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Preface

In this thesis we study mathematical models concerning some fluid flow problems with
variable density. Our main concern is to prove well posedness, stabilizability and con-
trollability results for some models arising in the study of fluid dynamics where the
density of a fluid can change significantly along a streamline. We consider fluids both of
non-homogeneous incompressible and compressible nature. From mathematical point of
view such fluids follow a coupled dynamics where the fluid velocity solves an equation
of parabolic nature and the fluid density satisfies a hyperbolic transport equation. The
nature of this coupling differs from a non-homogeneous incompressible fluid and a com-
pressible fluid.

We start our study by considering a non-homogeneous incompressible Navier-Stokes
equation in a 2d channel in Chapter 2. It is well known that the Poiseuille flow is a
particular stationary solution of this model. We have proved that the solution of the
non-stationary system can be stabilized around the Poiseuille flow by controlling only
the fluid velocity by acting on the inflow boundary of the domain under suitable as-
sumptions on the support of the initial density.

Next in Chapter 3 and 4, we consider existence and control issues of some fluid structure
interaction models. Unlike Chapter 2, the fluid flow here is modeled by compressible
Navier-Stokes equations and moreover the fluids interact with an Euler-Bernoulli damped
beam located at the boundary of the fluid domain. One of the fundamental differences
between the incompressible and compressible Navier-Stokes equations is that the pres-
sure of the fluid in incompressible Navier-Stokes equations is interpreted as the Lagrange
multiplier whereas in the case of compressible Navier-Stokes equations the pressure is
given as a function of the density. Compressible fluid structure interaction problems
arise in the study of many engineering systems (e.g, aircraft, bridges etc.) where the
fluid flow corresponds to a high Mach number.

Let us now go a little bit into the contents of Chapter 3 and 4. In Chapter 3, we analyze
an interactive dynamical system governed by a compressible viscous fluid occupying a
2d channel and adhering to a one dimensional elastic structure which is located at the
fluid boundary and is modeled by an FEuler-Bernoulli damped beam equation. The fluid
and the structure velocities coincide at the fluid solid interface. The motion of the beam
results from the net surface force which is the resultant of the force exerted by the fluid
and a constant external force. We prove the local in time existence of a strong solution
for this fluid structure interaction problem.

We begin the Chapter 4 by considering a non-linear compressible fluid structure interac-
tion system in a 2d channel where the boundary and the coupling conditions are different
from the ones considered in Chapter 3. In fact we make a simplification in the expression
of the stress tensor applied by the fluid on the structure. Such simplified model is also
considered in the article [24]. Along with that we assume that fluid boundary as well as
the fluid-solid interface are impermeable and further implement no vorticity condition
(which closely relates to the Navier-slip boundary condition) for the fluid velocity at all



the boundaries of the fluid domain. We then suitably linearize this problem around a
constant trajectory in a reference configuration. We have managed to prove an observ-
ability inequality for an adjoint problem corresponding to the linearized system with the
observation localized at a part of the fluid boundary. This observability inequality in
principle implies the null controllability of the fluid structure interaction problem under
consideration.



The content of this thesis is the result of the following articles which are written
during my PHD:
1. Sourav Mitra, Stabilization of the non-homogeneous Navier-Stokes equations in a 2d
channel, submitted, https://arxiv.org/abs/1807.04043.
2. Sourav Mitra, Local existence of strong solutions for a fluid-structure interaction
model, submitted, https://arxiv.org/abs/1808.06716.
3. Sourav Mitra, Observability of the adjoint of a linearized compressible fluid-structure
model in a 2d channel, in preparation.
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Chapter 1

Introduction

1.1 Context

Let us have a quick outlook into the contents of this thesis.

In Chapter 2 we study the local stabilization of the non-homogeneous Navier- Stokes
equations in a 2d channel around Poiseuille flow. We design a feedback control of the
velocity which acts on the inflow boundary of the domain such that both the fluid velocity
and density are stabilized around Poiseuille flow provided the initial density is given by
a constant added with a perturbation, such that the perturbation is supported away
from the lateral boundary of the channel. Moreover the feedback control operator we
construct has finite dimensional range.

In Chapter 3 we are interested in studying a system coupling the compressible Navier-
Stokes equations with an elastic structure located at the boundary of the fluid domain.
Initially the fluid domain is rectangular and the beam is located on the upper side of
the rectangle. The elastic structure is modeled by an Euler-Bernoulli damped beam
equation. We prove the local in time existence of strong solutions for that coupled
system.

In Chapter 4 our objective is to study the null controllability of a linear fluid structure
interaction problem in a 2d channel. The fluid flow here is modeled by the compressible
Navier-Stokes equations. Concerning the structure we will consider a damped Euler-
Bernoulli beam located on a portion of the boundary. In this chapter we establish
an observability inequality for the linearized fluid structure interaction problem under
consideration which in principle is equivalent with the null controllability of the system.
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In what follows we will discuss more elaborately the results we have obtained, their
connection with the existing literature and our contributions.

1.2 Presentation of the results

1.2.1 Chapter 2: Stabilization of the non-homogeneous Navier-Stokes
equations in a 2d channel

In this chapter we are interested in stabilizing the density dependent Navier-Stokes
equations around some stationary state (ps, vs) (where (ps, vs, ps) is a stationary solution)
in a two dimensional channel ). For that we will use an appropriate boundary control
u. acting on the velocity in the inflow part of the boundary 0f2.

1.2.1.1 Introduction to the system

Let d be a positive constant. We use the following notations corresponding to the domain
Q and its boundary I’

Q=(0,d) x(0,1), T =09, Qr =2 x (0,7), Xr =T x (0,7) for0< T < o0.
(1.2.1)
The unit outward normal to the boundary I' is denoted by n. The velocity, density and
pressure of the fluid are denoted respectively by v, p and p. The viscosity v > 0 of the
fluid is a positive constant. We consider the following control system

2\5 + div(pv) =0 in Qx,

p=ps on  {(z,t) € Yoo | (v(2,) - n(x)) <0},
p(x,0) = ps + po in €,

0

p((;—i—(v-V)v)—uAv—i—Vp:O in Qoso,

div(v) =0 n Q,

UV = Vs + UcXT, on Yoo,

v(x,0) = vs + v in €,

(1.2.2)
where u.xr, is a control function for the velocity v with xr, denoting the characteristics
function of a set I'. which is compactly supported on I'. The set I'. is defined as follows

P, ={0} x (L,1— L) C Ty ={zel|(vs -n)(z) <0} ={0} x (0,1),  (1.2.3)

16



for some fixed 0 < L < % The equation (1.2.2); is the mass balance equation which is
a hyperbolic transport equation and (1.2.2)4 is the momentum balance equation which
is of parabolic nature. The triplet (ps,vs, ps) is the Poiseuille profile defined as follows

IL‘Q(l — :L‘Q)

0 ], ps = —2vzxy, in . (1.2.4)

ps(z1,22) =1, wvg(z1,22) = [

The triplet (ps,vs,ps) (given by (1.2.4)) is a stationary solution of the Navier-Stokes
equations (1.2.2).

1.2.1.2 Existing results

For the underlying physics of the system (1.2.2), one can consult [15], [32] and [23].
The controllability and stabilizability issues of the constant density (or homogeneous)
incompressible Navier-Stokes equation (with Dirichlet or mixed boundary condition) by
a finite dimensional feedback Dirichlet boundary control has already been studied in the
literature. For instance in [36] it is proved that in a C* domain the velocity profile v,
solution to system (1.2.2)4-(1.2.2)7 with p = 1 is locally stabilizable around a steady
state vs (vs € H3(Q;R?)) by a finite dimensional Dirichlet boundary control localized
in a portion of the boundary and moreover the control u, is given as a feedback of the
velocity field.
Unlike the constant density incompressible Navier-Stokes equations (which is of parabolic
nature), the system (1.2.2) obeys a coupled parabolic-hyperbolic dynamics. To the best
of our knowledge the controllability results for the system (1.2.2) appear only in the
article [2]. Local exact controllability to trajectories of the system (1.2.2) was studied
in [2]. In the present article we answer the question posed in [2] on the stabilizability of
the system (1.2.2) around the Poiseuille profile. To obtain this stabilization result one
of our main standing assumption corresponds to the support of the initial density and
is given as follows

supp(po) C [0,d] x (A1,1 — Ay). (1.2.5)

The assumption (1.2.5) is made in view of the geometry of the Poiseuille profile to make
sure that all the fluid particles initially located in the domain are flushed out by the
fluid flow (which is a perturbation of the Poiseuille profile) at some finite time.

17



1.2.1.3 Presentation of our result and contribution

In order to state our result precisely we define the following functional spaces:
Ve(Q) ={y € H (R |divy =0 in Q} for se€{0,2},
Vo () ={y € H'(Q;R?) |divy=0 in Q, y=0 on T}, (1.2.6)
V2HQr) = HY(0,T; V() N L*(0,T; V().

The central result of this chapter is stated as follows:

Theorem 1.2.1. Let 8 >0, Ay € (0,3). There exist a constant § > 0 such that for all
(po,v0) € L®(Q) x ViH(Q) satisfying (1.2.5) and

1000, v0) | Lo (@) x v () < 0,

there exists a control u. € H'(0,00;C®(T.)), for which the system (2.1.2) admits a
solution

(p,v) € L®(Quo) X VM (Qoo),
satisfying the following stabilization requirement
17 (0 = ps, v = )| Lo (@) x V21 (@) < Cll(P0s v0) | Lo (vt () (1.2.7)

for some constant C > 0. Moreover, p(t) = ps in Q for t sufficiently large.

The control function u, acting on the velocity is constructed in the following form

e(, ) = ]{; wy(£)g5(2), (1.28)

where N, is a natural number,
{gj | 1<j<Nc}a

is a set of suitably chosen smooth functions supported on I, and w(t) = (w1 (t), ..., wn,(t))
is the control variable which is given in terms of a feedback operator K.

Comment on the support condition (1.2.5): In proving the controllability results for
the non-homogeneous incompressible Navier-Stokes equations, one of the main geometric
assumptions of [2] is that

Q=0l

out»

where QL , ={r€Q|3te(0,T),st.X(t0,2) eRI\Q},  (1.2.9)
where X is the flow corresponding to the target velocity trajectory v, defined as

V(z,t,5) € R [0,T)?, 0 X(x,t,5) =0s(X(2,t,5),t), X(x,5,8) ==z

18



In the article [2] the assumption (1.2.9) plays the key role in controlling the density of
the fluid. In our case since the target velocity trajectory is vs (defined in (1.2.4)) the
assumption (1.2.9) is not satisfied because vs vanishes at the lateral boundary of the
domain . Hence to control the density we make the assumption (1.2.5). Indeed, the
assumption (1.2.5) implies that supp(pg) € QI ,, for T large enough. The assumption
(1.2.5) exploits the hyperbolic nature of the continuity equation (1.2.2); in order to
control the coupled system (1.2.2). The condition (1.2.5) in fact guarantees that the
density exactly equals ps = 1, after some time 77 = T4, > Wy, cia, oA e’ © that the
non-homogeneous Navier-Stokes equations become homogeneous after some finite time.
Also note that in [2] the authors uses two control functions (one for the density and one
for velocity) for the purpose of controlling the non-homogeneous fluid. Contrary to that
we use only one control acting on the velocity to stabilize the coupled system (1.2.2).

1.2.1.4 Idea and strategy

To obtain a local stabilization result for a non-linear system the usual method is to first
linearize the problem around the target trajectory, solve the stabilization problem for
the linearized system and then use a fixed point method to conclude the local stabi-
lization of the original nonlinear problem. In this article due to regularity issues of the
transport equation we avoid linearizing the whole system and instead we only linearize
the momentum equation. For detailed calculation we refer the readers to Chapter 2,
Section 2.1.5. This partial linearization strategy leads us to consider the stabilizability
problem for the following equation:

(g—j+((vs+6_ﬁty)-V)a—,80:0 n Qo,

o(x,t)=0 on Ty, x (0,00),

o(z,0) = o9 in
ZZZ—ﬁy—VAy—F(vs-V)y+(y-v)vs+V(1:f n Qc,

divy =0 n Qo

y=0 on (FoUTuu) x (0,00),
y = jNngl w;(t)g;(x) on Iy x (0,00),

y(x,0) = yo in €,

(1.2.10)
where f is a non-homogeneous source term with some suitable Sobolev regularity, 'y,
and I'g are defined as follows
Lot ={z €T | (vs-n)(x) >0} ={d} x (0,1),
[g=T \ (an U Fout)-
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One might be a bit surprised by the line (1.2.10)2 where we have prescribed the boundary
condition for ¢ only on the inflow boundary for the velocity field vs (see (1.2.3)) and
not on the inflow boundary of the perturbed vector field (v, 4+ e*y). This is because
we will show that y is small in a suitable norm so that the inflow boundaries of both
the vector fields vs and (vs + efﬁty) coincide. For further details we refer the readers to
Chapter 2, Corollary 2.2.17.

We first study the stabilizability of (o,y), the solution to (1.2.10) around the null
state (0,0). Due to the incompressibility condition the parabolic-hyperbolic coupling
involved in (1.2.10) is of weak nature and this allows us to study separately the sys-
tem (1.2.10)1-(1.2.10)3 and (1.2.10)4-(1.2.10)g. One observes that the system (1.2.10)4-
(1.2.10)g is completely independent of o. The stabilization problem (1.2.10)4-(1.2.10)g is
already studied in the literature in several contexts. We adapt mainly the strategy used
in [34]. Following [34] to prove the stabilizability of this system we look for a control of
the form (1.2.8). We choose the functions {g; | 1 < j < N.}, supported on I'c, so that
we can prove some unique continuation property equivalent to the stabilizability of the
system under consideration. Using the fact that g; (for all 1 < j < NV.) is supported on
a smooth subset of I' we further show that g; is in C°°(I"). This in particular implies
that the control u., of the form (1.2.8), is smooth in the space variable.

Our aim is to find a boundary control, in feedback form, able to stabilize y. At the
same time we design the control such that the velocity y belongs to the space V! (Qso).
The H?(2) regularity of the velocity field is important in our analysis since it is used
to prove the stabilization of the continuity equation. This creates a difficulty because
to prove the V21(Q.,) regularity of y solution of (1.2.10)4-(1.2.10)g, one must have a
compatibility condition between the initial velocity yg, assumed to be in V! (Q2), and the
boundary condition (i.e. the control u). We deal with this issue by adding a system of
ordinary differential equations satisfied by w.(t) = (w1(t),...,wn.(t)). To be precise we
extend the system (1.2.10)4-(1.2.10)g by adding the following ODE

e Ptpy

We

,w’c = —yw, + K ( ) in (O, OO)7 ’UJC(O) = 0,

where 7 is a positive constant, P is the Leray projector from L?(£2) to V,2(2) ([39, Section
1.4] for the definition of Leray projector) and K € L(V,9(Q) x R¥e, RNe) is a feedback
operator. Since yo |[p= 0, imposing w.(0) = 0 furnishes the desired compatibility condi-
tion between the initial and boundary conditions of y which is necessary to obtain the
V2 (Qoo) regularity of y.

Next we consider the problem (1.2.10);-(1.2.10)s, for a given function y suitably
small. Assuming that [|y|ly21(g,) is small enough, oo belongs to L>°({2) and satisfies
the support condition (1.2.5) with o9 = pg, we prove that the solution o to the problem
(1.2.10)1-(1.2.10)3 vanishes after a sufficiently large time 77 > 0. Let us give a formal
sketch of this proof. We extend the velocity fields v, and y from 2 to R?. The extensions
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are denoted by vs and Ey respectively. One observes that characteristic curves corre-
sponding to the perturbed velocity field (vs —I—e_thEy) stay close to that of v in a suitable
norm and this can be obtained from the smallness assumption over [y|ly21(q. ). In fact
using that the characteristics corresponding to the velocity fields vs and (vs + e*BtIEy)
are close we show that the particles initially lying in the support of o are transported
out of the domain in some finite time 7" > Ty, = ﬁ along the flow corresponding
to the perturbed velocity field. This flushing phenomenon is eventually used to obtain
that the solution ¥ to the following auxiliary transport problem

{ %—\f +((vs+e P Ey)- V)T =0 in R2x(0,T}), (12.11)
U(-,0) =1 in RZ
where ¥ € C*®(R?), (w1, x2) € [0,1] is such that
Han, w2) = { Do EZZ; 5 ][13563 [X_éfliz’i g]il][hl Ce1-Ai+g, 1212
for £ > 0 small enough, satisfies
Ve eQ, U(z,Ty) =1, (1.2.13)
for d+e
R v T gy pris S
Then we introduce a Lyapunov functional
Epc(t) = ;/Q\I’(x,t)|a(x,t)|2d:v for all ¢ € [0,T1]. (1.2.14)

The idea is that this quantity Ej..(t) will measure the L? norm of o(-,t) localized in
the support of W(-,t). Then we show that Ej,.(77) vanishes in Q as a consequence of
the support condition (1.2.5). This observation along with (1.2.13) is used to infer that
o(-,T) is identically zero in Q for T' > T1.

Once the system (1.2.10) is stabilized, we use the Schauder fixed point Theorem to

prove a local stabilization result corresponding to the original non linear system under
consideration.

1.2.2 Chapter 3: Local existence of strong solutions for a fluid-structure
interaction model

In this chapter we are interested in studying a fluid structure interaction problem in a
2d channel. The fluid flow here is modeled by the compressible Navier-Stokes equations.
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Concerning the elastic structure we will consider an FEuler-Bernoulli damped beam lo-
cated on a portion of the boundary. We establish a local in time existence result of
strong solutions of such a fluid structure interaction problem. Let us precisely describe
the dynamical system we consider.

1.2.2.1 Introduction to the system

Let Q be the domain Ty, x (0,1) C R?, where T}, is the one dimensional torus identified
with (0, L) with periodic conditions. The boundary of € is denoted by I". We set

I,=T,x {1}, Ty=T,x{0}, I'=T,UT,.

Now for a given function
n: s x (0,00) = (—1,00),

which will correspond to the displacement of the one dimensional beam, let us denote
by € and I'y; the following sets

QY ={(z,y) |z €(0,L), 0<y<l+n(z,t)} = domain of the fluid at time ¢,
Is:={(z,y) |z € (0,L), y=1+n(x,t)} = the beam at time ¢.

The reference configuration of the beam is I'y, and we set

Yr =T x(0,7), ¥ =Ty x (0,7),
25 =Uconlse x {t},  Ep =Ty x (0,T), (1.2.15)
Qr = Q2 x (0,T), Q1 = Use(o,m) S % {t}.

0 Ty L
Figure 1.1: Domain €2;.

We consider a fluid with density p and velocity u. The fluid structure interaction system
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coupling the compressible Navier-Stokes and the Euler-Bernoulli damped beam equation
is modeled by

pt + div(pu) =0 in Qr,

(puy + p(u.V)u) — (2udiv(D(u)) + 4/ Vdivu) + Vp(p) =0 in  Qr,

u(-,t) = (0,m) on if;,

u-t) = (0,0) A
u(-,0) = up in €,

p(-,0) = po in

Nit — BNwe — OMtzz + WNgaax = (Tf)2 on X%,

n(,0) =0 and m(,0)=m in T,

The initial condition for the density is assumed to be positive and bounded. We fix the
positive constants m and M such that

0 < m =minpy(z,y), M = maxpo(x,y). (1.2.17)
Q Q

In our model the fluid adheres to the plate and is viscous. This implies that the velocities
corresponding to the fluid and the structure coincide at the interface and hence the
condition (1.2.16)3 holds. In the system (1.2.16), D(u) = 3(Vu+ V7 u) is the symmetric
part of the gradient and the real constants u, p’ are the Lamé coefficients which are
supposed to satisfy

>0, u >=0.

In our case the fluid is isentropic i.e. the pressure p(p) is only a function of the fluid
density p and is given by
p(p) = ap’,

where a > 0 and v > 1 are positive constants.

We assume that there exists a constant external force pey; > 0 which acts on the
beam. The external force pe,+ can be written as follows

Pext = aﬁ’yv
for some positive constant p.

To incorporate this external forcing term pe,; into the system of equations (1.2.16),
we introduce the following

P(p) = p(p) — peat = ap” — ap”. (1.2.18)

Since Vp(p) = VP(p), from now onwards we will use VP(p) instead of Vp(p) in the
equation (1.2.16)s.
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In the beam equation the constants, a > 0, 8 > 0 and 6 > 0 are respectively
the adimensional rigidity, stretching and friction coefficients of the beam. The non-
homogeneous source term of the beam equation (7y)2 is the net surface force on the
structure which is the resultant of the force exerted by the fluid on the structure and
the external force pey+ and it is given by

(Ty)2 = ([~2uD(u) — ¢/ (divu)lg) - ng + Pnyg) |p,, /1 +02- & on %3,  (1.2.19)

where I is the identity matrix, n; is the outward unit normal to I's; given by

n;

Ne .
= - el + ()
V1+n2 V1+n2

(& = (1,0) and & = (0,1)).

Our interest is to prove the local in time existence of a strong solution to system
(1.2.16)-(1.2.18)-(1.2.19) i.e we prove that given a prescribed initial data (po,ug,n1),
there exists a solution of system (1.2.16)-(1.2.18)-(1.2.19) with a certain Sobolev regu-
larity in some time interval (0,7), provided that the time 7' is small enough.

1.2.2.2 Existing results

In the last decades fluid-structure interaction problems have been an area of active
research. There is a rich literature concerning the motion of a structure inside or at
the boundary of a domain containing a viscous incompressible Newtonian fluid, whose
behavior is described by Navier-Stokes equations. We will quote some articles dealing
with incompressible fluid-structure interaction problems where the structure appears on
the fluid boundary and is modeled by Euler-Bernoulli damped beam equations (1.2.16)7-
(1.2.16)g. For example we refer the readers to [3] (local in time existence of strong
solutions), [12] (existence of weak solutions), [35] (feedback stabilization), [20] (global in
time existence) and the references therein for a very detailed discussion of such problems.

In the past few years there have been works exploring the fluid-structure interaction
problems comprising the compressible Navier-Stokes equations with rigid/elastic body
immersed in the fluid domain. For instance one can consult the articles [5], [1], [6], [30]
and [8]. We will comment more on the contents of these articles in Chapter 3 Section
3.1.6.

On the other hand there is a very limited number of works on the compressible fluid-
structure interaction problems with the structure appearing on the boundary of the
fluid domain. The article [241] deals with a 1-D structure governed by plate equations
coupled with a bi-dimensional compressible fluid where the structure is located at a part
of the boundary. Here the authors consider the velocity field as a potential and in their
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case the non linearity occurs only in the equation modeling the density. In a recent
article [1] the authors prove the Hadamard well posedness of a linear compressible fluid
structure interaction problem (three dimensional compressible fluid interacting with a
bi-dimensional elastic structure) defined in a fixed domain and considering the Navier-
slip boundary condition at the interactive boundary. In yet another recent article [10]
the authors consider a three dimensional compressible fluid structure interaction model
where the structure located at the boundary is a shell of Koiter-type with some prescribed
thickness. In the spirit of [33] and [20] the authors prove the existence of a weak solution
for their model with the adiabatic constant restricted to v > 1—72 They show that a weak
solution exists until the structure touches the boundary of the fluid domain.

1.2.2.3 Presentation of our result and contribution

The notion of solution to the system (1.2.16)-(1.2.18)-(1.2.19) will be understood up to
the use of a diffeomorphism which transfers the system (1.2.16)-(1.2.18)-(1.2.19) to a
reference time independent domain. To transform the system (1.2.16)-(1.2.18)-(1.2.19)
in the reference configuration, for n satisfying 1 4+ n(x,t) > 0 for all (x,t) € X%, we
introduce the following change of variables

Y
Pypy 1 % — Q defined by @, (z,y) = (2,2) = (x’ 1‘1‘?7(967t)> ,
- Y
®y: Qr — Qr defined by ®y(z,y,t) = (z,2,t) = <m Tin@n')

For each t € [0,T), the map P is a C'— diffeomophism from ©Q; onto € provided that
(1+n(z,t)) >0 for all x € Ty, and that (-, t) € CY(Ty).
We set the following notations

Pz, z,t) = p(®; Nz, 2,1)), U(x,z,t) = (U1,U2) = u(®;,(,2,1)). (1.2.20)

After transformation the nonlinear system (1.2.16)-(1.2.18)-(1.2.19) is rewritten in the
following form

R IR vy | VARG = FiGa) i Qr,

Pty — pAt — (i + p)V(divid) + VP(p) = F(p, 1, 1) n O

u = €3 on 33

un = on XL, (1.2.21)
u(-,0) =ug .

p6,0) =po in €,

Nt — Bae — MNtzx + WNzaea = F3(p, 1, N) on 3,

n(0) =0 and n(0) =m n ..
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For the exact expressions of the non-homogeneous source terms (which are not necessarily
non-linear) Fy(p,u,n), Fo(p, u,n) and F3(p, u,n) one can look into the Chapter 3, Section
3.1.2.

Now we define the notion of strong solution of the system (1.2.16)-(1.2.18)-(1.2.19) in
terms of the strong solution of the system (1.2.21).

Definition 1.2.2. The triplet (p,u,n) is a strong solution of the system (1.2.16)-(1.2.18)-
(1.2.19) if
n € CO([0,T); HY*(T,)), m € L2(0,T; H4(I'5)) N C°([0, T]; H3(Ts)),
Mt € L2 (07 T7 HQ(FS)) N CO([O’ TL Hl (Fs))7 Nt € L2 (07 Ta L2(Fs))7
the following holds
1+n(z,t) =260 >0 on X7, (1.2.22)

for some positive constant 69 > 0 and the triplet (p,u,n) = (po <I>,71, uo <I>,71, n) solves
(1.2.21) in the following Sobolev spaces

p e CO0,T): H(Q), pr € CO(0.T); H'(2)),
4 € L2(0,T; H3(Q)) N CO([0, T); HY2()),
u, € L2(0,T; H*(Q)) N C([0,T]; HY()),
Uy € L?(0,T;L%(2)).
Note that (p,u) can then be obtained from (p, ) by (p,u) = (po ®,,Uo &,).

(1.2.23)

Now we precisely state the main result of the article.
Theorem 1.2.3. Assume that
(i)  (a) Regularityof initial conditions : py € H*(Q)), m1 € H3(T's), up € H3().

(b) Compatibility between initial and boundary conditions :

0
(b)1 |uo o 0 on T,
(b)2 = P'(po)Vpo — (0m e — (1t + 2p1") (u0)2,2 + P(po))zpoé2 + zpo(wo).m
—po(ug - V)ug — (—pA — (u+ p/)Vdivjup =0 on T,
(ii) (1.2.17) holds,

(1.2.24)
where we use the notations P'(po) = VP(po), P(po) = (apj—ap”) andug = ((up)1, (up)2)-
Then there exists T > 0 such that the system (1.2.21) admits a solution (p, U, n) in the
following functional framework

pefp e C((0,T); H*(Q)) | pr € C°([0,T); H' ()},
i ef{u e L0, T; H3(Q)) n C°([0, T); H2(Q)) | u, € L2(0,T; H2(Q)) N C°([0, T); H'(Q)),
u € L2(0, T; L3(Q))},
n €{n € C°((0,T); H*(T)), n(x,0) = 0 | € L*(0, T3 H*(Ty)) N C°([0, T]; H*(T)),
e € L2(0,T; H*(T')) N C°([0, T; H' (Ts)), meae. € L*(0,T; L*(Ts))}-
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Consequently in the sense of Definition 3.1.6 the system (1.2.16)-(1.2.18)-(1.2.19) admits
a strong solution (p,u,n).

To the best of our knowledge there is no prior existing work (neither in 3 nor in
2 dimensions) proving the existence of strong solutions for the non-linear compressible
fluid-structure interaction problems (defined in a time dependent domain) considering
the structure at the boundary of the fluid domain. In the present article we address
this problem in the case of a fluid contained in a 2d channel and interacting with a 1d
structure at the boundary. The system we consider shares a close resemblance with the
ones considered in [1] (existence of mild solution) and [10] (existence of weak solution)
but our approach is different from that of [I] and [10]. In [1], since the problem itself
is linearized in a fixed domain, the authors can directly use a semigroup formulation to
study the existence of mild solution, whereas [10] considers weak solutions and a 4 level
approximation process (using artificial pressure, artificial viscosity, regularization of the
boundary and Galerkin approximation for the momentum equation). In the study of
weak solutions (in [33], [20], [10]) one of the major difficulties is to pass to the limit
in the non-linear pressure term which is handled by introducing a new unknown called
the effective viscous flux. In our case of strong regularity framework we do not need to
introduce the effective viscous flux and for small enough time T, the term VP(c + p)
can be treated as a non homogeneous source term. Our approach is based on studying
the regularity properties of a decoupled parabolic equation, continuity equation and a
beam equation. This is done by obtaining some a priori estimates and exploiting the
analyticity of the semigroup corresponding to the beam equation. Then the existence
result for the non-linear coupled problem is proved by using the Schauder fixed point
Theorem. We prove the existence of the fixed point in a suitable convex set, which is
constructed very carefully based on the estimates of the decoupled problems and the
estimates of the non-homogeneous source terms. This led us to choose this convex set as
a product of balls (in various functional spaces) of different radius. In the present article
we prove a local in time existence result. For incompressible Navier-Stokes equation
interacting with a damped beam at the fluid boundary, local in time existence result of
strong solutions can be found in [3] and [31].

1.2.2.4 1Idea and strategy

We prove the existence of local in time strong solution of the system (1.2.16)-(1.2.18)-
(1.2.19) only when the beam displacement 7 is close to zero. Again observe that (p =
p,u = 0,7 = 0) is a steady state solution of the system (1.2.16)-(1.2.18)-(1.2.19) and
hence of the system (1.2.21). So to work in a neighborhood of n = 0, we make the
following change of unknowns in (1.2.21),

o=p—p, V:(v17v2):ﬁ_07 n=n-0.
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We transform the resulting system into a homogeneous Dirichlet boundary value problem
by performing further the following change of unknown

w = (w1, wy) =V — Z1€3.

With the new unknown w, we write the transformed system in the following form

ot + (1+1n)(w2wi wizme) | Vo = Gi(o,w,n) in Qr,

(0 4+ D)W — pAW — (u + p/)Vdivw = Go(o,w,n)  in Qp,

w=0 ) on >, (1.2.25)
w(-,0) =wo = ug — 21165 in Q,

o(-,0) =00=po—p in €,

Mt — /Bnmc - 677t:t50 + aNpgaer = G3 (07 w, 7)) on %7

n(0) =0 and n(0)=m in T,

For the explicit expression of the non homogeneous source terms G1 (o, w, ), Ga(o, w,n)
and G3(o,w,n) we refer the readers to Chapter 3 Section 3.1.4.

We observe that in the new system (1.2.25) the coupling between the velocity of the
fluid and the elastic structure appears only through source terms. In order to solve the
system (1.2.25) we first study some linear equations. In order to analyze the local in
time existence of strong solution the difficulty is to track the dependence of the constants
(appearing in the inequalities) with respect to the time parameter ‘T’ In this direction
we first obtain a priori estimates for the linear density and velocity equations with non
homogeneous source terms in the spirit of [10]. Then we prove the existence of strong
solutions for a linear beam equation. The proof strongly relies on the analyticity of the
corresponding beam semigroup (see [11] for details). Also inspired by a technique from
[37], we obtain estimates with the constants independent of ‘T’ for the beam equation by
fixing a constant T > 0 and restrict ourselves to work in the time interval (0,T’) where
T<T.

Finally we use the Schauder fixed point theorem to prove the local in time existence
of strong solutions to the problem (1.2.25). This in turn proves the local in time existence
of a strong solution to problem (1.2.21) and consequently to problem (1.2.16)-(1.2.18)-
(1.2.19) in the sense of Definition 1.2.2.

1.2.3 Chapter 4: Observability of the adjoint of a linearized compress-
ible fluid-structure model in a 2d channel

In this chapter we study the observability of the adjoint of a linearized compressible
fluid-structure model in a 2d channel. The fluid flow here is modeled by the com-
pressible Navier-Stokes equations. Concerning the structure we will consider a damped
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Euler-Bernoulli beam located on a portion of the boundary. The fluid solid interac-
tive dynamics considered in this chapter resembles with the one in Chapter 3 but the
coupling conditions at the boundary are different. In the present article we establish
an observability inequality for the adjoint linearized fluid structure interaction problem
under consideration which in principle is equivalent to the null controllability of the
system.

1.2.3.1 Introduction to the system

The result of this chapter corresponds to a linearized fluid structure interaction problem
posed in a time independent domain. The linearized model is derived from a non linear
problem by means of a suitable linearization process. Here we only present the linear
model and refer to Chapter 4 for the details of the corresponding non linear system. Let
us introduce a few notations:

2= (0,d) x (0,1) = The fluid domain in the reference configuration,
I's =(0,d) x {1} = The structural domain in the reference configuration,

for some positive constant d. Let p and @ are positive constants. We fix the final time
as follows
d
T> 7 (1.2.26)

The main motivation of the present chapter is to study the controllability of a fluid
structure interaction problem with the controls acting locally at the lateral boundaries
of the channel. In fact, for technical reasons, it is easier to deal with distributed con-
trols. We therefore choose to extend the domain where the equation is set and consider
distributed controls localized in the extension, so that one can recover boundary con-
trollability results by a suitable restriction argument. To make our point precise we
set
L =3u,T >0,

embed Iy into Tz x {1} and Q into Tz x (0,1), where Ty, is the one dimensional torus
identified with (—=L,d + L) = (—=3u;T,d 4+ 3u;T) with periodic conditions. The control
zones in the reference configuration are written as follows

w=((—L,0) x (0,1)) U ((d,d + L] x (0,1)),

w1 = ((—L,0) x {11 U ((d,d + L] x {1}). (1.2.27)
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The linearized model is given as follows

G + W10,5 + pdivii = v xw in (T, x (0,1)) x (0,T),
(04t + U1 0p1) — pAu — (' 4 p)V(diva)
+P'(p)Ve =vyxw  in(Tr x (0,1)) x (0,7),

U-n =ty = 0P + 1100 on (T x {1}) x (0,T),

u(,t)-n=0 on (T x {0}) x (0,7,

curlu = 0 on ((Tr x {0,1}) x (0,T), (1.2.28)
ﬂ(,O) = Uy — U = Uy inTy; x (0, 1),

7(-,0) =po —p = 0o inTy, x (0,1),

attﬂ - 815115 + 6xmxm/8
= (— (' +2p)divii + P'(p)5) +vgxe,  on(Ty, x {1}) x (0, ),

B(0) =By and 9;B(0) = B inTy x {1}.

Here, vsxw vyxw and vgxw, are the control functions corresponding to the fluid density,
velocity and the beam displacement and velocity respectively and the goal is to study
the null controllability of (1.2.28).

1.2.3.2 Existing results

We have already discussed the existence results for compressible fluid structure interac-
tion problems in Section 1.2.2. Here we mainly concentrate on the literature concerning
the controllability results related to some fluid models. Concerning the incompressible
Navier-Stokes equations in a 2D domain one can find a result proving the local exact
controllability to trajectories with localized boundary control in [25]. It is assumed in
[25] that the fluid satisfies no vorticity boundary condition in the complement of the
control part of the boundary. Local exact controllability to trajectories for incompress-
ible Navier-Stokes equations in a 3D domain with distributed control and homogeneous
Dirichlet boundary condition can be found in [29]. With less regularity assumption
on the target trajectory the result in [29] was improved in [22]. We would also like
to mention the article [27] for the local exact distributed controllability to trajectories
for incompressible Navier-Stokes equations in a 3D domain with non linear Navier-slip
boundary condition. In all of these articles the fluid is assumed to be homogeneous i.e
the fluid density is constant. In a very recent article [2] the authors prove the local exact
boundary controllability to smooth trajectories for a non homogeneous incompressible
Navier-Stokes equation in a three dimensional domain. For global controllability results
for incompressible Navier-Stokes equations we refer the readers to [16], [13] and the ref-
erences therein.

Now we quote a few articles dealing with the controllability issues of fluid structure in-
teraction models. In fact to the best of our knowledge the only known results concerning
the controllability issues of a fluid structure interaction problem in dimension greater
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than one deals with the motion of a rigid body inside an incompressible fluid modeled by
Navier-Stokes equations where the structural motion are given by the balance of linear
and angular momentum. Local null controllability of such an interaction problem in di-
mension two can be found in [9] and [28]. In dimension three a local null controllability
for such a system is proved in [7]. The article [35] deals with the problem of feedback
stabilization (in infinite time) for an incompressible fluid structure interaction problem
in a 2D channel where the structure appears at the fluid boundary and is modeled by an
Euler-Bernoulli damped beam, the one we consider in (1.2.28)g-(1.2.28)9. To our knowl-
edge so far there does not exist any article dealing with the finite time controllability of
a fluid structure interaction problem (neither for incompressible nor compressible fluids)
in dimension more than one where the structure appears at the fluid boundary.

We also mention the related literature on controllability issues for compressible
Navier-Stokes equations. In fact our strategy to handle the coupling of the fluid ve-
locity and density in the system (1.2.28) amounts in introducing a new unknown namely
the effective viscous flux and this strategy is inspired from the article [18]. The articles
[19] and [17] concern the motion of a fluid in dimension one whereas [1%] deals with fluid
flows in dimension two and three. In fact in the next section we will comment on the
relation between our work and an open question posed in the article [15].

1.2.3.3 Presentation of our result and contribution

We are primarily interested in the null controllability of the system (1.2.28) at time T,
where T is already fixed in (1.2.26). Hence as a first step of proving null controllability
we will prove an observability inequality of the following adjoint system

—0yo — U100 — P'(p)dive = 0 in (T, x (0,1)) x (0,7,
—p(0pv +U10,0) — pAv — (u' + p)V(divo)

—pVo =0 in (Tz, x (0,1)) x (0,7,
v-n=vy =1 on (Tz x {1}) x (0,7,
v(,t)-n=0 on (T x {0}) x (0,7),
curlv =0 on (Ty x {0,1}) x (0,7), (1.2.29)
v(-,T) =vr inTyz, x (0,1),
U(',T) =0T in’]TL X (0,1),
attw + atxxw + 8x$zz¢
— (O + 102 [(1 + 2)div v + po] on (Ty, x {1}) x (0,7),
Y(T)=r and (T) = ok inTy x {1}.

Both the systems (1.2.28) and (1.2.29) are well posed provided the initial datum are
sufficiently regular and satisfy some compatibility conditions at the boundary. For details
about the well posedness we refer the readers to Chapter 4. Let us now state the central
theorem of this chapter as follows:
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Theorem 1.2.4. There exists a positive constant C' such that for all

(o7, vr, ¥, p) € H* (T, x (0,1)) x H*(Ty % (0,1)) x H*(Tg x {1})

. (1.2.30)
x H (T x {1}),
if the following compatibility conditions hold:
(1) (a)  vp-n=(vp)2 =r, on Tp x {1},
(b)  wvp-n=(vr)2=0, on Tr, x {0},
(14) curlvy =0, on (Tr x {0,1})

(i) (a) —T1da(vr)2 + EA(vr)2 + LHD 0, (divor) (1.2.31)

—8ZO'T = wr}w on TL X {1},

(b) —ﬂlaz(UT)Q + %A('UT>2 + @@(div UT)
—0,07 =0 on Tr x {0},

then the solution (o,v,) of the problem (1.2.29) solves the following observability in-
equality

[ oleo+ / Vol*(,0) + / o*(,0) + / Vol (,0)

T x(0,1) TL x(0,1) TL x(0,1) TLx(0,1)
S B T ) R (T T R A R
TLX 01 TLX{l} TLX{I}
[P0+ [ PG00+ [ 00 0) (1232
TLX{l} TLX{l} TLX{l}
o [ ewelPeo < [ e [[ vers [ ool
Trx{1} wx(0,T) wx(0,T) wx(0,T)
w [ [ v [[vnrEs [ waeks [P
wx(0,T) wx(0,T) wx(0,T) wx(0,T) w1 x(0,T)

In principle the observability inequality (1.2.32) is equivalent to the null controlla-
bility of the primal problem (1.2.28) but unfortunately with this observability inequality
it is not very clear in which functional settings one can prove the null controllability of
the problem (1.2.28).

At this moment we recall that in the article [15] the local exact controllability to con-
stant trajectories for compressible Navier-Stokes equations was proved by using control
functions acting on the entire fluid boundary. One of the open questions posed in the
article [18] concerns the use of a localized boundary control to prove such a result. In
the direction of solving this open problem, as a particular implication of Theorem 1.2.4
one can infer an observability inequality for the adjoint of a linearized compressible fluid
model in dimension two where in the complement of the control boundary we assume
the Navier-Slip boundary condition without friction for the fluid velocity.
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1.2.3.4 1Idea and Strategy

The underlying idea behind the proof of (1.2.32) is the identification of the suitable
unknowns to track down the dynamics of (o, v,). If for a moment we forget about the
beam at the fluid boundary we are left with a system satisfied by (o,v). The coupling
of o and v is quite strong. When considering the primal problem (1.2.28), the dynamics
between o, and @ can be made simpler by introducing the effective flux, [33] and [20].
For the adjoint problem, a similar quantity, already used in [18], also simplifies the
description of the dynamics:

q = (¢ +2p)divo + po.

This can be termed as the dual version of the effective viscous flux.

Representing (1.2.29) with (o, ¢,1): Suppose the regularity of v and o are strong enough
so that we are able to take the trace of V2v and Vo on (T x {0,1}) x (0, 7). Hence we
can consider the trace of the equation (1.2.29)2 and use (1.2.29)3-(1.2.29)5 to have the
following on (Tz x {1}) x (0,7):

—ﬁ(aﬂ)g + ﬂla;ﬂ&) - ﬂ(ax;vUQ + azz”?) - (M + M/>(azzvl + azz'UQ) —p0.0 =0
= —p(O) + W) — (W + 2u) (Op2v1 + O22v2) — P00 =0
(using (1.2.29)5, (1.2.29))
= 0,9 = —p(Op) + w1 0,1).
(1.2.33)

Similarly one can obtain that on the boundary (Tz x {0}) x (0,T), q satisfies
9.q=0 on (T x{0})x (0,7).

Hence with the formal calculations above and using (1.2.29) we obtain the following
system satisfied by the unknowns (o, q,v):

— 0o — U100 + P’(yp)pa = Plimq in(Tz x (0,1)) x (0,7),
—(0rq +U102q) — %Aq L E/p)pq
/ (=\ 72

__F (5)’) o in(Tg x (0,1)) x (0,T),
0.q = —p(Ot) + W D)) on (T x {1}) x (0,T), (1.2.34)
0,¢q=0 on (Ty x {0}) x (0,T),
q(-,T) = qr = vdivor + por inTy, x (0,1),
o(-,T)=or inTy, x (0,1),
attw + 8tmxw + a:r:m:x¢ = (at + Ulam)q on (TL X {1}) X (0, T),
Y(T) =4r and Op(T) = Yy inTz, x {1},

where v = (u' 4+ 2p). One can observe that the coupling between o, ¢ and ¢ involved
in the system (1.2.34) is weaker than the coupling between o, v and v involved in the
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system (1.2.29). Hence the system (1.2.34) will play the key role both in proving the
well posedness and the observability of the system (1.2.29).

Indeed, well-posedness results for (1.2.29) will be obtained from the well-posedness of
(1.2.34), see Chapter 4 Section 4.2, which are easier to obtain. In fact we observe that the
system (1.2.34) has less degrees of freedom compared to the system (1.2.29) and hence it
is easier to deal with (1.2.34) rather than (1.2.29). Similarly, to prove the observability
estimate (1.2.32), for the system (1.2.29), we shall start by proving an observability
estimate for the system (1.2.34).

Hence, we first show the following observability estimate

[ ePeor [ owePeo+ [ olPeo+ [ Va0

TLx(0,1) TLx(0,1) TLx(0,1) TLx(0,1)

[ VReo s [ wReo+ [ 1ok

TLX(D].) TLX{l} TLX{].}

b [ PO+ [P0+ [ 10wR0) (1.2.35)
TLX{l} TLX{l} TLX{l}

+ [ louvlC,0

TLX{l}

c([[ 1ot + [[19ot+ [[1a2+ [[ 1002+ [[ 102 + [[10P)

Let us discuss the strategy to prove the inequality (1.2.35). First we separately obtain
observability estimates for an adjoint beam equation, heat equation and transport equa-
tion. For the parabolic beam and heat equations the observability estimates are obtained
by Carleman estimates and for the transport equation we use a duality argument and a
controllability result from [18] to obtain an observability estimate. The Carleman esti-
mate for the damped beam proved in this chapter seems to be new and is achieved by
using one dimensional weight functions which resemble with the ones introduced in [25]
to study the observability of the adjoint heat equation. We also recover the Carleman
estimate for the non homogeneous adjoint heat equation proved in [21] but by using
weight functions different than the ones used in [21]. In fact our weight functions are
compatible with the ones used to prove Carleman estimate for an adjoint beam equa-
tion. At this point we choose not to introduce the technical jargons used to write this
weighted estimates and refer to Chapter 4 Section 4.3.2, for observability of an adjoint
beam equation, Chapter 4 Section 4.3.3, for observability of an adjoint heat equation
and Chapter 4 Section 4.3.4, for observability of an adjoint transport equation. Finally
we suitably combine these observability estimates to prove the estimate (1.2.35) for the
system (1.2.34). Here, the fact that the equations are only weakly coupled is of primary
importance.
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One needs to recover the estimates on v to show (1.2.32). In that direction, we
note that curl v satisfies a homogeneous adjoint heat equation with Dirichlet boundary

condition, so that classical observability estimates, see [25], yield:
/ |curlv|?(-,0) + / |Veurlv|?( C’// |curly|?. (1.2.36)
Trx(0,1) Ty x(0,1)

We suitably use the following decomposition:

-

Av(-,0) = Vdiv (v(-,0)) + ( > (curlv(-,0)) in Tp x (0,1),

T

and combine (1.2.35) and (1.2.36) to prove (1.2.32).

1.3 Perspectives

In this thesis we have studied some well posedness and controllability issues of fluid
models with time varying density. There arises some open questions which are directly
linked to the contents of this thesis and require additional works. Let us pose some of
these questions in the following discussion.

1.3.0.5 Chapter 2. Stabilization of the non-homogeneous Navier-Stokes
equations in a 2d channel

In Chapter 2 we present a local stabilization result of the non-homogeneous Navier-
Stokes equations in a 2d channel around the Poiseuille profile. Poiseuille profile is a
particular solution of the stationary solution to the non-homogeneous incompressible
Navier-Stokes equations in a 2d channel.

It is natural to generalize the stabilization result around different stationary trajec-
tories and in other geometries of the domain €2 both in 2D and 3D. For instance the
article [2] deals with the local exact controllability to trajectories of the non homoge-
neous incompressible Navier-Stokes equation where the domain is just assumed to be
open and bounded. In that case it is not very clear if one can provide an explicit sta-
tionary trajectory like the Poiseuille profile. As in [2] one can then assume the existence
of a sufficiently smooth trajectory (p,,7s) such that the following holds

Q=0T .  where ={zecQ|IHec(0,T),st.X(t,0,z) c R\ Q},  (1.3.1)

out’ out -

where X is the flow corresponding to the target velocity trajectory oy defined as

V(z,t,5) € R [0,T)?, 0 X(,t,5) =T0s(X(2,t,5)), X(z,8,5)=um.

35



Of course as we have explained in Section 1.2.1, the assumption (1.3.1) is a suitable re-
placement of our assumption (1.2.5) in order to control the transport equation modeling
the density.

In our case to prove the stabilization result the main strategy is to first study the
stabilization of the linearized system and then prove a local result by considering the
non linear terms as perturbations. To prove a stabilization result around the Poiseuille
profile, it might be interesting to proceed differently using the non linearity of the system
with the goal of dropping the assumption (1.2.5). In that direction the return method
(see [16] and [13]) may provide some leads.

1.3.0.6 Chapter 3: Local existence of strong solutions for a fluid-structure
interaction model

In Chapter 3 we prove the local in time existence of strong solutions for a compressible
fluid structure interaction problem, where the one dimensional structure appearing at
the fluid boundary is modeled by an Euler-Bernoulli damped beam equation.

There are several interesting questions which arise in connection with our work:

e The uniqueness of the solution to the fluid structure interaction problem under
consideration in the functional framework in which we only have shown the exis-
tence.

e We have assumed the initial displacement of the beam to be zero. Can we prove
a similar existence result if the initial displacement is non zero and lies in some
suitably regular Sobolev space? For an incompressible fluid structure interaction
problem the case of non zero initial displacement is dealt with in the article [11].
The approach of [ 1] might provide us some leads.

e One might be interested in the long time dynamics of the system (1.2.16). In that
direction we conjecture that there exists a unique strong solution to the problem
(1.2.16) in a time interval (0, T"), for any positive constant 7', when the initial datum
(po, up,n1) lies in a small neighborhood (in some suitable norm) of the steady state
(p,0,0), where p is a positive constant, as long as no collision occur. To prove
this local result one can first study the linearized system around the steady state
(p,0,0). We strongly believe that the corresponding operator generates an analytic
semi group of negative type. If so then we can first prove the local in time existence
of strong solution with certain decay estimates. Then these estimates can be used
to extend the solution to prove the existence of strong solution in any time interval
(0,7, as long as no collision occur. Similar analysis for a compressible fluid flow
model (in the absence of a structure) can be found in [35].
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e To prove the existence and uniqueness of a strong solution to the problem (1.2.16)
in maximal L, — L, framework. We refer again to the article [35] for the existence of
strong solution for an compressible fluid flow model (in the absence of a structure)
in maximal L, — L, framework.

e [t is interesting to consider a compressible fluid structure interaction problem in
a 3D channel with an elastic structure appearing at the fluid boundary. One can
also analyze compressible fluid structure interaction problems where the structure
follows a Koiter shell model.

