $❤❡♠(❡❧✈❡( ✇✐$❤ ✇♦'❞( ✭❧✐❦❡ ✏♥♦$

(♦ ♠✉❝❤✑✮✱ ♥♦$ ✇✐$❤ ♥✉♠❡'✐❝❛❧ ✈❛❧✉❡(✳ ❋✐♥❛❧❧② ✇❡ ❛❞❛♣$ $❤❡(❡ ♠❡$❤♦❞( ✐♥ ♦'❞❡' $♦

❞❡$❡❝$ ❛♥❞ '❡♣❛✐' ❡''♦♥❡♦✉( ❧✐♥❦( ✐♥ ❛ ❜✐❜❧✐♦❣'❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛(❡ ❧✐❦❡ $❤❡ ❙✉❞♦❝ ✭❛

❋'❡♥❝❤ ❝♦❧❧❡❝$✐✈❡ ❝❛$❛❧♦❣ ❝♦♥$❛✐♥✐♥❣ ❞♦❝✉♠❡♥$ ❞❡(❝'✐♣$✐♦♥( ❛♥❞ ♣❡'(♦♥ ❞❡(❝'✐♣$✐♦♥(✮✳

❚❤✐( ✐( '❡♣'❡(❡♥$❡❞ ♦♥ ❋✐❣✉'❡ ✶✳✶ ♣❛❣❡ ✷✵✳

❚❤❡ ❙✉❞♦❝❆❞ ♣'♦❥❡❝$ ❬✷✶❪ ❤❛( $❤❡ ❛✐♠ $♦ ♣'❡❞✐❝$ ✇❤✐❝❤ ♣❡'(♦♥ ❞❡(❝'✐♣$✐♦♥ ✐♥

❙✉❞♦❝ ❛❧'❡❛❞② '❡♣'❡(❡♥$( $❤❡ ❛✉$❤♦' ♦❢ ❛ ♥❡✇ ❞♦❝✉♠❡♥$ ❞❡(❝'✐♣$✐♦♥✳ ❚❤✐( ✐( ✉(❡❞

$♦ ❧✐♥❦ ❛ ♥❡✇ ❞♦❝✉♠❡♥$ ❞❡(❝'✐♣$✐♦♥ $♦ $❤❡ ♣❡'(♦♥ ❞❡(❝'✐♣$✐♦♥( $❤❛$ '❡♣'❡(❡♥$ $❤❡

❛✉$❤♦'( ♦❢ $❤❡ ❞♦❝✉♠❡♥$✳ ❆( ✇❡ ✇✐❧❧ (❡❡ ✐♥ ❙❡❝$✐♦♥ ✷✳✶✳✷✱ $❤❡ ❙✉❞♦❝❆❞ ❛♥(✇❡'( $♦ ❛

❧✐♥❦ ♣'❡❞✐❝$✐♦♥ ♣'♦❜❧❡♠ ✭$♦ ♣'❡❞✐❝$ ❧✐♥❦( $❤❛$ ✇✐❧❧ ♦' (❤♦✉❧❞ ❡①✐($ ❜✉$ ❞♦ ♥♦$ ②❡$✮✳

❯♥❧✐❦❡ ❙✉❞♦❝❆❞✱ ✇❡ ❞♦ ♥♦$ ❛((✉♠❡ $❤❛$ ❡①✐($✐♥❣ ❧✐♥❦( ❛'❡ '❡❧✐❛❜❧❡✳ ❖♥ $❤❡

❝♦♥$'❛'②✱ ✇❡ ♣'♦♣♦(❡ ❛ ♠❡$❤♦❞ ✐♥ ♦'❞❡' $♦ ❞❡$❡❝$ ❧✐♥❦( $❤❛$ (❤♦✉❧❞ ❡①✐($ ❜✉$ ❛❧(♦

❧✐♥❦( $❤❛$ ❞♦ ❡①✐($ ❛♥❞ ❛'❡ ❡''♦♥❡♦✉(✳ ❉❡$❡❝$✐♥❣ ❡''♦♥❡♦✉( ❧✐♥❦( ✐( ♦✉$ ♦❢ $❤❡ (❝♦♣❡

♦❢ $❤❡ ❧✐♥❦ ♣'❡❞✐❝$✐♦♥ $❛(❦✳

❍♦✇❡✈❡'✱ ✇❡ ❝❛♥ '❡♣'❡(❡♥$ $❤♦(❡ ❧✐♥❦( ✇✐$❤ ♦❜❥❡❝$( ✭❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡(✮ ❛♥❞

❝♦♠♣❛'❡ $❤❡♠ ✐♥ ♦'❞❡' $♦ ❞❡$❡❝$ ✇❤✐❝❤ ❧✐♥❦( (❤♦✉❧❞ ♣♦✐♥$ ❛$ $❤❡ (❛♠❡ ♣❡'(♦♥ ❞❡✲

(❝'✐♣$✐♦♥ ♦' ❛$ ❞✐($✐♥❝$ ♣❡'(♦♥ ❞❡(❝'✐♣$✐♦♥( ❜✉$ ❞♦ ♥♦$✳ ❚❤✐( $'❛♥(❢♦'♠( $❤❡ ♣'♦❜❧❡♠
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❝♦✈❡+② ✐♥&♦ ❞❛&❛ &❤❛& ❝♦♥&❛✐♥ ❧✐♥❦-✱ ❧✐❦❡ ✐♥ ❜✐❜❧✐♦❣+❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛-❡-✳ ❬✸✶❪

❞✐-&✐♥❣✉✐-❤❡- &❤+❡❡ ❢❛♠✐❧✐❡- ♦❢ ❧✐♥❦✲♠✐♥✐♥❣ &❛-❦-✿

• ♦❜❥❡❝%✲'❡❧❛%❡❞ %❛+❦+✳ ❖❜❥❡❝&✲+❡❧❛&❡❞ &❛-❦- ❤❛✈❡ &❤❡ ❛✐♠ &♦ ✜♥❞ &❤❡ ♦❜❥❡❝&-

&❤❛& ❛+❡ -✐♠✐❧❛+ ♦+ ❝❧♦-❡-& &♦ ❛ ♣❛+&✐❝✉❧❛+ ♦❜❥❡❝&✱ ♦+ &❤❡ ♠♦-& +❡❧❡✈❛♥& ♦❜❥❡❝&-✳

❖❜❥❡❝&✲+❡❧❛&❡❞ &❛-❦- ✐♥❝❧✉❞❡ ❧✐♥❦✲❜❛-❡❞ ♦❜❥❡❝& +❛♥❦✐♥❣✱ ❧✐♥❦✲❜❛-❡❞ ♦❜❥❡❝& ❝❧❛-✲

-✐✜❝❛&✐♦♥✱ ❣+♦✉♣ ❞❡&❡❝&✐♦♥ ❛♥❞ ❡♥&✐&② +❡-♦❧✉&✐♦♥✳ ❚❤❡② ✇✐❧❧ ❜❡ ❞❡&❛✐❧❡❞ ✐♥ &❤❡

❢♦❧❧♦✇✐♥❣✳

• ❧✐♥❦✲'❡❧❛%❡❞ %❛+❦✳ ▲✐♥❦✲+❡❧❛&❡❞ &❛-❦- ❤❛✈❡ &❤❡ ❛✐♠ &♦ ♣+❡❞✐❝& ❧✐♥❦- &❤❛&

-❤♦✉❧❞ ♦+ ✇✐❧❧ ❡①✐-& ❜❡&✇❡❡♥ &✇♦ ♦❜❥❡❝&- ❜✉& ❞♦ ♥♦& ❛❧+❡❛❞②✱ ❛♥❞ ❧✐♥❦- &❤❛&

-❤♦✉❧❞ ♥♦& ❡①✐-& ❜✉& ❞♦✳ ▲✐♥❦✲+❡❧❛&❡❞ &❛-❦- ♦♥❧② ✐♥❝❧✉❞❡ ❧✐♥❦ ♣+❡❞✐❝&✐♦♥ ❛❝✲

❝♦+❞✐♥❣ &♦ ❬✸✶❪✳ ■& ✇✐❧❧ ❜❡ ❞❡&❛✐❧❡❞ ✐♥ ❙❡❝&✐♦♥ ✷✳✶✳✷✳

• ❣'❛♣❤✲'❡❧❛%❡❞ %❛+❦+✳ ●+❛♣❤✲+❡❧❛&❡❞ &❛-❦- ❝♦♥❝❡+♥ &❛-❦- ❝❡♥&❡+❡❞ ❛+♦✉♥❞

❣+❛♣❤- ♦+ -✉❜✲❣+❛♣❤-

✶

❛♥❞ ♥♦& ❝❡♥&❡+❡❞ ❛+♦✉♥❞ ♦❜❥❡❝&-✱ ❧✐♥❦- ♦+ ♦❜❥❡❝& ♣❛✐+-✳

❚❤❡② ♥❛♠❡❧② ✐♥❝❧✉❞❡ &❤❡ &❛-❦-✿

∗ ✜♥❞✐♥❣ ✐♥&❡+❡-&✐♥❣ ♦+ ❝♦♠♠♦♥ -✉❜✲❣+❛♣❤- ✭-✉❜❣+❛♣❤ ❞✐-❝♦✈❡+② ❬✺✶❪ ❬✹✹❪✮❀

∗ ❝❧❛--✐❢②✐♥❣ ❛ ❣+❛♣❤ ❛- ♦+ ♥♦& ❛- ❛ +❡♣+❡-❡♥&❛&✐♦♥ ♦❢ ❛ ❝♦♥❝❡♣& ✭❣+❛♣❤

❝❧❛--✐✜❝❛&✐♦♥ ❬✸✵❪ ❬✹✾❪✮✳

■♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣&❡+-✱ ✇❡ ✇✐❧❧ ✉-❡ ❣+❛♣❤- ❛- &❤❡ -&+✉❝&✉+❡ ❝♦♥&❛✐♥✐♥❣ ♦❜❥❡❝&-

❧✐♥❦❡❞ &♦❣❡&❤❡+ ❜② ❧❛❜❡❧❧❡❞ ❡❞❣❡-✳ ❍♦✇❡✈❡+✱ ❣+❛♣❤✲+❡❧❛&❡❞ &❛-❦- ❛+❡ ♥♦& +❡❧❡✈❛♥& ❢♦+

&❤✐- &❤❡-✐- ❜❡❝❛✉-❡ &❤❡② ❢♦❝✉- ♦♥ ❝♦♠♣❛+✐♥❣ ❛♥❞ ❞❡&❡❝&✐♥❣ ❡♥&✐+❡ ✭-✉❜✮❣+❛♣❤- ❜✉&

&❤❡ &❤❡-✐-✬ ♦❜❥❡❝&✐✈❡- ❢♦❝✉- ♦♥ ❧✐♥❦- ❛♥❞ ♦❜❥❡❝&- ❝♦♥&❛✐♥❡❞ ✐♥ ❣+❛♣❤-✳ ■♥❞❡❡❞✱ ✇❡

❢♦❝✉- ♦♥ &✇♦ +❡-❡❛+❝❤ R✉❡-&✐♦♥-✿

❼ ✐❞❡♥%✐❢②✐♥❣ ❧✐♥❦+ &❤❛& ❛+❡ ❡++♦♥❡♦✉- ❛♥❞ ♣+♦♣♦-✐♥❣ +❡♣❛✐+- ✭❧✐♥❦✲+❡❧❛&❡❞ &❛-❦✮✳

❆ ❧✐♥❦ ❝♦♥♥❡❝&- ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦&✐❝❡ ✭❞♦❝✉♠❡♥& ❞❡-❝+✐♣&✐♦♥✮ &♦ ❛✉&❤♦+✐&② ♥♦&✐❝❡

✭♣❡+-♦♥ ❞❡-❝+✐♣&✐♦♥✮ ❛♥❞ +❡♣+❡-❡♥&- &❤❡ ❢❛❝& &❤❛& &❤❡ ♣❡+-♦♥ +❡♣+❡-❡♥&❡❞ ❜② &❤❡

❛✉&❤♦+✐&② ♥♦&✐❝❡ ✐- -✉♣♣♦-❡❞ &♦ ❤❛✈❡ ❝♦♥&+✐❜✉&❡❞ &♦ &❤❡ ❞♦❝✉♠❡♥& +❡♣+❡-❡♥&❡❞

❜② &❤❡ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦&✐❝❡✳

✶

❆ !✉❜✲❣&❛♣❤ ♦❢ ❛ ❣&❛♣❤ G = (O,E) ✐! ❛ ❣&❛♣❤ G′ = (O′, E′) !✉❝❤ ❛! ✐.! ♦❜❥❡❝. !❡. O′
✐! ✐♥❝❧✉❞❡❞

✐♥.♦ O ❛♥❞ ✐.! ❡❞❣❡! !❡. E′
✐! ✐♥❝❧✉❞❡❞ ✐♥.♦ E✳
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❼ ✐❞❡♥$✐❢②✐♥❣ ♦❜❥❡❝$, "❤❛" ❛%❡ '✐♠✐❧❛% ✭♦❜❥❡❝"✲%❡❧❛"❡❞ "❛'❦'✮✳ ■♥ ♦✉% ❝❛'❡✱ "♦

✐❞❡♥"✐❢② ♦❜❥❡❝"' "❤❛" ❛%❡ '✐♠✐❧❛% ♠❡❛♥' "♦ ✐❞❡♥"✐❢② ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡' "❤❛"

%❡♣%❡'❡♥" ❞♦❝✉♠❡♥"' ❢%♦♠ "❤❡ ♣♦✐♥" ♦❢ ✈✐❡✇ ♦❢ ❛ '❛♠❡ %❡❛❧✲✇♦%❧❞ ♣❡%'♦♥ ✇❤♦

❤❛' ❝♦♥"%✐❜✉"❡❞ "♦ "❤❡ ❞♦❝✉♠❡♥"✳

❚❤✐' ✐' ✇❤② ✇❡ ✇✐❧❧ ❞❡"❛✐❧ ♦♥❧② ♦❜❥❡❝" ❛♥❞ ❧✐♥❦✲%❡❧❛"❡❞ "❛'❦' ✐♥ "❤✐' ❙❡❝"✐♦♥✱

❜❡❢♦%❡ ❢♦❝✉'✐♥❣ ♦♥ "❤❡ ♠♦'" %❡❧❡✈❛♥" ❢♦% ✉'✱ ✐♥ ❙❡❝"✐♦♥ ✷✳✷✳

▲❡" ✉' ❞❡"❛✐❧ ❧✐♥❦ ♠✐♥✐♥❣ "❛'❦' %❡❧❛"❡❞ "♦ ♦❜❥❡❝"' ♦% ❧✐♥❦'✳ ❲❡ ✇✐❧❧ '"❛%" ✇✐"❤ "❤❡

❡♥"✐"② %❡'♦❧✉"✐♦♥ "❛'❦ ✭❙❡❝"✐♦♥ ✷✳✶✳✶✮ ❛♥❞ "❤❡ ❧✐♥❦ ♣%❡❞✐❝"✐♦♥ "❛'❦ ✐♥ ❙❡❝"✐♦♥ ✷✳✶✳✷✳

❚❤❡♥✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❛♥❞ ❞❡"❛✐❧ "❤❡ ❧✐♥❦✲❜❛'❡❞ ♦❜❥❡❝" %❛♥❦✐♥❣ "❛'❦ ✭❙❡❝"✐♦♥ ✷✳✶✳✸✮✱

"❤❡ ❧✐♥❦✲❜❛'❡❞ ♦❜❥❡❝" ❝❧❛''✐✜❝❛"✐♦♥ "❛'❦ ✭❙❡❝"✐♦♥ ✷✳✶✳✹✮✱ ❛♥❞ "❤❡ ❣%♦✉♣ ❞❡"❡❝"✐♦♥ "❛'❦

✭❙❡❝"✐♦♥ ✷✳✶✳✺✮✳

✷✳✶✳✶ ❊♥%✐%② (❡*♦❧✉%✐♦♥

❚❤❡ ❡♥"✐"② %❡'♦❧✉"✐♦♥ "❛'❦ ❝♦♥'✐'"' ✐♥ ✜♥❞✐♥❣ ✇❤✐❝❤ ♦❜❥❡❝"' ❝♦%%❡'♣♦♥❞ "♦ ❛ '❛♠❡

❡♥"✐"② ✇✐"❤♦✉" ❞❡"❡%♠✐♥✐♥❣ ❛♣"✐♦"✐ "❤❡ ❝♦♥'✐❞❡%❡❞ ❡♥"✐"✐❡'✱ ♥✉♠❜❡% ♦❢ ❡♥"✐"✐❡' ♦% ❤♦✇

♠❛♥② ♦❜❥❡❝"' ❝❛♥ %❡❢❡% "♦ "❤❡ '❛♠❡ ❡♥"✐"✐❡'✳

❚❤✐' ❝❛♥ ❜❡ ✐♥"❡%♣%❡"❡❞ ❛' "♦ ✐❞❡♥"✐❢② ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡' "❤❛" %❡♣%❡'❡♥" ❞♦❝✉✲

♠❡♥"' ❢%♦♠ "❤❡ ♣♦✐♥" ♦❢ ✈✐❡✇ ♦❢ ❛ '❛♠❡ %❡❛❧✲✇♦%❧❞ ♣❡%'♦♥ "❤❛" ❤❛' ❝♦♥"%✐❜✉"❡❞ "♦

"❤❡ ❞♦❝✉♠❡♥"✱ ✇❤✐❝❤ ✐' ♦♥❡ ♦❢ "❤❡ "❤❡'✐' %❡'❡❛%❝❤ H✉❡'"✐♦♥'✳ ❚❤❡ ❡♥"✐"② %❡'♦❧✉"✐♦♥

"❛'❦ ✇✐❧❧ ❜❡ ❢✉%"❤❡% ❞❡"❛✐❧❡❞ ✐♥ ❙❡❝"✐♦♥ ✷✳✷✳

-♦,✐$✐♦♥✐♥❣✳ ▲✐♥❦' ❝❛♥ ❜❡ %❡♣%❡'❡♥"❡❞ ❜② ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡'✱ ✇❤✐❝❤ ❝♦%%❡'♣♦♥❞

"♦ "❤❡ ❞♦❝✉♠❡♥" ❞❡'❝%✐♣"✐♦♥' ❢%♦♠ "❤❡ ♣♦✐♥" ♦❢ ✈✐❡✇ ♦❢ ♦♥❡ ♦❢ "❤❡✐% ❝♦♥"%✐❜✉"♦%'✳

❚❤✐' ❛❧❧♦✇' ✉' "♦ ❛❞❛♣" "❤❡ ❡♥"✐"② %❡'♦❧✉"✐♦♥ "❛'❦ ✐♥ "❤❡ ❛✐♠ ♦❢ ❞❡"❡❝"✐♥❣ ❝♦♥"❡①"✉❛❧

❡♥"✐"✐❡' "❤❛" %❡♣%❡'❡♥" ❛ ❞♦❝✉♠❡♥" ❢%♦♠ "❤❡ ♣♦✐♥" ♦❢ ✈✐❡✇ ♦❢ ❛ '❛♠❡ %❡❛❧✲✇♦%❧❞ ♣❡%'♦♥✳

❚❤✐' ♣%♦❜❧❡♠ ❝♦%%❡'♣♦♥❞' "♦ ✐❞❡♥"✐❢② ❧✐♥❦' "❤❛" '❤♦✉❧❞ ♣♦✐♥" ❛" "❤❡ '❛♠❡ ♣❡%'♦♥

❞❡'❝%✐♣"✐♦♥ ❜✉" ❞♦ ♥♦" ❛♥❞ ❧✐♥❦' "❤❛" '❤♦✉❧❞ ♣♦✐♥" ❛" ❞✐'"✐♥❝" ♣❡%'♦♥ ❞❡'❝%✐♣"✐♦♥'

❜✉" ❞♦ ♥♦"✳ ❉❡"❡❝"✐♥❣ '✉❝❤ ❧✐♥❦' ❝♦♠❡' ❞♦✇♥ "♦ ❞❡"❡❝"✐♥❣ ❡%%♦♥❡♦✉' ❧✐♥❦'✱ '♦ ✇❡ ✉'❡

"❤❡ ❡♥"✐"② %❡'♦❧✉"✐♦♥ "❛'❦ ✐♥ ♦%❞❡% "♦ ❞❡"❡❝" ❡%%♦♥❡♦✉' ❧✐♥❦'✳

✷✳✶✳✷ ▲✐♥❦ ♣(❡❞✐❝%✐♦♥

❆❝❝♦%❞✐♥❣ "♦ ❬✸✶❪✱ "❤❡ ❧✐♥❦ ♣%❡❞✐❝"✐♦♥ ♣%♦❜❧❡♠ ✐' "❤❡ ♣%♦❜❧❡♠ ♦❢ ❞❡"❡❝"✐♥❣ ❛ ❧✐♥❦ "❤❛"
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✐$✳ ❈♦♥-❡W✉❡♥$❧②✱ $❤❡ ❡①❝❧✉-✐✈✐$② ❝♦♥-$)❛✐♥$ ✭✐❢ $✇♦ ♦❜❥❡❝$- oi ❛♥❞ oj )❡♣)❡-❡♥$ $❤❡

-❛♠❡ ❡♥$✐$② e✱ $❤❡♥ $❤❡)❡ ✐- ♥♦$ ❛♥♦$❤❡) ♦❜❥❡❝$ ok $❤❛$ )❡♣)❡-❡♥$- $❤✐- ❡♥$✐$② e✮ ✐-

✐♠♣♦)$❛♥$✱ ❜✉$ ❝❛♥ ❜❡ ❜②♣❛--❡❞ ❬✹✶❪✳

❚❤❡ )❡❝♦)❞ ❧✐♥❦❛❣❡ ❛♣♣)♦❛❝❤ ❞♦❡- ♥♦$ ✜$ ♦✉) ♣)♦❜❧❡♠ ❜❡❝❛✉-❡ ✇❡ -❡❛)❝❤ ❢♦)

❞✉♣❧✐❝❛$❡- ✭❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡-✱ ✇❤✐❝❤ )❡♣)❡-❡♥$ ❞♦❝✉♠❡♥$- ❢)♦♠ $❤❡ ♣♦✐♥$ ♦❢ ✈✐❡✇

♦❢ ❛ -✐♥❣❧❡ )❡❛❧✲✇♦)❧❞ ♣❡)-♦♥✮ ✐♥$♦ ❛ -✐♥❣❧❡ ❞❛$❛❜❛-❡✳
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❙✐♠✐❧❛%✐&② ♣%♦♣❛❣❛&✐♦♥ ❬✷✼❪ ❬✽❪✳ ❆ ❣$❛♣❤ $❡♣$❡)❡♥+) ♦❜❥❡❝+)✱ +❤❡ )✐♠✐❧❛$✐+② $❡❧❛✲

+✐♦♥) ❜❡+✇❡❡♥ +❤❡♠ ❛♥❞ ♣♦))✐❜❧❡ ♦❜❥❡❝+ ♠❡$❣❡) ❛❧$❡❛❞② ❞♦♥❡✳ ❖❜❥❡❝+) +❤❛+ ❛$❡ +❤❡

❝❧♦)❡)+ ♣❛✐$✇✐)❡ ❛$❡ $❡❝✉$)✐✈❡❧② ♠❡$❣❡❞✱ ❛) ❧♦♥❣ ❛) ✐+ ❞♦❡) ♥♦+ ❜$❡❛❦ ❛ ❝♦♥)+$❛✐♥+✱

✉♥+✐❧ ❛ ♣$❡❞❡✜♥❡❞ +❤$❡)❤♦❧❞ ✐) ❤✐+✳ ❊❛❝❤ +✐♠❡ +✇♦ ♦❜❥❡❝+) oi ❛♥❞ oj ❛$❡ ♠❡$❣❡❞✱ +❤❡

)✐♠✐❧❛$✐+② $❡❧❛+✐♦♥) ✐♥✈♦❧✈✐♥❣ oi ♦$ oj ❛$❡ ✉♣❞❛+❡❞✳

❈❛♥♦♥✐③❛&✐♦♥ ✐) ♠❡$❣✐♥❣ ♦❜❥❡❝+) ♣❛$+✐❛❧❧② $❡♣$❡)❡♥+✐♥❣ +❤❡ )❛♠❡ ❡♥+✐+②✳ ❈❛♥♦♥✐✲

❝❛❧✐③❛+✐♦♥ ❛✐♠) +♦ $❡♣$❡)❡♥+ ✐♥ +❤❡ ♠♦)+ ♣♦))✐❜❧② ❝♦♠♣❧❡+❡ ✇❛② +❤❡ ❡♥+✐+②✬) ❝❤❛$❛❝✲

+❡$✐)+✐❝)✳ ❋♦$ ❡①❛♠♣❧❡✱ ❬✺❪ ♣$♦♣♦)❡) ❛♥ ❛♣♣$♦❛❝❤ +❤❛+✱ ❝♦♥)✐❞❡$✐♥❣ ❜❧❛❝❦ ❜♦① ♠❡$❣❡

❛♥❞ ❝♦♠♣❛$✐)♦♥ ❢✉♥❝+✐♦♥) ❢♦$ ♣❛✐$) ♦❢ ♦❜❥❡❝+)✱ ❝♦♥)+$✉❝+) +❤❡ ❝❛♥♦♥✐❝❛❧ ❢♦$♠) ♦❢ +❤❡

$❡♣$❡)❡♥+❡❞ ❡♥+✐+✐❡) ❢$♦♠ ❛ )❡+ ♦❢ ♦❜❥❡❝+)✳

❚❤❡ ❝❛♥♦♥✐③❛+✐♦♥ ❛♥❞ +❤❡ )✐♠✐❧❛$✐+② ♣$♦♣❛❣❛+✐♦♥ ❛♣♣$♦❛❝❤❡) ❞♦ ♥♦+ ✜+ +♦ ♦✉$

♣$♦❜❧❡♠ ❜❡❝❛✉)❡ ✇❡ ❞♦ ♥♦+ ✇❛♥+ +♦ ❛❣❣$❡❣❛+❡ ❞✉♣❧✐❝❛+❡)✱ ✇❤✐❝❤ ❛$❡ ❝♦♥+❡①+✉❛❧

❡♥+✐+✐❡) +❤❛+ $❡♣$❡)❡♥+ ❞♦❝✉♠❡♥+) ❢$♦♠ +❤❡ ♣♦✐♥+ ♦❢ ✈✐❡✇ ♦❢ ❛ )✐♥❣❧❡ $❡❛❧✲✇♦$❧❞ ♣❡$)♦♥

✐♥ ♦✉$ ❝❛)❡✳

◆♦♥✲❞✐%❡❝&❡❞ ♣%♦❜❛❜✐❧✐:&✐❝ ❛♣♣%♦❛❝❤✳ ❚❤❡ ♥♦♥✲❞✐$❡❝+❡❞ ♣$♦❜❛❜✐❧✐)+✐❝ ❛♣♣$♦❛❝❤❡)

❛$❡ ❜❛)❡❞ ♦♥ ▼❛$❦♦✈✬) ❧♦❣✐❝ ❬✼✷❪ ❬✶✺❪✳ ❆❝❝♦$❞✐♥❣ +♦ ❬✼✷❪✱ ▼❛$❦♦✈ ❧♦❣✐❝ )✐♠♣❧② ❛❞❞)

✇❡✐❣❤+) +♦ ✜$)+ ♦$❞❡$ ❧♦❣✐❝ ❢♦$♠✉❧❛)✳ ❚❤❡ ❧♦❣✐❝ ❢♦$♠✉❧❛) ❛$❡ ✉)❡❞ +♦ ❞❡❝✐❞❡ ✐❢ +✇♦

♦❜❥❡❝+) $❡♣$❡)❡♥+ +❤❡ )❛♠❡ ❡♥+✐+②✳ ❊❛❝❤ ❢♦$♠✉❧❛ ✐) ❛))♦❝✐❛+❡❞ +♦ ❛ ✇❡✐❣❤+ ✭❛ $❡❛❧

♥✉♠❜❡$ ❜❡+✇❡❡♥ ✶ ❛♥❞ ✵✮ ✇❤✐❝❤ ❛❧❧♦✇) +♦ ✉)❡ ✢❡①✐❜❧❡ ❝♦♥)+$❛✐♥+)
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✳ ❚❤❡ ✐♥+❡$❡)+
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❚❤❡ ♠♦$❡ ✇❡✐❣❤+② +❤❡ ✢❡①✐❜❧❡ ❝♦♥)+$❛✐♥+ ✐)✱ +❤❡ ♠♦$❡ ✐♠♣♦$+❛♥+ ✐+ ✐) +♦ )❛+✐)❢② ✐+✱ ❜✉+

✐+ ✐) ♥♦+ ♠❛♥❞❛+♦$②✳ ❚❤❡ ❣♦❛❧ ✐) +♦ ♠✐♥✐♠✐③❡ +❤❡ )✉♠ ♦❢ +❤❡ ✉♥)❛+✐)✜❡❞ ❝♦♥)+$❛✐♥+)✬

✇❡✐❣❤+)✳

◆♦♥✲❞✐$❡❝+❡❞ ♣$♦❜❛❜✐❧✐)+✐❝ ❛♣♣$♦❛❝❤❡) ❞♦ ♥♦+ ✜+ +♦ ♦✉$ ♣$♦❜❧❡♠ ❜❡❝❛✉)❡ +❤❡②

✉)❡ ♥✉♠❡$✐❝❛❧ ✇❡✐❣❤+❡❞ ❝♦♥)+$❛✐♥+)✳ ❚❤❡ ❛♣♣$♦❛❝❤ ❢♦$ ❝♦♠♣❛$✐♥❣ ❝♦♥+❡①+✉❛❧ ❡♥+✐+✐❡)

❤❛) +♦ $❡✢❡❝+ ❤♦✇ ❤✉♠❛♥ ❡①♣❡$+) ❞❡❝✐❞❡ ✇❤❡+❤❡$ +✇♦ ❝♦♥+❡①+✉❛❧ ❡♥+✐+✐❡) ❜❡❧♦♥❣ +♦

+❤❡ )❛♠❡ ❝♦♥+$✐❜✉+♦$✳ ❊①♣❡$+) ❝❛♥ ❣✐✈❡ ❝♦♥+$❛❞✐❝+♦$② ❛♣♣$♦♣$✐❛+✐♦♥) ❛❝❝♦$❞✐♥❣ +♦ ❛

❝$✐+❡$✐♦♥ ♦$ ❛♥♦+❤❡$✱ ❛♥❞ ✇❡ ❞♦ ♥♦+ ✇✐)❤ +♦ ❛❣❣$❡❣❛+❡ +❤❡)❡ ❝♦♠♣❛$✐)♦♥ ✈❛❧✉❡)✳

❚❤❡ ♣❛%&✐&✐♦♥✐♥❣ ♠❡&❤♦❞: ❜❛:❡❞ ♦♥ ❡♥&✐&② %❡:♦❧✉&✐♦♥ ❞♦ ♥♦+ ♥❡❡❞ +♦ ♣$❡❞❡✲

+❡$♠✐♥❡ +❤❡ ♥✉♠❜❡$ ♦❢ ❡①♣❡❝+❡❞ ❡♥+✐+✐❡)✳ ❆ ♣❛$+✐+✐♦♥✐♥❣ ♠❡+❤♦❞ ❛❧❧♦✇) ✉) +♦ ❞✐✈✐❞❡

❛♥ ♦❜❥❡❝+ )❡+ O ✐♥+♦ )✉❜)❡+) )♦ +❤❛+ ❡❛❝❤ ♦❜❥❡❝+ ♦❢ O ✐) ✐♥ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ )✉❜)❡+✳

❚❤♦)❡ )✉❜)❡+) ❛$❡ ❝❛❧❧❡❞ ❝❧❛))❡)✳ ❚❤❡ ❝❧❛))❡) )❡+ ✐) ❛ ♣❛$+✐+✐♦♥✳ ❚❤❡ ♦❜❥❡❝+) +❤❛+ ❛$❡

✐♥ ❛ )❛♠❡ ❝❧❛)) $❡♣$❡)❡♥+ +❤❡ )❛♠❡ ❡♥+✐+②✳

Q❛$+✐+✐♦♥✐♥❣ ♠❡+❤♦❞) ❝❛♥ ❣❡♥❡$❛+❡ ♠❛♥② )✐♥❣❧❡+♦♥) ✭❝❧❛))❡) +❤❛+ ❝♦♥+❛✐♥ ♦♥❧② ❛

)✐♥❣❧❡ ♦❜❥❡❝+✮ ❛♥❞ ❝❧❛))❡) ❝♦♥+❛✐♥✐♥❣ ♦♥❧② ❛ ❢❡✇ ♦❜❥❡❝+)✳
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❝❧♦.❡♥❡.. ❡❞❣❡. ✭❧❛❜❡❧❧❡❞ ✰✮ ❛♥❞ ♦*❤❡'. ❛'❡ ❢❛'♥❡.. ❡❞❣❡. ✭❧❛❜❡❧❧❡❞ ✲✮✳ ❚❤❡ '❡.✉❧* ✐.

❛ ♣❛'*✐*✐♦♥ ♦❢ ❣'❛♣❤ ✈❡'*❡①❡. *❤❛* ♠✐♥✐♠✐③❡. *❤❡ ♥✉♠❜❡' ♦❢ ✉♥.❛*✐.✜❡❞ ❡❞❣❡.✳ ❆♥

❡❞❣❡ ✐. ✉♥.❛*✐.✜❡❞ ✐❢ ✐* ✐. ❛ ❝❧♦.❡♥❡.. ❡❞❣❡ ❜❡*✇❡❡♥ ✈❡'*❡①❡. ✐♥ ❞✐.*✐♥❝* ❝❧❛..❡.✱ ♦' ❛

❢❛'♥❡.. ❡❞❣❡ ❜❡*✇❡❡♥ ✈❡'*❡①❡. ✐♥.✐❞❡ ❛ .❛♠❡ ❝❧❛..✳

❬✷❪ ✐♠♣'♦✈❡. ♦♥ *❤❡ ❛♣♣'♦❛❝❤ ♦❢ ❬✹❪ ❜② ❛❞❞✐♥❣ ❤❛'❞ ❡❞❣❡.✳ ❍❛'❞ ❡❞❣❡. ❝❛♥ ❜❡

❝❧♦.❡♥❡.. ❡❞❣❡. ✭❧❛❜❡❧❧❡❞ always✮ ♦' ❢❛'♥❡.. ❡❞❣❡. ✭❧❛❜❡❧❧❡❞ never✮ ❛♥❞ ❤❛✈❡ *♦ ❜❡

❛❧✇❛②. .❛*✐.✜❡❞ ✐♥ *❤❡ ✜♥❛❧ ♣❛'*✐*✐♦♥ '❡.✉❧*✳ ❚❤❡ ♥✉♠❜❡' ♦❢ ✉♥.❛*✐.✜❡❞ .♠♦♦*❤ ❡❞❣❡.

✭❧❛❜❡❧❧❡❞ ✲ ♦' ✰✮ ✐. ♠✐♥✐♠✐③❡❞ ❧✐❦❡ ✐♥ ❬✹❪✳ ❬✷❪ ✉.❡. *❤❡ *'❛♥.✐*✐✈✐*② ❝♦♥.*'❛✐♥* ❢♦' ❤❛'❞

❡❞❣❡.✳

■♥ *❤✐. ✇♦'❦✱ ✇❡ ✇✐❧❧ ✉.❡ ♣❛'*✐*✐♦♥✐♥❣ .❡♠❛♥*✐❝. ❜❛.❡❞ ♦♥ .②♠❜♦❧✐❝ ✈❛❧✉❡. *❤❛*

✐♠♣'♦✈❡. ♦♥ ❬✹❪ ❜② ❛❧.♦ ❛❝❝❡♣*✐♥❣ ❡❞❣❡. ❧❛❜❡❧❧❡❞ neutral✳

❲❤❡♥ ❛ ❞❛*❛.❡* ✐. *♦♦ ❧❛'❣❡ *♦ ✜* ✐♥ ❝❡♥*'❛❧ ♠❡♠♦'②✱ ✇❡ ❝❛❧❧ ✐* ❛ ❧❛'❣❡ ❞❛*❛.❡*✳ ■❢

*❤❛* ✐. *❤❡ ❝❛.❡✱ ❛ ❧♦* ♦❢ ❛♣♣'♦❛❝❤❡. ♣'❡.❡♥*❡❞ ❤❡'❡ ❞♦ ♥♦* ✜* ❛♥②♠♦'❡ ❜❡❝❛✉.❡ *❤❡

♣'♦♣♦.❡❞ ❛❧❣♦'✐*❤♠. ♣'♦❝❡.. ❡✈❡'②*❤✐♥❣ ❛* *❤❡ .❛♠❡ *✐♠❡✳ ■♥ *❤❛* ❝❛.❡✱ ❞❛*❛ ❝❛♥

❜❡ .♣❧✐* ✐♥ '❡❛.♦♥❛❜❧②✲.✐③❡❞ ❞❛*❛.❡*. ✐♥ ❛ ✇❛② *❤❛* ❞♦❡. ♥♦* ✐♥✢✉❡♥❝❡ *❤❡ ♦❜*❛✐♥❡❞

'❡.✉❧*.✳ ▲❡* ✉. .❡❡ ❤♦✇ *♦ ❞♦ ✐* ✐♥ *❤❡ ♥❡①* ❙❡❝*✐♦♥✳

✷✳✷✳✷ ❙#$❛#❡❣✐❡) ❢♦$ ❧❛$❣❡ ❞❛#❛)❡#)

❲❤❡♥ .♦♠❡♦♥❡ ✇❛♥*. *♦ ❛♣♣❧② ❛♥ ❛❧❣♦'✐*❤♠ ♦❢ ❡♥*✐*② '❡.♦❧✉*✐♦♥ ♦♥ ❛ ❧❛'❣❡ ❞❛*❛.❡*

O✱ *❤✐. ♦❜❥❡❝* .❡* ❝❛♥ ❜❡ *♦♦ ❧❛'❣❡ ❢♦' *❤❡ ❞❡.✐'❡❞ ❛❧❣♦'✐*❤♠✳ ■♥ *❤✐. ❝❛.❡✱ ✇❡ ❝❛♥ ✉.❡

❜❧♦❝❦✐♥❣ ♦' ❝❛♥♦♣② .*'❛*❡❣✐❡. ✐♥ ♦'❞❡' *♦ ❞✐✈✐❞❡ O ✐♥*♦ .✉❜.❡*. ✇❤✐❝❤ ❝❛♥ ❜❡ *'❡❛*❡❞

♦♥❡ ❜② ♦♥❡✳ ▲❡* ✉. ❞❡*❛✐❧ *❤♦.❡ .*'❛*❡❣✐❡.✳

❇❧♦❝❦% ❚❤❡ ❜❧♦❝❦✐♥❣ .*'❛*❡❣② ❝♦♥.✐.*. ✐♥ ❞✐✈✐❞✐♥❣ *❤❡ ♦❜❥❡❝* .❡* O ✐♥*♦ .✉❜.❡*.

✭❝❛❧❧❡❞ ❜❧♦❝❦.✮ ✇❤✐❝❤ ✇✐❧❧ ❜❡ *'❡❛*❡❞ .❡♣❛'❛*❡❧②✳ ❊❛❝❤ ♦❜❥❡❝* ♦❢ O ✐. ✐♥ ♦♥❡ ❛♥❞ ♦♥❧②

♦♥❡ ❜❧♦❝❦✳ ❖♥❝❡ ✐* ✐. ❞♦♥❡✱ ❛♥ ❛❧❣♦'✐*❤♠ *❤❛* .♦❧✈❡. ❛♥ ❡♥*✐*② '❡.♦❧✉*✐♦♥ ♣'♦❜❧❡♠ ✐.

❛♣♣❧✐❡❞ ♦♥ ❡❛❝❤ ❜❧♦❝❦✳ ❚❤✐. ✐♠♣❧✐❡. *❤❛*✿

❼ *❤❡ ❜❧♦❝❦. ❝❛♥ ❜❡ *'❡❛*❡❞ ✐♥ ♣❛'❛❧❧❡❧✱ ✐♥❞❡♣❡♥❞❡♥*❧② ♦❢ ❡❛❝❤ ♦*❤❡' ❬✹✸❪❀

❼ ✐❢ *✇♦ ♦❜❥❡❝*. '❡♣'❡.❡♥* *❤❡ .❛♠❡ ❡♥*✐*② ❜✉* ❛'❡ ♥♦* ✐♥ *❤❡ .❛♠❡ ❜❧♦❝❦✱ *❤❡②

✇✐❧❧ ♥♦* ❜❡ ❞❡*❡❝*❡❞✳ ■* ✐. ✐♠♣♦'*❛♥* *♦ ❛..✉♠❡ *❤❛* ❡❛❝❤ ♦❜❥❡❝* ✐. ✐♥ *❤❡ .❛♠❡

❜❧♦❝❦ ❛. ❛❧❧ ♦❜❥❡❝*. *❤❛* ❝❛♥ '❡❢❡' *♦ *❤❡ .❛♠❡ ❡♥*✐*②✳

❚❤❡ ❜❧♦❝❦✐♥❣ .*'❛*❡❣② ✐. ♦❢*❡♥ ❜❛.❡❞ ♦♥ ❛ ❜❧♦❝❦✐♥❣ ❢✉♥❝*✐♦♥ ✉.✐♥❣ ❛ ❤❛.❤ ❦❡②

✭❢♦' ❡①❛♠♣❧❡✱ ✸ ✜'.* ❧❡**❡'. ♦❢ *❤❡ ♥❛♠❡ ♦❢ ❛ ♣❡'.♦♥ ❞❡.❝'✐♣*✐♦♥✮✳ ❖❜❥❡❝*. ❛'❡ ✐♥ *❤❡

.❛♠❡ ❜❧♦❝❦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ *❤❡② .❤❛'❡ *❤❡ .❛♠❡ ❦❡② ✈❛❧✉❡✳

❯♥❢♦'*✉♥❛*❡❧②✱ *❤❡ ♠❡*❤♦❞ ❝❛♥ ❜❡ ✐♥.✉✣❝✐❡♥* ✐♥ ♦'❞❡' *♦ ♦❜*❛✐♥ ❜❧♦❝❦. ♦❢ ❛ ♠❛♥✲

❛❣❡❛❜❧❡ .✐③❡ ✭*❤❡ ❙✉❞♦❝ ❝♦♥*❛✐♥. ✻✹✷✸ ❞♦❝✉♠❡♥* ❞❡.❝'✐♣*✐♦♥. *❤❛* ❤❛✈❡ ❛ ❝♦♥*'✐❜✉*♦'

♥❛♠❡❞ ✏❉✉♣♦♥*✑✮✳ ■* ✐. ♣♦..✐❜❧❡ *♦ ❝♦♠❜✐♥❡ ❦❡②. ❬✺✽❪ ❬✷✻❪ ♦' *♦ ♣'♦❝❡❡❞ ❜② ❧❡❛'♥✐♥❣

❛ ❜❧♦❝❦✐♥❣ ❢✉♥❝*✐♦♥❬✶✵❪✳
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❲❤❡♥ &❤❡ ✉(❡❞ ❛❧❣♦.✐&❤♠ ❢♦. ❡♥&✐&② .❡(♦❧✉&✐♦♥ ✐( (❡♥(✐&✐✈❡ &♦ &❤❡ ❧✐♥❦( ❜❡&✇❡❡♥

♦❜❥❡❝&(✱ &♦ ❞❡❝✐❞❡ &❤❛& &✇♦ ♦❜❥❡❝&( .❡♣.❡(❡♥& &❤❡ (❛♠❡ ❡♥&✐&② ✐♥ ♦♥❡ ❜❧♦❝❦ ❝❛♥ ❛✛❡❝&

❞❡❝✐(✐♦♥( ✐♥ ♦&❤❡. ❜❧♦❝❦(✳ ❚❤❡ ❝❛♥♦♣② (&.❛&❡❣② ✐( ❛ (♦❧✉&✐♦♥ &♦ &❤✐( ✐((✉❡✳

❈❛♥♦♣② &'(❛'❡❣② ❆ ❢✉♥❝&✐♦♥ ✐( ✉(❡❞ &♦ (❡♣❛.❛&❡ &❤❡ ♦❜❥❡❝& (❡& O ✐♥&♦ (✉❜(❡&(

❝❛❧❧❡❞ ❝❛♥♦♣✐❡(✳ ❈♦♥&.❛.② &♦ ❜❧♦❝❦(✱ ❝❛♥♦♣✐❡( ❝❛♥ (❤❛.❡ (♦♠❡ ♦❜❥❡❝&(✳

❬✺✻❪ ♦♥❧② ❝♦♠♣❛.❡( ♦❜❥❡❝&( &❤❛& (❤❛.❡ ❛ (❛♠❡ ❝❛♥♦♣②✳ ❬✻✽❪ ✇♦.❦( ✉♥❞❡. &❤❡

❤②♣♦&❤❡(✐( &❤❛& ❢✉(✐♥❣ &✇♦ ♦❜❥❡❝&( ✐♥ ❛ ❝❛♥♦♣② ❝❛♥ .❡✈❡❛❧ &❤❡ .❡❧❡✈❛♥❝❡ ♦❢ ❢✉(✐♥❣

♦&❤❡. ♦❜❥❡❝& ❝♦✉♣❧❡( ✐♥ &❤❡ ♥❡✐❣❤❜♦✉. ❝❛♥♦♣✐❡(✳ ❚✇♦ ❝❛♥♦♣✐❡( ❛.❡ ♥❡✐❣❤❜♦✉.( ✐❢

&❤❡② (❤❛.❡ ❛♥ ♦❜❥❡❝& ♦. ♠♦.❡✳ ■♥ ♦.❞❡. &♦ ❛♥(✇❡. &❤✐( ♣.♦❜❧❡♠✱ &❤❡ (♦❧✉&✐♦♥ ✐( &❤❡

❢♦❧❧♦✇✐♥❣✿

✶✳ ❊♥✉♠❡.❛&❡ ❛❧❧ ❝❛♥♦♣✐❡( ♦♥ O✳ ▼❛.❦ &❤❡♠ ❛( ✏&♦ &.❡❛&✑✳

✷✳ ❙❡❧❡❝& ❛ ❝❛♥♦♣② c ✇❤✐❝❤ ✐( ✏&♦ &.❡❛&✑✱ ♠❛.❦ ✐& ✏&.❡❛&❡❞✑ ❛♥❞ &.❡❛& ✐&✳

✸✳ ■❢ &❤❡.❡ ❛.❡ (♦♠❡ ♦❜❥❡❝&( .❡❝♦❣♥✐③❡❞ ❛( .❡♣.❡(❡♥&✐♥❣ &❤❡ (❛♠❡ ❡♥&✐&②✱ ❢✉(❡ &❤❡♠

❛♥❞ ♠❛.❦ &❤❡ ♥❡✐❣❤❜♦✉. ❝❛♥♦♣✐❡( ❛( ✏&♦ &.❡❛&✑✳

✹✳ ❘❡&✉.♥ &♦ (&❡♣ ✷ ✉♥&✐❧ &❤❡.❡ ❛.❡ ♥♦ ♠♦.❡ ❝❛♥♦♣✐❡( ✏&♦ &.❡❛&✑✳

+♦&✐'✐♦♥✐♥❣ ■♥ ♦✉. ❛♣♣.♦❛❝❤✱ &❤❡ ❙✉❞♦❝ ✐( ❞✐✈✐❞❡❞ ✐♥&♦ (✉❜(❡&( ✇❤✐❝❤ ❝❛♥ ♦✈❡.❧❛♣✱

❧✐❦❡ ❝❛♥♦♣✐❡(✳ ❚♦ ✜♥❞ ❛♥ ❡..♦♥❡♦✉( ❧✐♥❦ ✐♥ ❛ ❝❛♥♦♣② ❝❛♥ ❜❡ ❤❡❧♣❢✉❧ &♦ ✜♥❞ ♦&❤❡.

❡..♦♥❡♦✉( ❧✐♥❦( ✐♥ ♥❡✐❣❤❜♦✉. ❝❛♥♦♣✐❡( ❜❡❝❛✉(❡ ❞♦❝✉♠❡♥&( &❤❛& (❤❛.❡ ❛ ❝♦♥&.✐❜✉&♦.

❛.❡ ❧✐❦❡❧② &♦ (❤❛.❡ ❛♥♦&❤❡. ❝♦♥&.✐❜✉&♦.✱ ❡(♣❡❝✐❛❧❧② ✐❢ &❤❡② ❤❛✈❡ &❤❡ (❛♠❡ ♥❛♠❡✳ ❚❤✐(

✇✐❧❧ ❜❡ .❡♣.❡(❡♥&❡❞ ❜② ❛ ❝.✐&❡.✐♦♥ ✐♥ ❈❤❛♣&❡. ✹✳ ❆❞❞✐♥❣ &❤❡ ♣.♦❝❡(( ♦❢ ❬✻✽❪ &♦ ♦✉. ❡.✲

.♦♥❡♦✉( ❧✐♥❦ ❞❡&❡❝&✐♦♥ ♣.♦❝❡(( ✇✐❧❧ ❛❧❧♦✇ ✉( &♦ ❢✉❧❧② ✉(❡ ❝♦✲❝♦♥&.✐❜✉&✐♦♥ .❡❧❛&✐♦♥(❤✐♣(

✐♥ ❛ ❢✉&✉.❡ ❞❡✈❡❧♦♣♠❡♥&✳

▲❡& ✉( ❞❡&❛✐❧ &❤❡ ❛♣♣.♦❛❝❤ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣&❡.✳
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❈❤❛♣$❡& ✸

❆♣♣&♦❛❝❤

❚❤❡ ❙✉❞♦❝

✶

❤❛) ❜❡❡♥ ❛ ❋-❡♥❝❤ ❝♦❧❧❡❝/✐✈❡ ❝❛/❛❧♦❣ ♠❛♥❛❣❡❞ ❜② ❆❇❊❙ ✭❋-❡♥❝❤ ❇✐❜✲

❧✐♦❣-❛♣❤✐❝ ❆❣❡♥❝② ❢♦- ❍✐❣❤❡- ❊❞✉❝❛/✐♦♥✮ )✐♥❝❡ ✷✵✵✶✳ ■/ ❝♦♥/❛✐♥) ❛-♦✉♥❞ ✶✵ ♠✐❧✲

❧✐♦♥ ❞♦❝✉♠❡♥/ ❞❡)❝-✐♣/✐♦♥) ✭❝❛❧❧❡❞ ❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦+✐❝❡-✮ ❛♥❞ ♣❡-)♦♥ ❞❡)❝-✐♣/✐♦♥)

✭❝❛❧❧❡❞ ❛✉+❤♦%✐+② ♥♦+✐❝❡-✮✳ ❇✐❜❧✐♦❣-❛♣❤✐❝ ♥♦/✐❝❡) ❛-❡ ❧✐♥❦❡❞ /♦ )♦♠❡ ❛✉/❤♦-✐/② ♥♦✲

/✐❝❡) ❜② ❧✐♥❦-✳ ❚❤♦)❡ ❧✐♥❦) -❡♣-❡)❡♥/ /❤❡ ❢❛❝/ /❤❛/ ❛ ♣❡-)♦♥ ✐) )✉♣♣♦)❡❞ /♦ ❤❛✈❡

❝♦♥/-✐❜✉/❡❞ /♦ ❛ ❞♦❝✉♠❡♥/✱ ❛) ❛♥ ❛✉/❤♦- ♦- ✐❧❧✉)/-❛/♦- ❢♦- ❡①❛♠♣❧❡✳ ❙✉❞♦❝ ♥♦/✐♦♥)

✇✐❧❧ ❜❡ ❞❡/❛✐❧❡❞ ✐♥ ❈❤❛♣/❡- ✹✳

■♥ /❤✐) ❈❤❛♣/❡-✱ ✇❡ ✇✐❧❧ ❞❡/❛✐❧ /❤❡ -❡❛❧✲✇♦-❧❞ ♣-♦❜❧❡♠ ❢♦- ❧✐❜-❛-✐❛♥) ✉)✐♥❣ ❙✉❞♦❝

✐♥ ❙❡❝/✐♦♥ ✸✳✶✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ♣-♦♣♦)❡ ♦✉- ❛♣♣-♦❛❝❤ /♦ )♦❧✈❡ /❤✐) ♣-♦❜❧❡♠ ✐♥ ❙❡❝/✐♦♥

✸✳✷✳

✸✳✶ ■$$✉❡ ✐♥ ❙✉❞♦❝

❊✈❡-②/❤✐♥❣ )/❛-/) ✇✐/❤ ❛ ❧✐❜-❛-✐❛♥ ✇❤♦ ❤❛) ❛ ❜♦♦❦ ♦♥ ❤✐) /❛❜❧❡✱ ❛♥❞ ♠✉)/ -❡❢❡-❡♥❝❡ ✐/

✐♥ /❤❡ ❙✉❞♦❝ ❞❛/❛❜❛)❡✳ ■♥❞❡❡❞✱ ♦♥❡ ♦❢ /❤❡ ♠♦)/ ✐♠♣♦-/❛♥/ /❛)❦) ❢♦- ❆❇❊❙ ❡①♣❡-/)

✐) /♦ -❡❢❡-❡♥❝❡ ❛ ♥❡✇ ❜♦♦❦ ✐♥ ❙✉❞♦❝✳ ❚♦ /❤✐) ❡♥❞✱ /❤❡ ❡①♣❡-/ ❤❛) /♦ -❡❣✐)/❡- ✐/)

/✐/❧❡✱ ♥✉♠❜❡- ♦❢ ♣❛❣❡)✱ /②♣❡ ♦❢ ♣✉❜❧✐❝❛/✐♦♥ ❞♦♠❛✐♥)✱ ❧❛♥❣✉❛❣❡✱ ♣✉❜❧✐❝❛/✐♦♥ ❞❛/❡✱ ❛♥❞

)♦ ♦♥✱ ✐♥ ❛ ♥❡✇ ❜✐❜❧✐♦❣-❛♣❤✐❝ ♥♦/✐❝❡✳ ❚❤✐) ♥❡✇ ❜✐❜❧✐♦❣-❛♣❤✐❝ ♥♦/✐❝❡ -❡♣-❡)❡♥/) /❤❡

♣❤②)✐❝❛❧ ❜♦♦❦ /❤❛/ /❤❡ ❧✐❜-❛-✐❛♥ ✐) -❡❣✐)/❡-✐♥❣✳ ✭❙✮❤❡ ❛❧)♦ ❤❛) /♦ -❡❣✐)/❡- /❤❡ ♣❡-)♦♥)

✇❤♦ ♣❛-/✐❝✐♣❛/❡❞ ✐♥ /❤❡ ❜♦♦❦✬) ❝-❡❛/✐♦♥ ✭♥❛♠❡❧② /❤❡ ❝♦♥+%✐❜✉+♦%-✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡)

❛✉/❤♦-)✱ ✐❧❧✉)/-❛/♦-)✱ /-❛♥)❧❛/♦-)✱ /❤❡)✐) ❛❞✈✐)♦- ❛♥❞ )♦ ♦♥✮✳

■♥ ♦-❞❡- /♦ ❞♦ /❤❛/✱ ❢♦- ❡❛❝❤ ❝♦♥/-✐❜✉/♦-✱ ✭)✮❤❡ )❡❧❡❝/) ❡✈❡-② ❛✉/❤♦-✐/② ♥♦/✐❝❡

✭♥❛♠❡❞ ❝❛♥❞✐❞❛+❡-✮ /❤❛/ ❤❛) ❛ ♥❛♠❡ ❛♥❞ )✉-♥❛♠❡ ✭❝❛❧❧❡❞ ❛♣♣❡❧❧❛+✐♦♥✮ )✐♠✐❧❛-

/♦ /❤❡ ❜♦♦❦ ❝♦♥/-✐❜✉/♦-✳ ❯♥❢♦-/✉♥❛/❡❧②✱ /❤❡-❡ ✐) ♥♦/ ♠✉❝❤ ✐♥❢♦-♠❛/✐♦♥ ✐♥ ❛✉/❤♦-✐/②

♥♦/✐❝❡) ❜❡❝❛✉)❡ /❤❡ ❧✐❜-❛-✐❛♥)✬ ♣♦❧✐❝② ✐) /♦ ❣✐✈❡ ♠✐♥✐♠❛❧ ✐♥❢♦-♠❛/✐♦♥✱ )♦❧❡❧② ✐♥ ♦-❞❡-

/♦ ❞✐)/✐♥❣✉✐)❤ /✇♦ ❛✉/❤♦-✐/② ♥♦/✐❝❡) /❤❛/ ❤❛✈❡ /❤❡ )❛♠❡ ❛♣♣❡❧❧❛/✐♦♥✱ ❛♥❞ ♥♦/❤✐♥❣

♠♦-❡✳ ❙♦ /❤❡ ❧✐❜-❛-✐❛♥ ❤❛) /♦ ❧♦♦❦ ❛/ /❤❡ ❜✐❜❧✐♦❣-❛♣❤✐❝ ♥♦/✐❝❡) /❤❛/ ❛-❡ ❧✐♥❦❡❞ /♦

✶

❆ ♣✉❜❧✐❝ ❛✉❞✐❡♥❝❡ ✈❡,-✐♦♥ ♦❢ ❙✉❞♦❝ ✐- ❛✈❛✐❧❛❜❧❡ ♦♥ 1❤❡ ✇❡❜-✐1❡

http://en.abes.fr/Sudoc/The-Sudoc-catalog✳

✸✸



✸✹ ❈❍❆#❚❊❘ ✸✳ ❆##❘❖❆❈❍

"❤❡ ❛✉"❤♦(✐"② ♥♦"✐❝❡ ❝❛♥❞✐❞❛"❡. ✭"❤❡ ❜✐❜❧✐♦❣%❛♣❤② ♦❢ ❝❛♥❞✐❞❛"❡.✮ ✐♥ ♦(❞❡( "♦ ❞❡❝✐❞❡

✇❤❡"❤❡( "❤❡ ❜♦♦❦ ❛" ❤❛♥❞. .❡❡♠. "♦ ❜❡ ♣❛(" ♦❢ "❤❡ ❜✐❜❧✐♦❣(❛♣❤② ♦❢ ❛ ♣❛("✐❝✉❧❛(

❝❛♥❞✐❞❛"❡✳ ■❢ ✐" ✐. "❤❡ ❝❛.❡✱ ✭.✮❤❡ ❧✐♥❦. "❤❡ ♥❡✇ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦"✐❝❡ "♦ "❤✐. ❝❛♥❞✐❞❛"❡

❛♥❞ ❧♦♦❦. ❛" "❤❡ ♥❡①" ✉♥❧✐♥❦❡❞ ❝♦♥"(✐❜✉"♦(✳ ■❢ "❤❡(❡ ✐. ♥♦ ❣♦♦❞ ❝❛♥❞✐❞❛"❡✱ ✭.✮❤❡

❝(❡❛"❡. ❛ ♥❡✇ ❛✉"❤♦(✐"② ♥♦"✐❝❡ "♦ (❡♣(❡.❡♥" "❤❡ ❝♦♥"(✐❜✉"♦(✳

▲❡" ✉. ✐❧❧✉."(❛"❡ "❤✐. ♦♥ ❋✐❣✉(❡ ✸✳✶✳

❋✐❣✉(❡ ✸✳✶✿ ▲✐♥❦❛❣❡ ♦❢ ❛ ♥❡✇ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦"✐❝❡

❚❤✐. "❛.❦ ✐. ❢❛."✐❞✐♦✉. ❜❡❝❛✉.❡ ✐" ✐. ♣♦..✐❜❧❡ "♦ ❤❛✈❡ ❛ ❧♦" ♦❢ ❝❛♥❞✐❞❛"❡. ❢♦( ❛

.✐♥❣❧❡ ❝♦♥"(✐❜✉"♦( ✭❛. ♠❛♥② ❛. ✷✼ ❢♦( ❛ ❝♦♥"(✐❜✉"♦( ♥❛♠❡❞ ✏❇❡"♥❛"❞✱ ❆❧❛✐♥✑✮✳

❚❤❡ ❙✉❞♦❝❆❞ ♣(♦❥❡❝" ❬✷✵❪ ♣(♦♣♦.❡. ❛ ❞❡❝✐.✐♦♥ .✉♣♣♦(" .②."❡♠ "♦ ❛..✐." ❧✐❜(❛(✐❛♥.

"♦ ❝❤♦♦.❡ ❛✉"❤♦(✐"② ♥♦"✐❝❡.✳ ❍♦✇❡✈❡(✱ "❤❡ ❙✉❞♦❝❆❞ ♣(♦❥❡❝" (❡❧✐❡. ♦♥ "❤❡ ❤②♣♦"❤❡.✐.

"❤❛" "❤❡ ❡①✐."✐♥❣ ❞❛"❛ ✐♥ "❤❡ ❙✉❞♦❝ ❛(❡ ❝❧❡❛♥✱ ❛♥❞ ♥❛♠❡❧②✿

✶✳ "❤❡(❡ ❛(❡ ♥♦ ❞✐."✐♥❝" ❛✉"❤♦(✐"② ♥♦"✐❝❡. ❞❡.❝(✐❜✐♥❣ ♦♥❡ (❡❛❧✲✇♦(❧❞ ♣❡(.♦♥✱

✷✳ ❡❛❝❤ ❝♦♥"(✐❜✉"♦(✬. ♥❛♠❡ ✐♥ ❛ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦"✐❝❡ ✐. ❧✐♥❦❡❞ "♦ "❤❡ ✏❝♦((❡❝"✑

❛✉"❤♦(✐"② ♥♦"✐❝❡✱ ❛♥❞

✸✳ ❢♦( ❡❛❝❤ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦"✐❝❡ ❛♥❞ ❛✉"❤♦(✐"② ♥♦"✐❝❡✱ "❤❡(❡ ❛(❡ ♥♦ ♠✐."❛❦❡. ❜✐❣❣❡(

"❤❛♥ ♠✐..♣❡❧❧✐♥❣. ✐♥ ✐". ❛""(✐❜✉"❡.✬ ✈❛❧✉❡. ✳

❯♥❢♦("✉♥❛"❡❧②✱ .♦♠❡ ♣❡(.♦♥. ❛(❡ (❡♣(❡.❡♥"❡❞ ❜② .❡✈❡(❛❧ ❛✉"❤♦(✐"② ♥♦"✐❝❡. ❛♥❞

"❤❡(❡ ❛(❡ ❛❧(❡❛❞② ❧✐♥❦ ✐..✉❡. ✐♥ ❙✉❞♦❝✳ ❚♦ ❝(❡❛"❡ ♥❡✇ ❧✐♥❦. ❜❛.❡❞ ♦♥ ❡①✐."✐♥❣ ❡((♦✲

♥❡♦✉. ❧✐♥❦. ❝(❡❛"❡. ❡((♦(.✱ ✇❤✐❝❤ ✐♥ "✉(♥ ❝❛♥ ❝(❡❛"❡ ♥❡✇ ❡((♦(. .✐♥❝❡ ❧✐♥❦✐♥❣ ✐. ❛♥

✐♥❝(❡♠❡♥"❛❧ ♣(♦❝❡..✳ ❙♦ ✇❡ (❡❧❡❛.❡ ❤②♣♦"❤❡.❡. ✶ ❛♥❞ ✷ ❛♥❞ ❢♦❝✉. ♦♥ ❡((♦♥❡♦✉. ❧✐♥❦

❞❡"❡❝"✐♦♥✳ ❚❤✐. ✇✐❧❧ ❛❧❧♦✇ ✉. "♦ ❡✈❛❧✉❛"❡ "❤❡ Q✉❛❧✐"② ♦❢ ❝♦♥"(✐❜✉"♦( ❧✐♥❦. ✐♥ ❙✉❞♦❝

❛♥❞ ✐♠♣(♦✈❡ ✐"✳ ▲❡" ✉. ❡①♣❧❛✐♥ ♦✉( ❛♣♣(♦❛❝❤ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝"✐♦♥✳



✸✳✷✳ ❆$$❘❖❆❈❍✿ ❚❖ ❉❊❚❊❈❚ ❆◆❉ ❘❊$❆■❘ ❊❘❘❖◆❊❖❯❙ ▲■◆❑❙ ■◆ ❙❯❉❖❈✸✺

✸✳✷ ❆♣♣%♦❛❝❤✿ +♦ ❞❡+❡❝+ ❛♥❞ %❡♣❛✐% ❡%%♦♥❡♦✉1 ❧✐♥❦1

✐♥ ❙✉❞♦❝

■♥ ♦%❞❡% (♦ ❤❡❧♣ ❡①♣❡%(- (♦ %❡♣❛✐% ❡%%♦♥❡♦✉- ❧✐♥❦-✱ ✇❡ ♣%♦♣♦-❡ ❛ ♠❡(❤♦❞ ❢♦% (❤❡ ❞❡✲

(❡❝(✐♦♥ ❛♥❞ (❤❡ %❡♣❛✐% ♦❢ ❧✐♥❦- ❜❡(✇❡❡♥ ❛✉(❤♦%✐(② ♥♦(✐❝❡- ❛♥❞ ❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦(✐❝❡-✳

❚❤❡ ❋✐❣✉%❡ ✸✳✷ ♣%❡-❡♥(- ❛ -❝❤❡♠❛ ♦❢ (❤❡ ♠❡(❤♦❞✱ ❛♥❞ ✐♥❞✐❝❛(❡- ✇❤✐❝❤ ♣❛%( ✐- ❞❡(❛✐❧❡❞

✐♥ ✇❤✐❝❤ ❈❤❛♣(❡%✳ ❚❤✐- ♠❡(❤♦❞ ✐- -✉♠♠❡❞ ✉♣ ✐♥ ❋✐❣✉%❡ ✸✳✷ ❛♥❞ ♣%❡-❡♥(❡❞ ✐♥ ❬✷✹❪✳

❚❤✐- ♠❡(❤♦❞ ✐- ❛ ✇❛② (♦ ❛♥-✇❡% (❤❡ ❘❡-❡❛%❝❤ ◗✉❡-(✐♦♥ ♣%❡-❡♥(❡❞ ♣❛❣❡ ✶✻✿ ✏❍♦✇ #♦

❞❡#❡❝# ❛♥❞ )❡♣❛✐) ❡))♦♥❡♦✉- ❧✐♥❦- ✐♥ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❞❛#❛❜❛-❡ ✉-✐♥❣ 3✉❛❧✐✲

#❛#✐✈❡ ♠❡#❤♦❞-❄ ✑✳ ❚❤❡%❡ ❛%❡ ❢♦✉% -(❡♣- %❡♣%❡-❡♥(❡❞ ♦♥ ❋✐❣✉%❡ ✸✳✷✳ ▲❡( ✉- ❞❡(❛✐❧ (❤❡♠

-(❡♣ ❜② -(❡♣✳

❋✐❣✉%❡ ✸✳✷✿ ●❡♥❡%❛❧ ❛♣♣%♦❛❝❤

✸✳✷✳✶ ❙%❡♣ ✶✿ ✜♥❞✐♥❣ ❛ ❙✉❞♦❝ 2✉❜2❡%

❙(❡♣ ✶ ❝♦♥-✐-(- ✐♥ ❡♥❝♦❞✐♥❣ ❧✐♥❦- ❜❡(✇❡❡♥ ❛✉(❤♦%✐(② ♥♦(✐❝❡- ❛♥❞ ❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦(✐❝❡-

❛- ❝♦♥#❡①#✉❛❧ ❡♥#✐#✐❡*✱ ✇❤✐❝❤ ❝♦%%❡-♣♦♥❞ (♦ ❛ ❞♦❝✉♠❡♥( ❢%♦♠ (❤❡ ♣♦✐♥( ♦❢ ✈✐❡✇ ♦❢

♦♥❡ ♦❢ ✐(- ❝♦♥(%✐❜✉(♦%-✱ ❛- ✐( ✐- ❞❡(❛✐❧❡❞ ✐♥ ❈❤❛♣(❡% ✹ ❛♥❞ ❬✷✹❪❬✸✼❪✳ ❚❤❡ ❛♣♣❡❧❧❛(✐♦♥ ♦❢



✸✻ ❈❍❆#❚❊❘ ✸✳ ❆##❘❖❆❈❍

❛ ❝♦♥&❡①&✉❛❧ ❡♥&✐&② ❝♦--❡.♣♦♥❞. &♦ &❤❡ ❛♣♣❡❧❧❛&✐♦♥ ♦❢ &❤❡ ✏-❡♣-❡.❡♥&❡❞✑ ❝♦♥&-✐❜✉&♦-✳
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❲❡ ♣)❡0❡♥*❡❞ *❤❡ ❣❧♦❜❛❧ ❛♣♣)♦❛❝❤ ♦❢ ❞❡*❡❝*✐♥❣ ❛♥❞ )❡♣❛✐)✐♥❣ ❧✐♥❦0 ✐♥ ❛ ❜✐❜❧✐✲

♦❣)❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛0❡✳ ❚❤✐0 ❛♣♣)♦❛❝❤ ✐0 ❛❞❛♣*❡❞ *♦ *❤❡ ❙✉❞♦❝ ❜✐❜❧✐♦❣)❛♣❤✐❝

❦♥♦✇❧❡❞❣❡ ❜❛0❡✳ ❲❡ ✇✐❧❧ ♥♦✇ ❞❡*❛✐❧ ❙✉❞♦❝ ♥♦*✐♦♥0 ✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣*❡)✳



❈❤❛♣$❡& ✹

❇❛)✐❝ ♥♦$✐♦♥)

❚❤❡ ❙✉❞♦❝ ✐) ❛ ❜✐❜❧✐♦❣.❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❞❛3❛❜❛)❡✳ ■3 ✐) ✉)❡❞ 3♦ ♣✉3 3♦❣❡3❤❡. 3❤❡

❝❛3❛❧♦❣✉❡) ♦❢ ❋.❡♥❝❤ ✉♥✐✈❡.)✐3✐❡) ❧✐❜.❛.✐❡)✳

❚❤❡ ❙✉❞♦❝ ❝♦♥3❛✐♥) ❛.♦✉♥❞ ✶✵ ♠✐❧❧✐♦♥ ❞♦❝✉♠❡♥3 ❞❡)❝.✐♣3✐♦♥) ✭♥❛♠❡❞ ❜✐❜❧✐♦✲

❣&❛♣❤✐❝ ♥♦,✐❝❡.✮ ❛♥❞ ✷ ♠✐❧❧✐♦♥ ♣❡.)♦♥ ❞❡)❝.✐♣3✐♦♥) ✭♥❛♠❡❞ ❛✉,❤♦&✐,② ♥♦,✐❝❡.✮✳

❲❤❡♥ ❛ ♣❡.)♦♥ ❤❛) ❝♦♥3.✐❜✉3❡❞ 3♦ ❛ ❞♦❝✉♠❡♥3✱ 3❤❡.❡ ✐) ❛ ❝♦♥,&✐❜✉,♦& ❧✐♥❦ ❜❡3✇❡❡♥

3❤❡✐. ❞❡)❝.✐♣3✐♦♥)✳ ❈♦♥3.✐❜✉3♦. ❧✐♥❦) ❛.❡ ❛❜✉)✐✈❡❧② ♥❛♠❡❞ ❧✐♥❦) ✐♥ 3❤❡ .❡♠✐♥❞❡. ♦❢

3❤✐) ❞♦❝✉♠❡♥3✱ ✉♥❧❡)) )♣❡❝✐✜❡❞ ♦3❤❡.✇✐)❡✳

❋♦. ❡❛❝❤ ❝♦♥3.✐❜✉3♦. ❧✐♥❦✱ ✇❡ ❝.❡❛3❡ ❛ ❝♦♥3❡①3✉❛❧ ❡♥3✐3② .❡♣.❡)❡♥3✐♥❣ ✐3✳ ❚❤♦)❡

❝♦♥3❡①3✉❛❧ ❡♥3✐3✐❡) ❛.❡ ❝♦♠♣❛.❡❞ 3♦ ❡❛❝❤ ♦3❤❡. 3♦ ❞❡3❡❝3 ❡..♦♥❡♦✉) ❧✐♥❦) ✐♥ ♦.❞❡. 3♦

.❡♣❛✐. 3❤❡♠✱ ❛) ✐3 ❤❛) ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣3❡. ✸✳ ❈.✐3❡.✐❛ ✉)❡❞ 3♦ ❝♦♠♣❛.❡ 3❤❡♠

❛.❡ ❞❡✜♥❡❞ ❛♥❞ ❞❡3❛✐❧❡❞ ✐♥ ❙❡❝3✐♦♥ ✹✳✷✳ ▲❡3 ✉) )3❛.3 ❜② ❞❡✜♥✐♥❣ ❛♥❞ ❢♦.♠❛❧✐)✐♥❣

❙✉❞♦❝ ♥♦3✐♦♥)✳

✹✳✶ ❋♦%♠❛❧✐③❛+✐♦♥ ♦❢ ❙✉❞♦❝

■♥ 3❤✐) ❙❡❝3✐♦♥✱ ✇❡ ♣.❡)❡♥3 3❤❡ ❢♦.♠❛❧✐③❛3✐♦♥ ♦❢ ❙✉❞♦❝ ♥♦3✐♦♥)✳ ❙❡✈❡.❛❧ ❢♦.♠❛❧✐③❛3✐♦♥)

♦❢ ❙✉❞♦❝ ❛.❡ ❝✉.❡♥3❧② ❛✈❛✐❧❛❜❧❡✱ ❛) ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝3✐♦♥ ✹✳✶✳✶✳ ❲❡ ♣.❡)❡♥3 3❤❡ ✇❛②

✇❡ ❢♦.♠❛❧✐)❡❞ ❛✉3❤♦.✐3② ♥♦3✐❝❡) ✭❙❡❝3✐♦♥ ✹✳✶✳✷✮✱ ❜✐❜❧✐♦❣.❛♣❤✐❝ ♥♦3✐❝❡) ✭❙❡❝3✐♦♥ ✹✳✶✳✸✮

❛♥❞ ❧✐♥❦) ❜❡3✇❡❡♥ 3❤❡♠ ✭❙❡❝3✐♦♥ ✹✳✶✳✹✮ ❜❡❢♦.❡ ❞❡✜♥✐♥❣ ✐♥3❡.❡)3✐♥❣ ❙✉❞♦❝ )✉❜)❡3)

✭❙❡❝3✐♦♥ ✹✳✶✳✺✮✳

✹✳✶✳✶ ❙❡✈❡&❛❧ ❙✉❞♦❝ ❢♦&♠❛❧✐③❛1✐♦♥3

■♥ 3❤✐) ❙❡❝3✐♦♥✱ ✇❡ ✇✐❧❧ ♣.❡)❡♥3 ✸ ✈❡.)✐♦♥) ♦❢ ❙✉❞♦❝✿ 3❤❡ ♦.✐❣✐♥❛❧ ▼❆❘❈ ✈❡.)✐♦♥✱ 3❤❡

❘❉❋✭❙✮ ✈❡.)✐♦♥ ✉)❡❞ ❜② 3❤❡ ❙✉❞♦❝❆❞ ♣.♦❥❡❝3✱ ❛♥❞ 3❤❡ ♥✲3.✐♣❧❡) ✈❡.)✐♦♥ ✉)❡❞ ✐♥ 3❤✐)

3❤❡)✐)✳

▼❆❘❈ ✈❡&.✐♦♥✳ ❚❤❡ ❙✉❞♦❝ ✐) ✐♥✐3✐❛❧❧② ❝♦❞❡❞ ✐♥ 3❤❡ ▼❆❘❈ ❧❛♥❣✉❛❣❡ ✭❙✉❞♦❝

▼❆❘❈ ✈❡.)✐♦♥✮✳ ❙✉❞♦❝ ▼❆❘❈ ✈❡.)✐♦♥ ✐) ❛✈❛✐❧❛❜❧❡ ❢♦. ♥♦♥✲)♣❡❝✐❛❧✐)3) ♦♥ 3❤❡ ■♥3❡.✲

♥❡3✱ ❛) ✇❡ ✇✐❧❧ )❡❡ ✐♥ 3❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝3✐♦♥✱ ❜✉3 3❤❡.❡ ✐) ❧❡)) ❞❛3❛ ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ ✉)✐♥❣

✸✾
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"❤❡ ✇❡❜ ✐♥"❡)❢❛❝❡✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦"✐❝❡ ✐♥ ❙✉❞♦❝ ▼❆❘❈ ✈❡)<✐♦♥ ✐<

<❤♦✇♥ ♦♥ ❋✐❣✉)❡ ✹✳✶✳

❋✐❣✉)❡ ✹✳✶✿ ❘❡♣)❡<❡♥"❛"✐♦♥ ♦❢ "❤❡ ❜♦♦❦ ✏▲❡ ●#❛♥❞ ▼❡❛✉❧♥❡* ✑ ❜② ✏❋♦✉#♥✐❡#✱ ❆❧❛✐♥✑

✐♥ ❙✉❞♦❝ ▼❆❘❈ ✈❡)<✐♦♥ ❬✸❪

❘❉❋✭❙✮ ✈❡()✐♦♥✳ ■♥ "❤❡ ❝♦♥"❡①" ♦❢ "❤❡ ❙✉❞♦❝❆❞ ♣)♦❥❡❝" ❬✷✶❪✱ "❤❡ ❙✉❞♦❝ ❞❛"❛ ❤❛<

❜❡❡♥ ")❛♥<❧❛"❡❞ ✐♥"♦ ❛♥ ❘❉❋✭❙✮ ✈❡)<✐♦♥✳ ❘❉❋ ✐< ❛ ❦♥♦✇❧❡❞❣❡ )❡♣)❡<❡♥"❛"✐♦♥ ❛♥❞

)❡❛<♦♥✐♥❣ ❧❛♥❣✉❛❣❡ "❤❛" ✐< ❜❛<❡❞ ♦♥ ")✐♣❧❡<✳ ❊❛❝❤ ")✐♣❧❡ ❝♦♥"❛✐♥< ❛♥ ♦❜❥❡❝"✱ ❛ ♣)❡❞✐✲

❝❛"❡ ❛♥❞ ❛ <✉❜❥❡❝"✳ ❚❤❡ ♣)❡❞✐❝❛"❡ ✐< ❛ ♣)♦♣❡)"② ♦❢ "❤❡ ♦❜❥❡❝" "❤❛" ❤❛< "❤❡ <✉❜❥❡❝" ❛<

✈❛❧✉❡✳ ■" ❝❛♥ ❜❡ )❡♣)❡<❡♥"❡❞ ❛< ❛♥ ♦)✐❡♥"❡❞ ❣)❛♣❤ <✉❝❤ "❤❛"✿ "❤❡ ♥♦❞❡< ❝♦))❡<♣♦♥❞

"♦ "❤❡ ♦❜❥❡❝"< ❛♥❞ "❤❡ <✉❜❥❡❝"<❀ ❛♥❞ "❤❡ ❡❞❣❡< ❛)❡ ❧❛❜❡❧❧❡❞ ❜② "❤❡ ♣)❡❞✐❝❛"❡<✳ ■♥

♦)❞❡) "♦ ❞✐<"✐♥❣✉✐<❤ "❤❡ ♦❜❥❡❝" ❢)♦♠ "❤❡ <✉❜❥❡❝"✱ ❡❞❣❡< ❛)❡ ♦)✐❡♥"❡❞ ❢)♦♠ "❤❡ <✉❜❥❡❝"

"♦ "❤❡ ♦❜❥❡❝"✳

❚❤❡ ❙✉❞♦❝ ❘❉❋✭❙✮ ✈❡)<✐♦♥ ✐< ✈✐<✐❜❧❡ ✇✐"❤ "❤❡ ❈♦❣✉✐ ✐♥"❡)❢❛❝❡ ❬✸❪ ❛< ❛ ❣)❛♣❤✳ ▲❡"

✉< ❧♦♦❦ ❛" ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦"✐❝❡ ✈✐<✉❛❧✐③❡❞ ✇✐"❤ ❈♦❣✉✐ ✐♥ ❊①❛♠♣❧❡ ✺✳

❊①❛♠♣❧❡ ✺ ✭❆ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦"✐❝❡ ✐♥ ❘❉❋✭❙✮ ✈❡)<✐♦♥✮✳ ▲❡+ ✉* ❝♦♥*✐❞❡# ❛ ❜✐❜❧✐✲

♦❣#❛♣❤✐❝ ♥♦+✐❝❡ ✈✐*✉❛❧✐③❡❞ ✇✐+❤ ❈♦❣✉✐ ♦♥ ❋✐❣✉#❡ ✹✳✷✳ ■♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛#❛❣#❛♣❤*✱

❧❡++❡#* ❜❡+✇❡❡♥ ♣❛#❡♥+❤❡*❡* ❧✐❦❡ ✭❆✮ #❡❢❡# +♦ ❛ ♥♦❞❡ ♦# ❛♥ ❡❞❣❡ ♦♥ ❋✐❣✉#❡ ✹✳✷✳

❚❤❡ ♦❜❥❡❝+ “083396462” ✭❆✮ ❤❛* ❛ ♣#♦♣❡#+② “has_proper_title” ✭❇✮ +❤❛+

❤❛* “Title : *” ✭❈✮ ❛* ✈❛❧✉❡✳ ❚❤❡ ♦❜❥❡❝+ “Title:*” ✭❈✮ ❤❛* +❤❡ ♣#♦♣❡#+②

“value” ✭❉✮ ✇❤✐❝❤ ❤❛* +❤❡ ✈❛❧✉❡ “Anglais LP” ✭❊✮✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ +❤❛+ +❤❡ ❜✐❜✲

❧✐♦❣#❛♣❤✐❝ ♥♦+✐❝❡ ♦❢ ■❞ ✏✵✽✸✸✾✻✹✻✷✑ #❡♣#❡*❡♥+* ❛ ❞♦❝✉♠❡♥+ +❤❛+ ❤❛* +❤❡ +✐+❧❡ ✏❆♥❣❧❛✐*

▲R✑ ❜❡❝❛✉*❡ +❤❡ ♣#♦♣❡#+✐❡* “has_proper_title” ✭❇✮ ❛♥❞ “value” ✭❉✮ ❧✐♥❦ +❤❡

❜✐❜❧✐♦❣#❛♣❤✐❝ ♥♦+✐❝❡ +♦ +❤❡ +✐+❧❡ ♦❢ +❤❡ ❞❡*❝#✐❜❡❞ ❞♦❝✉♠❡♥+✳
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❲❡ ❝❛♥ ♦❜'❛✐♥ '❤❡ ♣✉❜❧✐❝❛'✐♦♥ ❞❛'❡ ♦❢ ❛ ❜✐❜❧✐♦❣0❛♣❤✐❝ ♥♦'✐❝❡ ❜② ❢♦❧❧♦✇✐♥❣ '❤❡

♣0♦♣❡0'✐❡3 “was_produced_by(2) : *” ✭❋✮✱ “has time-span” ✭❍✮✱ “is

identified by(2)” ✭❏✮ ❛♥❞ “value” ✭▲✮ ✐♥ '❤❡ 3❛♠❡ ✇❛② ❛3 ✇❡ ❞✐❞ ❢♦0 '❤❡

'✐'❧❡✳ ❚❤✐3 ❛❧❧♦✇3 ✉3 '♦ ❞❡❞✉❝❡ '❤❛' '❤❡ ❜✐❜❧✐♦❣0❛♣❤✐❝ ♥♦'✐❝❡ ♦❢ ■❞ ✏✵✽✸✸✾✻✹✻✷✑ 0❡♣0❡✲

3❡♥'3 ❛ ❞♦❝✉♠❡♥' '❤❛' ✇❛3 ♣✉❜❧✐3❤❡❞ ✐♥ ✏✶✾✾✵✑✳
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❼ ♣♣♥✿ ✵✺✸✼✷✾✾✷✼

❼ "✐"❧❡✿ ✏❚❡❝❤♥✐J✉❡$ ❞❡ ♣*♦♠♦"✐♦♥ ❡" ❞❡ ❞②♥❛♠✐$❛"✐♦♥ ❞❡$ ✈❡♥"❡$✑

❼ ♣✉❜❧✐❝❛"✐♦♥ ❞❛"❡✿ ✷✵✵✵

❼ ❧✐$" ♦❢ ♣✉❜❧✐❝❛"✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡$✿ {}

❼ ♣✉❜❧✐❝❛"✐♦♥ ❧❛♥❣✉❛❣❡✿ ✏❢*❡✑ ✭✇❤✐❝❤ ✐$ "❤❡ ❝♦❞❡ ❢♦* ❋*❡♥❝❤ ❧❛♥❣✉❛❣❡✮✳

❲❡ ♥♦"✐❝❡ "❤❛" Nb11 ♠✐$$❡$ ✐"$ ✏❧✐$" ♦❢ ♣✉❜❧✐❝❛"✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡$✑ ❛""*✐❜✉"❡✳ ▼✐$$✲
✐♥❣ ♦* ✐♥❝♦♠♣❧❡"❡ ❛""*✐❜✉"❡$ ❛*❡ ❝♦♠♠♦♥✳ ▲❡" Nb12 ❜❡ "❤❡ ❜✐❜❧✐♦❣*❛♣❤✐❝ ♥♦"✐❝❡ ✇✐"❤
"❤❡ ❢♦❧❧♦✇✐♥❣ ❛""*✐❜✉"❡$✿

❼ ♣♣♥✿ ✵✹✶✹✾✵✾✼✺

❼ "✐"❧❡✿ ✏❈❤❛♥ ❡" ♣♦P$✐❡ ❝❤❡③ ✉♥ ❛✉"❡✉* ❝♦♥"❡♠♣♦*❛✐♥ ✿ ❩❤♦✉ ▼❡♥❣❞✐❡✑

❼ ♣✉❜❧✐❝❛"✐♦♥ ❞❛"❡✿ ✶✾✾✸

❼ ❧✐$" ♦❢ ♣✉❜❧✐❝❛"✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡$✿ {800} ✭✽✵✵ ✐$ "❤❡ ❞♦♠❛✐♥ ❝♦❞❡ "❤❛" ♠❡❛♥$

✏❧✐""❡*❛"✉*❡✑✮

✶

❚❤❡ ◆❛%✐♦♥❛❧ ❋+❡♥❝❤ ▲✐❜+❛+② ✭❇◆❋✮ ♣+❡4❡♥%4 %❤✐4 ❧❛♥❣✉❛❣❡ ♦♥ %❤❡ ✇❡❜ 4✐%❡✿

http://rameau.bnf.fr/ ✭✐♥ ❋+❡♥❝❤ ❧❛♥❣✉❛❣❡✮✳
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❋✐❣✉&❡ ✹✳✺✿ ❆ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦3✐❝❡ ❛❝❝♦&❞✐♥❣ 3♦ ❙✉❞♦❝ ✇❡❜✲✈❡&9✐♦♥

❼ ♣✉❜❧✐❝❛'✐♦♥ ❧❛♥❣✉❛❣❡✿ ✏❢/❡✑ ✭✇❤✐❝❤ ✐4 '❤❡ ❝♦❞❡ ❢♦/ ❋/❡♥❝❤ ❧❛♥❣✉❛❣❡✮✳

❚❤❡ ❊①❛♠♣❧❡ ✽ ❞♦❡9 ♥♦3 9❤♦✇ 3❤❡ ❛✉3❤♦&9 ♦❢ 3❤❡ ❞♦❝✉♠❡♥39 &❡♣&❡9❡♥3❡❞ ❜② 3❤❡

❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦3✐❝❡9 Nb11 ❛♥❞ Nb12✳ ❚❤✐9 ♣✐❡❝❡ ♦❢ ✐♥❢♦&♠❛3✐♦♥ ✐9 ♥♦3 ❛✈❛✐❧❛❜❧❡ ❜②

3❤❡ ❛33&✐❜✉3❡ ✈❛❧✉❡9 ♦❢ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦3✐❝❡9 ❜✉3 ✐9 &❡♣&❡9❡♥3❡❞ ❜② ❛ ❧✐♥❦ ❜❡3✇❡❡♥ ❛

❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦3✐❝❡ ❛♥❞ 3❤❡ ❛✉3❤♦&✐3② ♥♦3✐❝❡ 3❤❛3 &❡♣&❡9❡♥39 3❤❡ &❡❛❧✲✇♦&❧❞ ♣❡&9♦♥

9✉♣♣♦9❡❞ 3♦ ❤❛✈❡ ❝♦♥3&✐❜✉3❡❞ 3♦ 3❤❡ ❝&❡❛3✐♦♥ ♦❢ 3❤❡ ❞♦❝✉♠❡♥3 ❛9 ❛♥ ❛✉3❤♦&✳ ❲❡

❞❡3❛✐❧ ✐3 ✐♥ 3❤❡ ♥❡①3 ❙❡❝3✐♦♥✳

✹✳✶✳✹ ▲✐♥❦' ❛♥❞ ❝♦♥,❡①,✉❛❧ ❡♥,✐,✐❡'

❆ ❧✐♥❦ &❡♣&❡9❡♥39 3❤❡ ❢❛❝3 3❤❛3 3❤❡ &❡❛❧✲✇♦&❧❞ ♣❡&9♦♥ &❡♣&❡9❡♥3❡❞ ❜② 3❤❡ ❛✉3❤♦&✐3②

♥♦3✐❝❡ ✐9 ♦♥❡ ♦❢ 3❤❡ ❝♦♥&'✐❜✉&♦'*

✷

♦❢ 3❤❡ ❞♦❝✉♠❡♥3 &❡♣&❡9❡♥3❡❞ ❜② 3❤❡ ❜✐❜❧✐♦❣&❛♣❤✐❝

✷

❆ ❝♦♥$%✐❜✉$♦% ♦❢ ❛ ❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦$✐❝❡ ✐0 ❛ ♣❡%0♦♥ ✇❤♦ ❤❛0 ♣❛%$✐❝✐♣❛$❡❞ $♦ $❤❡ ❝%❡❛$✐♦♥ ♦❢ $❤❡

❞♦❝✉♠❡♥$ ❞❡0❝%✐❜❡❞ ❜② $❤✐0 ❜✐❜❧✐♦❣%❛♣❤✐❝ ♥♦$✐❝❡✳
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♥♦$✐❝❡✳ ❚❤❡ ❝♦♥$+✐❜✉$♦+ ❧✐♥❦0 ❛+❡ ❧❛❜❡❧❧❡❞ ❜② $❤❡  ♦❧❡ ♦❢ $❤❡ ❝♦♥$+✐❜✉$♦+✿ ❛✉$❤♦+✱

✐❧❧✉0$+❛$♦+ ❛♥❞ 0♦ ♦♥✳ ▲❡$ ✉0 0❡❡ $❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❧✐♥❦✳

❊①❛♠♣❧❡ ✾ ✭❆ ❧✐♥❦✮✳ ❚❤❡ ♣❡$%♦♥ ✏▲❡"♦✉①✱ ❆❧❛✐♥✑ $❡♣$❡%❡♥/❡❞ ❜② /❤❡ ❛✉/❤♦$✐/②

♥♦/✐❝❡ Na1 ♦❢ ❊①❛♠♣❧❡ ✼ ✇$♦/❡ /❤❡ /❤❡%✐% ✏❚❡❝❤♥✐;✉❡% ❞❡ ♣$♦♠♦/✐♦♥ ❡/ ❞❡ ❞②♥❛♠✐✲
%❛/✐♦♥ ❞❡% ✈❡♥/❡%✑ $❡♣$❡%❡♥/❡❞ ❜② /❤❡ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦/✐❝❡ Nb11 ♦❢ ❊①❛♠♣❧❡ ✽✳ ❚❤✐%
✐♥❢♦$♠❛/✐♦♥ ✐% $❡♣$❡%❡♥/❡❞ ✐♥ ❙✉❞♦❝ ❜② ❛ ❧✐♥❦ ❧❛❜❡❧❧❡❞ ✏❛✉/❤♦$✑ ❢$♦♠ Nb11 /♦ Na1✳
■♥ ♦/❤❡$ ✇♦$❞%✱ /❤❡$❡ ✐% ❛♥ ✏❛✉/❤♦$✑ ❧✐♥❦ ❜❡/✇❡❡♥ Nb11 ❛♥❞ Na1✳

❲❡ ❝❤♦♦0❡ $♦ 0❡❡ ❙✉❞♦❝ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡0 ❢+♦♠ ❛ ❝♦♥$+✐❜✉$♦+✬0 ✈✐❡✇ ♣♦✐♥$✳

❆ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② +❡♣+❡0❡♥$0 ❛ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡ ❢+♦♠ $❤❡ ✈✐❡✇ ♣♦✐♥$ ♦❢ ♦♥❡

♦❢ ✐$0 ❝♦♥$+✐❜✉$♦+0✳ ▲❡$ ✉0 ❝♦♥0✐❞❡+ ❛ ♣❛+$✐❝✉❧❛+ ❝♦♥$+✐❜✉$♦+ ❝❛❧❧❡❞ $❤❡ C ❝♦♥- ✐❜✲

✉-♦ ✳ ❚❤❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② k ✐0 ❞❡♥♦$❡❞ Nck✳ ❆ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ❡①♣❧✐❝✐$❛$❡0

❛ ❝♦♥$+✐❜✉$♦+ ❧✐♥❦ ❢+♦♠ ❙✉❞♦❝✳ ❆ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ♣♦00❡00❡0 ❛❧❧ $❤❡ ❛$$+✐❜✉$❡0 ♦❢

✐$0 ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡ ✭$✐$❧❡✱ ♣✉❜❧✐❝❛$✐♦♥ ❧❛♥❣✉❛❣❡✱ ♣✉❜❧✐❝❛$✐♦♥ ❞❛$❡✱ ♣✉❜❧✐❝❛$✐♦♥

❞♦♠❛✐♥✮✱ ❛♥❞ ✜✈❡ ♦$❤❡+ ❛$$+✐❜✉$❡0 ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ C ❝♦♥$+✐❜✉$♦+✿

❼ ❛♣♣❡❧❧❛$✐♦♥0✿ $❤❡ ❛♣♣❡❧❧❛$✐♦♥ ❧✐0$ ♦❢ $❤❡ ❛✉$❤♦+✐$② ♥♦$✐❝❡ $❤❛$ +❡♣+❡0❡♥$0 $❤❡ C
❝♦♥$+✐❜✉$♦+✳

❼ +♦❧❡✿ +♦❧❡ ♦❢ $❤❡ C ❝♦♥$+✐❜✉$♦+✳

❼ ♦$❤❡+ ❝♦♥$+✐❜✉$♦+0✿ $❤❡ ❧✐0$ ♦❢ $❤❡ ❛✉$❤♦+✐$② ♥♦$✐❝❡0 ✇❤✐❝❤ +❡♣+❡0❡♥$ ❛❧❧ $❤❡

❝♦♥$+✐❜✉$♦+0 ♦❢ $❤❡ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡ ❜✉$ ♥♦$ $❤❡ ❈ ❝♦♥$+✐❜✉$♦+✳

❼ $❤❡ 0♦✉+❝❡ ❧❛❜❡❧ ✐0 ♣+❡0❡♥$ ✐❢ ❛♥❞ ♦♥❧② ✐❢ $❤❡ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡ ✐0 $❤❡ 0♦✉+❝❡

♦❢ $❤❡ C ❝♦♥$+✐❜✉$♦+✳ ■♥ $❤✐0 ❝❛0❡✱ $❤❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ✐0 ❛ 0♦✉+❝❡✳ ❖$❤❡+✇✐0❡✱

$❤❡ 0♦✉+❝❡ ❧❛❜❡❧ ✐0 ❛❜0❡♥$✳

❼ $❤❡ ❞❛$❡ ♦❢ ❜✐+$❤ ♦❢ $❤❡ C ❝♦♥$+✐❜✉$♦+ ✐0 ♣+❡0❡♥$ ✐❢ $❤❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ✐0 ❛

