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Walks,TransitionsandGeometricDistancesinGraphs.

Abstract Thisthesisstudiescombinatorial,algorithmicandcomplexityaspects
ofgraphtheoryproblems,andespeciallyofproblemsrelatedtothenotionsofwalks,
transitionsanddistancesingraphs.
Wefirststudytheproblemoftraffic monitoring,inwhichwehavetoplace

asfewcensorsaspossibleonthearcsofagraphtobeabletoretracewalksof
objects. Thecharacterizationofinstancesofpracticalinterestsbringsustothe
notionofforbiddentransitions,whichstrengthensthemodelofgraphs. Ourwork
onforbidden-transitiongraphsalsoincludesthestudyofconnectingtransitionsets,
whichcanbeseenasatranslationtoforbidden-transitiongraphsofthenotionof
spanningtrees.
Alargepartofthisthesisfocusesongeometricgraphs,whicharegraphswhose

verticesarepointsoftherealspaceandwhoseedgesaredeterminedbygeometric
distancebetweenthevertices.ThisgraphsareatthecoreofthefamousHadwiger-
Nelsonproblemandareofgreathelpinourstudyofthedensityofsetsavoiding
distance1invariousnormedspaces. Wedevelopnewtoolstostudytheseproblems
andusethemtoprovetheBachoc-Robinsconjectureonseveralparallelohedra. We
alsoinvestigatethecaseoftheEuclideanplaneandimprovetheboundsonthe
densityofsetsavoidingdistance1andonitsfractionalchromaticnumber.
Finally,westudythecomplexityofgraphhomomorphismproblemsandestab-

lishdichotomytheoremsforthecomplexityoflocally-injectivehomomorphismsto
reflexivetournaments.

Keywords Graphs,walks,forbiddentransitions,graphhomomorphisms,indepen-
dencenumber,geometricdistances,setsavoidingdistance1,NP-completeness
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Marches,TransitionsetDistances ǴeoḿetriquesdanslesGraphes.

Ŕesuḿe Cetteth̀eseétudielesaspectscombinatoires,algorithmiquesetla
complexit́edeprobl̀emesdeth́eoriedesgraphes,ettoutsṕecialementdeprobl̀emes
líesauxnotionsdemarches,detransitionsetdedistancedanslesgraphes.
Nousnousint́eressonsd’abordauprobl̀emedetrafficmonitoring,quiconsistèa

placeraussipeudecapteursquepossiblesurlesarcsd’ungraphedefa̧coǹapouvoir
reconstituerdesmarchesd’objets.Lacaract́erisationd’instancesint́eressantesdans
lapratiquenousam̀eneàlanotiondetransitionsinterdites,quirenforcelemod̀ele
degraphe. Notretravailsurlesgraphesàtransitionsinterditescomprendaussi
l’́etudedelanotiond’ensembledetransitionsconnectant,quel’onpeutvoircomme
l’analogueentermedetransitionsdelanotiond’arbrecouvrant.
Unepartieimportantedecetteth̀eseportesurlesgraphesǵeoḿetriques,qui

sontdesgraphesdontlessommetssontdespointsdel’espaceŕeeletdontlesar̂etes
sontd́etermińeesparlesdistancesǵeoḿetriquesentrelessommets. Cesgraphes
sontaucœurdućel̀ebreprobl̀emedeHadwiger-Nelsonetnoussontd’unegrande
aidedansnotreétudedeladensit́edesensemblesquiévitentladistance1dans
plusieurstypesd’espacesnorḿes. Nousd́evelopponsdesoutilspourétudierces
probl̀emesetlesutilisonspourprouverlaconjecturedeBachoc-Robinssurplusieurs
paralĺelòedres.Nousnouspenchonsaussisurlecasduplaneuclidienetaḿeliorons
lesbornessurladensit́edesensemblesévitantladistance1etsursonnombre
chromatiquefractionnaire.
Enfin,nouśetudionslacomplexit́edeprobl̀emesd’homomorphismesdegraphes

et́etablissonsdesth́eor̀emesdedichotomiesurlacomplexit́edeshomomorphismes
localementinjectifsverslestournoisŕeflexifs.

Mots-cĺes Graphes,marches,transitionsinterdites,homomorphismesdegraphes,
nombredestabilit́e,distancesǵeometriques,ensembleévitantladistance1,NP-
compĺetude
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pasśesensemblecesdernìeresanńees.
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Introduction(enfraņcais)

Cetteth̀eséetudiedesprobl̀emeetdesnotionslíees̀alastructuremath́ematique
degraphe. Lesgraphesetgraphesorient́essontunmod̀elepuissantquipermet
ded́ecriren’importequellerelationbinairesurunensemble. Leséĺementsdecet
ensemblesontappeĺesdessommetsetlespairesd’́eĺementslíes(ouadjacent)sont
appeĺeesar̂etes. Gr̂aceàleurexpressivit́e,lesgraphestrouventdesapplications
dansd’innombrablesdomaines:syst̀emesd’information,t́eĺecommunications,bio-
informatique,traitementd’images,ŕeseauxdetransports,ŕeseauxsociaux,planifi-
cation...etbiend’autres.Lesgraphesont́et́eintroduitsilyapresquetroissìecles
etl’int́er̂etquileurestport́en’acesśedegrandirdepuis,surtoutavecl’́emergence
del’informatique.

Pluspŕeciśement,cetteth̀eses’int́eresseàlanotiondemarcheetdedistance
danslesgraphes,ainsiqu’auxaspectscombinatoires,algorithmiquesetàlacom-
plexit́edeprobl̀emeslíes. Unemarchedansungrapheestunesuitedesommets
adjacentsquipermetderelierdeuxsommets.Lenombred’́eĺementsdanslamarche
permetded́efinirsalongueuretlalongueurdesmarchesentredeuxsommetsd́efinit
leurdistance. Nouśetudionśegalementdepr̀eslesgraphesǵeoḿetriques,quisont
desgraphesdontlessommetssontdespointsdel’espaceŕeel. Larelationen-
treladistanced́efinieparl’adjacencedanslegrapheetladistanceǵeoḿetrique
nousint́eresseratoutparticulìerement.Nostravauxfontaussibeaucoupintervenir
d’autresnotionsconnuesdeth́eoriedesgraphes,dontcellesd’ensemblestable,de
colorationetd’homomorphisme.

Lesprobl̀emesetŕesultatspŕesent́esdanscetteth̀esepeuventsediviserentrois
parties.

Transitionsdanslesgraphes

Lapremìerepartiesepenchesurlemod̀eledegraphesàtransitionsinterdites.La
puissancedesmod̀elesdegrapheetdemarcheenfaitlesmod̀elesdechoixpour
étudierdesprobl̀emesderoutagedansdenombreuxcontextes. Parexemple,le
ŕeseauroutierd’unevillepeut̂etremod́eliśeparungraphedanslequelchaqueendroit
d’int́er̂etetchaquecroisementsontrepŕesent́espardessommetsetòul’existence
d’uneroutedirecteentredeuxsommetsesttraduiteparunear̂ete(ouunarcdansle
casd’uneroutèasensunique).Cefaisant,nousd́efinissonsimplicitementunensem-
bledesmarchesentrechaquepairedesommetsquipeut-̂etreutiliśepourŕesoudrede
nombreuxprobl̀emes.Onpeutparexempleŕesoudredesprobl̀emesd’optimisation
pourtrouverlepluscourtcheminentredeuxpoints,́eviterdesembouteillages,ou
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chercherdesattributsquidistinguentunensembledemarches.Cependant,dansla
pratique,beaucoupdesmarchesd́efiniesparlegrapherepŕesententdesitińeraires
qu’unconducteurn’apasledroitdeprendre.Pourmod́eliserunesituationòuun
conducteurn’estpasautoriśèatourner̀agaucheoùadroitèauneintersection,nous
d́efinissonslestransitionsdanslegraphecommedespairesd’ar̂etesconśecutives.
L’́etudedesgraphesàtransitionsinterdites,òulad́efinitiondugrapheinclutun
ensembledetransitionsautoriśeesouinterdites,estundomainedelath́eoriedes
graphesquiémergerapidement.Ilexisteaussiplusieursautresmod̀elesproches,
parmilesquelslesmarchesproprementcoloŕeessurdesgraphesar̂etes-coloŕesoules
graphes̀asous-cheminsinterdits.
Lepremierdesdeuxprincipauxprobl̀emeslíes̀alanotiondetransitionsinterdites

quenousétudionsdanscetteth̀eseestleprobl̀emedetrafficmonitoring. Dansle
cadredeceprobl̀eme,onnousdonneungraphedanslequeldesobjetssed́eplacentet
nousconnaissons̀al’avanceunensembledemarchespossiblesquecesobjetspeuvent
prendre.Nousavonslapossibilit́edeplacerdescapteurssurlesarcsdugraphequi
nousindiquentquandunobjetpasseparunarćequiṕe. Ainsi,pourchaqueobjet,
nousconnaissonslasuiteordonńeedesarcséquiṕesqu’ilautiliśe. Notreobjectif
estdetrouvercommentplaceraussipeudecapteursquepossiblesurlegraphede
fa̧coǹacequelesinformationsqu’ilsrenvoientsuffisentquandm̂emèareconstituer
exactementl’itińerairedesmarcheurs.Prenonsparexemplelegrapherepŕesent́een
figure1,òulesarcstu,vwetwxsont́equiṕesdecapteursquenousappelonsa,betc
respectivement.Unobjetquisuitlamarche(t,u,v,w,x,z)activerasuccessivement
lescapteursa,betc. Unobjetquisuitlamarche(t,u,w,x,y,v,w,z)activerales
m̂emecapteursmaisactiveracavantb.Ainsi,l’ensembledecapteurs{a,b,c}permet
dedistinguercesdeuxmarches.

t

z

u

w

x

v

y

a

b

c

Figure1:Ungraphedonttroisarcs(repŕesent́esenbleu)sont́equiṕesdecapteur.

Lacomplexit́edeceprobl̀emead́ej̀áet́éetudíedans[85],maisavantnostravaux,
lesseulsalgorithmescoņcuspourceprobl̀eme[88]sepla̧caientdanslecasdesgraphes
acycliques,danslequellesmarchespossiblessonttr̀eslimit́eesetnepeuventnotam-
mentpaspasserplusieursfoisparlem̂emesommetoulem̂emearc.
Leprobl̀emedetrafficmonitoringrequiertdetrouverdesmoyensefficacesde

d́ecriredesensemblesdesmarchesdansungraphe,cequenousfaisonsgr̂aceades
outilsdeth́eoriedeslangages.Nousfaisonsapparâıtredesliensentreleprobl̀emede
trafficmonitoringetleprobl̀emedecodeśeparateurgr̂acèaunnouveaumod̀elede
śeparationbaśesurleslangages,quinouspermetdeprendreencomptelenom-
bredefoisetl’ordredanslequellescapteurssontactiv́es. Nousessayonsen-
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suited’identifierlestypesd’instanceslesplusutilesenpratiqueetd’exploiterleur
sṕecificit́espourd́evelopperdesalgorithmesaussiefficacequepossible. C’estici
quelemod̀eledetransitionsinterditesprendtoutesonimportance.Nouśetudions
plusieurstypesd’instances,dontcertainsfontapparâıtredestransitionsinterdites,
etnousd́evelopponsdesalgorithmespourreformulerleprobl̀emedetrafficmoni-
toringsouslaformed’unprogrammelińeaireennombresentiers[9].

L’autreprobl̀emequenouśetudionsdanscettepartiedelath̀eseestceluid’ensem-
bledetransitionsconnectantminimum,quipeut̂etrevucommel’analogueenterme
detransitionsduprobl̀emed’arbrecouvrantminimum.Étantdonńeungraphecon-
nexe,unarbrecouvrantminimumestunsous-ensembled’ar̂etesdetailleminimum
quiassurelaconnectivit́edugraphe,i.e.telqu’ilexisteunemarcheentretoute
pairedesommetsquin’utilisequedesar̂etesdel’arbrecouvrantminimum. Dela
m̂emefa̧con,unensembledetransitionsconnectantminimumestunensemblede
transitionsaussipetitquepossibletelqu’ilexisteunemarcheentrechaquepaire
desommetsquin’utilisequedestransitionsdel’ensembleconnectant minimum.
D’apr̀eslad́efinitionstandardd’unetransitiondansungraphenonorient́e,utiliser
deuxfoisdesuitelam̂emear̂eten’estpasunetransitionetestdonctoujoursautoriśe.
Parexemple,lafigure2repŕesenteungrapheòulesdeuxtransitionsautoriśeessont
uvyetwvy.Ilexistedesmarchesautoriśeesentrewetn’importequelautresom-
metdugraphe:lesmarches(w,v)et(w,x)n’utilisentaucunetransition,lamarche
(w,v,y)utiliseunetransitionautoriśeeetm̂emesilamarche(w,v,u)estinterdite,
ilesttoujourspossiblederelierwàuparlamarche(w,v,y,v,u).Ńeanmoins,ilest
impossibled’allerdexàuouyetl’ensembledetransitions{wvy,uvy}n’estdonc
pasconnectant.Illedevientsionluiajouteparexemplelatransitionuvx.

u

x w

v y

Figure2:Ungrapheavecdeuxtransitionsautoriśees,repŕesent́eesenvert.

Dansbeaucoupdechampsd’applicationòulemod̀eledetransitionsinterdites
estpertinent(c’estlecasparexempledesŕeseauxroutiers,desŕeseauxdetrans-
portsoudesŕeseauxoptiquedet́eĺecommunications),ilpeutarriverqu’̀acausede
travauxdemaintenanceoud’unmalfonctionnement,certainestransitionsdevien-
nentinutilisables.Leprobl̀emederobustessèalasuppressiondetransitionsad́ej̀a
ét́eétudíepourplusieurspropríet́esdesgraphes[105]etlaconnexit́eestunepro-
príet́efondamentalequ’onattenddesŕeseauxdanstousleschampsd’application
destransitionsinterdites. Toutefois,cequenousétudionsicin’estpaslepluspe-
titnombredetransitionsàenleverpourd́econnecterlegraphe,maisàl’inverse,le
pluspetitnombredetransitionsàassurerpourgarantirlaconnexit́edugraphe.
Sansdonnerd’informationpertinentesurlarobustesseauxpannesduŕeseau,cette
grandeurpermettoutefoisdemettreeńevidencequellepartieduŕeseausontlesplus
importantes̀asonbonfonctionnementetpeutdoncs’av́ererutiledanslaconception
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deŕeseaurobuste,commelesarbrescouvrantssontutilesdanslesdomainesòules
pannesaffectentlesar̂etesetnonpaslestransitions.

Cetteth̀esepŕesentelesŕesultatsd’untravailcommunavecBenjaminBergoug-
nouxet́etudiediff́erentsaspectsdeceprobl̀eme.Nousanalysonslesaspectsstruc-
turelsdesensemblesconnectantsminimaux,etenressortonsunereformulationdu
probl̀emesousformed’unprobl̀emeded́ecompositiondegraphequenousappelons
hypergraphesconnectantsoptimaux.Cenouveauprobl̀emes’av̀ereplusfacileàma-
nipuleretsemontred’unegrandeaidedanslespreuvesdesŕesultatssuivants.Nous
nousint́eressonsensuitèal’aspectalgorithmiqueduprobl̀emeet̀asacomplexit́eet
nosŕesultatsprincipauxsontlapreuvedeNP-compĺetudeduprobl̀emeetlamise
aupointd’une32-approximationpolynomiale[10].

Graphesǵeoḿetriquesetensembleévitantladistance1

Ladeuxìemepartiedecetteth̀esepŕesentelesŕesultatsdeprojetsmeńesavecChris-
tineBachoc,PhilippeMoustrou,ArnaudP̂echeretAntoineSedillotsurladensit́e
maximalequipeut̂etreatteintepardesensemblesdepointsAdel’espaceŕeelquine
contiennentpasdeuxpointsàdistanceexactement1.Intuitivement,ladensit́eest
laportiond’espacequ’occupeA.Laplusgrandedensit́eatteignabled́ependaussi
deladistancedontonmunitRn. Danscetteth̀ese,nousneconsid́eronsquedes
distancesinduitespardesnormesetnousnotonscettequantit́em1(R

n,·)òu ·
estnotrenormesurRn.Ladensit́emaximaledesensembleśevitantladistance1a
ét́eétudíeedepuisaumoinsled́ebutdesanńees1960[91],surtoutdanslecasdu
planeuclidien,maiss’av̀erêetreunprobl̀emetr̀esdifficilequiestencoretr̀esouvert.

Prenonsunempilementdedisquesderayon1(i.e.unensemblededisquesde
rayon1deuxàdeuxdisjoints). Unexempled’ensemblequinecontientpasdeux
pointsàdistance1estl’uniondedisquesouvertsderayon12etde m̂emecentre
quelesdisquesdenotreempilement. Ladensit́e maximaled’unempilementde
disquedansleplaneuclidienestd’environ0.9069etonsaitainsiquem1(R

2)
0.9069
4 0.2267. Unensembleŕealisantcetteborneestillustŕeenfigure3. La
meilleureborneinf́erieureestàpeinemeilleure;elleaét́eobtenueparCroften
1967enaffinantlaconstructionpŕećedenteetestd’environ0.2293. Àl’inverse,
lesbornessuṕerieuresontét́eaḿelioŕeesplusieursfoisaufildesanńeesmaissont
toujoursloindelaborneinf́erieure.Avantnostravaux,lameilleurebornesuṕerieure
connueétaitdem1(R

2) 0.258795etaét́eétablieparKeletietal.en2015[70]
àl’aided’uneapprochebaśeesurl’analyseharmoniquetr̀esdiff́erentedelanotre.
Danscetteth̀ese,nousd́evelopponsunenouvelleapprocheetaḿelioronslaborne
enm1(R

2) 0.256828.

Unobjectifimportantdestravauxportantsurcesujetestdeprouverunecon-
jectured’Erd̋osselonlaquellem1(R

2)<1
4.Remarquonsquesilanormeesttelleque

l’ensembledespoints̀adistance1del’origineestunpolytopequipaveparfaitement
l’espace(c’estàdirequ’ilexisteunempilementdepolytopesunit́ededensit́e1),
laconstructionpŕesent́eedansleparagraphepŕećedentproduitunensembléevitant
ladistance1dedensit́eexactement14.Ainsi,laconjectured’Erd̋osditquem1est
pluspetitdansleplaneuclidienàcausedesespacesvidesentrelesdisquesd’un
empilementoptimal.
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Figure3:Unexempled’ensembléevitantladistanceeuclidienne1(enbleu).

Pourprogresserverslaconjectured’Erd̋os,BachocetRobinsont́etudíeladen-
sit́edesensembleśevitantladistance1pourdesdistantesinduitespardesnormes
pourlesquelleslepolytopeunit́epaveparfaitementl’espace(onappelledetelles
normesdesnormesparalĺelòedres).Ilsontconjectuŕequedanscecas,laconstruc-
tionpŕećedenteétaitoptimaleetdonc,quesi ·P estunenormeparalĺelòedre,
m1(R

n,·P)=
1
2n.Danscetteth̀ese,nousprouvonscetteconjectureendimension

2ainsiquepourunefamilledenormesparalĺelòedresendimensionquelconqueet
nouśetablissonsdesbornessurm1(R

n,·P)pouruneautrefamilledenormes[5].
Ceprobl̀emeestétroitementlíeaućel̀ebreprobl̀emedeHadwiger-Nelson,qui

consisteàd́eterminercombiendecouleurssontńecessairespourcolorertousles
pointsduplandesortequedeuxpointsàdistanceexactement1n’aientjamais
la m̂emecouleur. Lafigure4illustreunecolorationd’uneportionduplan. Par
exemple,untriangleéquilat́eraldeĉot́e1dessińedansunplanproprementcoloŕe
auraforćementsestroissommetsdecouleursdiff́erentes.

Figure4:Unecolorationd’uneportionduplaneuclidien.

Denombreusesvariantesdeceprobl̀emeontégalementét́eétudíees,parmi
lesquelleslacolorationd’espacesmunisdedistancesnon-euclidiennes,lacoloration
mesurable(òuonimposequelesclassesdecouleursoientmesurables)ouencorela
colorationfractionnaire,òul’oncherchelepluspetitnombreabtelqueacouleurs
diff́erentessoientsuffisantespourdonner̀achaquepointduplanbcouleursdistinctes
defa̧coǹacequedeuxpoints̀adistance1n’aientaucunecouleurencommun.
Leprobl̀emedeHadwiger-Nelsonafaitl’objetdenombreuxtravauxdepuisau

moins1960[52].Lesbornesinf́erieuresetsuṕerieuresde4et7ont́et́erapidement
établies,maispersonnen’asulesaḿeliorerjusqu’̀acequeDeGreyprouveenavril
2018dans[34]qu’aumoins5couleurssontńecessairespourcolorerproprementle
planeuclidien.
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Touscesprobl̀emespeuventêtrereformuĺescommedesprobl̀emesdansdes
graphesǵeoḿetriques.Legrapheǵeoḿetriquedontlessommetssonttouslespoints
del’espaceetdontlesar̂etessontlespairesdepointsàdistanceǵeoḿetrique1est
appeĺelegraphedistance-unit́e.Ladensit́edesensemblesévitantladistance1,le
probl̀emedeHadwiger-Nelsonetsesvariantesreviennenttous̀ad́eterminerlavaleur
d’invariantsdegraphesbienconnus,telsqueletauxdestabilit́e,lenombrechroma-
tiqueoulenombrechromatiquefractionnaire,surlegraphedistance-unit́eduplan
euclidien.
Lesgraphesdistance-unit́eontuneinfinit́enond́enombrabledesommetsetsor-

tentducadredesmath́ematiquesdiscr̀etesdanslequels’inscrittraditionnellement
lath́eoriedesgraphes.Cependant,beaucoupd’informationssurlegraphedistance-
unit́epeuvent̂etred́eduitesdesessous-graphes.Parexemple,letriangléequilat́eral
repŕesent́eenfigure4d́efinitunsous-graphecompletdetaille3pourlequeltrois
couleurssontńecessaires. Onprouveainsiqu’aumoinstroiscouleurssontrequises
pourcolorerleplaneuclidienentier.Nousverronsquedespropríet́essimilairessont
v́erifíeesparladensit́edesensemblesstables(quisontdesensemblesdesommets
deux-̀a-deuxnon-adjacentsetsontdoncdirectementrelíesàm1).
Nouśetudionsalgorithmiquementlanotiondetauxdestabilit́epond́eŕeoptimal

etl’utilisonspouŕetudierlesprobl̀emesd́ecritspŕećedemment.Cetteḿethodeestau
cœurdeplusieursprojetsencoursetad́ej̀aameńedesŕesultatsint́eressants.Parmi
cesŕesultats,onpeutciterl’aḿeliorationdelabornesuṕerieuresurm1(R

2),mais
aussil’aḿeliorationdelaborneinf́erieuresurlenombrefractionnairechromatique
duplande3.61904[31]̀a3.89366etunebornesuṕerieuresurm1(R

3,·,P)quand
Pestunparalĺelòedreŕegulier[4][11].

Complexit́edeshomomorphismesdegraphes

Latroisìemepartiedecetteth̀eseportesurlacomplexit́edeprobl̀emesd’homomor-
phismesdegraphes,etplusparticulìerementsurleshomomorphismeslocalement
injectifsdegraphesorient́es. Unhomomorphismedegrapheestunefonctiondes
sommetsd’ungrapheverslessommetsd’unautretellequel’imaged’unear̂eteest
unear̂ete,oudanslecasorient́e,tellequel’imaged’unarcestunarc.Parexemple,
danslafigure5,lafonctionquiassocieb,fetg̀au,detèav,àawetc̀axestun
homomorphismedugrapherepŕesent́eenfigure5averslegraphedelafigure5b.

b

a

d

c

f

e

g

(a)

v

u

x

w

(b)

Figure5:Onattribueunecouleur̀achaquesommetdugraphecible(̀adroite).La
couleurdessommetsdugraphedegaucheindiqueleurimageparl’homomorphisme.

Leshomomorphismessontuneǵeńeralisationdelacolorationdegraphes.Dans
lecasnon-orient́e,lacolorationestlecasparticulierd’homomorphismeòuchaque
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sommetdugraphecibleestrelíeàchaqueautre,maispas̀alui-m̂eme.Danslecas
orient́e,lescolorationssontd́efiniescommedeshomomorphismesversdesgraphes
quicontiennentexactementunarcentrechaquepairedesommetsdistincts.Detels
graphess’appellentdestournoisetsonttr̀esimportantsdansl’́etudedeshomomor-
phismesorient́es.

Leshomomorphismeslocalementinjectifssontuncasparticulierd’homomor-
phismesòuonajoutelacontraintequel’homomorphismedoit̂etreinjectifsurlevoisi-
nagedessommetsdugrapheenentŕee.Leshomomorphismeslocalementinjectifs
sontint́eressantsdufaitqu’ilspŕeserventlastructurelocaledugrapheenentŕeebien
mieuxquenelefontleshomomorphismesstandards. Ainsi,leshomomorphismes
localement-injectifstrouventdesapplicationsdansunegrandevaríet́ededomaines,
parmilesquelslad́etectiondemotifsenanalysed’image,labio-informatiqueou
encorelath́eoriedescodes.Cependant,enfonctiondecequel’onveutmod́eliser,
noscontraintesnesontpasexactementles m̂emesetl’ontrouveainsiplusieurs
d́efinitionsdel’injectivit́elocaledanslalitt́erature. Parexemple,onpeutvouloir
quel’homomorphismesoitinjectifsurlevoisinageouvertdessommetsousurleur
voisinageferḿe(quiinclutlesommetlui-m̂eme). Enfonctiondelad́efinition,le
faitquesurlafigure5,lesommetgaitlam̂emeimagequesonvoisinfpeut̂etre
compatibleounonaveclecrit̀ered’injectivit́elocale. Dela m̂emefa̧cononpeut
imposerquel’homomorphismesoitinjectifsurlesvoisinagesentrantsetsortants
dessommetsśepaŕementousurleurunion.Iciencore,enfonctiondelad́efinition,
lefaitqu’unvoisinentrant(lesommetb)etqu’unvoisinsortant(f)dedaientla
m̂emeimagepeut̂etreautoriśeounon.Onchoisitenfonctiondesapplicationsles
propríet́esdugrapheinitialquidoiventêtrepŕeserv́eesetonchoisitlad́efinition
d’injectivit́elocalequilepermet.Parexemple,sil’homomorphismeestinjectifsur
l’uniondesvoisinagesentrantsetsortantsdessommets,onassurequel’imaged’un
chemin(unemarcheòulessommetssontdeux̀adeuxdistincts)delongueur2sera
égalementunchemindelongueur2. Ńeanmoins,renforcerlemod̀elepeutrendre
algorithmiquementplusdifficileleprobl̀emeded́eterminerl’existenced’unhomo-
morphismelocalementinjectifentredeuxgraphes.C’estcequenouśetudionsdans
cettepartiedelath̀ese.

L’objectifhabitueldesétudessurlacomplexit́edesprobl̀emescommelak-
colorationoul’existenced’unhomomorphismeversungrapheGdonńeestlamiseau
pointd’unth́eor̀emededichotomie:onpartitionnelesprobl̀emesendeuxclasses,on
prouvequeceuxdelapremìereclassesontpolynomiauxetqueceuxdeladeuxìeme
sontNP-complets. Parexemple,danslecasnon-orient́e,ilestconnuquelak-
colorationestpolynomialepourk 2etNP-compl̀etepourk>2.HelletNěseťril
ontprouv́edans[61]queleprobl̀emed’homomorphismeversungraphenon-orient́e
GestpolynomialsiGposs̀edeuneboucleouestbipartietNP-completdanslecas
contraire.Cesŕesultatssontdesth́eor̀emesdedichotomie.

Notrepointded́epartdansl’́etudedelacomplexit́edeshomomorphismeslo-
calementinjectifsestlecasòulacibleestuntournoi.Eneffet,lacomplexit́edes
variantesd’homomorphismeśetudíeesdanslalitt́eratured́ependsouventdunombre
chromatiquedelacible.Parexemple,dansleth́eor̀emedeHell-Něseťril,lesgraphes
bipartissontexactementlesgraphes2-colorables.Parmilesquatred́efinitionsnon
équivalentesdel’injectivit́elocalequenousavonsrecenśeesdanslecasorient́e,la
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complexit́edetroisestouvertedanslecasdestournois. Cestroisd́efinitionssont
équivalentesdanslecasòulacibleneposs̀edepasdebouclesetl’uned’ellesne
tientpascomptedesbouclessurlacible.Sacomplexit́eestdoncimpliqúeeparcelle
desdeuxautresetilnousrestedonc̀áetudierdeuxd́efinitionsd’injectivit́elocale.
Souscesd́efinitions,Campbell,ClarkeetMacGillivrayontd́ej̀áetablidans[20]que
leprobl̀emeestpolynomialversletournoiŕeflexifàdeuxsommetsetNP-complet
verslesdeuxtournoisŕeflexifsàtroissommets. Cependant,aucunth́eor̀emede
dichotomien’avait́emerǵesuruneclassedetournoisinfinieavantnostravaux.
AvecStefanBard,ChristopherDuffy,Gary MacGillivrayetFeiranYang,nous

avonsétabliunth́eor̀emededichotomiesurlacomplexit́edeshomomorphismes
localementinjectifsverslestournoisŕeflexifspournosdeuxd́efinitionsd’injectivit́e
locale:danslesdeuxcas,leprobl̀emeestpolynomialsilacibleadeuxsommets
oumoinsetNP-completsilacibleenatroisouplus[7].Nosŕesultatsimpliquent
égalementunth́eor̀emededichotomiesurlacomplexit́edescolorationsŕeflexives
localementinjectives.

Contenudelath̀ese

Lechapitre1pŕesentelesnotionsdebasequenousutilisonstoutaulong
delath̀ese. Cesnotionsviennentdedomainesvaríesdes math́ematiquesetde
l’informatiquedontlath́eoriedesgraphes,delacomplexit́e,laǵeoḿetrie,lath́eorie
deslangagesetlaprogrammationmath́ematique.
Lechapitre2introduitleprobl̀emedetrafficmonitoring,pŕesentelemod̀eleet

lesoutilsquenousd́evelopponspourl’́etudieretmontrecommentlesutiliserpour
ŕesoudreleprobl̀emesurplusieurstypesd’instancesint́eressantesenpratique.
Lechapitre3pŕesenteleprobl̀emed’ensembledetransitionsconnectantmin-

imum,l’́etudiesurplusieursclassesdegraphesetpŕesenteunereformulation,une
approximationpolynomialeetunepreuvedeNP-compĺetudedanslecasǵeńeral.
Lechapitre4pŕesenteleprobl̀emedeladensit́edesensembleśevitantladis-

tance1ainsiquesoncontexte,etnotammentleprobl̀emedeHadwiger-Nelson.Nous
ypŕesentonsuneḿethodequiutilisedesbornessurletauxdestabilit́edegraphes
ǵeoḿetriquesinfinisetl’utilisonspourprouverlaconjecturedeBachoc-Robinssur
plusieursfamillesdeparalĺelòedresdonttousceuxdedimension2,etnouśetablissons
desbornessuṕerieuressurm1(R

n,·)pourd’autres.
Lechapitre5pŕesentelanotiondetauxdestabilit́epond́eŕeoptimal,l’́etudie

surdesgraphesǵeoḿetriquesetl’utilisepourétendrelesŕesultatsduchapitre
pŕećedent. Cechapitrecontientdesaḿeliorationssurlabornedunombrefrac-
tionnairechromatiqueduplaneuclidienetsurladensit́edesensemblesévitantla
distance1dansleplaneuclidienetdansl’espaceentroisdimensionséquiṕede
normesparalĺelòedresŕegulìeres.
Lechapitre6pŕesenteleprobl̀emed’homomorphismeslocalementinjectifset

lesdeuxd́efinitionsquenousconsid́eronsetprouvepourlesdeuxunth́eor̀emede
dichotomiesurlestournoisŕeflexifs.
Lechapitre7conclutlath̀eseenŕesumantlescontributionsprincipaleseten

pŕesentantdesprobl̀emesouvertsquenostravauxsoul̀eventetquipourraientfaire
l’objetdefutursprojets.
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Introduction

Thisthesisstudiesproblemsandnotionsthatrevolvearoundthemathematicalob-
jectscalledgraphs.Graphsanddirectedgraphsareverypowerfulmodelsthatallow
todescribeanybinaryrelationonaset. Theelementsofthissetarecalledver-
ticesandthepairofrelated(oradjacent)verticesarecallededges.Becauseoftheir
expressiveness,graphsfindapplicationinacountlessvarietyoffields:information
systems,telecommunication,bio-informatics,imageprocessing,transportationsys-
tems,socialnetworks,scheduling....amongmanyothers. Graphswereintroduced
almostthreecenturiesagoandhavereceivedever-increasingattentionsince,espe-
ciallywiththeemergenceofcomputerscience.

Moreprecisely,thisthesispayscloseattentionstothenotionsofwalksand
distancesingraphsandtothecombinatorial,algorithmicandcomplexityaspectsof
someoftherelatedproblems.Awalkinagraphisasequenceofadjacentvertices
thatallowstoconnecttwovertices. Thenumberofelementsinthewalkallows
todefineitslengthandthelengthofthewalksbetweentwoverticesleadstothe
definitionoftheirdistance. Wecloselystudygeometricgraphs,whicharegraphs
whoseverticesarepointoftherealspace. Theconnectionbetweenthedistance
definedbytheadjacencyinthegraphandthegeometricdistancewillbeofgreat
interesttous.Ourworksalsoinvolveextensivelyotherwell-knownnotionsofgraph
theory,suchasindependentsets,graphcolouringsandhomomorphisms.

Theproblemsandresultspresentedinthisthesiscanbedividedintothreeparts.

Transitionsingraphs

Thefirstpartfocusesonthemodelofforbidden-transitiongraphs. Thestrength
ofthe modelsofgraphsandwalks makesthemthe modelofchoicetoaddress
routingproblemsinvariouscontexts.Forexample,theroadnetworkinacitycan
bemodelledbyagraphwhereeverypotentialdestinationorcrossroadisdenotedby
avertexandroadsbetweentwovertices,byedges(orarcsiftheroadishalfway).
Wetherebyimplicitlydefineasetofpossiblewalksbetweeneachpairofvertices
thatcanthenbeusedformanypurposes. Examplesincludeseveraloptimization
problem,suchasfindingtheshortestwalkbetweentwopoints,avoidingtrafficjams,
ormonitoringandseparatingasetofpossiblewalks. However,inpractice,many
ofthewalksthatthegraphdefinesdenoteroutesthatdriversarenotallowedto
take. Tomodelasituationwhereadrivermaynotturnleftorrightatagiven
crossroad,wedefineatransitioninagraphasapairofconsecutiveedges. The
studyofforbidden-transitiongraphs,wheregraphsaredefinedtogetherwithasetof
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permittedorforbiddentransitions,isafastemergingareaofgraphtheory.Several
otherrelatedmodelsarealsowidelystudied,suchasproperlycolouredwalksin
edge-colouredgraphsandgraphswithforbiddensubpaths.
Thefirstofthetwomainproblemsrelatedtoforbiddentransitionsthatwestudy

inthisthesisiscalledtrafficmonitoring.Here,wearegivenagraphinwhichobjects
canwalkandweknowwhichwalkstheseobjectscanuse. Wehavethepossibilityto
placecensorsonthearcsofthegraphthatindicatewhenanobjectgoesthroughan
equippedarc.Hence,foreachobject,weknowtheorderedsequenceofequippedarcs
theyhaveused. Ourobjectiveistofindhowtoequipasfewarcsaspossiblewith
censorsinsuchawaythattheinformationthatthecensorsreturnisstillsufficient
todetermineexactlywhichroutetheobjecthastaken.Forexample,considerthe
graphdepictedinFigure1andletthearcstu,vwandwxbeequippedwithcensors
thatwecalla,bandcrespectively. Anobjectthatusesthewalk(t,u,v,w,x,z)
wouldactivatesuccessivelythecensorsa,bandc. Anobjectthatusesthewalk
(t,u,w,x,y,v,w,z)activatesthesamecensorsbutactivatesthecensorcbeforeb.
Thus,thesetofcensors{a,b,c}allowstodistinguishthosetwowalks.

t

z

u

w

x

v

y

a

b

c

Figure1:Agraphwiththreemonitoredarcsdepictedinblue.

Thecomplexityofthisproblemhadalreadybeenstudiedin[85],butpriorto
ourwork,theonlyalgorithmsthathadbeendesigned[88]focusedonthespecial
caseofacyclicgraph,inwhichwalksareverylimitedandcannotusetwicethesame
vertexorarc.
Thetrafficmonitoringproblemrequirestofindefficientwaystodescribesetsof

walksinagraph,whichwedobyusingtoolsstemmingfromlanguagetheory. We
drawparallelsbetweentheproblemoftrafficmonitoringandthewell-knownproblem
ofseparatingcodebydevelopinganewmodelofseparationbasedonlanguages,
whichallowsustotakeintoaccountthenumberoftimesandtheorderinwhich
thecensorsareactivated. Wethentrytoidentifywhichkindofinstancescanbe
relevantforthepracticalapplicationsoftrafficmonitoringandusetheirspecificity
todevelopsolutionsasefficientaspossible. Thisiswherethemodelofforbidden
transitionscomesuseful. Westudyseveralkindsofinstances,someofwhichinvolve
forbiddentransitionsandwedevelopalgorithmstoreformulatetrafficmonitoringas
anintegerlinearprogram[9].
Theotherproblemthatwestudyinthispartofthethesisiscalledminimum

connectingtransitionsetandcanbeseenasanadaptationwithtransitionsofthe
well-knownminimumspanningtrees.Givenaconnectedgraph,aminimumspanning
treeisasubsetofedgesofminimumsizethatkeepsthegraphconnectedi.e.such
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Introduction

thatthereexistsawalkbetweeneverypairofverticesthatonlyusesedgesofthe
minimumspanningtree.Similarly,aminimumconnectingtransitionsetisasetof
transitionassmallaspossiblesuchthatthereexistsawalkbetweeneverypairof
verticesthatonlyusestransitionsoftheminimumconnectingtransitionset.Note
thataccordingtothestandarddefinitionoftransitionsinundirectedgraphs,using
twicethesameedgeinarowisnotatransitionandisalwayspermitted.Forexample,
considerthegraphdepictedinFigure2wherethetwopermittedtransitionsareuvy
andwvy.Therearepermittedwalksleadingfromthevertexwtoanyothervertex
ofthegraph:thewalks(w,v)and(w,x)donotevenrequireatransition,thewalk
(w,v,y)usesapermittedtransitionandwhilethewalk(w,v,u)isforbidden,one
canstillgofromwtoubyusingthewalk(w,v,y,v,u). However,thereisnoway
togofromxtouoryandthetransitionset{wvy,uvy}isthereforenotconnecting.
Thiscanbefixedforexamplebyaddingthetransitionuvx.

u

x w

v y

Figure2:Agraphwithtwopermittedtransitionsdepictedingreen.

Inmanyoftheapplicationfieldswherethemodeloftransitionsisrelevant(such
asroadnetworks,transportationsystemsoropticaltelecommunicationnetworks),
itispossiblethatbecauseofmaintenanceworkormalfunction,sometransitionsbe-
comeunusable.Theproblemofrobustnesstotheremovaloftransitionshasalready
beenstudiedwithseveralgraphproperties[105]andconnectivityisanimportant
requirementofthenetworksineveryapplicationfieldsofgraphswithforbidden
transitions.Here,whatwestudyisnotthesmallestnumberoftransitionsthathas
tobreakdowntodisconnectthegraphbutthesmallestnumberoftransitionswe
havetosecureforthegraphtostayconnected. Whilethisdoesnotprovidean
interestingmeasureoftherobustnessofthenetwork,ithighlightswhichpartsofa
networkarethemostusefulforitsproperfunctioningandcanthushelpdesigning
robustnetwork,likeminimumspanningtreeshelpinthecaseswherebreakdowns
impactedgesandnottransitions.

ThisthesispresentstheresultsofjointworkwithBenjaminBergougnouxand
studiesseveralaspectsoftheproblem. Weinvestigatestructuralaspectsofminimum
connectingsets,whichleadstoareformulationoftheproblemasaproblemofgraph
decompositionthatwecalloptimalconnectinghypergraph.Thisnewproblemturns
outtobeeasierto manipulateandofgreathelpinthesubsequentproofs. We
thenstudytheproblemunderitsalgorithmicandcomplexityaspectsandourmain
resultsaretheestablishmentofitsNP-completenessandthedesignofapolynomial
3
2-approximation[10].
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Geometricgraphsandsetsavoidingdistance1

ThesecondpartofthisthesispresentstheresultsofjointprojectswithChristine
Bachoc,PhilippeMoustrou,ArnaudP̂echerandAntoineSedillotonthemaximum
densitythatcanbeachievedbyasetofpointsAoftherealspacethatdoesnot
containtwopointsatgeometricdistanceexactly1.Intuitively,thedensitydenotes
theportionofspacethatAfills.Thismaximumdensityalsodependsonthedistance
weuseonRn.Throughoutthisthesis,weonlyconsiderdistancesinducedbynorms
andwedenotethisnumberbym1(R

n,·)where · isthenormRnisequipped
with. Themaximumdensityofsetsavoidingdistance1hasbeenstudiedsinceat
leasttheearly1960’s[91]especiallyintheEuclideanplane,butturnsouttobea
verydifficultproblemandisstillwideopen.
Considerapackingofdiscsofradius1(i.e.asetofdiscsofradius1thatdo

notoverlap). Anexampleofsetthatdoesnotcontaintwopointsatdistance1is
theunionofopendiscsofradius12andofsamecenterasthediscsofourpacking.
TheoptimaldensityofapackingofdiscsintheEuclideanplaneisabout0.9069
andwethusknowthatm1(R

2) 0.9069
4 0.2267. Asetachievingthisdensityis

illustratedinFigure3.Thebestknownlowerboundisbarelybetter;itwasobtained
byCroftin1967byrefiningthepreviousconstructionandisofabout0.2293. On
theotherhand,upperboundshavebeenimprovedmoreoftenthroughtheyears
butarestillfarfromthelowerbounds.Priortoourworks,thebestupperbound
wasm1(R

2) 0.258795andwasestablishedbyKeletietal.in2015[70]through
anapproachbasedonharmonicanalysisverydifferentfromours.Inthisthesis,we
developanewapproachandimprovetheboundtom1(R

2) 0.256828.

Figure3:AnexampleofsetavoidingEuclideandistance1(inblue).

Animportantobjectiveoftheworksthathavebeencarriedoutonthistopicisto
proveaconjecturebyErd̋osthatm1(R

2)<1
4.Notethatifthenormissuchthatthe

setofpointsatdistance1fromtheoriginisapolytopethattilesthespaceperfectly
(i.e.thereexistsapackingofunitpolytopesofdensity1),theconstructiondescribed
inthepreviousparagraphleadstoasetavoidingdistance1ofdensityexactly14.
Thus,theconjectureofErd̋ossaysthatm1islowerwiththeEuclideannormbecause
oftheemptyspacebetweentheunitdiscsofanoptimalpacking,
AsasteptowardErd̋os’conjecture,BachocandRobinsstartedstudyingthe

densityofsetsavoidingdistance1fordistanceinducedbynormswhoseunitpoly-
topesperfectlytilethespace(suchnormsarecalledparallelohedronnorms).They
conjecturedthatinthiscase,theconstructiondescribedpreviouslyofsetsavoid-
ingdistance1wasoptimal,andthus,thatif ·P isaparallelohedronnorm,
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Introduction

m1(R
n,·P)=

1
2n.Inthisthesis,weprovethisconjectureindimension2aswell

asforafamilyofn-dimensionalparallelohedronnorms,andestablishboundson
m1(R

n,·P)foranother[5].

ThisproblemiscloselyrelatedtothefamousHadwiger-Nelsonproblemthat
aimsatdetermininghowmanycoloursareneededtocolourallthepointsofthe
Euclideanplaneinsuchawaythatnotwopointsatdistanceexactlyonereceivethe
samecolour.Figure4depictsacolouringofaportionoftheplane.Forexample,
everyequilateraltriangleofdiameter1drawninaproperly-colouredplanehasits
threeverticesofdifferentcolours.

Figure4:AcolouringofaportionoftheEuclideanplane.

Manyvariantsofthisproblemhavealsobeenstudied,includingthecolouring
ofotherspacesorofspaceequippedwithnon-Euclideandistances,themeasurable
colouring(wherewerequirethecolourclassestobemeasurable),andthefractional
colouringwherewelookforthesmallestnumberabsuchthatwecangivebdifferent
colourstoallthepointsofaspacechosenamongasetofpossiblecoloursofsizea,
insuchawaythatnotwopointsatdistanceexactlyoneshareacommoncolour.

TheproblemofHadwiger-Nelsonhasreceivedalotofattentionsinceatleast
1960[52].Lowerandupperboundsof4and7werequicklyestablished,butnoone
hasbeenabletoimprovethemuntilDeGreyprovedinApril2018in[34]thatat
least5coloursareneededtoproperlycolourtheEuclideanplane.

Alltheseproblemscanbereformulatedasproblemsingeometricgraphs. The
geometricgraphwhoseverticesareallthepointsofthespaceandwhoseedgesare
thepairsofpointsatgeometricdistance1iscalledtheunit-distancegraph. The
densityofsetsavoidingdistance1,theHadwiger-Nelsonproblemanditsvariants
allcomedowntodeterminingthevaluesofwell-knowngraphinvariantssuchasthe
independenceratio,thechromaticnumberorthefractionalchromaticnumberof
theunit-distancegraphoftheEuclideanplane.

Unit-distancegraphshaveuncountablymanyverticesandbringusoutofthe
rangeofdiscretemathematicsinwhichgraphtheoryistraditionallyconsideredto
belong.However,manyinformationontheunit-distancegraphcanbeinferredfrom
itssubgraphs.Forexample,theequilateraltriangledepictedinFigure4providesa
completesubgraphofsize3,forwhichthreecoloursarerequired.Thisalsoproves
thatatleastthreecoloursareneededtocolourtheentireEuclideanplane. Wewill
seethatsimilarpropertiesholdsforthedensityofindependentsets(setsofpairwise
non-adjacentvertices,whicharethusdirectlyrelatedtom1).

Walks,TransitionsandGeometricDistancesinGraphs. 13



Westudyalgorithmicallythenotionofoptimalweightedindependenceratioof
agraphanduseittostudytheaforementionedproblems. Thismethodisatthe
coreofseveralstillongoingprojectsandhasalreadyprovidedinterestingresults.
Thoseresultsincludetheimprovementoftheupperboundonm1(R

2)butalsothe
improvementofthebestlowerboundonthefractionalchromaticnumberofthe
planefrom3.61904[31]to3.89366andanupperboundonm1(R

3,·,P)whenPis
aregularparallelohedron[4][11].

Complexityofgraphhomomorphisms

Thethirdpartofthisthesisstudiesthecomplexityofgraphhomomorphismprob-
lems,andespeciallyoflocally-injectivedirectedgraphhomomorphisms. Agraph
homomorphismisafunctionfromthevertexsetofagraphtothevertexofasecond
graphsuchthattheimageofanedgeisanedge,orinthedirectedcase,suchthat
theimageofanarcisanarc.Forexample,inFigure5,thefunctionthatmapsb,
fandgtou,dandetov,atowandctoxisahomomorphismfromthegraph
depictedinFigure5atothegraphdepictedinFigure5b.

b

a

d

c

f

e

g

(a)

v

u

x

w

(b)

Figure5: Weattributeacolourtoeachvertexofthetargetgraph(ontheright).
Thecolouroftheverticesofthegraphontheleftindicatestheirimagebythe
homomorphism.

Homomorphismsgeneralizegraphcolouring.Intheundirectedcase,colouring
isaspecificcaseofgraphhomomorphismwhereeveryvertexofthetargetgraph
isconnectedtoeveryotherbutnottoitself.Inthedirectedcase,colouringsare
definedashomomorphismstographswherethereisexactlyonearcbetweeneach
pairofdistinctvertices.Suchgraphsarecalledtournamentsandareveryimportant
inthestudyofdirectedhomomorphisms.
Locally-injectivehomomorphismsareaspecificcaseofhomomorphismswherewe

addtheconstraintthatthehomomorphismmustbeinjectiveontheneighbourhood
oftheverticesoftheinputgraph.Locally-injectivehomomorphismsareinteresting
becausetheypreservethelocalstructureoftheinputgraphmuchbetterthanstan-
dardhomomorphisms.Hence,locally-injectivehomomorphismsfindapplicationina
widerangeofareasincludingpatterndetectioninimageprocessing,bio-informatics
orcodingtheory. However,dependingonwhatwewanttomodel,ourconstraints
arenotexactlythesameandwecanthusfindseveraldefinitionsoflocalinjectivity
intheliterature.Forexample,wecanaskthehomomorphismtobeinjectiveeither
ontheopenneighbourhoodoftheverticesorontheircloseneighbourhood(which
includesthevertexitself).Hence,dependingonthedefinition,thefactthatinFig-
ure5,thevertexghasthesameimageasitsneighbourfmayormaynotviolatethe
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injectivityrequirement.Similarly,wemayaskthehomomorphismtobeinjectiveon
thein-andout-neighbourhoodsoftheverticesseparatelyorontheirunion. Here
again,dependingonthedefinition,thefactthatanin-neighbour(thevertexb)and
anout-neighbour(f)ofdhavethesameimagemayormaynotbeallowed. We
choosedependingontheapplicationswhichpropertiesoftheinitialgraphhaveto
bepreservedbythelocally-injectivehomomorphismandwechooseourdefinitionof
localinjectivityaccordingly.Forexample,ifthehomomorphismisinjectiveonthe
unionofthein-andout-neighbourhoodsofvertices,wecanensurethattheimage
ofapath(awalkwhoseverticesarepairwisedistinct)oflength2isalsoapath
oflength2. However,strengtheningthemodelmightalsomakethealgorithmic
problemofdeterminingtheexistenceofalocally-injectivehomomorphismbetween
twographsmoredifficult.Thisiswhatwestudyinthispartofthethesis.

Whenstudyingthecomplexityofproblemssuchask-colouringorhomomorphism
toagivengraphG,theobjectiveistoestablishwhatwecalladichotomytheorem:
wepartitiontheproblemsintotwoclasses,provethattheproblemsofthefirst
onearepolynomialandthattheproblemoftheotheronesareNP-complete.For
example,intheundirectedcase,itiswell-knownthatk-colouringispolynomial
fork 2andNP-completefork>2. HellandNěseťrilhaveprovedin[61]that
undirectedhomomorphismtoagraphGispolynomialifGhasalooporisbipartite
andNP-completeotherwise.Theseresultsaredichotomytheorems.

Ourstartingpointinthestudyofthecomplexityoflocally-injectivehomomor-
phismsisthecasewheretargetsaretournaments.Indeed,thecomplexityofthe
variantsofhomomorphismsstudiedintheliteratureoftendependsonthechromatic
numberofthetarget.Forexample,intheHell-Něseťriltheorem,bipartitegraphs
areexactlythe2-colourablegraphs. Amongthefournon-equivalentdefinitionsof
localinjectivitythatweknowofinthedirectedcase,thecomplexityofthreeisopen
inthecaseoftournaments.Thosethreedefinitionsareequivalentinthecaseofa
looplesstargetandoneofthemdoesnottakeintoaccounttheloopsonthetarget.
Itscomplexityisthereforeimpliedbythecomplexityoftheothertwoandweare
leftwithtwodefinitionsoflocalinjectivitytostudy.Underthosedefinitions,Camp-
bell,ClarkeandMacGillivrayhavealreadyestablishedin[20]thattheproblemis
polynomialonthereflexivetournamentontwovertices(reflexivetournamentsare
theonesthathaveloopsoneveryvertex)andNP-completeonthetworeflexive
tournamentsonthreevertices.However,nodichotomytheoremonaninfiniteclass
oftournamentshademergedpriortoourwork.

JointlywithStefanBard,ChristopherDuffy, Gary MacGillivrayandFeiran
Yang,wesuccessfullyestablishedadichotomytheoremonthecomplexityoflocally-
injectivehomomorphismstoreflexivetournamentsforourtwodefinitionsoflocal
injectivity:inbothcase,theproblemispolynomialifthetargethastwoverticesor
fewerandNP-completeifthetargethasthreeverticesormore[7].Ourresultsalso
implyadichotomytheoremonthecomplexityoflocally-injectivereflexivecolouring.

Outlineofthethesis

Chapter 1 introducesbasicnotionsthatweusethroughoutthisthesis.Those
notionscomefromvariousareasofmathematicsandcomputerscience,including
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graphtheory,complexitytheory,geometry,languagetheoryandmathematicalpro-
gramming.

Chapter2 introducestheproblemoftrafficmonitoring,presentsthemodeland
thetoolsthatwehavedevelopedtoaddressitandshowshowtousethemtosolve
theproblemonseveralkindofinstancesofpracticalinterest.

Chapter3 introducestheproblemofminimumconnectingtransitionset,studies
itonseveralclassesofgraphs,presentsareformulation,apolynomialapproximation
andaproofofNP-completenessinthegeneralcase.

Chapter4 presentstheproblemofthedensityofsetsavoidingdistance1andits
context,includingtherelatedproblemofHadwiger-Nelson. Wepresentamethod
thatrequirestoboundtheindependenceratioofinfinitegeometricgraphsandwe
useittoprovetheBachoc-Robinsconjectureonseveralfamiliesofparallelohedra
includingallthoseindimension2andtoestablishupperboundsonm1(R

n,·)
forsomeothers.

Chapter5 presentsthenotionofoptimalweightedindependenceratio,studiesit
ongeometricgraphsandusesittoextendstheresultsofthepreviouschapter.This
chaptercontainsimprovementoftheboundsonthefractionalchromaticnumberof
theEuclideanplaneandonthedensityofsetsavoidingdistance1intheEuclidean
planeandinthe3-dimensionalspaceequippedwithregularparallelohedronnorm.

Chapter6 presentstheproblemoflocally-injectivehomomorphismsandthetwo
definitionsthatweconsiderandprovesforbothofthemadichotomytheoremon
reflexivetournaments.

Chapter7 concludesthisthesisbysummingupthemaincontributionsandpre-
sentingsomeopenproblemsthatourworkraisesandthatmaybeatthecoreof
futureworks.
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Chapter1

Preliminaries

Thischapterintroducesnotionsandresultsfromdifferentareasofcomputerscience
andmathematicsthatweneedthroughoutthisthesis.Itspurposeisalsotofix
notationsanddefinitionsforwhichdifferentvariantscanbefoundintheliterature.

Section1.1presentsgenericnotionsofgraphtheorythatareatthecoreofallthe
workwepresentinthisthesis.Section1.2presentsbasicnotionsofcomplexitythat
weusethroughoutthisthesisandintroducesthenotionofNP-completenessthatis
fundamentalinChapters3and6.Section1.3extendsSection1.1bypresentingbasic
notionsofgraphtheorybutalsopresentstheemergingfieldofforbidden-transition
graphs.ThosenotionsarecrucialinChapters2and3.Section1.4introduceskey
notionsofgeometryandnumbertheoryandespeciallystudiesparallelohedra.The
notionsdevelopedinthissectionplayanimportantroleinChapters4and5.Section
1.5presentsfundamentalsoflanguagetheoryandnotablyintroducestoolsthatare
extremelyusefulinChapter2todescribesetsofwalksinagraph.Finally,Section
1.6introducesaverypowerfuloptimizationtechniquecalledlinearprogramming.
Duetotheirefficiencyandexpressivepower,linearprogramsareusedinpracticein
awiderangeofareasandareveryimportantinChapters2and5ofthisthesis.

Contents

1.1 Fundamentalsofgraphtheory................ 18

1.2 Elementsofcomplexity.................... 30

1.3 Walks,connectivityandtransitions ............ 33

1.4 Polytopesandlattices..................... 38

1.5 Rationallanguagesandautomata.............. 45

1.6 Linearprogramming...................... 50

Common mathematicalnotations

ThecardinalityofasetSisnoted|S|anditspowersetisnotedP(S). Weuse
thenotation[a,b],]a,b[and[a,b[or]a,b]forclosed,openandsemi-openintervals
respectively.Integerintervalsarenoted[[a,b]].

Wesaythataset Sthathasagivenpropertyismaximal(respectivelyminimal)
ifnoneofitssupersets(resp.subsets)possessthisproperty. Wesayitismaximum
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1.1.Fundamentalsofgraphtheory

(resp. minimum)ifnosetofstrictlybigger(resp.smaller)cardinalityhasthis
property.

Whenworkingin Rn,wemaydenoteby0thevector(0,0,...,0).

WedenotebyP(A)theprobabilityofaneventAandbyE[X]theexpectedvalue
ofarandomvariableX.

ThelimitsuperiorofasequenceUisnotedlimsup
n→∞

Unandisthesupremumof

thelimitsachievedbysubsequenceofU.

1.1 Fundamentalsofgraphtheory

Forastandardintroductiontographtheory,wereferthereaderto[36].

1.1.1 Coredefinitions

Undirectedgraphs. AgraphG(sometimesreferredtoasasimplegraphtoavoid
anyambiguity)isanorderedpair(V,E)whereVisanon-emptyfinitesetwhose
elementsarecalledverticesandEisasetofunorderedpairsofverticeswhose
elementsarecallededges. Wecansimplywriteuvtodenotetheedge{u,v}.The
verticesuandvaretheendpointsoftheedgeuv. Theedgeuvisincidenttothe
verticesuandv. Toavoidambiguities,wemaydenoterespectivelybyV(G)and
E(G)thesetsofverticesandedgesofagraphG.

Avertexuisaneighbourofavertexvifandonlyif{u,v}∈E. Theopen
neighbourhoodofavertexv,notedN(v),istheset{u:uv∈E}andtheclosed
neighbourhoodofavertexv,notedN[v],isthesetN(v)∪{v}.If{u,v}∈E,uand
vareadjacentandtwoedgesareadjacentiftheyhaveacommonendpoint.

Thedegreeofavertexvinasimplegraphisnotedd(v)andisitsnumber
ofneighbours. Themaximumdegree andminimumdegree ofagraphG,denoted
respectivelyby∆(G)andδ(G),arethemaximumandminimumdegreeofavertex
ofthegraph.

Amultigraphisagraphthatmayhaveloopsandparalleledges. Aloopisan
edgewhosetwoendpointsarethesamevertexandparalleledges,alsocalledmultiple
edges,areedgesthathavethesameendpoints.Formally,amultigraphisalsodefined
asanorderedpair(V,E)buthere,edgesaremultisetsofverticesofcardinality2
andEisamultisetofedges.

Example1.1.

LetusconsiderthegraphGdepictedinFigure1.1.Here,V(G)={u,v,w,x,y}
andE(G)={uv,uw,vx,wx,wy}. TheopenneighbourhoodofvisN(v)={u,x}
andvthereforehasdegree2.Themaximumandminimumdegreesofthegraphare
respectively3and1andareachievedbywandyrespectively.

Theworkpresentedinthisthesisalsoinvolvesdirectedgraphs. Wenowtranslate
thebasicnotionsofundirectedgraphsintothecaseofdirectedgraphs.

Directedgraphs. AdirectedgraphG(orsimpledirectedgraph)isanordered
pair(V,A)whereVisanon-emptyfinitesetwhoseelementsarecalledverticesand
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1.Preliminaries

u v

w x

y

Figure1.1:AsimplegraphG.Theneighboursofvaredepictedinred.

Aisasetoforderedpairsofverticeswhoseelementsarecalledarcs.Aspreviously,
wemaysimplywriteuvtodenotethearc(u,v)andwedenoterespectivelybyV(G)
andA(G)thesetsofverticesandarcsofagraphG.Thevertexuistheoriginof
thearcuvandvisitstarget. Twoarcsaandbareconsecutiveifandonlyifthe
targetofaistheoriginofb.Thearcs(u,v)and(v,u)areopposite.
Avertexuisanin-neighbourofavertexvifandonlyif(u,v)∈Aanduisan

out-neighbourofavertexvifandonlyif(v,u)∈A. Thevertexuisaneighbour
ofvifandonlyifuisanin-oranout-neighbourofv. Theopenneighbourhood,
openin-neighbourhoodandopenout-neighbourhoodofavertexvaredenotedre-
spectivelybyN(v),N−(v)andN+(v).TheclosedneighbourhoodN[v],theclosed
in-neighbourhoodN−[v]andtheclosedout-neighbourhoodN+[v]aredefinedaspre-
viously.
Thenumberofin-andout-neighboursofavertexvarenotedd−(v)andd+(v)

respectivelyandarecalledin-degreeandout-degreeofv.
Anarcfromavertextoitselfiscalledaloop.Observethatevensimpledirected

graphshaveloopssince(u,u)isanorderedpairofvertices. Theexistenceofan
arcfromavertexutoavertexvdefinesarelationonthevertexsetofG.Thus,a
graphisirreflexiveifnovertexhasaloopandreflexiveifeveryvertexhasaloop.
Adirectedgraphissymmetricif∀(u,v)∈A,(v,u)∈Atoo. Wedefinedirected
multigraphs asanorderedpair(V,A)whereAisamulti-setofarcs(andarcsare
stillorderedpairofvertices).Thisdefinitionthusallowsparallelsarcs.
Thefollowingsubclassofdirectedgraphsplaysanimportantroleinthestudy

ofgraphhomomorphisms.