1.3.0.7 Chapter 4: Observability of the adjoint of a linearized compressible
fluid-structure model in a 2d channel

In Chapter 4 we prove an observability inequality of the adjoint of a control linearized
compressible fluid-structure model in a 2d channel. To the best of our knowledge this
is the first observability result for an adjoint fluid structure interaction problem in di-
mension more than one where the structure lies on the fluid boundary. Our work rises
plenty of unsolved questions and we only collect some of them in the following;:

e In our model we consider a simplified expression of the coupling term appearing
at the right hand side of the structure equation. More precisely we consider the
following expression

(Ty)2 = (=’ + 2p)(divu) Ig - e + Pry) |p, , \/1+ (0:8) - &, (1.3.2)

as the net force acting on the beam for the non linear problem, where v is the fluid
velocity, P(p) = p(p) — P.yt where p is the fluid pressure and P, is the external
forcing term, 3 is the beam displacement, I; is the identity matrix, n; is the unit
outward normal at the moving interface and € = (0,1). For more details we refer
the readers to Chapter 4 Section 4.1.1.1. It is explained in Chapter 4 Remark 4.1.1
that a more physical expression of the net force acting on the beam is given as
follows

(Tp)5" = ([=2uD(u) — p/divuly] - ng + Pryg) [p,, \/1+ (8:8)2-&.  (1.3.3)

One of the most interesting questions to ask is if it is possible to obtain an ob-
servability inequality for the adjoint of the linearized fluid structure interaction
problem which is obtained when we consider the expression (1.3.3) as the net force
acting on the beam. One of our main strategies in this chapter is to introduce the
effective viscous flux. When we consider the expression (1.3.3) as the net force
acting on the beam, the interface boundary conditions can not be expressed only
in terms of the boundary conditions of the effective viscous flux and the beam
making the whole dynamics more delicate to investigate.
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We have proven an observability inequality for an adjoint of a control linearized
fluid structure interaction problem. Next one can try proving a controllability
result for the linearized fluid structure interaction problem in some suitable func-
tional framework by exploiting the observability inequality proved in this chapter.
This would also be interesting to deal with the controllability of the non linear
problem which we introduce in Chapter 4 Section 4.1.1.

Here we prove a new Carleman estimate for the adjoint of an Euler-Bernoulli
damped beam equation. It needs a little bit more work to conclude the null
controllability of the linear Euler-Bernoulli damped beam equation by using this
Carleman estimate.

One can recall that in our case the fluid velocity satisfies the no vorticity bound-
ary condition at the fluid boundary. It will also be interesting to consider the
generalized Navier-slip boundary condition satisfied by the fluid velocity at the
boundary.

A special case: The observability inequality we prove can be directly used to infer
an observability inequality when there is no beam at the fluid boundary and the
fluid velocity solves the Navier slip boundary condition without friction. This gives
a direction to solve an open question posed in [18] which corresponds to the local
exact controllability to constant trajectories of a compressible fluid model with
localized boundary controls.
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Chapter 2

Stabilization of the
non-homogeneous Navier-Stokes
equations in a 2d channel

2.1 Introduction

2.1.1 Settings of the problem

We are interested in stabilizing the density dependent Navier-Stokes equations around
some stationary state (ps, vs) (where (ps, vs, ps) is a stationary solution) in a two dimen-
sional channel 2. For that we will use an appropriate boundary control u. acting on the
velocity in the inflow part of the boundary 0.

Let d be a positive constant. Throughout this article we will use the following notations
(see Figure 1.)

Q=1(0,d) x(0,1), =09, Qr =2 x (0,7), Xp =T x (0,7) for0 < T < 0.
(2.1.1)
The unit outward normal to the boundary I' is denoted by n. The velocity, density and
pressure of the fluid are denoted respectively by v, p and p. The viscosity v > 0 of the
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fluid is a positive constant. We consider the following control system

0
£ + div(pv) =0 in Qx,
p=ps on  {(z,t) € ¥ | (v(,t) - n(x)) <0},
,0(95,0) = pPs T+ Po in Q,
0
p<(,;;+(v-V)U>—VAU+vp:O in Qoo
div(v) =0 in Qoo
V = Vs + UcXT, on Y,
v(z,0) = vs + vy in Q,

(2.1.2)
where u.xr, is a control function for the velocity v with xr_ denoting the characteristics
function of a set I'. which is compactly supported on I'. The set I'. will be precisely
defined shortly afterwards. The equation (2.1.2); is the mass balance equation and
(2.1.2)4 is the momentum balance equation. The triplet (ps,vs,ps) is the Poiseuille
profile defined as follows

z9(l —x .
ps($17$2) =1, vs($1,$2) = [ 2( 0 2)], ps = —2vx1, in Q. (2-1-3)

Observe that (ps, vs,ps) (given by (2.1.3)) is a stationary solution of the Navier-Stokes
equations (2.1.2). We remark that in the definition (2.1.3) of the Poiseuille profile we can
choose ps to be any positive constant in place of one up to modifying ps accordingly. Also
in the definition (2.1.3) one can consider vy = (axa(1l — x2),0), for a positive constant
a > 0. The strategy and results of our analysis apply for any constant p; > 0 and a > 0.
The aim of this article is to determine feedback boundary control u. (the control of the
velocity) such that the solution (p,v) of the controlled system is exponentially stable
around the stationary solution (ps,vs) provided the perturbation (pg,vo) of the steady
state (ps, vs) is sufficiently small (in some suitable norm).

In view of the stationary profile (2.1.3), it is natural to control the inflow part of the
boundary, i.e. we will consider the control function u. supported on

Tin = {z €T | (vs-n)(x) < 0} = {0} x (0,1). (2.1.4)

In fact we do slightly more and control on some open subset I'. of I';,,. We consider ',
of the following form
P = {0} x (L,1— L) C Ty, (2.1.5)

for some fixed 0 < L < %

Remark 2.1.1. We consider the control zone of the form (2.1.5) to simplify the nota-
tions. In fact our analysis allows to consider any subset {0} x (A,B) (0 < A< B<1)
of s, as the control zone.

To state our results precisely, we introduce some appropriate functional spaces.
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2.1.2 Functional framework for the Navier-Stokes equation

Let H*(;RY)and L2(Q; RY) denote the vector valued Sobolev spaces. If it is clear from
the context, we may simply denote these spaces by H*(2) and L?(Q2) both for scalar
and vector valued functions. The same notational conventions will be used for the trace
spaces. We now introduce different spaces of divergence free functions and some suitable
spaces of boundary data:

VE(Q) ={y € H5(R?) | divy =0 in Q} for s3>0,
VEQ)={y € H*(Q;R?) |divy=0 in €, y-n=0 on I} for s>0,
Vi) ={ye H(QGR?) |divy=0 in Q, y=0 on I} for se(3,32),
V() =

{yEHS(F;RQ)\/y-ndx:()} for s>0.
r

The spaces V*(Q2) and V*(I") are respectively equipped with the usual norms of H*(2)
and H*(I'), which will be denoted by || - |lys() and || - [|ys(r).-

From now onwards we will identify the space V,2(2) with its dual.

For 0 < T < oo let us introduce the following functional spaces adapted to deal with
functions of the time and space variables.

VET(Qr) = HT(0,T;VO(Q) N L20,T;V*(Q)) for s,7>
VET(Sr) = HT(0,T; VO(T)) N L2(0, T; V(') for s,7>

We also fix the convention that for any two Banach spaces X and ), the product space
X x Y is endowed with the norm

V(z,y) € X x Y, |(2,9)xxy = [lzllx + [yl

where ||.||x and ||.||y denotes the norms in the corresponding spaces.

2.1.3 The main result

We now precisely state our main result in form of the following theorem.

Theorem 2.1.2. Let 5 > 0, A; € (0, %) There exist a constant 6 > 0 such that for all
(po,v0) € L>() x V' (Q) satisfying

supp(po) C [0,d] x (A1,1— Ay), (2.1.6)
and

1000, v0) | Lo (@) x v () < 0,
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there exists a control u. € H'(0,00;C>®(T.)), for which the system (2.1.2) admits a
solution

(p,v) € L¥(Quo) x V3! (Qoo),

satisfying the following stabilization requirement

17 (p = ps, v = v5) || Lo (@) x V21 (@ue) < Cll(P0s v0) | Lo ()<t () (2.1.7)

for some constant C > 0. Moreover, p = ps for t sufficiently large.

We now make precise the structure of the control function u, we are going to con-
struct. We will show the existence of a natural number N,, and a family

{gj|1<j<Nc}a

of smooth functions supported on I'. such that the control u. acting on the velocity is
given as follows

Ne
Ue(w,1) = e Pt Zl wj(t)gj(m)7 (2.1.8)
J:
where w¢(t) = (wi(t),....,wn,(t)) is the control variable and is given in terms of a

feedback operator K. More precisely, w. = (w1, ..., wy,) satisfies the following ODE
w, = —yw, + K (P(Uw_ US)) in (0,00), w:(0)=0,

where v is a positive constant, P is the Leray projector from L?(Q2) to V,2(Q2) ([15,
Section 1.4]) and K € L(V,2(2) x RNe RN¢) (the feedback operator K is determined in
Section 2.2.2.2).

The boundary control (2.1.8) we construct has a finite dimensional range and resembles
with the control designed in [13]. The construction of our control basis {g; | 1 < j < N}
is different from the one done in [413]. In [413] it is constructed using generalized eigen-
vectors of the adjoint of Oseen operator while we construct it only by using eigenvectors
of adjoint of Oseen operator relying on the construction of [37]. We will not consider
any control on the transport equation modeling the density and as for the homogeneous
Navier-Stokes equations, we show that considering a control u,. of the velocity is enough
to stabilize the whole system (2.1.2).

The stabilizability of the constant density (or homogeneous) incompressible Navier-
Stokes equation (with Dirichlet or mixed boundary condition) by a finite dimensional
feedback Dirichlet boundary control has already been studied in the literature. For
instance in [43] it is proved that in a C* domain the velocity profile v, solution to
system (2.1.2)4-(2.1.2)7 with p = 1 is locally stabilizable around a steady state vy
(vs € H3(Q;R?)) by a finite dimensional Dirichlet boundary control localized in a por-
tion of the boundary and moreover the control u. is given as a feedback of the velocity
field.
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Unlike the constant density incompressible Navier-Stokes equations (which is of parabolic
nature), the system (2.1.2) obeys a coupled parabolic-hyperbolic dynamics. Local exact
controllability to trajectories of the system (2.1.2) was studied in [3]. In the present arti-
cle we answer the question posed in [3] on the stabilizability of the system (2.1.2) around
the Poiseuille profile. In proving the controllability results one of the main geometric
assumptions of [3] is that

Q=0T , ={zecQ|3tec(0,T),stX(t0,x) R\ Q}, (2.1.9)

where X is the flow corresponding to the target velocity trajectory v, defined as

V(z,t,s) € REx [0,T?, 0 X(z,t,8) =0s(X(,t,8),t), X(x,8,8) =z.

In the article [3] the assumption (2.1.9) plays the key role in controlling the density of
the fluid. In our case since the target velocity trajectory is vs (defined in (2.1.3)) the
assumption (2.1.9) is not satisfied because vs vanishes at the lateral boundary of the
domain 2. Hence to control the density we make a parallel assumption (2.1.6). Indeed,
the assumption (2.1.6) implies that supp(po) € Q2,,. The assumption (2.1.6) exploits
the hyperbolic nature of the continuity equation (2.1.2); in order to control the coupled
system (2.1.2). The condition (2.1.6) in fact guarantees that the density exactly equals
ps = 1, after some time T} = Ty, > ﬁ (will be detailed in Section 2.3) so that
xro€[A1,1-A
the non-homogeneous Navier-Stokes Zeé[liatioﬂs become homogeneous after some finite
time. In [3] the authors uses two control functions (one for the density and one for
velocity) for the purpose of controlling the non-homogeneous fluid. Contrary to that we

use only one control acting on the velocity to stabilize the coupled system (2.1.2).

2.1.4 Decomposition of the boundary I' and comment on the support
of control

Based on the velocity profile vs (as defined in (2.1.3)) we can rewrite the boundary of Q
as follows
=Ty, Ul UT,

where
I, isdefinedin (2.1.4),
Lot ={z €T | (vs-n)(z) >0} ={d} x (0,1), (2.1.10)
o= ((0,d) x {0}) U ((0,d) x {1}) =T, UT}, (Figurel).

Remark 2.1.3. From now onwards we will use the notation I';, to denote the inflow
boundary of both the vector fields vs and v. This is a slight abuse of notation but we will
prove the existence of the controlled trajectory v in a small neighborhood (in a suitable
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Figure 2.1: Picture of the domain §2.

norm) of vs provided the perturbation vy is small. This will guarantee that Ty, and the
inflow boundary of the vector field vs are identical. For the details we refer the reader
to the Corollary 2.2.17.

We will look for a control function u. of the form (2.1.8) which is compactly supported
in I'c. More particularly we will construct the finite dimensional basis {g; | 1 < j < N}
of the control space in such a way that g; (V1 < j < N.) is smooth and supported in I'...

2.1.5 Strategy

(i) As our goal is to stabilize the solution (p, v) of (2.1.2) around the stationary solution
(1,vs) with a rate e~ we introduce

y=ev—ny), o=eMp—-1), q=ep—ps), u=clu,. (2.1.11)
To be consistent with the notations y and o, we further introduce the following
oo = pPo, Yo = Vg- (2.1.12)

As in our case the control (2.1.8) is supported in the inflow boundary, in view of the
notations introduced in (2.1.10) and the Remark 2.1.3 we use (2.1.8) to rewrite the
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system (2.1.2) in the following form
0o

E—F((US—FG_’Bty)-V)U—ﬂU:O in Qs,
o(xz,t)=0 on Ty, x(0,00),
o(x,0) = oy in Q,
0
By —vAy+ (0 DIy + (- Vo + Vo= F(g,o)  in Que,
ley =0 in QOO;
y=0 on (FoUTou) x (0,00),
Ne
y= ij(t)gj(m) on T, x (0,00),
j=1
y(z,0) = yo in Q,
(2.1.13)
where

Fly,0) = —e_ﬁto'%
To solve a nonlinear stabilization problem the usual method is to first solve the stabi-
lization problem for the linearized system and then use a fixed point method to conclude
the stabilizability of the original nonlinear problem (2.1.13). In this article due to reg-
ularity issues of the transport equation we avoid linearizing the whole system. Instead,
we only linearize the equation (2.1.13)4 satisfied by y i.e. we replace the nonlinear terms
appearing in the equation (2.1.13)4 by a non homogeneous source term f and we leave
the equation of the density (2.1.13); unchanged. Hence we start by analyzing the stabi-
lizability of the system

—e Py V)y—e Plo(vsV)y—e Plo(y-Vvs—e P a(y-V)y+Be Pay.

E—l—((vs%—e_ﬁty)-V)a—ﬁa:O n Qo,

o(x,t)=0 on Ty, x (0,00),

o(z,0) = o9 in €,
%—ﬁy—VAy—F(vs-V)y+(y'v)vs+v€lzf n Qo

divy =0 n Qc,

y=0 on (ToUTuu) x (0,00),
y= % w0 on T (0,00),
y(z,0) = yo in Q.

(2.1.14)
(ii) Section 2.2 is devoted to study the stabilization of the linearized Oseen equations
(2.1.14)4-(2.1.14)s. In that direction we first write (2.1.14)4-(2.1.14)g using operator
notations. This is done in the spirit of [11] but with suitable modifications which are
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necessary since our domain is Lipschitz. To prove the stabilizability of this system we
look for a control of the form (2.1.8). We will choose the functions {g; | 1 < j < N},
supported on I'., so that we can prove some unique continuation property equivalent to
the stabilizability of the system under consideration. This is inspired from [37]. Using
the fact that g; (for all 1 < j < N.) is supported on a smooth subset of I' we further
show that g; is in C°°(I"). This in particular implies that the control u., of the form
(2.1.8), is smooth in the space variable.

(iii) Next our aim is to find a boundary control which is given in terms of a feedback
law. At the same time we have to design the control such that the velocity y belongs
to the space V2! (Qu). Indeed the H?(f2) regularity of the velocity field will be used
later to prove the stabilization of the continuity equation. This creates another difficulty
because to prove the V21(Q.) regularity of y solution of (2.1.14)4-(2.1.14)g, one must
have a compatibility between the initial velocity yg, assumed to be in Vol(Q) and the
boundary condition (i.e. the control u). We deal with this issue by adding a system
of ordinary differential equations satisfied by w.. The corresponding extended system
satisfied by (y,w.) reads as follows

0

8—?—,By—VAy—i-(vs-V)y—i—(y-V)vs—i-Vq:f in Qoo,

divy =0 in Qoo,

y=20 on (FO @] Fout) X (O, OO)7
N¢

y= X wi(t)g(x) on Ty x (0,00),
‘]:

y(z,0) = yo in Q

W, + YWe = Pe in (0,00),

wc(o) =0 in Q,

(2.1.15)

where v > 0 is a positive constant and ¢.(€ R™*) is a new control variable which will be
determined later as a feedback of the pair (y,w.). Since y(.,0) = 0, imposing w.(0) = 0
furnishes the desired compatibility between the initial and boundary conditions of y
which is necessary to obtain the V*!(Qu,) regularity of 3.
First we will construct the control ¢, given in terms of a feedback operator which is
able to stabilize the homogeneous (i.e. when f = 0) extended system (2.1.15) by solving
a Riccati equation. Then we show that the same control stabilizes the entire non-
homogeneous (i.e. with the non-homogeneous source term f) extended system (2.1.15)
by assuming that the non-homogeneous term f belongs to some appropriate space.

(iv) In Section 2.3, we study the stability of the continuity equation (2.1.14)1-(2.1.14)s.
We assume the velocity field in V21(Qu) and g € L>(2) such that (2.1.6) (recall from
(2.1.12) that o9 = pp) holds. Since g € L*(Q2) and the transport equation has no
regularizing effect we expect that o € Lj5.(Qo). The Cauchy problem for the continuity
equation in the presence of an inflow boundary is rather delicate. In our case we use
results from [9] for the existence of a unique renormalized weak solution of the problem
(2.1.14)1-(2.1.14)3 in the space L*°(Q ). Our proof of the stabilization of the transport
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equation satisfied by the density relies on the fact that the characteristics equation
corresponding to the velocity field is well posed. As we are dealing with velocity fields
in L?(0,00, H%(2)), which is not embedded in L}, (0,00, W1°(Q)) in dimension two,
our analysis relies on [18] (see also [1, Theorem 3.7]), stating the well-posedness of the
equation of the flow as a consequence of Osgood condition. Then considering the velocity
field (vs + e P*y) as a small perturbation of v, (see (2.1.3) for the definition) we prove
that the characteristic curves corresponding to the perturbed velocity field stay close to
that of vs in a suitable norm. Using the fact that the characteristics corresponding to the
velocity fields vs and (vs+e~Py) are close we show that the particles initially lying in the
support of o¢ are transported out of the domain in some finite time 7" > T}y, = ﬁ
along the flow corresponding to the perturbed velocity field. Consequently, the solution
p of the equation (2.1.2);-(2.1.2)3 reaches exactly the target density ps = 1 after the
time 7.

(v) Finally in Section 2.4, we will use Schauder’s fixed point theorem to conclude that
the control designed in step (iii) locally stabilizes the non linear coupled system (2.1.14)
and consequently Theorem 2.1.2 follows.

2.1.6 Bibliographical comments

In the literature many works have been dedicated to the study of incompressible Navier-
Stokes equations. For the classical results concerning the existence-uniqueness and regu-
larity issues of the constant density incompressible Navier-Stokes equations we refer the
reader to [15]. The reader can also look into [25] for a thorough analysis of the subject.
Intricate situations may arise due to the lack of regularity when special geometric as-
sumptions are imposed on the boundary 0f2. For example, the domain can have corners
or edges of prescribed geometric shape. For the analysis of these situations the interested
reader may look into [34] and [14]. In the present article the functional settings for the
incompressible Navier-Stokes equations is motivated from [11]. The results of [11] are
stated in a domain with smooth boundary. Thus to adapt the functional framework
from [11] in the case of a rectangular domain we have used some results from [26] and
[25].

Regarding the Cauchy problem of the non-homogeneous Navier-Stokes equations, the
existence of classical solution for the non-homogeneous Navier-Stokes equations with
homogeneous Dirichlet boundary condition for velocity in space dimension three is stud-
ied in [I]. Results concerning the existence-uniqueness of global in time strong solution
(with small initial data and small volume force) in space dimension three can be found in
[30]. In dimension two the existence and uniqueness of global in time solution (without
any smallness restriction on the data) is also proved in [30]. In both of these refer-
ences the velocity field is Lipschitz and the initial condition of the density is smooth
enough, hence the transport equation satisfied by the density can be classically solved
using the method of characteristics. To deal with less regular velocity field the concept
of renormalized solution was initially developed in [15] and later suitably adapted in
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several contexts. For instance, one can find an application of a suitable variation of the
Di-Perna-Lions theory to prove an existence and uniqueness result for the inhomoge-
neous Navier-Stokes equation in [13]. All of these articles assume that the velocity field
satisfies v-n = 0. In the present article we are dealing with the target velocity v, which
is inflow on a part of the boundary 0f2. For a velocity field with inflow, one must assume
a suitable boundary condition for the density so that the transport equation satisfied by
the density is well posed. This problem is analyzed in the articles [9, Chapter VI| and
[7], where the authors suitably define the trace for the weak solution of the transport
equation. They also prove that these traces enjoy the renormalization property. In the
present article we use the existence, uniqueness and stability results for the transport
equation from [9] and [7]. For a more intricate case involving nonlinear outflow boundary
condition, similar results can be found in [8].

There is a rich literature where the question of the feedback boundary stabilization of the
constant density incompressible Navier-Stokes equation is investigated. For the feedback
boundary stabilization of a general semilinear parabolic equation one can look into the
article [22]. The feedback stabilization of the 2D and 3D constant density Navier-Stokes
equations can be found in the articles [23] and [24] respectively. Concerning the stabi-
lization of homogeneous Navier-Stokes equations one can also consult [13] and [10] where
the feedback boundary controls are achieved by solving optimal control problems. We
would also like to mention the articles [36] and [5] where the authors prove the feedback
stabilization of the same model around the Poiseuille profile by using normal velocity
controllers. The idea of constructing a finite dimensional boundary feedback control to
stabilize a linear parabolic equation dates back to the work [46]. In our case we adapt
the ideas from the articles [37] and [13] in order to construct a feedback boundary con-
trol with finite dimensional range to stabilize the linear Oseen equations. Actually for
constant density fluids, the article [37] deals with a more intricate case involving mixed
boundary conditions. Control properties of the variable density Navier-Stokes equations
have been studied in the article [21], which proves several optimal control results in the
context of various cost functionals. We also refer to the article [3] where the authors
prove the local exact controllability to a smooth trajectory of the non-homogeneous in-
compressible Navier-Stokes equation.

The study of the controllability and stabilizability issues of a system coupling equations
of parabolic and hyperbolic nature is relatively new in the literature. We would like to
quote a few articles in that direction. Null-controllability of a system of linear thermoe-
lasticity (coupling wave and heat equations) in a n— dimensional, compact, connected
C* Riemannain manifold is studied in [31]. Controllability and stabilizability issues of
compressible Navier-Stokes equations are investigated in [11], [10], [18] (in dim 1) and
[17] (in dim 2 and 3). The compressible Navier-Stokes equations are also modeled by a
coupled system of momentum balance and mass balance equations but the coupling is
different from the one we consider in system (2.1.2).

Let us emphasize that in the system (2.1.2) the control acts only on the velocity of the
fluid and not on the density. In the literature there are articles dealing with controllabil-
ity issues of a system of PDEs in which the controls act only on some components of the
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system. We would like to quote a few of them. We refer to [12] where the authors prove
local null-controllability of the three dimensional incompressible Navier-Stokes equations
using distributed control with two vanishing components. A related result concerning
the stabilizability of 2—d incompressible Navier-Stokes equations using a control acting
on the normal component of the upper boundary is proved in [16]. In [31] to prove the
null-controllability of a system of linear thermoelasticity the authors consider the con-
trol on the wave equation ¢.e. on the hyperbolic part and not on the parabolic equation
modeling the temperature. On the other hand controllability and stabilizability issues of
one dimensional compressible Navier-Stokes equations have been studied in [11] and [10]
by using only a control acting on the velocity. In the present article we also consider the
control on the velocity and not on the density but our approach exploits more directly
and in a more intuitive manner the geometry of the flow of the target velocity in order
to control the hyperbolic transport equation modeling the density.

2.1.7 Outline

In section 2.2 we study the feedback stabilization of the velocity. Section 2.3 is devoted
to the stabilization of the density. In Section 2.4 we use a fixed point argument to
prove the stabilizability of the coupled system (2.1.2). Finally in Section 2.5 we briefly
comment on how to adapt our analysis if one wishes to control the outflow boundary
T'out or the lateral boundary I'g of the channel 2.

2.2 Stabilization of the Oseen equations

The goal of this section is to discuss the stabilization of the Oseen equations (2.1.14)4-
(2.1.14)g. We will first design a localized boundary control with finite dimensional range
to stabilize the linear Oseen equation (2.1.14)4-(2.1.14)s. We will then construct the
control as a feedback of (y, w.), where the pair (y, w.) solves the extended system (2.1.15).
The plan of this section is as follows

(i) In Section 2.2.1, we study the stabilization of the homogeneous linear system (with
f=0)(2.1.14)4-(2.1.14)g, using a finite dimensional boundary control.

(ii) We will analyze the feedback stabilization of the extended system (2.1.15) in Section
2.2.2. Moreover with this feedback control we will prove the V*!(Q.) regularity of
the solution of linear Oseen equations (2.1.14)4-(2.1.14)s. Using a further regularity
regularity estimate (see (2.2.59)) of the control u we show that (e~%'y + v,) has the
same inflow and outflow as that of v,, provided the initial condition yy and the non-
homogeneous source term f (appearing in (2.1.14)4-(2.1.14)g) are suitably small (see
Corollary 2.2.17 ).
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2.2.1 Stabilization of the linear Oseen equations

In the following section we will define some operators and present some of their properties
which helps in studying the linearized Oseen equations (2.1.14)4-(2.1.14)g.

2.2.1.1 Writing the equations with operators

The following results are taken from [11] where they are stated in a C? domain. It is
necessary to make suitable changes to adapt those results in our case since the domain
) in our case is Lipschitz. Without going into the details of the proofs we will just
comment on how to adapt those results in our case.
Let P be the orthogonal projection operator from L?(2) onto V,2(£2) known as Helmholtz
or Leray projector (see [15, Section 1.4]).
We denote by (A, D(A)) (the Oseen operator) and (A*, D(A*)) the unbounded operators
in V9(9), defined by
D(A) =VXQ)NV3(Q),  Ay=vPAy+ By — P((vs-V)y) — P((y- V)vs),
D(A") =V Q) NV (Q), Ay =vPAy+ By -+ P((vs - V)y) — P((Vus))y.
(2.2.1)
For the H?(Q) regularity of the solutions of the homogeneous Dirichlet boundary value
problems corresponding to the operators A and A* in a rectangular domain €2, one can

apply [26, Theorem 3.2.1.3]. Since v, is smooth with div(vs) = 0, we can prove the
following lemma.

Lemma 2.2.1. [79, Section 2.2] There exists A\g > 0 in the resolvent set of A such that
the following hold

(ol ~ Ay w)vpy > Yol for all y € D(A),
and (2.2.2)
(o = Ay, )y (@) > Yy for all y € D(A®).

n Vo ()

In Lemma 2.2.1 we can always choose \g > 3, taking A\ larger if necessary. Through-
out this article we will stick to this assumption. Now, Lemma 2.2.1 can be used to prove
the following.

Lemma 2.2.2. The unbounded operator (A, D(A)) (respectively (A*, D(A*))) is the in-
finitesimal generator of an analytic semi group on V2(Q). Moreover the resolvent of A
s compact.

Proof. The proof of the fact that (A, D(A)) (respectively (A", D(A*))) generates an
analytic semigroup on V,?(£2) uses the resolvent estimate (2.2.2) and can be found in [11,
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Lemma 4.1]. One can mimic the arguments used in [23, Lemma 3.1] to show that the
resolvent of A is compact. The reader can also look into [43, Section 3]. O

Now we want to find a suitable operator B to write down the Oseen equation as a
boundary control system.
Consider the following system of equations

Aoy —vAy = By + ((vs - V)y) + ((y - V)vs) + Vg =0 in @,
div(y) =0 in €, (2.2.3)
y=1u on I.

Lemma 2.2.3. Let \g be as in Lemma 2.2.1. Foru € V3/2(T), the system (2.2.3) admits
a unique solution (y,q) € VZ(Q) x HY(Q)/R and moreover the following inequality holds

lyllvzi) + llallmr@r < Cllullgszm, (2.2.4)
for some constant C > 0.

Remark 2.2.4. The Lemma 2.2.3 is inspired from [/1, Lemma B.1.] where it is proved
in the case of a C% domain.

Proof of Lemma 2.2.3. We write (y,q) = (y1,91) + (2, g2), such that (y1,q1) satisfies

Xoyr —VAy1 —By1 + Vg =0  in Q,
div(y1) =0 in Q, (2.2.5)
Y1 =1u on I

and (y2, q2) satisfies

Aoy2 — VAys — Bya + ((vs - V)y2) + ((y2 - V)vs) + Vg2

= —((vs - V)y1) = ((y1 - V)vs) in Q,
div(y2) =0 in €,
y2 =10 on TI.

(2.2.6)

As u € H3?(Q), the solution to (2.2.5) satisfies (y1,q1) € VZ(Q) x H'(Q)/R (see [28])
and the following inequality is true
ly1llve + lallz@yr < Cllull gsz ey, (2.2.7)

where C' > 0 is a constant. Using (2.2.7) we observe that the right hand side of (2.2.6);
is in H1(2). Hence we get that yo € VZ(Q) N V(). Then the corresponding pressure
g2 € HY(Q)/R can be recovered using De Rham’s theorem (see [15, Section 1.4]). Using
(2.2.7) one also has the following inequality

lv2llveie) + lla2llmr@yr < Cllull sz, (2.2.8)

for some positive constant C. The inequalities (2.2.7) and (2.2.8) together yield (2.2.4).
O
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Now for u € V3/2 (I'), we define the Dirichlet lifting operators Dau = y and Dpu = ¢,
where (y, q) is the solution of (2.2.3) with Dirichlet data w.

Lemma 2.2.5. (i) The operator D4 can be extended as a bounded linear map from
VOT) to VY2(Q). Moreover Dy € L(VE(D), VSTY/2(Q)) for all 0 < s < 3/2.

(i) The operator D%, the adjoint of Da computed as a bounded operator from VO(T') to
V9(Q) is a bounded linear operator from V°(Q) to VO(T) and is given as follows

« 0z 1
DAg——V%+Fn—ﬁ (/ﬂ') n, (229)

where (z,m) is the solution of

Moz — vAz — Bz — (vs- V)z+ (Vo) T2+ Vr =g in €,
dive =0 in Q, (2.2.10)

z=0 on I,

Here || is the one dimensional Lebesgue measure of T'. Moreover D¥% € L(V°(Q), V1/2(T)).

(7ii) The operator D% can be extended as a bounded linear operator from H_%+“(Q) to
VA(I), for all0 < k < %, i.e.

DY € L(H™2H5(Q), VE(T))  forall 0< k<3 (2.2.11)

Remark 2.2.6. The first two parts of the Lemma 2.2.5 are inspired from [/1, Lemma
B.4.] where it is proved in the case of a C? domain.

Proof of Lemma 2.2.5. (i) In Lemma 2.2.3 we have proved that D4 is a bounded opera-
tor from V3/2(T") into V2(2). Following [41, Theorem B.1] one obtains that the operator
D can be extended as a bounded linear map from VO(T') into V/2(Q) (in the sense of
variational formulation). Hence one can use interpolation to prove that D4 is bounded
from V*(T') to VSH1/2(Q), for all 0 < s < 3/2.
(ii) The second part can be done following the proof of [11, Lemma B.4]. It is therefore
left to the reader.
(iii) For the final part, in view of [11, Appendix B, Lemma B.1.] one first observes that
the map M,_,(. »), mapping g to (z,7) (where g, z and 7 are as in (2.2.10)) satisfies the
following

Mg siam) € L(L2(Q), (V2(Q) NVE(Q)) x HY(Q)/R). (2.2.12)

Now following [11, Appendix B, Theorem B.1.] one can use method of transposition to
define weak type solution of the problem (2.2.10) when g € (H?(Q) N H(9)), where
(H2(Q)NH(2)) is the dual of the space H2(Q)NHE () provided that L?(€2) is identified

with its dual. In particular one has the following

Mgz € LIH?(Q) N Hy (), VO(Q) x (H'(Q)/R)'). (2.2.13)
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Now let us assume g € H~1(2), where H~1() denotes the dual of H}(2) with L?()
as the pivot space. Using (2.2.13) and the fact that H~1(Q) C (H%(Q) N H(Q)) (since
(H2(2) N HE()) is dense in H{(£2)) one can write (2.2.10) as follows

—vAz+Vr=g* in €,
dive =0 in Q, (2.2.14)

z=0 on I,

where

g =g— Xz + Bz + (vs-V)z — (Vug) 2z € HH(Q).
Now [9, Theorem IV.5.2] furnishes the following regularity
My zmy € LHTH(Q), V5 (Q) x L*(Q)/R). (2.2.15)

Now from (2.2.12), (2.2.15) and using the interpolation result [33, Theorem 5.1.] one
has

My s emy € LOHT2HH(Q), (VITH(Q) N VHQ)) x HET(Q)/R), (2.2.16)
for —% <k < %

Finally the definition (2.2.9) of D% and (2.2.16) in particular provide that

1
DY € L(H 25(Q),VF(I)), for all 0 < k < 5

Hence we are done with the proof of Lemma 2.2.5. O

Remark 2.2.7. In part (ii) of Lemma 2.2.5, the operator D% is defined on the space
of divergence free functions but in part (iii) we extended this definition by removing the
divergence free constraint on the elements of the domain of D% . This is possible since it
is not necessary to have a divergence free function g in order to solve (2.2.10).

In order to localize the control of the velocity on I'. (defined in (2.1.5)), we introduce
the operator M, which is defined as follows

Mg(z) = m(z)g(z) — / (/ mg - n) n(z) forall zel. (2.2.17)

In the expression (2.2.17) the weight function m € C*°(I") takes values in [0,1] and is
supported in I'. C T';;,. Moreover, m equals 1 in some open connected component

I'y el (2.2.18)

So the operator M localizes the support of the control on I';, and also guarantees that
Mg € VO(T) for any g € L*(T).
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Lemma 2.2.8. [/5, Lemma 2.3] The operator M € L(VO(T)) (defined in (2.2.17)) is
symmetric.

Sometimes we might use the notation
T(v,p) = v(Vv + (Vv)T) — pl, (2.2.19)

to denote the Cauchy stress tensor corresponding to a vector field v and a pressure p.
We now define the operator

B = (Xl — A)PDsM € L(VOT), (D(A%))), (2.2.20)
where (D(A*)) denotes the dual of the space D(A*) with V,?() as the pivot space.

Proposition 2.2.9. (i) The adjoint of the operator B, computed for the duality structure
(s )(D(A*y D(A%))> that we will denote by B* in the following, satisfies B* € L(D(A*), Vo))
and for all ® € D(A*),

el o))
1) S

Vi = (I — P)[vA® + (vs - V)@ — (Vog) T @], (2.2.23)

and T denotes the stress tensor as defined in (2.2.19).
(i7) There exists a positive constant w > 0 such that the operator B* can be extended as
a bounded linear map from D((wl — A*)%+%) to VE(T), for all0 < k < & i.e.

where

B* € L(D((wl — A*)it5), VET)) forall 0<r< 3. (2.2.24)

Proof. (i) From Lemma 2.2.5, we know that

B*® — MDP(AI — A*)d = M (—VZ;I: v (w - ’111’ (/ zp)) n) . (22.2)

r

where

MNP — vAD — D — ((vs- V)®) + (V)T + Vi = P(\oI — A*)®  in Q,

divd =0 in Q,
d=0 on TI.
(2.2.26)
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This gives ® = ® and the expression (2.2.23). Hence the representation (2.2.21) directly
follows from (2.2.25). Also (2.2.22) follows from (2.2.21) because (V®)Tn = 0 on T' (this
can be easily deduced from the fact that ® on I' is zero and div(®) = 0 on ).

(ii) Recall from Lemma 2.2.2 that (A*, D(A*)) generates an analytic semigroup on V,9(Q).
Hence one can always choose a large enough positive constant w from the resolvent set of
A, such that the spectrum of (A* —wI) lies in the open left half-plane. Now following the
definition [20, p. 329, Section 7.4, Eq. 7.4.3] one can define the operator (wl — A*)%+%
where 0 < Kk < % Let us consider ® € D((wl — A*)%“‘%) where 0 < Kk < % Since

D((wl — AY)1H5) = [V2(Q) N VL(Q), VOQ)]:_« = VET(Q) N VL(Q)

KN
[

(for details on the characterization of domains of fractional powers we refer to [32]), one
observes the following

P\l — A")® € H™215(Q). (2.2.27)
Now one can use the expression of B* as given by (2.2.25) and part (ii7) of the Lemma
2.2.5 to prove (2.2.24). O
Now following [11] the Oseen equations
oy .
o Py vAy+(vs V)4 (y-Vjus +Vg=0  in Qu,
divy =0 in Qoo,
y=20 on (FO U Fout) X (O, OO)7
y=Mu on Ty x (0,00),
y(z,0) = yo on
(2.2.28)
can be written in the following evolution equation form
Py = APy + Bu in (0,00),
Py(0) = yo, (2.2.29)

(I-Py={U—-P)DaMu in (0,00).

In the following section we discuss some spectral properties of the Oseen operator A and
then we define a suitable control space in order to construct a control function which
stabilizes the Oseen equations.

2.2.1.2 Spectral properties of A and the stabilizability criterion

Since the resolvent of A is compact (see Lemma 2.2.2), the spectrum spec(A) of the
operator A is discrete. Moreover since A is the generator of an analytic semi group
(see Lemma 2.2.2), spec(A) is contained in a sector. Also the eigenvalues are of finite
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multiplicity and appear in conjugate pairs when they are not real.

We denote by (Agx)ren the eigenvalues of A. Without loss of generality we can always
assume that there is no eigenvalue of A with zero real part by fixing a slightly larger 5,
if necessary. So we choose N,, € N such that

..ReAn, 41 <0 < ReAn, < ... < ReAr. (2.2.30)
Following [37], we now choose the control space as follows
Up = vect @2, (ReB*ker(A* — A\ I) @ TmB*ker(A* — A\ 1)). (2.2.31)

The choice (2.2.31) of the control space plays an important role in proving a unique
continuation property which implies the stabilizability of the pair (A, B). Let us choose
the functions g; in (2.1.8) such that

{g9; | 1 < j < N.}is an orthonormal basis of Uj. (2.2.32)

For later use we now prove an additional regularity result for the elements of the control
space Uy. The following regularity result is true only because the elements of Uy are
supported on a smooth subset of I.

Lemma 2.2.10. The set Uy, defined in (2.2.31), is a subspace of C*°(T).

Proof. The function m is supported on I';, which is C*°. In view of the representation
(2.2.21) of the operator B*, we observe that to prove Lemma 2.2.10 it is enough to show
that for each 1 < k < N, any solution (¢, 1)) to the system (2.2.33) is C*° in some open
set Qr, (C Q) such that 0Qr, contains I'c. Let us consider k € {1,..., Ny} and (¢,v)
solves the following

Ao = VAG — Bd — ((vs - V)¢) + (Vos) "¢+ V=0 in Q,
divgp =0 in €, (2.2.33)
=0 on I
We thus apply the elliptic regularity result [26, Theorem 3.2.1.3] to show that
¢ €DA) =V NVHQ) and o € HY(Q). (2.2.34)

We will work in a neighborhood of I'. in order to avoid the singularities due to the
presence of the corners (0,0) and (0,1). First consider a neighborhood NIQC of I'c such
that neither of the points (0,0) and (0, 1) belong to NIQC. Now we consider an open set
Qr, such that Qpr, C Q, 0Qr, (the boundary of Qr,) is C* and 0Qr, NI = Nlllc. Let
© € C®(Qr,) be such that © = 1 on a subset of Qr, containing I'. and © = 0 on
o0r, \ NIQC. One can check that the function (©¢, ) satisfies the following

—VA(O9) + V(0) = F(0,¢,¢) in Qr,, (2.2.35)
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where
F(©,¢,¢) = —vAB¢p — 2vVOV¢p — ¢(vs - V)O + VO,
and also ©¢ = 0 on 0Qr,, which implies div(©¢) = / (©¢) - n = 0. Using

Qr, M,

(2.2.34) one verifies that
F(©,¢,%) € H'(Qr,) and div(0¢)=¢-VO € H*(Qr,).

Now we apply [0, Theorem IV.5.8] to obtain, (¢, 0v) € H3(Qr,) x H2(Qr,). We can
use a bootstrap argument to conclude that, (©¢, ©1) € C*°(Qr,). Hence we finally have
g € C®(), for all 1 < j < Ne. O

We are looking for a control u taking values in Uy. We write
Ne
u(z,t) = Zl w;(t)g;(x), (2.2.36)
]:
where w. = (w1, ...,wy,) € L2(0,00;RN¢) is the control variable. Again in view of [37]
we define a new control operator B € L(RMe, (D(A*))) as
N. Nc
Bw. = Zl ij.gj = Zl ’u)j()\ol — A)PDAgj. (2237)
Jj= j=
Observe that B is defined by restricting the action of the operator B to Uy.
Let us consider the controlled system

Py = APy + Bu in (0,00), Py(0) = yo, (2.2.38)

which we obtain from (2.2.29);-(2.2.29)5. With the definition (2.2.37) and a control of
the form (2.2.36), the system (2.2.38) takes the form

Py’ = APy + Buw. in (0,00), Py(0) = yo.

Theorem 2.2.11. Assume that the spectrum of A obeys the condition (2.2.30), we choose
{g9; 11 <j < Nc} as (2.2.32) and the operator B is as defined in (2.2.37). Then the pair
(A, B) is stabilizable in V2(12).

Before going into the proof of Theorem 2.2.11, let us recall that the pair (A, B) is
stabilizable in V0(Q) iff for all yg € V.9(Q), there exists a control w, € L?(0, 0o; RN¢)
such that the controlled system

Py’ = APy + Buw, in (0,00), Py(0) = yo,

obeys

J 1Pyl gyt < .
0
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The proof of Theorem 2.2.11 in a more intricate situation involving mixed boundary
condition can be found in [37]. In [37] the localization operator M, localizing the control,
is simply the cutoff function m whereas in our case M is as defined in (2.2.17). For the
sake of completeness, we present the proof of Theorem 2.2.11 below, which follows step

by step the one of [37] up to minor modifications.
1 L'y
i I'o=T,Ul}y Cout
i 1"2‘
0 Iy d

Figure 2.2: Domain €.

Proof of Theorem 2.2.11. According to [12, Theorem 1.2] (one can also consult [, Chap-
ter V] for related results) proving the stabilizability of the pair (A, B) is equivalent to
verifying the Hautus criterion:

ker(ApI — A*)Nker(B*) = {0}, forall 1<k <N, (2.2.39)

Let ¢ € ker(Apl — A*). Also suppose that v is the pressure associated with ¢, i.e. the
pair (¢, 1) solves (2.2.33). Now one can use (2.2.37) and Proposition 2.2.9 in order to
verify that

56~ | [ oMTG Jjnds (2.2.40)
e 1<j<Ne
T /ngReT(gb’‘Z’)”df’j ti /ngImT(qﬁ,@b)nda: . (2.2.41)
Fe 1<j<Ne e L<<N,

One can notice that MReT (¢, y)n € Uy and MImT(¢p, ¢)n € Up. On the other hand we
know that {g;}i1<;j<n. forms a basis of Uy. Hence B*¢ = 0 implies that

M(T(¢,¢)n) |r.= 0.

This implies that
T(¢,9)n =Con on  supp(m), (2.2.42)
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where Cj is a constant given by

Co= b ( m']T(gb,w)n) )
fm s
r

Now recall that ¢ = 0 on I' and the unit outward normal on I'} is (—1,0). Also since
¢ € V2(Q), one can consider the trace of div$ on I' to obtain that div¢ = 0 on I'. Using

0
these facts one can at once deduce from (2.2.42) that aﬁ =0and ¢y = Cy on ['}.
n

Now consider the domain €, which is an extension of the domain €2 (see Figure 2).
Extend the function ¢ into €2, by defining it zero outside €2, denote the extension also
by ¢. Extend v into 2., by the constant Cy outside 2. We denote the extension of ¢ by
® itself. It is not hard to verify that the extended pair (¢,%) € VZ(Qez) X H'(Qez) /R,
solves the eigenvalue problem (2.2.33) in the extended domain ;. Finally the unique
continuation property from [19] shows that ¢ = 0 in 2., thus in particular on . Hence
we are done with the proof of the Hautus test (2.2.39). O

From Theorem 2.2.11 we know that the pair (A, B) is stabilizable by a control w,. €
L?(0, 00; R™¢). Hence there exists a control u (of the form (2.2.36)) which belongs to the
finite dimensional space Up (see (2.2.31)) and stabilizes the pair (A, B).

Now our aim is to construct w. such that it is given in terms of a feedback control law.
For that we will study the stabilization of the extended system (2.1.15) in the following
section.

2.2.2 Stabilization of the extended system (2.1.15) by a feedback control
2.2.2.1 Evolution equation associated with the extended system (2.1.15)

We set N
Z =V2(Q) x RN, (2.2.43)

Depending on the context the notation I denotes the identity operator for all of the
spaces V9(Q), RV and Z. We equip the space Z with the inner product
(€1, 2) 7 = (€1, Q@)vo) + (w1, w2)pne,

where (1 = ({1, w1) and (o = ({2, w2).

We fix a positive constant v (where 7 is the constant appearing in the extended system
(2.1.15)).

Now let us recall the representation (2.2.29) of the system (2.2.28). In the same note
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it follows that y = (Py,w.) is a solution to equation (2.1.15) iff (Py,w.) solves the
following set of equations

()< ) ) () w0

y(0) =40 = 360 : (2.2.44)
Ne

(I - P)y= lej(l — P)Dag; in (0,00),
j=

where f = (Pf,0) and recall the definition of B from (2.2.37). Now we define the
operator (A, D(A)) in Z as follows
~ = 0 ~ A B
D(A) ={(C,we) € Z | A+ Bw. €V, ()} and A= 0 —~1) (2.2.45)

As we have identified V,9(Q) with its dual, the space Z and Z* are also identified. We
define the adjoint of (A, D(A)) in Z as follows

Remark 2.2.12. We emphasize that due to the compatibility condition involved in the
definition (2.2.45), D(A) can not be written as D(A) x RNe, Contrary to that one does
not require any compatibility condition in defining the domain of A* which is given by

(2.2.46).

Theorem 2.2.13. The operator (A, D(A)) is the infinitesimal generator of an analytic
semigroup on Z.

Proof. We will prove that (/I, D(g)) generates an analytic semigroup on Z by proving
that (A*, D(A*)) generates an analytic semigroup on Z. This is enough since one has
the following by using [27, Theorem 2.16.5, p. 56]

RO Dl gz = T = D gz = IO = D lyz = I = A9 5
= RG] 5
where R (), ) denotes the resolvent of the respective operator (see [27, Section 2.16] for

details on resolvent) and hence (A, D(A)) generates an analytic semigroup on Z follows
from the fact that (A*, D(A*)) generates an analytic semigroup on Z as a consequence
of [17, p. 163, Def. 5.4.5].

Let us notice that the operator A* can be decomposed as follows

/Nl* :gl —i—ﬁg,
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where
- A* 0 ~ 0 O
Al = ( 0 —"}/I> and AQ = (B* 0) .

Since (A,D(A)) generates an analytic semigroup on Z = V() (see Lemma 2.2.2),
(A*, D(A*)) generates an analytic semigroup on Z (follows from the argument used in
the beginning of the proof). Consequently the operator

~ A* 0

A} =
generates an analytic semigroup on Z. Since A is a bounded perturbation of the operator
AY, one uses [35, Corollary 2.2, Section 3.2] to conclude that A; with domain D(A*)xRMNe

generates an analytic semigroup on Z. On the other hand the definition (2.2.37) of B
and part (ii) of Proposition 2.2.9 furnish that

P 1
B* € L(D((wI — A*)%Jri,RNC) forall 0<k< 7
This implies the following

Ay € L(D((wl — A%)3t5 xRYe, Z) forall 0< k< 3. (2.2.47)

Now observe that (Al —wl) is a diagonal operator, hence the semigroup et(‘Zl*“I )on Z
generated by (A; —wl) is of the form

et(glfm)(cl,wl) = (et(A**‘”I)Cl,et(*'yf‘”)lwl), for all ({1, wy) € 7.

Hence one can use the definition [20, p.329] of the domain of fractional power to have
the following

D((wl — A;)115) = D((wl — A*)iT5) x RN forall 0<r <1 (2.2.48)

Finally in view of (2.2.47) and (2.2.48), the result [14, p. 420, Lemma 12.38] furnish
that (A", D(A")) is the infinitesimal generator of an analytic semigroup on Z. This in
turn gives that (A, D(A)) generates an analytic semigroup on Z. O

From the definition (2.2.45) of the operator A one can easily observe that the spec-
trum of A is discrete and is explicitly given as follows

spec(A) = spec(A) U{—~}.
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2.2.2.2 Existence of a feedback control law

We introduce the notation J = (0,1). Let us notice that J belongs to £(RNe, Z). This
section is devoted to the construction of a feedback control ¢, which is able to stabilize
the linear equation

7 =Aj+Jp. in (0,00),  (0) = 7o, (2.2.49)

which is obtained from (2.2.44)1-(2.2.44)2 after neglecting the non-homogeneous source
term f.

Proposition 2.2.14. The pair (A J) is stabilizable. More precisely there exists a feed-
back operator K € L(Z,RN¢) such that the 0pemt0r~(A + JK) with domain D(A) gener-
ates an exponentially stable analytic semigroup on Z.

Before going into the proof of Proposition 2.2.14, let us recall that the pair (A J) is
stabilizable in Z iff for all §ip € Z, there exists a control ¢, € L2(0,00;RNe) such that
the controlled system

17/:1137+j<,0c in (0,00), Y = Yo,

satisfies

191 20,007 < 2

Proof of Proposition 2.2.14. We check the stabilizability of the pair (A, j) by verifying
the Hautus criterion [12, Theorem 1.2] (one can also consult [6, Chapter V] for related
results):

ker(Apl — A*) NKer(J*) = {0} for all X, € spec(A) with Redy >0. (2.2.50)
Let us prove (2.2.50). We consider
(i) e ker(\ — A*) N Ker(J*).
Recall that J*(¢, w) = w. This gives w = 0.
Now use the relation (¢, 0) € ker(AI — A*), to obtain
(Ml — A)p = B¢ =

Hence ¢ = 0, since the pair (4, B) is stabilizable (see Theorem 2.2.11). This furnishes
the stabilizability of the pair (A, .J).
We consider the following Riccati equation

PeL(Z,Z), P=P" >0,
PA+ A*P —PJJ*P = =0, (2.2.51)
Pisinvertible.
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Using [29, Theorem 3], there exists a solution P to the Riccati equation (2.2.51) and
the operator K = —J*P € L(Z ,RNe), provides a stabilizing feedback for (A,.J). The
operator (A + JK) with domain

D(A + JK) = D(A)

is the generator of an exponentially stable analytic semigroup on Z. O

From now onwards we will not use the explicit expression of the feedback controller
K which was constructed in the proof of Proposition 2.2.14, in fact we will only use that
K € £(Z,RN<) and D(A + JK) = D(A).

