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Organisation du mémoire

Afin de faciliter la lecture du document, les principaux symboles sont regroupés a la
page avec une bréve explication, ainsi que la page ou ledit symbole apparait pour la
premiére fois (dans les deux derniéres parties du mémoire).

La premiére partie de la thése, rédigée en francgais, est liminaire et permet de contex-
tualiser les travaux. Dans cette partie, nous présentons également les principaux outils
utilisés dans la suite du mémoire. Cette introduction se divise en deux parties comme le
reste du manuscrit : - Estimations non-asymptotiques de mesures invariantes - Régulari-
sation par un bruit dégénéré.

La suite de la thése est rédigée en anglais. Chaque chapitre contient une petite intro-
duction, ainsi qu'une présentation des notations utilisées. La premiére partie est composée
de trois chapitres :

- Le Chapitre 3] A first non-asymptotic concentration result, est un travail effectué
en collaboration avec Stéphane Menozzi et Gilles Pagés. Ce chapitre est disponible en
prépublication [HMPI§|. 11 traite d’inégalités de concentration non-asymptotiques des
déviations de la mesure invariante avec une mesure empirique approchant cette derniére.

- Le Chapitre [, A sharp non-asymptotic concentration, est issu d’un article, écrit
seul, disponible en prépublication [Honl8§|. Il présente des inégalités de concentration du
méme type que ceux du Chapitre 1 mais avec la constante de concentration optimale.

- Le Chapitre [5, Extension to SDEs driven by a Poisson compound process, a
été réalisé en collaboration avec Arnaud Gloter et Dasha Loukianova et a donné lieu a
une prépublication |[GHLI1S|. Dans ce chapitre, on adapte I'algorithme présenté dans les
chapitres précédents a une certaine classe d’EDS a sauts.

La seconde partie de la thése comporte deux chapitres :

- Le Chapitre [6] Sharp Schauder Estimates for some Degenerate Kolmogorov
Equations, en coopération avec Paul Eric Chaudru de Raynal et Stéphane Menozzi. Nous
établissons des estimées de Schauder associées au probléme de Cauchy pour I’équation de
Kolmogorov.

- Le Chapitre[7] Strong uniqueness of degenerate stochastic system, également écrit
avec Paul Eric Chaudru de Raynal et Stéphane Menozzi. Nous démontrons I'unicité forte
a régularité minimale pour une chaine d’oscillateurs bruités en la premiére composante
(cadre dégénéré).
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CHAPITRE 1. ESTIMATIONS DE MESURES INVARIANTES

Chapitre 1

Estimations non-asymptotiques de
mesures invariantes

Résumé : Dans cette premiere partie de thése, nous chercherons & estimer la mesure
invariante d’un processus ergodique dirigé par une Equation Différentielle Stochastique.
Le Théoreme ergodique nous suggéere de considérer la mesure empirique associée a un
schéma d’approximation du processus sous-jacent qui peut se voir comme le pendant
discret de la mesure d’occupation dudit processus. Dans [LP02|, Lamberton et Pages ont
introduit un algorithme de discrétisation a pas décroissant qui assure la convergence de
la mesure empirique du schéma vers la mesure invariante du processus considéré ainsi
qu’un théoréme central limite (TCL) quantifiant asymptotiquement 1’écart entre ces deux
mesures. Nous établissons des inégalités de concentration non-asymptotiques pour les
déviations de la mesure empirique (cohérentes avec le TCL mentionné ci-avant), ainsi que
des controles sur la solution de ’équation de Poisson associée, utiles pour ces inégalités.

1 Processus Ergodiques

1.1 Mesure invariante

L’étude du comportement de certaines EDS en temps long et 'approximation de leurs
états stationnaires interviennent dans de nombreux champs d’applications. Mentionnons
par exemple la mécanique Hamiltonienne. On peut penser en particulier & des matériaux
soumis a des séismes et des intempéries dont le comportement en temps long doit étre
estimé, c.f. par exemple le livre de Soize [S0i94], ou encore a des particules Browniennes
interagissant en vitesse/position, voir le Brownien physique de Nelson [Nel67]. Un autre
champ d’application est fourni par la finance, le cadre ergodique apparait naturellement
pour la modélisation de dynamiques de taux d’intérét ou de volatilités stochastiques, c.f.
Fouque et al. [FPS00]

Dans une perspective d’approximations numériques concrétes, nous nous concentrerons
sur des estimations ergodiques non-asymptotiques. Nous considérons dans un premier
temps que la dynamique du processus sous-jacent est donnée par I’équation différentielle
stochastique (EDS) suivante :

dXt = b(Xt)dt + U(Xt)th, t > 0, (11)
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ol (W};)=0 est un mouvement Brownien de dimension r sur un espace de probabilité filtré
(Q,F, (F)i=0,P), b : R* - R? o : R - R? ® R" seront des fonctions Lipschitz.out
au long de la Partie [lI| de la thése, sauf mention explicite, nous supposerons que o peut
éventuellement dégénérer (i.e. étre une matrice non-inversible). Nous nous focaliserons
sur I'étude de processus (X;);=o de dynamique qui admettent une unique mesure v
stationnaire et sont ergodiques. Dans la suite de I'introduction, nous réservons la notation
en caractéres gras pour des objets ayant une dynamique a temps continu. Dans le cas d'un
processus stationnaire, on a en particulier pour toute fonction f suffisamment réguliére
et t =0,

f P (2)(de) = v(f) = f F (@) (dz), (1.2)

ou P, est le semi-groupe associé au processus de Markov X, défini par
P f(z) := E[f(X¢)[Xo = z].

L’identité signifie que si le processus part avec la loi v alors celle-ci est conservée au
cours du temps.

On dit d’un processus stationnaire de mesure invariante v qu’il est ergodique s’il vérifie
le théoréme ergodique. Introduisons pour tout ¢ > 0 la mesure d’occupation suivante :

1 t
v = —f 0x,ds. (1.3)
t Jo

Le théoréme ergodique est vérifié si pour toute fonction f continue bornée presque stire-
ment (p.s.) :

t

lim »(f) = lim ! f(Xy)ds =v(f) = Jf(:v)l/(dx) (1.4)

t—+00 t—+o t 0

L’exemple typique vérifiant les propriétés précédentes est fourni par le processus d’Ornstein-

Uhlenbeck, associé¢ a b(z) = —% et o(x) = I; pour la dynamique (1.1]), qui s’écrit alors :

1
dX, = Xyl + W, (1.5)

et s’intégre explicitement en

t
X, =e 2Xy+e 2 J e2dW,. (1.6)
0

On déduit de (1.6 que pour un Xy € L*(P) indépendant de (W;)=0, X; t% N(0, 1) et
— 400

que si X, £ N (0, I) alors pour tout t > 0, X; £ N(0, 1;). Les propriétés ergodiques de

I’Ornstein-Uhlenbeck setont aisément déduites des conditions garantissant la validité du
théoréme ergodique données dans la section suivante.

*.  Nous renvoyons a la monographie [KP11] pour d’avantage d’applications faisant intervenir des
EDS.
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1.2 Théorémes Ergodiques

Une propriété fondamentale du théoréeme ergodique est que les moyennes temporelles
et les moyennes spatiales sont égales. La quantité aléatoire v4(f) (intégrale temporelle)
converge p.s. vers v(f) (intégrale spatiale par rapport a la mesure invariante). Cette
remarquable propriété permet de se focaliser sur I’étude d’une trajectoire du processus
pour estimer la mesure invariante a partir d’une seule réalisation observée en temps infini.
Cet aspect se révéle trés intéressant d’un point de vue numérique lorsque ’on peut observer
le processus sur un temps suffisamment long.

Une question naturelle consiste a se demander quels types de critéres conduisent au
théoréme ergodique et a l'unicité de la mesure invariante. Dans le cadre général d’'un
processus de Markov Fellérien (semi-groupe continu en 0 et contractant), deux grands
types d’hypothéses le permettent : l’irréductibilité et la confluence.

Dans ces deux cas, on suppose ’existence d’une fonction V' dite de Lyapunov assurant
la non-explosion du processus ainsi qu’un retour a la moyenne. Ces propriétés s’expriment
en terme du générateur infinitésimal A du processus défini comme suit. Pour tout ¢ € CZ,

lim@ =: Ap. (1.7)

t—0
Dans le cas d’une diffusion de type (1.1)), nous avons en particulier par la formule d’It6 :

_dRy

1
Ap = —Flieo = (0, V) + S Te(00" D). (18)

Introduisons le Critére d’Has'minskii (voir e.g. [KMII]) :

(H) 1l existe une fonction de Lyapunov V : R? —]0, +oo| satisfaisant les conditions
sulvantes :

i) Coercivité. lim,_,, V(x) = 0.
ii) Non-explosion. 1l existe Cy > 0 tel que AV < Cy .
iii) Retour a la moyenne. limsup,,_, AV (z) <0.

Présentons maintenant briévement les deux hypothéses indiquées ci-dessus et ren-
voyons pour plus d’informations a Ethier et Kurtz [EK86] ainsi qu’a larticle de syntheése
de Pages [Pag01].

- Hypothése d’irréductibilité : on suppose que (H) est vérifiée, et que le processus admet une
densité strictement positive. Cette hypothése assure aussi l'unicité de la mesure invariante.

- Hypotheése de confluence : sous des conditions de type Lyapunov plus fortes que (H)
(voir (Ly) ci-aprés et également [LP03] et [PP14] pour des conditions moins fortes),
le théoréme ergodique est vérifié. Si de plus les coefficients de diffusion satisfont une
hypothése de confluence (on parle aussi de diffusion asymptotiquement plate, i.e. avec
les notations usuelles pour les processus de Markov, en un certain sens, on a pour tous
points initiaux z,y € RY, | X¥ — X?| ~ 0), alors on a également 1'unicité de la mesure

t—+00

invariante.
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En particulier, le premier jeu d’hypothéses est valable dans le cadre de diffusions uni-
formément elliptiques verifiant (H) a coefficients réguliers. L’hypothése de positivité de
la densité est clairement liée a la loi du processus et impliquée par une condition de
type non-dégenerescence (aspect régularisant du semi-groupe sous-jacent). L’hypothése
de confluence n’est, quant a elle, pas a priori liée & des conditions de non-dégérescence.
Elle est de nature beaucoup plus trajectorielle dés que la dimension est supérieure a unm.

Notons que le processus d’Ornstein-Uhlenbeck, vérifie ces deux types d’hypotheéses et
remarquons que Ap(z) = —(%,Vp(z)) + s Ap(z). En effet, en prenant V une forme qua-
dratique, i.e. V(z) = 1 + |z|? les hypothéses de (H) sont vraies. On a clairement de
que la densité de ce processus XZ ~ N(e~2z,1 — e™t) est séparée de 0 (irréductible), et
que la confluence est vérifice : X¥ — XY = e 2(z — y)) :LS:O 0.

Il est impossible d’observer en temps infini un processus et donc d’avoir exactement la
limite de la mesure d’occupation. Nous cherchons donc a I'estimer et a controler I'erreur
d’approximation. La vitesse de convergence vers la mesure invariante est donnée par le
TCL. Pour la diffusion , Bhattacharya [Bha82|, sous des hypothéses de type irré-
ductibilité (diffusions non-dégénérées), a montré que pour toute fonction f & croissance
polynomiale on a le théoréme central limite :

t—+00

Vil = () 2, X0, | 1" Veela) P(da), (19)
R
avec @ solution de 1’équation de Poisson

Ap = f—v(f). (1.10)

La force du TCL est qu’il permet de rendre compte de l'ordre typique des fluctuations
de la mesure d’occupation v, & I'échelle v/t. La variance asymptotique v(|o*V|?) est
I'intégrale de ce que I'on appelle le carré du champ. Pour toutes fonctions ¢, € C2, on
définit le carré du champ par T'(p,¢) := A(p - ) — Ap - — ¢ - Ap. Ce qui conduit &

MF@MD=JN%@MM%:JJAwwV@w=fwwﬂ%ww

Nous renvoyons pour plus de précisions, a Bakry et al. [BGL14] et Ledoux [Led99]. Nous
dirons par la suite que f est un cobord du générateur infinitésimal s’il existe une solution
réguliére ¢ au probléme de Poisson (voir la Section [2.2)). Cette équation est diffi-
cile & résoudre, surtout dans notre approche qui nécessite d’avoir des controles ponctuels.
Un bon cadre est fourni par les hypothéses précédentes. Notons par ailleurs que v vérifie
I’équation de Fokker-Planck au sens des distributions : A*v = 0, ou A* est 'opérateur
adjoint de A. En fait, v € Zp, ou Zp est I'ensemble des mesures invariantes pour le pro-
cessus Xy, si et seulement si pour tout ¢ € D(A) (le domaine de définition du générateur
A) on a v(Ap) = 0. Si Zp est non vide et compact (au sens de la convergence étroite)
alors le théoréme de Krein-Millman assure qu’il existe au moins une mesure extrémale v*
de Zp (i.e. qui ne s’écrit pas comme une combinaison convexe de deux autres mesures de

. rappelons en effet, c.f. Has’minskii [KM11] et Lemaire et al. [LPP15] qu’en dimension 1 toutes les
diffusions ergodiques sont confluentes en un certain sens.
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Zp). Notons au passage que lexistence de v* implique que (X;)i=o est ergodique. Pour
plus de renseignements, nous renvoyons a [Pag01] et a [DS58].

Cette caractérisation d’une mesure invariante se comprend bien formellement. En effet,
pour tout ¢ € C3, d’apreés la définition du générateur infinitésimal dans :

ste) = [ Aot = [ty PEE D )y SPrloll) ot :(07 |
1.11

I’avant-derniére égalité se justifie par un argument d’interversion limite intégrale, et la
derniére identité par la définition d’une mesure invariante. Enfin, remarquer que
I'identité v(Ap) = 0 se vérifient pour tout ¢ suffisamment réguliére telle que I’équation
est vérifiée.

L’hypothése de régularité Lipschitz des coefficients b et ¢ ainsi que 'hypothese de Lya-
punov ad hoc assure que Zy # @. Notamment, 1’ Hypothese de confluence ou I’ Hypothese
d’irréductibilité précédement introduis assurent également 1'uncité de la mesure invariante.
Pour plus d’informations, nous renvoyons a la monographie de Khasminskii [Kha80] (ainsi
qu’a la seconde édition [KMII]), ou bien a celle de Villani [Vil09], & [Pag01] ainsi qu’a
[DPGO1] et & [MPW02]. Enfin la compacité de Zp se montre a partir des hypothése de
Lyapunov, c.f. [LP02]

1.3 Discrétisation du processus

En pratique, nous ne pouvons pas simuler directement le processus continu (X;);>o.
Il nous faut donc passer par une méthode de discrétisation. Une approche classique est
fourni par le schéma d’Euler & pas constant v > 0 associé a (|1.1)) :

X1 = X3 +790(X70) + V7o (X)) Unsa, (1.12)

ot (U,)n>2 est une suite de variables aléatoires de R” indépendantes et identiquement
distribuées (i.i.d.) avec les trois premiers moments similaires & ceux de la Gaussienne, et
indépendantes de X;. Ainsi (X)),>1 est une chaine de Markov homogéne, ce qui nous per-
met de bénéficier d’'une riche littérature (voir par exemple Meyn et Tweedie [MT09] pour
I'aspect temps long et stabilisation). Une abondante littérature existe pour la convergence
de schéma d’Euler a pas constant. Dans le cadre de I'erreur faible a temps fini, i.e. pour
des quantités du type & := E[f(X7) — f(X,)] avec ny = T > 0 pour une bonne «classe»
de fonctions f, mentionnons le papier fondateur de Talay et Tubaro [TT90], qui les pre-
miers établirent un controle de 'erreur & a 'ordre v sous des hypothéses de régularité
sur b,o et f. Indiquons également les extensions proposées par Bally et Talay dans un
cas hypoelliptique [BT96a] et [BT96b| ainsi que les approches parametrix considérées par
Konakov et Mammen [KMO0Q] et [KM02].

Mentionnons par ailleurs qu’'un cas ergodique elliptique est déja considéré dans [TT90].
Des cadres dégénérés liés aux applications précédemment évoquées associées au cadre de
la mécanique Hamiltonienne ou problémes cinétiques ont aussi été abordés par Talay
[Tal02] et par Mattingly et al. [MSHO02|. Pour simplifier, les dynamiques considérées dans
les articles indiqués sont de la forme suivante :

X, = < bl%” )dt+ ( Ulo(jit) ) AW, (1.13)
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ott W; est un mouvement Brownien de RY, X, = (X}, X2)* avec X}, X? € R Avec
les notations de (L.1)), la dynamique de (1.13)) correspond a b(z) = (by(z),z1)*, o(z) =
(01(2),044). Dans les deux cas, les auteurs obtiennent sous des hypothéses de type irré-
ductibilité, en exhibant une fonction de Lyapunov adéquate et pour un schéma implicite
chez [Tal02], des controles sur 'erreur faible v(f) — v7(f) en fonction du pas 7.

De plus, sous les conditions considérées, le théoréme ergodique donne que pour f a

. . p.s. . . ,
croissance polynomiale, ) (f) —> v7(f) la mesure invariante du schéma et non celle de la
n—o0

diffusion , i.e. la mesure d’occupation converge vers la mesure invariante du schéma et
non celle de la diffusion. On pourrait espérer établir un théoréme central limite (TCL) pour
les déviations de la mesure d’occupation du schéma a pas constant mais cette approche
induirait a considérer deux erreurs. Quoiqu’il en soit I’erreur globale se décompose en ce
cadre en deux contributions, 'erreur statistique et ’erreur de discrétisation, i.e.

valf) =v(f) = v (f) =7 (f) + 7 (f) = v(f) =: &5 + €D,

Notons que I’étude de I'erreur de discrétisation &p conduit & résoudre deux fois I'équation
de Poisson. Celle (|1.10]) associée a A et celle associée a A7 (générateur du schéma) a savoir
Alp = f—v(f), avec AV := vy (P,p — ¢), ou P, est le semi-groupe associé¢ au schéma.
L’étude de I’équation de Poisson dans le cadre continu est déja non triviale (voir
Section , ajouter I’étude d’une équation de Poisson discréte rend l'analyse d’autant
plus difficile. En outre, d’un point de vue algorithmique, a un pas de temps donné ~, on
ne peut espérer atteindre la bonne mesure (sans biais).

La force de 'algorithme & pas décroissant que nous allons utiliser est de supprimer
le terme d’erreur de discrétisation & (la moyenne ergodique du schéma convergera vers
la mesure cible v). Il est également suffisamment robuste pour prendre en compte des
dynamiques dégénérées comme celles considérées dans 1’équation deés lors que le
probléme associé a la diffusion est, en un certain sens, bien posé.

Les premiers travaux en ce sens remontent a Basak et al. [BHWIT7]. L’algorithme a
pas décroissant considéré s’écrit pour n = 0 :

Xn+1 = Xn + 'Vn-‘rlb(Xn) + ma(Xn)Un-i-laXO € LQ(Qvf()aP)v (114)

ol (Vk)k>1 désigne une suite de pas décroissants. Leur résultat principal a été d’établir
que la loi de X, converge faiblement (au sens des mesures) vers la mesure invariante v
de la diffusion. Le pas décroissant permet d’une certaine maniére d’étre de plus en plus
précis quand le temps devient grand. Le pas tend vers 0 au fur et & mesure que le temps
augmente et, par rapport a un schéma a pas constants comme en 7 dans le cadre
d’une simulation ergodique, on fait d’un coup tendre n vers 'infini et ~, vers 0.

Mentionnons également [PS94], qui ont montré un théoréme ergodique, et une conver-
gence L? associée, pour la mesure d’occupation empirique d’un schéma & pas décroissant
de type approchant un processus de diffusion a valeurs dans des groupes de Lie
compacts. Lamberton et Pages [LP02] ont ensuite poussé beaucoup plus loin I’étude de
ce type de schémas en établissant dans le cadre de diffusions ergodiques Browniennes gé-
nérales un théoréme ergodique pour la mesure d’occupation empirique du schéma
ainsi qu'un théoréme central limite (TCL) pour les déviations associées.
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Pour n > 0 fixé, la mesure d’occupation empirique se définit précisément de la fagon
suivante : pour tout A € B(R?) (sous-ensemble Borélien de RY),

_ ZZ:1 fYk(Skal(w) (A)
ZZ:l Tk

Nous noterons par la suite I'), := ZZ:l Y, qui représente le temps courant associé a
a ’étape n. Indiquons que I',, est I’analogue discret du ¢ dans la mesure d’occupation v;
associée a (Xs)se[o,t] introduite en . Dans une perspective d’étude en temps long, la
suite des pas de temps (7x)k>1 sera choisie telle que ', - +00.

Un(A) =1, (w, A) :

(1.15)

Les hypothéses de Lyapunov renforcées (par rapport au critére (H)) considérées par
Lamberton et Pages sont les suivantes :

(Lv) 1l existe une fonction de Lyapunov V : RY — [v*, +0[, avec v* > 0 satisfaisant
les conditions suivantes :

i) Régularité-Coercivité. V est une fonction de classe C?, | D?V||,, < +o0,
hmmﬁm V(w) = +400.

ii) Controle de la croissance. Il existe C,, € (0, +0) tel que pour tout = € R? :
[VV (@)]? + [o(2)]* < O,V (2).
iii) Stabilité. 11 existe o, > 0, By € R* tel que pour tout = € RY,
AV (z) < —a, V(z) + By.

Ces hypothéses signifient que V' est sous-quadratique et b sous-linéaire. Un exemple ty-
pique de processus vérifiant ces hypothéses est de nouveau 1I’Ornstein-Uhlenbeck. 11 faut
voir la condition iii) comme une contrainte sur la dérive qui doit se comporter comme une
force de rappel sous-linéaire afin de faire revenir le processus a la moyenne.

Sous (Lv), Lamberton et Pagés montrent d’abord le théoréme ergodique associé a
I’algorithme , i.e. pour toute fonction v — p.s. continue f a croissance polynomiale,

() 250 = | fawtas), (1.16)
qui est le pendant discrétisé du Théoréme ergodique ((1.4)). De ce fait, le principal intérét
de ce schéma vis-a-vis de celui & pas constant est qu’il fait converger la mesure empirique
directement vers la mesure invariante de la diffusion. La démonstration de ce théoréme
ergodique repose sur le caractére tendu de la suite (1,(V)),>1 ot V est une fonction de
Lyapunov et sur le théoréme d’Echeverria Weiss (identification de la limite en terme de
probléme de martingale, c.f. [EK86]).

Une fois le résultat ergodique a disposition, la question naturelle est de nouveau
d’établir un TCL, en regard du résultat de Bhattacharya rappelé en dans le cas
continu. Notons I'YY) := S 17, £ > 0, de sorte quen particulier I = T,. En se
concentrant sur des fonctions f de la forme f—v(f) = Ag ol ¢ est une fonction réguliére,
et pour lesquelles, d’apres (L.11), v(Ap) = 0 et v,(f) — v(f) = vu(f — v(f)) = va(Ap),

Lamberton et Pages ont montré le TCL suivant.
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Theorem 1 (TCL de [LPO02]) Sous les conditions de Lyapunov (Ly), s’il existe une

unique mesure invariante & la diffusion (1.1)), et si lim, Fg) /Iy =0, alors pour toute

fonction Lipschitz ¢ € C3(RY,R) telle que D?*p soit bornée, D3¢ soit bornée et Lipschit-

|o* V(@)
V(x)

A Tnvn (Ap) n?i)oo N <O, Ld |0’*Vgp|2dlj) :

zienne, et SUp, cpd < 40w on a :

L’algorithme & pas décroissant permet effectivement d’avoir le pendant discret du TCL
pour la diffusion énoncé en . La condition lim,, Fg) /T, = 0 est une condition sur les
pas de temps. Précisément, pour une suite de pas (7;)r=1 telle que v, = k=% 0 € (0,1], o
'on note 7, = k=% pour indiquer qu’il existe une constante C' > 1 telle que pour tout k >
0, Ck0 < v, < Ck, le critere lim, T /T, = 0 est vérifié pour 6 € (3,1]. Le TCL
précédent est remarquable au sens ou, pour la plage de pas considérée, la discrétisation
par le schema (|1.14)) n’est pas visible asymptotiquement. En effet, la loi limite est la
méme que dans et la variance asymptotique correspond bien au carré du champ de
la mesure invariante.

Indiquons également que plus le pas est grand plus la convergence sera rapide. Le TCL
précédent peut s’étendre au cas 0 = % (meilleure vitesse) au prix de I’apparition d’un biais.
L’effet de la discrétisation se fait alors sentir. Le seuil = % est doublement critique au
sens ou si 6 < % le TCL n’est plus valable. Il est en quelque sorte caché par l'erreur
de discrétisation. Seule subsiste une convergence en probabilité aprés renormalisation.
Nous renvoyons au Chapitre [3| pour de plus amples discussions sur les biais. Indiquons
toutefois que celui-ci n’est pas aisé a approcher numériquement dans la mesure ou il fait
intervenir les dérivées de la fonction ¢ considérée jusqu’a 'ordre 4 ainsi que des intégrales
par rapport a la mesure invariante et la loi de I'innovation.

La démonstration du Théoréme [I| repose sur le TCL pour des accroissements de
martingales de carré intégrable (voir e.g. [HH80| et [Duf90]). Il faut ainsi décomposer
vn(Ap) = Martingale + Reste (comme nous le ferons dans I’équation ci-aprés),
puis vérifier que le terme Martingale satisfasse a la condition de Lindeberg (voir e.g.
[HHS0]).

En pratique, il est important de connaitre les intervalles de confiance associés a 1’es-
timation de la mesure invariante. Or le TCL n’est pas l'outil le plus adapté. A priori
notre estimation renormalisée /T, v, (Ap) ne suit pas une loi normale. Le TCL fournit
un résultat asymptotique et ne permet pas, a n > 0 donné de quantifier I’écart a la loi
normale limite.

Le propos de cette premiére partie de thése sera d’établir, sous des hypotheéses si-
milaires & celles du TCL précédent, une estimation de l'intervalle de confiance non-
asymptotique. Nous le ferons grace a des inégalités de concentration.

1.4 Inégalités de concentration

Le but de la premiére partie de cette thése est d’établir une inégalité de concentra-
tion (sous)-Gaussienne non-asymptotique pour la mesure empirique renormalisée /T,
associée au schéma & pas décroissants. Avec des pas constants, Malrieu et Talay dans
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IMTO06] ont montré une inégalité de concentration pour la mesure empirique en établis-
sant une inégalité de type Log-Sobolev sur le schéma. On rappelle que I'inégalité de Log-
Sobolev implique la concentration Gaussienne (voir par exemple 'argument de Herbst
dans [BGL14]). Cette méthode est néanmoins trés rigide pour un processus discrétisé.

L’approche développée dans cette thése, privilégie 'utilisation directe de la propriété
de concentration Gaussienne du terme d’innovation (Uy)g>1 dans qui se transmettra
au schéma. Dorénavant, nous supposerons qu’une variable aléatoire U de méme loi que
les (Up)r>1 dans vérifie la propriété de concentration Gaussienne suivante :

(GC) La variable aléatoire U admet les mémes trois premiers moments que la loi
normale N (0, ), et vérifie pour toute fonction g : R” — R, 1—Lipschitz et pour tout
A>0:

E[exp(Ag(U))] < exp <)\]E [g(U)] + %2) :

Mentionnons que la propriété (GC) implique directement, via l'inégalité de Bienaymé —
Chebyshev — Markov exponentielle et une optimisation en A, que si l'on note pu la loi de
U, alors, pour toute fonction ¢ : R" — R, 1—Lipschitz et pour tout a > 0 :

(g — plg) = a) < eXp(—a;)-

La propriété (GC) est entre autres vérifiée par la loi normale et la loi de Rademacher.

1.5 De v,(Ap) a Pestimation de v(f) pour une source f donnée

Nous avons vu que le TCL du Théoréme (1| s’énongait pour des fonctions de la forme
f—v(f) = Ay pour ¢ suffisamment réguliére. Dans la pratique, la problématique est
inverse, on a une source f & disposition dont on souhaite estimer la moyenne v(f). Ceci
pose donc, a source f donnée, la question de trouver ¢ suffisamment réguliére telle que
Ap = f—v(f). En d’autres termes, il faut résoudre ’équation de Poisson pour la source
f et obtenir une régularité suffisante pour la solution. De facon similaire a ce qui a été
évoqué pour le théoréme ergodique, deux grands jeux d’hypotéses (la non-dégénerescence
et la confluence) permettront d’aboutir au résultat attendu. Nous renvoyons a la Section
ci-aprés et au Chapitre [3| pour une présentation plus détaillée. Jusqu’a cette section
nous énoncerons nos résultats, de fagon similaire au Théoréme [I], pour les déviations de

m”n(Aw)'

2 Premier résultat de concentration

Le premier résultat du Chapitre [3] est le résultat de concentration suivant qui peut se
voir comme un premier pendant non-asymptotique du Théoréme [T}

Theorem 2 Supposons qu’il existe une unique mesure invariante associée a (1.1)), que
o est bornée, que Xy et (Uy)repn vérifient (GC). Si (Lv) est vérifiée alors pour toute
fonction ¢ de classe C3, telle que Vi, D*p, D3p sont bornés et que D3y est 3-Hdolder,
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B € (0,1) vérifiant pour une certame constante Cy,, > 0 |p| < Cyy,(14+4/V)), et que

x — (b,V)(x) est Lipschitz si F /\/ n —n 0, alors il existe ¢, <1< Cp, n>1,
avec lim,, C,, = lim,, ¢,, = 1, telles que pour tout n = 1 et a > 0 (qui peut dépendre de n) :

P[Iv/Tova(Ag)| > a] < 2C, exp ( W) |

IVel?

o358 ( £ (2)
ot C,, = exp ([Dg(ﬁ]fg)‘(‘;rﬁ?([glgw] ; pn%) avec p, une suite = 1 telle que p,, —, +00

0.

(2)
et pn% —n
Remarquons que la variance de la borne supérieure de la déviation est une majoration du
carré du champ. En effet, v(|o*V[?) = ([0*Vo|*(z)v(dz) < ||o]3|Vel2, avec o] =

SUp,cpd [|o(x)]| ot || - || désigne une norme matricielle. On peut considérer typiquement la
norme d’opérateur, i.e. ||o(x)||o := supgcpa |a(|§‘)§| en notant par | -| la norme Euclidienne.

Celle-ci est indépendante de la dimension mais potentiellement délicate a estimer. Un
autre choix possible est la norme de Frébenius, [|o(z)||r = Xicicqr<ier 05(), qui est
facile & calculer mais dépend de la dimension. De fagon similaire, on note |V, :=
SUp,epa | Vo (z)|.

Ainsi, la majoration du Théoréme [2n’est pas optimale vis-a-vis de son pendant asymp-
totique : le Théoréme |1l Nous fournirons plus loin une inégalité de concentration non-
asymptotique similaire mais avec le carré du champ dans la borne de droite (voir la

Section . Contrairement au Théoréme , le cadre sans biais est pour F;#)/ VT, =, 0
et non FnQ)/\/ITL —, 0. Pour le choix naturel de pas de temps 7, = k=%, 0 € (0, 1], ceci
signifie que le théoréme précédent est valable pour 6 € (ﬁ, 1]. Il y a donc bien continuité
avec le Théoréme [1] pour 8 = 1.

Nous avons réussi & demander moins de régularité a D3 dans le Théoréme 2| (ot D3¢
est S-Holder) par rapport au Théoréme (1] (ot D3¢ est Lipschitz). La moindre régularité
de ¢ se paye en terme de vitesse de convergence. Mentionnons que ’affaiblissement de la
régularité est motivé par la possible prise en considération de sources f Lipschitz pour
notre estimation ergodique (cadre usuel des inégalités fonctionnelles). Ce cadre est détaillé
en Section 2.4]

Notons que si ¢ est solution de 1I’équation de Poisson , sous les hypothéses du
Théoréme |2, Vi et D?p sont Lipschitz. Ainsi, pour ¢ borné et Lipschitz, dés lors que
f est aussi Lipschitz, on a clairement de la relation (b, V) = f — %TI"(O'O'*DQQO>, que
z — (b(x),Ve(x)) est également Lipschitz.

L’hypothese ¢ < Cy,(1 ++/V) est essentiellement technique et utilisée pour controler
des termes de restes dans la décomposition ci-dessous (voir également Chapitre (3)).
Dans le cas particulier ot V(z) = 1 + |z|?, elle est automatiquement vérifiée de par le
caractére uniformément Lipschitzien de .

Enfin, comme corollaire important du Théoréme [2], lorsque ¢ est solution de Ap =
f —wv(f), nous déduisons comme annoncé précédemment, I’estimation non-asymptotique
suivante pour l'intervalle de confiance associé a la simulation ergodique :

2

ST

a

VT,

P[V(f) e |va(f) — vn(f) + 1—2C,exp(—

>
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Soulignons que f n’est pas forcément borné, et qu’a aucun moment de la thése la source
f ne sera supposée bornée, elle sera toutefois au moins Lispschitzienne.

Idée de la preuve. La démonstration s’appuie sur une méthode de martingale (dite
approche d’Azuma, voir [Azu67]), qui est déja employée pour prouver la convergence de
I'algorithme et le TCL de [LP02|. Cette approche a également été utilisée dans l'article
[EFM12| afin de controler la concentration des déviations du schéma d’Euler & horizon de
temps fini dans l'algorithme de Monte-Carlo. Nous nous intéresserons aux déviations de
vn(Ap), I'étude de |v,(Ap)| se déduit par symétrie. Pour toute fonction ¢ de classe C?,
on effectue un développement de Taylor entre p(X}) et p(X_1) pour faire apparaitre le
générateur défini en . Ce qui nous donne schématiquement :

o(Xk) — o(Xg-1) = MmAe(Xp—1) + Ap(Xg—1, Ug) + Ry -1, (2.17)

ol Ry 1 est un terme de reste et Ap(Xy_1,Uy) est un accroissement de martingale.
L’écriture explicite de Ay(Xy_1,Ux) fait apparaitre un terme quadratique en Uy, mais il
se trouve que u — Ap(Xy_1,u) est Lipschitz. En effet, dans I'identité , a droite
de I'égalité seul i (Xy_1,Uy) dépend de Uy alors qu’a gauche de I'égalité ¢(X}) est bien
Lipschitz en Uy. En particulier, on a conditionnellement a Xj_; :

[Ar(Xie—1, )1 < VWl X)) [ VOl < Vkl0]o] [ Voo (2.18)

Notons qu’a ce stade nous choisissons de majorer le module Lipschitz de Ay (Xj_1, ) par la
derniére inégalité afin d’avoir une borne déterministe, ce qui simplifie I’analyse. Toutefois,
nous verrons dans la Section que ce controle de module de Lipschitz est crucial pour
avoir la meilleure constante de concentration possible. On somme le développement de

Taylor (2.17)) pour aboutir a :
Covn(Ap) = =M, — R, (2.19)

avec R, = o(Xo)—o(X,)+X,_, Ry x—1 comme terme de reste et M,, = > 7| Ap(Xg_1, Uy)
comme terme martingale qui induit la concentration sous-Gaussienne. Le terme de reste
R, se traite de fagon assez technique avec des arguments usuels (inégalité de Holder,
Jensen) en exploitant l'intégrabilité exponentielle de la fonction de Lyapunov, i.e. sous
les hypotheéses du Théoréme [2] il existe une constante ¢y := cy((A)) > 0 telle que :
I :=sup,5o E [exp(cy V(X,))] < +o0.

Pour le terme martingale, I'idée est d’utiliser, en conditionnant itérativement, la pro-
priété (GC) de concentration Gaussienne de I'innovation, couplée au contrdle du module
de Lipschitz . Précisément, l'inégalité de Bienaymé — Chebyshev — Markov expo-
nentielle donne pour tout a > 0, A > 0 :

P[v/ T (Ag) > a] < exp(— 2
VT,

On isole ensuite par I'inégalité d’'Holder le terme martingale et le terme de restes. Pour
p,q¢>1, -+ ¢ =1, on obtient :

JE[exp(Av,(Ap))].

Aa )\(]Mn 1/q >\pRn
m)E[exp(_ Fn )] E[exp( Fn

P[/Tovn(Ap) = a] < exp(— )V,
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On peut choisir p = p(n) —,, +o tel que E[exp(’\fﬂ—f")]l/p = A, —, 1. Dans l'inégalité
. _ AqMpy _AgMy_q AgAn (Xp—1,Un) .
précédente, en écrivant Ele” Tn | = E[e” ™ Ele T |Fa-1]] et en utilisant

(GC), il vient :

P[\/ﬁl/n(fl(ﬂ) = a] < %, exp(—\j\%)[@[exp(_)‘%_jlﬁ’«)]l/q

(GC) Aa Ngwlo|LIVel? Ag M1 1/

Apreés itération, on obtient facilement que :

da | aVlol Vel
N o,

P[/Tovn(Ap)| = a] < exp(— ). (2.20)

Une optimisation en A conduit au résultat.

2.1 Améliorations du Théoréme [2|

Pour l'instant, le Théoréme [2] nous donne une majoration dudit carré du champ :
v(|o*Ve|?) < ||lo]%|Ve|?%. Par la suite, nous réussissons a améliorer la constante de
concentration du Théoréme |2 et a s’approcher du carré du champ.

Theorem 3 Sous les mémes hypothéses et notations que le Théoreme 3, s’il existe ¥ de

méme réqularité que ¢ tel que A9 = ||o|* — v(||o|[?), pour tout n > 1,0 < a < Xn}/<—l?f

ot Xn > 0 tel que x, — 0 (arbitrairement lentement)
n

~ a?
PlA/Tvn(Ap)| = a| < 2C, exp (—En ) .
[ | al CBZR

Nous voyons toujours 'importance d’étudier le probléme de Poisson afin de vérifier que
lloll? — v(||e|*) est cobord. Indiquons que pour cette étape il est appréciable de bien
connaitre || - ||, i.e. calculable, en pratique on choisit la norme de Frébenius. Dans le
cas général ou || - || est une norme d’opérateur, I'étude de 1’équation de Poisson AY =

ol = v(]le]|?) est plus complexe. On a besoin de savoir que [|o|| est suffisamment

réguliére. En outre, rappelons que \/Fn/ﬂ(lz) —, +00 pour tout 0 € (ﬁ, 1], la condition

sur a est valable pour les intervalles de confiance a a fixé. Ce théoréme représente un
véritable intérét d’un point de vue numérique notamment lorsque v(|[|o|[?) est bien plus
petit que |o|% (voir la partie numérique du Chapitre [3).

Idée de la preuve La principale idée derriére ce théoréme est de constater que l'on
peut estimer plus précisément la norme Lipschitz que cela n’a été fait dans 'inégalité
(2.18), i.e. on écrit [Ar(Xk—1,)]1 < M%|Ve|wllo(Xk—1)||. Par souci de simplicité, nous
écrirons || - | pour la norme matricielle || - ||. Ainsi, I'idée est de soustraire la somme des
carrés de la norme Lipschitz précédente afin de faire une inégalité de Holder globale avec
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p>1:
AM, PAM,  Np? & 1/p
Bles(, ) < Elex (=S - S Dl Vel o)
A p? c 2 2 -3
XE[GXP (mé%”vﬂw‘aoﬁl)’ )] (2.21)

Le premier terme de I'inégalité s’apparente & une martingale exponentielle. En fait, par des
inégalités de concentration itérées, on voit que ce terme est une sur-martingale majorée
par 1. Tandis que pour le second terme, on a par hypothese que [|Vp|% | = v(|o]?) + AV
on réitére ensuite I’analyse du Théoréme [2| pour le terme A¢. En revanche, le coefficient
devant v,(AY) est en A%, On obtient in fine une majoration de la déviation qui est en
exponentielle d’un polynoéme d’ordre 4 en A :

a 2 2u(|o|? MoVl o] VY2
VTl > ] < Cuesp (— 2 v, (2 LleAlo) | NIVl V0l
avec ¢,,C, > 0 tels que lim,, C,, = lim, ¢, = 1. Pour optimiser en ), il nous faut donc
trouver les racines d’un polynéme de degré 3. On utilise a cet effet la formule de Cardan-
Tartaglia selon laquelle il existe une unique solution A, > 0 dépendante de p. Il faut donc
encore optimiser suivant p. Une courte étude de cette optimisation au Chapitre [3| montre
qu'il y a plusieurs régimes possibles. En effet, si a/+/T',, —, 0 alors on obtient le résultat,
dans le cas contraire on obtient un autre régime strictement sous-Gaussien :

a4/3F1/3
P/ Tvn(Ap)| = a] <2C,exp (— e _ (2.22)

2/3 2/3/°
lo |03

Enfin, cette distinction de régimes permet d’obtenir des résultats numériques intéressants.
Méme si théoriquement dans le cas ot a » \/ﬁ/ﬂ?) le Théoréme [2| est plus fort (une
vraie borne Gaussienne), en pratique ce régime n’est jamais atteint. On voit in fine que le
Théoréme |3| avec la déviation ([2.22) rend numériquement mieux compte de la transition
du régime a « \/ﬁ/F,(f) a celui a = \/ﬁ/F,(f). Pour plus de détails voir le Chapitre .
Dans la prochaine section, nous verrons les grandes lignes de notre étude sur I’équation
de Poisson. Ainsi, grace au controle des dérivées de ¢, solution de ladite équation de
Poisson, on pourra s’intéresser directement a la déviation de v, (f — v(f)) pour tout type
de fonction f de classe C** (ou plus réguliére).

2.2 Sur le probléme de Poisson

Formellement, la solution au probléme de Poisson s’écrit par la formule de Feynman-
Kac :

+a0
o) = | B - (e (22

0
Nous cherchons a établir un contréle ponctuel de la solution ainsi que de ses dérivées.

Néanmoins, la littérature a disposition se concentre surtout sur des controle de type So-
bolev, voir par exemple Pardoux et Veretennikov [PV01] pour un cadre elliptique. Dans un
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second papier, les auteurs [PV03| établissent également un controéle ponctuel du gradient
mais a dérive bornée et a coefficient de diffusions réguliers. Avec des conditions locales
de Doeblin, [PV05| montrent 'unicité au probléme de martingale associé a I’équation
de Poisson (possiblement dégénérée). Mentionnons par ailleurs, Pages et Panloup [PP14],
qui controlent, sous hypothéses de confluence, le cas d’un processus d’Ornstein-Uhlenbeck
dégénéré. Une condition classique est '’hypothése de Bakry-Emery. Une propriété impor-
tante de cette condition est qu’elle implique une relation de commutation entre le semi-
groupe et le carré du champ associés a la diffusion, pour plus de détails voir e.g. [BES5],
[BGL14], [BG10]. Cette hypothése du type courbure-dimension (voir e.g. [BB06]) permet
d’avoir une borne du gradient. Néanmoins, sous ce jeu d’hypotheéses il semble compliqué
d’avoir des contréles plus fins, en premier lieu le module Holder du gradient. En outre,
cette condition est difficile & vérifier en pratique, méme pour le cas scalaire d = 1. Nous
utiliserons par la suite une hypothése de type confluence :
(D5 ) Supposons qu'il existe o > 0 et p € (1,2] tel que pour tout x € R?, ¢ e RY

Db(w) + Db(x)*, \ 1y (Do ()6, &P : :
(=22 5,§>+§;1(<p—2> o T Do) < —aleP

ot Db est a la Jacobienne de b et Do ; est la j-iéme colonne de Do. Autrement dit, cette
condition signifie que la dérive b permet un rappel «suffisamment fort». Nous proposons
deux jeux d’hypothéses afin de contréler la solution au probléme de Poisson. Soit on
suppose que les coefficients sont assez réguliers pour dériver le flot & la Kunita (voir e.g.
[Kun97]), soit o est non-dégénéré alors on peut bénéficier du bootstrap elliptique (e.g.
[KP10], dans le Chapitre [f] nous étudierons le boostrap dans un cadre dégénéré proche
des hypothéses d’"Hérmander).

(Cgr) Confluence et Régularité : on suppose que (DP) est vérifiée, que f et o,b sont de

classe C3# et que 'hypothése de confluence forte | Do|? < m est vraie.

(Cug) Confluence et Uniforme Ellipticité : on suppose que (DP) est vérifiée, que f et
o,b sont de classe C1*# que I'hypothése de confluence || Do |2 < m est vraie ainsi
que la structure autonome (00*); ;(z) = (60%);;(Tinj, -+ Ta)-

Theorem 4 (Controéle du gradient) Supposons que (Lv) et (Cr) ou (Cyg) sont vé-
rifiés alors il existe une unique fonction ¢ € C3*P telle que Ap = f — v(f), et :

Ve, < L
«

Idée de la preuve Tout d’abord, on applique la formule d’Itd & la fonction y € R? —
[y[P. On exploite ainsi 'hypotheése de confluence (Dg), que I'on utilise pour controler le
terme de type |6$Z.Y;0’I|p apparaissant dans la formule de Feynman-Kac ([2.23) associée &
I’équation de Poisson. On conclut ainsi :

Vie [1,d], Vz e R, |0, 0(z)| < ﬂ. (2.24)

1
(0%
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On refait le méme type de calcul pour montrer que V¢ est S-Holder en utilisant la
condition |Do|% < m ou |Do|?% < mei% . Dans le cas ou (Cyg) est vérifié,
on peut dériver I’équation de Poisson afin d’avoir un systéme d’équations de Poisson
avec potentiel et comme source une fonction Vf de continuité S-Holder. Le critére de
systéme autonome (00*); j(x) = (60*); j(Tirj, -+ ,Tq) permet d’avoir un systéme vérifiant
les conditions de [KP10] et dont on peut appliquer le bootstrap elliptique terme & terme.
Remarquons également que le potentiel Db dans 1’équation de Poisson est bien strictement
négatif (en termes de valeurs propres) par 'hypothése (DP). Dans le cas ou (Cg) est
vérifié, on continue de dériver le flot Yto’x jusqu’a 'ordre 3 puis on vérifie que la dérivée
troisiéme est bien B-Holder. A chaque dérivée, la condition de confluence doit étre plus
restrictive, i.e. |[Dol|, doit étre de plus en plus petit avec le nombre de dérivées d’ou le
terme en 3 + (3 dans la borne supérieure dans la condition (Cgr). En d’autre termes, dans
les deux jeux d’hypothéses, on obtient le controle de la norme |¢|cs.s en fonction de la
norme associée a la régularité de f (| f|cs.s sous (Cgr), | fllc1.s sous (Cyg)). Ce controle

permet en particulier de gérer les termes de reste R, dans (2.19).

2.3 Résultat de type Slutsky

Le défaut de 'approche du Théoréme 3| est que la constante de concentration, i.e.
v(|o]?) V|2, dépend de la mesure invariante que nous approchons. Pour éviter cette
difficulté, nous établissons également un résultat de type Slutsky. En effet, dans une
perspective numérique, on cherche a remplacer v(|o||?) par une estimation simulable, ici
Vn([o]?). Sous les mémes conditions et notations que le Théoréme [3| et le Théoréme [4] on
a:

vn(f) —v(f) a*a’
Pl|\/T,——=——="| > a| < 2C, exp (— cn—).
| Va(lo[?) | 2l
La démonstration est une conséquence directe du Théoréme [3| Remarquons que la renor-
malisation par 4/, (||c|?) ne change pas la vitesse et permet de connaitre parfaitement la
grandeur de déviation. Dans la section suivante, nous montrerons que l'on peut prendre
une source f qui soit seulement de régularité Lipschitz.

2.4 Source Lipschitz

Dans la plupart des inégalités fonctionnelles, la source est Lipschitz. On pense notam-
ment a la distance de p—WassersteinE] (ou appelée aussi distance de Kantorovich qui fut le
premier & introduire cette distance) entre deux mesures de probabilité p; et ug qui est un
fondamental pour le transport optimal. Pour p = 1, on a la formule de dualité de Kan-
torovich qui associe la distance de Wasserstein au sup sur les fonctions Lipschitz. C’est
pourquoi nous avons étendu nos résultats & une source f Lipschitz. En effet, on montre
que sous les mémes hypothéses et notations que les Théorémes [2| et 4] mais en supposant
que la fonction f est seulement Lipschitz, si 6 € (1/2, 1] alors

P[|v/To(va(f) = v(f))] = a] < 2C, exp (—cnﬁ> , (2.25)

1. orthographié également Vaserstein

33



CHAPITRE 1. ESTIMATIONS DE MESURES INVARIANTES

ou « est la constante issue de I'hypothése de confluence (D2).

Idée de la preuve Il s’agit seulement de se ramener aux cas précédents, en régularisant
la source f. Ecrivons : f = f5 + [f — f5], oil fs = f * ps correspond & la convolution de
f avec une fonction régularisante (ou “mollifier”) ns telle que fs est de classe C* et ns a
pour limite la distribution de Dirac quand ¢ tend vers 0. Il faut dés lors étudier I’équation
de Poisson Agps = fs — v(fs). Or le prix a payer de cette régularisation se trouve dans les
termes de reste qui explosent en 4. On écrit des lors :

BLY T () = v(1)) > o] = Bl fs) = v(fo)) + Bua) = =],

avec R, 5(f) un reste tel que |R, s(f)| < 2C,6[f]i. Ainsi, il nous faut trouver un équilibre

sur 0 qui nous conduit a considérer une nouvelle plage de vitesse, a savoir 6 € (%, 1].

Remarquons d’ores et déja qu’il y a une forme de continuité entre la vitesse de convergence
de P’algorithme et la régularité de la source f. C’est-a-dire, pour une source f € C'# dans

le Théoréme [2 il faut que 0 € (ﬁ, 1]. Si B = 1 i.e. Vf est Lipschitz alors on retrouve

bien la condition 0 € (%, 1] du Théoréme . Enfin si f est juste Lipschitz, cela correspond

a la condition 0 € (1,1], c’est le méme critére que pour le Théoréme [2 avec § = 0. En

résumé, de (2.25) on obtient :

2.2
sup P[Iy/Ta(valf) = ()] = a] < 2C, exp (—2,—0“) |
flfhi<t UHoo

Un futur travail sera de montrer que I'on peut faire « entrer» le sup dans la probabilité et
de bénéficier de la formule de dualité de Kantorovich pour avoir une inégalité de concen-
tration non-asymptotique de la distance de Wasserstein. On pourrait imaginer utiliser
des méthodes de localisation ou de couplage subtiles pour y parvenir (voir e.g. [Boill],
[BGV07]). Dans la prochaine section, nous présentons 'inégalité de concentration opti-
male qui correspond asymptotiquement au Théoréme [T}

3 Inégalité de concentration optimale

Comme nous le verrons dans le Chapitre [4] la constante de concentration a une grande
importance pour la précision des simulations numériques. D’ou I'intérét d’avoir I'inégalité
de concentration non-asymptotique avec comme constante de concentration le carré du
champ, c’est-a-dire la variance apparaissant dans le TCL du Théoréme [1}

Theorem 5 (Inégalité de concentration non-asymptotique optimale)  Sous les
mémes hypothéses et notations que le Théoréme@ s’il emiste une fonction ¥ € C*#(R? R)
de méme régularité que ¢ et telle que AV = |0*Vp|* — v(|o*Vp|?), alors, pour tout
0 e (ﬁ, 1], n > 1, a > 0 vérifiant a/\/T,, — 0 (déviation Gaussienne) :

CL2

PV Tara(A9)| > a] < 2Cuexp (= engy e o).

L’hypothese sur le caracteére cobord de |0*Vp|? —v(|o*Vp|?) est vraie sous les hypothéses
du Théoréme . Le cas ot a/+/T',, — +o0 conduit a U'inégalité (2.22)).
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Idée de la preuve Il s’agit d’améliorer encore une fois l'estimation de [Ax(Xk_1,)]1
faite dans et dans l'idée de la preuve du Théoréme . Nous chercherons a approcher
[Ar(Xk_1,)]1 par \/k0*V(Xk_1), & savoir la racine carré du carré du champ. Pour cette
estimation du module Lipschitz, par souci de simplification, nous nous placerons dans le
cadre unidimensionnel et ou I'innovation (Uy )1 est bornée. Remarquons dans un premier
temps que pour d = 1, pour ¢ solution de 'équation de Poisson Ay = f — v(f), il existe
une constante C, > 0 telle que pour tout z € R : |D?p(z)| < C,/(1 + |z|). On utilise dés
lors cette inégalité dans l’estimation de la norme Lipschitz avec I'hypothése ||Uy o < 0 :

IVuDi (X1, ) |u=v, | < |51 Vo(Xi1)| + C,

ou C = C(|Uk|,Cy,0,Ve) > 0. Le terme Cy;, est un terme de reste. De (2.21)), on a :

AM, =
E[exp( i )] <E[exp ( Z k| o* Vo (X 1)]* + 073/2)]?/(1 (3.26)

3w

Or par hypothese, il existe 9 de classe C? telle que AY = |o|?> — v(|o|?). Ainsi le terme
v(||o]?) est celui qui va donner la constante de concentration, tandis que celui en A9 se
traite de la méme maniére que précédemment Ap. Dans le cas de la dimension supérieure,
Iinégalité |D%*p(z)| < C,/(1 + |z|) n’est plus valable. Il faut utiliser le fait que z
(b(x), V(x)) est Lipschitz. Dans le cas ot I'innovation est non bornée, il faut procéder a
une méthode de localisation subtile. Pour plus de précisions se référer au Chapitre [4

Dans la section suivante, nous montrons que dans ce contexte on peut encore se ra-
mener a une source f seulement Lipschitz.

3.1 Source Lipschitz

Dans le méme cadre que la Section [2.4] nous établissons le résultat suivant : sous
les mémes hypothéses et notations que les Théorémes [5] et [4] mais en supposant que la
fonction f est seulement Lipschitz, on a :

2

U\/»(Vn — v )] = a] < 2C, exp ( — cna— , (3.27)

v

ou p € C*'(R?,R) n W3,,.(R? R) est une solution au sens faible de I'équation de Poisson
Ap = f—v(f). Nous avons le pendant du résultat de la Section E 2.4{ mais avec la constante
de concentration optimale, v(|c*V|?).

Idée de la preuve La preuve de ce théoréme, comme pour le résultat de la Section
2.4 s’articule aussi autour d’une régularisation. Cependant, ici |/¢s| n’est pas forcément
borné quand § — 0. En effet, on a seulement besoin de régularité Sobolev, i.e. que ¢ €
W3 RELR) — v(jo*Ve|?) < +o0. Pour se faire, nous utilisons le Theorem 1 de
[PVOl] qui nous donne cette régularité de la solution de Poisson (1.10)).

Il serait tentant d’établir un théoréme de type Slutsky comme dans la Section
avec le carré du champ. Il ne serait pas compliqué d’établir une inégalité de concentration

de la déviation de %. En revanche, & f donné, nous ne connaissons pas ¢ ni
vn(lo*Ve
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ses dérivées. Donc ce qu’il resterait potentiellement & faire dans cette direction serait de
trouver une suite (aléatoire ou non) dépendant de f qui converge presque stirement vers
v(|o*Vp|?). Remarquons aussi que Var,(f) = v(f?)—v(f)? n’a aucune raison d’étre égale
a celle du TCL v(|o*V¢|?). Dans la partie suivante, nous chercherons a tester la robustesse
de notre méthode en considérant des EDS dirigées par des processus a accroissements
indépendants et stationnaires plus généraux, des processus de Lévy.

4 Extension aux EDS dirigées par un Lévy

On considére maintenant, au lieu de la diffusion (1.1)), une EDS avec un processus de
Lévy :
dXt = b(Xt)dt + O'(Xt)th + K](Xt—)dzt, (428)

o (Z;)i=0 un processus de Lévy de carré intégrable a valeur dans R” (par souci de sim-
plicité), et £ : R? - R? ® R" une fonction Lipschitz. L’existence de mesure invariante
a été montrée par Panloup dans [Pan08b|. L’existence et 'unicité ont été établies dans
[Mas07| sous hypothése d’irréductibilité. Les premiers a avoir proposé un schéma de dis-
crétisation d'une EDS a saut furent Protter et Talay dans I'article [PT97], ou ils établirent
Ierreur faible associée & un schéma d’Euler dit «exact» (avec les vrais accroissements de
processus de Lévy) pour un algorithme de Monte Carlo. Par la suite, Panloup a proposé
différents schémas qui permettent la simulation du processus dirigé par tout Lévy de carré
intégrable.

Pour utiliser nos techniques, notamment la transformation exponentielle, il nous faut
considérer des intensités de sauts sous-Gaussiens, nous nous sommes ainsi concentrés sur
des sauts de type Poisson a sauts sous-Gaussiens. Dans un cadre plus général, un schéma de
discrétisation a pas décroissant pour cette EDS, a été introduit dans [Pan08b| ainsi
que la preuve du Théoréme ergodique associé. Il s’agit de I’adaptation du schéma
et des arguments pour les EDS Browniennes de Lamberton Pages [LP02]. Cependant,
pour la partie saut, le pas décroissant du schéma se retrouve dans le temps et non pas
en facteur de l'innovation. Autrement dit, on considére que la probabilité de saut du
processus discrétisé de Z; au n-iéme pas de temps est linéaire au pas de temps 7,. Cette
approche différente liée & la présence de sauts induit de nouvelles difficultés. En effet, un
des outils fondamentaux utilisé jusque-la se résume en cette phrase : «plus on fait du
développement de Taylor, plus on fait sortir du ~,». Donc pour pouvoir appliquer nos
techniques, on ne peut prendre directement un processus de Poisson composé dans notre
schéma, puisqu’il ne vérifie pas a priori I'inégalité de concentration (GC) méme avec
sauts sous-Gaussien. C’est pourquoi, nous avons choisi un cas particulier du schéma qui
permet d’approcher un processus de Poisson composé & sauts sous-Gaussien et qui vérifie
(GC) :

Xn+1 = Xn + ’7n+1b(Xn) + MU(Xn)UnJ'_l + H(Xn>Zn+1, (429)
avec U, 11 et 7,1 définis comme dans et pour tout n > 1 :

Z i= B, Y, (4.30)

avec (B,)n>1 est une suite i.i.d. unidimensionnelle et suivant une loi de Bernoulli, i.e.
B, £ Bern(v,), indépendantes de X , de (U, )n>1 et de (Y},),>1. Enfin, (Y,,),>1 est aussi
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une suite i.i.d. telle que E[Y,®?] = I, et vérifie (GC). Ce choix d’innovation rend compte
du fait que la probabilité d’avoir au moins un saut pour un processus de Poisson composé
tend vers 0 avec le temps. En fait, Panloup a établi ces résultat dans un cadre d’hypothése
de Lyapunov plus large que celle présentée en (Ly ), qui permet entre autres un retour a la
moyenne moins fort, i.e. en particulier il suppose qu’il existe a € (0, 1] tel que (b, VV') <
—ay V2 + By (voir aussi [Lem07] pour o non borné). L’étude d’inégalité de concentration
non-asymptotique pour des rappels plus faibles que ceux considérés dans (Ly ) sera l'objet
de futurs travaux. Notons de plus que ’hypothése de Lyapunov supposée jusque-la n’a pas
besoin d’étre changée. En effet, écrivons le générateur infinitésimal associé a la diffusion
([4.28)) pour toute fonction ¢ € C?(R?) et 2 € R? :

Ap(z) = b(x)Ve(z) + %TT (00" (z) D*p(x)) + JRd (o(z + w(2)y) — () m(dy) (4.31)
ot 7 est la distribution de Y. On pose Ap(z) = b(z)V(z) + sTr (oo*(x)D*p(x)) cor-
respondant au générateur infinitésimal de la partie continue de la diffusion. Il se trouve
que pour toute fonction ¢ de classe C? avec Vo, D%p bornées, on obtient par nos hypo-
theses que |Ap — Agp| est bornée par 1| D%*p|[x|%7(] - |*). Sous de bonnes hypothéses de
stabilité, dans [Pan08al I’auteur établi le TCL correspondant.

Theorem 6 (TCL de [Pan08al) Supposons (Lv), s’il existe p > 0 t.q E|Z,|*’ < +o0
alors pour tout 0 € (%, 1] et ¢ avec la méme régularité que pour le Théoréme |1 :

VEwa(Ag) o N (0, (o°06Pa) + [ (o + wtal) = ol)Prtan)olao) )

Remarquons que la variance asymptotique est différente ici par rapport au cas continu.
En effet, on y retrouve le carré du champ continu plus un terme di aux sauts :

fRd JRd o(z + K(z)y) — () Pr(dy)v(d).

La présence de sauts modifie le générateur associé a la diffusion, et donc le carré du champ.
Pour une étude compléte et plus pratique, il faudrait étudier le comportement non pas de
vn(Ap) mais de v,(f) en toute généralité, i.e. étudier I'équation intégro-différentielle de
Poisson, ce qui fera 'objet de futurs travaux.

Theorem 7 (Concentration pour une EDS a sauts) Sous les mémes hypothéses et
notations que le Théoréme@ pour ¥n>1 ,0<a <« \/Fn/Fg) :

a?

ClalIVelZ + H0'||EOHV<P||§O))'

P/ Tvn(Ap)| = a] <2Cexp (— Cn3

La constante de concentration est «polluée» par une constante multiplicative devant le
terme de saut. Contrairement au Théoréme 2] nous n’avons pas obtenu une simple borne
supérieure du carré du champ mais deux fois la borne supérieure du terme de sauts. Cela
est da a la difficulté de vérifier que (Z,),>1 satisfasse (GC). Le principal obstacle dans ce
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travail est la plage de validité de la concentration de (Z,),>1. En effet, on établit I'inégalité

de concentration de type (GC) mais avec € € (0,1), et tel que 0 <A < g=- on a

>‘2 n(2+ 2
Ee’\g(zn) < e)\Eg(Zn)J,-w

(4.32)
Remarquons qu’il y a maintenant une contrainte sur la borne de validité du A, et qu'on
voit apparaitre un terme en (2 + €) qui vient «perturber» l'inégalité de concentration.
C’est cette perturbation qui permet d’avoir cette inégalité, pour un A suffisamment petit,
en faisant un développement en série entiére. Ces contraintes sur la concentration im-
pliquent une plus petite intégrabilité de la fonction de Lyapunov, i.e. (\/V (X1n))ns=o est
exponentiellement intégrable. Pour la suite de la preuve, il s’agit dans les grandes lignes
de la méme chose que pour le Théoréme 2] La principale difficulté est de réussir a intégrer
les contraintes de la concentration (4.32)).

Une ouverture possible pour la suite serait de s’intéresser a des Lévy plus généraux
avec des controles de type Berry-Esseen.
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Chapitre 2

Régularisation par un bruit dégénéré

1 Reégularisation par un bruit dégénéré

Résumé : Dans une seconde partie, nous établissons des estimées de Schauder liées
a des équations paraboliques associées a un systéme stochastique dégénéré, ou la dérive
est un champ de vecteurs vérifiant une condition de type Hormander (faible) mais en
cherchant la régularité Holder minimale sur les coefficients. Ce travail fait suite a I'article
de Delarue et Menozzi [DM10]. Enfin, notre approche nous permet de montrer I'unicité
forte du systéme stochastique considéré dans le cadre de coefficients Holder, étendant ainsi
le résultat obtenu en dimension 2 par Chaudru de Raynal [CdR17].

1.1 Equation de Kolmogorov et chaine dégénérée

L’étude des chaines dégénérées est prégnante dans différents domaines. Par exemple,
en finance, la dynamique d’une option asiatique forme une chaine dégénérée de dimension
2. Ce sont des options dont le résultat a son échéance (ce que gagne le détenteur, appelé
aussi payoff) dépend du prix moyen de l'actif sous-jacent. En d’autres termes, le payoff
d’un call est (%SStdt — K),, ou T est I’échéance, K le strike, et S; le sous-jacent a
I'instant t. Pour plus d’applications en finance, mentionnons par exemple Jeanblanc et
al. [JYCQ9]. Ces équations sont dites de type vitesse/position. Cela peut se voir comme
un systéme dont les inconnues sont X; (la position) et X; (la vitesse), o X; ne dépend
que de t et de X;. Autrement dit, le bruit n’affecte directement que X; et se propage
en X; via sa dépendance en X;. En particulier, on retrouve ce systéme vitesse/position
dans la mécanique Hamiltonienne. Dans un cadre plus général, nous nous intéresserons
a des chaines d’oscillateurs (voir par exemple les oscillateurs élasto-plastiques considérés
dans [BTO08| et [BMPT09]) qui sont un modéle typique en sismologie par exemple, oil
I'on considére la propagation d’un aléa sur plusieurs structures qui se transmettent la
secousse. Le modele souvent utilisé pour représenter ce phénoméne est un systéme de
ressorts attachés les uns aux autres.

Enfin mentionnons également les modéles microscopiques associés a la diffusion de la
chaleur (voir par exemple Heckmann et Hairer [EHO00]).
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1$1g <1
S48%

FIGURE 2.1 — Dessin venant de [DMI0].

Dans cette partie, nous nous intéresserons a 1’équation de Kolmogorov qui s’écrit pour
T>0:

(T, ) =0, (1.1)

{@ + Lyu(t,) = —f(t,"), te[0,T),
ou L est un opérateur différentiel qui peut se voir comme le générateur infinitésimal asso-
cié a un processus de diffusion (X;)i=o. Nous étudierons cette équation a temps fini, i.e.
pour tout t € [0,7] & T > 0 donné. Pour se ramener a I’équation de Poisson considérée
dans la partie précédente, il faut considérer un potentiel qui permet d’avoir des estimées
en temps long apparaissant dans la représentation de Feynman-Kac . Ce terme de
potentiel apparait notamment quand on dérive ’équation de Kolmogorov et sous la condi-
tion de Lyapunov (Ly ). L’approche que nous développerons aprés permet cette procédure.

Dans un premier temps, nous établirons des estimées de Schauder associées a I’équation
pour des chaines dégénérées. Ces estimées rendent compte du bootstrap parabolique.
[llustrons tout d’abord cette notion de bootstrap parabolique dans un cadre uniformément
elliptique a coefficients bornés. Dans ce cas, pour des coefficients suffisamment réguliers
en temps et en espace, a 'aide de méthode de contrdles a priori, Friedmann [Eri64] et
Krylov [Kry96] ont montré le controle suivant :

HUHCZ%,M < CHfHCbg,w,

ol | - || zexop |- HC%’” sont les normes Holder classiques. Plus précisément, si f est
c, 2 ;
3-Holder en temps et y-Holder en espace alors la solution est 2JFT“*—HE)lder en temps et

2 + y-Holder en espace. Le caractére borné des coefficients en espace et leur régularité
Holder en temps permet de considérer le gain de régularité sur la variable temporelle.

Néanmoins, sans cette hypothése de bornitude, a notre connaissance il n’existe pas de
controles Schauder pour des problémes paraboliques généraux. Le cas ou les coefficients
sont bornés en temps et & croissance linéaire en espace

[l o207y < Cllf e (0

ol | - |pe(c2e;s | - |Lo(cr) sont les normes uniformes en temps et respectivement 2 + v
et v Holder homogéne en espace (la non-bornitude de f est gérée par la présence d'un
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potentiel). Cette estimée, dans un cadre plus proche du ndtre mais avec un potentiel
séparé de 0, a été montré par Krylov et Priola [KP10]. La méthode usuelle utilisée pour
les estimées de Schauder et appliquée dans cet article est également une méthode de
controle a priori. Nous procéderons par une méthode dite perturbative.

Ce bootstrap parabolique a coefficient non-bornés signifie que si f est bornée et -
Holder, v € (0, 1), alors la solution u est bornée et 2 + ~-Holder, ¢’est-a-dire u est 2 fois
dérivable, chaque dérivée est bornée et D?u est y-Holder.

Mentionnons également, Kruzhkov et al. [KCL75| qui ont établi des estimés de Schau-
der dans un cadre elliptique pour des coefficients bornés en temps et en espace mais sans
supposer de régularité en temps. Par la suite, Lorenzi [Lorll] a étendu ces résultats au
cadre non-borné.

De plus, cette estimée montre également, en un certain sens, l'unicité de ’équation
(1.1). En effet, si u; et ug sont deux solutions de (1.1)) alors on a :

(0r + L) (ug —ug) =0,
I'estimée de Schauder donne ainsi :
Jur = uzfc2er < 0.
Ce qui conduit directement a u; = uo.

L’étude de cette équation de Kolmogorov est également centrale dans la trans-
formation de Zvonkin pour établir I'unicité forte de 'EDS associée.

Nous disons que la solution d’une EDS dirigée par un Brownien est forte si elle est
I'unique processus vérifiant 'EDS et étant adapté a la filtration Brownienne. Nous mon-
trons 'unicité trajectorielle, et par la propriété de Yamada Watanabe [YW'1], nous savons
que 'unicité forte (ou unicité dans l'espace des réalisations) est déduite de l'unicité tra-
jectorielle et de I'existence faible (ou dans I'espace des probabilités).

1.2 Présentation du modéle

Considérons le probléme de Cauchy associé a I’équation de Kolmogorov, pour tout
T >0, (t,x) e [0,T] x R,

ou(t, x) + (F(t,x), Du(t,x)) + %Tr(Dilu(t,x)a(t,x)) = —f(t,x), (1.2)
U(T7X) =g(X), X = (Xla"' aXn)ERnda .
ou la dérive a la structure suivante F(¢,x) := (F(¢,x), -+ ,F,(t,x)) telle que
Vie [[2,n], Fi(t,x) = Fi(t,x"~5"), x"" = (x;_1,- -+, Xp). (1.3)

Autrement dit, chaque composante F; a une seule variable qui transmet le bruit, & savoir
x;—1. Cette équation de Kolmogorov (1.2) est dégénérée au sens ou l'opérateur différen-
tielle d’ordre 2, D2 | West pris que sur la premicre variable, la variable dite non-dégénérée.

41



CHAPITRE 2. REGULARISATION PAR UN BRUIT DEGENERE

Formellement I’équation de Kolmogorov (1.2), est étroitement liée au processus stochas-
tique suivant :

dX% = Fl(ta Xt1> . 7X?)dt + J(t’ th’ e ’X?)th’
dX? = F2(t7 thv s 7X?)dt7
dX? = FS(t7 X?7 s 7X?)dt’ t

WV
o

(1.4)

dX? = F,(t, X XMdt,

avec o tel que a = oo™. Le caractére dégénéré de la diffusion associée est d’autant plus
évident sous cette forme. Nous noterons également le générateur infinitésimal associé :
(Lt)sefo,r], pour toute fonction ¢ € CF(R™, R) :

Lip(x) = (F(t,x), Dp(x)) + %Tr(Dilgp(x)a(t,x)). (1.5)

Par la suite, nous supposerons des hypothéses de régularité (Holder appropriée) et de
non-dégénérescence (qui conduit & des hypothéses de type Hérmander faible) sur les com-
posants a, F' ce qui implique que le probléme martingale associé a est bien posé, voir
par exemple Menozzi [Menl11] (dérive Lipschitz et o Holder), [Menl8| (o continu et dérive
Lipschitz), et Chaudru de Raynal et Menozzi [CdARM17| (dérive et o Holder a coefficient
«sharpy) et montre 'unicité faible de ([1.33)).

1.3 Propriété d’échelles

Donnons tout d’abord un exemple classique du systéme d’équation stochastique (|1.33)),
I'exemple de Kolmogorov (Ann. Math. 1934 [Kol34]) :

th = I(l) + Wt,
t

X2 = xg+f Xlds,
0

ou l'on a pris n = 2, Fi(x) = x1, Fa(x) = x4, et 0(x) = 144. Il s’agit d’'un processus
Gaussien (X}, X?) ~ N (6:(z0), K;) tel que sa densité est :

d
p(t, zo,y) = ﬂ eXp (_%<Kt_l(9t<x0) — ), 0¢(z0) — y>> )

(2m) 3D

avec K, la matrice de covariance qui vérifie la propriété de la «bonne échelle» (voir la
Définition 3.2 dans [DMI10]) :

1/2
KY? _ tly %[d / B 0y (1.6)
t %Id %Id N Od 253/2[d ‘ '

Pour des matrices A, B € R™®R", la notation A = B signifie qu’il existe une constante
C = 1 telle que pour tout ¢ € R™ on a C7!ACL]? < |BC? < C|AL]. Cette échelle
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rend compte de 'homogénéité qu'il y a entre X! et le mouvement Brownien, et X7 et
I'intégrale du Brownien.

Dans un cadre plus général, Lunardi [Lun97] a montré des estimées de Schauder as-
sociées a , lorsque a a une régularité Holder appropriée (notée (S) plus loin) et est
uniformément elliptique. Notamment, elle a considéré une chaine dégénérée compléte avec
pour tout n € N donné et une dérive linéaire F(x) = Ax, avec

a171 .« e e “ .. “ .. a17n
a271 .. “ e PR a27n
A = Od,d 3372 a3,n ’
04,4
Od,d e Od,d Anpp—1 QAnn

o (a;;)ijepngz € R* ® R? sont tels que (a;;_1) € GL4(R), i € [2,n]?. En particulier,
remarquons que la matrice A est compatible avec la structure de la dérive dans ((1.3)), ce
qui implique que le systéme vérifie des hypothéses de type Hormander faibles. Enfin, le

processus
t t
X =x+f AXsds—kf ( 7(X,) 0 ) dW
0 0 0 0

est controlé par un processus Gaussien en termes de densité pour les marginales (cf
[IDM10], [Men11]), avec comme matrice de covariance K; vérifiant également la propriété
de «bonne échelle». Autrement dit, on a :

Y2134  Ogq - 0d,q
3/2
K2 — 12, — Oc.i,d ¢ | Ly (1.7)
: B B 04,4
044 - 044 t(2n—1)/21d’d

Insistons encore une fois sur le fait que cette matrice rend compte des échelles intrinséques
des composants du processus, tout comme pour ’exemple de Kolmogorov. Les coefficients
diagonaux reflétent I’homogénéité en temps des intégrales itérées du mouvement Brow-
nien.

Un modeéle typique du cas considéré par Lunardi a pour opérateur correspondant dans
I’équation ((1.2]) :

1
g() = 675 + <1A0X7 D> + éAX17

avec
Oug -+ - - Ogg
Lig
AO = )
O0sad - Iig 044 044

Considérons deés lors 'opérateur de dilatation adapté a ’échelle du systeme stochastique,
a savoir pour tout A > 0,

6y (,x) e RT x R™ i 4, (t,x) = ()\2t, Axp, N3xq, - - - ,/\2”_1xn).
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Maintenant, remarquons que 'opérateur sus-défini Ly est invariant par la dilatation, c’est-
a~dire : Lv =0 = Z(vody) = 0. Nous voyons ainsi I'importance des différentes
échelles associées a chaque variable (Xi>ie[1,n]- Il est dés lors naturel de considérer la
pseudo-distance homogéne associée :

= (1.8)

d
) = Zb’z - X
i=1

Une fois cette pseudo-distance en main, nous introduisons les différentes normes Holder
aux bonnes échelles. Pour toute fonction u : [0, 7] x R"™ — R, T' > 0 fixé, et pour tout
~v € (0,1), on note pour tout i € [1,n] le module Holder associé a la variable x; :

lu(t,x) — u(t,X1.-1, X}, Xi11)|

[u;]] := sup
t,x,x]

Nous notons le module Holder homogéne complet comme la somme de tous les modules
Holder suivant les variables a 1’échelle correspondante,

N u(t, x) —u(t,x’)]
HuHLOO( . ; ul d B tS:lcl,E/) dV(X, X’) ,

remarquons a ce stade que L* signifie la norme uniforme suivant la composante de temps.
Notons également la norme Holder homogene totale quand l'indice est de type 2 + v :

n

n
2
”u”LOO(Cj*'”) = HDxluHLm + HD;2<1U||L°O + Z[Diluz Z +’y

Pour établir les estimées de Schauder, il Conviendra en particulier de montrer que la
norme précédente associée a la solution u de est finie. C’est-a-dire que suivant la
i-éme variable, u est 2” -Holder sii > 1 (smon on d01t considérer des indices > 1) et que
suivant la i-éme Varlable D;un est 5-=-Holder . En fait, nous supposerons que la source f
et que la condition terminale sont bornées, on écrit ainsi pour tout 4 € (0, 3) (en pratique
7€ {v,2 +~}) les pseudo-normes précédemment introduites avec un «b» pour préciser
que la fonction considérée est bornée.

HUHLOC(CZd) = [l Lo + HuHLw(cj)'

Nous écrirons de ce fait I'espace de Holder associé aux normes introduites :

L*(C3) := L7([0,7],C3) = {ue B([0,T] x R™,R) : |u] n ) < o0}
ou B([0,T] x R™ R) correspond & I'ensemble des fonctions Boréliennes de [0, T| dans R.
Pareillement pour L*(Cjq) := L*([0,T], Gjq) = {u € B([0,T] x R™.R) : |ul iz ) <

w0} et C) 4 si la fonction ne dépend pas du temps (la condition terminale g de (1.2) par
exemple).
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1.4 Reésultats existants

Aprés avoir introduit ces notations, nous pouvons maintenant énoncer un premier
controle Schauder associé au probléme de Cauchy (1.2)).

Theorem 1 (Estimées de Schauder de [Lun97]|) Pourc e L*(Cyq), Uniformément

Elliptique et telle qu’il existe o9 € GLypgq t.q. o(x) ‘ ‘—> 00, F(x) = Ax, et si (f,g) €
X|—00

L(C} ) x C2E7 alors il existe une unique solution mild et faible w € L°(Co %) a (1.2) et
il existe une constante (g > 0 telle que

Jul ey < Gl lmicg ) + olezsn) (1.9)

Précisons que nous appelons solution mild de au sens de Stroock et Varadhan [SV79)
(voir aussi e.g. [Kolll] ) toute solution u pour laquelle la limite de la régularisation
(0: + L")y, = —fm quand m — +o0 existe et est égale & f mais dont les dérivées
partielles de u intervenant dans (0; + L;)u ne sont pas forcément définies. Notons que
dans l'article de [Lun97], la notion de solution forte correspond a notre version de solution
muld. La solution faible correspond a la solution au sens des distributions, i.e. que pour
toute fonction ¢ € C§° (fonction de classe C* a support compact), on a

f (2)(8 + L) dx—ff

Mentionnons U'article de Priola [Pri09] qui établit également des estimées de Schauder
comme pour le Théoréme [I|avec le méme critére asymptotique sur o et la dérive s’écrivant

F(x) = Ax + ( Oil(;‘jd )

et F1 est CJ. Intuitivement, on utilise la formule de Girsanov avec une version régularisée
de F; pour se ramener au cas considéré par Lunardi. La régularité de F, intervient lors-
qu’on dérive le flot dans martingales exponentielles. Enfin on injecte I’estimée de Schauder
avec comme source la difference la version régularisée et non-régularisée de F;.

Dans la suite, nous établirons des estimés de Schauder pour des solutions mild et
faibles. Nous établirons des controles de la solution classique dans le cadre de 'unicité
forte. Pour plus de détailles sur la solution au sens classique de I’équation de Kolmogorov,
nous renvoyons par exemple a [KLLO§|, [Lun95].

Dans la section suivante, nous présentons des estimées de Schauder dans un cadre plus
général que celui considéré par [Pri09].

1.5 Estimées de Schauder établies
Hypothéses

Tout d’abord, présentons le cadre d’hypothéses qui nous permet d’avoir le pendant du
Théoréme (1| dans le cas d’une dérive plus générale présenté dans (1.2)).
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(UE) Uniforme Ellipticité du coefficient de diffusion. Il existe x > 1 tel que pour
tout (t,x) e Ry x R™ 2z e RY k12|? < {a(t,x)z, 2) < klz]

(H) Condition du type Hérmander faible. Pour tout € [[2,n], et (¢,x) € R, x R,
Dy, Fi(t,x;_1,...,%,) est une matrice de RY ® R? inversible.

(S) Régularité des coefficients. Soit v € (0, 1).
- Régularité du coefficient de diffusion. On suppose que a € L*(Cy4).
- Régularité de la dérive. On suppose que F est mesurable et borné en temps.

e On suppose que F; € L*(CY).

e Pour tout i € [2,n], on suppose que F; e L*(C3~47)

C’H' 2(1'—“;)—1 .

. En particulier F;(t,-,x") €

Quand on fait tendre v vers 0, on retrouve les exposants de régularité critiques présents
dans [CARM17] pour obtenir l'unicité faible.

Résultat principal

Sous ces conditions de régularités minimales, nous établissons des Estimées Schauder.

Theorem 2 (Estimées de Schauder.)  Soity € (0,1) donné, on suppose (UE), (H)
et (S), si (f,g9) € L*(Cyq) % C’i? alors il existe une unique solution mild et faible
u € LOO(C;?) a Uéquation (1.2), et il existe une constante Cg := Cg((UE), (H), (S),T)
telle que

il ey < Callolepss + 1 Flumicy ) (110

1.6 Grandes lignes de ’analyse

Rappelons que nous avons régularisé 'équation (|1.2)). Il nous faut donc de (1.12)),
controler |wy,| Lo (G2 uniformément par rapport au coefficient de régularisation m. A

cette fin, nous utilisons une méthode de type perturbative en développant la solution u
autour d'un proxy X; de type Ornstein-Uhlenbeck.
Méthode de type perturbative

Soit le générateur infinitésimal L associé au proxy X, qui a pour densité p(t, s, x,y).
On réécrit le probléme de Cauchy (1.2)) :

owu(t,x) + L = —f(t,x) — (L — L)u(t,x), (t,x)e[0,T) x R, (111)
u(T,x) = g(x), x € R™, ‘
Maintenant, nous régularisons (1.2)) pour avoir un probléme de Cauchy bien posé.
Ot (t, %) + (F™(t,x), Du,, (t,%)) + %Tr(Dilum(t,x)am(t,x)) = —fm(t,x), (112)
U (T, X) = g (X), X = (X1, ,X,) € R '
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avec Um, Fony fins Gm it u, F, f,g. En effet, avec une méthode de dérivation du flot

a la Kunita (voir la partie précédente et e.g. [Kun97]), on obtient la représentation de
Feynman-Kac :

i (£,%) = Ef g (X)|X, = x] + J E[ £, (5, X™)[X, — x]ds. (1.13)

t
ou o,, est une racine carrée a,, et
X = F (e, X XTI+ o (XL XA,

dX7? = (e, X7t X dt,
dXm = dX[0 = Fp(, XM Xt (1.14)

dX" = Fm (X7 X d

Dans la suite de cette introduction, par souci de simplicité, nous omettrons l'indice de
régularisation m. On utilise dés lors la formule de Duhamel, ce qui correspond au déve-
loppement parametrix du premier ordre :

u(t,x) = ]5T7tg(x) + éf(t, x) + Jt ds JRM p(t, s, x,y)(L — I:)u(s, y)dy, (1.15)

ou nous définissons le semi-groupe :
Pryg(x) := f BT, x,¥)g(y)dy,
Rn

et le noyau de Green associés au proxy :

~ T ~
Gf(t,x) := J dsPs.f(s,x).

Il reste a savoir quel proxy utiliser pour que le dernier terme de droite dans (1.15),

StT ds $pna D(t, 5, %, y)(L—fL)u(s, y)dy, soit vu comme un reste. Dans le paragraphe suivant,
nous expliciterons le choix de linéarisation Gaussien.

Linéarisation du proxy

L’idée est de linéariser 'EDS ([1.14)), pour cela considérons le flot, solution de 'EDO
associée a la dérive :

0.-(8) = F(v,0,,(8)), ve[r,T], 0,,(6) =€ (1.16)

ou (1,€) € [0,T] x R"™ sont des parameétres de gel, respectivement en temps et en espace
qui seront explicités plus loin. Cette ODE admet une unique solution, comme nous avons
régularisé F = F™ est Lipschitz.

Nous avons choisi une approche dite forward, dans le sens ot le flot (1.16) part de & (qui
sera choisi égal & x) pour aller vers y (variable d’intégration en @ ). Cette technique
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a notamment été utilisée par Chaudru de Raynald [CdR17] pour montrer I'unicité forte
dans le cas o n = 2. Il existe aussi une approche dite backward introduite par [MS67], et
exploitée par la suite par [DM10], [MenI§|. Cette méthode peut sembler naturelle pour
écrire formellement si g = 0, u = G o (I — R)™'f ot R = G(L — L) et ot l'inverse de
lopérateur (I — R) est pris dans l'espace de Holder approprié. Cette inversion d’opérateur
est également la technique employée dans [CARMI17| et [SV79]. Cette approche permet
d’estimer la densité, néanmoins des difficultés apparaissent lorsqu’il faut controler ses
deérivées. En effet, dans le cas backward p(t,T,x,y) = p¥(t,T,x,y), ou p¥ exprime que le
parameétre de gel dépend de la variable d’intégration y, n’est pas une densité de probabilité.
En particulier, il n’est pas évident que pTytg conserve la méme régularité de g.
Maintenant, écrivons le processus gelé autour du flot défini en pour tout v € [t, 5]

dX’E}T7£) = [F(v, 0.,.-(§))+DF (v, 01}77(5))(5(7(}775) - OUJ(E))]dU + Bo(v,0,,(§))dW,,

Xm0 = x, (1.17)
avec B = ( la On-1)aa ) et pour tout z € R™ :
044 Omn-1)d4
04q .. .. 044
DF(v,z) = DZIF?(% 2 qdd o Oc.l’d
0a,q o Dy Fo(v,2n-1,2,) 0gg4

Notons que DF est du méme type que Ay, avec pour tout i € [1,n], Dy,_,F; est une
matrice d x d inversible, il faut donc s’attendre a obtenir la méme propriété de «bonne
échelley.

Propriété du proxy

Nous pouvons écrire explicitement la dynamique du proxy.
X9 = R, 0x+ | RO (0.0 (F(u0,,(6) ~ DP(1,0,,(€))6..-(6)) du
t
+ f R (v,u) Bo(u, 8.,,(€))dW,
t

. m{9(x) + f RO (0, u) Bo(u, 0, (€)) AW,
t

oit R (v, u) est la résolvante associée a DF(v, 0, (£)), c’est-a-dire :
o, R (v,1) = DF(v,0,,(£)) R (v, 1), R (¢, 1) = Ligxna,

et mfff) (x) correspond a la moyenne de Xq(f’ﬁ) qui est affine au point de départ x.
Remarquons que finalement ce choix de proxy est naturel pour ’étude du terme de
reste de (1.15). En effet, le flot, 6, (&) rend compte du transport de € (qui sera pris égal

ax)ay.
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(7€)

En particulier, X{* est un processus Gaussien dont la matrice de covariance est :

K = f R (0, u)Ba(u, ..-(€) B*RTE (v, u)* du.
t

La covariance satisfait la «bonne échelle» Kfjff) = (v—t)"'T2_, o T, est définie en (1.7)).

(7€)

Le processus gelé, X% a une densité Gaussienne (multi-échelle) qui s’écrit :

ﬁ(T7£) (t7 87 X7 y)

1 L/ o)1/, (1) () (x.
g7 o (5 (D) 0~ y) mP 0~y ) )
(27)% det(K)3 ( 2\ !

Nous montrons qu’il existe C' > 0 tel que pour tout multi-indice o = (ay,--- ,ay,) €
N", |a| < 3, avec la dérivée multi-indice D := Dg! --- D¢ telle que :

DTt 5,%, )]

C _ _ - 2
S o o (O e O e —y)f)
S — i=1 @it 3 2
C
=: il 1/2)p(c 1)(15 $,X,Y). (1.18)

(s — )%=

Autrement dit, dériver la densité gelée induit des singularités en temps correspondant aux
échelles intrinseques des indices de dérivation. Le travail qui suit consiste principalement
a rattraper ces singularités temporelles par la régularité spatiale.

1.7 Controle de la norme uniforme
Controéle de la norme uniforme des premiers termes

Aprés de potentielles dérivées suivant x, nous choisissons le point de gel (7, &) = (¢, x),
ainsi ce choix ne change pas les dérivées intervenant dans (1.15). En particulier, nous

pouvons voir grace a la dynamique (1.17) qu’avec ce choix de gel mff?;x) (x) = 6,+(8).
Le controle des normes associées au semi-groupe PT HPTTté)g |z, | Dx, P }Tf gl
|D2 P gHLoo, et associées au noyau de Green G : [GU4) f| o et | Dy, GTE f| Lo,

||D)2(1 g ’5) fllL= est établi par des techniques de type cancellation et en utilisant la ré-
gularité des parametres intervenant dans le proxy (1.18]). Pour illustrer le principe de
cancellation, établissons un controéle en norme uniforme du noyau de Green :

|D2,GO f

= sup f dsf POt s, x,y) f(s,y dy”
T xRnd Rnd (1.£)=(tx)

= f ds [ D2 509 s, % y)[f(s,y) — f(s, mSﬁ
OT xRnd Rnd

(r€)=(tx)
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La deuxiéme égalité vient du faite que SRM Dil P78 (t,s,%,y)dy = 0, c’est ce qu’on appelle
en effet le principe de cancellation. Or comme f € C3(R", R) et par (1.18), on déduit :

| D, G f |

(1,€)
t
Ol s | f is | Pt b 5:%0Y) 41y 0 (x)) dy
Rnd

<
(t,x)€[0,T] x Rnd s—1 (T.€)=(t.%)
(7,6)
t 5, X
< C[f13 sup ]J dsf pc i _1Y)dy|
(t,x)e[0,T] x Rnd R7d — 2 (m.8)=(tx)
~ CINT - 1)E. (1.19)

La derniére inégalité vient du fait que pour tout ¢ € R, il existe C¢ > 1 tel que pour tout

0<p<(etzeR,:

27 exp(—2?) < G exp(—C{lmg).

Nous contrélons de maniére similaire les premiers termes de reste StT ds SRnd p(t, s, x,y)(L—

L)u(s,y)dy intervenant dans (1.15]), c’est-a-dire les termes faisant intervenir les dérivées
suivant les composantes non-dégénérées :

| s | D20 sk (Fas.) = Fi(s.0.€). Dy, )
b5 ((alsy) — als, 0.(€) Dy uls.y))dy,  (120)

se controle en norme uniforme.

Controle de la norme uniforme des derniers termes

Néanmoins, pour les derniers coefficients du terme de reste dans faisant inter-
venir les dérivées suivant les variables dégénérées, i.e. (Dy,u(s,y))ic[2,n], le controle en
norme uniforme est plus délicat. En effet, la version non régularisée de u n’est a priori
pas dérivable suivant les variables dégénérées (Xi)ie[[gm]], mais on s’attend des résultats
précédents a ce qu’elle soit seulement (2 + 7)/(2¢ — 1)-Hélder uniformément en m. Pour
cela, définissons :

i (7,5,0,0(6),¥) = (Fils,¥) = Fil5,0,7(6)) = D Fil5, 0,7(€))(y — 0,(€))i-1 ).
(1.21)
et par intégrations par parties on a :

n T
S| ds | dyDR ATt s y) A (7. 0.4().9): Dy
i=2Jt R

T
—ZJ dSJ dyDy, - [D2 579 (t, 5, %, y)Aip(7,5,0,0(€),y) |uls,y).  (1.22)
t Rnd

=2
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L’idée, ensuite, sera de controler Dy, [D2 PO (t, s, x YA r(T,5,0,,(€),y)] suivant la
norme adaptée en dualité a la norme LOO(C’b 4) de u(s,y). C’est a priori un controle non

direct étant donné que le terme D2 58 (¢, s,x,y)A; r(7,5,0,,(£),y) dont on dérive en
Dy, n’est pas dérivable en y; a cause de l'irrégularité des coefficients.

Pour se faire, remarquons que pour & € R, Cf(R%,R) = BS (R% R), ot pour tout
(p,q,s) € [1,+x]* x R, B3, est un espace de Besov. Il existe plusieurs fagons de définir
les espaces de Besov (module de continuité, décomposition de Littlewood-Paley, représen-
tation thermique). La représentation thermique est la formulation la plus naturelle dans
notre contexte Gaussien. On définit ainsi B (RY) := {f € S'(R?) : I fll#g, < +oo} pour
tout m € Ny tel que m > 3 :

! dv\ 7
£l 1= 1o(D) flLzocesy + ( f WO By [ ) (123)

o p € CP(RY) telle que p(0) # 0, p(D)f := ggpf)v ot on définit la transformée de

A

Fourier f et la transformée de Fourier inverse (¢ f)Y, et pour tout v > 0, z € R¢,

iul2) = (27r1v)3 o (_%)

est le noyau de la chaleur usuel. Pour plus d’informations nous pouvons nous référer a
Triebel [Tri83).

La propriété qui nous intéresse dans les espaces de Besov est en fait la relation de dua-
lité entre B, (R?,R) et B {*(R% R) (voir par exemple [LR02]). Ainsi par des méthodes
de cancellation, nous établissons la norme Besov de chaque terme de . Autrement
dit, pour tout i € [[2,n]], on montre que la norme Besov prise pour la i-éme variable :

HYi — Dy, (D:Zqﬁ(ﬂg) (t, s, %, y)Aip(T, 5, 054(8), Y))H -3

B, T (RY)

< C(S—t)g_lf POt 5, %, y)dyi.
Rd

En effet, la caractérisation thermique permet de faire passer la dérivée — Dy, sur le noyau
de la chaleur h,.

Controle des modules Holder

Pour étudier les différents modules Holder, pour (x,x’) € (R™)? donné et 0 < ¢y < 1
supposé «petity, nous procédons classiquement a une distinction entre le régime hors-
diagonal : cod?(x,x’) > (s —t) et le régime diagonal : cod?(x,x’) < (s —t).

e hors-diagonal, dans ce cas, les points sont loin par rapport au temps courant. Donc
il n’y a pas d’intérét a utiliser des développements des termes a controler entre ces deux
points x, x". Nous utilisons ainsi le controle en norme sup précédemment établi avec comme
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choix de points de gel (7,€,¢') = (t,x,x’). Par exemple, nous écrivons pour le controle
Holder du noyau de Green :

|G™Ef(t,x) — G™f(t, %)

(7.6,€")=(txx')

t+cod2 (x,x
- |j‘ dsJ~ (D2, 579 (¢, 5,%,y) — D2 p™)(t, 5,5, y)] (s,

(T,ﬁ,gl):(t,x,x/)

N

t+cod? (x,x)
2 sup \f dsf dyD2 P8 (t, 5, %,y)f(s,y)]
(T7£’£I):(t7x,xl) t Rnd

< Cd'(x,x). (1.24)
La premiére inégalité est une conséquence de ((1.19).

e diagonal, dans le cas on x,x’ sont proches vis-a-vis du temps courant, nous déve-
loppons la densité gelée entre x et x’. Pour se faire, nous choisissons les points de gel

(1,&,¢&") = (t,x,x), de sorte que les densités a controler soient les mémes.
Autrement dit on écrit :

T
| dsJ dy[D; p7(t, s, x,y) — D2 p"(t, 5, % y)]f(5,5)|
]Rnd

t+cod?(x,x’

< J f dyj d\(x — x")Dy D2 (T’S)(t,s,x'—l—/\(x—x’),y)f(s,y)‘
t+cod?(x,x’)JR"d

1\ _(r
< Cllf =y Z|xz ds J (s -0 DR s x,y)
Rﬂ,

t+cod?(x,x’)

< C\\f\lm(c;,d)dw(x,x ). (1.25)

L’avant derniere inégalité est une conséquence du controle des dérivées de la densité gelée
(L.18) et de la cancellation {,, dyDxDZ p9(t,s,x" + A(x — x),y) f(5,05:(x)) = O a4,

la derniére identité vient du fait que |x; — x| < d*~1(x, x').