0♦✉+❝❡ ✭✐✳❡✳ ✐❢ $❤❡ 0♦✉+❝❡ ❧❛❜❡❧ ✐0 ♣+❡0❡♥$✮✳

❲❡ ♠❛❦❡ $❤❡ ❤②♣♦$❤❡0✐0 $❤❛$ ❛ ❝♦♥$+✐❜✉$♦+ ❧✐♥❦ +❡♣+❡0❡♥$❡❞ ❜② ❛ ❝♦♥$❡①$✉❛❧

❡♥$✐$② ♠❛② ❜❡ ✇+♦♥❣✱ ✉♥❧❡00 $❤❡ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦$✐❝❡ ✐0 $❤❡ 0♦✉+❝❡ ♦❢ $❤❡ ❛✉$❤♦+✐$②

♥♦$✐❝❡ ✭❲♦+❦ ❍②♣♦$❤❡0✐0 ✹ ♣❛❣❡ ✶✼✮✳ ❚❤✐0 ✐0 ✇❤② ✇❡ ❝❤♦♦0❡ $♦ ❝♦♥0✐❞❡+ ✏❞❛$❡ ♦❢

❜✐+$❤✑ ❛0 ❛ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ❛$$+✐❜✉$❡ ♦♥❧② ✐❢ $❤✐0 ❝♦♥$❡①$✉❛❧ ❡♥$✐$② ✐0 ❛ 0♦✉+❝❡✳ ❲❡

❞❡♥♦$❡ sources(Nai) $❤❡ ❧✐0$ ♦❢ $❤❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡0 Nck $❤❛$ +❡♣+❡0❡♥$ ❛ ❧✐♥❦ $♦

Nai 0✉❝❤ ❛0 Nck ✐0 ❛ 0♦✉+❝❡✳

❊①❛♠♣❧❡ ✶✵ ✭❚❤❡ ❛$$+✐❜✉$❡0 ♦❢ ❛ ❝♦♥$❡①$✉❛❧ ❡♥$✐$②✮✳ ▲❡/ ✉% /❛❦❡ /❤❡ ❧✐♥❦ ❜❡/✇❡❡♥

/❤❡ ❛✉/❤♦$✐/② ♥♦/✐❝❡ Na1 ❛♥❞ /❤❡ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦/✐❝❡ Nb11 ♣$❡%❡♥/❡❞ ✐♥ ❊①❛♠♣❧❡% ✼
❛♥❞ ✽✳ ❚❤❡$❡ ✐% ❛♥ ✏❛✉/❤♦$✑ ❧✐♥❦ ❜❡/✇❡❡♥ /❤❡♠ ❛% %❤♦✇♥ ✐♥ ❊①❛♠♣❧❡ ✾✳ ❲❡ ❝♦♥%/$✉❝/

/❤❡ ❝♦♥/❡①/✉❛❧ ❡♥/✐/② Nc21 /❤❛/ $❡♣$❡%❡♥/% /❤✐% ❧✐♥❦✳ Nc21✬% ❛//$✐❜✉/❡% ❛$❡✿

❼ /✐/❧❡✿ ✏❚❡❝❤♥✐;✉❡% ❞❡ ♣$♦♠♦/✐♦♥ ❡/ ❞❡ ❞②♥❛♠✐%❛/✐♦♥ ❞❡% ✈❡♥/❡%✑

❼ ♣✉❜❧✐❝❛/✐♦♥ ❞❛/❡✿ ✷✵✵✵



✹✳✶✳ ❋❖❘▼❆▲■❩❆❚■❖◆ ❖❋ ❙❯❉❖❈ ✹✼

❼ ❧✐"# ♦❢ ♣✉❜❧✐❝❛#✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡"✿ {}

❼ ♣✉❜❧✐❝❛#✐♦♥ ❧❛♥❣✉❛❣❡✿ ✏❢2❡✑

❼ ❛♣♣❡❧❧❛#✐♦♥"✿ {✏▲❡"♦✉①✱ ❆❧❛✐♥✑}

❼ 2♦❧❡✿ ✏❛✉#❤♦2✑✳

❼ ♦#❤❡2 ❝♦♥#2✐❜✉#♦2"✿ {✭✏&✐❝❛"❞✱ ❆❧❛✐♥✑✱ ❛" ✏#❤❡"✐" ❛❞✈✐"♦2✑✮}

❼ "♦✉2❝❡ ✭❜❡❝❛✉"❡ #❤❡ "♦✉2❝❡ ♦❢ Na1 ♠❛#❝❤❡" ✇✐#❤ Nb11✳✮

❼ ❞❛#❡ ♦❢ ❜✐2#❤✿ ✶✾❄❄

▲❛$❡&✱ ✇❡ ✇✐❧❧ ❞❡♥♦$❡✿ cc(Nci)✱ $❤❡ ❈ ❝♦♥$&✐❜✉$♦& ♦❢ $❤❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$② Nci❀
Nb(Nci)✱ $❤❡ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦$✐❝❡ ❢&♦♠ ✇❤✐❝❤ Nci ✇❛; ❝&❡❛$❡❞❀ ❛♥❞ Na(Nci)✱ $❤❡
❛✉$❤♦&✐$② ♥♦$✐❝❡ ❢&♦♠ ✇❤✐❝❤ Nci ✇❛; ❝&❡❛$❡❞ ❛♥❞ ✇❤✐❝❤ ❝♦&&❡;♣♦♥❞; $♦ $❤❡ ❛✉$❤♦&✐$②

♥♦$✐❝❡ $❤❛$ &❡♣&❡;❡♥$; cc(Nci)✳ ❚❤❡ ❊①❛♠♣❧❡ ✶✶ ✐❧❧✉;$&❛$❡; $❤❡;❡ ♥♦$❛$✐♦♥;✳

❊①❛♠♣❧❡ ✶✶ ✭❆♥ ❝♦♥$❡①$✉❛❧ ❡♥$✐$②✮✳ ▲❡# ✉" ❝♦♥"✐❞❡2 #❤❡ ❝♦♥#❡①#✉❛❧ ❡♥#✐#② Nc21 ❞❡✲

✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✵✳ ❚❤✐" ❝♦♥#❡①#✉❛❧ ❡♥#✐#② ✇❛" ❝2❡❛#❡❞ ✇✐#❤ #❤❡ ❛✐♠ ♦❢ 2❡♣2❡"❡♥#✐♥❣

#❤❡ ❧✐♥❦ ❜❡#✇❡❡♥ #❤❡ ❜✐❜❧✐♦❣2❛♣❤✐❝ ♥♦#✐❝❡ Nb11 ❛♥❞ #❤❡ ❛✉#❤♦2✐#② ♥♦#✐❝❡ Na1✿

❼ Na(Nc21) = Na1 ✭Na1 2❡♣2❡"❡♥#" cc(Nc21)✮✱

❼ Nb(Nc21) = Nb11✱ ❛♥❞

❼ sources(Na1) = {Nc21}✳

✹✳✶✳✺ ■♥&❡(❡)&✐♥❣ ❙✉❞♦❝ )✉❜)❡&)

❲❡ ❡①♣❧❛✐♥❡❞ ✐♥ $❤❡ ♣&❡✈✐♦✉; ❙❡❝$✐♦♥ ❤♦✇ ✇❡ ✈✐❡✇❡❞ ❙✉❞♦❝ ❞❛$❛ ❛; ❝♦♥$❡①$✉❛❧

❡♥$✐$✐❡;✳ ▲❡$ ✉; ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ;❡❧❡❝$ $❤❡ &❡❧❡✈❛♥$ ❙✉❞♦❝ ;✉❜;❡$;✳

❋✐&;$✱ ✇❡ ;❡❧❡❝$ ;♦♠❡ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡; ❜❛;❡❞ ♦♥ $❤❡ ❛♣♣❡❧❧❛$✐♦♥ ♦❢ $❤❡✐& ❛✉$❤♦&✐$②

♥♦$✐❝❡ &❡♣&❡;❡♥$✐♥❣ $❤❡ C ❝♦♥$&✐❜✉$♦&✳ ❚♦ $❤✐; ❛✐♠✱ ❛♥ ❛♣♣❡❧❧❛$✐♦♥ ✭❛♣♣❡❧❧❛$✐♦♥ A✮
✐; ✜&;$ ❝❤♦;❡♥ ✇❤❡♥ ✇♦&❦✐♥❣ ♦♥ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡; ✭✏❈❤"✐-.✐❡✱ ❆✳✑ ❢♦& ❡①❛♠♣❧❡✮✳

❆❧❧ ❛✉$❤♦&✐$② ♥♦$✐❝❡; $❤❛$ ❝♦✉❧❞ &❡♣&❡;❡♥$ ❛ ♣❡&;♦♥ ♥❛♠❡❞ ❆ ❛&❡ ;❡❧❡❝$❡❞ ✭❢♦& ❡①✲

❛♠♣❧❡✱ $❤❡ ❛✉$❤♦&✐$② ♥♦$✐❝❡; ✇✐$❤ ✏❈❤"✐-.✐❡✱ ❆✳✑✱ ✏❈❤"✐-.✐❡✱ ❆❣❛$❤❛✑ ♦& ✏❈❤"✐-.✐❡✱

❆❞❛♠✑ ✐♥ $❤❡✐& ❧✐;$ ♦❢ ❛♣♣❡❧❧❛$✐♦♥; ❛$$&✐❜✉$❡; ❛&❡ ;❡❧❡❝$❡❞ ❢♦& $❤❡ ❛♣♣❡❧❧❛$✐♦♥ ✏❈❤"✐-.✐❡✱

❆✳✑✮✳ ❚❤✐; ✐; ❛ ;❡&✈✐❝❡ ♣&♦✈✐❞❡❞ ❜② $❤❡ ❆❇❊❙✳ ❚❤✐; ;❡&✈✐❝❡ ✉;❡; $❤❡ ;❛♠❡ ❢✉♥❝$✐♦♥

❛; $❤❡ ♦♥❡ $❤❛$ ✐; ✉;❡❞ $♦ ;❡❧❡❝$ ❛✉$❤♦&✐$② ♥♦$✐❝❡; ✇❤❡♥ ❛ ❧✐❜&❛&✐❛♥ ✇❛♥$; $♦ ❧✐♥❦

$❤❡ ❝♦♥$&✐❜✉$♦& ♦❢ ❛ ♥❡✇ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦$✐❝❡ $♦ ❛♥ ❛✉$❤♦&✐$② ♥♦$✐❝❡ ✭❞❡;❝&✐❜❡❞ ✐♥

❙❡❝$✐♦♥ ✸✳✶ ♣❛❣❡ ✸✸✮✳

❊❛❝❤ ❝♦♥$&✐❜✉$♦& ❧✐♥❦ ❜❡$✇❡❡♥ ❛ ;❡❧❡❝$❡❞ ❛✉$❤♦&✐$② ♥♦$✐❝❡ ❛♥❞ ❛♥② ❝♦♥♥❡❝$❡❞

❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦$✐❝❡ ✐; &❡$&✐❡✈❡❞✳ ❈♦♥$❡①$✉❛❧ ❡♥$✐$✐❡; $❤❛$ &❡♣&❡;❡♥$ ;✉❝❤ ❛ ❧✐♥❦ ❛&❡



✹✽ ❈❍❆#❚❊❘ ✹✳ ❇❆❙■❈ ◆❖❚■❖◆❙

"❡❧❡❝&❡❞ ❛♥❞ ❢♦,♠ &❤❡ ❙✉❞♦❝ %✉❜%❡( )❡❧❛(❡❞ (♦ &❤❡ ❛♣♣❡❧❧❛&✐♦♥ ❆ ✭❢♦, ❡①❛♠♣❧❡✱

&❤❡ ❙✉❞♦❝ "✉❜"❡& ,❡❧❛&❡❞ &♦ ✏❈❤"✐$%✐❡✱ ❆✳✑✮✳

▲✐❜,❛,✐❛♥" ✉"❡ &❤❡ ❛♣♣❡❧❧❛&✐♦♥ ❛&&,✐❜✉&❡ ♦❢ ❛✉&❤♦,✐&② ♥♦&✐❝❡" &♦ "❡❧❡❝& &❤❡ ❛✉✲

&❤♦,✐&② ♥♦&✐❝❡" &❤❛& ♠✐❣❤& ,❡♣,❡"❡♥& &❤❡ ❝♦♥&,✐❜✉&♦, ♦❢ ❛ ❞♦❝✉♠❡♥&✳ ❲❡ ✉"❡ &❤❡

❛♣♣❡❧❧❛&✐♦♥ ❛&&,✐❜✉&❡ ✐♥ ♦,❞❡, &♦ "❡❧❡❝& ❛ ❙✉❞♦❝ "✉❜"❡& &❤❛& ❝♦♥&❛✐♥" ❜✐❜❧✐♦❣,❛♣❤✐❝

♥♦&✐❝❡" &❤❛& ♠✐❣❤& "❤❛,❡ &❤❡ "❛♠❡ ,❡❛❧✲✇♦,❧❞ ♣❡,"♦♥ ❛" &❤❡✐, C ❝♦♥&,✐❜✉&♦,✳ ❲❡ ♠❛❦❡

&❤❡ ❤②♣♦&❤❡"✐" &❤❛& ♦♥❧② &❤❡ ❛✉&❤♦,✐&② ♥♦&✐❝❡" ✇✐&❤ ❛ ❝❧♦"❡ ❛♣♣❡❧❧❛&✐♦♥ ❝❛♥ ,❡♣,❡"❡♥&

❛ "❛♠❡ ,❡❛❧✲✇♦,❧❞ ♣❡,"♦♥ ✭❲♦,❦ ❍②♣♦&❤❡"✐" ✶ ♣❛❣❡ ✶✼✮✳ ❆" ❛ ❝♦♥"❡F✉❡♥❝❡✱ ♦♥❧②

❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡" ✇✐&❤ ❛ ❝❧♦"❡ ❛♣♣❡❧❧❛&✐♦♥ ❝❛♥ "❤❛,❡ &❤❡ "❛♠❡ ,❡❛❧✲✇♦,❧❞ ♣❡,"♦♥ ❛"

&❤❡✐, C ❝♦♥&,✐❜✉&♦, ✭❲♦,❦ ❍②♣♦&❤❡"✐" ✺ ♣❛❣❡ ✶✽✮✳

❖♥❝❡ ♦❜&❛✐♥❡❞✱ &❤❡ ❙✉❞♦❝ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡" ❛,❡ ❝♦♠♣❛,❡❞ ✇✐&❤ ,❡"♣❡❝& &♦ "②♠✲

❜♦❧✐❝ ❝,✐&❡,✐❛ ✐♥ ♦,❞❡, &♦ ❦♥♦✇ ✐❢ &❤❡✐, C ❝♦♥&,✐❜✉&♦," ♠✐❣❤& ❜❡ &❤❡ "❛♠❡ ,❡❛❧✲✇♦,❧❞

♣❡,"♦♥✳ ❚❤❡ ❛♣♣,♦❛❝❤ ✇✐❧❧ ❜❡ ❞❡&❛✐❧❡❞ ❛♥❞ ❝♦♥&❡①&✉❛❧✐"❡❞ ✐♥ ❈❤❛♣&❡, ✸✳ ❲❡ ✇✐❧❧

♥♦✇ ❞❡&❛✐❧ &❤❡ ❝,✐&❡,✐❛ &❤❛& ❛,❡ ✉"❡❞ ✐♥ ♦,❞❡, &♦ ❞❡&❡,♠✐♥❡ ✐❢ &✇♦ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡"

"❤❛,❡ &❤❡ "❛♠❡ ,❡❛❧✲✇♦,❧❞ ♣❡,"♦♥ ❛" &❤❡✐, C ❝♦♥&,✐❜✉&♦,✳

✹✳✷ ❈$✐&❡$✐❛ &♦ ❞❡&❡❝& ❧✐♥❦ ✐//✉❡/ ✐♥ ❙✉❞♦❝

❆" ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝&✐♦♥ ✸✳✷ ♣❛❣❡ ✸✺✱ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡" ❛,❡ ❝♦♠♣❛,❡❞ &♦❣❡&❤❡, ✐♥

♦,❞❡, &♦ ❣,♦✉♣ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡" &❤❛& ,❡♣,❡"❡♥& ❛ ❜✐❜❧✐♦❣,❛♣❤✐❝ ♥♦&✐❝❡ ❢,♦♠ &❤❡ ♣♦✐♥&

♦❢ ✈✐❡✇ ♦❢ ❛ "❛♠❡ ,❡❛❧✲✇♦,❧❞ ♣❡,"♦♥ &❤❛& ❝♦♥&,✐❜✉&❡❞ &♦ &❤❡ ❞❡"❝,✐❜❡❞ ❞♦❝✉♠❡♥&"✳

❈♦♥&❡①&✉❛❧ ❡♥&✐&② ❣,♦✉♣" ❛,❡ ♠❛❞❡ ❛❝❝♦,❞✐♥❣ &♦ ❛ ♣❛,&✐&✐♦♥✐♥❣ "❡♠❛♥&✐❝" ✭❞❡&❛✐❧❡❞ ✐♥

❈❤❛♣&❡, ✺✮✳ ❚❤❡"❡ ♣❛,&✐&✐♦♥✐♥❣ "❡♠❛♥&✐❝" ✉"❡ "②♠❜♦❧✐❝ ❝,✐&❡,✐❛ ✐♥ ♦,❞❡, &♦ ❝♦♠♣❛,❡

❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡"✳

❙②♠❜♦❧✐❝ ❝,✐&❡,✐❛ ❛,❡ ❢♦,♠❛❧❧② ❞❡✜♥❡❞ ✐♥ ❙❡❝&✐♦♥ ✹✳✷✳✶ ❜❡❢♦,❡ ♣,❡"❡♥&✐♥❣ &❤❡ ❛❝✲

&✉❛❧ ❝,✐&❡,✐❛ ✉"❡❞ &♦ ❝♦♠♣❛,❡ ❙✉❞♦❝ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡" ✐♥ ❙❡❝&✐♦♥ ✹✳✷✳✷✳

✹✳✷✳✶ ❙②♠❜♦❧✐❝ ❝,✐-❡,✐❛

■♥ ♦,❞❡, &♦ ❞❡&❡❝& ❡,,♦♥❡♦✉" ❧✐♥❦" ✐♥ ❙✉❞♦❝✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ &♦ ♣❛,&✐&✐♦♥ ❛ ❜✐❜❧✐♦❣,❛♣❤✐❝

♥♦&✐❝❡ "❡& ✇✐&❤ ,❡"♣❡❝& &♦ "❡✈❡,❛❧ ❝,✐&❡,✐❛✳ ■♥ &❤❡ ❣❡♥❡,❛❧ ❝❛"❡✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ &♦

♣❛,&✐&✐♦♥ ❛♥ ♦❜❥❡❝& "❡& O ✇✐&❤ ,❡"♣❡❝& &♦ ❛ ❝,✐&❡,✐♦♥ "❡& C = {C1, ..., Cn}✳

■♥ &❤❡ ❣❡♥❡,❛❧ ❝❛"❡✱ ❛ ❝,✐&❡,✐♦♥ Ci ∈ C ✐" ❛ ❢✉♥❝&✐♦♥ &❤❛& ❣✐✈❡" ❛ ❝♦♠♣❛)✐%♦♥

✈❛❧✉❡ ❢♦, ❛♥② ❝♦✉♣❧❡ ♦❢ ♦❜❥❡❝&" ✐♥ O ∗O✳

❚❤❡ ❝♦♠♣❛,✐"♦♥ ✈❛❧✉❡ ✐" ❞✐"❝,❡&❡✱ ✐♥ ❛ ♣❛,&✐❛❧❧② ♦,❞❡,❡❞ "❡& V = {never}∪V C
far∪

{neutral} ∪ V C
close ∪ {always}✱ ✇❤❡,❡✿

❼ never ❛♥❞ always ♠❡❛♥ &❤❛& &❤❡ ♦❜❥❡❝&" ❛,❡ "&,✐❝&❧② ❞✐✛❡,❡♥& ✭,❡"♣❡❝&✐✈❡❧②

✐❞❡♥&✐❝❛❧✮✳

❼ neutral ♠❡❛♥" &❤❛& &❤❡,❡ ✐" ♥♦& ❡♥♦✉❣❤ ✐♥❢♦,♠❛&✐♦♥ ❛❜♦✉& &❤❡ ♦❜❥❡❝&" ♦, &❤❡

✐♥❢♦,♠❛&✐♦♥ ✐" ♠❡❛♥✐♥❣❧❡""✳
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❼ V C
far ❛♥❞ V C

close ❛%❡ '✇♦ '♦'❛❧❧② ♦%❞❡%❡❞ ✈❛❧✉❡ .❡'. ✭<✮ ♦❢ ✈❛❧✉❡. ❣✐✈✐♥❣ ❛ ❢❛%♥❡..

❞❡❣%❡❡ ✭%❡.♣❡❝'✐✈❡❧② ❝❧♦.❡♥❡.. ❞❡❣%❡❡✮ ❜❡'✇❡❡♥ ♦❜❥❡❝'.✳ ❲❡ ❞❡♥♦'❡ V C
far =

{−,−−, ...} ✭%❡.♣❡❝'✐✈❡❧② V C
close = {+,++, ...}✮ '❤❡ .❡'. ♦❢ ❢❛%♥❡.. ✭%❡.♣❡❝'✐✈❡❧②

❝❧♦.❡♥❡..✮ ✈❛❧✉❡. ♦❢ '❤❡ ❝%✐'❡%✐♦♥ C .✉❝❤ '❤❛' neutral < − < −− < ... < never
✭%❡.♣❡❝'✐✈❡❧② neutral < + < ++ < ... < always✮✳ a < b ♠❡❛♥. '❤❛' b ✐.

.'%♦♥❣❡% ♦% ♠♦%❡ ✐♥'❡♥.❡ '❤❛♥ a✿ ✐❢ a, b ∈ V C
close✱ '✇♦ ♦❜❥❡❝'. ❛%❡ ♠♦%❡ .✐♠✐❧❛%

❛❝❝♦%❞✐♥❣ '♦ C ✐❢ '❤❡✐% ❝♦♠♣❛%✐.♦♥ ✈❛❧✉❡ ✐. b '❤❛♥ ✐❢ ✐' ✐. a✳ ❘❡.♣❡❝'✐✈❡❧②✱ ✐❢

a, b ∈ V C
far✱ '✇♦ ♦❜❥❡❝'. ❛%❡ ♠♦%❡ ❞✐..✐♠✐❧❛% ❛❝❝♦%❞✐♥❣ '♦ C ✐❢ '❤❡✐% ❝♦♠♣❛%✐.♦♥

✈❛❧✉❡ ✐. b '❤❛♥ ✐❢ ✐' ✐. a✳

never✱ always ❛♥❞ neutral ✈❛❧✉❡. ❛%❡ ❝♦♠♠♦♥ ❢♦% ❛❧❧ ❝%✐'❡%✐❛✱ ❜✉' V C
close ❛♥❞ V C

far

❛%❡ .♣❡❝✐✜❝ '♦ '❤❡ ❝%✐'❡%✐❛ ♥❛♠❡❞ C✳

▲❡' ✉. ❢♦%♠❛❧❧② ❞❡✜♥❡ '❤❡ ✉.❡❞ ❝%✐'❡%✐❛✳

❉❡✜♥✐%✐♦♥ ✸ ✭❙②♠❜♦❧✐❝ ❝%✐'❡%✐♦♥✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡"✳ ❆ ❝,✐"❡,✐♦♥ C ✐) ❛ ❝♦✉♣❧❡

(eC , VC) )✉❝❤ ❛)✿

❼ VC ✐) ❛ )❡" ♦❢ ❝♦♠♣❛,✐)♦♥ ✈❛❧✉❡)✿ VC ⊇ {never} ∪ V C
far ∪ {neutral} ∪ V C

close ∪
{always} ❛♥❞ VC ⊆ V C

far ∪ V C
close✳

❼ < ✐) "♦"❛❧❧② ♦,❞❡,❡❞ ,❡❧❛"✐♦♥ ♦♥ {never} ∪ V C
far ∪ {neutral} ❛♥❞ {neutral} ∪

V C
close ∪ {always} )❡")✳

❼ eC ✐) ❛ ❜✐♥❛,② ♦♣❡,❛"✐♦♥✱ ❝♦♠♠✉"❛"✐✈❡ ♦♥ O✱ ✇❤✐❝❤ "❛❦❡) ✐") ,❡)✉❧") ✐♥ VC✳

❲❡ %❡♣%❡.❡♥' ❜② C '❤❡ .❡' ♦❢ ❛❧❧ ♣♦..✐❜❧❡ ❝%✐'❡%✐❛✱ ❛♥❞ C ⊂ C '❤❡ .✉❜.❡' ♦❢ '❤❡

❝%✐'❡%✐❛ ♦❢ ✐♥'❡%❡.'✳

❆ ❝%✐'❡%✐♦♥ ❝❛♥ ❜❡ ❛ ❝❧♦+❡♥❡++✲❝-✐%❡-✐♦♥ ✭❉❡✜♥✐'✐♦♥ ✹✮✱ ❛ ❢❛-♥❡++✲❝-✐%❡-✐♦♥

✭❉❡✜♥✐'✐♦♥ ✺✮ ♦% ❜♦'❤ ❝❧♦.❡♥❡.. ❛♥❞ ❢❛%♥❡..✲❝%✐'❡%✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ ❝♦♠♣❛%✐.♦♥

✈❛❧✉❡. ✐' ❝❛♥ ❣✐✈❡✳ ❆ ❝❧♦.❡♥❡..✲❝%✐'❡%✐♦♥ c ✐. ❛ ❝%✐'❡%✐♦♥ '❤❛' ❝❛♥ ❣✐✈❡ ❛ ❝❧♦.❡♥❡..

♦% always ❝♦♠♣❛%✐.♦♥ ✈❛❧✉❡ '♦ '✇♦ ♦❜❥❡❝'.✳ ❆ ❢❛%♥❡..✲❝%✐'❡%✐♦♥ ✐. ❛ ❝%✐'❡%✐♦♥ '❤❛'

❝❛♥ ❣✐✈❡ ❛ ❢❛%♥❡.. ♦% never ❝♦♠♣❛%✐.♦♥ ✈❛❧✉❡ '♦ '✇♦ ♦❜❥❡❝'.✳ ❚❤✐. ♥♦'✐♦♥ ✇✐❧❧ ❜❡

✐♠♣♦%'❛♥' ❧❛'❡% ✐♥ ❈❤❛♣'❡% ✼✳

❉❡✜♥✐%✐♦♥ ✹ ✭❈❧♦.❡♥❡.. ❝%✐'❡%✐♦♥✮✳ ❆ ❝❧♦)❡♥❡))✲❝,✐"❡,✐♦♥ C ✐) ❛ ❝,✐"❡,✐♦♥ "❤❛" ❝❛♥

❣✐✈❡ ❛ ❝❧♦)❡♥❡)) ♦, ❛♥ always ❝♦♠♣❛,✐)♦♥ ✈❛❧✉❡ "♦ "✇♦ ♦❜❥❡❝")✿ VC ∩ (V C
close ∪

{always}) 6= {}✳

❉❡✜♥✐%✐♦♥ ✺ ✭❋❛%♥❡.. ❝%✐'❡%✐♦♥✮✳ ❆ ❢❛,♥❡))✲❝,✐"❡,✐♦♥ ✐) ❛ ❝,✐"❡,✐♦♥ "❤❛" ❝❛♥ ❣✐✈❡ ❛

❢❛,♥❡)) ♦, ❛ never ❝♦♠♣❛,✐)♦♥ ✈❛❧✉❡ "♦ "✇♦ ♦❜❥❡❝")✿ VC ∩ (V C
far ∪ {never}) 6= {}✳

▲❡' ✉. ❞❡'❛✐❧ '❤❡ ❝%✐'❡%✐❛ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✉.❡❞ '♦ ❝♦♠♣❛%❡ ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡. ✐♥

❙✉❞♦❝✳
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✹✳✷✳✷ ❈$✐&❡$✐❛ ✉*❡❞ &♦ ❝♦♠♣❛$❡ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡*

❲❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥-❡❞ ♥✐♥❡ ❝/✐-❡/✐❛ ✐♥ -❤❡ ❛✐♠ ♦❢ ❝♦♠♣❛/✐♥❣ ❝♦♥-❡①-✉❛❧ ❡♥✲

-✐-✐❡6 -♦❣❡-❤❡/✳ ❲❡ ✉6❡ 6②♠❜♦❧✐❝ ❝/✐-❡/✐❛ ♦✈❡/ ♥✉♠❡/✐❝❛❧ ❝/✐-❡/✐❛ ✐♥ ♦/❞❡/ -♦ ❝♦♠♣❛/❡

❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡6 ❜❡❝❛✉6❡✿

❼ ❈/✐-❡/✐❛ ♠♦❞❡❧ ❤♦✇ ❛♥ ❡①♣❡/- ❝♦♠♣❛/❡6 ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡6✳ ❈/✐-❡/✐❛ ❛/❡ ❜❛6❡❞

♦♥ ♦♥❡ ♦/ 6❡✈❡/❛❧ ❛--/✐❜✉-❡6 ♦❢ ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡6✳

❼ ❊①♣❡/-6 ❝❛♥ ❡①♣❧❛✐♥ -❤❛-✱ ❛❝❝♦/❞✐♥❣ -♦ ❛♥ ❛--/✐❜✉-❡ 6❡-✱ ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡6

6❡❡♠ ✏♠♦/❡ ♦/ ❧❡66✑ -♦ /❡♣/❡6❡♥- ❞♦❝✉♠❡♥-6 ❢/♦♠ -❤❡ ♣♦✐♥- ♦❢ ✈✐❡✇ ♦❢ ❛ 6❛♠❡

/❡❛❧✲✇♦/❧❞ ♣❡/6♦♥✱ ❜✉-

❼ ❲❡ ❞♦ ♥♦- ❦♥♦✇ ❤♦✇ ♠✉❝❤ -❤❡ ✏♠♦/❡✑ ❛❝❝♦/❞✐♥❣ -♦ ❛♥ ❛--/✐❜✉-❡ 6❡- ✐6 ♠♦/❡

✐♠♣♦/-❛♥- -❤❛♥ -❤❡ ✏❧❡66✑ ❛❝❝♦/❞✐♥❣ -♦ ❛♥♦-❤❡/ ❛--/✐❜✉-❡ 6❡-✱ ❡①❝❡♣- ✇❤❡♥ -❤❡②

❛/❡ ❛❜6♦❧✉-❡❧② ❝❡/-❛✐♥ ✭✇❤✐❝❤ ✐6 /❡♣/❡6❡♥-❡❞ ❜② -❤❡ ❝♦♠♣❛/✐6♦♥ ✈❛❧✉❡6 always
❛♥❞ never✮✳

❼ ❈♦♥6❡D✉❡♥-❧②✱ ✇❡ ❞♦ ♥♦- ✇✐6❤ -♦ ❛❣❣/❡❣❛-❡ ❝♦♠♣❛/✐6♦♥ ✈❛❧✉❡6 ❛6 ✇❡ ❝❛♥ ❞♦

✇✐-❤ ♥✉♠❡/✐❝❛❧ ✈❛❧✉❡6✱ 6♦ ✉6❡❞ ❝♦♠♣❛/✐6♦♥ ✈❛❧✉❡6 ❛/❡ 6②♠❜♦❧✐❝✳

❊❛❝❤ ♦❢ -❤❡6❡ ♥✐♥❡ ❝/✐-❡/✐❛ ❤❛6 ❜❡❡♥ ❞✐6❝✉66❡❞ ✇✐-❤ ❆❇❊❙ ❡①♣❡/-6✳ ❋♦✉/ ♦❢

-❤❡♠ ❛/❡ ❞❡/✐✈❡❞ ❢/♦♠ -❤❡ ❙✉❞♦❝❆❞ ♣/♦❥❡❝- ❬✷✶❪ ✭appellation✱ date✱ title✱ domain✮
-❤❛- ❛✐♠6 -♦ ♣/❡❞✐❝- ❛ ❧✐♥❦ ❜❡-✇❡❡♥ ❛ ♥❡✇ ❜✐❜❧✐♦❣/❛♣❤✐❝ ♥♦-✐❝❡ ❛♥❞ -❤❡ ❛✉-❤♦/✐-②

♥♦-✐❝❡6 ❛❧/❡❛❞② ✐♥ ❙✉❞♦❝ ✭-❤❛- /❡♣/❡6❡♥- -❤❡ ♥❡✇ ❜✐❜❧✐♦❣/❛♣❤✐❝ ♥♦-✐❝❡ ❝♦♥-/✐❜✉-♦/6✱

❛6 ❡①♣❧❛✐♥❡❞ ♣❛❣❡ ✸✹✮✳ ❊❛❝❤ ❝/✐-❡/✐♦♥ ✇✐❧❧ ❜❡ ✐❧❧✉6-/❛-❡❞ ❜② ❛♥ ❡①❛♠♣❧❡ ❝♦♠♣❛/✐♥❣

-❤❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② Nc21 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✵ ❛♥❞ -❤❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② Nb22 ♦❢

-❤❡ ❊①❛♠♣❧❡ ✶✷✳

❊①❛♠♣❧❡ ✶✷ ✭❆ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② -♦ ❜❡ ❝♦♠♣❛/❡❞✮✳ ❚❤❡ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦-✐❝❡ Nb12
❞❡/❝(✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✽ ✐/ ❧✐♥❦❡❞ -♦ -❤❡ ❛✉-❤♦(✐-② ♥♦-✐❝❡ Na2 ✇❤✐❝❤ ❤❛/ ✶✻✽✻✵✸✶✻✵
❛/ ♣♣♥✳ ▲❡- ✉/ ♣(❡/❡♥- ❛❧❧ -❤❡ ❛--(✐❜✉-❡/ ♦❢ -❤❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-② Nb22 -❤❛- (❡♣(❡/❡♥-/
-❤✐/ ❧✐♥❦✿

❼ -✐-❧❡✿ ✏❈❤❛♥ ❡- ♣♦B/✐❡ ❝❤❡③ ✉♥ ❛✉-❡✉( ❝♦♥-❡♠♣♦(❛✐♥ ✿ ❩❤♦✉ ▼❡♥❣❞✐❡✑

❼ ♣✉❜❧✐❝❛-✐♦♥ ❞❛-❡✿ ✶✾✾✸

❼ ❧✐/- ♦❢ ♣✉❜❧✐❝❛-✐♦♥ ❞♦♠❛✐♥ ❝♦❞❡/✿ {800} ✭✽✵✵ ✐/ -❤❡ ❞♦♠❛✐♥ ❝♦❞❡ ✇❤✐❝❤ ♠❡❛♥/
✏❧✐--❡(❛-✉(❡✑✮

❼ ♣✉❜❧✐❝❛-✐♦♥ ❧❛♥❣✉❛❣❡✿ ✏❢(❡✑ ✭✇❤✐❝❤ ✐/ -❤❡ ❝♦❞❡ ❢♦( ❋(❡♥❝❤ ❧❛♥❣✉❛❣❡✮✳

❼ ❛♣♣❡❧❧❛-✐♦♥/✿ {✏▲❡"♦✉①✱ ❆❧❛✐♥✑}

❼ (♦❧❡✿ ✏❛✉-❤♦(✑✳



✹✳✷✳ ❈❘■❚❊❘■❆ ❚❖ ❉❊❚❊❈❚ ▲■◆❑ ■❙❙❯❊❙ ■◆ ❙❯❉❖❈ ✺✶

❼ ♦!❤❡$ ❝♦♥!$✐❜✉!♦$*✿ {✭✵✷✼✵✼✸✾✷✵✱ ❛* ✏!❤❡*✐* ❛❞✈✐*♦$✑✮✱ ✭✏ ✐♠♣❛♥❡❛✉✱ ❏❛❝:✉❡*✑✱
❛* ✏!❤❡*✐* ❛❞✈✐*♦$✑✮}

❼ *♦✉$❝❡❄ ✏②❡*✑ ✭❜❡❝❛✉*❡ !❤❡ *♦✉$❝❡ ♦❢ Na2 ♠❛!❝❤❡* ✇✐!❤ Nb12✳✮

❼ ❞❛!❡ ♦❢ ❜✐$!❤✿ ✶✾❄❄

❙♦♠❡ ♦❢ '❤❡ ♣*♦♣♦+❡❞ ❝*✐'❡*✐❛ ❛*❡ ❢❛*♥❡++✲❝*✐'❡*✐❛ ✭thesis✱ thesisAdvisor✱ date✱
appellation✱ language✮✱ ❝❧♦+❡♥❡++✲❝*✐'❡*✐❛ ✭title✱ otherContributors✮✱ ❛♥❞ ♦'❤❡*+ ❛*❡

❜♦'❤ ✭role✱ domain✮✳ ❈*✐'❡*✐❛ ♠❛② ✉+❡ ♦♥❡ ♦* +❡✈❡*❛❧ ❛''*✐❜✉'❡+ ✐♥ ♦*❞❡* '♦ ❝♦♠♣❛*❡

❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡+✳ ❊❛❝❤ ♦❢ '❤♦+❡ ❝*✐'❡*✐❛ ❣✐✈❡+ '❤❡ neutral ❝♦♠♣❛*✐+♦♥ ✈❛❧✉❡ ✇❤❡♥ ❛

*❡@✉✐*❡❞ ❛''*✐❜✉'❡ ♦❢ ❛ ❝♦♠♣❛*❡❞ ❝♦♥'❡①'✉❛❧ ❡♥'✐'② ✐+ ✉♥❦♥♦✇♥✳ ❋✐*+' ✇❡ ✇✐❧❧ ♣*❡+❡♥'

❢❛*♥❡++✲❝*✐'❡*✐❛✱ '❤❡♥ ❝❧♦+❡♥❡++✲❝*✐'❡*✐❛ ❛♥❞ ✜♥❛❧❧② ❝*✐'❡*✐❛ '❤❛' ❛*❡ ❜♦'❤ ❢❛*♥❡++ ❛♥❞

❝❧♦+❡♥❡++ ❝*✐'❡*✐❛✳ ■♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ❝*✐'❡*✐♦♥ ❞❡+❝*✐♣'✐♦♥+✱ ♦♥❧② '❤❡ ❝❛+❡+ ✇✐'❤ ❛ ♥♦'

neutral ❝♦♠♣❛*✐+♦♥ ✈❛❧✉❡+ ❛*❡ +♣❡❝✐✜❡❞✳ ▲❡' Nci✱ Ncj ❜❡ '✇♦ ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡+✳

❋❛"♥❡%%✲❝"✐)❡"✐❛

❼ ❚❤❡ appellation ❝*✐'❡*✐♦♥ ✐+ ❛ ♣❛*'✐❝✉❧❛* ❢❛*♥❡++✲❝*✐'❡*✐♦♥✳ ■♥❞❡❡❞✱ ✐' ❝♦♠♣❛*❡+

❛♣♣❡❧❧❛'✐♦♥ ❧✐+'+ '♦ ❞❡'❡*♠✐♥❡ ✇❤✐❝❤ ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡+ ❝❛♥♥♦' ❤❛✈❡ ❛ +❛♠❡ C ❝♦♥✲

'*✐❜✉'♦*✳ ❲❤❡♥ ✐' ✐+ ❝❡*'❛✐♥ ✭❛+ ✇❤❡♥ ❛♣♣❡❧❧❛'✐♦♥+ ❛*❡ ✏❈♦♥❛♥ ❉♦②❧❡✱ ❆*'❤✉*✑

❛♥❞ ✏❈❤.✐/0✐❡✱ ❆❣❛'❤❛✑✮✱ ✐' ❣✐✈❡+ ❛ never ❝♦♠♣❛*✐+♦♥ ✈❛❧✉❡✱ '❤❛' ❢♦*❜✐❞+ ♦'❤❡*

❝*✐'❡*✐❛ '♦ ❝♦♠♣❛*❡ '❤❡ ❝♦♥❝❡*♥❡❞ ❛✉'❤♦*✐'② ♥♦'✐❝❡+ '♦❣❡'❤❡*✳ ■' ✐+ ❜❛+❡❞ ♦♥ '❤❡

❝♦♠♣❛*✐+♦♥+ ✉+❡❞ ✐♥ '❤❡ ❙✉❞♦❝❆❞ ♣*♦❥❡❝' ❬✷✶❪ ✐♥ ♦*❞❡* '♦ ❝♦♠♣❛*❡ ❢❛♠✐❧② ♥❛♠❡+

❛♥❞ +✉*♥❛♠❡+✳ ❚❤✐+ ❝*✐'❡*✐♦♥ ✐+ ❞✐+'✐♥❝' ❢*♦♠ '❤❡ ❢✉♥❝'✐♦♥ '❤❛' ✐+ ✉+❡❞ '♦ +❡❧❡❝'

❙✉❞♦❝ +✉❜+❡'+ *❡❧❛'❡❞ '♦ ❛♥ ❛♣♣❡❧❧❛'✐♦♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝'✐♦♥ ✹✳✶✳✺✳

❊①❛♠♣❧❡ ✶✸ ✭appellation ❝*✐'❡*✐♦♥✮✳ ▲❡! ✉* ❝♦♠♣❛$❡ !❤❡ ❝♦♥!❡①!✉❛❧ ❡♥!✐!✐❡* Nc21
❛♥❞ Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡* ✶✵ ❛♥❞ ✶✷✳ ❚❤❡ ❛♣♣❡❧❧❛!✐♦♥ ❛!!$✐❜✉!❡ ♦❢ Nc21 ✐* ❡①❛❝!❧②
!❤❡ ❛♣♣❡❧❧❛!✐♦♥ ❛!!$✐❜✉!❡ ♦❢ Nc22✿ {✏▲❡.♦✉①✱ ❆❧❛✐♥✑}✱ *♦ appellation(Nc21, Nc22) =
neutral✳

❼ ❚❤❡ date ❝*✐'❡*✐♦♥ ✐+ ❛ ❢❛*♥❡++✲❝*✐'❡*✐♦♥✳ ❋♦* ✶✵✵ ✭*❡+♣❡❝'✐✈❡❧② ✻✵✮ ②❡❛*+ ❛' ❧❡❛+'

❜❡'✇❡❡♥ '❤❡ ♣✉❜❧✐❝❛'✐♦♥ ❞❛'❡+✱ ✐' ❣✐✈❡+ −− ✭*❡+♣❡❝'✐✈❡❧② −✮ ❝♦♠♣❛*✐+♦♥ ✈❛❧✉❡✳

❙♦♠❡'✐♠❡+✱ '❤❡ ♣✉❜❧✐❝❛'✐♦♥ ❞❛'❡+ ❛*❡ ♥♦' ②❡❛*+ ❜✉' ❞❡❝❛❞❡+ ♦* ❝❡♥'✉*✐❡+✳ ❚❤✐+

✐+ ✇❤② '❤❡ ♣✉❜❧✐❝❛'✐♦♥ ❞❛'❡+ ❛*❡ ❝♦♠♣❛*❡❞ ♥♦' ❛+ ♥✉♠❜❡*+ ❜✉' ❛+ ✐♥'❡*✈❛❧+✳ ❋♦* '❤❡

date ❝*✐'❡*✐♦♥✱ '❤❡ ♠✐♥✐♠❛❧ ❞✐+'❛♥❝❡ ❜❡'✇❡❡♥ '❤❡ ❝♦♠♣❛*❡❞ ❞❛'❡✲✐♥'❡*✈❛❧+ ✐+ '❤❡ ♦♥❡

'❤❛' ♠❛''❡*+✳

❊①❛♠♣❧❡ ✶✹ ✭date ❝*✐'❡*✐♦♥✮✳ ▲❡! ✉* ❝♦♠♣❛$❡ !❤❡ ❝♦♥!❡①!✉❛❧ ❡♥!✐!✐❡* Nc21 ❛♥❞ Nc22
❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡* ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝❝♦$❞✐♥❣ !♦

❊①❛♠♣❧❡ ✶✸ *♦ ✇❡ ❝❛♥ ❝♦♠♣❛$❡ ❞❛!❡ ❛!!$✐❜✉!❡*✳ ❚❤❡ ♣✉❜❧✐❝❛!✐♦♥ ❞❛!❡ ♦❢ Nc21 ✐*

✏✷✵✵✵✑ ❛♥❞ !❤❡ ♣✉❜❧✐❝❛!✐♦♥ ❞❛!❡ ♦❢ Nc22 ✐* ✏✶✾✾✸✑ *♦ !❤❡$❡ ❛$❡ ✼ ②❡❛$* ❛! ♠♦*!

❜❡!✇❡❡♥ !❤❡ ♣✉❜❧✐❝❛!✐♦♥ ❞❛!❡* ❛♥❞ date(Nc21, Nc22) = neutral✳
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❼ ❚❤❡ language ❝&✐(❡&✐♦♥ ✐+ ❛ ❢❛&♥❡++✲❝&✐(❡&✐♦♥✳ ❲❤❡♥ ♣✉❜❧✐❝❛(✐♦♥ ❧❛♥❣✉❛❣❡+ ❛&❡

❞✐+(✐♥❝( ❛♥❞ ♥♦♥❡ ♦❢ (❤❡♠ ✐+ ❊♥❣❧✐+❤ ✭✏❡♥❣✑ ❝♦❞❡✮ ♦& ✉♥❞❡✜♥❡❞ ✭✏✉♥❞✑ ❝♦❞❡✮✱ language
&❡(✉&♥+ − ✈❛❧✉❡✱ ❛♥❞ ✐♥ ♦(❤❡& ❝❛+❡+✱ neutral ✈❛❧✉❡✳

❊①❛♠♣❧❡ ✶✺ ✭language ❝&✐(❡&✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21 ❛♥❞
Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝❝♦*❞✐♥❣
"♦ ❊①❛♠♣❧❡ ✶✸✱ $♦ ✇❡ ❝❛♥ ❝♦♠♣❛*❡ ♣✉❜❧✐❝❛"✐♦♥ ❧❛♥❣✉❛❣❡ ❛""*✐❜✉"❡$✳ ❚❤❡ ♣✉❜❧✐❝❛"✐♦♥

❧❛♥❣✉❛❣❡ ♦❢ ❜♦"❤ Nc21 ❛♥❞ Nc22 ✐$ "❤❡ $❛♠❡✱ ✏❢*❡✑ ♦* ❋*❡♥❝❤ $♦ language(Nc21, Nc22) =
neutral✳

❼ ❚❤❡ thesisAdvisor ❝&✐(❡&✐♦♥ ✐+ ❛ ❢❛&♥❡++✲❝&✐(❡&✐♦♥✳ thesisAdvisor(Nci, Ncj) =
−− ♠❡❛♥+ (❤❛( Nci ❛♥❞ Ncj ❤❛✈❡ ❛ +❛♠❡ C ❝♦♥(&✐❜✉(♦& ✐❢ (❤❡✐& ❛((&✐❜✉(❡+ ❛❧❧♦✇

(♦ ❞❡(❡❝( (❤❛( (❤✐+ ❝♦♥(&✐❜✉(♦& ❤❛+ +✉♣❡&✈✐+❡❞ ❛ (❤❡+✐+ ❜❡❢♦&❡ +✉❜♠✐((✐♥❣ ❤✐+✴❤❡&

♦✇♥ (❤❡+✐+✳ thesisAdvisor(Nci, Ncj) = − ♠❡❛♥+ (❤❛( Nci ❛♥❞ Ncj ❤❛✈❡ ❛ +❛♠❡ C
❝♦♥(&✐❜✉(♦& ✐❢ (❤❡✐& ❛((&✐❜✉(❡+ ❛❧❧♦✇ (♦ ❞❡(❡❝( (❤❛( (❤✐+ ❝♦♥(&✐❜✉(♦& ❤❛+ +✉♣❡&✈✐+❡❞ ❛

(❤❡+✐+ +✉❜♠✐((❡❞ ♦♥❧② ✷ ②❡❛&+ ❛❢(❡& +✉❜♠✐((✐♥❣ ❤✐+✴❤❡& ♦✇♥ (❤❡+✐+✳ ❚❤✐+ ❝&✐(❡&✐♦♥ ✉+❡+

+❡✈❡&❛❧ ❛((&✐❜✉(❡+ ✐♥ ♦&❞❡& (♦ ❝❛❧❝✉❧❛(❡ ❛ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡✿ &♦❧❡✱ ♦(❤❡& ❝♦♥(&✐❜✉(♦&

❛♥❞ ♣✉❜❧✐❝❛(✐♦♥ ❞❛(❡ ❛((&✐❜✉(❡+✳ ❆ ❝♦♥(❡①(✉❛❧ ❡♥(✐(② &❡♣&❡+❡♥(+ ❛ (❤❡+✐+ ❢&♦♠ (❤❡

♣♦✐♥( ♦❢ ✈✐❡✇ ♦❢ ❛ (❤❡+✐+ ❛❞✈✐+♦& ✐❢ (❤❡ &♦❧❡ ✐+ ✏(❤❡+✐+ ❛❞✈✐+♦&✑✳ ❆ ❝♦♥(❡①(✉❛❧ ❡♥(✐(②

&❡♣&❡+❡♥(+ ❛ (❤❡+✐+ ❢&♦♠ (❤❡ ♣♦✐♥( ♦❢ ✈✐❡✇ ♦❢ ✐(+ ❛✉(❤♦& ✐❢ (❤❡ &♦❧❡ ✐+ ✏❛✉(❤♦&✑ ❛♥❞

♦♥❡ ♦❢ (❤❡ ♦(❤❡& ❝♦♥(&✐❜✉(♦&+ ❤❛+ ❝♦♥(&✐❜✉(❡❞ ❛+ ❛ ✏(❤❡+✐+ ❛❞✈✐+♦&✑✳

❊①❛♠♣❧❡ ✶✻ ✭thesisAdvisor ❝&✐(❡&✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21
❛♥❞ Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝✲
❝♦*❞✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✸✱ ❜♦"❤ ❛*❡ "❤❡$❡$ ❛❝❝♦*❞✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✼✱ ❜✉" ♥❡✐"❤❡* ♦❢ "❤❡♠

❤❛$ "❤❡$✐$ ❛❞✈✐$♦* ❛$ *♦❧❡✱ $♦ thesisAdvisor(Nc21, Nc22) = neutral✳

❼ ❚❤❡ thesis ❝&✐(❡&✐♦♥ ✐+ ❛ ❢❛&♥❡++✲❝&✐(❡&✐♦♥✳ thesis(Nci, Ncj) = − ♠❡❛♥+ (❤❛(

Nci✱ Ncj ❛&❡ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡+ (❤❛( &❡♣&❡+❡♥( ❞✐+(✐♥❝( (❤❡+❡+ ✭♥♦( (❤❡ +❛♠❡ (✐(❧❡✱

&❡❝♦❣♥✐③❡❞ (❤❛♥❦+ (♦ (❤❡ title ❝&✐(❡&✐♦♥✱ (❤❛( ✇✐❧❧ ❜❡ ♣&❡+❡♥(❡❞ ❢✉&(❤❡&✮ ❢&♦♠ (❤❡✐&

✏❛✉(❤♦&✑ ♣♦✐♥( ♦❢ ✈✐❡✇✳ thesis(Nci, Ncj) = −− ♠❡❛♥+ (❤❛( Nci✱ Ncj ❤❛✈❡ ❛❧+♦ ❜❡❡♥

+✉❜♠✐((❡❞ +✐♠✉❧(❛♥❡♦✉+❧② ✭✸ ②❡❛&+ ❛( ♠♦+( ❜❡(✇❡❡♥ +✉❜♠✐++✐♦♥+✮✳

❊①❛♠♣❧❡ ✶✼ ✭thesis ❝&✐(❡&✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21 ❛♥❞
Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ ❙✐♥❝❡ appellation(Nc21, Nc22) = neutral ❛❝✲
❝♦*❞✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✸✱ *♦❧❡$ ❛*❡ ✏❛✉"❤♦*✑ ❛♥❞ ❜♦"❤ ❤❛✈❡ ❛ "❤❡$✐$ ❛❞✈✐$♦* ❛$ ♦"❤❡* ❝♦♥✲

"*✐❜✉"♦*✳ Nc21 ❛♥❞ Nc22 ❜♦"❤ *❡♣*❡$❡♥" ❛ "❤❡$✐$ ❢*♦♠ "❤❡ ♣♦✐♥" ♦❢ ✈✐❡✇ ♦❢ "❤❡✐* ❛✉"❤♦*✳

❋✉*"❤❡*♠♦*❡✱ "❤❡ "✐"❧❡$ ❛*❡ ❞✐$"✐♥❝" ❛❝❝♦*❞✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✽ ✭title(Nc21, Nc22) =
neutral✮✳ H✉❜❧✐❝❛"✐♦♥ ❞❛"❡$ ❛*❡ $❡♣❛*❛"❡❞ ❢*♦♠ ✼ ②❡❛*$✱ $♦ ♣✉❜❧✐❝❛"✐♦♥ ❞❛"❡$ ❛*❡ ♥♦"

"♦♦ ❝❧♦$❡ ❜✉" thesis(Nc21, Nc22) = −✳
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❈❧♦#❡♥❡##✲❝(✐*❡(✐❛

❼ ❚❤❡ title ❝&✐(❡&✐♦♥ ✐+ ❛ ❝❧♦+❡♥❡++✲❝&✐(❡&✐♦♥✳ ❚❤✐+ ❝&✐(❡&✐♦♥ ❝❛♥ ❣✐✈❡ ❛♥ always
✈❛❧✉❡ ❛♥❞ ✸ ❝❧♦+❡♥❡++ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡+✳ ■( ✐+ ❜❛+❡❞ ♦♥ ❛ ▲❡✈❡♥+❤(❡✐♥ ❝♦♠♣❛&✐+♦♥

✸

❬✺✸❪✳ ❋♦& ❡❛❝❤ ❝♦♠♣❛&✐+♦♥ ♦❢ (✐(❧❡+✱ (❤❡ ▲❡✈❡♥+❤❡✐♥ ❝♦♠♣❛&✐+♦♥ ❣✐✈❡+ ❛ ♥✉♠❜❡& i
❜❡(✇❡❡♥ ✵ ✭(♦(❛❧❧② ❞✐✛❡&❡♥(✮ ❛♥❞ ✶ ✭✐❞❡♥(✐❝❛❧✮✳ ❲❡ ❞✐+❝&❡(❡ (❤✐+ ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣

♠❛♥♥❡&✿

❼ ✐❢ i > 0.95✱ (❤❡ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡ ✐+ always

❼ ✐❢ 0.95 > i ≥ 0.8✱ (❤❡ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡ ✐+ +++

❼ ✐❢ 0.8 > i ≥ 0.6✱ (❤❡ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡ ✐+ ++

❼ ✐❢ 0.6 > i ≥ 0.5✱ (❤❡ ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡ ✐+ +

■( ✐+ ✉+❡❢✉❧ (♦ ❞❡(❡&♠✐♥❡ ✇❤✐❝❤ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡+ &❡♣&❡+❡♥( (❤❡ +❛♠❡ ✇♦&❦ ✭❡✈❡♥✲

(✉❛❧❧② ❡❞✐(❡❞ +❡✈❡&❛❧ (✐♠❡+✮✳ ■( ✐+ ❛❧+♦ ✉+❡❞ ❜② (❤❡ thesis ❝&✐(❡&✐♦♥✳

❊①❛♠♣❧❡ ✶✽ ✭title ❝&✐(❡&✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21 ❛♥❞

Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝❝♦*❞✲
✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✸✱ $♦ "❤❡ appellation ❝*✐"❡*✐♦♥ ❞♦❡$ ♥♦" ❡①❝❧✉❞❡ "❤❛" Nc21 ❛♥❞ Nc22
❝♦✉❧❞ ❤❛✈❡ ❛ $❛♠❡ C ❝♦♥"*✐❜✉"♦* ❛♥❞ ✇❡ ❝❛♥ ❝♦♠♣❛*❡ "✐"❧❡ ❛""*✐❜✉"❡$✳ ❚❤❡ "✐"❧❡

♦❢ Nc21 ✐$ ✏❚❡❝❤♥✐A✉❡$ ❞❡ ♣*♦♠♦"✐♦♥ ❡" ❞❡ ❞②♥❛♠✐$❛"✐♦♥ ❞❡$ ✈❡♥"❡$✑ ❛♥❞ "❤❡ "✐"❧❡

♦❢ Nc22 ✐$ ✏❈❤❛♥ ❡" ♣♦E$✐❡ ❝❤❡③ ✉♥ ❛✉"❡✉* ❝♦♥"❡♠♣♦*❛✐♥ ✿ ❩❤♦✉ ▼❡♥❣❞✐❡✑✱ $♦ "❤❡

title(Nc21, Nc22) = neutral✳

❼ ❚❤❡ otherContributors ❝&✐(❡&✐♦♥ ✐+ ❛ ❝❧♦+❡♥❡++✲❝&✐(❡&✐♦♥✳ ■( ❝♦✉♥(+ (❤❡ ♦(❤❡&

❝♦♥(&✐❜✉(♦&+ ✐♥ ❝♦♠♠♦♥ ❜② ❝♦♠♣❛&✐♥❣ (❤❡✐& ❛✉(❤♦&✐(② ♥♦(✐❝❡+✳ ❖♥❡ ♦(❤❡& ❝♦♠♠♦♥

❝♦♥(&✐❜✉(♦& ❣✐✈❡+ + ❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡✳ ❙❡✈❡&❛❧ ♦(❤❡& ❝♦♠♠♦♥ ❝♦♥(&✐❜✉(♦&+ ❣✐✈❡ ++
❝♦♠♣❛&✐+♦♥ ✈❛❧✉❡✳

❊①❛♠♣❧❡ ✶✾ ✭otherContributors ❝&✐(❡&✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$

Nc21 ❛♥❞ Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ ❙✐♥❝❡ appellation(Nc21, Nc22) =
neutral ❛❝❝♦*❞✐♥❣ "♦ ❊①❛♠♣❧❡ ✶✸✱ ✇❡ ❝❛♥ ❝♦♠♣❛*❡ ♦"❤❡* ❝♦♥"*✐❜✉"♦*$ ❛""*✐❜✉"❡$✳ ❚❤❡
"✐"❧❡ ♦❢ Nc21 ❤❛$ ✶ ♦"❤❡* ❝♦♥"*✐❜✉"♦*✱ "❤❛" ✐$ ♥♦" ❛♥② ♦❢ "❤❡ "✇♦ ♦"❤❡* ❝♦♥"*✐❜✉"♦*$
♦❢ Nc22✱ $♦ otherContributors(Nc21, Nc22) = neutral✳

❇♦*❤ ❢❛(♥❡## ❛♥❞ ❝❧♦#❡♥❡##✲❝(✐*❡(✐❛

❼ ❚❤❡ role ❝&✐(❡&✐♦♥ &❡(✉&♥+ + ✇❤❡♥ ❝♦♥(&✐❜✉(♦& ❈ &♦❧❡+ ❛&❡ (❤❡ +❛♠❡ ✭❡①❝❡♣( ❢♦&

+♦♠❡ ♣❛✐&+ ♦❢ &♦❧❡+ ❛+ ✏(❤❡+✐+ ❛❞✈✐+♦&✑ ❛♥❞ ✏❛✉(❤♦&✑✮✱ ♦& − ✇❤❡♥ ❞✐+(✐♥❝( ✭❡①❝❡♣( ❢♦&

❝♦♠♠♦♥ &♦❧❡+ ❛+ ✏❛✉(❤♦&✑✱ ✏♣✉❜❧✐+❤✐♥❣ ❡❞✐(♦&✑ ♦& ✏❝♦❧❧❛❜♦&❛(♦&✑✮✳

✸

❚❤❡ ▲❡✈❡♥&'❡✐♥ ❞✐&'❛♥❝❡ ♠❡❛&✉.❡ ❝♦..❡&♣♦♥❞& '♦ '❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡. ♦❢ '.❛♥&❢♦.♠❛'✐♦♥& ❜❡✲

'✇❡❡♥ '✇♦ &'.✐♥❣&✳ ❆ ♠✐♥✐♠❛❧ '.❛♥&❢♦.♠❛'✐♦♥ ❝❛♥ .❡♣❧❛❝❡ ❛ ❝❤❛.❛❝'❡. ❜② ❛♥♦'❤❡.✱ .❡♠♦✈❡ ♦. ❛❞❞ ❛

❝❤❛.❛❝'❡.✳
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❊①❛♠♣❧❡ ✷✵ ✭role ❝$✐&❡$✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21 ❛♥❞ Nc22
❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝❝♦*❞✐♥❣ "♦
❊①❛♠♣❧❡ ✶✸✱ $♦ ✇❡ ❝❛♥ ❝♦♠♣❛*❡ "❤❡✐* *♦❧❡ ❛""*✐❜✉"❡✳ ❘♦❧❡ ♦❢ ❜♦"❤ Nc21 ❛♥❞ Nc22 ❛*❡
"❤❡ $❛♠❡✱ ✏❛✉"❤♦*✑✱ "❤❛" ✐$ ❛ ✈❡*② ❝♦♠♠♦♥ *♦❧❡ $♦ role(Nc21, Nc22) = neutral✳

❼ ❚❤❡ domain ❝$✐&❡$✐♦♥ ❝♦♠♣❛$❡0 &❤❡ ❧✐0&0 ♦❢ ❞♦♠❛✐♥ ❝♦❞❡0✳ ❉♦♠❛✐♥ ❝♦❞❡0 ❛$❡

❝♦♠♣❛$❡❞ ♣❛✐$✲✇✐0❡✳ domain(Nci, Ncj) ❝♦♠♣❛$❡0 &❤❡ ❧✐0&0 ♦❢ ❞♦♠❛✐♥ ❝♦❞❡0✱ ❛♥❞

❣✐✈❡0 ❝❧♦0❡♥❡00 ✭$❡0♣❡❝&✐✈❡❧② ❢❛$♥❡00✮ ❝♦♠♣❛$✐0♦♥ ✈❛❧✉❡0 ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0

❝❧♦0❡ ✭$❡0♣❡❝&✐✈❡❧② ❢❛$✮ ❢$♦♠ ❛ Ncj ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞✳ neutral
✈❛❧✉❡ ✐0 ❣✐✈❡♥ ❜② ❞❡❢❛✉❧&✳ ❚❤❡ ❞♦♠❛✐♥ ❝♦❞❡0 ❛$❡ ❝♦♠♣❛$❡❞ ♣❛✐$✲✇✐0❡ ❛0 ✏✐❞❡♥&✐❝❛❧✑✱

✏✈❡$② ❝❧♦0❡✑✱ ✏❝❧♦0❡✑✱ ✏♥♦& 0♦ ❝❧♦0❡✑✱ ✏❛ ❜✐& ❢❛$✑✱ ✏❢❛$✑✱ ✏✈❡$② ❢❛$✑✳ domain(Nci, Ncj)
❝♦♠♣❛$❡0 ❧✐0& ♦❢ ❞♦♠❛✐♥ ❝♦❞❡0✿

❼ ++++++ ✐❢ Nci ❛♥❞ Ncj ❞♦♠❛✐♥ ❝♦❞❡ ❧✐0&0 ❛$❡ ✐♥❝❧✉❞❡❞ ✐♥ ❡❛❝❤ ♦&❤❡$❀

❼ +++++ ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ❛& ❧❡❛0& ✏✈❡$② ❝❧♦0❡✑ ❢$♦♠ ❛ Ncj ❞♦♠❛✐♥

❝♦❞❡ ❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞❀

❼ ++++ ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ❛& ❧❡❛0& ✏❝❧♦0❡✑ ❢$♦♠ ❛ Ncj ❞♦♠❛✐♥ ❝♦❞❡

❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞❀

❼ + + +✱ ++ ♦$ + ✐❢ &❤❡$❡ ❛$❡ 0♦♠❡ ✏✐❞❡♥&✐❝❛❧✑✱ ✏✈❡$② ❝❧♦0❡✑ ♦$ ✏❝❧♦0❡✑ $❡❧❛&✐♦♥

❜❡&✇❡❡♥ &❤❡ ❞♦♠❛✐♥ ❝♦❞❡0 ♦❢ Nci ❛♥❞ Nci✱ ❜✉& ♥♦ ✏♥♦& 0♦ ❝❧♦0❡✑✱ ✏❛ ❜✐& ❢❛$✑✱

✏❢❛$✑✱ ♦$ ✏✈❡$② ❢❛$✑ $❡❧❛&✐♦♥ ❜❡&✇❡❡♥ &❤❡ ❞♦♠❛✐♥ ❝♦❞❡0 ♦❢ Nci ❛♥❞ Nci❀

❼ neutral ✐❢ &❤❡$❡ ❛$❡ 0♦♠❡ ✏✐❞❡♥&✐❝❛❧✑✱ ✏✈❡$② ❝❧♦0❡✑ ♦$ ✏❝❧♦0❡✑ ❛♥❞ 0♦♠❡ ✏♥♦& 0♦

❝❧♦0❡✑✱ ✏❛ ❜✐& ❢❛$✑✱ ✏❢❛$✑✱ ♦$ ✏✈❡$② ❢❛$✑ $❡❧❛&✐♦♥ ❜❡&✇❡❡♥ &❤❡ ❞♦♠❛✐♥ ❝♦❞❡0 ♦❢ Nci
❛♥❞ Nci❀

❼ − ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ✏♥♦& 0♦ ❝❧♦0❡✑✱ ✏❛ ❜✐& ❢❛$✑✱ ✏❢❛$✑✱ ♦$ ✏✈❡$② ❢❛$✑

❢$♦♠ ❡❛❝❤ Ncj ❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞❀

❼ −− ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ✏❛ ❜✐& ❢❛$✑✱ ✏❢❛$✑✱ ♦$ ✏✈❡$② ❢❛$✑ ❢$♦♠ ❡❛❝❤ Ncj
❞♦♠❛✐♥ ❝♦❞❡ ❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞❀

❼ −−− ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ✏❢❛$✑✱ ♦$ ✏✈❡$② ❢❛$✑ ❢$♦♠ ❡❛❝❤ Ncj ❞♦♠❛✐♥

❝♦❞❡ ❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞❀

❼ − − −− ✐❢ ❡✈❡$② Nci ❞♦♠❛✐♥ ❝♦❞❡ ✐0 ✏✈❡$② ❢❛$✑ ❢$♦♠ ❡❛❝❤ Ncj ❞♦♠❛✐♥ ❝♦❞❡

❛♥❞ &❤❡ ♦&❤❡$ ✇❛② ❛$♦✉♥❞✳

❊①❛♠♣❧❡ ✷✶ ✭domain ❝$✐&❡$✐♦♥✮✳ ▲❡" ✉$ ❝♦♠♣❛*❡ "❤❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡$ Nc21 ❛♥❞
Nc22 ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$ ✶✵ ❛♥❞ ✶✷✳ appellation(Nc21, Nc22) = neutral ❛❝❝♦*❞✐♥❣
"♦ ❊①❛♠♣❧❡ ✶✸✱ $♦ ✇❡ ❝❛♥ ❝♦♠♣❛*❡ "❤❡✐* ❧✐$" ♦❢ ❞♦♠❛✐♥$ ❛""*✐❜✉"❡$✳ Nc22 ❧✐$" ♦❢

❞♦♠❛✐♥$ ✐$ {800} ❜✉" Nc21 ❧✐$" ♦❢ ❞♦♠❛✐♥$ ✐$ ♠✐$$✐♥❣ $♦ domain(Nc21, Nc22) =
neutral✳



✹✳✷✳ ❈❘■❚❊❘■❆ ❚❖ ❉❊❚❊❈❚ ▲■◆❑ ■❙❙❯❊❙ ■◆ ❙❯❉❖❈ ✺✺

❲❡ ♣$❡%❡♥'❡❞ ✐♥ '❤✐% ❈❤❛♣'❡$ ❤♦✇ ✇❡ %❛✇ ❙✉❞♦❝ ❞❛'❛ ❛♥❞ ❤♦✇ ✇❡ ❝♦♠♣❛$❡❞

❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡%✳ ▲❡' ✉% ♣$❡%❡♥' '❤❡ ♣❛$'✐'✐♦♥✐♥❣ %❡♠❛♥'✐❝% ✉%❡❞ ✐♥ ♦$❞❡$ '♦ ❞❡'❡❝'

❡$$♦♥❡♦✉% ❧✐♥❦% ✐♥ ❙✉❞♦❝ ✐♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣'❡$✳
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❈❤❛♣$❡& ✺

(❛&$✐$✐♦♥✐♥❣ -❡♠❛♥$✐❝-

❲❡ ♣#❡$❡♥& ✐♥ &❤✐$ ❝❤❛♣&❡# &✇♦ ♣❛#&✐&✐♦♥✐♥❣ $❡♠❛♥&✐❝$ ✉$✐♥❣ $②♠❜♦❧✐❝ ❝#✐&❡#✐❛✳ ❚❤❡

✐♥♣✉& ♦❢ ❛ ♣❛#&✐&✐♦♥✐♥❣ $❡♠❛♥&✐❝$ ✐$ ❛ ♣❛"#✐#✐♦♥

✶ P ♦♥ ❛ $❡& ♦❢ ♦❜❥❡❝&$ ❛♥❞ ❛ $❡& ♦❢
❝#✐&❡#✐❛ $✉❝❤ ❛$ ❡❛❝❤ ❝#✐&❡#✐♦♥ ❣✐✈❡$ ❛ ❝♦♠♣❛#✐$♦♥ ✈❛❧✉❡ ❢♦# ❡❛❝❤ ♣❛✐# ♦❢ ♦❜❥❡❝&$✳ ❚❤❡

♦✉&♣✉& ✐$ &❤❡ ♣❛#&✐&✐♦♥ ✈❛❧✉❡ ♦❢ P ❛❝❝♦#❞✐♥❣ &♦ &❤❡ ❝#✐&❡#✐♦♥ $❡&✳ 9❛#&✐&✐♦♥ ✈❛❧✉❡$
❛❧❧♦✇ ✉$ &♦ ❝♦♠♣❛#❡ ♣❛#&✐&✐♦♥$ ♦♥ &❤❡ $❛♠❡ ♦❜❥❡❝& $❡&✱ ❛♥❞ &♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♦♥❡ ✐$

&❤❡ ❜❡$& ♣❛#&✐&✐♦♥✳ ❚❤❡ ❢♦#♠❛❧ ❞❡✜♥✐&✐♦♥ ✐$ ❣✐✈❡♥ ✐♥ ❙❡❝&✐♦♥ ✺✳✶✳✶✳

9❛#&✐&✐♦♥✐♥❣ $❡♠❛♥&✐❝$ ❛#❡ ✉$❡❞ ✐♥ ♦#❞❡# &♦ ❝♦♠♣❛#❡ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡$ ♦❢ ❙✉❞♦❝

$✉❜$❡&$✳ ❚❤✐$ ❛❧❧♦✇$ ✉$ &♦ ❞❡&❡❝& ✐❢ &❤❡#❡ ❛#❡ ❡##♦♥❡♦✉$ ❧✐♥❦$ ✐♥ &❤❡ ❙✉❞♦❝ $✉❜$❡&$

❝♦♥$✐❞❡#❡❞ ❜② ❞❡&❡#♠✐♥✐♥❣ ✐❢ &❤❡ ✐♥✐&✐❛❧ ♣❛#&✐&✐♦♥ ✐$ ❛ ❜❡$& ♣❛#&✐&✐♦♥✱ ❛$ ✐& ❤❛$ ❜❡❡♥

❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝&✐♦♥ ✸✳✷✳✸ ♣❛❣❡ ✸✼✳

9❛#&✐&✐♦♥✐♥❣ $❡♠❛♥&✐❝$ ❡✈❛❧✉❛&❡ ♣❛#&✐&✐♦♥$ ❛❝❝♦#❞✐♥❣ &♦ ♦♥❡ ♦# $❡✈❡#❛❧ ❝#✐&❡#✐❛✳

❆$ ♣#❡✈✐♦✉$❧② ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝&✐♦♥ ✹✳✷✳✶✱ ❛ $②♠❜♦❧✐❝ ❝#✐&❡#✐♦♥ C ✐$ ❛ ❢✉♥❝&✐♦♥ &❤❛&
#❡&✉#♥$ ❛ $②♠❜♦❧✐❝ ✈❛❧✉❡ ❢♦# &✇♦ ♦❜❥❡❝&$✳ ❚❤✐$ $②♠❜♦❧✐❝ ✈❛❧✉❡ ✐$ ❞✐$❝#❡&❡ ❛♥❞ ❝♦✉❧❞

❜❡ neutral✱ always✱ never✱ ✐♥ V C
far ✭❢❛#♥❡$$ ✈❛❧✉❡✮ ♦# V

C
close ✭❝❧♦$❡♥❡$$ ✈❛❧✉❡✮✳ ❊❛❝❤

❝#✐&❡#✐♦♥ ❤❛$ ✐&$ ♦✇♥ $❡&$ ♦❢ ❢❛#♥❡$$ ❛♥❞ ❝❧♦$❡♥❡$$ ✈❛❧✉❡$✱ ❛$ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝&✐♦♥

✹✳✷✳✶✳ ❆❧❣♦#✐&❤♠$ ✉$❡❞ &♦ ✜♥❞ ❜❡$& ♣❛#&✐&✐♦♥$ ❢♦❝✉$ ♦♥ ❜❡$& ♣❛#&✐&✐♦♥ ✈❛❧✉❡$ ✐♥$&❡❛❞

♦❢ ❜❡$& ♣❛#&✐&✐♦♥$ ❜❡❝❛✉$❡ &❤❡#❡ ❛#❡ ❇❡❧❧ ♥✉♠❜❡# ✭Bn✮ ♣♦$$✐❜❧❡ ♣❛#&✐&✐♦♥$ ♦♥ ❛♥

♦❜❥❡❝& $❡&✳ ■❢ &❤✐$ ♦❜❥❡❝& $❡& ❤❛$ ❛ $✐③❡ n✱ &❤❡ ❇❡❧❧ ♥✉♠❜❡# ✐$✱ ✇✐&❤ B0 = B1 = 1✿

Bn =
n−1
∑

k=0

(

n− 1

k

)

Bk

❲❡ ✇✐❧❧ $&❛#& ✇✐&❤ ❝♦♠♠♦♥ ♥♦&✐♦♥$ ❢♦# ❜♦&❤ $❡♠❛♥&✐❝$✱ ❛$ &❤❡ ❣❡♥❡#❛❧ ❞❡✜♥✐&✐♦♥

♦❢ ❛ ♣❛#&✐&✐♦♥✐♥❣ $❡♠❛♥&✐❝$ ✐♥ ❙❡❝&✐♦♥ ✺✳✶✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ♣#❡$❡♥& &❤❡ ❣❧♦❜❛❧ $❡♠❛♥&✐❝$

✐♥ ❙❡❝&✐♦♥ ✺✳✷ ❛♥❞ &❤❡ ❧♦❝❛❧ $❡♠❛♥&✐❝$ ✐♥ ❙❡❝&✐♦♥ ✺✳✸✱ ✇❤✐❝❤ ♣❡#♠✐&$ &♦ ✐♠♣#♦✈❡ ❣❧♦❜❛❧

$❡♠❛♥&✐❝$✳ ❲❡ ✇✐❧❧ ✜♥✐$❤ ❜② ❣✐✈✐♥❣ $♦♠❡ ❞❡&❛✐❧$ ❛❜♦✉& ✐♠♣❧❡♠❡♥&❛&✐♦♥ ✐♥ ❙❡❝&✐♦♥

✺✳✹✳

✶

❆ ♣❛"#✐#✐♦♥ P ♦❢ ❛♥ ♦❜❥❡❝) *❡) X ✐* ❛ *❡) ♦❢ ❝❧❛))❡)✭X *✉❜*❡)*✮ *✉❝❤ ❛* ❡❛❝❤ ♦❜❥❡❝) ♦❢ X ✐*

✐♥ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ P ❝❧❛**✳

✺✼
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✺✳✶ ❇❛%✐❝ ♥♦*✐♦♥% ❢♦, ❜♦*❤ %❡♠❛♥*✐❝%

■♥ $❤✐' ❙❡❝$✐♦♥✱ ✇❡ ♣/❡'❡♥$ ✐♠♣♦/$❛♥$ ❝♦♠♠♦♥ ♥♦$✐♦♥' ❢♦/ ❜♦$❤ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧

'❡♠❛♥$✐❝'✳ ❲❡ '$❛/$ ✇✐$❤ ❛ ❣❡♥❡/❛❧ ❞❡✜♥✐$✐♦♥ ♦❢ ♣❛/$✐$✐♦♥✐♥❣ '❡♠❛♥$✐❝' ❙❡❝$✐♦♥

✺✳✶✳✶✳ ❚❤❡♥✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ $❤❡ ♣/♦❜❧❡♠ ♦❢ ♣❛/$✐$✐♦♥✐♥❣ ❛♥ ♦❜❥❡❝$ '❡$ ❛❝❝♦/❞✐♥❣ $♦

❛ ❝/✐$❡/✐♦♥ '❡$ ✐' ✈✐❡✇❡❞ ❛' ❛ ❣/❛♣❤ ♣❛/$✐$✐♦♥✐♥❣ ♣/♦❜❧❡♠ ✭❙❡❝$✐♦♥ ✺✳✶✳✷✮✳ ■♥ ❙❡❝$✐♦♥

✺✳✶✳✸✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ $♦ ♣/❡'❡♥$ ❝♦♠♠♦♥ ♥♦$✐♦♥' ❛❜♦✉$ ♣❛/$✐$✐♦♥ ✈❛❧✉❡' ❢♦/ ❜♦$❤

❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ '❡♠❛♥$✐❝'✳

✺✳✶✳✶ ●❡♥❡&❛❧ ♣❛&*✐*✐♦♥✐♥❣ .❡♠❛♥*✐❝ ❞❡✜♥✐*✐♦♥

▲❡$ ✉' ❞❡✜♥❡ ✇❤❛$ ❛ ♣❛/$✐$✐♦♥✐♥❣ '❡♠❛♥$✐❝' ✐' ✐♥ ❛ ❣❡♥❡/❛❧ ❝❛'❡✳ ■♥ $❤❡ ❣❡♥❡/❛❧ ❝❛'❡✱

❛ ♣❛/$✐$✐♦♥✐♥❣ '❡♠❛♥$✐❝' ❣✐✈❡' ❛ ✈❛❧✉❡ $♦ ❛♥② ♣❛/$✐$✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝$ '❡$✳ ❚❤❡'❡ ✈❛❧✉❡'

'❡/✈❡ $♦ ❝♦♠♣❛/❡ ♣❛/$✐$✐♦♥'✳ ▲❡$ ✉' ❢♦/♠❛❧❧② ❞❡✜♥❡ ✇❤❛$ ❛ ♣❛/$✐$✐♦♥ ✐' ✭❉❡✜♥✐$✐♦♥

✻✮ ❜❡❢♦/❡ ❞❡✜♥✐♥❣ ❛ ♣❛/$✐$✐♦♥✐♥❣ '❡♠❛♥$✐❝' ✐♥ ❉❡✜♥✐$✐♦♥ ✼✳

❉❡✜♥✐%✐♦♥ ✻ ✭I❛/$✐$✐♦♥✮✳ ❆ ♣❛#$✐$✐♦♥ P ♦❢ ❛♥ ♦❜❥❡❝$ -❡$ O ✐- ❛ -❡$ ♦❢ ❝❧❛--❡- ✭O

-✉❜-❡$-✮ -✉❝❤ $❤❛$ $❤❡#❡ ❛#❡ ♥♦ ❡♠♣$② ❝❧❛-- ❛♥❞ ❡❛❝❤ ♦❜❥❡❝$ ♦❢ O ✐- ✐♥ ♦♥❡ ❛♥❞ ♦♥❧②

♦♥❡ P ❝❧❛--✳

▲❡$ o ❜❡ ❛♥ ♦❜❥❡❝$ ✐♥ O✱ ❛♥❞ P ❛ ♣❛#$✐$✐♦♥ ♦♥ O✳ ❚❤❡ ❝❧❛-- ♦❢ P ❝♦♥$❛✐♥✐♥❣ o ✐-
❞❡♥♦$❡❞ class(o, P ) ♦# ❛❜✉-✐✈❡❧② class(o) ✐❢ P ✐- ♦❜✈✐♦✉-✳

❊①❛♠♣❧❡ ✷✷ ✭I❛/$✐$✐♦♥✮✳ ▲❡$ O ❜❡ ❛♥ ♦❜❥❡❝$ -❡$ -✉❝❤ $❤❛$ O = {a, b, c, d, e}✳ P =
{{a, c}, {b, d}, {e}} ✐- ❛ ♣❛#$✐$✐♦♥ ♦♥ O✳ class(b, P ) = {b, d}✳

❉❡✜♥✐%✐♦♥ ✼ ✭I❛/$✐$✐♦♥✐♥❣ '❡♠❛♥$✐❝'✮✳ ▲❡$ C ❜❡ ❛ -❡$ ♦❢ ❝#✐$❡#✐❛ ♦♥ $❤❡ ♦❜❥❡❝$ -❡$

O✱ P $❤❡ -❡$ ♦❢ ♣♦--✐❜❧❡ ♣❛#$✐$✐♦♥- ♦♥ O ❛♥❞ VP $❤❡ -❡$ ♦❢ ♣♦--✐❜❧❡ ♣❛#$✐$✐♦♥ ✈❛❧✉❡-✳

❆ -❡♠❛♥$✐❝- ♦❢ ❜❡-$ ♣❛#$✐$✐♦♥✐♥❣ ✐- ❝♦♠♣♦-❡❞ ♦❢✿

❼ ❛ ❢✉♥❝$✐♦♥ $❤❛$ ❣✐✈❡- ❛ ✈❛❧✉❡ ❢♦# ❛ ♣❛#$✐$✐♦♥✿ v : P,C 7→ VP✱ ❛♥❞

❼ ❛♥ ♦#❞❡# ♦♥ VP✳

▲❡$ P ❜❡ ❛ ♣❛#$✐$✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝$ -❡$ O✳ ❲❡ ❞❡♥♦$❡ v(P,C) ✭#❡-♣❡❝$✐✈❡❧② v(P,C)
$❤❡ ♣❛"#✐#✐♦♥ ✈❛❧✉❡ ♦❢ P ✇✐$❤ #❡-♣❡❝$ $♦ $❤❡ ❝#✐$❡#✐♦♥ C ✭#❡-♣❡❝$✐✈❡❧② $❤❡ ❝#✐$❡#✐♦♥

-❡$ C✮✳ ■❢ C ✭#❡-♣❡❝$✐✈❡❧② C✮ ✐- ♦❜✈✐♦✉-✱ ✇❡ ❞❡♥♦$❡ ❛❜✉-✐✈❡❧② v(P ) $❤❡ ✈❛❧✉❡ ♦❢ P
✇✐$❤ #❡-♣❡❝$ $♦ C ✭#❡-♣❡❝$✐✈❡❧② C✮✳

▲❡$ Pi✱ Pj ❜❡ $✇♦ ♣❛#$✐$✐♦♥- ♦♥ $❤❡ -❛♠❡ ♦❜❥❡❝$ -❡$ ❛♥❞ vpi✱ vpj $❤❡✐# #❡-♣❡❝$✐✈❡
♣❛#$✐$✐♦♥ ✈❛❧✉❡- ❛❝❝♦#❞✐♥❣ $♦ ❛ ♣❛#$✐$✐♦♥✐♥❣ -❡♠❛♥$✐❝- ❛♥❞ ❛ ❝#✐$❡#✐♦♥ -❡$✳ ❈♦♠♣❛#✐♥❣

Pi ❛♥❞ Pj✱ ❝♦♠❡- ❞♦✇♥ $♦ ❝♦♠♣❛#✐♥❣ $❤❡✐# ✈❛❧✉❡-✳ ❲❡ ❞❡♥♦$❡✿

❼ ✏vpi ❡B✉❛❧ vpj✑✿ vpi = vpj ✭Pi ❛♥❞ Pj ❛#❡ -❛✐❞ ❡B✉✐✈❛❧❡♥$✱ ❞❡♥♦$❡❞ vpi ≈ vpj✮❀

❼ ✏vpi ✐- -$#✐❝$❧② ♣#❡❢❡##❡❞ $♦ vpj✑✿ vpi ≻ vpj❀

❼ ✏vpi ✐- ♣#❡❢❡##❡❞ $♦ vpj✑✿ vpi � vpj❀



✺✳✶✳ ❇❆❙■❈ ◆❖❚■❖◆❙ ❋❖❘ ❇❖❚❍ ❙❊▼❆◆❚■❈❙ ✺✾

❼ ✏vpi ✐" ♥♦% ❝♦♠♣❛*❛❜❧❡ %♦ vpj✑✿ vpi ⋄ vpj ✭♠❡❛♥" %❤❛% vpi � vpj ❛♥❞ vpi � vpj
❛*❡ ❜♦%❤ ❢❛❧"❡✮✳

Pi = Pj ♠❡❛♥" %❤❛% Pi ✐" "%*✐❝%❧② %❤❡ "❛♠❡ ♣❛*%✐%✐♦♥ ❛" Pj✳ ❲❡ ❛❜✉"✐✈❡❧② ✉"❡ %❤❡

"❛♠❡ "②♠❜♦❧" ✭≻✱ �✱ ⋄✮ ❛♥❞ ✈♦❝❛❜✉❧❛*② %♦ ❝♦♠♣❛*❡ ♣❛*%✐%✐♦♥" ❛♥❞ %♦ ❝♦♠♣❛*❡ %❤❡✐*

✈❛❧✉❡"✳

■♥ ♦%❞❡% (♦ ❝♦♠♣❛%❡ (✇♦ ♣❛%(✐(✐♦♥/ Pi✱ Pj ♦♥ (❤❡ /❛♠❡ ♦❜❥❡❝( /❡( O ✇✐(❤ %❡/♣❡❝( (♦

❛ ❝%✐(❡%✐♦♥ /❡( C✱ ✇❡ ❝♦♠♣❛%❡ Pi ❛♥❞ Pj ✈❛❧✉❡/ %❡(✉%♥❡❞ ❜② (❤❡ /❡♠❛♥(✐❝/ ❝♦♥/✐❞❡%❡❞

✇✐(❤ %❡/♣❡❝( (♦ C✳ ❚✇♦ ♣❛%(✐(✐♦♥/ ❛%❡ ❡:✉✐✈❛❧❡♥( ✭Pi ≈ Pj✮ ✇❤❡♥ (❤❡② ❤❛✈❡ (❤❡ /❛♠❡

✈❛❧✉❡ ✭v(Pi) = v(Pj)✮✳ ❆ ♣❛%(✐(✐♦♥ ✐/ /(%✐❝(❧② ♣%❡❢❡%%❡❞ (♦ ❛♥♦(❤❡% ♦♥❡ ✭Pi ≻ Pj✮ ✐❢

❛♥❞ ♦♥❧② ✐❢ ✐(/ ✈❛❧✉❡ ✐/ ♣%❡❢❡%%❡❞ ✭v(Pi) ≻ v(Pj)✮✳ ❆ ♣❛%(✐(✐♦♥ ✐/ ♣%❡❢❡%%❡❞ (♦ ❛♥♦(❤❡%

♦♥❡ ✭Pi � Pj✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐(/ ✈❛❧✉❡ ✐/ ♣%❡❢❡%%❡❞ ✭v(Pi) � v(Pj)✮✳ ?❛%(✐(✐♦♥/ ❛%❡

♥♦( ❝♦♠♣❛%❛❜❧❡ (♦ ❡❛❝❤ ♦(❤❡% ✭Pi ⋄Pj✮ ✇❤❡♥ (❤❡✐% ✈❛❧✉❡/ ❛%❡ ❛❧/♦ ♥♦( ❝♦♠♣❛%❛❜❧❡ (♦

❡❛❝❤ ♦(❤❡% ✭v(Pi) ⋄ v(Pj)✮✳

❲❡ ♣%❡/❡♥(❡❞ (❤❡ ❣❡♥❡%❛❧ ❞❡✜♥✐(✐♦♥ ♦❢ ❛ ♣❛%(✐(✐♦♥✐♥❣ /❡♠❛♥(✐❝/ ❛♥❞ (❤❡ ♥♦(❛(✐♦♥/

❢♦% ❝♦♠♣❛%✐♥❣ ♣❛%(✐(✐♦♥/ ❛♥❞ ♣❛%(✐(✐♦♥ ✈❛❧✉❡/✳ ▲❡( ✉/ (%❛♥/❢♦%♠ (❤❡ ♣%♦❜❧❡♠ ♦❢

♣❛%(✐(✐♦♥✐♥❣ ❛♥ ♦❜❥❡❝( /❡( ✐♥(♦ ❛ ❣%❛♣❤ ♣❛%(✐(✐♦♥✐♥❣ ♣%♦❜❧❡♠✳

✺✳✶✳✷ ●%❛♣❤ %❡♣%❡*❡♥,❛,✐♦♥ ♦❢ ❛ ♣❛%,✐,✐♦♥♥✐♥❣ ♣%♦❜❧❡♠

■♥ (❤✐/ /❡❝(✐♦♥✱ ✇❡ %❡♣%❡/❡♥( (❤❡ ♣%♦❜❧❡♠ ♦❢ ♣❛%(✐(✐♦♥✐♥❣ ❛♥ ♦❜❥❡❝( /❡( ❜② ❛ ❣%❛♣❤

♣❛%(✐(✐♦♥✐♥❣ ♣%♦❜❧❡♠✳

❋♦% ❡❛❝❤ ❝%✐(❡%✐♦♥ C ∈ C ❛♥❞ ❛ /❡( ♦❢ ♦❜❥❡❝(/ O✱ ✇❡ ❞❡✜♥❡ ❛ ❝%✐(❡%✐♦♥ ❣%❛♣❤✳

❚❤✐/ ❣%❛♣❤ %❡♣%❡/❡♥(/ (❤❡ ♦❜❥❡❝(/ ♦❢ O ❜② ✈❡%(❡①❡/ ❛♥❞ (❤❡ C ❝♦♠♣❛%✐/♦♥ ✈❛❧✉❡/ ❜②

❧❛❜❡❧/ ♦❢ ❡❞❣❡/✳

❉❡✜♥✐%✐♦♥ ✽ ✭❈%✐(❡%✐♦♥ ❣%❛♣❤✮✳ ❲❡ *❡♣*❡"❡♥% ❛ ❝*✐%❡*✐♦♥ C ♦♥ ❛♥ ♦❜❥❡❝% "❡% O ❜②

❛ ❝*✐%❡*✐♦♥ ❣*❛♣❤ GC = (S,EC) "✉❝❤ %❤❛% ✈❡*%❡①❡" ❛*❡ %❤❡ ❡❧❡♠❡♥%" ❝♦♥%❛✐♥❡❞ ✐♥ O

❛♥❞ ❡❞❣❡" ❛*❡ ❧❛❜❡❧❧❡❞ ❜② %❤❡ ❝♦♠♣❛*✐"♦♥ ✈❛❧✉❡" ❞❡✜♥❡❞ ❜② EC ✇❤❡♥ %❤✐" ❝♦♠♣❛*✐"♦♥

✈❛❧✉❡ ✐" ♥♦% neutral✳
❲❡ ❝❛❧❧ ❛ ✏❝❧♦"❡♥❡"" ❡❞❣❡✑ ❛♥ ❡❞❣❡ %❤❛% ✐" ❧❛❜❡❧❧❡❞ ❜② ❛ ❝♦♠♣❛*✐"♦♥ ✈❛❧✉❡ ✐♥

V C
close ∪ {always}✱ ❛♥❞ ✏❢❛*♥❡"" ❡❞❣❡✑ ❛♥ ❡❞❣❡ %❤❛% ✐" ❧❛❜❡❧❧❡❞ ❜② ❛ ❝♦♠♣❛*✐"♦♥ ✈❛❧✉❡

✐♥ V C
far ∪ {never}✱

❊①❛♠♣❧❡ ✷✸ ✭❈%✐(❡%✐♦♥ ❣%❛♣❤✮✳ ▲❡% ✉" ❝♦♥"✐❞❡* %❤❡ ♣*♦❜❧❡♠ ♦❢ ♣❛*%✐%✐♦♥✐♥❣ %❤❡

♦❜❥❡❝% "❡% O = {a, b, c, d, e} ❛❝❝♦*❞✐♥❣ %♦ ❛ ❝*✐%❡*✐♦♥ C1✳ ❲❡ *❡♣*❡"❡♥% %❤✐" ♣*♦❜❧❡♠

❜② %❤❡ ❝*✐%❡*✐♦♥ ❣*❛♣❤ GC1
✱ *❡♣*❡"❡♥%❡❞ ♦♥ ❋✐❣✉*❡ ✺✳✶✳

❚❤❡ ❧❛❜❡❧" ♦❢ GC1
❡❞❣❡" ❝♦**❡"♣♦♥❞ %♦ %❤❡ ❝♦♠♣❛*✐"♦♥ ✈❛❧✉❡" ❜❡%✇❡❡♥ ♦❜❥❡❝%" ♦❢

O ❛❝❝♦*❞✐♥❣ %♦ ❝*✐%❡*✐♦♥ C1✳

❋♦* ❡①❛♠♣❧❡✱ %❤❡ ❡❞❣❡ (a, c) ❧❛❜❡❧❧❡❞ ✰ ❛❝❝♦*❞✐♥❣ %♦ C1 ♠❡❛♥" %❤❛% %❤❡ ❝♦♠♣❛*✐"♦♥

✈❛❧✉❡ ❜❡%✇❡❡♥ a ❛♥❞ c ❛❝❝♦*❞✐♥❣ %♦ C1 ✐" + ✭❞❡♥♦%❡❞ ❛❧"♦ C1(a, c) = + ❛" ✇❡ "❛✇ ✐♥

❙❡❝%✐♦♥ ✹✳✷✳✶✮✳
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❛

❜

❝

❞

❡

✈❡()❡①

❡❞❣❡ ❧❛❜❡❧❧❡❞ ++ ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ ♥❡✈❡( ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ − ❜② C1

❋✐❣✉(❡ ✺✳✶✿ ❈(✐)❡(✐♦♥ ❣(❛♣❤ GC1

❲❡ ♥♦$✐❝❡ $❤❛$ $❤❡)❡ ✐* ♥♦ ❡❞❣❡ ❜❡$✇❡❡♥ b ❛♥❞ e✱ ✇❤✐❝❤ ♠❡❛♥* +❤❛+ C1(b, e) =
neutral✳

❚❤✐# ❞❡✜♥✐(✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡.❛❧✐#❡❞ (♦ (❤❡ .❡♣.❡#❡♥(❛(✐♦♥ ♦❢ ♣❛.(✐(✐♦♥✐♥❣ ❛♥ ♦❜❥❡❝(

#❡( ❛❝❝♦.❞✐♥❣ (♦ ❛ ❝.✐(❡.✐♦♥ #❡(✳ ❚❤✐# ♣.♦❜❧❡♠ ✐# .❡♣.❡#❡♥(❡❞ ❜② ❛ ♠✉❧(✐✲❣.❛♣❤ ✇✐(❤

❧❛❜❡❧❧❡❞ ❡❞❣❡#✳

❉❡✜♥✐%✐♦♥ ✾ ✭❈.✐(❡.✐❛ ✭#❡(✮ ❣.❛♣❤✮✳ ▲❡+ C✱ ❜❡ ❛ ❝/✐+❡/✐♦♥ *❡+ ♦♥ ❛♥ ♦❜❥❡❝+ *❡+ O

*✉❝❤ ❛* ❡✈❡/② ❝/✐+❡/✐♦♥ Ci ✐♥ C ✐* /❡♣/❡*❡♥+❡❞ ❜② ❛ ❝/✐+❡/✐♦♥ ❣/❛♣❤ GCi
= (S,ECi

)✳
❚❤❡ ♠✉❧+✐❣/❛♣❤ GC = (S,

⋃

ECi
∀Ci ∈ C) ✐* +❤❡ ❝/✐+❡/✐❛ ❣/❛♣❤ ♦❢ C✱ ❞❡♥♦+❡❞ GC =

(S,EC)✳

❛

❜

❝

❞

❡

✈❡.(❡①

❡❞❣❡ ❧❛❜❡❧❧❡❞ ++ ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ ♥❡✈❡. ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ − ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C2