2.2.2.3 Stabilization of the closed loop extended system with a non homo-
geneous source term

Using the feedback control IC, we write the equation (2.2.44)1-(2.2.44)4 as the following
closed loop system

y(0) = %o.

From now on the constant K (> 0) appearing in the inequalities will denote a generic
positive constant which may change from line to line. If we want to specify a constant
(to use it for later purpose) we will denote it by K;, for some natural number 1.

Lemma 2.2.15. Let the following hold
F e L2(0,00; VI(Q) x RNe) and o € VE(Q) x {0}, (2.2.53)

where {0} denotes the zero element of RNe. Then the equation (2.2.52) admits a unique
solution in N _
y € H'(0,00; Z) N L*(0,00; D(A))

which obeys
Hg”Hl(O,oo;g)ﬂL2(0,oo;D(Z)) < K(Hgo”VOI(Q)XRNC + HfHLQ(O,oo;LQ(Q)XRNC))v (2-2-54)

for some positive constant K.

Proof. Observe that

io € Vg (2)x{0} = [D(A), V) ()]1/2{0} G [D(A)> {0}, V() x{0}]1 /2 S [D(A), Z]. 5.

i)
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the steps (i) and (i7) in the calculation above directly follows by using the definition of
interpolation spaces provided by using [33, p. 92, Theorem 14.1] and [33, Remark 14.1].
Since B

ferL’(0,00:Z) and o € [D(A), Z]; .

one can use the isomorphism theorem [0, Part II, Section 3.6.3, Theorem 3.1] to conclude
the proof of Lemma 2.2.15. O

Corollary 2.2.16. Let the following hold
f el Qw) and yo € Vg (). (2.2.55)

Then the equation

%—By—yAer(vs~V)y+(y-V)vs+Vq:f N Qoo,

divy = 0 in Qoo,

y=0 on  (ToUTgu) x (0,00),
v= 2w on T x (0,00).
y(x,0) = yo m Q,

w, + ywe — K(Py, we) =0 in (0, 00),

w.(0) =0 in €

(2.2.56)
We = (Wi, ...,wn,) and gj, for all 1 < j < N, are defined in (2.2.32), admits a unique
solution (y,w.) in V*(Qos) x H'(0,00;RN¢) and the pair (y,w.) obeys the following
estimate

(5, we)llv21(Qu) x 110,00y < Killlgollva ) + 1 22(Qu)) (2.2.57)

for some positive constant K.
In addition, there exists a constant Ko > 0 such that the control

Nc
u(z,t) = Zl w;(t)g;(x), (2.2.58)
‘7:
satisfies the following estimate

[u(z, )l oo (2.0) < Ka(llvollvy ) + 11 2(@u))- (2.2.59)

Proof. Using the notations used in (2.2.44), one observes that \\§0\|V01(Q)XRNC

= ”(9070)||V01(Q)><RNC = HZJOHVOl(Q) and Hf”L?(O,oo;Lz(Q)XRNc) = [|(Pf, 0)HL2(o,oo;L2(Q)xRNc) =
[P f[l2(Qu)- Since the closed loop system (2.2.52) along with (2.2.44)3 is the operator
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representation of (2.2.56), one can use Lemma 2.2.15 (particularly the estimate (2.2.54))

to obtain the following

H(Py’wC)||H1(0,oo;V79(Q)><]RNC)ﬁL2(OooD(A) (”yOHV1 (Q) + HPf||L2 (Qoo) ) (2-2-60)
Now we estimate N
(I - Py =3 wj(I - P)Dag;.
j=1

We know that there exists a positive constant K such that for all 1 < j < N,
1D agjllva(e) < Kllgillgsem < K. (2.2.61)

Estimates (2.2.61) and (2.2.60) yield
I = P)yll10,00;m2(02)) < Kllmollvi @) + 1P Fllz2(@u0))- (2.2.62)

Once again using (2.2.60) and (2.2.62) one has

)
1yl 771 (0,00:22(2)) i 1Pyl 111(0,00v0(0)) + 1L = P)yllrr1(0,00;112(52)) (2.2.63)

K(llyollv ) + 1P Fll2(@u))-

To prove higher regularity of y we will use a bootstrap argument. First we write (2.2.56);-
(2.2.56)5 as follows

~vAy + Vg = f* in Qoo,

divy =0 in Qoo

y=0 on (ToUTuu) x (0,00),
Nec

y= Zl w;(t)gj(z)  on Ty x (0,00),
]:

y(z,0) = yo in Q,

(2.2.64)

where
f—f— +ﬁy (vs - V)y — (y - V)vs.

Using (2.2.55) and (2.2.63) we obtaln that f* € L?(0,00; H1(Q2)) and the following
holds
171 r2(0,00:-1(02)) < K[l 22(Que) + 0]l 02))- (2.2.65)
Also N
> w;(t)g;(x) € H'(0,00; VO(T) N C(T)), (2.2.66)
j=1

(g; € VO(T') follows from the definition (2.2.32) and Proposition 2.2.9 whereas C°°(T")
regularity follows from Lemma 2.2.10). Hence one can use [9, Theorem IV.5.2], (2.2.65)
and (2.2.60) to get y € L*(0, co; VI(Q)) and the following inequality

19122 (0,007 1 () < Kl fll2(@0e) + 1901l (2))- (2.2.67)
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The regularity (2.2.63), (2.2.67) and (2.2.55) furnish f* € L?(Qs) and

1722y < K(IfllL2(@ue) + lI0llv;2 () (2.2.68)
In view of (2.2.66) and (2.2.68) one further obtains that y € L%(0, 0o; V2(Q)) (using the
regularity result from [23]) and the following

1Yl 22(0,00v2(2)) < K ([f11£2(Qu00) + W0l 0)- (2.2.69)

Hence y € V*!(Qo) and using (2.2.63) and (2.2.69) one has the following

lyllvzi ey < Kllwollva ) + 1fll22@u))- (2.2.70)
Finally, (2.2.60) and (2.2.70) provides the desired estimate (2.2.57).
Since g; € L*(I'), the estimate (2.2.59) readily follows by using (2.2.57). O

The following result justifies our choice of denoting the inflow and outflow boundary
of vy and a perturbation of v using the same notation.

Corollary 2.2.17. If we take

L(1-1L)
(”yOH\/Ol(Q) + 122 (Qu)) < oK, (2.2.71)
where Ko is the constant in (2.2.59), then
L(1-1L)
1Y 5w Lo (00) < —

and hence in particular for all t > 0,

(e Pty(-,t) +vs)-n<0  onTly,
(e Pty(-,t) +vs) -n=0 onTy, (2.2.72)
(e Pty(-,t) +v5) - n>0  on oy,
where (y,we) is the solution to (2.2.56). This means that for all timet > 0, I';y, and T oye
are still the inflow and the outflow boundary for the perturbed vector field (vs + e ty).

Proof. The proof is a direct consequence of Corollary 2.2.16, in particular the estimate
(2.2.59). O

2.3 Stability of the continuity equation

This section is devoted to the study of the transport equation satisfied by density which
is modeled by (2.1.14); together with (2.1.14)y and (2.1.14)3. This equation is linear in
o but nonlinear in (o,y). First let us briefly discuss the stabilization of the linearized
transport equation modeling the density with zero inflow boundary condition. This will
give us an idea about how to obtain analogous results for its nonlinear counterpart.
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2.3.1 Comments on the linear transport equation at velocity v,

The linearized continuity equation with the zero inflow boundary condition is given by

Cz;—l-(vs-V)a—ﬁa:O in Qs,
o(x,t) =0 on Ty, x (0,00), (2.3.1)
o(x,0) = oy in Q.

We can explicitly solve (2.3.1) to obtain

™oo(x1 — (22(1 —a2))t,22) for ¢ < Mwh
- (2.3.2)

1
0 for t> (1 —$2))x1’
for all (z1,22) € €. In particular if we assume that oq satisfies the condition (2.1.6), the
solution o to (2.3.1) vanishes after some finite time T4, = ﬁ. Hence we see that
with zero inflow boundary condition the solution of the linearized transport equation is
automatically stabilized (in fact controlled) after some finite time. The equation (2.3.1)
is just a prototype of the transport equation (2.1.14); 2 3 exhibiting similar property and
we will discuss this in the following section.

2.3.2 Stability of the transport equation (2.1.14) satisfied by density

We consider the transport equation satisfied by the density with the nonlinearity (y-V)o.
We assume that [|y||y21(q..) is small enough and the following holds

(e Py + ) -n < 0on iy, (e Py +w,)-n=0onTYy,

and (e Pty + vs) -n >0 on Ty (2.3.3)

Recalling Corollary 2.2.17, the condition (2.3.3) is automatically satisfied when y solves
(2.1.14)4-(2.1.14)g and (2.2.71) holds. Notice that the role of the condition (2.3.3) is
only to guarantee that even if we perturb the vector field v, by adding e~?*y, the inflow
boundary of the fluid remains unchanged.

Here the transport equation satisfied by the density is given by

%Jr((vsqte_ﬁty) -V)o — o =0 in Q,
o(z,t) =0 on Ty x (0,00), (2.34)
o(z,0) = oy in €,

where y is in V2'(Qoo), (2.3.3) holds, o9 € L>(f) and satisfies the condition (2.1.6)
(recall from (2.1.12) that o¢ = pp). Provided y is suitably small in the norm V*(Qu.),
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(2.3.1) can be seen as an approximation of (2.3.4), and as we will see in Theorem 2.3.5,
solutions of (2.3.1) and of (2.3.4) share some similar behavior.

We are in search of a unique solution of (2.3.4) in the space L°(Qs). In the follow-
ing discussion we will borrow several results from [9] on the existence, uniqueness and
stability of the continuity equation. For later use, we shall consider a general transport
equation of the form

8—U+(U-V)J—50:0 in Qu,

ot
o(x,t) =0 on Moo (2.3.5)
o(x,0) = oy in Q,

where v is a divergence free vector field in L2(0, co; V2(2)), and
Yinor ={(z,t) e x (0,T) | v(z,t) -n(z) <0}
First let us define the notion of weak solution for the transport equation (2.3.5);.

Definition 2.3.1. Let T > 0 and v a divergence free vector field such thatv € L2((0,T); V2(52)).
A function o € L>®(Qr) is said to be a weak solution of (2.3.5)1 if the following is true

T
//a(é?tqﬁ +v- Vo + Be)drdt = 0,
0 Q

for any test function ¢ € C=(Q x [0,T]) with ¢(-,T) = 0 = ¢(-,0) in Q and ¢ =0 on
Y.

One can interpret the boundary trace of a weak solution (as defined in Definition
2.3.1) of (2.3.5); in a weak sense. Following [9] we introduce some notations which will
be used to define the trace of a weak solution of (2.3.5);.

Let m denote the boundary Lebesgue measure on I'. Now for any T > 0, associated to
the vector field v, we introduce the measure

diy = (v-n)dmdt on Xrp

and denote by du; (respectively du, ) its positive (resp. negative) part in such a way
that |du,| = du + du;, . The support of du; (resp. duy, ) is the outflow (resp. inflow)
part of X7 corresponding to the vector field v.

The following two theorems, Theorem 2.3.2 and Theorem 2.3.3, are stated in [9] for a
weaker assumption on the velocity field v. Here we state the results with v € L2(0,T; V2(Q))
for the particular equation (2.3.5).

Theorem 2.3.2. [0, Theorem VI.1.3] Let T > 0, v € L*(0,T;V?(2)) and o € L=(Qr)
be a weak solution of (2.3.5)1 in the sense of the Definition 2.3.1. Then the following
hold:
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(i) The function o lies in C°([0,T], LP(2)) for all 1 < p < +o0.
(ii) There exists a unique function v, € L*(Xr, |dpuy|) such that for any test function
¢ € COY(Qr) and for any [to,t1] C [0,T] we have

7/0((;(?+U-V¢+B¢)dmdt—7/%¢d,uv
to Q to T

+ /a(to)gb(to)dx - /a(t1)¢(t1)dx 0.

Q Q

(2.3.6)

(1ii) The renormalization property: For any function § : R — R of class Ct, for any
¢ € COYQr) and for any [to,t1] C [0,T] we have

//5 ( o V@®w+//&i )6 — //@wwm

+/&meWM—/&wmwmmza<wﬂ
Q Q

The following theorem states some results on the well posedness of the weak solution
o of the Cauchy-Dirichlet transport problem (2.3.5).

Theorem 2.3.3. [0, Theorem VI.1.6] Let T > 0, o9 € L*°(Q) and v € L*(0,T;V?(1)).
Then there exists a unique function o € L*°(Qr) such that

(i) The function o is a weak solution of the problem (2.3.5)1 in Qr in the sense of
Definition 2.3.1.

(ii) The trace v, of o satisfies the inflow boundary condition, v, = 0, du, almost
everywhere on ¥, , 7 and o satisfies the initial condition o(z,0) = oq in Q.

In the following, we call this function o satisfying (i) and (ii), the solution of (2.3.5).
(iii) Moreover for 0 <t < T, the solution o of (2.3.5) satisfies

o ()l Lee (@) < lloollnee( )eﬁt' (2.3.8)

Let us also recall, for later purpose, the following stability result for the transport
equation with respect to its velocity field:

Lemma 2.3.4. [9, Theorem VI.1.9] Let T' > 0. Suppose that oo € L*°(Q) and let {vm }m
be a sequence of functions in L?(0,T;V%(Q)) such that there exists v € L?(0,T;V*(Q))
such that

U —— v in LYQr), and vy, -n —— v in LY(Z7).
oo m—0o0

m—r
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Now suppose that o, € L°(Qr) is the unique weak solution (in sense of Definition
2.8.1.) of the following initial and boundary value problem

8;:1 + (v - V)o, — Bom =0 mn Qr,
O'm(él?, t) =0 on Ein,’um,T, (239)
O_m(xv 0) =00 in Q.

If we denote by o the unique solution to the transport problem (2.3.5) in Qp, then we
have

om —— o in C°[0,T],LP(Q)), forany 1< p< +oo. (2.3.10)

m— 00

Now we state the main theorem of this section:

Theorem 2.3.5. Let A; € (0,%) and Ty > Ty, = ﬁ. There exists a constant
K3 > 0 such that if y € V> (Qoo) satisfies

yllvei(gu) < Ks, (2.3.11)

(2.3.3) holds, oy € L*™(Q)) and satisfies the condition (2.1.6), the solution o of equation
(2.3.4) satisfies the following

(i) Vt < Ty, o(-,t) satisfies the estimate (2.3.8),

(i1)Vt > T1, ||lo(-,t)|| () = 0. (2.3.12)

Proof of Theorem 2.5.5. Item (i) of (2.3.12) is automatically satisfied as a consequence
of item (4i7), Theorem 2.3.3.

We thus focus on the proof of item (i) of Theorem 2.3.5. Let T} > T4, = ﬁ
be fixed. Our approach will be based on the flow X corresponding to the vector field
vs + e Pty. In order to introduce it in a more convenient manner, we first extend the
domain into R?. Observe that the definition of v, can be naturally extended to R? into
a Lipschitz function by setting vs(z1, z2) = vs(x2) if zo € (0,1) and 0 if zo € R\ (0, 1).
We denote this extension by vy itself. For the following analysis we use the functional
space

H*Y(R? x (0,00)) = L?(0, 00; H*(R?) N H'(0, 00; L?(R?))

(this is consistent with the notations defined in Section 2.1.2). Now we introduce an
extension operator E from  to R2.

E: L*Q) — L*(R?)
such that:

e for every y € L?(Q2), Ey |ao= v,
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e the restriction of E to H?(2) defines a linear operator from H?(2) to H?(R?),

e the restriction of E to H?(2) N W1°°(Q) defines a linear operator from H?(Q) N
W (Q) to H?(R?) N WH>(R?),

The existence of such an extension operator is a direct consequence of [33, Theorem 2.2].
We now introduce the flow X (x,t,s) defined for # € R? and (t,s) € [0,00)?, by the
following differential equation:

ot
X(z,t,5) | =s = v € R2.

{ OX(L68) _ () 1 e PRy) (X (a1, 5), 1), (2.3.13)

The integral formulation of (2.3.13) can be written as follows
¢
V(z,t,5) € B2 x [0,00)%, X (z,t,8) = o + / (s + e P By) (X (x, 0, 5),0)d6.  (2.3.14)

As the vector field
(vs + e P Ey) € L2(0, 00; W (R?)) + H(R? x (0, 0)),

due to the Osgood condition (see [18] and [1, Theorem 3.7]) we know that equation
(2.3.14) has a unique continuous solution. Similarly, we introduce the flow Xy corre-
sponding to the vector field vs as the solution of the following differential equation:

6X0($7 L, S) _
{ T —’US(X(](IE,t,S),t), (2315)
Xo(x,t,8) | t=s = v € R2.
As v, is Lipschitz, the flow, which can also be seen as the solution of
t
Xo(z,t,5) = @ + / vs(Xo(x,0,5),0)d0, (,1,5) € R? x (0,00)%, (2.3.16)

is well defined in classical sense.

Lemma 2.3.6. Let T > 0. There exists a constant Ky = K4(T) > 0 such that for all
y € V2 Qw), (t,5) € [0,T)? and x € R2, the solutions of (2.3.13) and (2.3.15) satisfy
the following

| X(z,t,5) — Xo(2,t,5) [< Ka(D)[Jyllv21 (0o (2.3.17)

Proof. The proof of Lemma 2.3.6 can be performed by using arguments which are very
standard in the literature. For the convenience of the reader we include the proof.
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1. As H?(R?) is embedded in L*(R?), using Holder’s inequality we can at once obtain
the following estimate for all (¢,s) € [0,7]? and = € R?,

t
/ e PRy (X (2,0, 5), 0)d0

s

< KByl 2.1 (m2 x (0,00)) 5

for some constant K > 0.
2. Subtracting (2.3.14) from (2.3.16), we get, for all (t,s) € [0,00)? and z € R?

|X($7 t7 S) - Xo(l', t7 S)|
t
-0
[ e By(X(.0,5).0)ldo

s

t
<[ 10X (.0.5).0) = 0 (Ko, 0,5), )] 8] +

t
< |[Vos(D Lo () /!X(ﬂ%@, s) — Xo(z,0, s)|d0| + K[Eyl| g2 (2 x (0,00))-

Since E is a bounded operator from L?(Q2) to L?(R?) and from H?() to H%(R?), there
exists a constant K > 0 such that

t
‘X(l’,t, 8) - Xo(ZE,t,S” < ||VUS()||L°°(Q) f |X(‘T79a S) - X0($7075)|d0| (2318)

+K|yllv21(Qu)-

Now we can use Gronwall’s inequality to obtain (2.3.17). O

Recall that the solution of (2.3.1) vanishes after some finite time T4, = ﬁ. At
the same time Lemma 2.3.6 suggests that for any finite time 7" > 0, the flow Xy(z,t,s)
stays uniformly close to X (x,t,s) in R* x (0,T) provided [|y[|y21(q.,) is small enough.
In view of these observations, in the following we design a Lyapunov functional corre-
sponding to a localized energy, to prove that o vanishes after the time 77 > T4, when
[ylly2.1(Q.) is small enough, which will prove Theorem 2.3.5.

Let € be a fixed positive constant in (0, A1) such that

d+e

= (A4 —e)(1— A1 +e)

(2.3.19)

Our primary goal is to prove that, for a velocity field y satisfying (2.3.3) and such that
||?/HV2»1(QT1) is small enough and an initial condition o9 € L*(2) satisfying (2.1.6), the
solution o of (2.3.4) satisfies

o(z,T1) =0 forall zeQ. (2.3.20)

In fact, the condition (2.3.3) does not play any role. We shall thus prove a slightly
more general result: there exists K3 > 0, such that for any velocity field y such that
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||?/HV2»1(QT1) < K3 and any initial condition oo € L*(Q2) satisfying (2.1.6), the solution
o of

Oo

e + ((vs + e*ﬁty) -V)o—Bo=0 in Qoo,
o(x,t) =0 on  Yiny o (2.3.21)
o(x,0) = oy in Q,

where
Singeo = {(,1) €T x (0,7) | (vs(2) + y(z,t)e) - n(x) < 0},

satisfies (2.3.20).

We will achieve this goal using two steps. In the first one, we shall consider smooth
(€ V2HQg,) N L2(0,Ty; WH*°(Q))) vector field y. In the second one, we will explain
how the same result can be obtained for all vector fields y € V*1(Qr,).

Case y € VZH(Qq,) N L0, Ty; WH*°(Q)). Here we assume that
y € VZH(Qrn) N L*(0, Ty; WhHe(Q)). (2.3.22)

With e > 0 given by (2.3.19), we then define a function ¥ € C*°(R?) and ¥(x1,x2) € [0, 1]
such that

0 if (1’1,1’2) S [O,d] X [Al,l—Al],
! = . 2.3.23
(w1, 22) { 1 if (z1,22) € R2\[=5,d+ 5] x [A1 — 5,1 — A + . ( )
We consider the following auxiliary transport problem
o L -
rn + ((vs +e 7'Ey) - V) =0 in R x(0,71), (2.3.24)
U(-,0)=1 in R2

Since vs 4 e PRy belongs to L2(0, Ty; WH°(R?)) the system (2.3.24) can be solved using
the characteristics formula to obtain

U(z,t) = 9(X(x,0,t)) forall (x,t)€R?x[0,T1], (2.3.25)

where the flow X (-, -, -), defined by (2.3.13), is globally Lipschitz in R? x [0, T1]. It follows
that W is also globally Lipschitz in R?x [0, T1]. Besides, this formula immediately provides
the non-negativity of ¥ in R? x [0,71]. We now introduce the following quantity:
1
Epc(t) = 5/ U(z,t)|o(z,t)|?de  for all ¢ e [0,Ty]. (2.3.26)
Q

The idea is that this quantity will measure the L? norm of o (-, t) localized in the support
of U(-,1).
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In order to evaluate how the quantity Ej,. evolves, we use the renormalization property
(2.3.7) with £(s) = s% and we compute the time derivative of Ej,. (in D'(0,T)):

%Ezoc(t) = ;/(%\f + (vs 4+ e Pt By) - VO)|o|2dz + ,BQ/\I'|02dx

9]
1 _
—5/‘If|%|2((vs + e P'Ry) - n)dm (2.3.27)

I
<8 [ Wlofdz = 28 Eiuu(t)
Q

In the above calculation we have used that ¥ solves the equation (2.3.24)1, 7, (the trace
of o, see Theorem 2.3.2, item (i7)) vanishes on ¥;;, , 7, and that ¥ stays non-negative
in (0,77) x R2. Now using Gronwall’s inequality in (2.3.27), we get

1
B / U(z,Th)|o(z, T1)Pdr = Ejpe(T1) < €11 B (0) = 0, (2.3.28)
Q

where the last identity comes from the fact that o9 € L*°(Q2) satisfies the condition
(2.1.6) and the choice of ¥ in (2.3.23), (2.3.24).
We now prove that

Ve eQ, U(z,Ty) =1 (2.3.29)

In order to prove (2.3.29), we will rely on the formula (2.3.25), and Lemma 2.3.6. Indeed,
for x = (z1,22) € €2, we have

Xo(z,0,T1) = (ml ~ i1 - ”») .

L2

Therefore, if x = (z1,x2) € Q) satisfies x2 € (A1 —¢e,1 — Aj +¢), as one has z3(1 — x2) >
(Al — 6)(1 — A+ E), (Xo(l‘,O,Tl))l <d- Tl(Al — 6)(1 — A1+ E) < —e. Similarly, if
x9 € [0,1]\ (A1 —&,1—A1+¢), (Xo(2,0,T1))2 € [0,1]\ (A1 —&,1— A1 +¢). In particular,
one obtains that for all x = (z1,z2) € Q2

Xo(2,0,Ty) € R?\ (—e,d +¢) x (A —¢,1 — Ay +¢). (2.3.30)
Now set K3 = K3(Th) = £ > 0, where K4(7T7) is the constant appearing in
2K, (Ty)

Lemma 2.3.6, and assume that
1yllvai(Qr) < Ks. (2.3.31)

The inequality (2.3.17), (2.3.30) and the assumption (2.3.31) furnish that for all x € Q,

X(2,0,Ty) € R?\ [—%,d+ g] x [Ar — g 1— A+ g]. (2.3.32)

Now using the representation (2.3.25) of ¥, we immediately deduce (2.3.29). The esti-
mate (2.3.28) then yields that o vanishes at time 73 in the whole set €2, i.e. the identity
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(2.3.20).

The general case y € V*1(Qr,). We now discuss the case in which y does not satisfy
the regularity (2.3.22) and y only belongs to V*!(Q) as stated in Theorem 2.3.5. In
order to deal with this case, we use the density of V*'(Qr,) N L0, Ty; WH*(Q)) in
V24 Qr,). In particular, if y belongs to V*!(Q) and satisfies (2.3.31), we can find a
sequence y, of functions of V21(Qr,) N L0, Ty; WH*°(Q)) such that y,, strongly con-
verges to y in V*1(Qr) and for all n, HynHvz,l(QTl) < Kj. Using then the previous
arguments, we can show that for all n, o, (x,T1) = 0 for all z € Q, where o,, denotes
the solution of (2.3.9) on the time interval (0,7}). The strong convergence of (y,) to y
in V2Y(Qq,), hence of y,, to y in L1(Qr,) and of y, - n to y - n in L'(X7,), and Lemma
2.3.4 then imply (2.3.20).

End of the proof of Theorem 2.3.5. We shall then show that, when y € V>(Q)
satisfies the condition (2.3.31), the solution o of (2.3.4) stays zero for times larger than
T;. This is obvious, as one can replace (2.3.4)3 by o(x,T1) = 0 on £ and solve the Cauchy
problem (2.3.4) in the time interval [T7,00) to obtain that o is the trivial solution

o(z,s) =0 forall (z,s)e€Qx[T1,00).
This concludes the proof of Theorem 2.3.5. 0

Remark 2.3.7. In the above proof, we have handled separately the casey € V*1(Qp,)N
L2(0,Ty; Wh22(Q)) from the case of a general vector field y € V>1(Qr,), because the
solution U of (2.3.24) for a vector fieldy € V*Y(Q1,) has a priori only Hélder regularity
(see in particular [/, Theorem 3.7]), and thus cannot be used directly as a test function
in the weak formulation (2.3.7) to obtain (2.3.27).

Remark 2.3.8. In general to prove the stabilizability of a non-linear problem it is usual
to first study the stabilizability of the corresponding linear problem and then consider the
non-linear term as a source term to obtain analogous stabilizability result corresponding
to the complete non-linear system. But the reader may notice that contrary to the usual
method we did not consider the non-linear term (y-V)o (nonlinear in (o,y) but linear in
o) as a source term while dealing with the system (2.3.4). This is because the transport
equation has no reqularizing effect on its solution, hence it is not possible to consider the
non-linear term in (2.3.4) as a source term and to recover the solution in L™ (Q).
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2.4 Stabilization of the two dimensional Navier-Stokes equa-
tions.

Proof of Theorem 2.1.2. We will prove Theorem 2.1.2 using the Schauder fixed point
theorem. We now discuss the strategy of the proof.

(i) First we define an appropriate fixed point map. This will be done in Section 2.4.1.
(ii) Then we fix a suitable ball which is stable by the map defined in step (i). This is
done in the Section 2.4.2.

(iii) In Section 2.4.3 we show that the ball defined in step (ii), is compact in some
appropriate topology. We then prove that the fixed point map from step (i) in that
topology is continuous.

(iv) At the end we draw the final conclusion to prove Theorem 2.1.2.

2.4.1 Definition of a fixed point map

Let us recall the fully non linear system (including the boundary controls) under con-
sideration:

0
8—Z+((vs+6_6ty)-V)a—,6’0:0 n Qc,
o(x,t)=0 on Iy x (0,00),
o(z,0) = oy in Q,
0
87?—/3y—vAy+(vs-V)y+(y'V)vs+Vq=f(yaU) in Qoo
div(y) =0 in - Qo,
y=20 on (FQ @] Fout) X (0, OO),
Nc
Yy = Zl ’wj(t)g]({l/‘) on Fln X (07 00)7
]:
y(x,0) = yo in €,
w, 4+ yw, — K(Py,w.) =0 in (0, 00),
w,(0) =0 in 0,
(2.4.1)
where

Fly,0) = —6_&0%—e_m(y-V)y—e‘ﬁta(vs-V)y—e‘ﬁto(y-V)vs—e‘Zﬁta(y-V)erﬁe‘ﬁtay,

and w, = (w1, ..., wn,). To prove the existence of a solution of the system (2.4.1) we are
going to define a suitable fixed point map.
Now assume that og € L*°(2) and satisfies (2.1.6). Recall the definition of g;’s from
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(2.2.32). Let us suppose that § € V*'(Qq) satisfies (2.3.11) and on the boundary it is
given in the following form

Ne
7 lse= D @;(t)g;(2), (2.4.2)
j=1

where @, = (@1, ..., Wn,) € H'(0,00;RNe). In addition the coefficients @, are assumed
to be such that 7 satisfies the following boundary condition
~ L(1-1L)
19 5o 2o (90) € =5 (2.4.3)

where the constant L was fixed in (2.1.5). We further assume that yo € Vi (Q).
We consider the following set of equations

o
00 (wat e 9) - V)5~ 7 =0 i Qo
o(x,t) =0 on Iy x (0,00),
o(xz,0) = oy in Q,
0 P .
5~ By =Dy (0 Vgt (- Ve + Vg = FG.6)  in Quon
div(y) =0 in Qu,
y=20 on (PO U I‘out) X (07 OO);
Ne
y = ‘21 wj(t)g;(z) on I, x (0,00),
=
y(z,0) = yo in Q,
w,, + ywe — K(Py,we) =0 in (0,00),
we(0) =0 in Q,
(2.4.4)
where

~

o 820U gt o pta ~ _Btaa 9Bt i\ Bl
F(y,0) = —e &aa—e P GV g—e PG (0y-V)G—e PG5 (5-V)vs—e 215 (5-V)j+Be P57y

and w, = (wi,...,wy,). Since (2.4.2) and (2.4.3) hold, one can verify that y satisfies
(2.3.3). Hence we can solve (2.4.4)1-(2.4.4)3 for ¢ in L*°(Q) (see Section 2.3). Now
using this ¢ and y one can solve (2.4.4)4-(2.4.4)10 (see Section 2.2) for (y,w,.) provided
F(7§,7) € L*(Qso)- This is indeed the case since we have § € V31(Quo) and 7 € L*®°(Q0)
and the detailed estimates are done in Lemma 2.4.1.

At this point we fix 17 > Ty, = ﬁ in Theorem 2.3.5. We also fix the constant K3
appearing in Theorem 2.3.5. Let 0 < u < K3. We define a convex set D), as follows

(?) € V2 (Quo) x H'(0,00;R™) |

We

D= 7.0 . (2.4.5)
' 1@, Be)llva (@u)x 1 (0.005e) < 1y

and y |x, is of the form (2.4.2) and satisfies the condition (2.4.3)
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Notice that (0,0) belongs to D,,, hence D,, is non-empty.
Let (G,y,w.) € L®(Quo) X V31 (Quo) x H'(0,00;RN¢) be the solution of system (2.4.4)
corresponding to (¥, w.) € D,,. We consider the following map

X DN — V271(QOO) X Hl(o’ OO,RNC) (246)
H.we) (y, we).-

In the sequel we will choose the constant p € (0, K3), small enough such that y maps
D,, into itself.

We will then look for a fixed point of the map x. Indeed if (yf,wy.) is a fixed point of
the map x, by construction, there exists a function oy such that the triplet (of,ys, wy )
solves (2.4.1). Hence in order to prove Theorem 2.1.2 it is enough to show that the map
X has a fixed point in D,,.

2.4.2 x maps D, into itself

In this section we will choose a suitable constant p such that x maps D, into itself,
provided the initial data are small enough.

Now given (y,w.) € Dy, we can use (2.3.12) in order to show that &, the solution of
(2.4.4)1-(2.4.4)3 satisfies the following

1]l oo (@ue) < €77 |00l Loc () (2.4.7)

Lemma 2.4.1. If (y,w.) belongs to D, (defined in (2.4.5)) and & is the solution of the
problem (2.4.4)1-(2.4.4)3 then F(7,5) € L*(Qwo). Besides there exist constants K5 > 0,
K¢ > 0 such that for all (y,w.) € D, and for all (0q,yo) with oo satisfying (2.1.6) and
e'ngHO'OHLoo(Q) < 1, the following estimate is true:

IF (7,0l 12(gu) < Kz ||ool| oo (e +K6Hy”v21 o) (2.4.8)

Proof. First use (2.4.7) to show

o HL2 (@) < 7Mool oo 1Tllv20 (0. )- (2.4.9)
Recall that v, € C°°(Q). Hence we again apply (2.4.7) to get
15 (vs - V)71l 2 (@) < €7 lo0l] oo (0 03l lwroe (@ 1T 121 (o) - (2.4.10)
and
157 - V)vsl 22w < €7 MHlo0l| ooy [0sllwoe @) [T v21 (o) (2.4.11)
Now we estimate (- V)y in LZ(QOO). We know that V21(Q,,) is continuously embedded

in the space L°°(0, 00; H(€2)). Hence § € L>(0, 00; HY(R)), Vy € L?(0,00; H'(£2)) and
the following holds

1@ V)Tl 20wy < KTl 200 (0,00, () IV T £2(0,00; 51 () < KH@H%&J(QN)- (2.4.12)
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Similarly

167 V)Yllr2gu) < KGBTlHUOHLOO(Q)H@H%/M(QOO) (2.4.13)
and
1885 220y < 117 [0l e e G2 (24.14)
Now observe that
"M ||oo| Lo () [1Fllv2(Qu) < (€7 o0l oo () + 1T 12000 ) (2.4.15)

Hence we use estimates (2.4.10)-(2.4.14) and (2.4.15) to prove Lemma 2.4.1 and the
estimate (2.4.8). O

Lemma 2.4.2. There exist constants K7 > max{1, K5, K¢} > 0, Kg > max{Kj5, K¢} >
0 such that for all (y,w.) € D, (defined in (2.4.5)), for all (co,yo) with o¢ satisfy-
ing (2.1.6), 65T1||00|]Loo(9) < 1, and for & uniquely solving (2.4.4)1-(2.4.4)3, (y,w.) =
X (Y, W), solving (2.4.4)4-(2.4.4)10 is well defined and satisfies the following inequality

||(y7w0)||V2’1 Qoo ) x H1(0,00;RNc) (2 4 16)
< Krmax {7 oo ooy 90y o} + K712 0
Proof. Corollary 2.2.16 shows that (y,w,) satisfy the following estimate

1, we)llv2a(Qu)x 0,00y < Killlyolly ) + IF(@:0)llL2(@u))- (2.4.17)

Now using (2.4.8) in (2.4.17), we get the desired result. O

From now on we will consider the initial data og € L>°(Q) and yo € V! (Q2) such that
they satisfy

oo satisfies (2.1.6),
L(1-L) K3 1 } (2.4.18)

BT ;
mase {67 oo <o ol oy} < min { o 2

where Ko, K7 and Kg are the constants appearing respectively in (2.2.59) and (2.4.16).
Lemma 2.4.3. For all (09,y0) satisfying (2.4.18), setting

p = 2Krmaz{e”|oo]| Lo (@), 90l 0y} (2.4.19)

where K7 is the constant in (2.4.16), the map x (defined in (2.4.6)) maps D, (defined
in (2.4.5)) into itself.
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Proof. In view of (2.4.18) and (2.4.19), one observes in particular that

L(1- L) 1
0 i K . 2.4.20
<ILL<H11I1{ 4K2 5 3,2[(8} ( )

Now we will verify that with the choice (2.4.19) of i, the map x maps D,, into itself. Let
(y,w.) € Dy, for all (o9, y0) obeying (2.4.18) and for & uniquely solving (2.4.4);-(2.4.4)3,
(y, we) = x(¥, W), solves (2.4.4)4-(2.4.4)109. We claim that (y,w.) € D,,.

First of all in view of (2.4.16), (2.4.18)9, (2.4.19) and (2.4.20) we observe that

1 06 ly21 (a1 ey < Frmax {65 ol e ey Iyollyg oy} + Kse® < o

Since (y, w.) = x(¥, W.) solves (2.4.4)4-(2.4.4)10, the function y on the boundary is given

Nc
by > w;(t)gj(z). This verifies (2.4.2).
j=1
Finally

1ollva ) + IF @ 0) | 22(Qu0)
< (1+ Ks)max {"| ool (@), 190l o} + Kon? (2.4.21)
(BLO-L) _LO-L)

8 Ko 2Ko

where in (2.4.21); we have used (2.4.18)2, (2.4.8) and in (2.4.21)2 we have used (2.4.18)a,
(2.4.20) and the fact that K7 > max{1, K5, K¢} > 0, K3 > max{Kj5, K¢} > 0 (which
follows from the statement of Lemma 2.4.2). Now using Corollary 2.2.17 one verifies
(2.4.3) for y |n., -

Hence we have verified that (y,w.) € D, and the proof of Lemma 2.4.3 is finished. [J

At this point we fix p as in Lemma 2.4.3.

2.4.3 Compactness and continuity

To start with, let us define the weighted space

L%(0, 00, (1 4 t)~tdt; L*(Q) x RNe)

= {z = <Zu(:(’;))> € L*(Qoo) x L2((0,00); RN)

o0

/(1 + 1) 722112 2 e < oo} .

0

We endow the set D, defined in (2.4.5), with the norm induced from L?(0, 00, (1 +
t)~tdt; L2(Q) x RNe),

Lemma 2.4.4. The set D,, is compact in L*(0, 00, (1 + )~ dt; L?(2) x RNe),
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Proof. We divide the proof in two steps.

Step 1. We claim that D, is closed in the space L%(0,00, (1 +t)~tdt; L?(Q) x RNe).
Consider a sequence {7, }n (where 7,, = (yn, wn,)) in D, such that {g,}, converges to
some 7 (where 7 = (y,w.)) in the space L?(0, oo, (1 + t)~'dt; L?(2) x R™V¢). We will check
that 7 € D,,. Since for all n, §,, € D, the definition of D, (see (2.4.5)) yields

[T llv2 Qo) x H1(0,00RNe ) < [ (2.4.22)
Using the lower semi-continuity of the norms one obtains
”yHVQJ(QOO)><H1(O7oo;]RNC) < M. (2423)

Now we will verify that
Ne
Ylne= > wj(t)gj(x) forall (x,t) € Xu, (2.4.24)
j=1
where w. = (wi, ..., wn, ). From (2.4.22) one has the following weak convergence

Yo —y in L*0,00; H*(Q)), and wpe— w. in H'(0,00;RN).

As the trace operator is linear and bounded from H?(Q) onto H*/?(T'), ,, |x.. converges
weakly to y |s in L2(0,00; H3/2(T')). On the other hand as 3, € D,,, for each n

Nc
Un |50= D wnj(t)g;(x),
j=1
where wy, . = (wp,1, ..., wp N, ). Now since wy, . converges weakly to w, in H'(0, 00; RNe)

we have the following convergence in the sense of distribution
Nc
Yn |82 lej(t)gj(x) in D'(Teo).
J:

Since the distributional limit and the weak limit (in the space L?(0,00; H3?(T))) of
Yn |x., coincides, one at once obtains the expression (2.4.24) of y |x_ . Also using the
continuous embedding H'(0,00) < L>°(0, 00) one observes that

Un 8w Y loe 0 L%(Zs0).

Hence one has the following by lower semi continuity of norm with respect to the above
weak type convergence
L(1-1L)
1Y [0 l200(200) < —
Hence y |5 satisfies (2.4.3). This finishes the proof of y € D,,.

Step 2. Now to prove Lemma 2.4.4, it is enough to show that V?1(Qs) x H'(0, 00; RNe)
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is compactly embedded in L?(0, 00, (14 t)~'dt, L?(Q) x RN<). Let {Z,}, be a sequence
in V21(Qs) x HY(0,00; RN¢) such that

1Znl[v2.1 (Quo) x H1 ((0,00)RNe) < 1.

This implies that for any 7" > 0

o0

1
—2||= 112
/(1 +1) HZTL”LQ(Q)XRNCdt < 4<1 T T)27 (2.4.25)
T
for all n € N. Let € > 0. Choose T, > 0 such that
1 <
——— <e
(1+1T.)2
So using (2.4.25) we have
Iz = zmH%Q(TE,oo,(1+t)*1dt;L2(Q)XRNC) < 4e, (2.4.26)

for all m,n € N.

We know from Rellich’s compactness theorem and Aubin-Lions lemma ([2]) that the
embedding of V21(Qr.) x H' (0, T.;RNe) into L?(0, T, L*>(Q) x RN¢) is compact. Hence
up to a subsequence (denoted by the same notation) {Z, }, is Cauchy in L2(0, T., L?(2) x
RNe),

So it follows that there exists Ny € N such that for all natural numbers m,n > Ny,

= = 2
1Zn = Zmll 7201 (1001 ar. L2 (@) xe) S € (2.4.27)

Now combining (2.4.26), (2.4.27) and a diagonal extraction argument, we can construct a
subsequence {Z, },, which is a Cauchy sequence in the Banach space L%(0, oo, (1 + t)~!dt;
L2(2) x RNe).

The proof is complete. O

Lemma 2.4.5. If a sequence {z,} in D, converges weakly to some Z in V*'(Quo) X
H'(0, 00; RNe) then up to a subsequence

e Pz, —— e Pz strongly in  L*(0,00; L*(Q) x RNe). (2.4.28)

n—0o0

Proof. The proof follows from the arguments used in proving Lemma 2.4.4 and is left to
the reader. O

Lemma 2.4.6. The map X is continuous in D, endowed with the norm
L?(0,00, (1 +t)~tdt; L2(Q)).
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Proof. Let {,,}n (Where Un = (Un, zﬁn,c)> be a sequence in D, and assume that this se-

quence {7,, }» strongly converges to (where 7= (7, @c)> in the norm L?(0, oo, (1 +t)~tdt;
L2(Q) x RNe).

Asfor all n € N, |5, [lv21(Q.0)x 1 (0,008Ne) < 11, U to a subsequence we have the follow-
ing weak convergence

{Udn =7 in V2Y(Qs) x HY(0,00;RNe) as n — oo, (2.4.29)

Now corresponding to the vector field g, let us denote by &, the solutions to (2.4.4);-
(2.4.4)3. Similarly & is the solution to (2.4.4);-(2.4.4)3 which corresponds to the vector
field 7. As 7, converges strongly to  in the norm L?(0,00, (1 +t)~tdt, L?(f)), for any
T > 0, 3, converges to ¥ in particular in the norm L'(Q7). Besides, the strong L'(X7)
convergence of g, - 1 towards ¥ - 7 is obvious in view of the identities (2.4.2) and the
strong convergence of W, to @ in L'(0,7T), which immediately follows from the weak
convergence of @, to @ in H'(0,00). Hence from Lemma 2.3.4, we obtain that &,
strongly converges to & in CY([0, 7], L9(f2)) for all 1 < ¢ < +o0. Due to the suitable
choice of p in Lemma 2.4.3, we can conclude from Theorem 2.3.5 (in particular from
(2.3.12)) that each of &, and & vanishes for ¢ > T3. So

~ ~ : 00 .74

On —0 strongly in  L*°(0,00; L4(2)) V 1 < g < 400, (2.4.30)

VneN, o,(t)=0c(t) =0 forall ¢t=>T.
Also from (2.4.7) and (2.4.18) we know that the L*°(Q~) norm of the sequence &, is
uniformly bounded.
We will now check that F (g, d,,) converges weakly in L?(Qoo) to F(4,7). As (Y, Wnc) €
Dy, from the estimate (2.4.8) we obtain a uniform bound for || F(¥n,0n)|12(Q..)- SO
there exists a subsequence of F (7, 0y, ) which weakly converges in L2(0, oo; L?(2)). This
is therefore enough to show that the sequence F (g, d,) converges to F(y, o) weakly in
D'(Qoo) (i-e. in the sense of distribution).

Let us first check the weak convergence of the term —e ﬁto’n ay" . From (2.4.30) we know
that &, strongly converges to & in L?(Qs) and each of &, and o vanishes for all t > T

(see (2.4.30)). Also from (2.4.29) we have that 8y” converges weakly to ay" in L?(Quo)-

Hence their product &, 88” converges weakly to aay in L'(Qoo). So it is now easy to

¢
verify that e %5, 83; converges to e—Btgth! weakly in L'(Q)-

Now we consider e~ (3, - V)3,. As 7, is bounded and weakly convergent to § in
V2 (Qoo), using Lemma 2.4.5, we have

e 2, —— ey strongly in L*(Qco), (2.4.31)
and
Vin —=Vy in L*(Qx) as n — oco. (2.4.32)

Therefore e=2% (g, - V)7 converges to e =254 (5 - V)g weakly in L'(Quo).
Since ¥, converges weakly to y in V*!(Q), one has the following
)

Vin — V7 in  L>®(0,00; L*(Q)) N L*(0,00; H'(R)) as n — co.
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We use the interpolation result [0, Theorem I1.5.5] to obtain the following in particular
Vi, = Vg in L3(0,00;L3(Q)) as n — oo. (2.4.33)
Using (2.4.30), (2.4.31) and (2.4.33) one has the following weak convergence
e PG, (G- Ve — e P51 V)g in LY Qux) as n— oo

The convergences of the remaining terms e 54, (vs-V )G, e 4G, (J,-V)vs and fe 55,7,
can be analyzed similarly using the convergences (2.4.29) and (2.4.30);. We thus con-
clude that F (g, d,) converges weakly to F (7, ) in the space D'(Qo). Hence this is also
the L?(Qs) weak limit.

From Corollary 2.2.16, we know that for the closed loop system (2.2.56), the map

L2(0,00: L2(Q)) x V() — V21(Quo) x H(0, 00; RNe)
(fa yO) = Yy

is linear and bounded. Hence we obtain that ¥, = Xx(¥,) (U, = (Yn,Wn.)) weakly
converges to ¥ = x(¥) (¥ = (y,we)) in (D, [|-[[y21(Q)x i1 (0,00:&Ne))- Finally as D, is
compact in L2(0, 00; (1 4 t)~Ldt,

L?(9)xRNe) (see Lemma 2.4.4), 3, strongly converges to 7 in L2(0, oo; (1 +¢)~1dt, L?() x
RN¢). The proof of Lemma 2.4.6 is complete. O

2.4.4 Conclusion

Let p is as in Lemma 2.4.3. Then

(¢) For an initial datum (o9, yo) satisfying (2.4.18), the map x defined in (2.4.6) maps
D,, defined in (2.4.5) into itself.

(44) The non-empty convex set D,, is compact in the topology of L%(0, oo, (1 + )~ tdt; L?(2) x
RMe) (see Lemma 2.4.4).

(44i) The map x is continuous on D,,, endowed with the norm L?(0, oo, (1 + )~ tdt; L*(£2))
(Lemma 2.4.6).

One observes that all the assumptions of Schauder fixed point theorem are satisfied by
the map x on D, endowed with the norm L%(0, 00, (14 t)~tdt; L?(Q) x RNe). There-
fore, Schauder fixed point theorem yields a fixed point (ys,wy.) of the map x in D,.
Hence the trajectory (of,ys,wy.) solves the non linear problem (2.4.1). Moreover, as a
consequence of Theorem 2.3.5 the following holds

of(,t)=0 in Q for t=>1T. (2.4.34)
Using (2.4.19) in (2.4.16) and (2.4.20), one further obtains

(s, wre) Ve (@u)x i (0,00 ey < Cmax {1t ||og|| o (o), lyollva oy} (2.4.35)
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for some positive constant C. Once again using Theorem 2.3.5, (2.4.35) furnish the
following continuous dependence on initial data

1@, Y )l 220 (Quo) V21 (@) < Cll(00,50) | Lo () xvi1 () (2.4.36)

for some positive constant C. Now in view of the change of unknowns (2.1.11), we
obtain the existence of a trajectory (p,v) € L®(Quo) X V31(Qoo) which solves (2.1.2)
and satisfies the decay estimate (2.1.7). The proof of Theorem 2.1.2 is complete. O

2.5 Further comments

Our result considers that the control u,. is supported on I'., which is an open subset of
the inflow part I';, (see (2.1.5)) of the boundary. This is in fact natural to control the
inflow boundary of the channel. At the same time we remark that our analysis applies if
one wants to control the outflow boundary I',,: or the lateral boundary I'y of the channel
Q. In what follows we briefly discuss these cases.

(i) Controlling the outflow boundary. In this case the control zone I'; is an open
subset of I'yy¢. After the change of unknowns (2.1.11), one can imitate the linearization
procedure (as done while transforming (2.1.13) into (2.1.14)). In this linearized system
the transport equation modeling the density (2.1.14);-(2.1.14)3 will remain unchanged
but the boundary conditions on the velocity equations (2.1.14)4-(2.1.14)g should be

Ne
replaced by y = 0 on (I'gUT;,) x (0,00) and y = > w;(t)gj(x) on I'gy x (0, 00). Still the
j=1

proof of the boundary controllability of the Oseen equations can be carried in a similar
way as done in Section 2.2 and in the same spirit of Corollary 2.2.17, one can prove that
if the initial condition yy and the non-homogeneous term f are suitably small then the
inflow and the outflow boundaries of the perturbed vector field (vs + e #*y) coincide
with that of vs. Since the transport equation (2.1.14);-(2.1.14)3 remains unchanged in
this case, the analysis done in Section 2.3 applies without any change. The fixed point
argument done in Section 2.4 to prove the stabilization of the coupled system (2.1.2)
also applies without change.

(ii) Controlling the lateral boundary. In this case the control zone I'. is an open
subset of I'g. In particular we assume that I'. C T'y (where I'y = (0,d) x {0} C T).
Now the inflow and outflow boundaries of the velocity vector (e~'y + v,) cannot be
characterized by using the notations I';;, and T'py (as defined in (2.1.10)), since ', can
contain an inflow part and an outflow part and one can not prove a result similar to
Corollary 2.2.17. More precisely here we can use the following notations for time ¢ > 0,

(2.5.1)

Ui, (8) =Tin U{z € T¢ | (vs(x) + e Ply(x,t) - n(x)) <0} C Tip UTY,
Ty = (0,d) x {1}.