Cependant, pour un tel choix de paramétres de gel (7, €,¢’) dépendant de la variable
d’intégration s, il nous faut modifier par la formule de Duhamel 1’équation (1.15). Autre-
ment dit pour tout (¢,x') € [0,T] x R™ et r € (t,T],&" € R™ on a :

un(t, %) = POy (X)) + G £ (%)

* f dSJ dyp™ &) (¢, 5, %, y) (LT = LT )u (s, y),
t Rnd

avec
VO<v<r<T, é%“’gl)fm(t,x) = J dsf ) dyp™ ™) (t, s, X', y) fm(s,y).  (1.26)
v R"
Dériver cette expression suivant 7, engendre pour tout &' € R™ :

0, Bl T (r,x) + J dyp™ " (t, 7, X, y) fu(r,y)
Rnd

\J

0=

+ ciy]3m’(T’£,)(7f7 r,x,y) (L — ET’(T’E,))um(T, y)dy. (1.27)
Rnd
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Ensuite, nous intégrons cette équation entre ¢ et to € (¢, 7] pour un premier £’ et entre ,
et T" avec un 5/ éventuellement différent :

~ ! to ’
0 = P un(to, x') = um(t, %) + f dsf Ay (45, %, y) (5, Y)
t R™

to _ ,
¥ j s j dyp ) (1, 5,5 y) (L — Lm0, (5, y)
t Rnd

~/ ~/

T <!
P un () = B untx) + | s [y OO sk ) fulsy)
R’VL
T . o
# ] s [y O s ) (L - L ().
to Rnd
Rappelons que u,,(T,x’) = gnm(x') (condition terminale), et avec les notations de ([1.26])

I’équation précédente se réécrit :

un(t,X) = P g,(x) + G fu(t,X) + G " £t )
B (10, %) = B (1, %)
*J dsf dy (Tca ™ (1, 5,5 y) (L7 = L€
t Rnd
™, 5,%, y) (LT~ ET’(T’?))) U (5, Y)- (1.28)
Nous voyons dés lors que pour &' # é’ apparait un nouveau terme da a la discontinuité

du changement de point de gel. Notons toutefois, que le role de ty est semblable a celui
de (&,¢'), dans le sens ou aprés de potentielles dérivations en espace nous posons

to =t + cod?(x,x). (1.29)

Autrement dit, le temps ty corresponds exactement au temps critique de changement de

régime. Le terme de discontinuité Pt( &) u(to, x") — ]5t(07f )um(to, x') se traite identiquement
a ceux précédemment controlés.

1.8 Conclusion

A ce stade, nous pouvons énoncer le controle de la solution de (| uniformément &
I'indice de régularisation m :

2 ol
Jull ez, < C(lglegsn + 1 limicyy) + ulpmepin[1+ 6 +T]). (1.30)

La constante C' > 0 dépend des normes Holder de a, et de F. Pour des normes Holder de
a et de F, pour ¢y et pour T" > 0 suffisamment petits, on conclut facilement I'estimée de
Schauder. Pour des coefficients a et F quelconques, nous procédons par une méthode de
scaling. C’est-a-dire pour tout A > 0 petit, on écrit le probléme de Cauchy équivalent a
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T2 :

ot (t,x) + (F(t, \7V/2Tyx), \V2T 'Du (¢, %))
+A T (D2 ul (t, x)alt, A2 Thx)) = — f(t, A2 Thx), (1.31)
uNT,x) = g(A?Tyx), x e R™.

En reprenant les controles précédents on obtient dés lors :
ol 2 o2
HUHLOC(C;T) S C(Hﬂ”c,f;“f + | flpeiep o + HUHLoc(c;T)[)‘Q +cf + T2]>. (1.32)

Pour T, ¢y et A suffisament petits devant les normes Holder de a et de F, on obtient
C[)\% + CO% + T%] < 1. Nous avons donc le controle Schauder voulu en passant le terme
CHUHLOO(C;T)[)‘% + cg + T3] a gauche de l'inégalité (1.32). Pour passer a temps quel-
conque, nous itérons le raisonnement précédent en remplacant g(x) par u(7,,x) pour

T, = %T, avec N suffisamment grand, k& € [0, N]. Autrement dit, on écrit pour
tel0,(1-5HT) -

{atuk( x) + (F(t,x), Duy(t, %)) + $Tr(D2, ug(t, x)alt, x)) = —f(t,%),
up((1 = 54T, %) = wp (1 — 5247, %).

Enfin, par un argument de compacité (le Théoréme d’Ascoli) et I'unicité au probléme de

la martingale associé établie par [CARMI17|, on obtient qu’il existe une unique solution
mild vérifiant l'estimée de Schauder (1.10]).

Pour passer de la solution mild a la solution faible, nous exploitons de nouveau la
dualité des espaces de Besov.

1.9 Unicité forte
Présentation du probléme

Pour un systéme d’Equations Différentielles Ordinaires (EDO), le caractére bien posé
s’avére étre un véritable enjeu quand on quitte le cadre Lipschitz, voir par exemple [PL89].
En effet 'exemple de Peano montre que I'unicité de la solution peut ne pas étre garantie
quand la dérive du systéme n’est que Holder. Néanmoins, la présence d'un bruit permet
de restaurer ladite unicité. Ce phénomene s’appelle la régularisation par le bruit, voir e.g.
Flandoli [Flall]. Zvonkin [Zvo74] a été le premier a considérer ce cadre en dimension 1.
Puis une généralisation multidimensionnelle et elliptique a été établie par Veretennikov
[Ver80]. Mentionnons également Krylov et Rockner [KRO5| qui ont vérifié I'unicité forte
pour un systéme non-dégénéré avec dérive L, — L,, ainsi que Zhang [Zhal0] pour une
matrice de diffusion faiblement Lipschitz. Enfin Fedrizzi et Flandoli [FF11] ont établi
I'unicité forte dans un cadre elliptique et avec une dérive L, — L, et Holder.

Le cadre, dégénéré avec n = 2 a été étudié par Chaudru de Raynal [CdR17|, Wang et
Zhang [WZ16], Fedrizzi, Flandoli, Priola et Vovelle [FFPV17|, Zhang |[Zhal§|.
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Nous considérerons comme précédemment dans I'étude des estimées de Schauder, le
systeme suivant :

dX! = Fy(t, X}, ..., X"t + o(t, XL, ..., X")dW,,
dX? = Fyo(t, X},..., X")dt,
dX3 = Fy(t, X2, ..., X")dt, t

A\
o

(1.33)
dX} = F,(t, X771, X} dt,

L’unicité forte est triviale lorsque les coefficients sont Lipschitz. En effet, on note :

t t

Xy = x+ J F(s,X;)ds —i—J o (s, Xs)dWs,
0 0
t

t
X, = x —I—J F(s,X))ds +J o(s, X,)dWs. (1.34)
0 0

Si o et F sont Lipschitz, on déduit qu’il existe C' = C'(o, F) > 0 tel que :
) t
E[X; - X]|" < C’J E|X, — X/ |?ds. (1.35)
0

Par l'inégalité de Gronwall on a directement que X; = X/ pour tout ¢ > 0 presque sire-
ment.

Dans le cas ot la dérive n’est pas Lipschitz, I’étude de 'unicité forte s’avére nettement
plus difficile. Nous supposerons que :

- Régularité du coefficient de diffusion. o est Lipschitz (une régularité plus faible
reste un probléme ouvert),

- Régularité de la dérive. pour tout (i € [[1,n], on a [(FZ)]? < o avec B € (222 1] et

2j-1
[(Dx, ,Fi)]} < oo, pour un «petit» 7.

La régularité de la dérive est optimale pour notre approche, ces seuils de régularité sont
cohérents a ceux pour I'estimée de Schauder. La différence vient du fait que les composants
de la dérive ont tous la méme régularité, c’est-a-dire que la régularité de F; ne dépend
pas de 7. Cela s’explique par le fait que la dérive F;, a chaque étage va étre amené a jouer
le role de source dans 1’équation de Kolmogorov associé a la transformation de Zvonkin
(voir (1.36) plus loin) et que les controles que 1'on souhaite obtenir soient sans échelle, i.e.
du type |X; — X!| comme dans . Autrement dit, ’étage de la dérive doit fournir la
méme régularité. Enfin, remarquons que 1’on retrouve le méme type de régularité supposée
dans le cas des estimées de Schauder pour v =1+ 7.

Theorem 3 Pour o non-dégénéré et F avec les régqularités précédemment supposées, il
existe une unique solution forte au systeme (|1.33).
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CHAPITRE 2. REGULARISATION PAR UN BRUIT DEGENERE

Transformation de Zvonkin

Soit U la solution au probléme de Cauchy suivant :

o U(t,x) + (F(t,x),DU(t,x)) + 3Tr(D2 U(t, x)a(t,x)) = —F(t,x),
U(T,x) =0, x = (X1, -+ ,X,) € R™,

L’idée principale de la transformation de Zvonkin est de supprimer le terme de dérive en
écrivant la formule d’It6 :

fF(s, X,)ds = —U™(0,x) + U™(t,X,) — f DU™ (s, X,))Bo(t, X,)dW, + R™(X),
’ ’ (1.36)

avec .

t
RMX) = f F(s,X;) — F™(s,X;)ds — f (Ls — LTHU™(s,X,)ds.
0 0
Rappelons que l'indice m signifie que 1'on a régularisé, de sorte que le terme de reste

.S. . . , .
R™(X) 2% 0. Ainsi, écrivons :
m—+00

¢
X, —Um(s,X,) = -UM(0,x) — f DU™(s,X,))Bo(s, X,)dW,s + RM(X),
0

et I’étude de I'équation de Kolmogorov (1.36), avec une étude similaire & celle menée pour
(1.2) et détaillée dans la partie [I.9) permet d’établir le controle

IDU™||.. + ||D(DU"B)||,. < Cr. (1.37)

Notons toutefois que contrairement a (1.2)) la source F n’est pas bornée. Ce qui ne géne
pas ici étant donné que nous n’avons besoin que des bornes sup des dérivées de U.

Ensuite, en reprenant X et X’ satisfaisant ((1.34)) et par (1.36)), on écrit

E lsup X — X’S|2]

s<t

s<t

< 5B Jswpoms X - U X
48 [ 1IDUn 5] (5.X,) - [DU"B] (5. X0 1o 45

t
v | (DU B, 4 1)[[o(s.X.) — ol X0 + 2R 1L )

0
L’identité (1.39) implique ainsi qu’il existe 7 > 0 tel que pour tout 0 < 7' < T et une
constante Cp = Cp(T) o 0 telle que

E lsup X — X;|2] < CrE lsup X — X2|2] + 10| R™ ()| co- (1.38)
t<T t<T
Pour T suffisamment petit, on conclut donc en faisant tendre m vers +co et par argu-
ment circulaire on a que E [sup,. |X; — X}|?] = 0. Autrement dit, on vient de montrer
I'unicité forte de la dynamique (1.33). Pour un temps quelconque 7', on itére le raisonne-
ment sur [£7, 2T avec k € [0, N — 1] et N suffisamment grand.
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Controles de gradient
Le cceur de 'analyse est de montrer les controles de gradients suivant.

Theorem 4 1[I existe T > 0 tel que pour tout T < T il existe une constante Cp =
C((A),T) > 0 dépendant seulement des coefficients de diffusion et tel que Cp — 0 quand
T — 0 tel que pour tout m = 0 la solution U™ satisfait a linégalité suivante :

IDU™||,, + [|D(DU™B)||s < Cr. (1.39)

Notons que les inégalités voulues sont pour les dérivées de U™, ainsi le caractére non borné
de la source F ne posera pas de probléme a I'analyse. Notamment, les normes Besov qui
seront considérées seront des normes non-homogénes. Ce qui rend les propriétés de dualité
bien plus simple.

Chaque composante u}”, i € [[1,n] de la solution U™ de (1.36) s’écrit pour tout
(t,x) € [0,T] x R

T
() = | ds | dy{ < Fry) + @0 - Ly s xy). (140
t R7

avec la méme méthode de linéarisation que pour le chapitre précédent sur les estimées de
Schauder.

Dit autrement, la formule de Duhamel (ou le développement parametrix du premier
ordre) donne :

wto) = [ [PGORGs ] s+ [ [P (12~ E9) (5.0] 0,

et par définition des opérateurs L, et Lg on a :

rT -

wtx) = | [P )] s
+ P59 (Fi(s,7) = Fus,0,4(6)) Drui(s, )| (x)
o[ [P0 (Srelates) - s 0@ pius 1) [ 0y
¥ ES ( (Fi(s,) = Fuls,0.4(6)

_ka,le<S: es,t(s))( - 03,t<€))k71)Dkui(s> )) ] (X>d37

On montre par des méthodes de cancellation (partielles) et par un choix de point de gel
convenable (voir les estimées de Schauder) que

T
HDDXI f de F(s,y)p "9 (2, s, '7y)dyH < Cr.
t Rnd o0
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Pour les autres termes de I’équation (1.41]) faisant intervenir la dérivé de u; suivant la
composante non-dégénérée x;, on écrit aussi par cancellation (partielle) :

i DDy, tT [ P59 ((Fu(s, ) = Fuls, 0.4(€)) Drwils, ) | () ds|
e 3| [ [P0 (3 fot6.) — als 0@ DR ] ) | 05| <

En revanche, pour le terme correspondant aux dérivées Dyu;, k € [[2,n]), 'analyse doit
étre plus subtile.

On développe d’abord les [ — 1 premiéres composantes des termes de dérive autour du
point de gel 0;,(&). C’est-a-dire, on écrit :

Fi(s,') = Fi(05:(§)) — Di-1F1(5,05:(€))(- — 054(§))r—1
= [Fk<57 ) - Fi(57 REASE 023(‘5))]
+[F(s, 101, 051(€)) — Fi(0:,4(€)) — Di1Fr(s,0,4(8)) (- — 054(€))k-1)]

Le premier terme permet de rattraper la singularité de D;Dp¢(t, s,x,y). Puis, formelle-
ment, on développe on fait un développement de Taylor a l'ordre 2 de u a 'aide d’une
cancellation partielle :

l
DD [ PE (D (Fils, a1, 045(6)) — Fi(.4(6))
k=2

= D1 Fu(5,0,(6))(- — 054(6))1) Drui(s, ) | (x)|

£=x
l

=‘DXZDXI[P§¢ (Z(F,xs, 1 07(€)) —Fi (5, 0.4(€))— Dy Fu(0(6)(-—0.,(8)), )

k=2

x Y f AAD; Dyi(s, 11, 1 + Aot — 0(8))) (- - esvt<s>>]~)]<x> . (1.42)
j=1"

Notons en effet, par la structure triangulaire de DF on a pour tout [ € [[2,n], k € [[2,],
et je[l,n] :

Dy Dy, [Pﬁ (<Fk<s, 1, 05(E)) — Fy(5,0,,()) — D Fr(0,1(6))(- —0.4(€)), )

< D, Dy (s, 11, el;z<£>>>) ] (%) = Ot

On ne s’attend pas a ce que toutes les dérivées de u; existent, néanmoins l'identité (1.42)
a un sens d'un point de vue de la dualité Besov. C’est-a-dire, que ’on montre maintenant
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que :
I n
Ny dADxlel |25 (P 0-1,042(60) ~ Fis.0.,(6)
k=2 j=I
~ Dy Fils,05,(6) (- ~0,4(6)),_, )
<DLD(S it + A~ OL(ED) 0.6, ) | )
Il n 1
< CD\J d(Y1:i-1, Yit1m)
];2; J; R(nfl)d +
% J d d}’kz{ [\IJ( »(?’11)1; LYk+1:n)5(t )(Yk)] Sol(gslh k—1,Yk+1:n) 6§, A(Yk) }‘
R
T A
< J ds |:\Ijl(€38’11)k7j17)’k+1 n),(ts X)( )] N sup ](jly’};lzkflvb%ﬁ»l:n):t’gr () .
t By, % yj,ge[[l nl,j#k, Ae(0,1) BoFe
< CT(|Dujflee + [DD1ujfloo), (1.43)
avec
\IJSZ )k LY k+1:n),(6:X) Ly € R? — \I,](:’ )Ic 1LY k+1:m)s(ts X)<y ) =
D2 D05 5,3) (Fuly10-1,643(6) ~ Fu(0.4(6)
D Py — 0.4(6)), ) (¥ — Oui(€ ]
901(c 2)’1 k—1:Yk+1:m) 66N Ly € RY sDl(jl)’l k—1>Yk+1:n)t:€, )\(y
DykDyjui(Sa Yiui-1,¥Yin + )\(yl:n - eig(g))) (144)
$,¥Y1:k—1, m )by 1>\ 2 . N
Notons que la norme supy ;e af.jzk, rc(0,1) Hgomf; k=1 Yk41in) b4 (')HBQ{?*I est équivalent a

00,00

la norme a)- Hélder suivant la k-éme variable de D;u; que 1'on note |D; ()|, - Pour

k
établir le controle de cette norme, nous procédons par argument circulaire, c¢’est-a-dire
qu’on montre une inégalité du type

1D ()il g < (1+T7(1D1ws]o + [ D ()] o))

en injectant la formule de Duhamel (1.41)). Le principal intérét de cette formulation est
que contrairement a la méthode adoptée pour les estimées de Schauder, il n’y a plus besoin
de méthode de scalling. En effet, I'inégalité ((1.43]) associée aux autres controles implique

IDD1w;foe < C(1+ T7(| Diios + [DD1ws]o0)),
on déduit dés lors pour T suffisamment petit que

IDD1ul|lee + [DD1u;|0) < C
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CHAPTER 3. A FIRST NON-ASYMPTOTIC CONCENTRATION RESULT

Chapter 3

A first non-asymptotic concentration
result

Abstract : We obtain non-asymptotic Gaussian concentration bounds for the difference
between the invariant distribution v of an ergodic Brownian diffusion process and the
empirical distribution of an approximating scheme with decreasing time step along a
suitable class of (smooth enough) test functions f such that f — v(f) is a coboundary of
the infinitesimal generator. We show that these bounds can still be improved when some
suitable squared-norms of the diffusion coefficient also lie in this class. We apply these
estimates to design computable non-asymptotic confidence intervals for the approximating
scheme. As a theoretical application, we finally derive non-asymptotic deviation bounds
for the almost sure Central Limit Theorem.

1 Introduction

1.1 Setting

The aim of this chapter is to approach the invariant distribution of the solution of the
diffusion equation:

dY; = b(Y;)dt + o(Y;)dW, (1.1)

where (W;);>0 is a Wiener process of dimension r on a given filtered probability space
(,G,(Gy)i=0,P), b : R* - RY and 0 : R? - RY®@ R" are assumed to be Lipschitz
continuous functions and to satisfy a mean-reverting assumption in the following sense. If
A denotes the infinitesimal generator of the diffusion , there exists a twice continu-
ously differentiable Lyapunov function V' : R — (0, +00) such that limy,_, . V() = 40
and AV < 8 — oV where f€ R and o > 0 . Such a condition ensures the existence of
an invariant distribution. We will also assume uniqueness of the invariant distribution,
denoted from now by v. We refer to the monographs by Khasminskii [Kha80| (see also its
augmented second edition [KMI1]), or Villani [Vil09] and to the survey paper [Pag01], for
in-depth discussions on the conditions yielding such existence and uniqueness results.

We introduce an approximation algorithm based on an Euler like discretization with
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decreasing time step, which may use more general innovations than the Brownian incre-
ments. Namely, for the step sequence (7x)r=1 and n = 0, we define:

Xpy1=Xp + 'YnJrlb( ) T/ 7n+10( n) n+1s (1'2>

where Xy € L3(2, Fo,P) and (U,),>1 is an i.i.d. sequence of centered random variables
matching the moments of the Gaussian law on R" up to order three, independent of Xj.

We define the empirical (random) occupation measure of the scheme in the following
way. For all A € B(RY) (where B(R?) denotes the Borel o-field on R?):

Zzzl rykéXk—l(w) (A)
22:1 Tk

The measure v, is here defined accordingly to the intrinsic time scale of the scheme.
Namely, I';, = >77_, 7% represents the current time associated with the Euler scheme (1.2)
after n iterations. Since we are interested in long time approximation, we consider steps
(Yk)k=1 such that T, := 7' | v - +00. We also assume 7, | 0. Observe that, for a

Un(A) = vp(w, A) =

(1.3)

k
bounded v-a.s. continuous function f, it is proved in [LP02| (see e.g. Theorem 1), that:
1 n
) = i B Xa) 25 (f) = [ slawta), (14)
k=1 R

or equivalently that v,(w,-) — v, P(dw) — a.s. The above result can be seen as an

inhomogeneous counterpart of stability results discussed for homogeneous Markov chains
in Duflo [Duf90]. Intuitively, the decreasing steps make the approximation more and more
accurate in long time and, therefore, the ergodic empirical mean of the scheme converges to
the quantity of interest. Put it differently, there is no bias. This is a significant advantage
w.r.t. a more naive discretization method that would rely on a constant step scheme.
Indeed, even if this latter approach gains in simplicity, taking ﬂyk =h>0in would
lead to replace the r.h.s. of by the quantity " = SRd vh(dx), with Vh denotlng
the invariant distribution of the Euler scheme with step h. In such a case, for the analysis
to be complete, one needs to investigate the difference v — v through the corresponding
continuous and discrete Poisson problems. We refer to Talay et al. [TT90], [Tal02] for a
precise presentation of this approach.

Now, once is available, the next question naturally concerns the rate of that
convergence. This was originally investigated by Lamberton and Pages [LP02] for functions
f of the form f —v(f) = Ay, i.e. f —v(f) is a coboundary for A. The specific reason for
focusing on such a class of functions is that an invariant distribution v is characterized
as a solution in the distribution sense of the stationary Fokker-Planck equation A*v = 0
(where A* stands for the adjoint of A). Thus, for smooth enough functions ¢ (at least
C*(R%, R)), one has v(Ap) = (.. Ap(z)v(dz) = 0. The authors then investigate the
weak convergence of v,(f) — v(f) once suitably renormalized. However, in these results,
the assumptions are made on the function ¢ itself rather than on f. To overcome this
limitation and exploit directly some assumptions on the function f requires to solve the
Poisson equation A¢ = f — v(f). This is precisely for this step that some structure
conditions are needed, namely (hypo)ellipticity or confluence conditions. We refer for
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instance to the work of Pardoux and Veretennikov [PV01], Rothschield and Stein [RS76]
or Villani [Vil09] who discuss the solvability of the Poisson problem under some ellipticity
or hypoellipticity assumptions. We also mention the work of Pagés and Panloup [PP14]
who exploit some confluence conditions allowing to handle for instance the case of an
Ornstein-Uhlenbeck process with degenerate covariance matrix. We refer to Sections
and for precise assumptions giving the uniqueness of the invariant distribution of
and the expected smoothness properties for the associated Poisson problem.

In the current chapter, our goal is to establish for this recursive procedure a non-
asymptotic Gaussian control for the deviations of the quantity v, (f) — v(f) for possibly
unbounded Lipschitz continuous functions f. Such non-asymptotic bounds are crucial in
many applicative fields. Indeed, for specific practical simulations, it is not always possible
to run ergodic means for very large values of n. It will be direct to derive, as a by-
product of our deviations estimates, some computable non-asymptotic confidence intervals.
A specific feature of such non-asymptotic deviation inequalities is that their accuracy
depends again on the status of the diffusion coefficient o with respect to the Poisson
equation. Thus, if |o|? — v(|o|?) = AY is a coboundary (where | - | denotes a matrix
norm), we manage to improve our analysis, to derive better concentration bounds in a
certain deviation range as well as some additional deviation regimes. Also, this additional
study seems rather efficient to capture the numerical behavior of the empirical deviations.
We refer to Section [4]and [6.2] for details about these points. Eventually, our main deviation
results allow to provide deviation inequalities for plain Lipschitz continuous sources f in
the ergodic approximation, by using a suitable regularization procedure, as established
in Theorem [7] As expected, dealing with this general class of functions requires more
stringent constraints on the time steps, that must be small enough, and prevents from
obtaining the fastest convergence rates (see again Theorem (7| and Section .

The main feature of the sequence of weighted empirical measures is that it targets
the true invariant distribution v of the continuous time diffusion. The price to pay is
the use of an Euler scheme with decreasing step which is a non-homogeneous Markov
chain. This induces new difficulties compared to the extensive literature on deviation
inequalities for ergodic homogeneous Markov chains. In particular, our approximation
procedure produces some remainder terms that need to be controlled accurately enough
in a non-asymptotic way to produce tractable deviation inequalities asymptotically close
to their counterparts for the diffusion itself. This a major difficulty compared to a C'LT
where these remainder terms are simply requested to go to 0 fast enough.

As mentioned above and like for the CLT (see [Bha82| for the diffusion or [LP02| for
the weighted empirical measures v, ), these deviation inequalities are naturally established
for coboundaries f—v(f) = A(y), the assumptions being made on . Our second objective
in this chapter is to state our results so that all assumptions could be read on the source
function f itself. This first requires to solve the Poisson equation in that spirit, that means
deriving pointwise regularity results on ¢ from those made on f. Again, for Lipschitz
sources, this step will require an appropriate regularization procedure.

In particular, we will not rely on the Sobolev regularity (see e.g. Pardoux and Vereten-
nikov [PV01]) but rather on some Schauder estimates in line with the works by Krylov
and Priola [KP10|, which allow to benefit from the elliptic regularity for operators with
unbounded coefficients. For more details, we refer to the introduction of Section [5
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1.2 Assumptions and Related Asymptotic Results

From now on, we will extensively use the following notations.
For a given step sequence (7, )n>1, we denote:

VeeR, T = > yf, = Yy =T,
k=1 k=1

In practice, we will consider time step sequences: v, = # with 0 € (0, 1], where for two
sequences (Un)nen, (Un)nen the notation w, = v, means that Iny € N, 3C > 1 such that
Vn = ny, C v, <u, < Cu,.

For a vector v € R, k € {d, r}, we denote by |v| := (2521 U?)% its (canonical) Euclidean
norm. Also, for a function 1 : RY — R? we set 1] := sup,egq [¥()].

Hypotheses

(C1) The random variable Xj is supposed to be sub-Gaussian, i.e. its square is exponen-
%

tially integrable up to some threshold. Namely, there exists A\ € R* such that:
YA < X, Elexp(NXo|*)] < +o0.

(GC) The p-distributed i.i.d. innovation sequence (U,),>1 is such that E[U;] = 0 and
for all (i,4,k) € {1,--- 7}, E[UIU]] = 6;;, E[UIUJUF] = 0. Also, (Uy,)ns1 and X, are
independent. Eventually, U; satisfies the following Gaussian concentration property, i.e.
for every 1—Lipschitz continuous function g : R — R and every A > 0:

Blesg()] < exp (AE[(0h)] + 5 ).

aw) aw)

Observe that if U; "2 N(0,1,) or Uy (lax (5(6146-1))®", i.e. for Gaussian or symmetric
Bernoulli increments which are the most commonly used sequences for the innovations,
the above identity holds. On the other hand, what follows can be adapted almost straight-
forwardly for a wider class of sub-Gaussian distributions satisfying that for some @ > 0
and for all A > 0:

Blesp(a(0)] < exp (B[] + % ). (1.5

which yields that for all » > 0, P[|U;] = r] < 2exp(—§) (sub-Gaussian concentration
of the innovation). The case w = 2 corresponds to the standard Gaussian concentration.
This is also the constant in the logarithmic Sobolev inequality fulfilled by the standard
Gaussian measure.

(C2) There exists a positive constant s such that,

sup ||cr(:U)H2 < K,
zeR4
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where |0 ()| stands for the operator norm of o(z), i.e. |o(z)| = Sup,cpr |2j<1 lo(2)2] (keep

in mind that o (z)]| = [o*(2)| = |oo*(z)|2). We then set || := sup,cpa |o(z)].

(Lv) There exists a Lyapunov function V : R — [v*, 400, with v* > 0, satisfying the
following conditions:

i) Regularity-Coercivity. V is a C? function, |D?*V | < 400, and lim— V(2) = +o0.
ii) Growth control. There exists C,, € (0, +o0) such that for all z € R%:

VV(@)]* + [b()]* < C, V().

iii) Stability. Let A be the infinitesimal generator associated with the diffusion Equa-
tion ([1.1)), defined for all ¢ € CZ(R? R) and for all z € R? by:

Ap(x) = b(x), Veo(r)) + %TF(E(SU)D%@)), X(x) := oo™ (x),

where, for two vectors vy, vy € RY, the symbol (v;,v5) stands for the canonical inner
product of v; and vy and for M € R @ RY, Tr(M) denotes the trace of the matrix
M.

There exist a,, > 0, By € R* such that for all z € R?,
AV (z) < —a, V(z) + By

As a consequence of (Ly) 1), there exist constants K and ¢ such that for |z| > K, |V (z)| <
¢|z|?, which in turn implies, from (Ly) ii), that |[b(z)] < 1/C, ¢|z|.

(U) There exists a unique invariant distribution, denoted from now on by v, for Equa-

tion (|1.1)).

(S) For a Lyapunov function V satisfying (Ly ), we assume that the step sequence (7x)r=1
satisfies for all k > 1,7, < L min(—2
s (G

Oév )
cpe’ OylD*V]e /"

Condition (S) means that we assume the time steps are sufficiently small w.r.t. the
upper bounds of the coefficients and the Lyapunov function.

Remark 1 We have assumed (U) without imposing some specific non-degeneracy condi-
tions. Observe that (Lv) yields existence of an invariant distribution (see e.g. Chapter 4.9
in [EK86/). Additional structure conditions on the coefficients ((hypo-)ellipticity [KM11),
[PV01)], [PV035], [PV05], [Vil0d] or confluence [PP1}j|]) then yield uniqueness.
Assumption (S) is a technical condition which is exploited in order to derive the non-
asymptotic controls of Theorem |9 (see especially the proof of Proposition (1] below).

Observe that, as soon as conditions (C2), (Lv), (U) are satisfied and E[U;] =
0,E[UZ*] = 0, the following Central Limit Theorem (CLT) holds (see Theorems 9, 10
in [LP02)).
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Theorem 1 (CLT) Under (C2), (Lv), (U),ifE[U] =0, E[U®*] = 0 and E[V(X,)] <
+00, we have the following results.
2)

(a) Fast decreasing step. If lim, \r/%i = 0 and E[|U[%] < +o0, then, for any Lipschitz

continuous function ¢ in C3(R%R) with D*p and D3y bounded, one has (with (L)
denoting weak convergence)

Vv (Ap) WY <O,J |0*Vgp|2dy> .
R4

(b) Critical and slowly decreasing step. If lim, \F}% = 5 €0, +0] and if E[|U]*] <

+00, then for every Lipschitz continuous function ¢ € C*(R%,R) with (D'p)ic(2,3.4)
bounded:

A Tovn(Ap) O, N(?m,f |0*Vg02dy> if ¥ < +0, (critical decreasing step)
R4

L, o~ .
Wun(/l(p) Eom it 5 = 40, (slowly decreasing step),

n

where m = — JRd (%ngo(:z:)b(al:)®2 + (I>4(x))u(dx),
with Oy(x) = f i <%<D3gp($)b($), (o(z)u)®?) + 2—14D4sp(x)(a(x)u)®4>u(du)

and j1 denotes the distribution of the innovations (Uy)g=1. In the above definition of
®,, the term D3¢ stands for the order 3 tensor (03 ©).jk)efap® and we denote,

Ti,%5,%k

for all x € R, by D3p(x)b(z) the R? @ RY matriz with entries (D3g0(x)b(x))ij -
St (D)) b (2), (i 7) € 1, ]

Remark 2 Let us specify that for a step sequence (Y, )nen such that v, =n=?%, 6 € (0,1],

it is easily checked that case (a) occurs for 0 € (3,1] for which \F/’(If—) — 0. In case (b), that

) ~ Gy~ ~
is for 0 € (0, 5], \F/gliz——wy, with § < +0 for 0 = & and 5 = +o0 for 6 € (0, 3).

Let us mention that, when limnlﬁ < 4w, i.e. v, =n7? 0 € (1/2,1], the CLT of

point (a) holds without the condition E [U®*] = 0 provided E [|U;|*] < +o (see Theorem
9 in [LP02]). Moreover, the boundedness condition (C2) can be relaxed to derive the CLT,
which holds provided lim|;— 4o % = 0 (strictly sublinear diffusion) in case (a) and

SUD,cpd % < 400 (sublinear diffusion) in case (b). We refer again to Theorems 9

and 10 in [LP02| for further considerations.

Remark 3 The reader should have in mind that an ergodic result similar to the one stated
i the fast decreasing step setting holds for the diffusion itself under the same structure
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assumptions, i.e. (C2), (Lv), (U) (see Bhattacharya [Bha82]). In fact (C2) can be
partially relazed as well, as mentioned above. Precisely,

1 (! r
— | Ap(Y,)ds = N O,J *Vol?d t — +o0.
ﬁfo p(Vds £ N (0. | 10" VpPdr) as o

Note that the asymptotic variance corresponds to the usual integral of the “carré du champ”
w.T.t. to the invariant distribution (see again Bhattacharya [Bha82] or the monograph by
Bakry et al. [BGL1j)]), i.e.:

J}Rd 0*Vo(z)[Pv(dr) = —2 JRd<A90, o>(x)v(dz).

In both settings, the normalization is the same: \/t for the diffusion and /T, for the
scheme. FExcept that, as emphasized by Theorem [1|, for slowly decreasing step — when
0 < 1/3 — the time discretization effect becomes prominent and “hides"” the CLT so that

0 = 1/3 (critical value between “fast” and “slow” settings) yields the fastest rate with a
biased CLT.

Remark 4 We would like to mention that, in the biased case (b), for steps of the form

Ve = Yk~Y3, k = 1, it is important for a practical implementation to choose 7y in

an appropriate way, namely by minimizing the function vy — c1v + c27y Y 2, c =
n _2/‘

lim,, @%Lz}g—lfm;/z,g = SRd |0*V |2 dv, which corresponds to the mean-variance contri-

bution deriving from the biased limit Theorem. Of course, ¢y is usually unknown, and the
concrete optimization has to be performed replacing co by a computable estimate, like for
instance upper bounds, i.e. ¢o < ||0]w||V@|oo-

The purpose of this work is to obtain non-asymptotic deviation results which match
with the above CLT. In the current ergodic framework, the very first non-asymptotic
results were established for the Euler scheme with constant time step by Malrieu and
Talay in [MTO06] when the diffusion coefficient o in is constant. The key tool in
their approach consists in establishing a Log Sobolev inequality, which implies Gaussian
concentration, for the Fuler scheme. This approach allows to easily control the invariant
distribution associated with the diffusion process , see e.g. Ledoux [Led99| or Bakry et
al. [BGL14] in a general framework. However Log Sobolev, and even Poincaré, inequalities
turn out to be rather rigid tools and are not very well adapted for discretization schemes
like (1.2]) with or without decreasing steps.

Our approach relies on martingale techniques, which were already a crucial tool to
establish the asymptotic results of [LP02| and have been successfully used in Frikha and
Menozzi [FM12] as well to establish non-asymptotic bounds for the regular Monte Carlo
error associated with the Euler discretization of a diffusion over a finite time interval
[0,T] and a class of stochastic algorithms of Robbins-Monro type. Roughly speaking,
for a given n, we decompose the quantity /T, v,(Ap) as M,, + R, where (My)i=o is a
martingale which has Gaussian concentration and R, is a remainder term to be controlled
in a non-asymptotic way.

We can as well refer to the recent work by Dedecker and Gouézel [DG15] who also use
a martingale approach to derive non-asymptotic deviation bounds for separately bounded
functionals of geometrically ergodic Markov chains on a general state space.
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Let us also mention that many non-asymptotic results have been obtained based on
functional inequalities. Bolley, Guillin and Villani [BGV07] derived non-asymptotic con-
trols for the deviations of the Wasserstein distance between a reference measure and its
empirical counterpart, establishing a non-asymptotic version of the Sanov theorem. De-
viation estimates for sums of weakly dependent random variables (with sub exponential
mixing rates) have been considered in Merlevede et al. [MPR11]. From a more dynam-
ical viewpoint, let us mention the work of Joulin and Ollivier [JOI10|, who introduced
for rather general homogeneous Markov chains a kind of curvature condition to derive
a spectral gap for the chain, and therefore an exponential convergence of the marginal
laws towards the stationary distribution. We also mention a work of Blower and Bol-
ley [BBO6|, who obtain Gaussian concentration properties for deviations of functional of
the path for metric space valued homogeneous Markov chains or Boissard [Boill] who
established non-asymptotic deviation bounds for the Wasserstein distance between the
marginal distributions and the stationary law, still in the homogeneous case. The com-
mon idea of these works is to prove some contraction properties of the transition kernel
of the Markov chain in Wasserstein metric. However, this usually requires to have some
continuity in Wasserstein metric for the transition law involved, see e.g. condition (7) in
Theorems 1.2 and 2.1 of [BB06]. Checking such continuity conditions can be difficult in
practice. Sufficient conditions, which require absolute continuity and smoothness of the
transition laws are given in Proposition 2.2 of [BB06].

Though potentially less sharp for the derivation of constants, the adopted martingale-
based approach in this work turns out to be rather simple, robust and can be very naturally
adapted to both discrete innovations and inhomogeneous time steps dynamics like the one
we currently consider.

It should as well allow to control deviations for functionals of the path, in the spirit of
those considered in [PP12|, [PP14]. Also, the approach could possibly extend to diffusions
with less stringent Lyapunov conditions, like the weakly mean reverting drifts considered
in [LP03], or even to more general ergodic Markov processes, see e.g. Pagés and Rey
[PR17]. These aspects will concern further research.

As an application of our non-asymptotic concentration results, we will discuss two
important topics:

— The first one is of numerical interest and deals with non-asymptotic confidence in-
tervals associated with the estimation of the ergodic mean. Such results can be very useful
in practice when the computational resources are constrained (by time, by the model it-
self,. .. ). If we assume that ¢ € C3(R?,R), Lipschitz continuous with (D%p);c(2.3; bounded,
such that the mapping z € R? — (b(z), Vi(z)) and D3¢ are Lipschitz continuous, we
then establish that there are explicit sequences ¢, < 1 < (), converging to 1 such that for
allneN, foralla>0and v, =k f¢ (%, 1],

0/2
Pl T (Ap) = a] < C, exp <—cn—) ) 1.6
VTun(Ap) > al Ao E [Vl (16)

When the diffusion coefficient o is such that |o|? — v(|o[?) is itself a coboundary (or
its counterpart for any other norm dominating | - ||), the previous bound improves in a
certain deviation range for a. Namely, we are able to replace |o|% by v(|o|?) in (1.6),
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going thus closer to the theoretical limit variance involving the “carré du champ". More-
over, a mixed regime appears in the non-asymptotic deviation bounds which dramatically
improves, from the numerical viewpoint, the general case for a certain deviation range. In
particular, the corresponding variance is closer to the asymptotic one given by the “carré
du champ" (see Theorem [§] below). In accordance with the limit results of Theorem [1]
the drifts associated with the fastest convergence rates can be handled as well. We ob-
tain in full generality, results of type under slightly weaker smoothness assumptions,
considering e.g. D3y being 3 € (0, 1]-Hélder continuous. Eventually, under suitable ellip-
ticity conditions on o, we are able to give non-asymptotic deviation bounds for a Lipschitz
source f as well as explicit gradient bounds for the solution ¢ of the corresponding Poisson
problem.

— The second one is mainly theoretical and concerns non-asymptotic deviation bounds
for the celebrated almost-sure CLT first established by Brosamler and Schatte (see [BroS&§]
and [Sch88|) and revisited through the ergodic discretization schemes viewpoint in [LP02].

Both applications require a careful investigation of the corresponding Poisson equation
Ap = f—v(f). We will in particular prove that some pointwise regularity properties can
be transferred from f to .

The chapter is organized as follows. We conclude this section by introducing some
notations. Our main results are presented in Section 2l We first state therein the specific
concentration results for functions f writing f = Ag + v(f) (see Section [2.1)). We then
proceed with some suitable controls on the Poisson problem associated with A and f in a
confluent framework under the two main cases considered: namely a possibly degenerate
setting, which requires a strong confluence condition and smooth source and coefficients,
and a non degenerate setting, which allows to weaken the confluence condition as well
as the smoothness assumptions on the source and the coefficients since in that case we
manage to benefit from an elliptic bootstrap property (see Section . We eventually
give in Section some practical and tractable deviation bounds and non-asymptotic
confidence intervals, including a Slutsky like result, for a given specific source f under the
afore mentioned conditions on the coefficients of (1.1]).

We prove our main concentration result in Section [3] Section [4] is devoted to the case
where |o]|? — v(|o]|?) is a coboundary. We then prove in Section |5| the required controls
on the Poisson equation for our deviation result to hold as well as the practical controls
of Section Section is dedicated to the non-asymptotic deviation bounds for the
almost-sure CLT and Section to the numerical illustration of our non-asymptotic
confidence intervals.

1.3 Notations

In the following, we will denote by C' a constant that may change from line to line and
depend, uniformly in time, on known parameters appearing in (C1), (GC), (C2), (Lv),
(S). Other possible dependencies will be explicitly specified. We will also denote by %,
and e,, deterministic remainder terms that respectively converge to 1 and 0 with n. The
explicit dependencies of those sequences again appear in the proofs.
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For a function f € C#(R% R), B e (0,1], we denote

its Holder modulus of continuity. Observe carefully that, when f is additionally bounded,
we have that for all 0 < ' < §:

8
[Fle < [£15 @I Fle)' (1.7)
Additionally, for f € CP(R% R), p e N, we set for 8 € (0,1]:

| D f () — D* f ()|

o= o]

[f(p)]ﬂ = sup

$¢x’,‘0¢|=p

<+,

where a (viewed as an element of Nd\{0} with Ny := N U {0}) is a multi-index of length
p, e ol =X a;=p.

For notational convenience, we also introduce for k € Ny, 8 € (0, 1] and m € {1,d,d xr}
the Holder space

CHA(RY,R™) = {f e CH(RY,R™) : Yo, |al € [1, k], sup | D f (z)] < +o0, [fP]5 < +oo}.

zeRd

We also denote by C; "B the subset of C*# for which the functions themselves ares bounded.
In particular, C% I(Rd R™) is the space of Lipshitz continuous functions from R? to R™
and C, P (R4, R™) denotes the space of bounded §-Hélder continuous functions. Observe
as well that, if f € C*#, k> 1 then f is Lipschitz continuous.

We will as well use the notation [[n, p[|, (n,p) € (Ng)?,n < p, for the set of integers
being between n and p. Also, for a given Borel function f : R? — E, where E can be
R, R4 RIQRY, g€ {r,d}, we set for k € Ny:

e = f(X).

Eventually, for k € Ny, we denote by F := a((Xj)je[[O,k]]).

2 Main results

2.1 Result of non-asymptotic Gaussian concentration

Our main concentration result is given by the following theorem. In this theorem, we
consider a slightly more general situation than for the CLT recalled in Theorem [I] We
only assume ¢ € C3*# (R4 R), B € (0,1] instead of ¢ € C*(R% R) with existing bounded
partial derivatives up to order four (which in particular implies that in Theorem [1| ¢ €
C*H(R4, R)).
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Theorem 2 Assume (C1l), (GC), (C2), (Lv), (U), (S) hold. Consider a Lipschitz
continuous (possibly unbounded) function o € C**(R% R) for some B € (0,1]. Let us
furthermore suppose that:

ICy,, > 0, Yo e R |p(z)| < Cy (1 +4/V (7). (Gv)

Let 0 € [1/(2 + ), 1] and assume the step sequence (Vi )r=1 5 of the form = k=°.

(a) Unbiased Case (sub-optimal convergence rate): Let 0 € (ﬁ, 1].

(i) Assume that the mapping x — (Vp(x),b(x)) is Lipschitz continuous.
Then, there exist two explicit monotonic sequences ¢, < 1 < C,, n = 1, with
lim,, C,, = lim,, ¢, = 1, such that for all n = 1 and for every a > 0:

a2
P|lvVThvn(Ap)| = a| < 2C, exp <—cn—) :
[ | EENER

(i1) Suppose that the mapping x — (Vy(x),b(x)) is not Lipschitz continuous. The above
result still holds for 0 < a < Xn\/(?) for a positive sequence x,, — 0 arbitrarily slowly,

so that X”\F/(g — +00. In particular, for a fixed a > 0, the above concentration

inequality holds for n large enough.

(b) Biased Case (Optimal Convergence Rate): Let 0 = -—. We set for all (k,t,u,x) €
[1, 7] > [0,1]* < R

Nyt 2) 1= B[ Te((DPp(@ + () + uty/5h0 (2)Un)o (@)U (0(2)Ux ® g (2)*) ) [(2.1)

keeping in mind that, since ¢ € C*#(R4R), [D3p]s < +o0. We define subsequently:

Set now
B, :=E" ifﬁe(O 1),

Bn”g Z—

f (1-1)T <D280(Xk—1 + tYkbp—1)bp—1 ® bk—1)dt

Z %Tr< O( X1 + Yrbr—1) — DZ‘P(Xk—l))Ek—l>a it =1
(2.3)

There exist two explicit monotonic sequences ¢, < 1 < C,, n > 1, with lim, C,, =
lim,, ¢, = 1 such that for alln =1 and for every a > 0:

a2
Pl v/ Tovn(Ap) + By gl = a| < 2C, exp (—cn—) )
[ ol > EENER
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‘ [l &P [j02 58] (5
For 3 € (0,1), the random wvariables |B, 5| = |Ef| < (1+5)(2+6)(E>+6) ]Fn\/ﬁ T

ageo > 0 a.s. Also, for B = 1, the (Bn1)n>1 are exponentially integrable and if, fur-
thermore, D3¢ is C', B,1 — —ym a.s. where ym is as in Theorem |l In any case, a

bias appears in our deviation controls when we consider, for a given smoothness of order
B € (0,1] for D3y, the fastest associated time steps v, = k=%, 6 = ﬁ
Remark 5 Observe that, when § = 1, the above result provides a non-asymptotic coun-
terpart of the limit Theorem [1 In particular, the concentration constants appearing in
Theorem [3 asymptotically match those of the centered CLT recalled in Theorem [1], up to
a substitution of the asymptotic variance §y, |0*V(x)Pv(dz) by its natural upper bound
o2 V4|2

Importantly, these bounds do not require “a priori” non-degeneracy conditions and
only depend on the diffusion coefficient through the sup-norm of the diffusion matriz 3,
assumption (C2). It will anyhow be very natural to consider a non-degeneracy condition
([PV01], [RS76], [Vil09]), or a confluence condition ([PP14)]), when investigating the
deviations for a given function f, in order to ensure the solvability of the corresponding
Poisson equation Ap = f —v(f) and to derive explicit upper bounds for |V|q in terms
of the coefficients b, 0 and the source f which turn out to be crucial to design computable
non-asymptotic confidence intervals. These aspects are discussed in Section[2.3 below.

The alternative form of the asymptotic variance (see Remark@ Spa [0* V() Prv(de) =
=2 {pa f(x)p(z)v(dx) suggests that for bounded source terms f, an associated natural vari-
ance bound would be 2| f| x| ¢]w- Such a control would a priori require less regularity on ¢
than assumed in Theorem [3. One could for instance try to exploit suitable regularization
procedures, like for instance the one proposed in Section for the proof of Theorem [7
below, to establish non-asymptotic deviation results under weaker assumptions. Our main
objective being to capture unbounded Lipschitz functions f, these aspects will concern fur-
ther research.

Remark 6 (Smoothness and Convergence Rate) Observe that, in coherence with
the asymptotic setting of the CLT recalled in Theorem for a given ¢ € C3P(R%,R), B e
(0,1], the fastest convergence rate for the deviations is attained for 6 = ﬁ A bias
appears, which can be difficult to estimate in practice since  is usually unknown.

Remark 7 (On the smoothness property of x — (b(z), V(x))) The Lipschitz con-
tinuity assumption on the above mapping appearing in case (i) might seem awkward at
first sight. It is non-intrinsic in the sense that it involves both the drift b of the model
and the test function p. However, this condition naturally appears when ¢ is a smooth
solution to the Poisson equation Ap = f — v(f). Indeed, recalling the definition of A in
(Lv), i), we can rewrite:

(Vp(a), b)) = f(x) —(F) — 5Tr(2(a) Dp(a) ).

Hence, the Lipschitz continuity of the function in the above left hand side readily follows as
soon as the source f is Lipschitz and if D*¢ is bounded and Lipschitz continuous (since o
is also bounded and Lipschitz). Note that with the previous notations for function spaces
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the previous conditions are implied if f € CYP(RY,R) < C*Y(RY R), p € C¥*(RY,R) =
D?p e CPP(RERI@RY) < (R RE®RY). We refer to Section |5. 1) for details.

We now state an improvement of the previous concentration bound when [o|*—v(|o|?)
is itself a coboundary, i.e. when the Poisson problem Av = |o|? — v(||?) can be solved
with ¢ satisfying the assumptions required for ¢ in Theorem [2] Precisely, we have the
following result.

Theorem 3 (a) Under the assumptions of Theorem[d and with the notations introduced

therein, provided that 9 solution to the Poisson equation AV = ||o|* — v(|o|?) satisfies
the same smoothness and growth conditions as ¢, for € (0,1] and 6 € (ﬁ, 1] (unbiased

case), there exist two explicit monotonic sequences ¢, <1 < C,, n > 1, with lim, C,, =
lim,, ¢, = 1 such that for alln =1 for all 0 < a < Xn% for a positive sequence xp - 0

arbitrarily slowly, so that X"\F/g; — 400:
Pl|v/Thvn(Ap)| = a| <2C, exp (—En ) . (2.4)
[ ] 2v(llo )V el
(b) If 9 solve the Poisson equation AV = ||o||*> — v(||o||*) mutatis mutandis for a matriz

norm dominating the operator norm (||o(x)|| = |o(x)|), then the above bound (2.4)) still
holds with v(||c]|?) instead of v(|o|?).

Importantly, the above result allows to improve the natural variance bound |Vp|2%|o|2
of Theorem 2| by a more refined, namely |Vy||%2v(]o|)?. Such a bound can be particularly
interesting when the supremum norm of ¢ is high but its average w.r.t. the invariant
distribution v significantly lower. We refer to Section 4] Theorem [§ (general form of
Theorem |3)) and (numerical results) for further discussions on that topic.

Of course Claim (b) is less sharp than (a) stated with the operator norm || - || but
solving the Poisson equation for ||o(x)|| seems highly non trivial. By contrast, if ||o(x)|| =

lo(x)|F = [Tr(aa*(:c))]l/2 stands for the Frobenius norm, Theorem {| below yields the
expected smoothness properties on ||o|% — v(|o||%) that ensure the existence of a solution
to AV = |o||%—v(]o|%) meeting the required smoothness conditions. The price to pay with
such computable norms being that they usually induce some dependence on the dimension
d on the estimates (observe e.g. for the identity matrix I; of R? @ R?, |I|r = d'/?).

2.2 Uniqueness of the invariant distribution and Regularity issues
for the Poisson problem

For our deviation analysis to work, we need to have the uniqueness of the invariant
distribution v and to establish some pointwise controls on the solution of the associated
Poisson equation. Namely, we need to have quantitative bounds on its derivatives and the
associated Holder continuity modulus up to order 3.

To do so, additionally to our main assumptions introduced for Theorem [2| we will work
in the confluent setting. In dimension one, any ergodic diffusion is in some sense confluent
(see [Kha80|, Appendix of the English translation, Theorem 2.2 p. 308 and its alternative
proof in [LPP15] Theorem 2). Here, we will suppose that the following condition holds:
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¢ Confluence Conditions
(D?) We assume that there exists o > 0 and p € (1, 2] such that for all z € R, £ € R?

(PR DU ¢ ¢ 4 23 (-2 PRI L g ) < —aep,

2 1€]2

where Db stands here for the Jacobian of b, o.; stands for the j™ column of the diffusion
matrix o and Do for its Jacobian matrix.

Within the confluent framework, we will consider from now on two kinds of assump-
tions which first give the uniqueness of v and that can lead to the required smoothness
and to computable gradient bounds, which are crucial since they are precisely the quan-
tities appearing in the non-asymptotic Gaussian deviation controls as emphasized in the
statement of Theorem [2

- Strong Confluence condition and regularity of the coefficients, which means that the drift
is sufficiently dominant in the dynamics and the coefficients are smooth (see assumption
(Cr) below). Note that these conditions may hold for degenerate diffusion coefficients.

- Non-degeneracy of the diffusion coefficient and mild confluence condition and smoothness
on the coefficients (see assumption (Cyg) below).

Under a sufficiently strong confluence condition, i.e. when « is large enough in (D?),
and provided that the coefficients b, o, f are sufficiently smooth, it is quite direct to derive,
through stochastic flow techniques a la Kunita, the required pointwise bounds for the
derivatives of the Feynman-Kac representation of the solution to the Poisson equation
(see [PP14] and Section [5.1).

In the non-degenerate case, the main advantage is that we can alleviate some restric-
tions on a and the smoothness assumptions on b, o, f to benefit from an elliptic regularity
bootstrap deriving from suitable Schauder estimates available in the current setting from
the work by Krylov and Priola [KP10].

We now introduce a smoothness assumption on b, o, f that will be useful in both the
considered cases.

e Smoothness of the coefficients and the source. For k € {1,3} and 5 € (0, 1) define

(Ry3) The coefficients in equation (L1)) are s.t. b e C*#(R% R?), 0 e CFP(R%, RY). Also,
the source f for which we want to estimate v(f) belong to C*#(R? R).

With these assumptions at hand, we now introduce the first setting we consider.

o The confluent and regular assumption (Cg), holds if (D?), (R33), for some j €

1

: o . d 2
(0,1], are in force and |Do|? < m where [|Doly = Sup,cga (ijl ||Dg,j(x)”2>

recalling that, for every j € [[1,d]], |Do.;(x)| stands for the operator norm of Do ;(x).

In particular, we do not impose in this case any additional structure condition on o which
can degenerate.

In our second main framework, we will assume some uniform ellipticity conditions.
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e Non-degeneracy Conditions.

(UE) Uniform ellipticity. We assume that w.l.o.g. that r = d (r = d could also be consid-
ered) in (1.1) and that the diffusion coefficient o is such that

Jo >0, V¢eR?, {oo* (), &) = alé.

We now introduce our second main setting:

o The confluent and non-degenerate assumption (Cyg), holds if (D?), (R; ), for
some 3 € (0,1], are in force. If d > 1, we also assume that |Do|?, < ﬁ and that the

diffusion matrix ¥ is such that, for all (z,7) € [1,d]?, i (z) = i j(zinj, -+, xa)-

Theorem 4 Assume that (Lv) and either (Cr) or (Cug) are in force. Then there exists
a unique invariant distribution for the solution of (L.1), i.e. assumption (U) holds.

The associated Poisson equation

Vo e R, Ap(z) = f(z) - v(f), (2.5)

admits a unique solution p € C3(R4,R), B € (0,1) centered w.r.t. v. Furthermore, the
following gradient bound holds
Lf]1

IVelw < ==,
o)

and the mapping x — (Vo(x),b(x)) is Lipschitz continuous.

About the regularity of the coefficients

Under (CRr), the derivatives can be expressed using iterated tangent processes and
we cannot hope, without a priori any non-degeneracy condition, for a smoothing effect
to hold. To have ¢ € C**(R% R), we need to consider a source f € C>*(R? R) and the
same smoothness on b, (Assumption (Rs3)). We refer to Section for the proof of
Theorem ] under (Cgr).

In the non-degenerate case, the solvability of the Poisson problem is usually studied
in a Sobolev setting, see e.g. [PVO1]. Let us also indicate that pointwise gradient bounds
have been obtained by the same authors in [PV03] for bounded drifts and diffusion coef-
ficients which are additionally supposed to be smooth, i.e. at least Cf "7 with the notations
introduced in paragraph [1.3] We point out that these estimates do not apply in our current
setting in which the drift has typically linear growth.

We eventually mention the last paper by these authors, namely [PV05]. They derive
therein the uniqueness of the martingale solution to the Poisson equation in a potentially
degenerate setting under suitable local Doeblin conditions. In that framework, pointwise
controls are obtained as well for the solution itself but not for its derivatives.

To obtain the required smoothness, we use here in the non-degenerate framework of
(Cug) some Schauder estimates, deriving from the work of Krylov and Priola [KP10],
which allow to benefit from the elliptic regularity. Namely, to obtain the mentioned
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smoothness on ¢ solving Ap = f — v(f), that we expect to be in C>#(R% R), 3 ¢€ (0, 1),
we can take a source f € CH#(R% R) and b e O (R? RY), o e C}P (R, RY).

We would eventually like to emphasize that the structure condition on ¥ might seem
weird at first sight. It is actually needed to decouple the PDEs formally satisfied by
(02,9)ie1,qp in order to exploit the a priori estimates of [KP10] established for scalar
valued PDEs. We refer to Section for a proof and details.

About the confluence condition and the restrictions on o

We work here in the confluent setting of (D?). This assumption will allow, through a
pathwise analysis associated with the tangent flow, to derive a pointwise gradient bound.
Another possibility to obtain such a bound is to assume a so-called Bakry and Emery
curvature criterion, see [BE85, [BGL14|. Under this condition, the gradient and semi-group
commute up to an exponential multiplicative factor (see equation below).

> Bakry and Emery curvature criterion. First, we recall that the “carré du champ" op-
erator I" of a Markov process with generator A reads, for every f, g in its domain D(.A)

[(7.0) = 5(A(fo) ~ fAg—gAf) and  D(f) = T(f. ).

We also need to define the I'; operator

1
Pa(f) = 5 (AT() = 20(F, AD).
In our Brownian diffusion setting, we have
Ve R T(f)(z) = |o*V f(z)]%

whereas the computation of I'y is significantly more involved. However, if the diffusion
matrix > = oo™ is constant then:

Dy(f)(2) := Te((D*f(2)%)?) ~(V f, DbEV f)(z).

With these notations at hand, we say that the semi-group (P;)i=0 of A satisfies the
Bakry and Emery curvature criterion with parameter p > 0 if

(BE,) Ve D(A), Tuo(f) = pT(f).

Observe that for ¥ = I, the condition (BE,) is actually equivalent to (D?) with
a = p (and any p € (1,2] since Do = 0) and reads

Db(x) + Db(z)*
(&5

57 £> < _p|£’2

The computation of the I'y for a general non-degenerate diffusion of the form (1.1)) is
not easy and is discussed in [ACJ0S]|. In particular, in whole generality, the computation
of the T'y requires the coefficients of the operator itself to be smooth (i.e. at least C?).
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We also refer to [AMTUO1] if the diffusion matrix is scalar diagonal, i.e. ¥(z) = ¢(z)14,
ze R? where ¢ is real valued. In that case, it is then shown that (BE,) holds if and only
if:

(M (@) + M), & < —po(a)lEl (2.6
where
M(z) = ¢ (s@)A() + B(e), Vs(a)) — [V5(@)1) o + (3 — ) Vs @ V() — o(x)?Db(a).

An important property when (BE,) holds, see again [BES5|, [BGL14], is that the
following commutation inequality holds:

¥t =0, Yo e RY T(P.f)(z) < exp(—2pt) PI(f). (2.7)

To conclude, let us say that the Bakry-Emery curvature condition is a very powerful
tool to derive pointwise gradient bounds. In our framework, this is unfortunately not
enough as soon as d > 1, because additionally to this kind of bounds we also need, to
enter in the framework of Schauder estimates under (Cyg), a control of the S-Holder
modulus of the gradient (see Section [5.I). It does not seem that the condition (BE,)
helps to get such controls. The restrictions on the variations of Do appearing in both
assumptions (Cyg) and (Cr) are precisely needed to derive in the first case the bounds
on [Dy|z and in the second one to prove that the derivatives exist up to order 3 and that
[ D3] is controlled as well. This explains why the conditions on Do are more stringent in
the potentially degenerate setting (Cgr). In each case, those bounds are obtained through
pathwise analysis and the restrictions on Do ensure the time integrability of the iterated
tangent flows, see again Section and Appendix A in [PP14] for details.

2.3 Practical Deviation Bounds
A first Non-asymptotic confidence interval result.

Theorem 5 (Non-asymptotic confidence intervals without bias) Let the assump-
tions of Theorem [j| be in force. Then, there exists a unique invariant distribution v
for (L), i.e. (U) holds. Also, ¢ satisfies introduced in Theorem [§ for V(xz) =
1+ |z

Assume that (C1) (sub-gaussian tails of the innovation) holds and that the step se-
quence (Yi)r=1 45 such that v, = k=%, 0 € (ﬁ,l]. Then, for (cp)ns1,(Cn)ns1 like in
Theorem [4 with lim,, ¢, = lim,, C,, = 1, we have that for alln =1 and a > 0 and for any
matriz norm || - || dominating | - |:

@o’ ol o)l
cn—) with |0 := sup ||o(x)]|,
EIEAREE o = S
(2.8)
2

P [V(f) € [Vn(f) - %\;%ﬂl, vn(f) + %\;%ﬂl]] >1—2C,exp (—cn%) . (2.9)

where the parameter « is the same as in the pointwise gradient bound of Theorem [4)

P[\/Fn‘yn(f) - V(f)‘ > a] < QCnexp<—
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Proof: Equation (2.8) is a direct consequence of Theorem [2] and the gradient bound
in Theorem [4 Indeed, the mean-value Theorem readily yields that holds. It then
suffice to observe that v, (f) —v(f) = v, (Ap). To prove ([2.9), setting a, . := a\Hamoo%,
it suffices to write:

P [u(f) e [un(f) _ o) 1 Cijl%‘]] = 1=P[\Tuln(f) = v(f)] = to.10]

and conclude by ([2.8). o

A more refined non-asymptotic confidence interval when ||o|? — v(||o||?) is a
coboundary.

We provide in Theorem [6] below a kind of Slutsky’s Lemma when, for a matrix norm
I - || dominating [lo(z)] < [|o ()|, s.t. [|o]|* — v([lof|*) is a coboundary.

Theorem 6 (Slutsky type concentration result for the coboundary case) Under
the assumptions of Theorem@ for Be (0,1] and 0 € (ﬁ, 1] (unbiased case), assuming as

well that there is a unique solution ¥ to AV = ||o|[*—v(||o||?) satisfying the same assump-

tions as @ in Theorem[3], there exist two explicit monotonic sequences ¢, <1< Cp, n =1,

with lim, C,, = lim, ¢, = 1 such that for alln > 1, for all a > 0, the following bounds

hold: if 4= — 0 (Gaussian deviations) then,

Vn(f—> _ V(f) a ex —C ﬁ
MV 1> o) <20 (i) (210
By )~ PN,y BT - ) oy (=,

ay/T, a/T, B Cng)
(2.11)

Again, the non-asymptotic confidence interval is explicitly computable in function of the
given source f, the coefficients in the dynamics and the chosen (computable) matrix norm
| - |l Tt is also sharper than the one in (2.9)).

Towards Lipschitz sources in the non-degenerate case

We conclude this section stating a non-asymptotic deviation result for Lipschitz sources
under some non-degeneracy conditions (assumption (Cyg) of Theorem || replacing the
condition stated there for f by a Lipschitz condition).

Theorem 7 (Non-asymptotic concentration bounds for Lipschitz functions)
Let the assumptions of Theorem with (Cyg) hold except that f is here solely a Lipschitz
continuous function. For a time step sequence (Y )x=1 of the form v, = k=%, 6 € (1/2,1],
we have that, there exist two explicit monotonic sequences ¢, < 1 < C,, n = 1, with
lim,, C), = lim,, ¢,, = 1 such that for alln =1 and for every a > 0:

PIWEa ()~ ()] > a] < 2Cuexp (g ) (2.12)

where « is as in Theorem [4)
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Such estimates are important since they allow to get rather close to the natural frame-
work which appear in functional inequalities (that mainly deal with Wasserstein distances
and their possible deviations). Indeed, through the Monge-Kantorovich formulation, the
Wasserstein distance involves Lipschitz functions, since it is precisely achieved taking the
minimum over Lipschitz functions for all possible coupling with marginal corresponding
to the arguments of the distance (see [BGL14]).

In the literature, some non-asymptotic bounds can be found for the deviations from
its mean for the Wasserstein distance between the empirical measure of a homogeneous
Markov chain and its stationary distribution (see Boissard [Boilll]). Here, we manage to
get directly the non-asymptotic deviation bounds over all possible Lipschitz functions for
the empirical measure of the scheme aiming directly to approximate the target stationary
distribution of the diffusion. Handling the Wasserstein distance in our framework would
amount to consider the supremum over the Lipschitz functions in the probability in ([2.12)).
This will concern further research.

We eventually point out that Theorem [7]is obtained through regularization arguments
of the source f exploiting the previous results of Theorems [2| and [4] (see Section for
details). This leads to a constraint on the steps, i.e. 7, =n=% 0¢e (%, 1]. This is the price
to pay, indeed a bigger 6 yields a lower convergence rate, to handle less regular Lipschitz
sources. Also, to perform the approximation procedure we precisely need a kind of elliptic
bootstrap (like in Theorem [4f under (Cyg)). This is why we impose the non-degeneracy
assumptions.

3 Proof of the concentration results (Theorem [2)

For notational convenience, we say that assumption (A) holds whenever (C1), (GC),
(C2), (Lv), (U) and (S) are fulfilled. We assume throughout this section that (A)
is in force and that the function ¢ appearing in the lemmas satisfies the smoothness
assumptions of Theorem [2]

3.1 Strategy

To control the deviations of v,(Ag) we first give a decomposition lemma, obtained
by a standard Taylor expansion. The idea is to perform a kind of splitting between the
deterministic contributions in the transitions and the random innovations. Doing so, we
manage to prove that the contributions involving the innovations can be gathered into
conditionally Lipschitz continuous functions of the noise, with small Lipschitz constant
(functions (1 (Xk—1,-))ke1,n] below). These functions precisely give the Gaussian concen-
tration, see Lemma [2| The other terms, that we will call from now on “remainders", will
be shown to be uniformly controlled w.r.t. n and do not give any asymptotic contribution
in the “fast decreasing" case # > 1/(2 + () (with the terminology of Theorem [2)), see

Lemmas and o]

Lemma 1 (Local Decomposition of the empirical measure ) For all n > 1 and
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kel0,n—1]:
O(Xk) — p(Xp1)

1
= NAp(Xp1) + {%J (Vo(Xp—1 + tyebe—1) — Vo(Xi_1), bp—1)dt
0

1
+ = T
2% r

((D290(Xk—1 + Ybr-1) — D2<P(Xk—1))2i71) + Y (Xp-1, Uk)]

= ’Yk-A(Xk—l) + <¢k(Xk—1; Uk) + quz,k(Xk—l)>; (313)

where for all k € [[1,n]], conditionally to Fy._1, the mapping u — (Xy_1,u) is Lipschitz
continuous in u with constant \/Yx|or_1]|Vew-

Introducing for a given k, the mapping

u — Ak(Xk_l,u) =

we then rewrite:

(Xk)

Ue(Xp—1, u) — E[¢p(Xp—1, Up)| Fr-1],

— p(Xk-1) = 1 APp(Xi—1) + Ak (Xi—1, Ug) + R pe(Xi—1),

with Ry, x(Xg—1) = R}Lk(Xk,l) + E [¢(Xk—1, Ug)| Fr—1]. The contribution Ay (Xy_1,Uy)
can be viewed as a martingale increment. Introduce now the associated (true) martingale

Summing over k yields:

Defining R,

p(Xn) — ¢(Xo)

sition of the empirical measure:

Z #(Xi1, Ug). (3.14)

= Do (Ap) + My, + > Ry u(Xi1)- (3.15)

k=1

= >0 Rok(Xi1) + ¢(Xo) — p(X,,) we obtain the following decompo-
1
va(Ap) = =5 (Mo + Ry). (3.16)

- Unbiased Case (Sub-Optimal Convergence Rate). This case corresponds to fast decreasing
steps of the form v, = k=% 6 > 1/(2 + ). To investigate the non-asymptotic deviations
of the empirical measure, the idea is now to write for a, A > 0:

P [\/EVn (-ASO) =

< exp(—

a] < exp(—

%)E [exp ( - %(Mn + Rn))]
p

e o (- ) |8 e ()|
(3.17)
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where 1 —|— = =1, p,qg > 1. We actually aim to choose ¢ := ¢(n) — 1. For a suitable

choice of q sat1sfy1ng the previous condition, we manage, in the fast decreasmg case, to
show that %, := E [exp(2|R,[)]"/? — 1. For the term involving the martingale M, we
" n

actually use the Gaussian concentration property (GC) of the innovation on its increments
(Ak(Xk—1,Uk))kefi,n)- Namely, using the control of the Lipschitz constant of Ay (Xj_1,-)
stated in Lemma [I| we derive:

E [exp (

r

)

E [exp — I(i—A n_1>IE [exp ( — %An_l(){n .U, ) |.7:n 1”

< E[eXp<—F— 1) oo (S lo vt
2

(3.18)

/
0]
>
e}
7N
w>
ﬂ@
E
<l
ASE
Qo
—

iterating the procedure to derive the last identity. From (3.17)), we thus get:

P[\/ann(./l(p) > a| <, exp < —

a

R o2 gl2,).

Keeping in mind that we manage to find ¢ := ¢(n) |, 1 such that the remainder %, |, 1,
the result of Theorem [2]in the considered case then follows from a quadratic optimization

over the parameter .

- Biased Case (Optimal Convergence Rate). This case corresponds to slow decreasing steps
of the form v, = k7% 6 = 1/(2 + ). In this setting, some terms of the remainder R,
in (3.16) give a non trivial asymptotic contribution. We choose to substract them before
studying the deviation (term B, g in (2.3))).

3.2 Explicit controls on the remainders

Summing the increments appearing in (3.13)), we now choose for the analysis to write
for a given n € N the remainder R,, defined after (3.15) as

Bo= YR,

where:

k

=1

Xk 1 + SO(X0> @(Xn) = (D27b,n =+ DQ,E,n) + Gn - Ln;

1
ka (Vo(Xp1 + tyebe—1) — Vip(Xp_1), b1 )dt
0

- L7

ykTr((D2<,0(Xk_1 + Vibr—1) — DQ@(Xk—I))Ez—l)v

\V]
=~
I
—

M=
&=

[0k (Xk—1, Up) | Fr-1],

i
><,_.

n) — ¢(Xo). (3.19)

5
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We refer to the proof of Lemma to check that the above definition of G,, actually matches
the term /T, E? introduced in equation (2.2)) of Theorem . We rewrite from ((3.16)
1
Ly

1
L'y

Vn(Ap) = (M, + R,) = (My, + (Do + Do) + Gy — Ly,). (3.20)

We now split the analysis according to the cases (a) and (b) introduced in Theorem .

(a) 6 € (1/(2 + B),1], B € (0,1]. From (3.20), the exponential Tchebychev and Hélder
inequalities yield that, for all A € R, and all p,q € (1, +0), é + % =1,

PVEane) 2 o] < e (- s ) (Eexp (- @Mr));

VT, %
X <Eexp (%(}L”’ + ]GnD))Q” (Eexp (%‘D“’"D)% (Eexp (%‘Dzzno)%
(3.21)

(b) 0 = ﬁ, g e (0,1]. If 8 = 1, denoting, Dy, := Doppn + Do, we have from (3.19)
and with the notations of [2.3)), (G, + Day) = v/T.Bn1. We study the deviations of:

P[\/EVH(A@ + B, 5 = al
= P[Vn(Ago) +

Gn + Dgyn < a ]
Ly ~ VT,

< oo(-2) (Bew (- 20)) (B (Rn))) G

For 3 € (0,1), the contributions of Dy, do not yield any asymptotic bias. Recalling
from (2.3) that B, 5 = E? = S we write:

r,’

(3.23)

Remark 8 Observe that in case (a), the “small steps" and the corresponding sufficient
smoothness of ¢ prevent from the appearance of a bias. As a result, the concentration bound
is, at the non-asymptotic level, the same as in Theorem/[], up to the additional upper-bound
for the variance. In case (b), we subtract the terms B,z that asymptotically give a bias.

When 8 = 1, this is the case for both terms ?—:, lifn” Also, for D3p e Ct, B,1 = G"\J/FFB:’” -

—ym introduced in Theorem . For B € (0,1) and ¢ € C*(R4,R), [¢P]5 < 40, the only

term giving a bias is B, 5 = EP = \?FL
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The lemma below provides the Gaussian contribution to be exploited in inequali-
ties (3.21) - (3.23).

Lemma 2 (Gaussian concentration) Fora > 0, ¢ € (1,400), setting

A= — 2 T, (3.24)

qllol%[Vell2,
we derive:

1
a q)‘n a CL2
~M—— | [E (——Mn> < S —
eXp( frn)( P, ) exP( 2q||a|zouwnzo>

Lemma 3 (Bounds for the Conditional Expectations) With the above notations,

we have that for 5 € (0,1],0 € [2%, 1]:
— (3+ﬁ 3+8
PO A ) i (TR I
SV (1+B)(2+ﬁ>(3+6) VI,
Moreover, a, — ao, with ay, = 0 if 6 € (ﬁ,l] and apn > 0 if 0 = 2+5 Also, for
Be 1], 0 (31, 1]:
QL
2p)\n ? >\n )\721 a’%p
< —_— < —_—
(Eexp ( TG )) < exp (man> < exp <2an + 5 ), Vp > 1. (3.25)

As indicated before, we now aim at controlling the remainders. In particular, from (3.17))

and (3.19)), we are led to handle terms of the form

EGXP( b(Xk-1) )(E)EGXP <CC Z’MV (Xk— 1)’)

k=1

HM3

for small enough real constants ¢ > 0.
To this end, we will thoroughly rely on the following important integrability result for
the Lyapunov function.

Proposition 1 Under (A) there is a constant ¢y := cy((A)) > 0 such that for all
Aef0,ev], £€[0;1]:
I5 = sup E [exp(AVE)] < +oo.

n=0
We now have the following results for the terms appearing in (3.19)).

Lemma 4 (Initial term) Let g € (1,+%) be fized and A, be as in (3.24) in Lemma |4
For functions ¢ satisfying (Gv)), i.e. there exists Cy, > 0 such that for all x € R?,

[p(@)] < Cvp(1 +/V(2)), for p:= 5 and j € {1,2}:
” s |+ 1)pC2 N2
(Eexp (jp)\n|1€n>) < (I})r exp <(] Py An + C—V)

n CVF% b
(] + 1)p0\2/7<pa2 Cv )
cv@?|o]LIVelsln ’

= (Iy)r eXp<

with ey, I like in Proposition [1.
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Lemma 5 (Remainders) Let ¢ € (1,40) be fized and X, be as in Lemma [ Then,
there exists Gz := Cgzg((A), @) such that for p = q%l

dpA, i pAZ )2 1
(IE exp (F—\DmnD) < exp (om% (1), (3.26)

n

We also have:

- If the mapping v — (Vp(z),b(x)) is Lipschitz continuous, then there exists Cgzg =
C((A),¢) > 0 such that

<Eexp (—‘D%n‘)> @ < exp <q3222|]%1;2))2> ([‘1/)% (3.27)

2 2
- Fora < %% FV =, there exists an R -valued sequence (vy,)n=1 such that !Un| <
v o

Cim = Cz((A), ) and

ApA,, 7
(IE exp< b \Dg,b,n\)) < (1), (3.28)
Also, v, — vy where v, =0 if 0 > 1/3 and vy, > 0 for § = 1/3.

Proof of Theorem 2.
From Lemma [2] we get:

2

M, % aM, a
Eexp (— ax. Mo ATR N G 3.29
(Eow (- o)) e (- 5) <o (- ymienn) 529

(a) We deal with the case § € (0,1],0 € (2+6’1]‘

(i) We suppose that the mapping z — (Vg(z),b(x)) is Lipschitz continuous. Plugging
in (3.21) the controls from (3.29), Lemma [3 equation (3.25), Lemma [4] (with j = 2) and

Lemmal equations - [B-27 )) we get:
P[yn(Ag0)> 2 ]

VIy,
a? ) A2 pa’ <3PC\2/ A2 Cv)
<exp| —=——5—=— | ex ( & +—">ex —r =
p( 2q| o3| Vel3 P 2l,p 2 P eyl p
(2)\2 2 (2)y\2
1 pA2(Ty a1 pAZ(Ty, 1
(1) exp (m%) ()%  exp (m% (1)

2

a 1 P GC‘Q/SO 2 , 1 )
S - 1 - = 1+ 2| G + )2 4=
eXp( 2q]02 W|2< q||a||zo|w||zo{rn( o 2l Gzl (T)°) p}>

x(I{)» exp ( ;. p; ) (3.30)
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2+

Recall now that for § > = > 1/3, F /«/ — 0, F(Q)/\/F — 0 (see Lemma
and Remark . We now take p := p, — +0, and therefore ¢ := qn — 1, such that

348 3+8
12r{2) 9 ) e
P e 0 so that from Lemma |3, p,a; — 0. Since N this in turn implies:

n

. 1 Dn 60 2) 1
d, = qn||0|§o|Vso||§o{_n< - + [2Cz + 3Ckz)(T®) ) p_n} 0. (3.31)

We conclude from ([3.30)) setting ¢, = ¢, ' (1—d,,), Cy, := (I}, )Pn exp( [CV_|_932:Z|]+pna ) —

1. Observe that taking an increasing sequence (pn)@l readily ylelds Cplnl and g, |n 1
Also, the sequence (p,)n>1 can be chosen in order to have, for n large enough, d,, |, 0 so
that ¢, 1, 1

.. 2 IVol|?
(ii) Assume a < %% FV 7. Plugging in (3.21)) the controls from (3.29), Lemma

equation (3.25)) , Lemmas [| (with j = 2), I 5| (equations ((3.26 , - we then derive:

]P’[yn(.Acp) > \/%]

a’ ) A2 pa? 3pCE N2 ¢y
< exp|—=——=- | exp (—” + —”) exp <—’SD + —>
( 2q|o )% Vel 2Tp 2 evly p
(2)y2
1 pA(Ty) 1
x (I )2 exp (OIEHT (Iy) (1)
< (Il)v7l+4p ex C_V+]£%‘
< p ’ 5
a’ 1 p (6CE o1\ 2 1
exp | — (1 - {—(—’9” + 2Czm(T'?) ) + —})) :
( 2q|o )%V el qlolZ Vel ey p
(3.32)
Since 6 > ﬁ > 1/3 (see Remark , we again take p := p, 1, +o0 so that quz/Qan — 0

which also guarantees:

d = 1 {p <6C‘2/,s0 + Q%IE(F%Q)V) + i} -0 (3.33)
" ol Vel U N ey Iy put w '

In this case, we derive the result by setting ¢, := ¢ (1 —d,) — 1, and C,
(I )vn+ﬁ exp(2- + p”Ta%) — 1 (see the limits of v,, following equation (3.28]) and (3.46))).

Again, (p,)n>1 can be chosen in order to have the stated monotonicity for n large enough.

Set now ) )
o eIl g, 50
4C, | D2)2, pn’

ﬁ

so that a < XnT . Thus, the slower p,, goes to infinity, the wider the domain of validity

for the estlmate in the parameter a.
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(b) It remains to analyze the case 3 € (0,1],0 = ﬁ Let us deal with 5 = 1. From (3.22]),

the controls of ([3.29) and Lemma [] (with j = 1) we get:

G, + D, a ] ( a? ) 2pCE N2 ¢y, i1
P|v,(Ap) + — > <exp|—=—————— |exp | —22 + =) ([})?.
de) + g > oIV otz Ty )W)

Recalling the definition of A\, in (3.24}), we conclude as previously with obvious modifica-
tions of (¢,)n>1, (Cp)n>1- The case § € (0,1) is handled similarly starting from ({3.23]).
Also, when D3y € C', we derive similarly to the proof of Theorem 10 in [LP02] that

Bn,l - —’7m
n

Eventually, the final control involving the two sided deviation is derived by symmetry.

3.3 Proof of the Technical Lemmas

This section is devoted to the proof of the previously used Lemmas and Proposi-
tion [I] which were the key ingredients to derive Theorem [2

Proof of Lemma [1l
For k € [[1,n], we first write:

©(Xi) — 0(Xi—1) = (p(Xk) — @(Xp—1 + Ybi—1)) + (0( X1 + Mbe—1) — ©(Xp-1))
= Th—1,(9) + Th1,4(9),
(3.35)

in order to split the random and deterministic contributions in the transitions of the
scheme (|1.2)).

We then perform a Taylor expansion with integral remainder at order 2 for the function
¢ in the two terms of the r.h.s. of (3.35)). Namely, with the above notations:

1

Ti—1,a(0) = Ybre—1- Vo(Xp_1) + %J (VX1 + tyebr—1) — Vo(Xi—1), bp—1 )dt,
0

Tio10(0) = V0k—1Uk - Voo(Xi—1 + Ybi—1)

1
+Yk f (1 — t)Tr (DQQO(Xk_l + Ybp_1 + t\/%dk_lUk)O'k_lUk ® UkO'Z_1>dt.
0
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Hence,

(X )—p(Xk-1)
= M Ap(Xp-1)

1

‘ka (Veo(Xp—1 + tyebe—1) — Vo(Xg—1), bp—1)dl
0

3/ Y60k-1Ug - Voo(Xj—1 + Yiebr—1)

1
—‘r’}/kJ(l —t)TI‘ (DQ(p(Xk,l +’kak71 —l—t\/’ﬁak,lUk)Uk,lUk &® Ukazfl _Dzw(Xk71)2k71> dt
0
1
= AGXi) + 26 [ (ol Xus + tubics) = Ti(Xioa), buoi)
0

1
+%J (1-— t)TI'<(D280(Xk—1 + Yrbr—1) — DQQO(Xk—l))Zk—1>dt + Vp( X1, Up)

0
= Ae(Xi-1) + D5y + DS g + ¥(Xpm1, U), (3.36)

where

Ue(Xp—1,Uy) = A VeOk—1Uy - V(Xk—1 + Yibe—1)
1
+’}%J (1 — t)Tl"(nga(Xk,l + 'kak—l + tq/'ykak,lUk)ak,lUk X Uka,’:,l
0

—D2p(X)_y + fykbk,l)Ek,l)dt. (3.37)

Observe now that, conditionally to Fi_;, the mapping u — ¢ (Xg_1,u) is Lipschitz
continuous: indeed, the innovation U, does not appear in the other contributions of the
right side of (3.36]). Consequently, as ¢ is Lispchitz continuous we derive, for all (u,u’) €
(R%)2:

[k (Xn-1,w) = Y (X, )| < VAelor | [V@loo|u — o).

The result is obtained by summing up the previous identities from k& = 1 to n, observ-
ing, with the notations of (3.19), that L, = >}, | ©(Xy) — @(Xk-1), Dapn = Doy D5,
Dosn =Dy Ds, Groi= 200 (X1, Uy). o

Proof of Lemma [2l

The idea is to use conditionally and iteratively the Gaussian concentration property
(GC) of the innovation. Let us note that this strategy was already the key ingredient
in [EM12]. In the current framework, we exploit that the functions u — Ag(Xy_1,u) :=
U (Xp—1,u) — E g (Xg_1, Ug)|Fr—1] are conditionally independent w.r.t. F;_; and Lips-
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chitz continuous with constant /x||o|«||V¢|s by Lemma (I} We thus write:

E exp ( — (‘II‘—AMTJ = Eexp <—16{—)\ z"] Ap(Xg-1, Uk))
n " k=1
= E[exp ( — @ 5 Ag(Xg_1, U;Q)IE[exp ( — IC{—AA,Z(X”_I, Un)> |fn_1]]

)\n—l 212

<Blew (= £ 3 A ) e (Feulal Vol )| (639

where we used (GC) in the third line recalling as well that E [A, (X1, U,)|Fn-1] = 0.

Iterating the process over k, we obtain:

1

1 1
A a P a A2lol2 [Vel?
(Eexp(— g—nMn)) - (Eexp<— %,;A’“(X’“’U”)) < exp (] QIOIEH elicy,
(3.39)
Finally,
A A a A
v (25 (- 230)) <o (2.
where g : R* — R is defined by g(A) = ——=A + %HUHEOHVM& As a > 0, the function

attains its minimum at A, given in ([3.24]). This eventually yields the expected bound. o

Proof of Lemma [3l
From the definition in (3.37) and the Fubini theorem, we have that for all k € [[1,n]:

E [¢(Xg—1, U) | Fr-1]
1
= Y J (1 — t)TI‘(E[DZQD(Xk,1 + ’}/kbkfl + tw/'YkO_kflUk)kalUk ® Uko;ck—l
0

—D*p(Xp1 + %bk—l)zk—ﬂfk—l])dt- (3.40)

Recalling that U, has the same moments as the standard Gaussian random variable up
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to order three (see (GC)) and is independent of Fj_1, a Taylor expansion yields:

E[TI‘ <D2(,0(Xk_1 + 'ykbk_l + t\/’)TkUk_lUk)O'k_1Uk &® Uk(f;:_l
—D*(Xy1 + f)/kbk71>zk71> “kal]

=Tr <D2g0(Xk_1 + rkak—1>0'k—1E [Uk ® Uk]o-;:fl)

1
+J E[TI" ((D3g0<Xk_1 +7kbk—1 +Ut\/%0'k_1Uk>t\/%0'k_1Uk) (Uk—lUk ® Uk(J';:fl)) ’fk_l]du
0

—Tr <D290<Xk71 + f)/kbk71>2kfl>

= T1"<D2QO(X;€_1 + /ykbk—1>o-k—1 gE [Uk X Uk] — ]2 0:—1)

=0

1
+t\/%f E[Tr(([D?’go(Xk_l + /kak—l + ut\/%ak_lUk) — Dggo(Xk_l + ’ykbk_1)]0'k_1Uk)
0

X (Uk_1Uk ® Uko';:_1)> ‘fk—l]dua

recalling from (GC) that for all (i,5,1) € [1,r], E[U.UU}Fr1] = E[UIUIUL] = 0

(cancellation argument). Hence,

1

1
(1= O OB o [P U |

O uﬂdu‘}'k,l]dt

|E [k (X—1, U) | Fr-1]] < v J

0

_ ]mk Hak-ln“ﬁE[\Uk\?’*ﬂ]
(1+3)2+pB+06)

recalling that the third derivatives of ¢ are S-Holder continuous for the first inequality.
We thus derive:

3+8
POplo PR U PO T 2
Z‘M’“X’“ LU < T+0)2+AHB+H I, ™

G,
7] = G '

Proof of Proposition [1}

First of all, let us decompose the Lyapunov function V' with a Taylor expansion like
in Lemma [I, We again use a splitting between the deterministic contributions and those
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involving the innovation. We write for all n € N:
V(X,) = V(X,1)

— AV(X) £ A2 f

0

—%Tr(DQV(Xn,l))En,I) + O 1Un - VV (X1 + Ynbn1)

1
+%J (1—1t)Tr (DQV(Xn,l + Vb1 + t\/Vn0n-1Up) 01U, ® Una;';_l)dt
0

1

(1— t)Tr(DQV(Xn_l + b1 )bat @ bn_1>dt

N

2
0ty V (Xnm1) + Gy + Cy 2DV |V (Xo1)

Tn Tn
+EHD2VHOO”U”§C + \/Vno-n—lUn : vv(Xn—l + '7nbn—1) + ?||D2VHOOHO-H<2>O|UN|2

(0% ~ n
< (= V) +2) Vol TV (Xt +abacs) + 2DV |o U,
(3.41)
for a constant ¢ := ¢(V, o, fy). We have in fact considered the time steps sufficiently

small (in (S), we have chosen for all n € N, 7, < min(; \1/7 2v——)). The two terms
v

Coe’ 2C, D2V
involving the innovation U, in the above decomposition can be controlled thanks to the
Gaussian concentration hypothesis (GC). Let us define for all € R? and all v, A > 0 the
quantities:

Ly, A z) E[exp (MWAo(z)Up - VV (z + 'yb(:)s)))],
LA = E[em 02DV .ol |

The first one is directly controlled owing to hypothesis (GC):

< ex
Lv)

N|o* (@) VV (z + %b(w))P)
(

N1 C o2V (@ + ynb(x))
2 P ( )

Ly, A\ ) < exp( 5

(3.42)

Furthermore, under (GC), for all ¢ < 3, I. := E [exp(c|U,|*)] < +o. Hence, for all

A< MW’ Jensen’s inequality yields:

2 2
AP V]wlolg
2c

MDY ololly

Ly, \) < [Eexp(c|Un|2)] 50

= exp <% In(1.)
(3.43)

These controls allow to prove the integrability statement of the proposition by induc-
tion. For n = 0, recalling from assumption (C1) that for all A < Ay, Eexp(A|Xo|?) < +c0

and from (Lv), 1) that V(z) < ¢|z|* outside of a compact set, we derive that for all
A€ (0,22), there exists CY. € (1, +00) such that

Eexp (AV(Xp)) < Cp,,.
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Set now By := &+ ln([c)% and dy := min (=, — A\C, |02 (1 + O, [1 +

71
D2V «
- 2 ”Oo])> € <0’ %]’ for A < 2 - Y11P2V]oo 1y
2Cy o|% (147 Cy, [1+ H=5—=])
Ao Ay

- C
2¢c? D2V ) TD2? 2 ),
€720, o] (1471 Oy, [14+ 212 Vi 1) 7 [D2V ool |Zom

Let us assume that for all A < Ay := min

the property

Vk e [[Oan - 1]]7 Eexp ()\V(Xk)) S CVJ\ = 01[)/,)\ Vv €Xp (Afv)a (,Pnfl)

ay,

holds for a fixed n —1 € Ny and let us prove (P,). By inequalities (3.41)), (3.42)) and (3.43))
and the Cauchy-Schwarz inequality, we derive that for all A < Ay,

Eexp (AV(X,))
_ E[exp (AV(X,_1))E[ exp (A(V(X,) — V(Xa_1)) \fn_l]]

« ~
< E[exp ()‘[V(Xn—l)(l - 7‘/’771) + C’Yn]>]1(7na 2)\> Xn—1)1/2[2(’7na 2)‘)1/2]

— exp (AnBr)E[ exp (A1 = ) V(X 1) + N23Cy o2V (X +9nbn 1)) |-

Recall now that

2
V(X1 + Ynbn-1) < V(Xpo1) + 'Yn’vv(Xn—l)an—l‘ + %HD2VHOO|bn—1|2

Wl D?V oo

<
2

V(Xna)(X+mC [1+ D-

Thus,
E[exp(\WV(X,,))] < exp (/\yngv)E[exp (A (1 = 7,0v) V(Xn_l))]

€[0,1)

(Jensen)

< " exp (MuBy)E[exp (A\V(X,1))
< exp (M) Oy

using ((P,_1|) for the last inequality. From the above equation and the previous definition
of Cy.» we have:

] (1—’Yn51v)

~ s G
exp ()\%BV)C"% M) < Cya = Cya = exp < &Bv).
\%4
Hence, (P,) holds. Taking ¢y < Ay completes the proof. o

Remark 9 Noting that v* := inf,cga V(2) > 0, we get that for all (n,€) € N x [0,1], and
for all X < Ay (v¥*)1=¢:

Eexp(AVE) = Eexp (A(v*)é (E)g) <Eexp (AW*)EV,) < Cyaprynr < +0.

*

~—

=1
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Thus, we readily get as a by-product of Propositz’on that, for all € € [0,1], X < Ay (v*)1~¢
, SUp,ey Eexp(AVE) < +oo. We refer to Lemaire (see e.g. Theorem 17 in [Lem(7]) for
additional results in that direction.

Proof of Lemma @.
Recalling from ) that there exists Cy, > 0 such that for all x € R?, |p(z)| <

Cvp(1+4/V(2)), we get for j € {1,2}:

1

. so(XnH)] 5 [E - (ijnCW(Q +/V(Xo) + ¢V(Xn>>>] »

[E exp <ijn T T

L L
)\ V(Xo) 2jp . V(Xn) 2jp
< exp <2C'V¢P ) []E exp <2jp CypA F—n>] E exp <2]p C’V,w)\n—> .
Write now for i € {0,n} by the Young inequality:

V(X)) (Jp)*CY N2

2]']90\/739)\” F < va(XZ) +

where ¢y is the positive real constant such that I, = supE [exp(cyV(X,,))] < +o0 (see
n=0

Proposition . We then get

lo(Xo) — ¢<Xn>|>] i

[E exp (ijn

Ly
An JpCY A, B 7
< exp (20V,wr_> exp (#) (E eXP(CvV(Xo))> i (E exp(evV (X, ))) ’
|+ 1)pC2 N2
<exp ((] C)pF2V,<,D n) exp <(2/) ([1 )Jp 0
Vin

Proof of Lemma 5l

e Proof of inequalities (3.27) and (3.28)).
- If v — (Vp(x),b(x)) is Lipschitz continuous. We first rewrite from the definition of Dy,
in (3.19):
Doppn = Z J (Vo(Xp—1 + tybe—1) — Vo(Xg—1), bp—1)dl

= Z J<Vﬁ,0 Xk 1 +t’}/kbk 1) bk 1—b<Xk 1 +t’ykbk 1)>dt

+L ((Veo, b)(Xi—1 + tybr—1) — Ve, b>(Xk—1))dt]~

From the boundedness of Vi, and the Lipschitz property of the mappings x — b(x)
(which has been assumed from the very beginning) and z — (Vp(z),b(x)) (assumed for
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the current inequality), recalling that by = b(Xy_1), one derives that :

C bk 1|

Dasal < 22 (196l lbls + (V0,011 ) 25 oZmbk i, €= Cl,p). (3.44)

k=1

From this inequality, assumption (Lv ), ii) and the Jensen inequality (applied to the
: . 1oNwm L2 e
exponential function for the measure e D h—1 ViOk), we derive:

1

Ap),, i 1 & Ap\, TP
(E exp < T |D2,b,n|>> < (@ 1; TE exp (F—NCV Cyv Vk_1)
From the Young inequality we obtain:

E exp (@Cﬁ%) < exp <<2ﬂ1;‘); oL C\/g) ) [exp(ey Vi1)].

We finally derive with the notations of Proposition
1
4pA, » 2p\2 (T )2 (C
(Eexp( 13 |D27b7n|)) < eXp( p r2 v )

< e (qmw)um

n

setting Clzzn := 2° YL with € = 1 (| Vil [Bly + (Yo, B)]1) as in (B49).
O

-Ifa < 4‘3“71?”1%2‘%}6 Xn*/(ljgl with the notation introduced in (3.34). Write first

from 9) (definition of Dy ), using a Taylor expansion on Vp:

(zo (o))

< <E exp (4]))\” Zn: " Ll(l - t)‘TT<D280(Xk—1 + tYkbp—1)bp—1 ® bk—l) ldt>> E

(3.45)

We first easily get from the assumptions on ¢ and point ii) of (L£y) that:

4pA, iz 2D\, & g
(]Eexp( 122 |D27b7n|>) < (]Eexp( ? ZviCVVk_lDQMOO)) :

nok=1

From the Jensen inequality,we derive:

1 1
ApAy, i 1 & 2pA L) 4"
(E exXp (F—’D2’b’n‘>> < <W Z ’YzE exp <—HD2SOHOOC Vk 1) .
" n k=1
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We then have from the definition of A, in (3.24) that:

2 2
e M oy Ov T 200 D%
T, o = VT ovq oIV,

~

The Jensen inequality for concave functions yields for all k € [[1,n]:

2pA ) on
E exp <pF—HD2ngOOCVVk_1> = Eexp (@chVk_1> < (E exp <cVVk_1>> .

n

Thus, setting
_ 2
B _ W O (3.46)

n::_:—D D]
L

we finally derive,

1
n

ApA, w [ o |
[Eexp(p |D2,b,n|)] <[@Zvi(supE[eXp<cvvz_l>]) ] — (1) =G,

n’ k=1 I=1

using again the notations of Proposition . This gives (13.28]).
e Proof of inequality (3.26]). We proceed as for the proof of (3.28) and (3.27]). Write:

1
4dp X, a»
(E exp < Z; ‘D2,Z,n‘>)

< <E exp (4]12)\71 i %)Tr((D2<P(Xk—1 + Ykbr-1) — DQQO(X’“—l))Ek_l) D) E
nok=1

1

20\, 2 ”
<<Eexp( £2 |2 [ )] Z |bk1>>

n —

1

2p n 1 = 1 ®
<<Eexp(F ol [™)] VZ |Vk_1|2)>

n :

N \

1

1 < 2p)\nrn2 1 1 »
< <W > MEexp (F—naﬁo[g@@)]lcg |Vk1\2>> :

lols[e™1E Cv

Using once again the Young inequality and setting Cg=g := i wr, we obtain:

(Eexp(llpk"wzz,nr));” < exp (25 (Y o oo G

oo (it () )% o
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4 A refinement when ||c||? — v(||c|]?) is a Coboundary

We will assume in this section that there exists a solution ¥ of the Poisson problem
AV = ||o]|? — v(]|e|[?), where || - || is a matrix norm such that |- | < || - ||, satisfying the
assumptions stated for ¢ in Theorem [2| This is in particular the case for the Frobenius
norm | - | under the assumptions of the previous Theorem [

In this special case, we have a slightly different concentration result improving our
previous ones for a certain deviation range.

Theorem 8 Under the assumptions of Theorem [ and with the notations introduced
therein, we have that:

(a) For (B e (0,1] and 0 € (ﬁ, 1]), there exist two explicit monotonic sequences ¢, < 1 <

én, n = 1, with lim,, C, =lim, ¢, = 1 such that for alln =1 for all a > 0:

Cn

Pl T (491 o] <2 (- e 00

P L 2 /T,\3
®,(a) := <a2<1— ))v(aérécn <1——cn (—2)) ) ,
1+4/1+43 5 3o\at/) ),

2/3
where x4 = max(x,0) and ¢, = <%> v(lol®)lloll?e, with &, being an explicit

positive sequence s.t. ¢, |, 1.

