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Dynamiques chaotiques et hyperbolicité partielle

Jinhua Zhang (Mathématiques)
Directeurs de thése: Professeur Christian Bonatti et Professeur Lan Wen

RESUME

La dynamique des systémes hyperboliques est considérée bien comprise du
point de vue topologique aussi bien que du point de vue stochastique. S. Smale
et R. Abraham ont donné un exemple montrant que, en général, les systémes
hyperboliques ne sont pas denses parmi tous les systémes diffélrentiables.

Dans les années 1970, M. Brin et Y. Pesin ont proposé une nouvelle no-
tion: hyperbolicité partielle pour affaiblir la notion d’hyperbolicité. Un but
de cette thése est de comprendre la dynamique de certains systémes partielle-
ment hyperboliques du point de vue stochastique aussi bien que du point de
vue topologique.

Du point de vue stochastique, nous démontrons les résultats suivants:

— Il existe un sous-ensemble U ouvert et dense de difféomorphismes non
hyperboliques robustement transitifs loin de tangences homocliniques,
tels que pour tout f € U, il existe des mesures ergodiques non hyper-
boliques qui sont limite faible des mesures périodiques, avec un seul
exposant de Lyapunov nul, et dont les supports sont la variété entiére;

— Il existe un sous-ensemble ouvert et dense de l’ensemble des difféo-
morphismes partiellement hyperboliques (mais non hyperboliques) de
dimension centrale un dont les feuilletages forts sont robustement min-
imaux, de sorte que la fermeture de I’ensemble des mesures ergodiques
est 'union de deux convexes qui sont la fermeture des ensembles de
mesures ergodiques hyperboliques de deux s-indices différents respec-
tivement; ces deux ensembles convexes se coupent le long de la fer-
meture de I’ensemble des mesures ergodiques non hyperboliques. Par
conséquent, toute mesure ergodique non hyperbolique est approchée par
des mesures périodiques. C’est le cas pour une perturbation robuste-
ment transitive du temps un d’un flot d’Anosov transitif, ou du produit
fibré d’un difféomorphisme d’Anosov sur le tore par une rotation du
cercle.

Ces résultats sont basés sur des résultats locaux dont les démonstrations im-
pliquent beaucoup de définitions techniques.

Du point de vue topologique, pour tout flot d’Anosov non transitif sur
des variétés de dimension 3 orientables, nous construisons de nouveaux dif-
féomorphismes partiellement hyperboliques en composant le temps ¢ des flots
d’Anosov (pour ¢t > 0 large) avec des twists de Dehn le long des tores transver-



saux. Ces nouveaux difféomorphismes partiellement hyperboliques sont ro-
bustement dynamiquement cohérents. Cela généralise dans un cas général le
processus spécial dans |[BPP| pour construire de nouveaux difféomorphismes
partiellement hyperboliques. De plus, nous démontrons que pour les nouveaux
difféomorphismes partiellement hyperboliques que nous avons construits, leurs
feuilletages centraux sont topologiquement équivalentes aux flots d’Anosov
utilisés pour les construire. En conséquence, la structure des feuilles centrales
des nouveaux difféomorphismes partiellement hyperboliques est la méme que
la structure des orbites d’un flot d’Anosov.

La présence de mesures ergodiques non hyperboliques montre la non hyper-
bolicité des systémes. Dans cette thése, nous cherchons également & compren-
dre: dans quelle mesure la présence de mesures ergodiques non hyperboliques
peut-elle caractériser le degré de non-hyperbolicité des systémes?

Nous démontrons que, pour les difféeomorphismes génériques, si une classe
homoclinique contient des orbites périodiques d’indices différents et sans cer-
taines dominations, il existe une mesure ergodique non hyperbolique avec plus
d’un exposant de Lyapunov qui s’annule et dont le support est la classe ho-
moclinique entiére. Le nombre d’exposants de Lyapunov nuls montre combien
d’hyperbolicité a été perdue dans un tel type de systémes.

MOTS CLES : mesure ergodique non hyperbolique, mesure périodique,
exposant de Lyapunov, classe homoclinique, transitivité robuste, hyperbolicité
partielle, flot d’Anosov, twist de Dehn, tores transversaux.
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ABSTRACT

The dynamics of hyperbolic systems is considered well understood from
topological point of view as well as from stochastic point of view. S. Smale
and R. Abraham gave an example showing that, in general, the hyperbolic
systems are not dense among all differentiable systems.

In 1970s, M. Brin and Y. Pesin proposed a new notion: partial hyperbolicity
to release the notion of hyperbolicity. One aim of this thesis is to understand
the dynamics of certain partially hyperbolic systems from stochastic point of
view as well as from topological point of view.

From stochastic point of view, we prove the following results:

— There exists an open and dense subset U of robustly transitive non-
hyperbolic diffeomorphisms far from homoclinic tangency, such that for
any f € U, there exist non-hyperbolic ergodic measures as the weak™*-
limit of periodic measures, with only one vanishing Lyapunov exponent,
and whose supports are the whole manifold;

— There exists an open and dense subset of partially hyperbolic (but non-
hyperbolic) diffeomorphisms with center dimension one whose strong
foliations are robustly minimal, such that the closure of the set of er-
godic measures is the union of two convex sets which are the closure of
the sets of hyperbolic ergodic measures of two different s-indices respec-
tively; these two convex sets intersect along the closure of the set of non-
hyperbolic ergodic measures. As a consequence, every non-hyperbolic
ergodic measure is approximated by periodic measures. That is the case
for robustly transitive perturbation of the time one map of a transitive
Anosov flow, or of the skew product of an Anosov torus diffeomorphism
by a rotation of the circle.

These results are based on some local results whose statements involve in lots
of technical definitions.

From topological point of view, for any non-transitive Anosov flow on ori-
entable 3-manifolds, we build new partially hyperbolic diffeomorphisms by
composing the time ¢-map of the Anosov flow (for ¢ > 0 large) with Dehn twists
along transverse tori. These new partially hyperbolic diffeomorphisms are ro-
bustly dynamically coherent. This generalizes the special process in [BPP|
for constructing new partially hyperbolic diffeomorphisms to a general case.
Furthermore, we prove that for the new partially hyperbolic diffeomorphisms

v



we built, their center foliations are topologically equivalent to the Anosov flows
used for building them. As a consequence, one has that the structure of the
center leaves of the new partially hyperbolic diffeomorphisms is the same as
the structure of the orbits of an Anosov flow.

The presence of non-hyperbolic ergodic measures shows the non-hyperbolicity
of the systems. In this thesis, we also attempt to understand: to what extent,
can the presence of non-hyperbolic ergodic measures character how far from
hyperbolicity the systems are?

We prove that, for generic diffeomorphisms, if a homoclinic class contains
periodic orbits of different indices and without certain dominations, then there
exists a non-hyperbolic ergodic measure with more than one vanishing Lya-
punov exponents and whose support is the whole homoclinic class. The number
of vanishing Lyapunov exponents shows how much hyperbolicity has been lost
in such kind of systems.

Keywords: Non-hyperbolic ergodic measure, periodic measure, Lyapunov
exponent, homoclinic class, robust transitivity, partial hyperbolicity, Anosov
flow, Dehn twist, transverse torus.
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Chapter 1

Introduction and the statements of
the results

1.1 Introduction

1.1.1 Historical backgrounds

Let M be a compact smooth Riemannian manifold without boundary and
Diftf" (M) be the set of C” (for r > 1) diffeomorphisms on M.

In the middle of last century, S. Smale presented the hyperbolic theory
which highly promoted the development of dynamical systems. The hyperbolic
systems are considered as well understood:

— From topological point of view, for instance, the dynamics of hyper-

bolic systems concentrates on finite many pieces called hyperbolic basic
sets and each of them is structurally stable. Due to the results of S.
Liao and R. Mané |L2, M2|, if the set where the dynamics of a system
concentrates on is structurally stable, then this system is hyperbolic;

— From stochastic point of view, for instance, for each hyperbolic set, K.

Sigmund [Sigl] proved that periodic measures are dense among all the

invariant measures, and R. Bowen proved that for each Holder contin-

uous potential, there exists a unique equilibrium state.
However, on a 4-dimensional manifold, R. Abraham and S. Smale [AS] con-
structed an open set of diffeomorphisms each of which is not hyperbolic. The
study of the systems beyond uniform hyperbolicity starts to be important, and
people start to search for robustly non-hyperbolic phenomena. M. Shub [Sh|
and R. Mané [M1] construct the robustly transitive non-hyperbolic diffeomor-
phisms on T and T? respectively. [BD1| gives more general examples on any
manifold of dimension at least three. Nevertheless, the results in [BDP| imply
that these examples always exhibit some weak form of hyperbolicity.

There are several notions which release the notion of hyperbolicity. On one
hand, from stochastic point of view, inspired by the paper of V. Oseledec |O],
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the notion of non-uniform hyperbolicity, which has asymptotic expanding and
contracting behavior on the tangent bundle over a full measure set, was pro-
posed. Pesin theory shows that many properties of hyperbolic systems survive
in non-uniform hyperbolic systems, for instance the existence of stable and
unstable manifolds and the existence of Markov partitions. The example in
[CLR] shows that there exists a non-uniform hyperbolic system exhibiting a
homoclinic tangency, hence non-uniform hyperbolic theory really generalizes
the hyperbolic theory of Smale. Comparing with hyperbolic theory, it was
natural to ask: are the non-uniform hyperbolic systems dense among all the
differentiable systems? The first example is given by [KN]|, proving that there
exists an open set of diffecomorphisms on the manifolds of the form M x S! such
that there exist non-hyperbolic ergodic measures. Recently, [BBD2| proves
the existence of non-hyperbolic ergodic measures for an open and dense subset
of the set of diffeomorphisms having robust cycles, which is a local setting.

On the other hand, M. Hirsch, C. Pugh and M. Shub [HPS]| release the
notion of hyperbolicity to partial hyperbolicity. The classification of partially
hyperbolic systems has become a very active topic in recent years. The clas-
sification of partially hyperbolic systems has mainly followed two directions.
One focuses on what kind of manifolds supporting partially hyperbolic sys-
tems. This thesis would not involve in this direction. We refer the readers to
[BBI], [BI] and [GHO] for the progress on this subject. The second direction
focuses on what kind of partially hyperbolic systems that a manifold could
possess. Recently, [BPP| and |[BGP] achieve remarkable results on dimension
three. |[BPP] built a non-transitive dynamically coherent partially hyperbolic
diffeomorphism which is neither leaf conjugate to any of the known examples
nor isotopic to identity. [BGP]| constructed robustly transitive partially hy-
perbolic diffeomorphisms on 3-manifolds which are different from the known
examples and are not homotopic to identity.

1.1.2 The robust existence of non-hyperbolic ergodic mea-
sures

Recall that the Lyapunov exponents of an ergodic measure are the asymp-
totic rates in different directions for a full measure set (see the precise defini-
tion in Section 2.3). An ergodic measure pu is non-hyperbolic if u has vanishing
Lyapunov exponents; otherwise, we say that u is hyperbolic.

In [GIKN], a criterion was presented for building non-hyperbolic ergodic
measures as the limit of periodic measures. We call this criterion as [GIKN]
criterion. This criterion can show us where the support of the ergodic measure
is. Using this criterion, [KN] gives an example of robust existence of non-
hyperbolic ergodic measures, and their result depends on the global structure
of the system. Based on this criterion, [BBD1]| constructs a C? open set
of IFS, each of which has a non-hyperbolic ergodic measure whose Lyapunov
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exponents all vanish.

Recall that a D f invariant splitting Tx M = E@® F over a compact invariant
set A is a dominated splitting, if the norm of D f along E is controlled by that
along F'; and a compact invariant set A is partially hyperbolic if there exists a
dominated splitting Ty M = E* & E° @ E" such that Df along E* is uniform
contracting, D f along E" is uniform expanding, and the behavior along E* is
intermediate, see precise definitions in Section 2.1. If the center bundle E€ is
one dimensional, then for any ergodic measure u supported on A, the center
Lyapunov exponent of p is:

X(y) = / log [ Df] - [[dj.

In the recent work of [BBD2|, a new criterion called controlled at any
scale is introduced. The non-hyperbolic ergodic measure obtained by this
criterion has positive metric entropy, but we lose the control on its support.
[BBD2] works in the setting of robust cycles. Consider the open set RC(M) of
diffeomorphism f exhibiting a robust cycle between a transitive hyperbolic set
Ay of s-index ¢ and a hyperbolic periodic point g of s-index i+1. [BBD2] built
an open and dense subset 756’(]\/[ ) in RC(M) so that one can apply ‘controlled
at any scale criterion’ to every f € 7/373(]\/[ ) and one gets that f admits a point
x s whose w-limit set w(xy) has the following properties:

— the topological entropy of w(zy) is positive;

— w(xy) is partially hyperbolic with 1-dimensional center bundle;

— every point y € w(xs) has a well defined and vanishing center Lyapunov

exponent.
This result contrasts with the procedure in [KN| which builds non-hyperbolic
measures as the limit of periodic orbits in a specific global setting. In partic-
ular, it is not clear a priori if the (non-hyperbolic) measures supported on the
compact set w(xs) built in [BBD2| are accumulated by periodic orbits.

Question 1. In the same semi-local setting as [BBD2], could the existence of
non-hyperbolic ergodic measures be obtained as the limit of periodic measures
(ie. ergodic measures supported on a single periodic orbit)? Furthermore, could
it have positive metric entropy?

In the paper [BZ2|, we partially answer this question. [BZ2| applies
|GIKN] criterion together with a shadowing lemma in [G1] to every diffeo-

morphism in RC(M), and one gets that:

Theorem A. [BZ2] For any f € RC(M), there exist a partially hyperbolic
set /~\f (with 1-dimensional center bundle) and a sequence of periodic orbits
{0} C As such that:

— the center Lyapunov exponent of O,, tends to zero;
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— the sequence of periodic orbits {O,} satisfies the [GIKN] criterion. As
a consequence, one has that the Dirac measure 6o, converges to a non-
hyperbolic ergodic measure.

As far as we know, it is still unknown if the ergodic measure obtained by
|GIKN] criterion has positive metric entropy.

Besides, we can show that controlled at any scale criterion can be used with
periodic orbits: the orbits follow this controlled at any scale criterion out of a
very small orbit segment, whose weight in the corresponding periodic measure
tends to 0; this small orbit segment is used for closing the orbit by using a
shadowing lemma in [G1].

Theorem 1. /[BZ2] With the notations above, for any f € 7/QVC(M), there exists
a sequence of hyperbolic periodic orbits {~,} homoclinically related to the orbit
of qr, whose center Lyapunov exponent tends to zero, and which converges for
the Hausdorff distance to a compact invariant set Ky such that:
— q5 € Ky;
— the set Ky is partially hyperbolic with 1-dimensional center bundle;
— there exists a non-empty compact invariant set K} C Ky such that any
point in K} has well defined and vanishing center Lyapunov exponent.
— the topological entropy of K7} is positive: htopf\K} > 0;
— For any x € K;\(K}; U O,,), we have either w(z) C K} and v €
W(Oy,) or a(x) C K} and x € W*(O,,).

In this thesis, we would not present the proof of Theorem 1.

One can apply the techniques in the semi-local setting to the global setting.
Recall that a diffeomorphism f is transitive, if f has a dense orbit, furthermore,
we say that f is robustly transitive if every small perturbation of f has a dense
orbit. We denote by U(M) the set of robustly transitive and robustly non-
hyperbolic diffeomorphisms far from homoclinic tangencies. By definition,
U(M) is an open set. The result in [BDG] implies that for a residual subset
of U(M), there exists a non-hyperbolic ergodic measure with full support. In
this global setting, one can get the following:

Theorem B. [BZ2] There exists an open and dense subset V(M) of U(M),
such that for any f € V(M), there exists a non-hyperbolic ergodic measure as
the weakx-limit of a sequence of periodic measures and whose support is the
whole manifold.

Actually, for the open set U(M), one can apply the result from [BDPR]
showing that for an open and dense subset of U(M), the diffeomorphism is
partially hyperbolic whose center bundle splits into one dimensional dominated
sub-bundles. We prove Theorem B by showing that for each one dimensional
sub-bundle in the center bundle, there exists a non-hyperbolic ergodic measure
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whose Lyapunov exponent vanishes along this one-dimensional bundle and
whose support is the whole manifold.

We remark that a similar result to Theorem B is also obtained in [BBD3|,
using a very different method.

1.1.3 Existence of non-hyperbolic ergodic measures with
more than one vanishing Lyapunov exponents

Recall that a property is called a C'-generic property if it is satisfied for
a dense Gj subset of Diff'(M). Recall that a compact invariant set A for a
diffeomorphism f admits a dominated splitting of index 4, if there exists a
dominated splitting TA\M = E @& F over A such that dim(£) = 1.

The [GIKN] criterion combined with the perturbation techniques has been
used for generic systems in [DG]: for Cl-generic diffeomorphisms, if a homo-
clinic class contains periodic orbits with different indices, then the homoclinic
class supports a non-hyperbolic ergodic measure with one vanishing Lyapunov
exponent. Recently, [CCGWY] proves that for a generic homoclinic class,
either it is hyperbolic or it supports non-hyperbolic ergodic measures. It has
been conjectured by Ch. Bonatti [B2| that beyond uniform hyperbolicity, the
systems with robust cycles are dense. Exactly in the setting with robust cycles,
[BBD3| shows that the existence of non-hyperbolic ergodic measures is robust
for an open and dense subset. To some extent, one can think that one can
characterize the non-hyperbolicity by showing the existence of non-hyperbolic
ergodic measures.

It would be interesting to know to what extent the non-hyperbolicity of
a system can be described by the existence of non-hyperbolic ergodic mea-
sures. Another weak form of hyperbolicity called volume hyperbolic describes
the involution of the volume along two different directions in the way that
one is uniformly contracting and the other is uniformly expanding for the vol-
ume. Volume hyperbolic systems can be non-hyperbolic, but along the volume
contracting (or expanding) direction, at least one of the Lyapunov exponents
is non-zero. To some extent, the number of vanishing Lyapunov exponents
describes how far from the hyperbolicity the systems are. In the study of
dynamics, one of the main aims is to describe ‘most’ of the systems: generic
systems. One can ask the following question :

Question 2. Under what kind of assumption, for generic systems, there ex-
1sts a non-hyperbolic ergodic measure with more than one vanishing Lyapunov
exponents?

In [BBD1]|, the authors show that there exist iterated function systems
(IF'S) persistently exhibiting non-hyperbolic ergodic measures with all the Lya-
punov exponents vanished. This can be used to step skew products showing
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that there exist more than one vanishing Lyapunov exponents, but such ex-
amples are not generic.
In [WZ], we obtain the following result for generic systems:

Theorem C. [WZ] For C'-generic diffeomorphism f € Diff' (M), consider a
hyperbolic periodic point p. Assume the homoclinic class H(p, f) satisfies the
following properties:
— H(p, f) contains hyperbolic periodic orbits of s-indices i and i + k re-
spectively, where i,k > 0;
— for any integer 1 < j < k — 1, there is no dominated splitting of index
i+ j over H(p, f).
Then there exists an ergodic measure v whose support is H(p, f) such that the
(i + 7)™ Lyapunov exponent of i vanishes for any 1 < j < k.

The proof of Theorem C consists in applying the perturbation techniques in
[BB| for the Lyapunov exponents of periodic orbits and the Franks-Gourmelon
lemma in [Go2| which ensures that for certain perturbations, the heteroclinic
intersections can be preserved. These two techniques allow us to change the
Lyapunov exponents of a periodic orbit in a homoclinic class and keep the
periodic orbit inside the homoclinic class after perturbations.

As a direct corollary of Theorem C, one has the following result which
generalizes the result of [BDG]| in the sense that one can obtain non-hyperbolic
ergodic measures with more than one vanishing Lyapunov exponents.

Corollary 1. [WZ] For a C' generic diffeomorphism f € Diff* (M), consider
a hyperbolic periodic point p. Assume that the homoclinic class H(p, f) has
a dominated splitting Ty, M = E@® F & G. Assume, in addition, that the
followings are satisfied:

— H(p, f) contains hyperbolic periodic orbits of s-indices dim(E) and dim(E®

F) respectively,

— the center bundle F' has no finer dominated splitting.
Then there exists an ergodic measure v whose Lyapunov exponents along the
bundle F' vanish, and whose support is H(p, f).

We point out that the assumption of the existence of both periodic orbits
of s-indices dim(£) and dim(E @ F) is necessary. Actually, one can construct
an example such that there is no periodic orbit of s-index dim(E @ F') inside a
generic homoclinic class, and the center bundle F' has no finer domination but
F' is uniformly volume expanding, which implies that every ergodic measure
has at least one positive Lyapunov exponent along F'. Hence, one can also ask
the following question, to consider the case when the center bundle F' is not
volume expanding.

Question 3. In the assumption of Corollary 1, if we replace the existence of a
hyperbolic periodic orbit of s-index dim(E & F) by the existence of a hyperbolic
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periodic orbit whose absolute Jacobian along center bundle F' is strictly less
than 1, does there exist an ergodic measure v supported on H(p, f) such that
all the Lyapunov exponents of v along F vanish ?

The following theorem gives an affirmative answer to Question 3.

Theorem 2. [WZ] For a C'-generic diffeomorphism f € Diff'(M), consider
a hyperbolic periodic point p. Assume that the homoclinic class H(p, f) admits
a dominated splitting Txp, )M = E® F ® G. Assume, in addition, that we
have the following:
— H(p, f) contains a hyperbolic periodic orbit of s-index dim(E) and a
hyperbolic periodic point ¢ € H(p, f) such that

| Jac(DF™@ | pp))| < 1;

— the center bundle F' has no finer dominated splitting.
Then there exists an ergodic measure v whose support is H(p, f), such that all
the Lyapunov exponents of v along F vanish.

Let’s explain the relation between Theorem 2 and Corollary 1. If the s-
index of ¢ in Theorem 2 is no less than i + k, then we can conclude Theorem 2
directly from Corollary 1. If the s-index of ¢ is smaller than i + k, indeed by
the no-domination assumption along F' and the technics of [BB|, we can do an
arbitrarily small perturbation to get a new hyperbolic periodic orbit of s-index
1+ k. However, we do not know if the new generated periodic orbits are still
contained in the homoclinic class.

The proof of Theorem 2 is not by finding a hyperbolic periodic orbit of
s-index ¢ 4 k in the homoclinic class. We use a little different strategy to give
the proof.

A more general statement than Theorem 2 can be expected to be true. We
state it as the following question.

Question 4. For a C'-generic f € Diff'(M), consider the finest dominated
splitting E1 ® - - - @® Ey over a homoclinic class H(p, ). Assume that there exist
two saddles q1,qo in the class such that

| Jac(DE™ | 5. y))| > 1 and \Jac(Df’T(q"’)\Ej(qZ))] <1, wherei < j.

Then for any i <1 < j, does there exist an ergodic measure whose Lyapunov
exponents along the bundle E; all vanish?

Comparing with Section 1.1.2, one can ask:

Question 5. Does there exist an open set U of diffeomorphisms such that for
any f € U, there exists an ergodic measure with more than one vanishing
Lyapunov exponents ¢
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1.1.4 Approximating non-hyperbolic ergodic measures by

periodic measures and convexity of the closure of
the set of non-hyperbolic ergodic measures

K. Sigmund [Sigl| proved that periodic measures are dense in the set of in-
variant measures supported on a given hyperbolic basic set, which implies that
the set of invariant measures on a hyperbolic basic set is a Poulsen Simplex.

One can ask to what extent we can extend Sigmund’s result to the non-
hyperbolic setting. Many results have been obtained:

— Under C' setting, using Pesin theory, A. Katok [Ka| proves that any
hyperbolic ergodic measure is approximated by periodic measures. This
result in the C! setting is not always true, see for instance [BCS|.
Under O setting, using slightly different Pesin blocks and lots of tools
introduced by S. Liao, |[LLS, SW]| strengthen the result of A. Katok.
[SW] shows that every hyperbolic ergodic measure is approximated by
periodic measures in weaks-topology and in spectrum. [LLS| shows
that there exists a full measure invariant set, on which every invariant
measure is approximated by periodic measures.

Using the C1'-Pesin theory and shadowing lemma in [G1], and assuming
the existence of some dominated splitting, S. Crovisier [C] proves that
any hyperbolic ergodic measure is supported on a homoclinic class and
is approximated by periodic orbits whose Hausdorff limit is the support
of the hyperbolic ergodic measure.

In the C'-generic setting, [ABC]| proves that the closure of the set of
periodic measures supported on a single homoclinic class is a convex
set.

The ergodic closing lemma in [M2]| implies that for C'-generic diffeo-
morphisms, every ergodic measure is approached by periodic measures.
In [SY], under C'-setting, the authors prove that for each thin trapped
chain hyperbolic homoclinic class, the periodic measures are dense among
the invariant measures.

In [STV], for C*! flows and for a hyperbolic ergodic measure supported
away from singularities, if the hyperbolic splitting of the measure is
limit-dominated, then this measure is approximated by periodic mea-
sures.

For certain step skew-products with circle fiber over a horseshoe, [DGR]
shows that every non-hyperbolic ergodic measure is approximated by
hyperbolic sets in weakx-topology and in entropy. The hyperbolic sets
are provided by the multi-variable-time horseshoes.

In [BZ3], we recover some of the results above in the semi-local setting and
in a global setting. To state our results, we need to define our setting carefully.
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Results in the semi-local setting

We start with our assumption in the semi-local setting without technical
definitions and the precise definition of the terminology we use here would be
given in the next chapter.

Consider f € Diff'(M). Let (A,U,C*™, D) be a blender horseshoe of u-
index 7 + 1 and O, be a hyperbolic periodic orbit of u-index . We assume
that A and O, form a special robust cycle called split-flip-flop configuration,
for specific definition see Definitions 2.9.1 and 2.9.4.

We fix a small neighborhood V' of the split flip-flop configuration so that the
maximal invariant set A in the closure V admits a partially hyperbolic splitting
E* & E°® E* with dim(E°) = 1. Assume, in addition, that there exists a D f-
strictly invariant center unstable cone field C{; which is a continuous extension
of the center unstable cone field C* in U.

In [ABC], it has been shown that in the C' generic setting, for each
homoclinic class, the closure of the set of periodic measures is convex. Hence,
for each partially hyperbolic homoclinic class with center dimension one, under
Cl-generic setting, the closure of the set of hyperbolic ergodic measures is
convex. Here, in the C! open setting, we get some kind of ‘convexity’ and it
would be used for the global setting.

Theorem D. Under the assumption above, there exists an invariant measure
p € Mino(A, f) such that the segment {apu+(1—a)do,,a € [0,1]} is contained
in the closure of the set of periodic measures whose supports are inside V.

Actually, in the proof Theorem A, we show that in any small neighborhood
of the split flip flop configuration, there exist non-hyperbolic ergodic measures
approached by periodic measures. Conversely, we can prove that the non-
hyperbolic ergodic measures supported on a small neighborhood of the robust
cycle are approximated by hyperbolic periodic measures. To be precise:

Theorem E. Under the assumption above, there exists a small neighborhood
Vo C V' of the split flip flop configuration such that for any non-hyperbolic
ergodic measure v supported on the mazimal invariant set Ay in Vi, there
exists a sequence of periodic orbits {Op, }nen which are homoclinically related
to A such that dp,, converges to v.

Remark 1. 1. If the support of v intersects the boundary of Vo, the se-
quence of periodic orbits we find might intersect the complement of Ag;

2. The choice of Vi is uniform for the diffeomorphisms in a C' small

neighborhood of f.

Results in the global setting
We apply our techniques in the semi-local setting to the global setting.
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We denote by PH (M) the set of partially hyperbolic diffeomorphisms with
center dimension one, ie. for any f € PH(M), the manifold M is partially
hyperbolic with splitting of the form

TM =E°*® E°® E"

where dim(E°) = 1.

For any f € PH(M), we denote by Min,(f) and M..4(f) the sets of
f-invariant measures and of f-ergodic measures respectively.

Let 1 € M,,4(f), then the center Lyapunov exponent of 4 is

3(p) = [ 1og 1Dl e
We denote by dim(E*) = i. The s-index of a hyperbolic ergodic measure p is
the number of negative Lyapunov exponents of u. In our setting, the s-index

of a hyperbolic ergodic measure p is

. (i iAW) >0
ind(p) = { i+1 if A°(p) <0

We denote by M*(f), M;(f) and M, 1(f) the sets of ergodic measures with
vanishing, positive and negative center Lyapunov exponents respectively, and
we denote by Mpe,i(f) and Mpe,i+1(f) the set of periodic measures of s-
indices 7 and 7 + 1 respectively.

Similarly, for each p € M, (f), one can define:

x() = [ tog Dl

and we call A°(u) as the mean center Lyapunov exponent of .

Recall that a foliation F on a manifold M is minimal if every leaf of F is
dense on the manifold M. Our result in the global setting depends strongly
on the minimality of the strong stable and strong unstable foliations.

Let T(M) C PH(M) be the set of diffeomorphisms such that for any
f € T(M), one has that

— f has both strong stable and strong unstable foliations which are ro-

bustly minimal;

— f admits hyperbolic periodic points py of s-index ¢ and gy of s-index

v+ 1.

Remark 2. T (M) is, by definition, an open subset of Diff'(M). [BDU]| shows
that there are compact 3-manifolds M for which T (M) is not empty: the time
one map of a transitive Anosov flow on a manifold M admits a smooth per-
turbation in T (M); the same occurs in the skew product of linear Anosov
automorphisms of the torus T? by rotations of the circle.

10
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For any f € T(M) and any hyperbolic periodic point z, one has the fol-

lowing properties:

— the minimality of both foliations implies that the manifold M is the
whole homoclinic class of z. Furthermore any two hyperbolic periodic
points of same index are homoclinically related. This implies that the
closure of the set of the hyperbolic periodic measures of a given index
is convex. In other words Mpe,;(f) and Mpe,;+1(f) are convex.

— clearly Mpe.i(f) € M;(f) and Mperiv1(f) € Mit1(f). According
to [C], in this partially hyperbolic setting, every hyperbolic ergodic
measure is weakx-limit of periodic measures of same index. One gets
therefore:

Mperi(f) = Mi(f) and Mperir1(f) = Mipa(f)
Now, we are ready to present the results in the global setting.

Theorem F. [BZ5] Let M be a closed manifold. There exists a C* open and
dense subset T (M) of T(M) such that for any f € T(M), one has that

M*(f) = Mz( )ﬂ{ﬂeva( ))‘C( )_0}
= Miﬂ( )O{MEva( )7)‘6( ) O}
= M;(f) N My (f).

Theorem F shows that the closure of the set of ergodic measures for f €
T(M ) is the union of two convex sets M p,;(f) and M pe.;i11(f), which inter-
sect along M*(f). As a consequence, the closure of the set of non-hyperbolic
ergodic measures is a convex set and every non-hyperbolic ergodic measure is
the weakx*-limit of hyperbolic periodic measures of different indices.

One can ask an ambitious question:

Question 6. Does there exist an open and dense subset of T(M) such that
for each non-hyperbolic ergodic measure pv with h,(f) > 0 and for any € > 0,
there exists a transitive hyperbolic set A, such that

|h,u<f) - htop(f Ae)

Roughly speaking, could we find an open and dense subset of 7 (M) such
that every non-hyperbolic ergodic measure with positive metric entropy can
be approximated by transitive hyperbolic sets in the sense of measure and
entropy? In [DGR], some results are obtained for some step skew-products.

[BZ3| did not get the convexity of the closure of the set of ergodic measures,
but some sort of convexity is recovered:

(v, ) < € for any v supported on A.?

Theorem G. [BZ3] For any diffeomorphism f € T(M), there exist two com-
pact f-invariant (uniformly) hyperbolic sets K; C M and K;yv1 C M of s-
indices i and i+ 1 respectively, with the following property: for any p € M;(f)

11
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(resp. Mi1(f)), there exists an invariant measure v supported on K; iy (resp.
K;) such that the segment {au+(1—a)v|a € [0, 1]} is contained in the closure
of the set of periodic measures.

Theorem G shows that the union of the convex sets M pe,.;(f) and M pe,.i+1(f)
“is not far from being convex”, but the convexity is not obtained. In other
words, we don’t know if any f-invariant measure is accumulated by ergodic
measures.

Question 7. Does there exist an open dense subset of T (M) such that periodic
measures are dense among invariant measures?

In general, when only one of the strong foliations is minimal, we don’t know
if the non-hyperbolic ergodic measures are accumulated by periodic orbits,
and if the closure of the set of non-hyperbolic ergodic measures is convex.
Nevertheless, there is an important example where we could recover these
properties.

R. Mané [M1] gave an example that for linear Anosov diffeomorphisms on
T3 of s-index 1 with three ways dominated splitting, one can do DA to get an
open subset W of Diff'(T?) where all the diffeomorphisms are non-hyperbolic
and transitive (see the precise definition of W in Section 4.5). [BDU] proved
that every robustly transitive diffeomorphism in W has minimal strong stable
foliation (see also [PS]).

Theorem 3. There exists an open and dense subset W of W such that for
any f € W, one has
— any non-hyperbolic ergodic measure s approximated by peritodic mea-
sures of s-index 1;
— the closure of the set of non-hyperbolic ergodic measures is convex.

For every f € W, the minimality of strong stable foliation implies that all
hyperbolic periodic orbits of s-index 1 are homoclinically related; by transitiv-
ity, one can show that the unstable manifold of a hyperbolic periodic orbit of
s-index 1 is dense on the manifold. Hence T? is the homoclinic class of every
periodic orbit of s-index 1. By [BDPR, Theorem E|, for an open and dense
subset of W, the manifold T? is also the homoclinic class of a periodic orbit of
s-index 2.

Question 8. For Mané’s ezample, given two hyperbolic periodic orbits ()1 and
Qo of s-index 2, are Q)1 and Q2 homoclinically related?

Remark 3. If the answer to Question 4 is yes, although we can not get the
whole convexity of the closure of the set of periodic measures, one can show
that for Mané’s example, the set of ergodic measures is path connected (for the
definition see [Sig3)).

12
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1.1.5 Building new partially hyperbolic diffeomorphisms

Recall that for a partially hyperbolic diffeomorphism f with the splitting
TM = E° ® E°® E“, one says that f is dynamically coherent if there exist
f-invariant foliations F° and F* tangent to £°® E° and E°@ E* respectively.
By taking intersection of these two foliations, one gets an invariant foliation F*¢
tangent to £°. Two dynamically coherent partially hyperbolic diffeomorphisms
f, g € Diff' (M) are leaf conjugate if there exists a homeomorphism A : M + M
such that for any x € M, one has

h(Fj(x)) = Fg(h(x)) and h(F7(f(z))) = Fglg(h(x))).

One of the main attempts in the study of partially hyperbolic systems is
to classify the partially hyperbolic systems. The family of partially hyperbolic
diffeomorphisms on 3-manifold was not big. Inspired by a conjecture of E.
Pujals which was formulated in [BW], J. Rodriguez Hertz, F. Rodriguez Hertz
and R. Ures [HHU3| conjectured that:

Conjecture 1. Any dynamically coherent partially hyperbolic diffeomorphism
on a 3-manifold is, up to finite iterations and finite lifts, leaf conjugate to one
of the followings:

— Anosov diffeomorphism on T3;

— time one map of an Anosov flow;

— skew products over a linear Anosov automorphism of torus T2.

This conjecture has been proven to be true in some cases:

— In [BW], for transitive partially hyperbolic diffecomorphism, with extra
assumption on the structure of the invariant manifold of a compact
invariant center curve, the authors show that such kind of systems can
only be leaf conjugate to one of the last two models;

— In [HaPol], assuming that the fundamental group of the manifold is
solvable, the conjecture is true.

Recently, |BPP]| gives a counter example to this conjecture. Recall that a

Dehn twist U along an embedded torus T on a 3-manifold M is a diffeomor-
phism supported on a tubular neighborhood of T" of the form

U(t,z) = (t,¢(x)), for any (t,x) € [0,1] x T,

where {t¢,} is a family of diffeomorphisms on 7" such that for any point x € T,
the closed loop {¢:(x)} is non-null homotopy and is independent of z (see
details in Definition 2.15.2).  [BPP| built a Franks-Williams type of non-
transitive Anosov flow with two transverse tori and the construction of the flow
gives very precise description about the transverse foliations on the transverse
tori induced by the stable and unstable foliations, see Lemma 4.1 in |[BPP].
The new partially hyperbolic diffcomorphism fg by [BPP| is obtained by

13
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composing time t-map (for ¢ > 0 large) of this special non-transitive Anosov
flow {¢s}ser on a 3-manifold N with a Dehn twist along a transverse torus.
Their construction strongly depends on the properties of the non-transitive
Anosov flow. [BPP| asserts that fp is dynamically coherent and is, up to
finite iterations and finite lifts, neither isotopic to identity nor leaf conjugate
to time one map of any Anosov flow. The dynamical coherence is guaranteed
by the following property: there exists a constant C' > 1 such that

1 n
ESHDfB

pe@) || < C, for any x € N and any integer n € Z.

The composed Dehn twist forbids fg to be isotopic to identity and to be leaf
conjugate to time one map of an Anosov flow. Since N supports an Anosov
flow, by the result in [PT]|, the fundamental group of N has exponential
growth, which cannot happen to T? or the lifts of T3. As a consequence, the
diffeomorphism f5 is a counter example for Conjecture 1.

The main motivation of this section is to present a general construction of
new examples of partially hyperbolic diffeomorphisms on closed 3-manifolds
given in [BZ1]. We recall that each non-transitive Anosov flow on an oriented
3-manifold admits transverse tori in the wandering domain: we first fiz a
smooth Lyapunov function for this Anosov flow, and we take a reqular value
in the range of the Lyapunov function out of the non-wandering part, then
one can show that the pre-image of this reqular value is the union of finite
transverse tori and every orbit intersects at most one of the transverse tori in
at most one point, see the precise explanation in Section 2.16. Moreover, one
can prove that such transverse tori are incompressible, that is, every non-null
homotopic loop on the transverse torus is non-null homotopy on the manifold,
see |Br].

For each transverse torus on this regular level, we would compose a Dehn
twist along this transverse torus with time ¢-map of the Anosov flow (for ¢t > 0
large) and we keep the partial hyperbolicity of the diffeomorphism.

Now, we can state our main result on building new partially hyperbolic
diffeomorphisms.

Theorem H. [BZ1] Let X be a smooth (non-transitive) Anosov vector field
on an oriented closed 3-manifold M and let Ty, ..., Ty be the transverse tori
on a reqular level of a smooth Lyapunov function of X,.

Then there exist t > 0 large and a family {¥;}¥_, of Dehn twists supported
on {X,(T;) }sepo,q 0 that the composition

foo=VY10Wg0---0W,0X,

1s an absolute partially hyperbolic diffeomorphism of M.
Furthermore, fy, is robustly dynamically coherent; the center stable foliation
F° and center unstable foliation F°* are plaque expansive.

14
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Remark 1.1.1. Using the argument in [BPP], one can show that
—if k> 2, any lift of the diffeomorphism f}. is not isotopic to identity;
— there exist center leaves which are not fixed by the iterations of fp..

To ensure that the time ¢-map of the non-transitive Anosov flow composed
with a Dehn twist is partially hyperbolic, it’s necessary to keep the transver-
sality of some bundles, which requires us to choose an appropriate Dehn twist
preserving some transversality. First, one requires the Dehn twists to keep
the transversality of the two foliations on the transverse tori. The existence
of such Dehn twists on transverse tori for the flow constructed in [BPP| is
guaranteed by the construction, i.e. Lemma 4.1 in [BPP]. However, for gen-
eral non-transitive of Anosov flows, the existence of such Dehn twists is not
obvious. On each transverse torus, the existence of such kind of Dehn twist
is guaranteed by a topological result on a pair of transverse C'! foliations on
torus, which was missing for [BPP]. Nevertheless, this topological result deals
with very elementary objects and is interesting by itself.

Theorem 4. [BZ1] Let F and G be two C' one-dimensional foliations on T?
and they are transverse. Then there exists a continuous (for the C'-topology)
Jamily { @i }epa) of C diffeomorphisms on T? such that

i (I)O = @1 = ]d,

— for every t € [0,1], the C* foliation ®;(F) is transverse to G;

— for every point x € T?, the closed curve {®;(x)} is non-null homotopic.

Theorem 4 is proved separately in two cases, according to two cases for a
pair of transverse foliations (F,G) defined below:

— JF and G have parallel compact leaves, that is, there exist a compact
leaf of F and a compact leaf of G which are in the same free homotopy
class;

— JF and G have no parallel compact leaves. In this case either one of them
has no compact leaves, or both of them have compact leaves which are
in different free homotopy classes.

In the case with parallel compact leaves, we denote by a the homotopy class
of the compact leaves of F and G. The family of diffeomorphisms {®;}+cfo1] in
Theorem 4 can be chosen such that the homotopy class of non-null homotopic
loop ®,(z) is any given non-trivial element in the group < « >. The proof
consists in endowing T? with coordinates in which T? is divided into vertical
adjacent annuli in which the foliations are separated by affine foliations: now
the vertical translations preserve the vertical annuli and map F on foliations
transverse to G.

In the case without parallel compact leaves, for any 0 # 3 € m,(T?), one
can show that there exists a family of diffeomorphisms {®;}.c(0,1) satisfying
Theorem 4 such that the homotopy class of non-null homotopic loop {®;(x)}
is 5. The proof consists in endowing T? with coordinates in which the foliations
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F and G are separated by 2 affine foliations (i.e. F and G are tangent to two
transverse constant cones). Thus in these coordinates every translation keeps
F transverse to G, concluding.

1.1.6 Completeness of invariant foliations

The main motivation of the section is to study the invariant foliations of
the new partially hyperbolic diffeomorphisms in [BZ1].

For the models in Conjecture 1, every leaf of the center stable (resp. center
unstable) foliation is either a plane or a cylinder. Moreover, the center stable
and center unstable foliations are complete. Recall that for a dynamically
coherent partially hyperbolic diffeomorphism f, we say that the center stable
foliation is complete if one has

F(F(x)) = F¥(x), for any .

As we mentioned in the previous section, the diffeomorphism fz in [BPP] is
“highly different" from the Anosov flow for building it.

It is natural to ask to what extent, the properties of the three models are
preserved by the new partially hyperbolic diffeomorphisms. To be precise:

Question 9. Is every leaf of the center stable (resp. center unstable) foliation
either a plane or a cylinder? Are the center stable and center unstable folia-
tions are complete? What is the relation between the new partially hyperbolic
diffeomorphism and the Anosov flow for building it?

In a more general context, we get the following result:

Theorem 5. [Z] Let f be a partially hyperbolic diffeomorphism on a 3-manifold
M with center dimension one such that there exists a constant ¢ > 1 satisfying
that

1
- < || Df"ge@) || <, for any x € M and any integer n € Z.

Then one has that

— [HHU2] the diffeomorphism [ is dynamically coherent and is plaque
expansive;

— the center stable foliation (resp. center unstable foliation) is complete;

— every leaf of the center stable foliation is a plane, a cylinder or a Mobius
band. Moreover, the center stable leaf is a cylinder or a Mobius band if
and only if the leaf contains a compact center leaf.

