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General Introduction

Nonlinear partial differential equations (PDEs) occur in a wide variety of areas of math-
ematics. Since the 20th century, the analysis of PDEs has become a field in itself, with a
large number of research directions. This thesis is concerned with the analysis of singular-
ities in elliptic equations, focusing on problems from mathematical physics, mathematical
biology, and differential geometry. A diversity of phenomena will arise in the analysis of
the considered problems and different techniques will be applied.

The topics we will analyze are:

1. The three-dimensional Ginzburg-Landau model of superconductivity with external
magnetic field.

2. The critical Lin-Ni-Takagi problem in dimension three.
3. The Keller-Segel model of chemotaxis.

4. Conformal geometry.

Let us now give an overview on all these subjects. Individualized chapters will then be
devoted to describe in details each of these problems.

1.1 The Ginzburg-Landau model of superconductiv-
ity

Superconductors are certain metals and alloys, which, when cooled down below a critical
(typically very low) temperature, lose their resistivity, which allows permanent currents
to circulate without loss of energy. Superconductivity was discovered by Ohnes in 1911.
As a phenomenological description of this phenomenon, Ginzburg and Landau [GL50]
introduced in 1950 the Ginzburg-Landau model, which has been proven to effectively
predict the behavior of superconductors and that was subsequently justified as a limit
of the Bardeen-Cooper-Schrieffer (BCS) quantum theory [BCS57]. It is a model of great
importance in physics, with Nobel prizes awarded for it to Abrikosov, Ginzburg, and
Landau.

The model proposed by Ginzburg and Landau to describe the state of a superconduct-

ing sample confined in a domain 2 C R”, with n = 2,3, in an applied magnetic field H,,,
assuming that the temperature is fixed and below the critical one, can be written as

1 1 1
GL.(u, A) = 5 /Q IV qu)?® + 2_52(1 — u®)? + 5/R |H — Hel?.
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General Introduction

Here
e (2 is a bounded domain of R"”, that we assume to be smooth and simply connected.

o u: ) — Cis called the order parameter. Its modulus squared (the density of Cooper
pairs of superconducting electrons in the BCS quantum theory) indicates the local
state of the superconductor: where |u|? ~ 1 the material is in the superconducting
phase, where |u|> & 0 in the normal phase.

e A : R" — R” is the electromagnetic vector potential of the magnetic field H =
curl A, which is induced by the currents which appear in the superconductor in
response to the applied (or external) magnetic field He, : R™ — R™.

e The notation V 4 denotes the covariant gradient V — i A.

e The parameter € > 0 is the inverse of the “Ginzburg-Landau parameter” usually
denoted k, a non-dimensional parameter depending only on the material. It is also
the ratio between the “coherence length” usually denoted ¢ (roughly the vortex-
core size) and the “penetration depth” of the magnetic field usually denoted .
We will be interested in the regime of small €, corresponding to extreme type-II
superconductors.

An essential feature of type-II superconductors is the occurrence of vortices (similar to
those in fluid mechanics, but quantized) in the presence of an applied magnetic field.
Physically, they correspond to normal phase regions around which a superconducting
loop of current circulates. Since u is complex-valued, it can have zeroes with a nonzero
topological degree. Vortices are then topological defects of co-dimension 2 and are the
crucial objects of interest in the analysis of the model.

Observed configurations correspond to minimizers or critical points of GL.. Heuristi-
cally, we have that:

e In the regime of small e, the term 25 (1 — |u[?)? favors |u] to be close to 1. A scaling
argument hints that |u| is different from 1 in small tubes of radius O(e).

e The magnetic term %|H — H|? favors the applied magnetic field to penetrate the
superconductor in such a way that the induced magnetic field H equals He.. We
also expect this term to be very close to zero away from the sample.

The behavior of type-II superconductors has been experimentally observed to strongly
depend on the strength of the applied magnetic field, defined as hex ‘= ||Hex||22(0,r3)-
There are three main critical values of hey or critical fields H,,, H.,, and H.,, for which
phase transitions occur.

o If hey is below H.,, which is of order O(]logel), then the superconductor is every-
where in its superconducting phase, i.e. |u| is uniformly close to 1, and the applied
field is forced out from the material due to the occurrence of supercurrents near 9f2.
This phenomenon is known as the Meissner effect.



1.1. The Ginzburg-Landau model of superconductivity

e At H,, the first vortice(s) appear and the applied field penetrates the superconductor
through the vortice(s).

e Between H,., and H,., the superconducting and normal phases coexist in the sample.
As he, increases, so does the number of vortices. The vortices repeal each other,
while the external magnetic field confines them inside the sample. This competition
forces them to arrange themselves to form triangular lattices in the bulk of the mate-
rial, which was predicted by Abrikosov |[Abr57|, and later observed experimentally.

o At H., = 6%, the superconductivity is lost in the bulk of the sample.
e Between H., and H,,, superconductivity persists only near the boundary.

o After H., = O (E%), the applied magnetic field completely penetrates the sample
and the superconductivity is lost, i.e. u = 0.

For further details on the model, we refer to [Tin96, DG99,SS07]. In this thesis, we are
interested in the first critical field H,.,. The study of H,., or higher applied fields requires
completely different techniques.

1.1.1 Mathematical work on the Ginzburg-Landau model

We introduce the Ginzburg-Landau free energy
_ 1/ IV auf? 4+ == (1 — Juf2)? + | curl A?
2 Jq 22 '

This functional is closely related to the simpler Ginzburg-Landau model without magnetic

field
/|vuy2+ L

In the 1990’s, mathematicians became interested in the Ginzburg-Landau model. In the
pioneer work [BBH94| in 2D, Bethuel, Brezis, and Hélein introduced systematic tools and
asymptotic estimates to study vortices in the model without magnetic field, which is a
complex-valued version of the Allen-Cahn model for phase transitions. A vortex in 2D is
an object centered at an isolated zero of u, around which the phase of u has a nonzero
winding number, called the degree of the vortex. A typical vortex centered at a point xg

behaves like u = pe' with p = f <@>, where f(0) =0 and f tends to 1 as r — o0,

i.e. its characteristic core size is €, and

1 0
s0—deZ
27T OB (xo,Re) or

is its degree (also defined as the topological-degree of the map u/|u| : 9B(zg, Re) — S*).
In [BBH94|, the effect of the external magnetic field was replaced by a Dirichlet boundary
condition u = g on 0N, where g is an S'-valued map of winding degree d > 0. This
boundary condition triggers the occurrence of vortices, allowing only for a fixed number

3



General Introduction

of them. They proved that minimizers of E. have d vortices of degree one and that the
following expansion of the energy holds:

E.(u) = nd|loge| + W(ay,...,aqs) ase — 0,

where W is the “renormalized energy”, a function depending only on the vortex-centers
a;, which repeal one another according to a coulombian interaction. This analysis was
then adapted to the study of the free-energy by Bethuel and Riviere [BR95|, under a
Dirichlet boundary condition on 0f2 that forces the presence of vortices and the (fixed)
number of them. However, a new approach was necessary to treat the case of the full
model when the number of vortices gets unbounded as ¢ — 0. Tools able of handling
this were developed after the works by Jerrard [Jer99] and Sandier [San98|. In a series
of works summarized in the book [SS07|, Sandier and Serfaty analyzed the full model
and characterized the behavior of minimizers in different regimes of the applied field. In
particular, they mathematically deduced the experimentally observed phenomena when
hex is below H,, (see [SS00a}SS00b,SS00c,SS03]).

Riviere [Riv95], was the first to study the asymptotic behavior of minimizers of the
free energy (under a Dirichlet boundary condition) as € — 0 in the 3D setting. Roughly
speaking, vortices in 3D are small tubes of radius O(e) around the one dimensional zero-
set of u. In the limit ¢ — 0 vortices become curves L; with an integer multiplicity d;,
whose cost is at least an order mwd;|L;||loge| of energy, where |L| denotes the length of
L. In [Riv95], using an n-ellipticity result, Riviere identified the limiting one dimensional
singular set of minimizers of F. with a mass minimizing current, which corresponds to a
minimal connection. This concept was introduced in the work by Brezis, Coron, and Lieb
[BCL86|. In the case without magnetic field, an alternative proof was given by Sandier
[San01]. This result was then extended by Bourgain, Brezis, and Mironescu [BBMO4]
to allow for a general boundary condition. Generalizations to higher dimension of these
results in the case without magnetic field were developed in the works by Lin and Riviere
[LR99|, Bethuel, Brezis, and Orlandi [BBOO1], and Alberti, Baldo, and Orlandi [ABOO05|.
Other important results, that we comment later on, include [LRO1,JS02,SS04, Chi05,
SS17).

Jerrard, Montero, and Sternberg [JMS04] established the existence of locally minimiz-
ing vortex solutions to the full Ginzburg-Landau energy in 3D, by using a construction
in the spirit of [MSZ04]. Later on, Alama, Bronsard, and Montero [ABMO06| identified a
candidate expression for the first critical field in 3D in the case of the ball. Then, Baldo,
Jerrard, Orlandi, and Soner [BJOS12,BJOS13|, via I'-convergence arguments, described
the asymptotic behavior of the full model as ¢ — 0 and characterized to leading order the
first critical field in 3D for a general bounded domain. We point out that many questions
remain open in 3D, in particular obtaining all the analogues of the 2D results contained
in [SSO7]. This is due to the more complicated geometry of the vortices in 3D: they are
lines with no a priori regularity, and have to be understood in the framework of currents
and using geometric measure theory.

In addition to its importance in the modeling of superconductivity, the Ginzburg-
Landau model is mathematically extremely close to the Gross-Pitaevskii model for super-
fluidity (see for instance[TT90,Ser01]) and models for rotating Bose-Einstein condensates

4



1.1. The Ginzburg-Landau model of superconductivity

(see for example [Aft06]). In fact, the mathematical tools developed for Ginzburg-Landau
have been successfully exported to these models.

1.1.2 Essential tools

The Ginzburg-Landau model is known to be an U(1)-gauge theory. This means that all
the meaningful physical quantities are invariant under the gauge-transformations

u—ue®, A— A+VO,

where ® is any smooth real-valued function. The Ginzburg-Landau energy and its asso-
ciated free energy are gauge invariant, as well as the density of superconducting Cooper
pairs |u|?, the induced magnetic field H, and the vorticity, defined, for any sufficiently
regular configuration (u, A), as

p(u, A) = curl(iu, V qu) + curl A,

where (-,-) denotes the scalar product in C identified with R? i.e. (a,b) = %t This
quantity is the gauge-invariant version of the Jacobian determinant of u and is the ana-
logue of the vorticity of a fluid.

To analyze the vortices, authors have developed tools, in particular the ball construc-
tion method and Jacobian estimates. The first one was introduced independently by
Jerrard [Jer99] and Sandier [San9§|. It allows one to obtain universal lower bounds for
two-dimensional Ginzburg-Landau energies in terms of the topology of the vortices. These
lower bounds capture the fact that vortices of degree d cost at least an order 7|d| log% of
energy. The second tool, that has been widely used in the analysis of the Ginzburg-Landau
model in any dimension after the work by Jerrard and Soner [JS02], is the Jacobian (or
vorticity) estimate, which allows one to relate the vorticity p(u, A) with, roughly speak-
ing, Dirac masses supported on co-dimension 2 singularities. When n = 2, these masses
are supported on points naturally derived from the ball construction. The following result
presents an optimal version of these estimates in 2D.

Theorem 1.1.1 (Sandier and Serfaty [SS07]). Let n = 2. For any a € (0,1) there
exists o(a) > 0 such that, for any ¢ < eo, if (ue, Ac) is a configuration such that
Lo IV ue| P + 55 (1 = Juel?)? < et then for any r € (e2,1), there exists a finite col-
lection of disjoint closed balls {B(a;,r;)}i of the sum of the radii r, covering {|u.| <
1—ci}n{xr e Q| dist(z,0Q) > e} such that

1

L T
_ \Y% 52 —(1 — 522 1A52> D(l —_C>,
Q/UiB(am)’ AU|” F 282( luc|?)? + |curl A > 7 08 -

where D =Y. |d;|, d; = deg(u,0B(a;,r;)), and C is a universal constant, and, for any
g€ (0,1), we have

< rﬁFs(us, A).
e (O

p(ue, Ag) — 2w Z didq,
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The first goal of this thesis is to provide similar estimates in 3D. One of the important
features of the previous theorem is that the estimates are at the e-level. When n = 3,
only results that work in the limit € — 0 can be found in the literature. Here, we provide
a quantitative three-dimensional vortex approximation construction for the Ginzburg-
Landau energy. This construction provides an approximation of vortex lines coupled to a
lower bound for the energy, optimal to leading order, analogous to the 2D ones, and valid
for the first time at the e-level.

Theorem 1.1.2 ([Romal). Let n = 3 and assume that O is C*. For any m, M > 0
there exist C,eq > 0 such that, for any e < o, if (ue, Ac) € HY(Q,C) x H'(Q,R?) is a
configuration such that F.(u., A.) < M|loge|™ then

1

1 1 ) .
2 /SVE V4 ue|* + 2—52(1 — Ju)? + [ ewrl A* > §|V5|(Q) (logg — C'loglog g> +o(1),

where v, s a finite sum (in the sense of currents) of polygonal lines and |S,.| = o(1) (with
supp(ve) C 5,,), and

(e, Ac) — VE”c%V(Q)* < o(1)

for any v € (0,1], where C%V(Q) denotes the space of vector fields in C°7(Q) whose
tangential component vanishes on 0S2.

In this theorem and in the rest of this chapter o(1) denotes a function of ¢ tending
to zero as ¢ — 0. This result has been presented in a simplified form. A quantitative
version can be found in Chapter [I] of Part [IL Besides, in the case € is only assumed to
have Lipschitz boundary then a similar theorem holds far from the boundary.

Let us point out that the ball construction used to prove Theorem is purely two-
dimensional. For this reason, the three-dimensional analogue of this result is based on a
new vortex approximation construction. Through a procedure based on slicing of currents,
3D Jacobian estimates and lower bounds were proved in [JS02] and [SS04]. Alternatively,
a suitable application of the Federer-Fleming polyhedral deformation theorem was used
in [ABOO5] and |[BJOS12| to obtain results of the same type. But these constructions are
not sufficient for our purposes, because they cannot be made e-quantitative.

Explained in simple words, our construction is made as follows. We consider a grid
of side-length 6 = 0(¢) < 1. If appropriately positioned, the grid can be chosen so that
lue| > 5/8 on every edge of a cube. Then, 2D estimates imply that the restriction of
the vorticity to the boundary of every cube is well approximated by a linear combination
of Dirac masses. Using minimal connections, we connect the points of support of these
measures, which essentially yields our approximation.

To get an optimal and quantitative lower bound for the free energy, we use the co-
area formula and the fact that minimal connections satisfy a calibration property. This
method was used by Sandier [San01] to obtain a lower bound for the Ginzburg-Landau
energy without magnetic field, i.e. E.(u) = F.(u,0). The analysis presented here is much
more involved due to the unboundedness of the number of vortices.



1.1. The Ginzburg-Landau model of superconductivity

1.1.3 The first critical field

From now on we focus on the first critical field. Our objective is to describe the behavior
of global minimizers of GL. in 3D when h., is below and near the first critical field. We
begin by reviewing the work by Sandier and Serfaty in the 2D case.

1.1.3.1 The 2D case

When n = 2, after a series of reductions, one is left with studying the simpler functional

1
(1= |ul®)?+ |h — hex|?,

1
GL(u, A) = 5 /Q IV aul® + 222

where h = curl A = 0, A5 — 0, A; and he, > 0 is a parameter. Minimizers and critical
points of this functional solve the associated Euler-Lagrange system of equations

—Viu = Zu(l—|u*) inQ
—Vih = {(iu,Vau) in Q.

where V+ = (—d,,d;), with boundary conditions

—Vaiu-v = 0 on 0f)
h = he on 0N

By taking the curl of the second Ginzburg-Landau equation, we find

—Ah+h = p(u,A) inQ
h = he on 0.

This equation relates the induced magnetic field in the sample with the vorticity and it
is usually called London equation in the physics literature. When the vorticity vanishes,
up to dividing by hey, the London equation becomes

—Aho—i—ho = 0 in Q
h() = 1 on 09Q.

Observe that Ay = V*hg is such that curl Ay = hg. We then expect the configuration
(1, hexAp) to be a good approximation of the Meissner (vortex-free) solution, i.e. the
minimizer of GL* when he, is below H.,. Indeed, this is true. By writing A = A’+ hey Ao,
one can split the energy as

GL?D('LL7 A) = hngO + F€<u7 A/) + hex/ ,LL(U, A/)fo + RO
Q

where &y = hg — 1 and solves

—AQSO + Af@ = 0 inQ
(1) & = 0 on 9N
A&) = 1 on 89,
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GLP (1, hey Ag
hZ
and Ry = o(1) when hey is bounded by a negative power of |loge|. Using Theorem [1.1.1]

and this splitting, a quick inspection leads to (formally) finding the leading order value
of the first critical field:

1 1
s ) _ 5/ [Vhol? + o = 12 = 6ol
Q

1
H?® = — — |loge|.
“ 2max|§0]| gl
The rigorous proof of this heuristic was performed in a series of articles. First, Serfaty
minimized GL?P in a subspace of H*(Q,C) x H'(Q,R?). Let us introduce the space

Dy i={(u,A) | Ec(u) <tM|loge|, divA=0in Q, and A-v =0 on 00},

where E.(u) := F.(u,0) = 3 [, |[Vu|* + 55 (1 — |ul?)?, i.e. the Ginzburg-Landau energy
without magnetic field. Roughly speaking, D), can be seen as the set of configurations
with less than M vortices. The following theorem concerns the minimization of the energy
in this space.

Theorem 1.1.3 (Serfaty [Ser99]). For any M > 0 there exists constants €y > 0 and C
such that:

1. For any e < &g and hey < HP +C — o(1) there exists a stable critical point (u., A:) of
GL?P which is minimizing over Dy;. Any such critical point is such that |u.| does not
vanish.

2. For any e < gy and hex > HZ2P + C — o(1) there exists a stable critical point (u., A.) of
GL?P which is minimizing over Dy;. Any such critical point is such that |u.| vanishes.

This theorem shows that H, le is, up to a O(1), a critical value of the applied field, when
the minimization of GL?P is restricted to Dj;. The use of this space was a technical com-
modity. To minimize the energy in the natural minimization space H' (2, C) x H*(, R?),
one needs to handle an a-priori unbounded number of vortices. By combining the e-level
tools with the energy splitting and a “clearing out” result (see [BBH94, Theorem II1.3]),
Sandier and Serfaty were able to prove the following result.

Theorem 1.1.4 (Sandier and Serfaty [SS00a]). There exist constants £y, Ko > 0 such that
for any e < gg and any hex < H2P — Kolog|logel, the global minimizers (u., A.) of GLZP
in HY(Q2,C) x HY(Q,R?) are such that |u.| > 1/2 in Q and GL* (u., A.) = h2_Jy + o(1).

Thus, up to an imprecision of O(log |loge|), minimizers of the energy below H,, are
vortex-less. A further analysis of the energy allowed them to prove that the set D,;, for
M large enough, is the set where the global minimizers of the energy lie.

Theorem 1.1.5 (Sandier and Serfaty [SS03]). For any K > 0, there exists a constant
g0 > 0 such that for any e < gy and any hex < HZP + K log|loge|, the global minimizers
of GL? in H'(Q,C) x H*(Q,R?) are gauge equivalent to an element of Dyy.
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In particular, the above results show that the first critical field in 2D is given by
HZP 4 O(1). This theorem, which reduces the minimization problem in the natural space
HY(Q,C) x H'(Q,R?) to the space of configuration with less than M vortices, follows
from a deep result that we explain now.

Observe that

1

j GL2P(u, A) < GLZP(1,0) = - |Q|h?
e e Ol (0 A) < GLE(L,0) = 510y,
where [Q)| denotes the measure of 2. In particular, under the assumptions of Theorem
1.1.5) the energy of a minimizing configuration (u., A.) is bounded by a negative power
of [loge|. We can then apply Theorem to associate to (ue, A.) a family of vortices
{(a;,d;)}. One has the following result.

Theorem 1.1.6 (Sandier and Serfaty [SS03]). For any K > 0, there ezist positive con-
stant g9, C, a > 0 such that for any e < g and any hex < HZ? + K log |logel, if (u., A.) is
a global minimizer of GL*® in H*(Q,C) x H (2, R?) and {(a;,d;} is an associated family

of vortices then
1. Vi, d; >0,

2. dist(a;, A) < Clloge|™® for any i such that d; # 0, where A is the subset of Q0 where
the function &y defined above attains its minimum, and

3. > .d <C.

To prove this theorem, in particular one needs some information about the set A. It
turns out that the fact that €2 is simply connected implies that A is a finite set of points
and a single point if €2 is convex.

Lemma 1.1.1. The set of critical points of the function & defined above is a finite set
of points {p1,...,pr}. In particular the set A where &, attains its minimum is finite and
there exist C, N > 0 such that

(2) &o(z) > m(%n &o + Cdist(z, AN

for every x € Q.

We will comment on this result later on.

1.1.3.2 Back to 3D

In the 3D case, Alama, Bronsard, and Montero [ABMO06| identified a candidate expression
for H., in the case of the ball. Then, Baldo, Jerrard, Orlandi, and Soner [BJOS13|, based
on a I'-convergence result, characterized to leading order the first critical field in 3D for
a general bounded domain. Our purpose here is to derive with more precision this value,
by getting the analogues of the 2D results proved by Sandier and Serfaty.

We begin by observing that in this case the minimization problem cannot be reduced to
2 as in the 2D case. In particular, the boundary of the domain plays a role in the analysis.

9
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Let us assume that Hex = hexHo ez, Where Hy ., is a fixed unit vector and hey represents
the intensity of the applied field. In particular, there exists Aey = hexyAger € HL (R R?)
such that

curl Ag ep = Ho e, divAge, =0 1in R3 and Ap ez - v =0 on 0f.
The natural space for the minimization of GL. in 3D is H'(Q,C) X [Acx + Heurl], where
Hewn = {A € H._(R*R?) | curl 4 € L*(R* R*)}.

Minimizers and critical points of G L. solve the associated Euler-Lagrange system of equa-
tions

1
—(Va)u = 8—2u(1 —|ul*) inQ
curl(H — Hoy) = (iu,Vau)yg in R3,

where Ygq is the characteristic function of 2, with boundary conditions

—Vau-v = 0 on o)
[H—Hx] xv = 0 on 09,

where [ - ] denotes the jump across 0.
By taking the curl of the second Ginzburg-Landau equation, we find the London
equation
curl?(H — Hey) + Hxq = p(u, A)xao.

In order to find an approximation of the Meissner solution, we recall that any vector field
A € H'(Q,R?) admits the following Hodge decomposition:

A = curlB4+ Vo, in Q)
Baxv = 0 on 0f)
Voa-v = A-v on 0f).

Moreover, the vector field B4 and the function ¢4 are unique if chosen to satisfy div By =
0in Q and [, ¢4 = 0.

For reasons that we explain in Chapter [2] of Part [, a good approximation of the
Meissner solution is given by the configuration (ug, hexAg), where uy = eex?40 and A,
minimizes in a suitable space the functional

1 1
J(A) = §/Q|0urlBA|2 + 5/}1@3 | curl(A — A076x)|2.

We have that G L. (ug, hexAg) = h2, J(Ap) and the divergence-free vector field By := By, €
O (€, R?) satisfies

A?(By— Boex) + ABy = 0 inQ
Byxv = 0 on 02
[A(BO - BO,em)] xv = 0 on 0.

10



1.1. The Ginzburg-Landau model of superconductivity

This special vector field turns out to be the analogue of the function &. By writing
u=wuou’ and A = he, Ao + A’, we may split the energy as

GL.(u,A) = h2 J(Ay) + F.(u', A") + %/

. | curl A'|* — hex/ p(u'; A') A By + Ry,
R3\Q) Q

where R, is as before.

We let
IBall. = sup [ B,
Q

pneX

where X is the class of 1-currents such that du = 0 relative to © and |u|(Q2) < 1. By
combining the e-level estimates and the energy splitting, we heuristically find the leading
order value of the first critical field:

3D _
* 2Bl

| log €.

Our goal is to prove that the first critical field in 3D is given by H2° + O(1). Our first
result in this direction is the analogous of Theorem [1.1.4]

Theorem 1.1.7 (|[Romb]). There exist constants ey, Ko > 0 such that for any e < &y and
hex < H3P—Kqlog |loge|, the global minimizers (u., A.) of GL. in H'(Q, C) X [Aex+ Heur]
are such that |u.| > 1/2 in Q and GL.(u., A.) = h2 J(Ag) + o(1).

By combining Theorem [1.1.2] and the energy splitting above, one can show that
F.(u., AL) < o(1).

The Ginzburg-Landau equations satisfied by (u., A.) and this inequality allow us to use a
“clearing out” result proved by Chiron |Chi05], using ideas from [BOS04]), which implies
that |u.| > 1/2 in Q. The proof of this result is much more complicated than its analogue
in 2D. Results of the same kind were first proved by Riviere [Riv95] and Lin and Riviere
[LRO1|. Very recently, Sandier and Shafrir [SS17] gave a simplified proof in the case
without magnetic field.

What we describe next is a work in preparation in collaboration with Etienne Sandier
and Sylvia Serfaty |RSS|. It corresponds to the analysis of the behavior of global min-
imizers of GL. in 3D near the first critical field. Our objective is to get the analogue
of Theorem [1.1.6] The main difficulty is that we need a certain kind of non-degeneracy
condition on By, which in contrast to the two-dimensional case it is difficult to find.

In 3D, we deal with the functional

W80 = [ oo

defined for Lipschitz curves v € X, where X is defined as above. Here, 7 denotes the
tangent vector to 7. In particular, we observe that |y(By)| < || Bo||«-
We introduce the following assumption.

11
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Non-degeneracy condition in 3D: There exists a unique Lipschitz curve vy € X such
that vo(Bo) = || Bo||«. Moreover, there exist constants C, N > 0 such that for any Lipschitz
curve v € X if ||y — yol[« > 9, for some § € (0, 1), then

v(Bo) < 70(Bo) — CY.

This is in the same spirit as the condition satisfied by &y, but much weaker. As in the
2D case, we can apply Theorem to associate to a minimizing configuration of the
energy near H ng a vorticity approximation v.. Moreover, we can decompose v, = Zie 1Y
where each ~; is a multiplicity 1 Lipschitz curve in X.

Theorem 1.1.8 (Work in preparation). Assume the non-degeneracy condition above. For
any K > 0, there exist positive constant o, C, > 0 such that for any € < gy and any
hex < H2P+K log|logel|, if (ue, A.) is a global minimizer of GL. in H'(Q, C) X [Aex+Heu]
and v. =Y,V is an associated vorticity approzimation then

2. 1%/l = 7ol < [loge| 2% for any i such that v;/|7|(Bo) > 0, and
3. |(Q) < C.

Of course, it is very important to verify if the proposed non-degeneracy condition
holds in a simple situation. For this purpose, let us consider the case Q@ = B(0, R) and
Hyex = z, for which the vector By has an explicit expression. One can show that the
vertical diameter D; oriented in the direction of Z and seen as a Lipschitz curve in X (in
particular |Dq](€2) = 1) is such that

D1 (Bo) = || Bol|+

Moreover, we have the following result, which is a sort of generalization of a result that ap-
peared in [ABMO6], where the authors deal with a functional similar to the one considered
here.

Theorem 1.1.9 (Work in preparation). Let Q@ = B(0,1) and Hoex = 2. There exist
constants C; N > 0 such that for any Lipschitz curve v € X if ||y — Di||« > 8, for some
5 €(0,1), then

7(Bo) < Dy(By) — C6",

where Dy is defined as above.

We remark that we expect to extend Theorem by assuming a non-degeneracy
condition that allows for a finite set of optimal curves instead of only one, which is what
one predicts when €2 is non-convex. Even though the presented results do not imply that
the first critical field in 3D is given by H2” 4 O(1), the key steps towards proving this
result have been made in this thesis. We foresee obtaining the result in future work.
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1.2 The Lin-Ni-Takagi problem

In 1972, Gierer and Meinhardt |[GM72] proposed the following reaction-diffusion system
to model biological pattern formation:

Oda a?

5 = D,Aa — p.a+ pg (caﬁ + p0>
oh a’

— = Dp,Ah— uyh —.

BN h Hrlv =+ Cppn e

Here

e a(x,t) > 0and h(x,t) > 0 represent the respective concentrations at a point x € R™
and at a time ¢ € R of biochemicals called activator and inhibitor. The activator
stimulates a change in cells or tissues so that cell differentiation (or division) occurs
at the position where the activator concentration is high. The inhibitor diffuses much
faster than the activator and tempers the self-enhancing growth of the activator
concentration, thereby stabilizing the system.

o Dy, Dy, i, fin, Cas Chy Pas P are strictly positive constants, while pg is a non-negative
constant.

e The exponents p, ¢, r, s are assumed to satisfy the conditions

-1 T
p>1,q,r>07820,and0<p—< .
q s+1
We assume that a and h occupy a smooth bounded domain 2 C R™ and that there is no
flux through the boundary, i.e.

Va-v=Vh-v=0 on 0f,

where v denotes the unit outer normal to 0f).

One observes that, by numerical simulations, when the ratio D,/D; is small, the
Geirer-Meinhardt system seems to have stable stationary solutions with the property that
the activator concentration is localized around a finite number of points in . Moreover, as
D, — 0 the pattern exhibits a “spike layer phenomenon”, i.e. the activator concentration
is localized in narrower and narrower regions around some points and eventually shrinks
to a certain set of points. Hereby the maximum value of the activator concentration
diverges to 4o0.

Then, we consider the stationary Gierer-Meinhardt system (for pg = 0)

AP
—52AA+A——q = 0, A>0 inQ

r

_DAH+'“H_H5 = 0, H>0 in Q,
with homogeneous Neumann boundary conditions on 0€2. Here, the normalized unknowns
A(z) and H(x) are defined via the formulas

o= () ) e = () ()] e

13
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where )
'D. Hn
= Dapia, D = _7 and p =
gr—(p—1)(s+1) Ha fa
This stationary system is quite difficult to solve since it has neither a variational structure
nor a priori estimates. One way to study this problem is to examine the so-called shadow
system. Namely, we let D; — co. By assuming that uH —

AH —-0inQ and VH:- -v=0ondf.

This implies that H(x) — £, where the constant £ > 0 satisfies the equation
uelof ¢ [ 4 =o.
Q

Then, by letting v(z) = {p%ql A(z) we are led to study the single equation

—2Av+v—1? = 0,v>0 inQ
Vou-v 0 on Of).

We rewrite this equation in a slightly different form, namely we define u(z) = /\%v(:c) and
2
A=¢gp 1, Therefore, we have

(3)

—Au+ du— uP 0, u>0 in
Vu-v = 0 on 0f).

This semilinear Neumann elliptic problem has been widely studied in the last 30 years.
In 1988, Lin, Ni, and Takagi [LNT88| initiated the study of this problem. The interested
reader can found an extensive list of known results about this equation and the Geirer-
Meinhdart system in the book by Wei and Winter [WW14] and the references therein.

From now on we focus on the critical case in dimension n = 3, i.e. when p = ”+§ =5.
It has been showed that this problem does not admit interior bubbling solutions if A — 0
or A — oo, for instance when () is assumed to be convex. By this, we mean solutions
that exhibit peaks of concentration around one or more points in €2, while being very
small elsewhere. In a joint work with Manuel del Pino, Monica Musso, and Juncheng
Wei |[dPMRW]| we discovered a new phenomenon, which is the presence of a solution with
interior bubbling for values of A near a number 0 < A,(£2) < oo which can be explicitly
characterized.

Theorem 1.2.1 (del Pino, Musso, Romén, and Wei [dPMRW]). Let n = 3 and p = 5.
There exists a number 0 < A\, < oo such that for any A > A\, with A — X\, sufficiently
small, there exists a solution to with an asymptotic profile as X — X[ of the form

ur(z) = 31 (*) +O(u

in €2
,u)\+|x—x>\|2 ) m 3z,

> 0ol

where the concentration parameter uy = O(X — \.) and the concentration point x) €
stays uniformly away from OS).
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The number A\, and the asymptotic location of the point x, can be characterized in
terms of the Robin’s function associated to this problem (see Chapter |1 of Part . There
exists a connection between the number A\, and the so called Brezis-Nirenberg number
A* = X(Q) > 0 given as the least value A such that for any A* < A < A;, where )\ is the
first Dirichlet eigenvalue of the Laplacian, there exists a least energy solution of the 3D
Brezis-Nirenberg problem [BN83]

—Au—Adu—u’ = 0, u>0 in )
u = 0 on Of).

A parallel characterization of the number A, in terms of a Dirichlet Green’s function
has been established in [Dru02] and its role in bubbling phenomena further explored in
[dPDMO04].

The construction of our solution follows the finite dimensional Lyapunov-Schmidt re-
duction, which was introduced by Floer and Weinstein [FW86]. For the reader convenience
we briefly introduce the abstract set-up of this method.

1.2.1 The finite dimensional Lyapunov-Schmidt reduction

Let X,Y be Banach spaces and consider a C* map S : X — Y. Our purpose is to find
solutions to the equation S(u) = 0. To do so, we first find a “good” approximation and
we then look for a true solution as a small perturbation of the approximation. Assume
that U, is the approximation, indexed by a parameter A € A (we think of this set as the
configuration space). By writing uy = Uy + ¢, we are led to solve

(4) L(¢x) + N(ox) + E =0,
where

L(¢x) = S (Ux)(r), N(¢a) = S(Ux+ ¢a) = S(Ux) = S'(Un)(x), and E = S(Uy).

Here, S’(U,) is the Fréchet derivate of S at Uy, L(¢,) denotes the linear part and N(¢,)
the nonlinear part, and E is the error of the approximation. The strategy we follow here
is: We invert the linear operator L so that we can rephrase as a fixed point problem.
That is, when L has a uniformly bounded inverse in a suitable space, one can rewrite this
equation as
or = —L7HE + N(42)) = A(6a).

What is left is to use a fixed point argument, for instance the contraction mapping theo-
rem, to solve this equation.

The finite dimensional Lyapunov-Schmidt reduction deals with the situation when the
linear operator L is Fredholm and its eigenfunction space associated to small eigenvalues
is finite dimensional. Let {Z1,. .., Z,} denote a basis of the eigenfunction space associated
to small eigenvalues of L. We divide the procedure of solving into two steps:

1. To solve, for any A € A, the projected problem

L(¢x) + N(ox) + E = icj(x)zj
i=
(Pr.Zj) = 0O Vi=1,...,n,
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where ¢;()) is defined via
(L(or) + N(oa) + E, Zj) = ¢;(M{Z;, Z)
forany j=1,...,n.
2. To solve the reduced problem
¢j(A)=0 Vj=1...,n

by adjusting the parameter A in the configuration space A.

1.3 The Keller-Segel model of chemotaxis

Chemotaxis is the influence of chemical substances in the environment on the movement
of mobile species. This can lead to strictly oriented movement or to partially oriented and
partially tumbling movement. Positive chemotaxis occurs if the movement is towards a
higher concentration of the chemical substance; negative chemotaxis if the movement is
in the opposite direction. Chemotaxis is an important means for cellular communication
by chemical substances, which determines how cells arrange themselves, for instance in
living tissues.

In 1970, Keller and Segel [KS70] proposed a basic model for chemotaxis. They con-
sidered an advection-diffusion system consisting of two coupled parabolic equations for
the concentration of the considered species and that of the chemical released, respectively
represented by strictly positive quantities v(z,t) and u(x,t) defined on a bounded smooth
domain €2 C R". The system has the form

% = D,Av — cdiv(vVe(u))
u
5 = D, Au + k(u,v),

with no flux through the boundary, i.e.
Vv-v=Vu-v=0 on 0.
Here
e D,, D,, and c are strictly positive constants.

e ¢, the so-called sensitive function, is a smooth function such that ¢'(r) > 0 for
r > 0.

e k is a smooth function such that % > 0 and % < 0. It is typically chosen as —u+wv.

An important property of this system is the so-called chemotactic collapse. This term
refers to the fact that the whole population of organisms concentrate at a single point
in finite or infinite time. When ¢(u) = u, it is well-known that the chemotactic collapse
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depends strongly on the dimension of the space. Finite-time blow-up never occurs if
n = 1, whereas it always occurs if n > 3. The two-dimensional case is critical: if the
initial distribution of organisms exceeds a certain threshold, then the solutions may blow-
up in finite time, whereas solutions exist globally in time if the initial mass is below
the threshold. We refer the interested reader to the survey by |Hor03,Hor04] for further
details about the model and a collection of known results.

Steady states of this system are of basic importance for the understanding of the global
dynamics. They correspond to the solutions to

—D,Av+ cdiv(oVe(u)) = 0, v>0 inQ
—D,Au—u+v = 0, u>0 in €,

with homogeneous Neumann boundary conditions on 0f).
This system can be reduced to a scalar equation depending on the function ¢. Observe
that, the first equation can be rewritten as

div(vV(logv — ¢(u))) = 0.

By testing this equation against log v — ¢(u) and by integrating by parts, one finds
[ vliogw— ot =0,
Q

which implies that v = Ce?™ for some constant C' > 0.
In the most common formulation of the Keller-Segel model ¢(u) = u. We are then led
to study the so-called Keller-Segel equation

(5) {—UQAu+u—)\e“ = 0, u>0 inQ

Vu-v = 0 on 0,

where the constants o, A depend on D,,, D,, and c. It is worth to mention that in the case
o(u) = log u, we get

—*Au+u—u? = 0, u>0 inQ
Vu-v = 0 on 0f),

for some constants ,p > 0, i.e. we recover the Lin-Ni-Takagi equation that we discussed
in the previous section. Let us observe that in dimension 2 the Keller-Segel equation is
critical, whereas the Lin-Ni-Takagi problem is subcritical.

From now on, we restrict ourselves to the case Q = B(1,0) C R? and study the Keller-
Segel equation (without loss of generality) with d = 1. In a work in collaboration with
Denis Bonheure and Jean-Baptiste Casteras we construct radial solutions to this equation
that concentrate at the origin and on spheres belonging to the interior or the boundary
of B(1,0). The following is our first result.

Theorem 1.3.1 (Bonheure, Casteras, and Romén [BCR]). There exists \g > 0 such that
for any A € (0, \g) there exists a radial solution uy to with o =1 such that

lim (U)\ - U,\) =0

A—0
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uniformly on compact subsets of B(1,0) \ {0}, where Ux(r) solves, for e\ =~ \Tl,\w the
1-dimensional equation

;

1
— /’\’—;U/’\—i—U,\ =0 in (0,1)
im 20y
r—0+ —Inr \/_
2
Ux(1l) = —
\ EX

In particular, this theorem shows that the Keller-Segel equation admits radial solution
that concentrate at the origin and on the boundary of the ball. Then, we prove a result
concerning blowing-up at the origin and on an interior sphere.

Theorem 1.3.2 (Bonheure, Casteras, and Roméan [BCR]). There exists Ay > 0 such that
for any A € (0,)\y) there exists a radial solution uy(r) to with o = 1 blowing-up at
r=0andr=ac(0,1).

The precise form of the solution can be found in Chapter 2] of Part [T Our final
result states that admits a radial solution which is singular at the origin and that
concentrates on an internal sphere and on the boundary.

Theorem 1.3.3 (Bonheure, Casteras, and Roméan [BCR]|). There exists A\; > 0 such that
for any A € (0, A1) there exists a radial solution u(r) to with o = 1 blowing-up at
r=0,r=ac(0,1), andr = 1.

The proof of our results follows the finite dimensional Lyapunov-Schmidt reduction.
It is important to mention that the blow-up rate at the origin is different from the one at
the spheres located in the interior of the ball or at the boundary. Roughly speaking, what
we do is to glue suitable Green’s functions, which exhibit different singular behaviors. In
particular, finding good first approximations is the most complicated part of the method.

1.4 Conformal geometry

1.4.1 The prescribed Gaussian curvature problem

For a long time, conformal changes of metrics, i.e. angle preserving transformations of
metrics, have played an important role in the theory of surfaces in the three-dimensional
Euclidean space. A famous result is the uniformization theorem.

Theorem 1.4.1 (Uniformization theorem). Let M be a compact manifold of dimension
2 without boundary. Given any metric g on M, there exists a metric g which is pointwise
conformal to g and has constant Gauss curvature.

This result provides a classification of two-dimensional surfaces and allows one to relate
topological questions with differential geometric ones. The theory of surfaces formed the
basis for developing the Riemannian differential geometry. In this field, an important and
natural question is to describe the set of curvatures that a given manifold can possess.
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In the case of 2-dimensional manifolds, there is essentially only one notion of curvature.
This problem then reduces to describing the set of Gaussian curvature functions.

Two metrics g and g on a manifold M are said to be pointwise conformal (or conformal
for short) if there exists a smooth function u : M — R such that § = e*g. When M is
two-dimensional, the Gaussian curvature of the metric g is given by the formula

Kg = e*“(—Agu + Kg),

where A, = div, V, denotes the Laplace-Beltrami operator relative to the metric g. In
this case, the above question can be written as the prescribed Gaussian curvature problem
(with conformal change of metric): Given a metric g, which smooth functions h : M — R
can be realized as the Gaussian curvature Kj of a metric g conformal to g7 We are then
led to solving the nonlinear elliptic equation

(6) —Ayu+ K, =he" on M.

Note that the uniformization theorem is equivalent to the solvability of this equation in
the special case h = k, for some k € R.

The Gauss-Bonnet theorem imposes a condition on h in terms of the topology of the
manifold. This theorem asserts that

/ hdpg = 2mx (M),
M

where dp; denotes the element of area with respect to g and x (M) is the Euler charac-
teristic of M. One deduces that

e if x(M) > 0 then h must be positive somewhere,
e if x(M) =0 then h must change sign or h =0,
o if x(M) < 0 then h must be negative somewhere.

Necessary and sufficient conditions for existence of solutions to @ can be found in the
classical references [KW74,|CY87]. Concerning the structure of the set of solutions to @,
there is little known.

During my master thesis, in a joint work with Manuel del Pino, we studied the case
X(M) < 0, corresponding to manifolds of genus greater than 1. By the uniformization
theorem we may assume that g has constant Gauss curvature K,, which in our case is
strictly negative.

This problem has a variational structure. One can easily show that if h < 0, h #Z 0
then @ has a unique solution, which corresponds to the unique minimizer of the energy.
Thus, it remains to investigate the case when h changes sign. The implicit function
theorem yields that the energy admits a relative minimizer if h changes sign and max,; f
is not “too large”. In particular, this holds for any smooth function hy := h + A2, where
h is a non-constant function with maxy; h = 0 and A > 0 is a small parameter. Ding and
Liu [DL95] proved that for any A > 0 small the equation

(7) —Ayu+ K, = hye" on M,
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namely (6) with 7 = h,, admits at least two solutions, one of which is bounded as A — 0
while the other blows-up. However, this result gives no information about the geometric
shape of the solutions.

Borer, Galimberti, and Struwe [BGS15|, using variational methods and a concentration
compactness argument, recently gave a new proof of the above result. In addition, they
established that blowing-up of the family of large solutions occurs only near the points of
maxima of h and their associated metrics exhibit bubbling behavior, namely Euclidean
spheres emerge around some of the zero-points of h. Inspired by this work, by matched
asymptotic expansion, in [dPR15] we constructed families of spherical bubbling metrics.
We substantially clarified the structure of the set of large solutions of (7)), by using a
finite dimensional Lyapunov-Schmidt reduction that yields both multiplicity and accurate
estimates of their blowing-up behavior.

Theorem 1.4.2 (del Pino and Romén [dPR15]). Let py, ..., p, be points such that h(p;) =
0 and D*h(p;) is negative definite for each i. Then, there exists a family of solutions uy
to such that, as X — 0,

Me'™ — 87 Z Op,
i=1

and uy — G uniformly in compacts subsets of M\ {p1,...,pn}, where G is the nonlinear
Green’s function solution to

-AGH+ K, = h6G+87rZ(5pi on M.

i=1

1.4.2 The prescribed scalar curvature problem

In 1960, Yamabe [Yam60| conjectured the following generalization of the uniformization
theorem.

Theorem 1.4.3 (Yamabe problem). Let M be a compact manifold without boundary of
dimension n > 3. Given any Riemannian metric g on M, there exists a metric g which
1s conformal to g and has constant scalar curvature.

The scalar curvature is the complete contraction of the curvature tensor and represents
the amount by which the volume of a small geodesic ball in a Riemannian manifold
deviates from that of the standard ball in Euclidean space. In 2D, the scalar curvature
is twice the Gaussian curvature. Yamabe attempted to solve this problem, but his proof
contained an error. This theorem was proved by Aubin [Aub76a], Trudinger [Tru68|, and
Schoen [Sch84]. We refer the interested reader to the survey by Lee and Parker [LP87],
for further material and references on this topic.

The generalization of the prescribed Gaussian curvature problem is the prescribed
scalar curvature problem (with conformal change of metric): Given a metric g, which
smooth function h : M — R can be realized as the scalar curvature R; of a metric g
conformal to g7
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When M is n-dimensional, with n > 3, the scalar curvature R; of a metric g = €"g,
i.e. conformal to g, is given by the formula

Ry=e"(—2(n—1)Ap — (n—1)(n—2)|Vyo]> + Ry),

where A, denotes the Laplacian and V, the covariant derivate relative to the metric g.

By making the substitution e’ = uﬁ, for some smooth function v > 0, we find the
simplified identity

_n+42

Ry == (—c(n) " Agu+ Ryu) ,

n—2

where ¢(n) = pICEmE

We are then led to solving the nonlinear problem

n+2

(8) —Agu+c(n)Ry = c(n)hun—2, u >0 on M.

We note that the Yamabe problem corresponds to the special case h = k, for some k € R.
Theorem [I.4.3] allows us to assume that R, is a constant. An exhaustive list of known
results about is given in the book by Aubin [Aub98|. We also refer the reader to the
pioneer work by Kazdan and Warner [KW75].

Following [dPR15|, we focus our attention on the case of prescribing a function of the
form hy := h + A2, where h € C*(M) and X\ > 0 is a small parameter. Namely, we study
the problem

9) —Agu+c(n)Ry = c(n)h,\u%g, u>0 on M.

In collaboration with Angela Pistoia, we studied this equation in [PR17]. As in the 2D
case, our objective is to give some clarity in understanding the set of solutions to @ We
next present two results. First, without any assumption on the sign of R,, we prove that
this equation admits at least two solutions. To state our result, we need to introduce two
hypotheses on the function h. Roughly speaking, the conditions are the following (for the
detailed assumptions needed, we refer the reader to Chapter [1| of Part .

e Global condition: There exists a non-degenerate solution uy to (9) when A = 0.

e Local condition: The function h admits a suitable critical point & on M such that
h(§) = 0 and which is not a local minimum.