(b) For [ e (011],9 = ﬁ,
1, with lim,, C,, = lim,, ¢, = 1 such that for alln =1 for all a > 0:

there exist two explicit monotonic sequences ¢, <1< C,, n >

Cn

Plv/T,vn(Ap) + B, 3] = a <26’nex <— q)na).
[WEwa(Ag) + Busl > ] ST L AR

Remark 10 (About deviation rates) Observe that in order to derive global deviation
bounds (valid for every a > 0) two concentration regimes appear in the previous bounds.
For an arbitrary fized a > 0, we have that for n large enough (depending on a), the Gaus-

sian concentration regime will give the fastest decay, since % — 0. Also, when
14+4/1+4e3 25
a

n

a = +/I',, the two above contributions give a Gaussian bound, with suboptimal constants.
Fventually, when a » /T',, for a fired n, we have that the first term is “stuck” at the

. . . 2 . 2 N -3
threshold I',, whatever level a is considered, i.e. a (1 —1+\/@) . ¢, 'y whereas the

second clearly becomes bigger.

To summarize, when the Gaussian regime prevails (i.e. when is small), the results
of Theorem [3 have been improved in the sense that the variance in the deviations is
a sharper upper bound of the “carré du champ" §,|0*V(x)|*v(dx) appearing in the
asymptotic Theorem [l Indeed, we managed to replace the supremum norm ||o|% deriving
from Theorem|d and the domination condition on the matriz norms by v(||o||?). However,
our martingale approach naturally leads to a bound in |[Vp|?2, .

a
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On the other hand, the global double regime seems to be the price to pay to benefit from
the better approzimation of the “carré du champ" in the Gaussian regime.

Eventually, Theorem[3is a direct consequence of the previous theorem in the Gaussian
regime.

Proof: We focus on case (a) for § € (0,1), 0 € (1/(2+ 5),1]. Case (b) could be derived
similarly following the proof of Theorem 2] We restart from the computations of Section [3.1]
that give for all A > 0 the control in equation . Let us now deal with the term giving
the concentration and write for all p > 1:

E exp ( - @Mn> < <E exp ( - @Mn - M Z 7kA79(Xk;—1))>

2(p— 17 H
= grg (4.1)
Since for all z € RY, Ad(z) = ||o(2)]|? — v(]|o[|?), we obtain:
20 \)2[ ]2 2 20\ \2[ ]2
N p (N [elivdioll®) N L (2 >
7 = e T, JEes or, M or2 ;WWX’“‘I)' )

The key idea is that we have exploited the Poisson equation solved by ¥ to replace the

(@)?[elillollz,
T,

tained in equation (3.18) and the domination condition on the matrix norms, by the

p* (@) [lfvllol?)
oT,

procedure over . This improvement will be all the more significant that neighborhoods
of the points where the norm of the diffusion coefficient ¢ attains its supremum are not
very much charged by the invariant distribution. The point for 7] is then to prove that
the remaining expectation is less than 1. It will be shown by exhibiting an appropriate
underlying supermartingale.

Set to this end ?{ = exp < — p2(q’\)2[;plliy(mgm2)) 1. Define now, for a given n € N and

previous rough control exp( ), coming from the martingale increment ob-

above term exp ( ) This last contribution will be part of the optimization

m € Ny, S, := exp (—p%Mm—Tl Do el o (X 1)H|2> From the definition of the

martingale (My)x=1 in (3.14) and the controls of the Lipschitz constants of the functions
(Ve (Xk—1, ‘))ke[[l nl in Lemma , we get by iterated conditioning:

~

A < E[ ' 1exp(

P o )17 exp (~ 2 04y~ M) ]
*(g))?

= [nlexp( O o () exo(E S Rl X))

< E[S,.1] <1

2F2
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In other words, (S,,)m=o is a positive supermartingale. We finally get that, for all p > 1:

1 A)2[0]2 2

5 < exp (PO TBllel)) ",
: o _ (@*Plel}

For the term 5, we have that setting p := u(q,n,p, \) = DT

T = Eexp (ﬁ > kaw(Xk—ﬁ),
Tn k=1
so that this contribution can be controlled from the previous expansion of Lemma
exploiting the technical lemmas of Section [3.1] replacing A by u and ¢ by 9.
In case (a), for 0 € (1/(2 + 58),1], B € (0, 1], the Hélder inequalities yield that for all
pe R, and all p,q e (1, +0), le + 2 =1, similarly to (3.21),

q

Q=

Ty = Eexp <Fﬂ Zn: ’71<;«419(Xk_1)> < (E exp <f1q:—’uM;L9>)
" k=1 n

1 1 1
25 % Ap I Ap 5
X(Eexp(li’“wm)) (Eexp(%wm)) (Eexp(%wizmo) . (3)

where the superscripts in 9 emphasize that the contributions to be analyzed are those
associated with the solution o of the Poisson problem with source ||o|[* — v(||o||?).

Still for simplicity, we assume as well (case (i)) that the mapping z — {b(z), Vi(x)) is
Lipschitz continuous. Plugging in the controls established in Lemmal[d] (with j = 2),

Lemma 5 (equations (3.26) and (3.27))) and (3.39), then replacing A, by p, we get similarly
to the first inequality of :3.30; and with the notations of Lemma :

7112 2 1912 2 = 2 3502 112 .
% < e <qu lloll5 L)exp( p +z%) exp( POV g1 +c_v) (1)

2T, 2I.p cyl? D
P22\ 3p2 (T2 1\ 1y
xexp | Gz —— | (Iy)™ x exp OM—”(T + 2—]5> (Ly) .

< oxp (12 (TAELE p<<ri>>2[om+ i) + 200) (L)

r, 2 r, 2 cvly 2p
X exp (}% (cv + CBTIZ) + %)(I‘l/);
Set now
C, = exp (%(cv + q%m) + ]%i)(]‘lf)m
&, = ﬁ((Fl%j)Q (G + ;q;m] + ifff:) + 2%. (4.4)

In the considered case, the exponent p := p,, can again be taken such that p, — +o00 and
n

(2) _
Dn (F; 0 in order to have, €, — 0,C,, — 1 with the indicated monotonicity for large
n n n n

enough n.
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We derive from the above control and (4.2)) that for all ¢, p > 1:

(Eexp(—l):—ZMn)>l < (77" )

c xp (TR o5 o (028 (GBI )

Plugging this bound in (3.21]), using again the controls of Lemmas |4 and [5| eventually
yields:

P [ﬁyn(Aw) > a]
<o~ ) e (- (aleTlol) + 1)) 0 exp (120 (Tl c )

x exp (?—721119((F£‘2))2 (Cim + 3G + iﬁ“’)) exp (1 (ev + T2 4 P 1)

. (2)y2
Choosing p := p, - +0o0 and such that p, (an)

and with the notations introduced in the proof of Theorem [2}
22 2 2
A cpalelivlal’) en)>

P H\/ﬁyn(flcp)) > a] < 2G, O; exp <_\j—l%) exp <Fn( 5
o (L (OB )

pq T'y 2

where e, is defined similarly to €, in (4.4) replacing p by p. In particular e, — 0. Note

~ _p-1 "
that for the previous choices of p, p, we have that C, := C,,C},”* — 1 uniformly in p > 1.

(aN)2p*[e]3

Recalling that u = 0TIl

, we are thus led to minimize the polynomial function

4
a) )\A+)\B

U T, I3

where A, = A,(p) = pgn and B, = B,(p) = ppfglén with

oo IR (AOIERR (Y

Note that both sequences (A, )p=1 and (B,)ns1 are bounded and bounded away from zero
sequences (and do not depend on p). The function P is clearly convex and coercive so
it attains its minimum at A, unique zero of the equation P’(\y,) = 0. This equation
reads

oe])

+ e,

N 2 2
oo B

5
A, I? al'2

3 ny n
A 2B, 2B 4B,

—0 (4.6)
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which is the canonical form of this third degree equation to apply the Cardan-Tartaglia
formula ([]) so that

1 1
r, a 24,,\3 a? ’ a 24,,\3 a? ’
Amin(p) = 27 (w/ran * \/<3Bn> T, B2 ) * (\/Fan - \/<3Bn> T B2 )

(4.7)
In order to derive our non-asymptotic bound, we select two “regimes” based on a first
order expansion of A, in two cases #ﬁ — 0 and %ﬁ — 0, assuming that the free
parameter p = p, to be specified later on remains bounded, e.g. p € (1, 3] (which implies

that both quantities g” and L remain bounded as well). Also, note that if p — 1, then
Bin and 4 — 0. First, one easﬂy checks that if (z,,)>1 and (a,)n>1 are two sequences of
positive real numbers where (a,),>1 is bounded, then

3 3 22n it x, = o(a,%) (then z, — 0)
(a:n+«/af;+$%> + (xn—«/a%er%) ~{ 3a 5 ’
(22 A

)% if a, =o(z}) (then z, — +00).
(4.8)

[SJIe]

o [f 22—
yields

<<g—z> > (hence goes to 0), setting then z, = #ﬁ and a, = g%z

av T,

anFn

Amin(p) ~ A*(p) := as n — +oo.

24,

Note that A* := A\*(p) corresponds to the optimization of the quadratic part of P. Then
2 2 B, 2 2 B
POV = -2 (1—a—3—) —(1- "),

Set now &, := ap"T«;) with a,(a) = Ad . Then

2

1- n
C4A, 1 el

It remains to maximize the mapping & — ﬁ over (0,1). Its optimum is attained

for ¢ = —L—— which in turn yields

1
1+

2
2
POy = ———[1- — (4.9)
44, 144 /1 445502

Note that, with the resulting specification of p = p* =1+ a"(“) € (1,3] (at least for

large enough n), the above condition z,, = o(an) in (4.8) is satlsﬁed a posteriori.

*. If the equation 23 + pz + ¢ = 0 has a unique real zero z, then its discriminant A = 4p® +27¢> > 0

andz*:(f fq+\/7) (% —q— 2%))5.
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o If 547 — +o0, then, still owing to (14.8]),

- T,/ 2a \% [aln\?
Amin(p) ~ A*(p) = f(ﬁ) = (4Bn> A/ I, asn — +oo.

The value A\*(p) corresponds to the quartic pseudo-optimum of P (i.e. obtained by ne-
glecting the quadratic term). This yields, when reintroducing the parameter p,

- s a(p—1)4 (3 A, T3 L
P /\>|< Z—CL3F%?1 - — ~ 1 3 —1)3 .
(X (0)) i wmyia Y

The right hand side of this equality is a function of pe (1, +0o0). Its analysis yields that
the optimum is attained in (1,3/2] and that it tends asymptotically in n to 3/2 in our
considered regime. Taking as suboptimal p = 3/2 gives:

P(X(p)) < *é (g—:)é (1 - ;%(%>3> . (4.10)

From (4.10)), (4.9) and (4.5)), we conclude the proof of case (a) by setting ¢, := A, B
which matches with the definition in the statement of the theorem.

In the biased case, the result follows similarly from the corresponding analysis per-

formed in Section [2| taking A, (p) = w. a

Remark 11 When a = /'y, one checks that A\uin(p) = 'y and P(Amin(p)) = —T4.
This behavior is consistent with our non-asymptotic bound. However, for practical and
numerical purposes observe that the optimum can be estimated. Namely, plugging the

identity (4.6) satisfied by Amin(p) in (4.7) into the definition of P, yields

P(Amin(p)) =

_)\min(p) (3_& . )‘mln(p)pgn>
2vT, \ 2 VT,

S L ) e RN )

where

2A4,\3 a2 2\ 2A4,\3 @2
(ap) ==+ (-1 (5t | s (- D (5 v )
VT. B, 3B,/ B, V. B, 3B,/ B,

Then, an optimization in p€ (1,+00) for given a,T',, can be performed (noting that p —
(p—1)3p71, ie{1,2} are bounded functions over (1, +x)).

[NIES
W=
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5 Smoothness Results for the Poisson Problems (Proof
of Theorem [4))

We first prove here Theorem 4] which allows to derive from the deviation results of
Theorems [2] and [3| the practical deviation bounds of Section [2.3](i.e. Theorems|5] [6] and [7)).
We recall that we work in the confluent setting of (D?) and that we additionally consider
two main types of assumptions:

- Strong confluence conditions and smoothness (Cgr). Namely, assumptions (Lv),
(D?) and (Rs ) introduced in Sections and with the condition ||Do|? <

2«
2(3+8)—p"

- Mild confluence conditions and non-degeneracy (Cuyg). Namely, assumptions (Lv),
(D?), (R13) and (UE) introduced in Sections and together, when d > 1,
with the condition |Do|?, < ﬁ and the technical structure assumption on the
diffusion coefficient that for all (i, 7) € [1,d]]?, i, (z) = Zij(Tinj, -, Ta).

It is well known that when (Cr) or (Cyg) are in force, there exists a unique invariant
distribution for (L.I), i.e. assumption (U) holds. We refer to [Kha80], [PP14], [Pag01],
[PV0O1] for proofs of this assertion. The next step consists precisely in investigating the
smoothness of the corresponding Poisson problem as well as some associated quantitative
pointwise bounds on the gradient of its solution, which is one of the key terms appearing
in the deviation bounds of Theorems 2] and [3

Let us indicate that the conditions appearing in (Cr) depend on pure pathwise prop-
erties, whereas the case (Cyg) takes advantage of the regularity of the underlying semi-
group which allows to alleviate some smoothness assumptions on the coefficients and some
restrictions on the variations of . When the dimension increases, it becomes useful to
benefit from the smoothing effects of a non-degenerate semi-group, especially if we keep
in mind that one of our goals is to handle Lipschitz continuous sources.

5.1 Proof of Theorem /4]

Under (Cyg) or (Cr), it is well known that the Poisson equation (2.5)) that we now
recall:

vreRY Ap(x) = f(z) —v(f),

admits a unique solution centered w.r.t. v and with linear growth, in W2 (R? R) for any
p > 1 under (Cyg) (see [PVOI]), or in C*#(R%,R) under (Cr) (see Proposition A.8 in
[PP14]). In both cases, we have the following representation:

o) = — JR (P.f(z) —v(f))dt where P, f(z):=E [F(Y,")] (5.1)

and ;" solves (L.1) with Yy"* = z. To comply with the framework of the above Theo-
rems [ and [6] the first step is to establish a pointwise gradient control.
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Gradient Control

Under (Cyg) or (Cr) we manage to obtain pointwise gradient bounds for ¢. In our
current confluent setting, these estimates are obtained through controls on the tangent
flow, again without any a priori uniform ellipticity condition of type (UE).

Lemma 6 (Pointwise Gradient Bounds) Assume that (Cuyg) or (Cr) holds. Then

IVl < L1
o

with « as in (DP).
Proof: Gradient Control in the Confluent framework
Assume now that (D?) holds. Observe that, as soon as (R4 ) holds, it is well known

that that V,Y,>" is well defined and belongs to L?(P), see [IW80]. Hence, for t > 0, i €
1, d]:

LEfYPN)] = ERVAYY), 0,5,

d ot
%W@=emem®%mW@+ZfD%MW%wwm,
0 ; 0

where ¢; stands for the i*" canonical vector and Db, Do.; € R @ RY.
Let p € (1,2] be given such that (D?) holds. Considering the mapping y € R? — |y|?,
where | - | stands for the Euclidean norm of R?, it is easily seen from It6’s formula that:

102, Y,

0 YOJ: a _YO,x
_ 1+ f < T YO,z Tits >ax}/;0,x pdS
b 105, Y| )|a.yﬂﬁ| 19X,

L) 0 Y 0z Y
w3 [[ (B o i) B o

p |DU YOm axlyox|2
ZJ 00, Y2

axZYOJ: Ox awZYO;v
eXp( J<|a Yoo . YO‘”|> )

’DO'J Y(]gc xyOm’Q ’<ax YOac DJ](YO‘T) xy033>|2
X ex : +p—-2 : : > ,

|<aociy:90’x, DU.j (Y;va)axiy?,x>|2
|0, Y|4

+(p—2) )10 Y2 pds

(5.2)
2, YO - azly
where (M,);=0 = (pZ] . So EREEL , Do ;(Y2) i >dW9)t>0
martingale with bounded mtegrand and E(M); := exp(Mt S(M);) denotes the associated
Doléans exponential martingale. From condition (D?), we thus get:

is a square integrable

102,277 < exp(—apt) x E(M,). (5.3)
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We eventually derive:

[ ERvrorn. vt < s [ B0y < (11, [ Cesp (-anar = L

0 0 «

From the above control and equation (5.1)), we thus derive:

Vie [1,d], Yz e R |0,,0(z)| < iy (5.4)
a
Similarly, for all # € R%, Vo(z) = {7 E[(VY,**)*V f(Yy™)]dt where we have VY,** =
(0, V)
(0, Y% - 0,,Y,"" ) so that (VY ") = : . Hence, recalling that | - |
(00 Yy")
stands for the Euclidean norm, |Vo(z)| < JOO E[| (VY25 ||V £(V,2)|]dt where we recall
that for A € R ® R?, [ A| := sup|,<; .cpa |A2| denotes the operator (or spectral) matrix

norm. Thus, |Ve(z)| < ||V flle JOOIE[”(VY;O:’““)*HP]l/pdt = IV ]l JOOIE[HV}QO’IHP]I/pdt.
Now,

VY| = sup |[VY "2

j2/<1

For any z € R%, |z| < 1, setting Z)"™"* := VY,>"2, one has the following dynamics for the
R%valued process (Z2%%) sefo.4:

t d ot
727 = 2 4 f Db(Y ") Zd"*ds + EJ Do ;(Y)") Z AW,
0 j=10

Hence, we derive similarly to (5.3)) that |Z,"*|P < |z|P exp(—pat)E (M), where (M) does
not depend on z. Write now,

E[| VY [P]17 = Efsup | 2" [P]" < E[sup |2]? exp(—pat)€ (M,)]? < exp(—at). (5.5)

|z|<1 |z|<1

IV 5lo

[0}

This eventually proves the claim |Vg| o 1= sup,cpa |Vo(z)| <

Additional smoothness

— Theorem |4 can be derived under (Cgr), by iterating computations similar to the ones
performed in Lemma [} On the other hand, to have the required smoothness, since we
cannot expect some smoothing effect from a non-degenerate diffusion coefficient, we have
to impose that b, o, f themselves lie in C>#(R? R) and the restriction on the variations
of o which ensures exponential integrability in time for the expectations of the iterated
tangent flows, see Lemma A.8 in [PP14] for details (see the parallel between the above
condition on Do and assumption (AC,) appearing p. 559 in [PP14]).

— Proving Theorem {| under (Cyg) requires more sophisticated tools (Schauder estimates
for operators with unbounded coefficients).
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Proof: Theorem [4| under (Cyg)
Let us begin with the scalar case. For d = 1, set for all z € R,

+o0
oa) = - | BN
0

- _ foo th[@(y;W) exp (f b’(YSO’w)ds)é”( L t a’(Ysﬁv“”)dWs)] ,  (5.6)

where for all y € R, ¥(y) := J,f(y). We observe that d,¢(z) = v(x). Also, from our
assumptions on f, b, o, we have that W, b',0’ € C,?’ﬁ(]Rd,]R). Theorems 2.4-2.6 in Krylov
and Priola, [KP10] then yield the existence of a unique solution to the PDE:

Aw(z) + ¥ (2)w(z) = ¥(z), where Aw(z)= Aw(z)+ oo’ (z)uw'(z), (5.7)
belonging to Cg p (RY,R) and such that the following Schauder estimate holds:
31021, Jwlas < O+ [ ¥]5). (5.8)

Indeed, from (DP), we get that 0'(z) < —a < 0 and the potential in (5.7)) has the good

sign. From ([5.6)) and the Girsanov theorem, we also get:

+a0 t
v(r) = —J dtE [\Il(ﬁox) exp (J b/(f/so’x)dsﬂ :
0 0
where dY%* = (b(Y2®) + 00’ (Y2"))ds + o(Y2")dW,. Note that Y has generator A. A
simple identification procedure, similar to the proof of Theorem II.1.1 in Bass [Bas97|
then gives v = w. The result follows from . Let us emphasize that this is a quite deep
and involved result for unbounded coefficients.

In the multi-dimensional setting, recalling the technical condition that for all ¢ €
[1,d], j =i, % ;(x) = 3 (i, -+, xa), we have that differentiating formally the PDE
in the space variable z;, i € [[1,d]| yields that 0,, = v; should satisfy:

Awi(@) + dubi@ywi(a) = Wila) = ) duby(@)(a)

Jel1,d]\{4}
1
_5 Z aﬂﬁizj:j(m)aﬂﬁjvj(x> _Z Z (3$¢2j7k(x>a$jvk(x)a (59>
je[[1,i—1] Jell,i—1] kellj+1,d]\{s}

with U,(x) := 0,, f(z) and

~ 1
Aw;(x) = Awi(:10)—1—53%2@@-(@8@%@) + Z Oy i, () Oy wi ().
JelL,d]\{4}

We would now like to enter the previous framework of Schauder estimates. To do so,
we first observe from (D?) and the Cauchy-Schwarz inequality that 0,.b;(x) < —a < 0.
Consider now ¢ = 1 in (5.9). From our current assumptions on f, b and the previ-
ous computations on the gradient for the multi-dimensional case, it remains to prove
Wy (x) 1= Wi(x) — D O bj(z)vs(2) € CY?(R?,R). This will be the case, once we will
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have proved that V¢ is f-Holder continuous, which is a priori not direct. This property
is assumed for the remaining of the proof and shown below. In particular, it leads to the
restriction concerning the variations of ¢ when d > 1. Hence, Theorems 2.4-2.6 in Krylov
and Priola, [KP10] still apply and give that there exists a unique solution w; € Cf # (R%, R)
to (9.9) which also satisfies:

10> 1, fwls = Y D%l +[DPwnls < CO+IT]5) = C((Ly), (Rup), (UE)).
a,|ale[[0,2]]

(5.10)
The identification wy = 0, = vy is standard. The control allows to iterate, since
it gives that Vw; = (0,01, -, Ou,v1) = (Cuy 2015+ 5 Oy ) 1s f-Holder. We thus get
by induction, from the specific chosen structure on ¢ and by Theorems 2.4-2.6 in Krylov
and Priola, [KP10], that for all i € [[1,d] there exists a unique solution w; € C;"’ (R, R)
to ((5.9) such that:

30> 1, Juwilzs < C(1L+ [ ¥if5) = C((Lv), (Rug). (UE)),
U;(z) == U(x) — Z Ou;bj(x)vj () — % Z Oy 2 1 () O Ui (). (5.11)

jelLdl\i} ke Tt aii)

The Lipschitz property of the mapping = — (Vp(zx),b(x)) is eventually derived fol-

lowing the procedure described in Remark [7]
m}

Remark 12 (Structure of o) We emphasize that the structure condition on o assumed
mn Theorem under (Cug) is mainly technical. It is of course always verified in dimen-
ston d = 1. For d > 1 it is motivated by the fact that, differentiating without this
assumption yields to consider a system of coupled linear PDEs with growing coefficients
for which the Schauder estimates have not been established yet. Following the existing
literature for Schauder estimates for systems (see e.g. Boccia [Bocl3[), we think that the
results of Krylov and Priola should extend to this case. This would allow to get rid of the
indicated condition. Here, the condition simply allows to decouple the system.

Let us mention too that the results by Priola [Pri09] could also be a starting point to
imvestigate the smoothness of the Poisson problem for degenerate kinetic models.

These aspects will concern further research.

Additional Smoothness continued: $-Hdolder continuity of the gradient through pathwise
analysis. We control here, under (D?), p € (1,2] and (Ry3), 8 € (0,1], the g-Hoélder
modulus of continuity of the gradient. We will progressively see how the restrictions on
Do come out. For (z,2') € R*, write for all i € [[1,d]:

Oz p() — O, p(")

-] T (ERTH), 0, Y00] ~ ERV I, 0,70 dt‘

0

+00
<‘L(WmmMWJWW%Wm+wmﬁme—%www4

—: (GV + @) (x,2"). (5.12)
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Let us first deal with the expectation in Gf . Namely, write

1

(Y, = Y110, Y] < B[V = Y P[0, Y]

Q=

, 0,q>1, p+q =1
Take now pf = ¢ <= p = %, g = 1 + [0 which leads to the same integrability
constraints on the flows.

If 541 < pin (D?), then we readily get similarly to that E[|0,,Y,%*|7)7 <
exp(—at).

If now 3+ 1 > p, as soon as (D};B) holds for some & > 0, which is actually the case
provided that

2
|Do|2 < ——

S ———, 5.13

1

for § = 1+ /3, we again get similarly to (5.3) that E[|0,,Y>*|9]7 < exp(—at). On the other

hand, the mean value theorem yields:

1
E[V" Y1 < |z —o/E [J AN VYA e
0

=

1

< fo— o ( | axEpeyep)
0

< o — )P [exp(—aBt) s<p + exp(—aBt)i g0 ,

exploiting (5.5)) for the last inequality provided that (5.13), which in turn implies that
(DL for some & > 0, holds if 1 + 8 > p. Plugging these bounds in (5.12) gives that:

(0% «

V(z,2') e (RY?, |GP(2,2)| < ([if ]g) [H”“f’ + H”M] |z —a'|° (5.14)

We already see that, when 1+ 3 > p, for the parameter p of the initial confluence condition
(D?), a first constraint on the variations of ¢, namely (5.13)) appears.
Let us now turn to Gg . Following the expansion of write:

t
0, Y, — 2, Y|P = 2f (0 Y2 = 0,27 DU(YP)0, Y% — Db(Y2)0, Y )i
0

d
+2), f (0n Y2 = 0, Y2, Do y(Y29)0, Y2 = Doy (Y0)0n Y0 yaw)
j=1+0
d t
+2 f Do (V) 0, Y — Do y(Y) 0, Y Pds.
j=1+0

Let u(t) := B0, Y,>" — 0, V"2, t > 0. First note that u(0) = 0. Taking now the
expectation and interchanging expectation and time integration yields

¢
u(t) = J EZds

0
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where (Z;);>0 is a pathwise continuous process clearly determined by the terms inside
the above time integrals. One readily checks that, t — E=; is continuous so that u is
continuously differentiable and satisfies

W(t) = 2B 0,07 = 0, Y0 DO(Y)0n Y = Db, v )

d
+ Y E[Do (Y)Y, — Doy (v o, 2 .

j=1

Using the Young inequality for a parameter ¢ € (0, 1], small enough and to be chosen
further, we derive:

axl}/;07$ _ axi}/;o,l‘,

’amiy;oﬂ? - ain];O,x/’

0,z 0,2’

— Db(Y,>"
|6I¢Y;O7x - aﬂciY;fO@ ‘ ( t )

u'(t) <2E

DN Y = o Y

t
+fuwﬁﬂ—mm“m%ﬁﬂ@mw—%Wﬂ]

2

0,z 0,z’
0. Y, — 0, Y, /
T+t Titt ’(?xthO,x . axi}/;o,x |2

Do ,;(Y,* :
' )‘axzy;ovx - al‘iy;fow ’

d
E[1+8 Z
im

1

d
+(L+e7") Y 1D (V) = Doy (V) P[00, Y
7=1

From this computation, the point is now to make the confluence condition (D?) appear
and to separate the components for which we will exploit the S-Holder continuity, namely
Db, (Do) jeng- To do so we first observe that:

0,z 0,2 |2
t 0,x 0,2’

azi)/t(],:v o ami}/to,fﬂ/ axlyom . z YO .z’ >+

—, Db(Y,>" i
0, Y, = 0, Y, (tﬂawmau“|

1 .
<—a+@—MjWﬂi=—m
where we suppose from now on that
- 2c0

—a:=—a+(2- 10)—||D0H2 <0 = | Dol <5 (5.15)
b

Hence,
/10) < 26 (-6 + SIDa ) yP - 210

2B LDBY) = DO 0,30 o0 v - 0,30

d
+Ek+awzw@mW>mew>@YMﬂ

j=1
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Using now again the Young inequality, with 1 € (0, 1] small enough, for the middle term
of the above r.h.s., we obtain:

w(t) <2( —a+ S| Dof + 1[0, Y — 2, v ]

4 nflE[HDb(}/}O,m) . Db(}/;07x/)“2’axi}/;07x/|2:|
d
+(1+27) Y E[|Do;(¥) = Doy (1) 1o, v

i=1
< 2( —a+ gHDo—Hgo + g)ED%Yf’x B %Yto’zlﬁ]
DRV — Y2 0, v, )

+ (1+ DR[| V0" = ¥ 110, v, 2. (5.16)
Denote:
~ - 9 n
—Qepo = —Q+ §||D0'H30 + 5 <0,

for €, n small enough. Setting for every t > 0,
r(t) =0 [DVEE[Y =¥ 210, Y0 ] + (147 Da3E| V0 v )0, v, 12|,
equation reads an ordinary differential inequation:

u'(t) < =26, 0u(t) +7(t), u(0)=0.

We derive from the Gronwall lemma that

t
u(t) = E[|0,. ;™" — 8w,Y0’x, 2] < exp(—20, ot exp(2ag , »5)r(s)ds.
1 t k3 t 7777 O 7’,77

Reproducing as well the computations that led to (5.14)), we derive:
t .
u(t) < Cn75,6|1‘ — x’|25f exp ( — 207377770(75 — S)) (E[mxlys()x |2(1+5)] B
0
! B
+f d)\E[HVYSO’”/‘*‘A(ﬂE—x/)H2(1+5)] HB)ds.
0

From the analysis leading to (5.3), (5.5) we now derive:

E[|0,.Y,*" - 0, Y, ]

C i) 76 2 ~
< %]m — 2| exp(—2a57nyat)l

€xXp (2(658,71,0 - C~‘42(1-&-B))t) + €xp (2<&€,77,U - 5d2(1+5))t)]

Qe o — Q2(1+46) Qe o — Baa(14p)

and
~ 1 2
—Ga149) < —a + (2(1+B) = p)5 Dol
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Thus, @148 < 0 as soon as

2x
2(L+8)—p’

which is precisely the restriction on the variations of ¢ appearing in (Cyg) when d > 1,
then g4 > 0 and:

|Do|? < (5.17)

E[|00, Y, = 0, Y,"" |!] < Cpeplr — 2'[* exp(—éaqis pt).

This last control then gives the expected bound for the S-Holder modulus of the gradient.

Namely, from (5:12), (5-19),

[Vf]ﬁ ]Il+/3<p H1+B>p HVfHoo n,€ ﬂ
O < — + ——
[ ,SO]ﬁ (1 + ﬁ) [ « « ] 042(1+5)

5.2 Proof of the Practical Results of Section 2.3l
We first begin with the proof of the

Slutsky like Theorem [6]

We keep here for simplicity the generic notation | - | for any admissible matrix norm
according to the assumptions of the theorem. We first write:

AL N N
P[m 2 el >] Ploiao) > v oBl|. 59

We then proceed similarly to Theorem [§] with an exponential Bienaymé-Tchebychev in-
equality, for all A > 0 we have:

W) —vlf) |
P[ﬁﬁ > o <Bfex ( VT ) exp (w4
o [V TP~ Vo Te] ) exo (Ao

[
~ exp (_;?* y(|a||2))IE eXp( v (lo) = v (lo]) )exp(Avn(Aso))]

= oxp (=20 ) B exp

Va (lol?) + /v ([o]?)

v (AY)
n ([9?) + /v (lo]?)

— exp (_ a y(|a||2))IE exp )exp Avn(AsO))]

By the Hélder inequality, for p, ¢ > 1, such that [% + 5 =1:

lvnsl |

1/p
a\ ap\ vn (AY) N 1/q
< exp| — v(|o|?) )| Eexp | — E exp (Aqv, (A .
p( vy el >>[ p( wnm(nan?)+w<|o||2>>][ b (O.(A0))
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The proof of Theorem [§] yields:

vl f) — () aX o+ LT g
P \/an > a] < P exp (\/—F—n V(||U|2)) exp( r, An mB”)

- 1/p
A Een [ - apA v (A9) ) ) | .
( b ( VT o) + /o (ol (5.19)

where we recall from identity (4.5)):

P57 SRR N 5 1AL
n 2 n n 4 2 n |-
Also, %, — 1 denotes a “generic" remainder. Observe that thanks to the bounds of
Theorem [ (stated in the above Lemma [f]), we get:
2 2

< —— +e,.
2x "

1/p
Let us now handle the remainder lIE exp (—y;i T T;gfi)/ 0 2)>] :

_Eexp< P v (AD) )]l/p
VI A/vy ([0]?) + /v ([o]?)

1/p
ap\ v (A9) )
= |E | exp vn(A9)=0 T 1y, (49)<0
_ ( [ o) v iom) )

r 1/p
< E ex ap* ) vy (AV) )] Py, (AY) = 1
) ( p(ﬂ?ﬁda% (A7) = 0]

_ 1/p 1/p
A v, (A9) 1/q
+ |Eexp ( \ﬁm)] P[v,(Ad) < 0] > .

Let us mention that we introduced the above partition in order to get a sharper constant
in the final inequality, 1 below instead of 2, which would follow getting rid of the indicator
functions. Now, by Theorem [2| we easily get:

E[ < ap vp (AD) )]
VI /v (l02) + /v ([o]?)

< R exp (F 3(p0—|2>—(|0’ ALLIE )
X[P[un(Aﬁ)> 0]"7 + P[vn(AY) < 0] ]I/~. (5.21)
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We choose p := p(n) — 400, such that ﬁ;—‘f — 0, and so (P[v,(AY) = 0] YTy Py, (AY) <
0]V4)V/P < 2V — 1. Moreover, exploiting again that for the Gaussian regime, i’f,:Q — 0,

we obtain by ((5.21]) and (/5.19)):
P [ﬁ’fn(f) —v(/f) ~ a]

Vo ([o]?)
3(7{)')\4

a)\ paAQ ~ p ~
< Xy - 2 Ay +e,) + ———B,|. (522
exp (=S T ) exp (P2 (A, 4 en) 4 I0CB ) (522
From identity (5.22)), the optimization over A is similar to the one performed in the proof
of Theorem [8 This yields the deviation bound (2.10). The non-asymptotic confidence
interval in (2.11]) is derived as for Theorem [5| from the gradient bounds of Theorem

and (2:10).

5.3 Regularization of Lipschitz Sources

We assume here that assumptions (C2), (Lv), (UE) are in force. We suppose as well
that the following smoothness holds for b, o:

(Ry») Regularity and Structure. We assume that there exists 5 € (0,1) such that b,o
in (L.I) belong to CY*(R? R?) and C’(R?, R? ® RY) respectively. Also, for all (i,7) €
[1,d]?, Yij(®) = 50 (@ing, o Ta)-

Importantly, we are interested, under assumptions (C2), (Lv), (UE), (R, ), in giving
controls for the estimation of v(f) when the source f is simply Lipschitz continuous. This
is indeed the natural framework for the source which can be handled through functional
inequality techniques, see [MTO06|, [Boill].

To comply with our previous framework, namely to exploit the smoothness result of
Theorem {f under (Cyg), we need to regularize the source. Let n be a mollifier (i.e. a
non-negative compactly supported function such that SRd n(x)dx = 1). Define for § > 0,
ns(z) = 57 (%). We regularize f introducing fs := f*ns where » stands for the convolution
on R?. From usual estimates, we obtain:

3C, >0, Ve e R, |fs(x) = f(z)] < Cyo[f,
VB e (0,1), [Vfsls < Cylf]i67". (5.23)
We emphasize here that we will choose [ later in order to be compatible with a certain

range of step sequences. We assume for simplicity that 6 € (1/3,1] (no bias). Recall that
we want to investigate:

Pl/To(vn(f) — v(f)) = a] = P[(vn(fa) —v(fs)) + Ras(f) = \/%]

Ros(f) = [(wnlf) =v(f) = (na(fs) — v(f5))]- (5.24)
From ([5.23), one readily gets:

|Rns(f)] < 2C,0[f]:- (5.25)
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On the other hand, the coefficients b, o and the source fs satisfy assumption (R ) (ob-
serve indeed that the mollified function fs € C1#(R? R)). Hence, Theorem {4 yields that
there exists a unique solution @5 € C*#(R¢, R) to the equation:

s = fs —v(fs) (5.26)

Observe from the proof of Theorem [ under (Cuyg) (see equations ) and (5.11))

and ( - that:

IVesle < a ' [f]1,
Vi e (0,1), 3C5 >0, Vie {1,2}, ¢ < Cs(1 + |V fsles) < Cs77, [9§]5 < Cpo~2,
[(Vs, b1 < Cpo".

(5.27)
Now, from the deviation in (|5.24)) rewrites:
PVT. () (1))  a] = Plva(Aps) + Ruslf) > | (5.28)

From (5.2F)), the term R, s(f) can be seen as a remainder as soon as Ji= » 20,0 f ] =
|R,.5(f)]- On the other hand, the deviations of v,(Aps) can be analyzed as above, re-
producing the proofs of Theorems [2| and 8] replacing the bounds on ([¢0®]1)ie(1,2;, [¢¥]5
appearing therein by those of equation (5.27)). Precisely, we get from , similarly
to (3.30) (replacing the controls on ¢ by those on 5 in the proofs of Lemmas (3| and :

|
< 2[Eexp (—%Mn)] q exp ( - j/%(l - w»

A2 p(al)? 3pCy Ae ey a1
n n —n v Il P
X exp (Qan = ) exp T2 + p (1;/)

Vn(AQO(;) + Rn,(s(f) =

)

1

2 (22 ) 2 (22
< exp (%@) (1% x exp (%%) (F, (5.29)

n n

ol4,C3672¢ ¢,
‘H— precisely correspond to the

where G —Cﬂéﬁc”v and Gy 1=
modifications of the constants Cgzq and Cgog = MSV introduced in the proof
of Lemma [5| when replacing |D%*¢|, by [D?*ps]ec < Csd™ # and [((Vp,b)]1 < C by

[(Vs,b)]1 < C50~PC. Similarly,

N T2 TGl Ve 1T
b= (1+B)(2+6)(3+ﬁ) N R R R vl
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is obtained from the definition of a,, in Lemma [3| replacing [p®)]5 by [cp((sg)] 5. From the
above equation and Lemma [2| we get:

o L e |

vn(Aps) + Rn,é(f)‘ > \/%]

% p(ag)z)

< 2([‘1/)% exp (C— +
b

2
a’ VT, 4G, [fh0
_ 1 . n
< exp 2q|azo||W|zo< a
1 p (6CT, 5 5 ) 1
- = £ +2 + T)2) + =) ).
oA (o + 2w+ G ) + )

The Young inequality yields that for all g, > 0:

P [t - w0l > |
< 2(IL)7 exp (%V + p(“;)2 + g;lrnaﬂ)

a
X exp ( -
2qlo|% Vel

(1 e {2+ 2 (5 i - ) + 1))

Ao EIVelE e

2

(5.30)

We now want to let p := p(n) — +00, &, — 0 so that the associated contributions in the
n n

above equation can be viewed as remainders. From the previous definitions of Cgm, ngﬂ,
we see that, to achieve this goal, two constraints need to be fulfilled: namely, we must
choose 0, p such that

5;1Fn52 —0 and p(a)? 7 0.

Now if 0 € (1/2,1] there exists f € (O 1) such that I'3" < C. In that case: ad <
T, 2075 0 for § = (5 Jande < 18 . Taking p := p(n) = pizt=F=oe)
ylelds pla ) — 0. On the other hand, ¢, = T',¢ also ylelds e, 02 =T1,°— - 0.
(3+/8) B
For 0 (1/3 1/2),T dlverges for all 8 € (0,1), we then have = e < < Cpz—f0+3),
(3+B) 1
Hence, there exists § € (0,1) such that F? < Cna—0+5) . However, taking

(L
0="TI, (2+E), which seems to be an almost “necessary" choice to satisfy the first constraint
e, 'T,0% — 0, yields:

n

p(*a%)
al = 5P = p(IHAG=0)+eB-0) _, | o
VI n ’

115



CHAPTER 3. A FIRST NON-ASYMPTOTIC CONCENTRATION RESULT

so that the second constraint cannot be fulfilled. This means that the regularization
induces a constraint on the time steps which must not be too large. In other words, under
the sole Lipschitz assumption on the source f, the fastest convergence regime is out of
reach.

Summing up the previous computations, we complete the proof of Theorem [7]

6 Applications

6.1 Non-Asymptotic Deviation Bounds in the Almost Sure CLT

Let (Up)n=1 be an i.i.d sequence of centered d-dimensional random variables with unit
covariance matrix. We define the sequence of normalized partial sums by Z; = 0 and

Zn = ZZ:I Uk’
Vn
The almost sure Central Limit Theorem (denoted from now on a.s. CLT) describes how

the weighted sum of the renormalized sums Z,, which appear in the usual asymptotic CLT,
behaves viewed as a random measure. Precisely, it states that setting for k£ > 1, v = 1/k:

n = 1.

@) d (6.1)

1 = w, a.s.

vy = T Z V£0z, 7 G, G(dz) :=exp ( 5 ) e
The above convergence had been established in [LP02], as a by-product of their results
concerning the approximation of invariant distributions, under the minimal moment con-
dition U; € L?(P), thus weakening the initial assumptions by Brosamler and Schatte
(see [Bro8§| and [Sch88]). The underlying idea is to use a reformulation of the dynamics
of (Z,)n=0 in terms of a discretization scheme appearing as a perturbation of . One
indeed easily checks that, for n > 0:

Tn+1 1 1 1
Tt = Zn— 0 g Ut 4 Ty = A1 — 1 —zo(—).
+ g “n TV Il s, T ntl 2t n?
(6.2)

Thus, the sequence (Z,),>0 appears as a perturbed Euler scheme with decreasing step 7,, =
% of the Ornstein-Uhlenbeck process dX; = —%Xtdt + dW; whose invariant distribution
is G. Then the regular Euler scheme

Xos1 = X = LK + FuriUnin, (6.3)
satisfies (1.4) with v = G. The a.s. weak convergence (6.1)) established in [LP02] follows
as a consequence of the (fast enough) convergence of Z,, towards X,, as n goes to infinity.

Moreover, this rate is fast enough to guarantee that the sequence vZ satisfies the

(2)
conclusion of Theorem I point (a) (when ~, = 711, \F/Ff — 0), i.e. its convergence rate is

ruled by a CLT at rate 4/log(n). In fact this holds under a lower moment assumption
U1 € L3 (]P)
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Let us mention that the convergence rates related to the a.s. CLT had already been
investigated by several authors. Let us quote among relevant works, Csorgo and Horvath
[CH92|, for real valued i.i.d. random variables, Chadbane and Maéouia [CMO00|, who in-
vestigate the convergence rate of the strong quadratic law of large numbers for some
extensions to vector-valued martingales, and Heck [Hec9§)|, for large deviation results. As
an application of our previous results, we will derive some new non-asymptotic Gaussian
deviation bounds for the a.s. CLT, when the involved random variables (U,,),>1 satisfy
(GC). We insist here that the sub-Gaussianity of the innovations is crucial to get a non-
asymptotic Gaussian deviation bound. The result readily extends to the wider class of
innovations satisfying the general sub-Gaussian exponential deviation inequality .
Also, we slightly weaken the regularity assumptions needed on the function f in [LP02]
for the associated a.s. CLT to hold.

Non-Asymptotic Deviation Bounds.

Theorem 9 Assume the innovation sequence (U, )n>1 satisfies (GC) and let f be a Lip-
schitz continuous function such that G(f) = (g f(x)G(dx) = 0. Then, there exist two
explicit monotonic sequences ¢, < 1 < C,, n = 1, with lim, C,, = lim, ¢, = 1 such that
foralla>0 andn > 1:

2
P[\/log(n) + 1|1V2(f)] = a] < 2C,exp <_Cn2HVa—c,0]§O) : (6.4)

where ¢ denotes the solution of the Poisson equation:
1 1
Vre R, SAp(z) - Sz Velr) = f(x), (6.5)

which, under the current assumptions, is unique and belongs to W2, (R? R), for any

p,loc
p> 1, with |[Vo|e < 2[f]1.

Proof. For (Z,)n=0 as in (6.2)), and (X,,)n>0 as in (6.3) we introduce:

AN, = Z,—X,.
With the deﬁnition of v7 in (6.1), write vZ(f) = % S VS (Zy—1). We also have sim-
ilarly v (f) := Zk lykf(Xk 1). For all A > 0, we derive similarly to (3.21]) (see as

well - and Wlth the notations of -
PVIWEA > a] = B[V S (Zs) = (X)) + 50| > o]
u k=1
[ Z ’Yk: f(Zk-1) f(Xk_l)) + X (Aps) + Rn,é(f)‘ > a]
n k=1
= %XP(%(l%.W))(Eexp( (D))’
(o0 e (10 ()

x (E exp (4qu )) i (6.6)

ST
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for g,q € (1,+x0), p = qiil,p = q—Ll' Also, s corresponds to the solution of the Poisson
equation (6.5)) obtained replacing f by its mollified version fs. Now, we need the following

lemma to control v2(| - |) 1= 5= 20—y WlAk-al-

Lemma 7 There is a non-negative constant Cgzp such that for all X > 0:

Eexp (WA(-])) = Eexp (2 3 wlai]) < exp

ng=1

G E[UIT | GpTe)
T, or2 |-

(6.7)

For clarity, we postpone the proof to the end of the current section. On the other hand,

from Section [5.3) we have that @5 € C*#(R%, R) for all 3 € (0, 1). We derive from (6.6)), (6.7)
Ty .
94| VelZ

similarly to the proof of Theorem (7] by setting \,, :=

P[v/Tulvy (f)] = a]

a? TN Gl /LE[|U TS
< %Xp(—m@—T))e@( T, )
Gl BNTN v (L Gy (pad)?
eXp( 2r2 )(IV) eXp(pq(CV+ 2 )+ 2q )
./ /302 3 (T2 1
<exp (% (pa (55 + [Gim+ 5 Gl 1) + 3,0))
) b} 52
< 2(I))viexp <pi<j (cv + CBQ:ZZ') - p(;tg) - &?;11“”62>
3
S [f]?%(Ff’)+E[|U1|]2<F53))2)>
P\ 20Vl T T @l velR T, ’

for £, > 0 and d° as in (5.30). Choose again (p,)n>1 and § as in Section so that
¢n — 1,d° — 0 with the indicated monotonicity for n large enough. We can now take

D = Ppp — +00 such that % — 0. The above inequality then gives the result up to a

direct modification of the sequences (Cy,)n=1, (¢n)n>1- O

Proof of Lemma

The definition of A,, implies:

AnJrl = An(l - 7n2+1> + TnZna

where we recall from (6.2)) that r,, := 4 /1 — n+r1 — 14+ L= O(#) In particular, there

i 2(n+1)
exists C7 > 0 such that for all n > 1,

7| < ﬁ (6.8)

n2
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Setting now pp = 1 and for n > 1
_ ﬁ 2k
S L9k —

el eI

a direct induction on A,, yields
U 1 & Tkp
1 k Pk
Z—ETkPka— ZTkPk<Z—>=—Z(Z )Ul (6.9)
Pr 2 Pn 21 1:1\/% Prni3 kl\/E

Also, from the Wallis formula p,, ~, /71, which implies that there exists Cy > 1 such
that for all n B B

Cy'/n < p, < Con/n. (6.10)

We now get from and the Fubini theorem
n Vi k—1 k-1 |T |p
m m U
Z o1 ; (mZ_ m >| l‘
) (6.11)

) =D wlAea| <
=1

Combining and (6.10]), we get that there exist constants C3, C'y > 0 such that for
|7'm|pm Cy
< (6.12)

k—1
Yk ‘Tm‘pm Yk
Slelee & 3 S leb

Pk-1 =,
Plugging this inequality in (6.11]), we derive:
k—1 ~ n—1
‘Tm‘pm Ciy ‘Ul‘
]|U,| <N Eh (6.13)

ES[ 3 2 el

kei+1 Pk—1

all ke [l + 1,n].

o =1
For any A > 0, Equation (6.13) and the Gaussian concentration property (GC) of the
— é 1 C_’4>\ 2
) nEeXp< ) H < |U1|]+§(Fnk%) )
3 _
o <C4)\IE [|U1|]r,22) . C?AQF(?’))
o T, orz )

innovation entail
§
2

Eexp <)\1/

This completes the proof

6.2 Numerical Results
We present in this section numerical results associated with the computation of the
119

empirical measure v, illustrating our previous theorems
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Sub-Gaussian tails

We first consider d = r = 1. Also, for simplicity, the innovations (U;);>; and X
are Bernoulli variables with P(U; = —1) = P(U; = —1) = 1. We illustrate here The-
orem [2] taking b(z) = —%, and o(z) = cos(z) in (L.I). This is a (weakly) hypoelliptic
example. Indeed, setting for v € R, X;(z) = cos(x)d, and Xy(x) = —50,, we have
span{ Xy, [ X1, Xo]} = R. We choose as well to compute v, (Ayp) for p(z) = x+ e cos(x) for
e = 0.01, and p(z) = cos(x). The function ¢ is here given. The assumptions of Theorem 2]
follow from Theorem 18 in Rotschild and Stein [RS76] (up to the introduction of a suit-
able partition of unity). From Theorem , for steps of the form (vi)ps1 = (k7%)p=1, 0 €

[1/3,1] (corresponding to 3 = 1 in Theorem [2), the function a € RY — g,(a) :=
log (P[|vTovn(Ap)| = al), 0 € (1/3,1],
log (P[|[VTwvn(Ap) + (B,1 — EN)| = al), 0 =1/3,

where for 6 € (1/3,1], a,(#) = 0 and for 8 = 1/3, a,(0) =

(a—ay)?
2|e|Z Vel

is such that for a > a, = a,(0)

[e®slo| & PE[ Ui s 48 | (5D
T BEHGB)  vTm

gno(a) < + log(2C,,).

We plot in Figure the curves of g, for 0 varying as 0; = % + (1 — %)%, for j €
[1,5], ¢(x) = x + ecos(x) and in Figure the curve of g,g for § = 6, = % and
¢(r) = cos(z). The simulations have been performed for n = 5 x 10* in Figure [3.1]
n =5 x 10% in Figure , and the probability estimated by Monte Carlo simulation for
MC = 10" realizations of the random variable |/T,1,(Ap)| in the unbiased case and in
the biased case of the random variable |/T,,v,,(Ap) + (Bn1 — EL)M|, where (B,,; — E})M
is obtained from B,; — E} replacing the integral over [0,1], that needs to be evalu-
ated at every time step, by a quantization of the uniform law on [0, 1] with M = 10
points. We refer to [GL0O0] or [Pag97] for details on quantization. We point out that
this is one drawback that appears to obtain the fastest convergence rate, the bias needs
to be estimated and therefore the function ¢ in some sense known (since the approx-
imation of the bias requires to compute its derivatives). The corresponding 95% confi-
dence intervals have size at most of order 0.016. To compare with, we also introduce the

. a—an (0))? a—an (0))? a—an (0))?
functions S, g(a) = —W, Snoecla) = _W’ Snp,ala) = _W

and the optimal concentration P(Apin)(n,0,a,p), obtained in Remark [11] optimizing
numerically in p. The quantities v, (0?), v, (|JoVp|?) in the previous expressions actu-
ally correspond to the numerical estimation, for n, = 10* and (V)ks1 = (K7 i1
with ¢ = £ + 1073, of v(0?),v(|oV¢|?) appearing respectively in the sharper con-
centration bound of Theorem |§ when % — v(0?) is a coboundary and in the asymp-
totic Theorem [I} In the unbiased case of Figure [3.I] we plot the maximum in j of
the (Sn’gj )je[[1,5]]7 (Sn,ﬁj,c)je[[l,5]]7 (Snﬂ]-,A)je[[l,B]]; (P()\mm)(n, (9]-, a, p>)je[[1,5]] corresponding to
j = 1. The associated curves are denoted by S, Sy ¢, Sp,a and P(Ayin)(n).

The Figures and correspond to the unbiased and biased cases respectively. In
the unbiased case, we observe that the curves almost overlay, the optimal deviation rate
P(Amin) is very close to the empirical data. It is also below the numerical estimation of
the asymptotic threshold given by S, 9 4 which is, for our considered example, almost
indistinguishable from the coboundary S, 4. (indeed, since ¢ = 0.01, V|2, < 1 + ¢
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and v(0?)|Ve|% ~ v(|loVp[?)) and far below from the bounds of S, 4. In the biased
case, P(Amin) stays very close to the theoretical asymptotic bound given by S, 9 4 up to a
certain deviation level a, namely for a € [0, 0.5]. It then remains the best bound provided
by our results. In this example, the improvement associated with S, 4. is also notable.
It is precisely because the source term has a more oscillating gradient that we have also
considered a larger running time, corresponding to n = 10%, for the empirical curves. For
this choice, we see relatively good agreement w.r.t. to the asymptotic deviation bounds
of Sn,é'o, A-

The figures below thus illustrate that the explicit optimal rate of Remark seems
rather appropriate to capture the deviations of the empirical random measures.

-10

0 0.5 1 1.5 2
a

Figure 3.1 — Unbiased Case. Plot of a —

gno(a), for (O)keq 57, With p(z)=0(x) =
x + ecos(x), e = 0.01.

We eventually plot below the deviation curves with source p(z) = cos(x) adding a
last curve obtained replacing in the formula for P(Ayi,) of Remark [11{the V|2 v(o?) by
v(loVp|?). For practical purposes, this last quantity is again estimated numerically with
the same previous parameters. Even if the analysis of Theorem [§] cannot be extended to
justify such a choice, the empirical evidence is rather striking.
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0 e
-2 o N
-4 <
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N\,
-8 S
N
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10 P()"min(nageo)) AN
n,o, \
Sn,eg """" k \
Sn,eo,C \\
Sn,eo,A T N
-12
0 0.5 1 1.5 2

a

Figure 3.2 — Biased Case. Plot of a —

1 .
gne(a), for Oy = 3, with p(z) = o(z) =
cos(x).
0 e
-2
% ~
N &x
-4 XXKXX 3
-6
-8 i
, P(hin() N
-10 P(Myin(n)) with carre du champ coboundary ~ x
9n,91
gn,92
Ine, —
A2 Onoy -
Ings =
Sy ———
Sn,A """"
Snc -
-14 L Il
0 0.5 1 15 2
a

Figure 3.3 — Plot of a — g¢g,(a), for
(Ok ) keq,57, With o(z) =0 (z) = cos(x).
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Slutsky like result

In this paragraph, we illustrate our results from Theorem [0, which can be viewed as an
extension of the usual Slustky’s Lemma to our current framework, for a multidimensional
process, precisely for r = d = 2 in the case f € (0,1). In order to converge as fast as
possible without bias, we take 6 = —5 + M We also choose a model which satisfies the
assumptions of Theorem {4 under (Cyg) and Lemma @ We consider:

‘x‘l—&-ﬂ —dx+ + 62 cos(z1+x2) +1 sin(x1) sin(z2)
f(l‘) = b(l‘) = ' ’ ’ 0'0'*<£L') = sin(%l)sin(xz) B ;Lin(xz) :

1+ [z|f =51 — 5 A 1 5

Remark that the non-degeneracy condition (UE) is fulfilled by 3 = oc*, as well as the
condition set in Theorem [f] under (Cug), Xi;(2) = S (2, ..., 2q), forall 1 <i<j<d.
Furthermore, from the Cholesky decomposition, we write:

cos(z1+x2)
costarben) 4 g 0

O'(ZL’) = _sin(zq) sin(wa) __ sin(z1)? sin(x2)? 1— sin(z2)

T
/coq(zl+z2)+1 16(cos(a:% I2)+1) 2

Let us check that (DP) is satisfied. Firstly, remark that DZ)JFTDIJ* is a constant matrix whose

eigenvalues are {—@, @} Direct computations yield that, for all z € R?, ¢ € R%:

<Db( )sz

££> 2|Da (2)¢[* < —3.085[¢[*.

It can be checked similarly that the condition || Dol% < ﬁ is satisfied for o = 3.085
and f = .5 which we consider below. Also, the condition (R4 ) clearly holds. In other

words, all assumptions of Theorem [f] are in force. We set for the following plot:

a’a?
= logP[\/ﬁ’an)‘ = al, So(a) = _Q[f]%’

with o = 3.085, and [f]; = 1.

Unlike in the previous simulations, we do not know here the value of v(f). In fact,
in paragraph we had chosen to compute the deviation of Ay from 0 = v(Ap). Here,
we estimate from the ergodic theorem v(f), taking 5 = .5, by v,(f) ~ 0.71308 for
n¢ = 5-10°. Running MC = 10? samples, we find that the size of the associated 95%
confidence interval is 3.208 - 10~%. Finally, the simulations are performed for n = 5 x 10%,
and the probability is calculated by Monte Carlo algorithm for M C = 103 realizations. The
maximum size of the associated 95% confidence interval is 4.75054 - 10~°. The innovations
are Gaussian random variables.

123



CHAPTER 3. A FIRST NON-ASYMPTOTIC CONCENTRATION RESULT

0 0.5 1 1.5 2
a

Figure 3.4 — Plot of a — g,(a) with
|?
f@) = £, 5= 5

In Figure [3.4] we observe that the curve S, stays above g7 as proved in Theorem [6]
However, remark that the graphs are quite spaced. This can be explained, among other
things, by the difference between V(HUH%% and the asymptotic variance v(|o*Vl|?).
Furthermore we have represented S, which is a kind of asymptotic version of P(Apin(n))
in the previous plots.
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Chapter 4

A sharp non-asymptotic concentration

Abstract :  For an ergodic Brownian diffusion with invariant distribution v, we consider
a sequence of empirical distributions (1,),>1 associated with an approximation scheme
with decreasing time step (7, ).>1 along an adapted regular enough class of test functions
f such that f — v(f) is a coboundary of the infinitesimal generator .A. Denote by o the
diffusion coefficient and ¢ the solution of the Poisson equation Ay = f — v(f). When
the square norm |0*V|? lies in the same coboundary class as f, we establish sharp non-
asymptotic concentration bounds for suitable normalizations of v,,(f) — v(f). Our bounds
are optimal in the sense that they match the asymptotic limit obtained by Lamberton
and Pages in [LP02|, for a certain large deviation regime. In particular, this allows us
to derive sharp non-asymptotic confidence intervals. Eventually, we are able to handle,
up to an additional constraint on the time steps, Lipschitz sources f in an appropriate
non-degenerate setting.

1 Introduction

1.1 Statement of the problem

Consider the stochastic differential equation
dY; = b(Y)dt + o(Y;)dW,, (1.1)

where (W;);=0 stands for a Wiener process of dimension 7 € N on a given filtered probabil-
ity space (Q, G, (G¢)i=0,P), b: R? - R? and o : R - R?® R" are Lipschitz continuous
functions and satisfy a Lyapunov condition (see further Assumption Lv) which provides
the existence of an invariant distribution v. Throughout the chapter, uniqueness of the
invariant distribution v is assumed. The purpose of this work is to estimate the invariant
distribution of the diffusion equation (|1.1)).

In order to make a clear parallel with the objects we will introduce for the approxi-
mation of v, let us first recall some basic facts on (Y;);=0 and v.

Introduce for a bounded continuous function f and t € R, the average occupation
measure:

uf) =5 | sopas (12
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Foremost, bear in mind the usual ergodic theorem which holds under appropriate Lya-
punov conditions (see e.g. [KM11]):

ulf) 22 )= | s (1.3)

Under suitable stability and regularity conditions, Bhattacharya [Bha82| then established
a corresponding Central Limit Theorem (CLT). Namely, for all smooth enough function

;.
Vi = 00) o (0] o Vetavian) ) (14

t—+00

where ¢ is the solution of the Poisson equation Ap = f — v(f) and A stands for the
infinitesimal operator of the diffusion (see below for more details). In the
following, we say that f is coboundary when there is a smooth solution ¢ to the Poisson
equation Ap = f —v(f).

Identity is a Central Limit Theorem (CLT) whose asymptotic variance is the
integral of the well known carré du champ (called energy but we will say, from now on,
by abuse of terminology, carré du champ), for more precision, see [BGLI4| and [Led99].
The carré du champ is actually a bilinear operator defined for any smooth functions ¢, 1

by I'(p, ) == A(p - ¢) — Ap - — - A, and so:

V(T () = | Tlooltdn) = =2 | Ap-pvlde) = [ [0"ViPoldn).
R R R4

Indeed, observe that v (A (¢ - 1)) = 0. This is a consequence of the fact that v solves in
the distributional sense the Fokker-Planck equation A*v = 0. Also, this observation yields
that, in order to bypass solving a Poisson equation, a common trick consists in dealing
with smooth functions of the form Aep.

From a practical point of view, several questions appear: how to approach the process
(Y?)¢=0, the integral v, and the deviation from the asymptotic measure appearing in 7
Here, the first question is addressed by considering a suitable discretization scheme with
decreasing time steps, (7x)x>1. The integral v, can then be approximated by the associated
empirical measure, whose deviations will be controlled in our main results. In particular,
we take advantage of the discrete analogue to established by Lamberton and Pages
in [LP02] for the current approximation scheme, to derive sharp non-asymptotic bounds
for the empirical measure.

We propose an approximation algorithm based on an Euler like discretization with
decreasing time step, first introduced by Lamberton and Pagés in [LP02] who derived
related asymptotic limit theorem in the spirit of , and exploited as well in Chapter
where some corresponding non-asymptotic bounds are obtained.

For the decreasing step sequence (7x)r>1 and n = 0, the scheme deriving from is
defined by:

{ Xpy1 = Xp + '7n+1b(Xn> + '7n+10'(XTL>Un+17 (1 5)
Xo € L*(Q, Fo, P), ’

where (U, )n>1 is an ii.d. sequence of random variables on R", independent of X, and
whose moments match with the Gaussian ones up to order 3. In particular, more general
innovations than the Brownian increments can be used.
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Intuitively, the decreasing steps in (|1.5]) allow to be more and more precise when time
grows.

The empirical (random) occupation measure of the scheme is defined for all A € B(R?)
(where B(R?) denotes the Borel o-field on R?) by:

ZZ:l /yk(st,l(w) (A)
ZZ=1 Vi

We are interested in the long time approximation, so we need to consider steps (Vx)g>1
such that Iy, := > | v, — +o0.
n

Un(A) = vp(w, A) = (1.6)

Under suitable Lyapunov like assumptions, Lamberton and Pagés in [LP02] first proved
the following ergodic result for any v—a.s. continuous function f with polynomial growth,
vn(f) 25 = {ga f(2)v(dzx), which is the discrete analogue of (1.3)).

The main beneﬁt of decreasmg steps instead of constant ones is thus that the em-
pirical measure directly converges towards the invariant one. Otherwise, taking ~, =
h > 0 in ( - the previous ergodic theorem must be changed into: v,(f) <> v"(f) =

n

SRd , where v is the invariant dlstr1but10n of the scheme. So, an extra study
must be carrled out, namely the difference v — " should be estimated. For more de-
tails about this approach we refer to [TT90], [Tal02] and the work of Malrieu and Talay
IMTO06]. This work first addressed the issue of deriving non-asymptotic controls for the
deviations of empirical measure of type (1.6) when ~, = v > 0 (constant step). The back-
bone of their approach consisted in establishing a Log Sobolev inequality, which implies
Gaussian concentration, for the Euler scheme. In whole generality, functional inequalities
(such as the Log Sobolev one) are a powerful tools to get simple controls on the invariant
distribution associated with the diffusion process ([L.1)), see e.g. Ledoux [Led99] or Bakry
et al. [BGL14]|. Withal Log Sobolev, and Poincaré inequalities turn out to be quite rigid
in the framework of discretization schemes like ((1.5) with or without decreasing steps.

For the CLT associated with stationary Markov chains, we refer to Gordin’s Theorem
(see [GLT8]). Note as well that the variance of the limit Gaussian law is also the carré du
champ for discrete Poisson equation associated with the generator of the chain.

Let us mention as well some related works. In [BB0G], Blower and Bolley establish
Gaussian concentration properties for deviations of functional of the path in the case
of metric space valued homogeneous Markov chains. Non-asymptotic deviation bounds
for the Wasserstein distance between the marginal distributions and the stationary law,
in the homogeneous case can be found in [Boill] (see also Boissard and Le Gouic in
IBLG14] for controls on the expectations of this Wasserstein distance). The key point
of these works is to demonstrate contraction properties of the transition kernel of the
homogeneous Markov chain for a Wasserstein metric, which requires some continuity in
this metric for the transition law involved, see e.g. [BB06].

In the current work, we aim to establish an optimal non-asymptotic concentration
inequality for v,(f) — v(f). When |0*Vp|* — v(|Jo*Vp|?) is a coboundary, we manage to
improve the estimates in Chapter [3] Insofar, we better the variance in the upper-bound
obtained in Theorem 3 therein: when the time step is such that ~,, = n=?, for § > %, for
all n € N, for a smooth enough function ¢ s.t. Ay = f—v(f), under suitable assumptions
(further called Assumptions (A)), and if |o|? is coboundary then there exist explicit non-
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~

negative sequences (¢, )n>1 and (C,,)n>1, respectively increasing and decreasing for n large

~

enough, with lim,, C},, =lim, ¢, = 1s.t. foralln > 1 and 0 < a = o(\/I',):

PIVELIra(7) = #(0) 2 a] = PV T (A9)] > a] < 20, exp (= oo ).

In fact, we get below the optimal variance bound, namely the carré du champ v(|o*Vp|?),
instead of the expression v(||o]?)|Vp|2% as in the previous inequality. Up to the same
previously indicated deviation threshold, a = o(y/T},), we derive the optimal Gaussian
concentration. Consequently, we are able to derive directly some sharp non-asymptotic
confidence intervals.

To establish our non-asymptotic results, we use martingale increment techniques which
turn out to be very robust in a rather large range of application fields. Let us for instance
mention the work of Frikha and Menozzi [FM12] which establishes non-asymptotic bounds
for the regular Monte Carlo error associated with the Euler discretization of a diffusion
until a finite time interval [0, T'] and for a class of stochastic algorithms of Robbins-Monro
type. Still with martingale approach, Dedecker and Gouézel [DGI15| have obtained non-
asymptotic deviation bounds for separately bounded functionals of geometrically ergodic
Markov chains on a general state space. Eventually, we can refer again to the work in
Chapter [3|in the current setting.

The chapter is organized as follows. In Section [2| we state our notations and assump-
tions as well as some known and useful results related to our approximation scheme.
Section 3|is devoted to our main concentration results (for a certain deviation regime that
we will call Gaussian deviations), we also state therein several technical lemmas whose
proofs are postponed to Section [d] Importantly, we also provide a user’s guide to the
proof which emphasizes the key steps in our approach. Section {4 is the technical core
of the chapter. We then discuss in Section [5| some regularity issues for the considered
test functions. Namely, we recall some assumptions introduced in Chapter |3| which yield
appropriate regularity concerning the solution of Poisson equation. We also extend there
our main results to test functions f that are Lipschitz continuous, up to some constraints
on the step sequence.

We proceed in Section [f] to the explicit optimization of the constants appearing in the
concentration bound deriving from our approach. Intrinsically, this procedure conducts
to two deviation regimes, the Gaussian one up to a = o(y/T,) and the super Gaussian
one for a » 4/T,, which deteriorates the concentration rate. Even though awkward at
first sight (see e.g. Remark {4| below), this refinement turns out to be useful for some
numerical purposes, as it emphasized in Section [7] We conclude there with some numerical
results associated with a degenerate diffusion.Some additional technical details needed in
Section [6] are gathered in Appendix
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2 Assumptions and Existing Results

2.1 General notations

For all step sequence (7, )n>1, we denote:

k=1 k=1

Practically, the time step sequence is assumed to have the form: v, = n—lg with 6 € (0, 1],
where for two sequences (U )nen, (Vn)nen the notation w,, = v, means that Ing € N, 3C' >
1s.t. Yn = ny, C v, <u, <Cu,.

We will denote by C' a non negative constant, and by (€,)n>1, (%n)n>1 deterministic
generic sequences s.t. e, — 0 and #,, — 1, that may change from line to line. The con-

stant C' depends, umformly in time, as Well as the sequences (en)n>1, (%y)n>1, on known
parameters appearing in the assumptions introduced in Section [2.2] (called (A) through-
out the document). Other possible dependencies will be explicitly specified.

In the following, for any smooth enough function f, for k € N we will denote D f the
tensor of the k™ derivatives of f. Namely D*f = (;, ... 0, f)i<i.. i,<a- However, for a
multi-index o € N§ := (N U {0})%, we set D*f = 021 ...0%¢f : R" - R.

For a 3-Hélder continuous function f : R? — R, we introduce the notation

1y e sup @) = 1)

< 400
c#x! |$ - x/’B ’

for its Holder modulus of continuity. Here, |z — 2’| stands for the Euclidean norm of
r —2' e R

We denote, for (p,m) € N2, by CP(R%, R™) the space of p-times continuously differen-
tiable functions from R? to R™. Besides, for f € CP(RY,R™), p € N, we define for 3 € (0, 1]
the Holder modulus:

|D*f(x) — D*f(2")]

[fP]5:= sup < +oo,
z#x/,|al=p |l’ - x,|/8
where a (viewed as an element of N¢) is a multi-index of length p, i.e. |a| := Z?:l a; = p.
Hence, in the above definition, the | - | in the numerator is the usual absolute value. We

will as well use the notation [n,p], (n,p) € (Ny)?,n < p, for the set of integers being
between n and p.

From now on, we introduce for k € Ny, 8 € (0,1] and m € {1,d,d x r} the Holder
spaces

CHA(RL,R™) :={f € C*(RY, R™):Var e N% | € [[1, k], sup | D*f(x)| < +oo, [f®]5< +o0},

reR4

CPP(RY,R™) :={f € CH# (R, R™): | |0 < +0}. (2.1)
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In the above definition, for a bounded mapping ¢ : R — R™ m e {1,d,d x r}, we write
Il = sUp,ega [CC* ()| with [¢(2)] = Tr (¢¢*(x))'"?, where for M € R™ @ R™, Tr(M)
stands for the trace of M. Hence | - | is the Frobenius norm[]

With these notations, C*#(R? R™) stands for the subset of C¥(RY, R™) whose ele-
ments have bounded derivatives up to order k£ and B-Holder continuous k™ derivatives.

For instance, the space of Lipschitz continuous functions from R? to R™ is denoted by
CO71 (Rd, Rm).

Eventually, for a given Borel function f : R? — E, where E can be R, R, RY®
R",R?®@R?, we set for k € Ny:

Ji = f(Xk).
For k € Ny, we denote by Fj, := a((Xj)je[[Oyk]]) the o-algebra generated by the (X;) efo.r]-

2.2 Hypotheses

(C1) The first term of the random sequence Xy is supposed to be sub-Gaussian, i.e. there
is a threshold A\g > 0 such that:

YA < Ao, E[exp(AXo})] < +oo.

(GC) The innovations (U,),>1 form an i.i.d. sequence with law u, we also assume that
E[U;] = 0 and for all (i,4,k) € {1,---,7}*, E[UiU] = 6, E[UU{U¥] = 0. Moreover,
(Un)n=1 and X, are independent. Eventually, U; satisfies the following standard Gaussian
concentration property, i.e. for every 1—Lipschitz continuous function g : R”™ — R and

every A > 0:
E[ exp(Ag(U1))] < exp (ALg(U1)] + ).

In particular, Gaussian and symmetrized Bernoulli random variables (in short r.v.) satisfy
this inequality.

Pay attention that a wider class of sub-Gaussian distributions could be considered.
Namely, random variables for which there exists @ > 0 s.t. for all A > 0:

[ exp(rg(U)] < exp (AE[g(U0)] + ). (22)

It is well know that this assumption yields that for all r > 0, P[|U;| = r] < Zexp(—g).

(C2) There is a positive constant & s.t., defining for all z € R?, ¥(x) := o0*(x):

sup Tr(X(z)) = sup |o(z)]? < &.

xeR4 zeRd

. This notation allows to define similarly vector and matrix norms. In fact, R? vectors can be regarded
as line vectors. Then we define similarly for both cases the uniform norm || - |4
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(Lv) We consider the following Lyapunov like stability condition:

There exists V : R — [v*, +o0[ with v* > 0 s.t.
i) VeC*R4LR), |D?V |y < 00, and limy—o V(z) = +0.
ii) There exists Cy € (0, +0) s.t. for all x € R%:
[VV(2)? + [b(x)* < CvV ().

iii) Let A be the infinitesimal generator associated with the diffusion equation (1.1)),
defined for all ¢ € C3(R% R) and for all x € R? by:

Ap(z) = bx) - Vi) + %Tr(E(x)Dzap(x)), (2.3)

where, for two vectors vy, v, € R?, the symbol v; - vy stands for the canonical inner
product of v; and v,. There exist ay > 0, By € R* s.t. for all 2 € R?,

.AV(JZ') < —Oévv(l') + Bv.

(U) There is a unique invariant distribution v to equation (1.1J).

For g € (0, 1], we introduce:
(Ts) We choose a test function ¢ for which
i) ¢ smooth enough, i.e. ¢ € C**(R4, R),
We further assume that:
ii) the mapping z — (b(z), Vi(z)) is Lipschitz continuous.
iii) there exists Cy., > 0 s.t. for all z € R? |p(x)| < Cy,(1 +A/V ().

(S) We assume that the sequence (V¢ )k>1 is small enough, Namely, we suppose that for all
k=1

1 ay )
24/Cyée 2Cy | DV |/

The constraint in (S) means that the time steps have to be sufficiently small w.r.t. the
diffusion coefficients and the Lyapunov function.

Ve < min(

Remark 1 The above condition (Ly ) actually implies that the drift coefficient b lies, out
of a compact set, between two hyperplanes separated from 0. Also, the Lyapunov function

18 lower than the square norm. In other words, there exist constants K,¢ > 0 such that
for all x| = K,
V(2)] < elzf?, |b(a)| < v/Cvelzl. (2.4)
Actually, for o bounded, b Lipschitz continuous, and if there is ¢ = 1 s.t. for all x € RY,
—cz|? < (b(x),x) < —c|z|* then the assumption (Ly ) is satisfied.
Observe that we have supposed (U) without imposing any non-degeneracy conditions.
Existence of invariant distribution follows from (Lv) (see [EK80G]). For uniqueness, ad-

ditional conditions need to be considered ((hypo)ellipticity [KMI11[, [PVO1], [Vil09] or
confluence [PP12]).
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Remark 2 In (Tjy), condition ii) is direct if we consider Lyapunov function V(x) =
1 + |z, Indeed, ¢ is supposed, in condition (Tg) i), to be Lipschitz continuous and so
under a linear map. Hypothesis i) is natural when there is a function f € CH?(R? R) with

v(f) =0 s.t
Ap = f. (2.5)

From the definition of A in (2.3), we rewrite:

(Vpla), b)) = F(ax) —w() — 5 Te(S@)Dig(a) ). (2.6)

Since the source f is Lipschitz continuous, and o, D> are bounded and Lipschitz contin-
uous, the left hande side of the equation (2.6)) is also Lispchitz continuous.

We say that assumption (A) holds whenever (C1), (GC), (C2), (Lv), (U), (Tp)
for some 5 € (0,1] and (S) are fulfilled. Except when explicitly indicated, we assume
throughout the chapter that assumption (A) is in force.

Assume the step sequence (7;)r=1 is chosen s.t. 7, = k7%, 6 € (0, 1]. In particular, this
implies that, for any ¢ > 0, I'Y) = nl=% if e < 1, T\Y = In(n) if ef = 1 and e =1if
e > 1.

2.3 On some Related Existing Result

In |[LP02|, Lamberton and Pages, proved an asymptotic result with the decreasing
step scheme ([L.5). Precisely, they obtain the discrete counterpart of established in
[Bha82], emphasizing as well some discretization effects, leading to a bias in the limit law,
when the time step becomes too coarse. This last case is however the one leading to the
highest convergence rates in the CLT. We recall here their main results, Theorem 10 of
the above reference, for the sake of completeness.

Theorem 1 (Asymptotic Limit Results in [LP02]) Assume (C2), (Lv), (U) hold.
If E[U,] = 0, E[U®®] = 0, we get the following limit results where v, stands for the
empirical measure defined in (1.6)).

(a) Fast decreasing step. If 0 € (3,1] and E[|U|%] < +o0, then, for all function ¢ €

C*HR% R) n C3(RY,R), one has:
VTt (Ap) -5 J\/’(O,f |*V|*dv).
n—o0 R4

(b) Critical decreasing step. If 0 =
C3HRY,R) N CHRY R), one get

: and if E[|U1|®] < +o0, then for all function ¢ €
s:

VEan(Ag) - N(am,j 0" VPdv),
n—0o0 R4

132



PARTIE II: NON-ASYMPTOTIC CONCENTRATION INEQUALITIES

where
(2)
3= lm % mie - fRd (Te(3 D%()b(x)®?) + @) ().
y(r) = f TTr(%D%(x)b(x)(a(x)u)@? b oD (o (@))®™ )l

recalling that ju denotes the law of the i.i.d. innovations (Uk)@lm.

(c) Slowly decreasing step. If 0 € (O,%) and if E[|U,|¥] < +o0, then for all globally
Lipschitz function @ € C*H(R? R) n CHR%,R), one gets:
Fn P
WUn(ASD) —> m.

n

*Ve@

It is possible to relax the boundedness condition on ¢ in (C2), considering Vo)

|| —400
(strictly sublinear diffusion) in case (@) and sup,ga % < +00 (sublinear diffusion)

in case (b). We refer to Theorems 9 and 10 in [LP02] for additional details.

Remark 3 First of all, observe that the normalization is the same as for . It s
the square root of the considered running time, namely t for the diffusion and ', for the
scheme. In other words, a CLT is still available for the discretization procedure. However,
by choosing a critical time step, i.e. for the fast convergence 6 = %, a bias is begot. It
can be regarded as a discretization effect. Note that, for all 0 > %, any step leads to the
same asymptotic variance, namely the carré du champ, SRd |o*Vp|?dv, like in [Bha82)].
However, for the slow decreasing step, 6 < %, the discretization effect is prominent and
“hides” the CLT.

Let us also mention the work of Panloup [Pan08b], where under similar assumptions
for stochastic equation driven by a Lévy process, the convergence of the decreasing time
step algorithm towards the invariant distribution of the stochastic process is established
(see also [Pan08a) for the CLT associated with square integrable Lévy innovations).

In the current diffusive context, i.e. under (A), some non-asymptotic results were
successfully established in Chapter [3] It was as well observed there that if we slacken the
regularity of the test function ¢, a new bias looms. For ¢ € C3*#(R% R) with 3 € (0, 1),
if § = 335 then VTu,(Ap) exhibits deviations similar to the ones of a biased normal
law with a different bias than in Theorem [I} c.f. Theorems [2] [3] [} [7] and [9] in Chapter
Bl When 8 = 1, the two biases correspond. We willingly shirk any discussion about bias
appearance, which is discussed in the formerly mentioned chapter. Our target is to refine
Theorem 4 in Chapter |3| that we recall:

Theorem 2 (Non-asymptotic concentration inequalities in Chapter (3))
Assume (A) holds, if there is ¥ € C3P(R%, R) satisfying (Tps) and s.t.

A = [o|* = v(|o]?).

D4T-(V)V(itl(l )Ol;%fenggg)ggtations, D2p(2)b(2)®? e (RH)®2 D3p(x)b(z)(o(z)u)®? e (R?)®3 and
o(z)(o(z)u)® e .
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For B € (0,1] and 0 € (ﬁ, 1], there exist two explicit monotonic sequences ¢, < 1 <

Cyn, n =1, with lim, C, = lim,, ¢, = 1 such that for alln > 1 and a > 0:

Cn

P,(a)),
2oVl 2@

v (eiria (- catnh,)] @

P[[v/Tyvn(Ap)| = a] < 2C, exp (-
2

2/3 ~
where ;. = max(z,0) and ¢, := (%) 1/(H0||2)||0||002/3én with ¢, being an explicit non-

negative sequence s.t. ¢, ln 1.

Remark 4 Observe that two regimes compete in the above bound. From now on, we refer

to Gaussian deviations when \/% — 0. In this case, asymptotically the right hand side

non

of the inequality (2.7)) is 2 exp ( — m). In other words, the empirical measure 1s
sub-Gaussian with asymptotic variance equals to v(|c|?)||V |2, which is an upper-bound
of the carré du champ, v(|o*Vp|?) (asymptotic variance in the limit theorem). Thus, this

is not fully satisfactory. Throughout the chapter, we refer to super Gaussian deviations

when \/‘1{7 — +00. In this case, a subtle phenomenon appears: the right hand side gives

n

a super Gaussian regime. In particular, the term in the exponential of the r.h.s. of (2.7)

18 bounded from above and below by a4/3Fi/ ® We anyhow emphasize that Theorem 2 in
Chapter[3 provides a non-asymptotic Gaussian concentration for all deviation regimes:

~ Cha?

In particular, for super Gaussian deviations, the deviation 15 asymptotically better.
Howewver, it had already been observed in Chapter@ that the bound turned out to be
useful for numerical purposes as it led to bounds closer to the empirical realizations. We
will derive in Theorem@ of Sectz’on@ a deviation bound similar to with an improved
variance bound. Namely, we succeed to replace v(|o|?)| V|2 by the carré du champ. We
then observe in the numerical results of Section [7 that the associated deviation bounds
match rather precisely those of the empirical realizations.

We will also employ the terminology of intermediate Gaussian deviations when

v, ol C > 0. For this regime, we keep a Gaussian regime with deteriorated constants.

Again, we first deal with Gaussian deviations, and we postpone the study of super Gaussian
deviations to Section [0,

Remark 5 Actually, in the proof of Theorem [, we can only use a map O satisfying
assumption (Tg) s.t. AV = |0*Vo|? — v(|o*V|?). However, this inequality is equivalent
to the coboundary condition v — a.s.. In fact, we set the function f := A9 — [c*Vp|* +
v(|o*Vpl?) =0, and

v(f) =v(AY) =0. (2.9)

As fis continuous and non negative, f = 0 v—a.s. Hence AV = |0*Vp|* —v(|o*Vp|?) v—
a.s.
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3 Main results

Our main contribution consists in establishing a concentration inequality whose vari-
ance matches asymptotically the carré du champ, see and Theorem [l in what we
called the regime of Gaussian deviations. In the numerical part of Chapter |3 we see that
changing the bound v(|o|?)|V¢|% by the carré du champ, leads to bounds much closer
to the realizations. Here, we state a simple and “sharp” inequality.

Theorem 3 (Sharp non-asymptotic deviation results) Assume (A) is in force. Sup-
pose that there exists ¥ € C3P(RY R) satisfying (Tps) for some B € (0,1] s.t.

AV = |0*Vo|? — v(|o*Ve|?). (3.1)

Then, for 0 € (ﬁ, 1], there exist explicit non-negative sequences (¢p)ns=1 and (Cy)ns1,

respectively increasing and decreasing for n large enough, with lim, C,, = lim, ¢, = 1 s.t.
foralln =1, a > 0 satisfying \/er — 0 (Gaussian deviations), the following bound holds:

2

a
P[|v/Tvn(Ap)| = a] <2C,exp (- C"W%

3
348 5

. 3 o358 3487 ( ) (2)
with C,, = exp ([D g]fg)y;;([glﬁ'; 1T, I?n + p"f/ﬁ) for p, = 1 such that p, —, +o0 and
(2)
Pn i —>n 0.

Remark 6 We obtain the optimal Gaussian bound with the carré du champ as variance
which corresponds to CLT. This is asymptotically the sharpest result that we can expect.
This inequality is very important for confidence intervals, as in this context a is supposed
to be “small”, 1.e. bounded. Under suitable reqularity assumptions on f, which guarantee
that the function ¢ solving Ap = f — v(f) satisfies (T3) for some 5 € (0,1], it readily
follows from Theorem [ that:

a a?

P[l/(f) € [I/n(f) — ﬁ,yn(f) + \/%]] >1-2C, exp ( — an).

The conditions on f that lead to the required smoothness on ¢ and v are discussed in
Section @ (see in particular Theorem |4) and Corollary . Briefly, it suffices to consider
that, additionally to (C2) and (Lv), X is also uniformly elliptic, b € C**(RY R?), 0 €
CYA (R, RYQ@RY) and that the source f € CHP(RY RY). This last assumption on f can be
weakened to Lipschitz continuous (see Theorem@ with some restriction on the steps.

3.1 User’s guide to the proof

Recall that, for a fixed given n € N and ¢ € C**(R% R), we want to estimate the
quantity

PV Tnlvn(Ap)| = a], Ya >0,
where v, (Ap) = % Dy Y Ap(Xg—1). We focus below on the term P[/T,v,(Ap) = al.
Indeed, the contribution P[v/T',v,(Ag) < —a] can be handled by symmetry.
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The first step of the proof consists in writing (Ago(X k,l)) ke[Ln] with a splitting method

to isolate the terms depending on the current innovation Uy for Ap(Xy_1). This is done
in Lemma [1| below. Precisely, for all k € [[1,n]] and ¢ € C*#(R% R) we prove that:

©(Xx) — o(Xi-1)

= MAe(Xpo1) + %J (Vo(Xp1 + tyebe—1) — Vpo(Xj_1), br—1)dt
0

1
+§’Yk Tr((D2S0(Xk—1 + Yiebe—1) — D290(Xk—1))2k—1> + Ur(Xe-1,Uk), (3.2)

where

Ue(Xi—1,Uy) = A VeOk—1Up, - Vo(Xk—1 + Yebr-1)
1
+ WkJ' (1 — t)TI“(D2<p(Xk_1 + 'kak;—l + tw/'YkO'k—lUk)Uk—lUk ® UkO'Z_l
0

—D2p(X)_y + ykbk_l)zk_l)dt. (3.3)

Observe that 1, (Xy_1, Uy) in the r.h.s. of is the only term containing the current
innovation Uy. Thus, the mapping u — ¥ (Xy_1,u) is Lipschitz continuous, because ¢ is.

This property is crucial to proceed with a martingale increment technique. Indeed, in-
troducing the compensated increment Ag(Xy_1, Ug) :=Up(Xy—1, Up) —E[tr(Xi—1, Ur)| Fr-1],
assumption (GC) allows to derive:

ASTEONT) Y

YA > 0, E[exp(—AAk(Xp_1, Up))|Fi1] < exp ( 5

(3.4)

The corner stone of the proof is then to apply recursively this control to the martingale
Mm = Z?:l Ak(kala Uk), m e IIL n]]

To control the deviation, the first step is an exponential inequality which combined to

(13.2)) yields:

]P’[\/iun(/ltp) >a] < exp ( — %)E[exp(AVn(A¢))]

a
VT,

for A > 0, ¢ > 1 and R, is a remainder (whose behaviour is investigated in Lemma@. The
main contribution in the above equation is the one involving M,, which can be analyzed

thanks to (3.4). Namely:

AqM")]l/an,

< exp(-— )E[exp(— T (3.5)

E[exp ( — —)\Mn)] = E[exp ( — @Mn_l)E[exp ( — %An(Xn_l, Un))

Fn
CN[P(Xna, )]
212 )]

n

]—“n_l]]

< E[exp ( — —Mn,l) exp (
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A first approach in Chapter [3|in order to iterate the estimates involving the conditional
expectations, consisted in bounding uniformly [(X,—1,)]1 < v/ Aullo]el|Velle (which is
easily deduced from ({3.2))). Iterating the procedure led to the estimate

2

PVEwnlAg) > a] < exp (= 2 exp (G lo Vpl2)Ra (31

Optimizing over A, letting as well ¢ |,, 1 in a suitable way, gives the deviation upper-bound
Ch exp(—an), with C,,, ¢, > 0 respectively increasing and decreasing to 1 with
n (see Theorem [2] of Chapter [3| for details).

To obtain the expected variance corresponding to the carré du champ v(|o*V|?), the

key pomt is to control finely the Lipschitz modulus of ¢y (Xx_1,-) in - -
From , we get the following simple expression of the derlvatlve Voo (Xi—1, w)|u=v,
= 1/fymf,’;_lVgo()(k). Hence, there is a remainder term R (7Y, Xx_1,Ux) and a constant

Cgn = Can((A)) > 0st.
IVt (X1, 0)Plu=vi, = Wlot_1 Vo P +Op i/ Vit + Ry, Xi—1, Ur), - (3.8)
for more details see (3.29) below.

In order to exhibit for each evaluation of the conditional expectations in (3.4)), the
contribution v(|o*Vl|?), we use the auxiliary Poisson problem:

AV = |0*Vo|? — v(|o*Vy|?). (3.9)
We then write for the main term to control in (3.5)),
A M, 1 el e
Elexp(~~5)] < 77 57 5,7 (3.10)

for p>1,p,q>1s.t. %—i—%:lwhere:

7\ RPN & )
J = Eexp(—p=—M, — Y AY(Xp—1) — C%M)ﬂ

I, 212 =
X2q2 0%
= E _ (X
% (56— 2 ;”’“A )
2202
I3 = Eexp (—2< 1 F%;C.%\/K) (3.11)
Exploiting (3.9), we can now rewrite
7
B gA PPN . 2 — 2
=Eexp ( — oMo — S ) ([l Ve(Xi) P = v(10" V)] + Cagriy/ Vi
" k=1
2 212
_ TN 1o )
= exp (F5 v (lo" Vel
) PPN ; 2 2
XEGXP(—PP— "~ or 2(7k|0 Vio(Xj-1)| +C%\/Vk—1))' (3.12)
" o k=1
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The first term in the above r.h.s. yields the expected variance when we optimize over A
for ¢ and p going to 1, which is the case in the regime of so called Gaussian deviations in
Theorem [3] It improves the previous bound (3.7). Introduce now for m € [1,n]],

)\ 2g2 )2 &
S = exp ( — plf]n " — 2F2 Z Y| o* Vo (Xp1)|? + C’vkm». (3.13)

Bringing to mind that Mm = ZZ;I Ak(Xk—laUk)7 where E[Ak(Xk_l,Uk)|fk_1] =0
and [Ag(Xk_1,)]1 = [Vr(Xk_1,)]1, we get from (3.8]), that, up to the remainder term
(R(7k> Xi—1, Uk))kei,n]» Sm can be viewed as a super martingale (see Lemma [5| for de-

tails). We actually rigorously show that, in the Gaussian regime (i.e. for il 0), for
0e(1/3,1)

E[S,]» < %, — 1.

n—+0o0

For § = 1, or for super Gaussian deviations (i.e. for \/‘}— — 400, see Section @ with
0e(1/3,1) we get:

1 pgN* PPN
E|[S,, |74 e% ( n) )
[Sn] exp ( T + = 1)F%)e
where e, > 0 decreases to 0 with n and Z#,, > 0 is still going to 1 with n. The difficulty
in the above control is that the optimized A also depends on n and p (see (3.33]) below).

The second term .7 is estimated directly repeating the arguments of the proof of
Theorem 2 in Chapter 3| which are recalled above (see equations (3.5 to (3.7])). We apply
the previous martingale increment technique that previously led to (3.7)). Denoting by M?
the martingale associated with the (vf(Xy_1,Uy)) deriving from the expansion of

A9 similarly to (3.2)), we obtain:

kel[1,n]]

Mg’ pP M,

Va_ )\4q4p4q— , , ;
)] Rl < e (Sl BIVOR )R ()

< Efew (- S 17T

for ¢ > 1 and where the superscript ¥ means that we only need to replace ¢ by ¥ in the
previous definitions. Like in (3.5)), R? is here a remainder.

The third component 73 is first controlled by Jensen inequality (over the exponential
function and the measure is $ e Vi)

1 C >\2q2p pre

For the control of this term (as well for remainders from Taylor expansion in (3.2]) and
in Lemma |1f), we recall a useful result from Chapter |3 (see Proposition 1 therein). Under
(A), there is a constant ¢y := ¢y ((A)) > 0 such that for all A € [0,¢y], £ € [0,1]:

I5 = sup E[exp(AV)] < +oo. (3.16)

n=0
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We also refer to Lemaire (see [Lem07]) for additional integrability results of the Lyapunov
functions in a more general framework. The identity (3.15]) is handled by Young inequality

(2)

L (X¢*p*ply n b n
exp (g (555550 2(p-1)r2 exp ($zen)
% < \4 (p 2 EeXp CVVk 1) = (27; Z ’YgE exp (CVVk_1>,
Fn 1 L'y k=1
. ~ 2 2A I‘,(f)
with p —, +oo s.t. for fixed p,q > 1, e, = %(1&%(%1)2? )2 —, 0, note that for all
(2)
0 € (3,1], \F/% —,, 0. We obtain then by (3.16]):
p=l 4 )\4

—en)(l}l/) o = Rpexp (= (3.17)

r )’
for p = p(n) —, +o0.

Eventually, by (3.5)), (3.12), (3.14) and (3.17) with the different controls of E[S,,] (see

Lemma :

an N X
Pl\/Trvn(Ap) = a] < exp ( — A+ ﬁjgn(p))%n, (3.18)

with Z, — 1, A.(p) = p(w + e,), B, = p”—qu(m + e,) for e, > 0
decreasing to 0 with n.

We perform an optimization over A\ with the Cardan method. However, the optimal
choice of A depends on p. So an optimization can be done for p too. In Lemma [ below,
we choose p for the regime of Gaussian deviations (i.e. \/% - 0) which yields:

2

]PU V Fnyn(A(pN = a] < 2CYn exp <_ Cna—>a

2v(|o*V|?)

for ¢,, C,, > 0 respectively decreasing and increasing (for n big enough) to 1 with n.

The optimal choices of A and p for the regime of super Gaussian deviations (i.e.

\/% - +0) is eventually discussed in Section @ This leads to

a4/3F,1/3
Cn 273 23)'
2l |27 |V

PV (Ap)| = a] <2C,exp (-

3.2 Technical lemmas and Proof of the Main Results

We first give a decomposition lemma of v, (Ag) which is the starting point of our
analysis. Its proof can be found in Chapter (3| (see Lemma 1 therein).
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Lemma 1 (Decomposition of the empirical measure) For all n > 1, k € [[1,n]
and ¢ € C?(R% R), the identity (3.2)) holds and we have:

Lpvn(Ap)

=p(X,) — p(Xo) — [Z’Yk L (Vo(Xp-1 + tybr—1) — Vo(Xy_1), b1 )dt

[\:)Ir—l

Z’Yka< O(Xp—1 + Ybr—1) — DQSO(Xk—l))Ei_1>+Z¢k(Xk—1,Ukz)]7
= k=1

(3.19)
where Yy, (Xg_1,Ux) is defined in (3.3)).

Remark 7 In spite of the square terms in Uy appearing in the r.h.s. of (3.3)), we have
that, conditionally to Fr_1, u— p(Xy_1,u) is Lipschitz continuous. Indeed, on the r.h.s.
Uk only appears in Yy and on the L.h.s. we know that ¢ is Lipschitz. Hence, for all (u,u’) €
(Rd)2:

[ (Xi—1, 1) = (X1, w)| < VAl on-1 ][ Voo u = w']. (3.20)

Our strategy consists in controlling how far the Lipschitz modulus in (3.20) is from
lof Vor_1|. The first step is to obtain an explicit derivative of Vr(Xy—_1,-), see (3.24)
below.

For notational convenience we introduce, for a given n € N* the following quantities:

n 1
R, = ¢(X,)—o(Xo) — 2 %J (Veo(Xi-1 + tybe—1) — Vo(Xg-1), b1 )dt
0

1 n
- 5271@Tr< O(Xp—1 + Yebr—1) — D290(Xk'—1)>2271)7
M, = ZA (Xp_1,Ur), Ry := ZE Uk (Xi—1, Up)| Froa ] (3.21)
=1 =1

where for all k € [[1,n]):
Ap(Xp—1, Up) = n(Xpm1, Uj) — E[n(Xp—1, Up)| Fre - (3.22)

From these definitions, Lemma [I] can be rewritten:

va(Ap) = — (R, — M,), (3.23)

where M, is a martingale. The key idea of the proof is to control more precisely the
Lipschitz modulus of ¢,,(X,,_1,-) than it was done in Chapter [3] From the definition in
(3.2), let us write for all k € [[1,n]:

%(Xk—l, Uk) =Pk — Pr—1 T Rk_uf,
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1
Rioip = —Ap(Xp—1) — ’ka (Vo(Xg—1 + tybg—1) — Vip(Xg—1), b—1 )dt
0

1
— (DXt + bir) = D*p(Xe1)) B2, ).

Hence, by derivation
Vuwk<kalau>’u:Uk = \/%szlvﬂp(Xk)- (324)
We will establish that V., (Xy_1,u)|u=v, is not “too far” from /yro}_Vo(Xi_1).

Proof of Theorem [3] for bounded innovations

We first give the complete proof in this particular case. We will specify the additional
required controls for possibly unbounded innovations in the next subsection.