Definition1.2. Orientedgraphs:
Adirectedgraphisanorientedgraphifandonlyifithasnopairofopposite

arcsi.e.iftherearenoverticesu=vsuchthatuvandvu∈A.Anorientedgraph
−→
G isanorientationofanundirectedgraphGifandonlyifV(

−→
G)=V(G)and

E(G)={{u,v}:(u,v)∈A(
−→
G)or(v,u)∈A(

−→
G)}.

Example1.3.
InthegraphG1depictedinFigure1.2a,wisanin-neighbourofv,uisanout-

neighbourofvandxisboth.Thereisapairofoppositearcsbetweenvandxand
anotherbetweenwandy.Hence,thegraphG1isnotoriented.Ifweremoveanarc
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u v

w x

y

(a)AdirectedgraphG1.

u v

w x

y

(b)AnorientedgraphG2.

Figure1.2

ineachpairofoppositearcs,G1becomesorientedbutisstillnotanorientationof
thegraphGdepictedinFigure1.1becauseGhasnoedgebetweenwandv.

ThegraphG2depictedinFigure1.2bisanorientationofthegraphGdepicted
inFigure1.1.

Wenowpresentthenotionsofsubgraphsandcomplementarygraphsthatapply
tobothdirectedandundirectedgraphs.

Subgraphsandinducedsubgraphs. LetGbeagraph. ThegraphH isa
subgraphofGifandonlyifV(H)⊂V(G)andE(H)⊂E(G).

LetS⊂VbeasubsetofvertexofG.ThesubgraphofGinducedbyS,noted
G[S],isthegraphwhosevertexsetisSandwhoseedgesetis{uv∈E(G):(u,v)∈
S2}.ThegraphHisaninducedsubgraphofGifandonlyifH=G[V(H)].

Letv∈V. WedenoterespectivelybyG−SandG−vthegraphsG[V\S]and
G[V\{v}].

Example1.4.

u v

w x

y

(a)AgraphG.

u v

w

(b)AgraphH1.

u v

x

(c)AgraphH2.

u v

x

(d)AgraphH3.

Figure1.3

ThegraphH1depictedinFigure1.3bisasubgraphofthegraphGinFigure
1.3abutnotaninducedsubgraph.Indeed,thevertexset{u,v,w}inducestheedge
uw.ThegraphH2depictedinFigure1.3cisthesubgraphofGinducedby{u,v,x}.
ThegraphH3inFigure1.3dcontainstheedgeuxwhichisnotinG;H3istherefore
notasubgraphofG.

20 ThomasBellitto



1.Preliminaries

Complementofagraph. LetGbeagraph. ThecomplementarygraphofG,
notedG,isthegraphdefinedbyV(G)=V(G)andE(G)={uv:uv/∈E(G)}.

Example1.5. Figure1.4depictsagraphanditscomplement.

u v

w x

y

(a)AgraphG.

u v

w x

y

(b)ItscomplementarygraphG.

Figure1.4

Wenowintroducesomekeyfamiliesofgraphsthatareusefulthroughoutthis
thesis.

Somebasicgraphfamilies.

•Apathofnvertices,notedPn,isthegraphdefinedbyV(Pn)={v0,...,vn−1}
andE(Pn)={vivi+1:0 i n−2}.

•Acycleofnvertices,notedCn,isthegraphdefinedbyV(Cn)={v0,...,vn−1}
andE(Cn)={viv(i+1) modn:0 i n−1}.

•Acompletegraphofnvertices,notedKn,isthegraphdefinedbyV(Kn)=
{v0,...,vn−1}andE(Kn)={vivj:i=j}.

•AgraphG=(V,E)isbipartiteifthereexistsapartitionofVintotwosets
V1andV2suchthateveryedgeofGhasoneendpointinV1andoneinV2.
Ifinaddition,∀u∈V1,∀v∈V2,uv∈E,thegraphiscompletebipartite. We
denotebyKi,jthecompletebipartitegraphwith|V1|=iand|V2|=j.

•Astarofn+1verticesorstarwithnbranches,notedSn,isthegraphdefined
byV(Sn)={c,v1,v2,...,vn}andE(Sn)={cvi:i∈[[1,n]]}.Thevertexcis
thecenterofthestar.NotethatSn=K1,n.

•Atournamentonnverticesisanorientationofthecompletegraphofnver-
ticesKn.Ifn 3,thereareseveraltournamentsonnvertices. Notethat
tournamentsarebydefinitionirreflexivebutwecanalsodefinereflexivetour-
namentsastournamentswhereweaddalooponeveryvertex.

Example1.6.Figure1.5illustratestheaforementionedgraphclasses.

Weconcludethissubsectionbyintroducingthenotionofplanarity.
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v3 v4

v1 v2

(a)K4.

v3 v4

v1 v2

c

(b)S4=K1,4.

v4 v3

v5 v2

v1

(c)P5.

v3 v4

v1 v2

(d)C4=K2,2.

v3 v4

v1 v2

(e)Atournamenton4vertices.

Figure1.5

Definition1.7. Planargraphs:

AplanarembeddingofagraphGisadrawingofthegraphintheplanesuch
thatnotwoedgesofGintersecteachother.Aplanargraphisagraphthatcanbe
embeddedintheplane.Aco-planargraphisagraphwhosecomplementisplanar.

Example1.8.

ThedrawingofK4depictedinFigure1.5aisnotaplanarembeddingsincethe
edgev1v4crossestheedgev2v3.However,thegraphK4isstillplanar,asillustrated
byFigure1.6a.

Figure1.6bdepictsaplanarembeddingofK2,4andwecanprovemoregenerally
thatK2,nisplanarforalln.

ThegraphsK5andK3,3arefamousexamplesofnon-planargraphs.

v3 v4

v1

v2

(a)AplanarembeddingofK4.

v1

v5

v4

v3

v2

v6

(b)AplanarembeddingofK2,4.

Figure1.6
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1.1.2 Homomorphismsandcolouring

Thissubsectionpresentsthenotionofgraphhomomorphismanditsrelationto
graphcolourings,whichiscentraltoChapter6.

Definition1.9.Undirectedgraphhomomorphisms:
AhomomorphismfromanundirectedgraphG1=(V1,E1)toG2=(V2,E2),

alsocalledG2-colouringofG1,isafunctionf:V1→ V2suchthat∀{u,v}∈E1,
{f(u),f(v)}∈E2.ThegraphG2iscalledthetargetofthehomomorphism.

Thefamousproblemofgraphcolouringisaspecificcaseofhomomorphism.

Definition1.10. Undirectedn-colouring:
An-colouringofanundirectedgraphG=(V,E),sometimescalledpropern-

colouringtoavoidanyambiguity,isafunctionc:V →{c1,...,cn}suchthat
∀{u,v}∈E,c(u)=c(v).Theelementsc1,...,cnarecalledcolours.
Findingan-colouringofagraphGcomesdowntofindingahomomorphismfrom

GtotheirreflexivecompletegraphonnverticesKn.
Ifthereexistsan-colouringofagraphG,Gisn-colourable.Thesmallestnumber

nsuchthatGisn-colourableiscalledthechromaticnumberofGandisnotedχ(G).
IfGisn-colourablebutnot(n−1)-colourable,Gisn-chromatic.
ThesetsCi={v∈V:c(v)=ci}ofverticesofthesamecolourarecalledcolour

classes.

Example1.11.

v0 v1

v4

v3

v2

v5

Figure1.7:A2-colouringofanundirectedgraphG.

Figure1.7presentsa2-colouringofagraphG.SinceGisnot1-colourable,itis
2-chromatic.

Whilethedefinitionofhomomorphismisstraightforwardtogeneralizetothe
orientedcase(theimageofanarcmustbeanarc),thegeneralizationofcolouringis
alittlemoresubtle.Indeed,an-colouringofanundirectedgraphGisahomomor-
phismfromGtoKnandan-colouringofanorientedgraphGisahomomorphism
fromGtoanorientationofKn(i.e.atournamentonnvertices). However,while
thereisonlyonecompletegraphofnvertices,thereareexponentiallymanytour-
naments.Colouringofanorientedgraphconsistsoffindingnotonlythecolouring
functionbutalsothetargettournament.Forexample,oncewehavecolouredthe
twoendpointsofanarc(u,v),weknowthattheremustbeanarcfromf(u)tof(v)
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inthetargettournament.Hence,therecannotbeanarcfromf(v)tof(u). Weend
upwiththefollowingequivalentdefinition:

Definition1.12. Orientedgraphhomomorphismsandcolouring:
AnhomomorphismfromanorientedgraphG1=(V1,A1)toG2=(V2,A2),

alsocalledG2-colouringofG1,isafunctionf:V1→ V2suchthat∀(u,v)∈ A1,
(f(u),f(v))∈A2.
An-colouringorpropern-colouringofanorientedgraphG=(V,E)isafunction

c:V→{c1,...,cn}suchthat

∀(u,v)∈A,c(u)=c(v)

∀(u,v)∈A,∀(x,y)∈A,c(u)=c(y)orc(v)=c(x)

Thenotionofn-colourability,n-chromaticity,chromaticnumberandcolourclasses
aredefinedsimilarlyasintheundirectedcase.

OrientedcolouringshavebeenintroducedbyCourcelletostudymonadicsecond
orderlogicingraphs[30].Itspurposewastocreatealabellingoftheverticesofthe
graphthatwoulddeterminetheorientationofthearcs.

Example1.13.

v0 v1

v4

v3

v2

v5

(a)A4-colouringofanorientedgraphG. (b)ThetargettournamentT.

Figure1.8

LetustrytocolourthegraphGdepictedinFigure1.8a. Wecanpickarbitrarily
thecolourofv1,sayblue.Thevertexv0canthenbeanycolourbutblue,letussay
itisred. Atthispoint,weknowthatthearcbetweentheblueandredvertexin
thetargettournamentgoesfromtheredvertextotheblue.Thus,theverticesv2,
v3andv4cannotbered. Wepickthecolouryellowforv2.Thevertexv5cannotbe
yellow(ithasayellowneighbour)norblue(ithasayellowin-neighbourwhichisnot
compatiblewiththeorientationoftheblue-yellowarcinthetargettournament),
butitcanbered.Thevertexv3hasthesamein-anout-neighbourasv2andcan
thereforehavethesamecolour.However,thevertexv4canneitherberednorblue
becauseitalreadyhasblueandredneighboursanditcannotbeyellowbecause
ithasaredin-neighbour. Hence,weneedafourthcolourforv4. Wecanpick
arbitrarilytheorientationofthearcbetweentheyellowandthegreenvertexinthe
targettournament(depictedinFigure1.8b). Wehaveexhibiteda4-colouringofG
andprovedthatGcannotbecolouredwiththreecoloursorlessandistherefore
4-chromatic.
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Notethatadirectedgraphthathasoppositearcsbetweentheverticesuandv
cannotbecolouredbecauseitwouldrequirethetargettournamenttohaveanarc
fromf(u)tof(v)andonefromf(v)tof(u),whichisimpossible. Finally,note
thatG2-colouringistrivialifG2hasalooponavertexv.Indeed,thefunctionf
thatmapseveryvertextovisahomomorphism.Thisiswhydirectedcolouringis
definedasahomomorphismfromanorientedgraphtoanirreflexivetournament.
Wenowpresentavariantofcolouringcallededge-colouring. Thisvariantis

especiallyusefultostudythecomplexityofhomomorphismsproblems.

Definition1.14. Edge-colouring:
Ak-edge-colouring(sometimescalledproperk-edge-colouring)ofagraphG=

(V,E)isafunctionc:E →{c1,...,cn}suchthatiftwoedgese1ande2are
adjacent,thenc(e1)=c(e2).Thek-edge-colourability,thek-edge-chromaticityand
theedge-chromaticnumberaredefinedsimilarly.
LetGbeagraph.ThelinegraphofGisthegraphHsuchthatV(H)=E(G)

andtwoverticesofHareadjacentinHifandonlyiftheydenoteadjacentedgesin
G.Onecannoticethatedge-colouringGcomesdowntocolouringitslinegraph.

Example1.15.
Figure1.9illustratestheconnectionbetweencolouringandedge-colouring.

e1

e2
e3

e4

e5

e6
e9

e8
e7

(a)AgraphG.

e1

e3

e2

e6

e5

e4

e9

e7

e8

(b)ThelinegraphofG.

Figure1.9:Anillustrationofaproper3-edge-colouringofagraphGandtheasso-
ciated3-colouringofitslinegraph.

Finally,wepresentthenotionofautomorphismwhichgreatlyhelpsstudythe
symmetryofagraph.

Definition1.16. Isomorphisms,automorphismsandorbits:
AnisomorphismfromagraphG1=(V1,E1)toG2=(V2,E2)isabijection

f:V1→ V2suchthat∀(u,v)∈V
2
1,{u,v}∈E1ifandonlyif{f(u),f(v)}∈E2.

NotethattheinversefunctionofanisomorphismfromG1toG2isanisomorphism
fromG2toG1.Twographsaresaidtobeisomorphicifandonlyifthereexistsan
isomorphismfromonetotheother.
AnautomorphismisanisomorphismfromagraphG=(V,E)toitself. The

automorphismsofagraphformagroupundercomposition.Twoverticesuandv
areinthesameorbitifandonlyifthereexistsanautomorphismfofGsuchthat
f(u)=v.Onecaneasilyprovethatthisisanequivalencerelationandsinceorbits
areequivalenceclasses,theydefineapartitionoftheverticesofagraph.Ifallthe
verticesofthegraphareinthesameorbit,thegraphisvertex-transitive.
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Wecandefineanalogouslyorbitofedgesbystatingthattwoedges{u,v}and
{w,x}areinthesameorbitifthereexistsanautomorphismsuchthat{f(u),f(v)}=
{w,x}.Ifalltheedgesofthegraphareinthesameorbit,thegraphisedge-transitive.

Example1.17.

v6

v2 v3v1

v5 v4

(a)AgraphGandarepresentationofits
orbits.

w6

w2 w3w1

w5 w4

(b)AgraphHisomorphictoG.

Figure1.10

Thefunctionfsuchthatf(v1)=w1,f(v2)=w5,f(v3)=w3,f(v4)=w6,
f(v5)=w2andf(v6)=w4isanisomorphismfromthegraphGdepictedinFigure
1.10atothegraphHdepictedinFigure1.10b.Thefunctionf1:V(G)→V(G)that
transposesv1withv3andv4withv6isanautomorphismofG.Soarethefunction
f2thattransposesv1withv6,v2withv5andv3withv4andthefunctionf3=f1◦f2.
Thoseautomorphismsprovethatv1,v3,v4andv6areinthesameorbitandthatv2
andv5areinthesameorbit.Sincedeg(v1)=deg(v2),noautomorphismcanmap
v1tov2andGhasexactlytwoorbits.Theorbitofedgesare{v1v2,v2v3,v4v5,v5v6},
{v1v6,v3v4}and{v2v5}.

ThegraphdepictedinFigure1.9isvertex-transitivebutnotedge-transitive.
Indeed,theedgese4,e5ande6belongtonotrianglewhilethesixothersdo.The
graphS4(seeFigure1.5b)isedge-transitivebutnotvertex-transitive.Thegraphs
K4andC4(seeFigures1.5aand1.5d)arebothvertex-andedge-transitive.

1.1.3 Specialvertexsets

Thissubsectionpresentsthenotionsofindependence,dominationandseparationin
graphs.

Definition1.18. Cliques,independentsetsanddominatingsets:

LetG=(V,E)beagraph. AcliqueisasetofverticesS⊂Vsuchthat
∀(u,v)∈S2,{u,v}∈E. AnindependentsetisasubsetofverticesS⊂Vsuch
that∀(u,v)∈S2,{u,v}/∈E.AdominatingsetisasetofverticesS⊂Vsuchthat
∀u∈V\S,∃v∈S,{u,v}∈E.

ThesizeofthebiggestcliqueinG,notedω(G),iscalledthecliquenumberofG.
ThesizeofthebiggestindependentsetinG,notedα(G),iscalledtheindependence
numberofG. ThesizeofthesmallestdominatingsetinG,notedγ(G),iscalled
thedominationnumberofG.

Afewfundamentalpropertiesfollowdirectlyfromthedefinitions:

26 ThomasBellitto



1.Preliminaries

Proposition1.19.

•Theemptyvertexsetisacliqueandanindependentsetineverygraph. More
generally,anysubsetofaclique(resp.independentset)isaclique(resp.
independentset)aswell. ThesetV(G)ofverticesofagraphGisalwaysa
dominatingset.Anysupersetofadominatingsetisdominatingtoo.

•GivenagraphGandapropercolouringconG,thecolourclassesareinde-
pendentsetsbydefinition. Hence,χ(G)×α(G) V(G)sinceeveryvertex
belongstoacolourclass.

•Inacolouringofagraph,alltheverticesofacliquemusthavedifferentcolour.
Hence,ω(G) χ(G).Thisboundisnotalwaystight.

•Acliqueinagraphisanindependentsetinitscomplement.Hence,ω(G)=
α(G).

Example1.20.

v0

v1

v2

v3

v4 v5

v6

v7

v8

v9

Figure1.11:AgraphG.

Theset{v2,v3,v4}isacliqueinthegraphGdepictedinFigure1.11.SinceGis
3-colourable(seethefigureforanexampleof3-colouring),weknowthatω(G)=3.
Thecolourclassesareindependentsetandnotably{v0,v4,v6,v9}isanindepen-

dentsetofsize4.ThesameargumentappliedtoGindicatesthatsinceGcanbe
partitionedinto4cliques(circledingrey),α(G)=4(anindependentsethasat
mostonevertexofeachclique).
Onecancheckthattheset{v0,v4,v8}isaminimumdominatingsetonGand

γ(G)=3.
Thecycleof5verticesC5cannotbecolouredwithlessthan3coloursbutcontains

nocliqueofsizemorethan2.Thisprovesthattheboundω(G) χ(G)isnottight.
SinceC5=C5,wealsoobservethatC5cannotbepartitionedinlessthan3cliques
butitsindependencenumberis2.

Finally,wepresentthenotionsofseparatingandidentifyingcodes,whichare
studiedinChapter2.

Definition1.21.Separatingandidentifyingcodes:
LetG=(V,E)beagraphandCbeasetofverticesofG.Thesignatureofa

vertexv∈Visthesetsign(v)=N[x]∩CandCissaidtobeaseparatingcodeof
GifandonlyifalltheverticesofVhavepairwisedistinctsignatures.AsetCthat
isbothseparatinganddominatingiscalledanidentifyingcode.Inthiscase,the
signatureofalltheverticesarepairwisedistinctandnon-empty.
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Example1.22.

x

v wu

y z

(a)ThecodeC1.

x

v wu

y z

(b)ThecodeC2.

Figure1.12:TwoexamplesofcodesinthegraphC6.

ConsiderthecodeC1={u,v,w}depictedinredinFigure1.12a.Thesignatureof
theverticesarerespectivelysign(u)={u,v},sign(v)={u,v,w},sign(w)={v,w},
sign(x)={u},sign(y)=∅andsign(z)={w}.Sincetheyarepairwisedistinct,C1
isaseparatingcodebutthevertexyisnotdominatedandC1isnotanidentifying
code. ThecodeC2={u,w,y}depictedinblueinFigure1.12bisbothseparating
anddominatingandisthereforeanidentifyingcode.

Notethateverysupersetofaseparatingsetisseparatingtoo.Sincethisalso
holdsfordomination,itholdsforidentification. However,noteverygraphadmits
aseparatingcode(lookatthegraphP2forexample). Hence,agraphGadmitsa
separatingandanidentifyingcodeifandonlyifV(G)isaseparatingcodeitself.

Theconjunctionofdominationandseparationisimportantinmanypractical
applications.Infaultdetectionandsecurity,dominationgenerallyensuresthatwe
knowifaproblemoccursandseparationallowsustodeterminewhattheproblemis.
Forexample,imaginewemodelabuildingwithagraphwheretheverticesdenote
theroomsandanedgebetweentwoverticesmeansthatwecanseearoomfromthe
other.Ifthesetofroomsweequipwithsmokedetectorsformsadominatingset,we
aresuretoknowifafireoccurs.Ifitformsanidentifyingcode,notonlywouldwe
beabletodetectafire,butthesetofactivateddetectorswouldindicatetheexact
roomwherethefireisstarting. Moreconcreteexamplesarepresentedindetailsin
[108].

1.1.4 Hypergraphs

Thissubsectionpresentsageneralizationofgraphscalledhypergraphswhereedges
mayconnectmorethantwovertices.

Definition1.23. Hypergraphs:

AnhypergraphHisanorderedpair(V,E)whereVisanon-emptyfinitevertex
setandE⊂P(V)isasetwhoseelementsaresubsetsofVandarecalledhyperedges.
Anhypergraphmaysimplybedefinedasaset{E1,...,En}ofhyperedges.

Separatingcodesaregeneralizedtohypergraphsasfollows:

Definition1.24. Separatingandidentifyingcodesinhypergraphs:

LetH =(V,E)beahypergraphandletC ⊂Ebeasubsetofhyperedges.
Thesignatureofavertexvisthesetofhyperedgesitbelongsto:sign(v)={E∈
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E:v∈E}.ThehyperedgesetC isaseparatingcodeifalltheverticesofV
havepairwisedistinctsignaturesandCisanidentifyingcodeifitisseparatingand
∀v∈V,∃E∈C,v∈E.

Example1.25.

u v

w

x y

E1

E2

E3

E4

Figure1.13:AnhypergraphH=(V,{E1,E2,E3,E4}).

LetHbethehypergraphdepictedinFigure1.13. Thehyperedgeset{E1,E3,
E4}isanidentifyingcodeinthehypergraphH.Indeed,thesignaturesofthevertices
u,v,w,xandyarerespectively{E1,E4},{E3},{E4},{E1},{E3,E4}.
NotethatifCisacodeofsize2,thereareonlyfourpossiblesignaturesincluding

theemptysignaturewhichisforbiddeninanidentifyingcode. Hence,agraphon
fivevertices(resp.four)ormorecannothaveaseparating(resp.identifying)code
ofsize2.Thus,thecode{E1,E3,E4}isaminimumseparatingandidentifyingcode.

Equivalentformulationsofthisproblemcanalsobefoundintheliteratureun-
derthenameoftestcoverordiscriminatingcode(see[90]and[14]forimportant
examples).TheproblemisgenerallydefinedbyasetofindividualsIandasetof
attributesAwheretheattributeshavenovalueandaresimplypropertiesthateach
individualmayormaynothave. Hence,theattributescanbedefinedbytheset
ofindividualsthatpossessthem. TheobjectiveistofindasetofattributesCas
smallaspossiblesuchthateachindividualischaracterizedbytheattributesofCit
possesses.Thisisthesameasfindingaminimumseparatingcodeinthehypergraph
whosevertexsetisIandwhosehyperedgesetisA.
Theproblemofseparatingandidentifyingcodesingraphswereintroducedin

[69]andareaparticularcaseofthesameproblemsinhypergraphs.Indeed,solving
theprobleminagraphG =(V,E)comesdowntosolvingtheprobleminthe
hypergraphH=(V,E)whereE={N[v]:v∈V}(whereN[v]denotestheclosed
neighbourhoodofvinG). Theproblemongraphsisstrictlylessexpressivesince
itonlymodelsproblemsinhypergraphs(V,E)where|E|=|V|.Separatingcodes
havealsobeenstudiedondirectedirreflexivegraphsin[101],[102]or[63]. The
expressivenessofthismodelliesbetweentheproblemingraphsandtheproblemin
hypergraphs.
Thisproblemalsoappearsinbipartitegraphsin[22]and[23]forexample. Weare

givenabipartition(V1,V2)oftheverticesofagraphandaseparatingcodeisdefined
asasubsetofV2suchthatalltheverticesofV1haveadifferentsignature. This
formulationisequivalenttotheproblemonahypergraphwherethevertexofthe
hypergraphareV1andthehyperedgesaretheN[v]forv∈V2.Theexpressiveness
ofdifferentmodelsofseparationplaysanimportantroleinChapter2.
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Inmanypracticalapplications,someattributesaremoreexpensivetotestthan
others.Letacostbeassociatedtoeachattribute. Then,theweightedseparation
problemistheproblemoffindingaseparatingcodeofminimumcost. Wereturnto
theseproblemsandpresentamethodtosolvetheminSection1.6.

1.2 Elementsofcomplexity

ForfurtherinformationonthesubjectdevelopedinthisSection,wereferthereader
to[94].

1.2.1 P,NPandpolynomialreductions

Complexitytheoryaimsatclassifyingcomputationalproblemsaccordingtotheir
difficulty,whichismeasuredbyhowmuchtimeisrequiredtofindasolution.This
definitionthereforedependsonthemodelofcomputationweuse. Wefirstpresent
twoimportantcomplexityclasses.

Definition1.26. P,NP:

Wedenoteby PthesetofproblemsthatcanbesolvedonadeterministicTuring
machineinpolynomial-timeinthesizeoftheinput.ThesetNPdenotestheclass
ofproblemsthatcanbesolvedinpolynomial-timeonanon-deterministicTuring
machine.

However,definingformallythedifferentvariantsofTuringmachinesisoutofthe
scopeofthisthesiswhereweonlyconsideralgorithmsondeterministicTuringma-
chines.Alternatively,theclassNPcanbedefinedastheclassofproblemsforwhich
ananswercanbeverifiedinpolynomialtimeonadeterministicTuringmachine.

Wenowpresentthenotionofreductionwhichallowstocomparethecomplexity
oftwoproblems.

Definition1.27. Polynomialreduction:

GiventwoproblemsP1andP2,apolynomialreductionofP1toP2isafunc-
tionthattransformsaninstanceofP1toaninstanceofP2inpolynomialtime
suchthatasolutionofP1canbededucedinpolynomialtimefromthesolution
ofP2.IfthereexistsapolynomialreductionofP1toP2,P1isreducible(or
polynomially-reducible)toP2.IfP2isalsoreducibletoP1,P1andP2areequiv-
alent(orpolynomially-equivalent).IfalltheproblemsoffaclassCarepolynomially
reducibletoaproblemP,P isC-hard,whichintuitivelymeansthatsolvingP is
atleastashardassolvinganyprobleminC.IfP isalsoinC,P isC-complete.

Thisnotionisimportantbecauseofthefollowingconsequence:

Proposition1.28.IfP1isreducibletoP2andP2canbesolvedinpolynomial
time,thenP1canbesolvedinpolynomialtimetoo.

Example1.29.

Letkbeaninteger.Considerthetwofollowingproblems:
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P1:k-identifyingcodeingraphs

Input:AgraphG.
Output: DeterminesifthereexistsanidentifyingcodeinGofsizekorless.

P2:k-identifyingcodeinhypergraphs

Input:AnhypergraphH.
Output: DeterminesifthereexistsanidentifyingcodeinHofsizekorless.

BothproblemsareinNP.Indeed,givenacodeC,onecancomputeandcompare
thesignaturesoftheverticesofGorH andcheckwhetherCisdominatingin
polynomialtime. LetnowassumethatwearegivenaninstanceG=(V,E)of
P1. WecanbuildinpolynomialtimeahypergraphHwhosevertexsetisVand
whosehyperedgesaretheEv=N[v]forv∈V.Ifthereisnoidentifyingcodeof
sizekorlessinH,weknowthatthereisnoidentifyingcodeofsizekorlessin
Geither.IfthereexistsanidentifyingcodeCH ofsizekinH,weknowthatthe
codeCG={v:Ev∈CH}isanidentifyingcodeinGofsize|CH| k. Hence,P1
ispolynomially-reducibletoP2andifwefindapolynomial-timealgorithmforP2,
wecandeduceoneforP1easily.
Thetransformationofagraphintoitslinegraph(seeDefinition1.14)provides

apolynomialreductionofedge-colouringtocolouring(illustratedinExample1.15).
Computingthecliquenumberofagraphispolynomiallyequivalenttocomputing

itsindependencenumber(seeDefinition1.18)sinceonecancomputethecomplement
ofagraphinpolynomialtime(seeProposition1.19).

1.2.2 3-SATandNP-completeness

Becauseofitsexpressivenessandcomplexity,theproblemofbooleansatisfiability
isextremelyimportantincomplexitytheory.

Definition1.30. Basicdefinitionsofbooleansatisfiability:
Abooleanexpressionisanexpressionbuiltfromvariablesthatcanbeseteitherto

TrueorFalseandfromtheoperators∧(thelogical“and”,alsocalledconjunction),
∨(thelogical“or”,alsocalleddisjunction)and¬(thelogical“not”,alsocalled
negation).Aformulaissaidtobesatisfiableifandonlyifthereexistsanassignment
ofeachvariabletoTrueorFalsesuchthattheformulaisTrue.
Wedefinetheproblemof satisfiability,notedSATasfollows:

SAT

Input:Abooleanexpression.
Output: TrueiftheformulaissatisfiableandFalseifitisnot.

Occurrencesofavariablexorofitsnegation¬xarecalledliterals.Adisjunction
ofliteralsiscalledaclause. Aformulaiswritteninconjunctivenormalformifit
iswrittenasaconjunctionofclauses.Everyformulacanbewritteninconjunctive
normalform. Foragivenintegerk,aformulaiswrittenink-conjunctivenormal
formifitiswrittenasaconjunctionofclausesofsizeatmostk. Wedefinethe
problemofk-satisfiability,notedk-SATasfollows:
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k-SAT

Input:Abooleanexpressiongivenunderk-conjunctiveform.
Output: TrueiftheformulaissatisfiableandFalseifitisnot.

Example1.31. Leta,b,canddbevariablesandletusconsidertheformula
F =a∨(b∧¬c)∨¬b∧(¬a∨b∨c∨¬d).Itissatisfiedbytheassignmenta=True,
b=True,c=Falseandd=Trueandisthereforesatisfiable.Itcanbewrittenin
conjunctivenormalformasfollows:

F =(a∨b∨¬b)

=True

∧(a∨¬c∨¬b)∧(¬a∨b∨c∨¬d)=(a∨¬c∨¬b)∧(¬a∨b∨c∨¬d).

Thus,Fissatisfiableifandonlyiftheformula(a∨¬c∨¬b)∧(¬a∨b∨e)∧(c∨¬d∨¬e)
issatisfiable.Indeed,byaddinganewvariable,wecanreplaceaclauseofsize2nby
twoclausesofsizen+1andbyiteratingthisprocess,wefindthateveryformulacan
bewrittenunder3-conjunctivenormalform.However,thepolynomialequivalence
betweenSATand3-SATisnottrivial.NotethatourmethodtowriteaformulaF
undernormalconjunctiveformdoesnotprovideaformulawhosesizeispolynomially
boundedbythesizeofF.

Theproblemof3-SATisusefulintheseminaltheoremofCookandLevin.

Theorem1.32.Cook-Levin(1971)[29][80]

3-SATisNP-complete.

Inotherwords,everyprobleminNPispolynomiallyreducibleto3-SAT.Deter-
miningwhetherP=NPisunarguablyoneofthemostimportantopenproblemsin
modernmathematics.ThereasonwhyNP-completenessissoimportantisbecause
findingapolynomial-timealgorithmforanNP-completeproblemwouldanswerthe
conjectureandprovethateveryprobleminNPcanbesolvedinpolynomialtime.
Conversely,ifP=NP,provingthataproblemisNP-completeprovesthatthere
existsnopolynomial-timealgorithmthatcansolveit. TheCook-Levintheorem
considerablysimplifiestheproofsofNP-completenesssincewenowonlyhaveto
reduce3-SAT.ThistheoremwasthereforethefirstofalongseriesofproofofNP-
completeness.See[68]foroneofthemostimportantexamples.

Theorem1.33.

ThefollowingproblemsareNP-hard:

•DeterminingthechromaticnumberofagraphG.

Foragivenintegerk 3,determiningifagraphGisk-colourable(Karp,
1972[68]).

•DeterminingthechromaticnumberofadirectedgraphG.

Foragivenintegerk 4,determiningifadirectedgraphGisk-colourable
(KlostermeyerandMacGillivray,2004[74]).
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•Determiningtheedge-chromaticnumberofagraphG.

Foragivenintegerk 3,determiningifagraphG isk-edge-colourable
(Holyer,1981[62]).

•DeterminingthecliquenumberortheindependencenumberofagraphG
(Karp,1972[68]).

•DeterminingthedominationnumberofagraphG(GareyandJohnson,1979
[53]).

•Determiningthesizeofthesmallestseparating/identifyingcodeinahyper-
graph(GaryandJohnsoninupdatededitionsof[53],1990).

•Determiningthesizeofthesmallestseparating/identifyingcodeinagraph
(Charonetal.,2003[24]).

1.2.3 Approximations

Whennoefficientalgorithmisknownforaproblemthatwehavetosolveonbig
instances,weoftenhavetosettleforheuristicalgorithmsthatarefasterbutdonot
alwaysprovideoptimalorexactanswers.Iftheanswerprovidedbyouralgorithm
iswithinaconstantmultiplicativefactorkoftheoptimalanswer,ouralgorithm
isak-approximation.Ifsuchanalgorithmexistsandruninpolynomial-time,the
problemissaidk-approximable(ork-polynomially-approximable).

Forexample,onecanprovethatfindingmaximalindependentsetsonagraph
Gof maximumdegree4isNP-completeandweknownoalgorithmtosolveit
inpolynomialtime. However,itisprovedin[59]thatthegreedyalgorithmthat
consistsofpickingavertexofminimumdegree,addingittotheindependentset
andremovingitanditsneighbourhoodfromthegraphuntilthegraphisempty
alwaysreturnsanindependentsetatleasthalfasbigasthemaximalindependent
setofthegraph.Thus,findingamaximalindependentsetonagraphofmaximum
degree4is2-approximable.

However,unlessP=NP,thereareproblemsthatarenotk-approximableforany
k. Onesuchproblemisfindingamaximalindependentsetinageneralgraph[8].
Hence,whenfacedwithaproblemwecanproveNP-complete,anaturalquestionis
todeterminewhethertheproblemcanbeapproximatedinpolynomialtimeornot.

1.3 Walks,connectivityandtransitions

1.3.1 Walksandconnectivityinusualgraphs

Thissubsectionpresentsbasicnotionsofgraphtheorythatareespeciallyinteresting
inforbidden-transitiongraphs.

Paths,walks,distances. AwalkW inanundirectedgraphormultigraphbe-
tweenavertexv0andavertexvkisanalternatingsequenceofverticesandedges
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(v0,e1,v1,e2,v2,...,ek,vk)whereei={vi−1,vi}. Theverticesv0andvkarethe
extremitiesofW.TheintegerkiscalledthelengthofthewalkW.
Awalkinadirectedgraphfromavertexv0toavertexvkisdefinedsimilarlyas

analternatingsequenceofverticesandarcsW =(v0,a1,v1,a2,v2,...,ak,vk)where
ai=(vi−1,vi). Here,v0isthestartingpointofW andvkisitsdestination. The
lengthisdefinedsimilarly.

Notethatawalkinadirectedgraphisentirelydeterminedbythesequenceof
arcsitusesandthatawalkinasimplegraph(directedornot)isentirelydetermined
byitssequenceofvertices. Hence,intheappropriatestructures,wecandefinea
walksimplyasasequenceofverticesorasasequenceofarcs.

Apathorelementarypathisawalkthatdoesnotusetwicethesamevertexor
edge(excepttheextremitieswhichmaybethesame). Awalkwhoseextremities
arethesameiscalledacycle(walk)andanelementarycycleisbothacycleandan
elementarypath.

Thedistancedist(u,v)betweenavertexuandavertexvisthelengthofa
shortestwalkfromutov.Ifthereisnowalkbetweenuandv,thendist(u,v)=+∞.

Thenextpropositionstatesanimportantpropertyofelementarywalk.

Proposition1.34.Wecanextractfromeverywalk W onagraphG(directedor
not)apathPthatonlyusesverticesandedgesthatW usesandhasthesamestarting
pointanddestination.

Proof.IfawalkW usestwiceavertexv,weremovealltheedgesandvertices
betweenthefirstandlastoccurrenceofvinW.Thisprocesscanbeiterateduntil
thewalkiselementary.

Thenextpropositionfollowsdirectlyfromthisproof.

Corollary1.35.Theshortestwalkbetweentwoverticesisalwaysapath.

Sincetheconcatenationofawalkfromutovandawalkfromvtowisawalk
fromutowwhoselengthisthusnecessarilygreaterorequalthandist(u,w),the
distanceingraphssatisfiesthefollowingproperty:

Proposition1.36.Triangleinequality:

Forallverticesu,vandw,dist(u,v)+dist(v,w) dist(u,w).

Example1.37.

u

x w

v y

Figure1.14:AnexampleofgraphG.

ConsiderthegraphGdepictedinFigure1.14.ThewalkW =(u,uv,v,vw,w,wx,
x,xv,v,vy,y),thatwecansimplydenotebythevertexsequence(u,v,w,x,v,y)isa
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walkoflength5betweenuandy.ThewalkW isnotelementarysinceitusestwice
thevertexv. WecanhoweverextractfromW thepathP=(u,v,y)byremoving
everythingbetweenthefirstandlastoccurrenceofthevertexvinW.SincePis
theshortestpathbetweenuandy,dist(u,y)=2.

Theredoesnotalwaysexistawalkbetweentwoverticesbutdeterminingwhether
thereexistsawalkandthereforeapathbetweentwoverticesinagraphG=(V,E)
canbedoneintimeO(|V|+|E|).Thisleadsustothenotionofconnectivity.

Definition1.38. Connectivity,connectedcomponents:
LetG=(V,E)beanundirectedgraph. Twoverticesuandvareconnected

ifandonlyifthereexistsawalkbetweenuandv. AGisconnectedifeverypair
ofverticesofGisconnected. TheconnectedcomponentsofGarethemaximal
vertexsubsetsofGthatinduceaconnectedgraph.Sincetheconnectivitybetween
twoverticesinducesanequivalencerelation,theconnectedcomponentsofGareits
equivalenceclassesandarethereforepairwisedisjoint.
LetG=(V,A)beadirectedgraph.Twoverticesuandvarestronglyconnected

ifandonlyifthereexistsawalkfromutovandawalkfromvtou.Similarly,a
graphGisstronglyconnectedifeverypairofverticesisstronglyconnectedandthe
stronglyconnectedcomponentsofGarethemaximalvertexsetsofGthatinduce
astronglyconnectedgraph.Sincestrongconnectivityalsoinducesanequivalence
relation,thecomponentsarepairwisedisjoint.

Example1.39.

u

x w

v y

Figure1.15:AnexampleofgraphG.

LetGbethedirectedgraphdepictedinFigure1.15. Whilethereisawalk
leadingfromutoeveryvertexofthegraph,thereisnowalkleadingtoufromany
othervertex. Hence,thegraphisnotstronglyconnectedand{u}isastrongly-
connectedcomponentofthegraph.Thetwootherstronglyconnectedcomponents
ofthegraphare{x}and{v,w,y}.

Connectivityandcyclesallowustointroducetheimportantnotionoftree.

Definition1.40. Treesandspanningtrees:
AnundirectedgraphGissaidacyclicifandonlyifthereisnoelementarycycle

ofnon-zerolengthinG. Atreeisagraphthatisbothconnectedandacyclic.
Alternatively,atreeisagraphsuchthatthereexistsexactlyonewalkbetween
everypairofvertices.Atreeofnverticesalwayshasn−1edges.Avertexofdegree
oneinatreeiscalledaleaf.
AspanningtreeTofagraphGisanacyclicandconnectedsubgraphofGsuch

thatV(T)=V(G). ThesetE(T)isaminimumsetofedgesofGthatkeepsthe
graphconnected.EveryconnectedgraphGadmitsaspanningtree.
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Example1.41.

w

v

u

z

y

x

Figure1.16:Anillustrationofaspanningtreeonagraph.

ThegraphG =(V,E)depictedinFigure1.16isnotacyclic. Forexample,
thewalk(u,uv,v,vw,w,wu,u)isacycle. ThetreeT=(V,{uv,uw,ux,vy,wz})
depictedinredisacyclicandconnectedandisthereforeaspanningtreeonG.The
verticesx,yandzareleavesinT.

1.3.2 Forbidden-transitiongraphs

Walksingraphsarethemodelofchoicetosolveroutingproblemsinallsortsof
networks.Sofar,wehavedefinedwalksinundirectedgraphsandindirectedgraphs.
However,inmanypracticalapplications,thesetofpossibleroutesanobjectcantake
ismuchmorecomplicatedthanthesetofpossiblewalksinagraph.Forexample,it
iscompletelypossibleinaroadnetworkthatadrivercomingfromagivenroadmay
notturnleftwhiletheroadonhisleftcanbeusedbydriverscomingfromdifferent
roads.Tomodelthiskindofsituations,weneedtotakeintoaccountnotonlythe
edgesofthegraphsbutalsothetransitions.

Definition1.42. Transitionsandforbidden-transitiongraphs:
Atransitioninanundirectedgraphisanunorderedpairofadjacentdistinct

edges.Ifawalkusestwoedgesuvandvwconsecutively(withu=w),itusesthe
transition{uv,vw}. Wecansimplywriteuvwtodenotethetransition{uv,vw}.A
forbidden-transitiongraph(orFTG)isagraphwherecertainpairofedges,although
adjacent,cannotbetakenconsecutively. Moreformally,wedenotebyT(G)and
F(G)respectivelythesetofpermittedandforbiddentransitions(F(G)andT(G)
arecomplementary)ofaFTG.Dependingontheapplications,wedefineaFTG
eitherasatriplet(V,E,T)or(V,E,F). AwalkW =(v0,e0,v1,...,ek,vk)ina
FTG(V,E,T)iscompatible(orT-compatible)ifandonlyifitonlyusestransitions
ofTi.e.foralli k−2,wehavevivi+1vi+2 ∈Torvi=vi+2 (i.e.vivi+1 and
vi+1vi+2arethesameedge). Observethatawalkoflengthoneusesnotransition
andisthereforealwaysT-compatible.
Atransitioninadirectedgraphisanorderedpairofadjacentarcs((u,v),(v,w)).

Thedefinitionsofdirectedforbidden-transitiongraphsandT-compatibilityaresim-
ilarasabove.
AnundirectedFTGisconnectedifthereexistsawalkbetweenuandvforevery

pairofverticesu,vandthatadirectedFTGisstrongly-connectedifthereexistsa
walkfromutovforeveryorderedpairofvertices(u,v).

Inthepartsofthisthesiswherewedealwithforbidden-transitiongraphs,wemay
callthegraphswithnoforbidden-transitionsusualgraphstoavoidanyambiguity.
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Whilethenotionsofdistanceandconnectedcomponentsseemeasytogeneralize
toFTGs,theirpropertiesaredrasticallydifferent. Forexample,thefundamental
Propositions1.34and1.36donotholdanymoreinFTGs.

Example1.43.

u

x w

v y

Figure1.17:AnexampleofundirectedFTG.Theredcrossedlinedenotesaforbid-
dentransitionbetweentheedgesuvandvy.

IntheFTGdepictedinFigure1.17,thewalkW = (u,v,w,x,v,y)isaT-
compatiblewalkleadingfromutoy. WesawinExample1.37thatwecanextract
fromW thepathP=(u,v,y)whichhassamestartingpointanddestinationas
W andonlyusesverticesandedgesthatW uses. However,Pusesthetransition
uvythatW doesnotuseandwenoticethatPisnotT-compatible. Whilethere
isaT-compatiblewalkfromutoy,thereisnoT-compatiblepath.Alsonotethat
theshortestcompatiblewalkfromutoyhaslength4(thewalk(u,v,w,v,y)for
example)whiletherearewalksoflength1fromutovandfromvtoy.

Sincethereisawalkbetweeneverypairofvertices,thisgraphisconnected.

Example1.44.

u

x w

v y

Figure1.18:AnexampleofdirectedFTG.Thetransitionfromthearcwvtovyis
forbidden.

ConsidertheFTGdepictedinFigure1.18.Becauseoftheforbiddentransition,it
isnowimpossibletogofromwtoyeventhoughwandvarestillstronglyconnected
andsoarevandy.Thestrongconnectivityisnolongertransitiveandthereforeno
longeranequivalencerelation.Hence,themaximalvertexsetsthatinducestrongly
connectedcomponentsmaynowoverlap.Inthisgraph,theyare{u},{x},{v,w}
and{w,y}.

Determiningwhetherthereexistsawalkbetweentwoverticesuandvcanstill
easilybedoneinpolynomialtimebuttheexistenceofawalkdoesnotimplythe
existenceofapath.
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Theorem1.45.Szeider(2003)[106]
Determiningwhetherthereexistsapathbetweentwoverticesuandvofa

forbidden-transitiongraphisNP-complete.

Graphswithforbiddentransitionswereintroducedin1968byKotzig[75]and
havesincebeenusedinawiderangeofapplications.AsillustratedbyTheorem1.45,
manyproblemsareharderingraphswithforbiddentransitions.Findingelementary
pathbetweentwoverticesisawell-studiedprobleminthegeneralcase[66]andalso
onsomesubclassesofgraphssuchasgrids[67].Problemsofgraph-decompositionon
FTGshavealsoreceivedalotofattention,see[39]and[50]forimportantexamples.
CompatiblewalksinFTGsalsogeneralizeotherwell-studied modelssuchas

properlycolouredpaths. Givenagraphwithcolourededges(thecolouringofthe
edgesdoesnothavetobeproper),properlycolouredpathsarepathsthatdonot
usetwoedgesofthesamecolourconsecutively.Thiscomesdowntoforbiddingthe
transitionsbetweenedgesofthesamecolour.ThismodelwasintroducedbyDaykin
in1976[25]andhasapplicationsinvariousareaswherethemodelofedge-colouring
isrelevantandinbio-informatics[37]. Wereferthereaderto[56]forasurveyon
thissubject.
Themodelofforbidden-transitiongraphaswellasamoregeneralmodelwhere

wecanforbidanygivensetofsubpaths(atransitionisapathoflength2)arealso
usedinopticaltelecommunicationnetworks. Here,inordertotravelthroughthe
fibersofanetwork,arayoflightneedsspecificpropertiesthatdependonthefiber.
Whileeveryfibercanbeusedbycertainrays,therearesubpathsthatnoraycan
follow.See[79]formoredetailsontheopticalconstraintsand[1]foranexampleof
studyofpathsavoidingforbiddensubpaths.

1.4 Polytopesandlattices

1.4.1 Normsanddistances

ThevectorspaceusedinthisthesisisthespaceRn.Alldefinitionsaregiveninthis
specificcase.

Definition1.46. Norms,distances:
Anormisafunction||·||:Rn→R+suchthat:

•∀x∈Rn,||x||=0ifandonlyifx=0;
•∀x∈Rnandforalla∈R,||ax||=|a|||x||;
•∀(x,y)∈(Rn)2,||x+y|| ||x||+||y||.

Adistanceisafunctiond:Rn×Rn→R+suchthat:
•∀(x,y)∈(Rn)2,dist(x,y)=0ifandonlyifx=y;
•∀(x,y)∈(Rn)2,dist(x,y)=dist(y,x);
•∀(x,y,z)∈(Rn)3,dist(x,y)+dist(y,z) dist(x,z).
Givenanorm||·||,thedistanceinducedbythenormisthefunctiond:(x,y)→

||x−y||.
Givenadistance,wedenotebyB(x,r)theballofcenterxandofradiusrdefined

as{y∈Rn:dist(x,y) r}. Theunitball(orsometimesunitpolytopewhenit
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happenstobeapolytope)istheballofcenter0andofradius1.

Example1.47.Herearethreeimportantexamplesofnorms:

•theEuclideannorm,noted||·||2,isdefinedby||(x1,...,xn)||2= x21+···+x
2
n;

•thenorm||·||1isdefinedby||(x1,...,xn)||1=|x1|+···+|xn|;

•thenorm||·||∞ isdefinedby||(x1,...,xn)||∞ =max(x1,...,xn).

TheunitballsassociatedtothesenormsareillustratedinFigure1.19.

0 1

1

0 1

1

0 1

1

Figure1.19:Theunitballsassociatedrespectivelytothenorms||·||2,||·||1and||·||∞.

Amongthepossibleunitballs,polytopesareespeciallyimportantinthisthesis.

Definition1.48. Polyhedra,polytopes:
An-dimensionalpolyhedronisasetofpointsdefinedasanintersectionofhalf-

spaces(i.e.solutionsofequationsoftheforma1x1+a2x2+···+anxn bforgiven
aiandb∈R).Apolytopeisaboundedpolyhedron.
Wesaythatapolytopeis regularifandonlyifallitsedgeshavesamelength.

Wewouldliketopointoutthatseveraldefinitionsofregularitycanbefoundin
theliteratureandthatsomeofthemarestrongerthanoursandrequiretheregular
polytopestotobeedge-andface-transitive.Ontheotherhand,somedefinitionsof
regularityonlyrequirestheedgesofthesameorbittohavesamelength,whichis
weakerthanourdefinition.
Notethattheunitballdefinedbyanydistanceinducedbyanormisconvex,

symmetric,centeredat0andhasanon-emptyinterior. Theconverseholdsand
allowstodefinepolytopenorms.

Definition1.49. Polytopenorms:
LetPbeaconvex,symmetricpolytopecenteredat0andwhoseinteriorisnon-

empty.ThepolytopenormassociatedtoP,noted||·||P,isthenormdefinedbythe
formula

||x||P=inf{λ∈R
+:x∈λP}

Thedistanceinducedby||·||PisthepolytopedistanceassociatedtoP:itsunit
ballisequaltoP.

Example1.50.
SupposewewanttodeterminethedistancebetweenthepointsAandBonFigure

1.20withthedistanceassociatedtotheregularhexagonP(depictedinblue).From
−−→
AB=

−−→
OC=2

−→
OIanddist(O,I)=1(asIisontheborderofthepolytope),wefind

dist(A,B)=2.
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P

0

C

A

B

I

Figure1.20:Apolytopenorm.

1.4.2 Lattices

Latticesarehelpfulinourstudyofpolytopes.Forfurtherinformation,thereader
mayreferto[55].

Definition1.51.Lattices:
Alatticeofan-dimensionalvectorspaceEisasubsetΛ⊂Esuchthatthere

existsabasisB=(e1,...,en)ofEforwhichΛisthesetofpointswithinteger
coordinates:Λ=e1Z⊕···⊕enZ.Inthiscase,BisabasisofΛ.
TheVoronöıcell(orVoronöıregion)ofalatticeΛ,denotedbyVΛ,isthesetof

pointsofthespacethatarecloserto0thantoanyotherpointofthelattice:

VΛ={x∈R
n:∀y∈Λ,||y−x|| ||x||}.

AcosetisthetranslateofalatticebyavectorofE.LetΛbealatticeofE
andletΛ′beasublatticeofΛ(i.e.alatticeincludedinΛ).BytranslatingΛ′by
vectorsofΛ\Λ′,wecancreateapartitionofΛintocosets.AcosetofΛissimply
acosetincludedinΛandisthusthetranslateofasublatticeofΛ.

Example1.52.
ThefollowinglatticesareofparticularinterestinChapter4.
•ThesetZnisthecubiclatticeandabasisisB={(1,0,...,0),(0,1,...,0),...,

(0,0,...,1)}.ItsVoronöıcellisthehypercubewhoseverticesarethepointsofthe
form±12,±

1
2,...,±

1
2.ItisillustratedinFigure1.21a.Theset(2Z)

2isasublattice
ofZ2andthecosets(2Z)2,(2Z+1)2,2Z×(2Z+1)and(2Z+1)×2ZpartitionZ2.

•ThelatticeAn isdefinedbyAn = (x1,x2,...,xn+1)∈Z
n:

n

i=0

xi=0 .

Notethatitisan-dimensionallatticesinceallitsverticesbelongtothehyper-
planeofRn+1 definedbyx1+x2+···+xn+1 =0. AbasisofAninR

n+1 is
B={(1,−1,0,...,0),(1,0,−1,...,0),...,(1,0,0,...,−1)}.TheVoronöıcellofA2
isillustratedinFigure1.21bandtheVoronöıcellsinhigherdimensionaremore
extensivelystudiedinSubsection4.4.1.
•ThelatticeDnconsistsofthepointswhosecoordinatesareintegersofevensum:

Dn= (x1,...,xn)∈Z
n:

n

i=0

xi≡0 mod2 . AbasisofDnis{(1,1,0,...,0),

(1,−1,0,...,0),(1,0,−1,...,0),...,(1,0,0,...,−1)}.TheVoronöıcellofD2isil-
lustratedinFigure1.21candhigherdimensionsarestudiedinfurtherdetailsin
Subsection4.4.2.
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(1,0)

(0,1)

(a)ThelatticeZ2.

(-1,0,1) (1,0,-1)

(0,-1,1)

(-1,1,0)

(1,-1,0)

(0,1,-1)

(b)ThelatticeA2.

(2,0)

(1,1)

(0,2)

(c)ThelatticeD2.

Figure1.21:Somelattices(pointsdepictedinred)andtheirVoronöıcells(depicted
inblue).

1.4.3 Polytopes

Wesaythataset S∈RnisdiscreteifandonlyifeveryballoffiniteradiusinRn

onlycontainsafinitenumberofelementsofS.

Definition1.53. Tilingsandparallelohedra:

ApolytopePtilesRnbytranslationifthereexistsadiscretesetofvectorsS

suchthat
s∈S

(P+s)=Rnand∀s,s′∈S2,P+sandP+s′havedisjointinteriors.If

inadditiontothepreviousconditions,theintersectionofP+sandP+s′forsand
s′inSisalwayseitheremptyoracommonfaceofbothofthem,Sisaface-to-face
tilingofRnbytranslation.

An-dimensionalparallelohedronisaconvexpolytopePthattilesRnface-to-face
bytranslation.

NotethatapolytopeofemptyinteriorcannottilethespacebecausethesetS
thatitwouldrequireisnotdiscrete.

Severalalternativedefinitionsofparallelohedraexistintheliterature.Inthis
thesis,parallelohedraarebydefinitionconvex,whichisnotalwaysthecase.Fur-
thermore,someauthorsonlyusetheterm“parallelohedra”indimension3andtalk
aboutparallelotopesingeneraldimensionandsimilarlyusethetermspolygons,
polyhedraandpolytopesindimension2,3andinthegeneralcase.However,some
otherauthorsusetheterm“parallelotopes”foran-dimensionalgeneralizationof
parallelepipeds.Toavoidanyconfusion,weavoidtheterm“parallelotope”anduse
“parallelohedra”inthegeneralcase.

Theonlytilingsweareinterestedininthisthesisarethetilingsbytranslation.
Moregeneraltilingswhererotationsareallowedhavebeenwidelystudiedtoo.Those
tilingsmakethelistofpolytopesthattileRnmuchlarger.Thepolygonsthattile
theplanenotablyincludeallthetrianglesandquadrilaterals.Theclassificationof
polygonsthattiletheplanehasrecentlybeencompletedbyRaoin[99]butisnot
oursubjecthere.
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Example1.54.

P1

(a)AtilingofR2byapolygonP1.

P2

(b)Atilingbytranslation
ofR2byapolygonP2.

P2

(c)Aface-to-facetilingby
translationofR2byP2.

Figure1.22

ThepolygonP1depictedinFigure1.22atilestheplanebutitrequiresrotation
(theredpolygonsarenottranslatedoftheblueones)andP1isnotaparallelohedron.
ThetilingdepictedinFigure1.22bisnotaface-to-facetilingbutP2alsotilesthe
planeface-to-faceasdepictedinFigure1.22candisthereforeaparallelohedron.

Weonlystudyconvexpolytopesinthisthesisbecauseonlythemdefineanorm.
Tilingsbytranslationareespeciallyimportanttousbecauseifweapplyarotation
toaunitpolytope,itlosesthepropertythatitonlycontainsverticesatdistance
smallerthanonetoacenter.TheclassificationoftheconvexpolytopesthattileRn

andespeciallyR2andR3bytranslationisfundamentalforChapters4and5:the
restofthissectionisdevotedtothemainresultsaddressingthisclassification.

Theorem1.55.Venkov(1954)[109]
TheconvexpolytopesthattileRnbytranslationareexactlytheparallelohedra,

i.e.theconvexpolytopesthattileRnbytranslationface-to-face.

ThevectorsetSofaface-to-facetilingofRnbyaparallelohedron(seeDefinition
1.53)isalattice.Forfurtherdetailsonthecharacterizationofparallelohedra,we
referthereadertotheworksofMinkowski[89]andMcMullen[86].
NotethattheVoronöıcellofanylatticeΛ∈RntilesRnfacetofacewhen

translatedbyΛ.Voronöı’sconjecturestatesthattheconversealsoholds:

Conjecture1.56.Voronöı(1908)[110]
IfPisaparallelohedroninRn,thenthereisanaffinemapϕ:Rn→ Rnsuch

thatϕ(P)istheVoronöıregionofalatticeΛ⊂Rn.

Thisconjecturehasalreadybeenprovedforseveralfamiliesofparallelohedra
suchasprimitiveparallelohedra(Voronöı,1908[110])orzonotopalparallelohedra
(Erdahl,1999[40]).Delaunaysolveditforlowdimensions:

Theorem1.57.Delaunay(1929)[35]
Voronöı’sconjectureholdsindimensionupto4.
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Hence,classifyingtheparallelohedraindimension2and3comesdowntoclas-
sifyingtheVoronöı’scellsof2-or3-dimensionallattices.

1.4.4 Classificationoftheparallelohedraindimension2and3

Formoredetailsontheclassificationwepresentinthissubsection,wereferthe
readerto[27].

TheonlytwopossibleVoronöıcellsindimension2arerectanglesandaspecific
kindofhexagoncalledVoronöıhexagon(seeFigure1.23).Theparallelohedraalso
containtheparallelogramssinceeveryparallelogramcanbewrittenastheimageof
arectanglebyanaffinemap.

Proposition1.58.Therearetwokindsofparallelohedraindimension2:

•parallelograms;

•Voronöıhexagons,whicharehexagonswhoseoppositesidesareparallels.

Theassumptionthattheverticesofourpolytopesdonotcoincideisrarelyuseful
inourproofs. Hence,wecanseeparallelogramsasaspecificdegeneratedcaseof
Voronöıhexagonsthathaveapairofoppositesidesofzerolength.Voronöıhexagons
canthusbeseenasthemostgeneral2-dimensionalparallelohedra.

(a)RectangularVoronöıcells. (b)HexagonalVoronöıcells.

Figure1.23:ThetwokindsofVoronöıcellsintheplane.

Theclassificationofparallelohedraindimension3isslightlymorecomplicated.
Themostgeneralparallelohedronindimension3iscalledthetruncatedoctahedron
(seeFigure1.24e).Inthemostregularcase,itcontains36edgesofsamelength
thancanbegroupedintosixsetsofsixparalleledges. However,inthegeneral
case,weonlyneedtheedgeswithinthesamegrouptohavethesamelengthforthe
polytopetotileR3.Justlikeintheplane,oneofthosegroupscanconsistofedges
oflengthzero.Inthiscase,weobtainanelongateddodecahedron(seeFigure1.24d).
Theelongateddodecahedroncontains28edgesthatcanbegroupedin4groupsof
6andagroupof4edges(theedgesthatseparatethehexagonalfaces)thatmustbe
parallelandhavesamelength.Ifweshrinkoneofthegroupsof6edges,weobtain
anhexagonalprism(seeFigure1.24c).Ifweshrinktheedgesofthegroupofsize4,
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weobtainarhombicdodecahedron(seeFigure1.24b).Ifweshrinkboth,weendup
withacuboid(seeFigure1.24a,itisthetheVoronöıcellofZ3).Theclassification
endshereasshrinkinganyothergroupofedgeswouldleadtoapolytopeofempty
interior.

Proposition1.59.Therearefivekindsofparallelohedraindimension3:

•cuboids;

•rhombicdodecahedra;

•hexagonalprisms;

•elongateddodecahedra;

•truncatedoctahedra.

(a)Acube. (b) Arhombicdodecahe-
dron.

(c)Anhexagonalprism.

(d)Anelongateddodecahedron. (e)Atruncatedoctahedron.

Figure1.24:The5kindsof3-dimensionalparallelohedraintheirmostregularform
possible,wherealltheedgeshavesamelength.

TheVoronöıcellsofA3andD3arerhombicdodecahedraandofcourse,the
VoronöıcellofZ3isacube.Alsonotethatthefacesof3-dimensionalparallelohedra
arealways2-dimensionalparallelohedra.
Thetruncatedoctahedronandespeciallythecasewherealltheedgeshavesame

lengthisatthecoreofChapter5.Itisaspecificcaseofpermutohedron,which
providesaninterestingcoordinatesystemtostudyit.

Definition1.60. Permutohedron:
An-dimensionalpermutohedronorpermutohedronofordern+1istheconvex

hullofthesetofpointsofRn+1whosecoordinatesareapermutationof{1,2,...,n+
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1}.ItisthuscontainedinthehyperplaneofRn+1definedby

n+1

i=1

xi=
(n+1)(n+2)

2

andisthereforean-dimensionalpolytope.Twoverticesareadjacentifandonlyif
thecoordinateofonecanbeobtainedfromthecoordinateoftheotherbytransposing
twoconsecutiveintegers.Figure1.25illustratesthe2-dimensionalpermutohedron.

(1,2,3) (3,2,1)

(2,1,3)

(1,3,2)

(3,1,2)

(2,3,1)

Figure1.25:Thepermutohedronoforder3isaregularhexagon.

Atruncatedoctahedronwhoseedgesallhavesamelengthisapermutohedron
oforder4. Wenowdescribeitusingthepermutohedroncoordinates.

Aregularoctahedronconsistsof6verticesofdegree4andhas12edgesand8
triangularfaces.Sincetheverticeshavedegree4,thetruncationreplacesthemby
asquare.Thetruncatedoctahedronthereforehas6×4=24vertices,8hexagonal
facesand12edgesbetweenhexagonalfaces(thefacesandedgesoftheoctahedron),
6squarefacesand6×4=24edgesthatcomefromthetruncationandbelongtoa
squareandanhexagonalface.Thisamountsto36edgesand14faces.