We observe that, under the global condition, it is easy to prove that if A is small enough
then ([9) has a solution ug € C*(M) such that ||ugx — uollc2(ar) — 0 as A — 0. Our first
result concerns the multiplicity of solutions to @ Roughly speaking, we show that, under
the global and local conditions above, this equation admits a second solution uy € C?(M)
of the form ugy plus a standard n-dimensional bubble properly scaled and centered close
to €.

Theorem 1.4.4 (Pistoia and Roman [PR17]). Assume that the global and local conditions
above hold. If suitable conditions on the dimension n, the manifold M, and the critical
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point & of h are satisfied then, provided X is small enough, there exists a solution uy to
problem @ which blows-up at the point & as A — 0. Moreover, as A — 0, we have

n—2

2\ 2
) — 0,

H} (M)

dg(‘rv f)\)

ux(z) — up(x) — Ozn)\_nTﬂpd,\_anz <1 +
Hex

where the concentration point £, — &£, the concentration parameter py — 0, and a(n) =

(n(n —2))"7.
This is the first multiplicity result for @ when R, > 0 and extends a previous result
by Rauzy [Rau96] when R, < 0.

Our second result concerns the existence of solutions to problem @ when R, > 0,
without need of the global condition above. The solution constructed here looks like a
standard n-dimensional bubble properly scaled and centered close to &.

Theorem 1.4.5 (Pistoia and Roméan [PR17]). Assume that the local condition above
holds. If suitable conditions on the dimension n, the manifold M, and the critical point &
of h are satisfied then, provided \ is small enough, there exists a solution uy to problem
@ which blows-up at the point & as A — 0. Moreover, as A — 0, we have

2

2\ ~ "7
) — 0,

H} (M)

dg(.l', f)\)

up(z) — Ozn)\_anQpJ,\_an2 <1 +
Hx

where the concentration point 5 — £ and the concentration parameter py — 0.
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The Ginzburg-Landau model of
superconductivity
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Chapter 1

3D vortex approximation
construction and e-level estimates
for the Ginzburg-Landau functional

Abstract

In this chapter, which is based on [Romal, we provide a quantitative three-dimensional
vortex approximation construction for the Ginzburg-Landau energy. This construction
gives an approximation of vortex lines coupled to a lower bound for the energy, optimal
to leading order, analogous to the 2D ones, and valid for the first time at the e-level.
These tools allow for a new approach to analyze the behavior of global minimizers for
the Ginzburg-Landau functional below and near the first critical field in 3D, followed in

Chapter [2]
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1.1 Introduction

We are interested in studying the full Ginzburg-Landau functional with applied magnetic

field . . .
GL(u, A) = = [ [Vaul* + — (1 — |ul*)® —/ H — Hy |
() = 5 [ 19w+ 50 = P+ 5 [ 1 = Ho?,

which is a model for superconductors (in a magnetic field). Here, €2 is a bounded domain of
R3, that we assume to be smooth and simply connected, u : Q — C is the order parameter
indicating the local state of the material (normal or superconducting), A : R?* — R3 is
the electromagnetic vector potential of the magnetic field H = curl A, H,, : R® — R3 is
a given external (or applied) magnetic field, and ¢ > 0 is the inverse of the Ginzburg-
Landau parameter, a material constant. We will be interested in the regime of small ¢,
corresponding to extreme type-II superconductors. The notation V 4 denotes the covariant
gradient V — i A.

An essential feature of type-I1 superconductors is the occurrence of vortices (similar
to those in fluid mechanics, but quantized) in the presence of an applied magnetic field.
Physically, they correspond to normal phase regions around which a superconducting
loop of current circulates. Since u is complex-valued, it can have zeroes with a nonzero
topological degree. Vortices are then topological defects of co-dimension 2 and are the
crucial objects of interest in the analysis of the model.

We introduce the Ginzburg-Landau free energy

1 1
F.(u,A) = 5 /Q |V qul? + 2_€2<1 — [u®)? + | curl AJ.

This functional is closely related to the simpler Ginzburg-Landau model without magnetic
field

1 1
Buw) = 5 [ [V + 5500 = o)’

Since the work by Bethuel, Brezis, and Hélein [BBH94], these functionals and the asso-
ciated vortices have been extensively studied in the mathematics literature. As a result,
the 2D situation is well understood. We refer the reader to the book by Sandier and Ser-
faty [SS07] and references therein for a detailed and exhaustive list of results in this case.
Conversely, many questions remain open in 3D, in particular obtaining all the analogues
of the 2D results contained in [SS07]. This is due to the more complicated geometry of
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the vortices in 3D: they are lines with a priori no regularity, and have to be understood
in the framework of currents and using geometric measure theory.

When the applied magnetic field is taken to be zero, its effect can be replaced with
the prescription of some vorticity on the boundary of the domain. In this case, Riviere in
[Riv95| was the first to study the asymptotic behavior of minimizers as ¢ — 0 in the 3D
setting. Using an n-ellipticity result, he identified the limiting one dimensional singular
set with a mass minimizing current, which corresponds to a minimal connection. This
concept was introduced and shown to satisfy a calibration property in the work by Brezis,
Coron, and Lieb [BCL86]. A new approach by Sandier in [San01], combined this property
with a suitable growing-ball procedure to obtain the same result of Riviere in 3D and
extend it to higher dimension. We refer the interested reader to [LR99,[BBO01}|LRO1,
JS02, BBM04,|ABO05,/SS17] for further results in dimensions 3 and higher, in the case
the external magnetic field is zero.

The key in Ginzburg-Landau analysis has proven to be a vortex ball construction
providing both approximation of the vorticity and lower bound. In 2D done in [San98,
Jer99,|SS07]. In 3D started by [ABOO05,BJOS12| but not quantitative.

1.1.1 e-level estimates for the Ginzburg-Landau functional

The full Ginzburg-Landau model is known to be an U(1)-gauge theory. This means that
all the meaningful physical quantities are invariant under the gauge-transformations

u—ue®, A— A+VO,

where ® is any smooth real-valued function. The full Ginzburg-Landau energy and the
free energy are gauge-invariant, as well as the density of superconducting Cooper pairs
|ul?, the induced magnetic field H, and the vorticity, defined, for any sufficiently regular
configuration (u, A), as

p(u, A) = curl(iu, V gu) + curl A,

where (-,-) denotes the scalar product in C identified with R? i.e. (a,b) = 2t This
quantity is the gauge-invariant version of the Jacobian determinant of u, and is the ana-
logue of the vorticity of a fluid.

To analyze the vortices, people have been developing tools, in particular the ball
construction method and Jacobian estimates. The first one was introduced independently
by Jerrard [Jer99] and Sandier [San9§|. It allows one to obtain universal lower bounds
for two-dimensional Ginzburg-Landau energies in terms of the topology of the vortices.
These lower bounds capture the known fact that vortices of degree d cost at least an
order 7|d| logi of energy. The second tool, that has been widely used in the analysis
of the Ginzburg-Landau model in any dimension after the work by Jerrard and Soner
[JS02], is the Jacobian (or vorticity) estimate. This estimate allows one to relate the
vorticity p(u, A) with Dirac masses (supported on co-dimension 2 objects), which in 2D
are naturally derived from the ball construction method.

Optimal versions of these results in 2D can be found in [SS07]. These tools are known
to work at the e-level and therefore to play a crucial role in the study of the behavior of
global minimizers for G L. in different regimes of the applied field in 2D. This analysis was
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performed by Sandier and Serfaty in a series of papers (see [SS00alSS00b,SS03][SS00c]).
To do a similar analysis in 3D, analogous tools are needed.

Through a procedure based on slicing of currents, 3D Jacobian estimates and lower
bounds were proved in [JS02| and [SS04]. Alternatively, a suitable application of the
Federer-Fleming polyhedral deformation theorem was used in [ABOO05| and [BJOS12| to
obtain results of the same type. The lower bounds provided in these works are valid only
in the limit ¢ — 0 and therefore they are not sufficient for our purposes, because they
cannot be made e-quantitative.

In this chapter we present a new 3D vortex approximation construction based on
a 2D vorticity estimate and on minimal connections. More precisely, for configurations
(ue, Ae) whose free energy satisfy a suitable upper bound, we consider a grid of side-length
d = d(e). If appropriately positioned, the grid can be taken to satisfy that |u.| > 5/8
on every edge of a cube. Then a 2D vorticity estimate implies that the restriction of
p(ue, Ae) to the boundary of every cube is well approximated by a linear combination
of Dirac masses. Using minimal connections, we connect the points of support of these
measures. Finally, by considering the distance

doo(z,y) = min{ |z — yl,d(z,0Q) + d(y,0Q)},

we construct our approximation close to 02, using minimal connections defined in terms of
daq. This process yields a closed polyhedral 1-dimensional current v., or, more precisely,
a sum in the sense of currents of Lipschitz curves, that approximates well the vorticity
p(ue, Az) in a suitable norm.

This is the first 3D construction which is at the e-level and yields optimal estimates
analogous to the 2D ones. The following is our main result.

Theorem 1.1.1 (e-level estimates for Ginzburg-Landau in 3D). Assume that 02 has
strictly positive Gauss curvature at every point. For any m,n, M > 0 there exist C,eq > 0
depending only on m,n, M, and 09, such that, for any € < &, if (u., A.) € H*(,C) x
H'(Q,R3) is a configuration such that F.(u., A.) < M|loge|™ then there exists a polyhe-
dral 1-dimensional current v. such that v,/ is integer multiplicity, Ov. = 0 relative to €2,
supp(v.) C S, C Q with |S,.| < C|loge|™™ 7!, where s := max (n, 231=2),

(1.1)

1

1 1 1 1 C
= /SDE |V 4 uc|® + 2_52(1 — |ue?)? + | curl A|? > 5\1/5](9) (logg — C'log log E)

 Jloge|®’

2

and for any v € (0,1] there exists a constant C., depending only on v, m,n, M, and 02,
such that we have
C. | log g[m1=7)

| log |+

(1.2) l11(te; Ac) = vell o () <

Notation and definitions of the objects and spaces involved in this result can be found
in the preliminaries (see Section [1.2).

This theorem also holds when we only assume that 92 is C2, but the proof presented
here uses the additional technical assumption that 02 has strictly positive Gauss curvature
at every point. A word about the proof in the general case can be found in the Appendix.
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Remark 1.1.1. Alternatively the constants C' and C., appearing in the previous theorem
can be expressed in terms of the free energy F.(u., A:) of the configuration (u., A.) and a
length 6 = 0(g), which measures how “close” u.(u., A.) is to v, and which is a parameter
of the construction (the side-length of the aforementioned grid). This will be done in the
rest of the chapter.

In future work we hope to be able to extend this result to configurations (u., A.)
satisfying a less restrictive upper bound of the kind: F.(u., A.) < e~7 for some v € (0, 1).

The following result can be stated for a general bounded simply connected domain €2
with Lipschitz boundary.

Theorem 1.1.2. For any m,n, M > 0 there exist C,e9 > 0 depending only on m,n, and
M, such that, for any e < e, if (ue, A.) € H'(Q,C) x H'(Q,R?) is a configuration such
that F.(u., Ac) < M|loge|™ then, letting s = max (n, W) and defining

Q. ={x€Q|dx,000)>2loge| ™1},

there exists a polyhedral 1-dimensional current v, such that v, /7 is integer multiplicity,
Ov. = 0 relative to Q, supp(v.) C S,. C Q with |S,.| < C|loge|™™ 571,

1

1 1 1 1
- /SVE |VA€u5|2+2—52(1—|u5|2)2+|cur1A5|2 > §|1/€|(QE) <logg — Cqloglog g> G

2 " Jloge[®
and (L.2) holds true in the space Cy" (Q)x instead of C3"x, for~ € (0,1] and for constants
C and C.,, as in Theorem|1.1.1].

As a direct consequence of our main result, we recover and improve within our work
setting, a well known result concerning the convergence as ¢ — 0 of the vorticity of families
of configurations whose free energy is bounded above by a constant times a power of | log ¢|.

Results of the same kind can be found in [JS02,JMS04} 5S04,/ ABO05,BJOS12].

Theorem 1.1.3. Assume that OS2 has strictly positive Gauss curvature. Let {(uc, Ac)}«
be a family of configurations of H*(2,C) x H'(Q,R3) such that F.(u., A.) < M|loge|™
for some m >1 and M > 0. Then, up to extraction,

plue, Ac) . , *
llogepn1 4 M

for any v € (0,1], where u is a 1-dimensional current such that p/7 is integer multiplicity
and O = 0 relative to Q. If m =1 then p is in addition rectifiable. Moreover,

lim inf Fe(ue, Ae)

—_ = > Q).
mint o > ()

1.1.2 Application to the full Ginzburg-Landau functional

The behavior of global minimizers for GL. is determined by the strength of the external
magnetic field H,,. This model is known to exhibit several phase-transitions, which occur
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for certain critical values of the intensity of H.. In the next chapter, we analyze the
so-called first critical field, usually denoted by H.,. The first critical field is defined by
the fact that below H., minimizers of the full Ginzburg-Landau functional do not have
vortices, while they do for applied fields whose strength is higher than H,,.

Let us assume that H, € L2 _(R3 R?) is such that div He, = 0. Then, there exists a

loc
vector-potential A., € H. (R3 R3) such that

curl Aey = Hoy, divAee =0in R® and A - v =0 on 05,

where hereafter v denotes the outer unit normal to 02. We remark that the divergence-
free assumption is in accordance with the fact that magnetic monopoles do not exist in
Maxwell’s electromagnetism theory.

Let us introduce the space

Hewy i= {A € HL (R* R?) | curl A € L*(R? R?)}.

The functional GL.(u, A) is well defined for any pair (u, A) € H(,C) X [Aex + Heun]-
We have the following result.

Corollary 1.1.1. Theorem [1.1.1] holds true if the hypothesis that (ue, A.) € H*(Q,C) x
H'(Q,R3) is a configuration such that E(u., A.) < M|loge|™ is replaced with the assump-
tions that (u., A.) € HY(Q,C) X [Aex + Hewnl] 48 @ minimizing configuration for GL. and
that [ |Hex|> < M|loge|™.

By observing that
1
F.(u,A) < GL.(u, A) + 5/ | Hoy |?
Q

and that

inf GL.(u, A) < GL.(1, A,,) — / Al < c/ Ho
Q [9]

(u,A)GHl (Q,C) X [Aex"!‘chrl]

for a universal constant C', the corollary immediately follows from our main theorem.

In future work we will present a quantitative three-dimensional version of the product-
estimate for Ginzburg-Landau proved by Sandier and Serfaty in [SS04], which will be
applied to the situation of Ginzburg-Landau vortex dynamics.

1.1.3 A word about the proof of the main result

Since our construction ensures that (the restriction of) the vorticity is well approximated
on every boundary of a cube of the grid, and because it is made at a small scale §, the
2D vorticity estimate shown in Section yields that v, is a good approximation of the
vorticity in 3D.

The subtle point of the proof is then to obtain a lower bound for the free energy at the
e-level. Here is where minimal connections play a role. The idea of obtaining lower bounds
for Ginzburg-Landau energies via the use of minimal connections was first introduced in
[San01]. When trying to apply this kind of method to obtain lower bounds for the full
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functional, the main obstacle that as soon as the external magnetic field is of the order
of the first critical field, the number of vortices is a priori unbounded as ¢ — 0. The
main challenge in getting a lower bound that works at the e-level is thus to keep track of
the dependence of all the estimates on € and ¢, keeping into account that the number of
vortices may be unbounded.

Our method goes as follows: The choice of grid allows us to show that the restriction
of the vorticity to the boundary of a cube € can be well approximated by

k k
2 (Z Op = > 5%) :
=1 =1

where the points p;’s are the (non-necessarily distinct) positive singularities and the points

n;’s are the (non-necessarily distinct) negative singularities. We remark that the number

of points and their locations depend on ¢ and that (a priori) it may blow up as € — 0.
It is well known (see [BCL86]) that there exists a 1-Lipschitz function ¢ such that

k k

Y ) =Y Cni) = L),

i=1 =1

where L(<7) is the length of the minimal connection associated to the configuration of
points &/ = {p1,...,pk,N1,-.., Nk} Since |V(| < 1, the co-area formula gives

/W er(us) > /g . (u2)|VC] > /tGR /2 ),

where e.(u.) = |Vu|? + 51— |u?)? and X, = {( =t} NE.

2 42
At this point, a vortex ball construction on a surface is necessary. Roughly speaking,
if ; is nice enough and |u.| > 1/2 on 0%, then the 2D ball construction estimate would

give us
1
/ . (u)dH2 > mdeg(u. [, O5) <log ~~Olog| 10g€|)> |
3¢
It turns out that, for most t’s, we have

deg(ue/|uc|, 0%;) = #{i | C(pi) >t} — #{i [ C(ni) > 1}

By noting that
k
/ A1) > 8 = #{i ] C(n) > Bt = 3¢ = Y ¢n) = L) ~ o |w](6),
te i=1 ‘
we are led to

1 1
/ ec(ue) > §|VE|(C€) (log — — O(log| log 5|)) + small error.
(g 8

Unfortunately, we cannot really use the function ¢ in the previous argument, because its
regularity is not sufficient to apply the ball construction on most of its level sets. To
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bypass this issue, we construct a smooth approximation of this function. The difficulties
appear when trying to control the errors involved in the previously described method,
because a quantitative bound on the second fundamental form of most of the level sets of
our smooth approximation of the function ( is needed.

In a similar but more involved way we can obtain a lower bound close to the boundary
of the domain. We point out that our technical assumption on 92 comes into play when
we smoothly approximate the function (¢ for dyo. When we only assume that the domain
has a C? boundary then this argument needs to be modified (see the Appendix).

1.1.4 Outline of the chapter

The chapter is organized as follows: in Section [1.2| we introduce some basic objects and
spaces that are used throughout the chapter, we recall some facts from the theory of
currents and differential forms, and we describe the choice of grid.

In Section [1.3]| we provide the ball construction method on a surface, which is one of
the key tools used to obtain the lower bound for the free energy.

In Section [1.4] we show a 2D vorticity estimate. The main difference with classical
result of the same kind is the space in which we prove this result.

In Section [1.5| we start by reviewing the concept of minimal connection. Then, we
introduce the function ¢ and the function ( for dsq, and state two technical propositions
concerning a suitable smooth approximation of these functions. Finally, we present our
3D vortex approximation construction.

Section [1.6] is devoted to the proof of a lower bound for the energy without magnetic
field in the union of cubes of the grid, while in Section we provide a similar estimate
near the boundary of the domain. In these proofs we crucially use the results of Section
L3l and Section L5l

In Section (1.8 we present the proof of Theorem [I.1.1} which uses the lower bounds
obtained in Section [I.6] and Section [1.7], as well as the 2D vorticity estimate shown in
Section T4l

In Appendix we construct a suitable smooth approximation of the function (. We
do the same in Appendix for the function ¢ for dsn. These are the most technical
parts of the chapter.

1.2 Preliminaries

It is useful to introduce certain concepts and notation from the theory of currents and
differential forms. We recall that in Euclidean spaces vector fields can be identified with
I-forms. Indeed, the vector field F' = (F,,, F,,, F,,) can be identified with the 1-form
F, dxy + F,,dxs + F,,dx3. We use the same notation for both the vector field and the
1-form.

It is also convenient to recall that a vector field F' satisfying the boundary condition
F x v =0 on 09 is equivalent to a 1-form F' such that Fr = 0 on 0€2. Here Fr denotes
the tangential component of F' on 0f2.
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We define the superconducting current of a pair (u, A) € H*(Q2,C) x H'(£2,R3) as the
1-form

3
Jlu, A) = (iu,dau) = Z(zu, Okt — 1 Agu)dxy.

k=1

It is related to the vorticity p(u, A) of a configuration (u, A) through
(1.3) p(u, A) = dj(u, A) + dA.

Thus u(u, A) is an exact 2-form in © acting on couples of vector fields (X,Y) € R? x R?
with the standard rule that dx; A dz;(X,Y) = X;Y; — X,Y,. It can also be seen as a
1-dimensional current, which is defined through its action on 1-forms by the relation

(s, A) () = / i, A) A 6.

Q

We recall that the boundary of a 1-current T relative to the set €2, is the O-current 0T
defined by

IT(¢) = T(do)

for all smooth compactly supported O-form ¢ defined in 2. In particular, an integration
by parts shows that the 1-dimensional current p(u, A) has zero boundary relative to €.
We denote by |T'|(2) the mass of a 1-current 7" in €.

For a € (0, 1] we let C%*(2) denote the space of 1-forms ¢ such that ||@||co.«(q) < co.
Co™(€) denotes the space of 1-forms ¢ € C%*(2) such that ¢ = 0 on 9, while C>*(Q)
denotes the space of 1-forms ¢ € C%*(Q) such that ¢ = 0 on 9S2. The symbol * is used
to denote their dual spaces.

We next recall the definition of topological degree.

Definition 1.2.1. Let ¥ be a complete oriented surface in R3. If © C X is a smooth
domain, and the map u : X — C does not vanish on 00, we can define the degree
deg(u/|ul,00) of u restricted to 9O to be the winding number of the map u/|u| : 00 — S*.

We observe that, because X is assumed to be oriented, 0O carries a natural orienta-
tion. In the case that 0O is not smooth, the topological degree can still be defined by
approximation.

Throughout this chapter |X| denotes the Lebesgue measure of the set X and H¢
denotes the d-dimensional Hausdorff measure, for d € N. When meaningful, we sometimes
use the notation

F.(u,A,0) = /

ec(u, A)dH?, E.(u,0) ::/eg(u)d”HQ,
o o

with e (u, A) 1= §|Vaul> + 22 (1 — [ul?)? + [curl A]%, e.(u) := §|Vul? + 22 (1 — ul?)?.
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Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

1.2.1 Choice of grid

Let us fix an orthonormal basis (eq, €2, e3) of R?* and consider a grid & = &(a, R, ) given
by the collection of (closed) cubes 4; C R? of side-length § = §(¢) (conditions on this
parameter are given in the lemma below). In the grid we use a system of coordinates with
origin in a €  and orthonormal directions given by the rotation of the basis (ej, g, €3)
with respect to R € SO(3). From now on we denote by f; (respectively ) the union
of all edges (respectively faces) of the cubes of the grid. We have the following lemma.

Lemma 1.2.1 (Choice of grid). For any v € (0,1) there exists a rotation Ry(7y) € SO(3)
and constants co(7y), c1(y) > 0, 60(2) € (0,1) such that, for any e, > 0 satisfying

1— 1—
57"/ S Co and 0167"/ S ) S 507

if (ue, A.) € HY(Q,C) x HY(Q,R?) is a configuration such that F.(u., A.) < &7 then
there exists b. € Q0 such that the grid &(b., Ry, ) satisfies

(1.4a) u.| > 5/8  on R, (S(b., Ro,8)) N,

(1.4b) / . (e, A)dH! < C5F(u., A.),

R (@(bg,Ro,é))ﬂQ

(1.40) / (e, A)AH? < C5VF.(u., AL),

R2(6(be,Ro,d))NN
where C s a universal constant.

Proof. First, let us observe that, by the Cauchy-Schwarz inequality and the co-area for-
mula, we have

1
W0 A) 2 [ [Vl + 50 Py
Q

/ Vue|[(1 — |ue|?)
Q €

|
_ /:: ( /{ - (1;—’52>d%2> dt

Define T := {t € [5/8,3/4] | Area({|u.| = t}) < e°} for @ := 52, From the previous
estimate we deduce that

>

IT| >1/8 = Ce' " “F.(u., A.),

where hereafter C' > 0 denotes a universal constant that may change from line to line. It
is easy to check that there exists a constant co(y) > 0 such that |T'| > 0 for any £ > 0

satisfying e < ¢p.
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1.2. Preliminaries

We observe that by integral geometry formulae (see for instance [Lanl5,[San04]), for
any t € [0,3/4], we have

sveal{u =) =c [ [ #({ul =0} 0 Lny 0 Q) dLIL(R),
ReSO(3) heR3

where Lp, is the rotation with respect to R € SO(3) and the translation with respect to
h € R of a fixed line L in R, #(A) denotes the number of points of the set A, and c is
a constant depending only on the dimension of the euclidean space.

We fix a point a € Q and choose dy = do(2) € (0,1) such that {a + [0,d]*} C Q for
any 0 < § < dg. Observe that, up to an adjustment of ¢, we have

Area({|u.| = t}) = g / / # ({lue| = £} N (S(b, R,0)) N Q) dL(b)AL(R).
ReSO(3) be{a+][0,0])3}
Fix ty € T and define
Go:={(R,b) | Re SO3), be{a+0,6}, {ju| =to} NR(S(b, R, 5) # 0}

By noting that

5 5
Gol < ~Area({lu:| = to}) < %

we deduce that there exists a fixed rotation Ry € SO(3) such that
By i={be{a+[0,0P} | {uc| = to} N R1(S(b, Ro,6) # D}

satisfies | Br| < Cde®.
We observe that, for any b € {a + [0,5]3} \ Br,

either |uc| >ty or |uc| <to on MR (B(b, Ry, 0d))NQ.

We let
Brri={be {a+[0,6}\ By, {|uc| < to} NR1(&(b, Ry, ) # 0}

and observe that, for every b € By, we have (1 — |u.|?) > (1 — t2). This implies that
i< [ / e2 (e, AJAH'AL(B) < Fu(u., AL)
bEBIT %1 @(b Ro, 5

and thus |Bj;| < Ce*F.(u., A.).
Now, we define Byyoq := {a+ (0,6} \ (B; U Byz). Observe that

| Byood| > 6% — C(de™ + &77)

and that there exists a constant ¢; > 0 such that |Byeq| > 0°/2 for any e, > 0 satisfying
c1e2 < 6. Moreover, for any b € Bygood, we have

|U6| >ty on 9‘{1(@5(()7 Ro, (5)) N €.

35



Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

Next, using a mean value argument we choose b = b, € B4 in such a way that

/ ee(te, A)dH" < C6" 3 F.(u., A,) forn=1,2.

R (B(be, Ro,6))NQ2

First, by [ABO05, Lemma 8.4] there exists b. € Byooq such that, for n =1, 2,

(e, Ac)dH"™ < / / ec(ue, Ac)dH"dL(D).
| Byood|

Rn (@(bg,R(h(S))ﬂQ Bgood mn(cﬁ(byROﬁ))mQ

Second, arguing as in the proof of [ABOO05, Lemma 3.11], we have

1 —n n
5 / 5 / e-(ue, Ac)dH"dL(b) = CF (u., A;) forn=1,2.
{a+[0,63} R (6 (b,Ro,5))N9

Then, we deduce that

63
[ e agi < O A) T2
R (6 (be,R0,0))NQ good

Recalling that |Byeea| < 6°/2, the lemma follows. O

From now on we drop the cubes of the grid &(b., Ry, d), given by Lemma [1.2.1] whose
intersection with R? \ Q is non-empty. We also define

(1.5) O =0\ Uges? and 00 =0 (Uges@) .

Observe that, in particular, 00 = 9® U 0f).

We remark that &(b., Ry, d) carries a natural orientation. The boundary of every cube
of the grid will be oriented accordingly to this orientation. Each time we refer to a face
w of a cube €, it will be considered to be oriented with the same orientation of 0%¢. If
we refer to a face w C 08, then the orientation used is the same of 0.

1.3 The ball construction method on a surface

In this section we use the method of Jerrard introduced in [Jer99] in order to construct
balls containing all the zeros of v on a surface. This allows us to obtain a lower bound
for the energy without magnetic field. The construction given here follows the one made
by Sandier in [San01] that corresponds to an adaptation of the method of Jerrard. The
following is the main result of this section, which is an extension of [San01, Proposition
3.5].

Proposition 1.3.1. Let S be a complete oriented surface in ]1@3 whose second fundamental
form is bounded by 1. Let ¥ be a bounded open subset of X. For any m,M > 0 there
exists eg(m, M) > 0 such that, for any € < o, if u. € H'(Z,C) satisfies

(1.6) E.(us, %) < M|loge|™
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1.3. The ball construction method on a surface

and
if 9(x,0%) < 1,

DO | —

u(z)] =

where 0(+,-) denotes the distance function in S, then, letting d be the winding number of
ue/|ue| : 0% — S and M. = E.(u.,Y), we have

1
E.(us, %) > w|d| (log— — log ME) :
5
To prove Proposition we follow almost readily the proofs of [Jer99] and [San01].

1.3.1 Main steps

Let us define the essential null set Sg(u.) of u. to be the union of those connected
components U; of {z | |u-(z)| < 1/2} such that deg(u./|uc|,U;) # 0.

In the rest of this section each time we refer to a ball B of radius r we mean a geodesic
ball of radius 7 in 3.

First, we include Sg(u.) in the union of well-chosen disjoint “small” balls B; of radii
r; > € such that

T
Ee €9 Bz Z _Zv
(ue, Bi) 2

where the constant C' does not depend on the second fundamental form of > when it is
assumed to be bounded by 1. This is possible according to the following lemma.

Lemma 1.3.1. Under the hypotheses of Proposition there exist C,rg > 0 such that,
for any € > 0, there exist disjoint balls By, ..., By of radii r; such that

L.rp>¢e forallie{l,... k}.
2. Sg(u) CU;B; and B;N Sg(u) # 0 for alli € {1,...,k}.

3. Forallie{l,... k},
min{r;, o, 1}

EE EaBimZ Z
(u ) e

The proof then involves dilating the balls B; into balls B! by combining them with
annuli. A lower bound for E.(u., Bj) is obtained by combining the lower bound for
E.(u., B;) and a lower bound for FE.(u., B\ B;).

Lemma 1.3.2. Under the hypotheses of Proposition there exist C,eq,r9 > 0 such
that, for any 0 <& <s <r <o, if B;,B; C ¥ are two concentric balls and if Sg(ue) N
(B, \ Bs) =0 then, letting d := deg(u./|u.|,B,),

E.(ue, B\ B) > |d (Aa (m) A (W)) ,

where A, : Ry — R, is a function that satisfies the following properties
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1. A(t)/t is decreasing.
2. supyep, Ac(t)/t <1/(Ce).

3. If0<e<eggande <t<ry then

A(t) — Wlogé‘ <C.

By taking into consideration the following adaptation of [San01, Lemma 3.12], the
proofs of the previous two lemmas are straightforward modifications of the proofs of
[San01, Lemma 3.8] and of |[San01, Lemma 3.9)].

Lemma 1.3.3. Let Sy(x) denote the geodesic circle in % of radius t centered at © € X.
Under the hypotheses of Proposition there exist C,eg,79 > 0 such that, for any
x € X and for any e,t > 0 satisfying € < g9 and € <t < ro, if |us| <1 on Si(x) then

+ —m)C
E.(ue, Sy(z)) > mm? <|;i| — C> + %,

where m := inf |u.(y)| and
YyES

d- { deg(u/|u., Si(x)) m #0
0 m = 0.

Proof. By observing that the constants rg, 7, and C involved in (B.8), (B.9), and (B.12) in
the proof of [San01, Lemma 3.12] can be chosen independently of the second fundamental
form of 3 when it is assumed to be bounded by 1, then the proof is verbatim the same
as that of [San01, Lemma 3.2]. O

Lemma and Lemma [1.3.2] allow one to prove the following result, whose proof is
a straightforward modification of the proof of [San01, Proposition 3.10].

Proposition 1.3.2. For any ¢ > 0, let {B;}; be the family of balls of radii r; given by

LemmalL.3.1 Let o
4 { deg(ue/|uc|,0B;) if B; C X

0 otherwise,

and . .

T i iy d)

Then, for any t > to, there exists a family of disjoint geodesic balls Bi(t), ..., Byw)(t) of
radii r;(t) in X such that

1. Sp(u) C U;B;(t) and Sp(u) N Bi(t) # 0 for alli € {1,...,k(t)}.

(with tg := +o0 if d; = 0 for every 7).

2. Foralli € {1,...,k(t)}, if Bi(t) C X then ri(t) > t|d;(t)|, where

dz<t> = deg(us/‘us‘a aBz(t))
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1.3. The ball construction method on a surface

3. Forallie{l,... k(t)},

A(t
E.(ue, B;(t) N %) > min{r;(t), o, 1}#
Proof of Proposition[1.3.1. We assume that d # 0, otherwise the result is trivial. Apply
Lemma [1.3.1} call the resulting balls By,..., Bg, and call rq,...,r; their radii. From

Lemma and ((1.6)), we have
min{r;, 7o, 1} < CeE.(us, B;NX) < CeM, < Celloge|™,

where throughout the proof C' = C(M) > 0 denotes a constant that may change from
line to line. We deduce that there exists go(m, M) > 0 such that, for any i € {1,...,k}
and for any ¢ < &,

(1.7) r; = min{r;, 79,1} < CeM. and r; <

N | —

Since ?(Sg(u.),0%) < 1 and B; N Sp(u.) # 0, we conclude that B; C ¥. Thus

k
(1.8) Zdeg(u5/|u€|, B;) =d#0.

As in Proposition let
T

0= min —.

{i | di70} |dy]
From and , we get that tg < CeM.. Fix a € (0,1). By reducing the constant
g9, we deduce that ty < M |loge|® for any € < g. Therefore, we may apply Proposition
witht = M| loge|®. This yields balls By(t), ..., By (t) with radii r;(¢) and degrees
d;(t) such that

t

t
min{r;(t),ro, 1} < Ec(ue, B;(t) N Z)As(t)'
From Lemma [1.3.2, we have
M1 o
ri(t) = min{r;(t), 7o, 1} < Mgﬂ < Clloge|* .

C|loge]

In particular, by possibly further reducing the constant o, we deduce that B;(t) C ¥ for
any ¢ € {1,...,k(t)} and for any £ < 9. Hence d = fol) d;(t). Then, from Proposition

1.3.2) r;(t) > t|d;(t)| and therefore
k(t)
Eo(ue, %) > Y |di()|A(1).
i=1
Since fol) |d;(t)] > |d|, Lemma implies that, for any € < &,

t 1
E.(u,X) > w|d| (log - — C’) > 7|d| (log — —log ME) :
€ €
The proposition is proved. O
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Corollary 1.3.1. Let ¥ be a complete oriented surface in R whose second fundamental
form is bounded by Q. = Q| logel|?, where q,Q > 0 are given numbers. Let 3 be a bounded
open subset of >. For any m, M > 0 there exists eo(m,q, M,Q) > 0 such that, for any
e < o, if ue € HY(X, C) satisfies

E.(u.,Y) < M|loge|™

and
if 9(x,0%) < Q- 1,

DN —

u(z)| >

where (-, -) denotes the distance function in %, then, letting d be the winding number of
ue/|ue| : 0% — St and M. = E.(u.,X) we have

1
e, ) 2wl (log : ~ log M.Q. )
g

Proof. Let us consider the transformation

Ue(y) = ue <é) fory € ¥, 1= Q.2.

We let . := Q.. Observe that, by a change of variables, we have
Es<u57 E) = Eé(azsa 25)7

where € := (Q).. It is easy to check that the second fundamental form of 3. is bounded
by 1. Then a direct application of Proposition shows that

1 1
Ea(u67 Z) = Eff(ﬂsa Ee) > 7T|d| (1Og g — log Ms) = 7T|d| (10g g — log MaQs)

for any 0 < € < g; = 9Q-!, where ¢ is the constant appearing in the proposition. O

1.4 A 2D vorticity estimate

Let w be a two-dimensional domain. For a given function u : w — C and a given vector
field A : w — R? we define

Jjlu, A) = (1w, Vau), pu, A) =dj(u, A) + dA.

We also let

P(wAw) = [

w

e-(u, A), Fe(u,A,ﬁw):/ e-(u, A)dH?,
Ow
where

1
2—82(1 — |ul?)? + | curl A*.

We have the following 2D vorticity estimate.

ec(u, A) = [Vaul” +
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1.4. A 2D vorticity estimate

Theorem 1.4.1. Let w C R? be a bounded domain with Lipschitz boundary. Let u : w —
C and A: w — R? be CY(W) and such that |u| > 5/8 on Ow. Let {S;}icr be the collection
of connected component of {|u(x)| < 1/2} whose degree d; = deg(u/|u|,dS;) # 0. Then,
letting r = ), ., diam(S;) and assuming e,7 < 1, we have

(1.9 |lulu, A) =27 " did,,

iel

< Cmax(e,r)(1 + Fo(u, A, w) + F.(u, A, 0w)),

CO,I(w)*
where a; is the centroid of S; and C' is a universal constant.

Proof. As in [SSO07, Chapter 6], we set x : R, — R to be defined by

x(x) =2z if z € [0, 3]
x(x)=1 if x € %,%
x(@)=1+2(z-3) ifze 3,2
x(z) == if z € [2,4+00).
We then set u : w — C by
N X(Ju

and let . )
J = (iu,dsu), p :=dj+dA.

Observe that |@| =1 and i = 0 outside of U;c;S;. We claim that
| (u, A) = fi| conwyr < Ce(Fe(u, A, w) + Fe(u, A, 0w)).

In fact, by integration by parts, for any function ¢ € C%!(w) we have

/a ¢ (j(u, A) - 5) - 0],

where ¥ is the outer unit normal to dw and zt = (=9, 7;) for any vector x = (1, z2).
Arguing as in [SS07, Lemma 6.2], we get

/w Clpulu, A) - ﬂ)‘ <

JGE e 3)\ "

[0+ tw) - )| < 19 [P 9,0
<31Vl [ 1= Jull V.l
< OVl Pl A,).

Since |@| =1 on Ow, a simple computation shows that

|j(u, A) —ﬂ <2(1 —|ul’) |[Vau| on dw.

By the Cauchy-Schwarz inequality, we find

/a ¢ (ju, A) - 7) -0+

< 2)/C e / (1= [uf?) |V 4u] dH!
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S CHCHCOJ(W)EFE(U, A, &,u)

Thus
| (u, A) = fi| corwys < Ce(FL(u, A, w) + Fe(u, A, 0w)),

for some universal constant C'. The proof then reduces to proving that

ﬂ — 27 Z di5ai

i€l

< Cmax(r,e)(1 + F.(u, A,w) + F.(u, A, Ow)).
CO,l(w)*

Let ¢ € C%'(w) and observe that

/wcﬂzz/sim:Z«ai)/

icl icl S

i+ [ €= i

iel

Since wherever || = 1 we have fi = d(iu, du), Stokes’ theorem yields

/ = / (tu, Vu) - 7 = 27d,.
S 985

ZC(%‘)/ i=2m> di¢(a;) ZZWZdz‘/wC(;ai

icl Si icl icl

Thus

We also observe that, since ( is a Lipschitz function, we have

[€(x) = C(ai)] < lI¢lloor @)l = ail <|C]|con ) diam(S;)

for all x € S;.
On the other hand, noting that

fi = 2(0,,1 — 1Ay, @) X (O, — 1Ay, @) + curl A,

we deduce that |g] < 2|V aul® + |curl A|. Then, letting F.(u, A, S;) = / e-(u, A), the
Si
Cauchy-Schwarz inequality gives

/ 7l <4 (Fulu, A, 8) + ISl Fau, A, 5 )
S

Observe that, by Jung’s theorem, we have |S;| < Cdiam(S;)?. Collecting our previous
computations, we find

> /S (C= L)

el

< C7||¢]|cor(wy (FE(U,A,W) + rFa(u,A,w)%> ,

Remembering that \/z < 1+ x, we get

[a-2¥a [ c.

i€l

< Crll¢]lcorwy (1 + Fe(u, A,w)).

This concludes the proof of (1.9). O
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1.4. A 2D vorticity estimate

Given a three-dimensional Lipschitz domain w C €2 contained in a plane, we let (s, t,0)
denote coordinates in R? such that w C {(s,¢,0) € Q}. We define u. := p.(u, A)[0s, 04,
and write fi., its restriction to w. Theorem immediately yields the following corol-
lary.

Corollary 1.4.1. Let v € (0,1) and assume that (u., A.) € H'(Q,C) x H'(Q,R3) is a
configuration such that F.(u., A:) < &7, so that, by Lemma m there exists a grid
& (b, Ry, 0) satisfying . Then there exist eo(7y) such that, for any ¢ < &9 and for
any face w C Ro(&(be, Ro,9)) of a cube of the grid &(b., Ry, ?), letting {Si. }icr, be
the collection of connected components of {x € w | |u-(x)| < 1/2} whose degree d;,, =
deg(u./|uel,0S;w) # 0, we have

ﬂs,w - 27T Z di,wdaiyw

1€l

<
CO:1(w)*

C' max(r,, ) (1 + / ec(ug, A)dH? —I—/

Ow

ee(ue, Ag)d”;’-[l) ,

where a;,, is the centroid of S, o =, diam(9S;,,), and C is a universal constant.

i€l

In view of the previous corollary it is important to find upper bounds for r,,, d; ., and
|I,,|. Prior to doing so let us recall the following result adapted from [Jer99).

Lemma 1.4.1. Under the hypotheses of Corollary[1.4.1], there exists eo(7) such that, for
any € < €g and for any face w C Ra(&(be, Ro,d)) of a cube of the grid &(b., Ro, ), letting
{Siw}icr, be the collection of connected components of {z € w | |u(x)| < 1/2} whose
degree d; ., # 0, we have

|d;w| < C/ |V 4 u.|?,
S’i,w

where C is a universal constant.

With the aid of the previous lemma we prove the following result.

Lemma 1.4.2. Under the hypotheses of Corollary there exists eo(7y) such that, for
any € < €g and for any face w C Ro(&(be, Ro,d)) of a cube of the grid &(be, Ry, d), letting
{Siw}icr, be the collection of connected components of {z € w | |u(z)] < 1/2} whose
degree d; ., # 0, we have

L < 3l <€ [ ecu A)an?

i€l
(1.10) Ty < C’s/ea(ua,Aa)d’HQ,
where C is a universal constant.
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Proof. The first assertion immediately follows from Lemmal|l.4.1] To prove (1.10]) observe
that, by the Cauchy-Schwarz inequality and the co-area formula, we have

/ (10, A)IH? > / Va4 251~ e
Z/ IVl (1~ fecl?)
w g

= /too @Hl({x € w | |u(z)| = t})dt.

=0

Thus the compact set {x € w | |u(z)| < 1/2} can be covered by a finite collection of
disjoint balls of total radius smaller than Ce [ e.(u., A-)dH?, which implies (1.10). O

Remark 1.4.1. By combining Lemma with (1.4d)), we obtain

(1.11) S <c / (o) A)IH? < C5 ' Fu(u, A,
WCR (6 (b, Ro.0)) o (b o 5))
(1.12) S S ldul<c / (e, ANAH? < C6VF(ue, AL),
WCR (6 (be,Ro,0)) i€ o (6 (e o 0))
(1.13) Te = Z r, < Ce / ee(te, A)dH? < Ced ' Fo(u., AL),
WCRo (6 (be, Ro,0)) o (b Ro.5))
where ch% &b Ro.6)) denotes the sum over all the faces w of cubes of the grid &(b., Ro,9).

1.5 3D vortex approximation construction

In this section we construct a new polyhedral approximation of the vorticity pu(u., A.)
of a configuration (u., A.) € H(2,C) x H'(Q,R3) such that F.(u., A.) < &7, for some

€ (0,1). The notion of minimal connection, first introduced in [BCL86|, plays a key role
in our construction. We begin this section by reviewing this concept. Then the definition
of the function ( is given and two technical propositions are stated. Lastly, the 3D vortex
approximation construction is provided.

1.5.1 Minimal connections

Consider a collection & = {pi,...,pk,n1,...,nx} of 2k points, where the p;’s are the
(non necessarily distinct) positive points and the n;’s are the (non necessarily distinct)

negative points. We define the length of a minimal connection joining the p;’s to the n;’s
by

(1.14) = m1nZ|pZ—nal
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1.5. 3D wortex approximation construction

where &y, is the set of permutations of k indices and hereafter | - | denotes the euclidean
distance in R3. We also define the 1-current L(.<7), a minimal connection associated to
</, as the sum in the sense of currents of the segments joining p; to n,(;), where o € &y, is
a permutation achieving the minimum in . Although there can be several minimal
connections associated to a collection &7, make an arbitrary choice of one, so that L()
will be unambiguous.

Let us now consider the distance
doo(x1, 2) = min{|z; — 25|, d(x1,0Q) + d(x5,0Q)}  x1, 25 € R®.

We define the length of a minimal connection joining the p;’s to the n;’s through 9 by

k
(1.15) Loo(o) = mén 21 doa (Dis N (i))-

o€Gy £

In this case we define the l-current Lyo(27), a minimal connection through 0 associ-
ated to &7, as the sum in the sense of currents of the segments joining p; to ns, when
doa(pis o)) = |Pi — no,| and the (properly oriented) segments joining p;, n; to 9Q when
doa(Dis o)) = d(pi, 0Q) + d(nspy, 05), where o € &, is a permutation achieving the
minimum in ([1.15)). For the sake of unambiguity, uniqueness is once again assumed.

1.5.1.1 The function (

The following lemma is a particular case of a well-known result proved in [BCL86].

Lemma 1.5.1. Let &/ = {p1,...,px,n1,...,n} be a configuration of positive and nega-
tive points. Assume, relabeling the points if necessary, that L(</) = Zle |pi — n;|. Then
there exists a 1-Lipschitz function ¢* : Ui—1_g{pi,ni} — R such that

k

L(o/) =) ((pi) = ¢ (ni) and  ("(ni) = C*(pi) — Ips — -

i=1

Definition 1.5.1 (The function (). Let &/ = {p1,...,pk,n1,..., Nk} be a configuration
of positive and negative points. Denote by (* the 1-Lipschitz function given by Lemma
1.5.1. We define the function ( : R® — R wia the formula

ie{1,....k} je{1,....2k}

o) = amo (G000~ o diy(@))

where

P2 if py # a
diij) (@) = (Pi = 2, Vi), V) :{ "o g —a
i = U

where here and in the rest of the chapter the points a; are defined as follows: if j €
{1,...,k} then a; =p;, if j € {k+1,...,2k} then aj = n;_y.
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Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

Lemma 1.5.2. Let & = {p1,...,pk,1,...,n} be a configuration of positive and nega-
tive points. Denote by (" : Uj=1.. k{pi,ni} — R the function given by Lemma and

.....

define ¢ : R* — R as in Definition m Then ¢ is a 1-Lipschitz extension of C* to R3.
Proof. 1t is easy to see that ¢ is a 1-Lipschitz function. Let us check that

C(pi) = C(pi) and ((ni) = ¢ (n3)
for every i € {1,...,k}. Observe that

|d.g) (@) = [{pi =z, va5)| < |pi — .

But
d(i,j)<al) = |pi — | forany q, € &.

Thus
((ar) = Jnax (C*(pi) — |pi — al).

Since ¢* is 1-Lipschitz, we deduce that ((a;) < (*(a;). It follows that ((p;) = (*(p;) for
every | € {1,...,k}. We conclude the proof by noting that, for any [ € {1,...,k},

Cn) = ¢ (p) — oo =l = ¢ ().
O

By displacing the points of the collection 7 it is possible to construct a smooth
approximation of the function ¢, which in addition satisfies extra (quantitative) properties.