A key tool in the derivation of our main results is the following lemma whose proof is
postponed to Section [4] for the sake of clarity.

Lemma 2 (Remainders from Taylor decomposition) Under (A), for allq > 1 and
A > 0, we have:

P[myn(Aw) >al <exp(-— \%) (E exp (— %MQ) ‘ exp(?—nen)%n. (3.25)

We will now sharply control the Lipschitz constant of ¢, (Xy_1, -), or equivalently Ay (X% 1, ),
which appears iteratively to handle the martingale term in (3.25)).
In case of bounded innovations, we see by assumption (Tj3) i) (smoothness of ¢) that:

IVl (X1, W) u=v,,| = [V760%-1 Vo(Xi)|

< W01 Vo (Xe-1)| + [V o1 [Ve(Xk) = Vo(Xi—1 + yibi—1)] |
Vo1 [Vo(Xk-1 + mbr—1) — Vo(Xi-1)] |

< VT Vo(Xi-1) ] + lloe1 2 D*0)lo0 | U oo

v o1 [Vo(Xe-1 + mbr-1) — Ve (Xi-1)] |- (3.26)

Remark that we have both controls

(Lv), i)
W D*¢lolbr1] < A/ Cv]| DXV Vi1,

[[Vo(Xgo1 + Yebi—1) — Vo(Xi—1)] | <
[ [Vo(Xk—1 + Ybr—1) — Vo(Xi—1)]| < (2\\V90\|oo)%| [Vo(Xi—1 + Yibe—1) — Vo(Xik-1)] ‘%
(Lv), ii) 1
< (2)Ve|w) it /208 | DX | V2V, (3.27)

in order to keep integrable powers of the Lyapunov function. We therefore eventually get
from (3.28]) and inequalities in (3.27)):

ViR (Xk1, u>|u:Uk|2
<log_ 1 V(Xp1))?
+2y7kl07_y Vo (X)) (Wl owmt PID*0 oo Uk o + 72 2| loon/Cv | D*0 oV V i1 )
+ (Wlor-1 PID*l | Uklloo + o]0 21V 2]l 27O | D] 42V, 5)?
< Wt VeXe)* + Crgmy 10kl + CogzmilUel% + CagvivVier, (3.28)
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with the constants Cy @gzg) := 20]% [Vl D*@lw, Cogzg) = 2[o ]3] D02, and Cg) -
6|2 |IVe|wollD*0]w. The last inequality above is a consequence of convexity inequality
(i.e. for all (x,y) € R?, (z + y)? < 222 + 2y?).

Recalling that we consider first |Uy|o < Cu, we then derive:

[Ae(Xio1, )]? < lo* V2 (Xemy) + C7° + CeniyVi-1, (3.29)

where in the above identity C' = C) gzg C’ + Oy, 328 -71 C’ Let us introduce for all
(m,n) e N2, m < n and (p,q) € (1, +oo

p?(g\)?
272

A
T, = exp <—&

X, _
Fn m( m 17Um)

o Vo (X 1) Y CgiVir). (3:30)
k=1
From the definition of S,, in , we write Sy, = [Tie, Tk The coefficients (1,,)m>1
can be viewed as multiplicative increments of (.Sy,)m=o-Inequality (3.29) precisely allows
to quantify the martingality default for (.S,,)m=0. These factors appear when we exploit
the auxiliary Poisson problem (3.9)) in the definition of .77 in (3.11]).
2,2)2

i = exp (S0 Vel ) E[S, BT |7, ])

Thereby, from the upper-bound ([3.29)) of the Lipschitz modulus, we directly obtain from

and (GC)

E[T,|Fn-1]
2 )\ 2 )\
:eXp(_ p;gz) 7n|a*Vg0(Xn—1)|2>E[exp (% n(Xno1,U, ZC.fkak 1) ]
p*(g))?
<exp (T ore Cy3? — kzlc.w/k ).

Hence, iterating:

T, <exp (pQ(q)‘)2u(|a*Vgp\2))E[Sn_1] exp (MV‘WC)

2, QFQ "
2 )\2 . )\ F3/2) 2 )\2 .
<exp (L (1o wiop) exp (L T ) — ey (KL 10w 4 c,),
n n n n

=en

where e,, — 0. The controls for .7 are deduced from (3.14), and .73 from We [now

gather the previous estimates into (3.10) (we recall E[exp(— )‘qM”)] f :7 @ 3 o )
the following lemma. Note also that the term RY appearing in 1_’ is controlled similarly
to remainders in Lemma 2

Lemma 3 (Gaussian concentration term) With notations of (3.21), under (A), for
a bounded p > 1, we have:

2 4
Eexp (- gM )7 < eXp(?—Aw =

n

B,) %,
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where

_qv(|o*Vel?) 0 @q,qelZ )
An.—p( 5 +en) and Bn.—p*14( 5

+en), (3.31)

for some 1 < q:=q(n) — 1, and with: e,, — 0, %, — 1 uniformly in \.

n—+00 n—+0o0

As a consequence of the previous Lemmas [2 and (3] we obtain (3.18]), namely:

P(v/Tvn(Ap) = a) < Cypexp (P(N)), (3.32)
with P()\) := —\}M— + ’\2A + 5 Bn, where A, = A,(p) := pA, and B, = B,(p) := ppfg)lén
. (7"l 5q alolLI VL

v qu(lo"Ve ~  q°q.q|o
Ay="="5"F e and B,=7 (f@mn).

Next, like enunciated at the end of the User’s guide to the proof, we optimize a fourth
order polynomial by the Cardan method, see (3.33) below (and Section {4|in Chapter [3)).
If A\, = argmin, P()\), then
a 2\ 4\
—— + LA, + =2B,=0.
VI, * r, rs
The Cardan-Tartaglia formula yields only one positive real root. Namely, setting
a a? 24, 3.1 a a? 2A, 3.1\ 3
— (= +(p—1 )( (-1 (E)) )
<\/Fan (B,%Fn (o )<3Bn) ) VI, By (B%Fn (v )(BBn) )
this conducts to take A = \,, with:

P'(\) = —

(I)N(aa P) =

Wl

- %@@n(a, o). (3.33)

Moreover, remark from the binomial Newton expansion that:

2a 2(p —1)1BA,

®,(a,p)® = = - ®,.(a,p).
(a,p) N 2 (a,p)
From (3.33) and the above expression, P(\,) = Puin(a, [y, p) = A (— Vi An A+ ”B )

we thus obtain

— DB (a .
Puin(a, T, p) = *\/m(p ;gp Bul.) (3& - \/i(p - 1)1/3An<bn(a, p)) (3.34)

Then, from (|3.32)):

P(\/Tovn(Ap) = a) < Cpexp (Puin(a, T, p)), (3.35)

which is exactly the same bound appearing in Remark 11 in Chapter [3| up to a modifi-
cation of A,,, containing here the expected carré du champ.

The optimization over A\ leads to study how p should asymptotically behave. The
following lemma indicates that, when a = o(y/T,), taking p — 1 = —&= yields a Gaussian
concentration inequality in (3.32) with the optimal constant.
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Lemma 4 (Choice of p for the Gaussian concentration regime)

For Pyin(a, Ty, p) asin (3.34)), there is p :== p(n,a) > 1 s.t. [f\/% \/‘lﬂ—
(@) (14 o(1)
Pun(a, Ty, p) = —————(1+0(1)).
0 2v(|jorVeP)

For the sake of clarity, the proof of Lemma [4| is postponed to Section . From (|3.35)
and Lemma [d] we conclude the proof of Theorems [3 and [7] for bounded innovations.

Proof of Theorems [3] for unbounded innovations

Switching to unbounded innovations requires additional technicalities. Our strategy
consists in considering a truncation argument writing

Ak(Xk—la Uk) = Ak(Xk—laUk)[ [Ukl< 5™ e+ ]1|U |>”€T’"]>

to control the Lipschitz modulus of ¢y_; where (74, )n>1.x<n is & suitable sequence specified
in below. In particular, 74, := 74, ((A), A, p) where A > 0, p > 1 are as in the User’s
Guide to the Proof.

For our choice below, we will have that, for all & € [[1,n]], 7x» T, +o0. That choice
for ry,, also yields that when |Uy| < ry,, our controls behave like for the bounded case.
But when |Uy| > ry,, we will handle this large deviation regime by assumption (GC).
We indeed know that for all K > 0:

2

pl{le] > KY) < 2exp(~1). (3.36)

Let us recall from the definition of Ay (Xy_1,Uy) in . and - that:

Ap( X1, Uk) = \V/0k-1Uk - Vo( X1 + Ybr—1) + ZEp(Xp—1, Up), (3.37)

where for all (k,u) € [[1,n] x R"™:

1
Zr(Xp1,u) = ka (1-— t)Tr(Dng(Xk_l + Vebr—1 + t\/VKOk—1U) 010 Q@ uo)_;

0
“E[D?0(Xio1 + Wbk + Ak 1Uk) 0k 1 Uy ® Uka;;,1|fk_1])dt.
(3.38)

For the terms (Ty )<y, defined in (3.30)), the lemma below controls the “super martingality”
default of S, = [[;_; Tx.

Lemma 5 For all k € [[1,n]

E[T5| Fre-1] < i (X ks Tem) €xD ( Z CeaiVioi),
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with, as in [3.28), Cgg) := 6[0]% V)| D?@llcc,

2 2. .2\2

PAA Tkm PG
N (X, Ve, Ton) = (14 2exp(—Cr},,)) exp (_Fn Cyy” exp(——~ ) exp ( = 12,
(3.39)

and

1/4
Tn =C(1+prq—)‘)(%) / , for 0 e (3,1),

n

3.40
C(L+ 2 In(n + 1) In(k + 1)"2, for 6 =1, 40

Ten = Ten((A), A, p) = {

for C >0 s.t. 111 > c\/71|0|w|Ve|w for ¢ large enough (every ¢ > 8 works, see the proof
of Lemma[3, and equation ([£.21))). This choice is briefly explained in Remark[§ below.

Remark 8 The specific form of the truncation and of the time steps chosen yields

O((1+22)n™7"), if 0 (2/3,1),
e =3 O((1+ qu) In(n)~ 1/4n12), if 6 =2/3,
O(( 1+M ns), if 0 € (1/3,2/3).

Anyhow, we always have for each k < n, ry, — +00. Identity (3.41)) in the following

lemma can give an intuition of our choice in (3.40). This result ensures that the terms
Ny (A, Yy Tem) can be viewed as remainders (observe indeed that some e, — 0 appear in
n

the exponential ‘} below). From the optzmzzatzon m A performed in the proof Lemma
I (see equation (4 ) the contribution £~ e appearmg m will be large in the regime
of super Gaussmn deviations (see as well Remark The above choice of 1y, actually
permits to control the remamders mn all the conszde'red regimes.

For 0 e (l 1), the choice in can seem natural in order to absorb the term

[Ty exp (’Jq’\Cy,iﬂ exp(— ’“”)) = exp (’)q’\CF(I/2 exp(— %)) coming from the iteration of
13.39 For 8 =1, the choice is a bit different due to the associated logarithmic exploswn
rates (i.e. I’y = ln( )). Actually, for the Gaussian deviations (\/ﬁ —,

0, see again (4 and Remark below, and the term % could be removed in ([3.40)).

On the other hand, the contribution exp (p RS 072/27“]% n) will eventually yield a negligible
contribution in the polynomial appearing in Lemma [3. We refer to the proof of Lemma[J
for details.

Lemma 6 (Control of “super martingality default” of S,)) There exist non nega-
tive sequences (%n)n=1, (€n)nz1 $.t. By —> 1, €, —> 0, and for alln > 1:

n 2 212 4 44
PICAT PR
< Nn)‘7 y k) — Hn ( 71)
Sil kl_ll k(A Ves Thn) = P €XP ( T + I )e

(3.41)
Observe that a term in A* appears here for the control of E[S,]. This is specifically
due to the unbounded contributions. Namely, the exponential term in (3.41)) comes from

eXp(” ¢ C’y,‘:’/ 27“1371 ) in (3.39)), the definition of 7, in (3.40), and using as well that e, =
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(3/2)
Do — 0. The other terms in (3.39)), corresponding to sub-Gaussian tails, give the

In n—0o0
remainder %,,.

Note now carefully that, reproducing the arguments of the bounded case and using as
well Lemmal6] to control E[S, ] yields that Lemma[3 remains valid, up to a modification of
the remainders e,,. The proof then follows similarly to the bounded case. To sum up, the
specificity of the unbounded innovations was to precisely control the Lipschitz constants,
considering a suitable truncation, as well as the “martingality default” of \S,, appearing in

.

4 Proofs of technical lemmas

4.1 Remainders from the Taylor decomposition

Proof of Lemma [2] N
From the notations in (3.21), we recall (8.23): v,(Ap) = §-(R, — M,). The idea is
now to write for a, A\ > 0:

PIVEwn(4e) > a] < exp(— ) exp (7-(R, - 11,)]

n

< exp(-— %)E[exp (- %Mn)]l/qE[exp (le—)\|}§n|)]1/p,

for % + % =1, p,q > 1. We rewrite the Taylor expansion with the same notations as in

Chapter : R,=1L,— (Dapm + Das, + Gy) where:

n 1
Dypy = Z %J (Vo(Xi1 + tybe—1) — V(Xik—1), bp—1)dt,

1 n
Dyy, = §Z%TF( O(Xp—1 + Yebr—1) — DQ(P(Xk—l))EZ_1)a
Go = Y E[p(Xpor, Up)| Fical,
k=1
L, = o(Xn) — ¢(Xo). (4.2)
From (4.2)), (4.1) and the Cauchy-Schwarz inequality, we get:

Va0 o) <o (=) (Bese (= £ 100) "« (mesw ()

x (Eexp (_\G )" (Eexp(—‘Dggn}));p(Eexp (%\DZ,b,n}))gp. (4.3)

The term L, in (4.3) is controlled in Lemma 4 in Chapter [3| (for j = 2 therein):

3pCE N2 2
PV + C}:) Ry, XD (?—en) (4.4)

| Ly 1
(Bexn (- )> < )re (200
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for p = p, —n —I—oost——>0
Thanks to Lemma 3 in Chapter Bl we obtain:
_ 348 348
G S A [T D

= a.s. .

VT, S (1+6>(2+5)(3+6) iR

1]. Hence, for all p > 1:

Moreover, a, — o = 0 for 0 € (2+ﬁ,

A )\2 2 )\2
(E exp ( \G |)> < exp (\_F%) < exp (m + %) = K, exp (F—en). (4.5)

for p = p, —, +0 s.t. a2p —, 0.
We handle the term Dsy , in (4.3) by Lemma 5 in Chapter : there exists C :=
C1((A), ») > 0 such that

pA2 (Fq(mz) )2 1 A2

dp\,
(Eexp( b )) < exp (PP ()5 = Zaexp (F2en),  (46)
(r >> 1 41 I
for p = p, —, +0 s.t. p—= —, 0 (we recall that for all 0 € (3,1], i ).

We deal with the term Dz,b,n from (4.3). Because © — (Vy(z),b(x)) is Lipschitz con-
tinuous, thanks to Lemmal[5|in Chapter [3| we know that there exists Cy := Co((A), ¢) > 0
such that:

Aph, 3pA2 (02 1 3 A2
(IE exp ( d )) < exp (CQ(%%) + Q—p))(f‘l/)“p = K, exp (F—:en), (4.7)
(032
also for p = p, —p 0 8.t p oy O

We gather (4.4] . . . and ( into , which allows us to control the re-

mainder involving R, previously decomposed in . There are non-negative sequences
(Z)n=1, (€n)ns1 8.t lim Z, =1, lim e, =0 and:
n— —+00

n—+0o0

2

P[\/Fn’/n(ft@) > a] < exp < - ﬂ) (E exp ( - %Mn>) % exp (%

o nen) R,.  (4.8)

4.2 Asymptotics in the parameter p

We first begin with the proof of Lemma [4] which is purely analytical and rather in-
dependent of our probabilistic setting. We recall that we use it for both bounded and
unbounded innovations.

Proof of Lemma [4]
From the expression of ®,(a, p) in Theorem [7] remember that

(I)n(a’a P) =

a a? A, a1 a a2 A goind
(Gre G 0GE ") (G G G
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Here, p > 1 is a free parameter. Let us set:

_ 5§Ba
-8 AT,

(4.9)

for a parameter & := £(a,n) > 0 to optimize. This choice yields
1/3

®,(a,p) = W((l +V/THEB 4 (1—/T+6)).

Hence, from the definition of A, in (3.33)):
pPAn 1 1/3 3 1/3 1/3 1/3
=—(p—1)"7"d 1 1 1—4/1 . (4.10
o =5 =D ula,p) = QQArﬁ (L+VT+OP + (1 =V1+7). (4.10)

We point out that & — &Y3((1 4+ T+ &)Y + (1 — I+ §)"?) is a bounded function
from [0, +0) to [0, %). In fact,

ER((L+ 1+ + (1 —/1+ V)

s o L 1 2
o & 0FOPO T o= (- ol ) o 3

From the definition of Pmm(a,p, ') = P(\,) = min,o P(z) in (3.34) and from the
definition of P()) in (3.32),

(p = 1)V2 VT ®n(a, p)

(4.11)

Pn) = ) o Ba—VTulp— 1) 4,2, (a,p))
_ _(P_ 1)1/;(I)n(aap) % \ZLI;T A \/7 1/3(1) ))
32 a®
B (52;@52 )51/3((1 +4/ 1+ + (1-/1+9"?)
(1—ﬁ( L+ /T+9Y 4+ (1= y/T+)'))
2
- 23 ) (4.12)
for ©
, g
where
/
g:E— EB((1+4/1 4+ O)VP+(1—4/1 + )3 1—£ (1++/1 + VP +(1—/1+ 6)3)),
2
and
27 Bpa ao) p— 1
- = A,%Fn< =5 ) (4.14)
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w0

From (6.11)) and the asymptotic of A, defined in (6.24), i.e. 44, —, 2v(|c*Vy|?),
we want to choose £ = £(a,n) s.t. A(§) = g—if\p(ﬁ') o 1. This would indeed yield

Vo w
2 e . B. a2
P(\,) " — 15~ From the definition of ¥ in (6.13), we have ¥ = 2823% P 0.
VTn n VIn

Observe then, that, taking £ going to infinity such that

We bring to mind that we consider “Gaussian deviations”, namely

&0~ 0 (4.15)

Vi

yields A(§) = 32 99 . i, noting from (4.11)) and the above definition of ¢ that

g&) — (3)”

-+

Remark 9 (Controls of the optimized parameters for Gaussian deviations) We
give here some useful estimates to control the remainder terms in the truncation procedure
associated with unbounded innovations, see proof of Lemmal6. They specify the behaviour
of the quantity %.

In the regime of Gaussian deviations, we get from (4.10) and (4.11)):

An
P 0,n = ay/Th. (4.16)
Tn oo g

4.3 Technical Lemmas for Unbounded Innovations

We proceed with the proof of Lemmas 5] and [6] which are specifically needed for un-
bounded innovations.

Proof of Lemma We use a partition at the threshold 7y, on the variable Uy, to control
finely the term Ag(Xy_1,Uy):

A A
E[GXP ( - %Ak(XkA, Uk))|fkfl] = E[GXP ( - % n(Xk-1, Uk))ﬂ\Uklérk7n|fk71]
A
+E[exp (- %Ak(xk_l, Uk))]l|Uk|>rk7n|]-"k_1} — T T, (4.17)

n

where T}, and T}] stand for the contributions in E[T}|Fz—1] exp(3F) CEg)17Vi-1) asso-
ciated with the martingale increment A(Xy_1, Uy) for which the innovation is respectively
small and large.

Let us first write:

A A
TR = E| exp (~25 A0 (Xeo1, U) Lgnn | Bt | = J exp (— 52 A (X1, Un) ) du).
n |

U‘ST}g’n n
Observe now that, similarly to the computations of Section [3.2] for bounded innovations,
see equation ({3.29)), if |u| < ripn, u € R" — A, (Xk_1,u) is s.t.

[An (X1, )T B0y < WeloE—1 Vo (Xp1)? + CY %1} + Ot Vier, (4.18)
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where [A,(Xy-1,)17 5., ) denotes the Lipschitz modulus of A,,(Xj_1,-) restricted on
the ball B(0,7,) of R with radius Thon-

Let us now extend u € B(0, rg,) — A, (Xg—1,u) into a Lipschitz function on the whole
set R"” which globally verifies the bound of equation . The easiest way to do so is to

consider: )
ueR — A(Xy1,u) = A(Xp-1, 50, (1)),

where I, () denotes the projection on B(0,ry,,), namely for u € B(0,r,,), we have
a0, ) (1) = u, for u ¢ B0, 14,), Upo, ) (u) = T Tka- 1t is readily seen that:

[A(Xp—1, )] < wlok V(X)) + C%c Tkn + CV}ka—L

Hence:
A A
T = J exp (= A (Xt Ui pldu) < E| exp (= EEA (X, U) 1 Fics
‘u‘<rkn n n
2 2)\2 _ b\ _
< AXe ) — PP RIA (X,
(Gc)exp( orz (A1)l = T E[A 1, UW)])
2,2)2 A
< exp (Sypg— (ulof 1 Ve (Xe )P+ O+ CiggnVen) = - EIA(Xis, U)).
(4.19)

Bearing in mind that E[A(Xy_1,Ux)] = 0, and observe now:
E[A(Xy-1,Ur)]
= E[AXe1, ULy are ] + E[A (X1, Ue) Lo )
= _E[A<Xk*17 Uk)]l|Uk\>rk,n] + E[A (‘Xk*17 HB(OJ’k,n)(Uk))]1|Uk|>Tk,n]

< (BIAK1 U P + BlIA(Xit, Han, o (U)]2)BIU > ri,]
’l“
< Oy exp(—"),

exploiting (3.36), (3.37)) and (3.38)) for the last inequality. Plugging this bound into (4.19))
yields:

2 2)\2

or2

1
(4.20)

The remaining term in (4.17)), involving also the large deviations of the innovation, can
be controlled as follows:

: Mo
(Welot_ V(X 1) [P+C 12+ CmriVit) + Oy B9 exp(—Emy),

TM < ex
k,s P ( Fn

A
TI% = E[exp( ! A (X 1;Uk))]l|Uk|>rkn Fr— 1]
200 1/2 1/2
< E[exp ( ! (Xk 1 Uk))‘]:kfl] El:]l‘Uk|>Tkn]
)\ 1/2 r?
< 2E[exp ( — 204 Ap(Xp-1, Uk))|fk—1] eXP(—kT)
(GC) 2 2\2

2
p°q X
< 2exp (T wlolEl Vel - =57)-

n
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Let us proceed from our definition of ry, = 7¢,((A), A, p) in and write 75, =
(1+ pq’\)ukn One has that for all k¥ < n, ug, — +00. In other Words with the previous

inequality, recalling 77, = ug (1 + 2 2‘12>‘2).
2 212 2 2
qp uk,n ukm,
1 < 2o (P02 (ol w2, — My - M)
2,22 2 u2
< 2exp(— oL’ b kn) <2exp(—Crp,), (4.21)

rz 8 4

since uy,, > 167103, [Ve|3, (which explains our choice for the constant 7, in (3.40)).
Plugging (4.20) and (4.21)) into (4.17)) yields:

A
E[GXP (- %Ak(){k—h Ur)) |]:k—1}

RPN paN ., 12 rk
< exp( T (’yklak Vor1)? —i—C’yk rkn—I—C’.fkak 1) —|——ny eXp(—T)>
+2exp ( — Crkm)
2 2)\2 % 2 >\ 1/2 T’%JL
< exp( 5T (’yk|ak71Vg0k,1] —i—C’yk rkn—i—C’-’kak 1) —i——C’fy exp(—T))
x(1+ 2exp(=Cr} )
2422
=: exp (W’YHU:AV‘%AP + C’y,ka,l) X Ny (A Yies Thom) s
where
A T2n 242 )2
Ny Vi ") 1= (1—1—2 exp (—Cr,%’n)> exp (%nyi/ze xp(— IjT)) exp (p 122 072/27’,%).

We have thus isolated the “significant” term exp( 2F2 %\Uk NVor_1]? ) The result fol-
lows from the definition of T} in (3.30)).

Proof of Lemma @ We recall for convenience the definition of ry, in (3.40):

L] m=cax ) (), for O (3.0),
o C((1+ %) In(n + D)Y4In(k + 1)V2, for 6 = 1.

From the above definition of Ny (A, vk, rr.n), we introduce two remainders:

= < PN -, 1/2 Tl%,n
R = IH <1 +2exp (—Cry,,) ) X IHexp T 714;/ e p(—T))
= RI'xRZ
2 2/\2 n
R = exp( Z (4.22)
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that naturally appear when we iterate Lemma [5| Precisely:
E[Sn] < E[Sn-1]Rnn (X Yo ) < | [ Rem i 7)) = Ry x R (4.23)
k=1

e For 0 e (1/3,1):
We have chosen 7, = r,, in (3.40)), so,

1 _ 2 o (1/2) r 11 12
Rn—<1+26xp(—0rn)> e:x;p(F CT,, "% exp(— 4)) R, R,

n

and:
n r
11 2 n_\1/2
R, = (1 +2exp (— C’rn)> < exp (nln (1+ Qexp(—C(Fg/Z)) / )))
Ly
n /2
< exp (Qnexp(—C(Fg)/Q)) )) s 1,
1/2
as, for 0 € (1/3,1), ( (3/2)> > n(n) where
77(”) = C(n(l_e)/Q]lge(z/g’l) + (n1/3 ln(n)_1>%19:2/3 + n9/4]196(1/3,2/3)), (424)

see also Remark [§] For the remaining of the proof, we will thoroughly exploit this kind of
arguments. Precisely, we recall that:

VCeR,, 3C: =1, st. YO < B < (Vo e Ry, 2° exp(—2?) < C¢ exp(—C’C_la:2). (4.25)

Thus, for the remaining term R!? in R}

+, exploiting (4.25)), up to a modification of the
constant C' > 0 from line to line:

)\ 2
R < e (FOTP exp(=7)
PIA op1/2) PENC Tn i C Ly
< eXP<F—nCTn eXP(_ I2 Z(F(s/z)) )eXp(_Z(Fg&/?))/))
r3/2) 2,232 T cC T
(1/2)(2n \1/4 P9 n_\1/2 ——(—=3 1/2>
< exp (CTY () e (= T g am) ) e () )
c T, —0/2 —nm)\ @E29),@E25)
< oxp (CT exp(—g () ")) < exp (Gt ™2e ) E2201,
Hence R. = RI'RIZ — 1.
Introducing
(3/2)
r
6<1 ._ n N
€n : C Fn 40 07

we get from the definition of 7y, in (3.40]) and (4.22))

2,2\2  AgA\d
R2 < exp ((p 12 + £ 123 )eid).
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Recalling, from (4.23)), that E[S,] < RLR2, we thus get from the above computations:

2 2)\2 4 4/\4
E[S,] < %, exp ((p 12 + 2 123 )en),

which gives the result for 6 € (3,1).
e For 6 = 1, using the previous notations:

0 < In(RM < (ﬁ 1+2exp Cr,in))):Zn:ln<1+2exp(—0r,%vn)>
i k=1

N

C’Z p(-Cri,) CZeXp — Cln(n + 1)"?In(k + 1))

= O (k+1)7Cl DT ¢ 0Ol D!y Cr p-Cln+1)2 g
2

k=1
21—Cln(n—&-1)1/2 l—Cln(n—',-l)l/2

LS T Y PO T R

1/2

CQ—Cln(n-‘rl)

We deduce that:

R = ﬁ (1 +2exp (— C’rim)) — 1.

n——+0o0
k=1

Like for the case 6 € (1/3,1), we get the control:

n 2
REZ < Hexp(@C’vi/Qexp(—%))

< Hexp <@ %1/2 exp(—%[l + ('O;Z—)\)Q] In(n + 1)"2In(k + 1)))

< nexp <C’7,1/2 exp (— %[1 + C’(@)ﬂ In(n 4+ 1)Y2In(k + 1)))

@25) 7 I,
- 1 —C'ln(n+1)1/2
< ﬂex (Okm(k:ﬂ) ) = L

in fact, we have already established for the control of R1! that ZZ=1 (k+1)*c In(n+1)V2__ ()
Thus, we proved that Rl = RURIZ — 1,

Let us now turn to the other contribution in (4.22)):

22)\2 n 3/22
R2 = exp CZ i)
212 n
P(])\ pq/\ 1/2 3/2
< exp(?C( o+ )+ ) ;;% 1n(k+1))
2,22 g\ 3/2
PG A Y7 In(k + 1)
<
exp (2C( T + 2 F% ) T )
2 242 4214
PUCANT Pt
= eXp(( T + I3 )en 1),
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with ef7! == 2C

last inequality.
To sum up, for all § (%, 1], thanks to inequality (4.23)), we know that there exist non
negative sequences (% )n>1, (€n)n>1, s.t. %, — 1, €, —> 0, and

T Dt klz/zl) oo 0 and recalling that /T, = In(n + 1)%2 for the

2,22 44 )4
E[S,] < Z,, exp <(p g 4P (I]‘3 ")en>.

5 Regularity Results and Consequences

This section is devoted to some regularity results for the Poisson problem

Ap = f—v(f). (5.1)

In particular, we state below some Schauder like controls, which are, because of our
methodology that requires pointwise controls of the derivatives, more adapted than the
standard Sobolev estimates (see e.g. Pardoux and Veretennikov [PV0I]).

There are two kinds of assumptions that guarantee the solution ¢ of enjoys the
required smoothness of Theorems [3]

(a) If b, 0 and f are smooth, under suitable confluence like conditions stated below in
(D?) with the condition on Do: HDJH2 < 2(1-3—?;) for given («,p) € (0,400) x [1,2),
the probabilistic representation p(z) = S E[(f Y2y — u( f))]dt of the solution of
can be differentiated using 1terated tangent flows to establish that ¢ € C3#(RY, R),
for some 3 € (0,1]. It suffices for that to have f € C3#(R% R) and b € C3#(R% RY), 0 €
cy P(RY RY @ R"). We refer to Section and [5| of Chapter |3| for additional details.
Importantly, under such assumptions, specific non-degeneracy conditions are not needed.

(b) If we do not assume such an a priori smoothness on f, b 0, we need to make an
extra non-degeneracy assumption which will allow some regularity gain (elliptic boot-
strap) and a stronger confluence like condition (D2) with || Dol < ﬁ for given
(a,p) € (0,40) x [1,2). Precisely, assuming that the bounded diffusion coefficient %

is also uniformly elliptic, we exploit the results of Krylov and Priola [KP10] (Theo-

rems 2.4-2.6) to derive that, up to an additional technical condition on ¥ when d > 1,

we actually have ¢ € C*#(R? R) for some 3 € (0,1), as soon as f € CH?(R4R) and

be CY(RELRY), 0 e OV (RERT@RY).

We point out that the second set of assumptions is very important in order to go
towards the wusual setting of functional/transport inequalities which typically involves
Lipschitz continuous test functions. This is for instance the case for the controls of the
Wasserstein distances between the law of Y; in (1.1]) and the invariant distribution v (see
e.g. [BGL14]). We are thus able, in the non-degenerate framework (b), to consider directly
sources f € CH#(R? R). Observe that, when 8 — 0, we are almost Lipschitz. Actually, we
can, in this setting, handle functions f € C%'(R? R) up to a spatial regularization which
leads to a constraint on the steps (see Theorem [5| below).
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5.1 Assumptions and Regularity Results

The regularity results stated here can be found in Section [5] of Chapter [3] Let us now
recall the useful assumptions needed.

(UE) Uniform Ellipticity. We assume that r > d in (1.1]) and that there is ¢ > 0 such that
Ve e RY, (00" (2)¢,€) = aléf*.

For 8 € (0,1), we introduce the following condition.

(R1 ) Regularity Condition. From equation (I.1]), we suppose b € C¥(R¢, R?), and
oeCP(RLRIQR).

(D?) Confluence Conditions. We assume that there exists a > 0 and p € [1,2) such that
for all z € R, §eRd

<Db( ) + Db(z 5 §> Z( |<D0 |(§|35,§>|2 + Do > —aleP, (5.2)

where Db stands here for the Jacobian of b, o.; stands for the j® column of the diffusion
matrix ¢ and Do.; for its Jacobian matrix.

There are others assumptions than (D?) which yield, in the non-degenerate setting, gra-
dient control. This is the case for the so-called Bakry and Emery curvature criterion
(IBESS, BGL14]) which is however pretty hard to check for general multidimensional dif-
fusion coefficients. However for Holder control of the gradient, this critetion seems to be
not adapted, see Chapter [3] Section for more details.

We eventually introduce, as in Chapter [3] a technical condition on the diffusion coeffi-
cient 0. It allows to prove that each partial derivative 0., of the solution of (|5.1]) satisfies
an autonomous scalar Poisson problem. We suppose:

(X) for every (i,7) € [1,d]? and x = (z1,...,24) € R, 3 j(2) = Zi j(@ing, -, Ta).

We say that assumption (Pj) is satisfied if (UE), (D) with |Do|% < ﬁ,
(R1), and (X) are in force. From Section [5.3| of Chapter [3| we have the following result.

Theorem 4 (Elliptic Bootstrap in a non-degenerate setting) Assume (Pg) holds
for some B € (0,1) and that f € CY?(R% R). Then, there is a unique ¢ € C>’(R4, R)
solving (5.1).

Note as well from Remark [2| that there exists C' > 0, |D?*p(z)| < C(1 + |z|)~!. In other
words, the solution ¢ of (5.1)) satisfies (Ts).

Remark 10 (On Schauder estimates for g = 1) We insist on the fact that B € (0,1)
i the above theorem. Indeed, it is well known that the Hélder exponent 3 cannot go to 1
in the Schauder estimates. Note that, for the particular case f € CYH(R% R), we also have
f e CYB(RYR) for all B e (0,1). This means that, for such f, the elliptic bootstrap works
up to an arbitrarily small correction.
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From Theorem [] we readily have:

Corollary 1 (Regularity for the Poisson problem with carré du champ source)
Assume (Pg) holds for some 3 € (0,1) and that f € CY# (R, R). Then, there is a unique
¥ € C3P(RY, R) solving

A = |o*V|* — v(|o*Vel?)

and satisfying (Tp).

Indeed, it suffices to observe from Theorem {4 and the assumption (Ri ) in (Pg) that
f = |0*Vy|? € CH*(RY R) and to apply again Theorem [ for this source.

5.2 Concentration inequalities for a Lipschitz source in a non-
degenerate setting

As indicated in the introduction of the Section, we aim at controlling deviations for
Lipschitz sources. In the current Lipschitz framework we aim to address, we need a slightly
different set of assumptions. Namely, we will assume that (C1), (GC), (C2), (Lv), (U),
(S) and (Pp) are in force and we will say that (Lg) holds. Under this new assumption,
we have the following result.

Theorem 5 (Non-asymptotic concentration bounds in a Lipschitz framework)
Assume that (Lg) is in force. Let f be a Lipschitz continuous function. For a time step
sequence (Vi)g=1 of the form vy = k=%, 0 € (1/2,1], we have that, there exist two explicit
monotonic sequences ¢, < 1 < C,,, n = 1, with lim, C,, = lim,, ¢,, = 1 such that for all
n =1 and for every a > 0:

2

P[IVTo (vl f) = v(f))| = a] < 2C,exp (— Cnm)’

(5.3)
where ¢ € CO'(RY,R) n W3, (RYR) is a weak solution of the Poisson equation Ap =

f=v(f)

Sketch of the proof To prove the above result, the starting point consists in regularizing
the source f by mollification. Namely, we consider fs = f % ns, where » denotes the
usual convolution, for a suitable mollifier ns(-) := 577(3), § > 0, where 7 is a compactly
supported non-negative function s.t. §, n(z)dz = 1. We then write v, (f)—v(f) = va(fs)—
v(fs)+ (wn—v)(f — f5) = vy (f5 — V(fg)) + R, 5. We aim at letting § go to 0 so that R, s
can be viewed as a remainder. On the other hand, we will apply the same strategy as in
the proof of Theorem (3| to analyze the deviations of v, ( fs —v( fg)) = v, (Ays). Precisely,
reproducing the arguments of Section of Chapter [3|to equilibrate the explosions of the
derivatives of s in the proof of Theorem [3| yields that there exists two explicit monotonic
sequences ¢, < 1 < (), n > 1, with lim,, C,, = lim, ¢, = 1 s.t.

2

PlIVT () (D)) 2 0] < 20 exp (— g

vl (54)
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From the previous Schauder estimates, we know that o5 € C3#(R% R) for all § > 0 with
explosive C*# norm in § but with bounded gradient. Recall indeed that, for all 8 € (0, 1),

I fsllere < C6°, |Vs| < [fg]l _I/h

Uk (5.5)

(0%

We again refer to Lemma 6 and Section [5.3]in Chapter 3 for details. On the other hand, it
is well known, see e.g. [PVOI], that (,05( ) = E[fs(Y;>") — v(fs)]dt. From their
Proposition 1, we have in our case that, denoting by Vyo.e the law of Yto’m we have
the following control for the total variation between Vyos and v. There exists constants

(Cye) = (C,c)((Lp)) s.t.
HVthO,.r —v||rv. < Cexp(c|z]) exp(—at). (5.6)

Introducing now fs = fs — f — V(f§ — f), we rewrite that, for all x € R%:

Yo
(ps-)) = | ELHOOE
0
+o0 B 1/2
o=@ < [ ([ R ype +r)dn) e - vlifiat
+o0
< J — 24)at.
s, Cerlalilks | e (- 5t)
Recalling that f is Lipschitz and that (f — f5)(z) = (g ( —y) — f(m))m(y)dy , We
actually have | fs]lc < C[f]id, which establishes the pointwise convergence ws(r) —

§—0

—§3 CELF(YV,")—v(f)]dt =: @(x) which is the only weak solution of (5.1)) in W2,,.(R?, R),

p > 1 (see Theorem 1 in [PVOI]).
Let us now prove that

lim v(|o* Vs |*) = v(|o"Vel?). (5.7)
For all € > 0, there is a compact K := K () such that, denoting by K¢ := R\ K, we have:

|, 1v6s = Vel @) (wide) < 4901 | Lie(opwtde) <

l\DIFﬂ

Also, since ¢ € W2, .(R% R), we write:

Jloc

(Volr — 2) — Vip(a))os(2)dz| Lx(w)w(d)

| 1ves = Vel @tetamian < |

r

R4

R Jnd (L D*p(x — )\Z)Zd)\)Pé(z)dzr]l}((x)y(dx)

rl
< | dA J
JO Rd R4

rl
([ dellrsz) | IDola = AP Lilelvldn) < O8lelfip s <
0 R4 R4

[

D*p(x — )\z)ng(z)dzr]l;{(x)l/(dx)

N

DN ™

157



CHAPTER 4. A SHARP NON-ASYMPTOTIC CONCENTRATION

for 4 small enough, using the Cauchy-Schwarz inequality for the penultimate control and
denoting by K a compact set such that for all z € B(0,C¢) > supp(ns), r € K, x—z € K.
This in particular gives (5.7). Hence, setting

v(lo*Vel?)
"(lo*Vies]?)

Cp = 2C -, 1,

and recalling from Section in Chapter 3| that 6 := d(n) —, OEI, we derive that
follows from up to a modification of é&,.

Furthermore, let us point out that, the result can alternatively be stated replacing the
carré du champ in by the variance of the Lipschitz source under the invariant law.
In fact, we can write by the dominated convergence theorem:

lim (0" V) = (0" Viol?). (5.8)

Remark 11 The new threshold 6 > % comes from the specific Lipschitz reqularity of the
test function f. Intuitively, this threshold naturally appears when we consider  — 0 in
the previous condition 0 € (ﬁ, 1] induced by the reqularity of ¢ € C>P(R?, R) which holds,
under (Pg), when f € CYP(RY R). We underline anyhow that, for 3 = 0, the Schauder
estimates do not directly apply.

6 Optimisation over p under Gaussian and super Gaus-
stan deviations

In Lemma [ we performed an asymptotic estimation of the upper-bound for Gaussian
deviations. However, from a numerical point of view, it appears to be more significant to
optimize over p in whole generality, i.e. not only when \/5127 — (. This procedure conducts
to deviations bounds that are much closer to the realizations.

In particular, in super Gaussian deviations framework (i.e. \/LFT — 0), we provide here
a “weaker” concentration inequality than the Gaussian one, which precisely comes from
the optimization over p for this regime. This loss of concentration, with the terminology
of Remark [4] is intrinsic to our method, as it will be shown in the proofs of Theorem [

and Lemma [7] below, see also Remark [I7]

Theorem 6 (Deviations in the super Gaussian regime) Assume (A) is in force.
If there exists ¥ € C3P(RYR), 8 € (0,1] satisfying (Ts) s.t.

AV = |0*Vo|* — v(|o*Ve|?), (6.9)

then, for 0 € (ﬁ, 1] , there exist explicit non-negative sequences (¢p)n=1 and (Cy)ns
1 s.

1,
respectively increasing and decreasing for n large enough, with lim,, C,, = lim,, ¢, = t.

1. which was anyhow constrained to go to 0 sufficiently slowly in order to balance the explosions in
the derivatives coming from the Schauder estimates, see (5.5). It is specifically this feature that led to
the condition v, =n=?% 60 € (1/2,1].
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for all n = 1, a > 0, the following bounds hold. When \/%— — +o (Super Gaussian
deviations):
a4/3F}L/3

P[[\/Fnun(Agp)\ > a] < 2C, exp (— Cp———= ).
2|2 01

Remark 12 Observe from Corollary[1], that, the function ¥ enjoys the required smooth-
ness as soon as assumption (Pg) introduced in Section@ holds.

Remark 13 For super Gaussian deviations, we obtain a sharper bound than in Theorem
[3. Nonetheless, asymptotically, this regime is less sharp than Theorem [J in Chapter [3
which provides a Gaussian bound with deteriorated constants (see also the User’s guide
to the proof in Section below). Even if, from a numerical point of view, the devia-
tion bounds in Theorem [7 below yield sharper controls with respect to simulated empirical
measures (see Figure in the numerical Section below).

For “intermediate Gaussian deviations”, i.e. for \/% — (' > 0, the constants in the
non
Gaussian bound deteriorate. So, it seems reasonable to see this situation like for the first

regime \/‘11,7 — 0, namely where there are constants Co, > 1,¢5 < 1 such that lim,, C,
n on

Cyp, lim, ¢, = ¢y and

2
a
Plv/Tovn(Ap)| = a| <2C,exp (— ¢——=77).
[V (Ap)| > a] P (=g mevop)
Observe that for such regimes, there is an equivalence, up to multiplicative constants,
between the bounds in Theorem [3 and in Theorem [8.

The idea of the proof of Theorem [f] follows the same lines as for Theorem [3] except
for the optimization over p which is more fussy, see Lemma [7| below.

We recall that the analysis in the proof of Theorem [3] leaving open a possible opti-
mization over the parameter p which we now perform The next lemma indicates that

this optimization implies a Gaussian regime for \/% — 0 and a super Gaussian one for
n

n

-2 5 410,
VIn o, +

Lemma 7 (Choice of p for the concentration regime) For P, (a,T,,p) asin
(13.34)), we have

. 5L/
(a) If - 0, taking p := p(a,n) s.t. p—1= %Ag,;?a (1+0(1))

(4.7, p) T (14 o(1))
Pmln G,Fn,l) = 1—|—01
=0 2v(|o*Vpl?)

(b) If Vi — +, taking p := p(a,n) s.t. p—1 =3+ o(1)

CL4/3F71~/3

Pmin<avrnap) = _—(
vt D) Pl A (T

o(1)).
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Remark 14 For Gaussian deviations, p—1 = (I+o0(1)) = 1= which corresponds

2A3/2\/—
to our choice in Lemmal[f We then retrieve the Gaussian regime. In the super Gaussian
deviations framework, the optimization over p leads to consider p —1 = % + o(1) which

yields the loss in the concentration inequality.

Let us first continue with the proof of Lemma |7 which is purely analytical and rather
independent of our probabilistic setting.

Proof of Lemma
We keep the notations of Lemma [4] that we bring to mind.
a a? 24, 3\ 1 a a? 24, 3,1
(I)na,=< (e (-1 2)( (-1 2)
(.0) VI.B, <B73Fn (v )(3Bn) ) VI.B, (BZFH (v )(BBn) )
al/3
)3 4 1/3
B1/3 1/6(1+V1+ / — 1+,
for
27 B,a?
—1:=¢6— 6.10
=¢ 8 A3r,’ (6.10)
where £ := £(a,n) > 0 is a parameter that we are going to optimize. Furthermore:
P\) = ———a , 6.11
() = =i o Fol6) (6.11)
for ©
9§
: R, —s 6.12
where
1/3
g:&— EP (/1 + 9 P+(1=4/1+ ') (1—%((1“/1 + &)+ (1—/1+ 5)1/3)),
and ~
27 B,a* p—1
= = = . 6.13
e Let us first focus on case (a), “Gaussian deviations” ( vl 0). We, now anyhow, want
to maximize A in { to obtain the best possible concentration bound. Let & := {£ €
[0, +00] : fu(€§) = | fullw} be the set of points where fy reaches its maximum. Observe

that for a fixed ¥, fy () o 0. Thus, 4+ ¢ 7. Let now &, be an arbitrary point in .
—0

From the smoothness of fy, the optimality condition writes:

/ g' (&) Vg(s) g' (&) W fo(Ex) g'(&«)
eI ey e 7 T T ey ey TS 61
6.14
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Recall now that we want to maximize over the £ s.t. £ — 400, £ — 0. Indeed, from
_a__,o

VT
the proof of Lemma [4], we saw that for such a choice, we obtain the expected Gaussian

concentration, namely P(\,) o’

o g 44,
Ve
From the computations of Lemma [§]in Appendix [§ we have:

8 1

£H:+oo 35£2 tola

) (6.15)

9'(§)

So,
(1+0(1) — i (6.16)
fn

AlS) farton 2 - 3320

where o(1) denotes here a quantity going to 0 as £, — 40 and &,V a 0. Inspired by
VT
the identity (6.16 , and motivated the numerical simulations (see Section |7 ', we set

_ 91/2 22 432 T

T SRT T 9 (647
which indeed satisfies (4.15]), so that
P(A P AE) (1 +o(1)) = (1 1 o1 «
Igg{l (An) 1 (&) (1 +0(1)) 4An( +0(1)) ntoo 20(|0*V|2)
Observe as well that this choice yields:
2129 1 BY?
a (6.18)

—1= = — .
P 33/2,/¥ 2 1[1%/2 T,

e Now we will study the the case (b) “super Gaussian deviations” for which = o
n o on

Note that we cannot expect a Gaussmn regime in this case. In fact, for ¥ going to

infinity (see deﬁnition ) by , to get a Gaussian regime at a maximizer & of A,
we have from (6.11)) that f\p (&) = ) has to remain separated from 0 whe
Since, in this case \I/ — 400, this i 1mposes to consider points & — 0 in order to exp101t the

asymptotic behav10ur (see again Lemma I for more details):

1/3
Jg(¢) = ’

o 33 (1+o(1)). (6.19)

In other words, from (6.19)), we expect that there is a constant K, > 0 s.t.

21/3
fulbe) o= 5Py~
So & < 35 i 0. Now, |fu(&)| = \\%fj’;l| lg(&4)| o 0. This means that it is

impossible to stay in a Gaussian regime.
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We now still look at the optimal &, — 0 which allows to stay at “the biggest possible
regime”. Thenceforth, we will estimate £, directly from the map fy defined in (6.12)):

21/361/3

Fol€) =, g7 L+ olD) = fua@)(1+ o(1)) (6:20)

It can be directly checked that arg maxecg fuo(€) = ﬁ We therefore get:

1 1 44T r
s = s—to(=) = 2"+ o(—) — 0. 6.21
¢ Ut 2W O(\I/) —=—+0 27D, 0> of a2) ( )
From (6.11)) and (6.20]), we get:
32 91/3 i/3 32 2
min P(),) < ———a® 3 (I+o0(1)) = ——4~a—\11_1/3(1 +0(1))
p>1 St 204, Wi +1 20 2°A,(5+1)

¥ BAT,
24 A, (3 +1) 33B,a2
a'PTY? B37) aY3TY3

= ———(1+0o(1)) = —————(1+ o(1)).
=t 2213 v et ] o1 e )

From equations (4.9) and (6.13]), the choice (6.21)) yields:

po1 =€l = % T o(1). (6.22)

)21+ o(1))

Remark 15 (Controls of the parameters (), p) for super Gaussian deviations)
We give here some useful estimates to control the remainder terms in the truncation pro-
cedure associated with unbounded innovations, see proof of Lemma [0 They specify the
behaviour of the quantity "F’\—:.

In the regime of super Gaussian deviations, identities , and the choice
(i.e. & = 55) yields:

212
pri" =CUEP((L+V/1+6)" +(1-V1+6)P) - 4o

n AVaranans

_ol/3
YE]

Remark 16 Theorems[3 and [0 are actually a consequence of the more general following
result which has a real importance for numerical applications. Indeed, for a given n € N,
we have to control the non-asymptotic error in Theorems[3 and[f]. Furthermore, in Section
@ (see Remark@ we will see that for 0 € (3,1] , for “reasonable” n (e.g. n = 5-10* in the
following Section@ and a (=~ 1) we are already “out” of the Gaussian deviations regime,
namely \/% = 1. Thas illustration justifies the interest of optimizing over p for Gaussian
deviations and super Gaussian deviations.

162



PARTIE II: NON-ASYMPTOTIC CONCENTRATION INEQUALITIES

Theorem 7 Let the assumptions of Theorem @ be in force. For 0 € (%, 1], there exist

explicit non-negative sequences (¢, )ns1 and (Cp)n=1, respectively increasing and decreasing
for n large enough, with lim,, C,, = lim, ¢, = 1 s.t. for alln > 1 for all a > 0,

P\ Tnvn(Ap)| = a] <2Cpexp (¢ Pin(a,Tns p)),

where p > 1 and

(0~ )Y T u(a, p)

Pmin(a”rmp) - P ) (3& Y Fn(p - 1)1/3Anq)n(av /))),
with
a 2 2/1,1 3.1\ 3 a a2 QAn 3\ 1 %
d,(a,p) = - —1 = 2 —— (= -1 - 2
0= (G G, 00 GE))) (s, e, VG5, )')
(6.23)
and
v qu(|o*VelP) ~  CqralolLIVIlE
A, = — 5 +e, and B,= T(# + en>, (6.24)

A~

where q := q(n) > 1, ¢ := q(n) > 1, § := ¢(n) with q,q¢ — 1 and e, is an explicit
sequence going to 0. !

The results of Theorem @ explicitly follow taking (see for more details the proof of
Lemma @

1 BY%q a
-1 = ——— — 0,
p 2 A2 T, Jor 5=
1 a
-1 = -, — 400
g 2 form

Remark 17 [t is natural to wonder if it is possible to get a sharper variance for super
Gaussian deviations. Thereby it would be tempting to bootstrap Lemma |5 Such an iter-
ation would lead to optimize polynomials of higher degrees. Recall from Lemma [f, that
we already have to handle a polynomial of order 4 in the current setting. This illustrates
that for very large deviations the highest term dominates and deteriorates the concentra-
tion. This 1s intrinsic to our approach. Such a phenomenon would even more pregnant
when iterating the procedure the polynomial of higher degree yields, for a certain very large
deviation regime, concentration bounds that become closer and closer to the exponential.
Howewver, bootstrapping might allow to improve the constants in the successive deteriorated
concentration regimes. As indicated in Remark|[16], this could be useful for some numerical
PUTPOSES.
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7 Numerical Results

Here, we have chosen to highlight the possible absence of non-degeneracy assumption
for our results. To oversimplify, simulations are done with r = d = 1, X and U; follow the
standard normal distribution. Naturally, for a better convergence speed we take 0 ~
precisely 6 = 3 + 15
For this first example, we choose ¢ (solution of the Poisson equation). We take

§a

¢ = o = cos and for all z € R, b(z) = —5. By this pick, we compute numerically
v(|o*Ve|?) ~ 0.1515 and v(]o|*) ~ 0.4171 (that we provide here for comparison with the
previous results in Chapter , with the same parameters (6 = = —|— 1000, n =5-10* and
MC = 10%).

Heed, for a non trivial test function ¢, with our method, we cannot choose functions
b and o # 0 canceling at the same point (0 here). Otherwise, the Poisson equation asso-
ciated with the carré du champ source, A9 = [0*V¢|? — v(|o*Vp|?), would imply that
—v(|o*Vpl?) = 0, then Vi = 0, v almost surely.

Let us now check that the Confluence Conditions (DP?) are satisfied. For p € [1,2), we
have for all z € R?, £ € RY

(DL DU ) L (- 9K OBEOR

2 £
= ——52 —sm ()& (p —1). (7.1)

So, for p = %, we directly obtain:

<D (z) —I—Db §§> % ( 3 2)|<D0'-j’(§'73£7£>’2 " |D0.jf|2>

= ——52 —sm 2(2)€* < _4_162 =: —af’. (7.2)

Note that, we have chosen a diffusion coefficient o which degenerates on {km, k € Z}.
However, thanks to the smoothness of the diffusion parameters, we can still here apply
Lemma [6] in Chapter [3] which gives us a pointwise gradient bound of the solution of the
Poisson problem in the current degenerate context. In other words:

*\/ 2
lo™Vel'h = 4[cos? sin®]; = 4sup(cos(27)sin(27)) = 2.
« zeR

[9]: <

Hence, this inequality leads us to approximate [¢/]; by 2. Pay attention that the control of
the Lipschitz constant [¢]; is important for the super Gaussian deviations. Like illustrated
in Remarks [16] and [I8] this regime appears “sooner” than we might expect.

From Theorem [3] the function a — g,(a) := In(P[/T,|v,(Ap)| = a]) is s.t. for a > 0:

2

a
———— +In(2
ey )

gn(a) < -
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where (¢,)n>1 and (C},),>1 are sequences respectively increasing and decreasing for n large
enough, with lim,, C,, = lim, ¢, = 1.

For Figure , the simulations have been performed for n = 5-10* and the probability
estimated by Monte Carlo simulation for MC = 10* realizations of the random variable
VT u|vn(Ap)|. The corresponding 95% confidence intervals have size at most of order
0.0016. We introduce the functions:

a? a?

————— Sepla) = ———————.
2v(|o*Vepl2)” 2[o |3Vl
Like in Theorem [7, we take

(p— )T, ®,(a, p)
p 8

S(a) :=

Puin(a, Tn, p) = — (3a —(p— 1)1/3;171(1)71(@7 PNV,
where A,, B, and ®,(a, p) are defined in (6.24). Through our numerical results, we take
e, = 0.

We set also: -
1 B a 3

2[1:2/2 T,na Po = 5
We recall here that p and py respectivly correspond to the optimal values of p in the
Gaussian deviations and super Gaussian deviations (see Lemma. Eventually, we intro-

duce:

po =1

Pn,O,OO(a> = min (Pmin<a7 Fn; 100)7 Prnin(a7 Fna poo>) )
P,(a) := min Py (a,Ty,p).
p>1

Note that, the function P, o takes into account the multi-regime competition. We have
estimated P,(a) by a mesh method for p € (1,2) and for a grid with 5 - 10° steps.

From the above notations, we add the subscript ¢ to mean that we change v(|o*V|?)
into |Vl % (lo]?), ie.

a2

- ) Pn,o(a)
2[VelZr(lal?)

So(a) =

= min Pmin,o(ay Fn7 /))7
p>1

and we have changed 4, into

i IVelzv(el?)
om 5 )
The quantities with subscript o are those associated with the results in Chapter 3] recalled
in the previous Theorem [2] where the variance is less sharp than the constants appearing
in Theorems [3] [6] and [7} Thus, we can compare our main results with Remark [10] of

Chapter [3] which is a weakened form of Theorem [7] where the carré du champ is changed
into [Ve|%v(|o|?) like in Theorem
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-10

A2 g

-14

0 0.5 1 1.5 2
a

Figure 4.1 — Plot of a — g,(a) with
p(x)=0(x) = cos(z).

Figure [4.1| reveals that the asymptotic curve S is much less sharp with respect to
the realizations g, than our main estimations P, and P,o. In fact, these latter are
very close to the realization g,. This claim enhances the significance of controlling finely,
non-asymptotically, the deviation of the empirical measure.

In this plot, we can see that our pick of p for P, o, set in Lemma E is very close to
the numerical optimization of P, over p. Nevertheless, observe that for a > 0.5, P, . (a)
and P,(a) slightly differ. It means that progressively the regime goes from Gaussian
deviations (i.e. Zg= — 0) to intermediate Gaussian deviations (i.e. = = O(1)). Hence,
the importance of optimizing globally the function p +— Pyi(a, 'y, p) (appearing in (3.35))
in all regimes.

Remark 18 Remark that for the gmphic we chosen = 5-10%, but for 6 ~ %, vI, ~

37 and for 6 ~ m, VI, ~ 26. In other words, for a ~ 1 we have intermediate Gaussian

deviations as emphasized by the graphic. Hence the importance of the study of both regimes,
Gaussian deviations (= — 0) and super Gaussian deviations (Jf= — +x).

8 Appendix: Computation of asymptotic analysis

In this section, we perform asymptotic analysis for the map ¢ defined in (6.12)) in
proof of Lemma [d We recall that for all £ € R:

1/3
() = 51/3<(1+«/1 F OV (1414 5)1/3> (1—%((1+\/1 OV (1414 5)1/3)).
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Lemma 8

Proof: Denote h(€) := €2 (1 + /T + &)Y + (1 — 1 +)3), 50 g(€) = h(€)(1-22),

Differentiating, we get:

(= VI+9i+ 1+ V159

h'(€) =
(© T
65 ( 1 - 1 )
6VITEL+VITOT 6VITE(—vITE)
(-VITO +(1+VIFO° 1 (1-VIFO¥— (1+ I+
} 3¢t 6VTT€ e |
(a) For £ — 0,
h(&) 530 21/351/3 + 0(51/3)7
and , 218 11 2%/3 1 21/3 1
h (5) §j0 3£§ + &3 (6 % 92/3 52/3) + 0(52/3) = 3§§ + 0(52/3)7
which yields that
/ / 21/3 1
g'(€) =M€ (1~ h(©)) o33 +0(@)-

(b) For £ — +00,
In order to estimate ¢’ we need to do a Taylor expansion up to the third order:

_ 1/3 1/6 NV SR PR SRRV
he) 5, €PN+ ) - 0 o))
_ / / 1 B 1 2x5
= Pasg(is SVITE B(1+6) 331+ E)pe
1 1 1 2 x5 1
U3 Faso maron ' 0(537)>
1 1 2 10 1
- 61/2(1+§+0(E))(3m+34(1+§)3/2+0(§3/2>)
_ 61/2(1+i+0(1))( 2 1 + 10 + of = )
o e SvE s s g e
Ly 2 1 1 10 1
= § (3\/5 + 32¢3/2 B 3¢3/2 + 34(1 + 5)3/2 + 0(53/2))
— 2 _ i + 0(1)
3 8l 13

Differentiating the above expression, we get:

Fo(2),

n () ¢ T B2 &
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which yields that

Jg¢) =

W(€)(1—h(©)) o (81_52 + o(g)) (1- 3t t o(
1
(

16
352

8

3562

+ o(—=

1
&2

) =

8 1

8
—35§2 +o0

52

).

2

8

§

h)
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CHAPTER 5. EXTENSION FOR A POISSON COMPOUND PROCESS

Chapter 5

Extension to SDEs driven by a Poisson
compound process

Abstract: In this article we approximate the invariant distribution v of an ergodic
Jump Diffusion driven by the sum of a Brownian motion and a Compound Poisson pro-
cess with sub-Gaussian jumps. We first construct an Euler discretization scheme with
decreasing time steps, particularly suitable in cases where the driving Lévy process is a
Compound Poisson. This scheme is similar to those introduced by Lamberton and Pages
in [LP02| for a Brownian diffusion and extended by Panloup in [Pan08b| to the Jump Dif-
fusion with Lévy jumps. We obtain a non-asymptotic Gaussian concentration bound for
the difference between the invariant distribution and the empirical distribution computed
with the scheme of decreasing time step along a appropriate test functions f such that
f —v(f) is is a coboundary of the infinitesimal generator.

1 Introduction

1.1 Setting

Let (X;);=0 be a d-dimensional cadlag process solution of the stochastic differential
equation:

dXt = b(Xt)dt + O'(Xt)th + K(Xt—)dzt. (11)

where b : R - R4, 0 : RY - REQR" and x : R? - RY® R" are Lipschitz continuous,
(Wi)i=0 is a Wiener process of dimension r, and (Z;);¢ is a R” -valued compound Poisson
process (CPP),

7, = ZQLY,“ where (Y )keN are i.i.d. r -dimensional random vectors with common
distribution 7 on B(R") and (V;);>0 is a Poisson process, independent of (Yj)ren. The
processes (W;)i=o and (Z;)s=o are assumed to have the same dimension for the sake of
simplicity. Moreover, (Ny)i>0, (Yi)ken and (W;);>0 are independent and defined on a given
filtered probability space (Q, G, (Gy)i>0, P). We assume that b, o, and & satisfy a suitable
Lyapunov condition (assumption (Lv) in Section which ensures the existence of an
invariant distribution v of (X;);>0 (see [Pan08b]). For the sake of simplicity we also assume
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the uniqueness of the invariant distribution. We refer to [Mas07] under irreductibility and
Lyapunov conditions for the existence and uniqueness of the invariant distribution for a
diffusion driven by Lévy process.

The aim of this paper is to establish a non-asymptotic bound on the probability
of the deviation v,(f) — v(f), where v, is an appropriate empirical measure such that
lim,, o0 v, (f) = v(f) a.s. for all suitable test functions f.

The algorithm that we define in this article is based on an Euler-like discretization
scheme with decreasing time step (V,)n>1 s.t. lim, 7, = 0. Lamberton and Pages first
introduced such a scheme in |[LP02]| for a Brownian diffusion. They showed that the
empirical measure of their scheme converges to the invariant measure of the diffusion and
that it satisfies the Central Limit Theorem. The decreasing steps allows to the empirical
measure to directly converge towards the invariant one. If we choose a constant time

a.s.

step 7 = h > 0 in the scheme, the expected ergodic theorem is v,(f) == v (f) =

§ga f(@)V"(dx), where 1" is the invariant distribution of the scheme which is supposed to
converge toward the invariant measure of the diffusion (1.1) when h — 0 (see e.g. For
more details about this approach we refer to [TT90], [Tal02| and [MT06]).

Next, Panloup in [Pan08al and [Pan08b| adapted the algorithm of [LP02] to the Jump
Diffusion with Lévy jumps [Pan08b] and also showed the convergence and the Central
Limit Theorem for the empirical measure in this case. In the same way as the questions
of the convergence of the empirical measure v,, or of its limiting distribution, the natural
question is that of the nature of the deviations v, (f)—v/(f) along appropriate test functions
f. In the case of the Brownian diffusion this question was considered in Chapters [3] and [4]
Note that in the Brownian diffusion case the innovations of the Euler scheme are designed
in order to “mimic" Brownian increments, hence it is natural to assume that they satisfy
some Gaussian Concentration property (assumption (GC) in Section . In particular
this Gaussian Concentration property is satisfied by Gaussian or symmetric Bernoulli law.
Taken as an assumption on the Brownian innovations of the scheme, it allows to show
a non-asymptotic Gaussian Concentration bound for the probability of the deviations of
vn(f) from v(f), see Chapters [3] and {4 with sharp constants. The deviation v, (f) — v(f)
is evaluated along the functions f such that f — v(f) is a coboundary of the infinitesimal
generator of the diffusion.

When the diffusion contains Lévy jumps, it is not generally expected that these devi-
ations will show a Gaussian behaviour. But such a behaviour seems natural if we suppose
that the driving Levy process is a Compound Poisson process and the jump size vectors
(Yi)ken satisfy a Gaussian Concentration property (GC). In this paper, we focus on this
situation. Before giving its precise formulation we need to introduce some notations. First
of all, we introduce our discretization scheme. In general, for a Euler scheme correspond-
ing to a Jump Diffusion with Lévy jumps, one has to define a numerically computable
jump vectors designed to “mimic" the increments of the driving Lévy process. In most
cases, the increments of a Lévy process are not numerically computable, that is why it
is important to propose different ways to approximate these increments according to the
nature of the driving Lévy process. In this paper we introduce a scheme (S) particularly
suitable in the case where a driven Lévy process is a Compound Poisson. Note that our
scheme is close to the scheme (C) of [Pan08b|. Like in the previously mentioned articles,
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we denote time steps (x)g=1, and for all n = 0, we define:

Xn+1 = Xn + 7n+1b(Xn) + vV 7n+10-(Xn)Un+1 + ’K”'(Xn>Zn+17 (12>

where X; is an R? valued random variables such that X, € L%(Q, Fo,P), (Up,)n>1 is an
i.i.d. sequence of centered random variables matching the moments of the Gaussian law
on R" up to order three, independent of X,. Furthermore, for all n > 1 we put

Z, = B,Y,, (1.3)

where (B,,),>1 are one-dimensional independent Bernoulli random variables, independent

of Xo, (Up)n=1 and (Y3,)n>1, s.t. By, (law) Bern(pyy,), where u is an intensity of the Poisson
process driving the CPP (Z;);>0. Without loss of generality we can suppose from now on
that © = 1. The choice of the innovations Z,,,n € N is motivated by the following
heuristic reasoning: Z,, has to “mimic" the increment of the CPP Z; = ZkNi1 Y, on the
small time interval of the length ~,,. The probability that the CPP does not jump on this
interval is equal to exp(—7,) = 1 — v, + o(7»), and if the CPP jumps on this interval, it
will most probably have only one jump. Hence we approximate the increment N, of the
CPP by a {0, 1} random variable with the probability of 1 equal to 7.

We also introduce the empirical (random) measure of the scheme: for all A € B(R?)
(where B(R?) is the Borel o-field on R?):

S ()
ZZ=1 Vi

Obviously, to study long time behaviour, we have to consider steps (7x)r>1 such that the
current time of the scheme I, := > | 7, — +o0. We recall as well that v, | 0. We
n k

Un(A) = vp(w, A) : (1.4)

suppose that both jump amplitudes (Y},),>1 and Brownian innovations (U, ),>1 satisfy a
Gaussian concentration (see further the assumption (GC)). As we already mentioned,
the aim of the paper is to show that this assumption implies a non-asymptotic Gaussian
Concentration inequality for the probability of the deviations of v,(f) from v(f) (see
Theorem [2, Section . The main argument in the proof of Theorem [2|is the fact that the
(GC) property of jumps sizes Yy, k € N, permits to show the similar Gaussian Concen-
tration property for the jump innovations Z;, k € N. This result is given in Proposition
[ However the Gaussian Concentration property of jump innovations depends on the
dimension of the jump heights. This dependence survives in the main Theorem [2| giving
Gaussian Concentration of the deviation of v,, from v.

The current chapter is organized as follows. In Section [1.2] we introduce some useful
notations. The assumptions required for our main results are outlined in Section [I.3] In
this part, we formulate a Gaussian concentration property of the jump innovation Z,,
the proof is given in Section We state in Section [1.4] some already known results
connected with the approximation scheme. Our main results are in Section 2] and the
demonstration is located in Section [2.3] Section [3] is dedicated to the analysis of the
exponential integrability of Lyapunov function. Technical lemmas are stated in Section
2.2 but their proofs are postponed to Section [l Eventually, we propose a numerical
illustration of our main result in Section [l
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1.2 General notations

We set for any step sequence (v, )n>1:

Vle (0, +x), TV .

i /7157 Ly = i Ve = FS)7
k=1 k=1

where I',, corresponds to the current time, hence I', — +o0. For the sake of simplicity,
n—+0o0

from now on, the time step sequence will have the form: v, = n—19 with 6 € (0, 1], where
for two sequences (U )nen, (Un)nen the notation u, = v, means that Ing e N, 3C > 1 s.t.
VYn = ng, C v, < u, < Cuy,.

Henceforth, C' will be a non negative constant, and (e, )n>1, (% )n=1 Will be determin-
istic sequences s.t. e,, —, 0 and %,, —,, 1, that may change from line to line. The constant
C' as well as the sequences (€,)n>1, (%n)n=1 depend on known parameters appearing in
the hypotheses set in Section (which will be called (A) further). Other possible de-
pendencies will be explicitly specified.

We denote by I,,, m € {d,r} the identity matrix of dimension m.

Through the article, for any smooth enough function f, for k¥ € N we will denote D* f
the tensor of the k™ derivatives of f. Namely D¥f = (0;,...0;, f)i<i,. .i,<d- Yet, for a
multi-index v € N§ := (N U {0})4, we set D*f = 021 ...0%f : R — R.

d

For a -Hélder continuous function f : R? — R, we denote by

[f]ﬁ ‘= sup ‘f(x) — f(x/)’

< 400
r#x! |$ - x/|ﬂ ’

its Hélder modulus of continuity. Here, |x—2’| stands for the Euclidean norm of z—2’ € R%.

We define for (p, d, m) € N3, CP(R? R™) the space of p-times continuously differentiable
functions from R? to R™. Furthermore, for f € C?(R¢,R™), p € N, we set for 3 € (0, 1] the
Holder modulus:

| D f () — D*f(«")]

[fP]5:= sup < 40,
z#x,|al=p |ZE‘ - x,|ﬁ
where a € N? is a multi-index of length p, namely |a| := Zle a; = p. In other words, in
the above definition, the | - | in the numerator is the usual absolute value. We will also

use the notation [[n, pf|, (n,p) € (Ng)?,n < p, for the set of integers being between n and p.
Let us introduce for k € Ny, § € (0,1] and m € {1,d,d x r} the Hélder spaces
CHA(RL,R™):={f € C*(RY, R™):Var e N% | € [[1, k], sup | D*f(x)| < +oo, [f®]5< +o0},

reR4

CPP(RY,R™) :={f € CHP (R, R™): | f | < +0}. (1.5)
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In the above definition, we denote for all bounded mapping ¢ : R? — R™ m e {1,d,d xr},
the uniform norm [¢||o 1= sup,cga [ CC* ()] with [¢(2)] = Tr (C¢*(z))"?, where for M €
R™®R™, Tr(M) is the trace of M. In particular, | - | is the Frobenius norm[f]

Practically, with these notations, C¥# (R4, R™) stands for the subset of C*(R? R™)
whose elements have bounded derivatives up to order k& and S-Holder continuous k'™
derivatives. In particular, for & = 0, the space of Lipschitz continuous functions from R?
to R™ is denoted by C%(R? R™).

For a given Borel function f : R — E, where FE can be R, R?, R?@R",R¢ @ R?, we
set for k € Ny:

fr = f(Xk).
Moreover, for k € Ny, we denote
.Fk = 0'()(07 (Uj, Z])]El[l,k]]) and .%k = O'(Xo, (U], Zj)jelll,k]]a Uk-Jrl). (16)
Eventually, we define the infinitesimal generator associated with the diffusion (|1.1))

which writes for all ¢ € C?(R?) and x € R%:

Apla) = ba)Vpla) + 5Tr (00" @D*(@) + | (ol + sla)y) - pla)) w(dy)

Rd

= Ao+ | (olo+ raly) — pla)) ) (1.7)

where 7 stands for the distribution of Y;, and A is the infinitesimal generator of the
continuous part of the diffusion.

1.3 Hypotheses

We assume the following set of hypothesis about the coefficients of the SDE (|1.1)) and
the parameters of the scheme (|1.2)):

(CO0) The functions b: R - R ¢ : R? > RT@R" and x : R? — RY® R” are globally
Lipschitz continuous.

(C1) The first value of the scheme Xj is sub-Gaussian: there exists Ao € R* such that
YA < X, Elexp(A\Xo]*)] < +oo.
(C2) Defining for all z € RY, %(x) := o0*(x), K(z) = kk*(x), we suppose that

sup Tr(2(x)) = sup |o(2)|* =: o], < +o0, sup Tr(K () = sup |r(z)|* = |&]Z, < +o.

zeRd xeR4 zeRd zeRd

*. Remark that this notation is also available for vector norms. Indeed, any R¢ vectors can be regarded
as line vectors, and we define similarly for a vector or for a matrix the uniform norm | - || 4.
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(GM) The sequences of random variables (U,,)n>1 and (Y},),>1 are respectively i.i.d., such
that

E[0h] =E[V1] =0; E[(UiU])i<ijer] = E[UP?] = I,

:()7
E[Y®] = I; E[UIUIUF) 1< juer] = E[UE*] = Of]

<r
]

Also, (Up)n=1, (Yn)n=1 and X, are independent.

(GC) We say that r.v. G € L' satisfies Gaussian concentration property, if for every
Lipschitz continuous function g : R"” — R and every A > 0:

E[ exp(Ag(G))] < exp ()\E [g(G)] + %) : (1.8)

We assume that U; and Y satisfy the Gaussian concentration property.

(Lyv) We assume the following Lyapunov like stability condition:

There exists a non-negative function V : R? — [v* +00) with v* > 0 such that

i) V is a C? continuous function s.t. [D*V | < +00, and limj, o V() = +00.

ii) There is C|, € (0, +00) such that for all x € R%:
[VV(@)]* + [b(2) ] < O, V().
iii) There exist o, > 0, By € R* such that for all z € R?,
AV (z) < —a, V(z) + By.

(U) There is a unique invariant distribution v to equation ({1.1]).

(S) We assume that the sequence (74)x>1 is small enough, namely for all k > 1,

ay
),
4([17]180\/ + (@[bh N m”?ZVHOO + %)m)

where Cy is given by the assumption (Ly). For 5 € (0,1], we introduce:
(Ts) We choose a test function ¢ such that
i) peC*(RYR),
ii) x — (Vp(z),b(x)) is Lipschitz continuous,
we further assume that there exist Cy., > 0 s.t. for all z € R%:

iii) [p(z)] < Cvp(l + 4/ V().

Remark 1 Under the assumption (CO) the equation (1.1)) admits a unique non-explosive
solution, cf [App09] (Theorem 6.2.9.).
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Remark 2 The assumption (GC) is central for this paper. Note that the laws N (0, 1,.)
and (3(81 +6-1))®", i.e. for Gaussian or symmetrized Bernoulli increments which are the
most commonly used sequences for the sub-Gaussian innovations, satisfy (GC). More-
over, inequality yields that for all r = 0, P[|U;| = r] < Zexp(—g) (sub-Gaussian
concentration of the innovation, see e.g. [BGL1J)]).

Remark 3 The assumption (Lv) together with (C2) ensure, following [Pan08d|] (Propo-
sition 1) the existence of at least one invariant distribution of the SDE . Note that
this Lyapunov assumption (Lv ) is equivalent to the similar Lyapunov assumption for the
continuous part of the equation . Indeed, using second order Taylor expansion, the
fact that ©(-) = 0 and 7(| - |?) = r < 0, we get that

(Vi + nla)y) — Via))e(ay)| < Ve

|
R’I‘
Hence the condition iii) of (Lv) is equivalent that the generator of the diffusion without
Jumps satisfies N
AV (z) < —a,V(z) + By, (1.9)

gn s 2 IKl3r DV ] o0
with ay = ay, By = Py + =2

existence, see e.g. [GP1j)].

Moreover, it is classic to see that this assumption constraints the drift coefficient b
to be under a linear map. Indeed, this is the consequence of the fact that the Lyapunov
function V' has to be lower than the square norm, i.e. there exist constants K,¢ > 0 such

that for all |z| = K, |V (z)| < ¢|z|* and hence using i) of (Ly) |b(x)| < /Cyé|z].

. For more information about Lyapunov function

Remark 4 The assumption (Tp) allows to substantially simplify the proof of our results.
The condition iii) is natural for ¢ Lipschitz continuous, which is obviously lower than the
square root of a quadratic function (potentially V' ). Whilst the condition ii) is a direct
consequence if ¢ 1s the solution of the Poisson equation:

Ap = f, (1.10)

where f € CYP(RLR) s.t. v(f) = 0. If 0,5 € CP (R, R ), b e CHF(RERY) and ¢ €
C3P (R, R), then both sides of the following identity:

(Ve,by = f— %Tr(EDQsO) — J (e(- + &()y) — ()7 (dy),

]Rd

are Lipschitz continuous.

From now on, we identify assumptions (C0), (C1), (C2), (GM), (GC), (Lv), (U),
(S) and (Tp) for some 3 € (0,1] to (A). Except when explicitly indicated, we assume
throughout the paper that assumption (A) is in force.

We suppose that the step sequence (vx)r=1 is taken such that v, = k=% 6 € (0,1].
This pick yields for any ¢ > 0, T = pl=1 if gy < 1, Y = In(n) if /0 = 1 and ' = 1if
0> 1.

The corner stone of our analysis is the fact that the jumps innovations (Z,,),ey inherit
the Gaussian concentration property of (Y;,)nen:
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Proposition 1 (Gaussian concentration of the jumps innovation) Let g : R" —
R uniform Lipschitz continuous function, € € (0,1) and

1
p(r) = \/?(3+r)+§+4exp(\/;+l+r/2). (1.11)
Then for all 0 < A < g5 the following inequality holds for all n € N

Ny (L+7+e)[g)?
9

Eexp(Ag(Z,)) < exp(AEg(Z,) + ). (1.12)

Remark 5 Let us point out that the concentration inequality is only valid for X on a
compact set. This constraint is due to the difficulty to approrimate a compound Poisson
process which has actually a sub-exponential tail (and not a sub-Gaussian one).

The proof of this proposition is given in Subsection [2.4]

1.4 Existing results

The natural next question concerns the rate of that convergence. In a Brownian dif-
fusion framework, a Central Limit Theorem (CLT) was established by Lamberton and
Pages [LP02] for functions f of the form f — v(f) = Ap, namely f — v(f) is a cobound-
ary for A where A denotes the continuous part of the infinitesimal generator (see (1.7)
further). This choice of functions class comes from the characterization of the invariant
distribution v by a solution in the distribution sense of the stationary Fokker-Planck equa-
tion: A*v = 0 (where A* stands for the adjoint of A). In other words, for all functions
p € C* (R4 R), we have v(Ayp) = §,, Ap(2)v(dz) = 0.

In [Pan08al, the author also provided the rate of convergence through a Central Limit
Theorem (CLT) for the already mentioned general scheme:

Theorem 1 (CLT) Under (C2), (U) and (Lv), ifE|Z|* < 4+ forp > 2, if E[UP*] =
0, E[|U1]*] < + and hmn% = 0 then for all function ¢ € C>(R% R) we have the
following results (with (L) denoting the weak convergence):

VT (Ag) L5 N (0,02), (1.13)
with
7= | (el + | leta+ som) = p@Prtn)ean. (111

In the Brownian diffusion context (x = 0), under some confluence and non-degeneracy
or regularity assumptions, in Chapter[3], we established suitable derivatives controls for the
Poisson problem (e.g. Schauder estimates). With a compound Poisson process, we think
that a similar analysis may work. It will be a future research. Let us mention [Pril0] for
some Schauder estimates for Poisson equation, with a potential, associated with a SDE
purely driven by stable processes but with a constant drift.

176



PARTIE II: NON-ASYMPTOTIC CONCENTRATION INEQUALITIES

In [HMP18], the authors have established a non-asymptotic Gaussian concentration
with k£ = 0 there are explicit sequences ¢, < 1 < (), converging to 1 such that for all
neN, foralla>0and v, =k% f¢e (%,1],

2

a
PlvIvn(Ap) = a] < Cexp <—cn—> : (1.15)
2| ]% Vel
which is our goal for a diffusion with jump contributions. Remark that, in Chapter
a non-asymptotic Gaussian concentration was established with the asymptotically best

constants for a particular large deviation called “Gaussian deviations" therein. In other
words, for a = o(1/I',):

2

a

IP’[\/ITnVn(Agp) > a] < C,exp ( Cn2y(|a*Vgp|2)) . (1.16)

In this present work, we aim to obtain a Gaussian deviations bound like for the

scheme . To do so, we will perform the so-called martingales increments method which

was exploited successfully by Frikha and Menozzi [FM12]. It was also the backbone of the

analysis in Chapters[3land [l Here, we adapt these techniques for the stochastic differential

equation driven by the compound Poisson with Jump heigh sizes satisfying Gaussian
concentration.

2 Main results

2.1 Result of non-asymptotic Gaussian concentration

Our main result is stated below.

Theorem 2 For 0 € (ﬁ,l], B € (0,1], assume that (A) is in force. For all positive
sequence (Xn)n=1 With im, o x, = 0, there are two non-negative sequences (¢,)n=1 and

(Cp)n=1 satisfying ¢, /1 and C,, \, 1 as n — oo, such that for alln € N, a > 0,

satisfying a < Xn‘r/(—lj’;, the following bound holds:

2

BVTara(Ap)| = a] <2C,exp (= engr).

2
0

D3g]slo i PRl ] )
where o2 i= (1+1)|KIZ V|2, + 0|5 Vel2 and C, = exp (Lgele S, 2

ry r®
pnm) for p, =1 such that p, —, +0 and Pn A —n 0.

+

The proof of Theorem |2 is given in Section [2.3

Remark 6 Note that for all 0 € (ﬁ, 1], % = +00, then we can choose X, s.1. Xn% -
+0. In other words, we can pick a = a(n) —, +o. We have unsurprisingly that oi <
0%, where o2, is the asymptotic variance of \/Tnvy(Ap) defined in (1.14). Moreover, the

difficulty to adapt a Gaussian Concentration result to compound Poisson process yields
that the upper-bound variance o2 depends on the dimension.
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2.2 Strategy

For the analysis of v,(Ap), we will first perform an appropriate Taylor expansion
(equation below). An expansion of this kind is standard in this context, and analo-
gous decompositions were already used in Chapter[3| Chapter [d] and in [Pan08b], [Pan08a]
with a jump component. It can be viewed as a kind of It6 formula for Euler scheme, be-
cause it permits to write the difference p(X,,) — p(Xo) as a sum of a martingale, a term
involving the generator and a remainder term. Recall that F, = O’(XO, (U;, Zj)jE[[l,k]])v
k € N*. Let us define the contributions of the decomposition of v,(Ap) in the following
lemma.

Vi (Xk—1,Ux) = 0k—1Ux - Voo(Xi—1 + Ybr—1)
1
+Yi f (1 — Zf)TI”(DZgO(Xk,l + ")/kbk—l + t\/%akflUk)kalUk X UkU;:_l
0
~D*o( X1 + Yrbe_1 21:—1)(175,

)
Af(XkA,Uk) = w}f(kalwa_E[wjf(kalaUk”kal]’

AV (X1, Zk) = (X1 + kp—1Zk) — p(Xk—1)

s f [Nt + Rro19) = p(Xeo)]m(dy). (2.1)

Moreover, we define the remainder contributions in the decomposition of v, (A¢p).

1
DY (Xpa) = %f (V(Xi—1 + tybi—1) — Veo(Xi-1), bp—1)dL,
0

Dy&(Xg1) = %Tf<(D290(Xk—1 + Ybr-1) — DZ@(Xk—1))Ek_1>,

DY (X1, Un, Zi) = o(Xi) — @(Xpo1 + Ybi1 + v Ak0k-1Ur)
— (p(Xpo1 + K1 Zk) — 0(Xp-1)) - (2.2)

Lemma 1 (Local decomposition of the empirical measure) For all ¢ € C*(R%,R),
k € N* the following decomposition holds:

P(Xp) — @(Xi1) = WAP(Xy-1) + AL (Xpo1, Up) + AL (Xpo1, Zi) + RE(Xio1, Ui, Z),
(2.3)

where

RY (Xi—1, Ur, Z1,) = DE§(Xi1)+ Dy E(Xpm1) + D5 (X, Uy, Zi) +E[0F (Xir, Up) [ Fia ]
(2.4)
Furthermore, we have the following properties:
i) For all k € N*| the functions u — A} (Xp—1,u) and z — Af(Xk_l,z) are Lipschitz,
satisfying
[AF (Xi—1, )1 < Vrlloe-1lIVelw < vAelole| Ve,

~

[AF (X1, )1 < Rkl [ Vel < (5] Voo
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ii) Forallk e N*, A7 (Xy_1,Uy) and ﬁf(Xk,l, Zx) are martingale increments with respect
to Fi, namely:

E[Af(Xp-1, Up)|Fior] =0, E[AL(Xi1, Zi)|Fica] = 0

The proof of Lemma [I] is given in Section ] Now we introduce the martingales asso-
ciated to these martingale increments:

;f = Z ;’: Xk 1,Uk j\\j,f = Z ﬁf(Xk_le) (25)
k=1 k=1

Summing (2.3) over k we obtain the following global decomposition of the empirical
measure:

1 ~
Vn(AQD) = _F_<M:LD + M:LD + %ﬁ)a (26)

n

where we denoted
Ry = Z RY (Xp—1, Uk, Zi) — (0(X0) — 0(X0))- (2.7)

Using the definition (2.2) we can write RY = —Lg + Dy, + D3y + D7, + G¢, with

Ly = o(Xn) — o(Xo), D;b,n' ZD];b (Xk-1) 2En' ZD22XI< 1

k=1

D;D,n = ZDf’cp(kalaUlmZk Z wk Xk 1,ka)’.F]f 1] (28)
k=1 k=1

In the proof of Theorem [2], we need some key results stated below. The proofs of all these
statements are postponed to Section @
The main contribution in the decomposition ({2.6)) is given by the martingales M2 and

]\7,‘{’. Their analysis is given with the help of the Gaussian Concentration inequality (|1.8])
and ((1.12), trough the following lemma:

Lemma 2 (Concentration of the martingale increments) Let A? and ﬁﬁ given by

).
i) For all A > 0 we have

A, A?
E o (AL, U) ) [ | < e (ol Vel g )

ii) Forall0 <e <1,neN* forall A >0 s.t. FA <
in (1.11) , we have

where p(r) is defined

13
6l <o Velloop(r) 2

E [exp <_P£zﬁ(ana Zn>>

A2
Fas| < oxp (el IV 047+ 001 ).
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Now we formulate several propositions and lemmas that are used to control the com-
ponents of the remainder term PR¥. The following proposition is the counterpart to the
jumps diffusion of the useful Proposition [T in Chapter [3]

Proposition 2 Under (A), there is a constant cy := cy((A)) > 0 such that for all
A€ [0, Cv] N
I3 = supE[exp AWV (X,))] < +o. (2.9)

n=0

Remark 7 In particular, we easily see that for all X € [0,cy] and € € [0, 1]:

I5 = sup E[ exp (AV(X,,)%)] < +o. (2.10)

n=0

Note that for k = 0 (purely continuous case), the integrability of exp ()\V(Xn)g) is avail-
able until £ = 1 (see Proposition 1 in [HMPI18]). The lost of integrability is the consequence
of the bound condition over X in the Gaussian Concentration result of Proposition [1]

We have the following results for the initial term appearing in (2.3) which is handled
thanks to the below result.

Lemma 3 (Initial term) For all A > 0 s.t. % < ge—:

‘L‘P‘ A 1 20y A
Eexp <A Fn > < exp <20V,¢F—> (I3) evrn

n

1
with cy, I given in Proposition @
Next the last remainders are controlled as following:

Lemma 4 (Remainders) For all A >0 s.t. & < (ivote 2[2; - )Wﬁ
n ©lloo|0]1+ ©,0)]1 von

NP R N2

A
Eexp <F—|D2"jb,n’> < (]‘1//2) Ty T . (2.11)
A c 1 .
We also have, for all A > 0 s.t. - < HUH%OHDL”:Hoo\/@@'

2 1 p3 3 (2)
lo 21 D3 pllooC2 ATy,

A
Eexp (F_‘D;E,n’) < (]‘1//2) 2eyTn . (2.12)

Lemma 5 (Bounds for the Conditional expectations) With the notations (2.8]), and
for 6 e (ﬁ, 1], we have that

N I e e
Qy, 1=

|GE] o
VI

»

T+ AR BBLE) I, ="

N

180
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Remark 8 The strongest condition over 6 comes from this remainder term. Indeed, for

(358 _
ﬁ, Fn? = 0% which goes to 0 if and only if 6 > ﬁ Whilst for the other
(2) 1-36

remainders, for 6 < —, we need to have \F/ﬁ n—=2 —, 0 which is implied by 6 > %

0 <

Now, let us deal with the remainder term D;,, due to the jump vector (Zj)g=1.

Lemma 6 (Remainder term due to the jumps) If0 < & < then

1
Tp 12 k][ Veloop(r) ’
we have:

o (20, ) | < (1 4 250). o

where we recall that e, = e,((A)), n =1, is a sequence such that e, —, 0.

The proof of this lemma is one of the most intricate of this article, we the decided to
postponed it to the end of Section [d]

2.3 Proof of our main result

Proof: Theorem [2

Through the following analysis, we deal with P[/T,,;,(A¢) > a]. The term
P[myn(A@) < —a] can be handled readily by symmetry.

From notations introduced in (2.6)), v,(Ap) = —ﬁ(?ﬁﬁ + M + ]\7;5) The idea is now
to write for a, A > 0:

P/ Tavn(Ap) = a] < exp(— %)E[exp (- Fi(i)%ﬁ + M7 + Mf))]
A A ~ 1/ A iy
< eXp(—\a—T)E[exp(—i{—(i\/[f—l—Mrﬂ)] qE[exp (?—\%ﬂ)] ,p

(2.14)

for }17 + % =1, p,q > 1. We will choose later p = p(n) —, +o slowly enough, which
implies that ¢ = ¢(n) — 1. Let A > 0. Recall that

R =—L‘P+D2bn+D22n+Dﬁn+Gﬁ

By Cauchy-Schwarz inequality, we obtain:

oo (] "< (s (1)) (5o (%az\))ip
ey e () i) oo

We recall that all the long of our analysis, C' > 0 denotes a generic constant, (%,,),>1 and
(en)n>1 are generic non-negative sequences, depending on coefficients of assumption (A),
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which may change frome line to line, such that lim, o %, = 1, lim,,_, e, = 0. For the
term associated with L,, in (2.15)), if 211';)‘ < by Lemma (3| we can write:

2C

L¥ Lp by 1 2Cy,,X by
(E exp (2p)\|11—"|)) * < exp <QCV,¢F—> (13) v — exp(CF—). (2.16)

From Lemma [f| with a,, defined there and by Young inequality we obtain:

by )\2 2 >\2
(Eexp (—|G¢\)) < exp (Wan) < exp (F—Qp + ozgp) = K, exp (F—en). (2.17)

In the last equality, %, = exp(a?p,/2) and e, = 1/2p,. Recall that a,, —, 0. We need

to choose p = p, —, +0. We choose p,, such that p,a? —, 0.
For the term involving DJy,, from (2.15), if % < 2ey using Lemma

2 P 9
T2 0% D3¢l /Cyr

[, we can write

1
16n\ . o1 103 ¢l 2 AP Ar® A
<Eexp ( P |D22n‘)) < (]‘1//2) T = exp(C T ) = exp(Cﬁen),
(2.18)
2
where in the last equality we take e,, = \/’(1””% and recall that for all 6 € ( 1], \F/% - 0.
For the remainder depending on D b from , if % < Zey

) (“Vﬂo“oo[b]lJr[(Vgo,b}]l) \/@’

o (2)
thanks to Lemma (4| we have again with e, = \F/% :

+ (||wuoo[bh+[<w b)] )Fr A2 by
(E exXp (_’D2bn’)> S ([xl//Q) evhn = exp(C T )= exp(C—\/Ffen)
(2.19)
Finally, Lemma |§| yields that if 0 < 1?? < 12‘|E‘|w‘|éw‘|wp(r)7 then:

16pA A A2
E [exp < T D}%)] < exp (\/—aneyZ + F—nen> . (2.20)
We gather (2.16)), (2.17)), (2.18)), (2.19) and (2.20)) into (2.15)) and finally from (2.14) we

obtain:

A A2
+ Fn)en)%n.
(2.21)
Now, let us control the martingale terms thanks to Lemma 2] Let 0 <& < 1, and A > 0
s.t. g\, < , we recall that p(r) is defined in (L.11)).
Thanks to Lemma and the independence of Z,, and U,, conditionally to JF,,_; we can
write

E exp ( - IC{—)\(Mf + ]\7:;’))

By Tova(Ap) > a] < exp (— “2)E[ exp (— L (Mg + 319))]7 e
VTa [

Q\H

exp ((

3

~ | oxp (- L4 + T ) e (— B (A7(X01,0) + B (X1, 2)

2 -l

qA ~ PNy
B aaz s+ M) exp( L oIVl + RVl 4+ ) )

<Elexp(—
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By induction we obtain

q>\ —~ q2/\2
Eexp (- L (05 + 17)) <exp<( L (I (1 + 7+ &) + [ 2 IVl2) ) Y
n n k=1

212
q°\
—exp( S (WEIVAIL L + 74 €) + 102 IVeI2) ).

Plugging this inequality into (2.21]) yields:
PlA/Tuvn(Ap) = al

ax g\?
< oo (- o5) e (z—m(wiuwuiu tree)t Ha!iHWHi))
/\2

X eXp((\/% + F—n)en)%. (2.22)

Next, we optimize the polynomial _\%\7 + % (|12 Vel +r+e) + o4 Ve|%) over
A which leads to consider:

av/T'y,

q(IKIIVel% (1 + 7+ ) + o5 Vel3)

We check first the assumptions over A in all lemmas that we used in this proof. In ([2.16)
and (2.20) we need pA,,/I",, < C. And for (2.18)) and (2.19)) we need pA,, /I, < & Finally

g /T < Ce, is required to apply Lemma . We recall that we will choose p — oo and
q — 1 and finally ¢ — 0.

We recall also that from the statement of the theorem a = a(n) can depends of n in

such a way that —&-— < % —, 0. But if ¢ — 1, for n big enough %\—: = A=< % — 0.

A=), =

(2.23)

Hence, the condition

PAn _ pa_ PXn @)
v =6 < It (2.24)

has to be satisfied. Let us calibrate p = p(n) — 0 depending on x,, — 0 s.t. limsup,, px, <
C'. This pick of p yields (2.24]). We can also choose, for C' > 0 large enough ¢, = C %

such that all conditions over \,, p, e are satisfied with these choices.

The inequality (2.22) yields then for A = A,:

Cna? A )
b

PIVEw(A9) 2 o] < Foeo (= S S e E T PR T v

. - 1 2 v 2 2 v 2
with &, = —-LEIVPEHAEIVeE 1 ang dae, < Cae,
a(A+r+o)IrIZ IVl +o 2 | Vel2 ) n—too VI

If a < 1, we take C,, = %, exp(Cae,) = 1, otherwise if @ > 1 then we set
n——+ao

Ca‘;” — 1. In any case, we write the result:

n——+0o0

]P’[\/F»nun(Agp) >a] < Cyexp ( —

c,=1-—
Cna?

2((0+ 1)kl VelZ, + |0|§OIIV¢|§O)>'
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2.4 Proof of the Gaussian property of the jump innovation

Proof: Proposition

Suppose first that g : R" — R is Lipschitz continuous with [g]; < 1. The case of
[g]; > 1 follows by considering A = \[¢g]; and § = ﬁ. We suppose w.l.o.g. that g(0) = 0.
We recall that thank to the definition the law of Z,, is the same that the law of B,Y,
where B, is a Bernoulli variable with parameter +,, independent of the random vector Y
with distribution 7 on B(R"). We will establish first that for all € € (0,1) and 0 < A < -

p(r)
(see (1.11))) we have

N (1+ (Eg(Y))* +¢)
2

Eexp(Ag(Z,)) < exp(AEg(Z,,) + ). (2.25)

Denote for this proof m, := Eg(Y’). Using (GC) property of Y we can write
Eexp(Ag(Zn)) = mEexp(Ag(Y)) + (1 = ) < Ymexp(Amg + A*/2) + (1 — 7).