89



In a similar way as we have obtained (2.1.14) from (2.1.2), one gets the following system

?;Z—i—((vs—i-e_ﬁty)-V)a—ﬁa:O in Qoo

o(z,t)=0 on  Use(0,00) Ty (1) X {£}),
o(z,0) = oy in Q,

O By vyt (o Py (Ve 4 Ve = in Qe

divy =0 n Qo

y=20 on (T UL, UT ) x (0,00),
y = % w;(t)g5(2) on Ty x (0,00),

y(x,0) = yo in Q.

(2.5.2)
One can use arguments similar to the ones in Section 2.2 in order to stabilize y solving
(2.5.2)4-(2.5.2)g. The functions g; can be constructed with compact support in I', (imi-
tating the construction (2.2.32)), and we can recover the C* regularity of the boundary
control and V?*!(Q) regularity of y. Hence the flow corresponding to the vector field
(e=Pty 4 v,) is well defined in classical sense, consequently one can adapt the arguments
used in Section 2.3 to prove that o, the solution of (2.5.2)1-(2.5.2)3 belongs to L>®(Q)
and vanishes after some finite time provided the initial condition o is supported away
from the lateral boundaries and y is small enough. The use of a fixed point argument to
prove the stabilizability of the solution of (2.1.2) is again a straightforward adaptation
of the arguments used in Section 2.4.
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Chapter 3

Local existence of strong
solutions for a fluid-structure
interaction model

3.1 Introduction

3.1.1 Statement of the problem

Our objective is to study a fluid structure interaction problem in a 2d channel. The
fluid flow here is modeled by the compressible Navier-Stokes equations. Concerning
the structure we will consider an Euler-Bernoulli damped beam located on a portion of
the boundary. As remarked in [2], such dynamical models arise in the study of many
engineering systems (e.g., aircraft, bridges etc). In the present article we establish a
result on the local in time existence of strong solutions of such a fluid structure interaction
problem. To the best of our knowledge, this is the first article dealing with the existence
of local in time strong solutions for the complete non-linear model considered here.

We consider data and solutions which are periodic in the ‘channel direction’ (with period
L, where L > 0 is a constant). Here L-periodicity of a function f (defined on R) means
that f(z + L) = f(x) for all x € R.

We now define a few notations. Let € be the domain Ty, x (0,1) C R?, where T, is the
one dimensional torus identified with (0, L) with periodic conditions. The boundary of
Q) is denoted by I'. We set

I's=T; % {1}, I'y=Tp x {0}, I'=Tr;uly.
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Now for a given function
n: Fs X (0,00) — (—1,00),

which will correspond to the displacement of the one dimensional beam, let us denote
by € and I'y; the following sets

Q ={(z,y) |z € (0,L), 0<y<l+4+n(z,t)} = domain of the fluid at time ¢,
It ={(z,y) |2 €(0,L), y=1+n(z,t)} = the beam at time ¢.

The reference configuration of the beam is I', and we set

Yr=Tx(0,7), 5 =Ty x (0,T),
25 =Uconlse x {t},  Ep =Ty x (0,7), (3.1.1)
Qr =02 x(0,T), QT = Ue(o,1) e % {t}.

0 Ty L
Figure 3.1: Domain €.
We consider a fluid with density p and velocity u. The fluid structure interaction system

coupling the compressible Navier-Stokes and the Euler-Bernoulli damped beam equation
is modeled by

pt +div(pu) =0 in Qr,

(pus + p(u.V)u) — (2udiv(D(u)) + /'Vdivu) + Vp(p) =0  in  Qr,

u(-,t) = (0,7) on %,
a,) = (0,0) -~
u(-,0) =ug in Q0 =Q,
p(-0) = po in - Q0 =9,
Nit — Blaz — MNtze + Nzwex = (Tf)2 on X7,
n(-,0)=0 and mn(-,0) =m in T,

(3.1.2)
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The initial condition for the density is assumed to be positive and bounded. We fix the
positive constants m and M such that

0 <m =minpo(z,y), M =maxpo(z,y). (3.1.3)
Q Q

In our model the fluid adheres to the plate and is viscous. This implies that the velocities
corresponding to the fluid and the structure coincide at the interface and hence the
condition (3.1.2)3 holds. In the system (3.1.2), D(u) = 1(Vu+ V7u) is the symmetric
part of the gradient and the real constants u, p’ are the Lamé coefficients which are
supposed to satisfy

uw>0, u=>0.

In our case the fluid is isentropic i.e. the pressure p(p) is only a function of the fluid
density p and is given by
p(p) = ap,

where a > 0 and v > 1 are positive constants.
We assume that there exists a constant external force pe;; > 0 which acts on the beam.
The external force pe;; can be written as follows

Pext = ap’ya

for some positive constant p.
To incorporate this external forcing term pes into the system of equations (3.1.2), we
introduce the following

P(p) = p(p) — peat = ap” — ap”. (3.1.4)

Since Vp(p) = VP(p), from now onwards we will use VP(p) instead of Vp(p) in the
equation (3.1.2)9.

In the beam equation the constants, & > 0, f > 0 and 6 > 0 are respectively the adimen-
sional rigidity, stretching and friction coefficients of the beam. The non-homogeneous
source term of the beam equation (T%)2 is the net surface force on the structure which
is the resultant of force exerted by the fluid on the structure and the external force peqt
and it is assumed to be of the following form

(Tf)2 = ([—2pD(u) — //(divu)Id] ‘ny + Prny) \ps,t V14+n2-€é on X, (3.1.5)

where I is the identity matrix, n; is the outward unit normal to I's; given by

Nz - 1 N
n = — er+ 3
VIR Vi
(51 = (1,0) and 52 = (0, 1))
Observe that (p,u,n) = (p,0,0) is a stationary solution to (3.1.2)-(3.1.4)-(3.1.5).
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Remark 3.1.1. Now we can formally derive a priori estimates for the system (3.1.2)-
(3.1.4)-(3.1.5) and show the following energy equality

L
1d ) d a 1d
—— d — 7d 77/ 2d - / .2 d
2 di /p|u| & /(7—1)p v +2dt(0 el d )+2dt( Inal” du

2t Q4

+22 (/ M |* dw) —|—2,u/|Du]2dx—|—u /\dlvu\Qdaf+5/\nm| dx (3.1.6)

Qy Q4
- _pewt/nt-
Is

The equality (3.1.6) underlines the physical interpretation of each coefficient and in par-
ticular of the viscosity coefficients, u, ' and §.

Remark 3.1.2. Observe that in (3.1.2) we have considered the initial displacement 1n(0)
of the beam to be zero. This is because we prove the local existence of strong solution of
the system (3.1.2) with the beam displacement n close to the steady state zero. There are
several examples in the literature where the authors consider the initial displacement of
the structure (in a fluid-structure interaction problem) to be equal to zero. For instance
the readers can look into the articles [2/] and [S]. We also refer to the article [7] where
the initial displacement of the structure is non zero but is considered to be suitably small.
The issues involving the existence of strong solution for the model (3.1.2) but with a non
zero initial displacement 1n(0) of the beam is open. The case of a system coupling the
incompressible Navier-Stokes equations and an Euler-Bernoulli damped beam with a non
zero initial beam displacement is addressed in [11].

Our interest is to prove the local in time existence of a strong solution to system

(3.1.2)-(3.1.4)-(3.1.5) i.e we prove that given a prescribed initial datum (pg, ug, 1), there
exists a solution of system (3.1.2)-(3.1.4)-(3.1.5) with a certain Sobolev regularity in some
time interval (0,7T), provided that the time T is small enough.
We study the system (3.1.2)-(3.1.4)-(3.1.5) by transforming it into the reference cylindri-
cal domain Q7. This is done by defining a diffeomorphism from €2; onto 2. We adapt the
diffeomorphism used in [3] in the study of an incompressible fluid-structure interaction
model. The reader can also look at [33], [23] where the authors use a similar map in the
context of a coupled fluid-structure model comprising an incompressible fluid.

3.1.2 Transformation of the problem to a fixed domain

To transform the system (3.1.2)-(3.1.4)-(3.1.5) in the reference configuration, for n sat-
isfying 1 + n(z,t) > 0 for all (z,t) € £f., we introduce the following change of variables
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Yy
(I)n(t) . Qt — Q0 defined by (I)n(t) («T,y) (ZE Z) ( 1 + 77 x, t )

K (3.1.7)
‘I’nZQT—>QT deﬁnedby q)n(xaya ) ;L‘Zt ( 1—|—T]$t

Remark 3.1.3. It is easy to prove that for each t € [0,T), the map Qi) is a Cl—
diffeomophism from Qy onto Q provided that (1 + n(xz,t)) > 0 for all x € Ty and that
n(-,t) € CH(T).

Notice that since 7(-,0) = 0, ®, ) is just the identity map. We set the following
notations
p(, z,t) = p(®,; Y, 2,t)), t(z,2,t) = (U1, Uz) = u(@;l(:v,z,t)). (3.1.8)

After transformation and using the fact that u; , = 0 on X% (since 4 = €3 on 37) the
nonlinear system (3.1.2)-(3.1.4)-(3.1.5) is rewritten in the following form

et (1J1rn) (12 —1:712 —Urzng)| Vp+pdiva = Fi(p,u,m)  in Qr,

Pl — pAT = (i + )V (dive) + VP(p) = F>(p, ) in Qr,

U= on X7,

ol =0 on ¥4, (3.1.9)
a(:, 0) = ug in €,

p(-,0) = po I

Mt = Blaa = 0wz + OMewas = F3(P, ;1) on X7,

n(0) =0 and n(0) =m in T,
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Fl (ﬁa ﬁ7 7]) = (1 + 77) (al,zzﬁxﬁ-F nﬁaQ,Z)a
R . N JOA IR R a
Fy(p,0,n) = — npty + 2pU.n; — nptir Uy + Ur0x1:p2 + 1 (1lze — ﬁ
~ 2.2 2
~ U271, ~ (1 + U)an - 2773;2: o~ ~
— 22Uy + — —p(u.V)u
Me2Bea + ) 2 ot )) —p(@.V)
| N gz — U1 2220 — Nz (U122 — L172'22%) ]
XL axzclx T 2T
) - (A+n)
+1 ((1 —+ 77)277m - 277;(;2) _ NaU2z NeZU222
+(p ) ” (1+n) (1+n)  (1+n)

NaWl,z  NeZULzz Nu2 2z

I (I+n) (A+n) (1+n) 1
- (an(ﬁ) - Pz(ﬁ)zn:c)e_ia

~ A~ ~ ~ Us,, 2 277172 z nxal z
Fs(p,u,n) = — p( — Uz, + Nalio g + : z— = — :
3(P8,m) = = (= Tz elloe + (S~ (e T )
— /(= 2Uy, + Y1,z 7 — 22 + P(p
(3.1.10)
The transport equation for density (3.1.9)1-(3.1.9)¢ is of the form
b + n Vp+pdivi=F  in Q
. . . iva = in ,
P iy (B2 — ez — Wzmg) | PP ! g (3.1.11)
ﬁ(-,O) = P0 in Q.
1 ~

Due to the interface condition, U = 7.€3 on X7, we get that the velocity field (uy, =) (ug—
Nz — U127),)) satisfies

Uy

_ ~ -n=20 >3
[(Hln)(w — Ntz — Ulznx)] " o=

where n is the unit outward normal to €2. Hence we shall not prescribe any boundary
condition on the density for the system (3.1.11) to be well posed.

To avoid working in domains which deform when time evolves, the meaning of solutions
for (3.1.2)-(3.1.4)-(3.1.5) will be understood as follows: The triplet (p, u,n) solves (3.1.2)-
(3.1.4)-(3.1.5) if and only if (p,u,n) solves (3.1.9). This notion will be detailed in the
next section.
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3.1.3 Functional settings and the main result

In the fixed domain Q we have the following spaces of functions with values in R2,
H*(Q) = H*(;R?) forall s> 0.
We also introduce the following spaces of vector valued functions
H{(Q) ={zeHY(Q)|z=0o0nT},
H21(Qr) = L*(0, T; H*(Q)) N H'(0, T; L*(12)), (3.1.12)
HY (Qr) = {z € H*Y(Qr) | 2 =0 on X7},

Similarly for s > 0, we can define H*(2), the Sobolev space for the scalar valued functions
defined on 2. Now for 6, 7 > 0, we introduce the following spaces which we use to analyze
the beam equation

H7(4) = L*(0,T; H(T)) N H™ (0, T; L*(Ty)).
Remark 3.1.4. Since Q =Ty x (0,1) and I's = Ty, x {1}, the above definitions of the
functional spaces implicitly assert that the functions are L— periodic in the x variable.

Proposition 3.1.5. Let T > 0. If n is regular enough in the space variable, say n(-,t) €
H™(Ts) for m > 2 and the following holds

14+ n(z,t) 28>0 on 5, (3.1.13)

for some constant &g, the map g — g = g(@;(lt) (x,2)) is a homeomorphism from H® ()
to H5(QY) for any s < m.

The proposition stated above can be proved in the same spirit of [23, Proposition 2,
Section 3.
Now in view of Proposition 3.1.5, we define the notion of strong solution of the system
(3.1.2)-(3.1.4)-(3.1.5) in terms of the strong solution of the system (3.1.9).

Definition 3.1.6. The triplet (p,u,n) is a strong solution of the system (3.1.2)-(3.1.4)-
(3.1.5) if

ne CO([0,T); HY*(Ty)),  m € L2(0,T; H*(T,)) n C°([0, T); H3(Ts)),
nu € L*(0,T; H*(T)) N C°([0,T); HY(Ty)),  mu € L*(0,T; L*(Ty)), (3.1.14)

(3.1.13) holds for every (z,t) € X5, and the triplet (p,u,n) = (po @;1,u o @;1,77) solves
(3.1.9) in the following Sobolev spaces
5 e CO0,T]; HA(Q), i € CO0,T); B (@),
4 € L2(0,T; H3(Q)) N C°([0, T]; H>2(Q)),
u; € L?(0, T; H3(Q)) n C°([0, T); H(Q)),
Uy € L?(0,T;L%(2)).

(3.1.15)
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(n is in the space mentioned in (3.1.14)). Note that (p,u) can then be obtained from
(IZ)\’ ﬁ) by (pv u) = (Z)\O (I)mﬁ © (I)T])

In relation with Definition 3.1.6, we introduce the following functional spaces
Y ={p € C°[0,T]; H*()) | p: € C°([0,T]; H'(2))},
Yy' ={u e L2(0, T;H*(2)) N C°((0, T); H(Q)) | w; € L2(0, T; HA(R)) N C°((0, T); HY()),
u, € L2(0, T;L2(Q))},
Ys' ={n € C°([0, T]; H*(T'y)), n(x,0) = 0| n, € L*(0,T; HY(L's)) N C°([0, T]; H*(T's)),
ne € L*(0,T; H*(T,)) N C°([0, T]; HY (L)), nese € L*(0, T; L*(T,))}. (3.1.16)

The spaces YT, Yyl and Y3 correspond to the spaces in which the unknowns p, 4 and
n respectively belong.
Now we precisely state the main result of the article.

Theorem 3.1.7. Assume that

(i)  (a) Regularity of initial conditions : pg € H?(Q2), m € H3(Ty),

up € Hg(Q)
(b) Compatibility between initial and boundary conditions :
(b)l up — 0 =0 OTLF,
<M

(0)2 — P'(po)Vpo — (0m 2z — (1t + 2p") (u0)2,2 + P(po))2pos
+zpo(up).m — po(ug - V)ug — (—pA — (pu+ p/)Vdiv)ug = 0 onT,
(1) (3.1.3) holds,

/\

3.1.17
)2

\_/\_/

where we use the notations P'(po) = VP(po), P(po) = (ap—ap”) and ug = ((uo)1, (uo
Then there exists T > 0 such that the system (3.1.9) admits a solution (p,ua,n)
YT x YiF' x YiL'. Consequently in the sense of Definition 3.1.6 the system (3.1.2)-(3.
(3.1.5) admits a strong solution (p,u,n).

m

4)-

Remark 3.1.8. Our analysis throughout the article can be suitably adapted to consider
any pressure law p(-) € C?(RT) (in this article we present the proofs with the pressure
law given by p(p) = ap?, with v > 1) such that there exists a positive constant p satisfying
P(P) = Pewt, where per(> 0) is the external force acting on the beam. The adaptation
is possible since we only consider the case where the fluid density p has a positive lower
and upper bound.

Now let us sketch the strategy towards the proof of Theorem 3.1.7.
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3.1.4 Strategy

(i) Changing (3.1.9) to a homogeneous boundary value problem: Recall that (see Remark
3.1.2) we will prove the existence of local in time strong solution of the system (3.1.2)-
(3.1.4)-(3.1.5) only when the beam displacement 7 is close to zero. Again observe that
(p = p,u = 0,7 = 0) is a steady state solution of the system (3.1.2)-(3.1.4)-(3.1.5)
and hence of the system (3.1.9). So to work in a neighborhood of n = 0, we make the
following change of unknowns in (3.1.9),

c=p—p, v=(v,v)=u—-0, n=n-0. (3.1.18)

In view of the change of unknowns (3.1.18) one obtains

o+ (1i77) (v2 —i]ltz —vrzmg) | Vo + (o + p)div(v) = Fi(oc +p,v,n) n O
(0 +Pp)vi — pAv = (u+ p')Vdivwy = —P'(0 +p)Vo + Fop(o +p,v,n)  in Qr,
V=163 o o
o -
v(-,0) =up T
o(,0)=09=po—Dp o
Nt — Bea — Mtzw + ANzzzz = F3(0 + P, v, 1) on 5.
n(0)=0 and m(0) =m -
(3.1.19)

We transform the system (3.1.19) into a homogeneous Dirichlet boundary value problem
by performing further the following change of unknown

W = (w1, wy) =V — 21€3. (3.1.20)

Since v and 7; both are L-periodic in the x—direction, the new unknown w is also L-
periodic in the z—direction. With the new unknown w, we write the transformed system
in the following form

7t (1J1rn) (wgwi W1an)] Vo =Gilo,w.n) i Qr,

(0 4+ P)wW — pAWwW — (u + /) Vdivw = Ga(o, w, ) in Qr,

w=0 ) on X, (3.1.21)
w(-,0) =wo = ug — 21165 in Q,

o(-,0) =00=0po—p in €,

Nt — Plze — Mgz + WNzgar = G3(o, W, n) on X7,

n(0) =0 and m(0) =m in Ty,
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where
Gi(o,w,n) = —(0 + p)div(w + zmq€3) + Fi(o + p, w + znié3,n),
Galo,w,m) = —P(0 + )0 — 2m(0 + P)6s — (—p — (1 + ) Veliv) (2m63)
+ Fy(o + p,w + zmi€3, 1),
Ga(o,w,n) = F3(0 +p, W + 1:€3, 7).

(3.1.22)

(ii) Study of some decoupled linear problems: Observe that in the new system (3.1.21)
the coupling between the velocity of the fluid and the elastic structure appears only as
source terms. In order to solve the system (3.1.21) we first study some linear equations
in Section 3.2. In order to analyze the local in time existence of strong solution the
difficulty is to track the dependence of the constants (appearing in the inequalities) with
respect to the time parameter ‘T’. In this direction we first obtain a priori estimates for
the linear density and velocity equations with non homogeneous source terms in the spirit
of [38]. Then we prove the existence of strong solutions for a linear beam equation. The
proof strongly relies on the analyticity of the corresponding beam semigroup (see [13] for
details). At this point we refer the readers to the articles [18] (maximal L — L? regularity
of structurally damped beam equation), [19] (analyticity and exponential stability of
beam semigroup), [33] (study of beam equation in the context of an incompressible fluid
structure interaction problem) and the references therein for the existence and regularity
issues of the damped beam equation. In our case to obtain estimates with the constants
independent of ‘T’ for the beam equation we first fix a constant T > 0 and restrict
ourselves to work in the time interval (0,7") where

T<T. (3.1.23)

This technique is inspired from [34].
(iii) Fized point argument: In Section 3.3 we prove the existence of a strong solution of
(3.1.21) by using the Schauder’s fixed point theorem based on (3.1.21)-(3.1.22).

Remark 3.1.9. Since n(0) = 0 the regularity (3.1.14) of n guarantees that
7l (s5) < CT(Inell Lo 0.1;m3(T2)) (3.1.24)

for a constant C independent of T. For small enough time T, (3.1.24) furnishes n ~ 0
and hence during small times, the beam stays close to the steady state zero.

3.1.5 Comments on initial and compatibility conditions

(i) Recall from (3.1.17)(i)(a) that we assume ug € H3(2). Also observe that in our
solution (see (3.1.15)) the vector field @ € C°([0, T]; H>2()) i.e for the velocity field
there is a loss of % space regularity as the time evolves. One can find such instances of a
loss of space regularity in many other articles in the literature, for instance we refer the

104



readers to [7], [24] (for the coupling of fluid-elastic structure comprising a compressible
fluid) and [14], [15], [34] (for incompressible fluid structure interaction models).

(ii) We use (3.1.22)3 to obtain the following expression of G3 | (the value of G3(o, w, )
at time ¢t = 0)
G3 |i=o= —(p + 21" ) (ug)2,2 + P(po)- (3.1.25)

Using po € H%(Q), ug € H3(Q) (see (3.1.17)(i)(a)) and standard trace theorems one
easily checks that
G =o€ H3/?(T). (3.1.26)

We will use the regularity of G3 |;—o (in fact we will only use G3 |;—o€ H'(I's)) to prove
the regularity of 7. This will be detailed in Theorem 3.2.7.

(iii) We use (3.1.25) and the equation (3.1.21)g to check that

et (+,0) = 611,20 — (14 20") (w0)2, + P(po).

Hence using (3.1.22)9 one obtains the following expression of Gy |—¢ (the value of
Go(o,w,n) at time t = 0)

G2 |i=0 = —P'(p0)Vpo — (01,22 — (v + 21" ) (w0)2,2 + P(p0))zpo€2 + zpo(uo)=m
—po(up - V)ug — (—pA — (p+ p/)Vdiv)(2m é3).
(3.1.27)

This gives

G2 li=0 — (—pA — (p + p')Vdiv) (uo -

0 _ o B
ZUl}) = —P'(po)Vpo — (0N 22

— (4 21" ) (uo)2,2 + P(po))zpoea + zpo(ug).m — po(ug - V)ug — (—pA

— (u+ @ )Vdiv)u.
(3.1.28)
The regularity assumptions (3.1.17)(4)(a) and (3.1.28) furnish the following
. 0
G2 |i=0 —(—pA — (p+ p/)Vdiv) (uo - [2771]> c HY(Q). (3.1.29)
Hence one obtains (recalling that wog = ug — 211 €3)
the assumption (3.1.17)(7)(a) and (3.1.17)(3)(b)2 (3.1.30)

= G2 |t=0 —(—pAwq — (u + ¢/)Vdivwg) € H ().

We need this to prove some regularity of w and hence of u. This will be detailed in
Theorem 3.2.1.
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3.1.6 Bibliographical comments

Here we mainly focus on the existing literature devoted to the study of fluid structure
interaction problems.

To begin with we quote a few articles dedicated to the mathematical study of compress-
ible Navier-Stokes equations. The existence of local in time classical solutions for the
compressible Navier-Stokes equations in a time independent domain was first proved in
[31] and the uniqueness was established in [35]. The global existence of strong solutions
for a small perturbation of a stable constant state was established in the celebrated work
[28]. In the article [38] the authors established the local in time existence of strong solu-
tions in the presence of inflow and outflow of the fluid through the boundary. In the same
article they also present the proof of global in time existence for small data in the ab-
sence of the inflow. P.-L. Lions proved (in [27]) the global existence of renormalized weak
solution with bounded energy for an isentropic fluid (i.e p(p) = p?) with the adiabatic
constant v > 3d/(d + 2), where d is the space dimension. E. Feireisl et al. generalized
the approach to cover the range v > 3/2 in dimension 3 and > 1, in dimension 2 in
[20]. The well-posedness issues of the compressible Navier-Stokes equations for critical
regularity data can be found in [16], [I7]. For further references and a very detailed
development of the mathematical theory of compressible flow we refer the reader into
the books [32] and [10].

In the last decades the fluid-structure interaction problems have been an area of active
research. There is a rich literature concerning the motion of a structure inside or at the
boundary of a domain containing a viscous incompressible Newtonian fluid, whose behav-
ior is described by Navier-Stokes equations. For instance local existence and uniqueness
of strong solutions of incompressible fluid-structure models with the structure immersed
inside the fluid are studied in [14] (the elastic structure is modeled by linear Kirchhoff
equations) and [15] (the elastic structure is governed by quasilinear elastodynamics).
There also exist articles dealing with incompressible fluid-structure interaction problems
where the structure appears on the fluid boundary and is modeled by Euler-Bernoulli
damped beam equations (3.1.2)7-(3.1.2)g. For example we refer the readers to [3] (local
in time existence of strong solutions), [12] (existence of weak solutions), [33] (feedback
stabilization), [23] (global in time existence) and the references therein for a very de-
tailed discussion of such problems.

Despite of the growing literature on incompressible fluids the number of articles ad-
dressing the compressible fluid-structure interaction problems is relatively limited and
the literature has been rather recently developed. One of the fundamental differences
between the incompressible and compressible Navier-Stokes equations is that the pres-
sure of the fluid in incompressible Navier-Stokes equations is interpreted as the Lagrange
multiplier whereas in the case of compressible Navier-Stokes equations the pressure is
given as a function of density with the density modeled by a transport equation of hy-
perbolic nature. The strong coupling between the parabolic and hyperbolic dynamics
is one of the intricacies in dealing with the compressible Navier-Stokes equations and
this results in the regularity incompatibilities between the fluid and the solid structure.
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However in the past few years there have been works exploring the fluid-structure in-
teraction problems comprising the compressible Navier-Stokes equations with an elastic
body immersed in the fluid domain. For instance in the article [6] the authors prove
the existence and uniqueness of strong solutions of a fluid structure interaction problem
for a compressible fluid and a rigid structure immersed in a regular bounded domain
in dimension 3. The result is proved in any time interval (0,7"), where 7" > 0 and for
a small perturbation of a stable constant state provided there is no collision between
the rigid body and the boundary 92 of the fluid domain. In [5] the existence of weak
solution is obtained in three dimension for an elastic structure immersed in a compress-
ible fluid. The structure equation considered in [5] is strongly regularized in order to
obtain suitable estimates on the elastic deformations. A result concerning the local in
time existence and uniqueness of strong solutions for a problem coupling compressible
fluid and an elastic structure (immersed inside the fluid) can be found in [7]. In the
article [7] the equation of the structure does not contain any extra regularizing term.
The flow corresponding to a Lagrangian velocity is used in [7] in order to transform the
fluid structure interaction problem in a reference fluid domain Qx(0), whereas in the
present article we use the non physical change of variables (3.1.7) for the similar purpose
of writing the entire system in a reference configuration. A similar Navier-Stokes-Lamé
system as that of [7] is analyzed in [24] to prove the existence of local in time strong
solutions but in a different Sobolev regularity framework. In the article [24] the authors
deal with less regular initial data. We also quote a very recent work [8] where the au-
thors prove the local in time existence of a unique strong solution of a compressible fluid
structure interaction model where the structure immersed inside the fluid is governed
by the Saint-Venant Kirchhoff equations.

On the other hand there is a very limited number of works on the compressible fluid-
structure interaction problems with the structure appearing on the boundary of the
fluid domain. The article [21] deals with a 1-D structure governed by plate equations
coupled with a bi-dimensional compressible fluid where the structure is located at a
part of the boundary. Here the authors consider the velocity field as a potential and in
their case the non linearity occurs only in the equation modeling the density. Instead of
writing the system in a reference configuration in [21] the authors proved the existence
and uniqueness of solution in Sobolev-like spaces defined on time dependent domains.
The existence of weak solution for a different compressible fluid structure interaction
model (with the structure appearing on the boundary) is studied in dimension three by
the same authors in [22]. In the model considered in [22], the fluid velocity v satisfies
curlv An = 0 on the entire fluid boundary and the plate is clamped everywhere on
the structural boundary. In a recent article [2] the authors prove the Hadamard well
posedness of a linear compressible fluid structure interaction problem (three dimensional
compressible fluid interacting with a bi-dimensional elastic structure) defined in a fixed
domain and considering the Navier-slip boundary condition at the interactive boundary.
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They write the coupled system in the form

p p p(0) Po
d|[u u | . u(0) up
— =A in (0,7), and = ,
dt | n U (®.1) n(0) m

Mt yr n:(0) 72

and prove the existence of mild solution (p,u,n,7;) in the space C°([0,T]; D(A)) where
D(A) is the domain of the operator A. Their approach is based on using the Lumer-
Phillips theorem to prove that A generates a strongly continuous semigroup. In yet
another recent article [9] the authors consider a three dimensional compressible fluid
structure interaction model where the structure located at the boundary is a shell of
Koiter-type with some prescribed thickness. In the spirit of [27] and [20] the authors
prove the existence of a weak solution for their model with the adiabatic constant re-
stricted to v > % They show that a weak solution exists until the structure touches the
boundary of the fluid domain.

To the best of our knowledge there is no existing work (neither in dimension 2 nor in 3)
proving the existence of strong solutions for the non-linear compressible fluid-structure
interaction problems (defined in a time dependent domain) considering the structure at
the boundary of the fluid domain. In the present article we address this problem in
the case of a fluid contained in a 2d channel and interacting with a 1d structure at the
boundary. Our approach is different from that of [2] and [9]. In [2], since the problem
itself is linearized in a fixed domain, the authors can directly use a semigroup formula-
tion to study the existence of mild solution, whereas [9] considers weak solutions and a
4 level approximation process (using artificial pressure, artificial viscosity, regularization
of the boundary and Galerkin approximation for the momentum equation). In the study
of weak solutions (in [27], [20], [9]) one of the major difficulties is to pass to the limit
in the non-linear pressure term which is handled by introducing a new unknown called
the effective viscous flux. In our case of strong regularity framework we do not need to
introduce the effective viscous flux and for small enough time 7', the term VP(o + p)
can be treated as a non homogeneous source term. Our approach is based on studying
the regularity properties of a decoupled parabolic equation, continuity equation and a
beam equation. This is done by obtaining some apriori estimates and exploiting the
analyticity of the semigroup corresponding to the beam equation. Then the existence
result for the non-linear coupled problem is proved by using the Schauder’s fixed point
argument. We prove the existence of the fixed point in a suitable convex set, which is
constructed very carefully based on the estimates of the decoupled problems and the
estimates of the non-homogeneous source terms. This led us to choose this convex set
as a product of balls (in various functional spaces) of different radius. In the present
article we prove a local in time existence result of strong solutions whose incompressible
counterpart was proved in [3].

Let us also mention the very recent article [36] where the global existence for the com-
pressible viscous fluids (without any structure on the boundary) in a bounded domain
is proved in the maximal LP — LY regularity class. In this article the authors consider a
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slip type boundary condition. More precisely the fluid velocity u satisfies the following
on the boundary

D(un — (D(u)n,nyn =0, and u-n=0 on 9N x (0,7).

In a similar note one can consider a fluid structure interaction problem with slip type
boundary condition. In that case the velocity field u solves the following

D(u)n — (D(u)n,nyn =0, and u-n=1n on I;x(0,7), (3.1.31)

where 7, is the structural velocity at the interactive boundary I's x (0,7). To the best
of our knowledge for a compressible fluid structure interaction problem the condition
(3.1.31) is treated only in [2], proving the existence of mild solution. Of course the
boundary condition (3.1.31) is different from the one we consider in the present article
since in our case we do not allow the fluid to slip tangentially through the fluid structure
interface (i.e recall in our case u; = 0 on X7,).

A more generalized slip boundary condition is considered in [30] in the context of an
incompressible fluid structure interaction problem. In the model examined in [30] the
structural displacement has both tangential and normal components with respect to the
reference configuration. At the interface the fluid and the structural velocities are cou-
pled via a kinematic coupling condition and a dynamic coupling condition (stating that
the structural dynamics is governed by the jump of the normal stress at the interface).
The kinematic coupling conditions at the interface treated in [30] consists of continuity
of the normal velocities and a second condition stating that the slip between the tangen-
tial components of the fluid and structural velocities is proportional to the fluid normal
stress. The authors in [30] prove the existence of a weak solution for their model.

3.1.7 Outline

Section 3.2 contains results involving the existence and uniqueness of some decoupled
linear equations. We state the existence and uniqueness result for a parabolic equation
in Section 3.2.1, continuity equation in Section 3.2.2, linear beam equation in Section
3.2.3. In Section 3.3 we prove Theorem 3.1.7 by using the Schauder fixed point theorem.

3.2 Analysis of some linear equations

We will prove the existence and uniqueness of strong solutions of a parabolic equation,
a continuity equation and a damped beam equation with prescribed initial datum and
source terms in appropriate Sobolev spaces.

From now onwards all the constants appearing in the inequalities will be independent
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of the final time T, unless specified. We also comment that we will denote many of the
constants in the inequalities using the same notation although they might vary from line
to line.

3.2.1 Study of a parabolic equation

At first we consider the following linear problem

owy — pAw — (pu + /) Vdivw = Go in Qr,
w =10 on X, (3.2.1)
W(O) = Wy in Q?

where @, wy and G, are known functions which are L-periodic in the x direction.
Let m and M be positive constants such that m < M. We are going to study (3.2.1)
where &, wg and G» satisfy the following

7€ L>0,T;L>*(Q),0<m/2<7 <2Min Qr, 0 <m <a(-,0) < Min Q,
V@ € L*(0,T;L3(Q)), 7, € L?(0,T; L3(Q)),
(3.2.2)
and
G2 € L*(0,T;HY(Q)), Gor € L?(0,T; L3(Q)),
wo € H{(Q), (3.2.3)
(G |t=0 —(—pAwo — (u+ p')Vdivwy)) € H(l)(Q)

The following theorem corresponds to the existence and the regularity properties of the
solution w of the system (3.2.1).

Theorem 3.2.1. Let m, M be positive constants such that m < M. Then for all T, Ga
and wq satisfying (3.2.2) and (3.2.3), there exists a unique solution w of (3.2.1) which
satisfies the following

w e L2(0,T; H3(Q)) N C°([0, T); HY/2(Q)), w; € L?(0,T; H2(Q))

ﬁCO([O,T];Hl(Q))7th € LQ(O,T; L2(Q))‘ (3.2.4)

Besides, there exists a constant ¢y (depending on m and M but independent of T, &, G2
and wg) such that w satisfies the following inequality

Wl oo 0,m:12(02)) + Wl 2200, 7313 (02)) + (Wil oo 0,011 () + Wil 220,782

) (3.2.5)
H(Q)

(L4 @l 220,738 ) + VTN L20,05m30))) - expleillTel|Teo .08 ) }-

+ lweell 20,7512(0)) < e{llGallL2o,rim () + |G2ll L= 0,712
‘Gz li=o —(—pAwq — (u + 1) Vdivwyg)
7(0)

+ <||G2,t||L2(0,T;L2(Q) +
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Remark 3.2.2. Observe from (3.2.4) that w € C°([0,T]; H>2(Q)) but in (3.2.5) we
only include the estimate of |[W||pe(o.r:12(0)) and not of [[W| Lo (o 7.15/2(0))- Using in-
terpolation one can recover an estimate of |[W||peo(o 1m5/2()) from the estimates of
Wl z200,m:m3()) and [[Willz2(0,752(0)) where the constant of interpolation may depend
on the final time T.

Remark 3.2.3. Using (3.2.3) let us observe that G5 € L*(0,T; H'(Q))NH(0,T;L2())
and hence by interpolation Go |—o€ H'/2(Q). Now from (3.2.3)3 one gets that

(—pAwg — (u + ¢/ )Vdivw) € HY2(Q).

The elliptic reqularity result furnishes that wo € H>2(Q). Since w € C°([0, T]; HY/?(Q2)),
for the linear equation (3.2.1) we do not loose any reqularity as time evolves.

Proof of Theorem 3.2.1. In the context of a smooth domain and with homogeneous
Dirichlet boundary condition Theorem 3.2.1 is proved in the article [38]. There is no
particular difficulty to adapt the same proof in Q with L-periodic (in the x direction)
boundary condition. Hence we refer the readers to the proofs of [38, Lemma 2.1]. For a
related result we also refer the reader to [37, Lemma 2.2]. O

3.2.2 Study of a continuity equation

In this section we consider the following linear problem

{0t+w-Va:G1 in Qr,

o(0) = o9 in Q (3.2.6)

where the functions W, G and op are L-periodic (in the z direction) functions. The
following theorem asserts the existence and regularity of the solution o of the density
equation (3.2.6).

Theorem 3.2.4. Let w € L'(0,T; H?*(Q)), W-n = 0on X7, o9 € H*(Q) and G,
€ LY(0,T; H*(Q)). Then there exists a unique solution o of (3.2.6) such that o €
C?([0,71; H*(Q)) and

HUHLOO(O,T;HZ(Q)) < (HUOHHQ(Q) + C2HGlHLl(O,T;HQ(Q)))eXp(CQHW‘|L1(O,T;H3(Q)))'
(3.2.7)
If in addition Gy € L>(0,T; H(Q)) and W € L>(0,T;H?(Q)) then op € L>®(0,T; H'(Q2))
and

el oo (0,711 (92)) <€3[W | oo 0. 718202 (190 12 (02) + 2l Gl 10,7312 () (3.28)

-exp(e2||Wl| L1 o,mm3(@))) + 1G1ll Lo 0,181 ()
The constants co and cg appearing respectively in (3.2.7) and (3.2.8) are independent of
T, w, oy and G1.
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Proof. The theorem is proved in [38, Lemma 2.4] with a particular expression of the
function 1. In our case we adapt the same proof with minor changes.

The existence of solution of (3.2.6) follows from the method of characteristics. The
representation formula for the solution o is

t
o(2,t) = oo(U(,0,1)) + / C1(U(x, 5,t), 5)ds, (3.2.9)
0

where U(x,t, s) solves the following ODE

dt
U(x,s,s) =x in Q.

{dU(x,t,s)=W(U($7taS)at) i Qr, (3.2.10)

Observe
U('v * ) € CO([()?T] X [O’T];Hg(Q))

and consequently
a(-,-) € CO([0, T); H*(Q)).
Now to prove the estimate (3.2.7), we multiply (3.2.6); by o and integrate in €. In-
tegrating by parts the term / w - Voo and using the fact that W - n = 0 we obtain
Q
1d
2 dt
Due to the embedding H?(2) < C*(Q) one has

1 L
oy < 5 [ diveo + G2 1200

d —
Zlollzz () < el @ lol2 @) + 1G22 @) o 22 (@) (3.2.11)

Before going into the next estimate let us observe that

1 9)V0) - Vo = [(avw)|vol (3212)
Q Q

Now take the gradient of (3.2.6);, multiply by Vo and integrate in €. Using (3.2.12)
one obtains

d
T /Q Vol* < e([[Wllas@lIVolliz ) + VGl @I Vol @) (3.2.13)

In a similar way for the second derivative we have

d — —
G [ 1% < el D20 ooy + [ D010 + |D*Gllaqoyl| D36 aaien).
Q

(3.2.14)
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One has the following estimate

/Q\DZWHVUIIDQUI <ID*% s I VollLs o) | D?ollrz )

(3.2.15)
< ¢ D*Wl| s () IVollm @)1 D?0llL2 )-
The estimates (3.2.11) and (3.2.13)-(3.2.14)-(3.2.15) furnish the following
1d —
5&\“’”%2(9) < C(HWHHS(Q)HUH%Q(Q) +1G1llz2@) o] m2(@))- (3.2.16)
Now (3.2.7) is a consequence of (3.2.16) and Gronwall lemma. Finally the estimate
(3.2.8) is a direct consequence of (3.2.6); and (3.2.7). O

The following corollary directly follows from (3.2.6)1 and the regularity o € C°([0, T]; H?(9))
which we have obtained in Theorem 3.2.4.

Corollary 3.2.5. In addition to the assumptions of Theorem 3.2./ if G1 € C°([0, T); H'(2))
and W € C°([0,T]; H2(Q)) then o, € C°([0,T); H'(Q)).

3.2.3 Study of a linear beam equation

The linearized beam equation with a non homogeneous source term is the following

{ Mt — Bna:a: - 577tac1’ + ONpzzr = G in 2%7 (3 2 17)

n(0) =0 and m(0) =m in T,

where Gy and 7; are known L-periodic (in the x direction) functions. Let us denote

0 I
- . 2.1
A l—aAQ +BA A (3:2.18)

The unbounded operator (A, D(A)) is defined in
H, = H*(T,) x L*(Ty), (3.2.19)

with domain
D(A) = HYT's) x H*(T).
Hence with the notations
t
) = n(t)
ne(t) Gs

we can equivalently write (3.2.17) as

Y, (t)=AY(t)+Gs on (0,7),
Y(

el el
y YO = and G5 = 5 (3.2.20)
m

(3.2.21)
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Lemma 3.2.6. Let
Gs € L2(0,T; HX(T,) x L2(T)) and Yo € H3(,) x HY(T,). (3.2.22)
Then the equation (3.2.21) admits a unique solution Y which satisfies
Y € L2(0,T; HY(Ts) x H*(T',)) N HY (0, T; H*(T,) x L*(T))
NI T cmE). O

In addition if

Gy € L2(0,T; HX(D,) x LA(Ty)) and AYo+ Gs |i—oc H3(Ts) x HY(T,),
(3.2.24)
the solution Y of the problem (3.2.21) has the following additional reqularities
Y; € L?(0,T; HY(Ts) x H2(T5)) N C°([0,T]; H3(Ts) x HY(Ty)), (3.2.25)
Yy € L0, T; H3(T,) x L*(Ty)). o

Proof. To prove this result we will use the maximal parabolic regularity results from
[1]. Recall the definition of Hs in (3.2.19). The unbounded operator (A, D(A)) is the
infinitesimal generator of an analytic semigroup on Hy (for the proof see [13]). Hence
using the isomorphism theorem [/, Theorem 3.1, p. 143] and the assumption (3.2.22),
which can be read as Gs € L*(0,T; H,) and Yo € D(AY?), we get that the equation
(3.2.21) admits a unique solution Y satisfying the following:

Y € L0, T; HY(T,) x H*(T,)) n HY(0,T; H*(T,) x L*(T)).
Using interpolation (see [26]) one also obtains that
Y € C°([0,T); H¥(Ts) x H'(Ty)).

This proves (3.2.23).
Now we assume that (3.2.24) holds. In order to obtain the time regularity of Y let us
differentiate (3.2.21) with respect to ¢ and write Z = Yy,

{n@;um+@¢m.mm

- (3.2.26)
Z(O) =79 = AY o + G3 |t=0 .

Due to the assumptions (3.2.24), é’g,t e L2(0,T; H,) and AY( + G3 |—oe D(AY?)
(= H3(T5) x HY(T5)). We can use the isomorphism theorem [4, Theorem 3.1, p. 143]
again to conclude

Z =Y, e L*0,T; H{T,) x H*T,)) N H(0,T; H*(T,) x L*(Ty)).
Once again using interpolation we verify that
Y;: € C°[0,T]; H3(T,) x H(T,)).

This completes the proof of Lemma 3.2.6. O
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We are going to use the representation (3.2.21) of (3.2.17) to state the existence and
regularity result for the problem (3.2.17).

Theorem 3.2.7. Assume that T < T (recall that T was fized in (3.1.23)), G3 €
L®(0,T; HY*(Ts)) and Gs; € L*(0,T;L*(Ty)). Also suppose that m1 € H3(T's) and
G3 |i=0€ H'(T's). Then the equation (3.2.17) admits a unique solution 1 which satisfies
n € L0, T; HY(T,)),
ne € L*(0,T; HY(T5)) N CO([0, T]; HP(Ts)),
nw € L*(0,T; H*(L)) N CY([0,T); H'(T)),
e € L?(0,T; L*(Ts)),

(3.2.27)

and for some positive constant c4 independent of T, Gs and 11 we have the following
estimate

10l oo 075920,y + [IMell 220,750 (00)) + 1l oo 0,153 00y + el 220,152 (00
A+ et oo 0,71 () + et c20,ms2200)) < calllmllasry)

+11Gs [e=0 gy + 1Gsll o 0,2y + Gl L20.7522(00))) -
(3.2.28)

Proof. We first consider

G3 € L*(0,T; L*(Ty)) and m € HY(Ty). (3.2.29)
In view of the notations (3.2.20), (3.2.29) corresponds to the case (3.2.22) of Lemma
3.2.6. Hence we can use (3.2.23) to obtain

Il 20,0y + el 20,20,y + el 20,2 oyyy < ellmllme,y + 11G3ll 220, 02(ry))) s
(3.2.30)

where the constant ¢ might depend on the final time T. We want to show that there
exists a constant ¢ independent of 7" such that the inequality (3.2.30) is true. For that
we extend G3 by defining it zero in (T, T) and denote the extended function also by G3.
Observe that G3 € L?(0,T; L?(T's)). We can solve (3.2.17) in the time interval (0,7') and
consequently

Il 220,712 00)) + el 20,112 (00)) + el 220, 22(r0))

< Mll a7y + el 2072,y + el 2702 )

_ (3.2.31)
<e(T)(Imllar ) + HG3HL2(0,T;L2(1"S)))
= c(T)(Im e ry) + 1GsllL20,m;22(r,))-
So we are able to get a constant ¢(T) which is independent of 7.
To prove the regularity estimates of 7, we will use
Gsy € L2(0,T; I2(Ty)), m € H3(T,) and Gs|emoe HL(T,). (3.2.32)
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Indeed, observe that (3.2.32) implies dAn; + G5 (=o€ H'(I's). Now differentiate the
equation (3.2.17) with respect to ¢,

{ (nt)tt - B(Th‘)x:c - 5("715)75:(:1: + a(nt)xxxx = G3,t on E%,

3.2.33
nt(0) =mn and  74(0) = §An + G3 |i=o in T ( )

In view of the notations (3.2.20), (3.2.32) and (3.2.33) correspond respectively to (3.2.24)
and (3.2.26) in Lemma 3.2.6. Hence we can use (3.2.25) to furnish the following

el 220 712 0g)) + el L20 1 m200y) + Mete ] L200. 7:2(r,
( (Ts)) ( (Ts)) ( (Ts)) (3.2.34)

c(lmlleser,y + 11G3 li=o a0,y + 1G3ell L2(0,m;02(r,))) s

where the constant ¢ might depend on the final time 7. Since we are interested in proving
(3.2.34) with a constant ¢ independent of T', we extend the function G3; by defining it
zero in the interval (T,T) and denote the extended function also by Gs;. In a similar
spirit of the computation (3.2.31) one can prove

mell 20,7508 (ry)) + Imeell 20,5200 )) + [10eetl 20,12 (1))

i (3.2.35)
< cAT)(IImllmse,y + 1G3 =0 [z

)

for some constant ¢(T) independent on 7. In order to get explicit bounds on the L>°(0,T)
norms of n, n; and 1, we first multiply (3.2.17)1 by 7. and integrate over I's. We use
the L-periodicity (in the z direction) of 1 and integrate the terms by parts to obtain

(3.2.36)
Hnt:va:< Wiz, + gHG:aHLz(r
Now integrating (3.2.36) with respect to t,
||77tx||3;<>0 (0,T;L2(T,)) T ”Um”%oo (0,T;L2(Ty)) T ||77txz||%2(0,T;L2(FS)) (3.2.37)
+ ezl Zoo 0 mz2(ray) < (O 2(r,) + G311 220.1:L2(0,))) -
From (3.2.37) we get in particular
HHH%OO(O,T;H?’(FS)) (HanHl + HG3”L2(OTL2(F ))) (3238)

Now consider the equations (3.2.33). One imitates the analysis used to obtain (3.2.37)
to find

HUttxH%m(O,T;L?(FS)) + |7zl (0.1;22(T.)) + 1ttaal|7 2 (0,T;L2(Ts))

+ ||77tmzx||%°°(0,T;L2(Fs)) (||771||H3 ) T 11Gs le=0 ||H1(F ) 1G3.ell72 (0L (Ty))-
(3.2.39)
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Hence in particular

19611700 (0 5130 )+ et T 00111 2y < elllm sy + 1Gs le=o In

(3.2.40)
+ |Gt |%2(0,T;L2(F5)))‘
Now we will use that
Gz € L>®(0,T; H'/2(T,)). (3.2.41)
Write (3.2.17); as
Nezzz = é(G?) + 57715:(3;10 + 577:(;:1: - ntt)- (3242)

In view of (3.2.41) one observes that all the terms appearing in the right hand side of
(3.2.42) belongs to L>®(0,T; H'/?(I',)). As the beam in our problem is one dimensional,
n € L>(0,T; HY/?(T,)) and the estimates (3.2.38) and (3.2.40) furnish the following

100 o 0,972, ) < c(llmllasmyy + 11Gs li=o [la1(ry) + 1G3.ell 20,7522 (00 ) (3.2.43)

+ ||G3HL°0(0,T;H1/2(F5)))'

Hence combining all the above estimates we here conclude the proof of Theorem 3.2.7.
O

The following corollary follows directly by using the regularities (3.2.27) and the
expression (3.2.42) of Nypzz-

Corollary 3.2.8. In addition to the assumptions of Theorem 3.2.7 if G further satisfies
the regularity assumption G € CO([0,T); HY/?(T,)) then n € C°([0,T); HY/?(Ty)).

3.3 Local existence of the non linear coupled system

From now on up to the end of this article, we fix the initial data (pg,ug,n1) such that
they satisfy the assumptions stated in (3.1.17). We also fix the constant

5o € (0,1). (3.3.1)

The constant dy will be used to keep a positive distance between the beam and the
bottom I'y of the domain 2. Also recall that the positive constants m and M were fixed
in (3.1.3) and T was fixed in (3.1.23).

Proof of Theorem 3.1.7. This section is devoted to the study of the non linear system
(3.1.21). We will prove here that the system (3.1.21) admits a strong solution in a time
interval (0,7, for some T' > 0 small enough and hence we will conclude Theorem 3.1.7.
Now we sketch the steps towards the proof of Theorem 3.1.7:
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(i) First in Section 3.3.1 we define a suitable map for which a fixed point gives a solution
of the system (3.1.21).

(ii) Next we design a suitable convex set such that the map defined in step (i) maps this
set into itself. This is done in Section 3.3.2.