Ifweseethetruncatedoctahedronasapermutohedroninthehyperplaneof
R4definedbyx1+x2+x3+x4=10,thecoordinatesofthe24verticesarethe
permutationof{1,2,3,4}. Avertexvhasthreeneighbourswhosecoordinatescan
beobtainedfromthecoordinatesofvbytransposingrespectively1and2,2and3
and3and4(henceatotalof36edges).Byfixingoneofthecoordinateto1or4,
wedefine8planesthateachcontainsatranslationofapermutohedronoforder3
(whichisaregularhexagon).Eachvertexbelongstotwoofthose8facesdepending
onwhichoftheircoordinatesareequalto1and4. Fromagivenvertex,wecan
transpose1and2or3and4independentlyinanyorder,whichdefinesasquare.
Eachsquareisdefinedbywhichtwoofthefourcoordinatesofitsverticesareequal
to1and2,whichamountsto6squarefacesandeachvertexbelongstoexactly
one. Hence,the12edgesthatdenotethetranspositionof2and3belongtotwo
hexagonalfacesandthe24otheredgesbelongtobothasquareandanhexagon.
Figure1.26illustratestheneighbourhoodofavertexofthetruncatedoctahedron.

Notethateverypermutohedronisvertex-transitivebutapermutohedronoforder
n 4isnotedge-transitive.

1.5 Rationallanguagesandautomata

Thissectiononlypresentsthefewnotionsthatweuseinthisthesisanddoesnot
intendtogiveadetailedoverviewoflanguagetheory.Forfurtherinformationon
thissubject,wereferthereaderto[64].
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(1,3,4,2)

(1,4,3,2) (2,3,4,1)

(2,4,3,1)

(1,4,2,3) (3,2,4,1)

(2,4,1,3) (4,2,3,1)

(3,4,2,1)

(3,4,1,2) (4,3,2,1)

x2=4 x4=1

x1+x4=3

Figure1.26:Arepresentationofthevertexofcoordinates(2,4,3,1)depictedinred
andallthefacesitbelongsto.Theequationofthefacesarewritteninblue.

1.5.1 Rationallanguages

Definition1.61. Alphabets,words,languages:

Analphabetisanon-emptyfiniteset. Theelementsofanalphabetarecalled
letters.AwordoflengthkonthealphabetAisasequenceofklettersofA.The
wordoflength0,calledtheemptyword,isdenotedbyε. Alanguageisasetof
wordsonagivenalphabet(unlikealphabets,languagedonothavetobefinite).

Definition1.62. Prefixes,suffixes,factors,subwords:

Ifaworducanbewrittenastheconcatenationvwxofthree(possiblyempty)
wordsv,wandx,thenv,wandxarerespectivelyaprefix,afactorandasuffix
ofu. Awordw=w0w1...wnisasubwordofawordvifandonlyifthereexist
v0,v1,...,vn+1∈A

∗suchthatu=v0w0v1w1...vnwnvn+1.

Example1.63.

Thewordsεandexaareprefixesofthewordexample. Thewordxamplisa
factorofexample.Thewordxaleisasubwordofexample.Allprefixesandsuffixes
ofawordarefactorsandallfactorsaresubwords.

Awordoflengthnhasn+1distinctprefixes,n+1distinctsuffixes,atmost
n(n+1)
2 +1distinctfactorsandatmost2ndistinctsubwords.

Thelanguagesusedinthisthesisallbelongtoaspecificsubclasscalledrational
languagesthatweintroducehere.

Definition1.64. Rationallanguages:

RationallanguagesonanalphabetAaredefinedinductivelyasfollows:

•∅isrational;

•∀a∈A,thelanguage{a}oftensimplydenotedbyaisrational;

•forallrationallanguagesL1andL2,theiruniondenotedbyL1+L2isrational;
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•forallrationallanguagesL1andL2,theirconcatenationL1L2isrational.The
concatenationofL1andL2isthesetofwordsthancanbewrittenuvwith
u∈L1andv∈L2.

•ForallrationallanguagesL,L∗=
k∈N∗

Lkisrational. Theoperator∗is

calledKleenestarorKleeneclosuresinceitistheclosureofLbytheabove
operations.

WedenotebyRat(A)thesetofrationallanguagesonanalphabetA. Anex-
pressionthatdescribesalanguageasacombinationoflettersorwordsbytheabove
operationsiscalledaregularexpression.

Example1.65.
ThesetofallwordsonanalphabetAisA∗andthesetofallwordsoflengthk

isAk.Theseareregularexpressionsandthoselanguagesarethereforerational.A
languagethatcontainsasinglewordisalwaysregulartoosinceitistheconcatenation
oflanguagesofoneletter.
ThelanguageofthewordsofevenlengthonanalphabetAcanbewritten

L1=(A
2)∗andisrational.

Thelanguageofthewordsonthealphabet{a,b,c}thatcontaintheletteraat
mosttwiceisrationaltooandcanbewrittenL2=(b+c)

∗(a+ε)(b+c)∗(a+ε)(b+c)∗.
Thelanguageofthewordsonthealphabet{a,b}thatcontainexactlyoneoc-

currenceofoneoftheirletterisL3=a
∗ba∗+b∗ab∗andisrational.

However,thelanguageofwordson{a,b}thatcontainsexactlyasmanyoccur-

rencesofeachletteroreventhelanguage
n∈N

anbnarenotrational(theonlypossible

infinitesumsinaregularexpressionaretheKleenestars).

1.5.2 Automataandrecognition

Thissubsectionpresentsthenotionofautomata,whichcreatesinterestingbridges
betweenlanguageandgraphtheories.

Definition1.66. Automata:
Anautomatonisa5-tuple(A,Q,T,I,F)where:

•Aisthealphabettheautomatonisdefinedon.

•Qisthesetofstatesoftheautomaton.

•T⊂Q×A×Qisthesetoftransitionsoftheautomaton. Atransitiont
ofanautomatonisatriplet(q1,a,q2)whereq1iscalledtheoriginoft,a
iscalleditslabelandq2itstarget. Transitionsinautomatacanbeseenas
labelledarcsbetweenstatesandshouldnotbeconfusedwithtransitionsin
graphs(Definition1.42).

•I⊂Qisthesetofinitialstatesoftheautomaton.

•F⊂Qisthesetoffinalstatesoftheautomaton.
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Thetransitionfunctionofanautomatondeterminesinwhichstatestheautoma-
tonendsupifitisinagivensetofstatesS∈P(Q)andreadsagivenwordu∈A∗.
Intuitively,theautomatonisateachstepoftheruninasubsetofitsstates.Reading
theemptyworddoesnotchangethestatestheautomatonisin. Afterreadinga
lettera,theautomatonisinallthestatesthatarethetargetsofatransitionlabelled
byawhoseoriginisastatetheautomatonwasinbeforereadinga. Weiteratethis
processforeachletterofthewordthattheautomatonreads.Theautomatonstarts
intheinitialstatesIandthequestioniswhetherthestatesoftheautomatonafter
readingagiveninputwordcontainsoneofthefinalstatesf∈F.

Definition1.67. Recognizablelanguages:
Let(A,Q,T,I,F)beanautomaton.Itstransitionfunctionδ:P(Q)A∗→P(Q)

isdefinedinductivelyasfollows:

•∀S∈P(Q),δ(S,ε)=S

•∀S∈P(Q),∀a∈A,δ(S,a)={q∈Q|∃s∈S,∃t∈T,t=(s,a,q)}

•∀S∈P(Q),∀u∈A∗\{ε},δ(S,u)=δ(δ(S,a),u′)whereu=au′witha∈
A,u′∈A∗

Aworduisacceptedbyanautomaton(A,Q,T,I,F)ifandonlyifδ(I,u)∩F=
∅.Thelanguagerecognizedbyanautomatonisthesetofwordsthatthisautomaton
accepts. Alanguageisrecognizableifandonlyifthereexistsanautomatonthat
recognizesexactlythislanguage.Thesetofrecognizablelanguagesonanalphabet
AisnotedRec(A).

Anautomaton(A,Q,T,I,F)canbedepictedbyadirectedmultigraphwhose
vertexsetisQandthatcontainsanarc(u,v)labelledbyaforeachtransition
(u,a,v).Twotransitions(u,a,v)and(u,b,v)withsameoriginandtargetmaybe
depictedbyasinglearc(u,v)labelledbybothaandb. Wedepictinitialstatesby
incomingbluearrowsandfinalstatesarecircledinred.

Example1.68.
TheautomatadepictedinFigure1.27recognizethelanguagesL1=(A

2)∗,L2=
(b+c)∗(a+ε)(b+c)∗(a+ε)(b+c)∗andL3=a

∗ba∗+b∗ab∗describedinExample
1.65.
IftheautomatondepictedinFigure1.27breadsthewordbacb,itsstatesare

successively{q0}(beforereadinganything),{q0}(afterreadingb),{q1}(afterread-
ingba),{q1}(afterreadingbac)and{q1}(afterreadingbacb).Theautomatonends
inthestateq1whichisfinalandthus,bacb∈L2.Ifthesameautomatonreadsthe
wordabaac,itssuccessivestatesbeforereadingthewordandaftereachletterare
respectively{q0},{q1},{q1},{q2},∅and∅.Thesetofstatestheautomatonends
indoesnotcontainafinalstate.Hence,abaac/∈L2.
IftheautomatondepictedinFigure1.27creadsthewordaba,itssuccessive

statesare{q0,q2},{q0,q3},{q1,q3}and{q1}.Sinceq1isafinalstate,aba∈L3.

Wearenowreadytointroduceafundamentalcharacterizationofrecognizable
languages:
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q0 q1
A

A
(a)AnautomatonthatrecognizesL1.

q0 q1 q2

b,c b,c b,c

a a

(b)AnautomatonthatrecognizesL2.

q0 q1

a a

b

q2 q3

b b

a

(c)AnautomatonthatrecognizesL3.

Figure1.27

Theorem1.69.Kleene(1956)[73]
ForallalphabetsA,Rat(A)=Rec(A).

Inotherwords,alanguageLisrationalifandonlyifthereexistsanautomaton
thatrecognizesexactlythewordsofL.Themainconsequenceisthateveryrecog-
nizablelanguagecanbedescribedbyaregularexpression.Therestofthissection
presentshowonecandeducearegularexpressionofalanguagefromanautomaton
thatrecognizesit.

Lemma1.70.Arden(1961)[2]
LetKandLbetwolanguagessuchthatε/∈K.Theonlysolutionoftheequation

X=KX+LisX=K∗L.

SupposewewanttofindaregularexpressionofthelanguageLrecognizedby
theautomaton(A,Q,T,I,F).Foreachstateq∈Q,wedenotebyLqthelanguage
recognizedbytheautomaton(A,Q,T,{q},F). Weendupwiththefollowingsystem:






Lq=






(q,a,r)∈T

aLr+εifq∈F

(q,a,r)∈T

aLrelse

L=
q∈I

Lq

ThissystemcanbesolvedbyGaussianeliminationwithArden’slemma. At
eachstepoftheresolution,thelanguagesaredenotedbyregularexpressions.

Example1.71.
LetusdeterminearegularexpressionofthelanguageLrecognizedbytheau-

tomatondepictedinFigure1.28
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q0

q1 q2

ba

a

b

c

Figure1.28:Anexampleofautomaton.

Oursystemis






L0=bL1+cL2

L1=aL0+bL2+ε

L2=aL1

L=L0

,byeliminationofL2thisleadsto






L0=(b+ca)L1

L1=aL0+baL1+ε=(ba)
∗(aL0+ε)

L=L0

andbyeliminationofL1wefind:

L=L0=(b+ca)(ba)
∗aL0+(b+ca)(ba)

∗=((b+ca)(ba)∗a)∗(b+ca)(ba)∗.

1.6 Linearprogramming

Forfurtherinformationonthesubjectdevelopedinthissection,wereferthereader
to[12].

1.6.1 Definitions

Webeginbydefiningthefamilyoflinearprograms:

Definition1.72. LinearPrograms:
Alinearprogramisaproblemdefinedby

•Asetofrealvariables{x1,x2,...,xn}wherenisthenumberofvariablesof
theproblem.

•AnobjectivefunctiondescribedbyarealvectorC=(c1,c2,...,cn)ofsizen
too.

•Asetofconstraintsdefinedbyarealmatrix(Ai,j)with1 i n,1 j m
andarealvectorB=(b1,b2,...,bm)wheremisthenumberofconstraintsof
theproblem.

Solvingtheproblemconsistsofassigningrealvaluestothevariablesx1,...,xn

suchthat∀j m,

n

i=1

Ai,jxi bjandthatmaximize

n

i=1

cixi.
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Anassignmentofthevariablesiscalledasolution.Asolutionthatsatisfiesall
theconstraintsiscalledafeasiblesolution.Afeasiblesolutionthatmaximizesthe
objectivefunctioniscalledanoptimalsolution.Ifthereisnofeasiblesolution,the
probleminunfeasibleandiftherearefeasiblesolutionsbutnooptimalsolution,the
problemisunbounded.
Suchproblemsarecalledlinearbecauseneithertheobjectivefunctionnorthe

constraintsinvolvetheproductoftwovariables.

MinimizingtheobjectivefunctiondescribedbyavectorCcomesdowntomax-
imizingtheobjectivefunctiondescribedby−C.Similarly,satisfyingtheconstraint

∀j m,

n

i=1

Ai,jxi bjcomesdowntosatisfying∀j m,

n

i=1

−Ai,jxi −bjanda

constraintoftheform∀j m,

n

i=1

Ai,jxi=bjcanbewrittenastheconjunctionof

twoinequalities. Wecanusewhicheverofthesevariantsisthemostconvenientfor
theproblemwestudy.
AsolutiondefinesapointofRn,aconstraintdefinesahyperplaneandasolution

satisfiesaconstraintornotdependingonwhichsideofthehyperplaneitison.
Hence,thesetoffeasiblesolutionsisdefinedbytheintersectionofafinitenumber
ofhalf-spacesandisthereforeaconvexpolytope. Onecanprovethatifoptimal
solutionsexist,atleastoneofthemisavertexofthepolytopeandthatavertex
ofthepolytopethatreachesastrictlyhigherobjectivevaluethanallitsneighbour
(alsocalledalocaloptimal)isaglobaloptimali.e.anoptimalsolution.Thisisthe
keyobservationthatledtoDantzig’sseminalSimplexAlgorithm[33]thatsolves
linearprogramsveryefficientlyinpractice.

Example1.73.
TheproblemP1thatconsistsofmaximizingx1−x2undertheconstraintsx1

x2−1andx2 x1−1isinfeasible.
TheproblemP2thatconsistsof maximizing2x1−x2undertheconstraints

x1−x2 0isfeasible.Forexample,(3,4)isafeasiblesolution. However,(k,k)
isafeasiblesolutionforallk∈Randreachestheobjectivevalueofk.Thus,this
problemisunbounded.
TheproblemP3thatconsistsofmaximizingx1−x2undertheconstraints−1

x1 5,x2 2andx1−2x2 0isboundedandfeasible. Anoptimalsolutionis
(4,2)anditsvalueis2.TheproblemisrepresentedonFigure1.29wherethefeasible
solutionsaredepictedinyellow,theobjectivefunctioninblue,theconstraintsin
redandtheoptimalsolutioningreen.

Theworstcaseforthesimplexalgorithmiswhenadjacentverticesofthepolytope
offeasiblesolutionsachievethesameobjectivevalue,asillustratedbytheKlee-Minty
cubein[72]. Manyvariantsexisttobetterdealwithsomepathologicalcasesbutall
theimprovedversionsalsohaveexponentialworst-casecomplexity.Thecomplexity
oflinearprogrammingremainsopenandimprovingtheresolutionoflinearprograms
isaveryactivefield. However,thesimplexalgorithmyieldsverygoodresultson
practicalinstances.Foraprobabilisticanalysisofthesimplexalgorithmonrandom
instancesthatexplainsitsverygoodresultsinpractice,wereferthereaderto[15].
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0

1

1

x2

x1

1

2

x1=−1
x1=5

x1=2x2

x2=2
(4,2)

objective

Figure1.29:AgraphicalrepresentationoftheproblemP3.

1.6.2 Integerlinearprogramming

InmanydecisionoroptimizationproblemsincludingalltheproblemslistedinThe-
orem1.33,thesetofpossiblesolutionsisdiscrete. Hence,thoseproblemscannot
bemodelledbyalinearprogram.Inthissubsection,weintroduceastrongermodel
moresuitableforthiskindofproblems.

Definition1.74. IntegerLinearPrograms:
AnIntegerLinearProgram(orILP)isalinearprogramwhosevariablescan

onlytakeintegervalues.Alinearprogramwheresomeofthevariableshavetotake
integervaluesandsomeothersdonotisaMixedIntegerLinearProgram(orMILP).

Sincetheverticesofthepolytopeoffeasiblesolutionsdonotnecessarilyhave
integercoordinates,thesimplexalgorithmdoesnotworkanymore.Givenaninteger
linearprogram,itispossibletoaddconstraintsthatdonotdiscardintegersolutions
andensurethattheverticesofthepolytopehaveintegercoordinatesbutthenumber
ofconstraintstoaddisnotnecessarilypolynomiallyboundedinthenumberof
constraintsoftheILP.Asaresult,ILPsareunfortunatelymuchhardertosolve
thanregularlinearprograms.

Theorem1.75.Karp(1972)[68]
ILPisNP-complete.

SinceMILPisageneralizationofILP,itisNP-completetoo. However,reduc-
tiontoILPareoftennaturalandthereexistseveralefficientsolvers.Hence,when
confrontedtooptimizationproblemsongraphs,itisoftenhelpfultoreducethem
tolinearprogrammingorILP.Therestofthissubsectionpresentstwoexamplesof
reductionofimportantgraphproblemstoILPthatareusefullaterinthisthesis(in
Chapters5and2respectively).

Example1.76.MaximumIndependentSet(seeDefinition1.18)
Considerthefollowingkeyproblem:

MaximumIndependentSet.

Input:AgraphG.
Output: Anindependentsetofmaximumcardinality.
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LetV=(v1,v2,...,vn)bethesetofverticesofG. Wedefineabinaryvariable
foreachvi∈V. Thisvariableisequaleitherto0or1dependingonwhethervi
belongstoourmaximumindependentset.

Theobjectiveistomaximize

n

i=1

xi(theindependentsethastobeasbigas

possible).
Theconstraintsare∀i,0 xi 1(binaryvariables)and∀{vi,vj}∈E(G),xi+

xj 1(twoadjacentverticescannotbothbelongtoanindependentset).Thevalue
oftheobjectivefunctionindicatesthemaximumsizeofanindependentsetandthe
variablessetto1inanoptimalsolutiongiveanexampleofamaximumindependent
set.

BeforemovingtothesecondexampleofreductiontoILP,weneedtodefine
separatingsets,whichareofgreathelpinChapter2.

Definition1.77.Separatingsetoftwoindividuals:
LetIbeasetofindividualsandAbeasetofattributes.Let(i,i′)∈I2besuch

thati=i′. Theseparatingsetofiandi′,denotedbySep(i,i′),isthesymmetric
differenceoftheirattributesi.e.thesetofattributesthatexactlyoneofthem
possesses.

Example1.78.MinimumTestCover/MinimumSeparatingCodeinahypergraph
(seeDefinition1.24):

MinimumTestCover.

Input:AsetofindividualsIandasetofattributesA⊂P(I)
Output: AminimumsetofattributesCsuchthatalltheindividualsofIare
characterizeduniquelybytheattributesofCtheypossess.

Foreachattributea∈A,letxabeabinaryvariablethatindicateswhether
a∈C.Notethattwoindividualsiandi′havedistinctsignaturesaccordingtoaset
ofattributesCifandonlyifCpossessesatleastoneattributeoftheirseparating
set. Weobtainthefollowingsystem:






minimize
a∈A

xa

∀(i,i′)∈I2withi=i′,

a∈Sep(i,i′)

xa 1

ThisILPhasasolutionifandonlyifalltheseparatingsetsarenon-emptyi.e.
ifandonlyifnotwoindividualspossessexactlythesameattributes.Thisprogram
alsosolvestheproblemofseparatingcodeinagraph(Definition1.21),whichisa
specialcaseofthisproblem(seeExample1.29).Thus,thereexistsaseparatingcode
inagraphG=(V,E)ifandonlyif∀u,v∈V2,N[u]=N[v].
SuchILPreformulationofidentifyingcodesproblemshavebeenstudiedexten-

sivelybyArgiroffoetal.in[3].
Ifonewantstosolveidentifyingcodeinstead,weneedthesolutiontoalsobe

dominating,i.e.∀i∈I,∃a∈C,i∈a. Whileseparationanddominationseem
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unrelatedatfirstsight,onecanactuallyeasilyreduceidentificationtoseparation.
Indeed,noticethatseparationconsistsofmakingthesignaturesoftheindividuals
pairwisedistinctwhileidentificationrequiresthatthesignaturesarebothpairwise
distinctandnon-empty.Therefore,allwehavetodoisaddtooursetofindividuals
anartificialindividualthathasnoattributeandwhosesignatureisthusnecessarily
empty. Wetherebyforcealltheotherindividualstohavenon-emptysignatures.
Hence,theidentificationproblemisresolvableifandonlyifnotwoindividualspos-
sessexactlythesameattributesandeachindividualpossessesatleastoneattribute.
Finally,wementionedinSubsection1.1.4thatinsomeapplications,someat-

tributesaremoreexpensivetotestthanothersandwearemoreinterestedinatest
coverofminimumcostthaninatestcoverofminimumsize. Thereductionwe
presentabovecaneasilybegeneralizedtotheweightedcase:ifeachattributeahas

acostca,wereplaceourobjectivefunctionby
a∈A

caxa.
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Chapter2

Separatingcodesandtraffic
monitoring

Thischaptermainlypresentstheworkpublishedin[9].

Contents

2.1 Introduction .......................... 55

2.2 Thetraffic monitoringproblem............... 56

2.3 Anew modelofseparation:separationonalanguage . 59

2.4 Separationofafinitesetofwalks.............. 60

2.5 Separationofwalkswithgivenendpoints......... 63

2.6 Separationofwalkswithforbiddentransitions...... 69

2.7 Conclusion ........................... 75

2.1 Introduction

Characterizingobjectsbytestingasfewpropertiesaspossibleisanimportanttask
indiagnosisoridentificationproblemsandhasbeenbroadlystudiedinvarying
formsincludingseparating,identifyingcodesandtestcovers(seeDefinitions1.21
and1.24).Separatingcodeshavemanyapplicationsinawiderangeofdomains.
Ineachcase,wehavetodeliveradiagnosiswithlimitedorexpensiveaccessto
information.Notableexamplesincludevisualizationandpatterndetection[14][93],
routing[76]orfaultdetection[87]intelecommunicationnetworks,aswellasmany
areasofbio-informatics,suchasanalysisofmolecularstructures[60]orinmedical
diagnosis,wheretestcoversarethecoreofdiagnostictables[111]andaretherefore
importantforbloodsamplingorbacterialidentification(see[112]forasurveyon
different methods). Separatingcodeshavealsobeenstudiedunderthenameof
sievesinthecontextoflogiccharacterizationsofgraphs;thesizeofaminimum
separatingcodedeterminesthecomplexityofthefirst-orderlogicformularequired
todescribeagraph[71].

Inthischapter,thestudiedproblemistrafficmonitoring.Assumethattrafficis
goingthroughanetworkmodelledasadirectedgraph(e.g.carsinatown,packets
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inatelecommunicationnetwork,skiersinaskiresort...)andthatwearegiventhe
opportunitytoinstallsensorsonthearcsofthegraph.Eachtimeanobjectwalks
inthegraphandgoesthroughanequippedarc,itactivatesasensor,andweknow
howmanytimesandinwhichordereachsensorwasactivatedbythatobject. We
aregiventhesetofpossiblewalkstheobjectcantake.Ourgoalistofindwhereto
placethesensorssothatweareabletodetermineexactlywhichroutetheobject
tookfromtheinformationgivenbythesensors.ThisproblemhasbeenprovenNP-
completebyMaheshwariin[85],eveninthecaseofacyclicdirectedgraphs.Aside
fromthecomplexityaspect,fewresultshavebeenobtainedontheproblem. We
havetotakeintoaccountinformationsuchasthemultiplicityandtheorderofthe
signalssentbythesensors,whichplacethisproblembeyondtheexpressivepower
ofexistingmodelsforseparatingcodesandtheirresolutionmethods.
Forthespecialcaseofmonitoringskiers,Meurdesoifetal.developedasolution

foracyclicdirectedgraphs[88].Theiralgorithmisbasedondouble-pathdetection
andtheirapproachisverydifferentfromours.Inthischapter,wepresentanew,
moreflexibleapproachbasedonseparatingcodesthatallowsustohandlemore
generalproblems.
Section2.2givesaformaldefinitionofthetrafficmonitoringproblemandoutlines

thelimitationsoftheseparatingcodemodelthatmakeitunsuitableforhandling
trafficmonitoring. WepresentinSection2.3anewmodelofseparationbasedon
languagetheorythatovercomestheselimitationsandevengeneralizesthetraffic
monitoringproblem. Thenextthreesectionsfocusonparticularcasesoftraffic
monitoring.Section2.4studiesthecasewherethesetofwalkstoseparateisfinite
andpresentareductiontoanintegerlinearprogram.Section2.5studiesthecase
wherewewanttoseparateeverywalkstartingfromagivensetofstartingpoints
andleadingtoagivensetofdestinations.Suchsetsofwalkscanbeinfiniteand
wouldthereforeyieldinfinitelymanyconstraints. Westudytheunderlyinglanguage
andexhibitsomepropertiesthatenableustoreformulatetheproblemasastandard
integerlinearprogramwithfinitelymanyconstraints.Section2.6solvesthesame
probleminthemoregeneralcaseofgraphswithforbiddentransitions.Thismodel
ismuchmorerelevantforphysicalnetworkssuchasroadnetworks.

2.2 Thetraffic monitoringproblem

2.2.1 Definition

Here,wemodelanetworkwithadirectedgraphandhavetheoptionofinstalling
sensorsonthearcsofthegraph. Allthegraphsweconsiderinthischapterare
directedandcanbemultigraphsunlessexplicitlystatedotherwise. Theaimisto
determinewheretoplacethesensorstobeabletoreconstructtherouteofobjects
walkinginthegraph.

Definition2.1. TrafficMonitoring:
LetG=(V,A)beadirectedgraphandletC⊂Abethesetofarcsequipped

withsensors. WesaythatthearcsofCaremonitored.
Whenanobjectwalksin G,itactivatesasensoreachtimeitusesamonitored

arc.Bymovinginthegraph,theobjectthusactivatesthesensorsacertainnumber
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2.Separatingcodesandtrafficmonitoring

oftimesinacertainorder. Wecalltheorderedsequenceofactivatedsensorsthe
signatureofthewalkoftheobject.

Inthisproblem,wearegiventhesetW (whichdoesnothavetobefinite)of
potentialwalks(alsocalledroutes)thattheobjectinthegraphcantake. Aset
ofarcsCseparatesW ifandonlyifallthewalksinW havedifferentsignatures.
Ifthisisthecase,theinformationgivenbythesensorsissufficienttodetermine
exactlywhichroutetheobjectpicked. Notethatwemakenoassumptiononthe
speedoftheobject;thetimebetweentheactivationoftwosensorscannotbeused
todeterminewhattheobjectdidinthemeantime.However,weknowtheorderin
whichthesensorswereactivated.

TheTrafficMonitoringproblemisdefinedasfollows:

Traffic Monitoring

Input:AdirectedgraphG=(V,A)andasetW ofwalksinG.
Output:AminimumsetofarcsCsuchthatthesignaturesofthewalksofW are
pairwisedistinct.

Example2.2.

w

u

v

y

z

x

a

b

Figure2.1:Anacyclicgraphequippedwithtwosensors.

ConsiderthegraphdepictedinFigure2.1. Assumethatwewanttoseparate
thesetW ={W1=(u,v,x,z),W2=(u,w,x,z),W3=(u,w,y,z)}ofwalksfromu
toz. WemonitorthesetofarcsC={uw,xz}depictedinblueandwenoteathe
sensorweputonthearcuwandbthesensoronxz. Thus,thesignaturesofthe
walksofW arerespectivelysign(W1)=b,sign(W2)=abandsign(W3)=awhich
meansthatCseparatesW. OnecancheckthatnosetofonesensorseparatesW
andCisthereforeanoptimalsolution.

2.2.2 Limitationsoftheexistingseparation models

Theproblemoftraffic monitoringconsistsofdistinguishingasetofindividuals
(walksinadirectedgraph)bytestingasfewattributes(thearcsthatthewalksuse)
aspossible.However,whilethisproblemlooksclosetothetheseparationproblems
wehaveintroducedsofar(seeDefinition1.24forthemostgeneralmodel),itpresents
threemajordifficultiesthatwehavenotencounteredyetwhichplaceitbeyondthe
expressivepowerofthemodelsdescribedpreviously.

Thesetofactivatedsensorsisnotsufficienttoidentifya walk. Here,
theattributesthatwecantestarethearcsthatawalkuses. However,weexpect
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Figure2.2:AgraphGequippedwithtwosensors.

distinguishableindividualstohavedifferentattributes.InthegraphGdepictedin
Figure2.2,thewalks(u,v,w,u)and(u,v,w,u,v,w,u)aredifferentbutthesetsof
arcstheyusearethesame.Sincetheydonotusethesearcsthesamenumberof
times,westillcandistinguishthem:theirsignaturesaccordingtothesensorset
{a,b}arerespectivelyaandaa.Unfortunately,thisforcesustotakeintoaccount
themultiplicityoftheattributesofourindividualsandleavesuswithinfinitely
manypossiblevalueforeachattribute. Whilethisproblemcannotbedescribedby
setsofindividualsandattributes,wecanstilltrytoadaptthemethodpresentedin
Example1.78bydefiningtheseparatingsetsoftwowalks(seeDefinition1.77)as
thesetofedgesthatthetwowalksdonotusethesamenumberoftimes. Wewill
seeinthefollowingthatthisdoesnotworkeither.

Thenumberoftimeseachsensorisactivatedisnotsufficienttoidentify
awalk. InFigure2.2,thewalks(u,v,w,u,y,z,u)and(u,y,z,u,v,w,u)notonly
usethesamearcsbuttheyalsousethemthesamenumberoftimes.Theycanstill
beseparated;theirsignaturesareindeedrespectivelyabandba,butthisrequires
consideringtheorderoftheattributes. Thisillustratesthelimitationnotonlyof
themodelbutalsooftheresolutionmethodweshowedinExample1.78.Indeed,
weknowthatacodeseparatestwoindividualsifandonlyifitcontainsanelement
thatdoesso,butonecanseeherethatthesensorset{a,b}separatesthewalks
(u,v,w,u,y,z,u)and(u,y,z,u,v,w,u)whileneither{a}nor{b}does.

ThesetW ofpotentialwalkscanbeinfinite. Ifthegraphcontainsacycle,
thenumberofwalksinitisinfiniteandW canbeanysubsetofit. Therefore,
evencheckinginfinitetimewhetheragivensetofsensorsseparatesW isnon-trivial
sinceitrequiresensuringthatallthewalksofW havedifferentsignatures.Awrong
intuitionisthattheproblemcanbereducedtoseparationonelementarypaths
sincenon-elementarywalksareconcatenationsofelementarypaths(whichwouldbe
helpfulsincethereareonlyafinitenumberofthem),butthisdoesnotwork.For
example,assumethatthesetW wewanttoseparateisthesetofcyclesstarting
fromandleadingtothevertexu.Oursetofsensors{a,b}doesnotseparateW since
thecycles(u,v,w,u,y,z,u)and(u,v,x,z,u)bothhavethesignatureab.However,
alltheelementarycycles((u,v,w,u),(u,y,z,u)and(u,v,w,z,u))havedifferent
signatures(respectively,a,bandab).
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2.Separatingcodesandtrafficmonitoring

2.3 Anew modelofseparation:separationonalan-
guage

2.3.1 Presentationoftheproblem

AshighlightedinSubsection2.2.2,theexistingmodelsforseparationdonotallow
toaddresstrafficmonitoring. Thissectionintroducesanewmodelofseparation
basedonlanguagetheorythatovercomesthelimitationswepointedout.

Definition2.3. Separationonalanguage:

LetAbeanalphabet,letu∈A∗andletCbeasubalphabetofA.Theprojection
ofuonC,notedpC(u),isthelongestsubwordofuwhichusesonlylettersofC.

Wedefinetheproblemof separationonalanguageasfollows:

Separationonalanguage

Input:AlanguageLonanalphabetA.
Output: AminimumsubalphabetC⊆AsuchthatallofthewordsofLhave
differentprojectionsonC.

Similarly,wedefineidentificationonalanguagebyaddingtheconstraintthat
nowordofLcanhaveanemptyprojectiononC.

Example2.4.

Theprojectionon{a,b}ofthewordabacacbisabaab.Intuitively,allwehaveto
doisreadthewordfromlefttorightandselectonlythelettersthatbelongtothe
subalphabetCweprojecton.

LetusnowsolveseparationonthelanguageL={aabcc,acabc,baacb,cbaac}.
Onecanimmediatelynoticethataabccandacabcusethesamelettersthesame
numberoftimes. Hence,wecannotseparatethemwithanalphabetofoneletter.
Furthermore,theprojectionofboththesewordsonthesubalphabet{a,b}isaabso
thissubalphabetalsodoesnotseparatethem.Theprojectionsofacabcandcbaac
on{b,c}arealsothesame(cbc). However,theprojectionsofthefourwordsofL
onthesubalphabet{a,c}arerespectivelyaacc,acac,aacandcaacandarepairwise
distinct.Hence,{a,c}isasolutionoftheproblemandistheonlyoptimalsolution.

2.3.2 Expressivenessofthe model

Itiseasytoreducetheproblemoftestcovertotheproblemofseparationona
language.Indeed,letIbeasetofindividuals,letAbeasetofattributesandlet
beatotalorderonA.LetusassociatewitheachindividualiawordonAcomposed
ofalltheattributesthatipossesses,exactlyonce,inincreasingorderaccordingto
.ThesubalphabetofAthatseparatesthelanguageofthewordsassociatedtothe
individualsofIareexactlythesetofattributesthatseparatesI.Sincetestcover
isNP-completeinthesizeofIandA,itfollowsthat:

Theorem2.5. SeparationonalanguageisNP-completeinboththesizeofthe
languageandthealphabetitisdefinedon.
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x

v wu

y z

Figure2.3:ThegraphC6.

Example2.6.

ConsiderthegraphC6depictedinFigure2.3andletusexpressseparatingcodes
initasaseparatingalphabetonalanguage. AsexplainedinExample1.29,our
attributesaretheN[v]forv∈V(C6). Webuildawordassociatedtoeachver-
texbylookingattheclosedneighbourhoodtheybelongto. Findingaseparat-
ing/identifyingcodeinC6comesdowntosolvingseparation/identificationon
L={uvx,uvw,vwz,uxy,xyz,wyz}. WesawinExample1.12thatthesubalphabet
{u,v,w}separatesLandthat{u,w,y}identifiesit.

However,evenifwedonotneedtouseitinthereductionofseparatingcodes
inahypergraph,therecanbemultipleoccurrencesofaletterinaword,wordsare
orderedsequencesoflettersandlanguagescanbeinfinite. Hence,ournewmodel
overcomesthethreelimitationsofpreviousmodelshighlightedinSubsection2.2.2.

Backtoourproblemoftrafficmonitoring,letG=(V,A)beadirectedgraphand
letW beasetofwalksinG.SincethesetAofarcsofGisfiniteandnon-empty,it
isanalphabet.IfweseeawalkinGasasequenceofarcs,itisawordofA∗andthe
setW ofpossiblewalksisalanguageonA.Givenasetofsensors,thesignatureof
awalkisitsprojectiononthesubalphabetcomposedofthemonitoredarcs.Hence,
trafficmonitoringisaparticularcaseofseparatingcodeinalanguage.
UnlessweallowGtobeamultigraph,therearelanguagesthatcannotbewritten

asasetofwalksonA(G)andtheproblemsarenotequivalent.Forexample,the
wordsabdandacdbothdenotepossiblewalksinGonlyifbandchavesame
originandtarget.IfGmaybeamultigraph,trafficmonitoringandseparationon
alanguageareequivalent.Indeed,ifGhasonlyonevertexandcontainsaloopfor
eachletterofA,theneverywordofA∗denotesapossiblewalkinG.
Thereductionwepresentedinthissubsectionallowsustousetoolsarisingfrom

separatingcodesandlanguagetheorytoaddressthetrafficmonitoringproblem.
However,ournewseparationmodelisstillNP-completeinthesizeofthelanguage
thatwewanttoseparateandwesawthatinsomeinstances,thelanguagewehave
toseparatecanbeinfinite.Hence,wedonotintendtosolvetheproblemingeneral,
butweintendtoaddresssomeclassesofsetsofwalkswhichareofpracticalinterest.

2.4 Separationofafinitesetofwalks

Theeasiestplacetostartisthecasewherethesetofwalkswewanttoseparateis
finite. Thishappensinparticularwhenwewanttosolvetrafficmonitoringonan
acyclicgraphorwhenwecanboundthelengthofthewalksinthenetwork. This
problemalreadycoversawiderangeofapplications.
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FiniteTraffic Monitoring

Input:AdirectedgraphG=(V,A)andafinitesetW ofwalksinG.
Output:AminimumsetofarcsCsuchthatthesignaturesofthewalksofW are
pairwisedistinct.

Thisproblemcomesdowntosolvingseparationonafinitelanguage. TheILP
wedesignedinExample1.78wasbasedonthecentralnotionofseparatingsets
(Definition1.77).Thefundamentalpropertyoftheseparatingsetoftwoindividuals
iandi′isthatasetofattributesseparatesiandi′ifandonlyifitcontainsan
attributeoftheirseparatingset. However,wesawthatthispropertynolonger
holdsfortrafficmonitoringandseparationonalanguage. Whatstillholdshowever
isthatifasetseparatestwowordswandw′,sodoitssupersets. Hence,wecan
stilllookfortheminimalsetsoflettersthatseparatetwowordswandw′andwe
knowthatasubalphabetseparateswandw′ifandonlyifitcontainsoneofthose
minimalsets.

Definition2.7. Separatingsetoftwowords:
Giventwowordswandw′onanalphabetA,asubalphabetCofAbelongsto

theseparatingsetSep(w,w′)ofwandw′ifandonlyifCseparateswandw′and
noneofitsstrictsubsetsdo. Theseparatingsetoftwowordsisthereforeasetof
setsofletters.

ItfollowsfromthisdefinitionthatasubalphabetC⊆Aseparatestwowordsw
andw′ifandonlyifthereexistsC′⊆CsuchthatC′∈Sep(w,w′).

Example2.8.
LetA={a,b,c,d,e,f},u=bfcfabceandv=bcfafbcb. Thesubalphabet

{c,d,f}separatesuandvbutdoesnotbelongtoSep(u,v)since{c,f}separates
uandvtoo. However,neither{c}nor{f}separatesuandvand{c,f}therefore
belongstoSep(u,v). WecanfindthatSep(u,v)={{b},{e},{a,f},{c,f}}.Since
{b,c,d}containsthesubalphabet{b}whichbelongstoSep(u,v),itseparatesuand
v.

Wenowexhibitsomepropertiesofthestructureofseparatingsetsthatareuseful
incomputingthemefficiently(Theorem2.11).

Lemma2.9.
Awordu∈A∗ischaracterizedbyitsprojectionsonthesubalphabetsofAof

cardinality2.

Proof.Theletteraisthefirstletterofaworduifandonlyifitisthefirstletter
ofallprojectionsofuonthesubalphabetsofcardinality2containinga. Onecan
thenremovetheainthefirstpositionoftheprojectionofuonthesubalphabets
containingaandfindthesecondletterofu.Thiscanbeiterateduntiluisentirely
determined.

Example2.10.
LetA = {a,b,c}andu∈A∗suchthatp{a,b}(u) =abba,p{a,c}(u) =aca,

p{b,c}(u)=bbc.Sinceaisthefirstletteroftheprojectionsofuon{a,b}and{a,c},
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weknowthataisthefirstletterofu.Thus,thereexistsvsuchthatu=av.From
theprojectionofu,wededucethatp{a,b}(v)=bba,p{a,c}(v)=ca,p{b,c}(v)=bbc
andthefirstletterofvisthereforeb.Thus,thereexistswsuchthatu=abwand
byiteratingtheprocess,wedeterminethatu=abbca.

Theorem2.11.

Theseparatingsetoftwowordscontainsonlysetsofcardinalityatmost2.

Proof.LetuandvbetwowordsonanalphabetAandletCbeasubalphabetof
Aofcardinalityatleast3suchthatnostrictsubalphabetofCseparatesuandv.
Hence,foreverysubalphabetC′ofCofcardinality2,pC′(u)=pC′(v).SinceC

′isa
subalphabetofC,weknowthatpC′(u)=pC′(pC(u))andpC′(v)=pC′(pC(v)).Hence,
pC(u)andpC(v)aretwowordsonCwhoseprojectionsoneverysubalphabetC

′ofC
areidenticalandtherefore,byLemma2.9,pC(u)=pC(v)whichmeansthatCdoes
notseparateuandv.

LetuandvbetwowordsofA∗. Wecanbuildtheirseparatingsetasfollows:

•Ifaletteradoesnotappearthesamenumberoftimesinuandinv,thena
alonesufficestoseparatethem. Wethusadd{a}toSep(u,v)andwhilethe
pairscontainingaallseparateuandv,theydonotbelongtotheseparating
set.

•Ifaletteraappearsneitherinunorinv,containingitwouldbeofnohelp
toseparateuandv.Thus,theseparatingsetcontainsnopaircontaininga.
Whatislefttoinvestigatearepairs {a,b}composedoftwolettersappearing
thesamenumberoftimesinuandv. Letkbethenumberofoccurrences
ofainuandv(k=0). Thus,thereexistu0,···,uk,v0,···,vksuchthat
u=u0au1a···aukandv=v0av1a···avk. Thepair{a,b}belongstothe
separatingsetifandonlyifthereexistsi∈[[0,k]]suchthatuiandvidonot
containthesamenumberofoccurrencesoftheletterb.Thesedecompositions
ofuandvcanthenbereusedwheninvestigatingotherpairscontaininga.

WenowpresenthowtotakeadvantageofTheorem 2.11toseparateafinite
language.LetL⊆A∗bethelanguagewewanttoseparate.Foreachlettera∈A,
letx{a}beabinaryvariablethatindicateswhethera∈CwhereCistheminimum
separatingsubalphabetwewanttobuild.Foreachpairofletters{a,b},letx{a,b}
beabinaryvariablethatindicateswhetherbothaandbbelongtoC(thus,x{a,b}=
min(x{a},x{b})). WeobtainthefollowingILP:






minimize
a∈A

x{a}

∀a=b∈A,2x{a,b} x{a}+x{b} (ensuresthatx{a,b} min(x{a},x{b}))

∀a=b∈A,x{a,b}+1 x{a}+x{b} (ensuresthatx{a,b} min(x{a},x{b}))

∀v=v′∈L,

S∈Sep(v,v′)

xS 1 (whereScandenoteasingletonorapair)
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ThesolutionisthusC={a∈A:x{a}=1}.Theinequalitiesofthethirdline
arenotnecessarytoensurethevalidityandtheoptimalityofthesolutionbutthey
ensurethatthevaluesofthepair-variablesaredeterminedexactlybythevaluesof
thesingleton-variables. Hencethenumberofdegreesoffreedomoftheproblemis
linearinthecardinalityofAandnotquadratic.

Solvingidentificationinsteadofseparationcanberelevanttoosincedomination
letusknowthatanobjectiswalkinginthenetworkandseparationindicateswhich
walkituses.LikeinExample1.78,itcanbesolvedsimplybyaddingtheempty
wordεtothelanguageweseparate. Similarly, modelswherecertainarcsofthe
networkaremoreexpensivetomonitorthanotherscanbeusefulinpracticeand
canalsobeexpressedbyourmodel. Wecansolvethembyreplacingtheobjective

functionby
a∈A

cax{a}wherecaisthecostofmonitoringthearca.

Anotherinterestingvariantoftrafficmonitoringistheonewhereseveralobjects
arewalkinginthegraphandallhavedifferentsetsofpossiblewalksW1,...,Wk.
Ouraimisstilltodeterminewhichwalkseachobjectusesbutthisvariantcannot
easilybereducedtothestandardmodel:indeed,onecannotsolvetheproblemon
eachsetWiseparatelybecauseweneedtoseparatealltheWiwiththesamecensor
setbutseparatingtheunionoftheWiissuperfluous(thecasewheretwowalkshave
samesignaturebutcannotbeusedbythesameobjectcannotleadtoasituation
wherewedonotknowwhichwalkanobjecthasusedanddoesnothavetobe
avoided)andleadstosub-optimalsolution. Wewouldliketopointoutthatour
methodcaneasilybeadaptedsolvethisvarianttoo.

2.5 Separationofwalkswithgivensetsofstartingpoints

anddestinations

Thissubsectionstudiestheproblemthatwecallcompletetrafficmonitoring.Here,
wearegivenasetofpotentialstartingpointsVIandasetofpotentialdestinations
VF.ThesetW ofwalkswewanttoseparateisthesetofallthewalksleadingfrom
avertexofVItoavertexofVF.Ifthegraphcontainsacycle,therecanbeinfinitely
manysuchwalks.

CompleteTraffic Monitoring

Input:AdirectedgraphG=(V,A)andtwosubsetsofverticesVIandVF.
Output: AminimumsetofarcsCsuchthatnotwowalksleadingfromavertex
ofVItoavertexofVFhavethesamesignature.

Ofcourse,sincethenumberofwalkstoseparatecanbeinfinite,itisnotfeasible
tocomputetheseparatingsetofeachpairofwalks. However,noticethatthe
separatingsetoftwowalksisincludedinthepowersetofthesetAofarcsofthe
graphandcanthereforeonlytakeafinitenumberofvalues.Thus,whilethelinear
programpresentedintheprevioussectionwouldhaveinfinitelymanyconstraints,
onlyafinitenumberofthemwouldbedistinct.Ifwecandeterminewhichvalues
ofSep(v,v′)areactuallyreached,wewouldthereforebeabletodescribethesame

Walks,TransitionsandGeometricDistancesinGraphs. 63



2.5.Separationofwalkswithgivenendpoints

polytopewithonlyafinitenumberofconstraints. Thisisthemainresultofthis
section(Theorem2.22).

2.5.1 Studyofthereachablelanguages

SincewedonotwanttodealwithNP-completeproblemsongeneralinfinitein-
stances,weknowthatoursolutionmusttakeadvantageofthespecificitiesofthe
instancesofcompletetraffic monitoring. Touseourreductiontoseparationon
languages,weneedtounderstandhowtheconstraintswehaveonwalkstranslate
onlanguages. Wedefinereachablelanguagessothatcompletetrafficmonitoringis
equivalenttoseparationonreachablelanguages.

Definition2.12. Reachablelanguages:
AlanguageLonanalphabetAisreachableifandonlyifthereexistsadirected

graphG=(V,A)(AisboththealphabetofLandthesetofarcsofthegraph),a
setofverticesVI⊆VandasetofverticesVF⊆VsuchthatLdepictsthesetof
walksinGleadingfromavertexofVItoavertexofVF. WedenotebyReach(A)
thesetofreachablelanguagesonanalphabetA.

Wenowinvestigateinterestingpropertiesofreachablelanguages.

Lemma2.13.IfL⊆A∗isreachable,then:

∀u,u′,v,v′∈A∗,∀a∈A,
uav∈L

u′av′∈L
⇒

uav′∈L

u′av∈L

Proof.Theideaoftheproofisthatincompletetrafficmonitoring,thechoicesthat
thewalkerhasatagiventimeonlydependonthecurrentvertexheisonandcannot
berestricteddependingonwherehecomesfrom.
Moreformally,let G=(V,A)beadirectedgraphandletVIandVF ⊆Vbe

suchthatListhesetofwalksleadingfromVItoVF.Letoaandtabetheorigin
andtargetofthearca.Ifuavandu′av′areinareachablelanguageL,thismeans
that:

•udescribesawalkthatleadsfromavertexi∈VItooa;

•u′describesawalkthatleadsfromavertexi′∈VItooa;

•vdescribesawalkthatleadsfromtatoavertexf∈Vf;

•v′describesawalkthatleadsfromtatoavertexf
′∈Vf.

Hence,uav′andu′avalsodescribevalidwalksleadingfromavertexofVItoa
vertexofVFandthereforebelongtoLtoo.

Proposition2.14.Reach(A) Rat(A)

Proof.Theproofisintwosteps:
•Reach(A)⊆Rat(A).LetG=(V,A),VIandVF beaninstanceofcomplete

trafficmonitoringandletLbetheassociatedreachablelanguage.Theautomaton
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whosealphabetisA,setofstatesisV,setoftransitionsisT={(u,uv,v):(u,v)∈
A},setofinitialstatesisVIandsetoffinalstatesisVFrecognizesexactlyL.By
Theorem1.69(Kleene),thisprovesthatreachablelanguagesarerational.
•Reach(A)=Rat(A).Notethatthepreviousconstructionprovidesveryspecific

automatawhereeachletterofthealphabetlabelsexactlyonetransition. There
arerationallanguagesthatcannotberecognizedbysuchautomata.Forexample,
letLbeareachablelanguagesuchthatababa∈L. Then,(ab)a(ba)∈Land
εa(baba)∈L.Hence,accordingtoLemma2.13,(ab)a(baba)anda(ba)bothbelong
toLtoo. Hence,thelanguage{ababa}althoughrational,isnotreachable.IfA
containsonlyonelettera,wefindsimilarlythatonly∅,{a}andA∗arereachable
while{aa}isrational.

2.5.2 Reductiontheoremandresolution

Wefirstdefinethenotionofrestrictionofarationallanguagewhichisusefulforthe
reductiontheorems(Theorem2.22andTheorem2.31).

Definition2.15.Restrictionofarationallanguage:
GivenaregularexpressionofarationallanguageL(seeDefinition1.64),we

definearestrictionofLandwedenotebyLthelanguagebuiltinductivelyas
follows:

•∅=∅

•∀a∈A∗,{a}={a}

•L1+L2=L1+L2

•L1L2=L1L2

•L∗=ε+L+L
2
.

NoticethattherestrictionofalanguageLisnotunique.Indeed,tworegular
expressionscandenotethesamelanguagebuttheirassociatedrestrictionscandiffer.

Forexample,L∗∗=L∗butunlessL=∅,L∗∗=

4

i=0

Li=

2

i=0

Li=L∗.

Proposition2.16.EveryrestrictionLofarationallanguageLisfinite.

Proof.Theproofbyinductionisimmediate.Indeed,restrictedlanguagesareempty,
singletonsorbuiltfromotherrestrictedlanguagesusingonlyfiniteunionsorcon-
catenations,whichareoperationsthatpreservethefinitenessofthelanguage.

Wenowintroducethenotionofacyclicityofwalksandwordswhichhelpsus
provethereductiontheorems.

Definition2.17. Acyclicwalksandacyclicwords:
Awalkisacyclicifandonlyifitdoesnotusetwicethesamevertex. Hence,

acyclicwalksareexactlytheelementarywalksthatarenotcycles(seeSubsection
1.3.1).GivenagraphG=(V,A),awordu∈A∗isacyclicifandonlyifitdenotes
anacyclicwalkinG.
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Proposition2.18.
WecanextractfromeverywalkW onagraphGanacyclicwalkthatonlyuses

verticesandedgesthatW usesandhasthesamestartingpointanddestination.

Proof.ByProposition1.34,wecanextractfromW apathPwithsamestarting
pointanddestinationasW.Hence,Psatisfiesthepropositionunlessitisacycle.
IfPisacycleonavertexv,thewalk(v)oflength0satisfiestheproposition.

Corollary2.19.Givenaninstanceoftrafficmonitoringandtheassociatedreach-
ablelanguageL,onecanextractfromeverywordu∈Lanacyclicsubwordofuthat
denotesapathwithsamestartingpointanddestinationasu. Wedenotethisword
byAcycl(u).NoticethatAcycl(u)∈Landifudenotesacycle,thenAcycl(u)=ε.

Finally,weneedthefollowinglemmawhichhelpsusprovethatawordvina
reachablelanguageLbelongstoeveryrestrictionLofL.

Lemma2.20.
ForallrationallanguagesL,forallrestrictionsLofLandforallwordsu∈L\L,

thereexistwordsv,w1,w2,w3andxsuchthatu=vw1w2w3x,w1,w2andw3are
allnon-emptyandeachofthe8stringsresultingbydeletingzeroormoreofthe
substringsw1,w2andw3stillbelongstoL.

Proof.LetLbeareductionofL. Weprovethelemmabyinductionontheregular
expressionofLfromwhichLisbuilt:

•ifL=∅,thenL\L=∅andthelemmaholdsforL;

•ifL={u}withu∈A∗,thenL\L=∅andthelemmaholds;

•ifL=L1+L2andthelemmaholdsforL1andL2:

L\L=(L1+L2)\(L1+L2)⊆(L1\L1)+(L2\L2)andthelemmaholdsfor
L;

•ifL=L1L2andthelemmaholdsforL1andL2:letu∈L1andv∈L2and
letusobservethatforuvnottobelongtoL1L2,itisnecessarythatu/∈L1or
v/∈L2.Hence,L\L⊆(L1\L1)L2+L1(L2\L2)andthelemmastillholds
forL;

•ifL=L′∗andthelemmaholdsforL′: wesetM =L′\{ε}. Notethat
L′∗=M∗. WealsosetM =L′−ε.

L\L=
i∈N

L′i \

2

i=0

L′
i
=

i∈N

Mi \

2

i=0

M
i

⊆

2

i=0

(Mi\M
i
)+

i3

Mi

⊆∅+(M\M)+ M2\M
2

=M(M\M)+(M\M)M

+M3M∗
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SincethelemmaholdsforallwordsofM\M =L′\L′,itholdsforallwords

ofM \M +M2\M
2
.Letusnowproveitforu∈M3M∗.Bydefinition,u

istheconcatenationofv=ε,w1,w2andw3∈M (whicharenon-emptyby
constructionofM)andx∈M∗.Hence,evenifweremovesomeofthew,u
isstillaconcatenationofwordsofM andthereforestillbelongstoM∗=L.

Thisprovesthelemma.

Inthissection,weonlyneedthefollowingweakerversionofLemma2.20:

Corollary2.21.

LetG,VI,VFbeaninstanceofcompletetrafficmonitoring,letLbetheassociated
reachablelanguage,letLbearestrictionofL,andu∈L\L.Thenthereexistsa
vertexq∈V(G)suchthatudenotesawalkusingatleastfourtimesthevertexq.

Proof.Wedecompose uwithLemma2.20.ThefactthatustilldenotesawalkinG
ifweremovesomeofthewiprovesthatitusesthesamevertexbetweenvandw1,
betweenw1andw2,betweenw2andw3andbetweenw3andx.Sincethewiare
non-empty,thesearefourdifferentoccurrencesofthesamevertexinthewalk.

Wearenowreadytopresentthemaintheoremofthissection(Theorem2.22).
Weprovethistheoreminamoregeneralcase(Theorem2.31)inSection2.6itsproof
ismoretechnical. ThisproofofTheorem2.22givesabetterintuitionofwhythe
theoremholds.

Theorem2.22.Reductiontheorem(reachablelanguageversion)

ForallreachablelanguagesLonanalphabetA,forallrestrictionsLofL,if
A′⊆AseparatesL,thenitseparatesL.

Proof.LetL⊆ A∗beareachablelanguage,letC ⊆Aandu,v∈Lbesuch
thatu=vbutpC(u)=pC(v)=a0···an. Thus,u=u0a0u1a1···anun+1 and
v=v0a0v1a1···anvn+1 whereforalli,uiandvibelongto(A\C)

∗. Wewantto
provethatthereexisttwodifferentwordsthatbelongtoeveryrestrictionLofL
andhavethesamesignature.

Sinceu=v,weknowthatthereexistsisuchthatui=vi. Moreover,sinceLis
reachable,byusingLemma2.13twice,wefindthatu0a0···ui−1ai−1viaiui+1···un+1

=y

stillbelongstoL.Tokeepthenotationsimple,wesety=aiui+1···un+1.

Letxbethelongestcommonprefixofuiandvi.Hence,ui=xbu
′
iandvi=xcv

′
i

wherebandc∈(A\C)∪{ε}arethefirstlettersofthesuffixofuiandvithatstart
afterx(orεifthissuffixisempty).Thus,b=candborcisemptyifandonlyif
x=uiorx=virespectively(hence,ifb=εthenu

′
i=εtooandthesameholdsfor

candv′i). Wealsosetz=u0a0···ui−1ai−1x.Thus,u=zbu
′
iyandweknowthat

zcv′iy∈Ltoo.

Weset u=Acycl(z)bAcycl(u′i)Acycl(y)andv=Acycl(z)cAcycl(v
′
i)Acycl(y).

BydefinitionofthefunctionAcycl,awalkthasthesamestartingpointanddesti-
nationasAcycl(t).Hence,westillhaveu,v∈L.
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Weknowthat bAcycl(u′i)andcAcycl(v
′
i)cannotbothbeempty.Ifoneofthem

is,theyarethusnecessarilydistinctandifnoneofthemare,weknowthatbandc
denotedifferentletters.Inallcases,bAcycl(u′i)=cAcycl(v

′
i)andthus,u=v.

Sincelettersdenotearcs,thesequenceofverticesvisitedbythewalkassociated
toAcycl(z)bAcycl(u′i)istheconcatenationofthesequencesofverticesvisitedby
thewalksassociatedtoAcycl(z)andAcycl(u′i).Bydefinitionofacyclicity,itdoes
notcontainmorethantwicethesamevertex. Thus,byconstructionofuandv,
thewalkstheydenotecannotcontainmorethanthreetimesthesamevertex.By
contrapositionofCorollary2.21,thismeansthatforallrestrictionsLofL,uand
v∈L.
Weknowthatforallwordst,Acycl(t)onlyuseslettersthattitselfuses.Since

uiandviarewordsof(A\C)
∗,weknowthatbAcycl(u′i)andcAcycl(v

′
i)∈(A\C)

∗

too.Hence,

pC(u)=pC(Acycl(z))pC(bAcycl(u
′
i))

=ε

pC(Acycl(y))

=pC(Acycl(z))pC(cAcycl(v
′
i))

=ε

pC(Acycl(y))

=pC(v)

WeprovedthatforallreachablelanguagesLonanalphabetA,forallsubal-
phabetsC⊆A,ifthereexistu=vinLsuchthatpC(u)=pC(v),thentherealso
existtwowordsineveryrestrictionLofLthataredifferentbutstillhavethesame
projectiononC.Thecontrapositiveofthisresultisourtheorem.

NotethattheconverseisobviouslytruesinceL⊆L.Thus,thesubalphabets
thatseparateLareexactlythosethatseparateL.
Hence,givenadirectedgraph,asetVIofpotentialstartingpointsandasetVFof

potentialdestinations,weproceedasfollowstosolvethecompletetrafficmonitoring
problem:

•Weknowthatthelanguageofpossiblewalksleadingfromavertexof VItoa
vertexofVFisrationalandthereforeadmitsaregularexpression.Thegraph
directlyprovidesanautomatonwhichrecognizesitandwecanuseLemma
1.70(Arden)tofindanexpressionoftheassociatedreachablelanguagethat
wewanttoseparate.

•Weusetheregularexpressionofthelanguagetodeterminearestriction. We
knowbyProposition2.16thattherestrictionisfinite.

•DuetoTheorem2.22,thesolutionsontherestrictedlanguageareexactlythe
solutionsontheinitiallanguage. Allthatislefttodoistousethemethod
describedinSection2.4tosolvetheproblemontherestrictedlanguagewhich
isfinite.

Example2.23.
LetusseparateallthecyclesstartingatuinthegraphG=(V,A)depictedin

Figure2.4.
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v

w

u

x

z

y

ab

c

d e

f

g
h

Figure2.4:AgraphG=(V,A)withlabelledarcs.

ThelanguageofwalkswehavetoseparateisL=(abc+adeh+fgh)∗andis
infinite.ArestrictionisL=ε+abc+adeh+fgh+abcabc+abcadeh+abcfgh+
adehabc+adehadeh+adehfgh+fghabc+fghadeh+fghfgh. Wefindthata
minimumseparatingsubalphabetonL(andthereforeL)isforexampleC={b,d,f}.

2.6 Separationofwalkswithforbiddentransitions

2.6.1 Motivationoftheproblem

LetusconsidertheverysimpleroaddepictedinFigure2.5.

u v w x
a

b

c

d

e

f

Figure2.5:Abi-directedroadbetweentheverticesuandx.

Here,adriverwhowantstogofromvertexutovertexxwillsimplyusethe
pathace.Still,themodelthatwepresentedintheprevioussectionrequiresusto
distinguishallthewalksof(a(c(ef)∗d)∗b)∗a(c(ef)∗d)∗c(ef)∗e.Takingintoaccount
suchparadoxicalbehavioursisnotonlysuperfluousbutitalsoleadstoprohibitive
computationtimesandtremendouslyincreasesthecostofthesolutions. Here,at
leastthreesensorsarerequiredtodistinguishalltheroadsleadingfromutoxwhile
onlyoneofthoseroadsmakessenseinpractice.

