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Organisation du mémoire

Afin de faciliter la lecture du document, les principaux symboles sont regroupés à la
page 14 avec une brève explication, ainsi que la page où ledit symbole apparaît pour la
première fois (dans les deux dernières parties du mémoire).

La première partie de la thèse, rédigée en français, est liminaire et permet de contex-
tualiser les travaux. Dans cette partie, nous présentons également les principaux outils
utilisés dans la suite du mémoire. Cette introduction se divise en deux parties comme le
reste du manuscrit : - Estimations non-asymptotiques de mesures invariantes - Régulari-
sation par un bruit dégénéré.

La suite de la thèse est rédigée en anglais. Chaque chapitre contient une petite intro-
duction, ainsi qu’une présentation des notations utilisées. La première partie est composée
de trois chapitres :

- Le Chapitre 3, A first non-asymptotic concentration result, est un travail effectué
en collaboration avec Stéphane Menozzi et Gilles Pagès. Ce chapitre est disponible en
prépublication [HMP18]. Il traite d’inégalités de concentration non-asymptotiques des
déviations de la mesure invariante avec une mesure empirique approchant cette dernière.

- Le Chapitre 4, A sharp non-asymptotic concentration, est issu d’un article, écrit
seul, disponible en prépublication [Hon18]. Il présente des inégalités de concentration du
même type que ceux du Chapitre 1 mais avec la constante de concentration optimale.

- Le Chapitre 5, Extension to SDEs driven by a Poisson compound process, a
été réalisé en collaboration avec Arnaud Gloter et Dasha Loukianova et a donné lieu à
une prépublication [GHL18]. Dans ce chapitre, on adapte l’algorithme présenté dans les
chapitres précédents à une certaine classe d’EDS à sauts.

La seconde partie de la thèse comporte deux chapitres :

- Le Chapitre 6, Sharp Schauder Estimates for some Degenerate Kolmogorov
Equations, en coopération avec Paul Éric Chaudru de Raynal et Stéphane Menozzi. Nous
établissons des estimées de Schauder associées au problème de Cauchy pour l’équation de
Kolmogorov.

- Le Chapitre 7, Strong uniqueness of degenerate stochastic system, également écrit
avec Paul Éric Chaudru de Raynal et Stéphane Menozzi. Nous démontrons l’unicité forte
à régularité minimale pour une chaîne d’oscillateurs bruités en la première composante
(cadre dégénéré).
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CHAPITRE 1. ESTIMATIONS DE MESURES INVARIANTES

Chapitre 1

Estimations non-asymptotiques de
mesures invariantes

Résumé : Dans cette première partie de thèse, nous chercherons à estimer la mesure
invariante d’un processus ergodique dirigé par une Équation Différentielle Stochastique.
Le Théorème ergodique nous suggère de considérer la mesure empirique associée à un
schéma d’approximation du processus sous-jacent qui peut se voir comme le pendant
discret de la mesure d’occupation dudit processus. Dans [LP02], Lamberton et Pagès ont
introduit un algorithme de discrétisation à pas décroissant qui assure la convergence de
la mesure empirique du schéma vers la mesure invariante du processus considéré ainsi
qu’un théorème central limite (TCL) quantifiant asymptotiquement l’écart entre ces deux
mesures. Nous établissons des inégalités de concentration non-asymptotiques pour les
déviations de la mesure empirique (cohérentes avec le TCL mentionné ci-avant), ainsi que
des contrôles sur la solution de l’équation de Poisson associée, utiles pour ces inégalités.

1 Processus Ergodiques

1.1 Mesure invariante

L’étude du comportement de certaines EDS en temps long et l’approximation de leurs
états stationnaires interviennent dans de nombreux champs d’applications. Mentionnons
par exemple la mécanique Hamiltonienne. On peut penser en particulier à des matériaux
soumis à des séismes et des intempéries dont le comportement en temps long doit être
estimé, c.f. par exemple le livre de Soize [Soi94], ou encore à des particules Browniennes
interagissant en vitesse/position, voir le Brownien physique de Nelson [Nel67]. Un autre
champ d’application est fourni par la finance, le cadre ergodique apparaît naturellement
pour la modélisation de dynamiques de taux d’intérêt ou de volatilités stochastiques, c.f.
Fouque et al. [FPS00]

Dans une perspective d’approximations numériques concrètes, nous nous concentrerons
sur des estimations ergodiques non-asymptotiques. Nous considérons dans un premier
temps que la dynamique du processus sous-jacent est donnée par l’équation différentielle
stochastique (EDS) suivante :

dXt “ bpXtqdt` σpXtqdWt, t ą 0, (1.1)
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où pWtqtě0 est un mouvement Brownien de dimension r sur un espace de probabilité filtré
pΩ,F , pFtqtě0,Pq, b : Rd Ñ Rd, σ : Rd Ñ Rd b Rr seront des fonctions Lipschitz. ∗Tout
au long de la Partie II de la thèse, sauf mention explicite, nous supposerons que σ peut
éventuellement dégénérer (i.e. être une matrice non-inversible). Nous nous focaliserons
sur l’étude de processus pXtqtě0 de dynamique (1.1) qui admettent une unique mesure ν
stationnaire et sont ergodiques. Dans la suite de l’introduction, nous réservons la notation
en caractères gras pour des objets ayant une dynamique à temps continu. Dans le cas d’un
processus stationnaire, on a en particulier pour toute fonction f suffisamment régulière
et t ě 0,

ż

Ptfpxqνpdxq “ νpfq “:

ż

fpxqνpdxq, (1.2)

où Pt est le semi-groupe associé au processus de Markov Xt défini par

Ptfpxq :“ ErfpXtq|X0 “ xs.

L’identité (1.2) signifie que si le processus part avec la loi ν alors celle-ci est conservée au
cours du temps.

On dit d’un processus stationnaire de mesure invariante ν qu’il est ergodique s’il vérifie
le théorème ergodique. Introduisons pour tout t ą 0 la mesure d’occupation suivante :

νt :“
1

t

ż t

0

δXsds. (1.3)

Le théorème ergodique est vérifié si pour toute fonction f continue bornée presque sûre-
ment (p.s.) :

lim
tÑ`8

νtpfq “ lim
tÑ`8

1

t

ż t

0

fpXsqds “ νpfq “

ż

fpxqνpdxq. (1.4)

L’exemple typique vérifiant les propriétés précédentes est fourni par le processus d’Ornstein-
Uhlenbeck, associé à bpxq “ ´x

2
et σpxq “ Id pour la dynamique (1.1), qui s’écrit alors :

dXt “ ´
1

2
Xtdt` dWt, (1.5)

et s’intègre explicitement en

Xt “ e´
t
2 X0 ` e

´ t
2

ż t

0

e
s
2dWs. (1.6)

On déduit de (1.6) que pour un X0 P L
2pPq indépendant de pWtqtě0, Xt

L
ÝÑ
tÑ`8

N p0, Idq et

que si X0
L
“ N p0, Idq alors pour tout t ě 0, Xt

L
“ N p0, Idq. Les propriétés ergodiques de

l’Ornstein-Uhlenbeck setont aisément déduites des conditions garantissant la validité du
théorème ergodique données dans la section suivante.

∗. Nous renvoyons à la monographie [KP11] pour d’avantage d’applications faisant intervenir des
EDS.
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Partie I : Introduction

1.2 Théorèmes Ergodiques

Une propriété fondamentale du théorème ergodique est que les moyennes temporelles
et les moyennes spatiales sont égales. La quantité aléatoire νtpfq (intégrale temporelle)
converge p.s. vers νpfq (intégrale spatiale par rapport à la mesure invariante). Cette
remarquable propriété permet de se focaliser sur l’étude d’une trajectoire du processus
pour estimer la mesure invariante à partir d’une seule réalisation observée en temps infini.
Cet aspect se révèle très intéressant d’un point de vue numérique lorsque l’on peut observer
le processus sur un temps suffisamment long.

Une question naturelle consiste à se demander quels types de critères conduisent au
théorème ergodique et à l’unicité de la mesure invariante. Dans le cadre général d’un
processus de Markov Fellérien (semi-groupe continu en 0 et contractant), deux grands
types d’hypothèses le permettent : l’irréductibilité et la confluence.

Dans ces deux cas, on suppose l’existence d’une fonction V dite de Lyapunov assurant
la non-explosion du processus ainsi qu’un retour à la moyenne. Ces propriétés s’expriment
en terme du générateur infinitésimal A du processus défini comme suit. Pour tout ϕ P C2

0 ,

lim
tÑ0

Ptϕ´ ϕ

t
“: Aϕ. (1.7)

Dans le cas d’une diffusion de type (1.1), nous avons en particulier par la formule d’Itô :

Aϕ “ dPtϕ

dt
|t“0 “ xb,∇ϕy `

1

2
Tr
`

σσ˚D2ϕ
˘

. (1.8)

Introduisons le Critère d’Has’minskii (voir e.g. [KM11]) :

(H) Il existe une fonction de Lyapunov V : Rd ÝÑs0,`8r satisfaisant les conditions
suivantes :

i) Coercivité. lim|x|Ñ8 V pxq “ `8.

ii) Non-explosion. Il existe CV ą 0 tel que AV ď CV .

iii) Retour à la moyenne. lim sup|x|Ñ8AV pxq ă 0.

Présentons maintenant brièvement les deux hypothèses indiquées ci-dessus et ren-
voyons pour plus d’informations à Ethier et Kurtz [EK86] ainsi qu’à l’article de synthèse
de Pagès [Pag01].

- Hypothèse d’irréductibilité : on suppose que (H) est vérifiée, et que le processus admet une
densité strictement positive. Cette hypothèse assure aussi l’unicité de la mesure invariante.

- Hypothèse de confluence : sous des conditions de type Lyapunov plus fortes que (H)
(voir (LV ) ci-après et également [LP03] et [PP14] pour des conditions moins fortes),
le théorème ergodique est vérifié. Si de plus les coefficients de diffusion satisfont une
hypothèse de confluence (on parle aussi de diffusion asymptotiquement plate, i.e. avec
les notations usuelles pour les processus de Markov, en un certain sens, on a pour tous
points initiaux x, y P Rd, |Xx

t ´Xy
t | ;

tÑ`8
0), alors on a également l’unicité de la mesure

invariante.
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En particulier, le premier jeu d’hypothèses est valable dans le cadre de diffusions uni-
formément elliptiques verifiant (H) à coefficients réguliers. L’hypothèse de positivité de
la densité est clairement liée à la loi du processus et impliquée par une condition de
type non-dégenerescence (aspect régularisant du semi-groupe sous-jacent). L’hypothèse
de confluence n’est, quant à elle, pas a priori liée à des conditions de non-dégérescence.
Elle est de nature beaucoup plus trajectorielle dès que la dimension est supérieure à un †.

Notons que le processus d’Ornstein-Uhlenbeck, vérifie ces deux types d’hypothèses et
remarquons que Aϕpxq “ ´xx

2
,∇ϕpxqy ` 1

2
∆ϕpxq. En effet, en prenant V une forme qua-

dratique, i.e. V pxq “ 1` |x|2 les hypothèses de (H) sont vraies. On a clairement de (1.6)
que la densité de ce processus Xx

t „ N pe´
t
2x, 1 ´ e´tq est séparée de 0 (irréductible), et

que la confluence est vérifiée : Xx
t ´Xy

t “ e´
t
2 px´ yq

p.s.
Ñ
tÑ8

0.

Il est impossible d’observer en temps infini un processus et donc d’avoir exactement la
limite de la mesure d’occupation. Nous cherchons donc à l’estimer et à contrôler l’erreur
d’approximation. La vitesse de convergence vers la mesure invariante est donnée par le
TCL. Pour la diffusion (1.1), Bhattacharya [Bha82], sous des hypothèses de type irré-
ductibilité (diffusions non-dégénérées), a montré que pour toute fonction f à croissance
polynomiale on a le théorème central limite :

?
t
`

νtpf ´ νpfqq
˘ L
ÝÑ
tÑ`8

N
´

0,

ż

Rd
|σ˚∇ϕpxq|2νpdxq

¯

, (1.9)

avec ϕ solution de l’équation de Poisson

Aϕ “ f ´ νpfq. (1.10)

La force du TCL est qu’il permet de rendre compte de l’ordre typique des fluctuations
de la mesure d’occupation νt à l’échelle

?
t. La variance asymptotique νp|σ˚∇ϕ|2q est

l’intégrale de ce que l’on appelle le carré du champ. Pour toutes fonctions ϕ, ψ P C2
0 , on

définit le carré du champ par Γpϕ, ψq :“ Apϕ ¨ ψq ´Aϕ ¨ ψ ´ ϕ ¨Aψ. Ce qui conduit à

ν pΓ pϕ, ϕqq “

ż

Γpϕ, ϕqνpdxq “ ´2

ż

Aϕ ¨ ϕ νpdxq “

ż

|σ˚∇ϕ|2νpdxq.

Nous renvoyons pour plus de précisions, à Bakry et al. [BGL14] et Ledoux [Led99]. Nous
dirons par la suite que f est un cobord du générateur infinitésimal s’il existe une solution
régulière ϕ au problème de Poisson (1.10) (voir la Section 2.2). Cette équation est diffi-
cile à résoudre, surtout dans notre approche qui nécessite d’avoir des contrôles ponctuels.
Un bon cadre est fourni par les hypothèses précédentes. Notons par ailleurs que ν vérifie
l’équation de Fokker-Planck au sens des distributions : A˚ν “ 0, où A˚ est l’opérateur
adjoint de A. En fait, ν P IP , où IP est l’ensemble des mesures invariantes pour le pro-
cessus Xt, si et seulement si pour tout ϕ P DpAq (le domaine de définition du générateur
A) on a νpAϕq “ 0. Si IP est non vide et compact (au sens de la convergence étroite)
alors le théorème de Krein-Millman assure qu’il existe au moins une mesure extrémale ν˚
de IP (i.e. qui ne s’écrit pas comme une combinaison convexe de deux autres mesures de

†. rappelons en effet, c.f. Has’minskii [KM11] et Lemaire et al. [LPP15] qu’en dimension 1 toutes les
diffusions ergodiques sont confluentes en un certain sens.
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IP ). Notons au passage que l’existence de ν˚ implique que pXtqtě0 est ergodique. Pour
plus de renseignements, nous renvoyons à [Pag01] et à [DS58].

Cette caractérisation d’une mesure invariante se comprend bien formellement. En effet,
pour tout ϕ P C2

0 , d’après la définition du générateur infinitésimal dans (1.7) :

νpAϕq “
ż

Aϕνpdxq “
ż

lim
tÑ0

Ptϕpxq ´ ϕpxq

t
νpdxq “ lim

tÑ0

ş

Ptϕpxqνpdxq ´ νpϕq

t
“ 0,

(1.11)
l’avant-dernière égalité se justifie par un argument d’interversion limite intégrale, et la
dernière identité par la définition (1.2) d’une mesure invariante. Enfin, remarquer que
l’identité νpAϕq “ 0 se vérifient pour tout ϕ suffisamment régulière telle que l’équation
(1.10) est vérifiée.

L’hypothèse de régularité Lipschitz des coefficients b et σ ainsi que l’hypothèse de Lya-
punov ad hoc assure que IV ‰ ∅. Notamment, l’Hypothèse de confluence ou l’Hypothèse
d’irréductibilité précédement introduis assurent également l’uncité de la mesure invariante.
Pour plus d’informations, nous renvoyons à la monographie de Khasminskii [Kha80] (ainsi
qu’à la seconde édition [KM11]), ou bien à celle de Villani [Vil09], à [Pag01] ainsi qu’à
[DPG01] et à [MPW02]. Enfin la compacité de IP se montre à partir des hypothèse de
Lyapunov, c.f. [LP02]

1.3 Discrétisation du processus

En pratique, nous ne pouvons pas simuler directement le processus continu pXtqtě0.
Il nous faut donc passer par une méthode de discrétisation. Une approche classique est
fourni par le schéma d’Euler à pas constant γ ą 0 associé à (1.1) :

Xγ
n`1 “ Xγ

n ` γbpX
γ
nq `

?
γσpXγ

nqUn`1, (1.12)

où pUnqně2 est une suite de variables aléatoires de Rr indépendantes et identiquement
distribuées (i.i.d.) avec les trois premiers moments similaires à ceux de la Gaussienne, et
indépendantes de X0. Ainsi pXγ

nqně1 est une chaîne de Markov homogène, ce qui nous per-
met de bénéficier d’une riche littérature (voir par exemple Meyn et Tweedie [MT09] pour
l’aspect temps long et stabilisation). Une abondante littérature existe pour la convergence
de schéma d’Euler à pas constant. Dans le cadre de l’erreur faible à temps fini, i.e. pour
des quantités du type E :“ ErfpXT q ´ fpXnqs avec nγ “ T ą 0 pour une bonne «classe»
de fonctions f , mentionnons le papier fondateur de Talay et Tubaro [TT90], qui les pre-
miers établirent un contrôle de l’erreur E à l’ordre γ sous des hypothèses de régularité
sur b, σ et f . Indiquons également les extensions proposées par Bally et Talay dans un
cas hypoelliptique [BT96a] et [BT96b] ainsi que les approches parametrix considérées par
Konakov et Mammen [KM00] et [KM02].

Mentionnons par ailleurs qu’un cas ergodique elliptique est déjà considéré dans [TT90].
Des cadres dégénérés liés aux applications précédemment évoquées associées au cadre de
la mécanique Hamiltonienne ou problèmes cinétiques ont aussi été abordés par Talay
[Tal02] et par Mattingly et al. [MSH02]. Pour simplifier, les dynamiques considérées dans
les articles indiqués sont de la forme suivante :

dXt “

ˆ

b1pXtq

X1
t

˙

dt`

ˆ

σ1pXtq

0d,d

˙

dWt, (1.13)
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où Wt est un mouvement Brownien de Rd, Xt “ pX1
t ,X

2
t q
˚ avec X1

t ,X
2
t P Rd. Avec

les notations de (1.1), la dynamique de (1.13) correspond à bpxq “ pb1pxq, x1q
˚, σpxq “

pσ1pxq,0d,dq. Dans les deux cas, les auteurs obtiennent sous des hypothèses de type irré-
ductibilité, en exhibant une fonction de Lyapunov adéquate et pour un schéma implicite
chez [Tal02], des contrôles sur l’erreur faible νpfq ´ νγpfq en fonction du pas γ.

De plus, sous les conditions considérées, le théorème ergodique donne que pour f à
croissance polynomiale, νγnpfq

p.s.
ÝÑ
nÑ8

νγpfq la mesure invariante du schéma et non celle de la
diffusion (1.1), i.e. la mesure d’occupation converge vers la mesure invariante du schéma et
non celle de la diffusion. On pourrait espérer établir un théorème central limite (TCL) pour
les déviations de la mesure d’occupation du schéma à pas constant mais cette approche
induirait à considérer deux erreurs. Quoiqu’il en soit l’erreur globale se décompose en ce
cadre en deux contributions, l’erreur statistique et l’erreur de discrétisation, i.e.

νγnpfq ´ νpfq “ νγnpfq ´ ν
γ
pfq ` νγpfq ´ νpfq “: ES ` ED.

Notons que l’étude de l’erreur de discrétisation ED conduit à résoudre deux fois l’équation
de Poisson. Celle (1.10) associée à A et celle associée à Aγ (générateur du schéma) à savoir
Aγϕ “ f ´ νpfq, avec Aγϕ :“ γ´1pPγϕ´ϕq, où Pγ est le semi-groupe associé au schéma.
L’étude de l’équation de Poisson dans le cadre continu (1.10) est déjà non triviale (voir
Section 2.2), ajouter l’étude d’une équation de Poisson discrète rend l’analyse d’autant
plus difficile. En outre, d’un point de vue algorithmique, à un pas de temps donné γ, on
ne peut espérer atteindre la bonne mesure (sans biais).

La force de l’algorithme à pas décroissant que nous allons utiliser est de supprimer
le terme d’erreur de discrétisation ES (la moyenne ergodique du schéma convergera vers
la mesure cible ν). Il est également suffisamment robuste pour prendre en compte des
dynamiques dégénérées comme celles considérées dans l’équation (1.13) dès lors que le
problème associé à la diffusion est, en un certain sens, bien posé.

Les premiers travaux en ce sens remontent à Basak et al. [BHW97]. L’algorithme à
pas décroissant considéré s’écrit pour n ě 0 :

Xn`1 “ Xn ` γn`1bpXnq `
?
γn`1σpXnqUn`1, X0 P L

2
pΩ,F0,Pq, (1.14)

où pγkqkě1 désigne une suite de pas décroissants. Leur résultat principal a été d’établir
que la loi de Xn converge faiblement (au sens des mesures) vers la mesure invariante ν
de la diffusion. Le pas décroissant permet d’une certaine manière d’être de plus en plus
précis quand le temps devient grand. Le pas tend vers 0 au fur et à mesure que le temps
augmente et, par rapport à un schéma à pas constants comme en (1.12), dans le cadre
d’une simulation ergodique, on fait d’un coup tendre n vers l’infini et γn vers 0.

Mentionnons également [PS94], qui ont montré un théorème ergodique, et une conver-
gence L2 associée, pour la mesure d’occupation empirique d’un schéma à pas décroissant
de type (1.14) approchant un processus de diffusion à valeurs dans des groupes de Lie
compacts. Lamberton et Pagès [LP02] ont ensuite poussé beaucoup plus loin l’étude de
ce type de schémas en établissant dans le cadre de diffusions ergodiques Browniennes gé-
nérales un théorème ergodique pour la mesure d’occupation empirique du schéma (1.14)
ainsi qu’un théorème central limite (TCL) pour les déviations associées.
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Pour n ě 0 fixé, la mesure d’occupation empirique se définit précisément de la façon
suivante : pour tout A P BpRdq (sous-ensemble Borélien de Rd),

νnpAq :“ νnpω,Aq :“

řn
k“1 γkδXk´1pωqpAq

řn
k“1 γk

. (1.15)

Nous noterons par la suite Γn :“
řn
k“1 γk qui représente le temps courant associé à (1.14)

à l’étape n. Indiquons que Γn est l’analogue discret du t dans la mesure d’occupation νt
associée à pXsqsPr0,ts introduite en (1.3). Dans une perspective d’étude en temps long, la
suite des pas de temps pγkqkě1 sera choisie telle que Γn Ñ

n
`8.

Les hypothèses de Lyapunov renforcées (par rapport au critère (H)) considérées par
Lamberton et Pagès sont les suivantes :

(LV) Il existe une fonction de Lyapunov V : Rd ÝÑ rv˚,`8r, avec v˚ ą 0 satisfaisant
les conditions suivantes :

i) Régularité-Coercivité. V est une fonction de classe C2, }D2V }8 ă `8,
lim|x|Ñ8 V pxq “ `8.

ii) Contrôle de la croissance. Il existe C
V
P p0,`8q tel que pour tout x P Rd :

|∇V pxq|2 ` |bpxq|2 ď C
V
V pxq.

iii) Stabilité. Il existe α
V
ą 0, βV P R` tel que pour tout x P Rd,

AV pxq ď ´α
V
V pxq ` βV .

Ces hypothèses signifient que V est sous-quadratique et b sous-linéaire. Un exemple ty-
pique de processus vérifiant ces hypothèses est de nouveau l’Ornstein-Uhlenbeck. Il faut
voir la condition iii) comme une contrainte sur la dérive qui doit se comporter comme une
force de rappel sous-linéaire afin de faire revenir le processus à la moyenne.

Sous (LV), Lamberton et Pagès montrent d’abord le théorème ergodique associé à
l’algorithme (1.14), i.e. pour toute fonction ν ´ p.s. continue f à croissance polynomiale,

νnpfq
p.s.
ÝÑ
n

νpfq “

ż

Rd
fpxqνpdxq, (1.16)

qui est le pendant discrétisé du Théorème ergodique (1.4). De ce fait, le principal intérêt
de ce schéma vis-à-vis de celui à pas constant est qu’il fait converger la mesure empirique
directement vers la mesure invariante de la diffusion. La démonstration de ce théorème
ergodique repose sur le caractère tendu de la suite pνnpV qqně1 où V est une fonction de
Lyapunov et sur le théorème d’Echeverria Weiss (identification de la limite en terme de
problème de martingale, c.f. [EK86]).

Une fois le résultat ergodique (1.16) à disposition, la question naturelle est de nouveau
d’établir un TCL, en regard du résultat de Bhattacharya rappelé en (1.9) dans le cas
continu. Notons Γ

p`q
n :“

řn
k“1 γ

`
k, ` ą 0, de sorte qu’en particulier Γ

p1q
n “ Γn. En se

concentrant sur des fonctions f de la forme f´νpfq “ Aϕ où ϕ est une fonction régulière,
et pour lesquelles, d’après (1.11), νpAϕq “ 0 et νnpfq ´ νpfq “ νnpf ´ νpfqq “ νnpAϕq,
Lamberton et Pagès ont montré le TCL suivant.
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Theorem 1 (TCL de [LP02]) Sous les conditions de Lyapunov (LV ), s’il existe une
unique mesure invariante à la diffusion (1.1), et si limn Γ

p2q
n {
?

Γn “ 0, alors pour toute
fonction Lipschitz ϕ P C3pRd,Rq telle que D2ϕ soit bornée, D3ϕ soit bornée et Lipschit-
zienne, et supxPRd

|σ˚∇ϕpxq|2
V pxq

ă `8 on a :

a

ΓnνnpAϕq
L
ÝÑ
nÑ`8

N
ˆ

0,

ż

Rd
|σ˚∇ϕ|2dν

˙

.

L’algorithme à pas décroissant permet effectivement d’avoir le pendant discret du TCL
pour la diffusion énoncé en (1.9). La condition limn Γ

p2q
n {
?

Γn “ 0 est une condition sur les
pas de temps. Précisément, pour une suite de pas pγkqkě1 telle que γk — k´θ, θ P p0, 1s, où
l’on note γk — k´θ pour indiquer qu’il existe une constante C ě 1 telle que pour tout k ě
0, C´1k´θ ď γk ď Ck´θ, le critère limn Γ

p2q
n {
?

Γn “ 0 est vérifié pour θ P p1
3
, 1s. Le TCL

précédent est remarquable au sens où, pour la plage de pas considérée, la discrétisation
par le schema (1.14) n’est pas visible asymptotiquement. En effet, la loi limite est la
même que dans (1.9) et la variance asymptotique correspond bien au carré du champ de
la mesure invariante.

Indiquons également que plus le pas est grand plus la convergence sera rapide. Le TCL
précédent peut s’étendre au cas θ “ 1

3
(meilleure vitesse) au prix de l’apparition d’un biais.

L’effet de la discrétisation se fait alors sentir. Le seuil θ “ 1
3
est doublement critique au

sens où si θ ă 1
3
le TCL n’est plus valable. Il est en quelque sorte caché par l’erreur

de discrétisation. Seule subsiste une convergence en probabilité après renormalisation.
Nous renvoyons au Chapitre 3 pour de plus amples discussions sur les biais. Indiquons
toutefois que celui-ci n’est pas aisé à approcher numériquement dans la mesure où il fait
intervenir les dérivées de la fonction ϕ considérée jusqu’à l’ordre 4 ainsi que des intégrales
par rapport à la mesure invariante et la loi de l’innovation.

La démonstration du Théorème 1 repose sur le TCL pour des accroissements de
martingales de carré intégrable (voir e.g. [HH80] et [Duf90]). Il faut ainsi décomposer
νnpAϕq “ Martingale ` Reste (comme nous le ferons dans l’équation (2.17) ci-après),
puis vérifier que le terme Martingale satisfasse à la condition de Lindeberg (voir e.g.
[HH80]).

En pratique, il est important de connaître les intervalles de confiance associés à l’es-
timation de la mesure invariante. Or le TCL n’est pas l’outil le plus adapté. A priori
notre estimation renormalisée

?
ΓnνnpAϕq ne suit pas une loi normale. Le TCL fournit

un résultat asymptotique et ne permet pas, à n ě 0 donné de quantifier l’écart à la loi
normale limite.

Le propos de cette première partie de thèse sera d’établir, sous des hypothèses si-
milaires à celles du TCL précédent, une estimation de l’intervalle de confiance non-
asymptotique. Nous le ferons grâce à des inégalités de concentration.

1.4 Inégalités de concentration

Le but de la première partie de cette thèse est d’établir une inégalité de concentra-
tion (sous)-Gaussienne non-asymptotique pour la mesure empirique renormalisée

?
Γnνn

associée au schéma à pas décroissants. Avec des pas constants, Malrieu et Talay dans
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[MT06] ont montré une inégalité de concentration pour la mesure empirique en établis-
sant une inégalité de type Log-Sobolev sur le schéma. On rappelle que l’inégalité de Log-
Sobolev implique la concentration Gaussienne (voir par exemple l’argument de Herbst
dans [BGL14]). Cette méthode est néanmoins très rigide pour un processus discrétisé.

L’approche développée dans cette thèse, privilégie l’utilisation directe de la propriété
de concentration Gaussienne du terme d’innovation pUkqkě1 dans (1.14) qui se transmettra
au schéma. Dorénavant, nous supposerons qu’une variable aléatoire U de même loi que
les pUkqkě1 dans (1.14) vérifie la propriété de concentration Gaussienne suivante :

(GC) La variable aléatoire U admet les mêmes trois premiers moments que la loi
normale N p0, Irq, et vérifie pour toute fonction g : Rr Ñ R, 1´Lipschitz et pour tout
λ ą 0 :

E
“

exppλgpUqq
‰

ď exp

ˆ

λE rgpUqs `
λ2

2

˙

.

Mentionnons que la propriété (GC) implique directement, via l’inégalité de Bienaymé –
Chebyshev – Markov exponentielle et une optimisation en λ, que si l’on note µ la loi de
U , alors, pour toute fonction g : Rr Ñ R, 1´Lipschitz et pour tout a ą 0 :

µpg ´ µpgq ě aq ď expp´
a2

2
q.

La propriété (GC) est entre autres vérifiée par la loi normale et la loi de Rademacher.

1.5 De νnpAϕq à l’estimation de νpfq pour une source f donnée

Nous avons vu que le TCL du Théorème 1 s’énonçait pour des fonctions de la forme
f ´ νpfq “ Aϕ pour ϕ suffisamment régulière. Dans la pratique, la problématique est
inverse, on a une source f à disposition dont on souhaite estimer la moyenne νpfq. Ceci
pose donc, à source f donnée, la question de trouver ϕ suffisamment régulière telle que
Aϕ “ f ´ νpfq. En d’autres termes, il faut résoudre l’équation de Poisson pour la source
f et obtenir une régularité suffisante pour la solution. De façon similaire a ce qui a été
évoqué pour le théorème ergodique, deux grands jeux d’hypotèses (la non-dégénerescence
et la confluence) permettront d’aboutir au résultat attendu. Nous renvoyons à la Section
2.2 ci-après et au Chapitre 3 pour une présentation plus détaillée. Jusqu’à cette section
nous énoncerons nos résultats, de façon similaire au Théorème 1, pour les déviations de
?

ΓnνnpAϕq.

2 Premier résultat de concentration
Le premier résultat du Chapitre 3 est le résultat de concentration suivant qui peut se

voir comme un premier pendant non-asymptotique du Théorème 1.

Theorem 2 Supposons qu’il existe une unique mesure invariante associée à (1.1), que
σ est bornée, que X0 et pUkqkPrr1,nss vérifient (GC). Si (LV) est vérifiée alors pour toute
fonction ϕ de classe C3, telle que ∇ϕ,D2ϕ,D3ϕ sont bornés et que D3ϕ est β-Hölder,

27



CHAPITRE 1. ESTIMATIONS DE MESURES INVARIANTES

β P p0, 1q vérifiant pour une certaine constante CV,ϕ ą 0 |ϕ| ď CV,ϕp1 `
a

V qq, et que

x ÞÑ xb,∇ϕypxq est Lipschitz si Γ
p

3`β
2
q

n {
?

Γn Ñn 0 , alors il existe cn ď 1 ď Cn, n ě 1,
avec limnCn “ limn cn “ 1, telles que pour tout n ě 1 et a ą 0 (qui peut dépendre de n) :

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp

ˆ

´cn
a2

2}σ}28}∇ϕ}28

˙

,

où Cn “ exp
`

rD3ϕsβ}σ}
3`β
8 Er|U1|

3`βs

p1`βqp2`βqp3`βq
Γ
p
3`β

2 q

n?
Γn
`pn

Γ
p2q
n?
Γn

˘

avec pn une suite ě 1 telle que pn Ñn `8

et pn Γ
p2q
n?
Γn
Ñn 0.

Remarquons que la variance de la borne supérieure de la déviation est une majoration du
carré du champ. En effet, νp|σ˚∇ϕ|2q “

ş

|σ˚∇ϕ|2pxqνpdxq ď }σ}28}∇ϕ}28, avec }σ}8 :“
supxPRd ~σpxq~ où ~ ¨~ désigne une norme matricielle. On peut considérer typiquement la
norme d’opérateur, i.e. ~σpxq~O :“ supξPRd

|σpxqξ|
|ξ|

, en notant par | ¨ | la norme Euclidienne.
Celle-ci est indépendante de la dimension mais potentiellement délicate à estimer. Un
autre choix possible est la norme de Fröbenius, ~σpxq~F “

ř

1ďiďd,1ďjďr σ
2
ijpxq, qui est

facile à calculer mais dépend de la dimension. De façon similaire, on note }∇ϕ}8 :“
supxPRd |∇ϕpxq|.

Ainsi, la majoration du Théorème 2 n’est pas optimale vis-à-vis de son pendant asymp-
totique : le Théorème 1. Nous fournirons plus loin une inégalité de concentration non-
asymptotique similaire mais avec le carré du champ dans la borne de droite (voir la

Section 3). Contrairement au Théorème 1, le cadre sans biais est pour Γ
p

3`β
2
q

n {
?

Γn Ñn 0

et non Γ
p2q
n {
?

Γn Ñn 0. Pour le choix naturel de pas de temps γk — k´θ, θ P p0, 1s, ceci
signifie que le théorème précédent est valable pour θ P p 1

2`β
, 1s. Il y a donc bien continuité

avec le Théorème 1 pour β “ 1.
Nous avons réussi à demander moins de régularité à D3ϕ dans le Théorème 2 (où D3ϕ

est β-Hölder) par rapport au Théorème 1 (où D3ϕ est Lipschitz). La moindre régularité
de ϕ se paye en terme de vitesse de convergence. Mentionnons que l’affaiblissement de la
régularité est motivé par la possible prise en considération de sources f Lipschitz pour
notre estimation ergodique (cadre usuel des inégalités fonctionnelles). Ce cadre est détaillé
en Section 2.4.

Notons que si ϕ est solution de l’équation de Poisson (1.10), sous les hypothèses du
Théorème 2, ∇ϕ et D2ϕ sont Lipschitz. Ainsi, pour σ borné et Lipschitz, dès lors que
f est aussi Lipschitz, on a clairement de la relation xb,∇ϕy “ f ´ 1

2
Trpσσ˚D2ϕq, que

x ÞÑ xbpxq,∇ϕpxqy est également Lipschitz.
L’hypothèse |ϕ| ď CV,ϕp1`

?
V q est essentiellement technique et utilisée pour contrôler

des termes de restes dans la décomposition (2.17) ci-dessous (voir également Chapitre 3).
Dans le cas particulier où V pxq — 1 ` |x|2, elle est automatiquement vérifiée de par le
caractère uniformément Lipschitzien de ϕ.

Enfin, comme corollaire important du Théorème 2, lorsque ϕ est solution de Aϕ “
f ´ νpfq, nous déduisons comme annoncé précédemment, l’estimation non-asymptotique
suivante pour l’intervalle de confiance associé à la simulation ergodique :

P
”

νpfq P
“

νnpfq ´
a
?

Γn
, νnpfq `

a
?

Γn

‰

ı

ě 1´ 2Cn exp
`

´ cn
a2

2}σ}28}∇ϕ}28q
˘

.
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Soulignons que f n’est pas forcément borné, et qu’à aucun moment de la thèse la source
f ne sera supposée bornée, elle sera toutefois au moins Lispschitzienne.

Idée de la preuve. La démonstration s’appuie sur une méthode de martingale (dite
approche d’Azuma, voir [Azu67]), qui est déjà employée pour prouver la convergence de
l’algorithme et le TCL de [LP02]. Cette approche a également été utilisée dans l’article
[FM12] afin de contrôler la concentration des déviations du schéma d’Euler à horizon de
temps fini dans l’algorithme de Monte-Carlo. Nous nous intéresserons aux déviations de
νnpAϕq, l’étude de |νnpAϕq| se déduit par symétrie. Pour toute fonction ϕ de classe C2,
on effectue un développement de Taylor entre ϕpXkq et ϕpXk´1q pour faire apparaître le
générateur défini en (1.8). Ce qui nous donne schématiquement :

ϕpXkq ´ ϕpXk´1q “ γkAϕpXk´1q `∆kpXk´1, Ukq `Rk,k´1, (2.17)

où Rk,k´1 est un terme de reste et ∆kpXk´1, Ukq est un accroissement de martingale.
L’écriture explicite de ∆kpXk´1, Ukq fait apparaître un terme quadratique en Uk, mais il
se trouve que u ÞÑ ∆kpXk´1, uq est Lipschitz. En effet, dans l’identité (2.17), à droite
de l’égalité seul ψkpXk´1, Ukq dépend de Uk alors qu’à gauche de l’égalité ϕpXkq est bien
Lipschitz en Uk. En particulier, on a conditionnellement à Xk´1 :

r∆kpXk´1, ¨qs1 ď
?
γk}σpXk´1q}}∇ϕ}8 ď

?
γk}σ}8|}∇ϕ}8. (2.18)

Notons qu’à ce stade nous choisissons de majorer le module Lipschitz de ∆kpXk´1, ¨q par la
dernière inégalité afin d’avoir une borne déterministe, ce qui simplifie l’analyse. Toutefois,
nous verrons dans la Section 2.1 que ce contrôle de module de Lipschitz est crucial pour
avoir la meilleure constante de concentration possible. On somme le développement de
Taylor (2.17) pour aboutir à :

ΓnνnpAϕq “ ´Mn ´Rn, (2.19)

avec Rn “ ϕpX0q´ϕpXnq`
řn
k“1Rk,k´1 comme terme de reste etMn “

řn
k“1 ∆kpXk´1, Ukq

comme terme martingale qui induit la concentration sous-Gaussienne. Le terme de reste
Rn se traite de façon assez technique avec des arguments usuels (inégalité de Hölder,
Jensen) en exploitant l’intégrabilité exponentielle de la fonction de Lyapunov, i.e. sous
les hypothèses du Théorème 2, il existe une constante cV :“ cV ppAqq ą 0 telle que :
I1
V :“ supně0 E rexppcV V pXnqqs ă `8.

Pour le terme martingale, l’idée est d’utiliser, en conditionnant itérativement, la pro-
priété (GC) de concentration Gaussienne de l’innovation, couplée au contrôle du module
de Lipschitz (2.18). Précisément, l’inégalité de Bienaymé – Chebyshev – Markov expo-
nentielle donne pour tout a ą 0, λ ą 0 :

P
“

a

ΓnνnpAϕq ě a
‰

ď expp´
λa
?

Γn
qErexppλνnpAϕqqs.

On isole ensuite par l’inégalité d’Hölder le terme martingale et le terme de restes. Pour
p, q ą 1, 1

p
` 1

q
“ 1, on obtient :

P
“

a

ΓnνnpAϕq ě a
‰

ď expp´
λa
?

Γn
qErexpp´

λqMn

Γn
qs

1{qErexpp
λpRn

Γn
qs

1{p.
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On peut choisir p “ ppnq Ñn `8 tel que ErexppλpRn
Γn
qs1{p “ RnÑn 1. Dans l’inégalité

précédente, en écrivant Ere´
λqMn

Γn s “ E
“

e´
λqMn´1

Γn Ere
λq∆npXn´1,Unq

Γn |Fn´1s
‰

et en utilisant
(GC), il vient :

P
“

a

ΓnνnpAϕq ě a
‰

ď Rn expp´
λa
?

Γn
qErexpp´

λqMn

Γn
qs

1{q

pGCq

ď Rn expp´
λa
?

Γn
`
λ2qγn}σ}

2
8}∇ϕ}28

2Γ2
n

qE
“

expp´
λqMn´1

Γn
q
‰1{q

.

Après itération, on obtient facilement que :

P
“

a

ΓnνnpAϕq| ě a
‰

ď expp´
λa
?

Γn
`
qλ2}σ}28}∇ϕ}28

2Γn
q. (2.20)

Une optimisation en λ conduit au résultat.

2.1 Améliorations du Théorème 2

Pour l’instant, le Théorème 2 nous donne une majoration dudit carré du champ :
νp|σ˚∇ϕ|2q ď }σ}28}∇ϕ}28. Par la suite, nous réussissons à améliorer la constante de
concentration du Théorème 2 et à s’approcher du carré du champ.

Theorem 3 Sous les mêmes hypothèses et notations que le Théorème 2, s’il existe ϑ de
même régularité que ϕ tel que Aϑ “ ~σ~2 ´ νp~σ~2q, pour tout n ě 1, 0 ă a ď χn

?
Γn

Γ
p2q
n

où χn ą 0 tel que χn Ñ
n

0 (arbitrairement lentement)

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 rCn exp

ˆ

´rcn
a2

2νp~σ~2q}∇ϕ}28

˙

.

Nous voyons toujours l’importance d’étudier le problème de Poisson afin de vérifier que
~σ~2 ´ νp~σ~2q est cobord. Indiquons que pour cette étape il est appréciable de bien
connaître ~ ¨ ~, i.e. calculable, en pratique on choisit la norme de Fröbenius. Dans le
cas général où ~ ¨ ~ est une norme d’opérateur, l’étude de l’équation de Poisson Aϑ “
~σ~2 ´ νp~σ~2q est plus complexe. On a besoin de savoir que ~σ~ est suffisamment
régulière. En outre, rappelons que

?
Γn{Γ

p2q
n Ñn `8 pour tout θ P p 1

2`β
, 1s, la condition

sur a est valable pour les intervalles de confiance à a fixé. Ce théorème représente un
véritable intérêt d’un point de vue numérique notamment lorsque νp~σ~2q est bien plus
petit que }σ}28 (voir la partie numérique du Chapitre 3).

Idée de la preuve La principale idée derrière ce théorème est de constater que l’on
peut estimer plus précisément la norme Lipschitz que cela n’a été fait dans l’inégalité
(2.18), i.e. on écrit r∆kpXk´1, ¨qs1 ď γk}∇ϕ}8~σpXk´1q~. Par souci de simplicité, nous
écrirons } ¨ } pour la norme matricielle ~ ¨ ~. Ainsi, l’idée est de soustraire la somme des
carrés de la norme Lipschitz précédente afin de faire une inégalité de Hölder globale avec
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ρ ą 1 :

Erexpp
λMn

Γn
qs ď E

”

exp
`

´
ρλMn

Γn
´
λ2ρ2

2Γ2
n

n
ÿ

k“1

γk}∇ϕ}28}σpXk´1q}
2
˘

ı1{ρ

.

ˆE
”

exp
` λ2ρ2

2pρ´ 1qΓ2
n

n
ÿ

k“1

γk}∇ϕ}28}σpXk´1q}
2
˘

ı1´ 1
ρ (2.21)

Le premier terme de l’inégalité s’apparente à une martingale exponentielle. En fait, par des
inégalités de concentration itérées, on voit que ce terme est une sur-martingale majorée
par 1. Tandis que pour le second terme, on a par hypothèse que }∇ϕ}28} “ νp}σ}2q `Aϑ
on réitère ensuite l’analyse du Théorème 2 pour le terme Aϑ. En revanche, le coefficient
devant νnpAϑq est en λ2. On obtient in fine une majoration de la déviation qui est en
exponentielle d’un polynôme d’ordre 4 en λ :

P
“

a

ΓnνnpAϕq ě a
‰

ď Cn exp
´

´
aλ
?

Γn
` cn

`λ2

Γn

ρrϕs21νp}σ}
2q

2
`
λ4ρ}∇ϕ}48}σ}28}∇ϑ}28

8Γ3
npρ´ 1q3

˘

¯

,

avec cn, Cn ą 0 tels que limnCn “ limn cn “ 1. Pour optimiser en λ, il nous faut donc
trouver les racines d’un polynôme de degré 3. On utilise à cet effet la formule de Cardan-
Tartaglia selon laquelle il existe une unique solution λρ ą 0 dépendante de ρ. Il faut donc
encore optimiser suivant ρ. Une courte étude de cette optimisation au Chapitre 3 montre
qu’il y a plusieurs régimes possibles. En effet, si a{

?
Γn Ñn 0 alors on obtient le résultat,

dans le cas contraire on obtient un autre régime strictement sous-Gaussien :

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a4{3Γ

1{3
n

2}σ}
2{3
8 rϑs

2{3
1

˘

. (2.22)

Enfin, cette distinction de régimes permet d’obtenir des résultats numériques intéressants.
Même si théoriquement dans le cas où a "

?
Γn{Γ

p2q
n le Théorème 2 est plus fort (une

vraie borne Gaussienne), en pratique ce régime n’est jamais atteint. On voit in fine que le
Théorème 3 avec la déviation (2.22) rend numériquement mieux compte de la transition
du régime a !

?
Γn{Γ

p2q
n à celui a —

?
Γn{Γ

p2q
n . Pour plus de détails voir le Chapitre 4.

Dans la prochaine section, nous verrons les grandes lignes de notre étude sur l’équation
de Poisson. Ainsi, grâce au contrôle des dérivées de ϕ, solution de ladite équation de
Poisson, on pourra s’intéresser directement à la déviation de νnpf ´ νpfqq pour tout type
de fonction f de classe C1,β (ou plus régulière).

2.2 Sur le problème de Poisson

Formellement, la solution au problème de Poisson s’écrit par la formule de Feynman-
Kac :

ϕpxq “

ż `8

0

ErfpX0,x
t q ´ νpfqsdt. (2.23)

Nous cherchons à établir un contrôle ponctuel de la solution ainsi que de ses dérivées.
Néanmoins, la littérature à disposition se concentre surtout sur des contrôle de type So-
bolev, voir par exemple Pardoux et Veretennikov [PV01] pour un cadre elliptique. Dans un
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second papier, les auteurs [PV03] établissent également un contrôle ponctuel du gradient
mais à dérive bornée et à coefficient de diffusions réguliers. Avec des conditions locales
de Doeblin, [PV05] montrent l’unicité au problème de martingale associé à l’équation
de Poisson (possiblement dégénérée). Mentionnons par ailleurs, Pagès et Panloup [PP14],
qui contrôlent, sous hypothèses de confluence, le cas d’un processus d’Ornstein-Uhlenbeck
dégénéré. Une condition classique est l’hypothèse de Bakry-Emery. Une propriété impor-
tante de cette condition est qu’elle implique une relation de commutation entre le semi-
groupe et le carré du champ associés à la diffusion, pour plus de détails voir e.g. [BE85],
[BGL14], [BG10]. Cette hypothèse du type courbure-dimension (voir e.g. [BB06]) permet
d’avoir une borne du gradient. Néanmoins, sous ce jeu d’hypothèses il semble compliqué
d’avoir des contrôles plus fins, en premier lieu le module Hölder du gradient. En outre,
cette condition est difficile à vérifier en pratique, même pour le cas scalaire d “ 1. Nous
utiliserons par la suite une hypothèse de type confluence :

(Dα
p ) Supposons qu’il existe α ą 0 et p P p1, 2s tel que pour tout x P Rd, ξ P Rd

ADbpxq `Dbpxq˚

2
ξ, ξ

E

`
1

2

r
ÿ

j“1

´

pp´ 2q
|xDσ¨jpxqξ, ξy|

2

|ξ|2
` |Dσ¨jξ|

2
¯

ď ´α|ξ|2,

où Db est à la Jacobienne de b et Dσ¨j est la j-ième colonne de Dσ. Autrement dit, cette
condition signifie que la dérive b permet un rappel «suffisamment fort». Nous proposons
deux jeux d’hypothèses afin de contrôler la solution au problème de Poisson. Soit on
suppose que les coefficients sont assez réguliers pour dériver le flot à la Kunita (voir e.g.
[Kun97]), soit σ est non-dégénéré alors on peut bénéficier du bootstrap elliptique (e.g.
[KP10], dans le Chapitre 6 nous étudierons le boostrap dans un cadre dégénéré proche
des hypothèses d’Hörmander).

(CR) Confluence et Régularité : on suppose que (Dp
α) est vérifiée, que f et σ, b sont de

classe C3`β, et que l’hypothèse de confluence forte }Dσ}28 ď
2α

dp2p3`βq´pq
est vraie.

(CUE) Confluence et Uniforme Ellipticité : on suppose que (Dp
α) est vérifiée, que f et

σ, b sont de classe C1`β, que l’hypothèse de confluence }Dσ}28 ď
2α

dp2p1`βq´pq
est vraie ainsi

que la structure autonome pσσ˚qi,jpxq “ pσσ˚qi,jpxi^j, ¨ ¨ ¨ , xdq.

Theorem 4 (Contrôle du gradient) Supposons que (LV) et (CR) ou (CUE) sont vé-
rifiés alors il existe une unique fonction ϕ P C3`β telle que Aϕ “ f ´ νpfq, et :

}∇ϕ}8 ď
rf s1
α
.

Idée de la preuve Tout d’abord, on applique la formule d’Itô à la fonction y P Rd ÞÑ

|y|p. On exploite ainsi l’hypothèse de confluence (Dα
p ), que l’on utilise pour contrôler le

terme de type |BxiY
0,x
t |p apparaissant dans la formule de Feynman-Kac (2.23) associée à

l’équation de Poisson. On conclut ainsi :

@i P rr1, dss, @x P Rd, |Bxiϕpxq| ď
rf s1
α
. (2.24)
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On refait le même type de calcul pour montrer que ∇ϕ est β-Hölder en utilisant la
condition }Dσ}28 ď

2α
dp2p1`βq´pq

ou }Dσ}28 ď
2α

dp2p3`βq´pq
. Dans le cas où (CUE) est vérifié,

on peut dériver l’équation de Poisson (1.10) afin d’avoir un système d’équations de Poisson
avec potentiel et comme source une fonction ∇f de continuité β-Hölder. Le critère de
système autonome pσσ˚qi,jpxq “ pσσ˚qi,jpxi^j, ¨ ¨ ¨ , xdq permet d’avoir un système vérifiant
les conditions de [KP10] et dont on peut appliquer le bootstrap elliptique terme à terme.
Remarquons également que le potentiel Db dans l’équation de Poisson est bien strictement
négatif (en termes de valeurs propres) par l’hypothèse (Dp

α). Dans le cas où (CR) est
vérifié, on continue de dériver le flot Y 0,x

t jusqu’à l’ordre 3 puis on vérifie que la dérivée
troisième est bien β-Hölder. À chaque dérivée, la condition de confluence doit être plus
restrictive, i.e. }Dσ}8 doit être de plus en plus petit avec le nombre de dérivées d’où le
terme en 3` β dans la borne supérieure dans la condition (CR). En d’autre termes, dans
les deux jeux d’hypothèses, on obtient le contrôle de la norme }ϕ}C3,β en fonction de la
norme associée à la régularité de f (}f}C3,β sous (CR), }f}C1,β sous (CUE)). Ce contrôle
permet en particulier de gérer les termes de reste Rn dans (2.19).

2.3 Résultat de type Slutsky

Le défaut de l’approche du Théorème 3 est que la constante de concentration, i.e.
νp}σ}2q}∇ϕ}28, dépend de la mesure invariante que nous approchons. Pour éviter cette
difficulté, nous établissons également un résultat de type Slutsky. En effet, dans une
perspective numérique, on cherche à remplacer νp}σ}2q par une estimation simulable, ici
νnp}σ}

2q. Sous les mêmes conditions et notations que le Théorème 3 et le Théorème 4, on
a :

P
“

|
a

Γn
νnpfq ´ νpfq
a

νnp}σ}2q
| ě a

‰

ď 2Cn exp
`

´ cn
a2α2

2rf s21

˘

.

La démonstration est une conséquence directe du Théorème 3. Remarquons que la renor-
malisation par

a

νnp}σ}2q ne change pas la vitesse et permet de connaître parfaitement la
grandeur de déviation. Dans la section suivante, nous montrerons que l’on peut prendre
une source f qui soit seulement de régularité Lipschitz.

2.4 Source Lipschitz

Dans la plupart des inégalités fonctionnelles, la source est Lipschitz. On pense notam-
ment à la distance de p-Wasserstein ‡ (ou appelée aussi distance de Kantorovich qui fut le
premier à introduire cette distance) entre deux mesures de probabilité µ1 et µ2 qui est un
fondamental pour le transport optimal. Pour p “ 1, on a la formule de dualité de Kan-
torovich qui associe la distance de Wasserstein au sup sur les fonctions Lipschitz. C’est
pourquoi nous avons étendu nos résultats à une source f Lipschitz. En effet, on montre
que sous les mêmes hypothèses et notations que les Théorèmes 2 et 4 mais en supposant
que la fonction f est seulement Lipschitz, si θ P p1{2, 1s alors

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp

ˆ

´cn
a2α2

2}σ}28rf s
2
1

˙

, (2.25)

‡. orthographié également Vaserstein
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où α est la constante issue de l’hypothèse de confluence (Dp
α).

Idée de la preuve Il s’agit seulement de se ramener aux cas précédents, en régularisant
la source f . Écrivons : f “ fδ ` rf ´ fδs, où fδ “ f ‹ ρδ correspond à la convolution de
f avec une fonction régularisante (ou “mollifier”) ηδ telle que fδ est de classe C8 et ηδ a
pour limite la distribution de Dirac quand δ tend vers 0. Il faut dès lors étudier l’équation
de Poisson Aϕδ “ fδ ´ νpfδq. Or le prix à payer de cette régularisation se trouve dans les
termes de reste qui explosent en δ. On écrit dès lors :

Pr
a

Γnpνnpfq ´ νpfqq ě as “ P
”

pνnpfδq ´ νpfδqq `Rn,δpfq ě
a
?

Γn

ı

,

avec Rn,δpfq un reste tel que |Rn,δpfq| ď 2Cηδrf s1. Ainsi, il nous faut trouver un équilibre
sur δ qui nous conduit à considérer une nouvelle plage de vitesse, à savoir θ P p1

2
, 1s.

Remarquons d’ores et déjà qu’il y a une forme de continuité entre la vitesse de convergence
de l’algorithme et la régularité de la source f . C’est-à-dire, pour une source f P C1,β dans
le Théorème 2 il faut que θ P p 1

2`β
, 1s. Si β “ 1 i.e. ∇f est Lipschitz alors on retrouve

bien la condition θ P p1
3
, 1s du Théorème 1. Enfin si f est juste Lipschitz, cela correspond

à la condition θ P p1
2
, 1s, c’est le même critère que pour le Théorème 2 avec β “ 0. En

résumé, de (2.25) on obtient :

sup
f,rf s1ď1

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp

ˆ

´cn
a2α2

2}σ}28

˙

.

Un futur travail sera de montrer que l’on peut faire « entrer» le sup dans la probabilité et
de bénéficier de la formule de dualité de Kantorovich pour avoir une inégalité de concen-
tration non-asymptotique de la distance de Wasserstein. On pourrait imaginer utiliser
des méthodes de localisation ou de couplage subtiles pour y parvenir (voir e.g. [Boi11],
[BGV07]). Dans la prochaine section, nous présentons l’inégalité de concentration opti-
male qui correspond asymptotiquement au Théorème 1.

3 Inégalité de concentration optimale
Comme nous le verrons dans le Chapitre 4, la constante de concentration a une grande

importance pour la précision des simulations numériques. D’où l’intérêt d’avoir l’inégalité
de concentration non-asymptotique avec comme constante de concentration le carré du
champ, c’est-à-dire la variance apparaissant dans le TCL du Théorème 1.

Theorem 5 (Inégalité de concentration non-asymptotique optimale) B Sous les
mêmes hypothèses et notations que le Théorème 2, s’il existe une fonction ϑ P C3,βpRd,Rq
de même régularité que ϕ et telle que Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q, alors, pour tout
θ P p 1

2`β
, 1s, n ě 1, a ą 0 vérifiant a{

?
Γn Ñ 0 (déviation Gaussienne) :

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

.

L’hypothèse sur le caractère cobord de |σ˚∇ϕ|2´νp|σ˚∇ϕ|2q est vraie sous les hypothèses
du Théorème 4. Le cas où a{

?
Γn Ñ `8 conduit à l’inégalité (2.22).
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Idée de la preuve Il s’agit d’améliorer encore une fois l’estimation de r∆kpXk´1, ¨qs1
faite dans (2.18) et dans l’idée de la preuve du Théorème 3. Nous chercherons à approcher
r∆kpXk´1, ¨qs1 par

?
γkσ

˚∇ϕpXk´1q, à savoir la racine carré du carré du champ. Pour cette
estimation du module Lipschitz, par souci de simplification, nous nous placerons dans le
cadre unidimensionnel et où l’innovation pUkqkě1 est bornée. Remarquons dans un premier
temps que pour d “ 1, pour ϕ solution de l’équation de Poisson Aϕ “ f ´ νpfq, il existe
une constante Cϕ ą 0 telle que pour tout x P R : |D2ϕpxq| ď Cϕ{p1` |x|q. On utilise dès
lors cette inégalité dans l’estimation de la norme Lipschitz avec l’hypothèse }Uk}8 ă 8 :

|∇u∆kpXk´1, uq|u“Uk | ď |
?
γkσ

˚
k´1∇ϕpXk´1q| ` Cγk,

où C “ Cp}Uk}, Cϕ, σ,∇ϕq ą 0. Le terme Cγk est un terme de reste. De (2.21), on a :

Erexpp
λMn

Γn
qs ď E

“

exp
`λ2q

2Γ2
n

n
ÿ

k“1

γk|σ
˚∇ϕpXk´1q|

2
` Cγ

3{2
k

˘‰1{q
. (3.26)

Or par hypothèse, il existe ϑ de classe C3 telle que Aϑ “ }σ}2 ´ νp}σ}2q. Ainsi le terme
νp}σ}2q est celui qui va donner la constante de concentration, tandis que celui en Aϑ se
traite de la même manière que précédemment Aϕ. Dans le cas de la dimension supérieure,
l’inégalité |D2ϕpxq| ď Cϕ{p1 ` |x|q n’est plus valable. Il faut utiliser le fait que x ÞÑ
xbpxq,∇ϕpxqy est Lipschitz. Dans le cas où l’innovation est non bornée, il faut procéder à
une méthode de localisation subtile. Pour plus de précisions se référer au Chapitre 4.

Dans la section suivante, nous montrons que dans ce contexte on peut encore se ra-
mener à une source f seulement Lipschitz.

3.1 Source Lipschitz

Dans le même cadre que la Section 2.4, nous établissons le résultat suivant : sous
les mêmes hypothèses et notations que les Théorèmes 5 et 4 mais en supposant que la
fonction f est seulement Lipschitz, on a :

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

, (3.27)

où ϕ P C0,1pRd,Rq XW 2
2,locpRd,Rq est une solution au sens faible de l’équation de Poisson

Aϕ “ f´νpfq. Nous avons le pendant du résultat de la Section 2.4 mais avec la constante
de concentration optimale, νp|σ˚∇ϕ|2q.

Idée de la preuve La preuve de ce théorème, comme pour le résultat de la Section
2.4, s’articule aussi autour d’une régularisation. Cependant, ici }ϕδ} n’est pas forcément
borné quand δ Ñ 0. En effet, on a seulement besoin de régularité Sobolev, i.e. que ϕ P
W 2

2,locpRd,Rq ùñ νp|σ˚∇ϕ|2q ă `8. Pour se faire, nous utilisons le Theorem 1 de
[PV01] qui nous donne cette régularité de la solution de Poisson (1.10).

Il serait tentant d’établir un théorème de type Slutsky comme dans la Section 2.3
avec le carré du champ. Il ne serait pas compliqué d’établir une inégalité de concentration
de la déviation de νnpfq´νpfq?

νnp|σ˚∇ϕ|2q
. En revanche, à f donné, nous ne connaissons pas ϕ ni
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ses dérivées. Donc ce qu’il resterait potentiellement à faire dans cette direction serait de
trouver une suite (aléatoire ou non) dépendant de f qui converge presque sûrement vers
νp|σ˚∇ϕ|2q. Remarquons aussi que V arνpfq “ νpf 2q´νpfq2 n’a aucune raison d’être égale
à celle du TCL νp|σ˚∇ϕ|2q. Dans la partie suivante, nous chercherons à tester la robustesse
de notre méthode en considérant des EDS dirigées par des processus à accroissements
indépendants et stationnaires plus généraux, des processus de Lévy.

4 Extension aux EDS dirigées par un Lévy
On considère maintenant, au lieu de la diffusion (1.1), une EDS avec un processus de

Lévy :
dXt “ bpXtqdt` σpXtqdWt ` κpXt´qdZt, (4.28)

où pZtqtě0 un processus de Lévy de carré intégrable à valeur dans Rr (par souci de sim-
plicité), et κ : Rd Ñ Rd b Rr une fonction Lipschitz. L’existence de mesure invariante
a été montrée par Panloup dans [Pan08b]. L’existence et l’unicité ont été établies dans
[Mas07] sous hypothèse d’irréductibilité. Les premiers à avoir proposé un schéma de dis-
crétisation d’une EDS à saut furent Protter et Talay dans l’article [PT97], où ils établirent
l’erreur faible associée à un schéma d’Euler dit «exact» (avec les vrais accroissements de
processus de Lévy) pour un algorithme de Monte Carlo. Par la suite, Panloup a proposé
différents schémas qui permettent la simulation du processus dirigé par tout Lévy de carré
intégrable.

Pour utiliser nos techniques, notamment la transformation exponentielle, il nous faut
considérer des intensités de sauts sous-Gaussiens, nous nous sommes ainsi concentrés sur
des sauts de type Poisson à sauts sous-Gaussiens. Dans un cadre plus général, un schéma de
discrétisation à pas décroissant pour cette EDS, (4.28) a été introduit dans [Pan08b] ainsi
que la preuve du Théorème ergodique (1.16) associé. Il s’agit de l’adaptation du schéma
et des arguments pour les EDS Browniennes de Lamberton Pagès [LP02]. Cependant,
pour la partie saut, le pas décroissant du schéma se retrouve dans le temps et non pas
en facteur de l’innovation. Autrement dit, on considère que la probabilité de saut du
processus discrétisé de Zt au n-ième pas de temps est linéaire au pas de temps γn. Cette
approche différente liée à la présence de sauts induit de nouvelles difficultés. En effet, un
des outils fondamentaux utilisé jusque-là se résume en cette phrase : «plus on fait du
développement de Taylor, plus on fait sortir du γk». Donc pour pouvoir appliquer nos
techniques, on ne peut prendre directement un processus de Poisson composé dans notre
schéma, puisqu’il ne vérifie pas a priori l’inégalité de concentration (GC) même avec
sauts sous-Gaussien. C’est pourquoi, nous avons choisi un cas particulier du schéma qui
permet d’approcher un processus de Poisson composé à sauts sous-Gaussien et qui vérifie
(GC) :

Xn`1 “ Xn ` γn`1bpXnq `
?
γn`1σpXnqUn`1 ` κpXnqZn`1, (4.29)

avec Un`1 et γn´1 définis comme dans (1.14) et pour tout n ě 1 :

Zn :“ BnYn, (4.30)

avec pBnqně1 est une suite i.i.d. unidimensionnelle et suivant une loi de Bernoulli, i.e.
Bn

L
“ Bernpγnq, indépendantes de X0 , de pUnqně1 et de pYnqně1. Enfin, pYnqně1 est aussi
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une suite i.i.d. telle que ErY b2
n s “ Ir et vérifie (GC). Ce choix d’innovation rend compte

du fait que la probabilité d’avoir au moins un saut pour un processus de Poisson composé
tend vers 0 avec le temps. En fait, Panloup a établi ces résultat dans un cadre d’hypothèse
de Lyapunov plus large que celle présentée en (LV ), qui permet entre autres un retour à la
moyenne moins fort, i.e. en particulier il suppose qu’il existe a P p0, 1s tel que xb,∇V y ď
´αV V

a` βV (voir aussi [Lem07] pour σ non borné). L’étude d’inégalité de concentration
non-asymptotique pour des rappels plus faibles que ceux considérés dans (LV ) sera l’objet
de futurs travaux. Notons de plus que l’hypothèse de Lyapunov supposée jusque-là n’a pas
besoin d’être changée. En effet, écrivons le générateur infinitésimal associé à la diffusion
(4.28) pour toute fonction ϕ P C2pRdq et x P Rd :

Aϕpxq “ bpxq∇ϕpxq ` 1

2
Tr

`

σσ˚pxqD2ϕpxq
˘

`

ż

Rd
pϕpx` κpxqyq ´ ϕpxqq πpdyq (4.31)

où π est la distribution de Y1. On pose rAϕpxq “ bpxq∇ϕpxq ` 1
2
Tr pσσ˚pxqD2ϕpxqq cor-

respondant au générateur infinitésimal de la partie continue de la diffusion. Il se trouve
que pour toute fonction ϕ de classe C2 avec ∇ϕ,D2ϕ bornées, on obtient par nos hypo-
thèses que |Aϕ´ rAϕ| est bornée par 1

2
}D2ϕ}8}κ}

2
8πp| ¨ |

2q. Sous de bonnes hypothèses de
stabilité, dans [Pan08a] l’auteur établi le TCL correspondant.

Theorem 6 (TCL de [Pan08a]) Supposons (LV), s’il existe p ą 0 t.q E|Zt|2p ă `8
alors pour tout θ P p1

3
, 1s et ϕ avec la même régularité que pour le Théorème 1 :

a

ΓnνnpAϕq
L
ÝÑ N

ˆ

0,

ż

Rd

`

|σ˚∇ϕ|2pxq `
ż

Rd
|ϕpx` κpxqyq ´ ϕpxq|2πpdyq

˘

νpdxq

˙

.

Remarquons que la variance asymptotique est différente ici par rapport au cas continu.
En effet, on y retrouve le carré du champ continu plus un terme dû aux sauts :

ż

Rd

ż

Rd
|ϕpx` κpxqyq ´ ϕpxq|2πpdyqνpdxq.

La présence de sauts modifie le générateur associé à la diffusion, et donc le carré du champ.
Pour une étude complète et plus pratique, il faudrait étudier le comportement non pas de
νnpAϕq mais de νnpfq en toute généralité, i.e. étudier l’équation intégro-différentielle de
Poisson, ce qui fera l’objet de futurs travaux.

Theorem 7 (Concentration pour une EDS à sauts) Sous les mêmes hypothèses et
notations que le Théorème 2, pour @n ě 1 ,0 ă a !

?
Γn{Γ

p2q
n :

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a2

2p2}κ}28}∇ϕ}28 ` }σ}28}∇ϕ}28q
˘

.

La constante de concentration est «polluée» par une constante multiplicative devant le
terme de saut. Contrairement au Théorème 2, nous n’avons pas obtenu une simple borne
supérieure du carré du champ mais deux fois la borne supérieure du terme de sauts. Cela
est dû à la difficulté de vérifier que pZnqně1 satisfasse (GC). Le principal obstacle dans ce
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travail est la plage de validité de la concentration de pZnqně1. En effet, on établit l’inégalité
de concentration de type (GC) mais avec ε P p0, 1q, et tel que 0 ă λ ă ε

6rgs1
on a

EeλgpZnq ď eλEgpZnq`
λ2γnp2`εqrgs

2
1

2 . (4.32)

Remarquons qu’il y a maintenant une contrainte sur la borne de validité du λ, et qu’on
voit apparaître un terme en p2 ` εq qui vient «perturber» l’inégalité de concentration.
C’est cette perturbation qui permet d’avoir cette inégalité, pour un λ suffisamment petit,
en faisant un développement en série entière. Ces contraintes sur la concentration im-
pliquent une plus petite intégrabilité de la fonction de Lyapunov, i.e. p

?
V pXnqqně0 est

exponentiellement intégrable. Pour la suite de la preuve, il s’agit dans les grandes lignes
de la même chose que pour le Théorème 2. La principale difficulté est de réussir à intégrer
les contraintes de la concentration (4.32).

Une ouverture possible pour la suite serait de s’intéresser à des Lévy plus généraux
avec des contrôles de type Berry-Esseen.
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Chapitre 2

Régularisation par un bruit dégénéré

1 Régularisation par un bruit dégénéré

Résumé : Dans une seconde partie, nous établissons des estimées de Schauder liées
à des équations paraboliques associées à un système stochastique dégénéré, où la dérive
est un champ de vecteurs vérifiant une condition de type Hörmander (faible) mais en
cherchant la régularité Hölder minimale sur les coefficients. Ce travail fait suite à l’article
de Delarue et Menozzi [DM10]. Enfin, notre approche nous permet de montrer l’unicité
forte du système stochastique considéré dans le cadre de coefficients Hölder, étendant ainsi
le résultat obtenu en dimension 2 par Chaudru de Raynal [CdR17].

1.1 Équation de Kolmogorov et chaîne dégénérée

L’étude des chaînes dégénérées est prégnante dans différents domaines. Par exemple,
en finance, la dynamique d’une option asiatique forme une chaîne dégénérée de dimension
2. Ce sont des options dont le résultat à son échéance (ce que gagne le détenteur, appelé
aussi payoff ) dépend du prix moyen de l’actif sous-jacent. En d’autres termes, le payoff
d’un call est p 1

T

ş

Stdt ´ Kq`, où T est l’échéance, K le strike, et St le sous-jacent à
l’instant t. Pour plus d’applications en finance, mentionnons par exemple Jeanblanc et
al. [JYC09]. Ces équations sont dites de type vitesse/position. Cela peut se voir comme
un système dont les inconnues sont Xt (la position) et 9Xt (la vitesse), où Xt ne dépend
que de t et de 9Xt. Autrement dit, le bruit n’affecte directement que 9Xt et se propage
en Xt via sa dépendance en 9Xt. En particulier, on retrouve ce système vitesse/position
dans la mécanique Hamiltonienne. Dans un cadre plus général, nous nous intéresserons
à des chaînes d’oscillateurs (voir par exemple les oscillateurs élasto-plastiques considérés
dans [BT08] et [BMPT09]) qui sont un modèle typique en sismologie par exemple, où
l’on considère la propagation d’un aléa sur plusieurs structures qui se transmettent la
secousse. Le modèle souvent utilisé pour représenter ce phénomène est un système de
ressorts attachés les uns aux autres.

Enfin mentionnons également les modèles microscopiques associés à la diffusion de la
chaleur (voir par exemple Heckmann et Hairer [EH00]).
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Figure 2.1 – Dessin venant de [DM10].

Dans cette partie, nous nous intéresserons à l’équation de Kolmogorov qui s’écrit pour
T ą 0 :

#

pBt ` Lqupt, ¨q “ ´fpt, ¨q, t P r0, T q,

upT, ¨q “ 0,
(1.1)

où L est un opérateur différentiel qui peut se voir comme le générateur infinitésimal asso-
cié à un processus de diffusion pXtqtě0. Nous étudierons cette équation à temps fini, i.e.
pour tout t P r0, T s à T ą 0 donné. Pour se ramener à l’équation de Poisson considérée
dans la partie précédente, il faut considérer un potentiel qui permet d’avoir des estimées
en temps long apparaissant dans la représentation de Feynman-Kac (2.23). Ce terme de
potentiel apparaît notamment quand on dérive l’équation de Kolmogorov et sous la condi-
tion de Lyapunov (LV). L’approche que nous développerons après permet cette procédure.

Dans un premier temps, nous établirons des estimées de Schauder associées à l’équation
(1.1) pour des chaînes dégénérées. Ces estimées rendent compte du bootstrap parabolique.
Illustrons tout d’abord cette notion de bootstrap parabolique dans un cadre uniformément
elliptique à coefficients bornés. Dans ce cas, pour des coefficients suffisamment réguliers
en temps et en espace, à l’aide de méthode de contrôles a priori, Friedmann [Fri64] et
Krylov [Kry96] ont montré le contrôle suivant :

}u}
C

2`γ
2 ,2`γ

b

ď C}f}
C
γ
2 ,γ

b

,

où } ¨ }
C

2`γ
2 ,2`γ

b

, } ¨ }
C
γ
2 ,γ

b

sont les normes Hölder classiques. Plus précisément, si f est
γ
2
-Hölder en temps et γ-Hölder en espace alors la solution est 2`γ

2
-Hölder en temps et

2 ` γ-Hölder en espace. Le caractère borné des coefficients en espace et leur régularité
Hölder en temps permet de considérer le gain de régularité sur la variable temporelle.

Néanmoins, sans cette hypothèse de bornitude, à notre connaissance il n’existe pas de
contrôles Schauder pour des problèmes paraboliques généraux. Le cas où les coefficients
sont bornés en temps et à croissance linéaire en espace

}u}L8pC2`γ
b q

ď C}f}L8pCγq,

où } ¨ }L8pC2`γq , } ¨ }L8pCγq sont les normes uniformes en temps et respectivement 2 ` γ
et γ Hölder homogène en espace (la non-bornitude de f est gérée par la présence d’un
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potentiel). Cette estimée, dans un cadre plus proche du nôtre mais avec un potentiel
séparé de 0, a été montré par Krylov et Priola [KP10]. La méthode usuelle utilisée pour
les estimées de Schauder et appliquée dans cet article est également une méthode de
contrôle a priori. Nous procéderons par une méthode dite perturbative.

Ce bootstrap parabolique à coefficient non-bornés signifie que si f est bornée et γ-
Hölder, γ P p0, 1q, alors la solution u est bornée et 2 ` γ-Hölder, c’est-à-dire u est 2 fois
dérivable, chaque dérivée est bornée et D2u est γ-Hölder.

Mentionnons également, Kruzhkov et al. [KCL75] qui ont établi des estimés de Schau-
der dans un cadre elliptique pour des coefficients bornés en temps et en espace mais sans
supposer de régularité en temps. Par la suite, Lorenzi [Lor11] a étendu ces résultats au
cadre non-borné.

De plus, cette estimée montre également, en un certain sens, l’unicité de l’équation
(1.1). En effet, si u1 et u2 sont deux solutions de (1.1) alors on a :

pBt ` Lqpu1 ´ u2q “ 0,

l’estimée de Schauder donne ainsi :

}u1 ´ u2}C2`γ ď 0.

Ce qui conduit directement à u1 “ u2.

L’étude de cette équation de Kolmogorov (1.1) est également centrale dans la trans-
formation de Zvonkin pour établir l’unicité forte de l’EDS associée.

Nous disons que la solution d’une EDS dirigée par un Brownien est forte si elle est
l’unique processus vérifiant l’EDS et étant adapté à la filtration Brownienne. Nous mon-
trons l’unicité trajectorielle, et par la propriété de YamadaWatanabe [YW71], nous savons
que l’unicité forte (ou unicité dans l’espace des réalisations) est déduite de l’unicité tra-
jectorielle et de l’existence faible (ou dans l’espace des probabilités).

1.2 Présentation du modèle

Considérons le problème de Cauchy associé à l’équation de Kolmogorov, pour tout
T ą 0, pt,xq P r0, T s ˆ Rnd,

#

Btupt,xq ` xFpt,xq,Dupt,xqy `
1
2
Tr
`

D2
x1
upt,xqapt,xq

˘

“ ´fpt,xq,

upT,xq “ gpxq, x “ px1, ¨ ¨ ¨ ,xnq P Rnd,
(1.2)

où la dérive a la structure suivante Fpt,xq :“ pF1pt,xq, ¨ ¨ ¨ ,Fnpt,xqq telle que

@i P rr2, nss, Fipt,xq :“ Fipt,x
i´1:n

q, xi´1:n :“ pxi´1, ¨ ¨ ¨ ,xnq. (1.3)

Autrement dit, chaque composante Fi a une seule variable qui transmet le bruit, à savoir
xi´1. Cette équation de Kolmogorov (1.2) est dégénérée au sens où l’opérateur différen-
tielle d’ordre 2, D2

x1
n’est pris que sur la première variable, la variable dite non-dégénérée.
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Formellement l’équation de Kolmogorov (1.2), est étroitement liée au processus stochas-
tique suivant :

dX1
t “ F1pt,X

1
t , . . . ,X

n
t qdt` σpt,X

1
t , . . . ,X

n
t qdWt,

dX2
t “ F2pt,X

1
t , . . . ,X

n
t qdt,

dX3
t “ F3pt,X

2
t , . . . ,X

n
t qdt,

...
dXn

t “ Fnpt,X
n´1
t ,Xn

t qdt,

t ě 0, (1.4)

avec σ tel que a “ σσ˚. Le caractère dégénéré de la diffusion associée est d’autant plus
évident sous cette forme. Nous noterons également le générateur infinitésimal associé :
pLtqtPr0,T s, pour toute fonction ϕ P C2

0pRnd,Rq :

Ltϕpxq “ xFpt,xq,Dϕpxqy `
1

2
Tr
`

D2
x1
ϕpxqapt,xq

˘

. (1.5)

Par la suite, nous supposerons des hypothèses de régularité (Hölder appropriée) et de
non-dégénérescence (qui conduit à des hypothèses de type Hörmander faible) sur les com-
posants a,F ce qui implique que le problème martingale associé à (1.5) est bien posé, voir
par exemple Menozzi [Men11] (dérive Lipschitz et σ Hölder), [Men18] (σ continu et dérive
Lipschitz), et Chaudru de Raynal et Menozzi [CdRM17] (dérive et σ Hölder à coefficient
«sharp») et montre l’unicité faible de (1.33).

1.3 Propriété d’échelles

Donnons tout d’abord un exemple classique du système d’équation stochastique (1.33),
l’exemple de Kolmogorov (Ann. Math. 1934 [Kol34]) :

X1
t “ x1

0 `Wt,

X2
t “ x2

0 `

ż t

0

X1
sds,

où l’on a pris n “ 2, F1pxq “ x1, F2pxq “ x1, et σpxq “ 1d,d. Il s’agit d’un processus
Gaussien pX1

t , X
2
t q „ N

`

θtpx0q,Kt

˘

tel que sa densité est :

ppt, x0, yq “
p2
?

3qd

p2πqdtp
1
2
` 3

2
qd

exp

ˆ

´
1

2
xK´1

t pθtpx0q ´ yq, θtpx0q ´ yy

˙

,

avec Kt la matrice de covariance qui vérifie la propriété de la «bonne échelle» (voir la
Définition 3.2 dans [DM10]) :

K
1{2
t “

ˆ

tId
t2

2
Id

t2

2
Id

t3

3
Id

˙1{2

—

ˆ

t1{2Id 0d
0d t3{2Id

˙

. (1.6)

Pour des matrices A,B P RndbRnd, la notation A — B signifie qu’il existe une constante
C ě 1 telle que pour tout ζ P Rnd, on a C´1|Aζ|2 ď |Bζ|2 ď C|Aζ|2. Cette échelle
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rend compte de l’homogénéité qu’il y a entre X1
t et le mouvement Brownien, et X2

t et
l’intégrale du Brownien.

Dans un cadre plus général, Lunardi [Lun97] a montré des estimées de Schauder as-
sociées à (1.2), lorsque a a une régularité Hölder appropriée (notée (S) plus loin) et est
uniformément elliptique. Notamment, elle a considéré une chaîne dégénérée complète avec
pour tout n P N donné et une dérive linéaire Fpxq “ Ax, avec

A “

¨

˚

˚

˚

˚

˚

˝

a1,1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ a1,n

a2,1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ a2,n

0d,d a3,2 ¨ ¨ ¨ ¨ ¨ ¨ a3,n
... 0d,d

. . . ...
0d,d ¨ ¨ ¨ 0d,d an,n´1 an,n

˛

‹

‹

‹

‹

‹

‚

,

où pai,jqijPrr1,nss2 P Rd b Rd sont tels que
`

ai,i´1

˘

P GLdpRq, i P rr2, nss2. En particulier,
remarquons que la matrice A est compatible avec la structure de la dérive dans (1.3), ce
qui implique que le système vérifie des hypothèses de type Hörmander faibles. Enfin, le
processus

Xt “ x`

ż t

0

AXsds`

ż t

0

ˆ

σpXsq 0
0 0

˙

dWs

est contrôlé par un processus Gaussien en termes de densité pour les marginales (cf
[DM10], [Men11]), avec comme matrice de covariance Kt vérifiant également la propriété
de «bonne échelle». Autrement dit, on a :

K
1{2
t — t1{2Tt “

¨

˚

˚

˚

˝

t1{2Id,d 0d,d ¨ ¨ ¨ 0d,d

0d,d t3{2Id,d
. . . ...

... . . . . . . 0d,d
0d,d ¨ ¨ ¨ 0d,d tp2n´1q{2Id,d

˛

‹

‹

‹

‚

. (1.7)

Insistons encore une fois sur le fait que cette matrice rend compte des échelles intrinsèques
des composants du processus, tout comme pour l’exemple de Kolmogorov. Les coefficients
diagonaux reflètent l’homogénéité en temps des intégrales itérées du mouvement Brow-
nien.

Un modèle typique du cas considéré par Lunardi a pour opérateur correspondant dans
l’équation (1.2) :

L0 :“ Bt ` xA0x, Dy `
1

2
∆x1 ,

avec

A0 “

¨

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0d,d

Id,d
. . . . . . . . . ...

... . . . . . . . . . ...
0d,d ¨ ¨ ¨ Id,d 0d,d 0d,d

˛

‹

‹

‹

‚

,

Considérons dès lors l’opérateur de dilatation adapté à l’échelle du système stochastique,
à savoir pour tout λ ą 0,

δλ : pt,xq P R` ˆ Rnd
ÞÑ δλpt,xq “

`

λ2t, λx1, λ
3x2, ¨ ¨ ¨ , λ

2n´1xn
˘

.
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Maintenant, remarquons que l’opérateur sus-défini L0 est invariant par la dilatation, c’est-
à-dire : L0v “ 0 ùñ L0pv ˝ δλq “ 0. Nous voyons ainsi l’importance des différentes
échelles associées à chaque variable pxiqiPrr1,nss. Il est dès lors naturel de considérer la
pseudo-distance homogène associée :

d
`

x,y
˘

“

d
ÿ

i“1

|yi ´ xi|
1

2i´1 . (1.8)

Une fois cette pseudo-distance en main, nous introduisons les différentes normes Hölder
aux bonnes échelles. Pour toute fonction u : r0, T s ˆ Rnd ÞÑ R, T ą 0 fixé, et pour tout
γ P p0, 1q, on note pour tout i P rr1, nss le module Hölder associé à la variable xi :

ruis
γ
d :“ sup

t,x,x1i

|upt,xq ´ upt,x1:i´1,x
1
i,xi`1q|

|xi ´ x1i|
γ

2i´1

.

Nous notons le module Hölder homogène complet comme la somme de tous les modules
Hölder suivant les variables à l’échelle correspondante,

}u}L8pCγdq :“
n
ÿ

i“1

ruis
γ
d — sup

pt,x,x1q

|upt,xq ´ upt,x1q|

dγpx,x1q
,

remarquons à ce stade que L8 signifie la norme uniforme suivant la composante de temps.
Notons également la norme Hölder homogène totale quand l’indice est de type 2` γ :

}u}L8pC2`γ
d q

:“ }Dx1u}L8 ` }D
2
x1
u}L8 `

n
ÿ

i“1

rD2
x1
uis

γ
d `

n
ÿ

i“2

ruis
2`γ
d .

Pour établir les estimées de Schauder, il conviendra en particulier de montrer que la
norme précédente associée à la solution u de (1.2) est finie. C’est-à-dire que suivant la
i-ème variable, u est 2`γ

2i´1
-Hölder si i ą 1 (sinon on doit considérer des indices ą 1) et que

suivant la i-ème variable, D2
x1
u est γ

2i´1
-Hölder . En fait, nous supposerons que la source f

et que la condition terminale sont bornées, on écrit ainsi pour tout γ̃ P p0, 3q (en pratique
γ̃ P tγ, 2 ` γu) les pseudo-normes précédemment introduites avec un «b» pour préciser
que la fonction considérée est bornée.

}u}L8pCγ̃b,dq
:“ }u}L8 ` }u}L8pCγ̃dq

.

Nous écrirons de ce fait l’espace de Hölder associé aux normes introduites :

L8pC γ̃
dq :“ L8

`

r0, T s, C γ̃
d

˘

“ tu P Bpr0, T s ˆ Rnd,Rq : }u}L8pCγ̃dq
ă 8u

où Bpr0, T s ˆRnd,Rq correspond à l’ensemble des fonctions Boréliennes de r0, T s dans R.
Pareillement pour L8pC γ̃

b,dq :“ L8
`

r0, T s, C γ̃
b,d

˘

“ tu P Bpr0, T s ˆ Rnd,Rq : }u}L8pCγ̃b,dq
ă

8u et C γ̃
b,d si la fonction ne dépend pas du temps (la condition terminale g de (1.2) par

exemple).
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1.4 Résultats existants

Après avoir introduit ces notations, nous pouvons maintenant énoncer un premier
contrôle Schauder associé au problème de Cauchy (1.2).

Theorem 1 (Estimées de Schauder de [Lun97]) Pour σ P L8pCb,dq, Uniformément
Elliptique et telle qu’il existe σ0 P GLnd,d t.q. σpxq Ñ

|x|Ñ8
σ0, Fpxq “ Ax, et si pf, gq P

L8pCγ
b,dqˆC

2`γ
b,d alors il existe une unique solution mild et faible u P L8pC2`γ

b,d q à (1.2) et
il existe une constante C1 ą 0 telle que

}u}L8pC2`γ
b,d q

ď C1p}f}L8pCγb,dq ` }g}C2`γ
b,d
q (1.9)

Précisons que nous appelons solution mild de (1.2) au sens de Stroock et Varadhan [SV79]
(voir aussi e.g. [Kol11] ) toute solution u pour laquelle la limite de la régularisation
pBt ` Lmt qum “ ´fm quand m Ñ `8 existe et est égale à f mais dont les dérivées
partielles de u intervenant dans pBt ` Ltqu ne sont pas forcément définies. Notons que
dans l’article de [Lun97], la notion de solution forte correspond à notre version de solution
mild. La solution faible correspond à la solution au sens des distributions, i.e. que pour
toute fonction ϕ P C80 (fonction de classe C8 à support compact), on a

ż

ϕpxqpBt ` Ltqϕpxqdx “

ż

fpxqϕpxqdx.

Mentionnons l’article de Priola [Pri09] qui établit également des estimées de Schauder
comme pour le Théorème 1 avec le même critère asymptotique sur σ et la dérive s’écrivant

Fpxq “ Ax`
´

F̃1pxq
0pn´1qd,d

¯

,

et F̃1 est Cγ
d. Intuitivement, on utilise la formule de Girsanov avec une version régularisée

de F̃1 pour se ramener au cas considéré par Lunardi. La régularité de F̃1 intervient lors-
qu’on dérive le flot dans martingales exponentielles. Enfin on injecte l’estimée de Schauder
avec comme source la difference la version régularisée et non-régularisée de F̃1.

Dans la suite, nous établirons des estimés de Schauder pour des solutions mild et
faibles. Nous établirons des contrôles de la solution classique dans le cadre de l’unicité
forte. Pour plus de détailles sur la solution au sens classique de l’équation de Kolmogorov,
nous renvoyons par exemple à [KLL08], [Lun95].

Dans la section suivante, nous présentons des estimées de Schauder dans un cadre plus
général que celui considéré par [Pri09].

1.5 Estimées de Schauder établies

Hypothèses

Tout d’abord, présentons le cadre d’hypothèses qui nous permet d’avoir le pendant du
Théorème 1 dans le cas d’une dérive plus générale présenté dans (1.2).

45



CHAPITRE 2. RÉGULARISATION PAR UN BRUIT DÉGÉNÉRÉ

(UE) Uniforme Ellipticité du coefficient de diffusion. Il existe κ ě 1 tel que pour
tout pt,xq P R` ˆ Rnd, z P Rd, κ´1|z|2 ď xapt,xqz, zy ď κ|z|2.

(H) Condition du type Hörmander faible. Pour tout P rr2, nss, et pt,xq P R` ˆ Rnd,
Dxi´1

Fipt,xi´1, . . . ,xnq est une matrice de Rd b Rd inversible.

(S) Régularité des coefficients. Soit γ P p0, 1q.

- Régularité du coefficient de diffusion. On suppose que a P L8pCγ
b,dq.

- Régularité de la dérive. On suppose que F est mesurable et borné en temps.

‚ On suppose que F1 P L
8pCγ

dq.

‚ Pour tout i P rr2, nss, on suppose que Fi P L
8pC2i´3`γ

d q. En particulier Fipt, ¨,x
i:nq P

C1` γ
2pi´1q´1 .

Quand on fait tendre γ vers 0, on retrouve les exposants de régularité critiques présents
dans [CdRM17] pour obtenir l’unicité faible.

Résultat principal

Sous ces conditions de régularités minimales, nous établissons des Estimées Schauder.

Theorem 2 (Estimées de Schauder.) Soit γ P p0, 1q donné, on suppose (UE), (H)
et (S), si pf, gq P L8pCγ

b,dq ˆ C2`γ
b,d alors il existe une unique solution mild et faible

u P L8pC2`γ
b,d q à l’équation (1.2), et il existe une constante C2 :“ C2

`

pUEq, pHq, pSq, T
˘

telle que
}u}L8pC2`γ

b,d q
ď C2

`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

. (1.10)

1.6 Grandes lignes de l’analyse

Rappelons que nous avons régularisé l’équation (1.2). Il nous faut donc de (1.12),
contrôler }um}L8pC2`γ

b,d q
uniformément par rapport au coefficient de régularisation m. À

cette fin, nous utilisons une méthode de type perturbative en développant la solution u
autour d’un proxy X̃t de type Ornstein-Uhlenbeck.

Méthode de type perturbative

Soit le générateur infinitésimal L̃ associé au proxy X̃t qui a pour densité p̃pt, s,x,yq.
On réécrit le problème de Cauchy (1.2) :

#

Btupt,xq ` L̃ “ ´fpt,xq ´ pL´ L̃qupt,xq, pt,xq P r0, T q ˆ Rnd,

upT,xq “ gpxq, x P Rnd.
(1.11)

Maintenant, nous régularisons (1.2) pour avoir un problème de Cauchy bien posé.
#

Btumpt,xq ` xF
mpt,xq,Dumpt,xqy `

1
2
Tr
`

D2
x1
umpt,xqampt,xq

˘

“ ´fmpt,xq,

umpT,xq “ gmpxq, x “ px1, ¨ ¨ ¨ ,xnq P Rnd,
(1.12)

46



Partie I : Introduction

avec um,Fm, fm, gm Ñ
mÑ`8

u,F, f, g. En effet, avec une méthode de dérivation du flot

à la Kunita (voir la partie précédente et e.g. [Kun97]), on obtient la représentation de
Feynman-Kac :

umpt,xq :“ ErgmpXm
T q|Xt “ xs `

ż T

t

Erfmps,Xm
s q|Xt “ xsds, (1.13)

où σm est une racine carrée am et

dXm
t “

dXm,1
t “ Fm

1 pt,X
m,1
t , . . . ,Xm,n

t qdt` σpt,Xm,1
t , . . . ,Xm,n

t qdWt,

dXm,2
t “ Fm

2 pt,X
m,1
t , . . . ,Xm,n

t qdt,

dXm,3
t “ Fm

3 pt,X
m,2
t , . . . ,Xm,n

t qdt,
...
dXm,n

t “ Fm
n pt,X

m,n´1
t ,Xm,n

t qdt.

(1.14)

Dans la suite de cette introduction, par souci de simplicité, nous omettrons l’indice de
régularisation m. On utilise dès lors la formule de Duhamel, ce qui correspond au déve-
loppement parametrix du premier ordre :

upt,xq “ P̃T,tgpxq ` G̃fpt,xq `

ż T

t

ds

ż

Rnd
p̃pt, s,x,yqpL´ L̃qups,yqdy, (1.15)

où nous définissons le semi-groupe :

P̃T,tgpxq :“

ż

Rnd
p̃pt, T,x,yqgpyqdy,

et le noyau de Green associés au proxy :

G̃fpt,xq :“

ż T

t

dsP̃s,tfps,xq.

Il reste à savoir quel proxy utiliser pour que le dernier terme de droite dans (1.15),
şT

t
ds

ş

Rnd p̃pt, s,x,yqpL´L̃qups,yqdy, soit vu comme un reste. Dans le paragraphe suivant,
nous expliciterons le choix de linéarisation Gaussien.

Linéarisation du proxy

L’idée est de linéariser l’EDS (1.14), pour cela considérons le flot, solution de l’EDO
associée à la dérive :

9θv,τ pξq “ Fpv,θv,τ pξqq, v P rτ, T s, θτ,τ pξq “ ξ, (1.16)

où pτ, ξq P r0, T s ˆ Rnd sont des paramètres de gel, respectivement en temps et en espace
qui seront explicités plus loin. Cette ODE admet une unique solution, comme nous avons
régularisé F “ Fm est Lipschitz.

Nous avons choisi une approche dite forward, dans le sens où le flot (1.16) part de ξ (qui
sera choisi égal à x) pour aller vers y (variable d’intégration en (1.15)). Cette technique
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a notamment été utilisée par Chaudru de Raynald [CdR17] pour montrer l’unicité forte
dans le cas où n “ 2. Il existe aussi une approche dite backward introduite par [MS67], et
exploitée par la suite par [DM10], [Men18]. Cette méthode peut sembler naturelle pour
écrire formellement si g “ 0, u “ G̃ ˝ pI ´ Rq´1f où R “ G̃pL ´ L̃q et où l’inverse de
l’opérateur pI´Rq est pris dans l’espace de Hölder approprié. Cette inversion d’opérateur
est également la technique employée dans [CdRM17] et [SV79]. Cette approche permet
d’estimer la densité, néanmoins des difficultés apparaissent lorsqu’il faut contrôler ses
dérivées. En effet, dans le cas backward p̃pt, T,x,yq “ p̃ypt, T,x,yq, où p̃y exprime que le
paramètre de gel dépend de la variable d’intégration y, n’est pas une densité de probabilité.
En particulier, il n’est pas évident que P̃T,tg conserve la même régularité de g.

Maintenant, écrivons le processus gelé autour du flot défini en (1.16) pour tout v P rt, ss

dX̃pτ,ξq
v “ rFpv,θv,τ pξqq`DFpv,θv,τ pξqqpX̃

pτ,ξq
v ´ θv,τ pξqqsdv `Bσpv,θv,τ pξqqdWv,

X̃
pτ,ξq
t “ x, (1.17)

avec B “
´

Id 0pn´1qd,d

0d,d 0pn´1qd,d

¯

et pour tout z P Rnd :

DFpv, zq “

¨

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ 0d,d
Dz1F2pv, zq 0d,d ¨ ¨ ¨ 0d,d

... . . . ¨ ¨ ¨
...

0d,d ¨ ¨ ¨ Dzn´1Fnpv, zn´1, znq 0d,d

˛

‹

‹

‹

‚

.

Notons que DF est du même type que A0, avec pour tout i P rr1, nss, Dxi´1
Fi est une

matrice d ˆ d inversible, il faut donc s’attendre à obtenir la même propriété de «bonne
échelle».

Propriété du proxy

Nous pouvons écrire explicitement la dynamique du proxy.

X̃pτ,ξq
v “ R̃pτ,ξq

pv, tqx`

ż v

t

R̃pτ,ξq
pv, uq

´

Fpu,θu,τ pξqq ´DFpu,θu,τ pξqqθu,τ pξq
¯

du

`

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu

“: m
pτ,ξq
v,t pxq `

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu,

où R̃pτ,ξqpv, uq est la résolvante associée à DFpv,θv,τ pξqq, c’est-à-dire :

BvR̃
pτ,ξq
pv, tq “ DFpv,θv,τ pξqqR̃

pτ,ξq
pv, tq, R̃pτ,ξq

pt, tq “ Indˆnd,

et m
pτ,ξq
v,t pxq correspond à la moyenne de X̃

pτ,ξq
v qui est affine au point de départ x.

Remarquons que finalement ce choix de proxy est naturel pour l’étude du terme de
reste de (1.15). En effet, le flot, θv,τ pξq rend compte du transport de ξ (qui sera pris égal
à x) à y.
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En particulier, X̃
pτ,ξq
v est un processus Gaussien dont la matrice de covariance est :

K̃
pτ,ξq
v,t :“

ż v

t

R̃pτ,ξq
pv, uqBapu,θu,τ pξqqB

˚R̃pτ,ξq
pv, uq˚du.

La covariance satisfait la «bonne échelle» K̃
pτ,ξq
v,t — pv´ tq´1T2

v´t où Tu est définie en (1.7).
Le processus gelé, X̃

pτ,ξq
s a une densité Gaussienne (multi-échelle) qui s’écrit :

p̃pτ,ξqpt, s,x,yq

:“
1

p2πq
nd
2 detpK̃

pτ,ξq
s,t q

1
2

exp

ˆ

´
1

2

A

pK̃
pτ,ξq
s,t q

´1
pm

pτ,ξq
s,t pxq ´ yq,m

pτ,ξq
s,t pxq ´ y

E

˙

.

Nous montrons qu’il existe C ą 0 tel que pour tout multi-indice α “ pα1, ¨ ¨ ¨ , αnq P
Nn, |α| ď 3, avec la dérivée multi-indice Dα

x :“ Dα1
x1
¨ ¨ ¨Dαn

xn , telle que :

|Dα
x p̃
pτ,ξq
pt, s,x,yq|

ď
C

ps´ tq
řn
i“1 αipi´

1
2
q`n2d

2

exp
´

´C´1
ps´ tq

ˇ

ˇT´1
s´t

`

m
pτ,ξq
s,t pxq ´ y

˘
ˇ

ˇ

2
¯

“:
C

ps´ tq
řn
i“1 αipi´1{2q

p̄
pτ,ξq

C´1 pt, s,x,yq. (1.18)

Autrement dit, dériver la densité gelée induit des singularités en temps correspondant aux
échelles intrinsèques des indices de dérivation. Le travail qui suit consiste principalement
à rattraper ces singularités temporelles par la régularité spatiale.

1.7 Contrôle de la norme uniforme

Contrôle de la norme uniforme des premiers termes

Après de potentielles dérivées suivant x, nous choisissons le point de gel pτ, ξq “ pt,xq,
ainsi ce choix ne change pas les dérivées intervenant dans (1.15). En particulier, nous
pouvons voir grâce à la dynamique (1.17) qu’avec ce choix de gel m

pt,xq
v,t pxq “ θv,tpξq.

Le contrôle des normes associées au semi-groupe P̃ pτ,ξqT,t : }P̃ pτ,ξqT,t g}L8 , }Dx1P̃
pτ,ξq
T,t g}L8 ,

}D2
x1
P̃
pτ,ξq
T,t g}L8 , et associées au noyau de Green G̃pτ,ξq : }G̃pτ,ξqf}L8 et }Dx1G̃

pτ,ξqf}L8 ,
}D2

x1
G̃pτ,ξqf}L8 est établi par des techniques de type cancellation et en utilisant la ré-

gularité des paramètres intervenant dans le proxy (1.18). Pour illustrer le principe de
cancellation, établissons un contrôle en norme uniforme du noyau de Green :

}D2
x1
G̃pτ,ξqf}L8

“ sup
pt,xqPr0,T sˆRnd

ˇ

ˇ

ż T

t

ds

ż

Rnd
D2

x1
p̃pτ,ξqpt, s,x,yqfps,yqdy

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

“ sup
pt,xqPr0,T sˆRnd

|

ż T

t

ds

ż

Rnd
D2

x1
p̃pτ,ξqpt, s,x,yqrfps,yq ´ fps,m

pτ,ξq
s,t pxqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq
.
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La deuxième égalité vient du faite que
ş

Rnd D
2
x1
p̃pτ,ξqpt, s,x,yqdy “ 0, c’est ce qu’on appelle

en effet le principe de cancellation. Or comme f P Cγ
dpRnd,Rq et par (1.18), on déduit :

}D2
x1
G̃pτ,ξqf}L8

ď Crf sγd sup
pt,xqPr0,T sˆRnd

|

ż T

t

ds

ż

Rnd

p̄
pτ,ξq

C´1 pt, s,x,yq

s´ t
dγ

`

y,m
pτ,ξq
s,t pxq

˘

dy
ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď Crf sγd sup
pt,xqPr0,T sˆRnd

|

ż T

t

ds

ż

Rnd

p̄
pτ,ξq

C´1 pt, s,x,yq

ps´ tq1´
γ
2

dy
ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

“ Crf sγdpT ´ tq
γ
2 . (1.19)

La dernière inégalité vient du fait que pour tout ζ P R` il existe Cζ ě 1 tel que pour tout
0 ď β ď ζ et x P R` :

xβ expp´x2
q ď Cζ expp´C´1

ζ x2
q.

Nous contrôlons de manière similaire les premiers termes de reste
şT

t
ds

ş

Rnd p̃pt, s,x,yqpL´

L̃qups,yqdy intervenant dans (1.15), c’est-à-dire les termes faisant intervenir les dérivées
suivant les composantes non-dégénérées :

ż T

t

ds

ż

Rnd
D2

x1
p̃pτ,ξqpt, s,x,yq

´

xF1ps,yq ´ F1ps,θs,τ pξqq, Dy1ups,yqy

`
1

2

´

paps,yq ´ aps,θs,τ pξqqqD
2
y1
ups,yq

¯

dy, (1.20)

se contrôle en norme uniforme.

Contrôle de la norme uniforme des derniers termes

Néanmoins, pour les derniers coefficients du terme de reste dans (1.15) faisant inter-
venir les dérivées suivant les variables dégénérées, i.e. pDyiups,yqqiPrr2,nss, le contrôle en
norme uniforme est plus délicat. En effet, la version non régularisée de u n’est a priori
pas dérivable suivant les variables dégénérées pxiqiPrr2,nss, mais on s’attend des résultats
précédents à ce qu’elle soit seulement p2 ` γq{p2i ´ 1q-Hölder uniformément en m. Pour
cela, définissons :

∆i,Fpτ, s,θs,tpξq,yq :“
´

Fips,yq ´ Fips,θs,τ pξqq ´Dxi´1
Fips,θs,τ pξqqpy ´ θs,τ pξqqi´1

¯

,

(1.21)
et par intégrations par parties on a :

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dyD2

x1
p̃pτ,ξqpt, s,x,yqx∆i,Fpτ, s,θs,tpξq,yq, Dyiups,yqy

“ ´

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dyDyi ¨

“

D2
x1
p̃pτ,ξqpt, s,x,yq∆i,Fpτ, s,θs,tpξq,yq

‰

ups,yq. (1.22)
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L’idée, ensuite, sera de contrôler Dyi

“

D2
x1
p̃pτ,ξqpt, s,x,yq∆i,Fpτ, s,θs,tpξq,yq

‰

suivant la
norme adaptée en dualité à la norme L8pC2`γ

b,d q de ups,yq. C’est a priori un contrôle non
direct étant donné que le terme D2

x1
p̃pτ,ξqpt, s,x,yq∆i,Fpτ, s,θs,tpξq,yq dont on dérive en

Dyi n’est pas dérivable en yi à cause de l’irrégularité des coefficients.

Pour se faire, remarquons que pour α̃ P R, C α̃
b pRd,Rq “ Bα̃

8,8pRd,Rq, où pour tout
pp, q, sq P r1,`8s2 ˆ R, Bs

p,q est un espace de Besov. Il existe plusieurs façons de définir
les espaces de Besov (module de continuité, décomposition de Littlewood-Paley, représen-
tation thermique). La représentation thermique est la formulation la plus naturelle dans
notre contexte Gaussien. On définit ainsi Bs

p,qpRdq :“ tf P S 1pRdq : }f}Hsp,q ă `8u pour
tout m P N0 tel que m ą s

2
:

}f}Hα̃p,q :“ }ϕpDqf}LppRdq `
´

ż 1

0

vpm´
α̃
2
qq
}B
m
v hv ‹ f}

q
LppRdq

dv

v

¯
1
q
, (1.23)

où ϕ P C80 pRdq telle que ϕp0q ‰ 0, ϕpDqf :“ pϕf̂q_ où on définit la transformée de
Fourier f̂ et la transformée de Fourier inverse pϕf̂q_, et pour tout v ą 0, z P Rd,

hvpzq :“
1

p2πvq
d
2

exp

ˆ

´
|z|2

2v

˙

est le noyau de la chaleur usuel. Pour plus d’informations nous pouvons nous référer à
Triebel [Tri83].

La propriété qui nous intéresse dans les espaces de Besov est en fait la relation de dua-
lité entre Bα̃i

8,8pRd,Rq et B´α̃i1,1 pRd,Rq (voir par exemple [LR02]). Ainsi par des méthodes
de cancellation, nous établissons la norme Besov de chaque terme de (1.22). Autrement
dit, pour tout i P rr2, nss, on montre que la norme Besov prise pour la i-ème variable :

›

›yi ÞÑDyi

`

D2
x1
p̃pτ,ξqpt, s,x,yq∆i,Fpτ, s,θs,tpξq,yq

˘
›

›

B
´

2`γ
2i´1

1,1 pRdq

ď Cps´ tq
γ
2
´1

ż

Rd
p̃pτ,ξqpt, s,x,yqdyi.

En effet, la caractérisation thermique permet de faire passer la dérivée ÞÑ Dyi sur le noyau
de la chaleur hv.

Contrôle des modules Hölder

Pour étudier les différents modules Hölder, pour px,x1q P pRndq2 donné et 0 ă c0 ă 1
supposé «petit», nous procédons classiquement à une distinction entre le régime hors-
diagonal : c0d

2px,x1q ą ps´ tq et le régime diagonal : c0d
2px,x1q ď ps´ tq.

‚ hors-diagonal, dans ce cas, les points sont loin par rapport au temps courant. Donc
il n’y a pas d’intérêt à utiliser des développements des termes à contrôler entre ces deux
points x,x1. Nous utilisons ainsi le contrôle en norme sup précédemment établi avec comme
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choix de points de gel pτ, ξ, ξ1q “ pt,x,x1q. Par exemple, nous écrivons pour le contrôle
Hölder du noyau de Green :

ˇ

ˇG̃m,ξfpt,xq ´ G̃m,ξfpt,x1q
ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξ,ξ1q“pt,x,x1q

“
ˇ

ˇ

ż t`c0d2px,x1q

t

ds

ż

Rnd
rD2

x1
p̃pτ,ξqpt, s,x,yq ´D2

x1
ppτ,ξ

1q
pt, s,x1,yqsfps,yqdy

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξ,ξ1q“pt,x,x1q

ď 2 sup
pτ,ξ,ξ1q“pt,x,x1q

ˇ

ˇ

ż t`c0d2px,x1q

t

ds

ż

Rnd
dyD2

x1
p̃pτ,ξqpt, s,x,yqfps,yq

ˇ

ˇ

ď Cdγpx,x1q. (1.24)

La première inégalité est une conséquence de (1.19).

‚ diagonal, dans le cas où x,x1 sont proches vis-à-vis du temps courant, nous déve-
loppons la densité gelée entre x et x1. Pour se faire, nous choisissons les points de gel
pτ, ξ, ξ1q “ pt,x,xq, de sorte que les densités à contrôler soient les mêmes.

Autrement dit on écrit :
ˇ

ˇ

ż T

t`c0d2px,x1q

ds

ż

Rnd
dyrD2

x1
p̃pτ,ξqpt, s,x,yq ´D2

x1
ppτ,ξ

1q
pt, s,x1,yqsfps,yq

ˇ

ˇ

ď
ˇ

ˇ

ż T

t`c0d2px,x1q

ds

ż

Rnd
dy

ż 1

0

dλpx´ x1qDxD
2
x1
p̃pτ,ξqpt, s,x1 ` λpx´ x1q,yqfps,yq

ˇ

ˇ

ď C}f}L8pCγb,dq

n
ÿ

i“1

|xi ´ x1i|

ż T

t`c0d2px,x1q

ds

ż

Rnd
dyps´ tq´1´pi´ 1

2
qp̄
pτ,ξq

C´1 pt, s,x,yq

ď C}f}L8pCγb,dqd
γ
px,x1q. (1.25)

L’avant dernière inégalité est une conséquence du contrôle des dérivées de la densité gelée
(1.18) et de la cancellation

ş

Rnd dyDxD
2
x1
p̃pτ,ξqpt, s,x1 ` λpx´ x1q,yqfps,θs,tpxqq “ 0d,d,d,

la dernière identité vient du fait que |xi ´ x1i| ď d2i´1px,x1q.

Cependant, pour un tel choix de paramètres de gel pτ, ξ, ξ1q dépendant de la variable
d’intégration s, il nous faut modifier par la formule de Duhamel l’équation (1.15). Autre-
ment dit pour tout pt,x1q P r0, T s ˆ Rnd et r P pt, T s, ξ1 P Rnd on a :

umpt,x
1
q “ P̃

m,pτ,ξ1q
r,t umpr,x

1
q ` G̃

m,pτ,ξ1q
r,t fmpt,x

1
q

`

ż r

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yq,

avec

@0 ď v ă r ď T, G̃m,pτ,ξ1q
r,v fmpt,xq “

ż r

v

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqfmps,yq. (1.26)

Dériver cette expression suivant r, engendre pour tout ξ1 P Rnd :

0 “ BrP̃
m,pτ,ξ1q
r,t umpr,x

1
q `

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, r,x1,yqfmpr,yq

`

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, r,x1,yqpLmr ´ L̃

m,pτ,ξ1q
r qumpr,yqdy. (1.27)
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Ensuite, nous intégrons cette équation entre t et t0 P pt, T s pour un premier ξ1 et entre t0
et T avec un ξ̃

1
éventuellement différent :

0 “ P̃
m,pτ,ξ1q
t0,t umpt0,x

1
q ´ umpt,x

1
q `

ż t0

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqfmps,yq

`

ż t0

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yq

P̃
m,pτ,ξ̃

1
q

T,t umpT,x
1
q ´ P̃

m,pτ,ξ̃
1
q

t0,t umpt0,x
1
q `

ż T

t0

ds

ż

Rnd
dyp̃m,pτ,ξ̃

1
q
pt, s,x1,yqfmps,yq

`

ż T

t0

ds

ż

Rnd
dyp̃m,pτ,ξ̃

1
q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ̃
1
q

s qumps,yq.

Rappelons que umpT,x1q “ gmpx
1q (condition terminale), et avec les notations de (1.26)

l’équation précédente se réécrit :

umpt,x
1
q “ P̃

m,pτ,ξ̃
1
q

T,t gmpx
1
q ` G̃

m,pτ,ξ1q
t0,t fmpt,x

1
q ` G̃

m,pτ,ξ̃
1
q

T,t0
fmpt,x

1
q

`P̃
m,pτ,ξ1q
t0,t umpt0,x

1
q ´ P̃

m,pτ,ξ̃
1
q

t0,t umpt0,x
1
q

`

ż T

t

ds

ż

Rnd
dy

´

Isďt0 p̃m,pτ,ξ
1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s q

`Isąt0 p̃m,pτ,ξ̃
1
q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ̃
1
q

s q

¯

umps,yq. (1.28)

Nous voyons dès lors que pour ξ1 ‰ ξ̃
1
apparaît un nouveau terme dû à la discontinuité

du changement de point de gel. Notons toutefois, que le rôle de t0 est semblable à celui
de pξ, ξ1q, dans le sens où après de potentielles dérivations en espace nous posons

t0 “ t` c0d
2
px,x1q. (1.29)

Autrement dit, le temps t0 corresponds exactement au temps critique de changement de
régime. Le terme de discontinuité P̃ pτ,ξ

1q

t0,t upt0,x
1q´ P̃

pτ,ξ̃
1
q

t0,t umpt0,x
1q se traite identiquement

à ceux précédemment contrôlés.

1.8 Conclusion

A ce stade, nous pouvons énoncer le contrôle de la solution de (1.15) uniformément à
l’indice de régularisation m :

}u}L8pC2`γ
b,d q

ď C
´

}g}C2`γ
b,d
` }f}L8pCγb,dq ` }u}L8pC2`γ

b,d q

“

1` c
γ
2
0 ` T

γ
2

‰

¯

. (1.30)

La constante C ą 0 dépend des normes Hölder de a, et de F. Pour des normes Hölder de
a et de F, pour c0 et pour T ą 0 suffisamment petits, on conclut facilement l’estimée de
Schauder. Pour des coefficients a et F quelconques, nous procédons par une méthode de
scaling. C’est-à-dire pour tout λ ą 0 petit, on écrit le problème de Cauchy équivalent à
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(1.2) :
$

’

&

’

%

Btu
λpt,xq ` xFpt, λ´1{2Tλxq, λ1{2T´1

λ Duλpt,xqy

`λ´1

2
Tr
`

D2
x1
uλpt,xqapt, λ´1{2Tλxq

˘

“ ´fpt, λ´1{2Tλxq,
uλpT,xq “ gpλ´1{2Tλxq, x P Rnd.

(1.31)

En reprenant les contrôles précédents on obtient dès lors :

}u}L8pC2`γ
b,d q

ď C
´

}g}C2`γ
b,d
` }f}L8pCγb,dq ` }u}L8pC2`γ

b,d q

“

λ
γ
2 ` c

γ
2
0 ` T

γ
2

‰

¯

. (1.32)

Pour T , c0 et λ suffisament petits devant les normes Hölder de a et de F, on obtient
C
“

λ
γ
2 ` c

γ
2
0 ` T

γ
2

‰

ă 1. Nous avons donc le contrôle Schauder voulu en passant le terme
C}u}L8pC2`γ

b,d q

“

λ
γ
2 ` c

γ
2
0 ` T

γ
2

‰

à gauche de l’inégalité (1.32). Pour passer à temps quel-
conque, nous itérons le raisonnement précédent en remplaçant gpxq par upTn,xq pour
Tn “

N´k`1
N

T , avec N suffisamment grand, k P rr0, N ss. Autrement dit, on écrit pour
t P r0, p1´ k´1

N
qT q :

#

Btukpt,xq ` xFpt,xq,Dukpt,xqy `
1
2
Tr
`

D2
x1
ukpt,xqapt,xq

˘

“ ´fpt,xq,

ukpp1´
k´1
N
qT,xq “ uk´1pp1´

k´1
N
qT,xq.

Enfin, par un argument de compacité (le Théorème d’Ascoli) et l’unicité au problème de
la martingale associé établie par [CdRM17], on obtient qu’il existe une unique solution
mild vérifiant l’estimée de Schauder (1.10).

Pour passer de la solution mild à la solution faible, nous exploitons de nouveau la
dualité des espaces de Besov.

1.9 Unicité forte

Présentation du problème

Pour un système d’Équations Différentielles Ordinaires (EDO), le caractère bien posé
s’avère être un véritable enjeu quand on quitte le cadre Lipschitz, voir par exemple [PL89].
En effet l’exemple de Peano montre que l’unicité de la solution peut ne pas être garantie
quand la dérive du système n’est que Hölder. Néanmoins, la présence d’un bruit permet
de restaurer ladite unicité. Ce phénomène s’appelle la régularisation par le bruit, voir e.g.
Flandoli [Fla11]. Zvonkin [Zvo74] a été le premier à considérer ce cadre en dimension 1.
Puis une généralisation multidimensionnelle et elliptique a été établie par Veretennikov
[Ver80]. Mentionnons également Krylov et Röckner [KR05] qui ont vérifié l’unicité forte
pour un système non-dégénéré avec dérive Lq ´ Lp, ainsi que Zhang [Zha10] pour une
matrice de diffusion faiblement Lipschitz. Enfin Fedrizzi et Flandoli [FF11] ont établi
l’unicité forte dans un cadre elliptique et avec une dérive Lq ´ Lp et Hölder.

Le cadre, dégénéré avec n “ 2 a été étudié par Chaudru de Raynal [CdR17], Wang et
Zhang [WZ16], Fedrizzi, Flandoli, Priola et Vovelle [FFPV17], Zhang [Zha18].
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Nous considérerons comme précédemment dans l’étude des estimées de Schauder, le
système suivant :

dX1
t “ F1pt,X

1
t , . . . ,X

n
t qdt` σpt,X

1
t , . . . ,X

n
t qdWt,

dX2
t “ F2pt,X

1
t , . . . ,X

n
t qdt,

dX3
t “ F3pt,X

2
t , . . . ,X

n
t qdt,

...
dXn

t “ Fnpt,X
n´1
t ,Xn

t qdt,

t ě 0. (1.33)

L’unicité forte est triviale lorsque les coefficients sont Lipschitz. En effet, on note :

Xt “ x`

ż t

0

Fps,Xsqds`

ż t

0

σps,XsqdWs,

X1
t “ x`

ż t

0

Fps,X1
sqds`

ż t

0

σps,X1
sqdWs. (1.34)

Si σ et F sont Lipschitz, on déduit qu’il existe C “ Cpσ,Fq ą 0 tel que :

E
ˇ

ˇXt ´X1
t

ˇ

ˇ

2
ď C

ż t

0

E|Xs ´X1
s|

2ds. (1.35)

Par l’inégalité de Gronwall on a directement que Xt “ X 1
t pour tout t ě 0 presque sûre-

ment.

Dans le cas où la dérive n’est pas Lipschitz, l’étude de l’unicité forte s’avère nettement
plus difficile. Nous supposerons que :

- Régularité du coefficient de diffusion. σ est Lipschitz (une régularité plus faible
reste un problème ouvert),

- Régularité de la dérive. pour tout (i P rr1, nss, on a rpFiqs
βj
d ă 8 avec βj P p2j´2

2j´1
, 1s et

rpDxi´1
Fiqs

η
d ă 8, pour un «petit» η.

La régularité de la dérive est optimale pour notre approche, ces seuils de régularité sont
cohérents à ceux pour l’estimée de Schauder. La différence vient du fait que les composants
de la dérive ont tous la même régularité, c’est-à-dire que la régularité de Fi ne dépend
pas de i. Cela s’explique par le fait que la dérive Fi, à chaque étage va être amené à jouer
le rôle de source dans l’équation de Kolmogorov associé à la transformation de Zvonkin
(voir (1.36) plus loin) et que les contrôles que l’on souhaite obtenir soient sans échelle, i.e.
du type |Xs ´X1

s| comme dans (1.35). Autrement dit, l’étage de la dérive doit fournir la
même régularité. Enfin, remarquons que l’on retrouve le même type de régularité supposée
dans le cas des estimées de Schauder pour γ “ 1` η.

Theorem 3 Pour σ non-dégénéré et F avec les régularités précédemment supposées, il
existe une unique solution forte au système (1.33).
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Transformation de Zvonkin

Soit U la solution au problème de Cauchy suivant :
#

BtUpt,xq ` xFpt,xq,DUpt,xqy ` 1
2
Tr
`

D2
x1

Upt,xqapt,xq
˘

“ ´Fpt,xq,

UpT,xq “ 0, x “ px1, ¨ ¨ ¨ ,xnq P Rnd.