Since the center stable and center unstable foliations are plaque expansive
which is a robust property, the first and the third items are robust properties.
One can ask the following:

Question 10. For the partially hyperbolic diffeomorphism in Theorem 5, are
the center stable and center unstable foliations robustly complete?
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By Theorem 5, for the new partially hyperbolic diffeomorphism f;., its
center stable and center unstable foliations are ‘similar’ to those of the Anosov
flows. Actually, we can prove that the center foliation F¢ of f;, gives a con-
tinuous flow and this flow is topologically equivalent to the one for building it.
To be precise:

Theorem 1. [Z] There exist a continuous flow 6; and a homeomorphism
h: M w— M such that

— for any x € M, one has Orb(zx,0;) = F°(z),

— for any point x € M, one has that h(Orb(z, 6;)) = Orb(h(z), ¢);

— h sends the positive orbits under the flow 0 to the positive orbits under

flow ¢;, that is, h(Orb™ (z,60,)) = Orb™* (h(z), ¢;).

Hence, the diffeomorphism f;, ‘exchanges’ the center leaves of the Anosov
flow and preserves the original structure of the invariant foliations.

We don’t know if the center stable and center unstable foliations of the
diffeomorphism f;,. are robustly complete, but with the help of the Theorem I,
one can prove that

Proposition 1.1.2. The center stable and center unstable foliations of fg are
robustly complete.

Further Questions It is well known that the classical Lorenz attractor is
singular hyperbolic. Its tangent bundle splits into a strong stable direction and
a center direction which is volume expanding. The center direction is without
dominated splitting. Lots of properties of time one map of Lorenz attractor is
still unknown. One can ask the following question:

Question. Let &1 be the time one map of Lorenz attractor. Does there exist
a neighborhood U of ®1 such that there exists an open and dense subset V of
U so that every g € V has a non-hyperbolic ergodic measure?

For the flow, one can also ask:

Question. Let X be a C* vector field with a Lorenz attractor and ox be the
singularity in this attractor. Does there exist an open neighborhood Ux of X
such that for an open and dense subset of Ux, one has that the Dirac measure
supported on oy 1s approximated by periodic measures.

Organization of the thesis In Chapter 2, we state the notations and known
results that we need in this thesis. We contribute Chapter 3 to the existence
of non-hyperbolic ergodic measures, we first give the proofs of Theorems A
and B, then we give the proof of our result on the existence of non-hyperbolic
ergodic measures with more than one vanishing Lyapunov exponents, that is,
Theorem C. In Chapter 4, we first give the proofs of local results: Theorems
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D and E, then we apply the local arguments to the global setting to give the
proofs of Theorems F and G. We first give the proof of the topological result on
T? for the existence of Dehn twists for keeping the transversality of transverse
foliations, then we end Chapter 5 by giving the proof of Theorem H. In
Chapter 6, we analyze the invariant manifolds of the new partially hyperbolic
diffeomorphisms given in previous chapter, then we give the proof of Theorem I.
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Chapter 2

Preliminaries

In this chapter, we will collect some notations and some results that we
need. We start by recalling very classical notions, as hyperbolic basic set and
dominated splitting. In this chapter, if it is not specifically mentioned, we
would denote by f a diffeomorphism on a closed manifold M.

2.1 Dominated splitting, partial hyperbolicity and
hyperbolicity

Given an integer T' € N, we say that a compact f-invariant set K admits a
T-dominated splitting of index i, if there exists an invariant splitting Tx M =
E @ F with dim(F) = i such that

DfT|pe 1
I DS @ | < —,for any z € K.

m(DfT|F($)) 2

One says that K admits a dominated splitting, if K admits a T-dominated
splitting for some T € N.

Recall that a compact f-invariant set K is called a hyperbolic set, if there
exists an invariant hyperbolic splitting Tx M = E*@®E*, that is, £ is uniformly
contracting and E* is uniformly expanding under Df. A hyperbolic set K is
called a hyperbolic basic set of s-index i if one has

— K is transitive and dim(E?®) = i;

— there exists an open neighborhood U of K such that K is the maximal

mwvariant set in U, that is,

K= ﬂiezfi(U)-

We denote by ind(A) the s-index of A.
One important property of hyperbolic basic sets in the sense of measure is
the following theorem:
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Theorem 2.1.1. [Sigl, Theorem 1] Let f € Diff'(M) and A be a hyperbolic
basic set. Then any f invariant measure supported on A is approximated by
periodic measures.

Given a compact invariant set K. One says that K is partially hyperbolic
if there is a D f-invariant splitting Tu M = E* @& E° @ E" so that
(P1): there is an integer N > 0 such that for any € K and any unit vectors
u € E(x), v € E°(x) and w € E¥(z), one has:

IDfY ()| < inf{1, [ DS ()]} < sup{1, [ DS ()]} < [DFY (w)].

One says that K is absolute partially hyperbolic if it is partially hyperbolic
satisfying the stronger assumption

(P2): thereare0 < A < 1 < o and an integer N > 0 so that for any z,y,z € K
and any unit vectors u € E*(x), v € E(y) and w € E"(z), one has:

IDf¥ ()| <A< DY)l <o < [DFY(w)].

Furthermore, a diffeomorphism f of a Riemannian closed manifold M is called
partially hyperbolic if M is a partially hyperbolic set, and f is called absolute
partially hyperbolic it M is a absolute partially hyperbolic set. We refer the
readers to [BDV, Appendix B| for the first elementary properties and [HHU1]|
for a survey book of results and questions for partially hyperbolic diffeomor-
phisms.

2.2 Chain recurrence and homoclinic class

In the study of differential dynamics, there are two ways widely used to
cut the dynamics into pieces: chain recurrence class and homoclinic class.

Let (X, d) be a compact metric space and h be a homeomorphism on X.
Given two points x,y € X, we define the relation x - y, if and only if for any
€ > 0, there exist finite points x = 2g, 21, - , 2 = y, where k > 1, such that

d(h(z;), zix1) <€, forany 0 <i <k —1.

We define the relation z H y if and only if z 4y and y - =.
The chain recurrent set of f is defined as

R(h)={rxe X :z-x}.

It’s well known that H is an equivalent relation on R(h). Hence, R(h) can
be decomposed into different equivalent classes, each of which is called a chain
recurrence class.

Homoclinic classes can also be defined in the following way.
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Definition 2.2.1. Let f € Diff'(M). Given two hyperbolic periodic orbits
O, and Oy of f. O, and O, are said to be homoclinically related, if there
exist a non-empty transverse intersection between W*(O,) and W*(O,), and
a non-empty transverse intersection between W*(O,) and W*(O,).

Let O, be a hyperbolic periodic orbit, the homoclinic class of O, is defined
as:

H(p, f) :={0O,| O, is homoclinically related to O,}.

Let O, and O, be two hyperbolic periodic orbits and V' be an open neigh-
borhood of O, U O,. We say that O, and O, are homoclinically related in-
side V, if there exist two transverse intersections x € W*(O0,) N W*(0O,) and
y € W#(O,) N W*(O,) such that Orb(x) U Orb(y) C V.

One can check that a homoclinic class is a transitive set, hence it is con-
tained in a chain recurrence class. In differential world, the following lemma
from [BC] shows that for the ‘most’ dynamical systems, the homoclinic class
is indeed a chain recurrence class.

Lemma 2.2.2. For C'-generic diffeomorphisms, the chain recurrence class of
a hyperbolic periodic orbit Q) coincides with its homoclinic class H(Q).

2.3 Lyapunov exponents, Oseledets splitting and
hyperbolic ergodic measure

In the celebrated paper [O], V. Oseledets proves that for any ergodic mea-
sure u of a diffeomorphism f, we have the following:

1. there exists a p-full measure set K such that f(K) = K;

2. there exist s < dim(M) numbers \; < --- < A and an invariant mea-
surable splitting over K of the form Tuy M = E; @ - - - @ E, such that for
any integer 1 <t < s, any € K and any v € ©!_, E;(z)\ 2] Ei(w),
we have that

1
lim —log|| Dfyv| = A
n—4+oo N
The numbers \q,---, )\, are called the Lyapunov exponents of p, the full

measure set K is called the Oseledets basin of p and the splitting T M =
E1 & - @& E; is called the Oseledets splitting of .

An ergodic measure p is called a hyperbolic ergodic measure, if all the
Lyapunov exponents of u are non-zero. Let K be the Oseledets basin of i, we
denote by E~ @ E the invariant splitting over K such that all the Lyapunov
exponents along F~ are negative and all the Lyapunov exponents along E*
are positive. Then the invariant splitting Tx M = E~ @ ET is called the non-
uniform hyperbolic splitting. We say that the non-uniform hyperbolic splitting
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is dominated if there exists a dominated splitting over the closure of K of the
form T%M = E & F such that dim(F) = dim(E").

There exists another expression for the Lyapunov exponents of an ergodic
measure. Let f € Diff'(M) and v be an f-ergodic measure. We denote by

Xl(y7f)§"'§Xd(V7f)

all the Lyapunov exponents of v counted by multiplicity. We define a contin-
uous function on M as:

1 o
Lz, f) = - log | A'DE(x)]].
Then, for v-a.e. x € M, we have that

Xi(yv f) = lim (LgfiJrl(I?f) - :ilfz(‘rvf))

n—oo

2.4 Choquet and Poulsen Simplex

Definition 2.4.1. Let K be a non-empty compact convex subset of a locally
convex vector space. Then
— K s said to be a Choquet simplex, if every point of K is the barycenter
of a unique probability measure supported on the set of extreme points
of K.
— K 1s said to be a Poulsen simplex if K is a Choquet Stmplex so that the
set of extreme points of K is strictly contained in K and is dense in K.

Recall that E. Poulsen [Poul| constructs the first Choquet simplex whose
extreme points are dense. The result in [LOS| shows that any two metricable
non-trivial simplices with dense extreme points are equivalent up to affine
homeomorphisms, hence one can consider these spaces as Poulsen simplex .

Let C' be a compact f-invariant set. We denote by M,,,(C, f) the set of
invariant measures supported on C. A classical result is that M, (C, f) is
always a Choquet simplex, hence Sigmund’s theorem (see [Sigl|) shows that if
C'is a hyperbolic basic set then M, (C, f) is a Poulsen Simplex.

2.5 Good approximation and |[GIKN] criterion

In this subsection, we state the [GIKN] criterion ensuring that a sequence
of periodic measures converges to an ergodic measure. This criterion is firstly
used in |GIKN, KN] and is developed in [BDG] for building non-hyperbolic

ergodic measures as the limit of periodic measures.

1. I thank Lorenzo. Diaz for pointing out this fact.
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Definition 2.5.1. Given a compact metric space (X,d) and let f : X — X be
a continuous map. Fixe >0 and k € (0,1). Let~y; and vy, be two periodic orbits
of f, and we denote by w(v;) the period of the periodic orbit ~; for i = 1,2.
Then, the periodic orbit vy, is said to be a (€, k) good approximation for ~y,, if
there exist a subset vy, of 1 and a projection P : 1. — Y2 such that:

— for every y € y1. and every i =0,--- ,w(y2) — 1, one has

d(f' (). ['(P(y) <&
— the proportion of v1.¢ in y1 s larger that k. In formula:
F e
(1)
— the cardinal of the pre-image P~1(x) is the same for all x € 7o.
We can now state the |GIKN] criterion refined in [BDG]:

Lemma 2.5.2. /[BDG, Lemma 2.5] Let (X,d) be a compact metric space and
f: X — X be a homeomorphism. Let {7, }nen be a sequence of periodic orbits
whose periods tend to infinity. We denote by p, the Dirac measure of .

Assume that the orbit v,11 s a (€,, k) good approximation for ,, where
€n >0 and 0 < K, <1 satisfy

Zen<oo and H/{n>0.

Then the sequence {u,} converges to an ergodic measure v whose support
15 given by

> K

suppv = Ny U V.

2.6 Shadowing lemma and approaching hyper-
bolic measures by periodic orbits

In this thesis, we use a shadowing lemma which is firstly given by S. Liao
[L1] and is developed by S. Gan|G1]; this shadowing lemma allows us to find
the periodic orbits without perturbing the dynamics.

Let A be an f-invariant compact set. Assume that there exists a D f-
invariant continuous splitting TAM = E® F'. For any A < 0, an orbit segment
{z,n} ={z,..., f"(z)} contained in A is called a \-quasi hyperbolic string, if
the followings are satisfied:

— Uniform contraction of E by Df, from z to f"(x):

S
—

log [|Dfle¢rinll < A,

e

Il
o

i

for every k =1,--- ,n;
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— Uniform contraction of F' by Df™!, from f"(z) to z

n—1

1
— [ [ log m(Dflpsiay) = =X,
i=k

for every k =0,---,n —1;
— Domination of £ by F from z to f"(x)

log | D f|e(ficayll —logm(D flrriy) < 2,
for every t =0,--- ,n — 1.

Remark 2.6.1. From the definition, we can easily check that a \-quast hyper-
bolic string is also a %-quasz’ hyperbolic string.

Definition 2.6.2. Consider d > 0 and A < 0. Let {x;}icz be a sequence
of points in A and {n;}icz be a sequence of positive integers. We say that the
sequence of orbit segments {{xz, ni}}z‘ez 15 a A-quasi hyperbolic d-pseudo orbit
iof for any @, we have:

— d(f" (%), Tip1) < d,

— the orbit segment {x;,n;} is a A\-quasi hyperbolic string.

We say that a A-quasi hyperbolic d-pseudo orbit {{xz, ni}}iez is periodic,
if there exists a positive integer m such that n;,,, = n; and z;,,, = z; for all 7.
Then, assuming that m is the smallest such positive integer, the sum Zﬁgl n;
is the period of the pseudo orbit.

Definition 2.6.3. Let {x;}icz be a sequence of points and {n;},cz be a sequence
of strictly positive integers. We define

0 ifi=0
T, = ng+ - +ni—1 ZfZ>0
—MN_; — - —N_1 Zfl<0

Let € > 0, we say that the orbit of a point x e-shadows {{xi’ni}}iez if for
anyt € Z and T; < 3 <T;y1 — 1, we have that

d(f7 (@), 70 () <e.

Now, we are ready to state the shadowing lemma for quasi hyperbolic
pseudo orbit.

Lemma 2.6.4. [G1] Assume that A is an f-invariant compact set and there
exists an f-invariant continuous splitting TAM = E @ F.
Then, for any A < 0, there exist L > 0 and dy > 0 such that for any
d € (0,do] and any \-quasi hyperbolic d-pseudo orbit {{z;, ni}}z‘ez’ there exists
a point x whose orbit L - d shadows {{xi,ni}}iez .
If moreover the quasi hyperbolic pseudo-orbit {{xl, ni}}iez 1s periodic, then
the point x can be chosen to be periodic with the same period.
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Remark 2.6.5. If the splitting TaxM = E & F' is a dominated splitting,

Lemma 2.6.4 (together with the C''-Pesin theory in [ABC]) has been used
by S. Crovisier [C| for approaching hyperbolic ergodic measures with periodic
orbits:

Proposition 2.6.6. [C, Proposition 1.4/ Let f € Diff'(M) and p be a hy-
perbolic ergodic measure whose non-uniform hyperbolic splitting E- & E™ is
dominated. Then p is supported on a homoclinic class.

Moreover, there exists a sequence of periodic orbits {v,}nen of s-index
dim(E~) which are pairwise homoclinically related, such that ~y, converges to
the support of u for the Hausdorff topology and the Dirac measure supported
on vy, converges to p in the weakx-topology.

Remark 2.6.7. This result is firstly obtained by [G2] on surfaces.

2.7 Plaque family and estimate on the size of
invariant manifold

In this section, let A be a compact f-invariant set with a dominated split-
tlngTAM:EEBF

We recall the Plaque family theorem by |[HPS| showing that there exist
invariant plaque families for dominated splitting. Given a continuous bundle
G over a set K, for any + € K and r > 0, we denote by G,.(r) = {v €
G.l||lv] <r} and denote by G(r) = Upe g G (7).

Lemma 2.7.1. Let A be a compact f-invariant set admitting a dominated
splitting TAM = E @ F. Then there exist two continuous maps W : E(1) —
M and W : F(1) — M satisfying the followings:

— for any x € A, the induced map W : E,(1) — M (resp. WS :
F,(1) — M) is a C* embedding and is tangent to E, (resp. F,) at the
point x = WE(0) (reps. x = WE(0)).

— the families {W<}en and {W},en of Ct embedding maps are con-
tinuous;

— there ezists a neighborhood Ug (resp. Ug) of zero section in E (resp.
F) such that the image of WS (E, NUg) (resp. W (F, NUg)) by f
(resp. [~1) is contained in WS (E,) (reps. WS (F, N UR)).

We denote by W§t(x) = W (F,(5)) and W (z) = WE(E,(0)), for 6 €
(0,1].

Definition 2.7.2. Let A be a compact invariant set admitting a dominated
splitting T\M = E @& F. Given A < 0. A point v € A is called a (N, E)
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hyperbolic time if we have the following:

n—1

Zlog | Dfleiy | <n-A, for any integer n > 1.
i=0

Similarly, we can define the (—\, F)-hyperbolic time which is a (A, F') hyper-
bolic time for f~1.

By Lemma 2.7.1, we can fix a plaque family W corresponding to the
bundle FE. The following lemma guarantees the existence of stable manifold
at a (A, E) hyperbolic time. The proof is classical (see for instance [ABC,
Section8.2]).

Lemma 2.7.3. For any A\ < 0, there exists n > 0 such that for any (\, E)
hyperbolic time x, we have that the disc Wy*(z) is contained in the stable
manifold of x.

Remark 2.7.4. Similar result holds for (—\, F') hyperbolic time.
To find the (A, E) hyperbolic time, we need the following well known result:

Lemma 2.7.5. [Pl] Given a number b. Consider a sequence of numbers

ai, - ,a, bounded from above by b. Assume that there exists a number ¢ < b
such that "\ a; >n-c.

Then for any number ¢ < c, there exist | integers ty,--- ,t; C [1,n] satis-
fying that:

tg
Zaiz(tk—jjtl)c’, foranyk=1,---,land any j=1,--- ,ts.
=

Moreover, we have % > g:g
Let p be a periodic point and A\ be a negative number. Assume that there
exists a D f invariant splitting To, M = E' @ F over the orbit O,. The point p

is called a X\ bi-hyperbolic time if for any k =1,--- ,7(p), we have that

k—1
> log | Df [p(ri | < A
=0

| =

and

| =

k—1
D log || D pgrigp | < A
=0

The following classical lemma gives the existence of bi-hyperbolic time (see
for instance |Wa, Lemma 2.21]).
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Lemma 2.7.6. Let f € Diff' (M) and p be a periodic point. Assume that there
exists a D f invariant splitting To, M = E @ F and a number A\ < 0 satisfying
that

1 m(p)—1
— log [| Dfleripy | < A
7T(p) ; (f*(p))

1
m(p)
— log || D fe(sip) | + log|| Df*1|F(fi+1(p)) | <2-X, for any integer i.

Then for any X' € (X,0), there exists a point ¢ € O, such that q is a N
bi-hyperbolic time.

m(p)—1
—— Y log || Df M pp-ioy | <A
=0

2.8 Blender

Blender is a powerful tool in the study of robustly non-hyperbolic phe-
nomena. In this subsection, we will state a new definition of blender recently
defined by [BBD3|, and a special blender called blender horseshoe given in
[BD2].

2.8.1 Dynamically defined blender

Let’s first recall some notations in [BBD3|. Let D*(M) be the set of C*
embedded i-dimensional compact discs on a compact Riemannian manifold M.
We endow D?(M) with C''-topology in the following way: for any D € D'(M),
which is the image of the embedding ¢ : D + M where D is the i-dimensional
closed unit disc in R, we define the C'* neighborhood of D as the set of the
images of all the embedding maps contained in a C'' neighborhood of ¢.

For any Dy, Dy € DY(M), one can define their distance as

p(DlaD2) = dHaus(TDlaTD2) + dHaus<TaDlaTaD2)7

where dgaus(-, ) denotes the Hausdorff distance on the corresponding Grass-
mann manifold. It has been proven in [BBD3, Section 3.1| that the distance
p(+,+) induces the C'-topology in D(M).

Let f € Diff' (M), and ® be a family of i-dimensional embedded discs. For
any € > 0, we denote by V(D) the e-neighborhood of ® for the distance p(,-).

The family ® is called a strictly invariant family, if there exists € > 0 such
that for any D € V. (D), its image f(D) contains an element of ®. The number
€ is called the strength of the strictly invariant family 2.
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Definition 2.8.1. (Dynamical Blender) Let f € Diff'(M). A hyperbolic
basic set A of f is called a dynamically defined cu-blender of uu-indez i, if the
followings are satisfied:

— there exists a dominated splitting of the form Th\M = E* & E¢ & E*™
over A; where dim(E?®) = ind(A), dim(E°) > 0 and dim(E"") = 1.

— there exists a neighborhood U of A such that A = (., f*(U) and there
exists a D f-strictly invariant continuous cone field C** of index v defined
on U;

— there is a strictly invariant family ® C D'(M) of discs with strength
€ > 0 such that every disc D € V(D) is tangent to C** and is contained
inU.

The set U is called the domain of A, the cone field C*™™ is called the strong
unstable cone field of A and the family ®© is called strictly invariant family of
discs. We denote the dynamically defined cu-blender as (A,U,C"", D)

We can also define the cs-blender which is a cu-blender for the reversed
dynamics.

Remark 2.8.2. [BBDS3, Scholium 3.15] Let (A,U,C**, D) be a dynamically
defined cu-blender, there exists a disc in the local strong unstable manifold of
a point in A which is approzimated by discs in D.

The main property of a dynamically defined blender is the following:

Lemma 2.8.3. [BBD3, Lemma 3.14] Let (A, U,C",9) be a dynamically de-
fined cu-blender and € be the strength of the strictly invariant family ®.
Then there exists a C' neighborhood U of f such that for any g € U, one
has
— Let Ay be the continuation of A. For any D € V.5(D), one has that
W#(A,) N D # 0;
— the continuation (Ay,U,C*™,V,2(D)) is a dynamically defined blender
for g.
We call the open family V. /2(D) the superposition region of the blender (A, U,C**, D).

2.8.2 Blender horseshoe

In this part, we recall the main feature of a special and simplest blender
called blender horseshoe (for specific definition see [BD3]).

Consider R* = R* @ R @ R*. For a € (0,1), we define the following cone
fields:

Colz) = {v=(v",0%v") e R @R O R" = T, M|[|v° + v"[| < aflo|[}
Ci(z) ={v=(v",v%v") e R*@®RBR" =T, M||v°|| < aljv+ 0"}

Co'(x) = {v = (v, 0% 0") e RROR O R" = T, Ml[Jv* + v°|| < aflv*|}.
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For a € (0,1), one can check that C:(x) is transverse to C%(x) and C¥*(x) is
contained in C¥(z) for any € R™.

Denote by C' = [-1,1)* x [-1,1] x [-=1,1]*. A blender horseshoe A of u-
index 7 + 1 is a hyperbolic basic set of u-index i + 1 for an embedding map
f: C+— R" such that:

H1) the maximal invariant set in C'is A and the dynamics restricted to C
is a two-leg horseshoe ( hence it exhibits two fixed points P and @),
that is, the intersection f~!(C') N C consists of two horizontal disjoint
sub-cubes A, B and the images f(A), f(B) are two vertical sub-cubes;

H2) the set f(C)N[—1,1]° x R x [—=1,1]" consists of two connected com-
ponents A, B such that P € A and Q € B. Furthermore, there exists
a € (0,1) such that the cone field C? is strictly Df~! invariant and
the cone fields CY,C4" are strictly Df invariant. Moreover, for any
r € f7Y(AUB) and any vector v € C*(x), v is uniformly expanded by
D f. Similarly, the vector in C; is uniformly contracted by Df.

H3) A compact disc D* of dimension i is called a wu-disc, if the relative
interior of D" is contained in the interior of C, D" is tangent to C*
and the boundary of D" is contained in [—1,1]* x [—1,1] x 9[—1, 1]*.
Then every uu-disc intersecting W .(P) (resp. W .(Q)) is disjoint from
Wi (Q) (resp. Wi, (P)).

H4) A uu-disc D" is between W (P) and Wi (@), if D* is homotopic to
W (P) in the set of uu-discs whose homotopy process is disjoint from

loc

Wi .(Q) and D" is homotopic to W“(Q) in the set of uu-discs whose
homotopy process is disjoint from W} (P). Then, for any uu-disc D*
between W2 (P) and W _(Q), at least one of the connected components
of f(D*)N C is a uu-disc between Wj_(P) and W} .(Q)
The existence of blender horseshoes is a robust property. The items H1) and
H2) imply that there exists a dominated splitting Th M = E* @ E““@® E"* such
that dim(E"") = ¢ and dim(E“") = 1.

A uu-disc D" is said to be in the characteristic region, if D" is between
We.(P) and W7 (Q). According to item H4) above, for any uu-disc D* in the
characteristic region, f(D") contains a uu-disc in the characteristic region.

By items H1) and H2), there exists ¢; > 0 such that

AUBC (“14e,1—e) x [-1,1] x [-1,1]

and
FFTUAUB) C[-1,1)° x [-1,1] x (=1 + e, 1 — )™

A compact disc S of dimension ¢ + 1 is called a cu-strip if S is tangent to the
cone field C* and is the image of a C''-embedding map

O [-1,1 x [~L1" = [-1+e,1— el x [~1,1] x [-1,1]*

satisfying that ®({t} x [—1,1]") is a uu-disc, for any t € [—1,1]. The cu-strip
S is called in the characteristic region if for any t € [—1, 1], ®({t} x [-1,1]") is
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between W (P) and W§_(Q). The uu-discs ({—1} x [—1,1]*) and ®({1} x
[—1,1]%) are called the vertical boundary components of S. For any cu-strip S,
we define the central length (¢(S) of S as the minimum length of all C' curves
in S joining the two vertical boundary components of S.

In the rest of this subsection, we fix f € Diff'(M) exhibiting a blender
horseshoe A corresponding to the cube C'. We fix 7 > 1 such that for any

reCn f(C)and v € C¥(z), one has || Df(v) || >7-|v].
Lemma 2.8.4. The blender horseshoe A is a dynamically defined blender.

Proof. Let ®' be the set of uu-discs D satisfying that

— D is in the characteristic region of the blender;

— D is contained in [—1+¢€;,1 —¢]® x [—-1,1] x [—-1,1]*

By item H3) above, there exists €5 > 0 such that for any cu-strip S; of central
length 2e; which intersects W} (P) and any cu-strip Sy of central length 2e,
which intersects W (Q), we have that S and S are disjoint.

Since the existence of blender horseshoes is robust, there exists e3 > 0 such
that for any diffeomorphism g es-close to f, the continuation A, is a blender
horseshoe corresponding to the cube C. Let € = min{es, €3}

For any § > 0 small, we denote by Ds the set of uu-discs D* € ®’ such
that there exists a cu-strip S which is disjoint from W;_(P) U W} (Q) and is
defined by

¢ [-1,1 x [~1,1]% = [~1 4 e, 1 —e]® x [-1,1] x [-1, 1]

satisfying that
— ¢({0} x [-1,1]") = D*,
— the central length of the cu-strips ¢([0, 1] x [—1,1]*) and ¢([—1,0] x
[—1,1]") are 0;
One can check that

0 #Ds C D, for any &’ < § small.

Claim 2.8.5. There exists 69 > 0 small such that D5, is a strictly invariant
family.

Proof. We denote by ¢ = sup,cq || Df(z) || > 7. By the uniform expansion of
Df along Cj, there exists d; < 5 small enough such that for any 6 < 4; and
any uu-disc D" € D5\Das, we have that f(D) contains a uu-disc in ©,.4.

Let 6y = %51 and ¢ = 79y < €. We will prove that for any D € Dq5,, f(D)
contains a uu-disc in . Since the blender horseshoe is a horseshoe with two
legs, for any D € ®g,, one has that f(D) contains two discs Dy, Dy such that

— Dy = f(D)NnAand Dy = f(D)NB;

— Dy, Dy are tangent to the cone field C*.
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By item H4), either D; or Dy is in the characteristic region of the blender.
Without loss of generality, we assume that D, is in the characteristic region. If
D is contained in D4, we are done. Otherwise, one can do a ¢'-perturbation
f of fin A without changing W .(P) such that f (D) N A is not in the char-
acteristic region of A, then one has that D, is in the characteristic region of
A as well as of A. In this case, one has that Dy must be in Dy, otherwise,

one can do another &-perturbation f of f, supported in B without changing
W .(Q), such that f’(D) N B is not in the characteristic region of Ay which
contradicts to the item H4) for f’.

By the strictly invariant property of the strong unstable cone field, one has
that ©;, is a strictly invariant family. O

Let © be the restriction of the family ®s, to the region [—1,1]* x [—-1, 1] x
[—1 4 €1,1 — €)%, then this gives a strictly invariant family ®© in the interior
of C, ending the proof of Lemma 2.8.4. O

According to Lemma 2.8.4, we can also denote a cu-blender horseshoe as
(A, C,Cx,®). C is also called the domain of A. Let ¢y be the strength of

®. In the whole thesis, for a blender horseshoe, we use the type of strictly
invariant family given by Lemma 2.8.4.

Recall that 7 > 1 is the number such that for any z € C'N f~1(C), we have
that

[Df) || >7-[[v], for any 0 7# v € Ci(x).

We can prove that the central length of any cu-strip, “crossing" the character-
istic region, is uniformly expanded by the dynamics. To be precise:

Lemma 2.8.6. For any cu-strip S defined by ¢ : [—1,1] x [-1,1]* — C
satisfying that ¢({to} x [—1,1]*) contains an element of ©, for some t, €
[—1,1], if the central length of S is less than €y, one has that f(S) contains a
cu-strip Sy in C' such that

- EC(Sl> > T - gc(5>;

— 51 is foliated by uu-discs, one of which contains an element of .

Proof. By the strictly invariant property of ©, f(é({to} x [—1, 1]*)) contains a
disc D} in ©. By item H2), the connected component of f(S) N C containing
DY is a cu-strip S; in C. For any C'-curve v in S; joining the two vertical
boundary components of S;, we have that f~!() is a C! curve in S and joins
the two vertical boundary components of S. Hence, we have that the length
0(f~(v)) is no less than ¢¢(S). Since S is tangent to C¥, by the uniform
expansion of Df along the cone field C¥, we have that £(y) > 7 - ¢(f~(7)),
which implies that ¢¢(Sy) > 7 - £°(S). O

Remark 2.8.7. Lemma 2.8.6 allows us to iterate cu-strips crossing the su-
perposition region and to gain some expansion in the center direction. This
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s also the reason why we use blender horseshoe instead of the more general
dynamically defined blender.

By Lemma 2.8.3, we have that for any D" € ®, there exists a non-empty
intersection between D" and W _(A). Since A is a hyperbolic basic set, we
have that there exists x € A such that D* intersects W (). In general, z is
not a periodic point. The following lemma shows that we can enlarge the disc
D" in the center direction, and after (uniformly) finite many iterations, the
enlarged disc always intersects the local stable manifolds of periodic orbits in

A.

Lemma 2.8.8. Let (A, C,C*" D) be a cu-blender horseshoe and € be the strength
of ®. Then there exists N € N such that for any cu-strip D defined by
¢:[—1,1] x [-1,1]* — C satisfying that

— the central length of D is no less than €;

— each uu-disc ¢({t} x [=1,1]*) contains an element of Ve/2(D);
and for any hyperbolic periodic orbit O, C A, one has that there exists a point
x € D whose forward orbit is in C, such that f~(x) € Wi (O,).

Proof. By the hyperbolicity of A, there exist > 0 and 6 > 0 small enough
such that for any points x,y € A with d(z,y) < §, one has that W (x) is
contained in C' and intersects W' (y) transversely in a unique point.

Since for any D" € V,/»(®), the stable manifold W (A) intersects D*
transversely, hence there exists dy > 0 such that for any cu-strip D satisfying
the hypothesis of Lemma 2.8.8, there exists © € A such that W} (x) intersects
D transversely in a point whose distance to the boundary of D is no less
than d.

By the uniform continuity of the local stable manifold, there exists d; < ¢
such that for any points x,y € A with d(z,y) < ¢; and any disc D with
inner radius no less than dy/2 and which is tangent to the center unstable cone
field and is centered at a point in W} (x), one has that W} (y) intersects D
transversely in the interior.

Since A is a hyperbolic basic set, there exists a periodic orbit O,, and a
positive integer N such that

— the orbit O,, is d1/2 dense in A.

— for any two points py,pe € O,,, there exists an integer n € [0, N| such

that f="(W'(p1)) C W5, ;5(p2).

By the choice of N, one has that N depends only on the number §y and
on the set A and one can check that N is the integer that we need, ending the
proof of Lemma 2.8.8. O]
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2.9 Flip-flop configuration

In this section, we recall the definition and the properties of flip-flop con-
figuration. Roughly speaking, a flip flop configuration is a robust cycle formed
by a cu-blender and a hyperbolic periodic orbit of different indices in the way:
the unstable manifold of the periodic orbit “crosses" the superposition region
of the cu-blender, and every disc in the strictly invariant family intersects the
stable manifold of the periodic orbit. To be specific:

Definition 2.9.1. Consider a dynamically defined blender (A,U,C*"*, D) of
uu-index i and a hyperbolic periodic point q of u-index i. We say that A and g
form a flip-flop configuration, if there exist a disc A* C W*(q) and a compact
submanifold with boundary A® C W*5(q) NU such that:
1. A" €® and f(AY)YNU =0, for any n € N*;
2. there exists N € N such that for any integer n > N, YA NTU = 0;
Moreover, for any x € A%, if fi(x) ¢ U for some j > 0, the forward
orbit of fi(x) is in the complement of U;
3. for any y € A°, T,W*(q) NC*" = {0};
4. there exist a compact set K C A® and a number n > 0 such that for

any disc D € ®, the disc D intersects K in a point whose distance to
dD is no less than 1.

We denote the flip flop configuration as (A, U,C*", 0,0, A%, AY).

Remark 2.9.2. 1. By item (4) in Definition 2.9.1, for the discs in ®,
their diameters are uniformly bounded away from zero;

2. It’s shown in [BBDS3, Proposition 4.2] that the existence of flip-flop
configurations is a robust property.

One says that a set V' is a neighborhood of the flip-flop configuration
(A, U,C*™, D, 0,, A%, A"), if its interior contains the set

O,uT U [ Jranyu ] ray.

>0 >0

Lemma 2.9.3. /[BBDS, Lemma 4.6/Let f € Diff'(M). Assume that there
ezists a flip-flop configuration (A, U,C*™, D, Oy, A%, A"). For any small enough
compact neighborhood V' of the flip-flop configuration, one has that the mazimal
mwvariant set in V' has a partially hyperbolic splitting of the form E & E",
where dim(E"™) equals the u-index of q. Moreover, there exists a strictly D f-
invariant cone field Cii* over V. which continuously extends the cone field C*,
such that any vector in Cii* is uniformly expanded by Df.

Definition 2.9.4. Given a flip-flop configuration (A,U,C*",D,0,, A%, AY).
Let 1 be the u-index of the periodic point q. We say that this configuration is
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split if there exists a small compact neighborhood V' of this configuration such
that the maximal invariant set in V' admits a partially hyperbolic splitting of
the form E* & E° @ E"™, where dim(E**) = ind(A) and dim(E"™) = i.

The following proposition gives the existence of split flip-flop configurations,
whose proof can be found in [BBD3, Section 5.2].

Proposition 2.9.5. [BBD3] Let U be an open set of diffeomorphisms such
that for any f € U, there exist two hyperbolic periodic points ps, qs of u-indices
iy, > 14 respectively which continuously depend on f and are in the same chain
class C(py, f).

Then there exists an open and dense subset U of U such that for any f € U
and any i € (ig,i,|, there exists a split flop-flop configuration formed by a
dynamically defined cu-blender of uu-index 1 —1 and a hyperbolic periodic orbit
of u-index i — 1.

2.10 Flip flop family and the controlled at any
scale

In this section, we restate a criterion given in [BBD2| for the existence of
zero average for a continuous function along an orbit. We would also present an
abstract mechanism called flip flop family where this criterion can be applied.

In this section, let (X, d) be a metric space, K C X be a compact subset,
f: X — X be a homeomorphism and ¢ : K — R be a continuous function.

Definition 2.10.1. Given 8 > 0, t € N and T € Nt U {+o0}, we say that
a point x € K is (f,t,T)-controlled, if f'(z) € K for 0 < i < T and there
exists a subset P C N such that

— 0€P and T = sup(P);

— if k <l are two consecutive elements in P, then we have

l—k—-1

l—k<tand—k|§cpfl+k )| < 8.

A point x € K is controlled at any scale if there exist monotone sequences
(t;); of natural numbers and (5;); of positive numbers, with ¢; — 400 and
Bi — 0, such that x is (f;,t;, +0o)-controlled for every i. Note that this
implies that the w-limit set w(z) is contained in K.

Denote by ¢, (z) == S0 o(fi(x)), for € NP=}f~*(K). In particular,
if x is controlled at any scale, its positive orbit remains in K so that ¢, is
defined and continuous on the closure of this positive orbit. Now, for the
points controlled at any scales, we have the following property:
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Lemma 2.10.2. [BBD2, Lemma 2.2] If x € K is controlled at any scale, then
every point y € w(x) satisfies

1

n—oo M

Moreover, the limit is uniform over the w-limit set w(x).

Definition 2.10.3. (F'lip — flop family) A flip-flop family, associated to the
continuous function o, is a family § of compact subsets of K with uniformly
bounded diameters that splits as §F = T~ UF~ into two disjoint families satis-
fying:
1. There exists a constant « such that for any DY € §+, D~ € § and
any points x € Dty € D™, we have p(z) > a > 0> —a > p(y);
2. For any D € §, there exist two subsets Dy, D_ of D such that f(Dy) €
St and f(D_) € §;
3. There exists a constant A > 1 such that if x,y belong to the same element

Dy of § and if f(x) and f(y) belong also to the same element Dy of §
then

d(f(x), f(y)) = Ad(z, y).

An important property of flip-flop family is the following:

Lemma 2.10.4. [BBD2, Theorem 2.1] For any D € §, there exists a point
x € D such that x is controlled at any scale with respect to .

By Definition 2.10.3, we can iterate any element of § and its image contains
an element of §. This leads to the notion §-segment below.

Definition 2.10.5. Given T € N, a F-segment of length T is a sequence
E = {Ei}o<i<r of compact sets such that
T f(Ez) = Ei+1;
— there is a family {D;}o<i<r C § so that the compact set E; is contained
D,L' and DT = ET
We call Ey the entrance of £ and Er the exit of £.

Definition 2.10.6. Given two §-segments € = {E; }o<i<r and F = {Fj}o<j<s;
if the exit of £ contains the entrance of F, the concatenation of £ and F is a
§-segment € x F = {G; }o<i<r+s defined as follows:

e F,_r ZfZ>T

Next straightforward lemma gives a precise meaning to the simple idea
that, if one controls the averages of  along § segments, one also controls the
averages along the concatenation of these segments. This will allow us to build
$-segment of arbitrarily long length on which we control the averages of .
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Lemma 2.10.7. Let & = {E;;}icqo,.. 1}, © € {0,--- ,n}, be a family of §-
segments of length T; so that the exit of & contains the entrance of &1 for
i€{0,---,n—1}. Denote by T = >_"" | T; and let F = {F;};eqo,.. 1y be the
$-segment defined as the concatenation

fzgo*gl*"'*gn.

Assume that there are o < B so that for any i and any x € E;, one has

1
j_ﬂingi S [Ol,ﬁ].

Then for every x € Fy one has

%% € [a, A].

Given z € Dy € §, a positive integer ¢, a point s = (sg, s1,-++) € {+, =}
and T' € NT U {400}, we say that = follows the t-pattern s up to time T, if for
any n € [0,T) which is a multiple of ¢, we have that f"™!(x) € Upegsa D.

Given t € NT and s € {+, -}, we say that a §-segment €& = {E;}o<i<r
follows t-pattern s, if for any x € Ejy, the point z follows t-pattern s up to time
T.

The key lemma in [BBD2]| to find zero center Lyapunov exponent set is the
following;:

Lemma 2.10.8. /[BBD2, Lemma 2.12|Given a flip-flop family (§F,p), we fix
two sequences of positive numbers {ax} and {by} which will converge to zero
and satisfy that by > ap > b1 for any k € N.

Then there exists a sequence of integers 1 =ty < t; < --- satisfying that

— each t;y1 is a multiple of t;, for any i € N;

— for every integer k > 1, every member D € § and every pattern s €
{+, =}, there exist two integers Ty, T_ € N and two F-segments ET,E~
of lengths T'y and T respectively such that:

~ the entrances of E¥ and £~ are contained in D;
— Ty and T are multiples of t1 and satisfy t_1 < Ty < ty;

— the segments ET and £~ are (b;, t;)-controlled fori=1,---  k—1;
— for all x in the entrance of £T and all y in the entrance of £E~, we
have

1 1
W = Py (@) < by and —be < 7r (y) < —a;

— the segments ET and £ follow the ti-pattern s.

According to Lemma 2.10.8, we can find a sequence of orbit segments
{z;, T;} whose lengths tend to infinity in the sense of time and those segments
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are (b;,t;) controlled for any j < i¢. Then the accumulation z of z; is controlled
at any scale and finally any ergodic measure supported on the w-limit set of
x is non-hyperbolic. The last item in the Lemma 2.10.8 guarantees that our
system has positive topological entropy on w(x).

2.11 Flip flop configuration and flip flop family

The following proposition shows that the dynamics on a flip-flop configu-
ration induces a flip-flop family.

Proposition 2.11.1. /BBD2, Proposition 4.9] Consider a diffeomorphism f
exhibiting a flip-flop configuration formed by a dynamical blender A and a
hyperbolic periodic orbit O, . Let V be a partially hyperbolic neighborhood of
this flip-flop configuration, Cii* be the associated strong unstable cone field in
V and K be the mazimal invariant set of f in V. Assume that ¢ : V — R is a
continuous function that is positive on A and is negative on the periodic orbit
O,.

Then there exist an integer N > 1 and a flip-flop family § with respect to
the dynamics f and the function

N-1

N Z @ o fI defined on ﬂéy:_olf_j(\/).
=0

Moreover, given any € > 0, one can choose the flip-flop family § = FTUF~
such that U§™ (resp.U§ ™) is contained in the e-neighborhood of A (resp.O,.)

Remark 2.11.2. If ¢ is obtained by extending log || Df|g- | on K continu-
ously to V', then the points in the w-limit set of an orbit which are controlled
at any scale have a vanishing center Lyapunov exponent.

Remark 2.11.3. According to [BBD2, Section 4.4/, one can choose the flip-
flop family (§, ¢, ) such that:
— the discs in § are tangent to the strong unstable cone field C{/* and have
uniform diameter;
— the disc A* C W*(O,) in the definition of flip-flop configuration con-
tains a disc which is an element of §.
— Denote by W;.(O,) the connected component of W*(O,) NV, which
contains Q4. For any D € §, one of the followings is satisfied:
a fZN(D) < @;
~ [*N(D) intersects W (O,) transversely;
— D intersects W _.(O,) transversely.
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2.12 Perturbation technics

Let Ay,---,A; € GL(d,R) and we denote by B = A;jo0 Aj_10---0 A;.
Let Ai(B),---,As(B) be the eigenvalues of B, counted by multiplicity and
satisfying

(A(B)] < -+ < [Xa(B)]-

The " Lyapunov exponent of B is defined as

(B) = 7 1o ().

We say that B has simple spectrum if all the Lyapunov exponents of B are
mutually different.

We state a version of Theorem 4.11 in [BB| adapted to our situation. A
similar result can be found in [G3|.