Onecouldbetemptedtogetaroundthisproblembycontractingthearcsa,
candeandthearcsb,dandfinapre-processingstep,whichwouldresultin
abi-directedpathoflength1andbringthelanguagetoseparatedownto(ab)∗a.
However,thiswouldnotbepossibleinamorecomplexroadnetwork.Indeed,a
roadnetworkcanforexamplefeaturecrossroadsonvandwandtransversalroads
couldleadtothoseverticesorleavefromthem. Whilethisdoesnotchangethefact
thatadriverwhowantstogofromutoxwillalwayspicktherouteace,itcan
makethecontractionoftheverticesvandwimpossibleandforcesustoconsider
manyabsurdwalks.

Theapproachwechoosehereistoforbidtransitionsinthegraph.Inthischapter,
wechoosetodenoteforbidden-transitiongraphsbyatriplet(V,A,F)whereFis
thesetofforbiddentransitionswhichisusuallysmallerthanthesetofpermitted
transitionsinaroadnetwork.Intherestofthissection,werefertographswithno
forbiddentransitionasusualgraphs.
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2.6.Separationofwalkswithforbiddentransitions

Forexample,intheroadnetworkofFigure2.5,wecanassumethatdriversdo
notturnbackinthemiddleoftheroadandforbidthetransitionsab,cdandef. We
therebyreducethesetofroadsleadingfromutoxdownto{ace}.Thisalsoenables
ustomodelsituationswherecertainturnsareprohibited,whichisverycommonon
roadnetworks.Bychoosingwiselytheforbiddentransitions,weonlydiscardroutes
thatwouldbeprohibitedorabsurdinpracticeandwecansignificantlyreducethe
computationtimeandthecostoftheoptimalsolutionsonlargeinstances.
Wecall restrictedtrafficmonitoringtheproblemthatwestudyinthissection:

RestrictedTraffic Monitoring

Input:AdirectedFTGG=(V,A,F)andtwosubsetsofverticesVIandVF.
Output: AminimumsetofarcsCsuchthatnotwocompatiblewalksleading
fromavertexofVItoavertexofVFhavethesamesignature.

2.6.2 StudyoftheFTG-reachablelanguages

AsinSubsection2.5.1,wedefineFTG-reachablelanguagessothatrestrictedtraffic
monitoringisequivalenttoseparationonFTG-reachablelanguages.

Definition2.24. FTG-reachablelanguages:
AlanguageLonanalphabetAisFTG-reachableifandonlyifthereexistsa

directedFTGG=(V,A,F),asetofverticesVI⊆VandasetofverticesVF⊆V
suchthatListhesetofcompatiblewalksinGleadingfromavertexofVItoa
vertexofVF. WedenotebyFTGR(A)thesetofreachablelanguagesonanalphabet
A.

Wenowinvestigatethepropertiesofthisnewclassoflanguagesandcompareit
toreachableandrationallanguages.

Proposition2.25.Reach(A) FTGR(A).

Proof.Theproofproceedsintwosteps:
•Reach(A)⊆FTGR(A).SinceusualgraphsareparticularcasesofFTGs(with

F=∅),thelanguagesthatarereachablebygraphsareclearlyreachablebyFTGs.
•Reach(A)=FTGR(A).LetLbeareachablelanguageonA={a,b,c,d}such

thatac,ad,bc∈L.SincebothacandadareinL,weknowthatcandddenotearcs
startingfromthesamevertexvandleadingtoavertexofVF.Furthermore,since
bothacandbcbelongtoL,weknowthataandbbothdenotearcsleadingtovand
startingfromavertexofVI. Hence,bd∈Ltooforeveryreachablelanguagethat
containsac,adandbc.
LetusnowconsidertheinstanceofrestrictedtrafficmonitoringgivenbytheFTG

depictedinFigure2.6wherethetransition(b,d)isforbidden,withVI={u,w}and
VF ={w,x}. OnecanseethattheassociatedFTG-reachablelanguagecontains
ac,adandbcsincetheydescribecompatiblewalksleadingfromavertexofVItoa
vertexofVF. However,itdoesnotcontainbd,whichusesaforbiddentransition.
Hence,thelanguage{ac,ad,bc}isFTG-reachablebutnotreachable.

ItisimportanttonotethatLemma2.13alsoholdsforFTG-reachablelanguages:
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u v w

x

b
c

a

d

Figure2.6:AnexampleofFTG.

Lemma2.26.ForallFTG-reachablelanguagesL⊆A∗:

∀u,u′,v,v′∈A∗,∀a∈A,
uav∈L

u′av′∈L
⇒

uav′∈L

u′av∈L

Proof.LetG=(V,A,F),VI,VFbeaninstanceofrestrictedtrafficmonitoringsuch
thatthesetofwalkstoseparateisL.LetuscallL′thesetofwordsthatdenote
allthewalksleadingfromavertexofVItoavertexofVFontheunderlyingusual
graphG=(V,A)withnoforbiddentransition.Hence,L′containsallthewordsof
LpluseventuallysomewordsthatcontaintransitionsofF.SinceL′isreachable
byconstructionand{uav,u′av′}∈L⊆L′,weknowbyLemma2.13thatuav′and
u′avbelongtoL′. Therefore,theonlywayforuav′oru′avnottobelongtoL
istocontaintwoconsecutivelettersthatdenoteaforbiddentransition. However,
everysequenceoftwolettersinuav′andu′avalsoappearsinuavoru′av′which
bothbelongtoL.Thus,uav′andu′avareinL,whichconcludestheproofofthe
lemma.

WenowshowthatFTGR(A)isapropersubsetofRat(A):

Proposition2.27.FTGR(A) Rat(A).

Proof.Theproofproceedsintwosteps:
•FTGR(A)⊆Rat(A).LetLbeaFTG-reachablelanguageandG=(V,A,F),VI,

VFbeaninstanceofrestrictedtrafficmonitoringsuchthatW =L.Toprovethat
Lisrational,wecreatefromGanautomatonthatrecognizesL.Todosowecreate
copiesofeachvertexofthegraphforeachpossibleincidence.Forexample,ifan
arc(u,v)leadstoavertexv,insteadofjusthavingastatevinourautomaton,
wecreateastateuvthatisfinalifandonlyifvisfinalandfromwhichwecan
reachanyout-neighbourwofvunless((u,v),(v,w))∈F. Moreformally,hereisa
constructionofanautomatonthatrecognizesL:

◮itsalphabetisthesetAofarcsofthegraph;

◮itssetofstatesisVI∪{uv:(u,v)∈A};

◮forallv∈VI,forallout-neighbourswofv,wecreateatransitionfromvto
vwlabelledbythearc(v,w).Forallstatesuv,forallout-neighbourswofv,
wecreateatransitionfromuvtovwlabelledbythearc(v,w)ifandonlyif
((u,v),(v,w))/∈F;

◮thesetofinitialstatesisstillVI;
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2.6.Separationofwalkswithforbiddentransitions

◮thefinalstatesarethosewhosenameendswithavertexv∈VF.

ThisconstructionisillustratedinExample2.28.
•FTGR(A)=Rat(A).Thecounter-exampletotheotherinclusionisthesame

asintheproofofProposition2.14:thelanguageababaisrationalbutnotFTG-
reachablesinceitdoesnotsatisfyLemma2.26.

Example2.28.
Forexample,withthegraphinFigure2.7a,F={(a,b),(c,d),(d,c),(f,e)},VI=

{v}andVF ={w},theassociatedFTG-reachablelanguageisrecognizedbythe
automatonpresentedinFigure2.7bwhoseinitialandfinalstatesarerespectively{v}
and{vw,xw}.LikeinSection1.5,initialandfinalstatesaredenotedrespectively
byincomingbluearrowsandredcircles.

u v w x
a

b

c

d

e

f

(a)TheFTGofaninstanceofrestricted
trafficmonitoring.

b

a

b

c

c

d

f

e

vu

wv

v

uv

xw

vw

wx

(b)Theautomatonrecognizingtheassoci-
atedFTG-reachablelanguage.

Figure2.7

NoteinparticularthatsinceFTG-reachablelanguagesarerational,theyadmit
aregularexpressionandtherefore,arestriction.

2.6.3 Reductiontheoremandresolution

WeproveinthissubsectionthatthereductiontheoremalsoholdsonFTG-reachable
languages,thatgeneralizereachablelanguages.However,theproofoftheprevious
sectiondoesnotwork.Indeed,asillustratedinExample1.43,Proposition1.34about
extractingpathsfromwalksdoesnotholdanymoreinFTGs.Similarly,Proposition
2.18andCorollary2.19thatplayanimportantroleintheproofofTheorem2.22
donotholdeither.Indeed,ourmethodtoextractapathfromawalkinvolves
transitionsthatarenotintheinitialwalk.Aslongastheonlyforbiddentransitions
aretransitionsbetweentwooppositearcs(asisthecaseinExample2.28),anacyclic
pathextractedfromawalkcannotinvolveaforbiddentransitionandtheproofof
Theorem2.22applies.Inthegeneralcase,however,anacyclicpathextractedfrom
apermittedwalkmayinvolveforbiddentransitions.
Toovercomethisproblem,welookforanalternativecharacterizationofacyclic

walksinusualgraphs. Notethatacyclicwalksareexactlythosethatcannotbe
decomposedasaconcatenationofthreewalksW1W2W3suchthatW2isnon-empty
andW1W3isalsoawalkinthegraph.Indeed,suchadecompositionispossibleif
andonlyifW1andW2endonthesamevertex,whichmeansthatthewalkisnot
acyclic.Therefore,byiteratingthedeletionofW2untilthewalkisacyclic(which
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happenswithinafinitenumberofiterationssincethelengthofthewalkstrictly
decreases),onecanextractfromeverywalkW anacyclicwalkW′withthesame
startingpointanddestinationasW andthatusesonlyverticesandedgesthatW
uses.ThisreductioncanbegeneralizedtowalksinFTGs.

Definition2.29. Max-reducedformofawalkoraword:
AcompatiblewalkW ismax-reduced ifandonlyiftheredoesnotexistthree

walksW1W2W3suchthatW2isnon-emptyandW1W3isalsoacompatiblewalkin
thegraph.Similarly,aworduofalanguageLismax-reduced inLifandonlyif
theredoesnotexistu1u2u3withu2=εsuchthatu=u1u2u3andu1u3∈L.It
followsthatforalllanguagesLandu∈L,thereexistsasubwordvofusuchthat
vismax-reducedandv∈L.Thewordvisamax-reducedformofu.

Notethatunliketheacyclicformofawalkoraword,themax-reducedform
isnotunique.Indeed,thedecompositionu=u1u2u3isnotuniqueanddepending
onwhichdecompositionsweuseforthereduction,wemayendupondifferentmax
reducedwords.

Example2.30.
LetG=(V,A,F)bethegraphdepictedinFigure2.8andletG′=(V,A)be

theusualgraphassociatedtoG.

t

v w

u x

z y

a e

c

b d

fg
h

Figure2.8:AgraphGwithtwoforbiddentransitions.

LetW =abcdefgh.SinceWusesthreetimesthevertexu,itisnotacyclic.InG′,
wecanextracttheacyclicwalkahfromW.However,thetransitionahisforbidden
inGandonecannotextractfromW anacycliccompatiblewalk. However,W is
notamax-reducedcompatiblewalk.Indeed,itcanbewrittenastheconcatenation
ofW1=abcd,W2=efgandW3=hwhereW2isnotemptyandW1W3=abcdh
isstillacompatiblewalkinG.Thisreductioncannotbeiteratedagainandabcdh
isamax-reducedcompatibleformofW. WecouldalsohavewrittenW asthe
concatenationofW1=a,W2=bcdandW3=efghandtheresultingwalkaefgh
isanothermax-reducedcompatibleformofW.

NotethatthelanguageLinDefinition2.29doesnothavetobereachableorFTG-
reachable.Thus,max-reducedwordscanbedefinedwithrespecttoanyconstraints
andnotjustcompatibilitywithasetofforbiddentransitions.AlsonotethatLemma
2.20holdsforalltherationallanguagesL,whichnotablyincludetheFTG-reachable
languages.
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Theorem2.31.Reductiontheorem(FTG-reachablelanguageversion)

ForallFTG-reachablelanguagesLonanalphabetA,forallrestrictionsLofL,
ifA′⊆AseparatesL,thenitseparatesL.

Proof.LetL⊆A∗beaFTG-reachablelanguage,letA′⊆Aandu,v∈Lbesuch
thatu=vbutpA′(u)=pA′(v). WewanttoprovethatforallrestrictionLofL,
thereexisttwodifferentwordsinLthathavethesamesignature.

SinceLemma2.26holdsonFTG-reachablegraphs,wecanproceedlikeinthe
proofofTheorem2.22tobuildtwowordszbu′iyandzcv

′
iyinLwherebandcbelong

toA\{C}∪{ε}andaredifferentandu′iandv
′
iarewordsonthealphabetA\{C}

suchthatifb(resp.c)isempty,thenu′i(resp.v
′
i)isemptytoo.

Letred(z)beamax-reducedformofzsuchthatbothred(z)bandred(z)care
compatible(weiteratethereductionaslongastheconditionholds). Similarly,
letred(u′i)andred(v

′
i)bemax-reducedformsofu

′
iandv

′
isuchthatbred(u

′
i)and

cred(v′i)arecompatible. Letred(y)beamax-reducedformofysuchthatu=
red(z)bred(u′i)red(y)andv=red(z)cred(v

′
i)red(y)arebothcompatible.Sinceu

andvarecompatibleandhavesameoriginanddestinationasu,theystillbelong
toL.

CaseI:bothuandvbelongtoeveryrestrictionLofL. Wecanprovethat
u=vandpC(u)=pC(v)likeintheproofofTheorem2.22.

CaseII:atleastoneofuandv,sayudoesnotbelongtoarestrictionLof
L. Hence,byLemma2.20,weknowthatu=sw1w2w3twherew1,w2andw3are
allnon-emptyandcanberemoved.Ifawordαβγdenotesacompatiblewalk,we
saythatβisaremovablefactorifandonlyifαγisstillcompatible.Forexample,
w1,w2andw3areremovablefactorsofu.Werecallthat ucanalsobewritten
red(z)bred(u′i)red(y).

Bydefinition,red(z)isamax-reducedformofzsuchthatred(z)bandred(z)c
arebothcompatible.Thisnotablymeansthatanyfurtherreductionofred(z)would
changeitslastlettersinceitchangestheletterwecanwriteafterit(thelastletter
ofred(z)wouldbecomealetterlsuchthatatleastoneofthetransitionslbandlcis
forbidden).Hence,aremovablefactorofred(z)isnecessarilyasuffix.Sinceweknow
byLemma2.20thatwecanremovew1fromuwithoutmakingforbiddentransitions
appear,thisprovesinparticularthatw1cannotendstrictlybeforered(z).Similarly,
wecanprovethataremovablefactorofred(y)isnecessarilyaprefixandtherefore,
thatw3cannotbeginstrictlyafterred(y). Hence,weknowthatw2isafactorof
bred(u′i).

Bydefinitionofred(u′i),weknowthatitdoesnotcontainanyfactorthatwecan
removewithoutmakingaforbiddentransitionappearinbred(u′i).Therefore,since
w2isremovableandafactorofbred(u

′
i),ithastocontainb.Puttingitalltogether,

wefindoutthatw2isaprefixofbred(u
′
i),whichmeansthatw1isasuffixofred(z).

Sincew1isnon-empty,thisprovesthatsisastrictprefixofred(z).Sincew3is
removableandred(u′i)cannotcontainaremovablefactor,weknowthatw3isthe
concatenationofasuffixofred(u′i)andanon-emptyprefixofred(y).Finally,we
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knowthattisastrictsuffixofred(y).Therelationbetweenthetwodecompositions
isillustratedinFigure2.9.

red(z) b red(u′i) red(y)

s w1 w2 w3 t

Figure2.9:Thetwodecompositionsofu.

Letred(w2)beamax-reducedformofw2suchthatred(w2)isnon-empty(possi-
blesincew2isnon-emptyitself)andsred(w2)tisstillcompatible.ByLemma2.20
onu=sw1w2w3t,weknowthatstandsw2tbothbelongtoLandtherefore,that
sred(w2)t∈Ltoo.

•Bydefinition,red(w2)isnon-emptysost=sred(w2)t.

•Sincered(w2)usesonlylettersthatw2usesandw2isafactorofbred(u
′
i)∈

(A\C)∗,ithasanemptysignature.Therefore,pC(st)=pC(sred(w2)t).

•Bydefinition,red(w2)cannotcontainaremovablefactorofsred(w2)tunless
itisremovableitself. Wealsoknowthataremovablefactorofred(z)isneces-
sarilyasuffixandthatsisastrictprefixofred(z),whichmeansthatsdoes
notcontainaremovablefactor.Finally,weknowthataremovablefactorof
red(y)isnecessarilyaprefixandsincetisastrictsuffixofred(y),itcannot
containone.Thismeansthatsred(w2)tcancontainatmosttwodisjointre-
movablefactors(onestartinginsandfinishinginw2andonestartinginw2
andfinishingint).Similarly,stcancontainatmostoneremovablefactor.By
Lemma2.20,thismeansthatstandsred(w2)tbelongtoeveryreductionLof
L.

LikeintheproofofTheorem2.22,weprovedthatforallFTG-reachablelan-
guagesLonanalphabetA,forallsubalphabetsC⊆A,ifCdoesnotseparateL,it
doesnotseparateanyrestrictionLofLeither.Thecontrapositiveofthisresultis
ourtheorem.

Hence,themethodwedescribedattheendofSection2.5tosolvecompletetraffic
monitoringalsoappliesonFTGs:givenaninstanceofFTG-reachableseparation,we
usetheconstructiondescribedintheproofofProposition2.27tobuildanautomaton
thatrecognisestheassociatedlanguage,wedeterminearegularexpressionofthis
language,restrictitandusethetoolsdevelopedinSection2.4tosolvetheproblem
ontheresultinglanguagethatisfinite.

2.7 Conclusion

Inthischapter,westudiedtheproblemoftrafficmonitoringfromthepointofview
ofseparatingcodes. Toovercomethelimitationsofthisapproach(asdescribed
inSubsection2.2.2),weintroducedanewmodelofseparationbasedonlanguages
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andaddressedthetraffic monitoringwithtoolsstemmingfromlanguagetheory.
TheproblemofseparationonalanguagebeingNP-completeinthesizeofthe
language,weoutlinedthreesubproblemsrelevantinpractice,namelyfinite,complete
andrestrictedtrafficmonitoring,andweoutlinedalgorithmstosolveeachofthese
subproblems,evenifthesetofwalkstoseparateisinfinite. Thestrengthand
flexibilityofourmodelenablesustoaddressthecaseofnon-acyclicgraphs,infinite
setsofroadstoseparateandeventoimposeadditionalconstraintsonthesetswe
separatesuchasavoidingcertaintransitions.Theexpressivenessofournewmodel
ofseparationonalanguageandthelimitationsitovercomesalsoofferhopethatit
couldbeofhelpinamuchwiderrangeofapplicationsthantrafficmonitoringalone.
Ofcourse,thisstudyalsoopensthedoortomanypossibilitiesforimprovement

andraisesopenproblems. WepresentsomeoftheminSection7.1.
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Chapter3

Minimumconnectingtransition
setsingraphs

Thischapterisbasedon[10]whichisjointworkwithBenjaminBergougnoux.

Contents
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3.1 Introduction

AsdiscussedinSubsection2.6.1,forbiddingtransitionsingraphsallowtoexpress
strongerconstraintsonthesetofpossiblewalksthanwhatwecandowiththe
standardgraphdefinitions. This modelissuitabletosolveroutingproblemsin
manypracticalcasesincludingopticalnetworks,roadnetworksorpublictransit
systemsamongothers. WealsohighlightedinSubsection1.3.2thatthemodelof
forbidden-transitiongraphgeneralizesothermodelssuchasedge-colouredgraphs.
Anotheruseofforbiddentransitionsistomeasuretherobustnessofgraphprop-

erties.In[105],SudakovstudiedtheHamiltonicityofagraphwiththeideathateven
anHamiltoniangraphcanbemoreorlessstronglyHamiltonian(anHamiltonian
graphisagraphinwhichthereexistsanelementarycyclethatusesallthevertices).
ThenumberoftransitionsoneneedstoforbidforagraphtoloseitsHamiltonicity
givesameasureofitsrobustness:ifthesmallestsetofforbiddentransitionsthat
makesagraphloseitsHamiltonicityhassize4,thismeansthatthisgraphcanhold
thefailureofthreetransitions,nomatterwherethefailureshappen.
Inthischapter,thenotionweareinterestedinisnotHamiltonicitybutconnec-

tivity:thepossibilitytogofromanyvertextoanyother,whichisprobablyoneof
themostimportantpropertiesweexpectfromanytelecommunicationortransport
network. However,ourworkdiffersfromothersinthatwearenotlookingforthe
minimumnumberoftransitionstoforbidtodisconnectthegraphbutforthemin-
imumnumberoftransitionstoallowtokeepthegraphconnected. Ourproblem
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3.1.Introduction

canbeseenasanequivalentofminimumspanningtreesfortransitions.Indeed,a
minimumspanningtrees(seeDefinition1.40)isaminimumsetofedgesthatkeeps
agraphconnected.

Intermsofrobustness,wearelookingforthemaximumnumberoftransitions
thatcanfailwithoutdisconnectingthegraph,providedwegettochoosewhich
transitionsstillwork.Thisdoesnotprovideavalidmeasureoftherobustnessofthe
networkbutmeasuringtherobustnessisonlyonepart(thedefinitionoftheobjective
function)oftheproblemofrobustnetworkdesign.Inmostpracticalsituations,
robustnessisachievablebutcomesatacostandtheoptimizationproblemconsists
ofcreatinganetworkasrobustaspossiblefortheminimumcost.Inthisrespect,
it makessensetobeabletochoosewherethefailurearelesslikelytohappen.
Ourproblemhighlightswhichtransitionsarethemostimportantfortheproper
functioningofthenetworkandthisiswherespecialattentionmustbepaidinits
designormaintenance.Aslongasthosetransitionswork,connectivityisassured.

Wealsowouldliketopointoutthatinpractice,unusabletransitionsarenot
alwaystheresultofamalfunction.Consideratrainnetworkandimaginethatthere
isatraingoingfromatownAtoatownBandonegoingfromthetownBtoa
townC.Intheassociatedgraph,thereisanedgefromAtoBandonefromB
toCbutifthesecondtrainleavesbeforethefirstonearrives,thetransitionisnot
usableandthiskindofsituationisclearlyunavoidableinpracticeevenifnospecial
problemhappens.Highlightingthemostimportanttransitionsinthenetworkthus
helpsdesigntheschedule,evenbeforethequestionofrobustnessarises.

UnlikeHamiltonicity(provedNP-completebyKarpin[68])ortheexistence
ofanelementarypathbetweentwovertices(polynomialinusualgraphsbutNP-
completeinFTGs[106]asdiscussedinSubsection1.3.2),testingtheconnectivity
isaneasytasktoperformevenongraphswithforbiddentransitions(notethata
walkconnectingtwoverticesdoesnothavetobeelementary). However,weprove
thattheproblemofdeterminingthesmallestsetoftransitionsthatmaintainsthe
connectivityofagivengraphisNP-hardevenonco-planargraphs,whichisthe
maincontributionofthischapter(Theorem3.19and3.22). Wealsoestablisha
O(|V|2)-time32-approximation(Theorem3.16)andareformulationoftheproblem
(Theorem3.11)whichisofgreathelpintheproofsandcouldhopefullybeuseful
againinsubsequentworks.

Moreformally,theproblemwestudyinthischapterisdefinedasfollows:

Definition3.1. Connectingtransitionset:

LetG=(V,E)beagraphandTbeasetoftransitionofG. ThegraphGis
T-connectedandTisaconnectingtransitionsetofGifandonlyifforallvertices
uandvofG,thereexistsaT-compatiblewalkbetweenuandv.

MinimumConnectingTransitionSet(MCTS)

Input:AconnectedundirectedgraphG.
Output: AminimumconnectingtransitionsetofG.

Allthegraphsweconsiderinthischapteraresimpleandundirected.
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3.2 Polynomialalgorithmsandstructuralresults

Inthissection,weonlyconsidergraphswithatleast2vertices;ourproblemistrivial
otherwise.

3.2.1 Generalbounds

Westartbystudyingthespecificcaseoftrees,whicharethesmallestconnected
graphs.

Lemma3.2.

IfGisatreethenaminimumconnectingtransitionsetofGhassize|V(G)|−2.

Proof.Theproofisintwosteps:

•Wefirstprovethat |V(G)|−2transitionsareenoughtoconnectG.

ForeveryvertexvofG,wepickaneighbourofvthatwecallf(v).Forevery
neighbouru=f(v)ofv,weallowthetransitionuvf(v). Weendupwiththe
transitionsetT={uvf(v):v∈V(G),u∈N(v)\{f(v)}}.

LetuandvbeverticesofG.SinceGisconnected,thereexistsawalk(u,u1,
u2,...,uk,v)betweenuandv.Thewalk(u,u1,f(u1),u1,u2,f(u2),u2,...,uk,f(uk),
uk,v)isT-compatibleandstillleadsfromutov.ThisprovesthatGisT-connected.

ThesizeofTis|T|=

v∈V(G)

(d(v)−1)=2|E(G)|−|V(G)|.SinceGisatree,

|E(G)|=|V(G)|−1andthus,|T|=|V(G)|−2.

•LetusnowprovebyinductiononthenumbernofverticesofGthatatleast
n−2transitionsarenecessarytoconnectG.

Thisisobviousforn=2.LetusassumethatitholdsfornandletGbeatree
withn+1vertices.

LetTbeaminimumconnectingtransitionsetofG.Letuvbeaninternaledge
ofTifany(i.e.anedgesuchthatuandvarenotleaves).Letaandbbetwovertices
fromdifferentconnectedcomponentsofG−{u,v}.Everywalkleadingfromatob
inGthereforeusestheedgeuvandthus,twotransitionscontaininguv.Thisproves
thateveryinternaledgeofTbelongstoatleasttwotransitionsofT.

IfeveryedgeofGbelongstoatleasttwotransitionsofT,Thassizeatleast
|E(G)|=|V(G)|−1whichconcludestheproof.Otherwise,letuvbeanedgethat
belongstoatmostonetransitionofT.Thismeansthatoneofitsvertices,sayv,
isaleaf.ItisstraightforwardtocheckthatuvmustbelongtoonetransitionofT,
otherwiseGwouldnotbeT-connected.

LettbethetransitioninTcontaininguv.ThegraphG−visT\{t}-connected
andisatree.Bytheinductionhypothesis,thismeansthat|T\{t}| n−3and
|T| n−2.Thisconcludestheproofofthelemma.

Letusalsonotethatalinear-timealgorithmtocomputeanoptimalsolutioncan
beeasilydeducedfromthisproof.

Sinceeveryconnectedgraphcontainsaspanningtree(Definition1.40),wede-
ducethefollowingupperboundongeneralgraphs.
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3.2.Polynomialalgorithmsandstructuralresults

Proposition3.3.

EveryconnectedgraphGhasaconnectingtransitionsetofsize|V(G)|−2.

Notehoweverthatinthegeneralcase,thisboundisfarfromtight. Themost
extremecaseisthecompletegraphwhereeveryvertexcanbeconnectedtoevery
otherwithawalkofoneedge,thatthereforeusesnotransition. Thus,theempty
setisaconnectingtransitionsetofthecompletegraph. Moregenerally,forevery
k∈[[0,n−2]],thereexistsagraphGofnverticessuchthataminimumconnecting
transitionsetsonGhassizek. Suchagraphcanbebuiltfromatreeofk+2
verticesbyaddingn−k−2verticesconnectedtoeveryothervertexofthegraph
(includingtheverticesofthetree).

Whilegraphswithdominatingvertices(i.e.verticesconnectedtoeveryvertex
ofthegraph)arethemostobviouscounter-examples,therearemanyothercases
whereagraphGhasconnectingtransitionsetssmallerthan|V(G)|−2.Itmay
suggestthatthesizeofaminimumconnectingtransitionsetofagraphwithknon-
dominatingverticesisk−2butweshowthatthisisneitheralowerboundnoran
upperbound.

Indeed,thegraphGdepictedinFigure3.1ahas3non-dominatingvertices(u2,u3
andu4)butweneed2transitionstoconnectit(forexample,u3u2u1andu2u1u4,
asdepictedingreeninthefigure).Here,thenon-dominatingverticesdonotinduce
aconnectedgraphandonetransitionisnotenoughtoconnectthem.

Conversely,thegraphHdepictedinFigure3.1bhasnodominatingvertexand
therefore7non-dominatingverticesbutcanbeconnectedwithonly4transitions
(forexample,v2v3v4,v3v4v5,v4v5v6andv1v2v7).Indeed,theverticesv1andv7,
whilenotdominating,areconnectedtoeveryvertexofthegraphexcepteachother.
Weneedthreetransitionstoconnecttheotherverticesofthegraphandonlyone
moretoconnectbothofthem.

u1

u4

u3

u2

u5

(a)AgraphG.

v1

v6

v5

v4

v3

v2

v7

(b)AgraphH.

Figure3.1

Thekeytounderstandwhatisgoingonhereistolookattheconnectedcompo-
nentsofthecomplementarygraph.

Definition3.4. Co-connectedcomponentsofagraph

Theco-connectedcomponents(orco-cc)ofagraphGaretheconnectedcompo-
nents(orcc)ofitscomplementarygraphG.
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3.Minimumconnectingtransitionsetsingraphs

Thefollowingresultaimsattighteningtheupperboundonthesizeofaminimum
connectingtransitionsetofagraph.

Theorem3.5.
EveryconnectedgraphGhasaconnectingtransitionsetofsizeτ(G)where

τ(G)=
Cco-ccofG

|C|2

|C|−2ifG[C]isconnected

|C|−1otherwise

Proof.Bydefinition,ifuandvbelongtodifferentco-connectedcomponentsofG,
thereisanedgeuv∈E(G)andthereisthereforeawalkbetweenuandvthatis
compatiblewithanytransitionset.Thus,weonlyhavetofindatransitionsetthat
connectsalltheverticesthatbelongtothesameco-connectedcomponent.
LetCbeaco-connectedcomponentofGwithatleast2vertices.IfG[C]is

connected,Proposition3.3providesatransitionsetofsize|C|−2thatconnectsC.
Otherwise,sinceGisconnected,weknowthatV(G)=Candthereexistsavertex
v/∈C.Hence,visadjacenttoeveryvertexofCandC∪{v}inducesaconnected
subgraphofG.Proposition3.3providesasetofsize|C∪{v}|−2=|C|−1that
connectsC.ByiteratingthisoneveryC,webuildaconnectingtransitionsetTof
sizeτ(G).

Example3.6.
LookingbackatFigure3.1a,theco-connectedcomponentsofthegraphGare

respectively{u1},{u2,u3,u4}and{u5}. Weneednotransitiontoconnectthe
dominatingverticestoeveryothervertexbutweneedtransitionstoconnectthe
verticesof{u2,u3,u4}. However,theydonotinduceaconnectedgraphandno
transitioncanconnectu2andu4usingonlythosevertices.Asolutionistoaddthe
vertexu1andtolookforaconnectingtransitionsetonthesubgraphinducedby
{u1,u2,u3,u4}. ByProposition3.3,weknowthatthereexistsoneofsize2,and
{u1u2u3,u2u1u4}isanexampleofsuchset.
ThefactthatthegraphH depictedinFigure3.1bhasnodominatingver-

texonlymeansthatithasnoco-connectedcomponentofsize1butitcanstill
haveseveralco-connectedcomponents.Indeed,itsco-connectedcomponentsare
{v1,v7}and{v2,v3,v4,v5,v6}. Thesecondoneinducesaconnectedsubgraphand
Proposition3.3ensuresthatitcanbeconnectedwith3transitions,forexample
{v2v3v4,v3v4v5,v4v5v6}.Thecomponent{v1,v7}doesnotinduceaconnectedgraph
andweneedavertexfromanothercomponenttoconnectthem.Forexample,we
canlookforaconnectingtransitionsetonthegraphinducedby{v1,v2,v7}andwe
find{v1v2v7}.

NoticethatthisboundcanbecomputedinO(|V(G)|2). However,weshowin
thenextsectionthattheboundprovidedbyTheorem3.5isnottighteither.

3.2.2 Connectinghypergraphs

ThissubsectionpresentsareformulationofMCTSwhichisveryusefulinthesub-
sequentproofs.
WefirstobservethattheboundprovidedinTheorem 3.5isnottight.
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3.2.Polynomialalgorithmsandstructuralresults

Example3.7.
LetusconsiderthegraphP7whosevertexsetis{v1,...,v7}andwhereevery

vertexvi,2 i 6isconnectedtoeveryvertexofthegraphexceptvi−1and
vi+1.Sincethegraphisconnectedandco-connected,τ(P7)=5butthesetT=
{v3v1v4,v2v4v1,v6v4v7,v5v7v4}isaconnectingtransitionsetofsizeonly4.Tobetter
understandthissolution,letusconsiderthespanningtreeofP7depictedinFigure
3.2:

v3

v1

v4
v7
v5

v2 v6

Figure3.2:AspanningtreeofP7andaconnectingtransitionset(depictedingreen).

NotethatthesetTdescribedabovedoesnotconnectthisspanningtree.Indeed,
onecannotgofromv1,v2orv3tov5,v6orv7usingaT-compatiblewalkinthetree.
However,theseverticesarealreadyconnectedtoeachotherbyedgesthatdonot
belongtothespanningtree.Theoptimalsolutionheredoesnotconsistofconnecting
aspanningtreeofGbutinconnectingaspanningtreeofG[{v1,v2,v3,v4}]andone
ofG[{v4,v5,v6,v7}]andthecostis(4−2)+(4−2)=4insteadof7−2=5.

Infact,weprovethattoeachoptimalconnectingtransitionsetTofagraphG
correspondsanuniquedecompositionofGintosubgraphsG1,G2,...,Gksuchthat
TisthedisjointunionofT1,T2,...,Tk,whereeachTiistheconnectingtransition
setofsomespanningtreeofGi.ObservethatthesizeofTisuniquelydetermined
byitsassociateddecomposition,i.e.,|T|=|V(G1)|−2+···+|V(Gk)|−2.Hence,
findinganoptimalconnectingtransitionsetisequivalenttofindingitsassociated
decomposition.Inthefollowing,wereformulateMCTS intothisproblemofgraph
decompositionwhichiseasiertoworkwith.

Definition3.8. ConnectingHypergraph
LetGbeagraph.AconnectinghypergraphofGisasetHofsubsetsofV(G)

calledconnectinghyperedges,suchthat

•ForallE∈H,|E| 2.

•ForallE∈H,G[E]isconnected.

•Foralluv/∈E(G),thereexistsE∈H suchthatu,v∈E(wesaythatthe
hyperedgeEconnectsuandv).

Wedefinetheproblemof optimalconnectinghypergraphasfollows:

OptimalConnectingHyperGraph(OCHG)

Input:AconnectedgraphG.

Output: AconnectinghypergraphHthatminimizescost(H)=
E∈H

(|E|−2).
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3.Minimumconnectingtransitionsetsingraphs

Wenowprovethat OCHGisareformulationofMCTS (Theorem3.11).

Proposition3.9.LetGbeagraphandletH beaconnectinghypergraphofG.
ThereexistsaconnectingtransitionsetTofsizeatmostcost(H).

Proof.Bythedefinitionofaconnectinghypergraph,foralli,Eiinducesaconnected
graphandbyProposition3.3,thereexistsasubsetoftransitionsTiofsize|Ei|−2
suchthatG[Ei]isTi-connected.LetT= ikTi.Bydefinition,foralluv/∈E(G),
thereexistsisuchthatu,v∈Ei.SinceG[Ei]isTi-connectedandTi⊆T,thereisa
T-compatiblewalkbetweenuandvinGwhichmeansthatGisT-connected.Since

T=
ik

Ti,|T|
ik

|Ti|=
ik

(|Ei|−2)=cost(H)andwecanusetheconstruction

givenintheproofofLemma3.2tobuildTinO(|V(G)|+|E(G)|).

Proposition3.10.LetTbeaconnectingtransitionsetofG.Thereexistsacon-
nectinghypergraphH={E1,...,Ek}ofcostatmost|T|.

Proof.Let∼betherelationonTsuchthatt∼t′ifandonlyiftandt′shareatleast
onecommonedge. WedenotebyRthetransitiveclosureof∼.LetT1,...,Tkbethe
equivalenceclassesofR.Foralli k,wedenotebyEithesetofverticesinduced
byTi. Weclaimthatthehypergraph{E1,...,Ek}isaconnectinghypergraphand
thatforalli,|Ti| |Ei|−2.

Byconstruction,foralli,wehave|Ei| 3sinceTicontainsatleastonetransition
andthus,threevertices. Furthermore,sinceGisT-connected,thereexistsaT-
compatiblewalkW betweeneverypairuv/∈E(G).AllthetransitionsthatW uses
mustbeinTandarepairwiseequivalentforR. Thus,foralluv/∈E(G),there
existsisuchthatbothuandvbelongtoEi.

Itremainstoprovethatforalli,|Ei|−2 |Ti|. Weprovebyinductionon
nthateverysetTofnpairwiseequivalenttransitionsinducesavertexsetofsize
atmostn+2. Thispropertytriviallyholdsforn=1. Now,supposethatitis
trueforsetsofsizenandletTbeasetofpairwiseequivalenttransitionsofsize
n+1.LetP=t1,...,trbeamaximalsequenceofdistincttransitionsofTsuch
that,foralli r−1,ti∼ti+1. OnecancheckthatallthetransitionsofT\{t1}
arestillpairwiseequivalent(otherwise,Pwouldnotbemaximal).Bytheinduction
hypothesis,T\{t1}inducesatmostn+2vertices.Sincet1sharesanedge(andthus
atleast2vertices)witht2,itinducesatmostonevertexnotinducedbyT\{t1}.
ThusTinducesatmostn+3vertices.

ThenexttheoremfollowsdirectlyfromPropositions3.9and3.10.

Theorem3.11.

LetGbeagraph.

•ThesizeofaminimumconnectingtransitionsetofGisequaltothecostof
anoptimalconnectinghypergraph.

•AsolutionofoneoftheseproblemsonGcanbededucedinpolynomialtime
fromasolutionoftheother.
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LetusnotethattheboundprovidedinTheorem3.5suggestsaO(|V|2)-time
heuristicforOCHGwhichconsistsofbuildingthesetHasfollows:

H=
Cco-ccofG

|C|2

CifG[C]isconnected

C∪{v}withv/∈Cotherwise

Example3.12.
LetGbethegraphdepictedinFigure3.1a(seeExample3.6foradescriptionof

itsco-connectedcomponents).Theaforementionedheuristicprovidestheconnecting
hypergraph{{u2,u3,u4,u1}}ofcost2. SinceGachievestheboundprovidedby
Theorem3.5,thisconnectinghypergraphisoptimal.
OnthegraphHdepictedinFigure3.1b,theheuristicprovidestheconnecting

hypergraph{{v1,v7,v2},{v2,v3,v4,v5,v6}}ofcost4,whichisoptimalbythesame
argument.
OnthegraphP7depictedinFigure3.2,theheuristicprovidestheconnecting

hypergraph{{v1,v2,v3,v4,v5,v6,v7}}ofcost5whiletheconnectinghypergraph
{{v1,v2,v3,v4},{v4,v5,v6,v7}}hascostonly4.

LetGbeaconnectedgraphandv∈V(G).IfG−visnotconnected,wesay
thatvisacutvertexofG.NotethatifGisatree,everyvertexofGthatisnota
leafisacutvertex.
WeusethereformulationgivenbyTheorem 3.11togeneralizeLemma3.2.

Proposition3.13.IfGhasacutvertex,thenaminimumconnectingtransition
setofGhassize|V(G)|−2.

Proof.ByTheorem3.11,itissufficienttoprovethatH ={V(G)}isanoptimal
connectinghypergraphofG. LetpbeacutvertexofGandC1,...,Crbethe
connectedcomponentsofG−p.LetH={E1,...,Ek}beanoptimalconnecting
hypergraphofG.
Leta∈C1.Supposethattherearetwoverticesb,c=pthatdonotbelong

toC1. Hence,{a,b}/∈E(G)andthereexistsisuchthata,b∈Ei. SinceEi
mustinduceaconnectedsubgraphofG,weknowthatp∈Ei.Similarly,weknow
thatthereexistsEjthatcontainsa,candp. Thus,|Ei∩Ej| |{a,p}| 2and
cost({Ei∪Ej})=|Ei∪Ej|−2 |Ei|−2+|Ej|−2=cost({Ei,Ej}).
Thus,H\{Ei,Ej}∪{Ei∪Ej}isalsoanoptimalconnectinghypergraphwhere

thesamehyperedgecontainsbothbandc.Byiteratingthisprocess,weprovethat
thereisanoptimalconnectinghypergraphwithonehyperedgeEthatcontainsa,
pandC2,...,Cr. Thisresulttriviallyholdsifthereisonlyonevertexb=pthat
doesnotbelongtoC1.
ByiteratingthepreviousprocessonthishypergraphwithavertexinE∩C2

insteadofa,weendupwiththeoptimalconnectinghypergraph{V(G)}whosecost
isn−2.

Wenowinvestigateinwhichcasethereexistsanoptimalconnectinghypergraph
whosehyperedgesallinduceco-connectedgraphs.Suchhyperedgesareeasierto
workwithandthislemmahelpsusprovethatMCTS is32-approximableandNP-
hard.
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Lemma3.14.
LetGbeaconnectedgraph.IfGisco-connectedorGhasadominatingvertex

xandG−xisconnectedandco-connected,thenthereexistsanoptimalconnecting
hypergraphH={E1,...,Ek}onGsuchthatforalli,G[Ei]isco-connected.

Proof.Tofacilitatetheunderstanding,theconstructionweuseintheproofisillus-
tratedinFigure3.3.

C

E′

v

u

c1

c2

E1

E2

Figure3.3: Here,G[C]hasfiveconnectedcomponents(circledingreen),twoof
which(c1andc2)arenotconnectedtoE

′. ToensurethatG[E]isconnected,we
needthehyperedgesE1andE2.

LetHbeanoptimalconnectinghypergraphonGandletEbeahyperedgeof
HsuchthatG[E]isnotco-connected.IfEisaclique,thenEdoesnotconnectany
pairofnon-adjacentverticesandH\Eisstillaconnectinghypergraphwhosecostis
lessorequalthanthecostofH.Otherwise,letaandbbetwonon-adjacentvertices
ofE.Theythereforebelongtothesameco-connectedcomponentCofG[E].
Bywayofcontradiction,supposethatCisaco-connectedcomponentofG.

SinceC E V(G),weknowthatGisnotco-connected. Byhypothesis,it
thereforehasadominatingvertexxandC=V(G)\{x}.Thus,E=V(G).Hence,
cost(H) |V(G)|−2whichisabsurdsince{V(G)\{x}}isaconnectinghypergraph
ofcost|V(G)|−3.
Thus,Cisnotaco-connectedcomponentofG,whichmeansthatthereexist

u∈Candv/∈Csuchthatuandvarenotadjacent.SinceCisaco-connected
componentofG[E],wealsoknowthatv/∈E.Hence,thereexistsE′=EinHthat
containsuandv.Letc1,...,clbetheconnectedcomponentsofG[C]thatarenot
connectedtoanyvertexofE′(ifany).Bydefinitionofconnectinghypergraph,we
knowthatforalli l,thereexistsEi∈HthatconnectsavertexofE

′andavertex
ofci. WecreateH′fromHbyreplacingEbyE\CandbyreplacingE1,...,El
andE′byE=E′∪C∪E1∪···∪El.
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Weclaimthat cost(H′) cost(H)−1.Indeed,replacingEbyE\Cdecreases
thecostby|C|whilereplacingE′byE′∪Cincreasesthecostofatmost|C|−1
becauseE′∩Ccontainsatleastthevertexu. Moreover,wecanprovebyinduction
oni lthatthecostof{E′∪C∪E1∪···∪Ei−1,Ei}isgreaterorequalthanthe
costof{E′∪C∪E1∪···∪Ei−1∪Ei}.Indeed,(E

′∪C∪E1∪···∪Ei−1)∩Ei
hassizeatleasttwo(itcontainsatleastonevertexinE′andoneinci⊂C,by
definitionofEi).Itfollowsthatcost(E) cost({E′∪C,E1,...,El}). Therefore,
cost(H′) cost(H)−1.SinceHisanoptimalconnectinghypergraphandH′has
asmallercost,weknowthatH′isnotaconnectinghypergraph.Butobservethat
H′satisfiesthefollowingproperties:

•Everypairofnon-adjacentverticesisstillconnectedbyahyperedgeofH′.In-
deed,iftwonon-adjacentverticesareconnectedbyEinHtheyareconnected
byE\CorEinH′dependingonwhethertheybelongtoCornot;ifthey
areconnectedbyanEiinH,theyareconnectedbyEinH

′andotherwise,
thehyperedgethatconnectstheminHbelongstoH′too.

•ThegraphG[E]isconnected.Indeed,thesetsE′,E1,...,Elallinducecon-
nectedsubgraphsofGbydefinitionandareconnectedtoeachotherbecause
foralli,Ei∩E

′=∅.Furthermore,alltheconnectedcomponentsofCare
connectedtoavertexofE′,excepttheciwhicharebydefinitionconnected
totheEi.

Thus,either|E\C|<2orG[E\C]isnotconnected.IfE\Cisasingleton,it
doesnotconnectanypairofnon-adjacentvertices.Thus,H′\{E\C}isaconnecting
hypergraphwhosecostisstrictlysmallerthanH,whichisabsurd.Hence,G[E\C]
isnotconnected,whichmeansitisco-connected. WecanthereforeapplytoE\C
thesamemethodweusedonC.
Justlikebefore,weknowthatthereexisttwonon-adjacentverticesu′∈E\C

andv′/∈E.LetF∈H′bethehyperedgethatconnectsu′andv′,letd1,...,dl′be
theconnectedcomponentsofE\CthatarenotconnectedtoFandletF1,···,Fl′

behyperedgesofH′suchthatFiconnectsavertexofFtoavertexofdi. We
createH′′fromH′byremovingE\CandbyreplacingF1,...,Fl′andFbyF =
F∪(E\C)∪F1∪···∪Fl′.
Withthesameargumentsusedfor H′,wecanprovethatF isconnectedand

thatH′′connectseverypairofnon-adjacentvertices,whichmeansthatH′′isa
connectinghypergraph. Moreover,withthesearguments,wecanalsoprovethat
cost(F) cost({F∪(E\C),F1,...,Fl′}). Furthermore,removingE\Cfrom
H′decreasesthecostby|E\C|−2andreplacingFbyF∪(E\C)increasesit
byatmost|E\C|−1sinceF∩(E\C)containsatleastthevertexu′. Hence,
cost(H′′) cost(H′)+1 cost(H).Thus,H′′isanoptimalcoveringhypergraph.
ObservethatH′′hasstrictlyfewerhyperedgesEsuchthatG[E]isnotco-connected
thanH. Weprovethelemmabyiteratingthisprocess.

EvenifGsatisfiestheconditionofthelemma,theremaystillexistanoptimal
connectinghypergraphH ofGandE∈H suchthatG[E]isnotco-connected.
Inthiscase,theproofofthelemmaimpliesthatG[E]containstwoco-connected
componentsC1andC2andthatneitherG[C1]norG[C2]isconnected.
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3.2.3 Polynomialapproximation

WeproveinthissubsectionthattheboundprovidedbyTheorem3.5isactuallya
3
2-approximationofthesizeofaminimumconnectingtransitionsetandthatthis
boundistight.Thisbound,aswellasasolutionthatachievesit,canbecomputed
inO(|V|2).

Wefirststudythecaseofgraphsthatareconnectedandco-connected.

Proposition3.15. LetGbeagraphofnvertices.IfGisconnectedandco-
connected,thenforeveryconnectinghypergraphHofG,cost(H) 2(n−1)

3 .

Proof.LetGbeconnectedandco-connected. WeknowbyLemma3.14thatthere
existsanoptimalconnectinghypergraphH={E1,...,Ek}ofGsuchthatforalli,
G[Ei]isco-connected.

First,observethatcost(H) 2k.Indeed,foreveryi,G[Ei]isbothconnected
andco-connected,whichisonlypossibleif|Ei| 4. Ascost(H)= ik|Ei|−2,
wededucethatcost(H) 2k.

Now,weprovethatcost(H) n−k−1. ObservethatsinceGisconnected,
everyvertexvbelongstoatleastoneedgeinG.Hence,bydefinitionofconnecting
hypergraph,thereexistsE∈Hsuchthatv∈Eand ikEi=V(G).

Alsonotethatforalli<k,thereexistsahyperedgeEjwithj>ithatshares
avertexwithahyperedgeofE1,...,Ei.Otherwise, jiEjand j>iEjcoverthe
verticesofGandsinceGisco-connected,thismeansthatthereexistu∈ jiEj
andv∈ j>iEjsuchthat(u,v)/∈E(G)butnosetofH connectsthem,which
isimpossible. Wecanassumewithoutlossofgeneralitythatthishyperedgethat
sharesatleastonevertexwith jiEjisEi+1.

Itisnowimmediatetoprovebyinductiononi kthat

ji

|Ej|−2 |
ji

Ej|−i−1.Thus,cost(H) n−k−1.

Bycombiningthetwoinequalities,wefindthatcost(H) 2(n−1)
3 .

Wenowprovethetheoreminthegeneralcase.

Theorem3.16.

ForeveryconnectedgraphGandoptimalconnectingtransitionsetTofG,the
sizeofTisatleast23τ(G),whereτ(G)isthefunctiondefinedinTheorem3.5.

Proof.ByTheorem3.11,itisenoughtoprovethatanoptimalconnectinghyper-
graphhascostatleast23τ(G). WealreadyknowthatthetheoremholdsifGis
co-connected.

LetH={E1,...,Ek}beanoptimalconnectinghypergraphofG,letC1,...,Cl
betheco-connectedcomponentsofGandforallj l,letvjbeavertexthatdoes
notbelongtoCj.

Foralli kandj lsuchthat|Ei∩Cj| 2,wedefine

Ei,j=
Ei∩Cj ifG[Ei∩Cj]isconnected

Ei∩Cj∪{vj} otherwise
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andwedefineFastheunionofthe{Ei,j}.NotethatifGisco-connected,thereis
onlyoneco-connectedcomponentC1=V(G)andwhilethereisnovertexv1/∈C1,
foralli,G[Ei∩C1]=G[Ei]isconnectedbydefinition,sowedonotneedv1inthe
aboveconstruction.
SincevjdominatesCj,itiseasytocheckthateveryhyperedgeofFisconnected

andhassizeatleast2.Furthermore,anytwonon-adjacentverticesofGbelongtothe
sameCjandareconnectedbyanEi∈H.Therefore,theybelongtoEi∩Cjwhich
hassizeatleasttwoandthusbelongstoF.Hence,Fisaconnectinghypergraph.
LetEi∈H andletSibethesetofvaluesofjsuchthatEi,jexists.Ifthere

isonlyonesuchvaluej,thencost(Ei) cost(Ei,j)=cost( j∈Si
{Ei,j})follows

immediately.Otherwise

cost(
j∈Si

{Ei,j})
j∈Si

(|Ei∩Cj|+|{vj}|−2) |Ei|−|Si| |Ei|−2=cost(Ei)

stillholds.SinceF=
ikj∈Si

{Ei,j},itfollowsthatcost(F) cost(H)whichproves

thatFisoptimal.
Weknowthattwonon-adjacentverticesnecessarilybelongtothesameco-

connectedcomponentofGandsinceahyperedgeEi,jonlycontainsonevertex
thatdoesnotbelongtoCjitonlyconnectsnon-adjacentverticesofoneconnected
component.Forallj,letFjbethesetofhyperedgesofFthatconnectnon-adjacent
verticesofCj.SinceEi,j⊆Cj∪{vj},FjisaconnectinghypergraphofG[Cj∪{vj}].
LetCjbeaco-connectedcomponentofGandobservethat:

•ifCjisnotconnected,thenvjisacutvertexofCj∪{vj}.Hence,byProposition
3.13,cost(Fj) |Cj|−1.

•ifCjisconnected,sinceitisco-connectedbydefinition,Cj∪{vj}admits
byLemma3.14anoptimalconnectinghypergraphHjsuchthatforevery
hyperedgeEofHj,G[E]isco-connectedandthus,vj /∈E. Thisproves
thatHjisaconnectinghypergraphofG[Cj]. AsG[Cj]isconnectedand

co-connected,weknowbytheaboveclaimthatcost(Hj)
2(|Cj|−1)

3 .

Thus,

cost(F)=
jl

cost(Fj)
jl






|Cj|−1 ifCjisnotconnected

2(|Cj|−2)

3
otherwise

2

3
jl

|Cj|−1ifCjisnotconnected

|Cj|−2otherwise

2

3
τ(G)

TheboundgiveninTheorem3.16istight.Indeed,letGbethecomplementof
astarofnbranchesof3edges.ThegraphGhas3n+1verticesthatwecallc,vi,1,
vi,2andvi,3with1 i n(inG,cisthecenterofthestarandvi,1,vi,2andvi,3are
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thethreeverticesofthebranchi).EveryvertexofGisconnectedtoeveryother
exceptcandvi,1,vi,1andvi,2andvi,2andvi,3with1 i n.Thecomplementof
thecasei=6isdepictedinFigure3.4.

cv1,1v1,2v1,3

v2,1

v2,2

v2,3

v3,1

v3,2

v3,3

v4,1 v4,2 v4,3

v5,1

v5,2

v5,3

v6,1

v6,2

v6,3

Figure3.4:Thestarof6branchesof3edges.

SinceGisbothconnectedandco-connected,ouralgorithmreturnstheconnect-
inghypergraphH1={V(G)}whosecostis3n−1butthehypergraphH2whose
hyperedgesarethe{c,vi,1,vi,2,vi,3}fori∈[[1,n]]isaconnectinghypergrpahofcost
2n.Thecaseofco-P7thatwestudiedinExample3.7toprovethatthealgorithm
wasnotexactisthecasei=2.

3.3 NP-completeness

ThissectionmainlyprovestheNP-completenessofOCGHandthusMCTS.

Subsection3.3.1discussesthegeneralizationoftheproblemwheretheinput
graphisalreadyaforbidden-transitiongraph(V,E,T)andwelookfortheminimum
connectingtransitionsetT′⊂T. WeshowthatthisproblemisNP-completeby
reducingtheproblemoffindingelementarypathsinFTGs.Section3.3.2isdevoted
totheproofoftheNP-completenessofMCTS inusualgraphs. Weproveitby
reducingfrom3-SAT,andthissubsectioncontainsboththepresentationofthe
gadgetandtheproofitself.Finally,Subsection3.3.3aimsatexplainingtheintuition
behindthepreviousproof.Todoso,wehighlightwhichpropertiesofthegadgets
wereneededfortheprooftoworkandpresenthowthegadgetsweredesigned.

3.3.1 MCTSinFTGs

WesaidinSection 3.1thattheproblemofMCTSishelpfultohighlightwhich
transitionsofanetworkarethemostimportanttoitsconnectivityandthus,which
transitionsweshouldstrengthentoensuretherobustnessofthenetwork.However,
wealsopointedoutthatforbiddentransitionsarenotalwaystheconsequenceofa
malfunction.Inpracticalapplicationssuchastransitnetworkscheduling,certain
transitionscannotbe madepossible. Hence,welookforconnectingtransitions
amongasetofpossibletransitionswhichdoesnotcontainallthepairofadjacent
edgesofthegraph.Thissubsectionisdedicatedtothefollowingproblem:
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MinimumConnectingTransitionSetinFTGs

Input:AconnectedundirectedFTGG=(V,E,T).
Output: AminimumtransitionsetT′⊂TsuchthatofGisT′connected.

Thevastmajorityoftheresultsweprovedintheprevioussectiondonothold
anymore.Indeed,mostofthemwerebasedonProposition3.3,whichstatesthata
MCTSofagraphGhassizeatmost|V(G)|−2. WeshowthatProposition3.3does
notholdanymoreinFTGs.

Example3.17.
LetGbethegraphdepictedintheFigure3.5,whereT={v2iuv2i+1:i∈[[0,k]]}∪

{uv2i+1v2i+2:i∈[[0,k]]}∪{v2i+1v2i+2u:i∈[[0,k]]}. TheonlyT-compatiblewalk
leadingfromv0tov2k+1 is(v0,u,v1,v2,u,v3,v4,u,...u,v2k−1,v2k,u,v2k+1)which
usesallthetransitionsofT.Therefore,nostrictsubsetT′ofTconnectsGandthe
onlyminimumconnectingsetinGhassize3k=3

2(|V(G|−2).

uv0

v1

v2

v3
v4

v2k−1

v2k

v2k+1

Figure3.5:Acounter-exampletothegeneralizationofProposition3.3toFTGs.

SinceFTGsareageneralizationofusualgraphs,theNP-completenessofMCTS
inFTGsisanimmediateconsequenceoftheNP-completenessof MCTSinusual
graphs,whichweproveinthenextsection. However,whileourproofofNP-
completenessinusualgraphsisquitecomplicated,weshowinthissubsectionthat
theNP-completenessofMCTSinFTGsfollowsquicklyfromtheNP-completeness
ofelementarypathsinFTGs,whichwasestablishedbySzeiderin[106].

Theorem3.18.
MCTSinFTGsisNP-complete.

Proof.Theproblemwereduceisthefollowing:

ElementarypathinFTGs

Input:AFTGG=(V,E,T)andtwoverticess,t∈V.
Output: AT-compatibleelementarypathinGleadingfromstot.

LetG=(V,E,T)beaFTGofnverticesandsandtbetwoverticesofG. We
definethegraphG2asfollows:

•V2=V∪{s
′}∪{w};
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3.Minimumconnectingtransitionsetsingraphs

•E2={uv:u,v∈(V∪{w})}∪{s
′w}∪{s′s};

•T2=T∪{s
′wv:v=t}∪{s′sv:sv∈E}.

LetussolveMCTSonG2. Wenotethatalltheverticesarealreadyconnected
toeachotherbyanedge(awalkthatdoesnotuseanytransition)excepts′which
isonlyconnectedtosandw.
AT2-compatiblewalkleavingfroms

′cangotowandthen,toanyvertexuof
Vexceptt,butafteru,itcannotgoanywhere,exceptbacktowandthentos′.
Hence,awalkW goingfroms′tothastogofroms′tosfirst.Froms,itcanthen
onlygotoaneighbourofsinGandmustthengototusingonlytransitionsofT2
buttheonlytransitionsofT2itcanuseatthispointbelongtoTtoo.Thus,aT2
compatiblewalkfroms′totinG2istheconcatenationofs

′sandaT-compatible
walkW inGfromstot.Hence,thereisaT2-compatibleelementarywalkfroms

′

totinG2ifandonlyifthereisaT-compatiblewalkfromstotinG.
LetT′⊂T2beaconnectingtransitionsetofG2.Inordertoconnects

′andt,
T′mustcontainallthetransitionsofawalkW betweens′andt.LetnW bethe
numberofdistinctverticesthatthewalkW usesandmW thelengthofthewalk.
Wecanassumethatallthetransitionsthatthewalkusesaredistinct.Indeed,if
thisisnotthecase,wecanextractfromW acompatiblewalkthatonlyusesdistinct
transitionsbyremovingeverythingbetweentwooccurrencesofthesametransition.
ThewalkW thereforeusesmW −1transitionsandT

′hastocontainthemall.
However,thosetransitionsonlyconnects′totheverticesthatareusedbyW and
therearethusstilln+1−nW verticesthatarenotconnectedtos

′. Wenotethat
eachtransitioncanonlyconnects′toonenewvertexandthatonetransitionis
alwaysenoughtoconnects′toanewvertexusincewecanalwaysadds′uw.Hence,
thesizeofourconnectingtransitionsetT′ismW −1+n+1−nW.Thegreatest
valuethatnW canachieveisnW =mW +1andrequiresW tobeelementary.
Therefore,thereexistsaconnectingtransitionsetofsizen−1inG2ifandonly

ifthereexistsaT-compatibleelementarywalkfromstotinG,whichprovesthat
MCTSinFTGsisNP-complete.

Anevenstrongermodeltodescribethepracticalsituationswheresometransi-
tionsarehardertoensurethanotheristheweightedversionofMCTS whereevery
transitionofthegraphhasacostandwelookforaconnectingtransitionsetof
minimumweight.
Notethatsincetheweightedversionisstronger,Theorem3.18alsoimpliesthe

NP-completenessofthisvariant.Indeed,forbiddentransitionscanbe modelled
bygivingthemarbitrarilyhighweightanditiseasytocheckwhetheraweighted
transitionsetusesaforbiddentransitionbylookingatitscost.

3.3.2 MCTSinusualgraphs

Thissubsectionisdevotedtotheproofofthefollowingtheorem,whichisstronger
thanTheorem3.18:

Theorem3.19.
OCGHandMCTS areNP-complete.
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ThoseproblemsareinNPsincethecostofaconnectinghypergraphorthesize
ofatransitionsetcanbecomputedinlineartime.Itremainstoprovethattheyare
NP-hard.

Thegraphinvolvedinthisproofareverydense,whichmakesthemhardtovisu-
alize.Hence,weprefertoworkwiththeircomplementarygraphsandwetherefore
provetheNP-hardnessofthefollowingproblemthatwecallco-OCHG:

Definition3.20. co-ConnectingHypergraph

LetGbeagraph.Aco-connectinghypergraphisasetofhyperedgesE1,...,Er⊆
V(G)suchthat

•Foralli r,|Ei| 2.