L’idée principale de la transformation de Zvonkin est de supprimer le terme de dérive en
écrivant la formule d’Itô :

ż t

0

Fps,Xsqds “ ´Um
p0,xq `Um

pt,Xtq ´

ż t

0

DUm
ps,XsqqBσpt,XtqdWs `Rm

t pXq,

(1.36)
avec

Rm
t pXq :“

ż t

0

Fps,Xsq ´ Fm
ps,Xsqds´

ż t

0

pLs ´ L
m
s qU

m
ps,Xsqds.

Rappelons que l’indice m signifie que l’on a régularisé, de sorte que le terme de reste
Rm
t pXq

p.s.
ÝÑ

mÑ`8
0. Ainsi, écrivons :

Xs ´Um
ps,Xsq “ ´Um

p0,xq ´

ż t

0

DUm
ps,XsqqBσps,XsqdWs `Rm

t pXq,

et l’étude de l’équation de Kolmogorov (1.36), avec une étude similaire à celle menée pour
(1.2) et détaillée dans la partie 1.9, permet d’établir le contrôle

||DUm
||8 ` ||DpDUmBq||8 ď CT . (1.37)

Notons toutefois que contrairement à (1.2) la source F n’est pas bornée. Ce qui ne gène
pas ici étant donné que nous n’avons besoin que des bornes sup des dérivées de U.

Ensuite, en reprenant X et X1 satisfaisant (1.34) et par (1.36), on écrit

E
„

sup
sďt
|Xs ´X1

s|
2



ď 5

ˆ

E
„

sup
sďt
|Um

ps,Xsq ´Um
ps,X1

sq|
2



`E
„
ż t

0

|rDUmBs ps,Xsq ´ rDUmBs ps,X1
sq|

2
}σ}2

8
ds



`E
„
ż t

0

p}DUmB}
8
` 1q |rσps,Xsq ´ σps,X

1
sqs|

2
ds



` 2}Rm
¨ p¨}|8

˙

.

L’identité (1.39) implique ainsi qu’il existe T ą 0 tel que pour tout 0 ă T ă T et une
constante CT “ CT pT q ÝÑ

TÑ0
0 telle que

E
„

sup
tďT

|Xt ´X1
t|

2



ď CTE
„

sup
tďT

|Xt ´X1
t|

2



` 10}Rm
¨ p¨q}8. (1.38)

Pour T suffisamment petit, on conclut donc en faisant tendre m vers `8 et par argu-
ment circulaire on a que E rsuptďT |Xt ´X1

t|
2s “ 0. Autrement dit, on vient de montrer

l’unicité forte de la dynamique (1.33). Pour un temps quelconque T , on itère le raisonne-
ment sur r k

N
T, k`1

N
T s avec k P rr0, N ´ 1ss et N suffisamment grand.
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Contrôles de gradient

Le cœur de l’analyse est de montrer les contrôles de gradients suivant.

Theorem 4 Il existe T ą 0 tel que pour tout T ď T il existe une constante CT :“
CppAq, T q ą 0 dépendant seulement des coefficients de diffusion et tel que CT Ñ 0 quand
T Ñ 0 tel que pour tout m ě 0 la solution Um satisfait à l’inégalité suivante :

||DUm
||8 ` ||DpDUmBq||8 ď CT . (1.39)

Notons que les inégalités voulues sont pour les dérivées de Um, ainsi le caractère non borné
de la source F ne posera pas de problème à l’analyse. Notamment, les normes Besov qui
seront considérées seront des normes non-homogènes. Ce qui rend les propriétés de dualité
bien plus simple.

Chaque composante umi , i P rr1, nss de la solution Um de (1.36) s’écrit pour tout
pt,xq P r0, T s ˆ Rnd

umi pt,xq “

ż T

t

ds

ż

Rnd
dy

!

´ Fm
i ps,yq ` pL

m
s ´ L̃

m
s qu

m
i ps,yq

)

p̃pτ,ξqpt, s,x,yq, (1.40)

avec la même méthode de linéarisation que pour le chapitre précédent sur les estimées de
Schauder.

Dit autrement, la formule de Duhamel (ou le développement parametrix du premier
ordre) donne :

uipt,xq “ ´

ż T

t

”

P̃
pτ,ξq
s,t Fips, ¨q

ı

pxqds`

ż T

t

”

P̃
pτ,ξq
s,t

´

pLs ´ L̃
ξ
squi

¯

ps, ¨q
ı

pxq,

et par définition des opérateurs L̃s et Ls on a :

uipt,xq “ ´

ż T

t

”

P̃
pτ,ξq
s,t Fips, ¨q

ı

pxqds

`

ż T

t

”

P̃
pτ,ξq
s,t ppF1ps, ¨q ´ F1ps,θs,tpξqqqD1uips, ¨qq

ı

pxq

`

ż T

t

„

P̃
pτ,ξq
s,t

ˆ

1

2
Tr

“

aps, ¨q ´ aps,θs,tpξqqD
2
1uips, ¨q

‰

˙

pxqds (1.41)

`

ż T

t

«

P̃
pτ,ξq
s,t

˜

n
ÿ

k“2

pFkps, ¨q ´ Fkps,θs,tpξqq

´Dxk´1
Fkps,θs,tpξqqp¨ ´ θs,tpξqqk´1qDkuips, ¨q

¸ff

pxqds,

On montre par des méthodes de cancellation (partielles) et par un choix de point de gel
convenable (voir les estimées de Schauder) que

›

›

›
DDx1

ż T

t

ds

ż

Rnd
Fm
k ps,yqp̃

pτ,ξq
pt, s, ¨,yqdy

›

›

›

8
ď CT .
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Pour les autres termes de l’équation (1.41) faisant intervenir la dérivé de ui suivant la
composante non-dégénérée x1, on écrit aussi par cancellation (partielle) :

n
ÿ

l“1

›

›

›
DlDx1

ż T

t

”

P̃
pτ,ξq
s,t ppF1ps, ¨q ´ F1ps,θs,tpξqqqD1uips, ¨qq

ı

p¨q ds
›

›

›

8

`

n
ÿ

l“1

›

›

›
DlDx1

ż T

t

„

P̃
pτ,ξq
s,t

ˆ

1

2
Tr

“

aps, ¨q ´ aps,θs,tpξqqD
2
1uips, ¨q

‰

˙

pxqds
›

›

›

8
ď CT .

En revanche, pour le terme correspondant aux dérivées Dkui, k P rr2, nss, l’analyse doit
être plus subtile.

On développe d’abord les l´ 1 premières composantes des termes de dérive autour du
point de gel θs,tpξq. C’est-à-dire, on écrit :

Fkps, ¨q ´ Fkpθs,tpξqq ´Dk´1Fkps,θs,tpξqqp¨ ´ θs,tpξqqk´1

“ rFkps, ¨q ´ Fips, ¨1:l´1,θ
l:n
s,tpξqqs

`rFkps, ¨1:l´1,θ
l:n
s,tpξqq ´ Fkpθs,tpξqq ´Dk´1Fkps,θs,tpξqqp¨ ´ θs,tpξqqk´1qs

Le premier terme permet de rattraper la singularité de DlD1p̃
ξpt, s,x,yq. Puis, formelle-

ment, on développe on fait un développement de Taylor à l’ordre 2 de u à l’aide d’une
cancellation partielle :

ˇ

ˇ

ˇ
DxlDx1

”

P̃ ξ
s,t

`

l
ÿ

k“2

pFkps, ¨1:l´1,θ
l:n
s,tpξqq ´ Fkpθs,tpξqq

´Dk´1Fkps,θs,tpξqqp¨ ´ θs,tpξqqk´1qDkuips, ¨q
˘

ı

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

ˇ

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ l
ÿ

k“2

pFkps, ¨1:l´1,θ
l:n
s,tpξqq´Fkps,θs,tpξqq´Dxk´1

Fkpθs,tpξqq
`

¨´θs,tpξq
˘

k´1
q

ˆ

n
ÿ

j“l

ż 1

0

dλDjDkuips, ¨1:l´1, ¨l:n ` λp¨l:n ´ θl:ns,tpξqqqp¨ ´ θs,tpξqqj

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

. (1.42)

Notons en effet, par la structure triangulaire de DF on a pour tout l P rr2, nss, k P rr2, lss,
et j P rrl, nss :

DxlDx1

„

P̃ ξ
s,t

ˆ

pFkps, ¨1:l´1,θ
l:n
s,tpξqq ´ Fkps,θs,tpξqq ´Dxk´1

Fkpθs,tpξqq
`

¨ ´θs,tpξq
˘

k´1
q

ˆDjDkuips, ¨1:l´1,θ
l:n
s,tpξqqq

˙

pxq “ 0d,d,d,d.

On ne s’attend pas à ce que toutes les dérivées de ui existent, néanmoins l’identité (1.42)
a un sens d’un point de vue de la dualité Besov. C’est-à-dire, que l’on montre maintenant
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que :
ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“2

n
ÿ

j“l

ż 1

0

dλDxlDx1

„

P̃ ξ
s,t

ˆ

´

Fkps, ¨1:l´1,θ
l:n
s,tpξqq ´ Fkps,θs,tpξqq

´Dxk´1
Fkps,θs,tpξqq

`

¨ ´θs,tpξq
˘

k´1

¯

ˆDkDjuips, ¨1:l´1, ¨l:n ` λp¨l:n ´ θl:ns,tpξqqqp¨ ´ θs,tpξqqj

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

l
ÿ

k“2

n
ÿ

j“l

ˇ

ˇ

ˇ

ˇ

ˇ

ż 1

0

dλ

ż

Rpn´1qd

dpy1:i´1,yi`1:nq

ˆ

ż

Rd
dyk

#

„

Ψ
ps,y1:k´1,yk`1:nq,pt,xq

k,pl,1q,j pykq



ϕ
ps,y1:k´1,yk`1:nq,t,ξ,λ
k,l,j pykq

+ˇ

ˇ

ˇ

ˇ

ˇ

.

ď

ż T

t

ds

›

›

›

›

„

Ψ
ps,y1:k´1,yk`1:nq,pt,xq

k,pl,1q,j p¨q


›

›

›

›

B
1´α

j
k

1,1

sup
yj ,jPrr1,nss,j‰k, λPp0,1q

›

›

›

›

ϕ
ps,y1:k´1,yk`1:nq,t,ξ,λ
k,l,j p¨q

›

›

›

›

B
α
j
k
´1

8,8

ď CT γp}Dui}8 ` }DD1ui}8q, (1.43)

avec

Ψ
ps,y1:k´1,yk`1:nq,pt,xq

k,pl,1q,j : yk P Rd
ÞÑ Ψ

ps,y1:k´1,yk`1:nq,pt,xq

k,pl,1q,j pykq “
„

DxlDx1 p̃
ξ
pt, s,x,yq

´

pFkpy1:l´1,θ
l:n
s,tpξqq ´ Fkpθs,tpξqq

´Dxk´1
Fkpθs,tpξqq

`

y ´ θs,tpξq
˘

k´1
q

¯

py ´ θs,tpξqqj



ϕ
ps,y1:k´1,yk`1:nq,t,ξ,λ
k,l,j : yk P Rd

ÞÑ ϕ
ps,y1:k´1,yk`1:nq,t,ξ,λ
k,l,j pykq “

DykDyjuips,y1:l´1,yl:n ` λpyl:n ´ θl:ns,tpξqqq. (1.44)

Notons que la norme supyj ,jPrr1,nss,j‰k, λPp0,1q

›

›ϕ
ps,y1:k´1,yk`1:nq,t,ξ,λ
k,l,j p¨q

›

›

B
α
j
k
´1

8,8

est équivalent à

la norme αjk- Hölder suivant la k-ème variable de Djui que l’on note }Djpuiqk}αjk
. Pour

établir le contrôle de cette norme, nous procédons par argument circulaire, c’est-à-dire
qu’on montre une inégalité du type

}Djpuiqk}αjk
ď
`

1` T γp}D1ui}8 ` }Djpuiqk}αjk
q
˘

,

en injectant la formule de Duhamel (1.41). Le principal intérêt de cette formulation est
que contrairement à la méthode adoptée pour les estimées de Schauder, il n’y a plus besoin
de méthode de scalling. En effet, l’inégalité (1.43) associée aux autres contrôles implique

}DD1ui}8 ď C
`

1` T γp}D1ui}8 ` }DD1ui}8q
˘

,

on déduit dès lors pour T suffisamment petit que

}DD1ui}8 ` }DD1ui}8q ď C.
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CHAPTER 3. A FIRST NON-ASYMPTOTIC CONCENTRATION RESULT

Chapter 3

A first non-asymptotic concentration
result

Abstract : We obtain non-asymptotic Gaussian concentration bounds for the difference
between the invariant distribution ν of an ergodic Brownian diffusion process and the
empirical distribution of an approximating scheme with decreasing time step along a
suitable class of (smooth enough) test functions f such that f ´ νpfq is a coboundary of
the infinitesimal generator. We show that these bounds can still be improved when some
suitable squared-norms of the diffusion coefficient also lie in this class. We apply these
estimates to design computable non-asymptotic confidence intervals for the approximating
scheme. As a theoretical application, we finally derive non-asymptotic deviation bounds
for the almost sure Central Limit Theorem.

1 Introduction

1.1 Setting

The aim of this chapter is to approach the invariant distribution of the solution of the
diffusion equation:

dYt “ bpYtqdt` σpYtqdWt, (1.1)

where pWtqtě0 is a Wiener process of dimension r on a given filtered probability space
pΩ,G, pGtqtě0,Pq, b : Rd Ñ Rd, and σ : Rd Ñ Rd b Rr are assumed to be Lipschitz
continuous functions and to satisfy a mean-reverting assumption in the following sense. If
A denotes the infinitesimal generator of the diffusion (1.1), there exists a twice continu-
ously differentiable Lyapunov function V : Rd Ñ p0,`8q such that lim|x|Ñ`8 V pxq “ `8
and AV ď β ´ αV where β P R and α ą 0 . Such a condition ensures the existence of
an invariant distribution. We will also assume uniqueness of the invariant distribution,
denoted from now by ν. We refer to the monographs by Khasminskii [Kha80] (see also its
augmented second edition [KM11]), or Villani [Vil09] and to the survey paper [Pag01], for
in-depth discussions on the conditions yielding such existence and uniqueness results.

We introduce an approximation algorithm based on an Euler like discretization with
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decreasing time step, which may use more general innovations than the Brownian incre-
ments. Namely, for the step sequence pγkqkě1 and n ě 0, we define:

Xn`1 “ Xn ` γn`1bpXnq `
?
γn`1σpXnqUn`1, (1.2)

where X0 P L
2pΩ,F0,Pq and pUnqně1 is an i.i.d. sequence of centered random variables

matching the moments of the Gaussian law on Rr up to order three, independent of X0.
We define the empirical (random) occupation measure of the scheme in the following

way. For all A P BpRdq (where BpRdq denotes the Borel σ-field on Rd):

νnpAq :“ νnpω,Aq :“

řn
k“1 γkδXk´1pωqpAq

řn
k“1 γk

. (1.3)

The measure νn is here defined accordingly to the intrinsic time scale of the scheme.
Namely, Γn “

řn
k“1 γk represents the current time associated with the Euler scheme (1.2)

after n iterations. Since we are interested in long time approximation, we consider steps
pγkqkě1 such that Γn :“

řn
k“1 γk Ñn

`8. We also assume γk Ó
k

0. Observe that, for a

bounded ν-a.s. continuous function f , it is proved in [LP02] (see e.g. Theorem 1), that:

νnpfq “
1

Γn

n
ÿ

k“1

γkfpXk´1q
a.s.
ÝÑ
n

νpfq “

ż

Rd
fpxqνpdxq, (1.4)

or equivalently that νnpω, ¨q
w
ÝÑ
n

ν, Ppdωq ´ a.s. The above result can be seen as an
inhomogeneous counterpart of stability results discussed for homogeneous Markov chains
in Duflo [Duf90]. Intuitively, the decreasing steps make the approximation more and more
accurate in long time and, therefore, the ergodic empirical mean of the scheme converges to
the quantity of interest. Put it differently, there is no bias. This is a significant advantage
w.r.t. a more naive discretization method that would rely on a constant step scheme.
Indeed, even if this latter approach gains in simplicity, taking γk “ h ą 0 in (1.2) would
lead to replace the r.h.s. of (1.4) by the quantity νhpfq :“

ş

Rd fpxqν
hpdxq, with νh denoting

the invariant distribution of the Euler scheme with step h. In such a case, for the analysis
to be complete, one needs to investigate the difference ν ´ νh through the corresponding
continuous and discrete Poisson problems. We refer to Talay et al. [TT90], [Tal02] for a
precise presentation of this approach.

Now, once (1.4) is available, the next question naturally concerns the rate of that
convergence. This was originally investigated by Lamberton and Pagès [LP02] for functions
f of the form f ´ νpfq “ Aϕ, i.e. f ´ νpfq is a coboundary for A. The specific reason for
focusing on such a class of functions is that an invariant distribution ν is characterized
as a solution in the distribution sense of the stationary Fokker-Planck equation A˚ν “ 0
(where A˚ stands for the adjoint of A). Thus, for smooth enough functions ϕ (at least
C2pRd,Rq), one has νpAϕq “

ş

Rd Aϕpxqνpdxq “ 0. The authors then investigate the
weak convergence of νnpfq ´ νpfq once suitably renormalized. However, in these results,
the assumptions are made on the function ϕ itself rather than on f . To overcome this
limitation and exploit directly some assumptions on the function f requires to solve the
Poisson equation Aϕ “ f ´ νpfq. This is precisely for this step that some structure
conditions are needed, namely (hypo)ellipticity or confluence conditions. We refer for
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instance to the work of Pardoux and Veretennikov [PV01], Rothschield and Stein [RS76]
or Villani [Vil09] who discuss the solvability of the Poisson problem under some ellipticity
or hypoellipticity assumptions. We also mention the work of Pagès and Panloup [PP14]
who exploit some confluence conditions allowing to handle for instance the case of an
Ornstein-Uhlenbeck process with degenerate covariance matrix. We refer to Sections 2.2
and 2.3 for precise assumptions giving the uniqueness of the invariant distribution of (1.1)
and the expected smoothness properties for the associated Poisson problem.

In the current chapter, our goal is to establish for this recursive procedure a non-
asymptotic Gaussian control for the deviations of the quantity νnpfq ´ νpfq for possibly
unbounded Lipschitz continuous functions f . Such non-asymptotic bounds are crucial in
many applicative fields. Indeed, for specific practical simulations, it is not always possible
to run ergodic means for very large values of n. It will be direct to derive, as a by-
product of our deviations estimates, some computable non-asymptotic confidence intervals.
A specific feature of such non-asymptotic deviation inequalities is that their accuracy
depends again on the status of the diffusion coefficient σ with respect to the Poisson
equation. Thus, if }σ}2 ´ νp}σ}2q “ Aϑ is a coboundary (where } ¨ } denotes a matrix
norm), we manage to improve our analysis, to derive better concentration bounds in a
certain deviation range as well as some additional deviation regimes. Also, this additional
study seems rather efficient to capture the numerical behavior of the empirical deviations.
We refer to Section 4 and 6.2 for details about these points. Eventually, our main deviation
results allow to provide deviation inequalities for plain Lipschitz continuous sources f in
the ergodic approximation, by using a suitable regularization procedure, as established
in Theorem 7. As expected, dealing with this general class of functions requires more
stringent constraints on the time steps, that must be small enough, and prevents from
obtaining the fastest convergence rates (see again Theorem 7 and Section 5.3).

The main feature of the sequence (1.4) of weighted empirical measures is that it targets
the true invariant distribution ν of the continuous time diffusion. The price to pay is
the use of an Euler scheme with decreasing step which is a non-homogeneous Markov
chain. This induces new difficulties compared to the extensive literature on deviation
inequalities for ergodic homogeneous Markov chains. In particular, our approximation
procedure produces some remainder terms that need to be controlled accurately enough
in a non-asymptotic way to produce tractable deviation inequalities asymptotically close
to their counterparts for the diffusion itself. This a major difficulty compared to a CLT
where these remainder terms are simply requested to go to 0 fast enough.

As mentioned above and like for the CLT (see [Bha82] for the diffusion or [LP02] for
the weighted empirical measures νn), these deviation inequalities are naturally established
for coboundaries f´νpfq “ Apϕq, the assumptions being made on ϕ. Our second objective
in this chapter is to state our results so that all assumptions could be read on the source
function f itself. This first requires to solve the Poisson equation in that spirit, that means
deriving pointwise regularity results on ϕ from those made on f . Again, for Lipschitz
sources, this step will require an appropriate regularization procedure.

In particular, we will not rely on the Sobolev regularity (see e.g. Pardoux and Vereten-
nikov [PV01]) but rather on some Schauder estimates in line with the works by Krylov
and Priola [KP10], which allow to benefit from the elliptic regularity for operators with
unbounded coefficients. For more details, we refer to the introduction of Section 5.
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1.2 Assumptions and Related Asymptotic Results

From now on, we will extensively use the following notations.
For a given step sequence pγnqně1, we denote:

@` P R, Γp`qn :“
n
ÿ

k“1

γ`k, Γn :“
n
ÿ

k“1

γk “ Γp1qn .

In practice, we will consider time step sequences: γn — 1
nθ

with θ P p0, 1s, where for two
sequences punqnPN, pvnqnPN the notation un — vn means that Dn0 P N, DC ě 1 such that
@n ě n0, C

´1vn ď un ď Cvn.
For a vector v P Rk, k P td, ru, we denote by |v| :“ p

řk
j“1 v

2
j q

1
2 its (canonical) Euclidean

norm. Also, for a function ψ : Rq Ñ Rd, we set }ψ}8 :“ supxPRq |ψpxq|.

Hypotheses

(C1) The random variable X0 is supposed to be sub-Gaussian, i.e. its square is exponen-
tially integrable up to some threshold. Namely, there exists λ0 P R˚` such that:

@λ ă λ0, E rexppλ|X0|
2
qs ă `8.

(GC) The µ-distributed i.i.d. innovation sequence pUnqně1 is such that E rU1s “ 0 and
for all pi, j, kq P t1, ¨ ¨ ¨ , ru3, E rU i

1U
j
1 s “ δij, E rU i

1U
j
1U

k
1 s “ 0. Also, pUnqně1 and X0 are

independent. Eventually, U1 satisfies the following Gaussian concentration property, i.e.
for every 1´Lipschitz continuous function g : Rr Ñ R and every λ ą 0:

E
“

exppλgpU1qq
‰

ď exp

ˆ

λE rgpU1qs `
λ2

2

˙

.

Observe that if U1
plawq
“ N p0, Irq or U1

plawq
“ p1

2
pδ1` δ´1qq

br, i.e. for Gaussian or symmetric
Bernoulli increments which are the most commonly used sequences for the innovations,
the above identity holds. On the other hand, what follows can be adapted almost straight-
forwardly for a wider class of sub-Gaussian distributions satisfying that for some $ ą 0
and for all λ ą 0:

E
“

exppλgpU1qq
‰

ď exp

ˆ

λE rgpU1qs `
$λ2

4

˙

, (1.5)

which yields that for all r ą 0, Pr|U1| ě rs ď 2 expp´ r2

$
q (sub-Gaussian concentration

of the innovation). The case $ “ 2 corresponds to the standard Gaussian concentration.
This is also the constant in the logarithmic Sobolev inequality fulfilled by the standard
Gaussian measure.

(C2) There exists a positive constant κ such that,

sup
xPRd

}σpxq}2 ď κ,
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where }σpxq} stands for the operator norm of σpxq, i.e. }σpxq} “ supzPRr,|z|ď1 |σpxqz| (keep
in mind that }σpxq} “ }σ˚pxq} “ }σσ˚pxq}

1
2 ). We then set }σ}8 :“ supxPRd }σpxq}.

(LV) There exists a Lyapunov function V : Rd ÝÑ rv˚,`8r, with v˚ ą 0, satisfying the
following conditions:

i) Regularity-Coercivity. V is a C2 function, }D2V }8 ă `8, and lim|x|Ñ8 V pxq “ `8.
ii) Growth control. There exists C

V
P p0,`8q such that for all x P Rd:

|∇V pxq|2 ` |bpxq|2 ď C
V
V pxq.

iii) Stability. Let A be the infinitesimal generator associated with the diffusion Equa-
tion (1.1), defined for all ϕ P C2

0pRd,Rq and for all x P Rd by:

Aϕpxq “ xbpxq,∇ϕpxqy ` 1

2
Tr
`

ΣpxqD2ϕpxq
˘

, Σpxq :“ σσ˚pxq,

where, for two vectors v1, v2 P Rd, the symbol xv1, v2y stands for the canonical inner
product of v1 and v2 and for M P Rd b Rd, TrpMq denotes the trace of the matrix
M .
There exist α

V
ą 0, βV P R` such that for all x P Rd,

AV pxq ď ´α
V
V pxq ` βV .

As a consequence of (LV ) i), there exist constantsK and c̄ such that for |x| ě K, |V pxq| ď
c̄|x|2, which in turn implies, from (LV ) ii), that |bpxq| ď

a

C
V
c̄|x|.

(U) There exists a unique invariant distribution, denoted from now on by ν, for Equa-
tion (1.1).

(S) For a Lyapunov function V satisfying (LV ), we assume that the step sequence pγkqkě1

satisfies for all k ě 1, γk ď
1
2

minp 1?
C
V
c̄
,

α
V

C
V
}D2V }8

q.

Condition (S) means that we assume the time steps are sufficiently small w.r.t. the
upper bounds of the coefficients and the Lyapunov function.

Remark 1 We have assumed (U) without imposing some specific non-degeneracy condi-
tions. Observe that (LV) yields existence of an invariant distribution (see e.g. Chapter 4.9
in [EK86]). Additional structure conditions on the coefficients ((hypo-)ellipticity [KM11],
[PV01], [PV03], [PV05], [Vil09] or confluence [PP14]) then yield uniqueness.

Assumption (S) is a technical condition which is exploited in order to derive the non-
asymptotic controls of Theorem 2 (see especially the proof of Proposition 1 below).

Observe that, as soon as conditions (C2), (LV), (U) are satisfied and E rU1s “

0,ErUb3
1 s “ 0, the following Central Limit Theorem (CLT) holds (see Theorems 9, 10

in [LP02]).
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Theorem 1 (CLT) Under (C2), (LV), (U), if E rU1s “ 0, E rUb3
1 s “ 0 and ErV pX0qs ă

`8, we have the following results.

paq Fast decreasing step. If limn
Γ
p2q
n?
Γn
“ 0 and E r|U1|

6s ă `8, then, for any Lipschitz
continuous function ϕ in C3pRd,Rq with D2ϕ and D3ϕ bounded, one has (with pLq
denoting weak convergence)

a

ΓnνnpAϕq
pLq
ÝÑ N

ˆ

0,

ż

Rd
|σ˚∇ϕ|2dν

˙

.

pbq Critical and slowly decreasing step. If limn
Γ
p2q
n?
Γn
“ rγ Ps0,`8s and if E r|U1|

8s ă

`8, then for every Lipschitz continuous function ϕ P C4pRd,Rq with pDiϕqiPt2,3,4u
bounded:

a

ΓnνnpAϕq
pLq
ÝÑ N

ˆ

rγm,

ż

Rd
|σ˚∇ϕ|2dν

˙

if rγ ă `8, pcritical decreasing stepq

Γn

Γ
p2q
n

νnpAϕq
P
ÝÑ m if rγ “ `8, pslowly decreasing stepq,

where m :“ ´

ż

Rd

´1

2
D2ϕpxqbpxqb2

` Φ4pxq
¯

νpdxq,

with Φ4pxq :“

ż

Rr

´1

2
xD3ϕpxqbpxq, pσpxquqb2

y `
1

24
D4ϕpxqpσpxquqb4

¯

µpduq

and µ denotes the distribution of the innovations pUkqkě1. In the above definition of
Φ4, the term D3ϕ stands for the order 3 tensor pB3

xi,xj ,xk
ϕqpi,j,kqPrr1,dss3 and we denote,

for all x P Rd, by D3ϕpxqbpxq the Rd b Rd matrix with entries
`

D3ϕpxqbpxq
˘

ij
“

řd
k“1pD

3ϕpxqqijkbkpxq, pi, jq P rr1, dss
2.

Remark 2 Let us specify that for a step sequence pγnqnPN such that γn — n´θ, θ P p0, 1s,
it is easily checked that case (a) occurs for θ P p1

3
, 1s for which Γ

p2q
n?
Γn
Ñ
n

0. In case (b), that

is for θ P p0, 1
3
s, Γ

p2q
n?
Γn
Ñ
n
rγ, with rγ ă `8 for θ “ 1

3
and rγ “ `8 for θ P p0, 1

3
q.

Let us mention that, when limn
Γ
p3{2q
n?
Γn

ă `8, i.e. γn — n´θ, θ P p1{2, 1s, the CLT of
point (a) holds without the condition E rUb3

1 s “ 0 provided E r|U1|
4s ă `8 (see Theorem

9 in [LP02]). Moreover, the boundedness condition (C2) can be relaxed to derive the CLT,
which holds provided lim|x|Ñ`8

|σ˚∇ϕpxq|2
V pxq

“ 0 (strictly sublinear diffusion) in case (a) and

supxPRd
|σ˚∇ϕpxq|2

V pxq
ă `8 (sublinear diffusion) in case (b). We refer again to Theorems 9

and 10 in [LP02] for further considerations.

Remark 3 The reader should have in mind that an ergodic result similar to the one stated
in the fast decreasing step setting holds for the diffusion itself under the same structure
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assumptions, i.e. (C2), (LV), (U) (see Bhattacharya [Bha82]). In fact (C2) can be
partially relaxed as well, as mentioned above. Precisely,

1
?
t

ż t

0

AϕpYsqds
L
ÝÑ N

´

0,

ż

Rd
|σ˚∇ϕ|2dν

¯

as tÑ `8.

Note that the asymptotic variance corresponds to the usual integral of the “carré du champ"
w.r.t. to the invariant distribution (see again Bhattacharya [Bha82] or the monograph by
Bakry et al. [BGL14]), i.e.:

ż

Rd
|σ˚∇ϕpxq|2νpdxq “ ´2

ż

Rd
xAϕ, ϕypxqνpdxq.

In both settings, the normalization is the same:
?
t for the diffusion and

?
Γn for the

scheme. Except that, as emphasized by Theorem 1, for slowly decreasing step – when
θ ă 1{3 – the time discretization effect becomes prominent and “hides" the CLT so that
θ “ 1{3 (critical value between “fast" and “slow" settings) yields the fastest rate with a
biased CLT.

Remark 4 We would like to mention that, in the biased case pbq, for steps of the form
γk “ γ0k

´1{3, k ě 1, it is important for a practical implementation to choose γ0 in
an appropriate way, namely by minimizing the function γ0 ÞÑ c1γ0 ` c2γ

´1{2
0 , c1 “

limn

řn
k“1 k

´2{3

p
řn
k“1 k

´1{3q1{2
, c2 “

ş

Rd |σ
˚∇ϕ|2dν, which corresponds to the mean-variance contri-

bution deriving from the biased limit Theorem. Of course, c2 is usually unknown, and the
concrete optimization has to be performed replacing c2 by a computable estimate, like for
instance upper bounds, i.e. c2 ď }σ}8}∇ϕ}8.

The purpose of this work is to obtain non-asymptotic deviation results which match
with the above CLT. In the current ergodic framework, the very first non-asymptotic
results were established for the Euler scheme with constant time step by Malrieu and
Talay in [MT06] when the diffusion coefficient σ in (1.1) is constant. The key tool in
their approach consists in establishing a Log Sobolev inequality, which implies Gaussian
concentration, for the Euler scheme. This approach allows to easily control the invariant
distribution associated with the diffusion process (1.1), see e.g. Ledoux [Led99] or Bakry et
al. [BGL14] in a general framework. However Log Sobolev, and even Poincaré, inequalities
turn out to be rather rigid tools and are not very well adapted for discretization schemes
like (1.2) with or without decreasing steps.

Our approach relies on martingale techniques, which were already a crucial tool to
establish the asymptotic results of [LP02] and have been successfully used in Frikha and
Menozzi [FM12] as well to establish non-asymptotic bounds for the regular Monte Carlo
error associated with the Euler discretization of a diffusion over a finite time interval
r0, T s and a class of stochastic algorithms of Robbins-Monro type. Roughly speaking,
for a given n, we decompose the quantity

?
ΓnνnpAϕq as Mn ` Rn where pMkqkě0 is a

martingale which has Gaussian concentration and Rn is a remainder term to be controlled
in a non-asymptotic way.

We can as well refer to the recent work by Dedecker and Gouëzel [DG15] who also use
a martingale approach to derive non-asymptotic deviation bounds for separately bounded
functionals of geometrically ergodic Markov chains on a general state space.
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Let us also mention that many non-asymptotic results have been obtained based on
functional inequalities. Bolley, Guillin and Villani [BGV07] derived non-asymptotic con-
trols for the deviations of the Wasserstein distance between a reference measure and its
empirical counterpart, establishing a non-asymptotic version of the Sanov theorem. De-
viation estimates for sums of weakly dependent random variables (with sub exponential
mixing rates) have been considered in Merlevède et al. [MPR11]. From a more dynam-
ical viewpoint, let us mention the work of Joulin and Ollivier [JO10], who introduced
for rather general homogeneous Markov chains a kind of curvature condition to derive
a spectral gap for the chain, and therefore an exponential convergence of the marginal
laws towards the stationary distribution. We also mention a work of Blower and Bol-
ley [BB06], who obtain Gaussian concentration properties for deviations of functional of
the path for metric space valued homogeneous Markov chains or Boissard [Boi11] who
established non-asymptotic deviation bounds for the Wasserstein distance between the
marginal distributions and the stationary law, still in the homogeneous case. The com-
mon idea of these works is to prove some contraction properties of the transition kernel
of the Markov chain in Wasserstein metric. However, this usually requires to have some
continuity in Wasserstein metric for the transition law involved, see e.g. condition (ii) in
Theorems 1.2 and 2.1 of [BB06]. Checking such continuity conditions can be difficult in
practice. Sufficient conditions, which require absolute continuity and smoothness of the
transition laws are given in Proposition 2.2 of [BB06].

Though potentially less sharp for the derivation of constants, the adopted martingale-
based approach in this work turns out to be rather simple, robust and can be very naturally
adapted to both discrete innovations and inhomogeneous time steps dynamics like the one
we currently consider.

It should as well allow to control deviations for functionals of the path, in the spirit of
those considered in [PP12], [PP14]. Also, the approach could possibly extend to diffusions
with less stringent Lyapunov conditions, like the weakly mean reverting drifts considered
in [LP03], or even to more general ergodic Markov processes, see e.g. Pagès and Rey
[PR17]. These aspects will concern further research.

As an application of our non-asymptotic concentration results, we will discuss two
important topics:

– The first one is of numerical interest and deals with non-asymptotic confidence in-
tervals associated with the estimation of the ergodic mean. Such results can be very useful
in practice when the computational resources are constrained (by time, by the model it-
self,. . . ). If we assume that ϕ P C3pRd,Rq, Lipschitz continuous with pDiϕqiPt2,3u bounded,
such that the mapping x P Rd ÞÑ xbpxq,∇ϕpxqy and D3ϕ are Lipschitz continuous, we
then establish that there are explicit sequences cn ď 1 ď Cn converging to 1 such that for
all n P N, for all a ą 0 and γk — k´θ, θ P p1

3
, 1s,

Pr
a

ΓnνnpAϕq ě as ď Cn exp

ˆ

´cn
a2

2}σ}28}∇ϕ}28

˙

. (1.6)

When the diffusion coefficient σ is such that }σ}2 ´ νp}σ}2q is itself a coboundary (or
its counterpart for any other norm dominating } ¨ }), the previous bound improves in a
certain deviation range for a. Namely, we are able to replace }σ}28 by νp}σ}2q in (1.6),
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going thus closer to the theoretical limit variance involving the “carré du champ". More-
over, a mixed regime appears in the non-asymptotic deviation bounds which dramatically
improves, from the numerical viewpoint, the general case for a certain deviation range. In
particular, the corresponding variance is closer to the asymptotic one given by the “carré
du champ" (see Theorem 8 below). In accordance with the limit results of Theorem 1,
the drifts associated with the fastest convergence rates can be handled as well. We ob-
tain in full generality, results of type (1.6) under slightly weaker smoothness assumptions,
considering e.g. D3ϕ being β P p0, 1s-Hölder continuous. Eventually, under suitable ellip-
ticity conditions on σ, we are able to give non-asymptotic deviation bounds for a Lipschitz
source f as well as explicit gradient bounds for the solution ϕ of the corresponding Poisson
problem.

– The second one is mainly theoretical and concerns non-asymptotic deviation bounds
for the celebrated almost-sure CLT first established by Brosamler and Schatte (see [Bro88]
and [Sch88]) and revisited through the ergodic discretization schemes viewpoint in [LP02].

Both applications require a careful investigation of the corresponding Poisson equation
Aϕ “ f ´ νpfq. We will in particular prove that some pointwise regularity properties can
be transferred from f to ϕ.

The chapter is organized as follows. We conclude this section by introducing some
notations. Our main results are presented in Section 2. We first state therein the specific
concentration results for functions f writing f “ Aϕ ` νpfq (see Section 2.1). We then
proceed with some suitable controls on the Poisson problem associated with A and f in a
confluent framework under the two main cases considered: namely a possibly degenerate
setting, which requires a strong confluence condition and smooth source and coefficients,
and a non degenerate setting, which allows to weaken the confluence condition as well
as the smoothness assumptions on the source and the coefficients since in that case we
manage to benefit from an elliptic bootstrap property (see Section 2.2). We eventually
give in Section 2.3 some practical and tractable deviation bounds and non-asymptotic
confidence intervals, including a Slutsky like result, for a given specific source f under the
afore mentioned conditions on the coefficients of (1.1).

We prove our main concentration result in Section 3. Section 4 is devoted to the case
where }σ}2 ´ νp}σ}2q is a coboundary. We then prove in Section 5 the required controls
on the Poisson equation for our deviation result to hold as well as the practical controls
of Section 2.3. Section 6.1 is dedicated to the non-asymptotic deviation bounds for the
almost-sure CLT and Section 6.2 to the numerical illustration of our non-asymptotic
confidence intervals.

1.3 Notations

In the following, we will denote by C a constant that may change from line to line and
depend, uniformly in time, on known parameters appearing in (C1), (GC), (C2), (LV),
(S). Other possible dependencies will be explicitly specified. We will also denote by Rn

and en deterministic remainder terms that respectively converge to 1 and 0 with n. The
explicit dependencies of those sequences again appear in the proofs.
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For a function f P CβpRd,Rq, β P p0, 1s, we denote

rf sβ :“ sup
x‰x1

|fpxq ´ fpx1q|

|x´ x1|β
ă `8

its Hölder modulus of continuity. Observe carefully that, when f is additionally bounded,
we have that for all 0 ă β1 ă β:

rf sβ1 ď rf s
β
β1

β p2}f}8q
1´ β

β1 . (1.7)

Additionally, for f P CppRd,Rq, p P N, we set for β P p0, 1s:

rf ppqsβ :“ sup
x‰x1,|α|“p

|Dαfpxq ´Dαfpx1q|

|x´ x1|β
ď `8,

where α (viewed as an element of Nd
0zt0u with N0 :“ N Y t0u) is a multi-index of length

p, i.e. |α| :“
řd
i“1 αi “ p.

For notational convenience, we also introduce for k P N0, β P p0, 1s andm P t1, d, dˆru
the Hölder space

Ck,βpRd,Rm
q :“

!

f P CkpRd,Rm
q : @α, |α| P rr1, kss, sup

xPRd
|Dαfpxq| ă `8, rf pkqsβ ă `8

)

.

We also denote by Ck,βb the subset of Ck,β for which the functions themselves ares bounded.
In particular, C0,1pRd,Rmq is the space of Lipshitz continuous functions from Rd to Rm

and C0,β
b pRd,Rmq denotes the space of bounded β-Hölder continuous functions. Observe

as well that, if f P Ck,β, k ě 1 then f is Lipschitz continuous.
We will as well use the notation rrn, pss, pn, pq P pN0q

2, n ď p, for the set of integers
being between n and p. Also, for a given Borel function f : Rd Ñ E, where E can be
R,Rd,Rd b Rq, q P tr, du, we set for k P N0:

fk :“ fpXkq.

Eventually, for k P N0, we denote by Fk :“ σ
`

pXjqjPrr0,kss
˘

.

2 Main results

2.1 Result of non-asymptotic Gaussian concentration

Our main concentration result is given by the following theorem. In this theorem, we
consider a slightly more general situation than for the CLT recalled in Theorem 1. We
only assume ϕ P C3,βpRd,Rq, β P p0, 1s instead of ϕ P C4pRd,Rq with existing bounded
partial derivatives up to order four (which in particular implies that in Theorem 1 ϕ P
C3,1pRd,Rq).
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Theorem 2 Assume (C1), (GC), (C2), (LV), (U), (S) hold. Consider a Lipschitz
continuous (possibly unbounded) function ϕ P C3,βpRd,Rq for some β P p0, 1s. Let us
furthermore suppose that:

DCV,ϕ ą 0, @x P Rd, |ϕpxq| ď CV,ϕp1`
a

V pxqq. (GV)

Let θ P r1{p2` βq, 1s and assume the step sequence pγkqkě1 is of the form γk — k´θ.
paq Unbiased Case (sub-optimal convergence rate): Let θ P p 1

2`β
, 1s.

(i) Assume that the mapping x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous.
Then, there exist two explicit monotonic sequences cn ď 1 ď Cn, n ě 1, with
limnCn “ limn cn “ 1, such that for all n ě 1 and for every a ą 0:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp

ˆ

´cn
a2

2}σ}28}∇ϕ}28

˙

.

(ii) Suppose that the mapping x ÞÑ x∇ϕpxq, bpxqy is not Lipschitz continuous. The above
result still holds for 0 ă a ď χn

?
Γn

Γ
p2q
n

for a positive sequence χn Ñ
n

0 arbitrarily slowly,

so that χn
?

Γn

Γ
p2q
n

Ñ
n
`8. In particular, for a fixed a ą 0, the above concentration

inequality holds for n large enough.

pbq Biased Case (Optimal Convergence Rate): Let θ “ 1
2`β

. We set for all pk, t, u, xq P
rr1, nss ˆ r0, 1s2 ˆ Rd:

Λβ
k´1pt, u, xq :“ E

”

Tr
´

`

D3ϕpx` γkbpxq ` ut
?
γkσpxqUkqσpxqUk

˘`

σpxqUk b Ukσpxq
˚
˘

¯ı

,(2.1)

keeping in mind that, since ϕ P C3,βpRd,Rq, rD3ϕsβ ă `8. We define subsequently:

Eβ
n :“

1
?

Γn

n
ÿ

k“1

γ
3{2
k

ż 1

0

dt p1´ tqt

ż 1

0

duΛβ
k´1pt, u,Xk´1q. (2.2)

Set now

Bn,β :“Eβ
n , if β P p0, 1q,

Bn,β :“Eβ
n `

1
?

Γn

n
ÿ

k“1

γ2
k

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` tγkbk´1qbk´1 b bk´1

¯

dt

`
1

2
?

Γn

n
ÿ

k“1

γkTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯

, if β “ 1.

(2.3)

There exist two explicit monotonic sequences cn ď 1 ď Cn, n ě 1, with limnCn “
limn cn “ 1 such that for all n ě 1 and for every a ą 0:

P
“

|
a

ΓnνnpAϕq ` Bn,β| ě a
‰

ď 2Cn exp

ˆ

´cn
a2

2}σ}28}∇ϕ}28

˙

.

73



CHAPTER 3. A FIRST NON-ASYMPTOTIC CONCENTRATION RESULT

For β P p0, 1q, the random variables |Bn,β| “ |Eβ
n | ď

rϕp3qsβ}σ}
p3`βq
8 E

“

|U1|
3`β

‰

p1`βqp2`βqp3`βq
Γ
p
3`β

2 q

n?
Γn

ÝÑ
n

aβ,8 ą 0 a.s. Also, for β “ 1, the pBn,1qně1 are exponentially integrable and if, fur-
thermore, D3ϕ is C1, Bn,1 Ñ

n
´rγm a.s. where rγm is as in Theorem 1. In any case, a

bias appears in our deviation controls when we consider, for a given smoothness of order
β P p0, 1s for D3ϕ, the fastest associated time steps γk — k´θ, θ “ 1

2`β
.

Remark 5 Observe that, when β “ 1, the above result provides a non-asymptotic coun-
terpart of the limit Theorem 1. In particular, the concentration constants appearing in
Theorem 2 asymptotically match those of the centered CLT recalled in Theorem 1, up to
a substitution of the asymptotic variance

ş

Rd |σ
˚∇ϕpxq|2νpdxq by its natural upper bound

}σ}28}∇ϕ}28.
Importantly, these bounds do not require “a priori" non-degeneracy conditions and

only depend on the diffusion coefficient through the sup-norm of the diffusion matrix Σ,
assumption (C2). It will anyhow be very natural to consider a non-degeneracy condition
([PV01], [RS76], [Vil09]), or a confluence condition ([PP14]), when investigating the
deviations for a given function f , in order to ensure the solvability of the corresponding
Poisson equation Aϕ “ f ´ νpfq and to derive explicit upper bounds for }∇ϕ}8 in terms
of the coefficients b, σ and the source f which turn out to be crucial to design computable
non-asymptotic confidence intervals. These aspects are discussed in Section 2.2 below.

The alternative form of the asymptotic variance (see Remark 3)
ş

Rd |σ
˚∇ϕpxq|2νpdxq “

´2
ş

Rd fpxqϕpxqνpdxq suggests that for bounded source terms f , an associated natural vari-
ance bound would be 2}f}8}ϕ}8. Such a control would a priori require less regularity on ϕ
than assumed in Theorem 2. One could for instance try to exploit suitable regularization
procedures, like for instance the one proposed in Section 5.3 for the proof of Theorem 7
below, to establish non-asymptotic deviation results under weaker assumptions. Our main
objective being to capture unbounded Lipschitz functions f , these aspects will concern fur-
ther research.

Remark 6 (Smoothness and Convergence Rate) Observe that, in coherence with
the asymptotic setting of the CLT recalled in Theorem 1, for a given ϕ P C3,βpRd,Rq, β P
p0, 1s, the fastest convergence rate for the deviations is attained for θ “ 1

2`β
. A bias

appears, which can be difficult to estimate in practice since ϕ is usually unknown.

Remark 7 (On the smoothness property of x ÞÑ xbpxq,∇ϕpxqy) The Lipschitz con-
tinuity assumption on the above mapping appearing in case (i) might seem awkward at
first sight. It is non-intrinsic in the sense that it involves both the drift b of the model
and the test function ϕ. However, this condition naturally appears when ϕ is a smooth
solution to the Poisson equation Aϕ “ f ´ νpfq. Indeed, recalling the definition of A in
(LV), iii), we can rewrite:

x∇ϕpxq, bpxqy “ fpxq ´ νpfq ´
1

2
Tr
´

ΣpxqD2ϕpxq
¯

.

Hence, the Lipschitz continuity of the function in the above left hand side readily follows as
soon as the source f is Lipschitz and if D2ϕ is bounded and Lipschitz continuous (since σ
is also bounded and Lipschitz). Note that with the previous notations for function spaces
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the previous conditions are implied if f P C1,βpRd,Rq Ă C0,1pRd,Rq, ϕ P C3,βpRd,Rq ñ
D2ϕ P C1,β

b pRd,Rd b Rdq Ă C0,1
b pRd,Rd b Rdq. We refer to Section 5.1 for details.

We now state an improvement of the previous concentration bound when }σ}2´νp}σ}2q
is itself a coboundary, i.e. when the Poisson problem Aϑ “ }σ}2 ´ νp}σ}2q can be solved
with ϑ satisfying the assumptions required for ϕ in Theorem 2. Precisely, we have the
following result.

Theorem 3 paq Under the assumptions of Theorem 2 and with the notations introduced
therein, provided that ϑ solution to the Poisson equation Aϑ “ }σ}2 ´ νp}σ}2q satisfies
the same smoothness and growth conditions as ϕ, for β P p0, 1s and θ P p 1

2`β
, 1s (unbiased

case), there exist two explicit monotonic sequences c̃n ď 1 ď C̃n, n ě 1, with limn C̃n “

limn c̃n “ 1 such that for all n ě 1 for all 0 ă a ď χn
?

Γn

Γ
p2q
n

for a positive sequence χn Ñ
n

0

arbitrarily slowly, so that χn
?

Γn

Γ
p2q
n

Ñ
n
`8:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 rCn exp

ˆ

´rcn
a2

2νp}σ}2q}∇ϕ}28

˙

. (2.4)

pbq If ϑ solve the Poisson equation Aϑ “ ~σ~2 ´ νp~σ~2q mutatis mutandis for a matrix
norm dominating the operator norm p~σpxq~ ě }σpxq}), then the above bound (2.4) still
holds with νp~σ~2q instead of νp}σ}2q.

Importantly, the above result allows to improve the natural variance bound }∇ϕ}28}σ}28
of Theorem 2 by a more refined, namely }∇ϕ}28νp}σ}q2. Such a bound can be particularly
interesting when the supremum norm of σ is high but its average w.r.t. the invariant
distribution ν significantly lower. We refer to Section 4, Theorem 8 (general form of
Theorem 3) and 6.2 (numerical results) for further discussions on that topic.

Of course Claim pbq is less sharp than paq stated with the operator norm } ¨ } but
solving the Poisson equation for }σpxq} seems highly non trivial. By contrast, if ~σpxq~ “
}σpxq}F :“

“

Tr
`

σσ˚pxqq
‰1{2 stands for the Fröbenius norm, Theorem 4 below yields the

expected smoothness properties on }σ}2F ´ νp}σ}2F q that ensure the existence of a solution
toAϑ “ }σ}2F´νp}σ}2F qmeeting the required smoothness conditions. The price to pay with
such computable norms being that they usually induce some dependence on the dimension
d on the estimates (observe e.g. for the identity matrix Id of Rd b Rd, }Id}F “ d1{2).

2.2 Uniqueness of the invariant distribution and Regularity issues
for the Poisson problem

For our deviation analysis to work, we need to have the uniqueness of the invariant
distribution ν and to establish some pointwise controls on the solution of the associated
Poisson equation. Namely, we need to have quantitative bounds on its derivatives and the
associated Hölder continuity modulus up to order 3.

To do so, additionally to our main assumptions introduced for Theorem 2, we will work
in the confluent setting. In dimension one, any ergodic diffusion is in some sense confluent
(see [Kha80], Appendix of the English translation, Theorem 2.2 p. 308 and its alternative
proof in [LPP15] Theorem 2). Here, we will suppose that the following condition holds:
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‚ Confluence Conditions

(Dp
α) We assume that there exists α ą 0 and p P p1, 2s such that for all x P Rd, ξ P Rd

B

Dbpxq `Dbpxq˚

2
ξ, ξ

F

`
1

2

r
ÿ

j“1

´

pp´ 2q
|xDσ¨jpxqξ, ξy|

2

|ξ|2
` |Dσ¨jξ|

2
¯

ď ´α|ξ|2,

where Db stands here for the Jacobian of b, σ¨j stands for the jth column of the diffusion
matrix σ and Dσ¨j for its Jacobian matrix.

Within the confluent framework, we will consider from now on two kinds of assump-
tions which first give the uniqueness of ν and that can lead to the required smoothness
and to computable gradient bounds, which are crucial since they are precisely the quan-
tities appearing in the non-asymptotic Gaussian deviation controls as emphasized in the
statement of Theorem 2.

- Strong Confluence condition and regularity of the coefficients, which means that the drift
is sufficiently dominant in the dynamics and the coefficients are smooth (see assumption
(CR) below). Note that these conditions may hold for degenerate diffusion coefficients.

- Non-degeneracy of the diffusion coefficient and mild confluence condition and smoothness
on the coefficients (see assumption (CUE) below).

Under a sufficiently strong confluence condition, i.e. when α is large enough in (Dp
α),

and provided that the coefficients b, σ, f are sufficiently smooth, it is quite direct to derive,
through stochastic flow techniques à la Kunita, the required pointwise bounds for the
derivatives of the Feynman-Kac representation of the solution to the Poisson equation
(see [PP14] and Section 5.1).

In the non-degenerate case, the main advantage is that we can alleviate some restric-
tions on α and the smoothness assumptions on b, σ, f to benefit from an elliptic regularity
bootstrap deriving from suitable Schauder estimates available in the current setting from
the work by Krylov and Priola [KP10].

We now introduce a smoothness assumption on b, σ, f that will be useful in both the
considered cases.

‚ Smoothness of the coefficients and the source. For k P t1, 3u and β P p0, 1q define

(Rk,β) The coefficients in equation (1.1) are s.t. b P Ck,βpRd,Rdq, σ P Ck,βb pRd,Rdq. Also,
the source f for which we want to estimate νpfq belong to Ck,βpRd,Rq.

With these assumptions at hand, we now introduce the first setting we consider.

˛ The confluent and regular assumption (CR), holds if (Dp
α), (R3,β), for some β P

p0, 1s, are in force and }Dσ}28 ď
2α

2p3`βq´p
where }Dσ}8 :“ supxPRd

´

řd
j“1 }Dσ¨jpxq}

2
¯

1
2

recalling that, for every j P rr1, dss, }Dσ¨jpxq} stands for the operator norm of Dσ¨jpxq.

In particular, we do not impose in this case any additional structure condition on σ which
can degenerate.

In our second main framework, we will assume some uniform ellipticity conditions.
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‚ Non-degeneracy Conditions.

(UE) Uniform ellipticity. We assume that w.l.o.g. that r “ d (r ě d could also be consid-
ered) in (1.1) and that the diffusion coefficient σ is such that

Dσ ą 0, @ξ P Rd, xσσ˚pxqξ, ξy ě σ|ξ|2.

We now introduce our second main setting:

˛ The confluent and non-degenerate assumption (CUE), holds if (Dp
α), (R1,β), for

some β P p0, 1s, are in force. If d ą 1, we also assume that }Dσ}28 ď
2α

2p1`βq´p
and that the

diffusion matrix Σ is such that, for all pi, jq P rr1, dss2, Σi,jpxq “ Σi,jpxi^j, ¨ ¨ ¨ , xdq.

Theorem 4 Assume that (LV) and either (CR) or (CUE) are in force. Then there exists
a unique invariant distribution for the solution of (1.1), i.e. assumption (U) holds.

The associated Poisson equation

@x P Rd, Aϕpxq “ fpxq ´ νpfq, (2.5)

admits a unique solution ϕ P C3,βpRd,Rq, β P p0, 1q centered w.r.t. ν. Furthermore, the
following gradient bound holds

}∇ϕ}8 ď
rf s1
α
,

and the mapping x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous.

About the regularity of the coefficients

Under (CR), the derivatives can be expressed using iterated tangent processes and
we cannot hope, without a priori any non-degeneracy condition, for a smoothing effect
to hold. To have ϕ P C3,βpRd,Rq, we need to consider a source f P C3,βpRd,Rq and the
same smoothness on b, σ (Assumption (R3,β)). We refer to Section 5.1 for the proof of
Theorem 4 under (CR).

In the non-degenerate case, the solvability of the Poisson problem is usually studied
in a Sobolev setting, see e.g. [PV01]. Let us also indicate that pointwise gradient bounds
have been obtained by the same authors in [PV03] for bounded drifts and diffusion coef-
ficients which are additionally supposed to be smooth, i.e. at least C2,γ

b with the notations
introduced in paragraph 1.3. We point out that these estimates do not apply in our current
setting in which the drift has typically linear growth.

We eventually mention the last paper by these authors, namely [PV05]. They derive
therein the uniqueness of the martingale solution to the Poisson equation in a potentially
degenerate setting under suitable local Doeblin conditions. In that framework, pointwise
controls are obtained as well for the solution itself but not for its derivatives.

To obtain the required smoothness, we use here in the non-degenerate framework of
(CUE) some Schauder estimates, deriving from the work of Krylov and Priola [KP10],
which allow to benefit from the elliptic regularity. Namely, to obtain the mentioned
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smoothness on ϕ solving Aϕ “ f ´ νpfq, that we expect to be in C3,βpRd,Rq, β P p0, 1q,
we can take a source f P C1,βpRd,Rq and b P C1,βpRd,Rdq, σ P C1,β

b pRd,Rdq.
We would eventually like to emphasize that the structure condition on Σ might seem

weird at first sight. It is actually needed to decouple the PDEs formally satisfied by
pBxiϕqiPrr1,dss in order to exploit the a priori estimates of [KP10] established for scalar
valued PDEs. We refer to Section 5.1 for a proof and details.

About the confluence condition and the restrictions on σ

We work here in the confluent setting of (Dp
α). This assumption will allow, through a

pathwise analysis associated with the tangent flow, to derive a pointwise gradient bound.
Another possibility to obtain such a bound is to assume a so-called Bakry and Émery
curvature criterion, see [BE85, BGL14]. Under this condition, the gradient and semi-group
commute up to an exponential multiplicative factor (see equation (2.7) below).

� Bakry and Émery curvature criterion. First, we recall that the “carré du champ" op-
erator Γ of a Markov process with generator A reads, for every f, g in its domain DpAq

Γpf, gq :“
1

2

´

Apfgq ´ fAg ´ gAf
¯

and Γpfq :“ Γpf, fq.

We also need to define the Γ2 operator

Γ2pfq “
1

2

´

AΓpfq ´ 2Γpf,Afq
¯

.

In our Brownian diffusion setting, we have

@x P Rd, Γpfqpxq “ |σ˚∇fpxq|2.

whereas the computation of Γ2 is significantly more involved. However, if the diffusion
matrix Σ “ σσ˚ is constant then:

Γ2pfqpxq :“ Tr
`

pD2fpxqΣq2
˘

´x∇f,DbΣ∇fypxq.

With these notations at hand, we say that the semi-group pPtqtě0 of A satisfies the
Bakry and Émery curvature criterion with parameter ρ ą 0 if

(BEρ) @ f P DpAq, Γ2pfq ě ρΓpfq.

Observe that for Σ “ Id the condition (BEρ) is actually equivalent to (Dp
α) with

α “ ρ (and any p P p1, 2s since Dσ “ 0) and reads
B

Dbpxq `Dbpxq˚

2
ξ, ξ

F

ď ´ρ|ξ|2.

The computation of the Γ2 for a general non-degenerate diffusion of the form (1.1) is
not easy and is discussed in [ACJ08]. In particular, in whole generality, the computation
of the Γ2 requires the coefficients of the operator itself to be smooth (i.e. at least C2).
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We also refer to [AMTU01] if the diffusion matrix is scalar diagonal, i.e. Σpxq “ ςpxqId,
xP Rd, where ς is real valued. In that case, it is then shown that (BEρ) holds if and only
if:

´
1

2
xpMpxq `M˚

pxqqξ, ξy ď ´ρςpxq|ξ|2, (2.6)

where

Mpxq “
1

2

´

ςpxq∆ςpxq ` xbpxq,∇ςpxqy ´ }∇ςpxq}2
¯

Id `
´1

2
´
d

4

¯

∇ς b∇ςpxq ´ ςpxq2Dbpxq.

An important property when (BEρ) holds, see again [BE85], [BGL14], is that the
following commutation inequality holds:

@t ě 0, @x P Rd, ΓpPtfqpxq ď expp´2ρtqPtΓpfq. (2.7)

To conclude, let us say that the Bakry-Emery curvature condition is a very powerful
tool to derive pointwise gradient bounds. In our framework, this is unfortunately not
enough as soon as d ą 1, because additionally to this kind of bounds we also need, to
enter in the framework of Schauder estimates under (CUE), a control of the β-Hölder
modulus of the gradient (see Section 5.1). It does not seem that the condition (BEρ)
helps to get such controls. The restrictions on the variations of Dσ appearing in both
assumptions (CUE) and (CR) are precisely needed to derive in the first case the bounds
on rDϕsβ and in the second one to prove that the derivatives exist up to order 3 and that
rD3ϕsβ is controlled as well. This explains why the conditions on Dσ are more stringent in
the potentially degenerate setting (CR). In each case, those bounds are obtained through
pathwise analysis and the restrictions on Dσ ensure the time integrability of the iterated
tangent flows, see again Section 5.1 and Appendix A in [PP14] for details.

2.3 Practical Deviation Bounds

A first Non-asymptotic confidence interval result.

Theorem 5 (Non-asymptotic confidence intervals without bias) Let the assump-
tions of Theorem 4 be in force. Then, there exists a unique invariant distribution ν
for (1.1), i.e. (U) holds. Also, ϕ satisfies (GV) introduced in Theorem 2 for V pxq —
1` |x|2.

Assume that (C1) (sub-gaussian tails of the innovation) holds and that the step se-
quence pγkqkě1 is such that γk — k´θ, θ P p 1

2`β
, 1s. Then, for pcnqně1, pCnqně1 like in

Theorem 2 with limn cn “ limnCn “ 1, we have that for all n ě 1 and a ą 0 and for any
matrix norm ~ ¨ ~ dominating } ¨ }:

P
“

a

Γn|νnpfq ´ νpfq| ą a
‰

ď 2Cn exp
´

´ cn
a2α2

2~σ~2
8rf s

2
1

¯

with ~σ~8 :“ sup
xPRr

~σpxq~,

(2.8)

P
„

νpfq P
”

νnpfq ´
a~σ~8rf s1
α
?

Γn
, νnpfq `

a~σ~8rf s1
α
?

Γn

ı



ě 1´ 2Cn exp

ˆ

´cn
a2

2

˙

, (2.9)

where the parameter α is the same as in the pointwise gradient bound of Theorem 4.
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Proof: Equation (2.8) is a direct consequence of Theorem 2 and the gradient bound
in Theorem 4. Indeed, the mean-value Theorem readily yields that (GV) holds. It then
suffice to observe that νnpfq´νpfq “ νnpAϕq. To prove (2.9), setting aσ,f,α :“ a~σ~8

rf s1
α
,

it suffices to write:

P
„

νpfq P
”

νnpfq ´
aσ,f,α
?

Γn
, νnpfq `

aσ,f,α
?

Γn

ı



“ 1´ Pr
a

Γn
ˇ

ˇνnpfq ´ νpfq
ˇ

ˇ ě aσ,f,αs

and conclude by (2.8). ˝

A more refined non-asymptotic confidence interval when ~σ~2 ´ νp~σ~2q is a
coboundary.

We provide in Theorem 6 below a kind of Slutsky’s Lemma when, for a matrix norm
~ ¨ ~ dominating }σpxq} ď ~σpxq~, s.t. ~σ~2 ´ νp~σ~2q is a coboundary.

Theorem 6 (Slutsky type concentration result for the coboundary case) Under
the assumptions of Theorem 5, for β P p0, 1s and θ P p 1

2`β
, 1s (unbiased case), assuming as

well that there is a unique solution ϑ to Aϑ “ ~σ~2´νp~σ~2q satisfying the same assump-
tions as ϕ in Theorem 5, there exist two explicit monotonic sequences cn ď 1 ď Cn, n ě 1,
with limnCn “ limn cn “ 1 such that for all n ě 1, for all a ą 0, the following bounds
hold: if a?

Γn
Ñ 0 (Gaussian deviations) then,

P
“

|
a

Γn
νnpfq ´ νpfq
a

νnp~σ~2q
| ě a

‰

ď 2Cn exp

ˆ

´cn
a2α2

2rf s21

˙

, (2.10)

P
”

νpfq P
“

νnpfq ´
a
a

νnp~σ~2qrf s1

α
?

Γn
, νnpfq `

a
a

νnp~σ~2qrf s1

α
?

Γn

‰

ı

ě 1´ 2Cn exp
`

´ cn
a2

2

˘

.

(2.11)

Again, the non-asymptotic confidence interval is explicitly computable in function of the
given source f , the coefficients in the dynamics and the chosen (computable) matrix norm
~ ¨ ~. It is also sharper than the one in (2.9).

Towards Lipschitz sources in the non-degenerate case

We conclude this section stating a non-asymptotic deviation result for Lipschitz sources
under some non-degeneracy conditions (assumption (CUE) of Theorem 4 replacing the
condition stated there for f by a Lipschitz condition).

Theorem 7 (Non-asymptotic concentration bounds for Lipschitz functions) Bhououo
Let the assumptions of Theorem 4 with (CUE) hold except that f is here solely a Lipschitz
continuous function. For a time step sequence pγkqkě1 of the form γk — k´θ, θ P p1{2, 1s,
we have that, there exist two explicit monotonic sequences cn ď 1 ď Cn, n ě 1, with
limnCn “ limn cn “ 1 such that for all n ě 1 and for every a ą 0:

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp

ˆ

´cn
a2α2

2}σ}28rf s
2
1

˙

(2.12)

where α is as in Theorem 4.
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Such estimates are important since they allow to get rather close to the natural frame-
work which appear in functional inequalities (that mainly deal with Wasserstein distances
and their possible deviations). Indeed, through the Monge-Kantorovich formulation, the
Wasserstein distance involves Lipschitz functions, since it is precisely achieved taking the
minimum over Lipschitz functions for all possible coupling with marginal corresponding
to the arguments of the distance (see [BGL14]).

In the literature, some non-asymptotic bounds can be found for the deviations from
its mean for the Wasserstein distance between the empirical measure of a homogeneous
Markov chain and its stationary distribution (see Boissard [Boi11]). Here, we manage to
get directly the non-asymptotic deviation bounds over all possible Lipschitz functions for
the empirical measure of the scheme aiming directly to approximate the target stationary
distribution of the diffusion. Handling the Wasserstein distance in our framework would
amount to consider the supremum over the Lipschitz functions in the probability in (2.12).
This will concern further research.

We eventually point out that Theorem 7 is obtained through regularization arguments
of the source f exploiting the previous results of Theorems 2 and 4 (see Section 5.3 for
details). This leads to a constraint on the steps, i.e. γn — n´θ, θ P p1

2
, 1s. This is the price

to pay, indeed a bigger θ yields a lower convergence rate, to handle less regular Lipschitz
sources. Also, to perform the approximation procedure we precisely need a kind of elliptic
bootstrap (like in Theorem 4 under (CUE)). This is why we impose the non-degeneracy
assumptions.

3 Proof of the concentration results (Theorem 2)

For notational convenience, we say that assumption (A) holds whenever (C1), (GC),
(C2), (LV), (U) and (S) are fulfilled. We assume throughout this section that (A)
is in force and that the function ϕ appearing in the lemmas satisfies the smoothness
assumptions of Theorem 2.

3.1 Strategy

To control the deviations of νnpAϕq we first give a decomposition lemma, obtained
by a standard Taylor expansion. The idea is to perform a kind of splitting between the
deterministic contributions in the transitions and the random innovations. Doing so, we
manage to prove that the contributions involving the innovations can be gathered into
conditionally Lipschitz continuous functions of the noise, with small Lipschitz constant
(functions pψkpXk´1, ¨qqkPrr1,nss below). These functions precisely give the Gaussian concen-
tration, see Lemma 2. The other terms, that we will call from now on “remainders", will
be shown to be uniformly controlled w.r.t. n and do not give any asymptotic contribution
in the “fast decreasing" case θ ą 1{p2 ` βq (with the terminology of Theorem 2), see
Lemmas 3, 4 and 5.

Lemma 1 (Local Decomposition of the empirical measure ) For all n ě 1 and
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k P rr0, n´ 1ss:

ϕpXkq ´ ϕpXk´1q

“ γkAϕpXk´1q `

„

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

`
1

2
γk Tr

´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

` ψkpXk´1, Ukq



“: γkApXk´1q `

´

ψkpXk´1, Ukq `R
1
n,kpXk´1q

¯

, (3.13)

where for all k P rr1, nss, conditionally to Fk´1, the mapping u ÞÑ ψkpXk´1, uq is Lipschitz
continuous in u with constant

?
γk}σk´1}}∇ϕ}8.

Introducing for a given k, the mapping

u ÞÑ ∆kpXk´1, uq :“ ψkpXk´1, uq ´ E rψkpXk´1, Ukq|Fk´1s,

we then rewrite:

ϕpXkq ´ ϕpXk´1q “ γkAϕpXk´1q `∆kpXk´1, Ukq `Rn,kpXk´1q,

with Rn,kpXk´1q :“ R1
n,kpXk´1q ` E rψkpXk´1, Ukq|Fk´1s. The contribution ∆kpXk´1, Ukq

can be viewed as a martingale increment. Introduce now the associated (true) martingale

Mn :“
n
ÿ

k“1

∆kpXk´1, Ukq. (3.14)

Summing over k yields:

ϕpXnq ´ ϕpX0q “ ΓnνnpAϕq `Mn `

n
ÿ

k“1

Rn,kpXk´1q. (3.15)

Defining Rn :“
řn
k“1Rn,kpXk´1q ` ϕpX0q ´ ϕpXnq we obtain the following decompo-

sition of the empirical measure:

νnpAϕq “ ´
1

Γn
pMn `Rnq. (3.16)

- Unbiased Case (Sub-Optimal Convergence Rate). This case corresponds to fast decreasing
steps of the form γk — k´θ, θ ą 1{p2 ` βq. To investigate the non-asymptotic deviations
of the empirical measure, the idea is now to write for a, λ ą 0:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
´

´
aλ
?

Γn

¯

E
„

exp
´

´
λ

Γn
pMn `Rnq

¯



ď exp
´

´
aλ
?

Γn

¯

E
„

exp
´

´
qλ

Γn
Mn

¯

1{q

E
„

exp
´pλ

Γn
|Rn|

¯

1{p

,

(3.17)
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where 1
p
` 1

q
“ 1, p, q ą 1. We actually aim to choose q :“ qpnq Ñ

n
1. For a suitable

choice of q satisfying the previous condition, we manage, in the fast decreasing case, to
show that Rn :“ E rexpp pλ

Γn
|Rn|qs

1{p Ñ
n

1. For the term involving the martingale Mn we
actually use the Gaussian concentration property (GC) of the innovation on its increments
p∆kpXk´1, UkqqkPrr1,nss. Namely, using the control of the Lipschitz constant of ∆kpXk´1, ¨q
stated in Lemma 1, we derive:

E
„

exp
´

´
qλ

Γn
Mn

¯



“ E
„

exp
´

´
qλ

Γn
Mn´1

¯

E
„

exp
´

´
qλ

Γn
∆n´1pXn´1, Unq

¯

ˇ

ˇFn´1



ď E
„

exp
´

´
qλ

Γn
Mn´1

¯



exp

ˆ

λ2q2

2Γ2
n

γn}σ}
2
8}∇ϕ}28

˙

ď exp

ˆ

λ2q2

2Γn
}σ}28}∇ϕ}28

˙

, (3.18)

iterating the procedure to derive the last identity. From (3.17), we thus get:

P
“

a

ΓnνnpAϕq ě a
‰

ď Rn exp
´

´
aλ
?

Γn
`
λ2q

2Γn
}σ}28}∇ϕ}28

¯

.

Keeping in mind that we manage to find q :“ qpnq Ón 1 such that the remainder Rn Ón 1,
the result of Theorem 2 in the considered case then follows from a quadratic optimization
over the parameter λ.

- Biased Case (Optimal Convergence Rate). This case corresponds to slow decreasing steps
of the form γk — k´θ, θ “ 1{p2 ` βq. In this setting, some terms of the remainder Rn

in (3.16) give a non trivial asymptotic contribution. We choose to substract them before
studying the deviation (term Bn,β in (2.3)).

3.2 Explicit controls on the remainders

Summing the increments appearing in (3.13), we now choose for the analysis to write
for a given n P N the remainder Rn defined after (3.15) as

Rn “

n
ÿ

k“1

Rn,kpXk´1q ` ϕpX0q ´ ϕpXnq “ pD2,b,n `D2,Σ,nq ` Ḡn ´ Ln,

where:

D2,b,n :“
n
ÿ

k“1

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

D2,Σ,n :“
1

2

n
ÿ

k“1

γkTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

,

Ḡn :“
n
ÿ

k“1

E rψkpXk´1, Ukq|Fk´1s,

Ln :“ ϕpXnq ´ ϕpX0q. (3.19)
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We refer to the proof of Lemma 1 to check that the above definition of Ḡn actually matches
the term

?
ΓnE

β
n introduced in equation (2.2) of Theorem 2. We rewrite from (3.16)

νnpAϕq “ ´
1

Γn
pMn `Rnq “ ´

1

Γn

`

Mn ` pD2,b,n `D2,Σ,nq ` Ḡn ´ Ln
˘

. (3.20)

We now split the analysis according to the cases (a) and (b) introduced in Theorem 2.

(a) θ P p1{p2 ` βq, 1s, β P p0, 1s. From (3.20), the exponential Tchebychev and Hölder
inequalities yield that, for all λ P R` and all p, q P p1,`8q, 1

p
` 1

q
“ 1,

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
´

´
aλ
?

Γn

¯

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q

ˆ

ˆ

E exp
´2pλ

Γn

`ˇ

ˇLn
ˇ

ˇ`
ˇ

ˇḠn

ˇ

ˇ

˘

¯

˙
1
2p
ˆ

E exp
´4pλ

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

¯

˙
1
4p
ˆ

E exp
´4pλ

Γn

ˇ

ˇD2,Σ,n

ˇ

ˇ

¯

˙
1
4p

.

(3.21)

(b) θ “ 1
2`β

, β P p0, 1s. If β “ 1, denoting, D2,n :“ D2,b,n ` D2,Σ,n, we have from (3.19)
and with the notations of (2.3), pḠn `D2,nq “

?
ΓnBn,1. We study the deviations of:

P
“

a

ΓnνnpAϕq ` Bn,β ě a
‰

“ P
”

νnpAϕq `
Ḡn `D2,n

Γn
ě

a
?

Γn

ı

ď exp
´

´
aλ
?

Γn

¯

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q
ˆ

E exp
´pλ

Γn

ˇ

ˇLn
ˇ

ˇ

¯

˙
1
p

. (3.22)

For β P p0, 1q, the contributions of D2,n do not yield any asymptotic bias. Recalling
from (2.3) that Bn,β “ Eβ

n “
Ḡn?
Γn
, we write:

P
“

a

ΓnνnpAϕq ` Bn,β ě a
‰

“ P
”

νnpAϕq `
Ḡn

Γn
ě

a
?

Γn

ı

ď exp
´

´
aλ
?

Γn

¯

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q

ˆ

ˆ

E exp
´2pλ

Γn

ˇ

ˇLn
ˇ

ˇ

¯

˙
1
2p
ˆ

E exp
´4pλ

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

¯

˙
1
4p
ˆ

E exp
´4pλ

Γn

ˇ

ˇD2,Σ,n

ˇ

ˇ

¯

˙
1
4p

.

(3.23)

Remark 8 Observe that in case (a), the “small steps" and the corresponding sufficient
smoothness of ϕ prevent from the appearance of a bias. As a result, the concentration bound
is, at the non-asymptotic level, the same as in Theorem 1, up to the additional upper-bound
for the variance. In case (b), we subtract the terms Bn,β that asymptotically give a bias.
When β “ 1, this is the case for both terms Ḡn

Γn
, D2,n

Γn
. Also, for D3ϕ P C1, Bn,1 “ Ḡn`D2,n?

Γn
Ñ
n

´rγm introduced in Theorem 1. For β P p0, 1q and ϕ P C3pRd,Rq, rϕp3qsβ ă `8, the only
term giving a bias is Bn,β “ Eβ

n “
Ḡn?
Γn
.
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Partie II: Non-asymptotic concentration inequalities

The lemma below provides the Gaussian contribution to be exploited in inequali-
ties (3.21) - (3.23).

Lemma 2 (Gaussian concentration) For a ą 0, q P p1,`8q, setting

λn :“
a

q}σ}28}∇ϕ}28

a

Γn, (3.24)

we derive:

exp

ˆ

´λn
a
?

Γn

˙ˆ

E exp
´

´
qλn
Γn

Mn

¯

˙
1
q

ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

˙

.

Lemma 3 (Bounds for the Conditional Expectations) With the above notations,
we have that for β P p0, 1s, θ P r 1

2`β
, 1s:

|Eβ
n | “

|Ḡn|
?

Γn
ď an :“

rϕp3qsβ
›

›σ
›

›

p3`βq

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
, a.s.

Moreover, an Ñ
n
a8, with a8 “ 0 if θ P p 1

2`β
, 1s and a8 ą 0 if θ “ 1

2`β
. Also, for

β P p0, 1s, θ P p 1
2`β

, 1s:
˜

E exp
´2pλn

Γn
|Ḡn|

¯

¸
1
2p

ď exp
´ λn
?

Γn
an

¯

ď exp
´ λ2

n

2Γnp
`
a2
np

2

¯

, @p ą 1. (3.25)

As indicated before, we now aim at controlling the remainders. In particular, from (3.17)
and (3.19), we are led to handle terms of the form

E exp
´

c
n
ÿ

k“1

γ2
k|bpXk´1q|

2
¯

ď
pLVq

E exp
´

cC
V

n
ÿ

k“1

γ2
k|V pXk´1q|

¯

for small enough real constants c ą 0.
To this end, we will thoroughly rely on the following important integrability result for

the Lyapunov function.

Proposition 1 Under (A) there is a constant cV :“ cV ppAqq ą 0 such that for all
λ P r0, cV s, ξ P r0; 1s:

IξV :“ sup
ně0

E rexppλV ξ
n qs ă `8.

We now have the following results for the terms appearing in (3.19).

Lemma 4 (Initial term) Let q P p1,`8q be fixed and λn be as in (3.24) in Lemma 2.
For functions ϕ satisfying (GV), i.e. there exists CV,ϕ ą 0 such that for all x P Rd,
|ϕpxq| ď CV,ϕp1`

a

V pxqq, for p :“ q
q´1

and j P t1, 2u:
ˆ

E exp
´

jpλn
|Ln|

Γn

¯

˙
1
jp

ď pI1
V q

1
jp exp

ˆ

pj ` 1qpC2
V,ϕλ

2
n

cV Γ2
n

`
cV
p

˙

“ pI1
V q

1
jp exp

ˆ

pj ` 1qpC2
V,ϕa

2

cV q2}σ}48}∇ϕ}48Γn
`
cV
p

˙

,

with cV , I1
V like in Proposition 1.
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Lemma 5 (Remainders) Let q P p1,`8q be fixed and λn be as in Lemma 2. Then,
there exists C3.26 :“ C3.26ppAq, ϕq such that for p “ q

q´1
:

ˆ

E exp
´4pλn

Γn

ˇ

ˇD2,Σ,n

ˇ

ˇ

¯

˙
1
4p

ď exp

˜

C3.26
pλ2

npΓ
p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p . (3.26)

We also have:

- If the mapping x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous, then there exists C3.27 :“
CppAq, ϕq ą 0 such that

ˆ

E exp
´4pλn

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

¯

˙
1
4p

ď exp
´

C3.27
pλ2

npΓ
p2q
n q

2

Γ2
n

¯

pI1
V q

1
4p . (3.27)

- For a ď cvq
4C

V
p
}σ}28}∇ϕ}28
}D2ϕ}28

?
Γn

Γ
p2q
n

, there exists an R`-valued sequence pvnqně1 such that
ˇ

ˇvn
ˇ

ˇ ď

C3.28 :“ C3.28ppAq, ϕq and

ˆ

E exp
´4pλn

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

¯

˙
1
4p

ď pI1
V q

vn . (3.28)

Also, vn Ñ
n
v8 where v8 “ 0 if θ ą 1{3 and v8 ą 0 for θ “ 1{3.

Proof of Theorem 2.
From Lemma 2 we get:

ˆ

E exp
´

´ qλn
Mn

Γn

¯

˙
1
q

exp
´

´
aλn
?

Γn

¯

ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

˙

. (3.29)

(a) We deal with the case β P p0, 1s, θ P p 1
2`β

, 1s.

(i) We suppose that the mapping x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous. Plugging
in (3.21) the controls from (3.29), Lemma 3 equation (3.25), Lemma 4 (with j “ 2) and
Lemma 5 (equations (3.26), (3.27)), we get:

P
„

νnpAϕq ě
a
?

Γn



ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

˙

exp
´ λ2

n

2Γnp
`
pa2

n

2

¯

exp

ˆ

3pC2
V,ϕλ

2
n

cV Γ2
n

`
cV
p

˙

ˆpI1
V q

1
2p exp

˜

C3.26
pλ2

npΓ
p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p ˆ exp

˜

C3.27
pλ2

npΓ
p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p

ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

´

1´
1

q}σ}28}∇ϕ}28

! p

Γn

´6C2
V,ϕ

cV
`2

“

C3.26 ` C3.27spΓ
p2q
n q

2
¯

`
1

p

)¯

˙

ˆpI1
V q

1
p exp

´cV
p
`
pa2

n

2

¯

. (3.30)
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Recall now that for θ ą 1
2`β

ě 1{3, Γ
p

3`β
2
q

n {
?

Γn Ñ
n

0, Γ
p2q
n {
?

Γn Ñ
n

0 (see Lemma 3
and Remark 2). We now take p :“ pn Ñ

n
`8, and therefore q :“ qn Ñ

n
1, such that

p
1{2
n

Γ
p
3`β

2 q

n?
Γn

Ñ
n

0 so that from Lemma 3, pna2
n Ñ

n
0. Since Γ

p
3`β

2 q

n?
Γn

ě
Γ
p2q
n?
Γn

this in turn implies:

dn :“
1

qn}σ}28}∇ϕ}28

! pn
Γn

´6C2
V,ϕ

cV
`
“

2C3.26 ` 3C3.27

‰

pΓp2qn q
2
¯

`
1

pn

)

Ñ
n

0. (3.31)

We conclude from (3.30) setting cn “ q´1
n p1´dnq, Cn :“ pI1

V q
1
pn expp 1

pn
rcV `

C3.27

2
s`

pna2
n

2
q Ñ

n

1. Observe that taking an increasing sequence ppnqně1 readily yields Cn Ón 1, and qn Ón 1.
Also, the sequence ppnqně1 can be chosen in order to have, for n large enough, dn Ón 0 so
that cn Òn 1.

(ii) Assume a ď cV q
4C

V
p
}σ}28}∇ϕ}28
}D2ϕ}28

?
Γn

Γ
p2q
n

. Plugging in (3.21) the controls from (3.29), Lemma 3,
equation (3.25) , Lemmas 4 (with j “ 2), 5 (equations (3.26), (3.28)) we then derive:

P
”

νnpAϕq ě
a
?

Γn

ı

ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

˙

exp
´ λ2

n

2Γnp
`
pa2

n

2

¯

exp

ˆ

3pC2
V,ϕλ

2
n

cV Γ2
n

`
cV
p

˙

ˆpI1
V q

1
2p exp

˜

C3.26
pλ2

npΓ
p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p pI1

V q
vn

ď pI1
V q

vn`
3
4p exp

ˆ

cV
p
`
pa2

n

2

˙

exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

´

1´
1

q}σ}28}∇ϕ}28

! p

Γn

´6C2
V,ϕ

cV
` 2C3.26pΓ

p2q
n q

2
¯

`
1

p

)¯

˙

.

(3.32)

Since θ ą 1
2`β

ě 1{3 (see Remark 2), we again take p :“ pn Òn `8 so that p1{2
n an Ñ

n
0

which also guarantees:

dn :“
1

qn}σ}28}∇ϕ}28

!

pn

´6C2
V,ϕ

cV Γn
`

2C3.26pΓ
p2q
n q

2

Γn

¯

`
1

pn

)

Ñ
n

0. (3.33)

In this case, we derive the result by setting cn :“ q´1
n p1 ´ dnq Ñ

n
1, and Cn :“

pI1
V q

vn`
3

4pn expp cV
pn
`

pna2
n

2
q Ñ

n
1 (see the limits of vn following equation (3.28) and (3.46)).

Again, ppnqně1 can be chosen in order to have the stated monotonicity for n large enough.
Set now

χn :“
cV }σ}

2
8}∇ϕ}28

4C
V
}D2ϕ}28

qn
pn
, (3.34)

so that a ď χn
?

Γn

Γ
p2q
n

. Thus, the slower pn goes to infinity, the wider the domain of validity
for the estimate in the parameter a.
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(b) It remains to analyze the case β P p0, 1s, θ “ 1
2`β

. Let us deal with β “ 1. From (3.22),
the controls of (3.29) and Lemma 4 (with j “ 1) we get:

P
„

νnpAϕq `
Ḡn `D2,n

Γn
ě

a
?

Γn



ď exp

ˆ

´
a2

2q}σ}28}∇ϕ}28

˙

exp

ˆ

2pC2
V,ϕλ

2
n

cV Γ2
n

`
cV
p

˙

pI1
V q

1
p .

Recalling the definition of λn in (3.24), we conclude as previously with obvious modifica-
tions of pcnqně1, pCnqně1. The case β P p0, 1q is handled similarly starting from (3.23).

Also, when D3ϕ P C1, we derive similarly to the proof of Theorem 10 in [LP02] that
Bn,1 Ñ

n
´rγm.

Eventually, the final control involving the two sided deviation is derived by symmetry.
˝

3.3 Proof of the Technical Lemmas

This section is devoted to the proof of the previously used Lemmas 1–5 and Proposi-
tion 1 which were the key ingredients to derive Theorem 2.

Proof of Lemma 1.

For k P rr1, nss, we first write:

ϕpXkq ´ ϕpXk´1q “ pϕpXkq ´ ϕpXk´1 ` γkbk´1qq ` pϕpXk´1 ` γkbk´1q ´ ϕpXk´1qq

“: Tk´1,rpϕq ` Tk´1,dpϕq,

(3.35)

in order to split the random and deterministic contributions in the transitions of the
scheme (1.2).

We then perform a Taylor expansion with integral remainder at order 2 for the function
ϕ in the two terms of the r.h.s. of (3.35). Namely, with the above notations:

Tk´1,dpϕq “ γkbk´1 ¨∇ϕpXk´1q ` γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt,

Tk´1,rpϕq “
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

¯

dt.
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Hence,

ϕpXk q́ ϕpXk´1q

“ γkAϕpXk´1q

`γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

`
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´tqTr
´

D2ϕpXk´1`γkbk´1`t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1´D

2ϕpXk´1qΣk´1

¯

dt

“ γkAϕpXk´1q ` γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

`γk

ż 1

0

p1´ tqTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯

dt` ψkpXk´1, Ukq

“: γkAϕpXk´1q `D
k
2,b `D

k
2,Σ ` ψkpXk´1, Ukq, (3.36)

where

ψkpXk´1, Ukq “
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯

dt. (3.37)

Observe now that, conditionally to Fk´1, the mapping u ÞÑ ψkpXk´1, uq is Lipschitz
continuous: indeed, the innovation Uk does not appear in the other contributions of the
right side of (3.36). Consequently, as ϕ is Lispchitz continuous we derive, for all pu, u1q P
pRdq2:

|ψkpXk´1, uq ´ ψkpXk´1, u
1
q| ď

?
γk}σk´1} }∇ϕ}8|u´ u1|.

The result is obtained by summing up the previous identities from k “ 1 to n, observ-
ing, with the notations of (3.19), that Ln “

řn
k“1 ϕpXkq ´ ϕpXk´1q, D2,b,n “

řn
k“1D

k
2,b,

D2,Σ,n “
řn
k“1D

k
2,Σ, Gn :“

řn
k“1 ψkpXk´1, Ukq. ˝

Proof of Lemma 2.

The idea is to use conditionally and iteratively the Gaussian concentration property
(GC) of the innovation. Let us note that this strategy was already the key ingredient
in [FM12]. In the current framework, we exploit that the functions u ÞÑ ∆kpXk´1, uq :“
ψkpXk´1, uq ´ E rψkpXk´1, Ukq|Fk´1s are conditionally independent w.r.t. Fk´1 and Lips-
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chitz continuous with constant ?γk}σ}8}∇ϕ}8 by Lemma 1. We thus write:

E exp
´

´
qλ

Γn
Mn

¯

“ E exp

˜

´
qλ

Γn

n
ÿ

k“1

∆kpXk´1, Ukq

¸

“ E
”

exp
´

´
qλ

Γn

n´1
ÿ

k“1

∆kpXk´1, Ukq
¯

E
”

exp
´

´
qλ

Γn
∆npXn´1, Unq

¯

|Fn´1

ıı

ď E
”

exp
´

´
qλ

Γn

n´1
ÿ

k“1

∆kpXk´1, Ukq
¯

exp
´q2λ2

2Γ2
n

γn}σ}
2
8}∇ϕ}28

¯ı

, (3.38)

where we used (GC) in the third line recalling as well that E r∆npXn´1, Unq|Fn´1s “ 0.

Iterating the process over k, we obtain:

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q

“

˜

E exp
´

´
qλ

Γn

n
ÿ

k“1

∆kpXk´1, Ukq
¯

¸
1
q

ď exp
´qλ2}σ}28}∇ϕ}28

2Γn

¯

.

(3.39)
Finally,

exp
´

´
λa
?

Γn

¯

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q

ď exp
´gpλq
?

Γn

¯

,

where g : R` Ñ R is defined by gpλq “ ´ a?
Γn
λ` qλ2

2Γn
}σ}28}∇ϕ}28. As a ą 0, the function

attains its minimum at λn given in (3.24). This eventually yields the expected bound. ˝

Proof of Lemma 3.

From the definition in (3.37) and the Fubini theorem, we have that for all k P rr1, nss:

E rψkpXk´1, Ukq|Fk´1s

“ γk

ż 1

0

p1´ tqTr
´

E
“

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1|Fk´1

‰

¯

dt. (3.40)

Recalling that Uk has the same moments as the standard Gaussian random variable up
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to order three (see (GC)) and is independent of Fk´1, a Taylor expansion yields:

E
”

Tr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯
ˇ

ˇ

ˇ
Fk´1

ı

“Tr
´

D2ϕpXk´1 ` γkbk´1qσk´1E rUk b Uksσ˚k´1

¯

`

ż 1

0

E
”

Tr
´

`

D3ϕpXk´1`γkbk´1`ut
?
γkσk´1Ukqt

?
γkσk´1Uk

˘`

σk´1Uk b Ukσ
˚
k´1

˘

¯
ˇ

ˇ

ˇ
Fk´1

ı

du

´Tr
´

D2ϕpXk´1 ` γkbk´1qΣk´1

¯

“Tr
´

D2ϕpXk´1 ` γkbk´1qσk´1 pE rUk b Uks ´ Iq
looooooooomooooooooon

“0

σ˚k´1

¯

`t
?
γk

ż 1

0

E
”

Tr
´

`

rD3ϕpXk´1 ` γkbk´1 ` ut
?
γkσk´1Ukq ´D

3ϕpXk´1 ` γkbk´1qsσk´1Uk
˘

ˆ
`

σk´1Uk b Ukσ
˚
k´1

˘

¯ˇ

ˇ

ˇ
Fk´1

ı

du,

recalling from (GC) that for all pi, j, lq P rr1, rss, E rU i
kU

j
kU

l
k|Fk´1s “ E rU i

1U
j
1U

l
1s “ 0

(cancellation argument). Hence,

|E rψkpXk´1, Ukq|Fk´1s| ď γk

ż 1

0

p1´ tqt1`βrϕp3qsβE
”

γ
1`β

2
k }σk´1}

3`β
|Uk|

3`β

ż 1

0

uβdu
ˇ

ˇ

ˇ
Fk´1

ı

dt

“
rϕp3qsβγ

3`β
2

k }σk´1}
3`βE r|Uk|3`βs

p1` βqp2` βqp3` βq
,

recalling that the third derivatives of ϕ are β-Hölder continuous for the first inequality.
We thus derive:

|Eβ
n | “

|Ḡn|
?

Γn
ď

1
?

Γn

n´1
ÿ

k“1

ˇ

ˇE
“

ψkpXk´1, Ukq|Fk´1

‰ˇ

ˇ ď
rϕp3qsβ}σ}

3`β
8 E r|U1|

3`βs

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
“: an.

Proof of Proposition 1.

First of all, let us decompose the Lyapunov function V with a Taylor expansion like
in Lemma 1. We again use a splitting between the deterministic contributions and those
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involving the innovation. We write for all n P N:

V pXnq ´ V pXn´1q

“ γnAV pXn´1q ` γ
2
n

ż 1

0

p1´ tqTr
´

D2V pXn´1 ` tγnbn´1qbn´1 b bn´1

¯

dt

´
γn
2

Tr
`

D2V pXn´1qqΣn´1

˘

`
?
γnσn´1Un ¨∇V pXn´1 ` γnbn´1q

`γn

ż 1

0

p1´ tqTr
´

D2V pXn´1 ` γnbn´1 ` t
?
γnσn´1Unqσn´1Un b Unσ

˚
n´1

¯

dt

ď ´γnαV V pXn´1q ` γnβV ` CV

γ2
n

2
}D2V }8V pXn´1q

`
γn
2
}D2V }8}σ}

2
8 `

?
γnσn´1Un ¨∇V pXn´1 ` γnbn´1q `

γn
2
}D2V }8}σ}

2
8|Un|

2

ď γn

´

´
α
V

2
V pXn´1q ` rc

¯

`
?
γnσn´1Un ¨∇V pXn´1 ` γnbn´1q `

γn
2
}D2V }8}σ}

2
8|Un|

2

(3.41)

for a constant rc :“ rcpV, σ, βV q. We have in fact considered the time steps sufficiently
small (in (S), we have chosen for all n P N, γn ă minp 1

2
?
C
V
c̄
,

α
V

2C
V
}D2V }8

q). The two terms

involving the innovation Un in the above decomposition can be controlled thanks to the
Gaussian concentration hypothesis (GC). Let us define for all x P Rd and all γ, λ ą 0 the
quantities:

I1pγ, λ, xq :“ E
”

exp
`

λ
?
γσpxqU1 ¨∇V px` γbpxqq

˘

ı

,

I2pγ, λq :“ E
”

exp
`

λ
γ

2
}D2V }8}σ}

2
8|U1|

2
˘

ı

.

The first one is directly controlled owing to hypothesis (GC):

I1pγn, λ, xq ď exp
´λ2γn|σ

˚pxq∇V px` γnbpxqq|2

2

¯

ď
pLVq

exp
´λ2γnCV

}σ}28V px` γnbpxqq

2

¯

.

(3.42)

Furthermore, under (GC), for all c ă 1
2
, Ic :“ E rexppc|Un|

2qs ă `8. Hence, for all
λ ă 2c

}D2V }8}σ}28γ1
, Jensen’s inequality yields:

I2pγn, λq ď

”

E exp
`

c|Un|
2
˘

ı

λγn}D
2V }8}σ}

2
8

2c
“ exp

´

γn lnpIcq
λ}D2V }8}σ}

2
8

2c

¯

.

(3.43)

These controls allow to prove the integrability statement of the proposition by induc-
tion. For n “ 0, recalling from assumption (C1) that for all λ ă λ0,E exppλ|X0|

2q ă `8

and from (LV), i) that V pxq ď c̄|x|2 outside of a compact set, we derive that for all
λ P p0, λ0

c̄
q, there exists C0

V,λ P p1,`8q such that

E exp
`

λV pX0q
˘

ď C0
V,λ.
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Set now rβV :“ rc ` lnpIcq
}D2V }8}σ}28

2c
and rαV :“ min

`

1
γ1
,
α
V

2
´ λC

V
}σ}28p1 ` γ1CV

r1 `
γ1}D2V }8

2
sq
˘

P p0, 1
γ1
s, for λ ă α

V

2C
V
}σ}28p1`γ1CV r1`

γ1}D
2V }8
2

sq
.

Let us assume that for all λ ă λV :“ min
´

λ0

2c̄
,

α
V

2C
V
}σ}28p1`γ1CV r1`

γ1}D
2V }8
2

sq
, c
}D2V }8}σ}28γ1

¯

,

the property

@k P rr0, n´ 1ss, E exp
`

λV pXkq
˘

ď CV,λ :“ C0
V,λ _ exp

´λrβV
rα
V

¯

, (Pn´1)

holds for a fixed n´1 P N0 and let us prove pPnq. By inequalities (3.41), (3.42) and (3.43)
and the Cauchy-Schwarz inequality, we derive that for all λ ă λV ,

E exp
`

λV pXnq
˘

“ E
”

exp
`

λV pXn´1q
˘

E
“

exp
`

λpV pXnq ´ V pXn´1qq
˘
ˇ

ˇFn´1s

ı

ď E
”

exp
`

λrV pXn´1qp1´
α
V

2
γnq ` rcγns

˘

I1pγn, 2λ,Xn´1q
1{2I2pγn, 2λq

1{2
ı

“ exp
`

λγnrβV
˘

E
”

exp
´

λ
`

1´
α
V

2
γn
˘

V pXn´1q ` λ
2γnCV

}σ}28V pXn´1 ` γnbn´1q

¯ı

.

Recall now that

V pXn´1 ` γnbn´1q ď V pXn´1q ` γn|∇V pXn´1q||bn´1| `
γ2
n

2
}D2V }8|bn´1|

2

pLVq,iiq
ď V pXn´1qp1` γnCV

r1`
γn}D

2V }8
2

sq.

Thus,

E
“

exp
`

λV pXnq
˘‰

ď exp
`

λγnrβV
˘

E
”

exp
`

λ p1´ γnrαV q
looooomooooon

Pr0,1q

V pXn´1q
˘

ı

pJensenq

ď exp
`

λγnrβV
˘

E
“

exp
`

λV pXn´1q
˘

ıp1´γnrαV q

ď exp
`

λγnrβV
˘

C
p1´γnrαV q
V,λ

using (Pn´1) for the last inequality. From the above equation and the previous definition
of CV,λ we have:

exp
`

λγnrβV
˘

C
p1´γnrαV q
V,λ ď CV,λ ðñ CV,λ ě exp

´λrβV
rα
V

¯

.

Hence, pPnq holds. Taking cV ă λV completes the proof. ˝

Remark 9 Noting that v˚ :“ infxPRd V pxq ą 0, we get that for all pn, ξq P Nˆ r0, 1s, and
for all λ ă λV pv

˚q1´ξ:

E exppλV ξ
n q “ E exp

´

λpv˚qξ
´Vn
v˚

¯ξ

loomoon

ě1

¯

ď E exp
`

λpv˚qξ´1Vn
˘

ď CV,λpv˚qξ´1 ă `8.
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Thus, we readily get as a by-product of Proposition 1 that, for all ξ P r0, 1s, λ ă λV pv
˚q1´ξ

, supnPN E exppλV ξ
n q ă `8. We refer to Lemaire (see e.g. Theorem 17 in [Lem07]) for

additional results in that direction.

Proof of Lemma 4.
Recalling from (GV) that there exists CV,ϕ ą 0 such that for all x P Rd, |ϕpxq| ď

CV,ϕ
`

1`
a

V pxq
˘

, we get for j P t1, 2u:

„

E exp
´

jpλn
|ϕpX0q ´ ϕpXnq|

Γn

¯


1
jp

ď

«

E exp
´

jpλn
CV,ϕp2`

a

V pX0q `
a

V pXnqq

Γn

¯

ff
1
jp

ď exp
´

2CV,ϕ
λn
Γn

¯

«

E exp
´

2jpCV,ϕλn

a

V pX0q

Γn

¯

ff
1

2jp
«

E exp
´

2jpCV,ϕλn

a

V pXnq

Γn

¯

ff
1

2jp

.

Write now for i P t0, nu by the Young inequality:

2jpCV,ϕλn

a

V pXiq

Γn
ď cV V pXiq `

pjpq2C2
V,ϕλ

2
n

cV Γ2
n

,

where cV is the positive real constant such that I1
V “ sup

ně0
E rexppcV V pXnqqs ă `8 (see

Proposition 1). We then get

„

E exp
´

jpλn
|ϕpX0q ´ ϕpXnq|

Γn

¯


1
jp

ď exp
´

2CV,ϕ
λn
Γn

¯

exp
´jpC2

V,ϕλ
2
n

cV Γ2
n

¯´

E exppcV V pX0qq

¯
1

2jp
´

E exppcV V pXnqq

¯
1

2jp

ď exp

ˆ

pj ` 1qpC2
V,ϕλ

2
n

cV Γ2
n

˙

exp

ˆ

cV
p

˙

pI1
V q

1
jp . 2

Proof of Lemma 5.

‚ Proof of inequalities (3.27) and (3.28).

- If x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous. We first rewrite from the definition of D2,b,n

in (3.19):

D2,b,n “

n
ÿ

k“1

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

“

n
ÿ

k“1

γk

”

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q, bk´1 ´ bpXk´1 ` tγkbk´1qydt

`

ż 1

0

`

x∇ϕ, bypXk´1 ` tγkbk´1q ´ x∇ϕ, bypXk´1q
˘

dt
ı

.

From the boundedness of ∇ϕ, and the Lipschitz property of the mappings x ÞÑ bpxq
(which has been assumed from the very beginning) and x ÞÑ x∇ϕpxq, bpxqy (assumed for
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the current inequality), recalling that bk´1 “ bpXk´1q, one derives that :

|D2,b,n| ď

n
ÿ

k“1

γ2
k

´

}∇ϕ}8rbs1 ` rx∇ϕ, bys1
¯

|bk´1|

2
ď C

n
ÿ

k“1

γ2
k|bk´1|, C :“ Cpb, ϕq. (3.44)

From this inequality, assumption (LV), ii) and the Jensen inequality (applied to the
exponential function for the measure 1

Γ
p2q
n

řn
k“1 γ

2
kδk), we derive:

ˆ

E exp
´4pλn

Γn
|D2,b,n|

¯

˙
1
4p

ď

˜

1

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

´4pλnΓ
p2q
n

Γn
C
a

C
V

a

Vk´1

¯

¸
1
4p

.

From the Young inequality we obtain:

E exp
´4pλnΓ

p2q
n

Γn
C
a

C
V

a

Vk´1

¯

ď exp
´´2

?
2pλnΓ

p2q
n

Γn

C
a

C
V

?
cV

¯2¯

E rexppcV Vk´1qs.

We finally derive with the notations of Proposition 1:
ˆ

E exp
´4pλn

Γn
|D2,b,n|

¯

˙
1
4p

ď exp
´2pλ2

npΓ
p2q
n q

2

Γ2
n

pC
a

C
V
q2

cV

¯

pI1
V q

1
4p

ď exp
´

C3.27
pλ2

npΓ
p2q
n q

2

Γ2
n

¯

pI1
V q

1
4p ,

setting C3.27 :“ 2
pC
?
C
V
q2

cV
with C “ 1

2

`

}∇ϕ}8rbs1 ` rx∇ϕ, bys1
˘

as in (3.44).
2

- If a ď cV q
4C

V
p
}σ}28}∇ϕ}28
}D2ϕ}28

?
Γn

Γ
p2q
n

“ χn
?

Γn

Γ
p2q
n

with the notation introduced in (3.34). Write first
from (3.19) (definition of D2,b,n), using a Taylor expansion on ∇ϕ:

ˆ

E exp
´4pλn

Γn
|D2,b,n|

¯

˙
1
4p

ď

˜

E exp
´4pλn

Γn

n
ÿ

k“1

γ2
k

ż 1

0

p1´ tq
ˇ

ˇ

ˇ
Tr
´

D2ϕpXk´1 ` tγkbk´1qbk´1 b bk´1

¯
ˇ

ˇ

ˇ
dt
¯

¸
1
4p

.

(3.45)

We first easily get from the assumptions on ϕ and point ii) of (LV ) that:

ˆ

E exp
´4pλn

Γn
|D2,b,n|

¯

˙
1
4p

ď

˜

E exp
´2pλn

Γn

n
ÿ

k“1

γ2
kCV

Vk´1}D
2ϕ}8

¯

¸
1
4p

.

From the Jensen inequality,we derive:

ˆ

E exp
´4pλn

Γn
|D2,b,n|

¯

˙
1
4p

ď

˜

1

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

´2pλnΓ
p2q
n

Γn
}D2ϕ}8CV

Vk´1

¯

¸
1
4p

.
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We then have from the definition of λn in (3.24) that:

v̄n :“
2pλnΓ

p2q
n

Γn
}D2ϕ}8

C
V

cV
“

Γ
p2q
n

?
Γn

2C
V
p

cV q

}D2ϕ}8
}σ}28}∇ϕ}28

a ď 1.

The Jensen inequality for concave functions yields for all k P rr1, nss:

E exp
´2pλnΓ

p2q
n

Γn
}D2ϕ}8CV

Vk´1

¯

“ E exp
´

v̄ncV Vk´1

¯

ď

´

E exp
´

cV Vk´1

¯¯v̄n
.

Thus, setting

vn :“
v̄n
4p
“
λnΓ

p2q
n

2Γn
}D2ϕ}8

C
V

cV
, (3.46)

we finally derive,

„

E exp
´4pλn

Γn
|D2,b,n|

¯


1
4p

ď

«

1

Γ
p2q
n

n
ÿ

k“1

γ2
k

´

sup
lě1

E
“

exppcV Vl´1q
‰

¯v̄n

ff
1
4p

“ pI1
V q

vn “: Cn,

using again the notations of Proposition 1. This gives (3.28).

‚ Proof of inequality (3.26). We proceed as for the proof of (3.28) and (3.27). Write:

ˆ

E exp
´4pλn

Γn
|D2,Σ,n|

¯

˙
1
4p

ď

˜

E exp
´4pλn

Γn

n
ÿ

k“1

γk
2

ˇ

ˇ

ˇ
Tr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯ˇ

ˇ

ˇ

¯

¸
1
4p

ď

˜

E exp
´2pλn

Γn
}σ}28rϕ

p2q
s1

n
ÿ

k“1

γ2
k|bk´1|

¯

¸
1
4p

ď

˜

E exp
´2pλn

Γn
}σ}28rϕ

p2q
s1C

1
2
V

n
ÿ

k“1

γ2
k|Vk´1|

1
2

¯

¸
1
4p

ď

˜

1

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

´2pλnΓ
p2q
n

Γn
}σ}28rϕ

p2q
s1C

1
2
V
|Vk´1|

1
2

¯

¸
1
4p

.

Using once again the Young inequality and setting C3.26 :“
}σ}48rϕ

p2qs21
4

C
V

cV
, we obtain:

ˆ

E exp
´4pλn

Γn
|D2,Σ,n|

¯

˙
1
4p

ď exp
´pλ2

n

4

´Γ
p2q
n

Γn

¯2

}σ}48rϕ
p2q
s
2
1

C
V

cV

¯

pI1
V q

1
4p

ď exp
´

C3.26pλ
2
n

´Γ
p2q
n

Γn

¯2¯

pI1
V q

1
4p . 2
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4 A refinement when ~σ~2 ´ νp~σ~2q is a Coboundary

We will assume in this section that there exists a solution ϑ of the Poisson problem
Aϑ “ ~σ~2 ´ νp~σ~2q, where ~ ¨ ~ is a matrix norm such that } ¨ } ď ~ ¨ ~, satisfying the
assumptions stated for ϕ in Theorem 2. This is in particular the case for the Fröbenius
norm } ¨ }F under the assumptions of the previous Theorem 4.

In this special case, we have a slightly different concentration result improving our
previous ones for a certain deviation range.

Theorem 8 Under the assumptions of Theorem 2 and with the notations introduced
therein, we have that:

(a) For (β P p0, 1s and θ P p 1
2`β

, 1s), there exist two explicit monotonic sequences c̃n ď 1 ď

C̃n, n ě 1, with limn C̃n “ limn c̃n “ 1 such that for all n ě 1 for all a ą 0:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 C̃n exp

ˆ

´
c̃n

2νp~σ~2q}∇ϕ}28
Φnpaq

˙

,

Φnpaq :“

»

–

˜

a2
´

1´
2

1`
b

1` 4 c̄3
n

Γn
a2

¯

¸

_

˜

a
4
3 Γ

1
3
n c̄n

˜

1´
2

3
c̄n

ˆ

Γn
a2

˙
1
3

¸

`

¸

fi

fl ,

where x` “ maxpx, 0q and c̄n :“
´

rϕs1
rϑs1

¯2{3

νp~σ~2q~σ~
´2{3
8 čn with čn being an explicit

positive sequence s.t. čn Ón 1.

(b) For β P p0, 1s, θ “ 1
2`β

, there exist two explicit monotonic sequences c̃n ď 1 ď C̃n, n ě

1, with limn C̃n “ limn c̃n “ 1 such that for all n ě 1 for all a ą 0:

P
“

|
a

ΓnνnpAϕq ` Bn,β| ě a
‰

ď 2 rCn exp

ˆ

´
rcn

2νp~σ~2q}∇ϕ}28
Φnpaq

˙

.

Remark 10 (About deviation rates) Observe that in order to derive global deviation
bounds (valid for every a ą 0) two concentration regimes appear in the previous bounds.
For an arbitrary fixed a ą 0, we have that for n large enough (depending on a), the Gaus-
sian concentration regime will give the fastest decay, since 2

1`
b

1`4c̄3n
Γn
a2

Ñ
n

0. Also, when

a —
?

Γn the two above contributions give a Gaussian bound, with suboptimal constants.
Eventually, when a "

?
Γn, for a fixed n, we have that the first term is “stuck" at the

threshold Γn whatever level a is considered, i.e. a2
`

1´ 2

1`
b

1`4c̄3n
Γn
a2

˘

ÝÑ
aÑ8

c̄3
nΓn whereas the

second clearly becomes bigger.
To summarize, when the Gaussian regime prevails (i.e. when a?

Γn
is small), the results

of Theorem 2 have been improved in the sense that the variance in the deviations is
a sharper upper bound of the “carré du champ"

ş

Rd |σ
˚∇ϕpxq|2νpdxq appearing in the

asymptotic Theorem 1. Indeed, we managed to replace the supremum norm ~σ~2
8 deriving

from Theorem 2 and the domination condition on the matrix norms by νp~σ~2q. However,
our martingale approach naturally leads to a bound in }∇ϕ}28.
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On the other hand, the global double regime seems to be the price to pay to benefit from
the better approximation of the “carré du champ" in the Gaussian regime.

Eventually, Theorem 3 is a direct consequence of the previous theorem in the Gaussian
regime.

Proof: We focus on case (a) for β P p0, 1q, θ P p1{p2` βq, 1s. Case (b) could be derived
similarly following the proof of Theorem 2. We restart from the computations of Section 3.1
that give for all λ ą 0 the control in equation (3.21). Let us now deal with the term giving
the concentration and write for all ρ ą 1:

E exp
´

´
qλ

Γn
Mn

¯

ď

˜

E exp
´

´ ρ
qλ

Γn
Mn ´

ρ2pqλq2rϕs21
2Γ2

n

n
ÿ

k“1

γkAϑpXk´1q

¯

¸
1
ρ

ˆ

˜

E exp
´ρ2pqλq2rϕs21

2pρ´ 1qΓ2
n

n
ÿ

k“1

γkAϑpXk´1q

¯

¸1´ 1
ρ

“: T
1
ρ

1 T
1´ 1

ρ

2 . (4.1)

Since for all x P Rd, Aϑpxq “ ~σpxq~2 ´ νp~σ~2q, we obtain:

T1 “ exp
´ρ2pqλq2rϕs21νp~σ~

2q

2Γn

¯

E exp
´

´ρ
qλ

Γn
Mn ´

ρ2pqλq2rϕs21
2Γ2

n

n
ÿ

k“1

γk~σpXk´1q~
2
¯

.

The key idea is that we have exploited the Poisson equation solved by ϑ to replace the
previous rough control exp

´

pqλq2rϕs21~σ~
2
8

2Γn

¯

, coming from the martingale increment ob-
tained in equation (3.18) and the domination condition on the matrix norms, by the
above term exp

´

ρ2pqλq2rϕs21νp~σ~
2q

2Γn

¯

. This last contribution will be part of the optimization
procedure over λ. This improvement will be all the more significant that neighborhoods
of the points where the norm of the diffusion coefficient σ attains its supremum are not
very much charged by the invariant distribution. The point for T1 is then to prove that
the remaining expectation is less than 1. It will be shown by exhibiting an appropriate
underlying supermartingale.

Set to this end ĂT1 :“ exp
´

´
ρ2pqλq2rϕs21νp~σ~

2q

2Γn

¯

T1. Define now, for a given n P N and

m P N0, Sm :“ exp
´

´ρ qλ
Γn
Mm´

ρ2pqλq2rϕs21
2Γ2
n

řm
k“1 γk~σpXk´1q~

2
¯

. From the definition of the
martingale pMkqkě1 in (3.14) and the controls of the Lipschitz constants of the functions
`

ψkpXk´1, ¨q
˘

kPrr1,nss
in Lemma 1, we get by iterated conditioning:

ĂT1 ď E
”

Sn´1 exp
´

´
ρ2pqλq2rϕs21

2Γ2
n

γn~σpXn´1q~
2
¯

E
”

exp
´

´ρ
qλ

Γn
pMn ´Mn´1q

¯ˇ

ˇ

ˇ
Fn´1

ıı

ď
pGCq

E
”

Sn´1 exp
´

´
ρ2pqλq2rϕs21

2Γ2
n

γn~σpXn´1q~
2
¯

expp
ρ2pqλq2

2Γ2
n

γnrϕs
2
1~σpXn´1q~

2
q

ı

ď E rSn´1s ď 1.
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In other words, pSmqmě0 is a positive supermartingale. We finally get that, for all ρ ą 1:

T
1
ρ

1 ď exp
´ρpqλq2rϕs21νp~σ~

2q

2Γn

¯

. (4.2)

For the term T2, we have that setting µ :“ µpq, n, ρ, λq “
pqλq2ρ2rϕs21
2pρ´1qΓn

,

T2 “ E exp
´ µ

Γn

n
ÿ

k“1

γkAϑpXk´1q

¯

,

so that this contribution can be controlled from the previous expansion of Lemma 1
exploiting the technical lemmas of Section 3.1 replacing λ by µ and ϕ by ϑ.

In case (a), for θ P p1{p2 ` βq, 1s, β P p0, 1s, the Hölder inequalities yield that for all
µ P R` and all p̄, q̄ P p1,`8q, 1

p̄
` 1

q̄
“ 1, similarly to (3.21),

T2 “ E exp
´ µ

Γn

n
ÿ

k“1

γkAϑpXk´1q

¯

ď

ˆ

E exp
´

´
q̄µ

Γn
Mϑ

n

¯

˙
1
q̄

ˆ

ˆ

E exp
´2p̄µ

Γn
|Lϑn|

¯

˙
1
2p
ˆ

E exp
´4p̄µ

Γn
|Dϑ

2,b,n|

¯

˙
1
4p̄
ˆ

E exp
´4p̄µ

Γn
|Dϑ

2,Σ,n|

¯

˙
1
4p̄

, (4.3)

where the superscripts in ϑ emphasize that the contributions to be analyzed are those
associated with the solution ϑ of the Poisson problem with source ~σ~2 ´ νp~σ~2q.

Still for simplicity, we assume as well (case (i)) that the mapping x ÞÑ xbpxq,∇ϑpxqy is
Lipschitz continuous. Plugging in (4.3) the controls established in Lemma 4 (with j “ 2),
Lemma 5 (equations (3.26) and (3.27)) and (3.39), then replacing λn by µ, we get similarly
to the first inequality of (3.30) and with the notations of Lemma 3:

T2 ď exp
´ q̄µ2~σ~2

8rϑs
2
1

2Γn

¯

exp

ˆ

µ2

2Γnp̄
`
p̄a2

n

2

˙

exp

ˆ

3p̄C2
V,ϑµ

2

cV Γ2
n

`
cV
p̄

˙

pI1
V q

1
2p̄

ˆ exp

˜

C3.26
p̄µ2pΓ

p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p̄ ˆ exp

˜

C3.27

´3p̄µ2pΓ
p2q
n q

2

2Γ2
n

`
1

2p̄

¯

¸

pI1
V q

1
4p̄ .

ď exp
´µ2

Γn

´ q̄~σ~2
8rϑs

2
1

2
` p̄

´

pΓ
p2q
n q

2

Γn
rC3.26 `

3

2
C3.27s `

3C2
V,ϑ

cV Γn

¯

`
1

2p̄

¯¯

ˆ exp
´1

p̄

`

cV `
C3.27

2

˘

`
p̄a2

n

2

¯

pI1
V q

1
p̄ .

Set now

C̄n :“ exp
´1

p̄

`

cV `
C3.27

2

˘

`
p̄a2

n

2

¯

pI1
V q

1
p̄ ,

ēn :“ p̄
´

pΓ
p2q
n q

2

Γn
rC3.26 `

3

2
C3.27s `

3C2
V,ϑ

cV Γn

¯

`
1

2p̄
. (4.4)

In the considered case, the exponent p̄ :“ p̄n can again be taken such that p̄n Ñ
n
`8 and

p̄n
pΓ
p2q
n q2

Γn
Ñ
n

0 in order to have, ēn Ñ
n

0, C̄n Ñ
n

1 with the indicated monotonicity for large
enough n.
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We derive from the above control and (4.2) that for all q, ρ ą 1:

ˆ

E exp
´

´
λq

Γn
Mn

¯

˙
1
q

ď

´

T
1
ρ

1 T
1´ 1

ρ

2

¯
1
q

ď exp
´ρqλ2rϕs21νp~σ~

2q

2Γn

¯

C̄
ρ´1
ρq
n exp

´ρ´ 1

ρq

µ2

Γn

´ q̄~σ~2
8rϑs

2
1

2
` ēn

¯¯

.

Plugging this bound in (3.21), using again the controls of Lemmas 4 and 5, eventually
yields:

P
”

a

ΓnνnpAϕq ě a
ı

ď exp

ˆ

´
aλ
?

Γn

˙

exp
´ λ2

2Γn

`

ρqrϕs21νp~σ~
2
q `

1

p

˘

¯

C̄
ρ´1
ρq
n exp

´ρ´ 1

ρq

µ2

Γn

´ q̄~σ~2
8rϑs

2
1

2
` ēn

¯¯

ˆ exp
´λ2

Γn
p
´

pΓ
p2q
n q

2

Γn

`

C3.26 `
3

2
C3.27

˘

`
3C2

V,ϕ

cV Γn

¯¯

exp
´1

p

`

cV `
C3.27

2

˘

`
pa2

n

2

¯

pI1
V q

1
p .

Choosing p :“ pn Ñ
n
`8 and such that pn pΓ

p2q
n q2

Γn
Ñ
n

0, we get by a standard symmetry
and with the notations introduced in the proof of Theorem 2:

P
”
ˇ

ˇ

ˇ

a

ΓnνnpAϕq
ˇ

ˇ

ˇ
ě a

ı

ď 2CnC̄
ρ´1
ρq
n exp

ˆ

´
aλ
?

