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Résumé étendu en français

Contexte

Cette thèse porte sur le développement de modèles numériques et d’une méthode d’ima-
gerie pour le contrôle non destructif (CND) dans le génie civil. Nous considérons des
structures allongées et partiellement ou totalement enfouies dans un milieu solide (roche,
ciment...). Les câbles de pont ou les tirants d’ancrage sont des exemples typiques. Ces
structures peuvent être le support d’une propagation d’ondes guidées. Néanmoins, l’uti-
lisation de ces ondes pour le CND est complexe. Leur nature multimodale et dispersive
complique l’interprétation des résultats. De plus, la distance d’auscultation est limitée par
le rayonnement des ondes dans le milieu environnant (atténuation par fuites). Le dévelop-
pement de modèles numériques permet alors de mieux comprendre ces phénomènes, et de
déterminer les conditions idéales de propagation pour le CND.

Constituées d’un cœur (la structure guidante) enfoui dans un milieu solide, ces structures
peuvent être modélisées comme des guides d’ondes élastiques ouverts, c’est-à-dire dont
la direction transverse à l’axe du guide est non bornée. Comparativement aux guides
d’ondes dans le vide (les guides d’ondes fermés, de section bornée), la physique sous-
jacente est profondément modifiée. Dans un guide fermé, les modes sont séparés entre
modes propagatifs et modes non propagatifs (évanescents et inhomogènes). Dans un guide
ouvert, les modes sont divisés en trois groupes : les modes piégés, les modes de rayonnement
et les modes à fuite.

Les modes piégés se propagent suivant l’axe du guide, sans perte par fuite, et décroissent
exponentiellement le long de la direction transverse. Ces modes sont donc confinés dans
le cœur du guide ou à l’interface avec le milieu environnant. Leur existence dépend du
contraste entre les matériaux constitutifs du guide [1]. Les modes de rayonnement sont
des ondes stationnaires dans la direction transverse, qui peuvent être propagatives ou
évanescentes suivant l’axe du guide [2, 3]. Enfin, les modes à fuite se propagent avec des
pertes dans le milieu environnant. Ils décroissent donc exponentiellement le long de l’axe
du guide. L’étude de ces modes fournit des informations indispensables pour le CND des
guides ouverts, telles que l’atténuation et la vitesse de propagation axiales des paquets
d’ondes [4]. Néanmoins, les modes à fuite ont la particularité de croître à l’infini le long de
la direction transverse [5–7], ce qui pose des difficultés d’un point de vue mathématique.

Le recours à des méthodes numériques permet de calculer les modes de guides de géométrie
quelconque, dont notamment des guides d’ondes 3Ds à section 2D non canonique. Pour
les guides ouverts, la difficulté réside dans l’aspect non borné du problème. Une solution
(parmi d’autres) — proposée d’abord pour les guides ouverts scalaires [8], puis développée
pour le CND de guides ouverts élastiques (vectoriels) dans une thèse précédente à l’Ifst-
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tar [9] — consiste en l’utilisation d’une couche parfaitement adaptée (PML) d’épaisseur
finie dans la direction transverse afin d’atténuer la croissance des modes à fuite. La sec-
tion du guide (orthogonale à la direction de propagation des ondes), désormais bornée, est
alors discrétisée par éléments finis, tandis que la propagation des ondes est décrite analy-
tiquement (méthode de type SAFE). Les modes sont finalement obtenus en résolvant un
problème aux valeurs propres quadratiques.

Avec une PML, trois types de modes peuvent être obtenus : les modes piégés, les modes
à fuite (dont la croissance transverse a été atténuée dans la PML) et les modes de PML
(ou modes de Berenger). Ces derniers sont non intrinsèques à la physique : ils oscillent
principalement dans la PML et dépendent de ses paramètres. Ils doivent être filtrés afin
d’obtenir les courbes de dispersion des modes utiles au CND, c’est-à-dire celles des modes
piégés et des modes à fuite.

Ayant calculé les modes, l’objectif principal de cette thèse est de construire par superposi-
tion modale des solutions aux problèmes d’émission, de propagation et de diffraction des
modes. Pour cela, il est nécessaire de clarifier l’appartenance des modes à fuite à la base
modale, ainsi que de déterminer l’influence de la contribution des modes de PML sur les
solutions obtenues. Dans un premier temps, nous justifions que les trois types de modes
calculés avec une PML forment une base modale (Chapitre 1). Puis, nous nous intéressons
au calcul de la réponse forcée d’un guide ouvert élastique (Chapitre 2). Une méthode nu-
mérique est développée et validée. Le rôle de chaque type de mode est clarifié. Ensuite, le
champ diffracté par un défaut est obtenu par une méthode dite hybride, couplant éléments
finis et représentation modale (Chapitre 3). L’analyse du rôle de chaque type de mode est
également poursuivie.

Enfin, dans le cadre du développement de nouveaux outils pour le CND, ces modèles sont
utilisés pour tester une méthode d’imagerie appliquée aux guides d’ondes élastiques fermés
ou ouverts (Chapitre 4). L’objectif est de localiser et de caractériser un ou plusieurs défauts
dans le guide, à partir d’une mesure du champ réfléchi.

Contribution des modes à fuite à l’analyse modale de pro-
blèmes non bornés avec PML (Chapitre 1)

L’analyse modale permet une étude physique précise des ondes qui se propagent dans un
guide. Elle consiste en une décomposition des solutions sur les modes du guide. Dans le
cas des guides ouverts, la base modale est théoriquement bien connue dans la littérature
en l’absence de PML. En revanche, si l’on modélise les guides ouverts avec une PML,
il est nécessaire de mieux comprendre la contribution de chaque type de modes dans la
base obtenue. Particulièrement, l’inclusion des modes à fuite et le rôle des modes de PML
méritent d’être clarifiés. L’objectif est de justifier l’utilisation de ces modes pour le calcul
numérique de la réponse forcée ou du champ diffracté dans les guides ouverts.

Théoriquement, la réponse forcée d’un guide ouvert (sans PML) peut être décomposée sur
les modes piégés et de rayonnement. Le champ de déplacement s’écrit alors symbolique-
ment [2, 3, 10] :

u(r, ω) =
∑

piégés +
∫

rayonnement. (1)

Nous rappelons l’origine de cette solution pour l’équation de Helmholtz avec terme source.
Dans le domaine des nombres d’ondes, la solution au problème est une fonction multivaluée
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dépendant du nombre d’onde transverse dans le milieu environnant. En effet, le nombre
d’onde transverse est la racine carrée d’un nombre complexe, définie sur deux feuillets
de Riemann séparés par une branche de coupure. Celle-ci sépare le feuillet de Riemann
propre (auquel appartiennent les modes piégés, bornés transversalement) du feuillet de Rie-
mann impropre (auquel appartiennent les modes à fuite, non bornés transversalement). La
transformée de Fourier inverse est intégrée sur le feuillet de Riemann propre ce qui, après
application du théorème des résidus et du lemme de Jordan, fait apparaître la somme
discrète de modes piégés et l’intégrale de modes de rayonnement (voir Eq. (1)). Cette inté-
grale représente la contribution de la branche de coupure. Ce continuum de rayonnement,
propre au caractère non borné du problème, est difficile à manipuler mathématiquement
et physiquement. Il peut être approximé par une somme discrète sur les modes à fuite,
par exemple en utilisant la méthode du col [10, 11]. Cette approximation n’est valide que
dans une zone restreinte, proche du cœur du guide. Pour le problème élastodynamique,
deux continua apparaissent [3, 5] car il y a alors deux nombres d’ondes transverses.

Le milieu environnant est ensuite modifié par l’application d’une PML, débutant à une
distance transverse r = d de l’axe de guide (axe en r = 0, z étant la direction de l’axe et r
la direction transverse). Cette transformation se résume à un prolongement analytique des
équations du problème dans l’espace de la coordonnée transverse r̃(r), à valeurs complexes.
Cette dernière est définie par :

r̃(r) =
∫ r

0
γ(ξ)dξ. (2)

La fonction γ(r) est une fonction à valeurs complexes dans la PML (r > d) permettant
d’atténuer les ondes sortantes, telle que arg γ ∈ [0;π/2[. Cette fonction caractérise le profil
d’atténuation de la PML.

Nous montrons alors que la transformation du milieu environnant par une PML d’épaisseur
infinie et de profil d’atténuation constant modifie la définition des feuillets de Riemman, du
fait de la rotation d’angle −arg γ des branches de coupure. Cette rotation permet d’avoir
accès à une partie du feuillet de Riemann impropre initial, contenant les modes à fuite.
Ainsi, avec une PML d’épaisseur infinie, une somme discrète de modes à fuite apparaît
naturellement dans la base modale. D’autre part, les modes piégés ne sont pas modifiés
par l’introduction d’une PML. Par conséquent, on peut montrer que la réponse forcée d’un
guide ouvert avec une PML infinie s’écrit symboliquement :

u(r, ω) =
∑

piégés +
∑

fuites +
∫

rayonnement dans la PML. (3)

Cette solution est valide en dehors de la PML (r < d), c’est-à-dire principalement dans le
cœur du guide.

Du point de vue de la modélisation numérique, il est nécessaire de tronquer la PML à
une épaisseur finie (d < r < h) — voir Chapitre 2. Les continua de rayonnement liés aux
branches de coupures sont alors transformés en sommes discrètes de modes de PML.

Une approche modale avec PML de la réponse forcée des
guides d’ondes élastiques ouverts (Chapitre 2)

Suite au travail théorique précédent, nous passons au calcul numérique, par superposition
modale, de la réponse forcée d’un guide élastique ouvert de section arbitraire, avec PML.
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Afin de garantir l’unicité des résultats, une étape préalable importante consiste à obtenir
une relation d’orthogonalité. Par ailleurs, bien qu’apparaissant théoriquement dans la base
modale, les modes de PML obtenus numériquement sont non intrinsèques à la physique
car ils dépendent totalement des paramètres de la PML ainsi que de la condition limite en
fin de PML (condition de Dirichlet dans cette thèse). Il apparaît donc nécessaire d’étudier
numériquement leur utilité, ainsi que leur influence sur la précision des décompositions
modales numériques. Le rôle des modes à fuite nécessite également d’être clarifié.

Rappelons tout d’abord qu’en considérant une dépendance du champ de la forme ej(kz−ωt)

(k : nombre d’onde axial suivant z ; ω : pulsation), la forme variationnelle des équations de
l’élastodynamique (modifiées par la PML d’après l’Eq. (2)) peut être écrite sur la section
du guide (méthode SAFE [12, 13]). Une discrétisation par éléments finis permet alors
d’obtenir un système aux valeurs propres quadratiques du type suivant :(

K1 − ω2M + jk(K2 −KT
2 ) + k2K3

)
Û = 0̂. (4)

Les matrices K1, K3 et M sont symétriques à valeurs complexes. Û(k, ω) est le vecteur de
déplacement à chaque degré de liberté (ddl). L’Eq. (4) est linéarisée et résolue pour chaque
pulsation ω. Le spectre obtenu est composé de paires de modes opposés en valeurs propres,
notées (km,Um) and (k−m,U−m), (m = 1, . . . ,M), avec k−m = −km, représentant M
modes se propageant suivant les z positifs etM modes se propageant suivant les z négatifs.

En partant du problème linéarisé et en utilisant les propriétés des matrices, des vecteurs
propres à gauche et à droite, nous montrons que la relation

jω
4 (UT

mF−n −UT
−nFm) = Qm,−mδmn, (5)

est une relation générale de biorthogonalité sur l’ensemble de la section (c’est-à-dire in-
cluant la PML). Dans l’Eq. (5), les vecteurs F±m représentent les forces modales, direc-
tement obtenues à partir des matrices impliquées dans l’Eq. (4) et des vecteurs propres.
Cette relation de biorthogonalité est valable quelle que soit la nature des modes (pié-
gés, à fuite et de PML). Elle reste aussi valable pour des matériaux viscoélastiques ou
anisotropes, et des guides d’ondes de géométrie quelconque.

À partir de l’Eq. (4), en incluant un terme source F̂(k, ω) à droite, l’application de la
relation d’orthogonalité (5) et du théorème des résidus permet d’obtenir le champ se
propageant dans le guide, tel que (ici pour une propagation suivant les z positifs) :

U(z, ω) =
M∑
m=1

EmF̂(km)ejkmz, (6)

où Em définit l’excitabilité modale. Cette grandeur représente l’amplitude du déplacement
du mode m au ddl i pour une excitation unitaire au ddl j. Il s’agit d’une caractéristique
importante du guide pour le CND. En effet, sa connaissance permet l’optimisation du type
de capteurs à utiliser et de leur emplacement. Finalement, la réponse forcée temporelle est
obtenue par transformée de Fourier inverse en temps de l’Eq. (6).

Afin de valider la méthode et de clarifier le rôle des modes de PML, le cas d’un milieu
homogène excité par une force ponctuelle est d’abord étudié. Un milieu homogène peut
être vu comme un cas limite de guide d’onde ouvert, constitué d’une seule couche donc
sans contraste d’impédance. Dans ce cas, il n’y a ni modes piégés ni modes à fuite, mais
seulement des modes de PML. La solution obtenue est comparée à une solution exacte
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temporelle de la littérature [14], en faisant varier deux paramètres : le nombre de modes
retenus dans la décomposition modale, ainsi que l’épaisseur complexe de la PML. Les
résultats montrent qu’une bonne précision peut être obtenue dans un intervalle restreint
de distances à la source, sous réserve que la PML soit correctement paramétrée. Cela
permet de valider la méthode proposée. D’autre part, cela démontre en particulier qu’il
est possible de reconstruire la décroissance géométrique des ondes de volume à partir de
modes de PML, qui décroissent exponentiellement par nature. Pour cela, il est notamment
nécessaire d’avoir une épaisseur complexe de la PML suffisante (ceci permet de discrétiser
suffisamment finement le continuum théorique). Ces résultats confirment les développe-
ments mathématiques de la Ref. [15] obtenus dans le cas d’un guide d’onde scalaire.

Plus proche d’une application réelle, le cas d’un guide circulaire en acier enfoui dans du
ciment est ensuite considéré, également excité par une source ponctuelle. Très loin de la
source, les résultats obtenus montrent que la contribution des modes de PML à la réponse
forcée est prédominante. À cette distance, la majeure partie de l’énergie a fui du cœur
du guide vers le milieu environnant. Le comportement du champ devient alors proche de
celui des ondes de volume (sa décroissance est géométrique). Ce phénomène est appelé
diffraction à long terme. Il faut noter que des méthodes alternatives à la PML, comme par
exemple l’usage de couches absorbantes viscoélastiques, ne permettent pas de reconstituer
ce phénomène [16].

Cependant, plus proche de la source, la réponse forcée est dominée par le comportement
des modes à fuite (à décroissance exponentielle). Dans cet intervalle de distance (le plus
intéressant pour le CND), les modes à fuite sont suffisants pour obtenir une bonne ap-
proximation de la solution et les modes de PML peuvent être négligés. Ceci permet de
réduire l’épaisseur complexe de la PML et donc le coût du calcul.

Ceci est particulièrement intéressant pour le calcul de la réponse forcée pour de hautes
fréquences ou pour des guides 3Ds (section 2D arbitraire). En effet, il est connu qu’à
certaines hautes fréquences, l’énergie reste concentrée au cœur du guide, ce qui permet
de réduire l’atténuation par fuites [17]. Dans la configuration étudiée, le mode à fuite
longitudinal d’ordre 12 (noté L(0,12)) est le moins atténué. Ce mode est très attractif
pour le CND puisqu’il peut se propager sur de plus grandes distances que les autres. La
capacité du modèle proposé à obtenir la réponse forcée dans ces gammes de fréquences
est alors démontrée à travers deux cas, une barre circulaire (guide 2D) et une barre carrée
(guide 3D) enfouies, résolus par superposition sur les modes à fuite uniquement.

Modélisation numérique de la diffraction des ondes par des
inhomogénéités locales dans les guides d’ondes élastiques ou-
verts (Chapitre 3)

Dans ce chapitre, nous développons une méthode numérique pour obtenir le champ dif-
fracté par un défaut. D’un point de vue CND, cette méthode vise à caractériser la sensibilité
des modes piégés ou à fuite pour un défaut donné. Nous cherchons donc à obtenir les coef-
ficients de réflexion et de transmission des modes, incluant généralement des conversions
modales au niveau du défaut.