•Foralli r,G[Ei]isco-connected.

•Foralluv∈E(G),thereexistsisuchthatu,v∈Ei(wesaythatthehyperedge
Eicoverstheedgeuv).

co-OptimalConnectingHyperGraph(co-OCHG)

Input:Aco-connectedgraphG.

Output: Aco-connectinghypergraphthatminimizescost(H)=
E∈H

(|E|−2).

TheproblemsofOCHGandco-OCHGareclearlypolynomiallyequivalent
sincesolvingOCHGonagraphGisthesameassolvingco-OCHGonitscom-
plementG.

WeprovetheNP-hardnessofco-OCHGbyreducing3-SATtoit.LetF bea
booleanformulain3-SATform,withnvariablesandmclauses. Wemayassume
thateachvariablehaspositiveandnegativeoccurrencesinF.Indeed,ifavariablex
hasnonegativeoccurrence,wemaysetittoTrueandwecreatefromF aformula
F′byremovingeveryclausethatcontainsx. DeterminingifF issatisfiableis
equivalenttodeterminingifF′is.

Wecall c1,...,cm theclausesofF andx1,...,xnitsvariables. Wearegoing
tobuildfromF agraphGF suchthatF issatisfiableifandonlyifGF admitsa
co-coveringhypergraphofcost25m.

Westartbydescribinghowtoconstruct GF.Additionalinformationabouthow
GF isdesignedisgiveninSubsection3.3.3. Tosimplifytheconstructionandthe
proofs,wegivelabelstosomeverticesandsomeedges. Thelabelsweuseareci,
Ti,xandFi,xwherei mandxisavariableofF. Foreachclauseciandeach
variablexoccurringinci,wedefineagadgetg(x,ci).Ifxoccurspositivelyinci,
theng(x,ci)isthegraphdepictedinFigure3.6a.Ifxoccursnegativelyinci,then
g(x,ci)isthegraphdepictedinFigure3.6b.Everygadgetg(x,ci)containsavertex
labelledci,anedgelabelledFi,xandanedgelabelledTi,x.

Wethencreateanewvertexforeachclause cithatweconnecttothethree
verticeslabelledciandtoanadditionalvertexofdegree1. Wethushaveforeach
clauseagraphg(ci)liketheonedepictedinFigure3.7.
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Fi,x Ti,x

ci

(a)Thegadgetg(x,ci)ifxappearsinci.

Fi,x Ti,x

ci

(b)Thegadgetg(x,ci)if¬xappearsinci.

Figure3.6

Fi,x Ti,x

ci
Ti,z

Fi,z

ci

Fi,y

Ti,y

ci

g(x,ci)

g(y,ci)g(z,ci)

Figure3.7:Theclause-gadgetg(ci)associatedtotheclauseci=(x∨¬y∨¬z).

Finally,foreachvariablex,letci1,...,ciℓbetheclauseinwhichxappears.
Observethatℓ 2sinceeveryvariablehasapositiveandanegativeoccurrence.
Foreachj ℓ,wemergetheedgelabelledTij,xing(x,cij)withtheedgelabelled
Fik,xing(x,cik)(wherek=j+1 modℓ)suchthattheresultingedgehasan
extremityofdegreeone. WeconsiderthatthisedgehasbothTij,xandFik,xas
labels.Forexample,ifavariablexappearspositivelyintheclausesc1andc4and
negativelyintheclausec3,theFigure3.8depictswhatthegraphlookslikearound
thegadgetassociatedtothevariablex.
Byconnectingallthegadgetsg(x,ci)asdescribedabove,weobtainthegadget

graphGF. WemayassumethatGF isconnected.Otherwise,thismeansthatF is
theconjunctionoftwoformulasthatsharenocommonvariablesandF issatisfiable
ifandonlyifthosetwoformulasare. ObservethatGF istriviallyco-connected.
Moreover,thesizeofGF ispolynomialinnandm.
LetusprovethatF issatisfiableifandonlyifGF admitsaco-coveringhyper-

graphofcost25m. Westartwiththefollowinglemmawhichprovestheexistenceof
anoptimalco-coveringhypergraphwhereeveryhyperedgeiscontainedinthevertex
setofsomeclause-gadget.

Lemma3.21.Thereexistsanoptimalco-connectinghypergraphHofGF suchthat
H=H1∪H2∪···∪Hm andforalli m,V(Hi)⊆V(g(ci))whereV(Hi)denotes
theverticesusedbythehyperedgesofHi.

Proof.InthegraphGF,theintersectionbetweentwoclause-gadgetsonlycontains
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F1,x

T4,x

T1,x
F3,x

F4,x
T3,x

c1

c3

c4

Figure3.8:Thegadgetsassociatedtothevariablex.

labellededges.Thus,ifahyperedgeEisnotincludedinanyclause-gadget,itmeans
thatEcoversatleasttwonon-labellededgesfromtwodistinctclause-gadgets.The
Figure3.9depictswhatwecallthejunctionbetweentwoclause-gadgetsandoutlines
theverticesofinterestinthisproof. Here,theclause-gadgetg(c1)containsthe
verticesv0,v1,v2andv3andg(c2)containsv2,v3,v4andv5.

F1,xT2,x
v0 v1 v2 v4 v5

v3c1 c2

Figure3.9:Thejunctionbetweentheclause-gadgetsofc1andc2.

SinceGF isconnectedandco-connected,weknowbyLemma3.14thatitadmits
anoptimalco-connectinghypergraphH={E1,...,Ek}suchthatforalli,GF[Ei]
isconnected.TheonlywayforahyperedgeEi,suchthatGF[Ei]isconnected,to
covernon-labellededgesinseveralclause-gadgetsistocontaintheverticeslabelled
v1,v2andv4atthejunctionbetweentwoclause-gadgets.Inthiscase,wesaythat
Eicoversthejunctionbetweenthesetwogadgets.Letusassumethatahyperedge
Eicoversthejunctionbetweentwoclause-gadgetsg(c1)andg(c2). Wemakeno
assumptiononwhetherxappearspositivelyornegativelyinc1andc2.

Bydefinition,Eicontainstheverticesv1,v2andv4.IfEidoesnotcontainv3,
thereexistsahyperedgeEjthatcoverstheedge{v2,v3}.SinceGF[Ej]isconnected,
Ejhastocontainatleastoneofv1andv4andthereforesharesatleasttwocommon
verticeswithEi. Thismeansthatwecan mergeEiandEjwithoutincreasing
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thecostofthesolutionandthus,wecanassumethatEicontainsv3. However,
GF[{v1,v2,v3,v4}]isstillnotco-connectedandEihastocontainothervertices.By
connectivity,Eimustcontainatleastoneofv0andv5.

•IfEicontainsonlyoneof{v0,v5},sayv0,weremovev4fromEiandaddv2to
thehyperedgeEjthatcovers{v4,v5}.ThehyperedgesEiandEjstillinduce
co-connectedsubgraphsofGF,coverthesameedgesasbeforeandthecostof
Hdoesnotincrease.

•IfGF[Ei\{v2,v3}]isconnected,wereplaceEiinthesolutionbythehyperedges
F1={v0,v1,v2,v3}andF2=Ei\{v1,v3}. ThehyperedgesF1andF2have
thesamecostasEiandcoverthesameedges,GF[F1]isco-connectedandso
isGF[F2](alltheverticesareadjacenttov2inGF[F2]exceptv4thatcanbe
connectedtov2throughv0).LetusalsonotethatbothGF[F1]andGF[F2]
areconnected.

•IfEicontainsbothv0andv5butGF[Ei\{v2,v3}]isnotconnected,weknow
ithastwoconnectedcomponentsC1andC2(sinceremovingavertexsetof
degreekcannotcreatemorethankconnectedcomponents). WereplaceEi
byF1={v2,v3}∪C1andF2={v2,v3}∪C2.ThehyperedgesF1andF2have
thesamecostasEiandcoverthesameedges. Furthermore,bothGF[F1]
andGF[F2]areconnectedsinceeveryvertexisadjacenttov3exceptv2that
canbeconnectedtov3throughv0andv5inC1andC2. Wealsonoticethat
GF[F1]andGF[F2]arebothconnected.

Inanycase,wecanbuildanoptimalco-connectinghypergraphwhereGF[Ei]isstill
connectedforalliandthehyperedgescoverstrictlyfewerjunctions. Wecaniterate
thisprocessuntilHsatisfiesthelemma.

LetH=H1∪···∪Hm beanoptimalco-connectinghypergraphofGsuchthat
foralli m,V(Hi)⊆V(g(ci)).
ObservethatthelabellededgesaretheonlyedgesofGF tobelongtoseveral

clause-gadgets.Thus,foreachi m,thenon-labellededgesofg(ci)mustbecovered
byHi.Consequently,thecostofHiisfullydeterminedbywhichlabellededgesof
g(ci)itcovers. WewanttoprovethatGF issatisfiableifandonlyifthelabelled
edgescanbecoveredinawaysuchthateachHjhascost25.
LetcibeaclauseofFandletusstudythecostofHiwithrespecttothelabelled

edgesitcovers.Letxbeavariableofci.Thegadgetg(x,ci)dependsonwhether
xappearspositivelyornegativelyinci.Inbothcases,g(x,ci)containsanedge
labelledFi,xandanedgelabelledTi,xbutthoseedgesmayofmaynotbecoveredby
Hi.Foreachvariablexthatappearsinci,Hiinducesoneofthe8graphsdepicted
inFigure3.10ong(x,ci).
Weobservethatthisgraphcanonlytake4valuesuptoisomorphism:

•Thetwoconfigurationsofthefirstlineareactuallythesame. Wecallthis
configurationN(for“none”).

•Thetwoconfigurationsofthelastlinearethesame. Wecallthisconfiguration
B(for“both”).
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xappearspositivelyinci xappearsnegativelyinci

NeitherTi,xnorFi,xare
coveredbyahyperedge
ofHi.

OnlyFi,xiscoveredbya
hyperedgeofHi.

OnlyTi,xiscoveredbya
hyperedgeofHi.

Both Ti,xandFi,xare
coveredbyahyperedge
ofHi.

Figure3.10:TheeightpossiblesubgraphsthatV(Hi)caninduceong(x,ci).

•Thefirstconfigurationofthesecondlineandthesecondconfigurationofthe
thirdlinearethesame. WecallthisconfigurationU(for“unsatisfied”).

•Thesecondconfigurationofthesecondlineandthefirstconfigurationofthe
thirdlinearethesame. WecallthisconfigurationS(for“satisfied”).

TheedgesthatHicoversaredetermined(uptoisomorphism)bytheconfig-
urationsencounteredforeachofthethreevariablesthatappearinci.Sincethe
clause-gadgetissymmetric,theorderdoesnotmatter:theconfigurationSUNis
exactlythesameastheconfigurationNSU. Thus,wefindthatHicancover20
differentsetsofedgesuptoisomorphisms. Wedeterminedtheoptimalvaluesof
cost(Hi)foreachcaseviaacomputer-assistedexhaustivesearch. Theresultsare
presentedinFigure3.11.

Configuration Minimumcost conf. min. conf. min. conf. min.

BBB 28 BUS 26 UUU 26 UNN 25

BBU 27 BUN 26 UUS 25 SSS 25

BBS 27 BSS 26 UUN 25 SSN 25

BBN 27 BSN 26 USS 25 SNN 25

BUU 26 BNN 26 USN 25 NNN 25

Figure3.11:Thecostofanoptimalconnectinghypergraphoneverypossiblecon-
figurationofHi.

Thefirstobservationwemakeisthattheoptimalvalueofcost(Hi)isnecessarily
atleast25andanoptimalco-connectinghypergraphonGF thereforealwayscosts
atleast25m. Wenowinvestigatethecasewheretheoptimalcostisexactly25m.
Tothisend,wesupposethatHhasacostof25m.

Wenotethateveryconfigurationthatcontainsa Bcostsatleast26.Thus,we
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knowthatforeachHiandeachxappearinginci,Hicoversatmostoneofthetwo
labellededgesofg(x,ci).
Letusnowlookatthegadgetsassociatedtoavariablexthatappearsinℓclauses

(cf.Figure3.8).Foralljsuchthatxappearsincj,thehypergraphHjeithercovers
thetwolabellededgesofg(x,cj)(B),one(SorU)ornone(N).Sinceeveryedge
mustbecoveredatleastonce,thismeansthatasolutionwherenoconfiguration
involvesBalsodoesnotfeatureaconfigurationinvolvingN.Hence,foreveryHi,
theonlyconfigurationsthatoccurareSandU.
LetussupposethatHicoverstheedgeTi,x.SincetheconfigurationBisim-

possible,weknowthatHidoesnotcovertheedgeFi,x.LetTj,xbetheotherlabel
oftheedgeFi,x.Sincethisedgehastobecovered,thismeansthatHjmustcover
theedgeTj,xandbecausetheconfigurationBisimpossible,itcannotcoverthe
edgeFj,x.Foreachvariablex,wecanprovebyinductionthateither,forallgadget
g(x,ci),HicoverstheedgeTi,xorforallgadgetg(x,ci),HicoverstheedgeFi,x.In
thefirstcase,wesaythatthevariablexissettoTrue,andinthesecondcase,to
False.IfthevariablexissettoTrue,thismeansallitspositiveoccurrenceleadsto
aSconfigurationintheclausewhereitappearsandconversely.
Finally,wenoticethatthecostofanoptimalco-connectinghypergraphonthe

configurationsSSS,SSUandSUUis25whileitis26ontheconfigurationUUU.
Therefore,thereexistsasolutionofcost25mifandonlyofthereexistsawayto
affectallthevariablestoeitherTrueorFalsesuchthateveryclauseissatisfiedby
atleastonevariable,whichcomesdowntosayingthattheformulaF issatisfiable.
Thisprovesthatco-OCGHandthereforeOCGH andMCTS areallNP-

hard.
TheincidencegraphofaformulaF isthebipartitegraphrepresentingthe

relationofbelongingbetweenthevariablesandtheclausesofF. Notethatifthe
incidencegraphofF isplanarthenthegraphGF webuildinourproofisplanar
too. Moreover,Lichtensteinprovedin[81]that3-SATremainsNP-completewhen
restrictedtoformulaswhoseincidencegraphisplanar. Wecanthereforededuce
fromourproofthefollowingstrongerresult:

Theorem3.22.
TherestrictionofOCGHandMCTS toco-planargraphsareNP-complete.

3.3.3 Intuitionoftheproof

Thissubsectionaimsatexplainingtheintuitionbehindtheconceptionofthegadget
graph.Ifthegadgetgraphisconnected,weknowbyLemma3.14thatthereexists
anoptimalco-connectinghypergraphH suchthatforallhyperedgeEi,G[Ei]is
connected. Wecanalsoassumethat∀i,j,|Ei∩Ej| 1becauseotherwisewecan
replaceEiandEjbyEi∪EjinHwithoutincreasingitscost.Intherestofthis
subsection,weonlyconsiderhypergraphssatisyingthesetwoproperties.
LetustakealookbackatthetableinFigure3.11.Fortheprooftowork,we

needallthefollowingpropertiestohold:

1.EveryconfigurationwithaBmusthaveastrictlyhighercostthanSSS.This
includesforexampletheconfigurationBNNwhichhasstrictlyfewervertices
andedgesthanSSS.

Walks,TransitionsandGeometricDistancesinGraphs. 97



3.3.NP-completeness

2.NoconfigurationcanhaveastrictlysmallercostthanSSS. Thisnotably
impliesthatSSSmaynotcostmorethanNNNeventhoughNNNhasthree
fewerverticesandedgesthatSSS.

3.TheconfigurationsSSUandSUUmusthavetheexactsamecostasSSS
andthereforebeoptimal. Otherwise,itwouldbepossibletomakeupforan
unsatisfiedclauseifaclauseissatisfiedbyallitsvariables.

4.TheconfigurationUUUmusthaveastrictlyhighercostthantheconfigura-
tionsSSS,SSUandSUU.

Todesignthegadgetgraph,wedefineanewclassofgraphsasfollows.

Definition3.23. Gearwheels:
Agearwheelwithnteeth,notedGn,isthegraphconstitutedofacycleoflength

2nwhereeveryvertexofthecycleofevenrankhasanadditionalneighbourthat
wecallatooth. Moreformally,V(Gn)={v1,...,v2n,u1,...,un}andE(Gn)=
{{vi,vi+1(mod2n)}:i 2n}∪{{ui,v2i}:i n}.

Thereareonlytwooptimalco-connectinghypergraphsonagearwheelGn:the
onewhosehyperedgesaretheEi={ui,v2i,v2i+1,v2i+2}andtheonewhosehyper-
edgearetheEi={v2i,v2i+1,v2i+2,ui+1}. Thosetwooptimalsolutionsandthe
gearwheelG4areillustratedinFigure3.12.

v2

v1
v8

v7

v6

v5
v4
v3

u1

u4

u3

u2

v2

v1
v8

v7

v6

v5
v4
v3

u1

u4

u3

u2

Figure3.12:ThegearwheelG4andthetwooptimalconnectinghypergraphs.

ItisusefultonotethatasimilarresultstillholdsifwereplacetheP3be-
tweentwoteethbyaC4. Moreformally,ourgearwheelcontainsthevertices
v2i,v2i+1,v2i+2 andtheedges{v2i,v2i+1}and{v2i+1,v2i+2}. Weaddthevertex
v′2i+1,theedge{v2i,v2i+2}andwereplacetheedge{v2i+1,v2i+2}by{v2i+1,v

′
2i+1}

and{v′2i+1,v2i+2}. ThisconstructionisillustratedinFigure3.13whereweapply
thistransformationtothegearwheeldepictedinFigure3.13abetweentheteeth
u1andu2andweobtainthegearwheeldepictedinFigure3.13b.Thetransforma-
tiondoesnotchangethefactthatthereareexactlytwooptimalsolutionsthatwe
canobtainfromtheprevioussolutionsbyaddingthevertexv′2i+1tothehyperedge
{ui,v2i,v2i+1,v2i+2}or{v2i,v2i+1,v2i+2,ui+1}.
Ourstrategyisthefollowing:givenaformula,wecreateagraphasaunion

ofgearwheels. Eachgearwheelrepresentsavariableanditslengthdependson
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(a)ThegearwheelG4.
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v4v
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u2

(b)AnalterationofG4.

Figure3.13:Anillustrationofthetransformationdescribedabove.

howmanytimesthevariableoccursintheformula. Moreprecisely,wechooseto
representavariablethatoccursktimesbythegearwheelG3k. Optimalsolutions
consistofcoveringeachgearwheelindependentlyeitherwithhyperedgesoftheform
Ei={v2i,v2i+1,v2i+2,ui+1}(inwhichcasewesaythatthevariableissettoTrue)
oroftheformEi={ui,v2i,v2i+1,v2i+2}(thevariableissettoFalse).Theedgeswe
labelledFi,xandTi,xinthegadgetgraphconnectverticesofthecycletoteethofthe
gearwheel,theverticesciareteethandthehyperedgesoftheoptimalhypergraphs
naturallyinduceconfigurationswithSandUandnoNorB.

Westillhavetofindawaytoensurethat UUUcost morethanSSS,SSU
andSUUwhichimpliestofindawayto“favour”theconfigurationSoverU.If
avariablexhasapositiveoccurrenceinaclausec,wewanttofavourthesolution
thatwecallTruewherethehyperedgesaretheEi={v2i,v2i+1,v2i+2,ui+1}. Wedo
thisbyaddinganedgeex,cbetweenthevertexv2iandthevertexui+1foragiven
valueofi. ThisedgeisonlycoveredbythehyperedgeEiinthesolutionwecall
True.However,G[Ei]isnowaC4andisnotco-connected. Weavoidthisproblem
byaddingavertexv′2i+1betweenv2i+1andv2i+2andbyconnectingv2iandv2i+2as
describedabove. Conversely,ifthevariableappearsnegatively,wewanttofavour
thesolutionwecallFalseandaddtheedge{ui,v2i+2}.InFigure3.14,weaddthe
edgeex,c={v2,u2}(depictedinbrown)tothegraphofFigure3.13b. Thisisan
edgeofthetype{v2i,ui+1},whichdenotesapositiveoccurrenceofxinc. Hence,
thesolutionTrue(depictedinFigure3.14a)issatisfiedwhilethesolutionFalse
(Figure3.14b)isunsatisfied.Aswecansee,nohyperedgecoverstheedgeex,cinthe
unsatisfiedconfiguration.Coveringthisedgeintheunsatisfiedconfigurationwould
requiretoeitheraddthevertexv2tothehyperedgethatcontainsu2ortoaddu2
tothehyperedgethatcontainsv2(ortomergethosehyperedges).Inanycase,it
increasesthecostofthesolutionby1.

Atthispoint,ourgraphconsistsofgearwheelsthatdenotethevariablesofthe
formulaandanextraedgeex,cforeachoccurrenceofavariablexinaclausec.Our
partialsolutionconsistsofassigningvariablestoTrueorFalseandchoosingoneof
thetwooptimalsolutionsongearwheelsdependingonthevalueofthevariable. We
thereforehaveanuncoverededgeforeachunsatisfiedoccurrenceofavariableand

Walks,TransitionsandGeometricDistancesinGraphs. 99



3.3.NP-completeness
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(a)ThesolutionTrueonapositiveoccur-
renceofx.
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(b)ThesolutionFalseonapositiveoccur-
renceofx.

Figure3.14:ThedifferencebetweentheconfigurationsSandU.

coveringthisedgewouldincreaseby1thecostofthesolution. Hence,withthe
currentconstruction,theconfigurationUUUcostsonemorethanSUUasintended
butSUUalsocostsonemorethanSSUandtwomorethanSSS.

Tofixthis,wedothefollowingforeachclausec.Letx,yandzbethevariables
thatappearinc. Wecallux,vx,uy,vy,uzandvztherespectiveendpointsofthe
edgesex,c,ey,candez,cwheretheverticesuareteethintheirrespectivegearwheels.
Wenowcreatetwonewvertices wandtandconnectwtot,ux,uyanduz. Those
fournewedgesarestilluncoveredandmayalsobeadjacenttootheruncoverededges
iftheclausecontainsunsatisfiedvariables.Forexample,ifexactlyonevariableof
theclauseissatisfiedbyourassignment(thisistheconfigurationwecallSUU),the
uncoverededgesinducethegraphdepictedonFigure3.15a(wherexisthesatisfied
variableandex,cisthereforealreadycovered)andthecostofanoptimalhypergraph
thatco-connectsthisgraphis4(twohyperedgesofcost4-2=2,asillustratedinthe
figure).

Iftwoofthevariablesaresatisfied,thegraphinducedbytheuncoverededges
containsonefewervertexandedgeandcanonlybecoveredbyonehyperedgethat
inducesaco-connectedgraph.AsillustratedinFigure3.15b,thecostofanoptimal
solutionisstill6-2=4.

Ifallthreevariablesaresatisfied,thegraphinducedbytheuncoverededgeshas
onefewervertexandedgethanthegraphofSSUandjustlikebefore,wecanmake
onelesshyperedgebecauseofthat.Indeed,thegraphhasadominatingvertexand
thus,isnotco-connected.Theonlywaytocoverthosefouredgesistoaddoneof
theirendpointtoahyperedgethatalreadycontainstheotherbutsincenoexisting
hyperedgecontainsmorethanonevertexofthisgraph,eachedgeincreasesthecost
ofthesolutionby1andcoveringthisgraphstillincreasesthecostby4(seeFigure
3.15c).

Finally,ifaclauseisunsatisfied,thismeansthatallitsvariablesareunsatisfied
andtheuncoverededgesthereforeinducethegraphdepictedinFigure3.15d.This
graphhasonemoreedgeandvertexthantheonewehadwithSUUbutitisnot
enoughtocreateonemorehyperedgethatinducesaco-connectedgraph.Anoptimal
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hypergraphthatco-connectsthisgraphhascost5.

w
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(a)Anoptimalsolutionwiththeconfigura-
tionSUU.
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uyvy

t

ux

vz

uz
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(b)Anoptimalsolutionwiththeconfigura-
tionSSU.

uy

ux uz

w

t

(c)AnoptimalsolutionwiththeconfigurationSSS.
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vz
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vx

ex,c

ey,c

ez,c

(d)Anoptimalsolutionwiththe
configurationUUU.

Figure3.15:Thisfiguredepictstheedgesweaddtoconnectthegadgetsthatde-
noteliteralsfromthesameclauseandshowhowtocoverthem. Theedgesofthe
typeex,cthatarenotcoveredbythehyperedgesoftheclause-gadgets(unsatisfied
configurations)aredepictedinbrown. Wedepictingraytheedgesandverticesthat
arealreadycoveredbythehyperedgesoftheclause-gadgets.

Withthisconstruction,weusethreehyperedgesforeachoccurrenceofavariable
intheformula. Twoofthemhavesize4andthereforecost2whiletheotherhas
cost3becauseoftheadditionalvertexv′2i+1.Eachclauseinvolvesthreeoccurrences
ofvariablesandthus,acostof21plusacostof4iftheclauseissatisfiedand5
ifitisnot. Hence,oursolutioncosts25ontheconfigurationSSS,SSUandSUU
and26ontheconfigurationUUU. WeprovedintheproofofTheorem3.19thatthis
solutionisoptimal.

Walks,TransitionsandGeometricDistancesinGraphs. 101



3.4.Conclusion

3.4 Conclusion

Inthischapter,westudiedtheproblemofminimumconnectingtransitionsetin
graphs.OurstudyleadtoareformulationofMCTS astheproblemwecallopti-
malconnectinghypergraph.Thisnewwayofseeingtheproblemhelpedusproveour
otherresults,whichincludeexactresultsonsomeclassesofgraphsandaconstruc-
tive32-upperboundinthegeneralcase.Finally,weprovedtheNP-completenessof
theproblemonusualgraphs,whichalsoimpliestheNP-completenessofmoregen-
eralproblemssuchasMCTS ingraphswithforbiddentransitionsortheweighted
versionofMCTS.Theworkpresentedinthischapteralsoraisesnewquestionsand
openmanypossibilitiesforfutureworks,someofwhicharepresentedinSection7.2.
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Chapter4

Densityofsetsavoiding
parallelohedrondistance1

Thischapterpresentstheresultsof[5],whichisjointworkwithChristineBachoc,
PhilippeMoustrouandArnaudP̂echer.

Contents
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4.5 ThechromaticnumberofG(Rn,·P)........... 126

4.6 Conclusion ........................... 127

4.1 Introduction

Inthischapter,westudythedensityofsetsofpointsofanormedrealvector
spacethatdonotcontaintwopointsatdistanceexactlyonefromeachother.This
problemiscloselyrelatedtoafamousgraphtheoryproblemcalledtheHadwiger-
Nelsonproblem.

4.1.1 Unit-distancegraphsandtheHadwiger-Nelsonproblem

TheproblemofHadwiger-Nelsonconsistsofdeterminingthechromaticnumberof
theplaneχ(R2),i.e.thesmallestnumberofcoloursrequiredtocoloureverypoint
ofR2insuchawaythattwopointsatdistanceexactlyonefromeachotherreceive
differentcolours.Itactuallycomesdowntodeterminingthechromaticnumberof
theunit-distancegraphG(R2).

Definition4.1. Unit-distancegraph:

Let(Rn,·)beanormedvectorspace,itsunit-distancegraphdenotedby
G(Rn,·)istheinfinitegraphwhosevertexsetisRnandwhoseedgesetis{xy:
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x−y =1}. WedenotesimplybyG(Rn)theunit-distancegraphofRnequipped
withtheEuclideannorm.

Theproblemofdeterminingχ(R2)appearedformallyintheliteratureforthe
firsttimein[52]in1960butJensenandToftclaimin[65]thatNelsonstudiedthis
problemasearlyas1950.PreviousworksbyHadwiger,suchas[57]in1944,already
studiedcloselyrelatedproblems.Erd̋osanddeBruijnalsostudiedextensivelythe
colourabilityofinfinitegraphs[17]andpartitionsofthespaceinsetsavoidingcertain
subsetsofdistances[41](suchassetsavoidingrationaldistancesorsetsthatdonot
containtwopairofpointsatsamedistance).In[32],CroftattributestoErd̋osthe
problemofdeterminingifR2canbepartitionedinfoursetsthatdonotcontaintwo
pointsatdistanceonefromeachother,which,intermsofgraphs,comesdownto
askingifR2is4-colourable.
Despiteconsiderableeffortsfrommanyresearchers,verylittleisknownabout

thechromaticnumberoftheEuclideanplane.Thelowerboundof4wasestablished
byL.Moserand W.Moserin[91]byexhibitinga4-chromaticinducedsubgraphof
theunit-distancegraphofR2of7verticesonly(illustratedinFigure4.1).Thiswas
thebestlowerboundweknewuntilApril2018,whenDeGreypublishedin[34]a
1581-vertex5-chromaticinducedsubgraphofG(R2).Findingsmallersuchgraphsis
currentlyanextremelyactiveresearchfield. Wealsoknowthat7coloursareenough
tocolourtheplane,asillustratedinFigure4.2butthisisthebestupperboundwe
know. Hence,5 χ(R2) 7. Theproblemhasalsobeenstudiedonotherfields
thanRand Woodallprovedin[113]thattherationalplaneQ2is2-chromatic.

Figure4.1:TheMoserspindleis
4-chromatic.Adjacentverticesare
atdistanceonefromeachother.

Figure4.2: A7-colouringoftheEu-
clideanplanebasedonatilingbyopen
regularhexagonsofdiameterslightly
smallerthan1.

Byaddingtheconstraintthatthecolourclassesaremeasurableorusinganax-
iomaticthatdoesnotincludetheaxiomofchoice,wedefinethemeasurablechromatic
numberχm(R

n)ofRn,whichhasalsoreceivedalotofattentionintheliterature.
Theimportanceoftheaxiomaticinthestudyofinfinitegraphsishighlightedby
Erd̋osanddeBruijnin[17].Determiningthemeasurablechromaticnumberofthe
planeturnsouttobeaverydifficultproblemtoobutdiscardingunmeasurableso-
lutionsallowedtoachievethelowerboundof5moreeasily.Indeed,weknowsince
1981(Falconer[44])that5coloursarerequiredindimension2.Hence,justlikein
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thegeneralcase,weknowthat5 χm(R
2) 7.

TheHadwiger-Nelsonproblemhasalsobeenstudiedinhigherdimensionsand
Raiskii[98],LarmanandRogers[78],Larman[77]andfinallyFranklandWilson[51]
provedsuccessivelythatχ(Rn)isatleastlinear,quadratic,cubicandexponentialin
n.TheresultofFrankland WilsonhasthenbeenslightlyimprovedbyRaigorodskii
in[96]andbycombiningitwithanupperboundfromLarmanandRogers[78],we
have:

(1.239+o(1))n χ(Rn) (3+o(1))n

FormoreinformationontheHadwiger-Nelsonproblemanditsvariants,werefer
thereaderto[104]and[97].

4.1.2 Densityofsetsavoidingdistance1

Ifthecolourclassesaremeasurable,anaturalquestionistotrytodeterminethe
greatestdensitytheycanachieve,whichleadsustotheproblemwestudyinthis
chapter. Here,whatwetrytodetermineisnotthechromaticnumberofRnfora
givennormbutthedensityofamaximumindependentset.

Definition4.2. Densityofaset:

ThedensityofameasurablesetA⊂RnwithrespecttoLebesguemeasureis
definedas:

δ(A)=limsup
R→∞

Vol(A∩[−R,R]n)

Vol([−R,R]n)

Definition4.3. m1:

AsetAinanormedvectorspace(Rn,·)avoidsdistance1ifandonlyif
∀x,y∈A, x−y=1.

Thenumberm1(R
n,·)denotesthesupremumofthedensitiesofLebesgue

measurablesetsA⊂Rnavoidingdistance1:

m1(R
n,·)= sup

A⊂Rnmeasurable
Aavoiding1

δ(A).

SincethecolourclassesofasolutionoftheHadwiger-Nelsonproblemavoid
distance1,wehaveχm(R

n) 1
m1(Rn)

andwecandeducelowerboundsonχm(R
n)

fromupperboundsform1(R
n).Theproblemofdeterminingm1(R

n,·)hasbeen
mostlystudiedintheEuclideancase. Thenotation m1(R

n)wasintroducedby
LarmanandRogersin[78]in1972asatooltostudythemeasurablechromatic
numberofRnbutthedensityofsetsavoidingdistance1wasalreadystudiedby
L. Moser, W. MoserandCroftin[91]and[32]beforethenumberm1(R

n)was
introducedandwithoutthegoaltostudytheHadwiger-Nelsonproblem.

Anaturalapproachtobuildasetavoidingdistance1thatworksforanynorm
startsfromapackingofunitballs.LetΛbeasetsuchthatifx,y∈Λ,thentheunit
openballsB(x,1)andB(y,1)donotoverlap.Thus,thesetA=∪λ∈ΛB(λ,1/2)of
disjointopenballsofradius1/2isasetavoiding1anditsdensityis δ

2n wherenis
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Figure4.3:Asetavoidingdistance1builtfromaspherepacking.

thedimensionofthespaceandδisthedensityofthepacking.Thisconstructionis
illustratedinFigure4.3.
IntheEuclideanplane,thedensityofanoptimalpackingofdiscsofradius

1isabout0.9069andthisapproachthereforeprovidesalowerboundofabout
0.9069/4≃0.2267form1(R

2,·2).Byrefiningthisidea,Croftmanagestobuildin
[32]asetofdensityabout0.9655/4≃0.2293whichisthebestlowerboundknown
form1(R

2,·2).Hisconstructionisahexagonalarrangement(usingthelatticeA2)
ofblocksdefinedbytheintersectionofacircleandaregularhexagon(illustratedin
Figure4.4).

Figure4.4:TheblockofCroft’sconstructionistheintersectionofacircle(depicted
inred)andaregularhexagon(inblue).

Regardingupperbounds,animportantobjectivewouldbetoproveaconjecture
byErd̋os[107]:

Conjecture4.4.Erd̋os:

m1(R
2)<

1

4
.

Priortoourwork,thebestupperboundwasduetoKeleti,Matolcsi,deOliveira
FilhoandRuzsa[70],whohaveshownm1(R

2) 0.258795.InChapter5,weimprove
thisboundto0.256828(Theorem5.13).
ThisproblemisalsostudiedinhigherdimensionwheretheconjectureofErd̋os

wasgeneralizedbyMoser,LarmanandRogers[78]:

Conjecture4.5.Larman,MoserandRogers

∀n 2,m1(R
n)<

1

2n
.
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Aweakerresulthasbeenprovedin[70]:asetavoidingdistance1necessarily
hasadensitystrictlysmallerthan 1

2n ifithasablockstructure,i.e.ifitmaybe
decomposedasadisjointunionA=∪Aisuchthatifxandyareinthesame
blockAithen x−y <1andiftheyarenot, x−y >1. Forexample,the
constructionofCroft(thedensestsetavoidingdistance1thatweknow),aswellas
thecolourclassesofFigure4.2(thebestcolouringoftheplaneweknow)haveblock
structures.Ontheotherhand,thecolourclassesofthe2-colouringofQ2byWoodall
[113]donothaveablockstructureandsinceQ2isdenseinR2,colourclasseswith
ablockstructurewouldnotallowforbettercolouringinQ2thaninR2:thebest
colouringweknowwherecolourclasseshaveblockstructureuses7coloursinstead
of2. Withouttheassumptionthatthesolutionshaveblockstructure,theknown
upperboundsareprettyfarfrom2−n,evenasymptotically:thebestasymptotic
boundism1(R

n) (1+o(1))(1.2)−n(see[78],[6]).

Inthegeneralcaseofanarbitrarynorm,wemaketheremarkthatiftheunit
balltilesRnbytranslation(seeDefinition1.53),themethoddescribedpreviously
tobuildasetavoidingdistance1fromapackingprovidesasetofdensityexactly
1/2n,asillustratedinFigure4.5.

Figure4.5:Thenaturalpackingofdensity1/2n.

BachocandRobinsconjecturethatthisconstructionofasetavoidingdistance
1isoptimal:

Conjecture4.6.Bachoc-Robins:

If · isanormsuchthattheunitballtilesRnbytranslation,then

m1(R
n,·)=

1

2n
.

NotethatthelowerboundofCroftintheEuclideancaseprovesthattheabove
constructionisnotalwaysoptimalwhentheunitballdoesnottiletheplanebutthe
constructionofCroftstillprovidesaboundstrictlylowerthan1

22
.Theconjecture

ofErd̋osimpliesthatbecausetheEuclideandiscdoesnottiletheplane,thebound
of14cannotbeachieved.

Inthischapter,weproveConjecture4.6indimension2(Theorem4.23).

WerecallthattheVoronöıregionofan-dimensionallattice(Definition1.51)tiles
Rnbytranslationandisthereforeaparallelohedron(Definition1.53).Conversely,
Voronöıconjecturedthatallparallelohedraare,uptoaffinetransformations,the
Voronöıregionsoflattices(Conjecture1.56)andweknowthatthisresultholdsin
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dimensionupto4(Theorem1.57).Notethatm1(R
n,·)isclearlyleftunchanged

undertheactionofalineartransformationappliedtothenorm.So,withrespectto
Voronöı’sconjecture,itisnaturaltoconsiderinfirstplacethepolytopesthatare
Voronöıregionsoflattices.
ThemostobviousfamilyoflatticesisthefamilyofcubiclatticesZn,whose

Voronöıregionsarehypercubes. Wewillseethatinthiscase,Conjecture4.6holds
trivially(Proposition4.14). Thenextfamiliesoflatticestoconsiderarearguably
therootlatticesAnandDn(definedinExample1.52).
WewillproveConjecture1fortheVoronöıregionsofthelatticesAninev-

erydimensionn 2(Theorem4.24). ForthelatticesDn,wecanonlyshowthe
inequality

m1(R
n,·P)

1

(3/4)2n+n−1
(Theorem4.28)

whichishoweverasymptoticallyoftheorderO 1
2n .

Thechapterisorganizedasfollows:Section4.2presentsourmethodandgive
preliminaryresultsthatweusethroughoutthechapter.InSection4.3,weprove
Theorem4.23whichisthecasen=2ofConjecture4.6.Section4.4isdedicatedto
thefamiliesoflatticesAnandDn.Finally,inSection4.5,wediscussthechromatic
numberoftheunitdistancegraphG(Rn,·P).

4.2 Preliminaryresultsand method

4.2.1 Independenceratioofadiscretegraph

Asetavoidingdistance1inRnisexactlyanindependentsetinG(Rn,·).Therefore
m1(R

n,||.||)isbydefinitionthesupremumofthedensitiesachievedbyindependent
sets.Tostudythisvalue,weextendthenotionofindependenceratiotoalldiscrete
infinitegraphs.Theimplicationoftheindependenceratioofdiscretegraphsonthe
densityofindependentsetsinuncountablegraphsisexaminedinSubsection4.2.2:

Definition4.7.Independenceratioofdiscretegraphs:
Theindependenceratioα(G)ofafinitegraphGistheratioofthemaximum

sizeofanindependentsetandthenumberofverticesofthegraph:α(G)=α(G)
|V|.

LetG=(V,E)beadiscreteinducedsubgraphofG(Rn,·).ForA⊂V,we
definethedensityofAinG:

δG(A)=limsup
R→∞

|A∩VR|

|VR|

whereVR=V∩[−R,R]
n.Basedonthisnotion,weextendthedefinitionofthe

independenceratiotodiscretegraphs:

α(G)= sup
Aindependentset

δG(A).

Thefollowinglemmaprovidesanequivalentformulationofα(G).Beingableto
switchfromadefinitiontotheothermakesαeasiertomanipulateintheproofsof
thischapter.
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4.Densityofsetsavoidingparallelohedrondistance1

Lemma4.8.LetG=(V,E)beadiscretegraphwithV⊂Rn.Ifeveryv∈Vhas
finitedegree,then

α(G)=limsup
R→∞

α(GR),

whereGR isthefiniteinducedsubgraphofGwhosesetofverticesisVR =V∩
[−R,R]n.

Inotherwords,foreverydiscretegraphGwhoseverticesallhavefinitedegree,

sup
Aindependent

limsup
R→∞

|A∩VR|

|VR|
=limsup

R→∞
sup

Aindependent

|A∩VR|

|VR|
.

Notethatthehypothesisthatalltheverticesofthegraphhavefinitedegreeis
weakerthanrequiringthegraphtohavefinitemaxdegreesincethegraphcanhave
infinitelymanyvertices.

Therestofthissubsectionisdevotedtotheproofofthislemmaalongwitha
discussionontheimportanceofthehypothesisthatalltheverticesofthegraph
havefinitedegree.

Proof.LetGbeagraphsatisfyingtheassumptionsofthelemma. Firstofall,
weremarkthatifGisfinite,thereexistsRsuchthatGR =G. Thus,α(G)=
limsupR→∞α(GR)isobvious.Fromnowon,wewillassumethatGhasinfinitely
manyvertices.

Theinequalityα(G) limsupR→∞α(GR)clearlyholds.Indeed,ifAisan

independentsetofG,thenA∩VRisanindependentsetofGRandso
|A∩VR|
|VR|

α(GR),

leadingtoδG(A) limsupR→∞α(GR).

Wewillprovethereverseinequalitybyexhibitingasequenceofindependentsets
Sksuchthat,forallk 1,limsupR→∞

|Sk∩VR|
|VR|

limsupR→∞α(GR)−
1
k.

Letrℓbeastrictlyincreasingsequenceofrealnumberstendingtoinfinityand
suchthatlimℓ→∞α(Grℓ)=limsupR→∞α(GR),andletArℓbeanindependentsub-
setofVrℓofmaximalcardinality.ThesetSkwillbeconstructedfromthesequence
ofindependentsetsArℓ;however,wewillneed,forreasonsthatwillappearmore
clearlylater,thatthesuccessiveringsVrℓ\Vrℓ−1aresufficientlylarge.Inviewof
that,weconstructaconvenientsubsequenceofrℓ,withthehelpofafunctionϕ(ℓ),
inthefollowingway.

SincethegraphGisdiscrete,weknowthatforallR,VRisfiniteandsinceall
theverticesofthegraphareoffinitedegree,weknowthattheneighbourhoodN[VR]
isfinitetoo. Wedenotebyb(R)thesmallestrealnumbersuchthatN[VR]⊂Vb(R).
Then,wesetϕ(0)=0and,inductivelyforℓ 0,

ϕ(ℓ+1)=min i:ri b(rϕ(ℓ))and|Vri\Vrϕ(ℓ)| |Vrϕ(ℓ)\Vrϕ(ℓ−1)|.

Theexistenceofϕ(ℓ+1)ateachstepoftherecursionholdsbecauselimℓ→∞rℓ=
+∞ andVrϕ(ℓ)\Vrϕ(ℓ−1)isfinite(sinceGisdiscrete).Tokeepthenotationssimple,
wesetRℓ=rϕ(ℓ).

Wewillneedthefollowingpropertyofthenumberofelementsoftherings
associatedtothesequenceRℓ:
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Proposition4.9.Forallℓ∈N,forallm∈N∗:

|VRℓ+1\VRℓ|
1

m
|VRℓ+m \VRℓ|

Proof.Wehave |VRℓ+m \VRℓ|=
m−1

k=0

|VRℓ+k+1 \VRℓ+k|andeachtermofthesumis

largerthan|VRℓ+1\VRℓ|,bydefinitionofϕ.

NowwearereadytodefinethesetsSk.Weset,for k 0,

Sk:=v∈V:∃i∈Nsuchthatv∈ARikand∀j<i,v/∈N[ARjk].

ItremainstoprovethatSkisanindependentsetandsatisfiestheinequality

limsup
R→+∞

|Sk∩VR|

|VR|
limsup
R→∞

α(GR)−
1

k
.

Proposition4.10.Skisindependent.

Proof.Letv1andv2betwoverticesofSkandleti1andi2besuchthatv1∈ARi1k,
v2∈ARi2kandforallj<i1(respectivelyi2),v1(resp.v2)/∈N[ARjn].Ifi1=i2,
thenv1andv2bothbelongtoARi1kwhichisindependent.Consequently,theyare
notconnected.Ifsay,i1>i2,fromtheverydefinitionofSk,v2/∈N[ARi1k],sov1
andv2arenotconnectedeither.

Lemma4.11.Forallk 1,i 0,
|Sk∩VRik|

|VRik|

|ARik|

|VRik|
−1k.

Proof.Weprovethelemmabyinductionon i:
•Thepropertyholdsfori=0sinceSk∩VR0containsAR0.
•Leti∈Nbesuchthatthepropertyholds. Wehave:

|Sk∩VR(i+1)k|

|VR(i+1)k|
=
|Sk∩VRik|

|VR(i+1)k|
+
|Sk∩(VR(i+1)k\VRik)|

|VR(i+1)k|
. (1)

Letuslowerboundthetwotermsofthissumoneaftertheother.
◮SinceARikisanindependentsetofmaximalcardinalityinVRik,weknowthat

|ARik| |AR(i+1)k∩VRik|.Combiningwiththeinductionhypothesis,wefind

|Sk∩VRik|

|VRik|

|AR(i+1)k∩VRik|

|VRik|
−
1

k

andthus:
|Sk∩VRik|

|VR(i+1)k|

|AR(i+1)k∩VRik|

|VR(i+1)k|
−
1

k

|VRik|

|VR(i+1)k|
. (2)

◮Bydefinition,SkcontainsalltheverticesofAR(i+1)kexceptthosethatarein
theneighbourhoodofanARjkwithj<i+1.Sinceforallj<i,N[ARjk]⊂Vb(Rik),
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4.Densityofsetsavoidingparallelohedrondistance1

thesetSk∩(VR(i+1)k\VRik)containsAR(i+1)k\Vb(Rik). Wealsohavebyconstruction
thatb(Rik) Rik+1.Thus,

|Vb(Rik)\VRik| |VRik+1\VRik|
1

k
|VR(i+1)k\VRik|

wherethesecondinequalityfollowsfromProposition4.9.
Thisleadstothefollowinginequality:

|Sk∩(VR(i+1)k\VRik)|

|VR(i+1)k|

|AR(i+1)k\VRik|

|VR(i+1)k|
−
1

k

|VR(i+1)k\VRik|

|VR(i+1)k|
(3)

Bycombiningequations(1),(2)and(3),wefind:

|Sk∩VR(i+1)k|

|VR(i+1)k|

|AR(i+1)k|

|VR(i+1)k|
−
1

k

whichconcludestheproofofLemma4.11.

NowwearereadytoconcludetheproofofLemma4.8.Indeed,forallk 1,we
have

α(G)=sup
S

limsup
R→+∞

|S∩VR|

|VR|
limsup
R→+∞

|Sn∩VR|

|VR|

lim
i→∞

|Sk∩VRik|

|VRik|

lim
i→∞

|ARik|

|VRik|
−
1

k

limsup
R→∞

α(GR)−
1

k
.

Inthelimitwhenk→∞,weobtainthatα(G) limsupR→∞α(GR).

ToconcludeourdiscussionofLemma4.8,wewouldliketopointoutthatthe
inequalityα(G) limsupR→∞α(GR)doesnotnecessarilyholdifGhasvertices
withinfinitedegree,bybringingoutacounterexample.
LetGbethegraphgivenbyV=ZandE={{a,b}|a<0andb>−2a}.
LetN ∈NandletSN = −N,−N2 ∪[[0,N]]. OnecanseeeasilythatSN is

independentinG.Hence,limsupR→∞α(GR) limN→∞
|SN|
|VN|
=3
4.

LetSbeanindependentsetofG.IfScontainsavertexindexedbyanegative
integer−k,itcannotcontainanyvertexindexedbyi>2kandcanthereforeonly
containfinitelymanyverticesindexedbypositiveintegers.Hence,limN→∞

|S∩VN|
|VN|

1
2.IfSdoesnotcontainanyvertexindexedbyanegativeinteger,theinequality

limN→∞
|A∩VN|
|VN|

1
2holdsaswell.Thus,

sup
S
limsup
N→+∞

|S∩VN|

|VN|

1

2

whichprovesthatα(G)=limsupR→∞α(GR).
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4.2.2 Discretizationoftheproblem

Inthecaseofthechromaticnumber,wesawthatthechromaticnumberofinduced
discretesubgraphsofagraphG(Rn,·)provideslowerboundsonthechromatic
numberofG(Rn,·)itself.Forexample,Figure4.1provesthatχ(R2) 4. While
thisislesstrivial,asimilarresultalsoholdsfortheindependenceratio:

Lemma4.12.Discretizationlemma:

LetG=(V,E)beadiscretesubgraphinducedbyG(Rn,·).Then

m1(R
n,||.||) α(G).

Proof.ByLemma4.8,wemayassumewithoutlossofgeneralitythatGisfinite.
Inthiscasetheresultiswellknown:theproofbelowisincludedforthesakeof
completeness.

LetR>0bearealnumber,andletX∈[−R,R]nbechosenuniformlyatran-

dom.ForS⊂Rn,theprobabilitythatXisinSisP(X∈S)=
Vol(S∩[−R,R]n)

Vol([−R,R]n)
.

Noticethatlimsup
R→∞

P(X∈S)=δ(S).

LetS⊂Rnbeasetavoiding1. WedefinetherandomvariableN=|(X+V)∩S|.
Ononehand,wehave:

E
N

|V|
=
1

|V|
E
v∈V

1{X+v∈S}

=
1

|V|
v∈V

P(X∈S−v).

Foreveryv,wehavelimsup
R→∞

P(X∈S−v)=δ(S−v)=δ(S).

Ontheotherhand,sinceforv1,v2∈V,(X−v1)−(X−v2)= v1−v2,and
(X+V)∩S⊂S,wehave,foranyR>0,

N

|V|
α(G).

Thusweget,

δ(S) α(G).

Example4.13.

TheindependencenumberoftheMoserSpindle(Figure4.1)is2anditsinde-
pendenceratioistherefore27.Hence,m1(R

2) 2
7.

Inthischapterandthenext,ourstrategytofindupperboundsonm1isto
transferthestudyofsetsavoidingdistance1toadiscretesettinginwhichsuchsets
areeasiertocharacterize. Thiscomesdowntostudyingtheindependenceratioof
appropriatelychoseninducedsubgraphsofG(Rn,·). Mostofthegraphswedeal
withinthischapterareinfinitebutwelookforgraphswithspecificstructuresthat
helpusboundtheirindependenceratio.Themostdifficulttaskhereistodesigna
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4.Densityofsetsavoidingparallelohedrondistance1

discretevertexsetVthatprovidesagoodupperboundonm1(R
n,·)andatthe

sametimeiseasytoanalyze.
Toillustratethisapproach,weconsiderthecubiclattice,whichistheeasiest

todealwith.IfL=2Zn,theVoronöıregionofListhehypercubewhosevertices
arethepointsofcoordinates(±1,±1,...,±1)andtheassociatednormisthenorm
·∞ presentedinExample1.47.

Proposition4.14.Foreveryn 1,wehave:

m1(R
n,·∞)=

1

2n

Proof.LetV={0,1}n⊂RnandletGbethesubgraphofG(Rn,·∞)induced
byV. FollowingthedefinitionofV,foreveryv,v′∈Vwithv=v′,wehave
v−v′∞ =1. Hence,Gisacompletegraphanditsindependencenumberis1.
Sinceithas2nvertices,applyingLemma4.12,weget

m1(R
n,·∞)

α(G)

|V|
=
1

2n
.

Astrengthofourapproachthatwewouldliketohighlightisthatitgivesbounds
directlyonthechromaticnumberofthespaceandnotonlyonthe measurable
chromaticnumberasm1usuallydoes.Indeed,bydeterminingtheindependence
ratioα(G)ofasubgraphGofG(Rn,·),weprovethatGhaschromaticnumber
atleast 1

α(G)andthechromaticnumberofGgivesalowerboundonthechromatic

numberofG(Rn,·).

4.3 Parallelohedronnormsintheplane

Inthissection,weproveTheorem4.23. WesawinSubsection1.4.4thatthepar-
allelohedraindimension2,are,uptoanaffinetransformation,squaresorVoronöı
hexagons(seeFigure1.23).
Wehavealreadyseenthatm1(R

2,·∞)=
1
4(Proposition4.14).Itremains

todealwithVoronöıhexagons. Eventhoughitisnottruethateveryhexagonal
Voronöıregionislinearlyequivalenttotheregularhexagon,wefirstconsiderthe
regularhexagoninordertopresentinthisbasiccasetheideasthatwillbeusedin
thegeneralcase.

4.3.1 Theregularhexagon

Thissubsectionisdevotedtotheproofofthefollowingtheorem:

Theorem4.15.
IfPistheregularhexagonintheplane,then

m1(R
2,·P)=

1

4
.

WewouldliketothankDmitryShiryaev[103]fortheideaofthisproof:
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4.3.Parallelohedronnormsintheplane

Proof.LetPbetheregularhexagoninR2. WedenotebySitssetofverticesand
by∂Pitsboundary.Thus,xP=1ifandonlyifx∈∂P. Welabeltheverticesof
Pmodulo6asdescribedinFigure4.6.
WecallVthelatticegeneratedbytheset12S.LetGP bethesubgraphof

G(R2,·P)inducedbyV. Weshallprovethatα(GP) 1/4. Todoso,we
introduceanauxiliarygraphG̃=(Ṽ,Ẽ)withthesamesetofverticesṼ=Vand
suchthatforallx,y∈V,(x,y)∈Ẽifandonlyifx−y∈12S.Thisgraphisthe
CayleygraphofVgeneratedby12S.ItisdepictedinFigure4.7.

v5

v1

v4

v2

v0v3

Figure4.6:Thelabellingofthevertices
oftheregularhexagon.

Figure4.7: TheCayleygraphG̃.The
unitpolytopeisdepictedingreenand
theorigininred.

Wedenoteby d̃(x,y)thedistancebetweentwoverticesxandyinthegraph̃G
(i.e.theminimumlengthofapathbetweenxandyiñG,whichisnottobeconfused
withthegeometricdistancebetweenxandy). Wedefinethedistanced̃(A,B)inG̃
betweentwosubsetsofverticesAandBastheminimumdistancebetweenavertex
ofAandavertexofB. ThisgraphhasapropertywecallpropertyDwhichis
crucialforourproofofTheorem4.15:

Lemma4.16.Letu1andu2betwoverticesofG̃.Then:

d̃(u1,u2)=2⇒ u1−u2P=1. (PropertyD)

Proof.SinceG̃isvertex-transitive,wemayassumewithoutlossofgeneralitythat
u1=0.OnecanseeinFigure4.7thattheverticesatgraphdistance2from0are
pointsof∂Pandarethereforeatgeometricdistance1from0.

Itcanbenoted,althoughitwillnotbeusefulhere,thattheequivalenced̃(u1,u2)=
2⇔ u1−u2P=1holds.
Auxiliarygraphssatisfying(PropertyD)helpusboundm1(R

n,·P)thanksto
thefollowinglemma:

Lemma4.17.Let ·PbeanorminR
ndefinedbyapolytopeP.LetG̃beagraph

withvertexsetVthatsatisfies(PropertyD).LetA⊂Vbeasetavoidingpolytope
distance1.ThenAcanbewrittenastheunionofcliquesofG̃:A= C∈CCwhere
ifC,C′∈CwithC=C′,thenN[C]∩N[C′]=∅.

Proof.SinceAavoidspolytopedistance1,followingLemma4.16,aconnectedcom-
ponentCofG[A]cannotcontaintwoverticesatgraphdistance2fromeachother.
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4.Densityofsetsavoidingparallelohedrondistance1

Hence,alltheverticesofCareatgraphdistance1fromeachotherwhichmeans
thatCisaclique.

Conversely,iftwodifferentcliquesCandC′⊂Ashareacommonneighbour,
thend̃(C,C′) 2.SinceCandC′aretwodifferentconnectedcomponentsofG[A],
d̃(C,C′)>1andthus,d̃(C,C′)=2. Thisisimpossible,sinceAavoidspolytope
distance1.

NowwedefinethelocaldensityofacliqueCofG̃:δ0(C)= |C|
|N[C]|.Inthenext

lemma,weanalyzethedifferentpossiblecliquesofthegraph̃Gthatweconstructed
fortheregularhexagon,anddeterminetheirlocaldensity:

Lemma4.18.ForeverycliqueC⊂G̃,δ0(C)
1

4
.

Proof.LetCbeacliqueofG̃.SincẽGisvertextransitive,wecanassumewithout
lossofgeneralitythat0∈C. Uptoisomorphisms,thereareonlythreepossible
cliquesinG̃.TheirneighbourhoodsaredepictedinFigure4.8:

•C={0}:itsneighbourhoodis{0}∪12S(seeFigure4.8a).Thusδ
0(C)=1

7.

•C= 0,v02 ,andδ
0(C)=210=

1
5(seeFigure4.8b).

•C= 0,v02,
v1
2 ,andδ

0(C)=312=
1
4(seeFigure4.8c).

(a) (b) (c)

Figure4.8:Thepossiblecliques(inred)andtheirneighbourhood(inblue).

Wenowhavealltheingredientstoprovethatthedensityofasetavoiding
distance1fordistanceinducedbytheregularhexagoncannotexceed1/4(Theorem
4.15):

FollowingLemma4.12,itissufficienttoproveα(GP)
1
4.IfA⊂Visaset

avoidingdistance1,weknowbyLemma4.17thatitmaybewrittenastheunionof
cliquesinG̃,whoseneighbourhoodsaredisjoint. Hence,thedensityofAisupper
boundedbythemaximumlocaldensityofacliqueinG̃. FromLemma4.18,we
concludethatα(GP)

1
4.
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4.3.2 GeneralVoronöıhexagons

ThissubsectiondealswiththegeneralhexagonalVoronöıregionPoftheplane. We
provethat:

Theorem4.19.
IfPisanhexagonalVoronöıregionintheplane,then

m1(R
2,·P)=

1

4
.

Proof.LetPbethehexagonalVoronöıregionofalatticeL⊂R2.Let{β0,β1}be
abasisofLsuchthatthevectorsβ0,β1,β2=β1−β0,andtheiroppositesdefine
thefacesofP. Welabelvi(with0 i 5)theverticesofPinsuchawaythat
βi=vi+vi+1,whereiisdefinedmodulo6. ThislabellingisillustratedinFigure
4.9.

v1

v2

v3

v4

v5

v0

β1β2=β1−β0

β3=−β0

β4=−β1 β5=β0−β1

β0

Figure4.9:Thevectorsβiandtheverticesofthehexagon.

InordertoproveTheorem4.19,justlikeinthecaseoftheregularhexagon,
weconstructagraphGP inducedbyG(R

2,·P),andprovethatα(GP)
1
4.

Unfortunately,inthegeneralcase,theverticesofthehexagonsofatilingofthe
planedonotformalattice. WeuseadifferentapproachtobuildagraphGPand
anauxiliarygraphG̃thatsatisfiesaweakerversionof(PropertyD).
TobuildthevertexsetVofGP,westartfromthelattice

1
2Landaddthe

translatesoftheverticesVP ofPbythevectorsof
1
2L.Weset A= 1

2Land
B=VP+

1
2LsothatV=A∪B;thisconstructionisrepresentedinFigure4.10

wheretheverticesofAaredepictedinred,andthoseofBingreen.
Letusnotethatforeveryi,vi+2=vimodL.Indeed,

vi+2−vi=vi+2+vi+1−(vi+vi+1)=βi+1−βi=βi+2.

Asaconsequence,wemaywriteVasthedisjointunionofthreetranslatesofL:

V=
1

2
L∪

1

2
L+v0 ∪

1

2
L+v1

ThisimpliesthatthedensityofBinVistwicethatofA.
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(a)ThelatticeA. (b)ThetranslateofPby12β1.

(c)ThevertexsetV=A∪B.

Figure4.10

TheauxiliarygraphG̃=(Ṽ,Ẽ)hasthesamevertexsetasGPandwedefineits
edgesasfollows.Byconstruction,thereareexactly7verticesofVintheinterior
ofP:thecenter0∈A,andsixpointsofBdenoteds0,...,s5,withsi=

vi−1+vi+1
2 .

Foreverypointofa∈A,wecreatetheedges(a,a+si)and(a+si,a+si+1)forall
ifrom0to5.ThisisillustratedinFigure4.11.

(a)Theedgesweaddforeachvertexa∈A. (b)ThegraphG̃.

Figure4.11

Notethatinthecaseoftheregularhexagon,thisconstructionleadstothesame
graphG̃thatweconsideredinSubsection4.3.1.
LetusnowdescribetheneighbourhoodinG̃ofeachtypeofvertex. Bycon-

struction,avertexofAhas6neighbours,andtheyallbelongtoB.Avertexa+si
ofBalsohassixneighbours. ThreeofthemareelementsofA,namelya,a+βi2
anda+βi−12 andtheotherthreeareelementsofB,namely,a+si−1,a+si+1and

a+vi.Figure4.12illustratestheneighbourhoodsoftheverticesof̃G.
Itshouldbenotedthatinthegeneralcase,ourgraphG̃ doesnotsatisfy

(PropertyD):indeed,theverticess0ands3areatgraphdistance2inG̃ but
notnecessarilyatpolytopedistance1. However,thispropertyholdsforthepairs
ofverticespointsthatshareacommonneighbourinB. Weprovethisinthenext
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0

v1

v2

v3

v4

v5

v6

β1
2

β2
2

β3
2

β4
2

β5
2

β6
2

s2

s3

s4

s5

s0

s1

Figure4.12:ThebasicpatterniñG.

lemma,whichplaystheroleofLemma4.16inthissubsection:

Lemma4.20.Iftwoverticesx,y∈Vareatdistance2fromeachotherinG̃and
haveacommonneighbourz∈B,thenx−yP=1.