Denote

2

A n
APP = 7, exp(Amy, + ?) + (1 —v,) — exp(Ay,my + /\2V

(14+m]+e¢)
2

). (2.26)

Here, the second exponential corresponds to the right hand side in (2.25)). We will show
that AP < 0. Indeed, let us develop the difference AS* by power series expansion:

A2 W(1+m? +¢

ASP =, (Amy, + 3) — (Y Amy + )\27 ( 5 s te)

1 A2 1 YuA2(1 +m2 +¢)
+§7n()\mg + ?)2 — §(vn/\mg + 5 J

YA’ YA

1
+§%)\4(1 —Wm(l+m2+¢)%) +Q(N),

)
)* + QM)

(mg(1— 7, (1 + mf] +¢)))

where

22 1 YA (1 +m +¢)

Q) 1= Y 7y + 50 = 3 ey + M Ty

k=3 k=3

In particular, using v, < 1 from (S), and € < 1, we can roughly estimate:

A2 A3 1
ASP < —775 + 72 (Imgl(3 +mg)) + g1mA* + Q) (2.27)

Because g is 1-Lipschitz continuous and from the assumption (GM) we obtain:

m; = [Eg(Y,)* < Elg(Ya)]* = Elg(Ya) = 9(0)]* < [ghE|Yal® = [gh ), Y <.
k=1
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Using again v, < 1, A < 1, ¢ < 1 we get

A’“ ()

(\f + W <29 3 exp(v/r + 1 +1/2)

Q) < 3 T+ ) 47 Y

k=3 k=3

Thus combined with ([2.27)) gives :

ex A A’ 2 L4 3
ARP < -+ 5 (Imgl(3+m2)) + g 1A+ 27 exp(v/T 4+ 1+71/2)

<N 2{ —e+ M/r(3+7) + %)\2 + A exp(vr + 1+ 7/2)} < 7,A%/2{ —e + Ap(r)}.

which is negative if Ap(r) < €, with p(r) defined in (1.11)). This proves the (2.25)). Together

with the inequality m?] < r this proves the concentration inequality in the case [g]; < 1.
O

Remark 9 Note that r — p(r) is increasing, hence the condition we need to put on X\ in

order to propagate the Gaussian concentration from Y € R" to Z became stronger if the
dimension r increase.

3 Exponential integrability of the square root of Lya-
punov function.

In Chapter [3] the exponential moments of the Lyapunov function was used to control
the remainder terms of the decomposition of the empirical measure. In this article, we
also use the Lyapunov function for this purpose. But our framework yields more con-
straints over the analysis. Namely, we cannot directly use exp(C'V},) which is not a priori
mtegrable Indeed, let us consider the Compound Poisson process Z; := Zk lYk where
(Yk) ken 1s an i.i.d. sequence of a standard normal variables independent of N; wich follows
a Poisson law, which is the typical jump random variables that we aim to approximate.
Conditionally to Ny, Zt ~ N(0,N;). So if we choose the Lyapunov function to be the
standard quadratic map, i.e. for all x € RY, V(x) = |x|*> + 1. We obtain in fine:

2 d 2
| (zﬂ\i)m Ly,>1],

E[exp(/\V(Zt)] =e’\]E[IE[eXp(/\Zt2)]Nt]] 26’\E[Ldexp()\\yt\2) exp(—‘yt )

2N,

this is integrable if almost surely N; < % which is not true for A > 0.

Proof: Proposition
Preliminarily to the proof of this proposition, we write some useful controls thanks to
assumption (Ly), for all z € RY,

V@) - e < Y .
DT = | f \/;Ei)) VX/VSX(*())| < l;/‘%loo +4\C/ZT (3.2)
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To begin we check that \/V satisfies assumption (Ly) iii). We have readily that

1 1 N - ay _
— V- *VVP < ——(—ayV < ——VV , 3.3
A\/i \/*"4 SV %|O-V | 2\/V( ay +BV) 2\/7+6V ( )
with By = 3 e . The first inequality is a consequence of Remarkl Furthermore for the
purely j Jump part of the infinitesimal generator we write:
< VCv|leom(l 1)

AVV (z) — AVV (2) WV (z + k(z)y) — A/ V() 5 ,

using (3.1)). The previous inequality and (3.3) implies that
AVV < —%V\/VJr B, (3.4)

where ﬁ_{, = By + w
Next, let us decompose the Lyapunov function VV with a Taylor expansion similarly

to Lemma [I] We again use a splitting between the deterministic contributions and those

involving the innovation. We write for all n € N:
—VV(X,1)

\/V(Xn) — \/V(Xn_l) = \/V(Xn_l + ’ann—l + ﬁan_lUn)

V(X)) = VV(Xpo1 + Vb + VnOn-1Un)

AV (X1) + [% f 1 (b, [VVV (Xt + tnbnr) — VVV (Xn-l)]>dt]
—[%Tr(DQ\/V(Xn_Q)Zn_Q] + [\/%Un—lUn : V\/V(Xn—l + Ynbn-1)

1
f (1—0)Tr (D?\/V(Xn_1 + Yubnot + tFnTn1Un) 01Uy @ Unan,l>dt]
0

+[W(Xn) — \FV(Xn,l + Vb1 + V1n0n—1Up)
— (VX1 + 6(Xa1)) = VV (X)) |

Y AVV (Xp1) + V1 (X 1>+v2( net) + Vs(Xno1, Un) + Va( X1, Un, Zy,),
(3.5)

where for all z € R?, the first term is such that:
1

Vi) = | Gl
0

! vV
=, | b(x) = bz + ty,b(2)),

| bla) = b+ 1,000, S

LU VA4 vV

Fm | b, —=)(x + ty.b(z)) — (b, ——

|| 3T+ b)) = b5

Because b is supposed to be Lipschitz continuous and thanks to (Ly) ii), we readily writes

J’V +tfyn())dt<%2l[b]TICV\/V(a:). (3.7)

vV vV
) oo & tmb(@)) = Zo (@)t

(x + ty,b(x)))dt

(z)dt =: Vi(z) + V*(x). (3.6)

Vi(r) <
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Whilst the next term is more subtle. Indeed, observe that thanks to (Ly) ii) the following
term is bounded:

\YA%
[V, Z\—FVN

vV (VV)(VV)*
< |Db +
o+

VOB, /Cy| D2V 2

which directly yields again thanks to (Ly) ii) that
! 2CEavV/CvVV (x
Vi (x) @,%cf tb(z)|dt < © o @)

Hence plugging (3.7)) and ( into (3.6 implies that:
b, C
Vi(x) < %QL([ ]1 Y C\/C’V)\/V(x). (3.10)

8
The second term is handled by ({3.2)):
Yoy 2 (I1D*V e Cy
V. < -
Q(x) 92 H ” ( 2\/1}7* 4\/5

The third term satisfies the following identity:
Vi(z,Un) = /0 (2)Un - VVV (2 + 7,b(2))
1
oy f (1= T (DT (@ + 3,b(x) + A (@)U ()0, © Vo ()" )i
0

' Yo |1 D?V | oo
< %U(x)Un~V\FV(x+7nb(x))+7( o +4\ﬁ

=:Vi(x,U,) + Vi(U,), (3.12)
and the last term is:

V4(37, Un, Zn)
VV (& + Yub(2) + om0 (@)U, + 6(2) Zy) = VV (2 + 3b(2) + /Ano (x)Uy)
—’ynﬂ(\/V(x + Kk(x)) — \/V(x))
VV (@ + 70b(x) + VAo (2)Up + £(2) Zy) — VV (2 + 1b(2) + /Ano(2)U,)
+vn||f<\\oom7r(| 1)
2

sl G-, (3.13)

b

). (3.11)

[
[\o)

el5 Ul

=: Vi(m, Un, Zn) +

Hence plugging (3.4), (3.10), (3.11), (3.12) and into (3.5):
VV(X5) = VV(Xya)
[NV (X) - B’v] et Nen e
EHJHZ (HDQVHOO 4 YalkloovVCyr(l - )
23/ v* \ﬁ 2
< AV (Xo1) + By Va (X1, Un) + VE(U) + VE(Xao1,Uny Za), (3:14)

N

+ V(X 1, Up)

)+ Vs( Xm0, Uy) +
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for
ay ay

4([1)]180\/ +Cm> 4([b]180V _1_(\/07\;[17]1 + \/WH/;QVHOO +C:TV)\/CTV)

which corresponds to assumption (S) and

Yo S

D2Vl
20/v* 4\/27*
We control the contrlbutlon of Vi(X,—1,Uy,) and V3(U,) (defined in (3.12)) in the ex-

ponential moment of 4/V(X,) by the Gaussian concentration hypothesw (GC) and
VI Xn_1,Un, Zy) (see D thanks to Proposition [1} We define for all z € R? and A > 0:

HKHOOWW(\ )

By = By + —H 5% )+

Li\z) = E[ex ))] L)) ::E[exp(Avg(Un>)],
LM z) = Elexp (\V a:Un,Z))]

Indeed, by (GC), we first write:

(/\Z%IO*(JJ)V\/QV@ + %b(w))|2> & exp (AZ%CVHUIIEO)

Ii(\ z) <exp < 1 (3.15)

Next, it is well known that under (GC), for all ¢ < %, I, := E [exp(c|U,|*)] < +0. So we

2cvVu*

have for all A\ < (Cv/2+D2V ) o2’

by Jensen’s 1nequahty.

M (1D Vo  Cy_y) oo
2o (v Tav)lel

= exp <7n In(7, )QC(Dj/‘ﬂOO \/>)H ol )
(3.16)

Now, let us deal with the third term [I3(\, z). First of all, note that from definition in
(3.13) and (3.1) the function z — V}(X,_1, Uy, 2) is ||k]o/Cy-Lipschitz continuous.

Furthermore, we have that

L(A) < [Eexp (c|Un|2)]

[E[Vi (2, Un, Zn)|Unll = 3l E[Vi (@, Un, Yo)|Unl| < 7/ Cy [l o (|

Hence, by the Proposition , and for all 0 < A\ < m (see ([1.11))), for the corre-
sponding notation of Proposition [I| we take ¢ = 1, and we get:

L(hz) < E[E[exp (\V(2,Un, Z,)) |Us]]

(24 7r)7mA [2\/4 (@, Un, -)]1>]
A,
2

< E[exp ()\]E[Vi(% Un, Zn)|Un] +

< exp (Mullslov/Cym(l - [) + (2 + 7)[6]5C0v

). (3.17)

From now on, we assume that for all

Ao 2/ v* 1 )
2¢" (Cv/2+ |D*V|w)lo|Z71 " 6]k]ov/Crp(r)/

A < Ay := min <1,

188
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Gathering identities (3.14)), (3.15)) and (3.16)), and by the Cauchy-Schwarz inequality, we
obtain that for all A < Ay,

Eexp (WV(X,))
— E| exp WV (X, 1) E[exp AWV (X,) = VV (X, 1) |[Fui ]
< E[exp (AVV (X,_1)(1 — ‘Z—V%) + Byl 11 (22, Xn_1)1/2[2(4)\)1/413(4)\,Xn_1)1/4]
< exp (Mnﬁ'v)E[eXp (A1 - %dv)\/V(anl))],

where we have defined:

gy Culol (157 + so)lol 2
By = By + V2 = +1In(1,) v o v + 6w/ Cr2m(] - |) + 22 + 7) || Cv,
and

A . 1 ay 1

ay :=min (—,—) € (0, —|.

i (5 %) e 0.

So (1 — v,av) € [0,1) and we deduce by Jensen inequality:

1_7ndv)

E exp ()\\/V(Xn)) < exp ()\”ynB(/)]E[exp ()\\/V(Xn_l))]( : (3.18)

For all A > 0, we introduce
Cy. 1= max (E[e’\W(XO)], e’\BWé“’).
In particular, we have E[e*VV(X0)] < C,. Let us check by induction that for all n € N:
E[MVV (X)) < Cva.
We deduce from and by induction assumption that:
Eexp (AWV(X,) < exp (M 5i,)CU5 ") < G,

We pick ¢y < Ay and the proof is completed. =

Remark 10 Observe also that v* := inf, e V(z) > 0, we have that for all (n,&) €
N x [0, 1], A < Ap(v*)=¢:

2

Eexp(AVE) = Eexp (A(@*)f (Ef) <Eexp (AW)EV,) < Cuapsyent < +0.

*

—

=1

Hence, € € [0,1], X < Ay (v*)¢ SupneNEeXp(AWi) < +00.
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4 Proof of the Technical Lemmas

Proof: Lemma [1]
For k € [[1,n]], we first write:

©(Xk) — o(Xi-1) = ((Xk) — @(Xi—1 + Vebr—1 + V0k-1Uy))
+(o(Xk—1 + Vebr—1 + VVOk-1Uk) —(Xi—1 + Yebr-1)) + (@(Xik—1 + Yebr—1) —(Xk-1))
= Tho-1,j(0) + Tim1,(9) + Th1,a(9), (4.1)

Tio1i(0) = (0(Xk) = o(Xpo1 + Yebr—1 + V0k-1Uk))
1

Te-1a(p) = MWVo(Xp-1),be-1) + T f (Vo(Xp_1 + tyebr_1) — Vo(Xi_1), bp_1)dt,
0

Ti10(0) = AV Ok—1Uk - Vo(Xp1 + ibr—1)

1
+Yk J (1 — t)Tr (DZQO(Xk_l + ’kak—l + t\/%ak—lUk)O'k—lUk ® UkO'Z_1>dt.
0

Thanks to this splitting, we are able to isolate the deterministic, the sub-Gaussian ran-
dom variable approximating Brownian increments and the jump contributions. Then we
proceed by Taylor expansion up to the order 2 for the function ¢ in the two last terms of

the r.h.s. of (4.1]),

o(Xk) — o(Xg-1)
= MA(Xip—1) + 0(Xi) — @(Xp—1 + Mbr—1 + vV VkOk-1Uk)

[ (e + a9) = (X)) ()

1
+[7kf (Vo(Xp-1 + tyebe—1) — Vo(Xi_1), br_1)dt]
0

HH DXt + ibir) = D2p(Xi0))]

+ [V 1k=1Uk - Vo(Xp—1 + Yibr—1)

1
+Yk J(l — t)Tl" <D2g0(Xk_1 + 'kak—l + t\/%o'k—lUk)Uk—lUk & Ukszl
0

DXy + b)) ]
= WAe(Xi1) + Dy (Ximr) + Dy€ + 0 (Xi1, U)
+¢(Xk) — (X1 + Ybr—1 + V/V60k-1Ug)

o [0+ ) = (X)) (),
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we then obtain:

©(Xr) — o(Xp-1)
= WAP(Xi-1) + Dy (Xi1) + Dy€ + f (Xi1, Us)
+p(Xp1 + Kr—1Zk) — p(Xg—1) — ’ka (P( X1 + Kr1y) — 9(Xp—1)) m(dy)]

r

+Hp(Xk) — o(Xi—1 + Yebr—1 + V0k-1Uk) — (0(Xp—1 + £r—12k) — o(Xi-1))]
= WAp(Xg-1) + Dlzﬁ,’ch(kal) + Dl;,’;(kal) + Uf (Xp—1, Uk)
+A7 (X1, Zi) + DY (Xy—1, Uy, Z).
(4.2)

Note finally, that by definition of D;-W(X k-1, Uk, Z1) in the previous expansion (4.2)):

~

VL (Xp—1, Ug) = o(Xi) —p(Xp—1) =y A@(Xi—1) — A7 (Xi—1, Zk)

—~(D5¢ (Xi1) + DS E(Xpo1) + DS # (X1, Uk, Zi))

= O(Xp—1+7bk—1+V10k—1Uk) + 0(Xi—1 4+ £r—12Zk) = YA (Xi—1) —20(Xk—1)
—AL(Xy1, Zy) — (D’;f(Xk—l) + D;’g(Xk—ﬂ),

hence after differentiating, we see that u +— ¢y (Xg_1,u) and hence u — AY(Xy_1,u) are
Lipschitz continuous with a modulus bounded by /Vr_1|ox_1||Ve|w < v/AVe1llo]lol| Vplewo-

Moreover, from the definition E[AY(X)_1, Uy)|Fr—1] = 0 and using the definition of
Z, we get

E[A] (Xk-1, Zi)| Fe1] = (4.3)

E[SO(Xk—l + Kp—12k) — SO(Xk—l)‘]:k—l] - ’ij [@(Xk—l + Kr1y) — @(Xk—l)]ﬂ(dy) = 0.

T

[m]

Proof: Lemma [2]

We first prove the point ii).

For all e € (0,1) and 0 < % < G[AH(anl SV (p(r) set in (L.11))), thanks to Proposi-
tion [1, we have for all n € N: 7

E [exp <—Fizﬁ(Xn_1, Zn)>

~F-7L—1‘|
A~ A?
< exp (_F_E[Arf(Xn—la Zn)|fn—1] + 'Ynﬁ

[A? (X1, )P+ 7+ 5)) . (4.4)
By definition of ﬁﬁ(Xn,l, Zy) in (2.1), and from (4.3)) we have:

A~ ~
B[ AL (Xn1, Zn)[Faa] = 0, and [AZ(Xo, )7 < [6]5 Vel
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The previous control with (4.4) directly yield:

w2

]:n_l] < exp (72{‘721

A~
B o (1 220Y,01.2) ) WEIVEE 4 49), (49)

; ; A e
with the constraint 0 < < SRS alen

The demonstration of the point i), is a direct consequence of the previous analysis
without using Proposition (1}, which yields no restriction on . O

Proof: Lemma 3]
By assumption (Tjs), we know that there exists Cy, > 0 such that for all = €

RY, Jo(z)] < Cv,@(l + \/W), so we obtain:

(A|80(X0)F—n90(Xn)|> < Eexp (AC’W@ + \/V(I)io) + \/V(Xn))>

E exp

< exp (207, 2) [E - (QCWA@)]Q [E o @awﬂ)r

2Cy, A

A 1
< exp <20V#,F—>(I‘3) evln

The last inequality is obtained by Jensen’s inequality for FA < 25‘; and by Proposition
n @

2 ’ o

Proof: Lemma (4]
From the definition (2.2) we can write:

1
Dy = %J (Vo (Xi—1 + tyebr—1) — Vo(Xj—1), b1 )dt
0
1
= ”Yk[f (Vo(Xg—1 + tyibg—1), bg—1 — b(Xg—1 + tyibe—1))dt
0

+ fol ((Vep, bY (X1 + 1) — (Vep, b>(Xk_1))dt].

From the boundedness of V¢, Lipschitz property of the mapping x — b(z) (assumption
(Cb)) and Lipschitz property of the mapping x — (Vy(x), b(x)) (assumption (Tg)), using
the assumption (Lv), ii) one derives that:

b.—
kg1 < 22 (IVellaltl + KV.00) 2] < g/, (4.6)

for Cgy := (|Vllo[b]i + [(Vip, b)]1)¥SE. Hence

D5y, < . Camrin/ Vi,
k=1
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Next, by the Jensen inequality (for the exponential function with ﬁ Dy Vi0k as a

measure), we deduce that:

1 S A
Eexp( |D26n|> < @;vﬁE[exp<F§)r—nC«/Vk4>]

1 = CEmArS
cy'n
F(2) Z f)/le[eXp (CV \V/ Vk71>] v )
n’ k=1
c 2c
for & T < v T ]1+[<V‘;,b>] W) < 1, and ¢y is introduced in Proposmon

which read?y ylelds

nz_l 1/2 e 1/2) CEmAry

F(2 cy'n — (]V cy'n

E exp (—|D2bn> <

For the second inequality, we first use a Taylor expansion:

|D2 = ( O( X1 + Wbr_1) — D*o( Xy 1))Ek 1))‘ (4.7)

Dk |
2
1
< S ol 1D @llooiclbn-1| < §HUHOOHD390Hoo\/ Vil

1
2
So
1 " 1
PZSHES QHUHEOHD?’SOHoo\/CTVZ Vel Vi1
k=1

Hence like previously, by Jensen inequality and Proposition [2] for 0 < A statisfying
Zey & < 1 we obtain

IIJIIOOIID%Hoo\/
Besp (1Df5,1) < e (5p-lol2ID%1o /O, Z%IVk if?)

(2)

AT
< Z’Yi%EeXP<2F o2 D*len/Cy Vi )

2
AF£1>\\U\\OC\\D3¢\\OC«/7V

< ()

Proof: Lemma [l

The proof is similar to the analysis of Lemma |3|in Chapter . By the definition ([2.1)),
and because Uy, k € [[1,n], has the same moments as the standard Gaussian random
variable up to order three (see (GM)) we have for all k € [[1,n]:

E [¢f (Xk-1, Ug) | Fr-1]
1
= 'ykj(l — t)Tl"(E[D2QO<Xk_1 + kak_l + tw/’YkO'k—lUk)O'k—lUk X UkUZ—l
0

—D?0(Xp-1 + Yebe-1)Ek-1 \fkq])dt,
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where
E[Tr (DQQD(Xk_l + brt + ARk 1 U)ok Ui ® Upot_,
CD2o( X + ykbk,l)zk,l) ‘fk,l]
— /T L 1 JE[%(([D%(X,H + Yibroy + by Aror-1Uk) — D3o( Xkt + br1)|ow1Ux)

(0%1Ur ® Uka;;_l)) ’fk,l]du

Then,
B [¢f (Xk-1, Ug)| Fre-1]]
1 ‘ 148 ‘ !
< ”ka (1 —t)tlw[@(d)]ﬁE[%z 0k—1||3+ﬁ!Uk|5+ﬁJ Uﬁdu’]‘—k—l]dt
0 0
348
[¢95%> loia P[] s
(1+5)2+8)B+5)
We sum over £ to get the result. O

Proof: Lemma R
Recall that we have denoted for n € Ny, F, := O'(XO, (U, Zj)je[[l,n]]) and F,, = F, v
O'(Un+1).

[eXp ZD (Xi-1, U, Z)) | (4.9)

”k;l
Fua]|

The idea is to control the last conditional expectation using Proposition 2] Recall that

A
[eXp ZD (X 1,Uk,Zk))E[eXp (5D (X1, Un, Z0))

Dfn(Xn—lv Un7 Zn)

= SO(Xn—l + ’ann—l + \/%Un—lUn + /{n—IZn) - @(Xn—l + ’ynbn—l + \/%O-n—lU’n)
_[¢<Xn71 + /ﬁanZn) - @(anl)]

Moreover, we have for all z € R":

|szfn (Xn—la U?"m Z)‘

= ‘/ﬁ;:—l (V30<Xn71 + ’annfl + \/%UnflUn + /fnflz) - v@(anl + Kvnflz))’
< 26]o[Veolw. (4.10)

Hence for all X,,_1, U, fixed the function z — DZ;p(Xn_l, Upn, z) is Lipschitz continuous
satisfying

(D7 (X1, Un, 2)]1 < 2|60 | ViR |oo-
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This estimation is used to bound A for which we can apply the Proposition [I However, we
need a more subtle control of the last Lipschitz modulus. Namely, using Taylor expansion
we can write

|V2Dﬁn<Xn717 Una Z)|

SO (Vgp(Xn_l + Yubno1 + Kn-12) — V(X1 + /in_lz))|
+|"€:,_1 (VQD(anl + ’annfl + vV ’yno'nflUn + anlz> - VSO(anl + f)/nbnfl + 'Linflz))’
< [l (V2| VI 2 VR Xt +Ynbns + Fino12) = V(X1 + i1 2)| 2
/[ D*¢|0 0| Unl )
1 1 1,
< Vil (V2CE V| 2 D)5V E (Xo1) + [ D¢l oo | Unl)- (4.11)
Now for all A satisying 0 < % < m, we get
A ~
E [exp (F—Dfn(Xn_l, U,, Zn)) fn_l] (4.12)
A © ~ 7nA2 © 2
< oxp (£ ELD(Xnt, U Z)Fac] + i (L 7+ ©)[D5 (Xae, U )

Tah?
or2

A ~
< €xXp <_7nE[D;D7n<Xn17 Una Yn)|Fn71] +

- (C’l\/V(an) + C2|Un|2>):

where we have denoted
Cri= (147 +8)[R[54VCv [Vl D?l,  Coi=2(1+ 7 + &) sl D¢l o,
and used the following identities:

D(fn(Xn—la Un, 0) =0,

J

and

E[Dfn(Xn—b Una Zn)’ﬁn—l] = ’YnE[Dﬁn(Xn—la Una Yn)|ﬁn—l]7

which is a consequence of the definition of Z,, in ([1.3)).
To control E[D?, (X1, Uy, Yy)|Fn-1] we introduce for all (z,y) € (R?)* the function:

Pz, y) == Elo(z + w(y)Ya)] — o(z),
which readily implies that:
E[Dfn(Xn—lu U’m Yn)|ﬁn—1] = @(Xn—l + ann—l + \/%O-n—lUny Xn—l) — @(Xn—la Xn—l)-

The idea in the following is to apply the expansion of Lemma [I] with x = 0 to the
function z — @(x,y) , which also corresponds to the expansion of Lemma 1| in Chapter
for diffusion without jumps. If x = 0, then X,, = X,,_1 + vbn_1 + A/ Vn0n_1U,, we can
write using (2.3)) and the definition ([2.1)) of A{ with ]\7;5 = Dfn =0:

@(Xm Xn—l) _@<Xn—17 Xn—1> = fYn-’Z@(Xn—l) +D2¢,b,n (Xn—l) +D2¢,E,n<Xn—1) +¢S<Xn—l7 Un)
(4.13)
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All the terms in the right have obviously the same properties as the corresponding terms
in the similar expansion of ¢ given by Lemma [I| with x = 0. In particular, for all y € R,
the map @(-,y) is Lipschitz continuous with

Ve, )l < 2[Velo,  [1D°0(y)ee < 2D*0lo,  ID°B(, y)loo < 2|D°¢)c. (4.14)

Furthermore, Di by and Df 5., satisfy similar inequalities as (4.6) and (4.7) where ¢ is
replaced by ¢. We directly have thanks to the definitions ((1.7]), (2.2)), identities (4.6)), (4.7)

and (L.19):

~ 1 g
Yl AS(Xn-1)| = Ynllbn—1, VO(Xp1)) + ETT (UU DQSO(Xn—l)) |
< W@VONV (X0 1) [Vl + [0]2]D*0)20) < 1CsVV (Xna),
1
|D2 bn(XN—1)| = 7n| J <V@(Xn—1 + tfynbn—l) - V@(Xn—l)a bn—1>dt|
0

< 2 (191l + [ 01) tl < a0 Vi (),
|D2 » n(Xn*1)| = ”Yn ((Dz(:p(anl + Ynbn-1) — DQ@(anl))En—l)’
%HouwHD%chéanfo,

VAN

where C3 1= 2v/Cv|Vo|w + |02 D200 (v+) 2. Therefore, from the previous controls
and using (4.12)) and (4.13]), we get that there is a constant C' = C'((A)) > 0 such that:

E [exp <F£D“0 (Xn-1,Upn, Zp )) Fo 1] (4.15)
A _ A2

< oxp (L (VT (Xt) + 02 (X, Un)) + 2 (VT (Xoa) + |U2)).
I, Iz

Next, the idea is to separate the unbounded contribution from the terms involving
(W(Xk»ke[[l,n]]a (|Ux*)ke1,ny by a global Cauchy-Schwarz inequality:

E exXp <FA Z D;‘C’(’D(kala Uka Zk))] (416)

[ [2A ¢ 2 2CA :
<E |exp (— > [D;W(Xk_l, Uk, Zi) — Cyi(1 + F—)W(Xk_l) — 7,3|Uk|2])]

- A 2A° 20A? 3 11
xE[exp (22 [C’v,z (F_ + Iz ) VV(Xeo1) + Iz szkﬂ) ]2 =T xT3.

Again by the Cauchy-Schwarz inequality, we get :

1% < E[exp (4C(A+— Zyg\ﬁ (Xi 1))] E[exp (46;/2\2%7,3\(],62)]1/.4 (4.17)

no k=1
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4C’A2'y%

We control the second expected value under condition —-* < 1 using Jensen inequality:

n

oo (155 Sote)]" < 3 Thel e ()]

2

’U |2 160421
1

[e p< ] )]72 (4.18)

Because U, satisfies (GC), E [exp(|U1| )] < +o0. We handle the first expectation in (4.17))

. . e 2
by the same method, using Jensen inequality under condition % < 2;%, 1/}—% < ﬁ
n n

Ed

<

&=

and Proposition [2[ and we obtain:

e (10 (1 + 25) X))

k=1
1 « A 2A? 1
< =) I;’y,zE[exp (4CF”2)(F_n F_g)W(X'H)ﬂ
@) (_A 2A2
<y G, (4.19)
Gathering ([E17), (@I8) and (E19), i
1/2 A?
T2 < exp (( o Fn)€"> (4.20)
The first term in (4.16)), YTy, is handled by identity (4.15)).
2N
T1 < E| exp (T8 (X1, U)
2N " 2A 2C'A2
o S DR (X1, Uk, Z) = O (1 WV () = U]
" k=1 n n
~ B[] exp (Erut? (X1, Ui
2N "y 2A 2C'A?
X exp <F_ [chp(Xk 1, Uk, Zk) C (1 + F—)\/V(Xk_l) - T’}/2|Uk|2]>]
" k=1 n n
G+Ap 3+8
(GC) oA 15228 2[5 H E[|U7] ] 4A\2 )
§ ——r 2 4 V
2N " 2A C'2A2
—I—E[exp <— [D?’Lp(kal, Uk, Zk;) — C’}/g(l + F—)\/V(kal) — 2 le‘Uk‘Z])]
" k=1 n n

The last inequality is a consequence of the bound (4.8)) in the proof of Lemma [5| and the
Lipschitz modulus control of ¢¢(X,_1,-) in Lemma . Hence, we iterate this procedure
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and with some positive constants C;, Cy not depending on A neither n but only on the
assumptions we get :

5+5)

CLAT, CoATy) AN
1 = 12 = ) = exp ((\F + F—)en) ) (4.21)

where, using o, 0 for > L. Eventually, inequalities (4.20) and (4.21]) yields that:
VT 3

T, < exp(

A & A A?
E[exp (F_ Z D;‘C(Xk—h Uk, Zk)):| < exp ((\/—Fi + F—)en) .
n L n n

5 Numerical Results

This section is a numerical illustration of the deviations results of the empirical
measure v, from Theorem [2] We consider the mono-dimensional case, d = r = 1.
The innovations (U;);>1 and X, are Gaussian variables. Also, a difficulty is to approx-
imate the jump part of generator Ay, namely w(p(z + k(z)-) — ¢(z)) for x € R. To
avoid this problem, we choose (Y})k=0 to be Bernoulli variables, hence we directly get
m(p(z + k(z)) — p(2)) = 3(p(z + K(2)) + 0@ — K(x))) — ©(z). We consider for the
coefficients and the test function b(r) = —%, and o(x) = k(z) = ¢(z) = cos(x) in (L.
Note, in particular, that we have picked a degenerate framework. Thanks to Theorem 2]
for (Yi)r=1 = (k7%)r=1, 0 € [1/3,1] (corresponding to 3 = 1 therein) the function

a€R* — gy(a) :=log (P[|\/Tovn(Ap)| = a])

is such that for

Cl2

gnla) < —c
2oV el + 4lx[% Vel
=: ¢,5(a) +log(2C,),

+ log(2C,,)

In Figure we plot the the curves of g, for § = § + 107* We perform the simulations
forn =5x 104 in Figure E 5.1} the probability is estlmated by Monte Carlo simulation with
MC' = 10* realizations of the random variable |/T,v,,(A¢g)| in the unbiased case.

The Figure enhance the fact that g,(a) is indeed under a quadratic form in a.
Nevertheless, we see s that the result of Theorem [2] is not sharp, to obtain such a result
we have to avoid the dimension dependency and a sharp inequality of Proposition [I}
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0 0.5 1 1.5 2

Figure 5.1 — Plot of a — g,(a), for 6 = 3, with ¢(z) = o(z) = cos(z).
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CHAPTER 6. SHARP SCHAUDER ESTIMATES

Chapter 6

Sharp Schauder Estimates for some
Degenerate Kolmogorov Equations

Abstract :  We provide here some sharp Schauder estimates for degenerate PDEs of
Kolmogorov type when the coefficients lie in some suitable anisotropic Holder spaces and
the first order term is non-linear and unbounded. We proceed through a perturbative
approach based on forward parametrix expansions.

Due to the low regularizing properties of the degenerate variables, for the procedure
to work, we heavily exploit duality results between appropriate Besov spaces.

Our method can be seen as constructive and provides, even in the non-degenerate case,
an alternative approach to Schauder estimates.

1 Introduction and Main Results

We aim at proving, for a fixed time horizon 7' > 0 and given integers n, d € N, Schauder
estimates for degenerate scalar valued Kolmogorov PDEs of the form:

{(%u(t,x) + (F(t,x), Du(t,x)) + 1Tr (D2 u(t,x)a(t,x)) = — f(t,x), t € [0,T), (11)

u(T', x) = g(x),

for x = (x1, - ,%,) € R where for all i € [[1,n], x; € R%. The source f and the terminal
condition g are scalar. The diffusion matrix a is R? ® R%valued. Also, we denote by
F(t,x) := (Fi(t,x), - ,F,(t,x)) the vector of the R? valued mappings F; which have,
for i € [[2,n]), the following structure:

V(t,x) € [0,T] x R™ Fi(t,x) := F;(t,x"""), X" 1= (x;_1, -+ ,Xp). (1.2)

In (1.1, the notation D = (Dx,,- - , Dy, ) stands for the full spatial gradient and Dy,
denotes the partial gradient w.r.t. to x;.

Our goal is to prove that, under suitable non-degeneracy conditions on the diffusion
matrix a, which only acts on the first d components of the underlying space, and a weak
Hormander like condition on the first order non-linear term F, there exists a unique weak
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solution to ([1.1) which satisfies some appropriate Schauder estimates when the source f,
the terminal condition g and the coefficients a, F' lie in appropriate Holder spaces.

For notational convenience we will denote the spatial operator in by (Lt)efo,r7, 1-€.
for all ¢ € CZ(R™,R) (space of twice continuously differentiable functions with compact
support):

Lip(x) = (F(t,x), Dp(x)) + %Tr(Dilgp(x)a(t,x)). (1.3)

Under suitable non-degeneracy and regularity assumptions on a, F it can be shown that
the martingale problem associated with (1.3) is well posed, see e.g. [Menll], [Menl§],
[CARM17|. In that case, there exists a unique weak solution to the stochastic differential
equation

dX; = Fi(t,X;, ..., X})dt + o(t, Xy, ..., X})dW,
dX? = Fo(t, X}, ..., Xdt,
dX; = F5(t, X7, ..., X})dt, t

\%
o
=
N

dX? = F,(t, X XMdt,

where (W};);=0 is a Brownian motion on some filtered probability space (€2, (F;)¢=0, P). The
operator (L;)i=o then corresponds to the generator of the process in ([1.4)) where o is a
square root of a. The well posedness of the martingale problem in particular implies that
(1.1) admits a solution in the mild sense on a suitable function space (see e.g. Kolokoltsov

[Kol11]).

The deterministic system and its corresponding stochastic counterpart ap-
pear in many applicative fields from physics to finance (see e.g. [Tal02], [RBT00| or
[BPVO1]). Another issue concerns the regularizing properties of the Brownian motion
in the SDE . In a Holder framework for the coefficients F, o, some minimal thresh-
olds that guarantee weak uniqueness holds where established in [CARM17]. In the current
work, we specifically quantify how adding to these thresholds some suitable regularity,
depending on the stage i € [[1,n] of the chain and the variable j € [(i —1) v 1,n]], we get
a global similar smoothing effect.

Through the Schauder estimates of Theorem [, we indeed precisely quantify the
parabolic bootstrap associated with (L;);>¢ emphasizing its intrinsic regularization prop-
erties. It is known from the seminal work of Lunardi [Lun97| on the topic that the
Schauder estimates for degenerate Kolmogorov equations differ from those in the usual
non-degenerate setting (see e.g. [Kry96|] or [Fri64]). They reflect in some sense the multi-
ple scales in the systems and (see Section below) and are stated in terms
of anisotropic Holder spaces. In particular, those spaces emphasize that the higher is the
index of the considered variable in [1,n]], the weaker is the associated regularity gain.

Let us now shortly describe some particular cases of dynamics of type (1.1)) for which
some Schauder estimates have already been proved. We again mention the work by Lu-
nardi [Lun97|, who considered the special case of a homogeneous linear drift F(x) = Ax
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satisfying the condition (1.2). Precisely, the matrix A writes in this case:

a1’1 .. .« .. .. al,’l’l
a271 e e “ .. .. a2,n
A = Od,d a372 a37n ’
04,4
Od,d e Od,d Appn—1 QaAnn

where the entries (a;;)ije1,n]2 are in RYQRY s.t. (ai,i,l) are non-degenerate elements

€[[2,n]
of RE®@R? (which expresses the weak Hérmander conditign) "l Also, the homogeneous dif-
fusion coefficient a belongs to an appropriate anisotropic Hélder space and asymptotically
converges when |z| — o0 to a non-degenerate constant matrix of RE@R?. The assumptions
on the asymptotic behavior on the diffusion coefficient have then been relaxed by Lorenzi
[Lor05D)], in the kinetic framework, i.e. n = 2 with the notations of (1.4)), up to additional
regularity assumptions on a which could also be unbounded.

Priola established later in [Pri09] Schauder estimates, without dimensional constraints

for time homogeneous drifts of the form

F(X):Ax+( F (x) ) (1.5)

O(n—1)d,d

for a non-linear drift F; acting on the non-degenerate variable in the expected anisotropic
Holder space. The underlying technique consisted in establishing bounds on the deriva-
tives of the semi-group of the perturbed degenerate Ornstein-Uhlenbeck process (i.e. with
F,) from the usual unperturbed one (with (Ax); only) through the Girsanov theorem
assuming first that F; is smooth. This initial smoothness of F; is required in order to
compute the associated tangent flows. Through the continuity approach, the author then
managed to obtain the estimates for a bounded variable diffusion coefficient lying in the
natural expected Holder space similar to the one of [Lun97] with the same asymptotic
conditions. The smoothness of Fy is then relaxed through an approximation procedure
viewing the difference between the Holder drift and its mollification as a source term and
exploiting the estimates established for the smooth drift.

Let us also mention the work of Di Francesco and Polidoro [FP06] who derived
Schauder estimates for a linear drift of the previous type using an alternative notion
of continuity regarding the diffusion coefficient a, which somehow involves the unbounded
transport associated with the drift.

Put it differently, in the current framework of degenerate Kolmogorov equations, fo-
cusing on the drift, Schauder estimates hold, to the best of our knowledge, for either linear
drifts or Holder perturbations on the non-degenerate variable of a linear drift.

In the non-degenerate setting, Schauder estimates for unbounded non-linear drift coef-
ficients were obtained under mild smoothness assumptions by Krylov and Priola [KP10].
Their idea was to use the flow associated with the first order vector field in L, i.e.
0,(x) = F(t,0,(x)), to precisely get rid of the unbounded terms.

. Actually the non-zero entries (a; ;) of A can be non-square and simply have full rank in [Lun97].
We restrict here to square matrices for the sake of simplicity.
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In the current framework, we will face both difficulties: the degeneracy as well as the
non-linearity and unboundedness of the drift. We will prove, in the framework of Holder
spaces for the source f, the terminal condition g and the coefficients a, F, Schauder esti-
mates similar to those of the previously quoted works. The diffusion coefficient a and the
source term f will have, as in the non-degenerate case, the same regularity. We mention
that, in contrast with the non-degenerate case, this is will not be the case for the drift
F for which some additional smoothness on the degenerate entries (Fi)ielp,n]] is needed to
guarantee the well posedness of . In particular, the Holder indexes of F will be above
the minimal thresholds appearing in [CARM17|. The flow associated with the drift term
will again play a key role in our setting.

We will here proceed through a perturbative approach. The idea is to perform a first
order parametriz expansion (or Duhamel expansion) of a solution of with mollified
coefficients around a suitable linearized Ornstein-Uhlenbeck type semi-group. Since we are
interested in controlling derivatives, at least along the non-degenerate variable x;, we will
use the so-called forward parametriz approach, which had previously been successfully
used by Friedman [Fri64] or I'in et al. [IKOG62] in the non-degenerate setting to obtain
pointwise bounds on the fundamental solution and its derivatives for the corresponding
heat-type equation or in [CAR17] to derive strong uniqueness for kinetic SDEs of type
(1.4) (i.e. n = 2 with the previous notations). This approach actually allows to exploit
cancellation techniques which are crucial when derivatives come in.

On the other hand, for the well posedness of the corresponding martingale problem or
density estimates of the fundamental solution of , the backward approach introduced
by McKean and Singer [MS67] might be easier. It was extended in the current degener-
ate setting, which involves unbounded coefficients, and successfully exploited for the two
previously indicated applications in [CARMI17| and [DM10]. Unfortunately, this approach
does not allow to benefit from the previously mentioned cancellation techniques. This
becomes a hard issue in the parabolic setting involving a non-trivial terminal condition.

The perturbative approach is not usual to establish Schauder type estimates. The
standard way is to proceed through a priori estimates to establish for a given solution
of the PDE in a suitable function space, the expected bound. Existence and uniqueness
issues, in the considered function space, for the solution of the equation are addressed in
a second time. We can refer to [Kry96| for a clear presentation of this approach and to
IKP10] for an extension of this method to non-degenerate operators with unbounded drift
coefficients. We will here obtain that the solutions of with mollified coefficients sat-
isfy, uniformly w.r.t. the mollification parameter, a Schauder type estimate (see Sections
to [5| below). From the well posedness of the martingale problem established in [CARM17|
under our current assumptions, we will then derive that the martingale solution to (|1.1))
actually itself satisfies the Schauder controls. Since we want to be in the sharpest possible
Holder setting for the coefficients, source and terminal functions, we will need to establish
some subtle controls (in particular we have no true derivatives of the coefficients) which
will heavily rely on duality results for Besov spaces (see Section [4.2|below and e.g. Chapter
3 in Lemarié-Rieusset [LR02]).
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Let us emphasize that the perturbative approach developed here provides, even in
the non-degenerate case, a new alternative to establish Schauder estimates. It can be
seen as a constructive one in the sense that, from a sequence of smooth solutions, that
uniformly satisfy the expected control, we will extract through convergence in law argu-
ments a limit solution which also satisfies the bound. Uniqueness of the solution in the
considered class then again follows from uniqueness in law of the underlying limit process.

The drawback of our approach is that, for the parabolic problem (l.1), we first have
to establish our estimates in small time. This is intuitively clear since the perturbative
methods (expansions along an ad hoc proxzy) are precisely designed for small times. To
obtain the result for an arbitrary given time, we then have to iterate the estimate. We
are therefore far from the optimal constants for the Schauder estimates established in
the non-degenerate setting for time dependent coefficients by Krylov and Priola [KP17].
However, to the best of our knowledge, our approach is the only one allowing to derive
Schauder estimates for a parabolic degenerate Kolmogorov equation with fully non-linear
drift in Holder space. Also, we think the strategy developed in the current work should
apply for the elliptic degenerate Kolmogorov equation with good potential term, i.e. the
negative sign of the potential would allow to integrate on an infinite time horizon (getting
therefore rid of the small time constraint) or for unbounded sources f that would need in
that cases to be somehow controlled by an associated potential as in [KP10].

In connection with the strong regularizing properties of Brownian motion, let us men-
tion that the perturbative approach we develop here allows as well to address the problem
of strong well posedness for the SDE in a Holder framework for the coefficients. This
was done by Chaudru de Raynal in [CdR18] for n = 2. Let us mention as well in this
kinetic case the works of Fedrizzi et al. [FFPV17| and Zhang |[Zhal8| who derived strong
uniqueness for LP drifts on the non-degenerate component and a linear degenerate dy-
namics in . We establish strong uniqueness for the full chain for some suitable related
Holder thresholds for the drift in Chapter [7] Let us mention that, from a PDE viewpoint,
strong uniqueness for the associated SDE is heavily related to controls of the deriva-
tives of the solution of the PDE in all the directions (including the degenerate ones). In
Chapter [7], under some slightly stronger Holder regularity assumptions on the coefficients
(which for strong uniqueness issues then in turn become the source term in the PDE
with the Zvonkin approach), we derive some pointwise bounds for the derivatives of the
PDEs. Some related issues were also considered under additional smoothness conditions
by Lorenzi [LorO5a) in the case of a linear drift.

Before stating our main results, we recall some properties associated with the system
(L.1). We first describe in Section how the intrinsic multi-scales of the degenerate
Kolmogorov like equations appear. We then introduce the appropriate setting of Holder
spaces to consider in Section [I.2l We eventually conclude the introduction stating in
Section our main results concerning Schauder estimates associated with .
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1.1 Intrinsic scales of the system and associated distance

Let us now briefly expose how the system typically behaves. To do so, consider the
following operator:

Oug -+ -+ - Ogg
1 Lig o o e
Z] =0 + <A0X7 D> + §Ax17 Ay = Od,d Id,d e ) (16)
040 -+ O0g4q lig 044

which can be viewed as a typical model for the operator in . Introducing now, for A >
0, the dilation operator 4 : (¢,x) € Rt x R™ — 0, (t,x) = (A%, Axq, A¥%p, -+ , A" 1x,,) €
R* x R™ ie. with a slight abuse of notation, (6,\(t,x))0 := A\t and for all i € [[1,n],
(5A(t,x))i := A*"1x;, we have that

Ly =0 = L(vod,) =0. (1.7)

This hence lead us to introduce the homogeneous pseudo-norm corresponding to the
dilation operator &y. Precisely, setting for all 0 < s <t < +o0, (x,y) € (R™)%

=, (18)

dp((t,%), (5,¥)) = (s =) + X Iyi = x;

we indeed have dp(0x((t,x)),dx((s,y))) = Adp((t,x),(s,y)). In our current setting we
will mainly use the spatial part deriving from the parabolic homogeneous pseudo-distance

dp in (1.8)). We set accordingly

= (1.9)

d
d(x,y) = ). lyi — xi
i=1

From a technical point of view, these distances express the spatial homogeneity associated

with the intrinsic time scales of the variances for the Gaussian process with generator
%. From a more probabilistic viewpoint the exponents in can be related to the
characteristic time-scales of the iterated integrals of the Brownian motion (see e.g. [DM10],
[CARM17]).

The non-degeneracy and boundedness assumption on a as well as the Hérmander
condition on the (F;)ep2,,) that we assume for (L.I)-(L.4) (see assumptions (UE) and (H)
below) will allow us to consider for our analysis the previous pseudo-distances associated
with the simplest yet typical equation in the class described by (L.1])-(1.4).

1.2 Associated Holder spaces

We first recall some useful notations and spaces. We denote for k € N, 5 € (0,1) by
|- [ crrsmm ey, me {1,d,nd}, £ € {1,d,d* nd} the usual homogeneous Hélder space, see
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e.g. Krylov [Kry96]. Precisely, for 1) € C*#(R™ R), denoting by a = (a, -+ , ) € N™
a generic multi-index and |a| = > | o, we define the semi-norm:

H@ZJHCHﬂ(Rm,RL’) = Z Sup HD ¢||L00(Rm R¢) + SUP [Da¢]

i=1lal=i |laf=Fk

. Do(z) — D
(Do — sup | DYy (x) d ()|
(,y)e(R™)2 22y [z — |

, (1.10)

where | - | denotes the Euclidean norm on the considered space. We will also need to
consider the associated subspace with bounded elements. Namely, we set:

CrP(R™ RY) = {¢p € CKTB(R™, RY) : 9] poo (m ey < +0}.
We define correspondingly the Holder norm:

HQ/JHC;HB(Rm,RZ) = WHCH/B(RW,RZ) + WHLO@(RW,RZ)- (1.11)

We are now in position to define our inhomogeneous Hélder spaces with multi-index
of regularity. Let 1 : R"™ — R’ be a smooth function. We first introduce, for i € [[1,n]],
r € R? the perturbation operator that writes:

vz € R™ TI7(¢)(z) := (21, 2 + 2, ,2Zy,). (1.12)

We then define for all i € [[1,n]], the mapping
(z,7) € R™ x R — oy(z, z) := ¥ (1) (2). (1.13)
Let us introduce the following inhomogeneous Holder space in d-metric: given a parameter

~v€(0,1), and k € N, we say that ¢ is in C’SH(R”C[,RE), if

Hw”c’“er Rnd,RE) - Z;Ziﬁlﬂ) hi(2 Hcﬁ (RY,RY) < T (1.14)

For the sake of simplicity, we will write:

[9lce i= [ mqunazey, and [Wlgren = (6] gten gt oy

The subscript d stands here to indicate the dependence of the Hélder exponents appear-
ing in the r.h.s. on the underlying pseudo-norm d reflecting the scale invariance of the
system (see equation and the comments above for details). Note in particular that,
for k = 0, there exists C' := C(n,d) = 1 such that:

O 13 < Wl oy onn < CIVTG:
Wl sp  WOI UGS

x;éx’,(x,x/)e(]R“d)z Cl’y (X7 X/)

(1.15)
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see also e.g. Lunardi [Lun97].

Also, from (1)) and (T.14), we write that ¢ € Cy §7(R™, R) if

ez = LI g, <

From now on, we will denote:

[ley, = lllcy, e

Finally, through the article, we use the following notation for all functions
o1 L2([0,T], CEY(R™, RY)) and @, € L= ([0, T, C57(R™, RY)):

HQOIHLOO(CI’)“;“/) = tes[lolg“] ||§01(t7 ‘)||C;€737(Rm’RZ)7 and HS@HLOO(C’;M) = tes[%};] ‘|902(t7 ')Hc(’;*"f(Rm,Ré)'

1.3 Assumptions and main result

With these notations at hand we can now state our assumptions and main results. In
the following, we will assume:

(UE) Uniform Ellipticity of the diffusion Coefficient. There exists k > 1 s.t. for all
(t,x) e Ry x R™ 2 e RY

e < Calt %)z, 2) < 2],

where | - | again denotes the Euclidean norm and (-, -) is the inner product.

(H) Weak Hormander like condition. For all i € [[2,n]|, there exists a closed convex
subset & 1 < GL4(R) (set of invertible d x d matrices) s.t., for all ¢ > 0 and
(Xi 1, ,X,) € ROTHDA D Fi(t,X;1,...,%,) € &_1. For example, &_; may be
a closed ball included in GL4(R), which is an open set.

(S) Smoothness of the Coefficients. Fix v € (0,1). We suppose the following condi-
tions hold.

(i) Smoothness of the diffusion coefficient. We assume that a is measurable
in time and that a € L*([0,T7], C} 4(R", R @ RY)).

(ii) Smoothness of the drift in time. We only assume here that the drift is
measurable in time and bounded at the origin, i.e. the measurable mapping
t — F(t,0) is bounded.

(iii) Smoothness of the drift in space. We now state, for each level i € [1,n]]
the smoothness assumptions on the drift component F; (see the remark below
for more explanations):

F; e L*([0,T], CE VO (R(=i+2)amd Rdy. (1.16)

210



PARTIE III: DEGENERATE KOLMOGOROV CHAINS

For a fixed parameter v € (0,1), we will say that (A) is in force as soon as (UE), (H),
(S) hold.

Remark 1 Let us come back to assumption (S)-(iii), which may seem difficult to un-
derstand at first sight. Namely, we here explain a little bit how the particular thresholds
appearing in this assumption come from as well as the precise reqularity imposed on each
component of the drift F w.r.t. any space variables.

e Note first that fori = 1 assumption (S)- (i) readily says, with the previous notations
for Hélder spaces, that Fy € L*([0,T], C3(R"* R?)).

o For each level i € [[2,n] of the chain in (1.2), we shall consider different types of
assumptions on F; depending on the variables x;_; and x*™ = (x;, -+ ,X,) respectively.
Let us now fix i€ [[2,n].

The component X;_1 is hence the one which transmits the noise. Coherently with the
usual Hormander setting, we need some differentiability of F; w.r.t. x,_1. In order to
have a global coherence, in terms of time-space homogeneity, for all the considered vari-

ables, the specific smoothness to be considered for that variable is that Fy(t, -, x"") is in

cH e (R%, R?). Recalling now the previous definition of d and of the associated Hélder
have C' 771 (RY, RY) = C'7 -1 (RY, RY) = 02 3+7(RY, RY).

spaces, we have , , p ,

Now, at level i, the components x*™ are above the current characteristic time-scale,
1.€. the vector of their assoctated time rescaling, which writes according to the homogenous
quasi-metric dp in (1.8) as (ti_%,t(”l)_%,

. ,t”’%), has in small time entries that are actually smaller or equal than the time
rescaling of the current variable x; in =2, We recall as well that, in order to have the
well posedness of the martingale problem associated with the operator (Ly)i=o in (L.3)),
some natural minimal thresholds of Hélder continuity appear for these variables. Pre-
cisely, at level i, F; must be Hdlder continuous in x;, j € [[i,n], with index strictly
greater than g;:? (see [CARM1I7| for details). Here, still to have a global coherence, in
terms of time-space homogeneity, for all the considered variables, we assume that F; is
S;j + 2]7—_1 Hélder continuous in its j™ variable. This precisely corresponds to the minimal
threshold required to which we add the intrinsic v-Holder regularity w.r.t to the associ-
ated scale appearing in d for the considered entry. Thus, with a slight abuse of notations,

. : 284 O imvd mpd
z — Fi(t,xi_1,%;, -+, X1, 2, Xj41, -+ ,Xp) 15 supposed to be in C2-172-1(R* R) =
CT P (RY RY).
e “Gathering” the regularity conditions assumed on each variable for each component
of F hence gives assumption (S)-(iii).

Remark 2 Concerning the time reqularity in the previous assumptions we can refer to
the earlier work of Kruzhkov et al. [KCL75] who first consider this type of regularity
to establish Schauder estimates in the classical non degenerate framework with bounded
coefficients. We can also mention Lorenzi [Lorll] for extensions to unbounded coefficients.

We are now in position to state our main result.
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Theorem 1 (Schauder Estimates for degenerate Kolmogorov Equations.)

Let v € (0,1) be given. Suppose that (A) is in force and that the terminal condition
g and source term [ of the Cauchy problem satisfy: g € C’ZF(RW,R) and [ €
L*([0,T],C} 4(R",R)).

Then, there exists a unique weak solution u in CbZ;W(R"d,]R) to (L.1). Furthermore,
there exists a constant C) = C’((A), T) s.t.

HU”LOO(CE:;”) S C(HSJH(JE;W + Hf”LOO(C;d))' (1.17)

Section [2| below is dedicated to the presentation and description of the various steps
that we perform to obtain our main result of Theorem [I] From now on we will denote
by C' a generic constant that may change from line to line but only depends on known
parameters in (A) and the considered fixed final time T, i.e. C':= C'((A),T'). We reserve
the notation ¢ for generic constants that may also change from line to line, depend on
(A) but are also independent of T', i.e. ¢ := ¢((A)).

2 Detailed Guide to the proof

We describe in this section the approach we follow to derive our main results. The
point is to emphasize the various difficulties arising and to introduce the adapted tools
that can be used to circumvent them.

The first step of our strategy is to mollify equation in order to get a well-posed
Cauchy problem in the classical sense. Precisely, for ¢ € CZ2(R"™ R), m € N and ¢ € [0, T]
we define the operator:

Lo(x) := (Fp,(t,x), Dp(x)) + %Tr(Dilgp(x)am(t,x)), (2.1)

where F,,, a,, are mollified versions in space of the initial coefficients F,a in (1.3, i.e.
Fo.(t,x) = F(t,) * ¢p(X), am(t,x) = a(t,") * ¢n(x), where for all z € R™ ¢,,(z) =
m™¢(zm) for a smooth, i.e. C*, non-negative function ¢ : R™ — R* s.t. (.. #(z)dz = 1
and the previous convolutions are to be understood componentwise. We introduce corre-
spondingly the stochastic differential equation with generator (Lj");o. Namely, for fixed
(t,x) € [0,T] x R™ and s > t,

X = x + f P (u, X"%)du + f By, (u, X ) dW,, (2.2)
t t

where o,, is a square root of a,,. The dynamics in is similar to the one in (1.4)) up
to the mollification of the coefficients. It can be deduced from the well-posedness of the
martingale problem, which holds under our current assumptions from [CdARMI17|, that
(X7 )teo,r] =m (Xi)iepo,r] (convergence in law on the path space) where (X)o7 is the
unique weak solution of (see also [SVT9)]).

Consider now mollified versions f,,, g, of the source f and the final condition ¢ in
. It is then rather direct to derive through stochastic flows techniques, see e.g. Kunita

[Kun97], that
T

(£, %) 1= El gy (X%)] + f E[ (s, X4%))ds, (2.3)

t
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belongs for any given m to C;°(R" R) (space of infinitely differentiable functions with
bounded derivatives) and precisely solves for all x € R"¢:

Ot (£, %) + (F (8, %), Dty (8, %)) + 3 Tr (D2 i (, X)am (t, %)) = — fr(t, %), t€[0,7),

xR,

U (T, X) = gm(x), x € R™,

(2.4)

The idea is now to obtain controls of the norms |u,,| (O which are uniform w.r.t.
the mollifying parameter m. To this end, we will use a perturbative method by expanding
u,, around a suitable Ornstein-Uhlenbeck like Gaussian proxy corresponding to an ap-
propriate linearization of the dynamics in (2.2)). Consider first the deterministic dynamics
deriving from obtained setting o,, to 0, i.e.

m

Ov,r<€> = Fm(v701TT(€))7 Ve [07T]7 0::;(5) =, (25)

where (7,€) € [0, T] x R™ are freezing parameters, respectively in time and space to be
specified.

Fix 0 <t < s < T and x € R™. The typical linearization of on the time interval
[t, ] around (8, (&))vefr,s] Writes:

dX ;) = [F (0,07, (€)) + DF (v, 0, (€)) (X))~ 07 (€))]dv+ Boyu (v, 87, (€))dW,,
Vue [t s], X[ = x, (2.6)

where for all z € R™,

0o 0o
Dlem2(U Z) Od,d R e Od,d
DFm(v, Z) = Od,d DZ2 Fm73(’U, Z2:n) Od,d Od,d :
: Od,d '
04,4 e 040 Dy Frun(v,20-1,2,) 0Ogg4
(2.7)

denotes the subdiagonal of the Jacobian matrix D,F,,(v,-) at point z. From our previous

assumptions (non-degeneracy of ¢ and Hérmander like condition), the Gaussian process
with dynamics admits a well controlled multi-scale density p™(¢) (¢, s,x,-) (see
e.g. Section below and for instance [DM10], [CARMI7|). Namely, there exists C' :=
C((A),T) = 1 s.t. for j € {1,2} and all (i,k) € [1,n]? forall 0 <t < s < T,(x,y) €
(Rnd>2:

|Dyx, DL p™ 8 (8, 5,%,y)]

¢ - - m,(T,&
RPN exp (=07 (s = DITm )~ y)P)
C
B 21y D) P (k5. %,y), (2.8)

(s—t)"z
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7(T E) ( ) 7(7—76)

where m, stands for the mean of X} and for all v > 0, T, is the intrinsic

scale matrlx.
ulyg Ogqa - Ogg

T, = Oc.l,d UQ.Id,d Qd,d ’ (2.9)

040 - Ogq u'lgq

that is, the ¢ diagonal entry of u~2T, reflects the time order of the variances of the
(i — 1) iterated integral of the standard Brownian motion at time u. Observe as well
that the time singularities in precisely reflect the typical scale of the associated
variable, i.e. differentiating in x; yields an additional time singularity in (s — t)*’”%
where (s — ¢)¥72 is exactly the order of the standard deviation of the (k — 1)™ iterated
integral of the Brownian motion.

Denoting by (L (7 S))Ue[t 7] the generator of (2.6 ., it also holds that:

(as - (LT7(T7£ ) )ﬁm7(T’£)(t7 S, X, y) = Ouﬁm7(7—7£)(t7 S, >y) st 6}’(')?
(0 + L) 0Ot 5,3, y) = 0,59 (8, 5,%, ) =0 0x():

The above equations are respectively the forward and backward Kolmogorov equations.

In the first one, the operator (LZ" o7 g)) acts on the forward variable y whereas in the

second one, Lm( %) acts in the backward variable x. We will use the notation PTt(Tg for

the corresponding semi-group, i.e.

:'F”fgm( ) 1=J dﬁ’”’é(t,T, X,Y)9m(y)dy,
Rn
as well as

G™E f,(t,x) = J dSJ $(t,5,%,Y) fm(s,y)dy, (2.10)
]Rnd

for the associated Green kernel (with fixed final time 7" > 0).

For fixed (¢,x) € [0, T] xR and the above Gaussian proxy, for which (7, &) still remain
to be specified, we recall that Duhamel’s formula (first order parametrix expansion) yields
that:

U (t, %) = pﬁg(T’E)gm x) + G™O £, (tx)

(
T ~
—I—J dsJ ﬁm’(“g) (t,s,x,y)(L" — L;”’(T’E))um(s, y)dy. (2.11)
t Rnd

Recall from the statement of our main Theorem [I| that we have to give bounds on
([t | Le=(c2+)- For this introduction to the proof, we will focus on the contributions D2,

that already exhibits all the difficulties and for which we want to establish a control in

time-space supremum norm and for the y-Holder modulus associated with the distance
d.

Differentiating in Dil equation (2.11)) gives:
2 _ 2 P ,( ,E) 2 Am,(r,
Dxlum(tax) - D P ( ) +D G ) f (t,X)

J ds JR dDilﬁm 78) (t,s,x,y)(LY — I:;”’(T’E))um(s,y)dy.
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Concentrating on the last term, which turns out to be the most delicate, we see that
the choice of (7,&) must be made in order to equilibrate the time singularities coming
from D3 ™€) (t,5,x,y). Let us first consider the non-degenerate part coming from the

difference (L7" — E?’(T’g))um(s y) which explicitly writes from (2.1)) and (2.6):

A1,Fm,crm (7—7 Sy, 02}7 (E)? um)
<Fm,1(57 Y) - Fm71<8, 0757,17'(6))7 Dylum<57 y)>

2T (5. y) — a5, 07 (€) D un(5.)).

and can be upper-bounded from the Hélder continuity assumption (w.r.t. the underlying
homogeneous metric d) on F; and a as:

|A1,Fm,0'm (Ta S, Y, 0;7?7- (E)a U,m)| (212)

< (IFu(s, Vas | Dystin(s, e + glals, NI DFy (s, Vi) 7y, 67:(6)).

The contribution d”(y, 87, (£)) in the above r.h.s. must then equilibrate the time sin-
gularity in (s — ¢t)~! coming from D2 ™™ (t,s,x,y) (see (2.8) and Proposition (2)
below). This is possible if d7(y, 07" (£)) is compatible with the off-diagonal bound (s —
HIT, (79 (x) - )l in [23)

This is pre(nsely the case considering (7,&) = (¢,x) which gives

m;’jt’(ne) ()] (r)=(t.0) = O74(%), (2.13)

as it can readily be checked from (2.5)), (2.6 (taking the expectation) and the Gronwall’s
Lemma. Therefore, observing precisely from the metric homogeneity (see equations (|1.8)

and (L.9)) that:
d'(y,07(x) = (s—1)3d"((s - tﬁ’]r;ay (s — )3T, %,0™,(x))

< H%(Z (s = )5 (v = ()77,

we get that the terms of last contribution in the above r.h.s. can precisely be absorbed
by the exponential off-diagonal bound in ({2.8]).
We therefore eventually derive for the non-degenerate contribution with the notation

of :

ds D2 ™0t 5, %, Y) A1 F, 0m (T, S,QQt(g),y,um)dy‘

R (7€)=(t.%)

ds
< j e LWCP (¢, 5,%,) (| Dyy i (5, ) |1 + | D2t (s, ) 1= )y

20 .
< (- £)2 (| Dy, tm|| = + | Dy, thm 1)
20 .
< (T =2 uml ez (2.14)
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yielding precisely a time smoothing effect corresponding exactly to the Holder continuity
exponent 7 of the coefficients. The previous choice of (7,&) is known as the forward
parametrix and seems adapted as soon as one is led to estimate derivatives of the solution.
This was for instance already the choice performed in the non-degenerate case by Il'in et
al [TKOG62| or Friedman [Fri64] in relation with Schauder estimates or by Di Francesco
and Polidoro [FP06] in the current degenerate Kolmogorov setting with a linear drift.

Let us mention that, as far as one is concerned with density estimates, which formally
amounts to replace u,,(s,X), Un,(s,y) in with p" (¢, T,x,2), p"™(s,T,y,z) (density
at some fixed point z € R™ of X starting from x at time ), or with the well-posedness
of the martingale problem, another choice, consisting in freezing in (7,€) = (s,y) in the
above equation, could also be considered. Note that the freezing parameters would here
depend on the time and spatial integration variables. This backward approach was first
introduced by McKean and Singer [MS67| and led successfully to density estimates and
well-posedness of the martingale problem for the current model in the respective
works [DM10], [Menl1§]|, [CARM17].

However, when dealing with derivatives, the forward perturbative approach appears
more flexible since it allows to exploit cancellation techniques whereas this is much trickier
in the backward case for which p™¥)(¢, s,x,y) is not a density w.r.t. y. Some associated
errors associated with this approach are thoroughly discussed in [CARM17].

Let us now turn to the contributions associated with the degenerate variables in the
difference (L™ — LY’ (T g))um(s, y). They precisely write:

Z <( m,i S y 2 1(87927(5)) - Dxi—1Fm,i(8’ 0:?7‘(5))(}7 - 0;777(€>>i—1)7Dyz'um(S’Y)>
Z 3, Fm T7S70 (€>7Y)7DyZum(S7y)> (215>

Under the current assumptions, we do not expect to have uniform controls w.r.t. to the
smoothing parameter m for the derivatives (Dy, tnm, )ic[2,n] i the degenerate directions. Our
strategy will first consist for those terms in performing an integration by parts leading to:

f ds [ ayD2 95,3 B (725, 024(8).¥). Do)
=2 t Rn

(T7£)=(t7x)

Z f | | ayDye ((D3790.5.,9) © A (7:5026).9) 5.

(T,&):(t,x)

, (2.16)
(r€)=(t:%)

Zf | | dyDy - (O (5.3 un(s.)

where the notation “®" between two tensors means the usual tensor product. In particular,
(D2 ™8 (8, 5,%,y) ® Aip,, (1, 5,004(€),y)) is a tensor lying in (R?)®3. Furthermore,
Dy, refers to an extended form of the divergence over the " variable (y; € R?). Precisely,
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from ([2.16]), we rewrite for all i € [[2,n], (s,y) € [t, T]R™
d
(@:n(tax Z <D2 Z (t,s,x,y) (Ai,Fm (7, s, 0?t<€)> Y))j> )

with y; = (y}, -+ ,y?"). In other words, this “enhanced" divergence form decreases by
one the order of the input tensor. As a particular case, if d = 1, A;y,,(7,5,07,(£),y) is a
scalar and the divergence form corresponds to the standard differentiation, i.e. Dy, - = dy,.

Here a = (2,0,---,0) is the multi-index which reflects that the above contribution
involves the second order derivatives of the frozen heat-kernel w.r.t. to its non-degenerate
components.

In view of our main estimates in Theorem [I| we will use the duality between suitable
Besov spaces to derive bounds for the spatial integrals in - Introduce, for all fixed

L€ I]:Q,TL]] and any (yla"' y Yi—1,Yi+1, " 7Yn) - (Y1z 1, Yi+1: n) ERn Dd the mapplngs
ubEY Vi) sy s (8, Y11, Vi Vi),
\I[i;l(t,x),(s,)’l:iflvbﬁJrl:n) Ly — Dyi (@ma ( Y)) (217>

The underlying idea is that we actually want, for the ith variable, to control uniformly in m
the Holder modulus [UZT;L(&yl:i_l’yi-Hm)]m uniformly in (Sv Yii-1, Yi-‘rl:n) € [ta T] X R(nil)d.
2i—1

To prove this property we recall that, setting &; := 2%, C;*(R% R) = B% (R%,R) with
the usual notations for Besov spaces (see e.g. Triebel [Tri83]).

Let us now recall some deﬁnitions/characterizations from Section 2.6.4 of Triebel
[Tri83]. For & € R,q € (0,+],p € (0,0], By, (RY) := {f € S'(RY) : | flug, < +o0}
where S(RY) stands for the Schwarz class and

1 1

dvy 3
b, = LoD sy + (| o™ B hos Sl ) (238)

0

with ¢ € C(R?) (smooth function with compact support) is s.t. ©(0) # 0, ¢(D)f :=
(¢f)Y where f and (¢ f )" respectively denote the Fourier transform of f and the inverse
Fourier transform of ¢ f The parameter m is an integer s.t. m > § and for v > 0, z € R,

hy(z) := m exp (— %) is the usual heat kernel of R?. We pomt out that the quantities

in (2.18)) are well defined for ¢ < c0. The modifications for ¢ = +00 are obvious and can
be written passing to the limit.

Observe that the quantity | f|yg . where the subscript H stands to indicate the depen-
dence on the heat-kernel, depends on the considered function ¢ and the chosen m € N.
It also defines a quasi-norm on B (R?). The previous definition of By (R?) is known
as the thermic characterization of Besov spaces and is particularly well adapted to our
current framework. By abuse of notation we will write as soon as this quantity is finite
| F g, = 1f g,

As indicated above, it is easily seen from that C(R%, R) = B (RYR). Tt is
also well known that By (R? R) and Bffz (R, R) are in duality (see e.g. Proposition 3.6
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in [LR02]). Namely B, is the dual of the closure of the Schwartz class S in By, % But S
is dense in By % (see for instance Theorem 4.1.3 in [AT96]). We will therefore write from

(2.16) and with the notations of (2.17))

n T
ZJ dsu dyDyZ-'(@?}’t‘f‘x)(s,y))um(s,y)‘
i=2 Jt Rrd

(T,8)=(tx)
; J dS L(nl)d d<y1:’i71, yi+1:n) H\I;:,n(t,X)v(s»YI:zfl’y“len) HB;?Z :’n(&yli’bflvywrlzn) HBC&%”OC
< uml e 24 Z J ds J e A(Y1iim1, Yigr) WG Y11 Yivn) HB;?. (2.19)
n—1 Y

Exploiting the thermic characterization of Besov spaces (see again (2.18)) and Section ,
It will be shown in Lemma [5| below that there exists C' := C((A)) s.t. for all i € [[2,n]]
and all m e N:

. C
d . il \1}71,(t7x)7(s»yl:i—1,)’i+1:n) h, K —————— 2.20
[ sy by < Goger 00
Therefore:
n T ‘ 3
ZJ dsf d(yl:iflay’i+1:n)H\Ij;;L(t7X)7(57y1:i71’Yi+1:n)||Bidi < C(T—t)f, (2'21)
=t R(n—1)d 1,1

which plugged into (2.19)) eventually gives the following global smoothing effect for the
degenerate contributions. Namely,

< C(T—1)3,
(775):(t7x)

‘ij ds JR D2 s ( (t,s,x y <Az r,, (T,8,07 (5),y)Dyium(8,y)>‘

(2.22)
which is precisely homogeneous to the bound obtained for the non-degenerate variables
in ([2.14). In both cases, the contribution (1" — t)2 derives from the assumed smoothness
of the coefficients a, F w.r.t. d which exactly leads to the same global control for the a
priori most singular part of expansion E[)

From the previous bounds and @ we thus obtain:

D2 (1. 3)| < (D2, PR (102, G (6 0) | 4+ CT =0 i

(€)=(tx)
(2.23)
Since PTt( % is a true semi-group, and G™ () the associated Green kernel (precisely

because we used a forward perturbative expansion), it will be derived in Lemma@ (thanks
to cancellation techniques) that there exists C' := C((A)) s.t. for all (¢,x) € [0, T] x R

(12, P10 g (0| + 1D2,G™ 7€) £ (2, )]

c<ugm||c;;v (T = 03 fulleicn)
Cllglezs + (T = )31 |nicq ) (2:24)

(1:£)=(tx)

N
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Equation (2.24) eventually leads to the following estimate on |D2 w,(t,x)|:

X
12, un(t,%)| < C(lgllezyy + (@ =03 luoiog + lumloezyy)). (225)

For T small enough, this equation would be compatible with the estimates of Theorem
. Equation ([2.25) might even seem too strong since it also exhibits, additionally to the
control of the term associated with the perturbation, a small contribution (in (7' — t)z
for a small enough T) w.r.t. to the source f,,. This is precisely because |DZ w,(t,-)| 1
is not one of the critical terms in the Holder norm |u,,(¢, ')Hcffj? i.e. the regularity of
the coefficients still gives that it can be viewed as a remainder at first sight. Now, a
typical critical term of the Holder norm, for which we precisely exploit totally the spatial
regularity of the coefficients, is [D2 u,,(t, )]} (see assumption (S) and (1.15))). Let us now
detail how we can handle it and in which sense it can be viewed as critical.

Of course, if g = 0, for t € [0, T'] and given spatial points (x,x’) € (R"¥)? we can assume
w.lo.g. that d(x,x') < (T —t)z, i.e. the spatial points are close w.r.t. the characteristic
time scale (T'—t)2 for the homogeneous metric d. Indeed, if d(x,x') > (T —t)2, equation
(2.25)) readily gives:

D2, (1,3) = D2, (6,X)] < (D20 (1,3)] + [ D2 (.|
ol
20(T ~ )3 (| lueicgyy + el e i)

204" (5, X ) (| (g + [t oz (2:26)

NN

N

Let us now focus, as above, on the Hoélder control associated with the perturbative
. . . 1
contribution in (2.12)) when d(x,x’) < (7' — t)z. Namely,

T
D2 ATEE (1, T, x,x) = f d D2 O (¢ s, %, y) (LT — L)y, (s, y)dy
t

S
Rnd

T
_J . D2 ™€ (¢, s, %!, y ) (LT — L™ Yy, (s, y)dy,
t n

(2.27)

where we recall that a priori the spatial freezing points (£,¢’) in (2.27) (see also (2.12)))
should be different for x and x’ and depend on the position of d(x,x’) w.r.t. the current

characteristic time scale in the time integral. Following the terminology of heat kernels, we
will say that at time s € [t,T] the points x,x’ are in the diagonal regime if cod?(x,x') <
s—t, i.e. their homogeneous distance is small w.r.t. the characteristic time for a parameter
co to be specified later on.

We insist again that we have the usual equivalence between time and space, i.e. time
has to be compared with the square of the spatial metric. Similarly, we will say that the
off-diagonal regime holds when cod?(x,x’) > (s —t). Observing that in the diagonal case
s = t + cpd?(x,x’) (and in the off-diagonal one s < t + ¢od?(x,x’)) we split the time

integral in (2.27)) as:

A:ﬁ&gl (t7 T,x, X,) = A;’f{,ﬁ;g (ta T,x, X/> + A;ﬁff;diag (t’ % X,)’
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with
e t+cod?(x,x") ~
At x) = [ ds [ s xy) (LT - L5y,
t Rn
t+cod?(x,x’) , B ,
S s [ s )@ - L y)dy.
t Rnd
! T ~
Nt Txx) = [ ds [ Oy @r - DO (s, )y
t+cod2(x,x’) JRd
T ! ~ !
S s )L - L y)dy.
t+cod?(x,x’)JRd
(2.28)
Intuitively, for the term D2 A;f(’)%_diag(t,x, x'), since x,x" are far at the characteristic

time scale (s — t)%, there is no expectable gain in expanding Dilﬁm’(“gl)(t,s,x’,y) —
D2 p™(™9(t, s,x,y). One therefore writes:

|D)2c1 A;fé)%'-diag (t7 X, X/)|

t+cod? (x,x") -
<1 ds [ D20t y) (LT — EM9)u s, y)dy|
t R

t+cod?(x,x") , 5 )
1] f ds [ D2, s y) (L — B (s, y)dyl.
t

X
Rnd

Now, provided &€ = x, &’ = x’ one derives from the previous equation, similarly to (2.19),

(2.20), that

|D>2c1 A%ﬁﬁi‘-diag(u X, X/) |

t+cod?(x,x’) ds -

2 /

o3 < Ol oo zpycg A7 (x,x7). (2.29)

For ¢y small enough, we obtain again an estimate that would be compatible with the
global bound on [[tn, | (24 stated in Theorem .

< CHUWHL@(cb?p) J
’ t

Turning now to D2 A:,’ff;;g(t,T, x,x’) one would therefore be tempted to carry on

the analysis with the previous freezing points & = x, &’ = x’. Intuitively, in the diagonal
regime this should not have too much impact. This is only partly true, since if we proceed
so we will be led to investigate the difference of operators at different freezing spatial
points and this leads to compare quantities like 87',(x) — 67,(x’) for which we want a
uniform control w.r.t. m. Since the initial (unmollified) coefficients a, F are only Holder
continuous in space, this quantity is typically controlled (see Lemma |3 as:

d(67,(x),07(x)) < C(d(x,x') + (s — 1)2), (2.30)

where the time contribution precisely reflects the roughness of the coefficients.
Unfortunately, this approach would lead to a final control of order (d(x, x') + (s —

t)%)’y < O(d'(x,x') + (s — t)%) which is not enough on the considered integration set.
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Recall indeed that, in the diagonal regime cod?(x,x’) < (s — t) and the term (s — )2 in
the previous r.h.s. is too big. This means that for A:fdfag(t,T, x,x’), it would be more
appropriate to consider the same spatial freezing point. In that case, taking € = & = x

and expanding the difference of the derivatives of the frozen Gaussian densities yields:

ATEE (1T, x, X))

m,diag

n T
— —EJ J dyj d,uDXJDQIP (TE)(t S X-l—,u(X —X) y) . (X/—X)j
Rnd

j=1 t+cod?(x,x’)

(L = LT (s, y)

n T
— —EJ J dyf d'uDXJDglp (TE)(t S X-i-,u(X —X) y) . (X/—X)j
Rnd

j=1 t+cod?(x,x’)

<A1,Fm,am (t, S, 9:?1: (X)a y, um) + Z <Ai,Fm,am (t, S, Og?t(x)> Y)Dyium(sa Y)>) )

=2

(2.31)

using the notations introduced in (2.12)) and (2.15) for the last equality. In the previous
identities (2.31)) and from now on, the symbol “-" between two tensors means the usual
tensor contraction. In particular Dy, D2 ™ ™9(t,s,x + p(x' —x),y) - (x' —x); isad x d
matrix.

In the current diagonal regime, it can be shown from ([2.8) and the homogeneity of the
distance d that there is C' > 1 such that for £ = x:

| Dy, D2, 7™ 79 (8, 5, % + p(x’ = %), y)]

¢ - — m
s ( t)j—l+1+ﬁ eXp(—C 1(5 - t)|T5_1t(m57t’(t’£) (X + ,U(X/ _ X)) _ Y|2)
S — 2 2
< -t 1 (™ (1:6) 12
< 2 eXP(C (S—t)|Tsft(ms’t (X_X>)’ )

(s — t)j*%JanTd
_O__l . T*l (tﬁ) _ 2
x exp(=——(s —1)| s (Mg (%)) —y %)
C c!

s (5 1y 3 exp(———(s = )T, (05,(x) — ¥ [), (2.32)
S — 2 2

using for the last inequality that m?g( 4 (x X)|e=x = 07,(x) and the fact that, from the

linear structure of ODE satlsﬁed by m”;"4) (x) (which can be read from system

taking the expectation), (s —¢)2|T; t( (t£ )(x — )|2 < C(s—1)2| T (x — %) Slnce

cod?(x,x) < 5 —t = cod?((s — )2 T x, (s — t)2T ) 1, we readily derive from
(m

the definition of d in (L.9) that (s — t)|']I‘S 1t o . (4) )( x')|? < C. These points are
thoroughly discussed in Section [3]
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From ([2.31)), (2.32)) reproducing the previously described analysis, we finally derive:

D%, ATEE (4T, x, %)

m,diag

ds ,
< Clttml o MZ f _x—x),
t

_1y_q
+cod?(x,x’) S — t)1+(] 373

|(x — X)J‘ < le

< Cluml ;o < Um | 7 d’(x,x"), (2.33
ol M)Z o S gl @6), (23)

using again the definition of d in (1.9 for the last inequality. We have again globally
gained, thanks to the smoothness of the coefficients, a power 2 in the time singularities
of equation ([2.32)).

From the previous discussion we now have to specify how to modify the freezing pa-
rameter depending on the position of the current time variable w.r.t. to the homogeneous
spatial distance between the considered points. This can actually been done from the
Duhamel formulation up to an additional discontinuity term. Restarting from (2.11)) we
can indeed rewrite for given (t,x’) € [0,T] x R™ and any r € (¢,T],£¢" € R

U (t,x") = P’} umrx)—i—G,,t = fm(t, X))
f ds f dyp™ ) (1,5, %, y) (L~ L€ (s, y),
Rnd
VO<ov<r<T, G’m(“g (t,x) stf dyp™ € (t, 5, %X, ¥) fm(5,¥). (2.34)
Rnd

Differentiating the above expression in r € (¢, T] yields for any &' € R™:
0 = 0, B, (r,x) + J dyp™ ) (¢, 7, %', y) fn(r,y)
Rnd
" f Ayp™ T (L X y) (L = L (1, y)dy (2:35)
]Rn

Integrating (2.35) between t and tq € (¢, T] for a first given & and between ¢y and T with
a possibly dlfferent E yields:

~ ’ to /
0 - Pt’;%;““um(to,x/)—um<t,x'>+f ds f dy i T (¢, 5,5, ) s, )
t Rnd
tO ! ~ /
; j ds f dy ™ (1,5, y) (LT — EC) )up(s, y)
t Rnd

~ - r &
+ PP (T,) — P g (0, X') + J de y dyp™ 8 (t, 5, %, y) fm (s, y)
to R™

T ~/ ~ ~/
+J dsf alyﬁm’(“£ )(t, s, X y) (LT — L’s”’(T’g ))um(s, y).
to Rnd
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Recalling that u,,(7,x’) = ¢(x’) (terminal condition), and with the notations of (2.34)
the above equation rewrites:

Un(t,%) = P g () + GO f (X)) + G £ (1, %)
P (1, %) — P (1, %)

f dsf dy Ts<toD (’5)(15 s, x,y)(LT" Lm(T’€ )
]Rnd

oo™ (15,5, y) (L2 = L) Jup (s, ). (2.36)

We see that for & # é/ we have an additional discontinuity term deriving from the change
of freezing point along the time variable. Of course expression ([2.36)) can be differentiated
in space and taking then

to =t + cod?(x,x’), (2.37)

ie. ty pre(nsely corresponds to the critical time at which a change of regime occurs, and
¢ =x f = x precisely allows, when expanding D2 U (t,X) — D21um(t x') using
for the first term and - for the second one, to explmt the previous analysis that led
to and and which precisely relied on the suitable choice of freezing point.
We again insist on the fact that, in the analysis, ; is an additional freezing parameter,
which is a posteriori chosen according to as a function of (¢,x,x’). In particular the
parameter to does not intervene in the various possible differentiations of the considered
perturbative expansions.
This approach eventually leads to:

|D)2(1um(t7 X) - D?qum(t’ X,)|
7n+l+1 X
< @) lglezsr + 1) + Cleo™ 4 ) funl oz |
’ NtO ;5( )um(to’ X ) D2 pto,,( )um (to, X/)) ’to:t+cod2(x,x’) ” (238>

The last contribution can be controlled through cancellation techniques and the key esti-
mate (2.30)) on the difference of the flows. The specific choice of ¢ty = t + cod?(x, x’) then

precisely provides the required order leading to:
D2 (%) — D2, (£,
Y(x. %' —nt+3+3 3
< a6 )0 (lalezsr + 1 Flieieg) + Cleo™ 7 4 e + o)l ez |

We refer to Lemma [10| for results associated with the discontinuity term in ([2.38]).

We have detailed up to now what happens with the second order derivatives w.r.t. the
non-degenerate variables. The previous procedure can be applied as well to control the
Holder moduli w.r.t. the degenerate ones. We therefore end up with the following kind of
estimate:

ey < Crllglgzsn + 1 flumeq ) + liml ez [Clea™
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Equation ([2.39) would provide exactly the expected control if 7" and C' are small enough.
On the one hand, the final parameter T' can always be chosen small enough. Indeed,
the further extension of the Schauder estimates to an arbitrary fixed final time horizon
can then be obtained by iterative applications (chaining) of the main estimates on a
sufficiently small time interval. On the other hand, it will appear from the proofs that the
constant C'in actually depends on the Holder norms of the considered coefficients. If
these quantities are small, i.e. the coefficients do not vary much and the components that

Cpaliy o
transmit the noise are almost linear, then C' will be small. For [C’ (co Tata cé) —I—T%] <

ko < 1, we eventually derive:

Cy
HUmHW(of;V) S 1— ko ko (HQHC;QW + \\f\\Lw(o;d)),
which is precisely the expected control. The general case, is proved through a scaling
argument which also allows to balance the opposite effects of ¢y (meant to be small) in

the above bounds. This last point will be discussed in Section [6]

The remaining part of this article is organized as follows. We prove in Section [3| various
properties for the density of the linearized Gaussian proxy: precise pointwise estimates for
the density itself and its derivatives (see equation ([2.8))) and some useful controls allowing
cancellation arguments in our perturbative analysis. We also give therein some properties
associated with the rescaled proxy. Section [4|is then devoted to the control of the supre-
mum norms of the non-degenerate derivatives, corresponding to the previous equation
([2.27). Section [f] addresses the issues of Holder controls. Section [0] is concerned with the
above mentioned scaling issues and we also conclude there the final proof of Theorem [I]
Eventually, some auxiliary, but crucial, technical results are proved in Appendix [7] for the
regularity of the flow and the mean, in Appendix [§| for the regularity of the resolvent and
the covariance, and in Appendix [J for a scaling analysis.

3 Gaussian proxy and associated controls

We first aim here at proving the control of equation (2.8). We recall that our point is
to control the density of (X?’(T’g))SE(LT] satisfying (2.6

WARNING: for notational simplicity, for the rest of the document we drop the
sub and superscripts in m associated with the regularizations. We rewrite, with some
notational abuse, for fixed (7,€) € [0, T] x R™, the dynamics in (2.6]) as:

dX{7® = [F(v,0,.(€)) + DF(v,0, (€)X - 0,-(§))|dv + Bo(v,0,,(£))dW,,
Voelt,s], XM = x, (3.1)

keeping in mind that F, 0,0 in (3.1)) are smooth coefficients. We will give in the next sub-
section some key-controls to investigate the terms appearing the perturbative expansions

and (212).
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3.1 Controls for the frozen density
We explicitly integrate (3.1) to obtain for all v € [t, s]:

Xm0 = RO (4, 1)x + L TR0 (v, u) <F(u, 0..(¢)) — DF(u, eu,f(s))eu,f(@)du

. va R(Tug) (U, u)BO’(U, OU’T(g))qu

v,t

— {60 + [ RO ) B, 0,(€) W
t

where (R4 (v, 1)) ;<y.0<s stands for the resolvent associated with the collection of partial
gradients in (DF (v, 0, +(&)))ve[s,s], introduced in ([2.7)), which satisfies for v € [¢, s]:

6 RTO(0,1) = DF(v,0,,(6))RT (v, 1), REV(L, 1) = Loy (3.2)

Note in particular that since the partial gradients are subdiagonal det(R(4) (v, 1)) = 1.
Also, for v € [t, s],we recall that mf:f) (x) stands for the mean of X" and corresponds

as well to the solution of (3.1) when o = 0 and the starting point is x. We write:

X{9 = m ¥ (x) + f RO (v, u)Bo(u, 0,,,(€))dW,, ve [t s]. (33)
t
Importantly, we point out that x € R" — mf;;s) (x) is affine w.r.t. the starting point x.

Precisely, for x, x’ € R
m{¥ (x + x') = RO (v, )x + m{7F (x). (3.4)

We first give in the next proposition a key estimate on the covariance matrix associated
with (3.3) and its properties w.r.t. a suitable scaling of the system.

Proposition 1 (Good Scaling Properties of the Covariance Matrix) The covari-
ance matriz of X\ in (3.3) writes:

RGO = [ ROO(0,0)Ba(u. 6, (€) BRI (v,)" du
t

Uniformly in (1,€) € [0,T] x R™ and s € [0,T], it satisfies a good scaling property in
the sense of Definition 3.2 in [DM10] (see also Proposition 3.4 of that reference). That is,
for all fized T > 0, there exists Cgg) := Cgg)((A),T) =1 s.t. forall0 <t <v<s<T,
(7,€) € [0,T] x R™:

V¢ e R™, Cgg(v — )T il < KTP¢ O < Cglv—0) 7Tk, (35)
where for alluw > 0, we denote by T, the intrinsic scale matriz introduced in (2.9)). Namely:
ulyg Oga - Ogg

2
040 ulgq Ogq
T, =

O0ga -+ Ogq u'lgq
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The proof of the above proposition readily follows from Proposition 3.3 and Lemma 3.6
in [DM10]. We now state some important density bounds for the linearized model.

Proposition 2 (Density of the linearized dynamics) Under (A), we have that, for

all s € (t, T the random variable X§ (&) n (3.3) admits a Gaussian density pU™9(t, s, x, -)
which writes for all y € R™:

1 1 -
~(7,8) . (r,6)\—1 (1,6) Tﬁ)
D t,8,X,y):= — - 1exp(——<K8 ) (my Y (x) —y), m y)
( ) (2m) 2ddet(th’§))§ 2 (Ko (ms
(3.6)

with th,g) as in Proposition . Also, there exists C := C((A),T) > 0 s.t. for all multi-

index a = (ay, - ,a,) € N, |a] <3 and denoting by Dy := Dg!--- D3, we have:
DIt 5. %.y)| < € e (s O[T O ) - y)[?)
(s — ¢)Xim culi—z)+ 25
c .
= )p(C g1)(757 S, X, Y)7 (37)

(S — t)ZZ 1041(7/—*

with §g.. dyﬁg’i) (t,s,%,y), up to a modification of the constants in (3.7)).

Remark 3 (A slight abuse of notation) To ease the reading we denote, when there

is no possible ambiguity, pc-1(t, s,x,y) 1= ﬁgi) (t,8,%,y).

Remark 4 (Regularizing effect of the quasi-distance) From equation (3.7)), we de-
rive from the definition of d in (1.9)) that for any given § > 0, there exists Cs s.t.

1 T, Lo o ~(T
d((s — )2 T, m{3% (x), (s — 1)2 T, Ly) |[DIF O (¢, 5, %, y)]

Cp (rg)
s t’ § X, ) 38
(8 — t)ZZ;l Oéi(i—%)_gpcﬁl ( y) ( )

<

i.e. equation (3.8) quantifies the regularizing effect of the scaled arguments in the quasi-
distance.

Proof: Expression (3.6) readily follows from (3.2) and (3.3)). Differentiating w.r.t. x
recalling from (3.4)) that x — mg;’g) (x) is affine yields:

Dy 5™ (L, 5,%,y) = —[[ﬁ“’@(s,t)]*(ﬁgf) )L (x) — Y)]jﬁ(T’ﬁ) (t,s,%,y). (3.9)

The point is now to use scaling arguments. We can first rewrite
[REO(s, 0] (K = (= )[R, )] TR T, (310)

where K?' is the covariance matrix of the rescaled process ((8 — t)ﬂT Xifv(s t)) efo.1]

at time 1. From the good-scaling property of Proposition , it is plain to derive that Ki’t
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a non-degenerate bounded matrix, i.e. there exists C' > 1 s.t. for all ¢ € R™, (C)1¢[2 <

(K¢ ¢ < CIEPR A similar rescaling argument yields on the deterministic system (3.2)
of the resolvent yields that R(™¢)(s,¢) can also be written as:

s—t

[R(T,g) (S, t)]* —T! [R(T,ﬁ),s,t(l’ 0)] *Ts—tp (3.11)

where again R(%)*!(1,0) is the resolvent at time 1 of the rescaled system

~

(To (R + v(s — 1), t)]*'ﬂ‘g_lt)vem - ([RC9=1(0,0)]")

ve([0,1]

associated with (3.2). From the analysis performed in Lemma 5.1 in [HM16] (see also the
proof of Proposition 3.7 in [DMI0]) one derives that there exists C; s.t. for all ¢ € R

A~

[RTE=4(1,0)]¢) < Cil¢]- (3.12)
Equations , and therefore yield:
1D, 079(L5,%,y))|
([Rro= 0] (K (- 0Pl 00 - 3))

—j+d Lo T, (T
<C(s —1)73 (s — )2 T, (¥ (%) — y) PO (t, 5, %, y).

<(s—1)7it3 Pt s,%,y)

J

From the explicit expression (3.6]), Proposition (1] and the above equation, we eventually
derive:

| Dy, 579t 5, %,y)|

C L
—— (s = 12T (m{¥ (x) — y)
(s — )
_1 — —1 /(T
- ﬂm@mﬁcwwwm;mmﬂm—wﬂ
S—1) 2
(G
< Gograrerthexy)

up to a modification of C', which gives the statement for one partial derivative. The controls
on the higher order derivatives are obtained similarly (see e.g. the proof of Lemma 5.5 of
[DM10] for the bounds on D2 p(™9(¢, s,x,y)).

m]

We now give some useful controls involving the previous Gaussian kernel which will be

used in our perturbative analysis. The main interest of the estimates below is that they
precisely allow to exploit cancellation techniques.
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Proposition 3 For all0 <t < s < T, (x,&) € R™ x R" the following identities hold:

j PO s, %, y)(y — m )Py = KT (3.13)

| P29y~ mldy — s (314
DD s xy) - (y ~mOhdy = Ouas ke [Lin], (3.15)
D2 59 (¢, 5, %, y) Tr (M(y —m(7® (x))?2)dy 9M, M e R!Q@R?, (3.16)

Rnd

DR DL sy T (M — m60)5 ) dy

0444, ke [[1,n],MeR'@R".

(3.17)

Where, in (3.13), we define for all (i, ) € [[1,n]]* and M € (R™)®2 | [M];; is the d x d
block matrix coresponding to the entry of M on the i** line and the j** column.

Proof: First of all remark that equation simply follows from a direct covariance
computation.

Observe now that from Proposition , we have (.., 9" (¢, s, x,y)(y — mgf) (x))1dy =
0,. Differentiating twice this expression w.r.t. x; and using the Leibniz formula (recall-
ing as well the identity which yields Dy, [mgt’g) (x)]1 = [ROO(s,1)]11 = I4) gives
(3-14)). Iterating the differentiation w.r.t. Dy, then yields (observing again that
Dy, [m{7® (x)]1 = [RT) (5, )]0, i-e. Do, [mT¥ (x)]1) = Lyg if k = 1 and gy for k > 1).

s,t s,t
Observe that Dy, SRM Tr (M(y—m(ff) (x))clm)ﬁ(“g) (t,s,%,y)dy = Dy, Tr (M[K(T’g)hJ) =

s s,t

0,. Differentiating again w.r.t. Dy,, the Leibniz formula and identity Dy, [mg;’g) (x)]1 =

[R(Tf)(s, t)]11 = Lyq yield . Eventually, can be derived again from derivation
or observing that the sum of the length of the multi-derivation index, here 3, and the
power integrated, here 2, is an odd number. O

We conclude this section with a key lemma which will be useful to perform our sensi-
tivity analysis of Section [f]

Lemma 1 (Sensitivities of the covariance) There exists C' := C((A)) s.t. for given
(E)él) € (Rnd)2 and 0 <t < s < T, (X7 X/) c (R”d)?.

KT — (KGN < Cls —1)(d7(€,€) + (s — 1)?). (3.18)

The proof of Lemma |[l]is postponed to Appendix [7] for the sake of clarity. We importantly
point out that, in Lemma [I the constant C' mainly depends on the Hélder norms of the
coefficients and is small provided the coefficients do not vary much. Precisely, it can be
shown that C' writes:

C = Clalwoicg) + X, IFill pogczisen) (3.19)

1=2
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for some universal constant C, where, in the above equation, we write with the notation
of Section [L.2

”FiHLm(Cii_SM) . (t,z)G[O,;]liI%(n—H—z)d [P Fi)ica(t 2 ')HCW(R%R@R@
+ sup F,)i(t,z, )| 2i-3+ . 3.20
jZl—i(t,z)E[O,T]xR(n—Hmd ICF:); 082 M2 g (3.20)

Namely, the quantity |F,| Lo(c2i-3+ry gathers the Holder moduli of F; at the intrinsic

associated scales according to the distance d in the variables j € [, n]| as well as the Holder
norm of the gradient w.r.t. the component which transmits the noise (but importantly
not its supremum norm). Said differently, the LOO(C’?_SM) norm of F; gathers the Holder

2i—34~

norms of the frgctional p@rts of (D,l(fj’1 JFi)je[[i—Ln]]

Hélder index 212;?17 - [2’2;?5[7], where |-| stands for the integer part.
We again refer to Appendix|7|for a precise statement and proof of this assertion (3.19)

(See also Lemma |12 below and its proof for similar properties).

in the j'" variable with corresponding

3.2 Additional controls associated with the (mollified) flow and
its linearization

We now state three important estimates associated with the linearization or sensitivity
w.r.t. the initial point for the frozen (mollified) differential system (2.5)). For the sake of
simplicity their proof is also postponed to Appendix [7] We have:

Lemma 2 There exists C := C((A)) s.t. for all0 <t < s < T, (x,xX') e R™ x R™ and
(X, X') c (]R"d)Q.‘

[N

d(8,(x), 654(x')) < C(d(x,X) + (s~ 1)

The proof of Lemma [2] is postponed to Appendix [7.1]

The second important result concerns the impact of the freezing point in the lineariza-
tion procedure. Namely,

Lemma 3 (Sensitivity of the linearized flow w.r.t. the freezing parameter)
There exists C := C((A)) s.t. for all T = t, (x,x') € (R"™)? at the change of regime time

to defined in (2.37):
d(m{7Y (x'), m{) (x) = d(m{ (%), 0, 4(x)) < CcZ T d(x,x').