L’étendue du défaut est limitée à une zone localisée du guide. Le principe utilisé est iden-
tique à celui des méthodes dites hybrides dans les guides d’ondes fermés (aussi appelées
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FE-SAFE [18, 19]). Il s’agit de décrire un petit volume entourant le défaut par un mo-
dèle élément fini. Ce dernier est ensuite couplé à une représentation modale du champ se
propageant dans les parties saines du guide, ce qui conduit à des conditions aux limites
transparentes. Dans la lignée du travail précédemment exposé, nous nous basons sur une
formulation modale du problème. Nous nous intéressons toujours particulièrement à l’in-
fluence des modes de PML sur la solution, cette dernière étant cette fois ci obtenue en
champ proche (et non plus en champ lointain comme en réponse forcée). Le sens physique
de la relation de biorthogonalité (5) est également discuté.

La méthode hybride obtenue combine trois équations (voir les Eqs. (7), (8) et (9) données
ci-après). D’une part, il y a le système aux éléments finis du volume entourant le défaut,
classiquement écrit :

δUT(K− ω2M)U = δUTF. (7)

D’autre part, des décompositions modales des champs de déplacements et de forces sont
effectuées sur les frontières Σ du volume correspondant aux sections des guides (sains)
connectés de part et d’autre du volume élément fini, telles que :

UΣ =
N∑
n=1

α−nU−n +
N∑
n=1

αnUn, (8)

FΣ =
N∑
n=1

α−nF−n +
N∑
n=1

αnFn. (9)

Les α±n sont les coefficients modaux des modes incidents (connus, repérés par l’indice −)
ou des modes diffractés (inconnus, repérés par l’indice +). Les déplacements et les forces
modales sont obtenus par résolution du système (4). Le couplage des équations (7), (8),
(9) mène au système suivant :

GT
u+(DGu+ −Gf+)U+ = GT

u+(Gf− −DGu−)U−. (10)

Les matrices G contiennent les bases modales en déplacement (u) et en force (f) des modes
incidents ou diffractés. D = K− ω2M est la matrice de raideur dynamique. U− regroupe
les grandeurs connues : le vecteur des forces volumiques internes et les coefficients des
modes incidents. Le vecteur U+ contient les grandeurs inconnues : les déplacements aux
ddls internes du volume élément fini et les coefficients des modes diffractés. Ce vecteur est
obtenu en inversant le système linéaire matriciel (10) à chaque pulsation ω.

La méthode proposée est validée par comparaison avec l’un des rares cas déjà traités dans
la littérature, à la fois par une approche élément fini et par une approche de type mode-
matching. Il s’agit de la réflexion du mode longitudinal L(0,1) à la jonction entre un guide
fermé et un guide ouvert [7]. Un bon accord est obtenu entre la méthode hybride et les
résultats de référence. De nouveaux résultats sont également présentés pour la transmission
du mode guidé L(0,1) vers le mode à fuite fondamental. Dans ce cas test, la contribution
des modes de PML à la solution est faible et peut donc être négligée. Cette approximation
engendrerait nécessairement des erreurs en champ lointain, dans la zone dite de diffraction
à long terme, comme montré dans l’étude sur la réponse forcée (Chapitre 2).

La méthode est ensuite appliquée à l’étude de la diffraction par une entaille axisymétrique
du mode à fuite L(0,1) (basse fréquence, très atténué) et du mode à fuite L(0,12) (haute
fréquence, peu atténué). Les résultats obtenus en basse fréquence concordent avec un
cas proche de la littérature [17], ce qui confirme la validité de la méthode proposée. Par
ailleurs, nos résultats confirment que le mode L(0,12) se propage plus loin que les autres,
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et montrent que son coefficient de réflexion est élevé et qu’il est peu converti vers d’autres
modes. Ceci corrobore l’intérêt des modes hautes fréquences pour le CND, notamment
pour des défauts profonds.

Dans les guides ouverts, l’analyse des résultats s’avère plus difficile à certaines fréquences
bien particulières auxquelles les modes interagissent entre eux, et pour lesquelles un phé-
nomène de croisement des courbes de vitesse de phase apparaît. Ces observations illustrent
la non-orthogonalité des puissances modales, démontrée à partir de la relation (5). En ef-
fet, la puissance totale dans un guide ouvert est la somme des puissances individuelles de
chaque mode et des puissances croisées. Rappelons que dans le cas d’un guide fermé élas-
tique (sans perte), les puissances croisées sont nulles. Dans le cas des guides ouverts (ou des
guides fermés viscoélastiques), nous montrons que la puissance modale croisée, c’est-à-dire
la puissance résultant du couplage de deux modes, peut être significative. Les coefficients
modaux individuels sont alors susceptibles d’évoluer de manière contre-intuitive.

Dans ce cas test, nous montrons également que les modes de PML peuvent apporter une
contribution non négligeable à la solution lorsque la distance entre le défaut et les fron-
tières transparentes est réduite. Autrement dit, dans certains cas, les modes de PML ont
une contribution importante à la solution en champ proche. Par conséquent en pratique,
la validité des résultats obtenus avec la méthode hybride doit être soigneusement vérifiée
en variant la distance entre le défaut et les frontières transparentes, ainsi que le nombre de
modes retenus dans les décompositions modales aux frontières. Ceci est particulièrement
critique pour les problèmes 3Ds, pour lesquels il est nécessaire de réduire le nombre de
modes à calculer afin de maintenir un coût de calcul raisonnable. Les frontières trans-
parentes doivent alors être positionnées suffisamment loin du défaut pour permettre de
négliger les modes de PML (et donc éviter leur calcul). Pour clore ce chapitre, le cas d’un
problème 3D est illustré dans une barre cylindrique par la diffraction du mode L(0,1) à
fuite (basse fréquence) par un défaut non axisymétrique.

Imagerie par gradient de guides d’ondes (Chapitre 4)

La dernière partie de cette thèse s’inscrit dans le cadre des problèmes inverses en élasto-
dynamique. L’objectif est de localiser et de caractériser un ou plusieurs défauts présents
dans un guide ouvert à partir d’une mesure du champ diffracté. Ici, les informations recher-
chées sont la distance du défaut à la source, ainsi que son emplacement dans la section
du guide. La forme exacte du défaut ou sa matière ne sont pas recherchées. Parmi les
nombreuses méthodes existantes, nous choisissons d’utiliser la méthode de l’imagerie dite
topologique [20–22] en domaine fréquentiel, encore très peu appliquée aux guides d’ondes.

Le point de départ de l’imagerie topologique est le problème de minimisation de la fonc-
tionnelle de coût suivante :

j(Ω) = J(u) = 1
2

∫
R+

∫
Sobs
|u(x,Ω, ω)− uobs(x, ω)|2dSobsdω. (11)

uobs est le champ mesuré sur une surface d’observation Sobs dans le milieu réel incluant
des défauts. u(x,Ω, ω) est le champ mesuré sur Sobs dans un milieu fictif Ω incluant une
répartition arbitraire de défauts. La fonctionnelle j(Ω) traduit donc l’écart de topologie
entre les deux milieux.

Ce problème de minimisation est reformulé comme un problème d’optimisation sous con-
trainte, d’abord dans un cadre général puis dans le cas particulier de l’imagerie topologique.
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Cette approche fait naturellement apparaître une fonction appelée gradient topologique, et
deux problèmes associés qui sont les problèmes direct et adjoint. Au final, la fonctionnelle
s’écrit au premier ordre [20, 21] :

j(Ω) = j(Ω0) + f(ε)g(x) + o(f(ε)), ∀x ∈ Ω0, ε→ 0+, f(ε) > 0, (12)

où j(Ω0) est la fonctionnelle pour un milieu de référence Ω0, considéré comme sain (sans
défaut) dans cette thèse. Le gradient topologique g(x) caractérise la sensibilité de la fonc-
tionnelle à l’introduction d’un défaut infinitésimal (de taille caractéristique ε→ 0+, centré
en x) dans le milieu de référence. Évalué en chaque point du milieu fictif sain, le gradient
est censé prendre des valeurs importantes à l’emplacement des défauts présents dans le
milieu réel. Le gradient topologique peut alors être utilisé comme une fonction d’imagerie,
dont la représentation spatiale forme une image révélatrice de la position des défauts réels.

Concrètement, la première étape de l’imagerie topologique consiste à émettre des ondes,
puis, à les mesurer dans le milieu réel. Ceci permet d’obtenir le champ uobs sur la surface
Sobs. Ensuite, deux problèmes sont simulés dans le milieu de référence. Dans le problème
direct, la source expérimentale est simulée et le champ direct (u) est calculé en tout point
du milieu de référence (dont Sobs). Dans le problème adjoint, la source correspond au
résidu (u − uobs) mesuré sur Sobs, puis réémis après retournement temporel. Le champ
adjoint (v) est alors calculé en tout point du domaine de référence. Le gradient topologique
est finalement obtenu à partir des champs directs et adjoints, à l’aide d’une formulation
spécifique du type de défaut recherché. Pour résumer, l’image est obtenue à l’aide d’une
mesure dans le milieu endommagé, et de deux simulations dans le milieu de référence. Ce
processus est non itératif, puisque le calcul du gradient n’est réalisé qu’une fois, à partir
de l’état (sain) de référence.

Dans un cadre expérimental, des versions simplifiées du gradient théorique sont généra-
lement utilisées [20, 22, 23]. Les simplifications effectuées rendent le gradient similaire à
un gradient révélant des variations de densité, si bien que ces formulations empiriques ne
sont généralement plus spécifiques de la topologie du défaut recherché. À titre d’exemple,
nous rappelons ici l’une de ces expressions :

ge(x) = |
∫
R+

u(x, ω) ·v(x, ω)dω|, ∀x ∈ Ω0. (13)

Ainsi qu’expliqué dans la Ref. [23], l’Eq. (13) permet d’obtenir une image avec une seule
tâche focale au niveau du défaut (enveloppe) sans augmenter le niveau de bruit. Cependant,
la question du choix de la fonction d’imagerie reste ouverte.

L’application de l’imagerie topologique aux guides d’ondes ouverts soulève plusieurs ques-
tions. Tout d’abord, la capacité de la méthode à tirer parti d’un champ de nature com-
plexe (champ dispersif, multimodal, atténué par fuite...) doit être étudiée. D’autre part, les
guides d’ondes ouverts ne sont généralement que partiellement accessibles. Ceci restreint
la mesure au champ réfléchi (pas d’accès au champ transmis), et à la surface du guide
(pas de mesure dans la section). Il est donc nécessaire d’étudier le comportement de la
méthode avec une mesure restreinte du champ.

Afin de mieux comprendre l’influence des divers paramètres et formulations de la méthode,
nous étudions tout d’abord le cas d’un guide d’onde fermé, circulaire, et axisymétrique.
Pour anticiper le cas du guide ouvert, la configuration de mesure est restreinte au champ
réfléchi et à la surface du guide, sur laquelle un ensemble de transducteurs ponctuels est
positionné. Grâce à la méthode numérique hybride développée et présentée dans le Chap. 3,
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la mesure du champ diffracté par un défaut dans un guide peut être simulée efficacement.
De plus, grâce au formalisme modal, les champs direct et adjoint peuvent être obtenus
très rapidement en tout point du domaine de référence via le calcul de la réponse forcée
(présentée dans le Chap. 2).

Les résultats montrent qu’en émettant un champ monomodal, y compris dispersif, le défaut
est localisé suivant l’axe du guide, mais pas dans la section. En effet, l’image obtenue peut
être directement reliée à la déformée du mode considéré. La dispersion ne perturbe pas la
localisation si elle est prise en compte en tant qu’information a priori dans les modèles. Il
est notable qu’un seul transducteur soit suffisant pour obtenir l’image axiale.

Pour obtenir une meilleure localisation dans la direction transverse (section) du guide, il est
nécessaire d’émettre plusieurs modes. Néanmoins dans ce cas, des artefacts apparaissent
dans l’image. Nous montrons que ces artefacts sont liés à des conversions modales, dues à
la fois à la source de l’état adjoint et au défaut. L’emplacement des artefacts dans l’image
dépend de la distance entre le transducteur et le défaut. L’amplitude relative des arte-
facts peut donc être réduite en utilisant plusieurs transducteurs suffisamment espacés. Le
nombre de transducteurs nécessaires à une localisation acceptable reste raisonnable, ce qui
est encourageant pour de futures applications expérimentales. Nous montrons également
que la combinaison d’un profil unidimensionnel axial, extrait d’une image monomodale,
avec une image multimodale, permet de réduire facilement l’amplitude des artefacts de
l’image.

La méthode est ensuite appliquée pour imager un défaut situé dans le cœur d’un guide
ouvert. Le champ diffracté est mesuré à l’interface entre le cœur et le milieu environnant.
Nous montrons que l’image est décentrée en amont du défaut, en raison de l’importante
atténuation par fuites des ondes. Ceci empêche de localiser correctement le défaut. Grâce
au formalisme modal utilisé pour le calcul des champs direct et adjoint, il est possible de
supprimer très facilement l’atténuation des modes à fuite tout en préservant leur temps
de vol. En effet, il suffit, pour cela, de ne considérer que la partie réelle du nombre d’onde
dans les superpositions modales (voir par exemple l’Eq. (6)). Ceci permet de recentrer
l’image sur le défaut.

Conclusion

Dans cette thèse, nous avons développé des méthodes numériques pour le calcul de la
réponse forcée et du champ diffracté dans les guides d’ondes élastiques ouverts. Les ré-
sultats obtenus permettent une meilleure analyse physique du comportement des modes
à fuite utilisés en CND. Nous avons montré que dans une région restreinte de l’espace
(mais la plus intéressante pour le CND), les solutions peuvent être approximées par la
contribution des modes à fuite seulement. En général, les modes de PML contribuent au
champ très proche, ainsi qu’au phénomène de diffraction à long terme (champ très loin-
tain). L’approximation des solutions par les modes à fuite présente un intérêt majeur pour
les méthodes proposées, car elle permet de réduire l’épaisseur de la PML et le nombre de
modes à calculer, et donc le coût des calculs. Enfin, ces travaux ont permis d’étendre le
champ d’application des méthodes basées sur un formalisme modal à l’imagerie des guides
d’ondes. À partir d’un seul calcul aux valeurs propres, les solutions de problèmes variés
peuvent ainsi être obtenues rapidement.

Concernant l’imagerie, nous soulignons en perspective qu’il serait intéressant de simuler
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une configuration idéale de mesure, incluant le champ transmis ainsi que le champ dans la
section du guide, et avec l’émission de modes supplémentaires. Ceci permettrait d’identifier
l’image optimale atteignable en guide d’onde, et par suite de comprendre les différents
facteurs de dégradations de l’image. Des expérimentations sur maquette en laboratoire
sont également indispensables.
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Introduction

Non-destructive evaluation (NDE) techniques allow characterizing a structure without
causing any damages. They are used in production or maintenance stages in a lot of
industries such as aeronautics, aerospace, transportation, energy, and civil engineering.
Analysing the measurement results helps to detect, to locate and to characterize defects,
and thereby to prevent structural failure.

This thesis focuses on ultrasonic NDE in civil engineering. Numerous structures of civil
engineering are elongated, such as bars, cables, rails or pipes. A lot of them can be
partially or quasi-fully embedded into a solid elastic medium (cement, rock...). Figure 1
shows examples of embedded rock bolt and tendons. The access to these structures is
often restricted to their protruding part. NDE techniques based on guided ultrasonic
waves are interesting, owing to the guided waves ability to propagate far from a single
measurement position. Embedded structures can be considered as open waveguides, made
of an elastic core (the guiding structure) surrounded by an infinite elastic medium, so that
the transverse directions are unbounded.

In practice, the complexity of guided wave propagation makes NDE difficult. Guided
waves are multimodal (several wave packets can propagate with different velocities) and
dispersive (each modal velocity depends on the frequency). Furthermore, in open waveg-
uides most of the waves suffer from radiation losses in the embedding medium (leakage
attenuation). A good knowledge of axial attenuation, group, energy and phase velocities of
the modes is hence necessary to correctly interpret the results of an NDE test case. These
properties are usually displayed with respect to frequency to obtain the so-called disper-
sion curves. The analysis of the dispersion curves enables to identify the best combination
of the less attenuated, the less dispersive and the fastest modes to facilitate NDE [24].

(a)
(b)

Figure 1 – Examples of open waveguide-like structures in civil engineering: (a) Embedded
rock bolt; (b) Embedded tendon.

1



Introduction

z

r

U(r)1

2

z

r

U(r)1

2

z

r

U(r)1

2

(a) (b) (c)

e
x
p
. 
g
ro

w
th

s
ta

n
d
in

g
 w

a
v
ee

x
p
. d

e
cre

ase

Figure 2 – Schematic displacement mode shapes U(r) in an open waveguide (1: core,
2: infinite surrounding medium, z: axis of the waveguide, r: transverse direction). (a)
Trapped mode; (b) Radiation mode; (c) Leaky mode.

The main part of the physical analysis of guided wave propagation then relies on a modal
description of the waves, which is actually the best suited representation for a detailed
understanding. In closed waveguides (i.e. waveguides in vacuum), modes can be separated
into propagating modes (the modes of interest for NDE) and non-propagating modes.
Nevertheless, in open waveguides the underlying physics is deeply modified. Indeed, three
main kinds of modes are distinguished: trapped modes, radiation modes, and leaky modes.