Lemma 2.12.1. For any d > 2, ¢ > 0, and R > 1, there exist two positive
integers T, ly such that:
Given | linear maps Ay, - -+, Ay € GL(d,R) with 1 > ly such that || A; ||, || 4,71 <
R. Assume that B = Ajo Aj_10---0 Ay has no T-domination of index j for
any j € {ip+ 1, ,ig+ ko — 1}
For any ko numbers &, -+ , &, satisfying:
_ fkoZ > €
lfi > Zi:l Xio-i-i(B)? fOT‘ anyj - 17 te 7k0;
- Zz L& = 202 Xio+i( B).-
Then there exist | one-parameter families of linear maps {(Ait)iefo, ey
such that:

1. Ao = A; for each i;
2. | Aiy — Al <eand| A — A7 <e, for each i and any t € [0, 1];

3. Consider the linear map By = Aj40Aj_140---0Ay,, then the Lyapunov
exponents of By satisfy the following:
- X](Bt) = x;(B), for any integer j € [1,4o] U [ig + ko + 1,d];
- Z] 1 XloJr]( 1) = 250:1 Xi0+j<B); fO?“ any t € [0,1];
— For any j € [1, ko), the function Y !_, Xiy+i(B) with respect to vari-
able t 1is non-decreasing;
= Xio+j(B1) =&, for any j =1,-- k.

Remark 2.12.2. In particular, we can take & = -+ = & = = " Xiosi(B)
i Lemma 2.12.1.

The following lemma shows that for periodic orbit of large period, we can
do certain small perturbation to make it have simple spectrum.
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Lemma 2.12.3. /[BC, Lemma 6.6] Given a positive number K. For any e > 0,
there exists an integer N such that for anyn > N and any matrices Ay, --- , A,
in GL(2,R) satisfying that | A; || < K and || A" || < K foranyi=1,---,n.

Then there exist matrices By, --- , B, in GL(2,R) such that

~ | A = Bi|| <eand | A7t =B Y| <€ foranyi=1,--- n;

— the matrixz B, o --- o By has simple spectrum.

Remark 2.12.4. The original statement of Lemma 6.6 in [BC]| is for the
matrices in SL(2,R), but with the assumption that the norm of the matrices
and its inverse are uniformly bounded, the same conclusion is also true directly

from [BC, Lemma 6.6].

We state a generalized Franks lemma by N. Gourmelon [Go2|, which allows
us to do a Franks-type perturbation along a hyperbolic periodic orbit which
keeps some homoclinic or heteroclinic intersections.

Lemma 2.12.5 (Franks-Gourmelon Lemma). Given € > 0, a diffeomorphism
f € Diff'(M) and a hyperbolic periodic orbit Q = Orb(q) of period n. Consider
n one-parameter families of linear maps {(A;+)ejo }izg i GL(d,R) satisfying
the following properties:
~ Aio = DI(f(q)) for any integeri € [0,n — 1];
- ![! Az',]t —DE(f(q)) | < e and | A7} = DI (f* (@) || < for anyt e
0,1];
— Ap_1:0---0 Agy is hyperbolic for any t € [0, 1].
Then for any neighborhood U of Q, any number n > 0 and any pair of compact
sets K* C W3(Q, f) and K* C W(Q, f) which do not intersect U, there is a
diffeomorphism g € Diff'(M) which is e-C'-close to f, such that
— g coincides with f on QU M\U,
7 Dg(gi(Q)) = Ai,l: Jor any i € {07 L--n— 1}7
— K CcW?*Q,g) and K* C W*(Q,g).

Definition 2.12.6. Consider a diffeomorphism f € Diff'(M). An invariant
compact set A is said to admit a partially hyperbolic splitting, if there is a
splitting TAM = E* & E° @ E" such that, the splittings (E* @ E°) ® E* and
E* @ (E° @ EY) are dominated splittings, and the bundle E* (resp. E") is
uniformly contracting (resp. expanding). Moreover, at least one of the two
extreme bundles E* and E* is non-degenerate.

Consider two hyperbolic periodic points p and ¢ of indices ¢ and @ + k
respectively. We say that p and ¢ form a heterodimensional cycle if W*(P)
has transverse intersections with W#(@Q) along the orbit of some point y, and
W#(P) has quasi-transverse intersections with W*(Q) along the orbit of some
point z, i.e. T,W*(P)+ T,W*(Q) is a direct sum. We say p and ¢ form
a partially hyperbolic heterodimensional cycle, if the f-invariant compact set
C = Orb(z)UOrb(y) admits a partially hyperbolic splitting of the form T-M =
E*® E°® E*, where dim(FE®) = i and dim(E°) = k. Moreover, for any z € C,
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we denote by W**(x) (resp. W*(z)) the strong stable manifold (resp. strong
unstable manifold) of x which is tangent to the bundle E* (resp. E") at x.

We have the following theorem from [BDPR| to obtain transition between
two periodic orbits of different indices.

Theorem 2.12.7. [BDPR, Theorem 3.1 and Lemma 3.5/ Consider a dif-
feomorphism f € Diff'(M). Let p and q be two hyperbolic periodic points of
indices v and i+ k respectively and denote by P and @) their orbils respectively.
Assume that there exist dominated splitting Tp M = E1(P)® Ey(P)® E5(P) and
ToM = E\(Q) @ Ex(Q) ® E5(Q) satisfying that dim(E;(P)) = dim(E,(Q)) =i
and dim(Ey(P)) = dim(Ey(Q)) = k. Assume, in addition, that P and Q) form
a heterodimensional cycle. Denote by Mp and Mg the two linear maps:

Df")(p) : T,M — T,M and Df*(q) : T,M — T,M.

Then for any C'-neighborhood U of f, for any two neighborhoods Up and
Ug of P and Q) respectively, there are two matrices Ty and Ty, and two integers
to and ty, such that for any two positive integers m and n, there is a diffeo-
morphism g € U with a periodic point py, satisfying the following properties:

— g and Dg coincide with f and Df on P U Q respectively;

— Fori=1,2,3, we have that Ty(E;(p)) = Ei(q) and T1(E;(q)) = Ei(p);

— The period of p1 equals ty + ty + nw(P) + mm(Q);

~ the matriz Dg™P) (p,) : T,, M — T, M is conjugate to

Ty o Mg o Ty o Mp;
— we denote by Py the orbit of p1 under g, then we have:
#(PNUp) > nm(P) and #(PLNUg) > mm(Q).

Remark 2.12.8. By Lemma 4.13 in [BDP], if the periodic orbits P and Q
admit another dominated splitting of the same index, the two matrices Ty and
Ty can be chosen to preserve the two dominated splitting at the same time.

2.13 Generic diffeomorphisms

Let f € Diff' (M), P and @ be two hyperbolic periodic orbits of f. We say
that P and @ are robustly in the same chain recurrence class, if there exists
a C' small neighborhood U of f such that for any g € U, the continuation P,
of P and the continuation (), of () are in the same chain recurrence class. A
periodic orbit P is said to have simple spectrum, if the d Lyapunov exponents
of P are mutually different. Denote by Per(f) the set of periodic points of f.

The following theorem summarizes some generic properties for Diff! (M),
see for example [ABCDW, BC, BDPR, BDV, CCGWY, DG]|.
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Theorem 2.13.1. There exists a residual subset R of Diff' (M) such that for
any f € R, we have the followings:

1. f is Kupka-Smale.

2. Any chain recurrence class containing a hyperbolic periodic orbit P co-
incides with the homoclinic class H(P, f). Hence two homoclinic classes
either coincide or are disjoint.

3. Given a hyperbolic periodic orbit P, there exists a neighborhood U of f
such that the map g — H(P,, g) is well defined and f is a continuous
point of this map.

4. Given a homoclinic class H(P, f), for any hyperbolic periodic orbit Q
contained in H(P, f), we have that P and Q are robustly in the same
chain recurrence class.

5. Consider a non-trivial homoclinic class H(P, f), the set
{q € Per(f): q has simple spectrum and is homoclinically related to P}

is dense in H(P, f).

6. Consider a hyperbolic periodic orbit P of index i, whose homoclinic class
contains a hyperbolic periodic orbit Q) of index i + k for some integer
k > 0. If there exist dominated splitting Tp M = FE,(P)@® E2(P)&® E5(P)
and ToM = E1(Q) & E2(Q) & Es(Q) satisfying that dim(E,(P)) =
dim(E(Q)) = ¢ and dim(Es(P)) = dim(E»(Q)) = k. Then arbitrarily

Cl-close to f, there is a diffeomorphism g, satisfying that:

— g and Dg coincide with f and Df on P U Q) respectively,
— under the diffeomorphism g, the periodic orbits P and @) form a
partially hyperbolic heterodimensional cycle K, which is contained

in an arbitrarily small neighborhood of H(P, f).

7. Consider a hyperbolic periodic orbit P with simple spectrum whose ho-
moclinic class H(P, f) is non-trivial. Then for any € > 0,0 > 0 and
k € (0,1), there is a hyperbolic periodic orbit Q) homoclinically related
to P, such that the following properties are satisfied:
— @ has simple spectrum and is e-dense in H(P, f);
- @ is a (6, Kk)-good approximation of P;
N ‘Xl(Quf) _X1<P7f)| <€, for any i € {1727 7d}

2.14 Foliations on torus or on cylinder and its
classification
In this section, we give the definitions and the tools for dealing with folia-

tions on torus or cylinder.
We denote by S! the circle S' = R/Z and by T? the torus R?/Z? = S* x S*.
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2.14.1 Pair of transverse foliations

Given two C! one-dimensional foliations F and G on the torus T?. We say
that (F, G) is a pair of transverse foliations if each leaf of F is everywhere
transverse to the leaves of G, and vice versa.

For a pair of transverse foliations on torus, there are two cases for their
relations defined by the following definition:
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Definition 2.14.1. We say that two foliations F and G of the torus T? have
parallel compact leaves if and only if there exist a compact leaf of F and a
compact leaf of G which are in the same free homotopy class.

Otherwise, we say that F and G have no parallel compact leaves or that
they are without parallel compact leaves.

According to the relations defined above, for pair of transverse foliations,
we define a group associated to them in the following way:

Definition 2.14.2. Let (F,G) be a pair of transverse foliations of T?. We
denote by Grg C m(T?) the group defined as follows:
— if F and G have no parallel compact leaves, then Grg = 7* = m (T?);
— if F and G have parallel compact leaves, let o € w1(7Z) be the homotopy
class of these leaves. Then Grg = (o) = Z - a C m (T?).

2.14.2 Complete transversal

Definition 2.14.3. Given a C" (r > 1) foliation F on T%. We say that a C*
simple closed curve 7y is a complete transversal or a complete transverse cross
section of the foliation F, if v is transverse to F and every leaf of F intersects

v.

Lemma 2.14.4. Consider a C* foliation £ on T?. Assume that there is a
simple smooth closed curve v which is transverse to £ and is not a complete
transversal of £. Then there exists a compact leaf of £ which is in the homotopy
class of .

This lemma is classical. As the proof is short, we include it for complete-
ness.

Proof. Cut the torus along v: we get a cylinder C' endowed with a foliation
transverse to its boundary. Furthermore, by assumption, this foliation admits
a leaf which remains at a uniform distance away from the boundary of C.

Figure 2.1 —

Hence, the closure of that leaf is also far from the boundary of C'. By Poincaré-
Bendixson theorem, the closure of this leaf contains a compact leaf, thus this
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compact leaf is disjoint from the boundary C'. Furthermore, as the foliation
is not singular, this leaf cannot be homotopic to 0 in the annulus, hence it is
homotopic to the boundary components. ]

2.14.3 Reeb components and Compact leaves of folia-
tions

Definition 2.14.5 (Reeb component). Given a foliation F on T?, we say that
F has a Reeb component, if there exists a compact annulus A such that
— the boundary 0A is the union of two compact leaves of F;
— there is no compact leaf in the interior of A;
— first item above implies that F is orientable restricted to A, so let us
choose an orientation. We require that the two oriented compact leaves
are in opposite homotopy classes.

>

Figure 2.2 — Reeb component

By using the Poincaré-Bendixson theorem, one easily checks the following
classical result:

Proposition 2.14.6. Let F and G be two transverse foliations on T?. Assume
that F admits a Reeb component A. Then G admits a compact leaf contained
in the interior of A. Thus F and G have parallel compact leaves.

Definition 2.14.7. Given two C" foliations F and F' on manifolds M and
M', respectively. F and F' are C" conjugate if there exists a C" diffeomor-
phism f: M — M’ such that f(F)=F'.

We state now a classification theorem which can be found in [HH]:

Theorem 2.14.8. [HH, Proposition 4.3.2] For any C" foliation F on T?, we
have the following:

— Fither F has Reeb component;

— or F is C" conjugated to the suspension of a C" diffeomorphism on S*.

In general the union of the compact leaves of a foliation may fail to be
compact. But, for codimension 1 foliations we have the following theorem due
to A. Haefliger.
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Theorem 2.14.9. [H] For any C" (r > 1) codimension one foliation F on a
compact manifold M, the set

{z € M|the F-leaf through x is compact}

15 a compact subset of M.

2.14.4 Translation and rotation numbers

In this section we recall very classical Poincaré theory on the rotation num-
ber of a circle homeomorphism. We refer to [HK] for more details.

—~~— +
We denote by homeo (R) the set of orientation preserving homeomor-
phisms on R which commute with the translation ¢t — ¢ 4+ 1. Recall that

—— +

the elements of homeo (R) are precisely the lifts on R of the orientation pre-
serving homeomorphisms of S*.

Let H € igT;e/oV]R) be the lift of h € Homeo™(S'). Poincaré noticed that
the ratio W converges uniformly, as n — +o00o, to some constant 7(H)
called the translation number of H. The projection p(h) of 7(H) on R/Z does
not depend on the lift H and is called the rotation number of h.

We can find the following observations in many books, in particular in

Remark 2.14.10. The rotation number is rational if and only if h admits a
periodic point.

Proposition 2.14.11. [HK, Proposition 11.1.6] 7(-) varies continuous in C°-
topology.

—_—~— +
Proposition 2.14.12. [HK, Proposition 11.1.9] Let H, F' € homeo (R). As-
sume that T(H) is irrational and H(x) < F(x), for any x € R. Then we have
that T(H) < 7(F).

Poincaré theory proves that a homeomorphism A of the circle with irrational
rotation number is semi-conjugated to the rotation R,yy; but A may fail to
be conjugated to R,y even if h is a C*-diffeomorphism (Denjoy counter exam-
ples). However the semi-conjugacy is a C%-conjugacy if h is a C?-diffeomorphism
(Denjoy theorem). In general, if h is a smooth circle diffeomorphism with irra-
tional rotation number, the conjugacy to the corresponding rotation may fail
to be a diffeomorphism. However M. Herman proved that there are generic
conditions on p(h) ensuring the smoothness of the conjugacy:

Theorem 2.14.13. [He| Let f € Diff"(S') (r > 3) be a diffeomorphism of the
circle. If the rotation number of f is diophantine, then f is C"~2 conjugated
to an irrational rotation.
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2.14.5 Foliations without compact leaves on the annulus

Let F be a C" foliation on the annulus S* x [0,1] so that

— F is transverse to the boundary S' x {0,1};

— JF has no compact leaves in the annulus.
Thus Poincaré-Bendixson theorem implies that every leaf entering through
S'x {0} goes out through a point of S'x {1}. The map Pr: S*x{0} — S'x {1},
which associates an entrance point (x,0) of a leaf in the annulus to its exit
point at S* x {1}, is called the holonomy of F.

Consider the universal cover R x [0,1] — S' x [0,1]; we denote by F the

lift of F on R x [0, 1] and by PN; the holonomy of F. Note that P is a lift of
Pr.

We will use the following classical and elementary results:

Proposition 2.14.14. Let F,G be C"-foliations, v > 0, on the annulus S* x
0,1] so that :
— The foliations F and G are transverse to the boundary S' x {0,1} and
have no compact leaves in the annulus;
— The foliations F and G coincide in a neighborhood of the boundary
St x {0,1};
— The foliations F and G have same holonomy, that is Pr = Pg.
Then there is a C™ diffeomorphism p: St x [0,1] — S x [0, 1] which coincides
with the identity map in a neighborhood of the boundary S* x {0,1} and so that

0(G) = F.

__If furthermore the lifted foliations F and G have same holonomies, that is
Pr = Pg, then ¢ is isotopic (relative to a neighborhood of the boundary) to
the identity map.

An important step for proving Proposition 2.14.14 is the next classical
result that we will also use several times:

Proposition 2.14.15. [HH, Lemma 4.2.5] Let F be a C" (r > 1) foliation on
the annulus S* x [0,1], transverse to the boundary and without compact leaf.
Then there is a smooth surjection 6: S* x [0,1] — [0, 1] mapping S' x {0} on
0 and S' x {1} on 1 and so that F is transverse to the fibers of 6.

As we did not find a reference for the precise statement of Proposition 2.14.14,
we explain its proof below.

Hint for the proof of Proposition 2.14.14. One first notices that the surjection
6 given by Proposition 2.14.15 can be chosen so that 6(z,t) =t for ¢ close to
0 or to 1.

Let us fix such surjections 87 and g associated to F and G by Proposi-
tion 2.14.15.
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We get a map ¢r: St x [0,1] = S* x [0, 1] defined as

(,Of(x, t) = (y7 8-7"(3:7 t))?

where (y,0) is the intersection of the leaf of F through (x,¢) with S' x {0}.
We define a map (g in the same way.

As F coincides with G in a neighborhood of the boundary and F,G have
the same holonomy map, and as #r coincides with fg close to the boundary,
one easily checks that ¢z coincides with ¢g in a neighborhood of the boundary.
Now the announced map ¢ is just

¢ =g opr.

One easily checks that ¢ satisfies all the announced properties.
O

A classical consequence of Proposition 2.14.15 is that a foliation on T2
admitting a complete transversal is conjugated to the suspension of the first
return map on this transversal.

2.15 Dehn twist along torus

In the study of 3-dimensional topology, there is a classical surgery called
Dehn twist aiming to create new diffeomorphism that is non-isotopy to identity.

Definition 2.15.1. Letu = (n,m) € Z* = m,(T?). A diffeomorphism): [0,1]x
T? — [0,1] x T? is called a Dehn twist of [0, 1] x T? directed by u if:
— 1 is of the form (t,x) — (t,v:(x)), where 1y is a diffeomorphism of T?
depending smoothly on t.
— 4 18 the identity map for t close to 0 or close to 1.
— the closed path t — ;(O) on T? is freely homotopic to u (where O =
(0,0) in T? = R?/Z2).

Now, the Dehn twist along an embedded torus on a 3-manifold is defined
as below:

Definition 2.15.2. Let M be an oriented 3-manifold and let T: T? — M be
an embedded torus. Fizu € m(T). We say that a diffeomorphism : M — M
is a Dehn twist along T directed by w if there is an orientation preserving
diffeomorphism ¢: [0,1] x T? — M whose restriction to {0} x T? induces T,
and so that:
— 4 is the identity map out of ¢([0,1] x T?). In particular, v leaves
invariant ([0, 1] x T?);
— The diffeomorphism ¢~ otpo: [0,1] x T2 — [0, 1] x T? is a Dehn twist
directed by u.
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2.16 Anosov flows and transverse tori

A vector field X on a 3-manifold M is called an Anosov vector field if there
is a splitting TM = E°®R- X @ E" as a direct sum of 1-dimensional bundles
which are invariant by the flow {X;},cr of X, and so that the vectors in E*
are uniformly contracted and the vectors in £ are uniformly expanded by the
flow of X.

Notice that X is Anosov if and only if X has no zeros and if there is ¢ > 0
so that X, is partially hyperbolic.

The bundles £ = F* @R - X and F* =R - X @& E* are called the weak
stable and unstable bundles (respectively). They are tangent to transverse 2-
dimensional foliations denoted by F¢ and F* respectively, which are of class
O if X is of class at least C2.

The bundles £° and E* are called the strong stable and strong unstable
bundles, and are tangent to 1-dimensional foliations denoted by F** and F**
which are called the strong stable and the strong unstable foliations, respec-
tively.

Notice that being an Anosov vector field is an open condition in the set
of C'-vector fields and that the structural stability implies that all the flows
C'-close to an Anosov flow are Anosov flows topologically equivalent to it.
The topologically equivalence of two flows is defined as follow:

Definition 2.16.1. Let ¢, : M — M and 6; : N — N be two continuous
flows. We say that ¢, is topologically equivalent to 6;, if there exists a homeo-
morphism h : M — N preserving the orientation of the flows and sending the
orbits of the flow @; to the orbits of the flow 6, that is,

h(Orb(z, ¢:)) = Orb(h(z),6;), for any x € M.

Therefore, for our purpose here we may always assume, and we do it, that
the Anosov flows we consider are smooth.

The most classical Anosov flows on 3-manifolds are the geodesic flows of
hyperbolic closed surfaces and the suspension of hyperbolic linear automor-
phisms of T? (i.e. induced by an hyperbolic element of SL(2,Z)). In 1979,
[FW] built the first example of a non-transitive Anosov flow on a closed 3-
manifold. Many other examples of transitive or non-transitive Anosov flows
have been built in [BL, BBY].

If X is an Anosov vector field on an oriented closed 3-manifold M and if
S C M is an immersed closed surface which is transverse to X then

— S is oriented (as transversely oriented by X);

— S is transverse to the weak foliations F“° and F°* of X and these
foliations induce on S two 1-dimensional C*-foliations F§ and F¥, re-
spectively, which are transverse.

— as a consequence of the two previous items, S is a torus.
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A transverse torus is an embedded torus T: T? — M transverse to X
and we denote by F3 and F¥ the 1-dimensional C' foliations induced on T
obtained by intersections of 7" with F and with F, respectively. These
foliations are transverse. Therefore Theorem 4 associates to (F3, Fi) and a
subgroup G e of m1(T) which is either a cyclic group if F5 and F} have
parallel compact leaves or the whole m1(T") otherwise.

Let T1, ..., Ty be a finite family of transverse tori. We say that X has no
return on | J,T; if each torus 7; is an embedded torus, the {T;} are pairwise

disjoint and each orbit of X intersects | J, 7; in at most 1 point.

A Lyapunov function for X is a function which is not increasing along
every orbit, and which is strictly decreasing along every orbit which is not
chain recurrent.

In [Br| Marco Brunella noticed that a non-transitive Anosov vector field X
on an oriented closed 3-manifold M always admits a smooth Lyapunov function
whose regular levels separate the basic pieces of the flow; such a regular level
is a disjoint union of transverse tori 11,--- ,T;. One can check the following
statement:

Proposition 2.16.2. Let X be a (non-transitive) Anosov vector field on an
oriented closed 3-manifold M. Then the two following assertions are equiva-
lent:

1. Th, ..., T} are transverse tori so that X has no return on | J, T;.
2. there is a smooth Lyapunov function 8: M — R of X for which the T;,
i€ {l,...,k} are (distinct) connected components of the same regular

level 071(t) for some t € R.

2.17 Dynamical coherence, Plaque expansive-
ness and completeness

Definition 2.17.1. Let f be a partially hyperbolic diffeomorphism. We say
that f is cs (resp. cu)-dynamically coherent, if there exists an f invariant
foliation F¢ (resp. F°") everywhere tangent to E* @ E° (resp. EC® E"). f is
dynamically coherent, if f is both cs-dynamically coherent and cu-dynamically
coherent.

A partially hyperbolic diffeomorphism might not be dynamical coherent
even if the center dimension is one (see for instance [HHU5]).

Let F be an f-invariant foliation. We denote by F(z) the F-leaf through
the point z. A sequence of points {z, },ez is called an € pseudo orbit with
respect to F, if for any n € Z, one has that the points f(z,) and x,,1 belong
to the same F leaf, and f(z,) belongs to F.(x,1), where F.(x,.1) denotes
the € ball in the leaf F(xz,.1) centered at ;1.
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Definition 2.17.2. Given an f-invariant foliation F. We say that F is plaque
expansive, if there exists € > 0 satisfying the following: if {x,}nez and {y, tnez
are two e-pseudo orbits with respect to F and if one has d(x,,y,) < € for any
n € Z, then x, and y, belong to a common F-leaf for any n € Z.

By Theorem 7.5 and Corollary 7.6 in [HHU?2]|, a partially hyperbolic diffeo-
morphism with neutral center is dynamically coherent; moreover, the center,
center stable and center unstable foliations are plaque expansive. By Theo-
rem 7.1 in |[HPS] one has that the plaque expansiveness in this setting is a
robust property and implies the structure stability of the invariant foliation
(ie. leaf conjugacy). In [PSh|, the authors prove that if the center foliation
is plaque expansive, then the leaf conjugacy for the center foliation keeps the
center stable and center unstable foliations invariant. To summarize, one has
the following result:

Theorem 2.17.3. Let f be a partially hyperbolic diffeomorphism. If f has
one dimensional neutral center, there exists a C' small neighborhood U of f
such that for any g € U, one has the following properties:
— (dynamical coherence) g is dynamically coherent;
— (plaque expansive) the center, center stable and center unstable folia-
tions g are plaque expansive;
— (leaf conjugacy) there exists a homeomorphism hy, : M +— M such that
for any point x € M and i = ¢, cs, cu, one has that

hy(Fy(x)) = Fi(hy()) and he(g(Fy(x))) = f(he(F(x))).

Remark 2.17.4. For the homeomorphism hy, one has that hy tends to identity
as g tends to f.

Let f be a dynamically coherent partially hyperbolic diffeomorphism. A
point y is called an accessible boundary point with respect to F**(F¢(x)) for
some x € M, if there exists a C' curve o : [—1,0] — M tangent to the center
bundle such that

o([-1,0)) € F*(F°(z)) and o(0) =y ¢ F**(F(x)).

The set of accessible boundary points with respect to F**(F¢(x)) is called
accessible boundary with respect to F**(F¢(x)).
With the notations above, one has the following result due to [BW]:

Proposition 2.17.5. The accessible boundary with respect to F**(F¢(x)) is
saturated by strong stable leaves.

We will call each strong stable leaf in the accessible boundary with respect
to F*°(F(x)) as a boundary leaf with respect to F**(F¢(x)) or a boundary leaf
for simplicity.
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2.18 Existence of compact leaf

In 1965, S. Novikov gave a criterion for the existence of compact leaves of
codimension one foliations on closed 3-manifolds.

Theorem 2.18.1. /N/ Let F be a codimension one foliation on a 3-manifold
M. F has a compact leaf, if one of the followings is satisfied:
— there exists a null-homotopy closed transversal for F;
— there exists a non-null homotopic path in a F-leaf which is null homo-
topy in M.

We remark here that both conditions above would imply the existence of
Reeb components, hence any one-dimensional foliation transverse to F would
admit a circle leaf.

With the help of Novikov’s theorem, [HHUG6| proves the non-existence of
compact leaf for center stable (center unstable) foliation. More precisely,

Theorem 2.18.2. [HHUG6| Let f be a partially hyperbolic diffeomorphism on
a 3-manifold M with the splitting TM = E* @& E°® E". Assume that f is
cs-dynamically coherent, then the center stable foliation F has no compact
leaves.
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Chapter 3

Existence of non-hyperbolic
ergodic measures

In this chapter, we deal with the existence of non-hyperbolic ergodic mea-
sures to characterize the non-hyperbolicity of certain systems.

We first prove the robust existence of non-hyperbolic ergodic measures
for some robustly non-hyperbolic diffeomorphisms (up to removing a nowhere
dense subset), using the [GIKN] criterion. Hence the non-hyperbolic ergodic
measures are the limit of periodic measures. To prove this, we use the spe-
cial partially hyperbolic robust cycle called flip-flop configuration (given by
[BBD2|) and formed by a dynamically defined blender and a hyperbolic peri-
odic point of different indices. In a small neighborhood of this robust cycle,
for each hyperbolic periodic orbit, one can find some pieces of orbit segments
which exhibit some hyperbolicity along the center and stay close to the fixed
periodic orbit for a large proportion of time, then one can apply Liao-Gan’s
shadowing lemma to close the orbit. By choosing the pieces of orbit segments
carefully, one can get that the new closed orbit obtained by the shadowing
lemma is a good approximation of the fixed periodic orbit and the center Lya-
punov exponent of the new periodic orbit gets closer to zero. Inductively,
one can get a sequence of periodic orbits satisfying the |GIKN] criterion and
whose center Lyapunov exponents tending to zero. The non-hyperbolic er-
godic measures obtained in the way above have only one vanishing Lyapunov
exponent. Using this techinic, we also show that for an open dense subset of
robustly transitive diffeomorphisms far from homoclinic tangencies, there exist
non-hyperbolic ergodic measures whose supports are the whole manifold.

We also describe how far from hyperbolicity of the systems are by proving
the existence of non-hyperbolic ergodic measures with more than one vanishing
Lyapunov exponents. This involves in lots of perturbation techinics by Bochi,
Bonatti, Diaz, Crovisier, Gourmelon and many others. The non-hyperbolic
ergodic measure is also obtained by |GIKN] criterion and the periodic or-
bits applied to this criterion are obtained by generic arguments. The proof
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consists in perturbing the dynamics to get a ‘large’ partially hyperbolic het-
erodimensional cycle, then the no-domination assumption allows us to use
Bochi-Bonatti’s result to equalize the center Lyapunov exponents of the two
periodic orbits in the cycle. Then by mixing the center Lyapunov exponents
of these two periodic orbits of different indices, one gets a new periodic or-
bit whose center Lyapunov exponents get closer to zero. Moreover, the new
periodic orbit is still in the homoclinic class, which is guaranteed by Franks-
Gourmelon lemma. By carefully choosing the sequence of periodic orbits, one
can apply the argument in [CCGWY] showing that the ergodic measure has
more than one vanishing Lyapunov exponents.

3.1 Periodic orbits satisfying the |GIKN] crite-
rion in a flip flop configuration: Proof of
Theorem A

Let (A,U,C",®) be a dynamically defined blender and O, be a hyper-
bolic periodic orbit. Let ey be the strength of the strictly invariant fam-
ily. We assume that there are A* C W?*(Q,) and A* C W*(O,) so that
(AU, C"™, D, 0,4, A°, A¥) is a split-flip-flop configuration.

We fix a partially hyperbolic neighborhood V' of the split flip-flop config-
uration so that the maximal invariant set A of f in the closure V admits a
partially hyperbolic splitting E* @ E°® E* with dim(FE°¢) = 1. Let ¢: M — R
be the continuous extension of the continuous function log || D f] .|| A =R

Since ¢|, > 0 and A is the maximal invariant set of U, hence there exist a
number 7 > 0 and an integer N such that for any z € NY._ 5 f4(U), we have
that

o(z) > 27.

Lemma 3.1.1. With the notation above. There exist two constants p €
(0, W) and ¢ € (0,1), such that for any € > 0 and any hyperbolic peri-
odic orbit v which is contained inside V' and is homoclinically related to O,
inside V', there exists a hyperbolic periodic orbit v which is homoclinically
related to v in V satisfying:

— 7 is (6,1 —p-[X°(7)]) good for v;

— A7) > A ().

Proof. We denote by A the center Lyapunov exponent of 7, then there exists
a point y € v such that

k—1
> log||Df
1=0

Ec(fz(y))H < /\,fOI‘ k= 1, ce ,7T(’}/).

| =
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Consider the continuous function

2l el o A+t

hq(t) = : +1t
2ol o +1A=2 2
e 20 ¢
¥ o T 3
ho(t) = . A— —t,
2l el o +1A+E 2
for any ¢ > 0.

9 _
% A, there exists ¢y such that for any
c0

Since hy(0) < 1A and ho(0) >
t € [0,to], we have the following:

2lello —7

A
2l o

A
hl(t) < Z and hg(t) >
We take a small positive number
1
in{ty, — .
0 < min{to, 100|)\|}

For the number 1A < 0 and the splitting T3 M = (E*® E°)@® E*, by Lemma
2.6.4, there exist two numbers L > 1 and dy > 0 such that for any d € (0, dy],
any }l/\—quasi hyperbolic d-pseudo orbit is L - d shadowed by a real orbit. Now
we choose a number d € (0, dy) small enough such that

— (L+Dd< e

— Jp(2) — p(w)] < § for any two points z, w satisfying z € Bp.q4(w).

The precise choice of d would be fixed at the end.

The proof of Lemma 3.1.1 consists in finding a quasi hyperbolic string which
starts at a point on the unstable manifold of y, whose orbit is contained in A,
such that it spends a very long time to follow the periodic orbit +. Then it
spends some proportion of time in the open set U to gain some expansion in the
center direction and after that in a small proportion of time it goes into a small
neighborhood of O,. Using the fact that v and O, are homoclinically related
in V', by the shadowing lemma for hyperbolic set, we can find a hyperbolic
string starts from a small neighborhood of O, to y.

Since < is homoclinically related to O, inside V', by Inclination Lemma,
there exists an i-dimensional compact disc D* € W"(y) NV and a positive
integer n; such that

— the backward orbit of f™(D") is contained in V/;

— fM(D") is C" €y/2-close to A%, which implies that f™(D%) € V., (D).

We denote by Dy = f™(D"). By the compactness of D" and of A®, there
exists an integer nq such that f="¢(Dg) C Wy, (y) and f"¢(A%) C Wy, (O,).

By shadowing lemma for hyperbolic set, up to increase ng4, there exists
an \/2-quasi hyperbolic string {w,ng} from d/2-neighborhood of ¢ to d/2-
neighborhood of .

By the strictly invariant property of @, for any integer r, we have that
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— f"(D§) contains a uu-disc DY € D;

— f7Y(DY) is contained in U for any i =0,--- ,r.

By the definition of flip-flop configuration, D}’ intersects A® in a point y,
transversely, for any positive integer . We denote by z, = f~"(y,). By the
choice of z,, one gets that

— the orbit segment {z,,r} is contained in U and z, belongs to A;

— for any n > ng such that n — ng is a multiple of m(v), we have that

F () € Wi(y).
For any r > 2N, where is N is the integer fixed at the beginning of this section,
one has that

r—1 r—N-—1 r—1
S olf (=) Zso Fan+ Y elf@n+ 3 olfi @)
i=0 =N i=r—N

>—NH90||CO (r=2N)7 = Nll¢|l
>r-1—4N| ¢l

Denote by z,, = f"(z,) and o, the orbit segment
On,r = {xr,na Tyttt Yy >fnd(yr)}
which is contained in A. We denote by T, =n+ 1+ ng.

Claim 3.1.2. There exist two integers n and r arbitrarily large such that

— 2|\
o g 2L
T + 1 3lell o
2ol o —7 1 1
co i
A< > o(f (@) < A
2l co Tog 4 4

— Opy 15 G %)\—qua,sz' hyperbolic string corresponding to the splitting (E* ®
E¢) @ E".

Proof. By the choice of o,,,, we have that

Y el ) = Y el )+ Y o )

< (n=na)(A+0) + (r + 2n4)l[ ]
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On the other hand, we have that

Y el = Y e+ Y o)
n+r—1 Tn,r—1
20 el @)+ D0 (S )

> (n—na)(A=06) —nall |l
+7-7—4N |l ., —nall @l
=(m—n)dA=08)+7-7—2na+4N)| ¢ || -

Hence, there exists Ny such that for any integer n > Ny and any r € N, we
have that

1 n r
—ng)(A+6 2 )< ——a 5
(= n)O+ O+ 420wl ) < A e+
and
"~ n) (A= 8 b7 — @ng AN [0 ) > A 5
n—n — r-17—(2n T —9.
Tn,r ! ¢ 7 co n-+r n—+r
There exist n and r arbitrarily large such that
e ( A+  |A—=4] )
n- 2ol 2lel o/
Hence, we have the following estimate:
n r z
A )= A & 4]
et ol + 0= T sl +
[A—d]
1 2llell
< ) | )\+1 |)\C,O(;| H(PHCO+5
e Mel o
B 1 A+0 w
— P
L P
el akd
2lell o +1A=0 2
= ha(9)
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and
n r 1 -
A+ T—0= A+ =7 =9
n+r n+r I+ - I+-
[A+4]
]- 2“‘»0”00
> )
A+ 9]
Traers  1taer,
el e
2l ll o +IA+01 2@l + [A+4]
2ol -7 3,
2l el o +1A+0 2
= h2(9)
By the choice of §, we have that
2l ell o — 7 1T 1
A< o(f (xrn)) < =
Mol 7 2 i

This proves the second item of Claim 3.1.2.

Since we have
r A+  |A—=4]
Tel 7
no 2ol 2lell .

)

where n and r can be chosen arbitrarily large; when n and r are chosen large
enough, we have the following

n—ng _ 1-—72 . 1—2d - 1 o1 2|\
Tortng 14+ L4 20 A0l | 2ng 2\ 3 '

Since o, , is contained in A and A admits the partially hyperbolic splitting
(E* & E°) @ E*, to prove that o, is a }l)\-quasi hyperbolic string, we only
need to show that for any integer j € [1, 7, ], we have the following

j—1

ITILCME

k=0

A

1 =

For any j € [1,n + N|, when n is chosen large enough and d is small enough,
we have the following:
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For any j € [n+ N, m,,], we have that:

1 Jj—1 1 n—ng—1 1 j—1
> (M) == Y e e += D el
J k=0 J k=0 J k=n—-ngq
n—ng j—n-4+ny
< A+ ll¢ll-

Since the last item of the inequality above is increasing when j increases in
J € [n+ N, m,,], one has that

=S A ) < (= )3+ 0) + (20 )

By the proof of item two, one has that

1
(0= )3+ 8) + (4 200 o)
r
o

n+r + n+r”¢”00 *
1

< =\
4

This ends the proof of Claim 3.1.2. O]

By the choice of the A/2-quasi hyperbolic string {w,ns} and the Claim
3.1.2, we get a %—quasi hyperbolic periodic d-pseudo orbit {oy,,, {w,n4}} of
period 7, , + ng. By Lemma 2.6.4, there exists a periodic orbit point p of
period 7, , + ng such that

— For any j € [0, 7,,], we have that

d(f(p), f(xrn)) < L-d;

— For any j € [m,, + 1, Tn, + ng — 1], we have that

d(f(p), f7~™r (w)) < L - d.

Let 4" be the orbit of periodic point p. Since (L + 1) - d < ¢, we have that 7/

is (e, n:ﬁdnd) good for ~.
We take
2 1 2 —T
p and C — M < 1.

= <
lellco el o 2l | o

By the first item of Claim 3.1.2, we have that 7' is (¢,1 — p - |A|) good for
7.

29



PhD Thesis of Peking University & Université de Bourgogne

When d is chosen small enough, by the uniform continuity of ¢ and the
third item of Claim 3.1.2, one gets that

1L 1
5 > o fF(p) < A, for any integer j € 0,7, +nq — 1
k=0

by the uniform continuity of ¢ and the second item of Claim 3.1.2, one gets
that

7Tn7‘+nd*1
1 ’ .
X)) = —— J A.
() P———— on o(f(p) >¢

Hence, p is a (%, E* @ E°) hyperbolic time whose distance to y is less than
(L+1)-d. By Lemma 2.7.3, p has uniform size of stable manifold of dimension
dim(E*®* @ E€). When d is small enough, combining with the fact that E* is
uniformly expanding, we have that 4/ is homoclinically related to v in V.

This ends the proof of Lemma 3.1.1.

O

Remark 3.1.3. If f is globally partially hyperbolic with center dimension one,
we can see from the proof of Lemma 3.1.1 that we can take V as the whole
manifold M.

Recall that RC(M) is the set of diffeomorphisms with robust cycles formed
by a hyperbolic set of s-index i and a hyperbolic periodic point of s-index 7+ 1.
We denote by d = dim(M). Now we can give the proof of Theorem A.

Proof. By Proposition 2.9.5, there exists an open and dense subset @(M ) of

RC(M) such that for every f € @(M ), there exists a split flip flop configu-
ration formed by a dynamically defined cu-blender of uu-index d — 7 — 1 and
a hyperbolic periodic point of u-index d — 7 — 1.

We fix a sequence of positive numbers {¢;} such that

n

lim €; < +00.
n—+o0o ZO J
‘]:

Using Lemma 3.1.1, for each f € @(M ), we will inductively find a se-
quence of hyperbolic periodic orbits satisfying the condition of Lemma 2.5.2.
Let p € (0, Hw;) and ¢ € (0,1) be the two numbers given by Lemma

c0

[
3.1.1.
We denote by
Yo = 0Oy and kg =1 — p- |X(70)]-

Assume that we already get ~,. Then we denote by

kn=1—p- ’)‘C(’Yn”'
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By applying Lemma 3.1.1 to v, and €,, we get a hyperbolic periodic orbit 7,41
such that

— Yp+1 is homoclinically related to 7, in V ;

— Ynt1 18 (€, Kp) good for 7,;

— X)) < C- ()|
For any n, we have that

(A ()| < ¢ - [A(0) .

Hence, the center Lyapunov exponent of 7, exponentially tends to zero when
n tends to infinity, which implies

By Lemma 2.5.2, the sequence {0, } converges to a non-hyperbolic ergodic
measure ;. whose support is
m?f:luzoznfyk
O

3.2 Existence of non-hyperbolic ergodic measures
with full support for robustly transitive dif-
feomorphisms: Proof of Theorem B

3.2.1 Reduction of Theorem B

Let RT (M) be the subset of Diff' (M) such that for any f € RT (M), we
have that

— f is robustly transitive;

— f admits a partially hyperbolic splitting of the form

TM=FE®&E&- - &E &E"

satisfying that dim(Ef) = --- = dim(Ey) = 1.
— there exist two hyperbolic periodic orbits of indices dim(£?®) and dim(E*)+

k respectively.
We denote by dim(E?®) = iy and dim(M) = d.
Remark 3.2.1. — By definition, RT (M) is an open subset of Diff'(M).
— By robust transitivity and [ABCDW, Theorem 1], there exists an open
and dense subset RT,(M) of RT (M) such that for any f € RT,(M)
and any 7 = 0,--- ,k, there exists a hyperbolic periodic orbit of index
10+ 7.
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For any f € RT (M) and any f-ergodic measure p, we denote by X¢(u) the
Lyapunov exponent of p along the bundle EYf, for any ¢ = 1,--- k. As the
bundle EY is one dimensional, one has that

du.

) = [1og] D,

Recall that U(M) is the set of robustly transitive non-hyperbolic C* dif-
feomorphisms far from homoclinic tangencies. Hence, U(M) is an open set of
Diff'(M). It is clear, by definition, that RT (M) is a subset of U(M). In fact,
by Theorem D in [BDPR], the set R7 (M) is an open and dense subset of
U(M). Now, Theorem B is a straightforward result of the following theorem:

Theorem 3.2.2. There exists an open and dense subset RT (M) of RT (M),

such that for any f € 7%\71(M), there exist k nmon-hyperbolic ergodic measures
W1, fg such that for any i =1,---  k, we have that
— Af(ui) = 0;
— The support of each ; is the whole manifold M ;
— p; 18 the weakx-limit of a sequence of hyperbolic periodic measures of
index ig + 1

Note that in the case k = 1, the existence of non-hyperbolic ergodic measure
with full support is also announced in [BBD3|, but the proof is quite different.

Let ps be a f-hyperbolic periodic point. We say that the homoclinic class of
py is robustly being the whole manifold, if there exists a C'' small neighborhood
Uy of f such that for any g € Uy, we have that

— the continuation p, of p; is well defined;

— the homoclinic class of p, is the whole manifold.