Again, the proof of Lemma [3|is postponed to Appendix
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4 Control of the supremum of the derivatives in the
non-degenerate variables

WARNING: for notational simplicity, we drop from now on the sub and superscripts
in 7 associated Wlth the linearization, since this parameter is chosen to be equal to ¢. For
example, 578, m} f), 0., become respectively p¢, mgt, 0.,

The point is now to control ||uch§;a- From ([2.3)) it is direct to derive that for all
(t,x) € [0,T] x R:
u(t, x)] < |gllz= + T f] e
Let us now start from to control pointwise the second order derivatives of wu,,

in the non-degenerate variables, i.e. | D2 u|». The first ones can be controlled similarly
and more directly. Write for all (¢,x) € [0, T] x R"%:

| D% u(t,x)|
< | D2 P gl + |IDE GE f oo
T
ds D2 p¢ (t $,X,¥)A1po(t,5,05:(8),y,u dy‘
Rnd

+\Z [ s [ v (D550 559) © 806(0.5,0.(6).3) Jutssy)

(4.1)

we recall from and (2.15)) that:
Al,F,a(ta S, es,t(£>7 Yy, u) = <(F1 (57 y) - F1<S7 08,t(£))) 9 DY1U(S7 y)> (42)

#3 T ((a(s.3) — a(s.0.0(€)) D 5 3) )
Air(t,5,0::(8),y) =Fi(s,y) = Fi(s,05:(§)) — Dx, ,Fi(s,05:(£))(y — 05,4(§))i-1-

4.1 Control of the non-degenerate part of the perturbative term

The aim of this section is to prove identity appearing in the user’s guide to the
proof.

To this end, we provide a general differentiation result, which will be useful as well
in Section 5[ to deal with the Holder norms. Under the current assumptions on a, F, the
following lemma holds.

Lemma 4 (First Derivative Control Lemma for the non-degenerate variable)
For all multi-index o = (v, . .., o) € N9

X
2

Df{‘ﬁg(t, s, X, y)ALF,O(t, s, 95715(5), y, u)dy” < CHUHL(D(CSZ‘*)(S — t)*Z?:l aj(G—5)+ _
£=x ‘
(4.3)

‘ Rnd
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Proof: Lemma (4
We first recall the control (2.12)

1005, 0:(8), )1 (IFJas | Dl -+ 1a(s, Va1 D2, us, )] 1) (., 0,,(€).

From this control and Proposition [2| we directly obtain:

Diﬁg (t, S, X, Y)AI,F,U (ta S, es,t(s)u Y, U’)dYH

‘ Rnd
< (|, JDsr# (e x 317 (5. 0,0(6) (Bl Dl +fal | D2, )y )|
Rn _

— n o . _
< Clull reziy (s = )72 9072) | pooi(s,t,%,7)d7(85,4(x), y)dy

OR
3

< CHUHLOO(CP?::'['\/)(S — t)‘Z?Zl ozj(j_%)_,_ ’

with the notations of Remark [3| for the last but one inequality. o Equation ({2.14)) readily
follows from Lemma 4| taking o = (2,0, ...,0). Namely:

ds t $,X,¥)A1po(t,s Gst(é),y,u)dy‘ L

Rnd —
<C T ds <C T —1)2 4.4
< Clulgoiegyy || =g < Ol (T~ 03 (4.4)

4.2 Control of the degenerate part of the perturbative term

The point is here to control the terms

anj dsf D (t,s,x,y <A (t,s,05:(8). ),Dyiu(s,y)>dy

appearing in equation of the user’s guide to the proof. We precisely want to derive
equation ([2.22]).

The bound will actually follow from the more general following result, which will again
be useful for the Holder norm in Section [l

Lemma 5 (First Besov Control Lemma) For all multi-index o = (. .., o) € N%:

ZU DEFE(t, 5,5, y)(Aun(t, 5, 0,4(€). ), Dyiu(s,y)>dyH€_x

X
2

< Clu] po iy (s — )" Bmroa02)3, (4.5)

Proof: Lemma [5

Similarly to (2.16]), we define for all i € [[2,n]],

ﬁg(t,x)(& Y) = Dyi : (Dzﬁé(t7 S, X, Y) ® Ai,F(ty S, 08,t(€)7 Y)) = Dyi ’ (G)z‘of(t,x)(sv Y)) . (46)
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The contribution of the Lh.s. in (4.5 then rewrites:

n

Da ~(t’£) (t7 S, X, Y><A1,F (t7 S, 03,t<£)7 Y)7 DYiu(S’ y>>dy”
£=x

i—2 Rnd

2 J T (8 Y)u(sy dy’ (4.7)

The point now is to observe that for any fixed i € [[2, n] and z = (21, - zz 1, Zig1s " 5 Zn)

e R4 the mapping y; — u(s, Z1.i_1,Yi, Zis 1) is in 022 (]Rd) BOQOZOO (R?) using the
Besov space terminology, see e.g. Triebel [Tri83], umformly in s € [0, T]. The point is now
to put in duality the mappings y; = (S, Y1:i-1, ¥i; Yit1m) and

UL a0 (i1 yisnm) - Yi ™ Vit (8,5, (4.8)

see e.g. Proposition 3.6 in [LR02|. This precisely means that we have to prove that
2+v

(630 (s.y1iryiiay lies i the suitable Besov space, W§, .~ . € By (RY)

and to control the associated norm We will actually prove that those norms prov1de an
integrable quantity w.r.t. y1.;_1,Yir1.n as well as an integrable time singularity. This will
be done through the thermic characterization of Besov spaces, see e.g. Section 2.6.4 in
[Tri83] as well as (2.18)) above. Precisely, we recall that for a function ¢ : R — R in
By (R, = 22, a quasinorn is g

1
dv s
¥l = oD sy + | oo’ (4.9)
’ 0
with
Vze R hy(z2) = ! exp(—ﬁ)
7 271'1})% v

being the usual heat kernel of RY, = standing for the usual convolution on R? for ¢ €
CP(RER) s.t. 0(0) # 0.

Taking ¢ = \Ifz.of( EX) (5.3 i1 s 1en) 111 the above characterization and from definition (4.6)),
the main advantage of using consists in rebalancing the derivative appearing in the
definition to the heat kernel or to the smooth compactly supported function .
Precisely, focusing on the heat kernel part of , the other contribution being handled
more directly, we get:

Hh * \Ijg(tx),(&)’ufl,yz'+1:n) HLl(RdvR)
-

J 4 hU(Z - yi)ﬁg(t,x) (Sa y)dYZ dz
R

~
‘JRd h'u(z - YZ)DyZ ’ (@g(t,x)(sv Y))dYZ
~

dz

) D2pE(t, 8, %, ) Aiw(t, 5,05,(€),y), D.hy(2 — y:) ydyi|dz
R

(4.10)

Bl
%%%

[
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We now want to estimate the H\I/‘” - To this end, we split the time

t X) ( $,¥Y1:i—1,Yi+1: n) HB
integral in into two parts writing:

1
dv &
— 02 [y * U3 ) (eyricr g | D1 RER)

(S t /Bl dv &
- JO TU ’ h * \Ija(tx)( $,¥1:i—1,Yi+1:n) ”L L(R4,R)

1
dv & N
- J;S_t)ﬁzjv ’ Hh * 1,(6,%),(8,¥1:i—1,¥i+1:n) HLl R4,R) (4.11)

for a parameter 5; > 0 to be specified. Precisely, in order to have a similar smoothing
effect in time than for the terms appearing in (4.4), we now want to calibrate f3; to obtain:

1
dv &
J( —u? Hh * ‘I;l ,(t%),(s ’ylzifl’yile:n)HLl(Rd?R)

s—t)f: U
C )

= (S t)Z R aj(j—%)—% QC\z(t> S, X, (yl:i—l; yi+1:n))7 (412)

=

where introducing:
dc(ta $, X, Y) = ]i[-/\/’c(sft)%_1 ((05715()() - Y)]) = Pt (ta $, X, Y)a
j=1

where for a > 0, z € RY, N, (2) = ——Fexp ( — %) stands for the standard Gaussian

(2ma)2
density of R? with covariance matrix al;, we introduce:

(jc\i (t, S, X, (y1:i—1a Yi-‘rl:n)) = 1_[ A/‘c(sft)%_l ((Os,t(x) - Y)]) : (413)

Jel[1,n]l,j=i

To choose properly the parameter (; leading to (4.12)), we now write:

! dv &
(s—t)Pi 7?] B 1,(,%),(8,¥1:i—1,¥i+1:n) HL1 R4R)
1 d _
UV &
< J —v?2 f dz‘ D (t $, X, y)<A%F<t’ S, 08,15(5)’ y)7 Dzhv(z - yz)>dYZ
(s— thI v £=x
'L AC t7 ) Y ) —
s CJ i f dzf Vi) Gl oY) _qissiog, x),y)
(s— t)Bl v Rd R4 Uz (S — t)Zj:I a;(j—3
Yi AC t? » X, 2i=3+y
(s—t)Bi v Rd Rd V2 (S _ t)Zj:I a;j(i—3)
! c 2%} n . -
< C(jc\z(t7 S, X, (y1:i—17 Yi-‘rl:n)) f dvv_%+7(3 - t)_ijl aj(]_%)+2 ;-M
(s—t)Bi
< Cch\l<t7 S, X, (y1:i—17 Yi+1:n>)(3 - t)[_%—i_%]ﬁl_zzl:l aj(j_%)+2i723+7
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using Proposition [2| for the third inequality (see also Remark , equation (3.8)) recalling
as well that 0 <t < s < 7T is small.

To obtain (4.12)), we then take:

G o1 234y K 1y C(20-3)(20— 1)
[—5+516: ;aj@ St = ]Z_:lozj(j Dty = A

(4.14)
The key point is now to check that the previous choice of (3; also yields a bound similar

to (4.12) for the contribution in (#.11)) associated with v € [0, (s — )%].

To this end, we restart from identity (4.10]), which allows to exploit partial cancellations
w.r.t. the integration variable y;. Namely, write:

||t = 30Dy 02 5.3,

R

= Jd hv(z - yi)Dyi : (93(@,()(57 Y) - @Z(t,x)(sa Yii-1,%, YiJrl:n))in
R

= f 4 Dzﬁg(ta $, X, Y)<FZ(Sa y) - Fi(sv Yii-1,%, Yi-‘rlln)a Dzhv(z - y1>>dyz
R

+ f J (D;O:ﬁg (ta S, X, Y) - D;o:ﬁg (ta 5,X,¥1:4-1, %, yiJrl:n))
R

<Fi(37 Yii-1,%, Yi-‘rl:n) - Fi(sa 05,1‘(5))
_Dxi_lFi(Sa Os,t(é))(y - 05,15(5))1'—17 Dzhv<z - YZ>>dyz

=: <<71 + %) (’U,t,S,X, (y1:i—1;zayi+1:n)>a (415)

using the definition in (4.6)) and (4.10)) for the last decomposition.

Write now:
hcv £y ch t,8,X,y 2i—3+
|‘%(U7tusax) (Y1:i—1,Z,y7;+1:n))| < CJ‘ ( T ) ( — : '),l |Z_Yz| 2i71’ydyz'
Rd V2 (S — t)Zj:I a;(j—3
hcv Y AC 7(“-7 PR
< ¢ (Zz-wy) Gllos%0¥) g, (4.16)
R4 pIi—2 (3 — t)Zj:I a;(j—3)

We thus derive from (4.16]):

|<71(U,t,8,X, (Y1:i—1,2’,y1‘+1:n))| (417)

C .
< 2— n — 1, de\i (ta $, X, (YI:i—l) Yi-‘rlln))'/\/-cv-i-(s—t)%—l (Z - es,t (X)z) .
pai—2 (S _ t)zj:l a; (J 2)
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Write now from (4.15) and the Taylor formula applied to the i*® variable for the
difference of the derivatives of the densities:

L%(v, t, s, %X, (Y1i-1, 2, Yi+1:n)) |

heo(z—v0) [F, Ge(t,8,%, Y101, 2 + 1(Yi — 2), Yit1m
< o ayltelEoXd (g, i —2), Yirin)
R 2

0 (s — t)Zi=1U=2)+%5
Fz‘(S, Yii-1,%, Yi+1:n) - Fz‘(S, Yii-1, Gs,t(X)i:n)

xlys — 2| (
Fi(3> Yii-1, es,t(x)i:n) - Fz‘(S, Os,t(£>) - Dxi,lFi(S, es,t(x))(y - Os,t(X»i—lD

1 ~
c ta 5y Ay —1) + G — s Yitin
< CJ dyzhcv(z _yl)f d,uq ( S, X, V101 nZ Iu(y; 212;_)1 Vi1 )
Re 0 (s — t)Zj:I a;(i—3)+=5

+

A [(00000) = y)ia T 4 3T [(0.(%) — ¥

k=i+1

2i—3+~
2k—1 |,

Writing, for any u € [0, 1],
|2 = 054 (x)i| < plz —yil + [z + pyi — 2) — (05,4(x))il,
we thus derive

‘e% (U, t,s,x, (y1:i717 <, yiJrl:n)) |

1 ~
t7 5 Ay —1 + ;T s Yi+1:
< Cf dy;hes(z — i) f duqc( R 1an _'u‘(_yf 22_2 Yirtn)
Rd 0 (S *t) j:laj(] 2)+ B)
2i—3+4 .
X <|yz -z 21.717 + d2173+7 <05,t(x)7 (Y1:z’—1, zZ+ :u(yl - Z), yi+1:n))>
1
< Cf dyihes (2 — yi) f dpde(t, s, X, Yii—1, 2 + p(yi — 2), Yisim)
d
K 2i—3+~y °
L 2@i-1) 1
o+ )
. ((S _ t)Zg-Llaj(jf%)ﬁg S (s — )X lma)tlog
1
< Cissltosxyii ¥ | di[ hesls = yON-gi (2 4 alyi = 2) = (Bualx)) )y
0 R

2i—3+~

2(2i-1) 1 )
)

(4.18)

X 4+
<(s _ t)Z}Ll oy (j—3)+251 (s — t)27:1 o (i—3)+1-%

using again (3.8)) for the second inequality. From (4.15)), (4.17) and (4.18)) we derive, with
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the notation introduced in (4.13):

H h” * \I]'?f(tvx)»(&YI:i—l Yit1) H L'(R4,R)

2i—3+y
( 1 p2@i-1) 1
< (- ; L)
yTs (s — t)Zi= ai(=3) (s — )&= a;(j—3)+25 (s — t)Zi= a;(j—3)+1-3

XCch\i(u §,X, (yl:i—l; y¢+1:n))
1

X f d/LJ dzJ dyiheo(z = yi)Nes—nzi-1 (2 + p(ys — 2) — (054(x));)
0 Ré  Jrd

< O(jc\z (tv S, X, (Y1n'71, y’i+1:n))

2i—3+~

( 1 p2@i-1) 1
X — + n . i— + n - )?
v% (s — t)Z?:1 aj(i—3%) (s — t)ijl a;(j—3)+252 (s — t)ijl aj(j—5)+1-%

using the change of variable (wq,w2) = (2 — yi, 2 + p(y: — 2) — (054(x));) for the last
inequality. From the above computations and with the notations of (4.11)), we derive:

(Sft)ﬁi &
——1 «
f dvv2 Hh” * \Ili’(tyx)v(sv}"l:iflybﬁﬂtl)HLI(RdyR)

0
(G
< CqAC\Z <t7 S, X, (YI:i—lv yi+1:n>) J 7/07
0 2i—3+~
( 1 VAEE-D 1
X — + — - — + — - )
= Cch\z<t7 S, X, (Y1n'717 yi+1:n))8a,5¢ (ta 8)'
_ (2i-3)(2i-1) : .
Let us now prove that for g; = s defined in (4.14)), we have:
C
Bog (t,s) < - , . 4.19
:(t,5) (s — t)ijlaj(J—%)—% (4.19)
To prove (4.19), we now write:
Baﬂi(t7 8)
U%_% U%"—gl(gzgjlﬁ)/ U% v=(s5—t)Pi
[(5 — )%= a;(i—3) (s — t)Z}’:laj(jf%)ﬂg ! (s — t)ijlaj(Jf%)Hf% v=0

&; | 2i—3+ -1 2i—1
72+21(2i,1’;)7(2?:1aj(]7§)+ 12 )

< (s - EEDTL D 4 (g

(s — )BT T 0‘j(j*%)*1+%]'

From the above equation, (4.19) holds as soon as f3; can be chosen so that the three
following conditions hold:

a;  2—7 ol o 21—=3+7 2t -1 ~ Q;
|5 — = — = =0, B = . — —22>0, Bi——1>0.
ﬁ( > 2 6(2+2(2Z—1)) 2 ﬁ2
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~ X
Recalling that 5 = ;j}l ;, the above conditions rewrite:

._ ._ ’_y _l ._
(2i '3)(22 1) 1'—1-2 B 1' ) _ 02 e (22 3) 7_120’
2t -3 —7 21—1 2i—-1 2 21 —3—7 2

(20 —3)(2i — 1) 247 2-349) 2-1 5,
2 —3—7 2(2i —1)  2(2i—1) 2 2~

2t —3
— (20— 1+4+2vy)— (20 — 1 = 0,
— <2i—3—7>(2 +27) — (2i +7)=0

._ ._ 1+’_y ._
(22.3)(22 1) a2 .21 3 (1+1>_1>0_
21 —3—7 21 —1 21—3—7 2

All the above conditions are true for i € [2,n]], v € (0, 1]. Note the chosen f; seems to be
rather sharp in the sense that letting v go to 0 the above constraints become equalities.
This proves (4.19)). We finally get:

ldv & C )
07,0 B 1,(t,%),(8,¥1:i—1,¥i+1:n) ||L1(Rd R)< (S B t>2?:1 aj(j—%) %q\ (t S, X, (yl:i—lvyi-l-l:n))-
(4.20)

Reproducing the previous computations we also write for a C'° compactly supported
function ¢:

H‘P( tx) (8,¥1:—1,Yi+1:n) ”Ll R4,R)

j J Dy.3(z — 1) - (D5 (t,5,%,5) ® Avw(t, 5, 054(€), y)>dys|dz
R‘i

: -
(s _t)Z 19(=3) Jpd
C
(s — t)Zi=1 0 U—2)~(i-5+

E=x

Ge(t, s, %, y)d**7(0,,(x), y)dy;

)Cjc\z (ta S, X, (Y1;z‘71, yi+1:n))-

2

From (4.9) and (4.20]), we finally obtain:

C .
)5(8:¥1:6—1,¥i+1:m) B;‘f‘Z S (S _ t)Z?:1 a;(i—4)-2 qc\i(t7 8, X, (y”—l’ Yi+1:n))> (4‘21)

H\Dg(t,x

which together with (4.7)) and (4.8) gives the result. D
Equation (2.23)) now follows from Lemma |5| taking o = (2,0,...,0). Namely,

n T
‘ZJ dS B dDi1ﬁ£<t737X7 y)<Ai,F(tasaes,t(€)7y)7Dyiu<87y)> H
i=2 Yt " £=x

< O(T-1): HUHLOO(C;EV)' (4.22)

4.3 Non-degenerate derivatives for the frozen semi-group : ter-
minal condition and source

The main result of this section is the following lemma.
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Lemma 6 (Derivatives of frozen semi-group and Green kernel) There exists a con-
stant C' := C((A) s.t. for all (t,x) € [0,T] x R™,

D3 Pf )| < CID%gloe < Clglezy
~ X
DLESFu < OO =031 |ueey,)
Proof: Lemma
Note first that, since p¢ is a density one has the following cancellation identity:

D>2<1 Pf“,tg(x> ’ ’

£=x

= | [ e Ty loty) ot o)1y

Rnd

N

DL T xI90) - alya s ()l

+) JW P56, T, %, y)[9(y1, m, (X)2) - g(mg’t(x))]dy”g—x
w2

The first term in the r.h.s. of the previous identity is readily controlled thanks to Propo-
sition

[ DT 100 ~ oty mS ) iy

< Clolezy | (7= po (. Tox y)d* (). )],
5 Rn =X
< C(T = )%l gz (4.24)

The second term of (4.23]) is more subtle. We need to expand g(yl,m%t(x)gm) in its
non-degenerate variable to take advantage of the corresponding regularity of g. Namely,:

‘ pn Dilﬁs(t,T, x,y)[g(y1, m%t(X)zn) — g(m%t(x))]dy”

D2 (1, T, x,y) (<Dxlg<m§,t<x>>, (v — mé, ()1

Rnd

. j Ap(1— )T (D2, (m$, ()1 + sy —m$, ()1, m (%)) (v 0 <x>)?2)dy\

E=x

Do-1 ta T7 X,y
<CO|DZ g]l ( ) (y = m§,(x))i*dy| < Clglgen, (4.25)
Rnd T — t sz b,d

recalling from Proposition 3| for the last but one inequality that

| ay D20, T ) D, ). (3 = S, ()| = O
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Gathering identities (4.24]), (4.25)) into (4.23)), we obtain the stated control for the term
D2, Pf 9|
Let us now turn to the Green kernel. We directly get from Proposition 2}

D2,GE (%))

T
< | [ s [ DR xS sy) - 1G5 0uleNay]
t Rnd £=x

T
< C[f]m(m)f dSJ

t Rnds_
< C[f]poen(T —1)2,

which gives the result.

Po-1(s,,%,y)d(0,(x),y)"dy

Similarly to Lemma [0, we prove from Proposition [2] the following result:

Lemma 7 For v € (0,1), under (A), there exists C := C((A),T), s.t. for all function
P e CJg(R",R), and any given multi-index o, |af € [1,3]], for all0 <t < s < T, x €
Rnd:

ol
2 .

DL ey < Clleg, (s — 1) F ke (4.26)

Note carefully that in the above lemma || > 1. Indeed, if |a] = 0 we cannot benefit from
any regularizing effects which are precisely due to cancellation techniques.

5 Holder controls

The purpose of the section is to give suitable Holder controls of the terms [D2 u(t,-)],
and sup ega[u(t, 2, )]24~ in order to derive our main Schauder estimate of Theorem [1} For
a fixed time ¢ € [0, T'], the point is to consider for fixed x € R™ the perturbative expansion
and for another spatial point x’ € R, the possibly more refined version provided by
equation ([2.36]) which precisely allows to take into account the various regimes depending
on d(x,x’) and (s — )2, s € [t, T] detailed in the previous user’s guide to the proof.

We will address separately two cases. For a constant ¢y to be specified later on (but
formally meant to be small), we consider:

- The globally off-diagonal regime T — t < cod?(x,x’). In that case, the spatial points
x, X’ are globally far for the corresponding homogeneous distance d over the time horizon
s € [t,T]. Hence, there is no specific need to exploit (2.36)). Expanding the quantities
D2 u(t,x) — D2 u(t,x') and u(t, z,X9.,) — u(t, z,%5,,) with (2.11) is enough to get the
result.

- The mized regime T — t > cyd?(x,x’). In that case, up to the transition time t, defined
in , s —t < cpd?(x,%), i.e. the off-diagonal regime holds for the times s close to
t. It is then crucial to exploit the more refined perturbative expansion to derive
suitable bounds for D2 u(t,x)—D2 u(t,x’) and u(¢, (2, X2.)) —u(t, (2,%),,)) . In particular,
this leads to handle carefully the additional terms appearing from the change of freezing
parameter.
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Precisely, in the globally off-diagonal regime we first write from (2.11)) for all (x,x’) €
(R")2 s.t. (T —t) < cod?(x,%'),

D% u(t,x) — D2 u(t,x’)

= <Di1 P 19(x) = D} Pf9(x') + D, G (1, %) — D3, G¥ f(1,x)

T
+f dsf ) (Dilﬁﬁ(t, $,%X,y)(Ls — Lg)u(s, y)
¢ Rn

_Dilﬁﬁl(t, s, X, y)(Ls — ES)u(s, y))dy) , (5.1)
(ﬁ,ﬁl)Z(X,X’)
and similarly, for all z € R?,
U(t, (Z’ XQZN)) - U(t, (Z’ X/Qn))
= <p]§“7tg(zﬁ X25n) - Pflé,ltg(z? X/2:n) + égf(u (Z’ X21n)) - ég/f(t’ (Z7 XIQn))
T ~
+ J dS J (ﬁg(t7 S, (Z; X2:n>7 y) (Ls - Lg)”(& y)
t Rnd
_]55’ (tv S, (Z7 X/2:n)> Y)(LS - Egl)u('S» Y)>dY> (52)
(€8)=((zx2n),(2:),,.))

In this case, we derive from Lemmas , , @ and equation (4.1)):

‘Dilu(t7 X) - Dilu(t7 X,)|
< C[ID, P 19(x) — DL PE g0 + (I |n(cgy) + Il ooz ) (T = 6)3
< C[ID2, P9 (x) = D2 PE g0 + (1fmicg + 1l o) 6 40 (%) |,

lu(t, (z,%2:m)) — u(t, (2,%5,,))]

< O (‘pﬂg“,tg(’z? X2in) - p;,tg(z7 Xl2:n>’ + ‘é‘if(t’ (’27 X21n)) - éﬁlf(t7 (27 Xé:n))‘
+HuHLOO(C§;W)ng7<X7 X,)) :

Therefore, these equations give the expected controls up to appropriate estimates for the
Hoélder moduli of the frozen semigroup and Green kernel which are obtained below, for
the so-called mized regime, on which we can focus.

In the mized regime, we will start from identity (2.36]) for the expansion of wu(t,x’),
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where we have chosen ¢ = x’ and € = x. Namely,

u(t,x’)
= jf)%,tg(xl) to tf(t X) + th f( /) + Pt%,tu(t(b Xl) - Ptgo,tu(tm X,)

T ~ Y
b s | dy (T (s X)L~ 2 4 T (5. Xy (L ) (s,
t Rnd

Again, ty must be here seen as a frozen parameter, which is a posteriori, i.e. after possible

differentiation, chosen as in ([2.37)).
The terms to control then write for the Holder norm of the derivatives w.r.t. the
non-degenerate variables:

D% u(t,x) — D2 u(t,x')
- ((Difﬁtm — D% Pf,g(x)) + (D3G5, f(t.%) — DLGE f(t.X))
+ (D2, G5, 1 (1%) = D2,GS, (6. ) + (D2, P yulto, ) — D, P§ yulto, X))

—i—f dsj dy (ﬁg(t, s, x,y)(Ls — L%)
t Rnd

(5.3)

| Bt (15X 3) (L = L) + Lomaop (1,5, %, ¥) (L — L) Ju(s, y>)
(&,5/):(X,X')

Equation (5.2)) would be adapted accordingly.

As a consequence of the previous equations, in order to derive the expected bounds we
will devote a subsection to the Holder controls for the frozen semi-group, for the frozen
Green kernel, for the discontinuity term coming from the change of freezing point and for
the perturbative contribution (remainder).

5.1 Holder norms for the frozen semi-group

We precisely want to establish the following result.

Lemma 8 There exists C := C((A)) s.t. for all (t,x,x") € [0,T] x R™ x R™, taking

N ) x X)), i (T — )2 < cod(x, %),
“’“‘{( ). i (T~ 117 > epd(.0)

one has:

}Dil p’%,t (X) - D)2(1 ﬁrﬁ,t (X/) ‘

N

vy /
Cllglezpd (x, ),

‘p’lé,t(x) - pié,t(xl)‘ < C|‘gHC§;”d2+’Y(X7 X/)a fO’f’ X1 = Xll'
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Hoélder norms of the derivatives w.r.t. the non-degenerate variables

Let us deal with the first inequality of Lemmalg] i.e. the norms over the non-degenerate
variables x;. For the frozen semi-group, we say that the off-diagonal regime (resp. diago-
nal regime) holds when T' — t < ¢od?(x,x’) (resp. T —t = ¢od?(x,x')).

e Off-diagonal regime. If T — ¢ < cod?(x, x'), like in (4.23)), we write:
'D>2(1 p’% tg(X) - D)2(1 P’ls—',tg<xl)

= | » D 55 (4, T, %, y)[9(y) — g(y1, m§,,(x)2:n)]dy

!

- an Drzqﬁs, (t’ T, Xl? Y) [g<Y) - g(yb m%t(xl)Q:n)]dY]

+[LW Dilﬁﬁ(t7 T,%x,y)[9(y1, m%t(x)m) — g(m%t(x))]dy

- nd Dxlp (tv T’ Xl? y) [g(YL m%t(xl)Q:N) - g(mgjt( /))]dY]

E At7T,£7£/D)2(1 ﬁlg(x, X/) + At,T,{,ﬁ/D)ch pgg(x, X/). (54)

The first term, which is associated with the degenerate variables, is controlled directly
thanks to (4.24), which again readily follows from Proposition [2] (see as well Remark [3.8)),
for (£,&) = (x,x'). One readily gets:

‘At,T,g,g’Dil ﬁ19(Xa X/)

< 20T — 1) gl casr < 2063 |gleznd? (X)), (5.5)

The second term is more delicate, we proceed like in (4.25)):
At,T,E,&'Di1p29<Xa x')

= [ o Dilﬁg(t,T,x,y) Ll du(l — p)
To([D2, g (mS (3001 + ply — ()1, (x)2) — D2, (S, (0)]

(y - m%t(x))l )dy

1
- ey [ dua-
0

T ([, g (mf (x)1 + sy — S (x))1, mS (<)) = D2, g (S (X))

-

1 .
+ [5 D2 (4T, x,y)Tr (D2, g(mf (x))(y — mf, () ) dy
R

1

- 5 RndDilﬁgl(taT,X',y)Tr(Dilg(mth( x))(y — m§. (x '))g@2dy]

=: At,T{{/Dilﬁglg(x, x') + At7T7§7€/Dilf)ggg(x, x'). (5.6)
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The first contribution of the previous identity is handled exploiting the smoothness of
D2 g and Proposition . Namely,

A dy ¢
e D Puatxd) < CIDLAL [ o (0 Tox o =m0l

7 (6T, )|y = mS () *7)

(€.8)=(xx")

Hence,

~ J
‘At,T,g,g'DiIng(Xa X/)‘(g )= (e <20(T — t)%”chjp < 2C¢g ||gHC§(+iyd7(x, x'). (5.7)

Let us now decompose the last contribution of (/5.6]):

A D2 Pyog(x, %’ ‘
[Sumee Di Pu Nieer-e

< 5| o (T y) D gl () — D2, gl () = mf, )
2‘ DT )Ty (D2, e(m., (<)) — m$., (%))

— D25 (1T, y) T (D2, g(m$ (<)) (v — mS,(x))F2) dy |

C| D2, g(m$,,(x)) — D}, g(m., (x))| = C|DZ g(074(x)) — D%, g(67.4(x))],

N

(5.8)

exploiting Proposition [2| and equation in Proposition |3 to observe that the second
contribution of the first inequality above vanishes and recalling as well for the last
equality to identify the linearized flows, respectively frozen in & = x, &’ = x/, with the
initial non-linear ones.

From Lemma , we derive that for T —t < cod?(x,x):

A ree D2, Prg(x, X)) < Clgleps (0 x) + (T = 0F).  (59)

(575/):(x»x/)
Plugging (5.5)), (5.7)), (5.9) into (5.4)) yields the result.

e Diagonal regime. If T — t > ¢od?(x, x’), we directly write:

Pﬁtg( ) = D3, Prg(x)|

< |f St T,x,y) — Dilﬁg(t,T,X/J)]g(Y)dY‘
< VI[ DuBLFETN 4 - x)y) - (x- X gy
k=1 vR"
= At7T,§7§/DDilf’3g(x,x/), (5.10)
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recalling the notation D = (Dy,, - -+, Dy, ) introduced after equation ([1.1)). This contribu-
tion is dealt through the cancellation tools of Proposition |3| (see equations ({3.15)), (3.17))).
We get:

At,T,g,g’DD,zq ]53g(x, x')

n

<3

DXkDilﬁs(t7T7X/+/“L<X_X/>7Y) ’ (Xk _X;c) [g<Y) _g( (X —i—,u(x X)))

~(Dyg(mf (X' + p(x = X)), (v — mf, (x + p(x = x))),)
_%Tr<D21g(mTt(x +ux—x))(y - mfpvt(x’ + pu(x — x’)))?2>]dy‘. (5.11)

Because g € C’f (R, R) we readily deduce, reproducing the Taylor expansion on g
employed for equations (5.4 . ) above, that:

'Q(Y) — g(m§,, (X' + u(x —x)))
—( Dy, g(m,, (X' + p(x — %)), (y — m§,(x' + p(x —x')))1)

_%Tr(DZ g(m§, (%' + p(x — X)))<y_m§¢(xl+M(X_X,)))®2>‘

1

£=x

< ||gHC§’§vd2+7 (v, m%t (x' + p(x —x'))) ’£=x. (5.12)

Plugging this inequality into ((5.11)) yields:

At7T,€7£/DDilpgg(x, x') |£=x

n

< Olglpeezy 25 | (T =077 D560 (0T x + = X)) x, — x4
T g=1YR"
<7 (ymf (¢ + e =)
< OHgHLw(C§+V Z (k_* 7‘(X-x’)k‘ < C|‘g||02+7,d7(x,xl)’ (513)

using (3.8)) for the second inequality and recalling that, since cod?(x,x’) < (T —t), we
indeed have (T — ¢)~ =273 |(x — x')4| < (cod?(x, x)) k’_’ 3% (x, %) < CdV(x,X).

Holder control for the degenerate variables

Of course, the analysis of the Hélder regularity of the frozen semi-group w.r.t. the
degenerate variables is also based on the previous techniques. We still take advantage of
cancellation tools. For the whole paragraph we consider two arbitrary given spatial points
(x,x') € (R™)? s.t. x; = x), i.e. their first entry, corresponding to the non-degenerate
variable, coincide.
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o Off-diagonal regime. If T'—t < cod?(x,x), we proceed to an expansion similar to
(5.4) for DZ P5,g(x). In particular, with the notations introduced in (5.4), we write:
pié,tg(x) - pqg",tg(xl) = At,T,g,g’plg(Xa X/) + At,T,g,gng(Xa X/)- (5.14)

We directly obtain from the Proposition [2} similarly to (5.5]), that:

247

AureePglx,x)|| <20 =0 gl < 2C0gl e (%), (5.15)

=X

We indeed recall that the difference w.r.t. (5.5)) is that we do not have anymore the time-
singularities coming therein from the spatial derivatives.

With the notations of ([5.6)), the second contribution of ([5.14)) writes:
At,T,g,g’PZQ(X7 x') = AtyT,g,g'PmQ(X?X/) + At,T,g,g’Pﬂg(X’ x').

Proposition 2 again yields, similarly to (5.7)), that:

2+~

A reePuglx,x) <20(T — 1) F gl e2r < 2C|glasd>(x,x). (5.16)

(&.€)=(x¢)
On the other hand, we readily get from Proposition 3| that:

~ 1 ~ ’ ~ !
Aiiree Prgx,x) = STr( D2, g(m$ ,(0)[KS )it — D2, gl (< )DIKS, ]1.1).
Write now:

~ 1 , ~
AvreePaglxX) = STe([D,g(m,(x)) — D2 g(m$, (< DIKS, Ji.1 )

2
1 / - -
5T (D2, g(m$, GO [[KS ot — [KS al). (5:17)
Since T — t < cpd?(x,x'), recalling as well that for & = x,& = X/, m%t(x) =

07, (x), m%t(x’) = 01,(x'), we readily deduce from Proposition [I| and Lemma [2| that:

1 D
5| P2 9(m$. () = D2, g(m, (< DIKS,

S CHQHC;EWd’Y (HT,t<X)7 HT,t(X/)) (T —1)

< Clglezsd® 7 (x,x). (5.18)

For the last contribution, we directly obtain from Lemma |1| (equation (3.18) for j = 1):

~ o

1 ~
ZD? rng x’ Kg B KS ‘
‘2 g(ms, (x) (K5, i1 — [ T,t]l,l)‘(gs/):(x’)(/)
24y
Clgleass (T = )% + (T = )d" (x,x))
< Clglezd™(x,x), 1)

N
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using again that T — ¢t < cod?(x,x’) for the last inequality. Plugging (5.18) and ([5.19)
into ([5.17) gives the expected bound.

e Diagonal regime. If T — t > ¢od?(x, x), we write:

If’%‘tg(X) ~ Prg(x)|

< | §t,T,x,y) — p*(t, T, X’,Y)]g(Y)dY\‘
R"d e

L dpu Rnd@ﬁg(t, T,x' + p(x—x'),y), (x - X’)>lg (v) — g(mf, (x' + p(x —x)))

—(Dx, g(m5.,(x' + p(x — X)), (y — m§,(x + p(x — x)))1)
1

(D2, o -+ = )y — (o= X)) |y

<

)

E=x

with the same cancellation argument as in —. Observe anyhow that the cancel-
lation involving the gradient in the above equation is possible precisely because x; = x)
and therefore Dpé (¢, T, X'+ pu(x—x'),y)- (x—x') = Dy, p*(t, T, X' +p(x—x'),y) - (x—x")2:n.-
We then obtain thanks to the previous identity and (5.12)):

|[PFu9(x) — PFug(x)]

< |g|Cb2,§72f d‘kaﬁﬁ(t,T, x' + p(x — X/),y)“Xk — X;€|d2+~/ (y7 m%t (X’ + p(x — X’)))dy

<Uolei D || g o (T ), )l =y

< CHchg;vdM( ,X’), (5.20)

reproducing the arguments used to establish (5.13) for the last inequality. Lemma [§] is
proved.

5.2 Holder norms associated with the Green kernel

Let us recall that in (2.30), for a source f € LOO([O,T],CIzd(R”d,R)), we have to
control the Holder norms of the Green kernel which we split into two parts according
to the position of the time integration variable w.r.t. the change of regime time ¢, (see
(2.37)) a posteriori chosen to be ty := (t + cod?(x, x’)) A T. This is again the splitting
according to the off-diagonal and diagonal regime. The point is that for the Green kernel,
if ¢y < T both regimes appear.

Lemma 9 Under (A), for fived spatial points (x,x’) € (R")2, we have that there exists
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a constant C := C((A),T), s.t. for all f e L*([0,T],C} 4(R" R)):

S (ID2,GS, o f (%) = D2,GS. £t X)| + | D2, G5, f(t %) — D2,GS, f(t,%)))

Ol fll e ey pd (%, %),

N

and
sup (IG5, f(t.x) — G f(t,X)] + G5, f(t.%) — G5, f(£.X)])

te[0,T]
< C”fHLOO(C;d)dQ—PY(Xv X/)a Z:le = X/la

where € = x,& =%, € =x.
We now turn to the proof of Lemma [9]

Proof: Lemma [9]

Let us begin with the statement concerning the second order derivatives of the frozen
Green kernel w.r.t. the non-degenerate variable x;.

For the off-diagonal regime, involving the term D2 Gfo S, x"), we readily get from
Lemma [7 that

‘D2 Gf@ tf(tax) D2 Gfo tf(t7xl)‘

(€.€')=(xx)
\J dsD2 PE,f(s,x) +{J dsD2 P&, f(s,x')
¢'=x
< Clflumier j ds(s — )"
t
< Ol pd (%, %). (5.21)

For the diagonal regime, involving the term D2 Gfp o (X x'), we have to be more subtle

and perform again a Taylor expansion of Dil oS (5,-). Namely:

<!

[D2,G8. 0.3~ D4, G5 10|

)=(x%)

< J ds\f ApD DY Py f(s,x + e =x)) - (x = x|

i (x —x' |J dsf dp|Dx, D;, Pstf(sx—i—)\(x x))”

E=x

[N

—1—(i—1%
S C’f‘Lw(c;d)Z!(X—X'Mf ds(s —t)" 1 m2) s
i=1 to

using again Lemma [7| and the arguments of (5.13)) for the last inequality. This finally
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yields, recalling the definition of d in (1.9)):
| D3, G f (8, %) = D3, G (8, %)

n

S Clfleeey Z )il (d?(x, x)) 70

(&75/):(x7x)

)+

N
2

< C||fHLoc(c;d)d (x,X’)' (5.22)
Gathering (5.21) and (5.22)) gives the result.

Let us now turn to the Holder controls on the degenerate variables. The idea is here
again to perform a Taylor expansion at order one for x; = x|. Namely, from Lemma ,
the diagonal control is direct. We get

|GS., (%) G5, F(t,x)]

(€.&)=(xx)

J dsf dp|(DPs, f (s, X + p(x — %)), (x — x'))|

S CHfHLOO ) J ds Y |(x —x")il(s — t)*(i*%)Jr%
b,d) (t+COd2(x x/ )/\T %
< CHfHLoo(C’Y Z X X )2_(2i—1)+’7 < CHf‘|L°O(C;d)d2+’Y(X7 X/). (523)
=2 <d(x, x’)2 -1

Now, for the off-diagonal bound, associated with the term Gto f(t, ), we precisely

need to exploit the smoothness of f associated to the fact that the semi-group Pﬁt has a
density. Indeed, we cannot take advantage of the cancellation tools of Lemma [7, but we
have for all x,x’ € R™ s.t. x; = x}:

]J ds Pﬁtf (5,%) — §;f<s7xl))”

£=x

!

< | [P0 — S || [ PSS x) — S )

‘g’=x'

W[ dsf(s,mfo,xx))—f<s,m§;,t<x’>>!\ o (5.21)
t (575 ):(x)x/)

Note that the first two terms in the r.h.s. of inequality (5.24]) are handled like in the
previous section. Precisely, we write for the first contribution:

‘stPtst f(s, mtot dy“
[ [T - 760,09
< HfHLOO o )J dsf t T,x y)d'y(y,gto,t(X»d}’L_x

< Clflp=c f ds(s — t)3dy < C|flmcy, 4 (x,X),
t
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by definition of ¢, in (2.37)). The second term of (5.24) is handled similarly. We thus
obtain:

‘J dsP " f(5,%) f(5>m§o,t(x>dngzx + ‘f dsP tf(s x') — f(s, mtot( x') ¢ ox
< Ol ey (). (5.25)
For the last contribution in (5.24), we have directly that:

!

| om0 s, ) < Clflireg, || dsd (800 00.40).

‘(s,swx,x/) h
(5.26)

Lemma [2| and ((5.26)) eventually yield:

\J dsf(s,m§, ,(x)) — f(s,mf, ,(x /))H(gs)

< Ol flp=cp, ((to = )'F2 + (to — )d7(x, X))
= 2C”fHLoc(C;/d)d2+7(X,X)

5.3 Holder norms of the perturbative contribution

To derive the spatial Holder continuity of the perturbative term in (5.3) (see also
the splitting of equation of the user’s guide) we proceed with the previous regime
separation successfully used to establish in the previous sections the regularity of the semi-
group and the Green kernel. Namely, we recall that the critical time giving the change of
regime is (chosen after potential differentiation) ¢ty = t + cod?(x,x’) A T'. We can assume
here w.l.o.g. that ty < T (otherwise there is a globally off-diagonal regime and the analysis
becomes easier).

The point of the current section is that we also precisely need to adapt the duality
analysis on Besov spaces already exploited for the supremum norm of the spatial deriva-
tives w.r.t. the non-degenerate variable (see Section [4.2)).

e Control of [D2 u(t,-)],. From (2.28) and ([2.36]), let us recall the following notations:

ASE (4T, x,X') = N

d1ag(t7 T’ X, X ) + Aoﬂ' d1ag(t7 X, Xl)?

with
! T ~
Agé-diag(t7x7xl) - f dSJ ddYﬁE(tvs’X>Y)]IS<to(Ls_Lg)u(sv}’)
Rn
f ds | dyi¥ (5. X ¥ e (L~ (s, ),
Rnd
ASEL(E T, x,x) = f ds f dyp®(t, 5,%,y) Loty (Ls — LE)u(s, y)
t Rnd

T =/ ~
—f dsf dyp® (t, 5, X, y)leasy (Ls — LS u(s,y).  (5.27)
t Rnd
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We recall that in the diagonal regime, i.e. cpd?(x,x’) < s — t, we choose (£, él) = (x,x).
The idea is to expand the density p5(t,s,-,y) between x and x’. The associated time
singularity can then be bounded by a space singularity, recall that on the considered
regime (s —t)™! < (cod?(x,x’))™! which will in turn be exactly compensated by the
difference of spatial points induced by the Taylor expansion and the Holder regularity of
the coeflicients.

We decompose from definitions (2.28) and (2.36):

D,qug (t,T,x,x')|

diag

~!

(£,€)=(xx)

dy| D2, (t,5,%,y) = DL, (6, 5,%,3) || (Fi(5,5)  Fi(5,0,4(€)), Dy,

T
ds

Rnd

—l—%Tr((CL(S, y) —a(s, 037t(5)))D§1>]u(3, V) s,

E=x

+’Zf dsf ddy x1p §(t,s,x,y) — Dilﬁé(t,s,x’,y)ﬂs>t0]
RTL

<(Fils.) = [Fils,0,4(6) + D Fils, 001(6)(y = 0.(€))i-1]. Dy,u(s.y) Y,

I

£=x

which readily yields with the notations of (4.3)) that:

D Agfag(t Tox, x| (&.8)=(x%)
<[[as j y [ AUD D505+ 30, 3) () B 15,3, s, .
ds . dy d,uDDilﬁé(t, s, %X + pu(x' —x),y) - (x —x')
n 0
< (Dip(t, 5,050(€). ), Dy,u(s, )l || -
=: | D% Agiag (6, T, x,X")| + | D2 AZR (8. T ;,_;’)|. (5.28)

We will now control the first term of the above right hand side. In other words, we specify
the control of (2.14]). We obtain directly thanks to the smoothness assumption (S) on the
coefficients and Proposition [2] (see also equation (3.8)) that for all £ € [[1,n]:

[F1(5,y) = Fa(s, 054(€))]| D, D5, 75 (1, 5, % + p(x' — ), 3')||£x

C(HF1(57 ')Hcgm (Ya 0, t(&))) x (S - t>_1_(k_%)ﬁc’—1(t7 5, X, y)

< ClFi|poey(s —1)” =025 (8,5, %, ). (5.29)

=X
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Similarly,

(5.3) = al(5.0.4(E) D D, ¥t 5.3+ (' = ). 9)|_

< O(lals, oz (3.0.4(8)) ) x (s =) Ppor (b5, x,y)|

< Clafpscg(s =)D 2pon (1,5, x,y). (5.30)

=X

We carefully point-out that the indicated bound only depend on the supremum in time
of the Hélder modulus of the coefficients (denoted |F1|p=cn), [af L2y respectively) and
not on their supremum norm. In particular, we get from (5.29), (5.30)):

|D dlag(tv T7 X, X/)|

2 J dsf dy(s — t)_l_(k_%)”p
k—1Yto Rnd

XU|DX1UHL°OHF1HL°0(03) + ||D:2<1UHL°° HCLHLOO(cg)]ﬁcfl(t, 5, %, Y)|XK — X}
C(IDxyul L + |DZ, uf )™ (x,X'), (5.31)

where again the constant C' is small provided the coefficients do not vary much. Thanks
to Lemma [5] and the previous analysis of Section [£.2] we directly deduce:

|D dlag(t T,x,x)
< ‘ZJ dsf dyf duDy, { DDilﬁE(t,s,x + pu(x' —x),y) - (x — x’))
i=2 Rnd

(Fi(s.y) = [Fi(s,0.4(8)) + Do, Fils, 0.4(€))(y — 0.4(6))i1]) }u<s, ¥l

£=x

— X, |ds
< Ol ), f LS < Ol @ 6 — X

1+ k—3)-1

S CHUHLOO(CbQF)d (X7X )7 (5.32)

and (' is again small provided the coefficients do not vary muchlﬂ.

Plugging (5.31]) and (5.32)) into ([5.28) yields the stated control for the diagonal con-
tribution.

Let us now turn to the control of | D3, Aié diag (1%, X)) in (5.27) (or (2.28) in the user’s

1. Let us point out that in (5.31), (5.31) , the constant C' := C((A), cg), but involves negative expo-
nents of ¢y meant to be small. This is not a problem and still gives C' < 1 provided the Hélder moduli of
the coefficients are sufficiently small.
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guide). In the off-diagonal case, we choose € = x and ¢ = x’ and

Af)é—dlag(t X X,)|

YD (15 x 3 L~ Kty
Rnd E=x

ds dyD Pt 5, %,y) (Ls — LS u(s, y)

(5.33)

Rnd &' =x

We readily get thanks to Lemmas [] and [5}
’ D2 AS ¢

off-diag

< CZ J 171 [l o2y

< cdv(x, x )||u||m(c§;7). (5.34)

(t x,X')|

We point out that the constant C' in ((5.34)) involves positive exponents of ¢y. We have
opposite impacts for this thresholds depending on the diagonal and off-diagonal regimes
at hand.

e Control of sup,cpau(t, 2, -)]o4-
We proceed as above from definitions cons1der1ng spatial points (x,x’) € (R")2

s.t. x; = x}. In the diagonal case, we also Choose £ = f = x and we write similarly to

(15.28):

|A2 n dlag(t7 T? X, Xl)‘

(€:8)=(xx)
dS dlu<Dxp t 8, X + ,u(x - X) y)v X = X/>A1,F,0'(t7 $Y, es,t(s))ﬂs>to
Rnd £=x
—i—‘ZJ dsj dyf du<Dxp (t,8,x + p(x' —x),y),x — x>
i=2Jt nd
A@F (t7 87 Bs,t(g), Y>Dyiu(57 y)Hs>t0 (535)
E=x

We have an expression rather similar to the one that appeared for the control of [D2 u(t, -)],
but with a weaker time singularity. In other words, thanks to identities (5.29), (5.30) and
Lemma [Bl we obtain:

|A2nd1ag(t T X Xl)’

< Clufpee 24 ZJ ds(s — t)"* 273 |x, — x4

< Cluf ooz Z A0 (x, X)) i, - x|

< Clufpee 24 d2+7(x x'), (5.36)
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where again the constant C' is small if the Holder moduli of the coefficients are small.

For the off-diagonal contribution, we get for x; = x}, € = x and ¢’ = x":

gfnoﬁ'—dlag(t T X X)‘
to
< | [as [ avpesxnz - Bputey)
Rnd E=x
ds dypf (1,5, %, y)(Ls = L Ju(s, y)
Rnd &' =x
J
< 02 f ds(s = 0¥ ul o o
k=2 Yt ’
= CconH(x,x’)HuHLw(Csz). (5.37)

The last but one inequality is a consequence of Lemmas [4] and [5]

5.4 Controls of the discontinuity terms arising from the change
of freezing point

It now remains to control the contribution arising from the change of freezing point
in equation (5.3)). The main result of this section is the following lemma.

Lemma 10 (Control of the discontinuity terms) There exists C := C((A)) s.t. for
all (t,x,x') € [0,T] x R™ x R™ taking & = x', € = x,

- ¢ S
{D to, tu(t()? ) D2 Pto tu(toﬂ )’ S CC(()%_I) HUHLOC(CE’Z’V)dV(X7 Xl)?

‘ptgo,tu<t07 X/) - ﬁt§)7tu<t07 Xl)‘ < CCOHUHLOO(CSZW)dZJF’Y(Xa Xl)? fOT‘ X = X/1'

We prove the above statement in the next paragraphs respectively dedicated to the
control of the derivatives w.r.t. the non-degenerate variables and the control of the Holder
moduli associated with the degenerate ones.
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Control of the derivatives w.r.t. the non-degenerate variables

We can directly write like for (5.4)) and (5.6)):

Dillfﬁ%’tu(to, X/) - D>2<1 pt%,tu(t07 X/) ,
(£/7£ ):(X’,X)

= [ . Dilﬁg (t,to,X/,y)[U(tQ,Y) - u(t07y17mt£0,t(xl)2:n)]dy
R

- J Dilﬁf (t> th Xla Y) [U,(to, Y) - u(th yi, mfo,t(x/)ln)]dy]
R

1

+[ D2 1t xX.y) [ 1=
Rnd 0

Tr([Dilu(t()? mtgo,t(xl)l + ILL(y - m§07t<xl))17 m§07t(xl)23n)

= D2u(to, mf, (<)) | (v = m,,(x) 57 ) dy
1

- Dilﬁg (t,to,X,,y)f dlu(l - :u)
Rnd 0

~/ ~!

Tr([Dilu(tm m§, (x)1 + ply —mi, (x'))1, mg, 4 (X)2.0)
/ g ®2
—Di’lu(t(]’ mfo,t<xl))] (y B mfo’t<X,))1 >dy]
1 v ’ '
+§ [ d l))2(1pE (t7 tOv X/7 y)Tr <D>2(1u(t07 mtgoyt (X/))(y - mtgo’t (Xl>>(1>92> dy
Rn

’ =~/

| DR (ko % )T (D2 ulto, m () v - mfo,t<x'>>?2)dy]

Rnd
=: At7t0’£,7é/Di1P1u(t0, X, X,) + At,to,ﬁ',E,Dilpzlu(t[)’ X, X/) + At7t07€/7é/D)2€1P22U(t0, X, X/).
(5.38)
We first directly write from (5.5 and (5.7)):
Ay @ D Prulto, x,x) + A, o g D3, Porulto, X/)‘ (€' &)=(x'x)
¥ X
< 200 — )3 fulzsy < O Jul o (x,). (59)
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Let us now deal with the last term in (5.38). We proceed similarly to equation ([5.8))
(control of the frozen semigroup). Write:

‘At o€ & D P22U(tO7X, X/) (€.&)=(x'x)
1 dy / & /
<5 |t X ) D2t ) ()~ Dt () 5, ()
g DLt Xy )T (D o, () v — w0 ()P

= D25 (¢ to, X, y)Tr (D ulto, mé, ,(x) (y — mf, ,(x))52) dy|

<C|D2 u(ty,mf ,(x')) — D2 u(to, m, ,(x))],
(5.40)

exploiting Proposition [2] for the first contribution and identity (3.16]) in Proposition (3 for
second contribution in the last inequality.

From Lemma [3| we derive that for ¢, —t = cod?(x,x'):

By ee D Poultox )| < Clulto ezl 4 (x.x)

In a nutshell, from (5.39)) and (5.41)), we get the following control:

D%, Otu(t(]aX) D3 Py ulto,x')]

0
< C 2n—1 - d’y 7 / 7
(€ &)= () ol ©m (x,x')

which gives the statement for the second order derivatives w.r.t. the non-degenerate vari-
ables.

Holder controls for the degenerate variables

Again, for the Holder norm w.r.t. the degenerate variables, the difficulty is that we
cannot take any advantage of cancellation tools. We adapt here the arguments employed
in Sectlon [5.1] for the frozen semlgroup Precisely, for all (x,x') € (R")? x; = x|, &' =

x/, £ = X, we have similarly to 8) (but without the spatial derivatives Dil):

to, tu(th /) - Pt% tu(to,xl)

= Att gglplu(to,x X)+Att & E

1 ’ & ~ &l
5T (1D, ulto, mf, (%)) — D2, u(to, m, ,(x)][KS, 1.1 )

1 ~/ - Y
+§TT <Dilu(t0> m§ ,(x)) ([K$ Ji1 — [Kfo,t]l,l)>v

/.Pglu(tg, X , X )

(5.41)
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where accordingly with ([5.38)):

!

Att ¥4 €/P1U(t0,x X) = [J ﬁél(tat(]?X/?y)[u(thy) - u(t0>y17mt£07t(xl)2:n)]dy
Rnd

</

- f 4 ﬁg (ta th Xla y) ['LL(Zfo, y) - U(to, yi, mfo,t(xl)2in)]dy ’
R

and

At7t07€/7é/p21u(t0, X,7 X/)

1
f 7 <t,to,x',y>f du(1 — )
Rnd 0

T ([D2, (b0, mf, ()1 + puly = ,(x))1, m (X)20)
~D2u(to, mf, (<)) | (v = m, ,(x) 5" ) dy
_, 1
_J 155 (t,to,X/,y)J d:u(l _:u)
Rnd 0
Tr([D)2(1u(t07 mf(),t (X/)l + /’L(y - mf{),t (X/))17 mfo,t (X/)Z:n)
2 u(to ()] (v mfo,t<x'>)?2)dy] |

Reproducing the arguments that led to Equations ((5.15)) and ({ -, we derive:

‘Att & €/P1u(t0,x X>+Att & €/P21u(t07x X) ,
(51’5 ):(X’,X)
< C(to—t)TwHuHCuw
< Ot e 21y d* 7 (x, ). (5.42)

Let us now turn to the last two contributions in ((5.41)). Like for (5.18]), from Proposition
M and Lemma E we obtain:

l u(to, mf, ,(x')) = Dy, ulto, mf, ,(x)][KF, J1.1

< CHUHLoc ez (to — )7 (my ,(x'), 0,4 (X))

(€ .&)=(x'x)

Ita 2n—1
< 06 ful gy @ (6. X). (5.43)

The last term of (5.41)) is handled like in (5.19). Namely, by Lemma [1] (equation (3.18)
for j = 1), we obtain:

‘_ tO) mt() t( /)) ([Kf(;t]l,l - [Kfmt]lvl)‘ (§/7é’):(x/7x)

2+~
Cllu(to, ')”ij;” ((to — 1)+ (to — 1) (x, x'))
g CCO”U”Loo(CEJ(rj"/)dQJ’_,Y(X, X/). (544)

N
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Plugging (5.42)), (5.43) and (5.44)) into (5.41)), recalling as well that cq < 1, we derive the

second statement of Lemma [10

Remark 5 (Concluding remark concerning the a priori estimates) Gathering all

the controls of Sections[{| and |9 in equations (4.1]) and (5.1))-(5.3), we actually derive the
following bound. There exist constants C':= C((T)) and Cy := Cy((A),T) s.t.

Jul ogziny < Cllgllozsn + 1flumicg ) + Collulmqeain. (5.45)

It can been observed from the previous technical lemmas that provided T, co, and the Hélder
moduli of the coefficients |a e (c7), 2y HFiHLw(cji—“W) (with the definition of ([3.20))) are
small enough, then Cy < 1, which in turn directly yields the expected Schauder estimate
for the mollified dynamics.

Of course, the remaining delicate part consists in getting rid of the small Holder moduli
constraint. This can be done through suitable scaling arguments that are exposed in Section
[0

6 Scaling issues and final proof of Theorem

The purpose of this section is to first introduce a suitable scaling procedure for the sys-
tem with mollified coefficients for which we will be able to show equation . This intu-
itively means that the scaling has to make the Hélder moduli of the considered coefficients
small. The expected control is then obtained going back to the initial variables through the
inverse scaling procedure. Also, once the estimate is established for small final time hori-
zon T, it can be deduced through iteration up to an arbitrary given time precisely because
it provides a kind of stability for the solution in the space L*([0,T], C’Z:;V (R R)). We
then conclude the proof of our main result, Theorem (1| through compactness arguments.

6.1 Scaling settings and controls

We start here from the smooth solution u to equation (|1.1]) with mollified coefficients
(that we again denote by a slight abuse of notation without the mollifying parameter
m). For an additional parameter A > 0 to be specified later (but meant to be small),
introducing the scaled function u*(¢,x) = u(t, \"/?T,x), it is then clear that this latter
satisfies

ot (t,x) + (F(t, \"V2Tx), \V2T 'Du (¢, x))
+%1Tr(D,2clu)‘(t,x)a(t,/\*1/2']I‘>\x)) = —f(t, \"?Tyx), (t,x) e [0,T) x R (6.1)
uMT,x) = g(A?Tyx), x e R™,
This choice of rescaling is natural in view of the invariance by dilatation property ([1.7)),
i.e. each single variable x; is scaled by the parameter A according to its corresponding

intrinsic scale.
We rewrite in short form the above equation as for all x € R™

{atuw,x) + (F(t,x), DuMt,x)) + Tr(D2,u (t, x)ax(t,x)) = —fr(t, %), t€[0,T),

(T, x) = ga(x). (6:2)
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where
Atx) = ft, \PTx), ga(x) == g(A\"V2Tyx),
ax(t,x) = A la(t, \TV?T,x),
Fi(t,x) = MPT'F(t, A7 2Tyx). (6.3)

Accordingly, we introduce the spatial operator (L}),>¢ appearing in (6.2]) which writes
explicitly for all p € C2(R™ R) as:

Lo = (Fy(t,-), D) + Tr(a)\( D2, ) A > 0.

The dynamics of the SDE associated with the second order differential operator
(L) tejo.r) appearing in (6.1)-(6.2) writes for a given starting point (¢,x) € [0,T] x R":

X;\’t’x =X+ J

t

S

F)(u, X%) du + f Bo(u, XXX dW,, s > t, (6.4)
t

where (W, )u=0 is a d-dimensional Brownian motion on some filtered probability space
(Q, F, (Fi)i=0,P) and o, is a square root of the diffusion matrix ay introduced in (6.3).

Equation (6.4 then naturally leads to consider, for fixed (s,y) € [t,T] x R™ and with
the notations of Section |3 the corresponding linearized model

dX5* = [Fa(v,0,,(€Y) + DFx(v,0,,(6")(X5 — 60;,(6))]dv + Box (v, 07,(€"))dW,,

» Yot

X = x, (6.5)
where 0)),(€") = A\2T16,,(¢"), &€ = A 3T\¢.
The associated generator writes for ¢ € CZ(R" R) and (s,y) € [t,T] x R™ as
LY*oly) = (Fa(s,05,(6") + DFx(s,02,(6M)(y — 05,(6), De(y))
5 Te(an (1,02, (€) D2 ().
Observe from and that the following very important correspondence holds:
Yoe [t,T], X& = AV2T XS (6.6)

We thus derive from Proposition [2] the following important correspondence for the densi-
ties. Denoting by ﬁf\(t, s,x,y) the density of X&* starting from x at time ¢ at point y in
s, and x* = )\_%T,\X, we have

Bt s, %, y)
—AiNEA(t s, A2 THx, A~ 2T,\y)
2 -

= — exp(— T KEA ) )é’]l"‘lmgA xM) — ,)\%']I"_lmgA xM)—y)).
PREFECE p(~ I (KE) T T, m () —y). AT ' () —))
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In particular, for & = x one derives:
Bt 5,%,y)
= A (5, AT, A3 T y)
n2d
A2

T 2m)Fdet(KS)? exp (‘AT <[TA(K§3)_1TA]<9?¢(X ) = ¥), 05" y>)

Equation (6.7) in turn yields the following important control:
|Dxp)\(t’ 5, X, Y)|
n2d

A Sy ai(i—g)+ 54 1( L1 9
< C<(S-t>> eXp( C~ ‘Ts t( TA ms,t(x)_y)‘>

R TG
= C< ) pcflg\(tvsaxay)' (69)

(=1
oty in @)

In the following, we will also denote po-1,(¢, s,X,y) 1=

Remark 6 We emphasize that (| . gives that, each derivation of the Gaussian kernel
pA makes the small parameter X\ appear. Hence, up to the additional time singularities,
the iterated derivatives become smaller and smaller.

6.2 Scaling properties

The point is now to reproduce the previous perturbative approach for the solution
of (6.2). We will here focus on the H6lder norm of the remainder term associated with
the second order derivatives w.r.t. the non-degenerate variables. It can indeed be seen
from the previous computations that the other contributions can be dealt similarly. We
aim at proving that the L*([0,T], C} 4(R™ R)) norm of the indicated term is small. This
will follow from our scaling procedure. Precisely, we introduce for A > 0, (¢,x,x’,x') €
[0,T] x (R")? the quantity:

(D2, RMM)(L, T, %, X))

(t+cord?(x,x")) AT R
- (] s | (DL sy - 19 sy)
t Rn

~D2 55 (t,5,x, y) (L) — fi?’e)uk(s,y»dy)

(&.8")=(xx)

T
ay ds | (DL sy @ - 16 sy)
( (x, X)) AT Rnd

t+coAd?

—D2 B8 (1,5, %, y) (L) — LM )ur(s, y)>dy>

() =(x0)
_ ((Dilqu)oﬁ,diag + (DilR’\u’\)diag> (t,T,x,%), (6.10)
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using again as in different freezing point according to the spatial regime w.r.t. in-
tegration time s. Note however carefully that the cutting threshold here depends on the
scaling parameter A. This is very important in order to balance the various scales that
will appear. Pay attention as well that the parameter ¢y also remains. Actually a subtle
balance between those two parameters will be needed to derive the expected control.
Proceeding as in Section we aim at showing that there exists C':= C((A)) s.t. for all
(x,x') € (R™)2:

(D2, RN (@, T, %, X))
sup

1[0,T] dr(x,x’)

(n—1y12 al
< O™ 4 T g 2y (6.11)

Let us first consider the diagonal term in (6.10]) assuming w.l.o.g. that t +coAd?(x,x') < T
(otherwise we only have the off-diagonal contribution). Write:

|(D)2<1RAU/\)diag<t7 T, x, X/)‘
T
< ‘L+c0/\d2 - ds JRM aly[D2 p/\(t 5,%X,y) — D2 p/\(t 5, %' y)]
|[(Fai(t.y) = Fai(t,02,(6"). Dy)
2T ((n(1y) — anlt, 02,(60)) D2, ) [ (s.9)]

n T
oy s [ av[ DA s e y) - DL s )
R

=2 t+coAd? (x,x’

<F/\,i (t7 Y) - [F)\J (t’ eg,t (€A))+DFAJ (t7 Hi,t (EA)) (y_ 02,15 (5)\))1'—1] aDyz'uA(S7 Y)>”
(&€")=(xx)

T
f f dyf dpD D} i (t, s, x + p(x' = x),y) - (x —X)
t Rnd

+coAd?(x,x’)

((Fa(t3)-Fast. 02,06, Dy + 5T (0n0.3) — 0r (1. 02(6) D3 )5

n T 1
—i—‘ZJ dsJ dyJ duDDiﬁi(t,s,X%—u(x’—x),y)- (x —x')
i=2 t+C0)\d2(X,X’) Rnd 0
(Erilt,y) = [Failt, 02,()+DF (1, 03, (69) (y =02, (6")i-1), Dy, (s, y >H
(&.¢)=
= (D2 RN diag,1 (t, T, %, x') + (D2, R*u) diag 2 (t, T, %, X').
(6.12)

We will now control the first term of the above right hand side. A key point for the analysis,
is to observe that, on the considered diagonal regime, we actually have from equations

—, recalling that z — mfi(z) is affine and using the good scaling property in
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(B-5) and (B.I1), that:

| D, D3, 35 (15, % + p(X' = %), y)]

O\ ( (k—3) n ’2)\2J 1
e ity (3 B
j:
C)\l‘i’(k*l B
p()'*l,)\(tv S, X, y) (613)

(5 _ t)H(k_%)

To obtain the last inequality, we indeed observe from the homogeneity of the metric (see

[L9) that A'2d(x,x') = d(A\7°Tax, A2 Tax') = X7, |(x — X'); A5 [0, For the
diagonal regime A\d?(x,x’) < (s —t) in turn implies that for all j € [[1,n], % S
1.

. . ) d( ATy A"12T0 00, (xY)) .
Another key point is to observe that the contributions ( m('s? PEE Al )) is ho-

mogeneous to the argument of the exponential term in pc-1,(¢, s, x,y). Namely, for any
given fy > 0 and S € (0, fy], there exists Cjg, s.t.

3
d(A"V2Tyy, A V2T020,(xY) _
< (s — )12 : Po-1a(t, s, x,y) < Cﬁopcgol,A(ta 5,X,Y). (6.14)

Equation (|6 is a direct consequence of the expression of pc 1y In Proposmon I and
the deﬁn1t1on of d in (1.9).
Hence, from the definition of ay,Fy in ( equations and - we derive
that, under (A) for all k € [[1,n]:
|F>\,1<t7 Y> - FA,l(t’ oi,t(gA))||kaD>2qﬁ§\(t7 5, X + ,u(xl - X), Y)|‘
< C(VVRRL (L cgd” (7 Ty, A0, (6Y)))
A (s = )76 Bpen (15, x,Y)

=X

< COJF | poepAi(s = )07 P\ (1, 5,%, ). (6.15)

Similarly,

ar(t,y) = (1, 02,(€M) D D3, 35 (1 5% + (x' =), )|

< (W alt g d? (T Ty, A6 (6) )

X)\1+(k7%)(8 - t)ili(kié)pc_l )x(ta S, X, y)

=X

< Clalpeep (s — )0 2p00 (15, x, ). (6.16)

Observe that both r.h.s of (6.15) and (6.16)) exhibit a positive power of A. Hence,
those quantities are small provided A is. The key point in the above computations is that
the potentially explosive Holder norms of F 1, ay(when A goes to zero) are compensated
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by the derivatives of ﬁ‘i(s, t,X,y) (see equation (6.9)). We again carefully point-out that
the previous bounds only depend on the supremum in time of the Holder moduli of the
coefficients (denoted ||F| Loo Cw Ha\ Loo Cv respectively) and not on their supremum norm.
In particular, we get from Wlth the notation of -

(D2 RAU)\>diag 1 (t T, X, X/>

Z sf dy N2 (s —t)7" ~(k=3)+3/2
b—1 Rnd
x[A

t+coAd? (x x)
l

21UA||L°OHa\\Lw(cg)]ﬁcfl,A(t, 5, X, ¥) Xk — X}

< "M Po (HDxlu’\HLoo+HD,2c1u’\HLoc))\%d”’(x,x’). (6.17)

X1

Thanks to the inequality (4.22)) and the previous analysis (to be performed according to
the current scaling procedure replacing (s—t) in Sections {4|and [5| by (s—t)/A), we deduce:

n T 1
(D,Zq R/\u)\)diag,ln (t, T, X, X/) < ‘ Z J f dy J d,u
Rnd 0

ds
=2 t+coAd? (x,x’)

(D, {(FM (1,y) ~ [Fai(t, 03,(Y) + DFxi(1,8),(€M)(y — 0,(6V)])

< ((x = X, DeDL A (E 5% + plx' = %),3)) } (s, y)>H
£=

~2|xy — x}|ds
L o - =

+coAd?(x,x’) 2

wu

<C CO

M| o M)w—a—w D3 @k 1<x,x'>|xk—x;\
+

mp

X
2

CCO Hu HLw 2+w )\Qd ( ) CCO Hu HLOO 2+w )\2d’y(X Xlﬁ 18)

Plugging (6.17) and (| into (| gives a diagonal control which precisely matches
the r.h.s. of the expected ﬁnal bound -

It therefore remains to handle the off-diagonal contributions. With the notations of
(6.10), we deduce from the analysis of Section [4] and the previous arguments that:

t+co/\d2(x,x ) ds
=3 \C’co | | 2o 24 AdY(x,%).

(s—1)
(6.19)
We emphasize that making the diagonal and off-diagonal sets depend on A is here crucial.
To illustrate this, let us briefly focus on the non-degenerate diffusive contribution. We
need to proceed from except that we have here no differentiation w.r.t. k£ and
therefore no positive power in A anymore. We retrieve the dependence in A through the
time integration. The bound of equation (6.19) completes the proof of .
In some sense the controls in and can be seen as a mere consequence
of the intrinsic scaling of the system. This is indeed the case, but, in order to avoid any
ambiguity, we provide in Appendix [9] a proof of the rescaled key Besov Lemma [5]

|(DZ, RMMoft—diag| < Cu”L‘”(Cffﬂ)J
’ t
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We would also derive from (5.41) and the same previous arguments by denoting t, =
t + coAd?(x,x’) and using the bound of (7.18)) for the difference of the scaled flows, that :

-t ~ %/ _1
‘D)chpt%ﬂfu)\(t()? x') — D,qutitu)‘(to, X/)‘ < Ce"™! ||UAHC§:;7d7(X7 x'). (6.20)

(€'.€)=(xx)

Exploiting (6.20)) and (6.11]), as well as the corresponding control
R/\ A t T /

o (RN (1, T,x, )

2 /
te[0,T],(x,x")e(R"4)2, x1=x) d +’Y(X7 X )

_1
< O ] ey

that would be established through the same procedure (exploiting the control (8.13)) for
the difference of the scaled covariances), we eventually derive similarly to (5.45) that:

1
—(2n—1)\ 2 z ST
HUAHLC’O(CI?;W) < C(Hg)\HC;Sv + ”f/\”Lw(C;d)) + CO(CO( n ))\2 + T2 + CS I)HUAHLOC(CZSVy

for some constant Cy := Cy((A)). Hence, for ¢y, T and A small enough with A « ¢ , i.e.
1

—(2n—1

s.t ¢y 1= Co(co( IAS 4+ T3 + cg" ") < 1 we derive the expect final control

C
o oeigy < T (Ialezy + 1alimicg ) (6.21)

6.3 Conclusion: final proof of Theorem [1]

Equation (6.21)) provide the expected Schauder estimate for the rescaled system with
mollified coefficients in small time. Recalling that u* (¢, x) = u(t, A~V *Txx), we then derive
from ([6.21)) and (6.3) that for 7 > 0 and A small enough there exists Cy := Cy((A), T, \) >
1 s.t.

ful ey < Collal ez + 1 lumcer): (6.22)

which precisely provides the required estimate in small time for the initial system with
mollified coefficients.

The point is now to extend the previous bound to an arbitrary fixed time 7" > 0 not
necessarily small. The stability resulting from estimate allows to proceed by simple
iterative application of the bound changing the final condition.

Schauder estimates for the mollified system for a general time

Equation (6.22)) is valid for all T < T, with Tj € (0, +00) sufficiently small. Now, for

a given 7" > 0 (not necessary small), we can solve iteratively N = [Tlo] (where [-] is the

ceiling function) Cauchy problems in the following way. Consider first for all x € R"¢:
opu (t,x) + (F(t,x), Duy(t,x)) + %Tr(Dilul(t,x)a(t,x)) = —f(t,x), te[T(1-L1),T),
ul(T> X) = g(X)

In other words, our previous analysis, and the previous inequalities, are still available for
T —(1—+)T = +T < Ty small enough. Precisely, from (6.22)):

1 _
|t (T(l - N)v ) Hcig” < CO(”QHQ&SW + HfHLoc([T(lf%),T],cgygv)>‘ (6.23)
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Also, for mollified coefficients, it is plain from the Feynman-Kac formula to identify u,
and w on [T(1 — %), T] where u solves (L.1)) with mollified coefficients on [0, T]. Hence,

(6-23) gives in particular that u; (T(1 — +),) = u(T(1— +),) € C’iz”(R”d, R) so that it
is in particular natural to consider the following second Cauchy problem for all x € R™?:

{am(t, x) + (F(t,x), Dus(t, %)) + LTr (D2, us(t, x)a(t,x)) = —f(t,%),
te[(1—2)T,(1—1)7T), uy((1—1)T,x) = u((1 - 1)T,%).

Hence usy satisfies identity (6.22)) for the corresponding time interval and the associated

source and final condition. It also coincides with w on [T(1 — £),T(1 — +)]. We get:
- 1
luall e qra- 2y ra- 22y s ColldT( = %) Moz + 1 o qra- 2y ma-pyezim)

N
< Co(Collglozyy + 1Fl e gy w

+HfHL”([T(l—%),T(l—%)],024'7))

b,d

< Cg(HgHCbQ;W + Hf”LOO([T(l—%),TLC}PY))'

b,d

Repeating the analysis N-times, introducing for k € [[3, n] the auxiliary Cauchy problems
for all x € R

{5tuk(t,x)+<F(t,x),D tx>+1Tr(§ a(t,x)) = —f(t,%),
te[T(1—%),T(1-51), w((1-5HT, ) ((1——)T x),

we derive that
HUHLOO([O,T],C;SW) < C_((])V(HQHCZEV + ||fHLoo([o,T],c§;7))- (6.24)

This precisely gives our main estimate for the system ([1.1)) with mollified coefficients.
Again, even though the coefficients are smooth, all the constants appearing in ([6.24]) only
depend on the Holder setting of assumption (A).

Remark 7 (About the constants in the final estimate) We could actually have slightly
better bounds than those in (6.24). Namely a direct induction shows that the following con-
trol holds.

N .
H“”Lw([o,T],cf;V) & H9||cg;v + Z C(l)HfHLoo([T(p%),Tu
i=1

We chose to write the bound in the form of equation for simplicity. Note however
that in any case, equation (6.24]) or (6.25), we still have geometric constants coming from
the iterative procedure. This is the main drawback of our approach, which anyhow seems,
to the best of our knowledge, the only available one to consider degenerate Kolmogorov
systems with non-linear drifts.
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Compactness arguments

We now make the mollifying parameter appear again using the notations introduced
in the user’s guide (see equation (2.4))). Equation (6.24)) rewrites in the following way.
There exists a constant Cy s.t. for all m € N:

HumHLoo([o,T],cip) S C'(JJV(Hchip + HfHLoo([o,T],cfy))~ (6.26)

From Ascoli’s theorem we deduce that there exists v € L*([0,T], C’f 1) and a sequence
of smooth functions (um, )r=1 solution of (2.4)), with my, —4 +o0, satisfying (6.26) and
S.t. Uy, —k u where u also satisfies (6.26)). Since we also have from [CdRM17] that

U, (t, %) —4 E[g(X)] + StT E[f (s, X5*)]ds where (X%*) denotes the unique in law solu-

tion to (T.4)), we deduce that u(t,x) = E[g(XX)] + StT E[f (s, X%*)]ds corresponds to the
martingale, or mild, solution of ([I.1)) which satisfies the stated Schauder estimate ((6.24]).

From mild to weak solutions

Let ¢ be a smooth given function with compact support, i.e. p € CF(R™ R). It is
clear that for the solution of ([1.1)) with mollified coefficients one indeed has:

LT . fﬂw A% fm (8, 3)p(t, %) = LT dt LW dxp(t %) (0 + L Jum(t,x).(627)

Indeed, both the solution and the coefficients are smooth. Integrating by parts yields:

Jdtfwdxfmtx (t,%) Jdtfwdx o+ (L )) (t, %)t (t, %),

where (L}")* denotes the adjoint of L}". Write now:

fdtj dx fr, (t,x)p(t, %) Jdtf dx f(t,x)p(t,x)
Rnd Rnd

+ L dt JRM dx(fm — [)(t,x)p(t, %)
Jo dt JRM dx f(t,x)p(t,x) + R(T, ). (6.28)

It is clear that under (A), recall that f e L®([0,T],Cy4(R™,R)), Rn(T, f) — 0. On

the other hand, we now decompose:

J dt fﬂw dx — 0+ (L) ) (t, X))t (t, X)
J dt JRM dx — 0 + (Lt)*>g0(t,x)u(t,x) + R (T, u), (6.29)
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with

LT dt fRnd dx((L;")* _ Lf)gp(t, X) U, (t, X) (6.30)

+ JT dt JRM dx( — 0+ (Lt)*>gp(t, X) (U (t, %) — u(t,x)) =: (R, + R2)(T,u),

where L} is the formal adjoint of L;. Observe first that:
— 0,

an’O(T,u) = J dthddxatw(t,x)(um(t,x)—u(t,x)) -

since |[u—up | 1 (c2+2y — 0. For the terms of R? (T, u) which involve the adjoint, the point

b,d m
is again to use the Besov duality to control the remainders. Namely, from the previous

analysis we get that:

’Rm 2: n(T7 U)|
\ Z J dt JRM dx Dy, (o(t,x)Fi(t, %)) (um(t, x) — u(t,x))|

dt dx;|| Dy (©F;(t, x\;, - W)t xy,
;J JR(H 1>dn | D (9Tt 3, )) | (e — w)(t, % ) (RdR)

(Rd R)
,X,) and oF;(t,x,-) : x; € R? — Fi(t, x), (u —
umHLw(C,fJgﬁ) —— 0 and from the

denoting X\i = (X1, X1, Xig1,
Um)(t,x,) © X € RT — (u — up)(t,x). Again |u —

arguments of the proof of Lemma [f], there exists C' s.t. for all i € [2,n]]

Owl (t7 X\i)a

(Rd R)

| Dx, (Fi(t, %, -))

where ¢; has compact support on R"~D9 We thus readily derive |R2, .., (T, u)| — 0.

Eventually,

|15, (T )]
= | L dt JRM dx[Dxl (¢(t,x)F1(t,x)) + D2, (¢(t,x)a(t,x))

| JO Car JR x| (130T (3)) D, + (o, X)a(1,39) D2, (1,50 = (1)

](um(t,x) —u(t,x))|

= Umlpe ez 7 O
The contributions involving ((L*)*—L#) ¢ in R}, (T, u) defined in (6.30)) can be handled
as in the proof of Lemma [5 exploiting that [a — ap|co + [F1 — Fualley  + 20, [Fi —

which again tends to 0 with m since |u
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Fo.. czizsty —m 0. We now deduce from (6.29), (6.30) and the previous controls that

Ron(T, 1) =, 0. The same computations also give that the term

LT it JW dx( — Ot (Lt)*> o(t,x)u(t,x)

is well defined under (A). From (6.28)), (6.29)), we thus finally derive:

Jo o [t = [l ] ot=acs @ryeteono

which gives the statement.

7 Appendix: Proof of technical results

7.1 Technical results associated with the flow

We begin this paragraph stating and proving a key result for the sensitivity of Holder
flows, i.e. when the coefficients satisfy (A). Those results are of course uniform w.r.t. a
mollification procedure of the coefficients as the one previously considered from Section
to . Also, Lemma [2] is a direct consequence of Lemma |11 below and Young/convexity
inequalities.

A first sensitivity result for the flow

Lemma 11 Under (A), there exists C := C((A),T) s.t. for all (x,x') € (R")2, 0 <t <
s<T andie|1,n]:

[(0,0(%) = 0a(x))il < C((5 = )% + @ (x = X))

The previous bound can be interpreted as follows. We somehow have the expected bound
involving the spatial points, up to an additional contribution in time, which is precisely
due to the pseudo-distance d. Indeed, this type of result already appeared (for Lipschitz
drifts) in Proposition 4.1 of [Menl18|. Through an appropriate mollifying procedure, this
result remains unchanged

Proof: The main idea to prove this control relies on Gronwall’s Lemma. However, under
(A), the function F is not Lipschitz (solely Holder continuous). We have then to mollify
suitably F. Let us denote by § € R", a vector with positive entries §; > 0 for i € [[2,n].
Define as well for all v e [0,T], ze€ R™, i€ [2,n],

F)(v,2"7"") := Fy(v,-) * ps,(z) = f Fi(v,2i-1,2i — w,Zi1 -+, 20)ps, (w)dw,  (7.1)
Rd

with ps, (w) 1= 5% p (%) where p : R? — R, is a usual mollifier, namely p has compact sup-
port and {,, p(z)dz = 1. Finally, we define F°(v,z) := (F1(v,z),F}(v,2),--- ,F(v,2)).
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In this definition, we make a slight abuse of notation since the first component F; is not
mollified. Due to the final control we want to prove and the intrinsic scale of the first
component, the sublinearity of F; (implied by its Holder property) is enough and it is not
needed to mollify this component.

To be at the good current time scale for the contributions associated with the mollifi-
cation, we pick ¢; in order to have C' := C((A),T) > 0 s.t. for all ze R™ v € [t,s]:

’(s )T <F(u, 2) — Fo(u, z))( <C(s -t (7.2)

By the previous definition of F?, identity (7.2) is equivalent to:

25— 3+'y

i (s —1)2 ”’5 < CO(s—t)7h (7.3)

Hence, we choose from now on, for all i € [[2,n]:

21—1

§; = (s — )= Dasis, (7.4)

Next, let us control the last components of the flow. By the definition of 6, in ({2.5)),
we get:

(0.(x) — 0,,(:))
< lox=xal+ [ (B0, 0040x) ~ B30, 61)
F5 (0, 000(x)) = Fu(v, 0,0))| + [F3 (0, 0,(x)) = Fu(v, 0,(x))| ) dv
< 0= %0l C [ (160400 = 0ux), |+ 82T | (Bua() — 0,4x)) e

2n—3+~vy

(s — )8,

Hence by Gronwall”s Lemma, we get:

[(0:4(x) = 0:.4(x))n] (7.5)
< Cexp <C’(s - t)5;1+ Zn:{”>

2n—3+~vy

X <|(x — XVl + (s =)0 + LS |(0v7t(x) — 0v7t(x')))n_1|dv>
< Cexp (Cls =) (10x =Xl + (s = 1) F + f [(800(%) = 00a(X),,_ ).

using for the last inequality. We proceed similarly for the (n — 1) component, but

in this case we have to handle the non-Lipschitz continuity of F? | in its n'® variable.
For the rescaled flows see e.g. Lemma 2 in [CARMI7| this difficulty could also be

circumvented through mollification, the situation is here slightly different and it seems
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that Young type controls are more appropriate. Write:

|(0:4(x) = 0s.4(x") ) |

2(n—1)—3+~ 2(n—1)—3+~

< Cexp <C(s - t)(sg_lfm> (\(x XVt + (5 — )8, 2D
T L (0,060 — 0,060), |+ 1(0,60) — 0,,60), | T )
< Cexp(C(s— t)%)<|(x —x V1] + (s — t)”_% + J: {‘(Ovvt(x) - Ov,t(X/)))n_Q‘

2(n—1)—3+~ 2(n—1)—3+~
2

+|(X - X/)n|T * (U B t) 2(n—1)-3
+( f [(8uns () — Ow,t<x’>>>n—1\dw>w}d”>'
(7.6)

The last inequality is a consequence of our choice of §,,_; in ([7.4), identity (7.5)) and con-
vexity inequality.

We aim, now, to proceed with Grénwall’s Lemma. To do so, first of all we need to
use a Young inequality. Namely, we write for all 9,1, > 0 (where the two indexes in the
subscript respectively denote the stage of the chain, i.e. n—1, and the considered variable,
ie. n):

2(n—1)—3+~

(Jt [(Buel) — 0,0X)), ) 7
< O[] 1000 = 0usth), )3, T 465 ).

In order to obtain the suitable time scale, we choose O S.1.

2n—1

54_£/,n = (U - t)

n—

2(n—1)—3+v ~ (Q(n—12)53+1v)(4—'v)
2 — n—1,n = (U — t) (2n—1)

which also yields that

2n—1

(J !(0w,t(x)—Ow,t(x/)))n71|dw)5gwg (J ‘(HW(X)—ewyt(X’)))n,l\dw) (1)
! ¢
Hence we get from (7.6)) and the previous controls that for all s € [¢, s]:

|(05,4(x) — 054(X')) 1]
< Cexp(C(5— t)%)<|(x — X )| + (5 — t)”*g - J

t

1060 - 0.,

2(n—1)—3+4~ 2(n—1)—3+~
2

Hx = x|+ (0 =)

+ ( Jt (e (x) — 9w7t(x’)))n71\dw> (v—t)F } dv)
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The point is now to take the supremum in § € [s,¢] in the above equation. This yields:

Sl[lp] [(054(x) — 05,4(X') )n1]
S€e(t,s
Cexp(C(s — t)%) <|(x —x )]+ (s — t)”_% + J |(0U,t(x) — Ov,t(x’)))n_2}dv
t
2(n—1)—3+y 1+2(n71%73+'y

+H(x—x)p| T (s—1)+ (s—1)

+(f sup | (0u,1(x) — 0w (X)), |(v _t>14?dv)>'

we(t,v]

N

We get then by Gronwall’s Lemma:
(054(x) — es,t(xl))n—ﬂ
< Cexp(C(s— t)%)<|(x =X )1 + (s — t)”*% + J |(9U7t(x) — Bv,t(x')))nﬂ}dv
t

H(x = x| (s — t)) (7.7)
< Coxp(Cls =) (o= xhoal + (5 =00 F 4 [ ](Bueo) = 0,.x), e
+(x— X/)n|§ZZ‘1‘>7 (7.8)

using again the Young inequality |(x — x’)n|42(n§i):13+w(s —t) < C((s — t)”—% + |(x —
2(n—1)—3+~ 2n—3
x' ),

a1 2n-5) for the last identity, recalling as well that d(x,x’) < 1, and therefore

|(x — '), ]2n T < 1, for the last identity. The purpose of (7.8) is that each entry of the
difference of the starting points appears at its intrinsic scale for the homogeneous distance
d.

Plugging the above inequality into (7.5)) we derive:

(65,4(x) — 65.4(x"))]
< Cexp (C(s - t)%> (y(x X Vo] A+ (5= )3 + |(x — X )poy| (5 — 1)

+|(x — x’)nygz%?(s —t) + JS f” ‘(gw,t(x) — Ow,t(X/)))nledwd@

1 2n—1

< Coxp (Cls = 1)F) (1= )l + (5 = "% + | = x) o[ 55

][ 10t = i), fauav)

using again the Young inequalities |(x — x'),, |2 ( —1) < C(|(x=x")n| + (s — t)”’l) and
[(x=x)po1|(s —t) < C(|(x = X/)ue 1|2n 3 +(s—1t)" %) for the last bound. Iterating these
computations, we obtain:

[(05.4(%) = 054(X'))nl (7.9)
< C(s—t b D - w0, EE +fvn_2h)n1...£v2clvl}(01,ht(x’)—0U17t(x))1’>.

J=2 ¢
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Similarly, for i € [[2, n]] we derive:

[(05,4(x) — 0.4(x") )il (7.10)

< C’(s—t'§ Z X — X |2J 1+Ji_dvi_1...f2dv1}(9vljt(x')—OUM(X))J).
o t t

Remark 8 We importantly point out that equations (7.9) and (7.10) actually hold not
only for the fized time s but also for any v € [t,T].

The term for ¢ = 1 is treated slightly differently. Namely, for all § € [¢, s], write:
[(65.1(%) = 05, ()| < [(x = x| + C Y J |(B,,4(x) — 0,,4(x'));|7 T dv,
j=1vt

which in turn implies

sup [(0:4(x) = Oz, (x )| < |(x=xf + C((S —1)( sup |(05(x) — 05, (x)sl)’

se(t,s] velt,s]

Y] NOVEETNEIIETS

< Jx—xn] + 0(<s =) st [0546x) = B2, )’
+Z(Jj(s—t)(s—t 3 4 2
s—t) 71 sup [(0,4(x) — 0,:(x)); 51
=17 s (0,40~ 04(x) \) )
and yields that
s (85,0 = B2, < I >r+c(<s—t)<iﬁp]rwst(x)—est<x/>>1r>”

Ho = 007 s [(6u(x) ~ 0,6l ),

ve(t,s]

using as well ([7.10)), Remark [8| and convexity inequalities for the last bound. We now
write,

sup [(05,(x) — 05, (x)1| < c(|<x—x'>1| P54 (s— 1) 3 [ X7

3€(t,s]

k=2
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recalling that (s —t¢) < T is small, and using again Young inequalities for the last bound.
Namely,

(s— )TV sup [(B,4(%) — 0,4(x))1| 77 < C(s—t)<1+ sup |(0v7t(x)—0v,t(xl))1|),

ve[t,s] ve(t,s]

and
(s = )l = X WIT < O((s = )77 + (3 = x)a 77).

We eventually derive from (7.11)) that:

sup [(0,4(x) — 0, (x))1| < C((s — )7 + d(x,x)),

veE(t,s]

which gives the stated bound for i = 1. It now remains to plug this control into (7.10).
We obtain for all i € [2,n]):

(8.4(x) — 0.2 (X))i| < C((s— )2 +d* " (x,¥) + (s — 1) " sup (6,,4(x) — 0,4(x)1])
< C((s — )73 4 d¥ T (x, X)) + (s — 1) (s — £)7 + d(x, x')))

< C((s— )77 +d¥ Y (x, x)),

using again the Young inequality to derive that (s — )" 'd(x,x') < C’((s — t)i_% +
d*~!(x,x’)). The proof is complete. o
Again, Lemma is a direct consequence of the previous Lemma and Young/convexity
inequalities.
We are now in position to prove the sensitivity results for the linearized system w.r.t.
the freezing parameter.

Sensitivity results for the mean

Proof: Technical Lemma [3]
We assume w.l.o.g. that d(x,x’) < 1. The idea of the proof is to separate the term to
control into two contributions. Namely, we write:

m,(x) = 0,4(x) = [m,(X') = 04(x)] + [0:,4(x) — 0:4(X)]. (7.12)

The definition of the proxy (3.1)) yields that the mean value of X7€, mit is s.t.

mY,(x') —0s,(x) =x"—x+ fs dvDF(v,0,,(x))[mX,(x') — 0,:(x)]. (7.13)

’ t 7‘}7
The sub-triangular structure of DF yields that for all i € [[2, n]:

(m3,(x') = 0,4(x)), = X} — % + f dvD;1F;(v, 0, (x))[my,(x)i—1 — 0,,4(x)i-1].

t
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Also, since rniit(x’)l =X| + S: Fi(v,0,:(x))dv, so that [mit(x’)l —0,:(x)1] = x| — x4,
we then obtain by iteration that:

(m(x') — 0..4(x)),

V;=8§

:x_&+2‘[dw1tﬁmlnaﬂF%,wuﬂml—mﬁ

with the convention that for ¢ = 1, 22:2 = 0. From the above control, equation ([7.12)
and the dynamics of the flow, recalling that the starting points are the same, so that the
contributions involving differences of the spatial points or flows only appear in iterated
time integrals, we derive:

I(mi‘t(X’) —0..4(x)

zij vy J dvg_ 1]_[1)] \F;(v;,0,,, (x))][x;_l_xk_l]

<

JIF (v,0,4(x)) — Fi(v,0,(x))|dv (7.14)

< C(;(s — 1) F[xg — x|

3+y

JS (ZZ: vt ut(X’))j|23J—1 + | (00(x) — H”vt(X/))HDd’U)

From the previous Lemma we thus obtain:
| (m, (x') — 9s,t(X'>)i|

i—1

k=2

PP (s, xX) (5 1) + (s — )03 4 @20 <,f»@—w)-<7w>

In particular, for s = tg = t + ¢od?(x,x’) with ¢g < 1, the previous equation yields:

[(mf, ,(x') = 01,4(x)) |

, 141 , 1 .
< C’(codm_l(x,x’) + (cp A o)A (x, %) + (¢ * + co)d¥ TN (x, x/)>.

So, after summing and by convexity inequalities, for d(x,x’) < 1:

1

d(m} ,(x'),0,(x)) < Ccf" ' d(x,X).
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7.2 Sensitivities for the scaled flows

For the scaling analysis of Section [6] we also need the scaled versions of the previous
Lemmas. Recalling the notations introduced therein, ie. for A > 0, 0 < t < v < T,
1 1
Gi’t(x)‘) = \2T,'0,,(x*), x* := A\72T)x, as corollaries of Lemmas |11| and , we readily
get:

—t.1
A(8), (), 62,6¢) < € (i) + (55)). (7.16)
Setting now v = t + coAd?(x, x’), recalling that
AT m, (), 00, (x)) = A2 d(m(x™), 0, (x). (7.17)

and reproducing the above arguments, we derive from ([7.16)) and (7.15]) the bound:

1
(A2 Ty m%, (x™),0),(x7) < C(cZ T + A3)d(x, ). (7.18)

which follows exploiting the intrinsic scaling properties of system.
Observe that the scaling procedure does not provide for the mean sensitivity a small
constant (i.e. proportional to )\%). Indeed, in inequality (7.14), the terms involving
|F;(v,0,+(x)) — F;(v,0,:(x'))| and the products (H;Zk Dj_le(vj,H%t(x))) do

kel[2,i—1]]
not allow us to take advantage from the 1+ 5=-Holder continuity of F; w.r.t the (i — 1)t

spatial component nor from the 5-5-Hélder continuity of D;_1F;(v;, 0,,:(x)) w.r.t. the

(i — 1) spatial component. We can only exploit respectively the Lipschitz continuity

and the boundedness of such terms which are precisely those who do not scale. Plugging
1 1

x* = A\72Tyx, ¥ = A 2T\x' in (7.15) indeed yields for v = ¢ + coAd2(x, x'):

. . i1 . i—1 y
(M (x™) = 0),(x™)| < NP (x, Xl)C( D) ™F + ey FaoAd?(x, X))

k=2

+/\%d7(x,x/)co + (cé_% + co)),

which from (7.17)) yields (7.18) recalling that ¢y and d(x,x’) are both less than 1.