Let us briefly described their characteristics. Figure 2 displays their schematic mode
shapes for clarity. Trapped modes propagate without leakage attenuation along the wave-
guide axis and decay exponentially in the transverse direction (Fig. 2a). These waves
are confined in the core of the waveguide or at the interface between the core and the
embedding medium. Trapped modes exist only if the shear velocity is greater in the
core, unless longitudinal and shear bulk waves couple into interface trapped waves, called
Stoneley waves [1]. This is generally not the case in civil engineering structures. Thereby,
trapped modes cannot be often used for NDE. Radiation modes are standing waves in
the transverse direction, which are propagative or evanescent in the axis direction [2, 3]
(Fig. 2b). Finally, leaky modes propagate with leakage attenuation along the waveguide
axis (they decay exponentially in the axial direction). Strangely, at first sight, these modes
grow exponentially in the transverse direction [2, 6, 7] (Fig. 2c). However, the dispersion
curves of leaky modes can provide useful practical information for NDE, such as the axial
attenuation and the travelling velocity of wave packets [4].

Several methods have been developed to compute the modes of open waveguides. Ana-
lytical methods (e.g. the Thomson-Haskell [25, 26], the stiffness matrix [27] or the global
matrix [28] methods) are yet limited to canonical waveguide geometries. Numerical meth-
ods are well-suited for more complex geometries. These methods are based on a waveguide
formulation of the problem, often known as the Semi-Analytical Finite Element (SAFE)
method in closed waveguides [29, 30] (actually, the method has been applied under various
names in the literature, as recalled in the introduction of Chap. 2). The idea is to dis-
cretize only the cross-section of the waveguide while describing analytically the direction
of the wave propagation. In closed waveguides, this approach yields a linear eigenvalue
problem. In open waveguides, it is necessary to couple the waveguide formulation with
other techniques to cope with the unbounded nature of the problem and the growth of
leaky modes in the transverse directions.

In a previous thesis work at Ifsttar [9], a Perfectly Matched Layer (PML) of finite thickness
has been introduced to model the surrounding medium. The transverse growth of leaky
modes can be cancelled out by the PML attenuation. Furthermore, the PML avoids most
spurious reflections from the layer, which allows greatly reducing its thickness. A bounded
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cross-section of reasonable size is finally obtained. On this cross-section, the so-called PML
waveguide formulation (or SAFE-PML) still yields a linear eigenvalue problem. It has been
applied to compute the modes of two-dimensional waveguides (plates [12], pipes [31]) and
three-dimensional waveguides (circular [13], square [32], helical [33]) embedded in solids or
in water [34]. We mention here that various other methods have also been proposed in the
literature, e.g. exact boundary conditions to avoid the discretization of the surrounding
medium [35, 36] or absorbing layers [37]. These methods are thoroughly discussed in the
introduction of Chap. 2.

With a PML waveguide formulation, three types of modes are computed: trapped modes,
leaky modes, and PML modes (also called Berenger modes). PML modes are non-intrinsic
to the physics. They oscillate mainly inside the PML and depend on its parameters. PML
modes must be filtered out to post-process the dispersion curves of trapped modes and
leaky modes only.

To enrich the numerical modelling of open waveguides, it appears necessary to consider
the forced response and the diffraction problems. The first objective of this thesis is to
provide modelling tools for a further understanding of the emission, the propagation and
the diffraction of leaky modes for any geometry of waveguides. A particular attention has
to be given to solutions at high-frequencies because leaky modes with a low attenuation
can occur [4] (thus increasing the inspection range for NDE). A natural idea is to build a
solution with modal superpositions, based on the modes already computed with the PML
waveguide formulation. Several examples can be found in the closed waveguide literature,
see e.g. Refs. [19, 30, 38, 39]. The extension of these methods to open waveguides is yet
not straightforward, owing to the complexity of the modal basis.

We recall that theoretically any wave field propagating in an open waveguide is described
by a superposition of a discrete set of trapped modes and two continuous sets of radiations
modes [3, 5]. Leaky modes initially do not belong to the modal basis because of their
growth in the transverse directions [3]. When a finite PML is introduced in the surrounding
medium, it is hence necessary to understand the contribution of each type of modes to the
solution. Particularly, the contribution of leaky modes to the solution has to be clarified.
A second issue is the influence of PML modes on the solution. As recalled earlier, these
modes are non-intrinsic to the physics, owing to their dependence on PML parameters.
Nevertheless, they could provide a significant contribution to the solution, which must be
investigated. Besides, it is also necessary to derive an orthogonality relationship, applicable
for the PML waveguide formulation modes, to guarantee the uniqueness of the modal
superpositions [40].

An additional objective of this thesis is to implement an imaging tool for open waveguides,
which leads us to study inverse problems theory. The aim is to locate one or several defects
embedded into the waveguide from a measure of the scattered field. More precisely, the
desired outputs are the location of the defects along the waveguide axis and, if possible,
along the transverse directions also.

In this work, the topological imaging method is applied [20, 21]. This method is based
on the design of an imaging function (the so-called topological gradient), which gives the
sensitivity of a misfit cost-functional to the inclusion of an infinitesimal cavity inside a
reference medium. The spatial representation of this function naturally reveals the posi-
tions of defects, without any iteration. In practice, the image is obtained by measurements
in the real medium and two simulations in the reference medium, corresponding to the
so-called forward and adjoint fields.
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Topological imaging has been barely applied to elastic waveguides and only using a mono-
modal wavefield [22]. Thereby, the first step is to investigate the behaviour of the method
with a dispersive and multimodal wavefield. Furthermore, it is necessary to study the
influence of the measurement configuration (number and location of transducers) on the
quality of the image. Particularly in an open waveguide, the limited access to the structure
restricts the measurements to the reflected field only.

The present manuscript is divided into four chapters.

Chapter 1. The aim is to bring insights into the modal basis of open waveguides obtained
with a PML. The theoretical background (without PML) is given for the Helmholtz
equation with a source in an unbounded domain. From the forced response in the
wavenumber domain, it is recalled how the inverse transform makes the modal basis
appear. A PML of infinite thickness is then introduced through an analytical con-
tinuation of the equations. The role in the solution of PML modes and leaky modes
is explained. The results are finally extended to the elastodynamic case.

Chapter 2. The forced response of elastic open waveguides is numerically obtained with
a modal approach based on PML. Modes are computed with a PML waveguide
formulation. A general biorthogonality relationship is derived to obtain a unique
modal expansion of the forced response. This relation also leads to an expression of
the modal excitability of leaky modes. To validate the method, the forced response is
computed in a homogeneous medium test case and compared to a transient analytical
solution. This test case also enables to clarify the contribution of PML modes to
the solution. Then transient signals are computed in a circular bar waveguide. The
role of leaky modes is clarified. High-frequency signals of practical interest for NDE
are obtained. Finally, a buried square bar is considered as an example of three-
dimensional waveguide.

Chapter 3. A hybrid approach is proposed to compute the leaky mode scattering by
local inhomogeneities in elastic open waveguides. The damaged zone of the waveg-
uide and its vicinity are described by a finite-element method (with a PML). This
method is then coupled on the cross-section boundaries to a modal representation
of the field propagating along the waveguide axis in the undamaged parts, yielding
transparent boundary conditions. The scattering at the junction between a closed
and an open cylindrical waveguide is considered. The solution is compared to lit-
erature results. Then the scattering by an axisymmetrical notch is studied at low
and high frequencies. Reflection and transmission coefficients of leaky modes are
obtained. The influence of PML modes on the near-field solution is highlighted
throughout these tests. Besides, it is shown that there is no power orthogonality
in open waveguides. Finally, the generality of the proposed method is discussed
through a three-dimensional test case considering an embedded bar with an oblique
break.

Chapter 4. The topological imaging method is applied to waveguides. First, a general
framework is recalled based on constrained optimization theory for inverse problems
in elastodynamics. The specific case of topological imaging is subsequently treated.
The methods presented in Chaps. 2 and 3 are used to simulate measurement in a
damaged medium. The forward and adjoint fields are efficiently obtained from the
forced response of the reference medium (i.e. without damage). The quality of
defect imaging is then discussed in a closed waveguide for monomodal, dispersive
and multimodal wave fields respectively. Several measurement configurations are
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considered. Various formulations of the imaging function are used and compared.
Then, preliminary results are presented for an open waveguide.

In conclusion, outlooks are given for future works.
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pp. 1527–1532
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Chapter 1

Contribution of leaky modes in
the modal analysis of unbounded
problems with perfectly matched
layers
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1.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Note : an important preliminary work has eventually lead to this concise chapter. For
more details, the reader is invited to refer to working papers [45] and [46] (in French).

1.1 Introduction

Modal analysis is a powerful tool for treating bounded wave problems, for which modes
provide a discrete basis that allows in-depth physical analysis. For unbounded problems,
the modal basis is yet more complicated because it involves a continuous sum of modes
(radiation modes) in addition to a discrete set (trapped modes, if any) [3]. This contribu-
tion of the continuum is usually quite difficult to calculate and interpret from a physical
point of view. Based on steepest descent techniques, for example, it can be approximated
by a discrete set of another class of modes, the so-called leaky modes [10]. These modes
behave like attenuated modes and reveal some interesting physical features. For instance,
they can give the leakage attenuation of wave packets in open waveguides, which is of par-
ticular interest in the field of nondestructive evaluation (NDE) [4]. However, leaky modes
correspond to improper modes that spatially grow to infinity in the unbounded direction
of the problem (they are not part of the modal basis). Their use in modal analysis hence
requires special care.

As for numerical methods, perfectly matched layers (PMLs) have been widely employed to
efficiently simulate infinite media. More particularly, they have been successfully applied
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to compute modes in open systems [12, 47]. It has been shown that PMLs allow getting
both trapped and leaky modes as well as a third type of modes sometimes called PML
modes [48]. PML modes mainly resonate inside the PML region (their fields strongly
depend on PML parameters). However, the contribution of these different kinds of modes
in a modal analysis may still be unclear. This chapter aims to bring insight into the
modal basis computed with PMLs and to justify its use for the analysis of excitation
problems (Chap. 2 of this thesis) and scattering problems (Chap. 3 of this thesis) using a
modal approach. Without loss of generality, two-dimensional waveguides are considered.
For simplicity, the analysis starts from the scalar wave equation and is then extended to
elastodynamics, where two continua occur instead of one.

1.2 Background

Figure 1.1 – Example of a two-dimensional bilayer open waveguide

This section briefly recalls some theoretical results [2, 3, 10] taking the example of a
two-dimensional bilayer waveguide, homogeneous and infinite in the axial direction z as
shown in Fig. 1.1. In the transverse direction, the bottom layer is labelled 0 and extends
from x=−h to x=0. The top layer is infinite and labelled ∞. The wave field solution to
the problem satisfies the Helmholtz equation in both layers and is denoted in the angular
frequency-wavenumber domain by ψ(x, β, ω), where β and ω are the axial wavenumber and
the angular frequency. A convention in ej(βz−ωt) is adopted for the harmonic dependence
of wave fields. The transverse wavenumbers in the two layers are given by α2

0,∞=k2
0,∞−β2,

with k0,∞=ω/c0,∞. In this chapter, ′ or Re and ′′ or Im will denote respectively the real
part and the imaginary part of a complex number. As an example, let us assume that the
waveguide in Fig. 1.1 is excited by an out-of-plane line source located at (x, z) = (−h, 0)
through the Neumann boundary condition: dψ(−h, z, ω)/dx = s(ω)δ(z).

The solution must also satisfy continuity conditions at the interface (x=0) and must be
bounded and outwards at infinity [10] (x→∞). The spatial inverse Fourier transform of
the solution leads to an expression of the following form:

ψ(x, z, ω) =


s(ω)
2π
∫
R

α0 cos(α0x)+jCmα∞ sin(α0x)
α0[α0 sin(α0h)+jCmα∞ cos(α0h)]e

jβzdβ if − h ≤ x ≤ 0,
s(ω)
2π
∫
R

1
α0 sin(α0h)+jCmα∞ cos(α0h)ejα∞xejβzdβ if x > 0,

(1.1)

where Cm is a ratio of material properties which depends on the problem type (i.e. di-
electric, acoustic or SH-elastic). First, a lossy outer medium is assumed (i.e. k′′∞>0). The
key point is the value of α∞, which depends on the sign of the square root of k2

∞−β2 and
hence defines a two-sheeted Riemann surface [10]. Let us consider the two sheets defined
by α′′∞>0 and α′′∞<0 respectively. The corresponding branch cut is given by α′′∞=0 and
is a portion of hyperbola [3] in the (β′, β′′) plane beginning at branch point (k′∞, k′′∞), as
shown in Fig. 1.2a. The remaining portion of the hyperbola satisfies the equation α′∞=0.
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(a) (b)

Figure 1.2 – Representation of the proper sheet α′′∞>0 in the upper complex plane β′′>0:
(a) lossy medium, (b) lossless. Branch cut α′′∞=0 (thick line), curve α′∞=0 (dotted line),
trapped modes (•), integration contour (dashed line). Hatched region: α′∞>0. White
region: α′∞<0.

The integrals in Eq. (1.1) can be evaluated thanks to Cauchy’s residue theorem. The path
R is conveniently closed by a semi-infinite circle along which the integrals vanish. This
implies that the exponentials ejα∞x and ejβz must tend to zero at infinity. For clarity, let
us focus on the solution in the region z>0, where waves are positive-going and decreasing
(β′′>0). In this case, the integration must be carried out on the upper semi-circle C+,
defined by β′′>0 and located on the proper sheet, which is α′′∞>0 (the improper sheet
being α′′∞<0). Furthermore, the branch cut is a discontinuity that cannot be crossed. It
must be circumvented by the path Γ+ (see Fig. 1.2a). Finally, on the contour R+Γ+ +C+,
the application of the residue theorem leads to

∫
R=2πj

∑
residues−

∫
Γ+ . The residues are

calculated from the poles (zeros of denominators of Eq. (1.1)) that lie on the proper
Riemann sheet α′′∞>0, that is to say the trapped modes. Thus, two parts contribute to
ψ(x, z, ω). The first one is a discrete sum of positive going trapped modes. The second
part is a continuous sum and stands for the continuum of radiation modes.

Together, trapped modes and radiation modes form the modal basis of an open waveg-
uide [3]:

ψ(x, z, ω) =
∑

trapped +
∫

Γ+
radiation modes. (1.2)

As mentioned previously, the continuum is difficult to handle. Its contribution can be
approximated by a discrete sum of a third class of modes, the so-called leaky modes
(e.g. using the steepest descent method [11]). It has to be emphasised that leaky modes
are also poles of Eq. (1.1). However, they do not belong to the modal basis because
they are improper poles that lie in the negative Riemann sheet [10] α′′∞<0. Hence, leaky
modes grow to infinity in the transverse direction. They can approximate the wave field
only in a strictly delimited spatial region [16]. From a physical point of view, leaky
modes might be seen in the bottom layer as imperfect guided waves that suffer from
leakage attenuation, while trapped modes are guided waves that propagate without leakage
attenuation. Radiation modes form standing waves in the transverse direction and can be
propagative or evanescent in the axial direction [2].

The lossless case (k′′∞=0), not considered so far, can be readily deduced asymptotically
and is shown in Fig. 1.2b. If the medium is lossless, trapped modes have purely real
wavenumbers [10] and exist only if k∞<β<k0.
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Note that the problem given by Eq. (1.1) has been introduced in this section for illus-
trative purposes only. The main results of this chapter will apply to more complex open
waveguides (e.g. multilayered or excited by other types of source), since the analysis in
the remainder essentially lies in the definition of the branch cut of the square root, which
is intrinsic to the half-space.

1.3 Modal basis with a PML

A PML is now applied in the infinite top layer. This amounts to perform an analytical
extension [49] for x>0 with the change of variable x̃=

∫ x
0 γ(ζ)dζ, where γ(x) is a complex

function such that arg γ ∈ [0;π/2[. For simplicity, let us consider a constant function
inside the whole top layer (γ(x)=γ). In this case, x̃=γx in the top layer. It can be readily
checked that solving the Helmholtz equation in both layers yields the same solution as
Eq. (1.1) except that the term ejα∞x is now replaced with ejα̃∞x, where α̃∞=γα∞. The
poles of the denominators (trapped and leaky modes) are left unchanged by the PML.

Following the same approach as in Sec. 1.2, the application of the residue theorem requires
considering a new proper Riemann sheet, defined by α̃′′∞>0. Consequently, the branch cut
is now given by α̃′′∞=0 and defines a new integration path denoted by Γ̃+. To understand
the effect of the PML on the modal basis, it is necessary to look further into the branch
cut transformation induced by the PML, namely from Γ+ to Γ̃+.