Γn

˙

exp
´λ2

Γn

`ρqrϕs21νp~σ~
2q

2
` en

˘

¯

ˆ exp
´ρ´ 1

ρq

µ2

Γn

´ q̄~σ~2
8rϑs

2
1

2
` ēn

¯¯

,

where en is defined similarly to ēn in (4.4) replacing p̄ by p. In particular en Ñ
n

0. Note

that for the previous choices of p, p̄, we have that rCn :“ CnC̄
ρ´1
ρq
n Ñ

n
1 uniformly in ρ ą 1.

Recalling that µ “ pqλq2ρ2rϕs21
2pρ´1qΓn

, we are thus led to minimize the polynomial function

P : λ ÞÝÑ ´
aλ
?

Γn
`
λ2

Γn
An `

λ4

Γ3
n

Bn,

where An “ Anpρq “ ρ rAn and Bn “ Bnpρq “
ρ3

ρ´1
rBn with

rAn :“
qrϕs21νp~σ~

2q

2
` en and rBn :“

q3rϕs41
4

´ q̄~σ~2
8rϑs

2
1

2
` ēn

¯

. (4.5)

Note that both sequences p rAnqně1 and p rBnqně1 are bounded and bounded away from zero
sequences (and do not depend on ρ). The function P is clearly convex and coercive so
it attains its minimum at λmin, unique zero of the equation P 1pλminq “ 0. This equation
reads

λ3
`
AnΓ2

n

2Bn

λ´
aΓ

5
2
n

4Bn

“ 0 (4.6)
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which is the canonical form of this third degree equation to apply the Cardan-Tartaglia
formula ( ∗) so that

λminpρq “
Γn
2

»

–

˜

a
?

ΓnBn

`

d

´2An
3Bn

¯3

`
a2

ΓnB2
n

¸

1
3

`

˜

a
?

ΓnBn

´

d

´2An
3Bn

¯3

`
a2

ΓnB2
n

¸

1
3

fi

fl .

(4.7)
In order to derive our non-asymptotic bound, we select two “regimes” based on a first
order expansion of λmin in two cases a

Bn
?

Γn
Ñ 0 and Bn

?
Γn

a
Ñ 0, assuming that the free

parameter ρ “ ρn to be specified later on remains bounded, e.g. ρ P p1, 3s (which implies
that both quantities An

Bn
and 1

Bn
remain bounded as well). Also, note that if ρ Ñ 1, then

1
Bn

and An
Bn
Ñ 0. First, one easily checks that if pxnqě1 and panqně1 are two sequences of

positive real numbers where panqně1 is bounded, then

´

xn`
a

a3
n ` x

2
n

¯
1
3
`

´

xn´
a

a3
n ` x

2
n

¯
1
3
„

#

2
3
xn
an

if xn “ o
`

a
3
2
n

˘

pthen xn Ñ 0q,

p2xnq
1
3 if an “ o

`

x
2
3
n

˘

pthen xn Ñ `8q.
(4.8)

‚ If a
Bn
?

Γn
“ o

´´

An
Bn

¯
3
2
¯

(hence goes to 0), setting then xn “
a

Bn
?

Γn
and an “

2An
3Bn

yields

λminpρq „ λ˚pρq :“
a
?

Γn
2An

as nÑ `8.

Note that λ˚ :“ λ˚pρq corresponds to the optimization of the quadratic part of P . Then

P pλ˚q “ ´
a2

4An

´

1´
a2

4A3
n

Bn

Γn

¯

“ ´
a2

4 rAnρ

´

1´
a2

4 rA3
npρ´ 1q

rBn

Γn

¯

.

Set now ξn :“ αnpaq
ρ´1

with αnpaq “
rBn

4 rA3
n

a2

Γn
. Then

P pλ˚q “ ´
a2

4 rAn

1´ ξn

1` αnpaq
ξn

.

It remains to maximize the mapping ξ ÞÑ 1´ξ
1`αnpaqξ´1 over p0, 1q. Its optimum is attained

for ξ˚n “
1

1`
b

1` 1
αnpaq

, which in turn yields

P pλ˚q “ ´
a2

4 rAn

¨

˝1´
2

1`
b

1` 4
rA3
nΓn
rBna2

˛

‚. (4.9)

Note that, with the resulting specification of ρ “ ρ˚n :“ 1 ` αnpaq

ξ˚n
P p1, 3s (at least for

large enough n), the above condition xn “ o
`

a
3
2
n

˘

in (4.8) is satisfied a posteriori.

∗. If the equation z3 ` pz ` q “ 0 has a unique real zero z˚ then its discriminant ∆ “ 4p3 ` 27q2 ą 0

and z˚ “
´

1
2

`

´ q `
b

∆
27

˘

¯
1
3

`

´

1
2

`

´ q ´
b

∆
27

˘

¯
1
3

.
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‚ If a
Bn
?

Γn
Ñ `8, then, still owing to (4.8),

λminpρq „ λ̄˚pρq “
Γn
2

´ 2a

Bn

?
Γn

¯
1
3
“

ˆ

aΓn
4Bn

˙
1
3 a

Γn as nÑ `8.

The value λ̄˚pρq corresponds to the quartic pseudo-optimum of P (i.e. obtained by ne-
glecting the quadratic term). This yields, when reintroducing the parameter ρ,

P
`

λ̄˚pρq
˘

“ ´a
4
3 Γ

1
3
n
pρ´ 1q

1
3

ρp4 rBnq
1
3

˜

3

4
´

rAn

p4 rBnq
1
3

Γ
1
3
n

a
2
3

pρ´ 1q
1
3

¸

.

The right hand side of this equality is a function of ρ P p1,`8q. Its analysis yields that
the optimum is attained in p1, 3{2s and that it tends asymptotically in n to 3{2 in our
considered regime. Taking as suboptimal ρ “ 3{2 gives:

P
`

λ̄˚pρq
˘

ď ´
a

4
3

4

ˆ

Γn
rBn

˙
1
3

˜

1´
2

3

rAn
rBn

´Γn
a2

¯
1
3

¸

. (4.10)

From (4.10), (4.9) and (4.5), we conclude the proof of case (a) by setting c̄n :“ rAn rB
´ 1

3
n

which matches with the definition in the statement of the theorem.

In the biased case, the result follows similarly from the corresponding analysis per-
formed in Section 2 taking Anpρq “

ρqrϕs21νp~σ~
2q

2
. ˝

Remark 11 When a —
?

Γn, one checks that λminpρq — Γn and P pλminpρqq — ´Γn.
This behavior is consistent with our non-asymptotic bound. However, for practical and
numerical purposes observe that the optimum can be estimated. Namely, plugging the
identity (4.6) satisfied by λminpρq in (4.7) into the definition of P , yields

P
`

λminpρq
˘

“ ´
λminpρq

2
?

Γn

˜

3a

2
´
λminpρqρ rAn
?

Γn

¸

“ ´

?
Γn
4

pρ´ 1q
1
3

ρ
Φnpa, ρq

ˆ

3a

2
´

?
Γn
2
pρ´ 1q

1
3 rAnΦnpa, ρq

˙

,

where

Φnpa,ρq“

˜

a
?

Γn rBn

`

˜

pρ´1q
´2 rAn

3 rBn

¯3

`
a2

rB2
nΓn

1̧
2
¸

1
3

`

˜

a
?

Γn rBn

´

˜

pρ´ 1q
´2 rAn

3 rBn

¯3

`
a2

rB2
nΓn

1̧
2
¸

1
3

.

Then, an optimization in ρ P p1,`8q for given a,Γn can be performed (noting that ρ ÞÑ
pρ´ 1qi{3ρ´1, i P t1, 2u are bounded functions over p1,`8q).
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5 Smoothness Results for the Poisson Problems (Proof
of Theorem 4)

We first prove here Theorem 4 which allows to derive from the deviation results of
Theorems 2 and 3 the practical deviation bounds of Section 2.3 (i.e. Theorems 5, 6 and 7).
We recall that we work in the confluent setting of (Dp

α) and that we additionally consider
two main types of assumptions:

- Strong confluence conditions and smoothness (CR). Namely, assumptions (LV),
(Dp

α) and (R3,β) introduced in Sections 1.2 and 2.2 with the condition }Dσ}28 ď
2α

2p3`βq´p
.

- Mild confluence conditions and non-degeneracy (CUE). Namely, assumptions (LV),
(Dp

α), (R1,β) and (UE) introduced in Sections 1.2 and 2.2 together, when d ą 1,
with the condition }Dσ}28 ď

2α
2p1`βq´p

and the technical structure assumption on the
diffusion coefficient that for all pi, jq P rr1, dss2, Σi,jpxq “ Σi,jpxi^j, ¨ ¨ ¨ , xdq.

It is well known that when (CR) or (CUE) are in force, there exists a unique invariant
distribution for (1.1), i.e. assumption (U) holds. We refer to [Kha80], [PP14], [Pag01],
[PV01] for proofs of this assertion. The next step consists precisely in investigating the
smoothness of the corresponding Poisson problem as well as some associated quantitative
pointwise bounds on the gradient of its solution, which is one of the key terms appearing
in the deviation bounds of Theorems 2 and 3.

Let us indicate that the conditions appearing in (CR) depend on pure pathwise prop-
erties, whereas the case (CUE) takes advantage of the regularity of the underlying semi-
group which allows to alleviate some smoothness assumptions on the coefficients and some
restrictions on the variations of σ. When the dimension increases, it becomes useful to
benefit from the smoothing effects of a non-degenerate semi-group, especially if we keep
in mind that one of our goals is to handle Lipschitz continuous sources.

5.1 Proof of Theorem 4

Under (CUE) or (CR), it is well known that the Poisson equation (2.5) that we now
recall:

@x P Rd, Aϕpxq “ fpxq ´ νpfq,

admits a unique solution centered w.r.t. ν and with linear growth, inW 2
p,locpRd,Rq for any

p ą 1 under (CUE) (see [PV01]), or in C3,βpRd,Rq under (CR) (see Proposition A.8 in
[PP14]). In both cases, we have the following representation:

ϕpxq “ ´

ż

R`

`

Ptfpxq ´ νpfq
˘

dt where Ptfpxq :“ E rfpY 0,x
t qs (5.1)

and Y 0,x
t solves (1.1) with Y 0,x

0 “ x. To comply with the framework of the above Theo-
rems 5 and 6, the first step is to establish a pointwise gradient control.
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Gradient Control

Under (CUE) or (CR) we manage to obtain pointwise gradient bounds for ϕ. In our
current confluent setting, these estimates are obtained through controls on the tangent
flow, again without any a priori uniform ellipticity condition of type (UE).

Lemma 6 (Pointwise Gradient Bounds) Assume that (CUE) or (CR) holds. Then

}∇ϕ}8 ď
rf s1
α
,

with α as in (Dp
α).

Proof: Gradient Control in the Confluent framework
Assume now that (Dp

α) holds. Observe that, as soon as (R1,β) holds, it is well known
that that ∇xY

0,x
t is well defined and belongs to L2pPq, see [IW80]. Hence, for t ą 0, i P

rr1, dss:

BxiE rfpY
0,x
t qs “ E rx∇fpY 0,x

t q, BxiY
0,x
t ys,

BxiY
0,x
t “ ei `

ż t

0

DbpY 0,x
s qBxiY

0,x
s ds`

d
ÿ

j“1

ż t

0

Dσ¨jpY
0,x
s qBxiY

0,x
s dW j

s ,

where ei stands for the ith canonical vector and Db,Dσ¨j P Rd b Rd.
Let p P p1, 2s be given such that (Dp

α) holds. Considering the mapping y P Rd ÞÑ |y|p,
where | ¨ | stands for the Euclidean norm of Rd, it is easily seen from Itô’s formula that:

|BxiY
0,x
t |

p

“ 1` p

ż t

0

A

BxiY
0,x
s

|BxiY
0,x
s |

, DbpY 0,x
s q

BxiY
0,x
s

|BxiY
0,x
s |

E

|BxiY
0,x
s |

pds

`p
d
ÿ

j“1

ż t

0

A

BxiY
0,x
s

|BxiY
0,x
s |

, Dσ¨jpY
0,x
s q

BxiY
0,x
s

|BxiY
0,x
s |

E

|BxiY
0,x
s |

pdW j
s

`
p

2

d
ÿ

j“1

ż t

0

´

|Dσ¨jpY
0,x
s qBxiY

0,x
s |2

|BxiY
0,x
s |2

` pp´ 2q
|xBxiY

0,x
s , Dσ¨jpY

0,x
s qBxiY

0,x
s y|2

|BxiY
0,x
s |4

¯

|BxiY
0,x
s |

pds

“ exp

˜

p

ż t

0

A

BxiY
0,x
s

|BxiY
0,x
s |

, DbpY 0,x
s q

BxiY
0,x
s

|BxiY
0,x
s |

E

ds

¸

ˆ E
`

M
˘

t

ˆ exp

˜

p

2

d
ÿ

j“1

ż t

0

´

|Dσ¨jpY
0,x
s qBxiY

0,x
s |2

|BxiY
0,x
s |2

` pp´ 2q
|xBxiY

0,x
s , Dσ¨jpY

0,x
s qBxiY

0,x
s y|2

|BxiY
0,x
s |4

¯

ds

¸

,

(5.2)

where pMtqtě0 :“
`

p
řd
j“1

şt

0

@ BxiY
0,x
s

|BxiY
0,x
s |

, Dσ¨jpY
0,x
s q

BxiY
0,x
s

|BxiY
0,x
s |

D

dW j
s

˘

tě0
is a square integrable

martingale with bounded integrand and EpMqt :“ exppMt´
1
2
xMytq denotes the associated

Doléans exponential martingale. From condition (Dp
α), we thus get:

|BxiY
0,x
t |

p
ď expp´αptq ˆ EpMtq. (5.3)
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We eventually derive:
ż `8

0

|E rx∇fpY 0,x
t q, BxiY

0,x
t ys|dt ď rf s1

ż `8

0

E r|BxiY
0,x
t |

p
s
1{pdt ď rf s1

ż `8

0

exp p´αtq dt “
rf s1
α
.

From the above control and equation (5.1), we thus derive:

@i P rr1, dss, @x P Rd, |Bxiϕpxq| ď
rf s1
α
. (5.4)

Similarly, for all x P Rd,∇ϕpxq “
ş`8

0
Erp∇Y 0,x

t q˚∇fpY t,x
0 qsdt where we have ∇Y 0,x

t “

`

Bx1Y
0,x
t ¨ ¨ ¨ BxdY

0,x
t

˘

so that p∇Y 0,x
t q˚ “

¨

˚

˝

pBx1Y
0,x
t q˚

...
pBxdY

0,x
t q˚

˛

‹

‚

. Hence, recalling that | ¨ |

stands for the Euclidean norm, |∇ϕpxq| ď
ş`8

0
Er}p∇Y 0,x

t q˚}|∇fpY 0,x
t q|sdt where we recall

that for A P Rd b Rd, }A} :“ sup|z|ď1,zPRd |Az| denotes the operator (or spectral) matrix
norm. Thus, |∇ϕpxq| ď }∇f}8

ş`8

0
Er}p∇Y 0,x

t q˚}ps1{pdt “ }∇f}8
ş`8

0
Er}∇Y 0,x

t }ps1{pdt.
Now,

}∇Y 0,x
t } “ sup

|z|ď1

|∇Y 0,x
t z|.

For any z P Rd, |z| ď 1, setting Z0,x,z
t :“ ∇Y 0,x

t z, one has the following dynamics for the
Rd-valued process pZ0,x,z

s qsPr0,ts:

Z0,x,z
t :“ z `

ż t

0

DbpY 0,x
s qZ0,x,z

s ds`
d
ÿ

j“1

ż t

0

Dσ¨jpY
0,x
s qZ0,x,z

s dW j
s .

Hence, we derive similarly to (5.3) that |Z0,x,z
t |p ď |z|p expp´pαtqEpMtq, where EpMtq does

not depend on z. Write now,

Er}∇Y 0,x
t }

p
s
1{p
“ Ersup

|z|ď1

|Z0,x,z
t |

p
s
1{p
ď Ersup

|z|ď1

|z|p expp´pαtqEpMtqs
1{p
ď expp´αtq. (5.5)

This eventually proves the claim }∇ϕ}8 :“ supxPRd |∇ϕpxq| ď
}∇f}8
α

. ˝

Additional smoothness

– Theorem 4 can be derived under (CR), by iterating computations similar to the ones
performed in Lemma 6. On the other hand, to have the required smoothness, since we
cannot expect some smoothing effect from a non-degenerate diffusion coefficient, we have
to impose that b, σ, f themselves lie in C3,βpRd,Rq and the restriction on the variations
of σ which ensures exponential integrability in time for the expectations of the iterated
tangent flows, see Lemma A.8 in [PP14] for details (see the parallel between the above
condition on Dσ and assumption (ACp) appearing p. 559 in [PP14]).

– Proving Theorem 4 under (CUE) requires more sophisticated tools (Schauder estimates
for operators with unbounded coefficients).
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Proof: Theorem 4 under (CUE)
Let us begin with the scalar case. For d “ 1, set for all x P R,

vpxq :“ ´

ż `8

0

dtErΨpY 0,x
t qBxY

0,x
t s

“ ´

ż `8

0

dtE
„

ΨpY 0,x
t q exp

´

ż t

0

b1pY 0,x
s qds

¯

E
´

ż t

0

σ1pY 0,x
s qdWs

¯



, (5.6)

where for all y P R, Ψpyq :“ Byfpyq. We observe that Bxϕpxq “ vpxq. Also, from our
assumptions on f , b, σ, we have that Ψ, b1, σ1 P C0,β

b pRd,Rq. Theorems 2.4-2.6 in Krylov
and Priola, [KP10] then yield the existence of a unique solution to the PDE:

rAwpxq ` b1pxqwpxq “ Ψpxq, where rAwpxq “ Awpxq ` σσ1pxqw1pxq, (5.7)

belonging to C2,β
b pRd,Rq and such that the following Schauder estimate holds:

DC ě 1, }w}2,β ď Cp1` }Ψ}βq. (5.8)

Indeed, from (Dp
α), we get that b1pxq ď ´α ă 0 and the potential in (5.7) has the good

sign. From (5.6) and the Girsanov theorem, we also get:

vpxq “ ´

ż `8

0

dtE
„

ΨprY 0,x
t q exp

´

ż t

0

b1prY 0,x
s qds

¯



,

where drY 0,x
s “

`

bprY 0,x
s q ` σσ1prY 0,x

s q
˘

ds ` σprY 0,x
s qdWs. Note that rY has generator rA. A

simple identification procedure, similar to the proof of Theorem II.1.1 in Bass [Bas97]
then gives v “ w. The result follows from (5.8). Let us emphasize that this is a quite deep
and involved result for unbounded coefficients.

In the multi-dimensional setting, recalling the technical condition that for all i P
rr1, dss, j ě i, Σi,jpxq “ Σi,jpxi, ¨ ¨ ¨ , xdq, we have that differentiating formally the PDE (2.5)
in the space variable xi, i P rr1, dss yields that Bxiϕ “ vi should satisfy:

rAwipxq ` Bxibipxqwipxq “ Ψipxq ´
ÿ

jPrr1,dssztiu

Bxibjpxqvjpxq

´
1

2

ÿ

jPrr1,i´1ss

BxiΣj,jpxqBxjvjpxq ´
ÿ

jPrr1,i´1ss

ÿ

kPrrj`1,dssztiu

BxiΣj,kpxqBxjvkpxq, (5.9)

with Ψipxq :“ Bxifpxq and

rAwipxq :“ Awipxq`
1

2
BxiΣi,ipxqBxiwipxq `

ÿ

jPrr1,dssztiu

BxiΣi,jpxqBxjwipxq.

We would now like to enter the previous framework of Schauder estimates. To do so,
we first observe from (Dp

α) and the Cauchy-Schwarz inequality that Bxibipxq ď ´α ă 0.
Consider now i “ 1 in (5.9). From our current assumptions on f , b and the previ-
ous computations on the gradient for the multi-dimensional case, it remains to prove
rΨ1pxq :“ Ψ1pxq ´

ř

j‰1 Bx1bjpxqvjpxq P C
0,β
b pRd,Rq. This will be the case, once we will
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have proved that ∇ϕ is β-Hölder continuous, which is a priori not direct. This property
is assumed for the remaining of the proof and shown below. In particular, it leads to the
restriction concerning the variations of σ when d ą 1. Hence, Theorems 2.4-2.6 in Krylov
and Priola, [KP10] still apply and give that there exists a unique solution w1 P C2,β

b pRd,Rq
to (5.9) which also satisfies:

DC ě 1, }w1}2,β :“
ÿ

α,|α|Prr0,2ss

}Dαw1}8`rD
p2qw1sβ ď Cp1`}rΨ1}βq “: C̄ppLVq, pR1,βq, pUEqq.

(5.10)
The identification w1 “ Bx1ϕ “ v1 is standard. The control (5.10) allows to iterate, since
it gives that ∇w1 “ pBx1v1, ¨ ¨ ¨ , Bxdv1q “ pBx1,x1ϕ1, ¨ ¨ ¨ , Bxd,x1ϕq is β-Hölder. We thus get
by induction, from the specific chosen structure on σ and by Theorems 2.4-2.6 in Krylov
and Priola, [KP10], that for all i P rr1, dss there exists a unique solution wi P C2,β

b pRd,Rq
to (5.9) such that:

DC ě 1, }wi}2,β ď Cp1` }rΨi}βq “: C̄ppLVq, pR1,βq, pUEqq,

rΨipxq :“ Ψipxq ´
ÿ

jPrr1,dssztiu

Bxibjpxqvjpxq ´
1

2

ÿ

1 ď j ă i,
k P rr1, dssztiu

BxiΣj,kpxqBxjvkpxq. (5.11)

The Lipschitz property of the mapping x ÞÑ x∇ϕpxq, bpxqy is eventually derived fol-
lowing the procedure described in Remark 7.

˝

Remark 12 (Structure of σ) We emphasize that the structure condition on σ assumed
in Theorem 4 under (CUE) is mainly technical. It is of course always verified in dimen-
sion d “ 1. For d ą 1 it is motivated by the fact that, differentiating (2.5) without this
assumption yields to consider a system of coupled linear PDEs with growing coefficients
for which the Schauder estimates have not been established yet. Following the existing
literature for Schauder estimates for systems (see e.g. Boccia [Boc13]), we think that the
results of Krylov and Priola should extend to this case. This would allow to get rid of the
indicated condition. Here, the condition simply allows to decouple the system.

Let us mention too that the results by Priola [Pri09] could also be a starting point to
investigate the smoothness of the Poisson problem for degenerate kinetic models.

These aspects will concern further research.

Additional Smoothness continued: β-Hölder continuity of the gradient through pathwise
analysis. We control here, under (Dp

α), p P p1, 2s and (R1,β), β P p0, 1s, the β-Hölder
modulus of continuity of the gradient. We will progressively see how the restrictions on
Dσ come out. For px, x1q P R2d, write for all i P rr1, dss:

ˇ

ˇ

ˇ
Bxiϕpxq ´ Bxiϕpx

1
q

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż `8

0

´

E rx∇fpY 0,x
t q, BxiY

0,x
t ys ´ E rx∇fpY 0,x1

t q, BxiY
0,x1

t ys

¯

dt

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż `8

0

´

r∇f sβE r|Y 0,x
t ´ Y 0,x1

t |
β
|BxiY

0,x
t |s ` }∇f}8E r|BxiY

0,x
t ´ BxiY

0,x1

t |s

¯

dt

ˇ

ˇ

ˇ

ˇ

“: pGβ
1 `G

β
2 qpx, x

1
q. (5.12)
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Let us first deal with the expectation in Gβ
1 . Namely, write

E r|Y 0,x
t ´ Y 0,x1

t |
β
|BxiY

0,x
t |s ď E r|Y 0,x

t ´ Y 0,x1

t |
p̄β
s

1
p̄Er|BxiY

0,x
t |

q̄
s

1
q̄ , p̄, q̄ ą 1, p̄´1

` q̄´1
“ 1.

Take now p̄β “ q̄ ðñ p̄ “ 1`β
β
, q̄ “ 1 ` β which leads to the same integrability

constraints on the flows.
If β ` 1 ď p in (Dp

α), then we readily get similarly to (5.3) that Er|BxiY
0,x
t |q̄s

1
q̄ ď

expp´αtq.
If now β ` 1 ą p, as soon as (D1`β

ᾱ ) holds for some ᾱ ą 0, which is actually the case
provided that

}Dσ}28 ď
2α

1` β ´ p
, (5.13)

for q̄ “ 1`β, we again get similarly to (5.3) that Er|BxiY
0,x
t |q̄s

1
q̄ ď expp´ᾱtq. On the other

hand, the mean value theorem yields:

E r|Y 0,x
t ´ Y 0,x1

t |
p̄β
s

1
p̄ ď |x´ x1|βE r

ż 1

0

dλ}∇Y 0,x1`λpx´x1q
t }

p̄β
s

1
p̄

ď |x´ x1|β
´

ż 1

0

dλE r}∇Y 0,x1`λpx´x1q
t }

p̄β
s

¯
1
p̄

ď |x´ x1|β rexpp´αβtqI1`βďp ` expp´ᾱβtqI1`βąps ,

exploiting (5.5) for the last inequality provided that (5.13), which in turn implies that
(D1`β

ᾱ ) for some ᾱ ą 0, holds if 1` β ą p. Plugging these bounds in (5.12) gives that:

@px, x1q P pRd
q
2, |Gβ

1 px, x
1
q| ď

r∇f sβ
p1` βq

„

I1`βďp

α
`

I1`βąp

ᾱ



|x´ x1|β. (5.14)

We already see that, when 1`β ą p, for the parameter p of the initial confluence condition
(Dp

α), a first constraint on the variations of σ, namely (5.13) appears.
Let us now turn to Gβ

2 . Following the expansion of (5.2) write:

|BxiY
0,x
t ´ BxiY

0,x1

t |
2
“ 2

ż t

0

A

BxiY
0,x
s ´ BxiY

0,x1

s , DbpY 0,x
s qBxiY

0,x
s ´DbpY 0,x1

s qBxiY
0,x1

s

E

ds

`2
d
ÿ

j“1

ż t

0

A

BxiY
0,x
s ´ BxiY

0,x1

s , Dσ¨jpY
0,x
s qBxiY

0,x
s ´Dσ¨jpY

0,x1

s qBxiY
0,x1

s

E

dW j
s

`

d
ÿ

j“1

ż t

0

|Dσ¨jpY
0,x
s qBxiY

0,x
s ´Dσ¨jpY

0,x1

s qBxiY
0,x1

s |
2ds.

Let uptq :“ E |BxiY
0,x
t ´ BxiY

0,x1

t |2, t ě 0. First note that up0q “ 0. Taking now the
expectation and interchanging expectation and time integration yields

uptq “

ż t

0

EΞsds
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where pΞtqtě0 is a pathwise continuous process clearly determined by the terms inside
the above time integrals. One readily checks that, t ÞÑ EΞs is continuous so that u is
continuously differentiable and satisfies

u1ptq “ 2E
A

BxiY
0,x
t ´ BxiY

0,x1

t , DbpY 0,x
t qBxiY

0,x
t ´DbpY 0,x1

t qBxiY
0,x1

t

E

`

d
ÿ

j“1

E |Dσ¨jpY 0,x
t qBxiY

0,x
t ´Dσ¨jpY

0,x1

t qBxiY
0,x1

t |
2.

Using the Young inequality for a parameter ε P p0, 1s, small enough and to be chosen
further, we derive:

u1ptq ď 2E

«

A

BxiY
0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |
, DbpY 0,x

t q
BxiY

0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |

E

|BxiY
0,x
t ´ BxiY

0,x1

t |
2

`

ż t

0

}DbpY 0,x
t q ´DbpY 0,x1

t q}|BxiY
0,x1

t ||BxiY
0,x
t ´ BxiY

0,x1

t |

ff

` E

«

p1` εq
d
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

Dσ¨jpY
0,x
t q

BxiY
0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |

ˇ

ˇ

ˇ

ˇ

2

|BxiY
0,x
t ´ BxiY

0,x1

t |
2

` p1` ε´1
q

d
ÿ

j“1

}Dσ¨jpY
0,x
t q ´Dσ¨jpY

0,x1

t q}
2
|BxiY

0,x1

t |
2

ff

.

From this computation, the point is now to make the confluence condition (Dp
α) appear

and to separate the components for which we will exploit the β-Hölder continuity, namely
Db, pDσ¨jqjPrr1,nss. To do so we first observe that:

A

BxiY
0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |
, DbpY 0,x

t q
BxiY

0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |

E

`
1

2

d
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

Dσ¨jpY
0,x
t q

BxiY
0,x
t ´ BxiY

0,x1

t

|BxiY
0,x
t ´ BxiY

0,x1

t |

ˇ

ˇ

ˇ

ˇ

2

ď ´α ` p2´ pq
1

2
}Dσ}28 “ ´α̃,

where we suppose from now on that

´ α̃ :“ ´α ` p2´ pq
1

2
}Dσ}28 ă 0 ðñ }Dσ}28 ă

2α

2´ p
. (5.15)

Hence,

u1ptq ď 2E
„

p´α̃ `
ε

2
}Dσ}28q|BxiY

0,x
t ´ BxiY

0,x1

t |
2



` 2E
„

}DbpY 0,x
t q ´DbpY 0,x1

t q}|BxiY
0,x1

t ||BxiY
0,x
t ´ BxiY

0,x1

t |



` E
„

p1` ε´1
q

d
ÿ

j“1

}Dσ¨jpY
0,x
t q ´Dσ¨jpY

0,x1

t q}
2
|BxiY

0,x1

t |
2



.
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Using now again the Young inequality, with η P p0, 1s small enough, for the middle term
of the above r.h.s., we obtain:

u1ptq ď 2
´

´ α̃ `
ε

2
}Dσ}28 `

η

2

¯

E
”

|BxiY
0,x
t ´ BxiY

0,x1

t |
2
ı

` η´1E
“

}DbpY 0,x
t q ´DbpY 0,x1

t q}
2
|BxiY

0,x1

t |
2
‰

` p1` ε´1
q

d
ÿ

j“1

E
”

}Dσ¨jpY
0,x
t q ´Dσ¨jpY

0,x1

t q}
2
|BxiY

0,x1

t |
2
ı

ď 2
´

´ α̃ `
ε

2
}Dσ}28 `

η

2

¯

E
”

|BxiY
0,x
t ´ BxiY

0,x1

t |
2
ı

` η´1
rDbs2βE

“

|Y 0,x
t ´ Y 0,x1

t |
2β
|BxiY

0,x1

t |
2
‰

` p1` ε´1
qrDσs2βE

”

|Y 0,x
t ´ Y 0,x1

t |
2β
|BxiY

0,x1

t |
2
ı

. (5.16)

Denote:

´α̃ε,η,σ :“ ´α̃ `
ε

2
}Dσ}28 `

η

2
ă 0,

for ε, η small enough. Setting for every t ě 0,

rptq :“ η´1
rDbs2βE

“

|Y 0,x
t ´Y 0,x1

t |
2β
|BxiY

0,x1

t |
2
‰

`p1`ε´1
qDσs2βE

”

|Y 0,x
t ´Y 0,x1

t |
2β
|BxiY

0,x1

t |
2
ı

,

equation (5.16) reads an ordinary differential inequation:

u1ptq ď ´2α̃ε,η,σuptq ` rptq, up0q “ 0.

We derive from the Gronwall lemma that

uptq “ Er|BxiY
0,x
t ´ BxiY

0,x1

t |
2
s ď expp´2α̃ε,η,σtq

ż t

0

expp2α̃ε,η,σsqrpsqds.

Reproducing as well the computations that led to (5.14), we derive:

uptq ď Cη,ε,β|x´ x
1
|
2β

ż t

0

exp
`

´ 2α̃ε,η,σpt´ sq
˘

ˆ

E
”

|BxiY
0,x1

s |
2p1`βq

ı
1

1`β

`

ż 1

0

dλE
”

}∇Y 0,x1`λpx´x1q
s }

2p1`βq
ı

β
1`β

˙

ds.

From the analysis leading to (5.3), (5.5) we now derive:

Er|BxiY
0,x
t ´ BxiY

0,x1

t |
2
s

ď
Cη,ε,β

2
|x´ x1|2β expp´2α̃ε,η,σtq

„

exp
`

2pα̃ε,η,σ ´ α̃2p1`βqqt
˘

α̃ε,η,σ ´ α̃2p1`βq

`
exp

`

2pα̃ε,η,σ ´ βα̃2p1`βqqt
˘

α̃ε,η,σ ´ βα̃2p1`βq



,

and
´α̃2p1`βq ď ´α `

`

2p1` βq ´ p
˘1

2
}Dσ}28.
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Thus, α̃2p1`βq ă 0 as soon as

}Dσ}28 ă
2α

2p1` βq ´ p
, (5.17)

which is precisely the restriction on the variations of σ appearing in (CUE) when d ą 1,
then α̃2p1`βq ą 0 and:

Er|BxiY
0,x
t ´ BxiY

0,x1

t |
2
s ď C̄η,ε,β|x´ x

1
|
2β expp´α̃2p1`βqtq.

This last control then gives the expected bound for the β-Hölder modulus of the gradient.
Namely, from (5.12), (5.14),

rBxiϕsβ ă
r∇f sβ
p1` βq

”I1`βďp

α
`

I1`βąp

ᾱ

ı

`
}∇f}8C̄η,ε,β
α̃2p1`βq

.

5.2 Proof of the Practical Results of Section 2.3

We first begin with the proof of the

Slutsky like Theorem 6

We keep here for simplicity the generic notation } ¨ } for any admissible matrix norm
according to the assumptions of the theorem. We first write:

P

«

a

Γn
νnpfq ´ νpfq
a

νn p}σ}2q
ě a

ff

“ P
„

νnpAϕq ě
a
?

Γn

a

νn p}σ}2q



. (5.18)

We then proceed similarly to Theorem 8, with an exponential Bienaymé-Tchebychev in-
equality, for all λ ą 0 we have:

P

«

a

Γn
νnpfq ´ νpfq
a

νn p}σ}2q
ě a

ff

ď E
”

exp

ˆ

´
aλ
?

Γn

a

νn p}σ}2q

˙

exp pλνnpAϕqq
ı

“ exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

E
”

exp

ˆ

´
aλ
?

Γn

”

a

νn p}σ}2q ´
a

ν p}σ}2q
ı

˙

exp pλνnpAϕqq
ı

“ exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

E
”

exp

˜

´
aλ
?

Γn

νn p}σ}
2q ´ ν p}σ}2q

a

νn p}σ}2q `
a

ν p}σ}2q

¸

exp pλνnpAϕqq
ı

“ exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

E
”

exp

˜

´
aλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸

exp pλνnpAϕqq
ı

.

By the Hölder inequality, for rp, rq ą 1, such that 1
rp
` 1

rq
“ 1:

P

«

a

Γn
νnpfq ´ νpfq
a

νn p}σ}2q
ě a

ff

ď exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

«

E exp

˜

´
arpλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸ff1{rp
”

E exp pλrqνnpAϕqq
ı1{rq

.
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The proof of Theorem 8 yields:

P

«

a

Γn
νnpfq ´ νpfq
a

νn p}σ}2q
ě a

ff

ď Rn exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

exp

ˆ

ρrqλ2

Γn
rAn `

ρ3
rq3λ4

pρ´ 1qΓn
rBn

˙

ˆ

˜

E exp

˜

´
arpλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸¸1{rp

, (5.19)

where we recall from identity (4.5):

rAn “
qrϕs21νp}σ}

2q

2
` en and rBn “

q3rϕs41
4

´ q̄}σ}28rϑs
2
1

2
` ēn

¯

.

Also, Rn Ñ
n

1 denotes a “generic" remainder. Observe that thanks to the bounds of
Theorem 4 (stated in the above Lemma 6), we get:

rAn ď
qrf s21νp}σ}

2q

2α
` en. (5.20)

Let us now handle the remainder
„

E exp

ˆ

´
arpλ
?

Γn

νnpAϑq?
νnp}σ}2q`

?
νp}σ}2q

˙1{rp

:

«

E exp

˜

´
arpλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸ff1{rp

“

«

E

˜

exp

«

´
arpλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸

`

1νnpAϑqě0 ` 1νnpAϑqă0

˘

¸ff1{rp

ď

˜«

E exp

˜

arp2λ
?

Γn

νn pAϑq
a

ν p}σ}2q

¸ff1{rp

P
“

νnpAϑq ě 0
‰1{rq

`

«

E exp

˜

´
arp2λ
?

Γn

νn pAϑq
a

ν p}σ}2q

¸ff1{rp

P
“

νnpAϑq ă 0
‰1{rq

¸1{rp

.

Let us mention that we introduced the above partition in order to get a sharper constant
in the final inequality, 1 below instead of 2, which would follow getting rid of the indicator
functions. Now, by Theorem 2 we easily get:

E

«

exp

˜

´
arpλ
?

Γn

νn pAϑq
a

νn p}σ}2q `
a

ν p}σ}2q

¸ff1{rp

ď Rn exp

ˆ

a2
rp2

Γnνp}σ}2q

λ2

Γn

´

}σ}28}∇ϑ}28
2

` en

¯

˙

ˆ

”

P
“

νnpAϑq ě 0
‰1{rq

` P
“

νnpAϑq ă 0
‰1{rq

ı1{rp

. (5.21)
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We choose rp :“ rppnq Ñ `8, such that rp2a2

Γn
Ñ 0, and so pP

“

νnpAϑq ě 0
‰1{rq

`PrνnpAϑq ă
0s1{rqq1{rp ď 21{rp Ñ 1. Moreover, exploiting again that for the Gaussian regime, rp2a2

Γn
Ñ 0,

we obtain by (5.21) and (5.19):

P

«

a

Γn
νnpfq ´ νpfq
a

νn p}σ}2q
ě a

ff

ď Rn exp

ˆ

´
aλ
?

Γn

a

ν p}σ}2q

˙

exp

ˆ

ρrqλ2

Γn
p rAn ` enq `

ρ3
rq3λ4

pρ´ 1qΓn
rBn

˙

. (5.22)

From identity (5.22), the optimization over λ is similar to the one performed in the proof
of Theorem 8. This yields the deviation bound (2.10). The non-asymptotic confidence
interval in (2.11) is derived as for Theorem 5 from the gradient bounds of Theorem 4
and (2.10).

5.3 Regularization of Lipschitz Sources

We assume here that assumptions (C2), (LV), (UE) are in force. We suppose as well
that the following smoothness holds for b, σ:

(Rb,σ) Regularity and Structure. We assume that there exists β P p0, 1q such that b, σ
in (1.1) belong to C1,βpRd,Rdq and C1,β

b pRd,Rd b Rdq respectively. Also, for all pi, jq P
rr1, dss2, Σi,jpxq “ Σi,jpxi^j, ¨ ¨ ¨ , xdq.

Importantly, we are interested, under assumptions (C2), (LV), (UE), (Rb,σ), in giving
controls for the estimation of νpfq when the source f is simply Lipschitz continuous. This
is indeed the natural framework for the source which can be handled through functional
inequality techniques, see [MT06], [Boi11].

To comply with our previous framework, namely to exploit the smoothness result of
Theorem 4 under (CUE), we need to regularize the source. Let η be a mollifier (i.e. a
non-negative compactly supported function such that

ş

Rd ηpxqdx “ 1). Define for δ ą 0,
ηδpxq “

1
δd
ηpx

δ
q. We regularize f introducing fδ :“ f ‹ηδ where ‹ stands for the convolution

on Rd. From usual estimates, we obtain:

DCη ą 0, @x P Rd, |fδpxq ´ fpxq| ď Cηδrf s1,

@β P p0, 1q, r∇fδsβ ď Cηrf s1δ
´β. (5.23)

We emphasize here that we will choose β later in order to be compatible with a certain
range of step sequences. We assume for simplicity that θ P p1{3, 1s (no bias). Recall that
we want to investigate:

Pr
a

Γnpνnpfq ´ νpfqq ě as “ P
”

pνnpfδq ´ νpfδqq `Rn,δpfq ě
a
?

Γn

ı

,

Rn,δpfq :“ rpνnpfq ´ νpfqq ´ pνnpfδq ´ νpfδqqs. (5.24)

From (5.23), one readily gets:

|Rn,δpfq| ď 2Cηδrf s1. (5.25)
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On the other hand, the coefficients b, σ and the source fδ satisfy assumption (R1,β) (ob-
serve indeed that the mollified function fδ P C1,βpRd,Rq). Hence, Theorem 4 yields that
there exists a unique solution ϕδ P C3,βpRd,Rq to the equation:

Aϕδ “ fδ ´ νpfδq. (5.26)

Observe from the proof of Theorem 4 under (CUE) (see equations (5.4) and (5.11))
and (5.23) that:

}∇ϕδ}8 ď α´1
rf s1,

@β P p0, 1q, DCβ ą 0, @i P t1, 2u, rϕ
piq
δ s1 ď Cβp1` }∇fδ}Cβq ď Cβδ

´β, rϕ
p3q
δ sβ ď Cβδ

´β,

rx∇ϕδ, bys1 ď Cβδ
´β.

(5.27)

Now, from (5.26) the deviation in (5.24) rewrites:

P
“

a

Γnpνnpfq ´ νpfqq ě a
‰

“ P
”

νnpAϕδq `Rn,δpfq ě
a
?

Γn

ı

. (5.28)

From (5.25), the term Rn,δpfq can be seen as a remainder as soon as a?
Γn
" 2Cηδrf s1 ě

|Rn,δpfq|. On the other hand, the deviations of νnpAϕδq can be analyzed as above, re-
producing the proofs of Theorems 2 and 8, replacing the bounds on prϕpiqs1qiPt1,2u, rϕp3qsβ
appearing therein by those of equation (5.27). Precisely, we get from (5.25), similarly
to (3.30) (replacing the controls on ϕ by those on ϕδ in the proofs of Lemmas 3 and 5):

P
„

ˇ

ˇ

ˇ
νnpAϕδq `Rn,δpfq

ˇ

ˇ

ˇ
ě

a
?

Γn



ď 2

«

E exp
´

´
qλn
Γn

Mn

¯

ff
1
q

exp
´

´
aλn
?

Γn
p1´

?
Γn2Cηrf s1δ

a
q

¯

ˆ exp
´ λ2

n

2Γnp
`
ppaδnq

2

2

¯

exp

ˆ

3pC2
V,ϕλ

2
n

cV Γ2
n

`
cV
p

˙

pI1
V q

1
2p

ˆ exp

˜

Cδ
3.26

pλ2
npΓ

p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p ˆ exp

˜

Cδ
3.27

pλ2
npΓ

p2q
n q

2

Γ2
n

¸

pI1
V q

1
4p , (5.29)

where Cδ
3.27 :“ Cβδ

´β pC
?
C
V
q2

cV
and Cδ

3.26 :“
}σ}48C

2
βδ
´2β

4

C
V

cV
precisely correspond to the

modifications of the constants C3.27 and C3.26 :“
}σ}48rϕ

p2qs21
4

C
V

cV
introduced in the proof

of Lemma 5 when replacing }D2ϕ}8 by }D2ϕδ}8 ď Cβδ
´β and rx∇ϕ, bys1 ď C by

rx∇ϕδ, bys1 ď Cβδ
´βC. Similarly,

aδn :“
rϕ
p3q
δ sβ

›

›σ
›

›

p3`βq

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
ď
Cβδ

´β
›

›σ
›

›

p3`βq

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
,
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is obtained from the definition of an in Lemma 3 replacing rϕp3qsβ by rϕp3qδ sβ. From the
above equation and Lemma 2 we get:

P
„

|νnpfq ´ νpfq| ě
a
?

Γn



“ P
„

ˇ

ˇ

ˇ
νnpAϕδq `Rn,δpfq

ˇ

ˇ

ˇ
ě

a
?

Γn



ď 2pI1
V q

1
p exp

´cV
p
`
ppaδnq

2

2

¯

ˆ exp
´

´
a2

2q}σ}28}∇ϕ}28

´

1´

?
Γn4Cηrf s1δ

a

´
1

q}σ}28}∇ϕ}28

! p

Γn

´6C2
V,ϕ

cV
` 2

“

Cδ
3.26 ` C

δ
3.27spΓ

p2q
n q

2
¯

`
1

p

)¯¯

.

The Young inequality yields that for all εn ą 0:

P
„

|νnpfq ´ νpfq| ě
a
?

Γn



ď 2pI1
V q

1
p exp

´cV
p
`
ppaδnq

2

2
` ε´1

n Γnδ
2
¯

ˆ exp
´

´
a2

2q}σ}28}∇ϕ}28
´

1´
1

q}σ}28}∇ϕ}28

!

2εnC
2
η rf s

2
1 `

p

Γn

´6C2
V,ϕ

cV
` 2

“

Cδ
3.26 ` C

δ
3.27spΓ

p2q
n q

2
¯

`
1

p

)

loooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooon

“:dδn

¯¯

.

(5.30)

We now want to let p :“ ppnq Ñ
n
`8, εn Ñ

n
0 so that the associated contributions in the

above equation can be viewed as remainders. From the previous definitions of Cδ
3.27, C

δ
3.26,

we see that, to achieve this goal, two constraints need to be fulfilled: namely, we must
choose δ, p such that

ε´1
n Γnδ

2
Ñ
n

0 and ppaδnq
2
Ñ
n

0.

Now, if θ P p1{2, 1s there exists β P p0, 1q such that Γp
3`β

2
q ď C. In that case: aδn ď

C?
Γn
δ´β “ Γ

´p 1
2
p1´βq´βεq

n Ñ
n

0 for δ “ Γ
´p 1

2
`εq

n and ε ă 1´β
2β

. Taking p :“ ppnq “ Γ
p 1

2
p1´βq´βεq

n

yields ppaδnq2 Ñ
n

0. On the other hand, εn “ Γ´εn also yields ε´1
n Γnδ

2 “ Γ´εn Ñ
n

0.

For θ P p1{3, 1{2q, Γ
p

3`β
2
q

n diverges for all β P p0, 1q, we then have Γ
p
3`β

2 q

n?
Γn

ď Cn
1
2
´θp1`β

2
q.

Hence, there exists β P p0, 1q such that Γ
p
3`β

2 q

n?
Γn

ď Cn
1
2
´θp1`β

2
q Ñ

n
0. However, taking

δ “ Γ
´p 1

2
`εq

n , which seems to be an almost “necessary" choice to satisfy the first constraint
ε´1
n Γnδ

2 Ñ
n

0, yields:

aδn — δ´β
Γ
p

3`β
2
q

n
?

Γn
— np1`βqp

1
2
´θq`εβp1´θq

Ñ
n
`8,
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so that the second constraint cannot be fulfilled. This means that the regularization
induces a constraint on the time steps which must not be too large. In other words, under
the sole Lipschitz assumption on the source f , the fastest convergence regime is out of
reach.

Summing up the previous computations, we complete the proof of Theorem 7.

6 Applications

6.1 Non-Asymptotic Deviation Bounds in the Almost Sure CLT

Let pUnqně1 be an i.i.d sequence of centered d-dimensional random variables with unit
covariance matrix. We define the sequence of normalized partial sums by Z0 “ 0 and

Zn :“

řn
k“1 Uk?
n

, n ě 1.

The almost sure Central Limit Theorem (denoted from now on a.s.CLT) describes how
the weighted sum of the renormalized sums Zn which appear in the usual asymptotic CLT,
behaves viewed as a random measure. Precisely, it states that setting for k ě 1, γk “ 1{k:

νZn :“
1

Γn

n
ÿ

k“1

γkδZk
w, a.s.
ÝÑ
n

G, Gpdxq :“ exp
´

´
|x|2

2

¯ dx

p2πqd{2
. (6.1)

The above convergence had been established in [LP02], as a by-product of their results
concerning the approximation of invariant distributions, under the minimal moment con-
dition Ui P L2pPq, thus weakening the initial assumptions by Brosamler and Schatte
(see [Bro88] and [Sch88]). The underlying idea is to use a reformulation of the dynamics
of pZnqně0 in terms of a discretization scheme appearing as a perturbation of (1.2). One
indeed easily checks that, for n ě 0:

Zn`1 “ Zn ´
γn`1

2
Zn `

?
γn`1Un`1 ` rnZn, rn :“

c

1´
1

n` 1
´ 1`

1

2pn` 1q
“ O

´ 1

n2

¯

.

(6.2)
Thus, the sequence pZnqně0 appears as a perturbed Euler scheme with decreasing step γn “
1
n
of the Ornstein-Uhlenbeck process dXt “ ´

1
2
Xtdt ` dWt whose invariant distribution

is G. Then the regular Euler scheme

Xn`1 “ Xn ´
γn`1

2
Xn `

?
γn`1Un`1, (6.3)

satisfies (1.4) with ν “ G. The a.s. weak convergence (6.1) established in [LP02] follows
as a consequence of the (fast enough) convergence of Zn towards Xn as n goes to infinity.

Moreover, this rate is fast enough to guarantee that the sequence νZn satisfies the
conclusion of Theorem 1 point (a) (when γn “ 1

n
, Γ

p2q
n?
Γn
Ñ
n

0), i.e. its convergence rate is

ruled by a CLT at rate
a

logpnq. In fact this holds under a lower moment assumption
U1 P L

3pPq.
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Let us mention that the convergence rates related to the a.s. CLT had already been
investigated by several authors. Let us quote among relevant works, Csorgo and Horváth
[CH92], for real valued i.i.d. random variables, Chaâbane and Maâouia [CM00], who in-
vestigate the convergence rate of the strong quadratic law of large numbers for some
extensions to vector-valued martingales, and Heck [Hec98], for large deviation results. As
an application of our previous results, we will derive some new non-asymptotic Gaussian
deviation bounds for the a.s. CLT, when the involved random variables pUnqně1 satisfy
(GC). We insist here that the sub-Gaussianity of the innovations is crucial to get a non-
asymptotic Gaussian deviation bound. The result readily extends to the wider class of
innovations satisfying the general sub-Gaussian exponential deviation inequality (1.5).
Also, we slightly weaken the regularity assumptions needed on the function f in [LP02]
for the associated a.s. CLT to hold.

Non-Asymptotic Deviation Bounds.

Theorem 9 Assume the innovation sequence pUnqně1 satisfies (GC) and let f be a Lip-
schitz continuous function such that Gpfq “

ş

Rd fpxqGpdxq “ 0. Then, there exist two
explicit monotonic sequences cn ď 1 ď Cn, n ě 1, with limnCn “ limn cn “ 1 such that
for all a ą 0 and n ě 1:

P
”

a

logpnq ` 1|νZn pfq| ě a
ı

ď 2Cn exp

ˆ

´cn
a2

2}∇ϕ}28

˙

, (6.4)

where ϕ denotes the solution of the Poisson equation:

@x P Rd,
1

2
∆ϕpxq ´

1

2
x ¨∇ϕpxq “ fpxq, (6.5)

which, under the current assumptions, is unique and belongs to W 2
p,locpRd,Rq, for any

p ą 1, with }∇ϕ}8 ď 2rf s1.

Proof. For pZnqně0 as in (6.2), and pXnqně0 as in (6.3) we introduce:

∆n :“ Zn ´Xn.

With the definition of νZn in (6.1), write νZn pfq “
1

Γn

řn
k“1 γkfpZk´1q. We also have sim-

ilarly νXn pfq :“ 1
Γn

řn
k“1 γkfpXk´1q. For all λ ą 0, we derive similarly to (3.21) (see as

well (5.29)) and with the notations of (5.24):

P
“

a

Γn|ν
Z
n pfq| ě a

‰

“ P
”

a

Γn

ˇ

ˇ

ˇ

1

Γn

n
ÿ

k“1

γk
`

fpZk´1q ´ fpXk´1q
˘

` νXn pfq
ˇ

ˇ

ˇ
ě a

ı

ď P
”

a

Γn

ˇ

ˇ

ˇ

1

Γn

n
ÿ

k“1

γk
`

fpZk´1q ´ fpXk´1q
˘

` νXn pAϕδq `Rn,δpfq
ˇ

ˇ

ˇ
ě a

ı

ď 2 exp
´

´
λa
?

Γn

´

1´
2
?

ΓnCηrf s1δ

a

¯¯́

E exp
´

p̄rf s1λν
∆
n p| ¨ |q

¯¯
1
p̄

ˆ

ˆ

E exp
´

´
qq̄λ

Γn
Mn

¯

˙
1
qq̄
ˆ

E exp
´2pq̄λ

Γn
p|Ln| ` |Ḡn|q

¯

˙
1

2pq̄
ˆ

E exp
´4pq̄λ

Γn
|D2,b,n|

¯

˙
1

4pq̄

ˆ

ˆ

E exp
´4pq̄λ

Γn
|D2,Σ,n|

¯

˙
1

4pq̄

(6.6)
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for q̄, q P p1,`8), p̄ “ q̄
q̄´1

, p “ q
q´1

. Also, ϕδ corresponds to the solution of the Poisson
equation (6.5) obtained replacing f by its mollified version fδ. Now, we need the following
lemma to control ν∆

n p| ¨ |q :“ 1
Γn

řn
k“1 γk|∆k´1|.

Lemma 7 There is a non-negative constant C6.7 such that for all λ ą 0:

E exp
´

λν∆
n p| ¨ |q

¯

“ E exp
´ λ

Γn

n
ÿ

k“1

γk|∆k´1|

¯

ď exp

˜

C6.7λE r|U1|sΓ
p 3

2
q

n

Γn
`
C2

6.7λ
2Γ
p3q
n

2Γ2
n

¸

.

(6.7)

For clarity, we postpone the proof to the end of the current section. On the other hand,
from Section 5.3 we have that ϕδ P C3,βpRd,Rq for all β P p0, 1q. We derive from (6.6), (6.7)
similarly to the proof of Theorem 7 by setting λ̄n :“ a

?
Γn

qq̄}∇ϕ}28
:

P
“

a

Γn|ν
Z
n pfq| ě a

‰

ď 2 exp
´

´
a2

2qq̄}∇ϕ}28

´

1´
4
?

ΓnCηrf s1δ

a

¯¯

exp
´C6.7λ̄nrf s1E r|U1|sΓ

p 3
2
q

n

Γn

¯

exp
´C2

6.7p̄rf s
2
1λ̄

2
nΓ
p3q
n

2Γ2
n

¯

pI1
V q

1
pq̄ exp

´ 1

pq̄

`

cV `
Cδ

3.27

2

˘

`
ppaδnq

2

2q̄

¯

ˆ exp
´

λ̄2
n

´

pq̄
´3C2

V,ϕ

cV Γ2
n

`
“

Cδ
3.26 `

3

2
Cδ

3.27

‰pΓ
p2q
n q

2

Γ2
n

¯

`
1

2pq̄

¯¯

ď 2pI1
V q

1
pq̄ exp

´ 1

pq̄

`

cV `
Cδ

3.27

2

˘

`
ppaδnq

2

2q̄
` ε´1

n Γnδ
2
¯

ˆ exp

¨

˝´
a2

2qq̄}∇ϕ}28

´

1´ dδn ´
p̄

qq̄}∇ϕ}28

rf s21C
2
6.7

´

Γ
p3q
n ` E r|U1|s

2pΓ
p 3

2
q

n q2
¯

Γn

¯

˛

‚,

for εn ą 0 and dδn as in (5.30). Choose again ppnqně1 and δ as in Section 5.3 so that
qn Ñ

n
1, dδn Ñ

n
0 with the indicated monotonicity for n large enough. We can now take

p̄ :“ p̄n Ñ
n
`8 such that p̄

Γn
Ñ
n

0. The above inequality then gives the result up to a
direct modification of the sequences pCnqně1, pcnqně1. ˝

Proof of Lemma 7

The definition of ∆n implies:

∆n`1 “ ∆n

´

1´
γn`1

2

¯

` rnZn,

where we recall from (6.2) that rn :“
b

1´ 1
n`1

´ 1` 1
2pn`1q

“ Op 1
n2 q. In particular, there

exists C̄1 ą 0 such that for all n ě 1,

|rn| ď
C̄1

n2
. (6.8)
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Setting now ρ0 “ 1 and for n ě 1:

ρn :“
”

n
ź

k“1

p1´
γk
2
q

ı´1

“

n
ź

k“1

2k

2k ´ 1
,

a direct induction on ∆n yields:

∆n “
1

ρn

n
ÿ

k“1

rkρkZk “
1

ρn

n
ÿ

k“1

rkρk

´

k
ÿ

l“1

Ul
?
k

¯

“
1

ρn

n
ÿ

l“1

´

n
ÿ

k“l

rkρk
?
k

¯

Ul. (6.9)

Also, from the Wallis formula ρn „n
?
πn, which implies that there exists C̄2 ě 1 such

that for all n ě 1:
C̄´1

2

?
n ď ρn ď C̄2

?
n. (6.10)

We now get from (6.9) and the Fubini theorem:

Γnν
∆
n p| ¨ |q “

n
ÿ

k“1

γk|∆k´1| ď

n
ÿ

k“1

γk
ρk´1

k´1
ÿ

l“1

´

k´1
ÿ

m“l

|rm|ρm
?
m

¯

|Ul|

“

n´1
ÿ

l“1

”

n
ÿ

k“l`1

γk
ρk´1

`

k´1
ÿ

m“l

|rm|ρm
?
m

˘

ı

|Ul|. (6.11)

Combining (6.8) and (6.10), we get that there exist constants C̄3, C̄4 ą 0 such that for
all k P rrl ` 1, nss.

γk
ρk´1

k´1
ÿ

m“l

|rm|ρm
?
m

ď
C̄3

k3{2l
,

n
ÿ

k“l`1

γk
ρk´1

k´1
ÿ

m“l

|rm|ρm
?
m

ď
C̄4

l3{2
. (6.12)

Plugging this inequality in (6.11), we derive:

ν∆
n p| ¨ |q ď

1

Γn

n´1
ÿ

l“1

”

n
ÿ

k“l`1

γk
ρk´1

k´1
ÿ

m“l

|rm|ρm
?
m

ı

|Ul| ď
C̄4

Γn

n´1
ÿ

l“1

|Ul|

l3{2
. (6.13)

For any λ ą 0, Equation (6.13) and the Gaussian concentration property (GC) of the
innovation entail:

E exp
´

λν∆
n p| ¨ |q

¯

ď

n´1
ź

k“1

E exp
´ C4λ

Γnk
3
2

|Uk|
¯

ď

n´1
ź

k“1

exp
´ C̄4λ

Γnk
3
2

E r|U1|s `
1

2

` C̄4λ

Γnk
3
2

˘2
¯

“ exp
´C̄4λE r|U1|sΓ

p 3
2
q

n

Γn
`
C̄2

4λ
2Γ
p3q
n

2Γ2
n

¯

.

This completes the proof. ˝

6.2 Numerical Results

We present in this section numerical results associated with the computation of the
empirical measure νn illustrating our previous theorems.
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Sub-Gaussian tails

We first consider d “ r “ 1. Also, for simplicity, the innovations pUiqiě1 and X0

are Bernoulli variables with PpU1 “ ´1q “ PpU1 “ ´1q “ 1
2
. We illustrate here The-

orem 2 taking bpxq “ ´x
2
, and σpxq “ cospxq in (1.1). This is a (weakly) hypoelliptic

example. Indeed, setting for x P R, X1pxq “ cospxqBx and X0pxq “ ´x
2
Bx, we have

spantX1, rX1, X0su “ R. We choose as well to compute νnpAϕq for ϕpxq “ x`ε cospxq for
ε “ 0.01, and ϕpxq “ cospxq. The function ϕ is here given. The assumptions of Theorem 2
follow from Theorem 18 in Rotschild and Stein [RS76] (up to the introduction of a suit-
able partition of unity). From Theorem 2, for steps of the form pγkqkě1 “ pk

´θqkě1, θ P
r1{3, 1s (corresponding to β “ 1 in Theorem 2), the function a P R` ÞÑ gn,θpaq :“
#

log
`

Pr|
?

ΓnνnpAϕq| ě as
˘

, θ P p1{3, 1s,

log
`

Pr|
?

ΓnνnpAϕq ` pBn,1 ´ E1
nq| ě as

˘

, θ “ 1{3,
is such that for a ą an :“ anpθq

where for θ P p1{3, 1s, anpθq “ 0 and for θ “ 1{3, anpθq “
rϕp3qsβ}σ}

p3`βq
8 E

“

|U1|
3`β

‰

p1`βqp2`βqp3`βq
Γ
p
3`β

2 q

n?
Γn

:

gn,θpaq ď ´cn
pa´ anq

2

2}σ}28}∇ϕ}28
` logp2Cnq.

We plot in Figure 3.1 the curves of gn,θ for θ varying as θj “ 1
3
` p1 ´ 1

3
q
j
5
, for j P

rr1, 5ss, ϕpxq “ x ` ε cospxq and in Figure 3.2 the curve of gn,θ for θ “ θ0 “
1
3
and

ϕpxq “ cospxq. The simulations have been performed for n “ 5 ˆ 104 in Figure 3.1,
n “ 5 ˆ 106 in Figure 3.2, and the probability estimated by Monte Carlo simulation for
MC “ 104 realizations of the random variable |

?
ΓnνnpAϕq| in the unbiased case and in

the biased case of the random variable |
?

ΓnνnpAϕq ` pBn,1´E1
nq
M |, where pBn,1´E1

nq
M

is obtained from Bn,1 ´ E1
n replacing the integral over [0,1], that needs to be evalu-

ated at every time step, by a quantization of the uniform law on r0, 1s with M “ 10
points. We refer to [GL00] or [Pag97] for details on quantization. We point out that
this is one drawback that appears to obtain the fastest convergence rate, the bias needs
to be estimated and therefore the function ϕ in some sense known (since the approx-
imation of the bias requires to compute its derivatives). The corresponding 95% confi-
dence intervals have size at most of order 0.016. To compare with, we also introduce the
functions Sn,θpaq :“ ´

pa´anpθqq2

2}σ}28}∇ϕ}28
, Sn,θ,cpaq :“ ´

pa´anpθqq2

2νnc pσ
2q}∇ϕ}28

, Sn,θ,Apaq :“ ´
pa´anpθqq2

2νnc p|σ∇ϕ|2q
and the optimal concentration P pλminqpn, θ, a, ρq, obtained in Remark 11, optimizing
numerically in ρ. The quantities νncpσ2q, νncp|σ∇ϕ|2q in the previous expressions actu-
ally correspond to the numerical estimation, for nc “ 104 and pγckqkě1 “ pk´θ

c
qkě1

with θc “ 1
3
` 10´3, of νpσ2q, νp|σ∇ϕ|2q appearing respectively in the sharper con-

centration bound of Theorem 8 when σ2 ´ νpσ2q is a coboundary and in the asymp-
totic Theorem 1. In the unbiased case of Figure 3.1, we plot the maximum in j of
the pSn,θjqjPrr1,5ss, pSn,θj ,cqjPrr1,5ss, pSn,θj ,AqjPrr1,5ss,

`

P pλminqpn, θj, a, ρq
˘

jPrr1,5ss
corresponding to

j “ 1. The associated curves are denoted by Sn, Sn,c, Sn,A and P pλminqpnq.
The Figures 3.1 and 3.2 correspond to the unbiased and biased cases respectively. In

the unbiased case, we observe that the curves almost overlay, the optimal deviation rate
P pλminq is very close to the empirical data. It is also below the numerical estimation of
the asymptotic threshold given by Sn,θ,A which is, for our considered example, almost
indistinguishable from the coboundary Sn,θ,c (indeed, since ε “ 0.01, }∇ϕ}28 ď 1 ` ε2
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and νpσ2q}∇ϕ}28 » νp|σ∇ϕ|2q) and far below from the bounds of Sn,θ. In the biased
case, P pλminq stays very close to the theoretical asymptotic bound given by Sn,θ,A up to a
certain deviation level a, namely for a P r0, 0.5s. It then remains the best bound provided
by our results. In this example, the improvement associated with Sn,θ,c is also notable.
It is precisely because the source term has a more oscillating gradient that we have also
considered a larger running time, corresponding to n “ 106, for the empirical curves. For
this choice, we see relatively good agreement w.r.t. to the asymptotic deviation bounds
of Sn,θ0,A.

The figures below thus illustrate that the explicit optimal rate of Remark 11 seems
rather appropriate to capture the deviations of the empirical random measures.

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 0  0.5  1  1.5  2
a

P(λmin(n))
gn,θ1gn,θ2gn,θ3gn,θ4gn,θ5SnSn,ASn,c

Figure 3.1 – Unbiased Case. Plot of a ÞÑ
gn,θpaq, for pθkqkPrr1,5ss, with ϕpxq“σpxq“
x` ε cospxq, ε “ 0.01.

We eventually plot below the deviation curves with source ϕpxq “ cospxq adding a
last curve obtained replacing in the formula for P pλminq of Remark 11 the }∇ϕ}28νpσ2q by
νp|σ∇ϕ|2q. For practical purposes, this last quantity is again estimated numerically with
the same previous parameters. Even if the analysis of Theorem 8 cannot be extended to
justify such a choice, the empirical evidence is rather striking.
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-12

-10

-8

-6

-4

-2

 0

 0  0.5  1  1.5  2

a

P(λmin(n, θ0))
gn,θ0Sn,θ0Sn,θ0,C

Sn,θ0,A

Figure 3.2 – Biased Case. Plot of a ÞÑ
gn,θpaq, for θ0 “

1
3
, with ϕpxq “ σpxq “

cospxq.

-14

-12

-10

-8

-6

-4
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 0

 0  0.5  1  1.5  2
a

P(λmin(n))
P(λmin(n)) with carre du champ coboundary

gn,θ1gn,θ2gn,θ3gn,θ4gn,θ5SnSn,ASn,c

Figure 3.3 – Plot of a ÞÑ gn,θpaq, for
pθkqkPrr1,5ss, with ϕpxq“σpxq“cospxq.
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Slutsky like result

In this paragraph, we illustrate our results from Theorem 6, which can be viewed as an
extension of the usual Slustky’s Lemma to our current framework, for a multidimensional
process, precisely for r “ d “ 2 in the case β P p0, 1q. In order to converge as fast as
possible without bias, we take θ “ 1

2`β
` 1

1000
. We also choose a model which satisfies the

assumptions of Theorem 4 under (CUE) and Lemma 6. We consider:

fpxq “
|x|1`β

1` |x|β
, bpxq “

ˆ

´4x1 ` 6x2

´5x1 ´ 5x2

˙

, σσ˚pxq “

˜

cospx1`x2q

2
` 1 sinpx1q sinpx2q

4
sinpx1q sinpx2q

4
1´ sinpx2q

2

¸

.

Remark that the non-degeneracy condition (UE) is fulfilled by Σ “ σσ˚, as well as the
condition set in Theorem 4 under (CUE), Σi,jpxq “ Σi,jpxi, . . . , xdq, for all 1 ď i ď j ď d.
Furthermore, from the Cholesky decomposition, we write:

σpxq “

¨

˚

˝

b

cospx1`x2q

2
` 1 0

sinpx1q sinpx2q

4

b

cospx1`x2q
2

`1

c

´
sinpx1q2 sinpx2q2

16p
cospx1`x2q

2
`1q
` 1´ sinpx2q

2

˛

‹

‚

.

Let us check that (Dp
α) is satisfied. Firstly, remark that Db`Db˚

2
is a constant matrix whose

eigenvalues are t´
?

2`9
2
,
?

2´9
2
u. Direct computations yield that, for all x P Rd, ξ P Rd:

B

Dbpxq `Dbpxq˚

2
ξ, ξ

F

`
1

2

r
ÿ

j“1

|Dσ¨jpxqξ|
2
ď ´3.085|ξ|2.

It can be checked similarly that the condition }Dσ}28 ď
2α

2p1`βq´p
is satisfied for α “ 3.085

and β “ .5 which we consider below. Also, the condition (R1,β) clearly holds. In other
words, all assumptions of Theorem 6 are in force. We set for the following plot:

gσnpaq “ logPr
a

Γn|νnfq| ě as, Sσpaq “ ´
a2α2

2rf s21
,

with α “ 3.085, and rf s1 “ 1.
Unlike in the previous simulations, we do not know here the value of νpfq. In fact,

in paragraph 6.2 we had chosen to compute the deviation of Aϕ from 0 “ νpAϕq. Here,
we estimate from the ergodic theorem νpfq, taking β “ .5, by νncpfq « 0.71308 for
nc “ 5 ¨ 105. Running MC “ 102 samples, we find that the size of the associated 95%
confidence interval is 3.208 ¨ 10´4. Finally, the simulations are performed for n “ 5ˆ 104,
and the probability is calculated by Monte Carlo algorithm forMC “ 103 realizations. The
maximum size of the associated 95% confidence interval is 4.75054 ¨10´5. The innovations
are Gaussian random variables.
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-7

-6

-5

-4

-3

-2

-1

 0

 0  0.5  1  1.5  2

a

g
σ

n
S

σ

Figure 3.4 – Plot of a ÞÑ gnpaq with
fpxq “ |x|β

1`|x|β
, β “ .5.

In Figure 3.4, we observe that the curve Sσ stays above gσn as proved in Theorem 6.
However, remark that the graphs are quite spaced. This can be explained, among other
things, by the difference between νp}σ}2q rf s1

α
and the asymptotic variance νp|σ˚∇ϕ|2q.

Furthermore we have represented Sσ which is a kind of asymptotic version of P pλminpnqq
in the previous plots.
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Chapter 4

A sharp non-asymptotic concentration

Abstract : For an ergodic Brownian diffusion with invariant distribution ν, we consider
a sequence of empirical distributions pνnqně1 associated with an approximation scheme
with decreasing time step pγnqně1 along an adapted regular enough class of test functions
f such that f ´ νpfq is a coboundary of the infinitesimal generator A. Denote by σ the
diffusion coefficient and ϕ the solution of the Poisson equation Aϕ “ f ´ νpfq. When
the square norm |σ˚∇ϕ|2 lies in the same coboundary class as f , we establish sharp non-
asymptotic concentration bounds for suitable normalizations of νnpfq´νpfq. Our bounds
are optimal in the sense that they match the asymptotic limit obtained by Lamberton
and Pagès in [LP02], for a certain large deviation regime. In particular, this allows us
to derive sharp non-asymptotic confidence intervals. Eventually, we are able to handle,
up to an additional constraint on the time steps, Lipschitz sources f in an appropriate
non-degenerate setting.

1 Introduction

1.1 Statement of the problem

Consider the stochastic differential equation

dYt “ bpYtqdt` σpYtqdWt, (1.1)

where pWtqtě0 stands for a Wiener process of dimension r P N on a given filtered probabil-
ity space pΩ,G, pGtqtě0,Pq, b : Rd Ñ Rd, and σ : Rd Ñ Rd b Rr are Lipschitz continuous
functions and satisfy a Lyapunov condition (see further Assumption LV) which provides
the existence of an invariant distribution ν. Throughout the chapter, uniqueness of the
invariant distribution ν is assumed. The purpose of this work is to estimate the invariant
distribution of the diffusion equation (1.1).

In order to make a clear parallel with the objects we will introduce for the approxi-
mation of ν, let us first recall some basic facts on pYtqtě0 and ν.

Introduce for a bounded continuous function f and t P R` the average occupation
measure:

νtpfq :“
1

t

ż t

0

fpYsqds. (1.2)
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Foremost, bear in mind the usual ergodic theorem which holds under appropriate Lya-
punov conditions (see e.g. [KM11]):

νtpfq
a.s.
ÝÑ
tÑ`8

νpfq :“

ż

fdν. (1.3)

Under suitable stability and regularity conditions, Bhattacharya [Bha82] then established
a corresponding Central Limit Theorem (CLT). Namely, for all smooth enough function
f ,

?
t
`

νtpfq ´ νpfq
˘ L
ÝÑ
tÑ`8

N
ˆ

0,

ż

Rd
|σ˚∇ϕpxq|2νpdxq

˙

, (1.4)

where ϕ is the solution of the Poisson equation Aϕ “ f ´ νpfq and A stands for the
infinitesimal operator of the diffusion (1.1) (see (2.3) below for more details). In the
following, we say that f is coboundary when there is a smooth solution ϕ to the Poisson
equation Aϕ “ f ´ νpfq.

Identity (1.4) is a Central Limit Theorem (CLT) whose asymptotic variance is the
integral of the well known carré du champ (called energy but we will say, from now on,
by abuse of terminology, carré du champ), for more precision, see [BGL14] and [Led99].
The carré du champ is actually a bilinear operator defined for any smooth functions ϕ, ψ
by Γpϕ, ψq :“ Apϕ ¨ ψq ´Aϕ ¨ ψ ´ ϕ ¨Aψ, and so:

ν pΓ pϕ, ϕqq “

ż

Rd
Γpϕ, ϕqνpdxq “ ´2

ż

Rd
Aϕ ¨ ϕ νpdxq “

ż

Rd
|σ˚∇ϕ|2νpdxq.

Indeed, observe that ν pA pϕ ¨ ψqq “ 0. This is a consequence of the fact that ν solves in
the distributional sense the Fokker-Planck equation A˚ν “ 0. Also, this observation yields
that, in order to bypass solving a Poisson equation, a common trick consists in dealing
with smooth functions of the form Aϕ.

From a practical point of view, several questions appear: how to approach the process
pYtqtě0, the integral νt, and the deviation from the asymptotic measure appearing in (1.4)?
Here, the first question is addressed by considering a suitable discretization scheme with
decreasing time steps, pγkqkě1. The integral νt can then be approximated by the associated
empirical measure, whose deviations will be controlled in our main results. In particular,
we take advantage of the discrete analogue to (1.4) established by Lamberton and Pagès
in [LP02] for the current approximation scheme, to derive sharp non-asymptotic bounds
for the empirical measure.

We propose an approximation algorithm based on an Euler like discretization with
decreasing time step, first introduced by Lamberton and Pagès in [LP02] who derived
related asymptotic limit theorem in the spirit of (1.4), and exploited as well in Chapter
3 where some corresponding non-asymptotic bounds are obtained.

For the decreasing step sequence pγkqkě1 and n ě 0, the scheme deriving from (1.1) is
defined by:

"

Xn`1 “ Xn ` γn`1bpXnq `
?
γn`1σpXnqUn`1,

X0 P L
2pΩ,F0,Pq,

(1.5)

where pUnqně1 is an i.i.d. sequence of random variables on Rr, independent of X0, and
whose moments match with the Gaussian ones up to order 3. In particular, more general
innovations than the Brownian increments can be used.
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Intuitively, the decreasing steps in (1.5) allow to be more and more precise when time
grows.

The empirical (random) occupation measure of the scheme is defined for all A P BpRdq

(where BpRdq denotes the Borel σ-field on Rd) by:

νnpAq :“ νnpω,Aq :“

řn
k“1 γkδXk´1pωqpAq

řn
k“1 γk

. (1.6)

We are interested in the long time approximation, so we need to consider steps pγkqkě1

such that Γn :“
řn
k“1 γk Ñn

`8.
Under suitable Lyapunov like assumptions, Lamberton and Pagès in [LP02] first proved

the following ergodic result: for any ν´a.s. continuous function f with polynomial growth,
νnpfq

a.s.
ÝÑ
n

νpfq “
ş

Rd fpxqνpdxq, which is the discrete analogue of (1.3).
The main benefit of decreasing steps instead of constant ones is thus that the em-

pirical measure directly converges towards the invariant one. Otherwise, taking γk “
h ą 0 in (1.5), the previous ergodic theorem must be changed into: νnpfq

a.s.
ÝÑ
n

νhpfq “
ş

Rd fpxqν
hpdxq, where νh is the invariant distribution of the scheme. So, an extra study

must be carried out, namely the difference ν ´ νh should be estimated. For more de-
tails about this approach we refer to [TT90], [Tal02] and the work of Malrieu and Talay
[MT06]. This work first addressed the issue of deriving non-asymptotic controls for the
deviations of empirical measure of type (1.6) when γk “ γ ą 0 (constant step). The back-
bone of their approach consisted in establishing a Log Sobolev inequality, which implies
Gaussian concentration, for the Euler scheme. In whole generality, functional inequalities
(such as the Log Sobolev one) are a powerful tools to get simple controls on the invariant
distribution associated with the diffusion process (1.1), see e.g. Ledoux [Led99] or Bakry
et al. [BGL14]. Withal Log Sobolev, and Poincaré inequalities turn out to be quite rigid
in the framework of discretization schemes like (1.5) with or without decreasing steps.

For the CLT associated with stationary Markov chains, we refer to Gordin’s Theorem
(see [GL78]). Note as well that the variance of the limit Gaussian law is also the carré du
champ for discrete Poisson equation associated with the generator of the chain.

Let us mention as well some related works. In [BB06], Blower and Bolley establish
Gaussian concentration properties for deviations of functional of the path in the case
of metric space valued homogeneous Markov chains. Non-asymptotic deviation bounds
for the Wasserstein distance between the marginal distributions and the stationary law,
in the homogeneous case can be found in [Boi11] (see also Boissard and Le Gouic in
[BLG14] for controls on the expectations of this Wasserstein distance). The key point
of these works is to demonstrate contraction properties of the transition kernel of the
homogeneous Markov chain for a Wasserstein metric, which requires some continuity in
this metric for the transition law involved, see e.g. [BB06].

In the current work, we aim to establish an optimal non-asymptotic concentration
inequality for νnpfq ´ νpfq. When |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q is a coboundary, we manage to
improve the estimates in Chapter 3. Insofar, we better the variance in the upper-bound
obtained in Theorem 3 therein: when the time step is such that γn — n´θ, for θ ą 1

3
, for

all n P N, for a smooth enough function ϕ s.t. Aϕ “ f ´νpfq, under suitable assumptions
(further called Assumptions (A)), and if }σ}2 is coboundary then there exist explicit non-
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negative sequences prcnqně1 and p rCnqně1, respectively increasing and decreasing for n large
enough, with limn

rCn “ limn rcn “ 1 s.t. for all n ě 1 and 0 ă a “ op
?

Γnq:

P
“

a

Γn|νnpfq ´ νpfq| ě a
‰

“ P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 rCn exp
`

´
rcna

2

2νp}σ}2q}∇ϕ}28

˘

.

In fact, we get below the optimal variance bound, namely the carré du champ νp|σ˚∇ϕ|2q,
instead of the expression νp}σ}2q}∇ϕ}28 as in the previous inequality. Up to the same
previously indicated deviation threshold, a “ op

?
Γnq, we derive the optimal Gaussian

concentration. Consequently, we are able to derive directly some sharp non-asymptotic
confidence intervals.

To establish our non-asymptotic results, we use martingale increment techniques which
turn out to be very robust in a rather large range of application fields. Let us for instance
mention the work of Frikha and Menozzi [FM12] which establishes non-asymptotic bounds
for the regular Monte Carlo error associated with the Euler discretization of a diffusion
until a finite time interval r0, T s and for a class of stochastic algorithms of Robbins-Monro
type. Still with martingale approach, Dedecker and Gouëzel [DG15] have obtained non-
asymptotic deviation bounds for separately bounded functionals of geometrically ergodic
Markov chains on a general state space. Eventually, we can refer again to the work in
Chapter 3 in the current setting.

The chapter is organized as follows. In Section 2, we state our notations and assump-
tions as well as some known and useful results related to our approximation scheme.
Section 3 is devoted to our main concentration results (for a certain deviation regime that
we will call Gaussian deviations), we also state therein several technical lemmas whose
proofs are postponed to Section 4. Importantly, we also provide a user’s guide to the
proof which emphasizes the key steps in our approach. Section 4 is the technical core
of the chapter. We then discuss in Section 5 some regularity issues for the considered
test functions. Namely, we recall some assumptions introduced in Chapter 3 which yield
appropriate regularity concerning the solution of Poisson equation. We also extend there
our main results to test functions f that are Lipschitz continuous, up to some constraints
on the step sequence.

We proceed in Section 6 to the explicit optimization of the constants appearing in the
concentration bound deriving from our approach. Intrinsically, this procedure conducts
to two deviation regimes, the Gaussian one up to a “ op

?
Γnq and the super Gaussian

one for a "
?

Γn which deteriorates the concentration rate. Even though awkward at
first sight (see e.g. Remark 4 below), this refinement turns out to be useful for some
numerical purposes, as it emphasized in Section 7. We conclude there with some numerical
results associated with a degenerate diffusion.Some additional technical details needed in
Section 6 are gathered in Appendix 8.
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2 Assumptions and Existing Results

2.1 General notations

For all step sequence pγnqně1, we denote:

@` P R, Γp`qn :“
n
ÿ

k“1

γ`k, Γn :“
n
ÿ

k“1

γk “ Γp1qn .

Practically, the time step sequence is assumed to have the form: γn — 1
nθ

with θ P p0, 1s,
where for two sequences punqnPN, pvnqnPN the notation un — vn means that Dn0 P N, DC ě
1 s.t. @n ě n0, C

´1vn ď un ď Cvn.

We will denote by C a non negative constant, and by penqně1, pRnqně1 deterministic
generic sequences s.t. en Ñ

n
0 and Rn Ñ

n
1, that may change from line to line. The con-

stant C depends, uniformly in time, as well as the sequences penqně1, pRnqně1, on known
parameters appearing in the assumptions introduced in Section 2.2 (called (A) through-
out the document). Other possible dependencies will be explicitly specified.

In the following, for any smooth enough function f , for k P N we will denote Dkf the
tensor of the kth derivatives of f . Namely Dkf “ pBi1 . . . Bikfq1ďi1,...,ikďd. However, for a
multi-index α P Nd

0 :“ pNY t0uqd, we set Dαf “ Bα1
x1
. . . Bαdxd f : Rd Ñ R.

For a β-Hölder continuous function f : Rd Ñ R, we introduce the notation

rf sβ :“ sup
x‰x1

|fpxq ´ fpx1q|

|x´ x1|β
ă `8,

for its Hölder modulus of continuity. Here, |x ´ x1| stands for the Euclidean norm of
x´ x1 P Rd.

We denote, for pp,mq P N2, by CppRd,Rmq the space of p-times continuously differen-
tiable functions from Rd to Rm. Besides, for f P CppRd,Rmq, p P N, we define for β P p0, 1s
the Hölder modulus:

rf ppqsβ :“ sup
x‰x1,|α|“p

|Dαfpxq ´Dαfpx1q|

|x´ x1|β
ď `8,

where α (viewed as an element of Nd) is a multi-index of length p, i.e. |α| :“
řd
i“1 αi “ p.

Hence, in the above definition, the | ¨ | in the numerator is the usual absolute value. We
will as well use the notation rrn, pss, pn, pq P pN0q

2, n ď p, for the set of integers being
between n and p.

From now on, we introduce for k P N0, β P p0, 1s and m P t1, d, d ˆ ru the Hölder
spaces

Ck,βpRd,Rm
q :“tf P CkpRd,Rm

q:@α P Nd, |α| P rr1, kss, sup
xPRd

|Dαfpxq|ă `8, rf pkqsβă `8u,

Ck,βb pRd,Rm
q :“tf P Ck,βpRd,Rm

q:}f}8ă `8u. (2.1)
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In the above definition, for a bounded mapping ζ : Rd Ñ Rm, m P t1, d, d ˆ ru, we write
}ζ}8 :“ supxPRd }ζζ

˚pxq} with }ζpxq} “ Tr pζζ˚pxqq1{2, where for M P Rm b Rm, TrpMq
stands for the trace of M . Hence } ¨ } is the Fröbenius norm ∗.

With these notations, Ck,βpRd,Rmq stands for the subset of CkpRd,Rmq whose ele-
ments have bounded derivatives up to order k and β-Hölder continuous kth derivatives.
For instance, the space of Lipschitz continuous functions from Rd to Rm is denoted by
C0,1pRd,Rmq.

Eventually, for a given Borel function f : Rd Ñ E, where E can be R, Rd, Rd b

Rr,Rd b Rd, we set for k P N0:
fk :“ fpXkq.

For k P N0, we denote by Fk :“ σ
`

pXjqjPrr0,kss
˘

the σ-algebra generated by the pXjqjPrr0,kss.

2.2 Hypotheses

(C1) The first term of the random sequence X0 is supposed to be sub-Gaussian, i.e. there
is a threshold λ0 ą 0 such that:

@λ ă λ0, Erexppλ|X0|
2
qs ă `8.

(GC) The innovations pUnqně1 form an i.i.d. sequence with law µ, we also assume that
ErU1s “ 0 and for all pi, j, kq P t1, ¨ ¨ ¨ , ru3, ErU i

1U
j
1 s “ δij, ErU i

1U
j
1U

k
1 s “ 0. Moreover,

pUnqně1 and X0 are independent. Eventually, U1 satisfies the following standard Gaussian
concentration property, i.e. for every 1´Lipschitz continuous function g : Rr Ñ R and
every λ ą 0:

E
“

exppλgpU1qq
‰

ď exp
`

λErgpU1qs `
λ2

2

˘

.

In particular, Gaussian and symmetrized Bernoulli random variables (in short r.v.) satisfy
this inequality.

Pay attention that a wider class of sub-Gaussian distributions could be considered.
Namely, random variables for which there exists $ ą 0 s.t. for all λ ą 0:

E
“

exppλgpU1qq
‰

ď exp
`

λErgpU1qs `
$λ2

4

˘

. (2.2)

It is well know that this assumption yields that for all r ě 0, Pr|U1| ě rs ď 2 expp´ r2

$
q.

(C2) There is a positive constant κ s.t., defining for all x P Rd, Σpxq :“ σσ˚pxq:

sup
xPRd

TrpΣpxqq “ sup
xPRd

}σpxq}2 ď κ.

∗. This notation allows to define similarly vector and matrix norms. In fact, Rd vectors can be regarded
as line vectors. Then we define similarly for both cases the uniform norm } ¨ }8
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(LV) We consider the following Lyapunov like stability condition:

There exists V : Rd ÝÑ rv˚,`8r with v˚ ą 0 s.t.

i) V P C2pRd,Rq, }D2V }8 ă 8, and lim|x|Ñ8 V pxq “ `8.
ii) There exists CV P p0,`8q s.t. for all x P Rd:

|∇V pxq|2 ` |bpxq|2 ď CV V pxq.

iii) Let A be the infinitesimal generator associated with the diffusion equation (1.1),
defined for all ϕ P C2

0pRd,Rq and for all x P Rd by:

Aϕpxq “ bpxq ¨∇ϕpxq ` 1

2
Tr
`

ΣpxqD2ϕpxq
˘

, (2.3)

where, for two vectors v1, v2 P Rd, the symbol v1 ¨ v2 stands for the canonical inner
product of v1 and v2. There exist αV ą 0, βV P R` s.t. for all x P Rd,

AV pxq ď ´αV V pxq ` βV .

(U) There is a unique invariant distribution ν to equation (1.1).

For β P p0, 1s, we introduce:

(Tβ) We choose a test function ϕ for which
i) ϕ smooth enough, i.e. ϕ P C3,βpRd,Rq,

We further assume that:
ii) the mapping x ÞÑ xbpxq,∇ϕpxqy is Lipschitz continuous.
iii) there exists CV,ϕ ą 0 s.t. for all x P Rd |ϕpxq| ď CV,ϕp1`

a

V pxqq.

(S) We assume that the sequence pγkqkě1 is small enough, Namely, we suppose that for all
k ě 1:

γk ď min
´ 1

2
?
CV c̄

,
αV

2CV }D2V }8

¯

.

The constraint in (S) means that the time steps have to be sufficiently small w.r.t. the
diffusion coefficients and the Lyapunov function.

Remark 1 The above condition (LV ) actually implies that the drift coefficient b lies, out
of a compact set, between two hyperplanes separated from 0. Also, the Lyapunov function
is lower than the square norm. In other words, there exist constants K, c̄ ą 0 such that
for all |x| ě K,

|V pxq| ď c̄|x|2, |bpxq| ď
a

CV c̄|x|. (2.4)

Actually, for σ bounded, b Lipschitz continuous, and if there is c ě 1 s.t. for all x P Rd,
´c´1|x|2 ă xbpxq, xy ă ´c|x|2 then the assumption (LV ) is satisfied.

Observe that we have supposed (U) without imposing any non-degeneracy conditions.
Existence of invariant distribution follows from (LV) (see [EK86]). For uniqueness, ad-
ditional conditions need to be considered ((hypo)ellipticity [KM11], [PV01], [Vil09] or
confluence [PP12]).
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Remark 2 In (Tβ), condition ii) is direct if we consider Lyapunov function V pxq —
1 ` |x|2. Indeed, ϕ is supposed, in condition (Tβ) i), to be Lipschitz continuous and so
under a linear map. Hypothesis ii) is natural when there is a function f P C1,βpRd,Rq with
νpfq “ 0 s.t.

Aϕ “ f. (2.5)

From the definition of A in (2.3), we rewrite:

x∇ϕpxq, bpxqy “ fpxq ´ νpfq ´
1

2
Tr
´

ΣpxqD2
xϕpxq

¯

. (2.6)

Since the source f is Lipschitz continuous, and σ,D2
xϕ are bounded and Lipschitz contin-

uous, the left hande side of the equation (2.6) is also Lispchitz continuous.

We say that assumption (A) holds whenever (C1), (GC), (C2), (LV), (U), (Tβ)
for some β P p0, 1s and (S) are fulfilled. Except when explicitly indicated, we assume
throughout the chapter that assumption (A) is in force.

Assume the step sequence pγkqkě1 is chosen s.t. γk — k´θ, θ P p0, 1s. In particular, this
implies that, for any ε ě 0, Γ

pεq
n — n1´εθ if εθ ă 1, Γ

pεq
n — lnpnq if εθ “ 1 and Γ

pεq
n — 1 if

εθ ą 1.

2.3 On some Related Existing Result

In [LP02], Lamberton and Pagès, proved an asymptotic result with the decreasing
step scheme (1.5). Precisely, they obtain the discrete counterpart of (1.4) established in
[Bha82], emphasizing as well some discretization effects, leading to a bias in the limit law,
when the time step becomes too coarse. This last case is however the one leading to the
highest convergence rates in the CLT. We recall here their main results, Theorem 10 of
the above reference, for the sake of completeness.

Theorem 1 (Asymptotic Limit Results in [LP02]) Assume (C2), (LV), (U) hold.
If ErU1s “ 0, ErUb3

1 s “ 0, we get the following limit results where νn stands for the
empirical measure defined in (1.6).

(a) Fast decreasing step. If θ P p1
3
, 1s and Er|U1|

6s ă `8, then, for all function ϕ P
C2,1pRd,Rq X C3pRd,Rq, one has:

a

ΓnνnpAϕq
L
ÝÑ
nÑ8

N
`

0,

ż

Rd
|σ˚∇ϕ|2dν

˘

.

(b) Critical decreasing step. If θ “ 1
3
and if Er|U1|

8s ă `8, then for all function ϕ P
C3,1pRd,Rq X C4pRd,Rq, one gets:

a

ΓnνnpAϕq
L
ÝÑ
nÑ8

N
`

rγm,

ż

Rd
|σ˚∇ϕ|2dν

˘

,
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where

rγ :“ lim
nÑ`8

Γ
p2q
n

?
Γn
, m :“ ´

ż

Rd

´

Tr
`1

2
D2ϕpxqbpxqb2

˘

` Φ4pxq
¯

νpdxq,

Φ4pxq :“

ż

Rr
Tr
´1

2
D3ϕpxqbpxqpσpxquqb2

`
1

24
D4ϕpxqpσpxquqb4

¯

µpduq,

recalling that µ denotes the law of the i.i.d. innovations pUkqkě1
†.

(c) Slowly decreasing step. If θ P p0, 1
3
q and if Er|U1|

8s ă `8, then for all globally
Lipschitz function ϕ P C3,1pRd,Rq X C4pRd,Rq, one gets:

Γn

Γ
p2q
n

νnpAϕq
P
ÝÑ m.

It is possible to relax the boundedness condition on σ in (C2), considering |σ
˚∇ϕpxq|2
V pxq

Ñ
|x|Ñ`8

0

(strictly sublinear diffusion) in case (a) and supxPRd
|σ˚∇ϕpxq|2

V pxq
ă `8 (sublinear diffusion)

in case (b). We refer to Theorems 9 and 10 in [LP02] for additional details.

Remark 3 First of all, observe that the normalization is the same as for (1.4). It is
the square root of the considered running time, namely t for the diffusion and Γn for the
scheme. In other words, a CLT is still available for the discretization procedure. However,
by choosing a critical time step, i.e. for the fast convergence θ “ 1

3
, a bias is begot. It

can be regarded as a discretization effect. Note that, for all θ ě 1
3
, any step leads to the

same asymptotic variance, namely the carré du champ,
ş

Rd |σ
˚∇ϕ|2dν, like in [Bha82].

However, for the slow decreasing step, θ ă 1
3
, the discretization effect is prominent and

“hides” the CLT.

Let us also mention the work of Panloup [Pan08b], where under similar assumptions
for stochastic equation driven by a Lévy process, the convergence of the decreasing time
step algorithm towards the invariant distribution of the stochastic process is established
(see also [Pan08a] for the CLT associated with square integrable Lévy innovations).

In the current diffusive context, i.e. under (A), some non-asymptotic results were
successfully established in Chapter 3. It was as well observed there that if we slacken the
regularity of the test function ϕ, a new bias looms. For ϕ P C3,βpRd,Rq with β P p0, 1q,
if θ “ 1

2`β
then

?
ΓnνnpAϕq exhibits deviations similar to the ones of a biased normal

law with a different bias than in Theorem 1, c.f. Theorems 2, 3, 5, 7 and 9 in Chapter
3. When β “ 1, the two biases correspond. We willingly shirk any discussion about bias
appearance, which is discussed in the formerly mentioned chapter. Our target is to refine
Theorem 4 in Chapter 3 that we recall:

Theorem 2 (Non-asymptotic concentration inequalities in Chapter 3) Bhouououou
Assume (A) holds, if there is ϑ P C3,βpRd,Rq satisfying (Tβ) and s.t.

Aϑ “ }σ}2 ´ νp}σ}2q.

†. With our tensor notations, D2ϕpxqbpxqb2 P pRdqb2, D3ϕpxqbpxqpσpxquqb2 P pRdqb3, and
D4ϕpxqpσpxquqb4 P pRdqb4.
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For β P p0, 1s and θ P p 1
2`β

, 1s, there exist two explicit monotonic sequences c̃n ď 1 ď

C̃n, n ě 1, with limn C̃n “ limn c̃n “ 1 such that for all n ě 1 and a ą 0:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 rCn exp
`

´
rcn

2νp}σ}2q}∇ϕ}28
Φnpaq

˘

,

Φnpaq :“
”́

a2
`

1´
2

1`
b

1` 4 c̄3
n

Γn
a2

˘

¯

_

´

a
4
3 Γ

1
3
n c̄n

`

1´
2

3
c̄n
`Γn
a2

˘
1
3
˘

`

¯ı

, (2.7)

where x` “ maxpx, 0q and c̄n :“
´

rϕs1
rϑs1

¯2{3

νp}σ}2q}σ}
´2{3
8 čn with čn being an explicit non-

negative sequence s.t. čn Ón 1.

Remark 4 Observe that two regimes compete in the above bound. From now on, we refer
to Gaussian deviations when a?

Γn
Ñ
n

0. In this case, asymptotically the right hand side

of the inequality (2.7) is 2 exp
`

´ a2

2νp}σ}2q}∇ϕ}28

˘

. In other words, the empirical measure is
sub-Gaussian with asymptotic variance equals to νp}σ}2q}∇ϕ}28 which is an upper-bound
of the carré du champ, νp|σ˚∇ϕ|2q (asymptotic variance in the limit theorem). Thus, this
is not fully satisfactory. Throughout the chapter, we refer to super Gaussian deviations
when a?

Γn
Ñ
n
`8. In this case, a subtle phenomenon appears: the right hand side gives

a super Gaussian regime. In particular, the term in the exponential of the r.h.s. of (2.7)
is bounded from above and below by a4{3Γ

1{3
n . We anyhow emphasize that Theorem 2 in

Chapter 3 provides a non-asymptotic Gaussian concentration for all deviation regimes:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2 rCn exp
`

´
rcna

2

2}σ}28}∇ϕ}28

˘

. (2.8)

In particular, for super Gaussian deviations, the deviation (2.8) is asymptotically better.
However, it had already been observed in Chapter 3 that the bound (2.7) turned out to be
useful for numerical purposes as it led to bounds closer to the empirical realizations. We
will derive in Theorem 6 of Section 6 a deviation bound similar to (2.7) with an improved
variance bound. Namely, we succeed to replace νp}σ}2q}∇ϕ}28 by the carré du champ. We
then observe in the numerical results of Section 7 that the associated deviation bounds
match rather precisely those of the empirical realizations.

We will also employ the terminology of intermediate Gaussian deviations when
a?
Γn
Ñ
n
C ą 0. For this regime, we keep a Gaussian regime with deteriorated constants.

Again, we first deal with Gaussian deviations, and we postpone the study of super Gaussian
deviations to Section 6.

Remark 5 Actually, in the proof of Theorem 2, we can only use a map ϑ satisfying
assumption (Tβ) s.t. Aϑ ě |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q. However, this inequality is equivalent
to the coboundary condition ν ´ a.s.. In fact, we set the function f :“ Aϑ ´ |σ˚∇ϕ|2 `
νp|σ˚∇ϕ|2q ě 0, and

νpfq “ νpAϑq “ 0. (2.9)

As f is continuous and non negative, f “ 0 ν´a.s. Hence Aϑ “ |σ˚∇ϕ|2´νp|σ˚∇ϕ|2q ν´
a.s.
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3 Main results
Our main contribution consists in establishing a concentration inequality whose vari-

ance matches asymptotically the carré du champ, see (1.4) and Theorem 1 in what we
called the regime of Gaussian deviations. In the numerical part of Chapter 3, we see that
changing the bound νp}σ}2q}∇ϕ}28 by the carré du champ, leads to bounds much closer
to the realizations. Here, we state a simple and “sharp” inequality.

Theorem 3 (Sharp non-asymptotic deviation results) Assume (A) is in force. Sup-
pose that there exists ϑ P C3,βpRd,Rq satisfying (Tβ) for some β P p0, 1s s.t.

Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q. (3.1)

Then, for θ P p 1
2`β

, 1s, there exist explicit non-negative sequences pcnqně1 and pCnqně1,
respectively increasing and decreasing for n large enough, with limnCn “ limn cn “ 1 s.t.
for all n ě 1, a ą 0 satisfying a?

Γn
Ñ 0 (Gaussian deviations), the following bound holds:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

,

with Cn “ exp
`

rD3ϕsβ}σ}
3`β
8 Er|U1|

3`βs

p1`βqp2`βqp3`βq
Γ
p
3`β

2 q

n?
Γn

` pn
Γ
p2q
n?
Γn

˘

for pn ě 1 such that pn Ñn `8 and

pn
Γ
p2q
n?
Γn
Ñn 0.

Remark 6 We obtain the optimal Gaussian bound with the carré du champ as variance
which corresponds to CLT. This is asymptotically the sharpest result that we can expect.
This inequality is very important for confidence intervals, as in this context a is supposed
to be “small”, i.e. bounded. Under suitable regularity assumptions on f , which guarantee
that the function ϕ solving Aϕ “ f ´ νpfq satisfies (Tβ) for some β P p0, 1s, it readily
follows from Theorem 3 that:

P
”

νpfq P
“

νnpfq ´
a
?

Γn
, νnpfq `

a
?

Γn

‰

ı

ě 1´ 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

.

The conditions on f that lead to the required smoothness on ϕ and ϑ are discussed in
Section 5 (see in particular Theorem 4 and Corollary 1). Briefly, it suffices to consider
that, additionally to (C2) and (LV), Σ is also uniformly elliptic, b P C1,βpRd,Rdq, σ P
C1,βpRd,Rd b Rdq and that the source f P C1,βpRd,Rdq. This last assumption on f can be
weakened to Lipschitz continuous (see Theorem 5) with some restriction on the steps.

3.1 User’s guide to the proof

Recall that, for a fixed given n P N and ϕ P C3,βpRd,Rq, we want to estimate the
quantity

Pr
a

Γn|νnpAϕq| ě as, @a ą 0,

where νnpAϕq “ 1
Γn

řn
k“1 γkAϕpXk´1q. We focus below on the term Pr

?
ΓnνnpAϕq ě as.

Indeed, the contribution Pr
?

ΓnνnpAϕq ď ´as can be handled by symmetry.
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The first step of the proof consists in writing
`

AϕpXk´1q
˘

kPrr1,nss
with a splitting method

to isolate the terms depending on the current innovation Uk for AϕpXk´1q. This is done
in Lemma 1 below. Precisely, for all k P rr1, nss and ϕ P C3,βpRd,Rq we prove that:

ϕpXkq ´ ϕpXk´1q

“ γkAϕpXk´1q ` γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

`
1

2
γk Tr

´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯

` ψkpXk´1, Ukq, (3.2)

where

ψkpXk´1, Ukq “
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

` γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯

dt. (3.3)

Observe that ψkpXk´1, Ukq in the r.h.s. of (3.2) is the only term containing the current
innovation Uk. Thus, the mapping u ÞÑ ψkpXk´1, uq is Lipschitz continuous, because ϕ is.

This property is crucial to proceed with a martingale increment technique. Indeed, in-
troducing the compensated increment ∆kpXk´1, Ukq :“ψkpXk´1, Ukq´ErψkpXk´1, Ukq|Fk´1s,
assumption (GC) allows to derive:

@λ ą 0, Erexpp´λ∆kpXk´1, Ukqq|Fk´1s ď exp
`λ2rψpXk´1, ¨qs

2
1

2

˘

. (3.4)

The corner stone of the proof is then to apply recursively this control to the martingale
Mm :“

řm
k“1 ∆kpXk´1, Ukq, m P rr1, nss.

To control the deviation, the first step is an exponential inequality which combined to
(3.2) yields:

Pr
a

ΓnνnpAϕq ě as ď exp
`

´
aλ
?

Γn

˘

E
”

exppλνnpAϕqq
ı

ď exp
`

´
aλ
?

Γn

˘

E
”

exp
`

´
λqMn

Γn

˘

ı1{q

Rn, (3.5)

for λ ą 0, q ą 1 andRn is a remainder (whose behaviour is investigated in Lemma 6). The
main contribution in the above equation is the one involving Mn which can be analyzed
thanks to (3.4). Namely:

E
”

exp
`

´
qλ

Γn
Mn

˘

ı

“ E
”

exp
`

´
qλ

Γn
Mn´1

˘

E
”

exp
`

´
qλ

Γn
∆npXn´1, Unq

˘

ˇ

ˇ

ˇ
Fn´1

‰

ı

ď E
”

exp
`

´
qλ

Γn
Mn´1

˘

exp
`q2λ2rψpXn´1, ¨qs

2
1

2Γ2
n

˘

ı

. (3.6)
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A first approach in Chapter 3 in order to iterate the estimates involving the conditional
expectations, consisted in bounding uniformly rψpXn´1, ¨qs1 ď

?
γn}σ}8}∇ϕ}8 (which is

easily deduced from (3.2)). Iterating the procedure led to the estimate

Pr
a

ΓnνnpAϕq ě as ď exp
`

´
aλ
?

Γn

˘

exp
` qλ2

2Γn
}σ}28}∇ϕ}28

˘

Rn. (3.7)

Optimizing over λ, letting as well q Ón 1 in a suitable way, gives the deviation upper-bound
Cn expp´cn

a2

2}σ}28}∇ϕ}28
q, with Cn, cn ą 0 respectively increasing and decreasing to 1 with

n (see Theorem 2 of Chapter 3 for details).

To obtain the expected variance corresponding to the carré du champ νp|σ˚∇ϕ|2q, the
key point is to control finely the Lipschitz modulus of ψkpXk´1, ¨q in (3.4), (5.4).

From (3.2), we get the following simple expression of the derivative∇uψkpXk´1, uq|u“Uk
“
?
γkσ

˚
k´1∇ϕpXkq. Hence, there is a remainder term Rpγk, Xk´1, Ukq and a constant

C(3.8) “ C(3.8)ppAqq ą 0 s.t.

|∇uψkpXk´1, uq|
2
|u“Uk “ γk|σ

˚
k´1∇ϕk´1|

2
`C(3.8)γ

2
k

a

Vk´1 `Rpγk, Xk´1, Ukq, (3.8)

for more details see (3.29) below.
In order to exhibit for each evaluation of the conditional expectations in (3.4), the

contribution νp|σ˚∇ϕ|2q, we use the auxiliary Poisson problem:

Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q. (3.9)

We then write for the main term to control in (3.5),

Erexpp´
λqMn

Γn
qs ď T

1
ρ

1 T
ρ´1
q̂ρ

2 T
ρ´1
p̂ρ

3 , (3.10)

for ρ ą 1, p̂, q̂ ą 1 s.t. 1
p̂
` 1

q̂
“ 1 where:

T1 :“ E exp
`

´ ρ
qλ

Γn
Mn ´

ρ2q2λ2

2Γ2
n

n
ÿ

k“1

γkAϑpXk´1q ´ C(3.8)γ
2
k

a

Vk´1

˘

,

T2 :“ E exp
` λ2q2ρ2q̂

2pρ´ 1qΓ2
n

n
ÿ

k“1

γkAϑpXk´1q
˘

,

T3 :“ E exp
` λ2q2ρ2p̂

2pρ´ 1qΓ2
n

n
ÿ

k“1

C(3.8)γ
2
k

a

Vk´1

˘

. (3.11)

Exploiting (3.9), we can now rewrite

T1

“E exp

ˆ

´ ρ
qλ

Γn
Mn ´

ρ2q2λ2

2Γ2
n

n
ÿ

k“1

´

γk
“

|σ˚∇ϕpXk´1q|
2
´ νp|σ˚∇ϕ|2q

‰

` C(3.8)γ
2
k

a

Vk´1

¯

˙

“ exp
´ρ2q2λ2

2Γn
νp|σ˚∇ϕ|2q

¯

ˆE exp
´

´ ρ
qλ

Γn
Mn ´

ρ2q2λ2

2Γ2
n

n
ÿ

k“1

`

γk|σ
˚∇ϕpXk´1q|

2
` C(3.8)γ

2
k

a

Vk´1

˘

¯

. (3.12)
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The first term in the above r.h.s. yields the expected variance when we optimize over λ
for q and ρ going to 1, which is the case in the regime of so called Gaussian deviations in
Theorem 3. It improves the previous bound (3.7). Introduce now for m P rr1, nss,

Sm :“ exp
´

´
ρqλ

Γn
Mm ´

ρ2q2λ2

2Γ2
n

m
ÿ

k“1

`

γk|σ
˚∇ϕpXk´1q|

2
` Cγ2

k

a

Vk´1

˘

¯

. (3.13)

Bringing to mind that Mm “
řm
k“1 ∆kpXk´1, Ukq, where Er∆kpXk´1, Ukq|Fk´1s “ 0

and r∆kpXk´1, ¨qs1 “ rψkpXk´1, ¨qs1, we get from (3.8), that, up to the remainder term
pRpγk, Xk´1, UkqqkPrr1,nss, Sm can be viewed as a super martingale (see Lemma 5 for de-
tails). We actually rigorously show that, in the Gaussian regime (i.e. for a?

Γn
Ñ 0), for

θ P p1{3, 1q

ErSns
1
ρq ď Rn ÝÑ

nÑ`8
1.

For θ “ 1, or for super Gaussian deviations (i.e. for a?
Γn
Ñ `8, see Section 6) with

θ P p1{3, 1q we get:

ErSns
1
ρq ď Rn exp

´

`ρqλ2

Γn
`

ρ3q3λ4

pρ´ 1qΓ3
n

˘

en

¯

,

where en ą 0 decreases to 0 with n and Rn ą 0 is still going to 1 with n. The difficulty
in the above control is that the optimized λ also depends on n and ρ (see (3.33) below).

The second term T2 is estimated directly repeating the arguments of the proof of
Theorem 2 in Chapter 3 which are recalled above (see equations (3.5) to (3.7)). We apply
the previous martingale increment technique that previously led to (3.7). Denoting byMϑ

n

the martingale associated with the
`

ψϑk pXk´1, Ukq
˘

kPrr1,nss
deriving from the expansion of

Aϑ similarly to (3.2), we obtain:

T2 ď E
”

exp
`

´
λ2q2ρ2q̄Mϑ

n

2pρ´ 1qΓ2
n

˘

ı1{q̄

Rϑ
n ď exp

´ λ4q4ρ4q̄

8pρ´ 1q2Γ3
n

}σ}28}∇ϑ}28
¯

Rϑ
n, (3.14)

for q̄ ą 1 and where the superscript ϑ means that we only need to replace ϕ by ϑ in the
previous definitions. Like in (3.5), Rϑ

n is here a remainder.
The third component T3 is first controlled by Jensen inequality (over the exponential

function and the measure is 1

Γ
p3q
n

řn
k“1 γ

2
kδk):

T3 ď
1

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

`λ2q2ρ2p̂Γ
p2q
n

2pρ´ 1qΓ2
n

C
a

Vk´1

˘

. (3.15)

For the control of this term (as well for remainders from Taylor expansion in (3.2) and
in Lemma 1), we recall a useful result from Chapter 3 (see Proposition 1 therein). Under
(A), there is a constant cV :“ cV ppAqq ą 0 such that for all λ P r0, cV s, ξ P r0, 1s:

IξV :“ sup
ně0

ErexppλV ξ
n qs ă `8. (3.16)
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We also refer to Lemaire (see [Lem07]) for additional integrability results of the Lyapunov
functions in a more general framework. The identity (3.15) is handled by Young inequality

T3 ď
exp

`

1
2cV
p
λ2q2ρ2p̂Γ

p2q
n

2pρ´1qΓ2
n
Cq2

˘

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

`

cV Vk´1

˘

“
exp

`

λ4

Γ3
n
en
˘

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

`

cV Vk´1

˘

,

with p̂ Ñn `8 s.t. for fixed ρ, q ą 1, en “ 1
2cV
p

q2ρ2p̂
16c2V pρ´1q2

Γ
p2q
n

Γ2
n
Cq2 Ñn 0, note that for all

θ P p1
3
, 1s, Γ

p2q
n?
Γn
Ñn 0. We obtain then by (3.16):

T
ρ´1
p̂ρ

3 ď exp
`λ4

Γ3
n

en
˘

pI1
V q

ρ´1
p̂ρ “ Rn exp

`λ4

Γ3
n

en
˘

, (3.17)

for p̂ “ p̂pnq Ñn `8.
Eventually, by (3.5), (3.12), (3.14) and (3.17) with the different controls of ErSns (see

Lemma 5):

Pr
a

ΓnνnpAϕq ě as ď exp
´

´
aλ
?

Γn
`
λ2

Γn
Anpρq `

λ4

Γ3
n

Bnpρq
¯

Rn, (3.18)

with Rn Ñ 1, Anpρq :“ ρp qνp|σ
˚∇ϑ|2q
2

` enq, Bn :“ ρ3

ρ´1
q3q̂
4
p
q̄}σ}28}∇ϑ}28

2
` enq for en ą 0

decreasing to 0 with n.
We perform an optimization over λ with the Cardan method. However, the optimal

choice of λ depends on ρ. So an optimization can be done for ρ too. In Lemma 4 below,
we choose ρ for the regime of Gaussian deviations (i.e. a?

Γn
Ñ
n

0) which yields:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
´

´ cn
a2

2νp|σ˚∇ϕ|2q

¯

,

for cn, Cn ą 0 respectively decreasing and increasing (for n big enough) to 1 with n.
The optimal choices of λ and ρ for the regime of super Gaussian deviations (i.e.

a?
Γn
Ñ
n
`8) is eventually discussed in Section 6. This leads to

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
´

´ cn
a4{3Γ

1{3
n

2}σ}
2{3
8 }∇ϑ}2{38

¯

.

3.2 Technical lemmas and Proof of the Main Results

We first give a decomposition lemma of νnpAϕq which is the starting point of our
analysis. Its proof can be found in Chapter 3 (see Lemma 1 therein).
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Lemma 1 (Decomposition of the empirical measure) For all n ě 1, k P rr1, nss
and ϕ P C2pRd,Rq, the identity (3.2) holds and we have:

ΓnνnpAϕq

“ϕpXnq ´ ϕpX0q ´

”

n
ÿ

k“1

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

`
1

2

n
ÿ

k“1

γkTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

`

n
ÿ

k“1

ψkpXk´1, Ukq
ı

,

(3.19)

where ψkpXk´1, Ukq is defined in (3.3).

Remark 7 In spite of the square terms in Uk appearing in the r.h.s. of (3.3), we have
that, conditionally to Fk´1, u ÞÑ ψkpXk´1, uq is Lipschitz continuous. Indeed, on the r.h.s.
Uk only appears in ψk and on the l.h.s. we know that ϕ is Lipschitz. Hence, for all pu, u1q P
pRdq2:

|ψkpXk´1, uq ´ ψkpXk´1, u
1
q| ď

?
γk}σk´1}}∇ϕ}8|u´ u1|. (3.20)

Our strategy consists in controlling how far the Lipschitz modulus in (3.20) is from
|σ˚k´1∇ϕk´1|. The first step is to obtain an explicit derivative of ψkpXk´1, ¨q, see (3.24)
below.

For notational convenience we introduce, for a given n P N˚ the following quantities:

Rn :“ ϕpXnq ´ ϕpX0q ´

n
ÿ

k“1

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

´
1

2

n
ÿ

k“1

γkTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

,

Mn :“
n
ÿ

k“1

∆kpXk´1, Ukq, rRn :“ Rn ´

n
ÿ

k“1

E
“

ψkpXk´1, Ukq|Fk´1

‰

, (3.21)

where for all k P rr1, nss:

∆kpXk´1, Ukq :“ ψkpXk´1, Ujq ´ E
“

ψkpXk´1, Ukq|Fk´1

‰

. (3.22)

From these definitions, Lemma 1 can be rewritten:

νnpAϕq “
1

Γn
p rRn ´Mnq, (3.23)

where Mn is a martingale. The key idea of the proof is to control more precisely the
Lipschitz modulus of ψnpXn´1, ¨q than it was done in Chapter 3. From the definition in
(3.2), let us write for all k P rr1, nss:

ψkpXk´1, Ukq “ ϕk ´ ϕk´1 `Rk´1,k,
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where

Rk´1,k :“ ´γkAϕpXk´1q ´ γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

´
1

2
γkTr

´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

.

Hence, by derivation

∇uψkpXk´1, uq|u“Uk “
?
γkσ

˚
k´1∇ϕpXkq. (3.24)

We will establish that ∇uψkpXk´1, uq|u“Uk is not “too far” from ?
γkσ

˚
k´1∇ϕpXk´1q.

Proof of Theorem 3 for bounded innovations

We first give the complete proof in this particular case. We will specify the additional
required controls for possibly unbounded innovations in the next subsection.

A key tool in the derivation of our main results is the following lemma whose proof is
postponed to Section 4 for the sake of clarity.

Lemma 2 (Remainders from Taylor decomposition) Under (A), for all q ě 1 and
λ ą 0, we have:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
`

´
aλ
?

Γn

˘

´

E exp
`

´
qλ

Γn
Mn

˘

¯
1
q

expp
λ2

Γn
enqRn. (3.25)

We will now sharply control the Lipschitz constant of ψkpXk´1, ¨q, or equivalently ∆kpXk´1, ¨q,
which appears iteratively to handle the martingale term in (3.25).

In case of bounded innovations, we see by assumption (Tβ) i) (smoothness of ϕ) that:

|∇u∆kpXk´1, uq|u“Uk | “ |
?
γkσ

˚
k´1∇ϕpXkq|

ď |
?
γkσ

˚
k´1∇ϕpXk´1q| ` |

?
γkσ

˚
k´1 r∇ϕpXkq ´∇ϕpXk´1 ` γkbk´1qs |

`|
?
γkσ

˚
k´1 r∇ϕpXk´1 ` γkbk´1q ´∇ϕpXk´1qs |

ď
?
γk|σ

˚
k´1∇ϕpXk´1q| ` γk}σk´1}

2
}D2ϕ}8}Uk}8

`|
?
γkσ

˚
k´1 r∇ϕpXk´1 ` γkbk´1q ´∇ϕpXk´1qs |. (3.26)

Remark that we have both controls

| r∇ϕpXk´1 ` γkbk´1q ´∇ϕpXk´1qs | ď γk}D
2ϕ}8|bk´1|

(LV), ii)
ď γk

a

CV }D
2ϕ}8

?
V k´1,

| r∇ϕpXk´1 ` γkbk´1q ´∇ϕpXk´1qs | ď p2}∇ϕ}8q
1
2 | r∇ϕpXk´1 ` γkbk´1q ´∇ϕpXk´1qs |

1
2

(LV), ii)
ď p2}∇ϕ}8q

1
2γ1

k{2C
1{4
V }D2ϕ}1{28 V

1{4
k´1, (3.27)

in order to keep integrable powers of the Lyapunov function. We therefore eventually get
from (3.28) and inequalities in (3.27):

|∇u∆kpXk´1, uq|u“Uk |
2

ď γk|σ
˚
k´1∇ϕpXk´1q|

2

`2
?
γk|σ

˚
k´1∇ϕpXk´1q|

`

γk}σk´1}
2
}D2ϕ}8}Uk}8 ` γ

3{2
k }σ}8

a

CV }D
2ϕ}8

?
V k´1

˘

`
`

γk}σk´1}
2
}D2ϕ}8}Uk}8 ` }σ}8p2}∇ϕ}8q

1
2γkC

1{4
V }D2ϕ}1{28 V

1{4
k´1

˘2

ď γk|σ
˚
k´1∇ϕpXk´1q|

2
` C1,(3.28)γ

3{2
k }Uk}8 ` C2,(3.28)γ

2
k}Uk}

2
8 ` C(3.8)γ

2
k

?
V k´1, (3.28)
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with the constants C1,(3.28) :“ 2}σ}38}∇ϕ}8}D2ϕ}8, C2,(3.28) :“ 2}σ}48}D
2ϕ}28, and C(3.8) :“

6}σ}28}∇ϕ}8}D2ϕ}8. The last inequality above is a consequence of convexity inequality
(i.e. for all px, yq P R2, px` yq2 ď 2x2 ` 2y2).

Recalling that we consider first }Uk}8 ď C8, we then derive:

r∆kpXk´1, ¨qs
2
1 ď γk|σ

˚∇ϕ|2pXk´1q ` Cγ
3{2
k ` C(3.8)γ

2
k

?
V k´1, (3.29)

where in the above identity C “ C1,(3.28)C8 ` C2,(3.28)γ
1{2
1 C2

8. Let us introduce for all
pm,nq P N2

0, m ď n and pρ, qq P p1,`8q2:

Tm :“ exp
´

´
ρqλ

Γn
∆mpXm´1, Umq´

ρ2pqλq2

2Γ2
n

γm|σ
˚∇ϕpXm´1q|

2
´

m
ÿ

k“1

C(3.8)γ
2
kVk´1

¯

. (3.30)

From the definition of Sm in (3.13), we write Sm :“
śm

k“1 Tk. The coefficients pTmqmě1

can be viewed as multiplicative increments of pS̃mqmě0.Inequality (3.29) precisely allows
to quantify the martingality default for pS̃mqmě0. These factors appear when we exploit
the auxiliary Poisson problem (3.9) in the definition of T1 in (3.11).