8 Appendix: Sensitivity results for the resolvent and
covariance

8.1 Sensitivity Lemma for the resolvent

Lemma 12 (Controls of the Sensitivities for the Resolvents) There exists C' s.t.
forall0 <t <s<T, (x,x)e (R"™)2, the following control holds. For all 1 < j < i < n,

with the notation of (3.20):

[(RE¥(t,5) — RO, 5)), | < C(s — 1) ( D ”Fknmcﬁkfgﬂo ((s —1)% +d"(x,x)).

k=2
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Proof: Lemma 12
From the scaling properties of the resolvent, see e.g. the proof of Proposition [2] or
Lemma 6.2 in [Menl§|, we have that:

R*(s,t) = T,_ tR“x"JI‘s . R¥(s,t) = T,_ tRS“"JI‘s " (8.1)

5 t 5 t,x .
where R}"*, R7"™ are non-degenerate bounded matrices. We define then:

{v\ S7t7x7xl

AR, =R R (8.2)
Hence, from ({8.1)) and the definitions in (8.2)):

C s7t7x7x/

AR, | = [RY™ Ry = [T (R* R (s, )T

T L ) <DF(v, 0,.(x))R*(v,t) — DF(v,0,,(x'))R* (v, t))dv?I‘S_t

s f T, DF (0, 0,4(x))Ts || T, (R* = RX) (v, 1) T,y |dv
t

S
+J
t

< C’f(s—t)_1|DF(v,0vt( x)) — DF (v, 0, (x')|dv,

T LR (v, 1) Ts_y|dv

T Y, (DF(U, 9,.(x)) — DF(v, av,t(xq)) T, ,

using the Gronwall’s Lemma and the structure of the resolvent for the last inequality.
Pay attention that we only know from our smoothness assumption (S) that for all i €
[2,n]],Vz""™ = (z;,- - ,2,) e ROV 7, s D Fi(z;_1,2"") is CW(R‘% RIQRY)-
Holder continuous for > 0. Hence, we proceed carefully like in [CdARM17].
We directly get that:

~s,tx,x ~ ~ ) 3 »
ARy T = R - R = [T (RS - R (5, 60T,
CJ S —t Z <|Dz 1F v Hvt( )) - Dilei<U701},t(X)i71, (gv’t(xl>>i:n)|
D Fo)icr ) 0100 = By (o))
=: (Rl + RQ)(S, t, X, X/>7 (83)
where 7; := 3775 and the notation (D, ,F;);—1 indicates that Dy, F; is viewed as

a function of its variable (i — 1) and the supremum is taken over the other ones. From
Lemma [2] and the definition of d (see also Lemma , we readily get

|R2(87 t, X, Y)| < C”DFHLOO(Cg) 2 f (5 — t)_l ((U _ t)(i—l—%) + (:12(1‘_1)_1()(7 X/>>77idv
i=2 V1t

< C|DF|r=cy ((s— )2 +d(x, x')), (8.4)

denoting with a slight abuse of notation |DF| ey = 2, [(Dxi 1 Fi)io1]recr). To

control the difference of the gradients terms in Ry (s,t,x,x’) in (8.3, we need the following
result whose proof is postponed to Appendix [8.3]
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Lemma 13 (Reverse Taylor expansion) There is a constant C' > 0 s.t, for all (z,7') €
R x R™ vy e [0,T] :

|Dxi—1Fi(v7 Z) - Dxi—1Fi(U7 Z/)‘ S C’”FiHLOC(C'fli_3+W d(Z, Z/)77

)
with the notations of equation (3.20)).

From the reverse Taylor expansion of Lemma (13| and the definition in (8.3]), we obtain:
|Ri(s,t,x,y)] < C(s—1t)"! L dvz HFiHLOO(CjFBH)d”(Ov,t(X), 0,.:(x"))
=2

< CZHF | poqczisin (s = D)7 + d7(x,x)), (8.5)

=2

using again Lemma 2] for the last inequality. Gathering (8.4)), (8.5) into (8.3)) and recalling
the definition in (3.20]), we obtain:

x/

~ 5,1,X, n .
AR, |<C(Z||FZ-HLOC(Cc21i73+w))((3—t)i d’(x,x)). (8.6)

The result follows from the previous bound, the definition in (8.2)) and the scalings of
equation ({8.1)). o
8.2 Sensitivity Lemma for the covariances

Proof of Lemma [1]

Let us first explicitly write the covariance matrices

KE, = J “RE(s, u) Ba(u, 0, o(€)) BRE(s, u)*du. (8.7)
t

So we have to control the term
K -KE = AP (s )+ A5 (s, 1),
ASE (51) JPSduﬁﬁ(s,u)BAua(eu,t(g),eu,t(g’))B*f{ﬁ(s,m*,

D (00e(€), 0.4(E)) = a1 0,0(6)) — alu, 0,,(E).
ASE (s,t) 1= JPSduAf{E’gl(s,u)Ba(u,Ouvt(gl))B*fié(s,u)*
t

+ f duR® (s,u)Ba(u, 0,,(¢")B* ARS¢ (s, u)*,
t
AR (s,u) = RE(s,u) — R (s, u). (8.8)
Hence, from the scalings of (8.1]) and the definitions in (8.8)), for all 1 < j <i <

(AT (5. 8)ig] < C(S—t)ZL |(Ts—tAuBa(0.,:(£), 0., (&) B Ts—t)ijldu

< O(s—t)ti—2 L d(0,.(£),0..(¢)) du.
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We deduce by Lemma [2] that
(AT (5,1))i5] < Cls =) (s = 1)? +A(€,8)). (8.9)
Still from and the definitions in , write now that:
(A€ (5.0)i,

< o<s—t>‘2<f (10T e(R5€ = R™) Ba(u, 0,4(€) B*(Ry™) T, )i
t

(TR Ba(u, 0,,(€))B*(Ry™€ ﬁi’“f)*’]rs_t)i,ﬂ)du) . (5.10)
Thanks to equation in the proof of Lemma we thus obtain:
(A5 (5.8 < Cls =) 7 (s = 1)F + d(£.€). (8.11)
Gathering and in yields:
(K, = KE)ig < Cls =) 7 (s = )7 + d(£,€)), (8.12)
which precisely gives fori=7=1. O

Sensitivities for the scaled covariance.

In connection with Section |§|, we recall the identity in law (6.6), i.e. X§* := AT XSS,
v € [t, T], which readily gives:

K& = Cov(X&) = AT, 'KE, T}
In particular, we thus derive from the analysis of the previous paragraph:

[KS i < Ox o —t),

v,t

~ !

RS~ K| < oo -n(d€ €Y + v-0})

< OA-n(AdE ) + (v -1)}),

recalling that & = )\_%']I‘Aﬁ and using the homogeneity properties of d for the last in-
equality. Also, for v = t + ¢oAd?(x,x’) and taking € = x,& = x/, the above controls
rewrite:

(K511 < Ceod?(x,X), |[KS7 i1 — [KE:;A]M\ < Ceph2d*™ (x, %), (8.13)

Note that the sensitivity of the scaled covariance yields a contribution of the scaling
coefficient in A\2. Unlike for the control of the scaled mean in , where, as previously
noticed, we could not exploit the full regularity of F; w.r.t. the (i — 1) variable, we can
here precisely take advantage of such a regularity. Indeed, this follows from the expression
of the covariance which only involves D; 1 F; so that one can exploit the associated

ol

57—5-Holder regulariry w.r.t. x; ;.
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8.3 Reverse Taylor formula

Proof: Lemma 13

We assume here, for the sake of simplicity and without loss of generality, that d =
1 (scalar case). When d > 1, the proof below can be reproduced componentwise. Let
us decompose the expression around the variables which do/do not transmit the noise.
Namely, we write for all §; > 0:

Dxi_lFi (’U, Z) — Dxi_lFi<U7 Z/>
1
— f du{ Dy, Fi(v,z) — Dy, F;(v,2;_1 + pd(z, z’)‘si,zi:n)}
0
+{DX¢71F2‘(U7 Zi-1+ ,LLd(Z, Z/)(;iv (Z/)i:n) - Dxilei('l% Z/>}
+{Dx,_,Fi(v,2;_1 + pd(z, z’)‘s", z"") — Dy, Fi(v, 21 + pd(z, z')‘s", (z)"™)}

=: 23] AFi(v,2,7)). (8.14)

(=1

The first two terms can be dealt directly. From (A) we get:

|AF!(v,2,2)| < |(Dx,_,Fa)iot| po(od(z, 2/) 7001 (8.15)
Similarly,
AFX(0,2,7)] < [(Dx  Fa)icllpo(cy) (d(2,2) 507 4 |(z — 2/), |70 071)
< C’H(Dxi_lFi)i,luLoo(cg)d(z,z)51W (8.16)

For AF?(t,z,2'), we use an explicit reverse Taylor expansion which yields together with
the smoothness assumption of F; in (A):

AF3(t,2,2)| = d(z, z')_éi

[Fi(tv zi1 +d(z,2)",2") — Fi(t, 2,1 + d(z,2)", (2)"")
+Fi(t, Zi_1, Zi:n) _ Fi(t, Zi1, (Z/)i:n)] ‘
< 2Ry i-sey d (2, 2) 500 (8.17)

Takmg 0; s.t. (512 T = 2i — 3 + v — 0;, which implies that §; = 2 — 3, gives in (8.15)),
6) and (8.17) a global bound of order C|[F;[ ; c2-a++)d"(2,2’). The result then follows
from 8.14.

9 Scaling Control of the degenerate part of the pertur-
bative term

This section is dedicated to the proof of the scaled version of the key Besov Lemma [5]
We recall that, with the definitions of Section@ for all multi-index a = (o, ..., a,) € R™,
i € [2,n]], we aim to control the terms

T
L ds . DO‘D21p/\(t $,X,y) <A (t,5,05+(8), ),Dyiu’\(s,y)>dy,
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with

Z (Fri(s,y) = Fri(s,02,(8)) — Dy, Fai(s,02,()(y — 02,(8))i-1, Dy,u*(s,y))
Z (AYp(t,5,02,(6).y). Dyu(s.y)),

which appear in equation of the user’s guide for the scaled system. We precisely
want to specify how the scaling procedure impacts the constants in equation (2.33)).

This is exactly what equations ((6.18)) and (6.19)) reflect. Those controls actually follow
from the more general following result, which will again be useful for the Holder norm in
Section [Bl

Lemma 14 (Scaled Besov Control Lemma) For all multi-index o = (o, ..., ;) €
N¢:

Z)J dD p>\ t S, X,y <A t S Ost(g) ))Dyzu(87y>>dyH
R" &=
< CMN 1+2szl o (j— 2 HUAHLOO(CEEW)(S _ t)—Z?zl aj(j—%)‘*‘%‘ (91)

With Lemma |14] at hand, we readily derive (6.18)) and (6.19) taking oo = (2,0,---,0) + ey
(where e;, stands for the k™ vector of the orthonormal basis) for each k € [[2,n] and

a = (2,0,---,0) respectively. Let us now turn to the proof of the Lemma [14]

Proof: Lemma [14]

The analysis of singularities is identitc to the ones in the proof of Lemma [5] However,
here, we have to track the scalling coefficient A through the identites. Note carefully,
we write the upper-script /sub-script A to mean that we manage the scaled variables. In
particular, we write:

B (5.¥) i= Dy, (DB (45, %, y) © Alp(t,5,0,0(6), %)) = Dy, - 67 (5,¥), (9.2)

and
A . a,\
\Ij (t X) (s Yi:i—-1,Yi+1: n) ’ yl = 791‘,(1‘,,)() (87 Y) (93)

With these notations, we have:

D (1, 5,%, y)(Alp (t, 5, 0,4(8), )7Dyi“(3’y»dy”

i=2 Rnd
B Z ‘ J‘R d 192’(;\7")@’ y)u(s, y)dy’- (9.4)
im2 JR™

The point is here again to control, for i € [2, n]|, the quantity ||19a ) (S ¥1i-1, 7 Vi 1im) HB s

Q; = ;f—j with the indicated bounds in the scaling parameter /\. Accordlngly with What

can be seen e.g. in (6.13)), the previous analysis of the proof of the (non-scaled) Lemma

279



CHAPTER 6. SHARP SCHAUDER ESTIMATES

can be adapted replacing (s — ) therein by (s —¢)/A in the computations involving the
thermic characterization of Besov spaces.

We also point out that, w.l.o.g., we assume that T/\ < 1 so that in particular for
0<t<s<T, x1(s—t) <1 Indeed, the parameter \ is meant to be small (at least
A < 1) but macro as well. From the previous analysis and the statement of Lemma
it can be seen that the optimal )\, i.e. the largest one, actually depends on the Holder
moduli of the coefficients. Hence, the condition 7'/ < 1 is, up to a possible modification
of T, not restrictive.

Let us first introduce some notation:

QC)\ t 8§, X y H c)\ = (S )2i— 1((05775()() _Y)J) Zﬁcfl(t,S,X,y%

where for a > 0, z € R?, like before N, (z) = 5 l)d exp ( — ;—f) is the standard Gaussian
Ta)?2
density of R? with covariance matrix al;, and:
dc\i,)\(ta S, X, (y1:i—17 Y’H-l:n)) = 1_[ c)\ 2 (s—)2i-1 ((es,t(x) - Y)]) : (95)

Jjell,n],j#t

We recall from (4.14)), that the parameter ; = % The first contribution of the
scaled Besov control is:

! dv &
[)‘_1(5 )],81 TU 2 ( (t X) ( 7y1:7l717y7l+1:n) HLl(Rd7R)

1 5,
g —wf R
A1 (s—1)17 Ré

A

1 n i1y A
m} -y )\Z‘:1 a;(i—3) . t
< CJ —’U 2 J J de <Z T Yy ) ! Zg ,);(_(JAfzxj y)
[A—1(s—1)] Bz Rd Rd V2 (S*t) j=1%U—3

<\ 2+2d21 3+’y( 1/2T O?t( ) Afl/QTAy)

1
< C’AZ;L—1aj(j_;)_(i_;)f —'U 2 f dZJv dYZ
[)\_ R4 Rd
3

h —V; t
« CU(Zl YZ) qc)\( 5, X Y) (S B t) 2i=34y
V2 (8 — t)ZJ 1(1](] 2)

E=x

exploiting (6.13)) for the last inequality. Then

1 i
f @va2 Ry * TN
[

>\71( t)]ﬁ v (t X) (57)’1 i—1:Yi+1: n HL1 (]RdJR)
S— 0

1 N N
<ONi= aj(j_%)_(i_%)ﬁc\i,,\(t, 85X, (Yi-1, y$’+1:n))f dov™ T3 (s—t) " Zim )
DL (s— )

<ONZj=105G—3) == )Q\z)\(t 5, %, (Ve 1’yz+1n)))\[%_%]ﬁi(S_t)[_%+%]/3i_2?:1O‘j(j_%)'i'w
<C)\Zj:1 @ J_i)_ QC\i,)\<t7 5, X, (y1:i—17 Yi+1:n>)(3 - t)_Z;Lzl Otj(j—%)-i-%’ (96)

280



PARTIE III: DEGENERATE KOLMOGOROV CHAINS

the third inequality is a consequence of Proposition [2, and the last identity comes from
the pick of 8; which in particular gives —(i — 3) + [1 — 041] =—1.

Let us now consider the second contribution of the scaled Besov control, i.e. we now
take v € [0, [A7!(s — t)]%]. Write:

| 1t = 30Dy, (€ (53
= Ld ho(z = yi) Dy <@a ;\x)(& y) — @Z’(?,x)(sa Yii-1, %, yl‘+1;n))d}%‘
= Ld DRS¢, 5,x, Y){Eri(s,¥) = Foi(s, y1:im1, 2, Yis1m), Doz — y:) ydy;
+ JRd (Daﬁf\(t, $,%,y) — DB (¢, 8. X, Y11, 2, yi+1:n))
><<(FM(S, Yii-1s 2 Yirtin) = Fxi(5,024(€)) — D, Fai(5,02,(€))(y — 054(6))i-1).
D.h,(z — Yi)>d}’i =: (%,1 + %,2) (Uat, S, X, (Y1:i-1, Z,}’Hl:n)), (9.7)
thanks to the definition in for the last identity.
| Za1 (v, t, 8, %, (Y1i-1, 2, Yit1n)) | (9.8)

hcv 2=y )\2?:1 @y (j_%) i
< C’J ( T ) STl Gen(t, 8, %X, ¥)A +3 (
Rd V2 (S—t) =193 (i—3)

3+'y

vil) T dy,

< O)NXi-1ai(—3)—(i—5)+ 5+ heo(z = yi)  Gealt, s, x,y) dv.
= PR S a1 Wi
Rd VE—2 (5 — t) j=1 % U773

v

C/\Z?:1 a;(j=3)-1+3

ACi t? 5 “xy d—1sYi+lin N i— ) —95 il
v4z (s _t)Zn (]_%)Q\,A( 5,%, (Y1:i-1,Yi+1:n)) w+/\2ﬁ;(s_t)%l(z 7t(x))

Write now from (9.7)):

|‘%72<U7t7 S, X, (Y1:i—1, Z,¥Yi+1: n))|
< C’J dyh ( YZ) Jld )\ZJ 1050— 2)+ 7 qc)\(t S, X, V14— 1,Z+[L(y )ayi—i-l:n)
x i 1
Rd

2i—1

(S_t)Zj 105 (=3)+%5

V2
x|yi — 2| A" i*3 8 AT QT,\ Yii-1, 2, Yi+1: n)) — Fi(sa>\_5T>\(Y1:z‘—1,9s,t(X)i:n))‘
Fi(5, A 3 TA(Y1io1, 04(X)in)) — Fi(5, A2 T20,4(€))

Dy Fi(5, A 2T30,,(x)) (A 3Ty — es,t(x)))HD

1 A~
n . c tu )y X, 1—1 + i ) Yitln
CAZ=1036-3) f dyihcv(z—yi)f e
g : (s — )07t
2(i—1)—1

2i—1 2i—34y 5
X (()‘T’Z = 0,:(x)i) T+ (A2 [(Os(x) — Y)ileHZ“*l)*l

N

n

b3 O (6,0 — ) ).

k=i+1
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We have for all € [0, 1],

2 = 054 (x)il < plz = yil + [z + plyi = 2) = (654(x))i

we thus derive

| T2 (v,t,8,%, (Yii-1, 2, Yit1m)) |

1 ~
< C)\Zy—lo‘j(ﬂ'_é)J dyihe, (7 — y’)J duqc”\(t’ $ X, Yii-1, 2 + (U(Yi — 2), Yit1m)
0

2i—1
R4

(5 — )1 296D+

34~ 2i—34~

2i—
X ()\2|Yz — |71

+d%—3+t7 <)\_1/2’]I‘>\05,t(x), ATy, <Y1:z’—1> z+ plyi — 2), yl’+1¢n)>)

1

no i1 .

< Caz=199072) J ) dyiheo(2 —y:) J dpgen(t, 8, %, y1i-1, 2 + (1(Yi — 2), Yit1:n)
R 0

2i—34y 21=3+7

< A2 p2@D 1
. )
(s — )T W=+ 3 (5 )T yl-2)+1-3

< C)\Zyzlaj(j*%)c}c\i,\(t 8, %, Y1:i-1, Yit1m)

J d'u J]Rd Cv y’ (S £)2i—1 ( + N(yi - Z) - (es,t(X))i)dyi
21 3+~ 2i—3+~v
2 UQ(QZ 1) 1
=1+ : ) 9.9
: <(S — t)zj:l o (j—3)+ 25 (S — t)Z?:l o (—%)+1-% ( )

From ((9.7)), and we deduce, with the notation of (9.5)):

A
[ * U3 sy i 1L RER)

< CAZj=120= 2)qc\¢,x(t,S,X, (y1:i—1>Yi+1 n))

)\*1+1 A p2@i-1) 1
X + — +
(U‘i 'YQ S _ t)ZJ Lai(i—3%) (S _ t)z oy (j—5)+ 252 (S _ t)Z?:1 aj(jé)HZ)

2i—34y 2:=3+7

[ [ e [ vt =N - 2) - @0

.1
< C/\ijl I jii)qc\i,)\(ta §, X, (yl:i—h Yi+1: n))

2i—34~ 2i=3+7

A2 ERECED 1
X + — + B .
vi=s (s — t)Z;Ll a;(j—3) (s — t)Z?:l -5+ (s — t)Zj:I a;(j—3)+1-3

The last identity is a again consequence of the change of variable (wy,ws) = (z —y;, 2 +
pyi — 2) = (05,4(x))i).
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We now write:

PO .
X q «,
L dvv ’ HhU * ‘lli7(t7x)7(svy1:iflvyi+l)HLl(Rd’R)

N0 gy a

< CAZi= aj(j_%)fjc\z‘(t, 8, %, (Y1:i-1, Yit1m)) J 7?171
A—1+7 ,\”‘3+”U§?Ei3+f> 1
* <Uf["§(s — t)X=10g) " (s — t)Zi=1 e —2)+ 55 - (s — t)Z?laj(jé)H;)
= C\X= O‘J(j—%)gc\m(t, $, X, (Y1:-1, yi+1m))Bgﬁi (t,s). (9.10)
Let us now prove that
o’ . (9.11)

B s, (t,s) <
as.(t:9) (s — t)Zi=1U-2)-3

Integrating in v in ((9.10) we derive:

&y 2—vy )
2 432

Bg,gi(ty S) < C(S — t)_2?=1 Oéj(j_%) [)\—1+;[)\—1(S . t)]ﬁz(

_1_/\721'_23+W [)\_1(8 _ t)]/ﬁz‘ %+%))(S _ t)i—% + [)\_1(8 _ t)]ﬁi%(s _ t>—1+%

Recall now from the proof of Lemma [5] that:

a;  2—7 ol o 21—3+7 2t -1 ~ Q;
|5 — = — = >0, B = . — — 220, Bi—=——120,
B(Z 4@—2) 2 B(2+2(2@—1)) 2 2 B?

with §; = %,6@ = 242 Therefore, since (s — t)/A < 1:

Bi\u,,@i <t7 8)
<C(s = ) U H N =) AT A (s - 1) {,

R
+
|
g
—_
—
V>)
|
~
N—
.
—
»
|
~
S~—
L
+
V]

which precisely gives (9.11]).
Plugging (9.11)) into (9.10) and from we eventually get:

1 d -
vo% o,

—0 2 * W

v hU \Ijzv(tvx)v(svylziflvyH»l:n) HLl(Rd?R)

0

C/\Z;l:1 aj(j*%)*l R
QC\i,)\(ta S, X, (Y1:i71, yi+1:n))7

(s — t)Zi=102)-3

|21 (ra r) appear-
[m]

which is precisely the stated control. The term ||g0(D)\I/f"(;\X) (57151 Y1 1om
ing in the Besov norm could be handled similarly. The result is complete.
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Chapter 7

Strong Uniqueness for a chain of
Degenerate Kolmogorov Equations

Abstract: We establish strong uniqueness for a class of degenerate Kolmogorov SDEs
under suitable Holder regularity conditions for the associated drift term. In particular,
we exhibit some sharp thresholds on the Holder exponents for the strong uniqueness to
hold. Our approach is based on the forward parametrix perturbation technique and also
heavily relies on appropriate duality properties on Besov spaces.

1 Introduction

1.1 Statement of the problem and related results

In this work, we aim at establishing a strong well posedness result outside the classical
Cauchy-Lipschitz framework for the following degenerate Stochastic Differential Equation
(SDE) of Kolmogorov type:

dX% = Fl(tv Xz& s 7X?>dt + U(t’ X%’ e ’X?)th’
dX? = FZ(tv X%? st 7X?>dt7
dX? = Fs(t, X2, ..., X"dt, t

\%
o

(1.1)
dX? = F,(t, X1 X?)dt,

where, (W,);>0 stands for a d-dimensional Brownian motion on some filtered probability
space (Q, (F)i=0,P) and for all i € [1,n][] t = 0 the component X! is Ré-valued as
well (i.e. X, € R™). We suppose that the (F)ieg2.n] satisfy a kind of weak Hormander
condition, i.e. the matrices (Dx, ,F(t, -))ie[[m]] have full rank. However, the coefficients
(Fi)ief2,n) can be rather rough in their other entries, namely, Hélder continuous. We as-
sume as well that the diffusion coefficient ¢ is bounded from above and below and spatially
Lipschitz continuous.

x. We will use throughout the paper the notation [[-, ] for integer intervals.
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For a system of Ordinary Differential Equation (ODE) it may be a real challenge to
prove the well posedness outside the Lipschitz framework (see e.g. [PL89]) and, as shown
by Peano’s example, uniqueness may fail as soon as the drift of the system of interest is
only Hélder continuous. For an SDE, the story is rather different since the presence of
the noise may allow to restore well posedness. Such a phenomenon, called reqularization
by noise (see the Saint Flour Lecture notes of Flandoli [Flall] and the references therein
for an overview of the topic), has been widely studied since the pioneering unidimen-
sional work of Zvonkin [ZvoT74]| and its generalization to the multi-dimensional setting
by Veretennikov [Ver80| where SDEs driven by a non-degenerate Brownian noise and a
bounded drift are shown to be well-posed. We mean by non-degenerate that the noise has
the same dimension as the underlying system on which it acts.

Let us mention, among others, and still within the non-degenerate setting, the works
of Krylov and Rockner [KRO5| (L, — L, drift), Zhang [ZhalO] (L, — L, drift and weakly
Lipschitz diffusion matrix) and also Fedrizzi and Flandoli [FE11]| (L, — L, and Holder
drift).

The crucial point in the aforementioned results lies into the non-degeneracy assumption
assumed on the noise added in the considered system: we can benefit from the regular-
ization by noise phenomenon only in the directions submitted to the noise and when the
noise degenerates it is useless to expect a generalization of the previous results without
any additional assumptions.

In our current setting, the non-degeneracy assumption on the Jacobian (Dxi_lFi(t, )),
i € [2,n] precisely allows the noise to propagate through the chain passing from the 7*"
to the (i + 1) level thanks to the drift, hence leading to a propagation of the noise in
the whole considered space. The main idea is then to take advantage of this particular
propagation, known as weak Hormander setting (in reference to the work of Horman-
der on hypoelliptic differential operator [Hor67]), to restore strong well posedness under
our current Holder framework. This feature has already been considered in the literature
for the system in the particular case n = 2, see the works of Chaudru de Ray-
nal [CdR17|, Wang and Zhang [WZ16], Fedrizzi, Flandoli, Priola and Vovelle [FEPV17],
Zhang [Zhal8]. In any cases, in addition to the weak Hérmander structure, the regularity
of the drift with respect to (w.r.t.) the second space argument is required to be of reg-
ularity index superior or equal (depending on the work) to 2/3 (critical Holder index or
critical weak differentiation index). As a generalization of these results, we prove in this
paper that strong well posedness holds as soon as each drift component F; is ;-Holder

continuous in the j' variable for some 3; € ((2]' —-2)/(25 - 1), 1] so that we recover the

critical index mentioned above when j = 2.

In comparison with the results obtained in the non-degenerate framework, the increas-
ing value of the critical Holder index can be understood as the price to pay to balance
the degeneracy of the noise. Indeed, there is a strong competition between the irregularity
of the drift and the fluctuations of the noise, which has been highlighted in the work of
Delarue and Flandoli [DF14]: as the regularity of the drift decreases the fluctuations of
the noise have to increase more and more in order to regularize the system.

In our setting, the way the noise is allowed to propagate implies a loss of the fluctua-
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tions at each level of the chain and therefore, a loss of its regularization property. A good
manner to understand this phenomenon is the following case. Given a level ¢ in [[2,n]] of
the chain (L.1)), assume that F; = 0, 0 = Id, Fo(t,xe—1, -+ ,X,) = X¢_1, £ € [2,i — 1],
Fi(t,x; 1, ,X,) = X;_1 + Fi(t,x;), and F; = 0, j € [[i + 1,n]. In such a case, the noise
added at the i*" level of the chain is only the (i — 1) iterated time integral of a Brow-
nian motion whose fluctuations are of order #~'/2, meaning that the Holder regularity
of F; has to increase with 7. This simple feature illustrates the loss of fluctuations of
the noise from level to level through its propagation to the chain and consequently in
the corresponding spatial direction. This is the reason why the index of Hélder regular-
ity increases when considering direction further and further away from the source of noise.

Thanks to Delarue and Flandoli’s result [DE14], Chaudru de Raynal [CdR18] and then
Chaudru de Raynal and Menozzi [CdARM17| have proposed a class of counter-examples
to weak well posedness for the chain (|1.1)) when n = 2 and in full generality, respectively.
This class of counter-examples says that weak well posedness does not hold as soon as for
any 7 in [[2, n] the drift F; has an Holder regularity index with respect to the 5™ variable,
denoted by Bf, below (2i — 3)/(2j — 1) e.g. regarding the regularity of the drift w.r.t.
the second space variable we hence obtain 53 = 1/3. Also, in the latest work [CARMI7],
weak well posedness is shown to hold as soon as the regularity indexes (/37 )o<i,j<n Satisty
(2i—3)/(2j —1) < 7 < 1 so that the result is almost sharp, in the sense that the critical
case corresponding to an equality for the thresholds is still open.

In a nutshell, when n = 2 and d = 1, to exhibit the critical Holder threshold BS
(Holder continuity index of Fy in its second variable) needed for the weak uniqueness to
hold, one can go back to the key example of Peano. The point is to compare the maximal
solutions of the ODE with dynamics @, = sgn(z;)|x|? starting from 0 (which is precisely
the singular point of the ODE), which writes as +ct'/ (1*55), and the typical magnitude
of the integral of the Brownian motion which is t¥2. For the noise to dominate in small
time, in order to leave the point where uniqueness fails for the deterministic equation, one
must take 3/2 < 1/(1—f2) < 2 > 1/3 (see [CARIS]). Through a perturbative approach,
the threshold can also be deduced from the behavior of the ratio |x5]% /t¥2 where z;
is a spatial variable which has the same typical order as the integral of the Brownian
motion. Namely |z,| = t¥2. Hence, |z,|% /t3/? = t=3/2(1-53)  For weak uniqueness to hold,
the point is then to impose that the previous ratio gives an integrable singularity in time.
This precisely leads to the condition —3/2(1 — %) > —1 < (2 > 1/3.

The weak uniqueness thresholds for the full chain were derived similarly in [CARM17]|

studying for i € [2,n], |2;/% /t=Y2,j € [[i,n], where z; is a spatial variable which has
the same typical order as the (j — 1)*® iterated integral of the Brownian motion. Namely
|z;] = t7=1/2. The corresponding ratio thus satisfies |z;|% /#i~1/? = ¢~ (=1/2+5G-1/2) Tp
order to obtain an integrable singularity one must take —(i — 1/2) + 3/(j — 1/2) > -1 <
Bf > (2i — 3)/(2j — 1) which is precisely the indicated threshold. Of course, the previous
ratios appear through rather lengthy and technical perturbative procedures: the forward
parametrix expansion in [CdRI§| and the backward one in [CARMI7| (which allows to

1. the drift F; may be assumed to be only in L, — L, space for any n?d/p+2/¢<1,p> 2,9 > 2 or
Holder continuous for any strictly positive Holder index.
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improve the Holder thresholds on Fy w.r.t. [CdR1S]).

When comparing the weak well posedness result in [CARM17| with the strong well
posedness proved in this work, one may wonder why in the strong case the critical Holder
exponent are greater and why they do not take into account the level in the chain (recall
that we investigate strong well posedness for drifts F; which are 3;-Hélder continuous in
the j variable for some $3; independent of i satisfying (2j —2)/(2j — 1) < 3; < 1). This
in particular gives 8, > 2/3 while we obtained 32 > 1/3 for weak well posedness.

One reason for these notable differences relies on Partial Differential Equation (PDE)
results. Indeed, it is well known that the family of generators (L;);=¢ of is a family
of linear partial differential operators of second order so that any SDE are connected with
a PDE (the solution of the SDE being, in fact, the characteristic of the solution of the
Cauchy problem associated with L). For instance, this connexion has been widely used in
the last past five decades allowing to pass from regularization properties of PDE to well
posedness result for SDE and conversely, see e.g. the book of Bass [Bas97].

Keeping in mind this connexion, one may view the difference of critical Hélder indexes
between strong and weak well posedness as a consequence of the different regulariza-
tion properties required on the underlying PDE to prove the probabilistic result: roughly
speaking the weak well posedness requires gradient bounds for the solution of the associ-
ated Cauchy problem while the strong well posedness requires in addition to control some
of the cross derivatives of the solution. Since the regularization properties of the operator
are the same in both cases, this additional control explains the critical Holder indexes
increase for the strong uniqueness to hold.

The reason why the Holder regularity index is blind to the level of the chain is a
bit more involved at this stage of the presentation and we refer to subsections and
below for a more detailed discussion on the subject. Let us only mention that in the
weak case, the underlying Cauchy problem is investigated with a global source term f of
independent regularity while in the strong case the source term should be any component
of the drift of itself. This is a consequence of the initial Zvonkin approach. Each of
the (Fi)ie[[l,n]] has to be considered as a source term for the corresponding PDE.

W.r.t. to the previous heuristic derivation of the thresholds for the weak uniqueness,
let us indicate that the Zvonkin approach to strong uniqueness, coupled to a forward
perturbative approach actually leads to consider the ratios |x;|% /tU=V2+12 " j e [[1,n],
i.e. the time singularity is higher of degree 1/2. We recall that, formally, for the weak
uniqueness we are led to control the gradients of the Green kernel associated with a de-
generate Ornstein-Uhlenbeck like process and an associated perturbation term involving
the difference of the initial generator of and the one of the Ornstein-Uhlenbeck
proxy. For the strong uniqueness the quantities of interest are the derivatives of the
gradient w.r.t. the non-degenerate variables for the Green kernel and the perturbative
term. The additional singularity in the previous ratio precisely corresponds to the typi-
cal scale induced by the derivative of a Gaussian kernel w.r.t. its non-degenerate entry.
Considering again the associated typical scale for the variable x;, which is ¢/ —1/2 we write
|x; [P /tU=1/2+Y2 = 4=3+5i(=1/2) Tn order to get an integrable singularity in time, we must
have —j + 3;(j —1/2) > =1 < f; > (2j —2)/(2j — 1), which precisely gives the stated
thresholds. These features, Zvonkin tranform and perturbative analysis are detailed re-
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spectively in Section and below. One could wonder whether the thresholds we
find are linked or not to the Zvonkin approach. A partial answer is that other techniques,
based on pathwise arguments, developed by Catellier and Gubinelli [CG16] to address
well-posedness of non-degenerate fractional driven SDEs with singular drift, lead to the
same thresholds. In the non-degenerate scalar case, let us also mention mention the works
of Gradinaru and Offret [GO13] or Bass and Chen [BC03] who obtained better thresholds
than we do. Anyhow, the one dimensional case must be considered apart.

Let us eventually conclude this part by emphasizing that we were unfortunately not
able to produce a counter example for strong uniqueness when the Holder index of reg-
ularity of the drift is below the critical value given above. Recall indeed that weak well
posedness holds in our considered case so that, if the critical exponent exhibited is sharp
(or almost sharp), this means from the Yamada Watanabe Theorem that strong existence
fails as well. It hence seems rather difficult to produce a counter example based on the
irregularity of the drift in such a case and we are not aware of any result of this type in the
literature. Usual counter examples, based on measurability arguments, typically rely on
the regularity of the diffusion matrix, as it is the case for the so called Tanaka’s example
[Tan79] (see also the counter examples in the book of Cherny [Che05]). Nevertheless, as
we will discussed in subsection [I.4] these thresholds appear to be almost sharp for the
method implemented in this work to prove the strong well posedness result.

1.2 Notations, assumptions and main result

Some notations. We will denote by a bold letter x,y any element of R™, writing as

well x = (xy, -+ ,x,) where for i € [[2,n], x; € R%. For practical purpose we will be led in
our analysis to consider subcomponents of a vector x € R™. Namely, forany 0 <i < j < n
and x € R" we introduce the notation x;; := (x;, -+ ,x;). Accordingly, we write the

drift as the mapping

(5,x) e RY x R™ > F(5,x) = (Fi(5,%x),---,F.(5%))
= (Fi(s,x),Fa(s,x),F3(s,%2.) -+ , Fo(s,X0-1)),

from the specific structure of the drift appearing in ([1.1).

For f e CY(R"™ R¥), k € {1,d}, we denote for all i € [1,n]], by Dy, f(x) the Jacobian
matrix of the derivative of f w.r.t. to its R%valued variable x;. As shortened form, and
when no ambiguity is possible, we also write for all x,y € R" D, f(x) = D;f(x) and
Dy.f(y) = Dif(y). Also, if £ = 1 we denote by Df(x) = (D1 f(x)--- D, f(x))* the full
gradient of the function f at point x.

Let f:R™ — R* and 3 := (B, -, Ba) € (0,1]" be a multi-index. We say that f is
uniformly S-Hélder continuous if for all j € [[1,n]

[fj],BJ = sup ‘f(saZl:jfhz7zj+1:n)_f(57zl:jflaZ/7Zj+1:n)|

e < +o0.
(Z1:j—1,2j41:m)ER( =D 25227 (2 2)e(RE)2 |Z -z | 7

(1.2)

For a smooth function ¥ : [0,7] x R" — R™ where T > 0 is a fixed given time,

writing for (¢,x) € [0,7] x R™, ®(t,x) = (¥;(¢,x),--- ,lIln(t,x))* where for each i €
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[1,n]], ®; is R? valued, we denote by

D= sup  [DE(tx)],|DD1®)| =D,  sup  [D(D1E;)(t,x)],
i=1 (t,X)E[O,T] x Rnd i=1 (t,X)E[O,T] xRnd

(1.3)

where in the above equation || - || stands for a tensor norm in the appropriate correspond-

ing dimension. Precisely, D, (¢,x) € R™ ® R? and D(D,¥;)(t,x) € R™ @ R? @ R%.

Assumptions We will assume throughout the paper that the following conditions hold.

(ML) The coefficients F and o are measurable in time. Also, the diffusion coefficient o is

uniformly Lipschitz continuous in space, uniformly in time, i.e. there exists x > 0 s.t. for
all t =0, (x,x) e (R")2:

lo(t,x) — o(t,x')| < klx — x|

(UE) The diffusion matrix a := oo™ is uniformly elliptic and bounded, uniformly in time,
i.e. there exists A > 1 s.t. for all t > 0, (x,() € R™ x R%:

ATHC? < alt, x)¢, ¢) < AJ¢P

(Ts) For all j € [1,n]), the functions (F;)ic1,(j+1)an] are uniformly 5;-Holder continuous

in the j* spatial variable with 3, € (3;—:?, 1], uniformly w.r.t. the other spatial variables

of F; and in time. In particular, there exists a finite constant Cjp s.t.

max  sup [(F;);(s, )]s < Cp.
(i.3)ell1,n]? se[o,T][< )i(#:))s g

(H,) For all 7 € [2,n]], Dy, ,F; is non-degenerate (weak type of Hérmander condition)

and 7 -Holder continuous w.r.t. x;_; uniformly in x;.,, and time. We also assume without
2j—2

loss of generality that n € (0, inf e, {Bj — 31

>, i.e. n is meant to be small.

From now on, we will say that assumption (A) is in force provided that (ML), (UE),
(Ts), (H,) hold.

Main result. The main result of this work is the following theorem.

Theorem 1 (Strong uniqueness for the degenerate system (1.1)) Under (A) there
exists a unique strong solution to system (1.1)).

Remark 1 Still in comparison with the results obtained in the non-degenerate cases, and
especially the one of Krylov and Rickner [KROJ], we do not tackle the case of drift in
L,— L, w.r.t. the first (and then non-degenerate) variable. This is only to keep our result
as clear as possible and to concentrate on the novelty of the approach we use here. We are
anyhow confident that these specific drifts could be handled. Indeed, all the intermediate
results needed to perform the analysis in that setting seem to be already available. We refer

to subsection [1.4] for further details.
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1.3 Proof of the main result: Zvonkin Transform and smoothing
properties of the PDE associated with (1.1)

We emphasize that under our assumptions, it follows from [CARM17| that is well
posed in the weak sense. Hence, from Yamada-Watanabe theorem it is sufficient to prove
that strong (or pathwise) uniqueness holds to prove strong well posedness. To do so, our
main strategy rests upon the Zvonkin transform initiated by Zvonkin in [Zvo74] which
has been widely used during the last decade to prove strong well posedness, see e.g., and
heavily relies on the connexion between SDE and PDE as we already emphasized.

Eventually, let us mention [Ver83|, where the author extended the result in [Ver80] to
the considered chain for n = 2. Note however that this extension only concerns the non-
degenerate part, the coefficients being supposed to be twice continuously differentiable
functions with bounded derivatives w.r.t the degenerate component.

Introducing the embedding matrix B from R into R" i.e. B = (I54,044,.-.,044)* =
—_—

(n—1) times

(Ig,a; 04 (n—1)a)*, where “+” stands for the transpose, we rewrite (|1.1)) in the shortened form
dXt = F(t, Xt>dt + BO'(t, Xt)tha

where F = (Fy,...,F,) is an R™-valued function. For all ¢ € C3(R" R) and (¢,x) €
[0,7] x R™ let

Lip(x) = (F(t, ), Dilt, ) + 3Tr (alt, x) D, 9(x)). (1.4)

where a = oo* denotes the generator associated with (1.1)). We then formally associate
the SDE (1.1 with the following systems of PDEs:

(Orw; + Lywy)(t,x) = Fy(t,x), (t,x)€[0,T) x R, (15)
w,(T,x) = 0y, ie[1,n], .
and we denote by U = (uy, -+ ,u,) its global solution. Let now (F™),,>0, (a™)m=0 denote

two sequences of mollified coefficients satisfying assumption (A) uniformly in m that are
infinitely differentiable functions with bounded derivatives of all, order greater than 1 for
F™, and converging in supremum norm to (F, a) (such sequences are easily obtained from

[CdR17]). Then, for each m, the regularized systems of PDEs associated with (1.5)) write:

(1.6)

(Ou™ + Lmu™)(t,x) = F'(t,x), (t,x) € [0,T) x R™,
u?(T,x) = 0y, i€ [1,n],

where L} is obtained from (|1.4]) replacing F by F™ and a by a™.
The above system ([1.6) is well posed and admits a unique smooth solution U™ =
(uf*,--- ,ul). Hence, applying Itd’s Formula, one easily deduces that

fws,xs)ds _ —Um(o,x)+Um<t,xt)—f DU™ (s, X,) Bo(s, X,)dW, + R™(X), (1.7)
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where

t t

RIM(X) f F(s, X,) — F™ (s, X,)ds — f (Lo — L) U™ (s, X, )ds.

0 0
The representation is what is usually called the Zvonkin Transform. The main thing
in this representation is that the bad drift can be, up to a remainder, rewritten in term of
the solution of the system of PDEs for which the source term is precisely a mollified
version of the bad drift itself.

Then, the main idea consists in taking advantage of the regularization properties of the
operator L™ (uniformly in m) and expect that the solutions U™, m > 0 will be smoother
than the source term F so that the right hand side of is smoother than the integrand
of the left hand side of the considered equation. In other words, we are looking for a good
reqularization theory for the PDE uniformly on the mollification argument. This
good regularization theory is summarized in the following crucial result whose proof is, in
fact, the main subject of this work and is postponed to Section [2|

Theorem 2 For T > 0 small enoughff|, there exists a constant Cy := Cr((A)) > 0
satisfying Cp — 0 when T — 0 such that for every m = 0, the solution U™ satisfies with

the notation of (1.3)):
IDU™ | + |D(D1U™) | < Cr. (1.8)

We also point out that, from the uniformity in m in the previous theorem, we could also
derive some regularizing properties for the system ((1.5)) through appropriate compactness
arguments.

Let now X and X’ be two solutions of (1.1). Using the representation (1.7)) to express
the difference of the bad drift in terms of the function U™ and its derivative, we write:
X, — X!
t
= U™, X;) —U™(t, X)) — f [DU™(s,X,)Bo(s,X,) — DU™(s,X.)Bo(s, X.)] dW,

0
t

| Rix) - R | + f Blo(s, X,) — o (s, X})] dW..
0
Take then the supremum in time of the square of the difference. Passing to the expec-

tation, a convexity inequality then leads to the following estimate:

E {sup X, — X;\Q}

t<T

< 5<E lsup u™(t, X,) — U™(t, X£)|2]

t<T

& [ 1008 () ~ DU B) 5. X0 o1,

B[ [ DU Bl + ) o0 ot X1 5] + 2171

1. By “small enough" we mean that there exists a time 7 > 0 depending on known parameters in (A)
s.t. for all T' < T the statement of the theorem holds.
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Note that thanks to the particular structure of B one has DU™B zi(DxlU:m, Odds---,044q)"
Hence, thanks to Theorem [2|and Gronwall’s lemma, there exists Cr := Cr(Cr,0,n,d,T)
satisfying Cr — 0 when 7" goes to 0 such that

E [sup X, — X;P] < CrE [sup X, — X;\Z] + 10[|R™()||%. (1.9)
t<T t<T

Letting m — +o0 and choosing T small enough so that C < 1/2, we deduce that strong
uniqueness holds on a sufficiently small time interval. Iterating this procedure in time
gives the result on Rt from usual Markov arguments involving the regular versions of
conditional expectations, see e.g. [SVT9].

1.4 Regularization properties of the underlying PDE (|1.5): strat-
egy of proof and primer

As mentioned above, the regularization properties of the PDE given by estimate
in Theorem [2| are the core of this work. Smoothing properties of linear partial dif-
ferential operators of second order with non-degenerate diffusion matrix have been widely
studied in the literature and, in that setting, the estimates of Theorem [2] are well known
(see e.g. the book of Friedman [Fri64] or of Bass [Bas97]). In our case, the story is rather
different since the diffusion matrix Ba of the system is totally degenerate in the directions
2 to n. However, as we already emphasized, the non-degeneracy condition assumed on the
family of Jacobians (Dxilei)ie[[Qﬁnﬂ allows the noise to propagate in the mentioned direc-
tions thanks to the drift. It can be viewed as a weak type Hormander condition. Under
such a condition, the operator L™ with mollified coefficients is said to be hypoellipticﬁ
and it is well known that hypoelliptic differential operators also have some smoothing
properties (see the seminal work of Hérmander [H6r67| or, for a probabilistic viewpoint,
the ouvrage of Stroock [Str08]). The tricky point in our weak Hérmander setting is that
the pointwise gradient estimates of Theorem [2 had, to the best of our knowledge,
not been established yet. Although such a setting has already been considered by several
authors (see e.g. Delarue and Menozzi [DM10] for density estimates, Menozzi [Menll],
[Menl8| and Priola [Pril5] for the martingale problem and also Bramanti, Cupini, Lan-
conelli and Priola [BCLP10|, [BCLP13]| for related L? estimates and Bramanti and Zhu
IBZ11] for the VMO framework). We can mention the work of Lorenzi [Lor05a] which gives
gradient estimates in the degenerate kinetic like case (n = 2 in our framework) when the
diffusion coefficient is sufficiently smooth and the drift linear. We point out that our main
estimate in Theorem [2| needs precisely to be uniform w.r.t. the mollification parameter
and therefore does not depend on the smoothness of F™, a™, but only on known param-
eters appearing in (A). Again, this is what would also allow to transfer those bounds to
equation from a suitable compactness argument, extending well known results for
non-degenerate diffusions with Holder coefficients to the current degenerate setting.

To prove this result our main strategy rests upon the parametriz approach see e.g. the
work of McKean and Singer [MS67] or the book of Friedman [Eri64]. Roughly speaking,

§. Pay attention that this is not the case for L whose coeflicients do not have the required smoothness
in (Tg) to compute the corresponding Lie brackets.
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it consists in a perturbation argument of the operator L™ which is expanded around a
good prozy, usually denoted by L™ (we keep here the super-scripts in m to emphasize
that the perturbative technique we perform will concern the system with mollified
coefficients). The terminology of good in our setting relies to the fact that the operator Lm
is the generator of the “closest” Gaussian approximation X™ of X™ which has generator
L™. In our case, such a process is well known and is the linearized (with respect to the
source of noise) version of whose coefficients are frozen along the curve (07,) 7]
that solves the deterministic counterpart of with mollified coefficients (i.e. with o™ =
0,4,4) namely, OZ = F™(s,07,). This process may be seen as a (non-linear) generalization
of the so-called Kolmogorov example [Kol34] and we refer the reader to the work of Delarue
and Menozzi [DM10] and Menozzi [MenlI] for more explanations. Having this proxy at
hand, the parametrix procedure consists in deriving the desired estimates for the proxy
and control the expansion error.

In [CARM17|, Chaudru de Raynal and Menozzi successfully used this approach in its
backward form to prove weak well posedness of under less restrictive assumptions
(the critical thresholds for the Hélder exponents being smaller as indicated above). In
that case, the curve along which the system is frozen for the proxy is the solution of
the backward deterministic counterpart of (L.1))). This backward approach is very suitable
when investigating the martingale problem associated with our main system since it allows
to control subtly the expansion error associating precisely the coefficients F; with their
corresponding differentiation operator D; and does not require any mollification of the
coefficients. Unfortunately, when trying to obtain estimates on the derivatives of the
solutions of the PDE, the backward approach is not appropriate since the corresponding
proxy does not provide an exact density and this fact does not allow to benefit from
cancellation techniques which are very helpful in this context (see paragraph below).

Hence, our parametrix approach will be of forwardm form as done in the work of
Chaudru de Raynal [CdR17|. This is, in fact, a non-trivial generalization of the approach
developed in the aforementioned paper where the strong well posedness of is ob-
tained when n = 2. Indeed, the strategy used in [CdR17| is not adapted to this general
case because of some subtle phenomena appearing only when n > 3. In particular, the
singularities appearing when considering the remainder term of the parametrix were in
[CdR17| equilibrated at hand through elementary cancellation arguments, whereas the
current approach takes advantage of the full-force duality results between Besov spaces
(see Sections and below). This forward perturbative approach has also been suc-
cessfully used in Chapter [6] to establish some weaker regularization properties of the PDE
through appropriate Schauder estimates.

Regularizing properties of the degenerate Ornstein-Uhlenbeck proxy

When exploiting such a forward parametrix approach, a good primer to understand
what could be, at best, expected, consists in investigating the regularization property of
the proxy operator L. To be as succinct as possible, let us consider the case where (L;):>¢

9. Meaning that the freezing curve 0 solves the corresponding ODE associated with (1.1)) in a forward
form.
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is the generator of a degenerate Ornstein-Uhlenbeck process (Xt)t>0 with dynamics:
dX, = A, X,dt + BdW,, (1.10)

where A, is the nd x nd matrix with sub-diagonal block a;;_1(¢) of size d x d and 044
elsewhere. In particular,

04q 04q
a271(t) Od,d Od,d
A, = 040 as2(t) Oga 0aa |. (1.11)
; 000 :
04,q o 04 Ann-1(t) Ogg

The entries (a;;—1(f))ief2,n) are uniformly in time non-degenerate elements of R¢ @ R?

(which expresses the weak Hormander condition). The corresponding generator L, writes
for all ¢ € CZ(R™, R):

Fapl) = (A, Dp(x)) + 3 A p(x).

In such a case, each component w;, 7 € [[1,n] of the solution U of the corresponding
system of PDEs

(2 + L)U(t,x) = F(t,x), (t,x) € [0,T) x R™, (1.12)
U(T,x) = 0,4, '
where F is a non-linear (non-mollified) source satisfying (Ts), writes
T
() = = [ ds | dyPi(s.v)pts x.y), (1.13)
t Rnd

Above, p stands for the transition density of the Gaussian process (XU)QZO with dynamics
(1.10). Using the resolvent associated with (A, )uefrq, i-€. OsRst = ARsy, Rey = Ligna,
the above equation can be explicitly integrated. Precisely, for a fixed starting point x at
time ¢:

X, =R, x + f R, BdW,. (1.14)
t

Hence, the covariance between given times ¢t < s writes I~(S7t = Sf RS,UBB*R;udu. From
(1.14), the density at time v = s and at the spatial point y therefore writes:

Pt y) = e (R (R v Rex—v) ) (115)

Note that the resolvent also appears in and in the density. Since the drift in ([1.10)
in unbounded, the term lfis,tx actually corresponds to the transport of the initial condition
x through the associated deterministic and linear differential system. It is well known,
see e.g. [DM10] and Section below, that the covariance Ks,t enjoys what we will call a
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good scaling property. Precisely, for a given T' > 0 there exists C' := C’((AU)UG[O,T], T ) >1
s.t. for all £ € R,

0_1(8 - t>_1|Ts—t€|2 < <I~<S,t£7£> < C(S - t)_1|Ts—t£|27 (116>

where for all © > 0, we denote by T, the intrinsic scale matrix:

ulyg Oqa -+ Oggq
T, = | O ®la Oa | (1.17)
O0ga -+ 0Ogq u'lgq

)

Importantly, the good scaling property stated in indicates that, for a given initial
time ¢ and for all 7 € [1, n], each R%valued component X? has typical fluctuations of order
(s — )i~z which corresponds to those of the (i — 1)™ iterated integrals of the Brownian
motion. Accordingly, we derive that the frozen density p also satisfies the bound

_ C .
p(t7 S, X, Y) < w exp <_C (S - t)’Ts t( st X — Y>’ > = CpCfl (ta S, X, Y)v
S — 2

where, up to a modification of the constants involved, SRM dypco-1(t, s,x,y) = 1. Similarly,
the derivatives of p will be bounded by a density of the form po-1 up to an additional
multiplicative contribution reflecting the time-singularities associated to the derivation
index. Precisely, for any multi-index a = (ay, - -+ , ;) € N”| there exists C,, s.t.

Ca
|Dep(t, s, x,y)] < PP 1)6Xp(—0 Hs — )| T (Rasx — Y)|>
S — i=1 Qil? 2

Cq
(S — t)ZZL:I ai(i_%)

ﬁC’l(ta87X7Y)' (118)

We refer to the proof of Proposition [2] for a complete version of this statement.

To prove estimate of Theorem [2| for the current system , it follows from
the specific structure of the matrix B that we have to estimate for any [ € [[1,n] the
quantities Dy, D} 0;(t,x), r € {0,1}. From (.18}, we thus have

| Dy, Dy, 1(t,%)| < J dsf Ay[Fi(s,y)|(s = )V P pon (ts,x,y). (1119)
R’I’L

We now face two problems: first the F; are unbounded, second the above time singularity
is, as is, not integrable. Let us consider the worst case i.e. when » = 1. To smoothen
the time singularity, the main idea consists in using the regularity of the source term
F; by exploiting precisely the fact that, once integrated through the variables y; to y,,
the transition density p does not depend on the variable x; anymore. This is due to the
structure of A in ((1.11)), which in particular yields that the resolvent (R&t)ogtgsg’f is
lower triangular. It is hence equal to 0 when we differentiate it w.r.t. x;: this is what will
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be called a cancellation (or centering) argument in the following. Precisely, denoting for
conciseness by 0 :(x) = R, x (which is coherent with the notation below when handling
non-linear flows), we write:

J dylrl—lFi(tv Yi, Y01, 0%971&()()7 e 70?7t(x))Dx1Dxl dYZ:nﬁ(ta S, X, Y) = 0.
R

(1-1)d R(n—(—1))d
When using this property, we obtain that
1D, D1, )

dS dy 3 Y) Fi<tay17"' uyl—laels,t<x>7"' 707;,15(}{))) Dxlezﬁ(tvs?Xay) :

Rnd

We thus obtain from (|1.18]):
| Dx, Dy, 0;(t, %)

f dsf dy|F S y tYIa aYZ—hOZS,t(X)y“' 702,t<x))|
]Rnd
—(1-1/2)— 1/2pc ((t,5,%,y).

Then, using the regularity assumed of F;, which satisfies (Tj3), we get that for some
constant C' (which possibly change from line to line)

[ D Dy 0i(t,%)| - < OJ dsf ddy2|yj—ei,t<x>lﬁf<s—t>—”—1/2>—1/2ﬁcfl<t,s,x,y>
]Rn

g=l
f o
Rnd

t) (1-1/2)— 1/2

J 1/2 (5 o t)ﬁj(]_l/z)

Po-i(t;s,%,y)

f de dyZ TR p (5, %, ),
Rnd

7=l

which is integrable only if for all j € [[I,n]], —(I—1/2)—1/2+5;(j —1/2) > -1 < [; >
((20—2)/(2j—1)). This condition actually holds if for any i € [1,n]], 8; > ((2i—2)/(2i—1))
which is exactly the infimum assumed in (Tg). As we can see, there is no hope to obtain
better thresholds with such a strategy. This is the reason why we said that these thresh-
olds are almost sharp for the approach used here.

Back to the perturbative analysis

Let us now briefly explain what happens when one wants to control the approximation
error in the forward parametrix expansion. Coming back to our general setting and denot-
ing by p™ the transition density of our proxy, we obtain from the first order parametrix
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expansion the following representation for each regularized component ul", i € [[1,n] of
our solution U™: for all (¢,x) € [0,7T] x R™

ar(t.x) = | s | a{=Frey @ - Iy s xy). 020)

Above there is an additional term in the right hand side, in comparison with , which
is precisely the approximation error due to the parametrix expansion. It thus appears
that the solution has an implicit representation which makes its derivatives themselves
appear. Hence, when differentiating the above representation to derive the estimate
in Theorem [2, we obtain bounds that depend themselves on the derivatives of the solution.
We then have to estimate each derivative appearing in the right hand side and use a
circular argument. Namely, when differentiating u}"(¢,x), we will obtain the required
estimate provided the multiplicative constants associated with the terms |Du;™|, and
|D1Du;™||s, that will appear in the corresponding upper-bound for the above right hand
side, are small enough (see also Section 2 of [CdR17| and Section [2.2| below for details).

Moreover, as we have already seen, in order to smoothen the time singularity ap-
pearing when we apply a cross differentiation operator in the {** and 1% direction to
the term StT ds (gna dy (LT — L™yu?(s,y)p™(t,s,x,y) corresponding to the approxima-
tion error, we will have to center this term around the derivatives of the solution itself
(in the sense given in the above discussion). This procedure allows us, thanks to Tay-
lor expansions, to weaken the singularities and provides integrable (in time) terms. The
dramatic point is that, when doing so, our bound involves the cross derivatives D,Du}",
¢ € [[1,n]] whose control in supremum norm is, as suggested by the discussion done in the
explicit case of a simple degenerate Ornstein-Uhlenbeck process, definitely out of reach.
In fact, as told by the results in [CdR17], the only thing we could hope is that the gra-
dient in the degenerate directions viewed as a function of the degenerate variables, i.e.
Do, ul(t,x1, ) := (Doul™(t,x1,-), -+, Dpul™(t, x4, -)) for any (¢,x1) € [0, T] xR, belongs
to an appropriate anisotropic Holder spaceﬂ_r] with regularity indexes strictly less than 1.
Such spaces can as well be viewed as particular cases of anisotropic Besov spaces with cor-
responding positive regularity indexes. Thus, the generalized derivative of Dy, ul™(t, Xy, )
should belong to some anisotropic Besov space of negative regularity indexes, strictly
bigger than —1.

Here is the main novelty of our approach: to tackle this problem, our main idea,
in order to balance the lack of differentiation property of the full gradient, consists
in putting precisely in duality the anisotropic Besov norm with negative exponent of
(Dng:nuzn(t, X1, )) tef2n]’ with the corresponding anisotropic Besov norm with positive
exponent of the remaining terms coming from the differentiation of , which in par-
ticular involve the coefficients of the operator L™ — L™ and contain the time singularities
coming from the derivatives of the frozen Gaussian kernel p*. To the best of our knowl-
edge, this approach is quite new in this parametrix setting and it appears to be very robust.
We refer to the proof of the main Theorem [2] in Section [2] for details and to Proposition
3.6 in the book of Lemarié-Rieusset [LR02| for duality results on Besov spaces.

We are thus led to control on the one hand the Besov norm with negative exponent of
the cross derivatives of the solution, see Lemma[d] and on the other hand the Besov norm

I In other words, the regularity index depends on the considered variable
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with positive exponent of the remaining terms in (1.20)) (involving the coefficients of the
operator L™ — L), see Lemma . The first control (Besov norm with negative exponent) is
crucial and appears to be quite delicate. Indeed, due to the implicit representation ,
this estimate also involves supremum norms of the full gradient Du]" and of the cross
derivatives themselves. This again reflects the circular nature of the arguments needed to
derive the result.

To conclude this discussion on Besov duality, let us mention that a similar strategy
has been implemented in Chapter [0] in order to derive sharp Schauder estimates for the
PDE (with possibly non-trivial final condition). Therein, since we were interested in
controlling the Hélder norm of the solution, the duality was anyhow used the other way
round: positive regularity indexes for the solution and negative ones for the remaining
terms of the perturbative expansion.

Let us close this discussion coming back to Remark [I As we emphasized, in compar-
ison with the non-degenerate result, Theorem [I] should hold assuming that the drift ¥,
belongs to a suitable L, — L, space w.r.t. time and the non-degenerate variable x;. We are
convinced that this is the case but we deliberately decide not to tackle this setting in order
to keep this work shorter and more coherent. Indeed, in this case, the difficulty comes from
the estimate on the second order derivative in the non-degenerate direction of the first
component of the solution U™, namely Dy, Dy, uj* (which is a part of the main estimate
(1.8) in Theorem . The point is to establish for this quantity an L, — L, control. This
cannot be derived from the previously described approach and requires harmonic analysis
techniques (see also [KR05]). The main problem to establish the estimate is mainly due to
the source term, which is actually F';. To prove it, the main idea consists in exploiting the
results of Menozzi [Menl8| (where such an estimate is proved under the assumption that
the drift is Lipschitz) through the tools developed in [CARMI17| (backward parametrix
approach for drift F whose first component may be in L, — L, and the other ones in
Holder spaces). Then, the Zvonkin Transform should also be tuned a little bit following
the strategy developed by Veretennikov (see e.g.[Ver80| and [FEPV17]). Such a program
would surely toughen our paper without adding any surprising result and we prefer to
focus on the novelty of the approach based on duality results for Besov spaces and the
generalization of the strong uniqueness result to the whole chain (i.e. to any arbitrary
n = 1) rather than drowning the reader into additional technical considerations.

2 Perturbation techniques for the PDE : proof of The-
orem

In order to keep the notations as clear as possible, we forget the superscript m standing
for the mollifying procedure and we suppose that the following assumptions hold:

Assumption (AM). We say that assumptions (AM) hold if the assumptions gath-
ered in (A) hold true and the coefficients F, a are infinitely differentiable functions with
bounded derivatives of all order for a and greater than 1 for the coefficient F.

In the whole section, we consider a fixed final time 7" > 0 which is meant to be small,
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i.e. T « 1. Let us consider for this section a generic PDE with generator corresponding to
and scalar source f having the same Holder regularity than the drift terms in
(i.e. the scalar function f below can be any of the entries of the R%valued (F;);eq1,n in
the dynamics ) Namely, we concentrate on

{(ﬁtu + L) (t,x) = —f(t, %), (t,x)€[0,T) x R™, 21)

u(T,x) =0,

where (L) is defined in and stands for the generator associated with when
the coefficients are smooth.

The key result to prove strong uniqueness for the SDE is actually the following
theorem from which one easily derive Theorem [2| for each component of the solution of
the systems and then the result in full generality.

Theorem 3 (Pointwise bounds for the derivatives of the PDE (2.1)) There exists
v:=7((A)) >0 and C := C((A)) >0 s.t.

|Dufe, + [D(Dyu) ] < CT7, (2.2)
with obvious extension of the definition in (1.3) to the current scalar case.

The proof of Theorem [3] is performed in Section through the forward parametrix
approach consisting in considering a suitable proxy semi-group around which the initial
solution of can be expanded. To this end we first investigate in Section [2.1] below
the linearized Gaussian process deriving from the dynamics in (1.1)) which will provide
the suitable model for the parametrix.

2.1 Gaussian proxy and associated controls
Linearization of the dynamics

Fix some freezing points (7,€) € [0,7] x R™. For fixed initial conditions (¢,x) €
[0,T] x R™ a natural linearization associated with the mollified version of ((1.1]) writes
dX( = [F(v,0,.(£)) + DF(v,0,.(&)(X —0,.,(€))]dv + Ba(v,0,,(€))dW,,
Vue [t s], XI™® = x, (2.3)
where _
0,.(&) =F(v,0,.(§)), vel0,T], 0-.(§) =§&, (2.4)

and DF(v,-) denotes the subdiagonal of the Jacobian matrix DF (v, -). Namely, for z €
R™:

044 044
DZlF2 (U, Z) Od,d Tt s Od,d
DF(U, Z) = Od,d Dz2 F3(U, Z2:n) Od,d Od,d :
: Od,d .
04,4 e 0440 D,, Fn(v,2,-1,2,) 0O4q
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From the non-degeneracy of ¢ and Hérmander like condition, the Gaussian process defined
by admits a density p(™¢)(t,s,x, ) which is suitably controlled (see Proposition
below and for instance [DMI0], [CARMI1T]).

We explicitly integrate to obtain for all v € [¢, s]:

Xm0 = RO (4, t)x + J TR0 (v, u) <F(u, 0..(¢)) — DF(u, 9%7(5))9%7(5))@
+ f” R(™¢) (v,u)Bo(u, 8, (€))dW,
= mz(:f) (x) + Jv R (v, u)Bo(u, 0,,-(§))dW,,
t

where (R (v, u))i<uw<s stands for the resolvent associated with the collection of partial
gradients in (DF(v, 0, -(§)))ve[t,s) Which satisfies for v € [t, s]:

0, R (v,) = DF(v,0,,,(€) R (v,1), RTI(t,1) = Lugsna. (2.5)

Note in particular that since the partial gradients are subdiagonal det(R(™)(v,t)) = 1.

Also, for v € [t,s], we recall that m (T )(x) stands for the mean of X{* and corre-
sponds as well to the solution of of ( . ) when o = 0 when the starting point is x. We
write:

X (8 — (Tg f R (v, u)Bo(u,0,.(€))dW,, v e [t,s]. (2.6)

Importantly, we pomt out that x e R m( g)( ) is affine w.r.t. the starting point x.
Precisely, for x, x’ € R

m{;¥ (x +x') = R79 (v, 0)x' + m{¥ (x). (27)

We first give in the next proposition a key estimates on the covariance matrix associ-
ated with (2.6) and its properties w.r.t. a suitable scaling of the system.

Proposition 1 (Good Scaling Properties of the Covariance Matrix) The covari-
ance matriz of X% in 2.0) writes:
Kgf) = J R (v, u)Ba(u, 0,.(€))B* R (v, u)*du.
t

Uniformly in (1,€) € [0,T] x R™ and s € [0,T], it satisfies a good scaling property in the
sense of Definition 3.2 in [DM10] (see also Proposition 3.4 of that reference) That is, for
all fized T' > 0, there exists Ggg = Cgg((A),T) =1 s.t. forall0 <t <v <s<T, forall

(1,€) € [0,T] x R™:
V¢ e R™, Ggh(v — 1) TGP < RUEC. O < Caslo — 1) TGPy (28)
where we again use the notation introduced in (1.17)) fpr the scaling matriz T, ;.

The proof of the above proposition readily follows from Proposition 3.3 and Lemma 3.6
in [DM10]. We now state some important density bounds for the linearized model.
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Proposition 2 (Density of the linearized dynamics) Under (A), we have that, for

all s € (t, T the random variable X§ ) i, 2.6) admits a Gaussian density 578 (t, s,x, )
which writes for all y € R™:

~(T 1 1 v T, T,
PO, 5,%,y) = 7o) exp( (KGO mG (x) - y), m{G" (x) —y>),
(2m) % det(K{3*)>2 2
(2.9)
with Kgf) as in Proposition . Also, there exists C := C((A),T) > 0 s.t. for all multi-
index a = (ay,--- ,a,) € N', |a| <3 and denoting by D := D3l --- Dg", we have:
C _ _ . 2
|D3p (t,s,X y)| < - ——— €Xp (—C’ l(s — t)’Ts,lt (mg,tﬁ) (x) — y)} )
(3 — t)zizl i (i—3)+ 55"
¢ (&)
— 2.1
(s — t)Zin i ple (bsx.y). (2.10)

Proof: Expression (2.9)) readily follows from ({2.5). The control (2.10) in then a direct

consequence of Proposition |1| for a = 0. Differentiating w.r.t. x recalling from ({2.7)) that

x — m! tg)( ) is affine yields:

Dy ™t 5,3,y) = —|[ROO(s,0)] (KE) (7 60) )| 57905, x,9). (211)

The point is now to use scaling arguments. We can first rewrite
[REO(s, 0] (R = (= [RO, )] TR T, (21

where K3 is the covariance matrix of the rescaled process ((s - t)zT Xifv(s t))UE[O,l]
at time 1. From the good-scaling property of Proposition [I} it is plain to derive that
K‘;’t is a non-degenerate bounded matrix, i.e. there exists C > 1 s.t. for all ¢ e R,

CHE? < (K¢, ¢) < C|¢2 A similar rescaling argument yields on the deterministic
system (2.5)) of the resolvent yields that R(™¢)(s, ) can also be written as:

[RE9(s,0)]" = T4 [REO(1,0)] T, ., (2.13)

where again ﬁ(T’E)’Svt(l, 0) is the resolvant at time 1 of the rescaled system T,_,[R() (¢ +
v(s—t),t)]*T. L, = ([ﬁ(“g)’s’t(v, O)]*>ve[0,1] associated with (2.5)). From the analysis per-
formed in Lemma 5.1 in [HMI16] (see also the proof of Proposition 3.7 in [DMI0]) one
derives that there exists Cy s.t. for all ¢ € R™, |[f{(T’5)’s’t(1,O)]*C] < Cy[¢|. BEquations

(2.11)), (2.12)) and (2.13) therefore yield:

| Dy, 579 (t, 5, %, y)|
<(s—t)77

<C(s — )73 (s — )2 |T, (¥ (%) — y) [P0 (1, 5, %, y).

% (I:ﬁ(ﬂ{)vs,t(17 0)] * (I@) -1 ((S — t)%T;3t<m§j—£€) (X) _ y))) p*(T,s

J

)(t7 87 X7 y)
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From the explicit expression (2.9)), Proposition |I| and the above equation, we eventually
derive:

Dy, 779 (L, 5,%,y)| <

=

o (D )

(- ) (x 2
T p (=€ = OIT MmO (%)~ y)P)

¢
Wp(c (t,s.xy).

up to a modification of C', which gives the statement for one partial derivative. The controls
on the higher order derivatives are obtained similarly (see e.g. the proof of Lemma 5.5 of
[DMI0] for the bounds on D2 p{m9(¢, s, x,y)). o

Now, let us specify a useful control involving the previous Gaussian kernel which will
be exploited in some cancellation techniques.

Proposition 3 For all ke [[1,n], 0 <t <s < T, (x,&) e R x R and M € R? the
following identity hold:

Dy p( (t,s,x,y <M y— m >dy (M, 1), 15= (1,---,1) e R (2.14)
Rnd

Proof: From Proposition , we have §,., P79 (t,5,x,y)(y — mgt’g) (x))rdy = 04. Dif-
ferentiating this expression w.r.t. x; and using the Leibniz formula (recalling as well the

identity (2.7) which yields Dy, [m, m'; 5)( Mk = R (s,8))er = Lya) gives ([2.14). o

Associated inhomogeneous semi-group

Fix t € [0,T], £ € R™. With the notations of the previous paragraph, we introduce
the following inhomogeneous semi-group associated with (2.3) for 7 = ¢. Namely, for all
€ (t,T], g € Bin(R™ R) (space of measurable functions with linear growth), x € R"¢:

Pfg(x) = fRnd dyp®(t, s,%,y)g9(y). (2.15)

From now on, we will write with a slight abuse of notation p¢(t, s,x,y) := p¥)(t, s,x,y),
i.e. we omit the freezing parameter in time when it corresponds to the considered starting
time. One can derive from Proposition [2| the following important regularization result.

Lemma 1 (Regularization effects for the inhomogeneous semi-group) Let 0 <
v < 1. There ezists C := C((A)) such that for all € € {0,1}, 1 € [1,n], k€ [[1,n], x €
Rnd:

D4, D P4, (| (- =m0 (), [ ) (0)llemx < Cs = )50 00=0. (2.16)

Let f be a 5-Hélder continuous functions where B := (S, , Bn) € (0,1]" is a multi-
index and for i € [1,n], 5; stands for the Holder reqularity of f in the variable x;. The
following result then holds.
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- There exists C := C((A)) s.t. for all £ € {0,1}, L € [1,n], x € R™:

3

192, D P (1) = 96 e < € Do a5 = 5045073, )

L |f(z1:5—1,2"21:54+1)— [ (Z1:5—1,2,21:541)]
where [f;(s, )]s, = SUD, 4 21eR, (21,5 1254 10m )R (-1 j J|zfz’\ﬁj j i stands for

the Hélder continuity modulus of order 3; of f in its j™ variable.
- Centering arguments. For all l € [[1,n],k <, it holds that:

D P, (£()) () = D P4, (£0) = Fler1, 057(€)) ) (). (2.18)

- As particular cases of the previous items, we have that there exists C := C((A)) s.t. for
all L€ [[1,n]?, x € R™:

n -
’DxlelPstf ||£ x X CZ 5J g — t) 1+5;(j 2)’ (219)
7=l
’Dxlps tf H£ < CZ /53 s — Zf) (- )+ﬁj(j,%)'
7=l

Proof: Let us first mention that identities and are direct consequences of
Proposition

Centering arguments like (2.18)) will be a crucial tool in the analysis below. To justify
such an identity, write:

DXL Pss,t <f(’12k‘—17 95,?(5))) (X) = Dxl dYﬁg (t7 $, X, Y)f(YLk—b 05,?(6))

Rnd

Dxl d}’1:l—1f(}’1,k—1, 0’;?(5)) J 4 dyl:nﬁé(t7 S, X, Y)
Rn

Rnd

Now, the structure of the linearized dynamics yields that the variable x; only appears
in (R"8(s,t)x);, from its [ to its n d-dimensional block. Therefore, setting e.g. ¥, =
Vi — (f{(t’s)(s,t)x)lm, the integrated quantity §g,., dy..p¢(t, s,%,y) does not depend on
x; anymore. This gives the statement .

Let us now prove . The idea is to use first a centering argument w.r.t. to the
variables [ to n. Namely,

D Dy, [P (5,)] ()
D D [ P, ((5,) = F(510-1,655(€)) ) | ()]

< O(s—t) v lpf,t (Z[fj(s, g (- = 05,t(£))j!ﬂj)] (%),

j=l

where for a function g € By, (R¢, R) we denote,

Phot) = | ayilSitsxyiot) = | dyifed(tsxy)o).
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where pé )(t 8,X,+) 1= ﬁg 1 (t,s,%,) is the density appearing in Proposition [2 I** That

is, Pft can somehow be viewed as the pseudo semi-group associated with the density pé’g)
appearing in Proposition I The dependence in C' in Pﬁt is then omitted for notational
simplicity.

In the current regularized setting, it is plain to observe that taking & = x, mgt,;x) (x) =
0, +(x). Therefore, from ([2.10):

Do D [ PEf(s5,)] ()]

N
Q
1=
—
Sh
W
=
<
)
w
JCY v
'\\‘v
\./
_@
C:
»
N
=

E=x ey R (S
; (5 =m0l
< C )]s | d t
Dol ||y s )
< O f(s, )]s, (s =)0
=1
The control for | Dy, P* (X)), ¢y 15 derived similarly. D

We state in the lemma below a useful control to obtain through Lemmal/[I]some smooth-
ing effects for the degenerate part of the operator. The statement readily follow from (T').

Lemma 2 From the smoothness assumption on the drift coefficient in (Tpz), there exists

C:=C((A)) s.t. forall L€ [2,n], k = ¢, and for all (s,x,&) € [0,T] x (R")2:

](Fm Yin 1, 057(€) = Fuls, 0,4(€)) — Dy, \Fiuls, 0,4(6)) (v — 0.4(6)),.,)

<0{Z{ [(F2)s (5, )3, |5 = Ol }+ (D Fodea (5, Dyl = Buax))eal 7},

2.2 Control of the sensitivities: proof of Theorem

To prove Theorem [3], the idea is to expand the solution of the PDE with regularized
coefficients around a suitable proxy, as explained in Section [1.4, The proxy used here
is the Gaussian process introduced in Section for a suitable freezing parameter £ to
be specified later on. Then, the Duhamel formula (or first order parametrix expansion)
yields:

s+, we again use from now on the same notational simplification as for p“8)(t,s,x,-) := p&(t, s, x, ),
i.e. we omit the time superscript when it corresponds to the first argument of the density.
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qu>=\fP@ﬂaﬂ&MMJjﬁiﬁh—ﬁwﬂaﬂ@>
- [ [P 0t [ [ 00 Biste. Dt )]
+£TF§<§ﬂﬂﬂ&)—da%ﬂﬂﬂﬁwaﬂ)]@WS

+£ [~s€7t<z<(Fl(8’) _Fi<3705,t(€))

Dy, Fi(5,054(8))(- = 0:4(£))i-1), Diu(s, ')>> ] (x)ds, (2.20)

for any & in R".

To establish we need to differentiate the above expression w.r.t. (X;)ef1,, and
then w.r.t. x; and (Xl)le[[l,n]] in order to obtain estimates depending only on known pa-
rameters in (A). Differentiating first this expression w.r.t. x;,[ € [[1,n] we obtain:

Dy, u(t,x)

T

_ f Dy, [ﬁgtf(s,-)] (x)ds +£ Dy, [ﬁf,t ((Ls - Eﬁ)u) (s, -)] (x)ds
= { JPT Dy, Pftf(s, )] (x)ds
| Da [P (s (5,) = Fuls, 0.4(9))), Diuls, ) | (x)ds

e Dy, :Pgt <%Tr [(a(s, ) - a(s,es,t(ﬁ)))D%u(s, )D} (x)ds}

Jit

+{fjmlﬂ(2< (s, 0.,/(€))

—Dy,  Fi(5,05:(&))(- — 054(€))i-1), Dius, )>>] (X)ds}

T T
=: f dsHE(s,%) + f dsI®(s,x). (2.21)
t t

The term H f(s,x) gathers all the derivatives of the solution w.r.t. the non-degenerate
variables whereas [, f(s, x) precisely gathers the derivatives w.r.t. the degenerate ones. We
will now start from the representation (2.21f) which we will again differentiate w.r.t. the
non-degenerate variable x; in order to prove the estimates of Theorem [3| concerning the
second order derivatives which are the trickiest ones. Indeed, as it has been succinctly
explained in Section when differentiating the kernel associated with the frozen semi-
group defined by we generate an a priori not integrable time singularity which
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then needs to be smoothen by using, among others, tools developed in Lemma 1| (center-
ing or cancellation arguments). The worst case then corresponds to the higher order of
differentiation, namely Dy, (Dxlu(t, x)) which, as suggested by Proposition |2 generates a
time singularity of order 1/2 + (I — 1/2) in the time integrand of the r.h.s. of (2.21). We
then only concentrate on this term and omit the proof of the statement concerning the
boundedness of the gradient Dy, u(t,x) which could be shown more directly.

The proof will be divided into two parts: we first handle the non-degenerate part of
the operator (i.e. the estimate for Dy, H;(s,x)) and then the degenerate part (i.e. the
estimate for Dy, I;(s,x)) which is a bit more involved.

Finally, before entering into the proof, we introduce some notations to ease the reading.
We point out that the contributions Hf, If do depend on the freezing variable &. We
omit this dependence for notational convenience when, as default £ coincides with the
spatial argument x of the term. We write in this case HE(s,X)|e—x =: Hi(s,x) (resp.
I5(s5,X)|e—x =: I)(s,x)). The freezing parameter explicitly appears when a more careful
choice is needed (see Section . Accordingly with the definition in , we will also
use, with a slight abuse of notation recalling from that the j* variable appears with
Holder regularity 3; up to the level j of the chain, the notation

[(F15)i(s, )]s, := max [(F);(s, )]s, (2.22)

iel[1,7]

Source term and non-degenerate part of the operator: estimates for Dy, H;(s, x).
We first focus on the source term and the derivatives w.r.t. the non-degenerate variable
x; in (2.20) (three first terms in the r.h.s denoted from now on accordingly with
by Hii1(s,x), Hi2(s,x), H 3(s,%)).

For all [ € [[1,n]], one readily derives from Lemma [1| (centering argument from the
variables [ to n) that for the source term:

n

D Hia(s5,%)] i= | Do D [Pﬁtf(s,-)](x)” < CY[f;(s, )]s, (s — )G,

£=x j=l
(2.23)
Those terms are integrable in time as soon as
1 . 2] — 2

These thresholds are precisely those appearing in assumption (Tjz) and which lead to
strong uniqueness for the associated SDE. Through our perturbative approach we will
actually show that they are also precisely those leading to Theorem [3]

Similarly, from (2.20)), (2.21]), for the drift associated with the non-degenerate part,
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we first rewrite from the centering properties of Lemma

Dy, Hyo(s,x)| = ‘Dxlel[ L ((Fy(s,) — Fy(s est(g)),Dlu(s,-»)](x)ds( .
DDy [P (CF) = Falosaa-0, 0500, Drts. )| )|
| Do Dy [ P (B (51101, 857(6)) = Fi (5. 0.4(6)
(Duafse) = Druts. v, O3] 09|
Thanks to Lemmal [I} this again gives h
Dy (s, )| < c(imlu\w B (s, s (s — 1) 50D (225)

n -1
+ 25 2 D1 Dsulo[(F)acs ,->]gk<s—t>”ﬁk<’“5”“)),

j=l k=1

leading precisely to the same integrability thresholds of equation and assumption
(Tp) (as for the source term). The idea behind this control is crucial. We first handle, with
the sole Holder properties of drift and the supremum norm of Dqu, the variables which
are at a good smoothing scale w.r.t. the induced singularity. For the remaining term,
which exhibits for the drift non-sufficient smoothing effects, we then additionally exploit
a cancellation argument involving the gradient of the solution itself, which consequently
makes the cross derivatives appear.
Eventually, we get for the diffusive part:

|DX1HZ73(S’ X)|

= a5 (1Lt~ ot 020060 D 1) | 00

E=x

= [ [25 (eIt~ atosnas 030€0) PRt 1) | 6

DD | 25 (3 00510001,05508) o 0.,00) D2t ] ) | 0

= ’DleLgl(S,X)‘ + |Dlel,32(S,X>| . (226)

The term Dy, H;31(s,x) is already centered at the appropriate scales, i.e. from variables
[ to n. We thus readily derive, similarly to the previous computations thanks to Lemma
and recalling that a is Lipschitz continuous, that:

| D Hii (s:%)] < C|Diulo[als, )1 Y (s = 1) < C||DYulla(s, )li(s — )72,

g=l

D=

(2.27)
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which does not give a critical contribution w.r.t. the previously exhibited thresholds in
(2.24) and (Tp). For the contribution |Dy, H32(s,Xx)| we use, in the same spirit as for
| Dx, H; 2(s,%)]|, a centering argument and an integration by parts to obtain:

| Dy, Hy 32(s, %)

szDxl [P (;Tl“[( ( )y "1il=1, 013,?(5)) - CL(S, es,t(g)))

x(D2u(s, ) — DRu(s, 10-1,0(€)] ) | )

£=x

Dy ,q<2 | o (7 (e sx.) (035,710,052 = 0,5, 0.4(6)) ).

)

£=x

(Dlu(S, y) — Diu(s, y1-1, 02?(5)))>) ‘

where y; = (yi,--,y9), 03, denotes the derivative w.r.t. to the §™ scalar entry of the
non-degenerate variable y; and a;. denotes the j™ row of the diffusion matrix a. We
therefore derive from Lemma (1| and the smoothness of a (by the Rademacher theorem, a
is differentiable almost everywhere):

d x
|Dx, Hi 30(s,x)| < C’|DD1U(S,‘)|ocf e yt>lpc (t,8,%,y)

o [(y — 05.4(§))1:-1] e B
( (5 — 1) +1>[ (8, il(y — O5.(€))in]

< C|DDyu(s,)|w(s — t)2. (2.28)

With the notations of (2.21)), plugging ([2.27] into and together with (| -

(2.23]), we eventually derlve that there ex1sts 5 = 5((A)) > 0

T
f dsDy. Hy(s,x)| < CT*(|Dyul, + [DDyull,). (2.29)
t

Degenerate part of the operator: estimates for Dy, [;(s,x). These are the most
delicate terms to handle. Restarting from ([2.21)), we first write for all [ € [[2,n]:

| Dy Li(s, %))

= Dxlel [Ps&,t<2 <(Fi(37 ) - Fi($7 08,t(€)) - Di—lFi(S> 05,t(€))( 05 t(S))Z—1)>

Dats ) |0
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which readily yields that
| Dsey 1i(s, %)

< DD [P 35 (5. = Fils.8.4(€) ~ DR (5, 0.,(€)( — Bus(€))),

Jpana| <Z 51, 0(E)),
Do, '>>)]<x>

£=x

+‘DX,D,Q [pﬁ(ﬁ 5,101, 051 (€)) — Fi(0,4(8))

D Py (5.00, () — 0.4(€))i), Diuls, ~>>) ] (%)
£=x

=: |Dx,I14(s,X)| + |Dx, L2,(3,%)| + | Dx, I3,(s,%x)|. (2.30)

We emphasize that the integrands Dy, I1,(s,x) and Dy, I,;(s,x) are already designed to
smoothen the time singularities generated by the cross differentiation of the inhomoge-
neous semi-group w.r.t. the variables x; and x;. Indeed, on the one hand

| Dy, 11 (5,%)|

= ‘Dxlel [Pss,t( Z <(F1(S7 ) - Fi(s’ es,t(s)) - Dxi—lFi<S7 05,t(£))( - es,t(€>>i—l)7

i=l+1

Diu(s,))) | )

£=x
Hence, Lemmas [1] and 2] yield:
’Dxlll,l(sax)’ (231)
<C||Diprntlloo Y {[(Dsy_ Fy)joaly(s—) OO L[(F 1.0 5], (s— 1) A0V

j=1+1

where Dj,q1.,u = (Dl+1u, e ,Dnu) using as well the notation of for the last in-
equality. Observe that the most singular terms in the previous bounds are those associated
with the exponents —I + ;(j — 1/2). It turns out that they are indeed integrable under
assumption (Tps) giving again precisely the appropriate thresholds.

On the other hand, Lemma [I] also yields
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| Dy, Ini(s,%)| = ‘Dxlel [pgt (Z (Fi(s,) — Fi(s, 141, 0.7()), Dyu(s, )>>] (x)

=2

E=x

n

< Ol Dia—rullao Y [(Fra)s(s,)]g, (s — )01, (2.32)

j=l

and those terms are again integrable as soon as the thresholds of (T3) hold.

It hence remains to control the terms in Dy, I3;. These terms are the tricky ones since
they are, a priori, not designed to smoothen the time singularities generated by the cross
differentiation. Observe indeed that, if one tries to reproduce the above calculations, we
obtain from Lemma [I] that

| Dy L 15, %))

P, ( S (5. 101, 8(8)) — F(8,,(6))

=2

Dy, Dy,

— D 1Fi(s,054(€))(- — 054(§))i-1), Dius, >>) ] (x)

£=x
< Cl| D] |oo(s — 1)
l

x <Z[(F2¢j)j(57 Vg, (s — 1)U2% 1 [(D; 1 F;);1(5,)]n(s — t)“*")(f*%)),

j=2

< ClDsulln(s = )7 (s = )37 + (s = )i0+7),

up to a modification of C' and for T" small enough. This leads, as soon as [ > 2, to a time
singularity which is not integrable. Indeed, $(1 +7) < 1 (recall that 7 is meant to be
small). To overcome this problem, the idea consists in writing, thanks to Lemma ,

| Dy I 15, %)

#)x Dy| st(2< 11,07 (6) = Fi(5,0,0(6)) = DiaFi(s,0.4(8)) (-=0.4(8)), ),

(Dsu(s,) = Dyuls, 1a-1,055(€)))) | ()

(2.33)

E=x

and to take advantage of the additional smoothing effect from the solution of the regular-
ized PDE itself through the above contribution D;u(s, -) — Dyu(s, 141, 0" 1(&)), 1€ [12,1].
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To do so we write, by expanding the gradients in (2.33|) with the Taylor formula,
| D, 134(s, %))

- |DxlellP§t<;l]< s, 11-1,051(€)) — Fi(s,0,4(€))
D FAOuL () ~0,.(6),.),
3 [[ D D511, 085(6) Mo — OED) ~ s ) ) |09

Il n

S0 [ v [ 5 ({ (Bl 1-1. 052160 - B, 0.006)
1=2 k=l

— Dxi,le(Sa 03,t<€))( : _03,t<£))i,1>7

DyDiu(s, 141, 052(8) + A — 7€) (- es,t<s>>k>)} ). (2.31)

for any [ € [|2,n]. The above expansion hence allows to obtain the additional contribu-
tion (- — 054(£))), which, thanks to Lemma [} is precisely designed to smoothen the time
singularity coming from the cross differentiation over the variables x; and x; of the semi-
group (notice indeed that k& > [). Namely, introducing now for all i € [[2,(],k € [[I,n]],
(Y11, Yie1m) € ROV (3 x) € [0, T] x R™:

W Ly R W ) -

Dxl Z)XJ5£ (t7 S, X, y) & ((Fl(yl:lfla 92,?(5)) - Fl'(HS,t (5))

- DR OO - 0.€),.,))((— 0.s(€))° |, (2.35)

where the subscript (1,1) in \I/(S(lyll)l pyirtn) (%) g here to indicate the differentiation

w.r.t. Dy, Dy, acting on the frozen density (we will also use for the analysis the nota-
tion \Ifgfl’f”’l’y"“:")’(t’x) which indicates that the sole derivation w.r.t. x; has to be taken
into consideration, see Sectionbelow). Pay attention that the above function is (R%)®%-
valued.

We can expect a time smoothing effect for \IJ(S(”)Zkl Vst () of order (s—t) "2 H0-2)Bi
(s —1)"2+(=D=2)041) where the exponent —3 derives from the derivation Dy,. This fact
can be easily deduced from Lemma [l| and the previous computations when £ = x. With

these notations at hand, it thus remains to control

\DxJ:u(S x)|

<ZZ f d)‘Jm b d(Y1:i-1,Yit1n) (2.36)

1=2 k=l

x f dyz{(\lf WY 9y ) L Dy Dy uls, yiar, 055(6) + My — 02?:(5)))} ,
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where “ : 7 stands for the double tensor contraction, in terms of known parameters in (A).
Unfortunately, as suggested by the computations in , the control in supremum norm
of (D;Dyu)1<i<k<n is definitely out of reach. Recall indeed that in this equation (which
corresponds to the case i = 1) the thresholds are sharp in order to retrieve an integrable

singularity (see (2.24))).

Roughly speaking, what we can expect is that for fixed (yi.;_1,Yit1m) € R™®™D? the
partial application y; — Dyu'(s,y:) := Dy, u(s,y),y := (Y1i-1,¥i,Yit1n) 1S as smooth
as the Green kernel involving the source f in the indicated equation, i.e. GEf (s y) =
SS vaﬁsf( ,¥). The specific Hélder modulus of of y; — Dy, G f(s,y;) := DykG f(s,y

—(1-B)(k=3) .
1ZU=Pe)(bmg)

can be derived from Lemma (1| and we obtain that any of satisfying o < — is
2

attainable. Our guess is hence that the same property should hold for y; — Dy, u'(s,y:).

Keeping in mind this objective, the next step consists in exploiting a Besov duality

result on the variable y; recalling that C’ak( dR) = Bak (R, R), where from now on the
notation Bs = stands for a Besov space with associated indexes D, q, s (see Triebel [Tri83]
and Appendix I 5| below). The indexes p, ¢ denote the integrability parameters and s the
smoothness one. However instead of focusing on the Holder modulus, we will concentrate
on ||D;Dyu’(s, )HBak . (space of the derivatives of Holder functions). This specific choice

allows to naturally deal with the cancellation techniques which require to change the
freezing points depending on the current regime of the underlying frozen heat-kernel (see
the proof of Lemma 4| in Section E below). We also carefully mention that the quantity
| D; Dy (s, )HBak , is equivalent to || Dyu’(s ,-)||Ba§ (see Proposition .

A classical fact is that Bgf;l and Bl1 Ia? can be put in duality, see e.g. Proposition
3.6 in Lemarié-Rieusset (JLR02]). Indeed, with the notations therein By, O; is the dual of
B;af = B;af where Bll’za? denotes the closure of the Schwartz class S in Bl,l o (see
also Theorem 4.1.3 in Adams Hedberg [AH96] for the density of S in Blllaf). Exploiting
this fact, we then derive from and the multi-linearity of the tensors involved that:

1— a

i,(1,1),k

‘ |:\IJ(S7y1:i717yi+1;n),(t,x) ( :| )

p — DiDgu(s, ¥ 141, 05(€) + A(yin — 05(€)))

lﬂ1}
BOOOO

I n
S CZZJ d(ylz layl-i-ln H|: (S yl lklyH—l ) (tX)():| 1—ak (237)
i=2 =] YR~ D By,
x[ sup DkaU(Sazlzi—h '7Zi+1:n) k lﬂigl—l
z;,5€l[1,n],j#i Byl

DiDyu(s, Z1:i-1, eit(é) +A( = ei,t(é))a Zit1n)

+ sup
zj,j€[[1,n],j#%,A€[0,1]

Lzt | ¢
ak-1 i=l
By w
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Observe now that, for any A € [0, 1] and the norm equivalence of Proposition , we have:

k_q

HDz‘DkU(S, Z1:i1,05,(€) + A(- = 05,()), Ziv1n)

< OW%Mam%h%A9+Ac—%Aexmﬂm

)
ok
By oo

< CHDku(Sa Zy:5—1, Zi+1:n)

exploiting the scaling and shift invariance properties of the Hélder modulus. Using again
the norm equivalence of Proposition [ we eventually derive:

ak—1
By

Wu%wamﬂh%A©+Ac—%gaxmﬂm

(2.38)

akfl.
By

2
< C HDz‘DkU(S,Zu1,';Zz‘+1:n)

In other words, the dilations-translations of the variable y;, that appear when ¢ = [ in
(2.37)), do not affect the regularity estimate. We therefore obtain:

| Dy I3.1(s, x)|

I n
(5 Yi:i—1,Yi+1: n) (t X)
Z;L(n Ay yio) {H [\PZ(“ ()]

ok 1}
Bw(}o

To conclude this proof we now need the following results whose proofs are postponed
to the next subsection:

X sup Dkau(S7Z1:iflv '7Zi+1:n)

z;,j€[1,n]],j#1

Lemma 3 Letle [[2,n], i€ [[2,1] and k€ [I,n] and let U} ¥ 400 R RY pe
1-(1

the function defined by (2.35)). There exist C := C((A)) > 0, af := S _.ﬁki(k_ ).
2

o[

21— 1 11—
%k =y = % +n(i — %) > % such that

H l ls(lyll ii—1,Yi+1m),(ts X)(,)]

where, with the notations of Proposition [,

3 N
k < C(S - t)_2+%kQC\i(t7 S, X, (y1:i—17 yi+1:n))7

1—af

i
Bl,l

ch\i(ty §, X, (yl:i—h Yi+1:n>) = f . ﬁ?(tv S, X, Y)de = H -/\/’c(s—t)Qj*1 ((es,t (X) - Y)j)a
R

(2.40)
denoting as well for a > 0, z € R%, by No(z) = o 1)4 exp (— %) the standard Gaussian
ma)?2

density of R with covariance matriz alyy. In the above control ¢ = C1.
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Lemma 4 Let u be the solution of (2.1).
There exists C 1= C((A)) > 0 such that for all i < k € [2,n]* and of = 2 <

2i—1
1-(1- )(k**)

i—3

sup
Y ,jE[[l,TL]] 7]7é2

C(IDuleo + D Dyuo0). (2.41)

DkaU<S, Yii-1s Y¢+1:n)

<

ak—l

Bool,oo
Remark 2 (About Lemmas |3| and There are some specific points to be emphasized
about the indicated lemmas: We point out that the parameters vF, of actually do not
depend on the index k. We keep the notations to remember that they are associated with
the Hélder reqularity of Dy, u w.r.t. to its i™ variable which we choose to investigate in the
corresponding negative Besov space for technical reasons. We also emphasize that the norm

Dy, Dy, u(5,¥1:i-1, ", Yit1m)| s actually equivalent to

k2
By

Dqu(‘S? Yii—1,7, y¢+1:n)

ak
By oo

ak .. .
which corresponds to the usual Holder norm on Cy* (see Pmposztzon below). This can
be seen again as a specific feature appearing when dealing with strong uniqueness through
the Zvonkin approach. The reqularity is associated with a variable independently of the

level in the chain (|1.1)).