3.2.2 Existence of homoclinic classes robustly being the
whole manifold

By [BC], for C*! generic diffeomorphisms in R7 (M) and any j =0, -- , k,
the set of periodic orbits of index ig + j is dense on M and periodic orbits of
the same index are homoclinically related; As a consequence, we have that M
is a homoclinic class. Recently, [ACS| proves that one can replace the generic
assumption by open and dense assumption to show that M is a homoclinic

class of periodic orbits of index 7¢ and 7o + &k in a robust way. Combining with
[BDPR, Theorem E|, we have the following:

Proposition 3.2.3. There exists an open and dense subset RT,(M) of RT (M)
such that for any f € RT,(M), there exist k + 1 hyperbolic periodic points
D1, , Per1 whose homoclinic classes are robustly being the whole manifold.
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3.2.3 Periodic orbits satisfying [GIKN] criterion: Proof
of Theorem 3.2.2

For every f € RT(M), up to changing a metric (due to |Gol|), we can
assume that there exists \y < 0 such that

— log | Df|Es@) | < Xo and log || Df = gu) || < Ao, for any = € M;

— For any = € M, we have that

log || Df|s(@) || —log | Df

log || Df | pu(say | +10g | Df|ge (@) || < 2X0,
and forany : =1,---  k — 1,

Ef(z) | —log || Df

Es(2) || < 2o,

log|| Df

B¢, () || < 2)\0

To prove Theorem 3.2.2, we need the following proposition.

Proposition 3.2.4. Let f € RT (M) and p be a hyperbolic periodic point of
index ig + 1 for some integer i € (0,k]. Assume that the homoclinic class of
p 1s the whole manifold. Assume, in addition, that there exists a cu-blender
(A", U,C*"™,®) of uu-index d — iy — i such that O, and A* form a split flip-flop
configuration.

Then there exist p > 0 and ¢ € (0,1) such that for any € > 0 and any
hyperbolic periodic orbit py homoclinically related to p satisfying that \s(po) >
Ao, where X\ is the number we fixed at the beginning of this section, there exists
a hyperbolic periodic point O,, such that

— Oy, s homoclinically related to O,, and is € dense in M;

— The orbit of py is (6,1 — p- |X(po)|) good for py;

— Ai(p1) > ¢+ Ai(po)-

Proof. Since D f is uniformly expanding in the bundle Ef|ju, there exist 7 >
75 > 1 and an integer N such that for any x € NY._ fi(U), we have that

Ty < || Df|Ef(a:) || < T1.

For simplicity, we will take N = 1.

We denote by A the Lyapunov exponent of p, along EY.

We take § € (0, ’T’\), whose precise value would be fixed at the end. By
the uniform continuity of the functions log || D f|ge || and log || D f[g¢, ||, there
exists 7 > 0 such that for any two points y, w € M satisfying that d(y, w) < n,
we have that

)

[log || Df[ge) || —log || Dfgequ) | | < 3
and 5
|log || Df|ps, @) || —log | Df|me, |l < 5
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Since H(po, f) = M, for any € € (0,7) and any & € (0, 1), there exists a hy-
perbolic periodic point p’ homoclinically related to py (therefore homoclinically
related to p) such that

— the orbit of p' is § dense in M;

— the orbit of p' is (§, k) good for the orbit of py.

Since EY is one dimension, we have that

w(po)—1
1
Ee(fio)) | = A
=0

T Z log || D f

By assumption that A € (A\g,0) and the domination

1 7(po)—1
: Z log || Df E¢, 1 (£7(po)) | <2 Ao,
j=0

1 m(po)—1
(19 (po)) | ) > log| Df
=0

7(po)
we have that
1 m(po)—1
log || Df|ge (1 > —)\p.
m(po) ;o 1D e o | > o

Hence, by Lemma 2.7.6, there exists a A + §/2 bi-hyperbolic time on the orbit
po- For notational convenience, we still denote the A + §/2 bi-hyperbolic time
as po-

By the uniform continuity of log || D f|g¢ || and of log || D f|ge | ||, when € is
taken small and « is close to 1 enough, the orbit of p’ has a A+ § bi-hyperbolic
time in the § neighborhood of py. For simplicity, we denote the bi-hyperbolic
time as p'.

By Lemma 2.6.4, there exist two numbers L and d, corresponding to the
number % and to the splitting

T™M = (E*QE{® - ®E)® (Ef, @ ©EY).

We take d < €/2 small enough such that L - d is much smaller than €/2.
The precise value of d would be fixed at last. By the definition of flip-flop
configuration and the homoclinic relation between O,y and O,, there exists an
integer Ny such that

— [Na(Wihy(p)) contains a uu-disc Df € D;

— For any disc D € ®, we have that fV4¢(D) intersects i/2(D') trans-

versely.
For any positive integer m, we have that f™(Dy) contains a uu-disc DY € D.
By the choice of Ny, we have that fV4(D) intersects 4/2(P) in a point z.
Then for any integers n, m and k, we consider the following orbit segment:

P {f*n”(p/)*m*2Nd<:L->7 T ’fkfr(p’)(x)}.
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We denote by

T = f—mr(p')—m—ZNd(x) S W;/Q(p’) and Tnmk = (n + k?)ﬂ(p/) +m + 2N,

)

Notice that d(x,.m, f5®)(z)) < d.

Claim 3.2.5. There exist n, m,k which can be chosen arbitrarily large, such
that when 0 is chosen small enough, we have

nr(p) 2[A|
> - =
Tnmk 3logm
. —1
1 s 2logm — log s A
1 Dflgeti(x € A =),
7Tn,m,k _7;0 08 ” f’El (2 n’m)) ” ( 2 lOg T1 4)

— Opmik 1S @ % quast hyperbolic string corresponding to the splitting
TM=(E°@E{®---®E)®(E{,,® ---®E").

The proof of the Claim 3.2.5 is similar to Claim 3.1.2 in the proof of Lemma
3.1.1. The difference is the last item, since the bundle Ef, , is not uniformly
expanding. However, Ef ; is uniformly expanding when it is restricted to the
neighborhood of the blender. Here, we explain a little bit about the uniform
contraction of Ef,, by Df~! from f*#)(z) to 1 From the proof of
Claim 3.1.2, when we choose ¢ small enough, for any integer k, we can choose
n and m arbitrarily large such that % are small enough, the first item and the
second item of the claim are satisfied, and @, is (3, Ef) hyperbolic time
until the point fk“(p/)(:t). To make sure oy, ,, 1 is a % quasi hyperbolic string,
we only need to show that f**#)(z) is the (—%, E¢.;) hyperbolic time until
the point x,, ., . To guarantee this, we only need to ask that k is much larger
than 2Ny + 7 (p'), but still much smaller than n, and we can do that is because
we have the following fact:

A< A<O0

n <|Df

pe@) || < 1, for any z € f(U) NnunfHU).

c
Ei+1

log || Df|ge() | —log || Df

_ 2 _ 21—logm
We take p = STosms and ( = ogr

By Lemma 2.6.4, there exists a periodic point p; such that
d(fj(xn7m7k),fj(p1)) <L-d<e¢/2, forany j =0, , Tpmr — L.

By the choice of 0y, ,, and Claim 3.2.5, when d is chosen small, we have
that

() || < 2Xo, for any z € M.
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— A(p1) € (€A 3);

— the orbit of p; is (6,1 — p - |\|) good for py;

— the orbit of p; is € dense in M.

Once again when d is chosen small enough, by Lemma 2.7.3 and the uniform
continuity of the functions log || Df|g¢ || and log || Df|ge ||, we have that p
has the uniform size of stable and unstable manifolds which implies that p; is
homoclinically related to p’.

This ends the proof Proposition 3.2.4. O

Proof of Theorem 3.2.2. For any j € [1, k|, by Proposition 3.2.3 and Proposi-
tion 2.9.5, there exists an open and dense subset R7T;(M) of RT (M), such

that for any f € ﬁj(M),
— there exists a split flip-flop configuration formed by a dynamically de-
fined cu-blender A% and a hyperbolic periodic orbit p; of s-index 4o + j;

— there exists a hyperbolic periodic point g; of s-index iy + j whose ho-

moclinic class is robustly being the whole manifold.

By connecting lemma and robust transitivity, we can do arbitrarily C*
small perturbation to make ¢; and p; be homoclinically related. As a conse-
quence, there exists an open and dense subset R7T;(M) of 7/3\7/'](M ), such that
for any f € RT;(M), there exists a split flip-flop configuration formed by a
dynamically defined cu-blender A¥ and a hyperbolic periodic orbit p; of index
o+ J; moreover the homoclinic class of p; is robustly being the whole manifold.

By Lemma 3.1.1, there always exists a hyperbolic periodic point ¢; homo-
clinically related to p; whose Lyapunov exponent along the bundle E¥ is much
larger than Ag.

Let p > 0 and ¢ € (0,1) be the two constants given by Proposition 3.2.4.
We fix a sequence of positive numbers {¢,},>1 such that ) e, converges.

We will inductively find a sequence of hyperbolic periodic orbits satisfying
the condition in Lemma 2.5.2.

Denote by v = (’)q;. Assume that we already have a periodic orbit ~, such
that

— 7, is homoclinically related to vy and is €, dense in M;

() > €A ()

— 18 (€ny 1 = PIA(-1)]) go0d for Yu1.

By Proposition 3.2.4, there exists a hyperbolic periodic orbit 7,.1 such that

— Ynu1 is homoclinically related to v and €,., dense in M;

() > € X

— Ynt1 18 (€n, 1 — p|/\;(7n)|) good for .

One can see that )\;?(”yn) converges to 0 exponentially which implies that the
product [T, (1= p|A5(ym-1)]) converges to a positive number. By Lemma 2.5.2

and continuity of the function log || Df|,. ||, the Dirac measure 6., converges
J

to a non-hyperbolic ergodic measure v; whose support is given by N> UX. ;.
Since €, tends to zero, we have that suppv; = M.
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We take the intersection RT (M) = M5_ RT;(M), which is an open and
dense subset of R7 (M). This ends the proof of Theorem 3.2.2. O

3.3 FErgodic measure with multi-zero Lyapunov

exponents for the case controlled by norm:
Proof of Theorem C

In this section, for a periodic point p, we denote P as its orbit and mw(P)
(or 7(p)) as its period.

3.3.1 Proof of Theorem C

The following proposition is the main step for proving Theorem C.

Proposition 3.3.1. For generic f € Diff'(M). Consider a non-trivial ho-
moclinic class H(P, f) of a hyperbolic periodic orbit P of index i. Assume
that
— there is a hyperbolic periodic orbit Q of index i+k contained in H(P, f),
where k > 1;
— there is no dominated splitting of index i + j over H(P, f), for any
j=12--- k—1.
Then there is a constant x > 0 such that for any v > 0 and any hyperbolic
periodic orbit Py with simple spectrum which is homoclinically related to P,
there is a hyperbolic periodic orbit Py homoclinically related to P, satisfying
the following properties:

1. Py is y-dense in H(P, f) and has simple spectrum;
2. Xi+k(P17 f) < %1 ’ Xi+k(P07 f);

. ivn(Po, . .
3. Pisa(y,1- %)—good approzimation of Py.

Using Proposition 3.3.1, we give the proof of Theorem C.

Proof of Theorem C. By item 2 of Theorem 2.13.1, we can assume that P is
of index 7. We take the positive constant y from Proposition 3.3.1. We will
inductively construct a sequence of periodic orbits { P, } with simple spectrum,
a sequence of positive numbers {~,} and a sequence of integers { N, } satisfying
the following properties:

L Xisk(Pat1s f) < 2 Xigk (P, f);

2. P, is homoclinically related to P and is 5x-dense inside H(P, f);

3. the constants v, and N, satisty that:
— Tn < %’anl and N, > anl;

67



PhD Thesis of Peking University & Université de Bourgogne

— for any point = € B, (P,) N H(P, f), we have that
0< Lévfz(l’, f) - Lilvfi—l(x7 f)7

0< L(]ivji(xv f) - Lilvfi_k<17, f) < 2k - Xi+k(Pn7 f)7

4. Py is (s 1 — %)—good approximation of P,.

Choice of Fy, Ny and vy First we construct for n = 0. By the item 5 and
item 7 of Theorem 2.13.1, we can choose a hyperbolic periodic orbit Py, with
simple spectrum, which is homoclinically related to P and is 2%—dense inside
H(P, f). Hence the item 2 is satisfied.

By the definition of the function L} (z, f), there exists an integer Ny such
that for any y € Py, we have that

0 < Lg®(y. f) = L% _1(y. f),

3k

0< LYo (y, f)— L. (v, f) < -5 Xi+k(FPo, f)-

By the uniform continuity of the functions LY°,(z, f) and L}°,_, (x, f), there
exists a number vy > 0 such that for any point x € By, (Fy) N H(P, f), we
have that

0< L]dv—oi('r7 f)— Lilv—oi—l(xa 1),

0< Lfiv—oz‘<x7 f)— Lfiv—oi—k(xaf) <2k - Xtk (Fo, f).

Hence the item 3 is satisfied. Notice that we do not have to check the items
1,4 for n = 0.

Construct F,, N, and 7, inductively Assume that P;, N; and ~v; are
already defined for any 7 < n. We apply P, 7., and # to Proposition 3.3.1,
then we get a periodic orbit P, ; with simple spectrum, satisfying that:

— Xtk (Prs1s f) < 2 Xigw(Prs )

— P,41 is homoclinically related to P and is grr-dense in H(P, f);
— Poi1is (Yn, 1 — %)—good approximation of P,,.
Then the items 1, 2,4 are satisfied.
By the definition of the function L} (z, f), there is an integer N,y; > N,

satisfying that: for any y € P,,1, we have that

0< LYy, f) — L (v, f)

. . 3k
0 < L (0 f) = Lm0, ) < 5 Xik(Pas, ),
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By the uniform continuity of the functions L) (z, f) and LY, (z, ), there
exists a number 7,41 € (0, 37,) such that for any point & € By, ., (Pri1) N
H(P, f), we have

0< LY+ (x, f) = LY (a, ),

0<Ldnz+1($ f) = dnzﬂk(ﬂfaf)<2k‘Xz‘+k<Pn+17f)-

End of proof of Theorem C By Lemma 2.5.2, the sequence of ergodic
measures dp, converges to an ergodic measure v whose support is H (P, f). We
will show that v has k vanishing Lyapunov exponents.

Claim 3.3.2. The (i + j)"* Lyapunov exponent of v equals zero, for any j =
1,2,--- k.

Proof. By Definition 2.5.1, there exist a subset P, of P, and a map I, : P, —
P, for each n > 2. Consider the set K,, = II,1 oIl', o--- o II;}(P), then
we have that

f[ Xi+k Plaf)

)
P X+XZ+k(B7f)

n

We denote by
K = ﬂzozlufin[(l’

then we have that v(K) > lim, o dp, (K,) > 0.
On the other hand, for any point x € By, (P,) N H(P, f), we have that
0< Lfi\ffi(fﬂ f) = Lilvfifl($a ),

0< Lfi\ff@'(ff? f) - Lilvfi—k(xa f) < 2k - Xz‘—&—k(Pn, f)

Xi+k(P7L)
X+Xi+k(Pr)
K is contained in the Y >°  ~,; neighborhood of P,, therefore is contained in 2+,

neighborhood of P,. As a consequence, for any y € K, we have the following

Since P, is a (Y, 1 — )-good approximation of P,, we have that

0 < Ly"(y, /) = L1 (y, f), (3.1)

n

0< I f) — Iyl ) < 2 0P ) (32)

Since v is ergodic, for v-a.e. point y, we have that

Z XH—] v, f hm (L:il—z<y7 f) - Lg—i—k(ya f))7 (33)
Xiv1(v, f) = ngrfoo (Lg—z‘(% f)—Li_i 1y, f)) (3.4)
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By the fact that v(K) > 0 and the formulas (3.2) and (3.3), we can see that
k
ZXi+j(V7 f) = 0.
j=1

By the formulas (3.1) and (3.4), we get that y;11(v, f) > 0. Then by the fact
that xir1(v, f) < xire(v, f) < -+ < xiqk(v, f), we have that

Xi+j(v, f) =0, forany j =1,2,--- k.
This ends the proof of Theorem C. -

Now it remains to prove Proposition 3.3.1.

3.3.2 Good approximation with weaker center Lyapunov
exponents: Proof of Proposition 3.3.1

The proof of Proposition 3.3.1 is based on the following perturbation Lemma:

Lemma 3.3.3. Consider a diffeomorphism f € Diff'(M). Let P and Q be two
hyperbolic periodic orbits of indices i and i + k respectively. Assume that Q)

and P form a partially hyperbolic heterodimensional cycle K with the splitting
TieM = E* @ E€® E*. Assume, in addition, that

Xi+j (P, f) =logpn >0 and xi+;(Q, f) =log A <0, for any j =1,2,--- k. (%)

Then for any v > 0 and any C* neighborhood U of f, there exist a diffeo-
morphism g € U and a hyperbolic periodic orbit P, of g such that

1. Py has simple spectrum;

2. g and Dg coincide with f and Df on the set P U Q respectively ;
8. % Xirn(Prg) < Xis1(Pr,9) < Xaww(Pr, 9) < 3 Xasn(P, 9);

4. Ppisa (’y, 1+ Fglo/\g_%gu)—good approximation of P;

5

. W*(Py) has transverse intersections with W*(P) and W"“(P;) has
transverse intersections with W*(Q).

Remark 3.3.4. If P and @ are robustly in the same chain recurrence class,
the last item of Lemma 3.53.3 implies that Py is robustly in the same chain
recurrence class with P and Q).

The idea of the proof of Lemma 3.3.3 is that we mix two hyperbolic peri-
odic orbits of different indices to get a new periodic orbit with weaker center
Lyapunov exponents.

70



Existence of non-hyperbolic ergodic measures

Proof of Lemma 3.3.3. We fix a small number v > 0 and a neighborhood U
of f. There exists ¢ > 0 such that the ¢ neighborhood of f is contained in
U. There is a small number 0 < 6 < 1, such that for any h € U and any two
points z1, 2o satisfying d(z1, z2) < 6 - 7, we have that

d(hZ(Zl), hz(22>) <

BO |2

, for any ¢ € [—n(P), n(P)].

We take two neighborhoods Up and Ug of P and () respectively, such that Up
is contained in the 6 - y-neighborhood of P and is disjoint from Uy,.

Construction of the periodic orbit P, Let P = Orb(p) and @ = Orb(q).
We denote by Mp and Mg the two linear maps:

Df" ) (p) : T,M — T,M and Df*9(q) : T,M — T,M.

Since P and () form a partially hyperbolic heterodimensional cycle K, by
Theorem 2.12.7, there are two matrices Ty, T} and two integers ty, t; such that
for any two integers m and n, there is a diffeomorphism ¢, which is i—Cl—
close to f and has a periodic orbits P, = Orb(py, g), satisfying the following
properties:

— g and Dg coincide with f and Df respectively on P U @),

— the matrix Dg™®V (p,) : T,,, M — T,, M is conjugate to

Ty o Mg oTyo Mp.

— 7(p1) =to +t1 + nw(P) + mn(Q).
— #(PLNUp) > nn(P), and #(P, NUg) > mn(Q).

Moreover, by the continuity of partial hyperbolicity and the local stable and
unstable manifolds of hyperbolic periodic orbit, by taking Up and Ug small
enough at first, we have that W**(Py, g) intersects W} (P, g) transversely and
W (Py, g) intersects W _(Q, g) transversely.

By the second item of Theorem 2.12.7, we can take proper coordinates at
TpM and ToM, under which we have:

A, 00 B, 0 0
Mp=| 0 A 0 | , Mg=| 0 B. 0
0 0 A, 0 0 B,
C, 0 0 D, 0 0
.= 0 ¢ 0 |, To=| 0 D. 0
0 0 C, 0 0 D,
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Choice of the integers m and n We will adjust m,n to get the periodic
orbit that satisfies the properties stated in Lemma 3.3.3. We take n > 0 which
will be decided later.

Claim 3.3.5. There exists an integer N, such that for any m > N, and
n > N,, we have that all the center Lyapunov exponents of P belong to the
interval:

[m-W(P)-log,u—i—n-ﬂ(Q)-log/\_
m-7m(P)+n-7(Q)

m-w(P)-log,u—kn-ﬂ(Q)-log/\_i_Qn].

21 m-m(P)+n-7(Q)

Proof. By the Equation (%) in the assumption of Lemma 3.3.3, there exists
an integer N;(n) such that for any m,n > Ni(n), we have that

1 1
1 — —1 AN < —— 1 A 1 ;
OBI TN S ) ogm(A’") < — P og || AZ"[| <log p+ n;
1 1
logh —n < logm(B!) < ————=log|| B || <log A+ n.
(@) P = gy e B

As a consequence, for any unit vector v € E¢(P;) and k € N, we have that

log || Dg"™ ™y || <k (m-7(P) - (logp+n)+n-7(Q)- (logA+1n))
+k-log (|| Cell - || Dell ),

log | Dg" ™"y || >k - (m-7(P) - (logu —n) +n-7(Q) - (log A — 1))

Hence,
1 ke (Py) m - m(P)-(logu+mn)+n-m(Q) - (logA+n)
—k’-’/T(Pl) log || Dg v < m(P))
+10g(HCcH [ Del)
m(P1)
(Py) m - w(P)-(logu—mn)+n-7(Q) - (logA —n)
(B log || Dg"" ™y || > ey
log (m(Ce) - m(D,))

m(Pr)

By the fact that 7(Py) = mnw(P) +nn(Q) + to + t1 and the matrices C,, D,
are independent of m and n, there exists an integer No(n) such that for any
m,n > Na(n), we have that

B n _log(m(Co)-m(D.) _log (I Cell - I D)
2

I

5= (1) = (1) <
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‘m-W(P)-logu—l—n-w(@)-log)\_m-W(P)-log,u—kn-ﬂ(Q)-log/\‘ _n
7(Pp) mm(P) + nm(Q) 2

We take N, = max{N;(n), Na(n)}. When m,n > N,, we have that all the
center Lyapunov exponents of P; would belong to the interval:

m - m(P)-logpu+n-m(Q)-logA m - 7(P)-logu+n-m(Q) -log A
[ —2n, +27]].
m-m(P)+n-7(Q) m-m(P)+n-7(Q)
This ends the proof of Claim 3.3.5. O]

To guarantee the item 3, we only need that

mm(P) - log pt + nm(Q) - log A 1
() + n(Q) +2n < §log,u (3.5)

and
mm(P) - log p + nmw(Q) - log A 1
i (P) £ Q) —2n > 2 log p. (3.6)

By the choice of the numbers 6 and v, to guarantee the item 4, we only

need that
(P i P, g l()g 15

mm(P) + nm(Q) 2Xik(@,9) — Xivk (P, 9) 2log A\ —log ju”
By calculation, to satisfy the inequalities (3.5), (3.6) and (3.7), we only

have to show that there exist m,n large enough such that the following is
satisfied:

—2log A\ 1 —4log A+ 8 P 1 —2log\ —4
max { 2108t logp — 4log + ?7}<m7f( ) _ logpu —2log " (38)
log i1 3log u — 8n nm(Q) log pv + 4n
When 7 is chosen small, we have the following inequality
—2log A\ 1 —4log A+ 8 1 —2log\ —4
max{ ogA logpu Og A+ 77} - 8K og n (3.9)

logp ’ 3logu — 8n log i+ 4n

By Claim 3.3.5, the inequality (3.9) and the density of rational numbers on
real line, there exist m, n arbitrarily large satisfying the inequality (3.8).

By an arbitrarily C* small perturbation, the eigenvalues of the periodic
orbit P; are of multiplicity one (might have complex eigenvalue). Since the
period of P, can be chosen arbitrarily large, by Lemma 2.12.3, after another
small Franks-type perturbation, we have that the periodic orbit P, has simple
spectrum.

This ends the proof of Lemma 3.3.3. m
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Remark 3.3.6. One can see from the proof of Lemma 3.5.3 that the pertur-
bation is done in very small neighborhood of the heterodimensional cycle K.

Now we are ready to give the proof of Proposition 3.3.1.

Proof of Proposition 3.3.1. We can see that the properties stated in Proposi-
tion 3.3.1 are persistent under C! small perturbation. Let R be the residual
subset of Diff' (M) from Theorem 2.13.1. Notice that for any f € R, by the
item 5 of Theorem 2.13.1, there is a periodic orbit )y with simple spectrum
which is homoclinically related to Q. We take x = —x;1x(Qo, f) > 0.

We only need to show that given f € R, for any ( > 0 and v > 0, there are
a diffeomorphism ¢ which is (-C'-close to f and a hyperbolic periodic orbit
P, of g, such that the following properties are satisfied:

1. g coincides with f on Fy U Qy;

2. P, is robustly in the chain recurrence class of P;

3. P; has simple spectrum and the Hausdorff distance dy (P, H(P,, g)) <
s

4. Xiru(Pr,9) < % “Xi+k (£, 9);

: inr(Po, . .
5. Prisa (v,1— %)—good approximation of .

Then Proposition 3.3.1 can be proved by a standard Baire argument.

By item 4 of Theorem 2.13.1, we can require that ( is chosen small enough
such that after any (-perturbation, the continuations of P, @), F,, and @) are
still robustly in the same chain recurrence class. We take 0 < € < &, then

47
there exist 7' > 0 and [y satisfying Lemma 2.12.1.

Perturb to get a heterodimensional cycle Since H(P, f) admits no dom-
inated splitting of index j for any j € {i + 1,--- ,i+ k — 1}, there is a num-
ber §y € (0, {5) such that for any compact invariant subset A of H(P, f), if
dup (A, H(P, f)) < do, then A admits no T-dominated splitting of index j for
any j€{i+1,---,i+k—1}.

We fix a positive number § < min{dy, §Xi+x(Po, f)} small enough such that
the following is satisfied:

Xi+k(FPo, f) +0 Xi+k(Fo; f)
~2Xik(Qo, f) + Xivk(Po, [) =0~ =3xa4k(Qo, f) + Xirx(Po, f)

We take a number s such that

(3.10)

2Xik(Fo, f) = 3xin(Qo, f)
"e <3Xi+k(P0> f) = 3xi+k(Qo, f)’ 1>.

We apply the item 7 of Theorem 2.13.1 to the constants ¢ and k, then there
exist two hyperbolic periodic orbits P’ = Orb(p’) and @' = Orb(¢’) such that:
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— P’ and @' are homoclinically related to Py and )y respectively;

— Both P’ and @’ are /2 dense in H(P, f) and have simple spectrum.

— P'is a ({5, k)-good approximation of Fy and Q' is ({5, x)-good approx-
imation of ) .

— For each j € {1,--- ,d}, we have that

X (P, f) = x;(Po, f)| < 6 and [x;(Q', ) — x;(Qo, f)l <. (3.11)

— Both of the periods of P’ and @’ are larger than .

By item 6 of Theorem 2.13.1, we can do an arbitrarily C* small perturba-
tion, keeping P’ and @’ homoclinically related to P and () respectively and
without changing the Lyapunov exponents of P' and @', such that P’ and @’
form a partially hyperbolic heterodimensional cycle. For simplicity, we still
denote this diffeomorphism as f.

Notice that the periodic orbits P’ and @’ have no T-domination of index j
forany je {i+1,---,i+k—1}.

102

Equalize the center Lyapunov exponents of both P’ and () By Lemma
2.12.1 and Remark 2.12.2, there exist m(P’) one-parameter families

{(Al,t)te[oyl]}f:(gﬂ)*l and 7(Q') one-parameter families {(Bmt)te[o,l]}”m(fo) in
GL(d,R) such that:

— Ao = DE(f!(p')) and B, 0 = Df(f™(q)), for any I, m;

Ay — DEF@) | < € and 471 = DE(FH ()| < e, for any

t e [0,1];

— || By = DE(f™@)) || < e and || By = DET'(f™(¢) || < e, for any
t € [0,1];

— Axpy—14 00 Agy and Brgy-1,4 © -+ 0 By, are hyperbolic, for any
t € 10,1];

— For any integer s € [1,4] U [i + k + 1, d], we have that
XS<A7F(P’)—1¢O' ’ 'OAO,t) = XS<P/7 f) and XS<B (Q)—1,4°" " OBO,t) = XS<QIa f)a

— Xz‘+1(A7r(P/)71,1O' : 'OAo,l) = Xi—i—k(Aﬂ-(P/)fl,lo' : 'OAo,l) = k Zzﬂfﬂ X]( f)

— Xi+1(B7r(Q’)—1,lo' : '030,1) = Xi+k(Br(Q’)—1,lo’ : 'OBo,l) =% Z;Hjﬂ Xg( , f)-

Fix a small number 1 > 0. Since P’ and @’ form a heterodimensional cycle
and P’ is homoclinically related to Py, there exist four points z,y,z,w € M
such that

re Wy (P)NW*Q') and y € W' (P) N W*(Q');
z € Wi(P)NW"(Ry) and w € W'(P") N W?*(F).

We take K* = {z,2} and K* = {y,w}, and we choose a small neighborhood
U of P such that U is disjoint from Orb™(z) U Orb™(z), Orb™ (y) U Orb™* (w),
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Q', QQp and two homoclinic orbits between @' and )y, whose w-limit sets are
@' and Qg respectively. By Lemma 2.12.5, there exists an e¢ perturbation g
whose support is contained in U such that
— g1 keeps P';
— Dg, (f'(p')) = Ay, for any [ =0,--- ,w(P') — 1;
— e WP ,g1) NW*™(Q',g1) and y € W*(P', g1) N W*(Q', g1)-
— WSH(P', g1) intersects W*( Py, g1) transversely at the point z and W*(P’, ¢1)
intersects W*(Fy, g1) transversely at the point w.
Following the same way above, we choose a small neighborhood V' of )’ which
is disjoint from certain homoclinic intersection and some orbit segments, and
we apply Lemma 2.12.5. At the end, we get an e perturbation g, of g; such
that
— For diffeomorphism ¢, the periodic orbits P’, P, ) and ()’ are robustly
in the same chain recurrence class;
— P’ and @' form a partially hyperbolic heterodimensional cycle;
— Dgy(f1(p")) = A1 and Dgy(f™(¢')) = B, for any integer [ € [0, 7(P')—
1] and m € [0, 7(Q") — 1].
To sum up, the diffeomorphism g, is 2e-C'-close to f and satisfies that:
S1. g» coincides with f on Py U Qo U P U (Q';
S2. x;(Fo, g2) = x;(Po, f) and x;(Qo, g2) = x;(Qo, f), forany j =1,2,--- , d;
S3. x; (P, 92) = x;(P', f) and x;(Q’, 92) = x;(Q’, f), for any j € [1,4] U
[i+k+1,d];
S4. X1 (P, 92) = Xitk (P, g2) and Xi41(Q', 92) = Xix(Q', 92);
Sh.

i+k i+k i+k i+k
Z Xj(PlagZ) = Z Xj(PI7 f) and Z Xj(@lagZ) = Z Xj(Q/7 f)
j=it1 j=it1 j=it+1 j=it+1

As a consequence, the diffeomorphism g, satisfies the assumptions of Lemma 3.3.3.

Construction of the periodic orbit P, By Lemma 3.3.3, there exist a
diffeomorphism g which is e-C'-close to g», hence is (-C'-close to f, and a
hyperbolic periodic orbit P; of index ¢ for the diffeomorphism ¢ such that

— Xi+k(P1,9) < 5 Xirk(P', 9);

— P, has simple spectrum,;

— ¢ coincides with ¢, in a small neighborhood of Py U Qo;

— ¢ and Dg coincide with g» and Dg, on P’ U Q' respectively;

— Pyisa (5, 1+ 2Xi+k(§f;’;)(f;<’fi)k(lp/792))—good approximation of P’.
Moreover, by Remark 3.3.4, we have that P is robustly in the same chain class
with P, and (),. By the choice of § and v, we have that dy (P, H(P, g)) < 7.
Then the items 1,2, 3 are satisfied.

By the properties S4 and S5, we have that

0 < Xitk(P', 92) < Xiar(P', f) and xi4x(Q', 92) < xi4x(Q', ) <0,
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which implies that

XH—k(Pla g2> < Xi+k(P/= f) (3 12)
—2Xix(Q', 92) + Xirn(P,92)  —2xXix(Q', f) + xixu(P', f) .

By the inequalities (3.10), (3.11) and (3.12), we have that

Xitk(P'; g2) Xi+k(Fo, f)
—2Xirk(Q', 92) + Xirn (P, 92)  —3xis1(Qos f) + Xitk(Po, f)

Recall that P’ is a ({5, ) good approximation of Fy (for the diffeomorphisms

: . Xi+k(Po,.f) _
f and g), hence we have that P; is a (’y, K (1 + %Xi+k(@07f)_Xi+k(P07f))) good
approximation of F.

By the choice of x, we have that

Xi+k(Fo, f)

" (1 " 2Xi+k(Qo, f) — Xisk(Po, f)>

< Xitk(Po, f) = 3Xi+r(Qo, f) > . <1 N Xi+k(Fo, f) >

2Xik(Po, ) = 3xi4k(Qo, f) 2Xi+k(Qo, f) — Xitk(Pos f)

_ Xi+k(Qo, f)

Xitk(Qo, [) = Xisk(Fo, f)

Xi+k(Fo, f)

Xi+k(Qos f) — Xivr(Fo, f)
_ Xi+k(Fo, f)

X + Xi+x(Fo, f)

=14+

; i+k(Fo, . . .o .
Hence, P; is a (’y, 1 - %)—good approximation of Fy. This implies

that the item 5 is satisfied.

Besides, by the choice of §, we have the following estimation for the maximal
center Lyapunov exponent of P;:

k
1 11
Xi+k(P1,9) < 9 Xivk(P', 9) = 2 % ZXi+j(P/7f)
j=1

A\

k
1
T > Xivi(Po,g) +0
j=1

VAN
W N

“Xitk (Fo, 9)-

Hence the item 4 is satisfied. This ends the proof of Proposition 3.3.1. m
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3.4 FErgodic measure with multi-zero Lyapunov
exponents for the case controlled by Jaco-
bian: Proof of Theorem 2

Consider a diffeomorphism f € Diff'(M) and a homoclinic class H (P, f)
admitting a dominated splitting of the form T p ;)M = E®F®G. We denote
by k = dim(F). For any periodic orbit @) = Orb(q) contained in H(P, f), the
mean Lyapunov exponent along the bundle F' of () is defined as

LF(Q,f)Z#@)

Notice that L¥(Q, f) is the average of the Lyapunov exponents of Q along the
bundle F'.

log | Jac(Df”(Q)|F(q))|.

3.4.1 Proof of Theorem 2

The main ingredient for the proof of Theorem 2 is the following proposition.

Proposition 3.4.1. For generic diffeomorphism f € Diff'(M), consider a
hyperbolic periodic orbit P of index i. Assume the homoclinic class H(P, f)
admits a dominated splitting TyppyM = E & F & G, such that dim(E) = 1.
Assume, in addition, that we have the following:
— H(P, f) contains a hyperbolic periodic orbit () = Orb(q), whose index
is no larger than dim(E @& F'), such that

| Jac(DE™ @ pp))| < 1;

— the center bundle F' has no finer dominated splitting.
Then there exists a constant p € (0,1) which only depends on Q, such that for
any hyperbolic periodic orbit Py with simple spectrum, which is homoclinically
related to P, and any v > 0, there exists a hyperbolic periodic point Py with
simple spectrum such that:

1. LF(be) <p- LF(POaf);
2. Py is homoclinically related to P and is 7y dense inside H(P, f);

. F . .
3. Py s ('y, 1-— LF(Pif()IjOL’J;)(QJ)) good approzimation of P,.

The proof of Proposition 3.4.1 is left to the next subsection. Now, we follow
the strategy of the Proof of Theorem C to give the proof of Theorem 2.

Proof of Theorem 2. We denote by i = dim(F). By item 2, item 5 and item 7
of Theorem 2.13.1, we can assume that P is of index ¢ and has simple spectrum.
Let p € (0,1) be the number in Proposition 3.4.1, which only depends on Q.

We will inductively get a sequence of periodic orbits {P,}, a sequence of
positive numbers {¢,} and a sequence of integers { IV, } satisfying the following
properties:
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— €n <:%€n—1;
— LF(Poy) < p- LF(Pn);
— P,41 is homoclinically related to P and is €, dense inside H(p, f);

. F . .
— Py is (ep,1 — 2LF(?3i,f()IinL7Q(Q,f)) good approximation of P,;

— For any point x € By, (P,) N H(P, f), we have that

1 1
0< Flogm(DfN"\F(z)) < N log || DfN”\F(x) | < 2xi1k(Pn).

Choice of Fy, Ny and ¢y Let Py = P, then there exists an integer Ny large
enough such that for any y € Py, we have that

1 1 3
0< Fol()g m(DEY|pqy)) < A log | DEY| gy || < §Xi+k(P0)~

By the uniform continuity of the function log || Df°|p(,) || and the function
log m(Df™°| (), there exists a number ¢; > 0 such that for any point z €
By, (Po) N H(P, f), we have that

1 1
0 < —logm(Df*|p(p)) < —log || DI pe) || < 2xi44(Fo)-
No Ny

Construct P,, N, and ¢, inductively Assume that P;, N; and ¢; are
already defined for any ¢ < n. We apply P, and ¢, to the Proposition 3.4.1,
then we get a periodic orbit P, ; which is homoclinically related to P, such
that

— LF<Pn+1) <p- LF(Pn)S

— P41 is €, dense in H(p, f);

— P, is (€,,1 — QLF(ZPQ?()]i”L’J;)(Qf ) good approximation of P,.
Then there exists an integer N, iarge enough such that for any y € P,

we have that

0<

1
log m(DEY"+! ) < <

3
log || DEY™+ | oy || < §Xi+k(Pn+1)-
n+1 n+1

By the uniform continuity of the function log || Df¥"** |z, || and the func-
tion log m(Df+1| (,)), there exists a number €,.1 € (0, 2¢,] such that for any
point « € By, (Pny1) N H(P, f), we have

0<

1
-log m(Df"n+1 |p(2)) <
’I’L+1 N’I’L+1

log || DEY™** [y || < 2xi4k(Para)-

2L (P, f)
2LF (P, f)—L¥(Q,f)

to 1 and ) €, converges, by Lemma 2.5.2, the sequence of ergodic measures
dp, converges to an ergodic measure v whose support is H(p, f).

End of proof of Theorem 2 Since 1— exponentially tends
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Claim 3.4.2. The Lyapunov exponents of v along the center bundle F' are all
zero.

Notice that y;x(P,) < k- LY (P,) < k-p"L¥ (). The proof of Claim 3.4.2
follows the proof of the Claim 3.3.2. The only difference is that we control
the sum of the center Lyapunov exponents by the function - log || DE"| ||

instead of the function Lflvfi — Lﬁlvfifk.

This ends the proof of Theorem 2.

Now it remains to prove Proposition 3.4.1

3.4.2 Good approximation with weaker center Jacobian:
Proof of Proposition 3.4.1

The proof of Proposition 3.4.1 is based on the following perturbation lemma:

Lemma 3.4.3. Let P and Q be two hyperbolic periodic orbits of f € Diff' (M)
with different indices. Assume that
- @Q and P form a partially hyperbolic heterodimensional cycle K. In
other words, K admits a partially hyperbolic splitting of the form

TxM = E*® E° @ E",

where dim(E*) = ind(P) and dim(E® @ E°) = ind(Q);
— there exists another dominated splitting over K of the form

TkM=F ®F&G

such that dim(F') > dim(E°);
— all the Lyapunov exponents of Q) along E° are equal.
— all the Lyapunov exponents of P along E¢ are equal and are larger than
LE(P, f)2;
- L7(Q, f) <.
Then there exists a number p € (0,1) which only depends on @, such that for
any v > 0 and any C neighborhood U of f, there exists g € U together with a
hyperbolic periodic orbit P of index ind(P), with simple spectrum such that

1. g=f and Dg=Df on PUQ ;
. LF(P/,Q) < pLF(Pag);

~ LF(Pg)-LF(Qyg
. W*(P', g) has transverse intersections with W*(P, g) and W"*(P', g)
has transverse intersections with W#(Q, g), corresponding to the par-
tially hyperbolic splitting Tx, M = E* & E° @& E".

2
3. P is (7, 1 LF(#))) good approximation of P;
4
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Remark 3.4.4. 1. Once again, if P and Q are robustly in the same chain
recurrence class, the fourth item above implies that P, P and Q) are
robustly in the same chain recurrence class;

2. Actually, the constant p is only and continuously depends on the mean
Lyapunov exponent of () along the bundle E° and the mean Lyapunov
exponent of (Q along F.

The idea of the proof of Lemma 3.4.3 is that we mix two hyperbolic periodic
orbits with different sign of mean Lyapunov exponents to get a new hyperbolic
periodic orbit with weaker mean Lyapunov exponent along the bundle F'

Similar to Section 3.3, we complete the proof of Proposition 3.4.1 by prov-
ing Lemma 3.4.3. To prove Lemma 3.4.3, we first follow the strategy of the
proof of Lemma 3.3.3 to linearize the system in a small neighborhood of the
cycle K by an arbitrarily small perturbation, then by another arbitrarily small
perturbation, we get a periodic orbit. At the end, we will adjust the time of
periodic orbit staying close to P and () respectively.

Proof of Lemma 3.4.3. By the assumption, we can denote by log iz and log A
the Lyapunov exponents of P and () along E° respectively. Then we have that

LY(P, )
2

Denote by P = Orb(p, f) and @ = Orb(q, f).

We fix a small number v > 0 and a neighborhood U of f. There exists
€ > 0 such that the e neighborhood of f is contained in /. There is a small
number 0 < 6 < 1, such that for any h € U, if d(z1, z5) < 0 - v, we have that

<logu < L¥(P, f) and log\ < L¥(Q, f).

d(h (21), hi(22)) < % for any i € [~7(P), x(P)].

We take two neighborhoods Up and Uy of P and () respectively, such that Up
is contained in the 6 - y-neighborhood of P and is disjoint from Uy,.

Construction of the periodic orbit P, Similar to the proof of Lemma
3.3.3, consider the splitting Tk M = E°* @ E°@ E* = E° & F & G and the two
neighborhoods Up and Ug, by Theorem 2.12.7 and Remark 2.12.8, there are
two matrices Tj, T} and two positive integers tg, t1 such that for any two integers
m and n, there exist ¢ € U and a hyperbolic periodic orbit P, = Orb(py, g)
satisfying s that:

— g= fand Dg=Df on PUQ,

— The linear maps Ty : T,M — T,M and Ty : T,M +~ T,M preserve the

two dominated splittings,
— (P) =mn(P)+nn(Q) +to + t1,
— Dg™ ) (p,) is conjugate to T} o DE"™ @ (g) o Ty o DF™™ ) (),
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— #(PrNUp) > mn(P) and #(P, NUg) > nn(Q),
- W*(Py,g) h W*(P,g) and W"*(Py,g) h W?*(Q,g) corresponding to
the splitting T, M = E° ® E° ® E*.
As a consequence of the first item above, we have that
— LF(P,f) = L*(P,g) and LF(Q, f) = L*(Q. g);
— X;(P f) = x;(P,g) and x;(Q, f) = x;(Q, 9), for any j =1,--- ,d.
For simplicity, we denote them by L¥(P), L¥(Q), x;(P) and x;(Q),.
Since Tj and 77 preserve the dominated splittings, by choosing the proper
coordinates, we assume that, corresponding to the two splittings, the two
matrices 77 and T have the following forms respectively:

D, 0 0 D, 0 0
To=| 0 D, 0 |=( 0 Dr 0 |,
0 0 D, 0 0 Dg
C, 0 0 c, 0 0
.= 0 c. o |=[0 cr 0
0 0 C, 0 0 Cg

Then we have that Dg”(Pl)(pﬂ

pe 1S conjugate to
Ce o DE*™@(g)| g 0 D o DI (p) e,
and Dg"™®)(p,)|r is conjugate to

Cro Dfm(Q)(‘])‘F oDpo Dfm(P) (p)|F-

Choice of m, n and p We will adjust m and n to get a periodic orbit
satisfying the conclusion of Lemma 3.4.3. Let n > 0 be a small number which
will be decided later.