(iii) In Section 3.3.3 we show that the convex set defined in step (ii) is compact in
some appropriate topology. We further prove that the fixed point map from step (i), is
continuous in that topology.

(iv) At the end in Section 3.3.4 we draw the final conclusion to prove Theorem 3.1.7.
In what follows all the constants appearing in the inequalities may vary from line to line
but will never depend on 7.

3.3.1 Definition of the fixed point map

For (&, w,n) satisfying

G € L0, T; H2(Q)) nWhee(0, T; H(2)),
W € L®(0,T; H2(Q)) N L0, T; H3(Q)) n WhH°(0, T; HY(R2))

NHL(0,T; H2(Q)) N H?(0,T;L(2)), (3.3.2)
7€ L0, T; HY*(T,)) n Whe(0,T; H3(Ts)) N H(0,T; H*(T's))

NW2%(0,T; HY(T's)) N H?(0,T; H*(T)) N H3(0,T; L*(Ty)),

we consider the following problem:

or + W(W,7) - Vo = G1(5,w, 7)) in Qr,

(0 +p)wi — pAw — (p + p/)Vdivw = Ga(a, w, 1) in Qr,

w =20 on X,

w(-,0) =wo = ug — 21162 in Q, (3.3.3)
o(-,0)=00=po—p in Q,

Nt — Plze — MNtgz + WNzgar = G3(0, W, 1) on X7,

n(0)=0 and m(0) =m in T,

where Gy, Ga, Gs are as defined in (3.1.22) and W (W, 7j) is defined as follows
S~ ~ wl ~ 7:[71
‘/l/ = ~ ~ ~ = ~ . 334
(W, 1) l(liﬁ)(wQ — wlznx)] ) <w <w2>> ( )

It turns out that it will be important for us to check that Gao(a, w,7) and G3(a, w, 1)
respectively coincide at time t = 0 with the values GY and GY computed in (3.1.27) and
(3.1.25), and given as follows:

G = —P'(p0)Vpo — (611 5z — (1t + 21") (u0)2,2 + P(po))zpoes + zpo(Uo)-m

—po(ug - V)ug — (—pA — (p + ' )Vdiv) (2m€3), (3.3.5)
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GY = —(p + 24') (uo)2,= + P(po)- (3.3.6)

This will be imposed by assuming (&, w,17,7;)(+,0) = (09, Wo, 0,71) and

Mt (+,0) = 011,22 — (14 21") (uo)2,2 + P(po) in Q,

wi(,0) = plo(GS — (—pA = (p+ p)Vdiv)(ug — 2m63)) in Q, (3.3.7)

Indeed, under the above conditions, one can check from the expressions of Go(d, W, 1)
and G3(, W, 7)) that G2(5, W, 7)) |i=0o= GY and G3(7,W,7) |i=o= GY.

Lemma 3.3.1. Let the constant &y be fived by (3.3.1). For T < T, let us assume the
following

(o, w,n) satisfies (3.3.2), (3.3.8)
w =0 on X7, (3.3.9)
(5(7 0)7 V~V(7 0)7 ﬁ(a 0)7 ﬁt('v O)) = (PO —p,up — 2771627 0, 771) in 2, (33]‘0)
(3.3.7) holds, (3.3.11)
1+ 7(z,t) = dp > 0 on XF, (3.3.12)
mo_ .
0< 5 <o+p<2M in Qr, (3.3.13)

where m and M were fized in (3.1.3).

Then Gy(o,w,n), Go(o,w,n) and Gs(co,w,7) satisfy the following

1(o, w,n) € L'(0,T; H*(Q)

2(6, W, 7)) € L*(0,T; H'(Q)) N HY(0, T3 L*(Q)) N L>(0, T: L(Q)),
o

W ) N L>(0,T; H' (),
3(5,w,7) € L0, T; HY/?(Ty)) n H'(0,T; L*(Ty)), (3.3.14)
n

QD0
3

W(W,7) € L0, T; H3(Q)) N L(0, T; H2(Q)),
(o, W,n) |1=0= Gg and Gs(o,w,7) |1=0= Gg.

=
m

)
)
9
)
)

Proof. The detailed computations to verify (3.3.14) follows from Lemma 3.3.8 (for esti-
mates of G1), Lemma 3.3.10 (for estimates of G2), Lemma 3.3.12 (for estimates of G3)
and Lemma 3.3.14 (for estimates of 1) in the Section 3.3.2.2. O

Observe that the condition (3.3.9) implies that W(w,7) - n = 0 (where W is as
defined in (3.3.4)) on X7. Hence in view of Lemma 3.3.1, for all (¢, w,7) satisfying the
conditions (3.3.8)-(3.3.9)-(3.3.10)-(3.3.11)-(3.3.12) -(3.3.13), the system (3.3.3) admits a
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unique solution as a consequence of Theorem 3.2.1, Theorem 3.2.4 and Theorem 3.2.7
in the space Z{ x Y3 x ZI where Yy is defined in (3.1.16), Z{ and ZI are defined as
follows

Z{ ={p € C°([0,T}; H*()) | pr € L>(0, T; H'())},
Z§ = {n e L>(0,T; H**(Ty)), n(x,0) = 0| n, € L*(0,T; H*(Ts)) N C°([0, T}; H*(T',)),
n € L2(0,T; H*(T,)) N C°([0,T]; HY (L)), muss € L*(0,T; L*(T,))}. (3.3.15)

Observe that the only difference between Y;' (defined in (3.1.16)) and Z{ is that the ele-
ments of ;' belongs to C*([0, T]; H*(2)) while the elements of Z{ arein W1>°(0,T; H'(Q)).
Also one observes that the elements of Y3 (defined in (3.1.16)) are in C°([0, T]; HY/?(T',))
while ZJ is only a subset of L>(0,T; HY/?(T)).

Before defining a suitable fixed point map (in order to solve the non-linear problem
(3.1.21)), we will introduce a convex set Cr (where we will show the existence of a fixed
point). The set Cr will be defined as a subset of L2(0,T; L?(Q)) x L?(0,T;L?(Q)) x
L?(0,T; L*(T's)) such that the elements of C7 satisfy some norm bounds and some con-
ditions at initial time ¢ = 0.

Let us make precise the assumptions which will be used to define the set Cp.
Regularity assumptions and norm bounds of (o, w,17):

151 oo (0,752 (02)) < B1y Gl oo 0,711 (02)) < B, (3.3.16a)

Wl oo 0.m:m2(02)) + Wl 2200, 7513 (02)) + (Wil Loo (0,108 () + 1 Wel| L2 (0,7:002 (02
( () ( () ( () ( () (3.3.16b)

+ [Wetll 22 0,7512(0)) < Bss

170l Lo (0,75 11972(0 )y + WMl Loe 0,733 1)) + Wl L2007 103 (0 )) + 170t | oo 0,751 ()

+ (|7l 220,752 (00)) + el 20,7522, )) < Bas (3.3.16¢)
1+ 7(z,t) = 60 > 0 on X7, (3.3.16d)

m ~ _ .
0< 5} <o+ p<2M in Qr, (3.3.16e)

where B;’s (1 < i < 4) are positive constants and will be chosen in the sequel. The norm
bound (3.3.16b) implicitly asserts (by interpolation) that w is in C°([0, T]; H%/2(Q)).
Assumptions on initial and boundary conditions:

w =0 on X7, (3.3.17a)
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(5(7 0)7 V~V(7 0)> 77(7 0)7 ﬁt('a 0)) = (pO - pv up — 2771527 07 7]1) in Qa (3317b)
it (+,0) = 0m 2z — (10 + 244") (u0)2,2 + P(po) in Q, (3.3.17¢)

. 1 : SNy s
w(-,0) = %(Gg — (—pA = (p+ p)Vdiv)(ug — zm€3)) in Q. (3.3.17d)

For T < T, let us define the following set

Cr (B, B, By, Ba) = {(&,W,7) € L*(0, T; L*(Q)) x L*(0, T;L*(92)) x L*(0,T; LA(T'y)) |
the relations (3.3.16) — (3.3.17) are true}. (3.3.18)

Now for (&, W,7) € Cp(B1, By, Bs, By), let (o, w,n) € Z{ x Y5 x ZI' (vecall the definition
of Yo', from (3.1.16) and Z¥, ZT are defined in (3.3.15)) be the solution of the problem
(3.3.3) corresponding to (o, w, 7). This defines the map

L:@Cp(B1,B2,Bs,By) — ZI xYi xzT

(@, w,7) = (o,w,7). (3.3.19)

Now observe that if the map L admits a fixed point (o¢, Wy, n¢) on the set Cr(Bi, B2, B3, By),
then the triplet (o¢, wy, 1) is a solution to the system (3.1.21). Thus, our goal from
now is to prove the existence of a fixed point to the map L. In that direction we first
show that for suitable parameters B; (1 < i < 4) and T, the set Cp(By, By, B3, By) is
non-empty.

Lemma 3.3.2. There exists a constant By > 0 such that for all B; > Bj (1 <
i < 4) there exists Tj(B1, B2, Bs, Bs) € (0,min{1,T}) such that for all 0 < T <
T4 (B, B2, Bs, Ba) the set Cp(By, B, B3, By) is non empty.

Proof. The choice of the constant B will be done based on the calculations performed
in the following steps.

Step 1. In this step we will prove the existence of a function w* which satisfies the norm
bound (3.3.16b) and the condition (3.3.17d) at time ¢ = 0. We begin by recalling that
(po, ug, n1) satisfies (3.1.17) and hence one observes that (ug — zm162) € H*(Q). As GY
is given by the expression (3.3.5), using (3.1.29) one has G € H'(2). We can thus find
a lifting h € L2(RT; HY(Q)) and h; € L2(RT; L%(Q)) (see e.g. [25, Theorem 3.2, p. 21])
such that h(0) = GY in Q. (In fact, we only need G € H'/?(Q) in this step.)

Let w* be the solution of the following system

pow; — pAW* — (p+ p/)Vdivw* =h  in Qo
w* =0 on Y, (3.3.20)

w*(0) = wo = (ug — 211€3) in Q.
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In view of (3.1.30) one can uniquely solve (3.3.20) such that the function w* satisfies
the following estimate

W™ | oo (0,005882(02)) T W[ 20,0083 (02)) + 1WE 1] o0 (0,00;E21 (2))
+ 1wl 2 (0,00:82(2) + Wil £2(0,00:L2(02))
< c(hl 20,0011 () + el 22(0,00:22(0)) + G2 li=0 | 51(0) + 10 — 2m el g3 )
< e5([G2 [t=0 a1 () + a0 — zmeés|| gsq))-
(3.3.21)

Using (3.3.20) one also observes the following

wi(,0) = plo(Gg — (—pA = (p+ ) Vdiv)(uo — 21163)). (3.3.22)

In view of (3.3.21) and (3.3.22) one observes that w* satisfies (3.3.16b) and (3.3.17d)
respectively.

Step 2. In this step we will prove the existence of a function n* which satisfies the norm
bound (3.3.16¢), (3.3.16d) and the condition (3.3.17¢) at time ¢ = 0. In that direction
first recall that G € H'(Ts). We use in particular the regularity G € H'/2(T) to obtain
a lifting hy of GY such that hy € L2(R+; HY(I',)) N HY(R*; L2(T'y)) N L=(R*; HY/2(T,))
and h1(0) = GY in T's. Let n* be the solution of equation (3.2.17) with G3 replaced by
hi. From Theorem 3.2.7 and inequality (3.2.28) one obtains

Hn*HLOO(O,T;HW?(FS)) + HH:HLQ(O,T;H‘%FS)) + “n;”LW(O,T;H3(FS)) + antHB(o,T;H?(FS))
+ 195l oo (o, (00)) + el 22 0,m522(00))
< c([(R1)ellL20,00:22(r0)) + A1l Loo (0,003 m172(r,)) + IG3N array + Il ser,))
< (|Gl ar . + HmHm(rs))
(3.3.23)

where the constant ¢4 is independent of T. One further uses (3.3.6) to check that

nifkt('v 0) = 5771,90:]0 - (/L + QM/)(’LLO)Q,Z + P(pO)' (3'3'24)

In view of (3.3.23) and (3.3.24) we get that n* satisfies (3.3.16¢) and (3.3.17¢).
Since 1*(.,0) = 0, we observe the following by interpolation

. 1/3 2/3
I gogssy < elln™ e o e (o 17 oo (0 7121 (3.3.25)
1/3 (|1, U3 (I 2/ B
<l (H77t||L°°(0,T;H1(Fs))) (77 zoe 0,702 00) ™
At this point we set
B} = max{cs(||GY lm1(0) + lluo — 2meéz| us (o)), lpo — Plluz() (3.3.26)

ca(l|G3ll e, +||771||H3 )}
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and for all 1 <7 <4, B; > B.
Hence in view of (3.3.25), there exists Tjj(B1, Be, B3, B4) € (0, min{1,T}) such that for
all 0 < T < Tj (B, B2, B, By) we verify that

1+n* >0 >0 on X7,

i.e n* satisfies (3.3.16d).

Step 3. One easily checks that o* = pg — p verifies (3.3.16a) and (3.3.16¢).

We further observe that (o, w*,n*) satisfies (3.3.17a) and (3.3.17b) automatically by
construction.

So we have shown that if we choose B (and hence B; > Bj, for all 1 < i < 4) as in
(3.3.26) and 0 < T < TS(BL Bs, Bs, B4) then (O'* = po—p, W*,T]*) € GT(Bl, B>, Bs, B4),
i.e.

Cr(B1, B2, B, By) # @.
O

Remark 3.3.3. Observe from the proof of Lemma 3.5.2, the constant 1§ (B1, Ba, B3, By)
depends on 09 € (0,1). Since 0y is fized (see (3.3.1)) we do not write explicitly the
dependence of Ty (B, Be, B3, Bs) on dp.

3.3.2 For small enough 7', L maps Cr(Bj, By, Bs, By) into itself

To prove that the map L admits a fixed point we first show that for 7" small enough and
a suitable choice of parameters (By, B, Bs, By), the set Cr(Bi, By, B3, By) is mapped
into itself by L.

Provided (¢,w,n) € Cr(Bi1, B2, B3, By), we have to estimate the terms Gi(o,w,7),
Ga(5,w,7)), G3(5,w,7j) and W (W,7) (recall the definition of Gy, Ga, G3 and W from
(3.1.22) and (3.3.4) respectively). For this purpose we will require some results which
we collect in the following section.

3.3.2.1 Useful lemmas

The following lemma concerning the Sobolev regularity of the product of two functions
is standard in the literature.

Lemma 3.3.4. Consider a bounded domain Q0 in R? (ford=1,2). Letr > 2, 0< s <
r. Ifve H"(Qy) and w € H*(Qp) then vw € H*(Qg) with

[ow][ g2 00) < K (Q0)l[0] (o) 1wl 2 (20)-

Similar estimates hold when v and w are vector valued functions i.e for v.e H"(Qy) and
w € H*(Qp).
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Lemma 3.3.5. Let T < T (recall that we have fized T in (3.1.23)). We assume that
fe H;;(QT) As usual we use the notation £, to denote the partial derivative 0,f of £
with respect to z. Also suppose that I's is a smooth subset of I'. Then the trace f, |5,
on I'y (i.e the normal derivative of £ on I's) belongs to HY/%(0,T;L2(L,)). In particular
there exists a constant K > 0 such that for all f € HQE;(QT) we have the following

IE: 57 2202y < TYOK(IE(0) |y o) + Il @) (3.3.27)
where £(0) denotes the function f at time t = 0. We specify that in our case the space
H%; (Qr) is endowed with the following norm

HfHH%;(QT) = £l 220, m;m2(0)) + 1|l 2 0,7512()) -

Remark 3.3.6. The appearance of £(0) in the inequality (3.3.27) might seem redundant
since for all, f € HQEi(QT)

I£O) ryer < KrlElg21 g

But the constant K there may depend on T while the constant K in (3.3.27) is inde-
pendent of T. This is the reason why we prefer working with (3.3.27).

Proof of Lemma 3.5.5. We have to estimate ||f; [s; [lz20,7;02(r,))- Using Hélder’s in-
equality we get the following

T
( [t 15, ||%2<m)
0

1/2

T 1/3
< | JIE [2p Hi2(rs)> T'/6
0 (3.3.28)

. 1/3
<K(©) (g Hfuas/g(m> T,
To prove (3.3.27), in view of (3.3.28) it is enough to show the following inequality
€150 002y < KO TN Elzt g + £ i) (3.3.20)

In order to prove (3.3.29), first let us consider the solution £* of

ff ~Af*=0 in  Qr,
£+ =0 on Y, (3.3.30)
£(,0)=£(0) in Q.

As £(0) € H}(Q), £* € H%; (Qr). It is also well known that there exists a constant K (€2)
such that f* satisfies the following inequalities

@ ! @) < KEOIEO) g0,

i X N (3.3.31)
(4) |[If ”Loo(o,T;H(l)(Q)) + [If HL2(0,T;H2(Q)) < K(Q)Hf(O)HHé(Q)'
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Now we will estimate the norm of £* in L3(0, T; H*/3(2)). Using interpolation we have

for a.e t , 3 : 3
18 (0) sy < K (QNIE (0154300 I1E O 53

From the last inequality one obtains the following

1/3

1 23 0,7:15/30) (/”f* s ) (3.3.32)

*111/3 *112/3
K12 o s o 1€ 17550 ez 0

Hence using inequality (ii) of (3.3.31) in (3.3.32) we obtain
£ L3 0, m5/3(02)) < K(Q)[[£(0 )Nz (3.3.33)

Now let us observe that (f —£*)(0) = 0. Extend the function (f — f*) by defining it zero
in the time interval (7' — T,0) (the extended function is also denoted by (f — f*)). In
what follows we will use the notation

QT*T,T =0 x (T — T, T)

We also introduce the space H%; (Qp_7.) which is defined as in (3.1.12) with Qr
replaced by QT—T,T'

. . 2,1
One can check that the extended function (f — £*) € Hg (Q7 7 ) and

I = £) ][ 2,1

Again due to the embedding H2 (Qp F7) = HYS(T — T, T;HY3(Q)) we have the
following

E (QT TT

==z o (3.3.34)

Hf —f* HHl/G(T—T,T;HW?’(Q)) < K(Tv Q)Hf - f*HHQE;(QTifT) (3335)
Since HYS(T —T,T) is continuously embedded into L3(T — T, T'), hence from (3.3.35)
||f — f*HLS(T_T’T;HS/S(Q)) < K(T, Q) ”f - f*HH%qlw(QT—T,T). (3'3-36)

Use of triangle inequality furnishes the following

£ 23 0, 7sm3/3 02 < K UIE = £ 130 7m3/302)) + 1E7 M L3 0,mm5/3 02)))- (3.3.37)
Incorporate inequalities (3.3.33) and (3.3.36) in (3.3.37) in order to obtain

1€l 50 ooy < KO- Elazy o, + IO la). (3339)
In view of the equality (3.3.34) we can obtain the following from (3.3.38),
€1l L3 0,m805/3(2)) < K(Q,T)(|f - f*HHgl @mn T ||f(0)||H5(Q))- (3.3.39)

Once again use triangle inequality and (3.3.31) (i), in order to prove (3.3.29).
Finally use (3.3.29) in (3.3.28) to show (3.3.27). This completes the proof. O
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The following lemma is a simple consequence of the fundamental theorem of calculus,
whose proof is left to the reader.

Lemma 3.3.7. Fizi >0 and a domain Qo in R? (d is either 1 or 2). Then there exists
a constant K > 0 such that for all ¢ € H'(0,T; H (€)), the following holds

[l oo 0,711 (020)) < K ([P(0)|| i) + T1/2|Wt||L2(0,T;Hi(Qo)))v (3.3.40)

where ¥(0) denotes 1 at time t = 0. The inequality (3.3.40) is true even for a vector
valued function ¥ € H(0,T; H'(Qp)).

3.3.2.2 Estimates of G1, G2, G3 and W

Lemma 3.3.8. Let B} and Tj are as in Lemma 3.3.2 and B; > By (V1 < i < 4).
Then there exist K1 = K1(B1, B2, B3, B4) > 0 and Ko > 0 such that for all 0 < T <
TS(Bl,BQ,Bg,B4) and (5,W,ﬁ) S GT(Bl,Bg,Bg,B4), Gl(g,ﬁl, 77) (deﬁned m (3122))
satisfies the following estimates

=

1(B1, By, Bs, By)T"/?,

2| podiv(uo) || 1 (e (3.3.41)

(@) NGi(@, W, D)l 0,1;m2(9)
)
+K;(B1, B, B3, By)T"/2.

<
(@) NG1(a, W, 0)|l L0101 () <

=

Remark 3.3.9. In (3.3.41), the constant Ko does not depend on any of the B; (1 <i <
4).

Proof of Lemma 3.3.8. (i) We will first prove (3.3.41)(4).

Estimate of (¢ + p)div(W + 27;€2) in L1(0,T; H*(Q)): From (3.3.8), we get that (7 +
p) € L=(0,T; H*(Q)) and (W + zmé2) € L?*(0,T; H?(2)). Hence we have the following
inequality

(0 + p)div(W + z1e2) | L1 0,712 (0))

< K([[(6 + D)l 0,3 m2(0)) (W + 210:€2) | L1 (0,713(02)))  (using Lemma 3.3.4)

< KTY2([(6 + D)l Lo 0,72 () || (W + 270:3) | 120, 7m15(0))) - (using Holder's inequality)
< K(B1, B3, By)T"?,  (using (3.3.16a), (3.3.16b), (3.3.16¢)). (3.3.42)

Estimate of Fy (G +p, W + 2742, 7) (defined in (3.1.10)) in L(0,T; H?(f2)): First observe
that, as 7 € L°°(0,T; H%/?(T,)) and (3.3.16d) holds, one can verify the following

0o (g 7. 179/2
(1+7) € L>(0,T; H*(Ts)) (3.3.43)
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and

=

Loo(0,T;HY/2(T'y))
(3.3.44)

¢ 202 (0 + p) (w1 + 21:€3) -

Hence we get the following estimate o —
(1+7)

9

1e(0 + P) (W1 + 27€3)-

(1+n) L1(0,T;H2())
1
(172l oo (0, 1772(1, ) 7] PR, (@ + P)ll Lo (0,1 12(02)) ( )

[ (W1 + 27t€2) || L1 (0,752 (02))) (using Lemma 3.3.4)
< K(By, Bs, By)TY?, (using Hélder’s inequality and (3.3.16a), (3.3.16b), (3.3.16¢)
and (3.3.44)).

Rest of the terms in the expression of F (5 +p, w+ 272, 17) can be estimated in a similar
way. Hence we can show the following

IF1(G + P, @ + 282, )| 1 0.em2 )y < K (Bu, By, By)TY2. (3.3.46)

We combine (3.3.42) and (3.3.46) to prove (3.3.41)(¢).
(ii) We will now prove (3.3.41)(i1).
Estimate of (¢ + p)div(W + 27;€) in L>(0,T; H'(Q)): We observe the following

(& + p)div(W + 21:€2) )ell L2 (0,711 (02))

< K(|[ordiv(W + 21:€2) (| 200,111 (02)) + (0 + p)div(We + 20:6€2) [ L2075 ()

< K([|o¢] Loo 0,751 () [ V(W + 2706€2) (| L2 0,712 (00))

+ 16 + Pl oo (0.1;12(0)) | div(We + 270€2) | L2 (0,751 (2)))  (using Lemma 3.3.4)

< K(By, Bg, B3, By), (using(3.3.16a), (3.3.16b), (3.3.16¢)).

(3.3.47)

Now apply the inequality (3.3.40) with ¢ = (¢ + p)div(W + 2z7:€2). We obtain

(& + P)div(W + 20:€2) | Loo (0,111 ()

(3.3.48)
< K||podiv(ug)|| g1 () + TY2K(By, By, Bs, By), (using (3.3.47)).

Estimate of Fy(G + p,w + zm€z,7) in L>®(0,T; H(Q2)): We can have the following
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estimate

_ 1
< K=o | s

N2(0 4+ P) (w1 + 2m€3) -
(1+7)

Loo(0,T5H ()

(0 + P) Lo 0,112 ()
Lo (0,T;HY/2(Ts))

[ (w1 + 27€32) 2 || oo (0,711 (2))) (using Lemma 3.3.4)
(3.3.49)
< KTl/Q(”ﬁxt”B(O,T;Hz

1 -
N7 T = 0+ 0)||Le~(0.T-H?
Ts)) H (1+7) Lo (. TSHY (T)) 1€ N oo (0,15 Q)
[(w1 + 20:€2) || Lo (0,711 (02)))

(using (3.3.40) with ¢ = 7, and the fact that 77,(0) = 0)
< K(By, B3, By)TY?,  (using (3.3.16a),(3.3.16b),(3.3.16¢) and (3.3.44)).

A similar analysis can be applied to estimate other summands of Fy(c + p, w + z1.€2, 7).
Hence we can now show that

|FL(G + p, @ + 202, ) || poo (0.7, 111.(02)) < K (Bi, Ba, By)TV2. (3.3.50)
Combine (3.3.48) with (3.3.50) to show (3.3.41)(i7). O

Lemma 3.3.10. Let B§ and T are as in Lemma 5.5.2 and B; > B (V1 < i < 4).
Then there exist K3 = K3(By, Ba, B3, By) > 0, K4y = K4(B1,B4) > 0 and K5 > 0 such
that fOT‘ all0 < T < TJ(Bl,BQ,Bg,B4) and (5,V~V, 77) S GT(Bl,BQ,Bg,B4), GQ(&,V~V, ﬁ)
(defined in (3.1.22)) satisfies the following estimates

(7’) HGQ(a—v w, ﬁ)HLQ(O,T;Hl(Q)) < K3<B17 By, Bs, B4)T1/27

(“) H (GQ(a-a w, ﬁ))tHLQ(O,T;LQ(Q)) < K3(Blv By, Bs, B4)T1/2 + K4(B17 B4)7

(@i) [|G2(3, W, 7)|| L= 0,rsL2(2)) < K5l G3llL2(a) + K3(Bi, Ba, Bz, Ba)T"?.
(3.3.51)

Remark 3.3.11. The estimates in (3.3.51) are inspired from the results stated in [38,
p. 269] which is done in absence of the beam unknown n but includes the evolution of
the temperature of the fluid.

We further emphasize that the constant Ky does not depend on (Bg, Bs) and Kj does
not depend on any of the B; (1 <i<4).

Proof of Lemma 3.3.10. One can use (3.3.16e) to show that for v > 1,
(@ +p) "t € C%([0,T); H*()) and (5 +p)" "% € C°([0, T]; H*(2))

and

K(By), (3.3.52)
K(BY).

{ 1@ + )" oo o.1:m2(0) < K& poo(0.1:22(0)) <
< <

G +2)" 2l o)) < Kol e o,73m2()
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(i) We first estimate Ga(a, W, 7)) in L2(0,T; HY(2)).
Estimate of P'(¢ 4+ p)V& in L2(0,T; HY(Q)):

|1P'(& +P)Vall L2011 ()

< TVY2||P'(G + P) V5| oo (0,751 ()

<TY2K(|G +7) Mz ora2 @) Ve | Lo rm @) (3.3.53)
(using the definition of P and Lemma 3.3.4)

< K(B))TY?,  (using (3.3.16a)).

Estimate of 27 (G + p)é2 — (A + (1 + p/)Vdiv)(27:€2) in L2(0,T; HY(Q)):

127¢(6 4 P)é2 — (uA + (u + p')Vdiv) (27:€2) | 20,712 ()
< TY2)|204(5 + §)&2 — (A + (u+ 1) Vdiv) (27782) || oo (07511 ()
< T2 K (|7t Lo (0,751 ) 1@ + D)l L= o.752 () + 17l oo (0,753 (2))) (3.3.54)
(using Lemma 3.3.4)
< K(By, By)T"Y?,  (using (3.3.16a), (3.3.16¢)).
Estimate of F5(G + p, W+ 27j:€2, 77) (defined in (3.1.10)) in L?(0,7; H*(Q)): We will only
estimate the terms of Fy(d + p, W + 27:€2,77) which are the most intricate to deal with.
The others are left to the reader.
(a) 7o +p)(We + 20€2) | L2 0,711 ()
< TV + P) (Wi + 2770063) | Low 0,780 () (3.3.55)
< TR ([l oo 0,12 (0o 1T + B) | oo (0.7 20 || (Wt + 2770063 | oo (0. 7881 (2)))
(using Lemma 3.3.4)
< K(By, B3, By)T"?,  (using (3.3.16a), (3.3.16b), (3.3.16¢)).

(0) 20 +2) (W2 + m€2) || 20,7511 ()
< TY2||2(6 + p) (W + 763 | Lo (0,712 ()
< TYV2E([|( + Pl oo (0,112 ) | (W + 71663 || oo 0,730 () 17| oo (0,112 )
(using Lemma 3.3.4)

< K(By, B3, By)T'/?,  (using (3.3.16a), (3.3.16b), (3.3.16¢)).
(3.3.56)
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szz 773:
(1+m)

L2(0,T5H())

”WZZ||L2(0TH1 )||7IxHLoo 0,T;H2(Ts)) H

L) | oo (0,7 1972 (1))

(using Lemma 3.3.4)

< TV (sl 2o ram e >||nxt||L2(0TH2rs)Hl+n) o
Lo°(0,T;H9/2(Ds

(using (3.3.40) with ¢ = 772 and the fact 77,(,0) = 0)

< K(Bs, By)T"Y?,  (using (3.3.16a), (3.3.16b), (3.3.16¢) and (3.3.44)).
(3.3.57)
(d) Using arguments similar to that in the computation (3.3.53) we show the
following

|(1P'Gs — P'&.272)€i || 20,mm1 () < K (B1, Ba)T"2. (3.3.58)
Now the reader can deal with the other terms using similar arguments in order to prove

| F2(G + P, (W + 27€3), )| 2 (0,711 () < K (B, Bs, By) T2, (3.3.59)

Combining the estimates (3.3.53), (3.3.54) and (3.3.59) we conclude the proof of the
inequality (3.3.51)(3).

(ii) We now estimate [|(G2(c, W, 7))l r2(0,7;1.2(0))-
Estimate of (P'(¢ +p)Va): in L*(0,T; L*(2)):

|(P'(c +P)VG)ill L2 0,7:12(02))
< TY2|(P'(6 + p)VE) il Lo (0.2
<TV2K(|(F +ﬁ)(vd)5tV5||L°°(0,T;L2(Q)) + 16+ p)" ' VEi e 0m120)) (3.3.60)
STV (|E + 7)) oo .12 ) 15 pow (0.7 22 () | VE | oo (0,788 ()

+ 16 +2)" oo m2(0) Vel Lo (0. 7:1.2(02))) (using Lemma 3.3.4)
< K(By, Bo)TY?,  (using (3.3.16a) and (3.3.52)).

Estimate of (27 (6 + p)€3 — (LA + (u + ') Vdiv)(27€2))¢ in L?(0,T;L3(Q)):

[(27:(6 + P)ez — (LA + (p + 1) VAiv) (21:€2))ell 20,7512 (02))

< T1/2K(||77tt||L°°(0,T;H1(FS))H5t||Loo(o,T;H1(Q))) + K ([|1eet] 20,7520, )
@ + P Lo 0,1 m2(0)) + 1Teell 20,7, m2(r,)))  (using Lemma 3.3.4)

< K(By, By)TY? + K(By, By).

(3.3.61)
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Estimate of (Fy(c + p, (W + 27:€3),7)); in L2(0, T; L2(2)):

(a) 1(7(o +P) (Wi + 271€3) )il L2012 (02))
< K(||(m¢(o + p) (W + 27e€3)) |

+ (1@ + ) (W + 272¢€2))|| 2 0, 7:1.2(2)))

r20,1;12() + 170t (We + 271€3) || L2 (0,712 ()

< TR (|[73e] oo o2 (o) |+ B oo (0.7 112 ) | (Wt + 27700€3) || oo (07501 ()

+ 17l Lo (0,752 0 ) Tt oo (0,175 (02)) | (Wt 4 27726€2) || oo (0, 73181 (2)))

+ 17l oo 0,112 0, )y 1 (@ + D)
< T'V2K(By, By, Bs, Ba) + T2 |5l 20,102 (1) | G + B) | £ow 071202

| (Wit + 2716€2) | L20,750.2(02))
(using (3.3.40) with ¢ = fjand the fact77(,0) = 0)

< K(B1, By, Bs, B))T"/.
(b) Using similar estimates we can have the following

1(2(5 + ) (W= + €3)ne )il 12 (0.7:12(02)) < K (Bi, By, B, By) T2,

ﬁ’zzzﬂﬁ%
1+ /,

To start with, we have the following identity of distributional derivatives

(¢) Now we estimate

L2(0,T5L%(Q))

szzzﬁgzg _ ZZWtzzﬁg 2ﬁzﬁxt®zz - ﬁ’zzzzﬁﬁt
1+n) ), (@+mn) (1+7) (1+7)?

We now estimate the first term of the summands. Using (3.3.44) one obtains

2 VizaTly < K(Ba) (190720 [ 2 0752001
T+ & L

L2(0,T5L%(2))

Now we use inequality (3.3.40) and 7,(-,0) = 0 to get

(72| oo (0,755 (12)) < CllNall oo 0,1:m2(r0)) < K (B3)T"2.

Hence we use (3.3.66) in (3.3.65) to obtain

25, ~2
Z"WizzT

! < K(Bs, BJ)T.
1+ (Bs, Ba)

L2(0,T;L%(Q2))
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(3.3.62)

oo 0,112 | (Wit + 217€3) || 20,7512 ()

(3.3.63)

(3.3.64)

(3.3.65)

(3.3.66)

(3.3.67)



For the second and third summands of (3.3.64), we similarly obtain:

Hznw”xthz < K(Bs, By)T"?
1+ 77 L2(0,T;L2()) (3.3.68)
H Wizz 77x77t < K(Bg, B4)T
+1)? L2(0,T;L2(Q))
So altogether we get
(1+7) tllL2(0,mL2(02))

The remaining terms in the expression of Fs are relatively easier to deal with and hence
we leave the details to the reader to show

I(F2(5 + B, W + 21163, 1))t || L2(0,7:12(2)) < K (B1, Ba, Bs, Ba)T"/2. (3.3.70)

Hence combining the estimates (3.3.60), (3.3.61) and (3.3.70) one gets (3.3.51)(i1).
(iii) In (3.3.40) replace ¥ by Go(W,d,7n) and use the estimate (3.3.51)(ii) to prove
(3.3.51) (4id). O

Lemma 3.3.12. Let Bj and 1§ are as in Lemma 5.5.2 and B; > B (V1 < i < 4).
Then there exist Kg > 0 and K7 = K7(Bi, Ba, B3, By) > 0 such that for all 0 < T <
TS(Bh BQ, Bg, B4) and (5’, V~V, ﬁ) S GT(Bl, BQ, Bg, B4), Gg(&, VT/‘, T~]) (deﬁned m (3.1.22))
satisfies the following estimates

(DIG3(&, W, Ml oo (0,7:m172(00y) < Kol (00, 10) | 20y <2 () + K7(B1, Be, Bs, By)T'/?,
(@) (G3(&, W, 7))ell 20,702 (ry)) < T K7 (B, By, B, Bu). (3.3.71)

Remark 3.3.13. We emphasize that K¢ does not depend on any of the B; (1 <i < 4).

Proof. In this proof we will consider the function w and (¢ + p) on Iy, i.e we take the
trace of these functions and make use of well known trace theorem without mentioning
it explicitly.

(i) Estimate of F3(& + 7, W + 7:€,7) (defined in (3.1.10)) in L°(0,T; H'/?(T,)):

(a) First let us estimate (@g, . + %) in L°(0,T; HY/2(T,)):

(2,2 + 1) || oo (0,751 21, )y < K ([0l 520 —I—Tl/zH(ng + 1)l L2012 (1, )
(using (3.3.40))
K(|[uo|l gr2(0) + T"/* K (Bs, By)), (using (3.3.16b) and (3.3.16¢)). (3.3.72)
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(b) Let us estimate P(& + p) in L>(0,T; HY*(T')).

1P + D)l oo (o arr2rnyy < K lpoll 2y + T2 + 5) ' ell 20 2 011/2 () ds)
(using (3.3.40)) (3.3.73)

< K(llpoll2(0) + T'2K(By,By)), (using (3.3.16a)).

(c) Now we estimate (nlzilf) in L>(0,T; H/2(Ty)),
n

|| ﬁxwl,z

) oo, mrr2(ryy) < B (Ba) (17| oo (0,752 (0 ) W12 | oo (0. 75172 (1, )

(using (3.3.44))

< TY?K(Bs,By),  (using(3.3.40) with¢) = 7, and 7, (., 0) = 0).
(3.3.74)
We use similar sort of arguments to show that

1F5(5 + 2, W + 7€, )| oo 0.7 211/2(r, ) < Kllpollm2(r,) + K (Bu, Ba, By, B)T'/>.
(3.3.75)

Combine (3.3.72) with (3.3.75) to prove (3.3.71)(1).
(ii) Estimate of (F3(c + p, W + 7¢€2,7))¢ (defined in (3.1.10)) in L?(0,T; L*(Ts)):
First let us estimate (ws , + 7:€2)¢ in L2(0,T; L%(Ts)):
[ (W2, + 1t)ell L2 0,1 L2(1))
< N Wa,ezll 20,2 r0)) + el L2 0,722 (1))
< THYOR(||w (-, 0) a2 + ||V~Vt||H§J’;(QT)) + T2 K il oo (072210
(using Lemma 3.3.5 with f replaced by wy)

1 -
< TVOR(| (G o~ = )i g — 21 3)
Po H}(Q)

+ K(B3)) + TY2K(By). (using (3.3.17d) and the inequalities
(3.3.16b) and (3.3.16¢))
(3.3.76)

Using similar line of arguments one can prove that the trace of (F3(cd + p, W + 1162, 1) )¢
on I'y belongs to L?(0,T; L?(T's)) and the following inequality is true for T' < 1,

1(F5(5 + 5, W + 72, )il 20,7502 (ry)) < TV/CK (By, Ba, Bs, By). (3.3.77)

Combining (3.3.76) and (3.3.77), we conclude (3.3.71)(ii). O
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Lemma 3.3.14. Let Bj and 1§ are as in Lemma 3.3.2 and B; > B§ (V1 < i < 4).
Then there exist Kg = Kg(B1, B2, Bs, By) > 0, and K9 = Ko(Bs, By) > 0 such that for
all0 < T < T§(Bi1, B2, B3, By) and (,w,7) € Cp(B1, B2, B3, By), we have the following
estimates (recall the notation W from (3.3.4))

(Z) Hﬁ//(ﬁ’?ﬁ)HLl(O,T;H?’(Q)) KS(Bl7B%B3ﬂB4)T1/2’
(i) W (%, )|z 0.7:12(0)) < Ko(Bs, Bs) + Ks(Bi, By, B3, By)T"/?, (3.3.78)
(#d) |5¢]l 20,190y + 1Vl 20,7230y < Ks(Bi, Ba, B3, Ba)T2.

<
<

Remark 3.3.15. We emphasize that K9 does not depend on B1 and Bs.

Proof. (i) One can use Lemma 3.3.4 to check that W(\Tv,ﬁ) € L?(0,T; H3(Q)). As a
consequence, (3.3.78)(7) follows.

(ii) The following estimates follow from the regularity of w.

|01 oo 0,1 52(02)) < K (Bs), (3.3.79)
! 1] . 9
HMW Loo(0,T;H2(€2)) < K(BsBa). - (using (3.3.44)) (3.3.80)
and
r
HMwlznx Lo2(0,T;:H%(Q))

< K(Ba)(IW|l oo 0,512 () 17 | oo (0,75 121, )
(using (3.3.44) and Lemma 3.3.4)

< TY2K (Ba) (Wl oo 0.7:m82 () | ot | L2 0.7 12 4 ))
(using (3.3.40) with ¢ = 7, and 7,(.,0) = 0)

< TY?K(Bs, By).
(3.3.81)

Combine (3.3.79), (3.3.80) and (3.3.81) to prove (3.3.78)(ii).

(iii) From the definition of Cr (B, Bs, B3, Bs) we know that &; is in L°°(0, T; H(Q2)) and
V& belongs to L>=(0,T;H(R)). Hence one uses the continuous embedding H'()
L3(£2) to obtain that the embedding from L>(0,T; H'(Q)) < L?(0,T;L3(2)) has a
norm of size v/T. We then easily derive (3.3.78)(4ii). O
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3.3.2.3 Choices of By, By, B3 and By

Now we will choose the constants B; > Bj (< @ < 4) such that for a small enough time
0<T < TS(BI,BQ, B3, B4), L maps GT(Bl, BQ, Bg, B4) into itself.

Lemma 3.3.16. Let Bj and Ty are as in Lemma 3.5.2. There exist constants B; >
B (1 < i< 4) and a time T*(By, Ba, B3, By) satisfying 0 < T*(B1, Ba, B3, By) <
TS(BM BQ, Bg, B4) such thatfor all0 <T < T*(Bl, BQ, Bg, B4), L maps GT(Bl, BQ, Bg, B4)
into itself.

Proof. In the following we will fix B; (1 < 7 < 4) in a hierarchical order. We use
the constants Bj (Lemma 3.3.2), ¢4 (Theorem 3.2.7), K¢ (Lemma 3.3.12), ¢; (Theorem
3.2.1), K4 (Lemma 3.3.10), K5 (Lemma 3.3.10), c3 (Theorem 3.2.4), K9 (Lemma 3.3.14)
and Ky (Lemma 3.3.8). First we set By and By as follows

By = max{2(||ool| g2(0) + 1), Bj },
By = max{ca([[m | m3r,) + 11G3 le=o [la1(r,) (3.3.82)
+ Kl (po, wo) | 2 (@) xm2(0) + 1), Bi}-

Now using By and B4 we choose Bs and Bj in the following order.

Bs = max{c1(2 + K5||G2 |i=0 [[L2(q) + 4(1 + K4(Bi, Ba)

Go |i=0 —(—pA — (p+ p/)Vdiv)(ug — 2m & . (3.3.83)
n lt=0 —( ( )Vdiv)( ) ). i,
po H!(2)
and
By = max{03K9(Bg, B4)||O’0||H2(Q) + KQHpodiV(lI())HHl(Q) +1, BS} (3384)

In the rest of the proof we verify that with the choices (3.3.82), (3.3.83) and (3.3.84)
of B; (V1 < i < 4), there exists a time 7™ (Bi, Ba, B3, B4) such that for all 0 < T <
T*(B1, Be, Bs, By), L maps Cp (B, Be, Bs, By) into itself.
Let (o,w,n) € Cp(B1, By, B3, By) and L(o,w,n) = (0, w,n). From Theorem 3.2.1, The-
orem 3.2.4 and Theorem 3.2.7 we know that (o, w,n) satisfies the following inequalities
with

(Gl, Ga, G3) = (Gl (&’ w, ﬁ)7 G2(57 w, ﬁ)v G3(57 w, ﬁ))

Wl zoo0,msm2(02)) + Wl 22007313 (02)) + (Wil oo 0,711 () + Wil 20,7882 ()

+ [[Wiell 2 0,m2(0)) < atllGallL2 o8 ) + 1G2ll L 0,1:12 ()

’Gg li—o —(—pA — (p+ p")Vdiv)(ug — zm1€3)
Po

+ ([1G.tll L2 0,712(0)) +

‘Hl(ﬂ)

(L4115t 20/miz50)) + IV 20,1503 0) Jexp(eal| T2 0. .28 ) )
(3.3.85)
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HUHLOO(O,T;H2(Q)) < (HUOHH2(Q) + C2HG1HL1(O,T;H2(Q)))
: eXP(C2HWHLl(o,T;HS(Q))),
el oo 0,721 (52)) < €3l|W || oo (o 78220 [(l00 | 2 (60) + 211Gl 1 0,712 (2)))

'eXp(CQHWHLl(O,T;H?’(Q)))] + HGIHLOO(O,T;Hl(Q))v
(3.3.86)
and
HnHLOO(O,T;Hg/Q(FS)) + H77tHL2(0,T;H4(FS)) + H77tHLo<>(0,T;H3(FS))
+ [Imeell 20,7512 00)) + el oo o,y 10 (00 )) + [17eeel 20,1200 (3.3.87)
<callmllase,y + 1Gs li=o Iz, + 1Gsll Lo o, 1721,

+ 1Gs¢ll 220,021, ))) -

(7) Using the estimate (3.3.71) on G3(d,w,7) in (3.3.87) we obtain:

10l oo o, m9r2(r)) + 1l L2 0,718 (00)y + el Loo 0,153 (00
+ el 20,12 vy + et o o, 1y; 2 (ra)y + el 20,1221 (3.3.88)
<cllmllase, + 1Gs li=o e,y + Kell (pos wo) | 2 (0)xH2(0)
+ K7(By, By, B3, By)T"/? + T"/°K(By, By, Bs, By).
Now choose T} = T} (B, B2, Bs, B4)(< T (B, Ba, B, By)), positive and small enough
such that

K7(Bi, By, B3, By)(T7)'/? + K7(By, By, B3, By)(T7)"/¢ < 1. (3.3.89)

In view of the choice of By (see (3.3.82)) and (3.3.89), for all 0 < T < T} one verifies
that

{ 101l oo 0,020y + el L2078 (00)) + el Loe (0,713 () (3.3.90)

+ 1netll 220,752 (00)) + It oo 0,770 (00)) + et 20,702 (1)) < Ba-
(i7) Using the estimates (3.3.41)(i) on G1 (&, W, 77) and (3.3.78)(i) on W (W, 7) in (3.3.86);
furnish

ol rm2@) < (looll a2 + c2K1(B1, Ba, Bs, By)TY/?)

3.3.91
exp(coKs(By, By, Bs, B4)T"/?). ( )

Choose Ty = Ty (By, B2, B3, B4)(< T7), positive and small enough such that
caK1(B1, By, By, By)(T3)'/? < 1, (3.3.92)

exp(c2Ks(Bi, B2, Bs, Ba)(T5)'/?) < 2.
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In view of the choice of B; (see (3.3.82)) and (3.3.92), for all 0 < T < T3 the following
holds
o[ Lo 0,112 (02)) < B (3.3.93)

(7i7) Using the estimates (3.3.51) on Ga(c,w,7) and (3.3.78)(4i7) on & in (3.3.85) to

obtain

Wl Lo 0,182 (02)) + Wl 220,583 (0)) + 1Well oo (0,7181 () + [[Well 20,7312 ()

+ [wall r20m12(0) < ct{K5l|Ga li=o Iz + 2K3(B1, By, Bs, By)T"/?

+ (K3(B1, Ba, B3, B4)TY? + K4(B, By)

n HG2 lt=0 —(—pA — (u+ p')Vdiv)(ug — 21 €3) ‘ ) (
PO H(Q)

+ Kg(Bi, By, B3, By)T'?) - exp(e1 K2(Bi, Ba, B3, B4)T)}.

[a—

(3.3.94)
Choose T3 = T3 (B1, B2, B, B4)(< T5(B1, B2, B3, By)), positive and small enough such
that

K3(By, Ba, B3, By)(T$)'Y/? < 1,

3.3.95
and (1 +Kg(Bl,BQ,Bg,B4)(T§)1/2)6Xp(clK82(Bl,BQ,B3,B4)T3*) < 4. ( )

In view of the choice of B3 (see (3.3.83)) and (3.3.95), for all 0 < T' < T35 we have

W|| 100 . + ||lw . =+ [|W¢|| 700 .
Wl oo 0,m:m2(02)) + Wl 2200, 713 (02)) + Wit oo (0,788 () (3.3.96)

+ Wil 2o m2()) + Wil 20, r12(0)) < Bs.
(iv) Using the estimates (3.3.41) on G1(c,w,7) and (3.3.78)(i)-(3.3.78)(ii) on W (W, 7))
in (3.3.86)2 furnish
o]l oo (0.7, 1 )y < €3(Ko(Bs3, Ba) + Ks(By, Ba, Bs, B)T"?)[(lloo|l 2
+ oK1 (B, By, Bs, By)T"/?) - exp(c3Ks(B1, Ba, Bs, B4)T"/?)] + K| podiv(uo) | 1 ()

+ Ki(By, By, B3, By)TY2.
(3.3.97)

Choose T} = T} (B1, B2, B3, B4)(< T¥), positive and small enough such that

cacsKo(Bs, By)K1(Bi, By, Bs, Ba)(T;)"? - exp(caKs(B1, By, Bs, B)(T5)"/?)
+ Kg3(B1, B, B, Ba)(T5)"((|lo0ll 2(e) + caK1(B1, Ba, Bs, Ba)(T5)"/?) (3.3.98)
- exp(co Ks(B1, By, B3, By)(T})/?)] + K1(B1, Ba, Bs, B4)(T7)"/? < 1.

In view of the choice of By (see (3.3.84)) and (3.3.98), we check that for all 0 < T' < Ty
the following holds

loell oo 0,711 () < Bo- (3.3.99)
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Hence with the choices (3.3.82), (3.3.83) and (3.3.84) of the constants B; (1 < i < 4),
(o, w,n) satisfies the estimates (3.3.93), (3.3.99), (3.3.96) and (3.3.90) respectively for
all 0 < T < Ty. We can also use similar kind of interpolation arguments as used in
(3.3.25) to show that there exists a T3 = T (B, B2, Bs, Bs) (< Tf) such that for all
0<T<T3,

1+ n(x,t) =60 >0, on X%
3.3.100
%gU(IJ,Z,t)‘f'ﬁgQM, in QT- ( )

Again it follows from the equation (3.3.3)2 that wy(0) satisfies the condition (3.3.17d).
Similarly one uses (3.3.3)g to show that 74 (-, 0) satisfies (3.3.17c). Now we set

T* =T*(B1,B2,B3,By) =15

Hence if B; (V1 < ¢ < 4) is chosen as in (3.3.82), (3.3.83) and (3.3.84) and 0 <
T < T*, (0,w,n) satisfies all the conditions (3.3.16)-(3.3.17), guaranteeing (o, w,n) €
GT(B17-827B37B4)'

This concludes the proof of Lemma 3.3.16. O

We fix the choice of B; (V1 < i <4)and T = T*(B, By, B3, By) as in Lemma 3.3.16.
Hence in the following we will simply use the notations

T =T* and GT == GT(Bl, BQ, Bg, B4) (33101)

3.3.3 Compactness and continuity

Let us observe that Cp is a convex, bounded subset of the space
X = {(o,w,n) € C°([0,T], H'(2))xC°([0, T]; H' (Q)) x ([0, T]; H (T's))NCY([0, T]; H(Ts))},
endowed with the topology induced by the norm

(o, w,n)llx = ts[%%](ua(t)HHl(Q) +IwOlar @ + 1Ol 2w, + I0:O1 a ry))-
€0,
Lemma 3.3.17. Let Cr be the set as introduced in (3.3.101). The set Cr, when endowed
with the topology of X, is compact in X.