Proposition 1.5.1. Let & = {p1,...,px,n1,..., 0} be a configuration of positive and
negative points. Assume, relabeling the points if necessary, that L(</) = Zle \pi — 4.
Define Dy 1= maxy, q;e0 la; — a;| to be the mazimum euclidean distance between any of
the points of </. Then there exist C,Cy,Cy > 0 such that, for any p € (0,1/2) and for
any 0 < X < Ao(p) := (Co(2k)~)V/?, there exists a smooth function y : R® — R satisfying

L L) = i, Gps) = G(ni)] < C(D.y (2K)°N + 2kA).

2. [[VQllz=@s) < 1.

3. There erists a set Py C R3 such that |(\(Py)| < 2M\k? and that, for any 0 < k < \*/3,
Coi={o | [VG(@)| < K} P,

can be covered by B, a collection of at most (2k)® balls of radius CN/(\* — 3k).
Moreover, defining

(116) TH = C)\ (UBE‘BHB) 5

we have that, for any t € R\ (T, UCG(Py)), {z | ((x) =t} is a complete submanifold
of R® whose second fundamental form is bounded by Cy(A\*k)~1.

The proof of this result is technical and is postponed to the appendix.
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1.5. 3D wortex approximation construction

1.5.1.2 The function ( for dsq

When the Euclidean distance is replaced with the distance through 02 the following
lemma can be proved (see [BCL86]).

Lemma 1.5.3. Let & = {p1,...,pp,n1,..., 0} C Q be a configuration of positive and
negative points. Assume, relabeling the points if necessary, that Loo(2f) = Zle doq(pi,n;).
Then there ezists a function * : Uiy x{pi,ni} — R, 1-Lipschitz for the distance dyq,
such that

.....

k

Loo() =Y ¢*(p) = () and  ¢*(m) = ¢ (pi) = doa(ps, m).

=1

Definition 1.5.2 (The function ¢ for dsyq). Let o = {p1,...,pg,n1,..., 0} be a config-
uration of positive and negative points. Denote by * the function given by Lemma|1.5.1).
We define the function ¢ : R® — R for dyq via the formula

((z) = nax (C*(pi) — di(x,09)),

where

d;(z,09) := min {max < max _d; ; (), d(p;, 02) — d(x, 89)) ,d(pi, 09Q) +d(z,090) |,

je{l,....2k}
with o
o=k i py # ay

diiy (@) = (pi — 2, v6), V(m)Z{ "0 i —a
L)

Lemma 1.5.4. Let &/ = {p1,...,pr,n1,-..,n} be a configuration of positive and nega-
tive points. Denote by * : Ui—1,. k{pi,ni} — R the function given by Lemma and
define ¢ : R® — R as in Definition . Then ¢ is a 1-Lipschitz extension of C* to R3,
which s constant on OS).

Proof. 1t is easy to see that ( is a 1-Lipschitz function. Let us check that
C(pi) = ¢ (pi) and  ((ny) = (ny)
for every i € {1,...,k}. By the proof of Lemma , we know that
dijy(a) = |pi — | for any a; € 7.
By the triangular inequality, we deduce that
max (|p; — a;|, d(p;, 0Q) — d(a;, 0N)) = |pi — ayl.

Then
di(ala 89) = min (|pl - CL[|, d(pza aQ) - d(al7 aQ)) = daQ(p’h al)v

which implies that

() = ief{fll%%k}(f*@i) — doa(pi, ar)).
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Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

Since ¢* is 1-Lipschitz for the distance dyq, we have that ((a;) < (*(a;). It follows that
C(p) = C*(p) for every [ € {1,... k}. But

C(ne) > (1) — daa(pr, ) = ¢ ().
Finally, observe that, for all z € 09,

d;(z,00) := min [max ( max d(iﬁj)(x),d(pi,ﬁQ)) ,d(pi,ﬁQ)] = d(p;, 092).

je{l,..., 2k}
Thus
((z) = max (¢"(p:) — d(pi, 092))
€{1,....k}
for all z € 99. 0

By displacing the points of the collection &/ and performing a polyhedral approxi-
mation of the boundary 0€) it is possible to construct a smooth approximation of the
function ¢ for dyq, which in addition satisfies extra (quantitative) properties. This pro-
cedure requires the domain 2 to satisfy a technical assumption.

Proposition 1.5.2. Let Q be a C? bounded domain such that OQ has strictly positive
Gauss curvature. Let o/ = {p1,...,pk,n1,...,ngy C Q be a configuration of posi-
tive and negative points. Assume, relabeling the points if necessary, that Lgq(</) =
Zle doq(pi, ni). Then there exist 19, C, Cy, C1, that depend only on 02, and a universal
constant Co > 0 such that, for any T < 19, for any p € (0,1/2), and for any

0< A< X(p,7) = (C'o min {(Qk)_ﬁ, (2k) 7472, (2k) 274, 7‘5})1/p,
there exists a smooth function (5 : R® — R satisfying

|Loa(e) — SF L G0i) — G(ma)| < O (((2K) + (2k)472 + (2k)27 )N + 2Kk (72 + N)).

N =

. Letting
Q) = {x € Q| dist(z,00) > 2A},

we have [[V(y|[Le0,) < 1.

w

e~

There erists a set Py C R3 such that [(\(Py)| < 2Ak? and that, for any 0 < k < \*//3,
Coi={z e U | |VQ(@)] <K} \ Py

can be covered by B, a collection of at most C((2k)® +778) balls of radius Co\/(N\*F —
3k). Moreover, defining

(1.17) T, == (Upen, B) ,

we have that, for any t € () \ (T U G(PY)), {z | (z) = t} is a complete
submanifold of R® whose second fundamental form is bounded by Cy(N\*k)™.

The proof of this proposition is deferred to the appendix.
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1.5. 3D wortex approximation construction

1.5.2 Construction of the vorticity approximation

Let v € (0,1) and consider a configuration (u., A.) € H'(Q,C) x H*(Q,R?) such that
F.(usy Ac) < €77, Then Lemma provides a grid &(b., Ro,d) satisfying (1.4). We
begin by constructing our approximation in the cubes of the grid. For each cube %; €
&(be, Ry, ), Corollary gives the existence of points a;,, and integers d;,, # 0 such
that
Me o = 27 Z di,w(sai,wu
i€l

for each of the six faces w C 9% of the cube %,. Observe that, since du(u., A.) = 0

relative to %, we have
> Y-

wCo% i€l

Then, we define a configuration o := {p1,...,px,n1,...,nk } of positive and negative
points associated to 9€;, by repeating the points a;, according to their degree d,,, for
each of the six faces w of the cube ;. The previous observation implies that the number
of positive points p;’s and negative points n;’s of the collection o are equal. We note

that
2= > > |di

wCo%; i€l

Consider the minimal connection L(.2%) associated to 7. It may happen that the segment
connecting some p; to ny(;) in L(%) belongs to one of the faces w of the cube €. In this
case we define a new connection Iﬁ(ﬂfl) by replacing the original segment connecting p; to
ne(y With a Lipschitz curve connecting p; to n,(;) (preserving the orientation) and such
that its intersection with 9%; is given by {p;,ns¢;)}. This process can be performed in
such a way that |L(«) — |i({afl)|| is less than an arbitrarily small number. We remark

that the resulting connection L(.%) is a polyhedral 1-current whose intersection with 0%
is equal to U;—1 __k,{pi,ni}. We define

Ve, i=2nL(<) in G,

for every cube 4, € &(b., Ry, 9).

We now construct our vorticity approximation in © (recall (1.5))). Once again Corollary
1.4.1] gives the existence of points a;,, and integers d;, # 0 such that

,U/s,w ~ 277 Z di,wdai,wa

i€l
for each face w C Ra(&(be, Ry, 9)) of a cube of the grid such that w C 0&. Then, we
define a configuration e = {P1,. .., Dkyes M, - - -, My  Of positive and negative points

associated to 0® by repeating the points a;, according to their degree d;,, for each
face w € Ry(B(be, Ry, d)) of a cube of the grid such that w C 9&. Observe that, since
Op(ue, Ac) = 0 relative to 06, we have

Z Zdi,w = 07

wCoG i€,
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which ensures that the number of positive points pls and negative points n.s of the
collection g are equal. Consider now the minimal connection Lsq(2hs) through 02

associated to @s. We note that
2koe = 3 D ldil.

wCoG i€,

Performing a replacement argument in [€) analogous to the one described above, we define
a new connection Lo (e ), with |Loo(se) — [Loo( e )|| less than an arbitrarily small
number, whose intersection with 0® is equal to U;—; k., {pi,ni}. We define

Veo = onLoo(ps) in O.

Finally, we define our polyhedral approximation v, of the vorticity p(u., A.) by

(1.18) vei= Y Vew + Vo,
€6 (b, Ro,0)

where the sums are understood in the sense of currents.

We observe that the topological degree depends on the orientation of the domain in
which it is computed. If a face w C R (B (b, Ry, d)) belongs to two cubes C and Cy of the
grid, then its associated collection of degrees d;,,’s for C; is equal to minus its associated
collection of degrees for Cs. Of course the same occurs for those faces w belonging to one
of the cubes of the grid and to 0.

On the other hand implies that, for any face w C Ry(B(b., Ry, d)), the intersec-
ction between the collection of points a;,’s and R (&(b., Ry, d)) is empty.

By combining these arguments we conclude that the 1-currents v4’s and vg have a
good compatibility condition between each other. Hence, by construction, v. is a polyhe-
dral 1-current such that dv. = 0 relative to €. In addition it approximates well p(u., A;)
in an appropiate norm, as we shall show in Section [I.§

To end this section we present a lemma about the support of v,.
Lemma 1.5.5. Let v € (0,1) and assume that (u., A.) € HY(Q,C) x HY(Q,R3) is a
configuration such that F.(u., A:) < €77, so that, by Lemma there exists a grid
&(b-, Ro, ) satisfying (L.4)). For each face w C Ry(B(b., Ry, 0)) of a cube of the grid, let
|I,| be the number of connected components of {x € w | |uc(x)| < 1/2} whose degree is
different from zero. Then, letting

(1.19) o ={ €& | X o
and defining v. by (1.18), we have

0 if Y el >0
Supp(Ve) C SVs = % U { : wCOB .
‘@LE-AO (Z) if ch@@ |Iw| =0

I,| >0}

Moreover
|S,.] < Co(1 + 6F(ue, As)),

where C' is a constant depending only 0S2.
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1.6. Lower bound for E.(u.) far from the boundary

Proof. The first assertion follows readily from the definition of v.. Recall that, by ,
the number of faces w € Ry(&(b., Ry,d)) of a cube of the grid such that |[I,| > 0 is
bounded above by Cd 'F.(u., A.). We deduce that #({l | 4, € &¢}) is bounded above
by C51F.(u., A.). By noting that |©] < C4, for a constant C' depending only on 052, we
conclude that

1Sl < ) |61 +10] < SP#({1 | G € Bo}) + C5 < CO(1+ 6F.(ue, Ac)).
©1€60

1.6 Lower bound for E.(u.) far from the boundary

In this section we prove a lower bound, in the spirit of , for the energy without
magnetic field E.(u.) in the union of cubes of the grid &(b., Ry, §) given by Lemmal[l.2.1]
The proof relies on a slicing procedure based on the level sets of the smooth approximation
of the function ( constructed in the appendix and on the ball construction method on a
surface of Section [L.3]

Theorem 1.6.1. Let m, M > 0 and assume that (u., A.) € H'(Q,C) x HY(Q,R3) is a
configuration such that F.(u., A.) = M. < M|loge|™. For any s > 0, there exists g > 0
depending only on m, s, and M, such that, for any € < g, letting &(b., Ry, 0) denote the

grid given by Lemma with § = §(e) = |loge|™™ 71, and defining v. by (1.18)) and

(1.20) E.(u.,Uges, %)) < KM. and Z/ e-(u)dH? < K6 M.,
©1€60 9%

for some universal constant K, then

1 1
Bl Unea®) 2 5 3 vl (10~ log 28

M| loge\”s) C
©1€60

B |logels’

where C is a universal constant.

Proof. Let us first find an estimate for each cube of the grid. We consider a cube %; €
®,. For each of the six faces w of %], denote by {S;, }icr, the collection of connected
components of {z € w | |u.(z)| < 1/2}. We define

St = Uycog, Yier, Siw-

Note that |u.(x)| > 1/2 for any x € 0%\ S;.

Denote by @4 = {p1,...pg,n1,...,nk} the configuration of positive and negative
points associated to the cube 4 (see Subsection [1.5.2). For p € (0,1/2) and A = A\(I) <
(Co(2k;) %)Y/ to be chosen later on, let ¢, be the smooth function associated to .7
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Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

by Proposition [1.5.1] Here the constant Cj is the universal constant appearing in the
proposition. For k = k(l) < A\* /3 consider the set T}, defined by (1.16)) and observe that

IT,| < C(2k)*A/ (A — 3r),

where throughout the proof C' > 0 denotes a universal constant that may change from
line to line. Letting

%, = {2 | d(z,6) < C1\’k, projx & Si},

where C; is the universal constant appearing in the third statement of Proposition [1.5.1}
we define v, : 4, — C via the formula

ve(#) = ue(projyz) T € G

Observe that

E.(u.,6) > EE(UE,Cé> — Cl)\gli/ eg(ua)dHQ.
96 \S,

In particular, if A2 is small enough then E,(v., CK;) < 2M.. We also define
Uy:=0G{x € 0%, | projy,z € Si})

and note that
U < )Y diam(S;.) + (2k)C1 A%k,

wCHE i€l

Since |V(,| < 1, using the co-area formula, we deduce that

E.(v.,6) > /~ e-(ve)| VG| :/ / ec(ve)dHdt.
% ter J (¢, =13,

We now would like to apply the results proved in Section [I.3] Let us consider a small
number v > 0 and define

1
V, = {t eR / ee(v.)dH? > —ME} )
{&=ting Y

Note that |V,| < 2K~. Finally, let us define Tyoq = T,, U Uy UV, U (\(Py) (where Py is
the set appearing in Proposition [1.5.1)), ¥; := {(\ = t} N %, t. := ming, ey (\(a;), and
t* := maxg,ecq; (1(a;). For t € Tyopq := [tu,t*] \ Thaa it holds that:

° fEt e:(ve)dH? < v~ M..

e {(, = t} is a surface whose second fundamental form is bounded by C;(A\?k)~.
Note that this surface is necessarily oriented since it is a level set of (.

e 0%, = {C\ =1} NIE.
o |v.(z)| > 1/2if d(x,0%;) < C1\%k.

52



1.6. Lower bound for E.(u.) far from the boundary

Then Corollary yields that, for any t € T4,

1 C1 M,
/z ee(v.)dH?* > w|deg(v., 0%,)| <log— — log )\; )

Noting that 9%, = A({¢, >t} N %)), we deduce that
deg(ve, 0%;) = d(t) == #{i | O(ps) >t} — #{i | {(ni) >t}

By combining our previous estimates, we find

(ve, 6 / / e-(v.)dH?dt
teT, good Mt
1

Ci1 M.
> log — —1 d(t)dt
_w(ogg o Av)/ (0

o) ([ aon [, wora)
> |log——1lo d(t)dt — d(t)|dt | .
> (toe 2 — o S ) ([ dtar— [ jatn)

But, for any t € Tyuq,

d(0)] = |#{i | G(pi) >t} — #{i | (i) > ¢} < ke
Then
/ |d(t)|dt < ko Thaa| < Fi(|T| + [Ux] + [V5] + [G(B2)])-
t€Thad

On the other hand, observe that

- * kx
/t d(t)dt = / U Galp) > 1} = #0| Gn) > 1) = 3 Gloi) — o).

Remembering that

Z C)\ pz C/\ nz

and that |2 L(94) — |v- 4| can be taken arbitrarily small, we conclude that

.
1
[ it = -l - € (320N + 20)).
tx

Collecting our previous computations, we find

1 C1 M,
E.(u.,61) > ‘Vgcgl| <log— —log )\; ) — &,

where

1
& =C (6(2k)°N + (2k)A + k(| T| + |UA + [V, ] + |G (Pr)])) log .

< CD.y (2k)° N + (2k)\ < O6(2k))° N + (2k;) A
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+ Cl)\Qm/ e-(u.)dH>.
OGS

We now want to combine the estimates found for cubes in &,. Observe that if A and
k are chosen independent of [ then

1 1
E.(us, Ugiew, 1) = B Z |Vess)] (logg _lOg )\2 ) Z G

C1EG 61 CHg

Our objective is then to choose the parameters A\, k = (), and 7 independent of [ and
such that » .. s & < C|loge|™®. To do so, let us observe that ([1.12)) implies that

Z%E@o 2k; < C(gilME.

We deduce that such parameters can be found provided that A < (Co(C6~M,)~%)Y/?. We

let k = A\??/6. Using (1.12)), (1.13)), and ([1.20)) one can check that

1 (M M? M2 M.
Z(g’,<010g (5;AP+ A T Get )

©1€0

We optimize over p € (0,1/2) to find the least possible restrictions on A. Observe that
we require that A\ < C'min{(6M1)%7 (§M1)*/(1=2)} Then we set p = 6/21. Finally,
choosing

‘ [V

1

\ 1 6\ ° d 1 o
= —— an =
| log e|'*s M? 7 |loge|'*s M.’
we easily check that there exists g > 0 depending only on m,s, and M, such that
Y ges, 61 < Clloge|™® for any 0 < & < . Thus

M| log5|7+s) C

1 1
E.(ue, Uges,€1) > 3 Z Ve, (logg —logC 555 |logel|®

©1€60

The theorem is proved. O

1.7 Lower bound for F.(u.) close to the boundary

In this section we prove a lower bound, in the spirit of , for the energy without
magnetic field E.(u.) in ©. The proof relies on a slicing procedure based on the level sets
of the smooth approximation of the function ( for dyg constructed in the appendix and
on the ball construction method on a surface of Section [1.3

Theorem 1.7.1. Let 2 be a smooth bounded domain such that OS2 has strictly positive
Gauss curvature. Let m, M > 0 and assume that (u., A.) € H'(Q,C) x H(Q,R3) is a
configuration such that F.(u., A;) = M. < M|loge|™. For any s > 0, there exists eg > 0
depending only on m,s, M, and 0X), such that, for any € < €y, letting &(b., Ry, ) denote

54



1.7. Lower bound for E.(u.) close to the boundary

the grid given by Lemma with 6 = 6(g) = |loge| ™™ 71, and defining v. by (1.18)
and ©,08 by (1.5), if

(1.21) E.(u.,©) < KM, and / ec(ug)dH* < K6 M.,
06
for a universal constant K > 0, then
1 1 M?3%|loge|™* C
E.(u.,0) > —|v. log— —logC————>—— | — CoM,|] -
(1:6) 2 3lveol (tou 7 ~1og M= BN - conioge] -

where C is a universal constant.

Proof. For each face w € Ry(&(be, Ro, d)) of a cube of the grid such that w C 96, denote
by {Siw}icr, the collection of connected components of {z € w | |uc(x)] < 1/2}. We
define

Soe = Uucos Uier, Siw-
Note that |u.(z)| > 1/2 for any x € 08 \ Sye.

Denote by he = {P1, .- Dows s - - Mhye ; C § the configuration of positive and
negative points associated to 0& (see Subsection [1.5.2)). Observe that ((1.12) implies that

(2kaps) < CO'M.,.

For 7 =6, p € (0,1/2), and A < (Co(CM.)=%)"* to be chosen later on, let ¢y be the
smooth function associated to e by Proposition |1.5.2] Here the constant Cy = Cy(992)
is the constant appearing in the proposition. For k < A\?’/3 consider the set T}, defined

by (1.17) and observe that
IT| < C63MEN/(N* — 3k),

where throughout the proof C' > 0 denotes a constant depending only on 0f2, that may
change from line to line.
Let
06 = {x € Q\ O | min ||z — y|ls = C1 A%k},
yeoB

where (] is the universal constant appearing in the fourth statement of Proposition|1.5.2]
Observe that 9 corresponds to a shrunk version of the polyhedron 9@, or, in other
words, a smaller version of & with the same shape. Each face w C 0® has a parallel
counterpart face @ C 9® which corresponds to a translated and in some cases also a
shrunk version of w. It is easy to see that there exists a bijective function f : 96 — 9IG
mapping any r € w C 0® to its unique counterpart point = € @ C 08. One immediately
checks that for any z,y € w C 06

[f(z) — 2| <V201X°%  and yl < 1f(@) = f)l <z —yl.

=
[E— l’ —
V2
Denoting by @ the open region enclosed by 96 and 98, we observe that for any y € O
there exists a unique x, € 0% and a unique ¢, € [0, 1] such that y = tx + (1 — ) f(x).

Letting
@::{yeo | xy§ZSa@},
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we define v, : © UO — C by

ve(y) = ue(y) ifye O, ve(y) = ue(xy,) ifye 0.

Note that v, is a H'-extension of u. and that

E.(v.,0) < E.(1v.,0) < V2C,\k /

L)

ec(v.)dH? < 201>\2/<;/ ee(ue)dH?.

0%

Thus

E.(u.,©) > E.(v.,0U0) — E.(v.,0) > E.(v.,0 U O) — 20@%/ e-(u)dH?.
06

In particular, if A% is small enough then E.(v.,© U @) < 2M,.. We also define
Uy = G{y € 0OUO)\ 99 | 2, € Spe})
and note that by and , we have
(Ul < [Sos| + V2(2ko0)Ci N2k < Ced ™ M. + C6 M. A2k,

Since |V(,| < 1, using the co-area formula, we deduce that

Eg(vg,@u@)z/ es(vs)]VQ\:/ / ee(v.)dHdL.
eud teR J{¢\=t}N(OUO)

We would like now to apply the results proved in Section [I.3] Let us consider a small
number v > 0 and define

1
V, = {t €R / e-(v.)dH? > —ME}.
{&r=t}n(eud) Y

Note that |V,| < 2K~. Finally, let us define Tbad = T UU\UV,U C,\(Q \ Q) U C,\(PA)
(where Py is the set appearing in Proposition S ={G =ttn©OUO),t
MiNg, e O (@), and ¢ 1= maXy, ey, O1 (). For t IS TgOOd [te, t*] \ Thaa it holds that

o [y eova)dH? <y LML,

o {(\ =t} ={z € Q)| (x) =t} is a surface whose second fundamental form is
bounded by C;(A\?k)~!. Note that this surface is necessarily oriented since it is a
level set of (.

e IX, ={C=t}N(AOUO)\IN).

o |v.(z)| > 1/2if d(z,0%;) < C1\%k.
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1.7. Lower bound for E.(u.) close to the boundary

Then Corollary yields that, for any t € T4,

1 C1 M,
/2 ee(vo)dH? > w|deg(v., 0%,)] <log— — log )\; ) ,

Noting that 0%, = d({¢x >t} N (A(O U O) \ 89)), we deduce that

deg(ve, 0%4) = d(t) := #{i | Cu(pi) >t} — #{i | Ca(ni) >t}

By combining our previous estimates, we find

E.(v.,© / /eg(vs)d'l—ﬂdt
tET ood it

1 C, M.
log — —1 d(t)dt
_ﬂ(og€ og A2K7)/t€Tgwd (t)

1 C1 v
log = — log — d(t)dt — |d(t)]dt ) .
£ AR ty t€Tpad
But, for any t € Tyuq,

|d()] = 747 | G(pi) >t} — 30 [ (i) > 1} < kae.

Then
/ |[d()]dt < koo |Trad| < koo (|T| + [Ux| + V4] + [G(2\ Q)] + [G(P)])-
t€Tpaa

On the other hand, observe that

kow

|ty - / 11 600 > 1) = #6016l > 1) = 3 Glp) = G

Remembering that

kos

L(etys) — Z G(pi) — (ny)

C ((2kae)® + (2kae)'072 + (2kas)*0 )N + (2kae ) (6° + )

and that |27 L(efe) — |veo|| can be taken arbitrarily small. We conclude that

/ t d(t)dt > %\u&@y — C (((2kow)® + (2kos) 07> + (2kae )0 )N + (2kae) (0° + N)) .

Collecting our previous computations, we find

1 C1 M,
B(1.0) 2 3lvaol (tog T~ log SH ) — e

o7
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where
1
Eo =C (((2kae)® + (2kae) 072 + (2kos )26 )N + (2kae ) (62 + N)) log -

S 1
+ koe (172l + U] + V3] + @ VD) + ()] ) log = + zolm/ e (uz)dH>.
o6

We now choose the parameters p, A, k(\) and 7. We let k = A\* /6. Using ([1.12) and
(1.21)) one can check that

1
&o < Clog - (

MS M? M? M,
“EN 4 OM. 4 ==\ ey 7)
3

3¢ 6? 02 o

We choose p = 6/21,

21

\ 1 0\ 0 d 1 )
== an =
loge[ M2 77 Toge[+ DL

We easily check that there exists £g > 0 depending only on m, s, M, and 0f2, such that
o < CoM,|loge| + Clloge|~® for any 0 < € < gy. Thus

M§6| 10g 8|7+s
655

1 1
E.(u.,0) > 5]u57@| (log— —logC > — CdM,|loge| —
€

[logel*

This concludes the proof. O

1.8 Proof of the main result

First, using the results of the previous two sections we prove ([1.1)).

Proof of (1.1)). Since the energy F.(u., A.) is gauge invariant, it is enough to prove the
result in the Coulomb gauge, i.e.

divA,=0inQ and A.-v =0 on 0.
We immediately check that
||A€||H1(Q,R3) S OH Cur1A5||L2(Q7R3),

where throughout the proof C' > 0 denotes a universal constant that may change from
line to line. By Sobolev embedding theorem we have

| Al Lrr3) < CllAcll a1 rs)

for any 1 < p < 6. Observe that
/ Vol < / Ve + [uP AP < / Ve + (e — DA + AL
Q Q [9]
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1.8. Proof of the main result

By the Cauchy-Schwarz inequality, we have

[ -iap<(fa- |u5|2>2)% (f |A5|4)§ < CeF(u, Ay)

Ea(“a) < CF&(Ua’ As)
Let us consider the grid &(b., Ry,0) given by Lemma [1.2.1} It is not hard to see that,
up to an adjustment of the constant appearing in the lemma, we can require our grid to

additionally satisfy the inequalities
(1.22)

Thus

e.(u)dH < C52Fu(us, A.), / e.(w)dH2 < C6 Fu(us, AL).
R1(6(be, Ro,0)) Ro(6(be,Ro,58))

We define the polyhedral 1-current v, by (1.18]). We recall the notation introduced in
Lemma [L.5.5] and observe that

/ Vol < / Vol + / (luel? = AP + / AP
Sve Sve Sve S,

Ve

Using Holder’s inequality, we find

/ (Juel® = DA < uel* = Ul pas,

€

ve|®

(Sve ,R?)

and

2
/ AL < IS0 A s, 5o

Sve

We are led to

[ VP < [l OF e A (ISl +1.17).
ve Sl)g
which implies that

(1.23)

1

1
1 2 1 1 202 > L
2/5% Vs g () 2 B, )= OF (e, A2) (18,18 B, AL

Thanks to ((1.22)), we can apply Theorem and Theorem with s > 0. We then
deduce that there exists g > 0, depending only on m, s, M, and 052, such that, for any

0 < e < ey,
1 1 M55 log |
5, 2 ) (1og —og LS

where § = 6(g) = | loge|™™~*~!. By combining this with Lemma [1.5.5( and (1.23)), we are
led to

1 1 ] .
2 /Sug IV auel® + ﬁ(l — |ue?)? + | curl A > E\ugl(Q) (logg —logC

1

+15,.1).

> — C(5M€’ 10g€| — m,

M?5%|loge|™*
555

— CoM_|loge| — CM.55 — C|loge|™*

By letting s = s(m,n) = max (n, %), the result follows. O
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Before presenting the proof of (1.2]) for v = 1, let us prove the following lemma.

Lemma 1.8.1. Let (u., A.) € H'(Q,C) x H'(2,R3). Then there exists a constant C > 0
depending only on 0X), such that

(1.24) | (e, A)|| o) < CFe(ue, Ae).

Proof. By definition

d(ueda e — Ueda ue) + dA.

N | .

plue, Az) =

~

=5 (due N da t: + ud(da te) — due A da ue — ued(da u:)) + dA.

Simple computations show that

?

p(ue, Ae) (due A\ date — iucdue N A — diie N\ da_ue + it.du: N A) + dA;

NG

= 5 (dAgue A dAEI_LE — dAEﬁ€ A\ dA€u€> + dAE = idAEUE A\ dAEﬂs + dAE
Integrating on {2 and using the Cauchy-Schwarz inequality, we find
[ e <2 (Fu4) + Fow, A)H01E).
Q

Then we easily check that there exists a constant C'(0€2) > 0 such that

/Q ey A) A qs‘ < Clbllooie F (e, A2).

for any continuous 1-form ¢, which implies ((1.24)). O

Proof of for v =1. Asin the previous proof, we consider the grid & (b, Ry, ) given
by Lemma and the polyhedral 1-current v, defined by . The quantities § = J(¢)
and s = s(m,n) are defined as above.

Let ¢ € C3'(R2) be a 1-form. Note that

(1.25)

/Qm(ua,AE) — ) A ¢‘ <

/ (ﬂ(uea As) - Vs,‘@”l) A (b‘ +
7

/(N(Usa A) —v.o) N P|.
(S

(bﬂleﬁ(bayRO:(s)

First, we consider a cube %, € &(b., Ry, d) and define ¢; = fﬂ ¢. Observe that

(1.26) 16 = dullcoegy < dll@llcorg

and that
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1.8. Proof of the main result

/ (p(ue, Ac) — Vg,(gl) A gb' <
%

+

[g(/ﬁ(us, As) - Vz—:,‘!o”z) A (¢ - (bl)

/ (:U’(usyAz-:) - Vs,iofl) A (bl .
7
Using (|1.26)), we deduce that

(1.27)

< 5||u(u6,A€) - Ve,‘é’z“C’O(%z)* QSHCOJ((K;)'

/ (M(Uay Aa) - Ve,‘fz) N (¢ - le)
3

On the other hand, since ¢; is a constant, there exists a function f; such that
¢ = dfi, fi=0.
7

In particular
[ fill corzy < |l

By an integration by parts, we have

[&(M(ug,Aa) — Ve Ny = Z /

wCcode v

(l/da,w — 27 Z di,wdai,w> fl'

i€l

Here, we have used the notation introduced in Section and the fact that the restriction
of 1.4 to each of the six faces w of the cube 4 is equal to 27, d;,0,, . Corollary

i€l
then yields that
(128) | [ (elues 40 = vsa) N | <
G

Co Z max(ry, €) <1+/wes(u57146)d7.¢2 +/

wCd Ow

eg<u5,Ag>cml) Milleoscan.

where throughout the proof Cj denotes a universal constant that may change from line

to line. Using (|1.27)) and ((1.28)), we deduce that

HM(U& As) - Ve,(fo”z”COvl((Kl)* < 5”:“(“& AE) - Vs,%ﬁHCO(%”z)*

+ ) Z max(r,, €) (1+/65(u5,A5)d’H2+/

wCdE, Ow

ee (e, AE)dH1>

for any cube %, € &(b., Ry, ). Then by summing over the cubes of the grid, we obtain

([ 12(ue, Ae) — VEHCOJ(Q\@)* < G| p(ue, Ae) — VEHCO(Q\G))*
ee(ue,AE)d'H2 +8/

+ Comax(rg, €) <1 +2
91 (6(b<,Ro,0))

ee (e, Ae)dHl) )

R2(B(be,Ro,9))
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Using (TAB), (T-4d), and (L13), we find

(1.29) ([ 12(ue, Ac) — VaHCle(Q\@)* < dlplue, Ac) — Va”CO(Q\e)*
+ Cpmax (55‘1F€(ua, Ag), 5) (1 + 62 F.(u., AE))

We now provide an estimate for the last term in . Observe that if ¢ is sufficiently
small and 9 smooth enough then, for any y € O, there exists a unique Ty = PIojsay
such that y = z, — t,v(z,), for some ¢, > 0, where v(z,) is the outer unit normal to 0
at x,. We define f : © — R by

fly) = flzy, —tyv(z) = —t,o(zy) - v(zy).

By noting that, for any y € O,

VIy) = (¢(xy) - v(zy)) v(wy) = dlzy),

one can easily check that

[fllcor@) < [[9llcorey and  ||¢ — V fllco@) < 0l[¢llcor (e

We now write

/ (s AL) — Vo) A 6 — / (s A2) = ve0) A (6 — df) + / ({1, A2) — v0) A dF.
(C] © ©

Observe that

/@(M(uaa Aa) - Ve,@) N (¢ - df) ‘ < ||[L(U&‘7 Aa) - Ve,@HCO(@)*

¢ — df||co(e)-

On the other hand, by an integration by parts, we find
/(M(usv As) - Ve,@) A df = Z (Ms,w — 27 Z di,wéai,w)f-
© wCos Vv i€l

Here, we have used the fact that the restriction of v, ¢ to each of the faces w of a cube of
the grid such that w C 06 is equal to 27 ), d; w04, ,. We then deduce that

/@(/’L(u€7 As) - Vs,@) A Qb‘ < 6””(“57 As) - VEHCO(@)*
+ Comax (£6 7' Fi(u, A:),€) (1 + 62 Fo(ue, AL)) |6l cor o)

By combining this with ((1.25)) and (1.29)), we find

||,u(u5, Aa) - Va”c%l(ﬂ)* < 5””(“8» Aa) - Va”CO(Q)*
+ Cpmax (55_1Fg(u6, A), 5) (1 + 62 F.(u., AE)) )
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1.8. Proof of the main result

Observe now that
||N(UE>A€> - V6||C°(Q)* < ||,LL(UE,A5)||CO(Q)* + ||V6||CO(Q)*~
From (1.1)), we deduce that

Fe(ue; AE)
| log g

[Vellco)- < Co
By combining the previous two estimates with ((1.24)), we get
(130) H,LL(UE, AE) — Va”co(g)* S C’Fa(ug, AE),
where C' is a constant depending only on 0€2. This implies that
|pe(ue, As) — Va”c%l(ﬂ)* < CF.(u., A.) + Cymax (55_1F£(u8, Ap), 6) (1 62 (e, AE)) )
From this, (1.2 follows. H

The proof of ([1.2)) for v € (0,1) uses the following simple interpolation fact, as in
[JS02].

Lemma 1.8.2. Assume u is a Radon measure on ). Then for any v € (0,1),

1—v Y

Proof of (1.2)) for v € (0,1). Note that ““HC‘g’"’(Q)* < ||/L\|C%w(9)* for any 1-current p. By
combining the previous lemma with (1.2]) and ((1.30)), we are led to

H,u(usa Ae) - VsH(jgﬁ(Q)* < CFE(ue’:‘? Ae)li’y max (57F€(u57 As)’y? 57) < waFs(”sa As)

for any v € (0,1), where C' > 0 is a constant depending only on v and 0f2. The proof then
reduces to proving that this estimate is still valid when we replace the norm || - Hcgwm)*
with || - HC%”(Q)*' Arguing as in the proof of [JMS04, Proposition 3.1], we conclude that

(1.2) holds for v € (0,1). O
Next, we give the proof of Theorem [1.1.2]

Proof of Theorem[1.1.4. The only part of the proof that needs a modification is the vor-

*

ticity estimate close to the boundary. Since we work in the space 08’1(9) , We can use
the fact that for a test 1-form ¢ € Cy’' (Q) one has

H¢Hcg’1(9\98) < €9,

where ¢ is defined as above and C' is a universal constant. Therefore

/ (u(ue, As) — ) A @] < CF:(ue, AL)0.
Q\Q.

The rest of the proof follows as above. ]
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1.A Smooth approximation of the function (
The main goal of this section of the appendix is to prove Proposition [1.5.1 We begin by
proving some basic geometric properties.

Lemma 1.A.1. Consider four points x1, s, T3, 14 € R with x1 # xo and a number

D > max |z; — .
1<i<j<4

There exists ©1 > 0 independent of D such that for any 0 < ¥ < 19, there exists a point
z, € R such that

—_— , —_—
(1.31) T T sy
w2 — 21| [x) — a3
and
(1.32) lzq — 2| < 3DW, max lz; — 2| < D.

By translating the points it is enough to prove the following lemma.
Lemma 1.A.2. Consider three points x1,zs, v3 € R with x, # x5 and a number

D > max |z; — zjl.
1<i<j<3

There exists 95 > 0 independent of D such that for any 0 < 9 < vy there exists a point
rhy € R3 such that

Ty — T1 xh —xy To — T xh — Ty

>

2o — 1| [ah —xo]| T

)

lzo — m1|  [2h — a1

and
|3 — 23] < 3DW, max lz; — x%| < D.
<3<2

Proof. Let us consider the cylinder whose axis is {tx; + (1 — t)z2 | t € [-D, D]} and

whose radius is r = %. Note that 7 < 2D¥ for ¥ < 1 — 272, Remembering that

|u X v| = |u||v|| sin O], where 6 is the angle formed by w and v, it is easy to check that the
cylinder previously defined contains all the points y € R3 with |z, — |, |22 — y| < D such
that

T2 — 21 Yy—I T2 — 1 Yy — T2
T2 — 1| |y — @ w2 — 1| |y — a2
Then simple trigonometric manipulations show that there exists a point x5 € R3 such
that

<19 or < 9.

2
r
|3 — 2] §7‘—|—5 < 3D, g%XQMZ—xg] <D,

and ) )
To — X1 .Z'?—xl ’ To — I x?—azg 219
w2 — 1| |y — 2 w2 — 1| |2y — 2y
for any ¢ small enough. O]
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Lemma 1.A.3. Consider siz points 1, Ts, T3, T4, Ts, Tg € R3 and a number

D > max |z; — x|
1<i<j<6

There exists 93 > 0 independent of D such that for any 0 < 9 < d3, if

To — X1 Ty — X3

>

|29 — 1] |24 — 23]

then there exists a point xj; € R® such that

p— — , —
(1.33) det(|z2_x1, o xf”_x*")'zﬁ?
2 — x| |2y — as| |af — 5
and
(1.34) |zg — x| < 3DV, max |z, — x| < D.

By translating the points it is enough to prove the following lemma.

Lemma 1.A.4. Consider four points x1, %2, 3,74 € R3 and a number

D > max |z; —zjl.
1<i<j<4

There exists ¥, > 0 independent of D such that for any 0 < ¥ < ¥y, if

To — 1 r3 — 1

> 99

|$2—$1| |$3—I1|

then there exists a point xy € R® such that

To—X1 X3—T1 Th—x
‘det( 2 1 3 1 4 1)'2192

20 — 21| |23 — 21| |2 — 24|
and

|24 — x| < 3DV, Iax |z, — | < D.

Proof. Let P denote the plane where the points xy, x9, x3 are contained. Given any point
y € R?\ P, observe that

‘det(mr%1 T3 y_“)‘:h.

|552 —331|’ ’133 —371\7 |y—:c1!

To — X1 T3 — a1

> I,

|zg — 21| |zz — x|

where h denotes the height of the parallelepiped formed by the vectors

To—T1 T3— X1 Y—T1

\1’2—1’1” ’xs—ml\’ ’Z/—$1|'
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It is easy to check that
_ dist(y, P)

Cly =l
Choosing h = ¥ we are left with finding a point 2y such that J|z) — x| = dist(y, P).
Then simple trigonometric manipulations show that there exists a point x), such that

h

|zy — 2| < 3DV, {réa<>§|a71 — 24| <D, and ¥z} — x| = dist(a), P),

for any 9 small enough. O]
The previous lemmas allow us to prove the following result.

Proposition 1.A.1. Let o = {ay,...,an} be a collection of m non necessarily distinct
points. Define D := maxi<i<j<m |a; — a;j| to be the mazimum euclidean distance between
any of the points of &/ and assume that D, > 0. Then there exists a collection of points
A" ={by,..., by} such that for any 9 < min{m=% 9,93}, where the numbers ¥,,93 are
the constants appearing in Lemma and Lemma|1.A.5 respectively, the following hold
1. b #bj for any i # j.
2. Define

b; — b; o

M) = b],‘ for (4,5) € Am = {(p,q) | 1 <p < g <m}.
i — Uj
Then for any o, B,v € A, with o # B # 7, we have

Vo x vg| >0 and  |det(va, vs, v,)| > 92

3. |lag —by| < CDLI?Y for any 1l € {1,...,m}, where C is a universal constant.
4. maxi<icj<m |bi — bj| < CD., where C is a universal constant.

Proof. We proceed by induction. Without loss of generality we may assume that a; # as.
We define b1 = daq, bg = a9, d1 = dg =0 and D1 = DQ = D_Q/.
Assume that we have defined a collection {b1, ..., } with 2 < < m such that

e For any «, 5,7 € A; with a # § # ~, we have

Vo X v5] >0 and  |det(vy,vg, v,)| > 92

e |a; —b| <d for any i € {1,...,1}.
o |b; —b;| <D foranyi,je{l,... 1}

Observe that by applying Lemma with the points x1 = by, o = by, x3 = by,
x4y = a41, and the number D = D; + d;, we find a point 2/, satisfying and .
By repeating this argument at most [* times, we find a point b}, ; such that the collection
{b1, ..., by, by, } satisfies

Vo X vg| >0
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1.A. Smooth approximation of the function (

for any «a, 8 € Aj41 with a # 5. Moreover
|al+1 — b;Jrl‘ S 3[3(Dl + dl)ﬁ and |bZ — bEJrl‘ S Dl + dl for any 1€ {1, Ce ,l}

We further displace the point bj,, in order to additionally satisfy the condition on the
determinants. Applying Lemma [I.A.3| with x1 = by, x9 = by, 3 = by, x4 = b3, x5 = by,
rg = by, and D = D;+d;, we find a point g satisfying and (1.34). By repeating this
argument at most [° times, we find a point b;,; such that the collection {by, ..., by, b1}
satisfies

Vo X v5] >0 and  |det(va, vg, vy)| > 9°

for any «, B,y € Ajy1 with o # 3 # . Moreover
laipr — bipa] <3P+ 1) (Dy+dp)9 and  |b; — by1| < Dy +d; for any i € {1,...,1}.
Summarizing, the collection {by,...,b;, b1} satisfies
e For any «, 5,7 € Ajy1 with a # 8 # ~, we have

Vo X v5] >0 and  |det(v,,vg,v,)| > 92

o |a; = bi| < dpyy = 61°(Dy + dy) for any i € {1,...,1+1}.
o [bi = bj| < Disy o= Dy +d; for any i,j € {1,..., 1+ 1}.

This concludes the induction step. It only remains to find upper bounds for the recursively
defined distances d; and D;. Observe that

Dy =Di+d <D +6(1—1)°Dy_y +di_1)9 < Di(1460°9), Dy =Dy=D,.

We immediately check that if ¥ < m~C then, for any [ € {1,...,m},
6 m
Dy < Dy, £ Dy(146m*9)™ < D,y (1 + —) < CD,,
m

where C is a universal constant. Moreover if ¥ < m™% then, for any [ € {1,...,m},

d; < 61°Dy;_19 < 6C D19,

We are now in position to prove Proposition |1.5.1}

Proof of Proposition[1.5.1. Let /' = {p},...,p},n},...,n,.} be the collection of points
given by Proposition for D = D,,. Observe that for any ¥ < Cy(2k)~%, where
Co = min(1,9;,33), we have

k k
L(e") <> 1pi =il <Y |pi = il + [pi = pi| + Ini — nf| < L() + CD.y (2k)%0.

i=1 i=1
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An analogous argument shows that L(«) < L(«’) + CD.,(2k)%). Therefore
(1.35) L(ef) — L(e/")| < CD(2h)°,

where throughout the proof C' > 0 denotes a universal constant that may change from
line to line. Remember that by Lemma there exists a 1-Lipschitz function ¢* :
Uizlr_.’k{p;, n;} — R such that

k
L(e/") = Y ¢ () = ¢"(mh).
i=1
Define the function ¢ as in Definition [1.5.1} i.e. set

cto) = amox (00~ o diy(@))

je{l,...,.2k}

where

p;_a; . / /
—r if p; # d

Ay (@) = (p; =z, vap), Vag =4 Pt T
0 if p; =d]

Lemma yields that ¢ : R* — R is a 1-Lipschitz function such that

k k

D) = <) =Y () = ¢ (n) = L"),

i=1 =1

Next, we regularize the function (. Let ¢ € C*(B(0,1),R;) be a mollifier such that
Jos o(x)dz = 1. Letting

(1.36) A=Y for p >0,

we define

Q) =waxd() = /R3 pA(-—y)C(y)dy  with px(-) = %gp (X) '

First, observe that || — (i|[r=(®s) < A from which we deduce that

k

L") = 3 G0) — Gl

i=1

By combining (|1.35]) with (1.37]), we obtain

(1.37) < 2k,

(1.38) < CD.(2k)%9 + 2k

L(e) — ZQ(P;) — ((ng)

On the other hand, note that

k k

> ¢ = Cni) = Y ) — ¢(ny)

i=1 i=1

k
<3 Up— mul + b — ] < CD(2k)°.
=1
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By combining the previous estimate with (1.37)), we get

k k
(1.39) > Cpi) = ) =D G — G(nf)| < CDoy(2K)%9 + 2k,
i=1 i=1
Then by and , we deduce that
k
L) =3 G(pi) — Q)| < C(Dor(26)°N + 2kN).
i=1

Second, note that
(1.40) Vi(z) = /( )sox(x—y)VC(y)dy
B(xz,A

for any € R3. We define
Ai={(i,j) | 1<i<k 1<j<2k i#j}

Then, letting
iy (+) = C(p) — dajy(+)  for (i,7) € A,

observe that, for almost every y € R3,
V() = vy if C(y) = (uyj(y) for some (i, ) € A.
Since |v(; ;| =1 for any (7, 7) € A, we have

V@) < /

(@ — )| VC()ldy < / oz — )y = 1
B(xz,\)

B(z,\)

for any x € R3.
We now analyze the set of points whose gradient is small in modulus. From (1.40]),
we deduce that

Vii(x) = Z OaVa, Where o, = / ox(® — y)Lic)=cawndy for a € A.
B(x,\)

a€N

Observe that o, € [0,1] and that > _, 0o = 1. We conclude that, for any z € R3,
V{,\(z) is a convex combination of the vectors v,’s, & € A. By Caratheodory’s theorem,
we deduce that V(,(x) is a convex combination of at most four of them.