Claim 3.4.5. There exists an integer N, such that for any m,n > N,, we
have that
— all the Lyapunov exponents of Py along the bundle E° would belong to
the interval

mm(P)-logp+nm(Q) -logA  mn(P) -logu+nr(Q) - log A
[ mm(P) + nm(Q) " mm(P) + nm(Q) 1)

— the mean Lyapunov exponent of Py along the bundle F' would belong to
the interval

[mﬁ(p) LT(P) +nm(q) - L(Q)  ma(P)- LT
P

mr(P) + nr(Q) - m(
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The proof of Claim 3.4.5 is just like the proof of Claim 3.3.5 and we omit
the proof here.

To guarantee the item 2 and that P, has the same index as P, we only need
to require that there exists a number p € (0,1) which will be decided later,
such that:

ma(P) - L(P) + nm(Q) - L™(Q)

mm(P) + nm(Q) tn<p L)

and
mm(P) -log u+ nm(Q) - log A

mn(P) + nm(Q)

which are equivalent to

_n>07

n—log\ mn(P) p-L7(P)—L"(Q)—n
logp—n ~ nn(Q) ~ LF(P)—p-LF(P)+n

Claim 3.4.6. There exists p € (0,1) such that the following inequality is
satisfied:

—logA _p-L7(P) — L(Q)

logp ~ LF(P)—p- LF(P)

Proof. The proof consists in solving the following inequality:

p-LI(P) — LT(Q) _ —log
LF(P)—p-LF(P) " logu '

which is equivalent to

LF(Q) log i — log A - LF(P)
L¥(P) -logpu —log\- LF(P)’

p >

By assumption that log u € (@, LY (P)), we have the estimation:

L¥(Q) -log i —log \ - L¥(P) B L¥(Q) - % —log A

LE(P)-logp —log\- LF(P) log i — log A

—LFQ(Q) —log A

—log A
LY(Q)
—2log A’

We only need to take

L"(Q)
—2log A\ €©.1).

Notice that p only depends on L7 (Q) and log . ]

p=1+
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We fix the value of p that we get from Claim 3.4.6, then when 7 is chosen
small enough, we have that

n—logA _p-L7(P)— L"(Q) — 1

logp—n ~ LF(P)—p-LF(P)+n
By the density of rational numbers among R and Claim 3.4.5, there exist m
and n arbitrarily large such that

mm (P) <n —logA p-L7(P) - LT(Q) — n)
nm(Q) ~ \logpu—n" LF(P)—p- LF(P)+n/’

which implies that P, satisfies the properties of the conclusion of Lemma 3.4.3

except the item 3.

Now, we only need to check that the choice of m and n guarantees the item
3. By the fact that

mm(P) - —log A
nm(Q) = logp

we have that

,L¥(P) > log i and LF(Q) > log A,

mn(P) TEA L _og )
mm(P) + nm(Q) % +1  logp—logA
o)
LF(P) = LF(Q)
LA

LF(P) - LF(Q)

Hence by taking m and n much larger than ty + t;, we have that P’ is
F

(7, 1— W%) good approximation of P. Just as the part of the proof of

Lemma 3.3.3, P can be chosen with simple spectrum. This ends the proof of

Lemma 3.4.3. [

Remark 3.4.7. From the proof above, one can see that p only depends on
L¥(Q) and the average of the Lyapunov exponents of Q along E°.

Now, we can give the proof of Proposition 3.4.1 whose proof is quite similar
to that of Proposition 3.3.1.

Proof of Proposition 3.4.1. We denote by k = dim(F’") and assume that ind(Q) =
1+ ko, then we have 0 < ky < k.

We can see that the properties stated in Proposition 3.4.1 are persistent
under O small perturbation. Let R be the residual subset of Diff' (M) from
Theorem 2.13.1. We only need to show that given f € R, there is p € (0,1)
such that for any ¢ > 0 and v > 0, there exist a diffeomorphism g which is
¢-Cl-close to f, and a ¢ hyperbolic periodic orbit P; of index i satisfying the
followings:
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Hy. g coincides with f on Fy U Q;

Hj. Py is robustly in the chain recurrence class of P;

Hj. Py has simple spectrum and dy (P, H(P,, g)) < 7;

Hy. L¥(Py,g) <p- LY (P, 9);

Hs. Pyisa(y,1 L"(1.9) )-good approximation of Fj.

e — LF(Py,9)-LF(Q.9) )
Then Proposition 3.4.1 can be proved by a standard Baire argument.

The previous settings By item 4 of Theorem 2.13.1, we can require that ¢
is chosen small enough such that after any (-perturbation, the continuations
of Py, P and @ are still robustly in the same chain recurrence class.
We take 0 < € < %, then there exist T' > 0 and [, satisfying Lemma 2.12.1.
We denote by

1 ko L (Q, f)
logh=— Yy dp =14+ —2—29/
Og ko j:i+1 X](Q? f) an pO + _2 10g )\

Since H (P, f) admits no dominated splitting of index j for any j € {i +
1,---,i+k — 1}, there is a number dy € (0, {5) such that for any compact
invariant subset A C H(P, f), if dg(A, H(P, f)) < dp, then A admits no T-
dominated splitting of index j for any j € {i +1,--- ,i+k — 1}.

Notice that log A < 0, LF(Q, f) < 0, 0 < L¥(Py, f) and p, € (0, 1), hence

we have that

LWQJ)<1+%-

po =17 —2log \ 2
- LF(PU7f) c (O QLF(P07f) )
LF(P07f)_LF(Q7f) ’QLF(POaf)_LF(Qaf) ‘
1-p,

As a consequence, we can take a number ¢ € (0, ) small enough such that:

2

L@, f)+0 _1+p,

L+ —2log A+ 6 2
. AT TR R () N
LF(P ) = (@D =2 = \" 2L (B ) = L(Q. f)

We take a number s such that

3LF(P07f) _LF(Qaf)7 '
We apply the item 7 of Theorem 2.13.1 to the constants § and x, then there

exist two hyperbolic periodic orbits P* = Orb(p’) and @' = Orb(¢'), with
simple spectrum such that:
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— P’ and @' are homoclinically related to Py and () respectively;
— Both P’ and @’ are /2 dense in H(P, f);

— P'is a ({5, k)-good approximation of Fy and Q' is ({5, x)-good approx-

imation of Q;
— [L(P', f) = LF (P, f)] < 0 and |LF(Q', f) — LT(Q. f)] < 6;

i+ko i+ko
D) @)= D @) <6
Jj=t+1 Jj=t+1

— Both of the periods of P" and )" are larger than [g.

By item 6 of Theorem 2.13.1, we can do an arbitrarily C* small perturba-
tion, keeping P’ and @)’ homoclinically related to P and () respectively and
without changing the Lyapunov exponents of P and (', such that P’ and @’
form a partially hyperbolic heterodimensional cycle.

Equalize the center Lyapunov exponents of both P’ and () By Lemma
2.12.1, there exist m(P’) one-parameter families {(A;)sc(o,1) ?:(5/)_1 and 7(Q")
one-parameter families {(Bm)te[o,l]};(f{}‘l in GL(d,R) such that:

— Ay = DI(f!(p')) and By, 0 = DI(f™(q")), for any I, m;

— A = DEF@) I < € and [ A7 = DEG) | < e for any

t €0,1];

— || By = DE(f™(¢) || < e and || B, — DE'(f"(¢) || < e, for any
t € 10,1];

— Axpry—140 -+ 0 Agy and Brgy-14 0 -+ 0 By, are hyperbolic, for any
t e [0,1];

— For any integer s € [1,4] U [i + k + 1, d], we have that

XS(Aﬂ'(P/)fl,t -0 AO,t) = Xs(Pla f)
— For any integer s € [1,4] U [i + ko + 1, d], we have that

XS(BW(Q/)fl,t ©---0 BO,t) = Xs(Qla f)a

— Xit1 (An(py-1,100401) = Xtk (An(pry-1,10- - -0Ag1) € (L7 (P"), LT (P"));

— Xz'+k0+1<A7r(P’)—1,1 ©---0 Ao,1) = Xi+k(A7r(P’)—1,1 ©---0 Ao,l) Z LF(P/);

— Xi+1(Br(@)-119 - 0Bo1) = Xitko (Br(@)-1,10---0Bo) = & S50 v (@' ).

Similar to the proof of Proposition 3.3.1, by Franks-Gourmelon Lemma,
there exists an e perturbation g; of f, which preserves the partially hyperbolic
heterodimensional cycle formed by P’ and (', such that

S1. g1 coincides with f on BpUQ U P'UQ';

S2. Xj(POagl) = Xj(P(bf) and Xj(Q?gl) = Xj(Q?f)v for a‘HYj = 1727 T 7d>

S3. ind(P’, g1) = ind(P', f) and ind(Q’, g1) = ind(Q’, f);

S5. XiJrl(P,vgl) = XiJrko(P,’gl) € (%LF(PIJ f)?LF<P,7 f))

S6. Xi1(Q', 91) = Xitko (@5 1);

S7. LF(P', 1) = L¥(P', f) and LF (@', 1) = LF(Q', f).

86



Existence of non-hyperbolic ergodic measures

Construction of the periodic orbit P, By Lemma 3.4.3 and Remark
3.4.4, we have that there exist g € Diff'(M), which is e-C'-close to g; and
therefore is (-C'-close to f, and a g-hyperbolic periodic orbit P, of index ¢
such that

T LF(Pbg) <Py LF(Plagl);

— P, has simple spectrum,;

— ¢ coincides with g; on BLUQ U P' U Q’;

— the Lyapunov exponents of Py, @, P' and Q)" with respect to ¢; are equal

to those with respect to g, hence are equal to those with respect to f;

— P %s a (5,1 - LF(P,L’;)T%)(Q,J)')—gOOd approximation of P';

— P is robustly in the same chain class with P, and @),.

By the choice of ¢ and 7, we have that dy (P, H(P,g)) < 7. Then the
items Hy, Hy, H3 are satisfied.

By the choice of 9, we have the following estimation for the mean center
Lyapunov exponent LY (Py) of P:

1+
LF(Pr,g) < py- LY (P, g1) = po-L¥(P', ) < py-L" (Py, f)+0 < TpO-LF(PO,g).

We only need to take p = 1+2p 0 hence item Hy is satisfied.

Besides, by the choice of k, we have that

SO TR i
LF(P ) = LF(@Q. )
2PN -LNQ.S)  —LF(Q.))
3LF(Po, f) — L7(@Q, /) 217 (P, ) — LF(Q. )
3LF (R, f)

=130 E ) - L QL)

Since P'is ({5, ©) good approximated of Fy, by the inequality above, P, is a
(7, -5 LF(QPgl;()IjOIL];)(Q f))-good approximation of Fy. Then item Hj is satisfied.

This ends the proof of Proposition 3.4.1. O]

3.5 Partially hyperbolic homoclinic classes with
volume expanding center bundle

In this section, we give an example showing that Corollary 1 may be not

true if there is no periodic orbit of index dim(E & F'). We first give some

known results about normally hyperbolic submanifolds in Section 3.5.1 and
the example will be given in Section 3.5.2.
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3.5.1 Stability of normally hyperbolic compact manifolds

Let f € Diff'(M). A compact invariant submanifold without boundary
N of M is called normally hyperbolic, if there exists a partially hyperbolic
splitting of the form TyM = E* @& TN & E".

We state a simple version of Theorem 4.1 in [HPS| which gives the stability
theorem for normally hyperbolic compact submanifold.

Theorem 3.5.1. Let f € Diff'(M) and N be a compact normally hyperbolic
submanifold. We denote by i : N — M the embedding map from N to M.
There exists a C' small neighborhood U of f such that for any g € U, there
exists a C' embedding map i, : N — M, such that Ny = i,(N) is g-normally
hyperbolic. Moreover, i, would tend to i in the C* topology, if g tends to f.

Remark 3.5.2. The map ig_1|Ng o goi, is Ct-conjugate to the restriction of
the map g to N, and is C* close to f if g is C* close to f.

3.5.2 An example

Ch. Bonatti [B1] (see also Section 6.2 in [BV]) constructs an open set U of
C! diffeomorphism on T? such that for any f € U, we have the following:

— f is robustly transitive;

— There exist a periodic orbit of index one having a complex eigenvalue

and a periodic orbit of index two.

By Theorem 2 and Theorem 4 in [BDP], for the diffeomorphism f € U, there
exists a partially hyperbolic splitting of the form TT? = E* @& E°, where
dim(E**) = 1 and the center bundle E° is volume expanding without any finer
dominated splitting.

Now, we consider a north-south diffeomorphism h on S! such that the
expanding rate of h at the source () is strictly larger than the norm of f. We
denote by

f=fxh:T>xS"'— T xS

By Theorem 3.5.1 and continuity of partial hyperbolicity, there exists a C*
neighborhood V of f such that any g € V has a partially hyperbolic repelling
set A; diffeomorphic to T? x {@Q} admitting a splitting of the form TA§T4 =
E* @ E° @® E"™ where £* @ E° = TA;. Then by Remark 3.5.2, we have
that g|y, is transitive and the dynamics g : Az = A is C'-conjugated to a
diffeomorphism C" close to the dynamics f : T* — T?. Then the bundle £°|,,
is volume expanding and there is a periodic orbit of index one with complex
eigenvalues along the bundle £ contained in Aj. Hence the bundle £°|5, also
has no finer dominated splitting. As a consequence, we have the following
conclusion.
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Lemma 3.5.3. For generic diffeomorphism in )V, there is a partially hyperbolic
homoclinic class, such that any ergodic measure supported on it has at least
one positive Lyapunov exponent along E°.
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Chapter 4

Non-hyperbolic ergodic measures
approximated by periodic
measures

We recall that K. Sigmund proved that the periodic measures are dense
among invariant measures supported on a hyperbolic basic set. In this chapter,
we give the proofs of our results on extending Sigmund’s result to the non-
hyperbolic setting.

In the previous chapter, we prove the robust existence of non-hyperbolic
ergodic measures for some robustly non-hyperbolic diffeomorphisms. To ex-
tend Sigmund’s theorem to non-hyperbolic setting, one has to find a way to
approximate non-hyperbolic ergodic measures by periodic measures. To do
this, we ‘add’ some hyperbolicity to the non-hyperbolic ergodic measures by
considering the convex combination of it with a hyperbolic ergodic measure.
We first work in a semi-local setting where there exist partially hyperbolic ro-
bust cycles called flip-flop configuration and formed by blender horseshoes and
periodic points of different indices. One can show that in a very small neigh-
borhood of this robust cycle, the basin of a non-hyperbolic ergodic measure p
intersects the unstable manifold of a periodic point p in the blender in a point
x. The mechanism in this robust cycle allows us to find an arbitrarily large
orbit segment following the positive orbit of x for a uniform proportion of time,
then by an arbitrarily small proportion of time to get to the stable manifold
p. Moreover, the obit segment has some hyperbolicity along the center which
allows us to apply Liao-Gan’s shadowing lemma. Combining the [GIKN]
criterion and Liao-Gan’s shadowing lemma, one can show that the invariant
measure approximated by hyperbolic measures and with vanishing center Lya-
punov exponent is approached by non-hyperbolic ergodic measures. Using the
arguments above, we also obtain some sort of convexity of the closure of the
set of ergodic measures.

In the global setting, we consider the partially hyperbolic diffeomorphisms
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with minimal strong foliations. We obtain the analogous results. To be pre-
cise, we show the convexity of the closure of the set of non-hyperbolic ergodic
measures which is the intersection of the closures of the set of hyperbolic er-
godic measures of two possible s-indices. Moreover, we show that in general,
the closure of the set of hyperbolic ergodic measures of same index is no more
a Choquet simplex. We also apply our arguments to the Mané’s example on
T3 and we get similar results. Here, we recall that for Mané’s example, only
the minimality of strong stable foliation is known.

4.1 Approximation of non hyperbolic ergodic mea-
sure by periodic orbits: Proof of Theorem E.

In this section, we prove that all the non-hyperbolic ergodic measures sup-
ported in a small enough neighborhood of a split flip-flop configuration are
approximated by hyperbolic periodic measures.

Consider f € Diff'(M). Assume that there exists a split flip flop configu-
ration formed by a cu-blender horseshoe (A, C,C**, D) of u-index i + 1 and a
hyperbolic periodic point ¢ of u-index i. Let €, be the strength of the strictly
invariant family ®. We denote by C* the center unstable invariant cone field
defined in C. By the definition of a blender horseshoe, there exists 7, > 1 such
that

| Df()|| >m-||v], forany x € C N f1(C) and 0 # v € C*(x).

By Lemma 2.9.3 and the definition of a split flip flop configuration, there exists
a small neighborhood V' of the configuration such that
— the maximal invariant A in V admits a partially hyperbolic splitting
TiM = E* @ E¢ @ E**, where dim(E€) = 1 and dim(E"") = 1.
— there exist a continuous extension Ci* of C** in V' and a number 7 > 1
such that

| Df()|| > 7 ||v], forany x € V.1 f~1(V) and any v € C*“(z).

We assume, in addition, that there exists a D f-strictly invariant cone field Cy;
in V which is a continuous extension of the center unstable cone field C* in C.
We denote by b = max{sup,e | Dfe || ;5up en | DI -

Proposition 4.1.1. With the notation above. Let v be a non-hyperbolic ergodic
measure supported on N. Assume that there exist a periodic orbit O, C A and
a point y € /NXQVVZ%C(OP) in the basin of v such that Orb(y, f) is far away from
the boundary of V.

Then v is approzimated by hyperbolic periodic orbits which are homoclini-
cally related to A.
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Proof. By plaque family theorem, we fix plaque families W< and W< for A
such that W (y) is foliated by discs tangent to cone field C{#*. Since y €
W .(O,) and A is uniformly hyperbolic, there exists an integer Ny € N, which
only depends on the size of W}, (O,) and A, such that f=2°(y) isa (1, E°® E")
expanding point. By Lemma 2.7.3, there exists dy independent of y such that
Wit (y) is contained in the unstable manifold of i, which implies that W (y) C
Wi (O,). ~
For any point z € A, we denote by

We(z) = W (z) N W(2),

then this gives a plaque family for £. For any z € A and any point w € Wi(z),
we denote by E'(w,z) = T,W*(2) for i = ¢,cu. When there is no ambiguity,
for i = ¢, cu, we denote E*(w, 2) as E*(w) for simplicity.

To fulfill the proof, we need the following lemma:
Lemma 4.1.2. For any € > 0, there exist an integer N > 0 and a sequence of

points {zx breny C WE.(O,) together with a sequence of positive integers {ty }ren
such that

t—1

1
" (z1) € WEL(O,) and d(— Z 0 (1) 1/) < g
th

— for any j € [N, 1], we have that

1L
—e< Ezlog IDfl ey I <65
1=0

— the sequence {t }ren tends to infinity and the orbit segments {{zk, tk}}keN
are contained in'V .

Proof. For any € > 0 small, by the uniform continuity of Df on the unit
tangent bundle of TM, and compactness of M and A, there exists § € (0, d0)
such that:

— Given z € A. For any two points zy, zy € W¢(x), one has that

—e<log| Df

e | —log || Df

~ for any point z € A and any point w € W¢*(2), one has that

—e <logm(Df

Feuwy) — 108 | Df|peco) | < €
— for any w1, wy € A satisfying that d(wy,wy) < §, we have that

[10g [ Df ey, | = log || Df
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— for any two points z1, 2z € M satisfying that d(z1, z2) < d, we have that
d(6,,,9.,) < €/2, where J,, denotes the Dirac measure supported on the
point z;;
— for any point # € A, one has that f(Wg(z)) C We(f(x)).
By the choice of y, there exists an integer N such that for any n > N, we have
that

n—1

—€e< — ZlogHDf

Be(rityy || < € and d( Z(sfz ) <e/2. (41)

For any C! curve v C M, we denote by £(v) the length of . For any n € N,
we take the C' curve v, C W¢(y) such that

— g(’)/n) =4 - ef4n-e;
— the curve 7, is centered at y.

Claim 4.1.3. There exists an integer Ny such that for any n > Ny, we have
that

((f' (7)) < 0, for any integer i € [0,n].
Proof. Recall that b > max,en || Df: ||, then there exists an integer N; satis-

fying that
e . bV < 1, for any n > Ny,

Hence, for any n > N; and any integer ¢ € [0, N|, we have the estimate:

() /u—ﬁ ()ldE < B - €(3,) < 6

We will prove this claim for ¢ € (N,n] inductively. Assume that for any
integer j < i € (N,n), we have that ¢(f7(v,)) < d, then by the choices of &
and N, we have that

(e = [ 155 Guoplae < [ HHDfrEC(fj(%(t))) 10

< [ e H I pf

< 0.

pe(p) HIm ()l dE
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By Claim 4.1.3 and the choice of 4, for any n > N;, we have the estimate:
(e = [ 15 el

> [ e—”ejHOH Df

> 5 . 6—61’L€

ee(ri) | 17 @)l dt

A (i + 1)-dimensional disc D C V is called a wuu-foliated cu-disc, if one
has that

— the disc D is tangent to the center unstable cone field C{};

— there exists a C' embedding ¢ : [0, 1] x [0, 1]° = M such that ¢([0, 1] x

[0,1]") = D and for any ¢ € [0,1], ¢({t} x [0,1]%) is a disc tangent to
Civ.
The central length (¢(D®) of D is defined as the infimum of the length of the
C* curves contained in D joining the discs ¢({0} x [0,1]%) and ({1} x [0, 1]*).
The discs ¢({0} x [0,1]") and ¢({1} x [0,1]%) are called the vertical boundary
components of D.

Consider a submanifold S,, which is the ¢(v,) tubular neighborhood of
Wi (y) in We(y), then S, is a uu-foliated cu-disc for n large and is contained
in W, (O,); moreover, the central length of S, is ¢ - e~*"¢. We denote by
S, (7) the connected component of f*(S,)N Bs(f*(y)) which contains f(y) (see
Figure 4.1).

n

f

]
p Yy
S,

Figure 4.1 —

By Claim 4.1.3 and uniform expansion of D f along the cone field C{*, one
has that
— S,(i) is a uu-foliated cu-disc whose vertical boundary components are
contained in the f’-image of the vertical boundary components of S,;
— S,(4) is saturated by the discs tangent to Ci* with diameters of size 0,
fori=1,--- n.
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Claim 4.1.4. The central length of S,(i) is no less than & - e=5"¢, for each
i€[l,n].

Proof. Given i € [1,n], for any C' curve {£(t)}1eo,1) contained in S, (7) which
joins the two vertical boundary components of S, (), one has that f~(£(t)) is
a C! curve joining the vertical boundary components of S,,. Moreover, by the
definition of S, (i), one has that for any j € [1,4], one has that f~"(£(¢)) C
WE(f3(y)).

Since £(f7(&(t))) > & - e, by the choice of §, one has that

HE®) = U o 7 (ED)
= [ 1D e

1 i—1 d '
—ne | D Be(fi(y R d
> [ e TT1DSexon /600
> (7€)

> 5 . 676716

]

By the definition of a flip-flop configuration and the choice of y, there exists
a sequence of positive integers {ny }ren tending to infinity such that f™(y) is
in a small neighborhood of A", hence f™(y) is in C. Consider the cu-disc
Sny» by Claim 4.1.4, we have that S, (ng) is a cu-disc of central length at least
§ e e,

Recall that 75 > 1 is a number such that for any z € V. n f~1(V) and
v € C*(z), one has that | Df(v) | > 7| v|. We denote by N(d) the smallest
integer satisfying that 7‘2N @5 > by, where by is an upper bound for the
diameters of the uu-discs in the family ©, then N(§) < % + 1. By
the D f-strictly invariant property of the cone fields Cy;, Ci#* and the fact that
Orb(y, f) is far away from the boundary of V', there exists an integer 7, such
that

— - i € (0, N,

— Denote by Sy, (n;) the connected component of f™~ (S, (7gz)) NV
containing f™(y). Then S, (n) contains a cu-strip Sy in the charac-
teristic region of blender horseshoe (see Figure 4.2) such that for the
central length £°(S)) of S , one has

0°(Sy) = b NO g O

Due to the uniform expansion of Df along the cone field C", each point
in f~"(Sy) would stay close to the orbit segment {y,..., f"(y)} for a large
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S ! s é
|
Figure 4.2 —

proportion of time in [0, n; | N N; moreover, the proportion would tend to 1
when ny tends to infinity.

We will iterate S, to make it cut the local stable manifold of O, transversely.
Let €y be the strength of the strictly invariant family ©, and we denote by

6-np-e 1 —logd +logb- N(§
[r] =sup{n € Z:n <r} and Ny = "k €+ 0g €y — logo + log ( )]+1.
log 7y log 7

Since the integer N in Lemma 2.8.8 is a constant, for simplicity, we take its
value as 0. By Lemma 2.8.6, Lemma 2.8.8 and the choice of Ny, there exists
an integer N;, < Nj, such that ka(Sk) N C contains a connected component
which intersects the local stable manifold of O, in a point z. Denote by

tr = N +ng and 2, = ' (2),

then one has that z;, € A and satisfies the third item of Lemma 4.1.2.
Since the choice of § is independent of ny, by the fact that |, —ng| < N(0),
we can take nj large enough such that
N(0) + N 7
(0) + N e

i logm

By the choice of § and z, for any j € [N, ng], we have that

1 1 .
d(5 PRI 7 2 0r) < 5
=0 =0

€

1
7=

13-4
=) log | Df
‘7 =0
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On the other hand, when ny is large enough, we have that

tk 1 np—1
t Z5f (21) Z5f iw)
k
tk 1 nE—1 1 nE—1 np—1
Z% (21) Z Ofi(z)) +d( —k > i () = Z Ofity))
] 1=0
tk—nk 1 €
< 1 —
<= (14 = )+2
- 7 +e
€+ —
log 71 2

and for any j € (g, ty]
np—1
E Zlogu Dfleigiion | = = Z log || D f

nkl np—1

pesioo ||

sesion ||

\ Z log | DS, | \

=N

€
< —_
2 + log 7

- €-logh.

As a consequence, we have that

tkl

Za J<e+ e
tk RSO log 7

and

1} 7logh |
|—.Zlog|| Df|Ec(fi(z ) | ’ <e+ €, forany j = N, --- t;.
J i=0 k 10g7’1

Let ¢ = max{1 + Tlogh p 4 _T }, then we only need to take e small such that

log 1’ log 71

¢+ € < ¢, ending the proof of Lemma 4.1.2. O]

Consider the convex sum {adop, + (1 — a)v}acp,1). We fix o € (0,1], then
the mean center Lyapunov exponent of adp, + (1 — a)v is:

X(adp, + (1 —a)v) = aX(do,) >0

Denote by
A = exp(—X(adop, + (1 —a)v)) € (0,1).
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We take ¢ < — 11°6g>‘ small. By the uniform continuity of log || D |- || over A,

there exists 8; > 0 such that for any wy, ws € A satisfying that d(wq,wy) < 0y,
we have that

—log A
16

|[log | Df

Ec(wn) || - 1Og H Df

Ee(ua) || | <

By Lemma 2.6.4, we get two numbers L > 0 and dy > 0 such that for any
d € (0,dp), one has that every Vv A-quasi hyperbolic periodic d-pseudo orbit
corresponding to the splitting Tx M = E* & (E°® E") is L - d shadowed by
a periodic orbit.

For any d € (0,min{dp,d;}) small enough whose precise value would be
fixed later, there exists an integer Ny such that

FN (Wige(Op)) € Wijp(Op) and fY (Wi, (Oy)) € Wipn(Oy).

By Lemma 4.1.2, there exist an integer N, a sequence of points {2 }xen in
A and a sequence of integers {t;}ren tending to infinity such that

t—1

1
d(3- 2 Fpev) <&
=0

Zg € I/Vl?:)c(op) and ftk(zk) S VV[ZC(OP),
— for any j € [N, ], we have that

13-
—e < EZIOg | Df|Ec(fj(Zk>> | <e. (4.2)
i=0

Claim 4.1.5. there exist integers my and ty, arbitrarily large such that

N M « I+ 2N, .
tk 11—« tk ’
— the orbit segment {fNe(z),. .., fNattetme (20 s a V/A-quasi hyper-
bolic string corresponding to the splitting E*° & (E° @& E*).

—Nd/() ﬁlf\ T‘Lk tk(k: + Nd my + 1tk + Nd
Iu | [ | | |
following the orbit of y staying close to O,
Figure 4.3 —
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Proof. Since the sequence {t;} tends to infinity, one can take a sequence of
positive integers {my }ren tending to infinity such that

hence, for k large enough, the first item is satisfied.
We denote by 7, ¢ = 2Ny + t;, + my. By the choice of Ny, we have that

d(f_Nd(Zk), de+tk+mk (Zk)) < d.

Since d is less than ¢; and the integers t;, m; can be chosen arbitrarily large,
by the choice of ¢ and Equation (4.2), one has the following estimate:

1 Th,a—1 tp+Ng—1
a Z log||Df Ee(f7Nd(z)) || = @ Z: 10g||Df|EC(fj*Nd(zk)) ||
j=0 7=0
kadfl

1
+ — Z log || D flge(pi-Nazy |l
Thd .
J=tr+Nq
tr + Nglog A my + N, logA  log A
> k d 10g X k d(_ g 4 g)

Tka 16 Th.d a 16
—3log A
> —.
4
By Pliss lemma, there exist a number p € (0,1) only depending on A and
a sequence of points {sy, -+, s} C {0, -+ ,mq4 — 1} such that
B l
— 2P
Tk,d
s;i—1 1

¥ It for any j =0,--- 8 — 1.

Df|errtmagon | > (—=
HH fE(fl Nd(k))” (\/X
By Equation (4.2), we have that {sy,--- , s} N[Ng+ N, Ng+t] = 0. Since
the center Lyapunov exponent of O, is =262 and f&**Vi(z;,) € Wi 15(O,), for
k large, we have that

T,d—1

1
Tk,d —1

—log A ,
Z log || Df|ge(pi—Nazy | > 5 Jforany i =0, mq— 1.
j=i

Since E** is uniformly contracting and E** @ (E° @ E**) is a dominated
splitting over A, the orbit segment { f~Ni(z;), ..., fNattetmn ()} is a v/ A-quasi
hyperbolic string corresponding to the splitting £*° & (E° & E*).

This ends the proof of Claim 4.1.5. O]
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By Lemma 2.6.4, there exists a periodic orbit O,, of period 7, 4 such that
d(fi(p1)7fi(2k7d)) < L-d, for any i € [Oﬂrk,d _ 1]‘

When d is chosen small enough, by the second item of Claim 4.1.5 and
uniform continuity of the function log || Df|,. || defined on A, we have that
P is a (%\A,EC @ E") expanding point; by Lemma 2.7.3, the point p; has
uniform size of unstable manifold independent of d. Once again, when d is
chosen small, by the fact that the strong stable manifolds of p; and of O, are
the stable manifolds of p; and of O, respectively, we have that O,, and O, are
homoclinically related.

On the other hand, when d is chosen small, by the first item of Claim 4.1.5
and the first item of Lemma 4.1.2, one can check that

d(do,,, ado, + (1 — a)v) < 4e.

Hence, adp, + (1 — a)v is approximated by periodic measures whose supports
are periodic orbits homoclinically related to O,.

By the arbitrary choice of o and compactness of the set {adp, + (1 —
a)v|a € [0,1]}, v is approximated by periodic measures, ending the proof of
Proposition 4.1.1. O

Now we are ready to give the proof of Theorem E.

Proof of Theorem E. Recall that the open set V' is a small neighborhood of the
split flip flop configuration (A, C,C*"*,D,0,, A®, A*) such that the maximal
invariant set A in V is partially hyperbolic with center dimension one. Up to
shrinking V', we can assume that V = U UV, UV, UW for which one has that

— U is a small open neighborhood of C' satisfying that the maximal in-

variant set in U is A;

— V; and V5 are small neighborhoods of U;en fH(A®) and of Ujenf (AY)

respectively;

— W is a small neighborhood of O, such that the maximal invariant set

in W is O,.

Now, we will choose a small neighborhood V; C V' of the flip flop configura-
tion such that any non-hyperbolic ergodic measure supported on the maximal
invariant set in 1} satisfies the conditions in Proposition 4.1.1.

By assumption, there exists an integer N such that for any point x €
NNy FH(U)NA, there exists a periodic point p € A such that W2 (x) intersects
W (p). For simplicity, we assume that the periodic point ¢ is a fixed point.
We take a small neighborhood W’ C W of O, such that

log || Df|ge(z) || < A <0, for any point z € W' N A.
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On the other hand, there exists an integer Ny such that fNo(A®) U f= o (A")
is contained in W’. Let N be the smallest integer satisfying

- b
N > (2N + QNO)W, where b = %%(H Df(x)|.

We take a small neighborhood Wy of O, such that
WoU---U fN(W) c W',

Let Uy € U be a neighborhood of C'. By the first and the second items in
the definition of a flip flop configuration, one can take small neighborhoods
Vi C Vi and Vj C V4 of the sets Orb™(A*, f) and Orb™ (A", f) respectively
such that for any point = € AO\A, where Ao is the maximal invariant set in
Uy UV UV, UW,, the positive orbit of = intersects W.

Let Vo = Up U V] UV UW, C V. By the choices of W’ and Wy, for any
non-hyperbolic ergodic measure v € ./\/lerg(/io, f) and any point z in the basin
of v, the forward orbit of x contains an orbit segment of length 2/N + 1 which
is contained in U, hence there exists a point y in the basin of v such that
W (y) intersects the local unstable manifold of a periodic point contained in
A in a point z; moreover, by the uniform contraction along the local strong
stable manifold, the closure of the orbit of z is strictly contained in V. Now,
by applying v, A and V to Proposition 4.1.1, one has that v is accumulated
by periodic measures, ending the proof of Theorem E. O

4.2 The closure of periodic measures contains
a segment joining 0p, to a measure in the

blender: Proof of Theorem D

Given a split flip flop configuration (A, C,C**, ®, O,, A%, A*) of f € Diff' (M)
formed by a blender horseshoe (A, C,C**, ) and a hyperbolic periodic point g.
In this section, we prove that there exists an invariant measure p (maybe non-
ergodic) supported on A such that the convex combination {au+(1—a)dp,; a €
[0,1]} is approximated by periodic measures.

We take a small neighborhood V' of the split flip flop configuration such
that the maximal invariant A in V is partially hyperbolic with center dimension
one. We assume, in addition, that there exist two D f strictly invariant cone
fields Cy; and Ci* in V', which are continuous extensions of the center unstable
cone field C* and the strong unstable cone field C** in C respectively.

Let’s fix a sequence of functions {g; };>° which is a dense subset of C°(M, R).
Then {g;}; > determines a metric on the probability measure space on M in
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the following way: for any probability measures vy, 5 on M, we have

| [ gidvy — [ g; dus]
don, va) = 3 =g |
i=1 tilco

Since the disc A" C W¥(q) belongs to ©, by the strictly invariant property
of ®, this segment would intersect the local stable manifold of A in a (Cantor)
set which is denoted as €. For any point x € €, there exists a sequence of discs
{D;}ien C D such that

— fYx) € D, for any i € N;

— Dy =A"and D;y; C f(D;), for any i € N.

Theorem 4.2.1. With the assumption above. Given x € € and let p be an
accumulation of {: S Ofi(z) tnen- Then the convex combination {ap + (1 —
a)oo,| a € [0,1]} is contained in the closure of the set of periodic measures.

Now Theorem D is directly from Theorem 4.2.1. Hence, we only need to
prove Theorem 4.2.1.

Recall that the mean center Lyapunov exponent of the invariant measure
ap+ (1 —a)dp,, by definition, is

Nefap+ (1 — a)do,) = aXe(s) + (1 — a)X(do,),
hence there exists oy € [0, 1] such that
Oéo)\c(,u) + (1 - Oéo))\c((s(gq) = 0.

The proof of Theorem 4.2.1 consists of two parts. We first show that for
any a € [0, a0, ap + (1 — a)dp, is accumulated by periodic measures. Then
we show the other half convex combination is also approached by periodic
measures. The proof of these two parts are quite different. But their proofs
still consist in finding quasi hyperbolic periodic pseudo orbits and applying
Lemma 2.6.4 to find the periodic orbits.

Lemma 4.2.2. For any a € [0, ag|, the invariant measure ap+ (1 — a)do, is
accumulated by a sequence of periodic orbits which are homoclinically related
to Oy inV.

Proof. We fix o € (0, ap), then A°(apr + (1 — a)dp,) is negative.

Let A = exp(A(ap+(1—a)do,)). By Lemma 2.6.4, there exist two positive
numbers L and dj such that for any d € (0, do|, every (A+1)/2-quasi hyperbolic
periodic d-pseudo orbit corresponding to the splitting T3 M = (E** & E°) @ E*
is L - d shadowed by a periodic orbit.

By the continuity of center distribution, there exists 6 > 0 such that for
any z1, 2y € A satisfying d(zy, z) < 8, we have that

N _ IDSlpeen || _ 1+ 3)
143X = | Dflge | = 47
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For any d € (0,min{dp, }) whose precise value would be fixed at the end,
there exists a positive integer Ny such that

A C Wis(q) and A C Wisa(q).

Let 75 > 1 be a number such that for any point z € V N f~1(V) and
v € Ci(x), one has || Df(v)| > mllv]|. We denote by N5 = [bgﬁ)%—_Tlg’g(s] +1,
where by is an upper bound for the diameters of the discs in ©.

In the following, we will find a (A+1)/2-quasi hyperbolic periodic d-pseudo
orbit which will spend almost o proportion of time to follow an orbit segment
of z and (1 — «) proportion of time to follow the orbit of O,; then we apply
Lemma 2.6.4.

For any e > 0, there exists an integer n arbitrarily large such that

n—1
1
d(ﬁ Z 5]”(:1:)) IU) < €.
1=0

We choose the ¢ neighborhood of z in W*(QO,) and denote it as D¥. Consider
the connected component D¥(n) of f*(D*) N Bs(f™(x)) which contains f"(z).
By the choice of Nj, one gets that f¥5(D¥(n)) contains a disc in D, hence
fN5(D%(n)) has transverse intersection with A*. By the choice of Ny, there
exists a transverse intersection y between fNstNa(D¥%(n)) and Wia(a).

Consider the orbit segment o,,, = {f~™"@="=2Na=Ns(y)) ... 4} We de-
note by

tmn = mm(q) +n+ 2Ny + Ny and t, = n + 2N, + Ns.

Notice that for any m € N, we have d(f'"(y),y) < d.
We denote by b = max{sup,c || Df(2) ||, supyen || Df () || }.

Claim 4.2.3. There exist n and m arbitrarily large such that

2N, + N,
- c ‘—i— o §'b<€;

‘mﬂ(q)_l—a n

tn—1

1
d(t_ Z Op-i(y) 1) < €
" =0

— Omn 15 a (1+X)/2-quasi hyperbolic string corresponding to the splitting
(Ess EB Ec) @ Euu

The proof of Claim 4.2.3 is just like the one of Claim 4.1.5.
Using Lemma 2.6.4, we can get a periodic orbit O,, of period ¢,,, such
that

d(f(ar), (S (y))) < L-d,for any j =0, tyy — 1.

Arguing as before, when d is chosen small enough, one has that
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— d(do,,,ap+ (1 —a)do,) <4-¢

— Oy, is homoclinically related to O,.
Hence, ap + (1 — a)dp, is approximated by periodic orbits which are homo-
clinically related to O,.

This ends the proof of Lemma 4.2.2. O]

For a € [0, vp), the property of A" helps to find the type of quasi hyperbolic
string that we need. For the case a € («ap, 1], the quasi hyperbolic string that
we need is another type, that is, we want D f along the center direction to have
expanding behavior on the quasi hyperbolic string. Indeed, using the strategy
above, we can start from a small neighborhood of A then go arbitrarily close
to O, to stay for arbitrarily long time; however, after that, it is not clear if we
can go arbitrarily close to x by an arbitrarily small proportion of time.

To deal with this situation, we change the strategy. The proof for the case
o € (ayp, 1] strongly depends on the fact that o+ (1—ag)do, is approximated
by hyperbolic periodic orbits homoclinically related to O,.

Proposition 4.2.4. With the assumption we posed at the beginning of this
section. There exists a constant p > 0, such that for any hyperbolic periodic
orbit Oy which is homoclinically related to Oy in V', any € > 0, any hyperbolic
periodic orbit O, C A and o € (0,1) satisfying that

)\C(aéop + (1 - Oé) 60(;’) > 0,

one has that there exists a hyperbolic periodic orbit Op, homoclinically related
to O, such that:

d(do, , ado, + (1 — ) 5oq,) <p-(I1—a) |X(Oyp)| +e

o’

Proof. For € > 0, there exists an integer N large enough such that
IR
21

i=N

Then there exists ¢ > 0 such that for any x,y satisfying d(z,y) < d, we have
that

l\DIm

6 .
g9i(z) — g:(y)| < g”g@ ||co, for any i =1,---,N.

Let €y be the strength of ®. Since O is homoclinically related to O, in V/,
by Inclination Lemma and the definition of a flip-flop configuration, there exist
two compact submanifolds A*(¢’) € W#(O,) and A*(¢') C W*(Oy) such that

A*(q) € Vepa(D);

Orb~(A%(¢")) UOrb™ (A*%(¢)) C V;
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— forany D" € ©, the disc D* intersects the interior of A®(¢’) transversely.

Let A = exp ( — X%(ado, + (1 — oz)5@q,)). By Lemma 2.6.4, there exist
two positive numbers L and dy such that for any d € (0, dy|, every (A + 1)/2-
quasi hyperbolic periodic d-pseudo orbit corresponding to the splitting T3 M =
E* @ (E°® E") is L - d shadowed by periodic orbit.

We choose a number d € (0, min{dp,d}] small enough such that L - d is
much less than §; the precise value of d would be fixed at the end. By the
choices of A*(q') and A“(¢'), there exists an integer N, satisfying that:

FNUAY() U FNH(AMG) C Bapa(Oy).

Up to increasing N}, we can assume that fNa (W3 (A)) C Waa(A).
By the transitivity of A, Remark 2.8.2 and the strictly invariant property
of D, there exist N7 € N and a disc Dy C W;),(O,) such that

FVi(Dg) € D and UM fi(Dy) C C.

Up to increasing N or N3, we can assume that Nj = N7 and we denote it by
Ny.

We fix two plaque families W and W corresponding to the bundle £* &
E¢ and to bundle E° @ E"* respectively.

By the choice of A%(¢'), the disc fV4(Dy) intersects A%(¢') transversely and
we denote the intersection as y, then one has that

Orb(y, f) CV;

Orb™(f~"(y)) C Wia(Op) and Orb™ (f¥(y)) € Wi(Oy).
By Lemma 2.7.3, there exists a number 6; > 0 such that

55,(y) C fN(W35(0))) and Wi (y) C fY(Wijn(Oy)).