Proof.CaseI:ifatleastoneoftheverticesxandyisinA.Inthiscasewe
mayassumethatx∈Aandbyvertex-transitivityofA,thatx=0.Thenzisoneof
thesi,andsinceyisaneighbourofz,ymustbeintheset{0,si−1,si+1,

βi
2,
βi−1
2 ,vi}.

Sincethefirstthreearenotatgraphdistance2from0,yisoneofthelastthree
vertices,andtheyallarein∂P.Thus,x−yP=1.

CaseII:x,y,z∈B. Thenwemayassumewithoutlossofgeneralityx=si−1,
andz=si.SincezhasonlythreeneighboursinB,ycanbeeithersi+1orvi. We
have:

si+1−si−1=
vi+vi+2
2

−
vi+vi−2
2

=
vi+2−vi−2

2
=
vi+2+vi+1

2
=
βi+1
2

and

vi−si−1=vi−
vi+vi−2
2

=
vi−vi−2
2

=
vi+vi+1
2

=
βi
2
.

Inbothcases, x−yP=1.

NotethatanalternativestatementofLemma4.20isthattheforbidden-transition
graphobtainedfromG̃byforbiddingthetransitionsetF={uvw:v∈A}observes
(PropertyD)i.e.twoverticesofG̃areatgeometricdistance1ifandonlyifthey
areconnectedbyacompatiblewalkoflength2.

LetU⊂Vbeasetofverticesavoidingpolytopedistance1,letCbeaconnected
componentofG̃[U]andletN[C]beitsclosedneighbourhood. WesetNB[C]=

N[C]∩Bandδ0B(C)=
|C|

|NB[C]|
.

ThefollowinglemmaistheanalogueofLemma4.17inthissituation:weshow
thatifCandC′aretwodifferentconnectedcomponents,thenNB[C]andNB[C

′]
mustbedisjoint:

Lemma4.21.LetU⊂Vbeasetavoidingpolytopedistance1.IfC=C′aretwo
distinctconnectedcomponentsofG̃[U],thenNB[C]∩NB[C

′]=∅.
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4.Densityofsetsavoidingparallelohedrondistance1

Proof.Ifavertexz∈BisinbothNB[C]andNB[C
′],thenthereexistsx∈C,

y∈C′suchthatd̃(x,z)=d̃(z,y)=1.SinceCandC′areconnectedcomponents
ofG̃[U],wehavẽd(x,y)>1.Thusd̃(x,y)=2andbyLemma4.20,x−yP=1,
whichisimpossible,sinceUavoids1.

Nowwestudythedifferentpossibleconnectedcomponents:

Lemma4.22.LetU⊂Vbeasetavoidingpolytopedistance1.IfCisaconnected
componentofG̃[U],then

δ0B
3

8
.

Proof.Weenumeratethepossibleconnectedcomponentsof G̃[U].Letusstartwith
theisolatedpoints.Uptotranslationsby12L,thetwopossibleconnectedcomponents
ofsize1are:

•C={0}⊂A.ItsneighbourhoodismadeofsixverticeswhichareallinB
(seeFigure4.13a).Thus,δ0B(C)=1/6.

•C={si}⊂B. WeknowthatsuchavertexhasthreeneighboursinB(Figure
4.13b).Hence,δ0B(C)=1/4.

(a)Thevertex{0}hassixstrictneighbours
inB.

(b)Thevertex{si}hasthreestrictneigh-
boursinB.

Figure4.13: Thetwopossibletypesofconnectedcomponentofsize1andtheir
neighboursinB.ElementsofCaredenotedbycircledvertices.

Wenowfocusontheconnectedcomponentsofsize2.Sinceavertexin Ahas
allitsneighboursinB,suchaconnectedcomponentcannotcontaintwoelements
ofA.Thus,uptotranslation,thepossibilitiesare:

•C={0,si}andtheonlyneighbourinBthatisnotalreadyaneighbourof0
isvi(seeFigure4.14a).Thus,δ

0
B=2/7.

•C={si,si+1}andtheneighboursinBaresi−1,vi,si+2,vi+1(Figure4.14b).
Thus,δ0B=2/6=1/3.

Therearetwokindsofconnectedcomponentsofsizethree:

•C={0,si,si+1}.Theonlyneighbourofsi+1inBthatisnotaneighbourof
{0,si}isvi+1(Figure4.15a).Thus,δ

0
B=3/8.
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4.3.Parallelohedronnormsintheplane

(a)ThesetC={0,si}hassixstrict
neighboursinB.

(b)ThesetC={si,si+1}hasfourstrict
neighboursinB.

Figure4.14: Thetwopossibletypesofconnectedcomponentofsize2andtheir
neighboursinB.

•C={0,si,−si}.Theonlyneighbourof−siinBthatisnotaneighbourof
{0,si}is−vi(Figure4.15b).Thus,δ

0
B=3/8.

(a)ThesetC={0,si,si+1}hassixstrict
neighboursinB.

(b)ThesetC={0,si,−si}hassixstrict
neighboursinB.

Figure4.15: Thetwopossibletypesofconnectedcomponentofsize3andtheir
neighboursinB.

ApplyingLemma4.20,onecancheckthatwehaveenumeratedallthepossible
kindsofconnectedcomponentsofG̃[U].

Puttingeverythingtogether,wecancompletetheproofofTheorem4.19:

LetU⊂Vavoidingpolytopedistance1. WedefineδB(U)=limsup
R→∞

|U∩VR|

|B∩VR|
where

asusual,VR=V∩[−R,R]
n.Hence,wehave:

δGP(U)=δB(U)×δGP(B).

SinceV=A∪BandBistwiceasdenseasAinGP,wefindδGP(U)=
2
3δB(U).

FromLemma4.21,weknowthatδB(U) sup
CccofG̃[U]

δ0B(C).ThenLemma4.22

showsthat

δB(U)
3

8
andweget

δGP(U)
2

3
×
3

8
=
1

4
.
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4.Densityofsetsavoidingparallelohedrondistance1

Proposition4.14andTheorem4.19covereveryparallelohedronindimension2.
ThisprovesthatConjecture4.6holdsforn=2.

Theorem4.23.
If · isanormsuchthattheunitballtilesR2bytranslation,then

m1(R
2,·)=

1

4
.

4.4 Thenormsassociatedwiththe Voronöıregionsof

thelatticesAnandDn

4.4.1 ThelatticeAn

Here,weconsiderthelatticeAn(seeExample1.52)forn 2. Werecallthat
An=Z

n+1∩H,whereHisthehyperplaneofRn+1definedbyH={(x1,...,xn+1)∈
Rn+1: n+1

i=1xi=0}. Weprovethat:

Theorem4.24.
Foreverydimensionn 2,ifPistheVoronöıregionofthelatticeAn,then

m1(R
n,·P)=

1

2n
.

Proof.Forn=2,theVoronöıregionofA2isactuallytheregularhexagon(see
Figure1.21b). Wearegoingtogeneralizetoalldimensionsn 2thestrategythat
weusedinsubsection4.3.1.
TheVoronöıregionPofAnisdescribedextensivelyinChapter21,Section3of

[28]. Wegiveabriefoverviewoftheresultsthatarerelevantinthissubsection.
Wedenoteby pH theorthogonalprojectiononH.Here,H

⊥=R(1,...,1)and

thus,pH(u1,u2,...,un+1)=(u1−ũ,u2−ũ,...,un+1−ũ)wherẽu=
u1+···+un+1

n+1
.

ThenormonH associatedtotheVoronöıcellofAnisdefinedbyxP =
maxi,j(xi−xj). Hence,theborderofPconsistsofthepoints(x1,...,xn+1)of
H suchthatmaxxi−minxi=1andtheverticesofParethepointsH whose
coordinatestakeexactlytwodifferentvaluesaandbwitha−b=1. Hence,we
findthattheverticesVP ofPareexactlythepH(u)withu∈V0whereV0=
{0,1}n+1\{(0,...,0),(1,...,1)}(withthenotationintroducedpreviously,wehave
ũ=b).
Notethatforallvertexu=(u1,...,un+1)∈R

n+1,

max
i,j
(ui−uj)=max

i,j
((ui−ũ)−(uj−ũ))=pH(u)P. (4)

Weconsideratilingbytranslationof Rnbythepolytope12P.LetSbethesetof
verticesgeneratedby12VP(Sconsistsoftheverticesandcentersofthepolytopesof
thetiling)andletGPbethesubgraphofG(R

n,·P)inducedbyS.Theauxiliary
graphG̃hasthesamevertexsetasGPandtwoverticesuandvareadjacentinG̃if
andonlyifu−v∈12VP (̃GistheCayleygraphonVPassociatedwiththegenerating
set12VP).Thesegraphsgeneralizethegraphsthatweconsideredinsubsection4.3.1.

WefirstshowthatG̃satisfiesthesameremarkableproperty:
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4.4.ThenormsinducedbytheVoronöıcellsofAnandDn

Lemma4.25.ThegraphG̃satisfies(PropertyD):

d̃(u1,u2)=2⇒ u1−u2P=1.

Proof.Wemayassume x=0.Avertexatgraphdistance2from0canbewritten
v+v′withvandv′in12VP.Thus,weneedtoshowthat,forv,v

′∈12VP,either
v+v′isnotatgraphdistance2from0(v+v′=0orv+v′∈12VP)orv+v

′
P=1

whichcomesdowntosayingthatv+v′∈VP.

Letu,u′∈ 1
2V0besuchthatpH(u)=vandpH(u

′)=v′. Hence,v+v′=
pH(u+u

′).

Weknowthat u+u′∈{0,12,1}
n+1andoneofthefourfollowingsituations

occurs:

CaseI:allthecoordinatesofu+u′havethesamevalue. Hence,v+v′=
pH(u+u

′)=0andisnotatgraphdistance2from0.

CaseII:thecoordinatesofu+u′consistonlyof0’sand12’s. Theprevious
characterizationofVPstatesthatpH(2(u+u

′))∈VPwhichmeansthatv+v
′∈12VP

andisthereforeatgraphdistance1from0.

CaseIII:thecoordinatesofu+u′consistonlyof12’sand1’s. Wewrite
u+u′asw+12(1,...,1)wherethecoordinatesofu+u

′consistonlyof0’sand12’s.
Wefindthat v+v′pH(u+u

′)=pH(w)andweprovedinthepreviouscasethat
w∈12VP.

CaseIV:both0’sand1’sappearinthecoordinatesofu+u′. By(4),this
meansthatv+v′ = pH(u+u

′)=1−0=1.

BecauseG̃satisfies(PropertyD),G̃alsosatisfiesLemma4.17. Wecannow
proceedtoanalyzethecliquesofG̃,andforeachofthem,determineitslocaldensity.
SinceG̃isvertextransitive,weonlydescribethecliquescontaining0.Foru∈V0,
wedefineitssupportI(u)={i∈{1,...,n+1}:ui=1}.

Lemma4.26.

ThecliquesofG̃containing0arethesetsoftheform 0,pH(u1)2 ,...,pH(us)2

suchthatI(u1) I(u2) ... I(us).

Inparticular,sinces n,acliquecannotcontainmorethann+1vertices.

Proof.LetCbeacliqueofG̃,andassume0∈C. ThentheotherelementsofC
mustbelongto 1

2VPandsinceCisaclique,theymustbeadjacentinthegraph.In

otherwords,ifv2,
v′

2∈C,then
v−v′

2 ∈12VP.Letv=v
′∈VP,andu,u

′∈V0such
thatv=pH(u)andv

′=pH(u
′).Fori∈{1,...,n+1},theithcoordinateofu−u′

is: 




1 ifi∈I(u)\I(u′),

−1 ifi∈I(u′)\I(u),

0 otherwise.
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4.Densityofsetsavoidingparallelohedrondistance1

Ifboth1and−1appearinthecoordinatesofu−u′,thenv−v′P=2,and
v−v′

2 /∈12VP.BydefinitionofV0andsincev=v
′,thecoordinatesofu−u′must

taketwodifferentvalues. Twocasesremain:ifu−u′containsonly0’sand1’s,
u−u′∈V0andv−v

′∈VP;andifitcontainsonly0’sand−1’s,thenwecanwrite
u−u′=w−(1,...,1),withw∈V0,sothatv−v

′∈VPaswell.

Hence,v−v′∈VPifandonlyifI(u) I(u′)orI(u′) I(u).

Lemma4.27.

ForeverycliqueCofG̃,δ0(C)
1

2n
.

Proof.Let 0,pH(u1)2 ,...,pH(us)2 beaclique. Foreachi∈[[1,s]],wesetwi=

|I(ui)|. Bysymmetry,wemayassumethatforalli,ui=(1,...,1

wi

,0,...,0). We

setu0=0andw0=0. WewanttocounttheverticesinN[C]=
1
2({0,pH(u1),...,

pH(us)}+VP).

Since0∈C,theset({0,pH(u1),...,pH(us)}+VP)mustcontainalltheimages
ofV0∪{0}bypH:thereare2

n+1−1suchvertices.

Foreachi=1,...,s,wecounthow manynewneighboursareprovidedby
pH(ui)+VP(i.e.neighboursofpH(ui)+VPthatarenotneighboursofpH(uj)+VP
foranyj i). Wefindthat

•Thevectoru1=(1,...,1

w1

,0,...,0),provides(2w1−1)(2n+1−w1−1)newneigh-

bours.

•Thevectoru2=(1,...,1

w1

,1,...,1

w2−w1

,0,...,0),provides

2w1(2w2−w1−1)(2n+1−w2−1)newneighbours.

•Forany2 i s,thevectoruiwillprovide2
wi−1(2wi−wi−1−1)(2n+1−wi−1)

newneighbours.

Bysummingallthevalues,weget:

|N[C]|=2n+1−1+
s

i=1

2wi−1(2wi−wi−1−1)(2n+1−wi−1)

=(s+1)2n+1−

s

i=1

2n+1−(wi−wi−1)+2ws .

Sincews nandforeveryi,(wi−wi−1) 1,wehave

2ws+
s

i=1

2n+1−(wi−wi−1) (s+1)2n.

Thisimpliesthat|N[C]| (s+1)2n+1−(s+1)2n=(s+1)2n.
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4.4.ThenormsinducedbytheVoronöıcellsofAnandDn

Finally,thelocaldensityofCsatisfies:

δ0(C)=
|C|

|N[C]|
=
s+1

|N[C]|

1

2n
,

andwemaynotethatthisboundissharpifandonlyifws=nandforeveryi,
wi−wi−1=1,thatiswhenCisamaximalcliqueoftheform

{0,(1,0,...,0),(1,1,0,...,0),...,(1,...,1,0,0),(1,...,1,0)}.

WecannowconcludetheproofofTheorem 4.24.Indeed,followingLemma4.27
andLemma4.17,wefindthatα(GP)

1
2n,whichleadstoTheorem4.24byLemma

4.12.

4.4.2 ThelatticeDn

WeapplythesamemethodasforAntoanotherclassicalfamilyoflattices:Dn(see
Example1.52). WerecallthatDnisdefinedbyDn={x=(x1,...,xn)∈Z

n:
n
i=0xi=0 mod2}.SincetheVoronöıcellofD2isasquarelikethecellofZ

2(see
Figure1.21)andtheVoronöıcellofD3isarhombicdodecahedronlikethecellof
A3,weassumeinthissubsectionthatn 4.
Thesameconstructionasbeforeprovidesagainagraphthatsatisfies(PropertyD).

Unfortunately,theanalysisoftheneighbourhoodsofthecliquesdoesnotleadto
thewanted12n upperbound.Nevertheless,wecanprove:

Theorem4.28.
Foreverydimensionn 4,ifPistheVoronöıregionofthelatticeDn,then

m1(R
n,·P)

1

(3/4)2n+n−1
.

Proof.LetusdescribetheVoronöıregionofDn.Againwereferto[28]forfurther
details.
ThenormonRnassociatedtotheVoronöıcellofDnisdefinedbyxP =

maxi=j(|xi|+|xj|).TheverticesofPareoftwodifferenttypes:

•Type1:Phas2nverticesoftheform(0,...,0,±1,0,...,0).

•Type2:Phas2nverticesoftheform(±12,±
1
2,...,±

1
2).

Onceagain,letSbethelatticegeneratedby12VP,letGP bethesubgraphof

G(Rn,·P)inducedbySandletG̃betheauxiliarygraphwhosevertexsetisS
andsuchthatuandvareadjacentinG̃ifandonlyif(u−v)∈12VP.Weshowthat
(PropertyD)holdsagain:

Lemma4.29.ThegraphG̃satisfies(PropertyD):

d̃(u1,u2)=2⇒ u1−u2P=1.

Proof.WeusethesamemethodasintheproofofLemma 4.25.Letv,v′∈12VP.
Wedistinguishthreecasesdependingonthetypeofvandv′:
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4.Densityofsetsavoidingparallelohedrondistance1

•Ifbothvandv′areoftype1,v+v′iseither0,or,uptopermutationofthe
coordinates,oftheform(±1,0,...,0)or(±12,±

1
2,0,...,0),andbydefinition

ofthenorm, v+v′P=1.

•Ifbothvandv′areoftype2,thenonzerocoordinatesofv+v′are12or−
1
2.

Ifv+v′=0,theneitheritisavertexof12VPoftype1,orithasatleasttwo
coordinateswhoseabsolutevaluesareequalto12,andso v+v

′
P=1.

•Ifvisoftype1andv′isoftype2,thenv+v′iseitheravertexof12VPoftype
2,or,uptoapermutationofcoordinates,oftheform±34,±

1
4,...,±

1
4,and

v+v′P=1.

ItremainstoanalyzetheneighbourhoodsofthecliquesofG̃.Wefirstdetermine
thepossiblecliquesofG̃. Wemayassumethattheycontain0.

Lemma4.30.Uptosymmetry,acliqueofG̃containing0mustbeasubsetofthe
maximalclique

Cmax= 0,
v1
2
,
v2
2
,
v3
2

where






v1=(0,...,0,1)

v2=
1
2,
1
2,...,

1
2

v3= −12,
1
2,...,

1
2

.

Proof.Letv,v′∈VP suchthat
v−v′

2 ∈ 1
2VP.Theconclusionfollowsfromthe

followingfacts:

•Theverticesvandv′cannotbothbeoftype1,becausethedifferenceoftwo
suchvectors,iseither0orhaspolytopenorm2.

•Ifvandv′arebothoftype2,thenvandv′mustdifferbyonlyonecoordinate,
otherwise v−v′P=2.

•Ifvisoftype1,sayv=(0,···,0,±1

i

,0···,0),ifv′isoftype2andv−v
′

2 ∈

1
2VP,thentheithcoordinateofv

′musthavethesamesignastheithcoordinate
ofv.

Wenowanalyzethelocaldensityofthecliques:

Lemma4.31.ForeverycliqueofG̃,δ0(C)
1

(3/4)2n+n−1
.

Proof.ByenumeratingtheneighboursofeveryelementinCmax andbycounting
theintersectionsofthedifferentneighbourhoods,wefindthat:

•IfC={0},δ0(C)= 1
1+2n+n.

•IfC= 0,v12 ,thenδ
0(C)=

2

2n+2n−1+4n
=

1

(3/4)2n+2n
.

Notethatforn 6,thisdensityisalreadygreaterthan1
2n.
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4.5.ThechromaticnumberofG(Rn,·P)

•IfCisoneofthetwosymmetriccliques0,v22 and 0,v32 ,

δ0(C)=
2

2×2n+2n
=

1

2n+n
.

•Bysymmetry,thecliquesoftheform 0,vi2,
vj
2 havethesamenumberof

neighbours.IfCisoneofthem,then

δ0(C)=
3

2×2n+2n−1+3n−1
=

1

(5/6)2n+n−1/3
,

whichisalsogreaterthan 1
2n.

•Finally,δ0(Cmax)=
4

3×2n+4n−4
=

1

(3/4)2n+n−1
,whichisthehighest

possiblevalueofδ0(C).

LikeinSubsection4.4.1,Lemma4.29,4.17and4.31leadtoTheorem4.28.

4.5 ThechromaticnumberofG(Rn,·P)

Inthissection,wediscussthechromaticnumberχ(Rn,·P)oftheunitdistance
graphassociatedwithaparallelohedron. Westartwiththeconstructionofanatural
colouringofRnwith2ncolours,leadingto:

Proposition4.32.LetPbeaparallelohedroninRn.Thenχ(Rn,·P) 2n.

Proof.Bydefinitionofparallelohedra,thereexistsalatticeΛsuchthatRnisthe
unionofthe(λ+P)forλ∈Λ,whereonlythebordersoftheλ+Pmayintersect.
ItiswellknownthatonecandefineP′astheunionoftheinteriorofPandan
appropriatelychosensubsetofitsbordersothatRnisthedisjointunion∪λ∈Λ(λ+

P′). WemayalsowriteRnasthedisjointunionRn=

λ∈1
2
Λ

λ+
1

2
P .

IfHisacosetof
1

2
Λ Λ,thenAH=

λ∈H

BP λ,
1

2
isasetavoidingdistance

1. Hence,thepointsinAH canreceivethesamecolour.Thisconcludestheproof
sinceRnisthedisjointunionofallAH whereHrunsthroughthe2

ncosets.

Example4.33.
LetPbeaVoronöıhexagon(themostgeneral2-dimensionalparallelohedron).

Wecallitsvertices viwithi∈[[0,5]]suchthatviandv(i+1) mod6areadjacent.One
canwriteR2asthedisjointunionoftranslatesofP′whereP′istheunionofthe
interioroftheP,theinterioroftheedgesv0v1,v1v2andv2v3andtheverticesv1
andv2.ThistilingleadstothecolouringoftheplanedepictedinFigure4.17.

Inordertolowerboundχ(Rn,·P),wecantakeadvantageoftheinduced
subgraphsthatwehaveconstructedinprevioussections.Inparticular,whenever
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4.Densityofsetsavoidingparallelohedrondistance1

Figure4.16:A4-colouringoftheplanewiththenorminducedbyaVoronöıhexagon.

wehaveadiscreteinducedsubgraphGPofG(R
n,·P)satisfyingα(GP)=

1
2n,we

obtainasanimmediateconsequencethat

χ(Rn,·P) χ(GP)
1

α(GP)
=2n.

Thuswehaveproved:

Corollary4.34. IfPisaparallelohedroninR2,thenχ(R2,·P)=4.

Corollary4.35. IfPistheVoronöıregionofthelatticeAninR
n,then

χ(Rn,·P)=2
n.

Finally,wewouldliketopointoutthatindimension2,onecanfindafinite
inducedsubgraphofG(Rn,·P)withchromaticnumber4.Suchagraphisdepicted
inFigure4.17forthenorminducedbyaVoronöıhexagon.

(a) WestartfromthegraphGP webuilt
inSubsection4.3.2andonlyconsiderthe
setofverticescircledinthefigure.

(b)ThesubgraphofG(Rn,·P)thatthis
vertexsetinducesis4-chromatic.

Figure4.17

4.6 Conclusion

Thischapterstudiesthedensityofsetsofpointsavoidingdistance1fordistancesin-
ducedbyseveralfamiliesofparallelohedra.Ourapproachbasedonthediscretization
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4.6.Conclusion

lemma(Lemma4.12)involvesboundingtheindependenceratioofinfinitediscrete
graphs(Definition4.7),whichwewereabletodoinseveralcasesthankstospe-
cificpropertiesoftheauxiliarygraphswecreated((PropertyD)). Weprovedthe
conjectureofBachoc-Robins(Conjecture4.6)forseveralfamiliesofparallelohedra,
includingalltheparallelohedraindimension2butalsoafamilyofparallelohedraof
unboundeddimension(Theorem4.24)andwewereabletoestablishboundsofthe
orderO(12n)inothercases(Theorem4.28).Extendingourresultstomorefamilies
ofparallelohedraandespeciallythoseofdimension3isanimportantgoalofour
furtherwork.Anewapproachbasedondiscretedistributionfunctionisdeveloped
byMoustrouinchapter4ofhisthesis[92]andChapter5ofthisthesispresentsan
approachbasedonfiniteweightedgraphs.
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Chapter5

Optimalweightedindependence
ratio

Thischapterpresentsanewmethodtofindboundsonm1(R
n,·P),whichisatthe

coreoftwoongoingprojects:thefirstonewithChristineBachoc,PhilippeMoustrou
andArnaudP̂echeronnormsinducedbyparallelohedraindimensionhigherthan2
andthesecondoneontheEuclideanplanewithArnaudP̂echerandAntoineSedillot.
TheresultswillbepresentedatISMP2018andICGT2018[11][4].
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5.1 Introduction

Thischapterpresentsongoingworkonanalternativeapproachtofindupperbounds
onm1(R

n,·P),basedonthenotionofoptimalweightedindependenceratio. We
presentalternativeproofsofresultsweobtainedinChapter4andnewboundsforthe
Euclideannormandthenorminducedbytheregulartruncatedoctahedron.This
polytopeisespeciallyinterestingtousbecauseitistheonlyregularparallelohedron
indimension3(seeSubsection1.4.4fortheclassificationof3-dimensionalparal-
lelohedra)forwhichtheBachoc-Robinsconjectureisstillopen;indeed,thecubeis
addressedbyProposition4.14,therhombicdodecahedron,byTheorem4.24,and
solutionsforthehexagonalprismandtheelongateddodecahedronhavethenbeen
presentedbyMoustrouinChapter4of[92].
AsinChapter4,ourapproachusesadiscretizationlemma(Lemma5.6whichisa

generalizationofLemma4.12)andweboundtheindependenceratioofG(Rn,·P)
byboundingtheindependenceratioofwell-chosensubgraphs.InChapter4,we
builtinfinitediscretesubgraphsGofG(Rn,·P)andwewereabletoboundtheir
independenceratiothanksto(PropertyD)orsimilarproperties(Lemma4.20).
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However,givenadiscretesubgraphGofG(Rn,·P),itisnotalwayspossible
tobuildanauxiliarygraphG̃thatobserves(PropertyD). Thisinanimportant
obstacletoaproofoftheBachoc-Robinsconjecture(Conjecture4.6)inhigherdi-
mensions.
Forexample,foralltheregularpolytopeswedealtwithinChapter4(Subsec-

tions4.3.1,4.4.1and4.4.2),itwaspossibletobuildanauxiliarygraphthatobserves
(PropertyD)onthelatticegeneratedby12VPbutwecanseethatthisisnolonger
truewiththeregulartruncatedoctahedron.Letususethecoordinatesystemde-
scribedattheendofSubsection1.4.4tostudytheregulartruncatedoctahedron,
whichisthepermutohedronoforder4(Definition1.60).Letournormbesuchthat
theverticesoftheunitpolytopearethepointswhosecoordinateareapermuta-
tionof{−3,−1,1,3}. Hence,{12,

3
2,−

3
2,−

1
2}and

3
2,−

3
2,
1
2,−

1
2 arebothvectors

of12Pbuttheirsum,{2,0,−1,−1}isneither0,noravertexof
1
2P,noravertex

ofP,whichwasimpossiblewiththeregularparallelohedronnormswehadencoun-
teredsofar.Byadding{−32,−

1
2,
3
2,
1
2}∈

1
2Pto{2,0,−1,−1},weobtainthevector

{12,−
1
2,
1
2,−

1
2},whichisatgeometricdistance

1
4of0butwouldbeatgraphdistance

3withourusualauxiliarygraphstructure.
Sincewecannotcomputetheindependenceratioofinfinitegraphsinthegeneral

case,weonlybuildfinitesubgraphsinthischapterbutenhancetheirexpressive
powerbyweightingtheirvertices. Thishelpsusachieveresultsthatwewereonly
abletoachievewithinfinitegraphsintheunweightedcase.
InSection5.2,wedefinethenotionofoptimalweightedindependenceratio,

thatwestudythroughoutthischapter. Wepresenttheconnectionithaswith
thedensityofsetsavoidingdistance1butalsowithanotherwell-knownproblem:
fractionalcolouring. Sections5.3and5.4studiesthenotionofoptimalweighted
independenceratiointwodifferentcontexts:thecaseofageneralnorminSection
5.3andthecaseofanorminducedbyaparallelohedroninSection5.4. Westudyit
bothfromacombinatorialandanalgorithmicperspectivesandpresenttheresults
itprovides.IntheEuclideanplane,ourcurrentresultsincludeanimprovement
ofthebestupperboundknownonm1(R

2)(Theorem5.13)andofthebestlower
boundonthefractionalchromaticnumberoftheplane(Theorem5.14).InSection
5.4,weimprovethepreviousalgorithminthespecificcaseofnormsinducedby
parallelohedraanduseittoachievethecurrentbestboundonm1(R

3,·P)when
Pisaregularparallelohedron(Theorem5.24).

5.2 Ourapproach

5.2.1 Optimalweightedindependenceratio

Beforepresentingourapproach,weneedafewstandarddefinitionsonweighted
graphs.

Definition5.1. Weightedgraph:
Aweightedgraphisatriplet(V,E,w)where(V,E)isagraphandw:V→R+

isaweightdistributionoraweightingofthevertices.Forv∈V,w(v)iscalledthe

weightofthevertexv.Thetotalweightofthegraphisdefinedbyw(G)=
v∈V

w(v).
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TheweightofavertexsetSisdefinedsimilarlyasw(S)=
v∈S

w(v).

Similarlytohowwedefinedthevertexsetofagraphasnon-empty,weassume
thateverygraphhasatleastonevertexofnon-zeroweight.Hence,everygraphhas
strictlypositiveweight.

Definition5.2. Weightedindependenceratio:

TheweightedindependencenumberofafiniteweightedgraphGwisnotedα(Gw)
andisthemaximumweightofanindependentsetinGw.Theweightedindependence

ratioofafiniteweightedgraphGwisα(Gw)=
α(Gw)

w(G)
.

Let(V,E)beadiscreteinducedsubgraphofG(Rn,·),letwbeaweight
distributiononVandletGw=(V,E,w).ForA⊂V,wedefinethedensityofAin

Gw:δGw(A)=limsup
R→∞

w(A∩VR)

w(VR)
whereVR=V∩[−R,R]

n. AsinDefinition4.7,

weextendthedefinitionoftheindependenceratiotodiscreteweightedgraphsas
α(Gw)= sup

Aindependentset
δGw(A).

Notethatallourdefinitionsinweightedgraphsgeneralizethedefinitionsin
unweightedgraphs,whicharethespecificcasewhereeveryvertexhasweight1.

Wearenowreadytointroducethecentralnotionofoptimalweightedindepen-
denceratio.

Definition5.3. Optimalweightedindependenceratio:

Wedefinetheoptimalweightedindependenceratioα∗(G)ofanunweightedgraph
G=(V,E)astheinfimumoverallweightdistributionwonVoftheindependence
ratioofGw=(V,E,w).

LetGw=(V,E,w)beaweightedgraphandletG=(V,E).Ifα
∗(G)=α(Gw)

wesaythatwisanoptimalweightingofGandthatGwisoptimallyweighted.

Notethatthecolourclassesofaproperk-colouringofagraphGpartitionV(G)
intokindependentsets.Sincethesumoftheweightsofthosekindependentsets
inthetotalweightofG,atleastoneofthemhasweightw(G)k ormore.Hence:

Proposition5.4.ForeverygraphG,α∗(G) 1
χ(G).

Example5.5.

ConsiderthegraphP3depictedinFigure5.1a.Theset{v1,v3}isamaximum
independentsetandhassize2,anditsindependenceratioisthusα(P3)=

2
3.

However,ifwesetw(v1)=w(v3)=1andw(v2)=2(seeFigure5.1b),wefind
thatthetwomaximalindependentsetsonG({v1,v3}and{v2},whicharealsothe
colourclassesinanoptimalpropercolouringofG)haveweight2,whichprovesthat
α∗(P3)

1
2.WeknowbyProposition 5.4thatthisboundisoptimal:α

∗(P3)=
1
2.

v1 v2 v3

(a)ThegraphP3.

1 2 1

(b)AweightingofP3.
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NotehoweverthattheboundprovidedbyProperty5.4isnotalwaystight.For
example,α∗(C5)=

2
5(reachedbygivingthesameweighttoallthevertices)while

χ(C5)=3.

5.2.2 Weighteddiscretizationlemma

Thereasonwhyweareinterestedintheoptimalweightedindependenceratioofa
graphisbecauseitisatleastassmallasitsindependenceratioandstillprovides
boundsonm1(R

n,·).Thebounditprovidesisthereforebetter.

Lemma5.6.Weighteddiscretizationlemma:
LetG=(V,E)beafinitesubgraphinducedbyG(Rn,·).Then

m1(R
n,·) α∗(G).

Proof.LetG=(V,E),letwbeaweightingofVandletGw=(V,E,w).LetR>0
bearealnumber,andletX∈[−R,R]nbechosenuniformlyatrandom.Likeinthe
proofofLemma4.12,wehavelimsup

R→∞
P(X∈S)=δ(S).

LetS⊂Rnbeasetavoiding1. WedefinetherandomvariableN=w((X+
V)∩S).Thus,wehave:

E
N

w(V)
=

1

w(V)
E
v∈V

w(v)×1{X+v∈S}

=
1

w(V)
v∈V

w(v)×P(X∈S−v).

andforeveryv,wehavelimsup
R→∞

P(X∈S−v)=δ(S−v)=δ(S).Thus,wefind

E
N

w(V)
=δ(S) v∈Vw(v)

w(V)
=δ(S).

Since(X+V)∩SiscontainedinSwhichisindependent,itisindependenttoo
andthus, N

w(V) α(Gw).

Thisprovesthatforeveryweightingw,δ(S) α(Gw)andthusδ(S) α∗(G).

Hence,wecanfindboundsonm1(R
n,·)bybuildingafiniteinducedsubgraph

GofG(Rn,·)andcomputingorboundingitsoptimalweightedindependenceratio
(wepresentanalgorithmtocomputeitinSection5.3).

Example5.7.
LetPbetheregularhexagon,andletGandG̃bethegraphsbuiltintheproof

ofTheorem4.15.LetHandH̃betheirsubgraphsinducedbytheverticesthatare
containedwithintheunitpolytope.Hence,HisstillasubgraphofG(R2,·P)and
H̃ (depictedinFigure5.2a)hassamevertexsetandsatisfies(PropertyD).Since
H isfinite,itsindependencenumberiseasytocomputeandwedonotneedthe
auxiliarygraph. WeuseH̃ inthefiguresforitsbetterreadability.Recallthatthe
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(a)ThegraphH̃.

5

2

2

22

2

2

1

2

1

2

121

2

1

2

1 2

(b)ThegraphH̃w.

Figure5.2

independentsetsinHareexactlythesetsthatdonotcontaintwoverticesatgraph
distance2inH̃.
ThegraphH hasindependencenumber6andthereforeprovidesaboundof

6
19≃0.3158onm1(R

2,·P).Thetwodifferentmaximumindependentsets(upto
isomorphism)aredepictedinFigure5.3.

Figure5.3:ThemaximumindependentsetsinH(inblue).

LetwbetheweightdistributiononV(H)depictedinFigure5.2bandletHw=
(V(H),E(H),w).ThemaximumweightedindependentsetsinHwaredepictedin
Figure5.4andhaveweight9.Thisprovesthatα∗(H) α(Hw)

9
35≃0.2571.

Onecanprovethattheweightingwisoptimalandα∗(H)=935.Here,evenwith
aweighting,thegraphHistoosmalltoreachtheboundof14buttheweightingstill
allowstoconsiderablyimprovethebound.Furthermore,wewillseethatthebound
of14canbereachedwithafiniteweightedgraphwhileweknownofinitesubgraph
ofG(R2,·P)thatachievesanunweightedindependenceratioof

1
4.

5.2.3 Fractionalchromaticnumber

Ournotionofoptimalweightedindependenceratioisheavilyrelatedtothealready
well-knownnotionoffractionalchromaticnumber.

Definition5.8. b-foldcolouring,fractionalchromaticnumber:
Ab-foldcolouringofagraphG=(V,E)isafunctioncthatmapseveryvertex

ofathegraphtoasetofbcolourssuchthatforeveryuv∈E,c(u)∩c(v)=∅.
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Figure5.4:ThemaximumindependentsetsinHw(inblue).

Ab-foldcolouringthatusesadifferentcoloursiscalledana:b-colouring.Ifsuch
acolouringexists,Gisa:b-colourableandifaisthesmallestnumberforwhich
Gisa:b-colourable,Gisa:b-chromatic.Inthiscase,wesaythataistheb-fold
chromaticnumberofG,notedχb(G).
Thefractionalchromaticnumberχf(G)ofagraphGisthesmallest

a
bforwhich

Gisa:b-chromatic:χf(G)=inf
b

χb(G)

b
.

Onecanalsoprovethatχf(G)=lim
b→+∞

χb(G)

b
.

Notethattraditionalgraphcolouringisthecaseb=1ofb-foldcolouring,and
thus,forallgraphGχf(G) χ(G).
Sincethecolourclassesinapropercolouringofagraphareindependent,the

chromaticnumberofthegraphisthesmallestsizeofapartitionoftheverticesofa
graphintoindependentsets.IfwearegiventhesetS oftheindependentsetsofa
graph,wecanexpressitschromaticnumberbyalinearprogram.ForeachI∈S,
letxIbeabinaryvariablethatindicateswhetherIisacolourclassoftheoptimal
colouringwecreate.Ourprogramis:






minimize
I∈S

xIsubjectto

∀v∈V,
I∈S:v∈I

xI=1

Theconstraintsensurethateachvertexbelongstoexactlyonecolourclassand
theobjectivefunctionistouseasfewcoloursaspossible.
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Thefractionalchromaticnumbercanbeexpressedbythesameprogramwhere
thexIdonothavetobebinaryandcantakeanyvaluebetween0and1. Thus,
fractionalgraphcolouringisthelinearprogrammingrelaxationofgraphcolouring.
However,notethatthisdoesnotprovideanefficientalgorithmtocomputethe
fractionalchromaticnumberofagraph:indeed,thenumberofvariablesofthe
aboveprogramisthenumberofindependentsetsinG,whichisexponentialinits
numberofvertices.Hence,boththegenerationandtheresolutionofthisprogram
takesalongtime.TheproblemoffractionalchromaticnumberisprovedNP-hard
in[82].

Example5.9.
Asweknow,χ(C5)=χ1(C5)=3(seeFigure5.5a). However,bygivingtwo

colourstoeachvertex,wecanfinda5:2-colouringofC5(seeFigure5.5b),which
meansthatχf(C5)

5
2.Onecanprovethatthisboundisactuallytight.

a

b

cd

e

(a)Anoptimal1-foldcolouringofC5. (b)Anoptimal2-foldcolouringofC5.

Figure5.5

Withthenotationoftheabovelinearprogram,thesolutiondepictedinFigure
5.5bisx{a}=x{b}=x{c}=x{d}=x{e}=0andx{a,c}=x{b,d}=x{c,e}=x{d,a}=

x{e,c}=
1
2.

In[54],GodsilandRoyledefineafractionalcliqueasaweightdistributionon
theverticesofthegraphsuchthatnoindependentsetonthegraphhasweight
morethan1(asisthecaseinaunweightedclique,wherethemaximumindependent
setsareverticesandthereforehaveweightone). Theweightofafractionalclique
isdefinedasthetotalweightofthegraphundertheweightingthatthefractional
cliquedefines.Thefractionalcliquenumberωfofagraphisthemaximumweight
ofafractionalclique.Forexample,thedistributionthatgivesweight12toallthe
verticesofC5isamaximumfractionalcliqueofweight

5
2.

Itfollowsdirectlyfromthedefinitionoffractionalcliquenumberthatforevery

graphG,ωf(G)=
1

α∗G
.

Asexplainedin[54],thefractionalcliquenumberofagraphisgivenbythedual
ofthelinearprogramdescribedabove.Bythestrongdualitytheorem,wetherefore
haveωf(G)=χf(G). Therelationbetweenfractionalcliquenumberandoptimal
weightedindependenceratiofollows:

Proposition5.10.ForeverygraphG,

χf(G)=
1

α∗G
.
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Hence,ourweighteddiscretizationlemma(Lemma5.6)connectsthedensityof
setsavoidingdistance1inagivenspacewithitsfractionalchromaticnumber.The
chromaticnumberoftheEuclideanplanehasalreadybeenstudiedandthebest
publishedlowerbound,establishedbyCranstonandRabernin2017in[31],is

χf(R
2)

76

21
3.61904.

Thebounditprovidesonm1(R
2)ism1(R

2) 0.276316.In[42],Exooand
Ismailescuclaimtohaveaproofthatχf(R

2) 383
102 3.75491inayetunpublished

paper.Thisgivesaboundonm1(R
2)of0.266319.However,noneofthesebounds

areasgoodasthecurrentbestboundof0.258795byKeletietal.[70].Thus,our
approachalsoinvolvestoimprovetheboundonχf(R

2).

5.3 Generalnorms

Thissectiondetailstheimplementationofourmethodandtheresultsitprovides
forthecaseofageneralnorm. Wefirstfocusonhowtofindanoptimalweighting
oftheverticesofagivengraphandthus,howtodetermineitsoptimalweighted
independenceratio.Forexample,wearelookingforanalgorithmthatwouldreturn
theweightingwdepictedinFigure5.2bwhengiventhegraphH inFigure5.2a.
Subsection5.3.1presentsnotionsthatweusetodesignthealgorithminSubsection
5.3.2.Finally,Subsection5.3.3outlineshowtobuildinterestinggraphsandpresents
theresultsofourmethodintheEuclideanplane.

5.3.1 Preliminarystudy

Whilecombinatorialboundsandthecomplexityofthefractionalchromaticnumber
havebeenstudiedonavarietyofclassesofgraphs,veryfewalgorithmshaveyet
beendevelopedtocomputeit.

ThealgorithmwedesigninthisSectionusestwolinearprograms.Thefirstone
isusedtofindaweightingthatminimizesthemaximumweightsofacollectionof
independentsets.
LetG=(V,E),letV={v1,...,vn}andletS1,...,SkbeindependentsetsofG.

Foreveryvertexv,wecreateavariablewvthatindicatestheweightofv.Sincethe
independenceratioofagraphisleftunchangedbythemultiplicationoftheweight
oftheverticesbyaconstant,wemaysetthatthetotalweightofthegraphis1. We
createavariableM thatindicatesthemaximumweightofasetSi.






minimizeM

v∈V

wv=1

∀i∈[[1,k]],
v∈Si

wv M

Thevariablesofthislinearprogramdonothavetobeintegers,whichallowsto
solvethisprogramefficientlyinpractice. However,generatingasuitablesetS of
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independentsetsS1,...,Sktakesmuchmoretime.
Therelationbetweenoptimalweightedindependencenumberandfractional

chromaticandcliquenumbersandthelinearprogramwehavepresentedinSub-
section5.2.3suggesttoruntheaboveprogramontheentiresetS ofindependent
setsofG. However,thetimerequiredtogenerateasetS isatleast S∈S|S|.
Sincetheyareexponentiallymany,generatingalltheindependentsetsorevenall
themaximalindependentsetsofagraphisonlyfeasibleonverysmallgraphs. We
willthuslookforsmallersuitablesetsS. Ourcriteriaisthatbyminimizingthe
weightofthemaximum-weightsetofS,wewanttominimizetheweightofthe
maximum-weightindependentsetoftheentiregraph.
Thefirstimportantobservationwemakeisthattherealwaysexistsanoptimal

weightingofthegraphsuchthatalltheverticesofasameorbit(seeDefinition1.16)
havethesameweight.Indeed,letAut(G)bethesetofautomorphismsonagraphG.
Theimageofanindependentsetbyanautomorphismσisstillanindependentset
andthecompositionofanoptimalweightingwwithσisthereforestillanoptimal
weighting. Onecanprovethattheaverageofthew◦σforσ∈Aut(G)givesthe
sameweighttoalltheverticesofasameorbitandisstillanoptimalweighting.
Wecallaweightingthatgivesthesameweighttoalltheverticesofasameorbita
symmetricweighting.
Becauseofthisobservation,ourproblemisnowtofindacollectionofindependent

setsS = {S1,···,Sk}thatcontainsa maximum-weightindependentsetunder
anysymmetricweightingw.Inparticular,iftwosetsareimagesofeachotherby
anautomorphism,S onlyneedstocontainatmostoneofthem. Considerthe
graphC6depictedinFigure5.6,wherealltheverticesbelongtothesameorbitO1.
Thesets{v2,v5}and{v3,v6},althoughmaximal,aretheimagesof{v1,v4}byan
automorphism.Thus,S onlyneedstocontainatmostoneofthem.Furthermore,
notethatevenif{v1,v4}iscontainedinnostrictlybiggerindependentsetthan
itself,itonlycontainstwoverticesofO1whiletheset{v1,v3,v5}containsthree.
Theset{v1,v3,v5}isthereforeheavierthan{v1,v4}foreverysymmetricweighting
ofC6.

v6

v2 v3v1

v5 v4

Figure5.6:ThegraphC6.

Moregenerally,letGbeagraph,letO1,...,Opbeitsorbits,letSbeaninde-
pendentsetofGandletnibethenumberofverticesofOithatScontains.Ifan
independentsetS′containsatleastniverticesofOiforalli,thenweknowthatS

′

isheavierthanSforeverysymmetricweightingw.Thisobservationprovidesanew
partialorderonthevertexsetofagraph,whichisconsistentwiththeinclusionand
forwhichfewerpairsofsetsareincomparable.Thus,therearefewermaximalsets.
Forexample,theonlytwomaximalsetsinC6forthisrelationare{v1,v3,v5}and
{v2,v4,v6},andbysymmetry,weknowthat{v1,v3,v5}ismaximalforanysymmet-
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ricweightingofG.However,whileitiseasytoensurethatanindependentsetSis
strictlycontainedinnoother(itcomesdowntocheckingwhetherSisdominating),
itismuchhardertodetermineifSismaximalforourneworder. Furthermore,
whilebeingmaximalforthisorderisnecessary,itisstillnotsufficienttoensure
thatthereexistsasymmetricweightingwforwhichShasmaximumweight.

Indeed,considerthegraphGdepictedinFigure5.7.Ithastwoorbitsthatwe
callAandB.Uptoisomorphism,therearethreemaximalindependentsetsforthe
previouspartialorder:
•setsthatcontainthreeverticesofAandnovertexofB,suchasS1={a1,a2,a3};
•setsthatcontainnovertexofAandthreeverticesB,suchasS2={b1,b3,b5};
•setsthatcontainonevertexofeachorbit,suchasS3={a1,b3}.

However,onecanseethatforeverysymmetricweightingw,w(S3)=
w(S1)+w(S2)

3
andtheweightofS3isthereforesmallerthanatleastoneofS1andS2.

b1 b2

a2

b4

b3

a1

a3

b5 b6

Figure5.7: AgraphG.ItstwoorbitsofverticesAandBaredepictedinyellow
andgreenrespectively.

Theaboveexamplessuggestthatdeterminingifthereexistsasymmetrical
weightingwforwhichagivenindependentShasmaximumweightisadifficult
task.Ontheotherhand,italsosuggeststhatsuchsetsaremuchfewerthanmaximal
independentsets.Sincethetime-complexityoftheabovelinearprogramdepends
heavilyonthesizeofS,thealgorithmswepresentintherestofthischaptertryto
keepitssizesmall.

5.3.2 Thealgorithm

LetG=(V,E)beagraphandletO1,...,Opbeitsorbitsofvertices. Wesuppose
thatwehaveafunctionnamedorbitthatreturnsthenumberoftheorbitofagiven
vertexv.Ouralgorithmusesthetwofollowinglinearprograms.

Thefirstone,thatwecallP1,isanimprovedversionoftheprogrampresented
intheprevioussubsection,thattakesthesymmetryofthegraphintoaccountand
looksforsymmetricweightings.LetS ={S1,...,Sk}beacollectionofindependent
setsandletni,j=|Si∩Oj|.Ourvariablesarethew1,...,wpwherewjindicatesthe
weightoftheverticesofOj.
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minimizeM
p

j=1

wj|Oj|=1

∀i∈[[1,k]],

p

j=1

ni,jwj M

(P1(S))

ThesecondisanintegerlinearprogramclosetotheonepresentedinExample
1.76.Itreturnsanindependentsetofmaximumweightforagivensymmetricweight-
ingw=(w1,...,wp)definedbytheweightitgivestoeachorbit.Foreachvertexv,
weuseabinaryvariablexvthatindicateswhethervbelongstothemaximum-weight
independentsetSwecreate.






maximize
v∈V

worbit(v)xv

∀uv∈E,xu+xv 1

(P2(w))

OuralgorithmisdescribedinAlgorithm1.

Algorithm1:ComputinganoptimalweightingofagraphG.

1LetO1,...,OpbetheorbitsofverticesofG
2LetS ={}andforallj∈[[1,p]],wj=

1
|V|

3Letub=1andlb=0.
4whileub=lbdo
5 LetSbetheindependentsetreturnedby(P2(w)).
6 S =S∪{S}.
7 ub=w(S)
8 Letwbetheweightingreturnedby(P1(S))andletlbbetheobjective

value.

9returnthewjandub.

Ateachstepofthealgorithm,ubisanupperboundonα∗(G)andlbisa
lowerbound.Indeed,afterline7,(P2(w))ensuresthatforanysymmetricweight
distributionw,thereexistsanindependentsetinS whoseweightisatleastub.
Furthermore,afterline8,(P1(S))ensuresthatthereexistsaweighting(namely,
w)thatreachestheindependenceratiooflb.
Ateachiterationofthewhileloopexceptthelastone,ouralgorithmreturns

anindependentsetSforwhichthereexistsasymmetricweightdistributionsuch
thatSisstrictlyheavierthaneverysetofS.Thelastiterationhappenswhenour
setS containsamaximum-weightindependentsetforeverysymmetricweighting.
However,theremightexistsmallersuchsetsS thantheoneouralgorithmreturns.
Indeed,aslongasthereexistsanorbitOjsuchthatnosetofS containsavertex
ofOj,(P1(S))canreturnaweightingwhereeverysetofS hasweight0bygiving
weight0toalltheorbitsinS.Then,ifanorbithasweight0,thesetSreturned
by(P2(w))maynotbemaximal:forexample,ifagraphcontainstwoobritsO1and
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O2butw2=0,then(P2(w))mayreturnasetthatcontainstwoverticesofO1and
novertexofO2evenifthereexistindependentsetsthatcontaintwoverticesofO1
andoneofO2. Thisproblemcanbeavoidedbyaddingtheconstraintwj εin
(P1(S)),atleastduringthefirstfewiterationsofthewhileloop.

Attheendoftheexecutionofthealgorithm,thewjdescribesanoptimalweight-
ingandlb=ub=α∗(G).

Therunningtimeofouralgorithmishardtoanalyzebecauseofthedifference
betweenthetheoreticalandthepracticalrunningtimesoflinearprograms(see
Section1.6foradiscussionoftheefficiencyoflinearprograms). Determiningthe
orbitsofagraphisadifficultprobleminthegeneralcasebutiseasyonthegeometric
graphsthatwestudyinthischapterandcanevenbedonebyhandonmostof
them. Therunningtimeof(P1(S))isalsomuchsmallerthantherunningtime
of(P2(w)).Thus,thetotalrunningtimeofthealgorithmcomesfromtherunning
timeof(P2(w))andthenumberofiterationsofthewhileloop(whichisequalto
thesizeofthefinalsetS).Onthegeometricgraphsthatwestudyinthischapter,
thesizeofthesetS seemstobeempiricallylinearinthenumberoforbitsofthe
graph.Thetheoreticalboundsinthegeneralcasearemostlikelymuchworseand
wouldsurelybeinterestingtostudy.Therunningtimeof(P2(w))isexponentialin
|V|butalsodependsstronglyonthesymmetryandtheindependenceratioofthe
graph.Inpractice,weareabletohandlegraphsuptoaround600vertices. Note
thatevenifwearegivenanoptimalweightingofthegraph,P2isthefastestway
weknowinthegeneralcasetocomputetheassociatedindependenceratio.Since
thisproblemisNP-complete,wehavelittlehopetofindanalgorithmthatwould
allowtocomputetheoptimalweightedindependenceratioofmuchbiggergraphs
thantheoneswearecurrentlyabletohandle.

Whenrunningalinearprogramonabiggraph,animportantlimitingfactoris
alsothememorythatthesolversrequire.However,thesizelimitforouralgorithm
tocomputetheoptimalweightedindependenceratioisthesameasthesizelimitfor
simplycomputingtheunweightedindependenceratioofagraphwithP2andthe
boundprovidedwithbytheoptimalweightedindependenceratioisatleastasgood
andoftensignificantlybetterthantheunweightedindependenceratio.

Finally,notethatevenifthecomputationisinterruptedbeforecompletion(be-
causeofatoohightime-orspace-complexity),thevaluesofubobtainedateach
iterationofthewhileloopstillprovideupperboundsonα∗(G)andthereforeon
m1(R

n,·).

5.3.3 TheEuclideanplane

WenowshowhowtouseAlgorithm 1tofindboundsonm1(R
n,·,)inthecaseof

ageneralnorm(wemakenoassumptiononwhethertheunitballtilestheplane).
Wethenusethemethodwedeveloptostudythedensityofsetsavoidingdistance1
intheEuclideanplane.

Aswesaidpreviously,foragivennorm ·,ourapproachconsistsofdeduc-
ingupperboundsonm1(R

n,·)fromtheoptimalweightedindependenceratio
offinitesubgraphsofG(Rn,·). Howtobuildinterestinggraphswillbedis-
cussedextensivelyintherestofthischapter.Intheliteratureonm1(R

n)oron
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theHadwiger-Nelsonproblem,onecanalreadyfindmanyinterestingsubgraphsof
G(Rn,·)(especiallyintheEuclideanplane)thathavebeendesignedtooptimize
criteriathatareclosetoours(namely,theunweightedindependenceratioorthe
chromaticnumber).Beforegoingintodetailsonhowtobuildrelevantgraphs,we
wouldliketopointouthowourweightedapproachmakesthisproblemeasier.An
importantadvantageofourmethodthatwehavenotexplicitlymentionedyetcomes
fromthefollowingproperty:

Proposition5.11.IfG=(V,E)isagraphandH isaninducedsubgraphofG,
thenα∗(G) α∗(H).

Proof.LetwH beanoptimalweightingoftheverticesofH.LetwGbeaweighting
ofVsuchthatwG(v)=wH(v)ifv∈V(H)andwG(v)=0otherwiseandlet
Gw=(V,E,wG).Then,α

∗(G) α(Gw)=α
∗(H).

Thismeansthatbycomputingtheoptimalweightedindependenceratioofa
givensubgraphGofG(Rn,·),wefindabetterboundthantheonesthatany
subgraphofGwouldprovide.

Notethatthispropertydoesnotholdwiththeunweightedindependenceratio,
whichleavesuswithmanymoregraphstostudy.Forexample,α(P3)=

2
3

1
2=

α(P2). Ofcourse,whiletheunweightedindependenceratioofthesubgraphsHof
Gcanprovideabetterboundthanα(G),theycannotprovidebetterboundsthat
α∗(G)sinceα∗(G) α∗(H) α(H).

Agoodwaytobuildgraphswithsmallindependenceratio(weightedornot)
istoarrangecopiesofsmallergraphsinsuchawaythattheoptimalindependent
setsofeachcopiesarenotcompatiblewitheachother.Forexample,thegraphG
depictedinFigure5.8ais3-chromaticbutv1andv4musthavethesamecolourina
3-colouringofG.Italsohasunweightedindependenceratio12butitsonlyoptimal
independentsetis{v1,v4}.TheMoserspindle(Figure5.8b),whichisthesmallest
4-chromaticsubgraphofG(R2),containstwocopiesofG(whoseedgesaredepicted
inredandbluerespectively)combinedinsuchawaythatthereisatleastoneof
theminwhichv1andv4donothavethesamecolour.Itschromaticnumberis
therefore4anditsunweightedindependenceratiois27.Similarprocesseshavealso
beenusedrepeatedlybydeGreyin[34]inordertobuilda5-chromaticsubgraphof
G(R2).

Thisprocessishardertoillustrateintheweightedcase.Indeed,ifagraphis
optimallyweighted,thenforeveryvertexvofdegreeatleast1,thereexistsan
optimalindependentsetthatcontainsv(otherwise,wecouldmaketheweighted
independenceratioofthegraphdecreasebyincreasingtheweightofv,whichis
impossible)andonethatdoesnot(sincethereexistsanoptimalindependentset
thatcontainsitsneighbour).However,givenanoptimally-weightedgraphG,what
wecanstilldoislookforpairsofvertices(u,v)suchthateverymaximum-weight
independentsetthatcontainsualsocontainsv. WethenrotateGarounduuntil
thevertexvofthenewcopyofGisatdistance1ofthevertexvoftheoriginal
graphG(thisprocessisillustratedinFigures5.8aand5.8bwithu=v1andv=v4).
Thisprocesscanthenbeiteratedonthenewgraphweobtain.
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v2 v3

v4

v1

(a)AgraphG.
(b)TheMoserspindle,builtfromtwocopies
ofGwhoseverticesv4areatdistance1.

Figure5.8

ByProposition5.11,weknowthataddingverticestoagraphcanonlydecrease
itsoptimalweightedindependenceratio. However,wearelimitedbyourcompu-
tationpowerandcanonlyhandlegraphsuptoacertainsize. Whenbuildinga
subgraphGofG(Rn ·),itisthereforeimportanttodeterminewhichverticesare
themostusefultodecreaseα∗(G).Theweightsoftheverticesinanoptimalweight-
inggivesaboundontheimpactthattheremovalofavertexcanhaveontheoptimal
weightedindependenceratioofthegraph.

Proposition5.12.
LetG=(V,E)beagraph,lete 0,letwbeanoptimalweightingofthevertices

ofGandletV′⊂Vbesuchthatw(V
′)

w(V) e.Then,

1−e

1
α∗(G\V′) α∗(G).

Proof.SinceeveryindependentsetofG\{V′}isindependentinG,α(Gw\{V
′})

α(Gw).Hence

α∗(G\V′) α(Gw\{V
′})=

α(Gw\{V
′})

w(V)−w(V′)

α(Gw)

w(V)
=

w(V)

w(V)−w(V′)

α(Gw)

w(V)
=

1

1−e
α∗(G)

Hence,whenwereachthelimitofourcomputationpower,wecanremovethe
verticesoflowestweightandtrytoreplacethembymoreusefulvertices,forexample
bycombiningournewgraphwithacopyofitselforofasmallergraph.
Ourcurrentbestboundonm1(R

2)hassurpassedtheformerbestboundof
0.258795byKeletietal.[70].Itisinterestingtonotethattheauthorsconcluded
theirpaperbysayingthatbetterboundscouldprobablybeachievedbytheirmeth-
odsbutthattheydidnotthinkitwouldallowtogetbelow0.257whichwedidwith
ours.

Theorem5.13.
m1(R

2) 0.256828
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Proof.AsubgraphGofG(R2)thatachievesα∗(G) 0.256828isdescribedinAp-
pendixA.

Alowerboundonthefractionalchromaticnumberoftheplanefollows,that
improvesthepreviousbestboundsof3.61904byCranstonandRabern[31]andof
3.75491byExooandIsmailescu.

Theorem5.14.

χf(R
2) 3.89366.

5.4 Parallelohedronnorms

Inthissection,westudythespecificcaseofnormsinducedbyparallelohedraand
howtocomputetheoptimalweightedindependenceratiooftheassociatedgeometric
graphs.

5.4.1 Λ-classesandk-regularity

LetPbeaparallelohedroninRn,letΛbethelatticeassociatedtoaface-to-face
tilingbytranslationofRnbyPandletG=(V,E)beafiniteinducedsubgraphof
G(Rn,·P). WeknowthatΛ+12P̊(whereP̊denotestheinteriorofP)isaset
avoidingdistance1ofdensity12n (seeFigure4.5).Thus,bytheproofofLemma5.6,

weknowthatforanyweightingwofG,thereexistsk∈RnsuchthatV∩(k+Λ+12P̊)

hasaweightofatleastw(G)2n .

TobuildagraphGofoptimalweightedindependenceratio 1
2n,weproceedin

twosteps:
•wefirstensurethatallthesetsoftheformV∩(k+Λ+12P̊)haveweightatmost
w(G)
2n ;
•then,weensurethatnootherindependentsethasahigherweightthanthesets
oftheformV∩(k+Λ+12P̊).

Westartbystudyingthevertexsetsoftheform V∩(k+Λ+12P̊).

Definition5.15. Λ-equivalence,Λ-classes:

Wedefinetherelation ∼ΛonR
nasfollows:foruandvinV,u∼Λvifand

onlyifu−v∈Λ.SinceΛisalattice,itisclosedunderaddition. Thus,∼Λis
transitiveandisthereforeanequivalencerelationthatwecallΛ-equivalence. We
calltheequivalenceclassesofavertexsetVunderthisrelationtheΛ-classes.

Example5.16.

LetPbetheregularhexagon,letΛbethelatticeassociatedwithatilingofthe
planebyP(here,Λ=A2,seeExample1.52)andletGandG̃bethegraphwe
builtintheproofofTheorem4.15.LetHandH̃betheirsubgraphinducedbythe
setVofverticesthatarecontainedwithintheunitpolytope.Like,inExample5.7,
weareonlyinterestedintheindependentsetsinHbutsinceH̃ iseasiertoread,
wedepictH̃inthefigures(theindependentsetsinHbeingthesetofverticesthat
avoiddistance2inH̃).
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Welabeltheverticesof VasdepictedinFigure5.9.Thereare12Λ-classesin
G,whichallhaveatleastoneelementsintheunitpolytope,asillustratedinFigure
5.10. Welabelthemc1,...,c12.TomakethevectorsofΛmoreapparent,wedepict
theΛ-classesonabiggervertexsetinFigure5.11.

v1

v3

v4

v5v6

v7

v2

v9

v10

v11

v12

v13v14v15

v16

v17

v18

v19 v8

Figure5.9:ThegraphH̃.

c1
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c4

c5c6

c7

c2

c9

c10

c11

c12

c9c8c11

c10

c9

c12

c11 c8

Figure5.10:TheΛ-classesinV.