Let us consider indices i,j € {1,...,k} with i # j. We let

P ={ye R? | Cigy(y) = Cuay(y) }

and observe that
P ; = {<p;) — C(p) — (o + ) — 2y, v ) = 0}
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A simple computation shows that

(y1 — Y2, V(i,j)> =0

for any y1,y. € Pi; with y; # y2. This implies that P;; is a plane whose normal is v(; ;)
and therefore COD - ) — , >

;) + ¢ W) — i+ P55 Vi)
Cip(Y) = (o (y) = ’ 5 2

for any y € P; ;. We define

P)\ = {y - R3 | d(y, P) S 2)\}, Where P = U1§i<j§k-Pi,j-

We immediately check that |(,(Py)] < CAE?.
Consider a number x < 9¥2/3 and a point

re{y e R | |VG(Y)| <k} \ P

We observe that, since x ¢ P, if there exists a point y € B(x,\) and indices 7,j €
{1,...,k} with ¢ # j such that

then, for any z € B(x, \),
C(2) # (i (2)
This implies that V{,(x) is a convex combination of at most four vectors, where if one of
them happens to be v, ;) for some 7,5 € {1,...,k} with i # j then all the other vectors
are different from v(;;) = —1(; ;). Recalling that the points of the collection 27’ are such
that
Vo X vg] > and |det(va,vs, v,)| > 9°

for any o, 8,y € {(4,)) | 1 <i <k, 1 <j <2k, i<j}<CAwith a+#p # v we deduce
that V(\(z) is a convex combination of at most four vectors that satisfy the previous

property.
Let us now show that V() (z) cannot be a convex combination of three or fewer of the
vectors v,’s, « € A. We have three cases to consider:

e If there exists o € A such that V() = v, in B(z, \) then
V()] = |va] = 11in Bz, \).
o If there exist a, f € A with a # [ such that
Vi\(z) = ovy + (1 —0)vg in B(z, A),
for some o € (0,1), then

V()] = lova + (1 — 0)vg|
> max {|V(Q(2) X v, [VQ(x) X v}
=max {(1 — o)|vs X v3],0|ve X vs]}

v
> max{o,1 — o} > 5
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1.A. Smooth approximation of the function (

o If there exist a, 8,7 € A with o # 3 # « such that
Vi\(2) = 0ave + 0pv5 + 041 in B(z, M),

for some numbers o,, 03,0, € (0,1) with 0, + 05+ 0, = 1, then, assuming without
loss of generality that o, > %, we have
2

VO (@)] 2 0alva - (v X 13)] = oaldet(va, vs, 1) = -

Since Kk < %2 we deduce that the three cases considered above cannot occur. Therefore
we conclude that there exist o, 8,v,n € A with a # 8 # v # n such that
V() = 0aVa + 01 + 041y + 01y, in B(z, M),

for some 0,,0p,0,,0, € (0,1) with 6, + 05 + 0, + 0, = 1.
Let us solve consider the system of equations

(1.41) Caly) = Cs(y) = G (y) = G(w).
We claim that this system admits a unique solution y € R3 which in addition satisfies
w—y) < —C2
YI= 02— 3Ry

Writing § = y — x, we observe that y satisfies the linear system of equations Ay = B,
where

Vo — Vg Ca() = Cp()
A=\ vy, —yg and B=| ((z)—(s(x)
Vn = Vp Cnlz) = Ca(z)

Let us check that |det(A)| > 4(9? — 3k). Note that without loss of generality we can
assume that o, < i. Observe that

V() —vg = 00(Va — v3) + 04 (1) — vg) + 0y (v — 1p).

By Cramer’s rule, we have

_ det(VCx(z) — vg, vy — v, vy — p)
o= :
det(v, — vg, vy — Vg, vy — 1p)

Simple computations show that
det(V((2) — v, vy — v, vy — vg) = —det(vg, vy, 1) + f(V(2)),
where | f(V(\(2))| < 3|V(i(z)| < 3k. Therefore
|det(VCn(x) — vg, vy — v, vy — v5)| > |det(vg, vy, vy)| — | F(V(2))] > 9 — 3k
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We deduce that

det - - _
|det(vo — vg, vy — Vg, vy — V)| = [det(Vr(@) — vg, vy — Vo, vy — )| > 4(9% — 3k).
O-OZ

On the other hand, note that there exist x,, zg, z,, z, in B(x, \) such that

((7a) = CalTa), C(xﬂ) = (p(wp), ((x7> = C'y(x7>’ é(xn) = (n(xn)-

Since
Ca(®) = Cal®a) + C(0) — C(25) + (a(xp) — (s()
B=| ()= ¢(zy) +¢(2y) = C(zp) + Ca(wp) — Ca(x) |,
Cp(2) = Gyly) + C(2y) — C(28) + Ca(wp) — Ca()

we deduce that |B| < 3\. Hence the linear system of equations Ay = B admits a unique
solution which satisfies

)
jl =y —z|=|A"'B| < .
gl = |y — x| = | < 53

Summarizing, if x € {y € R® | [V(\(y)] < &} \ P\ with £ < 9?/3 then there exist
a, B,7v,m € A with a # 8 # v # n such that the unique solution y € R? to (1.41) lies in
the ball B(z, C\/(9¥? — 3k)). We conclude that the set

Co ={z | [VQG(@)] <k} \ Py
can be covered by 9B, a collection of at most (') < (2k)® balls of radius C\/(¥? — 3k).
Observing that
C
|D*(@)] < 2
for any x € R3, and letting
T, = \(Upen, B),

we deduce that, for any t € R\ (T, U (\(P))), {x | (\(x) = t} is a complete submanifold
of R? whose second fundamental form is bounded by

C. supgs | D?(,\| < C; '
infra\(Upew, B)URY) VO T AR
Recalling the relation between A and ¥ (see (1.36))), the proposition follows. O

1.B  Smooth approximation of the function ( for dyg

The chief goal of this section of the appendix is to prove Proposition [1.5.2] First, let us
denote by 2" = {z1,...,x,} a collection of points belonging to 02 such that

3 D
—_7 < 1 . . )< =
(1.42) 5T < 1§I}1<1]n§n0(x“xj) and f%ag}io(z’x’) <37 for any z € 09,
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1.B. Smooth approximation of the function ( for dyq

where from now on ? denotes the geodesic distance on 02 and 7 > 0 is a given number.
For any z; € 2 let us denote by v(z;) the outer unit normal to 992. Define

ng = ﬂlgign{z | <Z — X, I/(IZ)> < 0}

It is easy to see that 024 is a polyhedral approximation of 92 which in addition is convex
if € is convex.

In the next lemma we show that the points of the collection 2  can be displaced in
order to make the normals v(z;)’s, z; € 2 satisfy extra conditions, when € is assumed
to be a C? bounded domain such that 9 has strictly positive Gauss curvature.

Lemma 1.B.1. Let Q C R3 be a C? bounded domain such that OQ has strictly positive
Gauss curvature at every point and let & = {x1,...,x,} be a collection of points belonging
to 0) satisfying for a number 7 > 0. Then there exist constants 1y, Cy,C' > 0
depending only on 0N), such that for any 0 < T < 79 there exists a collection Z~' =
{yi, -, yn} C OQ such that for any 0 < 9 < Cy7° the following hold

L 7 <minj<icj<, 9(yi, y5) and maxy<;<, 0(z,y;) < 37 for any z € 0.

2. Letting
Qo= Mi<i<af{z | (2 — i, v(wi)) <0},

where v(y;) is the outer unit normal to 0 at y;, we have
|d(2,009) — d(z,00)| < C7?
for any z € R3.
3. Foranyi,j k€ {1,...,n} withi # j # k, we have

v(y:) x v(y;)l =9 and  |det(v(y:), v(y;), v(ye))| = 9*.

Proof. Since we assume that OS2 has strictly positive Gauss curvature at every point, we
have that there exists a constant K,(0€2) > 0 such that for any point € 92 the minimal
principal curvature of 0€) at z is bounded below by K.

Simple geometric arguments show that there exist constants C, ¥y, Ry > 0 depending
only on 99, such that for any x € 9Q and for any 0 < ¥ < ¥y if v € R® with |v| = 1 is
such that

O(v(x),v) <9,

where 0(v(z),v) is the angle formed by v(x) and v, then for any y € 0f) satisfying
CKod <0(z,y) < Ry,

we have

O(v(y),v) > .

We easily deduce that, up to an adjustment of the constants, for any = € 02 and for any
0 <9 <y if v € R? with |v| =1 is such that

lv(z) x v| <9,
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then for any y € 09 satisfying C Ky < 0(z,y) < Ry, we have
(1.43) lv(y) x v| > 0.

Moreover, for any x € 92 and for any 0 < ¢ < ¥y if v, w € R® with |v| = |w| = 1 are such
that
v x w| > and |det(v(z),v,w)| < ¥

then for any y € 09 satisfying C Ky < 0(z,y) < Ry, we have
(1.44) | det(v(y), v, w)| > 92

Then, we proceed by induction. We define y; = x;.
Assume that we have defined a collection {y1,...,y} C 02 with 1 <[ < n such that
for any i, 7,k € {1,...,1} with ¢ # j # k, we have

(y:) x v(y;)l =0 and  |det(v(y:), v(y;), v(ys))| > 0%

From our previous observations we deduce that there exists a point y € 0f2, such that
0(x11,y) < CKyY, satisfying (1.43)) for v = v(y;). By repeating this procedure at most [
times, we find a point y;,, with

(it Yiq1) < CLKGY
such that, for any i € {1,...,1},

lv(yi) x vy, >

We further displace the point y;,, in order to additionally satisfy the condition on the
determinants (when [ > 3). Once again from our previous observations we deduce that
there exists a point y € 02, such that ?(y;,,,y) < CKy, satisfying for v = v(yy)
and w = v(y,). By repeating this procedure at most [* times, we find a point y;,; with

a(szrlv Yir1) < CP Ky
such that the collection {y1,...,y.41} C 0N satisfies
v(yi) x v(y;)l =0 and  |det(v(y:), v(y;), v(y))| = 9°

for any 4,5,k € {1,...,l 4+ 1} with ¢ # j # k. This concludes the induction step and the
proof of the third assertion. Note that

(2, ) <20(1 —1)%9 < 20009

for any [ € {1,...,n}. Observing that n < C7~2 for a universal constant C' > 0, we
deduce that, for any 1 <1 < n,

oz, ) < O

Therefore, if C77%9 < 1/27 then the first assertion is satisfied. Finally, geometric manip-
ulations show the validity of the second assertion (see [Gru93, Theorem 4] for a proof).
This concludes the proof. O
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With the aid of Lemmas [I.A1], [T.A.3], and [1.B.1] we prove the following result.

Lemma 1.B.2. Let Q C R3 be a C? bounded domain such that OQ has strictly positive
Gauss curvature at every point. Let o/ = {a,...,a,} C Q be a collection of m non
necessarily distinct points. Consider a collection 2" = {x1,...,x,} C 0 satisfying
and let 2" = {y1,...,ys} C OQ denote the collection of points given by Lemma m
for a number T < 1y, where Ty is the constant appearing in the lemma. Then there exist
constant Cy,Cy > 0 depending only on 092, and a collection of points &' = {by,... by}
such that for any

4,2 2,4 5}

¥ < Comin{m =% m~*r* m~2rt 1

the following hold

1. b; # b; for any i # j.

2. Define
bi — b
Vi) =
(4,5) ’bz _ bj‘

for (i,7) € Ay :={(p,q) | 1 <p < qg<m}

and
Voi={vuy | (1,7) € A} U{v(y) | i € 27}
Then fOT’ any u,v,w S 7/ wlth u 7é (% 7é w, we have

luxv| >9 and |det(u,v,w)| > 9%

3. Jag = by < CLPP + B2+ 17719 for any l € {1,...,m}.

Proof. Assume 9 < Cyr°, where Cj is the constant appearing in Lemma so that
for any 4,5,k € {1,...,n} with i # j # k, we have

V() x v(y)| =0 and  |det(v(y), v(y,). v(e)| = 0>

We proceed by induction. We define b; = a;, dy = 0 and D; = diam(2) + 1.
Assume that we have defined a collection {by, ..., b} with 2 <[ < m such that

e Letting
Vi = v | (,4) € MY U{v(y) | v € 27},

then for any u, v, w € ¥ with u # v # w, we have
luxov| >9 and |det(u,v,w)| > 9>
e |a; —b| <d for any i € {1,...,1}.
o |b; —b;| <D, forany i,j € {1,...,1}.

Using Lemma [[.A.1] Lemma [I[.A.3] and arguing as in the proof of Proposition [I.A.1] we
find a point by, such that the collection {b1,...,b;,b; ,} satisfies:
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e For any «, 8,7 € A1 with a # 8 # v, we have

Vo X v5] >0 and  |det(vy,vg, v,)| > 92

o |a; — bl < dpyy =615(Dy+ dp)d for any i € {1,...,1+1}.
e |b —b;j| <Dy =D;+d forany i, je{l,...,[+1}.

We displace the point bj,, in order to additionally satisfy the conditions involving the
vectors of the collection 2.

First, applying Lemma with the points 21 = y1, x2 = y1 + v(y1), x3 = by,
x4 = by, and the number D = D; 4 d;, we find a point 2 satisfying and (1.32).
We recall that n < C772, where throughout the proof C' denotes a universal constant
that may change from line to line. By repeating this argument at most C7~2 times, we
find a point b}, ; with

lare1 — by < (61° +3CT20)(Dy + dp)9
such that the collection {by,...,b;, b/}, in addition to the previous properties, satisfies
V1) x v(y;)| >0 forany i€ {1,...,1} and j € {1,...,n}.

When [ > 2, we further displace the point b/ ;. Applying Lemma with the points
1 = Y1, T = y1+U(y1), T3 = bl, Ty = bg, Ty = bl, Tg = b;/+1 and the number D = Dl‘l‘dl,
we find a point x satisfying (1.33)) and ([1.34]). By repeating this argument at most C7 23
times, we find a point b;; with

are1 — bty | < (61° +3CT 21+ 3CT*1*) (D) + d;)V
such that the collection {by,...,b;, b/}, in addition to the previous properties, satisfies
det(V11), Va, V(y;))| > 0% forany i€ {1,...,1}, a €A, and j € {1,...,n}.
(,1+1) J

Finally, applying Lemma with the points 1 = y1, 2 = y1 + v(y1), T3 = Yo,
Ty = Yo +v(y2), 5 = b1, ¢ = b}, and the number D = D; + d;, we find a point xj
satisfying and . By repeating this argument at most C?7~4[ times, we find a
point b;4q with

|41 — biy1| < (61° + 3CT721 + 3CT 21 + 3C*r 1) (D) + dy)v
such that the collection {by, ..., b;, b1}, in addition to the previous properties, satisfies
det (v 41y, v (y;), v(yx))| > 9? for any i € {1,...,1} and j,k € {1,...,n} with j # k.
Summarizing, the collection {by, ..., by, b1} satisfies

e Letting
Yior = A{vag | (4,5) € My} U{v(y) | vi € 273,

then for any u, v, w € ¥ with u # v # w, we have

luxv| >9 and |det(u,v,w)| > 9>
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o |a;—b| <dyy =C(PP+ 77283+ 771)(D; + d;)9 for any i € {1,...,l+ 1}, where C
is a universal constant.

o |bi—bj|SDH_l:Dl—i-dlfOI&Dyi,jE{l,...,l—f—l}.

This concludes the induction step. Arguing as in the proof of Proposition [1.A.1] we find
upper bounds for the recursively defined distances d; and D;. Observe that

D < D1+ CP+ 772 +771)9), Dy = diam(Q) + 1.

We immediately check that if ¥ < min{d,J3,m=¢ + 72m~* + 7¥m =2}, where 9, and 93
are the constants appearing in Lemma and Lemma [I.A.3| respectively, then for any
le{l,...,m}

Dy < Dy, < Di(1+C(m® +772m® + 77'm)9)™ < Dy (1 + g) < C(diam(2) + 1),
m

Moreover if 9 < m=6 + 72m~™ + 74m=2 then for any [ € {1,...,m}
d; < O(diam(Q) + 1)(I° + 77213 + 7)0.

Thus, provided that

2 2,4 5}
)

¥ < Comin{m =% m™*7r% m~2r* 1

where the constant Cjy depends only on €2, the proposition follows. O
We are now in position to prove Proposition [I.5.2]

Proof of Proposition[1.5.3, Let 2 = {x1,...,2,} C 99 be a collection of points sat-
isfying (1.42) for a number 7 > 0. Apply Lemma to obtain a collection 2”7 =

{y1,...,yn} for 0 < 7 < 79, where 7 is the constant appearing in the statement of the
lemma. Then apply Proposition with the collection of points &/ C € to obtain a
collection &' = {p},...,p},n},...,n.}. We consider a number

9 < Comin{(2k)~C, (2k) 472, (2k) 2%, 75},

where Cy = Cy(012) is the constant appearing in the statement of the lemma. Observe
that

a K
Loo(') <Y doa(pl,n}) < doa(pi, ni) + daa(pi, p}) + doa(ni, n})
=1 =1

< Loo(o) + C(2k) ((2k)° + (2k)*77% + (2k)7~ ) 0,

where throughout the proof C' denotes a constant depending only on 0f2, that may change
from line to line. An analogous argument shows that

Loo() < Loa(@") + C(2k) ((2k)° + (2k)*772 + (2k)7~*) ¥
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Therefore

(1.45) |Loa (/) — Loa(/")| < C(2k) ((2k)° + (2k)*r % + (2k)7 ") 0.

-----

R such that i
Loa(a") = ¢*(ph) — ¢*(n).

i=1
Define the function ¢ for dgg as in Definition [1.5.2] i.e. set

((x) == nax (C*(p;) — di(z,0Q)),

where

je{l,...2k}

d;(z,09) := min [max < max d; (), d(p;, 0Q) — d(, OQ)) ,d(p, 0Q) 4+ d(x,090) | ,

and

p;—a; if o /
) - i # aj

digy(x) = (0 — @, vap), vay =9 Pl T
0 if p; =d]

Lemma yields that ¢ : R — R is a 1-Lipschitz function such that

k k
D Cpl) = Cnf) = D¢ () = ¢ (nf) = Lon ("),
i=1 i=1
Recall that by Lemma letting
Qo= Mia<an{z | (z =y, v(y)) <0},
where v(y;) is the outer unit normal to 0S2 at y;, we have
(1.46) d(z,0Q4+) — d(z,00)| < CT?

for any = € R3. Observe that, since € is convex, Q C Q4 and that for any z € Q4

d(z,004+) = min (y; — x,v(y)).

n
1<l<n

In order to take advantage of this fact, we define a new function by replacing the distance
to 02 with the distance to 024+. More precisely, we let

() = max (C(p) — di(w, 0025)).

e{1,....k}
From (|1.46)), we deduce that
k ~ ~
(1.47) Loo(') =Y _C(p}) — C(n))| < C(2k)7°.
i=1
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Next, we regularize the function ¢. Let ¢ € C®(B(0,1),R,) be a mollifier such that
Jgs p(z)dx = 1. Letting

(1.48) A=Y for p >0,

we define
6O = e = [l =@ with ()= 1 ().

First, observe that || — Callzeer3) < A. We deduce that

k k

ST — ) = 3G — )

=1 i=1

By combining ([1.45)) with ((1.47) and - we obtain
Laﬂ Z C)\ p'L

On the other hand, note that

(1.49) < 2k,

(1.50) < O(((2k)° + (2B)* 772+ (2k)* T~ DI+ 2k(T% + X)),

k k

D C) = Cna) = > <)) — <

i=1 =1

k
) §Z|pz’—nz‘|+|]7;—”§|
i1

< C(2k) ((2k)° + (2k)%77% + (2k)77) 0.

By combining the previous estimate with (1.46]) and (1.47)), we get
(1.51)

ZC(Pi) ZCA P;)

Then by (1.50)) and ((1.51)), we deduce that

k

Loa() =Y Gu(pi) — Ga(ma)

=1

=

< O(((2K)° + (2k)* 7724 (2K)2 1 H0 + 2k(T2 + ).

< C(((2K)° + (2k)* 772 4+ (2K)27 0 + 2k(72 + ))).

Second, note that

(1.52) Vir(z) = /B CCEREE

for any x € R3. We define

A= {(ij) | 1<i<h 1<j<2k i#j} and c:= max (C(p)) — d(p},025)).
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Then, letting

gy (1) = ¢ (1))
Gr()=c+(—

- d(l’])(> fOI‘ (Z,]) c A

y,v(y)) forle{l,...,n}

G-()=c—(—y,v(y)) forle{l,...,n},

observe that, for almost every z € (24,

vig if ¢z
V((z) = v(y) if ¢(2
—v(y) if ((z

) = (u,j)(2) for some (4,7) € A
z) = Q+(z) for some [ € {1,...,n}
) =(,—(2) for somel € {1,...,n},

In particular |[V((z)| = 1 for almost every z € Q4. Thus

V@) < /

B(z,\)

for any x € Q.
Third, observe that

((z) =c
Thus

| (2

oAz — 2)|V{(2)]dz < / oa(x —2)dz =1

B(z,\)

for any x € 00 4.

)| < C(T° + N).

We now analyze the set of points in €2, whose gradient is small in modulus. From (1.52]),

we deduce that

Vii(x ZUaVa+ZUl+V U —i—Zal

a€EN

where

Oa

01,4

/ oA(r — 2) 1z (ndz  for a € A,
(z,))

/ oa(@ = 2)Lg)g,  (ndz forle{l,... n},
(2.0) |

o = /( Y oa® = 2)15) ¢ (ndz forle{l,... ,n}.

Observe that o4, 074,0;,— € [0,1] and that Y>> 00 + > 004 + > q0,- = 1. We
conclude that, for any = € Q,, V(,(x) is a convex combination of the vectors v,’s, v(y;)’s,

and —v(y)’'s with a € A, 1 € {1,...

,n}. By Caratheodory’s theorem, we deduce that

V(\(2) is a convex combination of at most four of them.

We define

Py = {2 € R | d(z, P) < 2)\},

where
P :=U<icj<iPij, B
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1.B. Smooth approximation of the function ( for dyq

Arguing as in the proof of Proposition we deduce that |((Py)| < 20k%
Consider a number x < 9¥2/3 and a point

T € {ZGQ)\ | |VC)\(Z)‘ < K}}\P)\.

We observe that, since x ¢ P,, if there exists a point y € B(z,\) and indices i,j €
{1,...,k} with ¢ # j such that

then, for any z € B(x, \),
C(2) # ¢y (2)

On the other hand, since x € €, if there exist a point z; € B(z,\) and an index
[ € {1,...,n} such that

C(z4) = G4 (24)

then, for any z € B(x, \),

C(2) # G- (2).

Arguing by contradiction, assume that there exist points z,,z_ € B(x,A) and an index
[ €{1,...,n} such that

5(Z+) = Q+(2+) and 5(27) = Q- (2-).
Observe that
() =€zl <A and |G- (2) = G (24)] < A
and that
G- (24) = G (24)] = 2d(24, 0Q0) = 2d(24,00) > 2.
But
Gt (24) = Q= (2] = [¢(24) = C(22) + Q= (22) — Q- (24)] < 2,

which yields a contradiction with the previous computation.
Analogously, if there exist a point z_ € B(z, A\) and an index [ € {1,...,n} such that

C(z-) = G-(2-)

then, for any z € B(x, \), )

((2) # G+ (2).
This implies that V(,(z) is a convex combination of at most four vectors, where if one
them happens to be v(; jy for some i, j € {1,...,k} with ¢ # j then all the other vectors are
different from v(; ;) = —v(; ;) and if one of them happens to be v(y;) (respectively —v(y;))

for some [ € {1,...,n} then all the other vectors are different from —v(y;) (respectively
v(y)). Recalling that by Lemma [1.B.2] we have

o1 X vp| > and | det(vy, vo, v3)| > ¥

for any vy, v0,v3 € {vu ) | 1 < i <k, 1 <35 <2k i <jU{viy) |1<10< n} with
V1 # vy # vz we deduce that V() (z) is a convex combination of at most four vector that
satisfy the previous property.
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Chapter 1. 3D wvortex approximation construction and estimates for Ginzburg-Landau

Arguing as in the proof of Proposition we conclude that if x € {y € Q) | [V (y)] <
k} \ Py with £ < 9?/3, then there exist four different functions

C1,62,G3, G € {Cugy | (,) € A UGy e ZHU{G- |y e 27},

where if (, = () for some (i,7) € A and a € {1,2,3,4} then ¢, # ((;; for any b €
{1,2,3,4} \ {a} and if ¢, = ¢+ (respectively ¢, = () for some I € {1,...,n} and
a € {1,2,3,4} then ¢, # (;— (respectively ¢, # () for any b € {1,2,3,4} \ {a}, such
that the unique solution z € R3 to the linear system of equations
G(2) = G(z) = G(2) = G(z)
lies in the ball B(z, CA/(¥? — 3k)). We conclude that the set
Co:={x Q| |VQL(x)| <k} \ P\
can be covered by B, a collection of at most (‘AH?&WI) < Co((2k)® +778) balls of radius
C\/(9? — 3k). Observing that
C
D) <
for any x € Q,, and letting
Tk = (\(Upes, B),

we deduce that, for any ¢ € ((Q2\)\(T,UC(Pr)), {z | (\(z) = t} is a complete submanifold
of R? whose second fundamental form is bounded by

SUpPgq, | D¢, < C

info,\(Upes, BYUPY) VG = A2R

C

Recalling the relation between A and ¥ (see (1.48))), the proposition follows. m

1.B.1 The general case

In order to get rid of the assumption that 0f) has strictly positive Gauss curvature at
every point, a new approach is needed. We will smoothly approximate the function ¢ for
dpn defined in Definition [1.5.2] after displacing the points a; as in Appendix The
main difference with respect to the strategy followed in Appendix [I.B] is that we do not
approximate the boundary of the domain. The commodity of doing this is that (where
well-defined) the gradient of the function d(-, 9€?,-) is equal to the normal to 02 at some
point of the discrete set 2.
In our new approach, the main points to consider are:

e If we reduce the analysis to a small neighborhood close to the boundary, then the
gradient of the distance to the boundary at every point of this neighborhood is given
by the normal to the boundary at the unique projection to the boundary of this
point.
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1.B. Smooth approximation of the function ( for dyq

e We need to understand the set where the distance to the boundary is equal to one
or two of the functions (; ;’s, while the gradient vectors of these functions do not
satisfy a good angle condition between each other, in the sense described in the
previous two sections. One can show that the image of this set has small measure.
To prove this fact, the strategy is to combine the first observation with a delicate
analysis based on the curvature of the boundary. An important fact is that we
need to assume that the boundary is of class C?, which in particular gives an upper
bound for the maximal principal curvature at each point. Roughly speaking, this
means that the boundary “cannot wiggle too much”.

e We need to adapt the last part of the proof of Proposition [1.5.2] Arguing in the
same fashion, but using a quantitative version of the inverse function theorem, we
can show that the set where the distance to the boundary is equal to three of the
functions (; ;s can be covered by a finite number of small balls.

We remark that once this is done, the proofs presented in Sections [I.6}, [I.7] and [I.§ will
follow (almost) without modification.
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Chapter 2

Global minimizers for the 3D
Ginzburg-Landau functional below
and near the first critical field

Abstract

In this chapter, which is based on [Romb| and on a work in preparation in collaboration
with Etienne Sandier and Sylvia Serfaty [RSS|, we analyze the behavior of global
minimizers of the three-dimensional Ginzburg-Landau functional below and near the
first critical field. First, we prove that minimizing configurations below the first critical
field are vortex-less. Second, in a work in progress, we prove that near the first critical
field, global minimizers have bounded vorticity, under a suitable non-degeneracy
condition.
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Chapter 2.  Global minimizers for the 3D Ginzburg-Landau functional

2.1 Introduction

The aim of this chapter is to give a precise estimate of the first critical field H., and
to study the behavior of global minimizers of the full Ginzburg-Landau functional with
applied magnetic field (introduced in Chapter [l|) below and near H,.. Physically, this
value is characterized as follows. Below H, , the superconductor is everywhere in its su-
perconducting phase |u| ~ 1 and the external magnetic field is forced out by the material.
This phenomenon is known as the Meissner effect. At H.,, which is of order of |loge| as
e — 0, the first vortice(s) appear and the external magnetic field penetrates the material
through the vortice(s).

In the works [Ser99,[SS00al, SS03/SS00c|, Sandier and Serfaty derived with high pre-
cision the value of the first critical field and rigorously described the behavior of global
minimizers of GL. below and near H. in 2D. In the 3D case, Alama, Bronsard, and
Montero [ABMO6] identified a candidate expression for H,, in the case of the ball. Then,
Baldo, Jerrard, Orlandi, and Soner [BJOS13| characterized to leading order the first criti-
cal field in 3D for a general bounded domain, via a ['-convergence argument. Our purpose
here is to derive with more precision this value. To do so, we crucially use the e-level
estimates proved in the previous chapter.

Throughout this chapter, we assume that Hey = hexHo ex, Where Hy o is a fixed unit
vector and he, denotes the intensity of the applied field. In particular, there exists A =
hexAoer € HE (R3 R3) such that

loc
curl Ag ey = Ho e, divAge, =0 in R3 and Aper - v =0 on O

The natural space for the minimization of GL. in 3D is H'(Q2,C) x [Acx + Heun], where

He = {A € HL (R* R?) | curl A € L*(R* R?)}.

Let us also introduce the homogeneous Sobolev space H 1(R3,R?), which is defined as the
completion of C§°(R?, R?) with respect to the norm ||V (-)||,2(rs rs). We observe that, by
Sobolev embedding, there exists a constant C' > 0 such that

(2.1) JAllo @) < ClIV Al p2cas )
for any A € H'(R3 R3). Moreover, by [KS91, Proposition 2.4], we have

H'(R® R®) = {A € L5(R® R®) | VA € L*(R? R®)}.
It is also convenient to define the subspace

HY_o:i={Ac H'(R?R? | divA=0in R}

In this subspace, one has
(2.2) VA r2rs rsy = || curl Al|z2(gs gs)-
Let us recall that any vector field A € H'(£2,R3) can be decomposed as

A = curl B4+ V¢, in Q)
Baxv = 0 on 0f2
Voa-v = A-v on 052,
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2.1. Introduction

where the vector field B4 and the function ¢4 are unique if properly chosen.
We consider the unique minimizer Ay € H};,_, of the functional

1 1
J(A) ::—/ |curlBA\2+—/ |curl(A — Ag )]

and define the Meissner configuration (ug, hexAo), Where uy = ethex®49 . We observe that
GL.(ug, hexAg) = h2, J(Ag). Finally, letting By := By, € C2'(Q,R?), where C5:' denotes
the space of vector fields in C%! whose tangential component vanishes on 952, we define

| Boll. := sup / 1A By,
neX JQ

where X is the class of 1-currents such that du = 0 relative to Q and |u|(€2) < 1.
Our goal is to prove that the first critical field in 3D is given by H2” 4+ O(1). Our first
result concerns the behavior of global miniminizers of GL. below H?P.

Theorem 2.1.1. There exist constants g, Ko > 0 such that for any ¢ < g9 and hexy <
H2P — Kylog |loge|, the global minimizers (u., A.) of GL. in H'(Q, C) X [Aex + Heun| are
such that |u.| > 1/2 in Q and GL (u., A.) = h2 J(Ag) + o(1).

The next result, which is a work in preparation in collaboration with Etienne Sandier
and Sylvia Serfaty, concerns the behavior of global minimizers near H2P. Before stating
the result, we need to introduce a non-degeneracy condition.

Let us consider the functional

By = [ By

defined for Lipschitz curves v € X. Here, 7 denotes the tangent vector to . In particular,
we observe that |v(By)| < || Bol«-

We introduce the following assumption.
Non-degeneracy condition in 3D: There exists a unique Lipschitz curve vy € X such
that 70(By) = || Bol|«. Moreover, there exist constants C, N > 0 such that for any Lipschitz
curve v € X if ||y — yl|« = 9, for some ¢ € (0,1), then

Y(Bg) < vo(By) — CoN.

Theorem 2.1.2. Assume the non-degeneracy condition above. For any K > 0, there exist
positive constant g, C,« > 0 such that for any € < eo and any he, < Hng + Klog|logel|,
if (ue, Ac) is a global minimizer of GL. in H'(Q,C) X [Aex + Heun] and v = Y oier Vi 18
the vorticity approximation associated to the configuration (u., AL) defined by (u., A.) =
(uoul, hexAg + AL), then

1. Vi, ’Yi/|%"(Bo) > 0,
2. |1/l = voll+ < [loge| 2% for any i such that vi/|%|(Bo) > 0, and
3. |v](Q) < C.
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Chapter 2.  Global minimizers for the 3D Ginzburg-Landau functional

In this theorem, we use the decomposition v/, = . _; v;, where each +; is a multiplicity
1 Lipschitz curve in X. This result essentially states that the vorticity of minimizing
configuration p(ue, A.) is bounded when the strength of the applied field is below slightly

above H?P, but also provides extra information about the finite sum (in the sense of

currents) of polygonal lines v.. The author believes that the previous two theorems are
the key ingredients to prove that the first critical field is given by H2P +O(1) in 3D. This
requires extra work, that we do not present here.

Finally, let us point out that in a work in preparation we show that the non-degeneracy
condition presented above holds when 2 = B(0, R) and Hp.x = 2. In this case, one can
show that the vertical diameter D; oriented in the direction of Z and seen as a Lipschitz
curve in X (in particular |D;|(2) = 1) is such that

Dy(Bo) = || Boll+-
Moreover, we have the following result.

Theorem 2.1.3. Let Q = B(0, R) and Hyex = 2. There exists constants C;, N > 0 such
that for any Lipschitz curve v € X if ||y — D1||« > 0, for some § € (0,1), then

7(Bo) < Dy(By) — C8%,

where Dy is defined as above.

2.2 Preliminaries

2.2.1 Hodge decompositions

We begin by giving a decomposition of vector fields in Hy,.

Lemma 2.2.1. Every vector field A € Hey can be decomposed as
A=curl B+ Vo,

where B,curl B € HL _, and ® € HZ (R?).

Proof. First, let us observe that there exists a function ®; € H?

loc
A®, =divA e L (R} RY).

loc

(R3,R3) such that

Second, we consider the problem
curl> B = curl A € L*(R* R?), divB = 0.
By observing that curl* B = —AB, [KS91}, Theorem 1] provides the existence of a solution

B € H._, to this problem such that curl B € H} _,.
Finally, by noting that

curl(A — V&, — curl B) = div(A — V&, — curl B) = 0,

we deduce that
A— V@l —curl B = Vq)g,

for a harmonic function ®; € HZ_(R3 R3). By writing ® = ®; + ®,, we obtain the
lemma. O
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2.2. Preliminaries

Next, we recall a decomposition of vector fields in H'(Q, R3). The proof of this result
can be found in [BBOO1, Appendix A].

Lemma 2.2.2. There exists a constant C = C(Q) such that for every A € H'(Q,R?)
there exist a unique vector field By € {B € H*(Q,R?) | divB = 0 in Q} and a unique

function o4 € {¢p € H*(Q) | [,da = 0} satisfying

A = curl B4+ V¢, in Q
Byxv = 0 on 02
Voa-v = A-v on 0f),

and
| Ballg2rsy + [|0allm2@) < Cll Al a1 0r%)-

2.2.2 Ginzburg-Landau equations

Definition 2.2.1 (Critical point of GL.). We say that (u, A) € H'(Q, C) X [Aex + Heun]
is a critical point of GL. if for every smooth and compactly supported configuration (v, B)
we have p

EGg(u +tv, A+ tB)|i= = 0.

Next, we provide the Euler-Lagrange equations satisfied by critical points of GL..

Proposition 2.2.1. If (u, A) € H*(Q,C) x Heu is a critical point of GL. then (u, A)
satisfies the system of equations

1 .
—(Va)*u = 8—2u(1 — u*) in Q
(GL) curl(H — Hey) = (iu, Vau)xa inR?
Vaiu-v = 0 on 0f)
[H—Hy]xv = 0 on 01,
where xq is the characteristic function of Q, [ -] denotes the jump across OS2, and the

covariant Laplacian is defined by
(VA)2U = (diV —iA')VAu.
Proof. We have

d 1
GGt to Ao = [ (Vau V) = 5 [ @ o)t~ Juf).
dt QO g2 Q
By noting that
(Vau, Vav) = div(Vau,v) — (Va)’u,v),

where (Vau,v) = ((Oyu — 1A u,v), (Oou — iAqu, v), (O3u — iAsu, v)), and by integrating by
parts, we obtain

d
EGLe(U‘i“thAﬂt:o :/a

(Tawevo) = [ (Varuo) = 5 [ o= o)
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Chapter 2.  Global minimizers for the 3D Ginzburg-Landau functional

Since this is true for any v, we find
1
(Va)u = —u(l— lu|?*) in @ and Vau-v=0on Q.
€
On the other hand, we have

iG@m¢H¢mhﬂz—/

(1Bu, V qu) +/ (H — Hyy) - curl B.
di 0

R3

By integration by parts, we get

L L, A+ 1B)] g — —/

(tu, V gu) - B + / curl(H — Hey) - B.
dt 0

R3

We deduce that
curl(H — Hey) = (iu, Vau)xq in R

By testing this equation against B and by integrating by parts over €2, we find

/Q(H—Hex)-curlB—/m((H—HeX) xy)-B—/(z’u,VAu)-B:O.

Q

Now, by integrating by parts over R\ ©, we get

/ (H—Hex)-curlB—l—/ ((H—He) xv)-B=0.
R3\Q A(R3\Q)

Thus
/ ([H — He] xv) - B =0,
a0

and therefore [H — Hex] X v =0 on 092, O
Remark 2.2.1. By taking the curl of the second Ginzburg-Landau equation, we find
(2.3) curl?>(H — Hey) + Hxq = p(u, A)xa,

i the sense of currents. We will come back to this equation later on.

2.3 Global minimizers below the first critical field

2.3.1 The Meissner solution

Physically, when the strength of the applied magnetic field is below the first critical field
one observes that the superconductor is everywhere in its superconducting phase |u| ~ 1
and that the external magnetic field is forced out by the material.

We then expect global minimizers of GL. below H., to be vortex-less configurations
(u, A) such that p(u, A) = 0. We next a pair (ug, hexAg), usually called the Meissner
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2.3.  Global minimizers below the first critical field

solution, which satisfies with zero right hand side and whose energy turns out to be

a good approximation of the energy of global minimizers below the first critical field.
Let us consider a configuration of the form (e, heyAg), with ¢ € H?(Q2) and Ay €

A+ H b Observe that, by using Lemma and by letting ug := €', we have

iv=0"

1 1
G L. (ug, hexAg) :5/ (V¢ — hex(curl By, + Ve, )|* + 5/ | R curl Ag — Hey |2
Q R3

1 h?
! / V(o — hextoag)? + F2,| curl B + ex / | eurl(Ag — Ager)?

By choosing ¢ = hex®4,, we obtain
h? h?
GLs(U(), AO) = ﬂ/ | curl BA0’2 + = / | Curl(Ao — AO ex)|2 = thJ(Ao)
2 Q 2 R3 ’

We choose Ay to be the minimizer of J in the space (Aex + Hio_o, || curl- || L2(R3R3)),
whose existence and uniqueness follows by noting that J is continuous, coercive, and

strictly convex in this Hilbert space (recall (2.1)) and ({2.2)).

We let Hy = curl Ag. One can easily check that, for any A € H . we have

iv=0’
/ curl By, - curl By +/ (Hyp — Hopex) - curl A =0
Q R3

Because fQ curl By, - Vo4 = 0, we have

(2.4) / curl By, - A +/ (Hyp — Hopex) - curl A =0
Q

RS

Moreover, Lemma implies that this equality holds in the larger space Hy1.
Then, an integrating by parts yields

/ curl By, - A +/ curl(Hy — Hoex) - A = 0.
Q

Rlﬁ

Therefore Ay satisfies the Euler-Lagrange equation
(2.5) curl(Hy — Hoey) + curl By, xo = 0 in R®.

In addition, the boundary condition [Hy — Hp x| = 0 on 012 is satisfied.
By taking the curl of the previous equation, we find

curl?>(Hy — Hoex) + Hoxo =0 in R?

namely (up to dividing by hey) (2.3) with p(ug, Ag) = 0.
Observe that, by minimality of Ag, we have

1
T(A0) < J(Aoe) = 5 /Q lcurl By, P < C /Q | Hoex? = C10 [ Hoyox
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Chapter 2.  Global minimizers for the 3D Ginzburg-Landau functional

By Sobolev embedding, we deduce that
1B aoll 2o ey < C|Q | Hoex|*.
Then, by standard elliptic regularity, we get

HBAO”Cg’l(]R?’,]R?’) < C‘QHHO,eX‘Z'

Remark 2.3.1. Observe that the divergence-free vector field By € C'%I(Q,R:S) satisfies

A?(By — Boex) +ABy = 0 inQ
Byoxv = 0 on 0f)
[A(By — Boex)] x v = 0 on 0S.

This normalized vector field is then the analog of the function & defined in , which has
been used to analyze similar questions in 2D. As we shall see below, By plays an important
role in our 3D analysis.

2.3.2 Energy-splitting
Next, by using the Meissner solution, we present a splitting of GL..

Proposition 2.3.1 (Energy-splitting). For any (u, A) € H' (2, C) X [Aex + Heun), letting
u = upu' and A = heyAg + A', where (ug, hexAg) is the Meissner solution, we have

(2:6) GLc(u, A) = heJ (Ao) + Fe(u/, AT) + % /

]curlA']Q—hex/,u(u’,A’)/\Bo—l—Ro,
R3\Q

Q
where F.(u', A") is the free energy of the configuration (u', A") € H'(Q,C) X Heyn, i.e.

1

1
F.(u',A") = 5/ |V a|* + 2_52(1 — [u/|*)? + | curl A'|?
Q

and
2

Ry = hex /(|u|2 — 1)| curl By .
2 Ja

1 1
In particular, Ry < Ceh2 E.(|u])2, with E.(|u|) = 5/ 1V |ul|* + 2—2(1 — Jul?2.
Q 9
Proof. One immediately checks that A’ € H. and that v = ug'u = e Pex®40q. In

particular, because ¢4, € H?(§2,C), by Sobolev embedding we deduce that v’ € H'(2, C).
Writing u = ugu’ and A = heyAg + A’ and plugging them into GL.(u, A), we obtain

1 1 1

GL.(u, A) = —/ |VA/u’—iheXCurlBou'|2+—(1—|u'|2)2—|——/ | curl A'4hex (Ho—Ho x|
2 Q 2e2 2 R3 ’

By expanding the square terms, we get

1 1
GL.(u,A) 25/ IV |2+ h2 | curl Bol?|u/|* — 2hex (V4 i) - curl By + 2—52(1 — |u/|*)?
Q
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2.3.  Global minimizers below the first critical field

1
+§/ |curl A')? + h2 |Hy — Hyex|? + 2hex curl A - (Hy — Hy ox )
R3
Observe that, by (2.4), we have

/ curl A"+ (Hy — Hpex) = — / A’ - curl By.
R3 Q

Therefore, grouping terms and writing |«/|? as 1 + (|u/|*> — 1), we find

1
GL.(u, A) = thJ(A0)+F€(u',A’)+§/

|CurlA’|2—heX/(j(u',A’)+A’)-curlBo—|—R0.
R3\Q)

Q

Then, an integration by parts yields

/Q (j(u', A" + A') - curl By = /Q (', A') A By — /m@(u’, A+ A') - (By x v).

By using the boundary condition By x v = 0 on 02, we find (2.6). The inequality for Ry
follows directly from the Cauchy-Schwarz inequality. [

Remark 2.3.2. Let ¢ € C' () be a 1-form. Observe that

/u(u,A)/\gzﬁ:/u(u',A’—l—hexcurlBg)/\qb:/,u(u’,A’)/vb—i-heX/(1—|u\2)curlBo'gzﬁ.
Q Q Q Q
Moreover, the Cauchy-Schwarz inequality yields

27) 1ot A) = o Ao @y < o Ee(Jul.

2.3.3 Proof of Theorem [2.1.1]
Proof of Theorem [2.1.1] By minimality, we have

(2.8) inf GL:(u, A) < GL(ug, hexAg) = h2, J(Ao),
(1, A)€H(2,C) X [Aex+Heu]

where throughout the proof (ug, hexAg) is the Meissner solution.
Writing (ue, Ac) = (upul, hex Ao + AL), Proposition [2.6] implies that

(2.9) GLe(ue, A) > h2 J(Ag) + Fo(ul, AL) — hey / p(ul, AL) A By + 0(5%).
Q

Let us observe that

F.(u., AL) = F.(ue, Ac — hex curl By) < 2F.(ug, A.) + 2F-(1, hey curl By)
S 2F€(u€7 A&) + hng(A0)7

which combined with (2.8) implies that

F.(u], AL) < M|loge[*.
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We may then apply Theorem to obtain
Pt AD) = hes | plu A A By >

1 1 1
—|L|(Q) (log— — C'loglog —> — hcx/ V. A By + o(|loge|?),
2 € € Q

where C' > 0 is a universal constant and . denotes the polyhedral 1-dimensional current
associated to the configuration (u’., A’) by Theorem [1.1.1]
By noting that

(2.10) /4A%§Mww&m
Q
we find

FL(ull, AL) — hey / p(ul, A) A By >
Q

1 1 1
310219 (108~ 2Bl s — Cloglog 1) + o logel ),

1
Writing hex = H3P — Ko log |loge|, with H2P = m| logel, we get
0] *

1 1
GLe(us, Ac) 2 hgd (Ao) + 5 |v2|(©Q) (2] Boll- Ko — C) log log = + o(|log | ™).
By using (2.8)), we deduce that
1
of[Toge|™*) > [V2[(2) (2] Bo]l. Ko — C) loglog —.

Therefore, by letting Ky := (2||Bo|l«)"'C + 1, we deduce that |[v/| = o(]loge|?). In
particular, this implies that hex [, pu(ul, AL) A By = o(|loge|™!). Therefore, from (2.8)
and ([2.9), we obtain

(2.11) F.(ul, AL) < o(]loge|™).

To conclude, we use a “clearing out” result. Let us define

and X, := AL — V.,

—1 /
Ve 1= e PR

where . satisfies

{Agps = divAl inQ

O = Al-v on 0.
ov

This implies that

(2.12) {leXE = 0 inQ

X.-v = 0 on 0N

94



2.3.  Global minimizers below the first critical field

Since the configuration (u., A.) minimizes G L., it satisfies the Ginzburg-Landau equations
(GL)). By observing that the configurations (u., A.) and (v., X + hex curl By) are gauge
equivalent in €2, we deduce that v, satisfies

1
{ _(VXE+hexcur1Bo)2U5 = ?Ug(l — ’115’2) in
VX theeuBVe -V = 0 on 0f).

Expanding the covariant Laplacian, and using (2.12) and curl By - ¥ = 0 on 0f2, which
follows from By x v = 0 on 0f2, one can rewrite this system in the form

1

—Av, +illogeld(x) - Vo, +d(x)v. = (1 —Jv]?) inQ
(2.13) 'y 2
= =0 on 0f),
ov
where )
2(X. + hex curl B Xe + hexcurl B
dx) = (Xe & hox curl Bo) and d(z) := [ Xe o+ fex curl By
|log € | log e]?
By standard elliptic regularity theory, one can check that
(2.14) [€]| oo @,r3); [ VE|| oo r8), 1] Lo () |V Lo (0) < Ao,
for some universal constant Ay > 0. O

By gauge invariance, we have
F(ug, AD) = Fe(ve, Xe).
Since (ve, X¢) is in the Coulomb gauge, i.e. it satisfies , one easily checks that
E.(v.) < CF.(v, Xo),

for some universal constant C' > 0. By letting a.(z) = 1 — d(z)e?| log |, we observe that
- 1 1
Eu(v.) = 5/ Ve sy (0e(w) = [oeP)? < Bulve) + O( logel!).
Q

This, combined with (2.11]) implies that

(2.15) E.(v.) = o(|loge| ™).