❋✐❣✉.❡ ✺✳✷✿ ❈.✐(❡.✐♦♥ ❣.❛♣❤ G{C1,C2}

❊①❛♠♣❧❡ ✷✹ ✭❈.✐(❡.✐❛ ✭#❡(✮ ❣.❛♣❤✮✳ ■♥ ❊①❛♠♣❧❡ ✷✸✱ ✇❡ /❡♣/❡*❡♥+❡❞ +❤❡ ♣❛/+✐+✐♦♥✐♥❣

♣/♦❜❧❡♠ ♦❢ +❤❡ ♦❜❥❡❝+ *❡+ O = {a, b, c, d, e} ❛❝❝♦/❞✐♥❣ +♦ +❤❡ ❝/✐+❡/✐♦♥ C1 ❜② +❤❡

❝/✐+❡/✐♦♥ ❣/❛♣❤ GC1
♦♥ ❋✐❣✉/❡ ✺✳✶✳

▲❡+ ✉* /❡♣/❡*❡♥+ +❤❡ ♣❛/+✐+✐♦♥✐♥❣ ♣/♦❜❧❡♠ ♦❢ +❤❡ ♦❜❥❡❝+ *❡+ O = {a, b, c, d, e} ❛❝✲

❝♦/❞✐♥❣ +♦ +❤❡ ❝/✐+❡/✐♦♥ *❡+ C = {C1, C2} ❜② +❤❡ ❝/✐+❡/✐♦♥ ❣/❛♣❤ G{C1,C2} ♦♥ ❋✐❣✉/❡

✺✳✷✳



✺✳✶✳ ❇❆❙■❈ ◆❖❚■❖◆❙ ❋❖❘ ❇❖❚❍ ❙❊▼❆◆❚■❈❙ ✻✶

❲❡ ❝❛♥ ♥♦✇ )❡♣)❡+❡♥, ♦✉) ♣)♦❜❧❡♠ ❛+ ❛ ❣)❛♣❤ ♣❛),✐,✐♦♥✐♥❣ ♣)♦❜❧❡♠✳ ❇❡❢♦)❡ ❞❡✜♥✲

✐♥❣ ,❤❡ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ♣❛),✐,✐♦♥✐♥❣ +❡♠❛♥,✐❝+✱ ✇❡ )❡;✉✐)❡ ,♦ ❞❡✜♥❡ +♦♠❡ ♥♦,✐♦♥+

❛❜♦✉, ♣❛),✐,✐♦♥ ✈❛❧✉❡+ ,❤❛, ❛)❡ ♠♦)❡ +♣❡❝✐✜❝ ,♦ ❜♦,❤ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ +❡♠❛♥,✐❝+✳

✺✳✶✳✸ ❆❜♦✉( ♣❛+(✐(✐♦♥ ✈❛❧✉❡1

▲♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ +❡♠❛♥,✐❝+ ❛)❡ ❜❛+❡❞ ♦♥ +②♠❜♦❧✐❝ ❝)✐,❡)✐❛ ✭❞❡,❛✐❧❡❞ ✐♥ ❙❡❝,✐♦♥ ✹✳✷✳✶✮

❛♥❞ +❡♣❛)❛,❡ ♣❛),✐,✐♦♥+ ✐♥,♦ ,✇♦ ❣)♦✉♣+✿ ,❤❡ ✈❛❧✐❞ ♣❛&'✐'✐♦♥* ❛♥❞ ,❤❡ ♣❛),✐,✐♦♥+

,❤❛, ❛)❡ ♥♦, ✈❛❧✐❞✳

■♥,✉✐,✐✈❡❧②✱ ❛ ✈❛❧✐❞ ♣❛),✐,✐♦♥ ✐+ ❛ ♣❛),✐,✐♦♥ +✉❝❤ ,❤❛, ,❤❡)❡ ❛)❡ ♥♦, ,✇♦ ♦❜❥❡❝,+

✇✐,❤ ❛♥ always ❝♦♠♣❛)✐+♦♥ ✈❛❧✉❡ ✭)❡+♣❡❝,✐✈❡❧② never✮ )❡,✉)♥❡❞ ✐♥ ❞✐+,✐♥❝, ❝❧❛++❡+

✭)❡+♣❡❝,✐✈❡❧② ✐♥ ❛ +❛♠❡ ❝❧❛++✮ ♦❢ ,❤❡ ♣❛),✐,✐♦♥✳ ▲❡, ✉+ ❞❡✜♥❡ ,❤❡♠ ❢♦)♠❛❧❧② ❛❝❝♦)❞✐♥❣

,♦ ♦♥❡ ♦) +❡✈❡)❛❧ ❝)✐,❡)✐❛✳ ❚❤✐+ ✈❛❧✐❞ ♣❛),✐,✐♦♥ ♥♦,✐♦♥ ✐+ +✐♠✐❧❛) ,♦ ❬✷❪✳

❉❡✜♥✐'✐♦♥ ✶✵ ✭❱❛❧✐❞ ♣❛),✐,✐♦♥ ❛❝❝♦)❞✐♥❣ ,♦ ❛ +✐♥❣❧❡ ❝)✐,❡)✐♦♥✮✳ ▲❡" P ❜❡ ❛ ♣❛&"✐"✐♦♥

♦♥ ❛♥ ♦❜❥❡❝" ,❡" O✳ P ✐, ✈❛❧✐❞ ❛❝❝♦&❞✐♥❣ "♦ "❤❡ ❝&✐"❡&✐♦♥ C ✐❢ ❛♥❞ ♦♥❧② ✐❢ "❤❡&❡ ❛&❡

♥♦" "✇♦ ♦❜❥❡❝", oi✱ oj ✐♥ O ,✉❝❤ ❛,✿

❼ C(oi, oj) = never ❛♥❞ class(ci, P ) = class(cj, P )✱ ♦&

❼ C(oi, oj) = always ❛♥❞ class(ci, P ) 6= class(cj, P )✳

❉❡✜♥✐'✐♦♥ ✶✶ ✭❱❛❧✐❞ ♣❛),✐,✐♦♥✮✳ ▲❡" P ❜❡ ❛ ♣❛&"✐"✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝" ,❡" O✳ P ✐, ✈❛❧✐❞

❛❝❝♦&❞✐♥❣ "♦ "❤❡ ❝&✐"❡&✐♦♥ ,❡" C ✐❢ ❛♥❞ ♦♥❧② ✐❢ P ✐, ✈❛❧✐❞ ❛❝❝♦&❞✐♥❣ "♦ ❡❛❝❤ ❝&✐"❡&✐♦♥

C ∈ C ✭♣❧❡❛,❡ ,❡❡ ❉❡✜♥✐"✐♦♥ ✶✵✮✳

❊①❛♠♣❧❡ ✷✺ ✭❱❛❧✐❞ ♣❛),✐,✐♦♥✮✳ ■♥ ❊①❛♠♣❧❡ ✷✹✱ ✇❡ ♣&❡,❡♥"❡❞ "❤❡ ❝&✐"❡&✐❛ ❣&❛♣❤

G{C1,C2} ♦♥ ❋✐❣✉&❡ ✺✳✷✳

❚❤❡ ♣❛&"✐"✐♦♥ {{a, b, c, d}, {e}} ✐, ❛ ✈❛❧✐❞ ♣❛&"✐"✐♦♥ ♦♥ O ❛❝❝♦&❞✐♥❣ "♦ "❤❡ ❝&✐"❡&✐♦♥

,❡" C = {C1, C2}✳

❚❤❡ ♣❛&"✐"✐♦♥ P = {{a, b, c}, {d, e}} ✐, ♥♦" ✈❛❧✐❞ ❛❝❝♦&❞✐♥❣ "♦ "❤❡ ❝&✐"❡&✐♦♥ ,❡"

C = {C1, C2} ❜❡❝❛✉,❡ C1(d, e) = never ❛♥❞ class(d, P ) = class(e, P )✳

■♥ ,❤❡ )❡♠✐♥❞❡) ♦❢ ,❤✐+ ✇❡ +♦❧❡❧② ❝♦♥+✐❞❡) ✈❛❧✐❞ ♣❛),✐,✐♦♥+✳

❇♦,❤ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ +❡♠❛♥,✐❝+ ✜)+, ❝❤❡❝❦ ✐❢ ,❤❡ ♣❛),✐,✐♦♥ ✐+ ✈❛❧✐❞✳ ■❢ ✐, ✐+ ,❤❡

❝❛+❡✱ ,❤❡② ❛)❡ ✐♥,❡)❡+,❡❞ ✐♥ ✐♥❝♦❤❡&❡♥❝❡*✳ ❖❢ ❝♦✉)+❡✱ ,❤❡ ✐❞❡❛❧ ❝❛+❡ ❝♦♥+✐+,+ ✐♥

♥❡✈❡) ❤❛✈✐♥❣ ♦❜❥❡❝,+ ✐♥ ,❤❡ +❛♠❡ ❝❧❛++ ✇✐,❤ ❛ ❢❛)♥❡++ ✈❛❧✉❡✱ )❡+♣❡❝,✐✈❡❧② ♦❜❥❡❝,+ ✐♥

❞✐✛❡)❡♥, ❝❧❛++❡+ ✇✐,❤ ❛ ❝❧♦+❡♥❡++ ✈❛❧✉❡✳ ■❢ +✉❝❤ ❛ ♣❛),✐,✐♦♥ ❞♦❡+ ♥♦, ❡①✐+,✱ ,❤❡)❡ ❛)❡

✐♥❝♦❤❡&❡♥❝❡, ✇✐,❤ )❡+♣❡❝, ,♦ ,❤❡ ❝)✐,❡)✐❛ +❡,✳

❚❤❡ ✐♥❝♦❤❡)❡♥❝❡ ✭♣)♦♣❡),② ♦❢ ❛♥ ♦❜❥❡❝, +✉❜+❡, +✉❝❤ ,❤❛, ,❤❡② ♠✉+, ❜❡ ✐♥ ❛ +❛♠❡

❝❧❛++ ❛❝❝♦)❞✐♥❣ ,♦ +♦♠❡ ❝)✐,❡)✐❛ ❛♥❞ ♠✉+, ❜❡ ✐♥ +❡♣❛)❛,❡❞ ❝❧❛++❡+ ❛❝❝♦)❞✐♥❣ ,♦ ♦,❤❡)

❝)✐,❡)✐❛✮ ♥♦,✐♦♥ ✐+ ❝❡♥,)❛❧ ,♦ ,❤❡ ❞❡✜♥✐,✐♦♥+ ♦❢ ,❤❡ ,✇♦ +❡♠❛♥,✐❝+ ❞❡,❛✐❧❡❞ ✐♥ ❙❡❝,✐♦♥+

✺✳✷ ❛♥❞ ✺✳✸✳
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❊①❛♠♣❧❡ ✷✻ ✭■♥❝♦❤❡)❡♥❝❡ ✐♥ ❛ ❝)✐,❡)✐❛ ❣)❛♣❤✮✳ ✳ ❚❤❡ ❝%✐'❡%✐❛ ❣%❛♣❤ %❡♣%❡+❡♥'❡❞

♦♥ ❋✐❣✉%❡ ✺✳✶ ♣%❡+❡♥' +♦♠❡ ✐♥❝♦❤❡%❡♥❝❡+✳ ❋♦% ❡①❛♠♣❧❡✱ a ❛♥❞ d ♠✉+' ❜❡ ✐♥ ❞✐+'✐♥❝'

❝❧❛++❡+ ♦❢ ❛ ♣❛%'✐'✐♦♥ ❜❡❝❛✉+❡ C1(a, d) = − ❜✉' '❤❡② ❛❧+♦ ♠✉+' ❜❡ ✐♥ '❤❡ +❛♠❡ ❝❧❛++

❜❡❝❛✉+❡ ❜♦'❤ ♠✉+' ❜❡ ✐♥'♦ '❤❡ +❛♠❡ ❝❧❛++ ❛+ c✳ ■♥ ❢❛❝'✱ ✇❡ ❤❛✈❡ C1(a, c) = +✱ ❛♥❞

C2(c, d) = +✳

■♥ ❝❛0❡ ♦❢ ✐♥❝♦❤❡)❡♥❝❡0✱ ❢)♦♠ ,❤❡ ♣♦✐♥, ♦❢ ✈✐❡✇ ♦❢ ❛ 0✐♥❣❧❡ ❝)✐,❡)✐♦♥ ❛, ❛ ,✐♠❡✱ ✇❡

♣)❡❢❡) ,♦ ❣)♦✉♣ ,❤❡ ♦❜❥❡❝,0 ❧✐♥❦❡❞ ❜② ❛ 0,)♦♥❣❡) ❝❧♦0❡♥❡00 ❝♦♠♣❛)✐0♦♥ ✈❛❧✉❡ ,❤❛♥ ❛

✇❡❛❦❡) ♦♥❡✳ ❙✐♠✐❧❛)❧②✱ ✇❡ ♣)❡❢❡) ,♦ 0❡♣❛)❛,❡ ♦❜❥❡❝,0 ✇✐,❤ ❛ 0,)♦♥❣❡) ❢❛)♥❡00 ✈❛❧✉❡

,❤❛♥ ♦❜❥❡❝,0 ✇✐,❤ ❛ ✇❡❛❦❡) ❢❛)♥❡00 ✈❛❧✉❡✳ ■♥ ,❤❡ ❝❛0❡ ♦❢ ✐♥❝♦❤❡)❡♥❝❡0 ♦♥❡ ❤❛0 ,♦

♠❛❦❡ ❝❤♦✐❝❡0 ✐♥ ♦)❞❡) ,♦ 0❛,✐0❢② ❝❧♦0❡♥❡00 ♦) ❢❛)♥❡00 ✈❛❧✉❡0 ,❤❛,✱ ❜② ❞❡✜♥✐,✐♦♥✱ ❝♦✉❧❞

❧❡❛❞ ,♦ ❞✐0,✐♥❝, ♣❛),✐,✐♦♥0✳ ❉❡,❛✐❧0 ✇✐❧❧ ❜❡ ❡①♣♦0❡❞ ✐♥ ❙❡❝,✐♦♥ ✺✳✷✳✶✳ ■♥ ♦,❤❡) ✇♦)❞0✱

✇❡ ✇♦✉❧❞ ❧✐❦❡ ,♦ ♠✐♥✐♠✐③❡ ,❤❡ ♠❛①✐♠❛❧ ✐♥,❡♥0✐,② ♦❢ ✉♥,❛-✐,✜❡❞ ❡❞❣❡, ❧❛❜❡❧0✳ ❆0

✐, ✐0 ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐,✐♦♥ ✶✷✱ ✉♥0❛,✐0✜❡❞ ❡❞❣❡0 ❢♦) ❛ ❣✐✈❡♥ ♣❛),✐,✐♦♥ ❛)❡ ,❤❡ ❢❛)♥❡00

❧❛❜❡❧❧❡❞ ❡❞❣❡0 ❜❡,✇❡❡♥ ,✇♦ ✈❡),❡①❡0 ♦❢ ,❤❡ 0❛♠❡ ❝❧❛00 ♦) ,❤❡ ❝❧♦0❡♥❡00 ❧❛❜❡❧❧❡❞ ❡❞❣❡0

❜❡,✇❡❡♥ ,✇♦ ✈❡),❡①❡0 ♦❢ ❞✐0,✐♥❝, ❝❧❛00❡0✳ ❚❤✐0 ♥♦,✐♦♥ ❤❛0 ❜❡❡♥ ❞❡✜♥❡❞ ❜② ❬✹❪✳

❉❡✜♥✐-✐♦♥ ✶✷ ✭❙❛,✐0✜❡❞ ❡❞❣❡✮✳ ▲❡' GC ❜❡ ❛ ❝%✐'❡%✐♦♥ ❣%❛♣❤ ♦♥ ❛♥ ♦❜❥❡❝' +❡' O✱

P ❛ ♣❛%'✐'✐♦♥ ♦♥ O ❛♥❞ oi✱ oj '✇♦ ♦❜❥❡❝'+ ✐♥ O✳ (oi, oj) ✐+ ❛ +❛'✐+✜❡❞ ❡❞❣❡ ❢♦% GC

❛❝❝♦%❞✐♥❣ '♦ '❤❡ ♣❛%'✐'✐♦♥ P ♦♥ O ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❼ class(oi, P ) = class(oj, P ) ❛♥❞ c(oi, oj) ∈ V C
close ∪ {always}✱ ✭❝❛❧❧❡❞ ❝❧♦+❡♥❡++

+❛'✐+✜❡❞ ❡❞❣❡+✮ ♦%

❼ class(oi, P ) 6= class(oj, P ) ❛♥❞ c(oi, oj) ∈ V C
far ∪ {never} ✭❝❛❧❧❡❞ ❢❛%♥❡++ +❛'✐+✲

✜❡❞ ❡❞❣❡+✮✳

■❢ (oi, oj) ✐+ ♥♦' ❛ +❛'✐+✜❡❞ ❡❞❣❡✱ (oi, oj) ✐+ +❛✐❞ ❛ ✭❝❧♦+❡♥❡++ ♦% ❢❛%♥❡++✮ ✉♥+❛'✐+✜❡❞

❡❞❣❡✳

■❢ ❛♥ ❡❞❣❡ ✐+ ✉♥+❛'✐+✜❡❞ ❢♦% ❛ ♣❛%'✐'✐♦♥ P ♦♥ ❛ ❝%✐'❡%✐♦♥ ❣%❛♣❤ GC✱ ✐' ✐+ ❛❧+♦

✉♥+❛'✐+✜❡❞ ❢♦% P ♦♥ ❛ ❝%✐'❡%✐❛ ❣%❛♣❤ GC +✉❝❤ ❛+ C ∈ C✳

❊①❛♠♣❧❡ ✷✼ ✭❯♥0❛,✐0✜❡❞ ❡❞❣❡✮✳ ▲❡' ✉+ ❝♦♥+✐❞❡% '❤❡ ♣❛%'✐'✐♦♥ P4 = {{a✱ c✱ d}✱ {b✱
e}} ♦❢ ❊①❛♠♣❧❡ ✷✽ ♦♥ '❤❡ ❣%❛♣❤ GC %❡♣%❡+❡♥'❡❞ ♦♥ ❋✐❣✉%❡ ✺✳✶✳

▲❡' ✉+ ✐❞❡♥'✐❢② '❤❡ ✉♥+❛'✐+✜❡❞ ❡❞❣❡+ ♦♥ GC ❛❝❝♦%❞✐♥❣ '♦ P4✿

❼ ✉♥+❛'✐+✜❡❞ ❝❧♦+❡♥❡++ ❡❞❣❡+✿ (b, d)✱ (a, b) ✭❜❡❝❛✉+❡ b ✐+ ♥♦' ✐♥ '❤❡ +❛♠❡ ❝❧❛++ ❛+

a ❛♥❞ d ❛♥❞ (b, d)✱ (a, b) ❛%❡ ❝❧♦+❡♥❡++ ❡❞❣❡+✮✳

❼ ✉♥+❛'✐+✜❡❞ ❢❛%♥❡++ ❡❞❣❡✿ (a, d) ✭❜❡❝❛✉+❡ a ✐+ ✐♥ '❤❡ +❛♠❡ ❝❧❛++ '❤❛♥ d ❛♥❞ (a, d)
✐+ ❛ ❝❧♦+❡♥❡++ ❡❞❣❡✮✳

❚❤❡ ❧♦❝❛❧ 0❡♠❛♥,✐❝0 ✐♠♣)♦✈❡0 ❣❧♦❜❛❧ 0❡♠❛♥,✐❝0 ❜② ,❤❡ ✇❛② ✐, ,❛❦❡0 ❝❛)❡ ♦❢ ✐♥❝♦✲

❤❡)❡♥❝❡0✳ ❚❤✐0 ✇✐❧❧ ❜❡ ❞❡,❛✐❧❡❞ ✐♥ ❙❡❝,✐♦♥ ✺✳✸✳ ▲❡, ✉0 0,❛), ❜② ❣❧♦❜❛❧ 0❡♠❛♥,✐❝0 ✐♥

,❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝,✐♦♥✳



✺✳✷✳ ●▲❖❇❆▲ ❙❊▼❆◆❚■❈❙ ✻✸

✺✳✷ ●❧♦❜❛❧ (❡♠❛♥,✐❝(

■♥ $❤✐' '❡❝$✐♦♥✱ ✇❡ ✇✐❧❧ '❡❡ ❤♦✇ $♦ ❡✈❛❧✉❛$❡ ❛♥❞ ❝♦♠♣❛4❡ ♣❛4$✐$✐♦♥' ❛❝❝♦4❞✐♥❣ $♦

❣❧♦❜❛❧ '❡♠❛♥$✐❝' ✭❙❡❝$✐♦♥' ✺✳✷✳✶ ❛♥❞ ✺✳✷✳✷✮ ✇✐$❤ 4❡'♣❡❝$ $♦ ♦♥❡ ♦4 '❡✈❡4❛❧ ❝4✐$❡4✐❛✳

❖♥❝❡ ✐$ ✐' ❞♦♥❡✱ ✇❡ ✇✐❧❧ ♣4❡'❡♥$ ❛❧❣♦4✐$❤♠' $♦ ✜♥❞ ❜❡'$ ♣❛4$✐$✐♦♥ ✈❛❧✉❡' ❛❝❝♦4❞✐♥❣ $♦

❣❧♦❜❛❧ '❡♠❛♥$✐❝' ❛♥❞ ✇✐$❤ 4❡'♣❡❝$ $♦ ♦♥❡ ❝4✐$❡4✐♦♥ ✭❙❡❝$✐♦♥ ✺✳✷✳✸✮ ♦4 '❡✈❡4❛❧ ❝4✐$❡4✐❛

✭❙❡❝$✐♦♥ ✺✳✷✳✹✮✳

▲❡$ ✉' ❡✈❛❧✉❛$❡ ❛♥❞ ❝♦♠♣❛4❡ ♣❛4$✐$✐♦♥' ♦♥ ❛ '❛♠❡ '❡$ ♦❢ ♦❜❥❡❝$' O ❛❝❝♦4❞✐♥❣ $♦

❣❧♦❜❛❧ '❡♠❛♥$✐❝' ✐♥ ♦4❞❡4 $♦ ❞❡$❡4♠✐♥❡ ✇❤❛$ ✐' ❛ ❜❡'$ ♣❛4$✐$✐♦♥ ❛❝❝♦4❞✐♥❣ $♦ ❣❧♦❜❛❧

'❡♠❛♥$✐❝'✳

❲❡ 4❡♠✐♥❞ ♦✉4'❡❧✈❡' $❤❛$ ❢4♦♠ $❤❡ ♣♦✐♥$ ♦❢ ✈✐❡✇ ♦❢ ❛♥② ❝4✐$❡4✐♦♥✱ ✇❡ ♣4❡❢❡4 $♦

❣4♦✉♣ ♦❜❥❡❝$' ❧✐♥❦❡❞ ❜② ❛ '$4♦♥❣❡4 ❝❧♦'❡♥❡'' ❝♦♠♣❛4✐'♦♥ ✈❛❧✉❡ $❤❛♥ ❛ ✇❡❛❦❡4 ♦♥❡✳

❙✐♠✐❧❛4❧②✱ ✇❡ ♣4❡❢❡4 $♦ '❡♣❛4❛$❡ ♦❜❥❡❝$' ✇✐$❤ ❛ '$4♦♥❣❡4 ❢❛4♥❡'' ✈❛❧✉❡ $❤❛♥ ♦❜❥❡❝$'

✇✐$❤ ❛ ✇❡❛❦❡4 ❢❛4♥❡'' ✈❛❧✉❡✳

❲❡ ✇✐❧❧ '$❛4$ ❜② ❞♦✐♥❣ ✐$ ✇✐$❤ 4❡'♣❡❝$ $♦ ❛ '✐♥❣❧❡ ❝4✐$❡4✐♦♥ ❜❡❢♦4❡ ❞♦✐♥❣ ✐$ ✇✐$❤

4❡'♣❡❝$ $♦ '❡✈❡4❛❧ ❝4✐$❡4✐❛✳

✺✳✷✳✶ ❊✈❛❧✉❛)✐♥❣ ❛♥❞ ❝♦♠♣❛2✐♥❣ ♣❛2)✐)✐♦♥3 ❛❝❝♦2❞✐♥❣ )♦ ❣❧♦❜❛❧

♣❛2)✐)✐♦♥✐♥❣ 3❡♠❛♥)✐❝3 ❢♦2 ❛ 3✐♥❣❧❡ ❝2✐)❡2✐♦♥

▲❡$ ✉' 4❡♠✐♥❞ ♦✉4'❡❧✈❡' $❤❛$ ✇❡ ❛4❡ ✐♥$❡4❡'$❡❞ ♦♥❧② ✐♥$♦ ♣❛4$✐$✐♦♥' $❤❛$ ♥❡✈❡4 ♣✉$

'$4✐❝$❧② ❞✐✛❡4❡♥$ ♦❜❥❡❝$' ✐♥ $❤❡ '❛♠❡ ❝❧❛'' ❛♥❞ ❛❧✇❛②' ♣✉$ ✐❞❡♥$✐❝❛❧ ♦❜❥❡❝$' ✐♥ $❤❡

'❛♠❡ ❝❧❛''✳ ❚❤♦'❡ ♣❛4$✐$✐♦♥' ❛4❡ ❝❛❧❧❡❞ ✈❛❧✐❞ ❛' '❡❡♥ ✐♥ ❉❡✜♥✐$✐♦♥ ✶✶✳ ◆♦$ ✈❛❧✐❞

♣❛4$✐$✐♦♥' ❛4❡ '✐♠♣❧② ❛''✐❣♥❡❞ ❜② $❤❡ '❡♠❛♥$✐❝' ❛ notV alid ♣❛4$✐$✐♦♥ ✈❛❧✉❡✳

❖♥❝❡ ❛ ♣❛4$✐$✐♦♥ ✐' ✈❛❧✐❞✱ $❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣❛4$✐$✐♦♥ ✐' ❝♦♠♣♦'❡❞ ♦❢ $✇♦ ✈❛❧✉❡'✿ $❤❡

✐♥"❡$ ✭❝❧❛))✮ ✈❛❧✉❡ ✭❞❡♥♦$❡❞ vp✱ ✇✐$❤ p ❢♦4 ✏♣♦'✐$✐✈❡✑✮ ❛♥❞ $❤❡ ✐♥"$❛ ✭❝❧❛))✮ ✈❛❧✉❡

✭❞❡♥♦$❡❞ vn✱ ✇✐$❤ n ❢♦4 ✏♥❡❣❛$✐✈❡✑✮✳ ❚❤❡ ✐♥$❡4 ✈❛❧✉❡ vp ✐' $❤❡ ✇❡❛❦❡'$ ✭♣❧❡❛'❡ '❡❡

❉❡✜♥✐$✐♦♥ ✶✸✮ ❝❧♦'❡♥❡'' ♦4 always ✈❛❧✉❡ '✉❝❤ $❤❛$ ❛❧❧ ♦❜❥❡❝$ ♣❛✐4' ✇✐$❤ ❛ '$4♦♥❣❡4

♦4 ❡N✉✐✈❛❧❡♥$ ❝♦♠♣❛4✐'♦♥ ✈❛❧✉❡ $♦ vp ❛4❡ ✐♥ $❤❡ '❛♠❡ ❝❧❛'' ✭❞❡♥♦$❡❞ ✏'❛$✐'✜❡❞✑ ❡❞❣❡

✐♥ ❬✹❪✱ ♣❧❡❛'❡ '❡❡ ❉❡✜♥✐$✐♦♥ ✶✷✮✳ ❚❤❡ ❜✐♣♦❧❛4 ❝♦♥❞✐$✐♦♥ ♦♥ $❤❡ ✐♥$4❛ ✈❛❧✉❡ vn ❛❧'♦

❛♣♣❧✐❡'✿ vn ✐' $❤❡ ✇❡❛❦❡'$ ❢❛4♥❡'' ♦4 never ✈❛❧✉❡ '✉❝❤ $❤❛$ ❛❧❧ ♦❜❥❡❝$ ♣❛✐4' ✇✐$❤ ❛

'$4♦♥❣❡4 ♦4 ❡N✉✐✈❛❧❡♥$ ❝♦♠♣❛4✐'♦♥ ✈❛❧✉❡ $♦ vn ❛4❡ ✐♥ ❞✐'$✐♥❝$ ❝❧❛''❡'✳

■♥ ♦$❤❡4 ✇♦4❞'✱ $❤❡ ✐♥$❡4 ❝❧❛'' ✈❛❧✉❡ ❝♦♥❝❡4♥' ♣4♦①✐♠✐$② ❜❡$✇❡❡♥ ❝❧❛''❡' ✭✏'♣❧✐$ ♦❢

❝❧❛''❡'✑ ❝4✐$❡4✐♦♥ ❬✸✸❪❬✸✷❪✮✱ ❛♥❞ $❤❡ ✐♥$4❛ ❝❧❛'' ✈❛❧✉❡ ❝♦♥❝❡4♥' $❤❡ ❢❛4♥❡'' ✐♥$♦ ❝❧❛''❡'

✭❤♦♠♦❣❡♥❡✐$② ❝4✐$❡4✐♦♥ ❬✸✸❪❬✸✷❪✮✳

❚❤❡ ♣❛4$✐$✐♦♥ ✈❛❧✉❡ ♦❢ P ❛❝❝♦4❞✐♥❣ $♦ C ✐' ❞❡♥♦$❡❞ v(P,C) = (vp, vn)✳ ■♥ ♦4❞❡4

$♦ ❢♦4♠❛❧❧② ❞❡✜♥❡ ✐$ ✐♥ ❉❡✜♥✐$✐♦♥ ✶✹✱ ✇❡ 4❡N✉✐4❡ $♦ ❞❡✜♥❡ $❤❡ ✇❡❛❦❡'$ ✈❛❧✉❡ ♦❢ ❛ '❡$

♦❢ ❝♦♠♣❛4❛❜❧❡ ❝♦♠♣❛4✐'♦♥ ✈❛❧✉❡' ✐♥ ❉❡✜♥✐$✐♦♥ ✶✸✳

❉❡✜♥✐"✐♦♥ ✶✸ ✭❲❡❛❦❡'$ ✈❛❧✉❡✮✳ ▲❡" V ❜❡ ❛ ❝♦♠♣❛)✐+♦♥ ✈❛❧✉❡ +❡" +✉❝❤ "❤❛" ❛❧❧ ♣❛✐)+

♦❢ ✈❛❧✉❡+ v1✱ v2 ✐♥ V ❛)❡ ❝♦♠♣❛)❛❜❧❡ "♦❣❡"❤❡)✳ ❚❤❡ ✈❛❧✉❡ v +✉❝❤ "❤❛" v ∈ V ❛♥❞

v ≤ vi∀vi ∈ V ✐+ +❛✐❞ "❤❡ ✇❡❛❦❡+" ✈❛❧✉❡ ♦❢ V✳ ❚❤❡ ✇❡❛❦❡+" ✈❛❧✉❡ v ♦❢ V ✐+ ❞❡♥♦"❡❞

weakest(V)✳
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❉❡✜♥✐%✐♦♥ ✶✹ ✭#❛%&✐&✐♦♥ ✈❛❧✉❡ ✇✐&❤ %❡0♣❡❝& &♦ ❛ 0✐♥❣❧❡ ❝%✐&❡%✐♦♥✮✳ ▲❡" GC = (S,E)✱
❜❡ "❤❡ ❝'✐"❡'✐♦♥ ❣'❛♣❤ ♦❢ ❝'✐"❡'✐♦♥ C✱ ❛♥❞ P ❛ ♣❛'"✐"✐♦♥ ♦♥ GC✳ ■♥ "❤❡ ❝❛2❡ ✇❤❡'❡

P ✐2 ♥♦" ✈❛❧✐❞ ✭❉❡✜♥✐"✐♦♥ ✶✵✮✱ "❤❡♥ P ✬2 ✈❛❧✉❡ ✐2 notV alid✳ ■❢ P ✐2 ✈❛❧✐❞✱ P ✬2 ✈❛❧✉❡
✐2 (vp, vn) ✇✐"❤ ✿

❼ vp ❂ weakest((V C
close ∪ {always}) ∩ {v|∀ ❡❞❣❡ (si, sj) ❧❛❜❡❧❧❡❞ v✱ classe(si) =

classe(sj)})

❼ vn ❂ weakest((V C
far ∪ {never}) ∩ {v|∀ ❡❞❣❡ (si, sj) ❧❛❜❡❧❧❡❞ v✱ classe(si) 6=

classe(sj)})

❲❡ ❞❡♥♦"❡ v(P,C) "❤❡ P ♣❛'"✐"✐♦♥ ✈❛❧✉❡ ✇✐"❤ '❡2♣❡❝" "♦ ❝'✐"❡'✐♦♥ C ✭❛❜✉2✐✈❡❧②

v(P ) ✐❢ C ✐2 ♦❜✈✐♦✉2✮✳

❊①❛♠♣❧❡ ✷✽ ✭#❛%&✐&✐♦♥ ✈❛❧✉❡ ❛❝❝♦%❞✐♥❣ &♦ ❛ 0✐♥❣❧❡ ❝%✐&❡%✐♦♥✮✳ ▲❡" ✉2 ❝♦♥2✐❞❡' "❤❡

❝'✐"❡'✐♦♥ ❣'❛♣❤ GC1
♦❢ ❊①❛♠♣❧❡ ✷✸ "❤❛" ✐2 '❡♣'❡2❡♥"❡❞ ♦♥ ❋✐❣✉'❡ ✺✳✶✳ ❋♦' "❤✐2 ❝'✐✲

"❡'✐♦♥✱ "❤❡'❡ ❛'❡ "✇♦ ❝❧♦2❡♥❡22 ✈❛❧✉❡2 ✭V C
close = {+,++}✮ ❛♥❞ ❛ 2✐♥❣❧❡ ❢❛'♥❡22 ✈❛❧✉❡

✭V C
far = {−}✮✳ ▲❡" ✉2 ❡✈❛❧✉❛"❡ 2❡✈❡'❛❧ ♣❛'"✐"✐♦♥2 ♦♥ O = {a, b, c, d, e} ❛❝❝♦'❞✐♥❣ "♦

C1✿

❼ P1 = {{a, c}, {b, d, e}}✳ v(P1, C1) = notV alid✳ ❚❤✐2 ♣❛'"✐"✐♦♥ ✐2 ♥♦" ✈❛❧✐❞

❜❡❝❛✉2❡ d ❛♥❞ e ❛'❡ ✐♥ ❛ 2❛♠❡ ❝❧❛22 ❛♥❞ C1(d, e) = never✳

❼ P2 = {{b, d, c}, {a}, {e}}✳ v(P2, C1) = (++,−)✳ ❚❤❡ ✐♥"❡' ✈❛❧✉❡ ✐2 ♦♥❧② ++
❜❡❝❛✉2❡ a ❛♥❞ c ❛'❡ ✐♥ ❞✐2"✐♥❝" ❝❧❛22❡2 ❜✉" C1(a, c) = +✳

❼ P3 = {{b, d}, {a, c}, {e}}✳ v(P3, C1) = (++,−)✳ ❚❤❡ ✐♥"❡' ✈❛❧✉❡ ✐2 ♦♥❧② ++
❜❡❝❛✉2❡ d ❛♥❞ e ❛'❡ ✐♥ ❞✐2"✐♥❝" ❝❧❛22❡2 ❜✉" C1(d, c) = +✳

❼ P4 = {{a, d, c}, {b, e}}✳ v(P4, C1) = (always, never)✳ b ❛♥❞ d ❛'❡ ✐♥ ❞✐2"✐♥❝"

❝❧❛22❡2 ❞❡2♣✐"❡ C1(b, d) = ++✱ 2♦ "❤❡ ✐♥"'❛ ✈❛❧✉❡ ❝❛♥ ♦♥❧② ❜❡ always✳ ❍♦✇❡✈❡'✱
"❤✐2 ♣❛'"✐"✐♦♥ ✐2 ✈❛❧✐❞ ❜❡❝❛✉2❡ d ❛♥❞ e ❛'❡ ❛❧2♦ ✐♥ ❞✐2"✐♥❝" ❝❧❛22❡2✳

❼ P5 = {{a, b, c, d}, {e}}✳ v(P5, C1) = (+, never)✳ ❚❤❡ ✐♥"❡' ✈❛❧✉❡ ✐2 never
❜❡❝❛✉2❡ a ❛♥❞ d ❛'❡ ✐♥ "❤❡ 2❛♠❡ ❝❧❛22 ❜✉" C1(a, d) = −✳

▲❡& ✉0 0❡❡ ❤♦✇ ♣❛%&✐&✐♦♥ ✈❛❧✉❡0 ❛%❡ ❝♦♠♣❛%❡❞ ✐♥ ♦%❞❡% &♦ ❝♦♠♣❛%❡ ♣❛%&✐&✐♦♥0 &♦

❡❛❝❤ ♦&❤❡%✳ ❆ ♣❛%&✐&✐♦♥ Pi ✐0 ❜❡&&❡% &❤❛♥ ❛♥♦&❤❡% ♦♥❡ Pi ❛❝❝♦%❞✐♥❣ &♦ ❛ ❝%✐&❡%✐♦♥ C
✐❢ &❤❡② 0❤❛%❡ &❤❡ 0❛♠❡ ♦❜❥❡❝& 0❡& ❛♥❞ ❜♦&❤ ✐♥&%❛ ❛♥❞ ✐♥&❡% ✈❛❧✉❡0 ♦❢ Pi ❛%❡ ✇❡❛❦❡%

&❤❛♥ ✐♥&%❛ ❛♥❞ ✐♥&❡% ✈❛❧✉❡0 ♦❢ Pj ❛❝❝♦%❞✐♥❣ &♦ C✳

❆ ✇❡❛❦❡0& ✐♥&%❛ ✈❛❧✉❡ ✐♥&✉✐&✐✈❡❧② ♠❡❛♥0 &❤❛& ♠♦%❡ ❧❡✈❡❧0 ♦❢ ❝❧♦0❡♥❡00 ✈❛❧✉❡0 ♦❢ C
❛%❡ 0❛&✐0✜❡❞✱ ❛♥❞ ❡❛❝❤ 0&%♦♥❣❡% ❧❡✈❡❧0 ♦❢ ❝❧♦0❡♥❡00 ✈❛❧✉❡0 ❛%❡ 0❛&✐0✜❡❞✳ ■❢ Pj ❛♥❞ Pi

❤❛✈❡ &❤❡ 0❛♠❡ ✐♥&%❛ ❛♥❞ ✐♥&❡% ✈❛❧✉❡0✱ &❤❡✐% ✈❛❧✉❡0 ❛%❡ ❡B✉❛❧✳ ■❢ &❤❡✐% ✈❛❧✉❡0 ❛%❡ ♥♦&

❡B✉❛❧ ❜✉& Pj ❤❛0 ❛ ✇❡❛❦❡% ✐♥&%❛ ✈❛❧✉❡ &❤❛♥ Pi ❛♥❞ Pi ❤❛0 ❛ ✇❡❛❦❡% ✐♥&❡% ✈❛❧✉❡ &❤❛♥

Pj✱ &❤❡✐% ✈❛❧✉❡0 ❛%❡ ✐♥❝♦♠♣❛%❛❜❧❡ ❛♥❞ 0♦ ❛%❡ Pi ❛♥❞ Pj✳
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❉❡✜♥✐%✐♦♥ ✶✺ ✭#❛%&✐&✐♦♥ ♦%❞❡% ❢♦% ❛ -✐♥❣❧❡ ❝%✐&❡%✐♦♥✮✳ ▲❡" Pi✱ Pj ❜❡ "✇♦ ✈❛❧✐❞ ♣❛-"✐✲

"✐♦♥0 ♦♥ ❛ ❝-✐"❡-✐♦♥ ❣-❛♣❤ GC 0✉❝❤ ❛0 "❤❡✐- ♣❛-"✐"✐♦♥ ✈❛❧✉❡0 ❛-❡ -❡0♣❡❝"✐✈❡❧② (vp, vn)
❛♥❞ (v′p, v

′
n)✳

❼ (vp, vn) ✐0 ❡7✉❛❧ "♦ (v′p, v
′
n) ✭❞❡♥♦"❡❞ (vp, vn) = (v′p, v

′
n)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ vp = v′p

❛♥❞ vn = v′n✳

❼ (vp, vn) ✐0 ❜❡""❡- "❤❛♥ (v′p, v
′
n) ✭❞❡♥♦"❡❞ (vp, vn) � (v′p, v

′
n)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ vp ≤ v′p

❛♥❞ vn ≥ v′n✳

❼ (vp, vn) ✐0 0"-✐❝"❧② ❜❡""❡- "❤❛♥ (v′p, v
′
n) ✭❞❡♥♦"❡❞ (vp, vn) ≻ (v′p, v

′
n)✮ ✐❢ ❛♥❞ ♦♥❧②

✐❢ (vp, vn) ≻ (v′p, v
′
n) ❛♥❞ (vp, vn) 6= (v′p, v

′
n)✳

❼ ✐♥ ♦"❤❡- ❝❛0❡0✱ (vp, vn) ❛♥❞ (v′p, v
′
n) ❛-❡ ♥♦" ❝♦♠♣❛-❛❜❧❡ ✭❞❡♥♦"❡❞ (vp, vn) ⋄

(v′p, v
′
n)✮✳

❚❤❡ ♣❛-"✐"✐♦♥ ♦-❞❡- ❢♦❧❧♦✇0 "❤❡✐- ♣❛-"✐"✐♦♥ ✈❛❧✉❡0 ♦-❞❡-✳

❊①❛♠♣❧❡ ✷✾ ✭#❛%&✐&✐♦♥ ✈❛❧✉❡- ♦%❞❡% ❢♦% ❛ -✐♥❣❧❡ ❝%✐&❡%✐♦♥✮✳ ▲❡" ✉0 ❝♦♥0✐❞❡- "❤❡

❝-✐"❡-✐♦♥ ❣-❛♣❤ GC1
♦❢ ❊①❛♠♣❧❡ ✷✸ "❤❛" ✐0 -❡♣-❡0❡♥"❡❞ ♦♥ ❋✐❣✉-❡ ✺✳✶✳ ▲❡" ✉0 ❝♦♥0✐❞❡-

"❤❡ ♣❛-"✐"✐♦♥0 ❡✈❛❧✉❛"❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✽ ❛❝❝♦-❞✐♥❣ "♦ "❤❡ ❝-✐"❡-✐♦♥ C1✿

❼ v(P1, C1) = notV alid✳

❼ v(P2, C1) = (++,−)✳

❼ v(P3, C1) = (++,−)✳

❼ v(P4, C1) = (always, never)✳

❼ v(P5, C1) = (+, never)✳

P1 ✐0 ♥♦" ✈❛❧✐❞✱ 0♦ ❝♦♠♣❛-✐♥❣ P1 ✇✐"❤ ❛♥♦"❤❡- ♣❛-"✐"✐♦♥ ❤❛0 ♥♦ ♠❡❛♥✐♥❣ ✭P1 ✐0

✇♦-0❡✮✳

P2 ❛♥❞ P3 ❤❛✈❡ "❤❡ 0❛♠❡ ✈❛❧✉❡✿ P2 ✐0 ❡7✉✐✈❛❧❡♥" "♦ P3 ✭❞❡♥♦"❡❞ P2 ≈ P3✮✳

P3 ❤❛0 ❛ ✇❡❛❦❡- ✈❛❧✉❡ "❤❛♥ P5 ✭− < never✮ ❜✉" ❛ 0"-♦♥❣❡- ✐♥"❡- ✈❛❧✉❡ "❤❛♥ P5

✭++ > +✮✱ 0♦ P3 ❛♥❞ P5 ❛-❡ ♥♦" ❝♦♠♣❛-❛❜❧❡ ✭P3 ⋄ P5✮✳

P5 ❤❛0 ❛ ❜❡""❡- ✈❛❧✉❡ "❤❛♥ P4 ❜❡❝❛✉0❡ ❜♦"❤ ✐♥"-❛ ❛♥❞ ✐♥"❡- ✈❛❧✉❡0 ♦❢ P3 ❛-❡ ✇❡❛❦❡-

"❤❛♥ ✐♥"-❛ ❛♥❞ ✐♥"❡- ✈❛❧✉❡0 ♦❢ P4 ✭+ < always ❛♥❞ never ≤ never✱ 0♦ v(P5, C1) �
v(P4, C1)✮✱ 0♦ P5 ✐0 ♣-❡❢❡--❡❞ "♦ P4 ✭❞❡♥♦"❡❞ P5 � P4✮✳

■♥ &❤✐- ❙❡❝&✐♦♥✱ ✇❡ -❛✇ ❤♦✇ &♦ ❡✈❛❧✉❛&❡ ❛♥❞ ❝♦♠♣❛%❡ ♣❛%&✐&✐♦♥- ❛❝❝♦%❞✐♥❣ &♦

❣❧♦❜❛❧ -❡♠❛♥&✐❝- ❛♥❞ ❛ -✐♥❣❧❡ ❝%✐&❡%✐♦♥✳ ▲❡& ✉- ❡①&❡♥❞ ✐& &♦ -❡✈❡%❛❧ ❝%✐&❡%✐❛ ✐♥ &❤❡

❢♦❧❧♦✇✐♥❣ ❙❡❝&✐♦♥✳
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✺✳✷✳✷ ❊✈❛❧✉❛(✐♥❣ ❛♥❞ ❝♦♠♣❛1✐♥❣ ♣❛1(✐(✐♦♥2 ❛❝❝♦1❞✐♥❣ (♦ ❣❧♦❜❛❧

♣❛1(✐(✐♦♥✐♥❣ 2❡♠❛♥(✐❝2 ❢♦1 2❡✈❡1❛❧ ❝1✐(❡1✐❛

▲❡# ✉% ♣'❡%❡♥# #❤❡ ❡✈❛❧✉❛#✐♦♥ ♦❢ ❛ ♣❛'#✐#✐♦♥ ❛❝❝♦'❞✐♥❣ #♦ ❣❧♦❜❛❧ %❡♠❛♥#✐❝% ❛♥❞ ✇✐#❤

'❡%♣❡❝# #♦ %❡✈❡'❛❧ ❝'✐#❡'✐❛ ✐♥ ♦'❞❡' #♦ ❣✐✈❡ ❛♥ ♦'❞❡' ♦♥ ♣❛'#✐#✐♦♥% ❛❝❝♦'❞✐♥❣ #♦ ❣❧♦❜❛❧

%❡♠❛♥#✐❝% ❛♥❞ ✇✐#❤ '❡%♣❡❝# #♦ %❡✈❡'❛❧ ❝'✐#❡'✐❛✳

❉❡✜♥✐%✐♦♥ ✶✻ ✭8❛'#✐#✐♦♥ ✈❛❧✉❡ ✇✐#❤ '❡%♣❡❝# #♦ ❛ ❝'✐#❡'✐♦♥ %❡#✮✳ ▲❡" GC = (S,E)✱
❜❡ "❤❡ ❝'✐"❡'✐❛ ❣'❛♣❤ ♦❢ "❤❡ ❝'✐"❡'✐♦♥ /❡" C✱ ❛♥❞ P ❛ ♣❛'"✐"✐♦♥ ♦♥ GC✳ ■♥ "❤❡ ❝❛/❡

✇❤❡'❡ P ✐/ ♥♦" ✈❛❧✐❞ ✭❉❡✜♥✐"✐♦♥ ✶✶✮✱ "❤❡♥ P ✬/ ✈❛❧✉❡ ✐/ notV alid✳
■❢ P ✐/ ✈❛❧✐❞✱ P ✬/ ✈❛❧✉❡ ❛❝❝♦'❞✐♥❣ "♦ C ✐/ "❤❡ /❡" ♦❢ P ✬/ ✈❛❧✉❡/ ❛❝❝♦'❞✐♥❣ "♦ ❡❛❝❤

❝'✐"❡'✐♦♥ C ∈ C✳

❲❡ ❞❡♥♦"❡ v(P,C) = v(P,C) = {CC(P,C)|C ∈ C} "❤❡ P ♣❛'"✐"✐♦♥ ✈❛❧✉❡ ✇✐"❤

'❡/♣❡❝" "♦ ❝'✐"❡'✐♦♥ /❡" C ✭❛❜✉/✐✈❡❧② v(P )✱ ✐❢ C ✐/ ♦❜✈✐♦✉/✮✳

❊①❛♠♣❧❡ ✸✵ ✭8❛'#✐#✐♦♥ ✈❛❧✉❡ ❛❝❝♦'❞✐♥❣ #♦ ❛ ❝'✐#❡'✐♦♥ %❡#✮✳ ▲❡" ✉/ ❝♦♥/✐❞❡' "❤❡ ❝'✐✲

"❡'✐♦♥ ❣'❛♣❤ G{C1,C2} ♦❢ ❊①❛♠♣❧❡ ✷✹ "❤❛" ✐/ '❡♣'❡/❡♥"❡❞ ♦♥ ❋✐❣✉'❡ ✺✳✷✳ ❲❡ ❡✈❛❧✉❛"❡❞

/♦♠❡ ♣❛'"✐"✐♦♥/ ✐♥ ❊①❛♠♣❧❡ ✷✽ ✇✐"❤ '❡/♣❡❝" "♦ ❝'✐"❡'✐♦♥ C1✳ ▲❡" ✉/ ❡✈❛❧✉❛"❡ "❤❡♠

❛❝❝♦'❞✐♥❣ "♦ C = {C1, C2} ✇✐"❤ C2 /✉❝❤ ❛/ V
C2

close = {+} ❛♥❞ V C2

far = {}✿

❼ P1 = {{a, c}, {b, d, e}}✳ v(P1,C) = notV alid✳

❼ P2 = {{b, d, c}, {a}, {e}}✳ v(P2,C) = {C1(++,−), C2(+,never)}✳

❼ P3 = {{b, d}, {a, c}, {e}}✳ v(P3,C) = {C1(++,−), C2(always,never)}✳

❼ P4 = {{a, c, d}, {b, e}}✳ v(P4,C) = {C1(always,never), C2(+,never)}✳

❼ P5 = {{a, b, c, d}, {e}}✳ v(P5,C) = {C1(+,never), C2(+,never)}✳

■❢ #❤❡'❡ ❛'❡ %❡✈❡'❛❧ ❝'✐#❡'✐❛✱ ✇❡ ❝♦♥%✐❞❡' ❛❝❝♦'❞✐♥❣ #♦ ❲♦'❦ ❍②♣♦#❤❡%✐% ✻ ♣❛❣❡ ✶✾

#❤❛# ❝'✐#❡'✐❛ ❛'❡ ✐♥❞❡♣❡♥❞❡♥# ❬✶✹❪ ❢'♦♠ ❡❛❝❤ ♦#❤❡'✱ ✇❤✐❝❤ ♠❡❛♥% #❤❛# ♥♦ ❝'✐#❡'✐♦♥ ✐%

%#'✐❝#❧② ♠♦'❡ ✐♠♣♦'#❛♥# #❤❛♥ ❛♥♦#❤❡' #♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣❛'#✐#✐♦♥ ✐% ❜❡%#✳

▲❡# A✱ B✱ ❜❡ #✇♦ ✐♥❞❡♣❡♥❞❡♥# ❝'✐#❡'✐❛ ✭❞❡♥♦#❡❞ A ⋄ B✮ ❞❡✜♥❡❞ ♦♥ #❤❡ %❛♠❡

♦❜❥❡❝# %❡# O✳ ❚♦ ❝♦♠♣❛'❡ #✇♦ ♣❛'#✐#✐♦♥% ✇✐#❤ '❡%♣❡❝# #♦ {A,B}✱ #❤❡ ❝♦♠♣❛'✐%♦♥

♦❢ #❤❡✐' ✈❛❧✉❡% ✇✐#❤ '❡%♣❡❝# #♦ A ✐% ❛% ✐♠♣♦'#❛♥# ❛% #❤❡ ❝♦♠♣❛'✐%♦♥ ♦❢ #❤❡✐' ✈❛❧✉❡%

✇✐#❤ '❡%♣❡❝# #♦ B✳ ▲❡# C ❜❡ ❛ ❝'✐#❡'✐♦♥ %❡# %♦ #❤❛# ❝'✐#❡'✐❛ ❛'❡ ❛❧❧ ✐♥❞❡♣❡♥❞❡♥# ❢'♦♠

❡❛❝❤ ♦#❤❡' ✭♥❛♠❡❧② ❛♥ ✐♥❞❡♣❡♥❞❡♥# ❝'✐#❡'✐♦♥ %❡#✮✳ ❚❤❡♥ ❢♦' ❛❧❧ ❞✐%#✐♥❝# Ci, Cj ∈ C

✇❡ ❤❛✈❡ Ci ⋄ Cj✳

❆ ♣❛'#✐#✐♦♥ P ❤❛% ❛ ❜❡%# ♣❛'#✐#✐♦♥ ✈❛❧✉❡ ❛❝❝♦'❞✐♥❣ #♦ ❛ ❝'✐#❡'✐♦♥ %❡# C ✐❢ P
✐% ✈❛❧✐❞ ❛♥❞ ✐# ✐% ✐♠♣♦%%✐❜❧❡ #♦ ✐♠♣'♦✈❡ ❛♥ ✐♥#❡' ♦' ✐♥#'❛ ✈❛❧✉❡ ♦❢ ♦♥❡ C ❝'✐#❡'✐♦♥

✇✐#❤♦✉# ❞❡❝'❡❛%✐♥❣ ❛♥ ✐♥#❡' ♦' ✐♥#'❛ ✈❛❧✉❡ ♦❢ ❛# ❧❡❛%# ❛ C ❝'✐#❡'✐♦♥✳ ❆ ❜❡%# ♣❛'#✐#✐♦♥

✈❛❧✉❡ ❝♦''❡%♣♦♥❞% #♦ ❛ 8❛'❡#♦ ❡I✉✐❧✐❜'✐✉♠ ❬✼✾❪ ❛♠♦♥❣ ❝'✐#❡'✐❛ ✈❛❧✉❡%✳ ■♥❞❡❡❞✱ ❛

8❛'❡#♦ ❡I✉✐❧✐❜'✐✉♠ ✐% ♦❜#❛✐♥❡❞ ✇❤❡♥ ✐# ✐% ✐♠♣♦%%✐❜❧❡ #♦ ✐♠♣'♦✈❡ #❤❡ %❛#✐%❢❛❝#✐♦♥ ♦❢

%♦♠❡#❤✐♥❣ ✭❛ ❝'✐#❡'✐♦♥ ❤❡'❡✮ ✇✐#❤♦✉# ❞❡❝'❡❛%✐♥❣ #❤❡ %❛#✐%❢❛❝#✐♦♥ ♦❢ %♦♠❡#❤✐♥❣ ❡❧%❡✳

▲❡# ✉% ❢♦'♠❛❧❧② %❡❡ ❤♦✇ #♦ ❝♦♠♣❛'❡ #✇♦ ♣❛'#✐#✐♦♥% ✇✐#❤ '❡%♣❡❝# #♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥#

❝'✐#❡'✐♦♥ %❡# ✐♥ ❉❡✜♥✐#✐♦♥ ✶✼✳



✺✳✷✳ ●▲❖❇❆▲ ❙❊▼❆◆❚■❈❙ ✻✼

❉❡✜♥✐%✐♦♥ ✶✼ ✭#❛%&✐&✐♦♥ ✈❛❧✉❡. ♦%❞❡% ✇✐&❤ %❡.♣❡❝& &♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥& ❝%✐&❡%✐♦♥ .❡&✮ ✳

▲❡" P1✱ P2 ❜❡ "✇♦ ♣❛)"✐"✐♦♥, ♦♥ GC✱ ❛ ❝)✐"❡)✐❛ ❣)❛♣❤ ,✉❝❤ "❤❛" C ✐, ❛♥ ✐♥❞❡♣❡♥❞❡♥"

❝)✐"❡)✐♦♥ ,❡"✳

❚❤❡ P1 ♣❛)"✐"✐♦♥ ✈❛❧✉❡ ✐, ❜❡""❡) "❤❛♥ P2 ♣❛)"✐"✐♦♥ ✈❛❧✉❡ ✭❞❡♥♦"❡❞ v(P1,C) �
v(P2,C)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀Ci ∈ C, v(P1, Ci) � v(P2, Ci)✳

❚❤❡ P1 ♣❛)"✐"✐♦♥ ✈❛❧✉❡ ✐, ,")✐❝"❧② ❜❡""❡) "❤❛♥ P2 ♣❛)"✐"✐♦♥ ✈❛❧✉❡ ✭❞❡♥♦"❡❞ v(P1,C) ≻
v(P2,C)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❼ ∀Ci ∈ C✱ v(P1, Ci) � v(P2, Ci) ❛♥❞

❼ ∃Cj ∈ C|v(P1, Cj) ≻ v(P2, Cj)✳

❱❛❧✉❡, ♦❢ ♣❛)"✐"✐♦♥, P1 ❛♥❞ P2 ❛)❡ ✐♥❝♦♠♣❛)❛❜❧❡ ❢♦) GC ✐♥ ♦"❤❡) ❝❛,❡,✳

❊①❛♠♣❧❡ ✸✶ ✭#❛%&✐&✐♦♥ ✈❛❧✉❡. ♦%❞❡% ✇✐&❤ %❡.♣❡❝& &♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥& ❝%✐&❡%✐♦♥ .❡&✮ ✳

▲❡" ✉, ❝♦♥,✐❞❡) "❤❡ ❝)✐"❡)✐❛ ❣)❛♣❤ G{C1,C2} ♦❢ ❊①❛♠♣❧❡ ✷✹ "❤❛" ✐, )❡♣)❡,❡♥"❡❞ ♦♥

❋✐❣✉)❡ ✺✳✷✳ ▲❡" ✉, ❝♦♥,✐❞❡) "❤❡ ♣❛)"✐"✐♦♥, ❡✈❛❧✉❛"❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✵ ❛❝❝♦)❞✐♥❣ "♦ "❤❡

❝)✐"❡)✐♦♥ ,❡" C = {C1, C2}✳

❼ P1 = {{a, c}, {b, d, e}}✳ v(P1,C) = notV alid✳

❼ P2 = {{b, d, c}, {a}, {e}}✳ v(P2,C) = {C1(++,−), C2(+,never)}✳

❼ P3 = {{b, d}, {a, c}, {b}, {e}}✳ v(P3,C) = {C1(++,−), C2(always,never)}✳

❼ P4 = {{a, e}, {b}, {c, d}}✳ v(P4,C) = {C1(always,never), C2(+,never)}✳

❼ P5 = {{a, b, c, d}, {e}}✳ v(P5,C) = {C1(+,never), C2(+,never)}✳

P1 ✐, ♥♦" ✈❛❧✐❞✱ ,♦ ❝♦♠♣❛)✐♥❣ P1 ✇✐"❤ ❛♥♦"❤❡) ♣❛)"✐"✐♦♥ ❤❛, ♥♦ ♠❡❛♥✐♥❣✳

P2 ❛♥❞ P3 ❤❛✈❡ "❤❡ ,❛♠❡ ✈❛❧✉❡ ❛❝❝♦)❞✐♥❣ "♦ C1 ❜✉" P2 ❤❛, ❛ ❜❡""❡) ✈❛❧✉❡ "❤❛♥ P3

❛❝❝♦)❞✐♥❣ "♦ C2 ,♦ P2 � P3 ❛❝❝♦)❞✐♥❣ "♦ C✳

P3 ✐, ♥♦" ❝♦♠♣❛)❛❜❧❡ "♦ P5 ✇✐"❤ )❡,♣❡❝" "♦ C1✱ ,♦ P3 ❛♥❞ P5 ❛)❡ ❛❧,♦ ♥♦" ❝♦♠♣❛✲

)❛❜❧❡ ✭P3 ⋄ P5✮ ✇✐"❤ )❡,♣❡❝" "♦ C✳

P5 ❤❛, ❛ ❜❡""❡) ✈❛❧✉❡ "❤❛♥ P4 ❜❡❝❛✉,❡ ✐" ❤❛, ❛ ❜❡""❡) ✈❛❧✉❡ ❛❝❝♦)❞✐♥❣ "♦ ❜♦"❤ C1

❛♥❞ C2 ❝)✐"❡)✐❛✳

■♥ &❤✐. .❡❝&✐♦♥✱ ✇❡ .❛✇ ❤♦✇ &♦ ❡✈❛❧✉❛&❡ ❛♥❞ ❝♦♠♣❛%❡ ♣❛%&✐&✐♦♥. ❛❝❝♦%❞✐♥❣ &♦

❣❧♦❜❛❧ .❡♠❛♥&✐❝. ❛♥❞ ✇✐&❤ %❡.♣❡❝& &♦ ♦♥❡ ♦% .❡✈❡%❛❧ ❝%✐&❡%✐❛✳ ▲❡& ✉. .❡❡ ✇❤✐❝❤ ❛❧❣♦✲

%✐&❤♠. ❛%❡ ✉.❡❞ &♦ ✜♥❞ ❜❡.& ♣❛%&✐&✐♦♥. ❛❝❝♦%❞✐♥❣ &♦ ❣❧♦❜❛❧ .❡♠❛♥&✐❝.✳

✺✳✷✳✸ ❋✐♥❞✐♥❣ ❜❡+, ♣❛/,✐,✐♦♥+ ❢♦/ ❛ +✐♥❣❧❡ ❝/✐,❡/✐♦♥

▲❡& C ❜❡ ❛ ❝%✐&❡%✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝& .❡& O✳ ■♥ ♦%❞❡% &♦ ✜♥❞ &❤❡ ❜❡.& ♣❛%&✐&✐♦♥ ✈❛❧✉❡. ♦♥

O ✇✐&❤ %❡.♣❡❝& &♦ C✱ ✇❡ ❤❛✈❡ &♦ ✜♥❞ ❛♥❞ &♦ ❡✈❛❧✉❛&❡ %❡❢❡%❡♥❝❡ ♣❛%&✐&✐♦♥. ♦♥ O ✇✐&❤

%❡.♣❡❝& &♦ C ❢♦% ❛❧❧ ❝❧♦.❡♥❡.. ✈❛❧✉❡. vi ∈ V C
close ∪ {always}✳ ❚♦ ❞❡✜♥❡ ❛ 1❡❢❡1❡♥❝❡

♣❛1%✐%✐♦♥ ✇❡ ♥❡❡❞ &♦ ✉.❡ &❤❡ ♥♦&✐♦♥ ♦❢ ❛ 1❡✜♥❡❞ ♣❛1%✐%✐♦♥ ❛. ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✳
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❉❡✜♥✐%✐♦♥ ✶✽ ✭❘❡✜♥❡❞ ♣❛*+✐+✐♦♥✮✳ ▲❡" Pi, Pj ❜❡ "✇♦ ♣❛("✐"✐♦♥+ ♦♥ ❛♥ ♦❜❥❡❝" +❡" O✳

Pi ✐+ ♠♦(❡ (❡✜♥❡❞ "❤❛♥ Pj ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀ ci ❝❧❛++ ∈ Pi ∃cj ❝❧❛++ ∈ Pj|ci ⊆ cj✳ ❚❤❡
♣❛("✐"✐♦♥ Pj ✐+ +❛✐❞ "♦ ❜❡ ❧❡++ (❡✜♥❡❞ "❤❛♥ Pi ♣❛("✐"✐♦♥✳

❊①❛♠♣❧❡ ✸✷ ✭❘❡✜♥❡❞ ♣❛*+✐+✐♦♥✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" +❡" +✉❝❤ ❛+ O = {a, b, c, d, e}✳
❚❤❡ ♣❛("✐"✐♦♥ Pa = {{a, b, c}, {d, e}} ✐+ ♠♦(❡ (❡✜♥❡❞ "❤❛♥ "❤❡ ♣❛("✐"✐♦♥ Pa =

{{a, b, c, d, e}} ❜✉" ❜♦"❤ ❛(❡ ❧❡++ (❡✜♥❡❞ "❤❛♥ Pc = {{a, b}, {c}, {d, e}}✳
❍♦✇❡✈❡(✱ Pa ✐+ ♥♦" ♠♦(❡ (❡✜♥❡❞ "❤❛♥ Pd = {{a, b}, {c, d}, {e}} ❜❡❝❛✉+❡ ♥♦ ❝❧❛++

♦❢ Pa ✐♥❝❧✉❞❡+ {c, d} ❛♥❞ Pd ✐+ ❛❧+♦ ♥♦ ♠♦(❡ (❡✜♥❡❞ "❤❛♥ Pa ❜❡❝❛✉+❡ ♥♦ ❝❧❛++ ♦❢ Pd

✐♥❝❧✉❞❡+ {d, e}✳

❉❡✜♥✐%✐♦♥ ✶✾ ✭❘❡❢❡*❡♥❝❡ ♣❛*+✐+✐♦♥ ❢♦* ❛ ❝*✐+❡*✐♦♥✮✳ ▲❡" C ❜❡ ❛ ❝(✐"❡(✐♦♥ ♦♥ ❛♥

♦❜❥❡❝" +❡" O ❛♥❞ vi ❛ ❝♦♠♣❛(✐+♦♥ ✈❛❧✉❡ +✉❝❤ "❤❛" vi ∈ V C
close ∪ {always}✳ ❚❤❡

(❡❢❡(❡♥❝❡ ♣❛("✐"✐♦♥ Pref ❢♦( C ✇✐"❤ (❡+♣❡❝" "♦ vi ✐+ "❤❡ ♠♦+" (❡✜♥❡❞ ♣❛("✐"✐♦♥ P +✉❝❤

❛+ v(P,C) = (vp, vn) ❛♥❞ vp ≤ vi✳
▲❡" GC ❜❡ "❤❡ ❝(✐"❡(✐♦♥ ❣(❛♣❤ ♦♥ O ✇✐"❤ (❡+♣❡❝" "♦ C ❝(✐"❡(✐♦♥✳ ❲❡ ❞❡♥♦"❡

ref(vi, GC) "❤❡ (❡❢❡(❡♥❝❡ ♣❛("✐"✐♦♥ ❢♦( ❛ ❝(✐"❡(✐♦♥ C ✇✐"❤ (❡+♣❡❝" "♦ "❤❡ ❝❧♦+❡♥❡++

✈❛❧✉❡ vi ✭♦( ❛❜✉+✐✈❡❧② ref(vi) ✇❤❡♥ GC ✐+ ♦❜✈✐♦✉+✮✳

❊①❛♠♣❧❡ ✸✸ ✭❘❡❢❡*❡♥❝❡ ♣❛*+✐+✐♦♥ ❢♦* ❛ ❝*✐+❡*✐♦♥✮✳ ▲❡" ✉+ ❝♦♥+✐❞❡( "❤❡ ❝(✐"❡(✐♦♥

❣(❛♣❤ GC1
✐♥ ❊①❛♠♣❧❡ ✷✸ "❤❛" ✐+ (❡♣(❡+❡♥"❡❞ ♦♥ ❋✐❣✉(❡ ✺✳✶✳ ▲❡" ✉+ ❝♦♥+✐❞❡( "❤❡

❝❧♦+❡♥❡++ ✈❛❧✉❡ +❡" ♦❢ "❤❡ ❝(✐"❡(✐♦♥ C1✿ V C1

close = {+,++}✳ ▲❡" ✉+ ♣(❡+❡♥" (❡❢❡(❡♥❝❡
♣❛("✐"✐♦♥+ ♦♥ O = {a, b, c, d, e} ❛❝❝♦(❞✐♥❣ "♦ C✳

❼ P+ = ref(+) = {{a, b, c, d}, {e}}✳ a✱b✱c ❛♥❞ d ❛(❡ ✐♥ "❤❡ +❛♠❡ ❝❧❛++ ❜❡❝❛✉+❡ ♦❢
"❤❡ ❝♦♠♣❛(✐+♦♥+ ✈❛❧✉❡+ C(d, b) = ++ ❛♥❞ C(a, b) = C(a, c) = C(c, d) = +✳

❼ P++ = ref(++) = {{a}, {b, d}, {c}, {e}}✳ b ❛♥❞ d ❛(❡ ✐♥ "❤❡ +❛♠❡ ❝❧❛++

❜❡❝❛✉+❡ ♦❢ "❤❡ ❝♦♠♣❛(✐+♦♥ ✈❛❧✉❡ C(d, b) = ++✳

❼ Pa = ref(always) = {{a}, {b}, {d}, {c}, {e}}✳ ◆♦ ♦❜❥❡❝"+ ❛(❡ ✐♥ "❤❡ +❛♠❡ ❝❧❛++
❜❡❝❛✉+❡ "❤❡(❡ ❛(❡ ♥♦" "✇♦ ✈❡("❡①❡+ +✉❝❤ "❤❛" "❤❡✐( ❝♦♠♣❛(✐+♦♥ ✈❛❧✉❡ ❛❝❝♦(❞✐♥❣

"♦ C ✐+ always ♦( ❛ +"(♦♥❣❡( ❝♦♠♣❛(✐+♦♥ ✈❛❧✉❡ ✭♥♦ ❝♦♠♣❛(✐+♦♥ +"(♦♥❣❡( "❤❛♥
always ❡①✐+"+✮✳

❚❤♦+❡ (❡❢❡(❡♥❝❡ ♣❛("✐"✐♦♥+ ❛(❡ (❡♣(❡+❡♥"❡❞ ♦♥ ❋✐❣✉(❡ ✺✳✸✳ ❲❡ (❡♠❛(❦ "❤❛" "❤❡

+"(♦♥❣❡( "❤❡ "❛❦❡♥ ✏❛+ (❡❢❡(❡♥❝❡✑ ✈❛❧✉❡ ✐+✱ "❤❡ ♠♦(❡ "❤❡ ♣❛("✐"✐♦♥ ✐+ (❡✜♥❡❞✳ ❚❤✐+ ✐+

❞✉❡ "♦ "❤❡ ❢❛❝" "❤❛" ❧❡++ ❝❧♦+❡♥❡++ ❝♦♠♣❛(✐+♦♥ ✈❛❧✉❡+ (❡K✉✐(❡ "♦ ♣✉" +♦♠❡ ♦❜❥❡❝" ♣❛✐(+

✐♥ ❛ +❛♠❡ ❝❧❛++✳

❊✈❛❧✉❛+✐♥❣ +❤❡ *❡❢❡*❡♥❝❡ ♣❛*+✐+✐♦♥7 ✐7 ❡♥♦✉❣❤ +♦ ❝❛❧❝✉❧❛+❡ ❛♥❞ ❡✈❛❧✉❛+❡ ❛❧❧ +❤❡

❜❡7+ ♣❛*+✐+✐♦♥ ✈❛❧✉❡7✳ ❙✐♥❝❡ +❤❡ *❡❢❡*❡♥❝❡ ♣❛*+✐+✐♦♥ ✇✐+❤ *❡7♣❡❝+ +♦ ❛ ❝❧♦7❡♥❡77 ♦* ❛♥

always ✈❛❧✉❡ vi ❢♦* ❝*✐+❡*✐♦♥ C ✐7 +❤❡ ♠♦7+ *❡✜♥❡❞ ♣❛*+✐+✐♦♥ ✇✐+❤ vp ≤ vi✱ ✐+ ✐7 +❤❡

♣❛*+✐+✐♦♥ ✇✐+❤ +❤❡ ❧❡77 ♣♦77✐❜❧❡ ✉♥7❛+✐7✜❡❞ ❢❛*♥❡77 ❡❞❣❡7 ✭❢❛*♥❡77 ❡❞❣❡7 7✉❝❤ ❛7 ❜♦+❤

✈❡*+❡①❡7 ❛*❡ ✐♥7✐❞❡ +❤❡ 7❛♠❡ ❝❧❛77✱ ❛7 ❡①♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐+✐♦♥ ✶✷✮✳ ❚❤✐7 ♠❛❦❡7 ✐+ ❛

♣❛*+✐+✐♦♥ ✇✐+❤ +❤❡ ❜❡7+ ♣♦77✐❜❧❡ vn ✈❛❧✉❡ ✇✐+❤ *❡7♣❡❝+ +♦ +❤❡ vp 7✉❝❤ +❤❛+ ✐+ ✐7 ≤ vi✳
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❛

❜

❝

❞

❡

❝❧❛(( ♦❢ P+

❝❧❛(( ♦❢ P++

❝❧❛(( ♦❢ Pa

✈❡,-❡①

❡❞❣❡ ❧❛❜❡❧❧❡❞ ++ ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ ♥❡✈❡, ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ − ❜② C1

❋✐❣✉,❡ ✺✳✸✿ ❘❡❢❡,❡♥❝❡ ♣❛,-✐-✐♦♥( ❢♦, GC1

❇❡❝❛✉(❡ ❛ ♣❛,-✐-✐♦♥ ✈❛❧✉❡ ❤❛( ❛ vp ✐♥ V C
close ∪ {always}✱ ❝❛❧❝✉❧❛-✐♥❣ -❤❡ ✈❛❧✉❡( ♦❢

,❡❢❡,❡♥❝❡ ♣❛,-✐-✐♦♥( ❢♦, ❡❛❝❤ vi ✐♥ V C
close ∪ {always} ✐( ❡♥♦✉❣❤ -♦ ❞❡-❡,♠✐♥❡ ❛❧❧ ❜❡(-

♣❛,-✐-✐♦♥ ✈❛❧✉❡(✳

❚♦ ❝❛❧❝✉❧❛-❡ ❛ ,❡❢❡,❡♥❝❡ ♣❛,-✐-✐♦♥ ✇✐-❤ ,❡(♣❡❝- -♦ ❛ ❝❧♦(❡♥❡(( ✈❛❧✉❡ vi ❢♦, ❛ ❝,✐-❡✲

,✐♦♥ C ❝♦♠❡( -♦ ❝❛❧❝✉❧❛-✐♥❣ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ♦♥ GC ❝♦♥(✐❞❡,✐♥❣ ♦♥❧② v′i ❧❛❜❡❧❧❡❞
❡❞❣❡( (✉❝❤ ❛( v′i ≥ vi✳ ❲❡ ❝❛♥ -❤❡♥ (✐♠♣❧② ✉(❡ ❛ ❑,✉(❦❛❧✬( ❛❧❣♦,✐-❤♠❬✺✵❪✳ ❚❤✐( ❛❧✲

❣♦,✐-❤♠ ✐( ✉(❡❞ -♦ ✜♥❞ -❤❡ (❤♦,-❡(- (♣❛♥♥✐♥❣ -,❡❡ ♦❢ ❛ ❣,❛♣❤ ❜❛(❡❞ ♦♥ ❝♦♥♥❡❝-❡❞

❝♦♠♣♦♥❡♥-(✳ ❆❝❝♦,❞✐♥❣ -♦ ❬✷✸❪✱ -❤❡ ❝♦♠♣❧❡①✐-② ♦❢ ❑,✉(❦❛❧✬( ❛❧❣♦,✐-❤♠ ✐( O(m log n)
❢♦, n ✈❡,-❡①❡( ❛♥❞ m ❡❞❣❡( ✐❢ -❤❡ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ❛,❡ ✐♠♣❧❡♠❡♥-❡❞ ❛( ❛

❞✐(❥♦✐♥-✲(❡- ❞❛-❛ (-,✉❝-✉,❡✳ ❆❧❣♦,✐-❤♠ ✷ ♣,❡(❡♥-( ❛♥ ❛❞❛♣-❛-✐♦♥ ♦❢ ❑,✉(❦❛❧✬( ❛❧❣♦✲

,✐-❤♠ ✐♥ ♦,❞❡, -♦ ✜♥❞ -❤❡ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ♦❢ ❛ ❣,❛♣❤ ✐♥(-❡❛❞ ♦❢ -❤❡ (❤♦,-❡(-

(♣❛♥♥✐♥❣ -,❡❡✳ ■♥ ♦✉, ❝❛(❡✱ -❤❡ (❡- ♦❢ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ✐( ✐♠♣❧❡♠❡♥-❡❞ ✐♥ ❛

-❛❜❧❡ (✉❝❤ ❛( -❤❡ ✐♥❞✐❝❡( ❝♦,,❡(♣♦♥❞ -♦ -❤❡ ✈❡,-❡①❡( -♦ ♣❛,-✐-✐♦♥ ❛♥❞ -❤❡ ✈❛❧✉❡( -♦

-❤❡ ❝❧❛((❡( ❛✛❡❝-❡❞ -♦ -❤❡ ♦❜❥❡❝-(✳ ❙♦✱ ♠❡,❣✐♥❣ -✇♦ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ❤❛( ❛

❝♦♠♣❧❡①✐-② ♦❢ O(n) ❢♦, n ✈❡,-❡①❡( ✭❡❛❝❤ ✈❡,-❡① ♠✉(- ❜❡ ❝❤❡❝❦❡❞ ✐♥ ♦,❞❡, -♦ ❞❡-❡,✲

♠✐♥❡ ✐❢ ✐-( ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥- ❤❛( ❝❤❛♥❣❡❞✮ ❛♥❞ ✜♥❞ -❤❡ ❝❧❛(( ♦❢ ❛ ✈❡,-❡① ❤❛( ❛

❝♦♠♣❧❡①✐-② ♦❢ O(1)✳ ❙✐♥❝❡ -❤❡,❡ ❛,❡ n ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ❛- -❤❡ ❜❡❣✐♥♥✐♥❣✱ -❤❡,❡

❛,❡ n − 1 ♠❡,❣❡( ♦❢ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-( ❛- ♠♦(- ❜❡❝❛✉(❡ ❡❛❝❤ ♠❡,❣❡ ❞❡❝,❡❛(❡(

♦❢ ✶ -❤❡ ♥✉♠❜❡, ♦❢ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-(✳ ❙♦✱ -❤❡ ♠❡,❣❡ ✭❝♦♠♣❧❡①✐-② O(n) ✐♥ ♦✉,

✐♠♣❧❡♠❡♥-❛-✐♦♥✮ ❧✐♥❡ ✻ ✐( ❞♦♥❡ n− 1 -✐♠❡( ❛- ♠♦(-✳ ❊❛❝❤ ❡❞❣❡ ✭m✮ ✐( ❛❧(♦ ❝❤❡❝❦❡❞

❧✐♥❡ ✹✳ ❆( ❛ ❝♦♥(❡U✉❡♥❝❡✱ -❤❡ ❝♦♠♣❧❡①✐-② ♦❢ ❝❛❧❝✉❧❛-✐♥❣ ❛ ,❡❢❡,❡♥❝❡ ♣❛,-✐-✐♦♥ ✐(✱ ✐♥

♦✉, ✐♠♣❧❡♠❡♥-❛-✐♦♥✱ O(m + n2)✳ ❍♦✇❡✈❡,✱ -❤❡ ❝♦♠♣❧❡①✐-② ✐( O(m log n) ✇✐-❤ ❛♥

❛♣♣,♦♣,✐❛-❡ ✐♠♣❧❡♠❡♥-❛-✐♦♥✱ ❛( ♠❡♥-✐♦♥❡❞ ❛❜♦✈❡✳ ❙♦✱ ✇❡ ✇✐❧❧ ❝♦♥(✐❞❡, O(m log n)
❛( -❤❡ ❝♦♠♣❧❡①✐-② ♦❢ ❝❛❧❝✉❧❛-✐♥❣ ❛ ,❡❢❡,❡♥❝❡ ♣❛,-✐-✐♦♥ ✐♥ -❤❡ ,❡♠❛✐♥❞❡, ♦❢ -❤✐( -❤❡(✐(✳

W❧❡❛(❡ ♥♦-❡ -❤❛- -❤❡ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥- ✐❞❡❛ ❤❛( ❜❡❡♥ ❛❧,❡❛❞② ❡①♣❧♦,❡❞ ✐♥ ❬✸✷❪



✼✵ ❈❍❆#❚❊❘ ✺✳ #❆❘❚■❚■❖◆■◆● ❙❊▼❆◆❚■❈❙

❛♥❞ ❬✹❪✳ ❍♦✇❡✈❡. /❤❡ ❛✉/❤♦.2 ❞♦ ♥♦/ ❝♦♥2✐❞❡. ✐♥❝♦❤❡.❡♥❝❡ ♣.♦❜❧❡♠2 ♦. ❡✈❡♥ ♠♦.❡

❧❡✈❡❧2 ♦❢ ❢❛.♥❡22 ❛♥❞ ❝❧♦2❡♥❡22 ✈❛❧✉❡2✳

■❢ ❛ /❡2/❡❞ .❡❢❡.❡♥❝❡ ♣❛./✐/✐♦♥ Pref ❤❛2 ❛ ✈❛❧✉❡ (vn, vp) 2✉❝❤ ❛2 vp ✐2 /❤❡ ✇❡❛❦❡2/

✈❛❧✉❡ ✐♥ V C
far ∪ {never}✱ /❤❡♥ /❤❡ .❡❢❡.❡♥❝❡ ♣❛./✐/✐♦♥2 ❛❝❝♦.❞✐♥❣ /♦ ❛ ✈❛❧✉❡ v′p > vp

✇✐❧❧ ❤❛✈❡ ❛ ♣❛./✐/✐♦♥ ✈❛❧✉❡ ✇♦.2❡ /❤❛♥ Pref ❛♥❞ /❤❡.❡ ✐2 ♥♦ ♥❡❡❞ /♦ ❡✈❛❧✉❛/❡ ❛♥❞ /❡2/

/❤❡♠✳ ❆❧❣♦.✐/❤♠ ✶ ❡♥❞2 ✐♥ /❤✐2 ❝❛2❡ ❜❡❝❛✉2❡ ♦❢ /❤❡ /❡2/ ❧✐♥❡ ✽✳

❆❧❣♦$✐&❤♠ ✶ ❇❡2/❱❛❧✉❡2❋♦.❆❙✐♥❣❧❡❈.✐/❡.✐♦♥

❘❡,✉✐$❡✿ C✿ ❝.✐/❡.✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝/ 2❡/ O❀ GC ✿ ❝.✐/❡.✐♦♥ ❣.❛♣❤ ♦❢ C ♦♥ O❀

❊♥1✉$❡✿ 2❡/ ♦❢ ❜❡2/ ♣❛./✐/✐♦♥ ✈❛❧✉❡2 ✇✐/❤ .❡2♣❡❝/ /♦ C ♦♥ O

✶✿ ❜❡2/ ♣❛./✐/✐♦♥ ✈❛❧✉❡ 2❡/ bestV = {}❀
✷✿ ❢♦$ ❛❧❧ ✈❛❧✉❡2 vi ∈ V C

close ∪ {always} ✐♥ < ♦.❞❡. ❞♦

✸✿ I❛./✐/✐♦♥ P❂ ref(vi)❀
✹✿ I❛./✐/✐♦♥ ✈❛❧✉❡ v = v(P )❀
✺✿ ✐❢ P ✐2 ✈❛❧✐❞ ❛♥❞ 6 ∃v′ ∈ bestV |v′ � v &❤❡♥
✻✿ ❛❞❞ v /♦ bestV ❀

✼✿ ❡♥❞ ✐❢

✽✿ ✐❢ v(P ) = (v′p, v
′
n) 2✉❝❤ ❛2 vn = weakest(V C

far ∪ {never}) &❤❡♥
✾✿ $❡&✉$♥ bestV ❀

✶✵✿ ❡♥❞ ✐❢

✶✶✿ ❡♥❞ ❢♦$

✶✷✿ $❡&✉$♥ bestV ❀

▲❡/ ✉2 2❡❡ ❛♥ ❊①❛♠♣❧❡ ❛❜♦✉/ /❤❡ .❡2✉❧/2 ♦❢ ❆❧❣♦.✐/❤♠ ✶✳

❊①❛♠♣❧❡ ✸✹ ✭❘❡2✉❧/2 ♦❢ ❆❧❣♦.✐/❤♠ ✶✮✳ ▲❡" ✉$ ❝♦♥$✐❞❡* "❤❡ ❝*✐"❡*✐♦♥ ❣*❛♣❤ GC1
♦♥

"❤❡ ♦❜❥❡❝" $❡" O = {a, b, c, d, e} ❞❡✜♥❡❞ ❊①❛♠♣❧❡ ✷✸✳ ■♥ ❊①❛♠♣❧❡ ✸✸ ✇❡ ❣❛✈❡ ❛❧❧ ✐"$

*❡❢❡*❡♥❝❡ ♣❛*"✐"✐♦♥$✱ *❡♣*❡$❡♥"❡❞ ♦♥ ❋✐❣✉*❡ ✺✳✸✳ ▲❡" ✉$ ❛♣♣❧② ❆❧❣♦*✐"❤♠ ✶ ♦♥ GC1
✳

❲❡ *❡♠✐♥❞ ♦✉*$❡❧✈❡$ "❤❛" V C
close = {+,++} ❛♥❞ V C

far = {−}✳

❼ + ✐$ "❤❡ ✇❡❛❦❡$" ❝♦♠♣❛*✐$♦♥ ✈❛❧✉❡ ✐♥ V C
close ∪ {always}✱ $♦ "❤❡ ✜*$" *❡❢❡*✲

❡♥❝❡ ♣❛*"✐"✐♦♥ ❝❛❧❝✉❧❛"❡❞ ❛♥❞ ❡✈❛❧✉❛"❡❞ ✐$ P+ = ref(+) = {{a, b, c, d}, {e}}✳
v(P+) = (+, never) ❛♥❞ ✐$ ❛ ❜❡$" ♣❛*"✐"✐♦♥ ✈❛❧✉❡ ❜❡❝❛✉$❡ v(P+) ✐$ ✈❛❧✐❞ ❛♥❞

"❤❡*❡ ❛*❡ ♥♦" ❜❡$" ♣❛*"✐"✐♦♥ ✈❛❧✉❡$ "♦ ❜❡ ❝♦♠♣❛*❡❞ ✇✐"❤ ②❡"✳

❼ ++ ✐$ "❤❡ ✇❡❛❦❡$" ❝♦♠♣❛*✐$♦♥ ✈❛❧✉❡ ✐♥ V C
close∪{always}−{+}✱ $♦ "❤❡ ✜*$" ❝❛❧✲

❝✉❧❛"❡❞ ❛♥❞ ❡✈❛❧✉❛"❡❞ *❡❢❡*❡♥❝❡ ♣❛*"✐"✐♦♥ ✐$ P++ = ref(++) = {{a}, {b, d}, {c}, {e}}✳
v(P++) = (++,−)✳ ❚❤✐$ ✈❛❧✉❡ ✐$ ♥♦" ❝♦♠♣❛*❛❜❧❡ "♦ v(P+)✱ $♦ ✐" ✐$ ❛❧$♦ ❛ ❜❡$"
✈❛❧✉❡✳ − ✐$ "❤❡ ✇❡❛❦❡$" ✈❛❧✉❡ ✐♥ V C

far ∪ {never}✱ $♦ "❤❡ ❛❧❣♦*✐"❤♠ ❡♥❞$ ✭✇✐"❤✲

♦✉" ❝❛❧❝✉❧❛"✐♥❣ ❛♥❞ ❡✈❛❧✉❛"✐♥❣ ref(always)✮ ❛♥❞ *❡"✉*♥$ "❤❡ $❡" ♦❢ ❢♦✉♥❞❡❞

❜❡$" ✈❛❧✉❡$✿ {(+, never), (++,−)}✳

■♥ ❊①❛♠♣❧❡ ✷✽✱ ✇❡ ❡✈❛❧✉❛"❡❞ ✜✈❡ ♣❛*"✐"✐♦♥$ ♦♥ GC1
✳ K❛*"✐"✐♦♥$ P2 ❛♥❞ P3 ❛*❡

❜❡$" ♣❛*"✐"✐♦♥$ ❜❡❝❛✉$❡ "❤❡② ❜♦"❤ ❤❛✈❡ ❛ ❜❡$" ✈❛❧✉❡ (++,−)✳ K❛*"✐"✐♦♥ P5 ✐$ ❛❧$♦ ❛

❜❡$" ♣❛*"✐"✐♦♥ ❜❡❝❛✉$❡ ✐" ❤❛$ ❛ ❜❡$" ✈❛❧✉❡ (+, never)✳
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❈♦♠♣❧❡①✐(②✳ ■♥ $❤❡ ✇♦)*$ ❝❛*❡ ✭✇❤❡♥ $❤❡)❡ ✐* ♥♦ ✈❛❧✐❞ ♣❛)$✐$✐♦♥ ✇✐$❤ ❛ vn ✈❛❧✉❡

*✉❝❤ $❤❛$ vn = max(V C
far ∪ {never}) ✮ ✇❡ ❤❛✈❡ k+ 1 = |V C

close ∪ {always}| )❡❢❡)❡♥❝❡
♣❛)$✐$✐♦♥* $♦ ✜♥❞ ❛♥❞ ❡✈❛❧✉❛$❡✳ ❚❤❡ ❝♦♠♣❧❡①✐$② ♦❢ $❤❡ ❣❧♦❜❛❧ *❡♠❛♥$✐❝* ❢♦) ♦♥❡

❝)✐$❡)✐♦♥ ❛❧❣♦)✐$❤♠ ✐* O((k + 1) ∗m log n)✱ ❛♥❞ ✐$ ✐* ❞❡♣✐❝$❡❞ ❜❡❧♦✇ ✭❆❧❣♦)✐$❤♠ ✶✮✳

■♥ $❤✐* ❙❡❝$✐♦♥✱ ✇❡ *❛✇ ❤♦✇ $♦ ❝❛❧❝✉❧❛$❡ ❡✈❡)② ❜❡*$ ♣❛)$✐$✐♦♥ ✈❛❧✉❡ ♦♥ ❛♥ ♦❜❥❡❝$

*❡$ O ❛♥❞ ❛❝❝♦)❞✐♥❣ $♦ ❛ ❝)✐$❡)✐♦♥ ❈✳ ▲❡$ ✉* ❡①$❡♥❞ $❤✐* $♦ *❡✈❡)❛❧ ❝)✐$❡)✐❛✳

✺✳✷✳✹ ❋✐♥❞✐♥❣ ❜❡+, ♣❛/,✐,✐♦♥+ ❢♦/ +❡✈❡/❛❧ ❝/✐,❡/✐❛

▲❡$ ✉* ♥♦✇ ❝♦♥*✐❞❡) $❤❡ ❣❧♦❜❛❧ *❡♠❛♥$✐❝* ✇❤❡♥ $❤❡)❡ ❛)❡ ♠♦)❡ $❤❛♥ ♦♥❡ ❝)✐$❡)✐♦♥ $♦

❝♦♥*✐❞❡)✳ ❲❡ ✇✐❧❧ ✜)*$ ♥❡❡❞ $❤)❡❡ ♥♦$✐♦♥*✿ ❝❧♦,❡♥❡,, ✈❛❧✉❡ ,❡(✱ ❛,❝❡♥❞❛♥( ❝❧♦,❡✲

♥❡,, ✈❛❧✉❡ ,❡( ❛♥❞ 3❡❢❡3❡♥❝❡ ♣❛3(✐(✐♦♥✳ ❚❤❡ )❡❢❡)❡♥❝❡ ♣❛)$✐$✐♦♥*✱ ❛* ❡①♣❧❛✐♥❡❞ ✐♥

❙❡❝$✐♦♥ ✺✳✷✳✸✱ ❛)❡ $❤❡ ❛❝$✉❛❧ $❡*$* $♦ ❜❡ ♣❡)❢♦)♠❡❞ ❜② $❤❡ ❛❧❣♦)✐$❤♠✳ ❚❤❡ ❝❛)❞✐♥❛❧✐$②

♦❢ $❤❡ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡$ )❡♣)❡*❡♥$* $❤❡ ♥✉♠❜❡) ♦❢ $❡*$* $❤❛$ $❤❡ ❛❧❣♦)✐$❤♠ ✇✐❧❧ ♥❡❡❞

$♦ ♣❡)❢♦)♠ ✐♥ $❤❡ ✇♦)*$ ❝❛*❡✳ ❋✐♥❛❧❧②✱ $❤❡ ❛*❝❡♥❞❛♥$ ❝❧♦*❡♥❡** ✈❛❧✉❡* ♥♦$✐♦♥ ✇✐❧❧

❛❧❧♦✇ ✉* $♦ *❦✐♣ *♦♠❡ $❡*$*✱ ❛♥❞ ♦♣$✐♠✐*❡ $❤❡ ❛❧❣♦)✐$❤♠✳

❉❡✜♥✐(✐♦♥ ✷✵ ✭❈❧♦*❡♥❡** ✈❛❧✉❡ *❡$✮✳ ❆ ❝❧♦$❡♥❡$$ ✈❛❧✉❡ $❡* VC ❢♦, ❛ ❝,✐*❡,✐♦♥ $❡*

C ✐$ ❛ $❡* ♦❢ ❝♦♠♣❛,✐$♦♥ ✈❛❧✉❡$ vi $✉❝❤ ❛$ vi ∈ V Ci

close ∪ {always} ❛♥❞ Ci ∈ C✱ ✇✐*❤

♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❝♦♠♣❛,✐$♦♥ ✈❛❧✉❡ vi ❢♦, ❡❛❝❤ ❝,✐*❡,✐♦♥ Ci ∈ C✳

❊①❛♠♣❧❡ ✸✺ ✭❈❧♦*❡♥❡** ✈❛❧✉❡ *❡$✮✳ ■♥ ❊①❛♠♣❧❡ ✷✹✱ ✇❡ ❞❡✜♥❡❞ *❤❡ ❝,✐*❡,✐❛ ❣,❛♣❤

G{C1,C2} ✇✐*❤ C1, C2 $✉❝❤ ❛$ V
C1

close = {++,+} ❛♥❞ V C2

close = {+}✳ ▲❡* ✉$ ❡♥✉♠❡,❛*❡
*❤❡ ❝❧♦$❡♥❡$$ ✈❛❧✉❡ $❡* ❛❝❝♦,❞✐♥❣ *♦ {C1, C2}✿

❼ VC1 = {C1,+, C2,+}

❼ VC2 = {C1,+, C2,always}

❼ VC3 = {C1,++, C2,+}

❼ VC4 = {C1,++, C2,always}

❼ VC5 = {C1,always, C2,+}

❼ VC6 = {C1,always, C2,always}

❉❡✜♥✐(✐♦♥ ✷✶ ✭❆*❝❡♥❞❛♥$ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡$✮✳ ▲❡* VC1 ❛♥❞ VC2 ❜❡ *✇♦ ❝❧♦$❡♥❡$$

✈❛❧✉❡ $❡*$ ❢♦, *❤❡ $❛♠❡ ❝,✐*❡,✐♦♥ $❡* C✳ VC1 ✐$ ❛♥ ❛$❝❡♥❞❛♥* ♦❢ VC2 ✐❢ ❛♥❞ ♦♥❧② ✐❢

VC1 ❤❛$ ❛ ✇❡❛❦❡, ❝♦♠♣❛,✐$♦♥ ✈❛❧✉❡ *❤❛♥ VC2 ❢♦, ❡❛❝❤ ❝,✐*❡,✐♦♥ ✐♥ C✳

VC2 ✐$ $❛✐❞ ❛ ❞❡$❝❡♥❞❛♥* ♦❢ VC1✳

❊①❛♠♣❧❡ ✸✻ ✭❆*❝❡♥❞❛♥$ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡$✮✳ ■♥ ❊①❛♠♣❧❡ ✸✺✱ ✇❡ ❡♥✉♠❡,❛*❡❞ ❛❧❧