The branch cut α̃′′∞ = 0 = ±Im
√
Re α̃2

∞ + jIm α̃2
∞ in the (β′, β′′) plane can be un-

equivocally determined by the following conditions: Im α̃2
∞ = 0 and Re α̃2

∞ > 0 (see
Ref. 1 pp. 180–181 for the case without PML). Then, from the expansion α̃2

∞ =
(γ′ + jγ′′)(k′2∞ − k′′2∞ − β′2 + β′′2 + 2j(k′∞k′′∞ − β′β′′)), the equation Im α̃2

∞ = 2α̃′∞α̃′′∞ = 0
becomes:

Aβ′2 +Bβ′β′′ + Cβ′′2 +D = 0, (1.3)

with C=−A=γ′γ′′, B=γ′′2 − γ′2, D=γ′γ′′(k′2∞ − k′′2∞) + (γ′2 − γ′′2)k′∞k′′∞. Equation (1.3)
represents a hyperbola in the frame (β′, β′′). The principal axes of this hyperbola make an
angle θ with the axes of the frame given by the formula cot 2θ=(A− C)/B, which leads:

θ = π

4 − arg γ. (1.4)

From the study of the sign of Re α̃2
∞, it can be checked that the branch cut α̃′′∞=0 is on

the upper part of the hyperbola and that the lowest part corresponds to the curve α̃′∞=0.
Both parts are delimited by the branch point (k′∞, k′′∞), analogously to the case without
PML.

Without PML, arg γ=0 and θ=π
4 : the asymptotes of the hyperbola coincide with the

real and imaginary axes (as already shown in Fig. 1.2a). With PML, the angle becomes
π
4 − arg γ: the asymptotes are rotated by −arg γ. Hence, the branch cut transformation
from Γ+ to Γ̃+ is a rotation of an angle equal to −arg γ (see Fig. 1.3a). In the lossless
case (Fig. 1.3b), note that the PML branch cut is still a hyperbola.

As shown hereafter, this branch cut rotation has an important consequence. With PML,
the proper Riemann sheet satisfies α̃′′∞>0 (i.e. 0<arg α̃∞<π), or equivalently by using the
equality arg α̃∞=arg γ + argα∞:

− arg γ < argα∞ < π − arg γ. (1.5)
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(a) (b)

Figure 1.3 – Representation of the proper sheet with PML α̃′′∞>0 in the upper complex
plane β′′>0: (a) lossy medium, (b) lossless. Same legend as in Fig. 1.2 and: PML branch
cut α̃′′∞=0 (thick gray line) with its asymptotes (dashed dotted), leaky modes (N), revealed
part of the improper sheet α′′∞<0 (grey shaded region, satisfying α′∞>0).

In particular, the PML gives access to the region −arg γ<argα∞<0 (shaded region in
Fig. 1.3), which belongs to the initial improper sheet α′′∞<0 where leaky modes occur. In
other words, the rotation induced by the PML allows revealing the contribution of the
leaky modes satisfying argα∞>−arg γ. These revealed leaky modes are proper poles of
the problem with PML. Note that Eq. (1.5) coincides with the condition found for a PML
to cancel the transverse exponential growth of a leaky mode [12, 47].

To summarize, the integration contour with PML is R+C++Γ̃+ as shown in Fig. 1.3.
Applying Cauchy’s residue theorem on this contour yields:

ψ(x, z, ω) =
∑

trapped +
∑

revealed leaky +
∫

Γ̃+
PML modes. (1.6)

The PML hence defines a new modal basis which properly includes some leaky modes.
This modal basis still involves a continuum of modes, which mainly resonate inside the
PML (PML modes). One must yet keep in mind that the field inside the PML is not
physical: Eq. (1.6) coincides with the physical solution (1.2) only in the region out of the
PML.

Inside the accessible region of the sheet α′′∞<0 (i.e. the shaded region in Fig. 1.3) the sign
of α′∞ is single-valued and can be determined as follows. In the case without PML, the
hyperbola given by Eq. (1.3) delimits two regions in the complex plane, α′∞α′′∞>0 (hatched
region) and α′∞α′′∞<0 (white region) — see Fig. 1.2. The former and the latter are hence
such that α′∞>0 and α′∞<0 in the proper Riemann sheet (i.e. α′′∞>0), and conversely
in the improper one (α′′∞<0). Consequently, the revealed part of the sheet α′′∞<0 is such
that α′∞>0: as expected leaky waves are outgoing in the transverse direction.

1.4 The elastodynamic problem

In the elastodynamic case, two transverse wavenumbers must be considered: one for the
longitudinal transverse wavenumber, αl∞, and one for the shear transverse wavenumber,
αs∞. These are defined from α2

l∞=k2
l∞ − β2 and α2

s∞=k2
s∞ − β2, with kl∞=ω/cl∞ and
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(a) (b)

Figure 1.4 – Representation in the elastodynamic case of the proper sheet with PML
(α̃′′l∞>0,α̃′′s∞>0): (a) lossy medium, (b) lossless. Same legend as in Fig. 1.3, except
that sheet 1 (α′′l∞>0, α′′s∞>0) is now decomposed into: hatched (α′l∞>0, α′s∞>0), white
(α′l∞<0, α′s∞<0) and pea (α′l∞<0, α′s∞>0) regions. Shaded regions: revealed parts of the
initial improper sheets 2, 3 and 4.

ks∞=ω/cs∞. As a consequence, two branch cuts now occur (one for each square root) [5].
Following the previous section, the branch cuts to consider correspond to zero imaginary
parts, α′′l∞=0 and α′′s∞=0. This yields four Riemann sheets, labelled as 1 for (α′′l∞>0,
α′′s∞>0), 2 for (α′′l∞>0, α′′s∞<0), 3 for (α′′l∞<0, α′′s∞<0) and 4 for (α′′l∞<0, α′′s∞>0).

Applying the residue theorem, the elastodynamic solution without PML can then be
expressed as a discrete sum of trapped modes and two continuous sums of radiation modes,
instead of one in the scalar case. Trapped modes lie on the proper sheet 1 (on the real axis
in the lossless case). Extending the results of the previous section, the PML rotates both
branch cuts by −arg γ. As shown in Fig. 1.4a (lossy case), this rotation reveals parts of
the initial improper sheets 2, 3 and 4, containing leaky modes. The solution then becomes
expressed as a discrete sum of trapped modes, a discrete sum of revealed leaky modes and
two continua of PML modes.

Similarly to Sec. 1.3, the sign of α′l∞ and α′s∞ can be determined in the accessible regions
of sheets 2, 3 and 4. This yields the following results:

Region 2: α′l∞ < 0, α′s∞ > 0 (α′′l∞ > 0, α′′s∞ < 0)
Region 3: α′l∞ > 0, α′s∞ > 0 (α′′l∞ < 0, α′′s∞ < 0)
Region 4: α′l∞ > 0, α′s∞ > 0 (α′′l∞ < 0, α′′s∞ > 0)

Furthermore, the sheet 1 can be decomposed into three regions, as shown in Fig. 1.4a.
Note that the transverse longitudinal wavenumbers of leaky modes revealed in sheet 2
have a positive imaginary part together with a negative real part. This partial wave hence
behaves like a transverse backward wave decaying at infinity. This does not change the
nature of the modes in Region 2, which are of leaky type owing to the transverse behavior
of the partial shear wave (forward and growing at infinity).

In the lossless case (Fig. 1.4b), the sheet 4 cannot be accessible by the PML. In Fig. 1.4a,
the revealed region of sheet 4 is located between the two hyperbolas. In Fig. 1.4b, these
hyperbolas collapse with the axes of the frame, and so does the revealed part of 4. Never-
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theless, it is pointed out that the contribution of this particular sheet is usually neglected
with other approaches regardless PMLs [35, 50].

1.5 Discussion

In addition to trapped modes, a second class of proper modes is likely to occur depending
on material properties [11]. These modes lie on the proper sheet but are complex even in
the lossless case, as opposed to trapped ones. Hence, the discrete sum of trapped modes
in Eqs. (1.2) and (1.6) should also include these complex proper modes (when they exist).
Furthermore, trapped modes of backwards type may occur. Such modes have opposite
sign of phase and group velocity and have not been represented in the figures of this
chapter for simplicity (backwards modes lie on the negative real axis while propagating in
the positive direction, and conversely).

Only infinite PMLs have been considered in the previous sections. Yet for numerical
implementation, PMLs must be truncated at some finite distance. Both trapped and
leaky modes can be accurately computed, even after PML truncation, provided that the
PML is properly parametrized [12, 47]. However, the PML truncation transforms the
continuous sum of PML modes into a discrete one [48]. At first sight, the role of this
discrete sum in the convergence of solutions might be questionable owing to the fact that
discrete PML modes strongly depend on the boundary conditions arbitrarily set at the end
of the truncated PML. Nevertheless, it has been proved for homogeneous scalar problems
that the continuum of PML modes can be truly approximated by a sum over discrete
PML modes [15]. The convergence of the discrete sum towards the continuous sum can
be achieved depending on the thickness of the PML, its attenuation, and the number of
PML modes. Such a convergence cannot be necessarily achieved with absorbing layers of
non-perfectly matched type [16].

To conclude, the PML technique may significantly simplify the modal analysis of un-
bounded problems: this tool, easy to implement from a computational point of view,
allows revealing naturally the contribution of leaky modes. Furthermore, the discretized
sum of PML modes can be included in the modal basis in order to improve the accuracy of
numerical solutions, which may be necessary when the contribution of leaky modes is not
sufficient for a desired accuracy. This fully justifies from a numerical point of view the use
of the PML technique for the modal analysis of unbounded problems. Numerical results
will be shown in Chap. 2. It must be yet recalled that the PML technique is known to fail
in elastodynamics for some specific properties of anisotropy of the PML medium [51]. Such
situations are beyond the scope of this thesis, in which isotropic materials are implicitly
assumed inside the PML.
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2. A modal approach based on perfectly matched layers for the forced response of
elastic open waveguides

2.1 Introduction

2.1.1 Context and state-of-the-art

Elastic guided waves are interesting for many applications involving elongated structures
(e.g. non-destructive evaluation (NDE), structural health monitoring (SHM), exploration
geophysics...), because of their ability to propagate over large distances. When the struc-
ture (the core) is embedded into a large solid matrix, it can be considered as an open
waveguide (unbounded in the transverse direction). Such a configuration typically occurs
in civil engineering and in geophysics for example. Contrary to waveguides in vacuum
(closed waveguides), most of the waves in open waveguides are attenuated by leakage in
the surrounding medium as they propagate. Moreover, the underlying physics is deeply
transformed.

Indeed, in open waveguides, three main kinds of modes are distinguished: trapped modes,
radiation modes, and leaky modes. Trapped modes propagate without leakage attenuation
along the waveguide axis and decay exponentially in the transverse direction. These waves
are confined in the core of the waveguide or at the interface. Their existence depends on
material contrasts between the core and the surrounding medium [1]. Radiation modes are
standing waves in the transverse direction, which are propagative or evanescent in the axis
direction [2, 3]. Finally, leaky modes propagate with leakage attenuation along the waveg-
uide axis. These modes dramatically grow exponentially in the transverse direction [2, 6,
7].

Modes are computed by considering the source-free problem. This can be done by ana-
lytical methods (e.g. the Thomson-Haskell [25, 26], the stiffness matrix [27] or the global
matrix [28] methods), which are yet limited to canonical waveguide geometries. Numerical
methods are well-suited for more complex geometries. The idea is then to discretize only
the cross-section of the waveguide while describing analytically the direction of the wave
propagation. In closed waveguides, this approach yields a linear eigenvalue problem. It
has been applied under various names in the literature, such as the extended Ritz tech-
nique [52, 53] ; the thin layer method (TLM) for stratified waveguides in geophysics [54, 55]
; the strip-element method [56], the Semi-Analytical Finite Element method (SAFE) [29,
30] or more recently the Scaled Boundary Finite Element Method (SBFEM) [57, 58] in
ultrasonics. In this chapter, this approach will be referred to as waveguide formulation to
avoid the use of acronyms.

Extending the waveguide formulation to open waveguides is not straightforward because
of the unbounded nature of the problem in the transverse direction. This difficulty is
enhanced by the transverse growth of leaky modes. Therefore, the waveguide formulation
must be coupled to other techniques to numerically compute the modes of open waveguides.

The first class of methods avoids the discretization of the embedding medium by using
appropriate boundary conditions. The waveguide formulation has been combined with the
boundary element method to model three-dimensional waveguides immersed in fluids [59,
60] or embedded in solids [35]. Similarly, exact boundary conditions have been proposed
for two-dimensional waveguides (plates and cylinders) immersed in fluids [36]. All of these
boundary conditions lead to a highly non-linear eigenproblem that is difficult to solve. The
latter can be linearized in the case of two-dimensional plates immersed in perfect fluids [61,
62]. In the case of high-contrast solid waveguides, the waveguide formulation can also be
coupled to an approximate condition (the so-called dashpot boundary condition) [63].
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With this approximation, the eigenproblem remains linear.

The second class of methods requires a discretization of the surrounding medium, which
must be truncated. The eigenproblem remains linear. To avoid spurious reflections due
to truncation, the waveguide formulation have been combined with non-reflecting [64] and
continued-fraction absorbing [65] boundary conditions in fluids, or paraxial approximation
in solids [55, 66]. Absorbing layers of artificially growing damping can also be used to sim-
ulate fluid [67] or solid [37] infinite media. Another technique consists in using a Perfectly
Matched Layer (PML) to model the infinite surrounding medium (solid or fluid) [12, 13,
32, 34, 68, 69]. Contrary to absorbing layers, the PML avoids most spurious reflections
from the layer, which allows its thickness to be greatly reduced. Moreover, it have been
shown that the computation of leaky modes with a PML is mathematically relevant (see
Ref. [47] for scalar wave problems).

As far as the forced response problem is concerned, modal expansion methods have been
widely applied in closed waveguides [40]. However, their application to open elastic waveg-
uides is more intricate and has been barely considered in the literature. With a numerical
approach, the particular case of two-dimensional plates immersed in fluids has recently
been handled by a waveguide formulation with exact boundary conditions [62]. The case
of a stratified plate over or between half-spaces has been treated using a PML in Ref. [69].

As recalled in Chap. 1, theoretically, the forced response of an open waveguide can be
expanded on trapped modes and radiation modes [2, 3, 10], such that the displacement
field can be symbolically written as:

u(r, ω) =
∑

trapped +
∫

radiation modes, (2.1)

where, in addition to trapped modes, complex poles of backward type are also likely to
occur depending on the problem type [11, 70]. Let us briefly recall the origin of Eq. (2.1)
(the reader is invited to refer to Sec. 1.2 of Chap. 1 for more details). In the wavenumber
domain, the solution of the problem is a multivalued function owing its dependence on the
transverse wavenumber of the unbounded medium. The transverse wavenumber is indeed
the square root of a complex number on a two-sheeted Riemann surface. To evaluate
analytically the inverse spatial Fourier transform of the solution, a branch cut is defined
separating the proper Riemann sheet (where trapped modes occur) from the improper
Riemann sheet (where leaky modes occur). Hence, the inverse transform integration is
performed only on the proper sheet and gives rise [see Eq. (2.1)] to the discrete sum of
trapped modes and to the continuum of radiation modes, which represents the branch cut
contribution. This continuum is characteristic of the unboundedness of the modal problem
and is difficult to manipulate from a mathematical point of view. In elastodynamics, there
are two continua instead of one because two transverse wavenumbers occur (longitudinal
and shear waves) [5, 71]. The continua can actually be approximated with a convenient
discrete set of leaky modes, e.g. using the steepest descent method [10, 11]. This approxi-
mation is valid in a zone restricted near the core, in which leaky modes can provide useful
practical information such as axial attenuation and travelling velocity of waves packets [4].

In Ref. [41] (see Chap. 1 of this thesis), the authors have shown that when the surrounding
medium is modified by an infinite PML, the forced response can theoretically be obtained
with a modal expansion on trapped modes, revealed leaky modes and two continua of
radiation modes related to the PML branch cuts. With numerical methods, the PML
must yet be truncated to a finite thickness. The continua are then transformed into
discrete sets of PML modes. It remains necessary to investigate the use of the so-obtained
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numerical modes to compute the forced response, based on an appropriate orthogonality
relationship to guarantee the uniqueness of the solution. It is of particular interest to derive
a general orthogonality relationship that remains applicable for a wide class of problems,
including viscoelastic materials, full anisotropy and 3D waveguides of arbitrary cross-
section. Moreover, it is necessary to clarify the contribution and the physical relevance of
leaky and PML modes in the solution of the problem.