Finally, by Remark [2.3.1] (2.12), (2.13]), (2.14)), and (2.15)), we conclude that all the
hypotheses of [Chi05, Theorem 3] are fulfilled, which implies that |u.| = |v| > 3. The
equality

GL.(us, A.) = B2 J(Ag) + o(1)

easily follows from the computations above. This concludes the proof of the theorem.
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2.4 Global minimizers near the first critical field

We next sketch the proof of Theorem This part is work in preparation.

Sketch of proof of Theorem [2.1.9 We write (u., Ac) = (uoul, hex Ao+AL), where (ug, hexAo)
is the Meissner solution. Arguing as in the proof above, we can associate to the configu-
ration (ul, AL) the vorticity approximation v/ given by Theorem [I.1.1]

Combining the energy splitting with Theorem [1.1.1] we get

1 1
(2.16) GLc(ue, As) > hng(Ao) + V() (log o C'log log E) — hex/ V. A By
Q

1

1
+—/ |VA/u’E|2+—/ |curl AZ|* + o(]loge| %),
2 Q\Q/ € 2 Rs

We decompose

Vé = Z%,

i€l

where each ~; is a polygonal curve of multiplicity 1. In particular,

_Z|

i€l

Step 1: We let

f+={z'ez Bo>>o} =N, =S bl and W) = @[],
\% &
Observe that
i 1
2D [z B S B 2 —HED S Bl = sl
i 1<

Writing he, = H, ng + K log | log £| and using (2.16)) and the previous inequality, we deduce
that

1 1 1
GL(uc, Ac) > thJ(AO) + 5]%\(9) (log o C'log log g)

1 1 1
— §|Vé‘+ (logg + 2K||Byl|« log log E) + o(]loge|?),

By recalling that

(2.17) inf GL.(u, A) < GL(ug, hex Ag) = h2, J(Ay),
(u,A)EHl (Q,C) X [A6X+chr1]

from the previous two inequalities we deduce that
1 1
V1(9) (C -+ 2K| Boll.) log log - +of log | ) > [#/] log =

96



2.4. Global minimizers near the first critical field

Hence, for a constant C' depending on K, we have

~ log |1
(2.18) C|V/|+M

£

og < +o(|loge| %) > |-

Step 2: Let us recall the non-degeneracy condition assumption: There exists a unique
Lipschitz curve vy € X such that 79(Bg) = ||Boll«. Moreover, there exist constants
C1, N > 0 such that for any Lipschitz curve v € X if ||y — 7o/« > 0, for some § € (0, 1),
then

v(Bo) < 70(Bo) — C16™.

Let us define

Observe that, if i € Iy then

Vi
Hr 1o

1
< —} and |12l = 3" il

1
« |loge|z~ e

i

’%”

while, if ¢ € I, we have the obvious inequality

Cl Ol
T = —[Boll« + T
|loge|z |loge|2

(Bo) = —v0(Bo) +

i
|%’\

Writing hex = H2P + Klog|loge| and using (2.16)), (2.17), and the previous inequalities,
we find

(Bo) > —’Vo(Bo) = _HBOH*'

1 1 1 1 1 1
o(loge|2) > =[/|(©) (log = — Cloglog = ) — =[v/Jo ( log = + 2] Bl log log =
2 € € 2 € €

1, ., ( 1 1 Ch
— (L)) — |1 log — + 2K ||B Aoglog—) l— —
V(@) = 1v2l) (108 2 + 28 Bol oglog 2 ) 1= s

From this, we get

Cl|10g5|%

(17 (€2) = [¢]o)

N | —

1 1
SIVI(Q) (C + 2K Byl ) loglog ~ + o] log | *) >
2 2 [1Bol«

and then

C + 2K||Byl|« log | log €]
Cy]| Bol|+! \loge\%

](Q) +o(|loge|3) > [V(Q) — [V.]o.

Hence, for a constant C depending on K, we have

~ 1 1
(2.19) 1o BBl | 10g el) > 1) = .

[logel?
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Chapter 2.  Global minimizers for the 3D Ginzburg-Landau functional

Step 3: Let us write [, |[Vaul? as

1
|VA/’IL’2—|——/ |VA/u]2,
Q/ 2 Q\Q/

where ) := S,_ is the set defined in Theorem |1.1.1}
Since the configurations (u., A.) and (u’, AL + hey curl By) are gauge equivalent in
and because (u., A.) minimizes G L., we deduce that

curl® AL + curl(Hy — Hex) = (iul, Vaul) — |ul|*hex curl By in Q.
Combining this with , we find
curl® AL = (iul, Varul) + (1 — |ul]*)hex curl By in €.
Since |ul| = |u| < 1, we deduce that

|eurl® AL|* < |V aul]? + (1 — |ul]?)?h2,| curl Bo|* + 2|V a4 ul| (1 — |ul|*) hex| curl By

/ IVl > / |cur12A'E|2—|—0(5%).
o\ o\

This inequality combined with ([2.16[), gives

and therefore

1 1
GLc(ue, A) > h2 J(A) + |V () (log - C'loglog E) - hex/ V. A\ By
Q
1 1
—|——/ |cur12A’€]2—|——/ | curl AL|* + o(| log g|72).
The argument then reduces to show that
1 1 ~ 1
(2.20) —/ leurl?(A — Ag)> + = [ |eurl(A — Ay ? > C|V2(Q) loglog = + o(1).

Indeed, once this is proved, by writing he, = H2P + K (log|loge|) and using (2.10), we
deduce that

GL(ue) A) > h2JT(Ag) — [V](9) log logé (C + 2K || Bo|l.) + GV 2(€) log 1og§ +o(1).
Combining this with , we find
1) oglog — (€ + 2K |Byll.) + Cly/[*(©) oglog - < o(1).
yielding a uniform bound on [/|(2). To prove (2.20)), our strategy is to first combine the
Ginzburg-Landau equations satisfied by (u., A.) with the fact that |u.| ~ 1 in €. Then,

a slicing procedure together with an integration on big 2D circles, in the spirit of the one
performed in the proof of Theorem 2 in |[SS03|, should give the inequality. Finally, the

bounds (2.18)) and (2.19) prove the other assertions of Theorem [2.1.2] O
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2.4. Global minimizers near the first critical field

2.4.1 Non-degeneracy condition in the case of the ball
Next, we give the idea of proof of Theorem [2.1.3

Idea of proof of Theorem[2.1.3 When Q = B(0, R) and Hyx = £, the vector By can be
explicitly computed (see [ABMO06]). By using spherical coordinates (7,0, ¢), where r is
the Euclidean distance from the origin,  is the polar angle, and ¢ is the azimuthal angle,
we have

3R sinh r 3R 1472 .
By—ci=———— hr — f— —— hr — inh i
0—CZ LT (COS r " > cos Or 572 s I (cos r " sin T) sin 60,
3 1+ R?% .
where¢c = ————————( cosh R — sinh R |. In particular, we observe that By does
2Rsinh R

not depend on the azimuthal angle and it is constant along QAS
Let v be a Lipschitz curve such that 9y = 0 relative to 2. We assume that, for some
d € (0,1), we have

> 4.

(2.21) le—| -~ D

*

By following an idea of [ABMO06], we will project 7 along the azimuthal angle onto
B(0, R)®™" := {(z,2) € R* | 22 + 2% < R?, > 0}. We consider the map ¢ : B(0,R) C
R3 — B(0, R)*®* defined by

q(r,0,¢9) = (rsinf,rcosf),

and we let
V2D =704
It is easy to check that dysp = 0 relative to the two-dimensional ball B(0, R)?P,

Y(Bo) < 72p(Bo), and  |y| > |y2p].

We assume that v(Bjp), otherwise the result is trivial. Let us observe that if

|'72D| 2
< (1—10%)
7]
then | |
v Y2D| V2D 2
——(By) < By) < (1 —=6°)D1(By),
o120 = T gl ) < (17 PR
thus

Di(Bo) — g—|<30> > 6°Dy(By) = 8°|| Byl

which proves the result in this case. Therefore, we now assume

|’Y2D| 2
> (1-62).
7]
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By combining this with (2.21)), it is not hard to see that there exists a universal constant
C' > 0 such that

> C6.

*

(2.22) .

‘ RCOI
|72p|

Since dyop = 0 relative to B(0, R)?P, vop partitions B(0, R)?P into two domains, each with
boundary consisting of vop perhaps with some piece of 9B(0, R)*", properly oriented. We
denote by D,, the domain for which the positively oriented normal vector is §. Observe
that this domain is contained in B(0, R)?’"*. Since By x v = 0 on B(0, R)?", the Stokes’

theorem yields
Y2p(Bo) = /
0

An explicit computation shows that

By-7= / curl By - ydxdz.
D

Dryan VoD

with ¢(R) :

r r T 2sinh R

inh ' 3R
curl By -y = ¢(R) (coshr _ o T) sin 6

In particular, this quantity is positive in B(0, R)*P"*. We have three cases to consider:

1. First, we assume that |ysp| is not too large. Observe that, for a universal constant
c > 0, we have
~2p(Bo) < ¢l curl By|loo |72 *

Then

Dy (Bo) — |§2D| (Bo) > || Byl — ¢l| curl Bo|lso|yan| > 6,
2D

| Boll+—6
c|| curl Bo|loo

provided that 0 < |yop| <

2. Second, we assume that |yep| > 2R. Observe that, there exists 7,, a parallel line to
the vertical diameter at distance 1 and contained in B(0, R)??*, such that

(2.23) /D

where D,, is defined as above. It follows that

curl By - ydxdz = / curl By - ydxdz,

m D'YQD

T 0/
|7l ’ [72p|

and therefore

Dy(Bo) — 22-(By) > Di(By) — L (By) = / curl By - gdzdz.
‘72D| |fy77| B(OvR)QD’Jr\D’Yn

Observe that

nopw inh 1 ginh
/ / ¢(R) (coshr _ o T) sin 0dOdr = 2¢(R) (sinhn —/ o rdr) :
o Jo r o T
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2.4. Global minimizers near the first critical field

By noting that

7 & h 3
(2.24) sinhn—/ > L
0 r 9

for n small, to conclude the result one needs to quantify n in terms of §, which should

follow from ([2.22)) and ({2.23)).

. Finally, we consider the intermediate case Tewl Bolls < |yep| < 2R. Tt is not hard to
see that we can choose 7,, a parallel line to the vertical diameter at distance 1 and
contained in B(0, R)?"*, such that

V2D Tn
By) = —~(By).
|72D|( 0) |%|< 0>

Then, by letting a € (0,7) be the angle between Z and a ray that passes through the
origin and the intersection between the boundary of B(0, R)?® and vy for x > 0, we

have
R pr—a inh
/ curl By - gdxdz < / / c(R) (coshr _ o r) sin Odfdr
D%’] n & r

R inh
= 2cos ac(R)/ (coshr _ o r) dr
1

r

Observe that |y,| = 2R cos a. Therefore

R inh
ﬁ(Bo) < c(}]:) / (Coshr _ o T) dr.
7

|Vl r
But
1 R inh
Di(Bo) = 37 /O /0 c(R) <cosh7’ - S”; r> sin OdOdr
R .
= c(R) / (coshr — smhr) dr.
R Jy r
Hence
Yo oD ¢(R) /’7( sinhr)
D{(By) — ——(By) = Di{(By) — ——(By) = — coshr — dr
1(Bo) |’Y?7|( 0) = Di(Bo) |72D|( )= "p 0 r

.
= o(R) (sinhn —/ Smhrdr) .
R 0o T

By recalling (2.24)), the proof then follows if one quantifies 7 in terms of 4.
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Problems from mathematical biology
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Chapter 1

The Lin-Ni-Takagi problem in
dimension 3

Abstract

In this chapter, which is based on a joint work with Manuel del Pino, Monica Musso,
and Juncheng Wei [dPMRW| that has been accepted for publication in the Journal
d’Analyse Mathématique, we consider the problem of finding positive solutions of the
problem Au — Au + u® = 0 in a bounded smooth domain € in R?, under zero Neumann
boundary conditions. Here, A is a positive number. We analyze the role of the Green’s
function of —A + X in the presence of solutions exhibiting single bubbling behavior at
one point of the domain when ) is regarded as a parameter. As a special case of our
results, we find and characterize a positive value \, such that if A — A\, > 0 is sufficiently
small, then this problem is solvable by a solution u, which blows up by bubbling at a
certain interior point of 2 as A | A,.

Contents
(1.1 Introductionl . ... ... ... .. ... 0000, 106
1.2  Properties of g, and statement of the main result| . . . . 109
(1.3 Energy expansion| . . . . . . . . . v v v v v vttt et e . 114
1.4 Critical single-bubbling|. . . . ... ... ... ........ 119
(1.5 The linear problem| . . . .. ... ... ............ 121
(1.6 The nonlinear problem| . . . . . ... ... .......... 127
1.7 Final argument|. . . . . . .. .. ... .. 000000, 129
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

1.1 Introduction

Let €2 be a bounded smooth domain in R™. This chapter deals with the boundary value
problem

Au—du+uP = 0, u>0 1in
(1.1)

% =0 on 0f),
where p > 1. A large literature has been devoted to this problem when 1 < p < Z—fg
for asymptotic values of the parameter A\. A very interesting feature of this problem is
the presence of families of solutions uy with point concentration phenomena. This means
solutions that exhibit peaks of concentration around one or more points of € or 9€2, while
being very small elsewhere. For 1 < p < Z—fg, solutions with this feature around points of
the boundary where first discovered by Lin, Ni, and Takagi in [LNT88| as A — +o00. It is
found in [LNT88,|NT91,NT93| that a mountain pass or least energy positive solution uy

to (L.1]) for A — +o0 must look like
ur(z) ~ AP TV (A2 (2 — 2,))
where V' is the unique positive radial solution to

(1.2) AV -V 4+VP=0in R", with ‘ l|im V(y) =0,
Yy — 00

and x, € 0N approaches a point of maximum mean curvature of 9. See [DPF99] for
a short proof of this fact. Higher energy solutions with this asymptotic profile near
one or several points of the boundary or the interior of €2 have been constructed and
analyzed in many works, see for instance |[dPFW99,|GW99,DY99,|GPWO00, LNWO07] and
their references. In particular, solutions with any given number of interior and boundary
concentration points are known to exist as A — +o0.

The case of the critical exponent p = Z—J_“g is in fact quite different. In particular,

no positive solutions of (1.2)) exist. In this situation solutions u, to (I.1)) do exist for
sufficiently large values of A with concentration now in the form

n—2

(1.3) un(@) ~ iy 7 U (3 (@ = 2))
where i, = 0o(A"2) — 0 as A\ — +oo. Here

n—2

1
1+ [yf?

2

U(ﬂf):an( )2, with o, = (n(n —2))"7,

is the standard bubble, which up to scalings and translations, is the unique positive solution
of the Yamabe equation

(1.4) AU + U2 =0 in R™.
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1.1. Introduction

Solutions with boundary bubbling have been built and their dimension-dependent bub-
bling rates p, analyzed in various works (see [AM91,NPT92,|APY93, Wan96, GGI8,GL02,
WY07,WWY10,DRW12] and references therein). Boundary bubbling by small perturba-
tions of the exponent p above and below the critical exponent has been found in [dPMPO05|.

Unlike the subcritical range, for p = ;‘—J_rg solutions with interior bubbling points as
A — 400 are harder to be found. They do not exist for n = 3 or n > 7 (see [Rey99,

Rey02, Esp07]), and in all dimensions interior bubbling can only coexist with boundary

bubbling (see [Rey02]). To be noticed is that the constant function u, := AP T represents
a trivial solution to . A compactness argument yields that this constant is the unique
solution to for 1 < p < 22 and for any sufficiently small A (see [LNT88]). The Lin-
Ni conjecture, raised in [LN8S], is that this is also true for p = Z—J_rg The issue turns out to
be quite subtle. In [AY91,|JAY97], it is found that radial nontrivial solutions for all small
A > 0 exist when 2 is a ball in dimensions n = 4,5, 6, while no radial solutions exist for
small A if n = 3 or n > 7. For a general convex domain, the Lin-Ni conjecture is true
in dimension n = 3 [Zhu99, WXO05]. See [DRW12] for the extension to the mean convex
case and related references. In [RWO05| solutions with multiple interior bubbling points
when A\ — 0% were found when n = 5, in particular showing that Lin-Ni’s conjecture
fails in arbitrary domains in this dimension. This result is the only example present in
the literature of its type. The authors conjecture that a similar result should hold for
n =4,6.

In the case n = 3, interior bubbling is not possible if A — +o0o0 or if A — 0T, for instance
in a convex domain. In this chapter we show a new phenomenon, which is the presence of
a solution uy with interior bubbling for values of A near a number 0 < A\, (€2) < 400 which
can be explicitly characterized. Thus, in what follows we consider the critical problem

(1.5) ou _ 0 on 99,

{Au—)\u+u5 = 0, u>0 inQ
o

where Q C R? is smooth and bounded. The following is our main result.

Theorem 1.1.1. There exists a number 0 < A\, < 400 such that for all X\ > X\, with A—\,
sufficiently small, a nontrivial solution uy to (1.5]) exists, with an asymptotic profile as
A — A of the form

1

up(z) = 3% <¢> 2 + O(,u)\%) in Q,
p3 + o — s

where py = O(A — \,) and the points x) € Q stay uniformly away from OSQ.

The number A, and the asymptotic location of the point x, can be characterized as
follows. For A > 0, we let G\(x,y) be the Green function of the problem

{ ALG(z,y) — AGA(z,y) + dy(x) = 0 inQ

0G, B
E(m,y) = 0 on 09,
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

so that, by definition

where I'(x,y) = m and H), the regular part of G, satisfies
1
A:EH)\(:Cagﬁ - )\H)\(LC,y) = T in O
(1.7) Ar|z — y|
' @(x ) = o1 on 0f)
oy YT Ov dr|x — y| ’

Let us consider the diagonal of the regular part (or Robin’s function)
(1.8) ga(z) == Hy(z,2), z €.
Then, we have (see Lemma |1.2.2)

gr(r) = —o0, as z — O0N.
The number \,(€2) in Theorem is characterized as
(1.9) Ae(€) :=1inf{\ > 0 | supga(z) < 0}.

e

In addition, we have that the points x) € 2 are such that
(1.10) /1\15){1 ga(xy) = sgp g, = 0.

As we will see in Section , when = B(0,1), the number \, is the unique number A

such that
Vi—1
VA+1

exp (2VA) = 1,
so that \* =~ 1.43923.

It is worthwhile to emphasize the connection between the number A, and the so called
Brezis-Nirenberg number \*(€2) > 0 given as the least value A such that for all M <A< A,
where A; is the first Dirichlet eigenvalue of the Laplacian, there exists a least energy
solution to the 3D Brezis-Nirenberg problem (see |[BN83|)

p ;
(111) {Au+)\u—|—u 0, u>0 in§

u = 0 on 0f),

A parallel characterization of the number ), in terms of a Dirichlet Green’s function
has been established in [Dru02] and its role in bubbling phenomena further explored in
[dPDMO04]. It is important to remark that the topological nature of the solution we find is
not that of a least energy, mountain pass type solution (which is actually just the constant
for small \). In fact the construction formally yields that its Morse index is 4.
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1.2.  Properties of g\ and statement of the main result

llullo

Figure 1.1: Bifurcation diagram for solutions to u, p =2t

n—2

Our result can be (formally) depicted as a bifurcation diagram from the branch of
constant solutions u = u, (see Figure [I.I). At least in the radial case, what our result
suggests is that the bifurcation branch which stems from the trivial solutions at the value
A = A\y/4, where Ay is the first nonzero radial eigenvalue of —A under zero Neumann
boundary conditions in the unit ball, goes left and ends at A = A,. In dimensions n =
4,5,6 the branch ends at A\ = 0 while for n > 7 it blows up to the right.

Theorem|[I.1.TJand the additional properties stated above will be found as consequences
of a more general result, Theorem below, which concerns critical points with value
zero for the function g, at a value Ay > 0. We state this result and find Theorem as
a corollary in Section [1.2] as a consequence of general properties of the function g. The
remaining sections will be devoted to the proof of Theorem [I.2.1]

1.2 Properties of g, and statement of the main result

Let gx(x) be the function defined in ([1.8). Our main result states that an interior bubbling
solution is present as A | \g, whenever g, has either a local maximum or a non-degenerate
critical point with value 0.

Theorem 1.2.1. Let us assume that for a number Ao > 0 one of the following two
situations holds: (a) There is an open subset D of Q such that

(1.12) 0 = sup g, > sup ga,;
D oD

(b) There is a point zg € Q such that gy,(zo) = 0, Vgr (7o) = 0, and D2gy, (o) is
non-singular; then for all X > \g sufficiently close to Ay there exists a solution uy to (|1.1)
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of the form

1.13 — 3l i TLO(d), with =420 S g
113 @) =3 (i) 0. with =26 50
for some v > 0. Here, xx € D if (a) holds and x\ — x if (b) holds. Besides, for certain
positive numbers a, B we have that

(1.14) a(d = X)) < ga(zy) < BA = No).

Of course, a natural question is whether or not values Ay with the above characteristic
do exist. We shall prove that the number A\, defined by is indeed positive and finite,
and that A\g = )\, satisfies . That indeed proves Theorem as a corollary of
Theorem L.2.1]

Implicit in condition (b) is the fact that gy,(z) is a smooth function and in ((1.14]) the
fact that g, increases with A. Next, we prove that g,(x) is a smooth function, which is
strictly increasing in A.

Lemma 1.2.1. The function gy is of class C*(2). Furthermore, the function % 15 well
defined, smooth, and strictly positive in ). Its deriwatives depend continuously on .

Proof. We show that g, € C* for any k. Fix z € Q. Let hy, be the function defined in
Q2 x Q) by the relation
Hy(z,y) = Bi |z —y[+ ha(z,y),

where (5, = —%. Then h, ) satisfies the boundary value problem
_Ayhl,)\ + )\hl,)\ = —)\ﬂl\x — y‘ n Q
T = S — 5 2 on 0.

Elliptic regularity then yields that hy \(z,-) € C*(Q). Its derivatives are clearly con-
tinuous as functions of the joint variable. Let us observe that the function H,(z,y) is
symmetric, thus so is hy, and then hy (-, y) is also of class C* with derivatives jointly
continuous. It follows that hy(z,y) is a function of class C?(Q2 x Q). Iterating this
procedure, we get that, for any k

k
-H)\(xvy) - ZBJLT - y|2j_1 + hk,)\(xuy>
7=1

with 811 = —A5;/((27 +1)(25 + 2)) and hy, » solution of the boundary value problem

—Ayhk)\ + )\hky)\ = —)\ﬁk\x — y\%_l in
x r— z—y|2 1
R D S L=

We may remark that —Ayhgiix + Ahgy = 0 in . Elliptic regularity then yields that
By, is a function of class C*1(Q x Q). Let us observe now that by definition of gy we
have gx(x) = hi(z, ), and this concludes the proof of the first part of the lemma.
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1.2.  Properties of g\ and statement of the main result

For a fixed given x € Q, consider now the unique solution F'(y) of

oF
—AF+ANF=G(z,y) yeq, 8_:0 y € 0N,
v
Elliptic regularity yields that F' is at least of class C%®. A convergence argument shows
that actually F(y) = %(m, y). Since A > 0 and G is positive in €2, using F_ as a test
function we get that F_ = 0 in €2, thus /' > 0. Hence, in particular %i;(x) = F(z) > 0.
Arguing as before, this function turns out to be smooth in x. The resulting expansions

easily provide the continuous dependence in \ of its derivatives in the x-variable.
m

Lemma 1.2.2. For each fixed X\ > 0 we have that

(1.15) gr(r) = —o0, as x — 0.
We define

M), = sup ga(z).

€

Then
(1.16) My, — —o0 as A — 0T,
and
(1.17) My>0 as X— +4o0.

Proof. We prove first (1.15). Let z € 2 be such that d := dist(x, 02) is small. Then
there exists a unique z € 02 so that d = |z — Z|. It is not restrictive to assume that
Z = 0 and that the outer normal at Z to 02 points toward the xz-direction. Let x* be

the reflexion point, namely z* = (0,0, —d) and consider H*(y, z) = m. The function
y — H*(y,x) solves
oy O
—A Ap = A(y — x* Q —=—@Wwy—2a" Q.
y¢+ ¢ (y ZE)7 ?JE ) 61/ al/(y l’), yea
Observe now that
1 1 [y —a|— |y — a7 1
My —2")=—— + — - +0(1),
W e T a  y—d—T ) =g OV

with O(1) uniformly bounded, as d — 0, for y € 0Q. This gives that Hy(y,z) =
—H*(y,z) + O(1), as d — 0. Thus

1

H - -
A7) 4rdist(x, ON)

+0(1),
as d — 0. So we conclude the validity of (|1.15]).
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Next we prove ((1.16)) and (|1 17)).

Proof of (LIG). Let p(x) = = Jo Ha(z,y) dy. Observe that
p(z) |Q|/ dy+/\|Q|/AH,\a:y)dy
|Q\/ dy+k\1ﬂ\ - gz( —y)do(y) = — A|C;2|+po()

where a is a positive constant and pg(x) is a bounded function. Define now Hy(z,y) to
be the bounded solution to

a 8H0 or

—AHO:@, 5 —ay(x—y) y € 0S), /HO—O
We write
(118 H(r.y) = =50 + mole) +Holy) + H.)
=p(x)

By definition, H solves

a—H:O on 01, /ﬁ:O.
(31/ Q

—AH + X H = \[[(z — y) — Ho(z,y) + po()] ,
Thus we have that H = O(1), as A — 0. Taking this into account, from decomposition
(1.18) we conclude that

a
rgeaé(gA( x) —maXH,\(:v m)<—m+0( ) — —o0, as A —0.

This proves ({1.16)).

Proof of . Assume, by contradiction, that for some sequence A\, — 0o, as n — oo,
one has max,eq ga, (z) < —1. Fix 2o € €, so that dist (zo,0Q) = max,eq dist(z, 09).
Thus we have that —A,H), (y,z9) — 00, as n — oco. But on the other hand, a direct
application of divergence theorem gives

or

[t ) dy = [ 5w g)doty).
Q [2]9]

The left side of the above identity converges to oo as n — oo, while the right and side is
bounded. Thus we reach a contradiction, and (|1.17)) is proved.
m

The above considerations yield Theorem [1.1.1] as a consequence of Theorem [1.2.1]
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1.2.  Properties of g\ and statement of the main result

Corollary 1.2.1. The number A\, given by (1.9)) is well-defined and 0 < A\, < +o0.
Besides, the statement of Theorem holds true.

Proof. From Lemma and relations (1.16]) and ([1.17]), we deduce that the number A,
is finite and positive. Besides, by its definition and the continuity of g,, it clearly follows
that

sup gy, (z) = 0.
€

and that there is an open set D with compact closure inside {2 such that
Sup g, <supgx, = 0.
oD D
Hence, Theorem follows from Theorem [1.2.1] n

As it was stated in the introduction, the number A*(Q2) can be explicitly computed in
the case 2 = B(0,1) as the following Lemma shows.
Lemma 1.2.3. Let Q = B(0,1). The number \* defined in (1.9)) is the unique solution
of the equation
VA -1

Sl exp (2VA) = 1,

so that \* ~ 1.43923.

Proof. The maximum of H)(x,z) is attained at x = 0. We compute the value H,(0,0)
for A > 0. The function G,(0,y) is radially symmetric and it satisfies the equation

(1.19) —AGr+AGy =08y yeB(0,1), 8,Gr0,y)=0 yedB,1).

Letting r = |y|, we have

oV 2 sinh(\/_r)

(1.20) Ga0,y) = — Lt D oxp (2V)
f+1 ex

Indeed, e\fr and e—;m are radial solutions to A¢ 4+ A¢ = 0 for |y| > 0. If we define

Al i, 2aYA=1 s
r \/—_'_1 )

where A is a constant, then 0,G4 = 0 on 0B(0,1). Since lim,o |y|GA(0,y) = ﬁ, if we
choose

Ga(r) =

1 1
47T1+f 1eXp(Q\/_)
then G4, satisfies (1.19). By uniqueness Ga, = G(0,y), and we get (1.20)). Thus

A=

(1- e*ﬁ”) B 2 sinh(v/Ar)

Hx(0,y) = — 15 A oxp (2/)

Y

113
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and

2v/\
92(0) = Hy(0,0) = — | VA -
4m 1+ g;} exp 2V

We deduce that A* is the unique value such that gy«(0) = 0, therefore \* satisfies

V=1
VA+1
Then \* ~ 1.43923. O

exp (2VA) = 1.

The rest of this work will be devoted to the proof of Theorem [1.2.1| In Section [1.3| we
define an approximate solution U, for any given point ¢ € €2, and any positive number
p, and we compute its energy E\ (U ), where

_ 1 2 A 2 1 6
(1.21) Bx(u) = 2/Q|Vu| + 2/Q|u| 6/Q|u| |

In Section [1.4] we establish that in the situation of Theorem there are critical points
of E\(U,) which persist under properly small perturbations of the functional. Observe
now that, for € > 0, if we consider the transformation

= (9

then v solves the problem

_ 2y, 5 :
(1.22) { Av+ &2 v — v 0, v>0 in Q.

% =0 on 0f),,

where . = e~ 1Q2. We will look for a solution of (1.22)) of the form v = V + ¢, where V is
defined as U ,(z) = El%V (%), and ¢ is a smaller perturtation. In Section we discuss
a linear problem that will be useful to find the perturbation ¢. This is done in Section
[1.6] We conclude our construction in the final argument, in Section [I.7]

1.3 Energy expansion

We fix a point ¢ € 2 and a positive number p. We denote in what follows

MI/Q

which correspond to all positive solutions of the problem

we () = 34

—Aw —w® =0, inR>

We define ¢, () to be the unique solution of the problem

—Ame+ AT, = —dwe, in Q)
1.23 H S o
(1.23) { Orew = _Hew op 5Q.
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1.3. Energy expansion

We consider as a first approximation of the solution of ([1.1)) one of the form
(1'24) Ugvl" = w(:# + ﬂ-gvl‘"
Observe that U, satisfies the problem

(1.25) {—AUQM—I—)\UQM = wg”# in Q

oU
et = 0 on Of).
14

Let us also observe that

[ wt, = o), as o,
Q

5
we

which implies that —<£— — 0, as  — 0, uniformly on compacts subsets of Q\ {¢}. It

fﬂ w?,,u
follows that on each of this subsets

(1.26) Ueu(z) = (/Q wzu) G(z, () = Cput’? (14 0(1)) Gr(z,¢)

where G (x, () denotes the Green’s function defined in (|1.6]).
Using the transformation Ue ,(x) = #V (f) we see that V' solves the problem

/ = O ln Qg

i = 0 on 0f),,

{ —AV 4 AV —
ov

\/% and ' =7 1(, y/ = ey

The following lemma establishes the relationship between the functions 7 ,(x) and
the regular part of the Green’s function G,((,x). Let us consider the (unique) radial
solution Dy(z) of the problem in entire space,

where wer () = 31/4

_ _ 1/4 1 _ 1 : 3
ADy, = A3 {\/m |Z} in R
Dy — 0 as |z| — oo.

Dy(z) is a C%! function with Dy(z) ~ |z| L log |2, as |z| — oco.

Lemma 1.3.1. For any o > 0 we have the validity of the following expansion as p — 0

(1.27) P, o(x) = —4r3Y4Hy(¢, x) — puDy (QJT—C) + 1270(C, p, ).

§iti

where for j =0,1,2,i=0,1i+7j < 2, the function 1/ aciame(g, i, x) is bounded uniformly
on x € €2, all small p and ¢, in compacts subsets of Q2. We recall that Hy, is the function

defined in (|L.7)).
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Proof. Let us set Dy(x) = uDo(u~(x — ()), so that D; satisfies

{ —AD; = X[ we,(z) — 4730 (z — ()] in Q

D~ pPlogp on 09, as p — 0.

Let us write Sy () = p= Y27, (z) + 473V Hy (¢, 2) + D:(x). With the notation of Lemma
1.3.1}, this means
Si(z) = p*~70(u, ¢, ).

Observe that for x € 02, as u — 0,
V(e Pwe (@) + 4x3Y 4T (w = Q) - v ~ Pz — 7.

Using the above equations we find that S; satisfies

(1.28) —AS  +AS1 = D in 2
) % = O(u®logpu) on ON.

Observe that, for any p > 3,

/ Dy ()P < / Do) Pda,
Q R3

so that ||Dy||» < Cpu'*3/P. Elliptic estimates applied to problem yield that, for
any 0 > 0, ||S1|lec = O(1*7) uniformly on ¢ in compacts subsets of 2. This yields the
assertion of the lemma for ¢, 7 = 0.

We consider now the quantity Sy = 0,S1. Observe that S, satisfies

—ASy +)A\Sy = /\847)1 x €1,
% = O(p*logu) on ON.

Observe that 0,D;(x) = —V Dy <“T_C), so that for any p > 3,

[ oo < [ VD@
Q R3

We conclude that [|Sz||ec = O(u?77), for any o > 0. This gives the proof of the lemma
for i =1, j = 0. Now we consider S3 = ;10,,51. Then

{ —ASg + A\S3 = Au@uDl x € Q,

% = O(plogp) on 99.

Observe that

43,Du(a) = (Do~ Do) (4.
where Dy(z) = VDy(z)-z. Thus, similarly as the estimate for S; itself we obtain ||.S3|| =
O(u*>79), for any o > 0. This yields the assertion of the lemma for i = 0, j = 1. The proof
of the remaining estimates comes after applying again (0, to the equations obtained for
Sy and S3 above, and the desired result comes after exactly the same arguments. This
concludes the proof. O
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1.3. Energy expansion

Classical solutions to correspond to critical points of the energy functional (1.21)).
If there was a solution very close to Ucs ,« for a certain pair (¢*,p*), then we would
formally expect E) to be nearly stationary with respect to variations of ((,u) on U,
around this point. It seems important to understand critical points of the functional
(¢, 1) = Ex(Uc,,). In the following lemma we find explicit asymptotic expressions for this
functional.

Lemma 1.3.2. For any o > 0, as p — 0, the following expansion holds
(1.29) Ex(Ucp) = a0+ a1pga(C) — agp® A — asp*g3(¢) + p*70(C, )

where for 7 =0,1,2,i=0,1, i+ 75 < 2, the function /“L'(?Cla -0(C, p) is bounded uniformly
on all small p and ¢ in compact subsets of ). The a;’s are explicit positive constants,

given by relation (1.33]) below.

Proof. Observe that
E\x(Uey) =1+1T+1HI+1IV+ V4 VI

where

1
(5 vau| ?,u) , = /Q (va,u VT — w?ﬂc,u) )

I = [lVWcu| + Mwe + )T

) 4 2
/ Wep M)W ps V:—§/Qw<,ﬂc,w

VI = 5 /Q [(wgu + 7, M)G — wgu — GwZMWQM - 15“’21,;17%#} )

[\3|>, l\ﬁl»—‘

Multiplying equation —Awe, , = wzu by we,, and integrating by parts in €2 we obtain

1
I — _ ad _ 6
2 Joq Ov Wen ¥ 3 /ch’”

L[ dwe, 1 / .1 / ;
== PR — .
2 a0 0V 3 R3 wc’“ 3 ]R3\Q wC“u

Now, testing the same equation against 7¢ ,, we find

0
II = / vaH 7_[_4’“ —_ _/ aﬂ-gl‘,ﬁ
90 aV a0 aV

where we have used the fact that 7. , solves problem ([1.23)). Testing the equation —Am¢ ,+
AT = —Awe,, against me , and integrating by parts in €2, we get
1 om, OT¢ #

I = -
2 a0 aV

Testing equation —Aw¢ ,, = wzﬂ against Ue , = w¢,, + ¢, and integrating by parts twice,

we obtain . 5 . 5 )
T, We 5
IV = - — — = — .
2 \/’(99 81/ 7T<7M 2 59 a]/ anU‘ 2 /ch,/l‘ﬂ-gvﬂ“
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

From the mean value formula, we get

1
VI = —10/ ds(1 — 5)2/(@047“ + 57 ) T e
0 Q

Adding up the previous expressions we get so far

1 1 5
(1.30) B\Up) = 5 /R s /Q W, o /Q wl w2 4Ry,
where
1 6 ' 2 3.3
(1.31) R = ~3 we, —10 [ ds(1—5)" [ (wepu + 87¢ )7,
R3\Q 0 Q

We will expand the second integral term of expression (|1.30)). Using the change of variable
x = ( + pz and calling Q, = = H(Q — ¢), we find that

A= [t mede = [ ubu( eG4 pe)d
Q Q

m

From Lemma [I.3.1, we have the expansion

e (€ pz) = —Ar3YAHL(C + pz, €) — uDo(2) + 27 70(C, p, € + p2).

According to Lemma [1.2.1],

HA(C+12,0) = 07(Q) = ople] + O(C.C+ o),

where O is a function of class C? with ©((,¢) = 0. Using this fact , we obtain
31/4
A= =4m3 g0 (©) [ why )z - [ udi(o [Do<z> - 7A|z|} a2 + Ry
R3 R3
with

(132) Ra =y | uly()OCC +12) 4 0G0 G + il

Qpu

31/4
[l [Do<z>—7A|z\] o+ 473 gy (©) [ ud(a)d
R3\Q,,

R3\Q,

Let us recall that —ADy = 374\ L/ljr—lﬂ — i] , so that,

—/ w8,1D0(2> :/ AU}OJD()(Z)
R3 R3

1 1
= wo1ADy (2 :31/4)\/ Woy | — ———
R Y R [ e
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Combining the above relations we get

A =— 47T31/4/~09/\(C) / w8,1(2)dz
R3

1 1 1
— 2)\31/4/ wo1(2) | —— — — | — w2,z
¥ - 0,1( ) 1+ |Z|2 |Z’ 2 0,1| |

: _ 4 2
Let us consider now A, = [ we 72, We have

dZ+R2.

A=t [ b s(G)E(C+ e

n

2 /Q wi 1 (2) [~4m3YAHA(C + iz, ) — wDo(2) + w2 ~8(C, 0, ¢ + 12)]” dz,

which we expand as
Ay = M29§(C)1677231/2/ wé,l + Rs.

R3
Combining relation (|1.30)) with the above expressions, we get so far

1 5
Ex(Ue ) = ao + a1uga(¢) — axhp® — asp®g3(¢) + Ry — §R2 - §R37

where

31/4/ ) 1 1 N 1 2|
Ay =—— w, y4 _—— —W, y4 Z.
2 fe | 2] 1+ ]2]? 2 %!

An explicit computation shows that
1
1.33 ap = -V37%, a1 =8V3m2,  ay = V372, a3 = 120V/37%
4

Finally, we want to establish the estimate uj%Rl = O(u377), for each j = 0,1, 2,
1 =0,1,71+7 <2, 1 =1,2 3, uniformly on all small z and { in compact subsets of €.
Arguing as in the proof of Lemma 2.1 in [dPMPO05| we get the validity of the previous

estimates. This concludes the proof. O

1.4 Ciritical single-bubbling

The purpose of this section is to establish that in the situation of Theorem there
are critical points of E)(U, ) which persist under properly small perturbations of the
functional. As we shall rigorously establish later, this analysis does provide critical points
of the full functional E), namely solutions of , close to a single bubble of the form
Upc
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Let us suppose the situation (a) of local maximizer:

0= Supg)\o(x> > sup g)\o(x) :
zeD z€dD

Then for A close to Ag, A > A\g, we have

supga(z) > A(A— X)), A>0.

z€D

Let us consider the shrinking set
A
Dy=qy €D : g\(z) > 5()\—)\0) -

Assume X\ > )\ is sufficiently close to Ag so that gy = %(/\ — Xo) on 0D,

Now, let us consider the situation of Part (b). Since g,(¢) has a non-degenerate critical
point at A = A\ and ( = (p, this is also the case at a certain critical point (, for all A
close to A\g where |(y — (o| = O(A — o).

Besides, for some intermediate point f As

9 (G = 92(G0) + Dga(G) (G — Go) > AN — Xo) + 0(A — No)

for a certain A > 0. Let us consider the ball B;\ with center ¢, and radius p (A — Ao)
for fixed and small p > 0. Then we have that g,(¢) > 4(XA — o) for all ¢ € B). In this
situation we set D) = B;‘.

It is convenient to make the following relabeling of the parameter p. Let us set

ai g,\(C)

1.34 _ W
(1.34) H= o7y

where ¢ € D), and ay, ay are the constants introduced in (1.29). We have the following
result.

Lemma 1.4.1. Assume the validity of one of the conditions (a) or (b) of Theorem
and consider a functional of the form

(1.35) A(A, Q) = Ex(Upc) + 92(€)* Or(A, )
where  1s given by and
(1.36) |9)\‘ + |V9)\| + |V8A¢9,\| —0, as Al X

uniformly on ¢ € Dy and A € (6,671). Then vy has a critical point (Ay, ()) with {, € Dy,
A,\ — 1.

120



1.5. The linear problem

Proof. Using the expansion for the energy with p given by (1.34)) we find now that
(1.37)
a2 2
0r(8,€) = Bx(Uu) + 02(0)? (A, ) = ag + 11 2L

where 6, satisfies property (1.36)). Observe then that dz1, = 0 if and only if

[2/\ - AQ} + 92(O)?0x(A, €)

(1.38) A=1+0(1)0:(A, (),

where 6, is bounded in C'-sense, as A | \g. This implies the existence of a unique solution
close to 1 of this equation, A = Ay({) = 1 + o(1) with o(1) small in C' sense, as X | Aq.
Thus we get a critical point of ¢, if we have one of

(1.39) PA(C) = a(AN(C), €) = a0 + cga(¢)* [1 + o(1)]

with o(1) = 0 as A | Ao in C'-sense and ¢ > 0. In the case of Part (a), i.e. of the
maximizer, it is clear that we get a local maximum in the region D, and therefore a
critical point.

Let us consider the case (b). With the same definition for p, as above, we have

(1.40) Vpa(€) = 2¢gr(¢) [Vga +o(1) ga| -

Consider a point ( € Dy = 9B,. Then [Vgr(Q)| = |D?*gx(Z)(¢ — ()] > ap(A — Xo),
for some o > 0, when X is close to A\g. We also have g,(¢) = O(X — X\g), as A | Ao. We
conclude that for all ¢ € (0, 1), the function Vg, + to(1) gx does not have zeros on the
boundary of this ball, provided that A — )\g is small. In conclusion, its degree on the ball
is constant along t. Since for ¢ = 0 is not zero, thanks to non-degeneracy of the critical
point (y, we conclude the existence of a zero of Vp,(() inside D). This concludes the
proof. O

1.5 The linear problem

Hereafter we will look for a solution of ((1.22) of the form v =V + ¢, so that ¢ solves the
problem

L(¢) = N(¢)+E inQ.
(1.41) { % =0 on 99,
where

L(¢) = A+ Ao —5V*o, N(¢)=(V+¢)°—V° =5V, E=V"—up ,.
Here V' is defined as U, ,(z) = EI%V (f), where Ue, is given by (1.24]), while ¢’ = e7'(,
and p/ = ey,

Let us recall that the only bounded solutions of the linear problem

AZ + 5wé/7u12 — 0 ln R3
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are given by linear combinations of the functions

Ower ) Ower
2(z) = #(x), i=1,2,3, z(z)= ﬁ@;).

In fact, the functions z;, ¢ = 1,2, 3,4 span the space of all bounded functions of the kernel
of L in the case ¢ = 0. Observe also that

/ zjzp = 0,if j # k.
R3

Rather than solving (|1.41)) directly, we will look for a solution of the following problem
first: Find a function ¢ such that for certain numbers c¢;,

L(¢) = N(¢) +E+ Z?Zl Ciwg/“u/zi in Qg

(1.42) % =0 on 05,
fQ wzl/7u/zz'¢ = 0 fOl“ 1= 1, 2, 374

We next study the linear part of the problem ((1.42)). Given a function h, we consider the
linear problem of finding ¢ and numbers ¢;, © = 1,2, 3,4 such that

L(¢) = h + Zle Ciwé/“u/zz' in Qé‘

(1.43) 2 =0 on 0,
Jo, Wi w2 = 0 for i =1,2,3,4.

Given a fixed number 0 < o < 1 we define the following norms

1f 1l = sup (1 + lz = INF@)] 1 f ]l = sup (1 + |z = ¢PF)If ()]

xelle xelle

Proposition 1.5.1. There exist positive numbers dq, €9, oo, Po and a constant C' > 0
such that if

)
(1.44) dist(¢’, 09.) > f and o < i’ < fo,
then for any h € C%*(Q.) with ||h]|« < oo and for all e < &y, problem admits a
unique solution ¢ = T(h) € C**(Q.). Besides,
(1.45) 1Tl < Cllbllesand  |ei] < Cllhllws, i =1,2,3,4.

For the proof of Proposition [1.5.1| we will need the next

Lemma 1.5.1. Assume the existence of a sequences (u) )nen, (C))nen, (En)nen such that
ag < o < Bo, dist(¢,00.) > 3_2’ en — 0 and for certain functions ¢, and h, with
|hnllex — O and scalars ¢, i = 1,2,3,4, one has

L(¢n) = hn+ > w28 in Qe
%i: 0 on 0f),,
fnm Wey iy AP = 0 fori=1,2,3,4,
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where
5 = Oy We 1= 1,2,3, 2] = O, wep
then

lim ||¢,|[« =0
n—00

Proof. By contradiction, we may assume that ||¢,||. = 1. We will prove first the weaker
assertion that

lim ||¢n|lcc = 0.
n—00

Also, by contradiction, we may assume up to a subsequence that lim, . ||¢n|lcc = 7,
where 0 < v < 1. Let us see that

lim ¢! =0,i=1,23,4.

n—oo

Up to subsequence, we can suppose that p), — p', where oy < pi/ < f3y. Testing the above
equation against 2} (r) and integrating by parts twice we get the relation

4
_825-‘ On = hn23 + E c; w}, 22
oy v nej i okt “0 75
Q e, Py Qe

Observe that

/ L(z”)¢n+/ %%—/ Iy 2
Qe ! e, ov Q. !

n

/ wé“%zfz? =C6;,; +o(1).

n

L(z} ) fn +/

89,

&n

< O\l + o(1) |fn] 4,

Hence asn — oo, ¢! =+ 0,1=1,2,3,4.
Let z, € €, be such that sup,cq_ &.(7) = ¢n(7,), so that ¢, maximizes at this
point. We claim that there exists R > 0 such that

1z, — (| < R, Vn €N

This fact follows immediately from the assumption ||¢, ||« = 1. We define on(z) = P(x+C)
Hence, up to subsequence, ¢, converges uniformly over compacts of R? to a nontrivial
bounded solution of

—A¢— 5w 0 = 0 inR®
ng wéu/zz-qb = 0 fori=1,2,3,4,

where z; is defined in terms of 4/ and ¢’ = 0. Then ¢ = Zle a;z;(x). From the orthogo-

nality conditions [ps wg 20 = 0,7 = 1,2,3,4, we deduce that oy = 0, 4 = 1,2,3,4. This
implies that & = 0, which is a contradiction with the hypothesis lim, o ||¢n]lc0 =7 > 0.