Since A*(O,) C W*(Oy), by uniform expansion of Df along the strong
unstable cone field Ci%*, there exists an integer N, large such that for any disc
D tangent to the cone field C{*, if D intersects Wj/Q(Oq/) transversely in a
point whose distance to the relative boundary of D is no less than 4, we have
that fMi(D) contains a disc belong to Ve, /2(®). Up to increasing Ny or N,
we can assume that Ny = N}.

Let S(y) be the 64 tubular neighborhood of W (y) in W (y), then one has
S(y) € Ws (y). We denote by Sy (y) the connected component of f+N4(S(y))N
Ba2(0;) which contains f"*Vi(y) for any n € N, and we denote by b =
max{sup,cas | Dfe || ssup,en || Df. ||} Since the center Lyapunov exponent
of the orbit of ¢’ is negative, when n is chosen large enough, arguing as
Claim 4.1.3 and Claim 4.1.4, one has that S, (y) is a uu-foliated cu-disc satis-
fying that
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— the central length of S,(y) is at least exp(n(A\(Oy) — €)) - dq - b4
— Sn(y) is foliated by discs of size d; tangent to the cone field Ci#".
Then fN4(S,(y)) contains a cu-strip D® in C' foliated by uu-discs in Ve, /2(D)
such that for the central length (¢(D) of D, one has

0¢(D) > exp(nA°(Oy)) - 64 - b2
Let 7 > 1 be a number such that
| Df()|| >7llv]|, for any z € CN f~(C) and any v € C*(x).

Following the strategy in Lemma 4.1.2, there exist a constant ¢4 independent
of n and an integer k such that
— f*(D) intersects the local stable manifold of O,;
— fYD™) does not intersect the local stable manifold of O, for i < k;
— when n is chosen large enough, we have an upper bound for &:

2n - 7(q) - |\(Og)| + ca

k<
log T

(4.3)

Let x be the intersection of f*(D) and W; (O,).
We denote by w,, 4 = f~2Na=(@)=k(z). For any positive integer m, consider
the orbit segment
Ommn = {xn,d7 Ty me(p)JrNd (l’)},

Notice that d(z,, 4, f*®H+Ne(2)) < d.

Claim 4.2.5. There exist integers m and n arbitrarily large such that

nm(q 11—« mm o
‘ (Q)_ |+} (p)

J— < _
mm(p) a nm(q') 1—04‘ 16’
B Cd+3Nd 1 €
dTold g il
n (1+ logT) <16’

— {xpa, -, [PTNa(2)} s a (14 N)/2 quasi hyperbolic string corre-
sponding to the splitting E** & (E° & E"").

mm(p) + nw(q) + k + 3Ny

()I {Vd mr(q'l) + Ny mr(q’)l—l— 3Ns+k I
staying close to the orbit of ¢’ staying close to the orbit of p
Figure 4.4 —

The proof of this claim is exactly as the proof of Claim 4.1.5.
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By Lemma 2.6.4, there exists a periodic orbit O, of period nn(q')+mm(p)+
3Ny + k such that for any i =0,--- ,7w(p,) — 1, we have

A(fH(zna), fi(p,)) < L-d.

Arguing as before, when d is chosen small enough, we have that O, is homo-
clinically related to O, in V.
We denote by

*]1:{Nd, Nd+n7r( )—1}

- I, =H0,--- ,Nd—l}U{Nd—i—mr(q’) 3Ny +k+nn(d) —1};

~ Iy ={3Na+k+nn(q), - m(po) — 1}-
By the choice of 0,,, and the fact that the orbit of p, shadows o,,, at a
distance of L - d, we have that

A (po). /" N4(¢)) < L-d+d, for any j € I

d(fj(po), fj’3Nd’k’”’T(q/)(p)) < L-d+d, for any j € I5.

Claim 4.2.6. For each integer i € [1, N|, we have that

’/gi d5opo—04/gi d5op—(1—04)/gz‘ doo,,

Proof. For each i € [1, N], we have that

’/gz‘d%p —&/gid5op—(1—a)/gid5o/

Zgz 1—a>/gldao, s 5 St
S

Zgl a/gidéop )

JEI

2|A°(Oy )|
log T

< (5t (=) N1 il o-

By the choice of I, we have the estimate:

’ Zgz (1—a) /gi déoq,

|5 (T e >>—Zgi<fﬂ‘<q’>)\+{<";j;‘j')>_1+a> [ aase,

nm(q)

‘g 1ol gl
< ghoilleo+ |55 = 1o ol o
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By Equation ( 4.3) and Claim 4.2.5, when m,n are chosen large, we have that

nm(q') nm(q) nm(q)

nr(d) B 1+a
| m(p,) Lol <] m(p,)  nm(q) +m7f(p)‘ ‘m( ) +m7T(p) b
(k+3Ng) nm(q’) L £
~ nr(¢) +mn(p) nn(q)+mn(p) 16
_ 320, 5, €
Hence, we have that
LY e)--0) [ adso, | < ol o g

Similarly, by choosing m,n large enough, we also have that

LS ar)] < 2, < 2O g,
) & (o) ¢ log 7 ¢
) —a | g Nl g MO )l
)W(p)ngf (Po)) Oé/gzd&f)p <gloillo+ =07 - 0= a) - laill o
0/ jel3

Hence, we have that for any i € [1, N],

e 6|AX(O,
| [ 5:60,-a [ gudso,~-0) [ guaso, | < (G+P TP g

log 7
This ends the proof of Claim 4.2.6 O

By the choice of N and Claim 4.2.6, we have

> | [ g:ddo, —a [giddo, — (1 —a) [ giddo,|

d((SopO, Oé(Sop + (1 — a)éoq,) =

e 6 (0y)] ‘
< — — 27 (] = —_
2 + log 7 ( o)+ 2
6|\ (Oy
SO
log T
We take p = -, ending the proof of Proposition 4.2.4. O

Remark 4.2.7. The conclusion of Proposition 4.2.4 also explains the main
obstruction to obtain the approximation of the convex combination between
two hyperbolic ergodic measures of different indices by periodic measures.

As an application of Proposition 4.2.4, we have the following corollary:
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Corollary 4.2.8. For any a € (o, 1], the measure ap + (1 — a)do, is ac-
cumulated by a sequence of periodic orbits which are homoclinically related to

A.

Proof. By Lemma 4.2.2, we have a sequence of hyperbolic periodic orbits O,
which are related to O, such that dp,  converges to app + (1 — ag)do, .

By Theorem 2.1.1, there exists a sequence of periodic orbits O, C A such
that dp, converges to p.

We denote by

B, = (B € [0.1]: X(Boo,, + (1 - B)do,,) > 0},

By Proposition 4.2.4, there exists a constant p > 0 such that for any 6 € B,,
we have that 3dp, + (1 — 3)dp,, is approximated by periodic measures with
an error bounded by p - A°(O,,).

Since the set {#do, + (1 — B)do,, : B € By} tends to the set {au +
(1 = a)do, : a € [, 1]} and A°(O,,) tends to zero, the invariant measure
ap+ (1 —a)do, is approximated by periodic measures, for any a € [ag,1]. O

Now, Theorem 4.2.1 follows directly from Lemma 4.2.2 and Corollary 4.2.8.

4.3 Non-hyperbolic ergodic measures approach-
ing a non-ergodic measure with vanishing
mean center Lyapunov exponent

We fix a sequence of continuous functions {g, }ien C C°(M,R), which de-

termines a metric d(-,-) on the probability measure space on M: for any
probability measure p and v, we have the distance:

Z\fgdu J 9. dv|

c0

Let f € Diff'(M), consider a split flip flop configuration formed by a
dynamically defined cu-blender (A, U,C**,®) and a hyperbolic periodic orbit
O, We fix a small neighborhood V' of the split flip flop configuration such that
the maximal invariant set A in V is partially hyperbolic with center dimension
one.

In this section, we show that any invariant measure supported on A, which
is approached by hyperbolic periodic measures of certain index and exhibits
vanishing mean center Lyapunov exponent, is approached by non-hyperbolic
ergodic measures. To be precise, we prove the following:
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Proposition 4.3.1. With the notation above. Given u € va(A, f) such that

[ 1ol 1

Assume that p is accumulated by periodic measures whose supports are periodic
orbits homoclinically related to O, inside V.
Then p is approximated by non-hyperbolic ergodic measures.

dp = 0.

EC

Proof. Let {O,, }nen be a sequence of periodic orbits such that o, —converges
to p and O, is homoclinically related to O, inside V. We denote by A, the
center Lyapunov exponent of O, , then )\, tends to 0.

Using Lemma 3.1.1 and |GIKN] criterion, we will prove that there exists
a constant ¢ > 0 such that for each periodic measure 6@pn, there exists a
non-hyperbolic ergodic measure v, satisfying:

d(vn, b0, ) < c- |l
We fix the periodic orbit O,,, then there exists an integer N large such

that
=1
4 — < A\l
> 5 <l

i=N+1

By the uniform continuity of g,,--- ,g,, there exists 6 > 0 such that for any
two points x, y satisfying d(x,y) < J, we have

gi(x)_gi(y)|<|)\n|-|gi for anyg':l’... ’N.

c0?

We choose a sequence of decreasing positive numbers {¢;};en such that
> €& < and we denote O, as 7. Let p and ¢ € (0,1) be the two constants
given by Lemma 3.1.1. Assume that we already have a periodic orbit v* which
is homoclinically related to O, in V, then we apply ¥ to Lemma 3.1.1 and we
get a periodic orbit v5*1 such that:

— () > ()

— M lis a (epp1, 1 — p|AS(7F)]) good approximation for ~*;

— ~**1 is homoclinically related to v* inside V.

We denote by x; = 1 — p|A°(72)|. By induction, we have that [A\°(y)| <
¢*|A\n|, which implies that

ki >1—p-C" |\, for each i € N,

Therefore, for any integer k£ € N, we have the following estimate:

k k k
. 2
i=0 i=0 =0
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Hence, we have that

2
[[rie@+ 0.0,
i=0 1=¢

which implies []72, & € (0,1].

By Lemma 2.5.2, §.x tends to an ergodic measure v,. Since the center Lya-
punov exponent of v tends to zero when k tends to infinity, by the continuity
of log || D f , U is a non-hyperbolic ergodic measure.

On the other hand, by construction of v, we have that for any k € N,
the periodic orbit 7* is a (3°F e, [[%, #i) good approximation for O, . We
denote by ~(n, k) the subset of v corresponding to the one in Definition 2.5.1.

EC

For any integer ¢ € [1, N |, we have the following:

1 1 m(y9)—1 '
g, Aok = 9.(2) = ————+ 9.(f (x)).
/ () ;k m(m) - 7 () ; ;0

}/gidévﬂ—/gidﬁﬂ = ‘m >

zeyk  j=0
1 m(yp)—1 '
= el 2, (X alF@) - 3 al)
m(yp)—1 '
D DR D DAV SFAN)]
z€YE\v(n,k) 7=0 yerd
1

GEAREICHNIN N

9i

c0

= 2000

LR | ORI CO R CHR A Y

k

+2(1 =[] #a)l

i=1

< [An]]

9; 9;

c0

4p
<(1+ T()P\nﬂ

9i

el
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Hence, for any k, we have that

d(do, ,0.4) = F

Pn’  In

i=1 co

_Zlfg ddo,, fgid%l+ i | [ 9. d%0,, — [ g,d5,,]

2 9i

21|

i=1 c0 i=N+1 co

N 1+4” IAI x 9

<Z + 5

i=N+1

4p
< —_— .
< (U2l + ]

Then, by taking the limit for k£ tending to infinity, we get that

4
d(do, ,vn) < (2+ 1_'0) Al
: ¢
Since A, tends to 0 and dp, ~tends to u, the non-hyperbolic ergodic measure

v, tends to pu.
This ends the proof of Proposition 4.3.1. O]

Remark 4.3.2. According to the proof of Proposition 4.3.1, one can check
that when f 1is partially hyperbolic of center dimension one, one can take V to
be M and the conclusion of Proposition 4.3.1 still holds.

4.4 Approximating non-hyperbolic ergodic mea-
sures in global setting

In this section, we give the proof of Theorems F and G, then using the
theorems we prove, we give some results in C'-generic setting.

4.4.1 Generation of blender horseshoes

In this subsection, we state the results on the generation of blenders in

IBD2], [BD3.

Proposition 4.4.1. /[BD3, Proposition 5.6] Let fbe a diffeomorphism with a
heterodimensional cycle associated to saddles P and Q with ind(P) = ind(Q)+
1. Then there is g arbitrarily C* close to f exhibiting a cu-blender horseshoe

A

g-
From Proposition 4.4.1, we can build blender from co-index one heterodi-

mensional cycle. To get heterodimensional cycle, we need the connecting
lemma due to S. Hayashi:
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Theorem 4.4.2. [H] Let f € Diff'(M). For any C* neighborhood U of f,
there is an integer L = L(U) > 0 such that for any non-periodic point z, there
exist two arbitrarily small neighborhoods B, C B, of z such that for any two
points x,y ¢ UL fY(B.), if both forward orbit of x and backward orbit of y
intersect B, then there exists g € U such that y = ¢"(x), for some integer
n > 0.

4.4.2 Assuming minimality of both strong foliations: proof
of Theorems F and G:

Now, we can give the proof of theorem F.

Proof of Theorem F. By Hayashi’s connecting lemma and the transitivity, there
exists a dense subset of V(M) such that every diffeomorphism inside this dense
subset has a co-index one heterodimensional cycle. By Propositions 2.9.5 and
4.4.1, there exists an open dense subset V(M) of V(M) such that for any
f € V(M), one has that
— f has a cu-blender horseshoe(A", V¥ C* ©") and a cs-blender horse-
shoe (A*,V*,C%,©°);
— f has a split flip flop configuration associated to a dynamically defined
cu-blender;
— f has a split flip flop configuration associated to a dynamically defined
cs-blender.

Take any hyperbolic ergodic measure p and any non-hyperbolic ergodic mea-
sure v. We will prove that for any a € [0,1], ap + (1 — a)v is approximated
by periodic measures. By Proposition 2.6.6, the measure p is approximated
by hyperbolic periodic measures. Hence, we only need to prove it when p
is a hyperbolic periodic measure. Assume that p is a periodic measure with
positive center Lyapunov exponent (for the negative case, we can argue for the
system f~'). Let O, be the hyperbolic periodic orbit such that y = do,. By
the minimality of the strong stable foliation, O, is homoclinically related to
A",

Take a generic point x of measure v, by the minimality of strong stable
foliation, F**(z) intersects W*(O,) in a point y. Then, we have that

n n—1

-1
1 .1
i 2 dp =vand T 2 ) |1 Df

Jj=

Be(fi) || = 0.

By the minimality of strong unstable foliation and the strictly invariant prop-
erty of ®, for any § > 0, there exists an integer Ny such that for any strong
unstable disc D"* of radius d, we have that f5(D) contains an element of D.
Hence, for any § > 0 and any integer n € N, one has that f™(Wx(f"(y)))
contains a disc in . Now we can apply the arguments for Proposition 4.1.1
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to O, and the point y, proving that the invariant measure ap + (1 — a)v is
approximated by periodic measures of s-index ind(p).
As a consequence, one gets that every non-hyperbolic ergodic measure is
approached by periodic measures of s-indices ¢ and ¢ + 1 at the same time.
By the minimality of strong foliations, any two hyperbolic periodic orbits
of same index are homoclinically related. As a consequence, for any two hy-
perbolic periodic orbits v; and 7, of same index, one has that

{(1 —)dy, + ady, : v € 0,1} C Mper(f).-

Hence for any two hyperbolic ergodic measures of same index, by Proposi-
tion 2.6.6, their convex combination can be approximated by periodic measures
of same index, which implies that M;(f) and M, (f) are convex sets.
Given two invariant measures u,v € M*(f), then p and v are approxi-
mated by a sequence of periodic measures {dp, } and {dp, } of same index

respectively. Then the convex combination {(1 — a)dp,, + ade,, : o € [0,1]}
is contained in the closure of the set of hyperbolic periodic measures. Hence,
the invariant measure (1 — a)u + av is accumulated by hyperbolic periodic
measures, for any o € [0,1]. On the other hand, for any o € [0, 1], we have

/ log | Df| | A((1 — o) + aw) = 0.

By Proposition 4.3.1 and Remark 4.3.2 , we have that (1 — a)u + av is accu-
mulated by non-hyperbolic ergodic measures, that is,

{1 =a)p+ av;a € [0,1]} € M*(f).

This proves that M*(f) is a convex set.
Since every non-hyperbolic ergodic measure is approximated by hyperbolic
periodic measures of s-index ¢ and s-index ¢+ 1 at the same time, we have that

M(f) € Mi(f) N {p € Mino(f), A°(p) = 0}

MA(f) C M (f) N {p € Migo(f), A(1) = 0

MH(f) C Mi(f) N M (f).

On the other hand, for any p € M;(f) N {n € M.(f),\(n) = 0},
we have that p is accumulated by hyperbolic ergodic measures of s-index 1.
By Proposition 2.6.6, we know that p is accumulated by hyperbolic periodic
measures of s-index i. By Proposition 4.3.1, the measure y is accumulated by

non-hyperbolic ergodic measures, ie. u € M*(f). Hence, we have

Mi(f) 0 {n € Mino(f), X(1) = 0} € M*(f).
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Similarly, we can prove that

M1 (f) N {p € Mo (f), A°(1) = 0} C M*(f).

Besides, one can easily check that

Mi(f) MM (f) C Mi(f) N {p € Mino(f), A°(1) = 0};

and

Mi(f) N M1 (f) C Mipa(f) N {p € Mino(f), A°(p) = 0}
]

As mentioned before, combing the result in [ABC]| and the ergodic closing
lemma in |M2], one has that for C'-generic f in the set V(M), the closure
Mpe.(f) of the set of hyperbolic periodic measures is convex, and coincides
with the set My, (f) of all invariant measures.

As a corollary of Theorem F, one has that:

Corollary 4.4.3. For C'-generic f € )}(M), every invariant (a priori non
ergodic) measure whose mean center Lyapunov exponent vanishes is approached
by non-hyperbolic ergodic measures. In formula:

{1 € Mino(f), (1) = 0} = M*(f).

Now, we will use Theorem D to give the proof of Theorem G. The proof is
quite straightforward:

Proof of Theorem G. Let V(M) be the open and dense subset of V(M) given
in Theorem F. Given f € V(M) and a measure v € M;(f), then there exists
a sequence of periodic orbits {O,, }nen of s-index i such that 6o, converges
to v. By the minimality of strong stable foliation and Inclination lemma, for
each periodic orbit O, , one has that
— the stable manifold of O, contains a disc in V., ,2(®?), where € is the
strength of ©°;
— there exists a compact submanifold A,, of W*(O,, ) such that each disc
in ®° intersects A,,.
By Proposition 4.2.1, there exists an invariant measure p, supported on A*
such that for any a € [0, 1], we have that

ado,, + (1 —a)pn € Mper(f).

Let £ be an accumulation of j,, then for any « € [0, 1], we have that

av + (1 = a)f € Mye,(f).

Similarly, we can prove that for any invariant measure belonging to M, 1(f),
there exists an invariant measure supported on A" such that their convex com-
bination is approximated by periodic measures.

116



Non-hyperbolic ergodic measures approximated by periodic measures

We only need to take K; = A* and K;,; = A°. Then the second item is
satisfied.
This ends the proof of Theorem G. ]

It is well known that the decomposition of an invariant measure in the
convex sum of ergodic measures is unique and one calls M, (f) a Choquet
simplex. As we split M;,,(f) into several convex sets (the ones with positive,
vanishing and negative center Lyapunov exponents respectively) it is natural
to ask if these sets are Choquet simplices too. We could not answer to this
question in the whole general situation, but in the C'-generic setting we can
give a negative answer:

Proposition 4.4.4. For C'-generic f in V(M), none of the three compact
convex sets M;(f), Miw1(f) and M*(f) is a Choquet simplez.

As we know that all the extreme points of M,,,(f) are ergodic measures.
In general, a convex subset of M,,,(f) may have more extreme points. Under
some assumption, we firstly show that there exist extreme points of M*(f)
which are not ergodic. Recall that V(M) is an open and dense subset of V(M)

given by Theorem F.

Lemma 4.4.5. Given f € V(M). Let p and v be two hyperbolic ergodic
measures of different indices. Assume that, for any a € [0,1], the measure
ap+ (1 — a)v is approached by hyperbolic periodic measures.

Then there ezists o € (0,1) such that:

aopt+ (1 — ag)v € M*(f);

— the invariant measure app+ (1 — ap)v is an extreme point of the convex

sets M*(f), Mi(f) and M1(f).

Proof. Since the indices of p and v are different, there exists a unique oy €

(0,1) such that
[ 1ol 1

Since o+ (1 — ap)v is approximated by hyperbolic periodic measures, by the
first item of Theorem F, we have that

d(aop + (1 — ag)v) = 0.

EC

aopt + (1 — ag)v € M*(f).

Assume that there exist two measures 1, o € M*(f) and gy € (0,1) such
that

Qo + (1 — Oé())V = BO/le + (1 — 60)#2. (44)

Since M, (f) is a Choquet simplex, by Equation (4.4) and the ergodicity
of pu and v, one has that p; is a convex combination of p and v. By the
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fact that A\°(uy) = 0, one has that p1 = app + (1 — ap)v, which implies that
1 = po = appt + (1 — apg)v. This proves that agu + (1 — ap)v is an extreme
point of the convex set M*(f).

Similarly, we can show that agu + (1 — ap)v is an extreme point of the

convex sets M;(f) and M, 1(f).
This ends the proof of Lemma 4.4.5. O

Now, we are ready to give the proof of Proposition 4.4.4.

Proof of Proposition 4.4.4. By Theorem F, we know that M*(f), M;(f) and
M1(f) are convex sets. By Theorem 3.10 in [ABC], there exists a residual
subset R of 1>(M ) such that for any f € R, the closure of the set of periodic
measures is convex, which implies that the convex combinations of hyperbolic
ergodic measures of different indices are approached by hyperbolic periodic
measures.

We will show that for any f € R, none of M*(f), M;(f) or M;11(f) is a
Choquet simplex.

We take four hyperbolic ergodic measures py, us € M;(f) and vy, vy €

M (f).
We denote by

Hy = {(a1, a2, a3, 4) € RY| q; is non-negative and ¥} a; = 1}
and

Hy = {(B1, Ba, B3, Ba) € RY BiX (1) + BaA(p2) + BsA°(11) + BaA“(v2) = 0}

Since A°(p;) > 0 and \°(v;) < 0 for ¢ = 1,2, one gets that the hyperplane
Ho, is transverse to Hi. As a consequence, the intersection H; N Hy is a con-
vex quadrilateral whose vertexes are corresponding to four different invariant
measures; moreover, each of them is a convex sum of two hyperbolic ergodic
measures of different indices among {1, p2, 1,5}, By the generic assump-
tion, these four invariant measures are approximated by hyperbolic periodic
measures; hence by Theorem F, they belong to the set M*(f).

By the convexity of the set M*(f), the diagonals of H; N H intersect in
a point which corresponds to an invariant measure u € M*(f). By Lemma
4.4.5, the vertexes of H; N Hy are extreme points of M*(f). Hence, u is the
convex combination of two different pairs of extreme points of M*(f), which
implies that M*(f) is not a Choquet simplex.

Similarly, one can show that neither M;(f) nor M;,1(f) is a Choquet
simplex. O
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4.5 Invariant measures for Mané’s DA example:
Proof of Theorem 3

In this section, we first recall Mané’s D A-example, that is, what exactly
the open set W in the statement of Theorem 3 is. Then we give the proof the
Theorem 3.

4.5.1 Mané ’s DA-example

In [M1], by doing DA from a linear Anosov diffeomorphism on T? whose
center is uniformly expanding, R. Mané constructs an open subset W of
Diff*(T?) such that for any f € W, the following properties are satisfied:

— there exists a D f-invariant partially hyperbolic splitting

TT3 — Ess ey Ec D Euu

with dim(E*®) = dim(£°) = 1,
— there exists a constant A € (0,1) such that || Df™!|gu || < A;
— there exist two hyperbolic periodic orbits of different indices;
— the center bundle E¢ is integrable and the center foliation is minimal.
— there exist two open sets U and V', a constant 7 > 1 and five positive
numbers €y, - - - , €5 such that

1. V is a proper subset of U
2. for any point z € T?\V, we have that

IDf

Be(a) | > ;

3. every strong unstable curve of length at least €; contains a strong un-
stable curve of length at least €5 which is disjoint from U; moreover,
we have that \e; < eo;

4. every center plaque of length at least €3 contains a center plaque of
length at least €, which is disjoint from V'; moreover, we have that
Tey > 2€3;

5. for every center leaf F(z), every connected component of F¢(x) N
(U\V) has length larger than e5; moreover, we have that 7e5 > €.

By construction, the diffeomorphism f is isotopic to a linear Anosov.
R. Mané proved the followings:

Theorem 4.5.1. [M1, Theorem B| For every f € W, the diffeomorphism f
15 robustly transitive and non-hyperbolic.

Lemma 4.5.2. [M1, Lemma 5.2] Let f € W. For any x € T, there exists
y € W"(x) such that the forward orbit of y is contained in T*\U.
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A recent result by R. Potrie [Po| implies that f € W is dynamically
coherent, that is, there exist invariant foliations F°° and F* tangent to £* @
E¢ and E° & E" respectively.

4.5.2 Proof of Theorem 3

We deal with Mané’s example separately because we only know that strong
stable foliation and center foliation are minimal. The minimality of strong
unstable foliation is still unknown.

The minimality of strong stable foliation is due to [BDU, PS§|:

Lemma 4.5.3. [BDU, PS| There exists an open dense subset W* of W such
that for any f € W?, the strong stable foliation is minimal.

The proof of Theorem 3 strongly depends on the properties of W, ie. the
DA construction of Mané ’s example.

Proof of Theorem 3. By Hayashi’s connecting lemma and transitivity, there
exists a dense subset of W such that every diffeomorphism in this dense subset
has a co-index one heterodimensional cycle. By Propositions 2.9.5 and 4.4.1,
there exists an open dense subset of VW such that every diffeomorphism in this
set has a split flip flop configuration associated to a dynamically defined cs-
blender. On the other hand, by Lemma 4.5.3, there exists an open dense subset
W?# of W such that the strong stable foliation is minimal for any f € W?.

To sum up, there exists an open and dense subset W of W such that for
any f € W, we have that:

— f has minimal strong stable foliation;

— f has a split flip flop configuration associated to a dynamically defined

cs-blender.
Now, we fix a D f strictly invariant strong unstable cone field C** around E“*
on T? such that Df is uniformly expanding along C““.

Non-hyperbolic ergodic measures approached by hyperbolic pe-
riodic measures of s-index one.

We will prove that for any hyperbolic periodic measure of s-index 1 and any
non-hyperbolic ergodic measure, their convex combination is approximated by
periodic measures.

By construction, there exists d; > 0 such that Bs, (V') C U. We fix a hyper-
bolic periodic point p of s-index 1, the size of local unstable manifold W}%_(O,)
and the size of local strong stable manifold W .(O,). By the minimality of
the foliation F*° and the fact that W*(0,) = W**(0,), there exists a positive
integer k£ such that

— the integer k only depends on the size of W .(p) and on do;

— for any x € T®, [fF(Wg,.(p)) intersects F5*(x) transversely, where

Fsi(x) denotes the dy neighborhood of x in the leaf F(x).
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Given a non-hyperbolic ergodic measure v € M,,,(T?, f), and consider the
convex sum adp, + (1 — a)v, for a € [0,1]. Then for any « € (0, 1], we have
that

X(adp, + (1 —a)v) > 0.

We fix a € (0,1] and we denote by
N = exp(—=X(adp, + (1 — a)v)).

Lemma 2.6.4 provides two positive numbers L and dy, corresponding to the
number v/ and to the splitting £ @ (E¢@® E**), such that for any d € (0, d),
we have that any vV N-quasi hyperbolic periodic d-pseudo orbit is L-d shadowed
by a periodic orbit.

We choose a number d € (0,dy) such that L - d is small enough, whose
precise value would be fixed at the end. Then there exists an integer N, such
that

F7N(Wiae(Op)) € Wipp(Op) and fY(Wiio(Oy)) € Wipp(Op).

Now, we fix a point = in the basin of v. Since strong stable foliation is
minimal and W} (p) is everywhere tangent to £ @ E", there exists a trans-
versely intersection y between the strong stable manifold of z and W} .(O,).
By the choice of y, we have that

n—1 n—1
) 1 . 1

In the following, we will find a v/ N-quasi hyperbolic periodic d-pseudo
orbit, with large period, such that it spends almost 1 — o proportion of its
period to follow the forward orbit of y and also spends almost « proportion of
its period to follow the periodic orbit O,.

Take € < —1<1>§ A small, then we have the following:

— there exists & > 0 such that for any two points z,w € T? satisfying

d(z,w) < 6, we have that

—e<log| Df

eew) | —10g || Dflge || <6

— there exists an integer N such that for any n > N, we have the following:

n—1 n—1
1 1
—e<— 2_0 log || Dfles, || <eandd( E_O: Opi(y) V) < €/2.

For any C! curve v in T2, we denote by £(v) the length of ~.

We choose a C! curve v, C W¢(y), centered at y, such that £(,) = de~ "<
Now, consider the set S,, which is the ¢(~,) tubular neighborhood of W§"(x)
in the leaf F(z).
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Similar to Claim 4.1.3, for n large enough, one has that
0 () < I DF||%(v,) < 6, for any i =0,---n

According to this estimate and the choice of §, we have that

1 n—1
0(f"(m)) / H—f" T ))HdtZ/O e LI PFleecioy N @) 1de > s,
j=0

Consider the connected component of f™(S,) N Bs(f"(y)) which contains
f™(y), and we denote it as S,: then S, is a C' surface tangent to E¢ @ E“
satisfying that

- f~ "(Vn) C Sh;

— S, is foliated by curves tangent to C**, whose lengths are 20 ;

— For any center plaque v C S, joining the two boundary components of

S, which are tangent to C**, one has that £(v) > de5".
Now, we will iterate S, to make it cut the local stable manifold of O,. By the
uniform expansion in the strong unstable direction, there exists an integer Nj
such that for any curve D"* tangent to C** of length at least §/2, we have that

g(fN‘;(DW)) > €7.

Hence, fNs (Sn) is foliated by curves tangent to C**, whose lengths are no
less than 4e;. By Lemma 4.5.2, there exists 2 € Wh(f"(y)) such that
Orb*(fNs(2)) is contained in T3\ Bs, (V).

We denote by W, the connected component of f~5(S,) N Bsjo(fN4(2)) con-
taining f™(z). Let [-] denote the integer part of a number, and we denote
by

5en + log §g — logd + N5 - log b

T, = + 1, where b > sup || Df ! (x) |
log T z€T3

Since for any point z € T3\V, we have
I Df

hence fT(W,) contains a disc tangent E¢ @ E“ whose diameter is no less
than J,. By the choice of k, fI"(W,,) intersects f~*(W;_.(p)) transversely. We
denote by

E¢(x) H =T

thn =2Ng+ k+ N5+ T,.
To sum up, there exists a point w € Wj),(p) such that

frin(w) e Wi (p);

— the orbit segment {fNa(w),---, f*Na(w)} follows the orbit segment
{y, -+, ["(y)} at a distance less than 4.
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Non-hyperbolic ergodic measures approximated by periodic measures

When we choose n large, we have that

t, 6e
n — logTt
Moreover, we have the following:
1 n+tn,—1
‘n—i—tn ; log | Df|E;i(w> | | <6
n+tp,—1

1 6
d 0 fi (w5 < .
(n—i-tn ; i V) logT€+€

Claim 4.5.4. There exist integers n and m arbitrarily large such that

’+2]§d<6;

) o
n 11—«
— the orbit segment {w,t, +n+mn(p)} is a VN-quasi hyperbolic string
corresponding to the splitting E*° @ (E° © E*).

mm(p) +n+t,

0 YN, nt,
| Ve e |

staying close to the orbit of y staying close to the orbit of p
Figure 4.5 —

The proof of the claim above is similar to the one of Claim 4.1.5. Once
again, by Lemma 2.6.4, we have a periodic orbit O, of s-index one which
shadows the orbit segment {w,t, +n + mm(p)} at a distance less than L - d.
Moreover, when d is chosen small, one has that

d(do,,, ado, + (1 — a)r) < c- €, where c is a constant independent of e.

By the arbitrary choice of o and compactness of the set {adop, +(1—a)v|a €

[0,1]}, the ergodic measure v is approximated by hyperbolic ergodic measures
of index 1.
Convexity of the set M*(f). Since any non-hyperbolic ergodic measure
is approximated by hyperbolic periodic measures of s-index 1, we have that
for any p,v € M*(f), both u and v are approximated by hyperbolic periodic
measures of s-index 1. Since the hyperbolic periodic orbits of s-index 1 are
homoclinically related to each other, one has that

{ap+ (1 —a)v;a €]0,1]}
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is contained in the closure of the set of hyperbolic periodic measures of s-index
1. Notice that apu+ (1 — ) has zero mean center Lyapunov exponent, for any
a € [0,1]. By Proposition 4.3.1 and Remark 4.3.2, we have that ap+ (1 —a)v
is approximated by non-hyperbolic ergodic measures. Hence, we have that

{ap+ (1 - a)va € [0,1]} € M(f).

This ends the proof of Theorem 3. m
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Chapter 5

Constructing new partially
hyperbolic diffeomorphisms on
3-manifolds

We contribute this chapter to building new partially hyperbolic diffeomor-
phisms on M?3.

We first show the existence of Dehn twists which keep the transversality
of certain bundles. We first reduce the proof of Theorem 4 to two theorems
according to the two cases for a pair of transverse foliations (F,G):

— F and G do not have compact leaves that are homotopic. In this case,
one can find a closed curve which is a complete transversal for both F
and G. Then by putting F and G in a good position, one can construct
two linear foliations which separate F and G. One of the linear foliation
is a circle foliation, and the other one has irrational holonomy.

— F and G have compact leaves that are homotopic. In this case, one
decomposes the torus into several cylinders. In each cylinders, one can
modify the foliations to make them in a good position such that the
linear translation directed by the homotopy class of the compact leaves
of F keeps the transversality of two foliations.

Then, we compose the Dehn twists along the transverse tori with time ¢-map
of the flow; by applying the argument in [BPP]|, one can show that for ¢ large
enough the diffeomorphism is partially hyperbolic whose center is neutral.

5.1 Reduction of Theorem 4

Recall that for a pair of transverse foliations (F,G) on T2, either F and
G have parallel compact leaves or they have no compact leaves. According to
this fact,

125



PhD Thesis of Peking University & Université de Bourgogne

Theorem 5.1.1. Let F and G be two C* one-dimensional transverse foliations
on T2, without parallel compact leaves. Then for any o € 7 (T?), there exists
a C*-continuous family {®;}ep) of C diffeomorphisms on T? such that
i (I)O = ‘131 = ]d,
— For every t € [0,1], the C! foliation ®(F) is transverse to G;
— For every point x € T?, the closed curve ®(x) is in the homotopy class
of a.

The proof of Theorem 5.1.1 consists in endowing T? with coordinates in
which the foliations F and G are separated by 2 affine foliations (i.e. F and
G are tangent to two transverse constant cones). Thus in these coordinates
every translation leaves F transverse to G, concluding.

Theorem 5.1.2. Let F and G be two C* one-dimensional foliations on T2
and they are transverse. Assume that F and G have parallel compact leaves
which are in the homotopy class o € m(T?). Then, for each B € 7 (T?), one
has that § € (&) if and only if there exists a C*-continuous family {®, }rejo 1]
of C* diffeomorphisms on T? such that

i (I)O = @1 = ]d,

— For every t € [0,1], the C! foliation ®(F) is transverse to G;

— For every point x € T?, the closed curve ®(x) is in the homotopy class

of 5.

One easily checks that, if F and G are transverse C! foliations having
compact leaves in the same homotopy class, then every compact leaf L, of
F is disjoint from every compact leaf L, of G. If {®}c(0,1) is an isotopy so
that @ is the identity map and ®,(F) is transverse to G, then ®;(L ) remains
disjoint from L: this implies the if part of Theorem 5.1.2. The only if part
will be the aim of Section 5.5.

Remark 5.1.3. First notice that every continuous path (for the C'-topology)
of C diffeomorphisms can be approached, in the C'-topology, by a smooth path
of smooth diffeomorphisms.

Now, as the transversality of foliations is an open condition, any loop
{Witicpon of diffeomorphisms C*-close to the loop {®i}iep) (announced in
Theorems 4, 5.1.1, and 5.1.2) satisfies that U(F) is transverse to G for every
t.

Therefore, in Theorems 4, 5.1.1, and 5.1.2, one can choose the loop t — &,
so that the map (t,z) — ®4(z), for (t,x) € S! x T?, is smooth.

126



Constructing new partially hyperbolic diffeomorphisms on 3-manifolds

5.2 Existence of a complete transversal for two
transverse foliations without parallel com-
pact leaves

In this section, we consider two foliations F, G on the torus T? which do
not have parallel compact leaves (see Definition 2.14.1). According to Propo-
sition 2.14.6, the foliations F and G have no Reeb component. In particular,
F and G are orientable. By Theorem 2.14.8, for each of them, there exist
complete transverse cross sections. In this section, we prove that any two
transverse foliations without parallel compact leaves share a complete trans-
verse cross section.

Proposition 5.2.1. If two C* foliations F and G are transverse on T? and
have no parallel compact leaves, then there exists a smooth simple closed curve
~v which s a complete transversal to both F and G.

Proof. As noticed before the statement of Proposition 5.2.1, the foliations F
and G have no Reeb component and therefore F and G are orientable. Thus
there exist two unit vector fields X, Y such that X and Y are tangent to the
foliations F and G respectively.

Since X and Y are transverse, the vector field %X + %Y is transverse to
both F and G. Let Z be a smooth vector field C? close enough to %X + % Y so
that Z is non-singular and transverse to both foliations F and G. Furthermore,
up to perform a small perturbation, we can assume that Z admits a periodic
orbit 4 which is a simple closed curve transverse to both F and G.

According to Lemma 2.14.4, if 4 is not a complete transversal of one of
the foliations F or G, this foliation admits a compact leaf homotopic to 7. As
F and G have no parallel compact leaves, this may happen to at most one of
F and G. In other words, 7 is a complete transversal for at least one of the
foliations, thus we assume that 4 is a complete transversal for F. If 7 is a
complete transversal for G, we are done.

Thus we assume that it is not the case. Therefore Lemma 2.14.4 implies
that G has compact leaves which are in the homotopy class of 7. We denote
by C, a compact leaf of G, and we denote by L a segment of a leaf of F with
endpoints p, ¢ on 7 and whose interior is disjoint from 7; furthermore, if F has
a compact leaf, we choose L contained in a compact leaf of 7. We denote by
o C 4 the (unique) non trivial oriented segment so that

— o joins the final point ¢q of L to its initial point p;

— the interior of ¢ is disjoint from {p, ¢};

— the orientation of ¢ coincides with the transverse orientation of the

foliation G, given by the vector field X directing F.
Thus the concatenation vy = L-o is a closed curve (which is simple unless p = ¢
in that case p = ¢ is the unique and non topologically transverse intersection
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point) consisting of one leaf segment and one transverse segment to F. A
classical process allows us to smooth 7y into a smooth curve ~ transverse to
F (see Figure 5.1 for the case p # ¢ and Figure 5.2 for the case p = ¢), and
the choice of the oriented segment o allows us to choose 7 transverse to G.
Furthermore, we have that

— 7 cuts the compact leaf C;, of G transversely and in exactly one point;

— if F has compact leaves, then v cuts the compact leaf containing L

transversely and in exactly 1 point;

— 7 is a closed simple curve (even in the case p = q).

Now ~ is a simple closed curve transverse to G and has non-vanishing
intersection number with a compact leaf of G, and therefore ~ is not homotopic
to the compact leaves of G. Lemma 2.14.4 implies therefore that v is a complete
transversal of G. The same argument show that, if 7 has a compact leaf, then
~ is a complete transversal of F. Finally, if F has no compact leaves, any
closed transversal is a complete transversal, ending the proof. O]

Figure 5.1 — In the first figure: the dash line is the transversal 7; the dash
and real arrows on the circle pointing outside give the orientations of G and
F respectively. The second and the third figure show the good choice of curve
and bad choice of curve respectively.
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Figure 5.2 — The dash line is the transversal 7. The dash and real arrows on
the circle pointing outside give the orientations of G and F respectively.

5.3 Deformation of a foliation along its trans-
verse foliation

For any C! foliation £, we will denote by &, the leaf of £ through x. For
any two points x,y on a common leaf of £, we denote dg¢(x,y) as the distance
between x,y on the £-leaf.

Proposition 5.3.1. Let S = R x [0,1] be a horizontal strip on R*. Assume
that £, F and G are C* foliations on S satisfying that

— the foliation g is transverse to F and 5 that s, Em g and F M g

— the foliations €, F and G are invariant under the map (r,s) — (r+1,s);

— the foliations € and F have the same holonomy map from R x {0} to

R x {1};
— Fach leaf of each foliation intersects the two boundary components of S
transversely.
Then there exists a continuous family {®¢}ico1) of Cl diffeomorphisms on
R x [0, 1] such that

i (I)() = Id,

— By (E) = F;

— (E) NG, for every t € [0,1];

— @, commutes with the map (r,s) — (r+1,s), for any t € [0,1];

— &, coincides with the identity map on R x {0,1}, for any t € [0, 1].

If furthermore & and F coincide in a neighborhood of the boundary R x
{0,1} of S then we can choose the family {®+}ico,1) of diffeomorphisms so that
there is a neighborhood of R x {0, 1} on which the ®; coincides with the identity
map, for any t € [0, 1].

Proof. By assumption, for each z € R x {0}, the leaf &, and the leaf F, have
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the same boundary.

Claim 5.3.2. For each y € E,, the leaf Qy intersects Fy in a unique point.

Proof. Since € and F are transverse to G, one can prove that every leaf of G
intersects every leaf of £ and F in at most one point. If y is an end point of
Ex, it is also an end point of F,, concluding. Consider now ¥ in the interior of
E..

Recall that Gy is a segment joining the two boundary components of S.
Thus S'\ Qy has two connected components. Moreover each connected compo-
nent of S \ Qy contains exactly one end point of 5 As .7-' has the same end
points as &,, it intersects gy O

Now, we can define a map hg from S to itself. For each o € S, there exists
a unique leaf of F which has the same boundary as &, by the claim above, G,
intersects that unique leaf of F in only one point and we denote it as hz s(z)
(see Figure 5.3 below).

i

Figure 5.3 — The light line, the dark line and dash line denote the leaves of g,
€ and F respectively.

Since &, F and G are C'-foliations, hg is a C" map, and its inverse hz is
obtained by reversing the roles of £ and F, proving that hg is a diffeomorphism.
Since each foliation is invariant under horizontal translatlon (r,s) — (r+1,s),
the diffeomorphisms hg and hz commute with the map (r,s) — (r +1,s).

Since = and hg(x) are on the same G leaf, the map d, (v, hg(z)) is well
defined from S to R and one can check that it is a C' map Whlch is invariant
under the translation (r,s) — (r + 1, s).

Now, for each t € [0, 1], we define ®;(x) as the point, in the segment joining
z to hg(z) in the leaf G,, so that

dg(w, ®y(x)) =1 - dg(:v, he(r)) and dg(®i(v), hg(z)) = (1 —1) - dg(x, hg(x)).