The aim of this chapter is to compute the forced response of elastic open waveguides
with a modal approach based on a waveguide formulation combined with a PML. This
approach will be termed PML waveguide formulation in this chapter. It is briefly recalled
in Sec. 2.1.2. Then, the modal approach used to compute the forced response is presented
in Sec. 2.2. A general biorthogonality relationship is derived for the modes of the PML
waveguide formulation. A validation test case is presented by considering a fully homoge-
nous medium in Sec. 2.3. Results are compared with an analytic solution, which allows
understanding how the PML parameters act on PML modes together with the accuracy
of the solution. Section 2.4 shows numerical results obtained for a circular bar waveg-
uide (widely encountered in civil engineering). Time-domain results are obtained, which
enables to clearly identify the distinctive role of PML modes and leaky modes and their
ability to approximate the total field. An open square bar example is finally considered, in
order to show the ability of the approach to handle three-dimensional waveguide problems.

2.1.2 PML waveguide formulation for mode computation

This section briefly recalls the PML waveguide formulation to compute the eigenmodes
of an open waveguide [12, 13]. One considers an elastic open waveguide, where z is the
propagation axis of the waveguide. The core of the waveguide has an arbitrary cross-
section. It is embedded in an infinite medium. Small strains and displacements are
assumed. A time-harmonic dependence e−jωt is chosen. The elastodynamic equilibrium
equations are written as:

∇̃.σ̃(ũ) + ρ̃ω2ũ = f̃ , (2.2)

where ũ is the displacement vector field. The tilde notation is explained in the following
with the PML introduction. σ̃(ũ) is the stress tensor. The stress-strain relation is σ̃(ũ) =
C̃ : ε̃(ũ), where C̃ is the stiffness tensor (complex for viscoelastic materials). The strain-
displacement relation is ε̃(ũ) = (∇ũ+(∇ũ)T)/2. The superscript T denotes the transpose.
f̃ is the vector of volumic forces.

For numerical purpose, the infinite surrounding medium is truncated by a finite PML of
thickness h. A radial PML is introduced by analytic continuation [49] of the elastodynamic
equations (2.2) into the complex transverse coordinate r̃:

r̃(r) =
∫ r

0
γ(ξ)dξ. (2.3)

Note that a Cartesian PML could be used instead of a radial PML [13], as done in Sec. 2.4.5.
The function γ(r) is a user-defined complex-valued function for absorbing outgoing waves
in the surrounding medium, such that:

• γ(r) = 1 outside the PML region (r < d),

• Im(γ(r)) > 0 inside the PML region (d < r < d+ h).
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d is the position of the PML interface. A boundary condition is arbitrarily applied at the
end of the PML. In this thesis, a Dirichlet condition is used. Eq. (2.2) must be transformed
to go back to the real radial direction r. The change of variable r̃ 7→ r for any function
g̃(r̃) gives:

g̃(r̃) = g(r), dr̃ = γ(r)dr, ∂g̃
∂r̃

= ∂g

∂r

1
γ(r) . (2.4)

Following the waveguide formulation in closed waveguides [12, 13], the strain-displacement
relation can be written as:

ε = (LS + Lz
∂

∂z
)u, (2.5)

where ε is the strain vector and u the displacement vector. LS is the operator containing
all terms but derivatives with respect to the z-axis, and Lz is the operator of z-derivatives.
The operator LS includes derivatives with respect to r and hence it depends on γ(r) and
r̃ [13]. A FE discretization is then applied to the cross-section (spectral elements can
be equally used [32]). The displacement on each element can be written ue(x, y, z, ω) =
Ne(x, y)Ue(z, ω), where Ne(x, y) is the matrix of two-dimensional interpolation functions
and Ue(z, ω) is the vector of nodal displacements. The derivation of the weak formulation
of Eq. (2.2) yields the global matrix system:

(K1 − ω2M)U + (K2 −KT
2 )U,z −K3U,zz = F, (2.6)

with the element matrices:

Ke
1 =

∫
NeTLT

SCLSNe r̃γ

r
dS, Ke

2 =
∫

NeTLT
SCLzNe r̃γ

r
dS,

Ke
3 =

∫
NeTLT

z CLzNe r̃γ

r
dS, Me =

∫
ρNeTNe r̃γ

r
dS, Fe =

∫
NeTf r̃γ

r
dS. (2.7)

where C is the stiffness matrix defined from Voigt notation of the tensor C.

A spatial Fourier transform in the z-direction is applied to Eq. (2.6), which leads to the
PML waveguide formulation [12, 13]:(

K1 − ω2M + jk(K2 −KT
2 ) + k2K3

)
Û = F̂, (2.8)

where Û(k, ω) is the vector of nodal displacements, F̂ is the vector of nodal forces and k
is the axial wavenumber with the following notation for any function g(z):

ĝ(k) =
∫ +∞

−∞
g(z)e−jkzdz. (2.9)

Further details of the derivation can be found in Refs. [12, 13]. For the chapter self-
containedness, additional steps are given in Appendix 2.A for an axisymmetric open
waveguide, which will be used for most of the numerical results presented in Secs. 2.3
and 2.4.

The source term in Eq. (2.8) is dropped (i.e. F̂ = 0). The source-free problem gives a
quadratic eigenvalue problem in terms of k. The eigenproblem is linearized (see Appendix
2.B) and solved for each angular frequency ω. The matrices K1, K3 and M are symmetric.
From this property, it can be shown that the eigenspectrum is made of symmetric pairs
of eigenvalues and eigenvectors, (km,Um) and (−km,U−m), (m = 1, . . . ,M), representing
M positive-going modes and M negative-going modes respectively. In the following, the
negative-going modes will be denoted (k−m,U−m).
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As recalled in Sec. 2.1.1, the PML waveguide formulation gives three kinds of eigenmodes:
trapped modes (if any), leaky modes and the so-called PML modes. PML parameters
have a strong influence on the accuracy of trapped and leaky modes. Theoretically (see
e.g. Refs. [12, 13]), leaky modes are attenuated by the PML if:

arg(kl/s) > −arg(γ̂), (2.10)

where kl/s is the longitudinal or shear transverse wavenumber and γ̂ is the average value
of γ(r) inside the PML region. When the condition (2.10) is fulfilled, only small reflections
occur at the end of a thick enough PML. As usual with PML, the attenuation rate should
not be too high to be properly approximated by the FE discretization. Concerning trapped
modes, the PML can accentuate their natural transverse decay if Re(γ̂) > 1 [12, 13]. As
for PML modes, these modes mainly resonate inside the PML and fully depend on PML
parameters.

2.2 Forced response of an elastic open waveguide

Any arbitrary field in a waveguide can be expanded on a unique set of modes, provided
that these modes are orthogonal [40]. In elastic open waveguides, orthogonality relation-
ships theoretically hold between trapped modes and radiation modes, see e.g. Ref. [3, 5].
However, the continua of radiation modes are difficult to manipulate. Conversely, leaky
modes form a discrete set, which may approximate the radiation field [16, 72, 73] and
which is easier to handle. However, they cannot satisfy orthogonality relationships [7, 72],
as they theoretically grow to infinity in the transverse direction (as recalled in Eq. (2.1),
leaky modes do not belong to the theoretical modal basis). In this section, a general
orthogonality relationship is derived when a finite PML is introduced to close the open
problem.

2.2.1 Effects of a PML on the modal basis

In a recent work (see Chap.1 of this thesis), the authors have studied the modal basis of
an elastic open waveguide when the surrounding medium is replaced by an infinite PML.
It has been shown that the introduction of an infinite PML of constant attenuation profile
γ modifies the transverse wavenumbers and yields a rotation of branch cuts by an angle of
−arg(γ). The rotation of the branch cuts induces a partial access to the initial improper
sheets where leaky modes occur. Therefore with a PML, a discrete set of revealed leaky
modes must be included in the modal basis. The set of trapped modes is left unchanged
and the solution field with an infinite PML can hence be written:

u(r, ω) =
∑

trapped modes +
∑

revealed leaky modes +
∫

PML branch cuts. (2.11)

The solution field described by Eq. (2.11) remains physically valid only in the region out
of the PML (r < d).

With numerical methods, the PML must be truncated to a finite thickness. The continuous
sums related to the PML branch cuts are then discretized [12, 13, 15]. These discretized
sets are PML modes, non-intrinsic to the physics since they fully depend on the parameters
of the truncated PML and on the boundary condition applied at the end of the PML.
Therefore, the role of these sets in the convergence of the modal expansion might be
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questionable at first sight. This topic will be addressed in Sec. 2.3 through numerical
results.

2.2.2 Derivation of a biorthogonality relationship

Let us start from the linear eigenvalue problem (see Appendix 2.B), written for a mode
m:

(A− kmB)xm = 0, (2.12)

with xT
m = [UT

m kmUT
m]T. A is not symmetric, and then left eigenvectors must be consid-

ered [74]. The left eigenvector yn satisfies the eigensystem:

yT
n (A− knB) = 0. (2.13)

The left and right eigenvectors are related by the following general biorthogonality rela-
tionships:

yT
nBxm = bmδmn, yT

nAxm = kmbmδmn, (2.14)

where bm is a normalization factor and δmn is the Kronecker’ symbol. B is symmetric,
and from Eq. (2.13), the left eigenvector ym satisfies:

(AT − kmB)ym = 0. (2.15)

It can be checked that the above eigensystem is satisfied with:

yT
m = [UT

−m kmUT
−m]T. (2.16)

The left eigenvectors can then be directly related to the right eigenvectors. This avoids
to solve the left eigenproblem. Hence, from Eq. (2.40) the biorthogonality relationship
yT
nBxm = bmδmn can be expanded as:

UT
−n(K1 − ω2M)Um + knkmUT

−nK3Um = bmδmn. (2.17)

From Eq. (2.41) written for a given mode m, one gets (K1 − ω2M)Um = −jkm(K2 −
KT

2 )Um − k2
mK3Um. Eq. (2.17) can then be rewritten as:

jkmUT
−n(KT

2 + jkmK3)Um − jkmUT
−n(K2 − jknK3)Um = bmδmn. (2.18)

In Eq. (2.18), one can identify the so-called modal forces [75]:

Fm = (KT
2 + jkmK3)Um, (2.19)

such that after rearrarengement, Eq. (2.18) yields:

jω
4 (UT

mF−n −UT
−nFm) = Qm,−mδmn, (2.20)

with Qm,−m = −ωbm/4km. Eq. (2.20) provides a general orthogonality relationship in-
volving the whole cross-section of the waveguide (i.e. including the finite PML). It is
applicable to any kind of modes without distinction (trapped, leaky and PML modes).

This orthogonality relationship is identical to the orthogonality relationship derived for
lossy closed waveguides in [75]. It remains valid for 3D waveguides of arbitrary cross-
section, as well as for fully anisotropic and viscoelastic materials (it is noteworthy that
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Eq. (2.20) is also applicable with absorbing viscoelastic layers, see e.g. results in Ref. [75]).
As shown in this reference, Eq. (2.20) can be readily expressed in an analytical form:

Qm,−n = jω
4

∫
S

(um · t−n − u−n · tm)dS = 0, ifm 6= n, (2.21)

where for each mode, tm is the traction vector applied on the section S. Actually, Eq. (2.21)
corresponds to Auld’s real orthogonality relationship [40], which could therefore be used for
the analytical modelling of open waveguides truncated by a finite PML. Note that except
for real wavenumber modes (perfectly guided modes or trapped modes), Qm,−m differs
from the averaged power flow Pm [75]. The averaged power flow can yet be computed
from the Poynting vector of each mode from Eq. (2.29).

As a side remark, a mathematically exact orthogonality relationship has been proposed
in Ref. [72] for leaky modes in dielectric waveguides by deforming the radial coordinate
into the complex plane. The approach of the present chapter, applied to elastodynamics,
is quite similar.

2.2.3 Modal solution of the problem

Let us consider the excitation of the waveguide by a force. The linear formulation [see
Eq. (2.39)] is premultiplied by yT

n and the vector x is decomposed on 2M modes as
follows: x =

∑M
−M αmxm (m 6= 0). The system is then expanded and, thanks to the

biorthogonality relation (2.20), it can be checked that the modal coefficients are given
by αm = −ωUT

−mF̂/[4Qm,−m(km − k)]. Hence, the displacement solution to the forced
response problem is:

Û = −
+M∑

m=−M
m6=0

ωUT
−mF̂

4Qm,−m(km − k)Um. (2.22)

Then, the inverse Fourier transform U(z, ω) = 1/(2π)
∫+∞
∞ Û(k, ω)ejkzdk is used to go

back to the real space (z, ω). With the help of Cauchy’s residue theorem, it can be shown
that the field outside the source region going towards the positive z direction is [75]:

U(z, ω) =
M∑
m=1

EmF̂(km)ejkmz, (2.23)

where Em is the generalized modal excitability matrix:

Em = jω
4Qm,−m

UmUT
−m. (2.24)

(Em)ij is the displacement amplitude of mode m at degree of freedom (dof) i when excited
by a unit force at dof j. If one is interested in the field going towards the negative z
direction, then the summation in Eq. (2.23) must be performed on negative-going modes.
The +j factor in Eq. (2.24) is replaced by −j and the subscripts m and −m are switched.

Finally, the time-transient displacement is obtained by the inverse Fourier transform
1/(2π)

∫+∞
∞ U(z, ω)e−jωtdω.
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2.2.4 Determination of the travelling direction

The solution given by Eq. (2.23) requires to determine the travelling direction of each
mode. Modal characteristics can be computed straightforwardly from the eigensolutions
(km,Um) and the finite element matrices [13]. The phase velocity of a mode m is:

vpm = ω

Re(km) . (2.25)

Its attenuation in dB m−1is:
ηm = 8.686Im(km). (2.26)

The group velocity vgm = ∂ω/∂km is computed as follows:

vgm = Re

( 2ωUT
−mMUm

UT
−m(j(K2 −KT

2 ) + 2kmK3)Um

)−1
 . (2.27)

The phase velocity does not necessarily give the travelling direction owing to the existence
of backward modes, which have phase and group velocities of opposite sign [40]. The di-
rection of propagation of the modes can be properly determined according to the following
criterion:

• the sign of Im(km) if Im(km) 6= 0, such that if Im(km) > 0, the mode is a positive-
going mode, and if Im(km) < 0 the mode is negative-going,

• the sign of vgm if km ∈ R (that is for trapped modes, when they exist).

The case of trapped modes is somehow particular. The case of purely trapped modes never
occurs in viscoelastic media since the wavenumbers always have a non zero imaginary part.
In purely elastic waveguides, trapped waves exist only if the shear velocity is lower in the
core than in the embedding medium, unless longitudinal and shear waves couple into
interface trapped waves, called Stoneley waves [1].

2.2.5 Remarks on the energy velocity

In lossy waveguides, it has been shown that the group velocity can yield non-physical
values [76], so that the energy velocity is usually preferred in closed waveguides. However,
the energy velocity must be averaged on the whole cross-section, which is theoretically
unbounded considering open waveguides.

For trapped modes, which are non-attenuated waves that exponentially decay in the trans-
verse direction, the group velocity is equal to the energy velocity. Hence, the criterion
proposed in Section 2.2.4 to determine their travelling direction is consistent (it does not
matter whether the group velocity or the energy velocity is used).

For leaky modes, the energy velocity cannot be theoretically defined because these modes
grow to infinity in the transverse directions. In practice, the energy velocity integration of
leaky modes is usually restricted to the core, which can give a reasonable approximation of
the velocity of wave packets [4, 76]. The energy velocity restricted to the core cross-section
can be calculated as follows:

vem = Re(Pm)
Re(Tm) + Re(Vm) , (2.28)
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Material ρ (kg m−3) cl (m s−1) cs (m s−1) ηl (Npwavelength−1) ηs (Npwavelength−1)
Cement grout 1600 2810 1700 0.043 0.1

Steel 7932 5960 3260 0.003 0.008

Table 2.1 – Material properties

where for each mode m, Pm is the normal component of the Poynting vector integrated
on the core cross-section, Tm is the core cross-section and time-averaged kinetic energy,
and Vm is the core cross-section and time-averaged potential energy. These quantities can
be post-processed from [13]:

Pm = −jω
2 U∗m(KT

2 + jkmK3)Um, (2.29)

Tm = ω2

4 U∗mMUm, (2.30)

Vm = 1
4U∗m(K1 + jkmK2 − jk∗mKT

2 + k∗mkmK3)Um. (2.31)

where the ∗ superscript denotes conjugate transpose and the overbar stands for the dof
restriction to the core cross-section.

It is noteworthy that the integration restriction to the core is quite arbitrary. Therefore,
the so-defined energy velocity cannot be considered as a general indicator to determine the
travelling direction of any type of modes (of PML modes, in particular). In the following
of this chapter, the above-defined energy velocity will be only used for the post-processing
of dispersion curves of leaky modes and their comparison with literature results.