Proof. We claim that the set Cr is closed in X.
Assume that a sequence (G, Wy, 7,) € Cp and that (6, Wy, 7,) — (7, W,7) in X'. Now
N — 7] in Cl([ov T]; Hl(rs)) implies that ﬁn,t — 7 in CO([()? T]; HI(FS))7 77’rz,tt — Ty and
Tttt — Tye in D'(0,T; L2(Ts)) in particular, where D’(0,T; L?(Ts)) denotes the space
of distributions on (0, T') with values in L?(T).
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We recall the norm bounds over n in the set Cp. Hence we have up to a subsequence
(still denoted by 7,) that 7, — 7 weak* in L(0,T; H?(Ty)), fns — 7, weakly in
L%(0,T; HX(Ts)) and weak* in L>°(0,T; H3(Ts)), Mt — My weakly in L2(0,T; H*(T's))
and weak* in L>®°(0,T; HY(Ts)), it — Ty weakly in L2(0,T; L%(Ts)). Also by the
lower semi-continuity of the norms with respect to the above weak type convergences we
get

17l oo (0,75 m972(0 ) + Tl oo 0,7503 (00 )) + 1Tl 20,7500 (00

g ! ! (3.3.102)
+ 1Tl Lo 0,711 (0 )) + 1 Teell 220, m2(0,)) + Maeell 220,7:02(0,)) < Ba-
As 7, = 7 in Cl([O,T];Hl(FS)) and 7, — 7; in C’O([O,T]; Hl(FS)), hence
7(-,0) =0 and 7,(0) =n. (3.3.103)

The uniform bounds of |7t roo (0. 7; 1 (1)) and |7ttt 2 (0,7;2(r,)) and Aubin Lions
lemma ([1]) furnish that up to a subsequence (still denoted by 7,), 7.+ strongly con-
verges to 7, in C°([0,7T]; L?(T's)). Hence

ﬁtt(% 0) = 5771,9% - (:u + QMI)(UO)ZZ + P(PO)- (3'3'104)

Similar arguments (used to show (3.3.102)) can be used to show that

W] oo (0,2 () + Wl 20, mm3(0))  + Wil oo 0,7001 () + [1Wel| 20,7312

Wl L2 0,7512(0)) < Bss
(3.3.105)

1ol 20,72 (0)) < B1y [0l oo 0,11 () < B (3.3.106)
Since 7, converges to 7 in L>(3%) (follows from the continuous embedding H?(Ts) —
L*>(T5)), one has the following (as 7, satisfies (3.3.16d))
14+7(x,t) >0 >0 on 5. (3.3.107)
Observe that the weak™ convergence of G,, to & in L>(0,T; L?(Q)) is enough to conclude
that (since &, satisfies (3.3.16¢))
% <oz, 2)+p<2M in Qr. (3.3.108)

Using the strong convergence of (G, Wy, 7,) to (¢, W,7) in X furnishes

g

(+,0) = (up — 2més) in Q,

a(-,0) = o9 in Q. (3.3.109)

Now we can use the uniform bounds of [[Wi,¢( Lo (0,758 () and ||Wa,tt]l 2 (0,7;L2(02)) and
the Aubin Lions lemma to have the convergence w,,; — W in C°([0, T]; L(Q2)). Conse-
quently

_ 1

Wt('70) 00

(GY — (—pA — (u 4+ p)Vdiv)(ug — 2m16s)). (3.3.110)

139



So combining (3.3.102)-(3.3.103)-(3.3.104)-(3.3.105)-(3.3.106)-(3.3.107)-(3.3.108)-(3.3.109)-
(3.3.110) we conclude that the limit point (7, w,7) € Cp and hence Cr is closed in X.
Once again using Aubin Lions lemma we get that Cr is a compact subset of X. O

Now to apply Schauder’s fixed point theorem one only needs to prove that L is
continuous on Cr.

Lemma 3.3.18. Let Cp be the set in (3.3.101). The map L is continuous from Cp into
itself for the topology of X.

Proof. Suppose that (6, Wy, 7,) € Cr, converges to (o, w,17) strongly in X'. Then, ac-
cording to Lemma 3.3.17, (o,w,7n) € Cp. We thus set (G, Wn, M) = L(0p, Wi, Tn),
(6,w,n) = L(g,w,7n). Our goal is to show that (&,,Wy,7,) strongly converges to
(o,w,n) in X. Using that (G, Wy, 7,) belongs to Cr (see Lemma 3.3.16) we get that
there exists a triplet (&, w,7]) such that up to a subsequence

AF  in L®(0,T; H2(Q)) nWhe(0,T; H(Q)),
W, =W in L%(0,T; H3(Q)) N HY(0,T; H2( )) N H?(0,T; L)),
- W ) )

Wi in (0, T; H2(Q2)) n Whee(0, T; HY(Q)),

n—7  in HY(0,T; HY(Ty)) N H?(0,T; H*(Ty)) N H3(0,T; L*(Ty)),

fin =7 in L®(0,T; HY2(L,)) nWhe(0,T; H3(Ts)) N W2°(0,T; H'(T,)).
(3.3.111)

The compactness result proved in Lemma 3.3.17 provides the strong convergence in
X i.e, up to a subsequence, (G,,Wy,7,) converges strongly in X to (o,w,7). It is
clear that in order to prove that the map L is continuous it is enough to show that
(,w,7n) = (6, w,n). This will be verified in the following steps.

(i) We first claim that G2(5y,, Wi, 71, ) converges weakly to Ga(a, W, 1) in L2(0, T; L2(£2)).
Since (G, Wy, 7n) belongs to Cp and we have fixed B; (for all 1 < i < 4) and T, one
can use Lemma 3.3.10 to show that ||Ga(dn, Wn, 1) || £2(0,7;02(q)) is uniformly bounded.
Hence, to prove our claim it is enough to show that Ga(5,,, Wy, 77,) converges to Ga(a, W, 1)
in D'(Qr) (D'(Qr) is the space of distributions on Q7).

VNVn,zzZ M,z

(L + )

we get that W, ., converges weakly in L?(0,7;H(Q)) to W,.. Since 7, strongly con-

1
verges to 77 in C°([0,T]; H*(Ts)) and both 7}, and 7 satisfy (3.3.16d), ﬁ
Tin

and 7j, respectively in the spaces C°([0,T]; H*(Ts)) and

Let us consider the term . From the uniform norm bound over ||Wn, - .2 (0,711 ()

and 7, »

1
converge strongly to —
(1+7)
C°([0,T); HY(T's)). Hence one gets in particular the strong convergence of 72 , to 72 in
W22 T o w220}
the space C°([0, T]; L3(T's)). This implies that ————"* converges to —— %

(1 +17n) (1+17)
in L2(0,T; L'(2)) and hence particularly in the space D' (Qr).
Now we consider the term P'Gy, .27, €1 = (Gn+p)? ™ 0,2 27n.2€1. Since ||(G,+p) HCO(O7T;H2(Q))

weakly
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is uniformly bounded so is [|(6n + )7 ||co(o.7;12(q2)) and hence (5, +p)7~! converges
weakly to (¢ + p)7~! in L%(0,T; H*(Q)). We also have that 7, . converges strongly
to o, in C°([0,T); L*(Q)). Hence (7, + p)? 15, converges weakly to (¢ + p)?~ 15, in
L%(0,T; L%(2)). Now the strong convergence of 7j, » to 7, in C°([0,T]; H'(I's)) furnish
that (G, + )70y, 2 27,2 weakly converges to (o +p)7 15,27, in L*(0,T; L*(Q2)). Hence
(on + ﬁ)""l?fn,zzﬁn,zé’l converges to (¢ + p)Y 15, 21,€1 in the space D' (Qr).

We can apply similar line of arguments to prove that Ga(6y,, Wy, 7,,) converges to Ga(a, W, 1)
in D'(Qr). Hence we have proved that Ga(0,, Wy, ) converges to Ga(a, w, 1) weakly
in L2(0, T; L2(Q)).

Also observe that (&, + p) converges strongly to (¢ + p) in C°([0,T]; H'(R2)) and
Wnt, (—pA — (¢ 4+ p)V(div))Ww,, converge up to a subsequence weakly to W; and
(—pA— (i’ + 1)V (div) )W respectively in the spaces L2(0, T; H2(Q2)) and L?(0, T; H'(2)).
Hence up to a subsequence one obtains in particular the following convergence

(G + D)Wt — pAW, — (1 + p)V(divw,) — (0 + )W — pAW — (' + 1) V(divw)
in L2(0, T; L%(Q)).

Now consider (3.3.3)2 with (¢, w, ) and w replaced respectively by (7, Wy, 17,) and w,,.
The weak convergences discussed so far allow to pass to the limits in both sides of this
equation. So using the uniqueness of weak solution for the linear problem (3.2.1) we
conclude that w = w.
(i) Now we claim that G (G, Wy, 71,) converges weakly to G (&, w,7) in L2(0,T; L?(£2)).
1 _ JURS
Let us consider the term ﬁ(wn)uznn@ (o + p). We already know that
Tin
1
and 77, , converge strongly to ———

and C°([0,T]; HY(T's)). One also observes that (wy); . weakly converges to W, in
L?(0,T; H*(Q2)) (since w,, — w in L?(0,7;H?3(Q))). Finally the strong convergence of

(L+77n)
and 7j, respectively in the spaces C°([0, T]; H?(Ts)

(Gn+p) to (6+p) in C°([0,T]; H'(Q)) furnish the weak convergence of ) (Wn 1,220,z (Tn+

1
. (1+ 7
p) to m(@)uzﬁx(?r +7) in L?(0,T; L?*(2)). We can apply similar arguments for
n

other terms in the expression of G1(d,w,7) in order to prove the weak convergence of
G1(Gp, Wi, ) to G1(G,W,7) in L?(0,T; L?(£2)).

We further observe that V&, strongly converges to V& in CY([0, T]; L*(2)). Since ()1
weakly converges to wy in L?(0,T; H3(Q)), (1) strongly converges to 7j, in L>°(3%) (be-
cause (7, ), strongly converges to 7, in C°([0, T]; H*(Ts)) and the embedding H(T's) <

00 . . 1 1 : 0 . 12
L*>(Ts) is continuous) and E. strongly convlerges to Ty CY([0,T]; H*(Ty)),

ﬁ(@n)lz(ﬁn)x(ﬁn)z weakly converges to mtﬂlzﬁzﬁz in L2(0,7; L?*()). Besides,
up to a subsequence (G,); weakly converges to &; in L?(0,T;L?(f2)). Hence up to a
subsequence we have
w
1 ' 1 -Vo

~ (@n)l ~ =
Gnlet | s ((@n)e - <wn>1z<ﬁn>x>l Vom ot

in  L2(0,T; L?()).
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Now consider (3.3.3); with (g, w,7) and o replaced respectively by (7, Wy, 7,) and &,,.
The weak type convergences discussed so far allow to pass to the limits in both sides of
this equation. Hence from uniqueness of weak solution of the linear problem (3.2.6) we
conclude that @ = 7.

(7i7) One can use similar line of arguments as used so far to show that G3(5,, W, )
converges weakly to G3(c,w,7) in L%(0,T; L?(T')). Using the norm bounds of 7, (since
(Ony Wi, M) € Cr) we can prove that up to a subsequence the left hand side of (3.3.3)¢
with n replaced by 7),, converges weakly to

ﬁtt - ﬁﬁxw - 5ﬁtac:c + aﬁzx:m:

in L2(0,T; L?(T's)). Now the uniqueness of weak solution to the problem (3.2.17) fur-
nishes 77 = 7). Hence the proof of Lemma 3.3.18 is complete. O

3.3.4 Conclusion

The following properties hold

(i) The convex set Cp is non-empty (Lemma 3.3.2) and is a compact subset of X’ (Lemma
3.3.17).

(ii) The map L, defined in (3.3.19), is continuous on Cr in the topology of X (Lemma
3.3.18).

(iii) The map L maps Cr to itself (Lemma 3.3.16).

Thus, all the assumptions of Schauder fixed point theorem are satisfied by the map L
on Cr, endowed with the topology of X'. Therefore, Schauder fixed point theorem yields
a fixed point (of, wy,ny) of the map L in Cr. From the definition of the map L, one has
(op,wr,ng) € ZE x Yy x ZI. Hence we have the following time continuities (since still
now one only has the regularities (3.3.41) of Gi(of, w¢,n¢), (3.3.51) of Ga(of, Wy, 1y)
and (3.3.71) of Gg(Uf, wr, 77f))

op € C°([0,T]; H*(),
wp € C°([0,T); H2(Q)) n ¢ ([0, T); HY(Q)), (3.3.112)
nr € CO([OvT]Q H4(Fs)) N Cl([O,T];H3(Fs)) N 02([0’T]?H1(Fs))'

The regularities (3.3.112) can be used to further check that G1 (o, ws,ny) € C°([0,T]; H'(2))
and G3(op, wy,ns) € CO([0,T); H/?(Ts)). Hence we use Corollary 3.2.5 and the Corol-
lary 3.2.8 to obtain the following

(o7) € CO([0,T); H'(92)) and 1y € C°([0, T]; H2(Ty)).

Hence, (op,wg,ng) € YiL x Y5 x YiI'. The trajectory (o7, wy,7y) solves the nonlinear
problem (3.1.21) in Y’ x Yi¥' x YiI'. Consequently the system (3.1.19) admits a solution.
This further implies that the original system (3.1.2)-(3.1.4)-(3.1.5) admits a strong solu-
tion in sense of the Definition 3.1.6. Finally the proof of Theorem 3.1.7 is complete. [
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Chapter 4

Observability of the adjoint of a
linearized compressible
fluid-structure model in a 2d
channel

4.1 Introduction

Our objective is to study the null controllability of a linearized fluid structure interaction
problem in a 2d channel. The fluid flow here is modeled by the compressible Navier-
Stokes equations. Concerning the structure we will consider a damped Euler-Bernoulli
beam located on a portion of the boundary. In the present article we establish an ob-
servability inequality for the adjoint of the linearized fluid structure interaction problem
under consideration which in principle is equivalent with the null controllability of the
system.

In order to introduce our model in a fixed domain it is first important to present the
non linear fluid structure interaction dynamics and obtain the linear model via a suit-
able linearization procedure. We remark that this linearization process is not unique
and depend on the structure of the map which we will use to bring the time dependent
domain to a fixed reference configuration.
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4.1.1 Motivation

In this section, we introduce the full non-linear compressible fluid structure interaction
model which we aim at studying from the controllability point of view, even though our
work is only a preliminary work in this direction.

Our goal here is to explain how, starting from a control problem for a compressible fluid-
structure interaction model, we derive a linear model (see Section 4.1.1.4) which should,
in principle, contain some of the main difficulties related to the non-linear model.

4.1.1.1 The non-linear model
We first define a few notations corresponding to the fluid and the structural domain.
Let d > 0 be a constant and Q = (0,d) x (0,1). We set

s =(0,d) x {1}, Ty=1(0,d) x {0}, I'=T UT,.

For a given function
B:Ts x (0,00) = (—1,00),

which will correspond to the displacement of the one dimensional beam, let us denote
by € and I'y; the following sets

Q ={(z,y) |z € (0,L), 0<y<1l4p(x,t)} = domain of the fluid at time ¢,
Isi={(z,y) |z €(0,L), y=1+p(z,1t)} = the beam at time ¢.

The reference configuration of the beam is I'y and we set

Yr=Tx(0,7), ¥ =Ty x (0,T),
25 =Uconlse x {t},  Ep =Ty x (0,7T), (4.1.1)
Qr =02 x(0,T), QT = Ue(o,1) e % {t}.

We consider a fluid with density p and velocity u. The fluid structure interaction system
coupling the compressible Navier-Stokes and the damped Euler-Bernoulli beam equation
is modeled by the following equations

Op + div(pu) =0 in Qr,
p(Bu + (u.V)u) — pAu — (u+ 1/ )Vdive + Vp(p) =0 in  Qr, (4.1.2)
8tt18 - atxa:ﬁ + 8&0&:1}:55 = (Tf)Q on E%

We assume that at the fluid structure interface the following impermeability condition
holds

u(-,t) -ng = (0,0:6) -ny on X, (4.1.3)
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0 I, L

Figure 4.1: Domain €.

where n; is the outward unit normal to I's ; given by

0.3 . 1

B e

The fixed boundary EET is assumed to be impermeable and here the impermeability
condition is given as follows

(€ = (1,0) and & = (0,1)).

u(,t)-n=0 on Xk (4.1.4)

where n is the unit outward normal to I'y. The fluid boundary is supplemented with the
following slip condition
curl(u) =0 on X5 U, (4.1.5)

where curlu = (68—1;1 — %), denotes the vorticity of the vector field w. In the system

(4.1.2), the real constants p, p’ are the Lamé coefficients which are supposed to satisfy
w>0, (¢ +2u)>0.

In our case the fluid is isentropic i.e. the pressure p(p) is only a function of the fluid
density p and is given by

p(p) = ap?,
where a > 0 and v > 1 are positive constants.

We assume that there exists a constant external force P.,; > 0 which acts on the beam.
We then introduce the positive constant p defined by the relation

Pemt = aﬁ“’.

To incorporate this external forcing term P.,; into the system of equations (4.1.2), we
introduce the following

P(p) = p(p) - Pext - ap’y - aﬁy- (4'1'6)
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The non-homogeneous source term of the beam equation (1) is the net surface force
on the structure which is the resultant of force exerted by the fluid on the structure and
the external force P, and it is assumed to be of the following form

(Tr)2 = (— (W' + 2p)(divu) Iy - ny + Pny) Ire. 1+ (0:6)%-€ on X7, (4.1.7)
where I, is the identity matrix.

Remark 4.1.1 (The physical model and simplification.). The stress tensor correspond-
ing to a Newtonian fluid with velocity u and pressure p is of the following form:

S(u,p) = (2uD(u) + p' divuly) — pla, (4.1.8)
where D(u) is the symmetric gradient given by
1
D(u) = §(Vu + VTu).

In view of the expression (4.1.8) of the stress tensor, the net force acting on the beam
should be given as follows:

(Tp)8" = ([=2uD(u) —  divuly] -ny + Png) r, 1+ (0826 on T, (419)

Instead of using the force (4.1.9), we assume, for technical reasons (see Remark 4.2.1),
that the net force acting on the beam is given by (4.1.7).

Although this might seem physically irrelevant, let us point out that the resulting simpli-
fied model (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) admits an energy equality which
is explained in the following.

Assuming the data and the unknowns p, u and 3 are periodic in the x direction, we
can formally derive the following energy dissipation law for the system (4.1.2)-(4.1.3)-
(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) (the detailed computation is included in Section 4.5)

L
1d ) d a 1d
—— d — 7d 77/ 2d
2 di /p’u‘ o /(71)’) o YT (0 19:81 $)

B(b) I0)

L
1d
+ -— (/|8m6|2dx> +u / lcurlu|? dz + (1 + 2p) / |divu|? dz (4.1.10)
0

Qa(1) Qa(1)

L
4 / 100 B|? d = — Pray / 0,6.
0 s

Let us also point out that a similar model was considered in [15] and [17]. We would like
to refer the readers to the Remark 4.2.5 for the technical details behind considering the
simplified model (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7).
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4.1.1.2 Control problem and extension arguments

Our goal will be to discuss a control problem with controls acting from the boundary
in the z-variable. So far, we did not make precise the boundary conditions in the z-
variable, as the controls we shall consider will precisely act on these boundaries. But
in fact, the boundary control functions will never appear explicitly, as we will first do
an extension argument in the direction of the channel and then study the distributed
controllability for (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) in the extended domain
with controls localized in the extension of the domain. We thus take L > 0 and embed
I's into Tz x {1} and © into T, x (0, 1) where Ty, is the one dimensional torus identified
with (—L,d+ L) with periodic conditions. Then we consider the controls v,xz, (for the
density), vy xg, (for the velocity) and UBXZ, (for the beam), where Xz, and X5,, are
the characteristics functions of the sets w; and w;; which are defined as follows

we={(z,y) [z €[-L,0), 0<y <1+ Bz, t)} U{(z,y) |z € (d,d+ L],
0<y<1l+4p(zt)},
U'N)Lt = {(l’,y) ‘ T € [—L,O), y=1 —|—ﬁ(l’,t)} U {(xay) | T € (dad+L]a
y=14p(z,t)}.
(4.1.11)
To write the control system we further introduce the following notations

QF ={(z,y) |z €Ty, 0<y<1l+p(x,t)} = extended domain of the fluid at time ¢,
I ={(r,y) v €Ty, y=1+p(1)} = the extended beam at time ¢.

Our control system then reads as follows

Op + div(pu) = vpxg, in Ugeo,m) Q7 x {t},
p(Oru + (u.V)u) — pAu — (p+ p')Vdivu + VP(p) = vuxg, in Ueor) Q° x {t},
ug = 0y + 0z fur on Uye(o,r) I'sh % {t},
ug =0 on (T x {0}) x (0,7),
curl(u) =0 on ((Tr x {0,1}) x (0,7,
u(-,0) = ug inTy, x (0,1),
p(+,0) = po inTy x (0,1),
O — OroalB + Oranaf = (Tf)2 + vX5, on (Tz x {1}) x (0,7),
B(+,0)=pFo and 0B(-,0) =/ inTy x {1}.

(4.1.12)

It is standard to deduce a boundary controllability result for the system (4.1.2)-(4.1.3)-
(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) from a controllability result of the system (4.1.12) by re-
stricting the data at the boundaries in the z-variable.
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4.1.1.3 Transformation of the problem to a fixed domain

To transform the system (4.1.12) in the reference configuration, for 5 satisfying 1 +
Blx,t) > 0 for all (z,t) € (T x {1}) x (0,T), we introduce the following changes of
variables

Qg - Q" — Tr x (0,1) defined by
By () = .9 = (2 s ).
Qg Upeo,m) " x {t} — (Tr x (0,1)) x (0,7) defined by
Qp(z,y,t) = (x,2,t) = (a:, Hﬁy(:lc,t)’t> .
Remark 4.1.2. [t is easy to prove that for each t € [0,T), the map ®gqy is a Ccl—

diffeomorphism from Q5% onto T, x (0,1) provided that (14 B(x,t)) > 0, for all x € Ty,
and that B(-,t) € CH(Ty).

(4.1.13)

Observe that the map ®g(;) can be uniquely extended to the boundary I'¢h with
values in Ty, x {1}, by using the same formula (4.1.13);. With the change of variable
@44 (introduced in (4.1.13)), the control zones in the reference configuration are written
as follows

= ((=L,0) x (0,1)) U ((d,d + L] x (0,1)) = {(I)ﬁ(t)(x’y) | (z,y) € @i}, (4.1.14)
wi = ((=L,0) x {1}) U ((d,d + L] x {1}) = {Pg) (z,y) | (2,y) € G1.4}. o

We set the following notations

B, 1) = p(@5 (. 1)), U, 2, 8) = (G, ) = (@3, 2, 1)),
V( z,t) € (’JTL x (0,1)) x (0,7),
po(z,2) = pO(CI)l;(lo)(sz)), to (7, 2) = ug ( ( ( z)), V(z,z) € Tp x(0,1),
U;Xw(l‘,z,t) = ,UPXZ((I)El(xa z,t)), UAXW( z,t) = UuX;(‘I’El(%Zat))v
V(z, z,t) € (T x (0,1)) x (0,7),
Vg Xw: (2, 1,t) = U5X51(<I>gl(a:, 1,t)), Vx e Tp and Vte (0,7).
(4.1.15)
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After transformation the nonlinear control problem (4.1.12) is rewritten as following

Uy PO
= Fl(ﬁa a) ﬂ) + fUEXw
PO+ (T - V)a) — pAT — (1 + p)V(diva) + VP(p)

= FQ(ﬁaaaﬁ) +U{;XUJ

8t,5+ 1
1+8)

ﬁ-n:@:&ﬁ—l—@xﬂﬁl
u n

curli = ﬁazal . Za’bﬂazaZ
(1+8) (1+5)

u(-,0) =g

(-, 0) = po

attﬁ - 6tzx6 + a:mmm/g
= (= (W' +2p)divu + P(p)) + F3(p, 4, B) + vpXer

B(0)=po and ;B(0) = B
where
P71 ) = o (000,87 + B70.).

F2(b\7 ’ZL\, 6) = _/Bb\ata + zﬁazaatﬁ - /B//O\alaza + alazaaxﬁﬁz + :U'(/Baa:ma -

1+ B)ngcﬁ - 2(816)2'2)_

in(Tg x (0,1)) x (0,7),

in (T x (0,1)) x (0,7),
on (Ty x {1}) x (0,7,
on (Tz x {0}) x (0,7),
on ((Tr x {0,1}) x (0,7,
inTL X (O, 1),
inTy, x (0,1),

on(Ty x {1}) x (0,T),
inTy, x {1},
(4.1.16)

BOz-u
(1+5)

) 4 (4 ')

| 0.0z (0:5)? (14 B)2020 8 — 2(0:8)*=
— 20,201 + —(1 B + du( 110
,Bé\mxul — OpzU12B5 — axﬁz(axzal - W) + 8zal((
_axﬁazib i axﬁzazzﬂZ
(1+5) (1+5)
_arﬂazal B axﬁzazzal o 582,2&2
L (1+5) 1+p) (145

- <5Pa:(ﬁ) - Pz(ﬁ)zﬁm)e_ia

aZA aa: 8ZA
Folp 1) = w2 (11?/3)6 ) ﬁ +u5>>7

(1+5)

(4.1.17)

and n denotes the unit normal to the boundary (Tz x {0,1}) of the extended reference

domain (T x (0,1)), .e.

on I,
on IYy.



The transport equation satisfied by the density (4.1.16)1, (4.1.16)7 is of the form

N uy SO :
Ohp + [(1i6) (U2 — 0Bz — 271z8x5)] Vepdvi=f i (0D
x(0,T),
7(-,0) = po in T, x (0,1).

(4.1.18)
Due to the interface condition, ds = 0;3 + 0541 on (Tr x {1}) x (0,7) and (4.1.16)4

we get that the velocity field (uy, ﬁ(ﬂg — OBz — 1120, f3)) satisfies

o
L (@08 alzamﬁ)] =0 on (L {0.11) > (0.).

(1+5)

Hence one shall not prescribe any further boundary condition on the density for the
above problem (4.1.18) to be well-posed. This will be made more precise in Section 4.2
on the linearized model.

4.1.1.4 A control problem for the linearized model around the stationary
state (p,w,0)

Hereafter, we focus on the local exact controllability to the steady state (p,%,0), where

uy

p > 0 is such that P.,; = ap” and uw = (O

) , up > 0 is a constant, (4.1.19)
which is obviously a stationary solution of the system (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-
(4.1.6)-(4.1.7) or (4.1.12).

To be more precise, we would like to prove that, if (pg, ug, Bo, 51) is close in a suitable
topology to (p,%,0,0), then one can find control functions (v,, vy, vg) such that the so-
lution of (4.1.12) satisfies (p(T),u(T"), B(T),0:5(T)) = (p,w,0,0).

To study this local exact controllability problem, we do the following change of unknowns

(4.1.20)

=p -0,
so that the controllability problem to the state (p, @, 0,0) for (p,u, 3, 9;3) is now reduced
to a local null controllability problem for (7, u, 3, 0f3).
We further introduce the following notations corresponding to the control functions
which are consistent with the new unknowns defined in (4.1.20).

5-:ﬁ_p7 a:a_ﬂv B

UsXw = UpXws  UgXw = VpXw- (4.1.21)

In fact, as we would like to obtain a local null-controllability problem for (&, u, 3, 0:3),
it seems reasonable to start by considering the linearized problem around the state
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(0,0,0,0). Starting from system (4.1.16) and the non-linear terms (4.1.17) and dropping

all the non-linear terms in (7, u, 8, 9;3), we obtain

0¢0 + 10,0 + pdivi = vsx,, in (Tz x (0,1)) x (0,7,
(04t + U1 0p) — pAu — (' 4 p) V(diva)
FP(@)VE = v in(Ty x (0,1)) x (0,7),

8ttﬁ - 6tz:r5 + &mmzﬁ
= (= (W +2p)diva+ P'(p)o) + vgxw, on(Tp x {1})x (0,7,

B(0)=pBo and B(0) =B inTp, x {1}.

u-n=uy = 0P + U0, on(Tr x {1}) x (0,7,
u(,t) - n=0 on (T x {0}) x (0,T),
curlu =0 on ((Ty x {0,1}) x (0,7,
u(-,0) =up —u =g inTz x (0,1),

a(-,0) =po—p=0p inTy, x (0,1),

(4.1.22)

Before going further, let us give the following well-posedness result for (4.1.22), whose

proof is postponed to Section 4.2:
Theorem 4.1.3. Let
(G0, o, Bo, B1) € HA(T, x (0,1)) x H3(Ty, x (0,1)) x HY?(T, x {1})
x H*(Ty, x {1}),

the following compatibility conditions hold

(i) (@) o -n=(to)2 = P +u0zpo, on Tp x {1},
(b) o -n = ()2 =0, on T, x {0},
(i) curlag = 0, on Tr, x {0,1},

(ZZZ) (a) —UlagC(ﬂo)Q + %A(ﬂo)g + @@(div ﬂo)
—P'(p)0:00 = (VX (,0) — (v5xw)2(+,0))
—vdiv 'lj() + P/(ﬁ)% + 8&81:/81 - aaca:xxﬂo
+m@mﬁl, on Ty, X {1},
() —T10a(li0)2 + LA(iip)2 + LED 0, (div i)
= —P'(p)0.00 — (v;xw)2(+,0) on Tr x {0}

and (VzXw, VyXw, V8Xw, ) Satisfy the following regularity assumptions

(a) vzxw € CO([0, T]; H*(Ty, x (0,1))),
(b) vyxw € L2(0,T; H*(Ty, x (0,1))) U H'(0, T; L*(Ty, x (0,1))),
(¢)vgXw € L2(0,T; H32(Tp, x {1})) U H3/4(0,T; L*(Ty, x {1})),

(4.1.23)

(4.1.24)

(4.1.25)

then the system (4.1.22) admits a unique solution (o,u, ) in the following functional
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framework

g € CO[0,T); H*(Ty, x (0,1))) N CH([0, T]; H(Ty, x (0,1))),
u € L*(0,T; H3(Ty, x (0,1))) N HY(0,T; H* (T, x (0,1)))

NH?(0,T; L*(T, x (0,1))), (4.1.26)
B e L20,T; HV?(Ty, x {1})) N HY(0,T; H/2(Tf, x {1}))

NH?(0,T; H3?(Ty, x {1})).

Unfortunately, as we will see, we did not manage yet to get a control result for (4.1.22)
in the above functional setting. Instead, as will be presented next, we will obtain an
observability result for the adjoint system of (4.1.22), which is a first step to study the
controllability problem for the linearized model (4.1.22) and then for the fully non-linear
model (4.1.12) (or equivalently for (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7)).

4.1.2 Main result: Observability of the adjoint of (4.1.22)

In order to study the null controllability of the linearized problem (4.1.22), the classical
strategy is to prove the observability of the adjoint system of (4.1.22). Here, the adjoint
system of (4.1.22), computed with respect to the scalar product L?(Ty, x (0, 1)) x L?(Tp, x
(0,1)) x L*(TL) x L*(Ty), reads as follows:

—0o — U100 — P'(p)dive = 0 in (Tz x (0,1)) x (0,7,
—p(Op + U1 0,v) — pAv — (i + p)V(dive) —pVo =0 in (T x (0,1)) x (0,7,
ven=uvy =1 on (T x {1}) x (0,T),
v(,t)-n=0 on (T x {0}) x (0,T),
curlv =0 on ((Ty x {0,1}) x (0,7),
v(+,T) =vrp inTy x (0,1),
o(+,T)=or inTy x (0,1),
O + Ogaa®) + Ozuaat)

= (O + w1 0x)[( + 2p)divv + po| on (T x {1}) x (0,7,
O(T)=¢r and 9(T) = ¥y inTr, x {1}.

(4.1.27)
The well-posedness of system (4.1.27) is then obtained similarly as the one of system
(4.1.22), and we can derive the following result, which is proved in Section 4.2.1:

Theorem 4.1.4. Let

(o, vr,r, Y1) € H* (T, x (0,1)) x H*(Tf, x (0,1)) x H*(Ty, x {1})

Ty x {1} (4.1.28)
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and the following compatibility relations hold

(i) (a)  vp-n=(vp)2 =vr, on T x {1},
() wvr-n=(vr)2=0, on Tr, x {0},
(i) curlvy =0, on Tr x {0,1}
(iid) (a) —wa(vr)2 + LA (ur)s + LH0, (divor) (4.1.29)
_azo'T = 1!1% on TL X {1},
() —mdu(vr)2 + LA(vr)y + L0, (div r)
—0,01 =0 on Tp x {0}.

Then the system (4.1.27) admits a unique solution (o,v,1) which satisfies the following
reqularity

o € CO[0, T); H(T, x (0,1))) N CL([0, T); HY(Ty, x (0,1))),
v e L20,T; H3 (T, x (0,1))) N HY(0,T; H*(T, x (0,1)))

NH?2(0,T; L*(Ty, x (0,1))), (4.1.30)
W € L0, T; HY(Ty, x {1})) N H'(0,T; HX(Ty, x {1}))

NH2(0,T; L*(Ty, x {1})).

The central result of the present article is the observability inequality of the adjoint
system (4.1.27):

Theorem 4.1.5. Let (p,w,0) be as in (4.1.19), T > 0 be such that

d
T7>—, (4.1.31)
U1
and
L =3u;T > 0. (4.1.32)

There exists a positive constant C' such that for all

(o7, v, 97, ¢p) € H?(Ty % (0,1)) x H*(Ty % (0,1)) x H*(T x {1})
. (4.1.33)
x H (T x {1}),

satisfying the compatibility conditions (4.1.29), then the solution (o,v,v) of the problem
(4.1.27) (in the sense of Theorem 4.1.}) satisfies the following observability inequality:

llo (5 O) e (1 x 0,0) F v Ol 2 (my, 50,1y T (W (-5 0), Ot (5 O 13 (1, x (0,1))) x Y (T, x(0,1))
< Ol o ry + Cllvll o112 @) nmr 01381 () + Clloll ). (4.1.34)
where the notations w and wy for the observation sets were introduced in (4.1.14) and

wr =w x (0,T), wl =w; x (0,T).
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Comments on the choice of T and L in Theorem 4.1.5: Werecall (4.1.31) and (4.1.32).

The condition (4.1.31) means that the time of observability should be greater than the
time taken to cross the channel length d by a particle moving with a velocity (@1, 0).
This condition is imposed due to the hyperbolic nature of the transport equation satis-
fied by o in the system (4.1.27). In fact this condition plays a key role in obtaining the
observability estimate for a hyperbolic transport equation in Section 4.3.4. Our proof in
Section 4.3.4 depends on a duality argument and a controllability result for the dual to
the problem considered in Section 4.3.4 which is obtained in [12]. Hence one can consult
[12] for a more explicit construction of the controlled trajectory where the restriction of
the final time (4.1.31) comes into play.

The role of (4.1.32) can be better explained after we define some Carleman weights in
Section 4.3. Hence we refer the readers to the Remark 4.3.1 for the explanation behind
choosing L as in (4.1.32). Still, let us mention that from the control point of view, the
value of L > 0 does not play any role in the restriction argument presented in Section
4.1.1.2.

4.1.3 Ideas and Strategy

Now we will briefly discuss our ideas and strategy to prove Theorem 4.1.5.

The underlying idea behind the proof of Theorem (4.1.5) is the identification of the
suitable unknowns to track down the dynamics of (o,v,%). It is well known that the
coupling of o and v is strong. When considering the primal problem (4.1.22), the dy-
namics between ¢, u can be made simpler by introducing the effective viscous flux, see
[25] and [141]. For the adjoint problem, a similar quantity, already used in [12], also
simplifies the description of the dynamics:

q = (i + 2p)divv + po. (4.1.35)

This can be termed as the dual version of the effective viscous flux. Now in our case it
is important to identify the behavior of ¢ at the boundaries and specially at the fluid
solid interface. This way we obtain a closed loop system solved by (o, g, ). For details
we refer the readers to Section 4.2. One can in particular look into the system (4.2.3)
to observe that unlike the coupling between o and v in system (4.1.27), the coupling
between o and ¢ is of lower order. Also it is easier to deal with (o, ¢,), since it has less
degrees of freedom in comparison with (o, v, ).

We use this new set of unknowns (o, q,1) both to prove the well posedness result
stated in Theorem 4.1.4 and the observability Theorem 4.1.5. In Section 4.2 we first
prove Theorem 4.1.4 and next we sketch the proof of Theorem 4.1.3 which corresponds
to the well posedness of the primal problem (4.1.22). We do not present a detailed
proof of Theorem 4.1.3 since it shares the same strategy as the one of Theorem 4.1.4.
In fact for the primal problem we use the effective viscous flux for a similar purpose of
introducing the dual version (4.1.35), see Section 4.2.2 for details.
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Next we focus in proving an observability inequality for the system satisfied by
(0,q,%). In that direction we first separately study the observability inequalities of some
scalar equations i.e an adjoint damped beam equation, an adjoint heat equation and an
adjoint transport equation. The observability estimates for the adjoint damped beam
and the adjoint heat equations rely on Carleman estimates while for the adjoint trans-
port equation we use a duality argument and a controllability result from [12]. The main
difficulty here is to obtain these separate observability estimates with a single goal of
combining them suitably to obtain an observability for the coupled system solved by
(0,q,%). For the parabolic hyperbolic couplings this question is handled in the articles
[1], [12] (for compressible Navier-Stokes equations) and [3] (for damped viscoelasticity
equations). The idea is to use compatible weight functions for the parabolic and hyper-
bolic equations so that the resulting observability estimates can be suitably combined.
In our case along with a parabolic hyperbolic coupling there is a direct coupling between
g and ¢ at the fluid boundary (see the system (4.2.3) for details). Hence to use the
ideas from [1], [8] and [12] in our case there is not many options other than considering a
one dimensional weight function, since the beam is one dimensional. We introduce such
weight function in Section 4.3.1. Then using this weight function we derive a Carleman
estimate for the adjoint damped beam equation, see Section 4.3.2 for details. To the
best of our knowledge the Carleman estimate for the adjoint beam proved in this article
is completely new. Then using the same weight function for an adjoint heat equation
with Neumann boundary condition we recover a Carleman estimate proved in [15] but
with a different weight function. This Carleman estimate is included in Section 4.3.3.
In the beginning of Section 4.3.3, we also point out the difference between our weight
function used in proving the Carleman estimate for an adjoint heat equation with the
one standard in the literature. Then the same weight function is used to obtain an
observability estimate for an adjoint transport equation in Section 4.3.4. This is done by
using a controllability result for a primal transport problem proved in [12] and a duality
argument.

Next in Section 4.4 we combine the Carleman estimates obtained in Section 4.3.
First using suitably large values of the Carleman parameters we are able to prove an
inequality corresponding to the unique continuation property for the system satisfied
by (o, q,1). This inequality is explicitly given by (4.4.8). It is not surprising to obtain
an estimate of the form (4.4.8) by combining three different observability estimates. In
fact as it is well known that the Carleman parameters quantify the compactness of a
system hence our strategy to obtain the inequality (4.4.8) strongly relates on the proof
of Step 1 in Theorem 4.1.4, where we prove the well posedness of (4.2.3) by gaining a
time integrability of a suitable fixed point map. After this unique continuation estimate
is used to show an observability estimate of (o, q,1) at some intermediate time, see
(4.4.9) for details. We further use a well posedness result for the system satisfied by
(0,q,71) to obtain an observability estimate over (o,q,1) at initial time ¢ = 0. Finally
using this observability estimate over (o, ¢,1)(-,0) we recover an observability estimate of
(o,div v,)(+,0), which combined with an observability inequality of curl v(-,0) furnishes
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the desired inequality (4.1.34).

4.1.4 Related bibliography

Concerning the incompressible Navier-Stokes equations in a 2D domain one can find a
result proving the local exact controllability to trajectories with localized boundary con-
trol in [20]. It is assumed in [20] that the fluid satisfies no vorticity boundary condition
in the complement of the control part of the boundary. Local exact controllability to
trajectories for incompressible Navier-Stokes equations in a 3D domain with distributed
control and homogeneous Dirichlet boundary condition can be found in [23]. With less
regularity assumption on the target trajectory the result in [23] was improved in [16].
We would also like to mention the article [21] for the local exact distributed controllabil-
ity to trajectories for incompressible Navier-Stokes equations in a 3D domain with non
linear Navier-slip boundary condition. In all of these articles the fluid is assumed to be
homogeneous i.e the fluid density is constant. In a very recent article [2] the authors
prove the local exact boundary controllability to smooth trajectories for a non homoge-
neous incompressible Navier-Stokes equation in a three dimensional domain. For global
controllability results for incompressible Navier-Stokes equations we refer the readers to
[10], [7] and the references therein.

Now we quote a few articles dealing with the controllability issues of fluid structure in-
teraction models. In fact to the best of our knowledge the only known results concerning
the controllability issues of a fluid structure interaction problem in dimension greater
than one deals with the motion of a rigid body inside a incompressible fluid modeled by
Navier-Stokes equations where the structural motion are given by the balance of linear
and angular momentum. Local null controllability of such an interaction problem in di-
mension two can be found in [5] and [22]. In dimension three a local null controllability
for such a system is proved in [1]. The article [28] deals with the problem of feedback
stabilization (in infinite time) for an incompressible fluid structure interaction problem
in a 2D channel where the structure appears at the fluid boundary and is modeled by an
Euler-Bernoulli damped beam, the one we consider in (4.1.22)g-(4.1.22)9. To our knowl-
edge so far there does not exist any article dealing with the finite time controllability of a
fluid structure interaction problem (neither for incompressible nor compressible fluids) in
dimension more than one where the structure appears at the fluid boundary. We would
also like to refer the readers to [19], [32] and [33] for observability estimates individually
for the Euler-Bernoulli plate equations and Kirchoff plate systems without damping.

We also like to quote a few articles from the literature dealing with the controllability
issues of compressible Navier-Stokes equation. In fact our strategy to handle the coupling
of the fluid velocity and density in the system (4.1.22) amounts in introducing a new
unknown namely the effective viscous flux and this strategy is inspired from the article
[12]. The article [13] concerns the motion of a fluid in dimension one whereas [12] deals
with fluid flows in dimension two and three.
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4.2 Well posedness results for the primal problem (4.1.22)
and the adjoint problem (4.1.27)

Of course, the proofs of Theorem 4.1.3 and of Theorem 4.1.4 are very similar and we
shall thus develop one more extensively and give the main steps of the proof for the
other one.

As we will in fact work only on the adjoint system (4.1.27) to establish Theorem 4.1.5,
we do the choice to focus on the proof of Theorem 4.1.4. As it turns out, this proof will
also give some insights of the strength of the various coupling between the equations in
(4.1.27), which will also help in the proof of Theorem 4.1.5.

Section 4.2.1 provides the proof of Theorem 4.1.4, while Section 4.2.2 sketches the main
steps of the proof of Theorem 4.1.3.

4.2.1 Proof of Theorem 4.1.4

The proof is divided into two main steps. The first one consists in introducing the new
unknown
q= (i + 2u)dive + po, (4.2.1)

and looking at the system satisfied by (o, ¢, ), which turns out to be easier to analyze
than the full system (4.1.27). The second step will then consist in deducing from the
regularity on (o, g, ) suitable estimates for the function v in (4.1.27).

Remark 4.2.1. The unknown q in (4.2.1) can be interpreted as the dual version of the
effective viscous fluzx introduced for instance in [25], see also [1/]. In fact, this quantity
already appeared in [12] when studying the controllability properties of a compressible
fluid (without structure and controls acting on the whole boundary), where it helps to
weaken the coupling of the parabolic and hyperbolic effects of the system.

Here, the interesting point is that this quantity is also suitable to deal with the coupling
with the structure lying on the boundary. There, we strongly use that the force acting
on the beam is given by (4.1.7) instead of the more natural one (4.1.9), which would not
yield such a clean understanding of the coupling between the fluid and the structure.

4.2.1.1 Step 1. The system satisfied by (o,q, )

We first derive the system that (o, g, 5) should satisfy provided (o, v, 3) satisfies (4.1.27)
and has the regularity given by (4.1.30). Indeed, these regularities allow to take the trace
of V2v and Vo on (Ty, x {0,1} x (0,T). Hence we can consider the trace of the equation

161



(4.1.27)9 and use (4.1.27)3-(4.1.27)5 to have the following on ((T, x {1})) x (0,T) :

0 = —ﬁ(aﬂ)g + ﬂl&v“?) - ,U(axarUZ + azzv2) - (M + M/>(azzvl + 8227)2) - ﬁazo'
= —p(0) + W 0x) — (1 + 211)(Opzv1 + Oz2v2) — P00
(using (4.1.27), (4.1.27);)
= —ﬁ(3t¢ + ﬂla:zﬂm - 8ZQ‘
(4.2.2)
Similarly one can obtain that on the boundary (Tz x {0}) x (0,T), g satisfies

9.q=0 on (T x{0})x (0,7).

Hence with the formal calculations above and using (4.1.27) we obtain the following
system satisfied by the unknowns (o, q,v) :

00 — W Deo + P'(y”)”a — P/V(p)q in (Tz, % (0,1)) x (0,T),

—(0¢q + U1 02q) — %Aq — Pl(yp)pq = Pl(i)pQU in(Tz x (0,1)) x (0,7),

0:q = —p(Op) + U1 0x9) on (Tz x {1}) x (0,T),

d.q=0 on (T, x {0}) x (0,T), (42.3)
Q(7T) =dqr iDTL X (05 ]-)7

U(',T):O'T inTy x (0,1),

8ttlb + 6ta:x¢ + 8mzzmw = (81& + ﬂ1833)q on (TL X {1}) X (07 T),
O(T)=4r and OP(T) = j, in Ty, x {1},

where v = (' + 2u), and qr = vdivur + por.

We then deal with the well-posedness of (4.2.3):

Lemma 4.2.2. There exists a constant C' > 0 such that for any

(o7, ar,vr,v7) € HY (T % (0,1)) x H*(Ty x (0,1)) x H*(Ty x {1}) x H'(Ty x {1})
(4.2.4)

satisfying the following compatibility conditions
(i) O.qr = —p(¥r + Wdptor) on Ty x {1},

(i) D.qr = 0 on T, x {0}, (4.2.5)

the system (4.2.3) admits a unique solution (o, q, 1) which satisfies the following estimate

o[l oo, my:m1 (T4, x (0,1)))nC ([0,77:L2 (T x (0,1))) T+ 1@l coo, ;52 (T x (0,1)))
+ 1 llcoo,79; 83 (T, x{13))NC ([0,T]: HY (T1 x{1})) (4.2.6)
< Cllarllmzer, xo.1)) + ozl m s < 0.1)) + 11 Y1) lars (< (13) < B Ty x {13)-
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Proof of Lemma 4.2.2. In this step we will prove the existence and regularity result for
(0,q,1) solving the system (4.2.3). In fact, we will prove that under the assumptions
(4.2.4) and (4.2.5), the system (4.2.3) admits a unique solution in the following functional
framework:
(0.q,%) €(C°([0,T]; H' (T x (0,1))) N CY([0,T]; L*(T, % (0,1))))
x (L?(0,T; H*(Ty, x (0,1))) N HY*([0, T]; L*(T, % (0,1))))
X (L2(0,T; HY(Tr, x {1})) N H'(0,T; H*(Ty, x {1}))
N H?(0,T; L*(Ty, x {1})))

(4.2.7)

We will first prove a local in time existence result for the problem (4.2.3). Then using the
linearity of (4.2.3) we iterate the time steps in order to show (4.2.7). Since the problem
(4.2.3) is posed backward in time by local in time existence, we first work in some time
interval of the form (7" — Ty, T') for Ty sufficiently small.

Let 0 < Ty < T. We consider the system (4.2.3). We are going to define a suitable map
whose fixed point gives a solution to the system (4.2.3) in the time interval (1" — 1o, T).
We define

H{° = (L*(T — Ty, T; H'(Ty, x (0,1))) N HY(T — T, T; L*(Ty, x (0,1))))
x (HY(T — Ty, T; H3*(Ty, x {1})) n H/4(T — Ty, T; L*(T, x {1})) (4.2.8)
N LY(T — Ty, T; H?(Ty, x {1})) N H¥*(T — Ty, T; H'(T1, x {1}))),

and for (o, @Z) € H'° satisfying the condition

("Z) 8151;)(77—‘) = WTJ#%)’ (429)
we solve the system
/(=)= /(=
O — T + L Ejp)po _re, in (T, x (0,1)) x (T — Tp, T),
! (=\5 /()72
—(Drq + W1 0nq) — %Aq - P(Vp)pq = —P(S)pa in (Tg, % (0,1)) x (T — Ty, T),
0.9 = —p(Ortb + W) on (Ty, x {1}) x (T = To, T),
0,q=0 on (T x {0}) x (T — To,T),
q(-,T) = qr inTy, x (0,1),
o(-,T)=or inTy, x (0,1),
att¢ + &emﬂ} + a:vxmxdj = (8t + ﬂlax)q on (TL X {1}) X (T - To, T)7
O(T) =r and Oup(T) = ¥ inTy x {1},
(4.2.10)
This defines the following map:
Ly, : (3,) € HIY — (0,4)). (4.2.11)
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We will show that L7, maps H{® into itself and is a contraction there. Observe that
a fixed point of the map infers a solution to the system (4.2.3) in the time interval
(T — Ty, T). In the sequel we will show that the map Lr, admits a fixed point in ]HI%FO,
for Ty sufficiently small.

In that direction we first claim that there exists a positive constant C, independent of
To such that

Nl 22— 7513 (T 1, % (0,1)))NE3/2 (T T T, L2(T 1 % (0,1))
< C(H(OﬂZ + ﬂlax@

G L2(P =10, 7551 (T 1, % (0,0)))NHY (T—To, ;L2 (T1, x (0,1))) + 197) [ 2 (11, % (0,1))))

|20~ 1372 X (1) H3/4(T— T T5L2(T x{1}) (4.2.12)

To begin with, we will just use the following regularities for the non-homogeneous source
term, boundary data and the initial condition

G e LT — 1Ty, T; L*(TL x (0,1))),
—p(0uh + W8, € LA(T — Ty, T; HY2(Ty, x {1}))

AHVA(T — Ty, T3 I2(Ty, x {1})). (4.2.13)

qr € HY(Ty x (0,1)).