Figure5.11:TheΛ-classesinG.

c1

c8

c10

c12

c9

c4

c2

c6

c11

c7

c5

c3

Figure5.12: Incompatibilitybetweenthe Λ-
classesofG.

Definition5.17. Compatibility:

WesaythattwoΛ-classes c1andc2arecompatibleifandonlyif∀u∈c1,∀v∈
c2,uv/∈E.

Example5.18.

TheΛ-classesc6andc9(seeFigures5.9and5.10)areincompatiblebecause
v6∈c6,v13∈c9andv6andv13areatdistance1.

TheΛ-classesc2andc11arecompatible.

Sinceasetoftheform(k+Λ+12P̊)isleftunchangedbytranslationbyavector

ofΛ,ifS=V∩(k+Λ+12P̊)containsavertexu,italsocontainseveryvertexv
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oftheΛ-classofu.Hence,ifSisindependent,itcanonlycontainstwoverticesif
theyarefromcompatibleΛ-classes.

Proposition5.19.IfanindependentvertexsetScanbewrittenundertheform
V∩(k+Λ+12P̊),thenSisaunionofcompatibleΛ-classes.

LetusinvestigatethepossibleunionsofcompatibleclassesinourgraphG.
TheyareexactlytheindependentsetsintheincompatibilitygraphoftheΛ-classes
ofGdepictedinFigure5.12.Sincethegraphcanbepartitionedintothreecliques
({c1,c8,c10,c12},{c9,c4,c2,c6},{c11,c7,c5,c3}),noindependentsethassizegreater
than3.AnindependentsetoftheformV∩(k+Λ+12P̊)isthereforetheunionof
atmostthreeΛ-classes.ThismeansthatifalltheΛ-classeshavethesameweight,
thesetsoftheformV∩(k+Λ+12P̊)willhaveweightatmost

3
12=

1
4,whichisour

goal.

ThegraphHhasfourorbitswhicharedepictedinFigure5.13.SincenoΛ-class
ofH containsverticesoftwodifferentorbits(seeFigure5.10),theweightingw
depictedinFigure5.14istheonlysymmetricweightingofH(uptomultiplication
byaconstant)wherealltheΛ-classeshavesameweight.

v1

v3

v4

v5v6

v7

v2

v9

v10

v11

v12

v13v14v15

v16

v17

v18

v19 v8

Figure5.13:TheorbitsofH.
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Figure5.14:Theweightingw.

WehavenowensuredthatalltheindependentsetsoftheformV∩(k+Λ+12P̊)in

Hwhaveweightatmost18(=
w(H)
4 sincethegraphhastotalweight72).However,

thereareindependentsetsofweightupto20inHw,onesuchexampleisdepicted
inFigure5.15.

Takingacloserlookatthisindependentset,werealizethatitcontainsentirely
theΛ-classesc5,c6andc8butalsocontainsthevertexv19∈c11whilec11andc5are
compatible(forexample,v5andv15areatgeometricdistance1).Indeed,evenif
c11andc5areincompatible,v19∈c11isatdistance1ofnovertexofc5inH.This
isthereasonwhyHdoesnotachieveanoptimalweightedindependenceratioof14,
asexplainedinExample5.7. WeaddressthisproblembyaddingtoHverticesof
c5thatareatgeometricdistance1ofv19,asdepictedinFigure5.16.Itremainsto
choosetheweightofthenewvertices.

Sincec5andc11areincompatible,weweighttheverticesofourgraphinsuch
awaythatnoindependentsetonc5∪c11isheavierthanc5. Since{v5,v19}is
independentandw(v19)=2(whichwecannotchangebecausewehavenotadded
anyvertexinc11)wesetw(v5)=4.Thus,topreservew(c5)=6,wegiveaweight
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Figure5.15:Amaximum-weight
independentsetinHw(inblue).
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Figure5.16:Twoverticeswehavetoadd
toH.ThecoloursdenotetheΛ-classes
c5andc11.

of1toourtwonewvertices.Thetwonewverticesformwithv11andv15another
maximalindependentsetbutitalsohasweight6=w(c5).

Byiteratingthisprocessoneveryvertexoftheorbitofv5,webuildtheweighted
graphdepictedinFigure5.17whoseweightedindependenceratiois1

4.Hence,this
graphgivesanalternativeproofofTheorem4.15,whichstatesthatm1(R

2,·P)=
1
4

ifPistheregularhexagon.
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Figure5.17:AweightedsubgraphofGofweightedindependenceratio14.

Ourobjectiveisnowtogeneralizethemethodwehaveusedwiththeregular
hexagontoanyparallelohedronnorm.Thisrequiresfirsttodescribemoreformally
whatwehavedonesofar. Tothisend,weintroducethenotionofk-regularityof
anindependentset:

Definition5.20. k-regularity:

LetPbean-dimensionalparallelohedron,letΛbealatticeassociatedtoatiling
ofRnbyPandletGbeasubgraphofG(Rn,·P).AnindependentsetSinGis
k-regularifandonlyifthereexistkΛ-classesc1,...,ckinGsuchthat:
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•foralli∈[[1,k]],Scontainsalltheverticesofci;

•foralli∈[[1,k]],Scontainsnovertexofanyclassincompatiblewithci.

Example5.21.

TheindependentsetSdepictedinFigure5.15containsalltheverticesofc5,c6
andc8butalsocontainsavertexofc11,whichisincompatiblewithc5.Itistherefore
only2-regular.

ThesetS\{v19}is3-regular. Themostregularindependentsetsarealways
thoseoftheformV∩(k+Λ+12P̊).

SincetheincompatibilitygraphoftheΛ-classesofGhasindependencenumber
3(seeFigure5.12),weknowthata3-regularindependentsetistheunionofthree
ofthetwelveΛ-classesofGandcannotcontainanyothervertex.Bysettingthat
alltheΛ-classesmusthavethesameweight,wethereforeensurethatno3-regular
independentsethasweightratiogreaterthan14.Notethatthisisnottheonly
waytodoso:anyoptimalweightingofthegraphdepictedinFigure5.12indicatesa
possibleweightingoftheΛ-classessuchthatno3-regularindependentsethasweight
ratiogreaterthan14.

NotethatthesetsS1=c1∪c2∪c3,S2=c4∪c11∪c12,S3=c7∪c9∪c10and
S4=c5∪c6∪c8areindependentandformapartitionofG. Therefore,forany
subgraphHofGofweightedindependenceratio14,wemusthavew(S1)=w(S2)=

w(S3=w(S4)=
w(H)
4 .ThesamegoesforthesetsS5=c2∪c3∪c8,S6=c1∪c5∪c6,

S7=c4∪c10∪c11andS8=c7∪c9∪c12.Sincew(S1)=w(S5),wefindw(c1)=w(c8).
Similarly,wefindw(c1)=w(c8)=w(c10)=w(c12),w(c2)=w(c4)=w(c6)=w(c9)
andw(c3)=w(c5)=w(c7)=w(c11)(seeFigure5.18).Thisconditionisequivalent
tothefactthatno3-regularindependentsetofHhasweightratiogreaterthan14and
isweakerthanourpreviouscondition(alltheΛ-classesmusthavethesameweight).
Figure5.19depictsaweightedsubgraphofG(R2,·P)ofweightedindependence
ratio14wherealltheΛ-classesdonothavethesameweight.

However,weightedgraphsthatsatisfythispropertycanstilladmit2-regular
independentsetofweightratiogreaterthan14,aswesawinFigure5.15. Weavoid
thisproblembyaskingthatforeveryincompatibleΛ-classescandc′,noindependent
setonc∪c′hasweightgreaterthanw(c). Wewillseewhythisworkedinthecase
oftheregularhexagonbutwewillalsoseethatthisconditionisneithernecessary
(Example5.22)norsufficient(Example5.23)inthegeneralcase.

Example5.22.

IntheweightedgraphdepictedinFigure5.19,theclassesc1andc11arenot
compatibleandc11isanindependentsetonc1∪c11ofweight6>w(c1)=2.
However,thisdoesnothelpbuildindependentsetsofweightratiogreaterthan
1
4becauseeveryunionofthreecompatibleΛ-classesthatcontainsc1alsocontains
anotherclassthatisnotcompatiblewithc11andthatmakesitimpossibletoreplace
c1byanindependentsetonc1∪c11ofweightgreaterthanw(c1).Notethatinthe
graphdepictedinFigure5.14,boththesetsc6∪c8∪c5andc6∪c8∪c11were
independentandhadweightratio14andthisiswhywecouldreplacec5byany
independentsetofc5∪c11.
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Figure5.18:Thelatticegenerated
bythe12Pcanbepartitionedinto
threecosetsasdepictedhere.Only
theΛ-classeswithinasamecoset
musthavethesameweight.
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Figure5.19: Here,allthe Λ-classes
withinthecosetdepictedinblueinFig-
ure5.18haveweight2whiletheother
haveweight6butthegraphstillhasa
weightedindependenceratioof1

4.

Example5.23.

LetP′beanirregularVoronöıhexagonandletG′andG̃′bethegraphwebuilt
intheproofofTheorem4.19.TheauxiliarygraphG̃′hasthesamecombinatorial
structurethaninthecaseofaregularhexagonbut(PropertyD)doesnothold
anymore. Werecall(Lemma4.20)thattheverticesofthegraphcanbepartitioned
intotwosetsAandBandthattwoverticesareatdistance1fromeachotherif
thereareatdistance2inG̃′andhaveacommonneighbourinB.InFigure5.20,
verticesofAaredepictedbysquaresandverticesofBaredepictedbycircles.
Thus,thecompatibilitygraphbetweentheΛ-classesofG′canbeobtainedfromthe
compatibilitygraphofG(Figure5.12)byremovingtheedgesc9c11,c4c7,c2c5and
c6c3.Thisgraphstillhasindependencenumber3.

IntheweightedsubgraphofG′depictedinFigure5.20(whichistheanalogousof
thegraphwebuiltinFigure5.17),theΛ-classesallhavesameweightandforanytwo
incompatibleclassescandc′,thereisnoindependentsetonc∪c′ofweightgreater
thanw(c).However,Figure5.20depictsa2-regularindependentsetofweightratio
greaterthan14.

TheindependentsetSdepictedinFigure5.20containstheentiretyofc9andc11
andcontainsverticesfromtheclassesc8,c10andc12,whicharecompatiblewithc9
andc11butarepairwiseincompatible.Theclassesc8,c10andc12allhaveweight6
andtheirrespectiveintersectionswithSallhaveweight3.Asonecannotice,there
isnoindependentsetontheunionoftwooftheseclassesofweightgreaterthan6.
However,notethata3-regularsetcancontainatmostofonethesethreeclassesand
cannotcontainanyvertexfromtheother,whichamountstoaweightof6,whileS
containsanindependentsetofc8∪c10∪c12ofweight9.Thisisaproblembecause
thesetsc9∪c11∪c8,c9∪c11∪c10andc9∪c11∪c12areallindependentandwecan
thereforereplacec8inthefirstonebyanyindependentsetonc8∪c10∪c12.
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Figure5.20:Thesetdepictedinblueisindependentandhasweightratio2172>
1
4.

Thus,iftheincompatibilitygraphofourΛ-classhasindependencenumber3,the
conditiononourweightingtoensurethatno2-regularindependentsethasweight
ratiogreaterthan14:
•thatno3-regularindependentsethasweightratiogreaterthan14and
•thatforallsetofclassesC={c1,...,ck}suchthatthereexistcandc

′suchthat
foralli,c∪c′∪ciisindependent,thereisnoindependentsetontheunionofthe
classesofCofweightgreaterthanw(c1). WesawinExample5.22thatnotallpairs
ofincompatibleclassessatisfythisconditionandinExample5.23thatinthecase
oftheirregularhexagon,thisconditioncanbesatisfiedbysetsCofsize3.Inthe
caseoftheregularhexagon,theonlysuchsetsCarethepairsofΛ-classesfromthe
samecoset(seeFigure5.18).

Atthispoint,wehavefoundaweightingforwhichno2-regularindependentset
hasweightratiogreaterthan14.Wethenlookfor1-andfor0-regularindependent
setsandfindthattheirweightratioisalsoupperboundedby14.Hence,wehave
foundanoptimalweightingofG.

5.4.2 Thealgorithm

Thissubsectionpresentsanalgorithmfortheoptimalweightedindependenceratio
(Algorithm2)thatusesthenotionofk-regularitytoimproveAlgorithm1inthe
caseofanorminducedbyageneralparallelohedron.

Wereplacethelinearprogram(P2(w))(whichreturnsamaximum-weightinde-
pendentsetforagivenweighting)bythefollowingprogram(P3(k,w)),whichreturns
amaximum-weightk-regularindependentsetforagivenintegerkandweightingw.

Letc1,...,cℓbetheΛ-classesofourgraph.Foreachvertexv,weuseabinary
variablexvthatindicateswhethervbelongstothemaximum-weightindependentset
Swecreate.ForeachΛ-classci,weuseabinaryvariableEithatindicateswhether
ScontainsavertexofciandavariableCithatindicateswhetherScontainsallthe
verticesofciandnovertexfromaclassincompatiblewithci.
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maximize
v∈V

worbit(v)xv

∀uv∈E,xu+xv 1

∀i∈[[1,ℓ]],∀u∈ci,Ei xu

∀i,j∈[[1,ℓ]],ifcjisincompatiblewithci,Ci 1−Ej

∀i∈[[1,ℓ]],∀u∈ci,Ci xu
ℓ

i=1

Ci k

(P3(k,w))

ThesecondlineoftheprogramensuresthatSisindependent,thethirdisthe
definitionofEi,fourthandfiftharethedefinitionofCi,thesixthensuresthatSis
k-regularandtheobjectivefunctionmaximizestheweightofS.
Letk0betheindependencenumberoftheincompatibilitygraphoftheΛ-classes.

Hence,k0isthegreatestvaluesuchthatthereexistk0-regularindependentsets.In
allthegraphswestudy,k0=

ℓ
2n whereℓisthenumberofΛ-classesandnisthe

dimensionofourspace.LikewedidinSubsection5.4.1,ouralgorithmconsistsof
minimizingthemaximumweightofk-regularindependentsetsfork=k0downto
0.Foreachvalueofk,wecomputetheoptimalweightingwithanalgorithmsimilar
toAlgorithm1(with(P3(k,w))insteadof(P2(w)))butwedonotresetthesetof
independentsetsSwhenkdecreases.OuralgorithmisdescribedinAlgorithm2.

Algorithm2:ComputinganoptimalweightingofageometricgraphGfora
parallelohedronnorm.

1LetO1,...,OpbetheorbitsofverticesofG.
2Letc1,...,cℓbetheΛ-classesofG.
3LetS ={}andforallj∈[[1,p]],wj=

1
|V|.Letlb=0.

4fork=k0downto0do
5 Letub=1.
6 whileub=lbdo
7 LetSbetheindependentsetreturnedby(P3(k,w)).
8 S =S∪{S}.
9 ub=w(S)
10 Letwbetheweightingreturnedby(P1(S))andletlbbethe

objectivevalue.

11returnthewjandub.

Atanystepofthealgorithm,lbandubprovidelowerandupperboundonthe
minimumoverallweightingsofthegraphofthemaximumweightratioreachedby
k-regularindependentset.Sincek-regularindependentsetsarejustaspecificcase
ofindependentsets,thisweightratioissmallerthanα∗(G).Hence,lbgivesalower
boundonα∗(G)atanystepoftheexecutionbutubonlygivesupperboundson
α∗(G)whenk=0andneedstobereseteachtimekdecreases.
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Hereagain,therunningtimeofthealgorithmislowerboundedbythetimeit
takestofindamaximum-weightindependentsetonGforagivenoptimalweighting
w.Therefore,themaximalsizeofgraphwecanhandleisnotmuchhigherthanwith
Algorithm1.However,foragivengraph,Algorithm2isstillsignificantlyfasterthan
Algorithm1.Letuscomparethetwoalgorithms.

Algorithm2requirestocomputetheΛ-classesofthegraph.However,thiscan
bedoneinlineartimeinO(n×ℓ)wherenisthenumberofverticesofthegraph
andℓthenumberofΛ-classes:foreachnewvertexu,foreachΛ-classci,wepick
anelementvofciandcheckwhetheru−v∈Λ;ifitisthecase,thenu∈ci;ifu
belongstononeoftheci,wecreateanewΛ-class.

Algorithm2createsabiggersetSthanAlgorithm1andthereforeuses(P3(k,w))
morethanAlgorithm1uses(P2(w)).Indeed,wesawinSubsection5.3.1thatAlgo-
rithm1addsavertexStoS onlyifthereexistsasymmetricweightingforwhich
Sismaximum,whileAlgorithm2addingasetSonlymeansthatSismaximum
amongthek-regularindependentsetforthecurrentvalueofk. However,empiri-
cally,thedifferencebetweenthesizesofS attheendofthetwoalgorithmsisnever
reallyimportant.Furthermore,askdecreases,thesetofk-regularindependentsets
differslessandlessfromthesetsofallindependentsets.Thus,mostoftheuseless
setsinS areaddedforbigvaluesofk.Thisbringsustothemostimportantdif-
ferencebetweenthetwoalgorithms:therunningtimeof(P3(k,w))ismuchhigher
forthesmallvaluesofkthanforthelargeones.Notethatfork=0,(P3(k,w))has
tofindanmaximumindependentsetinagraphofsizenwhileitonlyhastofind
amaximumindependentsetinagraphofsizel(theincompatibilitygraphbetween
theΛ-classes)fork=k0.Thetimerequiredby(P3(k,w))isonlyrelevantforvery
smallvaluesofkbutthelargemajorityofthesetsinS areaddedforlargevaluesof
k.Forexample,wesawinSubsection5.4.1thatinthecaseoftheregularhexagon,
wehadanoptimalweightingafteroptimizingfork=3andk=2only. Thus,
Algorithm2wouldhaveaddedsetstoS fork=3andk=2andwouldonlyhave
neededoneiterationof(P3(k,w))fork=1andk=0,toensurethatthecurrent
weightingwasalreadyoptimal. Ontheotherhand,allthesetsthatAlgorithm1
addstoS arefoundby(P2(w))whichisthecasek=0of(P3(k,w)).

SinceAlgorithm2createsabiggersetS thanAlgorithm1,Algorithm2alsore-
quiresmoreiterationof(P1(S))thanAlgorithm1buttherunningtimeof(P1(S))
appearstobenegligibleinrelationto(P2(w))and(P3(k,w))forsmallvaluesofk.

Wewouldliketoconcludethissubsectionbypointingoutthatwhenthegraph
hasoptimalweightedindependenceratiohigherthan1

2n,theoptimalweightingsare
notnecessarilyoptimalamongthek-regularindependentsetsforlargevaluesofk.
Forexample,letHbethegraphdepictedinFigure5.2a.Theweightingdepictedin
Figure5.2bisoptimalwhiletheweightingdepictedinFigure5.14isnotbutthefirst
onealreadyhasweightratiostrictlygreaterthan14with3-regularindependentsets
whilethelatterdoesnot.Thepurposeofoptimizingtheweightingforhighvalues
ofkinthefirststepsofthealgorithmisnottodirectlyoptimizetheweightingfor
smallervaluesofkbuttofindquicklyconstraints(elementsofS)thatwillhelp
usdoso. ThisisalsowhywekeepalltheelementsofS inmemoryandnotthe
intermediatevaluesofw.
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5.4.3 Buildingfinitegraphs

Inthissubsection,weassumethatwearegivenaninfinitediscretegraphGlikethe
graphwebuiltintheproofofTheorem4.15andwewanttobuildafinitesubgraph
HofGwithoptimalweightedindependenceratioassmallaspossible.

Proposition5.11indicatesthatinordertohavealowoptimalweightedindepen-
denceratio,thegraphHthatwecreateshouldcontainasmanyverticesaspossible.
Weassumeinthissubsectionthatwecannotcomputetheoptimalweightedinde-
pendenceratioofagraphofmorethanagivennumberofverticesthatwecalln0
andwethuslookforsubgraphofGofsizesmallerthann0andofsmalloptimal
weightedindependenceratio. WealsoassumethatthegraphGandn0aresuch
thatallthesubgraphsHofn0verticeshavegeometricdiametersignificantlybigger
than1. Tominimizethesizeoftheindependentsets,wewantthegraphtocon-
tainasmanyedgesaspossible,whichisdonebypickingverticesthatarecloseto
eachother.AmethodthatworkswellinpracticeistochoosethesetVd0ofallthe
verticesthatareatgeometricdistancelessthand0fromtheorigin,whered0isthe
highestvaluepossiblesuchthat|Vd0| n0.Forexample,thegraphHweconsidered
inExample5.16wasinducedbythesetofverticesV1.Suchgraphsalsohavethe
advantageofhavingseveralsymmetriesandthus,havefeworbitscomparedtotheir
numberofvertices. However,especiallywhenthevertexsetofGhashighdensity
(i.e.manyverticesinasmallportionofspace),therearecaseswhereremovingan
orbitfromHandreplacingitbyverticesfurtherawayfromtheorigincandecrease
α∗(H).Thissituationhappensfrequentlyinthe3-dimensionalgraphswedealwith
inSubsection5.4.4.

IntheexamplewegaveinSubsection5.4.1,westartedfromasmallgraphHand
addedverticestoit(Figure5.16)aswerealizedthatweneededthemtokeepα∗(H)
at14.Thisisnottheapproachthatwechooseinthissubsection.SinceGisinfinite,
weneedtochoosefromthestartafinitenumberofverticesthatwemayaddtothe
graphwestartfrom.Thiscomesdowntohavingthoseverticesinthegraphinthe
firstplace,butwithzero-weight. Algorithm2naturallystartsbygivingnon-zero
weighttoasfewverticesaspossible(onlyoneorbitineachΛ-class,asisthecasein
Figure5.14)andthenincreasesthenumberofweightedverticesifithelpsdecrease
α∗(H)(thisiswhathappensinFigure5.16).Furthermore,werecallthatthetime
that(P3(k,w))takesdependsheavilyonk.Thus,therunningtimeofAlgorithm2
isdecidedbythenumberofverticesofthegraphsonwhichwerun(P3(k,w))for
smallvaluesofk.Hence,unlikeinSubsection5.4.1,wewouldliketodecreasethe
sizeofHaskdecreases.

Fork∈[[0,k0]],letnkbethemaximumsizeofgraphsforwhichwecanrun
(P3(k,w))inpractice. Wealsodefinedkasthehighestvaluesuchthat|Vdk| nk.
Weintroducetheprogram(P4(S,nk))which,givenagraphG=(V,E),acollection
S ={S1,...,Sℓ}ofindependentsetsandamaximumsizenkdeterminesthebest
weightingofVwhereatmostnkverticeshavenon-zeroweight.LetO1,...,Opbe
theorbitsofGandletni,j=|Si∩Oj|.ForeachorbitOj,wecreateavariablewj
thatindicatestheweightoftheverticesofOjandabinaryvariablePjthatindicates
iftheverticesofOjhavenon-zeroweight.Ourprogramisthefollowing:
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minimizeM subjectto
p

j=1

wj|Oj|=1

∀i∈[[1,ℓ]],

p

j=1

ni,jwj M

∀j∈[[1,p]],Pj wi
p

j=1

|Oj|Pj nk

(P4(S,nk))

Theobjectiveandthefirsttwoconstraintsarethesameasin(P1(S)).Thethird
constraintisthedefinitionofPjandthefourthistheconstraintonthenumberof
theverticesofnon-zeroweightofthesolution.

GivenainfinitediscretegraphG,Algorithm3buildsasubgraphHofGofsize
smallerthann0andofsmalloptimalweightedindependenceratio. Notethatthis
algorithmisaheuristicandwedonotclaimthatnosubgraphofGofsizesmaller
thann0canhavebetteroptimalweightedindependenceratiothanthegraphH
returnedbyAlgorithm3.

Algorithm3:GivenainfinitediscretegraphGandthenumbersn0,...,nk0,
looksforasubgraphofGofsmalloptimalweightedindependenceratio.

1LetHbethegraphinducedbyVdk0.

2LetO1,...,OpbetheorbitsofV
3Letc1,...,cℓbetheΛ-classesofG.
4LetS ={}andforallj∈[[1,p]],wj=

1
|V|.Letlb=0.

5fork=k0downto0do
6 iflb> 1

2n then
7 Letwbetheweightingreturnedby(P4(S,nk))
8 Removealltheverticesofweight0fromH

9 else
10 V(H)=Vdk

11 Letub=1.
12 whileub=lbdo
13 LetSbetheindependentsetreturnedby(P3(k,w)).
14 S =S∪{S}.
15 ub=w(S)
16 Letwbetheweightingreturnedby(P1(S))andletlbbethe

objectivevalue.

17returnthewjandub.

TheideaistostartfromalargesetofverticesV,thatwecanonlydealwith
forlargevaluesofk. Aftereachstepoftheforloop,wecanuseourcurrentset
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S tohavealowerboundontheoptimalweightedindependenceratioofagraph
bylookingattheweightingthatminimizesthesetsofS.Thislowerboundisthe
bestweareabletoprovideonagraphofsizenk. Wethenusethisestimationto
findthebestsubsetofVwhosesizewillbemanageableatthenextstepofthe
algorithm. ThealgorithmendswhenVissmallenough(V=n0)tocomputeits
optimalweightedindependenceratioexactly.

Notethataslongasthereareweightingsforwhichthek-regularindependent
setshaveweightratio12n,therearegenerallytoomanyweightingsthatcanleadto
theoptimalratioandsomeofthemtheymightneedveryfewvertices(forexample,
inthecaseoftheregularhexagon,weonlyneedtogivenon-zeroweightstothe
verticesoftheorbitdepictedinblueandgreeninFigure5.13toensurethatno
3-regularindependentsethasweightratiohigherthan14). Wedonotwanttolet
(P4(S,nk))chooseoneofthemarbitrarilyandtaketherisktoremoveverticesthat
areimportanttooptimizek-regularindependentsetsforsmallervaluesofk.Inthis
situation,wechoosetokeeptheverticesthatareclosesttotheoriginandtherefore
setV(H)=Vdk.

AlsonotethatouralgorithmpreservethesymmetriesoftheoriginalsetVdk0.

5.4.4 Thetruncatedoctahedron

Finally,wediscussinthissubsectionhowtobuildtheinfinitediscretegraphG
whentheunitpolytopeisatruncatedoctahedron. Werecallthatthetruncated
octahedronisageneralizationofalltheparallelohedraindimension3(seeSubsection
1.4.4)andwhiletheregulartruncatedoctahedronisnotageneralizationoftheother
regularparallelohedra,itstillappearstobethemostdifficulttodealwithandis
theonlyregularoneforwhichtheBachoc-Robinsconjectureisstillopen[92].

AsinChapter4,thegraphswebuildinthissubsectionareunionsofΛ-classes
ofR3. WechooseinthissubsectionafinitenumberofΛ-classestoconsider,andthe
algorithmoftheprevioussubsectionthenbuildsafinitegraphbychoosingorbits
amongthoseΛ-classes.

OuraimistogeneralizetheconstructionsweusedinSection4.3toprovethe
Bachoc-Robinsconjectureindimension2.LetPbetheregulartruncatedoctahe-
dron,letVP beitsvertexsetandletΛbethelatticeofatilingofR

3byP. We
recallthatPisthepermutohedronoforder4(seeDefinition1.60)andthroughout
thissubsection,weusethecoordinatesystemwedescribedattheendofSubsection
1.4.4todescribeitsvertices. Wereferthereadertothispartofthethesisfora
descriptionoftheedgesandfacesofPwiththiscoordinatesystem. Weassume
thattheverticesofParethepermutationof{−3,−1,1,3}sothatPiscenteredat
0andallitsedgeshavesamelength.

AswedidinSection4.3,wecandefinethevertexsetofourgraphGasV32=
1
2Λ+(VP∪{0}).Theset

1
2ΛcontainseightΛ-classesandwethentranslatethemby

thevectorsof(VP∪{0}).Theset(VP∪{0})containstheoriginandthe24verticesof
thepermutohedron,whicharesplitbetween6Λ-classes.Thissetthereforecontains
sevenΛ-classesbutwhatmattershereisthatitonlycontainsfour(12Λ)-classes:
indeed,ifvandv′aretwooppositeverticesofasquareface,theydonotbelongto
thesameΛ-classbuttheirdifferenceisavectorof12Λandthus,v+

1
2Λ=v

′+12Λ.
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Hence,thesetV32contains32Λ-classes.ItisalsointerestingtonotethatV32is
thelatticegeneratedbytheverticesofP.
Unfortunately,wecanprovethatthegraphinducedbyV32hasindependence

ratio14andnot
1
8aswehoped. NotethatV

32containsthecenterofthefacesof
thepolytopesofthetiling,butunlikethegraphsthatwebuiltintheplane,itdoes
notcontainthemiddleoftheedgesofthepolytopes.IntheproofofTheorems
4.15,4.24and4.28,wedefinedourvertexsetasthelatticegeneratedby12VP.This
latticecontainsthemiddleoftheedgesofthepolytopesofthetilingandismuch
morelikelytoinduceagraphofindependenceratio 1

8,butitcontains32×2
3=256

Λ-classesandisverydifficulttomanage.
LetEP bethesetofthemiddlesoftheedgesofP. ThesetEP contains36

verticesand12Λ-classes(sinceeachedgebelongsto3polytopesofthetiling).The
setVP∪{0}∪EPthuscontains16differentΛ-classeswhichalsodefine16different
(12Λ)-classes.ThesetV

128=(VP∪{0}∪EP)+
1
2Λthereforehas128Λ-classes.In

practice,ittakessignificantlyfewerverticestoachievethesameboundswiththe
graphswebuildfromV128thanwiththosewebuildfromV256.
LetH={(a,b,c,d)∈R4:a+b+c+d=0}bethe3-dimensionalhyperplane

ofR4thatPisdefinedon. WenotethattheverticesofV32aredefinedassumsof
verticeswhosecoordinatesallhavesameparityandthereforeobservethisproperty
too. Hence,V32=H∩((2Z)4∪(2Z+1)4). ThesetV128isactuallyH∩Z4.
Wecanbuildanintermediateset V64byaddingtoH∩Z4theconstraintthat
thefirstandsecondcoordinatesofthevertices musthavesameparity:V64=
H∩(((2Z)2∪(2Z+1)2)2). Anequivalentdefinitionthatiseasiertogeneralizeto
non-regularcaseisV64=(VP∪{0}∪E

′
P)+

1
2ΛwhereE

′
P istheunionoftheΛ-

classesoftheedgesofoneofthesquare(orparallelogram)face.ThesetV64isthe
smallestthatwehavefoundforwhichweconjecturethattheinducedsubgraphhas
independenceratio18.Inpractice,V

64andV128arethevertexsetsthatprovidethe
bestresults.
OurcurrentbestboundisachievedbythegraphinducedbytheverticesofV128

atdistance1.5orlessfrom0.

Theorem5.24.IfPistheregulartruncatedoctahedron,

m1(R
3,·P) 0.130443

SincePisthelastregular3-dimensionalparallelohedronforwhichtheBachoc-
Robinsconjectureisopen,theboundofTheorem5.24holdsforanyregular3-
dimensionalparallelohedron.Sincetheboundissmallerthan17,thisalsoimplies
thatthechromaticnumberofR3equippedwitharegularparallelohedronnormis
8(achievedbyacolouringsimilartotheonedescribedinSection4.5anddepicted
inFigure4.16).

5.5 Conclusion

ThischapterextendstheworkpresentedinChapter4withanewmethodbased
onthenotionofoptimalweightedindependenceratio. Theflexibilityofourap-
proachandtheefficiencyofouralgorithmsallowustosignificantlyimprovethebest
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knownboundsonm1andthefractionalchromaticnumberofseveralspaces,for
bothEuclideanandparallelohedronnorms.
Alltheresultspresentedinthischapterareveryrecentandtheprojectsarestill

ongoing.PossibilitiesforfutureworksarepresentedinSection7.3.
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Chapter6

Complexityoflocally-injective
homomorphismstotournaments

Thischapterpresentstheresultsof[7],whichisjointworkwithStefanBard,Christo-
pherDuffy,GaryMacGillivrayandFeiranYang.

Contents

6.1 Introduction .......................... 157

6.2 Ios-injectivehomomorphisms ................ 161

6.3 Iot-injectivehomomorphisms ................ 171

6.4 Conclusion ........................... 180

6.1 Introduction

6.1.1 Ourproblem

GiventwographsGandH,ahomomorphismf:G→Hislocally-injectiveif,for
everyv∈V(G),itisinjectivewhenrestrictedtotheneighbourhoodofv.Depending
onhowwedefinetheneighbourhoodofavertex,thereexistseveralvariantsofthis
definition,especiallyintheorientedcase.
Theproblemofdeterminingtheexistenceofalocally-injectivehomomorphism

betweentwographshasbeenwidelystudiedinthecasesofbothundirectedandofdi-
rectedgraphs.Locally-bijectiveandlocally-injectivehomomorphismsarealsowidely
studiedunderthenamesofgraphcoverandpartialgraphcoverrespectively.Theal-
gorithmicandcomplexityaspectsoflocally-injectivehomomorphismsforundirected
graphshavebeenexaminedbyavarietyofauthorsandinavarietyofcontextsin
[46],[47],[48],[49],[84]or[100]amongothers. Thenotionsofinjectivecolouring
andinjectivechromaticnumberalsoderivefromlocally-injectivehomomorphism
andhavebeenstudiedin[26],[38]and[58]forexample.Locally-injectivehomomor-
phismsofgraphsfindapplicationinarangeofareasincludingbio-informatics[16]
[43][45]andcodingtheory[58].
Inthischapter,weconsiderlocally-injectivehomomorphismsoforientedgraphs

(seeDefinition1.2). WementionedinSubsection1.1.2thattheproblemofgraph
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6.1.Introduction

homomorphismistrivialifthetargetgraphGhasalooponavertexvsincethe
functionthatmapsalltheverticesofFtovisahomomorphismfromFtoG.
However,thishomomorphismisnotinjectiveandtheexistenceofalocally-injective
homomorphismbetweentwographsisnon-trivialevenifthetargetgraphisreflexive.

Todefinelocally-injectivehomomorphismsoforientedgraphsformally,onemust
choosetheneighbourhood(s)onwhichthehomomorphismmustbeinjective.Upto
symmetry,therearefournaturalchoices:

(1)N−(v)(wecanchooseN+(v)insteadbutitleadstoanequivalentproblem);

(2)N+(v)andalsoN−(v);

(3)N+(v)∪N−(v);

(4)N+[v]∪N−[v]=N+(v)∪N−(v)∪{v}.

Ifthetargetisirreflexive,(2),(3)and(4)areequivalent. Under(4),adja-
centverticesmustalwaysbeassigneddifferentcolours,andhencewhetherornot
thetargetcontainsloopsisirrelevant. Therefore,wemayassumethattargetsare
irreflexivewhenconsidering(4).Then,alocally-injectivehomomorphismtoanir-
reflexivetargetsatisfying(4)isequivalenttoalocally-injectivehomomorphismto
thesameirreflexivetargetundereither(2)or(3). Assuch,weneednotconsider
(4). Weareleftwiththreepossibledefinitionsoflocally-injectivehomomorphisms
dependingonwhetherwetake(1),(2)or(3)asourinjectivityrequirement.

Definition6.1. Locally-injectivehomomorphisms:

GiventwographsGandH,ahomomorphismf:G→His

(1)in-injectiveifandonlyifforallvertexvofG,itisinjectiveonN−(v);

(2)ios-injective(for“inandoutseparately”)ifandonlyifforallvertexvofG,
itisinjectiveonN+(v)andonN−(v);

(3)iot-injective(for“inandouttogether”)ifandonlyifforallvertexvofG,it
isinjectiveonN+(v)∪N−(v).

In-injective,ios-injectiveandiot-injectiven-colouringsofagraphGarerespec-
tivelyin-injective,ios-injectiveandiot-injectivehomomorphismsbetweenagraphG
andatournamentTonnvertices.

Example6.2.

Letuslookforios-andiot-injectivecolouringsofthegraphGfromExample
1.13.

Wecanpickarbitrarilythecolourofv1,sayblue.Byinjectivity,theverticesv2,
v3andv4mustallreceivedifferentcoloursbutsincethetargetisreflexive,oneof
themcanbeblue.

Inanios-injectivecolouringofG,thevertexv0canbebluetoosincethereisno
otherbluevertexinthein-neighbourhoodofv1.Figure6.1depictsa3-ios-injective
colouringofGandsinceN+(v1)hassize3,thiscolouringisoptimal.

158 ThomasBellitto



6.Complexityoflocally-injectivehomomorphismstotournaments

v0 v1

v4

v3

v2

v5

(a)A3-ios-injectivecolouringofG. (b)Theassociatedtargettournament.

Figure6.1

v0 v1

v4

v3

v2

v5

(a)A4-iot-injectivecolouringofG. (b)Anassociatedtargettournament.

Figure6.2

Inaniot-injectivecolouringofG,thevertexv0cannotbeblueiftherealready
isabluevertexintheout-neighbourhoodofv1.Figure6.2depictsa4-iot-injective
colouringofGandsinceN+(v1)∪N

−(v1)hassize4,thiscolouringisoptimal.

Whenstudyingthecomplexityofaproblemsuchashomomorphismtogiven
graphs,theidealobjectivewouldbetoestablishinwhichcasetheproblemispoly-
nomialandinwhichcaseitisnot. However,sincetheproblemisalwaysinNP,
establishingthatitisnotpolynomialwouldrequiretoprovethatP=NP,which
seemsoutofreachwithourcurrentknowledge. Ourobjectiveisthustoestablish
whatwecalladichotomytheorem.Adichotomytheoremconsistsofpartitioningthe
problemsintwosetsandprovingthattheproblemsofthefirstsetarepolynomial
onthatthoseofthesecondareNP-complete.

Theproblemofin-injectivehomomorphismhasbeenexaminedbyMacGillivray,
Raspaud,andSwartsin[83]and[84]. Theygiveadichotomytheoremforthe
problemofin-injectivehomomorphismtoreflexiveorientedgraphs;andoneforthe
problemofin-injectivehomomorphismtoirreflexivetournaments.Theproblemof
in-injectivehomomorphismtoirreflexiveorientedgraphsH isshowntobeNP-
completewhenthemaximumin-degreeofH,∆−(H),isatleast3,andPolynomial
when∆−(H) =1. Forthecase ∆−(H) =2theyshowthateveryinstanceof
directedgraphhomomorphismpolynomiallytransformstoaninstanceofin-injective
homomorphismtoatargetwithmaximumin-degree2. Assuchtherestrictionof
in-injectivehomomorphismtotargetsHsothat∆−(H)=2constitutesarichclass
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ofproblems.
Theremainingproblems,ios-injectivehomomorphismandiot-injectivehomo-

morphism,areconsideredbyCampbell,Clarkeand MacGillivrayin[19],[20]and
[21]andtheirmainresultsarepresentedinSubsection6.1.2.Inthischapter,we
extendtheirresultstoprovidedichotomytheorems(Theorem6.14and6.26)forthe
restrictionoftheproblemsofiot-injectivehomomorphismandios-injectivehomo-
morphismtoreflexivetournaments.

6.1.2 Knownresults

ForafixedundirectedgraphH,theproblemofdeterminingwhetheranundirected
graphGadmitsahomomorphismtoH (i.e.,theH-colouringproblem)admitsa
well-knowndichotomytheorem.

Theorem6.3.Hell-Něseťril(1990)[61]

LetHbeanundirectedgraph.
•IfHisirreflexiveandnon-bipartite,thenH-colouringisNP-complete.
•IfHhasaloop,orisbipartite,thenH-colouringisPolynomial.

AdichotomytheoremforthecomplexityofH-colouringofdirectedgraphsis
givenbyBulatov[18]andZhuk[114].

ForfixedsmallreflexivetournamentsT,Campbell,ClarkeandMacGillivraygive
thefollowingresultforthecomplexityofios-injectiveT-colouringandiot-injective
T-colouring.

Theorem6.4.Campbell,ClarkeandMacGillivray(2009)[19,20,21]
IfTisareflexivetournamenton2orfewervertices,thenios-injectiveT-

colouringandiot-injectiveT-colouringarePolynomial.IfTisareflexivetour-
namenton3vertices,thenios-injectiveT-colouringandiot-injectiveT-colouring
areNP-complete.

Therearetworeflexivetournamentsonthreeverticeswhicharedepictedin
Figure6.3.

(a)TheorientedcycleofthreeverticesC3.(b)Thetransitivetournamentonthreever-
ticesTT3.

Figure6.3:Thetworeflexivetournamentsonthreevertices.

NotethatTheorem6.4onlysolvesthecomplexityofafinitenumberoftar-
getsandpriortoourwork,nodichotomyresultswereknownoninfiniteclassesof
tournaments.
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InSection6.2,weshowthatios-injectivehomomorphismisNP-completefor
anyreflexivetargettournamenton4verticesormoreandwetherebyestablisha
dichotomytheoremforthecomplexityofios-injectivehomomorphismstoreflexive
tournaments(Theorem6.14).InSection6.3,weshowthatiot-injectivehomomor-
phismisalsoNP-completeforreflexivetournamentson4ormoreverticeswhich
leadstoasimilardichotomytheorem(Theorem6.26).

6.2 Ios-injectivehomomorphisms

Inthissectionweproveadichotomytheoremforios-injectiveT-colouring,whereT
isareflexivetournament.InSubsection6.2.1and6.2.2,weshowrespectivelythat
ios-injectiveT4-colouringandios-injectiveT5-colouringareNP-complete(Theorems
6.7and6.9)whereT4andT5arethetournamentsdepictedinFigures6.4and6.9.
WethenshowinSubsection6.2.3thatanyinstanceofios-injectiveT-colouring,
whereTisareflexivetournamentonatleast4vertices,polynomiallyreducestoan
instanceofios-injectiveT′-colourings,whereT′isC3,TT3,T4orT5(seeFigures
6.3,6.4and6.9).Thedichotomytheoremfollowsfromcombiningtheseresultswith
theresultinTheorem6.4.

6.2.1 Ios-injectiveT4-colouring

Webeginwithastudyofios-injective T4-colouringwhereT4isthegraphdepicted
inFigure6.4.

d

a b

c

Figure6.4:T4,theonlystronglyconnectedreflexivetournamentonfourvertices.

Toshowthatios-injectiveT4-colouringisNP-completeweprovideatransforma-
tionfrom3-edge-colouring(seeDefinition1.14)subcubicgraphs.Asubcubicgraph
isanundirectedgraphwhose maximumdegreeis3. Holyerprovesin[62]that
3-edge-colouringisNP-completeevenwhenrestrictedtosubcubicgraphs.

Weconstructanorientedgraph H fromagraphGsothatGhasa3-edge-
colouringifandonlyifH admitsanios-injectivehomomorphismtoT4. Thekey
ingredientsinthisconstructionareapairoforientedgraphs,HxandHe,givenin
Figures6.5and6.6,respectively.

WefirstestablishafewpreliminaryresultsonT4-colouringsofourgadgets.

Lemma6.5.Inanyios-injectiveT4-colouringofHx(depictedinFigure6.5):

1.thevertices3,13and23arecoloureda;
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Figure6.5:Hx.
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Figure6.6:He.

2.vertex0iscolouredd.

Proof.(1)Bysymmetry,itsufficestoshowtheclaimforvertex3.Letusfirstnote
thatthevertices3and7haveout-degree3andcanthereforeonlybecoloureda
orb,asthesearetheonlyverticesofout-degree3inT4.Ifvertex7iscoloureda,
thenitstwoin-neighbours,vertices5and6,arecoloureddanda.However,thisis
impossibleasnovertexofout-degreethreeinT4hasbothdandaasout-neighbours.
Hence,vertex7iscolouredb.Ifvertex3iscolouredb,thenvertices5and6would
bebothin-andout-neighboursofverticescolouredb.Thus,eachofvertices5and6
arecolouredb.Thisisaviolationoftheinjectivityrequirement.Therefore,vertex
3(andbysymmetry,thevertices13and23)mustbecoloureda.
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(2)NoticethatthesquareverticesinthegraphHx(vertices1,11and21)cannot
becoloureda;theyeachhaveanin-neighbourthatalreadyhasanout-neighbour
coloureda.Thesesquareverticeshaveacommonout-neighbourandsomustreceive
distinctcoloursbytheinjectivityrequirement. Asnoneiscoloureda,thesethree
verticesarecolouredb,candd,insomeorder. Theonlyvertexthatisanout-
neighbourofb,canddinT4isd.Andso,thecommonout-neighbourofvertices1,
11and21(i.e.,vertex0)hascolourd.

Lemma6.6.LetH′ebeanorientedgraphformedfromacopyofHe(Figure6.6)and
twocopiesofHx(Figure6.5)byidentifyingvertex0inHewithanysquarevertexin
onecopyofHxandidentifyingvertex9inHewithanysquarevertexintheother
copyofHx.Inanyios-injectiveT4-colouringofH

′
e,thevertices0and9inthe

subgraphinducedbyHehavethesamecolour.

Proof.LetH′ebeconstructedasdescribed. Consideranios-injectiveT4-colouring
ofH′e. Weexaminethecoloursoftheverticesinthesubgraphinducedbythecopy
ofHe. ByLemma6.5andtheconstructionofH

′
e,vertices0and9eachhavean

in-neighbourthathasanout-neighbourcoloureda.Bytheinjectivityrequirement,
neithervertex0nor9iscoloureda. Weproceedincasestoshowthatvertices0
and9receivethesamecolour.

CaseI:vertex0iscolouredb. Vertex1cannotbecoloureddasvertex0already
hasanout-neighbourcolouredd(vertex0inacopyofHx). Vertex1cannotbe
colouredcasno3-cycleofT4containsbothavertexcolouredbandavertexcoloured
c. Thus,vertex1mustbecolouredb. Thevertex2isbothanin-neighbourand
anout-neighbourofverticescolouredbandisthereforecolouredb.Thevertex4is
anin-neighbourofvertex1,andsocannotbecolouredbasvertex1alreadyhasan
in-neighbourcolouredb.Thevertex4mustthusbecoloureda.Byinjectivity,the
out-neighboursofvertex4mustreceivedistinctcoloursthatareout-neighboursof
ainT4.Therefore,vertices3and5arecolouredaandcinsomeorder,asvertex1
iscolouredb.Theonlycommonout-neighbourofaandcinT4isc.Assuch,the
vertex6mustbecolouredc. Byinjectivity,eachofthein-neighboursofvertex6
mustreceivedistinctcoloursthatarein-neighboursofcinT4.Andsovertex7must
becolouredb.Asvertex9cannotbecolouredaandithasanout-neighbourcoloured
b,namelyvertex7,wehavethatvertex9mustbecolouredb.Thus,vertices0and
9havethesamecolour.

CaseII:vertex0iscoloured c. Vertex1cannotbecoloureddasvertex0
alreadyhasanout-neighbourcolouredd(vertex0inacopyofHx). Sincethe
out-neighboursofcinT4arecandd,vertex1iscolouredc.

Thevertex4hasanout-neighbourcolouredc,andsomustbecolouredaorb
orc.Sincevertex0iscolouredc,vertex4cannotbecolouredcwithoutviolating
injectivity. Weclaimvertex4iscolouredb.

Bywayofcontradiction,supposethatvertex4iscoloureda.Thenbyinjectivity,
vertices3and5arecolouredaandb,insomeorder.Theonlyout-neighbourofa
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andcinT4thathasin-degree3isc.Assuchvertex6iscolouredc.Thevertexcin
T4hasthreein-neighbours–a,b,andc.Asvertex6hasin-neighbourscoloureda
andb(namely,vertices3and5),thenbyinjectivitythethirdin-neighbourofvertex
6(namely,vertex7)iscolouredc.InT4,chastwoout-neighbours:candd.Since
vertex7iscolouredcandalreadyhasanout-neighbourcolouredc,vertex8mustbe
colouredd.Thevertex9hasanin-neighbourcolouredd.Onlyverticesaanddin
T4havedasanin-neighbour.Therefore,vertex9iscolouredwithaord.However,
wehaveshownpreviouslythatvertex9cannotbecoloureda. Thisimplies,that
vertex9iscolouredd.However,vertex9hasanout-neighbourcolouredc.Sincec
isnotanout-neighbourofdinT4,wearriveatacontradiction. Thus,vertex4is
notcoloureda.Therefore,vertex4iscolouredb.
Sincevertex4iscolouredb,vertices3and5arecolouredbandd,insome

order.Theonlycommonout-neighbourofbanddinT4isd. Therefore,vertex6
iscolouredd. Hence,byinjectivity,thevertex7iscolouredc.Sincevertex7has
anout-neighbourcolouredd,vertex8,anotherout-neighbourofvertex7mustbe
colouredc.Since9hasbothanin-neighbourandanout-neighbourcolouredc,the
vertex9mustbecolouredc.Thus,vertices0and9havethesamecolour.

CaseIII: Vertex0iscoloured d. Vertex1cannotbecoloureddasvertex0
alreadyhasanout-neighbourcolouredd(vertex0inacopyofHx). Vertexdhas
twoout-neighboursinT4:aandd.Therefore,vertex1iscoloureda.

Thevertex4hasout-degree3andanout-neighbourcoloureda.Vertexaisthe
onlyvertexinT4tohaveout-degree3andhaveaasanout-neighbour.Therefore,
vertex4iscoloureda. Byinjectivitythevertices3and5,theremainingout-
neighboursofvertex4,arecolouredbandc.Thevertex7cannotbecoloureddsince
9alreadyhasanout-neighbourcolouredd(vertex37inacopyofHx). Moreover,
vertex7isanin-neighbourof6,whichalreadyhasin-neighbourscolouredcandb.
Hence,thevertex7mustbecoloureda.InT4theonlyin-neighboursofaareaand
d.Thus,vertex9iscolouredaord.Sincevertex9hasanout-neighbourcoloured
d,itcannotbecoloureda.Therefore,vertex9iscolouredd,asrequired.

Wecannowprovethemaintheoremofthissubsection.

Theorem6.7.
Theproblemofios-injectiveT4-colouringisNP-complete.

Proof.Thetransformationisfrom3-edge-colouringofsubcubicgraphs.
LetGbeagraphwithmaximumdegreeatmost3andletG̃beanarbitrary

orientationofG. WecreateanorientedgraphH fromG̃asfollows. Forevery
x∈V(G)weaddHx,acopyoftheorientedgraphgiveninFigure6.5,toH.For
everyarce∈E(̃G)weaddHe,acopyoftheorientedgraphgiveninFigure6.6,
toH.TocompletetheconstructionofH,foreacharce=uv∈E(̃G)weidentify
thevertex0inHewithoneofthethreesquarevertices(i.e.,vertices1,11,or21)
inHuandidentifythevertex9inHewithoneofthethreesquareverticesinHv.
Weidentifytheseverticesinsuchawaythateachsquarevertexinacopyof Hxis
identifiedwithatmostonesquarevertexfromacopyofHe. Wenotethatthisis
alwayspossibleasverticesinGhavedegreeatmostthree.
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Weclaim Ghasa3-edge-colouringifandonlyifH hasanios-injectiveT4-
colouring.Theproofisintwoparts:

•Supposethatanios-injectiveT4-colouringofH isgiven. Thisios-injective
T4-colouringinducesa3-edge-colouringofG:thecolourofanedgeine∈E(G)is
givenbycolourofvertices0and9incorrespondingcopyofHecontainedinH.By
Lemma6.6,thiscolouriswell-defined.RecallthatforeachcopyofHx,thevertices
1,11and21arerespectivelyidentifiedwitheithervertex0orvertex9insomecopy
ofHe.ThereforebyLemma6.5,eachoftheedgesincidentwithanyvertexreceive
differentcoloursandnomorethan3colours,namelyb,c,andd,areusedonthe
edgesofG.

•Supposethata3-edge-colouringofG,f:E(G)→{b,c,d}isgiven. For
eache∈E(G),wecolourHeusingoneoftheios-injectiveT4-colouringsgivenin
Figure6.7. WechoosethecolouringofeachcopyofHesothatvertices0and9in
thatcopyareassignedthecolourf(e).Tocompletetheproof,weshowthatsucha
colouringcanbeextendedtoallcopiesofHxcontainedinH.
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b

(a)ThecolouringofHewhenf(e)=b.
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(b)ThecolouringofHewhenf(e)=c.

d
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b

b

a

c

c

a

b

d

(c)ThecolouringofHewhenf(e)=d.

Figure6.7

Thevertices1,11and21ofeachcopyofHxmaybeidentifiedwitheithervertex
0orvertex9ofsomecopyofHe.Sincefisa3-edge-colouringofG,ifwecolour
eachcopyofHeusingFigure6.7,thevertices1,11and21ofasamecopyofHxall
receivedistinctcoloursfromtheset{b,c,d}. BysymmetryofHx,wecanassume
withoutlossofgeneralitythatforallvertexx,anedgeincidenttoxandcolouredb
usesthevertex1ofHx,anedgecolouredcusesthevertex11andanedgecoloured
dusesthevertex21. Theios-injectiveT4-colouringgiveninFigure6.8extendsa
pre-colouringofthevertices1,11and21withcoloursb,c,andd,respectively,to
anios-injectiveT4-colouringofHx.Therefore,Ghasa3-edge-colouringifandonly
ifHadmitsanios-injectiveT4-colouring
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Figure6.8:AcolouringofHx.

SincetheconstructionofHcanbecarriedoutinpolynomialtime,ios-injective
T4-colouringisNP-complete

6.2.2 Ios-injectiveT5-colouring

WenowprovetheNP-completenessofios-injective T5-colouringwhereT5isthe
graphdepictedinFigure6.9.

a

b

cd

e

Figure6.9:T5,theonlyreflexivetournamentonfiveverticeswhereallthevertices
havein-degreeandout-degreethree.

Thetransformationisfromios-injectiveC3-colouring(seeTheorem6.4). We
constructanorientedgraphJfromagraphGsothatGadmitsanios-injective
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homomorphismtoC3ifandonlyifJadmitsanios-injectivehomomorphismtoT5.
ThekeyingredientinthisconstructionistheorientedgraphJv,giveninFigure
6.10.
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Figure6.10:Jv.

Foreachn>0weconstructanorientedgraphJnfromncopiesofJv,say
Jv0,Jv1,...,Jvn−1,bylettingvertices17,18and19ofJvibein-neighboursofvertex
0inJvi+1 (modn)foralli∈[[0,n−1]].
Likepreviously,westartbestudyingtheios-injectiveT5-colouringsofJn.

Lemma6.8.
Foranypositiveintegern,inanorientedios-injectiveT5-colouringofJn,each

oftheverticeslabelled0(respectively,4,8,12and16)receivethesamecolour.

Proof.SinceT5isvertex-transitive,assumewithoutlossofgeneralitythatvertex
0inJv0receivescoloura.If0iscoloureda,thenthevertices1,2and3mustbe
coloureda,bandcinsomeordersincetheseverticesaretheonlyout-neighbours
ofainT5.Sincevertexcistheonlycommonout-neighbourofverticesa,bandc
inT5,vertex4mustbecolouredc.SincetheautomorphismofT5thatmapsato
calsomapsctoe,weconcludebyasimilarargumentthatvertex8iscolourede.
Similarly,weconcludethatvertex12iscolouredbandvertex16iscolouredd.
Sincevertex16iscoloureddinJv0,vertices17,18,19arecoloured,insome

order,a,e,d,asthesearetheonlyout-neighboursofdinT5. Theonlycommon
out-neighbourofa,eanddinT5isa. Therefore,vertex0inJv1 iscoloureda.
Repeatingthisargument,weconcludethatvertices4,8,12and16inJv2receive
coloursc,e,bandd,respectively.Continuinginthisfashiongivesthatinanoriented
ios-injectiveT5-colouringofJneachoftheverticeslabelled0(respectively,4,8,12
and16)receivethesamecolour.

Theorem6.9.
Theproblemofios-injectiveT5-colouringisNP-complete.

Proof.WeprovetheNP-completenessofios-injective T5-colouringbyreducingios-
injectiveC3-colouring,whichisprovedNP-completein[20](seeTheorem6.4).
LetGbeagraphwithvertexset{v0,v1,...,v|V(G)|−1}.LetνG=|V(G)|. We

constructJfromGbyfirstaddingacopyofJνG toGandthen,foreachi∈[[1,νG]],
addinganarcfromvertex11inJvitovi.
Weshowthat Jhasanios-injectiveT5-colouringifandonlyifGhasanios-

injectiveC3-colouring.
Consideranios-injectiveT5-colouringofJ.SinceT5isvertex-transitivewecan

assumewithoutlossofgeneralitythatthevertex8ineachcopyofJviscoloureda.
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Therefore,ineachJvi,vertices9,10and11arecoloured,insomeorder,withcolours
a,b,c;andvertex12iscolouredc.
Weclaimthat viiscolouredwithb,doreforalli∈[[0,νG−1]].Ifviiscoloured

a,thenvertex11inJvihasbothanin-neighbourandanout-neighbourcoloured
aandisthereforecoloureda. Thus,vertex7inJvialsohasbothanin-andan
out-neighbourcolouredaandmustbecoloureda.Sincevertex11alreadyhasan
out-neighbourcoloureda,thiscontradictstheinjectivityrequirement.Ifvihas
colourc,thenvertex11inJvihastwoout-neighbourscolouredc,whichisalsoa
violationoftheinjectivityrequirement.
Therefore,viiscolouredwithoneofb,doreforeachi∈[[0,νG−1]].Sincevertices

b,dandeofT5induceacopyofC3inT5,restrictinganios-injectiveT5-colouring
ofJtotheverticesofGyieldsanios-injectiveC3-colouringofG.
Letβbeanios-injectiveC3-colouringofGusingcoloursb,dande. Weextend

suchacolouringtobeanios-injectiveT5-colouringofJbyassigningtotheverticesof
eachJvicoloursbaseduponβ(vi)asshowninFigure6.11.Everyvertexvi∈V(G)
istheout-neighbourofvertex11ofJvibutthiscannotleadtoaviolationofthe
injectivityrequirementsincevertex11ofJviisalwayscolouredeitheraorcwhile
theverticesofGarecolouredb,dore.
Therefore,Jhasanios-injectiveT5-colouringifandonlyifGhasanios-injective

C3-colouring. SinceJcanbeconstructedinpolynomialtime,ios-injectiveT5-
colouringisNP-complete.

6.2.3 Dichotomytheorem

Wenowpresentareductiontoinstancesofios-injectiveT-colouringforwhenThas
avertexvofout-degreeatleastfour. Thisreductionallowsustopolynomially
transformaninstanceofios-injectiveT-colouringtoaninstanceofios-injectiveT′-
colouring,whereT′isT4,T5,C3orTT3.

Lemma6.10.IfTisareflexivetournamentonnverticeswithavertexvofout-
degreeatleastfour,thenios-injectivehomomorphismtoT′polynomiallytransforms
toios-injectivehomomorphismtoT,whereT′isthetournamentinducedbythe
strictout-neighbourhoodofv.

Proof.LetTbeareflexivetournamentonnverticeswithavertexvofout-degree
atleastfour.LetGbeanorientedgraphwithvertexset{w0,w1,...,w|V(G)|−1}.
LetνG=|V(G)|. WeconstructHfromGbyaddingtoG

•verticesx0,x1,...,xνG−1;

•anarcfromxitowiforalli∈[[0,νG−1]];

•νGirreflexivecopiesofT,labelledTi,foralli∈[[0,νG−1]].

Letvi∈Tibethevertexcorrespondingtov∈V(T). Wecompleteourconstruction
byaddingthearcsvixiandxivi+1(modνG)foralli.Thisconstructionisillustrated
inFigure6.12.

Proposition6.11.Inanios-injectiveT-colouringofHnotwoverticesofTihave
thesamecolour.
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Figure6.11

Proof.SinceThasavertexofout-degreeatleast4weobservethatThasatleast
4vertices. Bywayofcontradiction,assumethattwoverticesxandyreceivethe
samecolourcandletzbeathirdvertexofTi.Byinjectivity,xandycannotboth
bein-orout-neighboursofz. Thus,zhasanin-neighbourandanout-neighbour
colouredcwhichisonlypossibleifzitselfiscolouredc.Letwbeafourthvertex
ofTi.Sincex,yandzareallneighboursofw,whasthreestrictneighbourswith
thesamecolour,whichisimpossibleinanios-colouringofTi.

Proposition6.12.Inanios-injectiveT-colouringofH,everyvertexof{x0,x1,...,
xνG−1}∪{v0,v1,...,vνG−1}receivesthesamecolour.

Proof.ByProposition6.11,allthecoloursofTareusedexactlyonceineachTi.
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vi

wi

xi

G

Ti Ti+1

Figure6.12:TheconstructionofHinLemma6.10.

Therefore,theonlypossiblecolourforanout-neighbouroranin-neighbourofvi
outsideofTiisϕ(vi). Thus,foreachi,wehaveϕ(vi)=ϕ(xi)=ϕ(xi+1(modνG)).
Thepropositionfollows.