2.3 The homogeneous test case

In this section, the forced response of a homogenous medium excited by a point load is
computed by the numerical method and compared to an analytical solution. A homo-
geneous medium can be viewed as an open waveguide without a core. This test case is
actually the worst scenario for the numerical modal approach since there is no contrast of
impedance: only the discrete set of PML modes occurs (there is neither trapped nor leaky
modes). As outlined in Section 2.2.1, the contribution of PML modes to the solution has
to be clarified because these modes are not intrinsic to the physics (they mainly oscillate
in the PML region, which mainly depends on user-defined parameters).

2.3.1 Description

Let us assume a homogeneous, isotropic and unbounded medium, made of cement grout
material (see Fig. 2.1). Material properties are given in Table 2.1. In this section, the
medium is pure elastic (ηl = ηs = 0). The medium is excited by a point force in the
z-direction at the origin: f = F (t)δ(x)ez (f = F (t)

2πr δ(r)δ(z)ez in cylindrical coordinates).
The signal F (t) is a sinus of centre frequency fc = 60 kHz with an amplitude of 1 N,
modulated over 5 cycles by a Hanning window.
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Figure 2.1 – Sketch of the excited homogeneous medium truncated by a finite PML.

The transient axial displacement along the z-axis (i.e. at r = 0) at a distance z to the
source is given by the following analytical solution (see e.g. Ref. [14]):

uref
z (z, t) = 1

2πρz3

∫ z/cs

z/cl

τF (t− τ)dτ + 1
4πρc2

l z
F (t− z

cl
). (2.32)

The first term of Eq. (2.32) is a near-field contribution. The second term is the far-
field contribution of the P-wave (along the z-axis, there is no far-field contribution of the
S-wave [14]).

The problem is solved with an axisymmetrical PML waveguide formulation (see Appendix
2.A). The PML starts at r = d = 10 mm. Following Refs. [12, 13], the attenuation function
of the PML is chosen as parabolic and is given by:

γ(r) =


1 if r ≤ d,

1 + 3(γ̂ − 1)
(
r − d
h

)2
if r > d, (2.33)

where γ̂ = 1
h

∫ d+h
d γ(ξ)dξ is the average value of γ(r) inside the PML region. γ̂ and h

are user-defined parameters. The solution is computed in the frequency range [0, fmax],
with fmax = 120 kHz, divided into 176 frequency steps. The cross-section is discretized
with three-nodes line elements of length ∆r = 0.25d ≈ λmin/5, where λmin = cs/fmax.
The eigenproblem (2.42) is solved with the ARPACK library [77]. Based on an implicit
restarted Arnoldi method, this library enables to compute a user-defined number of eigen-
values (denoted as 2M) that are the closest in absolute value to a user-defined shift, set
to 0 in this chapter (except in Sec. 2.4.5). The displacement at the FE node located at
r = 0 is then computed from Eq. (2.23) and denoted as unum

z (z, ω). The modal expansion
(2.23) contains PML modes only.

The accuracy of the numerical solution is assessed as a function of the distance z with the
following relative error in the L2-norm:

e(z) =
√∫
|uref
z (z, ω)− unum

z (z, ω)|2dω∫
|uref
z (z, ω)|2dω , (2.34)

where uref
z (z, ω) is obtained from the analytic Fourier transform of Eq. (2.32), given in

Appendix 2.C (from Parseval’s equality, the relative error has the same value both in
frequency and time domains).
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Figure 2.2 – Wavenumber spectrum of an elastic homogeneous medium computed with
the PML waveguide formulation at f = fc. PML parameters: γ̂ = 4 + 4j; blue triangle:
h = 4d, M = 50 ; red circle: h = 4d, M = 30 ; black cross: h = 3d, M = 50. Dashed
black line: theoretical branch cut rotated by −arg(d+ hγ̂) with h = 4d.

2.3.2 Results

Figure 2.2 represents the discrete modal spectrum in the complex wavenumber kd-plane
(Re(kd) > 0, Im(kd) > 0) at the centre frequency, computed for γ̂ = 4 + 4j and the
following three cases: (h = 4d,M = 50), (h = 4d,M = 30) and (h = 3d,M = 50).
This enables to study the influence of two key features on the relative error of the forced
response:

• the complex thickness d+ γ̂h,

• the number of modes M retained in the modal expansion.

The number of dofs of the quadratic eigenvalue problem is equal to 68 dofs for h = 3d and
84 dofs for h = 4d. These values must be multiplied by two for the linearized eigenvalue
problem (see Appendix 2.B).

As observed in Fig. 2.2, the poles close to the real axis (Im(kd) = 0) lie along two hy-
perbolas, corresponding to the branch cuts rotated by the PML. As briefly recalled in
Sec. 2.2.1, these branch cuts are rotated by an angle equal to −arg(γ) in the case of an
infinite PML (for further details, see Chap. 1). For a PML of finite thickness, this angle
becomes equal to −arg(d + hγ̂) as shown in Ref. [13]. Note that the deviation from the
theoretical hyperbolas observed here for high order poles is explained by the FE approxi-
mation: this deviation can be moved further away from the real axis by reducing the size
of elements (see Ref. [12]).

The relative error of the forced response is plotted in Fig. 2.3 as a function of the distance
z. It can be observed that a good accuracy is reached for the three cases in the range
z ∈ [20d, 90d], with a relative error lower than 0.5%. This shows the ability of PML
modes, when the PML is properly parametrized, to reconstruct the analytical solution.
In particular, the geometrical decay of the field is well recovered by the superposition of
PML modes, which are by nature exponentially decaying.

Further away from the source (z > 90d), it turns out that the error gets lower by increasing
the complex thickness (compare red and blue results with the black ones). As shown in
previous studies [12, 13], the discretization of the continua gets denser as the complex
thickness increases. This effect can be observed in Fig. 2.2 (see e.g. the distance labelled
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Figure 2.3 – Relative error as a function of the distance z between PML waveguide for-
mulation and analytical solutions. Same parameters and color legend as in Fig. 2.2.
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Figure 2.4 – Transient axial displacement calculated at a distance z = 175d with the
PML waveguide formulation (dashed red line) and the analytical solution (blue line).
Parameters: cement grout, γ̂ = 4 + 4j, h = 4d, M = 50.

A and B between two poles for two different complex thicknesses). Indeed, only modes
with low |Im(kd)| can significantly contribute to the forced response at far distances. It is
then necessary to have a denser spectrum to reassemble a geometrically decaying solution.

Yet in the near field (z < 20d), even highly attenuated PML modes (with high |Im(kd)|)
can significantly contribute to the solution. For a given modal density (i.e. a given complex
thickness), the error can then be reduced by increasing the maximum imaginary part of
the computed spectrum, that is to say, the number of modes M retained in the modal
expansion (compare blue with red results). Conversely, for a fixed number of modes M ,
the error in the near field could also be reduced by decreasing the complex thickness.

It has to be mentioned that the numerical results of Fig. 2.3, obtained in this chapter for
the elastodynamic problem, are consistent with the theoretical proof of convergence of the
PML mode expansion derived in Ref. [15] for the Helmholtz equation.

As an example, Fig. 2.4 compares the transient numerical and analytical solutions cal-
culated at the distance z = 175d. Good agreement is found, which confirms the ability
of the numerical approach to accurately compute the forced response even in the fully
homogeneous configuration (worst scenario). Note that the distance z = 175d will be of
interest when considering a core waveguide example as discussed later in Sec. 2.4.
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Figure 2.5 – Relative error as a function of distance between PML waveguide formulation
and analytical solutions for a complex thickness 25ejθ. Dotted orange line: θ = 20 deg ;
crossed blue line: θ = 30 deg ; black line: θ = 45 deg ; dashed-dotted red line: θ = 60 deg
; dashed green line: θ = 70 deg.

The argument of the complex thickness, denoted as θ (θ ∈]0, π/2[), also plays a role on the
accuracy of the numerical results. Figure 2.5 shows the relative error for different values of
θ by keeping constant the modulus of the complex thickness, set to |d+hγ̂| = 25 (h = 4d,
M = 50). This means that γ̂ now varies as a function of θ, such that Im(γ̂) increases as θ
increases and conversely.

Not too far from the source, the error remains low regardless of the value of θ (less than
1.2% for z/d ∈ [0, 150d]). For greater distances, the error increases with a rate depending
on θ. The error remains small (below 2%) in a wide range of values (θ ∈ [30, 60] deg), with
a minimum reached around θ = 45 deg. Outside this range, the accuracy of the solution
decreases because the PML attenuation is not strong enough. More precisely, when the
argument is small (e.g. θ = 20 deg), waves are reflected at the end of the PML (Im(γ̂)
is too low), which deteriorates the solution. Equivalently, θ must not be too close to π/2
either (see e.g. θ = 70 deg), otherwise the rotated branch cuts become too close to the
real axis. In this case, the problem becomes equivalent to the computation of trapped
modes (these modes occur along the real axis also), and as shown in Ref. [12], a proper
transverse attenuation of such modes requires to increase Re(γ̂) instead of Im(γ̂).

2.4 Application

A steel core is now included in the homogeneous medium previously studied (see Fig.
2.6). First, the core has a circular cross-section. This configuration enables to highlight
the contribution of leaky modes, compared to that of PML modes, as a function of the
distance to the source. As before, this open waveguide is modelled with the axisymmetrical
PML waveguide formulation. Then, a square cross-section is considered as an example of
three-dimensional waveguide.

2.4.1 Circular bar test case description

The material properties are given in Table 2.1. The shear wave velocity in the core (steel)
is greater than in the embedding medium (cement grout). For this configuration, there
is no trapped modes [1, 4], so that only leaky modes and PML modes occur. The core
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z

r

Figure 2.6 – Sketch of the excited steel circular bar embedded into cement grout truncated
by a finite PML.

has a radius a = 10 mm. Both the elastic and viscoelastic cases will be considered. The
embedding medium is truncated by a PML of thickness h starting at a distance r = d
with the same attenuation profile as Eq. (2.33). In order to avoid spurious eigenvalues
and limit the transverse growth of leaky modes, it is preferable to set the PML close to
the core [47] (d− a should be small). The PML interface has been set to d = a.

2.4.1.1 Dispersion curves

For the visualisation of dispersion curves, only the modes intrinsic to the physics are of
interest (leaky and trapped modes). It is then necessary to filter out PML modes. A
filtering criterion has been proposed in previous studies [12, 13] to identify and remove
PML modes. A slightly modified version is presented here. The proposed filtering criterion
is based on the ratio of the imaginary part over the modulus of the kinetic energy, defined
from Eq. (2.30) but integrating the whole cross-section (i.e. including the PML, so that
the overbar has to be discarded in Eq. (2.30)). The modes are retained in the visualisation
if they fulfil the following criterion:

1− Im(Tm)
|Tm|

> ηmin, (2.35)

where 0 < ηmin < 1 is a user-defined parameter.

The filtered dispersion curves obtained for the viscoelastic case are shown in Fig. 2.7.
The figure shows 12 modes, of leaky type, corresponding to longitudinal modes (these
modes are usually labelled L(0,n) in the literature). Also shown are the results of Ref. [4],
which confirms the ability of the PML waveguide formulation to accurately compute leaky
modes [12, 13, 32].

2.4.1.2 Excitation parameters

The forced response of the open waveguide is computed with the same type of force as in
Sec. 2.3, with an amplitude of 1N, considering the following two signals:

• fc = 60 kHz with a 5 cycles Hanning window. At this frequency, only one leaky
mode propagates (see point A in Fig. 2.7). This low-frequency excitation allows a
direct comparison with the results of Sec. 2.3 and aims to clarify the influence of
leaky modes on the solution compared to that of PML modes. The problem is solved
on the frequency range [fmin, fmax], with fmin = 12 kHz and fmax = 120 kHz, divided
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Figure 2.7 – PML waveguide formulation results (black dots) and results of Ref. [4] (red
line) for (a) the energy velocity and (b) the attenuation (steel circular bar embedded into
cement grout, viscoelastic case). The PML parameters are: h = a, γ̂ = 1 + 2j. Filtering
criterion: ηmin = 0.6. Point A: f = 0.60 MHz mm ; Point B: f = 22.84 MHz mm ; Point C:
f = 20.92 MHz mm.

into 323 frequency steps. The size of finite elements is set to ∆r = 0.25a, yielding
84 dofs for the quadratic eigenvalue problem (84x2 for the linearized one).

• fc = 2.284 MHz with a 10 cycles Hanning window. This high-frequency excitation
involves several leaky modes and is of interest for NDE because the mode of lowest
attenuation is excited (see point B in Fig. 2.7). For this high-frequency excitation,
the problem is solved for [fmin, fmax], with fmin = 1.14 MHz and fmax = 3.42 MHz,
divided into 1823 steps. The size of finite elements is set to ∆r = 0.019a, yielding
240 dofs for the quadratic eigenvalue problem (240x2 for the linearized one).

2.4.2 Low frequency response

For the low-frequency excitation (fc = 60 kHz), the PML parameters are set according to
the results of Sec. 2.3 in order to ensure a good accuracy of the PML mode contribution
(h = 4a, γ̂ = 4 + 4j). As in Sec. 2.3, the axial component uz of the forced response is
computed along the z-axis. 50 PML modes and 1 leaky mode are now included in the
modal superposition.

Figure 2.8 shows the transient response at z/a = 175 both for the elastic and the vis-
coelastic cases. As expected, the amplitude of the response is reduced in the viscoelastic
case (but the times of flight are nearly unchanged). Three wave packets can be observed.
The first one is the contribution of the leaky mode. The second and third packets are
the contribution of PML modes (it has been checked that these packets disappear if PML
modes are not retained in the modal expansion). Interestingly, the second and third pack-
ets can be compared to the results of Fig. 2.4 obtained for the homogeneous test case
(i.e. without steel core): it can be noticed that the times of flight coincide each other.
Therefore, the contribution of PML modes observed in Fig. 2.8, inside the steel core, can
be interpreted as the trace of the field radiated into the surrounding medium.
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Figure 2.8 – Transient axial displacement uz(r = 0, z = 175a, t) in a steel-cement grout
circular bar open waveguide, in the pure elastic case (blue line) and in the viscoelastic case
(red line), for a low-frequency excitation (fc = 60 kHz). PML parameters: γ̂ = 4 + 4j,
h = 4a, M = 51.
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Figure 2.9 – Energy as a function of distance in a steel-cement grout circular bar open
waveguide (elastic case). PML parameters: γ̂ = 4 + 4j, h = 4a. Blue line: modal super-
position over 50 PML modes and 1 leaky mode (M = 51) ; dashed red line: contribution
of the leaky mode only (exponential decay).

To confirm this interpretation, Fig. 2.9 plots the quantity proportional to the energy,
|uz(r = 0, z)|2, as a function of the distance z computed at the centre frequency (elastic
case). Up to a certain distance (z/a = 170), the leaky mode contribution prevails: the
energy decreases exponentially. But further away from the source, the leaky mode contri-
bution becomes negligible and the PML mode contribution prevails: the energy decreases
with a geometrical decay. In between, there is a transition zone (around z/a = 175) where
both types of modes contribute nearly equally as can be observed in Fig. 2.8.

Similar results have been obtained analytically in the case of optical scalar waveguides [16],
showing that radiation modes first reassemble the leaky mode contribution (exponentially
decaying) and then yields the long-term diffraction (geometrically decaying). Provided
that the PML parameters are set properly, Fig. 2.8 and 2.9 show that the PML technique
enables to compute the long-term diffraction phenomenon. This is not the case with
absorbing viscoelastic layers [16].

31



2. A modal approach based on perfectly matched layers for the forced response of
elastic open waveguides

2.4.3 High frequency response

The NDE of open waveguides requires that enough energy remains inside the core. At
high frequencies, the energy can be concentrated into the core and the leakage attenuation
reduced [4]. In Fig. 2.7, the lowest attenuation is reached for the 12th leaky mode, with
a characteristic series of lobes above 20 MHz mm (the minimum attenuation is reached
for the second lobe, at point B, and equals 159 dB mm m−1). At higher frequencies, the
attenuation of higher order modes increases because of greater losses due to viscoelasticity
than to leakage [4]. Since it can propagate over greater distances than the others, the 12th
mode is hence quite attractive.

In the context of NDE, only leaky modes are of interest. The contribution of PML modes
(long-term diffraction, geometrically decaying) does not need to be considered because it
occurs when a lot of energy has been already lost from the core (that is to say, when the
problem can somehow no longer be considered as a waveguide problem). The computa-
tional cost can then be reduced here because, for the high-frequency excitation (fc = 2.284
MHz), an acceptable convergence of leaky modes can actually be reached with a thin PML.
After numerical tests, the PML thickness has been reduced to h = 0.1a with γ̂ = 1 + 2j.