T1 “ exp
`ρ2q2λ2

2Γn
νp|σ˚∇ϕ|2qs

˘

E
“

Sn´1ErTn|Fn´1s
‰

.

Thereby, from the upper-bound (3.29) of the Lipschitz modulus, we directly obtain from
(3.30) and (GC)

ErTn|Fn´1s

“ exp
`

´
ρ2pqλq2

2Γ2
n

γn|σ
˚∇ϕpXn´1q|

2
˘

E
”

exp
`ρqλ

Γn
∆npXn´1, Unq ´

n
ÿ

k“1

C(3.8)γ
2
kVk´1

˘

ˇ

ˇ

ˇ
Fn´1

ı

ď exp
`ρ2pqλq2

2Γ2
n

Cγ3{2
n ´

n´1
ÿ

k“1

C(3.8)γ
2
kVk´1

˘

.

Hence, iterating:

T1ď exp
`ρ2pqλq2

2Γn
νp|σ˚∇ϕ|2q

˘

ErSn´1s exp
`ρ2pqλq2

2Γ2
n

γ3{2
n C

˘

ď exp
`ρ2pqλq2

2Γn
νp|σ˚∇ϕ|2q

˘

exp
`ρ2pqλq2

2Γn

Γ
p3{2q
n

Γn
loomoon

“en

C
˘

“ exp
`ρ2pqλq2

2Γn
pνp|σ˚∇ϕ|2q ` enq

˘

,

where en Ñ 0. The controls for T2 are deduced from (3.14), and T3 from (3.17). We now

gather the previous estimates into (3.10) (we recall Erexpp´λqMn

Γn
qs ď T

1
ρ

1 T
ρ´1
q̂ρ

2 T
ρ´1
p̂ρ

2 ) in
the following lemma. Note also that the termRϑ

n appearing in (3.14) is controlled similarly
to remainders in Lemma 2.

Lemma 3 (Gaussian concentration term) With notations of (3.21), under (A), for
a bounded ρ ą 1, we have:

E exp
`

´
λq

Γn
Mn

˘
1
q ď exp

`λ2

Γn
An `

λ4

Γ3
n

Bn

˘

Rn,
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where

An :“ ρ
`qνp|σ˚∇ϕ|2q

2
` en

˘

and Bn :“
ρ3

ρ´ 1

q3q̂

4

` q̄}σ}28rϑs
2
1

2
` en

˘

, (3.31)

for some 1 ă q̄ :“ q̄pnq Ñ
n

1, and with: en ÝÑ
nÑ`8

0, Rn ÝÑ
nÑ`8

1 uniformly in λ.

As a consequence of the previous Lemmas 2 and 3, we obtain (3.18), namely:

P
`

a

ΓnνnpAϕq ě a
˘

ď Cn exp
`

P pλq
˘

, (3.32)

with P pλq :“ ´ aλ?
Γn
` λ2

Γn
An `

λ4

Γ3
n
Bn, where An“Anpρq :“ ρ rAn and Bn“Bnpρq :“ ρ3

ρ´1
rBn

with
rAn “

qνp|σ˚∇ϕ|2q
2

` en and rBn “
q3q̂

4

` q̄}σ}28}∇ϑ}28
2

` en
˘

.

Next, like enunciated at the end of the User’s guide to the proof, we optimize a fourth
order polynomial by the Cardan method, see (3.33) below (and Section 4 in Chapter 3).
If λn “ arg minλ P pλq, then

P 1pλnq “ ´
a
?

Γn
`

2λn
Γn

An `
4λ3

n

Γ3
n

Bn “ 0.

The Cardan-Tartaglia formula yields only one positive real root. Namely, setting

Φnpa, ρq “
´ a
?

ΓnB̃n

`
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
`

´ a
?

ΓnB̃n

´
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
,

this conducts to take λ “ λn with:

λn :“
Γn
2

pρ´ 1q
1
3

ρ
Φnpa, ρq. (3.33)

Moreover, remark from the binomial Newton expansion that:

Φnpa, ρq
3
“

2a
?

ΓnB̃n

´
2pρ´ 1q1{3Ãn

B̃n

Φnpa, ρq.

From (3.33) and the above expression, P pλnq “ Pminpa,Γn, ρq “ λn
`

´ a?
Γn
` λn

Γn
An`

λ3
n

Γ3
n
Bn

˘

,
we thus obtain

Pminpa,Γn, ρq :“ ´

?
Γnpρ´ 1q1{3Φnpa, ρq

23ρ

`

3a´
a

Γnpρ´ 1q1{3ÃnΦnpa, ρq
˘

. (3.34)

Then, from (3.32):

P
`

a

ΓnνnpAϕq ě a
˘

ď Cn exp
`

Pminpa,Γn, ρq
˘

, (3.35)

which is exactly the same bound appearing in Remark 11 in Chapter 3, up to a modifi-
cation of Ãn, containing here the expected carré du champ.

The optimization over λ leads to study how ρ should asymptotically behave. The
following lemma indicates that, when a “ op

?
Γnq, taking ρ´ 1 — a?

Γn
yields a Gaussian

concentration inequality in (3.32) with the optimal constant.
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Lemma 4 (Choice of ρ for the Gaussian concentration regime) Bhouououououou
For Pminpa,Γn, ρq as in (3.34), there is ρ :“ ρpn, aq ą 1 s.t. If a?

Γn
Ñ
n

0, taking ρ´1 — a?
Γn

Pminpa,Γn, ρq “
a?
Γn
Ñ
n

0
´

a2

2νp|σ˚∇ϕ|2q
p1` op1qq.

For the sake of clarity, the proof of Lemma 4 is postponed to Section 4.2. From (3.35)
and Lemma 4, we conclude the proof of Theorems 3 and 7 for bounded innovations.

Proof of Theorems 3 for unbounded innovations

Switching to unbounded innovations requires additional technicalities. Our strategy
consists in considering a truncation argument writing

∆kpXk´1, Ukq “ ∆kpXk´1, Ukqr1|Uk|ď
rk,n

2
` 1

|Uk|ą
rk,n

2
s,

to control the Lipschitz modulus of ψk´1 where prk,nqně1,kďn is a suitable sequence specified
in (3.40) below. In particular, rk,n :“ rk,nppAq, λ, ρq where λ ą 0, ρ ą 1 are as in the User’s
Guide to the Proof.

For our choice below, we will have that, for all k P rr1, nss, rk,n Òn `8. That choice
for rk,n also yields that when |Uk| ď rk,n, our controls behave like for the bounded case.
But when |Uk| ą rk,n, we will handle this large deviation regime by assumption (GC).
We indeed know that for all K ą 0:

µpt|x| ą Kuq ď 2 expp´
K2

2
q. (3.36)

Let us recall from the definition of ∆kpXk´1, Ukq in (3.3) and (3.21) that:

∆kpXk´1, Ukq “
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q ` ΞkpXk´1, Ukq, (3.37)

where for all pk, uq P rr1, nss ˆ Rr:

ΞkpXk´1, uq :“ γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1uqσk´1ub uσ

˚
k´1

´E
“

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1|Fk´1

‰

¯

dt.

(3.38)

For the terms pTkqkďn defined in (3.30), the lemma below controls the “super martingality”
default of Sn “

śn
k“1 Tk.

Lemma 5 For all k P rr1, nss

ErTk|Fk´1s ď ℵk,npλ, γk, rk,nq exp
`

´

k´1
ÿ

i“1

C(3.8)γ
2
i Vi´1

˘

,
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with, as in (3.28), C(3.8) :“ 6}σ}28}∇ϕ}8}D2ϕ}8,

ℵk,npλ, γk, rk,nq :“
`

1` 2 expp´Cr2
k,nq

˘

exp
`ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q
˘

exp
`ρ2q2λ2

Γ2
n

Cγ
3{2
k r2

k,n

˘

,

(3.39)
and

rk,n “ rk,nppAq, λ, ρq :“

#

rn “ Cp1` ρqλ
Γn
q
`

Γn

Γ
p3{2q
n

˘1{4
, for θ P p1

3
, 1q,

Cp1` ρqλ
Γn
q lnpn` 1q1{4 lnpk ` 1q1{2, for θ “ 1,

(3.40)

for C ą 0 s.t. r1,1 ą c̄
?
γ1}σ}8}∇ϕ}8 for c̄ large enough (every c̄ ą 8 works, see the proof

of Lemma 5, and equation (4.21)). This choice is briefly explained in Remark 8 below.

Remark 8 The specific form of the truncation and of the time steps chosen yields

rk,n “

$

’

&

’

%

O
`

p1` ρqλ
Γn
qn

1´θ
4

˘

, if θ P p2{3, 1q,

O
`

p1` ρqλ
Γn
q lnpnq´1{4n

1
12

˘

, if θ “ 2{3,

O
`

p1` ρqλ
Γn
qn

θ
8

˘

, if θ P p1{3, 2{3q.

Anyhow, we always have for each k ď n, rk,n ÝÑ
n
`8. Identity (3.41) in the following

lemma can give an intuition of our choice in (3.40). This result ensures that the terms
ℵk,npλ, γk, rk,nq can be viewed as remainders (observe indeed that some en Ñ

n
0 appear in

the exponential (3.41) below). From the optimization in λ performed in the proof Lemma
4 (see equation (4.10)), the contribution ρλ

Γn
appearing in (3.39) will be large in the regime

of super Gaussian deviations (see as well Remark 15). The above choice of rk,n actually
permits to control the remainders in all the considered regimes.

For θ P p1
3
, 1q, the choice in (3.40) can seem natural in order to absorb the term

śn
k“1 exp

`

ρqλ
Γn
Cγ

1{2
k expp´

r2
k,n

16
q
˘

“ exp
`

ρqλ
Γn
CΓ

p1{2q
n expp´ r2

n

16
q
˘

coming from the iteration of
(3.39). For θ “ 1, the choice is a bit different due to the associated logarithmic explosion
rates (i.e. Γn — lnpnq). Actually, for the Gaussian deviations ( a?

Γn
Ñ 0), we have ρqλ

Γn
Ñn

0, see again (4.10) and Remark 15 below, and the term ρqλ
Γn

could be removed in (3.40).
On the other hand, the contribution exp

`

ρ2q2λ2

Γ2
n
Cγ

3{2
k r2

k,n

˘

will eventually yield a negligible
contribution in the polynomial appearing in Lemma 3. We refer to the proof of Lemma 5
for details.

Lemma 6 (Control of “super martingality default” of Sn) There exist non nega-
tive sequences pRnqně1, penqně1 s.t. Rn ÝÑ

n
1, en ÝÑ

n
0, and for all n ě 1:

ErSns ď
n
ź

k“1

ℵk,npλ, γk, rk,nq “ Rn exp
´

`ρ2q2λ2

Γn
`
ρ4q4λ4

Γ3
n

˘

en

¯

. (3.41)

Observe that a term in λ4 appears here for the control of ErSns. This is specifically
due to the unbounded contributions. Namely, the exponential term in (3.41) comes from
exppρ

2q2λ2

Γ2
n
Cγ

3{2
k r2

k,nq in (3.39), the definition of rk,n in (3.40), and using as well that en —
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Γ
p3{2q
n

Γn
Ñ
nÑ8

0. The other terms in (3.39), corresponding to sub-Gaussian tails, give the
remainder Rn.

Note now carefully that, reproducing the arguments of the bounded case and using as
well Lemma 6 to control ErSns yields that Lemma 3 remains valid, up to a modification of
the remainders en. The proof then follows similarly to the bounded case. To sum up, the
specificity of the unbounded innovations was to precisely control the Lipschitz constants,
considering a suitable truncation, as well as the “martingality default” of Sn appearing in
T1.

4 Proofs of technical lemmas

4.1 Remainders from the Taylor decomposition

Proof of Lemma 2
From the notations in (3.21), we recall (3.23): νnpAϕq “ 1

Γn
p rRn ´Mnq. The idea is

now to write for a, λ ą 0:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
`

´
aλ
?

Γn

˘

E
”

exp
` λ

Γn
p rRn ´Mnq

˘

ı

ď exp
`

´
aλ
?

Γn

˘

E
”

exp
`

´
qλ

Γn
Mn

¯ı1{q

E
”

exp
`pλ

Γn
| rRn|

˘

ı1{p

,

(4.1)

for 1
p
` 1

q
“ 1, p, q ą 1. We rewrite the Taylor expansion with the same notations as in

Chapter 3: rRn “ Ln ´ pD2,b,n `D2,Σ,n ` Ḡnq where:

D2,b,n :“
n
ÿ

k“1

γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt,

D2,Σ,n :“
1

2

n
ÿ

k“1

γkTr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σ2
k´1

¯

,

Ḡn :“
n
ÿ

k“1

E rψkpXk´1, Ukq|Fk´1s,

Ln :“ ϕpXnq ´ ϕpX0q. (4.2)

From (4.2), (4.1) and the Cauchy-Schwarz inequality, we get:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
`

´
aλ
?

Γn

˘

´

E exp
`

´
qλ

Γn
Mn

˘

¯
1
q
ˆ

´

E exp
`2pλ

Γn

ˇ

ˇLn
ˇ

ˇ

˘

¯
1
2p

ˆ

´

E exp
`4pλ

Γn

ˇ

ˇḠn

ˇ

ˇ

˘

¯
1
4p
´

E exp
`8pλ

Γn

ˇ

ˇD2,Σ,n

ˇ

ˇ

˘

¯
1
8p
´

E exp
`8pλ

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

˘

¯
1
8p
. (4.3)

The term Ln in (4.3) is controlled in Lemma 4 in Chapter 3 (for j “ 2 therein):
´

E exp
`

4pλ
|Ln|

Γn

˘

¯
1
4p
ď pI1

V q
1
4p exp

`3pC2
V,ϕλ

2

cV Γ2
n

`
cV
p

˘

“ Rn exp
`λ2

n

Γn
en
˘

, (4.4)
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for p “ pn Ñn `8 s.t. p
Γn
Ñn 0.

Thanks to Lemma 3 in Chapter 3, we obtain:

|Ḡn|
?

Γn
ď an :“

rϕp3qsβ
›

›σ
›

›

3`β

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
, a.s. .

Moreover, an Ñ
n
a8 “ 0 for θ P p 1

2`β
, 1s. Hence, for all p ą 1:

´

E exp
`4pλ

Γn
|Ḡn|

˘

¯
1
4p
ď exp

` λ
?

Γn
an
˘

ď exp
` λ2

2Γnp
`
a2
np

2

˘

“ Rn exp
`λ2

Γn
en
˘

. (4.5)

for p “ pn Ñn `8 s.t. a2
npÑn 0.

We handle the term D2,Σ,n in (4.3) by Lemma 5 in Chapter 3: there exists C1 :“
C1ppAq, ϕq ą 0 such that

´

E exp
`4pλn

Γn

ˇ

ˇD2,Σ,n

ˇ

ˇ

˘

¯
1
4p
ď exp

`

C1
pλ2

npΓ
p2q
n q

2

Γ2
n

˘

pI1
V q

1
4p “ Rn exp

`λ2
n

Γn
en
˘

, (4.6)

for p “ pn Ñn `8 s.t. p pΓ
p2q
n q2

Γn
Ñn 0 (we recall that for all θ P p1

3
, 1s, Γ

p2q
n?
Γn
Ñ
n

0).
We deal with the term D2,b,n from (4.3). Because x ÞÑ x∇ϕpxq, bpxqy is Lipschitz con-

tinuous, thanks to Lemma 5 in Chapter 3, we know that there exists C2 :“ C2ppAq, ϕq ą 0
such that:

´

E exp
`4pλn

Γn

ˇ

ˇD2,b,n

ˇ

ˇ

˘

¯
1
4p
ď exp

`

C2p
3pλ2

npΓ
p2q
n q

2

2Γ2
n

`
1

2p
q
˘

pI1
V q

1
4p “ Rn exp

`λ2
n

Γn
en
˘

, (4.7)

also for p “ pn Ñn `8 s.t. p pΓ
p2q
n q2

Γn
Ñn 0.

We gather (4.4), (4.5), (4.6) and (4.7) into (4.3), which allows us to control the re-
mainder involving rRn previously decomposed in (4.2). There are non-negative sequences
pRnqně1, penqně1 s.t. lim

nÑ`8
Rn “ 1, lim

nÑ`8
en “ 0 and:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
´

´
aλ
?

Γn

¯

ˆ

E exp
´

´
qλ

Γn
Mn

¯

˙
1
q

exp

ˆ

λ2
n

Γn
en

˙

Rn. (4.8)

4.2 Asymptotics in the parameter ρ

We first begin with the proof of Lemma 4 which is purely analytical and rather in-
dependent of our probabilistic setting. We recall that we use it for both bounded and
unbounded innovations.
Proof of Lemma 4

From the expression of Φnpa, ρq in Theorem 7, remember that

Φnpa, ρq “
´ a
?

ΓnB̃n

`
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
`

´ a
?

ΓnB̃n

´
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
.
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Here, ρ ą 1 is a free parameter. Let us set:

ρ´ 1 :“ ξ
27

8

B̃na
2

Ã3
nΓn

, (4.9)

for a parameter ξ :“ ξpa, nq ą 0 to optimize. This choice yields

Φnpa, ρq “
a1{3

B̃
1{3
n Γ

1{6
n

`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

.

Hence, from the definition of λn in (3.33):

ρλn
Γn

“
1

2
pρ´ 1q1{3Φnpa, ρq “

3

22

a

Ãn
?

Γn
ξ1{3

`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

. (4.10)

We point out that ξ ÞÝÑ ξ1{3
`

p1 `
?

1` ξq1{3 ` p1 ´
?

1` ξq1{3
˘

is a bounded function
from r0,`8q to r0, 2

3
q. In fact,

ξ1{3
`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

“
ξÑ`8

ξ1{3
p1` ξq1{6

`

1`
1

3
?

1` ξ
´ p1´

1

3
?

1` ξ
q ` op

1
?

1` ξ
q
˘

„
ξÑ`8

2

3
. (4.11)

From the definition of Pminpa, ρ,Γnq “ P pλnq “ minxą0 P pxq in (3.34) and from the
definition of P pλq in (3.32),

P
`

λn
˘

“ ´
pρ´ 1q1{3

ρ

?
ΓnΦnpa, ρq

8
p3a´

a

Γnpρ´ 1q1{3ÃnΦnpa, ρqq

“ ´
pρ´ 1q1{3Φnpa, ρq

2
ˆ

?
Γn

4ρ
ˆ p3a´ Ãn

a

Γnpρ´ 1q1{3Φnpa, ρqq

“
(4.9),(4.10)

´
32

24

a2

Ãnpξ
27B̃na2

8Ã3
nΓn

` 1q
ξ1{3

`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

ˆ

´

1´
ξ1{3

2

`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

¯

“: ´
32

24Ãn
a2fΨpξq, (4.12)

for
fΨ : ξ P R` ÞÝÑ

gpξq

Ψξ ` 1
, (4.13)

where

g : ξ ÞÝÑ ξ1{3
`

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
˘

´

1´
ξ1{3

2

`

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
˘

¯

,

and

Ψ :“
27

8

B̃na
2

Ã3
nΓn

´

(4.9)
“

ρ´ 1

ξ

¯

. (4.14)
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We bring to mind that we consider “Gaussian deviations”, namely a?
Γn
Ñ
n

0.

From (6.11) and the asymptotic of Ãn defined in (6.24), i.e. 4Ãn Ñn 2νp|σ˚∇ϕ|2q,
we want to choose ξ :“ ξpa, nq s.t. Λpξq :“ 32

24fΨpξq Ñ
a?
Γn
Ñ
n

0

1
4
. This would indeed yield

P pλnq „
a?
Γn
Ñ
n

0
´ a2

4Ãn
. From the definition of Ψ in (6.13), we have Ψ “ 27B̃na2

8ÃnΓn
ÝÑ
a?
Γn
Ñ0

0.

Observe then, that, taking ξ going to infinity such that

ξΨ Ñ
a?
Γn
Ñ0

0 (4.15)

yields Λpξq “ 32

24

gpξq
Ψξ`1

Ñ
a?
Γn
Ñ0

1
4
, noting from (4.11) and the above definition of g that

gpξq Ñ
ξÑ`8

`

2
3

˘2.

Remark 9 (Controls of the optimized parameters for Gaussian deviations) We
give here some useful estimates to control the remainder terms in the truncation procedure
associated with unbounded innovations, see proof of Lemma 6. They specify the behaviour
of the quantity ρλn

Γn
.

In the regime of Gaussian deviations, we get from (4.10) and (4.11):

ρλn
Γn

ÝÑ
a?
Γn
Ñ0

0, λn —
a?
Γn
Ñ0

a
a

Γn. (4.16)

4.3 Technical Lemmas for Unbounded Innovations

We proceed with the proof of Lemmas 5 and 6 which are specifically needed for un-
bounded innovations.

Proof of Lemma 5We use a partition at the threshold rk,n on the variable Uk, to control
finely the term ∆kpXk´1, Ukq:

E
”

exp
`

´
ρqλ

Γn
∆kpXk´1, Ukq

˘

|Fk´1

ı

“ E
”

exp
`

´
ρqλ

Γn
∆npXk´1, Ukq

˘

1|Uk|ďrk,n |Fk´1

ı

`E
”

exp
`

´
ρqλ

Γn
∆kpXk´1, Ukq

˘

1|Uk|ąrk,n |Fk´1

ı

“: TMk,s ` T
M
k,l , (4.17)

where TMk,s and TMk,l stand for the contributions in ErTk|Fk´1s expp
řk´1
i“1 C(3.8)γ

2
i Vi´1q asso-

ciated with the martingale increment ∆pXk´1, Ukq for which the innovation is respectively
small and large.

Let us first write:

TMk,s “ E
”

exp
`

´
ρqλ

Γn
∆npXk´1, Ukq

˘

1|Uk|ďrk,n |Fk´1

ı

“

ż

|u|ďrk,n

exp
`

´
ρqλ

Γn
∆npXk´1, Ukq

˘

µpduq.

Observe now that, similarly to the computations of Section 3.2 for bounded innovations,
see equation (3.29), if |u| ď rk,n, u P Rr ÞÑ ∆npXk´1, uq is s.t.

r∆npXk´1, ¨qs
2
1,Bp0,rk,nq

ď γk|σ
˚
k´1∇ϕpXk´1q|

2
` Cγ

3{2
k r2

k,n ` C(3.8)γ
2
kVk´1, (4.18)
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where r∆npXk´1, ¨qs
2
1,Bp0,rk,nq

denotes the Lipschitz modulus of ∆npXk´1, ¨q restricted on
the ball Bp0, rk,nq of Rr with radius rk,n.

Let us now extend u P Bp0, rk,nq ÞÑ ∆npXk´1, uq into a Lipschitz function on the whole
set Rr which globally verifies the bound of equation (4.18). The easiest way to do so is to
consider:

u P Rr
ÞÑ ∆̄pXk´1, uq “ ∆

`

Xk´1,ΠB̄p0,rk,nqpuq
˘

,

where ΠB̄p0,rk,nqp¨q denotes the projection on B̄p0, rk,nq, namely for u P B̄p0, rk,nq, we have
ΠB̄p0,rk,nqpuq “ u, for u R Bp0, rk,nq, ΠB̄p0,rk,nqpuq “

u
|u|
rk,n. It is readily seen that:

r∆̄pXk´1, ¨qs
2
1 ď γk|σ

˚
k´1∇ϕpXk´1q|

2
` Cγ

3{2
k r2

k,n ` C(3.8)γ
2
kVk´1.

Hence:

TMk,s “

ż

|u|ďrk,n

exp
`

´
ρqλ

Γn
∆̄npXk´1, Ukq

˘

µpduq ď E
”

exp
`

´
ρqλ

Γn
∆̄npXk´1, Ukq

˘

|Fk´1

ı

ď
pGCq

exp
`ρ2q2λ2

2Γ2
n

r∆̄pXk´1,¨qs
2
1 ´

ρqλ

Γn
Er∆̄pXk´1, Ukqs

˘

ď exp
`ρ2q2λ2

2Γ2
n

pγk|σ
˚
k´1∇ϕpXk´1q|

2
`Cγ

3{2
k r2

k,n`C(3.8)γ
2
kVk´1q ´

ρqλ

Γn
Er∆̄pXk´1, Ukqs

˘

.

(4.19)

Bearing in mind that Er∆pXk´1, Ukqs “ 0, and observe now:

Er∆̄pXk´1, Ukqs

“ Er∆pXk´1, Ukq1|Uk|ărk,ns ` Er∆̄pXk´1, Ukq1|Uk|ěrk,ns

“ ´Er∆pXk´1, Ukq1|Uk|ěrk,ns ` Er∆
`

Xk´1,ΠBp0,rk,nqpUkq
˘

1|Uk|ěrk,ns

ď

´

Er|∆pXk´1, Ukq|
2
s
1{2
` Er|∆

`

Xk´1,ΠBp0,rk,nqpUkqq|
2
s
1{2
¯

Pr|Uk| ě rk,ns
1{2

ď Cγ
1{2
k expp´

r2
k,n

4
q,

exploiting (3.36), (3.37) and (3.38) for the last inequality. Plugging this bound into (4.19)
yields:

TMk,s ď exp
`ρ2q2λ2

2Γ2
n

pγk|σ
˚
k´1∇ϕpXk´1q|

2
`Cγ

3{2
k r2

k,n`C(3.8)γ
2
kVk´1q`Cγ

1{2
k

ρqλ

Γn
expp´

r2
k,n

4
q
˘

.

(4.20)
The remaining term in (4.17), involving also the large deviations of the innovation, can
be controlled as follows:

TMk,l “ E
”

exp
`

´
ρqλ

Γn
∆kpXk´1, Ukq

˘

1|Uk|ąrk,n |Fk´1

ı

ď E
”

exp
`

´
2ρqλ

Γn
∆kpXk´1, Ukq

˘

|Fk´1

ı1{2

E
”

1|Uk|ąrk,n

ı1{2

ď 2E
”

exp
`

´
2ρqλ

Γn
∆kpXk´1, Ukq

˘

|Fk´1

ı1{2

expp´
r2
k,n

4
q

pGCq

ď 2 exp
`ρ2q2λ2

Γ2
n

γk}σ}
2
8}∇ϕ}28 ´

r2
k,n

4

˘

.
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Let us proceed from our definition of rk,n “ rk,nppAq, λ, ρq in (3.40) and write rk,n “
p1 ` ρqλ

Γn
quk,n. One has that for all k ď n, uk,n Ñ

n
`8. In other words, with the previous

inequality, recalling r2
k,n ě u2

k,np1`
ρ2q2λ2

Γ2
n
q:

TMk,l ď 2 exp
`q2ρ2λ2

Γ2
n

pγk}σ}
2
8}∇ϕ}28 ´

u2
k,n

4
q ´

u2
k,n

4

˘

ď 2 exp
`

´ C
q2ρ2λ2

Γ2
n

u2
k,n

8
´
u2
k,n

4

˘

ď 2 exp
`

´ Cr2
k,n

˘

, (4.21)

since u2
k,n ą 16γ1}σ}

2
8}∇ϕ}28 (which explains our choice for the constant rk,n in (3.40)).

Plugging (4.20) and (4.21) into (4.17) yields:

E
”

exp
`

´
ρqλ

Γn
∆kpXk´1, Ukq

˘

|Fk´1

ı

ď exp
´ρ2q2λ2

2Γ2
n

`

γk|σ
˚
k´1∇ϕk´1|

2
` Cγ

3{2
k r2

k,n ` C(3.8)γ
2
kVk´1

˘

`
ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q

¯

`2 exp
`

´ Cr2
k,n

˘

ď exp
`ρ2q2λ2

2Γ2
n

`

γk|σ
˚
k´1∇ϕk´1|

2
` Cγ

3{2
k r2

k,n ` C(3.8)γ
2
kVk´1

˘

`
ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q
˘

ˆ
`

1` 2 expp´Cr2
k,nq

˘

“: exp
`ρ2q2λ2

2Γ2
n

γk|σ
˚
k´1∇ϕk´1|

2
` C(3.8)γ

2
kVk´1

˘

ˆ ℵk,npλ, γk, rk,nq,

where

ℵk,npλ, γk, rk,nq :“
´

1`2 exp
`

´Cr2
k,n

˘

¯

exp
`ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q
˘

exp
`ρ2q2λ2

Γ2
n

Cγ
3{2
k r2

k,n

˘

.

We have thus isolated the “significant” term exp
`

ρ2q2λ2

2Γ2
n
γk|σ

˚
k´1∇ϕk´1|

2
˘

. The result fol-
lows from the definition of Tk in (3.30).

Proof of Lemma 6 We recall for convenience the definition of rk,n in (3.40):

rk,n “

#

rn “ Cp1` ρqλ
Γn
qp Γn

Γ
p3{2q
n

q1{4, for θ P p1
3
, 1q,

Cpp1` ρqλ
Γn
q lnpn` 1q1{4 lnpk ` 1q1{2, for θ “ 1.

From the above definition of ℵk,npλ, γk, rk,nq, we introduce two remainders:

R1
n :“

n
ź

k“1

´

1` 2 exp
`

´ Cr2
k,n

˘

¯

ˆ

n
ź

k“1

exp
`ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q
˘

“: R11
n ˆR12

n ,

R2
n :“ exp

`ρ2q2λ2

Γ2
n

C
n
ÿ

k“1

γ
3{2
k r2

k,n

˘

, (4.22)
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that naturally appear when we iterate Lemma 5. Precisely:

ErSns ď ErSn´1sℵn,npλ, γn, rn,nq ď
n
ź

k“1

ℵk,npλ, γk, rk,nq “ R1
n ˆR2

n. (4.23)

‚ For θ P p1{3, 1q:
We have chosen rk,n “ rn in (3.40), so,

R1
n “

´

1` 2 exp
`

´ Cr2
n

˘

¯n

exp
`ρqλ

Γn
CΓp1{2qn expp´

r2
n

4
q
˘

“ R11
n R12

n ,

and:

R11
n “

´

1` 2 exp
`

´ Cr2
n

˘

¯n

ď exp
´

n ln
`

1` 2 expp´Cp
Γn

Γ
p3{2q
n

q
1{2
q
˘

¯

ď exp
`

2n expp´Cp
Γn

Γ
p3{2q
n

q
1{2
q
˘

ÝÑ
nÑ`8

1,

as, for θ P p1{3, 1q,
´

Γn

Γ
p3{2q
n

¯1{2

ě ηpnq where

ηpnq :“ C
`

np1´θq{21θPp2{3,1q ` pn
1{3 lnpnq´1

q
1
21θ“2{3 ` n

θ{41θPp1{3,2{3q
˘

, (4.24)

see also Remark 8. For the remaining of the proof, we will thoroughly exploit this kind of
arguments. Precisely, we recall that:

@ζ P R`, DCζ ě 1, s.t. @0 ď β ď ζ,@x P R`, xβ expp´x2
q ď Cζ expp´C´1

ζ x2
q. (4.25)

Thus, for the remaining term R12
n in R1

n, exploiting (4.25), up to a modification of the
constant C ą 0 from line to line:

R12
n ď exp

`ρqλ

Γn
CΓp1{2qn expp´

r2
n

4
q
˘

ď exp
´ρqλ

Γn
CΓp1{2qn exp

`

´
ρ2q2λ2

Γ2
n

C

4
p

Γn

Γ
p3{2q
n

q
1{2
˘

exp
`

´
C

4
p

Γn

Γ
p3{2q
n

q
1{2
˘

¯

ď exp
´

CΓp1{2qn p
Γ
p3{2q
n

Γn
q
1{4 exp

`

´
ρ2q2λ2

Γ2
n

C

8
p

Γn

Γ
p3{2q
n

q
1{2
˘

expp´
C

4
p

Γn

Γ
p3{2q
n

q
1{2
q

¯

ď exp
`

CΓp1{2qn expp´
C

8
p

Γn

Γ
p3{2q
n

q
1{2
q
˘

ď exp
`

Cn1´θ{2e´ηpnq
˘ (4.24),(4.25)

ÝÑ
nÑ`8

1.

Hence R1
n “ R11

n R12
n Ñ

n
1.

Introducing

eθă1
n :“ C

d

Γ
p3{2q
n

Γn
ÝÑ
nÑ`8

0,

we get from the definition of rk,n in (3.40) and (4.22)

R2
n ď exp

´

`ρ2q2λ2

Γn
`
ρ4q4λ4

Γ3
n

˘

eθă1
n

¯

.
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Recalling, from (4.23), that ErSns ď R1
nR2

n, we thus get from the above computations:

ErSns ď Rn exp
`

p
ρ2q2λ2

Γn
`
ρ4q4λ4

Γ3
n

qen
˘

,

which gives the result for θ P p1
3
, 1q.

‚ For θ “ 1, using the previous notations:

0 ď lnpR11
n q ď ln

´

n
ź

k“1

`

1` 2 expp´Cr2
k,nq

˘

¯

“

n
ÿ

k“1

ln
´

1` 2 exp
`

´ Cr2
k,n

˘

¯

ď C
n
ÿ

k“1

exp
`

´ Cr2
k,n

˘

ď C
n
ÿ

k“1

exp
`

´ C lnpn` 1q1{2 lnpk ` 1q
˘

“ C
n
ÿ

k“1

pk ` 1q´C lnpn`1q1{2
ď C2´C lnpn`1q1{2

` C

ż n

2

x´C lnpn`1q1{2dx

“ C2´C lnpn`1q1{2
` C

21´C lnpn`1q1{2 ´ n1´C lnpn`1q1{2

C lnpn` 1q1{2 ´ 1
ÝÑ
nÑ`8

0.

We deduce that:

R11
n “

n
ź

k“1

´

1` 2 exp
`

´ Cr2
k,n

˘

¯

ÝÑ
nÑ`8

1.

Like for the case θ P p1{3, 1q, we get the control:

R12
n ď

n
ź

k“1

exp
`ρqλ

Γn
Cγ

1{2
k expp´

r2
k,n

4
q
˘

ď

n
ź

k“1

exp
´ρqλ

Γn
Cγ

1{2
k expp´

C

4
r1` p

ρqλ

Γn
q
2
s lnpn` 1q1{2 lnpk ` 1q

˘

¯

ď
(4.25)

n
ź

k“1

exp
´

Cγ
1{2
k exp

`

´
C

4
r1` Cp

ρqλ

Γn
q
2
s lnpn` 1q1{2 lnpk ` 1q

˘

¯

ď

n
ź

k“1

exp
`

C
1

k1{2
pk ` 1q´C lnpn`1q1{2

˘

Ñ
nÑ`8

1,

in fact, we have already established for the control ofR11
n that

řn
k“1pk`1q´C lnpn`1q1{2ÝÑ

n
0.

Thus, we proved that R1
n “ R11

n R12
n Ñ

n
1.

Let us now turn to the other contribution in (4.22):

R2
n “ exp

`ρ2q2λ2

Γ2
n

C
n
ÿ

k“1

γ
3{2
k r2

k,n

˘

ď exp
´

2Cp
ρ2q2λ2

Γ2
n

`
ρ4q4λ4

Γ4
n

q lnpn` 1q1{2
n
ÿ

k“1

γ
3{2
k lnpk ` 1q

¯

ď exp
`

2Cp
ρ2q2λ2

Γn
`
ρ4q4λ4

Γ3
n

q

řn
k“1 γ

3{2
k lnpk ` 1q
?

Γn

˘

“ exp
`

p
ρ2q2λ2

Γn
`
ρ4q2λ4

Γ3
n

qeθ“1
n

˘

,
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with eθ“1
1,n :“ 2C 1?

Γn

řn
k“1

lnpk`1q

k3{2 ÝÑ
nÑ`8

0, and recalling that
?

Γn — lnpn ` 1q1{2 for the
last inequality.

To sum up, for all θ P p1
3
, 1s, thanks to inequality (4.23), we know that there exist non

negative sequences pRnqně1, penqně1, s.t. Rn ÝÑ
n

1, en ÝÑ
n

0, and

ErSns ď Rn exp
´

`ρ2q2λ2

Γn
`
ρ4q4λ4

n

Γ3
n

˘

en

¯

.

5 Regularity Results and Consequences

This section is devoted to some regularity results for the Poisson problem

Aϕ “ f ´ νpfq. (5.1)

In particular, we state below some Schauder like controls, which are, because of our
methodology that requires pointwise controls of the derivatives, more adapted than the
standard Sobolev estimates (see e.g. Pardoux and Veretennikov [PV01]).

There are two kinds of assumptions that guarantee the solution ϕ of (5.1) enjoys the
required smoothness of Theorems 3.

(a) If b, σ and f are smooth, under suitable confluence like conditions stated below in
(Dp

α) with the condition on Dσ: }Dσ}28 ď 2α
2p1`βq´p

for given pα, pq P p0,`8q ˆ r1, 2q,
the probabilistic representation ϕpxq “ ´

ş`8

0
E
“`

fpY 0,x
t q ´ νpfq

˘‰

dt of the solution of
(5.1) can be differentiated using iterated tangent flows to establish that ϕ P C3,βpRd,Rq,
for some β P p0, 1s. It suffices for that to have f P C3,βpRd,Rq and b P C3,βpRd,Rdq, σ P
C3,β
b pRd,Rd b Rrq. We refer to Section 2.2 and 5 of Chapter 3 for additional details.

Importantly, under such assumptions, specific non-degeneracy conditions are not needed.

(b) If we do not assume such an a priori smoothness on f, b, σ, we need to make an
extra non-degeneracy assumption which will allow some regularity gain (elliptic boot-
strap) and a stronger confluence like condition (Dp

α) with }Dσ}28 ď 2α
2p3`βq´p

for given
pα, pq P p0,`8q ˆ r1, 2q. Precisely, assuming that the bounded diffusion coefficient Σ
is also uniformly elliptic, we exploit the results of Krylov and Priola [KP10] (Theo-
rems 2.4-2.6) to derive that, up to an additional technical condition on Σ when d ą 1,
we actually have ϕ P C3,βpRd,Rq for some β P p0, 1q, as soon as f P C1,βpRd,Rq and
b P C1,βpRd,Rdq, σ P C1,β

b pRd,Rd b Rdq.

We point out that the second set of assumptions is very important in order to go
towards the usual setting of functional/transport inequalities which typically involves
Lipschitz continuous test functions. This is for instance the case for the controls of the
Wasserstein distances between the law of Yt in (1.1) and the invariant distribution ν (see
e.g. [BGL14]). We are thus able, in the non-degenerate framework (b), to consider directly
sources f P C1,βpRd,Rq. Observe that, when β Ñ 0, we are almost Lipschitz. Actually, we
can, in this setting, handle functions f P C0,1pRd,Rq up to a spatial regularization which
leads to a constraint on the steps (see Theorem 5 below).
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5.1 Assumptions and Regularity Results

The regularity results stated here can be found in Section 5 of Chapter 3. Let us now
recall the useful assumptions needed.

(UE) Uniform Ellipticity. We assume that r ě d in (1.1) and that there is σ ą 0 such that

@ξ P Rd, xσσ˚pxqξ, ξy ě σ|ξ|2.

For β P p0, 1q, we introduce the following condition.
(R1,β) Regularity Condition. From equation (1.1), we suppose b P C1,βpRd,Rdq, and Bhouou
σ P C1,β

b pRd,Rd b Rrq.

(Dp
α) Confluence Conditions. We assume that there exists α ą 0 and p P r1, 2q such that

for all x P Rd, ξ P Rd

ADbpxq `Dbpxq˚

2
ξ, ξ

E

`
1

2

r
ÿ

j“1

´

pp´ 2q
|xDσ¨jpxqξ, ξy|

2

|ξ|2
` |Dσ¨jξ|

2
¯

ď ´α|ξ|2, (5.2)

where Db stands here for the Jacobian of b, σ¨j stands for the jth column of the diffusion
matrix σ and Dσ¨j for its Jacobian matrix.

There are others assumptions than (Dp
α) which yield, in the non-degenerate setting, gra-

dient control. This is the case for the so-called Bakry and Émery curvature criterion
([BE85, BGL14]) which is however pretty hard to check for general multidimensional dif-
fusion coefficients. However for Hölder control of the gradient, this critetion seems to be
not adapted, see Chapter 3 Section 2.2 for more details.

We eventually introduce, as in Chapter 3, a technical condition on the diffusion coeffi-
cient σ. It allows to prove that each partial derivative Bxiϕ of the solution of (5.1) satisfies
an autonomous scalar Poisson problem. We suppose:

(Σ) for every pi, jq P rr1, dss2 and x “ px1, . . . , xdq P Rd, Σi,jpxq “ Σi,jpxi^j, ¨ ¨ ¨ , xdq.

We say that assumption (Pβ) is satisfied if (UE), (Dp
α) with }Dσ}28 ď 2α

2p1`βq´p
,

(R1,β), and (Σ) are in force. From Section 5.3 of Chapter 3 we have the following result.

Theorem 4 (Elliptic Bootstrap in a non-degenerate setting) Assume (Pβ) holds
for some β P p0, 1q and that f P C1,βpRd,Rq. Then, there is a unique ϕ P C3,βpRd,Rq
solving (5.1).

Note as well from Remark 2, that there exists C ą 0, |D2ϕpxq| ď Cp1 ` |x|q´1. In other
words, the solution ϕ of (5.1) satisfies (Tβ).

Remark 10 (On Schauder estimates for β “ 1) We insist on the fact that β P p0, 1q
in the above theorem. Indeed, it is well known that the Hölder exponent β cannot go to 1
in the Schauder estimates. Note that, for the particular case f P C1,1pRd,Rq, we also have
f P C1,βpRd,Rq for all β P p0, 1q. This means that, for such f , the elliptic bootstrap works
up to an arbitrarily small correction.
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From Theorem 4 we readily have:

Corollary 1 (Regularity for the Poisson problem with carré du champ source)
Assume (Pβ) holds for some β P p0, 1q and that f P C1,βpRd,Rq. Then, there is a unique
ϑ P C3,βpRd,Rq solving

Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q

and satisfying (Tβ).

Indeed, it suffices to observe from Theorem 4 and the assumption (R1,β) in (Pβ) that
f̃ :“ |σ˚∇ϕ|2 P C1,βpRd,Rq and to apply again Theorem 4 for this source.

5.2 Concentration inequalities for a Lipschitz source in a non-
degenerate setting

As indicated in the introduction of the Section, we aim at controlling deviations for
Lipschitz sources. In the current Lipschitz framework we aim to address, we need a slightly
different set of assumptions. Namely, we will assume that (C1), (GC), (C2), (LV), (U),
(S) and (Pβ) are in force and we will say that (Lβ) holds. Under this new assumption,
we have the following result.

Theorem 5 (Non-asymptotic concentration bounds in a Lipschitz framework)
Assume that (Lβ) is in force. Let f be a Lipschitz continuous function. For a time step
sequence pγkqkě1 of the form γk — k´θ, θ P p1{2, 1s, we have that, there exist two explicit
monotonic sequences cn ď 1 ď Cn, n ě 1, with limnCn “ limn cn “ 1 such that for all
n ě 1 and for every a ą 0:

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

, (5.3)

where ϕ P C0,1pRd,Rq XW 2
2,locpRd,Rq is a weak solution of the Poisson equation Aϕ “

f ´ νpfq.

Sketch of the proof To prove the above result, the starting point consists in regularizing
the source f by mollification. Namely, we consider fδ “ f ‹ ηδ, where ‹ denotes the
usual convolution, for a suitable mollifier ηδp¨q :“ 1

δd
ηp ¨

δ
q, δ ą 0, where η is a compactly

supported non-negative function s.t.
ş

Rd ηpxqdx “ 1. We then write νnpfq´νpfq “ νnpfδq´
νpfδq ` pνn´ νqpf ´ fδq “: νn

`

fδ ´ νpfδq
˘

`Rn,δ. We aim at letting δ go to 0 so that Rn,δ

can be viewed as a remainder. On the other hand, we will apply the same strategy as in
the proof of Theorem 3 to analyze the deviations of νn

`

fδ ´ νpfδq
˘

“ νnpAϕδq. Precisely,
reproducing the arguments of Section 5.3 of Chapter 3 to equilibrate the explosions of the
derivatives of ϕδ in the proof of Theorem 3 yields that there exists two explicit monotonic
sequences c̃n ď 1 ď Cn, n ě 1, with limnCn “ limn c̃n “ 1 s.t.

P
“

|
a

Γn
`

νnpfq ´ νpfq
˘

| ě a
‰

ď 2Cn exp
`

´ c̃n
a2

2νp|σ˚∇ϕδ|2q
q. (5.4)
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From the previous Schauder estimates, we know that ϕδ P C3,βpRd,Rq for all δ ą 0 with
explosive C3,β norm in δ but with bounded gradient. Recall indeed that, for all β P p0, 1q,

}fδ}C1,β ď Cδ´β, |∇ϕδ| ď
rfδs1
α

“
rf s1
α
. (5.5)

We again refer to Lemma 6 and Section 5.3 in Chapter 3 for details. On the other hand, it
is well known, see e.g. [PV01], that ϕδpxq “ ´

ş`8

0
ErfδpY 0,x

t q ´ νpfδqsdt. From their
Proposition 1, we have in our case that, denoting by νY 0,x

t
the law of Y 0,x

t we have
the following control for the total variation between νY 0,x

t
and ν. There exists constants

pC, cq :“ pC, cqp(Lβ)q s.t.

}νY 0,x
t
´ ν}T.V. ď C exppc|x|q expp´αtq. (5.6)

Introducing now f̄δ “ fδ ´ f ´ ν
`

fδ ´ f
˘

, we rewrite that, for all x P Rd:

`

ϕδ ´ ϕ
˘

pxq “ ´

ż `8

0

Erf̄δpY 0,x
t qsdt,

|
`

ϕδ ´ ϕ
˘

pxq| ď

ż `8

0

´

ż

Rd
|f̄δpyq|

2
`

νY 0,x
t
` ν

˘

pdyq
¯1{2

}νY 0,x
t
´ ν}

1{2
T.V.dt

ď
(5.6)

C1{2 expp
c

2
|x|q}f̄δ}8

ż `8

0

exp
´

´
α

2
t
¯

dt.

Recalling that f is Lipschitz and that pf ´ fδqpxq “
ş

Rd
`

fpx ´ yq ´ fpxq
˘

ηδpyqdy , we
actually have }f̄δ}8 ď Crf s1δ, which establishes the pointwise convergence ϕδpxq ÝÑ

δÑ0

´
ş`8

0
ErfpY 0,x

t q´νpfqsdt “: ϕpxq which is the only weak solution of (5.1) inW 2
p,locpRd,Rq,

p ą 1 (see Theorem 1 in [PV01]).
Let us now prove that

lim
δÑ0

νp|σ˚∇ϕδ|2q “ νp|σ˚∇ϕ|2q. (5.7)

For all ε ą 0, there is a compact K :“ Kpεq such that, denoting by Kc :“ RdzK, we have:
ż

Rd

ˇ

ˇ∇ϕδ ´∇ϕ
ˇ

ˇ

2
pxq1Kcpxqνpdxq ď 4}∇ϕ}28

ż

Rd
1Kcpxqνpdxq ď

ε

2
.

Also, since ϕ P W 2
2,locpRd,Rq, we write:

ż

Rd

ˇ

ˇ∇ϕδ ´∇ϕ
ˇ

ˇ

2
pxq1Kpxqνpdxq ď

ż

Rd

ˇ

ˇ

ˇ

ż

Rd

`

∇ϕpx´ zq ´∇ϕpxq
˘

ρδpzqdz
ˇ

ˇ

ˇ

2

1Kpxqνpdxq

“

ż

Rd

ˇ

ˇ

ˇ

ż

Rd

`

ż 1

0

D2ϕpx´ λzqzdλ
˘

ρδpzqdz
ˇ

ˇ

ˇ

2

1Kpxqνpdxq

ď

ż 1

0

dλ

ż

Rd

ˇ

ˇ

ˇ

ż

Rd
D2ϕpx´ λzqzρδpzqdz

ˇ

ˇ

ˇ

2

1Kpxqνpdxq

ď

ż 1

0

dλ
´

ż

Rd
dz|z|2ρδpzq

ż

Rd
|D2ϕpx´ λzq|21Kpxqνpdxq

¯

ď Cδ2
}ϕ}2W 2

2 pK̄,Rq
ă
ε

2
,
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for δ small enough, using the Cauchy-Schwarz inequality for the penultimate control and
denoting by K̄ a compact set such that for all z P Bp0, Cδq Ą supppηδq, x P K, x´ z P K̄.
This in particular gives (5.7). Hence, setting

cn :“ c̃n
νp|σ˚∇ϕ|2q
νp|σ˚∇ϕδ|2q

Ñn 1,

and recalling from Section 5.3 in Chapter 3 that δ :“ δpnq Ñn 0 ‡, we derive that (5.3)
follows from (5.4) up to a modification of c̃n.

Furthermore, let us point out that, the result can alternatively be stated replacing the
carré du champ in (5.3) by the variance of the Lipschitz source under the invariant law.
In fact, we can write by the dominated convergence theorem:

lim
δÑ0

νp|σ˚∇ϕδ|2q “ νp|σ˚∇ϕ|2q. (5.8)

Remark 11 The new threshold θ ą 1
2
comes from the specific Lipschitz regularity of the

test function f . Intuitively, this threshold naturally appears when we consider β Ñ 0 in
the previous condition θ P p 1

2`β
, 1s induced by the regularity of ϕ P C3,βpRd,Rq which holds,

under (Pβ), when f P C1,βpRd,Rq. We underline anyhow that, for β “ 0, the Schauder
estimates do not directly apply.

6 Optimisation over ρ underGaussian and super Gaus-
sian deviations

In Lemma 4, we performed an asymptotic estimation of the upper-bound for Gaussian
deviations. However, from a numerical point of view, it appears to be more significant to
optimize over ρ in whole generality, i.e. not only when a?

Γn
Ñ 0. This procedure conducts

to deviations bounds that are much closer to the realizations.
In particular, in super Gaussian deviations framework (i.e. a?

Γn
Ñ 0), we provide here

a “weaker” concentration inequality than the Gaussian one, which precisely comes from
the optimization over ρ for this regime. This loss of concentration, with the terminology
of Remark 4, is intrinsic to our method, as it will be shown in the proofs of Theorem 6
and Lemma 7 below, see also Remark 17.

Theorem 6 (Deviations in the super Gaussian regime) Assume (A) is in force.
If there exists ϑ P C3,βpRd,Rq, β P p0, 1s satisfying (Tβ) s.t.

Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q, (6.9)

then, for θ P p 1
2`β

, 1s , there exist explicit non-negative sequences pcnqně1 and pCnqně1,
respectively increasing and decreasing for n large enough, with limnCn “ limn cn “ 1 s.t.

‡. which was anyhow constrained to go to 0 sufficiently slowly in order to balance the explosions in
the derivatives coming from the Schauder estimates, see (5.5). It is specifically this feature that led to
the condition γn — n´θ, θ P p1{2, 1s.
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for all n ě 1, a ą 0, the following bounds hold. When a?
Γn
Ñ `8 (Super Gaussian

deviations):

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a4{3Γ

1{3
n

2}σ}
2{3
8 rϑs

2{3
1

˘

.

Remark 12 Observe from Corollary 1, that, the function ϑ enjoys the required smooth-
ness as soon as assumption (Pβ) introduced in Section 5 holds.

Remark 13 For super Gaussian deviations, we obtain a sharper bound than in Theorem
2. Nonetheless, asymptotically, this regime is less sharp than Theorem 2 in Chapter 3
which provides a Gaussian bound with deteriorated constants (see also the User’s guide
to the proof in Section 3.1 below). Even if, from a numerical point of view, the devia-
tion bounds in Theorem 7 below yield sharper controls with respect to simulated empirical
measures (see Figure 4.1 in the numerical Section below).

For “intermediate Gaussian deviations”, i.e. for a?
Γn
Ñ
n
C ą 0, the constants in the

Gaussian bound deteriorate. So, it seems reasonable to see this situation like for the first
regime a?

Γn
Ñ
n

0, namely where there are constants C8 ą 1, c8 ă 1 such that limnCn “

C8, limn cn “ c8 and

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a2

2νp|σ˚∇ϕ|2q
˘

.

Observe that for such regimes, there is an equivalence, up to multiplicative constants,
between the bounds in Theorem 3 and in Theorem 6.

The idea of the proof of Theorem 6 follows the same lines as for Theorem 3, except
for the optimization over ρ which is more fussy, see Lemma 7 below.

We recall that the analysis in the proof of Theorem 3 leaving open a possible opti-
mization over the parameter ρ which we now perform The next lemma indicates that
this optimization implies a Gaussian regime for a?

Γn
Ñ
n

0 and a super Gaussian one for
a?
Γn
Ñ
n
`8.

Lemma 7 (Choice of ρ for the concentration regime) For Pminpa,Γn, ρq as in Bhou
(3.34), we have

(a) If a?
Γn
Ñ
n

0, taking ρ :“ ρpa, nq s.t. ρ´ 1 “ 1
2

B̃
1{2
n a

Ã
3{2
n

?
Γn
p1` op1qq

Pminpa,Γn, ρq “
a?
Γn
Ñ
n

0
´

a2

2νp|σ˚∇ϕ|2q
p1` op1qq.

(b) If a?
Γn
Ñ
n
`8, taking ρ :“ ρpa, nq s.t. ρ´ 1 “ 1

2
` op1q

Pminpa,Γn, ρq “
a?
Γn
Ñ`8

´
a4{3Γ

1{3
n

2}σ}
2{3
8 rϑs

2{3
1

p1` op1qq.
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Remark 14 For Gaussian deviations, ρ´1 “ 1
2

B̃
1{2
n a

Ã
3{2
n

?
Γn
p1`op1qq — a?

Γn
which corresponds

to our choice in Lemma 4. We then retrieve the Gaussian regime. In the super Gaussian
deviations framework, the optimization over ρ leads to consider ρ ´ 1 “ 1

2
` op1q which

yields the loss in the concentration inequality.

Let us first continue with the proof of Lemma 7 which is purely analytical and rather
independent of our probabilistic setting.

Proof of Lemma 7
We keep the notations of Lemma 4, that we bring to mind.

Φnpa, ρq“
´ a
?

ΓnB̃n

`
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
`

´ a
?

ΓnB̃n

´
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3

“
a1{3

B̃
1{3
n Γ

1{6
n

`

p1`
a

1` ξq1{3 ` p1´
a

1` ξq1{3
˘

,

for

ρ´ 1 :“ ξ
27

8

B̃na
2

Ã3
nΓn

, (6.10)

where ξ :“ ξpa, nq ą 0 is a parameter that we are going to optimize. Furthermore:

P pλnq “ ´
32

24Ãn
a2fΨpξq, (6.11)

for

fΨ : ξ P R` ÞÝÑ
gpξq

Ψξ ` 1
, (6.12)

where

g : ξ ÞÝÑ ξ1{3
`

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
˘

´

1´
ξ1{3

2

`

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
˘

¯

,

and

Ψ :“
27

8

B̃na
2

Ã3
nΓn

` (4.9)
“

ρ´ 1

ξ

˘

. (6.13)

‚ Let us first focus on case (a), “Gaussian deviations” ( a?
Γn
Ñ
n

0). We, now anyhow, want
to maximize Λ in ξ to obtain the best possible concentration bound. Let A :“ tξ P
r0,`8s : fΨpξq “ }fΨ}8u be the set of points where fΨ reaches its maximum. Observe
that for a fixed Ψ, fΨpξq Ñ

ξÑ8
0. Thus, `8 R A . Let now ξ˚ be an arbitrary point in A .

From the smoothness of fΨ, the optimality condition writes:

f 1Ψpξ˚q “
g1pξ˚q

pΨξ˚ ` 1q
´

Ψgpξ˚q

pΨξ˚ ` 1q2
“ 0 ô

g1pξ˚q

pΨξ˚ ` 1q
“

ΨfΨpξ˚q

pΨξ˚ ` 1q
ô fΨpξ˚q “

g1pξ˚q

Ψ
.

(6.14)
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Recall now that we want to maximize over the ξ s.t. ξ Ñ `8, ξΨ Ñ
a?
Γn
Ñ0

0. Indeed, from

the proof of Lemma 4, we saw that for such a choice, we obtain the expected Gaussian
concentration, namely P pλnq „

a?
Γn
Ñ
n

0
´ a2

4Ãn
.

From the computations of Lemma 8 in Appendix 8, we have:

g1pξq “
ξÑ`8

8

35ξ2
` op

1

ξ2
q. (6.15)

So,

Λpξ˚q “
ξ˚Ñ`8

1

2 ¨ 33ξ2
˚Ψ
p1` op1qq Ñ

a?
Γn
Ñ0

1

4
, (6.16)

where op1q denotes here a quantity going to 0 as ξ˚ Ñ `8 and ξ˚Ψ Ñ
a?
Γn
Ñ0

0. Inspired by

the identity (6.16), and motivated the numerical simulations (see Section 7), we set

ξ̄˚ :“
21{2

33{2
?

Ψ
“

22Ã
3{2
n

?
Γn

39B̃
1{2
n a

, (6.17)

which indeed satisfies (4.15), so that

min
ρą1

P pλnq ď ´
a2

Ãn
Λpξ̄˚qp1` op1qq “

a2

4Ãn
p1` op1qq „

nÑ`8
´

a2

2νp|σ˚∇ϕ|2q
.

Observe as well that this choice yields:

ρ´ 1 “
21{2Ψ

33{2
?

Ψ
“

1

2

B̃
1{2
n a

Ã
3{2
n

?
Γn
. (6.18)

‚ Now we will study the the case (b) “super Gaussian deviations” for which a?
Γn
Ñ
n
`8.

Note that we cannot expect a Gaussian regime in this case. In fact, for Ψ going to
infinity (see definition (6.13)), by (6.14), to get a Gaussian regime at a maximizer ξ˚ of Λ,
we have from (6.11) that fΨpξ˚q “

g1pξ˚q
Ψ

has to remain separated from 0 when a?
Γn
Ñ `8.

Since, in this case Ψ Ñ
n
`8, this imposes to consider points ξ Ñ 0 in order to exploit the

asymptotic behaviour (see again Lemma 8 for more details):

g1pξq “
ξÑ0

21{3

3ξ
2
3

`

1` op1q
˘

. (6.19)

In other words, from (6.19), we expect that there is a constant K˚ ą 0 s.t.

fΨpξ˚q „
ξ˚Ñ0

21{3

3ξ
2{3
˚ Ψ

ě K˚.

So ξ˚ ď
C

Ψ3{2 Ñ
ΨÑ`8

0. Now, |fΨpξ˚q| “ |
gpξ˚q
Ψξ`1

| ď |gpξ˚q| Ñ
ξ˚Ñ0

0. This means that it is

impossible to stay in a Gaussian regime.
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We now still look at the optimal ξ˚ Ñ 0 which allows to stay at “the biggest possible
regime”. Thenceforth, we will estimate ξ˚ directly from the map fΨ defined in (6.12):

fΨpξq “
ξÑ0

21{3ξ1{3

Ψξ ` 1
p1` op1qq “: fΨ,0pξqp1` op1qq. (6.20)

It can be directly checked that arg maxξPR` fΨ,0pξq “
1

2Ψ
. We therefore get:

ξ˚ “
ΨÑ`8

1

2Ψ
` op

1

Ψ
q “

a?
Γn
Ñ`8

4Ã3
nΓn

27B̃na2
` op

Γn
a2
q Ñ 0. (6.21)

From (6.11) and (6.20), we get:

min
ρą1

P pλnq ď
a?
Γn
Ñ
n
`8

´
32

24Ãn
a2 21{3ξ

1{3
˚

Ψξ˚ ` 1
p1` op1qq “

(6.21)
´

32

24

a2

Ãnp
1
2
` 1q

Ψ´1{3
p1` op1qq

ď
(4.15)

´
32

24

a2

Ãnp
1
2
` 1q

p
23Ã3

nΓn

33B̃na2
q
1{3
p1` op1qq

“
a?
Γn
Ñ
n
`8
´
a4{3Γ

1{3
n

22B̃
1{3
n

p1` op1qq
(3.31)
“

a?
Γn
Ñ
n
`8
´

a4{3Γ
1{3
n

2}σ}
2{3
8 rϑs

2{3
1

p1` op1qq.

From equations (4.9) and (6.13), the choice (6.21) yields:

ρ´ 1 “ ξΨ “
1

2
` op1q. (6.22)

Remark 15 (Controls of the parameters pλ, ρq for super Gaussian deviations)
We give here some useful estimates to control the remainder terms in the truncation pro-
cedure associated with unbounded innovations, see proof of Lemma 6. They specify the
behaviour of the quantity ρλn

Γn
.

In the regime of super Gaussian deviations, identities (4.10), (6.13) and the choice
(6.21) (i.e. ξ˚ “ 1

2Ψ
) yields:

ρ2λ2
n

Γ2
n

— CΨ ξ2{3
˚

`

p1`
a

1` ξ˚q
1{3
` p1´

a

1` ξ˚q
1{3
˘2

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

— 21{3

Ψ2{3

Ñ
a?
Γn
Ñ`8

`8.

Remark 16 Theorems 3 and 6 are actually a consequence of the more general following
result which has a real importance for numerical applications. Indeed, for a given n P N,
we have to control the non-asymptotic error in Theorems 3 and 6 . Furthermore, in Section
7 (see Remark 18) we will see that for θ P p1

3
, 1s , for “reasonable” n (e.g. n “ 5 ¨104 in the

following Section 7) and a (« 1) we are already “out” of the Gaussian deviations regime,
namely a?

Γn
— 1. This illustration justifies the interest of optimizing over ρ for Gaussian

deviations and super Gaussian deviations.
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Theorem 7 Let the assumptions of Theorem 3 be in force. For θ P p1
3
, 1s, there exist

explicit non-negative sequences pcnqně1 and pCnqně1, respectively increasing and decreasing
for n large enough, with limnCn “ limn cn “ 1 s.t. for all n ě 1 for all a ą 0,

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

cnPminpa,Γn, ρq
˘

,

where ρ ą 1 and

Pmin

`

a,Γn, ρ
˘

“ ´
pρ´ 1q1{3

ρ

?
ΓnΦnpa, ρq

8
p3a´

a

Γnpρ´ 1q1{3ÃnΦnpa, ρqq,

with

Φnpa, ρq :“
´ a
?

ΓnB̃n

`
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3
`

´ a
?

ΓnB̃n

´
` a2

B̃2
nΓn

`pρ´1q
`2Ãn

3B̃n

˘3˘ 1
2

¯
1
3

(6.23)
and

rAn :“
qνp|σ˚∇ϕ|2q

2
` en and rBn “

q3q̂

4

´ q̄}σ}28}∇ϑ}28
2

` en

¯

, (6.24)

where q :“ qpnq ą 1, q̄ :“ q̄pnq ą 1, q̂ :“ q̂pnq with q, q̄q̂ Ñ
n

1 and en is an explicit
sequence going to 0.

The results of Theorem 3 explicitly follow taking (see for more details the proof of
Lemma 7):

ρ´ 1 “
1

2

B̃
1{2
n a

Ã
3{2
n

?
Γn
, for

a
?

Γn
Ñ
n

0,

ρ´ 1 “
1

2
, for

a
?

Γn
Ñ `8.

Remark 17 It is natural to wonder if it is possible to get a sharper variance for super
Gaussian deviations. Thereby it would be tempting to bootstrap Lemma 3. Such an iter-
ation would lead to optimize polynomials of higher degrees. Recall from Lemma 4, that
we already have to handle a polynomial of order 4 in the current setting. This illustrates
that for very large deviations the highest term dominates and deteriorates the concentra-
tion. This is intrinsic to our approach. Such a phenomenon would even more pregnant
when iterating the procedure the polynomial of higher degree yields, for a certain very large
deviation regime, concentration bounds that become closer and closer to the exponential.
However, bootstrapping might allow to improve the constants in the successive deteriorated
concentration regimes. As indicated in Remark 16, this could be useful for some numerical
purposes.
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7 Numerical Results
Here, we have chosen to highlight the possible absence of non-degeneracy assumption

for our results. To oversimplify, simulations are done with r “ d “ 1, X0 and U1 follow the
standard normal distribution. Naturally, for a better convergence speed, we take θ « 1

3
,

precisely θ “ 1
3
` 1

1000
.

For this first example, we choose ϕ (solution of the Poisson equation). We take
ϕ “ σ “ cos and for all x P R, bpxq “ ´x

2
. By this pick, we compute numerically

νp|σ˚∇ϕ|2q « 0.1515 and νp|σ|2q « 0.4171 (that we provide here for comparison with the
previous results in Chapter 3), with the same parameters (θ “ 1

3
` 1

1000
, n “ 5 ¨ 104 and

MC “ 104).

Heed, for a non trivial test function ϕ, with our method, we cannot choose functions
b and σ ‰ 0 canceling at the same point (0 here). Otherwise, the Poisson equation asso-
ciated with the carré du champ source, Aϑ “ |σ˚∇ϕ|2 ´ νp|σ˚∇ϕ|2q, would imply that
´νp|σ˚∇ϕ|2q “ 0, then ∇ϕ “ 0, ν almost surely.

Let us now check that the Confluence Conditions (Dp
α) are satisfied. For p P r1, 2q, we

have for all x P Rd, ξ P Rd

ADbpxq `Dbpxq˚

2
ξ, ξ

E

`
1

2

r
ÿ

j“1

´

pp´ 2q
|xDσ¨jpxqξ, ξy|

2

|ξ|2
` |Dσ¨jξ|

2
¯

“ ´
1

2
ξ2
`

1

2
sin2

pxqξ2
pp´ 1q. (7.1)

So, for p “ 3
2
, we directly obtain:

ADbpxq `Dbpxq˚

2
ξ, ξ

E

`
1

2

r
ÿ

j“1

´

p
3

2
´ 2q

|xDσ¨jpxqξ, ξy|
2

|ξ|2
` |Dσ¨jξ|

2
¯

“ ´
1

2
ξ2
`

1

4
sin2

pxqξ2
ď ´

1

4
ξ2
“: ´αξ2. (7.2)

Note that, we have chosen a diffusion coefficient σ which degenerates on tkπ, k P Zu.
However, thanks to the smoothness of the diffusion parameters, we can still here apply
Lemma 6 in Chapter 3 which gives us a pointwise gradient bound of the solution of the
Poisson problem in the current degenerate context. In other words:

rϑs1 ď
r|σ˚∇ϕ|2s1

α
“ 4rcos2 sin2

s1 “ 4 sup
xPR
pcosp2xq sinp2xqq “ 2.

Hence, this inequality leads us to approximate rϑs1 by 2. Pay attention that the control of
the Lipschitz constant rϑs1 is important for the super Gaussian deviations. Like illustrated
in Remarks 16 and 18, this regime appears “sooner” than we might expect.

From Theorem 3, the function a ÞÑ gnpaq :“ lnpPr
?

Γn|νnpAϕq| ě asq is s.t. for a ą 0:

gnpaq ď ´cn
a2

2νp|σ˚∇ϕ|2q
` lnp2Cnq,
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where pcnqně1 and pCnqně1 are sequences respectively increasing and decreasing for n large
enough, with limnCn “ limn cn “ 1.

For Figure 4.1, the simulations have been performed for n “ 5 ¨104 and the probability
estimated by Monte Carlo simulation for MC “ 104 realizations of the random variable
?

Γn|νnpAϕq|. The corresponding 95% confidence intervals have size at most of order
0.0016. We introduce the functions:

Spaq :“ ´
a2

2νp|σ˚∇ϕ|2q
, Ssuppaq :“ ´

a2

2}σ}28}∇ϕ}28
.

Like in Theorem 7, we take

Pminpa,Γn, ρq “ ´
pρ´ 1q1{3

ρ

?
ΓnΦnpa, ρq

8
p3a´ pρ´ 1q1{3ÃnΦnpa, ρq

a

Γnq,

where Ãn, B̃n and Φnpa, ρq are defined in (6.24). Through our numerical results, we take
en “ 0.

We set also:

ρ0 :“ 1`
1

2

B̄
1{2
n a

Ā
3{2
n

?
Γn
, ρ8 :“

3

2
.

We recall here that ρ and ρ8 respectivly correspond to the optimal values of ρ in the
Gaussian deviations and super Gaussian deviations (see Lemma 7). Eventually, we intro-
duce:

Pn,0,8paq :“ min
´

Pminpa,Γn, ρ0q, Pminpa,Γn, ρ8q
¯

,

Pnpaq :“ min
ρą1

Pminpa,Γn, ρq.

Note that, the function Pn,0,8 takes into account the multi-regime competition. We have
estimated Pnpaq by a mesh method for ρ P p1, 2q and for a grid with 5 ¨ 105 steps.

From the above notations, we add the subscript σ to mean that we change νp|σ˚∇ϕ|2q
into }∇ϕ}28νp}σ}2q, i.e.

Sσpaq “ ´
a2

2}∇ϕ}28νp}σ}2q
, Pn,σpaq :“ min

ρą1
Pmin,σpa,Γn, ρq,

and we have changed Ãn into

Ãσ,n :“
}∇ϕ}28νp}σ}2q

2
.

The quantities with subscript σ are those associated with the results in Chapter 3, recalled
in the previous Theorem 2, where the variance is less sharp than the constants appearing
in Theorems 3, 6 and 7. Thus, we can compare our main results with Remark 10 of
Chapter 3 which is a weakened form of Theorem 7 where the carré du champ is changed
into }∇ϕ}28νp}σ}2q like in Theorem 2.
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Figure 4.1 – Plot of a ÞÑ gnpaq with
ϕpxq“σpxq “ cospxq.

Figure 4.1 reveals that the asymptotic curve S is much less sharp with respect to
the realizations gn than our main estimations Pn and Pn,0,8. In fact, these latter are
very close to the realization gn. This claim enhances the significance of controlling finely,
non-asymptotically, the deviation of the empirical measure.

In this plot, we can see that our pick of ρ for Pn,0,8, set in Lemma 7, is very close to
the numerical optimization of Pn over ρ. Nevertheless, observe that for a ą 0.5, Pn,0,8paq
and Pnpaq slightly differ. It means that progressively the regime goes from Gaussian
deviations (i.e. a?

Γn
Ñ 0) to intermediate Gaussian deviations (i.e. a?

Γn
“ Op1q). Hence,

the importance of optimizing globally the function ρ ÞÑ Pminpa,Γn, ρq (appearing in (3.35))
in all regimes.

Remark 18 Remark that for the graphic 4.1, we chose n “ 5 ¨ 104, but for θ « 1
3
,
?

Γn «
37 and for θ « 1

2`0.5
,
?

Γn « 26. In other words, for a « 1 we have intermediate Gaussian
deviations as emphasized by the graphic. Hence the importance of the study of both regimes,
Gaussian deviations ( a?

Γn
Ñ 0) and super Gaussian deviations ( a?

Γn
Ñ `8).

8 Appendix: Computation of asymptotic analysis

In this section, we perform asymptotic analysis for the map g1 defined in (6.12) in
proof of Lemma 4. We recall that for all ξ P R:

gpξq “ ξ1{3
´

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
¯´

1´
ξ1{3

2

`

p1`
a

1` ξq1{3`p1´
a

1` ξq1{3
˘

¯

.
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Lemma 8

g1pξq “
ξÑ0

21{3

3ξ
2
3

`

1` op1q
˘

, g1pξq “
ξÑ`8

8

35ξ2
` op

1

ξ2
q.

Proof: Denote hpξq :“ ξ1{3
`

p1`
?

1` ξq1{3 ` p1´
?

1` ξq1{3
˘

, so gpξq “ hpξqp1´ hpξq
2
q.

Differentiating, we get:

h1pξq “
p1´

?
1` ξq

1
3 ` p1`

?
1` ξq

1
3

3 ξ
2
3

`ξ
1
3 p

1

6
?

1` ξ p1`
?

1` ξq
2
3

´
1

6
?

1` ξ p1´
?

1` ξq
2
3

q

“

`

1´
?

1` ξ
˘

1
3 `

`

1`
?

1` ξ
˘

1
3

3 ξ
2
3

`
1

6
?

1` ξ

p1´
?

1` ξq2{3 ´ p1`
?

1` ξq2{3

ξ2{3
.

(a) For ξ Ñ 0,
hpξq “

ξÑ0
21{3ξ1{3

` opξ1{3
q,

and

h1pξq “
ξÑ0

21{3

3ξ
2
3

` ξ
1
3 p

1

6ˆ 22{3
´

22{3

ξ2{3
q ` op

1

ξ2{3
q “

21{3

3ξ
2
3

` op
1

ξ2{3
q,

which yields that

g1pξq “ h1pξq
`

1´ hpξq
˘

“
ξÑ0

21{3

3ξ
2
3

´`op
1

ξ2{3
q.

(b) For ξ Ñ `8,
In order to estimate g1 we need to do a Taylor expansion up to the third order:

hpξq “
ξÑ`8

ξ1{3
p1` ξq1{6

`

p1`
1

?
1` ξ

q
1{3
´ p1´

1
?

1` ξ
q
1{3
˘

“ ξ1{3
p1` ξq1{6

´

1`
1

3
?

1` ξ
´

1

32p1` ξq
`

2ˆ 5

333!p1` ξq3{2

´p1´
1

3
?

1` ξ
´

1

32p1` ξq
´

2ˆ 5

333!p1` ξq3{2
q ` op

1

ξ3{2
q

¯

“ ξ1{2
`

1`
1

6ξ
` op

1

ξ
q
˘` 2

3
?

1` ξ
`

10

34p1` ξq3{2
` op

1

ξ3{2
q
˘

“ ξ1{2
`

1`
1

6ξ
` op

1

ξ
q
˘` 2

3
?
ξ
´

1

3ξ3{2
`

10

34p1` ξq3{2
` op

1

ξ3{2
q
˘

“ ξ1{2
` 2

3
?
ξ
`

1

32ξ3{2
´

1

3ξ3{2
`

10

34p1` ξq3{2
` op

1

ξ3{2
q
˘

“
2

3
´

8

81ξ
` op

1

ξ
q.

Differentiating the above expression, we get:

h1pξq “
ξÑ`8

8

81ξ2
` op

1

ξ2
q,
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which yields that

g1pξq “ h1pξq
`

1´ hpξq
˘

“
ξÑ0

` 8

81ξ2
` op

1

ξ2
q
˘`

1´
2

3
`

8

81ξ
` op

1

ξ
q
˘

“
16

35ξ2
´

8

35ξ2
` op

1

ξ2
q “

8

35ξ2
` op

1

ξ2
q.

˝

168



CHAPTER 5. EXTENSION FOR A POISSON COMPOUND PROCESS

Chapter 5

Extension to SDEs driven by a Poisson
compound process

Abstract: In this article we approximate the invariant distribution ν of an ergodic
Jump Diffusion driven by the sum of a Brownian motion and a Compound Poisson pro-
cess with sub-Gaussian jumps. We first construct an Euler discretization scheme with
decreasing time steps, particularly suitable in cases where the driving Lévy process is a
Compound Poisson. This scheme is similar to those introduced by Lamberton and Pagès
in [LP02] for a Brownian diffusion and extended by Panloup in [Pan08b] to the Jump Dif-
fusion with Lévy jumps. We obtain a non-asymptotic Gaussian concentration bound for
the difference between the invariant distribution and the empirical distribution computed
with the scheme of decreasing time step along a appropriate test functions f such that
f ´ νpfq is is a coboundary of the infinitesimal generator.

1 Introduction

1.1 Setting

Let pXtqtě0 be a d-dimensional càdlàg process solution of the stochastic differential
equation:

dXt “ bpXtqdt` σpXtqdWt ` κpXt´qdZt. (1.1)

where b : Rd Ñ Rd, σ : Rd Ñ Rd b Rr and κ : Rd Ñ Rd b Rr are Lipschitz continuous,
pWtqtě0 is a Wiener process of dimension r, and pZtqtě0 is a Rr -valued compound Poisson
process (CPP),
Zt “

řNt
k“1 Yk, where pYkqkPN are i.i.d. r -dimensional random vectors with common

distribution π on BpRrq and pNtqtě0 is a Poisson process, independent of pYkqkPN. The
processes pWtqtě0 and pZtqtě0 are assumed to have the same dimension for the sake of
simplicity. Moreover, pNtqtě0, pYkqkPN and pWtqtě0 are independent and defined on a given
filtered probability space pΩ,G, pGtqtě0,Pq. We assume that b, σ, and κ satisfy a suitable
Lyapunov condition (assumption pLVq in Section 1.3) which ensures the existence of an
invariant distribution ν of pXtqtě0 (see [Pan08b]). For the sake of simplicity we also assume
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CHAPTER 5. EXTENSION FOR A POISSON COMPOUND PROCESS

the uniqueness of the invariant distribution. We refer to [Mas07] under irreductibility and
Lyapunov conditions for the existence and uniqueness of the invariant distribution for a
diffusion driven by Lévy process.

The aim of this paper is to establish a non-asymptotic bound on the probability
of the deviation νnpfq ´ νpfq, where νn is an appropriate empirical measure such that
limnÑ8 νnpfq “ νpfq a.s. for all suitable test functions f .

The algorithm that we define in this article is based on an Euler-like discretization
scheme with decreasing time step pγnqně1 s.t. limn γn “ 0. Lamberton and Pagès first
introduced such a scheme in [LP02] for a Brownian diffusion. They showed that the
empirical measure of their scheme converges to the invariant measure of the diffusion and
that it satisfies the Central Limit Theorem. The decreasing steps allows to the empirical
measure to directly converge towards the invariant one. If we choose a constant time
step γk “ h ą 0 in the scheme, the expected ergodic theorem is νnpfq

a.s.
ÝÑ
n

νhpfq “
ş

Rd fpxqν
hpdxq, where νh is the invariant distribution of the scheme which is supposed to

converge toward the invariant measure of the diffusion (1.1) when h Ñ 0 (see e.g. For
more details about this approach we refer to [TT90], [Tal02] and [MT06]).

Next, Panloup in [Pan08a] and [Pan08b] adapted the algorithm of [LP02] to the Jump
Diffusion with Lévy jumps [Pan08b] and also showed the convergence and the Central
Limit Theorem for the empirical measure in this case. In the same way as the questions
of the convergence of the empirical measure νn or of its limiting distribution, the natural
question is that of the nature of the deviations νnpfq´νpfq along appropriate test functions
f . In the case of the Brownian diffusion this question was considered in Chapters 3 and 4.
Note that in the Brownian diffusion case the innovations of the Euler scheme are designed
in order to “mimic" Brownian increments, hence it is natural to assume that they satisfy
some Gaussian Concentration property (assumption (GC) in Section 1.3). In particular
this Gaussian Concentration property is satisfied by Gaussian or symmetric Bernoulli law.
Taken as an assumption on the Brownian innovations of the scheme, it allows to show
a non-asymptotic Gaussian Concentration bound for the probability of the deviations of
νnpfq from νpfq, see Chapters 3 and 4 with sharp constants. The deviation νnpfq ´ νpfq
is evaluated along the functions f such that f ´ νpfq is a coboundary of the infinitesimal
generator of the diffusion.

When the diffusion contains Lévy jumps, it is not generally expected that these devi-
ations will show a Gaussian behaviour. But such a behaviour seems natural if we suppose
that the driving Levy process is a Compound Poisson process and the jump size vectors
pYkqkPN satisfy a Gaussian Concentration property (GC). In this paper, we focus on this
situation. Before giving its precise formulation we need to introduce some notations. First
of all, we introduce our discretization scheme. In general, for a Euler scheme correspond-
ing to a Jump Diffusion with Lévy jumps, one has to define a numerically computable
jump vectors designed to “mimic" the increments of the driving Lévy process. In most
cases, the increments of a Lévy process are not numerically computable, that is why it
is important to propose different ways to approximate these increments according to the
nature of the driving Lévy process. In this paper we introduce a scheme (S) particularly
suitable in the case where a driven Lévy process is a Compound Poisson. Note that our
scheme is close to the scheme (C) of [Pan08b]. Like in the previously mentioned articles,
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Partie II: Non-asymptotic concentration inequalities

we denote time steps pγkqkě1, and for all n ě 0, we define:

Xn`1 “ Xn ` γn`1bpXnq `
?
γn`1σpXnqUn`1 ` κpXnqZn`1, (1.2)

where X0 is an Rd valued random variables such that X0 P L
2pΩ,F0,Pq, pUnqně1 is an

i.i.d. sequence of centered random variables matching the moments of the Gaussian law
on Rr up to order three, independent of X0. Furthermore, for all n ě 1 we put

Zn :“ BnYn, (1.3)

where pBnqně1 are one-dimensional independent Bernoulli random variables, independent
of X0, pUnqně1 and pYnqně1, s.t. Bn

(law)
“ Bernpµγnq, where µ is an intensity of the Poisson

process driving the CPP pZtqtě0. Without loss of generality we can suppose from now on
that µ “ 1. The choice (1.3) of the innovations Zn, n P N is motivated by the following
heuristic reasoning: Zn has to “mimic" the increment of the CPP Zt “

řNt
k“1 Yk on the

small time interval of the length γn. The probability that the CPP does not jump on this
interval is equal to expp´γnq “ 1´ γn ` opγnq, and if the CPP jumps on this interval, it
will most probably have only one jump. Hence we approximate the increment Nγn of the
CPP by a t0, 1u random variable with the probability of 1 equal to γn.

We also introduce the empirical (random) measure of the scheme: for all A P BpRdq

(where BpRdq is the Borel σ-field on Rd):

νnpAq :“ νnpω,Aq :“

řn
k“1 γkδXk´1pωqpAq

řn
k“1 γk

. (1.4)

Obviously, to study long time behaviour, we have to consider steps pγkqkě1 such that the
current time of the scheme Γn :“

řn
k“1 γk Ñn

`8. We recall as well that γk Ó
k

0. We

suppose that both jump amplitudes pYnqně1 and Brownian innovations pUnqně1 satisfy a
Gaussian concentration (see further the assumption (GC)). As we already mentioned,
the aim of the paper is to show that this assumption implies a non-asymptotic Gaussian
Concentration inequality for the probability of the deviations of νnpfq from νpfq (see
Theorem 2, Section 2). The main argument in the proof of Theorem 2 is the fact that the
(GC) property of jumps sizes Yk, k P N, permits to show the similar Gaussian Concen-
tration property for the jump innovations Zk, k P N. This result is given in Proposition
1. However the Gaussian Concentration property of jump innovations depends on the
dimension of the jump heights. This dependence survives in the main Theorem 2 giving
Gaussian Concentration of the deviation of νn from ν.

The current chapter is organized as follows. In Section 1.2, we introduce some useful
notations. The assumptions required for our main results are outlined in Section 1.3. In
this part, we formulate a Gaussian concentration property of the jump innovation Zn,
the proof is given in Section 2.4. We state in Section 1.4 some already known results
connected with the approximation scheme. Our main results are in Section 2, and the
demonstration is located in Section 2.3. Section 3 is dedicated to the analysis of the
exponential integrability of Lyapunov function. Technical lemmas are stated in Section
2.2, but their proofs are postponed to Section 4. Eventually, we propose a numerical
illustration of our main result in Section 5.
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1.2 General notations

We set for any step sequence pγnqně1:

@` P p0,`8q, Γp`qn :“
n
ÿ

k“1

γ`k, Γn :“
n
ÿ

k“1

γk “ Γp1qn ,

where Γn corresponds to the current time, hence Γn Ñ
nÑ`8

`8. For the sake of simplicity,

from now on, the time step sequence will have the form: γn — 1
nθ

with θ P p0, 1s, where
for two sequences punqnPN, pvnqnPN the notation un — vn means that Dn0 P N, DC ě 1 s.t.
@n ě n0, C

´1vn ď un ď Cvn.

Henceforth, C will be a non negative constant, and penqně1, pRnqně1 will be determin-
istic sequences s.t. en Ñn 0 and Rn Ñn 1, that may change from line to line. The constant
C as well as the sequences penqně1, pRnqně1 depend on known parameters appearing in
the hypotheses set in Section 1.3 (which will be called (A) further). Other possible de-
pendencies will be explicitly specified.

We denote by Im, m P td, ru the identity matrix of dimension m.

Through the article, for any smooth enough function f , for k P N we will denote Dkf
the tensor of the kth derivatives of f . Namely Dkf “ pBi1 . . . Bikfq1ďi1,...,ikďd. Yet, for a
multi-index α P Nd

0 :“ pNY t0uqd, we set Dαf “ Bα1
x1
. . . Bαdxd f : Rd Ñ R.

For a β-Hölder continuous function f : Rd Ñ R, we denote by

rf sβ :“ sup
x‰x1

|fpxq ´ fpx1q|

|x´ x1|β
ă `8,

its Hölder modulus of continuity. Here, |x´x1| stands for the Euclidean norm of x´x1 P Rd.
We define for pp, d,mq P N3, CppRd,Rmq the space of p-times continuously differentiable

functions from Rd to Rm. Furthermore, for f P CppRd,Rmq, p P N, we set for β P p0, 1s the
Hölder modulus:

rf ppqsβ :“ sup
x‰x1,|α|“p

|Dαfpxq ´Dαfpx1q|

|x´ x1|β
ď `8,

where α P Nd is a multi-index of length p, namely |α| :“
řd
i“1 αi “ p. In other words, in

the above definition, the | ¨ | in the numerator is the usual absolute value. We will also
use the notation rrn, pss, pn, pq P pN0q

2, n ď p, for the set of integers being between n and p.

Let us introduce for k P N0, β P p0, 1s and m P t1, d, dˆ ru the Hölder spaces

Ck,βpRd,Rm
q :“tf P CkpRd,Rm

q:@α P Nd, |α| P rr1, kss, sup
xPRd

|Dαfpxq|ă `8, rf pkqsβă `8u,

Ck,βb pRd,Rm
q :“tf P Ck,βpRd,Rm

q:}f}8ă `8u. (1.5)
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In the above definition, we denote for all bounded mapping ζ : Rd Ñ Rm, m P t1, d, dˆru,
the uniform norm }ζ}8 :“ supxPRd }ζζ

˚pxq} with }ζpxq} “ Tr pζζ˚pxqq1{2, where for M P

Rm b Rm, TrpMq is the trace of M . In particular, } ¨ } is the Fröbenius norm ∗.
Practically, with these notations, Ck,βpRd,Rmq stands for the subset of CkpRd,Rmq

whose elements have bounded derivatives up to order k and β-Hölder continuous kth

derivatives. In particular, for k “ 0, the space of Lipschitz continuous functions from Rd

to Rm is denoted by C0,1pRd,Rmq.

For a given Borel function f : Rd Ñ E, where E can be R, Rd, Rd b Rr,Rd b Rd, we
set for k P N0:

fk :“ fpXkq.

Moreover, for k P N0, we denote

Fk :“ σ
`

X0, pUj, ZjqjPrr1,kss
˘

and rFk :“ σ
`

X0, pUj, ZjqjPrr1,kss, Uk`1

˘

. (1.6)

Eventually, we define the infinitesimal generator associated with the diffusion (1.1)
which writes for all ϕ P C2pRdq and x P Rd:

Aϕpxq “ bpxq∇ϕpxq ` 1

2
Tr

`

σσ˚pxqD2ϕpxq
˘

`

ż

Rd
pϕpx` κpxqyq ´ ϕpxqq πpdyq

“: rAϕpxq `
ż

Rd
pϕpx` κpxqyq ´ ϕpxqq πpdyq, (1.7)

where π stands for the distribution of Y1, and rA is the infinitesimal generator of the
continuous part of the diffusion.

1.3 Hypotheses

We assume the following set of hypothesis about the coefficients of the SDE (1.1) and
the parameters of the scheme (1.2):

(C0) The functions b : Rd Ñ Rd, σ : Rd Ñ Rd b Rr and κ : Rd Ñ Rd b Rr are globally
Lipschitz continuous.

(C1) The first value of the scheme X0 is sub-Gaussian: there exists λ0 P R˚` such that

@λ ă λ0, E rexppλ|X0|
2
qs ă `8.

(C2) Defining for all x P Rd, Σpxq :“ σσ˚pxq, Kpxq “ κκ˚pxq, we suppose that

sup
xPRd

TrpΣpxqq “ sup
xPRd

}σpxq}2 “: }σ}28 ă `8, sup
xPRd

TrpKpxqq “ sup
xPRd

}κpxq}2 “: }κ}28 ă `8.

∗. Remark that this notation is also available for vector norms. Indeed, any Rd vectors can be regarded
as line vectors, and we define similarly for a vector or for a matrix the uniform norm } ¨ }8.
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(GM) The sequences of random variables pUnqně1 and pYnqně1 are respectively i.i.d., such
that

E rU1s “ E rY1s “ 0; ErpU i
1U

j
1 q1ďi,jďrs “: ErUb2

1 s “ Ir,

ErY b2
1 s “ Ir; ErpU i

1U
j
1U

k
1 q1ďi,j;kďrs “: ErUb3

1 s “ 0 †.

Also, pUnqně1, pYnqně1 and X0 are independent.

(GC) We say that r.v. G P L1 satisfies Gaussian concentration property, if for every
Lipschitz continuous function g : Rr Ñ R and every λ ą 0:

E
“

exppλgpGqq
‰

ď exp

ˆ

λE rgpGqs `
λ2rgs21

2

˙

, (1.8)

We assume that U1 and Y1 satisfy the Gaussian concentration property.

(LV) We assume the following Lyapunov like stability condition:

There exists a non-negative function V : Rd ÝÑ rv˚,`8q with v˚ ą 0 such that

i) V is a C2 continuous function s.t. }D2V }8 ă `8, and lim|x|Ñ8 V pxq “ `8.

ii) There is C
V
P p0,`8q such that for all x P Rd:

|∇V pxq|2 ` |bpxq|2 ď C
V
V pxq.

iii) There exist α
V
ą 0, βV P R` such that for all x P Rd,

AV pxq ď ´α
V
V pxq ` βV .

(U) There is a unique invariant distribution ν to equation (1.1).

(S) We assume that the sequence pγkqkě1 is small enough, namely for all k ě 1,

γk ď
1

2
minp2,

αV

4
`

rbs1CV
8

` p
?
CV rbs1

2
`
?
CV }D2V }8

2
`

CV
4
q
?
CV

˘

q,

where CV is given by the assumption (LV). For β P p0, 1s, we introduce:

(Tβ) We choose a test function ϕ such that

i) ϕ P C3,βpRd,Rq,
ii) x ÞÑ x∇ϕpxq, bpxqy is Lipschitz continuous,

we further assume that there exist CV,ϕ ą 0 s.t. for all x P Rd:

iii) |ϕpxq| ď CV,ϕp1`
a

V pxqq.

Remark 1 Under the assumption (C0) the equation (1.1) admits a unique non-explosive
solution, cf [App09] (Theorem 6.2.9.).
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Remark 2 The assumption (GC) is central for this paper. Note that the laws N p0, Irq
and p1

2
pδ1` δ´1qq

br, i.e. for Gaussian or symmetrized Bernoulli increments which are the
most commonly used sequences for the sub-Gaussian innovations, satisfy (GC). More-
over, inequality (1.8) yields that for all r ě 0, Pr|U1| ě rs ď 2 expp´ r2

2
q (sub-Gaussian

concentration of the innovation, see e.g. [BGL14]).

Remark 3 The assumption (LV) together with (C2) ensure, following [Pan08a] (Propo-
sition 1) the existence of at least one invariant distribution of the SDE (1.1). Note that
this Lyapunov assumption (LV) is equivalent to the similar Lyapunov assumption for the
continuous part of the equation (1.1). Indeed, using second order Taylor expansion, the
fact that πp¨q “ 0 and πp| ¨ |2q “ r ă 8, we get that

|

ż

Rr
pV px` κpxqyq ´ V pxqqπpdyq| ď

}κ}28r}D
2V }8

2
.

Hence the condition iii) of pLVq is equivalent that the generator of the diffusion without
jumps satisfies

AV pxq ď ´rα
V
V pxq ` rβV , (1.9)

with α̃V “ αV , β̃V “ βV `
}κ}28r}D

2V }8
2

. For more information about Lyapunov function
existence, see e.g. [GP14].

Moreover, it is classic to see that this assumption constraints the drift coefficient b
to be under a linear map. Indeed, this is the consequence of the fact that the Lyapunov
function V has to be lower than the square norm, i.e. there exist constants K, c̄ ą 0 such
that for all |x| ě K, |V pxq| ď c̄|x|2 and hence using ii) of (LV ) |bpxq| ď

?
CV c̄|x|.

Remark 4 The assumption (Tβ) allows to substantially simplify the proof of our results.
The condition iii) is natural for ϕ Lipschitz continuous, which is obviously lower than the
square root of a quadratic function (potentially V ). Whilst the condition ii) is a direct
consequence if ϕ is the solution of the Poisson equation:

Aϕ “ f, (1.10)

where f P C1,βpRd,Rq s.t. νpfq “ 0. If σ, κ P C1,β
b pRd,Rdˆrq, b P C1,βpRd,Rdq and ϕ P

C3,βpRd,Rq, then both sides of the following identity:

x∇ϕ, by “ f ´
1

2
Tr
`

ΣD2ϕ
˘

´

ż

Rd

`

ϕp¨ ` κp¨qyq ´ ϕp¨q
˘

πpdyq,

are Lipschitz continuous.

From now on, we identify assumptions (C0), (C1), (C2), (GM), (GC), (LV), (U),
(S) and (Tβ) for some β P p0, 1s to (A). Except when explicitly indicated, we assume
throughout the paper that assumption (A) is in force.

We suppose that the step sequence pγkqkě1 is taken such that γk — k´θ, θ P p0, 1s.
This pick yields for any ` ě 0, Γ

p`q
n — n1´`θ if `θ ă 1, Γ

p`q
n — lnpnq if `θ “ 1 and Γ

p`q
n — 1 if

`θ ą 1.
The corner stone of our analysis is the fact that the jumps innovations pZnqnPN inherit

the Gaussian concentration property of pYnqnPN:
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Proposition 1 (Gaussian concentration of the jumps innovation) Let g : Rr Ñ

R uniform Lipschitz continuous function, ε P p0, 1q and

ρprq “
?
rp3` rq `

1

8
` 4 expp

?
r ` 1` r{2q. (1.11)

Then for all 0 ă λ ă ε
6rgs1ρprq

the following inequality holds for all n P N

E exppλgpZnqq ď exppλEgpZnq `
λ2γnp1` r ` εqrgs

2
1

2
q. (1.12)

Remark 5 Let us point out that the concentration inequality is only valid for λ on a
compact set. This constraint is due to the difficulty to approximate a compound Poisson
process which has actually a sub-exponential tail (and not a sub-Gaussian one).

The proof of this proposition is given in Subsection 2.4.

1.4 Existing results

The natural next question concerns the rate of that convergence. In a Brownian dif-
fusion framework, a Central Limit Theorem (CLT) was established by Lamberton and
Pagès [LP02] for functions f of the form f ´ νpfq “ rAϕ, namely f ´ νpfq is a cobound-
ary for rA, where rA denotes the continuous part of the infinitesimal generator (see (1.7)
further). This choice of functions class comes from the characterization of the invariant
distribution ν by a solution in the distribution sense of the stationary Fokker-Planck equa-
tion: rA˚ν “ 0 (where rA˚ stands for the adjoint of rA). In other words, for all functions
ϕ P C2pRd,Rq, we have νp rAϕq “

ş

Rd
rAϕpxqνpdxq “ 0.

In [Pan08a], the author also provided the rate of convergence through a Central Limit
Theorem (CLT) for the already mentioned general scheme:

Theorem 1 (CLT) Under (C2), (U) and (LV), if E|Zt|2p ă `8 for p ą 2, if ErUb3
1 s “

0, Er|U1|
2ps ă `8 and limn

Γ
p2q
n?
Γn
“ 0 then for all function ϕ P C3,1pRd,Rq we have the

following results (with pLq denoting the weak convergence):

a

ΓnνnpAϕq
pLq
ÝÑ N

`

0, σ2
ϕ

˘

, (1.13)

with
σ2
ϕ :“

ż

Rd

`

|σ˚∇ϕ|2pxq `
ż

Rd
|ϕpx` κpxqyq ´ ϕpxq|2πpdyq

˘

νpdxq. (1.14)

In the Brownian diffusion context (κ “ 0), under some confluence and non-degeneracy
or regularity assumptions, in Chapter 3, we established suitable derivatives controls for the
Poisson problem (e.g. Schauder estimates). With a compound Poisson process, we think
that a similar analysis may work. It will be a future research. Let us mention [Pri10] for
some Schauder estimates for Poisson equation, with a potential, associated with a SDE
purely driven by stable processes but with a constant drift.
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In [HMP18], the authors have established a non-asymptotic Gaussian concentration
with κ “ 0 there are explicit sequences cn ď 1 ď Cn converging to 1 such that for all
n P N, for all a ą 0 and γk — k´θ, θ P p1

3
, 1s,

Pr
a

ΓnνnpAϕq ě as ď Cn exp

ˆ

´cn
a2

2}σ}28}∇ϕ}8

˙

, (1.15)

which is our goal for a diffusion with jump contributions. Remark that, in Chapter 4
a non-asymptotic Gaussian concentration was established with the asymptotically best
constants for a particular large deviation called “Gaussian deviations" therein. In other
words, for a “ op

?
Γnq:

Pr
a

ΓnνnpAϕq ě as ď Cn exp

ˆ

´cn
a2

2νp|σ˚∇ϕ|2q

˙

. (1.16)

In this present work, we aim to obtain a Gaussian deviations bound like (1.15) for the
scheme (1.2). To do so, we will perform the so-called martingales increments method which
was exploited successfully by Frikha and Menozzi [FM12]. It was also the backbone of the
analysis in Chapters 3 and 4. Here, we adapt these techniques for the stochastic differential
equation (1.1) driven by the compound Poisson with Jump heigh sizes satisfying Gaussian
concentration.

2 Main results

2.1 Result of non-asymptotic Gaussian concentration

Our main result is stated below.

Theorem 2 For θ P p 1
2`β

, 1s, β P p0, 1s, assume that (A) is in force. For all positive
sequence pχnqně1 with limnÑ8 χn “ 0, there are two non-negative sequences pcnqně1 and
pCnqně1 satisfying cn Õ 1 and Cn Œ 1 as n Ñ 8, such that for all n P N, a ą 0 ,
satisfying a ď χn

?
Γn

Γ
p2q
n

, the following bound holds:

P
“

|
a

ΓnνnpAϕq| ě a
‰

ď 2Cn exp
`

´ cn
a2

2σ2
8

˘

,

where σ2
8 :“ p1` rq}κ}28}∇ϕ}28 ` }σ}28}∇ϕ}28 and Cn “ exp

`

rD3ϕsβ}σ}
3`β
8 Er|U1|

3`βs

p1`βqp2`βqp3`βq
Γ
p
3`β

2 q

n?
Γn

`

pn
Γ
p2q
n?
Γn

˘

for pn ě 1 such that pn Ñn `8 and pn Γ
p2q
n?
Γn
Ñn 0.

The proof of Theorem 2 is given in Section 2.3.

Remark 6 Note that for all θ P p 1
2`β

, 1s,
?

Γn

Γ
p2q
n

“ `8, then we can choose χn s.t. χn
?

Γn

Γ
p2q
n

Ñ
n

`8. In other words, we can pick a “ apnq Ñn `8. We have unsurprisingly that σ2
ϕ ď

σ2
8, where σ2

ϕ is the asymptotic variance of
?

ΓnνnpAϕq defined in (1.14). Moreover, the
difficulty to adapt a Gaussian Concentration result to compound Poisson process yields
that the upper-bound variance σ2

8 depends on the dimension.
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2.2 Strategy

For the analysis of νnpAϕq, we will first perform an appropriate Taylor expansion
(equation (2.3) below). An expansion of this kind is standard in this context, and analo-
gous decompositions were already used in Chapter 3, Chapter 4 and in [Pan08b], [Pan08a]
with a jump component. It can be viewed as a kind of Itô formula for Euler scheme, be-
cause it permits to write the difference ϕpXnq ´ ϕpX0q as a sum of a martingale, a term
involving the generator and a remainder term. Recall that Fk “ σ

`

X0, pUj, ZjqjPrr1,kss
˘

,
k P N˚. Let us define the contributions of the decomposition of νnpAϕq in the following
lemma.

ψϕk pXk´1, Ukq :“
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯

dt,

∆ϕ
k pXk´1, Ukq :“ ψϕk pXk´1, Ukq ´ E

“

ψϕk pXk´1, Ukq|Fk´1

‰

,

r∆ϕ
k pXk´1, Zkq :“ ϕpXk´1 ` κk´1Zkq ´ ϕpXk´1q

´γk

ż

Rr

“

ϕpXk´1 ` κk´1yq ´ ϕpXk´1q
‰

πpdyq. (2.1)

Moreover, we define the remainder contributions in the decomposition of νnpAϕq.

Dk,ϕ
2,b pXk´1q :“ γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt,

Dk,ϕ
2,ΣpXk´1q :“

γk
2

Tr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯

,

Dk,ϕ
j pXk´1, Uk, Zkq :“ ϕpXkq ´ ϕpXk´1 ` γkbk´1 `

?
γkσk´1Ukq

´ pϕpXk´1 ` κk´1Zkq ´ ϕpXk´1qq . (2.2)

Lemma 1 (Local decomposition of the empirical measure) For all ϕ P C2pRd,Rq,
k P N˚ the following decomposition holds:

ϕpXkq ´ ϕpXk´1q “ γkAϕpXk´1q `∆ϕ
k pXk´1, Ukq ` r∆ϕ

k pXk´1, Zkq `Rϕ
k pXk´1, Uk, Zkq,

(2.3)
where

Rϕ
k pXk´1, Uk, Zkq :“ Dk,ϕ

2,b pXk´1q`D
k,ϕ
2,ΣpXk´1q`D

k,ϕ
j pXk´1, Uk, Zkq`E

“

ψϕk pXk´1, Ukq|Fk´1

‰

.
(2.4)

Furthermore, we have the following properties:
i) For all k P N˚, the functions u ÞÑ ∆ϕ

k pXk´1, uq and z ÞÑ r∆ϕ
k pXk´1, zq are Lipschitz,

satisfying
r∆ϕ

k pXk´1, ¨qs1 ď
?
γk}σk´1}}∇ϕ}8 ď

?
γk}σ}8}∇ϕ}8,

rr∆ϕ
k pXk´1, ¨qs1 ď }κk´1}}∇ϕ}8 ď }κ}8}∇ϕ}8.
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ii) For all k P N˚, ∆ϕ
k pXk´1, Ukq and r∆ϕ

k pXk´1, Zkq are martingale increments with respect
to Fk, namely:

E
“

∆ϕ
k pXk´1, Ukq

ˇ

ˇFk´1

‰

“ 0, E
“

r∆ϕ
k pXk´1, Zkq

ˇ

ˇFk´1

‰

“ 0.

The proof of Lemma 1 is given in Section 4. Now we introduce the martingales asso-
ciated to these martingale increments:

Mϕ
n :“

n
ÿ

k“1

∆ϕ
k pXk´1, Ukq, ĂMϕ

n :“
ÿ

k“1

r∆ϕ
k pXk´1Zkq. (2.5)

Summing (2.3) over k we obtain the following global decomposition of the empirical
measure:

νnpAϕq “ ´
1

Γn
pMϕ

n `
ĂMϕ
n `Rϕ

nq, (2.6)

where we denoted

Rϕ
n :“

n
ÿ

k“1

Rϕ
k pXk´1, Uk, Zkq ´ pϕpXnq ´ ϕpX0qq. (2.7)

Using the definition (2.2) we can write Rϕ
n “ ´L

ϕ
n `D

ϕ
2,b,n `D

ϕ
2,Σ,n `D

ϕ
j,n ` Ḡ

ϕ
n, with

Lϕn :“ ϕpXnq ´ ϕpX0q, Dϕ
2,b,n :“

n
ÿ

k“1

Dk,ϕ
2,b pXk´1q, Dϕ

2,Σ,n :“
n
ÿ

k“1

Dk,ϕ
2,ΣpXk´1q,

Dϕ
j,n :“

n
ÿ

k“1

Dk,ϕ
j pXk´1, Uk, Zkq, Ḡϕ

n :“
n
ÿ

k“1

E rψϕk pXk´1, Ukq|Fk´1s. (2.8)

In the proof of Theorem 2, we need some key results stated below. The proofs of all these
statements are postponed to Section 4.

The main contribution in the decomposition (2.6) is given by the martingales Mϕ
n and

ĂMϕ
n . Their analysis is given with the help of the Gaussian Concentration inequality (1.8)

and (1.12), trough the following lemma:

Lemma 2 (Concentration of the martingale increments) Let ∆ϕ
n and r∆ϕ

n given by
(2.1).

i) For all Λ ą 0 we have

E
„

exp

ˆ

´
Λ

Γn
∆ϕ
npXn´1, Unq

˙

ˇ

ˇ

ˇ
Fn´1



ď exp

ˆ

γn}σ}
2
8}∇ϕ}28

Λ2

2Γ2
n

˙

.

ii) For all 0 ă ε ă 1, n P N˚, for all Λ ą 0 s.t. Λ
Γn
ă ε

6}κ}8}∇ϕ}8ρprq , where ρprq is defined
in (1.11) , we have

E
„

exp

ˆ

´
Λ

Γn
r∆ϕ
npXn´1, Znq

˙

ˇ

ˇ

ˇ
Fn´1



ď exp

ˆ

γn}κ}
2
8}∇ϕ}28p1` r ` εq

Λ2

2Γ2
n

˙

.
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Now we formulate several propositions and lemmas that are used to control the com-
ponents of the remainder term Rϕ

n. The following proposition is the counterpart to the
jumps diffusion of the useful Proposition 1 in Chapter 3.

Proposition 2 Under (A), there is a constant cV :“ cV ppAqq ą 0 such that for all
λ P r0, cV s:

I
1
2
V :“ sup

ně0
E
“

exp
`

λ
?
V pXnq

˘‰

ă `8. (2.9)

Remark 7 In particular, we easily see that for all λ P r0, cV s and ξ P r0, 1
2
s:

IξV :“ sup
ně0

E
“

exp
`

λV pXnq
ξ
˘‰

ă `8. (2.10)

Note that for κ “ 0 (purely continuous case), the integrability of exp
`

λV pXnq
ξ
˘

is avail-
able until ξ “ 1 (see Proposition 1 in [HMP18]). The lost of integrability is the consequence
of the bound condition over λ in the Gaussian Concentration result of Proposition 1.

We have the following results for the initial term appearing in (2.3) which is handled
thanks to the below result.

Lemma 3 (Initial term) For all Λ ą 0 s.t. Λ
Γn
ă

cV
2CV,ϕ

:

E exp
´

Λ
|Lϕn|

Γn

¯

ď exp
´

2CV,ϕ
Λ

Γn

¯

pI
1
2
V q

2CV,ϕΛ

cV Γn

with cV , I
1
2
V given in Proposition 2.

Next the last remainders are controlled as following:

Lemma 4 (Remainders) For all Λ ą 0 s.t. Λ
Γn
ă

2cV
`

}∇ϕ}8rbs1`rx∇ϕ,bys1
˘?

C
V

1

Γ
p2q
n

:

E exp
´ Λ

Γn

ˇ

ˇDϕ
2,b,n

ˇ

ˇ

¯

ď pI
1{2
V q

Λ

`

}∇ϕ}8rbs1`rx∇ϕ,bys1

˘

?
C
V

Γ
p2q
n

2cV Γn . (2.11)

We also have, for all Λ ą 0 s.t. Λ
Γn
ď

cV
}σ}28}D3ϕ}8

?
C
V

1

Γ
p2q
n

:

E exp
´ Λ

Γn

ˇ

ˇDϕ
2,Σ,n

ˇ

ˇ

¯

ď pI
1{2
V q

}σ}28}D
3ϕ}8C

1
2
V

ΛΓ
p2q
n

2cV Γn . (2.12)

Lemma 5 (Bounds for the Conditional expectations) With the notations (2.8), and
for θ P p 1

2`β
, 1s, we have that

|Ḡϕ
n|?
Γn

a.s.
ď αn :“

rϕp3qsβ
›

›σ
›

›

p3`βq

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq

Γ
p

3`β
2
q

n
?

Γn
Ñ
n

0.
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Remark 8 The strongest condition over θ comes from this remainder term. Indeed, for

θ ă 2
3`β

, Γ
p
3`β

2 q

n?
Γn

— n
1´p2`βqθ

2 which goes to 0 if and only if θ ą 1
2`β

. Whilst for the other

remainders, for θ ă 1
2
, we need to have Γ

p2q
n?
Γn
— n

1´3θ
2 Ñn 0 which is implied by θ ą 1

3
.

Now, let us deal with the remainder term Dj,n due to the jump vector pZkqkě1.

Lemma 6 (Remainder term due to the jumps) If 0 ă Λ
Γn
ă 1

12}κ}8}∇ϕ}8ρprq , then
we have:

E
„

exp

ˆ

Λ

Γn
Dϕ
j,n

˙

ď exp

ˆ

p
Λ
?

Γn
`

Λ2

Γn
qen

˙

, (2.13)

where we recall that en “ enppAqq, n ě 1, is a sequence such that en Ñn 0.

The proof of this lemma is one of the most intricate of this article, we the decided to
postponed it to the end of Section 4.

2.3 Proof of our main result

Proof: Theorem 2
Through the following analysis, we deal with P

“?
ΓnνnpAϕq ě a

‰

. The term Bhouou
P
“?

ΓnνnpAϕq ď ´a
‰

can be handled readily by symmetry.
From notations introduced in (2.6), νnpAϕq “ ´ 1

Γn
pRϕ

n `M
ϕ
n `

ĂMϕ
n q. The idea is now

to write for a, λ ą 0:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
`

´
aλ
?

Γn

˘

E
”

exp
`

´
λ

Γn
pRϕ

n `M
ϕ
n `

ĂMϕ
n q
˘

ı

ď exp
`

´
aλ
?

Γn

˘

E
”

exp
`

´
qλ

Γn
pMϕ

n `
ĂMϕ
n q

¯ı1{q

E
”

exp
`pλ

Γn
|Rϕ

n|
˘

ı1{p

,

(2.14)

for 1
p
` 1

q
“ 1, p, q ą 1. We will choose later p “ ppnq Ñn `8 slowly enough, which

implies that q “ qpnq Ñ 1. Let λ ą 0. Recall that

Rϕ
n “ ´L

ϕ
n `D

ϕ
2,b,n `D

ϕ
2,Σ,n `D

ϕ
j,n ` Ḡ

ϕ
n

By Cauchy-Schwarz inequality, we obtain:

E
”

exp
`pλ

Γn
|Rϕ

n|
˘

ı1{p

ď

ˆ

E exp
´2pλ

Γn

ˇ

ˇLϕn
ˇ

ˇ

¯

˙
1
2p
ˆ

E exp
´4pλ

Γn

ˇ

ˇḠϕ
n

ˇ

ˇ

¯

˙
1
4p

ˆ

E exp
´8pλ

Γn

ˇ

ˇDϕ
2,b,n

ˇ

ˇ

¯

˙
1
8p
ˆ

E exp
´16pλ

Γn

ˇ

ˇDϕ
2,Σ,n

ˇ

ˇ

¯

˙
1

16p
ˆ

E exp
´16pλ

Γn

ˇ

ˇDϕ
j,n

ˇ

ˇ

¯

˙
1

16p

. (2.15)

We recall that all the long of our analysis, C ą 0 denotes a generic constant, pRnqně1 and
penqně1 are generic non-negative sequences, depending on coefficients of assumption (A),
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which may change frome line to line, such that limnÑ8Rn “ 1, limnÑ8 en “ 0. For the
term associated with Ln in (2.15), if 2pλ

Γn
ă

cV
2CV,ϕ

, by Lemma 3 we can write:
´

E exp
`

2pλ
|Lϕn|

Γn

˘

¯
1
2p
ď exp

´

2CV,ϕ
λ

Γn

¯

pI
1
2
V q

2CV,ϕλ

cV Γn “ exppC
λ

Γn
q. (2.16)

From Lemma 5, with αn defined there and by Young inequality we obtain:
´

E exp
`4pλ

Γn
|Ḡϕ

n|
˘

¯
1
4p
ď exp

` λ
?

Γn
αn

˘

ď exp
` λ2

Γn2p
`
α2
np

2

˘

“ Rn exp
`λ2

Γn
en
˘

. (2.17)

In the last equality, Rn “ exppα2
npn{2q and en “ 1{2pn. Recall that αn Ñn 0. We need

to choose p “ pn Ñn `8. We choose pn such that pnα2
n Ñn 0.

For the term involving Dϕ
2,Σ,n from (2.15), if 16pλ

Γn
ď

2cV

Γ
p2q
n }σ}28}D3ϕ}8

?
C
V

, using Lemma

4, we can write

´

E exp
`16pλ

Γn

ˇ

ˇDϕ
2,Σ,n

ˇ

ˇ

˘

¯
1

16p
ď pI

1{2
V q

}σ}28}D
3ϕ}8C

1
2
V
λΓ
p2q
n

cV Γn “ exppC
λΓ

p2q
n

Γn
q “ exppC

λ
?

Γn
enq,

(2.18)
where in the last equality we take en “ Γ

p2q
n?
Γn

and recall that for all θ P p1
3
, 1s, Γ

p2q
n?
Γn
Ñ
n

0.

For the remainder depending on Dϕ
2,b,n from (2.15), if 4pλ

Γn
ă

2cV

Γ
p2q
n

`

}∇ϕ}8rbs1`rx∇ϕ,bys1
˘?

C
V

,

thanks to Lemma 4 we have again with en “ Γ
p2q
n?
Γn

:

´

E exp
`4pλ

Γn

ˇ

ˇDϕ
2,b,n

ˇ

ˇ

˘

¯
1
4p
ďpI

1{2
V q

λ

`

}∇ϕ}8rbs1`rx∇ϕ,bys1

˘

?
C
V

Γ
p2q
n

2cV Γn “ exppC
λΓ

p2q
n

Γn
q“ exppC

λ
?

Γn
enq.

(2.19)
Finally, Lemma 6 yields that if 0 ă 16pλ

Γn
ă 1

12}κ}8}∇ϕ}8ρprq , then:

E
„

exp

ˆ

16pλ

Γn
Dϕ
j,n

˙

ď exp

ˆ

λ
?

Γn
en `

λ2

Γn
en

˙

. (2.20)

We gather (2.16), (2.17), (2.18), (2.19) and (2.20) into (2.15) and finally from (2.14) we
obtain:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
`

´
aλ
?

Γn

˘

E
“

exp
`

´
qλ

Γn
pMϕ

n `
ĂMϕ
n q
˘‰

1
q exp

`

p
λ
?

Γn
`
λ2

Γn
qen

˘

Rn.

(2.21)
Now, let us control the martingale terms thanks to Lemma 2. Let 0 ă ε ă 1, and λ ą 0
s.t. qλ{Γn ă Cε

6}κ}8}∇ϕ}8ρprq , we recall that ρprq is defined in (1.11).
Thanks to Lemma 2 and the independence of Zn and Un conditionally to Fn´1 we can

write

E exp
´

´
qλ

Γn
pMϕ

n `
ĂMϕ
n q

¯

“E
„

exp
`

´
qλ

Γn
pMϕ

n´1 `
ĂMϕ
n´1q

˘

E
”

exp
`

´
qλ

Γn
p∆ϕ

npXn´1, Unq ` r∆ϕ
npXn´1, Znq

˘

ˇ

ˇ

ˇ
Fn´1

ı



ďE
„

exp
`

´
qλ

Γn
pMϕ

n´1 `
ĂMϕ
n´1q

˘

exp

ˆ

q2λ2γn
2Γ2

n

p}σ}28}∇ϕ}28 ` }κ}28}∇ϕ}28p1` r ` εqq
̇

.
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By induction we obtain

E exp
´

´
qλ

Γn
pMϕ

n `
ĂMϕ
n q

¯

ď exp

˜

´q2λ2

2Γ2
n

`

}κ}28}∇ϕ}28p1` r ` εq ` }σ}28}∇ϕ}28
˘

¯

n
ÿ

k“1

γk

¸

“ exp

ˆ

q2λ2

2Γn

`

}κ}28}∇ϕ}28p1` r ` εq ` }σ}28}∇ϕ}28
˘

˙

.

Plugging this inequality into (2.21) yields:

P
“

a

ΓnνnpAϕq ě a
‰

ď exp
´

´
aλ
?

Γn

¯

exp

ˆ

qλ2

2Γn

`

}κ}28}∇ϕ}28p1` r ` εq ` }σ}28}∇ϕ}28
˘

˙

ˆ exppp
λ
?

Γn
`
λ2

Γn
qen

˘

Rn. (2.22)

Next, we optimize the polynomial ´ aλ?
Γn
`

qλ2

2Γn

`

}κ}28}∇ϕ}28p1` r` εq` }σ}28}∇ϕ}28
˘

over
λ which leads to consider:

λ :“ λn :“
a
?

Γn
qp}κ}28}∇ϕ}28p1` r ` εq ` }σ}28}∇ϕ}28q

. (2.23)

We check first the assumptions over λ in all lemmas that we used in this proof. In (2.16)
and (2.20) we need pλn{Γn ă C. And for (2.18) and (2.19) we need pλn{Γn ă C

Γ
p2q
n

. Finally
qλn{Γn ă Cεn is required to apply Lemma 2. We recall that we will choose p Ñ 8 and
q Ñ 1 and finally εÑ 0.

We recall also that from the statement of the theorem a “ apnq can depends of n in
such a way that a?

Γn
ď

χn

Γ
p2q
n

Ñn 0. But if q Ñ 1, for n big enough λn
Γn
— a?

Γn
ă

χn

Γ
p2q
n

Ñ 0.

Hence, the condition
pλn
Γn

—
pa
?

Γn
ă
pχn

Γ
p2q
n

ă C{Γp2qn (2.24)

has to be satisfied. Let us calibrate p “ ppnq Ñ 8 depending on χn Ñ 0 s.t. lim supn pχn ă
C. This pick of p yields (2.24). We can also choose, for C ą 0 large enough εn “ C χn

Γ
p2q
n

such that all conditions over λn, p, ε are satisfied with these choices.
The inequality (2.22) yields then for λ “ λn:

P
“

a

ΓnνnpAϕq ě a
‰

ď Rn exp
´

´
c̃na

2

2
`

p1` rq}κ}28}∇ϕ}28 ` }σ}28}∇ϕ}28
˘ `

λn
?