We can then deduce, using Lemma [3] and Lemma [ that

| Dx, I3,(s,%)| <

||M~

> (s =) (HDuHOO + HDDWHOO>, (2.42)
2 k=l

which are integrable terms since fyf > 1. With the notations of ([2.21)), (2.30)), we eventually
derive from ((2.42)), (2.32), (2.31) that there exists 7 := v((A)) > 0 such that:

T
J dsDy, I (s,x)
¢

< CT'Y(HDUHOO + HDDluHOO). (2.43)

Conclusion. Bringing together (2.43) and (2.29)) yields for all [ € [[1,n] and all (¢,x) €
[0,T]:

| Dy, Dy, u(t,x)| < C(T7 + T°) <||Du\|oo + HDDluHOO). (2.44)
It is clear that the previous analysis can be reproduced without differentiating w.r.t. xy,

leading to improved singularity exponents (see also the proof of Lemma {4] which somehow
exactly explicit these computations). We therefore get:

Dyu(t,x)| < C(T7" + T%)(|Dul, + [DDyul ), (2.45)

for some positive exponents v/, (with 7/ > v, §' > 5).

Taking the time-space supremum in the L.h.s of and (2.45)), recalling as well

that T is meant to be small, i.e. s.t. 4CT°"7 < %, we derlve

IDu|o + [DDyu|, < 2C(T7 + T°).

This concludes the proof. O
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3 Estimates in Besov norm

This section is dedicated to the proofs of the main technical results needed to obtain
Theorem 3] Namely, we prove the Besov estimates of Lemmas [3] and [4

3.1 Proof of Lemma [3l

We will here exploit the thermic characterization of Besov spaces (see Chapter 2.6.4
in [Tri83]) which is also recalled in Appendix [
From (j5.1)), we are thus led to estimate, for any [ € [2,n]], i € [[2,1— 1] and k € [[I,n]:

d/U 27 s, i i n X
f o1t 10T * ! (yl) 1Yit1:m)s(t, )(')||L1(Rd,R)~
o VU

We split the time integral in the above equation into two parts writing:

(s—t)Pik o1 ( D
f dvaH&UhU*\I/Z p o) [

1
+ J( Qoo™ 0,1, + 0 TRl O] TEVRS (3.1)

s—t)Piok B0

Lower[\lf(s(’fll)l t¥istin),(Ex ] + Upper [‘Ifgf(’gfjle’ym:n)’(t’x)];
for a parameter p; , > 0 to be specified. The term Upper corresponding to the upper-part
of the integral w.r.t. v does not involve singularities. We will use this fact to calibrate the
associated parameter p;; in order to match the integrability constraint

5,¥1:i—1,Yi4+1:n),({,X O
Upper[\IlZ(’(’z’llj’klyﬂ. ),(t )] < —(S EP: : Gevi(t, 8, %, (Y1:i-1, Yit1m))

where ¢.; has been defined in and v¥ > 1/2 in order to obtain a time integrable
singularity. For this term, we will only use crude upper-bounds on the derivatives of
the heat-kernel and the coefficients satisfying (Tjs). On the other hand, the contribution
Lower in (3.1) precisely contains the singularities w.r.t. v. It is therefore crucial to use
there suitable cancellation tools. The point will then be to prove that the associated
estimates are compatible with the upper-bound in equation (3.2)).

We now write:

Upper [\I}(S(,lyi;i;l,Yz‘+1:n),(t,x)]

1 -1
B f Ao 8,y x WETEE )]
(

s—t)Pik b )

1 a,’f—l
= J dvv~ 7 J dz‘ Ouhy (2 — )\IJ(S(’lyll)l/,cl’yz+l b 03 (3 dy|.
( Rd Rd

s—t)Pisk

Recall from the definition in (2.35)) that \I/ 0 f)zkl’y’“”) ) (y) is (RY)®4-valued. To pro-

ceed with the computations we assume w.l. o. g. for the rest of the proof that d = 1 to avoid
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tensor notations for simplicity. Writing explicitly the function \I’(S(ly N Vit (03 (4 Jeads
to:

Upper [‘I'( (’Zfif?’y”l:n):@x)]

1 ak—l
2
< J dvv™ 2 f dz
(s—t)Pik Rd

(s 3101, 041(€)) = Fils,0.4(8)) — D Fils: 0,(6) (v — 054(8)) ] \dyi

Ld Ovho(z — i) (Dxlelz’jﬁ(t, $,X,y) [ ((054(€) —y)i)

E=x

From Lemma [2] and Proposition [2 we derive there exists a C':= C((A),T) > 0 such that
introducing 4.(¢, s,x,y) = pX(t,s,x,y),c = C %

Upper [‘I’f(i‘,/fii?’y”lm%(t:x)]

1 ) A
Yi) de(t,s,%,y)
< C dvv =7 dz 0,.(x)—
J(s—t)pik J]Rd JRd (s —t)I-2)+z [B0a(x) = ¥l
-1
X { Z {|(05,t(x) - Y)j|ﬂj} + [(0s,(x) — Y)i—1|1+77}
=i
1 .
< CJ dov J dzf )q(t,s,x,ly)
(s—t)Pirk Ré  JRd (s —1t)2
-1
. {Z(S AU o (g )0 3/2)}
=i
1 3 o
< C(jc\z(t7 S, X, (y1:i—17 Yi-‘rl:n)) J‘ dUU_EJrTZ(S - t)_1/2
(s—t)Pisk
-1
y {Z(S AU (g )0 3/2)}
=i

oo

< Céc\z(tv S, X, (yl:i—l; yi+1:n))<8 - t)[ 2 T]m k2 ((S - t>ﬁl(27l/2) + (8 - t)(1+77)( 3/2))

recalling that the lower bound of §;(j — 1/2) is increasing for the last inequality (recall

indeed that we assumed that 3; € (;; f, 1]) We now want to choose the threshold p;

in order to match the integrability condition in (3.2). This amounts to write:

1 1 of
R

5 5 2]m— (@(2—1/2) (1+77)(i—3/2)>.

Since this condition should hold for any §; € (0,1)
is small (see (H,)) we have 3;(i —1/2) A (1 + n)(z —3/2) = (1 +n)(i — 3/2). The above

condition rewrites:

1 1 aF 1
=4 = [+ Ppis — (1 | —3/2).
5t =5+ ok — 5+ + 1)1 = 3/2)
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Our global integrability constraint associated with the i*" variable in the ™ derivative
writes:

1 & 1 af 1 .
—1—54—% = [——+7]pi,k_§+(1+n>(2_3/2) > —1, (32)

which gives

(1+n)(2i—3)+1

k

(3.3)

Pik <

It therefore remains to check that such a choice is compatible with the time integral
part for v € [0, (s — ¢)?**] in the thermic characterisation of the Besov norm. We point
out that for this term it is absolutely essential to get rid of the exponent v=! coming
from the upper-bound of the thermic heat-kernel, i.e. d,h,(z — y;). In order to get an in-
tegrable singularity in v, we need to decrease the crude upper-bound on 0,h,(z — y;).

This is done through cancellation techniques exploiting the smoothness properties of
\11(87)’1:1'—17)’i+1:n),(t,x)
i,(1,1),k :

To investigate Lower [\Ifz(s(ly f;f;l’y”lj”)’(t’x)] let us first recall from the definition in ([2.35))
that for all k € [[I,n]:

VR

= DXlelﬁﬁ(t’ S, X, Y) l(y - OS,t(g))k (Fi(ylrlfla 0%9,?(5)) - Fl(HS,t(ﬁ))

DR 0. - 0.46),.,) | (3.4)

Let us now specify the dependence w.r.t. y; of the previous expression in function of
the considered indexes i € [1,{],l € [2,n],k € [[I,n]. This will be useful to develop
corresponding adapted cancellation arguments.

Observe first that the dependence in y; appears in forany i € [1,1],l € [2,n],k €
[7,n] through the term Dy, ,p%(t,s,X,y).

For the term into brackets we distinguish two cases. If + <[ — 1, and then k > i, the
only bracket term containing y; is the one associated with F;. If now ¢ = [ < k, for the
contribution i = [ = k, the only term into brackets in (3.4)) that will also depend on y;
is (y — 6.:(&)); and the cancellation arguments need to be slightly modified. Eventually,
when ¢ = [ < k, there will be no dependence on y; for the terms into brackets.

e First case i <l <k (ie[[1,l -1, l€[2,n],k € [,n]).
With the notations of (3.1)), we write:

Lower [qé%}”f);l 7Yi+1:n)7(tvx):|

(s—t)Pi:k of1
= J dvvz‘zf dz|f dy;Ophey(z — ¥3)
Rd Rd

0

$,¥1:i—1,¥i+1:n),(6X $,¥1:i—1,Yi+1:n),(E,X
R O R tri t O)]

(s—t)Pik ok
::f MELM<WWWW+%%WMWwwwm
0
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where:

T .2) .

a f Ol (2 — i) (DxlelﬁE(t, $,X,y)
Rd

| = 00D (Fuls. y1-1, 07() = Fuls, i1, 2, ¥irna-, 054(8) ) |y
with a slight abuse of notation when ¢ =1 — 1 and

g(s );111) k1 Yit1n),(t:%) (U, Z) (3.7)
= fvhv(z — }’z) [Dxl Dxlﬁ€<t7 §, X, y) - Dx1 szﬁg (t7 $,X,¥Y1:4-1, %, Yi+1:n)] [(y - 05,15(6))’“
R

<Fi(5; Yii-1,%, Yitr1:-1, 92?(5)) _Fz’(57 Os,t(f)) —Dzele‘(S; Gs,t(é))(y_gs,t(é))ifo ] dy;.

Write now from ({3.7), Proposition [2| and Lemma [2| (recalling as well that we took & = x
for the current analysis):

’g(s }l’ll's kl sYi+1: n) (t X) (,U Z) ‘

hcv — i ctSX % 7Z+)\ y Yit+ln
<0 [ aylelmy) [ dlbexdin s My Dyl g, )y, - -
R 0

(s — t)i=2)F(=3)+3
< ([Fils, yram1 2 Vv 1,055(x)) = Fils, 054(x)) = Di i Fi(s, 8,0(x))(y — 0,4(x))i 1)

)
) 1
<CJ dyihcv(z 1_ Y1) J d)\qc(t 5,X,¥V1:4-1: 7 + >\1(Yz1 )7yz+1 n)
Rd vz 0 (s —t)i=2)+2

-1

B 3 (s — )0V 4 (5 — )00 3/2)}7

j=i+1

X {!Z = (05,4(x))s

where for the second inequality, we used that for k =1 > i, |(y — 0,.(x))i|(s — 1)~ "2 <
((y — 0,:(x))x|(s — t)~*"1/2 which can be absorbed by the k' variables of g,.
Writing now for any A € [0, 1],

2 = 05(0)il < Az = yil + [2 + AMyi = 2) = (05:(x))il,

we thus derive

|y 5y11 1y1+1n)(tx)(

2,,(1,1) k U72)|

hcv Z—Yi ! N
< CJ d%@ J d)\qC(t; $, X, Y1:i—1, 2 + )‘(Yi - 2), Yi+1:n)
Rd V2 0

y <U%(S ) D5 ¢ (5 — )~ D-3HAG-L2)
n Z s — )" E=D=3BG-12) | (5 g)=m D=3 3/2))

Jj=i+1
1

) JRd dyihen (2 — y2) Noo_pys (2 + A(Ys — 2) — (B54(x)),)

xv~3 (v%(s ) (s — t)*("*%)*%+(1+’7)(i*3/2)>, (3.8)

< C(jc\z (ta 5, X,¥Y1:i-1, y¢+1:n) J
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CHAPTER 7. STRONG UNIQUENESS

recalling for the last inequality that for all j in [[¢,! — 1], 5,(j — %)
is supposed to be a small parameter.
Consider now 77,

>j—1>z'—%andn

h —V; t,
|9 Syu IYZ+1n) (tx)(U,Z)|<C cv(z YZ) (QC( j X Y)
<CJ heo(z = ¥i) Ge(t, 8,X,y)

VE (s —1)2

1| _Yz

1y = 0s4(x))rldy:

R4 v

dy;. (3.9)

From (3.8) and (3.9) we derive, with the notation introduced in ([2.40)):

||a h * \Ij(s y1)7, 1,Yi+1: n) HLl(RdJR)

71+Bi 1
. 1 v 2 V72
< ch\i<t7sax7 (Y1:117yz‘+1m)){ P ); +< + )
2

V=3 (s —t (s —t)F (s —t)y—0+mG=3/2)

X Ll dA fRd dz fRd dyiheo (2 — yi)Nes—nzi-1(z + A(yi — 2) — (es,t(x))i>}

—1+8; 1
R 1 V2 V2
< C’qc\i(t,S,K (Y1:i—1>Yi+1:n))< 1_Bi + >

-
VI E (s —p)r (5=t (s — )=

using the change of variable (wy,ws) = (2 — yi, 2 + A(yi — 2) — (054(x));) for the last
inequality.

For p; x chosen as in (3.3) one gets from the definition in (3.1):

Lower [\Ifz(s(lyll);l 7Yi+1:n),(t,x)]

o
2

_\Pik
(s—t) dv
—U
v

< Choilt, 8,%, (Y1:-1, Yit1:n)) J

0

Bi
o 1 N v2 N 1
v s —t)h (=0T (s —t)m(mGE32)

= OqAC\’L(t7 §,X, <y1:i—17 Yi-ﬁ-lin))Bl,Pi,k (ta S)'

It therefore remains to prove that, if By, , (¢,5) < (s — )12+ for v > 0 then:

1 1
“logtassle= iy (3.10)
Write
Blvpik(t7 S) < dv I —|— - _|_ . —
| 0 (s—1)2 (s — t) (s —t)270~2)
ok s 4 |
< C((S B B S PRV t)pi,k%fgm(zfg))‘

(3.11)
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Let us check condition (3.10]) is satisfied. Actually, the first two terms in (3.11]) yield

negligible contributions. Recall indeed from the statement of the lemma that the pa-
rameter of must be chosen so that of < -Bk-g) aF. Since p, e (Z=2 1],

1——2 2k—1"
- 2—(1—B)(2k—1 3—2k+(2k—2
ais _ 2-(-B)( ) > ( ) _ 22'1 . Thus,

2i—1 2i—1
1+7
k 4
- 3.12
al 22 _ 17 ( )
is an admissible choice (recall indeed that we chose 1 < inf o, n]]{ B — 1} in assumption
(H,)). It gives in particular that of + 3; > H;@—g) =

ki g—1 1 1
MM__>__

2 2 2

which already provides a regularizing term in time for the first term in the r.h.s. of (3.11)).
Now from (3.3)), pix < M =: p; k. The previous choice for ozf gives

2i—2+n(2i—3) 2 — 2 + (2 — 3)

Pik= 2i—1—(1+7) - <2i o 1) 2% —92_1 > (Zi - 1)7
2i-1 1
and
Pige =21 —1 (3.13)
is an admissible choice. We therefore get for the exponent of the second term in ([3.11)):
ak + p; 1 ul 1
i > i (1 4 — 2> > ——.
Pik——g— " 2<p”“( T Y 2

Eventually, for the exponent of the third contribution in (3.11]), for the previous choice
of pir = 2i — 1, we get
af 3 .3 1, . 1+7 3 3 n

3
b A — ) =2(2i—1 — i —2) =14~ +pi—2) > —13.14

which means that criterion ([3.10|) is indeed satisfied, even though if this last contribution
is rather critical in order to obtain the required smoothing effect with v¥ = 1/2+n(i—3/2).
This concludes the proof of Lemma [3| for the indexes i € [[1,1 — 1].

e Second case i = [ < k. Let us begin with the case i = [ < k for which the only
contribution in y; in (3.4) appears through Dy, Dy.p(t, s,x,y). Hence, for such indexes,

i,(3,1),k 2,i,(%,1),

(s—t)Pisk ok 1
Lower[kllgs’.yl”’l’y"“:”)’(t’x)] =f0 dvv~2 J dz| F7 l’y”ln) (tx))(v,z)’,

where:

(S,}’m‘—l yyi+1:n)7(t7x)
2,i,(i,1),k (v, Z)

= ffilYiavhv(Z_Yi) [DX1DX1 (t7 S, X, Y) DX1DX¢]5€(757 $,X,¥1:4-15 %, Yi+1:n)] [(Y_OS,t(E))k
R

< (Fu(s. Y101, 051 (€) ~Fi(5. 04(€)) ~ Dir Fi(5. 0.4(€)(y — 0.1(8))i ) | \ (3.15)
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The previous analysis for this term can be reproduced adapting the computations leading

o (3.8)). Precisely,

|9 SY11 13’1+1n)(tx)(v Z)|

hcv Z = Ct,S,X G— ’Z—l—)\ ,Vitlm
R 0

v (s —t)li=2)F (lf%)%
’l-i-T]

<[ = 001

gcf dyéwf d/\%(t 8, %, V11,2 + AMYi — 2), Yit1n) (s — t)(1+n)(i_3/2)'
R vz 0 (s —t)(i—2)+3

This contribution has already been analyzed and yields the expected integrable singularity
in time.

Let us now focus on the remaining case ¢ = [ = k, for which we write:

(S 7— K3 n) (t,X)
L [\Ilz zyll) ) e ]
(s—t)Pisi r
= J dvv E dz| [ dyiOh,(z —yi)
0 JR4 R4

S 2 2 n tX S, ¥1:i—1,Y4 m)y t,X
@&%;y“><%ww4%ﬁm”“><kan

(S th’L r
= J dvv 2 dz

JRA

R4
[Dxlelp t 5, X y) (y 03 t(é))z - Dxleiﬁg(t7 S5, X, ¥1:4i-1, %7, yi+1:n)(z — 05,1‘(6))1]

(Fis. y1-1, 07(6) ~Fi(5,0,.4(€)) = DicaFi(s5, 0.,4(€)) (¥ — 0,(€))i-1)

[e=]

(S tp”L’L i1
J oo™z Ldz\(y“jm) Ly (29 gy b0 () ), (3.16)

where 7, (f ’; D Yit1n),(h )(v, z) is obtained from (3.15) taking k = i and

(S,}’m‘—l 7yi+1:n)7(t7x)
Tl (v,2)

:zfddyiavhv(z )(Dxlel (t,8,%X,¥1:-1, 2, Yit1n) (3.17)
R

km—zmmwyulﬁﬁen—mwﬁm@»—&1E@ﬁm@»w—om@mlﬂy
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Write first:
T, 2)
hcv Z2—Yi ! (jc t?‘gaxayl:iflvyi"i')\ Z2=Yi),Yi+1n
<o ayleCY) [0 A Y0 Vi) iy g, )y - |
R4 v 0 (8 _t)(z 2)+(’L 2)+2

14+n

X ‘(y - es,t(x))i—l‘

hcv Z—Yi ! A
< CJ . d}@% J d)\QC(t7 $X,¥V14-1,Y: + )‘<yz - Z)v yi-i—l:n)
R (0 0
XUYr+A@“—YD—(9aKf»J*‘AV“YJ)@__wa—bu+m‘
(S _ t)227§

We thus derive:

) —1yY1i : 7t7x
| (8,¥1:i—1,¥i+1:n),( )(’U,Z)|

2,i,(4,1),2
hcv 2y ! ~
< J‘ dYZ ( 1 Y ) J quC(t7 S$X¥V1i-1,Yq + A(Yz - Z)7 Yi—i-l:n)
R4 V2 0

1 v -0+
4+ )(s )=

1
Z—Yi A
y Y ) J d)\qC(t7 $,X,¥1:i-1,Y: + )\(Yz - Z)7 y¢+1:n>

1
2 0
1 .
3 + — _ )
(s = t)i_n(z”) (s — t)z—§+§—n(z—§)
Finally,
(a=t)"%t af-1 (s,¥1:4 i+1:n),(t,%)
J d'U'UT J dZ|(<%7i”(};11”)*17yZ+1:n (s |
0 R

¢
i

3

a

v

(s—t)Pisi

[V

< Cls— t)igm(if%)q}\i(ta 8, %X, Y1:i-1, Yit1m) J dv (07”% +

0

_ i—3Y4+ 1 A N STIPV N
< C(S - t) Ll 2)+QQC\i(t> 5, X, Y141, yi+1:n) < C(S - t) 2+7zQC\i(t> 5, X, Y141, y’i+1:n)7

recalling for the last inequality that, since from (3.12) and (3.13)), a! = (1 + n/4)/(2i —
), pii=2i— 1, alp;;i/2 =1/2+1n/8, p;;i/2 =i —1/2. We also refer to for similar
computations.

On the other hand, we readily get, similarly to the previous contributions from Lemmas

[l and 2}

[Tty e v, 2)]
(z

(Y

1
2

< Cf dyz hcv
Rd

< C(S - t)_%—i_n(i_%)v_% f dyzhcv(z - YZ)(_?C(t7 5,X,¥1:4-1,%7, yi+1:n)-
R
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Similarly to the contributions appearing in (3.5)) this bound needs to be integrated w.r.t.
v e [0, (s —t)P]. One gets:

s—t)Piri i
J( ) d'l)l)ai?lf dZ|(g(&?yy'l:i—l7yi+1:n)7(tvx)|
0 Rd 3,i,(7,1)

. (s—t)’it ol
< C(S - t>7%+n(lig)(jc\i (ta $,X,¥Y1:i-1, yiJrl:n) J;) dvvipr?
< C(s— t)_%ﬂ(i_%H%pi’idc\i(t» 8,X, Y1i—1, Yit1m)

B i
< C(S - t) 2% QC\Z<ta 8§, X,¥Y1:i-1, Yi-l-l!n)?
reproducing the previous computations done on %(f’zlig_l’yi+1:")’(t’x) (v, Z) for the last in-
equality.
3.2 Proof of Lemma [4]

We now tackle the Besov estimate of the cross derivative of the solution of (1.5)). Fix
te[0,T] and (X1:-1,Xi+1:n) € R4 From the thermic characterization of Besov spaces
recalled in equation ([5.1f), we actually have to control:

| Di Dyu(t, x1-1, Xi+1,n)HBaf—1 (3.18)
0,00 l_af
= |@(D)D;Dyu(t, X1:i-1, s Xit1:n)|loo + sup v~ 2 sup |hy, * D Dyu(t, X141, -, Xiv1m) (2)].

ve[0,1] z€R4

For the proof we focus on the second contribution in the above definition. The first
one could be handled similarly and more directly@
Using representation (2.20) we first write with the notations of (2.21)):

|hy * D Diu(t, X141, -, Xit1n) (2)] (3.19)

= J dxihv(z - Xi)Dxliku(taXl:i—laxi7xi+1:n)
Rd

= J dXliihv(Z - Xi) ® (kau(ta X1i—1 Xiy Xi+1:n) - kau(t7 X1:5—15 R Xi+1:n)> '7
Rd

integrating by parts and using a usual cancellation argument in the above equality.

To handle the above expression we are led to consider separately the time integration
interval corresponding to the diagonal and the off-diagonal regime for the considered
running time. We hence introduce the time set S; = {s e [t,T] : (s —1) < co|x; — 2|7~}
for a constant ¢y to be specified later on and meant to be small. The time set S; corresponds
to the off-diagonal regime (i.e. the distance between the i'* spatial is larger than the it
characteristic time scale).

1. We could also observe from Proposition {4| that this term could also be directly bounded from the
supremum norm of the gradient.
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The complementary set S¢ = {s € [t,T] : (s —t) > co|x; — 2|/%*~D} corresponds to
the diagonal one (i.e. the distance between the i’ spatial variable is smaller than the "
characteristic time.

Then, we need to expand suitably the terms in with our perturbative ap-
proach. To this end, we proceed as in Chapter [6] Namely, we will expand the term
Dy, u(t, X141, X4, Xi41.n) With taking € = x, whereas we will expand differently the
contribution Dy, u(t,X1.i—1, 2, Xi+1.n), depending on the considered regime (off-diagonal
or diagonal) for the current running time. Setting x' = (X311, 2, X;11.n), this term will
indeed be expand as in (2.21]) around the freezing point € = x’ in the off-diagonal regime
and around é/ = x in the diagonal one. Denoting by to = ¢+ co|x; — 2|%**~1) the transition
time between the two regimes, we hence write (see also Section [2[in Chapter @:

u(t,x’) = Gtot (t, ) + GTtgf( ,)
+Pto,tu<t0> Xl) - Pt%,tu(th/)

T
" J ds J dy (HSStoﬁs/(ta S, XI? Y) (LS - Ls)
¢ Rnd

oo (15,5, )Ly = L) Ju(s, ), (3:20)
where we denoted for all &' € R™%:
VO<ov<r<T, éf;vf(t,x') = J dsJ dyp® (t, s,x',y)f(s,y). (3.21)
v Rnd

Differentiating ([3.19) w.r.t. x; and setting then & = x/, El = X, we rewrite:
hv * Dxliku(t> X1:5—15 s XiJrl:n)(Z) = (hv * Dxliku(t7 X1:—15 " Xi+1:n)<z))

S;
+ (hv * Dy, Dy u(t, X141, -, Xi+1:n)(2)) se + (hv * Dy, Dy u(t,x1.-1, -, XiH:n)(z)) |los:
(3.22)
where, thanks to - and then ( :
h *x Dy kau(t X115 ,len)(z)) Si
J dsfd dx; D, h,( 1){ [H,f(s,x) — H,fl(s,x’)] + [I,f(s,x) — I,f/(s,x’)] },
) (3.23)
corresponds to the difference of the previous expansions on the off-diagonal regime,
(hv * Dy, Dy u(t, X141, -, XiHm)(z)) s (3.24)

J dsf dx; D h,(z — XZ){ [Hlf(s,x) — Hg(s,x’)] + [Ilf(s,x) — [El(s,xl)] },
; R?
is the contribution of the diagonal regime and
(hv * Dxliku(ta X1:—15 " XiJrl:n)(Z)) |5S¢
= J dx; D h,(z — Xi){ka]B,f):tu(to, x') — ka]%%:tu(to,xl)}, (3.25)
Rd

is the resulting boundary term. This last term, arising from the change of freezing point,
is particularly delicate to analyze.
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Off-diagonal estimates: control of (3.23). On the time set S;, we cannot expect some
regularization from the difference of the transition densities so that we bluntly estimate

the terms appearing in (3.23), writing:
‘hv * Dxliku(ta X1:i—15 " Xi-‘rl:n)(z)‘

i

JRd dx;D.h,(z — x;)( J:s ds [H,f(s, x) — HE (s, X')]

o[ as[ige0 - £ ]|

(ﬁ,g’):(x,x’)

hcv — A4 !
< f dXzMJ ds(‘HIS(SaX)“ T |HIS (saxl)
R4 V2 S; E=x

g=x

glle> . (3.26)

Those terms can then be handled following the previous analysis performed in Theorem
and Lemma [3 observing here that, w.r.t. the previous proofs, the above terms are
not differentiated w.r.t. x;. This improves the exponents of the time singularities of 1/2.
Similarly to (2.23)), (2.25)), (2.27) and this therefore yields for the terms H (s, x):

+\],§(s, X)Hsz + }],f,(s, x')

‘H,f(s,x)‘ < O (s — )™ 4 |DDyul..). (3.27)

E=x

with 1 >6F > 1/2.
Reproducing the arguments that led to equations (2.31)), (2.32)), (2.39) and the state-
ment of Lemma [3 exploiting again that there is now no differentiation w.r.t. x; we get

with the notations of ([2.35))

(s, %)]

< C(s — )% (|Dulso + sup [ DDy (s, )| xs).
5€[0,T B

00,00

£=x

. Hence, from (3.27) and

g'=x
e—w>

Similar bounds hold for ‘H,fl(s,x/ )

f ds (lH,f(s,x)‘
Si ¢

(t+co\xifz|%)/\T .
< C(J ds(((s—t)‘”‘si
t

(s — 1)

and ‘[,fl(s,x’)

¢'=x
(3-29).

+ ’H,f,(s,x’)

+ ‘I,f(s,x)‘
/:X/

+ ’I,fl(s, x')
=X

13 £

Du|y + HDDluHOO)

Duls + sup (Do Do) (5] ot 1)

g-

5€[0,T] 00,00
25%
< (i = 277 A (T = ) (IDuls + [DDyule)
2’y£€
+x; = 27T A (T = 1) (|Dulls + sup [[(Dx,Dx,u),(5,)] a;.v_l)>
5€[0,T7] By
< O —zafT&(HDun + |DDyul o + sup |y (Dxliku)i(E,-)HBa?_l), (3.28)
s5€|0,T 00,00
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for some ¢' := ¢'((A)) > 0, denoting by

sup H (szkau)l( )H af—l = sup HDxlikui(Ea 71, '7Zi+1,n)” a!f—l?
5€[0,T] By 5€[0,T),z;, je[[1,n],j#i By
(3.29)

and recalling for the last inequality that v¥ = 1/2 + n(i — 3/2) so that 2¢%/(2i — 1) =
[1+2n(i —3/2)]/(2i — 1) > (1 +n/4)/(2i — 1) = aF (see also the statements of Lemmas
and 4)) and similarly for the contributions involving §¥ > 1/2. We eventually get from

and (320):

’hv * Dxliku(tv X1—1s s Xi+1:n)(z)|

i

/ hcv — &g
<CT? (HDUHOO + |DD;ull + sup | (Dxliku) (5,9 a/_c_l) J dxiwb —x; of
5€[0,T7] ¢ By’ Rd V2
af—l
<CT® (HDUHOO + [DDyulp + sup || (Dx, Dy, u) (5, -)HBQL1>UT. (3.30)
5€[0,T] o000

Diagonal estimates: control of the term (3.24). We are now going to handle the
term ([3.24) which correspond to the r.h.s. of (3.19) on Sf. In that case the points x;
and x| are close w.r.t. the characteristic time scale of the ! variable and the main idea

consists in controlling the difference between the frozen densities at & = é/ = x with

starting points x and x’ respectively. Precisely, recalling that x and x’ only differ in the
i*h component, we can write:

1
kaﬁg(ta S, X, Y) - kaﬁg(ta S, Xla Y) = - J dADXz <kaﬁ€<tv 5, X+ )‘<X, - X)v Y)) : (X/ - X)i'
0
(3.31)
From Lemma [1] we thus derive:
Cl(x' — x)i
(s — )2 +(k—3

Dy 5t 5,%,y) — D3 (t, 5, %, y)| < J DN (1,5, %+ MK — %), y).

(3.32)
Now, from the definition of pc-: in Proposition [2] recalling as well from (2.7) that x —

mg’t(x) is affine, we get:

|ﬁ271 (ta S, X + /\(X/ - X)7 Y)|

< esp(els — OIT (mE (x + A~ %) —)P)
(s —1t)>
ﬁ explefs — /TS (x = X)) expl(—5 (s — T (m, () — y) ).

Using the rescaling arguments of the proof of Proposition [2[ on the resolvent (see
equation (2.13)), we then get (s — t)z|TS tmst(x —X)| < C(s — t)2|T Y (x — )| =
C(s — )2 (x' — x);| < C, from the very definition of S¢. Hence,

R , C c _
|pgfl(t787x+ A(X _X)vy)‘ < ( t)nQd eXp(_é(S_t”Ts}t(mg,t(X) _y)|2)7
S — 2

327



CHAPTER 7. STRONG UNIQUENESS

so that, from (3.32)) and recalling that on 8¢, |(x' —x);|/(s —t < C(|(X' — x):|/(s — t))af,
the following important control holds:

Ic

Cl(x' —x
l L = 1)pc Wt s, xy). (3.33)

(s — )=+
Write now from ([3.24]), recalling that é, =€,
|hv * Dxliku<ta X15—1s " Xi+1:n>(z)‘

|kaﬁ€(t787xa y) - kaﬁg(tﬂ valay)| <

c
K3

L Dz ) J s |15, — Hf(s.x)] + J

ds [Ilf(s,x) — [,f(s,x’)] > ,
(3.34)

and let us discuss how the terms HS(s,x) — H5(s,x’), I5(s,x) — I%(s,x') in the above
equation can be handled.

We first focus on the term I (s,x) — I5(s,x’) in (8.34). This contribution, associated
with the degenerate components of perturbed operator, is again the most delicate to
handle. From the definitions in (2.30)) we are led to control the sum 2221[]2k(3ax) —
ng(s,x’)]. For the terms Ifk(s,x) - Ifk(s,x’), Ig’k(s,x) — Ig’k(s,x’) we are going to
reproduce the analysis leading to (2.31]), (2.32). Observe first that the above terms do not
involve Dy, , therefore we gain a singularity of order 1/2 w.r.t. to the indicated equations
, . On the other hand, the difference of the derivatives of the frozen densities
w.r.t. x; can be handled with . This leads to:

ZZZJT 2d3<[§k(s,x)—[2k(s,xl))i

/=1 t4co|(x/—x)| 211

n T
< O)(x' = x)i[*" [Dul,, Y j ds(s — )¢ DD (5 = )H078) o (5 10D,
j=k vt

c
k3

changing the summation variables from (2.31]) for notational simplicity.
From the very definition of af = (1+n/4)/(2i —1) in Lemma 3|and the specific choice
of n in assumption (A) (see (H,)) we derive

iJT , ds([ék(s,x) —[Ek(s,x'))

121 Jtreol (/=) 5T

< O|(x' — x);|* 0,  (3.35)

for some 6 > 0.

From the previous analysis it is therefore sufficient to focus on the tricky term, namely
I5 (s, x) introduced in (2.30). We begin the proof considering first I3 (s, x). Exploiting
as well Lemma || I for a centering argument w.r.t. the k' variable, we write:

I§k< )_I§k<s x')

:Z (Fz S, Yi:k— 170k (f)) Fé(S Hst(é)) - D€71F€<8703,t(€))(y - es,t(f))g,l)

1—2 Rnd

( 8 y (5;}’1:k71;0§;?(£))> (kaﬁg(t757xvy) - kaﬁg(tusaxluy>)'
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Let us reproduce now the arguments used in Section [2.2[to handle I § . (see e.g. the compu-
tations from equation ([2.33)) to (2.34])). Expanding with the Taylor formula the difference

(Dyeu(s,y) — Dy, u(s, y1:6-1, 95;?(5))), using the Schwarz theorem to exchange the or-

der of differentiations@, we obtain with the notations of ([2.35)) (see also the comments
following this equation):

I§,k(sv X) - [35,14:(57 X/)

- zn] Zklfd)\fwddy

m=k {=2

|:<Fé(87 Yik-1, 05;(5)) - Fg(S, os,t(g)) - DE—IFZ(S> as,t(é)) (y - Hs,t(s))g_l>

f (Do (15,3, ¥) — D (L5, %) (3 — es,t<s>>m]

DWDYmu(S’ Yik—-1, 05;?(6) + Ay — es,t(g))k:n)

n k 1
$,¥1:4-1, :n),(6,X $,¥1:4—1, ), (X
= Z ZJ d)\f ddy [qjé,k};f 1LY e41:n)( )(YE) o qjé,k},’;f 1Y e41:m)s( )(YZ):|
0 R™

m=k {=2
DYéDymu(s7 Yik—1, 05,?(6) + )\(y - Os,t(s))k:n)-
Thus, we derive similarly to (2.39)):

n k
|I§,k(5’x) - ]g,k(S,x’)| < Z Z JR( o d(Y1:0-1,Yes1:m) (3.36)

m=k {=2

l,k,m l,k,m

1—af?
1,1

anl ’
Boc;oo

where SRM,W d(y1.0-1,¥esr1.n) means that we integrate over yq.,_1 and yyy1.,. To conclude,
we need the following appropriate version of Lemma |3| to handle the Besov norm with
negative exponent in the above r.h.s. Its proof is postponed to the next section.

{H\Ij(87}’1;z—1,§'z+1;n)7(tax)(_) o \Ij(87}’1;z—1,W+1:n)7(tax')(_)‘

X sup
Z; 7j€[[1,7’b]] 7j 75[

DgDmU(S, Z1y—1,", ZEJrl:n)

Lemma 5 Let k€ [2,n], £ € [[2,k] and m € [k, n] and let ‘Iféf(’,i’fizf;nl’y‘z+1:")’(t’x) :RY — R4

be the function defined by (2.35). There exist C := C((A)) > 0 and " := 7 ((A)) :=
1/2+n(l —3/2) > 1/2 such that

(8,¥1:0=1,Ye+1:n),(t,X) (5,¥1:0-1,Ye+1:m),(t,X)
i () - wh ()

1—all?
B [4
1,1

~ —1—(i—1)ak m
< CQC\€<t7 S, X, (Y1:£717 YEJrl:n))(S - t) 1=(-3) erW |(X — Xl)i
with (jc\f(ta $, X, (Y1;271, yZ+1:n)) as in " .

11. Recall indeed that what we are able to control is precisely the Holder moduli of the derivatives
Dy, u(s,-) w.r.t. variables £ < m .

k
@;
b
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Again, for the specific choice of af = (1+1n/4)/(2i — 1) performed in the proof of Lemma
Bl we eventually derive from Lemma [5| and (3.36), with the notation of (3.29), that:

| st = (5.

n k T

< C Z Z sup [ (DeDpu) (s, -] 1+a2nf ds(s — ¢)" 1=t ) | (x — x), |
m—k é=2 5€[0.7] Boee = e

< CT s [(DeDt) 5] s — X, (3.37)

me[[k,n],Le[[1,k],s€[0,T]

for some § := 31/8 > 0. Combining this estimate together with (3.35]) we eventually derive

L; ds [I,f(s,x) — I,f(s,x’)] ‘

< T°C|(x —x)i|™ <|DU|oo + sup [ (DeDynu) (s, ')\Baz"—1> (3.38)
me(k,n],le[1,k],s€[0,T] 0,00
Now, the term HS(s,x)—HS(s,x') in (non-degenerate variables) can be handled
reproducing the same previous arguments for I,f(s,x) — I,f(s,x’ ), exploiting and
following the computations performed for Hy in the proof of Theorem 3| (see e.g. )
From the definition of S we obtain:

LT ) ds(H,f(s,x) — H,f(s,x’))‘

+eo|(x!—x)4] 21
af(
af(

for some § > 0 recalling that 0% > 1/2 for the last inequality. The arguments needed to
control this term are actually those already exploited in [CdR17| when n = 2.

Gathering equations (3.38]) and ((3.39)), we finally derive with the notations of (3.34):

N

C|l(x' —x);

T
‘DDx1U/HOO + HDuHOO) J dS(S _ t)*lfaf(i—%)Jr(;f
t

A

C|(x" = x)i|* (DD, o + Do) T°, (3.39)

‘h'v * Dxliku(tv X1—1s " Xi-‘rl:n)(z)’

s
hcv — Aq

< CT(SJ dxi@ki—z\af

Rd V2

«(IDDguls + Do+ sup[[(DeDyat) (5,7} o2 )
2<t<m<n,se[0,T] 0,90

affl

< CT%v™: (HDDMUHMHDUHM sup \|(Depmu)e(s,->\\3aggl).

2<l<m<n,se(0,T]

(3.40)
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Discontinuity term associated with the regime time change: control of the
term (3.25). Here, we aim at handling

(hv * Dxliku<t7 X1:—15 " Xi+1:n)(2)) ‘651'

= J;Rd dXiDzhv(Z — Xi){kapt%tu(tO; X/) — kapfo,tu(to, X/)},

which we will actually handle like the off-diagonal components. Recall here that the tran-
sition time ty = t 4 co|(x — x')4|¥*~ and that (5',5,) = (x/,x), where these values
are again plugged in the expansions after the derivations. From Lemma [1] (cancellation
argument), we write:

Dy PE sulto, ') — Dy, P ju(to, ') (3.41)
- d kaﬁgl(t7 th X/a y) [U’(t07 y) - u(th Yik-1, (eto,t(x/))k’in)]dy
Rn
r
- ., Dka{ (tu t(]? X/7 Y) [U(to, y) - U(to, Yik-1, (mtgmt (X/>)k7 Hto,t(xl>k+1:n)]dy
JR™?
r
= { Jna kaﬁg (t7 th Xla Y) [U(to, Y) - U(to, Yik, (eto,t(x/))k-‘rl:n)]dy
Rn
r
= Dy 55 (t, t0, X, y) [U(tm y) — u(to, Y1k, (9to,t(Xl))k+1:n)]dY} (3.42)
JR”

+{ [ ., kaﬁgl (tv tO: XI) y) [U(to, Yik, (eto,t(xl))k+1:n) - u(t07 Yik—1, (eto,t(xl))k:n)
Rn

~(Duult, Yix-r, B (X)) (¥ = Bro ()1 |dy |

- [ lzxkﬁg (t,to,X/,y) [u(t07Y1:k7(Bto,t(xl))k-‘rl:n) _u(t(]ayl:k—la(mtso,t (X/>>k70to,t (X/)k-i-l:n)
Rn

—(Dyulto, yru—1, (mf, , (X)), Oty (X s1), (¥ — mfo,t(xl))k>]dY] } (3.43)
+{ Rnd Dy, ¥ (t, to, X', y)(Dyu(to, Y11, (010 (X)) (¥ — O s(X))i)dy — (3.44)

- ?xkﬁg (2o, x/, y){Dru(to, y1:x-1, (mfo,t(x/))k” 01,1 (X/)k+1:n) (y— mfo,t(xl))k>dY}
Rn

= (B5° + B+ B ) (to, X).

We now exploit the Holder regularity of Dyu w.r.t. the £*® variable to control the terms
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in @5,’5 (to,x") defined in (3.43)). Let us first write from the previous decomposition:
|25+ (to, X))

- ‘ , kaﬁgl (ta tO? XI? Y) [U(to, Yik, (oto,t<xl>)k+1:n> - (t()a Yik-1, <0t0 t( ))k n)
]Rn

—(Dyu(to, yix-1, (0t (X)) ken), (v — eto,t(x/))kz>:| dy‘
1
- f f AN D 5 (8 to, X, )| [Ditto, Y1 (B X)) g (y = g (), |y
R™

where [-],+ denotes the Hélder modulus of order af. From Proposition [2, we thus derive:

- (L
|°% 16 (th )| < C(to - t) k(F 2) sup [Dku(t07 Z1:k, Zk’—i—l:n)]aﬁ
zj,je[[1,n]], j#k

X J _— dy1:k71dYk+1:n(jC—1\k(t7 S, X, (Y1:k717 YkJrl:n))
R n—1

FE[(Drua(tos )ags (3.45)

(ST

— Oty —1)

recalling from (3.12) that af = (14 n/4)/(2k — 1) and using the notation of (1.2)) for the
last inequality. The same arguments readily give:

|55 (t0, X))

‘ kap t tOv X Y)[ (t07 Yik, <0to,t(xl))k+1:n) - u(tO; Yik-1, (mfo,t(xl))h Oto,t(xl)k-‘rl:n)

~(Dylty, Y1, (0, (%)) O (K i), (v = i, (X)) )|
< C(to — ) F[(Dyu)i(to, )] - (3.46)

Let us now deal with the contribution %’f,’é (to,x’) in (3.42)). Observe from this definition
that this term is non zero if and only if £ < n. Write then
185 (t0,%)
< f ., |ka]5§, (ta tO? X/) Y)Hu(th Y) - U(to, Yik, (Oto,t(xl))k+1:n)|dy
]Rn
+ f , ‘kaﬁ£<ta th Xla y)Hu(tlb Y) - U(to, Yik, (gto,t(xl>)k+l:n)|dy
< C|D e 30 1(x') — 47
< C|Dul Do (8 10, X, ¥)[ (01,4 (X) = ¥) k1 (3.47)
Rnd (to — t) 2

dy . x x

+f ﬁp&l(t, to, X, Y)(|(mt0,t(xl) - Y)k+1:n| +|(mt07t(x’) - eto,t(xl))k+1:n’)>-
Rnd(to — t) 2

To deal with the last contribution in the r.h.s., we will need some auxilliary lemmas

already used in Chapter [0] for Schauder estimates. Namely, analogously to Lemmas 1 and

3 therein, we have the following result.

332



PARTIE III: DEGENERATE KOLMOGOROV CHAINS

Lemma 6 There ezists 0 = ¥((A)) € (0,1) s.t. for all j € [[k,n]:

(35, (%) = 010,1(x));] < b (xx = x)i[ 77 (3.48)

In particular, recalling that ty =t + ¢o|(x — x’)ﬂﬁ with |(x — x);| < 1, we obtain

| Dul « | Dul 20c+1)-1
| ) = By (k] S el = X))
(to —1)" 2 ¢y 2l(x—x');| =1
(k1
< [Dufwcy P |x = %)l
9—(k—1 ok
< [Dufacy 2 |x = Xl
Plugging the above control in (3.47)) we obtain
¢ & / 9—(k—1) N ok
| 5% (to,x')| < C|Du|w {2(to — t) + ¢ |(x —x");|% ¢ . (3.49)

Let us eventually control the term %’55 (to,x') defined in (3.44]) which we rewrite in the

following way:

€ (10, %)

= { J 4 dnykﬁgl (t7 tOv Xla y><[Dku(t07 Yik-1, (eto,t(xl))k:n) - Dku(t()y 0to,t<xl))]7
R

(¥ = Ou0u () )

= | Dt ) [Diltn i, (0, (D) B (1)
—Dyulto, (Mg, (%)) 1k, 00t (X i 1) | (¥ — mfo,t<xl))k>}
+{ f dy Dy, i (1,0, X', y)
R
X<[Dku(to, 01,.4(X')) — Dyulto, (M, ()14 Ot (X k1), (¥ — 9to,t(X/))k>}
—{ fRnd dy Dy, P°(t, 1, X, Y)<Dku(to7 (m, (X)) 1es Ot (X V1), (¥ — mtgo,t(xl>>k>

- f , dnykﬁgl(t7 th X/v Y)<Dku(t0a (mfo,t (X/))lilﬁ 9t07t(xl)k+1:n)’ (y - eto,t<xl))k>}’
Rn

where, thanks to Proposition [3| the last contribution is actually 0. For the first and second
contributions in the above r.h.s. we have, thanks to the Holder regularity of x;, —

Dyu(-, X1, ), Proposition [2] and Lemma [6}
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‘%g . (tOv X/)

SCJ dy {pc’ l(t tO)X y) +pC 1 t to,X y }Z Dku t07 a (to—t)o‘?(J_%)
Rnd =

k

+CJ dypc 1 t to,X y Z Dku t07 a (tO _t)a§(J_%)
Rnd —
7j=1

00\3

(f (D) (to, ) a)(to—t)% , (3.50)

with again the notation of (|1.2). Thus, plugging estimates (3.45)), (3.46]), (3.49)) and ([3.50)
in (3.41)) we deduce that

|ka]5t§)/tu(t0> x') — Dy, Ptgo,tu(toa x')]
9—(k—2% o
< C(to — t)2 3 [(DkU) (to, ')]aﬁ + CHDUHOO {(to _ t) + ey ( 2)‘<X . X/)i’ f}

00\:,

—%(ﬁmeMmﬁh)%—ﬂé

1l,n Y—(k—1
< Olto =03 1(Dfu) fto, )] ot s + ClDule {0 = 1) + 72| =),

af}
k

+C(ZN19Dw)@mﬂ|a7ﬂ%—ﬂ%g (3:51)

CTOO

The last inequality is a consequence of Proposition 4] stated in Appendix [5.2] which allows

to dominate the Holder norms <[(Dku) (to, )] ) in terms of the Besov norms

2<]<k<n
D, D). (to, )
(H( j ku)J(tm ))”B;;; o< j<hen

crucial to complete our circular argument.
From the definition of t5 = ¢ + co|(x —x');|¥*~Y and of = (1+1/4)/(2i — 1), recalling
that to — ¢ is small as well (i.e. tg —t < C(tg — t)Y/**"/®) we obtain from (3.51)):

, with the notations of ( . This point is actually

</

|kapt£0,tu(t07 X,) - kaPtEOJtu(th X/)|

k
71 9—(k—1 142 a
<<{% <Z(DDWMM)E§J+@O(ﬂ+%uwhhkk—f%§
j=1 00,00
Thus, from (3.28)), there exists 4 := 6((A))e (0,1) such that
‘(hv * Dxliku(tv X16i—15 Xi+1:n)(z)) |6Si
< v T Cle" |Duls + ¢ max [(DeDyu),(to, )] e~ o) (3.52)
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Conclusion: control of (3.22). Plugging (3 and (3.52) into (3.22), (3.19),

we eventually derive that for some positive 0 := 5 ((A)) > 0:

HDXliku<t7X1:i—1a '7Xi+1,n)HBaf—1 (353)
< C(C(;&ilHDuHOO + ”DDxluHOO + (Cg + Té) Sup H (DéDmu)g(Sa ')HBQT_1>'
s€[0,T],2<l<m<n 0,00

The main point to close our circular argument consists then in taking the supremums
over w.r.t. Xi._1,X;i+1m, ¢,k and t € [0, 7] on the Lh.s. and to tune the constant ¢y and
the terminal time 7" in order to obtain C(c) + 7°) < 1/2. We then derive that for all
2<i<k<n

sup | (D;Dyu),(t,-)] aror < C{|Dulls + DDy oo}, (3.54)
t€[0,T7 Boo,oo

which concludes the proof of Lemma [

3.3 Proof of the technical lemmas

Proof: [Proof of Lemma

We follow the proof of Lemma |3, concentrating on the case ¢ < k — 1, the specific
case { = k could be treated similarly considering the slightly different cancellation terms
already discussed in Lemma [3] The quantity to estimate is now:

\Iléslilne 1Y e+1m)s(, x)( ) — \IIE’S];)’/71n:4717ye+1;n):(t:X')(_) ‘ (3.55)

Splitting the thermic part of the Besov norm as in (3.1]), we obtain the same kind estimate
for the non-singular in time part. Indeed, we point out that the difference does not
involve Dy, therefore we gain a singularity of order 1/2 w.r.t. to equation . On
the other hand, the difference of the derivatives of the frozen densities w.r.t. x; can be
handled with . Choosing py,, = 2¢ — 1 as in the proof of Lemma , and recalling
that af(i — 12/) = (1 + n/4)/2 (see (3.12))), it is plain to check that:

U [\Ifésl;yﬁf LY e41:n),(ts X)( ) \Ijésl;y;z[ LY e+1:m),(E:X )( )

Cl(x —x);|*
(S _ t)l—s-az (i— )=

—Geve(t, 5, %, (Y101, Yes1n)), (3.56)

where from (H,), 1+af(i—1/2) —7* < 1. Turning to the singular in time contribution of
the thermic part of the Besov norm of (3.55)) we decompose with the notations of Lemma
(see e.g. (3.6]), (3.7) which exhibit an additional spatial derivative):

L l‘yésl;y;zg LY e+1:n), (L X)( ) ‘Ijésl;y;f 1,Yet+1:m),(tx )( )

plm

a1
A (5,¥1:0-1,Y 4 1:m),(t,%,%) Y1:0—1,Yes1:m),(E:%,%) ~
f dww™ Jdd |( 1,6,k;m +g£km )(w,z)|,
0 R
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where ¢ < k < m and:

2 £—1 m 7t7 ’ ! =
25;’2:’1”5 1Y es1:n)s( XX)(w7Z)

(3.57)
~ || Buhalz — ¥ (Dt x.3) = D (t5.%.)
R
<F£(Sa Yik—-1, eg,tn(g)) - F@(Sa Yie-1, 27 Yer1k—-1, elz,tn(g)))a (y - 95,t(€))m>dy€7
with a slight abuse of notation when ¢ = k — 1 and
%(;:Zl:lfl,yfwtl:n)v(tvx) (w 2) (358)

4 awhw(g - YZ) [(kaﬁ€<t) S, X, Y) - kaﬁg(ta $,X,¥1:0-1, 27 y€+1:n)>
R

- <kaﬁ£<t7 S, Xla Y) - kaﬁg(t7 S, Xl? Yi-1, 27 y€+1in)>]

(Fuls, ¥t 2 Yero1, 057 (6)) = Fuls,0,4(8)) = D Fils, 0.4(€))(y = 0a(€))im1.
(¥ = 051())m )y

Note now that when proceeding first as in (3.31)), (3.32)) and then control the resulting
difference as in (3.7)) we get, thanks to (3.33)), that:

(kaﬁg (tv S, X, Y) - ka]ag (t7 5,X,¥Y14-1, 2; yz—i-l:n))

- (kaﬁg(ta S, X/a Y) - kaﬁg(ta S, X/a Yi—1, 27 y€+1:n)) '

C

1
< (S _ t)f—%+i—%+k—% J;] d/\ﬁgfl (t? 5, X, Y101, 5"1‘)\(}’5—2),Yg+1:n)|(X,_X)iH§—YK‘

C v _ ok
= (S—t)(f—%)+af(i—%)+(k—%) J;]d)\pgl (t7 8, X, Yiue—1, Z+)\(Yg—2,’), YZ+1:n)|(X/—X)i ¢

Z_YZL

using the fact we are in the diagonal regime in the last inequality. With this control at

hand, together with estimate ([3.33)), to handle the contributions (%(Z’Zﬁ‘l’y ernd(6) |
3(57}’1:4717}’“1:0,@#)
2

. )(w, :Z:), we can mimic the proof of the estimation of the contributions
(9(57Y1:¢—17yz'+1:n),(tyx) + y(81y1;i—1,yz‘+1:n),(t,x)
1,

1)k NE: )(v, 2) done in Lemma [3[ to obtain

L [qjéff”le1 Yet1n),(t,x) () qj(S:Y1:l—1 Yertin),(tx) ()]

T Flkm
k (Sit)pzym azn71
ot ag 1
i dww™ 2
0

< OQC\E(ta S, X, (y1:€—17 Ye+1:n))|(X, - X)z’

=148y 1
1 w2 w2
1-Be v T 1—Liak(i—1) + =L rak(i—)—(14n)(4-3/2)
W (s — )eti8) (s — t)faterliza) (5 — g)tmarerliza) (4
~ A —1—(i—1)ak4ym ak
< Choelt, s, %, (Yre1, Yeern)) (s — )71 72008 (X — x4,
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where 7" = 1/2 + n(¢ — 3/2). From (H,) and the very definition of o we hence have
1 —ak(i—1/2) + 4 < 1 which, together with (3.56]), concludes the proof. o

4 Proof of technical results of Lemma

In this section, we establish some control of the flows sensitivity. Our results are still
available up to any mollification procedure.

First of all, let us state a control of the spatial regularity of the flow. Next, we will
provide a proof of Lemma [0

4.1 A first sensitivity result for the flow

Lemma 7 Under (A), there exists C := C((A),T) s.t. for all (x,x') € (R™)? 0<t <
s<T andie[1l,n]:

[(050(%) = 0 (x))il < C((5 = )% + @1 (x = X))

The flow, 6, is, somehow, “almost” Lipschitz continuous in space w.r.t. the homogeneous
distance d, up to a time additive term. This time contribution is a consequence of the non-
Lipschitz continuity of the drif F. The analysis which was already done for F Lipschitz
continuous in Proposition 4.1 of [Men18§]|, and in Chapter @With diferrent Holder regularity
of F. Actually, as we consider a smoother drift than in Chapter[0], the following lemma is a
by-product of Lemma [11] therein. For the sake of completeness, we provide the analogous
analysis below.

Proof: In the current analysis, we will assume that d(x,x’) > 1, a general case can be
directly deduced.

The analysis mainly come from a Gronwall’s Lemma. Nevetheless, because F is not
Lipschitz continuous, we have to mollify suitably the function. We denote by 6 € R", the
vector entries &; > 0 for i € [[2,n]. and for all ve [0,T], ze R™, i€ [[2,n],

Ff(v,zi_lm) = Fi(v,-) * ps;(z) = f Fi(v,2i 1,2 —w, 241+, 20) ps, (w)dw, (4.1)
Rd
with ps, (w) 1= 5% p (%) where p : R? — R, is a usual mollifier, namely p has compact sup-

port and §. p(z)dz = 1. Eventually, we write F*(v, z) := (Fy(v,2),F3(v,2), -+ ,F’ (v, 2)).
With a slight abuse of notation in the previsous definitions, since the first component F;
is not mollified. The sublinearity of F; is actually enough to obtain the aimed control.

To be at the good current time scale for the contributions associated with the mollifi-
cation, we pick §; in order to have C' := C((A),T) > 0 s.t. for all ze R™ v € [t,s]:

(s — )3T, (F(u, z) — F(u, z))\ <C(s -t (4.2)
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By the previous definition of F? identity (4.2) is equivalent to:

n 2

Dis— t)"w <C(s—1)7! (4.3)

=2

Hence, we choose from now on, for all i € [2,n]:

5 = (s —1)i~2)a=

Next, let us control the last components of the flow. By the definition of 6, in ({2.4)),
we get:

(4.4)

< o= xl [ (200600 ~ Fo (0.0,

IS (0, 0,,(%)) = T (0, 0,400)| + [F3(0,0,(x')) — Fo(v,0,(x')) ) o

1+2n 2

< Jx—x)] + Of (100ax) = B0u(x),, | + 80 7| (B04 (%) = Bualx)), | )l

2n—2

+(s — )0z

Hence by Gronwall’s Lemma, we get:

[(044(x) = 0:.1(x') )]
1+2n 2 2n—2

<Cexp (0(3 — 1), e ) <|(x—x')n| +(s— )02 + L S |(8,,(x) — ev,t(x’)))n_l}dv)

<Cexp (Cls = 0)*) (Ix =%l + (s— )" 3 4 f (00000 0,(), L Jdv).  (45)

using for the last inequality. For the (n — 1) component, the situation is quiet
different in the sens that we have to handle the non-Lipschitz continuity of F® | in its
n'® variable.

This complication for the rescaled flows could also be avoided through mollification,
see e.g. Lemma 2 in [CdARM17|. But in our framework, it seems that Young type controls
are more suitable. Indeed, we write:

[(05,(x) — 054(x)) 1]
14 2n=1)=2

< Cexp (C(s = )3, 7Y ([ =Xl + (5 = 05205
[ 1000100 = 00.60), |+ 102c) = 020x), 5 )
<Coxp(Cls =) (Jx—Khora| + =7+ [ {t(ev,t<x> —0,.),.|
= ) B o e J [(B0s() — B,0(x))), o) ggz_i;j}dv)

o
~~

2(n—1)—2
<J(ox—x)a] " T

(4.6)
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The last inequality is a consequence of the assumption d(x,x’) < 1 and by our pick of
dp—1 in (4.4)), by inequality (4.5)) and by convexity inequality.

For all gn_lm > () (where the two indexes in the subscript respectively denote the level
of the chain, i.e. n — 1, and the considered variable, i.e. n), we get by Young inequality:

v 2(n 1)—2
(] 1060160 = 0ux0), faw) ™
_2(m-1)-1 _2(n—1)—1
< ([ 10uit0 = 0uat), )5 T 5557,

In order to obtain the suitable time scale, we choose b S.1.

~2(n—=1)—1 2(n—1)—2 ~ 3(2(n—1)—2)
571—1,371 = (U - t) — 67"0—1777« = (U - t) 22n-1)-1),

which also implies that

3

(f\(Ow,t(X)—@wt( ), |dw) ~n2§"n1 fl wilX) = 0y, (xX)),,_ [dw) (v~ )3
From and the previous controls, we deduce that for all 5 € [t, s]:
(056) ~ 05,(x). ~
< Cop@( =09 (Jx=Xhmal + 6= 0+ [ 160~ 016x1), |

2(n—1)—2 2(n—1)—2

H(x =Xl A (0= 1)

+ (J |(9w,t(x) - 9w,t(X’)))n_l‘dw> (v — t)_g}dv)
t
Taking then the supremum in s € [s,t] in the above equation, we obtain:

sup |(054(x) = 054(x') )1
3€(t,s]

Cexp(C(s — t)%) (|(x —x V1| + (s — t)”_% + J: ‘(OW(X) - 0U7t(xl)))n_2‘dv

(n=1)—
o= XDl T (s = ) 4+ (s =)'

+<f sup [ (Bu,¢(x) — 0u(x))),_|(v — t)lgdv)>'

we(t,v]

l\J

N

2(n—1)—2
2

Next, Gronwall’s Lemma yields:

(B52(x) = B X))
< CexplCls = 0})(Jox= XDl + (5= 7+ [ 1(00100) = 0,4(x)),_yfao

2(n—1)—2
(o = %) (s = 1)

< CexplCls =03 (10 =X )aca | + (5= 0+ [ (00200 = 00,0xD), 0

H(x = )] Sz:?)_ (4.7)
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Where we used for the last identity the following Young inequality : |[(x —x'),,| A (s—
£) < O|(x = X)n| 21205 4 (s — )" 3).

We explicitely see from . ) that each entry of the difference of the starting points
appears at its intrinsic scale for the homogeneous distance d.

Plugging the above inequality into (4.5)) we derive:
[(0:4(3) = B30l < Cexp (Cs = 1)3) (10 = Xl + (5= "3 4 [(x = %) al(5 — )

H(x = X)|B1 (s — t) + fs fv [(Bua(x) — Ow,t(xl)))n—Q‘dU}Ch))

2n—1

<Cexp (Cls =% (16 = %)l + (5= "3 4 |(x = x) 1|35

+f ﬁv |(0w,t(x) B Ow,t(X/)))nd‘dde)’

using again the Young inequalities |(x —x),, 2ot (s—t) < C(|(x—=x)p| + (s —t)""2) and

[(x = xX)na|(s —t) < C(|(x — x’)n_1|% + (s — t)"_%) for the last inequality. We iterate
the procedure, hence, we get:

[(05.4(x) = 0.4 (x"))n] (4.8)

1 " 2n—1 Un=5 v2
< C’( (s—t)""2 + Z x —X');| %1 —i—f dvn_l...J dvl‘(evl,t(x’)—0U17t(x))1]>.
=2 t t
Anagolously, for i € [[2,n]|, we obtain:

[(05,4(%) — 054(xX'))il (4.9)
< C’(stA 34 Z x —x') =1 +f}l_sdvi_l...Lvilvl}(evht(x’)*Ovm(x))l‘).

Remark 3 Observe that equations (4.8) and (4.9) are available for any fized time s and
ve[t,T].

The first term, i.e. for # = 1 is controled slightly differently. In other words, for all
5 € [t, s], write:

[(850(x) = 03:(x )| < [(x = x|+ C ) f [(0,4(%) — B,,4(x')),| 7T do,

N |=

which in turn implies

sup |(6s,(x) — 05:(x))1]

3€(t,s]
<lox =%l + (5 s 185006) =85,k 35 | 18ui0) = Bual))s| 77 d0)
vE(t,s j=2 t
<Jx— x| + 0(<s ) s?p] (054(x) — B54(x))1]
vE|t,s

~I—EC’ 5— t<s—tj 2~|—Z\ x—x') +(s—t)"'sup \(OM(X)—0U7t(x'))1\)2j1_1),
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which yields that

sup [(054(x) — 054 (x )| < [(x=x)[+ C((S — 1) sup [(054(x) = 054(x))1]

3€(t,s] ve(t,s]
# 2G5 =05 = 1) + D [x = Xl 7T
j=2 k=2
+(s _t)( Dzt sup [(6,,4(x) — Ov,t(X,))1|2jll>)'

ve(t,s]

The last inequality is a consequence of (4.9), Remark [3| and convexity inequalities. Next,
let us write,

sup [(0z4(x) — 05,(x))1]

3€e(t,s]

= C(“"‘X’Hﬂs—w”%+<s—t>2|<x—x'>kr%1—1
k=2

# Yl T sup |(6,4(x) —ov,t<x'>>1\251)

ve(t,s]
< Clx— XNl + (s — 1) + 3 (x = X)), (4.10)

recalling that (s —¢) < 7" < 1, and using again Young inequalities for the last bound.
Namely,

(5= ) U7 sup [(6,4(x) — 0o (xX )77 < Cls—1) (1+ 5up (81,00 0, (X)),
velt,s] veE(t,s]

and 1 1
(5 = D] = Xl 57 < [(ox— x| 7.

We eventually derive from (4.10) that:
Sp |(61,0() = B ()| < C((s = )7 + d(x,x),

ve(t,s]
which gives the statement for i = 1. Now, by plugging this inequality into (4.9), we get
for all i € [[2,n]):
[(05,4(x) = 05,4(x))il
< C((s— t)i’% +d*(x,X) + (s — )" sup [(By4(x) — 0,4(x))1])
velt,s]

< C((s )i A% (x, %) + (s — 6 (s - £)7 +d(x, x’))>

< C((s— )77 4+ d¥(x, x')),
for the last identity, we use again the Young inequality to derive that (s — )" *d(x, x) <
C((s — )72 +d* '(x,x')). The proof is complete. o

Now, we have the tools to control the sensitivity of the mean of the linearized system

w.r.t. the freezing parameter.

341



CHAPTER 7. STRONG UNIQUENESS

Sensitivity results for the mean

Proof: Technical Lemma
Again through the analysis, we assume w.l.0.g. that d(x,x’) < 1. The control is done
with a distinction of two contributions to handle.

my,(x') — 0,4(x) = [m7,(x') = 0,4(x)] + [05,(x) — 0:,4(x)]. (4.11)
By the proxy definitionin (2.3)), we deduce that the mean value of va’s, mgyt is s.t.
rs
m(’;t(x/) —0,:(x) =x"—x+ | dvDF(v, Ovvt(x))[mz‘vt(xl) —6,.(x)]. (4.12)
Ji

The sub-triangular structure of DF yields that for all i € [2,n]:

(m’;t(x/) — 057,5()())1. =X, —x; + F dvD; 1F;(v, 9U7t(x))[mit(xl)i_1 —0,4(x)i—1].

Jt
Also, since m},(x')1 = x{ + §; F1(v, 0, 4(x))dv, so we obtain that [m},(x'); — 0,(x)1] =
x} — x3, we then obtain by iteration that:

(m,(x) — 0,.4(x)),

{ V=8 Vi {
= Xg — X; + Z [J dvl-_l e f dvk_l H Dj_le(Uj, Ovj,t(x))] [X;c—l — Xk—l]a
k=2 vt t j=k

with the convention that for ¢ = 1, ZZ:Q = 0. From the above control, equation (4.11)) and
the dynamics of the flow, and because the starting points are the same, the contributions
involving differences of the spatial points (x’ — x)) or flows only appear in iterated time
integrals, we obtain:

|(rf1§t(X’) —0,,(x)),]
i Jvl ilvl 1- Jdvk 1HDJ 1F UJ? vyt #(x )):I[X;c—l_xk—l]

f Fi(v,0,,(x)) — Fi(v,0,,(x)|dv

<

< C(Z(s )R x, — x|

k=2
+ L (D 1(Bus(x) = 0, x)) |77 + |(00a(x) = 00(x)) [ dv).
j=i
We derive from the previous Lemma [7}
(3, (x') = 0,,4(x)),|

1—1
< C(Z(s—t)l Flxp — x)| + (s —t) 2 R

k=2

+d¥ 2 (x, %) (s — 1) + ((s — )71~ R L '(x,x)) (s — t)>
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In particular, for s = tg = t + ¢od?(x,x’) with ¢q < 1, the previous equation yields:

| (my; (%) = 040.4(x)) |

. . . i—L .
< C’(codz”l(x, X) 4 (g 4 e)d® T (x, X)) + (¢ %+ co)dzl’l(x,x'))
Still for d(x,x’) < 1, after summing and by convexity inequalities, we eventually deduce:

d(m},(x),0,,(x)) < Ccg ' d(x,x).

S

5 Appendix: Some reminders about Besov spaces

5.1 Thermic characteristic of the Besov space

Let us now recall some deﬁnitions/Characterizations from Section 2.6.4 of Triebel
[Tri83]. For a € R,q € (0,+x],p € (0,%0], By (RY) := {f € S'(RY) : 1 fllg, < +o0}
where S(RY) stands for the Schwartz class and

1 1

m dv\ 3
e P G O s A R

0

with ¢ € C(R?) (smooth function with compact support) is s.t. ©(0) # 0, ¢(D)f :=
(p f )Y where f and (p f )" respectively denote the Fourier transform of f and the inverse
Fourier transform of ¢ f. The parameter m is an integer s.t. m > & 5 and forv >0, z € R,

hy(2) := —L7 exp L is the usual heat kernel of R?. We pomt out that the quantities
(2mv)2 2v

in are well defined for ¢ < oo. The modifications for ¢ = +oo are obvious and can be
written passing to the limit.

Observe that the quantity || f|ls  , where the subscript H stands to indicate the depen-
dence on the heat-kernel, depends on the considered function ¢ and the chosen m € N.
It also defines a quasi-norm on Bj (R?). The previous definition of By (R?) is known
as the thermic characterization of Besov spaces and is particularly Well adapted to our
current framework. By abuse of notation we will write as soon as this quantity is finite

/]

Hpvq Bp:q

5.2 Equivalence of Besov norms

Proposition 4 There is a constant C' > 1 such that for all f € BS (R?), v (0,1) we
have:

CflBs.. <IDflpg2 < Clflss.
We write also that || f||pg ., = [|Df]pa-1-
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Proof: Proposition

To establish this equivalence of norms we use the local means characterisation of the
Besov space, see for instance 2.5.3 in [Tri83]. In other words, for all function k, ko, k° €
C*(R?) (infinitely differentiable) such that supp(k), supp(ko), supp(k’) = B(044,1) (the
unit ball centered at the origin) and for all z € R%:

d

k(z) = )02 K(x).
i=1
We define furthermore the local means for all (x,t) € RY x (0, +c0):

k(t, f)(x) := f k(y)f(z + ty)dy, ko(t, f)(z) := fRd ko(y) f(z + ty)dy.

Rd

It is then known that for all f € BY (R?):

1fllBg... = koL, £)( oo + sup (& *[&(t, £)()]o0)-

te(0,1)

We can consider similarly the sequences of functions, k' = d,.k, ki = 0.ko,i € [[1,d],
which satisfy the same assumptions as k£ and kq. Hence, we can write:

|flBg. = Hké(l,f)(-)HoothES(l(l)ri) (1K & o)
= [ko(L, 02, ) ()0 + Sup (£ (t, 02, £) ()e)
= HarifHB?Ojoé'

The penultimate identity is a consequence of an integration by parts over the convolution
products, and the last equivalence is obtained again thanks to Theorem 2.5.3 in [Tri83].
[terating over each component yields the result.

344



CHAPTER 7. STRONG UNIQUENESS

Bibliography

[ACJO8]
[AH96]

[AMTUO1]

[App09]
[Azu67]

[Bas97|
[BBOG|

[BCO3]
[BCLP10]

[BCLP13]

|BES5]
[BG10]

[BGL14]

[BGVO07]

A. Arnold, A. Carlen, and Q. Ju. Large-time behavior of non-symmetric
Fokker-Planck type equations. Comm. Stoch. Analysis, 2—1:153-175, 2008.

D. R. Adams and L. I. Hedberg. Function spaces and Potential Theory.
Springer, 1996.

A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter. On convex Sobolev
inequalities and the rate of convergence to equilibrium for Fokker-Planck type
equations. Comm. Partial Diff. Equations, 26-(1-2):43-100, 2001.

D. Appelbaum. Lévy processes and stochastic calculus. Cambridge University
Press, 2009.

K. Azuma. Weighted sums of certain dependent random variables. Tohoku
Math. J. (2), 19(3):357-367, 1967.

R. F. Bass. Diffusions and Elliptic Operators. Springer, 1997.

G. Blower and F. Bolley. Concentration inequalities on product spaces with
applications to Markov processes. Studia Mathematica, 175-1:47-72, 2006.

R. Bass and Z. Q. Chen. Brownian motion with singular drift. Ann. Probab.,
31— 2:791-817, 2003.

M. Bramanti, G. Cupini, E. Lanconelli, and E Priola. Global L? estimates for
degenerate Ornstein-Uhlenbeck operators. Math. Z., 266(4):789-816, 2010.

M. Bramanti, G. Cupini, E. Lanconelli, and E. Priola. Global LP estimates
for degenerate Ornstein-Uhlenbeck operators with variable coefficients. Math.
Nachr., 286(11-12):1087-1101, 2013.

D. Bakry and M. Emery. Diffusions hypercontractives. Séminaire de proba-
bilités, XIX:177-206, 1985.

F. Bolley and I. Gentil. Phi-entropy inequalities for diffusion semigroups.
Journal de Mathématiques Pures et Appliquées, 93(5):449 — 473, 2010.

D. Bakry, I. Gentil, and M. Ledoux. Analysis and geometry of Markov
diffusion operators, volume 348 of Grundlehren der Mathematischen Wis-

senschaften [Fundamental Principles of Mathematical Sciences/. Springer,
Cham, 2014.

F. Bolley, A. Guillin, and C. Villani. Quantitative concentration inequalities
for empirical measures on non-compact spaces. Prob. Th. Rel. Fields, 137:541—
593, 2007.

345



[Bha82]

[BHW97]

[BLG14]

[BMPT09)

[Boc13|

[Boill]

[BPVOI]

[Bro88|

[BT96a]

[BTI6D)

[BTOS)]

[BZ11]

[CdR17]

[CdR1S]|

[CARM17]

R. N. Bhattacharya. On the functional central limit theorem and the law
of the iterated logarithm for Markov processes. Z. Wahrsch. Verw. Gebiete,
60(2):185-201, 1982.

G.K. Basak, I. Hu, and C.-Z. Wei. Weak convergence of recursions. Stochastic
Processes and their Applications, 68(1):65 — 82, 1997.

E. Boissard and T. Le Gouic. On the mean speed of convergence of empirical
and occupation measures in Wasserstein distance. Ann. Inst. Henri Poincaré

Probab. Stat., 50(2):539-563, 2014.

A. Bensoussan, L. Mertz, O. Pironneau, and Janos Turi. An ultra weak finite
element method as an alternative to a Monte Carlo method for an elasto-

plastic problem with noise. SIAM J. Numer. Anal., 47(5):3374-3396, 2009.

S. Boccia. Schauder estimates for solutions of higher-order parabolic systems.
Methods Appl. Anal., 20(1):47-67, 2013.

E. Boissard. Simple bounds for the convergence of empirical and occupation
measures in 1-Wasserstein distance. FElectronic Journal of Probability, 16,
2011.

E. Barucci, S. Polidoro, and V. Vespri. Some results on partial differential
equations and asian options. Math. Models Methods Appl. Sci, 3:475-497,
2001.

G. A. Brosamler. An almost everywhere central limit theorem. Math. Proc.
Cambridge Philos. Soc., 104(3):561-574, 1988.

V. Bally and D. Talay. The law of the Euler scheme for stochastic differential
equations: I. Convergence rate of the distribution function. Prob. Th. Rel.
Fields, 104-1:43-60, 1996.

V. Bally and D. Talay. The law of the Euler scheme for stochastic differential
equations, II. Convergence rate of the density. Monte-Carlo methods and
Appl., 2:93-128, 1996.

A. Bensoussan and J. Turi. Degenerate Dirichlet problems related to the
invariant measure of elasto-plastic oscillators. Appl. Math. Optim., 58(1):1—
27, 2008.

M. Bramanti and M. Zhu. LP and Schauder estimates for nonvariational
operators structured on Hormander vector fields with drift. Analysis of PDEs,
2011.

P.-E. Chaudru de Raynal. Strong existence and uniqueness for degenerate
SDE with Holder drift. Annales de l’Institut Henri Poincaré, Probabilités et
Statistiques, 53(1):259-286, February 2017.

P.-E. Chaudru de Raynal. Weak regularization by stochastic drift: result and
counter example. Discrete € Continuous Dynamical Systems - A, 38:12609,
2018.

P-E. Chaudru de Raynal and S. Menozzi. Regularization effects of a noise
propagating through a chain of differential equations: an almost sharp result.
to appear in trans. american math. society, October 2017.



[CG16]
[CH92]
[Che05]
[CMO0]

IDF14|

[DG15]

[DM10]

[DPGO1]
[DS58)
[Duf90]

[EHO0]

[EKS6]
[FF11]
[FFPV17]

[Flall]

[FM12]

[FP06)

R. Catellier and M. Gubinelli. Averaging along irregular curves and regulari-
sation of ODEs. Stoch. Proc and Appl., 126-8:2323-2366, 2016.

M. Csorgo and L. Horvath. Invariance principles for logarithmic averages.
Math. Proc. Cambridge Philos. Soc., 112(1):195-205, 1992.

A. S. Cherny. Singular Stochastic Differential Equations. Springer, January
2005.

F. Chaabane and F. Maaouia. Théorémes limites avec poids pour les martin-
gales vectorielles. ESAIM Probab. Statist., 4:137-189 (electronic), 2000.

F. Delarue and F. Flandoli. The transition point in the zero noise limit for a 1d
Peano example. Discrete and Continuous Dynamical Systems, 34(10):4071—
4083, April 2014.

J. Dedecker and S. Gouézel. Subgaussian concentration inequalities for geo-
metrically ergodic markov chains. FElectronic Communications in Probability,
20, Article 64:1-12, 2015.

F. Delarue and S. Menozzi. Density estimates for a random noise propagating
through a chain of differential equations. Journal of Functional Analysis,
259-6:1577-1630, 2010.

G. Da Prato and B. Goldys. Elliptic operators on rd with unbounded coeffi-
cients. Journal of Differential Equations, 172(2):333 — 358, 2001.

N. Dunford and J.T. Schwartz. Linear Operators. Wiley-Interscience, New-
York, 1958.

M. Duflo. Méthodes récursives aléatoires. Techniques Stochastiques. [Stochas-
tic Techniques|. Masson, Paris, 1990.

J.-P. Eckmann and M. Hairer. Non-equilibrium statistical mechanics of

strongly anharmonic chains of oscillators. Communications in Mathemati-
cal Physics, 212(1):105-164, Jun 2000.

E. Ethier and T. Kurtz. Markov Processes. Characterization and Convergence.
Wiley, 1986.

E. Fedrizzi and F. Flandoli. Pathwise Uniqueness and Continuous Dependence
for SDEs with Nonregular Drift. Stochastics, 83-3:241-257, 2011.

E. Fedrizzi, F. Flandoli, E. Priola, and J. Vovelle. Regularity of stochastic
kinetic equations. FElectronic Journal of Probability, 22:f 48, 2017.

F. Flandoli. Random perturbation of PDFEs and fluid dynamic models, volume
2015 of Lecture Notes in Mathematics. Springer, Heidelberg, 2011. Lectures
from the 40th Probability Summer School held in Saint-Flour, 2010.

N. Frikha and S. Menozzi. Concentration bounds for stochastic approxima-
tions. Electron. Commun. Probab., 17:no. 47, 15, 2012.

M. Di Francesco and S. Polidoro. Schauder estimates, harnack inequality and
gaussian lower bound for kolmogorov-type operators in non-divergence form.
Adv. Differential Equations, 11:1261-1320, 2006.



[FPSO0]
[Fri64]

|GHL1S|

[GL7S]
[GLOO]

[GO13|

[GP14]

[Hec98|
[HHS0]
[HM16]

[HMP18]

[Hon18|

[Hor67]
IKO62|
[TW80)
[JO10]
[TYC09]

[KCL75]

J. P. Fouque, G. Papanicolaou, and R. Sircar. Derivatives in Financial Mar-
kets with Stochastic Volatility. WILEY, 2000.

A. Friedman. Partial differential equations of parabolic type. Prentice-Hall,
1964.

A. Gloter, 1. Honoré, and D. Loukianova. Non-asymptotic concentration in-
equality for an approximation of the invariant distribution of a diffusion driven
by compound poisson process. working paper or preprint, October 2018.

M.I. Gordin and B.A. Lifsic. On the central limit theorem for stationnary
markov processes. Soviet Math. Dokl., 19(2):392-394, 1978.

S. Graf and H. Lushgy. Foundations of quantization for random vectors.
LNM-1730, Springer-Verlag, 2000.

M. Gradinaru and Y. Offret. Existence and asymptotic behaviour of some
time-inhomogeneous diffusions. Annales Instit. H. Poincaré, Probabilités et
Statistiques, 49(1):182-207, 2013.

S. Gadat and F. Panloup. Long time behaviour and stationary regime of mem-

ory gradient diffusions. Ann. Inst. H. Poincaré Probab. Statist., 50(2):564-601,
05 2014.

M. K. Heck. The principle of large deviations for the almost everywhere
central limit theorem. Stochastic Process. Appl., 76(1):61-75, 1998.

P. Hall and C.C. Heyde. Martingale limit theory and its application. Proba-
bility and mathematical statistics. Academic Press, 1980.

L. Huang and S. Menozzi. A Parametrix Approach for some Degenerate Stable
Driven SDEs. Annales Instit. H. Poincaré, 52(4):1925-1975, 2016.

I. Honoré, S. Menozzi, and G. Pagés. Non-Asymptotic Gaussian Estimates for
the Recursive Approximation of the Invariant Measure of a Diffusion. working
paper or preprint, May 2018.

I. Honoré. Sharp non-asymptotic Concentration Inequalities for the Approx-

imation of the Invariant Measure of a Diffusion. working paper or preprint,
October 2018.

L. Hérmander. Hypoelliptic second order differential equations. Acta Mathe-
matica, 119:147-171, 1967.

A. M. II'in, A. S. Kalashnikov, and O. A. Oleinik. Second-order linear equa-
tions of parabolic type. Uspehi Mat. Nauk, 17-3(105):3-146, 1962.

N. Ikeda and S. Watanabe. Stochastic differential equations. North Holland,
1980.

A. Joulin and Y. Ollivier. Curvature, concentration and error estimates for
Markov chain Monte Carlo. Ann. Probab., 38- 6:2418-2442, 2010.

M. Jeanblanc, M. Yor, and M. Chesney. Mathematical Methods for Financial
Markets. Springer Finance. Springer London, 2009.

S. N. Kruzkov, A. Castro, and M. Lopes. Schauder type estimates, and theo-
rems on the existence of the solution of fundamental problems for linear and
nonlinear parabolic equations. Dokl. Akad. Nauk SSSR, 220:277-280, 1975.



[Khas0]

[KLLOS]

[KMOO]

[KMO02)

[KM11]

|Kol34]
[Kol11]
|[KP10]

[KP11]

[KP17]

(KRO5|
[Kry96|
(Kun97|

[Led99]

[LemO07]

[Lor05al

R.Z. Khasminskii. Stochastic stability of differential equations. Mechanics—
analysis. Sijthoff & Noordhoff, 1980.

M. Kunze, L. Lorenzi, and A. Lunardi. Nonautonomous Kolmogorov parabolic
equations with unbounded coefficients. Transactions of the American Math-
ematical Society, April 2008.

V. Konakov and E. Mammen. Local limit theorems for transition densities of
Markov chains converging to diffusions. Prob. Th. Rel. Fields, 117:551-587,
2000.

V. Konakov and E. Mammen. Edgeworth type expansions for euler schemes
for stochastic differential equations. Monte Carlo Methods Appl., 8-3:271-285,
2002.

R. Khasminskii and G.N. Milstein. Stochastic Stability of Differential Equa-
tions. Stochastic Modelling and Applied Probability. Springer Berlin Heidel-
berg, 2011.

A. N. Kolmogorov. Zufillige Bewegungen (zur Theorie der Brownschen Be-
wegung). Ann. of Math., 2-35:116-117, 1934.

V. Kolokoltsov. Markov Processes, Semigroups and Generators. De Gruyter,
2011.

N. V. Krylov and E. Priola. Elliptic and parabolic second-order PDEs with
growing coefficients. Comm. Partial Differential Equations, 35(1):1-22, 2010.

P.E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential
FEquations. Stochastic Modelling and Applied Probability. Springer Berlin
Heidelberg, 2011.

N. V. Krylov and E. Priola. Poisson stochastic process and basic Schauder
and Sobolev estimates in the theory of parabolic equations. Arch. Ration.
Mech. Anal., 225(3):1089-1126, 2017.

N. Krylov and M. Rockner. Strong solutions of stochastic equations with
singular time dependent drift. Prob. Theory Rel. Fields, 131:154-196, 2005.

N. V. Krylov. Lectures on elliptic and parabolic equations in Hélder spaces.
Graduate Studies in Mathematics 12. AMS, 1996.

H. Kunita. Stochastic Flows and Stochastic Differential Equations. Cambridge
Studies in Advanced Mathematics. Cambridge University Press, 1997.

M. Ledoux. Concentration of measure and logarithmic Sobolev inequalities.
In Séminaire de Probabilités, XXXIII, volume 1709 of Lecture Notes in Math.,
pages 120-216. Springer, Berlin, 1999.

V. Lemaire. An adaptive scheme for the approximation of dissipative systems.
Stochastic Process. Appl., 117(10):1491-1518, 2007.

L. Lorenzi. Estimates of the derivatives for a class of parabolic degenerate
operators with unbounded coefficients in RY. Annali della Scuola Normale
Superiore di Pisa. Classe di Scienze. Serie V, 2, 01 2005.



[Lor05b]

[Lor11]
ILP02]

[LPO3]

[LPP15]

[LRO2]

[Lun95|

[Lun97|

[Mas07]

[Men11]

[Men18]

[MPR11]

[MPW02]
[MS67]

[MSHO2]

[MTO6]

L. Lorenzi. Schauder estimates for degenerate elliptic and parabolic prob-
lems with unbounded coefficients in \". Differential Integral Equations, 18—
5:531D566, 2005.

L. Lorenzi. Optimal Hélder regularity for nonautonomous Kolmogorov equa-
tions. Discrete Contin. Dyn. Syst. Ser. S, 4(1):169-191, 2011.

D. Lamberton and G. Pages. Recursive computation of the invariant distri-
bution of a diffusion. Bernoulli, 8-3:367-405, 2002.

D. Lamberton and G. Pagés. Recursive computation of the invariant distri-
bution of a diffusion: the case of a weakly mean reverting drift. Stoch. Dyn.,
3(4):435-451, 2003.

V. Lemaire, G. Pages, and F. Panloup. Invariant measure of duplicated dif-

fusions and application to richardson-romberg extrapolation. Ann. Inst. H.
Poincaré Probab. Statist., 51(4):1562-1596, 11 2015.

P.-G. Lemarie-Rieusset. Recent developments in the Navier-Stokes problem.
CRC Press, 2002.

A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Prob-
lems. Analytic Semigroups and Optimal Regularity in Parabolic Problems.
Springer Basel, 1995.

A. Lunardi. Schauder estimates for a class of degenerate elliptic and parabolic
operators with unbounded coefficients in R™. Annali della Scuola Normale
Superiore di Pisa - Classe di Scienze, 24(1):133-164, 1997.

H. Masuda. Ergodicity and exponential S-mixing bounds for multidimensional
diffusions with jumps. Stochastic Processes and their Applications, 117(1):35
— 56, 2007.

S. Menozzi. Parametrix techniques and martingale problems for some de-
generate Kolmogorov equations. FElectronic Communications in Probability,
17:234-250, 2011.

S. Menozzi. Martingale problems for some degenerate Kolmogorov equations.
Stoc. Proc. Appl., 128-3:756-802, 2018.

F. Merlevede, M. Peligrad, and E. Rio. A Bernstein type inequality and
moderate deviations for weakly dependent sequences. Probability Theory and
Related Fields, 151-3:435-474, 2011.

G. Metafune, D. Pallara, and M. Wacker. Feller semigroups on r n. Semigroup
Forum, 65:159-205, 07 2002.

H. P. McKean and I. M. Singer. Curvature and the eigenvalues of the Lapla-
cian. J. Differential Geometry, 1:43-69, 1967.

J. Mattingly, A. Stuart, and D. Higham. Ergodicity for SDEs and approxima-
tions: locally Lipschitz vector fields and degenerate noise. Stoch. Proc. Appl.,
101-2:185-232, 2002.

F. Malrieu and D. Talay. Concentration inequalities for Euler Schemes. In
H. Niederreiter and D. Talay, editors, Monte Carlo and Quasi-Monte Carlo
Methods 2004, pages 355-371. Springer Berlin Heidelberg, 2006.



[MT09]
[Nel67]
[Pag97]
[Pag01]

[Pan08a]

[Pan08b|

[PL39)

[PP12]

[PP14]

[PR17]
[Pri0g)]
[Pril0]
[Pril5]

[PS94]

[PT97]
[PVO1]
[PV03]

[PV05]

S. Meyn and R.L. Tweedie. Markov Chains and Stochastic Stability. Cam-
bridge Mathematical Library. Cambridge University Press, 20009.

E. Nelson. Dynamical theories of Brownian motion. Princeton University
Press, Princeton, N.J, 1967.

G. Pagés. A space vector quantization method for numerical integration.
Journal of Applied and computational Mathematics, 89:1-38, 1997.

G. Pagés. Sur quelques algorithmes récursifs pour les probabilités numériques.

ESAIM: PS, 5:141-170, 2001.

F. Panloup. Computation of the invariant measure of a levy driven SDE:
Rate of convergence. Stochastic processes and Applications, 118-8:1351-1384,
2008.

F. Panloup. Recursive computation of the invariant measure of a stochastic
differential equation driven by a lévy process. Ann. Appl. Probab., 18(2):379—
426, 04 2008.

R. Di Perna and P. L. Lions. Ordinary Differential Equations, transport theory
and Sobolev Spaces. Inv. Math., 98:511-547, 1989.

G. Pageés and F. Panloup. Ergodic approximation of the distribution of a
stationary diffusion: rate of convergence. Ann. Appl. Probab., 22(3):1059—
1100, 2012.

G. Pagés and F. Panloup. A mixed-step algorithm for the approximation of the
stationary regime of a diffusion. Stochastic Processes and their Applications,
124(1):522 — 565, 2014.

G. Pages and C. Rey. Recursive computation of the invariant distribution of

Markov and Feller processes. working paper or preprint, January 2017.

E. Priola. Global Schauder estimates for a class of degenerate Kolmogorov
equations. Studia Math., 194(2):117-153, 2009.

E. Priola. Pathwise uniqueness for singular sdes driven by stable processes.
Osaka Journal of Mathematics, 49, 05 2010.

E. Priola. On weak uniqueness for some degenerate SDEs by global LP esti-
mates. Potential Anal., 42(1):247-281, 2015.

M. Piccioni and S. Scarlatti. An iterative monte carlo scheme for generating
lie group-valued random variables. Advances in Applied Probability, 26, 09
1994.

P. Protter and D. Talay. The Euler scheme for 1évy driven stochastic differ-
ential equations. Ann. Probab., 1(25):393-423, 1997.

E. Pardoux and A. Veretennikov. On the Poisson Equation and Diffusion
Approximation. I. Ann. Probab., 29-3:1061-1085, 2001.

E. Pardoux and A. Yu. Veretennikov. On poisson equation and diffusion
approximation 2. Ann. Probab., 31(3):1166-1192, 07 2003.

E. Pardoux and A. Yu. Veretennikov. On the poisson equation and diffusion
approximation 3. Ann. Probab., 33(3):1111-1133, 05 2005.



[RBTOO]

[RS76]
[Sch88|

[S0i94|

[StrO§]

[SV79]

[Tal02]

[Tan79|
[Tris3]
[TT90]
[Ver80|
[Ver83]
[Vilog]
[WZ16]
[YWT71]
[Zhal0]

[Zhal8)

[ZvoT4]

L. Rey-Bellet and L. Thomas. Asymptotic behavior of thermal nonequilibrium
steady states for a driven chain of anharmonic oscillators. Comm. Math. Phys.,
215-1:1-24, 2000.

L. P. Rothschild and E. M. Stein. Hypoelliptic differential operators and
nilpotent groups. Acta Math., 137(3-4):247-320, 1976.

P. Schatte. On strong versions of the Central Limit Theorem. Math. Nachr.,
137:249-256, 1988.

C. Soize. The Fokker-Planck Equation for Stochastic Dynamical Systems and
its Explicit Steady State Solutions. Series on Advances in Mathematics for
Applied Sciences. World Scientific Publishing Co Pte Ltd, Singapore, 1994.

D. W. Stroock. Partial differential equations for probabilists, volume 112 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 2008.

D.W. Stroock and S.R.S. Varadhan. Multidimensional diffusion processes.
Springer-Verlag Berlin Heidelberg New-York, 1979.

D. Talay. Stochastic Hamiltonian dissipative systems: exponential convergence
to the invariant measure, and discretization by the implicit Euler scheme.
Markov Processes and Related Fields, 8-2:163-198, 2002.

H. Tanaka. Stochastic differential equations with reflecting boundary condi-
tion in convex regions. Hiroshima Mathematical Journal, 9(1):163-177, 1979.

H. Triebel. Theory of function spaces, II. Birkhauser, 1983.

D. Talay and L. Tubaro. Expansion of the global error for numerical schemes
solving stochastic differential equations. Stoch. Anal. and App., 8-4:94-120,
1990.

A. Y. Veretennikov. Strong solutions and explicit formulas for solutions
of stochastic integral equations. Matematicheski Sbornik. Novaya Seriya,
111(153)(3):434-452, 480, 1980.

A. Y. Veretennikov. Stochastic equations with diffusion that degenerates
with respect to part of the variables. Izvestiya Akademii Nauk SSSR. Seriya
Matematicheskaya, 47(1):189-196, 1983.

C. Villani. Hypocoercivity. Mem. Amer. Math. Soc., 202(950):iv+141, 2009.

F.Y. Wang and X. Zhang. Degenerate SDE with Holder-Dini drift and non-
Lipschitz noise coefficient. STAM J. Math. Anal., 48(3):2189-2226, 2016.

T. Yamada and S. Watanabe. On the uniqueness of solutions of stochastic
differential equations. J. Math. Kyoto Univ., 11(1):155-167, 1971.

X. Zhang. Well-posedness and large deviation for degenerate SDEs with
Sobolev coefficients. Revista Matematica Iberoamericana, 29(1), 2010.

X. Zhang. Stochastic hamiltonian flows with singular coefficients. Science
China Mathematics, 61(8):1353-1384, Aug 2018.

A. K. Zvonkin. A transformation of the phase space of a diffusion process
that will remove the drift. Mat. Sb. (N.S.), 93(135):129-149, 152, 1974.



o . .
® : Ecole doctorale
unive I’Slte i de mathématiques

PARIS-SACLAY i Hadamard (EDMH)

Title : Non-asymptotic estimates of invariant measure and regularisation by a degenerate
noise for a chain of Ordinary Differential Equations.
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Abstract : In the first part of this thesis, we aim to estimate the invariant distribution
of an ergodic process driven by a Stochastic Differential Equation. The ergodic theorem
suggests us to consider the empirical measure associated with a discretization scheme of
the process which can be regarded as a discretization of the occupation measure of the
process. In [LP02], Lamberton and Pages introduced an algorithm of discretization with
decreasing time steps which allows the convergence of the empirical measure toward the
invariant distribution of the process, they also provide a central limit theorem (CLT') which
asymptotically quantifies the deviations between these both measures. We establish non-
asymptotic concentration inequality for the empirical measure deviations (in accordance
with the previously mentioned CLT), and also we give some controls of the solution of
the associated Poisson equation which is useful for this concentration inequalities.

In a second part, we establish some Schauder controls associated with parabolic equations
related with a degenerate stochastic system, where the drift is a vector field satisfying a
weak Hormander condition like. But we aim to suppose only the minimal Holder regularity.
This work is an extension of the estimates given by Delarue and Menozzi [DM10]. Finally,
our approach allows us to proof the strong uniqueness of the considered stochastic equation
in a Holder regularity framework. Our results extend the controls of Chaudru de Raynal
[CdR17| for the dimension equal to 2.
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Titre : Estimations non-asymptotiques de mesures invariantes et régularisation par un
bruit dégénéré de chaines d’Equations Différentielles Ordinaires.

Mots Clefs : Mesure invariante, Inégalités de concentration, Equation de Poisson, Equa-
tion de Kolomogorov, Estimées de Schauder, Unicité forte.

Résumé : Dans la premiére partie de cette thése, nous chercherons a estimer la mesure
invariante d’un processus ergodique dirigé par une Equation Différentielle Stochastique.
Le théoréme ergodique nous suggére de considérer la mesure empirique associée a un
schéma d’approximation du processus sous-jacent qui peut se voir comme le pendant
discret de la mesure d’occupation dudit processus. Dans [LP02|, Lamberton et Pages ont
introduit un algorithme de discrétisation a pas décroissant qui assure la convergence de
la mesure empirique du schéma vers la mesure invariante du processus considéré ainsi
qu’un théoréme central limite (TCL) quantifiant asymptotiquement 1’écart entre ces deux
mesures. Nous établissons des inégalités de concentration non-asymptotiques pour les
déviations de la mesure empirique (cohérentes avec le TCL mentionné ci-avant), ainsi que
des controles sur la solution de 1’équation de Poisson associée, utiles pour ces inégalités.
Dans une seconde partie, nous établissons des estimées de Schauder liées a des équations
paraboliques associées & un systéme stochastique dégénéré, ou la dérive est un champ
de vecteurs vérifiant une condition de type Hormander (faible) mais en cherchant la
régularité Holder minimale. Ce travail fait suite a I'article de Delarue et Menozzi [DM10].
Enfin, notre approche nous permet de montrer 'unicité forte du systéme stochastique
considéré dans le cadre de coefficients Holder, étendant ainsi le résultat obtenu en
dimension 2 par Chaudru de Raynal [CdR17].
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