Figure 2.10b shows the transient solution at z/a = 175. M = 20 leaky modes have been
used to compute the forced response. Thanks to the modal approach used in this chapter,
the contribution of each mode m to the total forced response at a given distance of prop-
agation can be computed. This modal contribution is given by the vector EmF̂(km)ejkmz

(see Sec. 2.2.3). The so-obtained values are plotted in Fig. 2.10a for the dof corresponding
to the axial displacement at r = 0, over the energy velocity curves. It shows that the
first wave packet is mainly due to the 12th mode with a smaller contribution of the 11th
mode. The wave packet of the second arrival is composed of weaker modal contributions,
corresponding to parts of dispersion curves having higher attenuation and slower velocity.
As expected, the energy is essentially contained in the first arrival because the centre fre-
quency of the excitation coincides with the maximum energy velocity and the minimum
attenuation of the 12th mode (point B in Fig. 2.7).

2.4.4 Excitability of leaky modes

In the analysis of elastic waveguides, the excitability of a given mode is an important
feature, defined by the displacement-force ratio, which typically enables to optimise the
type and location of sensors to be used [78]. The expression of excitability arises from the
orthogonality of modes. Yet from a theoretical point of view and as mentioned earlier,
leaky modes cannot satisfy an orthogonality relationship because the wave fields of such
modes do not vanish at infinity in the transverse direction. To circumvent this problem,
some authors have proposed to restrict the integration over the core [7].

However, the PML technique used in this chapter enables to calculate the excitability, as
defined from Eq. (2.24), by integrating over the whole cross-section including the PML.
Like the biorthogonality relation (2.20), the so-defined excitability is applicable to any
type of modes, and in particular to leaky modes.

Figure 2.11 represents the modulus of the excitability over a wide frequency range for an
axial point force applied at the centre of the core. For clarity of the figure, the excitability
of each mode is shown only in a frequency range where their maximum energy velocity
and their minimum attenuation occur (these regions are of low modal dispersion).
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Figure 2.10 – (a) Energy velocity curves with the modal contribution of axial displacement
at r=0 and z=175a at each frequency (colormap) and (b) Transient axial displacement
uz(r = 0, z = 175a, t) in a steel-cement grout circular bar open waveguide (viscoelastic
case) for a high-frequency excitation (fc = 2.284 MHz). PML parameters: γ̂ = 1 + 2j,
h = 0.1a, M = 20.
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Figure 2.11 – Excitability in a steel-cement grout circular bar open waveguide (viscoelastic
case) for a point-force excitation at the core centre oriented in the axial direction. PML
parameters: h = a, γ̂ = 1 + 2j.
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Figure 2.12 – Mode shape Um in the z direction of the 12th leaky mode for the first
lobe (point C, f = 20.92 MHz mm, red line) and for the second lobe (point B, f = 22.84
MHz mm, blue line) in a steel-cement grout circular bar open waveguide (viscoelastic case).
PML parameters: γ̂ = 1 + 2j, h = a.
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The excitability is found to be strong for odd modes (modes 1, 3, 5, 7, 9, 11) and weak for
even modes up to the 12th mode. As previously mentioned, the 12th mode is somehow
specific as it is composed of a series of lobes. These lobes also exhibit a strong variation
of excitability (contrary to the energy velocity and the attenuation). For instance, the
excitability of the second lobe (point B) is much higher than the excitability of the first
lobe (point C), by an amount of 20 log10 |EB/EC | = 42 dB.

These differences of excitability can be explained by inspecting the mode shapes. As an
example, Fig. 2.12 shows the mode shapes of the first two lobes of the 12th mode. The
modal displacement of the first lobe is significantly lower at the centre of the core (i.e.
where the point force is applied), hence reducing the excitability at this point.

2.4.5 A square bar example

A three-dimensional waveguide with a core cross-section of square shape is now considered.
As previously mentioned, the theory of Sec. 2.2 remains fully applicable. However, the
computational cost significantly increases because the cross-section is now two-dimensional
(instead of one-dimensional in the previous test cases). Furthermore, the eigenspectrum
contains flexural and torsional leaky modes (in addition to longitudinal modes) and much
more PML modes as well. In the following, the forced response of the square bar is
computed in a high-frequency range and compared to the circular case.

2.4.5.1 Square bar test case description

Figure 2.13 – Spectral element mesh (8th order elements) of a square bar (viscoelastic
steel) embedded into viscoelastic cement grout. Black: square bar; gray: embedding
medium (PML).

The dispersion curves of a square bar open waveguide have already been obtained with a
Cartesian PML waveguide formulation discretized with spectral elements in Ref. [32]. The
square bar is made of viscoelastic steel and is embedded into viscoelastic cement grout.
Materials are given in Table 2.1. The half-width of the square is given by a = 10mm. The
Cartesian PML is introduced by an analytic continuation of the elastodynamic equations
(2.2) into the complex plane (x̃, ỹ). As in the circular bar case, its attenuation is chosen
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Figure 2.14 – (a) Energy velocity curves with the modal contribution of axial displacement
at r=0 and z=175a at each frequency (colormap) and (b) Transient axial displacement
uz(r = 0, z = 175a, t) in a steel-cement grout square open waveguide (viscoelastic case)
for a high-frequency excitation (fc = 2.247 MHz). PML parameters: γ̂x = γ̂y = 1 + 2j,
hx = hy = 0.25a, M = 50.

parabolic. The PML parameters are then given in both directions x and y by the mean
attenuations γ̂x and γ̂y, the thickness hx and hy and the distances dx and dy. In the
following, dx = dy = a. Details about the implementation of a Cartesian PML can be
found in Ref. [13] and are not recalled in this chapter for conciseness. As for spectral
elements discretization, the specific element matrices and details about the convergence
of the method can be found in Ref. [32]. To reduce the number of computed modes, the
eigensolver shift is set to k0 = ω/cl0, where cl0 is the longitudinal bulk velocity in the core.
This enables to compute mainly longitudinal modes, while avoiding the computation of
PML modes or highly attenuated leaky modes of minor interest [32]. Note that opposite-
going modes also have to be computed (using a −k0 shift) to obtain the forced response.

The waveguide is excited by a unit force of 1 N applied at the centre of the square shape in
z direction. The excitation signal is a 10 Hanning window with fc = 2.247 MHz. At this
frequency, the mode with the lowest attenuation is excited. The problem is then solved
for [fmin, fmax], with fmin = 1.797 MHz and fmax = 2.697 MHz, divided into 542 steps.
The half-width of the square is meshed with 4 spectral elements of order 8 (see Fig. 2.13),
yielding 20 451 dofs for the quadratic eigenvalue problem (20 451x2 for the linearized one).

2.4.5.2 High-frequency response

As shown in Ref. [32], low-leakage longitudinal modes also occurs in square bars at high
frequencies. Herein, the lowest attenuation is reached for the second lobe of the 12th
longitudinal mode at f = 2.247 MHz and equals 147 dB mm m−1. These values are in
good agreement with the results of Ref. [32]. They have been obtained with the following
PML parameters: hx = hy = 0.25a and γ̂x = γ̂y = 1 + 2j.

Figure 2.14b shows the transient axial displacement at z/a = 175 and the modal contri-
bution are displayed in Fig. 2.14a. M = 50 modes have been used to compute the forced
response. Because of the symmetry of the source, only longitudinal modes are excited.
As in the circular case (Fig. 2.10b), two wave packets propagate in the square bar. The
first wave packet is due to the arrivals of the 11th and 12th leaky modes, which are the
fastest and the less attenuated ones. The second wave packet contains weaker modal
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(a) (b)

Figure 2.15 – Mode shape Um in the z direction of the 12th longitudinal leaky mode for
(a) the first lobe (f = 2.06 MHz) (b) the second lobe (f = 2.247 MHz) in a steel-cement
grout square open waveguide.

contributions of slower velocities.

Note that the wave packets are of slightly smaller amplitudes than in the circular bar.
Although the attenuation of the modes is a bit smaller in the square bar, the energy
spreads over a wider cross-section area. Moreover, the energy repartition among the modes
is also modified. Contrary to the circular case, each lobe of the 12th mode significantly
contributes to the response (see Fig. 2.14a). These differences can be explained by the
mode shapes of the square bar. The latter are displayed in Fig. 2.15a and Fig. 2.15b
for the first two lobes at their lowest attenuation. At the centre of the circular bar, the
modal displacement is roughly ten times smaller for the first lobe than for the second
lobe (Fig. 2.12). In the square bar, the modal displacement at the centre (x = y = 0) is
only twice smaller for the first lobe than for the second lobe, hence increasing the modal
contribution of the first lobe in the response.

2.5 Conclusion

A modal approach based on PML has been proposed to compute the forced response of
elastic open waveguides. Solving the eigenproblem of the PML waveguide formulation
leads to three discrete sets of modes: trapped modes, revealed leaky modes and PML
modes. The latter comes from a continuous set of modes, discretized by the truncation
of the PML, and fully depends on the PML parameters. A biorthogonality relationship
has been derived, applicable to any types of modes, which enables to obtain the forced
response with a unique modal superposition, as well as to define the excitability of leaky
modes.

A numerical study in a homogeneous elastic medium has shown that, despite their depen-
dence on PML parameters and their exponential decay, the contribution of the discrete
set of PML modes enables to reassemble the exact solution (geometrically decaying).

In a waveguide, the PML modes enable to obtain the long-term diffraction phenomenon,
which occurs at great distances to the source when most energy has leaked into the sur-
rounding medium. However, leaky modes dominate over a wide range of distance inside
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the core. In this range, leaky modes are sufficient to obtain a good approximation of the
solution. Furthermore, the leaky mode contribution remains accurate even with a small
PML thickness, hence reducing the computational cost.
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2. A modal approach based on perfectly matched layers for the forced response of
elastic open waveguides

Appendices

2.A Axisymmetrical PML waveguide formulation

Let us go back to Eq. (2.2) written in the cylindrical coordinate system (r̃, θ, z). The
waveguide is axisymmetric, and then the cross-section is reduced to the radial direction
r̃. The core of the waveguide has a radius r̃ = a, and is made of one or several layers.
Only axisymmetric solutions are considered, so that ∂(.)/∂θ = 0 and ũθ = 0. Hence the
displacement field in Eq. (2.2) is expressed as ũ = [ũr ũz]T, and only depends on the
variables r̃ and z.

Based on Eq. (2.3), the change of variable (2.4) is applied to Eq. (2.2). In the strain-
displacement relation (2.5), the operators LS and Lz are given by:

LS =

1
γ


1 0
0 0
0 0
0 1

 ∂

∂r
+


0 0
1 0
0 0
0 0

 1
r̃

 , Lz =


0 0
0 0
0 1
1 0

 . (2.36)

Then, a one-dimensional finite element discretization is applied along the radial direction,
yielding the following interpolation on each element:

ue(r, z, ω) = Ne(r)Ue(z, ω). (2.37)

Ne(r) is the matrix of interpolation one-dimensional functions. Ue(z, ω) is the vector
of nodal displacements. The weak formulation is established by integrating by parts the
second order derivatives with respect to r in Eq. (2.2). Regardless of the presence of a
PML, detailed steps of the integration can be found in the literature (see [29] for instance)
and are not repeated here. It yields Eq. (2.6), where the element matrices are given by
Eq.(2.7) with dS = 2πrdr. Under the assumption used in this appendix, C is reduced to
a four-by-four matrix. For instance, the matrix C for an isotropic material is:

C =


λ+ 2µ λ λ 0
λ λ+ 2µ λ 0
λ λ λ+ 2µ 0
0 0 0 µ

 . (2.38)

2.B Linearization of the quadratic eigenvalue problem

The system (2.8) can be linearized [29, 74, 75], and yields for instance:

(A− kB)x = q, (2.39)

with:

A =
[

0 K1 − ω2M
K1 − ω2M j(K2 −KT

2 )

]
,B =

[
K1 − ω2M 0

0 −K3

]
,x =

[
Û
kÛ

]
,q =

[
0
F̂

]
.

(2.40)
The free response problem is considered by dropping the source term:(

K1 − ω2M + jk(K2 −KT
2 ) + k2K3

)
Û = 0, (2.41)
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and yields the generalized eigenvalue problem:

(A− kB)x = 0. (2.42)

Because of the PML, the matrices are complex. A and B are not Hermitian.

2.C Fourier transform of Eq. (2.32)

This appendix gives the analytic Fourier transform uref
z (z, ω) =

∫+∞
−∞ uref

z (z, t)e+jωtdt of
Eq. (2.32).

First, the near-field term is written as a convolution product:∫ z/cs

z/cl

τF (t− τ)dτ = a(t) ∗ F (t), (2.43)

with:

a(t) =
{
t if t ∈ [z/cl; z/cs],
0 otherwise. (2.44)

The Fourier transform of a(t) ∗F (t) is equal to A(ω)F (ω), where F (ω) is the spectrum of
the excitation force, and A(ω) is obtained from an integration by parts, yielding:

A(ω) = 1
ω2 (ejω z

cs − ejω z
cl ) + z

jω (ejω z
cs

cs
− ejω z

cl

cl
). (2.45)

Finally, the Fourier transform of Eq. (2.32) is:

uref
z (z, ω) = 1

2πρz3A(ω)F (ω) + 1
4πρc2

l z
F (ω)ejω z

cl . (2.46)
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3. Numerical modelling of wave scattering by local inhomogeneities in elastic
waveguides embedded into infinite media

3.1 Introduction

As recalled earlier, elastic guided waves are often used for non-destructive evaluation
(NDE) of elongated structures because they can propagate over a long distance while being
sensitive to small damages. However, their scattering behaviour is difficult to interpret,
because these waves are multi-modal and dispersive. Furthermore, when the structure
is embedded into an infinite elastic medium (open waveguide), most of the waves are
attenuated by radiation losses (leakage) into the surrounding medium, thus limiting the
inspection range of NDE techniques.

In open waveguides, wave scattering by inhomogeneities has been studied experimentally
for various structures such as steel bars [4] or seven-wires strands [79] embedded in ce-
ment grout, embedded rock bolts [80], reinforced bars [81] or pipes [82] in concrete. Yet,
only a few numerical models have been developed, and they remain restricted to circular
geometries (see Refs. [7, 42, 83]). Thus, this chapter aims to propose a numerical model
suitable for open waveguides of arbitrary cross-section with local inhomogeneities.

The idea is to describe the inhomogeneous (damaged) zone of the waveguide and its vicinity
with a finite-element model. The latter is then coupled to a modal representation of the
field propagating in the undamaged parts of the waveguide, yielding transparent boundary
conditions. This principle has been widely applied in closed waveguides (i.e. in vacuum),
see Refs. [18, 19, 31, 39, 84–86] for instance. In this chapter, it will be referred to as
hybrid method. Hybrid methods yield directly the reflection, transmission and conversion
properties of the modes while remaining computationally fast. Furthermore, they are
not badly affected by backward modes (with group and phase velocities of opposite signs),
contrary to methods based on Perfectly Matched Layers (PML) truncating the undamaged
parts along the waveguide axis [87].

Hybrid methods cannot be applied directly to open waveguides because the problem is
unbounded in the transverse direction. The latter must be bounded for numerical purpose.
Furthermore, the modal representation of waves strongly differs from closed waveguides.

In open waveguides, let us remember that three types of modes can be distinguished:
trapped modes, radiation modes and leaky modes. Trapped modes propagate without
leakage attenuation along the waveguide axis. They are confined in the core of the waveg-
uide or at the interface with the surrounding medium. Out of the core, these modes decay
exponentially along the transverse direction. The existence of trapped modes depends on
the contrast of materials between the core and the surrounding medium [1]. Radiation
modes are standing waves along the transverse direction, which are propagative or evanes-
cent in the axis direction [2, 3, 10]. Leaky modes propagate with leakage attenuation
along the waveguide axis. However, these modes grow exponentially in the transverse
direction [2, 7, 10].

From a mathematical point of view, trapped modes are a discrete set of poles. Radiation
modes are two continuous sets of modes (reduced to one in scalar waveguide), originating
from branch cuts integration. Together, trapped modes and radiation modes form the
modal basis of open waveguides: their superposition describes any wave field propagating
in the waveguide [3, 5]. However, the continua of radiation modes are difficult to manip-
ulate. They can be conveniently approximated by a discrete set of leaky modes in a zone
restricted near the core [10, 16]. In that case, leaky modes can provide key information
such as the axial attenuation or the travelling velocity of wave packets [4].
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3.2. Numerical method

From a numerical point of view, modes can be efficiently computed by discretizing only the
cross-section of the waveguide while describing analytically the direction of wave propaga-
tion. To model open waveguides, a solution consists in using a PML of finite thickness in
the transverse direction [12, 13, 68, 69] . In this chapter, this method will be called PML
waveguide formulation. Other techniques have been proposed (in Refs. [35, 37, 61, 63, 65]
for instance) and will not be discussed here (the reader can refer to the introduction of
Chap. 2 for details). The PML waveguide formulation avoids most spurious reflections
from the absorbing layer, which allows reducing its thickness. Furthermore, the modes are
the solution of a linear eigenvalue problem.