Now we prove the stronger result: lim, , ||¢n]l« = 0. Let us observe that (, is a
bounded sequence, so (, — (, as n — oo, up to subsequence. Let R > 0 be a fixed
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

number. Without loss of generality we can assume that [(, — (| < R/2, for all n € N
and B((, R) C Q. We define ¢, (x) = Eia¢n (é) , © € Q (here we suppose without loss of
generality that p, > 0, Vn € N). From the assumption lim,,_, ||¢s||« = 1 we deduce that

[P (z)| < for x € B((, R).

1
|5E_€71|07

Also, 1, () solves the problem

A+ My = e BB U ) g+ S 2wl L 20} in Q)
‘%ﬂ = 0 on 052,

where g, (z) = h, <i> and Z"(z) = 2! (i) Since lim,, o0 [|An |+« = 0, we know that

En

€2+U

n < o(l : , i e Q.
90(0)| < 00) e for e

Also, by (|1.26]), we see that

(1.46) (60 Uty (2))" = O, (14 0(1))G (2, )

away from (,. It’s easy to see that ¢ Zz L Gl unZi = o(1) as e, — 0, away from (.

We conclude _(by a diagonal convergence method) that ¥, (z) converges uniformly over
compacts of 2\ {(} to ¥(z), a bounded solution of

oy

—AyY+ My =01in 2\ {C}, %:00n8§2,

such that |¢(z)| <
conclude that v (x) = 0. This implies that over compacts of Q\ {¢}, we have

[¢n(2)| = o(1)e7.

In particular, we conclude that for all x € Q\ B((,, R/2) we have |, (z)| < o(1)e7, which
traduces into the following for ¢,

in B(¢,R). So 1 has a removable singularity at ¢, and we

|:c— 7

(1.47) |on(x)] < o(1)e?, for all x € Q. \ B(C,, R/2e,).

Consider a fixed number M, such that M < R/2e,, for all n. Observe that ||¢,]| = o(1),
S0

(1.48) (14 |2|7)|¢pn(2)] < 0(1) for all x € B(¢!, M).
We claim that
(1.49) (14 |2|7)|pn(z)| < o(1) for all x € AL, u,
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1.5. The linear problem

where A, ;v = B((,, R/2¢,) \ B({,, M). This assertion follows from the fact that the
operator L satisfies the weak maximum principle in A, s (choosing a larger M and a
subsequence if necessary): If u satisfies L(u) < 0 in A, » and u < 0 in 0A., v, then
u < 0in A., . This result is just a consequence of the fact that L(|x — ¢}|77) > 0 in
Ac, m, it M is larger enough but independent of n.

We now prove with the use of a suitable barrier. Observe that from
we deduce the existence of nt — 0, as n — 0 such that €,7|d,(z)] < n!, for all x such
that |z| = R/2¢e,. From we deduce the existence of 2 — 0, as n — oo such that
M?|¢n(z)] < nZ, for all x such that |z| = M. Also, there exists 2 — 0, as n — oo such
that

@+ G L(¢n)] < in A

We define the barrier function ¢, (z) = =g, with 7, = max{n,, n;, n;}. Observe that
L(p,) = o(1 — U)nnm_g{'%g (2X — 5V4)nn‘ —77- 1t’s not hard to see that |L(én)] <
CL(py,) in A, v and |¢,(z)| < Cop, in 0A., p, where C is a constant independent of
n. From the weak maximum principle we deduce and the fact ||¢nllec = o(1).
From (1.47)), (1.48), (1.49), and ||¢,||cc = o(1) we conclude that ||¢,||« = o(1) which is a
contradiction with the assumption ||¢, ||« = 1. The proof of Lemma (1.5.1]) is completed.

[l

Proof of proposition |1.5.1 Let us consider the space

= {¢ € H'(Q) / Wiz =0, 1= 1,2,3,4}
Qe

endowed with the inner product, [¢,¢] = [, VoV + X [, ¢up. Problem (1.43) ex-
pressed in the weak form is equivalent to that of finding ¢ € H such that

6] —/s

The a priori estimate ||T'(h)||« < C||h||.« implies that for h = 0 the only solution is 0. With
the aid of Riesz’s representation theorem, this equation gets rewritten in H in operational
form as one in which Fredholm’s alternative is applicable, and its unique solvability thus
follows. Besides, it is easy to conclude from an application of Lemma ((1.5.1)). [

4
5Vi +h+ Zciwé,#/zi] v forall ¥ € H.

=1

It is important, for later purposes, to understand the differentiability of the operator
T : h — ¢, with respect to the variables y/ and (', for a fixed € (we only let x and ¢ to
vary). We have the following result

Proposition 1.5.2. Under the conditions of Proposition the map T is of class C*
and the derivative V¢ ,,0,/T exists and is a continuous function. Besides, we have

IVewT ()l + [IVer w8 T (R) L4 < CllA]s
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

Proof. Let us consider differentiation with respect to the variable (;, k¥ = 1,2,3. For
notational simplicity we write % = O . Let us set, still formally, Xj, = 9 ¢. Observe
k

that X}, satisfies the following equation
4 4
L(Xk> = 56<I/€(V4)¢ + Z dfwé,julzi + Z Ciaqg (’Ll)é/”ulzi) in QE.
i=1 i=1

Here d¥ = O iy © = 1,2,3. Besides, from differentiating the orthogonality conditions
o wg,w,zi =0,7=1,2,3,4, we further obtain the relations

kag/w/zi = _/ (b&c}’g (wg/7u/z7;) ’l - ]., 2, 3,4
Qe Qe

Let us consider constants b;, i = 1,2, 3,4, such that

4
/ (Xk - Zbizi> wh oz =0 j=1,2,34.
€ i=1

These relations amount to

4
Z bl/ Wer 1 225 = / 925(9% (U)ZL/’H/ZJ‘) j = ]., 2, 3,4
=1 Uk Qe

Since this system is diagonal dominant with uniformly bounded coefficients, we see that
it is uniquely solvable and that

bi = O([|¢ll-)

uniformly on (’, ¢/ in the considered region. Also, it is not hard to see that

160, (V)4 < Clll-

From Proposition (|1.45)), we conclude

4

Z Ciacl/c (wé,#/ ZZ')

i=1

< Cfh|-

kk

We set X = X, — Zle b;z;, so X satisfies
4
LX)=f+ bewé,w,zi, in Q.,
i=1
where A A
F=50g (V0> bil(z)+ > i u(wh ,z)
i=1 i=1

Observe that also,

Xwp yzi=0 i=1,2,34.
Qe
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1.6. The nonlinear problem

This computation is not just formal. Indeed, one gets, as arguing directly by definition
shows,

4
D6 =3 bz +T(f) and [0 6ll. < Cllb]...
i=1
The corresponding result for differentiation with respect to u' follows similarly. This
concludes the proof. O

1.6 The nonlinear problem

We recall that our goal is to solve ([1.41). Rather than doing so directly, we shall solve
first the intermediate nonlinear problem (|1.42]) using the theory developed in the previous
section. We have the next result.

Lemma 1.6.1. Under the assumptions of Proposition there exist numbers €1 > 0,
Cy > 0, such that for all e € (0,e1) problem has a unique solution ¢ which satisfies

o]l < Che.

Proof. First we assume that p and ¢ are such that ||F||.. < e1. In terms of the operator

T defined in Proposition (1.5.1]), problem ((1.42)) becomes
¢ =T(N(¢) + E) = A(¢).
For a given v > 0, let us consider the region F, := {¢ € C(Q.)|||¢[l« < V|IE||«s}. From
Proposition (1.5.1)), we get
[A@) [l < CTIN (D) lex + 1 E]s] -
The definition of N immediately yields || N ()]« < Col|¢]|?. It is also easily checked that
N satisfies, for ¢, @2 € F,,

[N (¢1) = N(P2)[l«x < CoV[ Elsslld1 — B2l

Hence for a constant C; depending on Cy, C', we get

IA@)+ < CL [Vl + 1] 1Bl [1A(¢1) = A(2)llx < CryllEllslldr — &2+

Choosing v = C4, ¢ = we conclude that A is a contraction mapping of F,, and

1
507
therefore a unique fixed point of A exists in this region.
Assume now that p' and ¢’ satisfy conditions (1.44]). Recall that the error introduced
by our first approximation is
E=V°— wg,vw = (wy ¢ (y) + Ver(ey))® — wg’,#,(y) y € (..
Using several times estimate ([1.27)), we get

2

H _
(W2 + |y — ¢?)? ) =00,

as € — 0. This concludes the proof of the Lemma. O

3

|E]ler = O (|Ver(ey)wer o () ]ln) = O (

k%
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Chapter 1. The Lin-Ni-Takagi problem in dimension 3

We shall next analyze the differentiability of the map (¢, ') — ¢. We start by
computing the || - [|.-norm of the partial derivatives of E with respect to p' and ('
Observe that

L ly=¢P—p”

2V (ly — C'2 + p2)s

We derive E with respect to p/ and deduce

Owwer =

10 Ellew = O (IVEm (o)l Buweellen) + O (bl ,0m(ey)l.e)

1y = ¢ —p?) ) ( s 1
O 2
wry—clp ) O \T ey =oppe
=0(e) as e¢—0.
Villy = (|
(W2 + |y — ¢')2)2

We derive E with respect to ¢ and deduce for i = 1,2,3

£

y

Note that

|8<Z<w</#/| = for 1 = 1, 2, 3.

10 E]|ee = O (Ve (y)ul wOtwer ]|) + O (ngwc, . W(ey)H**)

2

12 /
1oy — | 3 1
et O O 2
Hg(u’“r ly — ¢?))? ) " ( (1?4 ly — ¢'?)? )
=0(), as €—0.

Moreover, a similar computation shows that
Ve wOuElw <O(e) as e—0.

Collecting all the previous computations we conclude there exists a positive constant
C > 0 such that
1Ellee + IV Elle + V60 Bl < C.

Concerning the differentiability of the function ¢({’), let us write
Az, ) = ¢ = T(N(p) + E).

Observe that A(¢’,¢) = 0 and 0,A(¢",¢) = I + O(e). It follows that for small ¢, the
linear operator 0,A((’, ¢) is invertible, with uniformly bounded inverse. It also depends
continuously on its parameters. Differentiating respect to ¢’ we obtain

0 A(C', 0) = —(0¢T)(N(9) + E) = T(9yN(¢) + Opr R).

where the previous expression depend continuously on their parameters. Hence the im-
plicit function theorem yields that ¢(¢’) is a C* function. Moreover, we have

0 d = —(0,A(C", 6)) [0 A(C', 9)].
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By Taylor expansion we conclude that
10 N (@)l[r < ClI0ll+ + 100110l < CUE s + 10 @l ) 1] s-
Using Proposition , we have
10c¢ll« < CIN(@) + Ells + 10 N () [las + |0 E ),

for some constant C' > 0. Hence, we conclude that

10c: ¢l < CUIE s+ 1|0¢ Bl )-
A similar argument shows that, as well

10wl < CUEl s + (|0 Ellx),
and moreover

V¢ wOuwdlls < CUE + Ve w Bl + IV er O Ells)-

This can be summarized as follows.

Lemma 1.6.2. Under the assumptions of Propositions|1.5.1 and|1.6.1|, consider the map

(1) = o

The partial derivatives Vg, Vo, Ve 0 exist and define continuous functions of
(', 1). Besides, there exist a constant Cy > 0, such that

||VC/»M’¢||* + ||VC’,;J/ u’¢||* < 025

for all € > 0 small enough.

After Problem has been solved, we will find solutions to the full problem (|1.42))
if we manage to adjust the pair (¢’, i) in such a way that ¢;({’, /) =0, i = 1,2, 3,4. This
is the reduced problem. A nice feature of this system of equations is that it turns out to
be equivalent to finding critical points of a functional of the pair (¢’, ') which is close, in
appropriate sense, to the energy of the single bubble U.

1.7 Final argument
In order to obtain a solution of (|1.1)) we need to solve the system of equations

(1.50) ¢i(C',p)y=0 forallj=1,...,4.

If (1.50]) holds, then v = V + ¢ will be a solution to (1.41]). This system turns out to be
equivalent to a variational problem. We define

F(C 1) = E(V + 9),
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where ¢ = ¢((’, ') is the unique solution of (1.42)) that we found in the previous section,
and FE. is the scaled energy functional

1 2\ 1
E.(U) = - 2,22 2——/ 6.
W= [1vor+ 3 [lor- [

Observe that Ey(Ue ) = E.(V).

Critical points of F' correspond to solutions of ((1.50]), under the assumption that the
error F is small enough.

Lemma 1.7.1. Under the assumptions of Propositions |1.5.1] and |1.6.1), the functional
F(¢', 1)) is of class C* and for all € sufficiently small, if VE = 0 then (', ') satisfies
system (|1.50)).

Proof. Let us differentiate with respect to p'.
4
8,,F(C’, u’) = DEE(V + ¢) [GM/V + au/(ﬁ] = Z/ Cjwé/#/Zj [8N/V + 8u/¢].
j=1 7%

From the results of the previous section, we deduce 9,/ F' is continuous. If 9, F (', 1) = 0,
then

4
Z/ Cjwzl/#/Zj [8M/V + 8,%1)] =0.
=175k

Since |0, ][« < C(||E]lsx+ |0 E|| ), we have, as e — 0, 0,V + 0,y = z4+0(1), with o(1)
small in terms of the * * —norm as ¢ — 0. Similarly, we check that J; F' is continuous,

4
O F (¢, 1) = DE(V + ¢)[0g V + O ¢] = Z/Q W 710 V + O ¢] = 0,
=1 /%%

and Oy V' + O ¢ = 2 + o(1), for k =1,2,3.
We conclude that if VF = 0 then

4
> / wh iz +o(1)] =0 i=1,2,34,
j=1 7%k
with o(1) small in the sense of **—norm as ¢ — 0. The above system is diagonal dominant

and we thus get ¢; =0 for all j = 1,2, 3,4. O

In the following Lemma we find an expansion for the functional F'.

Lemma 1.7.2. Under the assumptions of Propositions and the following
expansion holds

F(C 1) = E(V) + [ Elles + IV w Elles + Ve w0 Bll] 0(Cs 1),

where 0 satisfies

|9| + |VC’,M’0| + |VC’,u’au’0| <,

for a positive constant C.
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Proof. Using the fact that DEF(V + ¢)[¢] = 0, a Taylor expansion gives
1
F(V+0) = FV) = [ DF(V -+ t0)[o.0](1 —
0

:/0 (/ [N(¢) +E]¢+/ 5[V —(V +tg)’] ¢2) (1 —t)dt.
Since [|¢||« < C||E||+, we get
F(V+¢) = F(V)=0O(|E|Z).
Observe that
VeoulF(V+¢)—F(V)]

= [ ([ Fewlvr = Brol+ [ 59, (074 - v+ 100 67]) (-

Since ||V o« < Cll|E|ws + || Ve Ells], we easily see that
Ve F(V +¢) = F(V)] = O(IE|2, + Ve BII%).
A similar computation yields the result. [

We have now all the elements to prove our main result.

Proof of Theorem 1.2.1. We choose

algA(C)
A
2(12)\

where ( € D). A similar computation to the one performed in the previous section, based
in the estimate ((1.27)), allows us to show that

1| + Ve Bllan + | Vet Oy Bllon < Cpie2dy,
where ) = supp, (|ga| +[Vgal). Since ap < 1 < o, we have
F(( 1) = B(V) + 12830(C, 1),
with |0] + [V 0| + |V ,00,00] < C. We define 95 (A, () = F({', /). We conclude that

(A, €) = Bx(Ue ) + 9r(¢)*05(C, ),

where 6, is as in Lemma Thus, v, has a critical point as in the statement of Lemma

1.4.1} This concludes the proof of our main result, with the constant v = 2%12 n
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Chapter 2

The Keller-Segel model of
chemotaxis

Abstract

In this chapter, which is based on a joint work with Denis Bonheure and Jean-Baptiste
Casteras [BCR], we construct several families of radial solutions to the stationary
Keller-Segel equation in the two-dimensional unit ball. The first family consists in
solutions which blow up at the origin of the ball and concentrate on the boundary of the
unit ball. The second family is made of solutions which blow up at the origin and
concentrate on an interior sphere, while the solutions of the third type blow up at the
origin and concentrate simultaneously on an interior sphere and on the boundary of the
unit ball. We also show how to construct other families of multi-layered radial solutions,
under a suitable non-degeneracy assumption.

Contents

2.1 Introductionl . ... ... .. ... .. 0000000, 133
2.2 The approximate solution| . . . . . ... ... ........ 139

[2.2.1  Construction of ug| . . . . . . . . .. ... 140

[2.2.2  Construction of uo.] . . . . . . . .. ... 142

[2.2.3  Construction of ug.] . . . . . . . .. . ... ... 143
2.3 The error estimatel . ... ... .. ... ... .00, 145
(2.4 Inversibility of the linearized operator| . .. .. .. .. .. 148
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2.1 Introduction

Chemotaxis is the influence of chemical substances in an environment on the movement
of organisms. In order to modelize the aggregation of cellular slime molds like the Dic-
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tyostelium discoideum, Keller and Segel introduced in 1970 a system of two strongly
coupled parabolic differential equations involving :

e u(z,t) the myxamoebae density of the cellular slime molds at time ¢ and point z,
e v(x,t) the chemoattractant concentration.

More precisely, the system has the form

%ZAU-V(UVU), v>0 in{
(2.1) g—?:Au—u+v,u>O in Q

v Ov

5—%—0 on@Q,

where €2 C R” is a smooth bounded domain and v is the inner unit normal vector of 0.
In order to understand the global dynamics of this system, it is important to study
steady state solutions of it, namely solutions to

Av—V(@Vu) = 0, v>0 inQ

(2.2) Au—u+v = 0, u>0 1in
ou_00 g _
o ov O O35

Let us notice that the system ([2.2)) reduces to a scalar equation. Indeed, observe that
v = Xe¥ for some positive constant A, solves the first equation. Thus the second equation
becomes the so-called Keller-Segel equation

—Au+u—Xe* = 0, u>0 1in
2.3
(2:3) @ = 0 on 0.
ov
In the one-dimensional case, Schaaf [Sch85] proved the existence of non-trivial solutions
to (2.3). In higher dimension, when 2 is a ball, radial solutions to (2.3) have been
constructed by Biler [Bil98]. For general two-dimensional domains, the first existence
results were obtained by Wang and Wei [WW02] and independently by Senba and Suzuki
[SS00d], when the parameter A is small enough. Moreover, Senba and Suzuki [SS00d,SS02]
studied the asymptotic behavior when A — 0 of solutions u, to (2.3) with finite mass

lim)\/e"A:C’0>0.
Q

A—0
Let G(x,%), y € Q be the Green’s function of the problem

g
ov,

Senba and Suzuki showed that there exist points & € 2, ¢t < kand n; € 02, k <i <m
for which

-A,G+G =46, in Q, =0 on 0f2.

(2.4) up(z) =2 ZSWQ(&:,&) + ) AnG(x, ),

i=k+1
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uniformly on compact subsets of Q\{1,...,&}. The counter part of this result has been
obtained by del Pino and Wei [dPW06| where they constructed, for any given integers k
and [, a family of solutions to ([2.3)) satisfying for a suitable choice of points &;, n;.
Recently, the study of solutions to (2.3) concentrating on higher dimensional set with

unbounded mass has been initiated. When = B;(0) C R™, n > 2, Pistoia and Vaira
[PV15] constructed a family u, of radial solutions blowing-up in all the boundary of 2
and such that

lim e @)z = co.

A—=0 B1(0)

More precisely, their solutions satisfy
lim e AUy = \/52/{ 5
A—0

1

iy and U is the unique radial solution

C-uniformly on compact sets of 2 where ey ~ —
to

—u"—”—_lu’+u=01n9, U =1 on 0.
T

Near the boundary 0B1(0), their solutions, up to rescaling, behave like the one-dimensional

half standard bubble i.e.

—w" =e” on R, s.t. /ew < 0.
R

Let us also point out that del Pino, Pistoia and Vaira [dPPV16] constructed a similar
family of solutions to for general two-dimensional domains concentrating on the
whole boundary. Very recently, existence of solutions concentrating on sub-manifolds of
the boundary has also been investigated. Agudelo and Pistoia [AP16| consider domains
of the following form

Q={(p,2) e RV xR : (ly1], 2") € D},
where D is a smooth bounded domain in R? such that
D C{(z1,7") ER xR :z; > 0}.

Looking for solutions of (2.3)) invariant under the action of the group of linear isometries
I of R¥=! given by

g9y, 2') = (g1, 2'),
namely solutions of the form v(y;,z") = u(|yi|, 2"), we see that (2.3)) can be rewritten as
(2.5) —div(a(z)Vu) + a(x)u = Aa(x)e” in D, 0,u =0 on dD,
where a(z) = 272 Under suitable assumptions, Agudelo and Pistoia are able to con-
struct families of solutions to (2.5 concentrating at points on the boundary of 9D or
converging to points belonging to 9D when A — 0. Up to rescaling, their solutions
behave near the concentration points like the unique solution to

—AU = €Y in R?, / eVdr < oo.
RQ
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Observe that the solutions they construct for (2.5)) correspond to solutions of con-
centrating along (N — 2)-dimensional minimal manifolds of the boundary (or converging
to the boundary) of © diffeomorphic to the unit sphere of dimension N — 2.

In all the following, we will suppose that Q = B;(0) C RY, N > 2. In [BCN17b], we
performed a bifurcation analysis of radial solutions to . First, let us notice that for
A < 1/e, it is possible to show that is equivalent to

_ —  pm(v-1) i
(2.6) { Av+v e , v>0 in By(0)

v = 0 on 0B1(0)

for ;4 > 1. Observe that this equation admits two constant solutions v = 1 and another
one denoted by v, < 1. Let A9 he the i-th eigenvalue of the operator —A + Id in B;(0)
with Neumann boundary conditions, restricted to the radial functions. We obtained the
following bifurcation result.

Theorem 2.1.1 (|[BCN17b]). For every i > 2, (A%, 1) is a bifurcation point for problem
[2.6). Let B; be the continuum that branches out of (\r%4,1). It holds that:

(i) the branches B; are unbounded and do not intersect; close to (\/%4, 1), B; is a C*-
curve;

(11) if w, € B; then u, > 0;

[

(#i) each branch consists of two connected components: the component BB
u,(0) < 1, and the component B;", along which u,(0) > 1;

along which

/

() if w, € B; then w, — 1 has evactly i — 1 zeros, u,

/ . .
zero of u, lies between two zeros of u,, — 1;

has exactly i — 2 zeros and each

(v) the functions satisfying u,(0) < 1 are uniformly bounded in the C*-norm.

In term of this bifurcation result, we believe that the solutions constructed by Pistoia
and Vaira [PV15] belong to B while the solutions constructed by del Pino and Wei
|[dPWO06| (when restricted to the 2-dimensional ball) belong to Bf. In [BCN17b], we
also constructed multi-layer solutions, namely solutions concentrating along an arbitrary
number of internal spheres, by combining variational and perturbative methods. Using a
different approach based on a fixed point argument, we were able in [BCN17a] to prove
the existence and to obtain very precise asymptotics of these solutions provided that a
non-degeneracy condition holds true (we will comment on it later).

In the present chapter, we restrict ourselves to the case where = B;(0) C R% In
view of Theorem [2.1.1} our goal is to construct and characterize solutions belonging to
B;r for ¢ > 2. More precisely, we want to construct solutions to concentrating at
the origin and on spheres (belonging to the interior or the boundary of B1(0)). Our first
result deals with the case of solutions concentrating at the origin and along 0B (0).

Theorem 2.1.2. There exists A > 0 such that, for all X\ € (0, ), there exists a radial
solution uy of (2.3) such that

lim )\/ e @) dr = oo,
B1(0)

A—0
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2.1. Introduction

lim (U)\ - U,\) =0
A—=0
uniformly on compact subsets of B1(0)\{0},
ety — 87'('50 in Bl/Q(O),

and
V2Xe™ + (10,U\(D)]) " 0guern| joj=1y — 0 in B1(0)\ By 2(0),

where ey ~ 1/|In A| and Uy is a solution to

1 .
—U§ = U5+ U =0 in (0,1),

)y oy = g
A

lim

r—0t —Inr

Next, we investigate multi-layered solutions. It is well-known that the localization

of the layers are linked with the existence of certains Green’s functions. Extending the

results of [BGNT16], we construct singular at the origin Green’s function having & local

maximum normalized to 1. Moreover, at each of these maxima, the derivative of the
Green’s function satisfies a weak reflexion’s law. More precisely, we have

Theorem 2.1.3. Let k € N\{0}. For any constant b > 0 small enough, we have that:

(i) There exists a configuration 0 = oy < a1 < ... < oy, = 1 and a continuous function
Usi such that

1
- l;ik__Ul;,k+Ub,k = 0 in Ufz_ol (Ozi,ozH_l)
U,
i, 2ok )y
Inr

Upr(oy) = 1 foreveryi=1,....k
and satisfying the reflection law

m Ubjk(Odi + 5) — Ung(Cki) Ung(Oéi + 5) — Ung(Oéi)

(2.7) li = — lim
e—0— £ e—0t+ 5
foreveryi=1,... k—1.
(ii) There exists a configuration 0 = qg < a4y < ... < Q@ < Q41 = 1 and a continuous
function Uy, such that
(A 1~ ~ . I
Uy, — ;Ué,k + U = 0 in UL (ay,Giv1)
0
lim,_os — 22T _
nr
Upe(1) = 0
L Upp(d;) = 1 foreveryi=1,...,k
and satisfying the reflection law
O+ €) — Ol Ui+ ) — Ol
(2.8) lim Jer(@ ) = Uon(@) ) Uoa(@ite) = Do)
e—0— £ e—0t £

for everyi=1,... k.
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Chapter 2. The Keller-Segel model of chemotaxis

As in [BCN17a], in order to construct multi-layered solutions, we will need a certain
non-degeneracy condition on the Green’s function. This condition depends on the deter-
minant M}, of the squared matrix A; ; of k x k entries defined as follows. The elements of
the diagonal are given by

Ay = US4+ U ) () fori=1,... k,
the elements of the subdiagonal are given by

Aigr1, =U, (ajpq) fori=1,... k-1,
the elements of the superdiagonal are given by

Ai,i—l-l:UH— (O(Z) fOFi:17...,]€—1,

Oi+1

and the rest of the entries of the matrix are 0. Here,

U(,,f(ozj) = (Uéi,b,a(aj + Uj)) |e,a,b,a=07

8@»

where U, 44, is defined in (2.51)). Let us point out that this determinant played the same
role in the construction of multi-layered solutions regular at the origin (see [BCN17al).
Assuming that My # 0, we are able to construct two families of k-layers solutions singular
at the origin of in B1(0), modeled on U,; and on Ui respectively. Numerical
simulations and explicit computations in dimension 3 suggest that M, > 0 for any k €
N\{0}, however we are only able to prove it for £ = 1. In this case, our results read as
follows

Theorem 2.1.4 (Internal layer solution singular at the origin of the ball). There ezists
A(1) > 0 such that for all A € (0, \(1)), there exists a family of radial solutions uy to (2.3)

in B1(0) such that

lim (u,\ - %304%,1) =0,
uniformly on compact subsets of B1(0)\{0},

Ae"r — 81y in By, /2(0)

and
e + |0,y 1 (1)) 7101 = 0 in Bi(0)\{0},
where ey ~ 1/|1In A|.

Theorem 2.1.5 (Singular solution at the origin of the ball with an internal layer and
a boundary layer). There exists N\(2) > 0 such that for all A € (0,A(2)), there exists a
family of radial solutions uy to (2.3) in By(0) such that

2
lim (u,\ — \/_—U45>\72> =0

A—0 € V2
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uniformly on compact subsets of B1(0)\{0},
Aetr — 87'('(50 in Ba1/2<0>7
and

e + (10,02 5(a1))) ™ 0o, + (10,Uyzy o(D) 701 = 0 in By (0)\{0},

where e ~ 1/|In \|.

The plan of this chapter is the following. In Section [2.2] we describe the ansatz of
solution we will use to prove Theorem [2.1.2] We then estimate the error introduced by our
ansatz in Section 2.3 In Section we prove the solvability of the linearized equation
in our ansatz. This allows us to use a fixed point argument to prove Theorem [2.1.2]
We then give the proof of Theorem leading to Theorems [2.1.4] and [2.1.5] in Section
2.5] Finally, we prove Theorem and the non-degeneracy condition M; # 0 in the
Appendix.

2.2 The approximate solution

We recall that we are looking for a radial solution of (2.3) concentrating at 0 and on
0B (0). In order to do so, we take an ansatz of solution of the form

(

up in [0,9),
wy  in [4,29),
U =< u [25 1-265),
ug in [1 — 28,1 —dy),
Uy [1 — 61, 1.

\
In a first time, let us describe intuitively our ansatz. In the previous definition, § and
01 are suitable constants depending on A. Near the origin, we want U = u to behave
approximately like Uy, the two dimensional standard bubble given by

8u?

(12X +12)2’
for some constant p > 0. Let us recall that these functions correspond to all solutions of
the problem

(2.9) Up(r) = In

— AUy = A0 in R?
)\/ eV dr < 4o00.
RZ

Near the unit sphere 0B(0), we want that U = uy behaves up to rescaling like W —In A
where W} is the one dimensional standard bubble solving —w” = €™ in R given by

_ \/5(7“71)
e A

4
/jLZ _ V2(r—1) 2 ’
1+e &

(2.10) Wa(r) =1In
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Chapter 2. The Keller-Segel model of chemotaxis

for some i depending on A to be determined later. Far from the origin and 0B;(0), we
choose U = G where G is the singular at the origin Green’s function given in Lemma
- 2.A.2| for some suitable constant b depending on A. Finally, we choose u; and us to be
linear interpolations between u;  and u;,q, for ¢ = 1, 3, namely,

(2.11) wi(r) = xi(r)uwi—1(r) + (1 = xa(7))uiga (r),

where y; € C%((0,1)) are cut-off functions such that

xi1(r) =11in (0,6), x1(r) =0in (20,1), |x1(r)| <1, [Xi(r)] < e x((r)] < c
and

Yo =100 (0,1-28), o =01in (1—61,1), [xa(r)] < 1, (0] < e [x4(r)] < e

2.2.1 Construction of wuy

First, we set € such that

4 2
(2.12) 111—2—1nA:£

€ €
and choose §; = ¢, for some 1 € (%, 1). We define uy in the same way as the function
“uy” of [PV15] (or [BCN17a]) with 7o = 1. The construction of this function is quite
lengthy so we only briefly recall it and refer to the above two papers for more details. We
take uy as follows

=Wy —InA+a.+v.+68:+ 2z
N _ ——— S~~~

~
15t order approz. ond order  37¢ order

where

e W; is defined in ([2.10)) for some fi = O(e) (see Subsection for the precise defini-
tion). We also set

-1
W(r )+ln——ln4—W(r).
fi ji?

e (. satisfies

—1 -1 . A
B (o) = () —wi +InA i (0,1)

_(a5>/, _ .

0(1) = (a)(1) = 0,

and the following estimate holds, for s < 0,

(2.13) a(fis + 1) = fi(a:)1(s) + % (ae)2(s) + O(fis"),

where

(ce)1(s) n—l/W da+—s
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2.2. The approximate solution

// —In4)dpdo + (n — 1) n—2//W Ydpdo

+%n—1)A<ﬂV(Ma—sﬂn(§).

r—1
—(v)" — Wiy, = e (o), — in
{m =i (TF) R
v=(1) = (v:)'(1) =0,

where (a); is defined in (2.13]). Moreover, we have

and

e v, satisfies

[r—1]

),

(2.14) ve(r) =vi(r — 1) + vt + O(fie™

where ~
v ER, 1 =-2n—1)(1-1n2)+2mn2k
£

%ug:gv(rgl).

(8 = () = 2wy (0,1
5&(1) = (ﬁa)/<1) =0,

and the following estimate holds, for s < 0,

B-(fis +1) = (55) (s) + (/1333)7

We also set

e (3. satisfies

where

(B)(s) = —(n— 1) OS / " (p)dpdo.

e Finally 2. satisfies

—(2)" — Wiz, =

g () w10 () 3 (o () ()]

under the boundary conditions

z(1) = (z)'(1) = 0.
There holds
(2.15) 2(r) = fG (r — 1) + Gi® + O(i’e”
for some (; € R, j =1,2.
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Chapter 2. The Keller-Segel model of chemotaxis

2.2.2 Construction of u,.

Thanks to Lemma we know that, for any b small enough, there exists a function G,
satisfying
1
-Gy — ;G; +Gp,=0 1in (0,1)
Gy(r)

i =0b, Gy(l)=1.
1My 0+ “Tnr ) b( )

Using the same argument as in Lemma 2.8 of [dPPV16] (see also Lemma for a more
complicated situation), we can perturb the function G, in the following way: there exists
go such that for all € € (0, g¢), there exist 7. € R and a radial function U, solution to

( CAU.+U. = 0 in(0,1)
Ud(r) 4

lim, o+ = —¢

NG

Ue(l) = 1+ \/?5(_ In(7:)? + e7.10)

1 €
Ul(l) = —+ —=(—2+2y.In2+ ¢,
\ W) = S+ 52y %61)

where v, and (; are defined respectively in (2.14) and (2.15). We then define usy as

(2.16) ug(r) = gUE(T>.

Observe that there exists 7 € (0,1) such that u,(7) = 0 and we have 7 = O(y/2). We
denote by H the regular part of us, namely

(2.17) H(r) =us(r)+4lnr.

Observe that thanks to (2.58)) and (2.59)), we have, for some constant C' > 0,

¢ and lim H'(r) = 0.

IS r—0t

(2.18) H(0) <0, [H(0)] <

We choose i in (2.10) as i = €7.. Thanks to our choices of uy and wuy, one can show
proceeding as in [BCN17a] the following estimate.

Lemma 2.2.1. For any 6; < |r — 1| < 26;, we have

-1 —1
ug(r) — ua(r) :O<€2+8]r—1|2+]r—1|3+VT+exp (—|T . |)),

and

r—1 1 r—1
u'4<r>—ugm:o<g|r_1\+|r_1,2+|7+gexp<_| |>)
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2.2. The approximate solution

2.2.3 Construction of wuy.

We define uy = Uy + Hy where Uy is the function defined in (2.9) and H, is the solution
to

(219) {—AHO+H0 = _U() in (O,f)

Hy(F) = ~Uy(").

We introduced the function Hy in order to get a better matching between uy and u,. We
choose ¢ such that 2§ < 7 and 0 = O(y/2). Proceeding as in Lemma 2.1 of [dPWO06], we
obtain the following lemma.

1
Lemma 2.2.2. For any o € (0, 5), we have, forr € (0,7),

(2.20) Hy(r) = H(r) — In(8u*) + O(\%),

C%(Bz)-uniformly, for v € [0,1), where H(r) is defined in (2.17). Moreover, ([2.20)
oH ()

——, and recalling (2.18), the

holds uniformly in C'(Bas\Bs). Finally, choosing > = 3

estimate

7,2

(2.21) Hy(r) = O + =),

holds true for r € (0,7).

Proof. Let us consider the function z = Hy — H + In8u?. It satisfies

1 1

—Az+2z = —1HW+IDT—4 1n(0,f)
,(~) 4r 4
zZ\r) = —SvT——= — =-
PEXFT2 T

Recalling (2.12]) and that we have 7 = O(y/2), we deduce that

. 4>\
/ . =n A
f 0,2). Weset f=—1 L . Let 2 We h
oranyae(,i). e se f——nm—knﬁ. et 2 < p. We have
[urpaa= [ igpase [ |fpan
B; B:\B, /5 B, x

It is easy to see that

/ fPde < CA[Tn AP,

Buﬁ
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Chapter 2. The Keller-Segel model of chemotaxis

and, using that |f(r)] < C\/X7
r

/ |fPdx < CNP/272P < \P/2,
Bi\B, /x

Using elliptic regularity theory (see Lemma [2.A.5)), we deduce that
IzllcoxB,) < CX%,
for all v € (0,1) and any a € (0,1).
On the other hand, for any ¢ > 2, since § = O(¢?), we have

/ |f|qu < O N\I/2§2—4a < O \9/2:2(2—a) < O\,
Bas\Bs

for any o € (0, %) We deduce
||Z||Cl(325\35) < OX%.
Finally, (2.21) is a direct consequence of the fact that H € C1#(B;), 5 € (0,1). O

Thanks to the previous lemma, we are able to show that uy and us are very close for
the C'-norm in the interval [4, 24].

Lemma 2.2.3. For o <r <26, we have
uo(r) — ua(r)| = O(A?),  fug(r) —uy(r)] = O(AY),
for any o € (O, %)

Proof. The proof is a direct consequence of Lemma [2.2.2| Indeed, by definition, we have,
for r € [9, 26],
8112

uo(r) = Up(r) + Ho(r) = hlm

+ H(r) —In8u* + O(\%),

and
us(r) = —4Inr + H(r).

It follows that
2

up(r) —ug(r) = —21In <1 + MT—;\) + O(\%)
= 0O(\Y).

In the same way, one can show that

u(r) — uh(r) = O (F) +0(\") = 0(\).
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We look for a solution of ([2.3) of the form U + ¢. Let us observe that U + ¢ is a
solution to ([2.3)) if and only if ¢ is a solution to the problem

(2.22) {LW

N(¢) + R(U) in (0,1)

¢'(0) = ¢'(1) = 0,
where
(2.23) L(¢) = —Ad + ¢ — AeV o,
(2.24) N(¢) = MV — eV — V) and,

R(U) = —AU + U — \év.

2.3 The error estimate

In this section, we estimate the terms R(U) and N(¢). In order to apply directly all the
estimates of [PV15], we are going to work with the norm || - ||, (see (2.31])) which is a
weighted L*° norm on B 1 and a L'-norm elsewhere. We begin by estimating N(¢).

Lemma 2.3.1. We have, for any 8 > 0,

2
i _ if r <26
2
N(o) < Cleld a2+ <—)
SENV/Y

P if 26 <r<1-26
and
(2.25) N (o) < Ce Mol :

i (Bl\B%) L (Bl\B%>

Proof. First, using a Taylor’s expansion, it is immediate to see that

N(¢) < CAeY|o)2

Therefore, the proof reduces to estimate eV. First, we consider the case r € [0,25]. In

this range, using (2.21)) and a Taylor’s expansion, we see that

2 2 2
up _ €U0+H0 — 8,LL O(/\a+%)

e ( S
(2 +1r2)?

(2 +1r2)?

e ).

Next, we consider r € [§,1 — 20;]. By definition of uy, we know that it is decreasing in
r € (0,7) and increasing elsewhere. So, we have, for r € [§, 1 — 24;],

GUQ(T) S 6”2(6) + 6“2(1_251),

Making a Taylor’s expansion and using ([2.16)), we obtain, for some 6 € (1 — 247, 1),
2
€
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Thus, we have, recalling the relation (2.12), and the definition of ¢y,

Aet2(1-201) < Cgfzeg(falugu)) < Ceﬁ,

for any 3 > 0. On the other hand, using (2.16]), we see that e*2(®) < 5 < Ce8. The
estimate follows noticing that A\e™® < &, for any 8 > 0. Finally, we refer to Lemma, 4.3
of [PV15] for the proof of (2.25). O

Next, we estimate R(U).
Lemma 2.3.2. Let o € (O, %) be the constant defined in Lemma . We have

8y Q(Aur—?) if <6,
RU)<C A(u2+<\%>2) €
o if 0 <r<1-24
for any B >0, and
||R(U)||L1<BI\B%) < Ce't7,

for some o > 0.

Proof. First, we consider the case r < §. In this case, U(r) = ug(r) = Uy(r) + Ho(r).

Using (29),@19) and (2:21), we have

R(uo) = —A(Uo + H()) + U() + H() — )\€U0+HO
= Xt (1 — eHO)

8112 r?

. (Mz i <%>2)2(A“ + €).

Next, when 20 < r <1 — 20y, then U(r) = us(r). Arguing as in the previous lemma, we
obtain

(2.26) <C

(2.27) R(uy(r)) = Xe®2™ < C&P,

for any 5 > 0.
On the other hand, it has be proved in Lemma 4.2 of [PV15] that

(2.28) ||R(u4)||Ll(Bl\Bl,51) = O(e'?)  for some o > 0.

Finally, we consider the two intermediate regimes. First, let us consider the case § <r <
26. In this interval, U(r) = uy(r). Using (2.11)), we have

R(u1) = x1R(uo) + (1 — x1)R(uz) — 2x) (ug — usy) + (—Ax1 + x1)(uo — uz)
+ Axie + /\(1 _ X1)€u2 — \eXruot(I=x1)uz
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2.3. The error estimate

|ug — uj)| |U0—U2|)
+

) 92
(2.29) 4+ Xe¥2 + \e'o (e(Xl_l)(UQ—UD) _ 1) )

< R(up) + R(ug) +C (

First, doing a Taylor’s expansion and using Lemma [2.2.3] we have
A\eto (6(x1—1)(w—w)) _ 1) < Ae™|ug — us| < AHeeH0,

Using again Lemma [2.2.3| we get

|up — uh] 4 |uo — us|
5 52
Plugging these two last estimates into (2.29) and using ([2.26]), (2.27)), we obtain

< CN2,

8u? A
R(us) =0 | sup L

5<r<2s \ <M2 N (%)2) 02

«

A A
:O<£+e/3+5—2) =0 ().
Finally, when 1 — 26, < r <1 — ¢;, arguing as previously, we have
R(uz) = x3R(uz) + (1 — x3) R(ua) — 2x5(uy — uh) + (—Axs + X3) (ua — u2)
+ Ayze™ + )\(1 . X3)€uz — \eXxsuat(l-xa)uz

) — s 4 |uy — U2|)

S R(UQ) + R(U4) + C ( 5 52

(2.30) + Xe" 4+ e Jug — ugl .

Using Lemma [2.2.1] we see that

=00/, — Uy — U "
/ (' = 2l | — 2')rdr—0(5§>—0(51+ ),
1-261

and s
/ e Juy — ug| rdr = O(\e?).
1

—261

Thanks to (2.27)) and (2.28)), we see that

/ T Rug) + Rlus) + Ae™) rdr = O(H).

—261

Plugging the three previous estimates into ([2.30]), we obtain

HR(U?’)HLl(Bl\Bl) = O(e").

This concludes the proof of the lemma.
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2.4 Inversibility of the linearized operator

In this section we develop an inversibility theory for the operator L defined in ([2.23]).
To do so, we utilize ideas used in [dPKMO5,dPR15,dPW06,[PV15|. First, we define the
norms

(2.31) [[ulls =max {|log Al[|X1ullx, [X2ullr: }
and
(2.32) [[wfl s =max {||X1ulls, [ X2ull1},
where
3 1ifr<i 1 ifr>1
Xl(r):{ 0 ifr >3 XQ(T):{ 0 ifr<?
and
Jall. = sup — 4O sup fumlur)]
A (14 )

for some v € (0,1). The main result of this section is the following proposition.

Proposition 2.4.1. There exist positive constants \g and C' such that for any A € (0, Ao)
and for any h € L°°(By), there erists a unique radial function ¢ € W22(By) solution of
the problem

(2.33) { #(1) =0,

which satisfies
(2.34) 101l oo 5,y < C IR -

Rather than proving Proposition directly, we prove first a priori estimates for
problem ([2.33) when ¢ satisfies an orthogonality condition against the function

r? — \u?

2o(r) = N ViER

It is important to notice that z, satisfies the equation

8A\u?

2.35 -Apy= ————
( ) 20 ()\,U2+7"2)2Z0’

which correspond to the linearized equation of —Av = e” around the radial solution
v(r) = Up(r) + log A = log w—fi’fj‘—z)z. It turns out that the only bounded radial solutions
of are multiples of z; (see Lemma 2.1 of |[CL02|). Additionally, let us consider
a large but fixed number Ry > 0 and a radial smooth cut-off function x(r) such that

x(r) = 1if r < Rogv/X and x(r) = 0 if r > (Ry 4+ 1)v/X. We have the following lemma.
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2.4. Inversibility of the linearized operator

Lemma 2.4.1. There exist positive constants Ao and C such that for, any X € (0, Xg),
any radial solution ¢ € W*2(B;) to problem

L(¢) = h in By,
(2.36) o) =0
XZO¢ dr = O:

By

satisfies

Proof of Lemma[2.4.1. Assume by contradiction that there exist a sequence of positive
numbers A\, — 0 and a sequence of solutions ¢, to (2.36) such that

(2.37) Inllzmzy =15 hall. — 0.

We denote by ¢, the sequence defined by the relation

| V2

lng—ln)\n: —n

We also use the notation o0,(1) to denote functions f,(r) such that lim f,(r) = 0, uni-
n—oo

formly in r. Our goal is to prove that ¢,(r) = 0,(1), for any r € [0, 1], which yields to a
contradiction with . We split the proof into 4 steps. In the first one we prove that
On(r) = Chn(1/2) + 0,(1) for r € [26,1] and some constant C' € R. In the second step
we show that ¢, = 0,(1) when r € [[ 11 and finally in the last two steps we consider the
case 1 € [0, 20].

1
29

Step 1. There holds ¢,(r) = 0,(1) for r € [26, 1].

First, we recall that for r € [26, 3], U(r) = ua(r). Observe that thanks to (2.27), we
have \,e"2 = O(eLt?), for any ¢ > 0. Since by assumption ||h,||., — 0, it is easy to
see that, up to subsequence, ¢,, converges uniformly on compact subsets of B 1 \ {0} to a

function ¢ € H' (B%> N L> (B ) solution to

=

(2.38) ~A¢+¢ =0 in By \{0}.

We claim that gfg = 0. In order to prove our claim, let us consider the unique radial
solution ® of the problem

~A®+® = 4 in B,
o(L) = 0

2

It is well-known that )
®(z) = —5—log|a| + H(z),
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Chapter 2. The Keller-Segel model of chemotaxis

for some smooth function H. Since qZA> e L™ (B 1 >, we have that for any sufficiently small
£ and T,

[6(7) = 6(1/2)] < &0().
Multiplying by ¢ = max(¢— ¢(1/2) — D, 0), integrating by parts over B, \ B, and
using that ¢ = 0 on 8(3% \ B;), we obtain ¢ =0, i.e. ¢ —¢(1/2) <EP in By \ B;. Using
the same argument with ¢ = min(¢ — ¢(1/2) +E®, 0), we conclude that |A¢E - gﬁ(l/2)] <éd
in B1 \ B;. Passing to the limit £ — 0 and then 7 — 0, we deduce that ¢ = ¢(1/2). Since

the only constant solution to (2.38) is zero, we deduce ¢(1/2) = ¢ = 0. This implies that
On(r) = 0,(1) for r € [25, %}

Step 2. We have that ¢,(r) = 0,(1) for r € [1,1].