❝❧♦$❡♥❡$$ ✈❛❧✉❡ $❡*$ ❢♦, C1, C2 $✉❝❤ ❛$ V
C1

close = {++,+} ❛♥❞ V C2

close = {+}✳ ▲❡* ✉$
❞❡*❡,♠✐♥❡ *❤❡✐, ❛$❝❡♥❞❛♥* ,❡❧❛*✐♦♥$✳
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❼ VC1 = {C1,+, C2,+} ❤❛" #❤❡ ✇❡❛❦❡"# ♣♦""✐❜❧❡ ✈❛❧✉❡ ❢♦/ ❜♦#❤ C1 ❛♥❞ C2✱ "♦ VC1

✐" ❛♥ ❛"❝❡♥❞❛♥# ♦❢ ❛❧❧ #❤❡ ♦#❤❡/ ❝❧♦"❡♥❡"" ✈❛❧✉❡ "❡#" ✭VC2✱VC3✱VC4✱VC5 ❛♥❞

VC6✮✳

❼ VC2 = {C1,+, C2,always} ✐" ❛♥ ❛"❝❡♥❞❛♥# ♦❢ VC4 VC6✳ ■♥ ❢❛❝#✱ VC3 ❛♥❞ VC5

❤❛✈❡ ❛ ✇❡❛❦❡/ ✈❛❧✉❡ ✭+✮ #❤❛♥ VC2 ❢♦/ C2 ✭always✮✳

❼ VC4 = {C1,++, C2,always} ✐" ❛ ❞❡"❝❡♥❞❛♥# ♦❢ VC2 ❛♥❞ ❛♥ ❛"❝❡♥❞❛♥# ♦❢ VC6✳

❼ VC6 = {C1,always, C2,always} ✐" ❛ ❞❡"❝❡♥❞❛♥# ♦❢ ❛❧❧ ♦#❤❡/ ❝❧♦"❡♥❡"" ✈❛❧✉❡ "❡#"✳

❉❡✜♥✐%✐♦♥ ✷✷ ✭❘❡❢❡&❡♥❝❡ ♣❛&+✐+✐♦♥ ✇✐+❤ &❡0♣❡❝+ +♦ ❛ ❝&✐+❡&✐♦♥ 0❡+✮✳ ▲❡# C ❜❡ ❛

❝/✐#❡/✐♦♥ "❡# ♦♥ ❛♥ ♦❜❥❡❝# "❡# O✱ ❛♥❞ VC ❛ ❝❧♦"❡♥❡"" ✈❛❧✉❡ "❡# ❢♦/ C✳ ❚❤❡ /❡❢❡/✲

❡♥❝❡ ♣❛/#✐#✐♦♥ Pref ❢♦/ C ✇✐#❤ /❡"♣❡❝# #♦ VC ✭❞❡♥♦#❡❞ ref(VC)✮ ✐" #❤❡ ♠♦"# /❡✜♥❡❞

✭♣❧❡❛"❡ "❡❡ ❉❡✜♥✐#✐♦♥ ✶✽✮ ♣❛/#✐#✐♦♥ "✉❝❤ ❛" v(Pref ) = {v(Pref , Ci)∀Ci ∈ C} ✇✐#❤ ∀Ci

❝/✐#❡/✐♦♥✿ v(Pref , Ci) = (vp, vn)|vp ≤ vi ∈ VC✳

❊①❛♠♣❧❡ ✸✼ ✭❘❡❢❡&❡♥❝❡ ♣❛&+✐+✐♦♥ ✇✐+❤ &❡0♣❡❝+ +♦ ❛ ❝&✐+❡&✐♦♥ 0❡+✮✳ ■♥ ❊①❛♠♣❧❡ ✸✸✱

✇❡ ❝❛❧❝✉❧❛#❡❞ /❡❢❡/❡♥❝❡ ♣❛/#✐#✐♦♥" ❢♦/ #❤❡ ❝/✐#❡/✐♦♥ ❣/❛♣❤ GC1
❞❡✜♥❡❞ ❊①❛♠♣❧❡ ✷✸

❛♥❞ /❡♣/❡"❡♥#❡❞ ♦♥ ❋✐❣✉/❡ ✺✳✸✳ ▲❡# ✉" ❡♥✉♠❡/❛#❡ #❤❡ /❡❢❡/❡♥❝❡ ♣❛/#✐#✐♦♥" ❢♦/ #❤❡

❝/✐#❡/✐❛ ❣/❛♣❤ G{C1,C2} ✇✐#❤ /❡"♣❡❝# #♦ #❤❡ ❝❧♦"❡♥❡" ✈❛❧✉❡ "❡# ❡♥✉♠❡/❛#❡❞ ✐♥ ❊①❛♠♣❧❡

✸✺✿

❼ P+,+ = ref({C1,+, C2,+}) = {{a, b, c, d}, {e}}

❼ P+,a = ref({C1,+, C2,always}) = {{a, b, c, d}, {e}} = P+,+✳ P+,+ = P+,a ✐"

❡①❛❝#❧② #❤❡ /❡❢❡/❡♥❝❡ ♣❛/#✐#✐♦♥ P+ ♦♥ #❤❡ ❣/❛♣❤ GC ✭❊①❛♠♣❧❡ ✸✸✮ ❛♥❞ ✐" /❡♣✲

/❡"❡♥#❡❞ ♦♥ ❋✐❣✉/❡ ✺✳✸✳

❼ P++,+ = ref({C1,++, C2,+}) = {{a}, {b, d, c}, {e}}✳

❼ P++,a = ref({C1,++, C2,always}) = {{a}, {b, d}, {c}, {e}}✳ P++,a ✐" ❡①❛❝#❧② #❤❡

/❡❢❡/❡♥❝❡ ♣❛/#✐#✐♦♥ P++ ♦♥ #❤❡ ❣/❛♣❤ GC ✭❊①❛♠♣❧❡ ✸✸✮ ❛♥❞ ✐" /❡♣/❡"❡♥#❡❞ ♦♥

❋✐❣✉/❡ ✺✳✸✳

❼ Pa,+ = ref({C1,always, C2,+}) = {{a}, {b}, {d, c}, {e}}✳

❼ Pa,a = ref({C1,always, C2,always}) = {{a}, {b}, {d}, {c}, {e}}✳ Pa,a ✐" ❡①❛❝#❧②

#❤❡ /❡❢❡/❡♥❝❡ ♣❛/#✐#✐♦♥ Pa ♦♥ #❤❡ ❣/❛♣❤ GC ✭❊①❛♠♣❧❡ ✸✸✮ ❛♥❞ ✐" /❡♣/❡"❡♥#❡❞

♦♥ ❋✐❣✉/❡ ✺✳✸✳

❚❤❡ ❣❧♦❜❛❧ 0❡♠❛♥+✐❝0 ❛❧❣♦&✐+❤♠ ❢♦& 0❡✈❡&❛❧ ❝&✐+❡&✐❛ ✐0 +❤❡ ❡①+❡♥0✐♦♥ ❢♦& +❤❡ ❛❧❣♦✲

&✐+❤♠ ❢♦& ♦♥❡ ❝&✐+❡&✐♦♥ ✭❆❧❣♦&✐+❤♠ ✶✮✳ ❚❤❡ ❜❡0+ ♣❛&+✐+✐♦♥ ✈❛❧✉❡0 ❛&❡ ❛❧0♦ &❡❢❡&❡♥❝❡

♣❛&+✐+✐♦♥ ✈❛❧✉❡0✱ 0♦ ✇❡ ❝❛❧❝✉❧❛+❡✱ ❡✈❛❧✉❛+❡ ❛♥❞ ❝♦♠♣❛&❡ +❤❡♠✳

❋✐&0+✱ ✇❡ ✜♥❞ ❛❧❧ ❝❧♦0❡♥❡00 ✈❛❧✉❡ 0❡+ ✭❉❡✜♥✐+✐♦♥ ✷✵✮ ❢♦& C✳ ❲❡ ❝♦♠♣✉+❡ +❤❡

&❡❢❡&❡♥❝❡ ♣❛&+✐+✐♦♥ ✭❉❡✜♥✐+✐♦♥ ✷✷✮ ❢♦& ❡❛❝❤ ❝❧♦0❡♥❡00 ✈❛❧✉❡ 0❡+ VC ❜② 0❡❛&❝❤✐♥❣ ❢♦&
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❝♦♥♥❡❝&❡❞ ❝♦♠♣♦♥❡♥&* ✇✐&❤ ❑/✉*❦❛❧✬* ❛❧❣♦/✐&❤♠ ✭❝♦♠♣❧❡①✐&② O(m log n) ✷

✮ ♦♥ GC

❝♦♥*✐❞❡/✐♥❣ ♦♥❧② vp ❧❛❜❡❧❧❡❞ ❡❞❣❡* *✉❝❤ &❤❛& vp ≥ vi|vi ∈ (V Ci

close ∪ {always}) ∩ VC

❛♥❞ Ci ∈ C✳ ❲❡ &❤❡♥ ❡✈❛❧✉❛&❡ /❡❢❡/❡♥❝❡ ♣❛/&✐&✐♦♥ ✈❛❧✉❡* ❛♥❞ ♦♥❧② ❦❡❡♣ ❜❡*& ♦♥❡*✳

■❢ ❛ /❡❢❡/❡♥❝❡ ♣❛/&✐&✐♦♥ ref(VC) ❤❛* v(P,Ci) = (vp, vn) ❢♦/ ❡❛❝❤ ❝/✐&❡/✐♦♥ Ci ∈ C

*✉❝❤ ❛* vn = weakest(V Ci

far ∪ {never})✱ &❤❡♥ &❤❡ /❡❢❡/❡♥❝❡ ♣❛/&✐&✐♦♥* ref(VC′) ✇✐&❤
VC

′
❞❡*❝❡♥❞❛♥&* ✭❉❡✜♥✐&✐♦♥ ✷✶✮ ♦❢ VC ❤❛✈❡ ❛ ✇♦/*❡ ♦/ *❛♠❡ ✈❛❧✉❡ &❤❛♥ ref(VC)✱

*♦ ✇❡ ❞♦ ♥♦& ♥❡❡❞ &♦ ❡✈❛❧✉❛&❡ &❤❡♠✳

❆❧❣♦$✐&❤♠ ✷ ❈♦♥♥❡❝&❡❞❈♦♠♣♦♥❡♥&

❘❡,✉✐$❡✿ G(V,E)✿ ❣/❛♣❤ ✇✐&❤ V ✱ &❤❡ ✈❡/&❡① *❡& ❛♥❞ E✱ &❤❡ ❡❞❣❡ *❡&❀

❊♥1✉$❡✿ &❤❡ ♣❛/&✐&✐♦♥ ♦♥ V *✉❝❤ &❤❛& ✐&* ❝❧❛**❡* ❝♦//❡*♣♦♥❞* &♦ ❝♦♥♥❡❝&❡❞ ❝♦♠♣♦✲

♥❡♥&* ♦❢ G(V,E)
✶✿ ❢♦$ ❛❧❧ ✈❡/&❡① v ∈ V ❞♦
✷✿ connectedComponentOf(v) = {v}❀
✸✿ ❡♥❞ ❢♦$

✹✿ ❢♦$ ❛❧❧ ❡❞❣❡ (x, y) ∈ E ❞♦
✺✿ ✐❢ connectedComponentOf(x) 6= setOf(y) &❤❡♥
✻✿ ♠❡/❣❡ connectedComponentOf(x) ❛♥❞ connectedComponentOf(y)❀
✼✿ ❡♥❞ ✐❢

✽✿ ❡♥❞ ❢♦$

✾✿ $❡&✉$♥ &❤❡ *❡& ♦❢ &❤❡ connectedComponentOf(v)❀

❆❧❣♦$✐&❤♠ ✸ ❣❧♦❜❛❧❆❧❣♦/✐&❤♠

❘❡,✉✐$❡✿ C✱ ❛ ❝/✐&❡/✐♦♥ *❡& ♦♥ ❛♥ ♦❜❥❡❝& *❡& O❀ GC ❝/✐&❡/✐❛ ❣/❛♣❤ ♦❢ C

❊♥1✉$❡✿ *❡& ♦❢ ❜❡*& ♣❛/&✐&✐♦♥ ✈❛❧✉❡* ✇✐&❤ /❡*♣❡❝& &♦ C ♦♥ O✳

✶✿ ❜❡*& ♣❛/&✐&✐♦♥ ✈❛❧✉❡ *❡& bestV = {}❀
✷✿ *❡& ♦❢ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡& &♦ &❡*& toTest = {VP|VP✱ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡& ❢♦/ C}❀
✸✿ ✇❤✐❧❡ toTest 6= {} ❞♦
✹✿ ♣✐❝❦ ✉♣ VP ❢/♦♠ toTest *✉❝❤ ❛* VP ❤❛* ♥♦ ❛*❝❡♥❞❛♥& ✐♥ toTest❀
✺✿ K❛/&✐&✐♦♥ P = ref(VP)❀
✻✿ K❛/&✐&✐♦♥ ✈❛❧✉❡ v = v(P,C)❀
✼✿ ✐❢ P ✐* ✈❛❧✐❞ ❛♥❞ 6 ∃v′ ∈ bestV |v′ � v &❤❡♥
✽✿ ❛❞❞ v &♦ bestV ❀

✾✿ ❡♥❞ ✐❢

✶✵✿ ✐❢ ∀Ci ∈ C, v(P,Ci) = (vp, vn)|vn = weakest(V Ci

far ∪ {never}) &❤❡♥
✶✶✿ /❡♠♦✈❡ ❛❧❧ ❞❡*❝❡♥❞❛♥&* ♦❢ VP ❢/♦♠ toTest❀
✶✷✿ ❡♥❞ ✐❢

✶✸✿ ❡♥❞ ✇❤✐❧❡

✶✹✿ $❡&✉$♥ bestV ❀

✷

✇✐-❤ n ✈❡1-❡①❡3 ❛♥❞ m ❡❞❣❡3
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❊①❛♠♣❧❡ ✸✽ ✭❘❡%✉❧(% ♦❢ ❆❧❣♦-✐(❤♠ ✸✮✳ ■♥ ❊①❛♠♣❧❡ ✸✹✱ ✇❡ ♣-❡.❡♥/❡❞ /❤❡ -❡.✉❧/. ♦❢

❆❧❣♦-✐/❤♠ ✶ ❛♣♣❧✐❡❞ ♦♥ /❤❡ ❝-✐/❡-✐♦♥ ❣-❛♣❤ GC✳ ▲❡/ ✉. ❛♣♣❧② ❆❧❣♦-✐/❤♠ ✸ ♦♥ /❤❡

❝-✐/❡-✐❛ ❣-❛♣❤ G{C1,C2} ✭❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✹ ❛♥❞ -❡♣-❡.❡♥/❡❞ ♦♥ ❋✐❣✉-❡ ✺✳✷✮ ✐♥

♦-❞❡- /♦ ✜♥❞ ❛❧❧ ❜❡./ ♣❛-/✐/✐♦♥ ✈❛❧✉❡. ♦♥ G{C1,C2}✳ ❋✐-./✱ ✇❡ ♥❡❡❞ /❤❡ .❡/ ♦❢ ❝❧♦.❡♥❡..

✈❛❧✉❡ .❡/. ❢♦- {C1, C2}✳ ❆❧❧ /❤♦.❡ ❝❧♦.❡♥❡.. ✈❛❧✉❡ .❡/. ❛-❡ ❡♥✉♠❡-❛/❡❞ ✐♥ ❊①❛♠✲

♣❧❡ ✸✼✿ toTest = {{C1,+, C2,+}✱ {C1,+, C2,always}✱ {C1,++, C2,+}✱ {C1,++✱C2,always}✱
{C1,always, C2,+}✱ {C1,always, C2,always}}✳

❼ ❚❤❡ ♦♥❧② ❝❧♦.❡♥❡.. ✈❛❧✉❡ .❡/ ♦❢ toTest /❤❛/ ❤❛. ♥♦ ❛.❝❡♥❞❛♥/ ✐♥ toTest ✐.

{C1,+, C2,+}✳

ref({C1,+, C2,+}) = {{a, b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛. {C1(+,never), C2(+,never)} ❛.

♣❛-/✐/✐♦♥ ✈❛❧✉❡✳ ❚❤❡-❡ ✐. ♥♦ ❜❡./ ✈❛❧✉❡ ②❡/✱ .♦ /❤✐. ♦♥❡ ✐. ❛ ❜❡./ ✈❛❧✉❡✳

{C1,+, C2,+} ✐. -❡♠♦✈❡❞ ❢-♦♠ toTest✳

❼ ❚❤❡ ❝❧♦.❡♥❡.. ✈❛❧✉❡ .❡/ {C1,+, C2,always} ♦❢ toTest /❤❛/ ❤❛. ♥♦ ❛.❝❡♥❞❛♥/ ✐♥

toTest✳

ref({C1,+, C2,always}) = {{a, b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛. {C1(+,never), C2(+,never)}
❛. ♣❛-/✐/✐♦♥ ✈❛❧✉❡✳ ❚❤✐. ♣❛-/✐/✐♦♥ ✈❛❧✉❡ ✐. ❛❧-❡❛❞② ✐❞❡♥/✐✜❡❞ ❛. ❛ ❜❡./ ♦♥❡✳

{C1,+, C2,always} ✐. -❡♠♦✈❡❞ ❢-♦♠ toTest✳

❼ ❚❤❡ ❝❧♦.❡♥❡.. ✈❛❧✉❡ .❡/ {C1,++, C2,+} ♦❢ toTest /❤❛/ ❤❛. ♥♦ ❛.❝❡♥❞❛♥/ ✐♥

toTest✳

ref({C1,++, C2,+}) = {{a}, {b, c, d}, {e}}✱ ✇❤✐❝❤ ❤❛. {C1(++,−), C2(+,never)} ❛.

♣❛-/✐/✐♦♥ ✈❛❧✉❡✳ ❚❤✐. ♣❛-/✐/✐♦♥ ✈❛❧✉❡ ✐. ♥♦/ ✇♦-.❡ /❤❛♥ /❤❡ ❛❝/✉❛❧ ❜❡./ ♣❛-/✐/✐♦♥

✈❛❧✉❡ {C1(+,never), C2(+,never)}✱ .♦ ✐/ ✐. ❛❧.♦ ❛ ❜❡./ ♣❛-/✐/✐♦♥ ✈❛❧✉❡✳

❲❡ ♥♦/✐❝❡ /❤❛/ weakest(V C1

far ∪ {never}) = − ❛♥❞ weakest(V C2

far ∪ {never}) =
never✱ .♦ /❤❡ /❡./ ❧✐♥❡ ✶✵ ♦❢ ❆❧❣♦-✐/❤♠ ✸ -❡.✉❧/ ✐. ✏/-✉❡✑ ❛♥❞ ✇❡ -❡♠♦✈❡ ❢-♦♠

totest {C1,++, C2,+} ❛♥❞ ✐/. ❞❡.❝❡♥❞❛♥/. ✭{C1,++✱C2,always}✱ {C1,always, C2,+}✱
{C1,always, C2,always}}✮✳

toTest ❜❡❝❛♠❡ ❡♠♣/② ❛♥❞ /❤❡ ❛❧❣♦-✐/❤♠ -❡/✉-♥. /❤❡ .❡/ ♦❢ ❜❡./ ♣❛-/✐/✐♦♥ ✈❛❧✉❡.

♦♥ G{C1,C2}✿ {{C1(+,never), C2(+,never)}✱ {C1(++,−), C2(+,never)}}✳

❈♦♠♣❧❡①✐-②✳ ❋♦- ❛ ❝-✐(❡-✐♦♥ %❡( C ♦❢ c ❝-✐(❡-✐❛✱ ✇❡ ❤❛✈❡ (♦ ❝❛❧❝✉❧❛(❡ ❛♥❞ ❡✈❛❧✉❛(❡

|V C1

close ∪ {always}| ∗ ... ∗ |V Cc

close ∪ {always}| -❡❢❡-❡♥❝❡ ♣❛-(✐(✐♦♥% ✐♥ (❤❡ ✇♦-%( ❝❛%❡✱

♥❛♠❡❧② (k + 1)c -❡❢❡-❡♥❝❡ ♣❛-(✐(✐♦♥% ✇✐(❤ k = max(|V Ci

close| ∀Ci ∈ C)✳ ❙♦✱ (❤✐%

❛❧❣♦-✐(❤♠ ❤❛% O((k + 1)c ∗m log n) ❛% ❝♦♠♣❧❡①✐(② ✭♣❧❡❛%❡ %❡❡ ❆❧❣♦-✐(❤♠ ✸✮✳

▲❡( ✉% %❤♦✇ ✇✐(❤ (❤❡ (❤-❡❡ ❢♦❧❧♦✇✐♥❣ ❊①❛♠♣❧❡% (❤❛( ❣❧♦❜❛❧ %❡♠❛♥(✐❝% ❝❛♥ ❣✐✈❡

❣♦♦❞ C✉❛❧✐(❛(✐✈❡ -❡%✉❧(% ❛♥❞ (❤❛( ❣❧♦❜❛❧ %❡♠❛♥(✐❝% -❡%✉❧(% ❛-❡ ✈❡-② ❞❡♣❡♥❞❡♥( ❢-♦♠

(❤❡ ❝♦♥%✐❞❡-❡❞ ♦❜❥❡❝( %❡(✱ ✇❤✐❝❤ ✐% ✜①❡❞ ❜② ❧♦❝❛❧ %❡♠❛♥(✐❝%✳

▲❡( ✉% ❝♦♥%✐❞❡- (❤❡ ❊①❛♠♣❧❡ ✐♥ ❚❛❜❧❡ ✺✳✷✳✹ (❤❛( -❡♣-❡%❡♥(% ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡%

❛♥❞ ♥❛♠❡❧② (❤❡ ❝♦♥(❡①(✉❛❧ ❡♥(✐(✐❡% ❝♦♥(❛✐♥❡❞ ✐♥ (❤❡ (✇♦ ❙✉❞♦❝ %✉❜%❡(% -❡❧❛(❡❞ (♦



✺✳✷✳ ●▲❖❇❆▲ ❙❊▼❆◆❚■❈❙ ✼✺

✐❞ $✐$❧❡ ❞❛$❡ ❞♦♠❛✐♥ ❛♣♣❡❧❧❛$✐♦♥

Nc1 ✏▲❡ ❜❛♥%✉❡' ✑ ✏✶✽✻✽✑ ✏ ❧❛#♦♥✑

Nc2 ✏▲❡ ❜❛♥%✉❡' ✑ ✏✷✵✵✼✑ ✏ ❧❛#♦♥✑

Nc3 ✏▲❡''❡( '♦ ❛ ❈❤(✐-'✐❛♥ ♥❛'✐♦♥ ✑ 3❡❧✐❣✐♦♥ ✏❍❛''✐)✱ ❙❛♠✑

Nc4 ✏❙✉(❛' '❡(❜✉❦❛ ✉♥'✉❦ ❜❛♥❣-❛ ❦(✐-'❡♥ ✑ ✏✷✵✵✽✑ 3❡❧✐❣✐♦♥ ✏❍❛''✐)✱ ❙❛♠✑

Nc5 ✏❚❤❡ ♣❤✐❧♦-♦♣❤✐❝❛❧ ❜❛-✐- ♦❢ '❤❡✐-♠ ✑ ✏✶✽✽✸✑ 3❡❧✐❣✐♦♥ ✏❍❛''✐)✱ ❙❛♠✑

Nc6 ✏❇✉✐❧❞✐♥❣ ♣❛'❤♦❧♦❣② ✑ ✏✷✵✵✶✑ ❜✉✐❧❞✐♥❣ ✏❍❛''✐)✱ ❙❛♠✉❡❧✑

Nc7 ✏❇✉✐❧❞✐♥❣ ♣❛'❤♦❧♦❣② ✑ ✏✶✾✸✻✑ ❜✉✐❧❞✐♥❣ ✏❍❛''✐)✱ ❙❛♠✉❡❧✑

Nc8 ✏❆❧✉♠✐♥✐✉♠ ❛❧❧♦②- ✷✵✵✷ ✑ ✏✷✵✵✷✑ ♣❤②=✐❝= ✏❍❛''✐)✱ ❙❛♠✉❡❧✑

❚❛❜❧❡ ✺✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡=

$❤❡ ✏❍❛''✐)✱ ❙❛♠✑ ❛♣♣❡❧❧❛$✐♦♥ ✭❞❡♥♦$❡❞ Os = {Nc3, Nc4, Nc5, Nc6, Nc7, Nc8}✮ ❛♥❞
✏ ❧❛#♦♥✑ ❛♣♣❡❧❧❛$✐♦♥ ✭Op = {Nc1, Nc2}✮✳ ❚❤✐= ❚❛❜❧❡ ♣3❡=❡♥$= $❤❡ ✐❞✱ $❤❡ $✐$❧❡✱ $❤❡
♣✉❜❧✐❝❛$✐♦♥ ❞❛$❡ ✭✏❞❛$❡✑✮✱ $❤❡ ♣✉❜❧✐❝❛$✐♦♥ ❞♦♠❛✐♥ ✭✏❞♦♠❛✐♥✑✮ ❛= ❛ ❦❡②✇♦3❞✱ ❛♥❞

$❤❡ ❛♣♣❡❧❧❛$✐♦♥ ♦❢ $❤❡ ❝♦♥$3✐❜✉$♦3 ❈ ✭✏❛♣♣❡❧❧❛$✐♦♥✑✮ ❢♦3 ❡❛❝❤ ❝♦♥$❡①$✉❛❧ ❡♥$✐$②✳ ❚❤❡

❤✉♠❛♥ ♣❛3$✐$✐♦♥ ♦3 ❡①♣❡3$✲✈❛❧✐❞❛$❡❞ ♣❛3$✐$✐♦♥= ❢♦3 $❤❡ $✇♦ ❙✉❞♦❝ =✉❜=❡$= ❛3❡ 3❡=♣❡❝✲

$✐✈❡❧② Phs = {{Nc5}✱ {Nc3, Nc4}✱ {Nc7}✱ {Nc6}✱ {Nc8}} ❛♥❞ Php = {{Nc1, Nc2}}✳
❲❡ ❝❛❧❝✉❧❛$❡❞ ✐❢ $❤❡ ❤✉♠❛♥ ♣❛3$✐$✐♦♥= ❛3❡ ❜❡=$ ♣❛3$✐$✐♦♥= ❢♦3 $❤❡ $✇♦ =❡♣❛3❛$❡ ❙✉✲

❞♦❝ =✉❜=❡$= ❛♥❞ $❤❡ ✉♥✐♦♥ ♦❢ $❤❡♠ ❛❝❝♦3❞✐♥❣ $♦ $❤❡ ❝3✐$❡3✐♦♥ =❡$ C = {appellation✱
domain✱ date✱ title}✳ ❚❤♦=❡ ❝3✐$❡3✐❛ ❤❛✈❡ ❜❡❡♥ ❞❡$❛✐❧❡❞ ✐♥ ❙❡❝$✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳

❊①❛♠♣❧❡ ✸✾ ✭❙✉❞♦❝ =✉❜=❡$ 3❡❧❛$❡❞ $♦ ✏❍❛''✐)✱ ❙❛♠✑ ❛♥❞ ❣❧♦❜❛❧ =❡♠❛♥$✐❝=✮✳ ▲❡'

✉- ❛♣♣❧② ❣❧♦❜❛❧ -❡♠❛♥'✐❝- ♦♥ Os = {Nc3, Nc4, Nc5, Nc6, Nc7, Nc8}✳ ❚❤✐- ♦❜❥❡❝' -❡'
✐- ♥♦' ❝♦❤❡(❡♥' ✇✐'❤ (❡-♣❡❝' '♦ ♦✉( ❝(✐'❡(✐❛✳ ❚❤❡ Phs ✈❛❧✉❡ ✐- -✉❝❤ '❤❛'✿

❼ v(Phs, domain) = (always,−) ✭✐' ❡①✐-'- ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ + + + + ++ '❤❛' ✐-

♥♦' -❛'✐-✜❡❞✱ ❜❡'✇❡❡♥ Nc3 ❛♥❞ Nc4✮✱

❼ v(Phs, date) = (always,−−) ✭✐' ❡①✐-'- ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ − '❤❛' ✐- ♥♦' -❛'✐-✜❡❞✱

❜❡'✇❡❡♥ Nc6 ❛♥❞ Nc7✮✳

Phs ❤❛- ❛ ❜❡-' ♣❛('✐'✐♦♥ ✈❛❧✉❡ ♦♥ Os✳ ❍♦✇❡✈❡(✱ ♣❛('✐'✐♦♥- P ′
s = {{Nc5, Nc3, Nc4}✱

{Nc7}✱ {Nc6}✱ {Nc8}} ✇✐'❤ (+,−) ✈❛❧✉❡ ❢♦( domain ❝(✐'❡(✐♦♥ ❛♥❞ (always, never)
✈❛❧✉❡ ❢♦( date ❝(✐'❡(✐♦♥ ✐- ❛❧-♦ ❛ ❜❡-' ♣❛('✐'✐♦♥✳ ❚❤❡ ♣❧✉(❛❧✐'② ♦❢ ❜❡-' ♣❛('✐'✐♦♥ ✈❛❧✉❡-
❝♦♠❡- ❢(♦♠ ✐♥❝♦❤❡(❡♥❝❡ ❜❡'✇❡❡♥ '❤❡ date ❛♥❞ domain ❝(✐'❡(✐❛✳

❊①❛♠♣❧❡ ✹✵ ✭❙✉❞♦❝ =✉❜=❡$ 3❡❧❛$❡❞ $♦ ✏ ❧❛#♦♥✑ ❛♥❞ ❣❧♦❜❛❧ =❡♠❛♥$✐❝=✮✳ ▲❡' ✉-

♥♦✇ ❛♣♣❧② ❣❧♦❜❛❧ -❡♠❛♥'✐❝- ♦♥ Op = {Nc1, Nc2}✳❚❤❡ ❡①♣❡('✲✈❛❧✐❞❛'❡❞ ♣❛('✐'✐♦♥ ✐-

Php = {{Nc1, Nc2}}✳ ❚❤❡(❡ ✐- ❛♥ ✐♥❝♦❤❡(❡♥❝❡ ❜❡'✇❡❡♥ date ❛♥❞ title ❝(✐'❡(✐❛✳ Php

✈❛❧✉❡ ✐- -✉❝❤ '❤❛'✿

❼ v(Php, date) = (always, never)✳ ✭✐' ❡①✐-'- ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ −− '❤❛' ✐- ♥♦'

-❛'✐-✜❡❞✱ ❜❡'✇❡❡♥ Nc1 ❛♥❞ Nc2✮✳

Php ✐- '❤❡ ♦♥❧② ♣♦--✐❜❧❡ ❜❡-' ♣❛('✐'✐♦♥ ♦♥ Op ❜❡❝❛✉-❡ {{Nc1}, {Nc2}} ✐- ♥♦' ✈❛❧✐❞

✇✐'❤ (❡-♣❡❝' '♦ title ❝(✐'❡(✐♦♥✳
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▲❡$ ✉& ♥♦✇ ✐❧❧✉&$,❛$❡ ❤♦✇ ❣❧♦❜❛❧ &❡♠❛♥$✐❝& ✇✐❧❧ ❛✛❡❝$ $❤❡ ✇❤♦❧❡ &❡$ ♦❢ ♦❜❥❡❝$& ❜②

❝♦♠♣✉$✐♥❣ $❤❡ ❜❡&$ ❣❧♦❜❛❧ ♣❛,$✐$✐♦♥ ♦♥ $❤❡ ✉♥✐♦♥ ♦❢ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡& ♦❢ $❤❡ $✇♦

❙✉❞♦❝ &✉❜&❡$&✳

❊①❛♠♣❧❡ ✹✶ ✭❯♥✐♦♥ ♦❢ ❙✉❞♦❝ &✉❜&❡$& ,❡❧❛$❡❞ $♦ ✏❍❛""✐$✱ ❙❛♠✑ ❛♥❞ ✏%❧❛'♦♥✑

❛♥❞ ❣❧♦❜❛❧ &❡♠❛♥$✐❝&✮✳ ❲❡ ♥♦✇ ❛♣♣❧② ❣❧♦❜❛❧ +❡♠❛♥-✐❝+ ♦♥ ❛❧❧ ♦✉1 +❡❧❡❝-❡❞ ❝♦♥-❡①-✉❛❧

❛✉-❤♦1✐-✐❡+✿ O = Op ∪ Os✳ ❚❤❡ ❡①♣❡1-✲✈❛❧✐❞❛-❡❞ ♣❛1-✐-✐♦♥ ✐+ Phps = {{Nc1, Nc2}✱
{Nc3, Nc4}✱ {Nc5}✱ {Nc7}✱ {Nc6}✱ {Nc8}}✳ ❲❡ ❛❧+♦ ❡♥❝♦✉♥-❡1 ✐♥❝♦❤❡1❡♥❝❡+ ❛♥❞
-❤✐+ ♣❛1-✐-✐♦♥ ❤❛+ -❤❡ ✇♦1+- ♦❢ Php ❛♥❞ Phs ✈❛❧✉❡+ ❢♦1 ❡❛❝❤ ❝1✐-❡1✐♦♥✱ ✐♥ ♣❛1-✐❝✉❧❛1✿

❼ v(Phps, domains) = (always,−) ✭✐- ❡①✐+-+ ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ + + + + ++ -❤❛-
✐+ ♥♦- +❛-✐+✜❡❞✱ ❜❡-✇❡❡♥ Nc3 ❛♥❞ Nc4✱ ❛+ ✐♥ ❊①❛♠♣❧❡ ✸✾✮✱

❼ v(Phps, date) = (always, never) ✭✐- ❡①✐+-+ ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ −− -❤❛- ✐+ ♥♦-
+❛-✐+✜❡❞✱ ❜❡-✇❡❡♥ Nc1 ❛♥❞ Nc2✱ ❛+ ✐♥ ❊①❛♠♣❧❡ ✹✵✮✳

Phps ❤❛+ ♥♦- -❤❡ ❜❡+- ♣❛1-✐-✐♦♥ ✈❛❧✉❡ ❜❡❝❛✉+❡ ✇❡ ❝♦✉❧❞ ✐♠♣1♦✈❡ ♣❛1-✐-✐♦♥ ✈❛❧✉❡ ❢♦1

domain ❝1✐-❡1✐♦♥✳ ❚❤✐+ ❞♦❡+ ♥♦- ❛✛❡❝- -❤❡ date ❝1✐-❡1✐♦♥ ✈❛❧✉❡ ❜❡❝❛✉+❡ ✐- ✐+ ❛❧1❡❛❞②
❛+ ❜❛❞ ❛+ ♣♦++✐❜❧❡✳ ❋♦1 ❡①❛♠♣❧❡✱ ♣❛1-✐-✐♦♥ P ′

ps = {{Nc1, Nc2}✱ {Nc3, Nc4, Nc5}✱
{Nc6, Nc7}✱ {Nc8}} ❤❛+ ❛ ❜❡+- ✈❛❧✉❡✳

❆ ✇❛② $♦ ✜① $❤✐& ♣,♦❜❧❡♠ ✐& $♦ ♣,♦♣♦&❡ $❤❡ ❧♦❝❛❧ &❡♠❛♥$✐❝& ❞❡$❛✐❧❡❞ ✐♥ $❤❡ ♥❡①$

❙❡❝$✐♦♥ ✺✳✸✱ ✇❤✐❝❤ ❛❞❞& ❛ ♥♦$✐♦♥ ♦❢ ❧♦❝❛❧✐$② $♦ ❣❧♦❜❛❧ &❡♠❛♥$✐❝&✳

✺✳✸ ▲♦❝❛❧ (❡♠❛♥,✐❝(

■♥ $❤✐& ❙❡❝$✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❤♦✇ ❧♦❝❛❧ &❡♠❛♥$✐❝& ❡✈❛❧✉❛$❡& ❛♥❞ ❝♦♠♣❛,❡& ♣❛,$✐$✐♦♥&✳

■♥ ♦,❞❡, $♦ ❞♦ $❤❛$✱ ✇❡ ♥❡❡❞ $♦ ❡①♣❧❛✐♥ ♥♦$✐♦♥& ❛❜♦✉$ ✐♥❝♦❤❡,❡♥❝❡& ✐♥ ❞❡$❛✐❧✳ ❚❤✐& ✇✐❧❧

❜❡ ❞♦♥❡ ✐♥ ❙❡❝$✐♦♥ ✺✳✸✳✶✳ ❖♥❝❡ ✐$ ✐& ❞♦♥❡✱ ✇❡ ✇✐❧❧ ♣,❡&❡♥$ $❤❡ ❛❧❣♦,✐$❤♠ $❤❛$ ✜♥❞& ❛❧❧

❜❡&$ ♣❛,$✐$✐♦♥ ✈❛❧✉❡& ♦♥ ❛ ❝,✐$❡,✐❛ ❣,❛♣❤ ❛❝❝♦,❞✐♥❣ $♦ ❧♦❝❛❧ &❡♠❛♥$✐❝& ✐♥ ❙❡❝$✐♦♥ ✺✳✸✳✷✳

❚❤✐& ❛❧❣♦,✐$❤♠ ❡①$❡♥❞& ❆❧❣♦,✐$❤♠ ✸ ✭✇❤✐❝❤ ✜♥❞& ❜❡&$ ♣❛,$✐$✐♦♥ ✈❛❧✉❡& ❛❝❝♦,❞✐♥❣ $♦

❣❧♦❜❛❧ &❡♠❛♥$✐❝& ❛♥❞ &❡✈❡,❛❧ ❝,✐$❡,✐❛✮ ❜② ❛❞❞✐♥❣ ❛ ❧♦❝❛❧✐$② ♥♦$✐♦♥✳

✺✳✸✳✶ ■♥❝♦❤❡*❡♥❝❡+ ✐♥ ❛ ❝*✐.❡*✐❛ ❣*❛♣❤

▲♦❝❛❧ &❡♠❛♥$✐❝& ❞♦ ♥♦$ ❝♦♥&✐❞❡, ✐♥❝♦❤❡,❡♥❝❡ ❢♦, $❤❡ ✇❤♦❧❡ $,❡❛$❡❞ ♦❜❥❡❝$ &❡$ ✭❞❡♥♦$❡❞

O✮ ❜✉$ ♦♥❧② ❢♦, ♦❜❥❡❝$& $❤❛$ ❝❛✉&❡ ✐♥❝♦❤❡,❡♥❝❡&✳ ❆& ❡①♣❧❛✐♥❡❞ ♣❛❣❡ ✻✶ ❛♥❞ ❊①❛♠♣❧❡

✷✻✱ ❛ ♣❛✐, ♦❢ ♦❜❥❡❝$& $❤❛$ ❝❛✉&❡& ✐♥❝♦❤❡,❡♥❝❡ ✐& ❛ ♣❛✐, ♦❢ ♦❜❥❡❝$& $❤❛$ ♠✉&$ ❜❡ ♣✉$ ✐♥

$❤❡ &❛♠❡ ❝❧❛&& ❛❝❝♦,❞✐♥❣ $♦ &♦♠❡ ❝,✐$❡,✐❛ ❛♥❞ ❦❡♣$ &❡♣❛,❛$❡❞ ❛❝❝♦,❞✐♥❣ $♦ ♦$❤❡,&✳

■♥ ♦,❞❡, $♦ ✉♥❞❡,&$❛♥❞ ❤♦✇ ❧♦❝❛❧ &❡♠❛♥$✐❝& $,❡❛$ ✐♥❝♦❤❡,❡♥❝❡&✱ ✇❡ ,❡N✉✐,❡ $♦

❞❡✜♥❡ $❤❡ ♥♦$✐♦♥& ♦❢ ✐♥❝♦❤❡,❡♥$ ♣❛,$& ❛♥❞ ✐♥❝♦❤❡,❡♥$ &✉❜&❡$& ♦❢ ❛ ❝,✐$❡,✐❛ ❣,❛♣❤✳

■♥$✉✐$✐✈❡❧②✱ ❛♥ ✐♥❝♦❤❡,❡♥$ &✉❜&❡$ ♦❢ ❛♥ ♦❜❥❡❝$ &❡$ O ❛❝❝♦,❞✐♥❣ $♦ ❛ ❝,✐$❡,✐♦♥ &❡$ C

✐& ❛ ♠✐♥✐♠❛❧ &✉❜&❡$ ♦❢ O &✉❝❤ $❤❛$ $❤❡,❡ ✐& ❛♥ ✐♥❝♦❤❡,❡♥❝❡ ✐♥ ✐$ ❛♥❞ ♦❜❥❡❝$& ✐♥

$❤✐& ✐♥❝♦❤❡,❡♥$ &✉❜&❡$ ❛,❡ ♥♦$ ❧✐♥❦❡❞ $♦ ♦❜❥❡❝$& ♥♦$ ✐♥ ✐$ ❜② always ♦, ❝❧♦&❡♥❡&&



✺✳✸✳ ▲❖❈❆▲ ❙❊▼❆◆❚■❈❙ ✼✼

❝♦♠♣❛&✐(♦♥( ✈❛❧✉❡( ❛❝❝♦&❞✐♥❣ 0♦ 0❤❡ ❝&✐0❡&✐♦♥ (❡0 C✳ ■♥❝♦❤❡&❡♥0 ♣❛&0( ❛&❡ ❛ ✇❛② 0♦

❞✐✈✐❞❡ ❛ ❝&✐0❡&✐❛ ❣&❛♣❤ ✐♥0♦ ✐♥❞❡♣❡♥❞❡♥0 ♣❛&0( 0❤❛0 ❝♦✉❧❞ ❜❡ ❡✈❛❧✉❛0❡❞ (❡♣❛&❛0❡❧②

❜❡❝❛✉(❡ 0❤❡② ❝♦♥❝❡&♥ ♦❜❥❡❝0( 0❤❛0 ❤❛✈❡ ♥♦0❤✐♥❣ 0♦ ❞♦ ✇✐0❤ ♦❜❥❡❝0( ✐♥ ❛ ❞✐(0✐♥❝0

✐♥❞❡♣❡♥❞❡♥0 ♣❛&0 ❛❝❝♦&❞✐♥❣ 0♦ 0❤❡ ❝♦♥(✐❞❡&❡❞ ❝&✐0❡&✐♦♥ (❡0✳ ■♥ ♦&❞❡& 0♦ ❢♦&♠❛❧❧②

❞❡✜♥❡ ✐♥❞❡♣❡♥❞❡♥0 ♣❛&0(✱ ❧❡0 ✉( ❞❡✜♥❡ ♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥0 (✉❜(❡0(✳ ■♥0✉✐0✐✈❡❧②✱ ❛

♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥0 (✉❜(❡0 ✐( ❛ ❝♦♥♥❡❝0❡❞ ❝♦♠♣♦♥❡♥0 ♦❢ GC (✉❝❤ 0❤❛0 ✇❡ ❝♦♥(✐❞❡&

0❤❡ ❡❞❣❡( ❧❛❜❡❧❧❡❞ ❜② ❛ ❝❧♦(❡♥❡(( ♦& always ❝♦♠♣❛&✐(♦♥ ✈❛❧✉❡ ❛♥❞ ♥♦0 0❤❡ ♦0❤❡& ❡❞❣❡(

✭❧❛❜❡❧❧❡❞ ❜② ❛ ❢❛&♥❡((✱ never ♦& neutral ❝♦♠♣❛&✐(♦♥ ✈❛❧✉❡✮✳

❉❡✜♥✐%✐♦♥ ✷✸ ✭▼✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥0 (✉❜(❡0(✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡" ❛♥❞ C✱ ❛

❝,✐"❡,✐♦♥ )❡" ♦♥ O✳ ❆ ♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥( )✉❜)❡( I ♦❢ O ❛❝❝♦,❞✐♥❣ "♦ C ✐) ❛

)✉❜)❡" ♦❢ O )✉❝❤ "❤❛"✿

❼ "❤❡,❡ ❛,❡ ♥♦ always ♦, ❝❧♦)❡♥❡)) ❝♦♠♣❛,✐)♦♥ ✈❛❧✉❡) ❜❡"✇❡❡♥ ❛♥ ♦❜❥❡❝" ♦❢ O \ I
❛♥❞ ❛♥ ♦❜❥❡❝" ✐♥ I ❛❝❝♦,❞✐♥❣ "♦ ❛ ❝,✐"❡,✐♦♥ ♦❢ C✱ ❛♥❞

❼ "❤❡,❡ ✐) ♥♦ )✉❜)❡" ♦❢ I "❤❛" ✐) ❛ ♠✐♥✐♠❛❧ ✐♥❝♦❤❡,❡♥" )✉❜)❡" ♦❢ O✳

❉❡✜♥✐%✐♦♥ ✷✹ ✭▼✐♥✐♠❛❧ ✐♥❝♦❤❡&❡♥0 (✉❜(❡0(✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡" ❛♥❞ C✱ ❛ ❝,✐✲

"❡,✐♦♥ )❡" ♦♥ O✳ ❆ ♠✐♥✐♠❛❧ ✐♥❝♦❤❡/❡♥( )✉❜)❡( I ♦❢ O ❛❝❝♦,❞✐♥❣ "♦ C ✐) ❛♥

✐♥❞❡♣❡♥❞❡♥" )✉❜)❡" ✭❛) ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐"✐♦♥ ✷✸✮ ♦❢ O "❤❛" ❝♦♥"❛✐♥) ❛ ♣❛✐, ♦❢ ♦❜❥❡❝")

"❤❛" ❝❛✉)❡) ✐♥❝♦❤❡,❡♥❝❡)✳

❊①❛♠♣❧❡ ✹✷ ✭■♥❞❡♣❡♥❞❡♥0 ❛♥❞ ✐♥❝♦❤❡&❡♥0 (✉❜(❡0✮✳ ▲❡" ✉) ❝♦♥)✐❞❡, "❤❡ G
u
{C1,C2}

❝,✐"❡,✐❛ ❣,❛♣❤ ,❡♣,❡)❡♥"❡❞ ♦♥ ❋✐❣✉,❡ ❛✮ ✺✳✹✳ ❚❤❡,❡ ❛,❡ "❤,❡❡ ♠✐♥✐♠❛❧ ✐♥❝♦❤❡,❡♥"

)✉❜)❡") ✐♥ {O}u = {a, b, c, d, e, f, g} ❛❝❝♦,❞✐♥❣ "♦ {C1, C2}✿ {a, b, c, d, e}✱ {f, g} ❛♥❞
{h, i}✳ ❚✇♦ ♦❢ "❤❡♠ ❛,❡ ❛❧)♦ ✐♥❝♦❤❡,❡♥" )✉❜)❡")✿ {a, b, c, d, e} ❛♥❞ {f, g}✳

■♥❞❡♣❡♥❞❡♥0 ♣❛&0( ❛&❡ ❞❡❞✉❝❡❞ ❢&♦♠ ❛ ♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥0 (✉❜(❡0 I✳ ❆♥ ✐♥❞❡✲

♣❡♥❞❡♥0 ♣❛&0 ❞❡❞✉❝❡❞ ❢&♦♠ I ❝♦♥0❛✐♥( ❛❧❧ O ♦❜❥❡❝0( ❜✉0 ❞♦❡( ♥♦0 ❝♦♥(✐❞❡&( ❝♦♠♣❛&✲

✐(♦♥ ✈❛❧✉❡( ❢♦& ❡✈❡&② ❝♦✉♣❧❡ ♦❢ ♦❜❥❡❝0( 0❤❛0 ❛&❡ ♥♦0 ❜♦0❤ ♦❝❝✉&&✐♥❣ ✐♥ I✳ ■❢ I ✐( ❛♥

✐♥❝♦❤❡&❡♥0 (✉❜(❡0✱ 0❤❡ ♣❛&0 ❞❡❞✉❝❡❞ ✐( ❛❧(♦ ❛♥ ✐♥❝♦❤❡&❡♥0 ♣❛&0✳

❉❡✜♥✐%✐♦♥ ✷✺ ✭■♥❞❡♣❡♥❞❡♥0 ♣❛&0(✮✳ ▲❡" GC ❜❡ "❤❡ ❝,✐"❡,✐♦♥ ❣,❛♣❤ "❤❛" ,❡♣,❡)❡♥")

"❤❡ ♣❛,"✐"✐♦♥✐♥❣ ♣,♦❜❧❡♠ ♦❢ "❤❡ ♦❜❥❡❝" )❡" O ❛❝❝♦,❞✐♥❣ "♦ "❤❡ ❝,✐"❡,✐♦♥ )❡" C✳

❚❤❡ ✐♥❞❡♣❡♥❞❡♥" ♣❛," IndP ♦❢ GC ❛❝❝♦,❞✐♥❣ "♦ ❛ ♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥" )✉❜)❡" I

✐) ❛ )✉❜✲❣,❛♣❤ ♦❢ GC )✉❝❤ "❤❛" ❛❧❧ ❡❞❣❡) "❤❛" ❛,❡ ♥♦" ❜❡"✇❡❡♥ "✇♦ ♦❜❥❡❝") ✐♥ I ❛,❡

,❡♠♦✈❡❞✳

❚❤❡ ✐♥❞❡♣❡♥❞❡♥" ♣❛," ♦❢ GC ❛❝❝♦,❞✐♥❣ "♦ "❤❡ ♠✐♥✐♠❛❧ )✉❜)❡" I ✐) ❞❡♥♦"❡❞ independentPart(GC, I)✱
❛♥❞ ❛❜✉)✐✈❡❧② independentPart(I) ✇❤❡♥ GC ✐) ♦❜✈✐♦✉)✳

❉❡✜♥✐%✐♦♥ ✷✻ ✭■♥❝♦❤❡&❡♥0 ♣❛&0(✮✳ ▲❡" GC ❜❡ "❤❡ ❝,✐"❡,✐♦♥ ❣,❛♣❤ "❤❛" ,❡♣,❡)❡♥") "❤❡

♣❛,"✐"✐♦♥✐♥❣ ♣,♦❜❧❡♠ ♦❢ "❤❡ ♦❜❥❡❝" )❡" O ❛❝❝♦,❞✐♥❣ "♦ "❤❡ ❝,✐"❡,✐♦♥ )❡" C✳

❆♥ ✐♥❝♦❤❡,❡♥" ♣❛," IP ♦❢ GC ✐) ❛♥ ✐♥❞❡♣❡♥❞❡♥" ♣❛," ✭♣❧❡❛)❡ )❡❡ ❉❡✜♥✐"✐♦♥ ✷✺✮

♦❢ GC ❛❝❝♦,❞✐♥❣ "♦ ❛ ♠✐♥✐♠❛❧ ✐♥❝♦❤❡,❡♥" )✉❜)❡" I✳

❚❤❡ ✐♥❝♦❤❡,❡♥" ♣❛," ♦❢ GC ❛❝❝♦,❞✐♥❣ "♦ "❤❡ ♠✐♥✐♠❛❧ )✉❜)❡" I ✐) ❞❡♥♦"❡❞ incoherentPart(GC, I)✱
❛♥❞ ❛❜✉)✐✈❡❧② incoherentPart(I) ✇❤❡♥ GC ✐) ♦❜✈✐♦✉)✳
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❊①❛♠♣❧❡ ✹✸ ✭■♥❞❡♣❡♥❞❡♥( ❛♥❞ ✐♥❝♦❤❡.❡♥( ♣❛.(/✮✳ ■♥ ❊①❛♠♣❧❡ ✹✷✱ ✇❡ ❞❡.❛✐❧❡❞ .❤❡

♠✐♥✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥. 1✉❜1❡.1 ♦❢ .❤❡ G
u
{C1,C2}

❝7✐.❡7✐❛ ❣7❛♣❤ 7❡♣7❡1❡♥.❡❞ ♦♥ ❋✐❣✉7❡ ❛✮

✺✳✹✳

❚❤❡ ✐♥❞❡♣❡♥❞❡♥. ♣❛7.1 ❛❝❝♦7❞✐♥❣ .♦ ❡❛❝❤ ♦❢ .❤♦1❡ 1✉❜1❡.1 ❛7❡ 7❡♣7❡1❡♥.❡❞ ♦♥ ❋✐❣✲

✉7❡ ✺✳✹✿ incoherentPart({a, b, c, d, e}) ♦♥ ❋✐❣✉7❡ ❜✮ ✺✳✹✱ incoherentPart({f, g}) ♦♥

❋✐❣✉7❡ ❝✮ ✺✳✹ ❛♥❞ .❤❡ independentPart({h, i}) ♦♥ ❋✐❣✉7❡ ❞✮ ✺✳✹✳

❙✐♥❝❡ .✇♦ ♦❢ .❤❡ ✐♥❞❡♣❡♥❞❡♥. 1✉❜1❡.1 ✇❡7❡ ✐♥❝♦❤❡7❡♥. ✭{a, b, c, d} ❛♥❞ {f, g}✮✱ .❤❡

❞❡❞✉❝❡❞ ✐♥❞❡♣❡♥❞❡♥. ♣❛7.1 ❛7❡ ❛❧1♦ ✐♥❝♦❤❡7❡♥. ♣❛7.1✳

❛

❜

❝

❞

❡ ❢

❣

❤

✐

✈❡.(❡①

❡❞❣❡ ❧❛❜❡❧❧❡❞ ++ ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ ♥❡✈❡. ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ − ❜② C1

❡❞❣❡ ❧❛❜❡❧❧❡❞ never ❜② C2

❡❞❣❡ ❧❛❜❡❧❧❡❞ + ❜② C2

❛✮ ❈.✐(❡.✐♦♥ ❣.❛♣❤ Gu
{C1,C2}

❛

❜

❝

❞

❡ ❢

❣

❤

✐

❜✮ ❚❤❡ incoherentPart({a, b, c, d, e})

❛

❜

❝

❞

❡ ❢

❣

❤

✐

❝✮ ❚❤❡ incoherentPart({f, g})

❛

❜

❝

❞

❡ ❢

❣

❤

✐

❞✮ ❚❤❡ independentPart({h, i})

❛

❜

❝

❞

❡ ❢

❣

❤

✐

❡✮ ❚❤❡ coherentPart(Gu
{C1,C2}

)

❋✐❣✉.❡ ✺✳✹✿ @❛.(/ ♦❢ ❝.✐(❡.✐❛ ❣.❛♣❤ Gu
{C1,C2}

❚❤❡ ❝♦❤❡.❡♥( ♣❛.( ❝♦♥(❛✐♥/ ❛❧❧ O ♦❜❥❡❝(/ ❜✉( ❞♦❡/ ♥♦( ❝♦♥/✐❞❡. (❤❡ ❝♦♠♣❛.✐/♦♥
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✈❛❧✉❡' ❢♦* ❡✈❡*② ♣❛✐* ♦❢ ♦❜❥❡❝1' 1❤❛1 ❛*❡ ♦❝❝✉**✐♥❣ ✐♥ 1❤❡ '❛♠❡ ♠✐♥✐♠❛❧ ✐♥❝♦❤❡*❡♥1

'✉❜'❡1✳

❉❡✜♥✐%✐♦♥ ✷✼ ✭❈♦❤❡*❡♥1 ♣❛*1✮✳ ▲❡" GC ❜❡ "❤❡ ❝&✐"❡&✐♦♥ ❣&❛♣❤ "❤❛" &❡♣&❡-❡♥"- "❤❡

♣❛&"✐"✐♦♥✐♥❣ ♣&♦❜❧❡♠ ♦❢ "❤❡ ♦❜❥❡❝" -❡" O ❛❝❝♦&❞✐♥❣ "♦ "❤❡ ❝&✐"❡&✐♦♥ -❡" C✳ ▲❡" ✉-

❞❡♥♦"❡ IP "❤❡ -❡" ♦❢ ❛❧❧ ✐♥❝♦❤❡&❡♥" ♣❛&"- ♦♥ GC ✭♣❧❡❛-❡ -❡❡ ❉❡✜♥✐"✐♦♥ ✷✻✮✳

❚❤❡ ❝♦❤❡&❡♥" ♣❛&" ♦❢ GC ❛❝❝♦&❞✐♥❣ "♦ C ✐- ❛ -✉❜✲❣&❛♣❤ ♦❢ GC -✉❝❤ "❤❛" ❛❧❧ ❡❞❣❡-

❝♦♥"❛✐♥❡❞ ✐♥ ❛ ✐♥❝♦❤❡&❡♥" ♣❛&" ✐♥ IP ❛&❡ &❡♠♦✈❡❞✳ ❚❤❡ ❝♦❤❡&❡♥" ♣❛&" ♦❢ GC ❛❝❝♦&❞✐♥❣

"♦ C ✐- ❞❡♥♦"❡❞ coherentPart(GC)✳

❊①❛♠♣❧❡ ✹✹ ✭❈♦❤❡*❡♥1 ♣❛*1✮✳ ■♥ ❊①❛♠♣❧❡ ✹✸ ✇❡ ♣&❡-❡♥"❡❞ "❤❡ ✐♥❝♦❤❡&❡♥" ♣❛&"- ♦❢

"❤❡ G
u
{C1,C2}

❝&✐"❡&✐❛ ❣&❛♣❤ &❡♣&❡-❡♥"❡❞ ♦♥ ❋✐❣✉&❡ ✺✳✹✳ ▲❡" ✉- &❡♣&❡-❡♥" "❤❡ ❝♦❤❡&❡♥"

♣❛&" ♦❢ G
u
{C1,C2}

✱ coherentPart(Gu
{C1,C2}

) ♦♥ ❋✐❣✉&❡ ❡✮ ✺✳✹✳

❆ ♣❛*1✐1✐♦♥ ♦♥ O ✐' ❜❡11❡* 1❤❛♥ ❛♥♦1❤❡* ♣❛*1✐1✐♦♥ ✐❢ ✐1 ❤❛' ❛ ❜❡'1 ✈❛❧✉❡ ❢♦* 1❤❡

❝♦❤❡*❡♥1 ♣❛*1 ❛♥❞ ❢♦* ❡❛❝❤ ✐♥❝♦❤❡*❡♥1 ♣❛*1✳ ❚❤❡ ✈❛❧✉❡' ♦❢ ❡❛❝❤ ✭✐♥✮❝♦❤❡*❡♥1 ♣❛*1 ❛*❡

❞❡1❡*♠✐♥❡❞ ❜② ❣❧♦❜❛❧ '❡♠❛♥1✐❝'✳

▲❡1 ✉' ❞❡1❛✐❧ ❛♥ ❊①❛♠♣❧❡ ✐♥ 1❤❡ ❛✐♠ ♦❢ '❤♦✇✐♥❣ ❤♦✇ ❧♦❝❛❧ '❡♠❛♥1✐❝' ✐' ✉'❡❢✉❧ 1♦

❛❞❞ 1❤❡ ❧♦❝❛❧✐1② ♥♦1✐♦♥ 1♦ ❣❧♦❜❛❧ '❡♠❛♥1✐❝'✳

❊①❛♠♣❧❡ ✹✺ ✭▲♦❝❛❧ '❡♠❛♥1✐❝' ✐♥1❡*❡'1✮✳ ■♥ ❊①❛♠♣❧❡- ✸✾✱ ✹✵ ❛♥❞ ✹✶✱ ✇❡ -❛✇ "❤❛"

❣❧♦❜❛❧ -❡♠❛♥"✐❝- ❝❛♥ ❝♦♥-✐❞❡& "✇♦ ♣❛&"✐"✐♦♥- ✭Ps ❛♥❞ Pp ✐♥ "❤✐- ❝❛-❡✮ ❛- ❜❡-" ♣❛&"✐"✐♦♥-

♦♥ "❤❡✐& &❡-♣❡❝"✐✈❡ ♦❜❥❡❝" -❡"- ✭Os ❛♥❞ Op✮ ❜✉" "❤❡ ✉♥✐♦♥ ♦❢ "❤❡-❡ ❜❡-" ♣❛&"✐"✐♦♥- ✐-

♥♦" ❛ ❜❡-" ♣❛&"✐"✐♦♥ ♦♥ "❤❡ ✉♥✐♦♥ ♦❢ "❤❡ ♦❜❥❡❝" -❡"✳ ■♥ "❤✐- ❝❛-❡✱ ✐" ✐- ❛ ♣&♦❜❧❡♠ ❜❡❝❛✉-❡

♦❜❥❡❝"- ♦❢ Os ❤❛✈❡ ♥♦"❤✐♥❣ "♦ ❞♦ ✇✐"❤ ♦❜❥❡❝"- ♦❢ Op✱ -♦ ❛♥❛❧②-✐♥❣ "❤❡♠ "♦❣❡"❤❡& ♦&

-❡♣❛&❛"❡❧② ♠✉-" ♥♦" ❝❤❛♥❣❡ "❤❡ &❡-✉❧"-✳

❚❤❡ ♣❛&"✐"✐♦♥ Pp = {{Nc1, Nc2}} ♦♥ Op ❤❛- "❤❡ -❛♠❡ ✈❛❧✉❡ ❛❝❝♦&❞✐♥❣ "♦ ❧♦❝❛❧

-❡♠❛♥"✐❝- ❛- ❛❝❝♦&❞✐♥❣ "♦ ❣❧♦❜❛❧ -❡♠❛♥"✐❝- ✭✐♥ ❊①❛♠♣❧❡ ✹✵✮ ❜❡❝❛✉-❡ Op ✐- ❝♦♠♣♦-❡❞

♦❢ ❛ -✐♥❣❧❡ ✐♥❝♦❤❡&❡♥" ♣❛&" ✭{Nc1, Nc2}✮✳
❚❤❡ ♣❛&"✐"✐♦♥ Ps = {{Nc3, Nc4}✱ {Nc5}✱ {, Nc6, Nc7}✱ {Nc8}} ❤❛- ❛ ❜❡-" ✈❛❧✉❡

❛❝❝♦&❞✐♥❣ "♦ ❣❧♦❜❛❧ -❡♠❛♥"✐❝- ✭✐♥ ❊①❛♠♣❧❡ ✸✾✮ ❛♥❞ ❛❝❝♦&❞✐♥❣ "♦ ❣❧♦❜❛❧ -❡♠❛♥"✐❝-✳

■♥❞❡❡❞✱ "❤❡ ❝♦❤❡&❡♥" ♣❛&" ❤❛- ❛ ❜❡-" ✈❛❧✉❡✱ ❛- ❡❛❝❤ ✐♥❝♦❤❡&❡♥" ♣❛&" ✭{Nc3, Nc4, Nc5}
❛♥❞ {, Nc6, Nc7}✿

❼ ❚❤❡ Ps ❤❛- ❛ ✈❛❧✉❡ ❢♦& "❤❡ incoherentPart({Nc3, Nc4, Nc5}) -✉❝❤ "❤❛" v(Phs,
domain) = (always,−)✳ ❚❤✐- ✈❛❧✉❡ ✐- ❛ ❜❡-" ♦♥❡ ❢♦& incoherentPart({Nc3,
Nc4, Nc5}) ❜❡❝❛✉-❡ ♦❢ "❤❡ ✐♥❝♦❤❡&❡♥❝❡ ❜❡"✇❡❡♥ date ❛♥❞ domain ❝&✐"❡&✐❛ ❢♦&

♦❜❥❡❝"- Nc4 ❛♥❞ Nc5✳

❼ ❚❤❡ Pp ❤❛- ❛ ✈❛❧✉❡ ❢♦& "❤❡ incoherentPart({Nc6, Nc7}) -✉❝❤ "❤❛" v(Php, date) =
(always,−−)✳ ❚❤✐- ✈❛❧✉❡ ✐- ❛ ❜❡-" ♦♥❡ ❢♦& incoherentPart({Nc6, Nc7}) ❜❡✲
❝❛✉-❡ ♦❢ "❤❡ ✐♥❝♦❤❡&❡♥❝❡ ❜❡"✇❡❡♥ title ❛♥❞ date ❝&✐"❡&✐❛ ❢♦& ♦❜❥❡❝"- Nc6 ❛♥❞
Nc7✳

❈♦♥"&❛&② "♦ ❣❧♦❜❛❧ -❡♠❛♥"✐❝-✱ "❤❡ ♣❛&"✐"✐♦♥ Phps = Pp ∩ Ps = {{Nc1, Nc2}✱
{Nc3, Nc4}✱ {Nc5}✱ {Nc7} ❤❛- ❛ ❜❡-" ✈❛❧✉❡ ♦♥ "❤❡ ✉♥✐♦♥ ♦♥ Os ∩Op✳ ■♥ "❤✐- ❝❛-❡✱
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 ❤❡#❡ ❛#❡  ❤#❡❡ ✐♥❝♦❤❡#❡♥ ♣❛# *✿ incoherentPart({Nc1, Nc2})✱ incoherentPart({Nc3,
Nc4, Nc5}) ❛♥❞ incoherentPart({Nc6, Nc7})✳ ❊❛❝❤ ♦❢  ❤❡♠ ❤❛* ❡①❛❝ ❧②  ❤❡ *❛♠❡

✈❛❧✉❡ ❛* ♣#❡✈✐♦✉*❧② ✇❤❡♥ ✐ ✇❛* ❡✈❛❧✉❛ ❡❞ ❢♦#  ❤❡ ♦❜❥❡❝ *❡ * Os ♦# Op *✐♥❝❡ ✐♥  ❤✐*

*❡♠❛♥ ✐❝*  ❤❡ ✐♥❝♦❤❡#❡♥ *✉❜*❡ * ❛#❡ ❝♦♥*✐❞❡#❡❞ ✐♥❞❡♣❡♥❞❡♥ ❧② ❢#♦♠  ❤❡ ♦ ❤❡#*✳ ❚❤❡
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✈❛❧✉❡ ❢♦# Os ∩Op✳

❉✐✈✐❞✐♥❣ ❣(❛♣❤ ✐♥,♦ ✐♥❞❡♣❡♥❞❡♥, ♣❛(,/ ✭✐♥❝♦❤❡(❡♥, ♦( ❝♦❤❡(❡♥, ♣❛(,/✮ ❛❧❧♦✇/ ,❤❡

✏❜❡/, ♣❛(,✐,✐♦♥✑ ❢✉♥❝,✐♦♥ ,♦ ❜❡ ❞✐/,(✐❜✉,✐✈❡ ♦✈❡( ,❤❡ ✉♥✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥, ♦❜❥❡❝,

/❡,/

✸

❛❝❝♦(❞✐♥❣ ,♦ ❛ ❝(✐,❡(✐♦♥ /❡,✳

■♥ ♦,❤❡( ✇♦(❞/✱ ❛ ♣❛(,✐,✐♦♥ Pi,j = Pi ∪ Pj ♦♥ ,❤❡ ♦❜❥❡❝, /❡, Oi,j = Oi ∪ Oj ✐/ ❛

❜❡/, ♣❛(,✐,✐♦♥ ♦♥ Oi,j ✇✐,❤ (❡/♣❡❝, ,♦ ,❤❡ ❝(✐,❡(✐♦♥ /❡, C ✐❢ ❛♥❞ ♦♥❧② ✐❢ Pi ❛♥❞ Pj ❛(❡

(❡/♣❡❝,✐✈❡❧② ❜❡/, ♣❛(,✐,✐♦♥/ ♦♥ Oi ❛♥❞ Oj ✇✐,❤ (❡/♣❡❝, ,♦ C✳

❚❤✐/ ✐/ ❜❡❝❛✉/❡ ,❤❡ ❧♦❝❛❧ /❡♠❛♥,✐❝/ ,(❡❛,/ ❡❛❝❤ ✐♥❞❡♣❡♥❞❡♥, ♣❛(,/ ❛♥❞ ,❤❡ ❝♦❤❡(✲

❡♥, ♣❛(, ❛♣❛(,✳ ■♥ ,❤✐/ ❝❛/❡✱ ,❤❡ ✐♥❝♦❤❡(❡♥, ♣❛(,/ ♦❢ Oi ❛(❡ ❞✐/,✐♥❝, ❢(♦♠ ✐♥❞❡♣❡♥❞❡♥,

♣❛(,/ ♦❢ Oj ❜❡❝❛✉/❡ Oi ❛♥❞ Oj ❛(❡ ❞✐/❥♦✐♥,✳ ▼♦(❡ ♦❢ ,❤❛,✱ ✐♥❞❡♣❡♥❞❡♥, ♣❛(,/ ♦❢ Oi

❛(❡ ✐♥❞❡♣❡♥❞❡♥, ❢(♦♠ ✐♥❞❡♣❡♥❞❡♥, ♣❛(,/ ♦❢ Oj ❜❡❝❛✉/❡ Oi ❛♥❞ Oj✱ /♦ ,❤❡ ✐♥❞❡♣❡♥✲

❞❡♥, ♣❛(,/ ♦❢ Oi,j ❛(❡ ❡①❛❝,❧② ,❤❡ ✉♥✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥, ♣❛(, /❡,/ ♦❢ Oi ❛♥❞ Oj✳ ❚❤❡

❝♦❤❡(❡♥, ♣❛(,✱ ❜② ❞❡✜♥✐,✐♦♥✱ ❞♦❡/ ♥♦, ❝♦♥,❛✐♥ ✐♥❝♦❤❡(❡♥❝❡/✳ ❈♦♥/❡F✉❡♥,❧②✱ ,❤❡(❡ ✐/ ❛

/✐♥❣❧❡ ❜❡/, ✈❛❧✉❡ ✇✐,❤ (❡/♣❡❝, ,♦ ❛ ❝(✐,❡(✐♦♥ /❡,✱ ❛♥❞ ❜❡/, ♣❛(,✐,✐♦♥/ ✇✐,❤ (❡/♣❡❝, ,♦

,❤❡ /❛♠❡ ❝(✐,❡(✐♦♥ /❡, ❤❛✈❡ ♥❡❝❡//❛(✐❧② ,❤❡ /❛♠❡ ❝♦❤❡(❡♥, ♣❛(, ✈❛❧✉❡✳ ❚❤✐/ ❡①♣❧❛✐♥/

✇❤② Pi,j ♦♥ ,❤❡ ❝♦❤❡(❡♥, ♣❛(, ♦❢ Oi,j ❤❛/ ,❤❡ /❛♠❡ ✈❛❧✉❡ ❛/ Pi ♦♥ ,❤❡ ❝♦❤❡(❡♥, ♣❛(,

♦❢ Oi ❛♥❞ ❛/ Pj ♦♥ ,❤❡ ❝♦❤❡(❡♥, ♣❛(, ♦❢ Oj✳

■♥ ,❤✐/ ❙❡❝,✐♦♥✱ ✇❡ ❞❡,❛✐❧❡❞ ❤♦✇ ,♦ ❞✐✈✐❞❡ ❛ ❝(✐,❡(✐❛ ❣(❛♣❤ ✐♥ ✐♥❞❡♣❡♥❞❡♥, ♣❛(,/

✭❝♦❤❡(❡♥, ❛♥❞ ✐♥❝♦❤❡(❡♥, ♣❛(,/✮✱ ✐♥ ,❤❡ ❛✐♠ ♦❢ ❡✈❛❧✉❛,✐♥❣ ,❤❡♠ /❡♣❛(❛,❡❧②✳ ❲❡ /❛✇

❤♦✇ ❧♦❝❛❧ /❡♠❛♥,✐❝/ ✉/❡ ,❤❡♠✳ ▲❡, ✉/ ♣(❡/❡♥, ,❤❡ ❛❧❣♦(✐,❤♠ ✉/❡❞ ,♦ ✜♥❞ ❛❧❧ ❜❡/,

♣❛(,✐,✐♦♥ ✈❛❧✉❡/ ❛❝❝♦(❞✐♥❣ ,♦ ❧♦❝❛❧ /❡♠❛♥,✐❝/ ✐♥ ,❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝,✐♦♥✳

✺✳✸✳✷ ❋✐♥❞✐♥❣ ❜❡+, ♣❛/,✐,✐♦♥+ ❢♦/ +❡✈❡/❛❧ ❝/✐,❡/✐❛

❚♦ ✜♥❞ ❛❧❧ ❜❡/, ♣❛(,✐,✐♦♥ ✈❛❧✉❡/ ♦♥ ❛ ❝(✐,❡(✐❛ ❣(❛♣❤ ❛❝❝♦(❞✐♥❣ ,♦ ❧♦❝❛❧ /❡♠❛♥,✐❝/✱

✇❡ ✜(/, ♥❡❡❞ ,♦ ✐❞❡♥,✐❢② ✐♥❝♦❤❡(❡♥, ✭❛♥❞ ❝♦❤❡(❡♥,✮ ♣❛(,/ ✇✐,❤ ❛ ✏✜♥❞✐♥❣ ❝♦♥♥❡❝,❡❞

❝♦♠♣♦♥❡♥,/✑ ❛❧❣♦(✐,❤♠ ✭❝♦♠♣❧❡①✐,② O(m log n) ✇✐,❤ n ✈❡(,❡①❡/ ❛♥❞ m ❡❞❣❡/✮✳ ❚❤❡♥✱

❢♦( ,❤❡ ❝♦❤❡(❡♥, ♣❛(, ❛♥❞ ❡❛❝❤ ♦❢ ,❤❡ ❛, ♠♦/, n/2 ✐♥❝♦❤❡(❡♥, ♣❛(,/

✹

✱ ✇❡ ❡①❡❝✉,❡ ,❤❡

❛❧❣♦(✐,❤♠ ♦❢ ❣❧♦❜❛❧ /❡♠❛♥,✐❝/ ✭♦❢ ❝♦♠♣❧❡①✐,② O((k + 1)c ∗m log n)✮✳ ❚❤❡ ❛❧❣♦(✐,❤♠

,❤❛, ✜♥❞/ ❜❡/, ♣❛(,✐,✐♦♥ ✈❛❧✉❡/ ❛❝❝♦(❞✐♥❣ ,♦ ❧♦❝❛❧ /❡♠❛♥,✐❝/ ❛♥❞ ❛ ❝(✐,❡(✐♦♥ /❡, ✐/

❆❧❣♦(✐,❤♠ ✹ ❛♥❞ ✐/ ♥❛♠❡❞ localAlgorithm✳

❈♦♠♣❧❡①✐(②✳ ❚❤❡ ❝♦♠♣❧❡①✐,② ✐♥ ,❤❡ ✇♦(/, ❝❛/❡ ♦❢ localAlgorithm ✐/✿ O(n ∗ (k +
1)c ∗m log n) ✭♣❧❡❛/❡ /❡❡ ❆❧❣♦(✐,❤♠ ✹✮✳

✸

❚✇♦ ♦❜❥❡❝' (❡'( Oi ❛♥❞ Oj ❛,❡ ✐♥❞❡♣❡♥❞❡♥' ❢,♦♠ ❡❛❝❤ ♦'❤❡, ❛❝❝♦,❞✐♥❣ '♦ ❛ ❝,✐'❡,✐♦♥ (❡' C ✐❢

❛♥❞ ♦♥❧② ✐❢ '❤❡② ❛,❡ ❞✐(❥♦✐♥' ❛♥❞ '❤❡,❡ ❛,❡ ♥♦ ♦❜❥❡❝'( oi ∈ Oi✱ oj ∈ Oj ❛♥❞ ❛ ❝,✐'❡,✐♦♥ C ∈ C (✉❝❤

'❤❛' C(oi, oj) ∈ V C
close✳ ❚❤✐( ✐( ✈❡,② (✐♠✐❧❛, '♦ ❉❡✜♥✐'✐♦♥ ✷✸✳

✹

(✐♥❝❡ ❛♥ ✐♥❝♦❤❡,❡♥' ♣❛,' ❝♦♥'❛✐♥( ❛' ❧❡❛(' '✇♦ ❡❞❣❡( ❜❡'✇❡❡♥ '✇♦ ✈❡,'❡①❡(
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❆❧❣♦$✐&❤♠ ✹ ❧♦❝❛❧❆❧❣♦(✐*❤♠

❘❡,✉✐$❡✿ C✱ ❛ ❝#✐%❡#✐♦♥ )❡% ♦♥ ❛♥ ♦❜❥❡❝% )❡% O❀ GC ❝#✐%❡#✐❛ ❣#❛♣❤ ♦❢ C

❊♥"✉$❡✿ )❡% ♦❢ ❜❡)% ♣❛#%✐%✐♦♥ ✈❛❧✉❡) ✇✐%❤ #❡)♣❡❝% %♦ C ♦♥ O✳

✶✿ ❜❡)% ♣❛#%✐%✐♦♥ ✈❛❧✉❡ )❡% bestV = {}❀

✷✿ 6❛#%✐%✐♦♥ Pa = ref(VP)❀
✸✿ )❡% ♦❢ ❣#❛♣❤)✿ Gparts = {}❀

✹✿ ❢♦$ ❡❛❝❤ ✐♥❝♦❤❡#❡♥% ❝❧❛)) I ∈ Pa ❞♦

✺✿ ❛❞❞ incoherentPart(GC, I) %♦ Gparts❀
✻✿ ❡♥❞ ❢♦$

✼✿ ❛❞❞ coherentPart(GC, Gparts) %♦ Gparts❀
✽✿ ❛♣♣❧② ❆❧❣♦#✐%❤♠ ✸ ♦♥ ❡❛❝❤ ❣#❛♣❤ ✐♥ Gparts❀
✾✿ bestV = { ❜❡)% ♣❛#%✐%✐♦♥ ❢♦# GC ✿ ❜❡)% ♣❛#%✐%✐♦♥ ❢♦# ❡❛❝❤ ❣#❛♣❤ ✐♥ Gparts}❀

✶✵✿ $❡*✉$♥ bestV ❀

▲❡% ✉) ❡①♣♦)❡ )♦♠❡ ❞❡%❛✐❧) ❛❜♦✉% %❤❡ ✐♠♣❧❡♠❡♥%❛%✐♦♥ ♦❢ ❛❧❣♦#✐%❤♠) ✐♥ %❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❙❡❝%✐♦♥ ❜❡❢♦#❡ ❝♦♥❝❧✉❞✐♥❣ %❤✐) ❈❤❛♣%❡#✳

✺✳✹ ❆❜♦✉' '❤❡ ✐♠♣❧❡♠❡♥'❛'✐♦♥ ♦❢ ♣❛1'✐'✐♦♥✐♥❣ 3❡✲

♠❛♥'✐❝3 ❛❧❣♦1✐'❤♠3

▲❡% ✉) ❡①♣♦)❡ ✐♥ %❤✐) ❙❡❝%✐♦♥ )♦♠❡ ♣#❡❝✐)✐♦♥) ❛❜♦✉% ✐♠♣❧❡♠❡♥%❛%✐♦♥✳

❆) ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝%✐♦♥ ✹✳✶✳✶ ♣❛❣❡ ✸✾✱ %❤❡ ❙✉❞♦❝ ✐) ✐♥✐%✐❛❧❧② ✐♥ ❛ ▼❛#❝ ✈❡#)✐♦♥✳

■♥ %❤❡ ❝♦♥%❡①% ♦❢ %❤❡ ❙✉❞♦❝❆❞ ♣#♦❥❡❝% ❬✷✶❪✱ %❤❡ ❙✉❞♦❝ ❤❛) ❜❡❡♥ %#❛♥)❧❛%❡❞ ✐♥%♦ ❛♥

❘❉❋✭❙✮ ✈❡#)✐♦♥✳ ❚❤❡ ♥✲%#✐♣❧❡) ✈❡#)✐♦♥ ✐) ❜❛)❡❞ ♦♥ %❤❡ ❘❉❋✭❙✮ ✈❡#)✐♦♥ ❛♥❞ ✐) %❤❡

♦♥❡ ✉)❡❞ ✐♥ %❤✐) %❤❡)✐)✳ ❈♦♥%❡①%✉❛❧ ❡♥%✐%✐❡) ❛♥❞ ❛✉%❤♦#✐%② ♥♦%✐❝❡) #❡❧❛%❡❞ %♦ ❛ ❙✉❞♦❝

)✉❜)❡% ❛#❡ ❡①♣♦#%❡❞ ✐♥%♦ ❛ ✜❧❡ ✐♥ %❤❡ ♥✲%#✐♣❧❡) ✈❡#)✐♦♥✳ ❚❤❡#❡ ✐) ❛ ✜❧❡ ♣❡# ❙✉❞♦❝

)✉❜)❡%✳

❚❤❡ ✜❧❡ ❝♦♥%❛✐♥✐♥❣ %❤❡ ♥✲%#✐♣❧❡) ✈❡#)✐♦♥ ♦❢ %❤❡ ❙✉❞♦❝ )✉❜)❡% ✇❡ ❛#❡ ✐♥%❡#❡)%❡❞

✐♥%♦ ✐) #❡❛❞ ❛♥❞ Q✉❡#✐❡❞ ❜② ❆❧❛)❦❛ ❬✷✺❪ ✐♥ ♦#❞❡# %♦ ✐❞❡♥%✐❢② %❤❡ ❝♦♥%❡①%✉❛❧ ❡♥%✐%✐❡)

❛♥❞ %❤❡✐# ❛%%#✐❜✉%❡)✳ ❖♥❝❡ ✐% ✐) ❞♦♥❡✱ %❤❡ ❝#✐%❡#✐❛ ❣#❛♣❤ ✐) ✜❧❧❡❞ ✉♣✳

❚❤❡ ❝#✐%❡#✐❛ ❣#❛♣❤ ✐) ❝♦❞❡❞ ❜② ❛ )❡% ♦❢ ❧✐)%) ♦❢ ❡❞❣❡)✿ %❤❡#❡ ✐) ❛ ❧✐)% ♦❢ ❡❞❣❡)

♣❡# ❝♦♠♣❛#✐)♦♥ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ❝#✐%❡#✐♦♥✳ 6❛#%✐%✐♦♥) ❛#❡ #❡♣#❡)❡♥%❡❞ ❜② ❛ %❛❜❧❡ )✉❝❤

%❤❛% %❤❡ ✐♥❞✐❝❡) ❝♦##❡)♣♦♥❞ %♦ %❤❡ ♦❜❥❡❝%) %♦ ♣❛#%✐%✐♦♥ ❛♥❞ %❤❡ ✈❛❧✉❡) %♦ %❤❡ ❝❧❛))❡)

❛✛❡❝%❡❞ %♦ %❤❡ ♦❜❥❡❝%)✳ ❆❧❣♦#✐%❤♠) ❛#❡ ✐♠♣❧❡♠❡♥%❡❞ ✐♥ ❏❛✈❛ ✶✳✻✳

❈♦♥❝❧✉"✐♦♥✳ ❚❤❡ ♣#♦♣♦)❡❞ ♣❛#%✐%✐♦♥✐♥❣ )❡♠❛♥%✐❝) ❛❧❧♦✇) %♦ ✜♥❞ %❤❛% ♦❜❥❡❝%) ❛#❡

❝❧♦)❡ %♦❣❡%❤❡# ✇✐%❤ #❡)♣❡❝% %♦ ❛ ❝#✐%❡#✐♦♥ )❡%✳ ❚❤✐) ❝❛♥ ❜❡ ✉)❡❞ ♦♥ ❙✉❞♦❝ )✉❜)❡%)

✐♥ ♦#❞❡# %♦ ❞❡%❡❝% ❡##♦♥❡♦✉) ❧✐♥❦) ❜② ❝♦♠♣❛#✐♥❣ %❤❡ ✐♥✐%✐❛❧ ♣❛#%✐%✐♦♥ ✈❛❧✉❡ %♦ %❤❡

❜❡)% ♣❛#%✐%✐♦♥ ✈❛❧✉❡)✱ ❛) ✐% ❤❛) ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝%✐♦♥ ✸✳✷✳✸ ♣❛❣❡ ✸✼✳ ❍♦✇❡✈❡#✱ %♦

❞❡%❡❝% ❡##♦♥❡♦✉) ❧✐♥❦) ✐) ♥♦% ❡♥♦✉❣❤ %♦ #❡♣❛✐# %❤❡♠✳ ❚❤✐) ✐) ✇❤② #❡♣❛✐# ❛❧❣♦#✐%❤♠)

❛#❡ ♣#♦♣♦)❡❞ ✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣%❡#✳
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❈❤❛♣$❡& ✻

❘❡♣❛✐& ❛❧❣♦&✐$❤♠.