Hence using the regularities (4.2.13) one can apply [24, Theorem 5.3, p. 32] to solve
(4.2.10)2-(4.2.10)5 in the following functional framework

q€ LA(T — Ty, T; H*(Ty, x (0,1))) N HYT — Ty, T; L*(T, x (0,1))). (4.2.14)
Moreover there exists a positive constant C' independent of Ty such that

|l L2 (210,755 (T 1, x (0,1)))NHY (T =T T5L2(T 1 x (0,1)))
S CUlell L2 -1, mi2(T, % 0,1))) T (vdivor +por)|| g1er, x(0,1)) (4.2.15)
H(Ouh + WO L2 (7 T H12(T X {11)NHY/A(T =T, L2 (T, x [11))-

Let us explain how we obtain a constant C' independent of T in the inequality (4.2.15).
The technique is inspired from [29]. We extend & and (8y1)+,0,) in (0, T) by defining
them zero in the time interval (0,7 — Tp). The extended functions are also denoted by
the same notations ¢ and (atzZ + Hlﬁxqz). It is easy to verify that

& € L*(0,T; L*(T1, x (0,1))) and (9y) + w,0,0) €L?(0,T; HY?(Ty, x {1}))
N HY40,T; L*(Ty, x {1})).
One then has the following
Nqll 22T =70, 72 (T2 x (0,1)))NHY (T—To T:L2(T 1 x(0,1)))
< gl 20,3521 % (0,1))NH (0,7:L2(T 1 % (0,1)))
< C(1e]l 20,102 (T x (0,1))) + lar | 51 (T, % (0,1)
) (4.2.16)
+ [ (0w + w1 0x7)) HL2(O,T;H1/2(’]1‘L><{1}))ﬁH1/4(O,T;L2(’]1‘L><{1})))
= C(Io | L2 (r—10,752(T 1 x (0,1))) T+ llar | a1 (T, % (0,1))

+ H(@ﬂZ + ﬂl@x@HL2(T—T0,T;H1/2(TLx{l}))mH1/4(T—T0,T;L2(TLx{1})))a
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where the constant C' is independent of T.
Now to prove (4.2.12) we write the equations (4.2.10)2-(4.2.10)5 as follows:

P'(p)p

Pl —\—=2
—0vq — %Aq = (5)p 0+ u10:q + —, 4= G5, n(Tpx(0,1)) x (T =T, T),
8zq = _ﬁ(aﬂz‘f‘ﬁlaz"@) on (TL X {1}) X (T - T07T)7
0,q=0 on (T x {0}) x (T — Ty, T),
q(-,T) = qp = vdivoy + por inTyz, x (0,1),
(4.2.17)

In view of (4.2.16) one has the following regularity estimate of d,¢ by interpolation

Haa:QHB(T—TO,T;Hl(TLx(0,1)))mH1/2(T—TO,T;L2(TLx(0,1)))
< C8ll2(r—mo 122 (1 % (0,1))) + larllErer, x(0,1)) (4.2.18)
+ 10 + W0t | L2y b1 /2T, x 1) N H VA (T =T T3 22Ty x{13)))

for some positive constant C' independent of Tj. Indeed, this can be obtained by per-
forming the interpolation process in the time interval (0,7") instead of (I'—1p,T"). Hence
the assumption (4.2.8), the obtained regularity (4.2.16) and (4.2.18) implies that

G5, € L*(T = To, T; HY(Ty, % (0,1))) N HY*(T — Ty, T; L*(Ty, x (0,1)))
and

195 ol L2 (=10 111 (71 x (0,0)) N HY/ 2 (=0, T3 L2(T 1 % (0,1)
<C all 72— Neat 1 .72
(o]l G Ti,T,HA(TLx(O,l)))ﬁH (T—To, T:L2(T 1, x(0,1))) (42.19)
+ (0 + W 0u) | 20— 711 /2T, % {131)) N H/A(T—To T3L2 (T, x (1))
+ larll v x (0,1)))-
At this stage we will use the following regularities of the boundary and initial datum
which follows from (4.2.8) and (4.1.28):

—p(O0r) + W) € LX(T — To, T; H(Ty, x {1}))
NH3YT — Ty, T; L*(Tp, x {1})), (4.2.20)
qr € H*(Ty x (0,1)).

Furthermore, in view of (4.2.5), (4.2.19) and (4.2.20), we can apply [24, Theorem 5.3, p.
32] to solve (4.2.17) in the functional framework

g€ L*(T — Ty, T; H(Ty, x (0,1))) N H3?(T — Ty, T; L*(Ty, x (0,1))). (4.2.21)

It is well known that one can obtain a positive constant independent of T such that the
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solution ¢ of the heat equation (4.2.17) satisfies the following estimate

gl 27 713 (T2, % (0,1))) A HE3/2(T— T 7312 (T % (0,1)))

S C195 ol L2 (=m0 1311 (71 5 (0,0)) A HY2(T T T:L2(T 1 % (0,1)))

+ 110t + T0e) | 2 11y 1 H3/2 (T % {13)) ST T T2 (T x (1))

+llarll 2T, % (0,1))) (4.2.22)
S O8Nl 2 (=10, 1 H (T 1 % (0,1)))NHN (T=To, ;L2 (T1, x (0,1)))

+ 110t + W0e) | 2 11y 1372 (T % {13)) VST T T2 (T x 1)

+ llarll 2T, x (0,1)))-

In the final step of the estimate (4.2.22) we have used (4.2.19).

The regularity (4.2.21) implies that ¢ € CO([T — Ty, T); H' (T, x (0,1))). Hence using the
regularity assumption o € H'(Ty x (0,1)), we obtain the following by solving (4.2.10);
and (4.2.10)g,

o € H,
where we have set H1° = CO([T—Tp, T]; H(T 1% (0,1))NCH([T =Ty, T); L*(T1 x(0,1))).
(4.2.23)
Moreover, we have the estimate
HUHHgb < Cllall oo (r—m0, 131 (T2 % (0,1))) + lloTll F (L % (0,1)))s (4.2.24)

for some positive constant C' independent of Tj. For the proofs of (4.2.23) and (4.2.24)
one can follow the arguments used in proving [30, Lemma 2.4]. In fact the only difference
with [30, Lemma 2.4] is that we solve the transport equation with a non homogeneous
source term but this adaptation is straightforward.

Now one considers the equations (4.2.10)7-(4.2.10)s. Using standard trace theorem and
(4.2.21) one in particular has

(0 + W 0s)q 1, x 1y € L*(T — Ty, T; L* (T, x {1})) (4.2.25)
and the following holds in the view of (4.2.22)
100 +@102)qll L2 (r—m0 7522 (71 x{1}))
< COllall L2 (-1 7513 (T 1 x (0,1))NHB3/2 (T—To 7522 (T1, x(0,1))
< O8] L2(7—1o 1,11 (T, % (0,1))) N HY (T~ T T5L2(T1 % 0,1))) (4.2.26)
+[1(De) + T 0a1)) | 2 (T—To,T;H3/2(T, x {1}))NH3/4(T—Ty,T;L2(T 1, x{1}))
+ larll 2Ty x (0,1)))-

Now the regularity (4.2.25) and the assumption (4.1.28) on (¢7, ¥4.) furnish the following
regularities for 1 :

¥ €L}(T =Ty, T; HH(Ty, x {1})) N H'(T = To, T; H*(Ty, x {1}))

NH(T — Ty, T; L*(Ty, x {1})). (4.2.27)
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The above regularity result for v is a consequence of the fact that the corresponding
damped beam operator is the generator of an analytic semigroup. This result can be
found in [9] (see also [28]). Using standard interpolation results it is not hard to observe
from (4.2.27) that

) € HPY,
where we have set Hi° = H>/*(T—Ty, T; H¥?(Ty x{1}))NHY(T =Ty, T; H*((T1,x{1})))
NHX(T — Ty, T; LX(Ty, x {1})) N H3*(T — Ty, T; H2((T, x {1}))). (4.2.28)

Furthermore, one has the following in view of the estimate (4.2.26)

19 lggo
< OB + md2)qll 21y 71200 x (11)) + 1 OP) | 3 (T x {13 % H1 (T x{13))
C 15 L2 (7~ 10,1 HY (T2 x (0,1)))NH (T —To, T5L2 (T x (0,1))) (4.2.29)
+ 1@r, Y1) |13 rp (13 i (e {1y) + @z 2y < 0,1)
+ [1(Be + T10u) | L2 (11 T 3/2 (T {13))HS/A(T—To T2L2 (T x (13)))»

for some positive constant C' independent of Tj;. One can obtain a constant C independent
of Ty in the inequality (4.2.29) by defining (9; + w10, )q equal zero in the times interval
(0, T — Tp) and following the line of arguments already used in (4.2.16).

We further use (4.2.22) in (4.2.24) and combine with the estimate (4.2.29) to infer the
following

H(U D)o gyo

(||<7||L2 T—Ty, T HY (T % (0,1))NH (T—To, T;L2 (T, % (0,1)))
+||(3t¢ + Ulaaﬂ/})”m(T To T;H3/2(Ty x {1}))NH3/4(T—Ty,T;L2(T1 x{1})) (4.2.30)
H(or, ar, Y1, V)l (r, x(0,1))x 2 (T, % (0,1)) < H3 (T x {1}) x H (T x {1}) o
Cl@, ¥)llymo

(o7, a, O WP (T 5.(0,1))x H2 (T, % (0,1)) % H3 (T x {1})x HY (T x{1})):

for some positive constant C' independent of Tj.

So far we have observed that L7, (defined in (4.2.11)) maps H1° to H" x H2°, which is
obviously a subset of H1°.

Now, we will choose T small enough such that the map L7, admits a fixed point in the
space Hfo.

Let us compare the space H® with HI® x H3T° to observe that there exists a constant
s > 0 such that

163 o < CTFNC oo (4.2.31)

for some positive constant C' independent of Ty. Now let (771, 1/)1) € Hl and (02, 1/)2)
HI® and (o1,%1) = L1,(51,%1) and (02,2) = L1, (G2, 92).
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Using (4.2.31) and the estimate (4.2.30), one has

(o1 = 02,91 = a)llgmy < CTgI(01 = 02, %1 = Y2)llgmo o

< CT 31~ 529 - o). (4.2.32)
for some positive constant C' independent of Tp.

In view of these arguments for T' — T} close to T, i.e for T small enough, the map L,
is a contraction from H{O to itself. Hence applying the Banach fixed point theorem we
obtain that for 7 small enough, the map L7, admits a unique fixed point (&, @Z) in IHI{O.
As (o, ZZ) = Lr, (7, QZ), we also have that (o, ZZ) belongs to H2T° X Hgo and the following

regularities coming from (4.2.21) and (4.2.27):

o€ C[T —Tp, T); H' (T, x (0,1))) N CY([T — T, T}; L*(Ty, % (0,1))),

g € LA(T — Ty, T; H(Ty, x (0,1))) NVHP(T — Ty, T; L*(Tp, x (0,1)), ) 5 4

Y € LA(T — Ty, T; HY(Ty x {1}))n HY(T — Ty, T; H*(T, x {1}) (4.2.33)
NH?(T — Ty, T; L*(Tr, x {1})),

)
provided Ty is sufficiently small. Further (4.2.33) infers that

Y € COU(T = To, T); HX(Ty, x {1})) N CH([T — Tp, T]; H (T, % (0,1))).
(4.2.34)
The continuities (4.2.34) in time and the system (4.2.3) can be used to check the following
compatibilities at time ¢t =T — Ty :

(2) 8Zq(-,T — T()) = —p(aﬂb + ﬂ18x¢)(,T — To) on TL X {1},
(ZZ) 6zq(-,T — To) =0on TL X {0}

{ o€ COT — Ty, T; H(T;, % (0,1))]), q € CO([T — To, T); H*(Ty, x (0,1)))

(4.2.35)

Further one recalls that in proving (4.2.33) we did no assumption on the size of the
initial datum. In view of (4.2.34), (4.2.35) and using that the linearity of the system
(4.2.3) the solution (o, q,1) can be extended to the time interval (0,7") by iteration in
order to prove:

o€ C%0,T); HY(Ty x (0,1))) nC*([0,T); L*(Ty, x (0,1))),
g € L2(0, T5 H*(Ty, x (0,1))) N H*2(0,T5 L*(Ty, x (0,1))), (4.2.36)
Y € L0, T; HX(Ty x {1})) n HY(0,T; H*(Ty, x {1})) -
NH2(0,T; L2(T, x {1})).
This finishes the proof of (4.2.7) and thus of Lemma 4.2.2. O

4.2.1.2 Step 2: Constructing v.

In order to make complete the proof of the existence of a solution (o, v, ) of (4.1.27), we
first set gr = vdivor+por and solve the system (4.2.3) with initial data (o, g, ¥7, ).
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Note that the regularity and compatibility conditions of the initial data (op, vp, ¥, @b;lp)

in Theorem 4.1.4 precisely imply the regularity and compatibility conditions of (o1, g7, ¥, 93)
required by Lemma 4.2.2, so that Lemma 4.2.2 applies, yielding functions (o, ¢, %) solv-

ing (4.2.3). Besides, if op € H*(T x {1}), it is clear that the solution o of (4.2.3)) in

fact satisfies

o € C%[0,T]; H*(Ty x (0,1))) nC*([0,T); H (T x (0,1))),

since the source term of the transport equation belongs to C°([0,T]; H*(Ty, x (0,1))).
We then construct the function v by solving the equation

—p(0w + W 0pv) — pAv — (1 4+ p)V(dive) —pVe =0 in(Tg x (0,1)) x (0,7,
ven=uvy =1 on (Ty x {1}) x (0,T),
v(,t)-n=0 on (Tz x {0}) x (0,7),
curlv =0 on (T x {0,1}) x (0,7,
v(-,T) =vr inTz, x (0,1).

(4.2.37)

Note that we already know the regularity of the source terms pVo and 1 from (4.2.36),
so this step only consists in constructing a solution to a parabolic equation with source
terms having given regularities. In order to analyze it properly, we will first do a lifting
of the boundary condition to recast it into a distributed source term.

Step 2.a. In this step we will only use the following regularity assumption on the
initial datum (which follows from (4.1.28))

vp € HY(Ty x (0,1)), (4.2.38)
and the following compatibility assumption (which follows from (4.1.29)(7)),

(Z) vr-n = (UT)Q = wT, on TL X {1},

(it) vr -n = (vr)2 =0, on Tr, x {0}, (4.2.39)

and the regularities (4.2.36) obtained in Step I to prove that the solution v of (4.2.37)
has the following regularity

v € L*(0,T; H*(Ty x (0,1))) N H'(0,T; L*(Ty, x (0,1))).

We consider the system (4.2.37). We will consider a lifting of the boundary term % to
work with a homogeneous boundary value problem. We define the lifting function vy;
which satisfies, for all ¢ € (0,7,

Awlift(Ht) =0in TL X (0, 1),
OPnige (1) |1 gy =¥ ( 1), (4.2.40)
O Piipe (5 1) I, xg0y= 0,
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for all t € (0, 7.
The regularities of ¢ from (4.2.36) infer the following regularity of ty;f; :

Yuige €L2(0,T; HY/2(Tf, x (0,1))) N HY(0,T; H/?(T, x (0,1)))

4.2.41
N H?(0,T; H*(Ty, x (0,1))). ( )
We define a new unknown as follows
V= (v— V).
By using (4.2.37), we obtain the following equation satisfied by V:
—0V — w8,V — LAV — YHIGdivY =G in (T x (0,1)) x (0,7),
V(,t)-n=0 on (T x {1}) x (0,7),
V(1) n=0 on(Ty, x {0}) x (0,T),  (4.2.42)
curlV =0 on (T x {0,1}) x (0,7,
V(-,T) :VT:UT_leift('aT) iIlTL X (O,l).
where

/
G = Vs + WVt + %Awh o P G Ve, (4.243)

In order to prove the existence of a solution to the system (4.2.42), we first define the
following space

H,={V € HY(T x (0,1)) | V-n=0on (T x {0,1}).

Now we introduce the following unbounded operator on L?(Ty, x (0,1)) by

W) G, (4.2.44)

A= —md, —Ea -
p P

with domain
D(A)={V € H, | AV € L*(Tf, x (0,1)), curlV =0 and V -n =0 on

(Tr x {0,1})}
={V € HYT, x (0,1)) | curlV =0 and V -n =0 on

(Tz x{0,1})}.

(4.2.45)

In (4.2.45)9 we have used that an element V' of H,, satisfying

—m 8,V — LAV — EHIGdivY € LTy, x (0,1)),
curlV =0 on (Tz x {0,1}), (4.2.46)
V-n=0on (T x {0,1}),
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admits H?(Ty, x (0,1)) regularity and this can be proved by following the line of ar-
guments used to prove [27, Theorem 3.2] (one can also consult [0, p. 332, Section 9.2]
and [31, p. 173, Lemma 2.4]). One can notice that in [27] and [31] the authors consider
Navier slip boundary condition whereas we consider no vorticity condition in (4.2.46).
Actually since our boundaries are flat, one can easily verify that

V-n=0and curlV =0 on (T x {0,1})

< Navier slip boundary condition i.e. V -n =0
and (2uD (V) + p/'divVIg)n -7 =0 on (T x {0,1}) as considered in
[27] and [31],

(4.2.47)

where 7 denotes the unit tangent vector to the boundary.
Corresponding to the operator A we define the following bilinear form

2 /
a(Vi, Vo) = Ty / 0, ViVa + £ / curlVicurlVp + CREH) / divVidivVa
TLX(O,I) pTLX(O,l) p TLX(O,l)

on the space H,.
Using the z-periodicity of the functions in H,, one readily checks that VV € H,,

2 !/
/ lcurlV | + (,u;—,u) / |divV/|2.

TLX(O,l) TLX(O,l)

a(V,V) =

<=

Hence one verifies that a(-,-) is a continuous bilinear form on H, and satisfies the
following coercivity

a(V,V) + VT2, < 0,1)) = VI, (4.2.48)

for some small positive constant c.

At this point one can apply [3, p. 115, Theorem 3.12] to deduce that (A, D(A)) generates
an analytic semigroup on L?(Ty x (0,1)).

We will use this analyticity and apply the isomorphism theorem [3, p. 143, Theorem
3.1] to prove the existence of a unique solution to the system (4.2.42). In that direction
in view of the compatibility condition (4.2.39) one observes that

Vr-n=0on (Tg x{0,1}).
This in particular implies that
Vp e D(AY?) = {V e HY(T;, x (0,1)) | V-n=0on (Tf, x {0,1})}. (4.2.49)

Also using the regularities of 1y from (4.2.41) and o from (4.2.36) we can verify that
G (defined in (4.2.43)) has the following regularity

G e L*(Tg x (0,1)).
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At this point we apply the isomorphism theorem [3, p. 143, Theorem 3.1] to infer
the existence of a unique solution of the problem (4.2.42) in the following functional
framework

V e L*(0,T;D(A) N HY0,T; L*(Ty, x (0,1))). (4.2.50)
One further uses (4.2.41) to furnish that

v € L*(0,T; H*(Ty, x (0,1))) N H'(0,T; L*(T, x (0,1))). (4.2.51)

Step 2.b. In this step we will use the full regularity assumption (4.1.28), i.e.
(o, vr) € H*(Tp, x (0,1)) x H3(Tf, x (0,1)), (4.2.52)
the compatibility conditions (consequences of (4.1.29)(i)-(4.1.29) (1)),

(1) curlvp =0, on (Tg x {0,1}),
(n+ 4

)8Z(diva)8zaT =1t on T x {1},

g _ H
(it) —u10x(vr)2 + %A(UT% + (4.2.53)

/
— Wy (v7)2 + %A(UT)Q + Wp“)az(div vr)dsor = 0 on Ty, x {0},

and the regularities obtained in (4.2.36) to prove that the solution v of (4.2.37) has the
following improved regularity

v e L*0,T; H3 (T x (0,1))) N HY(0,T; H*(Ty, x (0,1))) N H(0,T; L*(Ty, x (0,1))).

We introduce the new unknowns
V=0V, and 5 = Othist.

One obtains the following system solved by V*:

—OV* — w0,V — LAV — YHIdivy* = g in (T x (0,1)) x (0, 1),
V*(,t) n=0 on (T, x {1}) x (0,T),
Vi(,t)-n=0 on (Tz x {0}) x (0,T),
curlV* =0 on (Tz x {0,1}) x (0,7,
V*(-,T) = Vf = Vr — Vi, (- T) inT}, x (0,1),

(4.2.54)

where

(1 +p')
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Now, we recall from (4.2.36) that
dp € L*(0,T; H*(Ty, x (0,1))) N H'(0,T; L*(Ty, x (0,1))).
Hence 97 ft satisfies the following regularities

Wi € L0, T H*(Ty, x (0,1))) N H'(0,T; H¥*(Ty, x (0,1)))

MO 0.
Applying (4.2.36) and (4.2.56) we infer
G* € L*(0,T; L*(Ty, x (0,1))). (4.2.57)
Furthermore the regularity assumptions (4.2.52) and (4.2.36) furnish
Vi e HY(Tp, x (0,1)). (4.2.58)

One now uses (4.2.57), (4.2.58), the compatibility assumption (4.2.53)(i¢) and imitates
the analysis used to show (4.2.50) to infer

V* € L*(0,T; H*(T, x (0,1))) N H'(0,T; L*(Ty, x (0,1))).
Hence in view of (4.2.56) we conclude that
O and 9,V belong to L*(0,T; H*(Tf, x (0,1))) N H'(0,T; L*(Ty, x (0,1))). (4.2.59)
Now we will improve on the space regularity of v. For that once again we get back to the
system (4.2.42) solved by V' (= v — Vy;z). Using (4.2.59) and the regularity (4.2.36)
for o we observe that (G + 0;V') (where G is defined in (4.2.43)) satisfies
(G +0,V) € L*(0,T; H (T, x (0,1))). (4.2.60)
We write the equation satisfied by V' in the following form

—m 0,V — LAV — EHI A =G+ 9V in (T x (0,1)) x (0, 1),

V-n=20 on (T x {1}) x (0,7),
V.on=0 on (Tr, x {0}) x (0,T),
curlV =0 on(('I[‘L x {0,1}) x (0,7).

(4.2.61)
Once again we recall the remark (4.2.47), imitate the proof of boundary regularity done
in [27, Theorem 3.2] along with the fact that the boundary of T, x (0,1) is smooth (since
Ty, is a torus) in order to prove

V e L*(0,T; H3(Ty, x (0,1))).
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This regularity of V' with (4.2.41) implies
ve L*0,T; H3(T;, x (0,1))). (4.2.62)

Conclusion. Next (4.2.51), (4.2.59), (4.2.62) combined together and the compatibilities
(4.1.29) allow us to conclude that v enjoys the regularity

ve L20,T; H3(T, x (0,1))) N HY(0,T; H*(Ty, x (0,1)))

, , (4.2.63)
NH*0,T; L7(T, x (0,1)))
and solves the system (4.2.37). With the strong regularity framework (4.2.63) and with
o in the space (4.2.36) one can verify the formal argument (4.2.2) and conclude that the
triplet (o,v,) solves the system (4.1.27) in the functional framework (4.1.30).
Now in order to prove the uniqueness of the solution (o,v,v) of (4.1.27) in the spaces
(4.1.30), we proceed as follows. Let us assume that there exists two solutions (o1, v1, 1)
and (o2, v2,12) to the problem (4.1.27) in the functional spaces (4.1.30) with the same
initial datum. The strong regularities of v; (as well as v2) and o1 (as well as 02) allows
us to verify that (o1, q1,%1) and (02, g2, 12) solves (4.2.3), where

q1 = (vdivuy + poq) and g2 = (vdiv vg + posg).

But the solution of the system (4.2.3) is unique (thanks to the Banach fixed point
argument used in Step2) in the framework (4.2.36). Hence o1 = o9 and ¥; = s.
Now one observes that vy (respectively wvy) solves (4.2.37) with (o1,91) (respectively
(02,12)). Since (o1,11) = (02,12), from the uniqueness of the solution to the linear
problem (4.2.37) we infer that v; = v2. Hence the solution to the problem (4.1.27) is
unique in the functional framework (4.1.30).

This concludes the proof of Theorem 4.1.4.

4.2.2 Sketch of the proof of Theorem 4.1.3

The strategy used to prove Theorem 4.1.3 is very similar to the one used to prove
Theorem 4.1.4.
In a similar spirit of the Step 1 of the proof of Theorem 4.1.4 we introduce the new
unknown

q = —vdivu + P'(p)7,
where v = (i’ + 2u). Again, the system satisfied by (7, ¢, 3) will be easier to analyze
than the full system (4.1.22). Hence, once we will have constructed (o,q, ), we will
construct u from (4.1.22) 5 3 4y and the knowledge of & and f3.
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4.2.2.1 Step 1. The system satisfied by (7, q, )

One can follow the line of arguments used in the calculation (4.2.2) to formally verify
that the triplet (7, q, 3) solves the following system

pP'(p). _ P

6155 +ﬂlax5 + TU = ;§+ Ung in (TL X (07 1)) X (O,T),
=Dl (= —=( D! (7))2
06+ m0e7— Lag—PL (p>a: PP
p v v
+(P'(p)uzxw — %diV(vaxw)) in (T x (0,1)) x (0,7,
0.q = —p(0 + 110:)*B + (V3 Xw)2 on (Tp x{1}) x (0,7,
0.4 =0 on (T; x {0}) x (0,T),
q(-,0) = qo = —vdivug + P'(p)oo in Tp x(0,1),
&(-,O)Zﬁofﬁzgo in TLX(O,l),
attﬁ - 6tm:r5 + a:m:acx/B = (7+ VB Xw1 on (TL X {1}) X (O7T);
5(0) = ﬂg and (975,3(0) = 51 in Tp x {1}
(4.2.64)

We will follow the similar strategy as used in the proof of Theorem 4.1.4 to prove the
existence of a unique solution to the problem (4.1.22):
Lemma 4.2.3. Let

(0, G0, Bo, B1) € H* (T, x (0,1)) x H*(Tf, x (0,1)) x HY*(Tp, x {1}) (4.2.65)
x H(Tp, x {1}), -

the following compatibility conditions hold
(1) 9:q(-, 0) = =p(9 +W2)*B(-, 0) + (v3xw)2(- 0)  on (T, x {1}) x (0,T
(i1) 9:4(-, 0) = (vzXw)2(+, 0) on (Tg, x {1}) x (0,T
),

and (V3Xw, Uy Xws VgXw:) Satisfy the regularity assumptions (4.1.25), then the system
(4.2.64) admits a unique solution (7, q,3) in the following functional framework

)
). (4.2.66)

g € CO[0,T); H*(Ty, x (0,1))) N C([0, T|; H(Ty, x (0,1))),

G € L*0,T; H3(Ty, x (0,1))) N H32(0,T; L*(Ty, x (0,1))),

B L*(0,T; H'2(Ty, x {1})) N H*(0,T; H'/*(Ty, x {1}))
NH2(0,T; H3?(T1, x {1})).

(4.2.67)

Sketch of the proof of Lemma 4.2.3. As for the proof of Lemma 4.2.2, we construct so-
lutions of (4.2.64) using a fixed point argument.
Namely, for

(@,5) eL*(0,T; L*(Ty, x (0,1))) x (L*(0,T; HY(Ty, x {1}))

NHY(0,T; HX(T,, x {1})) N H%(0,T; L*(T;, x {1}))), (4.2.68)
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we solve the following problem

J— / ga— J—
815 + W 0y5 + ”Py(p)?f - §a+ V=X i (Tz x (0,1)) x (0,7),
=Dl (= S(P'(7))2
07 + 1 0nG — L AT — pP (p)éi: _pP'(p))" =
p v v y
+(P'(p)vzxw — 5div(vgxw)) in (T x (0,1)) x (0,7),
0.4 = —p(dr + 102)?B + (vixw)2 on (Tp x {1}) x (0,7),
9,4=0 on (T, x {0}) x (0,7),
q(-,0) = q in Ty x (0,1),
5(-,0) = & in Ty x (0,1),
6tt6 - atmxﬁ + 8:m:a:m/6 = (7"' VB Xw1 on (TL X {1}) X (07T)1
B(0) =pBo and 0;B(0) = B in T x{1}.
(4.2.69)

In view of (4.1.23), (4.1.25)(b) and (4.2.68) one solves (4.2.69)2-(4.2.69)5 in the frame-
work

G € L*(0,T; H3?(T, x (0,1))) N H3*(0,T; L*(Ty, x (0,1))), (4.2.70)

and introduce the map L : (3,3) — (7, 0).
With the regularity (4.2.70) we in particular have the following for the trace of ¢ (in fact
one can have a better trace regularity of ¢ but we just use the following in our proof):

q |t xq13€ L*(0,T; HY2(Ty, x (0,1))) N HY*(0,T; L*>(Ty, x (0,1))). (4.2.71)

Now, to recover regularity estimates on 8 solving (4.2.69)(7g), we use the following
lemma, whose proof can be found in Section 4.6.

Lemma 4.2.4. (i) Let
(Bo, B1) € H2(Tp, x {1}) x H3*(T, x {1}), (4.2.72)
and
G e L*(0,T; HY/(Ty, x {1})) n HY4(0, T; L*(T1, x {1})), (4.2.73)

then the equations

{ attﬁ - 8tawcﬁ + axx:pxﬁ = gv on (TL X {1}) X (OvT)a
,3(0) = ﬁo and atﬁ(()) = ,31 Z'TLTL X {1}

admits a unique solution in the following functional framework

(4.2.74)

(8,0:8) €L(0,T; H*(Ty, x {1}) x H**(Ty, x {1}))
NHY0,T; H?(Ty, x {1}) x HY?(Ty, x {1})) (4.2.75)
N HY*0,T; H*(Ty, x {1}) x L*(T, x {1})).
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(ii) Let
(Bo, B1) € HY?(Ty, x {1}) x HY*(Ty, x {1}), (4.2.76)
and
G € L2(0,T; H¥*(Ty, x {1})) n H¥*(0,T; L*(T, x {1})), (4.2.77)

then the equations (4.2.74) admits a unique solution in the following functional frame-
work

(8,0:8) €L*(0,T; H'W2(Ty, x {1}) x H2(Ty, x {1}))
NHY0,T; H/?(Ty, x {1}) x H¥?(Ty, x {1})) (4.2.78)
N H32(0,T; H*(Ty, x {1}) x L*(T, x {1})).

Using item (¢) of Lemma 4.2.4, the regularity (4.2.71) along with (4.1.23) we show
that
(8,8:8) eL?(0,T; HY>(T, x {1}) x H>*(T x {1}))
NH'0,T; H*(Ty, x {1}) x H'?(Ty, x {1})) (4.2.79)
N HY*0,T; H*(Ty x {1}) x L*(T, x {1})).

Furthermore, one uses (4.2.70) and (4.1.23) to solve (4.2.69); and (4.2.69)¢ with
& € C°([0,T]; L*(Ty, x (0,1))). (4.2.80)
Using interpolation the regularities (4.2.79) and (4.2.80) yield

& € C°([0,T]; L*(Ty, x (0,1))),
B HY4(0,T: HY(Ty, x {1})) N HY4(0, 73 H*(Ty, x {1})) (4.2.81)
NHY*0,T; L*(Ty, x {1})).

In view of (4.2.68) and (4.2.81) we observe that the couple (7, 5) gains time integrability
in comparison with (5, B) One can make this point precise by applying a similar line of
arguments used in the proof of Lemma 4.2.2 and prove that the map L is a contraction
for T small enough. Using then Banach fixed point theorem, we show that, for 7" small
enough, the auxiliary system (4.2.64) admits a unique solution in the following functional
framework

G e L*(0,T; H3?(T, x (0,1))) N H3*(0,T; L*(Ty, x (0,1))),

o€ CO([OvT];LQ(TL X (07 1)))’

B € L?(0,T; HY*(Ty x {1})) N HY(0,T; H*/*(Ty, x {1}))
NH2(0,T; H'?(Ty, x {1})) N HY*(0,T; L*(T, x {1})).

(4.2.82)
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One can iterate this argument to deduce that for any 7' > 0, the auxiliary system (4.2.64)
admits a unique solution in the framework (4.2.82).

Now we use a bootstrap argument to improve the regularities of (7, ¢, 3). With the
regularity of 5 from (4.2.82) we obtain that

(O +02)*B |1y xquy€ L2(0, T HY*(T, x {1})) N HY*(0,T; L*(T, x {1})). (4.2.83)

The assumption (4.1.23), (4.1.25), the regularities (4.2.82) of o and (4.2.83) can be used
to show that ¢ solving (4.2.64)2-(4.2.64)5 has the following improved regularity

g€ L*0,T; H*(Ty x (0,1))) N HY(0,T; L*(Ty, x (0,1))). (4.2.84)
This in particular implies that

{ q |TL><{1}€ LQ(O,T§ H3/2(TL x{1}))N H3/4(07T§ L2(TL x {1})), (4.2.85)

g€ C°([0,T]; H(Ty, x (0,1)))

The regularities (4.2.85) along with the regularities of the initial datum (4.1.23) can
be used to solve consecutively the beam equation (4.2.64)7-(4.2.64)s and the transport
equation (4.2.64)1-(4.2.64)¢ in the following settings

B € L*0,T; HV?(Ty x {1}))n HY0,T; H/2(T1, x {1}))
NH2(0,T; H32(T;, x {1})) N H/4(0,T; L*(Ty, x {1})), (4.2.86)
& e CO[0,T); HY(T, x (0,1))) N CY([0, T); L*(Ty, x (0,1))).

In obtaining (4.2.86); we have used the item (i¢) of Lemma 4.2.4. From (4.2.86) one
in particular obtains that

(O +@02)*B |1y xq1y€ L2(0, T3 H¥*(T, x {1})) N H¥*(0,T; L*(T, x {1})). (4.2.87)

Once again in view of the regularities (4.1.23) of the initial datum, (4.1.25) of the source
terms, (4.2.87) and the compatibility condition (4.2.66) are used to infer the following
additional regularity for g

G e L20,T; H3(T, x (0,1))) N H32(0,T; L*(Ty, x (0,1))). (4.2.88)
This by interpolation in particular implies that
g€ C°[0,T]; H*(TL x (0,1))). (4.2.89)

One can use the assumption on &y from (4.1.23), on vsx,, from (4.1.25) and (4.2.89) to
bootstrap and improve the regularity of &

o€ C%[0,T); H*(Ty x (0,1))) nC*([0, T); HY(Ty, x (0,1))). (4.2.90)

This concludes the proof of Lemma 4.2.3. O
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4.2.2.2 Step 2. Constructing u

Similarly as in the proof of Theorem 4.1.4, we start by solving (4.2.64) with initial
datum (o, qo, Bo, B1), where g9 = —vdiva + P'(p)o. Note that with this choice, the
assumptions (4.1.23), (4.1.24), (4.1.25) on (o9, uo, Bo, f1) allow to derive (4.2.65) and
(4.2.66) for (&0, qo, Bo, 1), so that Lemma 4.2.3 applies and provides functions (7, g, B)
solving (4.2.64).

We then use the regularities obtained in Lemma 4.2.3 to verify that the solution u of

(Ot + T 0p1) — pAU — (' + p)V(divar)
+P'(p)Va = vyx, in(Tr x (0,1)) x (0,T),
U-n=1uy = 0P+ U100 OD(TL X {1}) X (O,T),
u(,t)-n=0 on (T, x {0}) x (0,7),
curlu =0 on (T x {0,1}) x (0,7),
’LNL(',O) = 170 inTy x (0, 1).
(4.2.91)
satisfies
ue L*(0,T; H¥(Ty x (0,1))) NH'(0,T; H*(TL x (0,1))) (4.2.92)

NH2(0,T; L*(T, x (0,1))).

This can be proved by following the line of arguments used in the Step 2 of the proof of
Theorem 4.1.4.

Finally one can conclude the proof of Theorem 4.1.3 by imitating the arguments in the
conclusion of the proof of Theorem 4.1.4.

Remark 4.2.5. At this point the role of the effective viscous flux ¢ and the dual version
of effective viscous flux q is clear in order to prove the existence results Theorem 4.1.3
and Theorem 4.1.4. We now explain more clearly the reason behind considering the
simplified model (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) instead of using the more
physical expression (4.1.9) (recall Remark j.1.1). In our analysis we use the effective
viscous fluz (the dual version of that) to reduce the strength of the parabolic hyperbolic
coupling in the system (4.1.2) (respectively (4.1.27)). With the simplified expression
(4.1.7) of the net surface force on the beam we are able to write the linearized version of
the system (4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.7) as a closed loop system in terms
of the fluid density, effective viscous flux and the beam displacement. On the other hand
it does not seem to be possible if one considers the expression (4.1.9) for the net force
acting on the beam. In some sense the effective viscous flux does not prove to be a good

unknown to weaken the parabolic hyperbolic coupling near the boundary for the system
(4.1.2)-(4.1.3)-(4.1.4)-(4.1.5)-(4.1.6)-(4.1.9).
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4.3 Carleman estimates for scalar equations

From now onwards we fix our final time horizon 7" and the length L of our torus such
that they satisfy (4.1.31) and (4.1.32) respectively.

The goal of this section is to provide Carleman estimates for the various equations
involved in the system (4.1.27), in particular:

e 3 Carleman estimate for the beam equation set in the torus;

e a Carleman estimate for the heat equation with non-homogeneous Neumann bound-
ary conditions;

e a Carleman estimate for the transport equation.

One of the difficulties of our work is that, in order to prove Theorem 4.1.5, one should
be able to couple all these Carleman estimates in a suitable way. In order to do that,
we will consider one weight function which allows to derive Carleman estimates for the
beam equation, the heat equation and the transport equation simultaneously.

4.3.1 Construction of the weight function

1. We first introduce a function n on Ty, such that

n € C%Ty), n(z) >0 in Ty,

mf {[V(2)| | & € To\ {(—3@T, —2mT) U (d + @ T,d + 3:T)}} >0, (431

2. Now we define n° € C%(T, x [0,T]) as follows
n°(z,t) = n(z —wt) forall (z,t) € Ty x [0,T]. (4.3.2)

In view of (4.3.1), one can easily verify the following
inf {|Vn°(z,t)| | (z,t) € [-nT,d+wT] x [0,T]} >0, (4.3.3)

3. Next we will define a weight function in the time variable. Let Ty > 0, T} > 0, small
enough such that

d
20+ 211 < T — —. (434)
U1
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Now we choose a weight function 6(¢) € C*(0,T) such that

1
?, Vite [O T()]
0 is strictly decreasing V' t € [Tp, 2Tp],
G(t) = 1 Vite [2T0,T 2T1] (4.3.5)
01is strictly increasing VYVt e [T —2T1,T — T1],
1
—_— Vte |l -1
(T _ t)27 [ 1 ]

Observe that 6(t) blows up at the terminal points {0} and {7} of the interval (0,7).
4. In view of n°(x,t) and 6(t) we finally introduce the following weight functions in

TL X [OvT]v
o) (Nlle _ AP @)+l o)
{ B, t) = 0(t)(e e ), (4.3.6)

¢(z,t) = () " @O+l lloo)
where A > 1 is a positive parameter.

Remark 4.3.1. Recall that we have fired L = 3uyT. The reason lies in the choice
(4.3.2) of n° which travels along Ty, with a velocity ;. Of course this choice plays a very
important role in Section 4.3./ while obtaining an observability estimate for a hyperbolic
transport equation. In that case the domain (0,d) x (0,1) needs to be embedded in Ty, x
(0,1), for L large enough such that inf{|Vn°(z,t)|} is positive in a neighborhood of
(0,d) x (0,1), since this is crucial to obtain parabolic Carleman estimates. Now the
choice L = 3uyT serves this purpose and provides enough room so that (4.3.3) holds.

From now on we will denote by c, a generic strictly positive small constant and by
C, a large constant, where both of them are independent of the parameters s (> 1) and
A(=1).
In our computations afterwards we will frequently use the following estimates, valid on
TL X (0, T):

10W¢| < ON€  for alli € {1,2,3,4},
10:p] < CAEY2, 10| < CN2E2,  |0d| < CN2E2, 01| < CN3E3/2, (4.3.7)
|Oraad] < CNE2, |0uad] < CN3E? and  |Bhawd| < CAIE?,

and

00| < CN¢ for all i € {1,2,3,4},
10:6] S CAEY2, |00] S ON2€2, [0 S ON2E32) |01l S ON3¢32 (4.3.8)
|Orazal] < OXNEY2, |01l S CA3E2 and  |Oppaal| < ONE2,

and, for A large enough, for all (z,t) € [-u,T,d +u,T] x (0,T) and i € {1,2,3,4},

—0Wp = 0We > eXe. (4.3.9)
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4.3.2 Carleman estimate for an adjoint damped beam equation

In the following section we derive a Carleman estimate for the adjoint of the damped

Outh + Otaz®) + Opaza®) = fw in Ty x (O’ ’I')7

The main theorem of this section is stated as follows

Theorem 4.3.2. There exist constants C > 0, sg = 1, A\g = 1 such that for all 9
solving (4.3.10) with initial datum ¢ € H3(TL) and ¢ € HY(TL) and source term
fy € LA(TL x (0,T)), for all s = so, and A = Ao,

T T
87)\8/ / §7|¢|26—23¢+85)\6/ / €501 2e259
0 Tr, 0 T

T T
#5000 00 4 5N [ [ €0l + a0
0 TL 0 TL
1 (T 1
+ 7/ / 7(’att1/}|2+ |atmz¢’2+ ‘axm:xw|2)e_2s¢ (4311)
sJo Jr, €

T T
<C«/ / |fw’2€—25¢+087)\8/ T[22,
0 Tyr, 0 w1

where the notation wy was introduced in (4.1.14).

Proof. We introduce the change of unknown
w = e 5.
In view of (4.3.10), w satisfies:
™ fy = e (Out) + Otaat) + Ouzaa®)
= efsd’((?tt(eww) + 8tmx(€S¢UJ) + am;m(es‘z’w)) = Pyw.

We write Pyw in the form:

(4.3.12)

P¢)w = Piw+ Pyw + Rw, (4.3.13)

where

Piw = 5*0:0)*w + 652(0:0)%0pzw + Opugew + 250,¢0w + Ogpw,

Pow = 453(0,0)30,w + 450, ¢0pzzw + Opzrw + 5%(020) 20w
+6(1 + )5 (0:0)*Orapw,

Rw=s%010)*w + 8010w + s30;0(0r0)*w + 5000w + 25200, pOpw
+%6tt¢w — 800t PW + 250,41 $0;w + 4528x¢8xzz¢w + 8022 POy w
+12520, 00,0 00w + 35 (0 ) *w + SO0spw + 2520, O pw
+528t¢axx¢w + 658mc¢8mcw + Sazxxx¢w + 4saxxcc¢axw
_6C83(81¢)28mx¢w7

(4.3.14)
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where ( is a free parameter which will be fixed later.
Based on the identity
Piw+ Pow = fwefs‘z’ — Rw,

we obtain

T T T T
/ / |P1w\2+/ / |P2w|2+2/ lePsz/ / | fpe ¢ — Ruwl?
0 T, 0 Tr 0 Tr, 0 Ty,
T T
<2/ / |fw|26_23¢+2/ / | Ruw|?.
0 Ty, 0 Ty,

(4.3.15)

T
The crucial point is to obtain suitable estimates for the product term / / PiwPw.
0 Jrg

We will denote by I; ; the cross product of the i-th term of Pyw and of the j-th term of

Pow, so that
i=5,j=5

T
/ / lePQw: Z IZ]
0 Tr,

1,j=1

In the following estimates to make the presentation simpler we will write L.O.T
(lower order terms) for the terms which are small (for large values of the parameters s
and \) with respect to the left hand side of (4.3.11), i.e. for which there exists a constant
C independent of s and A such that

1 1 T T
|L.O.T‘ <C ( + ) (87)\8/ / 57‘w|2€—2s¢ + 85)\6/ / 55|8g;¢|26_28¢
S )\ 0 Ty, 0 T,

T T
314 3 2 2\ —2s¢ 2 2 2\ ,—2s¢
#2000l 4 00 453 [ [ (0?0 )e )

In particular, note that we immediately get that

T
/ / |Rw|* = L.O.T. (4.3.16)
0 Ty,

We list below the computations of each I;;.

Ty = 457 /0 ' /T (050) wdyw = —14s7 /0 ' /T (0560 Dy . (4.3.17)
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112 = 485 /(]T/T (ax¢)5wamzxw - —12055 /OT/’]T (am¢)2(axx¢)3w2

805 /0 ' /T (056) 000 $Drpdr? — 4085 /0 ' /T (056)* D Da ot

T T
105 [ [ (00 Orcatn® +305° [ [ (0:0)0uc(00)

— L.O.T +305° / ! / (036)* Dpu (D).
0 T,

T
IIS = 34/ / (8J:¢)4waacactw
0 JTg

T T
19 2.2 104 2 2
— 125 /O /T (0:0)0210(00s0)u? — 125 /0 /T (020" 0ec00ucat

(4.3.18)

T T
4 2 9 4 5 ,
T T
4 3 9 4 5
+ 2s /O /T L(axqﬁ) D1z p(Opw)” + 4s /0 /T L(am) Oy PO 1wy w

T
=L.0O.T+ 434/ / (020)3 04z 0Oy wyw.
0 Tr,

T
Ly = 386/0 /TL (0:0)°Orppw?® = L.O.T. (4.3.20)
T
hs=61+0s" [ [ (@:0) Dy (43.21)
Iy = —60s /0 ! /T L(axcb)“amcb(@mw)?. (4.3.22)
I = —365° | : / (000)?0re0(Dr) (4.3.23)
Iy = —125> /O ! /T ) (020) 00t $(Ozew)® = L.O.T. (4.3.24)

T
Iny = 65" / / (026) Dnwhuw
Tr

__245//11‘ 0y9)? mqb(?xwatw—f—ms// 130,10 (pw)? (4.3.25)

— L.OT — 245" / / (020)3D0 DOy wOy0.
0 Ty,
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Ins = 36(1 + )s° /0 ! /T (026)*Dpur0pats = (1 + () (21655 /O ! /T (020)2(Opah) 02

T T
5 3 2 5 3 2
+144s /0 /T (050)"Ore 0?25 /0 /T (050)"0r 00z
5 T 4 2 5 T 4 2
+18s /0 /T (000) Dreseciu? — 305 /O /T (@) amxas(azw))

— L.O.T —36(1 + ()’ /0 ' /?r (056)*Dpn (D).

T
I3 = 433/0 /]I‘ (8:E¢)3azwamxa:mw
L

T T
=—12s x 22 POz WOggaW — 4s T xaxWOxryW
3 )20, GO0 3 020)> Dz wd
0 TL 0 TL

— LOT + 185 / ' /T (056)2050 ) (Ogw)?.
0 L

T
I3g = _25/ / axx¢(8xxxw)2
0 Tr,
T
I33 = / / OrzazWOpzrw = 0.
0 Ty,

T
I34 = 32/ / (8a:¢)26:cxx;vwatw
o Jr,
T T
— 92 / / (050) D0 bOna Oyt — 52 / / (02)?DwawBynw
0 Tr 0 Tp

T
— L.O.T + 452 / / 0y 6D b Dyt
0 T,

T
I35 = 6(1 + <)53/0 »/T (ax¢)2axm¢axxzxww

(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)

(4.3.30)

T T
— _12(14 () /0 /T 0, &(D20 )2 Dnmmtws — 6(1 + ) /0 /T (026) 200 DOm0

T

— LOT+6(1+0)s /0 ! /T (026) 200 d(Opwt)2.
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T
Iy = —16s* /0 /T (02:6)?04pp(Opw)? = L.O.T. (4.3.32)

T
Iyo = 852/ / (8x¢)2aztwarxxw
0 Ty,
T T
= _1652/ / 8x¢8xx¢3xtwawmw + 852/ / ax¢8xt¢(amzw)2 (4'3'33)
0 TL 0 TL
T
— LO.T — 165 / / 0,301 GOy
0 Ty,

T
Ijz = —s /0 /T Drad(Dprw)?. (4.3.34)

T
lu==35" [ [ (0:0)0m0(0)" (4.3.35)

T
s = 12(1 + O)s* /O /T L(aw)?’amwmww
T T
— (140 (—3654 /0 /T L(0x¢)2(0m¢)28tww 1944 /0 /T L(amgb)?’@qub@tww
T
1244 /0 /T L(ar¢)3am¢atwaxw> (4.3.36)

T
— L.O.T —12(1+ ()" / / (026)30r GOy 0.
0 Ty,

T
I51=483/ / (8wq§)38zw8ttw
o Jr,
T T
— 128 / / (050)205 601wy w — 453 / / (0502 0mwdyw  (4.3.37)
o Jrp o Jr,

—ror+es ! [ 0670200

T
Iso = 45/ / ax¢axxxw8ttw
0 Tyr,
T T
= _45/ / axt¢axxxwatw - 45/ / ax¢8xxxtwatw (4338)
0 Tr, 0 Tr

T
=L.0OT - 65/ / 8m¢>(81tw)2.
0 Ty,
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T T
Is3 = / OpwOppiw = / at(atxw)Q = 0. (4339)
0 Tr, 0 Tr,

T
Iy = & / / (0:6)2Dywdhw
0 To (4.3.40)

T
— g / / 0,00 d(dw)? = L.O.T.
0 Tr

T T
I =601+ 05" [ [ (@00)dusitne = (140 (—683 | [ 0:001:00.000,(w?)
T ) L 7 ) ,

T
— LO.T —6(1+ )8 /0 /1r (020)2Dpa(Dy0)2.