SinceT0isacopyofT,weknowthatanios-injectivehomomorphismϕmapsv0
toavertexofthesameorbitasv. Wemayassumewithoutlossofgeneralitythat
ϕ(v0)=v.Thus,byProposition6.12,ϕ(vi)=vforalli∈[[0,νG−1]].
LetT′bethereflexivetournamentinducedbythestrictout-neighbourhoodof

v. NotethatT′isareflexivetournamentonatleast3verticesandaninduced
subgraphofT. WeshowthatHhasanios-injectiveT-colouringifandonlyifG
hasanios-injectiveT′-colouring.
Letϕbeanios-injectiveT-colouringofH.Byourpreviousclaim,eachxihas

anin-neighbourandanout-neighbourwithcolourv,namelyvi∈V(Ti)andvi−1∈
V(Ti−1).Therefore,ϕ(wi)isanout-neighbourofvinT.Thatis,ϕ(wi)∈V(T

′).
Therefore,therestrictionofϕtotheverticesofGyieldsanios-injectiveT′-colouring
ofG.
Letβbeanios-injectiveT′-colouringofG. Foralli∈[[0,νG−1]]andall

u∈V(T).Letui∈V(Ti)bethevertexcorrespondingtou∈V(T).
Weextend βtobeanios-injectiveT-colouringofHasfollows:

•β(xi)=β(vi)=vforalli∈[[0,νG−1]];

•forallui∈Ti,letβ(ui)=u.

Hence,ios-injectiveT′-colouringofGcanbepolynomiallyreducedtoios-injective
T-colouringofH.

IfTisareflexivetournamentwithavertexofin-degreeatleast4,asimilar
argumentholds. Wemodifytheconstructionbyreversingthearcbetweenxiand
wiintheconstructionofH.

Lemma6.13.IfTisareflexivetournamentonnverticeswithavertexvofin-
degreeatleastfour,thenios-injectivehomomorphismtoT′polynomiallytransforms
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toios-injectivehomomorphismtoT,whereT′isthetournamentinducedbythe
strictin-neighbourhoodofv.

Ourresultscompiletogiveadichotomytheorem.

Theorem6.14.

LetTbeareflexivetournament.IfThasatleast3vertices,thentheproblemof
decidingwhetheragivenorientedgraphGhasanios-injectivehomomorphismtoT
isNP-complete.IfThas1or2vertices,thentheproblemisPolynomial.

Proof.IfTisareflexivetournamentonnomorethanthreevertices,theresult
followsbyTheorem6.4.SupposethenthatThasfourormorevertices.IfT=T4,
orifT=T5,thentheresultfollowsfromTheorem6.7orTheorem6.9. Upto
isomorphism,thereare16distinctreflexivetournamentson4or5vertices. By
inspection,tournamentsT4andT5respectivelyaretheonlyreflexivetournaments
on4and5verticesrespectivelywithnovertexofout-degreeorin-degreefour.Since
theaverageout-degreeofareflexivetournamentonn>5verticesisn−12 +1>3,
everyreflexivetournamentonatleastsixverticeshasavertexwithout-degreeat
leastfour.Therefore,ifThasatleastfourvertices,T=T4andT=T5,thenThas
avertexwitheitherin-degreeorout-degreeatleastfour.Byrepeatedapplication
ofLemma6.10andLemma6.13,aninstanceofios-injectivehomomorphismtoT
polynomiallytransformstoinstanceofeitherios-injectivehomomorphismtoT4;
ios-injectivehomomorphismtoT5orios-injectivehomomorphismtoatargeton3
vertices.

6.3 Iot-injectivehomomorphisms

Asisthecasewithios-injectivity,ithasbeenprovenin[19,20]thattheproblemis
PolynomialifThastwoverticesorfewerandthattheproblemisNP-completeifT
isoneofthetworeflexivetournamentsonthreevertices.Toextendthisresult,we
employsimilarmethodsastheonesusedinthecaseofios-injectiveT-colouringin
theprevioussection.Again,weshowrespectivelyinSubsection6.3.1and6.3.2that
iot-injectiveT4-colouringandiot-injectiveT5-colouringareNP-complete(Theorems
6.18and6.20).InSubsection6.3.3,weareabletoprovealemmaanalagousto
Lemma6.10.Dichotomytheorem6.26follows.

6.3.1 Iot-injectiveT4-colouring

Webeginwithastudyofiot-injective T4-colouring(whereT4isthegraphdepicted
inFigure6.4).Toshowiot-injectiveT4-colouringisNP-completewereduce3-edge-
colouring. WeconstructanorientedgraphFfromagraphGsothatGhasa
3-edge-colouringifandonlyifFadmitsaniot-injectivehomomorphismtoT4.The
keyingredientsinthisconstructionareapairoforientedgraphs;FxandFegiven
inFigures6.13and6.14,respectively.

Lemma6.15.Inanyiot-injectiveT4-colouringofFx(Figure6.13),vertex0is
colouredbandvertex4iscoloureda.
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Figure6.14:Fe.

Proof.Considersomeiot-injectiveT4-colouringofF.Vertex0ofFxhasout-degree
3.SinceeachvertexofT4hasatmostthreeout-neighbours(includingitself),vertex
0musthavethesamecolourasoneofitsout-neighbours.Tosatisfytheinjectivity
constraint,ifacolourappearsonanout-neighbourofvertex0,thatcolourcannot
appearonanin-neighbourofvertex0.Therefore,vertex4doesnothavethesame
colourasvertex0. Bothvertices4and0haveout-degree3,andthereisanarc
from4to0. VertexainT4istheonlyvertextohaveout-degree3andhavea
strictout-neighbourwithout-degree3.Hence,vertex4iscolouredaandvertex0
iscolouredb.

Lemma6.16.Inanyiot-injectiveT4-colouringofFe(Figure6.14),vertex7is
colouredaandvertex9iscolouredb.

Proof.ThisproofissimilartotheproofofLemma6.15sincethesubgraphofFe
inducedvertices3,7,8,9,10,11and12isisomorphictoFx.

Lemma6.17.LetF′ebetheorientedgraphformedfromacopyofFeandtwocopies
ofFxbyidentifyingvertex0inthecopyofFewithanysquarevertexinonecopy
ofFxandidentifyingvertex6inthecopyofFewithanysquarevertexintheother
copyofFx.Inanyiot-injectiveT4-colouringofF

′
e,vertices0and6inthesubgraph

inducedbyFehavethesamecolour,andarecolouredwithoneofb,cord.

Proof.LetF′ebeconstructedasdescribed. Consideraniot-injectiveT4-colouring
ofF′e. Weexaminethecoloursoftheverticesinthesubgraphinducedbythecopy
ofFe.ByLemma6.15andtheconstructionofF

′
e,vertices0and6inFehavean

in-neighbourcolouredb–vertex0inacopyofFx.Sincebisnotanin-neighbour
ofainT4,vertex0inthecopyofFemustreceiveoneofthecoloursb,c,ord. We
proceedincasesbasedonthepossiblecolourofvertex0incopyofFe.

CaseI: Vertex 0iscolouredb. Sincethevertex0alreadyhasaneighbour
colouredb(vertex0inacopyofFx),vertex3,anin-neighbourofvertex0inFe,
cannotbecolouredb.Sinceb∈V(T4)hasonlyaandbasin-neighbours,vertex3
mustbecoloureda.ByLemma6.16vertex3hasaneighbourcoloureda–namely
vertex7. Bytheinjectivityconstraint,thiscolourcannotappearonanyother
neighbourofvertex3.Assuch,vertices2and4arecoloureddandcrespectively.
Theonlycommonout-neighbourofdandcinT4isd.Therefore,vertex5hascolour
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d.InT4,vertexdhasthreein-neighbours–b,candd.Sincecanddbothappear
inthein-neighbourhoodofvertex5,vertex6mustbecolouredb.

CaseII: Vertex0iscolouredc. VertexcinT4hasthreein-neighbours:a,b
andc.Sincevertex0hasanin-neighbourcolouredb,namelythevertex0inacopy
ofFx,vertex3inFemusthaveeithercolouraorcolourc.

Bywayofcontradiction,assumethatvertex3iscolouredc.Inthiscase,the
injectivityconstraintimpliesthatvertex1isnotcolouredc. Sincecanddare
theonlyout-neighboursofcinT4,vertex1mustbecolouredd. Vertex2,anin-
neighbourofvertex3,iscolouredwithoneofa,borc,thein-neighboursofcinT4.
ByLemma6.16,vertex3hasaneighbourcoloureda–vertex7. Byassumption,
vertex0hascolourc. Therefore,byinjectivity,vertex2hascolourb. Thisisa
contradiction,asthearcbetweenvertex1andvertex2doesnothavethesame
directionasthearcbetweenvertexcandvertexbinT4. Therefore,vertex3is
coloureda.

InT4,thein-neighboursofaareaandd,andtheout-neighboursofaarea,b
andc.Sincevertex7iscoloureda,nootherneighbourofvertex3canbecoloured
a.Therefore,vertex2,anin-neighbourofvertex3,musthavecolourd.Sincevertex
0iscolouredc,vertex4,anout-neighbourofvertex3musthavecolourb. Vertex
5,acommonin-neighbourofvertices2and4,mustbecolouredwithacommon
in-neighbourofdandbinT4.TheonlysuchvertexinT4isd.Hence,vertex5has
colourd.

VertexdinT4hasthreein-neighbours:b,candd.Sincevertex5alreadyhas
in-neighbourscolouredbandd(vertices4and2respectively),vertex6mustbe
colouredc,asrequired.

CaseIII: Vertex0iscolouredd. RecallbyLemma6.16thatvertex3hasa
neighbourcoloureda–vertex7.Sincevertex0iscolouredd,vertex3iscoloured
withavertexthatisanout-neighbourofaandanin-neighbourofdinT4.Theonly
suchverticesarebandc.However,vertex0hasaneighbourcolouredb(vertex0in
acopyofFx).Therefore,vertex3hascolourc. Vertex4musthaveacolourthat
isanout-neighbourofcinT4.Theonlysuchcoloursarecandd.Sincevertex0,
anout-neighbourofvertex3,iscolouredd,vertex4mustbecolouredc.Vertex2
musthaveacolourthatisanin-neighbourofcinT4. Theonlysuchcoloursa,b
andc. Vertex7,anin-neighbourofvertex3,hascoloura. Vertex4,aneighbour
ofvertex3,hascolourc.Therefore,byinjectivityvertex2hascolourb. Vertex5
mustbecolouredwithacommonout-neighbourofbandcinT4. Theonlysuch
coloursarecandd.Sincevertex3,anout-neighbourofvertex2,hascolourc,we
havebyinjectivitythatvertex5hascolourd.Thein-neighboursofvertex5must
becolouredwiththein-neighboursofdinT4.Vertexdhasthreein-neighboursin
T4–b,candd.Sincevertex2hascolourbandvertex4hascolourc,wehaveby
injectivitythatvertex6hascolourd.

Theorem6.18.Theproblemofiot-injectiveT4-colouringisNP-complete.

Proof.Thereductionisfrom3-edge-colouringsubcubicgraphs.
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LetGbeagraphwithmaximumdegreeatmost3andletG̃beanarbitrary
orientationofG. WecreateanorientedgraphFfromG̃asfollows. Forevery
v∈V(G)weaddFv,acopyoftheorientedgraphgiveninFigure6.13,toF.For
everyarcuv∈E(̃G),weaddFuv,acopyoftheorientedgraphgiveninFigure
6.14,toF.TocompletetheconstructionofF,foreacharcuv∈E(̃G)weidentify
thevertex0inFuvwithoneofthethreesquarevertices(i.e.,vertices1,2,or3)
inFuandidentifythevertex6inFuvwithoneofthethreesquareverticesinFv.
Weidentifytheseverticesinsuchawaythateachsquarevertexinacopyof Fxis
identifiedwithatmostonesquarevertexfromacopyofFe. Wenotethatthisis
alwayspossibleasverticesinGhavedegreeatmostthree.

Weclaimthat Ghasa3-edge-colouringifandonlyifFhasaniot-injective
T4-colouring.

Supposeaniot-injectiveT4-colouringofFisgiven.Thisiot-injectiveT4-colouring
inducesa3-edge-colouringofG:thecolourofanedgeinuv∈E(G)isgivenby
colourofvertices0and6incorrespondingcopyofFuvcontainedinF.ByLemma
6.17,thiscolouriswell-defined,andisoneofb,c,ord. Recallthatforeachcopy
ofFx,thevertices1,2and3arerespectivelyeachidentifiedwitheithervertex0
orvertex6insomecopyofFe. ByLemma6.15,vertices1,2and3inacopyof
Fxcannotbecoloureda.Byinjectivity,vertices1,2and3inacopyofFxallare
assigneddifferentcolours. Therefore,eachoftheedgesincidentwithanyvertex
receivedifferentcoloursandnomorethan3colours,namelyb,c,andd,areused
ontheedgesofG.Bydefinition,thisinducesa3-edge-colouringofG.

Supposethata3-edge-colouringofG,f:E(G)→{b,c,d}isgiven.Foreach
uv∈E(G),wecolourFuvusingoneoftheiot-injectiveT4-colouringsgiveninFigure
6.15. WechoosethecolouringofeachFuvsothatvertices0and6areassignedthe
colourf(e).

c

d b b

a c

a d

b c d b

c

(a)ThecolouringofFewhen
f(e)=b.

c

d b b

a c

a d

c b d c

c

(b)ThecolouringofFewhen
f(e)=c.

c

d b b

a a

c d

d c b d

a

(c)ThecolouringofFewhen
f(e)=d.

Figure6.15

Tocompletetheproof,weshowthatsuchcolouringcanbeextendedtoallcopies
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ofFxcontainedinF. RecallthatforeachcopyofFx,thevertices1,2and3are
allidentifiedwitheithervertex0orvertex9ofsomecopyofFe.Sincefisa3-
edge-colouringofG,foreachx∈V(G),eachofthevertices1,2and3inFxare
colouredwithdistinctcoloursfromtheset{b,c,d}whenwecoloureachcopyofFe
usingFigure6.15.

BysymmetryofHx,wecanassumewithoutlossofgeneralitythatforallvertex
x,anedgeincidenttoxandcolouredbusesthevertex1,anedgecolouredcuses
thevertex2andanedgecoloureddusesthevertex3.

Theiot-injectiveT4-colouringgiveninFigure6.16extendsapre-colouringof
thevertices1,2and3withcoloursb,c,andd,respectively,toaniot-injective
T4-colouringofFx.

a c

a

bb c

d

Figure6.16:AcolouringofFx.

Thus,Fhasaniot-injectiveT4-colouring.

SincetheconstructionofFcanbecarriedoutinpolynomialtime,iot-injective
T4-colouringisNP-complete.

6.3.2 Iot-injectiveT5-colouring

WenowprovetheNP-completenessofiot-injective T5-colouring. Thereductionis
fromiot-injectiveC3-colouring. WeconstructanorientedgraphDfromagraph
GsothatGadmitsaniot-injectivehomomorphismtoC3ifandonlyifDadmits
aniot-injectivehomomorphismtoT5.Thekeyingredientintheconstructionisthe
orientedgraph,Dv,giveninFigure6.17.
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1

7

6

5

Figure6.17:Dv.

Foreachn>0,letDnbetheorientedgraphconstructedfromndisjointcopies
ofDv,sayDv0,Dv1,...,Dvn−1,bylettingvertex8ofDvibeanin-neighbourof
vertex0inDvi+1 (modn)foralli∈[[0,n−1]].
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Lemma6.19.

Foranypositiveintegern,uptoautomorphism,inanorientediot-injectiveT5-
colouringofDneachoftheverticeslabelled0receivethecolourd,eachofthevertices
labelled4receivethecoloura,andeachoftheverticeslabelled8receivethecolour
c.

Proof.SinceT5isvertex-transitive,assumewithoutlossofgeneralitythatvertex0
inDv0receivescolourdinsomeiot-injectiveT5-colouringofDn.Observethatvertex
4hasthreeout-neighbours.SinceeachvertexofT5hasatmostthreeout-neighbours
(includingitself),vertex4musthavethesamecolourasoneofitsout-neighbours.
Tosatisfytheinjectivityconstraint,noin-neighbourofvertex4hasthesamecolour
asvertex4. Furthermore,vertex4hastwoin-neighbours,vertices1and2,that
areout-neighboursofavertexcolouredd. OnlyverticesaandbinT5havetwo
in-neighboursthatareout-neighboursofd.Therefore,vertex4hascolouraorb.

Bywayofcontradiction,assumethatvertex4hascolourb.Thenvertices1and
2arecolouredwiththeverticesofT5thatareout-neighboursofdandin-neighbours
ofb.TheonlysuchverticesinT5thatsatisfythesecriteriaareaande.Therefore,
vertices1and2arecolouredwithaande,insomeorder.Vertexdhasthreeout-
neighboursinT5–a,dande.Sincevertices1and2arecolouredwithaande,in
someorder,thethirdout-neighbourofvertex0,vertex3,iscolouredwithd.Vertex
binT5hasthreeout-neighbours–b,candd.Therefore,theout-neighboursofvertex
4,vertices5,6and7,arecoloured,insomeorder,withthesecolours. Verticesb,c
anddinT5haveonlydasacommonout-neighbour. Hence,thecommonout-
neighbourofvertices5,6and7,vertex8,iscolouredd.Thisisacontradiction,as
nowvertex9hastwoverticescoloureddinitsneighbourhood.Therefore,vertex4
hascoloura.

VertexainT5hasthreeout-neighbours–a,bandc.Thus,theout-neighbours
ofvertex4arecolouredwitha,bandc,insomeorder. Theonlycommonout-
neighbourofa,bandcinT5isc.Therefore,vertex8hascolourc.Thisimpliesthat
vertex9inDv0and0inDv1havecoloursfromtheset{c,d,e},theout-neighbours
ofcinT5.Sincevertex8hasaneighbourcolouredc,neithervertex0inDv1nor9
(inDv0)canhavethiscolour.Furthermore,sincevertex3hasaneighbourcoloured
d,vertex9hascannotbecolouredd.Thus,vertex9inDv0hascoloureandvertex
0inDv1hascolourd.

Repeatingthisargumentimpliesthateveryvertexlabelled0hascolourd.

Theorem6.20.Theproblemofiot-injectiveT5-colouringisNP-complete.

Proof.Thereductionisfromiot-injectiveC3-colouring.

LetGbeanorientedgraphwithvertexset{v0,v1,...,v|V(G)|−1}. LetνG =
|V(G)|. WeconstructDfromGbyfirstaddingacopyofDνG toGandthen,for
eachi∈[[0,νG−1]],addinganarcfromvertex5inDvitovi.

Weshowthat Dhasaniot-injectiveT5-colouringifandonlyifGhasaniot-
injectiveC3-colouring.

Letϕbeaniot-injectiveT5-colouringofD.SinceT5isvertex-transitive,wemay
assumethatvertex0inDv0hascolourd.ByLemma6.19,foralli∈[[0,νG−1]],
thevertexinDvilabelled0hascolourd,thevertexlabelled4hascolouraandthe
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vertexlabelled8hascolourc.Bytheinjectivityrequirement,theneighboursofthe
vertexlabelled5ineachcopyofDvhavedistinctcolours.Sincethevertices4and
8havecoloursaandc,respectively,onlycoloursb,dandecanappearatvi,forall
i∈[[0,νG−1]].Sinceb,dandeinduceacopyofC3inT5,weconcludethatthe
restrictionofϕtotheverticesofGisindeedaniot-injectiveC3-colouring.
Letβbeaniot-injectiveC3-colouringofGusingcoloursb,dande.Weextend

suchacolouringtobeaniot-injectiveT5-colouringofDbyassigningtothevertices
ofeachDvicoloursbaseduponβ(vi)asshowninFigure6.18.
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(c)AcolouringofDviwhenβ(vi)=e.

Figure6.18

Notethatvertex5ofDviisalwayscolouredeitheraorc. Sincetheother
neighboursofviareverticesofGwhicharethuscolouredb,dore,thiscolouring
observestheinjectivityrequirement.
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Therefore,Dhasaniot-injectiveT5-colouringifandonlyifGhasaniot-injective
C3-colouring.AsDcanbeconstructedinpolynomialtime,iot-injectiveT5-colouring
isNP-complete.

6.3.3 Dichotomytheorem

Wenowpresentareductiontoinstancesofiot-injectiveT-colouringforwhenThas
avertexvofout-degreeatleastfour. Thisreductionallowsustopolynomially
transformaninstanceofiot-injectiveT-colouringtoaninstanceofiot-injectiveT′-
colouring,whereT′isT4,T5,C3orTT3.

Lemma6.21.IfTisareflexivetournamentonnverticeswithavertexvofout-
degreeatleastfour,theniot-injectivehomomorphismtoT′polynomiallytransforms
toiot-injectivehomomorphismtoT,whereT′isthetournamentinducedbythestrict
out-neighbourhoodofv.

Proof.LetTbeareflexivetournamentonnverticeswithafixedvertexvofout-
degreefourormore.LetT⋆bethegraphobtainedbyremovingfromTallthearcs
withtheirtailatv.
LetGbeanorientedgraphwithvertexset{w0,w1,...,w|V(G)|−1}.LetνG=

|V(G)|. WeconstructCfromGbyaddingtoG

•νGdisjointirreflexivecopiesofT:T0,T1,...,TνG−1;

•νGdisjointirreflexivecopiesofT
⋆:T⋆0,T

⋆
1,...,T

⋆
νG−1

;

•andforallu∈V(T)whereu=v,anarcfromthevertexcorrespondingtou
inT⋆i−1tothevertexcorrespondingtouinTi,foralli∈[[0,νG−1]].

Letviandv
⋆
ibetheverticescorrespondingtovinTiandT

⋆
i,respectively. We

completetheconstructionofCbyaddinganarcfromvitov
⋆
iforalli∈[[0,νG−1]].

ThisconstructionisillustratedinFigure6.19.

vi v⋆i

wi
G

T⋆i−1 Ti T⋆i Ti+1

Figure6.19:TheconstructionofCinLemma6.21.

Wefirstneedtoproveafewpreliminaryresults.
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Proposition6.22.
Inaniot-injectiveT-colouringofC,notwoverticesofTihavethesamecolour.

Proof.IftwoverticesofTiareassignedthesamecolour,thenacommonneighbourof
suchverticesinTihasapairofneighbourswiththesamecolour.Thisisaviolation
oftheinjectivityrequirement.Therefore,notwoverticesofTiareassignedthesame
colour.

Proposition6.23.

Inaniot-injectiveT-colouringofC,viandv
⋆
ihavethesamecolour.

Proof.Sincevihasnneighbours,inanyiot-injectveT-colouringofC,viisassigned
thesamecolourasoneofitsneighbours.Bythepreviousclaim,theneighbourofvi
thathasthesamecolourasvimustbev

⋆
i.

Proposition6.24.
Inaniot-injectiveT-colouringofC,viandvi+1havethesamecolour.

Proof.Ifvhasout-degreeninT,then,byconstruction,viandvi+1 eachhave
out-degreeninC.Sincenotwoout-neighboursofanyvertexcanreceivethesame
colour,andsincetherecanbeatmostonevertexofout-degreeninT,itmustbe
thatviandvi+1havecolourv.
Otherwise,vhasatleastonestrictin-neighbourdistinctfromitself,sayy,inT.

Lety⋆ibethevertexcorrespondingtoyinT
⋆
i.Letui+1beavertexinTi+1\{vi+1},

andletu⋆ibethevertexofT
⋆
iwhichhasui+1 asanout-neighbour. Bythefirst

claim,notwoverticesinTi+1shareacolour,andsinceui+1hasn−1neighboursin
Ti+1,itmustbethatui+1andu

⋆
ishareacolour.Thisimpliesthatnotwovertices

ofT⋆i\{v
⋆
i}havethesamecolour,andthecoloursusedtocolourT

⋆
i\{v

⋆
i}are

thesamecoloursasthoseusedtocolourTi+1\{vi+1}.Thevertexy
⋆
ihasv

⋆
iasan

out-neighbour,andeachcolourexceptthecolourofvi+1isusedtocolouravertex
distinctfromv⋆iwhichisaneighbourofy

⋆
i.Therefore,v

⋆
imusthavethesamecolour

asvi+1.TheresultnowfollowsfromProposition6.23.

LetT′bethereflexivetournamentinducedbythestrictout-neighbourhoodofv.
Weshowthat Ghasaniot-injectiveT′-colouringifandonlyifChasaniot-injective
T-colouring.
Letϕbeaniot-injectiveT-colouringofC.SincealltheverticesofTiareassigned

distinctcolours,vimustbecolouredwithavertexinthesameorbitasvinT. We
canassumewithoutlossofgeneralitythatϕ(v0)=vandthus,byProposition6.24,
∀i∈[[1,νG−1]],ϕ(v

⋆
i)=ϕ(vi)=v.

Foralli∈[[1,νG−1]],sincewiisanout-neighbourofv
⋆
i,ϕ(wi)mustbecontained

intheout-neighbourhoodofvinT. Hence,∀i∈[[1,νG−1]],ϕ(wi)∈V(T
′). The

restrictionofϕtoGisthereforeaniot-injectivehomomorphismtoT′.

Conversely,letβbeaniot-injectiveT′-colouringofG. Weextendβtobe
aniot-injectiveT-colouringofCasfollows. Foreachz∈V(T),letziandz

⋆
i

bethecorrespondingverticesinTiandT
⋆
i,respectively. Weextendβsothat

β(zi)=β(z
⋆
i)=z.Itiseasilyverifiedthatβisaniot-injectiveT-colouringof

C.
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TheconstructionofCcanbemodifiedtogivethecorrespondingresultforre-
flexivetournamentsTwithavertexofin-degreeatleastfour.

Lemma6.25.IfTisareflexivetournamentonnverticeswithavertexvofin-
degreeatleastfour,theniot-injectivehomomorphismtoT′polynomiallytransforms
toiot-injectivehomomorphismtoT,whereT′isthetournamentinducedbythestrict
in-neighbourhoodofv.

Similartothecaseofios-injectivecolouring,ourresultscompiletogiveadi-
chotomytheorem.

Theorem6.26.
LetTbeareflexivetournament.IfThasatleast3vertices,thentheproblemof

decidingwhetheragivenorientedgraphGhasaniot-injectivehomomorphismtoT
isNP-complete.IfThas1or2vertices,thentheproblemisPolynomial.

6.4 Conclusion

Inthischapter,wehavestudiedandestablisheddichotomytheoremsforthecom-
plexityoflocally-injectivehomomorphismsundertwodefinitionsoflocalinjectivity,
inthecasewhenthetargetisareflexivetournament. Ourresultsalsoimplya
dichotomytheoremforthecomplexityofios-andiot-injectivek-colouring:

Theorem6.27.Ios-andiot-injectivek-colouringofdirectedgraphsisNP-complete
ifk 3andpolynomialotherwise.

PossiblecontinuationsofthisworkarediscussedinSection7.4.
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Chapter7

Conclusionandfurtherwork

Thischaptergivesabriefoverviewofthemainresultsofthisthesisandpresents
someoftheopenproblemsthattheyraise. Thischapteraimsatgivingideasof
directionsforfuturereserach.

Contents
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7.3 Setsavoidingdistance1 ................... 185

7.4 Locally-injectivedirectedhomomorphisms ........ 188

7.1 Separationonlanguagesandtraffic monitoring

Chapter2focusesontheproblemoftrafficmonitoring.InSection2.3,weintroduced
anewmodelofseparationbasedonlanguagesthatallowstostudytrafficmonitoring
withtoolscomingfromthetheoryofseparatingcodes,suchasseparatingsets,and
languagetheorysuchasregularexpressions.

Wethenhighlightedseveralsubproblems(Sections 2.4,2.5and2.6)thatare
relevantforpracticalapplicationsandusedthemodelwedevelopedinthebegin-
ningofthechaptertooutlinealgorithmstoaddresstheseproblems. Wenotably
establishedareductiontheorem(Theorem2.31)thatallowstosolvetheproblemon
specificinfiniteinstances.
Thisstudyandthenotionsweintroducedraisemanyopenproblemsthatcould

beatthecoreoffuturework. Wepresentsomeofthemintherestofthissection.

7.1.1 Reduciblelanguages

WesawinSection 2.5and2.6thatthereductiontheorem(Theorem2.31)holdsfor
reachablelanguagesandevenforthemoregeneralclassofFTG-reachablelanguages,
butitalsoholdsforotherlanguagesthatdonotbelongtothoseclasses,suchasfor
exampleallthefinitelanguages(thetheoremisobvioussincefinitelanguagesare
equaltotheirrestriction). However,itdoesnotholdforthemoregeneralclassof
rationallanguages. Forexample,L=(ab)∗+ababaisarationallanguagebutis
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neitherFTG-reachablenorreachable.Indeed,weprovedintheproofofProposition
2.14thatalanguagethatcontainsababaandsatisfiesLemma2.13hastocontain
abaandabababa.ArestrictionofLisL=ε+ab+abab+ababa.Onecanseethat
thealphabetA′={a}separatesL.However,bothababaandabababbelongtoL
andhavethesameimageunderp{a}.
Thus,naturalquestionsaretodeterminewhichlanguagessatisfythereduction

theoremandhowtoseparateinfinitelanguagesthatdonot.
RationallanguagescanbeinfinitebecausetheirdefinitionusestheKleenestar

thatdenotesaninfinitesum. TherestrictionthatwepresentedinDefinition2.15
consistsoftruncatingalltheinfinitesumsatk=2.Anaturalgeneralizationofthe
restrictionfollows:

Definition7.1. k-restrictionofarationallanguage:
GivenaregularexpressionofarationallanguageL,wedefineak-restrictionof

LandwedenotebyLthelanguagebuiltinductivelyasfollows:

•∅=∅

•∀a∈A∗,{a}={a}

•L1+L2=L1+L2

•L1L2=L1L2

•L∗=

k

i=0

Lk

Definition7.2. k-reducibility:
AlanguageL∈A∗isk-reducibleifandonlyifforeveryk-restrictionLofL,the

subalphabetsC⊂AthatseparateLareexactlythosethatseparateL.

AnalternativestatementofTheorem2.22and2.31isthatreachableandFTG-
reachablelanguagesare2-reducible.
AttheendofSubsection2.2.2,weshowedthatseparatingtheelementarycycles

startingonthevertexuinthegraphdepictedinFigure2.2wasnotenoughto
separateallthecyclesstartingonu. Thisprovesthatreachablelanguagesand
thereforethemoregeneralclassofFTG-reachablelanguagesarenot1-reducible
sincethesetofelementarycyclesisa1-restrictionofthesetofthecyclesonu(see
Example2.23foradescriptionofthislanguage).
ThelanguageL=(ab)∗+ababathatweusedtoprovethatthereductiontheorem

doesnotholdforrationallanguagesisactually3-reducible.However,forallk∈N,
thelanguage(ab)∗+(ab)kaisrationalandnotk-reduciblewhichprovesthatour
generalizationofreductionisnotstrongenoughtodealwithrationallanguages.
ThisgeneralizationmayhoweverbeusefultodealwithageneralizationofFTGs

wherewecanforbidagivensetofsubwalks. Thisproblemismoregeneralsince
forbiddentransitionsaresimplyforbiddensubwalksoflength2. Forbiddenwalks
oflength2aretheonesthatmakethemostsenseinregardstothehighwaycode
butforbiddinglongersubwalkscanprobablyhelpdiscardwalksthat,whilenot
forbidden,areveryunlikelyinpractice.
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Thereductiontheoremdoesnotholdongraphswithforbiddensubwalks.For
example,letG=(V,A)bethegraphdepictedinFigure7.1aandletthewalksac,
abcandabbcbeforbidden.Thesetofpermittedwalksleadingfromuorvtowis
L=ab3b∗c+b∗c.Itsreductionisc+bc+bbc+ab3c+ab4c+ab5candisseparated
byC={b}.However,thewordsabbbcandbbbcbothdenotewalksfromastarting
pointtoadestinationandhavethesameprojectiononC.Here,thelanguageLis
3-reduciblebutwecanbuildcounter-examplesforanyk.Indeed,letk∈N,the
languageofwalksfromuorvtowthatdonotcontainanyofthewalksabicwith
i kisnotk-reducible.

u v w

b

a c

(a)

u v w

x

a d

b c

(b)

Figure7.1:Examplesofgraphwithforbiddensubwalksthatarenot2-reducible.

However,ifthesetofforbiddenwalksisfinite,thereexistsksuchthatnofor-
biddenwalkhaslengthstrictlygreaterthank.Inthiscase,theremayexistℓ∈N
suchthatW isℓ-reducibleanddeterminingsuchvaluesofℓwouldhelpreducethe
separationproblemtoafinitelanguage.

Conjecture7.3.ThereexistsafunctionfinO(k)suchthatallthelanguagesthat
denotesetsofwalksleadingfromastartingpointtoadestinationinagraphwith
forbiddensubwalksoflength karef(k)-reducible.

Forexample,ifk=2,Theorem2.31statesthatthelanguageis2-reducible.The
aboveexampleprovesthatf(k) k+1.

Finally,wewouldliketopointoutthatconstraintsonthegraphmayallow
todecreasethefunctionfandthereforetoreducetheproblemtoseparationona
smallerlanguage.Forexample,ifthegraphweworkonisirreflexive,ourcounter-
exampledepictedinFigure7.1adoesnotwork.InFigure7.1b,ifweforbidthe
subwalksa(bc)idfori k,thesetofwalksleadingfromuorvtowisnotk-
reduciblebutweuseforbiddenwalksoflength2k+2(insteadofk+2inthe
reflexivecase).Hence,inthiscase,weonlyknowthatf(k) k/2. Wedonotknow
ifthiscounter-exampleisminimal.

Graphswithforbiddensubpathshavealsobeenstudiedfortheirapplications
inopticalnetworksin[1]. Hereagain,ourpreviouscounter-examplesdonotwork
sincetheforbiddenwalksweusearenotelementary.Thus,thefunctionfmayalso
besmallerinthiscasethaninthegeneralcase.

Determininghowtoreduceseparationonaninfinitelanguagetoafinitelanguage
assmallaspossibleisaninterestinglanguagetheoryproblemandcouldbeuseful
inthepracticalapplicationsoftrafficmonitoring.Thisisprobablyaverywidearea

Walks,TransitionsandGeometricDistancesinGraphs. 183



7.2.Minimumconnectingtransitionsets

toexploresincethereareundoubtedlydifferentmodelsthatwecantakeadvantage
ofdifferently.

7.1.2 Planarinstances

Astrongpropertyofthegraphsthatarisefromthemodellingofroadnetworksis
thattheyareplanarorattheveryleast,canbeembeddedintheplanewithvery
fewcrossingedges.Furthermore,notethatifwecanforbidtransitions,iftwoedges
cross,wecangetbacktoaplanargraphbyaddingonlyonevertexasillustrated
inFigure7.2.ThestudywepresentinthisChapterdoesnotmakeanyhypothesis
ontheplanarityofourinstancesbutplanarityhasalreadybeenusedtodesign
efficientalgorithmsforproblemsthatsharesimilaritieswithtrafficmonitoring.For
example,in[13],Bonamyetal. presentthenotionofconnectivitypatternsand
usethemtodesignadynamicprogrammingalgorithmforfeedbackvertexsetsin
directedplanargraphs. Afeedbackvertexsetisasetofvertexsuchthatevery
directedcyclecontainsatleastonevertexofthefeedbackvertexset. Noticethat
anecessaryconditiononasolutionofcompletetrafficmonitoringistomonitorat
leastonearcineachcyclethatcanbereachedfromastartingpointandfromwhich
adestinationcanbereached(otherwise,wecannotkeeptrackofhowmanytimes
theobjectwalkinginthegraphhasusedthiscycle). Workslikethisonecouldbe
aninterestingstartingpointtostudytrafficmonitoringonplanarinstances.

w

x

u

v

(a)Agraphwithcrossingedges.

w

x

u

v

y

(b)Aplanargraphwithasimilarsetof
possiblewalks.

Figure7.2

OtherimportanttopicsforfutureworkincludethestudyoftheILPourreduc-
tionleadstoanddivide-and-conqueralgorithms,thatcoulddrasticallydecreasethe
computationtimeandleadtogoodapproximations,especiallyonplanarinstances.

7.2 Minimumconnectingtransitionsets

InChapter3,westudiedtheproblemof MinimumConnectingTransitionSetin
undirectedgraphs. Weintroduceareformulationoftheproblemthathelpeddesign
apolynomial32-approximationandprovetheNP-completenessoftheproblem.The
restofthissectionpresentspotentialdirectionsoffutureresearch.
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7.2.1 Sparsegraphs

Ourresultssuggestthatthedensityofthegraphhasanimpactonthecomplexity
ofMCTS. Weknowforexamplethattheproblemistrivialintrees(Lemma3.2)
andmoregenerally,ingraphswithcutvertices(Proposition3.13).Similarly,our
counter-examplestothetightnessoftheboundpresentedinTheorem3.5andour
proofofNP-completenessinvolveverydensegraphs. Consequently,itwouldbe
interestingtostudythecomplexityofthisproblemonsparsergraphssuchasplanar
graphsorgraphswithboundedmaximumaveragedegree,whichgeneralizeplanar
graphs.Sincetheproblemiseasyontrees,wecouldalsostudythecaseofgraph
withboundedtreewidthortrytodesigngeneralalgorithmparametrizedbythe
treewidthofthegraph.

7.2.2 Stretchofthesolution

Anotherinterestingcontinuationofthisworkwouldalsobethestudyoflow-stretch
connectingtransitionsets,aproblemthatisalreadywell-studiedforminimumspan-
ningtrees[95].Intuitively,itconsistsonlookingforasubsetoftransitionsTsuch
thattheshortestT-compatiblepathbetweentwoverticesisnotmuchlongerthan
theshortestpathwithnoforbiddentransitions,whichisalsoanimportantcriteria
ofrobustness.

IfGisatree,theconstructionweexhibitedintheproofofLemma3.2achieves
aworst-casestretchof3ifwepickf(v)arbitrarily.Indeed,iftheshortestwalk
betweenuandvis(u,u1,u2,...,uk,v)andusesnoneofthef(ui),theshort-
estT-compatiblepathwithT = {uvf(v):v∈V(G),u∈N(v)\{f(v)}}is
(u,u1,f(u1),u1,u2,f(u2),u2,...,uk,f(uk),uk,v)andhaslength3k+1insteadof
k+1. However,letuspickarootrinthetreeandletf(v)betheparentofv
forv=randanyneighbourofrifv=r.LetuandvbeverticesofGandlet
wbetheirfirstcommonancestor. TheshortestpathbetweenuandvinGisthe
concatenationofthepathbetweenuandwandthepathbetweenwandv,letℓ
beitslength. Notethattheconcatenationofthepathbetweenuandw,ofthe
path(w,f(w),w)andofthepathbetweenwandvisT-compatibleandhaslength
ℓ+2.Hence,thereexistminimumconnectingtransitionsetsofasymptoticstretch
1ontreesandwecancombinethiswithminimum-stretchspanningtreetoobtaina
heuristicingeneralgraphsbutitisnotknownwhetherthisconstructionisoptimal.

Inthegeneralcase,theconstructionintheproofofLemma3.2providesacon-
nectingtransitionsetofstretch3butofsize2|E(G)|−|V(G)|,whichisnotneces-
sarilyminimum.

AnotherexpectedcontinuationofthisworkistostudyMCTS indirected
graphs,whicharemoresuitableformanypracticalapplications.

7.3 Setsavoidingdistance1

InChapters4and5,westudiedthedensityofsetsavoidingdistance1anddeveloped
methodsbasedontheindependenceratioofinfinitegraphsorofoptimallyweighted
finitegraphstoestablishboundsonm1indifferentnormedspaces.Ourmainresults
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aretheproofoftheBachoc-Robinsconjectureindimension2(Theorem4.23)and
foraclassofpolytopesofunboundeddimension(Theorem4.24),aboundofthe
orderO(12n)foranotherinfiniteclass(Theorem4.28),thebestknownupperbound
onm1(R

2)(Theorem5.13),thebestknownlowerboundonχf(R
2)(Theorem5.14)

andboundsonm1(R
3,·P)foranyregularparallelohedronP(Theorem5.24).

Thisprojectisstillongoingaretherearealotofopenproblemstoexplore. We
presentsomeoftheminthissection.

7.3.1 TheEuclideanplaneandErd̋os’conjecture

DeGrey’sproofoftheexistenceofa5-chromaticgraphhasmanyimplicationsforour
methodandproblem.Indeed,theexistenceof5-chromaticgraphmakesitplausible
tofindgraphsofoptimalweightedindependenceratiostrictlysmallerthan14and
toproveErd̋os’conjecture. However,thefirst5-chromaticgraphexhibitedbyDe
Greyhadmorethan20.000verticesandisclearlyoutofreachofouralgorithm.
Considerableeffortshavesincebeenmadebymanymathematicianstofindsmaller
5-chromaticgraphsandthisproblemisnotablyatthecoreofthecollaborativemath
projectPolymath16. Thecurrentsmallestknown5-chromaticsubgraphofG(R2)
wasfoundbyMarijnHeuleandhas610vertices. However,ifa5-chromaticgraph
isminimal,thismeansthatremovinganyofitsvertex,eventheoneofsmallest
weight,makesthegraph4-chromaticagainandthus,thatallitsotherverticescan
bepartitionedinto4independentsets.Suchgraphsareextremelyunlikelytohave
optimalweightedindependenceratiosmallerthan14.Sofar,allthesubgraphsof
G(R2)thathaveprovidedinterestingresultsforourproblemswere4-chromatic.
ImprovingourresultswillprobablyrequireadeepunderstandingofG(R2)and

oftheoptimalweightedindependenceratiotofindwaystoadapttoourproblem
theideasthathaveemergedrecentlytodesigngraphsofsmallchromaticnumber.
Anotherimportantproblemwouldbetodeveloptoolstofindboundsotherthan

computationally.Indeed,eveniftheremayexistsubgraphsofG(R2)ofoptimal
weightedindependenceratiosmallerthan 1

4,wedonotknowtheirsizeandeven
thesmallestofthemmightverywellbefarbeyondthereachofouralgorithms.
Forexample,futureworkscouldinvestigatehowtoderivenon-trivialboundson
theoptimalweightedindependenceratiooflargegraphsfromthoseofsomeofits
subgraphs.

7.3.2 ParallelohedraandBachoc-Robins’conjecture

NowthatwehaveprovedtheconjectureofBachoc-Robinsindimension2,thenext
naturalstepisthestudyofdimension3. Theconjectureisnowsolvedforevery
regular3-dimensionalparallelohedronexceptthetruncatedoctahedron,forwhich
boundsarepresentedinthisthesis. However,theonlynon-regular3-dimensional
parallelohedraforwhichtheconjectureissolvedarethecuboid(impliedbyExample
4.14)andthehexagonalprism[92]. The3remainingsare,inincreasingorderof
difficulty,therhombicdodecahedron,theelongateddodecahedronandfinally,the
truncatedoctahedron,whichgeneralizesevery3-dimensionalparallelohedron.
OurstudyofΛ-classes,ofk-regularindependentsetsandouralgorithmtocom-

putetheoptimalweightedindependenceratioofgraphsstillworkwellinthecase
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ofnormsinducedbyirregularparallelohedrabutourconstructionoftheinfinite
discretegraphGisnotstraightforwardtogeneralizetotheirregulartruncatedoc-
tahedron.

Indeed,inthecaseoftheregulartruncatedoctahedronP,thesetofvectors
betweenthecenterofPandthecentersofitssquarefacesareexactlytheset
ofvectorsbetweentheoppositeverticesofasquareface(thesevectorsarethe
permutationof(−2,−2,2,2)).Hence,iftwoverticesvandv′areoppositevertices
ofasquareface,v−v′∈12Λandthus,v+

1
2Λ=v

′+12Λ.Forexample,ifwedefine
V32=(VP∪{0})+

1
2ΛlikewedidinSubsection5.4.4,thevertexvofcoordinates

(-3,-1,1,3)belongstoV32bothasavertexofPandasthetranslateofanother
vertexofP(thevertexofcoordinates(-1,-3,3,1))bythevector(−2,2,−2,2)∈12Λ.
However,intheirregularcase,thosetwodefinitionsofvarenotequivalentanymore,
whichincreasesthenumberofverticesandofΛ-classesinthegraphand make
theirdistributionlesshomogeneous(the maximumnumberofΛ-classesthatan
independentset maycontainisnolongeroneeighthofthetotalnumberofΛ-
classes).

Weavoidthisproblembypartitioningtheverticesof Pin3(12Λ)-classes(two
oppositeverticesofasquarefacebelongtodifferentΛ-classesbuttothesame12Λ-
class)andbypickingonlyoneΛ-classineachofthem. WecallV′P theunionof
thethreechosenΛ-classesandwedefineourvertexsetasV32=(V′P∪{0})+

1
2Λ.

ByreplacingVPbyV
′
P,wecanalsogeneralizethedefinitionofthevertexsetsV

64,
V128whicharethemostinterestingtous.

Buildingavertexsetbyselectingalltheverticesatagivendistancefromthe
originwasusefulinAlgorithm3andintheproofofTheorem5.24buthereagain,
itcanonlybedoneinthecaseofaregularparallelohedron.Indeed,thedistance
betweenalltheverticesofourgraphiseasytodetermineinthecaseoftheregular
parallelohedronbutitcannotbedoneinthegeneralcase.Forexample,weknow
thattheedgesofaregulartruncatedoctahedronallhavelength23forthedistance
itinducesbutinthegeneralcase,thelengthoftheedgescanbeanywherebetween
0and2.However,ourgeneralizationoftheconstructionofV64andV128makesit
easytodefineanisomorphismfbetweenthevertexsetVwebuildintheregular
caseandthevertexsetV′webuildinthegeneralcase. Whilewedonotknowwhich
verticesofV′areatdistancesmallerthandfrom0,wecanstilldefineV′dasthe
imagebyfoftheverticesofVd.

However,theunit-distancesubgraphthatwebuildintheirregularcasehave
muchfeweredgesandtheboundsweobtainontheirindependenceratioarefar
fromasgoodasintheregularcase. ProvingtheconjectureofBachoc-Robinsfor
general3-dimensionalparallelohedraorevenfortheregulartruncatedoctahedron
seemsoutofreachofourcurrentalgorithmbutamorereasonableobjectivecouldbe
toestablishanupperboundsmallerthan17,whichwouldprovethatthechromatic
numberofthespaceequippedbyanyparallelohedronnormis8.

7.3.3 Powerandlimitationofweightedsubgraphs

Anotherinterestingtopictostudywouldbetheboundwecanachieveonm1withthe
independenceratioofunweightedandweightedgraphs.Forexample,inthecaseof
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theregularhexagon,weknowafiniteweightedgraphofindependenceratio14(Figure
5.17)butwedonotknowifthisboundcanbereachedbyanunweightedgraph.
Similarly,thereareseveralparallelohedraforwhichwedonotknowifthebound
of1
2n canbereachedbyfinitegraphs,evenwithaweighting.Theseparallelohedra

includetheirregularhexagonforwhichweknowthattheBachoc-Robinsconjecture
holds.OurproofsofTheorems4.15and4.19suggestthatwecouldfindfinitegraphs
ofindependenceratioarbitrarilycloseto14butdonotimplythattheseboundscan
bereached.
Wecurrentlyhaveveryfewtoolstoprovethatsuchgraphsdonotexist. A

firststepwouldbetoanswerthosequestionsforagivendiscreteinfinitegraphG:
weinvestigatetheexistenceoffinitesubgraphsH ofGwhoseindependenceratio
reaches12n.Forexample,inSubsection5.4.1,inthecaseoftheregularhexagon,we
lookedforpropertiesthataweightedsubgraphHofthegraphGdepictedinFigure
4.7hadtoobservetohaveindependenceratio14.Wesawthatifthereexistclasses
CandC′ofasamecoset(seeFigure5.18)suchthatanindependentsetinC∪C′

hashigherweightthanCorC′,wecanbuilda2-regularindependentsetofweight
ratiogreaterthan14.Thisimpliesthatinagraphofindependenceratio

1
4,nosubset

cofCcanbeheavierthanitsneighbourhoodinC′sinceC′\N[c]∪cisindependent.
Thispropertycanbesatisfiedbysmallweightedgraphsbutisastrongconstraint
intheunweightedcase. Wealsorecallthatalltheclassesofasamecosetmust
havesameweightandthus,intheunweightedcase,samecardinality.Still,wewere
abletobuildunweightedsubgraphofGthatobservesthisconstraint(forexample,
agraphwhereallthreecosetsinducethegraphdepictedinFigure7.3)buttheyall
hadindependenceratiomuchhigherthan14,evenifitcouldonlybereachedbyat
most1-regularset.

Figure7.3:ThecoloursdenotetheΛ-classesofasamecosetandtheedgesdenote
geometricdistance1. AlltheΛ-classeshave6verticesandnoindependentseton
theunionoftwoclasseshassizemorethan6.

Inthecaseoftheirregularhexagon,therequirementisevenstronger:wesawin
Example5.23thatnoindependentsetonc8∪c10∪c12canhaveahigherweightthan
oneofthesethreeclasses. Asmentionedpreviously,wedonotknowifthebound
of14fortheirregularhexagoncanbereachedbyfiniteweightedgraphs.Thebest
boundwehavereachedsofarwithfinitegraphsis0.250951withagraphofsize487.

7.4 Locally-injectivedirectedhomomorphisms

InChapter6,weestablisheddichotomytheoremsforthecomplexityoflocally-
injectivehomomorphismstoreflexivetournaments,fortwodefinitionsoflocalinjec-
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tivity,namelyios-andiot-injectivity. Thesetheoremsimplyadichotomytheorem
forthecomplexityoftheassociatedcolouringproblems. Along-termobjective
wouldbetoestablishadichotomytheoremforthecomplexityoflocally-injective
homomorphismtoanydirectedgraphsandstartingwithcompletetargetsisoften
agoodstartingpointbecauseofthediversityoftheconfigurationitinvolves.For
example,inthecaseofhomomorphismtoundirectedgraph,thedichotomytheorem
establishedbyHellandNěseťril([61],seeTheorem6.3)dependsentirelyonthe
colourabilityofthetargetofthehomomorphism.
Amoreimmediategoalwouldbetostudyofthecomplexityoflocally-injective

homomorphismtoirreflexivetournaments,forwhichios-andiot-injectivityare
equivalentsinceneitherin-norout-neighboursofavertexvcanhavethesame
colourasv. Forexample,ifwetrytocolourthegraphofExample6.2withan
irreflexivetournament,wenoticethatfivecoloursarenecessarysince|N[v1]|=5
andsufficient,asillustratedinFigure7.4.

v0 v1

v4

v3

v2

v5

(a)A5-irreflexive-injectivecolouringofG. (b)Anassociatedtargettournament.

Figure7.4

Theresultsof[20,19]tellusthattheproblemisnotonlyPolynomialforthe
irreflexivetournamentsontwoverticesorlessbutalsofortheirreflexivetournaments
onthreevertices.
Furthermore,wewereabletoprovethatlocally-injectivehomomorphismisalso

polynomialtotwoofthefourirreflexivetournamentsonfourvertices,namely,T4
andthetransitivetournamentTT4(seeFigure7.5). However,weprovedthatthe
problemisNP-completeonthetwoother,whichconsistrespectivelyofanoriented
cycleoflength3withadominatingvertex,andanorientedcycleoflength3with
adominatedvertex(seeFigure7.6). Ourpreliminaryworkonthis matteralso
allowsustoestablishtheNP-completenessoflocally-injectivehomomorphismto
severalotherirreflexivetournaments,includingatleasttenofthetwelveirreflexive
tournamentsonfivevertices. Theproblemhasnotbeenprovenpolynomialon
anyirreflexivetournamentonfiveverticesormore,whichleadustothefollowing
conjecture:

Conjecture7.4.
Locally-injectivehomomorphismispolynomialtoirreflexivetournamenton3

verticesorlessaswellastotheirreflexiveversionofT4andTT4(seeFigure7.5)
andNP-completeonthetwootherirreflexivetournamentonfourvertices(seeFigure
7.6)aswellastoeveryirreflexivetournamenton5verticesormore.
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(a)TT4. (b)T4.

Figure7.5:Locally-injectivehomomorphismtothesetwotournamentsispolynomial.

(a)Thistournamentconsistsofaninduced
C3andadominatingvertex.

(b)Thistournamentconsistsofaninduced
C3andadominatedvertex.

Figure7.6: Locally-injectivehomomorphismtothesetwotournamentsis NP-
complete.

Fornow,noequivalentofLemma6.10or6.21hasemergedthatcouldhelp
usestablishadichotomytheoremontheinfinitelymanyirreflexivetournaments.
However,eventheequivalentofsuchatheoremwouldnotbesufficienttoprove
Conjecture7.4.
Indeed,inourdichotomyTheorems6.14and6.26,thesetSNP−Cofreflexive

tournamentstowhichlocally-injectivehomomorphismisNP-completeproblemare
thetournamentsonthreeverticesormore.Ourproofworksbyinductionwherewe
defineSNP−CasC3,TT3,T4,T5(Figure6.3,6.4and6.9)ortournamentsthathavea
vertexwhoseopenin-orout-neighbourhoodinducesanothertournamentofSNP−C.
Thisdefinitioninvolves4basecasesforwhichwewereabletoprovecase-by-case
thattheproblemisNP-complete(seeTheorem6.4[19],Theorems6.7,6.9,6.18and
6.20).
Inthecaseofanirreflexivetarget,anequivalentofLemma6.10or6.21would

leaveustodealwithallthetournamentsthathavenovertexwhoseopenin-orout-
neighbourhoodhassizefiveorinducesoneofthetournamentsdepictedinFigure7.6.
Thisincludesmanytournamentssincethisdescriptionissatisfiedbytournaments
ofsizeupto9andthenumberoftournamentsonnverticesincreasesextremelyfast
(thereare4tournamentson4vertices,12on5vertices,...191,536on9vertices).
Extendingourdichotomytheoremstoirreflexivetournamentswillrequirefinding
newtechniquesofproofandwouldbeaninterestingcontinuationofthiswork.
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AppendixA

Computationalboundinthe
Euclideanplane

ThisappendixdescribesoursubgraphGofG(R2)thatachievestheboundofα∗(G)
0.256828announcedinTheorem5.13.

OurstartingpointisagraphW introducedbyDeGreyasanintermediategraph
towardhisconstructionofa5-chromaticsubgraphofG(R2)(seeFigure8in[34]).
Thisgraphhas301vertices,1230edgesandwasusefultoDeGreybecauseofthe
restrictivepropertiesthat4-colouringsofW mustobserve. Whilethoseproperties
arenotdirectlyimportanttous,thelownumberofoptimalcolouringsisbecauseit
makesiteasiertofindweightingsthatbalancethecolourclassesinallofthem.

Wetheniteratedon W theprocessesofoptimizationoftheweighting,removal
oftheverticesoflowestweightandcombinationoftheresultinggraphwithcopyof
itselfthatwedescribedinSubsection5.3.3.

Thelaststepofourconstructionwasthecombinationofsixcopiesofaninter-
mediategraphof282verticesobtainedbyrotatingthegraphof kπ

3 fork∈[[0,5]]
aroundthepointofcoordinate(1,0).Thisimpliesthatthefinalgraphisinvariant
byrotationofkπ3 around(1,0). Thus,eventhoughithas487vertices,wecande-
scribeitbygivingonlythecoordinatesofthe82verticesxsuchthatx−(1,0)has
polaranglein[0,π3[.Hence,theentirevertexsetofthegraphcanbegeneratedby

rotatingthosevertices.ThecoordinatesofourverticesareelementsofQ[
√
3][
√
11].

Forsimplicity,wedenoteby(a,b,c,d)thenumbera+b
√
3+c

√
11+d

√
33. The

verticesare:

((12,0,0,
1
6),(0,

1
3,0,0)),((

3
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1
12),(0,−

1
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1
4,0)),((

3
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1
12),(0,

7
12,−

1
4,

0)),((1112,0,0,
1
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1
12,

1
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1
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1
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5
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5
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5
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3
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1
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5
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7
4,0,0,−

1
12),(0,−

5
12,

1
4,0)),((

7
4,0,0,−

1
12),(0,

3
4,−

1
4,0)),((

7
4,0,

0,112),(0,−
1
4,
1
4,0)),((

7
4,0,0,

1
12),(0,

1
12,

1
4,0)),((

7
4,0,0,

1
12),(0,

5
12,

1
4,0)),((

7
4,

0,0,112),(0,
7
12,−

1
4,0)),((

7
4,0,0,

1
12),(0,

3
4,
1
4,0)),((

7
4,0,0,

1
12),(0,

11
12,−

1
4,0)),
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||·||2,39
||·||∞,39

ε,46
Λ-class,143

Λ-equivalence,143

τ,81
χ(R2),103

acyclicity(graph),35

acyclicity(walkandword),65

adjacency,18
alphabet,46

An,40
approximation(algorithm),33

arc,19

Ardenlemma,49
automaton,47

automorphism(graph),25

Bachoc-Robinsconjecture,107

basisofalattice,40
bipartitegraph,21

blockstructure,107

booleanexpression,31

chromaticnumber,23
chromaticnumberoftheplane,ofthe

space,103

chromaticity,23

clause,31
clique,26

cliquenumber,26
closedneighbourhood,18

co-connectedcomponent,co-cc,80

co-planarity,22
colourclass,23

colourability,23
colouring,23
compatibility(Λ-classes),144
complementarygraph,21
completebipartitegraph,21
completegraph,21
completetrafficmonitoring,63
completeness(complexity),30
conjunctivenormalform,31
connectedcomponent,cc,35
connectinghypergraph,82
connectingtransitionset,78
connectivity,35
connectivity(forbidden-transitiongraph),

36
consecutivearcs,19
constraint(linearprogramming),50
Cook-Levintheorem,32
cubiclattice,40
cutvertex,84
cycle,34
cycle(graphclass),Cn,21

degree,18
density(ofameasurableset),105
destination(walk),34
dichotomytheorem,159
directedforbidden-transitiongraph,36
directedgraph,18
discreteset,41
discretizationlemma,112
discriminatingcode,29
distance(geometry),38
distance(graph),34
Dn,40
dominatingset,26
dominationnumber,26
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edge,18
edge-colouring,25
edge-transitivity,26
elementarywalk,34
elongateddodecahedron,44

endpointofanedge,18
Erd̋osconjecture,106
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extremity(walk),34

face-to-facetiling,41
factor,46

feasibility(linearprogramming),51
feasiblesolution(linearprogramming),51
finalstate(automaton),47
fold-colouring,133
forbidden-transitiongraph,FTG,36

fractionalcliquenumber,135
FTG-reachablelanguage,70

gearwheel,98
graph,18
graphcover,157

Hadwiger-Nelsonproblem,103
hardness(complexity),30

Hell-Něseťriltheorem,160
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homomorphism,23
homomorphism(directedgraph),24
hyperedge,28

hypergraph,28
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identifyingcode(graph),27
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in-degree,19
in-injectivity,158

in-neighbour,19
incidence,18
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independenceratio,108
independentset,26

induceddistance,38
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initialstate(automaton),47
IntegerLinearProgram(ILP),52

ios-injectivity,158
iot-injectivity,158

irreflexivity(graph),19
isomorphism(graph),25

Ki,j,21
Kleenestar,Kleeneclosure,47

Kn,21

language,46

lattice,40
leaf,35

length(walk),34
limitsuperior,18
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linearprogram,50
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loop,18
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maximumdegreeofagraph,18
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Minimumconnectingtransitionset,MCTS,
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mixedintegerlinearprogram,52
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neighbour,18

norm,38
NP,30

objectivefunction,50
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optimalweighting,131

orbit,25
orientation,19
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originofanarc,19
out-degree,19
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P,30
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targetofanarc,19
T-compatibilityofawalk,36
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transition(directedgraph),36

transition(undirectedgraph),36
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transitionofanautomaton,47
tree,35
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unitball,38

unit-distancegraph,103
usualgraph,36

vertex,18
vertex-transitivity,25
Voronöıcell,Voronöıregion,40
Voronöıconjecture,42

Voronöıhexagon,43

walk,33
walk(directedgraph),34
weighteddiscretizationlemma,132
weightedgraph,130
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[26] MinChen,GenaHahn,AndŕeRaspaud,and Weifan Wang.Someresultson
theinjectivechromaticnumberofgraphs.J.Comb.Optim.,24(3):299–318,
2012.

[27]J.H.ConwayandN.J.A.Sloane. Low-dimensionallattices.VI.Voronŏı
reductionofthree-dimensionallattices. Proc. Roy.Soc.LondonSer. A,
436(1896):55–68,1992.

[28]J.H.Conway,N.J.A.Sloane,andE.Bannai.Sphere-packings,Lattices,and
Groups.Springer-VerlagNewYork,Inc.,NewYork,NY,USA,1987.

[29]StephenA.Cook.Thecomplexityoftheorem-provingprocedures.InProceed-
ingsofthe3rdAnnualACMSymposiumonTheoryofComputing, May3-5,
1971,ShakerHeights,Ohio,USA,pages151–158,1971.

[30]BrunoCourcelle.ThemonadicsecondorderlogicofgraphsVI:onseveralrep-
resentationsofgraphsbyrelationalstructures.DiscreteAppliedMathematics,
54(2-3):117–149,1994.

[31]Daniel W.CranstonandLandonRabern.Thefractionalchromaticnumberof
theplane.Combinatorica,37(5):837–861,2017.

[32]H.T.Croft.Incidenceincidents.Eureka(Cambridge),30:22–26,1967.

[33]GeorgeB.Dantzig.Inductiveproofofthesimplexmethod.IBMJournalof
ResearchandDevelopment,4(5):505–506,1960.

[34]AubreyD.N.J.deGrey. Thechromaticnumberoftheplaneisatleast5.
CoRR,abs/1804.02385,2018.
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