■♥ ❈❤❛♣&❡( ✺✱ ✇❡ ♣(❡,❡♥&❡❞ &✇♦ ♣❛(&✐&✐♦♥✐♥❣ ,❡♠❛♥&✐❝, &❤❛& (❡&✉(♥ ❛ ♣❛(&✐&✐♦♥ ✈❛❧✉❡

❢♦( ❛♥② ♣❛(&✐&✐♦♥✳ ❚❤✐, ❛❧❧♦✇, ✉, &♦ ❝♦♠♣❛(❡ ♣❛(&✐&✐♦♥, ❛♠♦♥❣,& &❤❡♠ ❛♥❞ ❡,♣❡❝✐❛❧❧②

✇✐&❤ (❡,♣❡❝& &♦ ,♣❡❝✐❛❧ ♣❛(&✐&✐♦♥,✿ ✐♥✐&✐❛❧ ❛♥❞ ❤✉♠❛♥ ♣❛(&✐&✐♦♥, ✭❞❡✜♥❡❞ ✐♥ ❙❡❝&✐♦♥

✸✳✷✳✸ ♣❛❣❡ ✸✼✮✳ ❯♥❢♦(&✉♥❛&❡❧②✱ &❤❡,❡ ,❡♠❛♥&✐❝, ❞♦ ♥♦& ❛❧❧♦✇ ✉, &♦ ✐♠♣(♦✈❡ &❤❡

✈❛❧✉❡ ♦❢ ❛ ♣❛(&✐&✐♦♥✳ ❚❤✐, ✐, &❤❡ ❛✐♠ ♦❢ (❡♣❛✐( ❛❧❣♦(✐&❤♠, &❤❛& ❛(❡ ♣(❡,❡♥&❡❞ ✐♥ &❤✐,

❈❤❛♣&❡(✳ ❲❡ ✇✐❧❧ ,&❛(& ❜② ❡①♣❧❛✐♥✐♥❣ ✇❤❛& ✇❡ ❡①♣❡❝& ♦❢ ❛ (❡♣❛✐( ❛❧❣♦(✐&❤♠ ✐♥ ❙❡❝&✐♦♥

✻✳✶ ❜❡❢♦(❡ ❞❡&❛✐❧✐♥❣ &❤❡ ♣(♦♣♦,❡❞ (❡♣❛✐( ❛❧❣♦(✐&❤♠, ✐♥ ❙❡❝&✐♦♥, ✻✳✷✱ ✻✳✸✱ ✻✳✹ ❛♥❞ ✻✳✺✳

▼♦(❡ ♣(❡❝✐,❡❧②✱ ❙❡❝&✐♦♥ ✻✳✷ ♣(♦♣♦,❡, ❛ ♥❛✐✈❡ ❛❧❣♦(✐&❤♠❀ ❙❡❝&✐♦♥ ✻✳✸ ❛♥ ❛❧❣♦(✐&❤♠

&❤❛& (❡✜♥❡, &❤❡ ✜(,& ♥❛✐✈❡ ❛❧❣♦(✐&❤♠ ✐♥ ❝❡(&❛✐♥ ❝❛,❡, ❛♥❞ ❙❡❝&✐♦♥ ✻✳✹✱ ❛♥ ❛❧❣♦(✐&❤♠

&❤❛& &❛❦❡, ❝❛(❡ ♦❢ &❤❡ ,♦✉(❝❡ ♥♦&✐♦♥ ✭❣✉❛(❛♥&❡❡❞ ❣♦♦❞ ❧✐♥❦,✮ ✉♥❧✐❦❡ &♦ &❤❡ ♣(❡✈✐♦✉,

❛❧❣♦(✐&❤♠✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝&✐♦♥ ✻✳✺✱ ✇❡ ✇✐❧❧ ❛❞❞ ❛ ❧❛,& ,&❡♣ &♦ &❤❡ ♣(❡✈✐♦✉, ❛❧❣♦(✐&❤♠

✐♥ &❤❡ ❛✐♠ ♦❢ ✐♠♣(♦✈✐♥❣ ✐&, (❡,✉❧&✳

❊❛❝❤ ♦❢ &❤♦,❡ ❢♦✉( ❛❧❣♦(✐&❤♠, ❛(❡ &❤❡♦(❡&✐❝❛❧❧② ❡✈❛❧✉❛&❡❞ ✐♥ &❤❡✐( ♦✇♥ ❙❡❝&✐♦♥✳

✻✳✶ ■♥%&♦❞✉❝%✐♦♥✱ ❞❛%❛✱ ✇❤②✱ ❞❡✜♥✐%✐♦♥✱ ❤②♣♦%❤❡4✐4

▲❡& P ❜❡ ❛ ♣❛(&✐&✐♦♥ ♦♥ ❛♥ ♦❜❥❡❝& ,❡& O✱ C ❛ ❝(✐&❡(✐♦♥ ,❡& &❤❛& ❝♦♠♣❛(❡, &❤❡ ♦❜❥❡❝&,

♦❢ O✱ ❛♥❞ v✱ ❛ ❜❡,& ♣❛(&✐&✐♦♥ ✈❛❧✉❡ ♦♥ O ✇✐&❤ (❡,♣❡❝& &♦ C✳

■❢ &❤❡ ✈❛❧✉❡ ♦❢ P ♦♥ O ✇✐&❤ (❡,♣❡❝& &♦ C ✐, ✇♦(,❡ &❤❛♥✱ ♦( ✐♥❝♦♠♣❛(❛❜❧❡ &♦ v✱
&❤❡ (❡♣❛✐( ❛✐♠, &♦ &(❛♥,❢♦(♠ &❤❡ P ♣❛(&✐&✐♦♥ ✭❜② ❞✐✈✐,✐♦♥ ♦( ♠❡(❣❡ ♦❢ ❝❧❛,,❡,✱ ♣❧❡❛,❡

,❡❡ ❉❡✜♥✐&✐♦♥ ✷✽✮ ✐♥&♦ ❛ P ′
♣❛(&✐&✐♦♥ &❤❛& ❤❛, v ❛, ♣❛(&✐&✐♦♥ ✈❛❧✉❡✱ ❛♥❞ ❞♦✐♥❣ ,♦

✇❤✐❧❡ ♠❛❦✐♥❣ &❤❡ ,♠❛❧❧❡,& ♣♦,,✐❜❧❡ ♥✉♠❜❡( ♦❢ ❛&♦♠✐❝ &(❛♥,❢♦(♠❛&✐♦♥, ✭✐✳❡✳ ♠❡(❣❡,

❛♥❞ ❞✐✈✐,✐♦♥,✮ ❛♥❞ &❛❦✐♥❣ ✐♥&♦ ❛❝❝♦✉♥& ,♦✉(❝❡,✳ ❙♦✉(❝❡, ❛(❡ ❡①♣❧❛✐♥❡❞ ♣❛❣❡ ✹✷✳

■♥&✉✐&✐✈❡❧②✱ &❤❡ ,♦✉(❝❡, ♦❢ ❛♥ ❛✉&❤♦(✐&② ♥♦&✐❝❡ ❛(❡ &❤❡ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦&✐❝❡, ❧✐♥❦❡❞

&♦ ✐& ,✉❝❤ &❤❛& ✇❡ ❛,,✉♠❡ &❤❛& &❤❡,❡ ❧✐♥❦, ❛(❡ ❣♦♦❞✳ ■♥ &❤✐, ❈❤❛♣&❡(✱ ❛ ,♦✉(❝❡

✐, ❛♥ ♦❜❥❡❝& ♦❢ O &❤❛& ❤❛, ❛ ♣❛(&✐❝✉❧❛( ♠❡❛♥✐♥❣✳ ■& (❡♣(❡,❡♥&, &❤❡ ✐♠♣♦(&❛♥❝❡ ♦❢

&❤❡ (❡❧❛&✐♦♥ ❜❡&✇❡❡♥ ❛♥ ❛✉&❤♦(✐&② ♥♦&✐❝❡ ❛♥❞ &❤❡ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦&✐❝❡ ❢♦( ✇❤✐❝❤ ✐&

✇❛, ❝(❡❛&❡❞ ✭♣❧❡❛,❡ ,❡❡ ❙❡❝&✐♦♥ ✻✳✶✳✶✮✳ ❙♦♠❡ ❛❧❣♦(✐&❤♠, ✇✐❧❧ ❛❧,♦ ✉,❡ ❝♦♠♣♦,❡❞

&(❛♥,❢♦(♠❛&✐♦♥,✿ (❡♣❧❛❝❡♠❡♥& ❛♥❞ ♥❡✇♣❧❛❝❡♠❡♥& ♦❢ ✈❡(&❡①❡, ✭♣❧❡❛,❡ ,❡❡ ❉❡✜♥✐&✐♦♥

✷✾✮✳

✽✸
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❲❤❡♥ ❛ ♣❛()✐)✐♦♥ P ′
❤❛, ♥♦ ♠♦(❡ ✉♥,❛)✐,✜❡❞ ❡❞❣❡,

✶

)❤❛) ❢♦(❜✐❞ P ′
)♦ ❤❛✈❡ v

❛, ♣❛()✐)✐♦♥ ✈❛❧✉❡✱ P ′
❤❛, v ❛, ♣❛()✐)✐♦♥ ✈❛❧✉❡✳ ❚❤♦,❡ ♣❛()✐❝✉❧❛( ✉♥,❛)✐,✜❡❞ ❡❞❣❡,

❛(❡ ♥❛♠❡❞ ✉♥❛❝❝❡♣)❡❞ ❡❞❣❡,✳ ❚❤❡ ❣♦❛❧ ♦❢ (❡♣❛✐( ❛❧❣♦(✐)❤♠, ✐, )♦ )(❛♥,❢♦(♠ ❛ ❣✐✈❡♥

♣❛()✐)✐♦♥ ✐♥)♦ ❛ ♥❡✇ ♣❛()✐)✐♦♥ )❤❛) ❤❛, ❛ ♣❛()✐❝✉❧❛( ♣❛()✐)✐♦♥ ✈❛❧✉❡✳ ❚❤❡ (❡♣❛✐(

❛❧❣♦(✐)❤♠, ❢♦❝✉, ♦♥ )❤♦,❡ ✉♥❛❝❝❡♣)❡❞ ❡❞❣❡,✳

❋✐(,)✱ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ )❤❡ ,♦✉(❝❡ ♥♦)✐♦♥ ✭❙❡❝)✐♦♥ ✻✳✶✳✶✮✱ )❤❡♥✱ )❤❡ ❞✐,)✐♥❝) )②♣❡,

♦❢ )(❛♥,❢♦(♠❛)✐♦♥, ✭❙❡❝)✐♦♥ ✻✳✶✳✷✮ ❛♥❞ ✜♥❛❧❧② )❤❡ ♥♦)✐♦♥, ❛(♦✉♥❞ ✐♥)❡(❡,)✐♥❣ ❡❞❣❡,

✐♥ )❤❡ ❛✐♠ ♦❢ ✜①✐♥❣ ♣❛()✐)✐♦♥, ✭❙❡❝)✐♦♥ ✻✳✶✳✸✮✳

✻✳✶✳✶ ❙♦✉&❝❡)

■♥ ❈❤❛♣)❡( ✹✱ ,♦✉(❝❡, ♦❢ ❛♥ ❛✉)❤♦(✐)② ♥♦)✐❝❡ ❛(❡ )❤❡ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦)✐❝❡, ❧✐♥❦❡❞ )♦

✐) ,✉❝❤ )❤❛) )❤✐, ❧✐♥❦ ✐, ❛,,✉♠❡❞ )♦ ❜❡ ❣♦♦❞✳ ■♥)✉✐)✐✈❡❧②✱ ✐♥ )❤✐, ❈❤❛♣)❡(✱ ,♦✉(❝❡,

❛(❡ ❝♦♥)❡①)✉❛❧ ❡♥)✐)✐❡, )❤❛) (❡♣(❡,❡♥) ,✉❝❤ ❛ ❧✐♥❦✳ ▲❡) ✉, ❡①♣❧❛✐♥ ✇❤❛) ✐, ❛ ,♦✉(❝❡ ✐♥

)❤✐, ❈❤❛♣)❡(✳

▲❡) Pi ❜❡ )❤❡ ✐♥✐)✐❛❧ ♣❛()✐)✐♦♥ ♦♥ ❛♥ ❛✉)❤♦(✐)② ♥♦)✐❝❡ ,❡) O✳ ❆ ❝♦♥)❡①)✉❛❧ ❡♥)✐)②

♦❢ O ✐, ❛  ♦✉#❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ )❤❡ (❡♣(❡,❡♥)❡❞ ❝♦♥)❡①)✉❛❧ ❡♥)✐)② ✇❛, ❝(❡❛)❡❞ ✇✐)❤

❛♥ ❛✉)❤♦(✐)② ♥♦)✐❝❡ Nai ❛♥❞ ✐), ♦✇♥ ,♦✉(❝❡✲❜✐❜❧✐♦❣(❛♣❤✐❝❛❧ ♥♦)✐❝❡ Nbj✳ ❚❤✐, ♠❡❛♥,

)❤❛) Nai ✇❛, ❝(❡❛)❡❞ )♦ (❡♣(❡,❡♥) ❛ ❝♦♥)(✐❜✉)♦( ♦❢ Nbj ✭♣❧❡❛,❡ ,❡❡ ♣❛❣❡ ✹✷✮✳ ❆, ❛

❝♦♥,❡K✉❡♥❝❡✱ ✇❡ ♠❛❦❡ )❤❡ ❤②♣♦)❤❡,✐, )❤❛) )❤❡(❡ ✐, ❛) ♠♦,) ❛ ,✐♥❣❧❡ ,♦✉(❝❡ ❢♦( ❡❛❝❤

❝❧❛,, ♦❢ )❤❡ ✐♥✐)✐❛❧ ♣❛()✐)✐♦♥

✷ Pi ♦♥ GC✱ ❛♥❞ ✇❡ ❞❡♥♦)❡ source(x, P i) )❤❡ ,♦✉(❝❡ ✐♥

)❤❡ ❝❧❛,, class(x, P i) ❢♦( ❡❛❝❤ ✈❡()❡① x ♦❢ GC ✇✐)❤ Pi✱ )❤❡ ✐♥✐)✐❛❧ ♣❛()✐)✐♦♥✳

❍♦✇❡✈❡(✱ ,♦♠❡)✐♠❡, )❤❡(❡ ❛(❡ ,❡✈❡(❛❧ ,♦✉(❝❡, ✭❝♦♥)❡①)✉❛❧ ❡♥)✐)✐❡,✮ ❢♦( )❤❡ ,❛♠❡

❛✉)❤♦(✐)② ♥♦)✐❝❡✳ ❚❤♦,❡ ❝♦♥)❡①)✉❛❧ ❡♥)✐)✐❡, ❛(❡ ❛,,✉♠❡❞ )♦ (❡♣(❡,❡♥) ❣♦♦❞ ❧✐♥❦,

♣♦✐♥)✐♥❣ )♦ )❤❡ ,❛♠❡ ❛✉)❤♦(✐)② ♥♦)✐❝❡✱ ,♦ )❤❡② ❤❛✈❡ )♦ ❜❡ ✐♥ )❤❡ ,❛♠❡ ❝❧❛,, ♦❢ ❛♥②

♣❛()✐)✐♦♥ )❤❛) ❝❛♥ ❜❡ ❛ ❜❡,) ♣❛()✐)✐♦♥✳ ❲❡ ❝❛♥ ❣✉❛(❛♥)❡❡ )❤❛) ❜② ❛❞❞✐♥❣ )❤❡ ❢♦❧❧♦✇✐♥❣

❝(✐)❡(✐♦♥ )♦ )❤❡ ❝(✐)❡(✐♦♥ ,❡) ✉,❡❞ )♦ ♣❛()✐)✐♦♥ ❛ ❝♦♥)❡①)✉❛❧ ❡♥)✐)② ,❡)✳

❼ ❚❤❡ source ❝(✐)❡(✐♦♥ ✐, ❛ ❝❧♦,❡♥❡,,✲❝(✐)❡(✐♦♥

✸

✳ ▲❡) Nci ❛♥❞ Ncj ❜❡ )✇♦ ❝♦♥)❡①)✉❛❧

❡♥)✐)✐❡, )♦ ❝♦♠♣❛(❡✳ ❚❤❡ source ❝(✐)❡(✐♦♥ (❡)✉(♥, ❛♥ ❛❧✇❛②, ✈❛❧✉❡ ✭source(Nci, Ncj) =

✶

❲❡ "❡♠✐♥❞ ♦✉")❡❧✈❡) ,❤❛, ❛♥ ✉♥)❛,✐)✜❡❞ ❡❞❣❡ ♦❢ ❛ ♣❛",✐,✐♦♥ P ♦♥ ❛ ❝"✐,❡"✐❛ ❣"❛♣❤ GC ✐) ❛♥

❡❞❣❡ (oi, oj) )✉❝❤ ,❤❛, oi ❛♥❞ oj

❼ ❛"❡ ✐♥ ❛ )❛♠❡ ❝❧❛)) ♦❢ P ❛♥❞ ,❤❡"❡ ✐) ❛ ❝"✐,❡"✐♦♥ C ∈ C )✉❝❤ ,❤❛, ,❤❡ ❝♦♠♣❛"✐)♦♥ ✈❛❧✉❡

❜❡,✇❡❡♥ oi ❛♥❞ oj ❛❝❝♦"❞✐♥❣ ,♦ C ✐) ❛ ❢❛"♥❡)) ♦" never ❝♦♠♣❛"✐)♦♥ ✈❛❧✉❡✱ ♦"

❼ ❛"❡ ✐♥ ❞✐),✐♥❝, ❝❧❛))❡) ♦❢ P ❛♥❞ ,❤❡"❡ ✐) ❛ ❝"✐,❡"✐♦♥ C ∈ C )✉❝❤ ,❤❛, ,❤❡ ❝♦♠♣❛"✐)♦♥ ✈❛❧✉❡

❜❡,✇❡❡♥ oi ❛♥❞ oj ❛❝❝♦"❞✐♥❣ ,♦ C ✐) ❛ ❝❧♦)❡♥❡)) ♦" always ❝♦♠♣❛"✐)♦♥ ✈❛❧✉❡✳

8❧❡❛)❡ )❡❡ ❉❡✜♥✐,✐♦♥ ✶✷ ♣❛❣❡ ✻✷ ❢♦" ❢✉",❤❡" ❞❡,❛✐❧)✳

✷

❲❡ "❡♠✐♥❞ ♦✉")❡❧✈❡) ,❤❛, ❛♥ ✐♥✐,✐❛❧ ♣❛",✐,✐♦♥ ✐) ❛ ♣❛",✐,✐♦♥ )✉❝❤ ,❤❛, ❝♦♥,❡①,✉❛❧ ❡♥,✐,✐❡) ❛"❡

✐♥ ❛ )❛♠❡ ❝❧❛)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ,❤❡② "❡♣"❡)❡♥, ❧✐♥❦) ❧✐♥❦❡❞ ,♦ ❛ )❛♠❡ ❛✉,❤♦"✐,② ♥♦,✐❝❡✳ 8❧❡❛)❡ )❡❡

❉❡✜♥✐,✐♦♥ ✶ ♣❛❣❡ ✸✼ ❢♦" ❞❡,❛✐❧)✳

✸

❆ ❝❧♦)❡♥❡)) ❝"✐,❡"✐♦♥ ✐) ❛ ❝"✐,❡"✐♦♥ ,❤❛, ❣✐✈❡) ❝❧♦)❡♥❡)) ♦" always ❝♦♠♣❛"✐)♦♥ ✈❛❧✉❡)✱ ❛) ❡①✲

♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐,✐♦♥ ✹ ♣❛❣❡ ✹✾✳
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always✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Nci ❛♥❞ Ncj ❛+❡ -♦✉+❝❡- ♦❢ 0❤❡ -❛♠❡ ❛✉0❤♦+✐0② ♥♦0✐❝❡✳ ■♥ 0❤❡

♦0❤❡+ ❝❛-❡-✱ 0❤❡ source ❝+✐0❡+✐♦♥ +❡0✉+♥- neutral ✈❛❧✉❡✳
❲✐0❤ 0❤✐- ❝+✐0❡+✐♦♥✱ ❛❧❧ -♦✉+❝❡- ♦❢ ❛ -❛♠❡ ❛✉0❤♦+✐0② ♥♦0✐❝❡ ✇✐❧❧ ❜❡ ✐♥ 0❤❡ -❛♠❡

❝❧❛-- ♦❢ ❛❧❧ ✈❛❧✐❞

✹

♣❛+0✐0✐♦♥- ❜❡❝❛✉-❡ ✐❢ ♥♦0✱ 0❤❡ ♣❛+0✐0✐♦♥ ✐- ♥♦0 ✈❛❧✐❞✳ ❇❡❝❛✉-❡ ❡❛❝❤

♣❛+0✐0✐♦♥ 0❤❛0 ❤❛- ❛ ❜❡-0 ✈❛❧✉❡ ✐- ✈❛❧✐❞✱ 0❤❡ +❡♣❛✐+ ❛❧❣♦+✐0❤♠- 0❤❛0 ❣✉❛+❛♥0❡❡ 0♦ ❣✐✈❡

❛- 0❤❡ +❡-✉❧0 ❛ ♣❛+0✐0✐♦♥ ✇✐0❤ 0❤❡ ❞❡-✐+❡❞ ✭✈❛❧✐❞✮ ♣❛+0✐0✐♦♥ ✈❛❧✉❡ ✇✐❧❧ ♦♥❧② ♣+♦♣♦-❡

♣❛+0✐0✐♦♥ +❡♣❛✐+- -✉❝❤ 0❤❛0 ❛❧❧ -♦✉+❝❡- ♦❢ 0❤❡ -❛♠❡ ❛✉0❤♦+✐0② ♥♦0✐❝❡ ❛+❡ ✐♥ 0❤❡ -❛♠❡

❝❧❛--✱ ❡✈❡♥ ✐❢ ✇❡ ❢♦+♠❛❧❧② ❝♦♥-✐❞❡+ ❛ -✐♥❣❧❡ -♦✉+❝❡ ❜② ❛♥ ❛✉0❤♦+✐0② ♥♦0✐❝❡✳

✻✳✶✳✷ $❛&'✐'✐♦♥ '&❛♥+❢♦&♠❛'✐♦♥+

▲❡0 ✉- ♣+❡-❡♥0 0❤❡ 0+❛♥-❢♦+♠❛0✐♦♥- ✇❡ ✉-❡ 0♦ ♠❛❦❡ ❛ ♣❛+0✐0✐♦♥ P ✐♥0♦ ❛ ♠♦❞✐✜❡❞ ♣❛+✲

0✐0✐♦♥✳ ❚❤❡+❡ ❛+❡ 0✇♦ 0②♣❡-✿ ❛0♦♠✐❝ 0+❛♥-❢♦+♠❛0✐♦♥- ✭❉❡✜♥✐0✐♦♥ ✷✽✮ ❛♥❞ ❝♦♠♣♦-❡❞

0+❛♥-❢♦+♠❛0✐♦♥- ✭❉❡✜♥✐0✐♦♥ ✷✾✮✳

❉❡✜♥✐%✐♦♥ ✷✽ ✭❛0♦♠✐❝ 0+❛♥-❢♦+♠❛0✐♦♥✮✳ ▲❡" P ❜❡ ❛ ♣❛&"✐"✐♦♥✳ ❆♥ ❛"♦♠✐❝ "&❛♥.❢♦&✲

♠❛"✐♦♥ ♦❢ P ✐.✿

❼ ❛ ♠❡"❣❡ ♦❢ ❝❧❛..❡.✿ "✇♦ ❝❧❛..❡. ci, cj ♦❢ P ❛&❡ &❡♣❧❛❝❡❞ ❜② ❛ .✐♥❣❧❡ ❝❧❛.. cij =
ci ∪ cj ✭❛ ♠❡&❣❡ &❡"✉&♥. ❛ ♥❡✇ ♣❛&"✐"✐♦♥ "❤❛" ✐. ❞❡♥♦"❡❞ merge(ci, cj, P )✮✱ ♦&

❼ ❛ ❞✐✈✐'✐♦♥ ♦❢ ❛ ❝❧❛..✿ ❛ ❝❧❛.. c ♦❢ P ✐. &❡♣❧❛❝❡❞ ❜② "✇♦ ♥❡✇ ❝❧❛..❡. ci, cj .✉❝❤
"❤❛" ci ∪ cj = c✱ ci ∩ cj = {} ❛♥❞ ci, cj 6= {} ✭❛ ❞✐✈✐.✐♦♥ &❡"✉&♥. ❛ ♥❡✇ ♣❛&"✐"✐♦♥

"❤❛" ✐. ❞❡♥♦"❡❞ division(ci, P )✮✳

❊①❛♠♣❧❡ ✹✻ ✭❆0♦♠✐❝ 0+❛♥-❢♦+♠❛0✐♦♥✮✳ ▲❡" P ❜❡ "❤❡ ♣❛&"✐"✐♦♥ {{a, b, c, d}, {e, f, g✱
h, i, j}}✳

❼ merge({a, b, c, d}, {e, f, g, h, i, j}, P ) = {{a, b, c, d, e, f, g, h, i, j}}✳

❼ division({a, b}, P ) = {{a, b}, {c, d}, {e, f, g, h, i, j}}✳

❉❡✜♥✐%✐♦♥ ✷✾ ✭❝♦♠♣♦-❡❞ 0+❛♥-❢♦+♠❛0✐♦♥✮✳ ▲❡" P ❜❡ ❛ ♣❛&"✐"✐♦♥✳ ❆ ❝♦♠♣♦.❡❞ "&❛♥.✲

❢♦&♠❛"✐♦♥ ♦❢ P ✐.✿

❼ ❛ "❡♣❧❛❝❡♠❡♥. ♦❢ ✈❡&"❡①❡. ❜❡"✇❡❡♥ "✇♦ ❝❧❛..❡.✿ ❧❡" ci, cj ❜❡ "✇♦ ❝❧❛..❡. ♦❢ P ✱
❛♥❞ c ⊂ ci✳ ci ❛♥❞ cj ❛&❡ &❡♣❧❛❝❡❞ ❜② ci − c ❛♥❞ cj ∪ c ✭❛ &❡♣❧❛❝❡♠❡♥" &❡"✉&♥.
❛ ♥❡✇ ♣❛&"✐"✐♦♥ "❤❛" ✐. ❞❡♥♦"❡❞ replacement(c, cj, P )✮❀

❼ ❛ ♥❡✇♣❧❛❝❡♠❡♥. ♦❢ ✈❡&"❡①❡. ❢&♦♠ "✇♦ ❝❧❛..❡.✿ ❧❡" ci, cj ❜❡ "✇♦ ❝❧❛..❡. ♦❢ P ✱
c′i ⊂ ci ❛♥❞ c′j ⊂ cj✳ ci ❛♥❞ cj ❛&❡ &❡♣❧❛❝❡❞ ❜② ci − c′i✱ &❡.♣❡❝"✐✈❡❧② cj − c′j

✹

❚❤❡ ✈❛❧✐❞✐(② ♦❢ ❛ ♣❛-(✐(✐♦♥ ✐/ ❞❡✜♥❡❞ ❉❡✜♥✐(✐♦♥ ✶✶ ♣❛❣❡ ✻✶✳ ❆ ♣❛-(✐(✐♦♥ ✇❤✐❝❤ ✐/ ♥♦( ✈❛❧✐❞

❝❛♥♥♦( ❜❡ ❛ ❜❡/( ♣❛-(✐(✐♦♥ ❛♥❞ ✐/ ♥♦( ❡✈❡♥ ❝♦♥/✐❞❡-❡❞ ❛/ ❛ /♦❧✉(✐♦♥ ♦❢ (❤❡ ❡♥(✐(② -❡/♦❧✉(✐♦♥ ♣-♦❜❧❡♠✳

■♥(✉✐(✐✈❡❧②✱ ✐( ✐/ ❛ ♣❛-(✐(✐♦♥ /✉❝❤ (❤❛( (❤❡-❡ ❛-❡ (✇♦ ♦❜❥❡❝(/ ✐♥ (❤❡ /❛♠❡ ❝❧❛// (❤❛( ❤❛✈❡ (♦ ❜❡ never

(♦❣❡(❤❡- ❛❝❝♦-❞✐♥❣ ❛ ❝-✐(❡-✐♦♥✱ ♦- ♦♥ (❤❡ ❝♦♥(-❛-② ✐♥ ❞✐/(✐♥❝( ❝❧❛//❡/ ❜✉( (❤❡② ❤❛✈❡ (♦ always ❜❡ ✐♥

(❤❡ /❛♠❡ ❝❧❛// ❛❝❝♦-❞✐♥❣ (♦ ❛ ❝-✐(❡-✐♦♥✳



✽✻ ❈❍❆#❚❊❘ ✻✳ ❘❊#❆■❘ ❆▲●❖❘■❚❍▼❙

❛♥❞ ck = c′i ∪ c′j ✭❛ ♥❡✇♣❧❛❝❡♠❡♥* +❡*✉+♥- ❛ ♥❡✇ ♣❛+*✐*✐♦♥ *❤❛* ✐- ❞❡♥♦*❡❞

newplacement(ck, P )✮✳

❆ +❡♣❧❛❝❡♠❡♥* ❝♦✉♥*- ❛- *✇♦ ❛*♦♠✐❝ *+❛♥-❢♦+♠❛*✐♦♥- ✭❛ ❞✐✈✐-✐♦♥ ❛♥❞ ❛ ♠❡+❣❡✮

❛♥❞ ❛ ♥❡✇♣❧❛❝❡♠❡♥* ❝♦✉♥*- ❛- *❤+❡❡ ❛*♦♠✐❝ *+❛♥-❢♦+♠❛*✐♦♥- ✭*✇♦ ❞✐✈✐-✐♦♥- ❛♥❞

❛ ♠❡+❣❡✮✳

❊①❛♠♣❧❡ ✹✼ ✭❈♦♠♣❧❡① *+❛♥.❢♦+♠❛*✐♦♥✮✳ ▲❡* P ❜❡ *❤❡ ♣❛+*✐*✐♦♥ {{a, b, c, d}, {e, f ✱
g, h, i, j}} ❞❡✜♥❡❞ ❊①❛♠♣❧❡ ✹✻✳

❼ replacement({c}, {e, f, g, h, i, j}, P ) = {{a, b, d}, {c, e, f, g, h, i, j}}✳

❼ newplacement({c, e}, P ) = {{a, b, d}, {c, e}, {f, g, h, i, j}}✳

❚❤❡ *+❛♥.❢♦+♠❛*✐♦♥. ✐♥ ❛ ♣❛+*✐*✐♦♥ ❝♦++❡.♣♦♥❞ *♦ ❧✐♥❦ ♠♦❞✐✜❝❛*✐♦♥. ✐♥ ❙✉❞♦❝✳

■♥*✉✐*✐✈❡❧②✱ ❛ ♠❡+❣❡ ❝♦++❡.♣♦♥❞. *♦ ❢✉.❡ *✇♦ ❛✉*❤♦+✐*② ♥♦*✐❝❡. ❛♥❞ *♦ ❧✐♥❦ *❤❡✐+

❜✐❜❧✐♦❣+❛♣❤② *♦ *❤❡ ♥❡✇ ❛✉*❤♦+✐*② ♥♦*✐❝❡✳ ❆ ❞✐✈✐.✐♦♥ ❝♦++❡.♣♦♥❞. *♦ ❝+❡❛*✐♥❣ ❛ ♥❡✇

❛✉*❤♦+✐*② ♥♦*✐❝❡ ❛♥❞ *♦ ❧✐♥❦✐♥❣ ✐* *♦ ❛ .❡* ♦❢ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦*✐❝❡. ♦+✐❣✐♥❛❧❧② ❧✐♥❦❡❞ *♦

❛ .❛♠❡ ❛✉*❤♦+✐*② ♥♦*✐❝❡✳ ❆ +❡♣❧❛❝❡♠❡♥* ❝♦++❡.♣♦♥❞. *♦ +❡❞✐+❡❝*✐♥❣ ❧✐♥❦. ❢+♦♠ .♦♠❡

❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦*✐❝❡. ✭♦+✐❣✐♥❛❧❧② ❧✐♥❦❡❞ *♦ *❤❡ .❛♠❡ ❛✉*❤♦+✐*② ♥♦*✐❝❡✮ *♦ ❛♥♦*❤❡+

❡①✐.*✐♥❣ ❛✉*❤♦+✐*② ♥♦*✐❝❡✳ ❆ ♥❡✇♣❧❛❝❡♠❡♥* ❝♦++❡.♣♦♥❞. *♦ +❡❞✐+❡❝*✐♥❣ ❧✐♥❦. ❢+♦♠

.♦♠❡ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦*✐❝❡. ✭♦+✐❣✐♥❛❧❧② ❧✐♥❦❡❞ *♦ *✇♦ ❞✐.*✐♥❝* ❛✉*❤♦+✐*② ♥♦*✐❝❡.✮ *♦ ❛

♥❡✇ ❛✉*❤♦+✐*② ♥♦*✐❝❡✳ ❚❤❡ *+❛♥.❢♦+♠❛*✐♦♥. ✐♥❞✐❝❛*❡ ✇❤✐❝❤ ❜✐❜❧✐♦❣+❛♣❤✐❝ ♥♦*✐❝❡. ❤❛✈❡

*♦ ❜❡ ❧✐♥❦❡❞ *♦ ✇❤✐❝❤ ❛✉*❤♦+✐*② ♥♦*✐❝❡.✱ ❜✉* ❞♦ ♥♦* ✐♥❞✐❝❛*❡ ❤♦✇ *♦ ❢✉.❡ *✇♦ ❛✉*❤♦+✐*②

♥♦*✐❝❡. ❛♥❞ *❤❡✐+ ❛**+✐❜✉*❡. ♦+ ✇✐*❤ ✇❤✐❝❤ ❛**+✐❜✉*❡. *♦ ❝+❡❛*❡ ❛ ♥❡✇ ❛✉*❤♦+✐*② ♥♦*✐❝❡

✇❤❡♥ ✐* ✐. ♥❡❝❡..❛+②✳

■♥ *❤✐. ❙❡❝*✐♦♥ ✇❡ ♣+❡.❡♥*❡❞ *❤❡ *+❛♥.❢♦+♠❛*✐♦♥. ♦❢ ♣❛+*✐*✐♦♥. ✉.❡❞ ❜② *❤❡ ♣+♦♣♦.❡❞

+❡♣❛✐+ ❛❧❣♦+✐*❤♠✳ ❊❛❝❤ *+❛♥.❢♦+♠❛*✐♦♥ ❛✐♠. *♦ +❡❞✉❝❡ *❤❡ ♥✉♠❜❡+ ♦❢ ❡❞❣❡. *❤❛* ❛+❡

✉♥.❛*✐.✜❡❞✱ ❜✉* ♥♦* ❥✉.* ❛♥② ♦❢ *❤❡♠✿ *❤❡ ✐♠♣♦+*❛♥* ♦♥❡. ❢♦+ ❛ ♣❛+*✐*✐♦♥ ❤❛✈✐♥❣ ❛

❝❤♦.❡♥ v ♣❛+*✐*✐♦♥ ✈❛❧✉❡✱ ✐✳❡✳ *❤❡ ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡.✳

✻✳✶✳✸ ❈%✉❝✐❛❧ ❛♥❞ ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡1

■♥*✉✐*✐✈❡❧②✱ ❛♥ ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡ ✭❉❡✜♥✐*✐♦♥ ✶✷✮ ❢♦+ ❛ ♣❛+*✐*✐♦♥ P ❛♥❞ ❛ ♣❛+*✐*✐♦♥

✈❛❧✉❡ v ✐. ❛♥ ❡❞❣❡ *❤❛* ✐. .❛*✐.✜❡❞ ❢♦+ ❛♥② ♣❛+*✐*✐♦♥ ✇✐*❤ v ❛. ♣❛+*✐*✐♦♥ ✈❛❧✉❡ ✭❝❛❧❧❡❞

❝+✉❝✐❛❧ ❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐*✐♦♥. ✸✵ ❛♥❞ ✸✶✮ ❜✉* ✐. ♥♦* .❛*✐.✜❡❞ ✐♥ P ✳ ❚❤♦.❡

✉♥❛❝❝❡♣*❡❞ ❡❞❣❡. ❛+❡ *❤❡ ❡❞❣❡. *❤❛* ❢♦+❜✐❞ P *♦ ❤❛✈❡ v ❛. ♣❛+*✐*✐♦♥ ✈❛❧✉❡✳

❉❡✜♥✐.✐♦♥ ✸✵ ✭❈+✉❝✐❛❧ ❡❞❣❡ ❢♦+ ❛ ❝+✐*❡+✐♦♥✮✳ ▲❡* GC ❜❡ ❛ ❝+✐*❡+✐♦♥ ❣+❛♣❤✱ v(P,C) =
(vp, vn)✱ *❤❡ ♣❛+*✐*✐♦♥ ✈❛❧✉❡

✺

♦❢ ❛ ♣❛+*✐*✐♦♥ P ♦♥ GC✱ ❛♥❞ x, y *✇♦ ✈❡+*❡①❡- ♦❢ GC✳

❆♥ ❡❞❣❡ (x, y) ✐- ❛ ❝+✉❝✐❛❧ ❡❞❣❡ ✐❢ C(x, y) = v -✉❝❤ *❤❛*✿

✺

❲❡ "❡❝❛❧❧ ♦✉"(❡❧✈❡( *❤❛* *❤❡ ✈❛❧✉❡ (vp, vn) ♦❢ ❛ ♣❛"*✐*✐♦♥ P ♦♥ ❛ ❝"✐*❡"✐♦♥ ❣"❛♣❤ GC ✭❞❡✜♥❡❞

✐♥ ❉❡✜♥✐*✐♦♥ ✶✹ ♣❛❣❡ ✻✹✮ ✐( (✉❝❤ *❤❛*✿

❼ vp ✐( *❤❡ ✇❡❛❦❡(* ❝❧♦(❡♥❡(( ♦" always ✈❛❧✉❡ (✉❝❤ *❤❛* *❤❡"❡ ✐( ♥♦ ✉♥(❛*✐(✜❡❞ ❡❞❣❡ ✐♥ GC

❛❝❝♦"❞✐♥❣ *♦ P ✭❛♥ ❡❞❣❡ (✉❝❤ *❤❛* ✐*( ✈❡"*❡①❡( ❛"❡ ✐♥ ❞✐(*✐♥❝* ❝❧❛((❡(✮ ❧❛❜❡❧❧❡❞ ❜② ❛ ✈❛❧✉❡
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❼ v ∈ V C
close∪{always} ❛♥❞ v ≥ vp ✭(x, y) ✐% %❛✐❞ ❛ ❝❧♦%❡♥❡%% ❝*✉❝✐❛❧ ❡❞❣❡ ❞❡♥♦-❡❞

❈❈❊✮✱ ♦*

❼ v ∈ V C
far ∪ {never} ❛♥❞ v ≤ vn ✭(x, y) ✐% %❛✐❞ ❛ ❢❛*♥❡%% ❝*✉❝✐❛❧ ❡❞❣❡ ❞❡♥♦-❡❞

❋❈❊✮✳

❚❤❡ %❡- ♦❢ ❛❧❧ ❝*✉❝✐❛❧ ❡❞❣❡% ♦❢ GC ❢♦* v(P,C) ✐% ❞❡♥♦-❡❞ crucialEdges(v(P,C), GC)
✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉%✐✈❡❧② ❞❡♥♦-❡❞ crucialEdges(v(P,C)) ✇❤❡♥ GC ✐% ♦❜✈✐♦✉%✮✳

❚❤❡ %❡- ♦❢ ❝❧♦%❡♥❡%% ❝*✉❝✐❛❧ ❡❞❣❡% ✐% ❞❡♥♦-❡❞ closeCrucialEdges(v(P,C), GC)
✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉%✐✈❡❧② ❞❡♥♦-❡❞ closeCrucialEdges(v(P,C)) ✇❤❡♥ GC ✐% ♦❜✈✐♦✉%✮✳

❚❤❡ %❡- ♦❢ ❢❛*♥❡%% ❝*✉❝✐❛❧ ❡❞❣❡% ✐% ❞❡♥♦-❡❞ farCrucialEdges(v(P,C), GC) ✭❛♥❞
❝❛♥ ❜❡ ❛❜✉%✐✈❡❧② ❞❡♥♦-❡❞ farCrucialEdges(v(P,C)) ✇❤❡♥ GC ✐% ♦❜✈✐♦✉%✮✳

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

✈❡-.❡①

0♦✉-❝❡

❡❞❣❡ ❧❛❜❡❧❧❡❞ ✰✰

❡❞❣❡ ❧❛❜❡❧❧❡❞ ✰

❡❞❣❡ ❧❛❜❡❧❧❡❞ ✕

❡❞❣❡ ❧❛❜❡❧❧❡❞ ✲

❋✐❣✉-❡ ✻✳✶✿ ❈-✐.❡-✐♦♥ ❣-❛♣❤ GC

❊①❛♠♣❧❡ ✹✽ ✭❈-✉❝✐❛❧ ❡❞❣❡ ❢♦- ❛ ❝-✐.❡-✐♦♥ ❣-❛♣❤✮✳ ▲❡- GC✱ ❜❡ -❤❡ ❝*✐-❡*✐♦♥ ❣*❛♣❤

*❡♣*❡%❡♥-❡❞ ♦♥ ❋✐❣✉*❡ ✻✳✶✱ ❛♥❞ v = (++,−)✱ ❛ ♣❛*-✐-✐♦♥ ✈❛❧✉❡✳

❼ closeCrucialEdges(v) = {(b, d), (d, c), (c, e), (f, g)} ❜❡❝❛✉%❡

✕ ++ ∈ V C
close ❛♥❞ C(b, d) = C(d, c) = C(c, e) = C(f, g) = ++✱ %♦ {(b, d)✱

(d, c)✱ (c, e)✱ (f, g)} ⊆ closeCrucialEdges(v)❀

✕ C(c, f) = +✱ + ∈ V C
close ❜✉- + < ++ %♦ C(b, d) 6∈ closeCrucialEdges(v)✳

❼ farCrucialEdges(v) = {(d, f)✱ (g, h)✱ (f, j)✱ (i, d)} ❜❡❝❛✉%❡

✕ C(d, f), C(g, h), C(f, j), C(i, d) ∈ V C
far ❛♥❞

✕ C(d, f), C(g, h), C(f, j), C(i, d) ≤ −

❼ crucialEdges(v) = farCrucialEdges(v) ∪ closeCrucialEdges(v) = {(b, d)✱
(d, c)✱ (c, e)✱ (f, g)✱ (d, f)✱ (g, h)✱ (f, j)✱ (i, d)}✳

❈*✉❝✐❛❧ ❡❞❣❡% ♦❢ GC ❢♦* -❤❡ ♣❛*-✐-✐♦♥ ✈❛❧✉❡ (++,−) ❛*❡ *❡♣*❡%❡♥-❡❞ ♦♥ ❋✐❣✉*❡ ✻✳✷✳
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

✈❡,-❡①

/♦✉,❝❡

❢❛,♥❡// ❝,✉❝✐❛❧ ❡❞❣❡

❝❧♦/❡♥❡// ❝,✉❝✐❛❧ ❡❞❣❡

❋✐❣✉,❡ ✻✳✷✿ ❈,✉❝✐❛❧ ❡❞❣❡/ ♦❢ GC ❢♦, -❤❡ ♣❛,-✐-✐♦♥ ✈❛❧✉❡ (++,−)

❉❡✜♥✐%✐♦♥ ✸✶ ✭❈,✉❝✐❛❧ ❡❞❣❡ ✐♥ ❛ ❣❡♥❡,❛❧ ❝❛/❡✮✳ ▲❡" GC ❜❡ ❛ ❝&✐"❡&✐❛ ❣&❛♣❤ ✱ ❛♥❞

v(P,C)✱ "❤❡ ♣❛&"✐"✐♦♥ ✈❛❧✉❡✻ ♦❢ ❛ ♣❛&"✐"✐♦♥ P ♦♥ GC✳ ▲❡" x, y ❜❡ "✇♦ ✈❡&"❡①❡6 ♦❢ GC✳

❆♥ ❡❞❣❡ (x, y) ✐6✿

❼ ❛ ❝&✉❝✐❛❧ ❡❞❣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∃C ∈ C|(x, y) ∈ crucialEdges(v(P,C), GC) ✭♣❧❡❛6❡
6❡❡ ❉❡✜♥✐"✐♦♥ ✸✵✮✳

❼ ❛ ❝❧♦6❡♥❡66 ❝&✉❝✐❛❧ ❡❞❣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∃C ∈ C|(x, y) ∈ closeCrucialEdges(v(P,C), GC)✳

❼ ❛ ❢❛&♥❡66 ❝&✉❝✐❛❧ ❡❞❣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∃C ∈ C|(x, y) ∈ farCrucialEdges(v(P,C), GC)✳

❚❤❡ 6❡" ♦❢ ❛❧❧ ❝&✉❝✐❛❧ ❡❞❣❡6 ♦❢ GC ❢♦& v(P,C) ✐6 ❞❡♥♦"❡❞ crucialEdges(v(P,C),GC)
✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉6✐✈❡❧② ❞❡♥♦"❡❞ crucialEdges(v(P,C)) ✇❤❡♥ GC ✐6 ♦❜✈✐♦✉6✮✳

❚❤❡ 6❡" ♦❢ ❝❧♦6❡♥❡66 ❝&✉❝✐❛❧ ❡❞❣❡6 ✐6 ❞❡♥♦"❡❞ closeCrucialEdges(v(P,C),GC)
✭❛♥❞ ❝❛♥ ❜❡ ❛❜✉6✐✈❡❧② ❞❡♥♦"❡❞ closeCrucialEdges(v(P,C)) ✇❤❡♥ GC ✐6 ♦❜✈✐♦✉6✮✳

❚❤❡ 6❡" ♦❢ ❢❛&♥❡66 ❝&✉❝✐❛❧ ❡❞❣❡6 ✐6 ❞❡♥♦"❡❞ farCrucialEdges(v(P,C),GC) ✭❛♥❞
❝❛♥ ❜❡ ❛❜✉6✐✈❡❧② ❞❡♥♦"❡❞ farCrucialEdges(v(P,C)) ✇❤❡♥ GC ✐6 ♦❜✈✐♦✉6✮✳

❉❡✜♥✐%✐♦♥ ✸✷ ✭❯♥❛❝❝❡♣-❡❞ ❡❞❣❡✮✳ ▲❡" P ✱ ❜❡ ❛ ♣❛&"✐"✐♦♥ ♦♥ ❛ ❝&✐"❡&✐♦♥ ❣&❛♣❤ GC✱

❛♥❞ v✱ "❤❡ ♣❛&"✐"✐♦♥ ✈❛❧✉❡ ♦❢ ❛ ♣❛&"✐"✐♦♥ ♦♥ GC✳ ❆♥ ❡❞❣❡ (x, y) ✐6 ✉♥❛❝❝❡♣"❡❞ ❢♦& P
✇✐"❤ &❡6♣❡❝" "♦ v ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❼ (x, y) ✐6 ❝&✉❝✐❛❧ ❢♦& "❤❡ ♣❛&"✐"✐♦♥ ✈❛❧✉❡ v ✭♣❧❡❛6❡ 6❡❡ ❉❡✜♥✐"✐♦♥ ✸✶✮✱ ❛♥❞

❼ (x, y) ✐6 ✉♥6❛"✐6✜❡❞ ❜② P ✭♣❧❡❛6❡ 6❡❡ ❉❡✜♥✐"✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮✳

❲❡ ✇✐❧❧ ❞❡♥♦"❡ unacceptedEdges(v, P ) "❤❡ 6❡" ♦❢ ✉♥❛❝❝❡♣"❡❞ ✭❝&✉❝✐❛❧✮ ❡❞❣❡6

❢♦& P ✇✐"❤ &❡6♣❡❝" "♦ ♣❛&"✐"✐♦♥ ✈❛❧✉❡ v❀ closeUnacceptedEdges(v, P ) "❤❡ 6❡" ♦❢

✉♥❛❝❝❡♣"❡❞ ❝❧♦6❡♥❡66 ✭❝&✉❝✐❛❧✮ ❡❞❣❡6 ❢♦& P ✇✐"❤ &❡6♣❡❝" "♦ ♣❛&"✐"✐♦♥ ✈❛❧✉❡ v❀ ❛♥❞

 !"♦♥❣❡" !❤❛♥ vp✳

❼ vn ✐ !❤❡ ✇❡❛❦❡ ! ❢❛"♥❡  ♦" never ✈❛❧✉❡  ✉❝❤ !❤❛! !❤❡"❡ ✐ ♥♦ ✉♥ ❛!✐ ✜❡❞ ❡❞❣❡ ✐♥ GC ❛❝❝♦"❞✐♥❣

!♦ P ✭❛♥ ❡❞❣❡  ✉❝❤ !❤❛! ❜♦!❤ ✈❡"!❡①❡ ❛"❡ ✐♥ !❤❡  ❛♠❡ ❝❧❛  ✮ ❧❛❜❡❧❧❡❞ ❜② ❛ ✈❛❧✉❡  !"♦♥❣❡"

!❤❛♥ vn✳

✻

❲❡ "❡❝❛❧❧ !❤❛! ✐♥ ❛ ❣❡♥❡"❛❧ ❝❛ ❡✱ !❤❡ ♣❛"!✐!✐♦♥ ✈❛❧✉❡ ♦❢ ❛ ♣❛"!✐!✐♦♥ P ♦♥ !❤❡ ❝"✐!❡"✐❛ ❣"❛♣❤ GC

✐ !❤❡  ❡! ♦❢ ♣❛"!✐!✐♦♥ ✈❛❧✉❡ ♦❢ P ♦♥ GC ❛❝❝♦"❞✐♥❣ !♦ ❡❛❝❤ ❝"✐!❡"✐♦♥ C ∈ C✳ =❧❡❛ ❡  ❡❡ ❉❡✜♥✐!✐♦♥

✶✻ ♣❛❣❡ ✻✻ ❢♦" ❢✉"!❤❡" ❞❡!❛✐❧ ✳
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farUnacceptedEdges(v, P )  ❤❡ #❡ ♦❢ ✉♥❛❝❝❡♣ ❡❞ ❢❛,♥❡## ✭❝,✉❝✐❛❧✮ ❡❞❣❡# ❢♦, P ✇✐ ❤

,❡#♣❡❝  ♦ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡ v✳

❊①❛♠♣❧❡ ✹✾ ✭❯♥❛❝❝❡♣)❡❞ ❡❞❣❡✮✳ ▲❡ GC✱ ❜❡  ❤❡ ❝,✐ ❡,✐♦♥ ❣,❛♣❤ ❛♥❞ v = (++,−)
 ❤❡ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡ ♦❢ ❊①❛♠♣❧❡ ✹✽✳ ▲❡ GC ❜❡  ❤❡ ❝,✐ ❡,✐❛ ❣,❛♣❤ #✉❝❤  ❤❛ C = {C}
❛♥❞ GC ✈❡, ❡①❡# ❛,❡ GC ✈❡, ❡①❡#✳ ❙♦✱ ❝,✉❝✐❛❧ ❡❞❣❡# ♦❢ GC ❛,❡ ❡①❛❝ ❧②  ❤❡ ❝,✉❝✐❛❧

❡❞❣❡# ♦❢ GC ❛❝❝♦,❞✐♥❣  ♦ ❉❡✜♥✐ ✐♦♥ ✸✶✱ ❛♥❞ ❛,❡ ,❡♣,❡#❡♥ ❡❞ ♦♥ ❋✐❣✉,❡ ✻✳✷✳

▲❡ ✉# ❞❡✜♥❡  ❤❡ ✐♥✐ ✐❛❧ ♣❛, ✐ ✐♦♥ P = {{a, b, c, d}, {e, f, g, h, j, i}} ♦♥ GC✱ ,❡♣✲

,❡#❡♥ ❡❞ ♦♥ ❋✐❣✉,❡ ✻✳✸ ✇✐ ❤  ❤❡ ❝,✉❝✐❛❧ ❡❞❣❡# ♦♥ GC✳ ❚❤❡ ❝,✉❝✐❛❧ ❡❞❣❡# ❢♦, v
✭crucialEdges(v) = {(b, d)✱ (d, c)✱ (c, e), (f, g)✱ (d, f)✱ (g, h)✱ (f, j)✱ (i, d)} ❛❝❝♦,❞✐♥❣

 ♦ ❊①❛♠♣❧❡ ✹✽✮ ✇❤✐❝❤ ❛,❡ ✉♥#❛ ✐#✜❡❞ ❜② P ❛,❡ ✉♥❛❝❝❡♣ ❡❞ ❜② P ✇✐ ❤ ,❡#♣❡❝  ♦ v✳
❙♦✱ unacceptedEdges(v, P ) = {(c, e), (g, h), (f, j)}✳ (c, e) ✐# ❛ ❝❧♦#❡♥❡## ✉♥❛❝❝❡♣ ❡❞

❡❞❣❡ ❛♥❞ (g, h)✱ (f, j) ❛,❡ ❢❛,♥❡## ✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡#✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ 45♦♣❡5)② ❛77❡5)7 )❤❛) ♣❛5)✐)✐♦♥7 ✇✐)❤ ♥♦ ✉♥❛❝❝❡♣)❡❞ ❡❞❣❡7 ❛❝❝♦5❞✲

✐♥❣ )♦ ❛ ♣❛5)✐)✐♦♥ ✈❛❧✉❡ v ❤❛✈❡ ❛ ♣❛5)✐)✐♦♥ ✈❛❧✉❡ ❜❡))❡5 ♦5 ❡<✉❛❧ )♦ v✳ ■♥)✉✐)✐✈❡❧②✱ ✐)
✐7 ❜❡❝❛✉7❡ ❛ ♣❛5)✐)✐♦♥ ✈❛❧✉❡ ❞❡♣❡♥❞7 ♦♥ )❤❡ ❡❞❣❡7 ✇✐)❤ )❤❡ ♠♦7) ✐♥)❡♥7❡ ❧❛❜❡❧ ✭❝♦♠✲

♣❛5✐7♦♥ ✈❛❧✉❡✮ ✇❤✐❝❤ ❛5❡ ✉♥7❛)✐7✜❡❞✳ ❘❡♠♦✈✐♥❣ )❤❡♠ ❛❧❧ ✐♠♣5♦✈❡7 )❤❡ ♣❛5)✐)✐♦♥

✈❛❧✉❡✳

*+♦♣❡+-② ✶ ✭4❛5)✐)✐♦♥7 ✇✐)❤ ♥♦ ✉♥❛❝❝❡♣)❡❞ ❡❞❣❡ ❛❝❝♦5❞✐♥❣ )♦ v✮✳ ▲❡ GC ❜❡ ❛

❝,✐ ❡,✐♦♥ ❣,❛♣❤✱ P ❛ ♣❛, ✐ ✐♦♥ ♦♥ GC ❛♥❞ v ❛ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡ ♦❢ GC✳ P ❤❛# ♥♦

✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡ ❛❝❝♦,❞✐♥❣  ♦ v✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ P ❤❛# ❛ ❧❡❛# v ❛# ❛ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡✱

♦, ❛ ❜❡  ❡, ♣❛, ✐ ✐♦♥ ✈❛❧✉❡✳

*+♦♦❢ ✶ ✭4❛5)✐)✐♦♥7 ✇✐)❤ ♥♦ ✉♥❛❝❝❡♣)❡❞ ❡❞❣❡ ❛❝❝♦5❞✐♥❣ )♦ v✮✳ ▲❡ ✉# ❝♦♥#✐❞❡, ❛

♣❛, ✐ ✐♦♥ P ♦♥ ❛ ❝,✐ ❡,✐❛ ❣,❛♣❤ GC ❛♥❞ ❛ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡ v ♦♥ GC✳ ▲❡ ✉# ❝♦♥#✐❞❡,

 ❤❡ #❡ ♦❢ ✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡ ♦❢ P ❛❝❝♦,❞✐♥❣  ♦ v✿ unacceptedEdges(v, P )✳
■❢  ❤❡,❡ ❛,❡ ✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡# ❢♦, P ❛❝❝♦,❞✐♥❣  ♦ v ✭unacceptedEdges(v, P ) 6= {}✮✱

 ❤❡♥  ❤❡,❡ ✐# ❛ ❧❡❛# ❛♥ ✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡ (x, y) ❛❝❝♦,❞✐♥❣  ♦ P ❛♥❞ v #✉❝❤  ❤❛ x ❛♥❞

y ❛,❡ GC ✈❡, ❡①❡#✳ ❆♥ ✉♥❛❝❝❡♣ ❡❞ ❡❞❣❡ ❝❛♥ ❜❡ ❛ ❝❧♦#❡♥❡## ♦, ❛ ❢❛,♥❡## ✉♥❛❝❝❡♣ ❡❞

❡❞❣❡✳

❼ ✐❢ (x, y) ✐# ❛ ❈❯❊✱  ❤❡♥✿

✕ x ❛♥❞ y ❛,❡ ✐♥ ❞✐# ✐♥❝ ❝❧❛##❡# ♦❢ P ✭class(x, P ) 6= class(y, P )✮✱ ❛♥❞

✕  ❤❡,❡ ✐# ❛ ❝,✐ ❡,✐♦♥ C ∈ C #✉❝❤  ❤❛ C(x, y) = v′p ✇✐ ❤ v′p ≥ vp✱  ❤❡ ✐♥ ❡,

✈❛❧✉❡ ♦❢ v ❛❝❝♦,❞✐♥❣  ♦ C✳

❯♥❢♦, ✉♥❛ ❡❧②✱  ❤✐# ♠❡❛♥#  ❤❛  ❤❡ ♣❛, ✐ ✐♦♥ ✈❛❧✉❡ ♦❢ P ❛❝❝♦,❞✐♥❣  ♦ C ✐#

v(P,C) = (v′p, vn) ❛  ❤❡ ❜❡# ✭✇✐ ❤ vn✱  ❤❡ ✐♥ ,❛ ✈❛❧✉❡ ♦❢ v ❛❝❝♦,❞✐♥❣  ♦ C✮✱

#♦ v(P,C) ❝❛♥♥♦ ❜❡ ❜❡  ❡,  ❤❛♥ ♦, ❡M✉❛❧  ♦ v ✐❢  ❤❡,❡ ❛,❡ ❝❧♦#❡♥❡## ✉♥❛❝❝❡♣ ❡❞

❡❞❣❡# ❢♦, P ❛❝❝♦,❞✐♥❣  ♦ v✳

❼ ✐❢ (x, y) ✐# ❛ ❋❯❊✱  ❤❡♥✿
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✕ x ❛♥❞ y ❛#❡ ✐♥ &❤❡ (❛♠❡ ❝❧❛(( ♦❢ P ✭class(x, P ) = class(y, P )✮✱ ❛♥❞

✕ &❤❡#❡ ✐( ❛ ❝#✐&❡#✐♦♥ C ∈ C (✉❝❤ &❤❛& C(x, y) = v′n ✇✐&❤ v′n ≥ vn✱ &❤❡ ✐♥&#❛

✈❛❧✉❡ ♦❢ v ❛❝❝♦#❞✐♥❣ &♦ C✳

❯♥❢♦#&✉♥❛&❡❧②✱ &❤✐( ♠❡❛♥( &❤❛& &❤❡ ♣❛#&✐&✐♦♥ ✈❛❧✉❡ ♦❢ P ❛❝❝♦#❞✐♥❣ &♦ C ✐(

v(P,C) = (vp, v
′
n) ❛& &❤❡ ❜❡(& ✭✇✐&❤ vp✱ &❤❡ ✐♥&❡# ✈❛❧✉❡ ♦❢ v ❛❝❝♦#❞✐♥❣ &♦ C✮✱

(♦ v(P,C) ❝❛♥♥♦& ❜❡ ❜❡&&❡# &❤❛♥ ♦# ❡:✉❛❧ &♦ v ✐❢ &❤❡#❡ ❛#❡ ❢❛#♥❡(( ✉♥❛❝❝❡♣&❡❞

❡❞❣❡( ❢♦# P ❛❝❝♦#❞✐♥❣ &♦ v✳

v(P,C) ❝❛♥♥♦& ❜❡ ❜❡&&❡# &❤❛♥ ♦# ❡:✉❛❧ &♦ v ✐❢ &❤❡#❡ ❛#❡ ✉♥❛❝❝❡♣&❡❞ ❡❞❣❡( ❢♦# P
❛❝❝♦#❞✐♥❣ &♦ v✳ ◆♦ ✉♥❛❝❝❡♣&❡❞ ❡❞❣❡( ❢♦# P ❛❝❝♦#❞✐♥❣ &♦ v ✐♠♣❧✐❡( &❤❛& v(P,C) ✐(

❜❡&&❡# &❤❛♥ ♦# ❡:✉❛❧ &♦ v ❜❡❝❛✉(❡ ♦❢ &❤❡ ✇❛② ✉♥❛❝❝❡♣&❡❞ ❡❞❣❡( ❛#❡ ❞❡✜♥❡❞✳

❆ #❡❢❡#❡♥❝❡ ♣❛#*✐*✐♦♥ Pref *❤❛* ❤❛. v ❛. ♣❛#*✐*✐♦♥ ✈❛❧✉❡ ✐. ❛ ♣❛#*✐*✐♦♥✱ *❤❛*✱ ❛.

❛♥② ♣❛#*✐*✐♦♥ ✇✐*❤ v ❛. ♣❛#*✐*✐♦♥ ✈❛❧✉❡✱ ❞♦❡. ♥♦* ❤❛✈❡ ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡. ❛❝❝♦#❞✐♥❣

*♦ v✳ ❯♥❛❝❝❡♣*❡❞ ❡❞❣❡. ❛#❡ ❝#✉❝✐❛❧ ✉♥.❛*✐.✜❡❞ ❡❞❣❡.❀ ❛. ❛ ❝♦♥.❡;✉❡♥❝❡✱ ❝#✉❝✐❛❧ ❡❞❣❡.

❛#❡ .❛*✐.✜❡❞✳ ❚❤✐. ✐♠♣❧✐❡. *❤❡ ❢♦❧❧♦✇✐♥❣ >#♦♣❡#*②✳

!"♦♣❡"&② ✷ ✭❈❈❊.✱ ❋❈❊. ❛♥❞ Pref ✮✳ ▲❡& v ❜❡ ❛ ❜❡(& ♣❛#&✐&✐♦♥ ✈❛❧✉❡ ♦♥ ❛ ❣#❛♣❤

GC✱ Pref = Pref(v,GC) &❤❡ ✉♥✐:✉❡ #❡❢❡#❡♥❝❡ ♣❛#&✐&✐♦♥ ♦♥ GC &❤❛& ❤❛( v ❛( ♣❛#&✐&✐♦♥

✈❛❧✉❡✱ ❛♥❞ (x, y) ❛ ❝#✉❝✐❛❧ ❡❞❣❡ ♦❢ GC ✇✐&❤ #❡(♣❡❝& &♦ &❤❡ v ✈❛❧✉❡✳

❼ ■❢ (x, y) ✐( ❛ ❝❧♦(❡♥❡(( ❝#✉❝✐❛❧ ❡❞❣❡✱ &❤❡♥ ✈❡#&❡①❡( x ❛♥❞ y ❛#❡ ✐♥ &❤❡ (❛♠❡ ❝❧❛((

♦❢ &❤❡ #❡❢❡#❡♥❝❡ ♣❛#&✐&✐♦♥ Pref ✿ class(x, Pref ) = class(y, Pref )✳

❼ ■❢ (x, y) ✐( ❛ ❢❛#♥❡(( ❝#✉❝✐❛❧ ❡❞❣❡✱ &❤❡♥ ✈❡#&❡①❡( x ❛♥❞ y ❛#❡ ✐♥ ❞✐(&✐♥❝& ❝❧❛((❡(

♦❢ &❤❡ #❡❢❡#❡♥❝❡ ♣❛#&✐&✐♦♥ Pref ✿ class(x, Pref ) 6= class(y, Pref )✳

!"♦♦❢ ✷ ✭❈❈❊.✱ ❋❈❊. ❛♥❞ Pref ✮✳ ▲❡& Pref ❜❡ &❤❡ #❡❢❡#❡♥❝❡ ♣❛#&✐&✐♦♥ ♦♥ ❛ ❝#✐&❡#✐❛

❣#❛♣❤ GC (✉❝❤ &❤❛& v(Pref ,C) = v✳ ❙✐♥❝❡ Pref ❤❛( v ❛( ♣❛#&✐&✐♦♥ ✈❛❧✉❡✱ &❤❡#❡ ❛#❡

♥♦ ❝#✉❝✐❛❧ ✉♥❛❝❝❡♣&❡❞ ❡❞❣❡( ✐♥ GC ❛❝❝♦#❞✐♥❣ &♦ P ❛♥❞ v ✭♣❧❡❛(❡ (❡❡ B#♦♣❡#&② ✶✮✱

✇❤✐❝❤ ♠❡❛♥( &❤❛& ❛❧❧ ❝#✉❝✐❛❧ ❡❞❣❡( ❛❝❝♦#❞✐♥❣ &♦ v ❛#❡ (❛&✐(✜❡❞ ❜② P ✭❛❝❝♦#❞✐♥❣ &♦ ✐♥

❉❡✜♥✐&✐♦♥ ✸✷✮✳ ❆ ❝#✉❝✐❛❧ ❡❞❣❡ (x, y) ❝❛♥ ❜❡ ❛ ❈❈❊ ♦# ❛ ❋❈❊✿

❼ ✐❢ (x, y) ✐( ❛ ❝❧♦(❡♥❡(( ❡❞❣❡✱ &❤❡♥ class(x, P ) = class(y, P ) ✭❛❝❝♦#❞✐♥❣ &♦ (❛&✲

✐(✜❡❞ ❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥❉❡✜♥✐&✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮❀

❼ ✐❢ (x, y) ✐( ❛ ❢❛#♥❡(( ❡❞❣❡✱ &❤❡♥ class(x, P ) 6= class(y, P ) ✭❛❝❝♦#❞✐♥❣ &♦ (❛&✐(✜❡❞

❡❞❣❡✱ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐&✐♦♥ ✶✷ ♣❛❣❡ ✻✷✮✳

❚❤❡ B#♦♣❡#&② ✷ ✐( ✈❡#✐✜❡❞✳

▲❡* GC ❜❡ ❛ ❝#✐*❡#✐❛ ❣#❛♣❤ ❛♥❞ v✱ *❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣❛#*✐*✐♦♥ ♦♥ GC✳ >❧❡❛.❡ ♥♦*❡

*❤❛* ✐❢ v ✐. ❛ ❜❡.* ♣♦..✐❜❧❡ ♣❛#*✐*✐♦♥ ✈❛❧✉❡ ♦♥ GC✱ ✐* ♠❡❛♥. *❤❛* *❤❡#❡ ✐. ❛* ❧❡❛.* ❛

♣❛#*✐*✐♦♥ ♦♥ GC ✇✐*❤ ♥♦ ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡. ✇✐*❤ #❡.♣❡❝* *♦ v✳ ❚❤♦.❡ ♣❛#*✐*✐♦♥. ❤❛✈❡
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛-.✐.✐♦♥ ❝❧❛22

✈❡-.❡①

2♦✉-❝❡

❢❛-♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❝❧♦2❡♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❢❛-♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❝❧♦2❡♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❋✐❣✉-❡ ✻✳✸✿ ❯♥❛❝❝❡♣.❡❞ ❡❞❣❡2 ❢♦- .❤❡ ♣❛-.✐.✐♦♥ P ♦♥ GC ✇✐.❤ -❡2♣❡❝. .♦ (++,−)

v ❛2 ♣❛-.✐.✐♦♥ ✈❛❧✉❡✳ ■♥ ♣❛-.✐❝✉❧❛-✱ .❤❡ -❡❢❡-❡♥❝❡ ♣❛-.✐.✐♦♥

✼

✇❤✐❝❤ ❤❛2 v ❛2 ♣❛-.✐.✐♦♥

✈❛❧✉❡ ❤❛2 ♥♦ ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡2 ✇✐.❤ -❡2♣❡❝. .♦ v✳
■♥ .❤✐2 ❙❡❝.✐♦♥✱ ✇❡ ❞❡.❛✐❧❡❞ ❝❡♥.-❛❧ ❝♦♥❝❡-♥2 ❢♦- ❛ ❣♦♦❞ -❡♣❛✐- ❛❧❣♦-✐.❤♠✿ ✐.

2❤♦✉❧❞ -❡.✉-♥ ❛ ♣❛-.✐.✐♦♥ ✇✐.❤ .❤❡ ❞❡2✐-❡❞ ♣❛-.✐.✐♦♥ ✈❛❧✉❡ ✭✐✳❡✳ ✇✐.❤♦✉. ✉♥❛❝❝❡♣.❡❞

❡❞❣❡2 ❛❝❝♦-❞✐♥❣ .♦ .❤✐2 ❞❡2✐-❡❞ ♣❛-.✐.✐♦♥ ✈❛❧✉❡✮✱ ❣♦ ❢-♦♠ .❤❡ ♦-✐❣✐♥❛❧ ♣❛-.✐.✐♦♥ .♦

.❤❡ -❡2✉❧.✐♥❣ ♣❛-.✐.✐♦♥ ✇✐.❤ .❤❡ ❧❡❛2. ♣♦22✐❜❧❡ ♥✉♠❜❡- ♦❢ ❛.♦♠✐❝ .-❛♥2❢♦-♠❛.✐♦♥2

❜❡.✇❡❡♥ .❤❡♠✱ ❛♥❞ .❛❦❡ ❝❛-❡ ♦❢ ♥♦. 2❡♣❛-❛.✐♥❣ ✈❡-.❡①❡2 ❢-♦♠ .❤❡✐- 2♦✉-❝❡2 ✇❤❡♥ ✐.

✐2 ❛✈♦✐❞❛❜❧❡✳

❋✐-2.✱ ✇❡ ✇✐❧❧ ♣-♦♣♦2❡ ❛ ♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ❢♦- -❡♣❛✐-2 ❜❛2❡❞ ♦♥❧② ♦♥ ❛.♦♠✐❝ -❡♣❛✐-2

✐♥ ❙❡❝.✐♦♥ ✻✳✷✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ♣-♦♣♦2❡ ❛♥ ✐♠♣-♦✈❡❞ ❛❧❣♦-✐.❤♠ ♦♥ ❙❡❝.✐♦♥ ✻✳✸ .❤❛.

✉2❡2 ❝♦♠♣♦2❡❞ .-❛♥2❢♦-♠❛.✐♦♥2 ✐♥ .❤❡ ❛✐♠ ♦❢ -❡✜♥✐♥❣ .❤❡ ✜-2. ♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ✐♥

2♦♠❡ ❝❛2❡2 ❜✉. .❤✐2 ✐♥❝-❡❛2❡2 .❤❡ ❝♦♠♣❧❡①✐.② ✭O(m ∗ n) .♦ O(m ∗ (m + n)) ✇✐.❤ n
✈❡-.❡①❡2 ❛♥❞ m ❡❞❣❡2✮✳ ■♥ ❙❡❝.✐♦♥ ✻✳✹✱ .❤❡ 2♦✉-❝❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ✇✐❧❧ ✜♥❛❧❧② .❛❦❡

❝❛-❡ ♦❢ .❤❡ 2♦✉-❝❡ ♥♦.✐♦♥✱ ✉♥❧✐❦❡ .❤❡ ♣-❡✈✐♦✉2 ❛❧❣♦-✐.❤♠✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝.✐♦♥ ✻✳✺✱ ✇❡

✇✐❧❧ ❛❞❞ ❛ ❧❛2. 2.❡♣ ✐♥ .❤❡ ❛❧❣♦-✐.❤♠ ✐♥ .❤❡ ❛✐♠ ♦❢ ❝♦--❡❝.✐♥❣ .❤❡ ❞✐✈✐2✐♦♥2 ♦❢ ❝❧❛22❡2

.❤❛. ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✇✐2❡-✳

✻✳✷ ◆❛✐✈❡ (❡♣❛✐( ❛❧❣♦(✐-❤♠

▲❡. P ❜❡ ❛ ♣❛-.✐.✐♦♥ ♦♥ ❛ ❝-✐.❡-✐♦♥ ❣-❛♣❤ GC✱ ❛♥❞ v ❛ ❜❡2. ♣♦22✐❜❧❡ ♣❛-.✐.✐♦♥ ✈❛❧✉❡

♦♥ GC✳ ■♥ .❤❡ -❡♠✐♥❞❡- ♦❢ .❤✐2 ❈❤❛♣.❡-✱ ✇❡ ✇✐❧❧ ♦♥❧② ❜❡ ✐♥.❡-❡2.❡❞ ✐♥ ❝-✉❝✐❛❧ ❡❞❣❡2✳

❲❡ ✇✐❧❧ ❞❡♥♦.❡ Pref(v,GC) .❤❡ ✭✉♥✐M✉❡✮ -❡❢❡-❡♥❝❡ ♣❛-.✐.✐♦♥ ♦♥ GC .❤❛. ❤❛2 v
❛2 ♣❛-.✐.✐♦♥ ✈❛❧✉❡✳

❚❤❡ ♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ✭❆❧❣♦-✐.❤♠ ✺✮ ✐2 ✐♥.✉✐.✐✈❡✳ ■. ❤❛2 .✇♦ 2.❡♣2✿ ✜-2.✱ ✇❡ ✇♦✉❧❞

❧✐❦❡ .♦ ❞✐✈✐❞❡ ❝❧❛22❡2 c ♦❢ P ✐♥ 2❡✈❡-❛❧ ❝❧❛22❡2 2✉❝❤ .❤❛. .❤❡-❡ ✇♦✉❧❞ ❜❡ ♥♦ ♠♦-❡

❢❛-♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡2✱ ❛♥❞ ♥♦ ♥❡✇ ❝❧♦2❡♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡2✳ ❙❡❝♦♥❞✱ ♦♥❝❡ ✐.

✐2 ❞♦♥❡✱ ✇❡ ♠❡-❣❡ ❝❧❛22❡2 ✐♥ .❤❡ ❛✐♠ ♦❢ ❤❛✈✐♥❣ ♥♦ ♠♦-❡ ❝❧♦2❡♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡2✱

❧✐❦❡ ✐♥ ❆❧❣♦-✐.❤♠ ✺✳ ❚❤❡ -❡2✉❧.✐♥❣ ♣❛-.✐.✐♦♥ ✐2 P ′
✳ ❆. .❤❡ ❜❡❣✐♥♥✐♥❣✱ P ′

✐2 ❛ ❝♦♣② ♦❢

✼

❲❡ "❡❝❛❧❧ &❤❛& ❛ "❡❢❡"❡♥❝❡ ♣❛"&✐&✐♦♥ &❤❛& ❤❛- v ❛- ♣❛"&✐&✐♦♥ ✈❛❧✉❡ ✐- &❤❡ ♠♦-& "❡✜♥❡❞ ♣❛"&✐&✐♦♥

✭❉❡✜♥✐&✐♦♥ ✶✽ ♣❛❣❡ ✻✽✮ ✇✐&❤ v ❛- ♣❛"&✐&✐♦♥ ✈❛❧✉❡✳ <❧❡❛-❡ -❡❡ ❉❡✜♥✐&✐♦♥ ✷✷ ♣❛❣❡ ✼✷ ❢♦" ❢✉"&❤❡"

❞❡&❛✐❧-✳
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P ✳ ❲❡ ♥♦'❡ '❤❛' '❤❡*❡ ✐, ❛' ❧❡❛,' ❛ ♣❛*'✐'✐♦♥ '❤❛' ❤❛, '❤❡ ❞❡,✐*❡❞ ♣❛*'✐'✐♦♥ ✈❛❧✉❡✿

Pref ✳

❉✐✈✐#✐♦♥ #&❡♣✿ ✭❧✐♥❡, ✷ '♦ ✹ ❢*♦♠ ❆❧❣♦*✐'❤♠ ✺✮✳ ❚❤✐, ,'❡♣ ❛✐♠, '♦ ❤❛✈❡ ♥♦ ♠♦*❡

❢❛*♥❡,, ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡✱ ❛♥❞ ♥♦ ♥❡✇ ❝❧♦,❡♥❡,, ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡ ✇✐'❤ *❡,♣❡❝' '♦

'❤❡ ✈❛❧✉❡ v ✐♥ '❤❡ ♣❛*'✐'✐♦♥ P ′
✳ ❲❡ ❝♦♥,✐❞❡* ❢❛*♥❡,, ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡, ✭❋❯❊✮ ♦❢

P ′
♦♥❡ ❜② ♦♥❡✳ ❋♦* ❡❛❝❤ ❋❯❊ (x, y)✱ '❤❡ ✈❡*'❡① x ✐, ♣✉' ✐♥ ❛ ♥❡✇ ♣❛*'✐'✐♦♥ ❝❧❛,,

class(x, P ′)✽ ❞✐,'✐♥❝' ♦❢ class(y, P ′)✳ ❇② ❞♦✐♥❣ '❤✐,✱ '❤❡ ❋❯❊ (x, y) ✐, ♥♦ ❧♦♥❣❡*

✉♥❛❝❝❡♣'❡❞ ❜❡❝❛✉,❡ x ❛♥❞ y ❛*❡ ✐♥ ❞✐,'✐♥❝' ❝❧❛,,❡, ♦❢ P ′
✳ ❍♦✇❡✈❡*✱ ❥✉,' ,❡♣❛*❛'✐♥❣ x

❢*♦♠ class(y, P ′)−{x} ❝♦✉❧❞ ❝*❡❛'❡ ♥❡✇ ❝❧♦,❡♥❡,, ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡, ✭❈❯❊✮ ✐❢ '❤❡*❡

✐, ❛ ❝❧♦,❡♥❡,, ❝*✉❝✐❛❧ ❡❞❣❡ ✭❈❈❊✮ (x, y′) ,✉❝❤ '❤❛' y′ ∈ class(y, P ′)✳ ■♥ ❢❛❝'✱ (x, y′)
✇❛,♥✬' ✉♥❛❝❝❡♣'❡❞ ✇❤❡♥ x ✇❛, ❛❧,♦ ✐♥ class(y, P ′)✳ ■♥ '❤❡ ❛✐♠ ♦❢ ♣*❡✈❡♥'✐♥❣ ♥❡✇

❈❯❊ ✐♥ P ′
✱ ❡❛❝❤ ✈❡*'❡① y′ ,✉❝❤ '❤❛' '❤❡*❡ ✐, ❛ ❈❈❊ (x′, y′) ✇✐'❤ x′ ∈ class(x, P ′)

❛♥❞ y′ ∈ class(y, P ′) ✐, ♣✉' ✐♥ ❝❧❛,, class(x, P ′) ✐♥,'❡❛❞ ♦❢ class(y, P ′) ✉♥'✐❧ '❤❡*❡

❛*❡ ♥♦ ♠♦*❡ ✈❡*'❡①❡, y′ ∈ class(y, P ′) ✇✐'❤ '❤✐, ♣*♦♣❡*'②✳ ❚❤♦,❡ y′ ✈❡*'❡①❡, ❛*❡ ❛❧❧

✐♥ '❤❡ ❝❧❛,, class(x, Pref ) ❜❡❝❛✉,❡ (x, y′) ✐, ❛ ❈❈❊ ❛♥❞ ✈❡*'❡①❡, ♦❢ ❛ ❈❈❊ ❛❝❝♦*❞✐♥❣

'♦ ♣❛*'✐'✐♦♥ ✈❛❧✉❡ v ❛*❡ ✐♥ '❤❡ ,❛♠❡ ❝❧❛,, ♦❢ Pref ✭K*♦♣❡*'② ✷✮✳ ❚❤✐, ✐♠♣❧✐❡, '❤❛'

class(x, P ′) ✐, ❛ ,✉❜,❡' ♦❢ class(x, Pref )✱ ✇❤✐❝❤ ❞♦❡, ♥♦' ❝♦♥'❛✐♥ ❢❛*♥❡,, ❝*✉❝✐❛❧ ❡❞❣❡,

✭❋❈❊✮ ✇✐'❤ *❡,♣❡❝' '♦ v ✭K*♦♣❡*'② ✷✮✱ ,♦ class(x, P ′) ❞♦❡, ♥♦' ❝♦♥'❛✐♥ ❢❛*♥❡,, ❝*✉❝✐❛❧

❡❞❣❡,✳ ❚❤✐, ❛❧❧♦✇, '❤❡ ✏❞✐✈✐,✐♦♥ ,'❡♣✑ ♦❢ '❤❡ ❛❧❣♦*✐'❤♠ '♦ ❡♥❞ ✇❤❡♥ ❛❧❧ ❋❯❊, ♦❢ P
❛*❡ '*❡❛'❡❞✳

❲❡ ❞❡♥♦'❡ around(x, P ′, Pref ) '❤❡ ✉♥✐♦♥ ♦❢ x '♦ '❤❡ y′ ✈❡*'❡①❡, ✇❤✐❝❤ ✇❛, ✐♥

'❤❡ ,❛♠❡ ❝❧❛,, ♦❢ x ✐♥ P ′
❛♥❞ ❛*❡ ✐♥ '❤❡ ,❛♠❡ ❝❧❛,, ♦❢ x ✐♥ ❛♥② ♣❛*'✐'✐♦♥ ✇✐'❤ v ❛,

♣❛*'✐'✐♦♥ ✈❛❧✉❡✳ ❚❤❡② ❛*❡ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐'✐♦♥ ✸✸✳

❖♥❝❡ ✐' ✐, ❞♦♥❡✱ '❤❡*❡ ❛*❡ ♥♦ ♠♦*❡ ❋❯❊, ✐♥ P ′
✱ ❛♥❞ ♥♦ ♥❡✇ ❈❯❊, ✐♥ P ′

✳ ❲❡

'❛❦❡ ❝❛*❡ ♦❢ ❈❯❊, ✐♥ P ′
✐♥ '❤❡ ♠❡*❣❡ ,'❡♣ ♦❢ '❤❡ ♥❛✐✈❡ *❡♣❛✐* ❛❧❣♦*✐'❤♠ ✭❆❧❣♦*✐'❤♠

✺✮✳

❚❤❡ '✇♦ ❢♦❧❧♦✇✐♥❣ K*♦♣❡*'✐❡, ✸ ❛♥❞ ✹ ❛*❡ ✉,❡❞ ✐♥ '❤❡ ❞✐✈✐,✐♦♥ ,'❡♣ ♦❢ ❆❧❣♦*✐'❤♠

✺✳

❚❤❡ K*♦♣❡*'② ✸ ❛,,❡*', '❤❛' ✈❡*'❡①❡, '❤❛' ❛*❡ ✐♥'♦ '❤❡ ,❛♠❡ ❝❧❛,, ♦❢ '❤❡ *❡❢❡*❡♥❝❡

♣❛*'✐'✐♦♥ ✇✐'❤ v ❛, ♣❛*'✐'✐♦♥ ✈❛❧✉❡ ❛*❡ ✐♥'♦ '❤❡ ,❛♠❡ ❝❧❛,, ♦❢ ❛♥② ♣❛*'✐'✐♦♥ '❤❛' ❤❛,

❛❧,♦ v ❛, ♣❛*'✐'✐♦♥ ✈❛❧✉❡✳ ■♥'✉✐'✐✈❡❧②✱ ✐' ✐, ❜❡❝❛✉,❡ '❤❡ *❡❢❡*❡♥❝❡ ♣❛*'✐'✐♦♥ '❤❛' ❤❛, v
❛, ♣❛*'✐'✐♦♥ ✈❛❧✉❡ ✐, '❤❡ ♠♦,' *❡✜♥❡❞ ♣❛*'✐'✐♦♥ ♦❢ '❤❡ ♣❛*'✐'✐♦♥, '❤❛' ,❤❛*❡ '❤❡ ,❛♠❡

♣❛*'✐'✐♦♥ ✈❛❧✉❡ v✳ ❚❤✐, ✐♠♣❧✐❡, '❤❛' ❝❧❛,,❡, ♦❢ '❤❡ *❡❢❡*❡♥❝❡ ♣❛*'✐'✐♦♥ ❛*❡ ❛❧✇❛②,

✐♥❝❧✉❞❡❞ ✐♥ '❤❡ ❝❧❛,,❡, ♦❢ ♣❛*'✐'✐♦♥, ✇✐'❤ '❤❡ ,❛♠❡ ♣❛*'✐'✐♦♥ ✈❛❧✉❡ v✳

*+♦♣❡+&② ✸ ✭❆❜♦✉' ✈❡*'❡①❡, ♦❢ ❛ ,❛♠❡ ♣❛*'✐'✐♦♥ *❡❢❡*❡♥❝❡ ❝❧❛,,✮✳ ▲❡" v ❜❡ ❛ ❜❡%"

♣❛'"✐"✐♦♥ ✈❛❧✉❡ ♦♥ ❛ ❣'❛♣❤ GC✱ Pref = Pref(v,GC)✱ "❤❡ ✉♥✐1✉❡ '❡❢❡'❡♥❝❡ ♣❛'"✐"✐♦♥
♦♥ GC "❤❛" ❤❛% v ❛% ♣❛'"✐"✐♦♥ ✈❛❧✉❡✱ ❛♥❞ x✱ y✱ "✇♦ ✈❡'"❡①❡% %✉❝❤ "❤❛" "❤❡② ❛'❡ ✐♥ "❤❡

✽

❲❡ "❡♠✐♥❞ ♦✉")❡❧✈❡) ,❤❛, ,❤❡ ♣❛",✐,✐♦♥ P ❝❧❛)) ,❤❛, ❝♦♥,❛✐♥) x ✐) ❞❡♥♦,❡❞ class(x, P )✱ ❛)
❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐,✐♦♥ ✻ ♣❛❣❡ ✺✽✳



✻✳✷✳ ◆❆■❱❊ ❘❊)❆■❘ ❆▲●❖❘■❚❍▼ ✾✸

 ❛♠❡ ❝❧❛  ♦❢ Pref ✭class(x, Pref ) = class(y, Pref )✮✳ ❚❤❡♥ ✐♥ ❛♥② ♣❛12✐2✐♦♥ ♦♥ GC

2❤❛2 ❤❛ v ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡✱ x ❛♥❞ y ❛1❡ ✐♥ 2❤❡  ❛♠❡ ❝❧❛  ✳

 !♦♦❢ ✸ ✭❆❜♦✉' ✈❡*'❡①❡, ♦❢ ❛ ,❛♠❡ ♣❛*'✐'✐♦♥ *❡❢❡*❡♥❝❡ ❝❧❛,,✮✳ ▲❡2 GC ❜❡ ❛ ❝1✐2❡1✐❛

❣1❛♣❤✱ v✱ ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡ ♦♥ GC ❛♥❞ Pref ✱ 2❤❡ 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥ ♦♥ GC  ✉❝❤ 2❤❛2

v(Pref ,GC) = v✳
❇② ❞❡✜♥✐2✐♦♥✱ ❛ 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥ ✐ 2❤❡ ♠♦ 2 1❡✜♥❡❞ ♣❛12✐2✐♦♥ ✇✐2❤ ✐2 ♣❛12✐2✐♦♥

✈❛❧✉❡ ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡ ✭♣❧❡❛ ❡  ❡❡ ❉❡✜♥✐2✐♦♥ ✷✷ ♣❛❣❡ ✼✷✮✱  ♦ Pref ✐ 2❤❡ ♠♦ 2 1❡✜♥❡❞

♣❛12✐2✐♦♥ ♦♥ GC 2❤❛2 ❤❛ v ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡✳

▲❡2 P ❜❡ ❛ ♣❛12✐2✐♦♥ ♦♥ GC  ✉❝❤ 2❤❛2 v(P,C) = v ❛♥❞ x✱ y 2✇♦ ✈❡12❡①❡ ♦❢ GC

 ✉❝❤ 2❤❛2 2❤❡② ❛1❡ ✐♥ 2❤❡  ❛♠❡ ❝❧❛  ♦❢ P ❜✉2 ♥♦2 ✐♥ 2❤❡  ❛♠❡ ❝❧❛  ♦❢ Pref ✳

❚❤✐ ✐♠♣❧✐❡ 2❤❛2 Pref ✐ ♥♦2 ♠♦1❡ 1❡✜♥❡❞ 2❤❛♥ P ✱  ♦ Pref ✐ ♥♦2 2❤❡ ♠♦ 2 1❡✜♥❡❞

♣❛12✐2✐♦♥ ♦♥ GC ✇✐2❤ v ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡✿ Pref ✐ ♥♦2 ❛ 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥✱ ♦1 P ❤❛ 

♥♦2 v ❛ ♣❛12✐2✐♦♥ ✈❛❧✉❡✳

❆ ❛ ❝♦♥ ❡C✉❡♥❝❡✱ 2❤❡ D1♦♣❡12② ✸ ✐ ✈❡1✐✜❡❞✳

❚❤❡ 8*♦♣❡*'② ✹ ❛❧❧♦✇, ✉, '♦ ❞✐✈✐❞❡ '❤❡ ❝❧❛,,❡, ♦❢ ❛ ♣❛*'✐'✐♦♥ P ✇✐'❤♦✉' ❝*❡❛'✐♥❣

♥❡✇ ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡, ✇✐'❤ *❡,♣❡❝' '♦ ❛ ♣❛*'✐'✐♦♥ ✈❛❧✉❡ v ✐♥ '❤❡ *❡,✉❧'❡❞ ♣❛*'✐'✐♦♥✳

■' ✐, ✐♥'✉✐'✐✈❡❧② ❜❛,❡❞ ♦♥ '❤❡ ✐❞❡❛ '❤❛' ❞✐✈✐❞✐♥❣ ❛ ❝❧❛,, ♦❢ P ✇✐'❤♦✉' ,❡♣❛*❛'✐♥❣ '❤❡

✈❡*'❡①❡, ♦❢ ❛ ,❛♠❡ ❝❧❛,, ✐♥ '❤❡ *❡❢❡*❡♥❝❡ ♣❛*'✐'✐♦♥ Pref ✇❤✐❝❤ ❤❛, v ❛, ♣❛*'✐'✐♦♥ ✈❛❧✉❡

❝❛♥♥♦' ❛❞❞ ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡, ✐♥ '❤❡ *❡,✉❧'❡❞ ♣❛*'✐'✐♦♥ P ′
❜❡❝❛✉,❡✿

❼ ❙❡♣❛*❛'❡ ✈❡*'❡①❡, ❝❛♥♥♦' ❝*❡❛'❡ ❋❯❊,✱ ❜❡❝❛✉,❡ ❛ ❋❯❊ ✐, ❛ ❋❈❊ ,✉❝❤ '❤❛' ✐',

✈❡*'❡①❡, ❛*❡ ❜♦'❤ ✐♥,✐❞❡ '❤❡ ,❛♠❡ ❝❧❛,,✳

❼ ❋♦* ❡❛❝❤ ❈❈❊✱ ✐', ✈❡*'❡①❡, ❛*❡ ✐♥ '❤❡ ,❛♠❡ ❝❧❛,, ♦❢ '❤❡ *❡❢❡*❡♥❝❡ ♣❛*'✐'✐♦♥✱ ,♦

❞✐✈✐❞✐♥❣ ❛ ❝❧❛,, ♦❢ P ✇✐'❤♦✉' ,❡♣❛*❛'✐♥❣ '❤❡ ✈❡*'❡①❡, ♦❢ ❛ ❝❧❛,, ♦❢ Pref ❝❛♥♥♦'

❛❞❞ ❈❯❊,✳

❚❤❡ 8*♦♣❡*'② ✹ ✉,❡, '❤❡ ❢♦❧❧♦✇✐♥❣ ❉❡✜♥✐'✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡, ✇❤✐❝❤ ✈❡*'❡①❡, ❤❛✈❡

'♦ ,'❛② '♦❣❡'❤❡* ❞✉*✐♥❣ '❤❡ ❞✐✈✐,✐♦♥ ♦❢ ❛ ♣❛*'✐'✐♦♥ ❝❧❛,,✳

❉❡✜♥✐+✐♦♥ ✸✸ ✭❚❤❡ ,♠❛❧❧❡,' ,✉❜,❡' ❛*♦✉♥❞ ❛ ✈❡*'❡①✮✳ ▲❡2 P ❜❡ ❛ ♣❛12✐2✐♦♥ ♦♥ ❣1❛♣❤

GC✱ x ❛ ✈❡12❡① ♦❢ GC ❛♥❞ Pref ❛ ❜❡ 2 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥ ✈❛❧✉❡  ✉❝❤ 2❤❛2 v(Pref ,GC) =
v✳ ❚❤❡  ♠❛❧❧❡ 2  ✉❜ ❡2 ❛1♦✉♥❞ x ✐♥ P ❛❝❝♦1❞✐♥❣ 2♦ v ✐ class(x, P ) ∩ class(x, Pref )
❛♥❞ ✐ ❞❡♥♦2❡❞ around(x, P, Pref )✳

 !♦♣❡!+② ✹ ✭❉✐✈✐,✐♦♥ ✇✐'❤ ❛ ,♠❛❧❧❡,' ,✉❜,❡' ❛*♦✉♥❞ ①✮✳ ▲❡2 P ❜❡ ❛ ♣❛12✐2✐♦♥ ♦♥

❣1❛♣❤ GC✱ x ❛ ✈❡12❡① ♦❢ GC ❛♥❞ Pref ❛ ❜❡ 2 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥ ✈❛❧✉❡  ✉❝❤ 2❤❛2

v(Pref ,GC) = v✳ ❊✈❡1② ✉♥❛❝❝❡♣2❡❞ ❡❞❣❡ (y, w) ✐♥ division(around(x, P, Pref ), P )
✇✐2❤ 1❡ ♣❡❝2 2♦ v ✐ ❛❧ ♦ ✉♥❛❝❝❡♣2❡❞ ✐♥ P ✇✐2❤ 1❡ ♣❡❝2 2♦ v ♣❛12✐2✐♦♥ ✈❛❧✉❡✳

 !♦♦❢ ✹ ✭❉✐✈✐,✐♦♥ ✇✐'❤ ❛ ,♠❛❧❧❡,' ,✉❜,❡' ❛*♦✉♥❞ ①✮✳ ▲❡2 P ❜❡ ❛ ♣❛12✐2✐♦♥ ♦♥ ❣1❛♣❤

GC✱ x ❛ ✈❡12❡① ♦❢ GC ❛♥❞ Pref ❛ ❜❡ 2 1❡❢❡1❡♥❝❡ ♣❛12✐2✐♦♥ ✈❛❧✉❡  ✉❝❤ 2❤❛2 v(Pref ,GC) =
v✱ cx 2❤❡ ❝❧❛  ♦❢ P ❝♦♥2❛✐♥✐♥❣ x ✭cx = class(x, P )✮ ❛♥❞ c′x 2❤❡  ♠❛❧❧❡ 2  ✉❜ ❡2 ❛1♦✉♥❞

x ♦❢ P ❞❡♥♦2❡❞ c′x = around(x, P, Pref ) ✭❉❡✜♥✐2✐♦♥ ✸✸✮✳



✾✹ ❈❍❆#❚❊❘ ✻✳ ❘❊#❆■❘ ❆▲●❖❘■❚❍▼❙

▲❡" P ′
❜❡ "❤❡ ♣❛'"✐"✐♦♥ +✉❝❤ "❤❛" P ′ = division(around(x, P, Pref ), P )✳ ❚❤❡ ❝❧❛++

cx ♦❢ P ❤❛+ ❜❡❡♥ '❡♣❧❛❝❡❞ ✐♥ P ′
❜② ❝❧❛++❡+ c′x ❛♥❞ cx−c′x +✉❝❤ "❤❛" cx = c′x∪ (cx−c′x)✳

❙♦✱ ✐❢ ❛ ❝'✉❝✐❛❧ ❡❞❣❡ ❛❝❝♦'❞✐♥❣ "♦ v ❞❡♥♦"❡❞ (y, z) ✐+ ✉♥❛❝❝❡♣"❡❞ ✐♥ P ′
❜✉" ♥♦" ✐♥ P ✱

"❤✐+ ❡❞❣❡ ♠✉+" ❜❡✿

✶✳ ❛ ❝❧♦+❡♥❡++ ❝'✉❝✐❛❧ ❡❞❣❡ ❛♥❞ ♥♦" ❛ ❢❛'♥❡++ ❝'✉❝✐❛❧ ❡❞❣❡ ✭"❤❡'❡ ❛'❡ ♥♦ "✇♦ ✈❡'✲

"❡①❡+ i✱j +✉❝❤ "❤❛" class(i, P )! = class(j, P ) ❜✉" ♥♦" class(i, P ′) = class(j, P ′)❀

✷✳ +✉❝❤ "❤❛" y ∈ c′x ❛♥❞ z ∈ cx − c′x ✭♦' z ∈ c′x ❛♥❞ y ∈ cx − c′x✿ ✇❡ ✇✐❧❧ ❢♦❝✉+ ♦♥
"❤❡ ✜'+" ❝❛+❡ ♦♥❧②✱ ❜❡❝❛✉+❡ "❤❡ +❡❝♦♥❞ ♦♥❡ ✐+ +②♠♠❡"'✐❝✮✳

■❢ ✭z, y✮ ✐+ ❛ ❝❧♦+❡♥❡++ ❝'✉❝✐❛❧ ❡❞❣❡ ❛❝❝♦'❞✐♥❣ "♦ v ♣❛'"✐"✐♦♥ ✈❛❧✉❡✱ "❤❡♥ class(z, Pref ) =
class(y, Pref ) ✭D'♦♣❡'"② ✷✮✳ ■❢ y ∈ c′x ❛♥❞ z ∈ cx − c′x✱ "❤❡♥ z, y ∈ cx ❜❡❝❛✉+❡

cx = c′x ∪ (cx − c′x)✳ y ∈ cx ✐♠♣❧✐❡+ y ∈ class(x, Pref ) ❜❡❝❛✉+❡ y ∈ c′x ❛♥❞ c′x =
around(x, P, Pref ) = class(x, P ) ∩ class(x, Pref )✳

❍♦✇❡✈❡'✱ z ∈ cx−c′x ✐♠♣❧✐❡+ z 6∈ class(x, Pref ) ❜❡❝❛✉+❡ cx−c′x = cx−(class(x, P )∩
class(x, Pref ))✱ +♦ cx − c′x = cx − (cx ∩ class(x, Pref )) ❛♥❞ z ∈ cx✳

❇② ❞❡✜♥✐"✐♦♥✱ "❤❡'❡ ❛'❡ ♥♦ ✈❡'"❡①❡+ ✐♥ "✇♦ ❞✐+"✐♥❝" ❝❧❛++❡+ ♦❢ ❛ +❛♠❡ ♣❛'"✐✲

"✐♦♥✳ ❍♦✇❡✈❡'✱ y ∈ class(x, Pref ) ❛♥❞ z 6∈ class(x, Pref ) ❜✉" class(z, Pref ) =
class(y, Pref )✱ ✇❤✐❝❤ ✐+ ✐♠♣♦++✐❜❧❡ ❛❝❝♦'❞✐♥❣ "♦ ❝❧❛++❡+✬ ❞❡✜♥✐"✐♦♥✳ ❈♦♥+✐❞❡'✐♥❣ "❤❛"
D'♦♣❡'"② ✹ ✐+ ♥♦" "'✉❡ ✐♠♣❧✐❡+ ❛ ♥♦♥✲+❡♥+❡✱ +♦✱ D'♦♣❡'"② ✹ ✐+ "'✉❡ ❛♥❞ ❡✈❡'② ✉♥❛❝✲

❝❡♣"❡❞ ❡❞❣❡ (y, w) ✐♥ division(around(x, P, Pref ), P ) ✐+ ❛❧+♦ ✉♥❛❝❝❡♣"❡❞ ✐♥ P ❛❝❝♦'❞✲

✐♥❣ "♦ "❤❡ v ♣❛'"✐"✐♦♥ ✈❛❧✉❡✳

▼❡"❣❡ $%❡♣✿ ❚❤❡ ♥❛✐✈❡ ✇❛② +♦ +❛❦❡ ❝❛/❡ ♦❢ ❈❯❊4 ✐♥ P ′
✐4 +♦ +❛❦❡ ❡❛❝❤ ❈❯❊

(x, y) ♦♥❡ ❜② ♦♥❡✱ ❛♥❞✱ ❢♦/ ❡❛❝❤ ♦❢ +❤❡♠✱ ♠❡/❣❡ class(x, P ′) ❛♥❞ class(y, P ′) ✐♥+♦

♦♥❡ ✉♥✐;✉❡ ❝❧❛44✳ ❆4 ✇❡ ✇✐❧❧ 4❡❡ ✐♥ ❊①❛♠♣❧❡ ✺✵✱ +❤❛+ ❝♦✉❧❞ ❜❡ ✉4❡❢✉❧ ❢♦/ ❣✐✈✐♥❣ ❛

♣❛/+✐+✐♦♥ +❤❛+ ❤❛4 v ❛4 ♣❛/+✐+✐♦♥ ✈❛❧✉❡ ❜✉+ +❤❛+ ❝❛♥ ❛❧4♦ ❛❞❞ ❢❛/♥❡44 ✉♥❛❝❝❡♣+❡❞

❡❞❣❡4 ✐♥+♦ +❤❡ /❡4✉❧+✐♥❣ ♣❛/+✐+✐♦♥✱ ❛4 4❤♦✇♥ ✐♥ ❊①❛♠♣❧❡ ✺✶✳

❊①❛♠♣❧❡ ✺✵ ✭◆❛✐✈❡ ❛❧❣♦/✐+❤♠✮✳ ▲❡" ✉+ "❛❦❡ "❤❡ ❝'✉❝✐❛❧ ❡❞❣❡+ ♦❢ "❤❡ ❣'❛♣❤ GC ✇✐"❤

'❡+♣❡❝" "♦ ♣❛'"✐"✐♦♥ ✈❛❧✉❡ v = (++,−) ❞❡+❝'✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✽✳ ▲❡" ✉+ ❞❡✜♥❡ "❤❡

♣❛'"✐"✐♦♥ Pa ♦♥ GC +✉❝❤ "❤❛" Pa = {{a, c, e, h}✱ {b, d}✱ {i, j, f, g}} ❛♥❞ '❡♣'❡+❡♥"❡❞
♦♥ ❋✐❣✉'❡ ❛✮ ✻✳✹ ✇✐"❤ ✐"+ ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡+ ✇✐"❤ '❡+♣❡❝" "♦ v✳

▲❡" "❤❡ ♣❛'"✐"✐♦♥ P ′
a ❜❡ ❛♥ ❡①❛❝" ❝♦♣② ♦❢ Pa✱ ❛♥❞ Pref = {{a}✱ {b, c, d, e}✱ {f, g}✱

{h}✱ {i}✱ {j}} ❜❡ "❤❡ ♦♥❧② '❡❢❡'❡♥❝❡ ♣❛'"✐"✐♦♥ +✉❝❤ "❤❛" v(Pref ,GC) = v✳ ❚❤❡ ✜'+"
+"❡♣ ♦❢ ❆❧❣♦'✐"❤♠ ✺ ✐+ "♦ ✐❞❡♥"✐❢② ❋❯❊ ✭❤❡'❡✱ (j, f)✮✳ ❚❤❡ ❛❧❣♦'✐"❤♠ "❛❦❡+ ❝❛'❡ ♦❢

(j, f) ❛♥❞ ♣✉"+ j ✐♥ ❛ ♥❡✇ ❝❧❛++ ✇✐"❤ ❛❧❧ "❤❡ ♦"❤❡' ✈❡'"❡①❡+ ❜❡❧♦♥❣✐♥❣ "♦ "❤❡ +❛♠❡

❝❧❛++ ♦❢ Pref ❛♥❞ "♦ class(f, P ′
a)✿ "❤❡ ♥❡✇ ❝❧❛++ ♦❢ j ✐+ {j}✱ ❛♥❞ "❤❡ ♥❡✇ ♣❛'"✐"✐♦♥

P ′
a ❛❢"❡' division({j}, P

′
a) ✐+ P

′
a = {{a, c, e, h}✱ {b, d}✱ {i, j, g}✱ {j}}✱ '❡♣'❡+❡♥"❡❞ ♦♥

❋✐❣✉'❡ ❜✮ ✻✳✹✳

❚❤❡'❡ ❛'❡ ♥♦ ♠♦'❡ ❋❯❊ ✐♥ P ′
✳

❚❤❡ +❡❝♦♥❞ +"❡♣ ✐+ "♦ ♠❡'❣❡ ❝❧❛++❡+ ♦❢ ✈❡'"❡①❡+ ♦❢ ❛ +❛♠❡ ❝❧♦+❡♥❡++ ✉♥❛❝❝❡♣"❡❞

❡❞❣❡✳ ❚❤❡'❡ ✐+ ❛ +✐♥❣❧❡ ❈❯❊✿ (c, d)✳ class(c, P ′
a) = {a, c, e, h} ❛♥❞ class(d, P ′

a) =



✻✳✷✳ ◆❆■❱❊ ❘❊)❆■❘ ❆▲●❖❘■❚❍▼ ✾✺

❆❧❣♦$✐&❤♠ ✺ ♥❛✐✈❡❘❡♣❛✐)❆❧❣♦)✐.❤♠

❘❡,✉✐$❡✿ GC = (V,E)✱ ❛ ❝)✐.❡)✐❛ ❣)❛♣❤❀

v✱ ❛ ♣♦44✐❜❧❡ ♣❛).✐.✐♦♥ ✈❛❧✉❡ ♦♥ GC❀

P ✱ ❛ ♣❛).✐.✐♦♥ ♦♥ GC❀

Pref ✱ .❤❡ )❡❢❡)❡♥❝❡ ♣❛).✐.✐♦♥ ♦♥ GC 4✉❝❤ .❤❛. v(Pref ,GC) = v❀
❊♥1✉$❡✿ ❛ ♣❛).✐.✐♦♥ P ′

.❤❛. ❤❛4 v ❛4 ♣❛).✐.✐♦♥ ✈❛❧✉❡ ✭♦) ❛ ❜❡..❡) ♦♥❡✮

✶✿ :❛).✐.✐♦♥ P ′ = copy(P )❀
✷✿ ✇❤✐❧❡ ∃(x, y)✱ ❛ ❢❛)♥❡44 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡ ♦❢ P ′

❢♦) v ❞♦
✸✿ P ′ = division(around(x, P ′, Pref ), P

′)❀
✹✿ ❡♥❞ ✇❤✐❧❡

✺✿ ✇❤✐❧❡ ∃(x, y)✱ ❛ ❝❧♦4❡♥❡44 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡ ♦❢ P ′
❢♦) v ❞♦

✻✿ P ′ = merge(class(x, P ′), class(y, P ′), P ′)❀
✼✿ ❡♥❞ ✇❤✐❧❡

✽✿ $❡&✉$♥ P ′
❀

{b, d}✱ !♦ #❤❡ ♥❡✇ ❛♥❞ ✜♥❛❧ P ′
a ♣❛-#✐#✐♦♥✱ -❡♣-❡!❡♥#❡❞ ♦♥ ❋✐❣✉-❡ ❝✮ ✻✳✹ ✐! {{a, c, e, h, b, d}✱

{i, f, g}✱ {j}}✳ ❚❤✐! ♣❛-#✐#✐♦♥ ❤❛! ♥♦ ♠♦-❡ ✉♥❛❝❝❡♣#❡❞ ❡❞❣❡! ❛♥❞ ❤❛! v = (++,−)
❛! ♣❛-#✐#✐♦♥ ✈❛❧✉❡✳

❊①❛♠♣❧❡ ✺✶ ✭❈♦✉♥.❡) ❡①❛♠♣❧❡ ❢♦) ♥❛✐✈❡ ❛❧❣♦)✐.❤♠✮✳ ▲❡# ✉! #❛❦❡ #❤❡ ✉♥❛❝❝❡♣#❡❞

❡❞❣❡! ♦❢ #❤❡ ❣-❛♣❤ GC ✇✐#❤ -❡!♣❡❝# #♦ ♣❛-#✐#✐♦♥ ✈❛❧✉❡ v ❢♦- #❤❡ ♣❛-#✐#✐♦♥ P ❞❡!❝-✐❜❡❞

✐♥ ❊①❛♠♣❧❡ ✹✾ ❛♥❞ -❡♣-❡!❡♥#❡❞ ♦♥ ❋✐❣✉-❡ ✻✳✸✳

▲❡# #❤❡ ♣❛-#✐#✐♦♥ P ′
❜❡ ❛♥ ❡①❛❝# ❝♦♣② ♦❢ P ✱ ❛♥❞ Pref = {{a}, {b, c, d, e}, {f, g}, {h}✱

{i}, {j}} ❜❡ #❤❡ ♦♥❧② -❡❢❡-❡♥❝❡ ♣❛-#✐#✐♦♥ !✉❝❤ #❤❛# v(Pref ,GC) = v✳ ❚❤❡ ✜-!# !#❡♣ ♦❢

❆❧❣♦-✐#❤♠ ✺ ✐! #♦ ✐❞❡♥#✐❢② ❋❯❊ ✭❤❡-❡✱ (j, f) ❛♥❞ (g, h)✮✳ ❚❤❡ ❛❧❣♦-✐#❤♠ #❛❦❡! ❝❛-❡

♦❢ (j, f) ❛# ✜-!# ❛♥❞ ♣✉#! j ✐♥ ❛ ♥❡✇ ❝❧❛!! ✇✐#❤ ❛❧❧ #❤❡ ♦#❤❡- ✈❡-#❡①❡! ❜❡❧♦♥❣✐♥❣ #♦

#❤❡ !❛♠❡ ❝❧❛!! ♦❢ Pref ❛♥❞ #♦ class(f, P ′)✿ #❤❡ ♥❡✇ ❝❧❛!! ♦❢ j ✐! {j}✱ ❛♥❞ #❤❡ ♥❡✇

♣❛-#✐#✐♦♥ P ′
❛❢#❡- division({j}, P ′) ✐! -❡♣-❡!❡♥#❡❞ ♦♥ ❋✐❣✉-❡ ❛✮ ✻✳✺✳ (g, h) ✐! !#✐❧❧ ❛

❋❯❊ !♦ #❤❡ ❛❧❣♦-✐#❤♠ ♣✉#! g ✐♥#♦ ❛ ♥❡✇ ❝❧❛!! ✇✐#❤ ❛❧❧ #❤❡ ♦#❤❡- ✈❡-#❡①❡! ❜❡❧♦♥❣✐♥❣

#♦ #❤❡ !❛♠❡ ❝❧❛!! ♦❢ Pref ❛♥❞ #♦ class(h, P ′)✿ f ✳ ❚❤❡ ♥❡✇ ❝❧❛!! ♦❢ g ✐! {g, f}✱ ❛♥❞

#❤❡ ♥❡✇ ♣❛-#✐#✐♦♥ P ′ = {{a, b, c, d}, {e, h, i}, {f, g}, {j}} ❛❢#❡- division({g, f}, P ′) ✐!