Γn
en

¯

,

with c̃n “
p1`rq}κ}28}∇ϕ}28`}σ}28}∇ϕ}28

q
`

p1`r`εq}κ}28}∇ϕ}28`}σ}28}∇ϕ}28
˘ Ñ
nÑ`8

1, and λn?
Γn
en ď Caen.

If a ď 1, we take Cn “ Rn exppCaenq Ñ
nÑ`8

1, otherwise if a ą 1 then we set

cn “ 1´ Cen
a2 Ñ

nÑ`8
1. In any case, we write the result:

P
“

a

ΓnνnpAϕq ě a
‰

ď Cn exp
´

´
cna

2

2
`

p1` rq}κ}28}∇ϕ}28 ` }σ}28}∇ϕ}28
˘

¯

.

˝
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2.4 Proof of the Gaussian property of the jump innovation

Proof: Proposition 1
Suppose first that g : Rr Ñ R is Lipschitz continuous with rgs1 ď 1. The case of

rgs1 ą 1 follows by considering λ̃ “ λrgs1 and g̃ “ g
rgs1

. We suppose w.l.o.g. that gp0q “ 0.

We recall that thank to the definition (1.3) the law of Zn is the same that the law of BnY,
where Bn is a Bernoulli variable with parameter γn, independent of the random vector Y
with distribution π on BpRrq. We will establish first that for all ε P p0, 1q and 0 ă λ ă ε

ρprq

(see (1.11)) we have

E exppλgpZnqq ď exppλEgpZnq `
λ2γnp1` pEgpY qq2 ` εq

2
q. (2.25)

Denote for this proof mg :“ EgpY q. Using (GC) property of Y we can write

E exppλgpZnqq “ γnE exppλgpY qq ` p1´ γnq ď γn exppλmg ` λ
2
{2q ` p1´ γnq.

Denote

∆exp
n :“ γn exppλmg `

λ2

2
q ` p1´ γnq ´ exppλγnmg ` λ

2
γnp1`m

2
g ` εq

2
q. (2.26)

Here, the second exponential corresponds to the right hand side in (2.25). We will show
that ∆exp

n ă 0. Indeed, let us develop the difference ∆exp
n by power series expansion:

∆exp
n “ γnpλmg `

λ2

2
q ´ pγnλmg ` λ

2
γnp1`m

2
g ` εq

2
q

`
1

2
γnpλmg `

λ2

2
q
2
´

1

2
pγnλmg `

γnλ
2p1`m2

g ` εq

2
q
2
`Qpλq

“ ´
γnλ

2

2
pε` γnm

2
gq `

γnλ
3

2

`

mgp1´ γnp1`m
2
g ` εqq

˘

`
1

8
γnλ

4
`

1´ γnp1`m
2
g ` εq

2
˘

`Qpλq,

where

Qpλq :“ γn
ÿ

kě3

1

k!
pλmg `

λ2

2
q
k
´

ÿ

kě3

1

k!
pγnλmg `

γnλ
2p1`m2

g ` εq

2
q
k.

In particular, using γn ď 1 from (S), and ε ă 1, we can roughly estimate:

∆exp
n ď ´

γnλ
2

2
ε`

γnλ
3

2

`

|mg|p3`m
2
gq
˘

`
1

8
γnλ

4
`Qpλq, (2.27)

Because g is 1-Lipschitz continuous and from the assumption (GM) we obtain:

m2
g “ |EgpYnq|2 ď E|gpYnq|2 “ E|gpYnq ´ gp0q|2 ď rgs1E}Yn}2 “ rgs1

r
ÿ

k“1

|Y k
|
2
ď r.
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Using again γn ď 1, λ ď 1, ε ď 1 we get

Qpλq ď γn
ÿ

kě3

λk

k!
p
?
r `

1

2
q
k
` γn

ÿ

kě3

λkγk´1
n

k!
p
?
r `

p2` rq

2
q
k
ď 2γnλ

3 expp
?
r ` 1` r{2q

Thus combined with (2.27) gives :

∆exp
n ď ´

γnλ
2

2
ε`

γnλ
3

2

`

|mg|p3`m
2
gq
˘

`
1

8
γnλ

4
` 2γnλ

3 expp
?
r ` 1` r{2q

ď γnλ
2
{2
 

´ ε` λ
?
rp3` rq `

1

8
λ2
` 4λ expp

?
r ` 1` r{2q

(

ď γnλ
2
{2
 

´ ε` λρprq
(

.

which is negative if λρprq ă ε, with ρprq defined in (1.11). This proves the (2.25). Together
with the inequality m2

g ď r this proves the concentration inequality in the case rgs1 ď 1.
˝

Remark 9 Note that r Ñ ρprq is increasing, hence the condition we need to put on λ in
order to propagate the Gaussian concentration from Y P Rr to Z became stronger if the
dimension r increase.

3 Exponential integrability of the square root of Lya-
punov function.

In Chapter 3, the exponential moments of the Lyapunov function was used to control
the remainder terms of the decomposition of the empirical measure. In this article, we
also use the Lyapunov function for this purpose. But our framework yields more con-
straints over the analysis. Namely, we cannot directly use exppCVnq which is not a priori
integrable. Indeed, let us consider the Compound Poisson process Z̃t :“

řNt
k“1 Ỹk where

pỸkqkPN is an i.i.d. sequence of a standard normal variables independent of Nt wich follows
a Poisson law, which is the typical jump random variables that we aim to approximate.
Conditionally to Nt, Z̃t „ N p0, Ntq. So if we choose the Lyapunov function to be the
standard quadratic map, i.e. for all x P Rd, V pxq “ |x|2 ` 1. We obtain in fine:

ErexppλV pZ̃tqs“e
λE

“

ErexppλZ̃2
t q|Nts

‰

ěeλEr
ż

Rd
exppλ|yt|

2
q expp´

|yt|
2

2Nt

q
dyt

p2πNtq
1{2
1Ntě1s,

this is integrable if almost surely Nt ă
1

2λ
which is not true for λ ą 0.

Proof: Proposition 2
Preliminarily to the proof of this proposition, we write some useful controls thanks to

assumption (LV), for all x P Rd,

|∇
?
V pxq| “ |

∇V pxq
2
?
V pxq

| ď

?
CV
2

, (3.1)

}D2
?
V pxq} “ }

D2V pxq

2
?
V pxq

´
∇V∇V ˚pxq

4V 3{2pxq
} ď

}D2V }8

2
?
v˚

`
CV

4
?
v˚
. (3.2)
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To begin we check that
?
V satisfies assumption (LV ) iii). We have readily that:

rA
?
V “

1

2
?
V

rAV ´ 1

8V
3
2

|σ˚∇V |2 ď 1

2
?
V
p´α̃V V ` β̃V q ď ´

αV
2

?
V ` β̄V , (3.3)

with β̄V :“ β̃V
2
?
v˚
. The first inequality is a consequence of Remark 3. Furthermore, for the

purely jump part of the infinitesimal generator we write:

A
?
V pxq ´ rA

?
V pxq “

ż

Rr
p
a

V px` κpxqyq ´
a

V pxqqπpdyq ď

?
CV }κ}8πp| ¨ |q

2
,

using (3.1). The previous inequality and (3.3) implies that:

A
?
V ď ´

αV
2

?
V ` β̄1V , (3.4)

where β̄1V “ β̄V `
?
CV }κ}8πp|¨|q

2
.

Next, let us decompose the Lyapunov function
?
V with a Taylor expansion similarly

to Lemma 1. We again use a splitting between the deterministic contributions and those
involving the innovation. We write for all n P N:

?
V pXnq ´

?
V pXn´1q “

?
V pXn´1 ` γnbn´1 `

?
γnσn´1Unq ´

?
V pXn´1q

`
?
V pXnq ´

?
V pXn´1 ` γnbn´1 `

?
γnσn´1Unq

“ γnA
?
V pXn´1q `

”

γn

ż 1

0

@

bn´1,
“

∇
?
V pXn´1 ` tγnbn´1q ´∇

?
V pXn´1q

‰D

dt
ı

´

”γn
2

Tr
`

D2
?
V pXn´1qqΣn´1

˘

ı

`

”

?
γnσn´1Un ¨∇

?
V pXn´1 ` γnbn´1q

`γn

ż 1

0

p1´ tqTr
´

D2
?
V pXn´1 ` γnbn´1 ` t

?
γnσn´1Unqσn´1Un b Unσ

˚
n´1

¯

dt
ı

`

”?
V pXnq ´

?
V pXn´1 ` γnbn´1 `

?
γnσn´1Unq

´γnπ
`

a

V pXn´1 ` κpXn´1q¨q ´
a

V pXn´1q
˘

ı

“: γnA
?
V pXn´1q ` V1pXn´1q ` V2pXn´1q ` V3pXn´1, Unq ` V4pXn´1, Un, Znq,

(3.5)

where for all x P Rd, the first term is such that:

V1pxq “ γn

ż 1

0

xbpxq,
∇V
2
?
V
px` tγnbpxqq ´

∇V
2
?
V
pxqydt

“ γn

ż 1

0

xbpxq ´ bpx` tγnbpxqq,
∇V
2
?
V
px` tγnbpxqqydt

`γn

ż 1

0

xb,
∇V
2
?
V
ypx` tγnbpxqq ´ xb,

∇V
2
?
V
ypxqdt “: V1

1 pxq ` V2
1 pxq. (3.6)

Because b is supposed to be Lipschitz continuous and thanks to (LV ) ii), we readily writes:

V1
1 pxq ď

γ2
nrbs1
4

|bpxq|

ż 1

0

|∇V |
2
?
V
px` tγnbpxqqdt ď

γ2
nrbs1CV

8

?
V pxq. (3.7)
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Whilst the next term is more subtle. Indeed, observe that thanks to (LV ) ii) the following
term is bounded:

|∇xb, ∇V
2
?
V
y| ď

ˇ

ˇDb
∇V
2
?
V
| `

ˇ

ˇb
D2V

2
?
V
| ` |

p∇V qp∇V q˚b
4V

3
2

ˇ

ˇ

ď

?
CV rbs1

2
`

?
CV }D

2V }8
2

`
C

3{2
V

4
“: C(3.8), (3.8)

which directly yields again thanks to (LV) ii) that

V2
1 pxq ď γ2

nC(3.8)

ż 1

0

t|bpxq|dt ď
γ2
nC(3.8)

?
CV
?
V pxq

2
. (3.9)

Hence plugging (3.7) and (3.9) into (3.6) implies that:

V1pxq ď γ2
np
rbs1CV

8
` C(3.8)

a

CV q
?
V pxq. (3.10)

The second term is handled by (3.2):

V2pxq ď
γn
2
}σ}28p

}D2V }8

2
?
v˚

`
CV

4
?
v˚
q. (3.11)

The third term satisfies the following identity:

V3px, Unq “
?
γnσpxqUn ¨∇

?
V px` γnbpxqq

`γn

ż 1

0

p1´ tqTr
´

D2
?
V px` γnbpxq ` t

?
γnσpxqUnqσpxqUn b Unσpxq

˚
¯

dt

(3.2)
ď
?
γnσpxqUn ¨∇

?
V px` γnbpxqq `

γn
2
p
}D2V }8

2
?
v˚

`
CV

4
?
v˚
q}σ}28|Un|

2

“: V1
3 px, Unq ` V2

3 pUnq, (3.12)

and the last term is:

V4px, Un, Znq

“
?
V
`

x` γnbpxq `
?
γnσpxqUn ` κpxqZn

˘

´
?
V
`

x` γnbpxq `
?
γnσpxqUn

˘

´γnπ
`

a

V px` κpxq¨q ´
a

V pxq
˘

(3.1)
ď

?
V px` γnbpxq `

?
γnσpxqUn ` κpxqZnq ´

?
V px` γnbpxq `

?
γnσpxqUnq

`
γn}κ}8

?
CV πp| ¨ |q

2

“: V1
4 px, Un, Znq `

γn}κ}8
?
CV πp| ¨ |q

2
. (3.13)

Hence plugging (3.4), (3.10), (3.11), (3.12) and (3.13) into (3.5):
?
V pXnq ´

?
V pXn´1q

ď ´γnr
αV
2

?
V pXn´1q ´ β̄

1
V s ` γ

2
np
rbs1CV

8
` C(3.8)

a

CV q
?
V pXn´1q

`
γn
2
}σ}28p

}D2V }8

2
?
v˚

`
CV

4
?
v˚
q ` V3pXn´1, Unq `

γn}κ}8
?
CV πp| ¨ |q

2
` V1

4 pXn´1, Unq

ď ´γn
αV
4

?
V pXn´1q ` γnβ̂V ` V1

3 pXn´1, Unq ` V2
3 pUnq ` V1

4 pXn´1, Un, Znq, (3.14)
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for

γn ď
αV

4p rbs1CV
8

` C(3.8)
?
CV q

“
αV

4
`

rbs1CV
8

` p
?
CV rbs1

2
`
?
CV }D2V }8

2
`

CV
4
q
?
CV

˘

which corresponds to assumption (S) and

β̂V :“ β̄1V `
1

2
}σ}28p

}D2V }8

2
?
v˚

`
CV

4
?
v˚
q `

}κ}8
?
CV πp| ¨ |q

2
.

We control the contribution of V1
3 pXn´1, Unq and V2

3 pUnq (defined in (3.12)) in the ex-
ponential moment of

a

V pXnq by the Gaussian concentration hypothesis (GC) and
V1

4 pXn´1, Un, Znq (see (3.13)) thanks to Proposition 1. We define for all x P Rd and λ ą 0:

I1pλ, xq :“ E
”

exp
`

λV1
3 px, Unq

˘

ı

, I2pλq :“ E
”

exp
`

λV2
3 pUnq

˘

ı

,

I3pλ, xq :“ E
“

exp
`

λV1
4 px, Un, Znq

˘‰

.

Indeed, by (GC), we first write:

I1pλ, xq ď exp
´λ2γn|σ

˚pxq∇
?
V px` γnbpxqq|

2

2

¯ (3.1)
ď exp

´λ2γnCV
}σ}28

4

¯

. (3.15)

Next, it is well known that under (GC), for all c ă 1
2
, Ic :“ E rexppc|Un|

2qs ă `8. So we
have for all λ ă 2c

?
v˚

pCV {2`}D2V }8q}σ}28γ1
, by Jensen’s inequality:

I2pλq ď
”

E exp
`

c|Un|
2
˘

ı
λγn
2c
p
}D2V }8

2
?
v˚

`
CV

4
?
v˚
q}σ}28

“ exp
´

γn lnpIcq
λ

2c
p
}D2V }8

2
?
v˚

`
CV

4
?
v˚
q}σ}28

¯

.

(3.16)
Now, let us deal with the third term I3pλ, xq. First of all, note that from definition in
(3.13) and (3.1) the function z ÞÑ V1

4 pXn´1, Un, zq is }κ}8
?
CV -Lipschitz continuous.

Furthermore, we have that

|ErV1
4 px, Un, Znq|Uns| “ γn|ErV1

4 px, Un, Ynq|Uns| ď γn
a

CV }κ}8πp| ¨ |q.

Hence, by the Proposition 1, and for all 0 ă λ ă 1
6}κ}8

?
CV ρprq

(see (1.11)), for the corre-
sponding notation of Proposition 1 we take ε “ 1, and we get:

I3pλ, xq ď E
“

E
“

exp
`

λV1
4 px, Un, Znq

˘

|Un
‰‰

ď E
”

exp
´

λErV1
4 px, Un, Znq|Uns `

p2` rqγnλ
2rV1

4 px, Un, ¨qs
2
1

2

¯ı

ď exp
`

λγn}κ}8
a

CV πp| ¨ |q ` p2` rq}κ}
2
8CV

λ2γn
2

˘

. (3.17)

From now on, we assume that for all

λ ă λV :“ min
´

1,
λ0

2c̄
,

2c
?
v˚

pCV {2` }D2V }8q}σ}28γ1

,
1

6}κ}8
?
CV ρprq

¯

.
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Gathering identities (3.14), (3.15) and (3.16), and by the Cauchy-Schwarz inequality, we
obtain that for all λ ă λV ,

E exp
`

λ
?
V pXnq

˘

“ E
”

exp
`

λ
?
V pXn´1q

˘

E
“

exp
`

λp
?
V pXnq ´

?
V pXn´1qq

˘
ˇ

ˇFn´1s

ı

ď E
”

exp
`

λr
?
V pXn´1qp1´

α
V

4
γnq ` β̂V γns

˘

I1p2λ,Xn´1q
1{2I2p4λq

1{4I3p4λ,Xn´1q
1{4
ı

ď exp
`

λγnβ̂
1
V

˘

E
”

exp
`

λp1´ γnα̂V q
?
V pXn´1q

˘

ı

,

where we have defined:

β̂1V :“ β̂V `
C
V
}σ}28
2

` lnpIcq
p
}D2V }8

2
?
v˚

`
CV

4
?
v˚
q}σ}28

2c
` }κ}8

a

CV 2πp| ¨ |q ` 2p2` rq}κ}28CV ,

and

α̂V :“ min
` 1

γ1

,
αV
4

˘

P p0,
1

γ1

s.

So p1´ γnα̂V q P r0, 1q and we deduce by Jensen inequality:

E exp
`

λ
?
V pXnq

˘

ď exp
`

λγnβ̂
1
V

˘

E
“

exp
`

λ
?
V pXn´1q

˘

ıp1´γnα̂V q

. (3.18)

For all λ ą 0, we introduce

CV,λ :“ max
`

Ereλ
?
V pX0qs, eλβ̂

1
V {α̂V

˘

.

In particular, we have Ereλ
?
V pX0qs ď CV,λ. Let us check by induction that for all n P N:

Ereλ
?
V pXnqs ď CV,λ.

We deduce from (3.18) and by induction assumption that:

E exp
`

λ
?
V pXnq

˘

ď exp
`

λγnβ̂
1
V

˘

C
p1´γnα̂V q
V,λ ď CV,λ.

We pick cV ă λV and the proof is completed. ˝

Remark 10 Observe also that v˚ :“ infxPRd V pxq ą 0, we have that for all pn, ξq P
Nˆ r0, 1

2
s, λ ă λV pv

˚q1´ξ:

E exppλV ξ
n q “ E exp

´

λpv˚qξ
´Vn
v˚

¯ξ

loomoon

ě1

¯

ď E exp
`

λpv˚qξ´1Vn
˘

ď CV,λpv˚qξ´1 ă `8.

Hence, ξ P r0, 1s, λ ă λV pv
˚q1´ξ , supnPN E exppλ

?
V
ξ

nq ă `8.
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4 Proof of the Technical Lemmas

Proof: Lemma 1
For k P rr1, nss, we first write:

ϕpXkq ´ ϕpXk´1q “ pϕpXkq ´ ϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukqq

`pϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukq´ϕpXk´1 ` γkbk´1qq ` pϕpXk´1 ` γkbk´1q´ϕpXk´1qq

“: Tk´1,jpϕq ` Tk´1,rpϕq ` Tk´1,dpϕq, (4.1)

with

Tk´1,jpϕq “ pϕpXkq ´ ϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukqq

Tk´1,dpϕq “ γkx∇ϕpXk´1q, bk´1y ` γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt,

Tk´1,rpϕq “
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

¯

dt.

Thanks to this splitting, we are able to isolate the deterministic, the sub-Gaussian ran-
dom variable approximating Brownian increments and the jump contributions. Then we
proceed by Taylor expansion up to the order 2 for the function ϕ in the two last terms of
the r.h.s. of (4.1),

ϕpXkq ´ ϕpXk´1q

“ γkAϕpXk´1q ` ϕpXkq ´ ϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukq

´γk

ż

Rr
pϕpXk´1 ` κk´1yq ´ ϕpXk´1qq πpdyq

`rγk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydts

`r
γk
2
pD2ϕpXk´1 ` γkbk´1q ´D

2ϕpXk´1qqs

`r
?
γkσk´1Uk ¨∇ϕpXk´1 ` γkbk´1q

`γk

ż 1

0

p1´ tqTr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯

dts

“ γkAϕpXk´1q `D
k,ϕ
2,b pXk´1q `D

k,ϕ
2,Σ ` ψ

ϕ
k pXk´1, Ukq

`ϕpXkq ´ ϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukq

´γk

ż

Rr
pϕpXk´1 ` κk´1yq ´ ϕpXk´1qqπpdyq,
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we then obtain:

ϕpXkq ´ ϕpXk´1q

“ γkAϕpXk´1q `D
k,ϕ
2,b pXk´1q `D

k,ϕ
2,Σ ` ψ

ϕ
k pXk´1, Ukq

`rϕpXk´1 ` κk´1Zkq ´ ϕpXk´1q ´ γk

ż

Rr
pϕpXk´1 ` κk´1yq ´ ϕpXk´1qq πpdyqs

`rϕpXkq ´ ϕpXk´1 ` γkbk´1 `
?
γkσk´1Ukq ´ pϕpXk´1 ` κk´1Zkq ´ ϕpXk´1qqs

“ γkAϕpXk´1q `D
k,ϕ
2,b pXk´1q `D

k,ϕ
2,ΣpXk´1q ` ψ

ϕ
k pXk´1, Ukq

`r∆ϕ
k pXk´1, Zkq `D

k,ϕ
j pXk´1, Uk, Zkq.

(4.2)

Note finally, that by definition of Dk,ϕ
j pXk´1, Uk, Zkq in the previous expansion (4.2):

ψϕk pXk´1, Ukq “ ϕpXkq´ϕpXk´1q´γkAϕpXk´1q´ r∆ϕ
k pXk´1, Zkq

´
`

Dk,ϕ
2,b pXk´1q`D

k,ϕ
2,ΣpXk´1q`D

k,ϕ
j pXk´1, Uk, Zkq

˘

“ ϕpXk´1`γkbk´1`
?
γkσk´1Ukq`ϕpXk´1`κk´1Zkq´γkAϕpXk´1q´2ϕpXk´1q

´r∆ϕ
k pXk´1, Zkq ´

`

Dk,ϕ
2,b pXk´1q `D

k,ϕ
2,ΣpXk´1q

˘

,

hence after differentiating, we see that u ÞÑ ψϕk pXk´1, uq and hence u ÞÑ ∆ϕ
k pXk´1, uq are

Lipschitz continuous with a modulus bounded by?γk´1}σk´1}}∇ϕ}8 ď
?
γk´1}σ}8}∇ϕ}8.

Moreover, from the definition Er∆ϕ
k pXk´1, Ukq|Fk´1s “ 0 and using the definition of

Zn we get

Err∆ϕ
k pXk´1, Zkq|Fk´1s “ (4.3)

E
“

ϕpXk´1 ` κk´1Zkq ´ ϕpXk´1q
ˇ

ˇFk´1

‰

´ γk

ż

Rr

“

ϕpXk´1 ` κk´1yq ´ ϕpXk´1q
‰

πpdyq “ 0.

˝

Proof: Lemma 2
We first prove the point ii).
For all ε P p0, 1q and 0 ă Λ

Γn
ă ε

6rr∆npXn´1,¨qs1ρprq
(ρprq set in (1.11)), thanks to Proposi-

tion 1, we have for all n P N:

E
„

exp

ˆ

´
Λ

Γn
r∆ϕ
npXn´1, Znq

˙

ˇ

ˇ

ˇ
Fn´1



ď exp

ˆ

´
Λ

Γn
Err∆ϕ

npXn´1, Znq|Fn´1s ` γn
Λ2

2Γ2
n

rr∆ϕ
npXn´1, ¨qs

2
1p1` r ` εq

˙

. (4.4)

By definition of r∆ϕ
npXn´1, Znq in (2.1), and from (4.3) we have:

Er
Λ

Γn
r∆ϕ
npXn´1, Znq

ˇ

ˇFn´1s “ 0, and rr∆ϕ
npXn´1, ¨qs

2
1 ď }κ}

2
8}∇ϕ}28.
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The previous control with (4.4) directly yield:

E
„

exp

ˆ

Λ

Γn
r∆ϕ
npXn´1, Znq

˙

ˇ

ˇ

ˇ
Fn´1



ď exp

ˆ

γnΛ2

2Γ2
n

}κ}28}∇ϕ}28p1` r ` εq
˙

, (4.5)

with the constraint 0 ă Λ
Γn
ă ε

6}κ}8}∇ϕ}8ρprq .

The demonstration of the point i), is a direct consequence of the previous analysis
without using Proposition 1, which yields no restriction on λ. ˝

Proof: Lemma 3
By assumption (Tβ), we know that there exists CV,ϕ ą 0 such that for all x P

Rd, |ϕpxq| ď CV,ϕ
`

1`
a

V pxq
˘

, so we obtain:

E exp
´

Λ
|ϕpX0q ´ ϕpXnq|

Γn

¯

ď E exp
´

Λ
CV,ϕp2`

a

V pX0q `
a

V pXnqq

Γn

¯

ď exp
´

2CV,ϕ
Λ

Γn

¯

«

E exp
´

2CV,ϕΛ

a

V pX0q

Γn

¯

ff
1
2
«

E exp
´

2CV,ϕΛ

a

V pXnq

Γn

¯

ff
1
2

ď exp
´

2CV,ϕ
Λ

Γn

¯

pI
1
2
V q

2CV,ϕΛ

cV Γn .

The last inequality is obtained by Jensen’s inequality for Λ
Γn
ă

cV
2CV,ϕ

and by Proposition
2. ˝

Proof: Lemma 4
From the definition (2.2) we can write:

Dk,ϕ
2,b “ γk

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q ´∇ϕpXk´1q, bk´1ydt

“ γk

”

ż 1

0

x∇ϕpXk´1 ` tγkbk´1q, bk´1 ´ bpXk´1 ` tγkbk´1qydt

`

ż 1

0

`

x∇ϕ, bypXk´1 ` tγkbk´1q ´ x∇ϕ, bypXk´1q
˘

dt
ı

.

From the boundedness of ∇ϕ, Lipschitz property of the mapping x ÞÑ bpxq (assumption
(C0)) and Lipschitz property of the mapping x ÞÑ x∇ϕpxq, bpxqy (assumption (Tβ)), using
the assumption (LV), ii) one derives that:

|Dk,ϕ
2,b | ď γ2

k

´

}∇ϕ}8rbs1 ` rx∇ϕ, bys1
¯

|bk´1|

2
ď C(4.6)γ

2
k

a

Vk´1, (4.6)

for C(4.6) :“ p}∇ϕ}8rbs1 ` rx∇ϕ, bys1q
?
CV
2

. Hence

|Dϕ
2,b,n| ď

n
ÿ

k“1

C(4.6)γ
2
k

a

Vk´1.
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Next, by the Jensen inequality (for the exponential function with 1

Γ
p2q
n

ř

k“1 γ
2
kδk as a

measure), we deduce that:

E exp
´ Λ

Γn
|Dϕ

2,b,n|

¯

ď
1

Γ
p2q
n

n´1
ÿ

k“1

γ2
kE

”

exp
´

Γp2qn
Λ

Γn
C(4.6)

a

Vk´1

¯ı

ď
1

Γ
p2q
n

n´1
ÿ

k“1

γ2
kE

”

exp
´

cV
a

Vk´1

¯ı

C(4.6)ΛΓ
p2q
n

cV Γn
,

for Λ
Γ
ď

cV

C(4.6)Γ
p2q
n

“
2cV

p}∇ϕ}8rbs1`rx∇ϕ,bys1q
?
CV Γ

p2q
n

ă 1, and cV is introduced in Proposition 2
which readily yields:

E exp
´ Λ

Γn
|Dϕ

2,b,n|

¯

ď
1

Γ
p2q
n

n´1
ÿ

k“1

γ2
kpI

1{2
V q

C(4.6)ΛΓ
p2q
n

cV Γn “ pI
1{2
V q

C(4.6)ΛΓ
p2q
n

cV Γn .

For the second inequality, we first use a Taylor expansion:

|Dk,ϕ
2,Σ| “

γk
2

ˇ

ˇ

ˇ
Tr
´

`

D2ϕpXk´1 ` γkbk´1q ´D
2ϕpXk´1q

˘

Σk´1

¯¯
ˇ

ˇ

ˇ
(4.7)

ď
1

2
}σ}28}D

3ϕ}8γ
2
k|bk´1| ď

1

2
}σ}28}D

3ϕ}8
a

C
V
γ2
k|Vk´1|

1
2

So

|Dϕ
2,Σ,n| ď

1

2
}σ}28}D

3ϕ}8
a

C
V

n
ÿ

k“1

γ2
k|Vk´1|

1
2 .

Hence, like previously, by Jensen inequality and Proposition 2 for 0 ă Λ statisfying
Λ
Γn
ď

2cV

}σ}28}D3ϕ}8
?
C
V

Γ
p2q
n

ă 1 we obtain

E exp
´ Λ

Γn
|Dϕ

2,Σ,n|

¯

ď E exp
´ Λ

2Γn
}σ}28}D

3ϕ}8
a

C
V

n
ÿ

k“1

γ2
k|Vk´1|

1
2

¯

ď
1

Γ
p2q
n

n
ÿ

k“1

γ2
kE exp

´ΛΓ
p2q
n

2Γn
}σ}28}D

3ϕ}8
a

C
V
|Vk´1|

1
2

¯

ď pI
1{2
V q

ΛΓ
p2q
n }σ}28}D

3ϕ}8
?
C
V

2cV Γn .

˝

Proof: Lemma 5
The proof is similar to the analysis of Lemma 3 in Chapter 3. By the definition (2.1),

and because Uk, k P rr1, nss, has the same moments as the standard Gaussian random
variable up to order three (see (GM)) we have for all k P rr1, nss:

E rψϕk pXk´1, Ukq|Fk´1s

“ γk

ż 1

0

p1´ tqTr
´

E
“

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1|Fk´1

‰

¯

dt,
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where

E
”

Tr
´

D2ϕpXk´1 ` γkbk´1 ` t
?
γkσk´1Ukqσk´1Uk b Ukσ

˚
k´1

´D2ϕpXk´1 ` γkbk´1qΣk´1

¯ˇ

ˇ

ˇ
Fk´1

ı

“ t
?
γk

ż 1

0

E
”

Tr
´

`

rD3ϕpXk´1 ` γkbk´1 ` ut
?
γkσk´1Ukq ´D

3ϕpXk´1 ` γkbk´1qsσk´1Uk
˘

`

σk´1Uk b Ukσ
˚
k´1

˘

¯
ˇ

ˇ

ˇ
Fk´1

ı

du.

Then,

|E rψϕk pXk´1, Ukq|Fk´1s|

ď γk

ż 1

0

p1´ tqt1`βrϕp3qsβE
”

γ
1`β

2
k }σk´1}

3`β
|Uk|

3`β

ż 1

0

uβdu
ˇ

ˇ

ˇ
Fk´1

ı

dt

“
rϕp3qsβγ

3`β
2

k }σk´1}
3`βE r|Uk|3`βs

p1` βqp2` βqp3` βq
. (4.8)

We sum over k to get the result. ˝

Proof: Lemma 6
Recall that we have denoted for n P N0, Fn :“ σ

`

X0, pUj, ZjqjPrr1,nss
˘

and rFn “ Fn _
σpUn`1q.

E
”

exp
` Λ

Γn

n
ÿ

k“1

Dk,ϕ
j pXk´1, Uk, Zkq

˘

ı

(4.9)

“ E
”

exp
` Λ

Γn

n´1
ÿ

k“1

Dk,ϕ
j pXk´1, Uk, Zkq

˘

E
”

exp
` Λ

Γn
Dϕ
j,npXn´1, Un, Znq

˘

ˇ

ˇ

ˇ

rFn´1

ıı

.

The idea is to control the last conditional expectation using Proposition 2. Recall that

Dϕ
j,npXn´1, Un, Znq

“ ϕpXn´1 ` γnbn´1 `
?
γnσn´1Un ` κn´1Znq ´ ϕpXn´1 ` γnbn´1 `

?
γnσn´1Unq

´
“

ϕpXn´1 ` κn´1Znq ´ ϕpXn´1q
‰

.

Moreover, we have for all z P Rr:

|∇zD
ϕ
j,npXn´1, Un, zq|

“ |κ˚n´1

`

∇ϕpXn´1 ` γnbn´1 `
?
γnσn´1Un ` κn´1zq ´∇ϕpXn´1 ` κn´1zq

˘

|

ď 2}κ}8}∇ϕ}8. (4.10)

Hence for all Xn´1, Un fixed the function z Ñ Dn,ϕ
j,ϕ pXn´1, Un, zq is Lipschitz continuous

satisfying
rDϕ

j,npXn´1, Un, zqs1 ď 2}κ}8}∇ϕ}8.
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This estimation is used to bound Λ for which we can apply the Proposition 1. However, we
need a more subtle control of the last Lipschitz modulus. Namely, using Taylor expansion
we can write

|∇zD
ϕ
j,npXn´1, Un, zq|

ď |κ˚n´1

`

∇ϕpXn´1 ` γnbn´1 ` κn´1zq ´∇ϕpXn´1 ` κn´1zq
˘

|

`|κ˚n´1

`

∇ϕpXn´1 ` γnbn´1 `
?
γnσn´1Un ` κn´1zq ´∇ϕpXn´1 ` γnbn´1 ` κn´1zq

˘

|

ď }κ}8
`
?

2}∇ϕ}
1
2
8|∇ϕpXn´1`γnbn´1`κn´1zq´∇ϕpXn´1`κn´1zq|

1
2

`
?
γn}D

2ϕ}8}σ}8|Un|
˘

ď
?
γn}κ}8

`
?

2C
1
4
V }∇ϕ}

1
2
8}D

2ϕ}
1
2
8V

1
4 pXn´1q ` }D

2ϕ}8}σ}8|Un|
˘

. (4.11)

Now for all Λ satisying 0 ă Λ
Γn
ă 1

12}κ}8}∇ϕ}8ρprq , we get

E
„

exp

ˆ

Λ

Γn
Dϕ
j,npXn´1, Un, Znq

˙

ˇ

ˇ

ˇ

rFn´1



(4.12)

ď exp
´ Λ

Γn
ErDϕ

j,npXn´1, Un, Znq| rFn´1s `
γnΛ2

2Γ2
n

p1` r ` εqrDϕ
j,npXn´1, Un, ¨qs

2
1

¯

ď exp

ˆ

Λ

Γn
γnErDϕ

j,npXn´1, Un, Ynq| rFn´1s `
γ2
nΛ2

2Γ2
n

´

C1

?
V pXn´1q ` C2|Un|

2
¯

˙

,

where we have denoted

C1 :“ p1` r ` εq}κ}284
a

CV }∇ϕ}8}D2ϕ}8, C2 :“ 2p1` r ` εq}κ}28}D
2ϕ}28}σ}

2
8,

and used the following identities:

Dϕ
j,npXn´1, Un, 0q “ 0,

and
ErDϕ

j,npXn´1, Un, Znq| rFn´1s “ γnErDϕ
j,npXn´1, Un, Ynq| rFn´1s,

which is a consequence of the definition of Zn in (1.3).
To control ErDϕ

j,npXn´1, Un, Ynq| rFn´1s we introduce for all px, yq P pRdq2 the function:

ϕ̄px, yq :“ Erϕpx` κpyqYnqs ´ ϕpxq,

which readily implies that:

ErDϕ
j,npXn´1, Un, Ynq| rFn´1s “ ϕ̄pXn´1 ` γnbn´1 `

?
γnσn´1Un, Xn´1q ´ ϕ̄pXn´1, Xn´1q.

The idea in the following is to apply the expansion of Lemma 1 with κ “ 0 to the
function x Ñ ϕ̄px, yq , which also corresponds to the expansion of Lemma 1 in Chapter
3 for diffusion without jumps. If κ “ 0, then Xn “ Xn´1 ` γnbn´1 `

?
γnσn´1Un, we can

write using (2.3) and the definition (2.1) of ∆ϕ̄
k with ĂM ϕ̄

n “ Dϕ̄
j,n “ 0:

ϕ̄pXn, Xn´1q´ϕ̄pXn´1, Xn´1q“γn rAϕ̄pXn´1q`D
ϕ̄
2,b,npXn´1q`D

ϕ̄
2,Σ,npXn´1q`ψ

ϕ̄
npXn´1, Unq.

(4.13)
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All the terms in the right have obviously the same properties as the corresponding terms
in the similar expansion of ϕ given by Lemma 1 with κ “ 0. In particular, for all y P Rd,
the map ϕ̄p¨, yq is Lipschitz continuous with

}∇ϕ̄p¨, yq}8 ď 2}∇ϕ}8, }D2ϕ̄p¨, yq}8 ď 2}D2ϕ}8, }D3ϕ̄p¨, yq}8 ď 2}D3ϕ}8. (4.14)

Furthermore, Dϕ̄
2,b,n and Dϕ̄

2,Σ,n satisfy similar inequalities as (4.6) and (4.7) where ϕ is
replaced by ϕ̄. We directly have thanks to the definitions (1.7), (2.2), identities (4.6), (4.7)
and (4.14):

γn| rAϕ̄pXn´1q| “ γn|xbn´1,∇ϕ̄pXn´1qy `
1

2
Tr

`

σσ˚D2ϕ̄pXn´1q
˘

|

ď γnp2
a

CV
?
V pXn´1q}∇ϕ}8 ` }σ}28}D2ϕ}8q ď γnC3

?
V pXn´1q,

|Dϕ̄
2,b,npXn´1q| “ γn|

ż 1

0

x∇ϕ̄pXn´1 ` tγnbn´1q ´∇ϕ̄pXn´1q, bn´1ydt|

ď γ2
n

´

}∇ϕ̄}8rbs1 ` rx∇ϕ̄, bys1
¯

|bn´1|

2
ď γ2

n2C(4.6)

?
V pXn´1q,

|Dϕ̄
2,Σ,npXn´1q| “

ˇ

ˇ

γn
2

Tr
``

D2ϕ̄pXn´1 ` γnbn´1q ´D
2ϕ̄pXn´1q

˘

Σn´1

˘
ˇ

ˇ

ď γ2
n}σ}

2
8}D

3ϕ}8C
1
2
V

?
V pXn´1q,

where C3 :“ 2
?
CV }∇ϕ}8 ` }σ}28}D2ϕ}8pv˚q

´ 1
2 . Therefore, from the previous controls

and using (4.12) and (4.13), we get that there is a constant C “ CppAqq ą 0 such that:

E
„

exp

ˆ

Λ

Γn
Dϕ
j,npXn´1, Un, Znq

˙

ˇ

ˇ

ˇ

rFn´1



(4.15)

ď exp
´CΛ

Γn
γn
`

γn
?
V pXn´1q ` ψ

ϕ̄
npXn´1, Unq

˘

`
CΛ2

Γ2
n

γ2
n

`

?
V pXn´1q ` |Un|

2
˘

¯

.

Next, the idea is to separate the unbounded contribution from the terms involving
p
?
V pXkqqkPrr1,nss, p|Uk|2qkPrr1,nss by a global Cauchy-Schwarz inequality:

E

«

exp

˜

Λ

Γn

n
ÿ

k“1

Dk,ϕ
j pXk´1, Uk, Zkq

¸ff

(4.16)

ďE

«

exp

˜

2Λ

Γn

n
ÿ

k“1

„

Dk,ϕ
j pXk´1, Uk, Zkq ´ Cγ

2
kp1`

2Λ

Γn
q
?
V pXk´1q ´

2CΛ

Γn
γ2
k|Uk|

2



¸ff
1
2

ˆE
”

exp

˜

2
n
ÿ

k“1

”

Cγ2
k

ˆ

Λ

Γn
`

2Λ2

Γ2
n

˙

?
V pXk´1q `

2CΛ2

Γ2
n

γ2
k|Uk|

2
ı

¸

ı
1
2
“: Υ

1
2
1 ˆΥ

1
2
2 .

Again by the Cauchy-Schwarz inequality, we get :

Υ
1{2
2 ď E

”

exp
´

4Cp
Λ

Γn
`

2Λ2

Γ2
n

q

n
ÿ

k“1

γ2
k

?
V pXk´1q

¯ı
1
4E

”

exp
´

4
CΛ2

Γ2
n

n
ÿ

k“1

γ2
k|Uk|

2
¯ı1{4

. (4.17)
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We control the second expected value under condition 4CΛ2γ2
1

Γ2
n

ă 1 using Jensen inequality:

E
”

exp
´

4
CΛ2

Γ2
n

n
ÿ

k“1

γ2
k|Uk|

2
¯ı1{4

ď

n
ÿ

k“1

γ2
k

Γ
p2q
n

E
”

exp
´4CΛ2Γ

p2q
n

Γ2
n

|Uk|
2
¯ı1{4

ď E
”

exp
´

|U1|
2

4

¯ı

16CΛ2Γ
p2q
n

Γ2
n . (4.18)

Because U1 satisfies (GC), Erexpp |U1|
2

4
qs ă `8. We handle the first expectation in (4.17)

by the same method, using Jensen inequality under condition Λ
Γn
ă

cV

2CΓ
p2q
n

, Λ2

Γ2
n
ă

cV

16CΓ
p2q
n

and Proposition 2 and we obtain:

E
”

exp
´

4C

ˆ

Λ

Γn
`

2Λ2

Γ2
n

˙ n
ÿ

k“1

γ2
k

?
V pXk´1q

¯ı
1
4

ď
1

Γ
p2q
n

n
ÿ

k“1

γ2
kE

”

exp
´

4CΓp2qn
` Λ

Γn
`

2Λ2

Γ2
n

˘

?
V pXk´1q

¯ı
1
4

ď pI
1{2
V q

CΓ
p2q
n

`

Λ
cV Γn

` 2Λ2

cV Γ2
n
q
. (4.19)

Gathering (4.17), (4.18) and (4.19), recalling that Γ
p2q
n?
Γn
Ñ 0, we deduce that:

Υ
1{2
2 ď exp

´

p
Λ
?

Γn
`

Λ2

Γn
qen

¯

. (4.20)

The first term in (4.16), Υ1, is handled by identity (4.15).

Υ1 ď E
”

exp
´2Λ

Γn
γnψ

ϕ̄
npXn´1, Unq

`
2Λ

Γn

n´1
ÿ

k“1

“

Dk,ϕ
j pXk´1, Uk, Zkq ´ Cγ

2
k

`

1`
2Λ

Γn

˘

?
V pXk´1q ´

2CΛ2

Γ2
n

γ2
k|Uk|

2
‰

¯ı

“ E
”

E
”

exp
´2Λ

Γn
γnψ

ϕ̄
npXn´1, Unq|Fn´1

ı

ˆ exp
´2Λ

Γn

n´1
ÿ

k“1

“

Dk,ϕ
j pXk´1, Uk, Zkq ´ Cγ

2
k

`

1`
2Λ

Γn

˘

?
V pXk´1q ´

2CΛ2

Γ2
n

γ2
k|Uk|

2
‰

¯ı

pGCq

ď exp
´2Λ

Γn
γ

1` 3`β
2

n

2rϕp3qsβ
›

›σ
›

›

p3`βq

8
E
“

|U1|
3`β

‰

p1` βqp2` βqp3` βq
`

4Λ2

Γ2
n

4γ3
n}σ}

2
8}∇ϕ}28

`E
”

exp
´2Λ

Γn

n´1
ÿ

k“1

“

Dk,ϕ
j pXk´1, Uk, Zkq ´ Cγ

2
k

`

1`
2Λ

Γn

˘

?
V pXk´1q ´

C2Λ2

Γ2
n

γ2
k|Uk|

2
‰

¯ı

.

The last inequality is a consequence of the bound (4.8) in the proof of Lemma 5 and the
Lipschitz modulus control of ψϕ̄npXn´1, ¨q in Lemma 1. Hence, we iterate this procedure
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and with some positive constants C̃1, C̃2 not depending on Λ neither n but only on the
assumptions we get :

Υ1 ď exp
´C̃1ΛΓ

p
5`β

2
q

n

Γn
`
C̃2Λ2Γ

p3q
n

Γ2
n

¯

“ exp

ˆ

p
Λ
?

Γn
`

Λ2

Γn
qen

˙

, (4.21)

where, using Γ
p2q
n?
Γn
Ñ 0 for θ ą 1

3
. Eventually, inequalities (4.20) and (4.21) yields that:

E
”

exp
` Λ

Γn

n
ÿ

k“1

Dk
j pXk´1, Uk, Zkq

˘

ı

ď exp

ˆ

p
Λ
?

Γn
`

Λ2

Γn
qen

˙

.

˝

5 Numerical Results
This section is a numerical illustration of the deviations results of the empirical

measure νn from Theorem 2. We consider the mono-dimensional case, d “ r “ 1.
The innovations pUiqiě1 and X0 are Gaussian variables. Also, a difficulty is to approx-
imate the jump part of generator Aϕ, namely πpϕpx ` κpxq¨q ´ ϕpxqq for x P R. To
avoid this problem, we choose pYkqkě0 to be Bernoulli variables, hence we directly get
πpϕpx ` κpxq¨q ´ ϕpxqq “ 1

2

`

ϕpx ` κpxqq ` ϕpx ´ κpxqq
˘

´ ϕpxq. We consider for the
coefficients and the test function bpxq “ ´x

2
, and σpxq “ κpxq “ ϕpxq “ cospxq in (1.1).

Note, in particular, that we have picked a degenerate framework. Thanks to Theorem 2,
for pγkqkě1 “ pk

´θqkě1, θ P r1{3, 1s (corresponding to β “ 1 therein) the function

a P R` ÞÑ gnpaq :“ log
`

Pr|
a

ΓnνnpAϕq| ě as
˘

is such that for

gnpaq ď ´cn
a2

2}σ}28}∇ϕ}28 ` 4}κ}28}∇ϕ}28
` logp2Cnq

“: cnSνpaq ` logp2Cnq,

In Figure 5.1, we plot the the curves of gn for θ “ 1
3
` 10´3 We perform the simulations

for n “ 5ˆ104 in Figure 5.1, the probability is estimated by Monte Carlo simulation with
MC “ 104 realizations of the random variable |

?
ΓnνnpAϕq| in the unbiased case.

The Figure 5.1 enhance the fact that gnpaq is indeed under a quadratic form in a.
Nevertheless, we see s that the result of Theorem 2 is not sharp, to obtain such a result
we have to avoid the dimension dependency and a sharp inequality of Proposition 1.
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Figure 5.1 – Plot of a ÞÑ gnpaq, for θ “ 1
3
, with ϕpxq “ σpxq “ cospxq.
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CHAPTER 6. SHARP SCHAUDER ESTIMATES

Chapter 6

Sharp Schauder Estimates for some
Degenerate Kolmogorov Equations

Abstract : We provide here some sharp Schauder estimates for degenerate PDEs of
Kolmogorov type when the coefficients lie in some suitable anisotropic Hölder spaces and
the first order term is non-linear and unbounded. We proceed through a perturbative
approach based on forward parametrix expansions.

Due to the low regularizing properties of the degenerate variables, for the procedure
to work, we heavily exploit duality results between appropriate Besov spaces.

Our method can be seen as constructive and provides, even in the non-degenerate case,
an alternative approach to Schauder estimates.

1 Introduction and Main Results

We aim at proving, for a fixed time horizon T ą 0 and given integers n, d P N, Schauder
estimates for degenerate scalar valued Kolmogorov PDEs of the form:
#

Btupt,xq ` xFpt,xq,Dupt,xqy `
1
2
Tr
`

D2
x1
upt,xqapt,xq

˘

“ ´fpt,xq, t P r0, T q,

upT,xq “ gpxq,
(1.1)

for x “ px1, ¨ ¨ ¨ ,xnq P Rnd where for all i P rr1, nss, xi P Rd. The source f and the terminal
condition g are scalar. The diffusion matrix a is Rd b Rd-valued. Also, we denote by
Fpt,xq :“ pF1pt,xq, ¨ ¨ ¨ ,Fnpt,xqq the vector of the Rd valued mappings Fi which have,
for i P rr2, nss, the following structure:

@pt,xq P r0, T s ˆ Rnd, Fipt,xq :“ Fipt,x
i´1:n

q, xi´1:n :“ pxi´1, ¨ ¨ ¨ ,xnq. (1.2)

In (1.1), the notation D “ pDx1 , ¨ ¨ ¨ , Dxnq stands for the full spatial gradient and Dxi

denotes the partial gradient w.r.t. to xi.

Our goal is to prove that, under suitable non-degeneracy conditions on the diffusion
matrix a, which only acts on the first d components of the underlying space, and a weak
Hörmander like condition on the first order non-linear term F, there exists a unique weak
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solution to (1.1) which satisfies some appropriate Schauder estimates when the source f ,
the terminal condition g and the coefficients a,F lie in appropriate Hölder spaces.

For notational convenience we will denote the spatial operator in (1.1) by pLtqtPr0,T s, i.e.
for all ϕ P C2

0pRnd,Rq (space of twice continuously differentiable functions with compact
support):

Ltϕpxq “ xFpt,xq,Dϕpxqy `
1

2
Tr
`

D2
x1
ϕpxqapt,xq

˘

. (1.3)

Under suitable non-degeneracy and regularity assumptions on a,F it can be shown that
the martingale problem associated with (1.3) is well posed, see e.g. [Men11], [Men18],
[CdRM17]. In that case, there exists a unique weak solution to the stochastic differential
equation

dX1
t “ F1pt,X

1
t , . . . ,X

n
t qdt` σpt,X

1
t , . . . ,X

n
t qdWt,

dX2
t “ F2pt,X

1
t , . . . ,X

n
t qdt,

dX3
t “ F3pt,X

2
t , . . . ,X

n
t qdt,

...
dXn

t “ Fnpt,X
n´1
t ,Xn

t qdt,

t ě 0, (1.4)

where pWtqtě0 is a Brownian motion on some filtered probability space pΩ, pFtqtě0,Pq. The
operator pLtqtě0 then corresponds to the generator of the process in (1.4) where σ is a
square root of a. The well posedness of the martingale problem in particular implies that
(1.1) admits a solution in the mild sense on a suitable function space (see e.g. Kolokoltsov
[Kol11]).

The deterministic system (1.1) and its corresponding stochastic counterpart (1.4) ap-
pear in many applicative fields from physics to finance (see e.g. [Tal02], [RBT00] or
[BPV01]). Another issue concerns the regularizing properties of the Brownian motion
in the SDE (1.4). In a Hölder framework for the coefficients F, σ, some minimal thresh-
olds that guarantee weak uniqueness holds where established in [CdRM17]. In the current
work, we specifically quantify how adding to these thresholds some suitable regularity,
depending on the stage i P rr1, nss of the chain and the variable j P rrpi´ 1q_ 1, nss, we get
a global similar smoothing effect.

Through the Schauder estimates of Theorem 1, we indeed precisely quantify the
parabolic bootstrap associated with pLtqtě0 emphasizing its intrinsic regularization prop-
erties. It is known from the seminal work of Lunardi [Lun97] on the topic that the
Schauder estimates for degenerate Kolmogorov equations differ from those in the usual
non-degenerate setting (see e.g. [Kry96] or [Fri64]). They reflect in some sense the multi-
ple scales in the systems (1.1) and (1.4) (see Section 1.1 below) and are stated in terms
of anisotropic Hölder spaces. In particular, those spaces emphasize that the higher is the
index of the considered variable in rr1, nss, the weaker is the associated regularity gain.

Let us now shortly describe some particular cases of dynamics of type (1.1) for which
some Schauder estimates have already been proved. We again mention the work by Lu-
nardi [Lun97], who considered the special case of a homogeneous linear drift Fpxq “ Ax
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satisfying the condition (1.2). Precisely, the matrix A writes in this case:

A “

¨

˚

˚

˚

˚

˚

˝

a1,1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ a1,n

a2,1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ a2,n

0d,d a3,2 ¨ ¨ ¨ ¨ ¨ ¨ a3,n
... 0d,d

. . . ...
0d,d ¨ ¨ ¨ 0d,d an,n´1 an,n

˛

‹

‹

‹

‹

‹

‚

,

where the entries pai,jqijPrr1,nss2 are in RdbRd s.t.
`

ai,i´1

˘

iPrr2,nss
are non-degenerate elements

of RdbRd (which expresses the weak Hörmander condition) ∗. Also, the homogeneous dif-
fusion coefficient a belongs to an appropriate anisotropic Hölder space and asymptotically
converges when |x| Ñ 8 to a non-degenerate constant matrix of RdbRd. The assumptions
on the asymptotic behavior on the diffusion coefficient have then been relaxed by Lorenzi
[Lor05b], in the kinetic framework, i.e. n “ 2 with the notations of (1.4), up to additional
regularity assumptions on a which could also be unbounded.

Priola established later in [Pri09] Schauder estimates, without dimensional constraints
for time homogeneous drifts of the form

Fpxq “ Ax`

ˆ

F̃1pxq
0pn´1qd,d

˙

, (1.5)

for a non-linear drift F̃1 acting on the non-degenerate variable in the expected anisotropic
Hölder space. The underlying technique consisted in establishing bounds on the deriva-
tives of the semi-group of the perturbed degenerate Ornstein-Uhlenbeck process (i.e. with
F̃1) from the usual unperturbed one (with pAxq1 only) through the Girsanov theorem
assuming first that F̃1 is smooth. This initial smoothness of F̃1 is required in order to
compute the associated tangent flows. Through the continuity approach, the author then
managed to obtain the estimates for a bounded variable diffusion coefficient lying in the
natural expected Hölder space similar to the one of [Lun97] with the same asymptotic
conditions. The smoothness of F̃1 is then relaxed through an approximation procedure
viewing the difference between the Hölder drift and its mollification as a source term and
exploiting the estimates established for the smooth drift.

Let us also mention the work of Di Francesco and Polidoro [FP06] who derived
Schauder estimates for a linear drift of the previous type using an alternative notion
of continuity regarding the diffusion coefficient a, which somehow involves the unbounded
transport associated with the drift.

Put it differently, in the current framework of degenerate Kolmogorov equations, fo-
cusing on the drift, Schauder estimates hold, to the best of our knowledge, for either linear
drifts or Hölder perturbations on the non-degenerate variable of a linear drift.

In the non-degenerate setting, Schauder estimates for unbounded non-linear drift coef-
ficients were obtained under mild smoothness assumptions by Krylov and Priola [KP10].
Their idea was to use the flow associated with the first order vector field in Lt, i.e.
9θtpxq “ Fpt,θtpxqq, to precisely get rid of the unbounded terms.

∗. Actually the non-zero entries pai,jq of A can be non-square and simply have full rank in [Lun97].
We restrict here to square matrices for the sake of simplicity.
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In the current framework, we will face both difficulties: the degeneracy as well as the
non-linearity and unboundedness of the drift. We will prove, in the framework of Hölder
spaces for the source f , the terminal condition g and the coefficients a,F, Schauder esti-
mates similar to those of the previously quoted works. The diffusion coefficient a and the
source term f will have, as in the non-degenerate case, the same regularity. We mention
that, in contrast with the non-degenerate case, this is will not be the case for the drift
F for which some additional smoothness on the degenerate entries pFiqiPrr2,nss is needed to
guarantee the well posedness of (1.4). In particular, the Hölder indexes of F will be above
the minimal thresholds appearing in [CdRM17]. The flow associated with the drift term
will again play a key role in our setting.

We will here proceed through a perturbative approach. The idea is to perform a first
order parametrix expansion (or Duhamel expansion) of a solution of (1.1) with mollified
coefficients around a suitable linearized Ornstein-Uhlenbeck type semi-group. Since we are
interested in controlling derivatives, at least along the non-degenerate variable x1, we will
use the so-called forward parametrix approach, which had previously been successfully
used by Friedman [Fri64] or Il’in et al. [IKO62] in the non-degenerate setting to obtain
pointwise bounds on the fundamental solution and its derivatives for the corresponding
heat-type equation or in [CdR17] to derive strong uniqueness for kinetic SDEs of type
(1.4) (i.e. n “ 2 with the previous notations). This approach actually allows to exploit
cancellation techniques which are crucial when derivatives come in.

On the other hand, for the well posedness of the corresponding martingale problem or
density estimates of the fundamental solution of (1.1), the backward approach introduced
by McKean and Singer [MS67] might be easier. It was extended in the current degener-
ate setting, which involves unbounded coefficients, and successfully exploited for the two
previously indicated applications in [CdRM17] and [DM10]. Unfortunately, this approach
does not allow to benefit from the previously mentioned cancellation techniques. This
becomes a hard issue in the parabolic setting involving a non-trivial terminal condition.

The perturbative approach is not usual to establish Schauder type estimates. The
standard way is to proceed through a priori estimates to establish for a given solution
of the PDE in a suitable function space, the expected bound. Existence and uniqueness
issues, in the considered function space, for the solution of the equation are addressed in
a second time. We can refer to [Kry96] for a clear presentation of this approach and to
[KP10] for an extension of this method to non-degenerate operators with unbounded drift
coefficients. We will here obtain that the solutions of (1.1) with mollified coefficients sat-
isfy, uniformly w.r.t. the mollification parameter, a Schauder type estimate (see Sections 3
to 5 below). From the well posedness of the martingale problem established in [CdRM17]
under our current assumptions, we will then derive that the martingale solution to (1.1)
actually itself satisfies the Schauder controls. Since we want to be in the sharpest possible
Hölder setting for the coefficients, source and terminal functions, we will need to establish
some subtle controls (in particular we have no true derivatives of the coefficients) which
will heavily rely on duality results for Besov spaces (see Section 4.2 below and e.g. Chapter
3 in Lemarié-Rieusset [LR02]).
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Let us emphasize that the perturbative approach developed here provides, even in
the non-degenerate case, a new alternative to establish Schauder estimates. It can be
seen as a constructive one in the sense that, from a sequence of smooth solutions, that
uniformly satisfy the expected control, we will extract through convergence in law argu-
ments a limit solution which also satisfies the bound. Uniqueness of the solution in the
considered class then again follows from uniqueness in law of the underlying limit process.

The drawback of our approach is that, for the parabolic problem (1.1), we first have
to establish our estimates in small time. This is intuitively clear since the perturbative
methods (expansions along an ad hoc proxy) are precisely designed for small times. To
obtain the result for an arbitrary given time, we then have to iterate the estimate. We
are therefore far from the optimal constants for the Schauder estimates established in
the non-degenerate setting for time dependent coefficients by Krylov and Priola [KP17].
However, to the best of our knowledge, our approach is the only one allowing to derive
Schauder estimates for a parabolic degenerate Kolmogorov equation with fully non-linear
drift in Hölder space. Also, we think the strategy developed in the current work should
apply for the elliptic degenerate Kolmogorov equation with good potential term, i.e. the
negative sign of the potential would allow to integrate on an infinite time horizon (getting
therefore rid of the small time constraint) or for unbounded sources f that would need in
that cases to be somehow controlled by an associated potential as in [KP10].

In connection with the strong regularizing properties of Brownian motion, let us men-
tion that the perturbative approach we develop here allows as well to address the problem
of strong well posedness for the SDE (1.4) in a Hölder framework for the coefficients. This
was done by Chaudru de Raynal in [CdR18] for n “ 2. Let us mention as well in this
kinetic case the works of Fedrizzi et al. [FFPV17] and Zhang [Zha18] who derived strong
uniqueness for Lp drifts on the non-degenerate component and a linear degenerate dy-
namics in (1.4). We establish strong uniqueness for the full chain for some suitable related
Hölder thresholds for the drift in Chapter 7. Let us mention that, from a PDE viewpoint,
strong uniqueness for the associated SDE is heavily related to controls of the deriva-
tives of the solution of the PDE in all the directions (including the degenerate ones). In
Chapter 7, under some slightly stronger Hölder regularity assumptions on the coefficients
(which for strong uniqueness issues then in turn become the source term in the PDE
with the Zvonkin approach), we derive some pointwise bounds for the derivatives of the
PDEs. Some related issues were also considered under additional smoothness conditions
by Lorenzi [Lor05a] in the case of a linear drift.

Before stating our main results, we recall some properties associated with the system
(1.1). We first describe in Section 1.1 how the intrinsic multi-scales of the degenerate
Kolmogorov like equations appear. We then introduce the appropriate setting of Hölder
spaces to consider in Section 1.2. We eventually conclude the introduction stating in
Section 1.3 our main results concerning Schauder estimates associated with (1.1).
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1.1 Intrinsic scales of the system and associated distance

Let us now briefly expose how the system typically behaves. To do so, consider the
following operator:

L0 :“ Bt ` xA0x,Dy `
1

2
∆x1 , A0 “

¨

˚

˚

˚

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0d,d

Id,d
. . . ¨ ¨ ¨ ¨ ¨ ¨

...

0d,d Id,d
. . . ¨ ¨ ¨

...
... . . . . . . . . . ...

0d,d ¨ ¨ ¨ 0d,d Id,d 0d,d

˛

‹

‹

‹

‹

‹

‹

‚

, (1.6)

which can be viewed as a typical model for the operator in (1.1). Introducing now, for λ ą
0, the dilation operator δλ : pt,xq P R`ˆRnd ÞÑ δλpt,xq “

`

λ2t, λx1, λ
3x2, ¨ ¨ ¨ , λ

2n´1xn
˘

P

R` ˆ Rnd, i.e. with a slight abuse of notation,
`

δλpt,xq
˘

0
:“ λ2t and for all i P rr1, nss,

`

δλpt,xq
˘

i
:“ λ2i´1xi, we have that

L0v “ 0 ùñ L0pv ˝ δλq “ 0. (1.7)

This hence lead us to introduce the homogeneous pseudo-norm corresponding to the
dilation operator δλ. Precisely, setting for all 0 ď s ď t ă `8, px,yq P pRndq2:

dP
`

pt,xq, ps,yq
˘

“ ps´ tq
1
2 `

d
ÿ

i“1

|yi ´ xi|
1

2i´1 , (1.8)

we indeed have dP
`

δλ
`

pt,xq
˘

, δλ
`

ps,yq
˘˘

“ λdP
`

pt,xq, ps,yq
˘

. In our current setting we
will mainly use the spatial part deriving from the parabolic homogeneous pseudo-distance
dP in (1.8). We set accordingly

d
`

x,y
˘

“

d
ÿ

i“1

|yi ´ xi|
1

2i´1 . (1.9)

From a technical point of view, these distances express the spatial homogeneity associated
with the intrinsic time scales of the variances for the Gaussian process with generator
L0. From a more probabilistic viewpoint the exponents in (1.9) can be related to the
characteristic time-scales of the iterated integrals of the Brownian motion (see e.g. [DM10],
[CdRM17]).

The non-degeneracy and boundedness assumption on a as well as the Hörmander
condition on the pFiqiPrr2,nss that we assume for (1.1)-(1.4) (see assumptions (UE) and (H)
below) will allow us to consider for our analysis the previous pseudo-distances associated
with the simplest yet typical equation in the class described by (1.1)-(1.4).

1.2 Associated Hölder spaces

We first recall some useful notations and spaces. We denote for k P N, β P p0, 1q by
} ¨ }Ck`βpRm,R`q, m P t1, d, ndu, ` P t1, d, d2, ndu the usual homogeneous Hölder space, see
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e.g. Krylov [Kry96]. Precisely, for ψ P Ck`βpRm,R`q, denoting by α “ pα1, ¨ ¨ ¨ , αmq P Nm

a generic multi-index and |α| “
řm
i“1 αi, we define the semi-norm:

}ψ}Ck`βpRm,R`q :“
k
ÿ

i“1

sup
|α|“i

}Dαψ}L8pRm,R`q ` sup
|α|“k

rDαψsβ,

rDαψsβ :“ sup
px,yqPpRmq2,x‰y

|Dαψpxq ´Dαψpyq|

|x´ y|β
, (1.10)

where | ¨ | denotes the Euclidean norm on the considered space. We will also need to
consider the associated subspace with bounded elements. Namely, we set:

Ck`β
b pRm,R`

q :“ tψ P Ck`β
pRm,R`

q : }ψ}L8pRm,R`q ă `8u.

We define correspondingly the Hölder norm:

}ψ}Ck`βb pRm,R`q :“ }ψ}Ck`βpRm,R`q ` }ψ}L8pRm,R`q. (1.11)

We are now in position to define our inhomogeneous Hölder spaces with multi-index
of regularity. Let ψ : Rnd Ñ R` be a smooth function. We first introduce, for i P rr1, nss,
x P Rd the perturbation operator that writes:

@z P Rnd,Πx
i pψqpzq :“ ψpz1, ¨ ¨ ¨ , zi ` x, ¨ ¨ ¨ , znq. (1.12)

We then define for all i P rr1, nss, the mapping

pz, xq P Rnd
ˆ Rd

ÞÝÑ ψipz, xq :“ Πx
i pψqpzq. (1.13)

Let us introduce the following inhomogeneous Hölder space in d-metric: given a parameter
γ P p0, 1q, and k P N, we say that ψ is in Ck`γ

d pRnd,R`q, if

}ψ}Ck`γd pRnd,R`q :“
n
ÿ

i“1

sup
zPRnd

}ψipz, ¨q}
C
k`γ
2i´1 pRd,R`q

ă `8. (1.14)

For the sake of simplicity, we will write:

}ψ}L8 :“ }ψ}L8pRnd,R`q, and }ψ}Ck`γd
:“ }ψ}Ck`γd pRnd,R`q.

The subscript d stands here to indicate the dependence of the Hölder exponents appear-
ing in the r.h.s. on the underlying pseudo-norm d reflecting the scale invariance of the
system (see equation (1.9) and the comments above for details). Note in particular that,
for k “ 0, there exists C :“ Cpn, dq ě 1 such that:

C´1
rψsγd ď }ψ}Ck`γd pRnd,R`q ď Crψsγd,

rψsγd :“ sup
x‰x1,px,x1qPpRndq2

|ψpxq ´ ψpx1q|

dγpx,x1q
, (1.15)
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see also e.g. Lunardi [Lun97].
Also, from (1.11) and (1.14), we write that ψ P Ck`γ

b,d pRnd,R`q if

}ψ}Ck`γb,d pRnd,R`q :“
n
ÿ

i“1

sup
zPRnd

}ψipz, ¨q}
C
k`γ
2i´1
b pRd,R`q

ă `8.

From now on, we will denote:

}ψ}Cγb,d :“ }ψ}Cγb,dpRnd,R`q.

Finally, through the article, we use the following notation for all functions
ϕ1 P L

8
`

r0, T s, Ck`γ
b,d pRm,R`q

˘

and ϕ2 P L
8
`

r0, T s, Ck`γ
d pRm,R`q

˘

:

}ϕ1}L8pCk`γb,d q
:“ sup

tPr0,T s

}ϕ1pt, ¨q}Ck`γb,d pRm,R`q, and }ϕ2}L8pCk`γd q
:“ sup

tPr0,T s

}ϕ2pt, ¨q}Ck`γd pRm,R`q.

1.3 Assumptions and main result

With these notations at hand we can now state our assumptions and main results. In
the following, we will assume:

(UE) Uniform Ellipticity of the diffusion Coefficient. There exists κ ě 1 s.t. for all
pt,xq P R` ˆ Rnd, z P Rd,

κ´1
|z|2 ď xapt,xqz, zy ď κ|z|2,

where | ¨ | again denotes the Euclidean norm and x¨, ¨y is the inner product.
(H) Weak Hörmander like condition. For all i P rr2, nss, there exists a closed convex

subset Ei´1 Ă GLdpRq (set of invertible d ˆ d matrices) s.t., for all t ě 0 and
pxi´1, . . . ,xnq P Rpn´i`2qd, Dxi´1

Fipt,xi´1, . . . ,xnq P Ei´1. For example, Ei´1 may be
a closed ball included in GLdpRq, which is an open set.

(S) Smoothness of the Coefficients. Fix γ P p0, 1q. We suppose the following condi-
tions hold.
(i) Smoothness of the diffusion coefficient. We assume that a is measurable

in time and that a P L8
`

r0, T s, Cγ
b,dpRnd,Rd b Rdq

˘

.
(ii) Smoothness of the drift in time. We only assume here that the drift is

measurable in time and bounded at the origin, i.e. the measurable mapping
t ÞÑ Fpt,0q is bounded.

(iii) Smoothness of the drift in space. We now state, for each level i P rr1, nss
the smoothness assumptions on the drift component Fi (see the remark below
for more explanations):

Fi P L
8
pr0, T s, C

p2i´3q_0`γ
d pRppn´i`2q^nqd,Rd

q. (1.16)
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For a fixed parameter γ P p0, 1q, we will say that (A) is in force as soon as (UE), (H),
(S) hold.

Remark 1 Let us come back to assumption (S)-(iii), which may seem difficult to un-
derstand at first sight. Namely, we here explain a little bit how the particular thresholds
appearing in this assumption come from as well as the precise regularity imposed on each
component of the drift F w.r.t. any space variables.
‚ Note first that for i “ 1 assumption (S)-(iii) readily says, with the previous notations

for Hölder spaces, that F1 P L
8pr0, T s, Cγ

dpRnd,Rdqq.
‚ For each level i P rr2, nss of the chain in (1.2), we shall consider different types of

assumptions on Fi depending on the variables xi´1 and xi:n “ pxi, ¨ ¨ ¨ ,xnq respectively.
Let us now fix i P rr2, nss.

The component xi´1 is hence the one which transmits the noise. Coherently with the
usual Hörmander setting, we need some differentiability of Fi w.r.t. xi´1. In order to
have a global coherence, in terms of time-space homogeneity, for all the considered vari-
ables, the specific smoothness to be considered for that variable is that Fipt, ¨,x

i:nq is in
C1` γ

2pi´1q´1 pRd,Rdq. Recalling now the previous definition of d and of the associated Hölder
spaces, we have C1` γ

2pi´1q´1 pRd,Rdq “ C
2i´3`γ

2pi´1q´1 pRd,Rdq “ C2i´3`γ
d pRd,Rdq.

Now, at level i, the components xi:n are above the current characteristic time-scale,
i.e. the vector of their associated time rescaling, which writes according to the homogenous
quasi-metric dP in (1.8) as pti´

1
2 , tpi`1q´ 1

2 ,

¨ ¨ ¨ , tn´
1
2 q, has in small time entries that are actually smaller or equal than the time

rescaling of the current variable xi in ti´1{2. We recall as well that, in order to have the
well posedness of the martingale problem associated with the operator pLtqtě0 in (1.3),
some natural minimal thresholds of Hölder continuity appear for these variables. Pre-
cisely, at level i, Fi must be Hölder continuous in xj, j P rri, nss, with index strictly
greater than 2i´3

2j´1
(see [CdRM17] for details). Here, still to have a global coherence, in

terms of time-space homogeneity, for all the considered variables, we assume that Fi is
2i´3
2j´1

`
γ

2j´1
Hölder continuous in its jth variable. This precisely corresponds to the minimal

threshold required to which we add the intrinsic γ-Hölder regularity w.r.t to the associ-
ated scale appearing in d for the considered entry. Thus, with a slight abuse of notations,
z ÞÑ Fipt,xi´1,xi, ¨ ¨ ¨ ,xj´1, z,xj`1, ¨ ¨ ¨ ,xnq is supposed to be in C

2i´3
2j´1

`
γ

2j´1 pRd,Rdq “

C2i´3`γ
d pRd,Rdq.
‚ “Gathering” the regularity conditions assumed on each variable for each component

of F hence gives assumption (S)-(iii).

Remark 2 Concerning the time regularity in the previous assumptions we can refer to
the earlier work of Kruzhkov et al. [KCL75] who first consider this type of regularity
to establish Schauder estimates in the classical non degenerate framework with bounded
coefficients. We can also mention Lorenzi [Lor11] for extensions to unbounded coefficients.

We are now in position to state our main result.
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Theorem 1 (Schauder Estimates for degenerate Kolmogorov Equations.)
Let γ P p0, 1q be given. Suppose that (A) is in force and that the terminal condition

g and source term f of the Cauchy problem (1.1) satisfy: g P C2`γ
b,d pRnd,Rq and f P

L8
`

r0, T s, Cγ
b,dpRnd,Rq

˘

.
Then, there exists a unique weak solution u in C2`γ

b,d pRnd,Rq to (1.1). Furthermore,
there exists a constant C(1) :“ C(1)

`

pAq, T
˘

s.t.

}u}L8pC2`γ
b,d q

ď C(1)
`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

. (1.17)

Section 2 below is dedicated to the presentation and description of the various steps
that we perform to obtain our main result of Theorem 1. From now on we will denote
by C a generic constant that may change from line to line but only depends on known
parameters in (A) and the considered fixed final time T , i.e. C :“ CppAq, T q. We reserve
the notation c for generic constants that may also change from line to line, depend on
(A) but are also independent of T , i.e. c :“ cppAqq.

2 Detailed Guide to the proof
We describe in this section the approach we follow to derive our main results. The

point is to emphasize the various difficulties arising and to introduce the adapted tools
that can be used to circumvent them.

The first step of our strategy is to mollify equation (1.1) in order to get a well-posed
Cauchy problem in the classical sense. Precisely, for ϕ P C2

0pRnd,Rq, m P N and t P r0, T s
we define the operator:

Lmt ϕpxq :“ xFmpt,xq,Dϕpxqy `
1

2
Tr
`

D2
x1
ϕpxqampt,xq

˘

, (2.1)

where Fm, am are mollified versions in space of the initial coefficients F, a in (1.3), i.e.
Fmpt,xq “ Fpt, ¨q ‹ φmpxq, ampt,xq “ apt, ¨q ‹ φmpxq, where for all z P Rnd, φmpzq :“
mndφpzmq for a smooth, i.e. C8, non-negative function φ : Rnd Ñ R` s.t.

ş

Rnd φpzqdz “ 1
and the previous convolutions are to be understood componentwise. We introduce corre-
spondingly the stochastic differential equation with generator pLmt qtě0. Namely, for fixed
pt,xq P r0, T s ˆ Rnd and s ě t,

Xm,t,x
s “ x`

ż s

t

Fmpu,X
m,t,x
u qdu`

ż s

t

Bσmpu,X
m,t,x
u qdWu, (2.2)

where σm is a square root of am. The dynamics in (2.2) is similar to the one in (1.4) up
to the mollification of the coefficients. It can be deduced from the well-posedness of the
martingale problem, which holds under our current assumptions from [CdRM17], that
pXm

t qtPr0,T s ñm pXtqtPr0,T s (convergence in law on the path space) where pXtqtPr0,T s is the
unique weak solution of (1.4) (see also [SV79]).

Consider now mollified versions fm, gm of the source f and the final condition g in
(1.1). It is then rather direct to derive through stochastic flows techniques, see e.g. Kunita
[Kun97], that

umpt,xq :“ ErgmpXm,t,x
T qs `

ż T

t

Erfmps,Xm,t,x
s qsds, (2.3)
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belongs for any given m to C8b pRnd,Rq (space of infinitely differentiable functions with
bounded derivatives) and precisely solves for all x P Rnd:

$

’

&

’

%

Btumpt,xq ` xFmpt,xq,Dumpt,xqy `
1
2
Tr
`

D2
x1
umpt,xqampt,xq

˘

“ ´fmpt,xq, t P r0, T q,

ˆRnd,

umpT,xq “ gmpxq, x P Rnd.

(2.4)
The idea is now to obtain controls of the norms }um}L8pC2`γ

b,d q
which are uniform w.r.t.

the mollifying parameter m. To this end, we will use a perturbative method by expanding
um around a suitable Ornstein-Uhlenbeck like Gaussian proxy corresponding to an ap-
propriate linearization of the dynamics in (2.2). Consider first the deterministic dynamics
deriving from (2.2) obtained setting σm to 0, i.e.

9θ
m

v,τ pξq “ Fmpv,θ
m
v,τ pξqq, v P r0, T s, θ

m
τ,τ pξq “ ξ, (2.5)

where pτ, ξq P r0, T s ˆ Rnd are freezing parameters, respectively in time and space to be
specified.

Fix 0 ď t ă s ď T and x P Rnd. The typical linearization of (2.2) on the time interval
rt, ss around pθmv,τ pξqqvPrt,ss writes:

dX̃m,pτ,ξq
v “rFmpv,θ

m
v,τ pξqq`DFmpv,θv,τ pξqqpX̃

m,pτ,ξq
v ´θmv,τ pξqqsdv`Bσmpv,θ

m
v,τ pξqqdWv,

@v P rt, ss, X̃
m,pτ,ξq
t “ x, (2.6)

where for all z P Rnd,

DFmpv, zq :“

¨

˚

˚

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0d,d
Dz1Fm,2pv, zq 0d,d ¨ ¨ ¨ ¨ ¨ ¨ 0d,d

0d,d Dz2Fm,3pv, z
2:nq 0d,d 0d,d

...
... 0d,d

. . . ...
0d,d ¨ ¨ ¨ 0d,d Dzn´1Fm,npv, zn´1, znq 0d,d

˛

‹

‹

‹

‹

‹

‚

(2.7)
denotes the subdiagonal of the Jacobian matrix DzFmpv, ¨q at point z. From our previous
assumptions (non-degeneracy of σ and Hörmander like condition), the Gaussian process
with dynamics (2.6) admits a well controlled multi-scale density p̃m,pτ,ξqpt, s,x, ¨q (see
e.g. Section 3.1 below and for instance [DM10], [CdRM17]). Namely, there exists C :“
CppAq, T q ě 1 s.t. for j P t1, 2u and all pi, kq P rr1, nss2, for all 0 ď t ă s ď T, px,yq P
pRndq2:

|DxkD
j
xi
p̃m,pτ,ξqpt, s,x,yq|

ď
C

ps´ tq
2k´1

2
`
jp2i´1q

2
`n2d

2

exp
´

´C´1
ps´ tq|T´1

s´tpm
m,pτ,ξq
s,t pxq ´ yq|2

¯

“:
C

ps´ tq
2k´1

2
`
jp2i´1q

2

p̄
pτ,ξq

C´1 pt, s,x,yq, (2.8)
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where m
m,pτ,ξq
s,t pxq stands for the mean of X̃

m,pτ,ξq
s and for all u ą 0, Tu is the intrinsic

scale matrix:

Tu “

¨

˚

˚

˚

˝

uId,d 0d,d ¨ ¨ ¨ 0d,d

0d,d u2Id,d 0d,d
...

... . . . . . . ...
0d,d ¨ ¨ ¨ 0d,d unId,d

˛

‹

‹

‹

‚

, (2.9)

that is, the ith diagonal entry of u´
1
2Tu reflects the time order of the variances of the

pi ´ 1qth iterated integral of the standard Brownian motion at time u. Observe as well
that the time singularities in (2.8) precisely reflect the typical scale of the associated
variable, i.e. differentiating in xk yields an additional time singularity in ps ´ tq´k`

1
2

where ps ´ tqk´
1
2 is exactly the order of the standard deviation of the pk ´ 1qth iterated

integral of the Brownian motion.
Denoting by pL̃m,pτ,ξqv qvPrt,T s the generator of (2.6), it also holds that:

`

Bs ´ pL̃
m,pτ,ξq
s q

˚
˘

p̃m,pτ,ξqpt, s,x,yq “ 0, p̃m,pτ,ξqpt, s, ¨,yq ÑsÓt δyp¨q,
`

Bt ` L̃
m,pτ,ξq
t

˘

p̃m,pτ,ξqpt, s,x,yq “ 0, p̃m,pτ,ξqpt, s,x, ¨q ÑtÒs δxp¨q.

The above equations are respectively the forward and backward Kolmogorov equations.
In the first one, the operator pL̃m,pτ,ξqs q˚ acts on the forward variable y whereas in the
second one, L̃m,pτ,ξqt acts in the backward variable x. We will use the notation P̃m,pτ,ξq

T,t for
the corresponding semi-group, i.e.

P̃m,ξ
T,t gmpxq :“

ż

Rnd
p̃m,ξpt, T,x,yqgmpyqdy,

as well as

G̃m,ξfmpt,xq :“

ż T

t

ds

ż

Rnd
p̃m,ξpt, s,x,yqfmps,yqdy, (2.10)

for the associated Green kernel (with fixed final time T ą 0).
For fixed pt,xq P r0, T sˆRnd and the above Gaussian proxy, for which pτ, ξq still remain

to be specified, we recall that Duhamel’s formula (first order parametrix expansion) yields
that:

umpt,xq “ P̃
m,pτ,ξq
T,t gmpxq ` G̃

m,pτ,ξqfmpt,xq

`

ż T

t

ds

ż

Rnd
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy. (2.11)

Recall from the statement of our main Theorem 1 that we have to give bounds on
}um}L8pC2`γ

b,d q
. For this introduction to the proof, we will focus on the contributions D2

x1
um,

that already exhibits all the difficulties and for which we want to establish a control in
time-space supremum norm and for the γ-Hölder modulus associated with the distance
d.

Differentiating in D2
x1

equation (2.11) gives:

D2
x1
umpt,xq “ D2

x1
P̃
m,pτ,ξq
T,t gmpxq `D

2
x1
G̃m,pτ,ξqfmpt,xq

`

ż T

t

ds

ż

Rnd
D2

x1
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy.
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Concentrating on the last term, which turns out to be the most delicate, we see that
the choice of pτ, ξq must be made in order to equilibrate the time singularities coming
from D2

x1
p̃m,pτ,ξqpt, s,x,yq. Let us first consider the non-degenerate part coming from the

difference pLms ´ L̃
m,pτ,ξq
s qumps,yq which explicitly writes from (2.1) and (2.6):

∆1,Fm,σmpτ, s,y,θ
m
s,τ pξq, umq

“ xFm,1ps,yq ´ Fm,1ps,θ
m
s,τ pξqq, Dy1umps,yqy

`
1

2
Tr
´

pamps,yq ´ amps,θ
m
s,τ pξqqqD

2
y1
umps,yq

¯

,

and can be upper-bounded from the Hölder continuity assumption (w.r.t. the underlying
homogeneous metric d) on F1 and a as:

|∆1,Fm,σmpτ, s,y,θ
m
s,τ pξq, umq| (2.12)

ď

´

rF1ps, ¨qsd,γ}Dy1umps, ¨q}L8 `
1

2
raps, ¨qsd,γ}D

2
y1
umps, ¨q}L8

¯

dγpy,θms,τ pξqq.

The contribution dγpy,θms,τ pξqq in the above r.h.s. must then equilibrate the time sin-
gularity in ps ´ tq´1 coming from D2

x1
p̃m,pτ,ξqpt, s,x,yq (see (2.8) and Proposition (2)

below). This is possible if dγpy,θms,τ pξqq is compatible with the off-diagonal bound ps ´
tq|T´1

s´tpm
m,pτ,ξq
s,t pxq ´ yq|2 in (2.8).

This is precisely the case considering pτ, ξq “ pt,xq which gives

m
m,pτ,ξq
s,t pxq|pτ,ξq“pt,xq “ θms,tpxq, (2.13)

as it can readily be checked from (2.5), (2.6) (taking the expectation) and the Grönwall’s
Lemma. Therefore, observing precisely from the metric homogeneity (see equations (1.8)
and (1.9)) that:

dγpy,θms,tpxqq “ ps´ tq
γ
2 dγpps´ tq

1
2T´1

s´ty, ps´ tq
1
2T´1

s´tθ
m
s,tpxqq

ď Cps´ tq
γ
2

´

n
ÿ

i“1

|ps´ tq
2i´1

2 py ´ θms,tpxqqi|
γ

2i´1

¯

,

we get that the terms of last contribution in the above r.h.s. can precisely be absorbed
by the exponential off-diagonal bound in (2.8).

We therefore eventually derive for the non-degenerate contribution with the notation
of (2.8):

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rd
D2

x1
p̃m,pτ,ξqpt, s,x,yq∆1,Fm,σmpτ, s,θ

m
s,tpξq,y, umqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď

ż T

t

ds

ps´ tq1´
γ
2

ż

Rnd
Cp̄

pτ,ξq

C´1 pt, s,x,yq
´

}Dy1umps, ¨q}L8 ` }D
2
y1
umps, ¨q}L8

¯

dy

ď
2C

γ
pT ´ tq

γ
2

`

}Dy1um}L8 ` }D
2
y1
um}L8

˘

ď
2C

γ
pT ´ tq

γ
2 }um}L8pC2`γ

b,d q
, (2.14)
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yielding precisely a time smoothing effect corresponding exactly to the Hölder continuity
exponent γ of the coefficients. The previous choice of pτ, ξq is known as the forward
parametrix and seems adapted as soon as one is led to estimate derivatives of the solution.
This was for instance already the choice performed in the non-degenerate case by Il’in et
al [IKO62] or Friedman [Fri64] in relation with Schauder estimates or by Di Francesco
and Polidoro [FP06] in the current degenerate Kolmogorov setting with a linear drift.

Let us mention that, as far as one is concerned with density estimates, which formally
amounts to replace umps,xq, umps,yq in (2.11) with pmpt, T,x, zq, pmps, T,y, zq (density
at some fixed point z P Rnd of Xm

T starting from x at time t), or with the well-posedness
of the martingale problem, another choice, consisting in freezing in pτ, ξq “ ps,yq in the
above equation, could also be considered. Note that the freezing parameters would here
depend on the time and spatial integration variables. This backward approach was first
introduced by McKean and Singer [MS67] and led successfully to density estimates and
well-posedness of the martingale problem for the current model (1.4) in the respective
works [DM10], [Men18], [CdRM17].

However, when dealing with derivatives, the forward perturbative approach appears
more flexible since it allows to exploit cancellation techniques whereas this is much trickier
in the backward case for which p̃m,ps,yqpt, s,x,yq is not a density w.r.t. y. Some associated
errors associated with this approach are thoroughly discussed in [CdRM17].

Let us now turn to the contributions associated with the degenerate variables in the
difference pLms ´ L̃

m,pτ,ξq
s qumps,yq. They precisely write:

n
ÿ

i“2

A´

Fm,ips,yq ´ Fm,ips,θ
m
s,τ pξqq ´Dxi´1

Fm,ips,θ
m
s,τ pξqqpy ´ θms,τ pξqqi´1

¯

, Dyiumps,yq
E

“:
n
ÿ

i“2

@

∆i,Fmpτ, s,θ
m
s,tpξq,yq, Dyiumps,yq

D

. (2.15)

Under the current assumptions, we do not expect to have uniform controls w.r.t. to the
smoothing parameterm for the derivatives pDyiumqiPrr2,nss in the degenerate directions. Our
strategy will first consist for those terms in performing an integration by parts leading to:

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dyD2

x1
p̃m,pτ,ξqpt, s,x,yq

@

∆i,Fmpτ, s,θ
m
s,tpξq,yq, Dyiumps,yq

D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď

n
ÿ

i“2

ż T

t

ds
ˇ

ˇ

ˇ

ż

Rnd
dyDyi¨

´

`

D2
x1
p̃m,pτ,ξqpt, s,x,yq b∆i,Fmpτ, s,θ

m
s,tpξq,yq

˘

¯

umps,yq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

“:
n
ÿ

i“2

ż T

t

ds
ˇ

ˇ

ˇ

ż

Rnd
dyDyi ¨

`

Θm,α
i,pt,xqps,yq

˘

umps,yq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

, (2.16)

where the notation “b" between two tensors means the usual tensor product. In particular,
`

D2
x1
p̃m,pτ,ξqpt, s,x,yq b ∆i,Fmpτ, s,θ

m
s,tpξq,yq

˘

is a tensor lying in pRdqb3. Furthermore,
Dyi ¨ refers to an extended form of the divergence over the ith variable (yi P Rd). Precisely,
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from (2.16), we rewrite for all i P rr2, nss, ps,yq P rt, T sRnd

Dyi ¨
`

Θm,α
i,pt,xqps,yq

˘

“

d
ÿ

j“1

Byji

´

D2
x1
p̃m,pτ,ξqpt, s,x,yq

`

∆i,Fmpτ, s,θ
m
s,tpξq,yq

˘

j

¯

,

with yi “ py1
i , ¨ ¨ ¨ ,y

n
i q. In other words, this “enhanced" divergence form decreases by

one the order of the input tensor. As a particular case, if d “ 1, ∆i,Fmpτ, s,θ
m
s,tpξq,yq is a

scalar and the divergence form corresponds to the standard differentiation, i.e. Dyi ¨ “ Byi .
Here α “ p2, 0, ¨ ¨ ¨ , 0q is the multi-index which reflects that the above contribution

involves the second order derivatives of the frozen heat-kernel w.r.t. to its non-degenerate
components.

In view of our main estimates in Theorem 1, we will use the duality between suitable
Besov spaces to derive bounds for the spatial integrals in (2.16). Introduce, for all fixed
i P rr2, nss and any py1, ¨ ¨ ¨ ,yi´1,yi`1, ¨ ¨ ¨ ,ynq “: py1:i´1,yi`1:nq P Rpn´1qd the mappings

ui,ps,y1:i´1,yi`1:nq
m : yi ÞÑ umps,y1:i´1,yi,yi`1:nq,

Ψi,pt,xq,ps,y1:i´1,yi`1:nq
m : yi ÞÑ Dyi ¨

`

Θm,α
i,pt,xqps,yq

˘

. (2.17)

The underlying idea is that we actually want, for the ith variable, to control uniformly inm
the Hölder modulus rui,ps,y1:i´1,yi`1:nq

m s 2`γ
2i´1

uniformly in ps,y1:i´1,yi`1:nq P rt, T s ˆ Rpn´1qd.

To prove this property we recall that, setting α̃i :“ 2`γ
2i´1

, C α̃i
b pRd,Rq “ Bα̃i

8,8pRd,Rq with
the usual notations for Besov spaces (see e.g. Triebel [Tri83]).

Let us now recall some definitions/characterizations from Section 2.6.4 of Triebel
[Tri83]. For α̃ P R, q P p0,`8s, p P p0,8s, Bα̃

p,qpRdq :“ tf P S 1pRdq : }f}Hα̃p,q ă `8u

where SpRdq stands for the Schwarz class and

}f}Hα̃p,q :“ }ϕpDqf}LppRdq `
´

ż 1

0

vpm´
α̃
2
qq
}B
m
v hv ‹ f}

q
LppRdq

dv

v

¯
1
q
, (2.18)

with ϕ P C80 pRdq (smooth function with compact support) is s.t. ϕp0q ‰ 0, ϕpDqf :“
pϕf̂q_ where f̂ and pϕf̂q_ respectively denote the Fourier transform of f and the inverse
Fourier transform of ϕf̂ . The parameter m is an integer s.t. m ą α̃

2
and for v ą 0, z P Rd,

hvpzq :“ 1

p2πvq
d
2

exp
`

´
|z|2

2v

˘

is the usual heat kernel of Rd. We point out that the quantities

in (2.18) are well defined for q ă 8. The modifications for q “ `8 are obvious and can
be written passing to the limit.

Observe that the quantity }f}Hα̃p,q , where the subscript H stands to indicate the depen-
dence on the heat-kernel, depends on the considered function ϕ and the chosen m P N.
It also defines a quasi-norm on Bs

p,qpRdq. The previous definition of Bα̃
p,qpRdq is known

as the thermic characterization of Besov spaces and is particularly well adapted to our
current framework. By abuse of notation we will write as soon as this quantity is finite
}f}Hα̃p,q “: }f}Bα̃p,q .

As indicated above, it is easily seen from (2.18) that C α̃i
b pRd,Rq “ Bα̃i

8,8pRd,Rq. It is
also well known that Bα̃i

8,8pRd,Rq and B´α̃i1,1 pRd,Rq are in duality (see e.g. Proposition 3.6
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in [LR02]). Namely Bα̃i
8,8 is the dual of the closure of the Schwartz class S in B´α̃i1,1 . But S

is dense in B´α̃i1,1 (see for instance Theorem 4.1.3 in [AH96]). We will therefore write from
(2.16) and with the notations of (2.17)

n
ÿ

i“2

ż T

t

ds
ˇ

ˇ

ˇ

ż

Rnd
dyDyi ¨

`

Θm,α
i,pt,xqps,yq

˘

umps,yq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď

n
ÿ

i“2

ż T

t

ds

ż

Rpn´1qd

dpy1:i´1,yi`1:nq}Ψ
i,pt,xq,ps,y1:i´1,yi`1:nq
m }

B
´α̃i
1,1
}ui,ps,y1:i´1,yi`1:nq

m }
B
α̃i
8,8

ď }um}L8pC2`γ
b,d q

n
ÿ

i“2

ż T

t

ds

ż

Rpn´1qd

dpy1:i´1,yi`1:nq}Ψ
i,pt,xq,ps,y1:i´1,yi`1:nq
m }

B
´α̃i
1,1
. (2.19)

Exploiting the thermic characterization of Besov spaces (see again (2.18) and Section 4.2),
It will be shown in Lemma 5 below that there exists C :“ CppAqq s.t. for all i P rr2, nss
and all m P N:

ż

Rpn´1qd

dpy1:i´1,yi`1:nq}Ψ
i,pt,xq,ps,y1:i´1,yi`1:nq
m }

B
´α̃i
1,1

ď
C

ps´ tq1´
γ
2

. (2.20)

Therefore:
n
ÿ

i“2

ż T

t

ds

ż

Rpn´1qd

dpy1:i´1,yi`1:nq}Ψ
i,pt,xq,ps,y1:i´1,yi`1:nq
m }

B
´α̃i
1,1

ď CpT ´ tq
γ
2 , (2.21)

which plugged into (2.19) eventually gives the following global smoothing effect for the
degenerate contributions. Namely,

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dyD2

x1
p̃m,pτ,ξqpt, s,x,yq

@

∆i,Fmpτ, s,θ
m
s,tpξq,yqDyiumps,yq

D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď CpT´tq
γ
2,

(2.22)
which is precisely homogeneous to the bound obtained for the non-degenerate variables
in (2.14). In both cases, the contribution pT ´ tq

γ
2 derives from the assumed smoothness

of the coefficients a,F w.r.t. d which exactly leads to the same global control for the a
priori most singular part of expansion (2.12).

From the previous bounds and (2.12) we thus obtain:

|D2
x1
umpt,xq|ď

´

|D2
x1
P̃
m,pτ,ξq
T,t gmpxq|̀ |D

2
x1
G̃m,pτ,ξqfmpt,xq|

¯
ˇ

ˇ

ˇ

pτ,ξq“pt,xq
`CpT´tq

γ
2 }um}L8pC2`γ

b,d q
.

(2.23)
Since P̃m,pτ,ξq

T,t is a true semi-group, and G̃m,pτ,ξq the associated Green kernel (precisely
because we used a forward perturbative expansion), it will be derived in Lemma 6 (thanks
to cancellation techniques) that there exists C :“ CppAqq s.t. for all pt,xq P r0, T s ˆ Rnd:

´

|D2
x1
P̃
m,pτ,ξq
T,t gmpxq| ` |D

2
x1
G̃m,pτ,ξqfmpt,xq|

¯
ˇ

ˇ

ˇ

pτ,ξq“pt,xq

ď Cp}gm}C2`γ
b,d
` pT ´ tq

γ
2 }fm}L8pCγb,dqq

ď Cp}g}C2`γ
b,d
` pT ´ tq

γ
2 }f}L8pCγb,dqq. (2.24)
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Equation (2.24) eventually leads to the following estimate on |D2
x1
umpt,xq|:

|D2
x1
umpt,xq| ď C

´

}g}C2`γ
b,d
` pT ´ tq

γ
2 p}f}L8pCγb,dq ` }um}L8pC2`γ

b,d q
q

¯

. (2.25)

For T small enough, this equation would be compatible with the estimates of Theorem
1. Equation (2.25) might even seem too strong since it also exhibits, additionally to the
control of the term associated with the perturbation, a small contribution (in pT ´ tq

γ
2

for a small enough T ) w.r.t. to the source fm. This is precisely because }D2
x1
umpt, ¨q}L8

is not one of the critical terms in the Hölder norm }umpt, ¨q}C2`γ
b,d

, i.e. the regularity of
the coefficients still gives that it can be viewed as a remainder at first sight. Now, a
typical critical term of the Hölder norm, for which we precisely exploit totally the spatial
regularity of the coefficients, is rD2

x1
umpt, ¨qs

γ
d (see assumption (S) and (1.15)). Let us now

detail how we can handle it and in which sense it can be viewed as critical.
Of course, if g “ 0, for t P r0, T s and given spatial points px,x1q P pRndq2 we can assume

w.l.o.g. that dpx,x1q ď pT ´ tq
1
2 , i.e. the spatial points are close w.r.t. the characteristic

time scale pT ´ tq
1
2 for the homogeneous metric d. Indeed, if dpx,x1q ą pT ´ tq

1
2 , equation

(2.25) readily gives:

|D2
x1
umpt,xq ´D

2
x1
umpt,x

1
q| ď |D2

x1
umpt,xq| ` |D

2
x1
umpt,x

1
q|

ď 2CpT ´ tq
γ
2 p}f}L8pCγb,dq ` }um}L8pC2`γ

b,d q
q

ď 2Cdγpx,x1qp}f}L8pCγb,dq ` }um}L8pC2`γ
b,d q

q. (2.26)

Let us now focus, as above, on the Hölder control associated with the perturbative
contribution in (2.12) when dpx,x1q ď pT ´ tq

1
2 . Namely,

D2
x1

∆τ,ξ,ξ1

m pt, T,x,x1q :“

ż T

t

ds

ż

Rnd
D2

x1
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy

´

ż T

t

ds

ż

Rnd
D2

x1
p̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yqdy,

(2.27)

where we recall that a priori the spatial freezing points pξ, ξ1q in (2.27) (see also (2.12))
should be different for x and x1 and depend on the position of dpx,x1q w.r.t. the current
characteristic time scale in the time integral. Following the terminology of heat kernels, we
will say that at time s P rt, T s the points x,x1 are in the diagonal regime if c0d

2px,x1q ď
s´t, i.e. their homogeneous distance is small w.r.t. the characteristic time for a parameter
c0 to be specified later on.

We insist again that we have the usual equivalence between time and space, i.e. time
has to be compared with the square of the spatial metric. Similarly, we will say that the
off-diagonal regime holds when c0d

2px,x1q ą ps´ tq. Observing that in the diagonal case
s ě t ` c0d

2px,x1q (and in the off-diagonal one s ă t ` c0d
2px,x1q) we split the time

integral in (2.27) as:

∆τ,ξ,ξ1

m pt, T,x,x1q :“ ∆τ,ξ,ξ1

m,diagpt, T,x,x
1
q `∆τ,ξ,ξ1

m,off-diagpt,x,x
1
q,
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with

∆τ,ξ,ξ1

m,off-diagpt,x,x
1
q :“

ż t`c0d2px,x1q

t

ds

ż

Rnd
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy,

´

ż t`c0d2px,x1q

t

ds

ż

Rnd
p̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yqdy,

∆τ,ξ,ξ1

m,diagpt, T,x,x
1
q :“

ż T

t`c0d2px,x1q

ds

ż

Rnd
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy

´

ż T

t`c0d2px,x1q

ds

ż

Rnd
p̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yqdy.

(2.28)

Intuitively, for the term D2
x1

∆τ,ξ,ξ1

m,off-diagpt,x,x
1q, since x,x1 are far at the characteristic

time scale ps ´ tq
1
2 , there is no expectable gain in expanding D2

x1
p̃m,pτ,ξ

1qpt, s,x1,yq ´
D2

x1
p̃m,pτ,ξqpt, s,x,yq. One therefore writes:

|D2
x1

∆τ,ξ,ξ1

m,off-diagpt,x,x
1
q|

ď |

ż t`c0d2px,x1q

t

ds

ż

Rnd
D2

x1
p̃m,pτ,ξqpt, s,x,yqpLms ´ L̃

m,pτ,ξq
s qumps,yqdy|

`|

ż t`c0d2px,x1q

t

ds

ż

Rnd
D2

x1
p̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yqdy|.

Now, provided ξ “ x, ξ1 “ x1 one derives from the previous equation, similarly to (2.19),
(2.20), that

|D2
x1

∆τ,ξ,ξ1

m,off-diagpt,x,x
1
q|

ď C}um}L8pC2`γ
b,d q

ż t`c0d2px,x1q

t

ds

ps´ tq1´
γ
2

ď C}um}L8pC2`γ
b,d q

c
γ
2
0 dγpx,x1q. (2.29)

For c0 small enough, we obtain again an estimate that would be compatible with the
global bound on }um}L8pC2`γ

b,d q
stated in Theorem 1.

Turning now to D2
x1

∆τ,ξ,ξ1

m,diagpt, T,x,x
1q one would therefore be tempted to carry on

the analysis with the previous freezing points ξ “ x, ξ1 “ x1. Intuitively, in the diagonal
regime this should not have too much impact. This is only partly true, since if we proceed
so we will be led to investigate the difference of operators at different freezing spatial
points and this leads to compare quantities like θms,tpxq ´ θms,tpx

1q for which we want a
uniform control w.r.t. m. Since the initial (unmollified) coefficients a,F are only Hölder
continuous in space, this quantity is typically controlled (see Lemma 3) as:

d
`

θms,tpxq,θ
m
s,tpx

1
q
˘

ď C
`

dpx,x1q ` ps´ tq
1
2

˘

, (2.30)

where the time contribution precisely reflects the roughness of the coefficients.
Unfortunately, this approach would lead to a final control of order

`

dpx,x1q ` ps ´

tq
1
2

˘γ
ď C

`

dγpx,x1q ` ps ´ tq
γ
2

˘

which is not enough on the considered integration set.
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Recall indeed that, in the diagonal regime c0d
2px,x1q ď ps ´ tq and the term ps ´ tq

γ
2 in

the previous r.h.s. is too big. This means that for ∆τ,ξ,ξ1

m,diagpt, T,x,x
1q, it would be more

appropriate to consider the same spatial freezing point. In that case, taking ξ “ ξ1 “ x
and expanding the difference of the derivatives of the frozen Gaussian densities yields:

∆τ,ξ,ξ1

m,diagpt, T,x,x
1
q

“ ´

n
ÿ

j“1

ż T

t`c0d2px,x1q

ds

ż

Rnd
dy

ż 1

0

dµDxjD
2
x1
p̃m,pτ,ξqpt, s,x` µpx1 ´ xq,yq ¨ px1 ´ xqj

pLms ´ L̃
m,pτ,ξq
s qumps,yq

“ ´

n
ÿ

j“1

ż T

t`c0d2px,x1q

ds

ż

Rnd
dy

ż 1

0

dµDxjD
2
x1
p̃m,pτ,ξqpt, s,x` µpx1 ´ xq,yq ¨ px1 ´ xqj

´

∆1,Fm,σmpt, s,θ
m
s,tpxq,y, umq `

n
ÿ

i“2

@

∆i,Fm,σmpt, s,θ
m
s,tpxq,yqDyiumps,yq

D

¯

,

(2.31)

using the notations introduced in (2.12) and (2.15) for the last equality. In the previous
identities (2.31) and from now on, the symbol “¨" between two tensors means the usual
tensor contraction. In particular DxjD

2
x1
p̃m,pτ,ξqpt, s,x` µpx1 ´ xq,yq ¨ px1 ´ xqj is a dˆ d

matrix.
In the current diagonal regime, it can be shown from (2.8) and the homogeneity of the

distance d that there is C ą 1 such that for ξ “ x:

|DxjD
2
x1
p̃m,pτ,ξqpt, s,x` µpx1 ´ xq,yq|

ď
C

ps´ tqj´
1
2
`1`n2d

2

expp´C´1
ps´ tq|T´1

s´tpm
m,pt,ξq
s,t px` µpx1 ´ xqq ´ y|2q

ď
C

ps´ tqj´
1
2
`1`n2d

2

exppC´1
ps´ tq|T´1

s´tpm
m,pt,ξq
s,t px´ x1qq|2q

ˆ expp´
C´1

2
ps´ tq|T´1

s´tpm
m,pt,ξq
s,t pxqq ´ y|2q

ď
C

ps´ tqj´
1
2
`1`n2d

2

expp´
C´1

2
ps´ tq|T´1

s´tpθ
m
s,tpxqq ´ y|2q, (2.32)

using for the last inequality that m
m,pt,ξq
s,t pxq|ξ“x “ θms,tpxq and the fact that, from the

linear structure of ODE satisfied by m
m,pt,ξq
s,t pxq (which can be read from system (2.6)

taking the expectation), ps´ tq
1
2 |T´1

s´tpm
m,pt,ξq
s,t qpx´ x1q|2 ď Cps´ tq

1
2 |T´1

s´tpx´ x1q|. Since
c0d

2px,x1q ď s ´ t ðñ c0d
2
`

ps ´ tq
1
2T´1

s´tx, ps ´ tq
1
2T´1

s´tx
1
˘

ď 1, we readily derive from
the definition of d in (1.9) that ps ´ tq|T´1

s´tpm
m,pt,ξq
s,t qpx ´ x1q|2 ď C. These points are

thoroughly discussed in Section 3.
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From (2.31), (2.32) reproducing the previously described analysis, we finally derive:

D2
x1

∆τ,ξ,ξ1

m,diagpt, T,x,x
1
q

ď C}um}L8pC2`γ
b,d q

n
ÿ

j“1

ż T

t`c0d2px,x1q

ds

ps´ tq1`pj´
1
2
q´

γ
2

|px´ x1qj|

ď C}um}L8pC2`γ
b,d q

n
ÿ

j“1

|px´ x1qj|

pc0d2px,x1qqj´
1
2
´
γ
2

ď
C

c
n´ 1

2
´
γ
2

0

}um}L8pC2`γ
b,d q

dγpx,x1q, (2.33)

using again the definition of d in (1.9) for the last inequality. We have again globally
gained, thanks to the smoothness of the coefficients, a power γ

2
in the time singularities

of equation (2.32).

From the previous discussion we now have to specify how to modify the freezing pa-
rameter depending on the position of the current time variable w.r.t. to the homogeneous
spatial distance between the considered points. This can actually been done from the
Duhamel formulation up to an additional discontinuity term. Restarting from (2.11) we
can indeed rewrite for given pt,x1q P r0, T s ˆ Rnd and any r P pt, T s, ξ1 P Rnd:

umpt,x
1
q“ P̃

m,pτ,ξ1q
r,t umpr,x

1
q ` G̃

m,pτ,ξ1q
r,t fmpt,x

1
q

`

ż r

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´L̃

m,pτ,ξ1q
s qumps,yq,

@0 ď v ă r ď T, G̃m,pτ,ξ1q
r,v fmpt,xq“

ż r

v

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqfmps,yq. (2.34)

Differentiating the above expression in r P pt, T s yields for any ξ1 P Rnd:

0 “ BrP̃
m,pτ,ξ1q
r,t umpr,x

1
q `

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, r,x1,yqfmpr,yq

`

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, r,x1,yqpLmr ´ L̃

m,pτ,ξ1q
r qumpr,yqdy. (2.35)

Integrating (2.35) between t and t0 P pt, T s for a first given ξ1 and between t0 and T with
a possibly different ξ̃

1
yields:

0 “ P̃
m,pτ,ξ1q
t0,t umpt0,x

1
q ´ umpt,x

1
q `

ż t0

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqfmps,yq

`

ż t0

t

ds

ż

Rnd
dyp̃m,pτ,ξ

1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s qumps,yq

`P̃
m,pτ,ξ̃

1
q

T,t umpT,x
1
q ´ P̃

m,pτ,ξ̃
1
q

t0,t umpt0,x
1
q `

ż T

t0

ds

ż

Rnd
dyp̃m,pτ,ξ̃

1
q
pt, s,x1,yqfmps,yq

`

ż T

t0

ds

ż

Rnd
dyp̃m,pτ,ξ̃

1
q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ̃
1
q

s qumps,yq.
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Recalling that umpT,x1q “ gmpx
1q (terminal condition), and with the notations of (2.34)

the above equation rewrites:

umpt,x
1
q “ P̃

m,pτ,ξ̃
1
q

T,t gmpx
1
q ` G̃

m,pτ,ξ1q
t0,t fmpt,x

1
q ` G̃

m,pτ,ξ̃
1
q

T,t0
fmpt,x

1
q

`P̃
m,pτ,ξ1q
t0,t umpt0,x

1
q ´ P̃

m,pτ,ξ̃
1
q

t0,t umpt0,x
1
q

`

ż T

t

ds

ż

Rnd
dy

´

Isďt0 p̃m,pτ,ξ
1q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ1q
s q

`Isąt0 p̃m,pτ,ξ̃
1
q
pt, s,x1,yqpLms ´ L̃

m,pτ,ξ̃
1
q

s q

¯

umps,yq. (2.36)

We see that for ξ1 ‰ ξ̃
1
we have an additional discontinuity term deriving from the change

of freezing point along the time variable. Of course expression (2.36) can be differentiated
in space and taking then

t0 “ t` c0d
2
px,x1q, (2.37)

i.e. t0 precisely corresponds to the critical time at which a change of regime occurs, and
ξ1 “ x1, ξ̃

1
“ x precisely allows, when expanding D2

x1
umpt,xq ´D2

x1
umpt,x

1q using (2.12)
for the first term and (2.36) for the second one, to exploit the previous analysis that led
to (2.29) and (2.33) and which precisely relied on the suitable choice of freezing point.
We again insist on the fact that, in the analysis, t0 is an additional freezing parameter,
which is a posteriori chosen according to (2.37) as a function of pt,x,x1q. In particular the
parameter t0 does not intervene in the various possible differentiations of the considered
perturbative expansions.

This approach eventually leads to:

|D2
x1
umpt,xq ´D

2
x1
umpt,x

1
q|

ď dγpx,x1q
”

C1

`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

` C
`

c
´n` 1

2
`
γ
2

0 ` c
γ
2
0

˘

}um}L8pC2`γ
b,d q

ı

`

ˇ

ˇ

ˇ

`

D2
x1
P̃
m,pτ,ξ1q
t0,t umpt0,x

1
q ´D2

x1
P̃
m,pτ,ξ̃

1
q

t0,t umpt0,x
1
q
˘ˇ

ˇ

t0“t`c0d2px,x1q

ˇ

ˇ

ˇ

ˇ

ˇ
. (2.38)

The last contribution can be controlled through cancellation techniques and the key esti-
mate (2.30) on the difference of the flows. The specific choice of t0 “ t` c0d

2px,x1q then
precisely provides the required order leading to:

|D2
x1
umpt,xq ´D

2
x1
umpt,x

1
q|

ď dγpx,x1q
”

C1

`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

` C
`

c
´n` 1

2
`
γ
2

0 ` c
γ
2
0 ` c0

˘

}um}L8pC2`γ
b,d q

ı

.

We refer to Lemma 10 for results associated with the discontinuity term in (2.38).
We have detailed up to now what happens with the second order derivatives w.r.t. the

non-degenerate variables. The previous procedure can be applied as well to control the
Hölder moduli w.r.t. the degenerate ones. We therefore end up with the following kind of
estimate:

}um}L8pC2`γ
b,d q

ď C1

`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

` }um}L8pC2`γ
b,d q

”

C
`

c
´n` 1

2
`
γ
2

0 ` c
γ
2
0

˘

` T
γ
2

ı

.

(2.39)
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Equation (2.39) would provide exactly the expected control if T and C are small enough.
On the one hand, the final parameter T can always be chosen small enough. Indeed,
the further extension of the Schauder estimates to an arbitrary fixed final time horizon
can then be obtained by iterative applications (chaining) of the main estimates on a
sufficiently small time interval. On the other hand, it will appear from the proofs that the
constant C in (2.39) actually depends on the Hölder norms of the considered coefficients. If
these quantities are small, i.e. the coefficients do not vary much and the components that
transmit the noise are almost linear, then C will be small. For

”

C
`

c
´n` 1

2
`
γ
2

0 `c
γ
2
0

˘

`T
γ
2

ı

ď

k0 ă 1, we eventually derive:

}um}L8pC2`γ
b,d q

ď
C1

1´ k0

`

}g}C2`γ
b,d
` }f}L8pCγb,dq

˘

,

which is precisely the expected control. The general case, is proved through a scaling
argument which also allows to balance the opposite effects of c0 (meant to be small) in
the above bounds. This last point will be discussed in Section 6.

The remaining part of this article is organized as follows. We prove in Section 3 various
properties for the density of the linearized Gaussian proxy: precise pointwise estimates for
the density itself and its derivatives (see equation (2.8)) and some useful controls allowing
cancellation arguments in our perturbative analysis. We also give therein some properties
associated with the rescaled proxy. Section 4 is then devoted to the control of the supre-
mum norms of the non-degenerate derivatives, corresponding to the previous equation
(2.25). Section 5 addresses the issues of Hölder controls. Section 6 is concerned with the
above mentioned scaling issues and we also conclude there the final proof of Theorem 1.
Eventually, some auxiliary, but crucial, technical results are proved in Appendix 7 for the
regularity of the flow and the mean, in Appendix 8 for the regularity of the resolvent and
the covariance, and in Appendix 9 for a scaling analysis.

3 Gaussian proxy and associated controls

We first aim here at proving the control of equation (2.8). We recall that our point is
to control the density of pX̃m,pτ,ξq

s qsPpt,T s satisfying (2.6).

WARNING: for notational simplicity, for the rest of the document we drop the
sub and superscripts in m associated with the regularizations. We rewrite, with some
notational abuse, for fixed pτ, ξq P r0, T s ˆ Rnd, the dynamics in (2.6) as:

dX̃pτ,ξq
v “ rFpv,θv,τ pξqq `DFpv,θv,τ pξqqpX̃

pτ,ξq
v ´ θv,τ pξqqsdv `Bσpv,θv,τ pξqqdWv,

@v P rt, ss, X̃
pτ,ξq
t “ x, (3.1)

keeping in mind that F,θ, σ in (3.1) are smooth coefficients. We will give in the next sub-
section some key-controls to investigate the terms appearing the perturbative expansions
(2.11) and (2.12).
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3.1 Controls for the frozen density

We explicitly integrate (3.1) to obtain for all v P rt, ss:

X̃pτ,ξq
v “ R̃pτ,ξq

pv, tqx`

ż v

t

R̃pτ,ξq
pv, uq

´

Fpu,θu,τ pξqq ´DFpu,θu,τ pξqqθu,τ pξq
¯

du

`

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu

“: m
pτ,ξq
v,t pxq `

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu,

where pR̃pτ,ξqpv, uqqtďu,vďs stands for the resolvent associated with the collection of partial
gradients in pDFpv,θv,τ pξqqqvPrt,ss, introduced in (2.7), which satisfies for v P rt, ss:

BvR̃
pτ,ξq
pv, tq “ DFpv,θv,τ pξqqR̃

pτ,ξq
pv, tq, R̃pτ,ξq

pt, tq “ Ind,nd. (3.2)

Note in particular that since the partial gradients are subdiagonal detpR̃pτ,ξqpv, tqq “ 1.
Also, for v P rt, ss,we recall that m

pτ,ξq
v,t pxq stands for the mean of X̃

pτ,ξq
v and corresponds

as well to the solution of (3.1) when σ “ 0 and the starting point is x. We write:

X̃pτ,ξq
v “ m

pτ,ξq
v,t pxq `

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu, v P rt, ss. (3.3)

Importantly, we point out that x P Rnd ÞÑ m
pτ,ξq
v,t pxq is affine w.r.t. the starting point x.

Precisely, for x,x1 P Rnd:

m
pτ,ξq
v,t px` x1q “ R̃pτ,ξq

pv, tqx1 `m
pτ,ξq
v,t pxq. (3.4)

We first give in the next proposition a key estimate on the covariance matrix associated
with (3.3) and its properties w.r.t. a suitable scaling of the system.

Proposition 1 (Good Scaling Properties of the Covariance Matrix) The covari-
ance matrix of X̃

pτ,ξq
v in (3.3) writes:

K̃
pτ,ξq
v,t :“

ż v

t

R̃pτ,ξq
pv, uqBapu,θu,τ pξqqB

˚R̃pτ,ξq
pv, uq˚du.

Uniformly in pτ, ξq P r0, T s ˆ Rnd and s P r0, T s, it satisfies a good scaling property in
the sense of Definition 3.2 in [DM10] (see also Proposition 3.4 of that reference). That is,
for all fixed T ą 0, there exists C(3.5) :“ C(3.5)ppAq, T q ě 1 s.t. for all 0 ď t ă v ď s ď T ,
pτ, ξq P r0, T s ˆ Rnd:

@ζ P Rnd, C´1
(3.5)pv ´ tq

´1
|Tv´tζ|2 ď xK̃pτ,ξq

v,t ζ, ζy ď C(3.5)pv ´ tq
´1
|Tv´tζ|2, (3.5)

where for all u ą 0, we denote by Tu the intrinsic scale matrix introduced in (2.9). Namely:

Tu “

¨

˚

˚

˚

˝

uId,d 0d,d ¨ ¨ ¨ 0d,d

0d,d u2Id,d 0d,d
...

... . . . . . . ...
0d,d ¨ ¨ ¨ 0d,d unId,d

˛

‹

‹

‹

‚

.
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The proof of the above proposition readily follows from Proposition 3.3 and Lemma 3.6
in [DM10]. We now state some important density bounds for the linearized model.

Proposition 2 (Density of the linearized dynamics) Under (A), we have that, for
all s P pt, T s the random variable X̃

pτ,ξq
s in (3.3) admits a Gaussian density p̃pτ,ξqpt, s,x, ¨q

which writes for all y P Rnd:

p̃pτ,ξqpt, s,x,yq :“
1

p2πq
nd
2 detpK̃

pτ,ξq
s,t q

1
2

exp

ˆ

´
1

2

A

pK̃
pτ,ξq
s,t q

´1
pm

pτ,ξq
s,t pxq ´ yq,m

pτ,ξq
s,t pxq´y

E

˙

,

(3.6)
with K̃

pτ,ξq
s,t as in Proposition 1. Also, there exists C :“ CppAq, T q ą 0 s.t. for all multi-

index α “ pα1, ¨ ¨ ¨ , αnq P Nn, |α| ď 3 and denoting by Dα
x :“ Dα1

x1
¨ ¨ ¨Dαn

xn , we have:

|Dα
x p̃
pτ,ξq
pt, s,x,yq| ď

C

ps´ tq
řn
i“1 αipi´

1
2
q`n2d

2

exp
´

´C´1
ps´ tq

ˇ

ˇT´1
s´t

`

m
pτ,ξq
s,t pxq ´ y

˘
ˇ

ˇ

2
¯

“:
C

ps´ tq
řn
i“1 αipi´

1
2
q
p̄
pτ,ξq

C´1 pt, s,x,yq, (3.7)

with
ş

Rnd dyp̄
pτ,ξq

C´1 pt, s,x,yq, up to a modification of the constants in (3.7).

Remark 3 (A slight abuse of notation) To ease the reading we denote, when there
is no possible ambiguity, p̄C´1pt, s,x,yq :“ p̄

pt,xq

C´1 pt, s,x,yq.

Remark 4 (Regularizing effect of the quasi-distance) From equation (3.7), we de-
rive from the definition of d in (1.9) that for any given β ą 0, there exists Cβ s.t.

d
`

ps´ tq
1
2T´1

s´tm
pτ,ξq
s,t pxq, ps´ tq

1
2T´1

s´ty
˘

|Dα
x p̃
pτ,ξq
pt, s,x,yq|

ď
Cβ

ps´ tq
řn
i“1 αipi´

1
2
q´

β
2

p̄
pτ,ξq

C´1
β

pt, s,x,yq, (3.8)

i.e. equation (3.8) quantifies the regularizing effect of the scaled arguments in the quasi-
distance.