We set ¥, (s) = ¢n(ens+1) for s € [—¢,1,0]. Then, since v, is bounded, it is possible
to show, proceeding as in Proposition 5.1 of [PV15], that 1, — @ C*-uniformly on
compact subsets of (—oo, 0] where v satisfies

{ —) =¥ in R™,
¥'(0) =0, [[¢flp~ < 1.

We know (see [Gro06]) that any solution ¢ to —1” = e¥ is of the form

e\/is _

1 eV
§)=a——— +b| -2+ V2s——— )
vls) ev2s 11 < eﬁ3+1>

for some a,b € R. However, since ||1]|» < 1, we deduce that a = b = 0.

Next, we denote by G(r, t) the radial Green’s function associated to the operator (—A-+ -)
satisfying G (r, 3) = G'(r,1) = 0 and singular at the point 7 € (3,1). Now, using Green’s
formula, we have, for % <r<il,

bu(r) — G (r, %) 4 <%) _ / G (0 + A, / Gl 1) o (1)

0

= / G(r,t)h,(t)dt + G(r, 1)€n)\n/ e Enst o) (5)ds

1

2 “m
0
+ en)\n/ (G(r,ens + 1) — G(r,1))ePnEnsthy, (s)ds.
T 2en

From Step 1, ||A,]|«« — 0 as n — oo and since G is C' bounded, we get that

el (r, %) b (%) + /; G, ) (B)dt = o, (1),

Arguing as in [PV15], it is possible to show that

0
.Y / (G(r,ens + 1) — G(r, 1))e™n G (5)ds = on(1).

2en,
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2.4. Inversibility of the linearized operator

From this we get

On(r) = C,G(r, 1) + 0,(1),

where C,, = g, \, fi) 4 eDnlEnsty (5)ds. Evaluating the previous expression at r = 1

On(1) = n(0) = 0,(1) = CL,G(1,1) + 0,(1).
Since G(1,1) # 0, we deduce C,, = 0 and therefore ¢,, = 0,(1) for r € [3,1].

In the following steps it is convenient to work with rescaled variables. We set s = WLA’

(%n(s) = ¢n(v/Ans) and denote by U(s) = U(v/Aus) + 2In Ay, ha(s) = Aphn(v/Ans) and
L

we get

= —A+ )\, — Y. We also define, by abuse of notation,
h(s)
A+ (L+5)72

(2.39) Al == sup
s€0.A, /2 /4]

— = lIAlls,

for functions h defined in the rescaled variable.

Step 3. Up to subsequence, we have that gzgn — 0 as n — oo uniformly over compact
sets of R2.

It is easy to see that ¢, satisfies

L(a(s)) = hu(s).

Elliptic estimates imply that, up to subsequence, qgn converges uniformly over compact
sets of R? to a bounded solution ¢ of

—Ap = egé in R2.
This implies that there exists a constant Cj such that ¢~> = C’OZO(S), where

T2 - /\nﬂz
24 Ap?

ZO<S) - ZO,n( V )\nS), 20,n =

From the orthogonality condition on ¢, we have

/ XZO,ngbndw = )\n/ XZOQEndx = 07
B

BA51/2

where ¥(s) = x(vAns). Passing to the limit yields to / XZopdx = 0, which implies
RQ
Cp = 0. This gives the result.
The final step is based on a maximum principle argument.

Step 4. We have that ¢, (r) = 0,(1), for r < 26.

Let & > 0 be a fixed constant such that 20 < 20 < 1/4. Next, we show that there
exists a constant C' > 0, independent of n, such that

25>\T_Ll/2

(2.40) ol ., )SC[ggglén(S)HllﬁnH* ,
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Chapter 2. The Keller-Segel model of chemotaxis

where R > 0 is a large but fixed real number. To prove the previous estimate, we need
the following version of the maximum principle:

There exists a fixed number Ry > 0 such that for all R > Ry if [:(Z) > 0 in A; =

Bz 12\ B and Z > 0 on 0A; then Z > 0 in Aj;.

26\,

To prove this statement let us consider the function Zy(s) = zzj Observe that it
satisfies

8
(1+2)2

We define the function Z(s) = Zy(as), for some constant « that we will fix afterwards.
Observe that

—AZO = ZO S € RQ.

8ar? o?s? —1

(25?2 +1)2a2s? + 1

—AZ =

In particular if a?s? > 100 then —AZ > ﬁ On the other hand, we have

) 2 2.2 _
eUZ:O< 8u )as 1<C

(12 +52)2 ) a2s2+1 — %

where C' is a constant independent of av. We get
L(Z)=-AZ+MZ—"Z > = <——0) .

Hence if «v is chosen small and fixed, and R > 0 is sufficiently large depending on «, then
we have L(Z) > 0 and Z > 0 in Az, which gives the result.

Thanks to this maximum principle, we are in position to prove . Let Ry >
max{ Ry, Ry}. Consider ¢? the unique solution of

—A¢2 + )\nwg -\, = 0 in B2(§)\;1/2 \ BR2
PO = 0 on JBg,
¢9L = |¢n| on 0B

260 /2

and let ! =1 —s7". We set ¥, = ¢? + ¢!, For s > Ry, we have

y2

L(thy) > My 4+ 125727 = O(Y) > T8+ A

since

el = O(s™).
We set ¢, = C) |maxse(o,r,) |6n ()| + || Anl|+ | tn, for a constant C; independent of n.

4
Observe that, if 1 > —, we have
v

2(s7FV 4+ \p) = s
A i = 120G

L(n) 2 2[ Al (727" + An) 2 [
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2.4. Inversibility of the linearized operator

2(s727V + \p)

((T+5)727 + An)
necessary). On the other hand, for C} > (1 — R;”)™! we have

in By, -1/2 \ Bp,since > 1, for s € [Ry,+00) (taking R, larger if

an > |§Z~5n| on aB2S)\T_Ll/2 \ Bhp,.
Applying the maximum principle, and taking into account that 1), is uniformly bounded

(since |pp| < 1, for all n), we get

[éu(s)] < C magQ)lsz;n(S)HHﬁnll* :

s€(0,

for every s € B,z —1/2 \ Bg,. From this we deduce (2.40).

Noting that |||« < [[An]|ss, by Steps 1-4 we conclude that |nll oo () = 0n(1) which
yields to a contradiction with the fact that ||¢,||L~(s,) = 1. This finishes the proof of the
lemma. O

Now we are now ready to prove Proposition [2.4.1

Proof of Proposition[2.4.1. Here we use the notation introduced in the proof of the pre-
vious lemma. For a scaled function §(s) = Ag(v/As), s = r/v/A we define

(2.41) 191l == Nlgllss-

Let R > Ry + 1 be a large fixed number, § < 1/4 and %, be the solution of the problem
—Afo = (I’LQSJ’_LEQ)ZéO in B(;)\fl/z\BR,
20(R) = Zo(R), % (%) —0,

where Z is defined in Step 3 of Lemma [2.4.1] A direct computation shows that

/s dt
> _ Jr tZ3(1)

7 dt
R tZ3(t)

We consider smooth cut-off functions 7 (s) and 7,(s) with the following properties: 7;(s) =

1 for s < R, m(s) =0for s > R+ 1, [ni(s)] <2, m2(s) =1 for s < 2\%, n2(s) = 0 for

5 > %, 1n5(s)] < CV), In5(s)| < CX. We then define the test function

%0 =mZo + (1 —n1)ne2o.

Let ¢ be a solution to . As previously, we denote é(s) = ¢(v/As) and we let
K(s) = x(v/As). Next, we modify ¢ so that the orthogonality condition with respect to
Zo is satisfied. We let o

¢ = ¢+ A,
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Chapter 2. The Keller-Segel model of chemotaxis

where the number A satisfies

A/ Xz da + / Yeoddz = 0.
B, _1/2 B, _1/2

Then

(2.42) L(§) = h+ AL(%),

and / )Zéogbzdm = 0. Recalling (2.41]), the previous lemma thus allows us to estimate
By _1/2

(2.43) Il = 10z, 1y < C [1Blls + AN (Go) e
Observe that Z = 0 for s > A~1/2/4. Thus, remembering (2.39)), we have
1ZGo)llee = IZ(Zo)1l

Now, let us estimate the size of |A|||L(%)]|.. Testing equation (2.42) against Z, and
integrating by parts, we find

A~

(0, L(Z0)) = (h. Z0) + A(L(%), Z0),

where (f,g) = / fgdz. This relation in combination with (2.43)) and the fact that

B, _1/2

[ 1oL < CRolel Ll and [ [llde < ClEL
B, _1/2 B

\—1/2

yield to

(2.44) A(L(20), Z0) < CllRlL [1+ ILGo)l + CIAIIL(Zo) 2

Next we measure the size of ||L(%)||,. We have

(2.45) L(Z0) = Moo + 2V V (30 — Zo) + A (30 — Zo) — 2VaVie — Anyio.
It is easy to observe that, for s € (R, R+ 1), we have

/T dt
Ir 250 | log AR, 12— 2] < Cllog Al

/ﬁ dt
R tZ(1)

On the other hand for s € <%, %), we have

1 Zo — 20| = |20

2.46 %l < CllogA|™!  and |2 < CVA|log A7
0
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2.4. Inversibility of the linearized operator

We conclude that

(2.47) IL(Zo)ll. < C|log A"

Finally, we estimate (L(Z), Zo). We decompose

Br4+1\Br B s \B_ s
v 2vx

Using ([2.45)) and (|2.46|), we get that

/ a%m@ngc/ \wmw%mwm+c/ |An,||20 %
B s \B_s_ B s \B_s B s \B s

VA 2V VA 2V VA 2V
+ )\/ |ZA’0|2dl'
B s \B_s_
Va2V
(2.48) < COllog A| 2.

On the other hand, we have

I:= / L(Z0)Z0dx =
Bry1\Br

Br4+1\Br Br+1\Br
Thus integrating by parts we find
Br+1\Br Br4+1\Br

We now observe that, for s € (R, R+ 1), we have
|Zo(s) = Z0(s)| < Cllog A"
and
25()] < 5 + | log Al
z — + = .
0 — R3 R g
Thus

L o vos D _
/ V(2o — Zo)Vizpdx| < §| log \| 7!,
Br4+1\Br

where D is a constant not depending on R. Now,
R+1

/ V’th(?:’() - Z())godflf = 27'('/ 7]3(20 — Z()>/Z()tdt + +O(| IOg )\|_2>
Br+1\BRr R
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Chapter 2. The Keller-Segel model of chemotaxis

It R+1 ) 2Z fR 522 )
A _dt  JR (1* +12)

R 22t
+ O(]log A| %)
= Ellog \| 7" [1+O(|log A\|™M)],

where F is a positive constant independent of A\. Thus we conclude, choosing R large

enough, that I ~ —FE|log A|~!. Combining this and (2.48]) we find
. E »
Combining the previous estimate, (2.44]) and (2.47), we deduce that
A| < Cllog Al[| ]|,
We thus conclude, using the definition of ¢ and estimate (2.43)), that
16l (5, _/2) < CUU[Allex + [Tog All[]L.)-

Observe that

7 Alh(r
= sup < sup Ol
[0)\ 1/2/4] )\ + ( ) ) rel0,1/4] )\ + <1 + %)
A

The previous two inequalities yield
[0l Loe 1) < C([[A]lx + [Tog Al x1R[L).
Recalling the definition of the norm || - ||, we conclude
10/l o<1y < CllA]-
It only remains to prove the existence assertion. For this purpose we consider the space
H={¢ec H'(By) | ¢ is radial and ¢/(1) =0},

endowed with the inner product (¢, ¢)m = [ 5, VOVipdr + | 5, @¥dz. Problem (2.33)

expressed in weak form is equivalent to finding ¢ € H such that

(D, )1 = /B AV + hlvpdx  for all o € H.

By Fredholm’s alternative this is equivalent to the uniqueness of solutions to this problem,
which is guaranteed by estimate ([2.34)). O

We are now in position to prove Theorem [2.1.2]
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2.4. Inversibility of the linearized operator

Proof of Theorem [2.1.3. Thanks to the previous proposition, we know that the operator
L is invertible. Therefore, we can rewrite (2.22)) as

¢ =T(¢) = L7 [R(U) + N(¢)].
Let p be a fixed number. We define
Ap={0€ LB ¢ 6]l mgsy < pe*7
where o is the constant defined in Lemma [2.3.2] We will show that the map 7': A, — A,

is a contraction. Using Lemma [2.3.1] recalling the definition of || - ||. given in (2.31) and
since |log A| = O (¢71), we see that

-1

27|10g>\| sup f)\(r)gﬁvg

[Ae”[|, < Cmax | |log A| sup fr(r)
r<25 2 §<r<1-6;
A (“2 +(%) )

< Ce L.
From this and recalling the definition of N(-) (see (2.24)), we deduce that, for ¢,¢ € A,,

(2.49) IN(@)Il, < [|Ae”

2 - 2
. ||¢||Loo(BR1\BRO) < e ||¢||Loo(Bl) )

and

133(6) ~ M@, < O™ max {0l oy - 16l } 16— Bl -
Next, using Lemma we obtain that

2

-
|R(U)|, < Cmax(]log Al sup fx(r) u2(/\°‘+g) | log Al a(r)e®, ')
max(|log \| su r ,|1o su r)e®, e
T SART A2+ (5))° SRR

(2.50) < et
Thus, combining and , we get that, for ¢ € A, and some p > 0,
1T (D) 105,y < CUN@)I, + IRU)I,) < pe'™,
and, for ¢ € A, and ¢ € A,
1Tx(¢) — T/\(W“Loo(Bl) < CINA(@) = N[, < Ce% o — w”Loo(Bl) :

This implies that T is a contradiction mapping on A,, for a suitable p. Therefore, we
conclude that 7" has a unique fixed point in A,. This establishes the theorem.
m
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Chapter 2. The Keller-Segel model of chemotaxis

2.5 Multi-layered solutions

In this section, we will establish Theorems [2.1.4] and 2.1.5] More generally, we will con-
struct solutions which concentrate at an arbitrary number of spheres provided that the
non-degeneracy condition My # 0 holds. More precisely, we have

Theorem 2.5.1. Let k € N\{0}.

(i) Suppose that My_1 # 0. There exists \, > 0 such that for all A € (0,\y), there
exists a family of radial solutions uy to (2.3) in B1(0) such that, for e\ defined as

previously,
lim (@u,\ — \/§U4;A k) =0,
A—0 V2’

uniformly on compact subsets of By, (0) USZ! Ba,,,(0)\ B, (0),

e — 87dy, in Ba, 2(0),
and

k
2N+ (10,Uszy 4(ai)) ™60, = 0, in Bi(0)\{0}.

(ii) Suppose that My, # 0. There exists A\, > 0 such that for all A € (0,\), there exists
a family of radial solutions uy to (2.3) in By(0) such that

fmy (s = Vallgy) =0
uniformly on compact subsets of By, (0) UFZ! B, (0)\B,,(0),
Ae™ — 878y, in Ba,/2(0),

and
k ~
exde™ + Zl<|ayU4%7k(ai)\)—l5ai — 0, in Bi(0)\{0}.
We will only prove Theorem () (the proof of (ii) can be done following the same
lines). We are looking for a solution of the form

up  in(0,0)
(U’grans)l(T) in (51 1 + 517 51 1 + 251)

Un(r) = q Uine(r) ' (@z 1+ 251,52 201)
(u%rcms)l(r) (@ - 2517 6% )
U’;eak<r) (6 51 Bz + 51)
where i = 1,...,k, for some constants /3; depending on ¢ (see below) to be determined
later such that 0 =By < B1 < B2 <...<Br =1, with the convention that By + 20; = &

and By + 6, = a, = 1. We define ¢ as

4 2
ln—2—1n>\:£,
9) 19
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2.5.  Multi-layered solutions

and let  and d; be defined as in Section .We define the functions u;wk as in Section 3
of [BCN17a] substituting the R"’s by B;’s and for some p; = O(e). They satisfy

IR 15,5, 5,46, = O(e'77) for some o > 0.

i—1
pea

0

ud - Viresp. (uf.,,.)" are linear interpolation between uint and u

The functions ( .. Tesp.

. . 2
Upeqr- Next, we are going to define uj,, which will be shaped on — Uy with Uy defined
£

in Theorem [2.1.3(%).
Fix a = (ai1,...,a5-1,a;) as in Theorem (7). For a = (a1,...,a), 0 =

i _4%71, &i+14_ i yforie{l,...,k—1} and b,e > 0,
let us denote by U, 45, the solution of the following problem

(01,...,0k-1,0), where o; €

n—1 : _
—Us”,a,b,a T Us/,a,b,g +Ueapoe = 0 n Uf:ol (v, vir)
Usapo
(2.51) T—— (r) b
Inr

Ucapolai+0;) = 1+ea; i€{l,... k}

Note that Uy, = Uy as defined in Theorem m (7). To prove Theorem m (17), we
defined U, ,, as an analogous perturbation of Uy. Next, we define the following operator

(Ua/,a,b,a)_<051 + 01)
(Ué,a,b,a)+(a1 + 01)

F(l+ea,a+o0)= :
(Usl,a,b,a)i(ak—l + Uk—l)

<Ua,,a,b,a)+(04k—1 + 0k-1)
(Ué,a,b,o)i (1)

where

Usa o 7 i _Usa p i i
(U o) (06 + 03) = lim Lzopol 0¥ i ¥ &) = Uenpol0i  03)

e—0t £

Notice that the reflexion law (2.7)) implies, for any i € {1,...,k — 1},
(2.52) (Up i)™ (ai) + (U )~ () = 0.

Let also ¢, : R2 — R* and @, : R — R* be given by
; 1 (2(n—1 ,
el 1) = (el )0, with gl ) = = (2D g et
V2 t
. 1 <k R 1 2 i
906(17) = ((pe(x)v .. -agpa(aj))v with ()05(1') = %(_ Inz +€$V2)7

where (] and 14 are some constants (see [BCN17a] for more details).
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Chapter 2. The Keller-Segel model of chemotaxis

Lemma 2.5.1. Let b sufficiently small. There exists g > 0 such that for all € € (0, &),

Q; —4%—1’ ai+14_ ai)} fori 7& L

there exists a solution (v.,0.) € RF x R¥ where (0.); € (

and (o) = 1 to the equation

—or Hepi(vz, a1 + (02))
1 11
o1 tepe(vz, a1+ (0o)1)
F(1+595€(76)7O‘+0'€> = g .
In addition, recalling the definition of U,y defined in Theorem (i), we have, for
ie{l,..., k},
(2.53) lim !
. myl = ————.
=0 U i(ci)]
Proof. We define, for x € R* and o € (0,1)* such that o; € (ai _4%_1, ai+14_ i
i # kand o = 1,

), for

—;—1+6g0;(x1,a1 +01)
i 1
— +epl(r1, 1 + 01)
H(g;z;0)=F(1+eg.(z),a+0) — ! o
—i +€(,0§($k,1)

h Evaluating H at ¢ = 0, ; = —m, i€ {l,...,k}, o =0, we find, using (2.52)),
that

1 1 1
" (0’ ‘(U,;>—<a1>"<Ul;,k>—<a2>"“"(U,;,k>—<1>’0> -

! ! —
(Ub,k> (o) (Ub,k) (o)
o\ + (717!
(Ub,k> (o) (Ub,k) (o) —0
! — 1 —
(Upe)~ (1) (Up )~ (1)
Moreover, we have
Iel 1 1 1
—H |0;— ., — ;0
o¢; ( Wy (e’ (U 0 (a2) (Ug,k)*u))
U} (a1)|? 0 0 Ogy1F1(b, 1, @) Opy2F1(b, 1, @) s 021 F1(b, 1, @)
|U}, (1) ]? 0 0 Op41F2(b, 1, ) Op42F2(b, 1, a) <o 02k —1F2(b, 1, )
_ 0 U} (a2)|? 0 0 Op41F3(b, 1, ) Op42F3(b, 1, ) s Ok —1F3(b, 1, @)
0 U}, (a2)|? 0 0 Opr1Fa(b,1,a) OpyoFi(b,1,a) B _1F4(b,1,a)
0 —ULW)I? 81 Fop(b,1,a)  OpioFop(b,l,a) ...025_1Fak(b,1,a)

(2.54) = Ny,

where & = x; and &4; = oy, for i € {1,...,k}. It is shown in the Appendix of [BCN17a]
that det Ny = My_,. Therefore, by assumption, we have that det N, # 0. Then, using the

Implicit Function Theorem, the proof follows.
]
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Thanks to the previous lemma, we can make explicit our choice of u; and 5’1 as
p; =y, and Bi = a; + (04)e-
We are now able to define the function !, as follows

uint = c UE,4€/\/§7¢6(75):0'6'

Then the proof follows along the same lines as the proof of Theorem [2.1.2]

2.A Appendix

This appendix is devoted to the study of Green’s functions. In particular, we will prove
Theorem [2.1.3, First, let us recall the following lemma [BCN17b| which generalized
previous results of |[Cat09],|[GN12] when N = 2.

Lemma 2.A.1. There exist two positive, linearly independent solutions ¢ € C*((0,1])
and £ € C*([0,1]) of the equation

1
—u"—=u'+u=0 in(0,1),
r

satisfying
§0)=¢1) =0, rEr)¢lr)=&r)(r) =1 vre(0,1].
We have that & is bounded and increasing in [0, 1], ¢ is decreasing in (0,1] and

lim () =1, lim(—r{(r))=1.

r—0+t —Inr r—0t

§(0) =1,

Moreover, as r goes to 0, we have

2 2 2
(2.55) ——((r) = —(logr —In2+~) — r—(lnr —In2+4+v—1)4+0(r*)
T T 21
and
2 2 —2Inr —2 1+ log4
(2.56) 2oy 2 orZhro v itled) o
s r 21

where v =~ 0.577 s the Fuler-Mascheroni constant.

Using the previous lemma, we are able to construct a radial Green’s function on the
unit ball B;(0) blowing up at 0 and equal to 1 on 9B;(0). The family of solutions defined
in Theorem will behaves like this Green’s function far from the origin and from
0B1(0).
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Lemma 2.A.2. Let b be a small enough fixed constant. There ezists a positive radial
function G solution to

(2.57) —@—%G+G—Oin@”,

such that

There exists 7 € (0,1) such that G'(F) = 0 and 7 = O(\/g) Moreover, when r goes to
zero, we have

(2.58) G(r) + blnr = %r(w —In2) +o(r)
and
(2.59) G'(r) + é =O(rlnr).

Proof. Using the properties of the functions ¢ and ¢ (defined in Lemma [2.A.1)), it is
immediate to see that, for any b € (0,1),

wr) — SO €
£ —E0C0)

is a solution to (2.57)) such that

) ¢(b)
wl) =1 and = lim =30 = 500 — D)

Using the properties of £ and (, we have, for b small enough,

{ gO)¢(L) =M (b) = &L~ +o(b7)
§'(b) = db+o(b),

for some positive constant ¢ not depending on b. Therefore, for b small enough, we have,
for some constant Cy not depending on b,

tim ) _ o 4 o),

r—0+ —Inr

Multiplying u;, by a suitable constant, we get the result. The estimates (2.58) and ([2.59))
follows from ([2.55)) and (2.56)) and the fact that £(0) = &’(0) = 0. O

Next, we are going to construct two Green’s functions one singular at the origin and
in an interior sphere and the other also singular at 9B;(0). Before, proceeding, we recall
the following useful lemma.
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Lemma 2.A.3. Let 0 < a <b<1. Denote by u,, x € (a,b), the function satisfying

() — %u’z(r) Fua(r) =0 1 (a,1)

ul(a) =0, uy(z) = 1.

x

Then the function x — ul(x) is strictly increasing. Moreover let v,, © € (a,b), the
function satisfying

()~ )+ () =0 7€ (2,D)

vz (x) = v,(b) = 1.
Then the function x — vl (x) is strictly increasing.

Proof. We refer to (2.21) of [BGNT16] for the proof of the first point and to the Propo-
sition A.1 of [BCN17a] for the second one. O

Thanks to the previous lemma, we are able to prove the existence and uniqueness of
the two Green’s functions mentioned above.

Lemma 2.A.4. Let 0 < 8 < 1. Then for any b> 0 small enough, there exist a unique o
and a unique continuous function U solution to

1
~U'—-U'+U =0 in (0,0é) U (a7ﬁ)7

satisfying the reflection law

lim Ula+e)—Ula) — _ lim U(a+5)—U(a).

e—0— e e—0t IS

We also have that, for any b > 0 small enough, there exist a unique o« and a unique
continuous function V' solution to

_V//_%V/_'_V: mn (O,Q)U(aaﬂ)a
V(r)

=b, V(e)=V(B) =1.

satisfying the reflection law

lim V(ia+e)—V(a) —lim V(ia+¢e) — V(a)'

e—0— £ e—0t £

Proof. We restrict ourselves to the proof of the second point. Let b < [ be a small enough
fixed constant and consider the function u : (0, 5) x (b, B) defined as

§'(0)¢(r) — &(r)¢'(0)

r € (0,a)

_ ) E)c(a) = E(a)C'(b
(260) o) =4 YR el (0,5)
@) —c@om) T
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where the functions £ and ¢ are the ones defined in Lemma Notice that u(r, «)
satisfies the equation

1
—u"—=u'+u=0 in (0,a)U (a,f)
r

and u(a,a) = u(f,a) = 1. Moreover, proceeding as in Lemma [2.A.2] we see that
L ulna) _ €0
im — =

b + o(b*). Thus, for any b sufficiently small, by choosing b =
r—0t  Inr &(a)

2\ /2 -
(é/((a) b) , we have lim —M = b. It remains to prove that there exists a unique

0) r—0t Inr
aj € (b,1) such that

F(ay) = (v (a1, a1))" + (W (a1, 01))” =0,

where
+

_ lim u(a+ ¢, a) — u(a, a).

/
(Wle, o) e—0% £

Observe that I’ can be rewritten as
_ §0)¢(a) = Ea)¢'(b) | E(B)¢(a) = ()¢ (B)
§'(b)¢(a) = &(a)¢'(b) — &(B)¢(a) = ()¢ (B)

Thanks to Lemma [2.A.3) we already know that the function a — (u/(cv, )™ is strictly
increasing. We are going to prove that a — (u/(«, )~ is also strictly increasing. Indeed,

F(a)

. _ §la) =11 7
recalling that b = (f”—(())b) /2 for some b small enough, we see that
0 (€ (@) = (@) B)) _ PE(@)E" (@) = &(e)) |
g (E0cT =) = e - SaeF o >

So, in order to prove the existence of aq, since F'is continuous, it is sufficient to show
that lim F(«) < 0 and lim F(«) > 0. First, thanks to Lemma [2.A.1] we notice that,

a—sbt a—1—

for a — b*, we have
§()¢(e) = £(@)('(b) = 1/b+ o(1/b)

and

()¢ (@) — €(a)C'(D) = —€(0) + £"(0) % +o(3) > 0.

For a — b™, we also have

'(B)¢(e) = &(a)C(B) = =¢'(B) Ina + o(ln )

and
§'(B)C (@) =)' (B) = =E'(B)1/a+ o(1/a).

Combining the previous estimates, we deduce that, for a — b7,

Fla) = ~2&0) + €Ot 1+l

) < 0.

+o0
alna alna
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On the other hand, for « — 57, we have

§'(b)¢(a) — &(a)('(b) = £(B)(1/b) + o(1/0),

and

EB) (@) — €)' () = bE"(0)C'(8) + € (B)(1/b)
@,
=y )

Since lim,,5- §'(8)¢(a) — §(a)¢'(8) = 1/6, and £'(B)¢(a) — £(@)¢'(B) = O(a — B), we
get that, for a — g7, )
_¢

F(a
=50
This concludes the proof. O

+o(1) > 0.

Remark 2.A.1. Observe that along the proof, we also show that My # 0.

Proof of Theorem [2.1.3, The proof can be done as the one of [BGNT16, Theorem 2.14]
substituting toeo 1-iayer (6150, 1) by the function U defined in the previous lemma with

B =P

O
Finally, we show a very rough elliptic estimate which is needed in the proof of Lemma
223
Notations

Lemma 2.A.5. Let R > 0 and u € H'(Bg(0)) be a radial solution to

{—Au—l—u = f in Bg(0)
u(R) = g

for some f € LY(Bg(0)), ¢ > 2. Then, we have

1 _
lullz= s < Cl + 1 R+ RYE2] | amgo + (1+ Rl R])llgll e @8r00):

and
[0/ |2 (Br(oy) < CRPD| fllaBaio) + (1 + RIIn R|)||gllz=0Br0))):

for some constant C not depending on R.

Proof. Multiplying the equation by u and integrating by parts, we get
(2.61) lullfr sy < I Nz2m lull g + Rlw' (R)[Ju(R)].
Since u(R) — u(r) = fTR u'(s)ds, one can show that

, R
[w(B) < Cllulr)P + 19172, n ),
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where here and in the following, C' denotes constant not depending on R. Multiplying by
r and integrating, we find

Ru(R)[* < Clllullzz(s,) + 111725, R R]].

This implies that
1
(2.62) [w(R)| < Clg + [In B]l|ull (8.

From and and using that u/(R) = g, we obtain that

ullin ) < I ll2 @ el zn + O+ Rl R)gllee @5 |l ms-
Thanks to Holder inequality, we find that
(2.63) el ) < CIRZTY D fllasg) + (1 + Rl R gl 05,

Next, observe that we can rewrite the equation as, for any s € (0, R),

u'(s)s :/ (u— f)rdr.
0
From Holder inequality, we obtain that
[W/(s)] < Cllu = fllrzzry < Clllull 2z + B0\ fllzazn)-
We deduce from ([2.63)) that
o'l () < CRPY D\ fllpagsg) + (1 + BRI R gl (o5)).
Noticing once more that
R
u(R) —u(s) = / o' (r)dr,
we get from ([2.62)) that
1
lullz= () < Ol + I Rl]l[ull iz + Bl 2=(5r)

1 _
< C(g + IR+ R)(R*219| f pagpgy + (1 + R0 R|) |9 1~ (051))-

This concludes the proof. O

166



Part 111

Conformal geometry

167






Chapter 1

The prescribed scalar curvature
problem

Abstract

In this chapter, which is based on a joint work with Angela Pistoia [PR17] that has been
accepted for publication in the Journal of Differential Equations, we are interested in
the problem of prescribing the scalar curvature on an n-dimensional compact Riemannian
manifold (M, g). More precisely, let h be a smooth function on M and assume that it has a
critical point £ € M such that h(§) = 0 and which satisfies a suitable flatness assumption.

4

We are interested in finding conformal metrics gy = uy g, with u > 0, whose scalar
curvature is the prescribed function hy := A?> + h, where ) is a small parameter.

In the positive case, i.e. when the scalar curvature R, is strictly positive, we find a
family of “bubbling” metrics gy, where u, blows up at the point £ and approaches zero
far from & as A\ goes to zero.

In the general case, if 4in addition we assume that there exists a non-degenerate

n—

conformal metric gy = uj ?g, with ug > 0, whose scalar curvature is equal to h, then
4

there exists a bounded family of conformal metrics go ) = u&? g, with uy y > 0, which
satisfies ug » — uo uniformly as A — 0. Here, we build a second family of “bubbling”
metrics gy, where u, blows up at the point £ and approaches ug far from £ as \ goes to
zero. In particular, this shows that this problem admits more than one solution.
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1.1 Introduction

Let (M, g) be a smooth compact manifold without boundary of dimension n > 3. The
prescribed scalar curvature problem (with conformal change of metric) is

given a function h on M does there exist a metric g conformal to g such that the scalar
curvature of g equals h?

Given a metric g conformal to g, i.e. g = = g where the conformal factor u is smooth
and strictly positive, this problem is equivalent to finding a solution to

(1.1) —Ayu+c(n)Ryu=hu?, ©w>0 on M,
where A, = div,V, is the Laplace-Beltrami operator, c¢(n) = 4(7:1__21), p = Z—fg, and R,
denotes the scalar curvature associated to the metric g.

We suppose that h is not constant, otherwise we would be in the special case of the

Yamabe problem which has been completely solved in the works by Yamabe ,
Trudinger [Tru68], Aubin [Aub76a), and Schoen [Sch84]. For this reason we can assume
in that R, is a constant.

In the book , Chapter 6], Aubin gives an exhaustive description of known
results. Next, we briefly recall some of them.

e The negative case, i.e. R, <0.

A necessary condition for existence is that [ hdy, < 0 (a more general result can be
M
found in [KWT75]).

When h < 0, has a unique solution (see for instance [KW75,/Aub76a]). The
situation turns out to be more complicated when h vanishes somewhere on M or if
it changes sign. When max,; h = 0, Kazdan and Warner , Ouyang ,
Vézquez and Véron [VV91], and del Pino proved the existence of a unique
solution, provided that a lower bound on Ry, depending on the zero set of h, is satisfied.
The general case was studied by Rauzy in [Rau95], who extended the previous results
to the case when h changes sign. Letting A~ := min{h,0} and A" := max{h,0}, the
theorem proved in [Rau9] reads as follows.
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1.1. Introduction

Theorem 1.1.1. Let A := {u € Hy(M) |u>0, u#0, [h udy, = 0} and
M

[ |Vul*dy,
o= e,
M

with Ao = +o0 if A =10. There exists a constant C'(h) > 0, depending only on r?izfifd’;;,
M

such that if

maxy, hT
M

then (1.1) has a solution.

The dependence of the constant C'(h) on the function h~ can be found in [AB97]. An
interesting feature is that if h changes sign then the uniqueness is not true anymore, as
showed by Rauzy in [Rau96].

Theorem 1.1.2. Assume (1.2) and let &€ € M such that h(§) = mﬁxh > 0. If one of
the following conditions hold:

1. 6 <n <9 and Ajh(€) =0;
2. n > 10, the manifold is not locally conformally flat, and Agh(§) = AZh(E) = 0;

then (1.1) admits at least two distinct solutions.

The zero case, i.e. R, =0.

Necessary conditions for existence are that h changes sign and [ hdv, < 0. Some of the
M

existence results proved by Escobar and Schoen [ES86], Aubin and Hebey [AH91|, and
Bismuth [Bis98] can be summarized as follows.

Theorem 1.1.3. Let £ € M such that h(§) = mj\z}xh > 0. If one of the following

conditions hold:

1. 3 < n <5 and all the derivatives of h at the point & up to order n — 3 vanish;

2. (M, g) is locally conformally flat, n > 6 and all the derivatives of h at the point £
up to order n — 3 vanish;

3. the Weyl’s tensor at & does not vanish, [n = 6 and Ajh(§) = 0/, or [n > 7 and
Agh(§) = AGh(§) = 0;

then (1.1) has a solution
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e The positive case, i.e. R, > 0.

A necessary condition for existence is that maxy; h > 0. Some of the existence re-
sults proved by Escobar and Schoen [ES86], Aubin and Hebey |[AH91], and Hebey and
Vaugon [HV93| can be summarized as follows.

Theorem 1.1.4. Assume that (M, g) is not conformal to the standard sphere (S™, go).
Let £ € M such that h(§) = mﬁxh > 0. If one of the following conditions hold:

1. n=3or n>4, (M,g) is locally conformally flat, and all the derivatives of h at the
point & up to order n — 2 vanish/;

2. the Weyl’s tensor at & does not vanish, [n = 6 and Ayh(§) = 0], or n > 7 and
Agh(§) = AZh(§) = 0);

then (1.1)) has a solution.

The prescribed scalar curvature problem on the standard sphere has also been largely
studied. We refer the interested reader to [HV92,Li95,Li96].

In the rest of this chapter, we focus our attention on the case hy(x) := A\*+h(x) where
h € C*(M) and A > 0 is a small parameter. Namely, we study the problem

(1.3) —Ayu+c(n)Ryu= (N +h)u’, u>0 on M.

In order to state our main results, let us introduce two assumptions. In our first theorem
we assume that h satisfies the following global condition:

there exists a non-degenerate solution ug to
(1.4) —Agug + c(n)Ryug = hug, up >0 on M.

The existence of a solution to ([1.4]) is guaranteed if h is as in Theorems |1.1.1} [1.1.3] or
1.1.4. The non-degeneracy condition is a delicate issue and it is discussed in Subsection

. It would be interesting to see if for “generic” functions h the solutions of are
non-degenerate.

Under this assumption, it is clear that if A\ is small enough then has a solution
ug € C*(M) such that [Jug — uollcz(ay = 0 as A — 0.

In addition, the following local condition is assumed in both of our results:

There exist a point & € M and some real numbers v > 2, ay,...,a, # 0, with > a; > 0,
=1

1=

such that, in some geodesic normal coordinate system centered at £, we have

n

(1.5) h(y) = — Zai\ym + R(y) ify e B(0,r), for some r > 0,
i=1
where R satisfies lim R(y)|y|™" = 0.
y—0
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In particular, h(§) = VA(§) = 0. The number ~ is called the order of flatness of h at the
point . Observe that £ cannot be a minimum point and that if all the a;’s are positive
then £ is a local maximum point of h.

Let us now introduce the standard n-dimensional bubbles, which are defined via

Uu,y(l') = M_HT_QU (‘T ; y) e 07 Y€ Rna

1 n—2

where U(z) = ay, a, = [n(n—2)] 7.

n—2"

These functions are all the positive solutions to the critical problem (see [Aub76b, Tal76])
—AU =U? in R™
Our first result concerns the multiplicity of solutions to problem ({1.3)).

Theorem 1.1.5. Assume that (M, g) is not conformal to the standard sphere (S™, go),
(1.4), and (1.5). If one of the following conditions hold:

1. 3 < n <5 and € is a non-degenerate critical point of h, i.e. v = 2;

2. n=06 andy € (2,4);

3. 7<n<9andvy=4;

4. n>10, (M, g) is locally conformally flat , and v € (52, %);
(5) n > 10, the Weyl’s tensor at & does not vanish, and v € (4,4 + €) for some € > 0;

then, provided X is small enough, there exists a solution uy to problem ([1.3|) which blows-up
at the point & as A — 0. Moreover, as A — 0, we have

ur(x) —ug(z) = AT T U (M)

25

— 0,
H(M)

where the concentration point £, — £ and the concentration parameter py — 0 with a

suitable rate with respect to A, which depends on the order of flatness ~y (see ({1.10), (1.12]),
(L.13), (1.17)).

Finally, if h € C=(M), then N>+ h is the scalar curvature of a metric conformal to g.

This is the first multiplicity result in the zero and positive cases. In the negative
case, it extends the results of Theorem to locally conformally flat manifolds, to low-
dimensional manifolds (i.e. 3 <n < 5), to higher-dimensional manifolds (i.e. 6 <n <9)
when the order of flatness at the maximum point £ is at least 2, and to non-locally
conformally manifolds when n > 10 and the order of flatness at the maximum point £ is
at least 4. Moreover, it also provides an accurate description of the profile of the solution
as A approaches zero.

Our second result concerns the existence of solutions to problem (|1.3)) in the positive
case, without need of the global condition (1.4]) on h.
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Theorem 1.1.6. Assume that (M,g) is not conformal to the standard sphere (S™, go),
R, >0, and (L.5). If one of the following conditions hold:

1. n=3,4,5 or [n > 6 and (M, g) is locally conformally flat] and v € (n —2,n);
2. n > 6, the Weyl’s tensor at & does not vanish, and v € (4,n);

then, provided X is small enough, there exists a solution uy to problem ([1.3|) which blows-up
at the point & as A — 0. Moreover, as A — 0, we have

u(@) = AT U (M>
20

— 0,
HY(M)

where the concentration point &, — £ and the concentration parameter py — 0 with a
suitable rate with respect to A, which depends on the order of flatness v (see ((1.33))).
Finally, if h € C(M), then \*+ h is the scalar curvature of a metric conformal to g.

Our results have been inspired by the recent papers by Borer, Galimberti, and Struwe
[BGS15| and del Pino and Romén [dPR15|, where the authors studied the prescribed
Gauss curvature problem on a surface of dimension 2 in the negative case. In particular,
they built large conformal metrics with prescribed Gauss curvature x, which exhibit a
bubbling behavior around maximum points of k at zero level.

The proof of our results relies on a Lyapunov-Schmidt procedure (see for instance
[BLR95,ldPFMO03[). To prove Theorem we look for solutions to which share
a suitable bubbling profile close to the point ¢ and the profile of the solution to the
unperturbed problem far from the point £&. The accurate description of the ansatz is
given in Section [1.2] which also contains a non-degeneracy result. The finite dimensional
reduction is performed in Section [I.3] which also includes the proof of Theorem [I.1.5] All
the technical estimates are postponed in the Appendix. In Section [1.4{ we prove Theorem
1.1.6] which can be easily deduced by combining the results proved in Section (1.3 and
in the Appendix with some recent results obtained by Esposito, Pistoia, and Vétois in
[EPV14].

1.2 The approximated solution

1.2.1 The ansatz

To build the approximated solution close to the point £ we use some ideas introduced in
[EP14,RV13|. The main order of the approximated solution close to the point £ looks like
the bubble

ns wo _ao  [expg(x)
(1.6) A2 U ()= 2 U 7 if dy(x,&) <,

where the point 7 € R™ depends on A and the parameter = p,(t) satisfies

(1.7) p=t\ for somet>0and 5> 1.
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The choice of § depends on n, on the geometry of the manifold at the point &, i.e. the
Weyl’s tensor at £ and on the order of flatness of the function h at &, i.e. the number

v =24 «ain (1.5).

Let us be more precise. Let r € (0,i,(M)) be fixed, where i,(M) is the injectivity
radius of (M, g), which is strictly positive since the manifold is compact. Let x € C*(R)
be a cut-off function such that 0 < y < 1in R, x = 1 in [-r/2, r/2] and y = 0 in
R\ (=r,7). We denote by d, the geodesic distance in (M g) and by exp, ! the associated
geodesm coordinate system. We look for solutions of ( of the form

(18) U)\<I> ZUQ( )+)\ Wt7—< )+¢,\(JI),

where the definition of the blowing-up term W, ; depends on the dimension of the manifold
and also on its geometric properties. The higher order term ¢, belongs to a suitable space
which will be introduced in the next section. More precisely, W, ; is defined in three
different ways:

e The case n = 3,4,5.

It is enough to assume

(1.9) Wir(2) = X (dg(,§)) Uy 7 (),
where U, ; is defined in (1.6)). The concentration parameter ;1 satisfies

(1.10) = t)\2a71+fLQ+G, with ¢t > 0 provided 0 < a < n — 2.

e The cases n > 10 when Weylg(g) is non-zero and 6 <n <9,

It is necessary to correct the bubble U, . defined in (1.6)) by adding a higher order term
as in [EP14], namely

(1.11) Wi (@) = X (dy(,€)) (Us.r(2) + 1*Vir ()

where )
ne2 exp,  (x
Vt,T(‘r) = M_Tv (pgTU - T) if dg(x,f) S r

The choice of parameter p depends on n. More precisely if n > 10 and the Weyl’s
tensor at & is non-zero we choose
2n

(1.12) = tAaz, witht >0 provided 2 < o < 5
n —

If 6 <n <9 we choose

(1.13) p= tAz w5, with ¢ > 0 provided no

6 . { 16 n —6n+16}
< a < min

n—2’

The function V' is defined as follows. If we write u(x) = u (expg (z)) for z € By(&,r)
and y = exp; (z) € B(0,7), then a comparison between the conformal Laplacian £, =

175



Chapter 1. The prescribed scalar curvature problem

—A,+c(n)R, with the euclidean Laplacian shows that there is an error, which at main
order looks like

1 n n
(1.14)  Lyju+ Au ~ —|—§ Z Riabj(f)yaybafju + Z O () yOku + c(n) Ry(&)u.

a7bvi7j:1 Z,l7k:1

Here R;u; denotes the Riemann curvature tensor, Ff’j the Christoffel’s symbols and R,
the scalar curvature. This easily follows by standard properties of the exponential map,
which imply

—Aju=—Au—(g" — 5ij)8i2ju + giijjaku,

with
97 (y) = 0" (y) — %Riabj(g)yayb +O(lyl*) and g7 (y)T%(y) = OTE( )y + O(Jyl).

To build our solution it shall be necessary to kill the R.H.S of (1.14) by adding to the
bubble a higher order term V' whose existence has been established in [EP14]. To be
more precise, we need to remind (see [BE91]) that all the solutions to the linear problem

—Av=pUP v in R",

are linear combinations of the functions
n—2
2

(1.15) Zy(x) =a-VU(z) + Ulx), Zi(x)=0U(z), i=1,...,n.

The correction term V' is built in the following Proposition (see Section 2.2 in [EP14]).
Proposition 1.2.1. There exist v(£) € R and a function V € DV?(R™) solution to

—AV — f(U)V =
n 1 n
= > SR OuandiU — D ATHEOuU — c(n)By(€)U + v(€) Zo,
a,b,i,j=1 i,l,k=1
i R™, with

/V(y)Zi(y)dy =0, i=0,1,...,n
Rn

and

1
V) + [yHoxV ()] + lyl* |05V (y)] = O (#) . yER™
(1+y?)

e The case n > 10 when (M, g) is locally conformally flat.
In this case it is necessary to perform a conformal change of metric as in [RV13]. Indeed,

4
there exists a function A € C*°(M) such that the conformal metric g = Ag’“” g is flat
in B,(&,r). The metric can be chosen so that A¢(¢) = 1. Then, we choose

(1.16) Wy () = x (dg5 (x, f)) A () Uy (),
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where U, . is defined in (1.6]) and the exponential map is taken with respect to the new
metric g¢. In this case, the concentration parameter ;1 satisfies

n? —6n + 16

n+2 n_6
1.1 = tAZa—n+6 ith ¢ ided ——
(1.17) L 2a-n+6,  with ¢ > 0 provide 5 <a< 2 =9)

1.2.2 The higher order term
Let us consider the Sobolev space H ;(M ) equipped with the scalar product

(u,v) = /M ((Vgu, Vav), + uv) duy,

and let || - || be the induced norm. Let us introduce the space where the higher order term

¢y in ((1.8) belongs to. Let Zy, Z1, ..., Z, be the functions introduced in (1.15)). We define

_n—2 expgl(.ilj) .
Zipr(w) = =2 x(dg (2,6))Ae(2) Z; — | i=0,1,....n,

where g¢ and A¢ are defined as in ([1.16) and we also agree that gc = g, A¢(x) = 1 if the
ansatz is (1.9) or (1.11]). Therefore, ¢ € H* where

Ht = {gzﬁeHgl(M) : /M¢Zi,t77dl/g:0f0ranyz':O,l,...,n}.

1.2.3 A non-degeneracy result

When the solution ug of is a minimum point of the energy functional naturally
associated with the problem, the non-degeneracy is not difficult to obtain as showed in
Lemma [I.2.1] In the general case ug is a critical point of the energy of a min-max type
and so the non-degeneracy is a more delicate issue. As far as we know there are no results
in this direction.