-❡♣-❡!❡♥#❡❞ ♦♥ ❋✐❣✉-❡ ❜✮ ✻✳✺✳

❚❤❡-❡ ❛-❡ ♥♦ ♠♦-❡ ❋❯❊! ✐♥ P ′
✳

❚❤❡ !❡❝♦♥❞ !#❡♣ ✐! #♦ ♠❡-❣❡ ❝❧❛!!❡! ♦❢ ✈❡-#❡①❡! ♦❢ ❛ !❛♠❡ ❝❧♦!❡♥❡!! ✉♥❛❝❝❡♣#❡❞

❡❞❣❡✳ ❚❤❡-❡ ✐! ❛ !✐♥❣❧❡ ❈❯❊✿ (c, e)✳ class(c, P ′) = {a, b, c, d} ❛♥❞ class(e, P ′) =
{e, h, i}✱ !♦ #❤❡ ♥❡✇ ❛♥❞ ✜♥❛❧ P ′

♣❛-#✐#✐♦♥✱ -❡♣-❡!❡♥#❡❞ ♦♥ ❋✐❣✉-❡ ❝✮ ✻✳✺ ✐! {{a, b, c, d,
e, h, i}✱ {f, g}, {j}}✳ ❯♥❢♦-#✉♥❛#❡❧②✱ #❤❡-❡ ✐! ❛ ❢❛-♥❡!! ✉♥❛❝❝❡♣#❡❞ ❡❞❣❡✱ (d, i)✱ #❤❛#

✐! ♥♦# ❛❝❝❡♣#❡❞ ❛♥❞ !❤♦✇! #❤❛# #❤❡ ♥❛✐✈❡ ❛❧❣♦-✐#❤♠ ❞♦❡! ♥♦# ♣-♦✈✐❞❡ ❡❛❝❤ #✐♠❡ ❛

♠♦❞✐✜❡❞ ♣❛-#✐#✐♦♥ ✇✐#❤ #❤❡ ❞❡!✐-❡❞ ✈❛❧✉❡✱ ♦- ✇✐#❤♦✉# ✉♥❛❝❝❡♣#❡❞ ❡❞❣❡!✳

❈♦♠♣❧❡①✐&② ❛♥❞ &$❛♥1❢♦$♠❛&✐♦♥ ♥✉♠❜❡$✳ ▲❡. ✉4 ❞❡♥♦.❡ f .❤❡ ♥✉♠❜❡) ♦❢

❋❯❊4 ✐♥ .❤❡ ♣❛).✐.✐♦♥ P ♦♥ GC ❛❝❝♦)❞✐♥❣ .♦ .❤❡ ♣❛).✐.✐♦♥ ✈❛❧✉❡ v✳ ❚❤❡ ❞✐✈✐4✐♦♥ 4.❡♣
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛-.✐.✐♦♥ ❝❧❛22

✈❡-.❡①

2♦✉-❝❡

❢❛-♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❝❧♦2❡♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❢❛-♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❝❧♦2❡♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❛✮ ❯♥❛❝❝❡♣.❡❞ ❡❞❣❡2 ♦❢ Pa

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❜✮ P ′
a ❛❢.❡- .❤❡ ❞✐✈✐2✐♦♥ 2.❡♣

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❝✮ P ′
a ❛❢.❡- .❤❡ ♠❡-❣❡ 2.❡♣

❋✐❣✉-❡ ✻✳✹✿ ▼♦❞✐✜❝❛.✐♦♥2 ♦❢ Pa ♦♥ GC ✇✐.❤ -❡2♣❡❝. .♦ (++,−)✿ ❡①❛♠♣❧❡ ❢♦- .❤❡

♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ✭✺✮

♦❢ ❆❧❣♦-✐.❤♠ ✺ ❞♦❡2 ♦♥❡ ❞✐✈✐2✐♦♥ ♣❡- ❋❯❊ ✐♥ .❤❡ ✇♦-2. ❝❛2❡✱ 2♦ ✐. ❞♦❡2 f ❞✐✈✐2✐♦♥2

✭♦- ❛.♦♠✐❝ .-❛♥2❢♦-♠❛.✐♦♥2✮ ✐♥ .❤❡ ✇♦-2. ❝❛2❡✳ ❚❤❡ ❝♦♠♣❧❡①✐.② ♦❢ .❤❡ ♥❛✐✈❡ -❡♣❛✐-

❛❧❣♦-✐.❤♠ ❞✐✈✐2✐♦♥ 2.❡♣ ✐2 O(m∗n)✱ ✇✐.❤ m ❡❞❣❡2 ✭❋❯❊2✮ .♦ ❝❤❡❝❦ ✐♥ .❤❡ ✇♦-2. ❝❛2❡

❛♥❞ n ✈❡-.❡①❡2✳

❚❤❡ ❝♦♠♣❧❡①✐.② ♦❢ .❤❡ ♥❛✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ♠❡-❣❡ 2.❡♣ ✐2 ❛❧2♦ O(m ∗ n)✱ ✇✐.❤
m ❡❞❣❡2 ✭❈❯❊2✮ .♦ ❝❤❡❝❦ ✐♥ .❤❡ ✇♦-2. ❝❛2❡ ❛♥❞ n ✈❡-.❡①❡2✳ ■♥❞❡❡❞✱ ✐. ❞♦❡2 ❛ ❢✉2✐♦♥

♦❢ ❝❧❛22❡2 ♣❡- ❈❯❊ ✐♥ .❤❡ ✇♦-2. ❝❛2❡✳ ❙♦✱ .❤❡ ❝♦♠♣❧❡①✐.② ♦❢ ❆❧❣♦-✐.❤♠ ✺ ✐2 O(m∗n)✳

❲❡ 2❛✇ ✐♥ ❊①❛♠♣❧❡ ✺✶ .❤❛. .❤❡ ♥❛✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ✭❆❧❣♦-✐.❤♠ ✺✮ ❞✐❞ ♥♦.

❛❧✇❛②2 ❣✐✈❡ ❛ ♣❛-.✐.✐♦♥ ❢-❡❡ ♦❢ ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡2 ❛2 .❤❡ -❡2✉❧.✳ ▲❡. ✉2 ❝♦--❡❝. .❤✐2

♣♦✐♥. ✇✐.❤ .❤❡ ✐♥.✉✐.✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠✳

✻✳✸ ■♥%✉✐%✐✈❡ *❡♣❛✐* ❛❧❣♦*✐%❤♠

❚❤❡ ✐♥.✉✐.✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ✭❆❧❣♦-✐.❤♠ ✻✮ ♣-♦♣♦2❡2 ❛ 2♠❛-.❡- ✇❛② .♦ .❛❦❡ ❝❛-❡

♦❢ ❈❯❊2 ❛❢.❡- .❤❡ ❞✐✈✐2✐♦♥ 2.❡♣ ♦❢ ♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ✭❙❡❝.✐♦♥ ✻✳✷✮ ✐♥ .❤❡ ❛✐♠ ♦❢ ♥♦.

❤❛✈✐♥❣ ♥❡✇ ❋❯❊ ❛❢.❡- ♠❡-❣❡2✳ ▲❡. ✉2 ❞❡.❛✐❧ .❤✐2 ♠❡-❣❡ 2.❡♣✳
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛-.✐.✐♦♥ ❝❧❛22

✈❡-.❡①

2♦✉-❝❡

❢❛-♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❝❧♦2❡♥❡22 ❝-✉❝✐❛❧ ❡❞❣❡

❢❛-♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❝❧♦2❡♥❡22 ✉♥❛❝❝❡♣.❡❞ ❡❞❣❡

❛✮ ❯♥❛❝❝❡♣.❡❞ ❡❞❣❡2 ♦❢ P ′

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❜✮ P ′
❛❢.❡- .❤❡ ❞✐✈✐2✐♦♥ 2.❡♣

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❝✮ P ′
❛❢.❡- .❤❡ ♠❡-❣❡ 2.❡♣

❋✐❣✉-❡ ✻✳✺✿ ▼♦❞✐✜❝❛.✐♦♥2 ♦❢ P ′
♦♥ GC ✇✐.❤ -❡2♣❡❝. .♦ (++,−)✿ ❝♦✉♥.❡- ❡①❛♠♣❧❡ ❢♦-

.❤❡ ♥❛✐✈❡ ❛❧❣♦-✐.❤♠ ✭❆❧❣♦-✐.❤♠ ✺✮

▼❡"❣❡ $%❡♣✿ ✭❧✐♥❡2 ✺ .♦ ✷✻ ❢-♦♠ ❆❧❣♦-✐.❤♠ ✻✮✳ ❚❤❡ ✐♥.✉✐.✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠✱

❛❢.❡- .❤❡ ❞✐✈✐2✐♦♥ 2.❡♣ ♦❢ .❤❡ ♥❛✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ✭❆❧❣♦-✐.❤♠ ✺✮✱ .❛❦❡2 ❈❯❊2 ♦❢

P ′
♦♥❡ ❜② ♦♥❡✳ ❋♦- ❡❛❝❤ ❈❯❊ (x, y)✱ ✐. ❝❤❡❝❦2 ✐❢ .❤❡ ♠❡-❣❡ ♦❢ .❤❡✐- -❡2♣❡❝.✐✈❡ ❝❧❛22❡2

✭class(x, P ′) ❛♥❞ class(y, P ′)✮ ❛❞❞2 2♦♠❡ ❋❯❊ ✐♥ .❤❡ -❡2✉❧.❡❞ ♣❛-.✐.✐♦♥✳

❼ ■❢ ♥♦.✱ .❤❡ ❛❧❣♦-✐.❤♠ ♠❡-❣❡2 .❤♦2❡ ❝❧❛22❡2 ❧✐❦❡ .❤❡ ♥❛✐✈❡ -❡♣❛✐- ❛❧❣♦-✐.❤♠ ✭❆❧✲

❣♦-✐.❤♠ ✺✮ ❞♦❡2✳

❼ ■❢ ✐. ✐2 .❤❡ ❝❛2❡✱ ❧✐❦❡ ✐♥ ❛ ❞✐✈✐2✐♦♥✱ .❤❡ ❛❧❣♦-✐.❤♠ .-✐❡2 .♦ ♣✉. x ✭❛♥❞ .❤❡ 2♠❛❧❧❡2.

2✉❜2❡. ❛-♦✉♥❞ x ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐.✐♦♥ ✸✸✱ ✐♥ .❤❡ ❛✐♠ ♦❢ ♥♦. ❛❞❞✐♥❣ ❛ ♥❡✇ ❈❯❊

❛2 ❢♦- ❞✐✈✐2✐♦♥2 ♦❢ ♥❛✐✈❡ ❛❧❣♦-✐.❤♠✮ ✐♥.♦ ❝❧❛22 class(y, P ′)✱ ♦- ✐♥ .❤❡ 2❛♠❡ ✇❛②✱

y ✐♥.♦ class(x, P ′)✳ ❋♦- ❡❛❝❤✱ ✐. ❝❤❡❝❦2 ✐❢ .❤✐2 ❞♦❡2 ♥♦. ❝-❡❛.❡ ❛ ♥❡✇ ❋❯❊ ✐♥

.❤❡ -❡2✉❧.✐♥❣ ♣❛-.✐.✐♦♥✳ ■❢ ♥♦♥❡ ♦❢ .❤❡2❡ ♣♦22✐❜✐❧✐.✐❡2 ✐2 ❛❝❝❡♣.❡❞✱ ✐. ❝-❡❛.❡2 ❛

♥❡✇ ❝❧❛22 ❛♥❞ ♣✉.2 ✐♥.♦ ✐. x✱ y ❛♥❞ ✈❡-.❡①❡2 ❛-♦✉♥❞ x ❛♥❞ y✱ ❧✐❦❡ ✐♥ .❤❡ ♥❛✐✈❡

❛❧❣♦-✐.❤♠✬2 ❞✐✈✐2✐♦♥ 2.❡♣ ✭✐♥ .❤❡ ❛✐♠ ♦❢ ♥♦. ❝-❡❛.✐♥❣ ❛ ❋❯❊ ✐♥ .❤❡ -❡2✉❧.✐♥❣

♣❛-.✐.✐♦♥✮✳

❆. .❤❡ ❡♥❞ ♦❢ .❤❡ ♣-♦❝❡22✱ .❤❡-❡ ❛-❡ ♥♦ ♠♦-❡ ❋❯❊2 ✐♥ .❤❡ ♣❛-.✐.✐♦♥ ❜❡❝❛✉2❡ ♦❢ .❤❡

❞✐✈✐2✐♦♥ 2.❡♣✱ ❛♥❞ ♥♦ ♠♦-❡ ❈❯❊2 ❜❡❝❛✉2❡ ♦❢ .❤❡ ♠❡-❣❡ 2.❡♣✱ 2♦ ✇❡ ♦❜.❛✐♥ ❛ ♣❛-.✐.✐♦♥
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✇✐$❤ $❤❡ ❞❡(✐)❡❞ ♣❛)$✐$✐♦♥ ✈❛❧✉❡ v✳ ▲❡$ ✉( (❤♦✇ ❤♦✇ $❤❡ ❛❧❣♦)✐$❤♠ ❤❛♥❞❧❡( ❈❯❊(

✇✐$❤ ❊①❛♠♣❧❡ ✺✷✳

❆❧❣♦$✐&❤♠ ✻ ✐♥$✉✐$✐✈❡❘❡♣❛✐)❆❧❣♦)✐$❤♠

❘❡,✉✐$❡✿ GC = (V,E)✱ ❛ ❝)✐$❡)✐❛ ❣)❛♣❤❀

v✱ ❛ ♣♦((✐❜❧❡ ♣❛)$✐$✐♦♥ ✈❛❧✉❡ ❢♦) GC❀

P ✱ ❛ ♣❛)$✐$✐♦♥ ♦♥ GC❀

Pref ✱ $❤❡ )❡❢❡)❡♥❝❡ ♣❛)$✐$✐♦♥ ♦♥ GC (✉❝❤ $❤❛$ v(Pref ,GC) = v✳
❊♥1✉$❡✿ ❛ ♣❛)$✐$✐♦♥ P ′

$❤❛$ ❤❛( v ❛( ♣❛)$✐$✐♦♥ ✈❛❧✉❡ ✭♦) ❛ ❜❡$$❡) ♦♥❡✮

✶✿ D❛)$✐$✐♦♥ P ′ = copy(P )❀
✷✿ ✇❤✐❧❡ ∃(x, y) ∈ farUnacceptedEdge(v, P ′) ❞♦
✸✿ P ′ = division(around(x, P ′, Pref ), P

′)❀
✹✿ ❡♥❞ ✇❤✐❧❡

✺✿ ✇❤✐❧❡ ∃(x, y) ∈ closeUnacceptedEdge(v, P ′) ❞♦
✻✿ ❈❧❛(( cx = class(x, P ′)❀
✼✿ ❈❧❛(( cy = class(y, P ′)❀
✽✿ D❛)$✐$✐♦♥ Ptest = merge(cx, cy, P

′)❀
✾✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)|(z, w) 6∈

farUnacceptedEdge(v, P ′) &❤❡♥
✶✵✿ P ′ = Ptest❀

✶✶✿ ❡❧1❡

✶✷✿ ❈❧❛(( c′x = around(x, P ′, Pref )❀
✶✸✿ ❈❧❛(( c′y = around(y, P ′, Pref )❀
✶✹✿ Ptest = replacement(c′x, cy, P

′)❀
✶✺✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)|(z, w) 6∈

farUnacceptedEdge(v, P ′) &❤❡♥
✶✻✿ P ′ = Ptest❀

✶✼✿ ❡❧1❡

✶✽✿ Ptest = replacement(c′y, cx, P
′)❀

✶✾✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)|(z, w) 6∈
farUnacceptedEdge(v, P ′) &❤❡♥

✷✵✿ P ′ = Ptest❀

✷✶✿ ❡❧1❡

✷✷✿ P ′ = newplacement(c′x ∪ c′y, P
′)❀

✷✸✿ ❡♥❞ ✐❢

✷✹✿ ❡♥❞ ✐❢

✷✺✿ ❡♥❞ ✐❢

✷✻✿ ❡♥❞ ✇❤✐❧❡

✷✼✿ $❡&✉$♥ P ′
❀

❊①❛♠♣❧❡ ✺✷ ✭■♥$✉✐$✐✈❡ ❛❧❣♦)✐$❤♠✮✳ ▲❡" ✉$ "❛❦❡ "❤❡ ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡$ ♦❢ "❤❡ ❣/❛♣❤

GC ✇✐"❤ /❡$♣❡❝" "♦ ♣❛/"✐"✐♦♥ ✈❛❧✉❡ v ❢♦/ "❤❡ ♣❛/"✐"✐♦♥ P ❞❡$❝/✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✾ ❛♥❞

/❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ✻✳✸✳
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❚❤❡ ❞✐✈✐&✐♦♥ &)❡♣ ♦❢ "❤❡ ✐♥"✉✐"✐✈❡ )❡♣❛✐) ❛❧❣♦)✐"❤♠ ✭❆❧❣♦)✐"❤♠ ✻✮ ✐3 ❡①❛❝"❧②

"❤❡ 3❛♠❡ ❛3 "❤❡ ❞✐✈✐3✐♦♥ 3"❡♣ ♦❢ "❤❡ ♥❛✐✈❡ )❡♣❛✐) ❛❧❣♦)✐"❤♠ ✭❆❧❣♦)✐"❤♠ ✺✮✳ ❙♦✱ ❛❢✲

"❡) "❤✐3 3"❡♣✱ "❤❡ ♠♦❞✐✜❡❞ ♣❛)"✐"✐♦♥ ✐3 P ′ = {{a, b, c, d}, {e, h, i}, {f, g}, {j}} ❛♥❞ ✐3

)❡♣)❡3❡♥"❡❞ ♦♥ ❋✐❣✉)❡ ❜✮ ✻✳✺✳ ❚❤❡)❡ ✐3 ♥♦ ❋❯❊ ✐♥ P ′
❢♦) "❤❡ ♣❛)"✐"✐♦♥ ✈❛❧✉❡ v✳

❚❤❡ ♠❡$❣❡ &'❡♣ "❛❦❡3 ❝❛)❡ ♦❢ ❝❧♦3❡♥❡33 ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡3✳ ■♥ "❤✐3 ❝❛3❡✱ "❤❡)❡ ✐3

❛ 3✐♥❣❧❡ ❈❯❊✿ (c, e)✳ class(c, P ′) = {a, b, c, d} ❛♥❞ class(c, P ′) = {e, h, i}✳
▼❡)❣✐♥❣ "❤♦3❡ ❝❧❛33❡3 ❧✐❦❡ ✐♥ "❤❡ ♥❛✐✈❡ ❛❧❣♦)✐"❤♠ ✐3 ♥♦" ❛♥ ♦♣"✐♦♥ ❜❡❝❛✉3❡ "❤❡

)❡3✉❧"✐♥❣ ♣❛)"✐"✐♦♥ {{a, b, c, d, e, h, i}, {f, g}, {j}} ❝♦♥"❛✐♥3 ❛ ❋❯❊✱ (c, i)✳
❙♦✱ "❤❡ ❛❧❣♦)✐"❤♠ ")✐❡3 "♦ ♣✉" c ✐♥ "❤❡ ❝❧❛33 ❝♦♥"❛✐♥✐♥❣ e✱ class(e, P ′) = {e, h, i}✳

❆❞❞✐♥❣ c "♦ {e, h, i} ✐♠♣❧✐❡3 "♦ ❛❧3♦ ❛❞❞ d ❛♥❞ b ✐♥"♦ ✐" ❜❡❝❛✉3❡ ♦❢ ❈❈❊ (c, d) ❛♥❞

(d, b) ✭d ❛♥❞ b ❛)❡ ✐♥ "❤❡ 3♠❛❧❧❡3" 3✉❜3❡" ❛)♦✉♥❞ e ❛❝❝♦)❞✐♥❣ "♦ "❤❡ (++,−) ♣❛)"✐"✐♦♥
✈❛❧✉❡✮✳ ❯♥❢♦)"✉♥❛"❡❧②✱ "❤❡ )❡3✉❧"✐♥❣ ♣❛)"✐"✐♦♥ {{a}, {b, c, d, e, h, i}, {f, g}, {j}} ❛❧3♦

❝♦♥"❛✐♥3 ❛ ❋❯❊✱ (c, i)✳
❚❤❡ ❛❧❣♦)✐"❤♠ ")✐❡3 "♦ ♣✉" e ✐♥ "❤❡ ❝❧❛33 ❝♦♥"❛✐♥✐♥❣ c✱ class(c, P ′) = {a, b, c, d}✳

❚❤❡ )❡3✉❧"✐♥❣ ♣❛)"✐"✐♦♥ {{a, b, c, d, e}, {h, i}, {f, g}, {j}} ❞♦❡3 ♥♦" ❝♦♥"❛✐♥ ❋❯❊3 ♥♦)

❈❯❊3✳ ❚❤✐3 ♣❛)"✐"✐♦♥ ✐3 "❤❡ )❡3✉❧" ♦❢ "❤❡ ✐♥"✉✐"✐✈❡ ❛❧❣♦)✐"❤♠ ❛♥❞ ✐3 )❡♣)❡3❡♥"❡❞ ♦♥

❋✐❣✉)❡ ✻✳✻✳

❍♦✇❡✈❡)✱ ✇❡ ♥♦"✐❝❡ "❤❛" ✈❡)"❡① i ✐3 ♥♦" ✇✐"❤ ✐"3 3♦✉)❝❡ f ✱ ❛♥❞ "❤❡)❡ ✐3 ♥♦ ♦❜❧✐❣❛"✐♦♥

"♦ 3❡♣❛)❛"❡ ✐" ❢)♦♠ ✐"3 3♦✉)❝❡ ✭"❤❡ 3♦✉)❝❡ ♥♦"✐♦♥ ✐3 ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝"✐♦♥ ✻✳✶✳✶✮✳

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛+,✐,✐♦♥ ❝❧❛00

✈❡+,❡①

0♦✉+❝❡

❢❛+♥❡00 ❝+✉❝✐❛❧ ❡❞❣❡

❝❧♦0❡♥❡00 ❝+✉❝✐❛❧ ❡❞❣❡

❢❛+♥❡00 ✉♥❛❝❝❡♣,❡❞ ❡❞❣❡

❝❧♦0❡♥❡00 ✉♥❛❝❝❡♣,❡❞ ❡❞❣❡

❋✐❣✉+❡ ✻✳✻✿ ❚❤❡ ♣❛+,✐,✐♦♥ P ′
✱ ♠♦❞✐✜❝❛,✐♦♥ ♦❢ ♣❛+,✐,✐♦♥ P ♦♥ GC ✇✐,❤ +❡0♣❡❝, ,♦

(++,−) ❛❢,❡+ ,❤❡ ♠❡+❣❡ 0,❡♣ ♦❢ ,❤❡ ✐♥,✉✐,✐✈❡ +❡♣❛✐+ ❛❧❣♦+✐,❤♠ ✭❆❧❣♦+✐,❤♠ ✻✮

❈♦♠♣❧❡①✐(② ❛♥❞ (-❛♥.❢♦-♠❛(✐♦♥ ♥✉♠❜❡-✳ ▲❡, GC ❜❡ ❛ ❣+❛♣❤✱ v✱ ❛ ❜❡0, ♣❛+✲

,✐,✐♦♥ ✈❛❧✉❡ ♦♥ GC✱ m✱ ❜❡ ,❤❡ ♥✉♠❜❡+ ♦❢ ❝+✉❝✐❛❧ ❡❞❣❡0✱ fue✱ ,❤❡ ♥✉♠❜❡+ ♦❢ ❢❛+♥❡00

✉♥❛❝❝❡♣,❡❞ ❡❞❣❡0 ❛❝❝♦+❞✐♥❣ ,♦ v✱ cue✱ ,❤❡ ♥✉♠❜❡+ ♦❢ ❝❧♦0❡♥❡00 ✉♥❛❝❝❡♣,❡❞ ❡❞❣❡0

❛❝❝♦+❞✐♥❣ ,♦ v✱ ❛♥❞ n ,❤❡ ✈❡+,❡①❡0 ♥✉♠❜❡+✳

❚❤❡ ❞✐✈✐&✐♦♥ &'❡♣ ♦❢ ,❤❡ ✐♥,✉✐,✐✈❡ +❡♣❛✐+ ❛❧❣♦+✐,❤♠ ✐0 ❡①❛❝,❧② ,❤❡ 0❛♠❡ ❛0 ,❤❡

❞✐✈✐0✐♦♥ 0,❡♣ ♦❢ ,❤❡ ♥❛✐✈❡ +❡♣❛✐+ ❛❧❣♦+✐,❤♠ ✭❆❧❣♦+✐,❤♠ ✺✮✱ 0♦ ✐, ❞♦❡0 fue ❛,♦♠✐❝

,+❛♥0❢♦+♠❛,✐♦♥0 ✭❞✐✈✐0✐♦♥0 ❤❡+❡✮ ✇✐,❤ O(m ∗n) ❝♦♠♣❧❡①✐,② ✐♥ ,❤❡ ✇♦+0, ❝❛0❡ ✇✐,❤ m
❡❞❣❡0 ❛♥❞ n ✈❡+,❡①❡0✱ ❛❝❝♦+❞✐♥❣ ,♦ ❙❡❝,✐♦♥ ✻✳✷✳
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❚❤❡ ♠❡"❣❡ $%❡♣ ♦❢ '❤❡ ✐♥'✉✐'✐✈❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ❞♦❡3 ♦♥❡ ',❛♥3❢♦,♠❛'✐♦♥ ♣❡,

❈❯❊ ✐♥ '❤❡ ✇♦,3' ❝❛3❡✳ ❚❤❡3❡ ',❛♥3❢♦,♠❛'✐♦♥3 ❝♦✉❧❞ ❜❡ ❛ ♠❡,❣❡✱ ❛ ,❡♣❧❛❝❡♠❡♥' ♦,

❛ ♥❡✇♣❧❛❝❡♠❡♥'✳ ❆ ,❡♣❧❛❝❡♠❡♥' ✐3 ✇♦,'❤ ✷ ❛'♦♠✐❝ ',❛♥3❢♦,♠❛'✐♦♥3 ❛♥❞ ❛ ♥❡✇♣❧❛❝❡✲

♠❡♥' ✸ ❛'♦♠✐❝ ',❛♥3❢♦,♠❛'✐♦♥3✱ 3♦ '❤❡ ❛❧❣♦,✐'❤♠ ❞♦❡3 ✸ ❛'♦♠✐❝ ',❛♥3❢♦,♠❛'✐♦♥3 ♣❡,

❈❯❊ ✐♥ '❤❡ ✇♦,3' ❝❛3❡✿ 3 ∗ cue ❛'♦♠✐❝ ',❛♥3❢♦,♠❛'✐♦♥3✳

❚❤❡ ❝♦♠♣❧❡①✐'② ✐♥ '❤❡ ✇♦,3' ❝❛3❡ ✐3 O(m∗ (m+n)) ✇✐'❤ m ❡❞❣❡3 ❛♥❞ n ✈❡,'❡①❡3✳

■♥ ❢❛❝'✱ ❡❛❝❤ ❈❯❊ ✐3 ❝❤❡❝❦❡❞ ✭m ❝❤❡❝❦3 ✐♥ '❤❡ ✇♦,3' ❝❛3❡✮✱ ❛♥❞ ❢♦, ❡❛❝❤ ❝❤❡❝❦✱ ♦♥❡

'♦ '❤,❡❡ ✏✐3 '❤❡,❡ ❛ ♥❡✇ ❋❯❊ ❄✑ '❡3'3 ❛,❡ ❞♦♥❡ ✭❧✐♥❡3 ✾✱ ✶✺ ❛♥❞ ✶✾✮✳ ❚❤❡3❡ '❡3'3 ❤❛✈❡

O(m) ❝♦♠♣❧❡①✐'② ✐♥ '❤❡ ✇♦,3' ❝❛3❡ ❜❡❝❛✉3❡ '❤❡② ,❡M✉✐,❡ '♦ ❝❤❡❝❦ ❡❞❣❡3 ✭m✮✱ ❛♥❞

❢♦, ❡❛❝❤ ♦❢ '❤❡♠✱ '♦ ❝❤❡❝❦ '❤❡ ❝❧❛33❡3 ♦❢ '❤❡✐, ✈❡,'❡①❡3 ✭✹✮✳ ❖'❤❡, ♦♣❡,❛'✐♦♥3 ❛,❡

❞♦♥❡✱ ❧✐❦❡ ',❛♥3❢♦,♠❛'✐♦♥3 ♦, ✐❞❡♥'✐✜❝❛'✐♦♥3 ♦❢ ❛ ❝❧❛33✳ ❚❤❡3❡ ♦♣❡,❛'✐♦♥3 ,❡M✉✐,❡ '♦

❝❤❡❝❦ ✈❡,'❡①❡3 ✭n✮✱ 3♦✱ ❢♦, ❡❛❝❤ '❡3'❡❞ ❈❯❊✱ '❤❡,❡ ✐3 ❛ ❝♦♠♣❧❡①✐'② ♦❢ O(m + n) ✐♥

'❤❡ ✇♦,3' ❝❛3❡✳

❚❤❡ ✐♥'✉✐'✐✈❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ✜♥❛❧❧② ❤❛3 3∗m ❛'♦♠✐❝ ',❛♥3❢♦,♠❛'✐♦♥3 ✭❜❡❝❛✉3❡

❛♥ ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡ ✐3 ❛ ❢❛,♥❡33 ♦, ❛ ❝❧♦3❡♥❡33 ✉♥❛❝❝❡♣'❡❞ ❡❞❣❡✱ ❜✉' ♥♦' ❜♦'❤✮ ❛♥❞

❛ ❝♦♠♣❧❡①✐'② ♦❢ O(m ∗ (m+ n)) ✐♥ '❤❡ ✇♦,3' ❝❛3❡ ✇✐'❤ m ❡❞❣❡3 ❛♥❞ n ✈❡,'❡①❡3✳

❚❤❡ ✐♥'✉✐'✐✈❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ,❡♣❛✐,3 '❤❡ ♣❛,'✐'✐♦♥✱ ❜✉' ❞♦❡3 ♥♦' '❛❦❡ ❝❛,❡ ♦❢

3♦✉,❝❡3 ✭♥♦'✐♦♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝'✐♦♥ ✻✳✶✳✶✮ ❛♥❞ ❞♦❡3 ♥♦' ',② '♦ ❧❡' ✈❡,'❡①❡3 ✐♥ '❤❡

3❛♠❡ ❝❧❛33 ❛3 '❤❡✐, 3♦✉,❝❡3 ❛3 ♠✉❝❤ ❛3 ♣♦33✐❜❧❡✳ ❚❤❡ 3♦✉,❝❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ❛❞❞3

3♦♠❡ ♠♦❞✐✜❝❛'✐♦♥3 '♦ '❤❡ ✐♥'✉✐'✐✈❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ✐♥ '❤❡ ❛✐♠ ♦❢ ❛❧3♦ '❛❦✐♥❣ ✐♥'♦

❛❝❝♦✉♥' 3♦✉,❝❡3✳

✻✳✹ ❙♦✉&❝❡ &❡♣❛✐& ❛❧❣♦&✐.❤♠

❚❤❡ 3♦✉,❝❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ✭❆❧❣♦,✐'❤♠ ✶✵✮ ❢✉♥❝'✐♦♥3 ❛3 '❤❡ ✐♥'✉✐'✐✈❡ ,❡♣❛✐, ❛❧❣♦✲

,✐'❤♠ ✭❆❧❣♦,✐'❤♠ ✻ ❙❡❝'✐♦♥ ✻✳✸✮ ❜✉' '❛❦❡3 ❝❛,❡ ♦❢ 3♦✉,❝❡3✬ ♣♦3✐'✐♦♥3✳ ❆3 ❡①♣❧❛✐♥❡❞

✐♥ ❙❡❝'✐♦♥ ✻✳✶✳✶✱ 3♦✉,❝❡3 ❛,❡ ♣❛,'✐❝✉❧❛, ✈❡,'❡①❡3✳ ❚❤❡② ❛,❡ ❝♦♥3✐❞❡,❡❞ ❛3 '❤❡ ♠♦3'

3✐❣♥✐✜❝❛♥' ✈❡,'❡①❡3 ♦❢ '❤❡ ✐♥✐'✐❛❧ ♣❛,'✐'✐♦♥ Pi✳ ❲❡ ❝❤♦♦3❡ '♦ '❛❦❡ ❝❛,❡ ♦❢ 3♦✉,❝❡3 ❜②✱

❢♦, '❤❡✐, ❝❧❛33✱ ♥♦' ,❡♠♦✈✐♥❣ ❛ ✈❡,'❡① ✐♥✐'✐❛❧❧② ✐♥ ✐'✱ ✐❢ ✐' ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✳

❚❤❡ ❛❧❣♦,✐'❤♠ 3'❛♥❞3 ♦♥ '❤❡ U,♦♣❡,'② ✸✳

❚❤❡ 3♦✉,❝❡ ,❡♣❛✐, ❛❧❣♦,✐'❤♠ ✭❆❧❣♦,✐'❤♠ ✻✮ ✉3❡3 '❤❡ 3♦✉,❝❡ ♣♦3✐'✐♦♥3 ✇❤❡♥ ❛

❝❧❛33 ❤❛3 '♦ ❜❡ ❞✐✈✐❞❡❞ ♦, ♠❡,❣❡❞✳ ❚❤❡ 3♦✉,❝❡ ♣♦3✐'✐♦♥3 ❛✛❡❝' ',❛♥3❢♦,♠❛'✐♦♥3 ♦❢

❝❧❛33❡3✳ ❚❤❡,❡ ❛,❡ '❤,❡❡ ❛✛❡❝'❡❞ ♦♣❡,❛'✐♦♥3✿ ❞✐✈✐3✐♦♥ ♦❢ ❛ ❝❧❛33✱ ,❡♣❧❛❝❡♠❡♥' ❛♥❞

♥❡✇♣❧❛❝❡♠❡♥'✳ ▲❡' ✉3 ❡①♣❧❛✐♥ ❤♦✇ '❤♦3❡ ♦♣❡,❛'✐♦♥3 ❛,❡ ❛✛❡❝'❡❞✳

▲❡' Pi✱ ❜❡ '❤❡ ✐♥✐'✐❛❧ ♣❛,'✐'✐♦♥ ♦♥ '❤❡ ❝,✐'❡,✐❛ ❣,❛♣❤ GC✱v✱ ❛ ❜❡3' ✈❛❧✉❡ ♦♥ GC✱

Pref = Pref(v,GC)✱ ❛♥❞ P ✱ ❛ ♣❛,'✐'✐♦♥ ♦♥ GC ❛♥❞ '❤❡ ❝♦♣② P ′
♦❢ P ✳

❉✐✈✐#✐♦♥ #&❡♣✿ ✭❧✐♥❡3 ✷ '♦ ✹ ❢,♦♠ ❆❧❣♦,✐'❤♠ ✶✵✮✳ ❚❤❡ ❞✐✈✐3✐♦♥ 3'❡♣ ♦❢ '❤❡ 3♦✉,❝❡3

,❡♣❛✐, ❛❧❣♦,✐'❤♠ ✭❆❧❣♦,✐'❤♠ ✶✵✮ ❝❤❛♥❣❡3 '❤❡ ❝❧❛33 ❞✐✈✐3✐♦♥ ♦❢ ❆❧❣♦,✐'❤♠ ✻ ❛ ❜✐' ✇✐'❤

'❤❡ ♥♦'✐♦♥ ♦❢ 3♦✉,❝❡ ♣♦3✐'✐♦♥✳
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▲❡$ (x, y) ❜❡ ❛ ❢❛(♥❡** ❝(✉❝✐❛❧ ❡❞❣❡ ♦❢ P ′
❛❝❝♦(❞✐♥❣ $♦ v ✈❛❧✉❡ *✉❝❤ $❤❛$ x✱ y ❛(❡

✐♥ $❤❡ *❛♠❡ ❝❧❛** c ♦❢ P ′
✳ ■♥ $❤❡ ❛✐♠ ♦❢ ❞✐✈✐❞✐♥❣ c ✇✐$❤♦✉$ *❡♣❛(❛$✐♥❣ ❛ ✈❡($❡① k ∈ c

♦❢ ✐$* *♦✉(❝❡ ❞❡♥♦$❡❞ s = source(k, P i) ✭♣❧❡❛*❡ *❡❡ ❙❡❝$✐♦♥ ✻✳✶✳✶ ❢♦( ❞❡$❛✐❧* ❛❜♦✉$

*♦✉(❝❡*✮✱ ✇❡ ❤❛✈❡ $♦ ❝❤❡❝❦ ✐❢ x ♦( y ❤❛✈❡ $♦ ❜❡ ✐♥ $❤❡ *❛♠❡ ❝❧❛** ❛* s ❛❝❝♦(❞✐♥❣ $♦

❝❧❛**❡* ♦❢ Pref ✭✇❤✐❝❤ ✐* ❡@✉✐✈❛❧❡♥$ $♦ s ❜❡✐♥❣ ✐♥ $❤❡ *♠❛❧❧❡*$ *✉❜*❡$ ❛(♦✉♥❞ x ♥♦( y✮✳
■❢ ♥♦♥❡ ♦❢ $❤❡♠ (❡@✉✐(❡* $♦ ❜❡ ✇✐$❤ s✱ $❤❡ ❞✐✈✐*✐♦♥ ✇✐❧❧ ❜❡ $❤❡ *❛♠❡ ❛* ✐♥ ♣(❡✈✐♦✉*

❛❧❣♦(✐$❤♠* ✺ ❛♥❞ ✻✳ ■♥ $❤❡ ♦$❤❡( ❝❛*❡✱ $❤❡ ✈❡($❡① $❤❛$ ❞♦❡* ♥♦$ (❡@✉✐(❡ $♦ ❜❡ ✇✐$❤

✐$* ♦✇♥ *♦✉(❝❡ ✇✐❧❧ ❜❡ (❡♠♦✈❡❞ ❢(♦♠ $❤❡ ❝❧❛** ✭✐♥*$❡❛❞ ♦❢ $❤❡ ♦$❤❡( (❡@✉✐(✐♥❣ $♦ ❜❡

✐♥ $❤❡ *❛♠❡ ❝❧❛** ❛* s✮✱ ❛* ✐♥ ♣(❡✈✐♦✉* ❛❧❣♦(✐$❤♠*✳ ❚❤❡ ❞❡$❛✐❧* ♦❢ ❛ ❞✐✈✐*✐♦♥ (❡❧❛$✐✈❡

$♦ $❤❡ *♦✉(❝❡ ♣♦*✐$✐♦♥ ❛(❡ ✐♥ ❆❧❣♦(✐$❤♠ ✼✳

❆❧❣♦$✐&❤♠ ✼ *♦✉(❝❡❉✐✈✐*✐♦♥

❘❡,✉✐$❡✿ (x, y)✱ ❛♥ ✉♥❛❝❝❡♣$❡❞ ❢❛(♥❡** ❡❞❣❡ ❢♦( $❤❡ ♣❛($✐$✐♦♥ Pi ♦♥ $❤❡ ❝(✐$❡(✐❛

❣(❛♣❤ GC = (V,E) ✇✐$❤ (❡*♣❡❝$ $♦ $❤❡ ♣❛($✐$✐♦♥ ✈❛❧✉❡ v = v(Pref)❀
Pi✱ $❤❡ ✐♥✐$✐❛❧ ♣❛($✐$✐♦♥ ♦♥ GC❀

P ′
✱ ❛ ♣❛($✐$✐♦♥ ♦♥ GC❀

v✱ ❛ ♣♦**✐❜❧❡ ♣❛($✐$✐♦♥ ✈❛❧✉❡ ♦♥ GC❀

Pref ✱ $❤❡ (❡❢❡(❡♥❝❡ ♣❛($✐$✐♦♥ ♦♥ GC *✉❝❤ $❤❛$ v(Pref ) = v✳
❊♥1✉$❡✿ ❛ ♣❛($✐$✐♦♥ (❡*✉❧$✐♥❣ ❢(♦♠ $❤❡ ❞✐✈✐*✐♦♥ ♦❢ $❤❡ ❝❧❛** ❝♦♥$❛✐♥✐♥❣ x ❛♥❞ y✱

(❡❧❛$✐✈❡ $♦ *♦✉(❝❡ ♣♦*✐$✐♦♥✳

✶✿ ❈❧❛** result = around(x, P ′, Pref )❀
✷✿ ✐❢ source(x, P i) ∈ result &❤❡♥
✸✿ result = around(y, P ′, Pref )❀
✹✿ ❡♥❞ ✐❢

✺✿ $❡&✉$♥ division(result, P ′)❀

❊①❛♠♣❧❡ ✺✸ ✭❙♦✉(❝❡ ❞✐✈✐*✐♦♥✮✳ ▲❡" ✉$ "❛❦❡ "❤❡ ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡$ ♦❢ "❤❡ ❣/❛♣❤ GC

✇✐"❤ /❡$♣❡❝" "♦ ♣❛/"✐"✐♦♥ ✈❛❧✉❡ v ❢♦/ "❤❡ ✐♥✐"✐❛❧ ♣❛/"✐"✐♦♥ P = {{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱
h✱ i✱ j}} ❞❡$❝/✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✾ ❛♥❞ /❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ✻✳✸✳

❚❤❡ ❞✐✈✐$✐♦♥ $"❡♣ ♦❢ "❤❡ $♦✉/❝❡$ /❡♣❛✐/ ❛❧❣♦/✐"❤♠ ✭❆❧❣♦/✐"❤♠ ✶✵✮ ❝❤❛♥❣❡$ "❤❡

❝❧❛$$ ❞✐✈✐$✐♦♥ ♦❢ ❆❧❣♦/✐"❤♠ ✻ ❛ ❜✐" ✇✐"❤ "❤❡ ♥♦"✐♦♥ ♦❢ $♦✉/❝❡ ♣♦$✐"✐♦♥✳ ❚❤❡ ♠♦❞✐✜❡❞

♣❛/"✐"✐♦♥ ❜❡❢♦/❡ "❤❡ ❞✐✈✐$✐♦♥ $"❡♣ ✐$ P ′ = P ✳ ❚❤❡/❡ ❛/❡ "✇♦ ❋❯❊$✿ (j, f) ❛♥❞ (g, h)✳
▲❡" ✉$ ❞✐✈✐❞❡ "❤❡ ❝❧❛$$ ❝♦♥"❛✐♥✐♥❣ j ❛♥❞ f ✱ c = {e✱ f ✱ g✱ h✱ i✱ j} ❜❡❝❛✉$❡ ♦❢ (j, f)✳
❚❤❡ ✜/$" ✈❡/"❡① ✐$ j✱ ❛♥❞ ✐$ ♥♦" ❧✐♥❦❡❞ "♦ ❛♥② ♦"❤❡/ ✈❡/"❡①✱ $♦ j ✐$ ♣✉" ✐♥ ❛ ♥❡✇ ❝❧❛$$

❛$ ❢♦/ "❤❡ ♥❛✐✈❡ ❛❧❣♦/✐"❤♠ ❛♥❞ P ′
❜❡❝♦♠❡$ {{a✱ b✱ c✱ d}✱ {j}✱ {e✱ g✱ h✱ i✱ f}} ✭❛$ ✐♥

"❤❡ ♥❛✐✈❡ /❡♣❛✐/ ❛❧❣♦/✐"❤♠✮✳ P ′
✐$ /❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ❛✮ ✻✳✺✳

▲❡" ✉$ ❞✐✈✐❞❡ "❤❡ ❝❧❛$$ ❝♦♥"❛✐♥✐♥❣ g ❛♥❞ h✱ c = {e✱ g✱ h✱ i✱ f} ❜❡❝❛✉$❡ ♦❢ (g, h)✳
❈♦♥"/❛/② "♦ "❤❡ ♥❛✐✈❡ /❡♣❛✐/ ❛❧❣♦/✐"❤♠✱ ✇❡ ✇✐❧❧ ♥♦" ♣✉" g ❛♥❞ f ✭❧✐♥❦❡❞ ❜② "❤❡ ❈❈❊

(f, g)✮ ✐♥ ❛ ❞✐$"✐♥❝" ❝❧❛$$ ❜❡❝❛✉$❡ f ✐$ "❤❡ $♦✉/❝❡✳ ❙♦✱ h ✐$ ♣✉" ✐♥ ❛ ♥❡✇ ❝❧❛$$ ❛♥❞

"❤❡ /❡$✉❧"✐♥❣ ♥❡✇ P ′
♣❛/"✐"✐♦♥ ✐$✿ {{a✱ b✱ c✱ d}✱ {j}✱ {h}✱ {e✱ g✱ i✱ f}}✱ /❡♣/❡$❡♥"❡❞

♦♥ ❋✐❣✉/❡ ✻✳✼✳

❚❤❡/❡ ❛/❡ ♥♦ ♠♦/❡ ❋❯❊$ ✐♥ P ′
❛" "❤❡ ❡♥❞ ♦❢ "❤❡ ❞✐✈✐$✐♦♥ $"❡♣✳
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛./✐/✐♦♥ ❝❧❛33

✈❡./❡①

3♦✉.❝❡

❢❛.♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❝❧♦3❡♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❢❛.♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❝❧♦3❡♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❋✐❣✉.❡ ✻✳✼✿ ❚❤❡ ♣❛./✐/✐♦♥ P ′
✱ ♠♦❞✐✜❝❛/✐♦♥ ♦❢ ♣❛./✐/✐♦♥ P ♦♥ GC ✇✐/❤ .❡3♣❡❝/ /♦

(++,−) ❛❢/❡. /❤❡ ❞✐✈✐3✐♦♥ 3/❡♣ ♦❢ /❤❡ 3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ✭❆❧❣♦.✐/❤♠ ✶✵✮

▼❡"❣❡ $%❡♣✿ ✭❧✐♥❡3 ✺ /♦ ✷✽ ♦❢ ❆❧❣♦.✐/❤♠ ✶✵✮ ❚✇♦ /.❛♥3❢♦.♠❛/✐♦♥3 ❛.❡ ♠♦❞✐✜❡❞

✇✐/❤ .❡3♣❡❝/ /♦ /❤❡ ✐♥/✉✐/✐✈❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ✭❆❧❣♦.✐/❤♠ ✻✮✿ .❡♣❧❛❝❡♠❡♥/ ❛♥❞ ♥❡✇✲

♣❧❛❝❡♠❡♥/✳ ▼❡.❣❡ ✐3 ✉♥❝❤❛♥❣❡❞✳

❼ ❘❡♣❧❛❝❡♠❡♥/ ✭❧✐♥❡3 ✶✹ /♦ ✷✵✮ ✐3 ❝❤❛♥❣❡❞ ❜❡❝❛✉3❡ /❤❡ 3♠❛❧❧❡3/ 3✉❜3❡/ ❛.♦✉♥❞ ❛

✈❡./❡① x ♦❢ ❛ ❝❧❛33 ✐3 ❝❤❛♥❣❡❞✿ ✐❢ x ❤❛3 /♦ ❜❡ ✐♥ /❤❡ 3❛♠❡ ❝❧❛33 ❛3 ✐/3 3♦✉.❝❡

source(x, P i) ❢♦. ❛♥② ♣❛./✐/✐♦♥ ✇✐/❤ v ❛3 ♣❛./✐/✐♦♥ ✈❛❧✉❡ ✭s ✐3 ✐♥ around(x, P ′, Pref)✮✱
/❤❡♥ /❤✐3 3♠❛❧❧❡3/ 3✉❜3❡/ ✐3 /❤❡ ❡♥/✐.❡ ❝❧❛33 ♦❢ x ✭class(x, P ′)✮✱ ❡❧3❡✱ /❤✐3 ✐3 /❤❡
3♠❛❧❧❡3/ ❝♦♠♠♦♥ 3✉❜3❡/ /♦ class(x, P i) ❛♥❞ class(x, Pref )✳ ❲❡ ❛❜✉3✐✈❡❧② ❞❡✲

♥♦/❡ /❤✐3 ♥♦/✐♦♥ classSource(x, P ′, v) ❜❡❝❛✉3❡ Pref ❛♥❞ Pi ❛.❡ ✜①❡❞ ✭♣❧❡❛3❡

3❡❡ ❆❧❣♦.✐/❤♠ ✽✮✳

❼ ◆❡✇♣❧❛❝❡♠❡♥/ ✭❧✐♥❡3 ✷✶ /♦ ✷✺✮ ✐3 ❝❤❛♥❣❡❞ ✐❢ ♦♥❡ ♦❢ /❤❡ ❝♦♥❝❡.♥❡❞ ✈❡./❡①❡3 x✱
y ❤❛3 /♦ ❜❡ ✇✐/❤ ✐/3 .❡3♣❡❝/✐✈❡ 3♦✉.❝❡ ✭✐❢ ♦♥❧② ♦♥❡✱ ❜❡❝❛✉3❡ ♦❢ /❤❡ ❝❧❛33❙♦✉.❝❡

♥♦/✐♦♥✱ ❧✐❦❡ ✐♥ .❡♣❧❛❝❡♠❡♥/✮✳ ■❢ ❜♦/❤ ♦❢ /❤❡♠ ❤❛✈❡ /♦ ❜❡ ✇✐/❤ /❤❡✐. .❡3♣❡❝/✐✈❡

3♦✉.❝❡✱ /❤❡② ✜.3/ ❛.❡ ♣✉/ ✐♥ ❛ ♥❡✇ ❝❧❛33 ❛3 ✐♥ /❤❡ ✐♥/✉✐/✐✈❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ✭✇✐/❤

class(x, P ′)∩ class(x, Pref ) ❛♥❞ class(y, P ′)∩ class(y, Pref )✮✱ ❛♥❞ ❡❛❝❤ 3✉❜3❡/

class(z, P ′) ∩ class(z, Pref ) 3✉❝❤ /❤❛/ z ✇❛3 ✐♥ class(x, P ′) ♦. class(y, P ′) ✐3

❛❞❞❡❞ /♦ /❤❡ ♥❡✇ ❝❧❛33 ✐❢ /❤✐3 ❞♦❡3 ♥♦/ ❛❞❞ ❛♥② ❋❯❊ ✐♥ /❤❡ .❡3✉❧/✐♥❣ ♣❛./✐/✐♦♥✳

❆❧❣♦.✐/❤♠ ✾ ❞❡/❛✐❧3 /❤✐3 ♠♦❞✐✜❝❛/✐♦♥✳

❊①❛♠♣❧❡ ✺✹ ✭❆❧❣♦.✐/❤♠ ❝❧❛33❙♦✉.❝❡✮✳ ▲❡" P ❜❡ "❤❡ ✐♥✐"✐❛❧ ♣❛*"✐"✐♦♥ ,✉❝❤ "❤❛" P =
{{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} "❤❡ ✐♥✐"✐❛❧ ♣❛*"✐"✐♦♥ ♦♥ GC ♦❢ "❤❡ ♣*❡✈✐♦✉, ❊①❛♠♣❧❡,✳

■", ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡, ❛❝❝♦*❞✐♥❣ "♦ "❤❡ ♣❛*"✐"✐♦♥ ✈❛❧✉❡ v = (++,−) ❛*❡ *❡♣*❡,❡♥"❡❞ ♦♥
❋✐❣✉*❡ ✻✳✸✳ ❚❤❡ ❝❧❛,, ,♦✉*❝❡ ♦❢ g ❛❝❝♦*❞✐♥❣ "♦ v ✐♥ P ✐, classSource(g, P ) = {e✱ f ✱
g✱ h✱ i✱ j}} ❜❡❝❛✉,❡ g ❤❛, "♦ ❜❡ ✐♥ "❤❡ ,❛♠❡ ❝❧❛,, ❛, f ✇✐"❤ *❡,♣❡❝" "♦ v ❛♥❞ f ✐, ❛

,♦✉*❝❡✱ ❜✉" classSource(e, P ) = {e}}✳

❊①❛♠♣❧❡ ✺✺ ✭❚❤❡ ♠❡.❣❡ 3/❡♣ ♦❢ 3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠✮✳ ▲❡" ✉, "❛❦❡ "❤❡ ✉♥❛❝❝❡♣"❡❞

❡❞❣❡, ♦❢ "❤❡ ❣*❛♣❤ GC ✇✐"❤ *❡,♣❡❝" "♦ ♣❛*"✐"✐♦♥ ✈❛❧✉❡ v ❢♦* "❤❡ ✐♥✐"✐❛❧ ♣❛*"✐"✐♦♥ P =
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❆❧❣♦$✐&❤♠ ✽ ❝❧❛&&❙♦✉*❝❡

❘❡,✉✐$❡✿ x✱ ❛ ✈❡*.❡① ♦❢ .❤❡ ❝*✐.❡*✐❛ ❣*❛♣❤ GC = (V,E)❀
Pi✱ .❤❡ ✐♥✐.✐❛❧ ♣❛*.✐.✐♦♥ ♦♥ GC❀

P ′
✱ ❛ ♣❛*.✐.✐♦♥ ♦♥ GC✱

Pref ✱ .❤❡ *❡❢❡*❡♥❝❡ ♣❛*.✐.✐♦♥ ♦♥ GC &✉❝❤ .❤❛. v(Pref ,GC) = v❀
❊♥1✉$❡✿ ❛ &✉❜❝❧❛&& ♦❢ class(x, P ′) *❡❧❛.✐✈❡ .♦ source(x, P i) ♣♦&✐.✐♦♥✳
✶✿ ❈❧❛&& result = around(x, P ′, Pref )❀
✷✿ ✐❢ source(x, P i) ∈ result &❤❡♥
✸✿ result = class(x, P ′)❀
✹✿ ❡♥❞ ✐❢

✺✿ $❡&✉$♥ result❀

❆❧❣♦$✐&❤♠ ✾ ♥❡✇;❧❛❝❡♠❡♥.❙♦✉*❝❡

❘❡,✉✐$❡✿ x✱ y .✇♦ ✈❡*.❡①❡& ♦❢ .❤❡ ❝*✐.❡*✐❛ ❣*❛♣❤ GC❀

Pi✱ .❤❡ ✐♥✐.✐❛❧ ♣❛*.✐.✐♦♥ ♦♥ GC❀

P ′
✱ ❛ ♣❛*.✐.✐♦♥ ♦♥ GC❀

Pref ✱ .❤❡ *❡❢❡*❡♥❝❡ ♣❛*.✐.✐♦♥ ♦♥ GC &✉❝❤ .❤❛. v(Pref ,GC) = v❀
❊♥1✉$❡✿ ❛ ♣❛*.✐.✐♦♥ ✇✐.❤ ❛ ♥❡✇♣❧❛❝❡♠❡♥. ♦❢ ❝❧❛&&❡& class(x, P ′) ❛♥❞ class(y, P ′)

*❡❧❛.✐✈❡ .♦ source(x, P i) ❛♥❞ source(y, P ) ♣♦&✐.✐♦♥&✱ &✉❝❤ .❤❛. .❤❡*❡ ✐& ♥♦ ♥❡✇

❋❯❊ ✐♥ ✐.✳

✶✿ ;❛*.✐.✐♦♥ Presult = newplacement(around(x, P ′, Pref ) ∪ around(y, P ′, Pref ), P
′)❀

✷✿ ❢♦$ ❛❧❧ z ∈ class(x, P ′) ∪ class(y, P ′)|z 6∈ class(x, Presult) ❞♦
✸✿ ❈❧❛&& cz = around(z, Presult, Pref )❀
✹✿ ;❛*.✐.✐♦♥ Ptest = replacement(cz, class(x, Presult), Presult)❀
✺✿ ✐❢ 6 ∃(q, w) ∈ farUnacceptedEdge(v, Ptest)|(q, w) 6∈

farUnacceptedEdge(v, Presult) &❤❡♥
✻✿ Presult = Ptest❀

✼✿ ❡♥❞ ✐❢

✽✿ ❡♥❞ ❢♦$

✾✿ $❡&✉$♥ Presult❀

{{a✱ b✱ c✱ d}✱ {e✱ f ✱ g✱ h✱ i✱ j}} ❞❡#❝%✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✾ ❛♥❞ %❡♣%❡#❡♥1❡❞ ♦♥ ❋✐❣✉%❡

✻✳✸✳ ❲❡ 1♦♦❦ 1❤❡ P ′
♣❛%1✐1✐♦♥ 1❤❛1 ✐# 1❤❡ ♠♦❞✐✜❡❞ ♣❛%1✐1✐♦♥ ❛❢1❡% 1❤❡ ❞✐✈✐#✐♦♥ #1❡♣ ♦❢

1❤❡ #♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐1❤♠ ✭❊①❛♠♣❧❡ ✺✸✮✿ P ′ = {{a✱ b✱ c✱ d}✱ {j}✱ {h}✱ {e✱ g✱ i✱
f}}✳

❚❤❡ #✐♥❣❧❡ ❈❯❊ ✐# (e, c)✳ ❆# ✇✐1❤ 1❤❡ ✐♥1✉✐1✐✈❡ %❡♣❛✐% ❛❧❣♦%✐1❤♠ ✭❊①❛♠♣❧❡ ✺✷✮✱

♠❡%❣✐♥❣ ❝❧❛##❡# ♦❢ e ✭class(e, P ′) = {e✱ g✱ i✱ f}✮ ❛♥❞ c ✭class(c, P ′) = {a✱ b✱ c✱ d}✮ ✐#

♥♦1 ❛♥ ♦♣1✐♦♥ ❜❡❝❛✉#❡ 1❤❡ ❋❈❊ (i, d) ✇♦✉❧❞ ❜❡ ✉♥❛❝❝❡♣1❡❞ ✐♥ 1❤❡ %❡#✉❧1✐♥❣ ♣❛%1✐1✐♦♥✳

❍♦✇❡✈❡%✱ e ❝❛♥ ❜❡ %❡♣❧❛❝❡❞ ✐♥ c✬# ❝❧❛##✳ ❚❤❡ %❡#✉❧1✐♥❣ ♣❛%1✐1✐♦♥ ✐# P ′ = {{a✱ b✱ c✱ d✱

e}✱ {j}✱ {h}✱ {g✱ i✱ f}} ❛♥❞ ✐# %❡♣%❡#❡♥1❡❞ ♦♥ ❋✐❣✉%❡ ✻✳✽✳

■♥ 1❤✐# ❊①❛♠♣❧❡✱ 1❤❡ ♠❡%❣❡ #1❡♣ ♦❢ 1❤❡ #♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐1❤♠ ❣✐✈❡# ❛ ❞✐#1✐♥❝1

%❡#✉❧1 ❢%♦♠ 1❤❡ ♠❡%❣❡ #1❡♣ ♦❢ 1❤❡ ✐♥1✉✐1✐✈❡ %❡♣❛✐% ❛❧❣♦%✐1❤♠ ♦♥❧② ❜❡❝❛✉#❡ 1❤❡ ♣❛%1✐1✐♦♥#
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❛❢"❡$ "❤❡ ❞✐✈✐)✐♦♥ )"❡♣) ♦❢ "❤❡ ❛❧❣♦$✐"❤♠) ❛$❡ ❞✐)"✐♥❝" ❢$♦♠ ❡❛❝❤ ♦"❤❡$✳

❍♦✇❡✈❡$✱ j✱ h ❛♥❞ e ❛$❡ ✐♥ ❞✐)"✐♥❝" ❝❧❛))❡) ✐♥ "❤❡ $❡)✉❧"✐♥❣ ♣❛$"✐"✐♦♥✱ ❞❡)♣✐"❡

"❤❡ ❢❛❝" "❤❛" "❤❡② ❛$❡ ✐♥ "❤❡ )❛♠❡ ❝❧❛)) ♦❢ "❤❡ ✐♥✐"✐❛❧ ♣❛$"✐"✐♦♥ P ❛♥❞ "❤❡$❡ ✐) ♥♦

✐♥❢♦$♠❛"✐♦♥ "❤❛" ❢♦$❜✐❞) "❤❡♠ "♦ ❜❡ ✐♥ ❛ )❛♠❡ ❝❧❛))✳

❈♦♠♣❧❡①✐(② ❛♥❞ (-❛♥.❢♦-♠❛(✐♦♥ ♥✉♠❜❡-✳ ❋♦% ❛♥② ♣❛%*✐*✐♦♥ *%❛♥,❢♦%♠❛*✐♦♥✱

*❤❡ ,♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐*❤♠ *❛❦❡, ❛ ,♣❡❝✐❛❧ ❝❛%❡ ♦❢ ,♦✉%❝❡,✳ ❍♦✇❡✈❡%✱ ✐* ❞✐✈✐❞❡,

❝❧❛,,❡, ❛ ❜✐* *♦♦ ♠✉❝❤✱ ❛, ,❤♦✇♥ ✐♥ ❊①❛♠♣❧❡, ✺✸ ❛♥❞ ✺✺✳ ❲❡ ♣%♦♣♦,❡ ❛ ✇❛② *♦ ✜①

*❤✐, ♣♦✐♥* ✐♥ *❤❡ ♥❡①* ❛❞✈❛♥❝❡❞ %❡♣❛✐% ❛❧❣♦%✐*❤♠✳

❚❤❡ ,♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ❤❛, *❤❡ ,❛♠❡ ❝♦♠♣❧❡①✐*② ✐♥ *❤❡ ✇♦%,* ❝❛,❡ ❛, *❤❡

✐♥*✉✐*✐✈❡ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ✭O(m ∗ (n+m))✱ ✇✐*❤ m ❡❞❣❡, ❛♥❞ n ✈❡%*❡①❡,✮✳

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛%*✐*✐♦♥ ❝❧❛,,

✈❡%*❡①

,♦✉%❝❡

❢❛%♥❡,, ❝%✉❝✐❛❧ ❡❞❣❡

❝❧♦,❡♥❡,, ❝%✉❝✐❛❧ ❡❞❣❡

❢❛%♥❡,, ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡

❝❧♦,❡♥❡,, ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡

❋✐❣✉%❡ ✻✳✽✿ ❚❤❡ ♣❛%*✐*✐♦♥ P ′
✱ ♠♦❞✐✜❝❛*✐♦♥ ♦❢ ♣❛%*✐*✐♦♥ P ♦♥ GC ✇✐*❤ %❡,♣❡❝* *♦

(++,−) ❛❢*❡% *❤❡ ♠❡%❣❡ ,*❡♣ ♦❢ *❤❡ ,♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ✭❆❧❣♦%✐*❤♠ ✶✵✮

✻✳✺ ❆❞✈❛♥❝❡❞ *❡♣❛✐* ❛❧❣♦*✐0❤♠

❚❤❡ ❛❞✈❛♥❝❡❞ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ❝♦♠♣❡♥,❛*❡, *❤❡ ❢❛❝* *❤❛* *❤❡ ,♦✉%❝❡ %❡♣❛✐% ❛❧❣♦✲

%✐*❤♠ ❞✐✈✐❞❡, ❝❧❛,,❡, ❛ ❜✐* *♦♦ ♠✉❝❤ ✭❜② ❞✐✈✐,✐♦♥✱ %❡♣❧❛❝❡♠❡♥* ♦% ♥❡✇♣❧❛❝❡♠❡♥*

*%❛♥,❢♦%♠❛*✐♦♥,✮✱ ♦% ♥♦* ❛❧✇❛②, ❛* *❤❡ ♠♦,* ❛♣♣%♦♣%✐❛*❡ ❝✉*✳ ■* ✐, ❢♦% *❤✐, %❡❛,♦♥

*❤❛* *❤❡ ❛❞✈❛♥❝❡❞ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ❛❞❞, ❛♥ ✉♥❞♦✲❞✐✈✐,✐♦♥ ,*❡♣ *♦ *❤❡ ❞✐✈✐,✐♦♥ ❛♥❞

*❤❡ ♠❡%❣❡ ,*❡♣, ♦❢ *❤❡ ,♦✉%❝❡ %❡♣❛✐% ❛❧❣♦%✐*❤♠ ✭❙❡❝*✐♦♥ ✻✳✹✮✳

■♥ *❤❡ %❡♠✐♥❞❡% ♦❢ *❤✐, *❤❡,✐,✱ ✇❡ ✇✐❧❧ ✉,❡ *❤❡ ♥♦*❛*✐♦♥ classes(c, P ) *♦ %❡❢❡% *♦

*❤❡ ,❡* ♦❢ *❤❡ ❝❧❛,,❡, ♦❢ *❤❡ ♣❛%*✐*✐♦♥ P *❤❛* ❝♦♥*❛✐♥, ❛* ❧❡❛,* ❛ ✈❡%*❡① ✐♥❝❧✉❞❡❞ ✐♥

*❤❡ ✈❡%*❡① ,❡* ✭♦% ❝❧❛,,✮ c✳

❯♥❞♦✲❞✐✈✐.✐♦♥. .(❡♣✿ ✭❧✐♥❡, ✷ *♦ ✹ ♦❢ ❆❧❣♦%✐*❤♠ ✶✶✮✳ ▲❡* Pi ❜❡ *❤❡ ✐♥✐*✐❛❧ ♣❛%✲

*✐*✐♦♥ ♦♥ *❤❡ ❝%✐*❡%✐❛ ❣%❛♣❤ GC✱ ❛♥❞ v✱ ❛ ♣❛%*✐*✐♦♥ ✈❛❧✉❡ ♦♥ GC✳ P ′
✐, *❤❡ ♠♦❞✐✜❡❞

♣❛%*✐*✐♦♥✱ %❡,✉❧*✐♥❣ ❢%♦♠ ❆❧❣♦%✐*❤♠ ✶✵✿ P ′
❤❛, ♥♦ ✉♥❛❝❝❡♣*❡❞ ❡❞❣❡, ❛❝❝♦%❞✐♥❣ *♦ v✱

❜✉* ✐* ✐, ♣♦,,✐❜❧❡ *❤❛* ,♦♠❡ ❝❧❛,,❡, ❤❛✈❡ ❜❡❡♥ ❞✐✈✐❞❡❞ *♦♦ ♠✉❝❤✳ ❚❤❡ ✉♥❞♦✲❞✐✈✐,✐♦♥,

,*❡♣ ❝❤❡❝❦, ❢♦% ❡❛❝❤ ♣❛✐% ♦❢ ❝❧❛,,❡, c✱ c′ ♦❢ P ′
✐❢ *❤❡② ❤❛✈❡ ✈❡%*❡①❡, ❢%♦♠ ❛ ,❛♠❡ ❝❧❛,,
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❆❧❣♦$✐&❤♠ ✶✵ #♦✉&❝❡❘❡♣❛✐&❆❧❣♦&✐0❤♠

❘❡-✉✐$❡✿ GC = (V,E)✱ ❛ ❝&✐0❡&✐❛ ❣&❛♣❤❀

v✱ ❛ ♣♦##✐❜❧❡ ♣❛&0✐0✐♦♥ ✈❛❧✉❡ ❢♦& GC❀

Pi✱ 0❤❡ ✐♥✐0✐❛❧ ♣❛&0✐0✐♦♥ ♦♥ GC❀

Pref ✱ 0❤❡ &❡❢❡&❡♥❝❡ ♣❛&0✐0✐♦♥ ♦♥ GC #✉❝❤ 0❤❛0 v(Pref ,GC) = v❀
❊♥2✉$❡✿ ❛ ♣❛&0✐0✐♦♥ P ′

0❤❛0 ❤❛# v ❛# ♣❛&0✐0✐♦♥ ✈❛❧✉❡ ✭♦& ❛ ❜❡00❡& ♦♥❡✮

✶✿ ;❛&0✐0✐♦♥ P ′ = copy(Pi)❀
✷✿ ✇❤✐❧❡ ∃(x, y) ∈ farUnacceptedEdge(v, P ′) ❞♦
✸✿ P ′ = sourceDivision((x, y), P i, P ′, Pref )❀
✹✿ ❡♥❞ ✇❤✐❧❡

✺✿ ✇❤✐❧❡ ∃(x, y) ∈ closeUnacceptedEdge(v, P ′) ❞♦
✻✿ ❈❧❛## cx = class(x, P ′)❀
✼✿ ❈❧❛## cy = class(y, P ′)❀
✽✿ ;❛&0✐0✐♦♥ Ptest = merge(cx, cy, P

′)❀
✾✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)|(z, w) 6∈

farUnacceptedEdge(v, P ′) &❤❡♥
✶✵✿ P ′ = Ptest❀

✶✶✿ ❡❧2❡

✶✷✿ ❈❧❛## c′x = classSource(x, P i, P ′, Pref )❀
✶✸✿ ❈❧❛## c′y = classSource(y, P i, P ′, Pref )❀
✶✹✿ Ptest = replacement(c′x, cy, P

′)❀
✶✺✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)|(z, w) 6∈

farUnacceptedEdge(v, P ′) &❤❡♥
✶✻✿ P ′ = Ptest❀

✶✼✿ ❡❧2❡

✶✽✿ Ptest = replacement(c′y, cx, P
′)❀

✶✾✿ ✐❢ 6 ∃(z, w) ∈ farUnacceptedEdge(v, Ptest)| (z, w) 6∈
farUnacceptedEdge(v, P ′) &❤❡♥

✷✵✿ P ′ = Ptest❀

✷✶✿ ❡❧2❡ ✐❢ source(x, P i) ∈ cx ❛♥❞ source(y, P i) ∈ cy &❤❡♥
✷✷✿ P ′ = newplacementSource(x, y, P i, P ′, Pref )
✷✸✿ ❡❧2❡

✷✹✿ P ′ = newplacement(c′x ∪ c′y, P
′)❀

✷✺✿ ❡♥❞ ✐❢

✷✻✿ ❡♥❞ ✐❢

✷✼✿ ❡♥❞ ✐❢

✷✽✿ ❡♥❞ ✇❤✐❧❡

✷✾✿ $❡&✉$♥ P ′
❀

♦❢ 0❤❡ ✐♥✐0✐❛❧ ♣❛&0✐0✐♦♥ ✭❧✐❣♥❡ ✷✮ ❛♥❞ ♥♦ ❋❯❊ ❜❡0✇❡❡♥ 0❤❡♠ ✭✉♥❞♦✲❞✐✈✐#✐♦♥# ❞♦❡# ♥♦0

❛❞❞ ❋❯❊✭#✮ 0♦ 0❤❡ &❡#✉❧0✐♥❣ ♣❛&0✐0✐♦♥✮✳ ■❢ ✐0 ✐# 0❤❡ ❝❛#❡✱ P ′
❜❡❝♦♠❡# merge(c, c′, P ′)

❛♥❞ #♦ ♦♥ ✉♥0✐❧ #✉❝❤ ❝❧❛##❡# ❞♦ ♥♦0 ❡①✐#0 ❛♥② ♠♦&❡✳
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❚❤✐& &'❡♣ ❡♥❛❜❧❡& ✉& '♦ ❝♦♠♣❡♥&❛'❡ ❝❛&❡& ✇❤❡3❡ '❤❡ ❛❧❣♦3✐'❤♠ ♦✈❡3 ❞✐✈✐❞❡& ❜②

♠❡3❣✐♥❣ ♦✈❡3✲❞✐✈✐❞❡❞ ❝❧❛&&❡&✱ ❛& ✇❡ ✇✐❧❧ &❡❡ ✐♥ '❤❡ ♥❡①' ❊①❛♠♣❧❡✳

❆❧❣♦$✐&❤♠ ✶✶ ❛❞✈❛♥❝❡❞❘❡♣❛✐3❆❧❣♦3✐'❤♠

❘❡,✉✐$❡✿ GC = (V,E)✱ ❛ ❝3✐'❡3✐❛ ❣3❛♣❤❀

v✱ ❛ ♣♦&&✐❜❧❡ ♣❛3'✐'✐♦♥ ✈❛❧✉❡ ❢♦3 GC❀

Pi✱ '❤❡ ✐♥✐'✐❛❧ ♣❛3'✐'✐♦♥ ♦♥ GC❀☎

Pref ✱ '❤❡ 3❡❢❡3❡♥❝❡ ♣❛3'✐'✐♦♥ ♦♥ GC &✉❝❤ '❤❛' v(Pref ,GC) = v✳
❊♥1✉$❡✿ ❛ ♣❛3'✐'✐♦♥ P ′

'❤❛' ❤❛& v ❛& ♣❛3'✐'✐♦♥ ✈❛❧✉❡ ✭♦3 ❛ ❜❡''❡3 ♦♥❡✮

✶✿ D❛3'✐'✐♦♥ P ′ = sourceRepairAlgorithm(GC, v, P )❀
✷✿ ✇❤✐❧❡ ∃c, c′ ❞✐&'✐♥❝' ❝❧❛&&❡& ♦❢ P ′|classes(c, P i) ∩ classes(c′, P i) 6= {} ❛♥❞

farUnacceptedEdge(v,merge(c, c′, P ′)) = {} ❞♦
✸✿ P ′ = merge(c, c′, P ′)❀
✹✿ ❡♥❞ ✇❤✐❧❡

✺✿ $❡&✉$♥ P ′
❀

❊①❛♠♣❧❡ ✺✻ ✭❆❞✈❛♥❝❡❞ 3❡♣❛✐3 ❛❧❣♦3✐'❤♠✮✳ ▲❡" ✉$ "❛❦❡ "❤❡ ✉♥❛❝❝❡♣"❡❞ ❡❞❣❡$ ♦❢ "❤❡

❣/❛♣❤ GC ✇✐"❤ /❡$♣❡❝" "♦ ♣❛/"✐"✐♦♥ ✈❛❧✉❡ v ❢♦/ "❤❡ ✐♥✐"✐❛❧ ♣❛/"✐"✐♦♥ P = {{a✱ b✱ c✱ d}✱
{e✱ f ✱ g✱ h✱ i✱ j}} ❞❡$❝/✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✾ ❛♥❞ /❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ✻✳✸✳ ■❢ "❤❡

/❡$✉❧"✐♥❣ ♣❛/"✐"✐♦♥ P ′
❛" "❤❡ ❡♥❞ ♦❢ "❤❡ ❞✐✈✐$✐♦♥ $"❡♣ ♦❢ "❤❡ $♦✉/❝❡ /❡♣❛✐/ ❛❧❣♦/✐"❤♠

✇❛$ "❤❡ /❡$✉❧"✐♥❣ ♣❛/"✐"✐♦♥ P ′ = {{a✱ b✱ c✱ d}✱ {e✱ j✱ h}✱ {g✱ i✱ f}}✱ P ′
✇♦✉❧❞ ❜❡❝♦♠❡

P ′ = {{a✱ b✱ c✱ d✱ e✱ j✱ h}✱ {g✱ i✱ f}} ❛" "❤❡ ❡♥❞ ♦❢ "❤❡ ♠❡/❣❡ $"❡♣ ♦❢ "❤❡ $♦✉/❝❡

/❡♣❛✐/ ❛❧❣♦/✐"❤♠ ❜❡❝❛✉$❡ ♦❢ ❈❯❊ (d, i)✳ ❍♦✇❡✈❡/✱ P ′
✐$ "❤❡ ♣❛/"✐"✐♦♥ {{a✱ b✱ c✱ d✱ e}✱

{j}✱ {h}✱ {g✱ i✱ f}} /❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ✻✳✽✱ ❛$ ❡①♣❧❛✐♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✺✺ ❜❡❝❛✉$❡
j✱ h ❛♥❞ e ✇❡/❡ ❡①"/❛❝"❡❞ ❢/♦♠ "❤❡✐/ ♦/✐❣✐♥❛❧ ❝❧❛$$ {e✱ f ✱ g✱ h✱ i✱ j} $❡♣❛/❛"❡❧②✳

❚❤❡ ✉♥❞♦✲❞✐✈✐$✐♦♥ $"❡♣ ✉♥❞♦❡$ "❤❛" ❜② ♠❡/❣✐♥❣✿

❼ {j} ❛♥❞ {h} ✭"❤❡/❡ ✐$ ♥♦ ❋❯❊ ❜❡"✇❡❡♥ "❤❡♠ ❛♥❞ class(j, P i) = class(h, P i) =
{e✱ f ✱ g✱ h✱ i✱ j}✳ J✬ ❜❡❝♦♠❡$ P ′ = merge({j}, {h}, P ′) ❛♥❞ ✐$ /❡♣/❡$❡♥"❡❞ ♦♥
❋✐❣✉/❡ ✻✳✾✳ P ′ = {{a✱ b✱ c✱ d✱ e}✱ {j✱ h}✱ {g✱ i✱ f}}

❼ {a✱ b✱ c✱ d✱ e} ❛♥❞ {j, h} ✭"❤❡/❡ ✐$ ♥♦ ❋❯❊ ❜❡"✇❡❡♥ "❤❡♠ ❛♥❞ class(e, P i) =
class(j, P i) = {e✱ f ✱ g✱ h✱ i✱ j}✳ J✬ ❜❡❝♦♠❡$ P ′ = merge({a✱ b✱ c✱ d✱ e}, {j✱
h}, P ′) ❛♥❞ ✐$ /❡♣/❡$❡♥"❡❞ ♦♥ ❋✐❣✉/❡ ✻✳✶✵✳ P ′ = {{a✱ b✱ c✱ d✱ e✱ j✱ h}✱ {g✱ i✱
f}}✳

❚❤❡/❡ ❛/❡ ♥♦ ♠♦/❡ P ′
❝❧❛$$❡$ "♦ ♠❡/❣❡ ❜❡❝❛✉$❡ "❤❡/❡ ❛/❡ ❢❛/♥❡$$ ❝/✉❝✐❛❧ ❡❞❣❡$

❜❡"✇❡❡♥ "❤❡ ❧❛$" "✇♦ ❝❧❛$$❡$✱ ❧✐❦❡ (i, d)✳ ❚❤❡ "✇♦ ♠❡/❣❡$ ❝♦♠♠✐""❡❞ ❜② "❤❡ ✉♥❞♦✲

❞✐✈✐$✐♦♥ $"❡♣ ❡♥❛❜❧❡ ✉$ "♦ ❝♦♠♣❡♥$❛"❡ "✇♦ ♦❢ "❤❡ "❤/❡❡ ❞✐✈✐$✐♦♥$ ❝♦♠♠✐""❡❞ ❜② "❤❡

❞✐✈✐$✐♦♥ ❛♥❞ ♠❡/❣❡ $"❡♣$✳ ■♥ ❢❛❝"✱ "❤❡ ♠❡/❣❡ $"❡♣ ✉$❡$ "/❛♥$❢♦/♠❛"✐♦♥$ ❧✐❦❡ /❡♣❧❛❝❡✲

♠❡♥" ❛♥❞ ♥❡✇♣❧❛❝❡♠❡♥" ✇❤✐❝❤ ✐♠♣❧② ♦♥❡ ♦/ "✇♦ ❞✐✈✐$✐♦♥$✳
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❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛./✐/✐♦♥ ❝❧❛33

✈❡./❡①

3♦✉.❝❡

❢❛.♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❝❧♦3❡♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❢❛.♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❝❧♦3❡♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❋✐❣✉.❡ ✻✳✾✿ ❚❤❡ ♣❛./✐/✐♦♥ P ′
✱ ♠♦❞✐✜❝❛/✐♦♥ ♦❢ ♣❛./✐/✐♦♥ P ♦♥ GC ✇✐/❤ .❡3♣❡❝/ /♦

(++,−) ❛❢/❡. /❤❡ ✜.3/ ♠❡.❣❡ ✐♥ /❤❡ ✉♥❞♦ ❞✐✈✐3✐♦♥ 3/❡♣ ♦❢ /❤❡ ❛❞✈❛♥❝❡❞ .❡♣❛✐. ❛❧❣♦✲

.✐/❤♠ ✭❆❧❣♦.✐/❤♠ ✶✵✮

❛

❜

❝

❞

❡

❢

❣

❤

✐

❥

❛ ♣❛./✐/✐♦♥ ❝❧❛33

✈❡./❡①

3♦✉.❝❡

❢❛.♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❝❧♦3❡♥❡33 ❝.✉❝✐❛❧ ❡❞❣❡

❢❛.♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❝❧♦3❡♥❡33 ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡

❋✐❣✉.❡ ✻✳✶✵✿ ❚❤❡ ♣❛./✐/✐♦♥ P ′
✱ ♠♦❞✐✜❝❛/✐♦♥ ♦❢ ♣❛./✐/✐♦♥ P ♦♥ GC ✇✐/❤ .❡3♣❡❝/ /♦

(++,−) ❛❢/❡. /❤❡ ✉♥❞♦✲❞✐✈✐3✐♦♥ 3/❡♣ ♦❢ /❤❡ ❛❞✈❛♥❝❡❞ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ✭❆❧❣♦.✐/❤♠

✶✵✮

❈♦♠♣❧❡①✐(② ❛♥❞ (-❛♥.❢♦-♠❛(✐♦♥ ♥✉♠❜❡-✳ ❚❤❡ ❛❞✈❛♥❝❡❞ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ❛❞❞3

✶ ❛/♦♠✐❝ /.❛♥3❢♦.♠❛/✐♦♥ ♣❡. ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡ ✐♥ /❤❡ ✇♦.3/ ❝❛3❡ ✭/♦ /❤❡ ✸ ❛/♦♠✐❝

/.❛♥3❢♦.♠❛/✐♦♥3 ♣❡. ✉♥❛❝❝❡♣/❡❞ ❡❞❣❡ ♦❢ /❤❡ 3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠✮✱ /❤❛/ ❛✈♦✐❞3

❛♥ ❛/♦♠✐❝ /.❛♥3❢♦.♠❛/✐♦♥ ✭❞✐✈✐3✐♦♥✮ ♣.❡✈✐♦✉3❧② ❞♦♥❡ ❜② /❤❡ 3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠✳

❙♦✱ /❤❡ .❡3✉❧/✐♥❣ ♣❛./✐/✐♦♥ ❤❛3 ❜❡❡♥ ❧❡33 ❞✐✈✐❞❡❞ /❤❛♥ /❤❡ .❡3✉❧/✐♥❣ ♣❛./✐/✐♦♥ ♦❢ /❤❡

3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠✱ ❛3 3❤♦✇♥ ✐♥ ❊①❛♠♣❧❡ ✺✻✳

▲❡/ n ❜❡ /❤❡ ♥✉♠❜❡. ♦❢ ✈❡./❡①❡3 ❛♥❞ m ❜❡ /❤❡ ♥✉♠❜❡. ♦❢ ❡❞❣❡3✳ ❚❤❡ ✉♥❞♦✲

❞✐✈✐3✐♦♥ 3/❡♣ ❝❤❡❝❦3 ❡❛❝❤ ♣❛✐. ♦❢ ✈❡./❡①❡3 ✭n ∗ (n − 1)/2 ❝❤❡❝❦3 ✐♥ /❤❡ ✇♦.3/ ❝❛3❡✮✳

❋♦. ❡❛❝❤ ♣❛✐. ♦❢ ✈❡./❡①❡3✱ ✐❢ /❤❡② ❛.❡ ✐♥ ❞✐3/✐♥❝/ ❝❧❛33❡3✱ ✐/ ❝❤❡❝❦3 ✐❢ /❤❡.❡ ✐3 ❛ ❢❛.♥❡33

❡❞❣❡ ❜❡/✇❡❡♥ /❤❡3❡ ❝❧❛33❡3 ✭m ❡❞❣❡3 /♦ ❝❤❡❝❦ ✐♥ /❤❡ ✇♦.3/ ❝❛3❡✮ ❛♥❞ ♠❛② ♠❡.❣❡

/❤❡3❡ ❝❧❛33❡3 ✭n ♦♣❡.❛/✐♦♥3 ✐♥ /❤❡ ✇♦.3/ ❝❛3❡✮✳ ❆3 ❛ ❝♦♥3❡L✉❡♥❝❡✱ /❤❡ ❝♦♠♣❧❡①✐/② ♦❢

/❤❡ ✉♥❞♦✲❞✐✈✐3✐♦♥ 3/❡♣ ✐3 O(n2(m+ n)) ✐♥ /❤❡ ✇♦.3/ ❝❛3❡✳ ❚❤❡ ❛❞✈❛♥❝❡❞ ❛❧❣♦.✐/❤♠

❛❧3♦ ✉3❡3 /❤❡ 3♦✉.❝❡ .❡♣❛✐. ❛❧❣♦.✐/❤♠ ✭O(m∗ (n+m)) ❝♦♠♣❧❡①✐/② ✐♥ /❤❡ ✇♦.3/ ❝❛3❡✮✱
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#♦ ✐&# &♦&❛❧ ❝♦♠♣❧❡①✐&② ✐♥ &❤❡ ✇♦2#& ❝❛#❡ ✐# O((n2 +m) ∗ (m+ n))✳

❲❡ ♣2❡#❡♥&❡❞ ✐♥ &❤✐# ❈❤❛♣&❡2 ❢♦✉2 ❛❧❣♦2✐&❤♠# ❢♦2 ♠♦❞✐❢②✐♥❣ ❛ ♣❛2&✐&✐♦♥ ✐♥ ♦2❞❡2

&♦ ✐♠♣2♦✈❡ ✐&# ♣❛2&✐&✐♦♥ ✈❛❧✉❡✳ ❚❤❡② ❝❛♥ ❜❡ ✉#❡❞ &♦ 2❡♣❛✐2 ❡22♦♥❡♦✉# ❧✐♥❦# ✐♥ ❛

❜✐❜❧✐♦❣2❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛#❡ #✉❝❤ ❛# ❙✉❞♦❝✳ ❊❛❝❤ ♦❢ &❤❡♠ ❤❛# ❜❡❡♥ &❤❡♦2❡&✐❝❛❧❧②

❡✈❛❧✉❛&❡❞ ✐♥ ✐&# ♦✇♥ ❙❡❝&✐♦♥✳ ▲❡& ✉# ❡✈❛❧✉❛&❡ ✐♥ &❤❡ ♥❡①& ❈❤❛♣&❡2 &❤❡ ♣❛2&✐&✐♦♥✐♥❣

#❡♠❛♥&✐❝# ✉#❡❞ ❢♦2 ❞❡&❡❝&✐♥❣ ❡22♦♥❡♦✉# ❧✐♥❦# ❛♥❞ ♣2♦♣♦#❡❞ ✐♥ ❈❤❛♣&❡2 ✺✳



❈❤❛♣$❡& ✼

❊①♣❡&✐♠❡♥$-

■♥ "❤✐% ❈❤❛♣"❡* ✇❡ ✇✐❧❧ ❡✈❛❧✉❛"❡ "❤❡ *❡%✉❧"% ♦❢ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ♣❛*"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝%✳

❚❤❡ *❡♣❛✐* ❛❧❣♦*✐"❤♠% ❤❛✈❡ ❜❡❡♥ "❤❡♦*❡"✐❝❛❧❧② ❡✈❛❧✉❛"❡❞ ✐♥ ❈❤❛♣"❡* ✻✳ ❙❡❝"✐♦♥ ✼✳✸

✇✐❧❧ %❤♦✇ "❤❛" "❤❡ ♣*♦♣♦%❡❞ ❛❧❣♦*✐"❤♠% ❛*❡ ❡✣❝✐❡♥" "♦ ✜♥❞ "❤❡ ❜❡%" ♣❛*"✐"✐♦♥ ✈❛❧✉❡%

♦♥ *❡❛❧ ❙✉❞♦❝ %✉❜%❡"%

✶

✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ %"✉❞② ❤♦✇ ❞❛"❛ ❝❤❛*❛❝"❡*✐%"✐❝% ✐♥✢✉❡♥❝❡ "❤❡

*❡%✉❧"% ♦❢ "❤❡%❡ ❛❧❣♦*✐"❤♠% ✐♥ ❙❡❝"✐♦♥ ✼✳✷ ❜❡❢♦*❡ ❝❤❡❝❦✐♥❣ "❤❛" ♣❛*"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝%

❛*❡ ❛❜❧❡ "♦ ❞❡"❡❝" ❡**♦♥❡♦✉% ❧✐♥❦% ❜② ❝♦♠♣❛*✐♥❣ ✐♥✐"✐❛❧ ❛♥❞ ❤✉♠❛♥ ♣❛*"✐"✐♦♥

✷

✈❛❧✉❡%

♦♥ ❛ *❡❛❧ ❙✉❞♦❝ %❛♠♣❧❡ ✐♥ ❙❡❝"✐♦♥ ✼✳✸✳ ❲❡ ✇✐❧❧ ✜♥✐%❤ ❜② ♣*❡%❡♥"✐♥❣ ❛ ❢✉"✉*❡ ✐♥"❡*❢❛❝❡

"❤❛" ✇✐❧❧ ❜❡ ✉%❡❞ ❜② ❡①♣❡*"% ✐♥ ♦*❞❡* "♦ %❡❡ ❡**♦♥❡♦✉% ❧✐♥❦% ✐♥ ❙❡❝"✐♦♥ ✼✳✹✳

✼✳✶ ◗✉❛♥'✐'❛'✐✈❡ ❡①♣❡-✐♠❡♥'/

■♥ "❤✐% ❙❡❝"✐♦♥✱ ✇❡ ♣*❡%❡♥" ❡①♣❡*✐♠❡♥"% "❤❛" %❤♦✇ "❤❛" ❛❧❣♦*✐"❤♠% ✉%❡❞ "♦ ✜♥❞ "❤❡

❜❡%" ♣❛*"✐"✐♦♥ ✈❛❧✉❡% ❛❝❝♦*❞✐♥❣ "♦ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ %❡♠❛♥"✐❝% ✭♣❧❡❛%❡ %❡❡ ❈❤❛♣"❡* ✺

❢♦* ❞❡"❛✐❧% ❛❜♦✉" "❤❡%❡ %❡♠❛♥"✐❝%✮ ❛*❡ ❡✣❝✐❡♥" ♦♥ *❡❛❧ ❙✉❞♦❝ %✉❜%❡"%✳

❲❡ ❤❛✈❡ ❡①♣❡*✐♠❡♥"❡❞ "❤❡ ❛❧❣♦*✐"❤♠% ✉%❡❞ "♦ ✜♥❞ ❛❧❧ "❤❡ ❜❡%" ♣❛*"✐"✐♦♥ ✈❛❧✉❡%

❛❝❝♦*❞✐♥❣ "♦ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ %❡♠❛♥"✐❝% ✭❞❡%❝*✐❜❡❞ ✐♥ ❈❤❛♣"❡* ✺✮ ♦♥ ✶✼✾✻ ❙✉❞♦❝

%✉❜%❡" *❡❧❛"❡❞ "♦ ✶✼✾✻ *❛♥❞♦♠ ❛♣♣❡❧❧❛"✐♦♥%✳ ❚❤♦%❡ ❛♣♣❡❧❧❛"✐♦♥% ❤❛✈❡ ❜❡❡♥ *❛♥❞♦♠❧②

❝❤♦%❡♥

✸

✳ ❋♦* ❡❛❝❤ ❛♣♣❡❧❧❛"✐♦♥✱ ✇❡ %❡❧❡❝" "❤❡ ❙✉❞♦❝ %✉❜%❡" *❡❧❛"❡❞ "♦ ✐"✳

❲❡ *❡❝❛❧❧ "❤❛" "❤❡ ❝♦♠♣❧❡①✐"② ✐♥ "❤❡ ✇♦*%" ❝❛%❡ ❢♦* ✜♥❞✐♥❣ "❤❡ ❜❡%" ♣❛*"✐"✐♦♥

✈❛❧✉❡% ❛❝❝♦*❞✐♥❣ "♦ ❣❧♦❜❛❧ %❡♠❛♥"✐❝% ✭❆❧❣♦*✐"❤♠ ✸ ♣❛❣❡ ✼✸✮ ✐% O((k + 1)c ∗m log n)

✶

❲❡ "❡❝❛❧❧ &❤❛& ❛ ❙✉❞♦❝ ,✉❜,❡& "❡❧❛&❡❞ &♦ ❛♥ ❛♣♣❡❧❧❛&✐♦♥ ❆ ✐, &❤❡ ,❡& ♦❢ ❝♦♥&❡①&✉❛❧ ❡♥&✐&✐❡,

&❤❛& "❡♣"❡,❡♥&, ❛ ❧✐♥❦ &♦ ❛♥ ❛✉&❤♦"✐&② ♥♦&✐❝❡ ✇✐&❤ ❛♥ ❛♣♣❡❧❧❛&✐♦♥ ❝❧♦,❡ &♦ ❆✳ ❚❤✐, ♥♦&✐♦♥ ❤❛, ❜❡❡♥