Then, we have that ®, = Id, ®; = hg and ®; commutes with the hori-
zontal translation (r,s) — (r + 1,s) and preserves each leaf of the foliation
G. One easily checks that ®, is of class C! and depends continuously on t.
Furthermore, its derivative along the leaves of G does not vanish, so that @,
is a diffeomorphism restricted to every leaf of G. As ®, preserves every leaf of
G, one deduces that ®,(€) is transverse to G and @, is a diffeomorphism of S.
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Thus, {®;}1ep0,1] is the announced continuous path of C' diffeomorphisms of
S.
O]

For any C* simple closed curve v on T? whose homotopy class is non-
trivial, we can cut the torus along v to get a cylinder. The universal cover of
the cylinder is a strip denoted by S, and diffeomorphic to R x [0,1]. For any
C" foliation £ on T? transverse to 7, one denotes by & the lift of £ on Sy

Corollary 5.3.3. Let £, F and G be three C* foliations on T?. Assume that:
— EMNG and FhG;

— there exists a C' simple closed curve v such that
1. the curve v is a complete transversal of the foliations £, F and G;

2. the lifted foliations €& and F have the same holonomy map defined
from one boundary component of S, to the other;

Then there exists a continuous family of C' diffeomorphisms {®i}ep,1] C
Diff'(T?) such that

- CI)O = Id,

- &, (E) MG, for every t € [0,1];

- @1(5) - F

Sketch of proof. If we just apply Proposition 5.3.1, one obtains a family of
homeomorphisms of T? which are C! diffeomorphisms on the complement of ~
and which coincide with the identity map on v and satisfy all the announced
properties. Thus the unique difficulty is the regularity along ~. For that we
check that the construction in the proof of Proposition 5.3.1 can be done on
the whole universal cover of T? commuting with all the deck transformations,
leading to diffeomorphisms on T2. O

5.4 Deformation process for transverse foliations
without parallel compact leaves: proof of
Theorem 5.1.1

5.4.1 Separating transverse foliations by two linear ones
and proof of Theorem 5.1.1

Theorem 5.4.1. Let F and G be two transverse C' foliations on T? without
parallel compact leaves. Then there are two affine foliations H and I on T?
and a diffeomorphism 0: T? — T? so that
— the foliations 6(F), 0(G), H and L are pairwise transverse;
— there are local orientations of the foliations at any point p € T? so that
— O(F) and 0(G) cut H with the same orientation;
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— O(F) and 6(G) cut I with opposite orientations.

The two affine foliations H and Z divide the tangent space T,M at each
point p € T? into four quadrants, and Theorem 5.4.1 asserts that the tangent
lines at p of O(F) and 0(G) are contained in different quadrants.

The proof of Theorem 5.4.1 is the aim of the whole section. Let us first
deduce the proof of Theorem 5.1.1

Proof of Theorem 5.1.1. We consider two transverse C! foliations F and G
on T? without parallel compact leaves, the diffeomorphism 6 and the affine
foliations H and Z given by Theorem 5.4.1. Consider any vector u € R? and
let T, be the affine translation of T? directed by u, that is T, (p) = p + u.

Claim 5.4.2. For any u € R?, the foliation T, (0(F)) is transverse to 6(G)

Proof. The foliations H and Z are invariant by 7T,, and the quadrants defined
by H and Z are preserved by T, so that T,(0(F)) is still transverse to both
H and Z and its tangent bundle is contained in the same quadrants as 6(F),
and therefore T,,(6(F)) is not contained in the same quadrants as the tangent
bundle of 0(G).

Thus T, (6(F)) is transverse to 6(G), concluding. O

Consider (m,n) € Z* = H;(T? Z) and let v = (r,s) be the image of
(m,n) by the natural action of § on H;(T? Z). Then the announced loop of
diffeomorphisms is {p; = 07T}, 0}e0,1]- Then ¢y(F) is transverse to G for
every t € [0,1], 9o = 1 = id_,, and the loop t — ¢;(p) is in the homology
class of (m,n) for every p € T?. O

Therefore, it remains to prove Theorem 5.4.1. The proof is divided into
two main steps corresponding to the next subsections.

5.4.2 Separating transverse foliations by a circle bundle

In this section, consider two transverse foliations F and G without parallel
compact leaves. We first choose a coordinate to make G in a “good position",
then we apply Proposition 5.3.1 to deform F in “good position", keeping G
invariant.

By Lemma 5.2.1, there exists a smooth simple closed curve v which is a
complete transversal of F and G. The aim of this section is to prove next
result which can be seen as the first step for proving Theorem 5.4.1.

Theorem 5.4.3. Let F and G be two transverse C' foliations on T? and
assume that they share the same complete transversal v. Then there exists
0 € Diff'(T?) such that

— 0(y) =S x {0};
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— Both 6(F) and 0(G) are transverse to the horizontal circle S* x {t}, for
any t € St

Up to now, F and G are two transverse foliations on T? which share the
same complete transversal v. In particular, G is conjugated to the suspension
of its holonomy (first return map) on «. In other words, we can choose an
appropriate coordinate on T? = S x S! such that:

— the circle 7 = S x {0} is a complete transversal for F and G;

— the foliation G is everywhere transverse to the horizontal circles;

— the foliation G is vertical in a small neighborhood of S' x {0}.

Under this coordinate, we cut the torus along v and we get a cylinder
S' x [0, 1]. Thus T? is obtained from S' x [0, 1] by identifying (x,0) with (z,1),
for x € S*.

Now, we take a universal cover of that cylinder, we get a strip S = R x
[0,1]. The foliations F and G can be lifted as two foliations F and G on S,
respectively. Moreover, G is everywhere transverse to the horizontal direction.

The proof of Theorem 5.4.3 has two steps: first we build a foliation £ on
T? transverse to G and to the horizontal foliation, so that £ has the same
holonomy as F. Then we push F on £ by a diffeomorphism preserving G, by
using Proposition 5.3.1. Thus the main step of the proof is:

Proposition 5.4.4. With the notations above, there exist € > 0 and a C*
foliation & transverse to G on T? such that the foliation € induced by € on the
strip S = R x [0, 1] satisfies:

— the foliation € is transverse to the horizontal direction;

— For any z € R x {0}, we have that

ENRx([0,]U[l—¢1])=F,N(Rx ([0, U[L—e¢1))).

Remark 5.4.5. The last item of Proposition 5.4.4 means that
— the foliations £ and F coincide in a neighborhood of ~y
— the holonomy maps from R x {0} to R x {1} associated to & and F are
the same.

Proof. We denote by
frg:Rx{0}— R x {1}

the C' holonomy maps of F and G respectively.

As F is transverse to G, we have that f(z) # g(x), for any z € R x {0}.
Hence, we can assume that f(z) > g(x) for any x € R x {0} (the other case is
similar).

We denote by ¢;: R — R the holonomy of G from R x {0} to R x {t}.
In particular, go is the identity map and g; = g. Our assumption that G is
vertical close to the boundary, implies that g, is the identity map for ¢ small
enough and ¢; = ¢ for t close to 1.
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Let ¢9: S — S be defined by (z,t) — (g:(z),t). Then vy is a diffeomor-

phism which commutes with the translation 77: (z,t) — (x + 1,¢).

Consider the foliations Gy = 15 (@) and Fy = ¢5 }(F). Now we have

— QNO is the vertical foliation;

— Fo is a C! foliation transverse to the vertical foliation and transverse
to the boundary of S, and invariant by the translation 77. We denote
by Fpy its quotient on the annulus S' x [0, 1].

— every leaf of F, goes from R x {0} to R x {1} so that the holonomy
map [ is well defined and f° = g~' o f. Our assumption f(z) > g(x)
means that f%(z) > x for every .

As Fp is transverse to the boundary of S' x [0, 1], there is § > 0 so that

Fo is transverse to the horizontal foliation on R x [0, 6] and on R x [1 — 4, 1].
Thus the holonomy f2: R x {0} — R x {t} of the foliation F; is well defined
for t € [0,0] U [1 — 4, 1] and satisfies:

— f(x) > x for t > 0, and moreover f{ (z) < f2(x) for t1,t, € [0,6] U
[1 — (5, 1] and tl < t2.

— The map (z,t) — f2(z) is C' and % > 0 (because Fy is transverse
to the vertical foliation).

Consider € > 0 so that

e < inf{fi_5(x) = f§(x), for z € R}

0
5<inf{afé§x), forx € Rand t € [O,(S]U[l—é,l]}

With this choice of €, one can easily check the following inequalities

Claim 5.4.6. — for any t € [0,6] and x € R, one has
0 0
ftO(x) < fl—é(x)2+ f6 ('I) + (t . %)E, (51)

— foranyt € [1 —6,1] and x € R, one has

0 0
f15($)2+ 5 (@) +(t—%)s < ). (5.2)

Let a: [0,1] — [0,1] be a smooth function so that:

— «a(t) =1, for t close to 0 and close to 1;

— a(t)=0,forte 2,112

— 92 < 0on[0,0] and % >0on [1 —4,1].

For x € R and t € [0, 1], we define hy(x) as follows

— Ift €[0,0)U[l —0,1], then

(z) + fi_s(2) 1 ) ;

0 fo
) = a0 (e) + (1 = o) (2 2
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— ift € [6,1— 4], then

GRS SR

h
(@) 2 2
Claim 5.4.7. The map ¥y: (z,t) — (h(x),t) is well defined and is a C"
diffeomorphism of S such that
— )y preserves the horizontal foliation and commutes with the translation
Tl;

Oy ()
ot

Proof. One easily checks that 1); is continuous and of class C'. The formula
gives also that ¢; commutes with 7. Now

Ohy(x) _ 1<8f§)($> n df_s(x)

> 0, for every (z,t) € S.

)>0ift €[6,1— 0]

oz 2 oz or
and
mg;(f) = O‘(t)afgf) +(1—oz(t))é (afgf) + af%;(x)) S 0if ¢ ¢ [6,1—0).

This shows that h; is a diffeomorphism of R for every ¢ € [0, 1].
It remains to prove the last item of the claim.
One can observe that

oh
55‘”) —e>0, ifte[s1—4
and if ¢ ¢ [0, 1 — 0] the derivative ‘%éix) is equal to :

0 (90~ (380 + fsw) +ete = ) ) ) + a0 + (0 a)e

The last two terms of this sum are positive, as product of positive numbers.
For ¢t € [0, 0], the first term is product of two negative numbers, as the
derivative of « is negative and (5.1) implies:

12@) - (508 + R 420 ) ) <o

For t € [1 — 0, 1], the first term is product of two positive numbers, as the
derivative of « is positive and (5.2) implies:

2@) - (5080 + R 420 3)) >0

Thus %Ex) > 0 for every (z,t). O
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Now the foliation H defined as the image of the vertical foliation by v,
satisfies:

— H is transverse to the horizontal foliation.

— 7 is transverse to the vertical foliation (that is, to Go).

— its holonomy from R x {0} to R x {t} is h;. In particular, it coincides
with f; for t so that «(t) = 1, that is, in the neighborhood of R x {0}
and R x {1}.

— as a consequence of the previous item, the foliation H coincides with
Fy in the neighborhood of R x {0} and R x {1}.

We can now finish the proof of Proposition 5.4.4: the announced foliation
on the strip S is €& = to(#). This foliation is invariant under the translation
T1, so it passes to the quotient in a foliation £ on the annulus St x [0,1]. As
€ coincides with F in a neighborhood of the boundary of S, one gets that &
coincides with F on the boundary of the annulus, and therefore this foliation
induces a C*! foliation, still denoted by £ on the torus T?2. O

Next remark ends the proof of Theorem 5.4.3:

Remark 5.4.8. According to Proposition 5.3.1, there is a continuous path of
diffeomorphisms {@s}scpoa) of S so that:
— s commutes with the translation Ty : (z,t) — (z + 1,t);
— g 18 the identity map;
— for every s € [0,1], the diffeomorphism @4 coincides with the identity
map in a neighborhood of the boundary of S;
— %(g) G for every s; in particular gps(}") is transverse to G for every
s;

— ¢1(}“):5~,

We now state a small variation of the statement of Theorem 5.4.3 which
follows (exactly as Theorem 5.4.3) from of Propositions 5.4.4 and 5.3.1, and
that we will use in a next section.

Lemma 5.4.9. Let F and G be two transverse C'-foliations on the annulus
S' x [0,1]. Assume that

— G is transverse to every circle S x {t};

— F is transverse to the boundary S' x {0,1} and has no compact leaf in

St x (0,1).

Then there is a C* diffeomorphism 0 of S* x [0, 1] which coincides with the
identity map in a neighborhood of the boundary and which preserves every leaf
of G, so that O(F) is transverse to every circle S* x {t}.
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5.4.3 Building the second linear foliation: end of the
proof of Theorem 5.4.1

Proposition 5.4.10. Let F and G be two transverse Ct foliations on T? with-
out parallel compact leaves. Assume that both F and G are transverse to the
horizontal foliation. We endow F and G with orientations so that they cut the
horizontal foliation with the same orientation.
Then there exists a smooth (C*) foliation € on T? such that
— the circle S' x {0} is a complete transversal to &;
— the holonomy map induced by £ on vy has a diophantine rotation number;
— the foliation &£ is transverse to the foliations F, G and to the horizontal
direction. We endow it with an orientation so that it cuts the horizontal
foliation with the same orientation as F and G.
— the foliation € cuts F and G with opposite orientations.

Proof. As already done before, we cut the torus along S' x {0}, getting an
annulus, and we denote by F and Q the lift of 7 and G on the strip R x [0, 1]
which is the universal cover of the annulus. We denote by f and g the holonomy
maps from R x {0} to R x {1} associated to the lifted foliations F and G,
respectively. By transversality of F with G, we have that either f(z) < g(z)
for any z, or f(z) > g(z) for any z. Without loss of generality, we assume
that f(z) < g(x). Let 7(f) and 7(g) be the translation numbers of f and g.

Claim 5.4.11. 7(f) # 7(g).

Proof. We prove it by contradiction. Assume that 7(f) = 7(g), then 7(f) =
7(g) is either rational or irrational. When they are irrational, since f(x) <
g(x), by Proposition 2.14.12, we have that 7(f) < 7(g), a contradiction. When
they are both rational, then there exist m,n € N such that 7(f) = 7(g) = ~.
Hence, there exist two points xg, yo € R, such that

f™(xg) = 29 +mn and g™ (yo) = yo + 1,

which implies that there exist compact leaves of F and G that are in the
homotopy class of (m,n), contradicting the non-parallel assumption. O

We endow F and G with orientations such that they point inward the strip
S at R x {0} and point outward at R x {1}, and F and G are endowed with the
corresponding orientations. Let X and Y be the unit vector fields tangent to F
and G respectively, pointing to the orientation of the corresponding foliation,
and X and Y be their lifts on S.

Claim 5.4.12. There are smooth vector fields U and V on T? so that
— at each point x € T?, the vertical coordinates of U(x) and V(z) are

strictly positive. In particular, U and V' are transverse to the horizontal
foliation. We denote by U and V' the lifts of U and V' on the strip S.
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— let h and k be the holonomies of U and V, respectively, from R x {0}
to R x {1}. These holonomies commute with the translation Ty, and let
7(h) and (k) denote their translation numbers. Then

7(f) < 7(h) <7(k) < 7(9).

Proof. Just consider a small enough ¢ > 0 and consider smooth vector fields
U and V arbitrarily C° close to X +¢Y and €X + Y, respectively. n

Now the vector fields U; = (1 —t)U +tV, t € [0,1], are all transverse to
both foliations F, G and to the horizontal foliation, and they cut F and G with
opposite orientations. We denote by U, the lift of U, on the strip S. Let
denote the translation number of the holonomy of U; from R x {0} to R x {1}.
According to Proposition 2.14.11, the map ¢ — 7; is a continuous monotonous
function joining 7(h) to 7(k). As 7(h) < 7(k), there is t € (0,1) for which =
is an irrational diophantine number, ending the proof. O]

We end the proof of Theorem 5.4.1 by noticing that Theorem 2.14.13 im-
plies

Lemma 5.4.13. Let £ be a smooth foliation on T? transverse to the horizontal
foliation and so that its holonomy on S' x {0} is a diffeomorphism with an
wrrational diophantine rotation number. Then there is a diffeomorphism 0 of
T? which preserves each horizontal circle S x {t}, for any t € S', and satisfies
that 0(E) is an affine foliation.

5.5 Deformation process of transverse foliations
with parallel compact leaves and proof of
Theorem 5.1.2

We dedicate this whole section to give the proof of Theorem 5.1.2. We
state a definition which is only used in this section.

Definition 5.5.1. Given a C' foliation € on the annulus [0,1] x S' = [0,1] x
R/Z without compact leaves such that & is transverse to the wvertical circle
{t} x S', for any t € [0,1]. The leaves of such a foliation € are called

~ not increasing (resp. not decreasing), if the lifted foliation € on [0,1] xR
satisfies that every leaf of € is not increasing (resp. not decreasing);

— non-degenerate increasing (resp. mnon-degenerate decreasing), if the
lifted foliation € on [0,1] x R satisfies that every leaf of € is strictly
increasing (resp. strictly decreasing) and transverse to the horizontal
foliation {[0,1] x {t}}ier-
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5.5.1 Normal form for two transverse foliations with par-
allel compact leaves and proof of Theorem 5.1.2

The aim of this section is the proof of Theorem 5.1.2. The main step for
this proof is the following result which puts any pair of transverse C* foliations
in a canonical position.

Theorem 5.5.2. Let F and G be two transverse C* foliations on T? admitting
parallel compact leaves. Then there are an integer k, a set of points {t;}icz/nz
in St which are cyclically ordered on S*, and a diffeomorphism 6: T? — T? so
that
— the foliations O(F) and 0(G) are transverse to {t;} x S*, for any i €
7/kZ;
— for each i € Z/KZ, the restrictions of the foliations 6(F) and 0(G) to
the annulus C; = [t;, t;11] X St satisfy one of the siz possibilities below

1. O(F) coincides with the horizontal foliation on C; and 6(G) admits
compact leaves in Cj;

2. 0(G) coincides with the horizontal foliation on C; and §(F) admits
compact leaves in C;;

3. the foliations 0(F) and 6(G) are transverse to the vertical foliation
on C;. Furthermore, every leaf of 0(F) (resp. of 0(G)) on C; is
non-degenerate increasing (resp. not increasing);

4. the foliations O(F) and 0(G) are transverse to the vertical foliation
on C;. Furthermore, every leaf of 0(F) (resp. of 0(G)) on C; is not
increasing (resp. mon-degenerate increasing);

5. the foliations (F) and 6(G) are transverse to the vertical foliation
on C;. Furthermore, every leaf of 8(F) (resp. of 6(G)) on C; is
non-degenerate decreasing (resp. not decreasing);

6. the foliations 6(F) and 6(G) are transverse to the vertical foliation
on C;. Furthermore, every leaf of 0(F) (resp. of 8(G)) on C; is not
decreasing (resp. non-degenerate decreasing).

The proof of Theorem 5.5.2 will be done in the next subsections. We start
below by ending the proof of Theorem 5.1.2.

Proof of Theorem 5.1.2. Let F and G be two C! foliations of T? admitting
parallel compact leaves, and let o € m;(T?) be the homotopy class of the
compact leaves of F and G. Let & > 0, {t;}icz/kz and 6 be the integer, the
elements of S! and the diffeomorphism given by Theorem 5.5.2, respectively.
One easily checks that there is at least one annulus of the type (1) or (2).
As a consequence, the compact leaves of (F) are isotopic to the vertical circle

{0} x S*.
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Consider any vertical vector (0,t), for t € R, and let V; be the vertical
translation defined by (r,s) +— (r,t 4+ s). Then V; preserves each annulus C;.
Now one can check, on each annulus Cj, that V;(6(F)) is transverse to 6(G).

Consider now 8 € (), so that § = na for some n € Z. Then the announced
loop of diffeomorphisms is {#7! o V,; o 0}icpo1)- O

5.5.2 First decomposition in annuli

By Theorem 2.14.9, the sets of compact leaves of F and G are all compact
sets. We denote the unions of compact leaves of F and G as Kr and Kg
respectively. Note that every compact leaf of F is disjoint from any compact
leaf of G, because they are in the same homotopy class, and by assumption, F
and G are transverse. Thus Kg and K are disjoint compact sets.

The aim of this section is to prove Proposition 5.5.3 below which is an
important step for proving Theorem 5.5.2.

Proposition 5.5.3. Let F and G be two transverse C'-foliations on T? having
parallel compact leaves. Then there are ko and a family {B;}icz/ar,z of annuli
so that
— each B; is an annulus diffeomorphic to [0,1] x S' and embedded in T?
whose boundary is transverse to both foliations F and G.
— B, s disjoint from B; if j ¢ {i —1,i,i+ 1}, and B; N B consists of
a common connected component of the boundaries 0B; and 0B 1. In
particular, the interiors of these B; are pairwise disjoint;
— each annulus Byjyq 1s disjoint from the compact leaves of F and of G,
that is

Boj1 N (KpUKg)) = 0;

— each annulus By; contains compact leaves of F and is disjoint from the
compact leaves of G;

— each annulus By;yo contains compact leaves of G and is disjoint from
the compact leaves of F.

We say that a compact set C' is a F-annulus (resp. a G-annulus) if we
have the following:
— the compact set C'is diffeomorphic to either S' or S! x [0, 1];
— the compact set C' is disjoint from Kq (resp. of Kp);
— the boundary of C' consists in compact leaves of F (resp. of G).
We say that two compact leaves Ly, Ly of F (resp. of G) are Kg-homotopic
(resp. Kp-homotopic) if Ly U Ly bounds a F-annulus (resp. a G-annulus).

Remark 5.5.4. — The union of two non-disjoint F-annuli is a F-annulus.
— two compact leaves of F are Kg-homotopic if and only if they are con-
tained in the same F-annulus.
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— there is & > 0 so that any two compact leaves of F passing through
points x,y with d(z,y) < 6 are Kg-homotopic.

As a direct consequence of Remark 5.5.4, one gets

Lemma 5.5.5. 1. The relation of Kg-homotopy (resp. of Kgr-homotopy)
is an equivalence relation on Kg (resp. of Kg).

2. there are finitely many Kg-homotopy classes (resp. Kp-homotopy classes).

3. There are k € N\ {0} and pairwise disjoint compact sets {A;}iczjonz
so that

— Ay 1s a F-annulus and Asg; 1 1s a G-annulus.

— For each Kg-homotopy class (resp. Kp-homotopy class) of compact
leaves of F (resp. of G), there is a (unique) i so that the class is
precisely the set of compact leaves of F (resp. of G) contained in
Ao (resp. in Agiyq ).

— these {A;} are cyclically ordered in the following meaning: for any
i € ZJ2KZ, the set T2\ (A;_1UA;; 1) consists precisely in two disjoint
open annuli such that one of them contains A; and is disjoint from

A;j for j # 1.

Proof. The set {A;} is defined as the set of the unions of all the F-annuli
containing compact leaves of F in a given K homotopy class and the unions
of all the G-annuli containing compact leaves of G in a given Kr homotopy
class. Then {4;} bound a family of disjoint compact annuli (or circles) whose
boundary are non-null homotopic simple curves on T?. Thus these curves are
in the same homotopy class and the annuli are cyclically ordered on T?. Thus,
up to reorder the annuli, we assume that the order is compatible with the cyclic
order. Finally if A; is a F annulus then A;,; cannot be a F-annulus, otherwise
there would exist a F-annulus containing both A; and A;,, contradicting to
the maximality of A;. O

The annuli Ay; and Ag; 1 will be called the maximal F-annuli and mazximal
G-annuli, respectively.

Lemma 5.5.6. With the hypotheses and terminology above, each mazimal F -
annulus (resp. mazimal G-annulus) A admits a base of neighborhoods { By, }nen
which are diffeomorphic to [0,1] x S' and whose boundaries are transverse to
both F and G.

Proof. Assume for instance that A is a maximal F-annulus. Its boundary con-
sists in compact leaves of F, and in particular is transverse to G. Furthermore
any neighborhood V' of A contains an annulus U which is a neighborhood of
A and satisfies that U \ A is disjoint from K and K. Now each connected
component of U \ A contains an embedded circle which consists in exactly one
segment of leaf of F and one segment of leaf of G. Exactly as in Section 5.2,
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we get a simple closed curve transverse to both F and G by smoothing such a
curve.
One gets the announced annulus by considering such a transverse curve to
both F and G in each connected component of U \ A.
]

Proof of Proposition 5.5.3. The announced annuli By; and By;, o are pairwise
disjoint neighborhoods of the maximal F-annuli and maximal G-annuli, re-
spectively, given by Lemma 5.5.6. Each annulus By, is given by the closure
of a connected component of T? \ |J,(By; U Byit2). O

5.5.3 In the neighborhoods of the maximal F annuli

The aim of this section is to prove the following Proposition which implies
that, in the neighborhoods of the maximal F and G-annuli, one can put J and
G in the position announced by Theorem 5.5.2.

Proposition 5.5.7. Let F and G be two transverse foliations on T? hav-
ing parallel compact leaves. Let {B;}eczaz be the annuli, which are built in
Proposition 5.5.3 and whose boundaries are transverse to both F and G, and
Ay (resp. Asiyo) be the mazimal F-annuli (resp. G-annuli) contained in By
(resp. in Byis), fori € Z/kZ.
Then there exists § € Diff' (T?) such that for every j € Z./4kZ, one has
J J+1 1
0(B;) =|—,—] xS
(Ba) =l g1 < S
and for every i € Z/kZ, one has:
— the foliation 0(G) coincides with the horizontal foliation {[3%, ¥+1] x

ik " dk
{t} hest on 0(Bu) = [, ] x SY;
— there are 35 < ay < by < H such that 0(Ay) = [as,by] X St In

particular, {as} x S' and {by;} x S' are compact leaves of O(F);
— the foliation O(F) is transverse to the vertical circle {r} x S, for any
r e [i—’i, CL4Z) (b4z, 4l+1].
and stmilarly:
— the foliation 0(F) coincides with the horizontal foliation {[£+2 23] x
{t}}iest on 0(Buiye) = [*52, T2 x S
— there are *2 < agq0 < byo < 222 s0 that O(Asii2) = [asira, baira) ¥
St. In partzcular {agiio} x S and {byiro} x S' are compact leaves of
0(G);
— the foliation 0(G) is transverse to the vertical circle {r} x S, for any
re [%, CL4Z‘+2) U (b4z+2, H—B].

Proposition 5.5.7 is a straightforward consequence of Lemma 5.5.8 below:
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Lemma 5.5.8. Let F and G be two transverse C*-foliations of the annulus
0,1] x S' so0 that the boundary {0,1} x S' is transverse to both F and G.
Assume that G has no compact leaves (in (0,1) x S') and F admits compact
leaves in (0,1) x St.

Then there exists 6 € Diff' ([0, 1] x S') so that

1. the foliation 6(G) is the horizontal foliation {[0,1] x {t}}iest.

2. there are 0 < a < b < 1 so that {a} x S* and {b} x S' are compact
leaves of O(F) and every compact leaf of O(F) is contained in [a,b] X S*;

3. the foliation O(F) is transverse to the vertical circle {r} x S' for r ¢
[a,b].

The proof of Lemma 5.5.8 uses the Lemma 5.5.9 below

Lemma 5.5.9. For any continuous function ¢ : [0, 1] — [0, 4+00) such that ¢ >
0 on (0,1), and any interval (c,d) C (0,1) C S*, there exists § € Diff**(R x S')
such that

— the diffeomorphism 0 coincides with the identity map out of [0,1] x S*;

— 0(0,1] x {y}) = [0,1] x {y};

— DO(Z) = & +ale.p)

— a(z,y) >0, for any (z,y) € (0,1) X (¢,d);

— a(z,y) > —p(x), for any (z,y) € (0,1) x Sh.

Proof. We fix ¢ < d and take a point e € (d,1). We take 0(z,y) = (x +
a(z)B(y),y) where a: R — [0,+00) and 3: S' — [0,1] are smooth functions
so that

— «af(xz) is defined on R and equals to zero in (—oo, 0] U [1, +00);

— 0 < a(x) < ¢(z) in the set (0,1) and o = 0 out of [0, 1] (the existence

of such a function is not hard to check);

— the derivative o/(z) is everywhere strictly larger than —1;

— B(y) is equal to zero in the set [0,c] U e, 1];

— the derivative §'(y) is strictly positive for y € (¢, d);

— the derivative §'(y) is larger than —1 everywhere.
With this choice, one gets that the restriction of 6 to any horizontal line has
a non-vanishing derivative, hence is a diffeomorphism. One deduces that 6
is a diffeomorphism of [0,1] x S*. Furthermore, the function a(z,y) in the
statement is «(z) - f'(y) which is strictly positive on (0,1) x (¢, d) and larger
than —a(z) > —¢(z) for x € (0,1), concluding the proof. O

Remark 5.5.10. In the proof of Lemma 5.5.9, if we define 0, by
Ou(x,y) = (x + ta(x)B(y),y), for anyt € [0,1],

one gets a continuous family of diffeomorphisms for the C'*° topology so that 6,
is the identity map and every 0;, t # 0, satisfies the conclusion of Lemma 5.5.9.
In particular, in Lemma 5.5.9 one may choose 6 arbitrarily C* close to iden-
tity.
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Proof of Lemma 5.5.8. As G is transverse to the boundary and has no compact
leaves in [0,1] x S', then as a simple corollary of Proposition 2.14.14 one gets
that, up to consider the images of F and G by a diffeomorphism of the annulus,
we may assume that G is the horizontal foliation and that there are compact
leaves {a} x S! and {b} x S!, 0 < a < b < 1, so that the compact leaves of
F are contained in [a,b] x S!. In other words, we may assume that items (1)
and (2) are already satisfied. It remains to get item (3), that is, to get the
transversality of F with the vertical fibers out of [a, b] x S.
We first show

Claim 5.5.11. There is a C' foliation H defined in a neighborhood of the
compact leaf {a} x S so that
— the leaves of H are transverse to the horizontal foliation G;
— {a} x S is a compact leaf of H;
— the holonomies h and f on the transversal [0, 1] x {0} for the foliations
H and F are equal;
— the foliation H is transverse to the vertical circle {r} x S, forr < a.

Proof. We fix 0 < € < 1/2 and a function a: [0,1] — [0,1] so that & = 0 in
[0,e], a=11in [l —¢,1] and &/(s) > 0 for s € (g,1 —¢).

Consider the foliation H,, defined in a neighborhood of the compact leaf
{a} x S!, whose holonomy map h,: [0,1] x {0} — [0,1] x {s}, for any s € S*,
is defined by r — «(s)f(r) + (1 — a(s))r, where f: [0,1] x {0} — [0,1] x {0}
is the holonomy map of F.

As F has no compact leaves on [0,a) x S, one gets that f(r) # r for every
r < a. Thus, by the choice of Hy, we have that

— H, is transverse to the horizontal foliation everywhere;

— H, is transverse to the vertical foliation at each point (r, s) with r < a

and s € (¢,1 —¢);

— H, is vertical for s in the interval [0,e]U[1—¢,1] = [—¢,¢] C R/Z =S

We fix an interval [e, f] C S! disjoint from [—¢,¢]. The foliation H, is
directed by vectors of the form % +4(r, 5)%, where the function 9 is continuous
and non-vanishing on [0, a) x [e, f]. We define ¢(r) = inf,cfe s [0(r, 5)|. By the
absolute continuity of §, the map ¢ is continuous and positive for r < a. The
map ¢ is only defined on a small neighborhood of a, and we extend it to [0, a]
as a continuous function which is positive on (0, a).

Applying Lemma 5.5.9 to ¢ and to an interval (c,d) containing [—e, €]
and disjoint from [e, f], one gets a smooth diffeomorphism 6y of [0,a] x S,
preserving each horizontal leaf, such that 6y(H,) is transverse to the vertical
foliation on [0,a) x S!, concluding the proof of the claim.

O

The foliation H defined by the claim in a neighborhood of {a} x S, is
conjugated to F by a diffeomorphism preserving the compact leaf {a} x S' and
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every horizontal segment [0, 1] x {s}. We can do the same in a neighborhood
of the compact leaf {b} x S'.

Thus there is a diffeomorphism 6; of [0, 1] x S! preserving the leaves {a} x S!
and {b} x S' and preserving every horizontal segment [0, 1] X {s}, and there is
e > 0 so that 6 (F) is transverse to the vertical circles on [a — ¢,a) x S' and
on (b,b+ ] x S.

For concluding the proof, it remains to put the foliation F transverse to
the vertical circles on the annuli [0,a — ¢] x S* and [b+ ¢, 1] x S'. On each of
these annuli, we have that

— @ is a foliation transverse to the circle bundle;

— F is transverse everywhere to G;

— Both F and G are transverse to the boundary and have no compact

leaf.
Thus applying Lemma 5.4.9 to these annuli, one gets diffeomorphisms which
preserve each leaf of G and equal to the identity map on the boundary, such that
these diffeomorphisms send F on a foliation transverse to the circle bundle,
concluding the proof. O

Let us add a statement that we will not use, but it is obtained by a slight
modification of the proof of Lemma 5.5.8:

Corollary 5.5.12. Let F and G be two transverse C-foliations of the annulus
0, 1] x St which are both transverse to the boundary. We assume that G has no
compact leaves in the interior of the annulus. Then there is a diffeomorphism
0 of the annulus so that 0(G) is the horizontal foliation {[0,1] X {s}}sest and
O(F) satisfies the following properties:

— every compact leaf of O(F) is a vertical circle;

— every non compact leaf of 0(F) is transverse to the vertical circles.
Furthermore, 6 has the same regularity as F and G. Finally, if G is already
the horizontal foliation, then 6 can be chosen preserving every leaf of G and
equal to the identity map in a neighborhood of the boundary of the annulus.

Proof. The unique change is that, in the last part of the proof, we will need
to use Lemma 5.5.9 in any connected component of the complement of the
compact leaves of F, that is, countably many times. For that we uses Re-
mark 5.5.10 for choosing these diffeomorphisms arbitrarily C'*°-close to iden-
tity. O

5.5.4 Between two maximal F and G-annuli

The aim of this section is to end the proof of Theorem 5.5.2 and therefore
to end the proof of Theorem 5.1.2. We consider two transverse C! foliations
F, G on T? with parallel compact leaves.
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According to Propositions 5.5.3 and 5.5.7, there is a diffeomorphism 6y of
the torus T? so that, up to replace F and G by 6y(F) and 6y(G), there is an
integer k > 0 for which F and G satisfy the following properties

— both foliations F and G are transverse to every vertical circle {4]7@} x S

for any j € Z/4kZ;

— both foliations F and G have no compact leaves on the vertical annuli

(2L 22T 5 St for any i € Z/2kZ;

— the foliation G COlHCldeS with the horizontal foliation on each vertical

annulus [i—;, A1) x St for any i € Z/KZ;

— there are 3} < ay < by < 4?,;1 such that

— {ay} x Sl and {by;} x S* are compact leaves of F;

— every compact leaf of F in [4£, 221] x S' is contained in [ay;, by] X S';

— F is transverse to the vertical circles on ([4f, as;) U (ba;, 22£2]) x S*;
— the foliation F coincides with the horizontal foliation on each vertical

annulus [2£2 4531 5 S for any i € Z/kZ;

— there are 4”2 < Agiqo < bgipo < 4”3 such that

— {a4i+2} >< St and {bg;0} x St are compact leaves of G;

— every compact leaf of G in [*2, 23] x S is contained in

[a4i+2, baita) X St;
- glis transverse to the vertical circles on ([4?]2 , Qo) U (bagra, 4’4k3]) X

The following Proposition ends the proof of Theorem 5.5.2:

Proposition 5.5.13. With the hypotheses and notations above, for any i €
Z)2KZ, there is a diffeomorphism 0; of T? supported on (by, asire) X S' such
that for the restrictions F; of 0;(F) and G; of 0;(G) to [bai, asiyo] X S*, we have
the followings:
— the leaves of both F; and G; are transverse to every vertical circle {r} x
S, for any v € [by;, agito];
— the leaves of F; and G; satisfy one of the four possibilities below:

1. the leaves of F; (resp. of G;) are not decreasing (resp. non-degenerate
decreasing) on [ba;, bgﬁ#] x St and are non-degenerate increasing

baitazita 1.
%7 a22‘+2] xS ;

(resp not increasing) on |

2. the leaves of F; (resp. of G;) are not increasing (resp. non-degenerate

) . bos ' .
increasing) on [by;, 2-52+2] x S and are non-degenerate decreasing

baitazita
2

3. the leaves of G; (resp. of F;) are not decreasing (resp. non-degenerate
decreasing) on [ba;, %] x S' and are non-degenerate increasing

(resp. not decreasing) on | ,Qoire] X St;

bai+aziia

(resp. not increasing) on [Z=2H2 ag; o] X S

4. the leaves of G; (resp. of F;) are not increasing (resp. non-degenerate
increasing) on [by;, W#] x S! and are non-degenerate decreasing

[b2i+a2i+2
2

(resp. not decreasing) on , Qi) X St
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Figure 5.4 — In each figure, the real lines denote the leaves of F; and the dash
lines denote the leaves of G;.

We start by using Proposition 5.5.13 to end the proof of Theorem 5.5.2

Proof of Theorem 5.5.2. Let {0¢}ocz/orz be the sequence of diffeomorphisms
on annuli, which are given by Proposition 5.5.13. We take four sets of points

{dsi}icznz, {caivaticznz, {daiva}iczmz and {cyipa}iczynz on S' such that

by + aaito

b4i < d4i < 5

< Cyi42 < A4542;

baiva + Qagitr)
2

— The set {C4i+2, C4i14, d4i+2, d4i+2}iEZ/kZ is dlSJOlIlt from the union of the
supports of all {0;}cz/o1z.-

We choose the annuli {C}};cz/61z as follows

— each annulus Cg; is the vertical annulus [cy;, dy;] X S'; notice that it
contains [ay;, by x S! in its interior;

— each annulus Cg; 4 is the vertical annulus [dy;, %(bm + agi10)] X St

— each annulus Cg; 9 is the vertical annulus [%(bzli + Q4i12), Caivo) X St

baiyo < daito < Cy(it1) < Qa(it1);
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Ca dy; Caig2 d/i+2
| . .

1 | N

b
b4i 4z+a4z+2

baito+agita
Qgiyz  baiyp — 5

Figure 5.5 — The thick segment denotes the support of some 6,.

— each annulus Cg;, 3 is the vertical annulus [cy;10, dsise] X S' containing
[a4i2, bairo] x S in its interior;

— each annulus Cg; 4 is the vertical annulus [dy; o, %(b4i+2 + auiit1))] X SY

— each annulus Cyg; 5 is the vertical annulus [%(b4,~+2 + aa(it1)); Cagir1)] X ST

]

It remains to prove Proposition 5.5.13.

Lemma 5.5.14. Let F and G be two transverse foliations on [0,1] x S so
that:
— {0} x S' is a compact leaf of F;
— {1} x S' is a compact leaf of G;
— F and G have no compact leaves in (0,1) x St;
— there is a neighborhood Uy = [0, 0] xS* of {0} xS on which G coincides
with the horizontal foliation and F is transverse to the vertical circles;
— there is a neighborhood Uy = [1 —eq,1] of {1} xS on which F coincides
with the horizontal foliation and G is transverse to the vertical circles.
Then for any 0 < & < &g the holonomies of F and G from Yo, = {e} x S!
to Xy . = {1 —¢e} xS' are well defined. Consider the lifts F and g of F and G
on the universal cover [0,1] x R. The holonomies f. and g. of F and G from
{e} xR to {1 —¢} xR are well defined. Then for any e > 0 small enough one
has:

(fe(x) —2x) - (9-(z) — x) <0, for every x € R.

Proof. On Uy \ {0} x S, the foliation F is transverse to the horizontal seg-
ments and to the vertical circles. Therefore its leaves are either non-degenerate
increasing or non-degenerate decreasing curves. Let us assume that they are
non-degenerate increasing (the other case is similar).

Notice that, on [gg,1 — &g] x S, the foliations F and G are transverse to
the boundary and are transverse to each other. We orient F and G from
{eo} x S to {1 —go} x S'. As F is increasing along {g0} x S* and horizontal
along {1 — g0} x S!, and as G is horizontal along {g¢} x S', one gets that G is
decreasing along {1 — &g} x S!. Thus the leaves of G are decreasing curves on
Ui\ {1} x S-.

Let us denote by

feor {fe} xR —={eo} xR

148



Constructing new partially hyperbolic diffeomorphisms on 3-manifolds

fie:{l—e} xR—=>{l—-¢} xR

and
geo: {e} xR —{eo} xR

Gie:{l—e} xR—={1—-¢} xR

the holonomies of F and G on the corresponding transversals. We consider
them as diffeomorphisms of R (that is we forget the horizontal coordinate).
Then g.o = fi1. are equal to the identity map as they are horizontal folia-
tions in the corresponding regions.
Thus one gets that

fa = fao o fa70 and Ge = J1,e © Gep-
Now Lemma 5.5.14 follows directly from the following claim:

Claim 5.5.15. f.o(z) —x and g1 (x) —x converge uniformly to +o0o and —oo,
respectively, as € tends to 0.

The claim follows directly from the fact that the leaves of F (resp. G) are
non-degenerate increasing (resp. non-degenerate decreasing) curves asymp-
totic to the vertical line {0} x R (resp. {1} x R) according to the negative
orientation (resp. positive orientation). O

One ends the proof of Proposition 5.5.13 by proving:

Lemma 5.5.16. Let F and G be two transverse C* foliations on the annulus
0,1] x S which are transverse to the boundary and do not have any compact
leaf in the interior. We denote by F and G the lifts of F and G to [0,1] x R.
Under that hypotheses, the holonomies of F and G from {0} xR to {1} xR
are well defined and we denote them as f and g, respectively (and we consider
them as diffeomorphisms of R). Assume that:
— the foliation G (resp. F) coincides with the horizontal foliation on a
neighborhood of {0} x S (resp. {1} x S');
— for every x € R, one has f(xz) > x and g(x) < x.
Then there is a diffeomorphism 6 of [0,1] x S!, equal to the identity map on
a neighborhood of the boundary, and isotopic to the identity relative to the
boundary, and so that (denoting by Fy and Gy the lifts of O(F) and 6(G) to
0,1] x R):
— the leaves of O(F) and of 0(G) are transverse to the vertical circles;
— the leaves Fy are non-degenerate increasing on [0, %] X R and are not
decreasing on [3,1] x R;
— the leaves of Gy are not increasing on [0, %] X R and are non-degenerate

decreasing on [3,1] x R;

Sketch of proof. We just need to choose a pair of transverse C! foliations F
and Gy so that, denoting by Fy and Gy their lifts on [0, 1] x R, one has:
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— JFo and Gy are transverse to the vertical foliation,

— Fo and Gy coincide with F and G in a neighborhood of the boundary,

— the holonomies of Fy and G, from {0} x R to {1} x R are f and g,

respectively,

— the leaves F; are non-degenerate increasing on [0, %] x R and are not

decreasing on [3,1] x R;
— the leaves of Gy are not increasing on [0, 1] x R and are non-degenerate
decreasing on [3,1] x R;
The fact that we can choose such a pair of foliations is similar to the proof of
Proposition 5.4.4.