Proof: Expression (3.6) readily follows from (3.2) and (3.3). Differentiating w.r.t. x

recalling from (3.4) that x ÞÑ m
pτ,ξq
s,t pxq is affine yields:

Dxj p̃
pτ,ξq
pt, s,x,yq “ ´

”

“

R̃pτ,ξq
ps, tq

‰˚
pK̃

pτ,ξq
s,t q

´1
pm

pτ,ξq
s,t pxq ´ yq

ı

j
p̃pτ,ξqpt, s,x,yq. (3.9)

The point is now to use scaling arguments. We can first rewrite

“

R̃pτ,ξq
ps, tq

‰˚
pK̃

pτ,ξq
s,t q

´1
“ ps´ tq

“

R̃pτ,ξq
ps, tq

‰˚T´1
s´tp

yKs,t
1 q

´1T´1
s´t, (3.10)

where yKs,t
1 is the covariance matrix of the rescaled process

`

ps ´ tq
1
2T´1

s´tX̃
t,x
t`vps´tq

˘

vPr0,1s

at time 1. From the good-scaling property of Proposition 1, it is plain to derive that yKs,t
1
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a non-degenerate bounded matrix, i.e. there exists Ĉ ě 1 s.t. for all ζ P Rnd, pĈq´1|ζ|2 ď

x
yKs,t

1 ζ, ζy ď Ĉ|ζ|2. A similar rescaling argument yields on the deterministic system (3.2)
of the resolvent yields that R̃pτ,ξqps, tq can also be written as:

rR̃pτ,ξq
ps, tqs˚ “ T´1

s´t

”

pR̃pτ,ξq,s,t
p1, 0q

ı˚

Ts´t, (3.11)

where again pR̃pτ,ξq,s,tp1, 0q is the resolvent at time 1 of the rescaled system

´

Ts´trR̃pτ,ξq
pt` vps´ tq, tqs˚T´1

s´t

¯

vPr0,1s
“

´

“

pR̃pτ,ξq,s,t
pv, 0q

‰˚
¯

vPr0,1s

associated with (3.2). From the analysis performed in Lemma 5.1 in [HM16] (see also the
proof of Proposition 3.7 in [DM10]) one derives that there exists Ĉ1 s.t. for all ζ P Rnd,

|
“

pR̃pτ,ξq,s,t
p1, 0q

‰˚
ζ| ď Ĉ1|ζ|. (3.12)

Equations (3.9), (3.10) and (3.11) therefore yield:

|Dxj p̃
pτ,ξq
pt, s,x,yq|

ď ps´ tq´j`
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

”

pR̃pτ,ξq,s,t
p1, 0q

ı˚
`

yKs,t
1

˘´1`
ps´ tq

1
2T´1

s´tpm
pτ,ξq
s,t pxq ´ yq

˘

˙

j

ˇ

ˇ

ˇ

ˇ

ˇ

p̃pτ,ξqpt, s,x,yq

ďCps´ tq´j`
1
2 ps´ tq

1
2 |T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|p̃pτ,ξqpt, s,x,yq.

From the explicit expression (3.6), Proposition 1 and the above equation, we eventually
derive:

|Dxj p̃
pτ,ξq
pt, s,x,yq|

ď
C

ps´ tqj´
1
2

´

ps´ tq
1
2 |T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|

¯

ˆ
1

ps´ tq
n2d

2

exp
´

´C´1
ps´ tq|T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|2

¯

ď
C

ps´ tqj´
1
2

p̄C´1pt, s,x,yq,

up to a modification of C, which gives the statement for one partial derivative. The controls
on the higher order derivatives are obtained similarly (see e.g. the proof of Lemma 5.5 of
[DM10] for the bounds on D2

x1
p̃pτ,ξqpt, s,x,yq).

˝

We now give some useful controls involving the previous Gaussian kernel which will be
used in our perturbative analysis. The main interest of the estimates below is that they
precisely allow to exploit cancellation techniques.
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Proposition 3 For all 0 ď t ď s ď T , px, ξq P Rnd ˆ Rnd, the following identities hold:
ż

Rnd
p̃pτ,ξqpt, s,x,yqpy ´m

pτ,ξq
s,t pxqq

b2
1 dy “ rK̃

pτ,ξq
s,t s1,1, (3.13)

ż

Rnd
D2

x1
p̃pτ,ξqpt, s,x,yqpy ´m

pτ,ξq
s,t pxqq1dy “ 0d, (3.14)

ż

Rnd
DxkD

2
x1
p̃pτ,ξqpt, s,x,yq ¨ py ´m

pτ,ξq
s,t pxqq1dy “ 0d,d, k P rr1, nss, (3.15)

ż

Rnd
D2

x1
p̃pτ,ξqpt, s,x,yqTr

´

Mpy ´m
pτ,ξq
s,t pxqq

b2
1

¯

dy “ 2M, M P Rd
b Rd, (3.16)

ż

Rnd
DxkD

2
x1
p̃pτ,ξqpt, s,x,yqTr

´

Mpy ´m
pτ,ξq
s,t pxqq

b2
1

¯

dy “ 0d,d,d, k P rr1, nss,M P Rd
b Rd.

(3.17)

Where, in (3.13), we define for all pi, jq P rr1, nss2 and M P pRndqb2 , rM si,j is the d ˆ d
block matrix coresponding to the entry of M on the ith line and the jth column.

Proof: First of all remark that equation (3.13) simply follows from a direct covariance
computation.

Observe now that from Proposition 2, we have
ş

Rnd p̃
pτ,ξqpt, s,x,yqpy´m

pτ,ξq
s,t pxqq1dy “

0d. Differentiating twice this expression w.r.t. x1 and using the Leibniz formula (recall-
ing as well the identity (3.4) which yields Dx1rm

pτ,ξq
s,t pxqs1 “ rR̃

pτ,ξqps, tqs1,1 “ Id,d) gives
(3.14). Iterating the differentiation w.r.t. Dxk then yields (3.15) (observing again that
Dxkrm

pτ,ξq
s,t pxqs1 “ rR̃

pτ,ξqps, tqs1,k, i.e. Dxkrm
pτ,ξq
s,t pxqs1q “ Id,d if k “ 1 and 0d,d for k ą 1).

Observe thatDx1

ş

Rnd Tr
´

Mpy´m
pτ,ξq
s,t pxqq

b2
1

¯

p̃pτ,ξqpt, s,x,yqdy “ Dx1Tr
´

MrK̃
pτ,ξq
s,t s1,1

¯

“

0d. Differentiating again w.r.t. Dx1 , the Leibniz formula and identity Dx1rm
pτ,ξq
s,t pxqs1 “

rR̃pτ,ξqps, tqs1,1 “ Id,d yield (3.16). Eventually, (3.17) can be derived again from derivation
or observing that the sum of the length of the multi-derivation index, here 3, and the
power integrated, here 2, is an odd number. ˝

We conclude this section with a key lemma which will be useful to perform our sensi-
tivity analysis of Section 5.

Lemma 1 (Sensitivities of the covariance) There exists C :“ CppAqq s.t. for given
pξ, ξ1q P pRndq2 and 0 ď t ă s ď T, px,x1q P pRndq2:

|rK̃
pτ,ξq
s,t s1,1 ´ rK̃

pτ,ξ1q
s,t s1,1| ď Cps´ tq

`

dγpξ, ξ1q ` ps´ tq
γ
2

˘

. (3.18)

The proof of Lemma 1 is postponed to Appendix 7 for the sake of clarity. We importantly
point out that, in Lemma 1, the constant C mainly depends on the Hölder norms of the
coefficients and is small provided the coefficients do not vary much. Precisely, it can be
shown that C writes:

C :“ C̃
`

}a}L8pCγdq `
n
ÿ

i“2

}Fi}L8pC2i´3`γ
d q

˘

(3.19)

228



Partie III: Degenerate Kolmogorov chains

for some universal constant C̃, where, in the above equation, we write with the notation
of Section 1.2:

}Fi}L8pC2i´3`γ
d q

:“ sup
pt,zqPr0,T sˆRpn´i`2qd

}pDxi´1
Fiqi´1pt, z, ¨q}

C
γ

2pi´1q´1 pRd,RdbRdq

`

n
ÿ

j“i

sup
pt,zqPr0,T sˆRpn´i`2qd

}pFiqjpt, z, ¨q}
C

2i´3`γ
2j´1 pRd,Rdq

. (3.20)

Namely, the quantity }Fi}L8pC2i´3`γ
d q

gathers the Hölder moduli of Fi at the intrinsic
associated scales according to the distance d in the variables j P rri, nss as well as the Hölder
norm of the gradient w.r.t. the component which transmits the noise (but importantly
not its supremum norm). Said differently, the L8pC2i´3`γ

d q norm of Fi gathers the Hölder

norms of the fractional parts of
`

D
t
2i´3`γ

2j´1
u

xj Fi

˘

jPrri´1,nss
in the jth variable with corresponding

Hölder index 2i´3`γ
2j´1

´ t
2i´3`γ

2j´1
u, where t¨u stands for the integer part.

We again refer to Appendix 7 for a precise statement and proof of this assertion (3.19)
(See also Lemma 12 below and its proof for similar properties).

3.2 Additional controls associated with the (mollified) flow and
its linearization

We now state three important estimates associated with the linearization or sensitivity
w.r.t. the initial point for the frozen (mollified) differential system (2.5). For the sake of
simplicity their proof is also postponed to Appendix 7. We have:

Lemma 2 There exists C :“ CppAqq s.t. for all 0 ď t ď s ď T , px,x1q P Rnd ˆ Rnd and
px,x1q P pRndq2:

dpθs,tpxq,θs,tpx
1
qq ď C

´

dpx,x1q ` ps´ tq
1
2

¯

.

The proof of Lemma 2 is postponed to Appendix 7.1.

The second important result concerns the impact of the freezing point in the lineariza-
tion procedure. Namely,

Lemma 3 (Sensitivity of the linearized flow w.r.t. the freezing parameter) Bhououou
There exists C :“ CppAqq s.t. for all τ “ t, px,x1q P pRndq2 at the change of regime time
t0 defined in (2.37):

d
`

m
pτ,xq
t0,t px

1
q,m

pτ,x1q
t0,t px

1
q
˘

“ d
`

m
pτ,xq
t0,t px

1
q,θt0,tpx

1
q
˘

ď Cc
1

2n´1

0 dpx,x1q.

Again, the proof of Lemma 3 is postponed to Appendix 7.1.
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4 Control of the supremum of the derivatives in the
non-degenerate variables

WARNING: for notational simplicity, we drop from now on the sub and superscripts
in τ associated with the linearization, since this parameter is chosen to be equal to t. For
example, p̃pτ,ξq,mpτ,ξq

s,t ,θu,τ become respectively p̃ξ,mξ
s,t,θu,t.

The point is now to control }um}C2`α
b,d

. From (2.3) it is direct to derive that for all
pt,xq P r0, T s ˆ Rnd:

|upt,xq| ď }g}L8 ` T }f}L8 .

Let us now start from (2.11) to control pointwise the second order derivatives of um
in the non-degenerate variables, i.e. }D2

x1
u}L8 . The first ones can be controlled similarly

and more directly. Write for all pt,xq P r0, T s ˆ Rnd:

|D2
x1
upt,xq|

ď }D2
x1
P̃ ξ
T,tg}8 ` }D

2
x1
G̃ξf}8

`

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
D2

x1
p̃ξpt, s,x,yq∆1,F,σpt, s,θs,tpξq,y, uqdy

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
Dyi ¨

´

`

D2
x1
p̃ξpt, s,x,yq b∆i,Fpt, s,θs,tpξq,yq

˘

¯

ups,yqdy
ˇ

ˇ

ˇ
,

(4.1)

we recall from (2.12) and (2.15) that:

∆1,F,σpt, s,θs,tpξq,y, uq“ x
`

F1ps,yq ´ F1ps,θs,tpξqq
˘

, Dy1ups,yqy (4.2)

`
1

2
Tr
´

`

aps,yq ´ aps,θs,tpξqq
˘

D2
y1
ups,yq

¯

,

∆i,Fpt, s,θs,tpξq,yq“Fips,yq ´ Fips,θs,tpξqq ´Dxi´1
Fips,θs,tpξqqpy ´ θs,tpξqqi´1.

4.1 Control of the non-degenerate part of the perturbative term

The aim of this section is to prove identity (2.14) appearing in the user’s guide to the
proof.

To this end, we provide a general differentiation result, which will be useful as well
in Section 5 to deal with the Hölder norms. Under the current assumptions on a,F, the
following lemma holds.

Lemma 4 (First Derivative Control Lemma for the non-degenerate variable)
For all multi-index α “ pα1, . . . , αnq P Nd:

ˇ

ˇ

ˇ

ż

Rnd
Dα

x p̃
ξ
pt, s,x,yq∆1,F,σpt, s,θs,tpξq,y, uqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ďC}u}L8pC2`γ
b,d q

ps´ tq´
řn
j“1 αjpj´

1
2
q`

γ
2 .

(4.3)
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Proof: Lemma 4
We first recall the control (2.12)

|∆1,F,σpt, s,y,θs,tpξq, uq|ď
´

rF1sd,γ}Dx1ups, ¨q}L8`
1

2
raps, ¨qsd,γ}D

2
x1
ups, ¨q}L8

¯

dγpy,θs,tpξqq.

From this control and Proposition 2, we directly obtain:
ˇ

ˇ

ˇ

ż

Rnd
Dα

x p̃
ξ
pt, s,x,yq∆1,F,σpt, s,θs,tpξq,y, uqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď

´

ż

Rnd
|Dα

x p̃
ξ
pt, s,x,yq|dγ

`

y,θs,tpξq
˘`

}F1}L8pCγdq
}Dx1u}L8`}a}L8pCγdq}D

2
x1
u}L8

˘

dy
¯
ˇ

ˇ

ˇ

ξ“x

ďC}u}L8pC2`γ
b,d q

ps´ tq´
řn
j“1 αjpj´

1
2
q

ż

Rnd
p̄C´1ps, t,x,yqdγpθs,tpxq,yqdy

ďC}u}L8pC2`γ
b,d q

ps´ tq´
řn
j“1 αjpj´

1
2
q`

γ
2 ,

with the notations of Remark 3 for the last but one inequality. ˝ Equation (2.14) readily
follows from Lemma 4 taking α “ p2, 0, . . . , 0q. Namely:

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
Dα

x p̃
ξ
pt, s,x,yq∆1,F,σpt, s,θs,tpξq,y, uqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}u}L8pC2`γ
b,d q

ż T

t

ds

ps´ tq1´
γ
2

ď C}u}L8pC2`γ
b,d q

pT ´ tq
γ
2 . (4.4)

4.2 Control of the degenerate part of the perturbative term

The point is here to control the terms

n
ÿ

i“2

ż T

t

ds

ż

Rnd
D2

x1
p̃ξpt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dyiups,yq
D

dy

appearing in equation (2.16) of the user’s guide to the proof. We precisely want to derive
equation (2.22).

The bound will actually follow from the more general following result, which will again
be useful for the Hölder norm in Section 5.

Lemma 5 (First Besov Control Lemma) For all multi-index α “ pα1, . . . , αnq P Nd:

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
Dα

x p̃
ξ
pt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dyiups,yq
D

dy
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}u}L8pC2`γ
b,d q

ps´ tq´
řn
j“1 αjpj´

1
2
q`

γ
2 . (4.5)

Proof: Lemma 5
Similarly to (2.16), we define for all i P rr2, nss,

ϑαi,pt,xqps,yq :“ Dyi ¨
`

Dα
x p̃

ξ
pt, s,x,yq b∆i,Fpt, s,θs,tpξq,yq

˘

“: Dyi ¨
`

Θα
i,pt,xqps,yq

˘

. (4.6)
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The contribution of the l.h.s. in (4.5) then rewrites:

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
Dα

x p̃
pt,ξq
pt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dyiups,yq
D

dy
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
ϑαi,pt,xqps,yqups,yqdy

ˇ

ˇ

ˇ
. (4.7)

The point now is to observe that for any fixed i P rr2, nss and z “ pz1, ¨ ¨ ¨ , zi´1, zi`1, ¨ ¨ ¨ , znq

P Rpn´1qd the mapping yi ÞÑ ups, z1:i´1,yi, zi`1:nq is in C
2`γ
2i´1

b pRdq “ B
2`γ
2i´1
8,8 pRdq using the

Besov space terminology, see e.g. Triebel [Tri83], uniformly in s P r0, T s. The point is now
to put in duality the mappings yi ÞÑ umps,y1:i´1,yi,yi`1:nq and

Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

: yi ÞÑ ϑαi,pt,xqps,yq, (4.8)

see e.g. Proposition 3.6 in [LR02]. This precisely means that we have to prove that

Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

lies in the suitable Besov space, Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

P B
´

2`γ
2i´1

1,1 pRdq

and to control the associated norm We will actually prove that those norms provide an
integrable quantity w.r.t. y1:i´1,yi`1:n as well as an integrable time singularity. This will
be done through the thermic characterization of Besov spaces, see e.g. Section 2.6.4 in
[Tri83] as well as (2.18) above. Precisely, we recall that for a function ψ : Rd Ñ R in
B´α̃i1,1 pRdq, α̃i :“ 2`γ

2i´1
a quasi-norm is given by:

}ψ}
B
´α̃i
1,1 pRdq

:“ }ϕpDqψ}L1pRd,Rq `

ż 1

0

dv

v
v
α̃i
2 }hv ‹ ψ}L1pRd,Rq, (4.9)

with

@z P Rd, hvpzq :“
1

p2πvq
d
2

exp
`

´
|z|2

v

˘

,

being the usual heat kernel of Rd, ‹ standing for the usual convolution on Rd for ϕ P
C80 pRd,Rq s.t. ϕp0q ‰ 0.

Taking ψ “ Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

in the above characterization and from definition (4.6),
the main advantage of using (4.9) consists in rebalancing the derivative appearing in the
definition (4.6) to the heat kernel or to the smooth compactly supported function ϕ.
Precisely, focusing on the heat kernel part of (4.9), the other contribution being handled
more directly, we get:

}hv ‹Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

}L1pRd,Rq

“

ż

Rd

ˇ

ˇ

ˇ

ż

Rd
hvpz ´ yiqϑ

α
i,pt,xqps,yqdyi

ˇ

ˇ

ˇ
dz

“
(4.6)

ż

Rd

ˇ

ˇ

ˇ

ż

Rd
hvpz ´ yiqDyi ¨

`

Θα
i,pt,xqps,yq

˘

dyi

ˇ

ˇ

ˇ
dz

“

ż

Rd

ˇ

ˇ

ˇ

ż

Rd
Dα

x p̃
ξ
pt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dzhvpz ´ yiq
D

dyi

ˇ

ˇ

ˇ
dz. (4.10)
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We now want to estimate the }Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

}
B
´α̃i
1,1

. To this end, we split the time
integral in (4.9) into two parts writing:

ż 1

0

dv

v
v
α̃i
2 }hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

“

ż ps´tqβi

0

dv

v
v
α̃i
2 }hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

`

ż 1

ps´tqβi

dv

v
v
α̃i
2 }hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq (4.11)

for a parameter βi ą 0 to be specified. Precisely, in order to have a similar smoothing
effect in time than for the terms appearing in (4.4), we now want to calibrate βi to obtain:

ż 1

ps´tqβi

dv

v
v
α̃i
2 }hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

ď
C

ps´ tq
ř

j“1 αjpj´
1
2
q´

γ
2

q̂czipt, s,x, py1:i´1,yi`1:nqq, (4.12)

where introducing:

q̂cpt, s,x,yq :“
n
ź

j“1

Ncps´tq2j´1

`

pθs,tpxq ´ yqj
˘

“ p̄c´1pt, s,x,yq,

where for a ą 0, z P Rd,Napzq “ 1

p2πaq
d
2

exp
`

´
|z|2

2a

˘

stands for the standard Gaussian

density of Rd with covariance matrix aId, we introduce:

q̂czipt, s,x, py1:i´1,yi`1:nqq “
ź

jPrr1,nss,j‰i

Ncps´tq2j´1

`

pθs,tpxq ´ yqj
˘

. (4.13)

To choose properly the parameter βi leading to (4.12), we now write:
ż 1

ps´tqβi

dv

v
v
α̃i
2 }hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

ď

ż 1

ps´tqβi

dv

v
v
α̃i
2

ż

Rd
dz
ˇ

ˇ

ˇ

ż

Rd
Dα

x p̃
ξ
pt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dzhvpz ´ yiq
D

dyi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C

ż 1

ps´tqβi

dv

v
v
α̃i
2

ż

Rd
dz

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

q̂cpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
d2i´3`γ

pθs,tpxq,yq

ď C

ż 1

ps´tqβi

dv

v
v
α̃i
2

ż

Rd
dz

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

q̂cpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
ps´ tq

2i´3`γ
2

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

ż 1

ps´tqβi
dvv´

3
2
`
α̃i
2 ps´ tq´

řn
j“1 αjpj´

1
2
q`

2i´3`γ
2

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqqps´ tq
r´ 1

2
`
α̃i
2
sβi´

řn
j“1 αjpj´

1
2
q`

2i´3`γ
2
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using Proposition 2 for the third inequality (see also Remark 4, equation (3.8)) recalling
as well that 0 ď t ă s ď T is small.

To obtain (4.12), we then take:

r´
1

2
`
α̃i
2
sβi´

n
ÿ

j“1

αjpj´
1

2
q`

2i´ 3` γ

2
“ ´

n
ÿ

j“1

αjpj´
1

2
q`

γ

2
ðñ βi “

p2i´ 3qp2i´ 1q

2i´ 3´ γ
.

(4.14)
The key point is now to check that the previous choice of βi also yields a bound similar
to (4.12) for the contribution in (4.11) associated with v P r0, ps´ tqβis.

To this end, we restart from identity (4.10), which allows to exploit partial cancellations
w.r.t. the integration variable yi. Namely, write:

ż

Rd
hvpz ´ yiqDyi ¨Θ

α
i,pt,xqps,yqdyi

“

ż

Rd
hvpz ´ yiqDyi ¨

´

Θα
i,pt,xqps,yq ´Θα

i,pt,xqps,y1:i´1, z,yi`1:nq

¯

dyi

“

ż

Rd
Dα

x p̃
ξ
pt, s,x,yq

@

Fips,yq ´ Fips,y1:i´1, z,yi`1:nq, Dzhvpz ´ yiq
D

dyi

`

ż

Rd

`

Dα
x p̃

ξ
pt, s,x,yq ´Dα

x p̃
ξ
pt, s,x,y1:i´1, z,yi`1:nq

˘

@

Fips,y1:i´1, z,yi`1:nq ´ Fips,θs,tpξqq

´Dxi´1
Fips,θs,tpξqqpy ´ θs,tpξqqi´1, Dzhvpz ´ yiq

D

dyi

“:
´

T1 `T2

¯

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

, (4.15)

using the definition in (4.6) and (4.10) for the last decomposition.

Write now:

|T1

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

| ď C

ż

Rd

hcvpz ´ yiq

v
1
2

q̂cpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
|z ´ yi|

2i´3`γ
2i´1 dyi

ď C

ż

Rd

hcvpz ´ yiq

v
2´γ
4i´2

q̂cpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
dyi. (4.16)

We thus derive from (4.16):

|T1

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

| (4.17)

ď
C

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
q̂czipt, s,x, py1:i´1,yi`1:nqqNcv`ps´tq2i´1

`

z ´ θs,tpxqi
˘

.
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Write now from (4.15) and the Taylor formula applied to the ith variable for the
difference of the derivatives of the densities:

|T2

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

|

ď C

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dµ
q̂cpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ|yi ´ z|
´
ˇ

ˇ

ˇ
Fips,y1:i´1, z,yi`1:nq ´ Fips,y1:i´1,θs,tpxqi:nq

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
Fips,y1:i´1,θs,tpxqi:nq ´ Fips,θs,tpξqq ´Dxi´1

Fips,θs,tpxqqpy ´ θs,tpxqqi´1

ˇ

ˇ

ˇ

¯

ď C

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµ
q̂cpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ

´

|z ´ θs,tpxqi|
2i´3`γ

2i´1 ` |pθs,tpxq ´ yqi´1|
1` γ

2pi´1q´1 `

n
ÿ

k“i`1

|pθs,tpxq ´ yqk|
2i´3`γ

2k´1

¯

.

Writing, for any µ P r0, 1s,

|z ´ θs,tpxqi| ď µ|z ´ yi| ` |z ` µpyi ´ zq ´ pθs,tpxqqi|,

we thus derive

|T2

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

|

ď C

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµ
q̂cpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ

´

|yi ´ z|
2i´3`γ

2i´1 ` d2i´3`γ
´

θs,tpxq, py1:i´1, z ` µpyi ´ zq,yi`1:nq

¯¯

ď C

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµq̂cpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ˆ

´ v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

ď Cq̂czipt, s,x,y1:i´1,yi`1:nq

ż 1

0

dµ

ż

Rd
hcvpz ´ yiqNcps´tq2i´1pz ` µpyi ´ zq´pθs,tpxqqiqdyi

ˆ

´ v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

, (4.18)

using again (3.8) for the second inequality. From (4.15), (4.17) and (4.18) we derive, with
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the notation introduced in (4.13):

}hv ‹Ψα
i,pt,xq,ps,y1:i´1,yi`1q

}L1pRd,Rq

ď

´ 1

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

ˆCq̂czipt, s,x, py1:i´1,yi`1:nqq

ˆ

ż 1

0

dµ

ż

Rd
dz

ż

Rd
dyihcvpz ´ yiqNcps´tq2i´1pz ` µpyi ´ zq ´ pθs,tpxqqiq

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

ˆ

´ 1

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

,

using the change of variable pw1, w2q “ pz ´ yi, z ` µpyi ´ zq ´ pθs,tpxqqiq for the last
inequality. From the above computations and with the notations of (4.11), we derive:

ż ps´tqβi

0

dvv
α̃i
2
´1
}hv ‹Ψα

i,pt,xq,ps,y1:i´1,yi`1q
}L1pRd,Rq

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

ż ps´tqβi

0

dv

v
v
α̃i
2

ˆ

´ 1

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

“: Cq̂czipt, s,x, py1:i´1,yi`1:nqqBα,βipt, sq.

Let us now prove that for βi “ p2i´3qp2i´1q
2i´3´γ

. defined in (4.14), we have:

Bα,βipt, sq ď
C

ps´ tq
řn
j“1 αjpj´

1
2
q´

γ
2

. (4.19)

To prove (4.19), we now write:

Bα,βipt, sq

ď C
” v

α̃i
2
´

2´γ
4i´2

ps´ tq
řn
j“1 αjpj´

1
2
q
`

v
α̃i
2
`

2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
v
α̃i
2

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

ıv“ps´tqβi

v“0

ď C
”

ps´ tqβip
α̃i
2
´

2´γ
4i´2

q´
řn
j“1 αjpj´

1
2
q
` ps´ tqβip

α̃i
2
`

2i´3`γ
2p2i´1q

q´p
řn
j“1 αjpj´

1
2
q` 2i´1

2
q

`ps´ tqβi
α̃i
2
´
řn
j“1 αjpj´

1
2
q´1` γ

2

ı

.

From the above equation, (4.19) holds as soon as βi can be chosen so that the three
following conditions hold:

βi

ˆ

α̃i
2
´

2´ γ

4i´ 2

˙

´
γ

2
ě 0, βi

ˆ

α̃i
2
`

2i´ 3` γ

2p2i´ 1q

˙

´
2i´ 1

2
´
γ

2
ě 0, βi

α̃i
2
´ 1 ě 0.
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Recalling that α̃i
2
“

1` γ
2

2i´1
and for the previous choice of βi, the above conditions rewrite:

ˆ

p2i´ 3qp2i´ 1q

2i´ 3´ γ

˙ˆ

1` γ
2

2i´ 1
´

1´ γ
2

2i´ 1

˙

´
γ

2
ě 0 ðñ

p2i´ 3q

2i´ 3´ γ
γ ´

γ

2
ě 0,

ˆ

p2i´ 3qp2i´ 1q

2i´ 3´ γ

˙ˆ

2` γ

2p2i´ 1q
`

2i´ 3` γ

2p2i´ 1q

˙

´
2i´ 1

2
´
γ

2
ě 0

ðñ

ˆ

2i´ 3

2i´ 3´ γ

˙

p2i´ 1` 2γq ´ p2i´ 1` γq ě 0,

ˆ

p2i´ 3qp2i´ 1q

2i´ 3´ γ

˙

1` γ
2

2i´ 1
´ 1 ě 0 ðñ

ˆ

2i´ 3

2i´ 3´ γ

˙

p1`
γ

2
q ´ 1 ě 0.

All the above conditions are true for i P rr2, nss, γ P p0, 1s. Note the chosen βi seems to be
rather sharp in the sense that letting γ go to 0 the above constraints become equalities.
This proves (4.19). We finally get:
ż 1

0

dv

v
v
α̃i
2 }hv‹Ψα

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rqď

C

ps´ tq
řn
j“1 αjpj´

1
2
q´

γ
2

q̂czipt, s,x, py1:i´1,yi`1:nqq.

(4.20)
Reproducing the previous computations we also write for a C8 compactly supported
function ϕ:

}ϕpDqΨα
i,pt,xq,ps,y1:i´1,yi`1:nq

}L1pRd,Rq

ď

ż

Rd

ˇ

ˇ

ˇ

ż

Rd
Dyi pϕpz ´ yiq ¨

`

Dα
x p̃

ξ
pt, s,x,yq b∆i,Fpt, s,θs,tpξq,yqydyi

ˇ

ˇ

ˇ
dz

ˇ

ˇ

ˇ

ˇ

ξ“x

ď
C

ps´ tq
řn
j“1 αjpj´

1
2
q

ż

Rd
q̂cpt, s,x,yqd

2i´3`γ
pθs,tpxq,yqdyi

ď
C

ps´ tq
řn
j“1 αjpj´

1
2
q´pi´ 3

2
`
γ
2
q
q̂czipt, s,x, py1:i´1,yi`1:nqq.

From (4.9) and (4.20), we finally obtain:

}Ψα
i,pt,xq,ps,y1:i´1,yi`1:nq

}
B
´α̃i
1,1

ď
C

ps´ tq
řn
j“1 αjpj´

1
2
q´

γ
2

q̂czipt, s,x, py1:i´1,yi`1:nqq, (4.21)

which together with (4.7) and (4.8) gives the result. ˝

Equation (2.23) now follows from Lemma 5 taking α “ p2, 0, . . . , 0q. Namely,

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
D2

x1
p̃ξpt, s,x,yq

@

∆i,Fpt, s,θs,tpξq,yq, Dyiups,yq
D

¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď CpT ´ tq
γ
2 }u}L8pC2`γ

b,d q
. (4.22)

4.3 Non-degenerate derivatives for the frozen semi-group : ter-
minal condition and source

The main result of this section is the following lemma.
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Lemma 6 (Derivatives of frozen semi-group and Green kernel) There exists a con-
stant C :“ CppAq s.t. for all pt,xq P r0, T s ˆ Rnd,

|D2
x1
P̃ ξ
T,tgpxq|

ˇ

ˇ

ˇ

ξ“x
ď C}D2

x1
g}L8 ď C}g}C2`γ

b,d
,

|D2
x1
G̃ξfpt,xq|

ˇ

ˇ

ˇ

ξ“x
ď CpT ´ tq

γ
2 }f}L8pCγb,dqq.

Proof: Lemma 6
Note first that, since p̃ξ is a density one has the following cancellation identity:

ˇ

ˇ

ˇ
D2

x1
P̃ ξ
T,tgpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpyq ´ gpmξ

T,tpxqqsdy
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpyq ´ gpy1,m

ξ
T,tpxq2:nqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpy1,m

ξ
T,tpxq2:nq ´ gpm

ξ
T,tpxqqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

.

(4.23)

The first term in the r.h.s. of the previous identity is readily controlled thanks to Propo-
sition 2

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpyq ´ gpy1,m

ξ
T,tpxq2:nqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}g}C2`γ
b,d

ż

Rnd
pT ´ tq´1p̄C´1pt, T,x,yqd2`γ

pmξ
T,tpxq,yqdy

ˇ

ˇ

ˇ

ξ“x

ď CpT ´ tq
γ
2 }g}C2`γ

b,d
. (4.24)

The second term of (4.23) is more subtle. We need to expand gpy1,m
ξ
T,tpxq2:nq in its

non-degenerate variable to take advantage of the corresponding regularity of g. Namely,:
ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpy1,m

ξ
T,tpxq2:nq ´ gpm

ξ
T,tpxqqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

ˇ

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yq

ˆ

@

Dx1gpm
ξ
T,tpxqq, py ´mξ

T,tpxqq1
D

`

ż 1

0

dµp1´µqTr
´

D2
x1

g
`

mξ
T,tpxq1`µpy´mξ

T,tpxqq1,m
ξ
T,tpxq2:n

˘`

y´mξ
T,tpxq

˘b2

1

¯

dy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ďC}D2
x1
g}L8

ż

Rnd

p̄C´1pt, T,x,yq

T ´ t
|py ´mξ

T,tpxqq1|
2dy

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}g}C2`γ
b,d
, (4.25)

recalling from Proposition 3 for the last but one inequality that
ż

Rd
dyD2

x1
p̃m,ξpt, T,x,yq

@

Dx1gpm
ξ
T,tpxqq, py ´mξ

T,tpxqq1
D

ˇ

ˇ

ˇ

ξ“x
“ 0d,d.
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Gathering identities (4.24), (4.25) into (4.23), we obtain the stated control for the term
|D2

x1
P̃ ξ
T,tgpxq|

ˇ

ˇ

ˇ

ξ“x
.

Let us now turn to the Green kernel. We directly get from Proposition 2:

|D2
x1
G̃ξfpt,xq|

ˇ

ˇ

ˇ

ξ“x

ď

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
D2

x1
p̃ξpt, s,x,yqrfps,yq ´ fps,θs,tpξqqsdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď Crf sL8pCγq

ż T

t

ds

ż

Rnd

1

s´ t
p̄C´1ps, t,x,yqdpθs,tpxq,yq

γdy

ď Crf sL8pCγqpT ´ tq
γ
2 ,

which gives the result.
˝

Similarly to Lemma 6, we prove from Proposition 2 the following result:

Lemma 7 For γ P p0, 1q, under (A), there exists C :“ CppAq, T q, s.t. for all function
ψ P Cγ

b,dpRnd,Rq, and any given multi-index α, |α| P rr1, 3ss, for all 0 ď t ă s ď T, x P

Rnd:
|Dα

xP̃
ξ
s,tψpxq|

ˇ

ˇ

ξ“x
ď C}ψ}Cγb,dps´ tq

´
řn
i“1 |αi|pi´

1
2
q`

γ
2 . (4.26)

Note carefully that in the above lemma |α| ě 1. Indeed, if |α| “ 0 we cannot benefit from
any regularizing effects which are precisely due to cancellation techniques.

5 Hölder controls
The purpose of the section is to give suitable Hölder controls of the terms rD2

x1
upt, ¨qsγ

and supzPRdrupt, z, ¨qs2`γ in order to derive our main Schauder estimate of Theorem 1. For
a fixed time t P r0, T s, the point is to consider for fixed x P Rnd the perturbative expansion
(2.11) and for another spatial point x1 P Rnd, the possibly more refined version provided by
equation (2.36) which precisely allows to take into account the various regimes depending
on dpx,x1q and ps´ tq1{2, s P rt, T s detailed in the previous user’s guide to the proof.

We will address separately two cases. For a constant c0 to be specified later on (but
formally meant to be small), we consider:

- The globally off-diagonal regime T ´ t ă c0d
2px,x1q. In that case, the spatial points

x,x1 are globally far for the corresponding homogeneous distance d over the time horizon
s P rt, T s. Hence, there is no specific need to exploit (2.36). Expanding the quantities
D2

x1
upt,xq ´ D2

x1
upt,x1q and upt, z,x2:nq ´ upt, z,x12:nq with (2.11) is enough to get the

result.
- The mixed regime T ´ t ě c0d

2px,x1q. In that case, up to the transition time t0 defined
in (2.37), s ´ t ă c0d

2px,x1q, i.e. the off-diagonal regime holds for the times s close to
t. It is then crucial to exploit the more refined perturbative expansion (2.36) to derive
suitable bounds forD2

x1
upt,xq´D2

x1
upt,x1q and u

`

t, pz,x2:nq
˘

´u
`

t, pz,x12:nq
˘

. In particular,
this leads to handle carefully the additional terms appearing from the change of freezing
parameter.
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Precisely, in the globally off-diagonal regime we first write from (2.11) for all px,x1q P
pRndq2 s.t. pT ´ tq ă c0d

2px,x1q,

D2
x1
upt,xq ´D2

x1
upt,x1q

“

˜

D2
x1
P̃ ξ
T,tgpxq ´D

2
x11
P̃ ξ1

T,tgpx
1
q `D2

x1
G̃ξfpt,xq ´D2

x1
G̃ξ1fpt,x1q

`

ż T

t

ds

ż

Rnd

´

D2
x1
p̃ξpt, s,x,yqpLs ´ L̃

ξ
squps,yq

´D2
x1
p̃ξ
1

pt, s,x1,yqpLs ´ L̃
ξ1

s qups,yq
¯

dy

¸
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

, (5.1)

and similarly, for all z P Rd,

u
`

t, pz,x2:nq
˘

´ u
`

t, pz,x12:nq
˘

“

˜

P̃ ξ
T,tgpz,x2:nq ´ P̃

ξ1

T,tgpz,x
1
2:nq ` G̃

ξf
`

t, pz,x2:nq
˘

´ G̃ξ1f
`

t, pz,x12:nq
˘

`

ż T

t

ds

ż

Rnd

´

p̃ξpt, s, pz,x2:nq,yqpLs ´ L̃
ξ
squps,yq

´p̃ξ
1

pt, s, pz,x12:nq,yqpLs ´ L̃
ξ1

s qups,yq
¯

dy

¸
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“
`

pz,x2:nq,pz,x12:nq

.̆ (5.2)

In this case, we derive from Lemmas 4, 5, 6 and equation (4.1):

|D2
x1
upt,xq ´D2

x1
upt,x1q|

ď C
”

|D2
x1
P̃ ξ
T,tgpxq ´D

2
x11
P̃ ξ1

T,tgpx
1
q| `

`

}f}L8pCγb,dq ` }u}L8pC2`γ
b,d q

˘

pT ´ tq
γ
2

ı

ď C
”

|D2
x1
P̃ ξ
T,tgpxq ´D

2
x11
P̃ ξ1

T,tgpx
1
q| `

`

}f}L8pCγb,dq ` }u}L8pC2`γ
b,d q

˘

c
γ
2
0 dγpx,x1q

ı

,

|u
`

t, pz,x2:nq
˘

´ u
`

t, pz,x12:nq
˘

|

ď C

˜

|P̃ ξ
T,tgpz,x2:nq ´ P̃

ξ1

T,tgpz,x
1
2:nq| ` |G̃

ξf
`

t, pz,x2:nq
˘

´ G̃ξ1f
`

t, pz,x12:nq
˘

|

`}u}L8pC2`γ
b,d q

c
γ
2
0 dγpx,x1q

¸

.

Therefore, these equations give the expected controls up to appropriate estimates for the
Hölder moduli of the frozen semigroup and Green kernel which are obtained below, for
the so-called mixed regime, on which we can focus.

In the mixed regime, we will start from identity (2.36) for the expansion of upt,x1q,
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where we have chosen ξ1 “ x1 and ξ̃
1
“ x. Namely,

upt,x1q

“ P̃ ξ̃
1

T,tgpx
1
q ` G̃ξ1

t0,tfpt,x
1
q ` G̃ξ̃

1

T,t0
fpt,x1q ` P̃ ξ1

t0,tupt0,x
1
q ´ P̃ ξ̃

1

t0,tupt0,x
1
q

`

ż T

t

ds

ż

Rnd
dy

´

Isďt0 p̃ξ
1

pt, s,x1,yqpLs ´ L̃
ξ1

s q ` Ĩsąt0pξ̃
1

pt, s,x1,yqpLs ´ L̃
ξ̃
1

s q

¯

ups,yq.

Again, t0 must be here seen as a frozen parameter, which is a posteriori, i.e. after possible
differentiation, chosen as in (2.37).

The terms to control then write for the Hölder norm of the derivatives w.r.t. the
non-degenerate variables:

D2
x1
upt,xq ´D2

x1
upt,x1q

“

˜

´

D2
x1
P̃ ξ
T,tgpxq ´D

2
x11
P̃ ξ
T,tgpx

1
q

¯

`

´

D2
x1
G̃ξ
t0,tfpt,xq ´D

2
x1
G̃ξ1

t0,tfpt,x
1
q

¯

`

´

D2
x1
G̃ξ
T,t0

fpt,xq ´D2
x1
G̃ξ
t0,tfpt,x

1
q

¯

`

´

D2
x1
P̃ ξ1

t0,tupt0,x
1
q ´D2

x1
P̃ ξ
t0,tupt0,x

1
q

¯

`

ż T

t

ds

ż

Rnd
dy

´

p̃ξpt, s,x,yqpLs ´ L̃
ξ
sq

´

”

Isďt0 p̃ξ
1

pt, s,x1,yqpLs ´ L̃
ξ1

s q ` Ĩsąt0pξpt, s,x1,yqpLs ´ L̃ξ
sq

ı¯

ups,yq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

.(5.3)

Equation (5.2) would be adapted accordingly.
As a consequence of the previous equations, in order to derive the expected bounds we

will devote a subsection to the Hölder controls for the frozen semi-group, for the frozen
Green kernel, for the discontinuity term coming from the change of freezing point and for
the perturbative contribution (remainder).

5.1 Hölder norms for the frozen semi-group

We precisely want to establish the following result.

Lemma 8 There exists C :“ CppAqq s.t. for all pt,x,x1q P r0, T s ˆ Rnd ˆ Rnd, taking

pξ, ξ1q “

#

px,x1q, if pT ´ tq1{2 ă c0dpx,x
1q,

px,xq, if pT ´ tq1{2 ě c0dpx,x
1q,

one has:
ˇ

ˇD2
x1
P̃ ξ
T,tpxq ´D

2
x1
P̃ ξ1

T,tpx
1
q
ˇ

ˇ ď C}g}C2`γ
b,d

dγpx,x1q,
ˇ

ˇP̃ ξ
T,tpxq ´ P̃

ξ1

T,tpx
1
q
ˇ

ˇ ď C}g}C2`γ
b,d

d2`γ
px,x1q, for x1 “ x11.
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Hölder norms of the derivatives w.r.t. the non-degenerate variables

Let us deal with the first inequality of Lemma 8, i.e. the norms over the non-degenerate
variables x1. For the frozen semi-group, we say that the off-diagonal regime (resp. diago-
nal regime) holds when T ´ t ď c0d

2px,x1q (resp. T ´ t ě c0d
2px,x1q).

‚ Off-diagonal regime. If T ´ t ď c0d
2px,x1q, like in (4.23), we write:

D2
x1
P̃ ξ
T,tgpxq ´D

2
x1
P̃ ξ1

T,tgpx
1
q

“
“

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpyq ´ gpy1,m

ξ
T,tpxq2:nqsdy

´

ż

Rnd
D2

x1
p̃ξ
1

pt, T,x1,yqrgpyq ´ gpy1,m
ξ1

T,tpx
1
q2:nqsdy

‰

`
“

ż

Rnd
D2

x1
p̃ξpt, T,x,yqrgpy1,m

ξ
T,tpxq2:nq ´ gpm

ξ
T,tpxqqsdy

´

ż

Rnd
D2

x1
p̃ξ
1

pt, T,x1,yqrgpy1,m
ξ1

T,tpx
1
q2:nq ´ gpm

ξ1

T,tpx
1
qqsdy

‰

“: ∆t,T,ξ,ξ1D
2
x1
P̃1gpx,x

1
q `∆t,T,ξ,ξ1D

2
x1
P̃2gpx,x

1
q. (5.4)

The first term, which is associated with the degenerate variables, is controlled directly
thanks to (4.24), which again readily follows from Proposition 2 (see as well Remark 3.8),
for pξ, ξ1q “ px,x1q. One readily gets:

ˇ

ˇ

ˇ
∆t,T,ξ,ξ1D

2
x1
P̃1gpx,x

1
q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
ď 2CpT ´ tq

γ
2 }g}C2`γ

b,d
ď 2Cc

γ
2
0 }g}C2`γ

b,d
dγpx,x1q. (5.5)

The second term is more delicate, we proceed like in (4.25):

∆t,T,ξ,ξ1D
2
x1
P̃2gpx,x

1
q

“

„
ż

Rnd
D2

x1
p̃ξpt, T,x,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1

g
`

mξ
T,tpxq1 ` µpy ´mξ

T,tpxqq1,m
ξ
T,tpxq2:n

˘

´D2
x1

g
`

mξ
T,tpxq

˘‰

`

y ´mξ
T,tpxq

˘b2

1

¯

dy

´

ż

Rnd
D2

x1
p̃ξ
1

pt, T,x1,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1

g
`

mξ1

T,tpx
1
q1 ` µpy ´mξ1

T,tpx
1
qq1,m

ξ1

T,tpx
1
q2:n

˘

´D2
x1

g
`

mξ1

T,tpx
1
q
˘‰

`

y ´mξ1

T,tpx
1
q
˘b2

1

¯

dy



`

„

1

2

ż

Rnd
D2

x1
p̃ξpt, T,x,yqTr

´

D2
x1

gpmξ
T,tpxqqpy ´mξ

T,tpxqq
b2
1

¯

dy

´
1

2

ż

Rnd
D2

x1
p̃ξ
1

pt, T,x1,yqTr
´

D2
x1

gpmξ1

T,tpx
1
qqpy ´mξ1

T,tpx
1
qq
b2
1 dy



“: ∆t,T,ξ,ξ1D
2
x1
P̃21gpx,x

1
q `∆t,T,ξ,ξ1D

2
x1
P̃22gpx,x

1
q. (5.6)
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The first contribution of the previous identity is handled exploiting the smoothness of
D2

x1
g and Proposition 2. Namely,

|∆t,T,ξ,ξ1D
2
x1
P̃21gpx,x

1
q| ď CrD2

x1
gsγd

ż

Rnd

dy

pT ´ tq

´

p̄ξC´1pt, T,x,yq|py ´mξ
T,tpxqq1|

2`γ

`p̄ξ
1

C´1pt, T,x
1,yq|py ´mξ1

T,tpx
1
qq1|

2`γ
¯
ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q
.

Hence,
ˇ

ˇ

ˇ
∆t,T,ξ,ξ1D

2
x1
P̃21gpx,x

1
q

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q
ď 2CpT ´ tq

γ
2 }g}C2`γ

b,d
ď 2Cc

γ
2
0 }g}C2`γ

b,d
dγpx,x1q. (5.7)

Let us now decompose the last contribution of (5.6):
ˇ

ˇ

ˇ
∆t,T,ξ,ξ1D

2
x1
P̃22gpx,x

1
q

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

ď
1

2

ż

Rnd

dy

ps´ tq
p̄ξC´1pt, T,x,yq|D

2
x1
gpmξ

T,tpxqq ´D
2
x1
gpmξ1

T,tpx
1
qq||py ´mξ

T,tpxqq1|
2

`
1

2

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξpt, T,x,yqTr

´

D2
x1

gpmξ1

T,tpx
1
qqpy ´mξ

T,tpxqq
b2
1

¯

´D2
x1
p̃ξ
1

pt, T,x1,yqTr
´

xD2
x1

gpmξ1

T,tpx
1
qqpy ´mξ1

T,tpx
1
qq
b2
1

¯

dy
ˇ

ˇ

ˇ

ď C|D2
x1
gpmξ

T,tpxqq ´D
2
x1
gpmξ1

T,tpx
1
qq| “ C|D2

x1
gpθT,tpxqq ´D

2
x1
gpθT,tpx

1
qq|,

(5.8)

exploiting Proposition 2 and equation (3.16) in Proposition 3 to observe that the second
contribution of the first inequality above vanishes and recalling as well (2.13) for the last
equality to identify the linearized flows, respectively frozen in ξ “ x, ξ1 “ x1, with the
initial non-linear ones.

From Lemma 2, we derive that for T ´ t ď c0d
2px,x1q:

ˇ

ˇ

ˇ
∆t,T,ξ,ξ1D

2
x1
P̃22gpx,x

1
q

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q
ď C}g}C2`γ

b,d

`

dγpx,x1q ` pT ´ tq
γ
2

˘

. (5.9)

Plugging (5.5), (5.7), (5.9) into (5.4) yields the result.

‚ Diagonal regime. If T ´ t ą c0d
2px,x1q, we directly write:

|D2
x1
P̃ ξ
T,tgpxq ´D

2
x1
P̃ ξ
T,tgpx

1
q|

ď
ˇ

ˇ

ż

Rnd
rD2

x1
p̃ξpt, T,x,yq ´D2

x1
p̃ξpt, T,x1,yqsgpyqdy

ˇ

ˇ

ď

n
ÿ

k“1

ˇ

ˇ

ż

Rnd
DxkD

2
x1
p̃ξpt, T,x1 ` µpx´ x1q,yq ¨ px´ x1qkgpyqdy

ˇ

ˇ

“: ∆t,T,ξ,ξ1DD
2
x1
P̃3gpx,x

1
q, (5.10)
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recalling the notation D “ pDx1 , ¨ ¨ ¨ , Dxnq introduced after equation (1.1). This contribu-
tion is dealt through the cancellation tools of Proposition 3 (see equations (3.15), (3.17)).
We get:

∆t,T,ξ,ξ1DD
2
x1
P̃3gpx,x

1
q

ď

n
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ż

Rnd
DxkD

2
x1
p̃ξpt, T,x1 ` µpx´ x1q,yq ¨ pxk ´ x1kq

„

g
`

y
˘

´ g
`

mξ
T,t

`

x1 ` µpx´ x1q
˘˘

´
@

Dx1g
`

mξ
T,tpx

1
` µpx´ x1qq

˘

,
`

y ´mξ
T,tpx

1
` µpx´ x1qq

˘

1

D

´
1

2
Tr
´

D2
x1
g
`

mξ
T,t

`

x1 ` µpx´ x1q
˘`

y ´mξ
T,tpx

1
` µpx´ x1qq

˘b2

1

¯



dy

ˇ

ˇ

ˇ

ˇ

. (5.11)

Because g P C2`γ
b,d pRnd,Rq, we readily deduce, reproducing the Taylor expansion on g

employed for equations (5.4)-(5.6) above, that:
ˇ

ˇ

ˇ

ˇ

g
`

y
˘

´ g
`

mξ
T,t

`

x1 ` µpx´ x1q
˘˘

´
@

Dx1gpm
ξ
T,tpx

1
` µpx´ x1qqq, py ´mξ

T,tpx
1
` µpx´ x1qqq1

D

´
1

2
Tr

ˆ

D2
x1
g
`

mξ
T,t

`

x1 ` µpx´ x1q
˘˘

´

y ´mξ
T,t

`

x1 ` µpx´ x1q
˘

¯b2

1

˙
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď }g}C2`γ
b,d

d2`γ
`

y,mξ
T,t

`

x1 ` µpx´ x1q
˘˘

ˇ

ˇ

ˇ

ξ“x
. (5.12)

Plugging this inequality into (5.11) yields:

∆t,T,ξ,ξ1DD
2
x1
P̃3gpx,x

1
q
ˇ

ˇ

ξ“x

ď C}g}L8pC2`γ
b,d q

n
ÿ

k“1

ż

Rnd
pT ´ tq´1´pk´ 1

2
qp̄ξC´1pt, T,x

1
` µpx´ x1q,yq|xk ´ x1k|

ˆd2`γ
`

y,mξ
T,tpx

1
` µpx´ x1q

˘

ˇ

ˇ

ˇ

ξ“x

ď C}g}L8pC2`γ
b,d q

n
ÿ

k“1

pT ´ tq´pk´
1
2
q`

γ
2 |px´ x1qk| ď C}g}C2`γ ,dγpx,x1q, (5.13)

using (3.8) for the second inequality and recalling that, since c0d
2px,x1q ă pT ´ tq, we

indeed have pT ´ tq´pk´
1
2
q`

γ
2 |px´ x1qk| ď pc0d

2px,x1qq´pk´
1
2
q`

γ
2 d2k´1px,x1q ď Cdγpx,x1q.

Hölder control for the degenerate variables

Of course, the analysis of the Hölder regularity of the frozen semi-group w.r.t. the
degenerate variables is also based on the previous techniques. We still take advantage of
cancellation tools. For the whole paragraph we consider two arbitrary given spatial points
px,x1q P pRndq2 s.t. x1 “ x11, i.e. their first entry, corresponding to the non-degenerate
variable, coincide.
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‚ Off-diagonal regime. If T ´ t ď c0d
2px,x1q, we proceed to an expansion similar to

(5.4) for D2
x1
P̃ x
T,tgpxq. In particular, with the notations introduced in (5.4), we write:

P̃ ξ
T,tgpxq ´ P̃

ξ1

T,tgpx
1
q “: ∆t,T,ξ,ξ1P̃1gpx,x

1
q `∆t,T,ξ,ξP̃2gpx,x

1
q. (5.14)

We directly obtain from the Proposition 2, similarly to (5.5), that:
ˇ

ˇ

ˇ
∆t,T,ξ,ξ1P̃1gpx,x

1
q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
ď 2CpT ´ tq

2`γ
2 }g}C2`γ

b,d
ď 2C}g}C2`γ

b,d
d2`γ

px,x1q. (5.15)

We indeed recall that the difference w.r.t. (5.5) is that we do not have anymore the time-
singularities coming therein from the spatial derivatives.

With the notations of (5.6), the second contribution of (5.14) writes:

∆t,T,ξ,ξ1P̃2gpx,x
1
q “ ∆t,T,ξ,ξ1P̃21gpx,x

1
q `∆t,T,ξ,ξ1P̃22gpx,x

1
q.

Proposition 2 again yields, similarly to (5.7), that:
ˇ

ˇ

ˇ
∆t,T,ξ,ξ1P̃21gpx,x

1
q

ˇ

ˇ

ˇ

pξ,ξ1q“px,ξ1q
ď 2CpT ´ tq

2`γ
2 }g}C2`γ

b,d
ď 2C}g}C2`γ

b,d
d2`γ

px,x1q. (5.16)

On the other hand, we readily get from Proposition 3 that:

∆t,T,ξ,ξ1P̃22gpx,x
1
q “

1

2
Tr
´

D2
x1
gpmξ

T,tpxqqrK̃
ξ
T,ts1,1 ´D

2
x1
gpmξ1

T,tpx
1
qqrK̃ξ1

T,ts1,1

¯

.

Write now:

∆t,T,ξ,ξ1P̃22gpx,x
1
q “

1

2
Tr
´

rD2
x1
gpmξ

T,tpxqq ´D
2
x1
gpmξ1

T,tpx
1
qqsrK̃ξ

T,ts1,1

¯

`
1

2
Tr
´

D2
x1
gpmξ1

T,tpx
1
qq
“

rK̃ξ
T,ts1,1 ´ rK̃

ξ1

T,ts1,1
‰

¯

. (5.17)

Since T ´ t ď c0d
2px,x1q, recalling as well that for ξ “ x, ξ1 “ x1, mξ

T,tpxq “

θT,tpxq, mξ1

T,tpx
1q “ θT,tpx

1q, we readily deduce from Proposition 1 and Lemma 2 that:

1

2

ˇ

ˇ

ˇ
rD2

x1
gpmξ

T,tpxqq ´D
2
x1
gpmξ1

T,tpx
1
qqsrK̃ξ

T,ts1,1

ˇ

ˇ

ˇ

ď C}g}C2`γ
b,d

dγ
`

θT,tpxq,θT,tpx
1
q
˘

pT ´ tq

ď C}g}C2`γ
b,d

d2`γ
px,x1q. (5.18)

For the last contribution, we directly obtain from Lemma 1 (equation (3.18) for j “ 1):

ˇ

ˇ

1

2
D2

x1
gpmξ

T,tpx
1
qq
`

rK̃ξ
T,ts1,1 ´ rK̃

ξ1

T,ts1,1
˘ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

ď C}g}C2`γ
b,d

`

pT ´ tq
2`γ

2 ` pT ´ tqdγpx,x1q
˘

ď C}g}C2`γ
b,d

d2`γ
px,x1q, (5.19)
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using again that T ´ t ď c0d
2px,x1q for the last inequality. Plugging (5.18) and (5.19)

into (5.17) gives the expected bound.
‚ Diagonal regime. If T ´ t ě c0d

2px,x1q, we write:

|P̃ x
T,tgpxq ´ P̃

x
T,tgpx

1
q|

ď
ˇ

ˇ

ż

Rnd
rp̃ξpt, T,x,yq ´ p̃ξpt, T,x1,yqsgpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď

ˇ

ˇ

ˇ

ˇ

ż 1

0

dµ

ż

Rnd
xDp̃ξpt, T,x1 ` µpx´ x1q,yq, px´ x1qy

„

g
`

y
˘

´ g
`

mξ
T,t

`

x1 ` µpx´ x1q
˘˘

´
@

Dx1gpm
ξ
T,tpx

1
` µpx´ x1qqq, py ´mξ

T,tpx
1
` µpx´ x1qqq1

D

´
1

2
Tr
´

D2
x1
gpmξ

T,tpx
1
` µpx´ x1qqqpy ´mξ

T,tpx
1
` µpx´ x1qqqb2

1

¯



dy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

,

with the same cancellation argument as in (5.10)-(5.11). Observe anyhow that the cancel-
lation involving the gradient in the above equation is possible precisely because x1 “ x11
and thereforeDp̃ξpt, T,x1`µpx´x1q,yq¨px´x1q “ Dx2:n p̃

ξpt, T,x1`µpx´x1q,yq¨px´x1q2:n.
We then obtain thanks to the previous identity and (5.12):

|P̃ x
T,tgpxq ´ P̃

x
T,tgpx

1
q|

ď }g}C2`γ
b,d

n
ÿ

k“2

ż

Rnd

ˇ

ˇDxk p̃
ξ
pt, T,x1 ` µpx´ x1q,yq

ˇ

ˇ|xk ´ x1k|d
2`γ

`

y,mξ
T,t

`

x1 ` µpx´ x1q
˘˘

dy

ď}g}C2`γ
b,d

n
ÿ

k“2

ż

Rnd

C

pT ´ tq1`pk´
1
2
q´

2`γ
2

p̄x
C´1pt, T,mx

T,tpx
1
` µpx´ x1qq,yq|xk ´ x1k|dy

ďC}g}C2`γ
b,d

d2`γ
px,x1q, (5.20)

reproducing the arguments used to establish (5.13) for the last inequality. Lemma 8 is
proved.

5.2 Hölder norms associated with the Green kernel

Let us recall that in (2.36), for a source f P L8
`

r0, T s, Cγ
b,dpRnd,Rq

˘

, we have to
control the Hölder norms of the Green kernel which we split into two parts according
to the position of the time integration variable w.r.t. the change of regime time t0 (see
(2.37)) a posteriori chosen to be t0 :“

`

t ` c0d
2px,x1q

˘

^ T. This is again the splitting
according to the off-diagonal and diagonal regime. The point is that for the Green kernel,
if t0 ă T both regimes appear.

Lemma 9 Under (A), for fixed spatial points px,x1q P pRndq2, we have that there exists
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a constant C :“ CppAq, T q, s.t. for all f P L8
`

r0, T s, Cγ
b,dpRnd,Rq

˘

:

sup
tPr0,T s

`

|D2
x1
G̃ξ
t0,tfpt,xq ´D

2
x1
G̃ξ1

t0,tfpt,x
1
q| ` |D2

x1
G̃ξ
T,t0

fpt,xq ´D2
x1
G̃ξ̃

1

T,t0
fpt,x1q|

˘

ď C}f}L8pCγb,dqd
γ
px,x1q,

and
sup
tPr0,T s

`

|G̃ξ
t0,tfpt,xq ´ G̃

ξ1

t0,tfpt,x
1
q| ` |G̃ξ

T,t0
fpt,xq ´ G̃ξ̃

1

T,t0
fpt,x1q|

˘

ď C}f}L8pCγb,dqd
2`γ
px,x1q, if x1 “ x11,

where ξ “ x, ξ1 “ x1, ξ̃
1
“ x.

We now turn to the proof of Lemma 9.

Proof: Lemma 9
Let us begin with the statement concerning the second order derivatives of the frozen

Green kernel w.r.t. the non-degenerate variable x1.
For the off-diagonal regime, involving the term D2

x1
G̃ξ1

t0,tfpt,x
1q, we readily get from

Lemma 7 that

ˇ

ˇD2
x1
G̃ξ
t0,tfpt,xq´D

2
x1
G̃ξ1

t0,tfpt,x
1
q
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

ď
ˇ

ˇ

ż t0

t

dsD2
x1
P̃ ξ
s,tfps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
`
ˇ

ˇ

ż t0

t

dsD2
x1
P̃ ξ1

s,tfps,x
1
q
ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

ď C}f}L8pCγb,dq

ż t0

t

dsps´ tq´1` γ
2

ď C}f}L8pCγb,dqd
γ
px,x1q. (5.21)

For the diagonal regime, involving the term D2
x1
G̃ξ̃

1

T,t0
fpt,x1q, we have to be more subtle

and perform again a Taylor expansion of D2
x1
P̃ ξ
s,tfps, ¨q. Namely:

ˇ

ˇD2
x1
G̃ξ
T,t0

fpt,xq´D2
x1
G̃ξ̃

1

T,t0
fpt,x1q

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ̃
1
q“px,xq

ď

ż T

t0

ds
ˇ

ˇ

ż 1

0

dµDD2
x1
P̃ ξ
s,tfps,x

1
` µpx´ x1qq ¨ px´ x1q

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď

n
ÿ

i“1

|px´ x1qi|

ż T

t0

ds

ż 1

0

dµ
ˇ

ˇDxiD
2
x1
P̃ ξ
s,tf

`

s,x1 ` λpx´ x1q
˘
ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}f}L8pCγb,dq

n
ÿ

i“1

|px´ x1qi|

ż T

t0

dsps´ tq´1´pi´ 1
2
q`

γ
2 ,

using again Lemma 7 and the arguments of (5.13) for the last inequality. This finally
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yields, recalling the definition of d in (1.9):
ˇ

ˇD2
x1
G̃ξ
T,t0

fpt,xq´D2
x11
G̃ξ1

T,t0
fpt,x1q

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,xq

ď C}f}L8pCγb,dq

n
ÿ

i“1

|px´ x1qi|pd
2
px,x1qq´pi´

1
2
q`

γ
2

ď C}f}L8pCγb,dqd
γ
px,x1q. (5.22)

Gathering (5.21) and (5.22) gives the result.

Let us now turn to the Hölder controls on the degenerate variables. The idea is here
again to perform a Taylor expansion at order one for x1 “ x11. Namely, from Lemma 7,
the diagonal control is direct. We get

ˇ

ˇG̃ξ
T,t0

fpt,xq´G̃ξ̃
1

T,t0
fpt,x1q

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ̃
1
q“px,xq

ď

ż T

t0

ds

ż 1

0

dµ
ˇ

ˇ

@

DP̃ ξ
s,tf

`

s,x1 ` µpx´ x1q
˘

, px´ x1q
Dˇ

ˇ

ď C}f}L8pCγb,dq

ż T

pt`c0d2px,x1qq^T

ds
n
ÿ

i“2

|px´ x1qi|ps´ tq
´pi´ 1

2
q`

γ
2

ď C}f}L8pCγb,dq

n
ÿ

i“2

|px´ x1qi|
loooomoooon

ďdpx,x1q2i´1

dpx,x1q2´p2i´1q`γ
ď C}f}L8pCγb,dqd

2`γ
px,x1q. (5.23)

Now, for the off-diagonal bound, associated with the term G̃ξ
t0,tfpt, ¨q, we precisely

need to exploit the smoothness of f associated to the fact that the semi-group P̃ ξ
s,t has a

density. Indeed, we cannot take advantage of the cancellation tools of Lemma 7, but we
have for all x,x1 P Rnd s.t. x1 “ x11:

ˇ

ˇ

ż t0

t

ds
´

P̃ ξ
s,tfps,xq ´ P̃

ξ1

s,tfps,x
1
q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď
ˇ

ˇ

ż t0

t

dsP̃ ξ
s,tfps,xq ´ fps,m

ξ
t0,tpxqq

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
`
ˇ

ˇ

ż t0

t

dsP̃ ξ1

s,tfps,x
1
q ´ fps,mξ1

t0,tpx
1
qq
ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

`
ˇ

ˇ

ż t0

t

dsfps,mξ
t0,tpxqq ´ fps,m

ξ1

t0,tpx
1
qq
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q
. (5.24)

Note that the first two terms in the r.h.s. of inequality (5.24) are handled like in the
previous section. Precisely, we write for the first contribution:

ˇ

ˇ

ż t0

t

dsP̃ ξ
s,tfps,xq ´ fps,m

ξ
t0,tpxqqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“
ˇ

ˇ

ż t0

t

ds

ż

Rnd
p̃ξpt, T,x,yqrfps,yq ´ fps,θt0,tpxqs

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď }f}L8pCγb,dq

ż t0

t

ds

ż

Rnd
p̃ξpt, T,x,yqdγpy,θt0,tpxqqdy

ˇ

ˇ

ˇ

ξ“x

ď C}f}L8pCγb,dq

ż t0

t

dsps´ tq
γ
2 dy ď C}f}L8pCγb,dqd

2`γ
px,x1q,
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by definition of t0 in (2.37). The second term of (5.24) is handled similarly. We thus
obtain:

ˇ

ˇ

ż t0

t

dsP̃ ξ
s,tfps,xq ´ fps,m

ξ
t0,tpxqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
`
ˇ

ˇ

ż t0

t

dsP̃ ξ1

s,tfps,x
1
q ´ fps,mξ1

t0,tpx
1
qdy

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

ď C}f}L8pCγb,dqd
2`γ
px,x1q. (5.25)

For the last contribution in (5.24), we have directly that:

ˇ

ˇ

ż t0

t

dsfps,mξ
t0,tpxqq´fps,m

ξ1

t0,tpx
1
qq
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q
ď C}f}L8pCγb,dq

ż t0

t

dsdγ
`

θt0,tpxq,θt0,tpx
1
q
˘

.

(5.26)
Lemma 2 and (5.26) eventually yield:

ˇ

ˇ

ż t0

t

dsfps,mξ
t0,tpxqq ´ fps,m

ξ
t0,tpx

1
qq
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

ď C}f}L8pCγb,dq
`

pt0 ´ tq
1` γ

2 ` pt0 ´ tqd
γ
px,x1q

˘

“ 2C}f}L8pCγb,dqd
2`γ
px,x1q.

˝

5.3 Hölder norms of the perturbative contribution

To derive the spatial Hölder continuity of the perturbative term in (5.3) (see also
the splitting of equation (2.28) of the user’s guide) we proceed with the previous regime
separation successfully used to establish in the previous sections the regularity of the semi-
group and the Green kernel. Namely, we recall that the critical time giving the change of
regime is (chosen after potential differentiation) t0 “ t` c0d

2px,x1q ^ T . We can assume
here w.l.o.g. that t0 ă T (otherwise there is a globally off-diagonal regime and the analysis
becomes easier).

The point of the current section is that we also precisely need to adapt the duality
analysis on Besov spaces already exploited for the supremum norm of the spatial deriva-
tives w.r.t. the non-degenerate variable (see Section 4.2).

‚ Control of rD2
x1
upt, ¨qsγ. From (2.28) and (2.36), let us recall the following notations:

∆ξ,ξ1
pt, T,x,x1q “ ∆ξ,ξ1

diagpt, T,x,x
1
q `∆ξ,ξ1

off-diagpt,x,x
1
q,

with

∆ξ,ξ1

off-diagpt,x,x
1
q “

ż T

t

ds

ż

Rnd
dyp̃ξpt, s,x,yqIsďt0pLs ´ L̃ξ

squps,yq

´

ż T

t

ds

ż

Rnd
dyp̃ξ

1

pt, s,x1,yqIsďt0pLs ´ L̃ξ1

s qups,yq,

∆ξ,ξ̃
1

diagpt, T,x,x
1
q “

ż T

t

ds

ż

Rnd
dyp̃ξpt, s,x,yqIsąt0pLs ´ L̃ξ

squps,yq

´

ż T

t

ds

ż

Rnd
dyp̃ξ̃

1

pt, s,x1,yqIsąt0pLs ´ L̃ξ̃
1

s qups,yq. (5.27)
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We recall that in the diagonal regime, i.e. c0d
2px,x1q ď s ´ t, we choose pξ, ξ̃

1
q “ px,xq.

The idea is to expand the density p̃ξpt, s, ¨,yq between x and x1. The associated time
singularity can then be bounded by a space singularity, recall that on the considered
regime ps ´ tq´1 ď pc0d

2px,x1qq´1 which will in turn be exactly compensated by the
difference of spatial points induced by the Taylor expansion and the Hölder regularity of
the coefficients.

We decompose from definitions (2.28) and (2.36):

|D2
x1

∆ξ,ξ̃
1

diagpt, T,x,x
1
q|

ˇ

ˇ

ˇ

pξ,ξ̃
1
q“px,xq

ď

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
dy

”

D2
x1
p̃ξpt, s,x,yq ´D2

x1
p̃ξpt, s,x1,yq

ı”

xF1ps,yq ´ F1ps,θs,tpξqq, Dy1y

`
1

2
Tr
´

`

aps,yq ´ aps,θs,tpξqq
˘

D2
y1

¯ı

ups,yqIsąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dy

”

D2
x1
p̃ξpt, s,x,yq ´D2

x1
p̃ξpt, s,x1,yqIsąt0

ı

ˆ

A

Fips,yq ´ rFips,θs,tpξqq `Dxi´1
Fips,θs,tpξqqpy ´ θs,tpξqqi´1s, Dyiups,yq

E

Isąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

,

which readily yields with the notations of (4.3) that:

|D2
x1

∆ξ,ξ̃
1

diagpt, T,x,x
1
q|

ˇ

ˇ

ˇ

pξ,ξ̃
1
q“px,xq

ď

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
dy

ż 1

0

dµDD2
x1
p̃ξpt, s,x` µpx1´xq,yq¨px´x1q∆1,F,σpt, s,y,θs,tpξq, uqIsąt0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
dy

ż 1

0

dµDD2
x1
p̃ξpt, s,x` µpx1 ´ xq,yq ¨ px´ x1q

ˆ
@

∆i,Fpt, s,θs,tpξq,yq, Dyiups,yq
D

Isąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“:
ˇ

ˇD2
x1

∆1
diagpt, T,x,x

1
q
ˇ

ˇ`
ˇ

ˇD2
x1

∆2:n
diagpt, T,x,x

1
q
ˇ

ˇ. (5.28)

We will now control the first term of the above right hand side. In other words, we specify
the control of (2.14). We obtain directly thanks to the smoothness assumption (S) on the
coefficients and Proposition 2 (see also equation (3.8)) that for all k P rr1, nss:

|F1ps,yq ´ F1ps,θs,tpξqq||DxkD
2
x1
p̃ξpt, s,x` µpx1 ´ xq,yq|

ˇ

ˇ

ˇ

ξ“x

ď C
´

}F1ps, ¨q}Cγddγ
`

y,θs,tpξq
˘

¯

ˆ ps´ tq´1´pk´ 1
2
qp̄C´1pt, s,x,yq

ˇ

ˇ

ˇ

ξ“x

ď C}F1}L8pCγdq
ps´ tq´1´pk´ 1

2
q`γ{2p̄C´1pt, s,x,yq. (5.29)
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Similarly,

|aps,yq ´ aps,θs,tpξqq|DxkD
2
x1
p̃ξpt, s,x` µpx1 ´ xq,yq|

ˇ

ˇ

ˇ

ξ“x

ď C
´

}aps, ¨q}Cγddγ
`

y,θs,tpξq
˘

¯

ˆ ps´ tq´1´pk´ 1
2
qp̄C´1pt, s,x,yq

ˇ

ˇ

ˇ

ξ“x

ď C}a}L8pCγdqps´ tq
´1´pk´ 1

2
q`γ{2p̄C´1pt, s,x,yq. (5.30)

We carefully point-out that the indicated bound only depend on the supremum in time
of the Hölder modulus of the coefficients (denoted }F1}L8pCγdq

, }a}L8pCγdq respectively) and
not on their supremum norm. In particular, we get from (5.29), (5.30):

|D2
x1

∆1
diagpt, T,x,x

1
q|

ď

n
ÿ

k“1

ż T

t0

ds

ż

Rnd
dyps´ tq´1´pk´ 1

2
q`γ{2

ˆr}Dx1u}L8}F1}L8pCγdq
` }D2

x1
u}L8}a}L8pCγdqsp̄C´1pt, s,x,yq|xk ´ x1k|

ď Cp}Dx1u}L8 ` }D
2
x1
u}L8qd

γ
px,x1q, (5.31)

where again the constant C is small provided the coefficients do not vary much. Thanks
to Lemma 5 and the previous analysis of Section 4.2, we directly deduce:

|D2
x1

∆2:n
diagpt, T,x,x

1
q|

ď

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dy

ż 1

0

dµDyi ¨

"

´

DD2
x1
p̃ξpt, s,x` µpx1 ´ xq,yq ¨ px´ x1q

¯

b

´

Fips,yq ´ rFips,θs,tpξqq `Dxi´1
Fips,θs,tpξqqpy ´ θs,tpξqqi´1s

¯

*

ups,yqIsąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}u}L8pC2`γ
b,d q

n
ÿ

k“1

ż T

t0

|xk ´ x1k|ds

ps´ tq1`pk´
1
2
q´

γ
2

ď C}u}L8pC2`γ
b,d q

dγ´p2k´1q
px,x1q|xk ´ x1k|

ď C}u}L8pC2`γ
b,d q

dγpx,x1q, (5.32)

and C is again small provided the coefficients do not vary much †.

Plugging (5.31) and (5.32) into (5.28) yields the stated control for the diagonal con-
tribution.

Let us now turn to the control of |D2
x1

∆ξ,ξ1

off-diagpt,x,x
1q| in (5.27) (or (2.28) in the user’s

†. Let us point out that in (5.31), (5.31) , the constant C :“ CppAq, c0q, but involves negative expo-
nents of c0 meant to be small. This is not a problem and still gives C ă 1 provided the Hölder moduli of
the coefficients are sufficiently small.
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guide). In the off-diagonal case, we choose ξ “ x and ξ1 “ x1 and

|D2
x1

∆ξ,ξ1

off-diagpt,x,x
1
q|

ď

ˇ

ˇ

ˇ

ż t0

t

ds

ż

Rnd
dyD2

x1
p̃ξpt, s,x,yqpLs ´ L̃

ξ
squps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ż t0

t

ds

ż

Rnd
dyD2

x1
p̃ξ
1

pt, s,x1,yqpLs ´ L̃
ξ1

s qups,yq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1
. (5.33)

We readily get thanks to Lemmas 4 and 5:

|D2
x1

∆ξ,ξ1

off-diagpt,x,x
1
q|

ď C
n
ÿ

i“2

ż t0

t

ds

ps´ tq1´
γ
2

}u}L8pC2`γ
b,d q

ď Cdγpx,x1q}u}L8pC2`γ
b,d q

. (5.34)

We point out that the constant C in (5.34) involves positive exponents of c0. We have
opposite impacts for this thresholds depending on the diagonal and off-diagonal regimes
at hand.

‚ Control of supzPRdrupt, z, ¨qs2`γ.
We proceed as above from definitions (5.27) considering spatial points px,x1q P pRndq2

s.t. x1 “ x11. In the diagonal case, we also choose ξ “ ξ̃
1
“ x and we write similarly to

(5.28):

|∆ξ,ξ1

2:n,diagpt, T,x,x
1
q|

ˇ

ˇ

ˇ

pξ,ξ1q“px,xq

ď

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
dy

ż 1

0

dµ
@

Dxp̃
ξ
pt, s,x` µpx1 ´ xq,yq,x´ x1

D

∆1,F,σpt, s,y,θs,tpξqqIsąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t

ds

ż

Rnd
dy

ż 1

0

dµ
@

Dxp̃
ξ
pt, s,x` µpx1 ´ xq,yq,x´ x1

D

∆i,Fpt, s,θs,tpξq,yqDyiups,yqIsąt0
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

. (5.35)

We have an expression rather similar to the one that appeared for the control of rD2
x1
upt, ¨qsγ

but with a weaker time singularity. In other words, thanks to identities (5.29), (5.30) and
Lemma 5 we obtain:

|∆ξ,ξ1

2:n,diagpt, T,x,x
1
q|

ď C}u}L8pC2`γ
b,d q

n
ÿ

k“1

ż T

t0

dsps´ tq´pk´
1
2
q`

γ
2 |xk ´ x1k|

ď C}u}L8pC2`γ
b,d q

n
ÿ

k“1

d2p1´pk´ 1
2
q`

γ
2
q
px,x1q|xk ´ x1k|

ď C}u}L8pC2`γ
b,d q

d2`γ
px,x1q, (5.36)
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where again the constant C is small if the Hölder moduli of the coefficients are small.

For the off-diagonal contribution, we get for x1 “ x11, ξ “ x and ξ1 “ x1:

|∆ξ,ξ1

2:n,off-diagpt, T,x,x
1
q|

ď

ˇ

ˇ

ˇ

ż t0

t

ds

ż

Rnd
dyp̃ξpt, s,x,yqpLs ´ L̃

ξ
squps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ż t0

t

ds

ż

Rnd
dyp̃ξ

1

pt, s,x1,yqpLs ´ L̃
ξ1

s qups,yq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

ď C
n
ÿ

k“2

ż t0

t

dsps´ tq
γ
2 }u}L8pC2`γ

b,d q

“ Cc0d
2`γ
px,x1q}u}L8pC2`γ

b,d q
. (5.37)

The last but one inequality is a consequence of Lemmas 4 and 5.

5.4 Controls of the discontinuity terms arising from the change
of freezing point

It now remains to control the contribution arising from the change of freezing point
in equation (5.3). The main result of this section is the following lemma.

Lemma 10 (Control of the discontinuity terms) There exists C :“ CppAqq s.t. for
all pt,x,x1q P r0, T s ˆ Rnd ˆ Rnd taking ξ1 “ x1, ξ̃

1
“ x,

ˇ

ˇD2
x1
P̃ ξ1

t0,tupt0,x
1
q ´D2

x1
P̃ ξ̃

1

t0,tupt0,x
1
q
ˇ

ˇ ď Cc
γ

p2n´1q

0 }u}L8pC2`γ
b,d q

dγpx,x1q,

ˇ

ˇP̃ ξ1

t0,tupt0,x
1
q ´ P̃ ξ̃

1

t0,tupt0,x
1
q
ˇ

ˇ ď Cc0}u}L8pC2`γ
b,d q

d2`γ
px,x1q, for x1 “ x11.

We prove the above statement in the next paragraphs respectively dedicated to the
control of the derivatives w.r.t. the non-degenerate variables and the control of the Hölder
moduli associated with the degenerate ones.
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Control of the derivatives w.r.t. the non-degenerate variables

We can directly write like for (5.4) and (5.6):

D2
x1
P̃ ξ1

t0,tupt0,x
1
q ´D2

x1
P̃ ξ̃

1

t0,tupt0,x
1
q

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

“

«

ż

Rnd
D2

x1
p̃ξ
1

pt, t0,x
1,yqrupt0,yq ´ upt0,y1,m

ξ1

t0,tpx
1
q2:nqsdy

´

ż

Rnd
D2

x1
p̃ξ̃
1

pt, t0,x
1,yqrupt0,yq ´ upt0,y1,m

ξ̃
1

t0,tpx
1
q2:nqsdy

ff

`

«

ż

Rnd
D2

x1
p̃ξ
1

pt, t0,x
1,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1
u
`

t0,m
ξ1

t0,tpx
1
q1 ` µpy ´mξ1

t0,tpx
1
qq1,m

ξ1

t0,tpx
1
q2:n

˘

´D2
x1
u
`

t0,m
ξ1

t0,tpx
1
q
˘‰`

y ´mξ1

t0,tpx
1
q
˘b2

1

¯

dy

´

ż

Rnd
D2

x1
p̃ξ̃
1

pt, t0,x
1,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1
u
`

t0,m
ξ̃
1

t0,tpx
1
q1 ` µpy ´mξ̃

1

t0,tpx
1
qq1,m

ξ̃
1

t0,tpx
1
q2:n

˘

´D2
x11
u
`

t0,m
ξ1

t0,tpx
1
q
˘‰`

y ´mξ̃
1

t0,tpx
1
q
˘b2

1

¯

dy

ff

`
1

2

«

ż

Rnd
D2

x1
p̃ξ
1

pt, t0,x
1,yqTr

´

D2
x1
upt0,m

ξ1

t0,tpx
1
qqpy ´mξ1

t0,tpx
1
qq
b2
1

¯

dy

´

ż

Rnd
D2

x1
p̃ξ̃
1

pt, t0,x
1,yqTr

´

D2
x1
upt0,m

ξ̃
1

t0,tpx
1
qqpy ´mξ̃

1

t0,tpx
1
qq
b2
1

¯

dy

ff

“: ∆
t,t0,ξ

1,ξ̃
1D2

x1
P̃1upt0,x,x

1
q `∆

t,t0,ξ
1,ξ̃
1D2

x1
P̃21upt0,x,x

1
q `∆

t,t0,ξ
1,ξ̃
1D2

x1
P̃22upt0,x,x

1
q.

(5.38)

We first directly write from (5.5) and (5.7):

ˇ

ˇ

ˇ
∆
t,t0,ξ

1,ξ̃
1D2

x1
P̃1upt0,x,x

1
q `∆

t,t0,ξ
1,ξ̃
1D2

x1
P̃21upt0,x,x

1
q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď 2Cpt0 ´ tq
γ
2 }u}C2`γ

b,d
ď Cc

γ
2
0 }u}C2`γ

b,d
dγpx,x1q. (5.39)
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Let us now deal with the last term in (5.38). We proceed similarly to equation (5.8)
(control of the frozen semigroup). Write:

ˇ

ˇ

ˇ
∆
t,t0,ξ

1,ξ̃
1D2

x1
P̃22upt0,x,x

1
q

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď
1

2

ż

Rnd

dy

ps´ tq
p̄ξ
1

C´1pt, t0,x
1,yq|D2

x1
upt0,m

ξ1

t0,tpx
1
qq´D2

x1
upt0,m

ξ̃
1

t0,tpx
1
qq||py´mξ1

t0,tpx
1
qq1|

2

`
1

2

ˇ

ˇ

ˇ

ż

Rnd
D2

x1
p̃ξ
1

pt, t0,x
1,yqTr

´

D2
x1
upt0,m

ξ̃
1

t0,tpx
1
qqpy ´mξ1

t0,tpx
1
qq
b2
1

¯

´D2
x1
p̃ξ̃
1

pt, t0,x
1,yqTr

´

D2
x1
upt0,m

ξ̃
1

t0,tpx
1
qqpy ´mξ̃

1

t0,tpx
1
qq
b2
1

¯

dy
ˇ

ˇ

ˇ

ďC|D2
x1
upt0,m

ξ1

t0,tpx
1
qq ´D2

x1
upt0,m

ξ̃
1

t0,tpx
1
qq|,

(5.40)

exploiting Proposition 2 for the first contribution and identity (3.16) in Proposition 3 for
second contribution in the last inequality.

From Lemma 3, we derive that for t0 ´ t “ c0d
2px,x1q:

ˇ

ˇ

ˇ
∆
t,t0,ξ

1,ξ̃
1D2

x1
P̃22upt0,x,x

1
q

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď C}upt0, ¨q}C2`γ
b,d
c

γ
2n´1

0 dγpx,x1q.

In a nutshell, from (5.39) and (5.41), we get the following control:

ˇ

ˇD2
x1
P̃ ξ1

t0,tupt0,x
1
q ´D2

x1
P̃ ξ̃

1

t0,tupt0,x
1
q
ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px,x1q

ď Cc
γ

2n´1

0 }u}L8pC2`γ
b,d q

dγpx,x1q,

which gives the statement for the second order derivatives w.r.t. the non-degenerate vari-
ables.

Hölder controls for the degenerate variables

Again, for the Hölder norm w.r.t. the degenerate variables, the difficulty is that we
cannot take any advantage of cancellation tools. We adapt here the arguments employed
in Section 5.1 for the frozen semigroup. Precisely, for all px,x1q P pRndq2, x1 “ x11, ξ

1
“

x1, ξ̃
1
“ x, we have similarly to (5.38) (but without the spatial derivatives D2

x1
):

P̃ ξ1

t0,tupt0,x
1
q ´ P̃ ξ̃

1

t0,tupt0,x
1
q

“ ∆
t,t0,ξ

1,ξ̃
1P̃1upt0,x

1,x1q `∆
t,t0,ξ

1,ξ̃
1P̃21upt0,x

1,x1q

`
1

2
Tr
´

rD2
x1
upt0,m

ξ1

t0,tpx
1
qq ´D2

x1
upt0,m

ξ̃
1

t0,tpx
1
qqsrK̃ξ1

t0,ts1,1

¯

`
1

2
Tr
´

D2
x1
upt0,m

ξ̃
1

t0,tpx
1
qq
`

rK̃ξ1

t0,ts1,1 ´ rK̃
ξ̃
1

t0,ts1,1
˘

¯

,

(5.41)
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where accordingly with (5.38):

∆
t,t0,ξ

1,ξ̃
1P̃1upt0,x

1,x1q :“

«

ż

Rnd
p̃ξ
1

pt, t0,x
1,yqrupt0,yq ´ upt0,y1,m

ξ1

t0,tpx
1
q2:nqsdy

´

ż

Rnd
p̃ξ̃
1

pt, t0,x
1,yqrupt0,yq ´ upt0,y1,m

ξ̃
1

t0,tpx
1
q2:nqsdy

ff

,

and

∆
t,t0,ξ

1,ξ̃
1P̃21upt0,x

1,x1q

:“

«

ż

Rnd
p̃ξ
1

pt, t0,x
1,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1

u
`

t0,m
ξ1

t0,tpx
1
q1 ` µpy ´mξ1

t0,tpx
1
qq1,m

ξ1

t0,tpx
1
q2:n

˘

´D2
x1
u
`

t0,m
ξ1

t0,tpx
1
q
˘‰`

y ´mξ1

t0,tpx
1
q
˘b2

1

¯

dy

´

ż

Rnd
p̃ξ̃
1

pt, t0,x
1,yq

ż 1

0

dµp1´ µq

Tr
´

“

D2
x1

u
`

t0,m
ξ̃
1

t0,tpx
1
q1 ` µpy ´mξ̃

1

t0,tpx
1
qq1,m

ξ̃
1

t0,tpx
1
q2:n

˘

´D2
x1
u
`

t0,m
ξ̃
1

t0,tpx
1
q
˘‰`

y ´mξ̃
1

t0,tpx
1
q
˘b2

1

¯

dy

ff

.

Reproducing the arguments that led to Equations (5.15) and (5.16), we derive:
ˇ

ˇ∆
t,t0,ξ

1,ξ̃
1P̃1upt0,x

1,x1q `∆
t,t0,ξ

1,ξ̃
1P̃21upt0,x

1,x1q
ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď Cpt0 ´ tq
2`γ

2 }u}C2`γ
b,d

ď Cc
2`γ

2
0 }u}L8pC2`γ

b,d q
d2`γ

px,x1q. (5.42)

Let us now turn to the last two contributions in (5.41). Like for (5.18), from Proposition
1 and Lemma 3 we obtain:

1

2

ˇ

ˇrD2
x1
upt0,m

ξ1

t0,tpx
1
qq ´D2

x1
upt0,m

ξ̃
1

t0,tpx
1
qqsrK̃ξ1

t0,ts1,1
ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď C}u}L8pC2`γ
b,d q

pt0 ´ tqd
γ
pmx

t0,t
px1q,θt0,tpx

1
qq

ď Cc
1` γ

2n´1

0 }u}L8pC2`γ
b,d q

d2`γ
px,x1q. (5.43)

The last term of (5.41) is handled like in (5.19). Namely, by Lemma 1 (equation (3.18)
for j “ 1), we obtain:

ˇ

ˇ

1

2
D2

x1
upt0,m

ξ̃
1

t0,tpx
1
qq
`

rK̃ξ1

t0,ts1,1 ´ rK̃
ξ̃
1

t0,ts1,1
˘
ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px1,xq

ď C}upt0, ¨q}C2`γ
b,d

`

pt0 ´ tq
2`γ

2 ` pt0 ´ tqd
γ
px,x1q

˘

ď Cc0}u}L8pC2`γ
b,d q

d2`γ
px,x1q. (5.44)
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Plugging (5.42), (5.43) and (5.44) into (5.41), recalling as well that c0 ă 1, we derive the
second statement of Lemma 10.

Remark 5 (Concluding remark concerning the a priori estimates) Gathering all
the controls of Sections 4 and 5 in equations (4.1) and (5.1)-(5.3), we actually derive the
following bound. There exist constants C :“ CppTqq and C0 :“ C0ppAq, T q s.t.

}u}L8pC2`γ
b,d q

ď Cp}g}C2`γ
b,d
` }f}L8pCγb,dqq ` C0}u}L8pC2`γ

b,d q
. (5.45)

It can been observed from the previous technical lemmas that provided T, c0, and the Hölder
moduli of the coefficients }a}L8pCγdq,

řn
i“2 }Fi}L8pC2i´3`γ

d q
(with the definition of (3.20)) are

small enough, then C0 ă 1, which in turn directly yields the expected Schauder estimate
for the mollified dynamics.

Of course, the remaining delicate part consists in getting rid of the small Hölder moduli
constraint. This can be done through suitable scaling arguments that are exposed in Section
6.

6 Scaling issues and final proof of Theorem 1
The purpose of this section is to first introduce a suitable scaling procedure for the sys-

tem with mollified coefficients for which we will be able to show equation (5.45). This intu-
itively means that the scaling has to make the Hölder moduli of the considered coefficients
small. The expected control is then obtained going back to the initial variables through the
inverse scaling procedure. Also, once the estimate is established for small final time hori-
zon T , it can be deduced through iteration up to an arbitrary given time precisely because
it provides a kind of stability for the solution in the space L8pr0, T s, C2`γ

b,d pRnd,Rqq. We
then conclude the proof of our main result, Theorem 1 through compactness arguments.

6.1 Scaling settings and controls

We start here from the smooth solution u to equation (1.1) with mollified coefficients
(that we again denote by a slight abuse of notation without the mollifying parameter
m). For an additional parameter λ ą 0 to be specified later (but meant to be small),
introducing the scaled function uλpt,xq “ upt, λ´1{2Tλxq, it is then clear that this latter
satisfies
$

’

&

’

%

Btu
λpt,xq ` xFpt, λ´1{2Tλxq, λ1{2T´1

λ Duλpt,xqy

`λ´1

2
Tr
`

D2
x1
uλpt,xqapt, λ´1{2Tλxq

˘

“ ´fpt, λ´1{2Tλxq, pt,xq P r0, T q ˆ Rnd,

uλpT,xq “ gpλ´1{2Tλxq, x P Rnd.

(6.1)

This choice of rescaling is natural in view of the invariance by dilatation property (1.7),
i.e. each single variable xi is scaled by the parameter λ according to its corresponding
intrinsic scale.

We rewrite in short form the above equation as for all x P Rnd

#

Btu
λpt,xq ` xFλpt,xq,Du

λpt,xqy ` 1
2
Tr
`

D2
x1
uλpt,xqaλpt,xq

˘

“ ´fλpt,xq, t P r0, T q,

uλpT,xq “ gλpxq,
(6.2)
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where

fλpt,xq :“ fpt, λ´1{2Tλxq, gλpxq :“ gpλ´1{2Tλxq,
aλpt,xq :“ λ´1apt, λ´1{2Tλxq,
Fλpt,xq :“ λ1{2T´1

λ Fpt, λ´1{2Tλxq. (6.3)

Accordingly, we introduce the spatial operator pLλs qsě0 appearing in (6.2) which writes
explicitly for all ϕ P C2

0pRnd,Rq as:

Lλt ϕ “ xFλpt, ¨q,Dϕy `
1

2
Tr
´

aλpt, ¨qD
2
x1
ϕ
¯

, λ ą 0.

The dynamics of the SDE associated with the second order differential operator
pLλt qtPr0,T s appearing in (6.1)-(6.2) writes for a given starting point pt,xq P r0, T s ˆ Rnd:

Xλ,t,x
s “ x`

ż s

t

Fλpu,X
λ,t,x
u qdu`

ż s

t

Bσλpu,X
λ,t,x
u qdWu, s ě t, (6.4)

where pWuquě0 is a d-dimensional Brownian motion on some filtered probability space
pΩ,F , pFtqtě0,Pq and σλ is a square root of the diffusion matrix aλ introduced in (6.3).

Equation (6.4) then naturally leads to consider, for fixed ps,yq P rt, T sˆRnd, and with
the notations of Section 3, the corresponding linearized model

dX̃ξ,λ
v “ rFλpv,θ

λ
v,tpξ

λ
qq `DFλpv,θ

λ
v,tpξ

λ
qqpX̃ξ,λ

v ´ θλv,tpξ
λ
qqsdv `Bσλpv,θ

λ
v,tpξ

λ
qqdWv,

X̃ξ,λ
t “ x, (6.5)

where θλv,tpξ
λ
q “ λ

1
2T´1

λ θv,tpξ
λ
q, ξλ “ λ´

1
2Tλξ.

The associated generator writes for ϕ P C2
0pRnd,Rq and ps,yq P rt, T s ˆ Rnd as:

L̃λ,ξs ϕpyq “ xFλps,θ
λ
s,tpξ

λ
qq `DFλps,θ

λ
s,tpξ

λ
qqpy ´ θλs,tpξ

λ
qq,Dϕpyqy

`
1

2
Tr
`

aλpt,θ
λ
s,tpξ

λ
qqD2

y1
ϕpyq

˘

.

Observe from (2.6) and (6.5) that the following very important correspondence holds:

@v P rt, T s, X̃ξ,λ
v :“ λ1{2T´1

λ X̃ξλ

v . (6.6)

We thus derive from Proposition 2 the following important correspondence for the densi-
ties. Denoting by p̃ξλpt, s,x,yq the density of X̃ξ,λ

v starting from x at time t at point y in
s, and xλ “ λ´

1
2Tλx, we have

p̃ξλpt, s,x,yq

“λ
n2d

2 p̃ξ
λ

pt, s, λ´
1
2Tλx, λ´

1
2Tλyq

“
λ
n2d

2

p2πq
nd
2 detpK̃ξλ

s,tq
1
2

exp
´

´
λ´1

2

@

rTλpK̃ξλ

s,tq
´1Tλspλ

1
2T´1

λ mξλ

s,tpx
λ
q´yq, λ

1
2T´1

λ mξλ

s,tpx
λ
q´y

D

¯

.

(6.7)
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In particular, for ξ “ x one derives:

p̃ξλpt, s,x,yq

“ λ
n2d

2 p̃ξ
λ

pt, s, λ´
1
2Tλx, λ´

1
2Tλyq

“
λ
n2d

2

p2πq
nd
2 detpK̃ξλ

s,tq
1
2

exp

ˆ

´
λ´1

2

A

“

TλpK̃ξλ

s,tq
´1Tλ

‰

pθλs,tpx
λ
q ´ yq,θλs,tpx

λ
q ´ y

E

˙

.

(6.8)

Equation (6.7) in turn yields the following important control:

|Dα
x p̃

ξ
λpt, s,x,yq|

ď C

ˆ

λ

ps´ tq

˙

řn
i“1 αipi´

1
2
q`n2d

2

exp

ˆ

´C´1 ps´ tq

λ

ˇ

ˇT´1
s´t
λ

`

λ
1
2T´1

λ mξλ

s,tpx
λ
q ´ y

˘
ˇ

ˇ

2

˙

“: C

ˆ

λ

ps´ tq

˙

řn
i“1 αipi´

1
2
q

p̄ξC´1,λpt, s,x,yq. (6.9)

In the following, we will also denote p̄C´1,λpt, s,x,yq :“ p̄ξC´1,λpt, s,x,yq
ˇ

ˇ

ˇ

ξ“x
in (6.9).

Remark 6 We emphasize that (6.9) gives that, each derivation of the Gaussian kernel
p̃ξλ makes the small parameter λ appear. Hence, up to the additional time singularities,
the iterated derivatives become smaller and smaller.

6.2 Scaling properties

The point is now to reproduce the previous perturbative approach for the solution
of (6.2). We will here focus on the Hölder norm of the remainder term associated with
the second order derivatives w.r.t. the non-degenerate variables. It can indeed be seen
from the previous computations that the other contributions can be dealt similarly. We
aim at proving that the L8pr0, T s, Cγ

b,dpRnd,Rqq norm of the indicated term is small. This
will follow from our scaling procedure. Precisely, we introduce for λ ą 0, pt,x,x1,x1q P
r0, T s ˆ pRndq2 the quantity:

pD2
x1
Rλuλqpt, T,x,x1q

:“

˜

ż pt`c0λd2px,x1qq^T

t

ds

ż

Rnd

´

D2
x1
p̃ξλpt, s,x,yqpL

λ
s ´ L̃

λ,ξ
s qu

λ
ps,yq

´D2
x1
p̃ξ
1

λ pt, s,x
1,yqpLλs ´ L̃

λ,ξ1

s quλps,yq
¯

dy

¸
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

`

˜

ż T

pt`c0λd2px,x1qq^T

ds

ż

Rnd

´

D2
x1
p̃ξλpt, s,x,yqpL

λ
s ´ L̃

λ,ξ
s qu

λ
ps,yq

´D2
x1
p̃ξ
1

λ pt, s,x
1,yqpLλs ´ L̃

λ,ξ1

s quλps,yq
¯

dy

¸
ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,xq

“:
´

pD2
x1
Rλuλqoff´diag ` pD

2
x1
Rλuλqdiag

¯

pt, T,x,x1q, (6.10)
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using again as in (5.3) different freezing point according to the spatial regime w.r.t. in-
tegration time s. Note however carefully that the cutting threshold here depends on the
scaling parameter λ. This is very important in order to balance the various scales that
will appear. Pay attention as well that the parameter c0 also remains. Actually a subtle
balance between those two parameters will be needed to derive the expected control.
Proceeding as in Section 5.3, we aim at showing that there exists C :“ CppAqq s.t. for all
px,x1q P pRndq2:

sup
tPr0,T s

|pD2
x1
Rλuλqpt, T,x,x1q|

dγpx,x1q
ď Cpc

´pn´ 1
2
q`

γ
2

0 λ
γ
2 ` c

γ
2n´1

0 q}uλ}L8pC2`γ
b,d q

. (6.11)

Let us first consider the diagonal term in (6.10) assuming w.l.o.g. that t`c0λd2px,x1q ď T
(otherwise we only have the off-diagonal contribution). Write:

|pD2
x1
Rλuλqdiagpt, T,x,x

1
q|

ď

ˇ

ˇ

ˇ

ż T

t`c0λd2px,x1q

ds

ż

Rnd
dy

”

D2
x1
p̃ξλpt, s,x,yq ´D

2
x1
p̃ξλpt, s,x

1,yq
ı

”

xFλ,1pt,yq ´ Fλ,1pt,θ
λ
s,tpξ

λ
qq, Dy1y

`
1

2
Tr
´

`

aλpt,yq ´ aλpt,θ
λ
s,tpξ

λ
qq
˘

D2
y1

¯ı

uλps,yq
ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t`c0λd2px,x1q

ds

ż

Rnd
dy

”

D2
x1
p̃ξλpt, s,x,yq ´D

2
x1
p̃ξλpt, s,x

1,yq
ı

A

Fλ,ipt,yq´rFλ,ipt,θ
λ
s,tpξ

λ
qq̀ DFλ,ipt,θ

λ
s,tpξ

λ
qqpy´ θλs,tpξ

λ
qqi´1s,Dyiu

λ
ps,yq

E
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,xq

“

ˇ

ˇ

ˇ

ż T

t`c0λd2px,x1q

ds

ż

Rnd
dy

ż 1

0

dµDD2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq ¨ px´ x1q

ˆ

A

Fλ,1pt,yq´Fλ,1pt,θ
λ
s,tpξ

λ
qq, Dy1

E

`
1

2
Tr
´

`

aλpt,yq ´ aλpt,θ
λ
s,tpξ

λ
qq
˘

D2
y1

¯

˙

uλps,yq
ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t`c0λd2px,x1q

ds

ż

Rnd
dy

ż 1

0

dµDD2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq ¨ px´ x1q

A

Fλ,ipt,yq´rFλ,ipt,θ
λ
s,tpξ

λ
qq̀ DFλ,ipt,θ

λ
s,tpξ

λ
qqpy´θλs,tpξ

λ
qqi´1s, Dyiu

λ
ps,yq

E
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,xq

“: pD2
x1
Rλuλqdiag,1pt, T,x,x

1
q ` pD2

x1
Rλuλqdiag,2:npt, T,x,x

1
q.

(6.12)

We will now control the first term of the above right hand side. A key point for the analysis,
is to observe that, on the considered diagonal regime, we actually have from equations
(6.8)-(6.9), recalling that z ÞÑ mξλ

s,tpzq is affine and using the good scaling property in
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(3.5) and (3.11), that:

|DxkD
2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq|

ď
Cλ1`pk´ 1

2
q

ps´ tq1`pk´
1
2
q
p̄C´1,λpt, s,x,yq exp

´

n
ÿ

j“1

|px´ x1qj|
2λ2j´1

ps´ tq2j´1

¯

ď
Cλ1`pk´ 1

2
q

ps´ tq1`pk´
1
2
q
p̄C´1,λpt, s,x,yq. (6.13)

To obtain the last inequality, we indeed observe from the homogeneity of the metric (see
(1.9)) that λ1{2dpx,x1q “ d

`

λ´1{2Tλx, λ´1{2Tλx1
˘

“
řn
j“1 |px ´ x1qjλ

2j´1
2 |

1
p2j´1q . For the

diagonal regime λd2px,x1q ď ps´ tq in turn implies that for all j P rr1, nss, |px´x1qj |
2λ2j´1

ps´tq2j´1 ď

1.

Another key point is to observe that the contributions
d
`

λ´1{2Tλy,λ´1{2Tλθλs,tpxλq
˘

ps´tq1{2
is ho-

mogeneous to the argument of the exponential term in p̄C´1,λpt, s,x,yq. Namely, for any
given β0 ą 0 and β P p0, β0s, there exists Cβ0 s.t.

˜

d
`

λ´1{2Tλy, λ´1{2Tλθλs,tpxλq
˘

ps´ tq1{2

¸β

p̄C´1,λpt, s,x,yq ď Cβ0 p̄C´1
β0
,λpt, s,x,yq. (6.14)

Equation (6.14) is a direct consequence of the expression of p̄t,xC´1,λ in Proposition 2 and
the definition of d in (1.9).

Hence, from the definition of aλ,Fλ in (6.3) equations (6.13) and (6.14), we derive
that, under (A) for all k P rr1, nss:

|Fλ,1pt,yq ´ Fλ,1pt,θ
λ
s,tpξ

λ
qq||DxkD

2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq|

ˇ

ˇ

ˇ

ξ“x

ď C
´

λ´1{2
}F1pt, ¨q}Cγddγ

`

λ´1{2Tλy, λ´1{2Tλθλs,tpξ
λ
q
˘

¯

ˆλ1`k´ 1
2 ps´ tq´1´pk´ 1

2
qp̄C´1,λpt, s,x,yq

ˇ

ˇ

ˇ

ξ“x

ď C}F1}L8pCγdq
λkps´ tq´1´pk´ 1

2
q`γ{2p̄C´1,λpt, s,x,yq. (6.15)

Similarly,

|aλpt,yq ´ aλpt,θ
λ
s,tpξ

λ
qq|DxkD

2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq|

ˇ

ˇ

ˇ

ξ“x

ď C
´

λ´1
}apt, ¨q}Cγddγ

`

λ´1{2Tλy, λ´1{2Tλθλs,tpξ
λ
q
˘

¯

ˆλ1`pk´ 1
2
q
ps´ tq´1´pk´ 1

2
qp̄C´1,λpt, s,x,yq

ˇ

ˇ

ˇ

ξ“x

ď C}a}L8pCγdqλ
k´ 1

2 ps´ tq´1´pk´ 1
2
q`γ{2p̄C´1,λpt, s,x,yq. (6.16)

Observe that both r.h.s of (6.15) and (6.16) exhibit a positive power of λ. Hence,
those quantities are small provided λ is. The key point in the above computations is that
the potentially explosive Hölder norms of Fλ,1, aλ(when λ goes to zero) are compensated
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by the derivatives of p̃ξλps, t,x,yq (see equation (6.9)). We again carefully point-out that
the previous bounds only depend on the supremum in time of the Hölder moduli of the
coefficients (denoted }F1}L8pCγdq

, }a}L8pCγdq respectively) and not on their supremum norm.
In particular, we get from (6.15), (6.16) with the notation of (6.12):

pD2
x1
Rλuλqdiag,1pt, T,x,x

1
q

ď

n
ÿ

k“1

ż T

t`c0λd2px,xq

ds

ż

Rnd
dyλk´

1
2 ps´ tq´1´pk´ 1

2
q`γ{2

ˆrλ
1
2 }Dx1u

λ
}L8}F1}L8pCγdq

` }D2
x1
uλ}L8}a}L8pCγdqsp̄C´1,λpt, s,x,yq|xk ´ x1k|

ď c
´pk´ 1

2
q`γ{2

0 Cp}Dx1u
λ
}L8 ` }D

2
x1
uλ}L8qλ

γ
2 dγpx,x1q. (6.17)

Thanks to the inequality (4.22) and the previous analysis (to be performed according to
the current scaling procedure replacing ps´tq in Sections 4 and 5 by ps´tq{λ), we deduce:

pD2
x1
Rλuλqdiag,2:npt, T,x,x

1
q ď

ˇ

ˇ

ˇ

n
ÿ

i“2

ż T

t`c0λd2px,x1q

ds

ż

Rnd
dy

ż 1

0

dµ

A

Dyi

"

´

Fλ,ipt,yq ´ rFλ,ipt,θ
λ
s,tpξ

λ
qq `DFλ,ipt,θ

λ
s,tpξ

λ
qqpy ´ θλs,tpξ

λ
qqs

¯

ˆ

´

@

x´ x1, DxD
2
x1
p̃ξλpt, s,x` µpx

1
´ xq,yq

D

¯

*

, uλps,yq
E
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C}uλ}L8pC2`γ
b,d q

n
ÿ

k“1

ż T

t`c0λd2px,x1q

λk´
1
2 |xk ´ x1k|ds

ps´ tq1`pk´
1
2
q´

γ
2

ď Cc
´pk´ 1

2
q`

γ
2

0 }uλ}L8pC2`γ
b,d q

λpk´
1
2
q´pk´ 1

2
q`

γ
2 dγ´p2k´1q

px,x1q|xk ´ x1k|

ď Cc
´pk´ 1

2
q`

γ
2

0 }uλ}L8pC2`γ
b,d q

λ
γ
2 dγpx,x1q ď Cc

´pk´ 1
2
q`

γ
2

0 }uλ}L8pC2`γ
b,d q

λ
γ
2 dγpx,x1q.(6.18)

Plugging (6.17) and (6.18) into (6.12) gives a diagonal control which precisely matches
the r.h.s. of the expected final bound (6.11).

It therefore remains to handle the off-diagonal contributions. With the notations of
(6.10), we deduce from the analysis of Section 4 and the previous arguments that:

|pD2
x1
Rλuλqoff´diag|ďC}u

λ
}L8pC2`γ

b,d q

ż t`c0λd2px,x1q

t

ds

ps´ tq1´
γ
2

ď Cc
γ
2
0 }u

λ
}L8pC2`γ

b,d q
λ
γ
2 dγpx,x1q.

(6.19)
We emphasize that making the diagonal and off-diagonal sets depend on λ is here crucial.
To illustrate this, let us briefly focus on the non-degenerate diffusive contribution. We
need to proceed from (6.16) except that we have here no differentiation w.r.t. k and
therefore no positive power in λ anymore. We retrieve the dependence in λ through the
time integration. The bound of equation (6.19) completes the proof of (6.11).

In some sense the controls in (6.18) and (6.19) can be seen as a mere consequence
of the intrinsic scaling of the system. This is indeed the case, but, in order to avoid any
ambiguity, we provide in Appendix 9 a proof of the rescaled key Besov Lemma 5.
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We would also derive from (5.41) and the same previous arguments by denoting t0 “
t` c0λd2px,x1q and using the bound of (7.18) for the difference of the scaled flows, that :

ˇ

ˇD2
x1
P̃ ξ1

t0,tu
λ
pt0,x

1
q ´D2

x1
P̃ ξ̃

1

t0,tu
λ
pt0,x

1
q
ˇ

ˇ

ˇ

ˇ

ˇ

pξ1,ξ̃
1
q“px,x1q

ď Cc
1

2n´1

0 }uλ}C2`γ
b,d

dγpx,x1q. (6.20)

Exploiting (6.20) and (6.11), as well as the corresponding control

sup
tPr0,T s,px,x1qPpRndq2, x1“x11

|pRλuλqpt, T,x,x1q|

d2`γpx,x1q
ď Cc

1
2n´1

0 }uλ}L8pC2`γ
b,d q

,

that would be established through the same procedure (exploiting the control (8.13) for
the difference of the scaled covariances), we eventually derive similarly to (5.45) that:

}uλ}L8pC2`γ
b,d q

ď Cp}gλ}C2`γ
b,d
` }fλ}L8pCγb,dqq ` C0pc

´p2n´1q
0 λ

γ
2 ` T

γ
2 ` c

1
2n´1

0 q}uλ}L8pC2`γ
b,d q

,

for some constant C0 :“ C0ppAqq. Hence, for c0, T and λ small enough with λ ! c0 , i.e.

s.t c̄0 :“ C0pc
´p2n´1q
0 λ

γ
2 ` T

γ
2 ` c

1
2n´1

0 q ă 1 we derive the expect final control

}uλ}L8pC2`γ
b,d q

ď
C

1´ c̄0

p}gλ}C2`γ
b,d
` }fλ}L8pCγb,dqq. (6.21)

6.3 Conclusion: final proof of Theorem 1.

Equation (6.21) provide the expected Schauder estimate for the rescaled system with
mollified coefficients in small time. Recalling that uλpt,xq “ upt, λ´1{2Tλxq, we then derive
from (6.21) and (6.3) that for T ą 0 and λ small enough there exists C̄0 :“ C̄0ppAq, T, λq ą
1 s.t.

}u}L8pC2`γ
b,d q

ď C̄0p}g}C2`γ
b,d
` }f}L8pCγb,dqq, (6.22)

which precisely provides the required estimate in small time for the initial system with
mollified coefficients.

The point is now to extend the previous bound to an arbitrary fixed time T ą 0 not
necessarily small. The stability resulting from estimate (6.22) allows to proceed by simple
iterative application of the bound changing the final condition.

Schauder estimates for the mollified system for a general time

Equation (6.22) is valid for all T ă T0 with T0 P p0,`8q sufficiently small. Now, for
a given T ą 0 (not necessary small), we can solve iteratively N “ r T

T0
s (where r¨s is the

ceiling function) Cauchy problems in the following way. Consider first for all x P Rnd:
#

Btu1pt,xq ` xFpt,xq,Du1pt,xqy `
1
2
Tr
`

D2
x1
u1pt,xqapt,xq

˘

“ ´fpt,xq, t P rT p1´ 1
N
q, T q,

u1pT,xq “ gpxq.

In other words, our previous analysis, and the previous inequalities, are still available for
T ´ p1´ 1

N
qT “ 1

N
T ď T0 small enough. Precisely, from (6.22):

}u1

`

T p1´
1

N
q, ¨

˘

}C2`γ
b,d

ď C̄0p}g}C2`γ
b,d
` }f}L8prT p1´ 1

N
q,T s,C2`γ

b,d q
q. (6.23)
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Also, for mollified coefficients, it is plain from the Feynman-Kac formula to identify u1

and u on rT p1 ´ 1
N
q, T s where u solves (1.1) with mollified coefficients on r0, T s. Hence,

(6.23) gives in particular that u1

`

T p1´ 1
N
q, ¨

˘

“ u
`

T p1´ 1
N
q, ¨

˘

P C2`γ
b,d pRnd,Rq so that it

is in particular natural to consider the following second Cauchy problem for all x P Rnd:

#

Btu2pt,xq ` xFpt,xq,Du2pt,xqy `
1
2
Tr
`

D2
x1
u2pt,xqapt,xq

˘

“ ´fpt,xq,

t P rp1´ 2
N
qT, p1´ 1

N
qT q, u2pp1´

1
N
qT,xq “ upp1´ 1

N
qT,xq.

Hence u2 satisfies identity (6.22) for the corresponding time interval and the associated
source and final condition. It also coincides with u on rT p1´ 2

N
q, T p1´ 1

N
qs. We get:

}u2}L8prT p1´ 2
N
q,T p1´ 1

N
qs,C2`γ

b,d q
ď C̄0p}upT p1´

1

N
q, ¨q}C2`γ

b,d
` }f}L8prT p1´ 2

N
q,T p1´ 1

N
qs,C2`γ

b,d q
q

ď C̄0

´

C̄0p}g}C2`γ
b,d
` }f}L8prT p1´ 1

N
q,T s,C2`γ

b,d q
q

`}f}L8prT p1´ 2
N
q,T p1´ 1

N
qs,C2`γ

b,d q

¯

ď C̄2
0p}g}C2`γ

b,d
` }f}L8prT p1´ 2

N
q,T s,C2`γ

b,d q
q.

Repeating the analysis N -times, introducing for k P rr3, nss the auxiliary Cauchy problems
for all x P Rnd:

#

Btukpt,xq ` xFpt,xq,Dukpt,xqy `
1
2
Tr
`

D2
x1
ukpt,xqapt,xq

˘

“ ´fpt,xq,

t, P rT p1´ k
N
q, T p1´ k´1

N
qq, ukpp1´

k´1
N
qT,xq “ upp1´ k´1

N
qT,xq,

we derive that
}u}L8pr0,T s,C2`γ

b,d q
ď C̄N

0 p}g}C2`γ
b,d
` }f}L8pr0,T s,C2`γ

b,d q
q. (6.24)

This precisely gives our main estimate for the system (1.1) with mollified coefficients.
Again, even though the coefficients are smooth, all the constants appearing in (6.24) only
depend on the Hölder setting of assumption (A).

Remark 7 (About the constants in the final estimate) We could actually have slightly
better bounds than those in (6.24). Namely a direct induction shows that the following con-
trol holds.

}u}L8pr0,T s,C2`γ
b,d q

ď C̄N
0 }g}C2`γ

b,d
`

N
ÿ

i“1

Ci
0}f}L8prT p1´N´i`1

N
q,T p1´N´i

N
qs,C2`γ

b,d q
q. (6.25)

We chose to write the bound in the form of equation (6.24) for simplicity. Note however
that in any case, equation (6.24) or (6.25), we still have geometric constants coming from
the iterative procedure. This is the main drawback of our approach, which anyhow seems,
to the best of our knowledge, the only available one to consider degenerate Kolmogorov
systems with non-linear drifts.
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Compactness arguments

We now make the mollifying parameter appear again using the notations introduced
in the user’s guide (see equation (2.4)). Equation (6.24) rewrites in the following way.
There exists a constant C0 s.t. for all m P N:

}um}L8pr0,T s,C2`γ
b,d q

ď C̄N
0 p}g}C2`γ

b,d
` }f}L8pr0,T s,C2`γ

b,d q
q. (6.26)

From Ascoli’s theorem we deduce that there exists u P L8pr0, T s, C2`γ
b,d q and a sequence

of smooth functions pumkqkě1 solution of (2.4), with mk Ñk `8, satisfying (6.26) and
s.t. umk Ñk u where u also satisfies (6.26). Since we also have from [CdRM17] that
umkpt,xq Ñk ErgpXt,x

T qs `
şT

t
Erfps,Xt,x

s qsds where pXt,x
s q denotes the unique in law solu-

tion to (1.4), we deduce that upt,xq “ ErgpXt,x
T qs `

şT

t
Erfps,Xt,x

s qsds corresponds to the
martingale, or mild, solution of (1.1) which satisfies the stated Schauder estimate (6.24).

From mild to weak solutions

Let ϕ be a smooth given function with compact support, i.e. ϕ P C80 pRnd,Rq. It is
clear that for the solution of (1.1) with mollified coefficients one indeed has:

ż T

0

dt

ż

Rnd
dxfmpt,xqϕpt,xq “

ż T

0

dt

ż

Rnd
dxϕpt,xq

´

Bt ` L
m
t

¯

umpt,xq. (6.27)

Indeed, both the solution and the coefficients are smooth. Integrating by parts yields:

ż T

0

dt

ż

Rnd
dxfmpt,xqϕpt,xq “

ż T

0

dt

ż

Rnd
dx

´

´ Bt ` pL
m
t q
˚
¯

ϕpt,xqumpt,xq,

where pLmt q˚ denotes the adjoint of Lmt . Write now:

ż T

0

dt

ż

Rnd
dxfmpt,xqϕpt,xq “

ż T

0

dt

ż

Rnd
dxfpt,xqϕpt,xq

`

ż T

0

dt

ż

Rnd
dxpfm ´ fqpt,xqϕpt,xq

“:

ż T

0

dt

ż

Rnd
dxfpt,xqϕpt,xq `RmpT, fq. (6.28)

It is clear that under (A), recall that f P L8pr0, T s, Cγ
b,dpRnd,Rqq, RmpT, fq ÝÑ

m
0. On

the other hand, we now decompose:

ż T

0

dt

ż

Rnd
dx

´

´ Bt ` pL
m
t q
˚
¯

ϕpt,xqumpt,xq

“

ż T

0

dt

ż

Rnd
dx

´

´ Bt ` pLtq
˚
¯

ϕpt,xqupt,xq `RmpT, uq, (6.29)
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with

RmpT, uq

:“

ż T

0

dt

ż

Rnd
dx

´

pLmt q
˚
´ L˚t

¯

ϕpt,xqumpt,xq (6.30)

`

ż T

0

dt

ż

Rnd
dx

´

´ Bt ` pLtq
˚
¯

ϕpt,xqpumpt,xq ´ upt,xqq “: pR1
m `R

2
mqpT, uq,

where L˚t is the formal adjoint of Lt. Observe first that:

R2
m,0pT, uq :“

ż T

0

dt

ż

Rnd
dxBtϕpt,xq

`

umpt,xq ´ upt,xq
˘

ÝÑ
m

0,

since }u´um}L8pC2`γ
b,d q

ÝÑ
m

0. For the terms of R2
mpT, uq which involve the adjoint, the point

is again to use the Besov duality to control the remainders. Namely, from the previous
analysis we get that:

|R2
m,2:npT, uq|

:“ |

n
ÿ

i“2

ż T

0

dt

ż

Rnd
dxDxi

`

ϕpt,xqFipt,xq
˘`

umpt,xq ´ upt,xq
˘

|

ď

n
ÿ

i“2

ż T

0

dt

ż

Rpn´1qd

ź

j‰i

dxj}Dxi

`

ϕFipt,xzi, ¨q
˘

}
B
´

2`γ
2i´1

1,1 pRd,Rq
}pum ´ uqpt,xzi, ¨q}

C
2`γ
2i´1
b pRd,Rq

,

denoting xzi “ px1, ¨ ¨ ¨ ,xi´1,xi`1, ¨ ¨ ¨ ,xnq and ϕFipt,xzi, ¨q : xi P Rd ÞÑ ϕFipt,xq, pu ´
umqpt,xzi, ¨q : xi P Rd ÞÑ pu ´ umqpt,xq. Again }u ´ um}L8pC2`γ

b,d q
ÝÑ
m

0 and from the
arguments of the proof of Lemma 5, there exists C s.t. for all i P rr2, nss,

}Dxi

`

ϕFipt,xzi, ¨q
˘

}
B
´

2`γ
2i´1

1,1 pRd,Rq
ď Cψipt,xziq,

where ψi has compact support on Rpn´1qd. We thus readily derive |R2
m,2:npT, uq| ÝÑ

m
0.