❞❡&❛✐❧❡❞ ✐♥ ❙❡❝&✐♦♥ ✹✳✶✳✺ ♣❛❣❡ ✹✼✳

✷

❲❡ "❡❝❛❧❧ &❤❛& &❤❡ ✐♥✐&✐❛❧ ♣❛"&✐&✐♦♥ ✐, &❤❡ ♣❛"&✐&✐♦♥ &❤❛& "❡✢❡❝&, ❧✐♥❦, ✐♥ ❙✉❞♦❝ ❜❡❢♦"❡ "❡♣❛✐"✐♥❣

❧✐♥❦, ❛♥❞ &❤❛& &❤❡ ❤✉♠❛♥ ♣❛"&✐&✐♦♥ "❡✢❡❝&, ❣♦♦❞ ❧✐♥❦, ❛❝❝♦"❞✐♥❣ &♦ ❛ ❤✉♠❛♥ ❡①♣❡"&✳ ❚❤♦,❡ ♥♦&✐♦♥,

❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝&✐♦♥ ✸✳✷✳✸ ♣❛❣❡ ✸✼✳

✸

❊❛❝❤ ❙✉❞♦❝ ❛✉&❤♦"✐&② ♥♦&✐❝❡ ✐, ,&♦"❡❞ ✐♥ ✐&, ♦✇♥ ✜❧❡✳ ❚❤♦,❡ ✜❧❡, ❤❛✈❡ ❜❡❡♥ ❝❧❛,,✐✜❡❞ ❜② ✉,✐♥❣

❛ ❦❡② &❤❛& ❞❡♣❡♥❞, ♦♥ ❡❛❝❤ ❝❤❛"❛❝&❡" ✐♥ &❤❡ ✜❧❡✱ ✇✐&❤ ❛ ❧♦& ♦❢ ✈❛"✐❛❜✐❧✐&②✳ ✶✼✾✻ ❦❡②, ❤❛✈❡ ❜❡❡♥

,❡❧❡❝&❡❞✳ ❲❡ &♦♦❦ &❤❡ ✜",& ❛♣♣❡❧❧❛&✐♦♥ ♦❢ ❡❛❝❤ ❛✉&❤♦"✐&② ♥♦&✐❝❡ ❝♦♥&❛✐♥❡❞ ❜② ❛ ✜❧❡ ,✉❝❤ &❤❛& ✐&,

❦❡② ✇❛, ,❡❧❡❝&❡❞✳ ❚❤♦,❡ ❛♣♣❡❧❧❛&✐♦♥, ❛"❡ &❤❡ ✶✼✾✺ "❛♥❞♦♠❧② ❝❤♦,❡♥ ❛♣♣❡❧❧❛&✐♦♥,✳

✶✵✾



✶✶✵ ❈❍❆#❚❊❘ ✼✳ ❊❳#❊❘■▼❊◆❚❙

✇✐$❤ n ✈❡($❡①❡*✱ m ❡❞❣❡*✱ c ❝(✐$❡(✐❛✱ ❛♥❞ k $❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡( ♦❢ ❝❧♦*❡♥❡** ✈❛❧✉❡*

♦❢ ❛ ❝(✐$❡(✐♦♥ ✐♥ $❤❡ ❝♦♥*✐❞❡(❡❞ ❝(✐$❡(✐♦♥ *❡$ ❛♥❞ $❤❛$ $❤❡ ❝♦♠♣❧❡①✐$② ✐♥ $❤❡ ✇♦(*$

❝❛*❡ ❢♦( ✜♥❞✐♥❣ $❤❡ ❜❡*$ ♣❛($✐$✐♦♥ ✈❛❧✉❡* ❛❝❝♦(❞✐♥❣ $♦ ❧♦❝❛❧ *❡♠❛♥$✐❝* ✭❆❧❣♦(✐$❤♠ ✹

♣❛❣❡ ✽✶✮ ✐* O(n ∗ (k + 1)c ∗m log n)✳ ❋♦( ❜♦$❤ ❛❧❣♦(✐$❤♠*✱ (k + 1)c ❝♦((❡*♣♦♥❞* $♦

$❤❡ ♥✉♠❜❡( ♦❢ (❡❢❡(❡♥❝❡ ♣❛($✐$✐♦♥* $♦ ❡✈❛❧✉❛$❡ ✐♥ $❤❡ ✇♦(*$ ❝❛*❡✳

❊❛❝❤ *❡❧❡❝$❡❞ ❙✉❞♦❝ *✉❜*❡$ ❝♦♥$❛✐♥* ✶ $♦ ✶✷✸✽ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡*✳ ❲❡ ❞✐❞ ♥♦$

(❡♣(❡*❡♥$ ♦♥ ❋✐❣✉(❡* $❤❡ ✼ ❙✉❞♦❝ *✉❜*❡$* $❤❛$ ❝♦♥$❛✐♥❡❞ ♠♦(❡ $❤❛♥ ✻✺✸ ❛✉$❤♦(✐$②

♥♦$✐❝❡* ❜❡❝❛✉*❡ $❤❡② ❛(❡ $♦♦ ❢❡✇ $♦ ❜❡ *✐❣♥✐✜❝❛♥$✳ ❲❡ ❡✈❛❧✉❛$❡❞ $❤❡ ❡①❡❝✉$✐♦♥ $✐♠❡

❢♦( ❛ ❝(✐$❡(✐♦♥ *❡$ C ♦❢ *✐① ❝(✐$❡(✐❛ ✭C = {appellation✱ language✱ date✱ domain✱ title✱
otherContributors⑥✮ ❞❡*❝(✐❜❡❞ ✐♥ ❙❡❝$✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳ ❊❛❝❤ ♦❢ $❤❡*❡ ❝(✐$❡(✐❛ ❤❛* ✵

$♦ ✻ ❝❧♦*❡♥❡** ✈❛❧✉❡* ✭$❤❡(❡ ❛(❡ ✽✹ ♣♦**✐❜❧❡ ❝❧♦*❡♥❡** ✈❛❧✉❡ *❡$* ❢♦( C✱ *♦ ✽✹ (❡❢❡(❡♥❝❡

♣❛($✐$✐♦♥* $♦ ❡✈❛❧✉❛$❡ ✐♥ $❤❡ ✇♦(*$ ❝❛*❡ $♦ ❡♥*✉(❡ $♦ ❤❛✈❡ ❡✈❡(② ❜❡*$ ♣❛($✐$✐♦♥ ✈❛❧✉❡

✇✐$❤ (❡*♣❡❝$ $♦ ❣❧♦❜❛❧ *❡♠❛♥$✐❝*✮✳

❲❡ ✉*❡❞ ❛ ■♥$❡❧✭❘✮ ❈♦(❡✭❚▼✮ ✐✼✲✷✻✵✵ ❈P❯ ✸✳✹✵ ●❍③ P❈ ✇✐$❤ ✹●❇ ♦❢ ❘❆▼

(✉♥♥✐♥❣ ❲✐♥❞♦✇* ✼ ✻✹ ❇✐$ ✇✐$❤ ❛ ❏❛✈❛ ✶✳✻ ✐♠♣❧❡♠❡♥$❛$✐♦♥✳ ❚❤❡ ❡①❡❝✉$✐♦♥ $✐♠❡*

❛(❡ *❤♦✇♥ ♦♥ ❋✐❣✉(❡* ✼✳✷ ❛♥❞ ✼✳✹✳

❇❡❢♦(❡ ❡①❡❝✉$✐♥❣ $❤❡ ❛❧❣♦(✐$❤♠* ✉*❡❞ $♦ ✜♥❞ ❛❧❧ $❤❡ ❜❡*$ ♣❛($✐$✐♦♥ ✈❛❧✉❡* ❛❝❝♦(❞✲

✐♥❣ $♦ ❣❧♦❜❛❧ *❡♠❛♥$✐❝* ✭❆❧❣♦(✐$❤♠ ✸ ♣❛❣❡ ✼✸✮ ❛♥❞ ❧♦❝❛❧ *❡♠❛♥$✐❝* ✭❆❧❣♦(✐$❤♠ ✹

♣❛❣❡ ✽✶✮✱ ❧❡$ ✉* ♦❜*❡(✈❡ $❤❡ ❞✐*$(✐❜✉$✐♦♥ ♦❢ ❧✐♥❦* ✐♥ ❙✉❞♦❝✳

❉✐"#$✐❜✉#✐♦♥ ♦❢ ❝♦♥#$✐❜✉#♦$ ❧✐♥❦" ✐♥ ❙✉❞♦❝✳ ■♥ ♦(❞❡( $♦ ❧♦♦❦ ❛$ $❤❡ ❧✐♥❦ ❞✐*✲

$(✐❜✉$✐♦♥ ✐♥ ❙✉❞♦❝✱ ❆❧❛✐♥ ●✉$✐❡((❡③ ❡♥✉♠❡(❛$❡❞ $❤❡ ♥✉♠❜❡( ♦❢ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦$✐❝❡*

❧✐♥❦❡❞ ♣❡( ❛✉$❤♦(✐$② ♥♦$✐❝❡ ♣❡( (♦❧❡ ✭❛* ✏❛✉$❤♦(✑✮✳ ❚❤❡ ♥✉♠❜❡( ♦❢ ❧✐♥❦* ♣❡( ❛✉$❤♦(✐$②

♥♦$✐❝❡* ✐* (❡♣(❡*❡♥$❡❞ ♦♥ ❋✐❣✉(❡ ✼✳✶✳ ❚❤❡ *❝❛❧❡ ✐* ♥♦$ ❧✐♥❡❛( ❜❡❝❛✉*❡ ❧✐♥❦* ❛(❡ ❞✐*✲

$(✐❜✉$❡❞ ✐♥ ❛ ✈❡(② ✉♥❡Z✉❛❧ ❢❛*❤✐♦♥✳ ❆* *❤♦✇♥ ♦♥ ❋✐❣✉(❡✱ $❤❡ (♦❧❡ ✏❛✉$❤♦(✑ ✐* ✇✐❞❡❧②

♣(❡❞♦♠✐♥❛♥$ ♦✈❡( ♦$❤❡( (♦❧❡*✳ ❋♦( ✏❛✉$❤♦(✑ ❧✐♥❦*✱ ✇❡ ♦❜*❡(✈❡ $❤❛$✿

❼ ✶✺✷✵✷✽✺ ❛✉$❤♦(✐$② ♥♦$✐❝❡* ❛(❡ ❧✐♥❦❡❞ ❛$ ❧❡❛*$ ♦♥❝❡❀

❼ ✾✼✷ ❛✉$❤♦(✐$② ♥♦$✐❝❡* ❛(❡ ❧✐♥❦❡❞ ❛$ ❧❡❛*$ ✷✺✵ $✐♠❡*❀

❼ ✶✶✸ ❛✉$❤♦(✐$② ♥♦$✐❝❡* ❛(❡ ❧✐♥❦❡❞ ❛$ ❧❡❛*$ ✶✵✵✶ $✐♠❡*✳

▲✐♥❦* ❛(❡ ❞✐*$(✐❜✉$❡❞ ✐♥ ❛ ✈❡(② ✉♥❡Z✉❛❧ ❢❛*❤✐♦♥ ❛♠♦♥❣ ❛✉$❤♦(✐$② ♥♦$✐❝❡*✳ ❋❡✇

❛✉$❤♦(✐$② ♥♦$✐❝❡* ❛(❡ ✈❡(② ❧✐♥❦❡❞ ✭✶✶✸✮✱ ❛♥❞ $❤❡ ❧❛(❣❡ ♠❛❥♦(✐$② ❛(❡ ❧✐♥❦❡❞ $♦ ❢❡✇ ❜✐❜✲

❧✐♦❣(❛♣❤✐❝ ♥♦$✐❝❡* ✭✶✹✷✺✹✼✸ ❛✉$❤♦(✐$② ♥♦$✐❝❡* ❛(❡ ❧✐♥❦❡❞ $♦ ✶✵ ❜✐❜❧✐♦❣(❛♣❤✐❝ ♥♦$✐❝❡*

❛$ ♠♦*$ ❜② ❛♥ ✏❛✉$❤♦(✑ ❧✐♥❦✮✳ ❙♦✱ ✐$ ✐* (❡❛*♦♥❛❜❧❡ $♦ ❝♦♥*✐❞❡( $❤❛$ ♦♥❧② ❛ ❧✐$$❧❡ ♣❛($ ♦❢

❙✉❞♦❝ *✉❜*❡$* (❡❧❛$❡❞ $♦ ❛♥ ❛♣♣❡❧❧❛$✐♦♥ ❝♦♥$❛✐♥* ♠♦(❡ $❤❛♥ ✸✺✵ ❝♦♥$❡①$✉❛❧ ❡♥$✐$✐❡*✳

●❧♦❜❛❧ "❡♠❛♥#✐❝" ✭❆❧❣♦$✐#❤♠ ✸ ♣❛❣❡ ✼✸✮✳ ❆* *❤♦✇♥ ♦♥ ❋✐❣✉(❡ ✼✳✷✱ ❡①❡❝✉$✐♦♥

$✐♠❡* ❢♦( ❆❧❣♦(✐$❤♠ ✸ ✭✇❤✐❝❤ ✜♥❞* $❤❡ ❜❡*$ ♣❛($✐$✐♦♥ ✈❛❧✉❡* ❛❝❝♦(❞✐♥❣ $♦ ❣❧♦❜❛❧

*❡♠❛♥$✐❝* ❛♥❞ *❡✈❡(❛❧ ❝(✐$❡(✐❛✮ ❛(❡ ❢❛*$✿

❼ ❧❡** $❤❛♥ ✻ *❡❝♦♥❞* ❢♦( ✉♣ $♦ ✻✺✸ ❛✉$❤♦(✐$② ♥♦$✐❝❡*❀
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❋✐❣✉%❡ ✼✳✶✿ ▲✐♥❦- ❞✐-/%✐❜✉/✐♦♥ ❜❡/✇❡❡♥ ❙✉❞♦❝ ❛✉/❤♦%✐/② ♥♦/✐❝❡-

❼ ❧❡-- /❤❛♥ ✷ -❡❝♦♥❞- ❢♦% ✉♣ /♦ ✹✹✹ ❛✉/❤♦%✐/② ♥♦/✐❝❡-❀

❼ ❧❡-- /❤❛♥ ✶ -❡❝♦♥❞ ❢♦% ✉♣ /♦ ✷✸✶ ❛✉/❤♦%✐/② ♥♦/✐❝❡-✳

✵

✶

✷

✸

✹

✺

✻

❊①❡❝✉/✐♦♥ /✐♠❡ ✐♥ -❡❝♦♥❞-

✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✷✺✵ ✸✵✵ ✸✺✵ ✹✵✵ ✹✺✵ ✺✵✵ ✺✺✵ ✻✵✵ ✻✺✵

◆✉♠❜❡% ♦❢ ❝♦♥/❡①/✉❛❧ ❡♥/✐/✐❡-

❋✐❣✉%❡ ✼✳✷✿ ❊①❡❝✉/✐♦♥ /✐♠❡ ❢♦% ❣❧♦❜❛❧ -❡♠❛♥/✐❝- ❛❧❣♦%✐/❤♠
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❼ "❤❡ ✈❛❧✉❡ ♦❢ "❤❡ ❤✉♠❛♥ ♣❛/"✐"✐♦♥✿ ❲❡ +❡❝❛❧❧ '❤❛' '❤❡ ❤✉♠❛♥ ♣❛+'✐'✐♦♥

✐$ '❤❡ ♣❛+'✐'✐♦♥ ♦❢ ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡$ $✉❝❤ '❤❛' '❤❡ ❧✐♥❦$ ❛+❡ ✈❛❧✐❞❛'❡❞ ❜② ❛

❤✉♠❛♥ ❡①♣❡+'✳ ❚❤✐$ ♥♦'✐♦♥ ✐$ ❡①♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐'✐♦♥ ✷ ♣❛❣❡ ✸✼✮✳

❼ "❤❡ ♥✉♠❜❡/ ♦❢ ✐♥❝♦❤❡/❡♥❝❡+ ✭♣❧❡❛$❡ $❡❡ ❙❡❝'✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻ ❢♦+ ❞❡'❛✐❧$

❛❜♦✉' ✐♥❝♦❤❡+❡♥❝❡$✮✳

❼ "❤❡ ❡①❡❝✉"✐♦♥ "✐♠❡ ♦❢ ❛❧❣♦+✐'❤♠$ globalAlgorithm ✭❆❧❣♦+✐'❤♠ ✸ ♣❛❣❡ ✼✸✮

❛♥❞ localAlgorithm ✭❆❧❣♦+✐'❤♠ ✹ ♣❛❣❡ ✽✶✮✳

■♥ '❤❡ +❡♠✐♥❞❡+ ♦❢ '❤✐$ ❙❡❝'✐♦♥✱ ✇❡ ❞❡✜♥❡ ❡❛❝❤ ❞❛'❛ ❝❤❛+❛❝'❡+✐$'✐❝$ ❛♥❞ ❡①♣❧♦+❡

'❤❡✐+ ❝♦♥$❡F✉❡♥❝❡$ ♦♥ '❤❡ ❝❤❛+❛❝'❡+✐$'✐❝$ ♦❢ '❤❡ +❡$✉❧'$✳ ❲❡ ❝♦♥$✐❞❡+ ❛ ❝♦♥'❡①'✉❛❧

❡♥'✐'② $❡' O ❛♥❞ ❛ ❝+✐'❡+✐♦♥ $❡' C✳ ❯$❡❞ ❝+✐'❡+✐❛ ❛+❡ ❞❡'❛✐❧❡❞ ✐♥ ❙❡❝'✐♦♥ ✹✳✷✳✷ ♣❛❣❡

✺✵✳

✼✳✷✳✶ ❉❛&❛ ❛♠❜✐❣✉✐&② ❛♥❞ &❤❡ ❛❝❝✉2❛❝② ♦❢ &❤❡ ❝2✐&❡2✐❛

▲❡' ✉$ ❞❡✜♥❡ ❞❛'❛ ❛♠❜✐❣✉✐'② ❛♥❞ '❤❡ ❛❝❝✉+❛❝② ♦❢ '❤❡ ❝+✐'❡+✐❛ ✐♥ ♦+❞❡+ '♦ ❡①♣❧❛✐♥

❤♦✇ '❤❡② ✐♥✢✉❡♥❝❡ ♥✉♠❜❡+ ♦❢ ✐♥❝♦❤❡+❡♥❝❡$✳

❉❡✜♥✐"✐♦♥ ✸✹ ✭❉❛'❛ ❛♠❜✐❣✉✐'②✮✳ ❚❤❡ ❞❛"❛ ❛♠❜✐❣✉✐"② ✐$ ❛ ♠❡❛$✉(❡ ♦❢ ❤♦✇ ♠❛♥②

♣❛✐($ ♦❢ O ♦❜❥❡❝2$ ❛(❡ ✐♥ ❛♥ ♦❜❥❡❝2 $❡2 O $✉❝❤ 2❤❛2 2❤❡② $❡❡♠ ✈❡(② ❝❧♦$❡ ✭(❡$♣❡❝2✐✈❡❧②

❢❛(✮ ❜✉2 ❛(❡ ♥♦2 ✐♥ (❡❛❧ ❧✐❢❡✳

❯$✐♥❣ '❤❡ ❛❜♦✈❡ ✐♥'+♦❞✉❝❡❞ ♥♦'❛'✐♦♥✱ ❢♦+ ❛ $❡' ♦❢ ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡$ O✱ ❞❛'❛

❛♠❜✐❣✉✐'② ❝♦++❡$♣♦♥❞$ '♦ ❤♦✇ ♠❛♥② ❝♦♥'❡①'✉❛❧ ❡♥'✐'✐❡$ Nci✱ Ncj ♦❢ O ❡①✐$' $✉❝❤

'❤❛' C(Nci) ❛♥❞ C(Ncj) $❡❡♠ '♦ +❡♣+❡$❡♥' '❤❡ $❛♠❡ ✭+❡$♣❡❝'✐✈❡❧② ❞✐$'✐♥❝'✮ +❡❛❧✲

✇♦+❧❞ ♣❡+$♦♥ ❜✉' ❞♦ ♥♦'✳

❚❤❡ ♠♦+❡ ❛♠❜✐❣✉♦✉$ ❞❛'❛ ✐$✱ '❤❡ ❝❧♦$❡+ ✭♦+ ❢❛+'❤❡+✮ ♣❛✐+$ ♦❢ ♦❜❥❡❝'$ $❡❡♠ '♦ ❡❛❝❤

♦'❤❡+ ❜✉' ❛+❡ ♥♦'✳ ■♥❝/❡❛+✐♥❣ ❞❛"❛ ❛♠❜✐❣✉✐"② ❝♦✉❧❞ ✐♥❝/❡❛+❡ "❤❡ ♥✉♠❜❡/ ♦❢

✐♥❝♦❤❡/❡♥❝❡+✳
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❉❡✜♥✐%✐♦♥ ✸✺ ✭❆❝❝✉&❛❝② ♦❢ ❛ ❝&✐,❡&✐♦♥✮✳ ❚❤❡ ❛❝❝✉#❛❝② ♦❢ ❛ ❝#✐(❡#✐♦♥ c ✐$ %❤❡
&❛%✐♦ ♦❢ %❤❡ ♣❛✐&$ ♦❢ ♦❜❥❡❝%$ ✇❡❧❧ ❝♦♠♣❛&❡❞ ✇✐%❤ &❡$♣❡❝% %♦ &❡❛❧✲✇♦&❧❞ ✭%❤❡ ❝&✐%❡&✐♦♥

❣✐✈❡$ ❛♥ ❛♣♣&♦♣&✐❛%❡ ❝❧♦$❡♥❡$$✱ ❢❛&♥❡$$✱ never ♦& always ❝♦♠♣❛&✐$♦♥ ✈❛❧✉❡✮ %♦ %❤❡
♣❛✐&$ ♦❢ ♦❜❥❡❝%$ ❝♦♠♣❛&❡❞ ✇✐%❤ ❛ ❞✐✛❡&❡♥% %❤❛♥ neutral ❝♦♠♣❛&✐$♦♥ ✈❛❧✉❡✳ ❋♦& ❛

❣✐✈❡♥ ❝&✐%❡&✐♦♥ $❡% C✱ %❤❡ ❛❝❝✉#❛❝② ♦❢ (❤❡ ❝#✐(❡#✐❛ ✐$ %❤❡ ❛✈❡&❛❣❡ ❛❝❝✉&❛❝② ♦❢ C

❝&✐%❡&✐❛✳

▲❡, ✉1 1❡❡ ❤♦✇ ,❤❡ ❛❝❝✉&❛❝② ♦❢ ,❤❡ ❝&✐,❡&✐❛ ✐♥✢✉❡♥❝❡1 &❡1✉❧,1✳

❚❤❡ ❧❡11 ❛❝❝✉&❛,❡ ❝&✐,❡&✐❛ ❛&❡✱ ,❤❡ ♠♦&❡ ✐, ❤❛♣♣❡♥1 ,❤❛, ♣❛✐&1 ♦❢ ♦❜❥❡❝,1 ❝♦♠♣❛&❡❞✱

❛❝❝♦&❞✐♥❣ ,♦ ❛ ❝&✐,❡&✐♦♥✱ ✇✐,❤ ❛ ❝❧♦1❡♥❡11 ♦& always ❝♦♠♣❛&✐1♦♥ ✈❛❧✉❡ ✭&❡1♣❡❝,✐✈❡❧②

❢❛&♥❡11 ♦& never ❝♦♠♣❛&✐1♦♥ ✈❛❧✉❡✮ ❛&❡ ❛❝,✉❛❧❧② ❢❛& ✭&❡1♣❡❝,✐✈❡❧② ❝❧♦1❡✮ ❢&♦♠ ❡❛❝❤

♦,❤❡&✳ ❚❤✐1 ❝♦✉❧❞ ✐♥❝&❡❛1❡ ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1✳

❚❤❡ ❧❡11 ❛❝❝✉&❛,❡ ❝&✐,❡&✐❛ ❛&❡✱ ,❤❡ ♠♦&❡ ❛♠❜✐❣✉♦✉1 ❞❛,❛ 1❡❡♠1✱ ❛♥❞✱ ,❤❡ ♠♦&❡

❛♠❜✐❣✉♦✉1 ❞❛,❛ ✐1✱ ,❤❡ ♠♦&❡ ❞✐✣❝✉❧, ✐, ✐1 ,♦ ♠❛❦❡ ❛❝❝✉&❛,❡ ❝&✐,❡&✐❛ ✐♥ ♦&❞❡& ,♦

❝♦♠♣❛&❡ ,❤❡ ♦❜❥❡❝,1✳

❲❡ +❛✇ %❤❛% ❞❡❝1❡❛+✐♥❣ %❤❡ ❛❝❝✉1❛❝② ♦❢ ❝1✐%❡1✐❛ ♦1 ✐♥❝1❡❛+✐♥❣ ❞❛%❛ ❛♠✲

❜✐❣✉✐%② ✐♥❝1❡❛+❡+ %❤❡ ♥✉♠❜❡1 ♦❢ ✐♥❝♦❤❡1❡♥❝❡+✳ ▲❡, ✉1 1❡❡ ✇❤❛, ✐1 ✐♥✢✉❡♥❝❡❞

❜② ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1 ✐♥ ,❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝,✐♦♥✳

✼✳✷✳✷ ◆✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥❝❡/

■♥ ❛♥ ♦❜❥❡❝, 1❡, O ❛❝❝♦&❞✐♥❣ ,♦ ❛ ❝&✐,❡&✐♦♥ 1❡, C✱ ✐, ✐1 ❤❛&❞ ,♦ ❞✐&❡❝,❧② ♠❡❛1✉&❡ ,❤❡

♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1

✺

✳ ■♥❞❡❡❞✱ ,♦ ♠❡❛1✉&❡ ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1 ✐♠♣❧✐❡1 ,♦

❝❛❧❝✉❧❛,❡ ❡✈❡&② ♣❛,❤ ❜❡,✇❡❡♥ ❡✈❡&② ♣❛✐& ♦❢ ♦❜❥❡❝,1 ❧✐♥❦❡❞ ❜② ❛ ❢❛&♥❡11 ❡❞❣❡✳

❲❡ ✇✐❧❧ ❝♦♥1✐❞❡& ✐♥ ,❤✐1 ❙❡❝,✐♦♥ ,❤❛, ❞❡❝&❡❛1✐♥❣ ,❤❡ ❛❝❝✉&❛❝② ♦❢ ,❤❡ ❝&✐,❡&✐❛

✐♥❝&❡❛1❡1 ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1 ✭❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝,✐♦♥ ✼✳✷✳✶✮✱ ❛♥❞ ✇✐❧❧ ✉1❡ ✐, ,♦

♦❜1❡&✈❡ ,❤❡ ❡✛❡❝,1 ♦❢ ✐♥❝&❡❛1✐♥❣ ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1 ♦♥ 1❡✈❡&❛❧ ❝❤❛&❛❝,❡&✐1,✐❝1

♦❢ ,❤❡ &❡1✉❧,1 ✭✐✳❡✳ ❤✉♠❛♥ ♣❛&,✐,✐♦♥ ✈❛❧✉❡✱ ❡①❡❝✉,✐♦♥ ,✐♠❡ ♦❢ localAlgorithm ❛♥❞

globalAlgorithm✱ ❛♥❞ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥, ♣❛&,1✮✳

❍✉♠❛♥ ♣❛1%✐%✐♦♥ ❤❛✈✐♥❣ ❛ ❜❡+% ♣❛1%✐%✐♦♥ ✈❛❧✉❡

■♥ ♦&❞❡& ,♦ ❞❡,❡❝, ❡&&♦♥❡♦✉1 ❧✐♥❦1✱ ,❤❡ ✐♥✐,✐❛❧ ♣❛&,✐,✐♦♥

✻

✐1 1✉♣♣♦1❡❞ ,♦ ❜❡ ❛ ❜❡1,

♣❛&,✐,✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐, ❝♦&&❡1♣♦♥❞1 ,♦ ,❤❡ ❤✉♠❛♥ ♣❛&,✐,✐♦♥✳ ❚❤❛, ✐♠♣❧✐❡1 ,❤❛, ,❤❡

❤✉♠❛♥ ♣❛&,✐,✐♦♥ ♠✉1, ❤❛✈❡ ❛ ❜❡1, ♣❛&,✐,✐♦♥ ✈❛❧✉❡✱ ❛❝❝♦&❞✐♥❣ ,♦ ❲♦&❦ ❍②♣♦,❤❡1✐1 ✼

✭♣❛❣❡ ✷✵✮✳

❚❤❡ ❤✉♠❛♥ ♣❛&,✐,✐♦♥ ✐1 1✉♣♣♦1❡❞ ,♦ ❤❛✈❡ ❛ ❜❡1, ♣❛&,✐,✐♦♥ ✈❛❧✉❡✳ ■❢ ,❤❡ ✐♥✐,✐❛❧

♣❛&,✐,✐♦♥ ❝♦&&❡1♣♦♥❞1 ,♦ ,❤❡ ❤✉♠❛♥ ♣❛&,✐,✐♦♥ ❛♥❞ ❞♦❡1 ♥♦, ❤❛✈❡ ❛ ❜❡1, ✈❛❧✉❡✱ ,❤❛,

❝♦✉❧❞ ❜❡ ❜❡❝❛✉1❡ ♦❢ ,❤❡ ♥✉♠❜❡& ♦❢ ✐♥❝♦❤❡&❡♥❝❡1 ❛1 1❤♦✇♥ ✐♥ ,❤❡ ♥❡①, ❊①❛♠♣❧❡✳

✺

❚❤❡ ■♥❝♦❤❡'❡♥❝❡ ♥♦(✐♦♥ ✐* ❞❡(❛✐❧❡❞ ✐♥ ❙❡❝(✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻✳

✻

❆* ❡①♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐(✐♦♥ ✶ ♣❛❣❡ ✸✼✱ (❤❡ ✐♥✐(✐❛❧ ♣❛'(✐(✐♦♥ ✐* (❤❡ ♣❛'(✐(✐♦♥ *✉❝❤ (❤❛( (❤❡ ❝♦♥(❡①✲

(✉❛❧ ❡♥(✐(✐❡* ❛'❡ ✐♥ (❤❡ *❛♠❡ ❝❧❛** ✐❢ ❛♥❞ ♦♥❧② ✐❢ (❤❡② '❡♣'❡*❡♥( ❛ ❧✐♥❦ ♣♦✐♥(✐♥❣ ❛( (❤❡ *❛♠❡ ❛✉(❤♦'✐(②

♥♦(✐❝❡✳ ❚❤✐* ♣❛'(✐(✐♦♥ '❡♣'❡*❡♥(* (❤❡ *(❛(❡ ♦❢ (❤❡ ❙✉❞♦❝ ❜❡❢♦'❡ '❡♣❛✐'✐♥❣ ❧✐♥❦*✳



✶✶✻ ❈❍❆#❚❊❘ ✼✳ ❊❳#❊❘■▼❊◆❚❙

❊①❛♠♣❧❡ ✺✼ ✭❍✉♠❛♥ ♣❛)*✐*✐♦♥ ✈❛❧✉❡ ❛♥❞ ♥✉♠❜❡) ♦❢ ✐♥❝♦❤❡)❡♥❝❡5✮✳ ▲❡" Onm ❜❡ "❤❡

❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡- ❙✉❞♦❝ -✉❜-❡" 0❡❧❛"❡❞ "♦ ✏◆✐❝♦❧❛&✱ ▼❛✉0✐❝❡✑✳ ▲❡" C ❜❡ "❤❡ ❝0✐✲

"❡0✐♦♥ -❡" C -✉❝❤ "❤❛" C = {date✱ title✱ appellation✱ otherContributors✱ language✱
domain}✳ ❆❝❝♦0❞✐♥❣ "♦ ❣❧♦❜❛❧ -❡♠❛♥"✐❝-✱ "❤❡0❡ ❛0❡ ✷ ❜❡-" ♣❛0"✐"✐♦♥ ✈❛❧✉❡- ✭"❤❡ ✜0-" ✐-
❣♦♦❞ ❛❝❝♦0❞✐♥❣ "♦ ❛❧❧ ❝0✐"❡0✐❛ ❜✉" language✱ "❤❡ -❡❝♦♥❞ ✐- ❣♦♦❞ ❢♦0 ❛❧❧ ❝0✐"❡0✐❛✱ ❡①❝❡♣"
title ❛♥❞ otherContributors✮ ❛♥❞ "❤❡ ❤✉♠❛♥ ♣❛0"✐"✐♦♥ ❤❛- ❛ ❜❡-" ♣❛0"✐"✐♦♥ ✈❛❧✉❡✳

▲❡" ✉- ❛❞❞ ✐♥❝♦❤❡0❡♥❝❡- ❜② ❞❡❝0❡❛-✐♥❣ "❤❡ ❛❝❝✉0❛❝② ♦❢ ❝0✐"❡0✐❛✳ ▲❡" 20%randomDate
❜❡ ❛ ♥❡✇ ❝0✐"❡0✐♦♥ -✉❝❤ "❤❛"✱ ❢♦0 "✇♦ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡- ✇✐"❤ ❛ ❞❛"❡ ❛""0✐❜✉"❡ ✐♥ ❜♦"❤

♦❢ "❤❡♠✱ "❤❡0❡ ✐- ❛ 20% ❝❤❛♥❝❡ "♦ ❣✐✈❡ ❛ 0❛♥❞♦♠ ❝♦♠♣❛0✐-♦♥ ✈❛❧✉❡ ✭neutral✱ ❛
❝❧♦-❡♥❡-- ♦0 ❛ ❢❛0♥❡-- ✈❛❧✉❡✮✳ ■♥ ♦"❤❡0 ❝❛-❡-✱ ✐" ✐- "❤❡ -❛♠❡ ❝♦♠♣❛0✐-♦♥ ✈❛❧✉❡ ❛- "❤❡

♦0✐❣✐♥❛❧ date ❝0✐"❡0✐♦♥ ✭neutral ♦0 ❛ ❢❛0♥❡-- ✈❛❧✉❡✮✳ ❲❡ ❝❛❧❝✉❧❛"❡❞ ❛❧❧ ❜❡-" ♣❛0"✐"✐♦♥
✈❛❧✉❡- ❛♥❞ ❡✈❛❧✉❛"❡❞ "❤❡ ❤✉♠❛♥ ♣❛0"✐"✐♦♥ ♦♥ Onm ❢♦0 C

′ = (C∪{20%randomDate}−
{date}) ❛♥❞ ❢♦✉♥❞ ✹ ❜❡-" ♣❛0"✐"✐♦♥ ✈❛❧✉❡-✳ ❚❤❡ ❤✉♠❛♥ ♣❛0"✐"✐♦♥ ❞✐❞ ♥♦" ❤❛✈❡ ❛ ❜❡-"
✈❛❧✉❡ ❛❝❝♦0❞✐♥❣ "♦ C

′
✳

❲❡ ❝❛♥ *❤✉5 5❡❡ *❤❛* ✐♥❝)❡❛5✐♥❣ *❤❡ ♥✉♠❜❡) ♦❢ ✐♥❝♦❤❡)❡♥❝❡5 ❝♦✉❧❞ ♠❛❦❡ *❤❡

❤✉♠❛♥ ♣❛)*✐*✐♦♥ ♥♦* ❤❛✈❡ ❛ ❜❡5* ♣❛)*✐*✐♦♥ ✈❛❧✉❡✱ ❜✉* ✐* ❝♦✉❧❞ ❛❧5♦ ✐♥❝)❡❛5❡ *❤❡

♥✉♠❜❡) ♦❢ ❜❡5* ♣❛)*✐*✐♦♥5✱ ❛5 ✇❡ ✇✐❧❧ 5❡❡ ✐♥ *❤❡ ♥❡①* ❙❡❝*✐♦♥✳

❚❤❡ ♥✉♠❜❡/ ♦❢ ❜❡23 ♣❛/3✐3✐♦♥ ✈❛❧✉❡2

▲❡* ✉5 ❝♦♥5✐❞❡) ❛♥ ♦❜❥❡❝* 5❡* O ✇✐*❤ ♥♦ ❞❛*❛ ❛♠❜✐❣✉✐*②✱ ❛♥❞ ❛ ♣❡)❢❡❝*❧② ❛❝❝✉)❛*❡

❝)✐*❡)✐♦♥ 5❡* C 5✉❝❤ *❤❛* C ❝)✐*❡)✐❛ ❞♦ ♥♦* ❝♦♥5✐❞❡) ❛5 ❝❧♦5❡ ✭)❡5♣❡❝*✐✈❡❧② ❢❛)✮ 5♦♠❡

♦❜❥❡❝*5 *❤❛* 5❤♦✉❧❞ ♥♦* ❜❡ ✐♥ *❤❡ 5❛♠❡ ❝❧❛55 ✭)❡5♣❡❝*✐✈❡❧② ✐♥ ❞✐5*✐♥❝* ❝❧❛55❡5✮✳ ❚❤❡)❡

✐5 ❛ 5✐♥❣❧❡ ❜❡5* ♣❛)*✐*✐♦♥ ✈❛❧✉❡ *❤❛* ✐5 *❤❡ ❜❡5* ♦♥❡ ❛❝❝♦)❞✐♥❣ *♦ ❛❧❧ ❝)✐*❡)✐❛✳ ■❢ ✇❡

❛❞❞ ❛♥ ✐♥❝♦❤❡)❡♥❝❡✱ ❜② ♠❛❦✐♥❣ ❛ ❝)✐*❡)✐♦♥ c ∈ C ❝♦♥5✐❞❡) *❤✐5 ♣❛✐) ♦❢ ♦❜❥❡❝*5 ❛5

❢❛) ✭)❡5♣❡❝*✐✈❡❧② ❝❧♦5❡✮ ❞❡5♣✐*❡ ♦*❤❡) ❝)✐*❡)✐❛✬5 ❛❞✈✐❝❡✱ *❤❡)❡ ❛)❡ *✇♦ ❜❡5* ♣❛)*✐*✐♦♥

✈❛❧✉❡5✿

❼ *❤❡ ♦♥❡ *❤❛* ✐5 ❣♦♦❞ ❛❝❝♦)❞✐♥❣ ❛❧❧ ❝)✐*❡)✐❛ ❜✉* ♥♦* c ❛♥❞

❼ *❤❡ ♦♥❡ *❤❛* ✐5 ❣♦♦❞ ❛❝❝♦)❞✐♥❣ *♦ c ❜✉* ♥♦* *♦ ♦*❤❡) ❝)✐*❡)✐❛✳

❆❞❞✐♥❣ ♠♦)❡ ✐♥❝♦❤❡)❡♥❝❡5 ♣♦*❡♥*✐❛❧❧② ❛❞❞5 ♠♦)❡ ❜❡5* ♣❛)*✐*✐♦♥ ✈❛❧✉❡5✱ ❜✉* ❞❡✲

❝)❡❛5❡5 *❤❡5❡ ✈❛❧✉❡5✳

❖♥ *❤❡ ❝♦♥*)❛)②✱ ✇❤❡♥ *❤❡)❡ ❛)❡ ❛ ❧♦* ♦❢ ✐♥❝♦❤❡)❡♥❝❡5✱ ✭❡5♣❡❝✐❛❧❧② *❤♦5❡ ✐♥✈♦❧✈✐♥❣

always ♦) never ✈❛❧✉❡5✮✱ *❤❛* )❡❞✉❝❡5 *❤❡ ✈❛❧✐❞ ✭❛♥❞ ♣♦55✐❜❧❡✮ ♣❛)*✐*✐♦♥ ✈❛❧✉❡5 ❜❡✲

❝❛✉5❡ 5♦♠❡ ♦❢ *❤❡ ♠♦5* ✐♥*❡♥5❡ ✈❛❧✉❡5 ♦❢ 5♦♠❡ ❝)✐*❡)✐❛ ❛)❡ ✐♥❝♦❤❡)❡♥* ✇✐*❤ 5♦♠❡ ♦❢

*❤❡ ♠♦5* ✐♥*❡♥5❡ ✭♦) always ❛♥❞ never✮ ✈❛❧✉❡5 ♦❢ ♦*❤❡) ❝)✐*❡)✐❛✳ ■♥ ❡①*)❡♠❡ ❝❛5❡5✱

*❤❡ ❜❡5* ♣❛)*✐*✐♦♥ ✈❛❧✉❡5 ❝❛♥♥♦* ❜❡**❡) 5❛*✐5❢② ❛ ❝)✐*❡)✐♦♥ ♦✈❡) ♦*❤❡)5 ❜✉* ❝❛♥ ♦♥❧②

5❛*✐5❢② ❝❧♦5❡♥❡55 ✈❛❧✉❡5 ✭❝♦))❡5♣♦♥❞5 *♦ *❤❡ ♣❛)*✐*✐♦♥ ✇✐*❤ ❛ 5✐♥❣❧❡ ❝❧❛55✮ ♦) ❢❛)♥❡55

✈❛❧✉❡5 ✭❝♦))❡5♣♦♥❞5 *♦ *❤❡ ♣❛)*✐*✐♦♥ ✇✐*❤ ❛ ❝❧❛55 ♣❡) ♦❜❥❡❝*✮✱ ✐❢ *❤❡)❡ ❛)❡ ♥♦ always
♦) never ✈❛❧✉❡5 ✐♥✈♦❧✈❡❞✳ ■❢ *❤❡)❡ ❛)❡ always ❛♥❞ never ✈❛❧✉❡5 ✐♥✈♦❧✈❡❞ ✐♥ *❤❡ 5❛♠❡

✐♥❝♦❤❡)❡♥❝❡✱ ✇❡ ❤❛✈❡ ♥♦ ♠♦)❡ ❜❡5* ♣❛)*✐*✐♦♥ ✈❛❧✉❡5 ❜❡❝❛✉5❡ *❤❡)❡ ❛)❡ ♥♦ ♠♦)❡ ✈❛❧✐❞

♣❛)*✐*✐♦♥5✳



✼✳✷✳ ◗❯❆◆❚■❚❆❚■❱❊ ❊❳,❊❘■▼❊◆❚❙✿ ❉❆❚❆ ■◆❋▲❯❊◆❈❊ ✶✶✼

❆ ❧♦% ♦❢ ✐♥❝♦❤❡,❡♥❝❡- ❝❛♥ ❞❡❝,❡❛-❡ %❤❡ ♥✉♠❜❡, ♦❢ ❜❡-% ♣❛,%✐%✐♦♥ ✈❛❧✉❡-✳ ▲❡% ✉-

-❤♦✇ %❤❛% ✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ ❊①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✺✽ ✭◆✉♠❜❡, ♦❢ ❜❡-% ✈❛❧✉❡- ❛♥❞ %❤❡ ❛❝❝✉,❛❝② ♦❢ %❤❡ ❝,✐%❡,✐❛✮✳ ❲❡ "❡✉$❡

%❤❡ ✏◆✐❝♦❧❛&✱ ▼❛✉"✐❝❡✑ ♦❜❥❡❝% $❡% Onm✱ C ❛♥❞ C
′
✭"❡$♣❡❝%✐✈❡❧② C

′′
✮ ❝"✐%❡"✐♦♥ $❡%$

♦❢ ❊①❛♠♣❧❡ ✺✼✳ ❚❤❡ ❤✉♠❛♥ ♣❛"%✐%✐♦♥ ♦❢ Onm ✭❞❡♥♦%❡❞ Phmn✮ ❤❛$ ✹ ❜❡$% ♣❛"%✐%✐♦♥

✈❛❧✉❡$ ✇✐%❤ "❡$♣❡❝% %♦ %❤❡ ❝"✐%❡"✐♦♥ $❡% C ❛♥❞ ❣❧♦❜❛❧ $❡♠❛♥%✐❝$✳ date ❤❛$ ❜❡❡♥ "❡✲
♣❧❛❝❡❞ ❜② 20%randomDate ✭"❡$♣❡❝%✐✈❡❧② 100%randomDate✱ ✇❤✐❝❤ ❤❛$ ❛ "❛♥❞♦♠
❝♦♠♣❛"✐$♦♥ ✈❛❧✉❡ ✐♥ ❛❧❧ ❝❛$❡$✮ ❛♥❞ ♠❡❛$✉"❡❞ ✷✺ %✐♠❡$ ✭❜❡❝❛✉$❡ 20%randomDate
❛♥❞ 100%randomDate ❛"❡ "❛♥❞♦♠ ❝"✐%❡"✐❛✮ %❤❡ ♥✉♠❜❡" ♦❢ %❤❡ ❜❡$% ♣❛"%✐%✐♦♥ ✈❛❧✉❡$
✇✐%❤ "❡$♣❡❝% %♦ %❤❡ ❝"✐%❡"✐♦♥ $❡% C

′
✭"❡$♣❡❝%✐✈❡❧② C

′′
✮ ❛♥❞ ❣❧♦❜❛❧ $❡♠❛♥%✐❝$✳ ❘❡$✉❧%$

❛"❡✿

❼ ✇✐%❤ 20%randomDate ❝"✐%❡"✐♦♥✿ ✶ %♦ ✹ ❜❡$% ♣❛"%✐%✐♦♥ ✈❛❧✉❡$✱ ✸✳✵ ♦♥ ❛✈❡"❛❣❡❀

❼ ✇✐%❤ 100%randomDate ❝"✐%❡"✐♦♥✿ ✶ %♦ ✷ ❜❡$% ♣❛"%✐%✐♦♥ ✈❛❧✉❡$✱ ✶✳✵✹ ♦♥ ❛✈❡"❛❣❡✳

❙♦✱ ❛"%✐✜❝✐❛❧❧② ✐♥❝"❡❛$✐♥❣ %❤❡ ♥✉♠❜❡" ♦❢ ✐♥❝♦❤❡"❡♥❝❡$ ✭❜② ❞❡❝"❡❛$✐♥❣ ❝"✐%❡"✐♦♥

❛❝❝✉"❛❝②✮ ❛ ❧✐%%❧❡ ❤❛$ ✐♥❝"❡❛$❡❞ %❤❡ ♥✉♠❜❡" ♦❢ ❜❡$% ♣❛"%✐%✐♦♥ ✈❛❧✉❡$ ❢♦" Onm ♦❜❥❡❝%

$❡%✱ ❜✉% ✐♥❝"❡❛$✐♥❣ ✐% ❜② ❛ ❧♦% "❡❞✉❝❡$ %❤❛% ♥✉♠❜❡" %♦ ♥❡❛"❧② ✶✱ ✇❤✐❝❤ ✐$ %❤❡ $♠❛❧❧❡$%

♣♦$$✐❜❧❡ ♥✉♠❜❡" ♦❢ %❤❡ ❜❡$% ♣❛"%✐%✐♦♥ ✈❛❧✉❡$ ✇✐%❤ ♦✉" ❝"✐%❡"✐♦♥ $❡% ✭❜❡❝❛✉$❡ ❛ ♣❛"%✐%✐♦♥

✐$ ❛❧✇❛②$ ✈❛❧✐❞ ❛❝❝♦"❞✐♥❣ %♦ %❤✐$ ❝"✐%❡"✐♦♥ $❡%✮✳

❈♦♥-❡@✉❡♥%❧②✱ %❤❡ ♥✉♠❜❡, ♦❢ ✐♥❝♦❤❡,❡♥❝❡- ✐♥✢✉❡♥❝❡- %❤❡ ♥✉♠❜❡, ♦❢ %❤❡ ❜❡-%

♣❛,%✐%✐♦♥ ✈❛❧✉❡-✳ ▲❡% ✉- ♥♦✇ -❡❡ ❤♦✇ %❤❡ ♥✉♠❜❡, ♦❢ ✐♥❝♦❤❡,❡♥❝❡- ✐♥✢✉❡♥❝❡- ❡①❡❝✉%✐♦♥

%✐♠❡ ❢♦, ❛❧❣♦,✐%❤♠- %❤❛% ✜♥❞ ❛❧❧ %❤❡ ❜❡-% ♣❛,%✐%✐♦♥ ✈❛❧✉❡- ❢♦, ❜♦%❤ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧

-❡♠❛♥%✐❝-✳ ❲❡ -%❛,% ❜② ❧♦♦❦✐♥❣ ❛% %❤❡ ❡①❡❝✉%✐♦♥ %✐♠❡ ❢♦, globalAlgorithm✳

❚❤❡ ❡①❡❝✉.✐♦♥ .✐♠❡ ♦❢ globalAlgorithm ✭❆❧❣♦6✐.❤♠ ✸ ♣❛❣❡ ✼✸✮

❚❤❡ ❡①❡❝✉.✐♦♥ .✐♠❡ ❢♦6 ❛♥ ❛❧❣♦6✐.❤♠ ✐- %❤❡ %✐♠❡✱ ✐♥ ♠✐❧❧✐-❡❝♦♥❞-✱ %❛❦❡♥ ❜② %❤❡

❛❧❣♦,✐%❤♠ ❛% ❤❛♥❞ %♦ ,❡%✉,♥ ❛ ,❡-✉❧%✳

■♥❝,❡❛-✐♥❣ %❤❡ ♥✉♠❜❡, ♦❢ ✐♥❝♦❤❡,❡♥❝❡- ✐♥❝,❡❛-❡- %❤❡ ❡①❡❝✉%✐♦♥ %✐♠❡ ♦❢ globalAlgo✲
rithm ❜② ,❡@✉✐,✐♥❣ ♠♦,❡ ,❡❢❡,❡♥❝❡ ♣❛,%✐%✐♦♥-

✼

%♦ ❝❛❧❝✉❧❛%❡ ❛♥❞ ❡✈❛❧✉❛%❡ ✐♥ ♦,❞❡,

%♦ ✜♥❞ ♦✉% ❛❧❧ %❤❡ ❜❡-% ♣❛,%✐%✐♦♥ ✈❛❧✉❡- ✭❜❡❝❛✉-❡ ❧❡-- ,❡❢❡,❡♥❝❡ ♣❛,%✐%✐♦♥- ❤❛✈❡ ❛♥

♦♣%✐♠❛❧ ✈❛❧✉❡ ❞✉❡ %♦ ✐♥❝♦❤❡,❡♥❝❡-✱ ❛♥❞ %❤✐- ✐♠♣❧✐❡- %❤❛% %❤❡✐, ❞❡-❝❡♥❞❛♥%- ❤❛✈❡ %♦

❜❡ ❝❛❧❝✉❧❛%❡❞ ❛♥❞ ❡✈❛❧✉❛%❡❞✮✳

❊①❛♠♣❧❡ ✺✾ ✭◆✉♠❜❡, ♦❢ ✐♥❝♦❤❡,❡♥❝❡- ❛♥❞ ❡①❡❝✉%✐♦♥ %✐♠❡ ❢♦, %❤❡ globalAlgorithm
❛❧❣♦,✐%❤♠✮✳ ■♥ %❤✐$ ❊①❛♠♣❧❡✱ ✇❡ %♦♦❦ %❤❡ ♦❜❥❡❝% $❡% "❡❧❛%❡❞ %♦ ❛♣♣❡❧❧❛%✐♦♥ ✏▲❡)✲

♦✉①✱ ❆❧❛✐♥✑ ❛♥❞ ♠❡❛$✉"❡ %❤❡ ❡①❡❝✉%✐♦♥ %✐♠❡

✽

❛❝❝♦"❞✐♥❣ %♦ ✽ ❝"✐%❡"✐❛✿ appellation✱

✼

❲❡ "❡❝❛❧❧ &❤❛& "❡❢❡"❡♥❝❡ ♣❛"&✐&✐♦♥- ❛"❡ &❤❡ ♣❛"&✐&✐♦♥ "❡.✉✐"❡❞ &♦ ❜❡ ❡✈❛❧✉❛&❡❞ ✐♥ ♦"❞❡" &♦ ✜♥❞

❜❡-& ✈❛❧✉❡-✳ ❍♦✇❡✈❡"✱ ✐& ✐- ♥♦& ♥❡❝❡--❛"② &♦ ❡✈❛❧✉❛&❡ ❛❧❧ ♦❢ &❤❡♠ ✐♥ ❛❧❧ ❝❛-❡-✱ ❛- ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣&❡"

✺✳ =❧❡❛-❡ -❡❡ ❉❡✜♥✐&✐♦♥ ✷✷ ♣❛❣❡ ✼✷ ❢♦" ❞❡&❛✐❧-✳

✽

❲❡ ✉-❡❞ ❛ ■♥&❡❧✭❘✮ ❈♦"❡✭❚▼✮ ✐✼✲✷✻✵✵ ❈=❯ ✸✳✹✵ ●❍③ =❈ ✇✐&❤ ✹●❇ ♦❢ ❘❆▼ "✉♥♥✐♥❣ ❲✐♥❞♦✇-

✼ ✻✹ ❇✐& ✇✐&❤ ❛ ❏❛✈❛ ✶✳✻ ✐♠♣❧❡♠❡♥&❛&✐♦♥✳



✶✶✽ ❈❍❆#❚❊❘ ✼✳ ❊❳#❊❘■▼❊◆❚❙

title✱ language✱ otherContributors✱ role✱ thesis✱ thesisAdvisor ❛♥❞ randomDate′✳
❚❤❡ randomDate′ ✐) ❛ ❝+✐,❡+✐♦♥ ❛) 20%randomDate ❝+✐,❡+✐♦♥ ❞❡,❛✐❧❡❞ ✐♥ ❊①❛♠♣❧❡

✺✼ ❜✉, ,❤❡ ♣❡+❝❡♥,❛❣❡ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥ ✈❛❧✉❡) ✈❛+✐❡) ❛❝❝♦+❞✐♥❣ ,♦ ✏♣❡+❝❡♥, ♦❢

randomDate′✑ ♦❢ ❋✐❣✉+❡ ✼✳✺✳ ❋♦+ ❡❛❝❤ ,❡),❡❞ ♣❡+❝❡♥,❛❣❡ ✭❢+♦♠ 0 ,♦ 100% ❜② ),❡♣)

♦❢ 5✮ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥✿

❼ ✇❡ ❣❡♥❡+❛,❡❞ ✷✺ ,✐♠❡) ,❤❡ randomDate′ ❝+✐,❡+✐♦♥ ❛♥❞ ♠❡❛)✉+❡❞ ❡✈❡+② ,✐♠❡ ,❤❡

❡①❡❝✉,✐♦♥ ,✐♠❡ ✭+❡♣+❡)❡♥,❡❞ ❜② ❛ ❣+❛② ❞♦,✮❀

❼ ✇❡ ❝❛❧❝✉❧❛,❡❞ ,❤❡ ❛✈❡+❛❣❡ ♠❛+❦ ♦❢ ,❤♦)❡ ✷✺ ❡①❡❝✉,✐♦♥ ,✐♠❡ ♠❡❛)✉+❡) ❛♥❞ +❡♣✲

+❡)❡♥,❡❞ ✐, ❜② ❛ ❜❧❛❝❦ ❞♦, ♦♥ ❋✐❣✉+❡✳

❲❡ ❝❛♥ )❡❡ ♦♥ ❋✐❣✉+❡ ✼✳✺ ,❤❛, ,❤❡ ❡①❡❝✉$✐♦♥ $✐♠❡ ✐♥❝)❡❛+❡+ ✇✐$❤ $❤❡ ♣❡)✲

❝❡♥$❛❣❡ ♦❢ )❛♥❞♦♠ ❝♦♠♣❛)✐+♦♥+ ♦❢ randomDate′ ❝+✐,❡+✐♦♥ ❢+♦♠ ✶ ♠✐❧❧✐)❡❝♦♥❞)

♦♥ ❛✈❡+❛❣❡ ❢♦+ ✵✪ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥) ✭✇❤❡♥ randomDate′ ❝♦++❡)♣♦♥❞) ,♦ date
❝+✐,❡+✐♦♥✮ ,♦ ✾ ♠✐❧❧✐)❡❝♦♥❞) ♦♥ ❛✈❡+❛❣❡ ❢♦+ ✶✵✵✪ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥)✳ ❆❧)♦✱ ❢♦+ ❛

❣✐✈❡♥ ♣❡+❝❡♥,❛❣❡ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥)✱ ,❤❡ ❡①❡❝✉,✐♦♥ ,✐♠❡ ♦♥❧② )❧✐❣❤,❧② ✢✉❝,✉❛,❡)✳

❚❤❡+❡ ✐) ❛ )✐♥❣❧❡ ,✐♥② )♣✐❦❡ ❛, ✺✪ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥)✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞

❜② ,❤❡ ❢❛❝, ,❤❛, ❡①❡❝✉,✐♦♥ ,✐♠❡) ✢✉❝,✉❛,❡ ♠♦+❡ ❢♦+ ✺✪ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥) ,❤❛♥

❢♦+ ✶✵✪ ,♦ ✷✵✪ ♦❢ +❛♥❞♦♠ ❝♦♠♣❛+✐)♦♥)✳

❋♦$ ❛ &✐♥❣❧❡ ❣$❛♣❤

❆✈❡$❛❣❡ ♠❛$❦

✵

✷

✹

✻

✽

✶✵

✶✷

❊①❡❝✉:✐♦♥ :✐♠❡ ✐♥ ♠✐❧❧✐&❡❝♦♥❞&

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵

*❡,❝❡♥/ ♦❢ randomDate′

❋✐❣✉,❡ ✼✳✺✿ ❊①❡❝✉/✐♦♥ /✐♠❡ /♦ ✜♥❞ ❛❧❧ ❜❡@/ ♣❛,/✐/✐♦♥ ✈❛❧✉❡@ ❛❝❝♦,❞✐♥❣ /♦ ❣❧♦❜❛❧

@❡♠❛♥/✐❝@ ❛♥❞ ✽ ❝,✐/❡,✐❛ ✐♥❝❧✉❞✐♥❣ randomDate′

❚❤❡,❡❢♦,❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ /❤❛/ ✐♥❝#❡❛&✐♥❣ (❤❡ ♥✉♠❜❡# ♦❢ ✐♥❝♦❤❡#❡♥❝❡&

✐♥❝#❡❛&❡& ❡①❡❝✉(✐♦♥ (✐♠❡ ❢♦# globalAlgorithm ✐♥ ❛ ♥❡❛,❧② ♠♦♥♦/♦♥♦✉@ ♠❛♥♥❡,✳

❇❡❢♦,❡ @❡❡✐♥❣ ❤♦✇ /❤❡ ♥✉♠❜❡, ♦❢ ✐♥❝♦❤❡,❡♥❝❡@ ✐♥✢✉❡♥❝❡@ localAlgorithm✬@ ❡①❡❝✉/✐♦♥

/✐♠❡✱ ✇❡ ✜,@/ ♥❡❡❞ /♦ @❡❡ ❤♦✇ (❤❡ ♥✉♠❜❡# ♦❢ ✐♥❝♦❤❡#❡♥❝❡& ✐♥✢✉❡♥❝❡& (❤❡

♥✉♠❜❡# ♦❢ ✐♥❝♦❤❡#❡♥( ♣❛#(&✳



✼✳✷✳ ◗❯❆◆❚■❚❆❚■❱❊ ❊❳,❊❘■▼❊◆❚❙✿ ❉❆❚❆ ■◆❋▲❯❊◆❈❊ ✶✶✾

❚❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥, ♣❛',/

■♥❝♦❤❡(❡♥) ♣❛(),✱ ❛, ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝)✐♦♥ ✺✳✸✳✶ ♣❛❣❡ ✼✻✱ ❛(❡ ✐♥❞❡♣❡♥❞❡♥) ♣❛(), )❤❛)

❝♦♥)❛✐♥ ❛) ❧❡❛,) ❛♥ ✐♥❝♦❤❡(❡♥❝❡✳ ❚❤❡(❡❢♦(❡✱ ❛❞❞✐♥❣ ✐♥❝♦❤❡(❡♥❝❡, ❝❛♥✱ ❛) )❤❡ ,❛♠❡

)✐♠❡✿

❼ ✐♥❝'❡❛/❡ ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥, ♣❛',/ ✭❜② ❛❞❞✐♥❣ ❛ ❢❛(♥❡,, ♦( never
✈❛❧✉❡ )♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥) ♣❛() ♥♦) ✐♥❝♦❤❡(❡♥) ②❡)✱ ✐) ✇✐❧❧ ❛❞❞ ❛♥ ✐♥❝♦❤❡(❡♥❝❡ ✐♥

✐) ❛♥❞ ♠❛❦❡ ✐) ❛ ♥❡✇ ✐♥❝♦❤❡(❡♥) ♣❛()✮❀

❼ '❡❞✉❝❡ ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥, ♣❛',/ ✭❜② ❛❞❞✐♥❣ ❛ ❝❧♦,❡♥❡,, ♦( always
❝♦♠♣❛(✐,♦♥ ✈❛❧✉❡ ❜❡)✇❡❡♥ )✇♦ ♦❜❥❡❝), ❢(♦♠ )✇♦ ✐♥❝♦❤❡(❡♥) ♣❛(),✱ ✇❤✐❝❤ ✇✐❧❧

♠❡(❣❡ )❤❡♠ ❛♥❞ ❞❡❝(❡❛,❡ )❤❡ )♦)❛❧ ♥✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥) ♣❛(), ❜② ✶✮✳

❊①❛♠♣❧❡ ✻✵ ✭■♥❝♦❤❡(❡♥❝❡, ❛♥❞ ♥✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥) ♣❛(),✮✳ ■♥ "❤✐% ❊①❛♠♣❧❡✱ ✇❡

❝♦♥%✐❞❡2 "❤❡ ♦❜❥❡❝" %❡" ❝♦22❡%♣♦♥❞✐♥❣ "♦ ❛♣♣❡❧❧❛"✐♦♥ ✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ❛♥❞ "❤❡ ❝2✐"❡✲

2✐♦♥ %❡" ♦❢ ❊①❛♠♣❧❡ ✺✾✳ ❋♦2 ❡❛❝❤ "❡%"❡❞ ♣❡2❝❡♥"❛❣❡ randomDate′✿

❼ ✇❡ "♦♦❦ "❤❡ ✷✺ randomDate′ ❝2✐"❡2✐❛ ❣❡♥❡2❛"❡❞ ✐♥ ❊①❛♠♣❧❡ ✺✾ ❛♥❞ ♠❡❛%✉2❡❞

"❤❡ ♥✉♠❜❡2 ♦❢ ✐♥❝♦❤❡2❡♥" ♣❛2"%✱ ✇❤✐❝❤ ✐% 2❡♣2❡%❡♥"❡❞ ♦♥ ❋✐❣✉2❡ ✼✳✻ ❜② ❛ ❣2❡②

❞♦"❀

❼ ✇❡ ❝❛❧❝✉❧❛"❡❞ "❤❡ ❛✈❡2❛❣❡ ♠❛2❦ ♦❢ "❤♦%❡ ✷✺ ✐♥❝♦❤❡2❡♥" ♣❛2"% ♠❡❛%✉2❡% ❛♥❞

2❡♣2❡%❡♥"❡❞ ✐" ❜② ❛ ❜❧❛❝❦ ❞♦" ♦♥ ❋✐❣✉2❡✳

❋♦2 %♠❛❧❧ ♣❡2❝❡♥"❛❣❡% ♦❢ 2❛♥❞♦♠ ❝♦♠♣❛2✐%♦♥ ✭✺✪ "♦ ✶✺✪✮✱ "❤❡ ♥✉♠❜❡2 ♦❢ ✐♥✲

❝♦❤❡2❡♥" ♣❛2"% ✢✉❝"✉❛"❡% ❛ ❧♦"✱ ✐♥ ♣❛2"✐❝✉❧❛2 ❢♦2 ✺✪ ❛♥❞ ✇❤❡♥ "❤❡ ❛✈❡2❛❣❡ ♥✉♠❜❡2

♦❢ ✐♥❝♦❤❡2❡♥" ♣❛2"% ✐% ♠♦2❡ "❤❛♥ ✶✳ ❋♦2 ♥♦ 2❛♥❞♦♠ ❝♦♠♣❛2✐%♦♥% ♦2 ✷✵✪ ❛♥❞ ♠♦2❡

2❛♥❞♦♠ ❝♦♠♣❛2✐%♦♥%✱ "❤❡2❡ ✐% ❛ %✐♥❣❧❡ ✐♥❝♦❤❡2❡♥" ♣❛2" ❛❧❧ "❤❡ "✐♠❡✳

❚❤❛) ❊①❛♠♣❧❡ ,❤♦✇, )❤❛) ❞❡❝'❡❛/✐♥❣ /❧✐❣❤,❧② ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥❝❡/

✐♥❝'❡❛/❡/ ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥, ♣❛',/ ❜② ❛❞❞✐♥❣ ✐♥❝♦❤❡(❡♥❝❡, ✐♥ ✐♥❞❡♣❡♥✲

❞❡♥) ♣❛(),✱ ❜✉) ✐♥❝'❡❛/✐♥❣ ❛ ❧♦, ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥❝❡/ ❞♦❡/ ♥♦, ✐♥✲

❝'❡❛/❡ ,❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥, ♣❛',/ ❜❡❝❛✉,❡ ♠♦,) ♦❢ )❤❡ ✐♥❞❡♣❡♥❞❡♥) ♣❛(),

❛(❡ ♠❡(❣❡❞ ✐♥ ❛ ,✐♥❣❧❡ ❜✐❣ ✐♥❝♦❤❡(❡♥) ♣❛()✳

❚❤❡ ❡①❡❝✉,✐♦♥ ,✐♠❡ ♦❢ localAlgorithm

❋♦( )❤❡ ,❛♠❡ (❡❛,♦♥ )❤❛) )❤❡ ♥✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥❝❡, ✐♥❝(❡❛,❡, )❤❡ ❡①❡❝✉)✐♦♥ )✐♠❡

♦❢ globalAlgorithm✱ )❤❡ ♥✉♠❜❡' ♦❢ ✐♥❝♦❤❡'❡♥❝❡/ ❛❧/♦ ✐♥❝'❡❛/❡/ ,❤❡ ❡①❡❝✉,✐♦♥

,✐♠❡ ♦❢ localAlgorithm✳

❍♦✇❡✈❡(✱ ,❤❡ ❡①❡❝✉,✐♦♥ ,✐♠❡ ♦❢ localAlgorithm ❛❧/♦ ❞❡♣❡♥❞/ ♦♥ ✐♥❝♦❤❡'✲

❡♥, ♣❛',/ ❜❡❝❛✉,❡ ✐) ❡①❡❝✉)❡, globalAlgorithm ❢♦( ❡❛❝❤ ✐♥❝♦❤❡(❡♥) ♣❛()✱ ❛, ,❤♦✇♥

✐♥ ❙❡❝)✐♦♥ ✺✳✸ ♣❛❣❡ ✼✻✳ ❙♦✱ )❤❡ ❡①❡❝✉)✐♦♥ )✐♠❡ ♦❢ localAlgorithm ❛❧,♦ ✐♥❝(❡❛,❡, ✇✐)❤

)❤❡ ♥✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥) ♣❛(),✱ ✇❤✐❝❤ ❞❡♣❡♥❞, ♦♥ )❤❡ ♥✉♠❜❡( ♦❢ ✐♥❝♦❤❡(❡♥❝❡,✱ ❛,

,❤♦✇♥ ✐♥ ❙❡❝)✐♦♥ ✼✳✷✳✷✳
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❋♦% ❛ '✐♥❣❧❡ ❣%❛♣❤

❆✈❡%❛❣❡ ♠❛%❦

✵

✷

✹

✻

◆✉♠❜❡% ♦❢ ✐♥❝♦❤❡%❡♥: ♣❛%:'

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵

@❡%❝❡♥: ♦❢ randomDate′

❋✐❣✉%❡ ✼✳✻✿ ❚❤❡ ♥✉♠❜❡% ♦❢ ✐♥❝♦❤❡%❡♥: ♣❛%:' ❛❝❝♦%❞✐♥❣ :♦ ✽ ❝%✐:❡%✐❛ ✐♥❝❧✉❞✐♥❣

randomDate′

❊①❛♠♣❧❡ ✻✶ ✭❆❜♦✉: :❤❡ ❡①❡❝✉:✐♦♥ :✐♠❡ ♦❢ localAlgorithm✮✳ ■♥ "❤✐% ❊①❛♠♣❧❡✱ ✇❡

"♦♦❦ "❤❡ ♦❜❥❡❝" %❡" ❝♦44❡%♣♦♥❞✐♥❣ "♦ ❛♣♣❡❧❧❛"✐♦♥ ✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ❛♥❞ "❤❡ ❝4✐"❡4✐♦♥

%❡" ♦❢ ❊①❛♠♣❧❡ ✺✾✳ ❋♦4 ❡❛❝❤ "❡%"❡❞ ♣❡4❝❡♥"❛❣❡ randomDate′✿

❼ ✇❡ "♦♦❦ "❤❡ ✷✺ randomDate′ ❝4✐"❡4✐❛ ❣❡♥❡4❛"❡❞ ✐♥ ❊①❛♠♣❧❡ ✺✾ ❛♥❞ ❡❛❝❤ "✐♠❡

♠❡❛%✉4❡❞ "❤❡ ❡①❡❝✉"✐♦♥ "✐♠❡ ♦❢ localAlgorithm✱ ✇❤✐❝❤ ✐% 4❡♣4❡%❡♥"❡❞ ❜② ❛ ❣4❡②

❞♦" ♦♥ ❋✐❣✉4❡ ✼✳✼❀

❼ ✇❡ ❝❛❧❝✉❧❛"❡❞ "❤❡ ❛✈❡4❛❣❡ ♠❛4❦ ♦❢ "❤♦%❡ ✷✺ ❡①❡❝✉"✐♦♥ "✐♠❡ ♠❡❛%✉4❡% ❛♥❞ 4❡♣✲

4❡%❡♥"❡❞ ✐" ❜② ❛ ❜❧❛❝❦ ❞♦" ♦♥ ❋✐❣✉4❡ ✼✳✼✳

❚❤❡ ❡①❡❝✉"✐♦♥ "✐♠❡% ♠♦♥♦"♦♥♦✉%❧② ✐♥❝4❡❛%❡ ❡①❝❡♣" ❢♦4 ✺ "♦ ✶✺✪ ♦❢ 4❛♥❞♦♠ ❝♦♠✲

♣❛4✐%♦♥ ✈❛❧✉❡%✱ ❢4♦♠ ✷ ♠✐❧❧✐%❡❝♦♥❞% ♦♥ ❛✈❡4❛❣❡ ❢♦4 ✵✪ "♦ ✶✹ ♠✐❧❧✐%❡❝♦♥❞% ♦♥ ❛✈❡4❛❣❡

❢♦4 ✶✵✵✪✳

❚❤❡ %♣✐❦❡ ♦♥ ✺✪ "♦ ✶✺✪ ❡①❛❝"❧② ❝♦44❡%♣♦♥❞% "♦ "❤❡ ✐♥❝4❡❛%❡❞ ♥✉♠❜❡4 ♦❢ ✐♥❝♦❤❡4❡♥"

♣❛4"% %❤♦✇♥ ♦♥ ❋✐❣✉4❡ ✺✾✳ ❲❡ ❛❧%♦ ♥♦"✐❝❡ "❤❛" ❡①❡❝✉"✐♦♥ "✐♠❡ ✢✉❝"✉❛"❡% ❛ ❧♦" ♦♥

"❤❡%❡ ♣❡4❝❡♥"❛❣❡%✱ ❜✉" ✢✉❝"✉❛"❡% %❧✐❣❤"❧② ❢♦4 ♦"❤❡4 ♣❡4❝❡♥"❛❣❡%✳

❋♦% ❛ ❣✐✈❡♥ ♥✉♠❜❡% ♦❢ ✐♥❝♦❤❡%❡♥: ♣❛%:'✱ ✐♥❝%❡❛'✐♥❣ :❤❡ ♥✉♠❜❡% ♦❢ ✐♥❝♦❤❡%❡♥❝❡'

✐♥❝%❡❛'❡' :❤❡ ❡①❡❝✉:✐♦♥ :✐♠❡ ❢♦% localAlgorithm✳

❈♦♥❝❧✉/✐♦♥✳ ❆' ❛ ❝♦♥❝❧✉'✐♦♥ :♦ :❤✐' ❙❡❝:✐♦♥✱ :❤❡ ♥✉♠❜❡% ♦❢ ✐♥❝♦❤❡%❡♥❝❡' ✐♥❝%❡❛'❡'

✇✐:❤ ❞❛:❛ ❛♠❜✐❣✉✐:② ❛♥❞ ❞❡❝%❡❛'❡' ✇✐:❤ :❤❡ ❛❝❝✉%❛❝② ♦❢ :❤❡ ❝%✐:❡%✐❛✳ ❚❤❡ ♥✉♠❜❡%

♦❢ ✐♥❝♦❤❡%❡♥❝❡' ❣%❡❛:❧② ✐♥✢✉❡♥❝❡' ❡①❡❝✉:✐♦♥' :✐♠❡ ♦❢ :❤❡ ❛❧❣♦%✐:❤♠'✱ :❤❡ ♥✉♠❜❡% ♦❢

❜❡': ♣❛%:✐:✐♦♥' ❛♥❞ ✐❢ :❤❡ ❤✉♠❛♥ ♣❛%:✐:✐♦♥ ❤❛' ❛ ❜❡': ♣❛%:✐:✐♦♥ ✈❛❧✉❡✳

▲❡: ✉' N✉❛❧✐:❛:✐✈❡❧② ❡✈❛❧✉❛:❡ :❤❡ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ♣❛%:✐:✐♦♥✐♥❣ '❡♠❛♥:✐❝'✳

✼✳✸ ◗✉❛❧✐(❛(✐✈❡ ❡①♣❡-✐♠❡♥(0

■♥ :❤✐' ❙❡❝:✐♦♥✱ ✇❡ ✇✐❧❧ ❜❡ ✐♥:❡%❡':❡❞ ✐♥ :❤❡ N✉❛❧✐:❛:✐✈❡ %❡'✉❧:' ♦❢ :❤❡ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧

♣❛%:✐:✐♦♥✐♥❣ '❡♠❛♥:✐❝' ♣%❡'❡♥:❡❞ ✐♥ ❈❤❛♣:❡% ✺✳
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❋♦$ ❛ &✐♥❣❧❡ ❣$❛♣❤

❆✈❡$❛❣❡ ♠❛$❦

✵

✷

✹

✻

✽

✶✵

✶✷

✶✹

✶✻

✶✽

❊①❡❝✉:✐♦♥ :✐♠❡ ✐♥ ♠✐❧❧✐&❡❝♦♥❞&

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵ ✽✵ ✾✵ ✶✵✵

@❡$❝❡♥: ♦❢ randomDate′

❋✐❣✉$❡ ✼✳✼✿ ❊①❡❝✉:✐♦♥ :✐♠❡ :♦ ✜♥❞ ❛❧❧ ❜❡&: ♣❛$:✐:✐♦♥ ✈❛❧✉❡& ❛❝❝♦$❞✐♥❣ :♦ ❧♦❝❛❧ &❡✲

♠❛♥:✐❝& ❛♥❞ ✽ ❝$✐:❡$✐❛ ✐♥❝❧✉❞✐♥❣ randomDate′

❆❇❊❙ ❡①♣❡$:& &❡❧❡❝:❡❞ ✺✸✼ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦:✐❝❡& ❧✐♥❦❡❞ :♦ ✽✷ ❛✉:❤♦$✐:② ♥♦:✐❝❡&

✇❤✐❝❤ ❝♦$$❡&♣♦♥❞ :♦ ✼ ❛♣♣❡❧❧❛:✐♦♥&✳ ❚❤✐& &❛♠♣❧❡ ✇❛& ❣✐✈❡♥ ✐♥ :✇♦ ✈❡$&✐♦♥&✿

❼ :❤❡ ✐♥✐:✐❛❧ ✈❡$&✐♦♥ ✭:❤❡ ❧✐♥❦& ❜❡:✇❡❡♥ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦:✐❝❡& ❛♥❞ ❛✉:❤♦$✐:② ♥♦✲

:✐❝❡& ❛$❡ ❛& :❤❡② ✇❡$❡ ✇❤❡♥ :❤❡ &❛♠♣❧❡ ✇❛& &❡❧❡❝:❡❞✮❀

❼ :❤❡ ❤✉♠❛♥ ✈❡$&✐♦♥ ✭:❤❡ ❧✐♥❦& ❜❡:✇❡❡♥ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦:✐❝❡& ❛♥❞ ❛✉:❤♦$✐:② ♥♦✲

:✐❝❡& ✇❡$❡ ♠❛♥✉❛❧❧② $❡♣❛✐$❡❞ ❜② :❤❡ ❡①♣❡$:&✮✳

❚❤❡ &❛♠♣❧❡ ✐& ❞✐✈✐❞❡❞ ✐♥:♦ ✼ ❙✉❞♦❝ &✉❜&❡:& $❡❧❛:❡❞ :♦ ❛♥ ❛♣♣❡❧❧❛:✐♦♥ ✭✶ ♣❡$

❛♣♣❡❧❧❛:✐♦♥✮✳ ❊❛❝❤ ❙✉❞♦❝ &✉❜&❡: ❝♦♥:❛✐♥& :❤❡ ❝♦♥:❡①:✉❛❧ ❡♥:✐:✐❡& $❡♣$❡&❡♥:✐♥❣ ❛ ❧✐♥❦

❜❡:✇❡❡♥ ❛♥ ❛✉:❤♦$✐:② :❤❛: ❝♦✉❧❞ $❡♣$❡&❡♥: ❛ ♣❡$&♦♥ ♥❛♠❡❞ ❜② :❤❡ ❛♣♣❡❧❧❛:✐♦♥ ❛♥❞

❛ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦:✐❝❡ ❧✐♥❦❡❞ :♦ &✉❝❤ ❛♥ ❛✉:❤♦$✐:② ♥♦:✐❝❡✳ ❚❤❡ ❤✉♠❛♥ ♣❛$:✐:✐♦♥ ♦♥ ❛

❙✉❞♦❝ &✉❜&❡: ✐& ❞❡❞✉❝❡❞ ❢$♦♠ :❤❡ ❤✉♠❛♥ ✈❡$&✐♦♥✱ ❛♥❞ :❤❡ ✐♥✐:✐❛❧ ♣❛$:✐:✐♦♥ ✐& ❞❡❞✉❝❡❞

❢$♦♠ :❤❡ ✐♥✐:✐❛❧ ✈❡$&✐♦♥ ♦❢ :❤❡ ❙✉❞♦❝ &❛♠♣❧❡ ❝❤♦&❡♥ ❜② :❤❡ ❡①♣❡$:&✳

▲❡: ✉& ❞❡✜♥❡ ❛♥❞ ❡✈❛❧✉❛:❡ :❤❡ ♣!❡❝✐%✐♦♥ ✭❉❡✜♥✐:✐♦♥ ✸✻✮✱ :❤❡ !❡❝❛❧❧ ✭❉❡✜♥✐:✐♦♥

✸✼✮ ❛♥❞ :❤❡ ❋✲♠❡❛&✉$❡ ✭❉❡✜♥✐:✐♦♥ ✸✽✮ ♦❢ ❜♦:❤ &❡♠❛♥:✐❝& ✐♥ ♦$❞❡$ :♦ ❞❡:❡❝: ❡$$♦♥❡♦✉&

❧✐♥❦& ✐♥ :❤✐& &❛♠♣❧❡✳ ■♥:✉✐:✐✈❡❧②✱ :❤❡ ♣$❡❝✐&✐♦♥ ✐& ✉&❡❢✉❧ :♦ ❞❡:❡$♠✐♥❡ ✐❢ ❛ :❡&: ✜♥❞& ❛&

♣♦&✐:✐✈❡ ♦♥❧② ♦❜❥❡❝:& :❤❛: &❤♦✉❧❞ ❜❡✳ ❚❤❡ $❡❝❛❧❧ ✐& ✉&❡❢✉❧ :♦ ❞❡:❡$♠✐♥❡ ✐❢ ❛ :❡&: ✜♥❞&

❛& ♣♦&✐:✐✈❡ ❛❧❧ :❤❡ ♦❜❥❡❝:& :❤❛: &❤♦✉❧❞ ❜❡✳ ❚❤❡ ❋✲♠❡❛&✉$❡ ✐& ❛♥ ❡T✉✐❧✐❜$✐✉♠ ❜❡:✇❡❡♥

♣$❡❝✐&✐♦♥ ❛♥❞ $❡❝❛❧❧✳
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❉❡✜♥✐%✐♦♥ ✸✻ ✭#$❡❝✐(✐♦♥✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡" )✉❝❤ "❤❛" ♦❜❥❡❝") ❝❛♥ ❜❡ ♣♦)✐"✐✈❡

❢♦0 ❛ ❝♦♥❝❡♣" C✳ ❚❤❡ )❡" ♦❢ ♣♦)✐"✐✈❡ ♦❜❥❡❝") ✐) ❞❡♥♦"❡❞ Op ❛♥❞ "❤❡ )❡" ♦❢ ♦❜❥❡❝")

❢♦✉♥❞ ❜② ❛ "❡)" ❚ ❛) ♣♦)✐"✐✈❡ ❢♦0 "❤❡ ❝♦♥❝❡♣" ❈ ✐) ❞❡♥♦"❡❞ Of ✳ ❚❤❡ ♣0❡❝✐)✐♦♥ ♦❢ "❤❡

"❡)" ❚ ♦♥ O ✐)✿ precision(T,O) =
|Op∩Of |

|Of |
✳

❉❡✜♥✐%✐♦♥ ✸✼ ✭❘❡❝❛❧❧✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡" )✉❝❤ "❤❛" ♦❜❥❡❝") ❝❛♥ ❜❡ ♣♦)✐"✐✈❡ ❢♦0

❛ ❝♦♥❝❡♣" ❈✳ ❚❤❡ )❡" ♦❢ ♣♦)✐"✐✈❡ ♦❜❥❡❝") ✐) ❞❡♥♦"❡❞ Op ❛♥❞ "❤❡ )❡" ♦❢ ♦❜❥❡❝") ❢♦✉♥❞

❜② ❛ "❡)" ❚ ❛) ♣♦)✐"✐✈❡ ❢♦0 "❤❡ ❝♦♥❝❡♣" ❈ ✐) ❞❡♥♦"❡❞ Of ✳ ❚❤❡ 0❡❝❛❧❧ ♦❢ "❤❡ "❡)" ❚ ♦♥

O ✐)✿ ✿ recall(T,O) =
|Op∩Of |

|Op|
✳

❉❡✜♥✐%✐♦♥ ✸✽ ✭❋✲♠❡❛(✉$❡✮✳ ▲❡" O ❜❡ ❛♥ ♦❜❥❡❝" )❡" )✉❝❤ "❤❛" ♦❜❥❡❝") ❝❛♥ ❜❡ ♣♦)✐"✐✈❡

❢♦0 ❛ ❝♦♥❝❡♣" ❈✱ ❚✱ ❛ "❡)" ❢♦0 "❤❡ ❝♦♥❝❡♣" ❈✱ precision✱ "❤❡ ♣0❡❝✐)✐♦♥ ♦❢ ❚ ♦♥ O ❛♥❞

recall✱ "❤❡ 0❡❝❛❧❧ ♦❢ ❚ ♦♥ O✳

❚❤❡ ❋✲♠❡❛)✉0❡ ♦❢ "❤❡ "❡)" ❚ ♦♥ O ✐)✿ F−measure(T,O) = 2∗precision(T,O)∗recall(T,O)
(precision(T,O)+recall(T,O))

✳

✼✳✸✳✶ ❊✈❛❧✉❛)✐♦♥ ♦❢ )❤❡ ✐♥✐)✐❛❧ ♣❛1)✐)✐♦♥2 ❛❝❝♦1❞✐♥❣ )♦ ❜♦)❤

2❡♠❛♥)✐❝2

▲❡4 ✉( ❝❤❡❝❦ ✐❢ 4❤❡ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ (❡♠❛♥4✐❝( ❛❧❧♦✇ ✉( 4♦ ❞❡4❡❝4 ❡$$♦♥❡♦✉( ❧✐♥❦( ✐♥

4❤❡ ✐♥✐4✐❛❧ ♣❛$4✐4✐♦♥✳

❚❛❜❧❡ ✼✳✶ (❤♦✇( ❢♦$ ❡❛❝❤ ❙✉❞♦❝ (✉❜(❡4 $❡❧❛4❡❞ 4♦ 4❤❡ ❝❤♦(❡♥ ❛♣♣❡❧❧❛4✐♦♥ ✭✐♥

✏❛♣♣❡❧❧❛4✐♦♥✑✮✿

✶✳ ✏❙✐③❡✑ (❤♦✇( 4❤❡ ♥✉♠❜❡$ ♦❢ ❝♦♥4❡①4✉❛❧ ❡♥4✐4✐❡( 4❤❛4 $❡♣$❡(❡♥4 ❛ ❧✐♥❦ ❜❡4✇❡❡♥

❛ ❜✐❜❧✐♦❣$❛♣❤✐❝ ♥♦4✐❝❡ ❛♥❞ ❛♥ ❛✉4❤♦$✐4② ♥♦4✐❝❡ 4❤❛4 ❤❛( ❛ ❝❧♦(❡ ❛♣♣❡❧❧❛4✐♦♥ 4♦

4❤❡ ❝❤♦(❡♥ ❛♣♣❡❧❧❛4✐♦♥✱

✷✳ ✏■( Pi ❜❡(4❄✑ (❤♦✇( ✇❤❡4❤❡$ 4❤❡ ✐♥✐4✐❛❧ ♣❛$4✐4✐♦♥ Pi ✐((✉❡❞ ❢$♦♠ 4❤❡ ✐♥✐4✐❛❧ ✈❡$✲

(✐♦♥ ✐( ✈❛❧✐❞ ♦$ ❤❛( ❛ ❜❡(4 ✈❛❧✉❡ ❛❝❝♦$❞✐♥❣ 4♦ ❣❧♦❜❛❧ (❡♠❛♥4✐❝( ❛♥❞ ✇✐4❤ $❡(♣❡❝4

4♦ 4❤❡ ❝$✐4❡$✐♦♥ (❡4 C9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱
date✱ appellation✱ language✱ role✱ domain}✳ ❚❤♦(❡ ❝$✐4❡$✐❛ ❛$❡ ❞❡4❛✐❧❡❞ ✐♥

❙❡❝4✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳

✸✳ ✏■( Ph ❜❡44❡$ 4❤❛♥ Pi❄ ✑ ✐( 4$✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ 4❤❡ ❤✉♠❛♥ ♣❛$4✐4✐♦♥ Ph ❤❛(

❛ ❜❡44❡$ ✈❛❧✉❡ 4❤❛♥ Pi ❛❝❝♦$❞✐♥❣ 4♦ ❣❧♦❜❛❧ (❡♠❛♥4✐❝( ❛♥❞ ✇✐4❤ $❡(♣❡❝4 4♦ 4❤❡

❝$✐4❡$✐♦♥ (❡4 C9✳

❚❛❜❧❡ ✼✳✷ (❤♦✇( 4❤❡ (❛♠❡ ✐♥❢♦ ❛( ❚❛❜❧❡ ✼✳✶ ❜✉4 ❛❝❝♦$❞✐♥❣ 4♦ ❧♦❝❛❧ (❡♠❛♥4✐❝(

✐♥(4❡❛❞ ♦❢ ❣❧♦❜❛❧ (❡♠❛♥4✐❝(✳

▲♦❝❛❧ (❡♠❛♥4✐❝( ❤❛( 4❤❡ (❛♠❡ $❡(✉❧4( ❛( ❣❧♦❜❛❧ (❡♠❛♥4✐❝( ♦♥ 4❤✐( (❛♠♣❧❡✳

❲❡ ✜$(4 ❡✈❛❧✉❛4❡❞ 4❤❡ ♣❛$4✐4✐♦♥ ✈❛❧✉❡( ✭Pi ❛♥❞ Ph ❢♦$ ❡❛❝❤ ❙✉❞♦❝ (✉❜(❡4 ❢♦$ ❜♦4❤

(❡♠❛♥4✐❝( ❛❝❝♦$❞✐♥❣ 4♦ 4❤❡ ❝$✐4❡$✐♦♥ (❡4 C9 = {title✱ otherContributors✱ thesis✱
thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✳ ❚❤❡ ✐♥✐4✐❛❧ ♣❛$4✐4✐♦♥

✭Pi✮ ❤❛( ❛ ♣❛$4✐4✐♦♥ ✈❛❧✉❡ 4❤❛4 ✐( ✇♦$(❡ 4❤❛♥ 4❤❡ ❤✉♠❛♥ ♣❛$4✐4✐♦♥ ✭Ph✮ ❢♦$ ❡❛❝❤
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❚❛❜❧❡ ✼✳✶✿ ❊✈❛❧✉❛.✐♦♥ ♦❢ Pi ❛❝❝♦4❞✐♥❣ .♦ ❣❧♦❜❛❧ 7❡♠❛♥.✐❝7

❆♣♣❡❧❧❛.✐♦♥ ❙✐③❡ ■7 Pi ❜❡7.❄ ■7 Ph ❜❡..❡4 .❤❛♥ Pi❄
✏❇❡"♥❛"❞✱ ❆❧❛✐♥✑ ✶✻✺ ♥♦. ✈❛❧✐❞ ②❡7

✏❉✉❜♦✐+✱ ❖❧✐✈✐❡4✑ ✷✼ ♥♦ ②❡7

✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ✺✾ ♥♦. ✈❛❧✐❞ ②❡7

✏❘♦②✱ ▼✐❝❤❡❧✑ ✺✷ ♥♦. ✈❛❧✐❞ ②❡7

✏◆✐❝♦❧❛+✱ ▼❛✉4✐❝❡✑ ✷✵ ♥♦ ②❡7

✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ✻✸ ♥♦ ②❡7

✏❙✐♠♦♥✱ ❉❛♥✐❡❧✑ ✶✺✶ ♥♦. ✈❛❧✐❞ ②❡7

❚❛❜❧❡ ✼✳✷✿ ❊✈❛❧✉❛.✐♦♥ ♦❢ Pi ❛❝❝♦4❞✐♥❣ .♦ ❧♦❝❛❧ 7❡♠❛♥.✐❝7

❆♣♣❡❧❧❛.✐♦♥ ❙✐③❡ ■7 Pi ❜❡7.❄ ■7 Ph ❜❡..❡4 .❤❛♥ Pi❄
✏❇❡"♥❛"❞✱ ❆❧❛✐♥✑ ✶✻✺ ♥♦. ✈❛❧✐❞ ②❡7

✏❉✉❜♦✐+✱ ❖❧✐✈✐❡4✑ ✷✼ ♥♦ ②❡7

✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ✺✾ ♥♦. ✈❛❧✐❞ ②❡7

✏❘♦②✱ ▼✐❝❤❡❧✑ ✺✷ ♥♦. ✈❛❧✐❞ ②❡7

✏◆✐❝♦❧❛+✱ ▼❛✉4✐❝❡✑ ✷✵ ♥♦ ②❡7

✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ✻✸ ♥♦ ②❡7

✏❙✐♠♦♥✱ ❉❛♥✐❡❧✑ ✶✺✶ ♥♦. ✈❛❧✐❞ ②❡7
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❙✉❞♦❝ (✉❜(❡+ +❡(+❡❞✱ ❛♥❞ ✐( ♥♦+ ❡✈❡♥ ✈❛❧✐❞

✾

✹ +✐♠❡( ♦✉+ ♦❢ ✼ ❢♦5 ❜♦+❤ (❡♠❛♥+✐❝(✳ ❚❤❡

❤✉♠❛♥ ♣❛5+✐+✐♦♥ ✭Ph✮ ✐( ❛❧✇❛②( ✈❛❧✐❞✳ ❲❤❡♥ ❛ ♣❛5+✐+✐♦♥ ✐( ♥♦+ ✈❛❧✐❞✱ ✐+ ✐( ❜❡❝❛✉(❡

+✇♦ ❝♦♥+❡①+✉❛❧ ❡♥+✐+✐❡( ❤❛✈❡ +❤❡ (❛♠❡ +✐+❧❡ ✭❛♥❞ (♦✱ ❝♦55❡(♣♦♥❞ +♦ ❛ (❛♠❡ ✇♦5❦

✶✵

✮
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✶✵

❆/ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝(✐♦♥ ✹✳✶✳✸ ♣❛❣❡ ✹✸✱ ❙✉❞♦❝ ❜✐❜❧✐♦❣-❛♣❤✐❝ ♥♦(✐❝❡/ -❡♣-❡/❡♥(/ ♠❛♥✐❢❡/(❛(✐♦♥/✱

❛♥ ❡❞✐(✐♦♥ ♦❢ ❛ ❞♦❝✉♠❡♥(✳ ▼❛♥✐❢❡/(❛(✐♦♥/ ❝♦✉❧❞ ❝♦--❡/♣♦♥❞ (♦ ❛ /❛♠❡ ✇♦-❦✱ ✇❤✐❝❤ ✐♠♣❧✐❡/ (❤❛(

(❤❡✐- ❝♦♥(-✐❜✉(♦-/ ✇✐(❤ ❛ ❝❧♦/❡ ❛♣♣❡❧❧❛(✐♦♥ ❛-❡ (❤❡ /❛♠❡ -❡❛❧✲✇♦-❧❞ ♣❡-/♦♥✳



✼✳✸✳ ◗❯❆▲■❚❆❚■❱❊ ❊❳,❊❘■▼❊◆❚❙ ✶✷✺

❚❛❜❧❡ ✼✳✸✿ ●❧♦❜❛❧ .❡♠❛♥1✐❝.✿ ❤✉♠❛♥ ♣❛71✐1✐♦♥ ❡✈❛❧✉❛1✐♦♥ ✇✐1❤ 7❡.♣❡❝1 1♦ C9
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✏❘♦②✱ ▼✐❝❤❡❧✑ ✺✷ ✾ ♥♦

✏◆✐❝♦❧❛+✱ ▼❛✉7✐❝❡✑ ✷✵ ✸ ②❡.

✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ✻✸ ✶✸ ♥♦

✏❙✐♠♦♥✱ ❉❛♥✐❡❧✑ ✶✺✶ ✶✻ ♥♦
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1✐1✐♦♥. ✭❝♦77❡.♣♦♥❞✐♥❣ 1♦ 1❤❡ ♥✉♠❜❡7 ♦❢ ❝❧❛..❡. ✐♥ 1❤❡ ❤✉♠❛♥ ♣❛71✐1✐♦♥.✮✱

✸✳ ✏Ph ❜❡.1❄✑ .❤♦✇. ✇❤❡1❤❡7 1❤❡ ❤✉♠❛♥ ♣❛71✐1✐♦♥ Ph ✐..✉❡❞ ❢7♦♠ 1❤❡ ❤✉♠❛♥

✈❡7.✐♦♥ ❤❛. ❛ ❜❡.1 ✈❛❧✉❡ ❛❝❝♦7❞✐♥❣ 1♦ ❣❧♦❜❛❧ .❡♠❛♥1✐❝. ✇✐1❤ 7❡.♣❡❝1 1♦ 1❤❡

❝7✐1❡7✐♦♥ .❡1 C9 = {title✱ otherContributors✱ thesis✱ thesisAdvisor✱ date✱
appellation✱ language✱ role✱ domain}✳

❚❛❜❧❡ ✼✳✹ .❤♦✇. 1❤❡ .❛♠❡ ✐♥❢♦ ❛. ❚❛❜❧❡ ✼✳✸ ❜✉1 ❛❝❝♦7❞✐♥❣ 1♦ 1❤❡ ❝7✐1❡7✐♦♥ .❡1

C7 = C9 − {language✱ domain}✮✳
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❚❤❡ ❤✉♠❛♥ ♣❛()✐)✐♦♥ Ph ♦♥ ❙✉❞♦❝ /✉❜/❡) (❡❧❛)❡❞ )♦ ✏❘♦②✱ ▼✐❝❤❡❧✑ ❞♦❡.