Then the pair (F,G) is conjugated to (Fy, Go) by a unique diffeomorphism
equal to the identity map in a neighborhood of the boundary. The lift 6 on
[0,1] x R of the announced diffeomorphism 6 is build as follows: consider a
point p € [0,1] X R and let ¢r(p) and go(p) be the intersections with {0} x R
of the leaves .7:"p and Q~p through p. The transversality of F and G implies that
q,(p) is below g, (p) and f(q,(p)) is over g(q.(p)). As Fy and G, have the
same holonomies as F and G, one gets that the leaves of Fo and of Gy through
¢, (p) and g, (p) have a unique intersection point that we denote by é(p) ]

5.6 Dehn twists, transverse foliations and par-
tially hyperbolic diffeomorphisms

The aim of this section is to give the proof of Theorem H.

5.6.1 Transverse foliations on 3-manifolds

We first state a result which is a simple application of Theorem 4 to the
pair of transverse co-dimension one C*-foliations on 3-manifolds.

Proposition 5.6.1. Let F,G be a pair of 2-dimensional foliations on a 3-
manifold M, and let £ be the 1-dimensional foliation obtained as € = F NG.
Assume that there is an embedded torus T'C M which is transverse to € (hence
T is transverse to F and G ). We denote by Fr,Gr the 1-dimensional foliations
on T" obtained as intersection of F and G with T, respectively.

Then for every u € G, . C w1 (T), there is a Dehn twist ¥ along T
directed by u so that (F) is transverse to G.

Idea of the proof There is a collar neighborhood U of T" and an orientation
preserving diffeomorphism 0: U — T x [0, 1] inducing the identity map from
T to T x {0}, so that 0(€) is the trivial foliation {{p} x [0, 1]},er. Then 6(F)
and 0(G) are the product foliations of Fr x [0,1] and Gr x [0, 1], respectively
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(meaning that their leaves are the product by [0, 1] of the leaves of Fr and Gr,
respectively).

Let u be an element of Gz, g, C m (7). By definition of G, g,., there is a
loop {1 }epo,1) of C* diffeomorphisms of 7" so that ¢y = ¢y is the identity map,
@¢(Fr) is transverse to Gy and for any p € T', the loop {¢:(p)}icpo,1) belongs
to the homotopy class of u.

We consider the diffeomorphism ® on 7'x [0, 1] defined by (p,t) — (va@ (), 1),
where a: [0,1] — [0, 1] is a smooth function equal to 0 in a neighborhood of 0
and to 1 in a neighborhood of 1. Then & is a Dehn twist directed by u and &
is the identity map in a neighborhood of the boundary of 7" x [0, 1].

Consider ®(Fr x [0,1]). It is a foliation transverse to any torus 7' x {t}
and it induces pq ) (Fr) on T' x {t}. Therefore it is transverse to Gy.

This proves that ®(Fr x [0,1]) is transverse to the foliation G x [0, 1].

Now the announced Dehn twist on M directed by w is the diffeomorphism
@) with support in U and whose restriction to U is 6~ o ® 0. By construction,
¥ (F) is transverse to G, ending the proof.

5.6.2 Anosov flows, Dehn twists and partially hyperbolic
diffeomorphisms

Let X be a non-transitive Anosov vector field of class at least C? on a
closed 3-manifold M and we denote by X; the flow generated by X. According
to Proposition 2.16.2, any family of transverse tori on which X has no return,
are contained in a regular level of a smooth Lyapunov function.

Let L(z) : M — R be a smooth Lyapunov function of the flow X;, and let
¢ be a regular value of L. Thus each connected component of L~!(c) is a torus
transverse to X.

Let T}, --- , Ty be the disjoint transverse tori such that

Ur_ T, = L7 (e).

Consider the set M" = L7 !(c,+o0) and M* = L~ '(—o0,¢). Then M"
and M® are two disjoint open subsets of M and share the same boundary
UF_|T;. Since L(x) is strictly decreasing along the positive orbits of the points
in the wandering domain, one gets that M* and M" are attracting and repelling
regions of the vector field X. We denote by A and R, respectively, the maximal
invariant sets of X in M® and M". Thus A is a hyperbolic (not necessarily
transitive) attractor and R is a hyperbolic (not necessarily transitive) repeller
for X.

By [HP, Corollary 4], the center stable foliation F§ and center unstable
foliation F¢* of the Anosov flow X; are C' foliations. For each i = 1,--- |k,
we denote by F? and F* the C' foliation induced by F¢ and F¢ on T;

(2
respectively.
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As X has no return on |J, T;, the sets {X¢(T1)}ier, -+, {Xie(Tk) }ier are
pairwise disjoint embeddings of T; x R into M. As a consequence, for any
integer N, the sets {X;(T%)}ciong: - » {Xe(Th) brejo,n) are pairwise disjoint
and diffeomorphic to T? x [0, N].

For each i, we define the diffeomorphism

Yin {AXe(Ti) beepny = Ti < [0,1]

by (Xi(p)) — (p,t/N), for any p € T; and ¢ € [0, N]. Thus D¢; y(X) = &
is tangent to the vertical segment {p} x [0, 1], for any p € T;.

We fix a smooth function «a(s) : [0,1] — [0, 1] such that a(s) is a non-
decreasing function on [0,1], equals to 0 in a small neighborhood of 0 and
equals to 1 in a small neighborhood of 1. For each 7, the group G; = Grs 7u is
the subgroup of 71 (T?) associated to the pair of transverse foliations (F}, F*)
by Definition 2.14.2. Given an element u; € Gy, let {¢, }icp1) be the loop in
Diff*(T}) associated to u; by Theorem 4.

Consider the map ®; : T; x [0,1] — T; x [0, 1] defined as

@lQ)

S

(z,8) = (P, (), 5).

Hence, the map ¥; v = w;&, o ®; o ;v is a Dehn twist directed by wu;.
Notice that W; y can be C'-smoothly extended on the whole manifold M to
be the identity map outside X,(7T;).

The main part of Theorem H is directly implied by the following theorem:

Theorem 5.6.2. With the notations above, when N 1is chosen large enough,
the diffeomorphism Wy yo--- oWy y o Xn is absolute partially hyperbolic.

Proof. We denote
Uy =Vpno---0oWn.

Then ¥y o Xy coincides with Xy on the attracting region M“. Thus A is
the maximal invariant set of Uy o X in M* and is an absolute partially hy-
perbolic attractor. Furthermore the center stable bundle and the strong stable
bundle on A admit unique continuous and (V¥ y o Xy )-invariant extensions £
and E%, respectively, on M* which coincide with the tangent bundles of the
center stable and strong stable foliations F§ and F% of the vector field X.

In the same way, (U o Xy)~! coincides with Xy on the repelling region
M7". Thus R is still an absolute partially hyperbolic repeller of Wy o Xy
and its center unstable and strong unstable bundles admit unique continuous
and (Ux o Xy)-invariant extensions Ef' and Ef on M which coincide with,
respectively, the tangent bundles of F¢ and F¥%.

Notice that the center unstable and strong unstable bundles EZ' and £,
of the repeller R for Wy o0 Xy extend in a unique way on M \ A, just by pushing
by the dynamics of ¥y o Xy.
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Thus the bundles £%', E, £ and E¥ coincide with the tangent bundles of
the foliations Uy (F¢), Y (F%), FE, and Firespectively, on the fundamental
domain |J; Xpo,n(T3)-

One can easily check the following classical result:

Lemma 5.6.3. Uy o X is absolute partially hyperbolic if and only if

Notice that {X;(71)her, -, {Xi(Tk) }+er are pairwise disjoint, the same
argument of Lemma 6.2 in [BPP| gives the following:

Lemma 5.6.4. With the notation above, we have that for each i =1,---  k,
hm b n(FX') ={F'} x {s} and Lim o n(FY) = {F} x {s}
N—+o00 N—+o0

uniformly in the C'-topology.

As a consequence of Lemma 5.6.4, when N is chosen large, for each i =
1,---,k, we have that

O (i (Fx)) M F7x [0, 1] and @;(vi v (FX)) th Fi x [0, 1].
Now Theorem 5.6.2 follows directly from Lemma 5.6.3. [

Now, we end the proof of Theorem H by proving that the (absolute) par-
tially hyperbolic diffeomorphism f = Wy o Xy is robustly dynamically coherent
and plaque expansive. We denote by E% the center bundle of f.

Recall that f coincides with X on the repelling region X_n(M") and on
the attracting region M. Just as Lemma 9.1 in [BPP|, we have that:

Lemma 5.6.5. There exists a constant C' > 1 such that for any unit vector
v € E$, we have the following:

1
ol < || Df*(v)|| <C, for any integer n € 7Z.

As a consequence of Lemma 5.6.5, we have that f is Lyapunov stable and
Lyapunov unstable in the directions E%* and E" respectively.
To show the dynamically coherent and plaque expansive properties, we
follow the same argument in [BPP, Theorem 9.4
— According to [HHU1, Theorem 7.5], f is dynamically coherent, and cen-
ter stable foliation W§* and center unstable foliationW;* are plaque
ETPaAnSIve;
— By [HPS], the center stable foliation W¢* and center unstable folia-
tion Wi* are structurally stable, proving that f is robustly dynamically
coherent.
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Chapter 6

Partially hyperbolic
diffeomorphism with
one-dimensional neutral center

In this chapter, we study the properties of the partially hyperbolic diffeo-
morphisms that we build in the previous chapter. Although the diffeomorphism
constructed in previous chapter is no more leaf conjugate to the time one map
of any Anosov flow, many properties of the flow are preserved by the diffeo-
morphisms. To be specific, we show that each leaf of the center stable (center
unstable) foliation is a plane, a cylinder or a Mébius band, and the center
foliation defines a flow which is topologically equivalent to the Anosov flow for
the construction. One of main ingredients for the proof is the completeness of
the center stable and center unstable foliations.

We recall that a partially hyperbolic diffeomorphism has neutral center, if
there exists a constant ¢ > 1 such that

1
- <|[Df"
C

Be(z) || <c¢, for any n € Z and any x € M.

Such diffeomorphisms are always dynamically coherent, see for instance [HHU2|.
We recall that the center stable foliation is complete, if one has

Uyere@)F (y) = F=(x), for any x € M.

The completeness of center unstable foliation can be defined analogously.

We denote by fi. the partially hyperbolic diffeomorphism built in [BZ1],
and fp the partially hyperbolic diffeomorphism built in [BPP|.
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6.1 The topological structure of the center sta-
ble and center unstable foliations: Proof of
Theorem 5

Let f be a partially hyperbolic diffeomorphism on a 3-manifold M, exhibit-
ing neutral behavior along one dimensional center. Since it has already been
proven that f is dynamically coherent, we denote the center stable and center
unstable foliations as F“ and F respectively. We will first show that F
and F are complete, then we give the description of their leaves.

Proof of Theorem 5. By the uniform transversality of strong stable direction
and center direction restricted to every center stable leaf, there exists § > 0
such that for any point x € M, the § neighborhood of the leaf F¢(x) in the
center stable leaf F°(z) is contained in F*5(F¢(x)).

We will prove the completeness of F¢ by contradiction. Assume that F¢
is not complete, by Proposition 2.17.5, there exists a point x € M such that
F*5(F¢(z)) has a boundary leaf F**(y) for some y € M. By the invariant
property of the center and strong stable foliations, we have that F**(f"(y)) is
a boundary leaf with respect to F**(F°(f"(x))), for any integer n € Z. By
the choice of §, one has that when it is restricted to the center stable leaf
Fe(f™(x)), the strong stable leaf F*°(f"(y)) is § away from the center leaf
Fo(f(x)).

By the definition of boundary leaves, there exists a C'-curve o : [0, 1] — M
such that

o(t) € F(y),o(0) =y and o((0,1]) C F**(F(x)).

Up to shrinking o, we can assume that the length ¢(o) of o is strictly less than

&, where K > 1 is the number satisfying

1

e < || Df"gep || < K, for any n € Z and any point p € M.

Since (1) is on the strong stable manifold of a point z € F¢(z), there exists an
integer N large enough such that f¥(o(1)) is in the 2 neighborhood of fV(z)
with respect to the distance on the center stable leaf F¢(f¥(z)). Since fV(y)
is still on the boundary leaf F**(f¥(y)), we have that the length

0

(@) > 5.

On the other hand, we have the estimate

<

Y

N

o
(o)) < maxc | DY pequy || - €(0) < 7=
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a contradiction. This proves the first item of Theorem 5.

Let M be the universal cover of M. The metric on M is the pull back of
the metric on M by the covering map. We denote by Fi the lift of F on the
universal cover M, for i = ss, s, ¢, cu, uu.

To prove the second item, we need the following lemma:

Lemma 6.1.1. For any x € M, the lifted leaves F°*(z) and F°(x) are planes.

Proof. For any = € M, the lifted leaf F “(x) is a two dimensional manifold
without boundary; to prove that it is a plane, we only need to show that its
fundamental group is trivial. Assume that there exists a closed curve ~ in
F () which is non-null homotopy in the leaf. Since ~ is null homotopy in M,
then the projection of v on M is null homotopy in M and is non-null homotopy
in a F leaf. By Theorem 2.18.1, the foliation F“ has a compact leaf which
contradicts to Theorem 2.18.2.

Similarly, we can show that F°(x) is also a plane. ]

Claim 6.1.2. The lifted foliations F and F are complete, that is, they are
trivially bi-foliated by F*° and F°.

Proof. Let f be a lift of f, then f is a partially hyperbolic diffeomorphism with
one dimensional neutral center and whose invariant manifolds are tl}e lifts of
the invariant manifolds of f. Hence, the argument for f applies for f. n

For any compact center leaf v of f, we prove the following:

Lemma 6.1.3. The center stable leaf contains ~ is either a cylinder or a
Mobius band.

Proof. Up to taking a double cover of the manifold, we can assume that the
strong stable bundle is orientable and we give it an orientation. If every strong
stable leaf through a point on v intersects + only once, then by completeness,
the center stable leaf is a cylinder. If not, there exists a strong stable leaf
intersects v at least twice. Consider the universal cover M and the lift P of
the leaf F*(y) which is a plane, one has that there exist two center curves
which are the lifts of v on P, by the completeness of the center stable foliation
on the universal cover, one has that for every point on ~, the strong stable
curve through this point positively goes back to ~ after finite length, which
implies that the center stable leaf F(y) is a closed surface, a contradiction.
O

The following lemma ends the proof of Theorem 5:

Lemma 6.1.4. Any center stable leaf which contains no compact center leaves
1S a plane.
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Proof. Let F*(x) be a center stable leaf which contains no compact center
leaves. We will first use the argument from [BW] to prove that F¢(z) is
either a plane or cylinder, then we show that F(z) can only be a plane.

Consider a lift 7°5(y) of F°(z) and let " be the subgroup of 7 (M) which
leaves the leaf F(y) invariant, then F°(z) is the quotient of F(y) by the
action I'. By Claim 6.1.2, we have that the space of center leaves in ﬁcs(y)
is a real line, as well as the space of strong stable leaves in F° “(y). Hence, I'
induces two actions on these two spaces and the action I' is a sub-action of
Cartesian product of these two actions.

The action of I' on the space of center leaves corresponds to a subgroup
of Homeo(R). Moreover every non-trivial element of I' acts on the space of
center leaves without fixed point and preserving the orientation, otherwise
there exists a non-trivial element of I' leaving a center leaf invariant which
implies that F°*(z) has a compact center leaf. Similar argument applies to the
action of I' on the space of the strong stable leaves, proving that this action is
orientation preserving and has no fixed points. Hdélder theorem [Ho| asserts
that any group acting freely on R is Abelian, hence these two actions are
Abelian actions. As a consequence, the action I' is Abelian and is orientation
preserving, which implies that F°*(x) is an orientable two dimensional manifold
whose fundamental group is Abelian. Once again, by Theorem 2.18.2, we have
that F°(x) is either a cylinder or a plane.

By assumption, one has that F(f"(z)) contains no compact leaves for
any integer n € Z. We will prove that F°(x) is a plane, by contradiction.
Assume that F°(z) is a cylinder, then one has the following result:

Claim 6.1.5. The center leaf F¢(x) intersects F**(x) at least twice.

Proof. Let y be a lift of z. Since leaf F “(y) is complete and the group I is
non-trivial, given a non-trivial element ¢ € T, then (F<(y)) is a leaf different
from JF¢(y) (otherwise F¢(x) is compact), as a consequence ¢(F¢(y)) intersects
F*(y) in a point different from y and ¢(y), hence F¢(z) intersects F*(z) at
least twice. O

One can take a point z € F¢(z) N F**(x)\{z} such that the interior of
the center curve L with endpoints {z,z} does not intersect F**(x). By the
transversality and completeness of the foliation F<s one has that for any point
w € F(x)\F*(x), the strong stable leaf F**(w) intersects L in a unique
point. Since z € F**(x) and f has neutral behavior along E°, we have that a
subsequence of f*(L) tends to a closed center leaf C' in the C''-topology. By
the uniform transversality between E® and E° @ E", and the compactness of
M , there exist two small positive numbers ¢ and § such that for any two points
x1, xo satisfying d(z1,x2) < 6, the e neighborhood F?*(x) of z; in its strong
stable leaf intersects the € neighborhood F(x2) of x5 in its center unstable
leaf in a unique point which is strictly contained in F77,(z1) N Fjy(22).
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F(fm(L)

fn<L)/*__ o

C F(C)
Figure 6.1 —

We take n large enough such that f"(L) is 0 close to C, then F*(f"(L))
intersects the annulus or Mdbius band F&*(C) in a compact center curve with-
out boundary in the interior of F*(C') (see Figure 6.1), which, therefore, is
a compact center leaf in f"(F(x)), a contradiction. This ends the proof of
Lemma 6.1.4.

]
Now, the proof of Theorem 5 is completed. O

At the end, we prove a property for the lifted foliations of the partially
hyperbolic diffeomorphism, which will be used in the next section.

Lemma 6.1.6. Let f be a partially hyperbolic diffeomorphism on a 3-manifold
M such that f has neutral behavior along the center . We denote by M the
universal cover of M and by F' the lift of F* for i = ss,cs, ¢, cu, uu.

Then for any x,y € M, the leaf F(x) intersects F*(y) in at most one
center leaf.

Proof. Assume that there exist two points z,y € M such that the intersection
of F°*(z) and F°(y) contains two different center leaves Ly, L.

By the completeness, there exists a strong stable segment ¢ whose end-
points are contained in Lq, Ly respectively. Since Ly, Ly are contained in the
same center unstable leaf, using a classical argument, one has that F<* admits
a closed transversal which implies that F“* admits a null-homotopy closed
transversal. By Theorem 2.18.1, one gets that center unstable foliation F**
has compact leaves, contradicting to Theorem 2.18.2. O
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6.2 Center flow carried by the partially hyper-
bolic diffeomorphism of [BZ1] example: Proof
of Theorem I and Proposition 1.1.2

In this section, we first recall the properties of the invariant foliations of
[BPP] and [BZ1] example, then we analyze the center behavior of the partially
hyperbolic diffeomorphism.

6.2.1 Properties of the invariant foliations for f;., fp

We denote by F' the f;,-invariant foliation tangent to £, for | = ss, cs, ¢, cu, uu.
For each transverse torus 7;, we lift the foliations F;, F* to the universal cover
R2, and we denote them as ]:"f and .7:"1“ respectively. By transversality, a .7:"Zf9—leaf
intersects a .ﬁ”—leaf in at most one point.

Lemma 6.2.1. Let «; be automorphism on R? decided by v; € Grs 7u. For
any x € R?, one has that the leaf o (F?(2)) intersects F*(x) in a unique point.

Proof. For notational convenience, we denote by

L = F(x) and L} = F(a).
Now, we only need to check that «;(L$) intersects L.

If G zs 7o is m (T?), then F} and F}* are orientable and we fix an orientation
to each of them. By Theorem 5.4.1, one can find a C' coordinate on T? and
two transverse linear foliations on T? such that F7 and F cut one of linear
foliations in same orientation and cut the other in different orientation. In this
case, for any automorphism 3 on T?, one has that S(LY) intersects L.

If Grs 7 is Z, then F7 and F have compact leaves which are in the
same homotopy class. If w(L{) or m(L¥) is a compact leaf, let say L7, then L?

1
is invariant under «; which implies that «;(L¥) intersects Lf, the other case
follows analogously. Now, one can assume that neither L? nor L is a compact
leaf. By Poincaré Bendixson theorem, there exist two cylinders C,; and Cj;
such that
— (i and C;; are bounded by two compact leaves of F}* and two compact
leaves of F? respectively;
— m(L§) accumulates to the boundary of C;; and w(L}) accumulates to
the boundary of C,, ;.
Since L; intersects L, one has that either Cj; contains a boundary component
of C,; or C,; contains a boundary component of Cy;. One can assume that
C,; contains a boundary component of C,; (the other case is similar). Then
on the universal cover, the leaf L accumulates on a F-leaf which is invariant
under o; and L? intersects that ag-invariant F*-leaf. Notice that the foliation
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F* restricted in the cylinder (), ; is either a Reeb component or an orientable
foliation. As a consequence, one has that a;(L}) intersects L. ]

Now, one can define a homeomorphism 7; € Homeo(R?) which maps the
point z to the point o;(F*(x)) N F#(z). One can check that 7; induces a
homeomorphism on 7; and for notational convenience, we still denote it as
n;. By definition, one has that n; keeps every leaf of F7 and every leaf of
JF;" invariant. Moreover, if Gz zv is isomorphic to Z, the homeomorphism 7
coincides with identity on union of the compact leaves of F? and the union of
the compact leaves of F}*.

Consider the C' coordinate ¥,; for W; = {¢4(T;)}+e0,, which we chose
before. Under this coordinate, we lift W; to the universal cover WZ The lifts
of the non-compact leaves of F°|yy, intersect the lifts of the non-compact leaves
of F°|w, in the way shown in Figure 6.2. Since each ¢; coincides with identity
in a neighborhood of the boundary of {¢(T})}icjo,-, the diffeomorphism fp.
sends the center leaf through = € T; to the center leaf through ¢,(x). By
Lemma 6.2.1, the center leaf through the point ¢, (z) is the one through the

point 7; ().

F i,

o

Figure 6.2 — The dash line denotes the center leaf obtained by the intersection
of center stable and center unstable leaves.

Directly, one has the following result:

Lemma 6.2.2. For each i € {1,--- ,k}, the action of the diffeomorphism f,
on the space of center leaves intersecting T; is equivalent to the homeomorphism
-

Consider M+ = L™([¢c, +o0) and M~ = L~!((—o00,¢|). Then M* and M~
are the repelling and attracting regions of the flow ¢;. We denote by R and A
the maximal invariant sets in M* and M~ respectively. Hence, R (resp. A)
is a repelling (resp. attracting ) set and is foliated by the weak stable (resp.

161



PhD Thesis of Peking University & Université de Bourgogne

Figure 6.3 — The real lines and the dash lines denote the leaves of the lifts of
foliations F; and F}* on the universal cover respectively.

weak unstable) leaves. By construction of f;,, one has that fy.|y- = ¢r|n-
and f, '+ = &_.|y+, which implies that

WZ\MWR = fl]MfUR,for [ =ss,cs

and
Wharroa = Flarroa, for [ = uu, cu.

By construction, the chain recurrent set of f;, is contained in the union of
the attracting set A and the repelling set R. Moreover, the diffeomorphism
f»- has neutral behavior along center bundle, hence it is dynamically coherent.
Since the Dehn twists are supported in a fundamental domain of ¢, and keeps
every center stable (resp. center unstable) leaf invariant.

In [BPP|, the authors built a non-transitive Anosov flow v, on a manifold
N with only two transverse tori separating the hyperbolic basic sets of the
Anosov flow. Moreover, the Anosov flow v, has only one (transitive) attrac-
tor and one (transitive) repeller. One can check that there exists a smooth
Lyapunov function such that these two transverse tori are in a regular level of
this function. One can take a C' coordinate for each transverse torus so that
under such coordinates, the induced foliations F;7 and F;* on transverse torus
T; are exactly as shown in Figure 6.3 (for details see Lemma 4.1 in [BPP]).

In this case, the existence of Dehn twist is trivial, and one only needs
to take the translation along the vertical direction. The partially hyperbolic
diffecomorphism fp in [BPP]| is obtained by composing a Dehn twist along
one of the transverse torus with the time with the time 1, (for 7 > 0) large.
Hence, as a Corollary of Lemma 6.2.2, one has the following:

Corollary 6.2.3. For the partially hyperbolic diffeomorphism fg, for any j =
1,2 and any leaf F3(y) (resp. Fj(y)) of the foliation F3 (resp. Fj'), there

J
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exists a point v € F3(y) (resp. Fi'(y)) such that fp preserves the center leaf

through x, that is, fp(F°(z)) = F°(z).

6.2.2 Analyzing the center foliation of [BZ1] and [BPP]
examples

In this section, we first prove that the center foliation F°¢ of f,, gives a
continuous flow, then we build a homeomorphism sending the center flow of
the diffeomorphism to the Anosov flow.

For the diffeomorphism f;,, since the Dehn twist ¢; equals to identity in a
neighborhood of T}, one has that in a small neighborhood V; of T;, the center
foliation JF* coincides with W¢. For each leaf passing through V;, we give it
the same orientation as the one of W¢ given by the flow direction. Since in the
region M ™, the center stable and strong stable foliations of f;. coincide with
the ones of the Anosov flow, by the fact that F¢ is everywhere transverse to
the strong stable direction in each center stable leaf, one has that in the region
M~\A, restricted to each center stable leaf, each leaf of F¢ cuts the strong
stable leaf with the same (locally) orientation as W*¢ does. As a consequence,
one has that the orientation of the leaves of F¢ passing through 7; induces the
same orientation of the center leaves in A as the the one given by the flow. One
can apply the same argument to the region M*. As a consequence, one gets
that the center foliation JF*¢ is orientable, and one can give it an orientation
such that

— it gives the same orientation on the set AU R as the one given by the

flow ¢y;

— it gives the same normal orientation to the transverse tori as the one

given by the flow ¢;.
Hence, the center foliation F¢ can give a continuous flow, denoted as 6;, whose
orbits are the leaves of F¢. This proves the first item of Theorem I.

Let 6; be the flow generated by the center direction such that its direction
coincides with ¢; on the set A U R and gives the same normal orientation for
the two transverse tori as the one given by ¢;,.

We shall build the conjugation between the center flow 6, and the original
Anosov flow ¢;. We shall first define the conjugation on the set M ~\.A which
is Id restricted to the boundary of M~, then we extend the homeomorphism
to A as Id. Similarly, we define the conjugation on the set M ™. In the end,
we get the conjugation between two flows.

Let 7 : M — M be the universal cover of M. We denote by F' and W' the
lifts of the foliations F' and W' respectively, for any [ = ss, cs, ¢, cu, uu. Given
a foliation F on M and a submanifold M’ C M, the leaf of F|y through a
point z € M’ means the connected component of F(x) N M’ containing x. We
denote by M~ the boundary of M~, then OM~ =T, U---UT}.
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Proposition 6.2.4. There exists a homeomorphism h® : M~ + M~ such that
— the map h® preserves every leaf of the foliation W |y- = F|p-;
— the map h® takes the orbits of the flow ¢i|p- to the ones of Yyl
— the map h® coincides with Id on the set AU OM ™.

We denote MJ = 7=1(M?), for j = +,—. To prove Proposition 6.2.4, we
need the following lemma:

Lemma 6.2.5. For any points x € M* and y € M~, the center unstable
leaf W (z) intersects the center stable W (y) non-empty if and only if the
center unstable leaf F*(z) intersects the center stable F°*(y) non-empty. More
precisely, we have the following:

2 € W @)V (y)na (T3U-- UL}) < = € F()nF (y)na~ ) (1U-- UT}).

Proof of Lemma 6.2.5. Given € M~ and y € M*, by Lemma 6.1.6, the
intersection of We(z) and W (y) consists in at most one leaf of W, as
well as for the foliations corresponding to f;,. If the intersection of Wcs(x)
and Wcu(y) is not empty, by the choice of x,y, there exists a unique point
z € 7 HOM™) contained in W€ (z) and We(y), which is equivalent to that
z € m Y (OM™) is contained in F(z) and F°(y), since these foliations coincide
on the corresponding region. O]

Now, we are ready to give the proof of Proposition 6.2.4.

Proof of Proposition 6.2.4. For any x € M~ \A there exists a point y €
M +\R such that z is on the positive orbit of y for the lifted flow br. Let
=z be the unique intersection between Orb(z,¢;) = W¢(z) and the transverse
section 771 (OM ™), then one has that

ze W y) N We(z) Na Y (OM™).
By Lemma 6.2.5, one has that
z € FUy) N Fe(x) Na L (OM).

Since each leaf of the foliation F¢ is a plane, by completeness and transver-
sality, the center leaf F¢(z) intersects the strong stable leaf F**(x) in a unique
point and we denote it as h*(r) (as it is shown in Figure 6.4). Similarly, we
can define a map 7° by exchanging the roles of (¢, W**) and (6;, F**) in the
definition h®(x).

By definition, one can check that the maps h®, 7% : M~\A — M\(AUR)
are continuous and commutative with the automorphisms of M induced by
m1(M). Moreover, one has that

— the maps h®, 7° commde with I/d in a neighborhood of HM~ restricted
in M, where OM- is the lift of oM ~;

Claim 6.2.6. 164
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Figure 6.4 —

— the maps h*, 7° preserve the orientation of the foliations F | - Fss |l i7-
and send the positive orbits of one center flow to the positive orbits of
the other.

The maps h® and 7° are injective.

Proof. Assume that h® is not injective, then there exist two different points
z,y € M~\A such that h*(z) = h*(y). By definition, one has that z € F*(y).
Moreover, x and y are on the same orbit of the Anosov flow &;. Hence, z
and y are joint by a segment L(z,y) which is contained in the leaf F°*(z) and
transverse to F*°. Since the leaf F°*(z) is a plane and the leaf F**(z) intersects
L(zx,y) twice, we get the contradiction.

The same argument applies for 7°. O

Claim 6.2.7. The images of h* and 7 are contained in M~\A.

Proof. Let us first recall that
fCS|M_ = WCSIM, and fcu’M+ = WCU|M+.

By definition, for any point z € M ’\fl, h® maps the connected component of
Fes(2) N (M~\A) containing z to a connected component of Fes(z) N (M\.A).
Notice that each connected component of Fes(z) N (M\.A) has non-empty
interior in F°(z) and its boundary consists in lines in A and dM~. Since h*
coincides with identity in a neighborhood of OM~ restricted in M ~, by the
continuous and injective property of h*, one has that h® maps the connected
component of F¢(x) N (M~\.A) containing  into itself, for any = € M~\A.
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The same arguments can be applied to 7%, ending the proof of Claim 6.2.7.
[

Claim 6.2.8. For any points x,y € M-, one has that
y € F(x) <=y € W*(x).

Proof. Since fy.|a— = ¢-|n-, one can take a lift sz of fy. such that the forward
orbit of x under f~bz coincides with the one under gng. Ify e JESS(:(:) NnM-,
then the forward orbit of y under f,, coincides with the one under ggz since
fiel- = Gslar-. Hence, the distance d(f.(2), (1)) = d(Gur(w), ur(y))
tends to zero exponentially. Since ¢, has neutral behavior along the center,
one has that y € WSS(:L‘). One can argue for the other side analogously,
concluding. O]

By definition of 2° and 7%, one has that h*(z) € W*(z) and 7%(z) € F*(z).
By Claims 6.2.7, 6.2.8 and the definitions of h® 7%, one has that 7° o h® =
h® o1 = Id. Hence, h® is an orientation preserving homeomorphism on the
set M~\A. Moreover, h* maps each leaf of F**| ¥\ A4 into itself surjectively as

a homeomorphism, hence one can extend h* to A as Id. Now h* is continuous
along each leaf of F*°|;;_.

Lemma 6.2.9. The map h®,7° : M~ +— M~ are continuous.

Proof. One only needs to prove that the map h* is continuous at A. The case
for 7° follows analogously.

Assume, on the contrary, there exists a point zo € A where h® is not
continuous. Then there exist ¢y > 0 and a sequence of points {z, }n=o € M\ A
such that

lim z,, = x¢ and d(h*(x,,), h*(xq)) > €.
To continue the proof, we need the following result:

Claim 6.2.10. On the universal cover M, for the lifts of fy. and ¢,, each
center unstable leaf intersects a strong stable leaf in at most one point.

Proof. 1f there exists a strong stable leaf intersects a center unstable leaf in
two points, since the center unstable foliation is transverse orientable and
the strong stable foliation is orientable, by a classical argument, one gets a
closed transversal for the center unstable foliation, which implies that the
center unstable foliation for the diffeomorphism on M admits a null-homotopy
closed transversal. By Novikov’s theorem, the center unstable foliation for the

diffeomorphism on M has compact leaves, contradicting to Theorem 2.18.2.
[
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Since , tends to xo, by Claim 6.2.10, the center unstable leaf W€ (z,,)
intersects the strong stable leaf Wesos(mo) = fjos(xo) in a unique point y,,, for
n large. Then y, tends to xo. Moreover, since each connected component of
We(z,) N M~ is the forward ¢-orbit of a connected component of W¢(z,,) N

—~—

OM~, the backward orbits of z,, and v, under the flow ¢, intersect the same

connected component P, of OM—N W"“(mn) into p, and g, respectively, where
P, is a line, and the distance d|p, (pn, ¢,) restricted to the line P, tends to zero.

Since W coincides with F¢ in a neighborhood of 8/1\\/[/*, one has that the
forward orbits of p,, and ¢, under the flow ét are on the same center unstable
leaf ]:"C“(qn). By the choices of p,,q, and Claim 6.2.10, one has that the
center unstable leaf F(g,) intersects F**(z0) and F*(x,,) into a unique point
h*(y,) and h*(x,) respectively. By definition, h® is continuous restricted to the
strong stable leaf F**(x), hence d(h*(y,), z¢) tends to zero. By the continuity
of center unstable foliation, the center unstable leaf ffg‘/?)(hs(yn)) C F(qn)

intersects the strong stable leaf F**(z,) into a point z, for n large, hence
d(zn7 .170) < d(zn7 hs(yn)) + d(hs(yn)a ZE()) < €p, for n large'

Once again, by Claim 6.2.10, one has that z, = h®(x,), contradicting to
d(h*(xy,), o) < €. O

Now, the map h* : M~ — M~ is a homeomorphism. By definition of h®,
one

has that A® maps the orbit segment of gzNSt| - to §t| 17—, and preserves the orien-
tation of the orbits. Since h* commutes with the automorphism on M induced
by m (M), the projection of h* on the base manifold defines a homeomor-
phism of M~ satisfying the announced properties, ending the proof Proposi-
tion 6.2.4. m

Ending the proof of Theorem I. By applying Proposition 6.2.4 to the reversed
dynamics on the set M ™, one gets a homeomorphism A% : M+ — M™ satisfying
the analogous properties. We define a homeomorphism A : M — M in the
following way:
[ h¥(z) ifxe M-
hw) = { he(z) ifze Mt

The homeomorphism A coincides with Id on the set AURUT;U---UT). One
can check that h sends the orbits of ¢, to the orbits of 6; and preserves the

orientation of the flows. This also proves that 6; is topologically equivalent to
Anosov flow ¢,. m

For the general example in [BZ1], we don’t know if the center stable and
center unstable foliations are robustly complete or not, but for the special
example in |[BPP], we get the robust completeness. We denote by v, the

167



PhD Thesis of Peking University & Université de Bourgogne

Anosov flow for building fg. Now, we will use Theorem I to give the proof of
Proposition 1.1.2.

Proof of Proposition 1.1.2. Since fg has neutral behavior along the center, by
Theorem 2.17.3, there exists a small neighborhood V of fg such that for any
g € V, one has that
— ¢ is dynamically coherent;
— there exists a homeomorphism hy : N — N such that for any x € N
and ¢ = ¢, cs, cu, one has

he(F'(x)) = Fy(hy(x)) and he(f(F'())) = g(Fy(hy(2)));
— the homeomorphism h, tends to identity in the C°-topology when g
tends to f.

We denote by A and R the attractor and repeller of v, respectively. Then
the maximal invariant set of fg in N* and N~ are R and A respectively. By
Theorem 7A.1 in [HPS], one can choose a small enough neighborhood U C V
of fp such that for any g € U, one has that the maximal invariant set of g in
the region N~ (resp. NT) is hy(A) (resp. hy(R)). Hence, the chain recurrent
set of g is contained in h,(AUR).

We will first show the following:

Lemma 6.2.11. For any point x € hy(R), one has that
Fi (Falx)) = Fi(x).

g
Proof. Notice that F(*(x) = hy(F*(h,*(x))). We lift the foliations to the

x)
universal cover N. Let fg(y) be a lift of F(x). Notice that g fixes every
center leaf in h,(R).

Claim 6.2.12. There exists a lift g of g such that g keeps every center leaf in
Fi(y) invariant.

Proof. By leaf conjugacy, there is at most one compact center leaf contained
in F5°(z). We take a non-compact center leaf L C F¢*(z), and we denote by
Lc fgs(y) a lift of L. Then there exists a unique lift § of g such that L is
g-invariant.

For any center leaf ]:"gc(z) C ]}gcs(y), by the fact that F¢ is topologically
Anosov, there exists a strong stable curve & (t).cj0,1) C fgs(y) such that (0) €
L and (1) € JE;(Z) Let o(t) be the projection of G(t) on F¢*(z), by the
invariance of the center leaves, one has that there exists a continuous family of
center curves 7(s) joining the curve o(t) with g(o(t)). Now, we lift the family
of center curves to the leaf F 5°(y), then one gets a continuous family of center
curves J(s) joining &(t) to a lift a(t) of g(o(t)). By the uniqueness of § and
the non-compactness of L, the lift of g(o(0)) can only be §(5(0)) which implies
that the a(t) can only be §(5(¢)). Hence, one has that ﬁg(z) is invariant under
9- O
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We only need to prove that, restricted to the leaf F°*(1), every strong stable
leaf intersects every center leaf. Assume, on the contrary, that there exists a
strong stable leaf .7};8 (p) which is a boundary leaf of f;s(ﬁ;(q)) Since F° is
topologically Anosov, fg has the same feature. The strong stable leaf .73;3 (p)
separates the leaf F “(y), which is a plane, into two connected components.
The center leaves converge in one connected component and separate in the
other connected component. Notice that f;s(f;(q)) is a g-invariant set, and

the map g fixes every center leaf in ]Ecs(y). Since ¢ sends a boundary leaf
to a boundary leaf, 7;°(F;(q)) is a path connected set, and g preserves the
orientation of each invariant bundle, hence the strong sable leaf F *5(p) is g-

invariant. Since every center leaf in ﬁ;s(,fg(q)) is fixed by ¢ and intersects

F*(p) in at most one point, one has that every point in F55(p) is fixed by g,
contradicting to the fact that F*°(p) is a strong stable leaf, ending the proof
of Lemma 6.2.11. O

Now, we consider the center stable leaves in the region N\hy(R). Assume,
on the contrary, that there exists a point x such that F;*(F¢(z)) C F;*(v),
then let p be a point such that F;*(p) is a boundary leaf of F3*(F;(x)). Since
hgy(A) is the maximal invariant set in N~ and is saturated by center unstable
leaves, there exists an integer n large enough such that .ngs(g”(p)) intersects
hy(A) in a point ¢'. Since g keeps every center leaf in hy(A) invariant, the
center leaf through ¢’ is contained in F;*(x) and intersects JF;*(p). We denote
by ¢ = g7"(¢'), then g € F;°(p) N Fy(q').

Now, we lift those leaves to the universal cover. Let Z, p and ¢ be the lifts

of z, p and g respectively such that they are on the same center stable leaf
Fi2 (%) and Fg(q) intersects F:°(p).

Lemma 6.2.13. There exist a lift § of g and a center leaf L C ]}gs(i’) such
that

— the leaf L is disjoint from ﬁ;s(ﬁ);

— the center leaf fg(d) and L are g-invariant.

Proof. 1f F¢(x) is fixed by g, then at most one of invariant center leaves F ()
and F7(q) is a compact leaf. Assume that F(q) is not compact (the other
case follows analogously). Then there exists a unique lift § of g such that the
center leaf F 5(q) is g-invariant. By Theorem I and leaf conjugacy, one has the
following:

— the strip bounded by ]:"5(@) and ]:";(i') is trivially foliated by center

leaves;
— there exists a segment with infinity length ¢ C .7:"90(@) such that for any

point z € ¢, the strong stable leaf f;s(z) through z intersects the center
leaf F¢(Z).
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Since fp preserves the orientation of the center foliation, by leaf conjugacy,
there exists a point w € ¢ such that g(w) € ¢. We take the strong stable
segment &(t) through w whose endpoints are contained in ﬁg (q) U]}gc(:i) Now,
one can check that the arguments in Claim 6.2.12 apply here and one gets that
]:"g(:i’) is g-invariant. We only need to take L = }N"g(:%)

If center leaf F(z) is not fixed by g, then the center leaf h;'(F5(x)) for
f intersects the transverse torus 77 and it is not fixed by f. Consider the
the connected component P of F*(h,*(x))\A which contains the center leaf
F C(hg_l(x)), then P is a topological plane. Recall that on each transverse torus,
the foliation F*° induces a foliation consisting in exactly two Reeb components.
Since P intersects T into a line which accumulates to two circles contained in
the stable manifolds of two different periodic orbits of the Anosov flow v, one
has that the boundary of P restricted to F**(h,'(x)) consists in two center
leaves belonging to the unstable manifolds of two different periodic orbits of
1, in A.

Hence, by leaf conjugacy, there exist two leaves Ly, Lo of the foliation ﬁ;
such that

— LU Ly, C F&();

— the leaves Ly and L, bound a strip containing F¢(&);

— the projections of the two center leaves Lq, Ly on the base manifold is

invariant under g.

By the choice of Ly, Ly, neither (L) nor m(Lsy) is a compact leaf, hence one
can apply the argument in the first case and one gets a lift g of g such that the
center leaves L, LQ,f;((j) are g-invariant. Then there exists i € {1,2} such
that ﬁ;(i) is contained in the strip S bounded by L; and ﬁg(d) Since F**(p)
does not intersect F¢(Z), the strong stable leaf F**(p) does not intersect Lj.

We take L = L;, ending the proof of Lemma 6.2.13.
O

Claim 6.2.14. There exists a g-fived point on fgc(d) whose strong stable leaf
does not intersect L.

Proof. If  is a g-fixed point, we are done. Now, we assume that ¢ is not a fixed
point. Denote by I, the connected component of F¢(¢)\{q} such that under

leaf conjugacy, it corresponds to the forward orbit of B;l(q) under the Anosov
flow ¢;. Up to replacing g by !, we can assume that () is contained in the
interior of I,. Since the leaf L is fixed by g, the strong stable leaf through the
orbit of ¢ is disjoint from L. We identify I, with (0, 400), where ¢ corresponds
to 0. For the points on I, tending to infinity, their strong stable leaves would
intersect L. Hence, one has that the forward orbit of ¢ tends to a fixed point
whose strong stable leaf is disjoint from L. O]

By Claim 6.2.14, for notational convenience, we assume that g is the fixed
point of §. Since the projection of F5(g) on the base manifold is contained in
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hg(A) and A is an attractor of the Anosov flow ¢;, hence F¢(q) is accumulated
by invariant center leaves on the center stable leaf F£*(¢q). Hence, there exist

—_—

center leaves on j:"gcs(q~) contained in hy(A) which intersect the strong stable
leaf F°(¢). One can check that those center leaves are invariant under §. Since
those center leaves and the strong stable leaf F°(¢) are invariant under g, one
has that those center leaves intersect F;°(q) into fixed points which contradicts

to the uniform contraction of § along F 5°(q). Hence, the center stable foliation
of g is complete.
Similar argument applies for the center unstable foliation of g. m
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