Lemma 1.2.1. Assume R; < 0, maxy h = 0, and the set {x € M | h(zx) = 0} has
empty interior set. Then the unique solution ug to (L1.4)) is non-degenerate, i.e. the linear

problem
— Ay + c(n)Ry) — ph(x)ul " =0 on M,

admats only the trivial solution.

Proof. Del Pino in [dP94] proved that problem ([1.4) has a unique solution, which is a
minimum point of the energy functional

1 1
J(u) = 5 /M (IVgul?2 + c(n)Rgu?) dvy — o1 /M hlul[P*dy,.

Therefore the quadratic form
D2 J(u)ond) = [ (93002 + cln)Ryd? — pha” 7)o, &€ HYOM)
M
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is positive definite. In particular, the problem
(1.18) —Ayp; + c(n)Ryp; — phul " ¢y = Ny on M,

has a non-negative first eigenvalue \; with associated eigenfunction ¢; > 0 on M.

If Ay = 0 then we test ([1.4)) against ¢; and ((1.18) against ug, we subtract and we get

(-1 / Bt dnd, — 0,
M

which gives a contradiction because h # 0 a.e. in M and uy > 0 on M. [

1.3 The finite dimensional reduction

We are going to solve problem
(1.19) Lou= (N+h) f(u) on M,
)

where £, is the conformal Laplacian and f(u) = (u™)?, v (x) := max{u(x),0}, using a
Ljapunov-Schmidt procedure. We rewrite (1.19)) as

(1.20) L(¢y) = —E+ (A + h)N(¢») on M,
where setting
(1.21) Un(x) = Unyr(2) = N"F Wi () + ug(2),
the linear operator L(-) is defined by
(1.22) L(¢) := Lyd — (N + h) f(2) ¢,
the error term is defined by
(1.23) E = L, — (N + h) f(%)
and the higher order term N(-) is defined by
N(¢) = f(U+ ) — f(W) — [ (%) ¢

First of all, it is necessary to estimate the error term F.

Proposition 1.3.1. Let a,b € Ry be such that 0 < a < b and K be a compact set in
R™. There exist positive numbers Ao, C' and € > 0 such that for any X\ € (0, \g), for any
t € [a,b] and for any point T € K we have

2n4D-a(n=2)
BN, 2y SCA 7 +e if ([.12) holds

or

(n-2-a)(n-2)
1B, 22, ) < CA st qf ([L10) or (T13) or (L17) hold.

n+2 (
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Proof. The proof is postponed in Subsection [I[.A.T] O

Then, we develop a solvability theory for the linearized operator L defined in ((1.22))
under suitable orthogonality conditions.

Proposition 1.3.2. Let a,b € Ry be fired numbers such that 0 < a < b and K be a
compact set in R™. There exist positive numbers Ao and C, such that for any A € (0, Ag),

for any t € |a,b] and for any point T € K, given { € Ln%(M) there is a unique function
Or = Pt (0) and unique scalars ¢;, i =0, ...,n which solve the linear problem

L(¢) = (+Y ¢ Ziyr on M

(1.24) =0
/ 02 dvy = 0, forall2=0,...,n.
M
Moreover,
(1.25) loallman < ClEN 22y
Proof. The proof is postponed in Subsection [I.A.2] O

Next, we reduce the problem to a finite-dimensional one by solving a non-linear prob-
lem.

Proposition 1.3.3. Let a,b € Ry be fired numbers such that 0 < a < b and K be a
compact set in R™. There exist positive numbers Ao and C, such that for any A € (0, Ao),
for any t € [a,b] and for any point T € K, there is a unique function ¢ = ¢x:, and

unique scalars ¢;, i = 0,...,n which solve the non-linear problem
L(¢) = —E+ (N +h)N(@)+ Y ¢Zisr on M
(1.26) i=0
/ 02 dv, = 0, forallt=0,...,n.
M
Moreover,
(1.2 ol < CIEN, g\,

and ¢y is continuously differentiable with respect to t and T.
Proof. The proof relies on standard arguments (see [EPV14]). O

After Problem ((1.26) has been solved, we find a solution to Problem ((1.20) if we
manage to adjust (£,7) in such a way that

(1.28) ¢i(t,7)=0 foralli=0,...,n.
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This problem is indeed variational: it is equivalent to finding critical points of a function
of t, 7. To see that let us introduce the energy functional .Jy defined on Hj (M) by

1 1 A2 1
Ja(u) = /M <§|Vgu]§ + éc(n)Rgu2 — (u)Pu + —1h(u+)pu) dv,.

p+1 D+

An important fact is that the positive critical points of .J, are solutions to ([1.3). For any
number ¢ > 0 and any point 7 € R", we define the reduced energy

(1.29) IA(t, ) i= I\ + d»),

where %\ = U+, is as in (1.21)) and ¢y = ¢y, is given by Proposition Critical
points of 7, correspond to solutions of (|1.28)) for small A, as the following result states.

Lemma 1.3.1. The following properties hold:

(I) There exists Ao > 0 such that for any X\ € (0, o) if (tx,75) is a critical point of J\
then the function uy = U + P, ., s a solution to (1.19).

(II) Let a,b € R, be fized numbers such that 0 < a < b and let K be a compact set in R™.
There exists Ao > 0 such that, for any X € (0, ), we have:

(a) if n > 10, Weyl, () # 0, and holds then

(1.30) Ja(t,7) = Ag—

2(n+2)— a(n 2) |yZ + 7-2|2+a
AT ez Ay[Weyl, (92" — At2+a / ————dy | +o(1
912;,7)
Cr—uniformly with respect to t € [a,b] and T € K;
(b) if one of the following conditions is satisfied:
(1) 3 <mn <5 and (1.10) holds;
(11)) 6 <n <9 and (1.13) holds;
(111) n > 10, (M, g) is locally conformally flat, and (1.17)) holds;
then
(131) j)\(t, 7') == AO_
n—2—a)(n— 2+CM
S | | Aguo ()87 — Agt2te Z / |y£ v || dy | +o(1)
Y

. J/

SD} (t T)

Cl—uniformly with respect to t € [a,b] and 7 € K.
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Here, Ay, Ay, and Asz are constants only depending on n and
(1.32)

1 1 A2 1 1 1
Ap = / <§|ng0‘§ + EC(TL)RQUS - mug+ +mhug+ dv

1 1
ZIVU|? — ——UPt | dy.
+/(2|V | P ) y
R’I’L

Proof. The proof of (I) is standard (see [EPV14]). The proof of (II) is postponed in
Subsection [LA4l O

M

The next result is essential to find solutions to (|1.3)).

Lemma 1.3.2. There exists \g > 0 such that for any A € (0, \o) if (tr,7») is a critical
point of Jy then the function uy = U\ + ¢x1,.r, 1S a classical solution to (1.3).

Proof. By Lemma we deduce that uy solves ((1.19). Arguing as in Appendix B of
[Str08], one easily sees that uy € C*(M).

It only remains to prove that uy > 0 on M. This is immediate in the positive case,
i.e. Ry > 0, because the maximum principle holds. Let us consider the case R, < 0.

We consider the set Q) 1= {z € M |(ux — )~ (z) < 0}. Let mp := minys ug > 0. By
the definition of uy we immediately get that for all A sufficiently small ¢\ < —%2 in (2.
Thus, since ¢y — 0 in L*(M), we deduce |Q2,| — 0 as A — 0. Now, set v := uy — \.

Testing against v~ we get

| Vo By cmry [ @R [ 0 b e P,
O Qx 0<uy<A
+ A [c(n)Rg/ v dy, — / (h+ X)) (ui)P v dy,| =0
Q5 0<ux <A
Poincaré’s inequality yields

/Q ]ng’\gdug > C(QA)/ (v*)2d1/g

Qx

where C'(2,) is a positive constant approaching +oo as |{2,| goes to zero.
On the other hand

< ON o™ 1220

/0 ey P

and

/ (h+ )\2)(uj\')p_1v_dl/g
O<uy <A

SC/\Z’_I/ |v”|dv,
Qx
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for some positive constant C' not depending on A. Collecting the previous computations
we get

(060 + )y = O ) [0 [y + 2 (el Byl =N ) [ ol <0

-~

>0 if A=0 >0 if A=0

which implies v~ = 0 if A is small enough. Since uy € C*(M) we deduce that uy > A > 0
in M and the claim is proved. O

1.3.1 Proof of the main result

Theorem [1.1.5|is an immediate consequence of the more general result.

Theorem 1.3.1. Assume (1.5)) with v := 2+ «. If one of the following conditions hold:
1. n > 10, the Weyl’s tensor at & does not vanish, and 2 < a < %;

2.3<n<band0<a<n-—2;

—6 : 16 2—6n+16 | .
3. 6§7’L§9 cmd"T <Oz<m1n{m,"2(n—ﬁ'§)},

4. n>10, (M, g) is locally conformally flat, and ”T_G <a< %;

then, provided X\ is small enough, there exists a solution to (1.3 which blows-up at the
point € as A — 0.
Moreover, if h € C*®(M) then \* + h is the scalar curvature of a metric conformal to

g.
Proof. We will show that the functions ©; and ©,, defined respectively in (|1.30)) and

(1.31)), have a non-degenerate critical point provided »_ a; > 0 and a; # 0 for any i. As a
i=1
consequence, provided A is small enough, the reduced energy [J, has a critical point and

by Lemma we deduce the existence of a classical solution to problem ([1.3)), which
concludes the proof.
Without loss of generality, we can consider the function

Ot 7) =t~y a / lyi + 7l F W)y, (8,7) € (0,+00) x R,

=1

where f =4 or f = ”T_z, vy=a+2and f(y) = W for some positive constant A. It
is immediate to check that, because > a; > 0, this function has a critical point (%o, 0),

=1
where t; solves

Bt = eyt? Zai, with ¢; := / ly:|” f (y)dy not depending on 4,
]Rn

=1
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Moreover it is non-degenerate. Indeed, a straightforward computation shows that

B(8 — )i~ 0 - 0
D2¢(t0, 0) = 0 —’7(’7 - 1)c2tga1 PN 0 s
0 0 oo =y = Deatian,

where ¢; == [ |y;i|""2f(y)dy does not depend on i, which is invertible because 3 # 7,
RTL
B >0, and a; # 0 for any i. H

1.4 The positive case: proof of Theorem [1.1.6

In this section we find a solution to equation in the positive case, i.e. R, > 0 only
assuming the local behavior of the function h around the local maximum point £&. We
build solutions to problem (|1.3) which blow-up at £ as A goes to zero, by combining the
ideas developed by Esposito, Pistoia and Vétois [EPV14], the Ljapunov-Schmidt argument
used in Section and the estimates computed in the Appendix. We omit all the details
of the proof because they can be found (up to minor modifications) in [EPV14] and in the
Appendix. We only write the profile of the solutions we are looking for and the reduced
energy whose critical points produce solutions to our problem.

1.4.1 The ansatz

Let us recall the construction of the main order term of the solution performed in [EPV14].
In case (M, g) is locally conformally flat, there exists a family (g¢),.,, of smooth conformal
metrics to ¢ such that g is flat in the geodesic ball Bg (r9). In case (M, g) is not locally
conformally flat, we fix N > n, and we find a family (g¢) ceM of smooth conformal metrics
to g such that

|exp} ge| (y) =1+ O(|y™)

C'—uniformly with respect to ¢ € M and y € T¢M, |y| < 1, where ‘expz g§| is the

determinant of g¢ in geodesic normal coordinates of g¢ around §. Such coordinates are

said to be conformal normal coordinates of order N on the manifold. Here, the exponential

map exp; is intended with respect to the metric g¢. For any £ € M, we let A¢ be the
4

smooth positive function on M such that g = Agﬁ g. In both cases (locally conformally
flat or not), the metric g¢ can be chosen smooth with respect to £ and such that A (§) =1
and VA¢ (§) = 0. We let G, and Gy, be the respective Green’s functions of L, and Ly,.
Using the fact that A (€) = 1, we deduce

Gy () = Ae() Gye (1,€) -

We define
Wtﬂ' ([E) = Gg ([L‘, f) Wt,’r (.ZU) 5
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with

n—2

@A(%%LQd%@£W*U(%%?Q_T)i“M¢%OST

(; — 7'> if dg, (z,6) >

where 3, = (n — 2)wp_1, wp_1 is the volume of the unit (n — 1)-sphere, 7 € R™ and the
concentration parameter p = p(t) with ¢ > 0 is defined as (here a = v — 2, being v the
order of flatness of h at the point &)

(1.33)

Wi (2) 1=

BT

tA\Tra=r  ifn=3,4,5 or [n>6 and (M,g) is le.f] withn —4<a<n—2
p=< tt ()\2) if n =6 and Weyl, (§) # 0 with 2 < a <4
tAaz if n > 7 and Weyl () # 0 with 2 < a <n — 2,

where the function ¢ (1) := —p? *In g when g is small. We look for a solution to ([1.3)) as
ux = Wi, + ¢, where the higher order term is found arguing as in Section .

1.4.2 The reduced energy

Combining Lemma 1 in [EPV14] and Lemma in the Appendix, the reduced energy
J» introduced in (1.29) (where the term U, is replaced by W, , and in particular uy = 0)
reads as

(a) if n =3,4,5 or [n > 6 and (M, g) is l.c.f.] withn —4 < a <n —2 and ((1.33) holds
then

(n—6—a)(n—2)

(n—6—a)(n—2) B D+ T 2+
Ta(t,T) = Ag — A ¥a—n Asm(6)t"2 — Agt?te Z/ s |Ty|| dy +o(1) | ,
where m(&) > 0 is the mass at the point &,
(b) if n =6, Weyl,(£) # 0, and (1.33) holds then
\7)\(1:7 T) - AO_

4 2+a 6 2+a
13(¢) In g (2) 3 () lyi + 7]
—A1|Weylg(§)|§ \ — Ay /\/\6 g ai—(l ) dy + o(1)
=13,

(c) if n > 7, Weyl, () # 0 and (1.33)) holds then
j)\(t, T) == Ao—

(n+2)—a(n—2) i
/\2 +2)—a(n 2 A1|Weyl( |t4 A t2+aZ/ |y1+|y|

|2+a
dy+o(1) |,

C!'—uniformly with respect to ¢ in compact sets of (0, +00) and 7 in compact sets of R™.
Here A;, Ay and As are constants only depending on n and Ay depends only on n and A.
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1.A Appendix

We recall the following useful lemma (see, for example, |Li98]).

Lemma 1.A.1. For any a >0 and b € R we have

¢ g c(q) min {|b]9, a7 ||} f0<g<1
|((a+b)) a | < { c(q) (|b|q—i—aq_1]b\) if q > 17

and

‘((a + b)+)q+1 —a”™ — (¢ +1)a%| <

c(q) min {|p|7™ a7 ?} f0<qg<1
c(q) (Jp]7™ + a?710?) if ¢ > 1.
1.A.1 Estimate of the error
Proof of Lemma[1.3.1. We split the error (1.23)) into
n—2 n—2 p
E = (-0, +c(n)R,) [A‘TWW + uo] — (A2 +h) [/\‘TWW + uo} — B\ + B, + B,
where
Ei=X\"7 [~AWi, +c(n)RW,, + WP, ],
By = =\""2" [ Wir + A% w0’ = W, |
— A\ [(Wm FAF )P — (A”T‘Quo)ﬂ] .

To estimate Ey and E5 we use the fact that the bubble W, ; satisfies in the three cases

n—2

(1.34) 1%A%p@D:O< ke HQ) if Jy — €| <
5 (12 +ly = ur?) %"

Indeed by (|1.34]) and Lemma we immediately deduce that

X =0(A%2
L7+2 (M)

:O (HWp 1HLn+2(M)) +O()\2)’
with
0) M"%) if3<n<5
H HLm m ) O u|lnu]% ifn==6
O (1?) ifn>7
and

n+2
) T O I )
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=0 (AT Wil ) + O (A F V2 2y )

2 ()
with
O u’%) if n <10 + 2a
”hWt,rHLn?—fQ(M) =93 O unT_2|1nu|an> if n =10+ 2«
O (u*+) if n > 10+ 2a,
and
O (p**) if 2 <m —2
[BWVP|| ~J O MHTHHHMHTZQ) if 2a=n—-2
t,T L"if?(M) i
@) MT> if 2 > n — 2.

Now, let us estimate F;. In the first two cases, we argue exactly as in Lemma 3.1 in
[EP14] and we deduce that

( Iuanz .
O = it3<n<7
31 3
0 ’”A#“) ifn =8
YIS S
L .
O(— ifn=9
ats
0 ““> if n > 10,
\ )\2

In the third case, arguing exactly as in Lemma 7.1 of [RV13] we get

st
|EL]] 20, =0 == |-
L7 () 5

Collecting all the previous estimates we get the claim. O]

1.A.2 The linear theory

Proof of Lemma[1.5.9. We prove by contradiction. If the statement were false,
there would exist sequences (Ay;)mens (tm)mens (Tm)men such that (up to subsequence)
Am 40, ’i—: $0,t,, = to > 0and 7, = 79 € R™ and functions ¢,,, £,, with H¢mHH;(M) =1,
||€m||an‘f2 — 0, such that for scalars ¢* one has

L(¢m) = bm+ > " Zityr, onM
(1.35) i=0

/ Ot m @y = 0, forall i =0,...,n.
M
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expg ! (x)

We change variable setting y = S

we set

— Tm. We remark that dy(z,§) = |exp§_1(x)| and

Om(y) = i X(pimly + Tonl)Om (exDg, (ftm(y +7m))) ¥ € R™.

Since || 1) = 1, we deduce that the scaled function (¢m)m is bounded in DV2(R™).

Up to subsequence, ¢,, converges weakly to a function ¢ € D“2(R") and thus in L?*!(R")
due to the continuity of the embedding of D**(R") into LP(R™).

Step 1: We show that ¢/* — 0 asm — oo for all i =0,...,n.
We test (1.35) against Z,,,, .. Integration by parts gives
/ <vg¢m7 VgZi7tm7Tm>ngg + / |:Rg - (Agn _I_ h‘)f/(%Am)] ¢mZi7tm7deUg
M

M

(1.36) n
= / ngi,tm,deVg + Z C;n/ ijtmﬂ'm Zi,tm,deyg'
M j=0 M

Observe that

< [ll 2 = o(l).

m(M)”Zi:tmmi”Ln72 (M)

‘ / gm Z'i,tm Tm dl/g
M

By change of variables we have

cy’ /MZj,tm,TmZi,tm,deVg = c;”/R Z;Zidy + o(1) = CTéij/]R Z?dy +o(1),

where d;; = 1 if i = j and 0 otherwise.
Writing h(y) = h (exp,, (1tm(y + 7)), note also that

Rg/ (ymei,tm,deVg +/ hf,(%)\m)qsmzi,tm,rmdyg
M M ~
h

= Rgufn gngidy + / A—Zémf’(U)Zl-dy + o(1).
Rn R™ \m

On the other hand, standard computations show that
/ (Vgbm, Vo Zitomrm) Wy _)‘7271/ S Un)) O ity Vg
M M
— [ Vo Vzdy~ [ JW)nZidy+ o)
n Rn
—— [ (AZi+ )20y + o)
Since Z; satisfies —AZ; = f'(U)Z; in R™, passing to the limit into (1.36)) yields

ZTAEI;OCT(SU/ Zzdy = o(1).
=0 R
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Hence lim,, o ¢* =0, for all i = 0,...,n.
Step 2: We show that ¢ = 0.

Given any smooth function 1; with compact support in R™ we define ¢/ by the relation

(@) = 1T x(dy (2, €)) (M . Tm) zeM

m

We test ((1.35)) against v. Integration by parts gives

/ (Vb V) oy + / Ry — (2, + W) ()] bmtbdvy
M

M

= / Cntpdig + Y " / Zis mntbd,.
M =0 M

(1.37)

By Step 1 it is easy to see that
(1.38) / Cppdyg + Z c;”/ Zjtrmdvy — 0 as m — oo.
M = M

On the other hand, by the same arguments given in the proof of Step 1, we have

/ (Vg@m, Vgth)gduy "‘/ [Rg — (A0 + h>f/(%>\m)] Omibdy,
M M

— [ V¢ Vidy - s F(U)¢vdy

]Rn

as m — oo. Hence, passing to the limit into (1.37) and integrating by parts we get
_ / (Ad+ f/(U)d)ddy =0 for all § € C(R™).

We conclude that ¢ is a solution in D'?(R") to —Av = f'(U)v in R*. Thus ¢ =
Z?:o o Z;, for certain scalars ;. But

0= / Oty Qg = émZidyg foralli=0,...,n.

M R"

Passing to the limit we get fRn &Zidug =0 for i =0,...,n, which implies o; = 0 for all 7.
Step 3: We show that, up to subsequence, ¢,, — 0 in H;(M).

Since (¢ )m is bounded in H, gl(]\/[ ), up to subsequence, ¢,, converges weakly to a
function ¢ € H,(M), and thus in LP*'(M) due to the continuity of the embedding of
H,(M) into LP*'(M). Moreover, ¢,, — ¢ strongly in L*(M).
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We test equation (1.24]) against a function ¢ € H}(M). Integration by parts gives
(1.37). Once again, by Step 1 it is easy to see that ([1.38]) holds. By weak convergence

/<V9¢m’vg¢>gd’/g+Rg/ Omdy,
M M
_>/ (Vq9, Vg@ngg-i-Rg/ Ppdy, as m — oo.
M M

Claim: — / (N2, + h) f (U, pmtbdr, — / hf' (uo)gmpdug as m — 00.
Assuming the claim is true, passing to the limit into 7)) gives

/ (Vy0,V 1) dvy +Rg/ Pdu, +/ h'(uo)ppdy, = 0.
M M M

Elliptic estimates show that ¢ is a classical solution to —A,¢ + Ry¢ = +hf'(ug)¢ on M.
Lemma yields ¢ = 0.
Proof of the claim: Note that

2, /M P, ) bmibdi, = X2, /M P () — (o)) fmbdi + A2, / 1 (1) bt

M
We have
/\En/ F (o) pmodig| < X2 f (wo)| o (anl| @l z2an [|¥ || 220y — 0 as m — oc.
M
We define

~ n=2
(y) = o’ X(pmly + | ) (exDg,, (i (y + 7))y € R™.
By (1.21)) and change of variables we have

2 /M (@) — f (o) b,

<c . = TR W)y

L2—€T (R

11l 2

-~ CH (1 _'_ ‘ . ‘2)2 Ln 21+e Rn Ln Q(Rn

for 0 < € < 1. Note that le L2 ()
2n

as m — 00, since —21— <= Thus
+e€

< Cll¥ll 22, ) By Step 2 16mll 2 — 0

L'n 2 1+6 (Rn)

)\fn/ f'(,,)pmibdv, — 0 as m — .
M

On the other hand

/M F (%, )b, =

M

WL (%) — f (o) bty + /M B (o) by
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Dominated convergence theorem yields
/ hf' (uo)pmipdy, — / hf'(uo)ptbdy, as m — oo.
M M

By (1.21)) and change of variables we have

'/ () — f (o) dmibdy,| < / WP = |Om ()| (y) |dy

(1+ |y]?)?
We have

9 2

:U’m |y| ) )

A2 Jan (e ’)(1+Iy\2)| )
Fim || X (e - 1) 5

C, m || AN m L =

22 @+ P 5 e I¢ HLf‘—Z(Rn)WHL’%Z(R”)
:u’m

By Step 2 and our choice of p,, in terms of \,, (see (1.7))) we conclude that

as m — oQ.

‘/M hf' () = F'(uo)lomibdvy

The claim is thus proved.

Step 4: We show that HqﬁmHHgl(M) — 0.
We take in (1.37) ¢ = ¢,,,. We get

[ Vol [ (R, 024 0 (@,)] i,
M M
= lrnmdr, + c;”/ Lt Om V.
/M 9 jzo " Jit 9

By Step 1-3, passing to the limit into (1.39) gives

(1.39)

lim / IV gbml2dvy = 0.
M

m—r0o0
Since ¢, — 0 in H, (M), we conclude
lémllEiry — 0 as m — oo,

which yields a contradiction with the fact that ||¢,,|| mimy = 1. This concludes the proof
of (29,

The existence and uniqueness of ¢, solution to Problem [1.24]follows from the Fredholm
alternative. This finishes the proof of Lemma [1.3.3 ]
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1.A.3 The non-linear problem

Proof of Lemma |(1.5.5. The result of Proposition [1.3.2] implies that the unique solution
2n

¢x =Ty () of (1.24) defines a continuous linear map 7} . from the space L»+2 (M) into

H gl(M ). Moreover, a standard argument shows that the operator 7}, is continuously

differentiable with respect to ¢t and 7.
In terms of the operator T -, Problem becomes

Or = Trr(—E+ (N + h)N(92) =t A(¢r)-
We define the space

= {¢ € Hy(M) / ¢Zis+dv, =0, for all i =0, .. n} .
M
For any positive real number 7, let us consider the region

Fy={0€ Hlolman < BN, 2\, }-

From (|1.25)), we get
4@z < € (11l 2t 0y + INGDI, 2, )

Observe that
IV, 2 gy < N i, < Cllalan

and

IN (1) = N (@)l ) < OB s, 61 = dallan,

for ¢1, 92 € F. By (1.27] 7 we get
A lman < CIE| 2 (wIEIP L +1
|Gl < CI Mn%m("”“mémf*)’
and
1461 = A@lmyan) < OB 2, | ll6n = Sallmia

for ¢1,¢2€]:
Since p —1 € (0,1) for n > 3 and ||E|| L

sufficiently large and ) is small enough then A is a contraction map from F, into itself,
and therefore a unique fixed point of A exists in this region.

— 0 as A — 0, it follows that if 7 is

Moreover, since A depends continuously (in the Ln%—norm) on t,7 the fixed point
characterization obviously yields so for the map t,7 — ¢. Moreover, standard computa-

tions give that the partial derivatives 0;¢,0;,¢, i = 1,...,n exist and define continuous
functions of ¢, 7. Besides, there exists a constant C' > 0 such that for alli=1,....,n
(140) 106N myary + 10y < CIEN, 2y )+ 10BN oy + 1051 2y
That concludes the proof. O
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1.A.4 The reduced energy

It is quite standard to prove that, as A — 0, J\ (2 + &x) = Jx (%)) + h.o.t. C'-uniformly
on compact sets of (0, +00) x R" (see [EPV14]). It only remains to compute Jy (%) .

Lemma 1.A.2. Let a,b € Ry be fized numbers such that 0 < a < b and let K be a
compact set in R™. There exists a positive number Ny such that for any A € (0, \g) the
following expansions hold C*—uniformly with respect to t € [a,b] and 7 € K :

(a) if n > 10, [Weyl,(§)| # 0, and (L.10)) holds, we have

INU) = Aog—
N 4 Weyl, (€) 28 tMZ / i + |2+ad +o(1)
1 Yy 1+| | Y )
(b) if one of the following conditions is satisfied:

(1) 3<n <5 and (1.10) holds;

(1) 6 <n <9 and (1.13) holds;
(11i) n > 10, (M, g) is locally conformally flat, and (L.17) holds;
then

n—2—a)(n— ta
IND) = Ag — N Femmts | Aqug ()5 — A t2+"Z/ i *“' S —dy +o(1)

Here Ay, As and As are constants only depending on n and Ag is defined in (1.32]).

Proof. We prove the C°—estimate. The C!'—estimate can be carried out in a similar way
(see [EPV14]).
Let us first prove (a) and (ii) and (iii) of (b). It is useful to recall that

2 _6n+16
cn—2ifn>10, a< T L oin>6.

<
“S 2 = 2(n — 2)

Observe that

1 1 1
W) = /M [Vguolgdvy + 5 /M c(n)Rgu(Q)dijg—i—m / i dy,
independen?on pand T

ey [1 1 1
+A (2 {5 /M \vgwt,7|3dug+§ /M c(n)nggTdug—m /M ngldyg]

leading term in case (a)
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LA [/ (VWi 7, V gug)dy, +/ c(n)Rth,TuodVg} - >‘_n;2/ W i,
M M il g

(&

-~

=0

1 n— p+1 ne p+1
— )\—(n—Z)? / |:(Wt,7— + )\TQU0> - Wf:r‘—l - ()\T2u0>
D M ’

o+ W (AT o) — (0 + DWW (A Tu0) |
N

+1
m .y Ug dVg

independent of 1 and 7

_ )\—(”—2)/ WfT (AnT_Quo) d]/g
M )

S/

-~

leading term in case (b)

—A2) /M Wer (N5 w0 o,

1 n—2 p+1 n—2 p+1
+ /\_nm h |:<Wt77 + A2 U()) - Wf’j__l - ()\TUO>
M

—p+ W (VT w) — 0+ W (AT o) dy

1
p i Sy VIV S
+ p + 1 M t,T I/g

J/

-~

leading term in every case
+ A / WL, (A5 g ) d
M

Concerning the leading terms, we need to distinguish two cases. If the manifold is not
locally conformally flat, by Lemma 3.1 in [EP14] we deduce

Cnea |1 1 1
A~(=2) {é/M‘Vth,r@d’/gjL5/}\40(n)Rth2,rdVg_mngld’/g}

_ { =02 [A(n) — B(n)|Weyl, () 24 + o(u)] ifn > 7
=02 [A(n) — B(n)[Weyl, (€)[24 | n o + o(u*| Inpl)] i€ n = 6.

(1.41)

If the manifold is locally conformally flat, by Lemma 5.2 in [RV13] we get

. ) 1 Hln72
\-(n-2) [5 < /M [V W 2d, + c(nmgwiT) dvy — mwﬁildug] = A(n)+0 ( AH) :

Here A(n)and B(n) are positive constants depending only on n. Moreover, straightforward
computations lead to

o n_2 nT_Q 1 IunT_Z
1.42) A 2)/ WP <)\ et )du =u 'u% afl/ —————dy+o | —
( ) " t, 0 g 0(5)/\72 ”(1+‘y|2)%2 Y )\TQ
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and

1 ap—}—l |y + T |2+o¢ uZ—i—a
1.43 ANr—— [ WPy, = / S
(1.43) g1, e = T p+1Z . e\ )

because a < n — 2.

Now, if n > 10 and the manifold is not locally conformally flat, we choose pu = a2
so that the leading terms are (1.41]) and (|1.43)), namely

4 24+a n=2 4
1% 2 w2 2
N2 ~ 0 and i =0 ()\n_2> .

On the other hand, if 6 < n < 9 we choose u = t)\2a71—+712+6 so that the leading terms are
(1.42) and (1.43), namely

MnEQ ’u2+a ,u4 IunQZ
— ~ and =0 — |, provided that o <
'Srn A An—2 AT

n —

The higher order terms are estimated only taking into account that the bubble W, ;

satisfies ((1.34)).

A simple computation shows that

_ _ nz2 1 MHT_Q
A~ (n=2) / Wir (NTug) dv, = O /LTLQ)\Q/ ——dy | = o | —=
o ( 0> ! % Jon [y — pT|r? N7

and
W 1 pT
)\‘”/ thT</\nT_2u)du ~0 / SRS Y [
Mo 0] A B [y — pr|n— Az

If n =6 then p+ 1 = 3. It follows that

1 n— p+1 n— p+1
A {(Wtﬁ v )\TQUO) Wt ()\T2u0>
D M '

—(p+ WL (VT w0) = 0+ W (V)| dry = 0

and

A”}ﬁ L {(Ww - A"z“’uo)p* R "22u0)”“
—(p+ OWE (N u0) = (p+ DWer (A ) ] diyy = 0.

Ifn>7 we get

1 n ptl ne p+1
N {(Ww v )\TZ’LLO) et (ATQuo)
p M '
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—(p+ WL (Vw0 — 0+ W (Vo) |
N A(nmzﬁ /Bg(&\/ﬁ) [<Wt” * szzuO)H -Wi - (/\Tbgg“(’)pﬂ
—(p+ )W, (A"T”uo) (p+ W, <)\ ; ug)p] dv,
1

1
+ A~ (n—2) — [(Wt,r i /\anzu())p Wpﬂ ( "22u0)p+
p M\Bg(&/1)

—(p+ W (VT ) — (4 DWer (AT o) | o
(%)
A7)

because by Lemma

1 n— P+ ne p+1
et [ o ()
BQ(&?\/E)

—(p+1) %(f¥w)—@+Um%<V¥%)L%

]_ n—2 +
O L Wir + X 7w) = WP — o+ OWE, (A ) | d
P+ 1By ’ v !
g S/ 1
1 n— p+1 " P
oy (V= u0)" iy — A~ / Wir (A5 ) dv
P+ 1B, v By (&,v/1)

n—2 +1 n—2 2

=0 (/\ e 2)/ (ATU())p dv > +0 (/\ n— 2)/ Wﬁ;l </\Tuo) dl/g)

By (£,\/I) By (€,v/1t)

()\ (n— 2) Wtﬂ— ()\nEQUO)pdVg)
By(&v/1)
1
=0 )\2/ ub™dv, | +0 / ———dy
Bg B(0,\/[) ly — url

1
+0 “i ————dy
Az B(O\f ) |y — prl"

008t <0 (1) 40 () o (1),

since if p is small enough, for any ¢ < n, we have

1 1 1 n
(1.44) / —dy = / —dy < / —dy =0 (,uTq)
B,y [y — KT B(—pr.yi) Y| Bo2ya) [Y]?

and
A~ (n—2)

1 1
/ (W2 Fw) " = ()
p+1 Jansyevm ’
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n—2 n—2 p
—(p+ )W, </\Tu0> —(p+ D)W, ()\Tu()) } dv,
Af(n72) o p+1 n_2 p+1 n—2 p
= / |:<Wt,7— + ATU()) — ()\TUQ) - (p + 1)Wt17 (/\TU()) :| dVg
P+1 Jans,evm
)\—(n—2) -
/ WEHdy, — A=72) / Wr. (ATU()) dv,
M\By(€,1/7) M\ By (€,1/)

+
- -1 A~ (n—2)
A 2> WE, (N w) dy, | +0 / WrHdu,
M\Bg ¢V p+1 Jans, v

Wf}d”g)
M\Bgéf)

n n—2
o) o (L) o L),
) +0 (- ) =z ) =0\ e

Here, we used the fact that

and our choice

2
— 1
2(n—2)
-6 2.6 16
o 5 < a < % if n > 10 and (M, g) is locally conformally flat,
n —
2n

5 if n > 10 and (M, g) is not locally conformally flat.
n —

In a similar way, if n > 7, we get
1 e +1 e +1
yr—— | & [(Wtﬁ n )\T2u0>p it ()\TQu())p
p+1Jy ’
n—2 n—2 p
—(p+ WV (N wg) = 4+ DWer (AT o) |
1

1 1
e h [(Wm ) o - (V)
p+1Jp,eym ’

—(p+ WL, (AT w) — 0+ DWW (VT w0) | d
1

PAT h (w” v A’BQUO)H VY S ()\"22u0>p+1
P+ 1w, vm) ’ ’

—(p+ WL (VT w0) = (p+ D)W (VT )|
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because by Lemma

AL h [(Ww + /\n22u0>p+1 — W - (A”zzuo)p+1
P+ 1B, vm)
—(p+1)W. <)\ : uo) (p+ Wi, (A : u0> }dyg
:)\_”p+1 [ Wir + NTu )pﬂ— P (p o+ 1)WE, </\ : uo)}dug
_ p+1 _ - p
_ an o BV ) diy - A n/Bg(gmhth(A P ) dv

O[] 0 i () )
9(Sv/1

B(&f

@)

+

n—=2 p
< MW (A7 o) dyg>
Bg(&,v/12)
2 | ‘a+2
~0 / dy(z,6)" 2 dv, | +0 | £ / LA
( By(€ ) ! z? B(0,y/2) ly — pr*

@)

+

u"2 e
n—2 n—=2 y
Of ‘?J p|

o O‘+2+” n=2 4 24+«
a++> ( >+O<)\ngﬂ+> O(N)\n)

Here, we used (|1.44)) and

2

AT

=0

A‘"ﬁ - {(Wt,f + >\n;2uo>p+1 —WrH - (A”gguoy’“
—(p+1)WE, ()\HT_QU()) —(p+ )W, ()\”T‘Qu())?”} v,

AT n—2 p+1 n—2 p+1 n—2 P
- / h {(Wt,T+A : uo) - ()\ : u0> —(p+ )W, (A : u0> }dyg
P+ 1 Ja\By(e.vm)

A .
- / WP duy — A / WP, (ATZUO) dv,
P+ 1B, evm M\By(6.vE)

(&vP)
o -1
o) <)\” / W2, <)\72u0>p dyg> +0 ()\” / hngldug>
M\B, (€, /F) M\B (€. /F)

+O (AT / hWP du,
M\By (6.1/)
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( a+2+4n
at+2+4n /,La+§+n M%
O (‘;Z—:;) fa>n—-06
\
u?—l—a
:0< " ) because v < n — 2.

Collecting the previous computations we get the result.

Let us now prove (i) of (b). Observe that

INU)

1 1 1
== [ |Vouol?dv, + = Ryldv, + —— [ hultld
2/M| 9u0|g Vg + Q/MC(n) gUo Vg+p+1 /M Ug Vgi

independent of p and 7

1 1 1
—(n—2 2 2 - 1
+ A2 {5 /M |V9Wt,r|gdug + 5 /M c(n) Rngdyg 1 / W,fT dyg}

AT [/ (VWi 7,V uo) —i—/ c(n)Rth,Tuo} dvy — A
M M

~~
=0

p
hWt’TuOdVg
M /

1 n— +1 e +1
xtrn [ W P) - - ()
M
n— n— p
_(p + 1) 57‘ (A%UO) - (p+ 1)Wt,7' ()\TQUO) i| dVg
1
)\Qm MU8+1dVg

J/

independer;tr of pand 7

— A2 /M WEs (A5 ) do,

leading term

— A~ /M Wer (N5 w0 o

1 n—2 p+l n—2 p+1
A [ h (WtT + ATUO) W (/\Tu())
p+1Ju 7 ’

—(p+ 1OV, <)\%Uo> —(p+ )W, ()\ngzuoy} dv,

1
AN ——— [ Pty
+ P+l /M tr Vg

leading term

A /M VL, (N5 g ) d
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Concerning the leading terms, straightforward computations lead to

n—2

n—2 2 1 nT&
)\—(n—Q)/ WgT ()\Tu0> dl/g = Uo(f),un—z o / 8
M e

n —ndy + 0 -2
T 1+ |y[2)"2 N2
and

1 M2+a ap—i—l n |y +T.|2+o¢ uQ—i—a
A—— [ nWPHdy, = B /ai;d +o0 :
p+1Jy T X ptd ;K A+ P A"

because a < n — 2.

The higher order terms are estimated as follows. By [MPV09], we deduce that

1 | 1
—(n—2 2 2 +1
(-2 [5 /M VWi vy +5 /M ) B Wiy = /M Wy dyg}

(O<H ifn =3
o @npl oo
— )\ Q)A(n)—i— O e ifn=4
2
v .
O(—) ifn=>5
\ AP
—2

— A A(n) + 0 (“—) ,
A2

where A(n) is a constant that only depends on n. A simple computation shows that

N3 n—2
. 2 1 Bz
)\—(n—2)/ WT )\T2u pdl/ =0 Mn, )\2/ dv, =0
o ( 0> ! N Uy (ol )"

and

>
.
s

™
3

=
Q
o
=
Q

n+2
n— T2 1
AT / VL, (N5 g ) dvy = O (“ —dyg>
M

Finally, by using that

[(a+b)PTh — aP™h — P — (p+ 1)ab” — (p+ 1)a?b| < c(n) (a®" + a”~'b7),
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which holds if p > 2 (this is true if n = 3,4, 5) for any a,b > 0, we get
1 1
M

1) p(f?m)—< DWer (V7o) | av,

n—2 n—2 2
:O(A‘(”‘z) / W2, ()\Tuo ) (/\‘(”‘2) / Wi (A ) dyg)
M

=0 (A‘(” 5 / W} dug) +0 </ Wledyg)
M
O (A\p) ifn=3 O () ifn=23
=< OW?lny)) ifn=4 +< O@W?lny|) ifn=4
O\ 'u?) ifn=5 O (1?) if n=
_(wE
and
a1 n=2 ptl ot n2 p+1
g {(WW—FA u0> —wrt - (A u0>

n—2 n—2 p
-+ OW, (M) = 0+ DW (AT o)
n—2 -1 n—2 2
0 (x" / i, (A5 )" dl/g> +0 (A‘" / P (A5 ) dvg>
M M
O (/\‘(”‘2) / hngdyg) +0 (/\‘2 / hwgf;ldug)
M M
=0

()\—(n—2)lun—2) +0 (A—2M2)

Collecting the previous computations we get the result.
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Résumé

Cette these est consacrée a l'analyse des singularités apparaissant dans des équations
différentielles partielles elliptiques non linéaires découlant de la physique mathématique,
de la biologie mathématique, et de la géométrie conforme. Les themes abordés sont
le modele de supraconductivité de Ginzburg-Landau, le probleme de Lin-Ni-Takagi, le
modele de Keller-Segel de la chimiotaxie, et le probleme de courbure scalaire prescrite.

Le modéle de Ginzburg-Landau est une description phénoménologique de la supracon-
ductivité. Une caractéristique essentielle des supraconducteurs de type II est la présence
de vortex, qui apparaissent au-dessus d'une certaine valeur de la force du champ magnétique
appliqué, appelée premier champ critique. Nous nous intéressons au régime de ¢ petit, ot
e est l'inverse du parametre de Ginzburg-Landau (une constante du matériau). Dans ce
régime, les vortex sont au premier ordre des singularités topologiques de co-dimension 2.
Nous fournissons une construction quantitative par approximation de vortex en dimension
trois pour I’énergie de Ginzburg-Landau, ce qui donne une approximation des lignes de
vortex ainsi qu'une borne inférieure pour 1’énergie, qui est optimale au premier ordre et
vérifiée au niveau €. En utilisant ces outils, nous analysons ensuite le comportement des
minimiseurs globaux en dessous et proche du premier champ critique. Nous montrons
que, en dessous de cette valeur critique, les minimiseurs de 1’énergie de Ginzburg-Landau
sont des configurations sans vortex et que les minimiseurs, proche de cette valeur, ont une
vorticité bornée.

Le probléme de Lin-Ni-Takagi apparait comme l'ombre (dans la littérature anglaise
“shadow”) du systeme de Gierer-Meinhardt d’équations de réaction-diffusion qui modélise
la formation de motifs biologiques. Ce probleme est celui de trouver des solutions posi-
tives d’une équation critique dans un domaine régulier et borné de dimension trois, avec
une condition de Neumann homogene au bord. Dans cette these, nous construisons des
solutions a ce probléeme présentant un comportement explosif en un point du domaine,
lorsqu’un certain parametre converge vers une valeur critique.

La chimiotaxie est I'influence de substances chimiques dans un environnement sur le
mouvement des organismes. Le modele de Keller-Segel pour la chimiotaxie est un systeme
de diffusion-advection composé de deux équations paraboliques couplées. Ici, nous nous
intéressons aux états stationnaires radiaux de ce systeme. Nous sommes alors amenés a
étudier une équation critique dans la boule unité de dimension 2, avec une condition de
Neumann homogene au bord. Dans cette these, nous construisons plusieurs familles de
solutions radiales qui explosent a 'origine de la boule, et se concentrent sur le bord et/ou
sur une sphere intérieure, lorsqu’ un certain parametre converge vers zéro.

Enfin, nous étudions le probleme de la courbure scalaire prescrite. Etant donnée
une variété Riemannienne compacte de dimension n, nous voulons trouver des métriques
conformes dont la courbure scalaire soit une fonction prescrite, qui dépend d’un petit
parametre. Nous supposons que cette fonction a un point critique qui satisfait une hy-



pothese de platitude appropriée. Nous construisons plusieurs métriques, qui explosent
lorsque le parametre converge vers zéro, avec courbure scalaire prescrite.

Mots-clés: Ginzburg-Landau, premier champ critique, estimations au niveau &, vor-
tex, construction d’approximation de vortex, probleme de Lin-Ni-Takagi, réduction de
Lyapunov-Schmidt, fonction de Robin, équation de Keller-Segel, courbure scalaire pre-
scrite, phénomenes d’explosion.



Abstract

This thesis is devoted to the analysis of singularities in nonlinear elliptic partial dif-
ferential equations arising in mathematical physics, mathematical biology, and conformal
geometry. The topics treated are the Ginzburg-Landau model of superconductivity, the
Lin-Ni-Takagi problem, the Keller-Segel model of chemotaxis, and the prescribed scalar
curvature problem.

The Ginzburg-Landau model is a phenomenological description of superconductivity.
An essential feature of type-II superconductors is the presence of vortices, which appear
above a certain value of the strength of the applied magnetic field called the first critical
field. We are interested in the regime of small €, where ¢ is the inverse of the Ginzburg-
Landau parameter (a material constant). In this regime, the vortices are at main order
co-dimension 2 topological singularities. We provide a quantitative three-dimensional
vortex approximation construction for the Ginzburg-Landau energy, which gives an ap-
proximation of vortex lines coupled to a lower bound for the energy, which is optimal to
leading order and valid at the e-level. By using these tools we then analyze the behavior of
global minimizers below and near the first critical field. We show that below this critical
value, minimizers of the Ginzburg-Landau energy are vortex-free configurations and that
near this value, minimizers have bounded vorticity.

The Lin-Ni-Takagi problem arises as the shadow of the Gierer-Meinhardt system
of reaction-diffusion equations that models biological pattern formation. This problem
is that of finding positive solutions of a critical equation in a bounded smooth three-
dimensional domain, under zero Neumann boundary conditions. In this thesis, we con-
struct solutions to this problem exhibiting single bubbling behavior at one point of the
domain, as a certain parameter converges to a critical value.

Chemotaxis is the influence of chemical substances in an environment on the movement
of organisms. The Keller-Segel model for chemotaxis is an advection-diffusion system
consisting of two coupled parabolic equations. Here, we are interested in radial steady
states of this system. We are then led to study a critical equation in the two-dimensional
unit ball, under zero Neumann boundary conditions. In this thesis, we construct several
families of radial solutions which blow up at the origin of the ball and concentrate on the
boundary and/or an interior sphere, as a certain parameter converges to zero.

Finally, we study the prescribed scalar curvature problem. Given an n-dimensional
compact Riemannian manifold, we are interested in finding bubbling metrics whose scalar
curvature is a prescribed function, depending on a small parameter. We assume that this
function has a critical point which satisfies a suitable flatness assumption. We construct
several metrics, which blow-up as the parameter goes to zero, with prescribed scalar
curvature.

Keywords: Ginzburg-Landau, first critical field, e-level estimates, vortices, vortex ap-
proximation construction, Lin-Ni-Takagi problem, Lyapunov-Schmidt reduction, Robin’s
function, Keller-Segel equation, internal layer, boundary layer, prescribed scalar curva-
ture, blow-up phenomena.