♥♦1 ❤❛✈❡ ❛ ❜❡.1 ✈❛❧✉❡ ✇✐1❤ 7❡.♣❡❝1 1♦ C7 ❜❡❝❛✉.❡ 1✇♦ ❝♦♥1❡①1✉❛❧ ❡♥1✐1✐❡. ❤❛✈❡ ❛ ❝♦♠✲

♠♦♥ ❝♦♥17✐❜✉1♦7 ✇❤♦ ✐. ♥♦1 ✏❘♦②✱ ▼✐❝❤❡❧✑✱ ❜✉1 ❛7❡ ♥♦1 ✐♥ 1❤❡ .❛♠❡ ❝❧❛..✳ ❚❤✐. ♦1❤❡7

❝♦♥17✐❜✉1♦7 ✐. 7❡♣7❡.❡♥1❡❞ ❜② 1❤❡ ❛✉1❤♦7✐1② ♥♦1✐❝❡ ❤❛✈✐♥❣ 1❤❡ ♣♣♥ ✏✵✸✶✻✽✹✼✻✾✑✳ ❚❤✐.



✶✷✻ ❈❍❆#❚❊❘ ✼✳ ❊❳#❊❘■▼❊◆❚❙

✐$ ✇&♦♥❣ ❛❝❝♦&❞✐♥❣ -♦ -❤❡ ❝&✐-❡&✐♦♥ otherContributor✶✶✳ ❚❤♦$❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡$

&❡♣&❡$❡♥- -❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❦$✿

❼ -❤❡ ❧✐♥❦ ❜❡-✇❡❡♥ -❤❡ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦-✐❝❡ ❤❛✈✐♥❣ -❤❡ ♣♣♥ ✏✶✻✺✼✻✵✷✶✹✑ ❛♥❞ -❤❡

-✐-❧❡ ✏▲❛ ♠#❞❛✐❧❧❡ ✿ )❡❝❤♥✐-✉❡ ❞❡ ❢❛❜1✐❝❛)✐♦♥ ✑ ❛♥❞ -❤❡ ❛✉-❤♦&✐-② ♥♦-✐❝❡ ❤❛✈✐♥❣

-❤❡ ♣♣♥ ✏✶✻✽✺✽✸✷✼✺✑ &❡♣&❡$❡♥-✐♥❣ ✏❘♦②✱ ▼✐❝❤❡❧✑❀

❼ -❤❡ ❧✐♥❦ ❜❡-✇❡❡♥ -❤❡ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦-✐❝❡ ❤❛✈✐♥❣ -❤❡ ♣♣♥ ✏✶✷✾✶✻✶✾✹✷✑ ❛♥❞ -❤❡

-✐-❧❡ ✏▼❛✐❧❧❡✱ ♠❡❞❛❣❧✐❛✱ ♠#❞❛✐❧❧❡ ✑ ❛♥❞ -❤❡ ❛✉-❤♦&✐-② ♥♦-✐❝❡ ❤❛✈✐♥❣ -❤❡ ♣♣♥

✏✶✻✽✺✽✵✾✻✾✑ &❡♣&❡$❡♥-✐♥❣ ✏❘♦②✱ ▼✐❝❤❡❧✑✳

❚❤❡ ❆❇❊❙ ❡①♣❡&- ❤❛$ ❝♦♥✜&♠❡❞ -❤❛- -❤❡&❡ ✐$ ❛♥ ❡&&♦♥❡♦✉$ ❧✐♥❦✳

❚❤❡ ❤✉♠❛♥ ♣❛()✐)✐♦♥ Ph ♦♥ ❙✉❞♦❝ /✉❜/❡) (❡❧❛)❡❞ )♦ ✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ❞♦❡$

♥♦- ❤❛✈❡ ❛ ❜❡$- ✈❛❧✉❡ ✇✐-❤ &❡$♣❡❝- -♦ C7 ❜❡❝❛✉$❡ -❤❡ ✏❙✐♠♦♥✱ ❆❧❛✐♥✑ &❡♣&❡$❡♥-❡❞

❜② -❤❡ ❛✉-❤♦&✐-② ♥♦-✐❝❡ ❤❛✈✐♥❣ -❤❡ ♣♣♥ ✏✵✸✵✹✽✵✸✽✽✑ ✐$ $✉♣♣♦$❡❞ -♦ ❤❛✈❡ $✉♣❡&✈✐$❡❞

❛ -❤❡$✐$

✶✷

✐♥ ✏✶✾✽✽✑✱ ♦♥❡ ②❡❛& ❜❡❢♦&❡ $✉❜♠✐--✐♥❣ ❤✐$ ♦✇♥ -❤❡$✐$

✶✸

✐♥ ✏✶✾✽✾✑✳ ❚❤✐$ ✐$

✇&♦♥❣ ❛❝❝♦&❞✐♥❣ -♦ ❝&✐-❡&✐♦♥ thesisAdvisor✳
❆❝❝♦&❞✐♥❣ -♦ -❤❡ ❆❇❊❙ ❡①♣❡&-✱ -❤♦$❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡$ ♠❛② &❡♣&❡$❡♥- ❞✐$-✐♥❝-

♣❡&$♦♥$✳ ■♥ -❤✐$ ❝❛$❡✱ -❤❡② &❡❝♦♠♠❡♥❞ -♦ ❧✐♥❦ -❤❡ ❝♦&&❡$♣♦♥❞✐♥❣ ❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦✲

-✐❝❡$ -♦ ❞✐$-✐♥❝- ❛✉-❤♦&✐-② ♥♦-✐❝❡$✳

❚❤❡ ❤✉♠❛♥ ♣❛()✐)✐♦♥ Ph ♦♥ ❙✉❞♦❝ /✉❜/❡) (❡❧❛)❡❞ )♦ ✏❉✉❜♦✐(✱ ❖❧✐✈✐❡(✑
❞♦❡$ ♥♦- ❤❛✈❡ ❛ ❜❡$- ✈❛❧✉❡ ✇✐-❤ &❡$♣❡❝- -♦ C7 ❜❡❝❛✉$❡ -❤❡ ✏❉✉❜♦✐*✱ ❖❧✐✈✐❡&✑ &❡♣✲

&❡$❡♥-❡❞ ❜② -❤❡ ❛✉-❤♦&✐-② ♥♦-✐❝❡ ❤❛✈✐♥❣ -❤❡ ♣♣♥ ✏✵✾✷✾✸✺✽✵❳✑ ✐$ $✉♣♣♦$❡❞ -♦ ❤❛✈❡

$✉♣❡&✈✐$❡❞ -✇♦ -❤❡$❡$

✶✹

✐♥ ✏✶✾✽✾✑✱ -❤&❡❡ ②❡❛&$ ❜❡❢♦&❡ $✉❜♠✐--✐♥❣ ❤✐$ ♦✇♥ -❤❡$✐$

✶✺

✐♥

✏✶✾✾✷✑✳ ❚❤✐$ ✐$ ✇&♦♥❣ ❛❝❝♦&❞✐♥❣ -♦ ❝&✐-❡&✐♦♥ thesisAdvisor✳
❆❝❝♦&❞✐♥❣ -♦ -❤❡ ❆❇❊❙ ❡①♣❡&-✱ -❤♦$❡ ❝♦♥-❡①-✉❛❧ ❡♥-✐-✐❡$ ♠✉$- &❡♣&❡$❡♥- ❞✐$-✐♥❝-

♣❡&$♦♥$✱ ❛♥❞ -❤❡&❡ ✐$ ❛♥ ❡&&♦♥❡♦✉$ ❧✐♥❦✳

✶✶

❈!✐#❡!✐❛ ❛!❡ ❞❡#❛✐❧❡❞ ✐♥ ❙❡❝#✐♦♥ ✹✳✷✳✷ ♣❛❣❡ ✺✵✳

✶✷

!❡♣!❡3❡♥#❡❞ ❜② #❤❡ ❜✐❜❧✐♦❣!❛♣❤✐❝ ♥♦#✐❝❡ ❤❛✈✐♥❣ #❤❡ ♣♣♥ ✏✵✹✸✶✶✽✶✽✻✑ ❛♥❞ #❤❡ #✐#❧❡ ✏ ▲❆❈❊ ❉❊❙

❱❆❙❖❉■▲❆❚❆❚❊❯❘❙ ❉❆◆❙ ▲❆  ❍❆❘▼❆❈❖▲❖●■❊ ❆◆❚■❍❨ ❊❘❚❊◆❙■❱❊ ✑

✶✸

!❡♣!❡3❡♥#❡❞ ❜② #❤❡ ❜✐❜❧✐♦❣!❛♣❤✐❝ ♥♦#✐❝❡ ❤❛✈✐♥❣ #❤❡ ♣♣♥ ✏✵✹✸✷✷✾✷✽❳✑ ❛♥❞ #❤❡ #✐#❧❡ ✏ ▲❊❙ ❆❇❈❊❙

❉❯ ❋❖■❊ ❆  ❨❖●❊◆❊❙ ✿ ❆  ❘❖ ❖❙ ❉✬❯◆❊ ❙❊❘■❊ ❉❊ ❉■❳  ❆❚■❊◆❚❙ ✑

✶✹

!❡♣!❡3❡♥#❡❞ ❜② #❤❡ ❜✐❜❧✐♦❣!❛♣❤✐❝ ♥♦#✐❝❡ ❤❛✈✐♥❣ #❤❡ ♣♣♥ ✏✵✹✸✶✼✾✾✷✹✑ ✇✐#❤ ✏❈❊❙❆❘■❊◆◆❊

❆❱❆◆❚ ❚❘❆❱❆■▲ ❊❚ ❍❨ ❊❘❚❊◆❙■❖◆ ❆❘❚❊❘■❊▲▲❊ ❉❊ ▲❆ ●❘❖❙❙❊❙❙❊ ✿ ❘❊❚❊◆❚■❙❙❊✲

▼❊◆❚ ◆❊❖◆❆❚❆▲ ❆  ❘❖ ❖❙ ❉❊ ✹✼✹ ❈❆❙ ❉ ❍❚❆ ❆❙❙❖❈■❊❊ ❆ ▲❆ ●❘❖❙❙❊❙❙❊✱ ❊❚❯❉❊

 ❆❘❚■❈❯▲■❊❘❊ ❉❊❙ ❈❆❙ ❆❨❆◆❚ ❏❯❙❚■❋■❊ ❯◆❊ ❈❊❙❆❘■❊◆◆❊ ✑ ❛3 #✐#❧❡✱ ❛♥❞ #❤❡ ❜✐❜❧✐✲

♦❣!❛♣❤✐❝ ♥♦#✐❝❡ ❤❛✈✐♥❣ #❤❡ ♣♣♥ ✏✵✹✸✷✺✹✸✽✶✑ ✇✐#❤ ✏▲❊ ❚❆❇❆●■❙▼❊ ❈❍❊❩ ▲❆ ❋❊▼▼❊ ❊◆✲

❈❊■◆❚❊ ❉❆◆❙ ▲❆ ❘❊●■❖◆ ◆❖❘❉✴ ❆❙✲❉❊✲❈❆▲❆■❙ ✿ ❋❘❊◗❯❊◆❈❊✱ ❈❖◆❙❊◗❯❊◆❈❊❙

❋❖❊❚❆▲❊❙ ❊❚ ◆❊❖◆❆❚❆▲❊❙ ✑ ❛3 #✐#❧❡

✶✺

!❡♣!❡3❡♥#❡❞ ❜② #❤❡ ❜✐❜❧✐♦❣!❛♣❤✐❝ ♥♦#✐❝❡ ❤❛✈✐♥❣ #❤❡ ♣♣♥ ✏✵✹✵✾✷✶✵✶✽✑ ✇✐#❤ ✏ ▲✬❆❋❋■❘▼❆❚■❖◆

❉❊ ❙❖■ ❊◆ ❙❊❘❱■❈❊ ❉ ❍❖❙ ■❚❆▲■❙❆❚■❖◆  ❙❨❈❍■❆❚❘■◗❯❊ ✿ ▼■❙❊ ❊◆  ▲❆❈❊ ❉ ❯◆

●❘❖❯ ❊ ❚❍❊❘❆ ❊❯❚■◗❯❊ ❊❚ ❘❊❋▲❊❳■❖◆ ❈❘■❚■◗❯❊ ❆❯ ❚❊❘▼❊ ❉ ❯◆ ❆◆ ❉❊  ❘❆✲

❚■◗❯❊ ✑ ❛3 #✐#❧❡



✼✳✸✳ ◗❯❆▲■❚❆❚■❱❊ ❊❳,❊❘■▼❊◆❚❙ ✶✷✼

❆❝❝♦&❞✐♥❣ +♦ +❤❡ ❆❇❊❙ ❡①♣❡&+3✱ ❛❧❧ ❤✉♠❛♥ ♣❛&+✐+✐♦♥3 ♦♥ ❙✉❞♦❝ 3✉❜3❡+ +❤❛+ ✇❡&❡

♥♦+ ❡✈❛❧✉❛+❡❞ ❛3 ❜❡3+ ♣❛&+✐+✐♦♥3 ❜② ❣❧♦❜❛❧ 3❡♠❛♥+✐❝3 ❝♦♥+❛✐♥ ❡&&♦♥❡♦✉3 ❧✐♥❦3✳ ❚❤❡②

❛&❡ ♥♦+ ❝♦♥3✐❞❡&❡❞ ❤✉♠❛♥ ♣❛&+✐+✐♦♥3 ❛♥② ♠♦&❡✳ ❆❝❝♦&❞✐♥❣ +♦ +❤❡ ❆❇❊❙ ❡①♣❡&+✱

+❤♦3❡ ❝♦♥+❡①+✉❛❧ ❡♥+✐+✐❡3 ♠✉3+ &❡♣&❡3❡♥+ ❞✐3+✐♥❝+ ♣❡&3♦♥3✱ ❛♥❞ +❤❡&❡ ✐3 ❛♥ ❡&&♦♥❡♦✉3

❧✐♥❦✱ 3♦ +❤❡  ❡❝❛❧❧ ✐3 4/4 ✭✶✵✵✪✮ ❛♥❞ ♥♦+ 4/7 ✭✺✼✪✮ +♦ ✐❞❡♥+✐❢② +❤❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥

❛3 ❛ ❜❡3+ ♣❛&+✐+✐♦♥ ❛❝❝♦&❞✐♥❣ +♦ ❣❧♦❜❛❧ 3❡♠❛♥+✐❝3 ❛♥❞ +❤❡ ❝&✐+❡&✐♦♥ 3❡+ C7✳

▲❡+ ✉3 ❡✈❛❧✉❛+❡ +❤❡ &❡❝❛❧❧ ❛♥❞ ♣&❡❝✐3✐♦♥ ♦❢ +❤❡ ❧♦❝❛❧ 3❡♠❛♥+✐❝3 ❢♦& ✐❞❡♥+✐❢②✐♥❣ +❤❡

❤✉♠❛♥ ♣❛&+✐+✐♦♥ ❛3 ❛ ❜❡3+ ♣❛&+✐+✐♦♥✳

✼✳✸✳✸ ❊✈❛❧✉❛(✐♦♥ ♦❢ (❤❡ ❤✉♠❛♥ ♣❛1(✐(✐♦♥2 ❛❝❝♦1❞✐♥❣ (♦ (❤❡

❧♦❝❛❧ 2❡♠❛♥(✐❝2

■♥ +❤❡ 3❛♠❡ ✇❛② ✇❡ ❡✈❛❧✉❛+❡❞ +❤❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥ ❛❝❝♦&❞✐♥❣ +♦ ❣❧♦❜❛❧ 3❡♠❛♥+✐❝3 ♦♥

+❤❡ ❙✉❞♦❝ 3❛♠♣❧❡ ✐♥ +❤❡ ♣&❡✈✐♦✉3 ❙❡❝+✐♦♥✱ ✇❡ ❤❛✈❡ ❡✈❛❧✉❛+❡❞ +❤❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥3 ♦♥

❡❛❝❤ ❙✉❞♦❝ 3✉❜3❡+ ✭❞❡❞✉❝❡❞ ❢&♦♠ +❤❡ ❤✉♠❛♥ ✈❡&3✐♦♥ ♦❢ +❤❡ ❙✉❞♦❝ 3❛♠♣❧❡✮ ❛❝❝♦&❞✐♥❣

+♦ +❤❡ ❧♦❝❛❧ 3❡♠❛♥+✐❝3 ❛♥❞ +❤❡ ❝&✐+❡&✐♦♥ 3❡+ C9 = {title✱ otherContributors✱ thesis✱
thesisAdvisor✱ date✱ appellation✱ language✱ role✱ domain}✳ ❚❤♦3❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥3

❤❛✈❡ ❛❧3♦ ❜❡❡♥ ❡✈❛❧✉❛+❡❞ ✇✐+❤ &❡3♣❡❝+ +♦ +❤❡ ❝&✐+❡&✐♦♥ 3❡+ C7✱ ✇❤✐❝❤ ❝♦&&❡3♣♦♥❞3 +♦

C9 ✇✐+❤♦✉+ domain ❛♥❞ language ❝&✐+❡&✐❛✳ ❘❡3✉❧+3 ❛&❡ 3✉♠♠❛&✐③❡❞ ✐♥ ❚❛❜❧❡ ✼✳✺✿

✶✳ ✏❙✐③❡✑ ✐3 +❤❡ ♥✉♠❜❡& ♦❢ ❝♦♥+❡①+✉❛❧ ❡♥+✐+✐❡3 +❤❛+ &❡♣&❡3❡♥+ ❛ ❧✐♥❦ ❜❡+✇❡❡♥ ❛

❜✐❜❧✐♦❣&❛♣❤✐❝ ♥♦+✐❝❡ ❛♥❞ ❛♥ ❛✉+❤♦&✐+② ♥♦+✐❝❡ +❤❛+ ❤❛3 ❛ ❝❧♦3❡ ❛♣♣❡❧❧❛+✐♦♥ +♦

+❤❡ ❝❤♦3❡♥ ❛♣♣❡❧❧❛+✐♦♥✱

✷✳ ✏◆✉♠❜❡& ♦❢ |Na|✑ ✐3 +❤❡ ♥✉♠❜❡& ♦❢ ❛✉+❤♦&✐+② ♥♦+✐❝❡3 ❛❝❝♦&❞✐♥❣ +♦ ❤✉♠❛♥

♣❛&+✐+✐♦♥3 ✭❝♦&&❡3♣♦♥❞✐♥❣ +♦ +❤❡ ♥✉♠❜❡& ♦❢ ❝❧❛33❡3 ♦❢ +❤❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥3✮✱

✸✳ ✏Ph ❡✈❛❧✉❛+✐♦♥✑ 3❤♦✇3 +❤❡ ♥✉♠❜❡& ♦❢ ♣❛&+3 ♦❢ +❤❡ ❝♦♥3✐❞❡&❡❞ ❙✉❞♦❝ 3✉❜3❡+

❢♦& ✇❤✐❝❤ +❤❡ ❤✉♠❛♥ ♣❛&+✐+✐♦♥ ❤❛3 ❛ ❜❡3+ ✈❛❧✉❡ ❛❝❝♦&❞✐♥❣ +♦ ❧♦❝❛❧ 3❡♠❛♥+✐❝3

✶✻

♦♥ +❤❡ +♦+❛❧ ♥✉♠❜❡& ♦❢ ♣❛&+3 ✭✇✐+❤ &❡3♣❡❝+ +♦ +❤❡ ❝&✐+❡&✐♦♥ 3❡+ C9 = {title✱
otherContributors✱ thesis✱ thesisAdvisor✱ date✱ appellation✱ language✱ role✱
domain}✮✳

❚❛❜❧❡ ✼✳✻ 3❤♦✇3 +❤❡ 3❛♠❡ ✐♥❢♦ ❛3 ❚❛❜❧❡ ✼✳✺ ❜✉+ ❛❝❝♦&❞✐♥❣ +♦ +❤❡ ❝&✐+❡&✐♦♥ 3❡+

C7 = C9 − {language✱ domain}✮✳
❲❡ ❝❛♥ 3❡❡ +❤❛+ +❤❡&❡ ❛&❡ ♦❢+❡♥ 3❡✈❡&❛❧ ♣❛&+3 ❢♦& ❛ ❙✉❞♦❝ 3✉❜3❡+ ❛❝❝♦&❞✐♥❣ +♦ +❤❡

❝&✐+❡&✐♦♥ 3❡+ C9 ✐♥ ❚❛❜❧❡ ✼✳✺✱ 3♦ +❤❡&❡ ❛&❡ ♦❢+❡♥ ✐♥❝♦❤❡&❡♥+ ♣❛&+3 ❛❝❝♦&❞✐♥❣ +♦ C9✳ ❲❡

❝❛♥ 3❡❡ ✐♥ ❚❛❜❧❡ ✼✳✻ +❤❛+ +❤❡&❡ ✐3 ❛❧✇❛②3 ❛ 3✐♥❣❧❡ ♣❛&+ ❢♦& ❛ ❙✉❞♦❝ 3✉❜3❡+ ❛❝❝♦&❞✐♥❣

+♦ C7 +❤❡&❡ ✐3 ❛❧✇❛②3 ❛ 3✐♥❣❧❡ ♣❛&+✳ ❊❛❝❤ ♦❢ +❤❡3❡ 3✐♥❣❧❡ ♣❛&+3 ✐3 +❤❡ ❝♦❤❡&❡♥+ ♣❛&+

♦♥ ❛❧❧ +❤❡ ❙✉❞♦❝ 3✉❜3❡+3 ♦❢ +❤❡ 3❛♠♣❧❡✳ ❙♦✱ ✐♥ +❤✐3 ❝❛3❡ +❤❡ &❡3✉❧+3 ❛&❡ ❡①❛❝+❧② +❤❡

3❛♠❡ ❛3 ❢♦& ❣❧♦❜❛❧ 3❡♠❛♥+✐❝3✳

✶✻

❲❡ "❡❝❛❧❧ &❤❛& &❤❡ ❧♦❝❛❧ )❡♠❛♥&✐❝) ❞✐✈✐❞❡) &❤❡ ❝"✐&❡"✐❛ ❣"❛♣❤ ✐♥&♦ ❝♦❤❡"❡♥& ♣❛"&) ❛♥❞ ✐♥❝♦❤❡"❡♥&

♣❛"&)✳ ❚❤❡"❡ ✐) ❛❧✇❛②) ❛ )✐♥❣❧❡ ❝♦❤❡"❡♥& ♣❛"& ❛♥❞ &❤❡ ❝"✐&❡"✐♦♥ ❣"❛♣❤ ♠❛② ❤❛✈❡ )❡✈❡"❛❧ ✐♥❝♦❤❡"❡♥&

♣❛"&)✱ ♦" ♥♦♥❡✳ ❉❡&❛✐❧) ❛❜♦✉& ❧♦❝❛❧ )❡♠❛♥&✐❝) ❛"❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❈❤❛♣&❡" ✺✳
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❚❛❜❧❡ ✼✳✺✿ ▲♦❝❛❧ /❡♠❛♥2✐❝/✿ ❤✉♠❛♥ ♣❛72✐2✐♦♥ ❡✈❛❧✉❛2✐♦♥ ✇✐2❤ 7❡/♣❡❝2 2♦ C9

❆♣♣❡❧❧❛2✐♦♥ ❙✐③❡ ◆✉♠❜❡7 ♦❢ Na Ph ❡✈❛❧✉❛2✐♦♥

✏❇❡"♥❛"❞✱ ❆❧❛✐♥✑ ✶✻✺ ✷✼ ✵✴✷

✏❉✉❜♦✐+✱ ❖❧✐✈✐❡7✑ ✷✼ ✽ ✵✴✶

✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ✺✾ ✻ ✶✴✷

✏❘♦②✱ ▼✐❝❤❡❧✑ ✺✷ ✾ ✵✴✸

✏◆✐❝♦❧❛+✱ ▼❛✉7✐❝❡✑ ✷✵ ✸ ✶✴✶

✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ✻✸ ✶✸ ✵✴✷

✏❙✐♠♦♥✱ ❉❛♥✐❡❧✑ ✶✺✶ ✶✻ ✵✴✹

❚❛❜❧❡ ✼✳✻✿ ▲♦❝❛❧ /❡♠❛♥2✐❝/✿ ❤✉♠❛♥ ♣❛72✐2✐♦♥ ❡✈❛❧✉❛2✐♦♥ ✇✐2❤ 7❡/♣❡❝2 2♦ C7

❆♣♣❡❧❧❛2✐♦♥ ❙✐③❡ ◆✉♠❜❡7 ♦❢ Na Ph ❡✈❛❧✉❛2✐♦♥

✏❇❡"♥❛"❞✱ ❆❧❛✐♥✑ ✶✻✺ ✷✼ ✶✴✶

✏❉✉❜♦✐+✱ ❖❧✐✈✐❡7✑ ✷✼ ✽ ✵✴✶

✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ✺✾ ✻ ✶✴✶

✏❘♦②✱ ▼✐❝❤❡❧✑ ✺✷ ✾ ✵✴✶

✏◆✐❝♦❧❛+✱ ▼❛✉7✐❝❡✑ ✷✵ ✸ ✶✴✶

✏❙✐♠♦♥✱ ❆❧❛✐♥✑ ✻✸ ✶✸ ✵✴✶

✏❙✐♠♦♥✱ ❉❛♥✐❡❧✑ ✶✺✶ ✶✻ ✶✴✶
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❚❛❜❧❡ ✼✳✼✿ +,❡❝✐/✐♦♥✱ ,❡❝❛❧❧ ❛♥❞ ❋✲♠❡❛/✉,❡ ✇✐9❤ ,❡/♣❡❝9 9♦ C9

❚❡/9 +,❡❝✐/✐♦♥ ❘❡❝❛❧❧ ❋✲♠❡❛/✉,❡

❉❡9❡❝9✐♥❣ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ✐♥ Pi ✶✵✵✪ ✶✵✵✪ ✶✵✵✪

❘❡❝♦❣♥✐③✐♥❣ 9❤❡ Ph ❛/ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ❢,❡❡ ✶✵✵✪ ✷✺✪ ✹✵✪

❚❛❜❧❡ ✼✳✽✿ +,❡❝✐/✐♦♥✱ ,❡❝❛❧❧ ❛♥❞ ❋✲♠❡❛/✉,❡ ✇✐9❤ ,❡/♣❡❝9 9♦ C7

❚❡/9 +,❡❝✐/✐♦♥ ❘❡❝❛❧❧ ❋✲♠❡❛/✉,❡

❉❡9❡❝9✐♥❣ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ✐♥9♦ Pi ✶✵✵✪ ✶✵✵✪ ✶✵✵✪

❘❡❝♦❣♥✐③✐♥❣ 9❤❡ Ph ❛/ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ❢,❡❡ ✶✵✵✪ ✶✵✵✪ ✶✵✵✪

❋✉,9❤❡,♠♦,❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ 9❤❛9 ❝,✐9❡,✐❛ ✐♥ C7 ❤❛✈❡ ❛ ❣♦♦❞ ❛❝❝✉,❛❝② ❡①❡♣9 ❢♦,

9❤❡ domain ❛♥❞ language ❝,✐9❡,✐❛✱ ✇❤✐❝❤ ❛,❡ ✐♥ C9 ❛♥❞ ♥♦9 ✐♥ C7✳ ■♥❞❡❡❞✱ ✇❡ /❛✇

✐♥ ❙❡❝9✐♦♥ ✼✳✷✳✷ 9❤❛9 ❛ ❜❛❞ ❛❝❝✉,❛❝② ♦❢ 9❤❡ ❝,✐9❡,✐❛ ♠❛② ✐♥❝,❡❛/❡ 9❤❡ ♥✉♠❜❡, ♦❢

✐♥❝♦❤❡,❡♥9 ♣❛,9/✳

❘❡/✉❧9/ ❛,❡ /✐♠✐❧❛, 9♦ ,❡/✉❧9/ ❛❝❝♦,❞✐♥❣ 9♦ ❣❧♦❜❛❧ /❡♠❛♥9✐❝/ ✇✐9❤ ,❡/♣❡❝9 9♦ ❜♦9❤

❝,✐9❡,✐♦♥ /❡9/ C9 ❛♥❞ C7 ❢♦, 9❤❡ ❝♦♥/✐❞❡,❡❞ ❙✉❞♦❝ /✉❜/❡9✳ ❚❤❡ /✐♥❣❧❡ ❡①❝❡♣9✐♦♥ ✐/

❢♦, 9❤❡ ❙✉❞♦❝ /✉❜/❡9 ,❡❧❛9❡❞ 9♦ ✏▲❡"♦✉①✱ ❆❧❛✐♥✑ ✇✐9❤ ,❡/♣❡❝9 9♦ C9✿

❼ Ph ❞♦❡/ ♥♦9 ❤❛✈❡ ❛ ❜❡/9 ♣❛,9✐9✐♦♥ ✈❛❧✉❡ ❛❝❝♦,❞✐♥❣ 9♦ ❣❧♦❜❛❧ /❡♠❛♥9✐❝/✱ ❛/ /❡❡♥

✐♥ ❚❛❜❧❡ ✼✳✸✳

❼ Ph ❤❛/ ❤❛❧❢ ❛ ❜❡/9 ♣❛,9✐9✐♦♥ ✈❛❧✉❡ ✭❢♦, ♦♥❡ ♦❢ ✐9/ 9✇♦ ♣❛,9/✮ ❛❝❝♦,❞✐♥❣ 9♦ ❧♦❝❛❧

/❡♠❛♥9✐❝/✱ ❛/ /❡❡♥ ✐♥ ❚❛❜❧❡ ✼✳✺✱ ❜✉9 9❤❡ Ph ♣❛,9✐9✐♦♥ ✈❛❧✉❡ ,❡♠❛✐♥/ ♥♦9 ❛ ❜❡/9

♦♥❡✳

✼✳✸✳✹ ❈♦♥❝❧✉*✐♦♥

❚❤❡ ♣,❡❝✐/✐♦♥ ♦❢ ❜♦9❤ /❡♠❛♥9✐❝/ ✇✐9❤ ,❡/♣❡❝9 9♦ 9❤❡ ❝,✐9❡,✐♦♥ /❡9/ C7 ❛♥❞ C9 ✐/ ✈❡,②

❣♦♦❞ ✭✶✵✵✪✮ 9♦ ❞❡9❡❝9 ❡,,♦♥❡♦✉/ ❧✐♥❦/ ✐♥ ✐♥✐9✐❛❧ ♣❛,9✐9✐♦♥/ ♦, 9♦ ✐❞❡♥9✐❢② 9❤❡ ❤✉♠❛♥

♣❛,9✐9✐♦♥ ❛/ ❛ ❜❡/9 ♦♥❡✳ ❚❤❡ ,❡❝❛❧❧ ✐/ /✐♠✐❧❛, ♦♥ 9❤❡ /9✉❞✐❡❞ /❛♠♣❧❡ ❛♥❞ ❞❡♣❡♥❞/ ♦♥

9❤❡ ❝,✐9❡,✐❛ ✉/❡❞ ✭❜❡9✇❡❡♥ ✷✺✪ ✇✐9❤ ,❡/♣❡❝9 9♦ C9 ❛♥❞ ✶✵✵✪ ✇✐9❤♦✉9 domain ❛♥❞

language ✐♥ 9❤❡ ❝,✐9❡,✐♦♥ /❡9✮✳ ▲❡9 ✉/ /✉♠♠❛,✐③❡ 9❤❡ ,❡/✉❧9✐♥❣ ♣,❡❝✐/✐♦♥✱ ,❡❝❛❧❧ ❛♥❞

❋✲♠❡❛/✉,❡ ✇✐9❤ ,❡/♣❡❝9 9♦ C9 ✐♥ ❚❛❜❧❡ ✼✳✼ ❛♥❞ ✇✐9❤ ,❡/♣❡❝9 9♦ C7 ✐♥ ❚❛❜❧❡ ✼✳✽ ❢♦,

9❤❡ ❢♦❧❧♦✇✐♥❣ ✐//✉❡/

❼ ❞❡9❡❝9✐♥❣ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ❜❡❢♦,❡ ❤✉♠❛♥ ,❡♣❛✐, ✭✏❉❡9❡❝9✐♥❣ ❡,,♦♥❡♦✉/ ❧✐♥❦/ ✐♥9♦

Pi✑✮ ❛♥❞

❼ ,❡❝♦❣♥✐③✐♥❣ 9❤❡ ❤✉♠❛♥ ♣❛,9✐9✐♦♥/ ❛/ 9❤❡ ❜❡/9 ♣❛,9✐9✐♦♥/ ♦, ✇✐9❤♦✉9 ❡,,♦♥❡♦✉/

❧✐♥❦/ ✭✏❘❡❝♦❣♥✐③✐♥❣ 9❤❡ Ph ❛/ ✇✐9❤♦✉9 ❡,,♦♥❡♦✉/ ❧✐♥❦/✑✮✳



✶✸✵ ❈❍❆#❚❊❘ ✼✳ ❊❳#❊❘■▼❊◆❚❙

❚❤❡ ❡✈❛❧✉❛*✐♦♥ ❞✐❞ ♥♦* ♣❡0♠✐* *♦ ❝♦♥❝❧✉❞❡ *❤❛* ♦♥❡ 3❡♠❛♥*✐❝3 ❣✐✈❡3 ❜❡**❡0 6✉❛❧✲

✐*❛*✐✈❡ 0❡3✉❧*3 *❤❛♥ *❤❡ ♦*❤❡0✳ ❆❝❝♦0❞✐♥❣ *♦ ❙❡❝*✐♦♥ ✼✳✶✱ *❤❡ ❆❧❣♦0✐*❤♠ ❢♦0 ❣❧♦❜❛❧

3❡♠❛♥*✐❝3 3❤♦✇3 ❛ 3❤♦0*❡0 ❡①❡❝✉*✐♦♥ *✐♠❡ *❤❛♥ *❤❡ ❆❧❣♦0✐*❤♠ ❢♦0 ❧♦❝❛❧ 3❡♠❛♥*✐❝3

✐♥ ✜♥❞✐♥❣ ❛❧❧ ❜❡3* ♣❛0*✐*✐♦♥ ✈❛❧✉❡3✳ ❍♦✇❡✈❡0✱ ✇❡ ❤❛✈❡ 3❤♦✇♥ ✐♥ ❙❡❝*✐♦♥ ✺✳✸✳✷ ♣❛❣❡

✽✵ *❤❛* ❧♦❝❛❧ 3❡♠❛♥*✐❝3 ❛❧❧♦✇3 ✉3 *♦ ❡✈❛❧✉❛*❡ ♣❛0*✐*✐♦♥3 ♦✈❡0 3❡✈❡0❛❧ ❙✉❞♦❝ 3✉❜3❡*3

*♦❣❡*❤❡0 ♦0 3❡♣❛0❛*❡❧② ✇✐*❤♦✉* ❝❤❛♥❣✐♥❣ *❤❡ 0❡3✉❧*3✱ ❝♦♥*0❛0② *♦ ❣❧♦❜❛❧ 3❡♠❛♥*✐❝3 ❢♦0

✇❤✐❝❤ 0❡3✉❧*3 ❞❡♣❡♥❞ ♦♥ ❤♦✇ ❙✉❞♦❝ 3✉❜3❡*3 ❤❛✈❡ ❜❡❡♥ 3❡❧❡❝*❡❞✳

❚❤♦3❡ 3❡♠❛♥*✐❝3 ❛❧❧♦✇ ✉3 *♦ ❞❡*❡0♠✐♥❡ ✐❢ *❤❡ ❧✐♥❦3 ✐♥ ❛ ❙✉❞♦❝ 3✉❜3❡* ❤❛✈❡ *♦ ❜❡

0❡✈✐3❡❞✳ ■* ❛❧3♦ ❛❧❧♦✇3 ✉3 *♦ ❡❛3✐❧② ❡✈❛❧✉❛*❡ *❤❡ ❛❝❝✉0❛❝② ♦❢ ❝0✐*❡0✐❛ ❜② ❣✐✈✐♥❣ *❤❡

♥✉♠❜❡0 ♦❢ ✐♥❝♦❤❡0❡♥* ♣❛0*3 ♦0 *❤❡ ♣❛✐03 ♦❢ ♦❜❥❡❝*3 *❤❛* 3❤♦✉❧❞ ❜❡ ✐♥ *❤❡ 3❛♠❡ ❝❧❛33

✭0❡3♣❡❝*✐✈❡❧② ✐♥ ❞✐3*✐♥❝* ❝❧❛33❡3✮ ❜✉* *❤❛* ❛0❡ ♥♦* ❛❝❝♦0❞✐♥❣ *♦ 3♦♠❡ 3♣❡❝✐✜❝ ❝0✐*❡0✐❛✳

❙♦✱ *❤❡ ❡①♣❡0* ❝❛♥ ❧♦♦❦ ❛* *❤❡3❡ ♦❜❥❡❝*3 ❛♥❞ ❞❡❝✐❞❡ ✇❤❡*❤❡0 ✐* ✐3 *❤❡ ♣❛0*✐*✐♦♥ *❤❛*

✐3 ✇0♦♥❣ ♦0 *❤❡ ❝0✐*❡0✐♦♥ *❤❛* ✐3 ♥♦* ❛❝❝✉0❛*❡ ❡♥♦✉❣❤✳ ❚❤✐3 ♣0♦♣❡0*② ❤❡❧♣❡❞ ✉3 *♦

❞❡*❡❝* 0❡♠❛✐♥✐♥❣ ❡00♦♥❡♦✉3 ❧✐♥❦3 ✐♥ ❛ 3❛♠♣❧❡ ❝♦00❡❝*❡❞ ❜② ❡①♣❡0*3✳

✼✳✹ ❯$❡& ✐♥)❡&❢❛❝❡ ♣&♦♣♦$❛❧

■♥ ♦0❞❡0 *♦ ❤❡❧♣ ❧✐❜0❛0✐❛♥3 *♦ 3❡❡ ❙✉❞♦❝ ❡00♦♥❡♦✉3 ❧✐♥❦3 ❞❡*❡❝*❡❞ ❜② *❤❡ ❛❧❣♦0✐*❤♠3✱

✇❡ ♣0♦♣♦3❡❞ ❛♥❞ ❞✐3❝✉33❡❞ ❛♥ ✐♥*❡0❢❛❝❡✳ ❚❤✐3 ✐♥*❡0❢❛❝❡ ✐3 ✐♥ ❋0❡♥❝❤✳ ▲❡* ✉3 ♣0❡3❡♥*

✐* ✐♥ *❤✐3 ❙❡❝*✐♦♥✳

❋✐❣✉0❡ ✼✳✽ 3❤♦✇3 *❤❡ ✐♥*❡0❢❛❝❡ 3*❛*❡♠❡♥* ❛❢*❡0 *❤❡ ❧✐❜0❛0✐❛♥ ❤❛3 3❡❧❡❝*❡❞ *❤❡ ❛♣♣❡❧✲

❧❛*✐♦♥ ✏❍❡"♠$%✱ N✐❡00❡✑✳ ❚❤✐3 ✐♥*❡0❢❛❝❡ ❛❧❧♦✇3 *❤❡ ❧✐❜0❛0✐❛♥ *♦ 3❡❧❡❝* ❛♥ ❛♣♣❡❧❧❛*✐♦♥

✭✜03* ♥❛♠❡ ❛♥❞ ♥❛♠❡✮ ❛♥❞ *♦ ✈❛❧✐❞❛*❡ ✐* ✇✐*❤ *❤❡ “Ok” ❜✉**♦♥✳

❆ ❙✉❞♦❝ &✉❜&❡) ✐& &❤♦✇♥✳ ❚❤❡♥✱ *❤❡ ✐♥*❡0❢❛❝❡ 3❤♦✇3 ❝♦♥*❡①*✉❛❧ ❡♥*✐*✐❡3 ❛♥❞

❛✉*❤♦0✐*② ♥♦*✐❝❡3 ❝♦00❡3♣♦♥❞✐♥❣ *♦ *❤❡ ❙✉❞♦❝ 3✉❜3❡* 0❡❧❛*❡❞ *♦ *❤❡ 3❡❧❡❝*❡❞ ❛♣♣❡❧❧❛✲

*✐♦♥ ❛♥❞ ❝♦♠♣❛0✐3♦♥ ✈❛❧✉❡3 ❛❝❝♦0❞✐♥❣ *♦ ❝0✐*❡0✐❛✳ ❆ ♥♦*❡ 3❛②3 ✐❢ *❤❡0❡ ❛0❡ ❡00♦♥❡♦✉3

❧✐♥❦3 ♦0 ♥♦*✳ ■♥ *❤❡ ❝❛3❡ ♦❢ ❋✐❣✉0❡ ✼✳✽✱ *❤❡0❡ ❛0❡ ❡00♦♥❡♦✉3 ❧✐♥❦3 ❛♥❞ *❤❡ ♥♦*❡ ✐3 0❡❞

❛♥❞ 0❡❛❞3 “Liens erronés !”✳ ❚❤❡ ❝♦♥*❡①*✉❛❧ ❡♥*✐*✐❡3 *❤❛* 0❡♣0❡3❡♥* ❛ ❧✐♥❦ *♦

*❤❡ 3❛♠❡ ❛✉*❤♦0✐*② ♥♦*✐❝❡ ❛0❡ 0❡♣0❡3❡♥*❡❞ *♦❣❡*❤❡0 ✐♥3✐❞❡ ❛ ❜♦① *❤❛* 0❡♣0❡3❡♥* *❤❡

❛✉*❤♦0✐*② ♥♦*✐❝❡ *❤❡② ❛0❡ ❧✐♥❦❡❞ *♦✳ ❆♣♣❡❧❧❛*✐♦♥3 ♦❢ ❛✉*❤♦0✐*② ♥♦*✐❝❡3 ❛♥❞ *✐*❧❡3 ♦❢

❝♦♥*❡①*✉❛❧ ❡♥*✐*✐❡3 ❛0❡ ❛❧✇❛②3 3❤♦✇♥✱ ❜✉* ♦*❤❡0 ❛**0✐❜✉*❡3 ❛0❡ ❛✈❛✐❧❛❜❧❡ ❜② ♠♦✈✐♥❣

*❤❡ ❝✉03♦0 ♦♥ *❤❡ ♦❜❥❡❝*✳

❇❡*✇❡❡♥ *✇♦ ❝♦♥*❡①*✉❛❧ ❡♥*✐*✐❡3✱ *❤❡0❡ ❛0❡ ❛* ♠♦3* *✇♦ ❧✐♥❡3 *♦ 0❡♣0❡3❡♥* ❡❞❣❡3✿

❛ ❞♦**❡❞ ❧✐♥❡ ❢♦0 ❢❛0♥❡33 ❛♥❞ never ❧❛❜❡❧❧❡❞ ❡❞❣❡3 ❛♥❞ ❛ ❢✉❧❧ ❧✐♥❡ ❢♦0 ❝❧♦3❡♥❡33 ❛♥❞

always ❧❛❜❡❧❧❡❞ ❡❞❣❡3✳ ❚❤❡ ❝♦❧♦0 ♦❢ *❤❡ ❧✐♥❡ ✐3✿

❼ ❣0❡❡♥ ✐❢ ❛❧❧ ❡❞❣❡3 ✐♥3✐❞❡ ❛0❡ 3❛*✐3✜❡❞✱

❼ ♦0❛♥❣❡ ✐❢ *❤❡② ❛0❡ ♥♦* 3❛*✐3✜❡❞ ❜✉* ♥♦ ❡❞❣❡ ❧❛❜❡❧❧❡❞ never ♦0 always ✐3 0❡♣0❡✲

3❡♥*❡❞✱

❼ 0❡❞ ✐❢ *❤❡② ❛0❡ ♥♦* 3❛*✐3✜❡❞ ❛♥❞ ❛* ❧❡❛3* ❛♥ ❡❞❣❡ ❧❛❜❡❧❧❡❞ never ♦0 always ✐3

0❡♣0❡3❡♥*❡❞✳
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❋✐❣✉&❡ ✼✳✽✿ ■♥.❡&❢❛❝❡ ❢♦& ❞❡.❡❝.✐♥❣ ❡&&♦♥❡♦✉4 ❧✐♥❦4 ✇✐.❤ ❛♥ ❛♣♣❡❧❧❛.✐♦♥ 4❡❧❡❝.❡❞

▼♦✈✐♥❣ .❤❡ ❝✉&4♦& ♦♥ .❤❡ ❧✐♥❡ 4❤♦✇4 .❤❡ ❧❛❜❡❧4 ♦❢ ❡❛❝❤ &❡♣&❡4❡♥.❡❞ ❡❞❣❡ ✭✈❛❧✉❡ ❛♥❞

❝&✐.❡&✐♦♥✮✳ ❚❤❡ ❝♦❧♦✉& ♦❢ ❛♥ ❛✉.❤♦&✐.② ♥♦.✐❝❡ ❜♦① ❞❡♣❡♥❞4 ♦♥ .❤❡ ❡❞❣❡4 ✐♥4✐❞❡ ✐.✳ ■.

✐4 ❣&❡❡♥ ✐❢ ❛❧❧ ❡❞❣❡4 ✐♥4✐❞❡ ❛&❡ 4❛.✐4✜❡❞✱ ♦&❛♥❣❡ ✐❢ ❛. ❧❡❛4. ❛ ✭❢❛&♥❡44✮ ❡❞❣❡ ✐♥4✐❞❡ ✐4

✉♥4❛.✐4✜❡❞ ♦& &❡❞ ✐❢ ❛. ❧❡❛4. ❛ never ❧❛❜❡❧❧❡❞ ❡❞❣❡ ✐♥4✐❞❡ ✐4 ✉♥4❛.✐4✜❡❞✳

❆. .❤✐4 4.❛❣❡✱ ❛❧❧ ❡❞❣❡4 ❛&❡ &❡♣&❡4❡♥.❡❞✳ ❍♦♣❡❢✉❧❧②✱ .✇♦ ♠❡♥✉4 ❛❧❧♦✇ .❤❡ ❧✐❜&❛&✐❛♥

.♦ ❝❤♦♦4❡ ✇❤✐❝❤ ❧❛❜❡❧❧❡❞ ❡❞❣❡4 ✭4✮❤❡ ❞♦❡4 ♥♦. ✇❛♥. .♦ 4❡❡✳

❚❤❡ “Best compromises” ♠❡♥✉ ✭♦& “Meilleur compromis” ✐♥ ❋&❡♥❝❤✮

♣&♦♣♦4❡4 .♦ 4❤♦✇ ❛❧❧ ❡❞❣❡4 ♦& ❛❧❧ ❝&✉❝✐❛❧ ❡❞❣❡4 ✇✐.❤ &❡4♣❡❝. .♦ ❛ ❜❡4. ♣❛&.✐.✐♦♥ ✈❛❧✉❡✳

❆❧❧ .❤❡ ❜❡4. ♣❛&.✐.✐♦♥ ✈❛❧✉❡4 ❛&❡ ❡♥✉♠❡&❛.❡❞ ✐♥ ❝♦♠♠♦♥ ❧❛♥❣✉❛❣❡✳ ❋✐❣✉&❡ ✼✳✾ 4❤♦✇4

.❤✐4 ♠❡♥✉ ❛❢.❡& .❤❡ ❧✐❜&❛&✐❛♥ ❤❛4 4❡❧❡❝.❡❞ .♦ 4❤♦✇ ❛❧❧ ❝&✉❝✐❛❧ ❡❞❣❡4 ❛❝❝♦&❞✐♥❣ .♦

.❤❡ ♣❛&.✐.✐♦♥ ✈❛❧✉❡ ✇❤✐❝❤ ❞♦❡4 ♥♦. 4❛.✐4❢② .❤❡ ❞❛.❡ ❝&✐.❡&✐♦♥✳ ❲❡ ♦❜4❡&✈❡ .❤❛. .❤❡

❢❛&♥❡44 ✉♥4❛.✐4✜❡❞ ❡❞❣❡ ❜❡.✇❡❡♥ ❝♦♥.❡①.✉❛❧ ❡♥.✐.✐❡4 .✐.❧❡❞ ✏❆ ❧✬♦♠❜&❡ ❞❡) ❜♦)*✉❡,) ✑

❛♥❞ ✏-♦.)✐❡ ❞❡ ❏❛&❞✐♥ ✑ ✐4 ♥♦ ♠♦&❡ ✈✐4✐❜❧❡ ♦♥ ❋✐❣✉&❡ ✼✳✾ ❜✉. ✇❛4 ♦♥ ❋✐❣✉&❡ ✼✳✽✳

❚❤❡ “Modifying the comparisons showing”♠❡♥✉ ✭♦& “Modifier l’

affichage des comparaisons” ✐♥ ❋&❡♥❝❤✮ ♣&♦♣♦4❡4✱ ❢♦& ❡❛❝❤ ❝&✐.❡&✐♦♥✱ .♦

❝❤❡❝❦ ✇❤✐❝❤ .②♣❡4 ♦❢ ❡❞❣❡4 ❤❛✈❡ .♦ ❜❡ 4❤♦✇♥✳ ❚❤❡ .②♣❡ ♦❢ ❛♥ ❡❞❣❡ ❝♦&&❡4♣♦♥❞4
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❋✐❣✉'❡ ✼✳✾✿ ▼❡♥✉ “Best compromises”

/♦ /❤❡ ✐♥/❡♥2✐/② ♦❢ /❤❡ ❧❛❜❡❧✳ ■/ ✐2 ❡①♣'❡22❡❞ ✐♥ ❝♦♠♠♦♥ ❧❛♥❣✉❛❣❡✳ ❋♦' ❡①❛♠♣❧❡✱

/❤❡ ❝♦♠♣❛'✐2♦♥ ✈❛❧✉❡ always ♦❢ title ❝'✐/❡'✐♦♥ ❜❡❝♦♠❡2 “same work” ✭“même

oeuvre” ✐♥ ❋'❡♥❝❤✮✳

❋✐❣✉'❡ ✼✳✾ 2❤♦✇2 /❤✐2 ♠❡♥✉ ❛❢/❡' /❤❡ ❧✐❜'❛'✐❛♥ ❤❛2 ❞❡2❡❧❡❝/❡❞ ❡❞❣❡2 ❧❛❜❡❧❧❡❞ −
❢♦' otherContributors ❝'✐/❡'✐♦♥✳ ■/ ❝♦''❡2♣♦♥❞2 /♦ /❤❡ ✐♥/❡'❢❛❝❡ “1 or several

other contributors in common” ✭“1 ou plusieurs co-auteurs en

commun” ✐♥ ❋'❡♥❝❤✮ ✉♥❝❤❡❝❦❡❞ ❛♥❞ “several other contributors in common”

✭“plusieurs co-auteurs en commun” ✐♥ ❋'❡♥❝❤✮ ❝❤❡❝❦❡❞✳

❲❡ ♦❜2❡'✈❡ /❤❛/ /❤❡ /✇♦ ❝❧♦2❡♥❡22 2❛/✐2✜❡❞ ❡❞❣❡2 ❜❡/✇❡❡♥ ❝♦♥/❡①/✉❛❧ ❡♥/✐/✐❡2

/✐/❧❡❞ ✏❆ ❧✬♦♠❜&❡ ❞❡) ❜♦)*✉❡,) ✑ ❛♥❞ ✏▲✬❛&❜&❡ /❡&❝❤2✑ ❛♥❞ ❜❡/✇❡❡♥ ✏▲✬❛&❜&❡ /❡&❝❤2 ✑

❛♥❞ ✏/♦2)✐❡ ❞❡ ❏❛&❞✐♥ ✑ ❛'❡ ♥♦ ♠♦'❡ ✈✐2✐❜❧❡ ♦♥ ❋✐❣✉'❡ ✼✳✽ ❜✉/ ✇❡'❡ ♦♥ ❋✐❣✉'❡ ✼✳✾✳

❈♦♥❝❧✉&✐♦♥ ❲❡ 2❤♦✇❡❞ ✐♥ /❤✐2 ❈❤❛♣/❡' /❤❛/ ❛❧❣♦'✐/❤♠2 ❢♦' ✜♥❞✐♥❣ /❤❡ ❜❡2/ ♣❛'✲

/✐/✐♦♥2 ❛❝❝♦'❞✐♥❣ /♦ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ 2❡♠❛♥/✐❝2 ❛'❡ ❡✣❝✐❡♥/ ♦♥ '❡❛❧ ❙✉❞♦❝ 2✉❜2❡/2✳

❲❡ 2❤♦✇ /❤❛/ /❤❡✐' '❡2✉❧/2 ❛♥❞ ❡①❡❝✉/✐♦♥ /✐♠❡ ❞❡♣❡♥❞ ♦♥ /❤❡ ♥✉♠❜❡' ❛♥❞ ❛❝❝✉'❛❝②

♦❢ ❝'✐/❡'✐❛✳ ❲❡ ❛❧2♦ 2❤♦✇❡❞ /❤❛/ /❤❡② ❛'❡ '❡❧❡✈❛♥/ ❢♦' ❞❡/❡❝/✐♥❣ ❡''♦♥❡♦✉2 ❧✐♥❦2 ✐♥

'❡❛❧ ❙✉❞♦❝ 2✉❜2❡/2 ♦♥ ❝♦♥❞✐/✐♦♥ /❤❛/ /❤❡ ❝♦♥2✐❞❡'❡❞ ❝'✐/❡'✐❛ ❛'❡ '❡❧❡✈❛♥/✳ ❍♦♣❡❢✉❧❧②

/❤❡2❡ ♣❛'/✐/✐♦♥✐♥❣ 2❡♠❛♥/✐❝2 ❛'❡ ❛❧2♦ ✉2❡❢✉❧ /♦ ❞❡/❡❝/ ❝'✐/❡'✐❛ ✇✐/❤ ❛ ❧♦✇ ❛❝❝✉'❛❝②✳
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❋✐❣✉$❡ ✼✳✶✵✿ ▼❡♥✉ “Modifying the comparisons showing”

❲❡ ✜♥❛❧❧② ♣$❡3❡♥4❡❞ ❛ ❢✉4✉$❡ ✐♥4❡$❢❛❝❡ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉3❡❞ ❜② ❧✐❜$❛$✐❛♥3 4♦ ❡❛3✐❧②

❛❝❝❡33 4♦ ❡$$♦♥❡♦✉3 ❧✐♥❦3✳ ■♥ 4✐♠❡✱ 4❤✐3 ✐♥4❡$❢❛❝❡ ✇✐❧❧ ❜❡ ❡①4❡♥❞❡❞ 4♦ ❤❡❧♣ ❧✐❜$❛$✐❛♥3

4♦ $❡♣❛✐$ 4❤♦3❡ ❡$$♦♥❡♦✉3 ❧✐♥❦3✳
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❈❤❛♣$❡& ✽

❈♦♥❝❧✉-✐♦♥

■♥ "❤✐% "❤❡%✐% ✇❡ ♣)❡%❡♥"❡❞ ♦✉) ❝♦♥")✐❜✉"✐♦♥ "♦ "❤❡ ❞❡"❡❝"✐♦♥ ❛♥❞ )❡♣❛✐) ♦❢ ❡))♦♥❡♦✉%

❧✐♥❦%✳ ❚❤✐% ♣)♦❜❧❡♠ ✐% ❛ ❧✐♥❦ ♠✐♥✐♥❣ ♣)♦❜❧❡♠ ❜✉"✱ ❛% ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣"❡) ✸✱ ♦✉)

❛♣♣)♦❛❝❤ ✉%❡% ❛♥ ❡♥"✐"② )❡%♦❧✉"✐♦♥ ♠❡"❤♦❞ ✐♥ ♦)❞❡) "♦ %♦❧✈❡ ✐"✳ ❆% ❛ ❝♦♥%❡>✉❡♥❝❡✱

"❤❡ ❧✐♥❦ ♠✐♥✐♥❣ ❛♥❞ ❡♥"✐"② )❡%♦❧✉"✐♦♥ ❞♦♠❛✐♥% ❛)❡ ❜♦"❤ ♣)❡%❡♥"❡❞ ✐♥ ❈❤❛♣"❡) ✷✳ ❚❤❡

❛♣♣)♦❛❝❤ ✐% ❛❞❛♣"❡❞ "♦ ❜✐❜❧✐♦❣)❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛%❡% ❛♥❞ ❛♣♣❧✐❡❞ "♦ ❙✉❞♦❝✳ ❙✉❞♦❝

❛♥❞ ✐"% ♠♦❞❡❧✐③❛"✐♦♥ ❛)❡ ♣)❡%❡♥"❡❞ ✐♥ ❈❤❛♣"❡) ✹✳ ❚❤❡ ❛♣♣)♦❛❝❤ ✐% ❞❡❝♦♠♣♦%❡❞ ✐♥

"✇♦ ♠❛❥♦) %"❡♣%✳ ❚❤❡ ❞❡"❡❝"✐♦♥ ♦❢ ❡))♦♥❡♦✉% ❧✐♥❦% ✉%❡% ❛ ♣❛)"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝%

❜❛%❡❞ ♦♥ %②♠❜♦❧✐❝ ❝)✐"❡)✐❛✳ ❙✉❝❤ ♣❛)"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝% ❛)❡ ♣)♦♣♦%❡❞ ✐♥ ❈❤❛♣"❡) ✺✳

❆❧❣♦)✐"❤♠% ❢♦) )❡♣❛✐)✐♥❣ ❡))♦♥❡♦✉% ❧✐♥❦% ❛)❡ ♣)♦♣♦%❡❞ ❛♥❞ "❤❡♦)❡"✐❝❛❧❧② ✈❛❧✐❞❛"❡❞ ✐♥

❈❤❛♣"❡) ✻✳ ❋✐♥❛❧❧②✱ ❈❤❛♣"❡) ✼ ♣)❡%❡♥"% "❤❡ >✉❛❧✐"❛"✐✈❡ ❛♥❞ >✉❛♥"✐"❛"✐✈❡ ❡①♣❡)✐♠❡♥"%

♦♥ )❡❛❧ ❙✉❞♦❝ ❞❛"❛ ❢♦) "❤❡ ✈❛❧✐❞❛"✐♦♥ ♦❢ ♣❛)"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝%✳ ■" ❛❧%♦ ♣)♦♣♦%❡% ❛♥

✐♥"❡)❢❛❝❡ ❢♦) ❤✉♠❛♥ ✉%❡)%✳ ❚❤✐% ✐♥"❡)❢❛❝❡ ✐% ✐♥ ❞✐%❝✉%%✐♦♥ ✇✐"❤ ❡①♣❡)"%✳

❚❤✐% ❈❤❛♣"❡) ❝♦♥❝❧✉❞❡% "❤❡ "❤❡%✐% ❜② %✉♠♠❛)✐%✐♥❣ "❤❡ ❛❝❤✐❡✈❡♠❡♥"% ♦❢ ♠② ✇♦)❦

✐♥ ❙❡❝"✐♦♥ ✽✳✶ ❛♥❞ ♣)❡%❡♥"✐♥❣ ❢✉"✉)❡ )❡%❡❛)❝❤ ❞✐)❡❝"✐♦♥% ✐♥ ❙❡❝"✐♦♥ ✽✳✷✳

✽✳✶ ❘❡%❡❛'❝❤ ❛❝❤✐❡✈❡♠❡♥.%

❲❡ ♣)❡%❡♥"❡❞ "❤❡ )❡%❡❛)❝❤ >✉❡%"✐♦♥ ♦❢ "❤✐% ✇♦)❦ ✐♥ ❈❤❛♣"❡) ✶✿ ✏❍♦✇ $♦ ❞❡$❡❝$ ❛♥❞

*❡♣❛✐* ❡**♦♥❡♦✉. ❧✐♥❦. ✐♥ ❛ ❜✐❜❧✐♦❣*❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❞❛$❛❜❛.❡ ✉.✐♥❣ 4✉❛❧✐$❛$✐✈❡ ♠❡$❤✲

♦❞.❄✑

■♥ ♦)❞❡) "♦ ❛♥%✇❡) "❤✐% >✉❡%"✐♦♥✱ ✇❡ ❢♦❝✉%❡❞ ♦♥ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡% ✐♥%"❡❛❞ ♦❢

❧✐♥❦%✱ ❛✉"❤♦)✐"② ♥♦"✐❝❡% ♦) ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦"✐❝❡% ✭✇❤✐❝❤ ❛)❡ ❛❧)❡❛❞② ✐♥ "❤❡ ❜✐❜❧✐♦✲

❣)❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛%❡ ✉♥❧✐❦❡ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡%✮✳ ■♥❞❡❡❞✱ ❝♦♥"❡①"✉❛❧ ❡♥"✐"✐❡% ❛)❡

♦❜❥❡❝"% "❤❛" )❡♣)❡%❡♥" ❧✐♥❦% ✭❜❡"✇❡❡♥ ❛♥ ❛✉"❤♦)✐"② ♥♦"✐❝❡ ❛♥❞ ❛ ❜✐❜❧✐♦❣)❛♣❤✐❝ ♥♦"✐❝❡✮

♦) ❛ ♣❡)%♦♥ ✐♥ "❤❡ ❝♦♥"❡①" ♦❢ ❛ ❞♦❝✉♠❡♥"✳ ❚❤✐% ❛❧❧♦✇❡❞ ✉% "♦ ❞❡"❡❝" ✇❤✐❝❤ ❧✐♥❦%

❤❛✈❡ "♦ ♣♦✐♥" "♦ "❤❡ %❛♠❡ ❛✉"❤♦)✐"② ♥♦"✐❝❡ ✭♦) "♦ ❞✐%"✐♥❝" ❛✉"❤♦)✐"② ♥♦"✐❝❡%✮ ✉%✐♥❣ ❛

♣❛)"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝%✱ ❛% ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣"❡) ✸✳

■♥ ♦)❞❡) "♦ ❞♦ "❤❛"✱ ✇❡ ♣)♦♣♦%❡❞ "✇♦ ♣❛)"✐"✐♦♥✐♥❣ %❡♠❛♥"✐❝% ✭❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧

%❡♠❛♥"✐❝%✮ ✉%✐♥❣ %②♠❜♦❧✐❝ ❝)✐"❡)✐❛✳ ❚❤❡② ✐♠♣)♦✈❡ ✐♥ ♣❛)"✐❝✉❧❛) ❬✷❪ ❜② ❝♦♥%✐❞❡)✐♥❣

❡❞❣❡% ❧❛❜❡❧❧❡❞ neutral ✐♥ "❤❡ ❣)❛♣❤ "♦ ♣❛)"✐"✐♦♥✳ ❚❤❡ ❧♦❝❛❧ %❡♠❛♥"✐❝% ❛❞❞% ❛ ♥♦"✐♦♥

✶✸✺
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♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡,✇❡❡♥ ♦❜❥❡❝, /❡,/ ,♦ ,❤❡ ❣❧♦❜❛❧ /❡♠❛♥,✐❝/✳ ❚❤❛, ❛❧❧♦✇❡❞ ✉/ ♥♦, ,♦

❝❤❛♥❣❡ ,❤❡ 8❡/✉❧, ✇❤❡♥ ♣❛8,✐,✐♦♥✐♥❣ ✐♥❞❡♣❡♥❞❡♥, /✉❜/❡,/ ,♦❣❡,❤❡8✱ ❧✐❦❡ ❙✉❞♦❝ /✉❜/❡,/

8❡❧❛,❡❞ ,♦ ❞✐/,✐♥❝, ❛♣♣❡❧❧❛,✐♦♥/ ✐♥ ♦✉8 ❛♣♣❧✐❡❞ ❝❛/❡✳ ❲❡ ❤❛✈❡ /❤♦✇♥ ✐♥ ❈❤❛♣,❡8 ✼

,❤❛, ,❤♦/❡ ♣❛8,✐,✐♦♥✐♥❣ /❡♠❛♥,✐❝/ ❤❛✈❡ ❣♦♦❞ @✉❛❧✐,❛,✐✈❡ 8❡/✉❧,/ ,♦ /♦❧✈❡ ,❤❡ ♣8♦❜❧❡♠

♦❢ ❞❡,❡❝,✐♥❣ ❡88♦♥❡♦✉/ ❧✐♥❦/✱ ❛♥❞ ❛8❡ ✉/❡❢✉❧ ,♦ ❞❡,❡❝, ❝8✐,❡8✐❛ ✇✐,❤ ❛ ♣♦♦8 ❛❝❝✉8❛❝②✳

❍♦✇❡✈❡8✱ ❞❡,❡❝,✐♥❣ ❡88♦♥❡♦✉/ ❧✐♥❦/ ✐/ ♥♦, ❡♥♦✉❣❤ ,♦ ✐♠♣8♦✈❡ ,❤❡ ❧✐♥❦ @✉❛❧✐,②

✐♥ ❛ ❜✐❜❧✐♦❣8❛♣❤✐❝ ❦♥♦✇❧❡❞❣❡ ❜❛/❡✳ ■, ✐/ ❢♦8 ,❤✐/ 8❡❛/♦♥ ,❤❛, ✇❡ ♣8♦♣♦/❡❞ /❡✈❡8❛❧

8❡♣❛✐8 ❛❧❣♦8✐,❤♠/ ✐♥ ❈❤❛♣,❡8 ✻✳ ❲❡ ,❤❡♦8❡,✐❝❛❧❧② ♣8♦✈❡❞ ,❤❛, ,❤❡② ❝♦88❡❝,❧② 8❡♣❛✐8

❡88♦♥❡♦✉/ ❧✐♥❦/ ✐♥ ,❤❡ /❛♠❡ ❈❤❛♣,❡8✳

❲❡ ✜♥❛❧❧② ♣8❡/❡♥,❡❞ ❛♥ ✐♥,❡8❢❛❝❡ ,❤❛, ✐/ ✐♥ ❞✐/❝✉//✐♦♥ ✇✐,❤ ❡①♣❡8,/ ❛♥❞ ✇✐❧❧ ❜❡

✉/❡❞ ✐♥ ♦8❞❡8 ,♦ /❤♦✇ ,❤❡ ❡88♦♥❡♦✉/ ❧✐♥❦/ ,♦ ❧✐❜8❛8✐❛♥ ✉/❡8/✳

✽✳✷ ❋✉%✉&❡ ✇♦&❦

▲❡, ✉/ ♣8❡/❡♥, /❡✈❡8❛❧ 8❡/❡❛8❝❤ @✉❡/,✐♦♥/ ,❤❛, ♠❛② ✐♠♣8♦✈❡ ,❤✐/ ✇♦8❦✳

❈❤❛♣,❡8 ✷ ❤✐❣❤❧✐❣❤,/ ,❤❡ ♣8♦❜❧❡♠ ♦❢ ❤♦✇ ❛❞❞✐♥❣ ,❤❡ ♥♦,✐♦♥ ♦❢ ❝❛♥♦♣✐❡/ ,♦ ,❤❡

❡88♦♥❡♦✉/ ❧✐♥❦ ❞❡,❡❝,✐♦♥ ♠❡,❤♦❞✳ ■♥❞❡❡❞✱ ♦✉8 ❛♣♣8♦❛❝❤ ❡①♣❧♦✐,/ ❝♦✲❝♦♥,8✐❜✉,✐♦♥/

❧✐♥❦/ ✐♥ ♦8❞❡8 ,♦ ❞❡,❡❝, ❡88♦♥❡♦✉/ ❧✐♥❦/✳ ❙♦✱ 8❡♣❛✐8✐♥❣ ❡88♦♥❡♦✉/ ❧✐♥❦/ ♠❛② ❛❧❧♦✇ ✉/

,♦ ❞❡,❡❝, ♦,❤❡8 ❡88♦♥❡♦✉/ ❧✐♥❦/✱ ❛♥❞ ,❤✐/ ❛/♣❡❝, ♠❛② ❜❡ ❢✉❧❧② ❡①♣❧♦✐,❡❞ ❜② ❛❞❞✐♥❣ ❛

❝❛♥♦♣② /,8❛,❡❣② ❬✻✽❪ ,❤❛, ✇♦8❦/ ✉♥❞❡8 ,❤❡ ❤②♣♦,❤❡/✐/ ,❤❛, 8❡♣❛✐8✐♥❣ /♦♠❡ ❧✐♥❦/ ✐♥ ❛

❝❛♥♦♣② ✭❛ ❙✉❞♦❝ /✉❜/❡, 8❡❧❛,❡❞ ,♦ ❛♥ ❛♣♣❡❧❧❛,✐♦♥ ✐♥ ♦✉8 ❝❛/❡✮ ♠❛② ❝❤❛♥❣❡ ,❤❡ 8❡/✉❧,/

✐♥ ♥❡✐❣❤❜♦✉8 ❝❛♥♦♣✐❡/ ✭❙✉❞♦❝ /✉❜/❡,/ 8❡❧❛,❡❞ ,♦ ,❤❡ ❛♣♣❡❧❧❛,✐♦♥ ♦❢ ❛ ❝♦✲❝♦♥,8✐❜✉,♦8✮✳

❈❤❛♣,❡8 ✺ ❛❧❧♦✇/ ✉/ ,♦ ❞❡,❡❝, ❡88♦♥❡♦✉/ ❧✐♥❦/ ✇✐,❤ ❝♦♥/✐❞❡8✐♥❣ ❛ ❝8✐,❡8✐♦♥ /❡,

♦❢ ✐♥❞❡♣❡♥❞❡♥, ❝8✐,❡8✐❛✳ ❘❡♠♦✈✐♥❣ ,❤❡ ❲♦8❦ ❍②♣♦,❤❡/✐/ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♠♦♥❣

❝8✐,❡8✐❛ ✭❲♦8❦ ❍②♣♦,❤❡/✐/ ✻ ♣❛❣❡ ✶✾✮ ❛❧❧♦✇/ ,♦ ✉/ ❛❞❞ ♥♦,✐♦♥/ ♦❢ ♣8❡❢❡8❡♥❝❡/ ❛♠♦♥❣

❝8✐,❡8✐❛✳

❚❤❡ ✐♥,❡8❢❛❝❡ ♣8❡/❡♥,❡❞ ✐♥ ❈❤❛♣,❡8 ✼ ♠❛② ❜❡ ✐♠♣8♦✈❡❞ ❜② ❡♥❛❜❧❡ ✈✐/✉❛❧✐③❛,✐♦♥

♦❢ ❧❛8❣❡ ❙✉❞♦❝ /✉❜/❡,/ ❛♥❞ 8❡♣❛✐8 ♦❢ ❡88♦♥❡♦✉/ ❧✐♥❦/ ✉/✐♥❣ ,❤❡ ✐♥,❡8❢❛❝❡✳

▲❡, ✉/ ❞❡✈❡❧♦♣ ,✇♦ ♦❢ ,❤❡/❡ ♣♦✐♥,/✳ ❚❤❡ ✜8/, ♦♥❡ ✐/ ,♦ 8❡♠♦✈❡ ,❤❡ ❲♦8❦ ❍②✲

♣♦,❤❡/✐/ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♠♦♥❣ ❝8✐,❡8✐❛ ✐♥ ❙❡❝,✐♦♥ ✽✳✷✳✶✱ ❛♥❞ ,❤❡ /❡❝♦♥❞ ✐/ ❛❜♦✉,

✐♠♣8♦✈✐♥❣ ,❤❡ ✐♥,❡8❢❛❝❡ ✐♥ ♦8❞❡8 ,♦ ❡♥❛❜❧❡ ✈✐/✉❛❧✐③❛,✐♦♥ ♦❢ ❧❛8❣❡ ❙✉❞♦❝ /✉❜/❡,/✱ ❛♥❞

✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝,✐♦♥ ✽✳✷✳✷✳

✽✳✷✳✶ ❘❡♠♦✈✐♥❣ ,❤❡ ❤②♣♦,❤❡0✐0 ♦❢ ✐♥❞❡♣❡♥❞❡♥❝② ❛♠♦♥❣ ❝5✐✲

,❡5✐❛

❚❤❡ ♣❛8,✐,✐♦♥✐♥❣ /❡♠❛♥,✐❝/ ♣8❡/❡♥,❡❞ ✐♥ ❈❤❛♣,❡8 ✺ ✉/❡❞ ❛ /❡, ♦❢ /②♠❜♦❧✐❝ ❝8✐,❡8✐❛✱

❛♥❞ ,❤♦/❡ ❝8✐,❡8✐❛ ✇❡8❡ ✐♥❞❡♣❡♥❞❡♥, ✭❛❝❝♦8❞✐♥❣ ,♦ ❲♦8❦ ❍②♣♦,❤❡/✐/ ✻ ♣❛❣❡ ✶✾✮✳ ❚♦

✐♥,8♦❞✉❝❡ ♣8❡❢❡8❡♥❝❡/ ❛♠♦♥❣ ❝8✐,❡8✐❛ ✐♥ ,❤❡ ♣❛8,✐,✐♦♥✐♥❣ /❡♠❛♥,✐❝/ ♠❛② ♠❛❦❡ ,❤❡

8❡/✉❧,/ ❡❛/✐❡8 ,♦ ✉/❡ ❜② ❧❡,,✐♥❣ ,❤❡ /❡♠❛♥,✐❝/ ❝❤♦♦/❡ ❛✉,♦♠❛,✐❝❛❧❧② /♦♠❡ ❝8✐,❡8✐❛ ♦✈❡8

♦,❤❡8/ ✇✐,❤♦✉, 8❡@✉✐8✐♥❣ ,❤❡ ❛❞✈✐❝❡ ♦❢ ❛♥ ❡①♣❡8,✳

■♥ ♦8❞❡8 ,♦ ❞♦ ,❤❛,✱ ✇❡ ❝❛♥ ♣8♦♣♦/❡ ,✇♦ ❦✐♥❞/ ♦❢ ♣8❡❢❡8❡♥❝❡/✿



✽✳✷✳ ❋❯❚❯❘❊ ❲❖❘❑ ✶✸✼

❼ #♦ ❢♦&♠❛❧✐③❡ #❤❡ ❞❡♣❡♥❞❡♥❝② ❛♠♦♥❣ ❝♦♠♣❛&✐4♦♥ ✈❛❧✉❡4 ✇❤❡♥ ❝♦♠♣❛&✐♥❣ #✇♦

♦❜❥❡❝#4✳ ■♥❞❡❡❞✱ ✐♥ ♦✉& ❝&✐#❡&✐♦♥ 4❡#✱ #❤❡ ❝♦♠♣❛&✐4♦♥ ✈❛❧✉❡ ❣✐✈❡♥ ❜② #❤❡ thesis
❝&✐#❡&✐♦♥ ✐♥ ♦&❞❡& #♦ ❝♦♠♣❛&❡ #✇♦ ♦❜❥❡❝#4 ❞❡♣❡♥❞4 ♦♥ #❤❡ ❝♦♠♣❛&✐4♦♥ ✈❛❧✉❡

❣✐✈❡♥ ❜② #❤❡ title ❝&✐#❡&✐♦♥✳ ❙✐♠✐❧❛&❧②✱ #❤❡ ❝♦♠♣❛&✐4♦♥ ✈❛❧✉❡ ❣✐✈❡♥ ❜② ❛♥②

❝&✐#❡&✐♦♥ ✐♥ ♦&❞❡& #♦ ❝♦♠♣❛&❡ #✇♦ ♦❜❥❡❝#4 ❞❡♣❡♥❞4 ♦♥ #❤❡ ❝♦♠♣❛&✐4♦♥ ✈❛❧✉❡

❣✐✈❡♥ ❜② #❤❡ appellation ❝&✐#❡&✐♦♥✳

❼ #♦ ♣&♦♣♦4❡ #♦ ❛❞❞ #❤❡ ♣&✐♦&✐#② &❡❧❛#✐♦♥ ❛♠♦♥❣ ❝&✐#❡&✐❛ ❛4 ✐♥ ❬✶✹❪ ❢♦& ❝♦♠♣❛&✐♥❣

#✇♦ ♣❛&#✐#✐♦♥ ✈❛❧✉❡4✳ ▲❡# ✉4 ❞❡#❛✐❧ #❤✐4 ♣♦✐♥#✳

■♥ ♦&❞❡& #♦ ❝♦♥4✐❞❡& #❤❡ ♣&✐♦&✐#② &❡❧❛#✐♦♥ ❛♠♦♥❣ #❤❡ ❝&✐#❡&✐❛ ♦❢ ❛ ❝&✐#❡&✐♦♥ 4❡# C✱

#❤❡ ❝&✐#❡&✐❛ ♦❢ C ❛&❡ 4❡♣❛&❛#❡❞ ✐♥#♦ n ♦&❞❡&❡❞ ❝&✐#❡&✐♦♥ 4❡#4 4✉❝❤ #❤❛# ❛♥② ❝&✐#❡&✐♦♥

♦❢ #❤❡ ❝&✐#❡&✐♦♥ 4❡# Ci ✐4 ♣&❡❢❡&&❡❞ #♦ ❛♥② ❝&✐#❡&✐♦♥ ✐♥ #❤❡ ❝&✐#❡&✐♦♥ 4❡# Cj ✭❞❡♥♦#❡❞

Ci ≫ Cj✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ i < j✱ ❛♥❞ ❡❛❝❤ ❝&✐#❡&✐♦♥ ✐4 ✐♥ ❛ 4✐♥❣❧❡ ❝&✐#❡&✐♦♥ 4❡# Ck ✇✐#❤

1 ≤ k ≤ n✳ ❚✇♦ ✈❛❧✐❞ ♣❛&#✐#✐♦♥4

✶

♦♥ #❤❡ 4❛♠❡ ♦❜❥❡❝# 4❡# ❛&❡ ✜&4# ❝♦♠♣❛&❡❞ ❛❝❝♦&❞✐♥❣

#♦ #❤❡ ❝&✐#❡&✐♦♥ 4❡# C1✳ ■❢ #❤❡ ✈❛❧✉❡4 ❛&❡ 4#&✐❝#❧② ✐❞❡♥#✐❝❛❧✱ #❤❡ ✈❛❧✉❡ ❛❝❝♦&❞✐♥❣ #♦ C2

❛&❡ ❛❧4♦ ❝♦♥4✐❞❡&❡❞✱ ❛♥❞ 4♦ ♦♥ ✉♥#✐❧ Cn✳

■♥ ♦&❞❡& #♦ ✜♥❞ ❜❡4# ♣❛&#✐#✐♦♥4 ❛❝❝♦&❞✐♥❣ #♦ ❛ ❝&✐#❡&✐♦♥ 4❡# ❛♥❞ ❣❧♦❜❛❧ 4❡♠❛♥#✐❝4

✇❤✐❧❡ ❝♦♥4✐❞❡&✐♥❣ #❤❡ ♣&✐♦&✐#② &❡❧❛#✐♦♥ ❛♠♦♥❣ ❝&✐#❡&✐❛✱ #✇♦ ♠❡#❤♦❞4 ❝❛♥ ❜❡ ♣&♦♣♦4❡❞✳

❚❤❡ ✜&4# ✐4 #♦ ❝❛❧❝✉❧❛#❡ ❛❧❧ ❜❡4# ♣❛&#✐#✐♦♥ ✈❛❧✉❡4 ❧✐❦❡ ❢♦& ❛ 4❡# ♦❢ ✐♥❞❡♣❡♥❞❡♥# ❝&✐#❡&✐❛✱

#❤❡♥ #♦ 4♦&# ♣❛&#✐#✐♦♥ ✈❛❧✉❡4 ✇❤✐❧❡ ❝♦♥4✐❞❡&✐♥❣ #❤❡ ♣&✐♦&✐#② &❡❧❛#✐♦♥✳ ❚❤❡ 4❡❝♦♥❞

♠❡#❤♦❞ ✐4 #❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳

▲❡# C =
⋃

Ci ❜❡ ❛ ❝&✐#❡&✐♦♥ 4❡# 4✉❝❤ #❤❛# ❝&✐#❡&✐♦♥ 4✉❜4❡#4 Ci ❛&❡ ✐♥❞❡♣❡♥❞❡♥#

❝&✐#❡&✐♦♥ 4❡#4✱ ♣❛✐&✇✐4❡ ❞✐4❥♦✐♥# ❛♥❞ 4✉❝❤ #❤❛# Ci ≫ Cj ✐❢ ❛♥❞ ♦♥❧② ✐❢ i < j✳ ❲❡

✜&4# ✜♥❞ ❜❡4# &❡❢❡&❡♥❝❡ ♣❛&#✐#✐♦♥

✷

✈❛❧✉❡4 ✇✐#❤ &❡4♣❡❝# #♦ C1 ∈ C✳ ❚❤❡♥✱ ❢♦& ❡❛❝❤

❜❡4# ♣❛&#✐#✐♦♥ ✈❛❧✉❡✱ ✇❡ ✜♥❞ #❤❡ ❝♦&&❡4♣♦♥❞✐♥❣ &❡❢❡&❡♥❝❡ ♣❛&#✐#✐♦♥ Pa✳ ❚❤❡♥✱ ✇❡

✜♥❞ ❜❡4# ♣❛&#✐#✐♦♥ ✈❛❧✉❡4 ✇✐#❤ &❡4♣❡❝# #♦ C2 #❤❛# ❤❛✈❡ #❤❡ 4❛♠❡ ✈❛❧✉❡ ❛4 ❛ ❜❡4#

&❡❢❡&❡♥❝❡ ♣❛&#✐#✐♦♥ ✇✐#❤ &❡4♣❡❝# #♦ C1 ✭✉4✐♥❣ #❤❡ ❉❡✜♥✐#✐♦♥ ♦❢ ❡♥❡♠② ❝❧❛44❡4 ❞❡✜♥❡❞

✐♥ ❉❡✜♥✐#✐♦♥ ✸✾✮✱ ❛♥❞ 4♦ ❢♦&#❤ ✉♥#✐❧ #❤❡ ❧❛4# 4✉❜4❡# Ci ∈ C ✭❆❧❣♦&✐#❤♠ ✶✷✮✳

❲❡ ❛❧✇❛②4 #❛❦❡ ❝❛&❡ ♦❢ never ❛♥❞ always ✈❛❧✉❡4 ♦❢ ❛❧❧ ❝&✐#❡&✐❛ ♦❢ C✱ 4♦ #❤❡

❝❛❧❝✉❧❛#❡❞ ❜❡4# ♣❛&#✐#✐♦♥ ✈❛❧✉❡4 ❛&❡ ✈❛❧✐❞✳

❉❡✜♥✐%✐♦♥ ✸✾ ✭❊♥❡♠② ❝❧❛44❡4✮✳ ▲❡" P ❜❡ ❛ ♣❛&"✐"✐♦♥ ❛♥❞ C ❛ ❝&✐"❡&✐♦♥ ,❡" ♦♥ ❛♥

♦❜❥❡❝" ,❡" O✳ ❚✇♦ P ❝❧❛,,❡, ❛&❡ ❡♥❡♠✐❡, ❢♦& C ✐❢ "♦ ♠❡&❣❡ "❤❡♠ ♠❛❦❡ "❤❡ &❡,✉❧"✐♥❣

♣❛&"✐"✐♦♥ "♦ ❜❡ ✇♦&,❡ ✇✐"❤ &❡,♣❡❝" "♦ ❛" ❧❡❛," ❛ ❝&✐"❡&✐♦♥ ♦❢ C✳

✶

❲❡ "❡❝❛❧❧ &❤❛& ❛ ✈❛❧✐❞ ♣❛"&✐&✐♦♥ ✐. ❛ ♣❛"&✐&✐♦♥ ✇✐&❤♦✉& ✉♥.❛&✐.✜❡❞ ❡❞❣❡. ❧❛❜❡❧❧❡❞ never ♦"

always✱ ❛♥❞ ✐. ❢♦"♠❛❧❧② ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐&✐♦♥ ✶✶ ♣❛❣❡ ✻✶✳
✷

❲❡ "❡❝❛❧❧ ♦✉".❡❧✈❡. &❤❛& ❜❡.& ♣❛"&✐&✐♦♥ ✈❛❧✉❡. ❛"❡ "❡❢❡"❡♥❝❡ ♣❛"&✐&✐♦♥ ✈❛❧✉❡.✱ ❛. ❡①♣❧❛✐♥❡❞ ✐♥

❙❡❝&✐♦♥ ✺✳✷✳✸ ♣❛❣❡ ✻✼✱ ❛♥❞ &❤❛& &❤❡ ♥♦&✐♦♥ ♦❢ "❡❢❡"❡♥❝❡ ♣❛"&✐&✐♦♥ ✐. ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐&✐♦♥ ✷✷ ♣❛❣❡

✼✷✳
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❆❧❣♦$✐&❤♠ ✶✷ ❣❧♦❜❛❧❆❧❣♦)✐+❤♠❲✐+❤/)✐♦)✐+②

❘❡-✉✐$❡✿ ❛♥ ♦❜❥❡❝+ 5❡+ O❀ ❛ ❝)✐+❡)✐♦♥ 5❡+ C =
⋃

Ci 5✉❝❤ ❛5 +❤❡ d ❝)✐+❡)✐♦♥ 5✉❜5❡+5

Ci ♣♦55❡55 ✐♥❞❡♣❡♥❞❡♥+ ❝)✐+❡)✐❛ ❛♠♦♥❣ +❤❡♠✱ ❛)❡ ♣❛✐)✇✐5❡ ❞✐5❥♦✐♥+✱ Ck ≫ Cj ✐❢

❛♥❞ ♦♥❧② ✐❢ k < j✱ ❛♥❞ ✇✐+❤ C ∈ C0✱ ❛ ❝)✐+❡)✐♦♥ +❤❛+ ❝♦♥+❛✐♥5 ❛❧❧ always ♦)

never ❧❛❜❡❧❧❡❞ ❡❞❣❡5✳

❊♥2✉$❡✿ +❤❡ 5❡+ ♦❢ ❜❡5+ ♣❛)+✐+✐♦♥ ✈❛❧✉❡5 ♦♥ O ❛❝❝♦)❞✐♥❣ +♦ C ❛♥❞ ❣❧♦❜❛❧ 5❡♠❛♥+✐❝5

✇✐+❤ ♣)✐♦)✐+②✳

✶✿ 5❡+ ♦❢ ❜❡5+ )❡❢❡)❡♥❝❡ ♣❛)+✐+✐♦♥5 ❢♦) ♣)✐♦)✐+② ❝)✐+❡)✐❛ bestPA = {P |P ✱ ❜❡5+ )❡❢❡)✲

❡♥❝❡ ♣❛)+✐+✐♦♥ ❢♦) C0}❀
✷✿ 5❡+ ♦❢ ❜❡5+ )❡❢❡)❡♥❝❡ ♣❛)+✐+✐♦♥5 ❢♦) ❝)✐+❡)✐❛ +❤❛+ ❛)❡ ❝✉))❡♥+❧② ❡①♣❧♦)❡❞ bestPB =

{}❀
✸✿ ❢♦$ i ❢)♦♠ ✶ +♦ d ❞♦
✹✿ ❢♦$ ❛❧❧ /❛)+✐+✐♦♥ P ∈ bestPA ❞♦
✺✿ G

′
i = copy(Gi)④✇❡ ✇✐❧❧ ♠♦❞✐❢② 5♦♠❡ ❡❞❣❡5✬ ❧❛❜❡❧5⑥

✻✿ ❢♦$ ❛❧❧ (si, sj) ∈ S2|si, sj ❛)❡ ✈❡)+❡①❡5 ✐♥ +❤❡ 5❛♠❡ P ❝❧❛55 ❞♦

✼✿ ❢♦$ ❛❧❧ G′
C ∈ G

′
i ❞♦

✽✿ vc = ❧❛❜❡❧ ♦❢ ❡❞❣❡ (si, sj)❀
✾✿ ❡❞❣❡ (si, sj) ❜❡❝♦♠❡5 ❧❛❜❡❧❧❡❞ ❜② always❀

✶✵✿ ✐❢ vc ∈ V C
far &❤❡♥

✶✶✿ ❡)❛5❡ ❛❧❧ ❡❞❣❡5 ♦❢ G′
C ❧❛❜❡❧❧❡❞ ✇✐+❤ ❛ ❝♦♠♣❛)✐5♦♥ ✈❛❧✉❡ ≥ vc❀

✶✷✿ ❡♥❞ ✐❢

✶✸✿ ❡♥❞ ❢♦$

✶✹✿ ❡♥❞ ❢♦$

✶✺✿ ❢♦$ ❛❧❧ si, sj ✈❡)+❡①❡5 5✉❝❤ +❤❛+ +❤❡② ❛)❡ ✐♥ ❡♥❡♠② ❝❧❛55❡5 ♦❢ P ❢♦)

⋃

Gj|j < i
❞♦

✶✻✿ ❢♦$ ❛❧❧ G′
C ∈ G

′
i ❞♦

✶✼✿ vc = ❧❛❜❡❧ ♦❢ ❡❞❣❡ (si, sj)❀
✶✽✿ ❡❞❣❡ (si, sj) ❜❡❝♦♠❡5 ❧❛❜❡❧❧❡❞ ❜② jamais❀
✶✾✿ ✐❢ vc ∈ V C

proche &❤❡♥

✷✵✿ ❡)❛5❡ ❛❧❧ ❡❞❣❡5 ♦❢ G′
C ❧❛❜❡❧❧❡❞ ✇✐+❤ ❛ ❝♦♠♣❛)✐5♦♥ ✈❛❧✉❡ ≤ vc❀

✷✶✿ ❡♥❞ ✐❢

✷✷✿ ❡♥❞ ❢♦$

✷✸✿ ❡♥❞ ❢♦$

✷✹✿ ❛❞❞ ❜❡5+ )❡❢❡)❡♥❝❡ ♣❛)+✐+✐♦♥5 ❢♦) G
′
i} +♦ bestPB❀

✷✺✿ ❡♥❞ ❢♦$

✷✻✿ bestPA = bestPB❀

✷✼✿ bestPB = {}❀
✷✽✿ ❡♥❞ ❢♦$

✷✾✿ $❡&✉$♥ 5❡+ ♦❢ ♣❛)+✐+✐♦♥ ✈❛❧✉❡5 ♦❢ ♣❛)+✐+✐♦♥5 ✐♥ bestPA❀

✽✳✷✳✷ ■♠♣&♦✈✐♥❣ ,❤❡ ✐♥,❡&❢❛❝❡ ❢♦& ❧✐❜&❛&✐❛♥ ✉5❡&5

❋✐♥❛❧❧②✱ +❤❡)❡ ❛)❡ E✉❡5+✐♦♥5 ❛❜♦✉+ ❤♦✇ +♦ ❞❡✈❡❧♦♣ ❛♥❞ ❛❞❛♣+ +❤❡ ✐♥+❡)❢❛❝❡ +♦ ❡♥❛❜❧❡

✈✐5✉❛❧✐③❛+✐♦♥ ♦❢ ❧❛)❣❡ ❙✉❞♦❝ 5✉❜5❡+5✳ ❲❡ ♣)♦♣♦5❡ +✇♦ ♣♦✐♥+5✿



✽✳✷✳ ❋❯❚❯❘❊ ❲❖❘❑ ✶✸✾

❼ ❚❤❡ ✜'() ♣♦✐♥) ✐( ❜❛(❡❞ ♦♥ )❤❡ ❢❛❝) )❤❛) ❛ ❝♦♥)❡①)✉❛❧ ❡♥)✐)② '❡♣'❡(❡♥)( ❛♥ ❡❞✐✲

)✐♦♥ ♦❢ ❛ ✇♦'❦ ❛♥❞ )❤❛) ❧✐❜'❛'✐❛♥( ❛'❡ ♠♦'❡ ✐♥)❡'❡()❡❞ ✐♥ ✇♦'❦( ✭❢♦' ❡①❛♠♣❧❡✱

✏❆♥"✐❣♦♥❡✑ ❢'♦♠ ✏❙♦♣❤♦❝❧❡'✑✮ )❤❛♥ ❡❞✐)✐♦♥( ♦❢ ✇♦'❦ ✭)✇♦ ♦❢ )❤❡ ✏❆♥"✐❣♦♥❡✑

❡❞✐)✐♦♥( ♣✉❜❧✐(❤❡❞ ✐♥ ✏✷✵✶✷✑ ❛♥❞ ✐♥ ✏✶✺✻✽✑✮✳ ❙♦✱ )❤❡ ❛✉)❤♦'✐)② ♥♦)✐❝❡( '❡♣✲

'❡(❡♥)✐♥❣ )❤❡ ❡❞✐)✐♦♥( ♦❢ )❤❡ (❛♠❡ ✇♦'❦ ❢'♦♠ )❤❡ ♣♦✐♥) ♦❢ ✈✐❡✇ ♦❢ )❤❡ (❛♠❡

❝♦♥)'✐❜✉)♦' ❝♦✉❧❞ ❜❡ '❡♣'❡(❡♥)❡❞ )♦❣❡)❤❡' ✇✐)❤ ❛ (♣❡❝✐❛❧ ✐❝♦♥ '❡♣'❡(❡♥)✐♥❣ )❤❡

✇♦'❦ ✐♥()❡❛❞ ♦❢ ✐)( ❡❞✐)✐♦♥(✳ ❚❤❡ ❞❡)❛✐❧( ❛❜♦✉) )❤❡ ✇♦'❦✬ ❡❞✐)✐♦♥( ❛'❡ ❛✈❛✐❧❛❜❧❡

✇❤❡♥ ♣♦✐♥)✐♥❣ )❤❡ ♠♦✉(❡ ❝✉'(♦' ♦♥ )❤❡ ✐❝♦♥ '❡♣'❡(❡♥)✐♥❣ )❤❡ ✇♦'❦✳

❼ ❚❤❡ (❡❝♦♥❞ ♣♦✐♥) ✐( )♦ ❢♦❝✉( ♦♥ )❤❡ ❜✐❜❧✐♦❣'❛♣❤✐❡( ♦❢ ♦♥❡ ♦' (❡✈❡'❛❧ ❛✉)❤♦'✐)②

♥♦)✐❝❡( ✐♥ ❛ ✇✐♥❞♦✇ ❞✐()✐♥❝) ❢'♦♠ )❤❡ ♠❛✐♥ ✇✐♥❞♦✇ ✇✐)❤ ❛❧❧ )❤❡ ❞❛)❛ ♦❢ )❤❡

❝♦♥(✐❞❡'❡❞ ❙✉❞♦❝ (✉❜(❡)✳ ❖♥❝❡ ✐) ✐( ❞♦♥❡✱ )❤❡ ❧✐❜'❛'✐❛♥ ❝❛♥ ❝♦♠❡ ❜❛❝❦ )♦ )❤❡

♠❛✐♥ ✇✐♥❞♦✇✳
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❈❤❛♣$❡& ✾

❇✐❜❧✐♦❣&❛♣❤②

❬✶❪ ◆✐% ❆✐❧♦♥✱ ▼♦,❡, ❈❤❛%✐❦❛%✱ ❛♥❞ ❆❧❛♥3❤❛ ◆❡✇♠❛♥✳ ❆❣❣%❡❣❛3✐♥❣ ✐♥❝♦♥,✐,3❡♥3

✐♥❢♦%♠❛3✐♦♥✿ %❛♥❦✐♥❣ ❛♥❞ ❝❧✉,3❡%✐♥❣✳ ❏♦✉#♥❛❧ ♦❢ (❤❡ ❆❈▼ ✭❏❆❈▼✮✱ ✺✺✭✺✮✿✷✸✱

✷✵✵✽✳

❬✷❪ ❆%✈✐♥❞ ❆%❛,✉✱ ❈❤%✐,3♦♣❤❡% ❘F✱ ❛♥❞ ❉❛♥ ❙✉❝✐✉✳ ▲❛%❣❡✲,❝❛❧❡ ❞❡❞✉♣❧✐❝❛3✐♦♥ ✇✐3❤

❝♦♥,3%❛✐♥3, ✉,✐♥❣ ❞❡❞✉♣❛❧♦❣✳ ■♥ 0#♦❝❡❡❞✐♥❣5 ♦❢ (❤❡ ✷✺(❤ ■♥(❡#♥❛(✐♦♥❛❧ ❈♦♥❢❡#✲

❡♥❝❡ ♦♥ ❉❛(❛ ❊♥❣✐♥❡❡#✐♥❣ ✭■❈❉❊✮✱ ♣❛❣❡, ✾✺✷✕✾✻✸✱ ✷✵✵✾✳
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