Eventually,

|R2
m,1pT, uq|

:“ |

ż T

0

dt

ż

Rnd
dx

”

Dx1

`

ϕpt,xqF1pt,xq
˘

`D2
x1

`

ϕpt,xqapt,xq
˘

ı

`

umpt,xq ´ upt,xq
˘

|

“ |

ż T

0

dt

ż

Rnd
dx

”

`

ϕpt,xqF1pt,xq
¯

Dx1 `
`

ϕpt,xqapt,xq
˘

D2
x1

ı

`

umpt,xq ´ upt,xq
˘

|,

which again tends to 0 with m since }u´ um}L8pC2`γ
b,d q

ÝÑ
m

0.

The contributions involving
`

pLmt q
˚´L˚t

˘

ϕ inR1
mpT, uq defined in (6.30) can be handled

as in the proof of Lemma 5 exploiting that }a ´ am}Cγb,d ` }F1 ´ Fm,1}Cγb,d
`
řn
i“2 }Fi ´
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Fm,i}C2i´3`γ
b,d

Ñm 0. We now deduce from (6.29), (6.30) and the previous controls that
RmpT, uq Ñm 0. The same computations also give that the term

ż T

0

dt

ż

Rnd
dx

´

´ Bt ` pLtq
˚
¯

ϕpt,xqupt,xq

is well defined under (A). From (6.28), (6.29), we thus finally derive:
ż T

0

dt

ż

Rnd
dxϕpt,xqfpt,xq “

ż T

0

dt

ż

Rnd
dx

`

´ Bt ` pLtq
˚
˘

ϕpt,xqupt,xq,

which gives the statement.

7 Appendix: Proof of technical results

7.1 Technical results associated with the flow

We begin this paragraph stating and proving a key result for the sensitivity of Hölder
flows, i.e. when the coefficients satisfy (A). Those results are of course uniform w.r.t. a
mollification procedure of the coefficients as the one previously considered from Section
3 to 5. Also, Lemma 2 is a direct consequence of Lemma 11 below and Young/convexity
inequalities.

A first sensitivity result for the flow

Lemma 11 Under (A), there exists C :“ CppAq, T q s.t. for all px,x1q P pRndq2, 0 ď t ă
s ď T and i P rr1, nss:

|pθs,tpxq ´ θs,tpx
1
qqi| ď C

´

ps´ tqi´
1
2 ` d2i´1

px´ x1q
¯

.

The previous bound can be interpreted as follows. We somehow have the expected bound
involving the spatial points, up to an additional contribution in time, which is precisely
due to the pseudo-distance d. Indeed, this type of result already appeared (for Lipschitz
drifts) in Proposition 4.1 of [Men18]. Through an appropriate mollifying procedure, this
result remains unchanged

Proof: The main idea to prove this control relies on Grönwall’s Lemma. However, under
(A), the function F is not Lipschitz (solely Hölder continuous). We have then to mollify
suitably F. Let us denote by δ P Rn, a vector with positive entries δi ą 0 for i P rr2, nss.
Define as well for all v P r0, T s, z P Rnd, i P rr2, nss,

Fδ
i pv, z

i´1:n
q :“ Fipv, ¨q ‹ ρδipzq “

ż

Rd
Fipv, zi´1, zi ´ w, zi`1 ¨ ¨ ¨ , znqρδipwqdw, (7.1)

with ρδipwq :“ 1
δdi
ρ
´

w
δi

¯

where ρ : Rd Ñ R` is a usual mollifier, namely ρ has compact sup-
port and

ş

Rd ρpzqdz “ 1. Finally, we define Fδpv, zq :“ pF1pv, zq,F
δ
2pv, zq, ¨ ¨ ¨ ,F

δ
npv, zqq.
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In this definition, we make a slight abuse of notation since the first component F1 is not
mollified. Due to the final control we want to prove and the intrinsic scale of the first
component, the sublinearity of F1 (implied by its Hölder property) is enough and it is not
needed to mollify this component.

To be at the good current time scale for the contributions associated with the mollifi-
cation, we pick δi in order to have C :“ CppAq, T q ą 0 s.t. for all z P Rnd, u P rt, ss:

ˇ

ˇ

ˇ
ps´ tq

1
2T´1

s´t

´

Fpu, zq ´ Fδ
pu, zq

¯ˇ

ˇ

ˇ
ď Cps´ tq´1. (7.2)

By the previous definition of Fδ, identity (7.2) is equivalent to:

n
ÿ

i“2

ps´ tq
1
2
´iδ

2i´3`γ
2i´1

i ď Cps´ tq´1. (7.3)

Hence, we choose from now on, for all i P rr2, nss:

δi “ ps´ tq
pi´ 3

2
q 2i´1

2i´3`γ . (7.4)

Next, let us control the last components of the flow. By the definition of θs,t in (2.5),
we get:

|pθs,tpxq ´ θs,tpx
1
qqn|

ď |px´ x1qn| `

ż s

t

´

|Fδ
npv,θv,tpxqq ´ Fδ

npv,θv,tpx
1
qq|

`|Fδ
npv,θv,tpxqq ´ Fnpv,θv,tpxqq| ` |F

δ
npv,θv,tpx

1
qq ´ Fnpv,θv,tpx

1
qq|

¯

dv

ď |px´ x1qn| ` C

ż s

t

´

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇ` δ
´1` 2n´3`γ

2n´1
n

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n

ˇ

ˇ

¯

dv

`ps´ tqδ
2n´3`γ

2n´1
n .

Hence by Grönwall”s Lemma, we get:

|pθs,tpxq ´ θs,tpx
1
qqn| (7.5)

ď C exp
´

Cps´ tqδ
´1` 2n´3`γ

2n´1
n

¯

ˆ

´

|px´ x1qn| ` ps´ tqδ
2n´3`γ

2n´1
n `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇdv
¯

ď C exp
´

Cps´ tq
γ
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇdv
¯

,

using (7.3) for the last inequality. We proceed similarly for the pn´ 1qth component, but
in this case we have to handle the non-Lipschitz continuity of Fδ

n´1 in its nth variable.
For the rescaled flows see e.g. Lemma 2 in [CdRM17] this difficulty could also be

circumvented through mollification, the situation is here slightly different and it seems
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that Young type controls are more appropriate. Write:

|pθs,tpxq ´ θs,tpx
1
qqn´1|

ď C exp
´

Cps´ tqδ
´1` 2pn´1q´3`γ

2pn´1q´1

n´1

¯´

|px´ x1qn´1| ` ps´ tqδ
2pn´1q´3`γ

2pn´1q´1

n´1

`

ż s

t

 ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ` |
`

θv,tpxq ´ θv,tpx
1
qq
˘

n

ˇ

ˇ

2pn´1q´3`γ
2n´1

(

dv
¯

ď C exppCps´ tq
γ
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

"

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ

`|px´ x1qn|
2pn´1q´3`γ

2n´1 ` pv ´ tq
2pn´1q´3`γ

2

`

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

2pn´1q´3`γ
2n´1

*

dv

˙

.

(7.6)

The last inequality is a consequence of our choice of δn´1 in (7.4), identity (7.5) and con-
vexity inequality.

We aim, now, to proceed with Grönwall’s Lemma. To do so, first of all we need to
use a Young inequality. Namely, we write for all δ̃n´1,n ą 0 (where the two indexes in the
subscript respectively denote the stage of the chain, i.e. n´1, and the considered variable,
i.e. n):

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

2pn´1q´3`γ
2n´1

ď C

ˆ

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

δ̃
´ 2n´1

2pn´1q´3`γ

n´1,n ` δ̃
2n´1
4´γ

n´1,n

˙

.

In order to obtain the suitable time scale, we choose δ̃n s.t.

δ̃
2n´1
4´γ

n´1,n “ pv ´ tq
2pn´1q´3`γ

2 ðñ δ̃n´1,n “ pv ´ tq
p2pn´1q´3`γqp4´γq

2p2n´1q ,

which also yields that

´

ż v

t

ˇ

ˇ

`

θw,tpxq´θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

δ̃
´ 2n´1

2pn´1q´3`γ

n´1,n ď

´

ż v

t

ˇ

ˇ

`

θw,tpxq´θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

pv´tq´
4´γ

2 .

Hence we get from (7.6) and the previous controls that for all s̃ P rt, ss:

|pθs̃,tpxq ´ θs̃,tpx
1
qqn´1|

ď C exppCps̃´ tq
γ
2 q

´

|px´ x1qn´1| ` ps̃´ tq
n´ 3

2 `

ż s̃

t

"

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ

`|px´ x1qn|
2pn´1q´3`γ

2n´1 ` pv ´ tq
2pn´1q´3`γ

2

`

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

pv ´ tq´
4´γ

2

*

dv

˙
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The point is now to take the supremum in s̃ P rs, ts in the above equation. This yields:

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qqn´1|

ď C exppCps´ tq
γ
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2pn´1q´3`γ

2n´1 ps´ tq ` ps´ tq1`
2pn´1q´3`γ

2

`

´

ż s

t

sup
wPrt,vs

|
`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇpv ´ tq1´
4´γ

2 dv
¯

˙

.

We get then by Grönwall’s Lemma:

|pθs,tpxq ´ θs,tpx
1
qqn´1|

ď C exppCps´ tq
γ
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2pn´1q´3`γ

2n´1 ps´ tq
¯

(7.7)

ď C exppCps´ tq
γ
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2n´3
2n´1

¯

, (7.8)

using again the Young inequality |px ´ x1qn|
2pn´1q´3`γ

2n´1 ps ´ tq ď Cpps ´ tqn´
3
2 ` |px ´

x1qn|
2pn´1q´3`γ

2n´1
2n´3
2n´5 q for the last identity, recalling as well that dpx,x1q ď 1, and therefore

|px ´ x1qn|
2n´3
2n´1 ď 1, for the last identity. The purpose of (7.8) is that each entry of the

difference of the starting points appears at its intrinsic scale for the homogeneous distance
d.

Plugging the above inequality into (7.5) we derive:

|pθs,tpxq ´ θs,tpx
1
qqn|

ď C exp
´

Cps´ tq
γ
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 ` |px´ x1qn´1|ps´ tq

`|px´ x1qn|
2n´3
2n´1 ps´ tq `

ż s

t

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´2

ˇ

ˇdwdv
¯

ď C exp
´

Cps´ tq
γ
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 ` |px´ x1qn´1|
2n´1
2n´3

`

ż s

t

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´2

ˇ

ˇdwdv
¯

,

using again the Young inequalities |px´x1qn|
2n´3
2n´1 ps´ tq ď Cp|px´x1qn| ` ps´ tq

n´ 1
2 q and

|px´x1qn´1|ps´ tq ď C
`

|px´x1qn´1|
2n´1
2n´3 ` ps´ tqn´

1
2

˘

for the last bound. Iterating these
computations, we obtain:

|pθs,tpxq ´ θs,tpx
1
qqn| (7.9)

ď C

˜

ps´ tqn´
1
2 `

n
ÿ

j“2

|px´ x1qj|
2n´1
2j´1 `

ż vn“s

t

dvn´1 . . .

ż v2

t

dv1

ˇ

ˇ

`

θv1,tpx
1
q ´ θv1,tpxq

˘

1

ˇ

ˇ

¸

.
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Similarly, for i P rr2, nss we derive:

|pθs,tpxq ´ θs,tpx
1
qqi| (7.10)

ď C

˜

ps´ tqi´
1
2 `

n
ÿ

j“2

|px´ x1qj|
2i´1
2j´1 `

ż vi“s

t

dvi´1 . . .

ż v2

t

dv1

ˇ

ˇ

`

θv1,tpx
1
q ´ θv1,tpxq

˘

1

ˇ

ˇ

¸

.

Remark 8 We importantly point out that equations (7.9) and (7.10) actually hold not
only for the fixed time s but also for any v P rt, T s.

The term for i “ 1 is treated slightly differently. Namely, for all s̃ P rt, ss, write:

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď |px´ x1q1| ` C

n
ÿ

j“1

ż s̃

t

|pθv,tpxq ´ θv,tpx
1
qqj|

γ
2j´1dv,

which in turn implies

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď |px´ x1q1| ` C

´

ps´ tq
`

sup
vPrt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

˘γ

`

n
ÿ

j“2

ż s

t

|pθv,tpxq ´ θv,tpx
1
qqj|

γ
2j´1dv

¯

ď |px´ x1q1| ` C

ˆ

ps´ tq
`

sup
vPrt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

˘γ

`

n
ÿ

j“2

Cjps´ tq
´

ps´ tqj´
1
2 `

n
ÿ

k“2

|px´ x1qk|
2j´1
2k´1

`ps´ tqj´1 sup
vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

¯

γ
2j´1

˙

and yields that

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď |px´ x1q1| ` C

ˆ

ps´ tq
`

sup
vPrt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

˘γ

`

n
ÿ

j“2

Cjps´ tq
´

ps´ tq
γ
2 `

n
ÿ

k“2

|px´ x1qk|
γ

2k´1

`ps´ tqpj´1q γ
2j´1 sup

vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

γ
2j´1

¯

˙

,

using as well (7.10), Remark 8 and convexity inequalities for the last bound. We now
write,

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď C

ˆ

|px´ x1q1| ` ps´ tq
1` γ

2 ` ps´ tq
n
ÿ

k“2

|px´ x1qk|
γ

2k´1

`

n
ÿ

j“1

ps´ tq1`pj´1q γ
2j´1 sup

vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

γ
2j´1

˙

ď Cp|px´ x1q1| ` ps´ tq `
n
ÿ

k“2

|px´ x1qk|
1

2k´1 q (7.11)
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recalling that ps´ tq ď T is small, and using again Young inequalities for the last bound.
Namely,

ps´ tq1`pj´1q γ
2j´1 sup

vPrt,ss

|pθv,tpxq´θv,tpx
1
qq1|

γ
2j´1 ď Cps´ tq

´

1` sup
vPrt,ss

|pθv,tpxq´θv,tpx
1
qq1|

¯

,

and
ps´ tq|px´ x1qk|

γ
2k´1 ď Cpps´ tq

1
1´γ ` |px´ x1qk|

1
2k´1 q.

We eventually derive from (7.11) that:

sup
vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1| ď C

`

ps´ tq
1
2 ` dpx,x1q

˘

,

which gives the stated bound for i “ 1. It now remains to plug this control into (7.10).
We obtain for all i P rr2, nss:

|pθs,tpxq ´ θs,tpx
1
qqi| ď C

`

ps´ tqi´
1
2 ` d2i´1

px,x1q ` ps´ tqi´1 sup
vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

˘

ď C
´

ps´ tqi´
1
2 ` d2i´1

px,x1q ` ps´ tqi´1
`

ps´ tq
1
2 ` dpx,x1q

˘

¯

ď C
`

ps´ tqi´
1
2 ` d2i´1

px,x1q
˘

,

using again the Young inequality to derive that ps ´ tqi´1dpx,x1q ď C
`

ps ´ tqi´
1
2 `

d2i´1px,x1q
˘

. The proof is complete. ˝

Again, Lemma 2 is a direct consequence of the previous Lemma 11 and Young/convexity
inequalities.

We are now in position to prove the sensitivity results for the linearized system w.r.t.
the freezing parameter.

Sensitivity results for the mean

Proof: Technical Lemma 3
We assume w.l.o.g. that dpx,x1q ď 1. The idea of the proof is to separate the term to

control into two contributions. Namely, we write:

mx
s,tpx

1
q ´ θs,tpx

1
q “ rmx

s,tpx
1
q ´ θs,tpxqs ` rθs,tpxq ´ θs,tpx

1
qs. (7.12)

The definition of the proxy (3.1) yields that the mean value of X̃m,ξ
v , mξ

v,t is s.t.

mx
s,tpx

1
q ´ θs,tpxq “ x1 ´ x`

ż s

t

dvDFpv,θv,tpxqqrm
x
v,tpx

1
q ´ θv,tpxqs. (7.13)

The sub-triangular structure of DF yields that for all i P rr2, nss:

`

mx
s,tpx

1
q ´ θs,tpxq

˘

i
“ x1i ´ xi `

ż s

t

dvDi´1Fipv,θv,tpxqqrm
x
v,tpx

1
qi´1 ´ θv,tpxqi´1s.
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Also, since mx
v,tpx

1q1 “ x11 `
şs

t
F1pv,θv,tpxqqdv, so that rmx

v,tpx
1q1 ´ θv,tpxq1s “ x11 ´ x1,

we then obtain by iteration that:

`

mx
s,tpx

1
q ´ θs,tpxq

˘

i

“ x1i ´ xi `
i
ÿ

k“2

”

ż vi“s

t

dvi´1 . . .

ż vk

t

dvk´1

i
ź

j“k

Dj´1Fjpvj,θvj ,tpxqq
ı

rx1k´1 ´ xk´1s,

with the convention that for i “ 1,
ři
k“2 “ 0. From the above control, equation (7.12)

and the dynamics of the flow, recalling that the starting points are the same, so that the
contributions involving differences of the spatial points or flows only appear in iterated
time integrals, we derive:

|
`

mx
s,tpx

1
q ´ θs,tpx

1
q
˘

i
|

ď

ˇ

ˇ

ˇ

ˇ

i
ÿ

k“2

”

ż vi“s

t

dvi´1 . . .

ż vk

t

dvk´1

i
ź

j“k

Dj´1Fjpvj,θvj ,tpxqq
ı

rx1k´1 ´ xk´1s

ˇ

ˇ

ˇ

ˇ

`

ż s

t

|Fipv,θv,tpxqq ´ Fipv,θv,tpx
1
qq|dv (7.14)

ď C
´

i´1
ÿ

k“2

ps´ tqi´k|xk ´ x1k|

`

ż s

t

´

n
ÿ

j“i

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
q
˘

j

ˇ

ˇ

2i´3`γ
2j´1 `

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
q
˘

i´1

ˇ

ˇ

¯

dv
¯

.

From the previous Lemma 11, we thus obtain:

|
`

mx
s,tpx

1
q ´ θs,tpx

1
q
˘

i
|

ď C

ˆ i´1
ÿ

k“2

ps´ tqi´k|xk ´ x1k| ` ps´ tq
2i´3`γ

2
`1

`d2i´3`γ
px,x1qps´ tq `

`

ps´ tqpi´1q´ 1
2 ` d2pi´1q´1

px,x1q
˘

ps´ tq

˙

. (7.15)

In particular, for s “ t0 “ t` c0d
2px,x1q with c0 ă 1, the previous equation yields:

|
`

mx
t0,t
px1q ´ θt0,tpx

1
q
˘

i
|

ď C
´

c0d
2i´1

px,x1q ` pc
i´ 1

2
`
γ
2

0 ` c0qd
2i´1`γ

px,x1q ` pc
i´ 1

2
0 ` c0qd

2i´1
px,x1q

¯

.

So, after summing and by convexity inequalities, for dpx,x1q ď 1:

d
`

mx
t0,t
px1q,θt0,tpx

1
q
˘

ď Cc
1

2n´1

0 dpx,x1q.

˝
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7.2 Sensitivities for the scaled flows

For the scaling analysis of Section 6 we also need the scaled versions of the previous
Lemmas. Recalling the notations introduced therein, i.e. for λ ą 0, 0 ď t ď v ď T ,
θλv,tpx

λq “ λ
1
2T´1

λ θv,tpx
λq, xλ :“ λ´

1
2Tλx, as corollaries of Lemmas 11 and 2, we readily

get:

dpθλv,tpx
λ
q,θλv,tpx

1λ
qq ď C

´

dpx,x1q `
`v ´ t

λ

˘
1
2

¯

. (7.16)

Setting now v “ t` c0λd2px,x1q, recalling that

d
`

λ
1
2T´1

λ mxλ

v,tpx
1λ
q,θλv,tpx

1λ
q
˘

“ λ´
1
2 d

`

mxλ

v,tpx
1λ
q,θλv,tpx

1λ
q
˘

, (7.17)

and reproducing the above arguments, we derive from (7.16) and (7.15) the bound:

d
`

λ
1
2T´1

λ mxλ

v,tpx
1λ
q,θλv,tpx

1λ
q
˘

ď Cpc
1

2n´1

0 ` λ
γ
2 qdpx,x1q. (7.18)

which follows exploiting the intrinsic scaling properties of system.
Observe that the scaling procedure does not provide for the mean sensitivity a small

constant (i.e. proportional to λ
γ
2 ). B Indeed, in inequality (7.14), the terms involving

|Fipv,θv,tpxqq ´ Fipv,θv,tpx
1qq| and the products

`
śi

j“kDj´1Fjpvj,θvj ,tpxqq
˘

kPrr2,i´1ss
do

not allow us to take advantage from the 1` γ
2i´3

-Hölder continuity of Fi w.r.t the pi´1qth

spatial component nor from the γ
2j´1

-Hölder continuity of Dj´1Fjpvj,θvj ,tpxqq w.r.t. the
pi ´ 1qth spatial component. We can only exploit respectively the Lipschitz continuity
and the boundedness of such terms which are precisely those who do not scale. Plugging
xλ “ λ´

1
2Tλx,x1λ “ λ´

1
2Tλx1 in (7.15) indeed yields for v “ t` c0λd2px,x1q:

|pmxλ

v,tpx
1λ
q ´ θλv,tpx

1λ
qqi| ď λi´

1
2 d2i´1

px,x1qC

ˆ i´1
ÿ

k“2

pc0q
i´k
` c

i´ 1
2

0 pc0λd2
px,x1qq

γ
2

`λ
γ
2 dγpx,x1qc0 `

`

c
i´ 1

2
0 ` c0

˘

˙

,

which from (7.17) yields (7.18) recalling that c0 and dpx,x1q are both less than 1.

8 Appendix: Sensitivity results for the resolvent and
covariance

8.1 Sensitivity Lemma for the resolvent

Lemma 12 (Controls of the Sensitivities for the Resolvents) There exists C̃ s.t.
for all 0 ď t ď s ď T , px,x1q P pRndq2, the following control holds. For all 1 ď j ă i ď n,
with the notation of (3.20):

ˇ

ˇ

`

R̃pτ,xq
pt, sq ´ R̃pτ,x1q

pt, sq
˘

i,j

ˇ

ˇ ď C̃ps´ tqi´j
´

n
ÿ

k“2

}Fk}L8pC2k´3`γ
d q

¯

`

ps´ tq
γ
2 ` dγpx,x1q

˘

.
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Proof: Lemma 12
From the scaling properties of the resolvent, see e.g. the proof of Proposition 2 or

Lemma 6.2 in [Men18], we have that:

R̃x
ps, tq “ Ts´t pR̃s,t,x

1 T´1
s´t, R̃x1

ps, tq “ Ts´t pR̃s,t,x1

1 T´1
s´t, (8.1)

where pR̃s,t,x
1 , pR̃s,t,x1

1 are non-degenerate bounded matrices. We define then:

∆pR̃
s,t,x,x1

1 :“ pR̃s,t,x
1 ´

pR̃s,t,x1

1 . (8.2)

Hence, from (8.1) and the definitions in (8.2):

|∆pR̃
s,t,x,x1

1 | “ |
pR̃s,t,x

1 ´
pR̃s,t,x1

1 | “ |T´1
s´tpR̃

x
´ R̃x1

qps, tqTs´t|

“

ˇ

ˇ

ˇ
T´1
s´t

ż s

t

´

DFpv,θv,tpxqqR̃
x
pv, tq ´DFpv,θv,tpx

1
qqR̃x1

pv, tq
¯

dvTs´t
ˇ

ˇ

ˇ

ď

ż s

t

|T´1
s´tDFpv,θv,tpxqqTs´t||T´1

s´tpR̃
x
´ R̃x1

qpv, tqTs´t|dv

`

ż s

t

ˇ

ˇ

ˇ
T´1
s´t

´

DFpv,θv,tpxqq ´DFpv,θv,tpx
1
qq

¯

Ts´t
ˇ

ˇ

ˇ
|T´1

s´tR̃
x1
pv, tqTs´t|dv

ď C

ż s

t

ps´ tq´1
|DFpv,θv,tpxqq ´DFpv,θv,tpx

1
q|dv,

using the Grönwall’s Lemma and the structure of the resolvent for the last inequality.
Pay attention that we only know from our smoothness assumption (S) that for all i P

rr2, nss, @zi:n “ pzi, ¨ ¨ ¨ , znq P Rpn´i`1qd, zi´1 ÞÑ Dxi´1
Fipzi´1, z

i:nq is C
γ

2pi´1q´1 pRd,RdbRdq-
Hölder continuous for η ą 0. Hence, we proceed carefully like in [CdRM17].

We directly get that:

|∆pR̃
s,t,x,x1

1 | “ |
pR̃s,t,x

1 ´
pR̃s,t,x1

1 | “ |T´1
s´tpR̃

x
´ R̃x1

qps, tqTs´t|

ď C

ż s

t

ps´ tq´1
n
ÿ

i“2

´

|Di´1Fipv,θv,tpxqq ´Di´1Fipv,θv,tpxqi´1, pθv,tpx
1
qq
i:n
q|

`}pDxi´1
Fiqi´1}L8pCγdq

|pθv,tpxq ´ θv,tpx
1
qqi´1|

ηi
¯

dv

“: pR1 `R2qps, t,x,x
1
q, (8.3)

where ηi :“ γ
2pi´1q´1

and the notation pDxi´1
Fiqi´1 indicates that Dxi´1

Fi is viewed as
a function of its variable pi ´ 1q and the supremum is taken over the other ones. From
Lemma 2 and the definition of d (see also Lemma 11), we readily get

|R2ps, t,x,yq| ď C}DF}L8pCγdq

n
ÿ

i“2

ż s

t

ps´ tq´1
´

pv ´ tqpi´1´ 1
2
q
` d2pi´1q´1

px,x1q
¯ηi
dv

ď C}DF}L8pCγdq
`

ps´ tq
γ
2 ` dγpx,x1q

˘

, (8.4)

denoting with a slight abuse of notation }DF}L8pCγdq :“
řn
i“2 }pDxi´1

Fiqi´1}L8pCγdq
. To

control the difference of the gradients terms in R1ps, t,x,x
1q in (8.3), we need the following

result whose proof is postponed to Appendix 8.3.
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Lemma 13 (Reverse Taylor expansion) There is a constant C ą 0 s.t, for all pz, z1q P
Rnd ˆ Rnd, v P r0, T s :

ˇ

ˇDxi´1
Fipv, zq ´Dxi´1

Fipv, z
1
q
ˇ

ˇ ď C}Fi}L8pC2i´3`γ
d q

dpz, z1qγ,

with the notations of equation (3.20).

From the reverse Taylor expansion of Lemma 13 and the definition in (8.3), we obtain:

|R1ps, t,x,yq| ď Cps´ tq´1

ż s

t

dv
n
ÿ

i“2

}Fi}L8pC2i´3`γ
d q

dγpθv,tpxq,θv,tpx
1
qq

ď C
n
ÿ

i“2

}Fi}L8pC2i´3`γ
d q

`

ps´ tq
γ
2 ` dγpx,x1q

˘

, (8.5)

using again Lemma 2 for the last inequality. Gathering (8.4), (8.5) into (8.3) and recalling
the definition in (3.20), we obtain:

|∆pR̃
s,t,x,x1

1 | ď C
`

n
ÿ

i“2

}Fi}L8pC2i´3`γ
d q

˘`

ps´ tq
γ
2 ` dγpx,x1q

˘

. (8.6)

The result follows from the previous bound, the definition in (8.2) and the scalings of
equation (8.1). ˝

8.2 Sensitivity Lemma for the covariances

Proof of Lemma 1

Let us first explicitly write the covariance matrices

K̃ξ
s,t :“

ż s

t

R̃ξ
ps, uqBapu,θu,tpξqqB

˚R̃ξ
ps, uq˚du. (8.7)

So we have to control the term

K̃ξ
s,t ´ K̃ξ1

s,t “ ∆ξ,ξ1

1 ps, tq `∆ξ,ξ1

2 ps, tq,

∆ξ,ξ1

1 ps, tq :“

ż s

t

duR̃ξ
ps, uqB∆uapθu,tpξq,θu,tpξ

1
qqB˚R̃ξ

ps, uq˚,

∆uapθu,tpξq,θu,tpξ
1
qq :“ apu,θu,tpξqq ´ apu,θu,tpξ

1
qq,

∆ξ,ξ1

2 ps, tq :“

ż s

t

du∆R̃ξ,ξ1
ps, uqBapu,θu,tpξ

1
qqB˚R̃ξ

ps, uq˚

`

ż s

t

duR̃ξ1
ps, uqBapu,θu,tpξ

1
qqB˚∆R̃ξ,ξ1

ps, uq˚,

∆R̃ξ,ξ1
ps, uq “ R̃ξ

ps, uq ´ R̃ξ1
ps, uq. (8.8)

Hence, from the scalings of (8.1) and the definitions in (8.8), for all 1 ď j ď i ď n:

|p∆ξ,ξ1

1 ps, tqqi,j| ď Cps´ tq´2

ż s

t

|pTs´t∆uBapθu,tpξq,θu,tpξ
1
qqB˚Ts´tqi,j|du

ď Cps´ tqi`j´2

ż s

t

dpθu,tpξq,θu,tpξ
1
qq
γdu.
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We deduce by Lemma 2, that

|p∆ξ,ξ1

1 ps, tqqi,j| ď Cps´ tqi`j´1
`

ps´ tq
γ
2 ` dγpξ, ξ1q

˘

. (8.9)

Still from (8.1) and the definitions in (8.8), write now that:

|p∆ξ,ξ1

2 ps, tqqi,j|

ď Cps´ tq´2

˜

ż s

t

´

|pTs´tppR̃s,u,ξ
1 ´

pR̃s,u,ξ1

1 qBapu,θu,tpξ
1
qqB˚ppR̃s,u,ξ1

1 q
˚Ts´tqi,j|

`|pTs´t pR̃s,u,ξ1

1 Bapu,θu,tpξ
1
qqB˚ppR̃s,u,ξ1

1 ´
pR̃s,u,ξ

1 q
˚Ts´tqi,j|

¯

du

¸

. (8.10)

Thanks to equation (8.6) in the proof of Lemma 12, we thus obtain:

|p∆ξ,ξ1

2 ps, tqqi,j| ď Cps´ tqi`j´1
`

ps´ tq
γ
2 ` dγpξ, ξ1q

˘

. (8.11)

Gathering (8.9) and (8.11) in (8.8) yields:

|pK̃ξ
s,t ´ K̃ξ1

s,tqi,j| ď Cps´ tqi`j´1
`

ps´ tq
γ
2 ` dγpξ, ξ1q

˘

, (8.12)

which precisely gives (3.18) for i “ j “ 1. ˝

Sensitivities for the scaled covariance.

In connection with Section 6, we recall the identity in law (6.6), i.e. X̃ξ,λ
v :“ λ1{2T´1

λ X̃ξλ

v ,
v P rt, T s, which readily gives:

K̃ξ,λ
v,t :“ CovpX̃ξ,λ

v q “ λT´1
λ K̃ξλ

v,tT´1
λ .

In particular, we thus derive from the analysis of the previous paragraph:

rK̃ξ,λ
v,t s1,1 ď Cλ´1

pv ´ tq,
ˇ

ˇrK̃ξ,λ
v,t s1,1 ´ rK̃

ξ1,λ
v,t s1,1

ˇ

ˇ ď Cλ´1
pv ´ tq

´

dγpξλ, ξ1
λ
q ` pv ´ tq

γ
2

¯

ď Cλ´1
pv ´ tq

´

λ
γ
2 dγpξ, ξ1q ` pv ´ tq

γ
2

¯

,

recalling that ξλ “ λ´
1
2Tλξ and using the homogeneity properties of d for the last in-

equality. Also, for v “ t ` c0λd2px,x1q and taking ξ “ x, ξ1 “ x1, the above controls
rewrite:

rK̃ξ,λ
v,t s1,1 ď Cc0d

2
px,x1q,

ˇ

ˇrK̃ξ,λ
v,t s1,1 ´ rK̃

ξ1,λ
v,t s1,1

ˇ

ˇ ď Cc0λ
γ
2 d2`γ

px,x1q. (8.13)

Note that the sensitivity of the scaled covariance yields a contribution of the scaling
coefficient in λ

γ
2 . Unlike for the control of the scaled mean in (7.18), where, as previously

noticed, we could not exploit the full regularity of Fi w.r.t. the pi´ 1qth variable, we can
here precisely take advantage of such a regularity. Indeed, this follows from the expression
of the covariance (8.7) which only involves Di´1Fi so that one can exploit the associated
γ

2i´3
-Hölder regulariry w.r.t. xi´1.
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8.3 Reverse Taylor formula

Proof: Lemma 13
We assume here, for the sake of simplicity and without loss of generality, that d “

1 (scalar case). When d ą 1, the proof below can be reproduced componentwise. Let
us decompose the expression around the variables which do/do not transmit the noise.
Namely, we write for all δi ą 0:

Dxi´1
Fipv, zq ´Dxi´1

Fipv, z
1
q

“

ż 1

0

dµtDxi´1
Fipv, zq ´Dxi´1

Fipv, zi´1 ` µdpz, z1qδi , zi:nqu

`tDxi´1
Fipv, zi´1 ` µdpz, z1qδi , pz1qi:nq ´Dxi´1

Fipv, z
1
qu

`tDxi´1
Fipv, zi´1 ` µdpz, z1qδi , zi:nq ´Dxi´1

Fipv, zi´1 ` µdpz, z1qδi , pz1qi:nqu

“:
3
ÿ

`“1

∆F`
ipv, z, z

1
q. (8.14)

The first two terms can be dealt directly. From (A) we get:

|∆F1
i pv, z, z

1
q| ď }pDxi´1

Fiqi´1}L8pCγdq
dpz, z1qδi

γ
2pi´1q´1 . (8.15)

Similarly,

|∆F2
i pv, z, z

1
q| ď }pDxi´1

Fiqi´1}L8pCγdq
`

dpz, z1qδi
γ

2pi´1q´1 ` |pz´ z1qi´1|
γ

2pi´1q´1
˘

ď C}pDxi´1
Fiqi´1}L8pCγdq

dpz, z1qδi
γ

2pi´1q´1 . (8.16)

For ∆F3
i pt, z, z

1q, we use an explicit reverse Taylor expansion which yields together with
the smoothness assumption of Fi in (A):

|∆F3
i pt, z, z

1
q| “ dpz, z1q´δi

ˇ

ˇ

ˇ

”

Fipt, zi´1 ` dpz, z1qδi , zi:nq ´ Fipt, zi´1 ` dpz, z1qδi , pz1qi:nq

`Fipt, zi´1, z
i:n
q ´ Fipt, zi´1, pz

1
q
i:n
q

ı
ˇ

ˇ

ˇ

ď 2}Fi}L8pC2i´3`γ
d q

dpz, z1q2i´3`γ´δi . (8.17)

Taking δi s.t. δi γ
2pi´1q´1

“ 2i ´ 3 ` γ ´ δi, which implies that δi “ 2i ´ 3, gives in (8.15),
(8.16) and (8.17) a global bound of order C}Fi}L8pC2i´3`γ

d q
dγpz, z1q. The result then follows

from (8.14).
˝

9 Scaling Control of the degenerate part of the pertur-
bative term

This section is dedicated to the proof of the scaled version of the key Besov Lemma 5.
We recall that, with the definitions of Section 6, for all multi-index α “ pα1, . . . , αnq P Rnd,
i P rr2, nss, we aim to control the terms

ż T

t

ds

ż

Rnd
DαD2

x1
p̃ξλpt, s,x,yq

@

∆λ
i,Fpt, s,θs,tpξq,yq, Dyiu

λ
ps,yq

D

dy,
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with
n
ÿ

i“2

@

Fλ,ips,yq ´ Fλ,ips,θ
λ
s,tpξqq ´Dxi´1

Fλ,ips,θ
λ
s,tpξqqpy ´ θλs,tpξqqi´1, Dyiu

λ
ps,yq

D

“:
n
ÿ

i“2

@

∆λ
i,Fpt, s,θ

λ
s,tpξq,yq, Dyiu

λ
ps,yq

D

,

which appear in equation (2.16) of the user’s guide for the scaled system. We precisely
want to specify how the scaling procedure impacts the constants in equation (2.33).

This is exactly what equations (6.18) and (6.19) reflect. Those controls actually follow
from the more general following result, which will again be useful for the Hölder norm in
Section 5.

Lemma 14 (Scaled Besov Control Lemma) For all multi-index α “ pα1, . . . , αnq P
Nd:

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
Dαp̃ξλpt, s,x,yq

@

∆λ
i,Fpt, s,θs,tpξq,yq, Dyiups,yq

D

dy
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď Cλ´1`
řn
j“1 αjpj´

1
2
q
}uλ}L8pC2`γ

b,d q
ps´ tq´

řn
j“1 αjpj´

1
2
q`

γ
2. (9.1)

With Lemma 14 at hand, we readily derive (6.18) and (6.19) taking α “ p2, 0, ¨ ¨ ¨ , 0q` ek
(where ek stands for the kth vector of the orthonormal basis) for each k P rr2, nss and
α “ p2, 0, ¨ ¨ ¨ , 0q respectively. Let us now turn to the proof of the Lemma 14.

Proof: Lemma 14
The analysis of singularities is identitc to the ones in the proof of Lemma 5. However,

here, we have to track the scalling coefficient λ through the identites. Note carefully,
we write the upper-script/sub-script λ to mean that we manage the scaled variables. In
particular, we write:

ϑα,λi,pt,xqps,yq :“ Dyi ¨

´

Dαp̃ξλpt, s,x,yq b∆λ
i,Fpt, s,θs,tpξq,yq

¯

“: Dyi ¨Θ
α,λ
i,pt,xqps,yq, (9.2)

and
Ψα,λ
i,pt,xq,ps,y1:i´1,yi`1:nq

: yi ÞÑ ϑα,λi,pt,xqps,yq. (9.3)

With these notations, we have:

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
Dαp̃

pt,ξq
λ pt, s,x,yq

@

∆λ
i,Fpt, s,θs,tpξq,yq, Dyiups,yq

D

dy
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

n
ÿ

i“2

ˇ

ˇ

ˇ

ż

Rnd
ϑα,λi,pt,xqps,yqu

λ
ps,yqdy

ˇ

ˇ

ˇ
. (9.4)

The point is here again to control, for i P rr2, nss, the quantity }ϑα,λi,pt,xqps,y1:i´1, ¨,yi`1:nq}Bα̃i1,1
,

α̃i “
2`γ
2i´1

with the indicated bounds in the scaling parameter λ. Accordingly with what
can be seen e.g. in (6.13), the previous analysis of the proof of the (non-scaled) Lemma
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5 can be adapted replacing ps´ tq therein by ps´ tq{λ in the computations involving the
thermic characterization of Besov spaces.

We also point out that, w.l.o.g., we assume that T {λ ď 1 so that in particular for
0 ď t ă s ď T , λ´1ps ´ tq ď 1. Indeed, the parameter λ is meant to be small (at least
λ ď 1) but macro as well. From the previous analysis and the statement of Lemma 14
it can be seen that the optimal λ, i.e. the largest one, actually depends on the Hölder
moduli of the coefficients. Hence, the condition T {λ ď 1 is, up to a possible modification
of T , not restrictive.

Let us first introduce some notation:

q̂c,λpt, s,x,yq :“
n
ź

j“1

N
cλ

2j´1
2 ps´tq2j´1

`

pθs,tpxq ´ yqj
˘

“ p̄c´1pt, s,x,yq,

where for a ą 0, z P Rd, like before Napzq “ 1

p2πaq
d
2

exp
`

´
|z|2

2a

˘

is the standard Gaussian

density of Rd with covariance matrix aId, and:

q̂czi,λpt, s,x, py1:i´1,yi`1:nqq “
ź

jPrr1,nss,j‰i

N
cλ

2j´1
2 ps´tq2j´1

`

pθs,tpxq ´ yqj
˘

. (9.5)

We recall from (4.14), that the parameter βi “ p2i´3qp2i´1q
2i´3´γ

. The first contribution of the
scaled Besov control is:

ż 1

rλ´1ps´tqsβi

dv

v
v
α̃i
2 }hv ‹Ψα,λ

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

ď

ż 1

rλ´1ps´tqsβi

dv

v
v
α̃i
2

ż

Rd
dz
ˇ

ˇ

ˇ

ż

Rd
Dαp̃ξλpt, s,x,yq

@

∆λ
i,Fpt, s,θ

λ
s,tpξq,yq, Dzhvpz ´ yiq

D

dyi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C

ż 1

rλ´1ps´tqsβi

dv

v
v
α̃i
2

ż

Rd
dz

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

λ
řn
j“1 αjpj´

1
2
qq̂c,λpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q

ˆλ´i`
1
2 d2i´3`γ

pλ´1{2Tλθλs,tpxq, λ´1{2Tλyq

ď Cλ
řn
j“1 αjpj´

1
2
q´pi´ 1

2
q

ż 1

rλ´1ps´tqsβi

dv

v
v
α̃i
2

ż

Rd
dz

ż

Rd
dyi

ˆ
hcvpz ´ yiq

v
1
2

q̂c,λpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
ps´ tq

2i´3`γ
2 ,

exploiting (6.13) for the last inequality. Then
ż 1

rλ´1ps´tqsβi

dv

v
v
α̃i
2 }hv ‹Ψα,λ

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

ďCλ
řn
j“1 αjpj´

1
2
q´pi´ 1

2
qq̂czi,λpt, s,x, py1:i´1,yi`1:nqq

ż 1

rλ´1ps´tqsβi
dvv´

3
2
`
α̃i
2 ps´tq´

řn
j“1αjpj´

1
2
q`

2i´3`γ
2

ďCλ
řn
j“1 αjpj´

1
2
q´pi´ 1

2
qq̂czi,λpt, s,x, py1:i´1,yi`1:nqqλ

r 1
2
´
α̃i
2
sβips´tqr´

1
2
`
α̃i
2
sβi´

řn
j“1 αjpj´

1
2
q`

2i´3`γ
2

ďCλ
řn
j“1 αjpj´

1
2
q´1q̂czi,λpt, s,x, py1:i´1,yi`1:nqqps´ tq

´
řn
j“1 αjpj´

1
2
q`

γ
2 , (9.6)
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the third inequality is a consequence of Proposition 2, and the last identity comes from
the pick of βi which in particular gives ´pi´ 1

2
q ` r1´ α̃is

βi
2
“ ´1.

Let us now consider the second contribution of the scaled Besov control, i.e. we now
take v P

“

0, rλ´1ps´ tqsβi
‰

. Write:
ż

Rd
hvpz ´ yiqDyi ¨

`

Θα,λ
i,pt,xqps,yq

˘

dyi

“

ż

Rd
hvpz ´ yiqDyi ¨

´

Θα,λ
i,pt,xqps,yq ´Θα,λ

i,pt,xqps,y1:i´1, z,yi`1:nq

¯

dyi

“

ż

Rd
Dαp̃ξλpt, s,x,yq

@

Fλ,ips,yq ´ Fλ,ips,y1:i´1, z,yi`1:nq, Dzhvpz ´ yiq
D

dyi

`

ż

Rd

´

Dαp̃ξλpt, s,x,yq ´D
αp̃ξλpt, s,x,y1:i´1, z,yi`1:nq

¯

ˆ

A

`

Fλ,ips,y1:i´1, z,yi`1:nq ´ Fλ,ips,θ
λ
s,tpξqq ´Dxi´1

Fλ,ips,θ
λ
s,tpξqqpy ´ θλs,tpξqqi´1

˘

,

Dzhvpz ´ yiq
E

dyi “:
´

Tλ,1 `Tλ,2

¯

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

, (9.7)

thanks to the definition in (9.2) for the last identity.

|Tλ,1

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

| (9.8)

ď C

ż

Rd

hcvpz ´ yiq

v
1
2

λ
řn
j“1 αjpj´

1
2
q

ps´ tq
řn
j“1 αjpj´

1
2
q
q̂c,λpt, s,x,yqλ

´i` 1
2 pλ

2i´1
2 |z ´ yi|q

2i´3`γ
2i´1 dyi

ď Cλ
řn
j“1 αjpj´

1
2
q´pi´ 1

2
q`

2i´3`γ
2

ż

Rd

hcvpz ´ yiq

v
2´γ
4i´2

q̂c,λpt, s,x,yq

ps´ tq
řn
j“1 αjpj´

1
2
q
dyi.

ď
Cλ

řn
j“1 αjpj´

1
2
q´1` γ

2

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
q̂czi,λpt, s,x, py1:i´1,yi`1:nqqN

cv`λ
2i´1

2 ps´tq2i´1

`

z ´ θs,tpxqi
˘

.

Write now from (9.7):

|Tλ,2

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

|

ď C

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dµ
λ
řn
j“1 αjpj´

1
2
q` 2i´1

2 q̂c,λpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ|yi ´ z|λ
´i` 1

2

´
ˇ

ˇ

ˇ
Fi

`

s, λ´
1
2Tλpy1:i´1, z,yi`1:nq

˘

´ Fi

`

s, λ´
1
2Tλpy1:i´1,θs,tpxqi:nq

˘

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
Fi

`

s, λ´
1
2Tλpy1:i´1,θs,tpxqi:nq

˘

´ Fi

`

s, λ´
1
2Tλθs,tpξq

˘

´Dxi´1
Fi

`

s, λ´
1
2Tλθs,tpxq

˘`

λ´
1
2Tλpy ´ θs,tpxqq

˘

i´1

ˇ

ˇ

ˇ

¯

ď Cλ
řn
j“1 αjpj´

1
2
q

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµ
q̂c,λpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ

´

pλ
2i´1

2 |z ´ θs,tpxqi|q
2i´3`γ

2i´1 ` pλ
2pi´1q´1

2 |pθs,tpxq ´ yqi´1|q
1` γ

2pi´1q´1

`

n
ÿ

k“i`1

pλ
2j´1

2 |pθs,tpxq ´ yqk|q
2i´3`γ

2k´1

¯

.
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We have for all µ P r0, 1s,

|z ´ θs,tpxqi| ď µ|z ´ yi| ` |z ` µpyi ´ zq ´ pθs,tpxqqi|

we thus derive

|Tλ,2

`

v, t, s,x, py1:i´1, z,yi`1:nq
˘

|

ď Cλ
řn
j“1 αjpj´

1
2
q

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµ
q̂c,λpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

ˆ

ˆ

λ
2i´3`γ

2 |yi ´ z|
2i´3`γ

2i´1

`d2i´3`γ

ˆ

λ´1{2Tλθs,tpxq, λ´1{2Tλ
´

y1:i´1, z ` µpyi ´ zq,yi`1:nq

¯

˙

ď Cλ
řn
j“1 αjpj´

1
2
q

ż

Rd
dyihcvpz ´ yiq

ż 1

0

dµq̂c,λpt, s,x,y1:i´1, z ` µpyi ´ zq,yi`1:nq

ˆ

´ λ
2i´3`γ

2 v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

ď Cλ
řn
j“1 αjpj´

1
2
qq̂czi,λpt, s,x,y1:i´1,yi`1:nq

ˆ

ż 1

0

dµ

ż

Rd
hcvpz ´ yiqN

cλ
2i´1

2 ps´tq2i´1
pz ` µpyi ´ zq ´ pθs,tpxqqiqdyi

ˆ

´ λ
2i´3`γ

2 v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

¯

. (9.9)

From (9.7), (9.9) and (9.9) we deduce, with the notation of (9.5):

}hv ‹Ψα,λ
i,pt,xq,ps,y1:i´1,yi`1q

}L1pRd,Rq

ď Cλ
řn
j“1 αjpj´

1
2
qq̂czi,λpt, s,x, py1:i´1,yi`1:nqq

ˆ

ˆ

λ´1` γ
2

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

λ
2i´3`γ

2 v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

˙

ˆ

ż 1

0

dµ

ż

Rd
dz

ż

Rd
dyihcvpz ´ yiqN

cλ
2i´1

2 ps´tq2i´1
pz ` µpyi ´ zq ´ pθs,tpxqqiq

ď Cλ
řn
j“1 αjpj´

1
2
qq̂czi,λpt, s,x, py1:i´1,yi`1:nqq

ˆ

ˆ

λ´1` γ
2

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

λ
2i´3`γ

2 v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

˙

.

The last identity is a again consequence of the change of variable pw1, w2q “ pz ´ yi, z `
µpyi ´ zq ´ pθs,tpxqqiq.
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We now write:
ż rλ´1ps´tqsβi

0

dvv
α̃i
2
´1
}hv ‹Ψα,λ

i,pt,xq,ps,y1:i´1,yi`1q
}L1pRd,Rq

ď Cλ
řn
j“1 αjpj´

1
2
qq̂czipt, s,x, py1:i´1,yi`1:nqq

ż rλ´1ps´tqsβi

0

dv

v
v
α̃i
2

ˆ

ˆ

λ´1` γ
2

v
2´γ
4i´2 ps´ tq

řn
j“1 αjpj´

1
2
q
`

λ
2i´3`γ

2 v
2i´3`γ
2p2i´1q

ps´ tq
řn
j“1 αjpj´

1
2
q` 2i´1

2

`
1

ps´ tq
řn
j“1 αjpj´

1
2
q`1´ γ

2

˙

“: Cλ
řn
j“1 αjpj´

1
2
qq̂czi,λpt, s,x, py1:i´1,yi`1:nqqBλα,βipt, sq. (9.10)

Let us now prove that

Bλα,βipt, sq ď
Cλ´1

ps´ tq
řn
j“1 αjpj´

1
2
q´

γ
2

. (9.11)

Integrating in v in (9.10) we derive:

Bλα,βipt, sq ď Cps´ tq´
řn
j“1 αjpj´

1
2
q

«

λ´1` γ
2 rλ´1

ps´ tqsβip
α̃i
2
´

2´γ
4i´2

q

`λ
2i´3`γ

2 rλ´1
ps´ tqsβip

α̃i
2
`

2i´3`γ
2p2i´1q

qq
ps´ tqi´

1
2 ` rλ´1

ps´ tqsβi
α̃i
2 ps´ tq´1` γ

2

ff

.

Recall now from the proof of Lemma 5 that:

βi

ˆ

α̃i
2
´

2´ γ

4i´ 2

˙

´
γ

2
ě 0, βi

ˆ

α̃i
2
`

2i´ 3` γ

2p2i´ 1q

˙

´
2i´ 1

2
´
γ

2
ě 0, βi

α̃i
2
´ 1 ě 0,

with βi “ p2i´3qp2i´1q
2i´3´γ

, α̃i “
2`γ
2i´1

. Therefore, since ps´ tq{λ ď 1:

Bλα,βipt, sq

ďCps´ tq´
řn
j“1 αjpj´

1
2
q
”

λ´1` γ
2 rλ´1

ps´tqs
γ
2`λ´1` γ

2 rλ´1
ps´ tqs

γ
2`rλ´1

ps´ tqsps´ tq´1` γ
2

ı

,

which precisely gives (9.11).
Plugging (9.11) into (9.10) and from (9.6) we eventually get:

ż 1

0

dv

v
v
α̃i
2 }hv ‹Ψα,λ

i,pt,xq,ps,y1:i´1,yi`1:nq
}L1pRd,Rq

ď
Cλ

řn
j“1 αjpj´

1
2
q´1

ps´ tq
řn
j“1 αjpj´

1
2
q´

γ
2

q̂czi,λpt, s,x, py1:i´1,yi`1:nqq,

which is precisely the stated control. The term }ϕpDqΨα,λ
i,pt,xq,ps,y1:i´1,yi`1:nq

}L1pRd,Rq appear-
ing in the Besov norm could be handled similarly. The result is complete. ˝
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Chapter 7

Strong Uniqueness for a chain of
Degenerate Kolmogorov Equations

Abstract: We establish strong uniqueness for a class of degenerate Kolmogorov SDEs
under suitable Hölder regularity conditions for the associated drift term. In particular,
we exhibit some sharp thresholds on the Hölder exponents for the strong uniqueness to
hold. Our approach is based on the forward parametrix perturbation technique and also
heavily relies on appropriate duality properties on Besov spaces.

1 Introduction

1.1 Statement of the problem and related results

In this work, we aim at establishing a strong well posedness result outside the classical
Cauchy-Lipschitz framework for the following degenerate Stochastic Differential Equation
(SDE) of Kolmogorov type:

dX1
t “ F1pt,X

1
t , . . . ,X

n
t qdt` σpt,X

1
t , . . . ,X

n
t qdWt,

dX2
t “ F2pt,X

1
t , . . . ,X

n
t qdt,

dX3
t “ F3pt,X

2
t , . . . ,X

n
t qdt,

...
dXn

t “ Fnpt,X
n´1
t ,Xn

t qdt,

t ě 0, (1.1)

where, pWtqtě0 stands for a d-dimensional Brownian motion on some filtered probability
space pΩ, pFtqtě0,Pq and for all i P rr1, nss ∗, t ě 0 the component Xi

t is Rd-valued as
well (i.e. Xt P Rnd). We suppose that the pFiqiPrr2,nss satisfy a kind of weak Hörmander
condition, i.e. the matrices

`

Dxi´1
Fipt, ¨q

˘

iPrr2,nss
have full rank. However, the coefficients

pFiqiPrr2,nss can be rather rough in their other entries, namely, Hölder continuous. We as-
sume as well that the diffusion coefficient σ is bounded from above and below and spatially
Lipschitz continuous.

∗. We will use throughout the paper the notation rr¨, ¨ss for integer intervals.
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For a system of Ordinary Differential Equation (ODE) it may be a real challenge to
prove the well posedness outside the Lipschitz framework (see e.g. [PL89]) and, as shown
by Peano’s example, uniqueness may fail as soon as the drift of the system of interest is
only Hölder continuous. For an SDE, the story is rather different since the presence of
the noise may allow to restore well posedness. Such a phenomenon, called regularization
by noise (see the Saint Flour Lecture notes of Flandoli [Fla11] and the references therein
for an overview of the topic), has been widely studied since the pioneering unidimen-
sional work of Zvonkin [Zvo74] and its generalization to the multi-dimensional setting
by Veretennikov [Ver80] where SDEs driven by a non-degenerate Brownian noise and a
bounded drift are shown to be well-posed. We mean by non-degenerate that the noise has
the same dimension as the underlying system on which it acts.

Let us mention, among others, and still within the non-degenerate setting, the works
of Krylov and Röckner [KR05] (Lq ´ Lp drift), Zhang [Zha10] (Lq ´ Lp drift and weakly
Lipschitz diffusion matrix) and also Fedrizzi and Flandoli [FF11] (Lq ´ Lp and Hölder
drift).

The crucial point in the aforementioned results lies into the non-degeneracy assumption
assumed on the noise added in the considered system: we can benefit from the regular-
ization by noise phenomenon only in the directions submitted to the noise and when the
noise degenerates it is useless to expect a generalization of the previous results without
any additional assumptions.

In our current setting, the non-degeneracy assumption on the Jacobian
`

Dxi´1
Fipt, ¨q

˘

,
i P rr2, nss precisely allows the noise to propagate through the chain passing from the ith
to the pi ` 1qth level thanks to the drift, hence leading to a propagation of the noise in
the whole considered space. The main idea is then to take advantage of this particular
propagation, known as weak Hörmander setting (in reference to the work of Hörman-
der on hypoelliptic differential operator [Hör67]), to restore strong well posedness under
our current Hölder framework. This feature has already been considered in the literature
for the system (1.1) in the particular case n “ 2, see the works of Chaudru de Ray-
nal [CdR17], Wang and Zhang [WZ16], Fedrizzi, Flandoli, Priola and Vovelle [FFPV17],
Zhang [Zha18]. In any cases, in addition to the weak Hörmander structure, the regularity
of the drift with respect to (w.r.t.) the second space argument is required to be of reg-
ularity index superior or equal (depending on the work) to 2{3 (critical Hölder index or
critical weak differentiation index). As a generalization of these results, we prove in this
paper that strong well posedness holds as soon as each drift component Fi is βj-Hölder
continuous in the jth variable for some βj P

´

p2j ´ 2q{p2j ´ 1q, 1
ı

so that we recover the
critical index mentioned above when j “ 2.

In comparison with the results obtained in the non-degenerate framework, the increas-
ing value of the critical Hölder index can be understood as the price to pay to balance
the degeneracy of the noise. Indeed, there is a strong competition between the irregularity
of the drift and the fluctuations of the noise, which has been highlighted in the work of
Delarue and Flandoli [DF14]: as the regularity of the drift decreases the fluctuations of
the noise have to increase more and more in order to regularize the system.

In our setting, the way the noise is allowed to propagate implies a loss of the fluctua-
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tions at each level of the chain and therefore, a loss of its regularization property. A good
manner to understand this phenomenon is the following case. Given a level i in rr2, nss of
the chain (1.1), assume that F1 ” 0, σ ” Id, F`pt,x`´1, ¨ ¨ ¨ ,xnq “ x`´1, ` P rr2, i ´ 1ss,
Fipt,xi´1, ¨ ¨ ¨ ,xnq “: xi´1` F̄ipt,xiq, and Fj “ 0, j P rri` 1, nss. In such a case, the noise
added at the ith level of the chain is only the pi ´ 1qth iterated time integral of a Brow-
nian motion whose fluctuations are of order ti´1{2, meaning that the Hölder regularity
of F̄i has to increase with i. This simple feature illustrates the loss of fluctuations of
the noise from level to level through its propagation to the chain and consequently in
the corresponding spatial direction. This is the reason why the index of Hölder regular-
ity increases when considering direction further and further away from the source of noise.

Thanks to Delarue and Flandoli’s result [DF14], Chaudru de Raynal [CdR18] and then
Chaudru de Raynal and Menozzi [CdRM17] have proposed a class of counter-examples
to weak well posedness for the chain (1.1) when n “ 2 and in full generality, respectively.
This class of counter-examples says that weak well posedness does not hold as soon as for
any i in rr2, nss the drift Fi has an Hölder regularity index with respect to the jth variable,
denoted by β̃ji , below p2i ´ 3q{p2j ´ 1q e.g. regarding the regularity of the drift w.r.t.
the second space variable we hence obtain β̃2

2 “ 1{3. Also, in the latest work [CdRM17],
weak well posedness is shown to hold as soon as the regularity indexes pβ̃ji q2ďi,jďn satisfy
p2i´3q{p2j´1q ă β̃ji ď 1 so that the result is almost sharp †, in the sense that the critical
case corresponding to an equality for the thresholds is still open.

In a nutshell, when n “ 2 and d “ 1, to exhibit the critical Hölder threshold β̃2
2

(Hölder continuity index of F2 in its second variable) needed for the weak uniqueness to
hold, one can go back to the key example of Peano. The point is to compare the maximal
solutions of the ODE with dynamics 9xt “ sgnpxtq|xt|

β̃2
2 starting from 0 (which is precisely

the singular point of the ODE), which writes as ˘ct1{p1´β̃2
2q, and the typical magnitude

of the integral of the Brownian motion which is t3{2. For the noise to dominate in small
time, in order to leave the point where uniqueness fails for the deterministic equation, one
must take 3{2 ă 1{p1´ β̃2

2q ô β̃2
2 ą 1{3 (see [CdR18]). Through a perturbative approach,

the threshold can also be deduced from the behavior of the ratio |x2|
β̃2

2{t3{2 where x2

is a spatial variable which has the same typical order as the integral of the Brownian
motion. Namely |x2| — t3{2. Hence, |x2|

β̃2
2{t3{2 — t´3{2p1´β̃2

2q. For weak uniqueness to hold,
the point is then to impose that the previous ratio gives an integrable singularity in time.
This precisely leads to the condition ´3{2p1´ β̃2

2q ą ´1 ô β̃2
2 ą 1{3.

The weak uniqueness thresholds for the full chain were derived similarly in [CdRM17]
studying for i P rr2, nss, |xj|β̃

j
i {ti´1{2, j P rri, nss, where xj is a spatial variable which has

the same typical order as the pj ´ 1qth iterated integral of the Brownian motion. Namely
|xj| — tj´1{2. The corresponding ratio thus satisfies |xj|β̃

j
i {ti´1{2 — t´pi´1{2q`β̃ji pj´1{2q. In

order to obtain an integrable singularity one must take ´pi´ 1{2q ` β̃ji pj ´ 1{2q ą ´1 ô
β̃ji ą p2i´ 3q{p2j ´ 1q which is precisely the indicated threshold. Of course, the previous
ratios appear through rather lengthy and technical perturbative procedures: the forward
parametrix expansion in [CdR18] and the backward one in [CdRM17] (which allows to

†. the drift F1 may be assumed to be only in Lq ´ Lp space for any n2d{p` 2{q ă 1, p ě 2, q ą 2 or
Hölder continuous for any strictly positive Hölder index.
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improve the Hölder thresholds on F1 w.r.t. [CdR18]).

When comparing the weak well posedness result in [CdRM17] with the strong well
posedness proved in this work, one may wonder why in the strong case the critical Hölder
exponent are greater and why they do not take into account the level in the chain (recall
that we investigate strong well posedness for drifts Fi which are βj-Hölder continuous in
the jth variable for some βj independent of i satisfying p2j ´ 2q{p2j ´ 1q ă βj ď 1). This
in particular gives β2 ą 2{3 while we obtained β̃2

2 ą 1{3 for weak well posedness.
One reason for these notable differences relies on Partial Differential Equation (PDE)

results. Indeed, it is well known that the family of generators pLtqtě0 of (1.1) is a family
of linear partial differential operators of second order so that any SDE are connected with
a PDE (the solution of the SDE being, in fact, the characteristic of the solution of the
Cauchy problem associated with L). For instance, this connexion has been widely used in
the last past five decades allowing to pass from regularization properties of PDE to well
posedness result for SDE and conversely, see e.g. the book of Bass [Bas97].

Keeping in mind this connexion, one may view the difference of critical Hölder indexes
between strong and weak well posedness as a consequence of the different regulariza-
tion properties required on the underlying PDE to prove the probabilistic result: roughly
speaking the weak well posedness requires gradient bounds for the solution of the associ-
ated Cauchy problem while the strong well posedness requires in addition to control some
of the cross derivatives of the solution. Since the regularization properties of the operator
are the same in both cases, this additional control explains the critical Hölder indexes
increase for the strong uniqueness to hold.

The reason why the Hölder regularity index is blind to the level of the chain is a
bit more involved at this stage of the presentation and we refer to subsections 1.3 and
1.4 below for a more detailed discussion on the subject. Let us only mention that in the
weak case, the underlying Cauchy problem is investigated with a global source term f of
independent regularity while in the strong case the source term should be any component
of the drift of (1.1) itself. This is a consequence of the initial Zvonkin approach. Each of
the pFiqiPrr1,nss has to be considered as a source term for the corresponding PDE.

W.r.t. to the previous heuristic derivation of the thresholds for the weak uniqueness,
let us indicate that the Zvonkin approach to strong uniqueness, coupled to a forward
perturbative approach actually leads to consider the ratios |xj|βj{tpj´1{2q`1{2, j P rr1, nss,
i.e. the time singularity is higher of degree 1{2. We recall that, formally, for the weak
uniqueness we are led to control the gradients of the Green kernel associated with a de-
generate Ornstein-Uhlenbeck like process and an associated perturbation term involving
the difference of the initial generator of (1.1) and the one of the Ornstein-Uhlenbeck
proxy. For the strong uniqueness the quantities of interest are the derivatives of the
gradient w.r.t. the non-degenerate variables for the Green kernel and the perturbative
term. The additional singularity in the previous ratio precisely corresponds to the typi-
cal scale induced by the derivative of a Gaussian kernel w.r.t. its non-degenerate entry.
Considering again the associated typical scale for the variable xj, which is tj´1{2, we write
|xj|

βj{tpj´1{2q`1{2 — t´j`βjpj´1{2q. In order to get an integrable singularity in time, we must
have ´j` βjpj´ 1{2q ą ´1 ðñ βj ą p2j´ 2q{p2j´ 1q, which precisely gives the stated
thresholds. These features, Zvonkin tranform and perturbative analysis are detailed re-
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spectively in Section 1.3 and 1.4 below. One could wonder whether the thresholds we
find are linked or not to the Zvonkin approach. A partial answer is that other techniques,
based on pathwise arguments, developed by Catellier and Gubinelli [CG16] to address
well-posedness of non-degenerate fractional driven SDEs with singular drift, lead to the
same thresholds. In the non-degenerate scalar case, let us also mention mention the works
of Gradinaru and Offret [GO13] or Bass and Chen [BC03] who obtained better thresholds
than we do. Anyhow, the one dimensional case must be considered apart.

Let us eventually conclude this part by emphasizing that we were unfortunately not
able to produce a counter example for strong uniqueness when the Hölder index of reg-
ularity of the drift is below the critical value given above. Recall indeed that weak well
posedness holds in our considered case so that, if the critical exponent exhibited is sharp
(or almost sharp), this means from the Yamada Watanabe Theorem that strong existence
fails as well. It hence seems rather difficult to produce a counter example based on the
irregularity of the drift in such a case and we are not aware of any result of this type in the
literature. Usual counter examples, based on measurability arguments, typically rely on
the regularity of the diffusion matrix, as it is the case for the so called Tanaka’s example
[Tan79] (see also the counter examples in the book of Cherny [Che05]). Nevertheless, as
we will discussed in subsection 1.4, these thresholds appear to be almost sharp for the
method implemented in this work to prove the strong well posedness result.

1.2 Notations, assumptions and main result

Some notations. We will denote by a bold letter x,y any element of Rnd, writing as
well x “ px1, ¨ ¨ ¨ ,xnq where for i P rr2, nss,xi P Rd. For practical purpose we will be led in
our analysis to consider subcomponents of a vector x P Rnd. Namely, for any 0 ď i ď j ď n
and x P Rnd, we introduce the notation xi:j :“ pxi, ¨ ¨ ¨ ,xjq. Accordingly, we write the
drift as the mapping

ps,xq P R` ˆ Rnd
ÞÑ Fps,xq “ pF1ps,xq, ¨ ¨ ¨ ,Fnps,xqq

“ pF1ps,xq,F2ps,xq,F3ps,x2:nq ¨ ¨ ¨ ,Fnps,xn´1:nqq,

from the specific structure of the drift appearing in (1.1).

For f P C1pRnd,Rkq, k P t1, du, we denote for all i P rr1, nss, by Dxifpxq the Jacobian
matrix of the derivative of f w.r.t. to its Rd-valued variable xi. As shortened form, and
when no ambiguity is possible, we also write for all x,y P Rnd, Dxifpxq “ Difpxq and
Dyifpyq “ Difpyq. Also, if k “ 1 we denote by Dfpxq “ pD1fpxq ¨ ¨ ¨Dnfpxqq

˚ the full
gradient of the function f at point x.

Let f : Rnd Ñ Rk and β :“ pβ1, ¨ ¨ ¨ , βnq P p0, 1s
n be a multi-index. We say that f is

uniformly β-Hölder continuous if for all j P rr1, nss

rfjsβj :“ sup
pz1:j´1,zj`1:nqPRpn´1qd, z‰z1,pz,z1qPpRdq2

|fps, z1:j´1, z, zj`1:nq´fps, z1:j´1, z
1, zj`1:nq|

|z ´ z1|βj
ă `8.

(1.2)
For a smooth function Ψ : r0, T s ˆ Rnd Ñ Rnd, where T ą 0 is a fixed given time,

writing for pt,xq P r0, T s ˆ Rnd, Ψpt,xq “
`

Ψ1pt,xq, ¨ ¨ ¨ ,Ψnpt,xq
˘˚ where for each i P
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rr1, nss,Ψi is Rd valued, we denote by

}DΨ}8 :“
n
ÿ

i“1

sup
pt,xqPr0,T sˆRnd

|||DΨipt,xq|||, }DpD1Ψq}8 :“
n
ÿ

i“1

sup
pt,xqPr0,T sˆRnd

|||DpD1Ψiqpt,xq|||,

(1.3)
where in the above equation ||| ¨ ||| stands for a tensor norm in the appropriate correspond-
ing dimension. Precisely, DΨipt,xq P Rnd b Rd and DpD1Ψiqpt,xq P Rnd b Rd b Rd.

Assumptions We will assume throughout the paper that the following conditions hold.

(ML) The coefficients F and σ are measurable in time. Also, the diffusion coefficient σ is
uniformly Lipschitz continuous in space, uniformly in time, i.e. there exists κ ą 0 s.t. for
all t ě 0, px,x1q P pRndq2:

|σpt,xq ´ σpt,x1q| ď κ|x´ x1|.

(UE) The diffusion matrix a :“ σσ˚ is uniformly elliptic and bounded, uniformly in time,
i.e. there exists Λ ě 1 s.t. for all t ě 0, px, ζq P Rnd ˆ Rd:

Λ´1
|ζ|2 ď xapt,xqζ, ζy ď Λ|ζ|2.

(Tβ) For all j P rr1, nss, the functions pFiqiPrr1,pj`1q^nss are uniformly βj-Hölder continuous
in the jth spatial variable with βj P p2j´2

2j´1
, 1s, uniformly w.r.t. the other spatial variables

of Fi and in time. In particular, there exists a finite constant Cβ s.t.

max
pi,jqPrr1,nss2

sup
sPr0,T s

rpFiqjps, ¨qsβj ď Cβ.

(Hη) For all i P rr2, nss, Dxi´1
Fi is non-degenerate (weak type of Hörmander condition)

and η -Hölder continuous w.r.t. xi´1 uniformly in xi:n and time. We also assume without
loss of generality that η P

´

0, infjPrr2,nss
 

βj ´
2j´2
2j´1

(

¯

, i.e. η is meant to be small.

From now on, we will say that assumption pAq is in force provided that (ML), (UE),
(Tβ), (Hη) hold.

Main result. The main result of this work is the following theorem.

Theorem 1 (Strong uniqueness for the degenerate system (1.1)) Under (A) there
exists a unique strong solution to system (1.1).

Remark 1 Still in comparison with the results obtained in the non-degenerate cases, and
especially the one of Krylov and Röckner [KR05], we do not tackle the case of drift in
Lq ´Lp w.r.t. the first (and then non-degenerate) variable. This is only to keep our result
as clear as possible and to concentrate on the novelty of the approach we use here. We are
anyhow confident that these specific drifts could be handled. Indeed, all the intermediate
results needed to perform the analysis in that setting seem to be already available. We refer
to subsection 1.4 for further details.
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1.3 Proof of the main result: Zvonkin Transform and smoothing
properties of the PDE associated with (1.1)

We emphasize that under our assumptions, it follows from [CdRM17] that (1.1) is well
posed in the weak sense. Hence, from Yamada-Watanabe theorem it is sufficient to prove
that strong (or pathwise) uniqueness holds to prove strong well posedness. To do so, our
main strategy rests upon the Zvonkin transform initiated by Zvonkin in [Zvo74] which
has been widely used during the last decade to prove strong well posedness, see e.g., and
heavily relies on the connexion between SDE and PDE as we already emphasized.

Eventually, let us mention [Ver83], where the author extended the result in [Ver80] to
the considered chain for n “ 2. Note however that this extension only concerns the non-
degenerate part, the coefficients being supposed to be twice continuously differentiable
functions with bounded derivatives w.r.t the degenerate component.

Introducing the embedding matrix B from Rd into Rnd, i.e. B “ pId,d,0d,d, . . . ,0d,d
loooooomoooooon

pn´1q times

q˚ “

pId,d,0d,pn´1qdq
˚, where “˚” stands for the transpose, we rewrite (1.1) in the shortened form

dXt “ Fpt,Xtqdt`Bσpt,XtqdWt,

where F “ pF1, . . . ,Fnq is an Rnd-valued function. For all ϕ P C2
0pRnd,Rq and pt,xq P

r0, T s ˆ Rnd let

Ltϕpxq “ xFpt,xq,Dϕpt,xqy `
1

2
Tr
´

apt,xqD2
x1
ϕpxq

¯

, (1.4)

where a “ σσ˚ denotes the generator associated with (1.1). We then formally associate
the SDE (1.1) with the following systems of PDEs:

#

pBtui ` Ltuiqpt,xq “ Fipt,xq, pt,xq P r0, T q ˆ Rnd,

uipT,xq “ 0d, i P rr1, nss,
(1.5)

and we denote by U “ pu1, ¨ ¨ ¨ ,unq its global solution. Let now pFmqmě0, pa
mqmě0 denote

two sequences of mollified coefficients satisfying assumption (A) uniformly in m that are
infinitely differentiable functions with bounded derivatives of all, order greater than 1 for
Fm, and converging in supremum norm to pF, aq (such sequences are easily obtained from
[CdR17]). Then, for each m, the regularized systems of PDEs associated with (1.5) write:

#

pBtu
m
i ` L

m
t umi qpt,xq “ Fm

i pt,xq, pt,xq P r0, T q ˆ Rnd,

umi pT,xq “ 0d, i P rr1, nss,
(1.6)

where Lmt is obtained from (1.4) replacing F by Fm and a by am.
The above system (1.6) is well posed and admits a unique smooth solution Um “

pum1 , ¨ ¨ ¨ ,u
n
mq. Hence, applying Itô’s Formula, one easily deduces that

ż t

0

Fps,Xsqds “ ´Um
p0,xq`Um

pt,Xtq´

ż t

0

DUm
ps,XsqBσps,XsqdWs`Rm

t pXq, (1.7)

291



CHAPTER 7. STRONG UNIQUENESS

where

Rm
t pXq :“

ż t

0

Fps,Xsq ´ Fm
ps,Xsqds´

ż t

0

pLs ´ L
m
s qU

m
ps,Xsqds.

The representation (1.7) is what is usually called the Zvonkin Transform. The main thing
in this representation is that the bad drift can be, up to a remainder, rewritten in term of
the solution of the system of PDEs (1.6) for which the source term is precisely a mollified
version of the bad drift itself.

Then, the main idea consists in taking advantage of the regularization properties of the
operator Lm (uniformly in m) and expect that the solutions Um, m ě 0 will be smoother
than the source term F so that the right hand side of (1.7) is smoother than the integrand
of the left hand side of the considered equation. In other words, we are looking for a good
regularization theory for the PDE (1.6) uniformly on the mollification argument. This
good regularization theory is summarized in the following crucial result whose proof is, in
fact, the main subject of this work and is postponed to Section 2.

Theorem 2 For T ą 0 small enough ‡, there exists a constant CT :“ CT ppAqq ą 0
satisfying CT Ñ 0 when T Ñ 0 such that for every m ě 0, the solution Um satisfies with
the notation of (1.3):

}DUm
}8 ` }DpD1U

m
q}8 ď CT . (1.8)

We also point out that, from the uniformity in m in the previous theorem, we could also
derive some regularizing properties for the system (1.5) through appropriate compactness
arguments.

Let now X and X1 be two solutions of (1.1). Using the representation (1.7) to express
the difference of the bad drift in terms of the function Um and its derivative, we write:

Xt ´X1
t

“ Um
pt,Xtq ´Um

pt,X1
tq ´

ż t

0

rDUm
ps,XsqBσps,Xsq ´DUm

ps,X1
sqBσps,X

1
sqs dWs

`

”

Rm
t pXq ´Rm

t pX
1
q

ı

`

ż t

0

B rσps,Xsq ´ σps,X
1
sqs dWs.

Take then the supremum in time of the square of the difference. Passing to the expec-
tation, a convexity inequality then leads to the following estimate:

E
„

sup
tďT

|Xt ´X1
t|

2



ď 5
´

E
„

sup
tďT

|Um
pt,Xtq ´Um

pt,X1
tq|

2



`E
„
ż T

0

|rDUmBs ps,Xsq ´ rDUmBs ps,X1
sq|

2
}σ}2

8
ds



`E
„
ż T

0

p}DUmB}
8
` 1q |rσps,Xsq ´ σps,X

1
sqs|

2
ds



` 2||Rm
¨ p¨q||

2
8

¯

.

‡. By “small enough" we mean that there exists a time T ą 0 depending on known parameters in (A)
s.t. for all T ď T the statement of the theorem holds.
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Note that thanks to the particular structure ofB one has DUmB “ pDx1U
m,0d,d, . . . ,0d,dq

˚.
Hence, thanks to Theorem 2 and Grönwall’s lemma, there exists C̄T :“ C̄T pCT , σ, n, d, T q
satisfying C̄T Ñ 0 when T goes to 0 such that

E
„

sup
tďT

|Xt ´X1
t|

2



ď C̄TE
„

sup
tďT

|Xt ´X1
t|

2



` 10||Rm
¨ p¨q||

2
8. (1.9)

Letting mÑ `8 and choosing T small enough so that C̄T ď 1{2, we deduce that strong
uniqueness holds on a sufficiently small time interval. Iterating this procedure in time
gives the result on R` from usual Markov arguments involving the regular versions of
conditional expectations, see e.g. [SV79].

1.4 Regularization properties of the underlying PDE (1.5): strat-
egy of proof and primer

As mentioned above, the regularization properties of the PDE (1.6) given by estimate
(1.8) in Theorem 2 are the core of this work. Smoothing properties of linear partial dif-
ferential operators of second order with non-degenerate diffusion matrix have been widely
studied in the literature and, in that setting, the estimates of Theorem 2 are well known
(see e.g. the book of Friedman [Fri64] or of Bass [Bas97]). In our case, the story is rather
different since the diffusion matrix Ba of the system is totally degenerate in the directions
2 to n. However, as we already emphasized, the non-degeneracy condition assumed on the
family of Jacobians pDxi´1

FiqiPrr2,nss allows the noise to propagate in the mentioned direc-
tions thanks to the drift. It can be viewed as a weak type Hörmander condition. Under
such a condition, the operator Lm with mollified coefficients is said to be hypoelliptic §

and it is well known that hypoelliptic differential operators also have some smoothing
properties (see the seminal work of Hörmander [Hör67] or, for a probabilistic viewpoint,
the ouvrage of Stroock [Str08]). The tricky point in our weak Hörmander setting is that
the pointwise gradient estimates (1.8) of Theorem 2 had, to the best of our knowledge,
not been established yet. Although such a setting has already been considered by several
authors (see e.g. Delarue and Menozzi [DM10] for density estimates, Menozzi [Men11],
[Men18] and Priola [Pri15] for the martingale problem and also Bramanti, Cupini, Lan-
conelli and Priola [BCLP10], [BCLP13] for related Lp estimates and Bramanti and Zhu
[BZ11] for the VMO framework). We can mention the work of Lorenzi [Lor05a] which gives
gradient estimates in the degenerate kinetic like case (n “ 2 in our framework) when the
diffusion coefficient is sufficiently smooth and the drift linear. We point out that our main
estimate in Theorem 2 needs precisely to be uniform w.r.t. the mollification parameter
and therefore does not depend on the smoothness of Fm, am, but only on known param-
eters appearing in (A). Again, this is what would also allow to transfer those bounds to
equation (1.5) from a suitable compactness argument, extending well known results for
non-degenerate diffusions with Hölder coefficients to the current degenerate setting.

To prove this result our main strategy rests upon the parametrix approach see e.g. the
work of McKean and Singer [MS67] or the book of Friedman [Fri64]. Roughly speaking,

§. Pay attention that this is not the case for L whose coefficients do not have the required smoothness
in (Tβ) to compute the corresponding Lie brackets.
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it consists in a perturbation argument of the operator Lm which is expanded around a
good proxy, usually denoted by L̃m (we keep here the super-scripts in m to emphasize
that the perturbative technique we perform will concern the system (1.6) with mollified
coefficients). The terminology of good in our setting relies to the fact that the operator L̃m
is the generator of the “closest” Gaussian approximation X̃m of Xm which has generator
Lm. In our case, such a process is well known and is the linearized (with respect to the
source of noise) version of (1.1) whose coefficients are frozen along the curve pθms,tqsPrt,T s
that solves the deterministic counterpart of (1.1) with mollified coefficients (i.e. with σm ”
0d,d) namely, 9θ

m

s,t “ Fmps,θms,tq. This process may be seen as a (non-linear) generalization
of the so-called Kolmogorov example [Kol34] and we refer the reader to the work of Delarue
and Menozzi [DM10] and Menozzi [Men11] for more explanations. Having this proxy at
hand, the parametrix procedure consists in deriving the desired estimates for the proxy
and control the expansion error.

In [CdRM17], Chaudru de Raynal and Menozzi successfully used this approach in its
backward form to prove weak well posedness of (1.1) under less restrictive assumptions
(the critical thresholds for the Hölder exponents being smaller as indicated above). In
that case, the curve along which the system is frozen for the proxy is the solution of
the backward deterministic counterpart of (1.1)). This backward approach is very suitable
when investigating the martingale problem associated with our main system since it allows
to control subtly the expansion error associating precisely the coefficients Fi with their
corresponding differentiation operator Di and does not require any mollification of the
coefficients. Unfortunately, when trying to obtain estimates on the derivatives of the
solutions of the PDE, the backward approach is not appropriate since the corresponding
proxy does not provide an exact density and this fact does not allow to benefit from
cancellation techniques which are very helpful in this context (see paragraph below).

Hence, our parametrix approach will be of forward ¶ form as done in the work of
Chaudru de Raynal [CdR17]. This is, in fact, a non-trivial generalization of the approach
developed in the aforementioned paper where the strong well posedness of (1.1) is ob-
tained when n “ 2. Indeed, the strategy used in [CdR17] is not adapted to this general
case because of some subtle phenomena appearing only when n ě 3. In particular, the
singularities appearing when considering the remainder term of the parametrix were in
[CdR17] equilibrated at hand through elementary cancellation arguments, whereas the
current approach takes advantage of the full-force duality results between Besov spaces
(see Sections 1.4 and 2.2 below). This forward perturbative approach has also been suc-
cessfully used in Chapter 6 to establish some weaker regularization properties of the PDE
(1.5) through appropriate Schauder estimates.

Regularizing properties of the degenerate Ornstein-Uhlenbeck proxy

When exploiting such a forward parametrix approach, a good primer to understand
what could be, at best, expected, consists in investigating the regularization property of
the proxy operator L̃. To be as succinct as possible, let us consider the case where pL̃tqtě0

¶. Meaning that the freezing curve θ solves the corresponding ODE associated with (1.1) in a forward
form.
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is the generator of a degenerate Ornstein-Uhlenbeck process pX̃tqtě0 with dynamics:

dX̃t “ AtX̃tdt`BdWt, (1.10)

where At is the nd ˆ nd matrix with sub-diagonal block ai,i´1ptq of size d ˆ d and 0d,d
elsewhere. In particular,

At “

¨

˚

˚

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0d,d
a2,1ptq 0d,d ¨ ¨ ¨ ¨ ¨ ¨ 0d,d
0d,d a3,2ptq 0d,d ¨ ¨ ¨ 0d,d
... 0d,d

. . . ...
0d,d ¨ ¨ ¨ 0d,d an,n´1ptq 0d,d

˛

‹

‹

‹

‹

‹

‚

. (1.11)

The entries pai,i´1ptqqiPrr2,nss are uniformly in time non-degenerate elements of Rd b Rd

(which expresses the weak Hörmander condition). The corresponding generator L̃t writes
for all ϕ P C2

0pRnd,Rq:

L̃tϕpxq “ xAtx,Dϕpxqy `
1

2
∆x1ϕpxq.

In such a case, each component ũi, i P rr1, nss of the solution Ũ of the corresponding
system of PDEs

#

pBt ` L̃tqŨpt,xq “ Fpt,xq, pt,xq P r0, T q ˆ Rnd,

ŨpT,xq “ 0nd,
(1.12)

where F is a non-linear (non-mollified) source satisfying (Tβ), writes

ũipt,xq “ ´

ż T

t

ds

ż

Rnd
dyFips,yqp̃pt, s,x,yq. (1.13)

Above, p̃ stands for the transition density of the Gaussian process pXvqvě0 with dynamics
(1.10). Using the resolvent associated with pAvqvPrt,ss, i.e. BsR̃s,t “ AsR̃s,t, R̃t,t “ Ind,nd,
the above equation can be explicitly integrated. Precisely, for a fixed starting point x at
time t:

X̃v “ R̃v,tx`

ż v

t

R̃v,uBdWu. (1.14)

Hence, the covariance between given times t ă s writes K̃s,t :“
şs

t
R̃s,uBB

˚R̃˚
s,udu. From

(1.14), the density at time v “ s and at the spatial point y therefore writes:

p̃pt, s,x,yq “
1

p2πq
nd
2 detpK̃s´tq

1
2

exp

ˆ

´
1

2

A

pK̃s´tq
´1
`

R̃s,tx´ y
˘

, R̃s,tx´ y
E

˙

. (1.15)

Note that the resolvent also appears in (1.14) and in the density. Since the drift in (1.10)
in unbounded, the term R̃s,tx actually corresponds to the transport of the initial condition
x through the associated deterministic and linear differential system. It is well known,
see e.g. [DM10] and Section 2.1 below, that the covariance K̃s,t enjoys what we will call a
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good scaling property. Precisely, for a given T ą 0 there exists C :“ C
`

pAvqvPr0,T s, T
˘

ě 1
s.t. for all ξ P Rnd,

C´1
ps´ tq´1

|Ts´tξ|2 ď xK̃s,tξ, ξy ď Cps´ tq´1
|Ts´tξ|2, (1.16)

where for all u ą 0, we denote by Tu the intrinsic scale matrix:

Tu “

¨

˚

˚

˚

˝

uId,d 0d,d ¨ ¨ ¨ 0d,d

0d,d u2Id,d 0d,d
...

... . . . . . . ...
0d,d ¨ ¨ ¨ 0d,d unId,d

˛

‹

‹

‹

‚

. (1.17)

Importantly, the good scaling property stated in (1.16) indicates that, for a given initial
time t and for all i P rr1, nss, each Rd-valued component X̃i

s has typical fluctuations of order
ps ´ tqi´

1
2 which corresponds to those of the pi ´ 1qth iterated integrals of the Brownian

motion. Accordingly, we derive that the frozen density p̃ also satisfies the bound

p̃pt, s,x,yq ď
C

ps´ tq
n2d

2

exp
´

´C´1
ps´ tq|T´1

s´tpR̃s,tx´ yq|2
¯

“: Cp̂C´1pt, s,x,yq,

where, up to a modification of the constants involved,
ş

Rnd dyp̂C´1pt, s,x,yq “ 1. Similarly,
the derivatives of p̃ will be bounded by a density of the form p̂C´1 up to an additional
multiplicative contribution reflecting the time-singularities associated to the derivation
index. Precisely, for any multi-index α “ pα1, ¨ ¨ ¨ , αnq P Nn, there exists Cα s.t.

|Dα
x p̃pt, s,x,yq| ď

Cα

ps´ tq
n2d

2
`
řn
i“1 αipi´

1
2
q

exp
´

´C´1
ps´ tq|T´1

s´tpR̃s,tx´ yq|2
¯

ď
C̃α

ps´ tq
řn
i“1 αipi´

1
2
q
p̂C´1pt, s,x,yq. (1.18)

We refer to the proof of Proposition 2 for a complete version of this statement.
To prove estimate (1.8) of Theorem 2 for the current system (1.12), it follows from

the specific structure of the matrix B that we have to estimate for any l P rr1, nss the
quantities DxlD

r
x1

ũipt,xq, r P t0, 1u. From (1.18), we thus have

|DxlD
r
x1

ũipt,xq| ď C

ż T

t

ds

ż

Rnd
dy|Fips,yq|ps´ tq

´pl´1{2q´r{2p̂C´1pt, s,x,yq. (1.19)

We now face two problems: first the Fi are unbounded, second the above time singularity
is, as is, not integrable. Let us consider the worst case i.e. when r “ 1. To smoothen
the time singularity, the main idea consists in using the regularity of the source term
Fi by exploiting precisely the fact that, once integrated through the variables yl to yn,
the transition density p̃ does not depend on the variable xl anymore. This is due to the
structure of A in (1.11), which in particular yields that the resolvent pR̃s,tq0ďtďsďT is
lower triangular. It is hence equal to 0 when we differentiate it w.r.t. xl: this is what will
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be called a cancellation (or centering) argument in the following. Precisely, denoting for
conciseness by θs,tpxq “ R̃s,tx (which is coherent with the notation below when handling
non-linear flows), we write:
ż

Rpl´1qd

dy1:l´1Fipt,y1, ¨ ¨ ¨ ,yl´1,θ
l
s,tpxq, ¨ ¨ ¨ ,θ

n
s,tpxqqDx1Dxl

ż

Rpn´pl´1qqd

dyl:np̃pt, s,x,yq “ 0.

When using this property, we obtain that

|Dx1Dxlũipt,xq|

“

ˇ

ˇ

ˇ

ˇ

ż T

t

ds

ż

Rnd
dy

`

Fips,yq ´ Fipt,y1, ¨ ¨ ¨ ,yl´1,θ
l
s,tpxq, ¨ ¨ ¨ ,θ

n
s,tpxqq

˘

Dx1Dxl p̃pt, s,x,yq

ˇ

ˇ

ˇ

ˇ

.

We thus obtain from (1.18):

|Dx1Dxlũipt,xq|

ď C

ż T

t

ds

ż

Rnd
dy

ˇ

ˇFips,yq ´ Fipt,y1, ¨ ¨ ¨ ,yl´1,θ
l
s,tpxq, ¨ ¨ ¨ ,θ

n
s,tpxqq

ˇ

ˇ

ˆps´ tq´pl´1{2q´1{2p̂C´1pt, s,x,yq.

Then, using the regularity assumed of Fi, which satisfies (Tβ), we get that for some
constant C (which possibly change from line to line)

|Dx1Dxlũipt,xq| ď C

ż T

t

ds

ż

Rnd
dy

n
ÿ

j“l

|yj ´ θjs,tpxq|
βjps´ tq´pl´1{2q´1{2p̂C´1pt, s,x,yq

ď C

ż T

t

ds

ż

Rnd
dy

n
ÿ

j“l

ˇ

ˇ

ˇ

ˇ

ˇ

yj ´ θjs,tpxq

ps´ tqj´1{2

ˇ

ˇ

ˇ

ˇ

ˇ

βj

ps´ tqβjpj´1{2q

ˆps´ tq´pl´1{2q´1{2p̂C´1pt, s,x,yq

ď C

ż T

t

ds

ż

Rnd
dy

n
ÿ

j“l

ps´ tq´pl´1{2q´1{2`βjpj´1{2qp̂C´1pt, s,x,yq,

which is integrable only if for all j P rrl, nss, ´pl´1{2q´1{2`βjpj´1{2q ą ´1 ðñ βj ą
`

p2l´2q{p2j´1q
˘

. This condition actually holds if for any i P rr1, nss, βi ą
`

p2i´2q{p2i´1q
˘

which is exactly the infimum assumed in (Tβ). As we can see, there is no hope to obtain
better thresholds with such a strategy. This is the reason why we said that these thresh-
olds are almost sharp for the approach used here.

Back to the perturbative analysis

Let us now briefly explain what happens when one wants to control the approximation
error in the forward parametrix expansion. Coming back to our general setting and denot-
ing by p̃m the transition density of our proxy, we obtain from the first order parametrix
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expansion the following representation for each regularized component umi , i P rr1, nss of
our solution Um: for all pt,xq P r0, T s ˆ Rnd

umi pt,xq “

ż T

t

ds

ż

Rnd
dy

!

´ Fm
i ps,yq ` pL

m
s ´ L̃

m
s qu

m
i ps,yq

)

p̃mpt, s,x,yq. (1.20)

Above there is an additional term in the right hand side, in comparison with (1.13), which
is precisely the approximation error due to the parametrix expansion. It thus appears
that the solution has an implicit representation which makes its derivatives themselves
appear. Hence, when differentiating the above representation to derive the estimate (1.8)
in Theorem 2, we obtain bounds that depend themselves on the derivatives of the solution.
We then have to estimate each derivative appearing in the right hand side and use a
circular argument. Namely, when differentiating umi pt,xq, we will obtain the required
estimate provided the multiplicative constants associated with the terms }Dui

m}8 and
}D1Dui

m}8, that will appear in the corresponding upper-bound for the above right hand
side, are small enough (see also Section 2 of [CdR17] and Section 2.2 below for details).

Moreover, as we have already seen, in order to smoothen the time singularity ap-
pearing when we apply a cross differentiation operator in the lth and 1st direction to
the term

şT

t
ds

ş

Rnd dypL
m
s ´ L̃ms qu

m
i ps,yqp̃

mpt, s,x,yq corresponding to the approxima-
tion error, we will have to center this term around the derivatives of the solution itself
(in the sense given in the above discussion). This procedure allows us, thanks to Tay-
lor expansions, to weaken the singularities and provides integrable (in time) terms. The
dramatic point is that, when doing so, our bound involves the cross derivatives D`Dumi ,
` P rr1, nss whose control in supremum norm is, as suggested by the discussion done in the
explicit case of a simple degenerate Ornstein-Uhlenbeck process, definitely out of reach.
In fact, as told by the results in [CdR17], the only thing we could hope is that the gra-
dient in the degenerate directions viewed as a function of the degenerate variables, i.e.
D2:nu

m
i pt,x1, ¨q :“

`

D2u
m
i pt,x1, ¨q, ¨ ¨ ¨ , Dnu

m
i pt,x1, ¨q

˘

for any pt,x1q P r0, T sˆRd, belongs
to an appropriate anisotropic Hölder space ‖ with regularity indexes strictly less than 1.
Such spaces can as well be viewed as particular cases of anisotropic Besov spaces with cor-
responding positive regularity indexes. Thus, the generalized derivative of D2:nu

m
i pt,x1, ¨q

should belong to some anisotropic Besov space of negative regularity indexes, strictly
bigger than ´1.

Here is the main novelty of our approach: to tackle this problem, our main idea,
in order to balance the lack of differentiation property of the full gradient, consists
in putting precisely in duality the anisotropic Besov norm with negative exponent of
`

D`D2:nu
m
i pt,x1, ¨q

˘

`Prr2,nss
, with the corresponding anisotropic Besov norm with positive

exponent of the remaining terms coming from the differentiation of (1.20), which in par-
ticular involve the coefficients of the operator Lm´ L̃m and contain the time singularities
coming from the derivatives of the frozen Gaussian kernel p̃m. To the best of our knowl-
edge, this approach is quite new in this parametrix setting and it appears to be very robust.
We refer to the proof of the main Theorem 2 in Section 2 for details and to Proposition
3.6 in the book of Lemarié-Rieusset [LR02] for duality results on Besov spaces.

We are thus led to control on the one hand the Besov norm with negative exponent of
the cross derivatives of the solution, see Lemma 4, and on the other hand the Besov norm

‖. In other words, the regularity index depends on the considered variable
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with positive exponent of the remaining terms in (1.20) (involving the coefficients of the
operator Lm´L̃m), see Lemma 3. The first control (Besov norm with negative exponent) is
crucial and appears to be quite delicate. Indeed, due to the implicit representation (1.20),
this estimate also involves supremum norms of the full gradient Dumi and of the cross
derivatives themselves. This again reflects the circular nature of the arguments needed to
derive the result.

To conclude this discussion on Besov duality, let us mention that a similar strategy
has been implemented in Chapter 6 in order to derive sharp Schauder estimates for the
PDE (1.5) (with possibly non-trivial final condition). Therein, since we were interested in
controlling the Hölder norm of the solution, the duality was anyhow used the other way
round: positive regularity indexes for the solution and negative ones for the remaining
terms of the perturbative expansion.

Let us close this discussion coming back to Remark 1. As we emphasized, in compar-
ison with the non-degenerate result, Theorem 1 should hold assuming that the drift F1

belongs to a suitable Lq´Lp space w.r.t. time and the non-degenerate variable x1. We are
convinced that this is the case but we deliberately decide not to tackle this setting in order
to keep this work shorter and more coherent. Indeed, in this case, the difficulty comes from
the estimate on the second order derivative in the non-degenerate direction of the first
component of the solution Um, namely Dx1Dx1u

m
1 (which is a part of the main estimate

(1.8) in Theorem 2). The point is to establish for this quantity an Lq ´ Lp control. This
cannot be derived from the previously described approach and requires harmonic analysis
techniques (see also [KR05]). The main problem to establish the estimate is mainly due to
the source term, which is actually F1. To prove it, the main idea consists in exploiting the
results of Menozzi [Men18] (where such an estimate is proved under the assumption that
the drift is Lipschitz) through the tools developed in [CdRM17] (backward parametrix
approach for drift F whose first component may be in Lq ´ Lp and the other ones in
Hölder spaces). Then, the Zvonkin Transform should also be tuned a little bit following
the strategy developed by Veretennikov (see e.g.[Ver80] and [FFPV17]). Such a program
would surely toughen our paper without adding any surprising result and we prefer to
focus on the novelty of the approach based on duality results for Besov spaces and the
generalization of the strong uniqueness result to the whole chain (i.e. to any arbitrary
n ě 1) rather than drowning the reader into additional technical considerations.

2 Perturbation techniques for the PDE : proof of The-
orem 2

In order to keep the notations as clear as possible, we forget the superscriptm standing
for the mollifying procedure and we suppose that the following assumptions hold:

Assumption (AM). We say that assumptions (AM) hold if the assumptions gath-
ered in (A) hold true and the coefficients F, a are infinitely differentiable functions with
bounded derivatives of all order for a and greater than 1 for the coefficient F.

In the whole section, we consider a fixed final time T ą 0 which is meant to be small,
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i.e. T ! 1. Let us consider for this section a generic PDE with generator corresponding to
(1.4) and scalar source f having the same Hölder regularity than the drift terms in (1.1)
(i.e. the scalar function f below can be any of the entries of the Rd-valued pFiqiPrr1,nss in
the dynamics (1.1)). Namely, we concentrate on

#

pBtu` Ltuqpt,xq “ ´fpt,xq, pt,xq P r0, T q ˆ Rnd,

upT,xq “ 0,
(2.1)

where pLtqtě0 is defined in (1.4) and stands for the generator associated with (1.1) when
the coefficients are smooth.

The key result to prove strong uniqueness for the SDE (1.1) is actually the following
theorem from which one easily derive Theorem 2 for each component of the solution of
the systems (1.5) and then the result in full generality.

Theorem 3 (Pointwise bounds for the derivatives of the PDE (2.1)) There exists
γ :“ γppAqq ą 0 and C :“ CppAqq ą 0 s.t.

}Du}8 ` }DpD1uq}8 ď CT γ, (2.2)

with obvious extension of the definition in (1.3) to the current scalar case.

The proof of Theorem 3 is performed in Section 2.2 through the forward parametrix
approach consisting in considering a suitable proxy semi-group around which the initial
solution of (2.1) can be expanded. To this end we first investigate in Section 2.1 below
the linearized Gaussian process deriving from the dynamics in (1.1) which will provide
the suitable model for the parametrix.

2.1 Gaussian proxy and associated controls

Linearization of the dynamics

Fix some freezing points pτ, ξq P r0, T s ˆ Rnd. For fixed initial conditions pt,xq P
r0, T s ˆ Rnd, a natural linearization associated with the mollified version of (1.1) writes

dX̃pτ,ξq
v “ rFpv,θv,τ pξqq `DFpv,θv,τ pξqqpX̃

pτ,ξq
v ´ θv,τ pξqqsdv `Bσpv,θv,τ pξqqdWv,

@v P rt, ss, X̃
pτ,ξq
t “ x, (2.3)

where
9θv,τ pξq “ Fpv,θv,τ pξqq, v P r0, T s, θτ,τ pξq “ ξ, (2.4)

and DFpv, ¨q denotes the subdiagonal of the Jacobian matrix DFpv, ¨q. Namely, for z P
Rnd:

DFpv, zq “

¨

˚

˚

˚

˚

˚

˝

0d,d ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0d,d
Dz1F2pv, zq 0d,d ¨ ¨ ¨ ¨ ¨ ¨ 0d,d

0d,d Dz2F3pv, z
2:nq 0d,d 0d,d

...
... 0d,d

. . . ...
0d,d ¨ ¨ ¨ 0d,d Dzn´1Fnpv, zn´1, znq 0d,d

˛

‹

‹

‹

‹

‹

‚

.
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From the non-degeneracy of σ and Hörmander like condition, the Gaussian process defined
by (2.5) admits a density p̃pτ,ξqpt, s,x, ¨q which is suitably controlled (see Proposition 2
below and for instance [DM10], [CdRM17]).

We explicitly integrate (2.3) to obtain for all v P rt, ss:

X̃pτ,ξq
v “ R̃pτ,ξq

pv, tqx`

ż v

t

R̃pτ,ξq
pv, uq

´

Fpu,θu,τ pξqq ´DFpu,θu,τ pξqqθu,τ pξq
¯

du

`

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu

“: m
pτ,ξq
v,t pxq `

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu,

where pR̃pτ,ξqpv, uqqtďu,vďs stands for the resolvent associated with the collection of partial
gradients in pDFpv,θv,τ pξqqqvPrt,ss which satisfies for v P rt, ss:

BvR̃
pτ,ξq
pv, tq “ DFpv,θv,τ pξqqR̃

pτ,ξq
pv, tq, R̃pτ,ξq

pt, tq “ Indˆnd. (2.5)

Note in particular that since the partial gradients are subdiagonal detpR̃pτ,ξqpv, tqq “ 1.
Also, for v P rt, ss, we recall that m

pτ,ξq
v,t pxq stands for the mean of X̃

pτ,ξq
v and corre-

sponds as well to the solution of of (2.3) when σ “ 0 when the starting point is x. We
write:

X̃pτ,ξq
v “ m

pτ,ξq
v,t pxq `

ż v

t

R̃pτ,ξq
pv, uqBσpu,θu,τ pξqqdWu, v P rt, ss. (2.6)

Importantly, we point out that x P Rnd ÞÑ m
pτ,ξq
v,t pxq is affine w.r.t. the starting point x.

Precisely, for x,x1 P Rnd:

m
pτ,ξq
v,t px` x1q “ R̃pτ,ξq

pv, tqx1 `m
pτ,ξq
v,t pxq. (2.7)

We first give in the next proposition a key estimates on the covariance matrix associ-
ated with (2.6) and its properties w.r.t. a suitable scaling of the system.

Proposition 1 (Good Scaling Properties of the Covariance Matrix) The covari-
ance matrix of X̃

pτ,ξq
v in (2.6) writes:

K̃
pτ,ξq
v,t :“

ż v

t

R̃pτ,ξq
pv, uqBapu,θu,τ pξqqB

˚R̃pτ,ξq
pv, uq˚du.

Uniformly in pτ, ξq P r0, T s ˆRnd and s P r0, T s, it satisfies a good scaling property in the
sense of Definition 3.2 in [DM10] (see also Proposition 3.4 of that reference). That is, for
all fixed T ą 0, there exists C2.8 :“ C2.8ppAq, T q ě 1 s.t. for all 0 ď t ă v ď s ď T , for all
pτ, ξq P r0, T s ˆ Rnd:

@ζ P Rnd, C´1
2.8pv ´ tq

´1
|Tv´tζ|2 ď xK̃pτ,ξq

v,t ζ, ζy ď C2.8pv ´ tq
´1
|Tv´tζ|2, (2.8)

where we again use the notation introduced in (1.17) fpr the scaling matrix Tv´t.

The proof of the above proposition readily follows from Proposition 3.3 and Lemma 3.6
in [DM10]. We now state some important density bounds for the linearized model.
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Proposition 2 (Density of the linearized dynamics) Under (A), we have that, for
all s P pt, T s the random variable X̃

pτ,ξq
s in (2.6) admits a Gaussian density p̃pτ,ξqpt, s,x, ¨q

which writes for all y P Rnd:

p̃pτ,ξqpt, s,x,yq :“
1

p2πq
nd
2 detpK̃

pτ,ξq
s,t q

1
2

exp

ˆ

´
1

2

A

pK̃
pτ,ξq
s,t q

´1
pm

pτ,ξq
s,t pxq ´ yq,m

pτ,ξq
s,t pxq ´ y

E

˙

,

(2.9)
with K̃

pτ,ξq
s,t as in Proposition 1. Also, there exists C :“ CppAq, T q ą 0 s.t. for all multi-

index α “ pα1, ¨ ¨ ¨ , αnq P Nn, |α| ď 3 and denoting by Dα
x :“ Dα1

x1
¨ ¨ ¨Dαn

xn , we have:

|Dα
x p̃
pτ,ξq
pt, s,x,yq| ď

C

ps´ tq
řn
i“1 αipi´

1
2
q`n2d

2

exp
´

´C´1
ps´ tq

ˇ

ˇT´1
s´t

`

m
pτ,ξq
s,t pxq ´ y

˘
ˇ

ˇ

2
¯

“:
C

ps´ tq
řn
i“1 αipi´

1
2
q
p̂
pτ,ξq

C´1 pt, s,x,yq. (2.10)

Proof: Expression (2.9) readily follows from (2.5). The control (2.10) in then a direct
consequence of Proposition 1 for α “ 0. Differentiating w.r.t. x recalling from (2.7) that
x ÞÑ m

pτ,ξq
s,t pxq is affine yields:

Dxj p̃
pτ,ξq
pt, s,x,yq “ ´

”

“

R̃pτ,ξq
ps, tq

‰˚
pK̃

pτ,ξq
s,t q

´1
pm

pτ,ξq
s,t pxq ´ yq

ı

j
p̃pτ,ξqpt, s,x,yq. (2.11)

The point is now to use scaling arguments. We can first rewrite
“

R̃pτ,ξq
ps, tq

‰˚
pK̃

pτ,ξq
s,t q

´1
“ ps´ tq

“

R̃pτ,ξq
ps, tq

‰˚T´1
s´tp

yKs,t
1 q

´1T´1
s´t, (2.12)

where yKs,t
1 is the covariance matrix of the rescaled process

`

ps ´ tq
1
2T´1

s´tX̃
t,x
t`vps´tq

˘

vPr0,1s

at time 1. From the good-scaling property of Proposition 1, it is plain to derive that
yKs,t

1 is a non-degenerate bounded matrix, i.e. there exists Ĉ ě 1 s.t. for all ζ P Rnd,
Ĉ´1|ζ|2 ď x

yKs,t
1 ζ, ζy ď Ĉ|ζ|2. A similar rescaling argument yields on the deterministic

system (2.5) of the resolvent yields that R̃pτ,ξqps, tq can also be written as:

rR̃pτ,ξq
ps, tqs˚ “ T´1

s´t

”

pR̃pτ,ξq,s,t
p1, 0q

ı˚

Ts´t, (2.13)

where again pR̃pτ,ξq,s,tp1, 0q is the resolvant at time 1 of the rescaled system Ts´trR̃pτ,ξqpt`

vps´ tq, tqs˚T´1
s´t “

´

“

pR̃pτ,ξq,s,tpv, 0q
‰˚
¯

vPr0,1s
associated with (2.5). From the analysis per-

formed in Lemma 5.1 in [HM16] (see also the proof of Proposition 3.7 in [DM10]) one
derives that there exists Ĉ1 s.t. for all ζ P Rnd, |

“

pR̃pτ,ξq,s,tp1, 0q
‰˚
ζ| ď Ĉ1|ζ|. Equations

(2.11), (2.12) and (2.13) therefore yield:

|Dxj p̃
pτ,ξq
pt, s,x,yq|

ď ps´ tq´j`
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

”

pR̃pτ,ξq,s,t
p1, 0q

ı˚
`

yKs,t
1

˘´1`
ps´ tq

1
2T´1

s´tpm
pτ,ξq
s,t pxq ´ yq

˘

˙

j

ˇ

ˇ

ˇ

ˇ

ˇ

p̃pτ,ξqpt, s,x,yq

ďCps´ tq´j`
1
2 ps´ tq

1
2 |T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|p̃pτ,ξqpt, s,x,yq.
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From the explicit expression (2.9), Proposition 1 and the above equation, we eventually
derive:

|Dxj p̃
pτ,ξq
pt, s,x,yq| ď

C

ps´ tqj´
1
2

´

ps´ tq
1
2 |T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|

¯

ˆ
1

ps´ tq
n2d

2

exp
´

´C´1
ps´ tq|T´1

s´tpm
pτ,ξq
s,t pxq ´ yq|2

¯

ď
C

ps´ tqj´
1
2

p̂
pτ,ξq

C´1 pt, s,x,yq,

up to a modification of C, which gives the statement for one partial derivative. The controls
on the higher order derivatives are obtained similarly (see e.g. the proof of Lemma 5.5 of
[DM10] for the bounds on D2

x1
p̃pτ,ξqpt, s,x,yq). ˝

Now, let us specify a useful control involving the previous Gaussian kernel which will
be exploited in some cancellation techniques.

Proposition 3 For all k P rr1, nss, 0 ď t ď s ď T , px, ξq P Rnd ˆ Rnd, and M P Rd the
following identity hold:
ż

Rnd
Dxk p̃

pτ,ξq
pt, s,x,yq

A

M, py´m
pτ,ξq
s,t pxqqk

E

dy “ xM,1dy, 1d “ p1, ¨ ¨ ¨ , 1q P Rd. (2.14)

Proof: From Proposition 2, we have
ş

Rnd p̃
pτ,ξqpt, s,x,yqpy ´ m

pτ,ξq
s,t pxqqkdy “ 0d. Dif-

ferentiating this expression w.r.t. xk and using the Leibniz formula (recalling as well the
identity (2.7) which yields Dxkrm

pτ,ξq
s,t pxqsk “ pR̃

pτ,ξqps, tqqk,k “ Id,d) gives (2.14). ˝

Associated inhomogeneous semi-group

Fix t P r0, T s, ξ P Rnd. With the notations of the previous paragraph, we introduce
the following inhomogeneous semi-group associated with (2.3) for τ “ t. Namely, for all
s P pt, T s, g P BlinpRnd,Rq (space of measurable functions with linear growth), x P Rnd:

P̃ ξ
s,tgpxq :“

ż

Rnd
dyp̃pt,ξqpt, s,x,yqgpyq. (2.15)

From now on, we will write with a slight abuse of notation p̃ξpt, s,x,yq :“ p̃pt,ξqpt, s,x,yq,
i.e. we omit the freezing parameter in time when it corresponds to the considered starting
time. One can derive from Proposition 2 the following important regularization result.

Lemma 1 (Regularization effects for the inhomogeneous semi-group) Let 0 ă

γ ď 1. There exists C :“ CppAqq such that for all ` P t0, 1u, l P rr1, nss, k P rr1, nss, x P
Rnd:

|D`
x1
DxlP̃

ξ
s,t

´

ˇ

ˇ

`

¨ ´m
pt,ξq
s,t pxq

˘

k

ˇ

ˇ

γ
¯

pxq||ξ“x ď Cps´ tq´
`
2
´pl´ 1

2
q`γpk´ 1

2
q. (2.16)

Let f be a β-Hölder continuous functions where β :“ pβ1, ¨ ¨ ¨ , βnq P p0, 1s
n is a multi-

index and for i P rr1, nss, βi stands for the Hölder regularity of f in the variable xi. The
following result then holds.
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- There exists C :“ CppAqq s.t. for all ` P t0, 1u, l P rr1, nss, x P Rnd:

|D`
x1
DxlP̃

ξ
s,t

´

fp¨q´ fpm
pt,ξq
s,t pxqq

¯

pxq||ξ“x ď C
n
ÿ

j“1

rfjps, ¨qsβjps´ tq
´ `

2
´pl´ 1

2
q`βjpj´

1
2
q, (2.17)

where rfjps, ¨qsβj :“ supz‰z1PRd,pz1:j´1,zj`1:nqPRpn´1qd
|fpz1:j´1,z

1,z1:j`1q´fpz1:j´1,z,z1:j`1q|

|z´z1|βj
stands for

the Hölder continuity modulus of order βj of f in its jth variable.

- Centering arguments. For all l P rr1, nss, k ď l, it holds that:

DxlP̃
ξ
s,t

´

fp¨q
¯

pxq “ DxlP̃
ξ
s,t

´

fp¨q ´ fp¨1:k´1,θ
k:n
s,t pξqq

¯

pxq. (2.18)

- As particular cases of the previous items, we have that there exists C :“ CppAqq s.t. for
all l P rr1, nss2, x P Rnd:

|Dx1DxlP̃
ξ
s,tfpxq||ξ“x ď C

n
ÿ

j“l

rfjps, ¨qsβjps´ tq
´l`βjpj´

1
2
q, (2.19)

|DxlP̃
ξ
s,tfpxq||ξ“x ď C

n
ÿ

j“l

rfjps, ¨qsβjps´ tq
´pl´ 1

2
q`βjpj´

1
2
q.

Proof: Let us first mention that identities (2.16) and (2.17) are direct consequences of
Proposition 2.

Centering arguments like (2.18) will be a crucial tool in the analysis below. To justify
such an identity, write:

DxlP̃
ξ
s,t

´

fp¨1:k´1,θ
k:n
s,t pξqq

¯

pxq “ Dxl

ż

Rnd
dyp̃ξpt, s,x,yqfpy1,k´1,θ

k:n
s,t pξqq

“ Dxl

ż

Rnd
dy1:l´1fpy1,k´1,θ

k:n
s,t pξqq

ż

Rnd
dyl:np̃

ξ
pt, s,x,yq.

Now, the structure of the linearized dynamics (2.3) yields that the variable xl only appears
in pR̃pt,ξqps, tqxql:n from its lth to its n d-dimensional block. Therefore, setting e.g. ỹl:n “
yl:n ´ pR̃

pt,ξqps, tqxql:n, the integrated quantity
ş

Rnd dyl:np̃
ξpt, s,x,yq does not depend on

xl anymore. This gives the statement (2.18).
Let us now prove (2.19). The idea is to use first a centering argument w.r.t. to the

variables l to n. Namely,
ˇ

ˇ

ˇ
Dx1Dxl

”

P̃ ξ
s,tfps, ¨q

ı

pxq
ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
Dx1Dxl

”

P̃ ξ
s,t

´

fps, ¨q ´ fps, ¨1:l´1,θ
l:n
s,tpξqq

¯ı

pxq
ˇ

ˇ

ˇ

ď Cps´ tq´pl´1{2q´1{2

«

P̂ ξ
s,t

˜

n
ÿ

j“l

rfjps, ¨qqsβj |p¨ ´ θs,tpξqqj|
βj

¸ff

pxq,

where for a function g P BlinpRd,Rq we denote,

P̂ ξ
s,tgpxq “

ż

Rnd
dyp̂

pt,ξq

C´1pt, s,x,yqgpyq :“

ż

Rnd
dyp̂ξC´1pt, s,x,yqgpyq,
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where p̂pt,ξqC´1pt, s,x, ¨q :“ p̂ξC´1pt, s,x, ¨q is the density appearing in Proposition 2 ∗∗. That
is, P̂ ξ

s,t can somehow be viewed as the pseudo semi-group associated with the density p̂pt,ξqC´1

appearing in Proposition 2. The dependence in C in P̂ ξ
s,t is then omitted for notational

simplicity.
In the current regularized setting, it is plain to observe that taking ξ “ x, m

pt,xq
s,t pxq “

θs,tpxq. Therefore, from (2.10):

ˇ

ˇ

ˇ
Dx1Dxl

”

P̃ ξ
s,tfps, ¨q

ı

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
ď C

n
ÿ

j“l

ż

Rnd
rfjps, ¨qsβjdy

|py ´ θs,tpxqqj|
βj

ps´ tql
p̂x
C´1pt, s,x,yq

ď C
n
ÿ

j“l

rfjps, ¨qsβj

ż

Rnd
dy
|py ´m

pt,xq
s,t pxqqj|

βj

ps´ tql
p̂x
C´1pt, s,x,yq

ď C
n
ÿ

j“l

rfjps, ¨qsβjps´ tq
´l`βjpj´

1
2
q.

The control for |DxlP̃
ξ
s,tfpxq|

ˇ

ˇ

ξ“x
is derived similarly. ˝

We state in the lemma below a useful control to obtain through Lemma 1 some smooth-
ing effects for the degenerate part of the operator. The statement readily follow from (Tβ).

Lemma 2 From the smoothness assumption on the drift coefficient in (Tβ), there exists
C :“ CppAqq s.t. for all ` P rr2, nss, k ě `, and for all ps,x, ξq P r0, T s ˆ pRndq2:

ˇ

ˇ

ˇ

ˇ

´

F`ps,y1:k´1,θ
k:n
s,t pξqq ´ F`ps,θs,tpξqq ´Dx`´1

F`ps,θs,tpξqq
`

y ´ θs,tpξq
˘

`´1

¯

ˇ

ˇ

ˇ

ˇ

ďC
!

k´1
ÿ

j“`

 

rpF`qjps, ¨qsβj |py ´ θs,tpxqqj|
βj
(

`rpDx`´1
F`q`´1ps, ¨qqsη|py ´ θs,tpxqq`´1|

1`η
)

.