Hence we find that

T 1=5,7=5
/ Pl’LUPQw = Z Iij
0 Tr,

ij=1
T T

= (84605 | T/T (020)°Dra + (<66 — 3605 L] TL(@m)“aquaxw)Q

+ (—12T+ 6)s' [ [ L (am)?ami(amw)? +(=3-005" [ [ (@:0)?0re (O

o[ L amao(ajmwf s [ D) T (4.3.42)

+ (=32 - 120)s" /0 /T L(ax¢)3<9m¢6mw8tw— 1252 /0 /T 6002 0000u + LOT

3
=> E,+LOT.
n=1

Now, we adjust the parameter ¢ such that all the coefficients of E, for n € {1,---,6}
are negative and for some € > 0 independent of s and A,

‘Eﬂ + ’Eg‘ < (1 — 6)(‘E2‘ + ‘Eg‘ + ’E4‘ + ’EGD (4.3.43)
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In that direction we observe that, according to Young’s inequality, for a; and ao positive,
T
L

(32 + 124) 5 T 4 2 (32 + 12C)O[1 3 T 9 9

(32 + 12¢) (32 + 120)n

P b VI
5on[66 1360 2 T T ec)

| B4, (4.3.44)
and

T
’ES‘ = 1232/ / ‘az(bawz(bazrtwaxww‘

< 0 / / D ()’ / / 006)200sd(Orgw)?|  (4.3.45)

7E
2a5|12 —6C|| 3l

We then choose (, such that
max{—8 + 6¢, —66 — 36¢, —12 + 6¢, —3 — 6¢} < 0, (4.3.46)

which imposes ¢ € (—1/2,4/3), and such that there exist oy > 0 and a2 > 0 such that

2+ 12 2+ 12 12 12
. { (324120 (32412001 120, } . s
21|66 + 36¢|” 2|3 + 6] 14 7 2a9]12 — 6¢|
This can be done provided ¢ € (—1/2,4/3) satisfies
8+ 3¢ 3+ 6¢ 1 7
< , and —— < =
334+ 18¢ 16+ 6¢ C 6
These conditions can be easily satisfied by taking
(=1 (4.3.48)

At this point in view of the choice (4.3.48), we fix a3 and ay such that they satisfy
(4.3.47).

Hence from (4.3.42) we get that there exist positive constants K1, Ky, K3, K4, K5 and
K¢ such that

T T T
/ PrwPyw > —K1s7/ / (020)80pr o — K285/ / (0:0)*0prd(Dpw)?
0 TL 0 TL 0 TL

T T
_ 3 2 2 3 ) ,

T T
~ Kas / / Orn®(Dpaaw))? — K / / Oywd(Durw)? + L.O.T.
0 TL 0 TL
(4.3.49)
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Hence in view of (4.3.7) and (4.3.9) one obtains that

T T T
/ PiwPw > c (37)\8/ / &w? + 35)\6/ {5(5);511))2
0 JTg 0 JTg 0 JTg

T T r
1 33>\4/0 i €3 (0ppw)? + 83)\4/0 E(Ow)? + 5)\2/0 §(Dzazw)”
L

Tr

s\ /T/ £(Onrw) ) c 57)\8//£7w2+s5>\6//£5 (Opw)

Tr

(4.3.50)
+s3)\4//§3 W) —1—8)\2//5 W) +s3)\4//§3 Btw
A2 / / £(Opew)? | |
where
wh = (T \ (=T, d + 7, T)) x (0,T). (4.3.51)

Now in view of (4.3.15) and (4.3.16), (4.3.50) furnishes that for large enough values of
the parameter s and A the following holds

T T T
57)\8/ / 57'11}2 + 85)\6/ 65(8171])2 + 83/\4/ 53(8175011])2
Tr Ty, Tr

—1—33/\4/ &3 (0pw) +s)\2/ / OrazW) —|—s)\2/ / Oprw)?
T, ’JTL
T
[ [ trspezessias [[eut 00 [[ €@+ 31 [[ €0mu)?
0 L 2 2 2
WT WT WT

+s\? / / £(Opgpw)? + s5N1 / / 3(0w)? + 52 / / (Omw)? | . (4.3.52)

Now, our goal is to estimate Opw, Opppw and Opprrw. In order to do that, we set

T = \/1;5@0. (4.3.53)

Using (4.3.12), let us observe that (since e~ vanishes at time T') the new unknown 7
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solves the following set of equations

1
OuT + OppaT + OppaaT = ﬁfqbe*sqﬁ — (.Fl + Fo + fg) —F4 inTp x (O, T),
7(,T)=0, O7(,T)=0 in Tr,
(4.3.54)
where
F =0 — 1 5, F: :8xgp *Laxx s F :axx:m: - 8xzx:l: )
1 ttT \/% ttW, 2 toxT \/Q toxW 3 T \/Q w
= |0 71:| ) = |:8 TTH 1:| ) = &mzm 1 :| .
{ v/ o g | Vel

and F4 is given by

Vs€F, = Rw + 84(8x¢)4w + 652 ( w(;ﬁ) D + 250, pOgw + 453 ( CE(]ﬁ)?’&gw

+ 480, $Opzzw + 52(0:0)20w + 6(1 4 )8 (00$)? Oz pw.

It is then easy to check that

T
/ / (A2 + 1Rl + | B + | Faf?)
0 Tr

<c< s / ut N |/ ) () + 5 L ' € 0w’
0

+s3)\4/ {3 dyw) —1—8)\2/ / OpzaW) +s)\2/ / Optw) >
TL TL

Hence the maximal parabolic regularity result for the system (4.3.54) furnishes the fol-
lowing

e L*0,T; HY(Ty)) N H*(0,T; L*(Ty)). (4.3.55)

Besides one has the following inequality

HTHL2 (0,T;HA(T))NH2(0,T5L2(T)) S C(l| fye™ S¢||L2(’]1‘L><(OT + ||f1||L2 (T x(0,T))

+ I F2ll72(r, w01y + 1F3 1 22 0m, x (0,7 + 1 FallFoqry xorry)- (4-3.56)

This then yields the following estimate:

1 (T 11 o .
;/0 /TL g(|3ttw|2+|8mw|2+!8xmw|2)e 220 <O fpe™ 132, w0 HIFL 200, x (01

P22 0r, x0m)) + 1 F3l 22 (e, x 0,1y + 1FallF2pr, xory))- (4:3.57)
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Combining the inequalities (4.3.52) and (4.3.57) on obtains the following
T
57)\8/ Tw +s5)\6/ 55 Oz w) +s3/\4/ § m;w
Tr

Tr
+s/\2/ /T OrzaW) +s3)\4/ : {3 dyw) —1—3)\2/ /T ggtw
L L L

/ / (1000l + |Draatw]? + |Dpmotw|?)e= 2
T
[ nelezo s siad [[ €t 808 [[ @0 + 841 [[ € 0rawy?
0 TL W2 w2 w2
T T T
TN / / (Opw)? + 572 / / € (Danatw)? + N / / €Omw)? | . (4.3.58)
w§ wi wi

Now, we need to suitably absorb the third to seventh observability terms appearing
in the R.H.S of (4.3.58). This is rather standard and such arguments can be found for
instance in [15, p. 461] and [2, p. 565]. We absorb it in a reverse way, starting from the
last terms.

We introduce a smooth cut-off function Y9 such that

Ty € C°(Tr;[0,1]), TYo(z)=1linw?, Yo(z)=O0forz ¢ w?,
where w? = Tp \ [~ T,d + 7 T)], and w® = Ty \ [~w T/2,d + 7w T/2]. (4.3.59)

In the following, we shall also use the notation w3 = w3 x (0, 7).

Using Young’s inequality, we have, for all € > 0,

% / / £(Opw)? < sA? / Yol (Dpw)? = 5N / Y9l wdyw + L.O.T.
w2

wT wT
2 /T2§ (Ouw)? + (0zow)? + L.O.T.
wT
<5 /g (Buw)? 083A4/ (0pew)? + L.OT.
wT
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Similarly, we get

% / / £(Dpzaw)? < SN2 / Yol (Dpzpw)? = —sA? / Y2l 0rppawOpsw + L.O.T.

wi
3)\4
28 //§ a:x:cxw 2+ 2%
wi

We then choose € > 0 small enough so that Ce < 0, where C' is the constant in (4.3.58),
and we plug these two estimates in (4.3.58). We obtain that there exists a constant
C > 0 such that for all s and X large enough,

Opzw)? + L.O.T.

T T
7)\8/ T2 _|_85)\6/ 55(83510)24—53)\4/ (Opat)’
Ty, 0 Tg, 0 Ty,
T
+ 522 / E(Orow)? + 53" [
0 TL 0 TL

1 (T 1 T
7/ / 7(|attw|2 + |at:0xw|2 + |aoc:cmcw|2)€728¢ <C / / |f¢|2€728¢
sJo Jr, € 0 JTg
4578 / / ETw? 4 s°\0 / / £5(0,w)? + s\ / / £3(Oppw)? + s3A / / & (ow)* + L.O.T.
w% w% w% w%

(4.3.60)

3 2 2 T 2
5 (&gw) + SA f(@xtw)
0 T,

We now introduce a smooth cut-off function Y3 such that
T3 € C°(Tr;[0,1]), Ts(z)=1linw®, Yz(x)=0in]0,d],

and we use the notation w; = Ty, \ [0,d], and w! = wy x (0,T).
Now, as before we can write, for €1 > 0 to be fixed later,

s9A //53 (Opw)? < 83>\4/ 363 (Ow)?* = —83/\4/ Y330 ww + L.O.T

w3, Wy

/g (Opw)? /£7w2+LOT
"JT

and

$A1 / / £3(Ouw)? < sPA1 / Y563 (p0w)? = s3AL / Y4&30ymetww + L.O.T
7)\8
//6 xx:ca:w2 //§7w2+LOT
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Similarly,

5A6//£58w <s5A6/ T3E%(0w)? 5>\6/ Y3650, ww + L.O.T.

3 4
< 515; / (Opaw)? + //£7w2+LOT

Choosing now €1 > 0 small enough so that Ce; < 1 where C is the constant in (4.3.60),
we deduce the following inequality from (4.3.60): for all s and X large enough,

T T T
[t [T e xt [0 [ oy
Tr

0 Ty,
T
+s\? / £ (Duwat)? +s3A4 /
0 T

3 2 2 T 2
3 (Ow)? + s\ /0 £(Opr)

Tr

TL
/ / lattw] + latmw] + ‘ammxww’ ) ~2a¢

T
/ / | fulPe™25¢ + sTA® // w4+ LOT. . (4.3.61)
o JT; I
T

Now, the lower order terms L.O.T can be absorbed by taking s and A large enough, so
that from (4.3.61), we obtain that for all s and A large enough,

T T T
sTAS / / Ew? + °\° / £ (0pw)? + 5°X! / &% (Ozaw)?
0 JTp 0 JTp 0 JTr

T T T
1 sA2 / £ (Dumaw)? + N / £(0w)? + s\? / £(Dupw)’
0 Ty, 0 Tr 0

Tr

1 (7T 1 B
L
T
/ / |f¢l2e‘25¢+s7A8/ Fw? |, (4.3.62)
o Jrg
wr

Finally to obtain (4.3.11) from (4.3.62) we just need to recall that w = e~*?¢, or
equivalently that 1) = we*?. This argument is very standard and is left to the reader. [
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4.3.3 Carleman estimate for an adjoint heat equation

In this section we consider the following adjoint heat equation:

Log-ng=p i (TLx(©0,1)x 0.7),

9:q=fo on (Ty x{1}) x (0,T), (4.3.63)
d.q =0 on (Tg x {0}) x (0,T),

Q('>T) =dar in (TL X (Oa 1))7

where f € L2((Ty, x (0,1)) x (0,T)), fo € L3(Ty, x {1}) x (0,T)).
For convenience, we further introduce the following shorthand notations which will
mainly be used in writing the domain of integrals.

QF = (T x (0,1)) x (0,T), wr=wx(0,T), (4.3.64)
Ty = (T x {1}) x (0,7), T% = (Tr, x {0}) x (0, 7). -

Theorem 4.3.3. There exist positive constants C, so > 1 and Ao > 1 such that for all
fi € L2(Q%F), and fo € L*(T}), (4.3.65)

and for all qr € L*(Ty x (0,1)), for all s > sy and X\ > )1, then the weak solution q of
(4.3.63) satisfies the following inequality

J] o val + SaaP) + 8240 [[ ol
']1'1

ex
QT T

<ol [[emoinfon [[eroan? + st [[erogqr |,
T% wr

(4.3.66)

Qs

where the notations Q5F, Tk and wr are introduced in (4.3.64).

Theorem 4.3.3 will be proved mainly by using the similar line of arguments as used to
prove [15, Theorem 1]. The difference with [15] occurs in the construction of the weight
functions. To be precise, the weight 0(¢) in time is defined in [15] as 6(t) = ﬁ,
whereas in our case 6(t) is as defined in (4.3.5). Further unlike [15], the function n°
(defined in (4.3.2)) travels in time with a constant velocity @;. Both of these differences
can be classically handled just by using the estimates (4.3.7), (4.3.8) and (4.3.9) of £
and ¢. One can also consult [2] for similar issues.

Above all in [15] and in most other articles in the literature it is assumed that 7° vanishes
at the boundary of the domain. Of course this assumption does not serve our purpose
since we are working with a beam at the boundary. In our case, n° just depends on (z,t)

implying in particular

8.0 =0,6=0 on ((Ty x{1})U (T x {0})) x (0, 7). (4.3.67)
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Using this property, we still recover the same Carleman estimate for the heat equation
with non homogeneous boundary condition obtained in [15].
Hence without going into the details we will just sketch the main steps of the proof of
Theorem 4.3.3 and comment with references for their proofs.

For the proof of Theorem 4.3.3 we will need an auxiliary result: a Carleman inequality
for heat equation with homogeneous Neumann boundary conditions, stated below:

Lemma 4.3.4. There exist positive constants C, s1 = 1 and A\y = 1 such that for all
§ 281, A = A, for all 99 € HY(TL, x (0,1)), and for all f3 € L*(Q5*), the solution ¥ of
the following problem
p — Y exr
—;87519—A79—f3 in QF,

9.9 =0 on TLUTY, (4.3.68)
9(.,T) = o in Tp % (0,1),

satisfies

/ / 729 (s\2 VO + NP 0 2)

%x

<C //672S¢’f3|2—|—83)\4 //6723¢£3w|2
& o

Lemma 4.3.4 will allow to construct by duality suitable solutions to a control problem:

(4.3.69)

Lemma 4.3.5. There exist positive constants C > 0, s; = 1 and Ay > 1, such that for
all s = s1, A = A\ and for all G satisfying

—3( |2 250
//5 |G[7e™? < oo, (4.3.70)
Qs

there exists a solution (Y, H) of the following control problem

Saty ~AY =G+ Hyo in QF,

0.Y =0 on TpUTY, (4.3.71)
Y(-,0)=0 in Tr x (0,1),
Y(,T)=0 in Tr x (0,1),

which satisfies

Y € L*0,T; H*(T1, x (0,1))) N HY(0,T; L*(Ty, x (0,1))) nC°([0, T]; HY(T, x (0,1))).
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and the following estimate:

N //|Y\2628¢+3A2 //§*2|VY|262S¢

o o (4.3.72)
1 g2)\3 //§_1|Y|2623¢+//§_3\H]2628¢ < C//f_3’G|2€2S¢.
T% wr T

The proof of Theorem 4.3.3 then follows from Lemma 4.3.5 by duality.

Details of the proof are given hereafter. Section 4.3.3.1 is dedicated to the proof of
Lemma 4.3.4, Section 4.3.3.2 to the proof of Lemma 4.3.5, and Section 4.3.3.3 to the
proof of Theorem 4.3.3.

In Section 4.3.3.4, we prove an additional result, which is a corollary of Theorem
4.3.3:

Corollary 4.3.6. There ezist positive constants C, sa(> s1) and Ao(> A1) (where s1 and
A1 are the constants as in Theorem J.5.3) such that if all the assumptions of Theorem
4.3.3 satisfied and if s > s2 and X = Ao, then the solution q of (4.3.63) satisfies the
following inequality

—2s 1 —2s
J[ el ¥l + o [ el

1
T TL‘IT

(4.3.73)
<O o [ ainP+ 5 [[eo2inp + o2 [[e2oep
522 £2 SA 13 '
Q5 Th, wr
where the notations QF", ’]I‘lT are introduced in (4.3.64).
4.3.3.1 Proof of Lemma 4.3.4
We set
V1 = e 590, (4.3.74)
In view of (4.3.67) one observes that
.01 =0 on TLUTY. (4.3.75)

Besides, with f3 as in (4.3.68), 9, satisfies

e fy = e_s¢(—§8t19 —AY) = e—5¢(—§at(68¢191) — A(e*0)) = Py,
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where the operator P is given by
Pyt = —5@191 - sgatqwl — AWy — 25V - Vi — 2|V |21 — sAGY;.
Now we use
Vo = —EAVr’,

and rewrite Py as
Py = P11 + P2y + Ry,

where _
Pt = —58,5191 + 25)\§V170 -V + 28)\2‘V770|2§’l91,
Poty = =AYy — 250,01 — s*A2E2| VP |20y, (4.3.76)
R = —s A&, — sAZ| VP20,

We then use that P10 + Path = fze %¢ — RY; and then

// |7>10112+// |7>201\2+2//7>11917>2191 _ //|f36*8¢—m91\2

’ 5 (4.3.77)
<2 [[ il w2 [ [ 1Ri0P
%’l‘ S—.‘r

We now compute the scalar product of P11 with Pdq. In fact, these computations are
very similar to the classical ones, and one should only remark that the integrations by
parts do not yield any bad terms on the boundaries of the domain.

Again, we shall write LO.T. to design lower order terms, that is terms which can be
bounded as follows:

11
IL.O.T| < C <8 + A) // 729 (A% |V + SN 2)
Qi

Note in particular that we have
// iR|? = L.O.T.
%x

Computations. We write
3
//731191772191 =Y Jij
Q%z 4,j=1

where J; ; is the scalar product of the i-th term of P19 with the j-th term of Paidy.
Computation of Ji1 :

p p V[
Jig = ;/ o1 AV = 5 // O (2 =0. (4.3.78)
QF QT
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Computation of Jig :

Ji2 = <> / (O - 1) Orp = % () / 04|01 [* 09

(4.3.79)
—-5(Z ) //\012att¢ LOT.
Computation of Jis3 :
2)\2
Ty =2t [[ v pow, 0, = 27 //atwlr SN
Qeﬂ}
) (4.3.80)
AR 29 (¢2
_ //w1 0,(62 V") = L.O.T.
Computation of Jyo :
Jop = —2s\ //g(vno V1) AYp = 25\ //V(g(vno V1)) - Vi
QEZJ QEI
—23A2//§|Vn vmy%m//ng (V1 Vo)) +3A//§vn VIV,

Qe(t
— 2)2 //gyvn w112+23A//§v2 0(V1, V) — 572 //5\%; 2|V,

T

— s\ //fAn |V |2 (4.3.81)
o

— 9)2 //gwno L VO[? — s\ //g|vn0\2|v191|2 +LOT.
%_'I %I

Computation of Jao :

Ty = —27 52>\ //5 Vi V)00 = —s2>\//d1v (0:6V1°) W1 > = L.O.T.
QEI T
(4.3.82)

Computation of Jog :

Ty ——283*”// & VTP = N [[ (VI PIRENP. ( 5 5
Qe.’L‘
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Computation of J3 :

J31 = —28)\2/ |V’I’}O|2£191A’l91

Qo
— 2)2 //\vn0|2§|wl|2+2sx2 //V(|V770\2§)191-Vz91
Qo5 Qo5

=25\ [[ IV EIvof = X2 [ [ MGV i1
%{1) %(E

_ 23)\2/ V02|V 0% + L.O.T.
QfF
Computation of J3o :
75 = 25222 [[1ifeelonPos = Lo
QF
Computation of Js3 :
Ja3 = =25\ // Vo).

T

Combining the above computations (4.3.78)-(4.3.86), we obtain the following:

] PP =253 [[ 900 - voi2+ o3 [[onpivan
o5

Q5 Qg
+ BN // W1]2<div(W770]2V770§3) - 2A§3yvn°\4> +LOT.
o5

Now, it is clear that

|(div(Vn V) — 2283 Vi) — AVl < g,

(4.3.84)

(4.3.85)

(4.3.86)

(4.3.87)

We thus immediately deduce from (4.3.3) and (4.3.77) that there exists C' > 0 such that

for all s and A large enough,

//3A2§|V191|2 +// SNE3|9 2
%I

Qo

<C //6_25¢|f3!2+53)\4//§3|191|2+SA2//£|V191|2 ,
Qs or &y

(4.3.88)

where @ = (T \ [T, d+ @ T] x (0,1)) x (0,7"). Now there are two steps to obtain

(4.3.69) from (4.3.88):
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e Absorbing the observation in (4.3.88) involving Vd; on @p: This can be done
similarly as in the proof of Theorem 4.3.2 when passing from (4.3.58) to (4.3.62).
In fact, here we can avoid estimating the highest order term 9191, D1 by simply
multiplying Pd; by Y&, for a suitable cut off function T, similar to the one
defined in (4.3.59).

e One should then come back to the original unknown ¢ from ;. This can be done
as it is done classically by recalling that ¥ = e*?¥;.

This concludes the proof of Lemma 4.3.4.

4.3.3.2 Proof of Lemma 4.3.5

The proof of this lemma follows the one of [2, Theorem 2.6], and we recall it only for
the convenience of the reader.

In order to solve (4.3.71) we will introduce a functional J whose Euler Lagrange equation
provides a solution of (4.3.71). For smooth functions ¥ on Q5 with 9,9 = 0 on TLUTY.,
let us define

J(9) = %//I( Py — Ayofre—26 4 2 //53!1%2 200 / G (43.89)

T

We introduce the following space

[I-llobs
Xobs = {9 € C®(Q%F) such that 9,9 = 0 on ’]I‘1 U ']I‘OT}l ’ (4.3.90)
where || - ||ops is the Hilbert norm defined by
e N e / [ e, (4.3.91)
Qe:l:

We endow the space X,ps with the Hilbert structure given by || - ||ops. Of course, the fact
that || - ||ops is & norm follows from the Carleman estimate (4.3.69).
Observe that, from the assumption (4.3.70) and the Carleman estimate (4.3.69), one has

1/2

1
[ 69 <l | 5 [[ €¥aRE2 | (4.3.92)
%‘T %"E

for some constant C' > 0. Hence in view of (4.3.92), one observes that the functional J
can be uniquely extended as a continuous functional on X ;5. We denote this extension
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by the notation J itself. The inequality (4.3.92) also infers the coercivity of J on X ps.
It is easy to check that J is strictly convex on X ;5. Hence J admits a unique minimizer
ﬁmin on Xobs‘

We further set

Y = (—gat — AYmime 29 and H = —*X43nme 2%x0,,. (4.3.93)

From the Euler Lagrange equation of J at ¥, for all smooth functions ¥ on Q% such
that 0,9 = 0 on TlT U TS,

//Y( P 50 — AD) //Gﬁ /Hﬁ—o (43.00
Qo5

This equation easily implies that the solution Y of (4.3.71)(; 2 3) in the sense of transpo-
sition with source term G + Hx,, with H given by (4.3.93) coincides with the function
Y given by (4.3.93) and satisfies the null controllability requirement Y (-,7) = 0 in
TL X (0 1)

Note that, since G € L?(Q%*) and H € L*(Q%),

Y € L*0,T; H*(T, x (0,1))) N HY(0,T; L*(Ty, x (0,1))) nC°([0, T]; HY(T, x (0,1))).

Moreover since ¥y, is the minimizer of J on X, using (4.3.92) one gets
o e et ffer
QCII‘

for large enough values of the parameters s and A.
One then follows the arguments used in proving [2, Theorem 2.6], which mainly consists
in a suitable energy estimate, i.e. a multiplication of (4.3.71) by £ 2e¢2%?Y, to show the

following
QF QF

for large enough values of the parameters s and .
In order to finish proving (4.3.72) one only needs to show

2 3 1 2 2s¢p 3 2 2s¢
A // P <o [[etope (4397)
QE.’I)

for large enough values of the parameters s and .
This can be achieved thanks to the estimates (4.3.95) and (4.3.96). In this direction we

introduce a function
0
k= k(z,2) = <z>
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on Ty, x (0,1). The function & verifies

~J 1onTp x {1},
K-n= { 0on T, x {0}, (4.3.98)

where n denotes the unit outward normal to (Ty x {1}) U (T x {0}).
Now we perform the following calculations, using that 9, (£ 1e?*?) = 0:

s2\3 //5_1|Y|2e2s¢’ = 32)\3/ div(/if_l\Y\2628¢)
’]I\:ll1 EZ

2»‘/ div(kE ')V |* + 257A° //ng 'e*?y . VY
Qeﬁ?

= 5°\° // Y + 2570 // H§_162S¢Y VY
Q5 Qs

<C 3)\4//|Y|2 25¢+s)\2//§ 2|7y 26259

QEZE
(4.3.99)

Finally combining the estimates (4.3.95), (4.3.96) and (4.3.97), we conclude the proof of
the estimate (4.3.72).

4.3.3.3 Proof of Theorem 4.3.3

Since we only assume that fi € Q5F, fo € T4, the solution of the problem (4.3.63) has
to be considered in the sense of transposition. In particular, for

Y e L20,T; H*(T;, x (0,1))) N HY(0,T; L*(Ty, x (0,1))) nC°([0, T]; HY(T, x (0,1))),

satisfying 8, Y = 0 on T% U T% with Y'(-,0) = Y(-,T) = 0 in Ty, x (0,1), we have

//le // (=0, Y — AY) q+//Yf2 (4.3.100)

QCII)
We thus choose a particular function G' which satisfies (4.3.70), namely
G = &3qe 2, (4.3.101)

and Y the function given by Lemma 4.3.5, so that (4.3.100) yields:
//53|q|2 2 = //f1Y //Yfz —//quw (4.3.102)
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With the choice (4.3.101) of G, observe in particular that
// 573|G|262s¢> — // 63‘q|26723¢>
%{1) %(L'

Besides (4.3.102) furnishes, for all € > 0,

//53!(]\2 ~259 < 633)\4//|Y\2 250 3)\4 //If 2e29 1 2 //53\q|2 —2s¢)

Q€$

1
+e//g—3|ﬂ|2e28¢+ m//§|f2|26_23¢+652)\3 //g—ﬂw%w . (4.3.103)
wT T,} T%

On the other hand with the particular choice (4.3.101) of G, the inequality (4.3.72) in
particular takes the form

3\ //|Y\2625¢+32)\3 //§—1’Y’2625¢+//5—3‘H‘2625¢ < C//§3‘q’2€—2s¢
%:c T% wr %x

(4.3.104)

Incorporating (4.3.104) in (4.3.103) and choosing small enough value for the parameter
€, we prove that

53)\4//§3|q|2e_25¢
o] 2S¢\f1|2+sA// 28¢5\f|2+s3A4// 03P

Qea:

(4.3.105)

Now one needs to estimate the integral of Vg on Q5 and the integral of ¢ on Tk to
finish proving the inequality (4.3.66).

In order to do that, we perform a weighted energy estimate on ¢ by multiplying (4.3.63)
by £ge~2%¢. This will lead to

//£|Vq|2 ~2s¢ 052)\2//£3|q]2 _25¢+C//£|q||f1]e 2s¢+0// ~250¢ f0
o i

052)\2//§3|q|2 —2s¢ . © o //|f1’2 2s¢+08)\// ~259¢|g 2

= // e 25%¢| fo|2. (4.3.106)
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Now, similarly as in (4.3.99), we can obtain

SA // e 25%¢|q|* < s\ // e 25%¢2| g2 (4.3.107)
Ty Ty
<c |22 //§3|q\2 23¢+5//§|Vq\2 256

Therefore, choosing ¢ > 0 small enough, we deduce from (4.3.106) and (4.3.107) that
there exists a constant C' > 0 such that for all s and A large enough,

//SWQP 25¢+S)\// ~200¢2| g2
QFT
052)\2//53’(]‘2 _28¢+T)\2//|f 2e26 4 )\// =250¢ | o2,

T

With the estimate (4.3.105), this finishes the proof of Theorem 4.3.3.

4.3.3.4 Proof of Corollary 4.3.6

Let us introduce the new unknown:
1

q1 = QQ

From (4.3.63) we obtain the following system satisfied by ¢;:

Lo - A= S h+Fs i (TLx(0,1) % (0.7),
1
0.q1 = Tffg on (Tz x{1}) x (0,7, (4.3.108)
azq1 =0 on (TL X {0}) X (O’T)v
1
(., T)= &qT in (Tr x(0,1)),
where
1
Fo = Lo tiéa+ 5V VE+ gade+ Ve - S5 Ve V.

(4.3.109)

In view of the estimates (4.3.8), F5 satisfies

—2s¢ 2 >‘2 723¢1 2 1 725¢ 1 2
e NP < C | = [ e~ q]" + 5 ]Vq| ) (4.3.110)
52 £ 52
Q5 Qs Q5
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Now we apply Theorem 4.3.3 for the system (4.3.108) to have the following

J] e Val + ALl + 523 // 202 2
Qe’l‘

1 723(151 2 —2s¢ 2 —2s¢ 2
<C| g [[e 51l +// 75l + A// élh
%SC
+530\4 // 6_23%3‘(11’2) (4.3.111)
wr
1 g0 1 _og _ 1
o [t ff et [
Qs
1 1
b5 [ emocinl o0 [[erocq? |
SA &
TL wr

where the last step of (4.3.111) from the penultimate step follows by using (4.3.110) and
the definition of g;. Now, using g = sA£q1, one further checks the following

//e‘2s¢(81§\Vq]2+s)\2§\q]2)+/\//e_25¢]q\2

QF TL

/ / =29 (A2 | Va2 + N3 |qu [2) + 5208 / / e g | (4.3.112)
exr 1

Combining (4.3.111) and (4.3.112), we get

1
J[ € VAR sxelaf) 4 [[ e
QFF TZ
1 —2s 1 2 —2s 2 —2s 1 2
<¢ 32)\2// ‘@ ’f‘ 32// " ]q\ 82// = Wq’
%x
b [[eozinp +ox? [[evelqp
SA £
T% wr

Taking s and A large enough, we conclude Corollary 4.3.6.
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4.3.4 Observability of an adjoint transport equation

In this section we derive an observability inequality for the adjoint transport equation

{ —00 —mdyo + F20 = f4 in(Ty, x (0,1)) x (0,7), (4.3.113)

o(+,T)=or inTz x (0,1).
Theorem 4.3.7. Let us recall the notations QF and wr introduced in (4.3.64). There
exists a positive constant C such that for all op € L*(Tp, x (0,1)), f1 € L*(Q%*) and for

all values of the parameters s > 1 and A\ > 1, the solution o of (4.3.113) satisfies the
following inequality

||U€_S¢||%2(Q§g) < C(||f4€_s¢”%2(Q%z) + ‘|U€_S¢||%2(WT)). (43114)

There exists a positive constant C such that for allop € HY (T x(0,1)), f1 € L?(0,T; H* (T x
(0,1))), and for all values of the parameter s > 1, the solution o of (4.3.113) satisfies
the following inequality

19s7¢™ ey < CUIOF1e ™ Ra gy + 10s0¢ Ray).  (43.115)

Consequently there exists a positive constant C' such that for all fy € L*(0,T; H (T x
(0,1))), and for all values of the parameter s > 1, the solution o of (4.3.113) satisfies
the following inequality
—sb|12 —5¢12 —s¢||2
19”72 gge) SC(I10nfae™ T2 (e + I1fae™* 72 () (4.3.116)
+ Ho-e_S(bH%Q(wT) + ”azo—e_SQS“%Q(WT))_

Proof. We first prove the inequality (4.3.114). The proof depends on a controllability
estimate of the following problem

P/,Ep)a = fituzxe in(Tr x (0,1) x (0,7),
5(’0) -0 iIlTL X (07 1)7
(-, T)=0 inTy, x (0,1)

G + W19,5 +
(4.3.117)

and a duality argument. The controllability estimate for the problem (4.3.117) will be
adapted from [12]. In fact following [12, Theorem 3.5], we have the following result:
If

1 F1e || L2(qge) < oo,

there exists a control function vz x., € L?(QF), such that & solving (4.3.117) ; o) satisfies
the control requirement (4.3.117)3. Besides, & solves

||565¢||L2(Q6Tx) + ||U;68¢HL2(MT) < C||f465¢||L2(QeTw)- (4.3.118)
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In fact, the result stated in [12, Theorem 3.5] involves an additional weight in time 6-3/2,
but the proof of the above result truly follows line by line the one of [12, Theorem 3.5].
The only difference is that one should use the multiplier 7e2%¢ instead of §~35e2%¢ in
[12, Theorem 3.5].

Now, for f; satisfying Hﬂesd’HLz(QeTz) < oo, we associate (7,vs) given by the above
process.

We then do the following computations

HUefsd’HB(QeTz): sup  [(f1,0)r2(Qe)|

I faes?|<1
< sup ([0, fa) r2(@emy| + (v Xw, ) 22 (@) |)

[l faes?|I<1

< Ol fae* |2y + lloe ™[l L2 (wr))-

This provides the inequality (4.3.114).

The inequality (4.3.115) can be obtained by applying (4.3.114) to the system satisfied
by 0z0. Once we have (4.3.115), the estimate (4.3.116) can be obtained directly by using
the equation (4.3.113);. O

4.4 Observability of the system (4.1.27)

The goal of this section is to prove Theorem 4.1.5. In order to do that, as for the proof
of Theorem 4.1.4, the key step is first to prove an observability result for the system
(4.2.3). In fact, we will start by showing the following result:

Lemma 4.4.1. There exists a constant C > 0 such that for all (o,q,) solving (4.2.3)
with initial datum (or,qr, Y7, 05) having the reqularity (4.2.4) and satisfying the com-
patibility conditions (4.2.5),

[1(%(+50), Oeb (-, O)) 1 a3 (T, x (0,1))) x H (T2, x (0,1) T NG5 OV a2, % 0,1y FHo (5 0) | 11 (7, % (0,1)
< Ol 2wry + Cllallm wry + Cllollmiwr),  (44.1)

where wr is defined in (4.3.64).

Lemma, 4.4.1 is proved in Section 4.4.1 below, and follows from a suitable use of the
various Carleman estimates proved in the previous section.

Based on Lemma 4.4.1, it will be rather easy to derive an estimate on v(-,0) in

L*(Ty, x (0,1)) and conclude the proof of Theorem 4.1.5, which will be done in Section
4.4.2.
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4.4.1 Proof of Lemma 4.4.1

Note that, from Lemma 4.2.2, for (o7, qr,¥r,%+) having the regularity (4.2.4) and
satisfying the compatibility conditions (4.2.5), we have that (0; +u10.)qr, x{1} belongs
to L*(Tg x {1} x (0,T)). We thus apply Theorem 4.3.2 with fy = (0; + u10z)qi1, x{1}:

A [[ e+ 250 [ loufe o4 1 [ € 0uf + e
T% T%« T%‘

o 1 1 9
+ S)\2 //€(|8ta:¢|2 + lazmxw‘g)e 2s¢ + ; // E(’atth + |8txzw’2 + ‘8zx:px¢|2)e 259
T% T%

< C// |0pq + W1 Opq|*e 257 + CsTA® // 72252, (4.4.2)
T% wf

From this estimate we deduce that 9y + w0, € HY(0,T; L*(T)) N L2(0,T; H*(TyL)).
We also know from Lemma 4.2.2 that o € C°([0,T]; H*(T, x (0,1)), so we can apply
Corollary 4.3.6 to q, 0;q and 0,q:

1
J[ VAl + ¥l (1.43)
Qo5
<C| oy [[eglol + = [[ e tiow s mawt + 0 [[ 2o
52)\2 £2 SA 13 ’
Q7 TlT wr
1
J[ Vo + sxeloal®) + 4 [[ ol (144)
QF TL
<C L €—2s¢i|3 ‘2+i —2s¢1‘6 ¥ + w10, ¢|2+ A2 _2‘9%\6 |2
S 22 ¢ t0 Y e ¢ t U100zt S € tqd )
Q%I T%ﬂ wr
—2s 1 —2s
//e 2 ‘b(sglvaxq\Q—i—s/\Qf]@xq\Q)—i—)\//e 259,42 (4.4.5)
i 7
<O 1 725¢i k) 2 i 72s¢1 B 10 2 )\2 —25¢ b 2
= 2 ) € 52‘ =] Tl f‘ b+ O s e l0edl
QT T wr
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Now, we apply the observability estimates of Theorem 4.3.7:

//e—2s¢(|a\2 4 10p0 2 + 302

Qez

<C// —2s¢ |O‘|2—|—|8 0"2—|—|at0" +C// —25¢ |Q|2+|0tq|2—|—|3xq|) (4.4.6)
QEIE

Therefore, summing up (4.4.2)—(4.4.3)—(4.4.4)—(4.4.5)—(4.4.6), we obtain:
A [[[ 0P 1 0 [[ @losPeo 4 X [[ €000 + 0)e >
T} Tk T
1 1
+ S)\2/ £(|atx’¢|2 + |8xm1/1|2)e_2s¢ + ; // E(’atth + |8txx¢’2 + \5mm¢|2)6_28¢
1 1
+ / [ 2 (Val + 90 + [V 0ual) + X6l + [oual +10ca)

+>\// ~259(10,q]? + |0g]?) +// 259152 4 |9,0 % + Oy [2)
QEZ

1
- 2 —2s 718 7 2 —2s —2s 2
<c//|atq+ulaxq\ e 4 CsTA //f D e | =10
Tl E(E
+[0:02 + 1010 ) + = // o rattwm|amw12+ramw\%\atw%mm>
+ o / [ el + fuc + 10

+C // (ol 0,0+ 0 ) + C [ [ €00l + gl +1020).
Qe.’l)
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Using that & > 6 > 1, taking s and A large enough, we can absorb all the terms in the
right hand side which are not localized in the observation set, so that we deduce

STAB / [wizeo 4 / 15 1000 + O e

+ // 20 \vatq12+rvaxq\>+sx2aq| + [[ 200 + ool + 1010 f)
Qeac

<CS7A8// e + O\ // e 0E(lqf? + 0,qf? + |01af?) (4.4.7)

"J1

n C//e_25¢(|0]2 + 10,02 + [B,0]2).

We now fix s and A such that (4.4.7) holds. We then use the fact that
e 2% < C onuwr, e 2% < C onwp forie{1,7},
3e>0, s.t. e 2? > ¢ on(Tp x (0,1)) x (2Ty, T — 2T7)
and e > ¢ on(Tg x {1}) x 2Ty, T — 2T1) for i € {1,7}.

to deduce from (4.4.7) that

91 L2 @1y, 7270 1A (T x (0,1))nH2 (2T0 T—2T3522(T 1 x (0,1))) T 1@l 51 210, 727011 (71 % (0,1)))
+ ol 221y, 7 =270 HY (T2 % (0,1)))NH (2T0, T—2T1; L2 (T1, x (0,1)))
< Ol 2wry + Cllallm wr) + Clloll iy (44-8)

The next step consists in proving that there exists a constant C' such that

[ (¥(+,2T0), Oup (-, 2T0)) | 113 (1), x (0,1))) x H1 (T x (0,1)) T 1145 2T0) | 22 (T, % (0,1))
+ lo (-, 2T0) |51 (1, x (0,1)) < C||¢”L2(W1T) + Cllall gt wry + Clloll gty (4.4.9)
From (4.4.8), we have an estimate on v in L?(2Tp, T —2T}; H*(T1 x (0,1)))NH?(2T,, T —

2Ty; L3(T;, x (0,1))) and thus by interpolation on v € C°([2Ty, T—2T4]; H3(T1 % (0,1)))N
CY([2Ty, T — 2T1]; HY (T, x (0,1))), so that we obtain

14 (+, 2T0), Oy (-, 2T0)) | 3 (r, x 0,1))) x 1 (T x (0,1)) S CllY N L2 ory +Cllall 1 () FC Ml 111 (o) -

(4.4.10)
Then, from (4.4.8), we also have an estimate on q in C°([27y, T — 271 ]; H' (T, x (0,1))),
therefore

laC T = 2T) [ 1 (v x0,1)) < Clll2ry + Cllall i wry + Cllollgr @y (44.11)
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Now, g satisfies the heat equation (4.2.3) 534 so that, taking T™ € (2Ty, T — 2T1),

N qll 221y 7 3 (71 % (0,1)))EE3/2(20 T L2(T 1 x (0,1))
< CllgC T = 2T0) [ vy < 0,1)) + Clloll (T, x (0,1)x (210, 7—211))

+ C|0sy) + w1029 || L2210 127112 (T 1, % (0,1)) ) HY (270, T—2T1:L2 (T, % (0,1)))
< Ol zery + Cllallmrwry + Cllolar wr),

where the last estimate is a consequence of (4.4.8) and (4.4.11). We thus immediately
deduce that

la( 2T0) [l a2 (1 0,1)) S CllPl p2(ry + Cllallawr) + Cllollarwr)- (4.4.12)

Finally, to get an estimate on o at time 27}, we first remark that (4.4.8) gives an estimate
on ¢ in C°([2Ty, T — 2T1]; L*(TL, x (0,1))), so that we already have

lo (5 2To) [ 2w x0,1)) < ClYllz2wry + Cllall g wr) + Cllolla wr)- (4.4.13)

Then, we take the gradient of (4.2.3); and multiply by Vo for ¢t € [2Ty,T — 2T1]:

1d oP'(p P'(p
2dt \Jrpx(0,1) v Tr % (0,1) v JTx(0,1)

Setting « = —pP’(p) /v, it follows that

d

7 (eatHVU(',t)HL2(TLx(0,1)))‘ < Ce®[Va(-, )l L2(r, x(0.1))-

We then easily deduce that
Vo (-, 2T0) |l 2cr, x0,1)) < CIVollpien, m—om;r2(r x0,)) FCIVall L emy, r—2m:02(T, x(0,1)))
In view of (4.4.8), we deduce that

IV (-, 2T0)l 21, x0,1)) < ClIYllL2@ry + Cllalla wr) + Cllol i wr)- (4.4.14)

The combination of (4.4.10)—(4.4.12)—(4.4.13)—(4.4.14) then concludes the proof of (4.4.9).
Then, to deduce (4.4.1), we use Lemma 4.2.2 to solve (4.2.3) starting from the time 27
and the estimate (4.4.9) (note that (o(-,27y), q(+, 270), ¥ (-, 2T0), O (-, 2Tp)) satisfies the
regularity assumption (4.2.4) and the compatibility conditions (4.2.5)).

4.4.2 Proof of Theorem 4.1.5

For (o, vr,r,¥%) as in Theorem 4.1.5, we start by solving (4.2.3) with initial datum
(o1, qr, Y7, %), where gr = vdivor + pop. Using Lemma 4.4.1 and recalling that
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q = vdivv + po, we deduce that

o (- Ol &1 (T, x0,1)) + 1AV o (s )|z Ty x (0,1y) + I1(%0(+0), 06w (-, ON | 3¢, % (0,1))) x Y (T2 x (0,1))
< Ol pery + Cllall ) + Cliol mrwr) (4.4.15)
< Ol p2ry + Cllvll 2o, m2@)nH1 0,731 () + Cllol i1 wr)-

Thus, to obtain the result of Theorem 4.1.5, it only remains to estimate v(-,0). As we

already have an estimate on divo(-,0), we first focus on getting an estimate on curlv.
One now uses the system (4.2.37) to obtain the following set of equations solved by curlo:

—p(0(curlv) 4+ w10y (curlv)) — pA(curlv) =0  in (Tg x (0,1)) x (0,7),
curlv =0 on (Tr x{0,1}) x (0,7),
curlv(+,T) = curloy in Tz x(0,1).

(4.4.16)

Thus, curl v satisfies a parabolic heat type equation with homogeneous Dirichlet bound-
ary condition. Classical observability estimates for the heat equation (see e.g. [20] or
[15]) immediately yields

l[eurlv(-, 0)[| (1, x(0,1)) < Cllewrlv|| g2y < Cllvll20,1;81 (w))- (4.4.17)

Now we recover v(+,0) by solving the following elliptic problem at times ¢ = 0:

0
Av(-,0) = Vdiv (v(+,0)) + <_ > (curlv(-,0)) in  Tr x(0,1),
v(-,0) -n = (-, 0) ’ onTy, x {1}, (4.4.18)
v(+,0)-n=0 onTy x {0},
curlv(-,0) =0 onTy, x {0,1}.

One can then do a lifting of the non-homogeneous boundary condition and use [27,
Theorem 3.2] to deduce that

[v(, Ol 2 (T, x(0,1)) < Clleurlo (-, 0)[[ g1ty x0,1)  +Cldivo(, 0)l g1 (1, x(0,1))
+CY (0 g3 (T x{1})-

With the estimates (4.4.15)—(4.4.17) and this last estimate, we then deduce that
[o(5 )l x(0,1)) < CllYl L2 ry + Cllvllez o, m2@)nm (0,130 ) + Cllolla wr)-

(4.4.19)
Together with (4.4.15), this concludes the proof of Theorem 4.1.5.
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Appendix

4.5 Derivation of the energy dissipation law (4.1.10)

First write Au in the following form

Iy
> (curlu).

T

Au = Vdiv(u) + <

Multiply (4.1.2)2 by u and integrate over ;. After integration by parts and using the
periodicity of u in the z—direction and the boundary conditions (4.1.4)-(4.1.5) we get

/ poru - u+ / plu-Vu-u+p / |curlu|? + (1 + 2p) / |dival|?
0] () 0] 0] (4.5.1)

+ / VP(p / (((Ml + 2p)(divu)Iy) - ng) - u = 0.
0] st

We know that for any function g which is integrable on €2,

% / /6t9+ / gu - ny. (4.5.2)

o) 0 O 1)
Now let us simplify some terms from (4.5.1).

2
/ plu-Viu-u :Q/ p(Z:Z1 U;iOg,u) - U

0] ()

1 2
=3 Z / PU;i Oy, |15 (4.5.3)
{iire{l2}q,

= ([ ulpulusl®) + /WWWW

{w}E{l 2} Q0

Using (4.5.2) from (4.1.2); and (4.5.3) we get

mw /@m4+/ﬂwum
n(t) n(t) (454)

=2 / (pu - 0w+ p((u- V)u) - u).
y0)
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As P(p) = ap” — ap” for v > 1, we have:
u-VP(p) =u-V(ap") =ayp’'Vp-u
ary _ )
= WPV " ((Bep + div(pu)) + (v = u - Vp)

a’y 'y—l .
=—9p Op + pdivu + yu - Vp
(v-1) (0 )

=0 () v (v Z)-

Hence using (4.5.2) and (4.5.5) we obtain

[ ey u= [ (0 + diva )

0! 0!

N / o ((Jil)pv) +F/ (76171)[%_% (4.5.6)

n(t) st

d a
. Y Yoy -
; / C 1),0 +/apu ng.

(1) Doyt

(4.5.5)

We combine the identities (4.5.1)-(4.5.6) and the definition (4.1.6)of P(p) to deduce

d 1 /
A WA e i R A R

Q) 0) R0 (4.5.7)
_ /(((M’ 4 2u)(divu)Ty) - ng — Pry) - u = —Pm/atﬁ.
T T

Multiplying (4.1.2)3 by 9;8 and integrate over (0, L), we obtain

L L L L
Lo ( / \atﬁﬁ) + [10upl + 55 ( / ramxsﬁ) = [@pas (4.5.5)
0 0 0

0

Recalling the definition (4.1.7) of T, using the interface condition (4.1.3) and adding
(4.5.7) with (4.5.8) the energy equality (4.1.10) follows.

4.6 Proof of Lemma 4.2.4

Proof. 1t is well known (see for instance [28]) that provided

(Bo, B1) € H¥ (T, x {1}) x HY(Tp x {1}), (4.6.1)
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and
G e L*(0,T; L*(Ty, x {1})), (4.6.2)
the equations (4.2.74) admits a unique solution in the space
B e L?(0,T; H (T x {1})) N H*(0,T; L*(T, x {1})). (4.6.3)
Now we will improve on this regularity by assuming that
(Bo,81) € H?(T, x {1}) x H3(T, x {1}), (4.6.4)

and
G e L0, T; H*(Ty, x {1})) N H'(0,T; L*(Ty, x {1})). (4.6.5)

We write the system (4.2.74) in the following form

3 0 1\ (3 0
o <at5> - (—am am> (@5) - (é) on (T A1) 0.1). g 56)
B(0) =pBo and G;B(0) = B inTy x {1}.

Let us operate (4.6.6); by 9; and write the resulting equation in the following form

o <gttt%> ; (—agm 8;) (g;%) = (8?5) on (Ty x {1}) x (0,7),

6tﬁ(0) = /81 8ttﬁ(0) = Q(O) + 8:)::):51 - &mmcmﬁo in TL X {1}

(4.6.7)
In view of (4.6.4) and (4.6.5) one has the following
0 € L?(0,T; L*(Ty, x {1}))
0:G T ’ (4.6.8)
(9:8(0), 93(0)) € H(Ty, x {1}) x HY(TL, x {1}).
Hence in view of (4.6.8) one can solve (4.6.7) in the following settings
OB € L*(0,T; HY(Ty, x {1})) N H?(0,T; L*(Ty, x {1})). (4.6.9)

Now we write (4.6.6); in the form

B (—agm 825) (afg) - (3) — O <afﬁ> on (Tg x {1}) x (0,7). (4.6.10)

In view of (4.6.5) and (4.6.9) we infer that the right hand side of the equation (4.6.10)
belongs to L2(0,T; H*(Ty x {1}) x H* (T, x {1})).

Since the one dimensional beam is defined on a torus Ty, one can use the Fourier
transform to prove that

B e L*0,T; H*(Ty, x {1})) N H3(0,T; L*(T x {1})). (4.6.11)
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Hence in view of (4.6.9) and (4.6.11), we show that the assumptions (4.6.4) and (4.6.5)
imply the existence of a unique solution § of the problem (4.2.74) in the following settings

B € L20,T; HS(Ty x {1})) N H3(0,T; L*(T x {1})). (4.6.12)

Now we will use interpolation results for the linear problem (4.2.74) stating the following
map

HNgvé X Hpg, g, 0 — Hpgy
(G, B8(0),8:5(0)) 8 (4.6.13)

is an isomorphism for all £ € [0, 1], where

Hgy = [L*(0,T; L*(Ty, x {1})), L*(0, T3 H*(T1, x {1})) N H'(0, T; L*(T1, x {1}))].
= L*(0,T; H* (T, x {1})) N H*(0,T; L*(Ty, x {1})),

Hpgy g0 = [H*(Tr, x {1}) x H'(T, x {1}), H>(T, x {1}) x H*(T, x {1})]¢
= H*3(Tp, x {1}) x H**(T, x {1}),

Hg,p = [L*(0, T3 HY (T x {1})) N H*(0, T; L*(Ty, x {1})), L*(0, T3 H*(T % {1}))
N H3(0,T; L2(Ty, x {1}))]e = L*(0, T; H*4(Ty, x {1}) n H*2(0, T; L*(Ty, x {1})).

Hence using the isomorphism result (4.6.13) one proves the item (i) of Lemma 4.2.4 by

taking ¢ = % and the item (i7) of Lemma 4.2.4 by taking ¢ = 3. O
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