2.2 Control of the sensitivities: proof of Theorem 3

To prove Theorem 3, the idea is to expand the solution of the PDE with regularized
coefficients around a suitable proxy, as explained in Section 1.4. The proxy used here
is the Gaussian process introduced in Section 2.1 for a suitable freezing parameter ξ to
be specified later on. Then, the Duhamel formula (or first order parametrix expansion)
yields:

∗∗. we again use from now on the same notational simplification as for p̃pt,ξqpt, s,x, ¨q :“ p̃ξpt, s,x, ¨q,
i.e. we omit the time superscript when it corresponds to the first argument of the density.
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upt,xq “

ż T

t

”

P̃ ξ
s,tfps, ¨q

ı

pxqds`

ż T

t

”

P̃ ξ
s,t

´

pLs ´ L̃
ξ
squ

¯

ps, ¨q
ı

pxq

“

ż T

t

”

P̃ ξ
s,tfps, ¨q

ı

pxqds`

ż T

t

”

P̃ ξ
s,t

`@

F1ps, ¨q ´ F1ps,θs,tpξqq, D1ups, ¨q
D˘

ı

pxq

`

ż T

t

„

P̃ ξ
s,t

ˆ

1

2
Tr

“

aps, ¨q ´ aps,θs,tpξqqD
2
1ups, ¨q

‰

˙

pxqds

`

ż T

t

«

P̃ ξ
s,t

˜

n
ÿ

i“2

@

pFips, ¨q ´ Fips,θs,tpξqq

´Dxi´1
Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q, Diups, ¨q

D

¸ff

pxqds, (2.20)

for any ξ in Rnd.
To establish (2.2) we need to differentiate the above expression w.r.t. pxlqlPrr1,nss and

then w.r.t. x1 and pxlqlPrr1,nss in order to obtain estimates depending only on known pa-
rameters in (A). Differentiating first this expression w.r.t. xl, l P rr1, nss we obtain:

Dxlupt,xq

“

ż T

t

Dxl

”

P̃ ξ
s,tfps, ¨q

ı

pxqds`

ż T

t

Dxl

”

P̃ ξ
s,t

´

pLs ´ L̃
ξ
squ

¯

ps, ¨q
ı

pxqds

“

#

ż T

t

Dxl

”

P̃ ξ
s,tfps, ¨q

ı

pxqds

`

ż T

t

Dxl

”

P̃ ξ
s,t

`@

pF1ps, ¨q ´ F1ps,θs,tpξqqq, D1ups, ¨q
D˘

ı

pxqds

`

ż T

t

Dxl

„

P̃ ξ
s,t

ˆ

1

2
Tr

”´

aps, ¨q ´ aps,θs,tpξqq
¯

D2
1ups, ¨q

ı

˙

pxqds

+

`

#

ż T

t

Dxl

«

P̃ ξ
s,t

ˆ n
ÿ

i“2

@

pFips, ¨q ´ Fips,θs,tpξqq

´Dxi´1
Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q, Diups, ¨q

D

˙

ff

pxqds

+

“:

ż T

t

dsHξ
l ps,xq `

ż T

t

dsIξl ps,xq. (2.21)

The term Hξ
l ps,xq gathers all the derivatives of the solution w.r.t. the non-degenerate

variables whereas Iξl ps,xq precisely gathers the derivatives w.r.t. the degenerate ones. We
will now start from the representation (2.21) which we will again differentiate w.r.t. the
non-degenerate variable x1 in order to prove the estimates of Theorem 3 concerning the
second order derivatives which are the trickiest ones. Indeed, as it has been succinctly
explained in Section 1.4, when differentiating the kernel associated with the frozen semi-
group defined by (2.15) we generate an a priori not integrable time singularity which

306



Partie III: Degenerate Kolmogorov chains

then needs to be smoothen by using, among others, tools developed in Lemma 1 (center-
ing or cancellation arguments). The worst case then corresponds to the higher order of
differentiation, namely Dxl

`

Dx1upt,xq
˘

which, as suggested by Proposition 2, generates a
time singularity of order 1{2 ` pl ´ 1{2q in the time integrand of the r.h.s. of (2.21). We
then only concentrate on this term and omit the proof of the statement concerning the
boundedness of the gradient Dxlupt,xq which could be shown more directly.

The proof will be divided into two parts: we first handle the non-degenerate part of
the operator (i.e. the estimate for Dx1Hlps,xq) and then the degenerate part (i.e. the
estimate for Dx1Ilps,xq) which is a bit more involved.

Finally, before entering into the proof, we introduce some notations to ease the reading.
We point out that the contributions Hξ

l , I
ξ
l do depend on the freezing variable ξ. We

omit this dependence for notational convenience when, as default ξ coincides with the
spatial argument x of the term. We write in this case Hξ

l ps,xq|ξ“x “: Hlps,xq (resp.
Iξl ps,xq|ξ“x “: Ilps,xq). The freezing parameter explicitly appears when a more careful
choice is needed (see Section 3.2). Accordingly with the definition in (1.2), we will also
use, with a slight abuse of notation recalling from (1.1) that the jth variable appears with
Hölder regularity βj up to the level j of the chain, the notation

rpF1:jqjps, ¨qsβj :“ max
iPrr1,jss

rpFiqjps, ¨qsβj . (2.22)

Source term and non-degenerate part of the operator: estimates for Dx1Hlps,xq.
We first focus on the source term and the derivatives w.r.t. the non-degenerate variable
x1 in (2.20) (three first terms in the r.h.s denoted from now on accordingly with (2.21)
by Hl,1ps,xq, Hl,2ps,xq, Hl,3ps,xq).

For all l P rr1, nss, one readily derives from Lemma 1 (centering argument from the
variables l to n) that for the source term:

|Dx1Hl,1ps,xq| :“
ˇ

ˇ

ˇ
Dx1Dxl

”

P̃ ξ
s,tfps, ¨q

ı

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C
n
ÿ

j“l

rfjps, ¨qsβjps´ tq
´l`βjpj´1{2q.

(2.23)
Those terms are integrable in time as soon as

βjpj ´
1

2
q ´ l ą ´1, j P rrl, nss ð βj P

ˆ

2j ´ 2

2j ´ 1
; 1



. (2.24)

These thresholds are precisely those appearing in assumption (Tβ) and which lead to
strong uniqueness for the associated SDE. Through our perturbative approach we will
actually show that they are also precisely those leading to Theorem 3.

Similarly, from (2.20), (2.21), for the drift associated with the non-degenerate part,
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we first rewrite from the centering properties of Lemma 1:

|Dx1Hl,2ps,xq| :“
ˇ

ˇ

ˇ
DxlDx1

”

P̃ ξ
s,t

`@

F1ps, ¨q ´ F1ps,θs,tpξqq, D1ups, ¨q
D˘

ı

pxqds
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď

ˇ

ˇ

ˇ
DxlDx1

”

P̃ ξ
s,t

`@

F1ps, ¨q ´ F1ps, ¨1:l´1,θ
l:n
s,tpξqq, D1ups, ¨q

D˘

ı

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ
DxlDx1

”

P̃ ξ
s,t

`@

F1ps, ¨1:l´1,θ
l:n
s,tpξqq ´ F1ps,θs,tpξqq,

`

D1ups, ¨q ´D1ups, ¨1:l´1,θ
l:n
s,tpξqq

˘D˘‰

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

.

Thanks to Lemma 1, this again gives

|Dx1Hl,2ps,xq| ď C

ˆ n
ÿ

j“l

}D1u}8rpF1qjps, ¨qsβjps´ tq
´l`βjpj´

1
2
q (2.25)

`

n
ÿ

j“l

l´1
ÿ

k“1

}D1Dju}8rpF1qkps, ¨qsβkps´ tq
´l`βkpk´

1
2
q`pj´ 1

2
q

˙

,

leading precisely to the same integrability thresholds of equation (2.24) and assumption
(Tβ) (as for the source term). The idea behind this control is crucial. We first handle, with
the sole Hölder properties of drift and the supremum norm of D1u, the variables which
are at a good smoothing scale w.r.t. the induced singularity. For the remaining term,
which exhibits for the drift non-sufficient smoothing effects, we then additionally exploit
a cancellation argument involving the gradient of the solution itself, which consequently
makes the cross derivatives appear.

Eventually, we get for the diffusive part:

|Dx1Hl,3ps,xq|

:“

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ

1

2
Tr

“`

aps, ¨q ´ aps,θs,tpξqq
˘

D2
1ups, ¨q

‰

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ

1

2
Tr

“`

aps, ¨q ´ aps, ¨1:l´1,θ
l:n
s,tpξqq

˘

D2
1ups, ¨q

‰

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ

1

2
Tr

“`

aps, ¨1:l´1,θ
l:n
s,tpξqq ´ aps,θs,tpξqq

˘

D2
1ups, ¨q

‰

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“: |Dx1Hl,31ps,xq| ` |Dx1Hl,32ps,xq| . (2.26)

The term Dx1Hl,31ps,xq is already centered at the appropriate scales, i.e. from variables
l to n. We thus readily derive, similarly to the previous computations thanks to Lemma
1 and recalling that a is Lipschitz continuous, that:

|Dx1Hl,31ps,xq| ď C}D2
1u}8raps, ¨qs1

n
ÿ

j“l

ps´ tq´l`pj´
1
2
q
ď C}D2

1u}8raps, ¨qs1ps´ tq
´ 1

2 ,

(2.27)
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which does not give a critical contribution w.r.t. the previously exhibited thresholds in
(2.24) and (Tβ). For the contribution |Dx1Hl,32ps,xq| we use, in the same spirit as for
|Dx1Hl,2ps,xq|, a centering argument and an integration by parts to obtain:

|Dx1Hl,32ps,xq|

“

ˇ

ˇ

ˇ

ˇ

ˇ

DxlDx1

”

P̃ ξ
s,t

´1

2
Tr
“`

aps, ¨1:l´1,θ
l:n
s,tpξqq ´ aps,θs,tpξqq

˘

ˆpD2
1ups, ¨q ´D

2
1ups, ¨1:l´1,θ

l:n
s,tpξqqq

‰

¯ı

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“

ˇ

ˇ

ˇ

ˇ

ˇ

1

2
DxlDx1

˜

d
ÿ

j“1

ż

Rnd
dy

A

Byj1

´

p̃ξpt, s,x,yq
`

aj¨ps,y1:l´1,θ
l:n
s,tpξqq ´ aj¨ps,θs,tpξqq

˘

¯

,

´

D1ups,yq ´D1ups,y1:l´1,θ
l:n
s,tpξqq

¯E

¸

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

,

where y1 “ py
1
1, ¨ ¨ ¨ ,y

d
1q, Bjy1

denotes the derivative w.r.t. to the jth scalar entry of the
non-degenerate variable y1 and aj¨ denotes the jth row of the diffusion matrix a. We
therefore derive from Lemma 1 and the smoothness of a (by the Rademacher theorem, a
is differentiable almost everywhere):

|Dx1Hl,32ps,xq| ď C}DD1ups, ¨q}8

ż

Rnd

dy

ps´ tql
p̂x
C´1pt, s,x,yq

ˆ

´

|py ´ θs,tpξqq1:l´1|

ps´ tq
1
2

` 1
¯

raps, ¨qs1|py ´ θs,tpξqql:n|

ď C}DD1ups, ¨q}8ps´ tq
´ 1

2 . (2.28)

With the notations of (2.21), plugging (2.27), (2.28) into (2.26) and together with (2.25),
(2.23), we eventually derive that there exists δ :“ δppAqq ą 0:

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

t

dsDx1Hlps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ď CT δp}D1u}8 ` }DD1u}8q. (2.29)

Degenerate part of the operator: estimates for Dx1Ilps,xq. These are the most
delicate terms to handle. Restarting from (2.21), we first write for all l P rr2, nss:

|Dx1Ilps,xq|

“

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ n
ÿ

i“2

@

pFips, ¨q ´ Fips,θs,tpξqq ´Di´1Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q,

Diups, ¨q
D

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

,
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which readily yields that

|Dx1Ilps,xq|

ď

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ n
ÿ

i“l`1

@

pFips, ¨q ´ Fips,θs,tpξqq ´Di´1Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q,

Diups, ¨q
D

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ l
ÿ

i“2

@

Fips, ¨q ´ Fips, ¨1:l´1,θ
l:n
s,tpξqq,

Diups, ¨q
D

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ l
ÿ

i“2

@

pFips, ¨1:l´1,θ
l:n
s,tpξqq ´ Fipθs,tpξqq

´Di´1Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q, Diups, ¨q
D

˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

“: |Dx1I1,lps,xq| ` |Dx1I2,lps,xq| ` |Dx1I3,lps,xq|. (2.30)

We emphasize that the integrands Dx1I1,lps,xq and Dx1I2,lps,xq are already designed to
smoothen the time singularities generated by the cross differentiation of the inhomoge-
neous semi-group w.r.t. the variables xl and x1. Indeed, on the one hand

|Dx1I1,lps,xq|

“

ˇ

ˇ

ˇ
DxlDx1

”

P̃ ξ
s,t

`

n
ÿ

i“l`1

@

pFips, ¨q ´ Fips,θs,tpξqq ´Dxi´1
Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q,

Diups, ¨q
D˘

ı

pxq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

.

Hence, Lemmas 1 and 2 yield:

|Dx1I1,lps,xq| (2.31)

ďC||Dl`1:nu||8

n
ÿ

j“l`1

 

rpDxj´1
Fjqj´1sηps´tq

´l`p1`ηqpj´3{2q
`rpFl`1:nqjsβjps´tq

´l`βjpj´1{2q
(

,

where Dl`1:nu :“
`

Dl`1u, ¨ ¨ ¨ , Dnu
˘

using as well the notation of (2.22) for the last in-
equality. Observe that the most singular terms in the previous bounds are those associated
with the exponents ´l ` βjpj ´ 1{2q. It turns out that they are indeed integrable under
assumption (Tβ) giving again precisely the appropriate thresholds.

On the other hand, Lemma 1 also yields
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|Dx1I2,lps,xq| “

ˇ

ˇ

ˇ

ˇ

ˇ

DxlDx1

«

P̃ ξ
s,t

˜

l
ÿ

i“2

@

Fips, ¨q ´ Fips, ¨1:l´1,θ
l:n
s,tpξqq, Diups, ¨q

D

¸ff

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ďC||Di:l´1u||8

n
ÿ

j“l

rpF1:lqjps, ¨qsβjps´ tq
´l`βjpj´1{2q, (2.32)

and those terms are again integrable as soon as the thresholds of (Tβ) hold.
It hence remains to control the terms in Dx1I3,l. These terms are the tricky ones since

they are, a priori, not designed to smoothen the time singularities generated by the cross
differentiation. Observe indeed that, if one tries to reproduce the above calculations, we
obtain from Lemma 1 that

|Dx1I3,lps,xq|

“

ˇ

ˇ

ˇ

ˇ

ˇ

DxlDx1

«

P̃ ξ
s,t

ˆ l
ÿ

i“2

@

pFips, ¨1:l´1,θ
l:n
s,tpξqq ´ Fipθs,tpξqq

´Di´1Fips,θs,tpξqqp¨ ´ θs,tpξqqi´1q, Diups, ¨q
D

˙

ff

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C||D2:lu||8ps´ tq
´l

ˆ

´

l
ÿ

j“2

rpF2:jqjps, ¨qsβjps´ tq
pj´ 1

2
qβj ` rpDj´1Fjqj´1ps, ¨qsηps´ tq

p1`ηqpj´ 3
2
q
¯

,

ď C||D2:lu||8ps´ tq
´l
´

ps´ tq
3
2
β2 ` ps´ tq

1
2
p1`ηq

¯

,

up to a modification of C and for T small enough. This leads, as soon as l ě 2, to a time
singularity which is not integrable. Indeed, 1

2
p1 ` ηq ă 1 (recall that η is meant to be

small). To overcome this problem, the idea consists in writing, thanks to Lemma 1,

|Dx1I3,lps,xq|

“

ˇ

ˇ

ˇĎxlDx1

”

P̃ ξ
s,t

´

l
ÿ

i“2

@

pFips, ¨1:l´1,θ
l:n
s,tpξqq´Fips,θs,tpξqq´Di´1Fips,θs,tpξqq

`

¨´θs,tpξq
˘

i´1
q,

`

Diups, ¨q ´Diups, ¨1:l´1,θ
l:n
s,tpξqq

˘D

¯ı

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

(2.33)

and to take advantage of the additional smoothing effect from the solution of the regular-
ized PDE itself through the above contribution Diups, ¨q´Diups, ¨1:l´1,θ

l:n
s,tpξqq, i P rr2, lss.
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To do so we write, by expanding the gradients in (2.33) with the Taylor formula,

|Dx1I3,lps,xq|

“

ˇ

ˇ

ˇ

ˇ

ˇ

DxlDx1

„

P̃ ξ
s,t

ˆ l
ÿ

i“2

B

pFips, ¨1:l´1,θ
l:n
s,tpξqq ´ Fips,θs,tpξqq

´Di´1Fipθs,tpξqq
`

¨ ´θs,tpξq
˘

i´1
q,

n
ÿ

k“l

ż 1

0

dλDkDiu
`

s, ¨1:l´1,θ
l:n
s,tpξq ` λp¨l:n ´ θl:ns,tpξqq

˘

p¨ ´ θs,tpξqqk

F˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

i“2

n
ÿ

k“l

ż 1

0

dλDxlDx1

„

P̃ ξ
s,t

ˆB

´

Fips, ¨1:l´1,θ
l:n
s,tpξqq ´ Fips,θs,tpξqq

´Dxi´1
Fips,θs,tpξqq

`

¨ ´θs,tpξq
˘

i´1

¯

,

DiDkups, ¨1:l´1,θ
l:n
s,tpξq ` λp¨l:n ´ θl:ns,tpξqqqp¨ ´ θs,tpξqqk

F˙

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

, (2.34)

for any l P rr2, nss. The above expansion hence allows to obtain the additional contribu-
tion p¨ ´ θs,tpξqqk which, thanks to Lemma 1, is precisely designed to smoothen the time
singularity coming from the cross differentiation over the variables xl and x1 of the semi-
group (notice indeed that k ě l). Namely, introducing now for all i P rr2, lss, k P rrl, nss,
py1:i´1,yi`1:nq P Rpn´1qd, pt,xq P r0, T s ˆ Rnd:

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k : yi P Rd

ÞÑ Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq “

„

DxlDx1 p̃
ξ
pt, s,x,yq b

´

pFipy1:l´1,θ
l:n
s,tpξqq ´ Fipθs,tpξqq

´Di´1Fipθs,tpξqq
`

y ´ θs,tpξq
˘

i´1
q

¯

pp¨ ´ θs,tpξqqkq
˚



, (2.35)

where the subscript p1, lq in Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k is here to indicate the differentiation

w.r.t. DxlDx1 acting on the frozen density (we will also use for the analysis the nota-
tion Ψ

ps,y1:i´1,yi`1:nq,pt,xq
i,l,k which indicates that the sole derivation w.r.t. xl has to be taken

into consideration, see Section 3.2 below). Pay attention that the above function is pRdqb4-
valued.

We can expect a time smoothing effect for Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k of order ps´tq´

1
2
`pi´ 1

2
qβi`

ps´ tq´
1
2
`ppi´1q´ 1

2
qp1`ηq, where the exponent ´1

2
derives from the derivation Dx1 . This fact

can be easily deduced from Lemma 1 and the previous computations when ξ “ x. With
these notations at hand, it thus remains to control

|Dx1I3,lps,xq|

ď

l
ÿ

i“2

n
ÿ

k“l

ˇ

ˇ

ˇ

ˇ

ˇ

ż 1

0

dλ

ż

Rpn´1qd

dpy1:i´1,yi`1:nq (2.36)

ˆ

ż

Rd
dyi

#

`

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq

˘

: DyiDykups,y1:l´1,θ
l:n
s,tpξq ` λpyl:n ´ θl:ns,tpξqqq

+
ˇ

ˇ

ˇ

ˇ

ˇ

,
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where “ : ” stands for the double tensor contraction, in terms of known parameters in (A).
Unfortunately, as suggested by the computations in (2.23), the control in supremum norm
of pDiDkuq1ďiďkďn is definitely out of reach. Recall indeed that in this equation (which
corresponds to the case i “ 1) the thresholds are sharp in order to retrieve an integrable
singularity (see (2.24)).

Roughly speaking, what we can expect is that for fixed py1:i´1,yi`1:nq P Rpn´1qd, the
partial application yi ÞÑ Dku

ips,yiq :“ Dykups,yq,y :“ py1:i´1,yi,yi`1:nq is as smooth
as the Green kernel involving the source f in the indicated equation, i.e. G̃ξfps,yq :“
şT

s
dvP̃ ξ

v,sfpv,yq. The specific Hölder modulus αki of yi ÞÑ DykG̃
i,ξfps,yiq :“ DykG̃

ξfps,yq

can be derived from Lemma 1 and we obtain that any αki satisfying αki ă
1´p1´βkqpk´

1
2
q

i´ 1
2

is
attainable. Our guess is hence that the same property should hold for yi ÞÑ Dyku

ips,yiq.

Keeping in mind this objective, the next step consists in exploiting a Besov duality
result on the variable yi recalling that Cαki

b pRd,Rq “ B
αki
8,8pRd,Rq, where from now on the

notation Bs
p,q stands for a Besov space with associated indexes p, q, s (see Triebel [Tri83]

and Appendix 5 below). The indexes p, q denote the integrability parameters and s the
smoothness one. However, instead of focusing on the Hölder modulus, we will concentrate
on }DiDku

ips, ¨q}
B
αk
i
´1

8,8

(space of the derivatives of Hölder functions). This specific choice

allows to naturally deal with the cancellation techniques which require to change the
freezing points depending on the current regime of the underlying frozen heat-kernel (see
the proof of Lemma 4 in Section 3.2 below). We also carefully mention that the quantity
}DiDku

ips, ¨q}
B
αk
i
´1

8,8

is equivalent to }Dku
ips, ¨q}

B
αk
i
8,8

(see Proposition 4).

A classical fact is that Bαki´1
8,8 and B

1´αki
1,1 can be put in duality, see e.g. Proposition

3.6 in Lemarié-Rieusset ([LR02]). Indeed, with the notations therein Bαki´1
8,8 is the dual of

B
1´αki
1,1 “ B̃

1´αki
1,1 where B̃1´αki

1,1 denotes the closure of the Schwartz class S in B
1´αki
1,1 (see

also Theorem 4.1.3 in Adams Hedberg [AH96] for the density of S in B1´αki
1,1 ). Exploiting

this fact, we then derive from (2.36) and the multi-linearity of the tensors involved that:

|Dx1I3,lps,xq|

ď C
l
ÿ

i“2

n
ÿ

k“l

ż 1

0

dλ

ż

Rpn´1qd

dpy1:i´1,yi`1:nq

ˆ

"

›

›

›

”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q

ı
›

›

›

B
1´αk

i
1,1

›

›

›
yi ÞÑ DiDkups,y1:l´1,θ

l:n
s,tpξq`λpyl:n ´ θl:ns,tpξqqq

›

›

›

B
αk
i
´1

8,8

*

ď C
l
ÿ

i“2

n
ÿ

k“l

ż

Rpn´1qd

dpy1:i´1,yi`1:nq

#

›

›

›

›

„

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q


›

›

›

›

B
1´αk

i
1,1

(2.37)

ˆ

”

sup
zj ,jPrr1,nss,j‰i

›

›

›

›

DiDkups, z1:i´1, ¨, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

Iiďl´1

` sup
zj ,jPrr1,nss,j‰i,λPr0,1s

›

›

›

›

DiDkups, z1:i´1,θ
i
s,tpξq ` λp¨ ´ θis,tpξqq, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

Ii“l
ı

+

.
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Observe now that, for any λ P r0, 1s and the norm equivalence of Proposition 4, we have:
›

›

›

›

DiDkups, z1:i´1,θ
i
s,tpξq ` λp¨ ´ θis,tpξqq, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

ď C

›

›

›

›

Dkups, z1:i´1,θ
i
s,tpξq ` λp¨ ´ θis,tpξqq, zi`1:nq

›

›

›

›

B
αk
i
8,8

ď C

›

›

›

›

Dkups, z1:i´1, ¨, zi`1:nq

›

›

›

›

B
αk
i
8,8

,

exploiting the scaling and shift invariance properties of the Hölder modulus. Using again
the norm equivalence of Proposition 4, we eventually derive:

›

›

›

›

DiDkups, z1:i´1,θ
i
s,tpξq ` λp¨ ´ θis,tpξqq, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

ď C2

›

›

›

›

DiDkups, z1:i´1, ¨, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

. (2.38)

In other words, the dilations-translations of the variable yi, that appear when i “ l in
(2.37), do not affect the regularity estimate. We therefore obtain:

|Dx1I3,lps,xq|

ď C
l
ÿ

i“2

n
ÿ

k“l

ż

Rpn´1qd

dpy1:i´1,yi`1:nq

#

›

›

›

›

„

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q

›

›

›

›

B
1´αk

i
1,1

(2.39)

ˆ sup
zj ,jPrr1,nss,j‰i

›

›

›

›

DiDkups, z1:i´1, ¨, zi`1:nq

›

›

›

›

B
αk
i
´1

8,8

+

.

To conclude this proof we now need the following results whose proofs are postponed
to the next subsection:

Lemma 3 Let l P rr2, nss, i P rr2, lss and k P rrl, nss and let Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k : Rd Ñ Rd be

the function defined by (2.35). There exist C :“ CppAqq ą 0, αki :“
1` η

4

2i´1
ă

1´p1´βkqpk´
1
2
q

i´ 1
2

,

γki “ γi :“ 1
2
` ηpi´ 3

2
q ą 1

2
such that

›

›

›

›

„

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q


›

›

›

›

B
1´αk

i
1,1

ď Cps´ tq´
3
2
`γki q̂czipt, s,x, py1:i´1,yi`1:nqq,

where, with the notations of Proposition 2,

q̂czipt, s,x, py1:i´1,yi`1:nqq :“

ż

Rd
p̂x
c pt, s,x,yqdyi “

n
ź

jPrr1,nss,j‰i

Ncps´tq2j´1

`

pθs,tpxq ´ yqj
˘

,

(2.40)
denoting as well for a ą 0, z P Rd, by Napzq “ 1

p2πaq
d
2

exp
´

´
|z|2

2a

¯

the standard Gaussian

density of Rd with covariance matrix aId,d. In the above control c “ C´1.
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Lemma 4 Let u be the solution of (2.1).
There exists C :“ CppAqq ą 0 such that for all i ď k P rr2, nss2 and αki :“

1` η
4

2i´1
ă

1´p1´βkqpk´
1
2
q

i´ 1
2

,

sup
yj ,jPrr1,nss,j‰i

›

›

›

›

DiDku
`

s,y1:i´1, ¨,yi`1:n

˘

›

›

›

›

B
αk
i
´1

8,8

ď Cp}Du}8 ` }DD1u}8q. (2.41)

Remark 2 (About Lemmas 3 and 4) There are some specific points to be emphasized
about the indicated lemmas: We point out that the parameters γki , αki actually do not
depend on the index k. We keep the notations to remember that they are associated with
the Hölder regularity of Dxku w.r.t. to its ith variable which we choose to investigate in the
corresponding negative Besov space for technical reasons. We also emphasize that the norm
›

›

›

›

DyiDykups,y1:i´1, ¨,yi`1:nq

›

›

›

›

B
αk
i
´1

8,8

is actually equivalent to
›

›

›

›

Dykups,y1:i´1, ¨,yi`1:nq

›

›

›

›

B
αk
i
8,8

which corresponds to the usual Hölder norm on C
αki
b (see Proposition 4 below). This can

be seen again as a specific feature appearing when dealing with strong uniqueness through
the Zvonkin approach. The regularity is associated with a variable independently of the
level in the chain (1.1).

We can then deduce, using Lemma 3 and Lemma 4 that

|Dx1I3,lps,xq| ď C
l
ÿ

i“2

n
ÿ

k“l

ps´ tq´
3
2
`γki

´

}Du}8 ` }DD1u}8

¯

, (2.42)

which are integrable terms since γki ą
1
2
. With the notations of (2.21), (2.30), we eventually

derive from (2.42), (2.32), (2.31) that there exists γ :“ γppAqq ą 0 such that:
ˇ

ˇ

ˇ

ˇ

ż T

t

dsDx1Ilps,xq

ˇ

ˇ

ˇ

ˇ

ď CT γ
´

}Du}8 ` }DD1u}8

¯

. (2.43)

Conclusion. Bringing together (2.43) and (2.29) yields for all l P rr1, nss and all pt,xq P
r0, T s:

|DxlDx1upt,xq| ď CpT γ ` T δq
´

}Du}8 ` }DD1u}8

¯

. (2.44)

It is clear that the previous analysis can be reproduced without differentiating w.r.t. x1,
leading to improved singularity exponents (see also the proof of Lemma 4 which somehow
exactly explicit these computations). We therefore get:

|Dxlupt,xq| ď CpT γ
1

` T δ
1

q

´

}Du}8 ` }DD1u}8

¯

, (2.45)

for some positive exponents γ1, δ1 (with γ1 ą γ, δ1 ą δ).
Taking the time-space supremum in the l.h.s of (2.44) and (2.45), recalling as well

that T is meant to be small, i.e. s.t. 4CT δ^γ ď 1
2
, we derive:

}Du}8 ` }DD1u}8 ď 2CpT γ ` T δq.

This concludes the proof. ˝
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3 Estimates in Besov norm
This section is dedicated to the proofs of the main technical results needed to obtain

Theorem 3. Namely, we prove the Besov estimates of Lemmas 3 and 4.

3.1 Proof of Lemma 3

We will here exploit the thermic characterization of Besov spaces (see Chapter 2.6.4
in [Tri83]) which is also recalled in Appendix 5.

From (5.1), we are thus led to estimate, for any l P rr2, nss, i P rr2, l´ 1ss and k P rrl, nss:
ż 1

0

dv

v
v1`

αki ´1

2 }Bvhv ‹Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q}L1pRd,Rq.

We split the time integral in the above equation into two parts writing:
ż ps´tq

ρi,k

0

dvv
αki ´1

2 }Bvhv ‹Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q}L1pRd,Rq

`

ż 1

ps´tq
ρi,k

dvv
αki ´1

2 }Bvhv ‹Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q}L1pRd,Rq (3.1)

“: Lower
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

`Upper
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

,

for a parameter ρi,k ą 0 to be specified. The term Upper corresponding to the upper-part
of the integral w.r.t. v does not involve singularities. We will use this fact to calibrate the
associated parameter ρi,k in order to match the integrability constraint

Upper
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

ď
C

ps´ tq1`
1
2
´γki

q̂czipt, s,x, py1:i´1,yi`1:nqq,

where q̂czi has been defined in (2.40) and γki ą 1{2 in order to obtain a time integrable
singularity. For this term, we will only use crude upper-bounds on the derivatives of
the heat-kernel and the coefficients satisfying (Tβ). On the other hand, the contribution
Lower in (3.1) precisely contains the singularities w.r.t. v. It is therefore crucial to use
there suitable cancellation tools. The point will then be to prove that the associated
estimates are compatible with the upper-bound in equation (3.2).

We now write:

Upper
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

“

ż 1

ps´tq
ρi,k

dvv
αki ´1

2 }Bvhv ‹Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k p¨q}L1pRd,Rq

“

ż 1

ps´tq
ρi,k

dvv
αki ´1

2

ż

Rd
dz
ˇ

ˇ

ˇ

ż

Rd
Bvhvpz ´ yiqΨ

ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiqdyi

ˇ

ˇ

ˇ
.

Recall from the definition in (2.35) that Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq is pRdqb4-valued. To pro-

ceed with the computations we assume w.l.o.g. for the rest of the proof that d “ 1 to avoid
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tensor notations for simplicity. Writing explicitly the function Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq leads

to:

Upper
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

ď

ż 1

ps´tq
ρi,k

dvv
αki ´1

2

ż

Rd
dz

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rd
Bvhvpz ´ yiq

´

Dx1Dxl p̃
ξ
pt, s,x,yq

”

ppθs,tpξq ´ yqkq

´

Fips,y1:l´1,θ
l:n
s,tpξqq ´ Fips,θs,tpξqq ´Dxi´1

Fips,θs,tpξqq
`

y ´ θs,tpξq
˘

i´1

ı¯

ˇ

ˇ

ˇ

ˇ

dyi

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

.

From Lemma 2 and Proposition 2, we derive there exists a C :“ CppAq, T q ą 0 such that
introducing q̂cpt, s,x,yq “ p̂x

c pt, s,x,yq, c “ C´1:

Upper
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

ď C

ż 1

ps´tq
ρi,k

dvv
αki ´1

2

ż

Rd
dz

ż

Rd
dyi

hcvpz ´ yiq

v

q̂cpt, s,x,yq

ps´ tqpl´
1
2
q` 1

2

|pθs,tpxq ´ yqk|

ˆ

#

l´1
ÿ

j“i

!

|pθs,tpxq ´ yqj|
βj
)

` |pθs,tpxq ´ yqi´1|
1`η

+

ď C

ż 1

ps´tq
ρi,k

dvv
αki ´1

2

ż

Rd
dz

ż

Rd
dyi

hcvpz ´ yiq

v

q̂cpt, s,x,yq

ps´ tq
1
2

ˆ

#

l´1
ÿ

j“i

ps´ tqβjpj´1{2q
` ps´ tqp1`ηqpi´3{2q

+

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

ż 1

ps´tq
ρi,k

dvv´
3
2
`
αki
2 ps´ tq´1{2

ˆ

#

l´1
ÿ

j“i

ps´ tqβjpj´1{2q
` ps´ tqp1`ηqpi´3{2q

+

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqqps´ tq
r´ 1

2
`
αki
2
sρi,k´

1
2

`

ps´ tqβipi´1{2q
` ps´ tqp1`ηqpi´3{2q

˘

,

recalling that the lower bound of βjpj ´ 1{2q is increasing for the last inequality (recall
indeed that we assumed that βj P

´

2j´2
2j´1

, 1
ı

). We now want to choose the threshold ρi,k
in order to match the integrability condition in (3.2). This amounts to write:

´1´
1

2
` γki “ r´

1

2
`
αki
2
sρi,k ´

1

2
`

´

βipi´ 1{2q ^ p1` ηqpi´ 3{2q
¯

.

Since this condition should hold for any βi P
`

2i´2
2i´1

, 1
‰

and since the parameter η P p0, 1q
is small (see (Hη)) we have βipi ´ 1{2q ^ p1 ` ηqpi ´ 3{2q “ p1 ` ηqpi ´ 3{2q. The above
condition rewrites:

´1´
1

2
` γki “ r´

1

2
`
αki
2
sρi,k ´

1

2
`p1` ηqpi´ 3{2q.
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Our global integrability constraint associated with the ith variable in the kth derivative
writes:

´ 1´
1

2
` γki “ r´

1

2
`
αki
2
sρi,k ´

1

2
`p1` ηqpi´ 3{2q ą ´1, (3.2)

which gives

ρi,k ă
p1` ηqp2i´ 3q ` 1

1´ αki
. (3.3)

It therefore remains to check that such a choice is compatible with the time integral
part for v P r0, ps ´ tqρi,ks in the thermic characterisation of the Besov norm. We point
out that for this term it is absolutely essential to get rid of the exponent v´1 coming
from the upper-bound of the thermic heat-kernel, i.e. Bvhvpz ´ yiq. In order to get an in-
tegrable singularity in v, we need to decrease the crude upper-bound on Bvhvpz ´ yiq.
This is done through cancellation techniques exploiting the smoothness properties of
Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k .

To investigate Lower
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

let us first recall from the definition in (2.35)
that for all k P rrl, nss:

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq

“ DxlDx1 p̃
ξ
pt, s,x,yq

„

py ´ θs,tpξqqk

´

Fipy1:l´1,θ
l:n
s,tpξqq ´ Fipθs,tpξqq

´Di´1Fipθs,tpξqq
`

y ´ θs,tpξq
˘

i´1

¯



. (3.4)

Let us now specify the dependence w.r.t. yi of the previous expression in function of
the considered indexes i P rr1, lss, l P rr2, nss, k P rrl, nss. This will be useful to develop
corresponding adapted cancellation arguments.

Observe first that the dependence in yi appears in (3.4) for any i P rr1, lss, l P rr2, nss, k P
rrl, nss through the term Dx1x2 p̃

ξpt, s,x,yq.
For the term into brackets we distinguish two cases. If i ď l ´ 1, and then k ą i, the

only bracket term containing yi is the one associated with Fi. If now i “ l ď k, for the
contribution i “ l “ k, the only term into brackets in (3.4) that will also depend on yi
is py ´ θs,tpξqqi and the cancellation arguments need to be slightly modified. Eventually,
when i “ l ă k, there will be no dependence on yi for the terms into brackets.

‚ First case i ă l ď k (i P rr1, l ´ 1ss, l P rr2, nss, k P rrl, nss).
With the notations of (3.1), we write:

Lower
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

“

ż ps´tq
ρi,k

0

dvv
αki ´1

2

ż

Rd
dz|

ż

Rd
dyiBvhcvpz ´ yiq

pΨ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pyiq ´Ψ

ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k pzqq|

“:

ż ps´tq
ρi,k

0

dvv
αki ´1

2

ż

Rd
dz|pT

ps,y1:i´1,yi`1:nq,pt,xq
1,i,pl,1q,k `T

ps,y1:i´1,yi`1:nq,pt,xq
2,i,pl,1q,k q

`

v, z
˘

|, (3.5)
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where:

T
ps,y1:i´1,yi`1:nq,pt,xq

1,i,pl,1q,k

`

v, z
˘

(3.6)

:“

ż

Rd
Bvhvpz ´ yiq

´

Dx1Dxl p̃
ξ
pt, s,x,yq

”

py ´ θs,tpξqqk

´

Fips,y1:l´1,θ
l:n
s,tpξqq ´ Fips,y1:i´1, z,yi`1:l´1,θ

l:n
s,tpξqq

¯ı

dyi,

with a slight abuse of notation when i “ l ´ 1 and

T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pl,1q,k

`

v, z
˘

(3.7)

:“

ż

Rd
Bvhvpz ´ yiq

”

Dx1Dxl p̃
ξ
pt, s,x,yq ´Dx1Dxl p̃

ξ
pt, s,x,y1:i´1, z,yi`1:nq

ı”

py ´ θs,tpξqqk
´

Fips,y1:i´1, z,yi`1:l´1,θ
l:n
s,tpξqq´Fips,θs,tpξqq´Di´1Fips,θs,tpξqqpy´θs,tpξqqi´1

¯ı

dyi.

Write now from (3.7), Proposition 2 and Lemma 2 (recalling as well that we took ξ “ x
for the current analysis):

|T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pl,1q,k

`

v, z
˘

|

ďC

ż

Rd
dyi

hcvpz ´ yiq

v

ż 1

0

dλ
q̂cpt, s,x,y1:i´1, z ` λpyi ´ zq,yi`1:nq

ps´ tqpi´
1
2
q`pl´ 1

2
q` 1

2

|py ´ θs,tpxqqk||yi ´ z|

ˆ

´
ˇ

ˇ

ˇ
Fips,y1:i´1, z,yi`1:l´1,θ

l:n
s,tpxqq ´ Fips,θs,tpxqq ´Di´1Fips,θs,tpxqqpy ´ θs,tpxqqi´1

ˇ

ˇ

ˇ

¯

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλ
q̂cpt, s,x,y1:i´1, z ` λpyi ´ zq,yi`1:nq

ps´ tqpi´
1
2
q` 1

2

ˆ

#

|z ´ pθs,tpxqqi|
βi `

l´1
ÿ

j“i`1

ps´ tqβjpj´1{2q
` ps´ tqp1`ηqpi´3{2q

+

,

where for the second inequality, we used that for k ě l ą i, |py´θs,tpxqqk|ps´ tq
´pl´1{2qď

|py ´ θs,tpxqqk|ps´ tq
´pk´1{2q which can be absorbed by the kth variables of q̂c.

Writing now for any λ P r0, 1s,

|z ´ θs,tpxqi| ď λ|z ´ yi| ` |z ` λpyi ´ zq ´ pθs,tpxqqi|,

we thus derive

|T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pl,1q,k

`

v, z
˘

|

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλq̂cpt, s,x,y1:i´1, z ` λpyi ´ zq,yi`1:nq

ˆ

´

v
βi
2 ps´ tq´pi´

1
2
q´ 1

2 ` ps´ tq´pi´
1
2
q´ 1

2
`βipi´1{2q

`

l´1
ÿ

j“i`1

ps´ tq´pi´
1
2
q´ 1

2
`βjpj´1{2q

` ps´ tq´pi´
1
2
q´ 1

2
`p1`ηqpi´3{2q

¯

.

ďCq̂czipt, s,x,y1:i´1,yi`1:nq

ż 1

0

dλ

ż

Rd
dyihcvpz ´ yiqNcps´tq2i´1pz ` λpyi ´ zq ´ pθs,tpxqqiq

ˆv´
1
2

´

v
βi
2 ps´ tq´pi´

1
2
q´ 1

2 ` ps´ tq´pi´
1
2
q´ 1

2
`p1`ηqpi´3{2q

¯

, (3.8)
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recalling for the last inequality that for all j in rri, l´ 1ss, βjpj ´ 1
2
q ą j ´ 1 ą i´ 3

2
and η

is supposed to be a small parameter.
Consider now T1,

|T
ps,y1:i´1,yi`1:nq,pt,xq

1,i,pl,1q,k

`

v, z
˘

| ďC

ż

Rd

hcvpz ´ yiq

v

q̂cpt, s,x,yq

ps´ tqpl´
1
2
q` 1

2

|z ´ yi|
βi |py ´ θs,tpxqqk|dyi

ďC

ż

Rd

hcvpz ´ yiq

v1´
βi
2

q̂cpt, s,x,yq

ps´ tq
1
2

dyi. (3.9)

From (3.8) and (3.9) we derive, with the notation introduced in (2.40):

}Bvhv ‹Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k }L1pRd,Rq

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

#

1

v1´
βi
2 ps´ tq

1
2

`

˜

v
´1`βi

2

ps´ tqi
`

v´
1
2

ps´ tqi´p1`ηqpi´3{2q

¸

ˆ

ż 1

0

dλ

ż

Rd
dz

ż

Rd
dyihcvpz ´ yiqNcps´tq2i´1pz ` λpyi ´ zq ´ pθs,tpxqqiq

+

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

˜

1

v1´
βi
2 ps´ tq

1
2

`
v
´1`βi

2

ps´ tqi
`

v´
1
2

ps´ tqi´p1`ηqpi´3{2q

¸

,

using the change of variable pw1, w2q “ pz ´ yi, z ` λpyi ´ zq ´ pθs,tpxqqiq for the last
inequality.

For ρi,k chosen as in (3.3) one gets from the definition in (3.1):

Lower
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pl,1q,k

ı

ď Cq̂czipt, s,x, py1:i´1,yi`1:nqq

ż ps´tq
ρi,k

0

dv

v
v
αki
2

ˆ

˜

1

v
1´βi

2 ps´ tq
1
2

`
v
βi
2

ps´ tqi
`

1

ps´ tqi´p1`ηqpi´3{2q

¸

“: Cq̂czipt, s,x, py1:i´1,yi`1:nqqB1,ρi,kpt, sq.

It therefore remains to prove that, if B1,ρi,kpt, sq ď ps´ tq
´1´ 1

2
`γki for γki ą 0 then:

´ 1´
1

2
` γki ą ´1 ðñ γki ą

1

2
. (3.10)

Write:

B1,ρi,kpt, sq ď

ż ps´tq
ρi,k

0

dv

˜

v´
3
2
`
αki `βi

2

ps´ tq
1
2

`
v´1`

αki `βi
2

ps´ tqi
`

v´1`
αki
2

ps´ tq
3
2
´ηpi´ 3

2
q

¸

ď C
´

ps´ tqρi,k
αki `βi´1

2
´ 1

2 ` ps´ tqρi,k
αki `βi

2
´i
` ps´ tqρi,k

αki
2
´ 3

2
`ηpi´ 3

2
q
¯

.

(3.11)
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Let us check condition (3.10) is satisfied. Actually, the first two terms in (3.11) yield
negligible contributions. Recall indeed from the statement of the lemma that the pa-
rameter αki must be chosen so that αki ă

1´p1´βkqpk´
1
2
q

i´ 1
2

:“ ᾱki . Since βk P p
2k´2
2k´1

, 1s,

ᾱki “
2´p1´βkqp2k´1q

2i´1
ą

3´2k`p2k´2q
2i´1

“ 1
2i´1

. Thus,

αki “
1` η

4

2i´ 1
, (3.12)

is an admissible choice (recall indeed that we chose η ă infjPrr2,nsstβj´
2j´2
2j´1

u in assumption

(Hη)). It gives in particular that αki ` βi ą
1` η

4
`p2i´2q

2i´1
“ 1`

η
4

2i´1
. Hence,

ρi,k
αki ` βi ´ 1

2
´

1

2
ą ´

1

2

which already provides a regularizing term in time for the first term in the r.h.s. of (3.11).
Now from (3.3), ρi,k ă p1`ηqp2i´3q`1

1´αki
“: ρ̄i,k. The previous choice for αki gives

ρ̄i,k“
2i´ 2` ηp2i´ 3q

2i´1´p1` η
4
q

2i´1

“ p2i´ 1q
2i´ 2` ηp2i´ 3q

2i´ 2´ η
4

ą p2i´ 1q,

and
ρi,k “ 2i´ 1 (3.13)

is an admissible choice. We therefore get for the exponent of the second term in (3.11):

ρi,k
αki ` βi

2
´ ią

1

2

´

ρi,kp1`
η
4

2i´ 1
q ´ 2i

¯

ą ´
1

2
.

Eventually, for the exponent of the third contribution in (3.11), for the previous choice
of ρi,k “ 2i´ 1, we get

ρi,k
αki
2
´

3

2
` ηpi´

3

2
q “

1

2
p2i´ 1q

1` η
4

2i´ 1
´

3

2
` ηpi´

3

2
q “ ´1`

η

8
` ηpi´

3

2
q ą ´1,(3.14)

which means that criterion (3.10) is indeed satisfied, even though if this last contribution
is rather critical in order to obtain the required smoothing effect with γki “ 1{2`ηpi´3{2q.
This concludes the proof of Lemma 3 for the indexes i P rr1, l ´ 1ss.

‚ Second case i “ l ď k. Let us begin with the case i “ l ă k for which the only
contribution in yi in (3.4) appears through Dx1Dxi p̃pt, s,x,yq. Hence, for such indexes,

Lower
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pi,1q,k

ı

“

ż ps´tq
ρi,k

0

dvv
αki ´1

2

ż

Rd
dz|T

ps,y1:i´1,yi`1:nq,pt,xq
2,i,pi,1q,k q

`

v, z
˘

|,

where:

T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q,k

`

v, z
˘

“

ż

Rd
dyiBvhvpz´yiq

”

Dx1Dxi p̃
ξ
pt, s,x,yq´Dx1Dxi p̃

ξ
pt, s,x,y1:i´1, z,yi`1:nq

ı”

py´θs,tpξqqk

ˆ

´

Fips,y1:i´1,θ
i:n
s,t pξqq´Fips,θs,tpξqq´Di´1Fips,θs,tpξqqpy ´ θs,tpξqqi´1

¯ı

ˇ

ˇ

ˇ

ˇ

. (3.15)
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The previous analysis for this term can be reproduced adapting the computations leading
to (3.8). Precisely,

|T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q,k

`

v, z
˘

|

ďC

ż

Rd
dyi

hcvpz ´ yiq

v

ż 1

0

dλ
q̂cpt, s,x,y1:i´1, z ` λpyi ´ zq,yi`1:nq

ps´ tqpi´
1
2
q`pl´ 1

2
q` 1

2

|py ´ θs,tpxqqk||yi ´ z|

ˆ

ˇ

ˇ

ˇ
py ´ θs,tpxqqi´1

ˇ

ˇ

ˇ

1`η

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλ
q̂cpt, s,x,y1:i´1, z ` λpyi ´ zq,yi`1:nq

ps´ tqpi´
1
2
q` 1

2

ps´ tqp1`ηqpi´3{2q.

This contribution has already been analyzed and yields the expected integrable singularity
in time.

Let us now focus on the remaining case i “ l “ k, for which we write:

L
”

Ψ
ps,y1:i´1,yi`1:nq,pt,xq
i,pi,1q,i

ı

“

ż ps´tqρi,i

0

dvv
αii´1

2

ż

Rd
dz|

ż

Rd
dyiBvhvpz ´ yiq

pΨ
ps,y1:i´1,yi`1:nq,pt,xq
i,pi,1q,i pyiq ´Ψ

ps,y1:i´1,yi`1:nq,pt,xq
i,pi,1q,i pzqq|

“

ż ps´tqρi,i

0

dvv
αii´1

2

ż

Rd
dz

ˇ

ˇ

ˇ

ˇ

ż

Rd
dyiBvhvpz ´ yiq

”

Dx1Dxi p̃
ξ
pt, s,x,yqpy ´ θs,tpξqqi ´Dx1Dxi p̃

ξ
pt, s,x,y1:i´1, z,yi`1:nqpz ´ θs,tpξqqi

ı

´

Fips,y1:i´1,θ
i:n
s,t pξqq´Fips,θs,tpξqq´Di´1Fips,θs,tpξqqpy ´ θs,tpξqqi´1

¯

ˇ

ˇ

ˇ

ˇ

“:

ż ps´tqρi,i

0

dvv
αii´1

2

ż

Rd
dz|pT

ps,y1:i´1,yi`1:nq,pt,xq
2,i,pi,1q `T

ps,y1:i´1,yi`1:nq,pt,xq
3,i,pi,1q q

`

v, z
˘

|, (3.16)

where T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q,i

`

v, z
˘

is obtained from (3.15) taking k “ i and

T
ps,y1:i´1,yi`1:nq,pt,xq

3,i,pi,1q

`

v, z
˘

:“

ż

Rd
dyiBvhvpz ´ yiq

´

Dx1Dxi p̃
ξ
pt, s,x,y1:i´1, z,yi`1:nq (3.17)

”

pyi ´ zq
´

Fips,y1:i´1,θ
i:n
s,t pξqq´Fips,θs,tpξqq´Di´1Fips,θs,tpξqqpy ´ θs,tpξqqi´1

¯ı

ˇ

ˇ

ˇ

ˇ

.
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Write first:

|T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q,i

`

v, z
˘

|

ďC

ż

Rd
dyi

hcvpz ´ yiq

v

ż 1

0

dλ
q̂cpt, s,x,y1:i´1,yi ` λpz ´ yiq,yi`1:nq

ps´ tqpi´
1
2
q`pi´ 1

2
q` 1

2

|py ´ θs,tpxqqi||yi ´ z|

ˆ

ˇ

ˇ

ˇ
py ´ θs,tpxqqi´1

ˇ

ˇ

ˇ

1`η

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλq̂cpt, s,x,y1:i´1,yi ` λpyi ´ zq,yi`1:nq

ˆ

´

|yi ` λpz ´ yiq ´ pθs,tpxqqi| ` λ|z ´ yi|

ps´ tq2i´
1
2

¯

ps´ tqpi´
3
2
qp1`ηq.

We thus derive:

|T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q,i

`

v, z
˘

|

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλq̂cpt, s,x,y1:i´1,yi ` λpyi ´ zq,yi`1:nq

´ 1

ps´ tqi
`

v
1
2

ps´ tq2i´
1
2

¯

ps´ tqpi´
3
2
qp1`ηq

ďC

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

ż 1

0

dλq̂cpt, s,x,y1:i´1,yi ` λpyi ´ zq,yi`1:nq

´ 1

ps´ tq
3
2
´ηpi´ 3

2
q
`

v
1
2

ps´ tqi´
1
2
` 3

2
´ηpi´ 3

2
q

¯

.

Finally,
ż ps´tqρi,i

0

dvv
αii´1

2

ż

Rd
dz|pT

ps,y1:i´1,yi`1:nq,pt,xq
2,i,pi,1q |

ď Cps´ tq´
3
2
`ηpi´ 3

2
qq̂czipt, s,x,y1:i´1,yi`1:nq

ż ps´tqρi,i

0

dv
´

v´1`
αii
2 `

v´
1
2
`
αii
2

ps´ tqi´
1
2

¯

ď Cps´ tq´1`ηpi´ 3
2
q`

η
8 q̂czipt, s,x,y1:i´1,yi`1:nq ď Cps´ tq´

3
2
`γii q̂czipt, s,x,y1:i´1,yi`1:nq,

recalling for the last inequality that, since from (3.12) and (3.13), αii “ p1 ` η{4q{p2i ´
1q, ρi,i “ 2i ´ 1, αiiρi,i{2 “ 1{2 ` η{8, ρi,i{2 “ i ´ 1{2. We also refer to (3.14) for similar
computations.

On the other hand, we readily get, similarly to the previous contributions from Lemmas
1 and 2:

|T
ps,y1:i´1,yi`1:nq,pt,xq

3,i,pi,1q

`

v, z
˘

|

ď C

ż

Rd
dyi

hcvpz ´ yiq

v
1
2

|py ´ θs,tpξqqi´1|
1`η

ps´ tqi
q̂cpt, s,x,y1:i´1, z,yi`1,nq

ď Cps´ tq´
3
2
`ηpi´ 3

2
qv´

1
2

ż

Rd
dyihcvpz ´ yiqq̂cpt, s,x,y1:i´1, z,yi`1:nq.
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Similarly to the contributions appearing in (3.5) this bound needs to be integrated w.r.t.
v P r0, ps´ tqρi,is. One gets:

ż ps´tqρi,i

0

dvv
αii´1

2

ż

Rd
dz|pT

ps,y1:i´1,yi`1:nq,pt,xq
3,i,pi,1q |

ď Cps´ tq´
3
2
`ηpi´ 3

2
qq̂czipt, s,x,y1:i´1,yi`1:nq

ż ps´tqρi,i

0

dvv´1`
αii
2

ď Cps´ tq´
3
2
`ηpi´ 3

2
q`

αii
2
ρi,i q̂czipt, s,x,y1:i´1,yi`1:nq

ď Cps´ tq´
3
2
`γii q̂czipt, s,x,y1:i´1,yi`1:nq,

reproducing the previous computations done on T
ps,y1:i´1,yi`1:nq,pt,xq

2,i,pi,1q

`

v, z
˘

for the last in-
equality.

3.2 Proof of Lemma 4

We now tackle the Besov estimate of the cross derivative of the solution of (1.5). Fix
t P r0, T s and px1:i´1,xi`1:nq P Rpn´1qd. From the thermic characterization of Besov spaces
recalled in equation (5.1), we actually have to control:

}DiDkupt,x1,i´1, ¨,xi`1,nq}
B
αk
i
´1

8,8

(3.18)

:“}ϕpDqDiDkupt,x1:i´1, ¨,xi`1:nq}8 ` sup
vPr0,1s

v
1´αki

2 sup
zPRd

|hv ‹DiDkupt,x1:i´1, ¨,xi`1:nqpzq|.

For the proof we focus on the second contribution in the above definition. The first
one could be handled similarly and more directly ††.

Using representation (2.20) we first write with the notations of (2.21):

|hv ‹DiDkupt,x1:i´1, ¨,xi`1:nqpzq| (3.19)

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rd
dxihvpz ´ xiqDxiDxkupt,x1:i´1,xi,xi`1:nq

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rd
dxiDxihvpz ´ xiq b

´

Dxkupt,x1:i´1,xi,xi`1:nq ´Dxkupt,x1:i´1, z,xi`1:nq

¯

ˇ

ˇ

ˇ

ˇ

ˇ

,

integrating by parts and using a usual cancellation argument in the above equality.
To handle the above expression we are led to consider separately the time integration

interval corresponding to the diagonal and the off-diagonal regime for the considered
running time. We hence introduce the time set Si “ ts P rt, T s : ps´ tq ď c0|xi´z|

2{p2i´1qu

for a constant c0 to be specified later on and meant to be small. The time set Si corresponds
to the off-diagonal regime (i.e. the distance between the ith spatial is larger than the ith
characteristic time scale).

††. We could also observe from Proposition 4 that this term could also be directly bounded from the
supremum norm of the gradient.
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The complementary set Sci “ ts P rt, T s : ps ´ tq ą c0|xi ´ z|2{p2i´1qu corresponds to
the diagonal one (i.e. the distance between the ith spatial variable is smaller than the ith
characteristic time.

Then, we need to expand suitably the terms in (3.19) with our perturbative ap-
proach. To this end, we proceed as in Chapter 6. Namely, we will expand the term
Dxkupt,x1:i´1,xi,xi`1:nq with (2.21) taking ξ “ x, whereas we will expand differently the
contribution Dxkupt,x1:i´1, z,xi`1:nq, depending on the considered regime (off-diagonal
or diagonal) for the current running time. Setting x1 “ px1:i´1, z,xi`1:nq, this term will
indeed be expand as in (2.21) around the freezing point ξ1 “ x1 in the off-diagonal regime
and around ξ̃

1
“ x in the diagonal one. Denoting by t0 “ t`c0|xi´z|

2{p2i´1q the transition
time between the two regimes, we hence write (see also Section 2 in Chapter 6):

upt,x1q “ G̃ξ1

t0,tfpt,x
1
q ` G̃ξ̃

1

T,t0
fpt,x1q

`P̃ ξ1

t0,tupt0,x
1
q ´ P̃ ξ̃

1

t0,tupt0,x
1
q

`

ż T

t

ds

ż

Rnd
dy

´

Isďt0 p̃ξ
1

pt, s,x1,yqpLs ´ L̃
ξ1

s q

`Isąt0 p̃ξ̃
1

pt, s,x1,yqpLs ´ L̃
ξ̃
1

s q

¯

ups,yq, (3.20)

where we denoted for all ξ1 P Rnd:

@0 ď v ă r ď T, G̃ξ1

r,vfpt,x
1
q “

ż r

v

ds

ż

Rnd
dyp̃ξ

1

pt, s,x1,yqfps,yq. (3.21)

Differentiating (3.19) w.r.t. xk and setting then ξ1 “ x1, ξ̃
1
“ x, we rewrite:

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq “:
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|Si

`
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|Sci `
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|BSi ,

(3.22)

where, thanks to (2.21), (3.20) and then (3.19):
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|Si

:“

ż

Si
ds

ż

Rd
dxiDzhvpz ´ xiq

! ”

Hξ
k ps,xq ´H

ξ1

k ps,x
1
q

ı

`

”

Iξk ps,xq ´ I
ξ1

k ps,x
1
q

ı )

,

(3.23)

corresponds to the difference of the previous expansions on the off-diagonal regime,
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|Sci (3.24)

:“

ż

Sci
ds

ż

Rd
dxiDzhvpz ´ xiq

! ”

Hξ
k ps,xq ´H

ξ̃
1

k ps,x
1
q

ı

`

”

Iξk ps,xq ´ I
ξ̃
1

k ps,x
1
q

ı )

,

is the contribution of the diagonal regime and
`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|BSi

:“

ż

Rd
dxiDzhvpz ´ xiq

!

DxkP̃
ξ1

t0,tupt0,x
1
q ´DxkP̃

ξ̃
1

t0,tupt0,x
1
q

)

, (3.25)

is the resulting boundary term. This last term, arising from the change of freezing point,
is particularly delicate to analyze.
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Off-diagonal estimates: control of (3.23). On the time set Si, we cannot expect some
regularization from the difference of the transition densities so that we bluntly estimate
the terms appearing in (3.23), writing:

|hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq|
ˇ

ˇ

ˇ

Si

:“

ˇ

ˇ

ˇ

ˇ

ż

Rd
dxiDzhvpz ´ xiq

`

ż

Si
ds

”

Hξ
k ps,xq ´H

ξ1

k ps,x
1
q

ı

`

ż

Si
ds

”

Iξk ps,xq ´ I
ξ1

k ps,x
1
q

ı

˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξ,ξ1q“px,x1q

ď

ż

Rd
dxi

hcvpz ´ xiq

v
1
2

ż

Si
ds

ˆ

ˇ

ˇHξ
k ps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
`
ˇ

ˇHξ1

k ps,x
1
q
ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

`
ˇ

ˇIξk ps,xq
ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x
`
ˇ

ˇIξ
1

k ps,x
1
q
ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

˙

. (3.26)

Those terms can then be handled following the previous analysis performed in Theorem
3 and Lemma 3, observing here that, w.r.t. the previous proofs, the above terms are
not differentiated w.r.t. x1. This improves the exponents of the time singularities of 1{2.
Similarly to (2.23), (2.25), (2.27) and (2.28) this therefore yields for the terms Hξ

k ps,xq:
ˇ

ˇ

ˇ
Hξ
k ps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď C
`

ps´ tq´1`δki ` }DD1u}8
˘

, (3.27)

with 1 ąδki ą 1{2.
Reproducing the arguments that led to equations (2.31), (2.32), (2.39) and the state-

ment of Lemma 3, exploiting again that there is now no differentiation w.r.t. x1 we get
with the notations of (2.35)

ˇ

ˇ

ˇ
Iξk ps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

ď Cps´ tq´1`γki
`

}Du}8 ` sup
s̄Pr0,T s

}DiDku
i
ps, ¨q}

B
αk
i
´1

8,8

q.

Similar bounds hold for
ˇ

ˇ

ˇ
Hξ1

k ps,x
1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1
and

ˇ

ˇ

ˇ
Iξ
1

k ps,x
1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1
. Hence, from (3.27) and

(3.28),
ż

Si
ds

˜

ˇ

ˇ

ˇ
Hξ
k ps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ
Hξ1

k ps,x
1
q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1
`

ˇ

ˇ

ˇ
Iξk ps,xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ“x

`

ˇ

ˇ

ˇ
Iξ
1

k ps,x
1
q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξ1“x1

¸

ď C
´

ż pt`c0|xi´z|
2

2i´1 q^T

t

ds
´

`

ps´ tq´1`δki }Du}8 ` }DD1u}8
˘

`ps´ tq´1`γki p}Du}8 ` sup
s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

q

¯

ď C
´

|xi ´ z|
2δki
2i´1 ^ pT ´ tqδ

k
i p}Du}8 ` }DD1u}8q

`|xi ´ z|
2γki
2i´1 ^ pT ´ tqγ

k
i p}Du}8 ` sup

s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

q

¯

ď C|xi ´ z|
αki T δ

1
´

}Du}8 ` }DD1u}8 ` sup
s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

¯

, (3.28)
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for some δ1 :“ δ1ppAqq ą 0, denoting by

sup
s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

:“ sup
s̄Pr0,T s,zj , jPrr1,nss,j‰i

}DxiDxku
i
ps̄, z1,i´1, ¨, zi`1,nq}

B
αk
i
´1

8,8

,

(3.29)
and recalling for the last inequality that γki “ 1{2 ` ηpi ´ 3{2q so that 2γki {p2i ´ 1q “
r1 ` 2ηpi ´ 3{2qs{p2i ´ 1q ą p1 ` η{4q{p2i ´ 1q “ αki (see also the statements of Lemmas
3 and 4) and similarly for the contributions involving δki ą 1{2. We eventually get from
(3.28) and (3.26):

|hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq|
ˇ

ˇ

ˇ

Si

ďCT δ
1
´

}Du}8 ` }DD1u}8 ` sup
s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

¯

ż

Rd
dxi

hcvpz ´ xiq

v
1
2

|z ´ xi|
αki

ďCT δ
1
´

}Du}8 ` }DD1u}8 ` sup
s̄Pr0,T s

}
`

DxiDxku
˘

i
ps̄, ¨q}

B
αk
i
´1

8,8

¯

v
αki ´1

2 . (3.30)

Diagonal estimates: control of the term (3.24). We are now going to handle the
term (3.24) which correspond to the r.h.s. of (3.19) on Sci . In that case the points xi
and x1i are close w.r.t. the characteristic time scale of the ith variable and the main idea
consists in controlling the difference between the frozen densities at ξ “ ξ̃

1
“ x with

starting points x and x1 respectively. Precisely, recalling that x and x1 only differ in the
ith component, we can write:

Dxk p̃
ξ
pt, s,x,yq´Dxk p̃

ξ
pt, s,x1,yq “ ´

ż 1

0

dλDxi

´

Dxk p̃
ξ
pt, s,x`λpx1´xq,yq

¯

¨ px1´xqi.

(3.31)
From Lemma 1 we thus derive:

|Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x1,yq| ď

C|px1 ´ xqi|

ps´ tqpi´
1
2
q`pk´ 1

2
q

ż 1

0

dλp̂ξC´1pt, s,x` λpx
1
´ xq,yq.

(3.32)
Now, from the definition of p̂C´1 in Proposition 2, recalling as well from (2.7) that x ÞÑ
mξ

s,tpxq is affine, we get:

|p̂ξC´1pt, s,x` λpx
1
´ xq,yq|

ď
C

ps´ tq
n2d

2

expp´cps´ tq|T´1
s´tpm

ξ
s,tpx` λpx

1
´ xqq ´ yq|2q

ď
C

ps´ tq
n2d

2

exppcps´ tq|T´1
s´tm

ξ
s,tpx´ x1q|2q expp´

c

2
ps´ tq|T´1

s´tpm
ξ
s,tpxq ´ yq|2q.

Using the rescaling arguments of the proof of Proposition 2 on the resolvent (see
equation (2.13)), we then get ps ´ tq

1
2 |T´1

s´tm
ξ
s,tpx ´ x1q| ď Cps ´ tq

1
2 |T´1

s´tpx ´ x1q| “

Cps´ tq´i`1{2|px1 ´ xqi| ď C, from the very definition of Sci . Hence,

|p̂ξC´1pt, s,x` λpx
1
´ xq,yq| ď

C

ps´ tq
n2d

2

expp´
c

2
ps´ tq|T´1

s´tpm
ξ
s,tpxq ´ yq|2q,
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so that, from (3.32) and recalling that on Sci , |px1 ´ xqi|{ps´ t ď Cp|px1 ´ xqi|{ps´ tqq
αki ,

the following important control holds:

|Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x1,yq| ď

C|px1 ´ xqi|
αki

ps´ tqα
k
i pi´

1
2
q`pk´ 1

2
q
p̂ξC´1pt, s,x,yq. (3.33)

Write now from (3.24), recalling that ξ̃
1
“ ξ,

|hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq|
ˇ

ˇ

ˇ

Sci

:“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rd
dxiDzhvpz ´ xiq

´

ż

Sci
ds

”

Hξ
k ps,xq ´H

ξ
k ps,x

1
q

ı

`

ż

Sci
ds

”

Iξk ps,xq ´ I
ξ
k ps,x

1
q

ı ¯

ˇ

ˇ

ˇ

ˇ

ˇ

,

(3.34)

and let us discuss how the terms Hξ
k ps,xq ´ Hξ

k ps,x
1q, Iξk ps,xq ´ Iξk ps,x

1q in the above
equation can be handled.

We first focus on the term Iξk ps,xq ´ Iξk ps,x
1q in (3.34). This contribution, associated

with the degenerate components of perturbed operator, is again the most delicate to
handle. From the definitions in (2.30) we are led to control the sum

ř3
`“1rI

ξ
`,kps,xq ´

Iξ`,kps,x
1qs. For the terms Iξ1,kps,xq ´ Iξ1,kps,x

1q, Iξ2,kps,xq ´ Iξ2,kps,x
1q we are going to

reproduce the analysis leading to (2.31), (2.32). Observe first that the above terms do not
involve Dx1 , therefore we gain a singularity of order 1{2 w.r.t. to the indicated equations
(2.31), (2.32). On the other hand, the difference of the derivatives of the frozen densities
w.r.t. xk can be handled with (3.33). This leads to:

ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

`“1

ż T

t`c0|px1´xqi|
2

2i´1

ds
´

Iξ`,kps,xq ´ I
ξ
`,kps,x

1
q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ďC|px1 ´ xqi|
αki }Du}8

n
ÿ

j“k

ż T

t

dsps´ tq´pk´
1
2
q´αki pi´

1
2
q
´

ps´ tqβjpj´
1
2
q
` ps´ tqp1`ηqpj´

1
2
q
¯

,

changing the summation variables from (2.31) for notational simplicity.
From the very definition of αki “ p1` η{4q{p2i´ 1q in Lemma 3 and the specific choice

of η in assumption (A) (see (Hη)) we derive
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

`“1

ż T

t`c0|px1´xqi|
2

2i´1

ds
´

Iξ`,kps,xq ´ I
ξ
`,kps,x

1
q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď C|px1 ´ xqi|
αki }Du}8T

δ, (3.35)

for some δ ą 0.
From the previous analysis it is therefore sufficient to focus on the tricky term, namely

I3,kps,xq introduced in (2.30). We begin the proof considering first I3,kps,xq. Exploiting
as well Lemma 1 for a centering argument w.r.t. the kth variable, we write:

Iξ3,kps,xq ´ I
ξ
3,kps,x

1
q

“

k
ÿ

`“2

ż

Rnd
dy

´

F`ps,y1:k´1,θ
k:n
s,t pξqq ´ F`ps,θs,tpξqq ´D`´1F`ps,θs,tpξqq

`

y ´ θs,tpξq
˘

`´1

¯

ˆ

´

Dy`ups,yq ´Dy`ups,y1:k´1,θ
k:n
s,t pξqq

¯

`

Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x1,yq

˘

.
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Let us reproduce now the arguments used in Section 2.2 to handle Iξ3,k (see e.g. the compu-
tations from equation (2.33) to (2.34)). Expanding with the Taylor formula the difference
´

Dy`ups,yq ´ Dy`ups,y1:k´1,θ
k:n
s,t pξqq

¯

, using the Schwarz theorem to exchange the or-
der of differentiations ‡‡, we obtain with the notations of (2.35) (see also the comments
following this equation):

Iξ3,kps,xq ´ I
ξ
3,kps,x

1
q

“

n
ÿ

m“k

k
ÿ

`“2

ż 1

0

dλ

ż

Rnd
dy

„

´

F`ps,y1:k´1,θ
k:n
s,t pξqq ´ F`ps,θs,tpξqq ´D`´1F`ps,θs,tpξqq

`

y ´ θs,tpξq
˘

`´1

¯

ˆ
`

Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x1,yq

˘

py ´ θs,tpξqqm



Dy`Dymu
`

s,y1:k´1,θ
k:n
s,t pξq ` λpy ´ θs,tpξqqk:n

˘

“:
n
ÿ

m“k

k
ÿ

`“2

ż 1

0

dλ

ż

Rnd
dy

„

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m py`q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m py`q



Dy`Dymu
`

s,y1:k´1,θ
k:n
s,t pξq ` λpy ´ θs,tpξqqk:n

˘

.

Thus, we derive similarly to (2.39):

|Iξ3,kps,xq ´ I
ξ
3,kps,x

1
q| ď

n
ÿ

m“k

k
ÿ

`“2

ż

Rpn´1qd

dpy1:`´1,y``1:nq (3.36)

#

›

›

›

›

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q

›

›

›

›

B
1´αm

`
1,1

ˆ sup
zj ,jPrr1,nss,j‰`

›

›

›

›

D`Dmups, z1:`´1, ¨, z``1:nq

›

›

›

›

B
αm
`
´1

8,8

+

,

where
ş

Rpn´1qd dpy1:`´1,y``1:nq means that we integrate over y1:`´1 and y``1:n. To conclude,
we need the following appropriate version of Lemma 3 to handle the Besov norm with
negative exponent in the above r.h.s. Its proof is postponed to the next section.

Lemma 5 Let k P rr2, nss, ` P rr2, kss and m P rrk, nss and let Ψ
ps,y1:`´1,y``1:nq,pt,xq

`,pk,iq,m : Rd Ñ Rd

be the function defined by (2.35). There exist C :“ CppAqq ą 0 and γm` :“ γm` ppAqq :“
1{2` ηp`´ 3{2q ą 1{2 such that

›

›

›

›

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q

›

›

›

›

B
1´αm

`
1,1

ď Cq̂cz`pt, s,x, py1:`´1,y``1:nqqps´ tq
´1´pi´ 1

2
qαki`γ

m
` |px´ x1qi|

αki ,

with q̂cz`pt, s,x, py1:`´1,y``1:nqq as in (2.40).

‡‡. Recall indeed that what we are able to control is precisely the Hölder moduli of the derivatives
Dym

ups, ¨q w.r.t. variables ` ď m .
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Again, for the specific choice of αki “ p1` η{4q{p2i´ 1q performed in the proof of Lemma
3, we eventually derive from Lemma 5 and (3.36), with the notation of (3.29), that:

ż

Sci
ds|Iξ3,kps,xq ´ I

ξ
3,kps,x

1
q|

ď C

˜

n
ÿ

m“k

k
ÿ

`“2

sup
sPr0,T s

}
`

D`Dmu
˘

`
ps, ¨q}

B
´1`αm

`
8,8

ż T

t

dsps´ tq´1´pi´ 1
2
qαki`γ

m
`

¸

|px´ x1qi|
αki

ď CT δ sup
mPrrk,nss,`Prr1,kss,sPr0,T s

}
`

D`Dmu
˘

`
ps, ¨q}

B
αm
`
´1

8,8

|px´ x1qi|
αki , (3.37)

for some δ :“ 3η{8 ą 0. Combining this estimate together with (3.35) we eventually derive

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Sci
ds

”

Iξk ps,xq ´ I
ξ
k ps,x

1
q

ı

ˇ

ˇ

ˇ

ˇ

ˇ

ď T δC|px1 ´ xqi|
αki

˜

}Du}8 ` sup
mPrrk,nss,`Prr1,kss,sPr0,T s

}
`

D`Dmu
˘

`
ps, ¨q}

B
αm
`
´1

8,8

¸

.(3.38)

Now, the term Hξ
k ps,xq´H

ξ
k ps,x

1q in (3.34) (non-degenerate variables) can be handled
reproducing the same previous arguments for Iξk ps,xq ´ Iξk ps,x

1q, exploiting (3.33) and
following the computations performed for Hk in the proof of Theorem 3 (see e.g. (2.29)).
From the definition of Sci we obtain:

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

t`c0|px1´xqi|
2

2i´1

ds
´

Hξ
k ps,xq ´H

ξ
k ps,x

1
q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď C|px1 ´ xqi|
αki
`

}DDx1u}8 ` }Du}8
˘

ż T

t

dsps´ tq´1´αki pi´
1
2
q`δki

ď C|px1 ´ xqi|
αki
`

}DDx1u}8 ` }Du}8
˘

T δ, (3.39)

for some δ ą 0 recalling that δki ą 1{2 for the last inequality. The arguments needed to
control this term are actually those already exploited in [CdR17] when n “ 2.

Gathering equations (3.38) and (3.39), we finally derive with the notations of (3.34):

|hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq|
ˇ

ˇ

ˇ

Sci

ď CT δ
ż

Rd
dxi

hcvpz ´ xiq

v
1
2

|xi ´ z|
αki

ˆ

´

}DDx1u}8 ` }Du}8 ` sup
2ď`ďmďn,sPr0,T s

}
`

D`Dmu
˘

`
ps, ¨q}

B
αm
`
´1

8,8

¯

ď CT δv
αki ´1

2

´

}DDx1u}8 ` }Du}8 ` sup
2ď`ďmďn,sPr0,T s

}
`

D`Dmu
˘

`
ps, ¨q}

B
αm
`
´1

8,8

¯

.

(3.40)
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Discontinuity term associated with the regime time change: control of the
term (3.25). Here, we aim at handling

`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|BSi

“

ż

Rd
dxiDzhvpz ´ xiq

!

DxkP̃
ξ1

t0,tupt0,x
1
q ´DxkP̃

ξ̃
1

t0,tupt0,x
1
q

)

,

which we will actually handle like the off-diagonal components. Recall here that the tran-
sition time t0 “ t ` c0|px´ x1qi|

2{p2i´1q and that pξ1, ξ̃
1
q “ px1,xq, where these values

are again plugged in the expansions after the derivations. From Lemma 1 (cancellation
argument), we write:

DxkP̃
ξ1

t0,tupt0,x
1
q ´DxkP̃

ξ̃
1

t0,tupt0,x
1
q (3.41)

“

ż

Rnd
Dxk p̃

ξ1
pt, t0,x

1,yqrupt0,yq ´ upt0,y1:k´1, pθt0,tpx
1
qqk:nqsdy

´

ż

Rnd
Dxk p̃

ξ
pt, t0,x

1,yqrupt0,yq ´ upt0,y1:k´1, pm
ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nqsdy

“

#

ż

Rnd
Dxk p̃

ξ1
pt, t0,x

1,yqrupt0,yq ´ upt0,y1:k, pθt0,tpx
1
qqk`1:nqsdy

´

ż

Rnd
Dxk p̃

ξ
pt, t0,x

1,yq
”

upt0,yq ´ upt0,y1:k, pθt0,tpx
1
qqk`1:nq

ı

dy

+

(3.42)

`

#

”

ż

Rnd
Dxk p̃

ξ1
pt, t0,x

1,yq
”

upt0,y1:k, pθt0,tpx
1
qqk`1:nq ´ upt0,y1:k´1, pθt0,tpx

1
qqk:nq

´xDkupt0,y1:k´1, pθt0,tpx
1
qqk:nq, py ´ θt0,tpx

1
qqky

ı

dy
ı

´

”

ż

Rnd
Dxk p̃

ξ
pt,t0,x

1,yqrupt0,y1:k,pθt0,tpx
1
qqk`1:nq´upt0,y1:k´1,pm

ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq

´xDkupt0,y1:k´1, pm
ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq, py ´mξ

t0,tpx
1
qqkysdy

ı

+

(3.43)

`

#

ż

Rnd
Dxk p̃

ξ1
pt, t0,x

1,yqxDkupt0,y1:k´1, pθt0,tpx
1
qqk:nq, py ´ θt0,tpx

1
qqkydy (3.44)

´

ż

Rnd
Dxk p̃

ξ
pt,t0,x

1,yqxDkupt0,y1:k´1,pm
ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq, py´mξ

t0,tpx
1
qqkydy

+

“: pBξ1,ξ̃
1

1 `Bξ1,ξ̃
1

2 `Bξ1,ξ̃
1

3 qpt0,x
1
q.

We now exploit the Hölder regularity of Dku w.r.t. the kth variable to control the terms
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in Bξ1,ξ̃
1

2 pt0,x
1q defined in (3.43). Let us first write from the previous decomposition:

|Bξ1,ξ̃
1

2,1 pt0,x
1
q|

:“
ˇ

ˇ

ˇ

ż

Rnd
Dxk p̃

ξ1
pt, t0,x

1,yq
”

upt0,y1:k, pθt0,tpx
1
qqk`1:nq ´ upt0,y1:k´1, pθt0,tpx

1
qqk:nq

´xDkupt0,y1:k´1, pθt0,tpx
1
qqk:nq, py ´ θt0,tpx

1
qqky

ı

dy
ˇ

ˇ

ˇ

“

ż

Rnd

ż 1

0

dλ
ˇ

ˇ

ˇ
Dxk p̃

ξ1
pt, t0,x

1,yq
ˇ

ˇ

ˇ
rDkupt0,y1:k´1, ¨, pθt0,tpx

1
qqk`1:nqsαkk

|py´θt0,tpx
1
q
˘

k
|
1`αkkdy,

where r¨sαkk denotes the Hölder modulus of order αkk. From Proposition 2, we thus derive:

|Bξ1,ξ̃
1

2,1 pt0,x
1
q| ď Cpt0 ´ tq

αkkpk´
1
2
q sup

zj ,jPrr1,nss, j‰k

rDkupt0, z1:k, ¨, zk`1:nqsαkk

ˆ

ż

Rpn´1qd

dy1:k´1dyk`1:nq̂C´1zkpt, s,x, py1:k´1,yk`1:nqq

“ Cpt0 ´ tq
1
2
`
η
8 rpDkuqkpt0, ¨qsαkk , (3.45)

recalling from (3.12) that αkk “ p1` η{4q{p2k ´ 1q and using the notation of (1.2) for the
last inequality. The same arguments readily give:

|Bξ1,ξ̃
1

2,2 pt0,x
1
q|

:“
ˇ

ˇ

ˇ

ż

Rnd
Dxk p̃

ξ
pt, t0,x

1,yqrupt0,y1:k, pθt0,tpx
1
qqk`1:nq ´ upt0,y1:k´1, pm

ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq

´xDkupt0,y1:k´1, pm
ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq, py ´mξ

t0,tpx
1
qqkysdy

¯
ˇ

ˇ

ˇ

ď Cpt0 ´ tq
1
2
`
η
8 rpDkuqkpt0, ¨qsαkk . (3.46)

Let us now deal with the contribution Bξ1,ξ̃
1

1 pt0,x
1q in (3.42). Observe from this definition

that this term is non zero if and only if k ă n. Write then

|Bξ1,ξ̃
1

1 pt0,x
1
q|

ď

ż

Rnd
|Dxk p̃

ξ1
pt, t0,x

1,yq||upt0,yq ´ upt0,y1:k, pθt0,tpx
1
qqk`1:nq|dy

`

ż

Rnd
|Dxk p̃

ξ
pt, t0,x

1,yq||upt0,yq ´ upt0,y1:k, pθt0,tpx
1
qqk`1:nq|dy

ď C}Du}8

ˆ
ż

Rnd

dy

pt0 ´ tq
k´ 1

2

p̂ξ
1

C´1pt, t0,x
1,yq|pθt0,tpx

1
q ´ yqk`1:n| (3.47)

`

ż

Rnd

dy

pt0 ´ tq
k´ 1

2

p̂ξC´1pt, t0,x
1,yq

`

|pmx
t0,t
px1q ´ yqk`1:n|`|pm

x
t0,t
px1q ´ θt0,tpx

1
qqk`1:n|

˘

˙

.

To deal with the last contribution in the r.h.s., we will need some auxilliary lemmas
already used in Chapter 6 for Schauder estimates. Namely, analogously to Lemmas 1 and
3 therein, we have the following result.
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Lemma 6 There exists ϑ “ ϑppAqq P p0, 1q s.t. for all j P rrk, nss:

|pmx
t0,t
px1q ´ θt0,tpx

1
qqj| ď cϑ0 |px´ x1qi|

2j´1
2i´1 . (3.48)

In particular, recalling that t0 “ t` c0|px´ x1qi|
2

2i´1 with |px´ x1qi| ď 1, we obtain

}Du}8

pt0 ´ tq
k´ 1

2

|pmx
t0,t
px1q ´ θt0,tpx

1
qqk`1:n| ď

}Du}8

c
k´ 1

2
0 |px´ x1qi|

2k´1
2i´1

cϑ0 |px´ x1qi|
2pk`1q´1

2i´1

ď }Du}8c
ϑ´pk´ 1

2
q

0 |px´ x1qi|
2

2i´1

ď }Du}8c
ϑ´pk´ 1

2
q

0 |px´ x1qi|
αki .

Plugging the above control in (3.47) we obtain

|Bξ1,ξ̃
1

1 pt0,x
1
q| ď C}Du}8

!

2pt0 ´ tq ` c
ϑ´pk´ 1

2
q

0 |px´ x1qi|
αki

)

. (3.49)

Let us eventually control the term Bξ1,ξ̃
1

3 pt0,x
1q defined in (3.44) which we rewrite in the

following way:

Bξ1,ξ̃
1

3 pt0,x
1
q

“

#

ż

Rnd
dyDxk p̃

ξ1
pt, t0,x

1,yq
A

“

Dkupt0,y1:k´1, pθt0,tpx
1
qqk:nq ´Dkupt0,θt0,tpx

1
qq
‰

,

py ´ θt0,tpx
1
qqk

E

´

ż

Rnd
dyDxk p̃

ξ
pt, t0,x

1,yq
A

“

Dkupt0,y1:k´1, pm
ξ
t0,tpx

1
qqk,θt0,tpx

1
qk`1:nq

´Dkupt0, pm
ξ
t0,tpx

1
qq1:k,θt0,tpx

1
qk`1:nq

‰

py ´mξ
t0,tpx

1
qqk

E

+

`

#

ż

Rnd
dyDxk p̃

ξ1
pt, t0,x

1,yq

ˆ

A

rDkupt0,θt0,tpx
1
qq ´Dkupt0, pm

ξ
t0,tpx

1
qq1:k,θt0,tpx

1
qk`1:nq, py ´ θt0,tpx

1
qqk

E

+

´

#

ż

Rnd
dyDxk p̃

ξ
pt, t0,x

1,yq
A

Dkupt0, pm
ξ
t0,tpx

1
qq1:k,θt0,tpx

1
qk`1:nq, py ´mξ

t0,tpx
1
qqk

E

´

ż

Rnd
dyDxk p̃

ξ1
pt, t0,x

1,yq
A

Dkupt0, pm
ξ
t0,tpx

1
qq1:k,θt0,tpx

1
qk`1:nq, py ´ θt0,tpx

1
qqk

E

+

,

where, thanks to Proposition 3 the last contribution is actually 0. For the first and second
contributions in the above r.h.s. we have, thanks to the Hölder regularity of x1:k ÞÑ

Dkup¨,x1:k, ¨q, Proposition 2 and Lemma 6:
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Bξ1,ξ̃
1

3 pt0,x
1
q

ďC

ż

Rnd
dy

!

p̂ξ
1

C´1pt, t0,x
1,yq ` p̂ξC´1pt, t0,x

1,yq
)

k´1
ÿ

j“1

rpDkuqjpt0, ¨qsαkj pt0 ´ tq
αkj pj´

1
2
q

`C

ż

Rnd
dyp̂ξ

1

C´1pt, t0,x
1,yq

k
ÿ

j“1

rpDkuqjpt0, ¨qsαkj pt0 ´ tq
αkj pj´

1
2
q

ďC
´

k
ÿ

j“1

rpDkuqjpt0, ¨qsαkj

¯

pt0 ´ tq
1
2
`
η
8 , (3.50)

with again the notation of (1.2). Thus, plugging estimates (3.45), (3.46), (3.49) and (3.50)
in (3.41) we deduce that

|DxkP̃
ξ1

t0,tupt0,x
1
q ´DxkP̃

ξ̃
1

t0,tupt0,x
1
q|

ď Cpt0 ´ tq
1
2
`
η
8 rpDkuqkpt0, ¨qsαkk ` C}Du}8

!

pt0 ´ tq ` c
ϑ´pk´ 1

2
q

0 |px´ x1qi|
αki

)

`C
´

k
ÿ

j“1

rpDkuqjpt0, ¨qsαkj

¯

pt0 ´ tq
1
2
`
η
8

ď Cpt0 ´ tq
1
2
`
η
8 }
`

D2
ku
˘

k
pt0, ¨q}

B
αk
k
´1

8,8

` C}Du}8

!

pt0 ´ tq ` c
ϑ´pk´ 1

2
q

0 |px´ x1qi|
αki

)

`C
´

k
ÿ

j“1

}
`

DjDku
˘

j
pt0, ¨q}

B
αk
j
´1

8,8

¯

pt0 ´ tq
1
2
`
η
8 . (3.51)

The last inequality is a consequence of Proposition 4, stated in Appendix 5.2, which allows
to dominate the Hölder norms

´

rpDkuqjpt0, ¨qsαkj

¯

2ďjďkďn
in terms of the Besov norms

´

}
`

DjDku
˘

j
pt0, ¨qq}

B
αk
j
´1

8,8

¯

2ďjďkďn
, with the notations of (3.29). This point is actually

crucial to complete our circular argument.
From the definition of t0 “ t` c0|px´x1qi|

2{p2i´1q and αki “ p1`η{4q{p2i´1q, recalling
that t0 ´ t is small as well (i.e. t0 ´ t ď Cpt0 ´ tq

1{2`η{8), we obtain from (3.51):

|DxkP̃
ξ1

t0,tupt0,x
1
q ´DxkP̃

ξ̃
1

t0,tupt0,x
1
q|

ď C

#

c
1
2
`
η
8

0

´

k
ÿ

j“1

}
`

DjDku
˘

j
pt0, ¨q}

B
αk
j
´1

8,8

¯

` pc
ϑ´pk´ 1

2
q

0 ` c
1
2
`
η
8

0 q}Du}8

+

|px´ x1qi|
αki .

Thus, from (3.25), there exists δ̃ :“ δ̃ppAqqP p0, 1q such that
ˇ

ˇ

ˇ

`

hv ‹DxiDxkupt,x1:i´1, ¨,xi`1:nqpzq
˘

|BSi

ˇ

ˇ

ˇ

ď v
αki ´1

2 Cpc´δ̃
´1

0 }Du}8 ` c
δ̃
0 max

2ď`ďmďn
}
`

D`Dmu
˘

`
pt0, ¨q}

B
αm
`
´1

8,8

q. (3.52)
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Conclusion: control of (3.22). Plugging (3.30), (3.40) and (3.52) into (3.22), (3.19),
we eventually derive that for some positive δ̃ :“ δ̃ppAqq ą 0:

}DxiDxkupt,x1:i´1, ¨,xi`1,nq}
B
αk
i
´1

8,8

(3.53)

ď C
´

c´δ̃
´1

0 }Du}8 ` }DDx1u}8 `
`

cδ̃0 ` T
δ̃
˘

sup
sPr0,T s,2ď`ďmďn

}
`

D`Dmu
˘

`
ps, ¨q}

B
αm
`
´1

8,8

¯

.

The main point to close our circular argument consists then in taking the supremums
over w.r.t. x1:i´1,xi`1:n, i, k and t P r0, T s on the l.h.s. and to tune the constant c0 and
the terminal time T in order to obtain C

`

cδ̃0 ` T δ̃
˘

ď 1{2. We then derive that for all
2 ď i ď k ď n:

sup
tPr0,T s

}
`

DiDku
˘

i
pt, ¨q}

B
αk
i
´1

8,8

ď Ct}Du}8 ` }DDx1u}8u, (3.54)

which concludes the proof of Lemma 4.

3.3 Proof of the technical lemmas

Proof: [Proof of Lemma 5]
We follow the proof of Lemma 3, concentrating on the case ` ď k ´ 1, the specific

case ` “ k could be treated similarly considering the slightly different cancellation terms
already discussed in Lemma 3. The quantity to estimate is now:

„

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q



. (3.55)

Splitting the thermic part of the Besov norm as in (3.1), we obtain the same kind estimate
for the non-singular in time part. Indeed, we point out that the difference (3.55) does not
involve Dx1 , therefore we gain a singularity of order 1{2 w.r.t. to equation (3.2). On
the other hand, the difference of the derivatives of the frozen densities w.r.t. xk can be
handled with (3.33). Choosing ρ`,m “ 2` ´ 1 as in the proof of Lemma 3, and recalling
that αki pi´ 12{q “ p1` η{4q{2 (see (3.12)), it is plain to check that:

U

„

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q



ď
C̃|px´ x1qi|

αki

ps´ tq1`α
k
i pi´

1
2
q´γm`

q̂cz`pt, s,x, py1:`´1,y``1:nqq, (3.56)

where from (Hη), 1`αki pi´1{2q´γm` ă 1. Turning to the singular in time contribution of
the thermic part of the Besov norm of (3.55) we decompose with the notations of Lemma
3 (see e.g. (3.6), (3.7) which exhibit an additional spatial derivative):

L

„

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q



“:

ż ps´tq
ρ`,m

0

dww
αm` ´1

2

ż

Rd
dz̃|pT

ps,y1:`´1,y``1:nq,pt,x,x
1q

1,`,k,m `T
ps,y1:`´1,y``1:nq,pt,x,x

1q

2,`,k,m q
`

w, z̃
˘

|,
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where ` ă k ď m and:

T
ps,y1:`´1,y``1:nq,pt,x,x

1q

1,`,k,m

`

w, z̃
˘

(3.57)

“

ż

Rd
Bwhwpz̃ ´ y`q

`

Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x1,yq

˘

@

F`ps,y1:k´1,θ
k:n
s,t pξqq ´ F`ps,y1:`´1, z̃,y``1:k´1,θ

k:n
s,t pξqq

˘

, py ´ θs,tpξqqm
D

dy`,

with a slight abuse of notation when ` “ k ´ 1 and

T
ps,y1:`´1,y``1:nq,pt,xq

2,`,k,m

`

w, z̃
˘

(3.58)

“

ż

Rd
Bwhwpz̃ ´ y`q

«

´

Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x,y1:`´1, z̃,y``1:nq

¯

´

´

Dxk p̃
ξ
pt, s,x1,yq ´Dxk p̃

ξ
pt, s,x1,y1:`´1, z̃,y``1:nq

¯

ff

A

F`ps,y1:`´1, z̃,y``1:k´1,θ
k:n
s,t pξqq ´ F`ps,θs,tpξqq ´Dx`´1

F`ps,θs,tpξqqpy ´ θs,tpξqq`´1,

py ´ θs,tpξqqm

E

dy`.

Note now that when proceeding first as in (3.31), (3.32) and then control the resulting
difference as in (3.7) we get, thanks to (3.33), that:

ˇ

ˇ

ˇ

ˇ

ˇ

´

Dxk p̃
ξ
pt, s,x,yq ´Dxk p̃

ξ
pt, s,x,y1:`´1, z̃,y``1:nq

¯

´

´

Dxk p̃
ξ
pt, s,x1,yq ´Dxk p̃

ξ
pt, s,x1,y1:`´1, z̃,y``1:nq

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C̃

ps´ tq`´
1
2
`i´ 1

2
`k´ 1

2

ż 1

0

dλp̂ξC´1pt, s,x,y1:`´1, z̃`λpy`´zq,y``1:nq|px
1
´xqi||z̃´y`|

ď
C̃

ps´tqp`´
1
2
q`αki pi´

1
2
q`pk´ 1

2
q

ż 1

0

dλp̂ξC´1pt, s,x,y1:`´1, z̃`λpy`´zq,y``1:nq|px
1
´xqi|

αki |z̃´y`|,

using the fact we are in the diagonal regime in the last inequality. With this control at
hand, together with estimate (3.33), to handle the contributions pT ps,y1:`´1,y``1:nq,pt,xq

1,`,k,m `

T
ps,y1:`´1,y``1:nq,pt,xq

2,`,k,m q
`

w, z̃
˘

, we can mimic the proof of the estimation of the contributions
pT

ps,y1:i´1,yi`1:nq,pt,xq
1,i,pl,1q,k `T

ps,y1:i´1,yi`1:nq,pt,xq
2,i,pl,1q,k q

`

v, z
˘

done in Lemma 3 to obtain

L

„

Ψ
ps,y1:`´1,y``1:nq,pt,xq
`,k,m p¨q ´Ψ

ps,y1:`´1,y``1:nq,pt,x
1q

`,k,m p¨q



ď C̃q̂cz`pt, s,x, py1:`´1,y``1:nqq|px
1
´ xqi|

αki

ż ps´tq
ρ`,m

0

dww
αm` ´1

2

#

1

w1´
β`
2 ps´ tqα

k
i pi´

1
2
q
`

w
´1`β`

2

ps´ tq`´
1
2
`αki pi´

1
2
q
`

w´
1
2

ps´ tq`´
1
2
`αki pi´

1
2
q´p1`ηqp`´3{2q

+

ď C̃q̂cz`pt, s,x, py1:`´1,y``1:nqqps´ tq
´1´pi´ 1

2
qαki`γ

m
` |px1 ´ xqi|

αki ,
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where γm` “ 1{2 ` ηp` ´ 3{2q. From (Hη) and the very definition of αki we hence have
1´ αki pi´ 1{2q ` γm` ă 1 which, together with (3.56), concludes the proof. ˝

4 Proof of technical results of Lemma 6

In this section, we establish some control of the flows sensitivity. Our results are still
available up to any mollification procedure.

First of all, let us state a control of the spatial regularity of the flow. Next, we will
provide a proof of Lemma 6.

4.1 A first sensitivity result for the flow

Lemma 7 Under (A), there exists C :“ CppAq, T q s.t. for all px,x1q P pRndq2, 0 ď t ă
s ď T and i P rr1, nss:

|pθs,tpxq ´ θs,tpx
1
qqi| ď C

´

ps´ tqi´
1
2 ` d2i´1

px´ x1q
¯

.

The flow, θs,t is, somehow, “almost” Lipschitz continuous in space w.r.t. the homogeneous
distance d, up to a time additive term. This time contribution is a consequence of the non-
Lipschitz continuity of the drif F. The analysis which was already done for F Lipschitz
continuous in Proposition 4.1 of [Men18], and in Chapter 6 with diferrent Hölder regularity
of F. Actually, as we consider a smoother drift than in Chapter 6, the following lemma is a
by-product of Lemma 11 therein. For the sake of completeness, we provide the analogous
analysis below.

Proof: In the current analysis, we will assume that dpx,x1q ě 1, a general case can be
directly deduced.

The analysis mainly come from a Grönwall’s Lemma. Nevetheless, because F is not
Lipschitz continuous, we have to mollify suitably the function. We denote by δ P Rn, the
vector entries δi ą 0 for i P rr2, nss. and for all v P r0, T s, z P Rnd, i P rr2, nss,

Fδ
i pv, z

i´1:n
q :“ Fipv, ¨q ‹ ρδipzq “

ż

Rd
Fipv, zi´1, zi ´ w, zi`1 ¨ ¨ ¨ , znqρδipwqdw, (4.1)

with ρδipwq :“ 1
δdi
ρ
´

w
δi

¯

where ρ : Rd Ñ R` is a usual mollifier, namely ρ has compact sup-
port and

ş

Rd ρpzqdz “ 1. Eventually, we write Fδpv, zq :“ pF1pv, zq,F
δ
2pv, zq, ¨ ¨ ¨ ,F

δ
npv, zqq.

With a slight abuse of notation in the previsous definitions, since the first component F1

is not mollified. The sublinearity of F1 is actually enough to obtain the aimed control.

To be at the good current time scale for the contributions associated with the mollifi-
cation, we pick δi in order to have C :“ CppAq, T q ą 0 s.t. for all z P Rnd, u P rt, ss:

ˇ

ˇ

ˇ
ps´ tq

1
2T´1

s´t

´

Fpu, zq ´ Fδ
pu, zq

¯
ˇ

ˇ

ˇ
ď Cps´ tq´1. (4.2)
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By the previous definition of Fδ,identity (4.2) is equivalent to:
n
ÿ

i“2

ps´ tq
1
2
´iδ

2i´2
2i´1

i ď Cps´ tq´1. (4.3)

Hence, we choose from now on, for all i P rr2, nss:

δi “ ps´ tq
pi´ 3

2
q 2i´1

2i´2 . (4.4)

Next, let us control the last components of the flow. By the definition of θs,t in (2.4),
we get:

|pθs,tpxq ´ θs,tpx
1
qqn|

ď |px´ x1qn| `

ż s

t

´

|Fδ
npv,θv,tpxqq ´ Fδ

npv,θv,tpx
1
qq|

`|Fδ
npv,θv,tpxqq ´ Fnpv,θv,tpxqq| ` |F

δ
npv,θv,tpx

1
qq ´ Fnpv,θv,tpx

1
qq|

¯

dv

ď |px´ x1qn| ` C

ż s

t

´

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇ` δ
´1` 2n´2

2n´1
n

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n

ˇ

ˇ

¯

dv

`ps´ tqδ
2n´2
2n´1
n .

Hence by Grönwall”s Lemma, we get:

|pθs,tpxq ´ θs,tpx
1
qqn|

ďC exp
´

Cps´ tqδ
´1` 2n´2

2n´1
n

¯´

|px´ x1qn| ` ps´ tqδ
2n´2
2n´1
n `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇdv
¯

ďC exp
´

Cps´ tq
1
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´1

ˇ

ˇdv
¯

, (4.5)

using (4.3) for the last inequality. For the pn ´ 1qth component, the situation is quiet
different in the sens that we have to handle the non-Lipschitz continuity of Fδ

n´1 in its
nth variable.

This complication for the rescaled flows could also be avoided through mollification,
see e.g. Lemma 2 in [CdRM17]. But in our framework, it seems that Young type controls
are more suitable. Indeed, we write:

|pθs,tpxq ´ θs,tpx
1
qqn´1|

ďC exp
´

Cps´ tqδ
´1` 2pn´1q´2

2pn´1q´1

n´1

¯´

|px´ x1qn´1| ` ps´ tqδ
2pn´1q´2
2pn´1q´1

n´1

`

ż s

t

 ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ` |
`

θv,tpxq ´ θv,tpx
1
qq
˘

n

ˇ

ˇ

2pn´1q´2
2pn´1q´1

(

dv
¯

ďC exppCps´ tq
1
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

"

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ

` |px´ x1qn|
2pn´1q´2
2pn´1q´1

looooooooomooooooooon

ď|px´x1qn|
2pn´1q´2

2n´1

`pv ´ tq
2pn´1q´2

2 `

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

2pn´1q´2
2pn´1q´1

*

dv

˙

.

(4.6)
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The last inequality is a consequence of the assumption dpx,x1q ď 1 and by our pick of
δn´1 in (4.4), by inequality (4.5) and by convexity inequality.

For all δ̃n´1,n ą 0 (where the two indexes in the subscript respectively denote the level
of the chain, i.e. n´ 1, and the considered variable, i.e. n), we get by Young inequality:

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

2pn´1q´2
2pn´1q´1

ď C

ˆ

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

δ̃
´

2pn´1q´1
2pn´1q´2

n´1,n ` δ̃
2pn´1q´1

3
n´1,n

˙

.

In order to obtain the suitable time scale, we choose δ̃n s.t.

δ̃
2pn´1q´1

3
n´1,n “ pv ´ tq

2pn´1q´2
2 ðñ δ̃n´1,n “ pv ´ tq

3p2pn´1q´2q
2p2pn´1q´1q ,

which also implies that
´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

δ̃
´

2pn´1q´1
2pn´1q´2

n´1,n ď

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

pv ´ tq´
3
2.

From (4.6) and the previous controls, we deduce that for all s̃ P rt, ss:

|pθs̃,tpxq ´ θs̃,tpx
1
qqn´1|

ď C exppCps̃´ tq
1
2 q

´

|px´ x1qn´1| ` ps̃´ tq
n´ 3

2 `

ż s̃

t

"

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇ

`|px´ x1qn|
2pn´1q´2

2n´1 ` pv ´ tq
2pn´1q´2

2

`

´

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇdw
¯

pv ´ tq´
3
2

*

dv

˙

Taking then the supremum in s̃ P rs, ts in the above equation, we obtain:

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qqn´1|

ď C exppCps´ tq
1
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2pn´1q´2

2n´1 ps´ tq ` ps´ tq1`
2pn´1q´2

2

`

´

ż s

t

sup
wPrt,vs

|
`

θw,tpxq ´ θw,tpx
1
qq
˘

n´1

ˇ

ˇpv ´ tq1´
3
2dv

¯

˙

.

Next, Grönwall’s Lemma yields:

|pθs,tpxq ´ θs,tpx
1
qqn´1|

ď C exppCps´ tq
1
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2pn´1q´2

2n´1 ps´ tq
¯

ď C exppCps´ tq
1
2 q

´

|px´ x1qn´1| ` ps´ tq
n´ 3

2 `

ż s

t

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
qq
˘

n´2

ˇ

ˇdv

`|px´ x1qn|
2n´3
2n´1

¯

. (4.7)
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Where we used for the last identity the following Young inequality : |px´x1qn|
2pn´1q´2

2n´1 ps´

tq ď C
`

|px´ x1qn|
2n´3
2n´1

2n´3
2n´5 ` ps´ tqn´

3
2

˘

.
We explicitely see from (4.7) that each entry of the difference of the starting points

appears at its intrinsic scale for the homogeneous distance d.
Plugging the above inequality into (4.5) we derive:

|pθs,tpxq ´ θs,tpx
1
qqn| ďC exp

´

Cps´ tq
1
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 ` |px´ x1qn´1|ps´ tq

`|px´ x1qn|
2n´3
2n´1 ps´ tq `

ż s

t

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´2

ˇ

ˇdwdv
¯

ďC exp
´

Cps´ tq
1
2

¯´

|px´ x1qn| ` ps´ tq
n´ 1

2 ` |px´ x1qn´1|
2n´1
2n´3

`

ż s

t

ż v

t

ˇ

ˇ

`

θw,tpxq ´ θw,tpx
1
qq
˘

n´2

ˇ

ˇdwdv
¯

,

using again the Young inequalities |px´x1qn|
2n´3
2n´1 ps´ tq ď Cp|px´x1qn| ` ps´ tq

n´ 1
2 q and

|px´ x1qn´1|ps´ tq ď C
`

|px´ x1qn´1|
2n´1
2n´3 ` ps´ tqn´

1
2

˘

for the last inequality. We iterate
the procedure, hence, we get:

|pθs,tpxq ´ θs,tpx
1
qqn| (4.8)

ď C

˜

ps´ tqn´
1
2 `

n
ÿ

j“2

|px´ x1qj|
2n´1
2j´1 `

ż vn“s

t

dvn´1 . . .

ż v2

t

dv1

ˇ

ˇ

`

θv1,tpx
1
q ´ θv1,tpxq

˘

1

ˇ

ˇ

¸

.

Anagolously, for i P rr2, nss, we obtain:

|pθs,tpxq ´ θs,tpx
1
qqi| (4.9)

ď C

˜

ps´ tqi´
1
2 `

n
ÿ

j“2

|px´ x1qj|
2i´1
2j´1 `

ż vi“s

t

dvi´1 . . .

ż v2

t

dv1

ˇ

ˇ

`

θv1,tpx
1
q ´ θv1,tpxq

˘

1

ˇ

ˇ

¸

.

Remark 3 Observe that equations (4.8) and (4.9) are available for any fixed time s and
v P rt, T s.

The first term, i.e. for i “ 1 is controled slightly differently. In other words, for all
s̃ P rt, ss, write:

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď |px´ x1q1| ` C

n
ÿ

j“1

ż s̃

t

|pθv,tpxq ´ θv,tpx
1
qqj|

1
2j´1dv,

which in turn implies

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

ď |px´ x1q1| ` C
´

ps´tq sup
vPrt,ss

|pθs̃,tpxq´θs̃,tpx
1
qq1 |̀

n
ÿ

j“2

ż s

t

|pθv,tpxq ´ θv,tpx
1
qqj|

1
2j´1dv

¯

ď |px´ x1q1| ` C

ˆ

ps´ tq sup
vPrt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

`

n
ÿ

j“2

Cjps´tq
´

ps´ tqj´
1
2`

n
ÿ

k“2

|px´x1qk|
2j´1
2k´1`ps´tqj´1sup

vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

¯
1

2j´1

˙

,
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which yields that

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1| ď |px´ x1q1| ` C

ˆ

ps´ tq sup
vPrt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

`

n
ÿ

j“2

Cjps´ tq
´

ps´ tq
1
2 `

n
ÿ

k“2

|px´ x1qk|
1

2k´1

`ps´ tqpj´1q 1
2j´1 sup

vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

1
2j´1

¯

˙

.

The last inequality is a consequence of (4.9), Remark 3 and convexity inequalities. Next,
let us write,

sup
s̃Prt,ss

|pθs̃,tpxq ´ θs̃,tpx
1
qq1|

ď C

ˆ

|px´ x1q1| ` ps´ tq
1` 1

2 ` ps´ tq
n
ÿ

k“2

|px´ x1qk|
1

2k´1

`

n
ÿ

j“1

ps´ tq1`pj´1q 1
2j´1 sup

vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

1
2j´1

˙

ď Cp|px´ x1q1| ` ps´ tq `
n
ÿ

k“2

|px´ x1qk|
1

2k´1 q, (4.10)

recalling that ps ´ tq ď T ă 1, and using again Young inequalities for the last bound.
Namely,

ps´ tq1`pj´1q 1
2j´1 sup

vPrt,ss

|pθv,tpxq´θv,tpx
1
qq1|

1
2j´1 ď Cps´ tq

´

1` sup
vPrt,ss

|pθv,tpxq´θv,tpx
1
qq1|

¯

,

and
ps´ tq|px´ x1qk|

1
2k´1 ď |px´ x1qk|

1
2k´1 .

We eventually derive from (4.10) that:

sup
vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1| ď C

`

ps´ tq
1
2 ` dpx,x1q

˘

,

which gives the statement for i “ 1. Now, by plugging this inequality into (4.9), we get
for all i P rr2, nss:

|pθs,tpxq ´ θs,tpx
1
qqi|

ď C
`

ps´ tqi´
1
2 ` d2i´1

px,x1q ` ps´ tqi´1 sup
vPrt,ss

|pθv,tpxq ´ θv,tpx
1
qq1|

˘

ď C
´

ps´ tqi´
1
2 ` d2i´1

px,x1q ` ps´ tqi´1
`

ps´ tq
1
2 ` dpx,x1q

˘

¯

ď C
`

ps´ tqi´
1
2 ` d2i´1

px,x1q
˘

,

for the last identity, we use again the Young inequality to derive that ps´ tqi´1dpx,x1q ď

C
`

ps´ tqi´
1
2 ` d2i´1px,x1q

˘

. The proof is complete. ˝

Now, we have the tools to control the sensitivity of the mean of the linearized system
w.r.t. the freezing parameter.
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Sensitivity results for the mean

Proof: Technical Lemma 6
Again through the analysis, we assume w.l.o.g. that dpx,x1q ď 1. The control is done

with a distinction of two contributions to handle.

mx
s,tpx

1
q ´ θs,tpx

1
q “ rmx

s,tpx
1
q ´ θs,tpxqs ` rθs,tpxq ´ θs,tpx

1
qs. (4.11)

By the proxy definitionin (2.3), we deduce that the mean value of X̃m,ξ
v , mξ

v,t is s.t.

mx
s,tpx

1
q ´ θs,tpxq “ x1 ´ x`

ż s

t

dvDFpv,θv,tpxqqrm
x
v,tpx

1
q ´ θv,tpxqs. (4.12)

The sub-triangular structure of DF yields that for all i P rr2, nss:
`

mx
s,tpx

1
q ´ θs,tpxq

˘

i
“ x1i ´ xi `

ż s

t

dvDi´1Fipv,θv,tpxqqrm
x
v,tpx

1
qi´1 ´ θv,tpxqi´1s.

Also, since mx
v,tpx

1q1 “ x11 `
şs

t
F1pv,θv,tpxqqdv, so we obtain that rmx

v,tpx
1q1 ´ θv,tpxq1s “

x11 ´ x1, we then obtain by iteration that:
`

mx
s,tpx

1
q ´ θs,tpxq

˘

i

“ x1i ´ xi `
i
ÿ

k“2

”

ż vi“s

t

dvi´1 . . .

ż vk

t

dvk´1

i
ź

j“k

Dj´1Fjpvj,θvj ,tpxqq
ı

rx1k´1 ´ xk´1s,

with the convention that for i “ 1,
ři
k“2 “ 0. From the above control, equation (4.11) and

the dynamics of the flow, and because the starting points are the same, the contributions
involving differences of the spatial points (x1 ´ xq) or flows only appear in iterated time
integrals, we obtain:

|
`

mx
s,tpx

1
q ´ θs,tpx

1
q
˘

i
|

ď

ˇ

ˇ

ˇ

ˇ

i
ÿ

k“2

”

ż vi“s

t

dvi´1 . . .

ż vk

t

dvk´1

i
ź

j“k

Dj´1Fjpvj,θvj ,tpxqq
ı

rx1k´1 ´ xk´1s

ˇ

ˇ

ˇ

ˇ

`

ż s

t

|Fipv,θv,tpxqq ´ Fipv,θv,tpx
1
qq|dv

ď C
´

i´1
ÿ

k“2

ps´ tqi´k|xk ´ x1k|

`

ż s

t

´

n
ÿ

j“i

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
q
˘

j

ˇ

ˇ

2j´2
2j´1 `

ˇ

ˇ

`

θv,tpxq ´ θv,tpx
1
q
˘

i´1

ˇ

ˇ

¯

dv
¯

.

We derive from the previous Lemma 7:

|
`

mx
s,tpx

1
q ´ θs,tpx

1
q
˘

i
|

ď C

ˆ i´1
ÿ

k“2

ps´ tqi´k|xk ´ x1k| ` ps´ tq
2i´2

2
`1

`d2i´2
px,x1qps´ tq `

`

ps´ tqpi´1q´ 1
2 ` d2pi´1q´1

px,x1q
˘

ps´ tq

˙

.
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In particular, for s “ t0 “ t` c0d
2px,x1q with c0 ă 1, the previous equation yields:

|
`

mx
t0,t
px1q ´ θt0,tpx

1
q
˘

i
|

ď C
´

c0d
2i´1

px,x1q ` pc2i´1`γ
0 ` c0qd

2i´1`γ
px,x1q ` pc

i´ 1
2

0 ` c0qd
2i´1

px,x1q
¯

.

Still for dpx,x1q ď 1, after summing and by convexity inequalities, we eventually deduce:

d
`

mx
s,tpx

1
q,θs,tpx

1
q
˘

ď Cc
1

2n´1

0 dpx,x1q.

˝

5 Appendix: Some reminders about Besov spaces

5.1 Thermic characteristic of the Besov space

Let us now recall some definitions/characterizations from Section 2.6.4 of Triebel
[Tri83]. For α P R, q P p0,`8s, p P p0,8s, Bα

p,qpRdq :“ tf P S 1pRdq : }f}Hαp,q ă `8u

where SpRdq stands for the Schwartz class and

}f}Hαp,q :“ }ϕpDqf}LppRdq `
´

ż 1

0

vpm´
α
2
qq
}B
m
v hv ‹ f}

q
LppRdq

dv

v

¯
1
q
, (5.1)

with ϕ P C80 pRdq (smooth function with compact support) is s.t. ϕp0q ‰ 0, ϕpDqf :“
pϕf̂q_ where f̂ and pϕf̂q_ respectively denote the Fourier transform of f and the inverse
Fourier transform of ϕf̂ . The parameter m is an integer s.t. m ą α

2
and for v ą 0, z P Rd,

hvpzq :“ 1

p2πvq
d
2

exp
´

´
|z|2

2v

¯

is the usual heat kernel of Rd. We point out that the quantities

in (5.1) are well defined for q ă 8. The modifications for q “ `8 are obvious and can be
written passing to the limit.

Observe that the quantity }f}Hsp,q , where the subscript H stands to indicate the depen-
dence on the heat-kernel, depends on the considered function ϕ and the chosen m P N.
It also defines a quasi-norm on Bs

p,qpRdq. The previous definition of Bα
p,qpRdq is known

as the thermic characterization of Besov spaces and is particularly well adapted to our
current framework. By abuse of notation we will write as soon as this quantity is finite
}f}Hαp,q “: }f}Bαp,q .

5.2 Equivalence of Besov norms

Proposition 4 There is a constant C ą 1 such that for all f P Bα
8,8pRdq, α P p0, 1q we

have:
C´1

}f}Bα8,8 ď }Df}Bα´1
8,8

ď C}f}Bα8,8 .

We write also that }f}Bα8,8 — }Df}Bα´1
8,8

.
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Proof: Proposition 4
To establish this equivalence of norms we use the local means characterisation of the

Besov space, see for instance 2.5.3 in [Tri83]. In other words, for all function k, k0, k
0 P

C8pRdq (infinitely differentiable) such that supppkq, supppk0q, supppk0q Ă Bp0d,d, 1q (the
unit ball centered at the origin) and for all x P Rd:

kpxq “
d
ÿ

i“1

B
2
xi
k0
pxq.

We define furthermore the local means for all px, tq P Rd ˆ p0,`8q:

kpt, fqpxq :“

ż

Rd
kpyqfpx` tyqdy, k0pt, fqpxq :“

ż

Rd
k0pyqfpx` tyqdy.

It is then known that for all f P Bα
p,qpRdq:

}f}Bα8,8 — }k0p1, fqp¨q}8 ` sup
tPp0,1q

`

t´α}kpt, fqp¨q}8
˘

.

We can consider similarly the sequences of functions, ki “ Bxik, ki0 “ Bxik0,i P rr1, dss,
which satisfy the same assumptions as k and k0. Hence, we can write:

}f}Bα8,8 — }ki0p1, fqp¨q}8 ` sup
tPp0,1q

`

t´α}kipt, fqp¨q}8
˘

— }k0p1, Bxifqp¨q}8 ` sup
tPp0,1q

`

t1´α}kpt, Bxifqp¨q}8
˘

— }Bxif}Bα´1
8,8

.

The penultimate identity is a consequence of an integration by parts over the convolution
products, and the last equivalence is obtained again thanks to Theorem 2.5.3 in [Tri83].
Iterating over each component yields the result.

˝
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Title : Non-asymptotic estimates of invariant measure and regularisation by a degenerate
noise for a chain of Ordinary Differential Equations.

Keys words : Invariant distribution, Concentration inequalities, Poisson Equation, Kol-
mogorov Equation, Schauder estimates, Strong uniqueness.

Abstract : In the first part of this thesis, we aim to estimate the invariant distribution
of an ergodic process driven by a Stochastic Differential Equation. The ergodic theorem
suggests us to consider the empirical measure associated with a discretization scheme of
the process which can be regarded as a discretization of the occupation measure of the
process. In [LP02], Lamberton and Pagès introduced an algorithm of discretization with
decreasing time steps which allows the convergence of the empirical measure toward the
invariant distribution of the process, they also provide a central limit theorem (CLT) which
asymptotically quantifies the deviations between these both measures. We establish non-
asymptotic concentration inequality for the empirical measure deviations (in accordance
with the previously mentioned CLT), and also we give some controls of the solution of
the associated Poisson equation which is useful for this concentration inequalities.
In a second part, we establish some Schauder controls associated with parabolic equations
related with a degenerate stochastic system, where the drift is a vector field satisfying a
weak Hörmander condition like. But we aim to suppose only the minimal Hölder regularity.
This work is an extension of the estimates given by Delarue and Menozzi [DM10]. Finally,
our approach allows us to proof the strong uniqueness of the considered stochastic equation
in a Hölder regularity framework. Our results extend the controls of Chaudru de Raynal
[CdR17] for the dimension equal to 2.



Titre : Estimations non-asymptotiques de mesures invariantes et régularisation par un
bruit dégénéré de chaînes d’Équations Différentielles Ordinaires.

Mots Clefs : Mesure invariante, Inégalités de concentration, Équation de Poisson, Équa-
tion de Kolomogorov, Estimées de Schauder, Unicité forte.

Résumé : Dans la première partie de cette thèse, nous chercherons à estimer la mesure
invariante d’un processus ergodique dirigé par une Équation Différentielle Stochastique.
Le théorème ergodique nous suggère de considérer la mesure empirique associée à un
schéma d’approximation du processus sous-jacent qui peut se voir comme le pendant
discret de la mesure d’occupation dudit processus. Dans [LP02], Lamberton et Pagès ont
introduit un algorithme de discrétisation à pas décroissant qui assure la convergence de
la mesure empirique du schéma vers la mesure invariante du processus considéré ainsi
qu’un théorème central limite (TCL) quantifiant asymptotiquement l’écart entre ces deux
mesures. Nous établissons des inégalités de concentration non-asymptotiques pour les
déviations de la mesure empirique (cohérentes avec le TCL mentionné ci-avant), ainsi que
des contrôles sur la solution de l’équation de Poisson associée, utiles pour ces inégalités.
Dans une seconde partie, nous établissons des estimées de Schauder liées à des équations
paraboliques associées à un système stochastique dégénéré, où la dérive est un champ
de vecteurs vérifiant une condition de type Hörmander (faible) mais en cherchant la
régularité Hölder minimale. Ce travail fait suite à l’article de Delarue et Menozzi [DM10].
Enfin, notre approche nous permet de montrer l’unicité forte du système stochastique
considéré dans le cadre de coefficients Hölder, étendant ainsi le résultat obtenu en
dimension 2 par Chaudru de Raynal [CdR17].
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