As shown in Ref. [47] for scalar waveguides, it is noteworthy that the computation of
leaky modes with a PML is mathematically relevant. Besides, radiation modes turn out
to lie on two branch cuts rotated by the argument of the PML complex thickness [12] and
discretized by the PML truncation to a finite thickness. These modes are often called PML
modes (or Berenger modes). Although PML modes are non-intrinsic to the physics (they
resonate mainly inside the PML region), their modal superposition enables to accurately
reconstruct the forced response of an elastic open waveguide [43] (see also Chap. 2 of this
thesis). Nevertheless, their contribution remains unclear as far as scattering problems are
considered.

This chapter proposes to use a PML in the transverse direction to truncate the surround-
ing medium in the finite element model of the inhomogeneous waveguide. This model is
coupled to a modal representation based on the PML waveguide formulation, thus pro-
viding a hybrid method for open waveguides. Section 3.2 details the numerical method
for three-dimensional waveguides of arbitrary cross-section and discusses the modal or-
thogonality properties specific to the PML formulation. In Sec. 3.3, numerical results are
presented for three cases. First, the reflection at the junction between a closed and an
open cylindrical waveguide is considered as a validation test case (Sec. 3.3.1). Results
are also given for transmission. Then, the scattering of leaky modes by an axisymmetric
notch is studied in low-frequency and high-frequency regimes (Sec. 3.3.2). The latter is of
particular interest for NDE applications. The contribution of each type of modes to the
scattered field is discussed. A particular attention is given to the PML mode contribution.
Finally, the reflection of leaky modes by an oblique break is considered as an example of
three-dimensional modelling.

3.2 Numerical method

3.2.1 Weak form with a transverse PML

Let us consider an elastic open waveguide made of a core of arbitrary cross-section em-
bedded into an infinite elastic medium. z is the propagation axis of the waveguide. The
waveguide contains a local inhomogeneity, such as a notch or a cross-section change for
example. The domain Ṽ is thus defined as a small part of the waveguide enclosing this
inhomogeneity — see Figs. 3.1a and 3.6a for instance.

Small strains and displacements are assumed. A time-harmonic dependence e−jωt is chosen.
In Ṽ , the weak formulation of elastodynamics is given by:∫

Ṽ
δε̃Tσ̃dṼ − ω2

∫
Ṽ
ρ̃δũTũdṼ =

∫
Ṽ
δũTf̃dṼ +

∫
∂Ṽ
δũTt̃d∂Ṽ , (3.1)
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where ε̃ and σ̃ are the strain and stress vectors, ũ is the displacement vector, f̃ is the vector
of volumic forces inside Ṽ and t̃ is the traction vector applied on the surface ∂Ṽ . The
subscript T denotes the matrix transpose. The stress-strain relation is given by σ̃ = C̃ε̃,
where C̃ is the matrix of material properties (complex-valued for viscoelastic materials).

For numerical purpose, the infinite surrounding medium is truncated by a finite PML of
thickness h. A radial PML is considered in this chapter (a Cartesian PML could be used
instead, see e.g. Ref. [13]). It is introduced by the analytic continuation [49] of the weak
form (3.1) into the complex transverse coordinate r̃:

r̃(r) =
∫ r

0
γ(ξ)dξ. (3.2)

γ(r) is a user-defined complex-valued function for attenuating outgoing waves in the sur-
rounding medium, such that:

• γ(r) = 1 outside the PML region (r < d),

• Im
(
γ(r)

)
> 0 inside the PML region (d < r < d+ h).

d is the position of the PML interface. An arbitrary boundary condition is applied at the
end of the PML. In this thesis, a Dirichlet condition is chosen.

Finally, Eq. (3.1) must be transformed to go back to the real radial direction r. The
change of variable r̃ 7→ r for any function g̃(r̃) yields:

g̃(r̃) = g(r), dr̃ = γ(r)dr, ∂g̃
∂r̃

= ∂g

∂r

1
γ(r) , dṼ = r̃(r)γ(r)

r
dV. (3.3)

3.2.2 Hybrid FE-modal approach

A hybrid method is now proposed for the analysis of mode scattering by local inhomo-
geneities in elastic open waveguides.

The hybrid approach starts from the weak formulation (3.1) after applying the change of
variable (3.3). The strain-displacement relation can be written as ε = Lu, where L is the
operator including all spatial derivatives. A FE discretization can then be applied on the
volume V . The displacement on each element is given by ue(x, y, z, ω) = Ne

V (x, y, z)Ue(ω)
where Ne

V (x, y, z) is the matrix of three-dimensional interpolation functions and Ue(ω) is
the vector of nodal displacements. Finally, the FE discretization leads to:

δUT(K− ω2M)U = δUTF, (3.4)

where U is the vector of displacements for all degrees of freedom (dofs) of V , F is the
vector of forces, and K and M are the stiffness and mass matrices. The element matrices
are given by:

Ke =
∫

Ne
V

TLTCLNe
V

r̃γ

r
dV, Me =

∫
ρNe

V
TNe

V

r̃γ

r
dV. (3.5)

These matrices are complex-valued owing to the introduction of the PML.

U and F can be partitioned into the dofs belonging to the cross-section boundaries Σ =⋃
i
Σi (orthogonal to the waveguide axis z, see Figs. 3.1a and 3.6a) and the remaining (i.e.
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internal) dofs, such that:

U =
[
UΣ
UI

]
, F =

[
FΣ
FI

]
, (3.6)

where I = V \ Σ.

The main idea of the hybrid approach is to connect V to semi-infinite homogeneous (i.e.
inhomogeneity-free) waveguides through the boundaries Σ, thanks to transparent bound-
ary conditions. To do so, UΣ and FΣ are expanded on the wave modes of the homogeneous
open waveguides as follows:

UΣ =
N∑
n=1

α−nU−n +
N∑
n=1

αnUn, (3.7)

FΣ =
N∑
n=1

α−nF−n +
N∑
n=1

αnFn. (3.8)

U±n and F±n are the vectors of modal displacements and modal forces for a given mode n.
These eigenvectors are computed with the PML waveguide formulation (briefly recalled
in Sec. 3.2.3). The α±n are the modal coefficients. The subscript − denotes ingoing
(incident) modes. The subscript + denotes outgoing (scattered) modes. N denotes the
number of modes retained in the modal expansions.

It is convenient to gather known and unknown quantities into two different vectors U−
and U+ respectively defined as follows:

U− =
[
α−
FI

]
, U+ =

[
α+
UI

]
. (3.9)

α± are the column vectors of modal coefficients, i.e. α± = [α±1 α±2 . . . α±N ]T. Com-
bining Eq. (3.9) with Eqs. (3.7) and (3.8) gives:

U = Gu−U− + Gu+U+, F = Gf−U− + Gf+U+, (3.10)

with the following matrices:

Gu− =
[
Bu− 0

0 0

]
, Gu+ =

[
Bu+ 0

0 I

]
, Gf− =

[
Bf− 0
0 I

]
, Gf+ =

[
Bf+ 0
0 0

]
, (3.11)

where Bu± = [U±1 U±2 . . . U±N ] and Bf± = [F±1 F±2 . . . F±N ] are the basis of modal
displacements and modal forces.

Using Eqs. (3.4) and (3.10) for any arbitrary field δUT =
[
δαT

+ δUT
I

]T
, one finally gets

the following linear matrix system:

GT
u+(DGu+ −Gf+)U+ = GT

u+(Gf− −DGu−)U−, (3.12)

where D = K−ω2M is the dynamic stiffness matrix. The system (3.12) is solved for each
angular frequency ω.
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3.2.3 PML waveguide formulation for mode computation

Eigenvectors used in the modal expansions (3.7) and (3.8) can be obtained with the so-
called PML waveguide formulation. The derivation of the PML waveguide formulation
starts from the weak form (3.1) after the change of variable (3.3), written on each cross-
section Σi, dropping the source-term, and assuming an ejkz dependence for u (e−jkz for
δu). k is the axial wavenumber. Hence, the strain-displacement relation can be written
as:

ε = (LS + jkLz)u, (3.13)

where LS is the operator including all terms but derivatives with respect to the z-axis,
and Lz is the operator of z-derivatives.

A FE discretization is then applied on the cross-section. The displacement on each ele-
ment can be written ue(x, y, ω) = Ne

Σ(x, y)Φe(ω), where Ne
Σ(x, y) is the matrix of two-

dimensional interpolation functions and Φe(ω) is the vector of nodal displacements. The
following quadratic eigenvalue problem is finally obtained [13, 43]:(

K1 − ω2MS + jk(K2 −KT
2 ) + k2K3

)
Φ = 0, (3.14)

where the element matrices are given by:

Ke
1 =

∫
Ne

Σ
TLT

SCLSNe
Σ
r̃γ

r
dS, Ke

2 =
∫

Ne
Σ

TLT
SCLzNe

Σ
r̃γ

r
dS,

Ke
3 =

∫
Ne

Σ
TLT

z CLzNe
Σ
r̃γ

r
dS, Me

S =
∫
ρNe

Σ
TNe

Σ
r̃γ

r
dS. (3.15)

Φ is the vector of nodal displacements on the cross-section. More details can be found
e.g. in Refs. [12, 13], as well as in Appendix 3.A in the specific case of an axisymmetric
circular open waveguide, which will be used to obtain the numerical results presented in
Sec. 3.3.1 and 3.3.2.

The eigenproblem (3.14) must be linearized to make its resolution easier with standard
eigensolvers [74]. The following linearized form is adopted:

(A− kB)x = 0, (3.16)

with
A =

[
0 I

K1 − ω2MS j(K2 −KT
2 )

]
,B =

[
I 0
0 −K3

]
,x =

[
Φ
kΦ

]
. (3.17)

Equation (3.16) is solved for each angular frequency ω. Due to the symmetry of matri-
ces K1, K3 and MS , the eigenspectrum is composed of pairs of eigensolutions, denoted
{kn,Un} and {k−n,U−n} with k−n = −kn for (n = 1, . . . , N), representing N outgoing
modes and N ingoing modes respectively [12, 13].

The modal forces Fn used in the modal expansion (3.8) are defined from [39, 75]:∫
Σi

δuTtn = δΦTFn, (3.18)

where for the mode n, tn is the vector of the traction applied on the cross-section Σi with
an outward unit normal. It can be checked that tn = LT

z σn = LT
z C(LS +jkLz)un, so that

the modal forces are explicitly given by [39, 75]:

F±n = (KT
2 + jk±nK3)U±n. (3.19)
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3.2.4 Mode properties

3.2.4.1 Modal characteristics

As recalled in Chap. 2, modal characteristics can be readily computed from the eigenso-
lutions of Eq. (3.14) and the finite element matrices (3.15) [13]. For a given mode n, its
phase velocity is:

vpn = ω

Re(kn) . (3.20)

Its attenuation in dB m−1 is:
ηn = 8, 686Im(kn). (3.21)

The group velocity vgn = ∂ω/∂kn is computed as follows [13]:

vgn = Re

( 2ωUT
−nMUn

UT
−n(j(K2 −KT

2 ) + 2knK3)Un

)−1
 . (3.22)

In open waveguides, the energy velocity can be defined by [76]:

ven = Re(Pn)
Re(Tn) + Re(V n)

, (3.23)

where for each mode n, Pn is the normal component of the Poynting vector integrated on
the core cross-section, Tn is the core cross-section and time-averaged kinetic energy, and
V n is the core cross-section and time-averaged potential energy. These quantities can be
post-processed from [13]:

Pn = −jω
2 U∗n, (K

T
2 + jknK3)Un, (3.24)

Tn = ω2

4 U∗nMUn, (3.25)

V n = 1
4U∗n(K1 + jknK2 − jk∗nK

T
2 + k∗nknK3)Un. (3.26)

where the ∗ superscript denotes conjugate transpose and the overbar stands for the re-
striction to the dofs of the core of the cross-section. Note that the integration is usually
restricted to the core cross-section in open waveguides because of the growth of leaky
modes in the transverse directions. This restriction is quite arbitrary but gives a reason-
able approximation of the travelling velocities of wave packets [4, 76]. In this chapter, the
calculation of Pn and ven will only be used for post-processing steps (i.e. for dispersion
curves and normalization of the scattering coefficients).

3.2.4.2 Determination of the travelling direction

The hybrid method presented in Sec. 3.2.2 requires determining the travelling direction of
the modes. In elastic waveguides, the phase velocity does not necessarily give the travel-
ling direction because of the existence of backward modes, which have phase and group
velocities of opposite signs [40, 70]. The travelling direction of the modes is determined
according to the following criterion [43] (see also Chap. 2 of this thesis):
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• the sign of Im(kn) if Im(kn) 6= 0, such that if Im(kn) > 0, the mode is a positive-
going mode (towards z > 0), and if Im(kn) < 0 the mode is negative-going (towards
z < 0).

• the sign of vgn if kn ∈ R.

The criterion is valid both for closed and open elastic waveguides. In closed waveguides,
the case kn ∈ R corresponds to propagating modes. In open waveguides, modes with real
wavenumbers are somehow particular because they correspond to trapped modes. Trapped
modes exist only when the shear velocity is greater in the embedding medium than in the
core (except if longitudinal and shear waves couple into Stoneley waves [1]). Besides in
viscoelastic media, modes with real wavenumbers never occur, because the wavenumbers
are then always complex-valued.

3.2.4.3 Post-processing of scattering coefficients

In this chapter, reflection and transmission coefficients are defined by considering an inci-
dent mode −n through the section Σ1. The scattered modal coefficients α+n are directly
obtained by solving (3.12). Owing to leakage losses, their values depend on the posi-
tions zi of the cross-sections Σi. With the hybrid method, these positions are user-defined
parameters and are hence arbitrary.

To circumvent this problem, a reference position is chosen to post-process the scattering
coefficients. In this chapter, this reference position is set to the inhomogeneity position,
i.e. z = zref — see Figs. 3.1a and 3.6a for instance. As done for viscoelastic problems in
closed waveguides [88, 89], this amounts to retropropagate the modal coefficients to the
inhomogeneity position. Hence, the reflection coefficient of a mode m is defined on Σ1 by:

Rm,n =
∣∣α+me+jk+m(zref−z1)∣∣√|Re(P+m)|∣∣α−ne+jk−n(zref−z1)

∣∣√|Re(P−n)|
. (3.27)

Similarly, the transmission coefficient of a mode m is defined on Σ2 by:

Tm,n =
∣∣α+me+jk+m(zref−z2)∣∣√|Re(P+m)|∣∣α−ne+jk−n(zref−z1)

∣∣√|Re(P−n)|
. (3.28)

Such definitions enables to have scattering coefficients which are independent on the po-
sition of the cross-section Σi. Note that the coefficients are also normalized by the modal
power computed with Eq. (3.24).

3.2.5 Modal orthogonality in open waveguides

In a waveguide, any arbitrary field can be expanded on a unique set of modes if they are
orthogonal [40]. In open waveguides, orthogonality theoretically holds between trapped
modes and radiation modes when integrated on the infinite cross-section [3, 5]. If the
integration is restricted to the core cross-section, trapped and radiation modes are no
longer orthogonal. On the other hand, leaky modes may approximate the contribution of
radiation modes [10, 16], but they cannot satisfy the orthogonality relationship since they
grow to infinity in the transverse direction.
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When the transverse problem is bounded by a finite PML, the authors have recently
shown [43] (see also Chap. 2 of this thesis) that the following orthogonality relationship
holds:

Qm,−n = jω
4 (UT

mF−n −UT
−nFm) = Qm,−mδmn. (3.29)

This orthogonality relationship involves the whole cross-section of the waveguide (i.e.
including the finite PML) and is applicable to any kind of modes without distinction
(trapped, leaky and PML modes). It also remains valid for fully anisotropic or viscoelastic
materials. Equation (3.29) guarantees the uniqueness of modal expansions (3.7) and (3.8).
Actually, it is a discrete form of the so-called Auld’s real orthogonality relationship [40],
as already shown for closed viscoelastic waveguides [75].

It has to be emphasized that Eq. (3.29) is generally not a power orthogonality relationship.
To prove this, let us start with the total time-averaged power flow across the whole cross-
section, given by [39]:

ΠT = Re(− jω
2 U∗ΣFΣ). (3.30)

Expanding the fields UΣ and FΣ on the modes yields (details are given in Appendix 3.B):

ΠT =
N∑

m=−N
|αm|2Re(Pm) +

N∑
m=−N

∑
n6=m

α∗nαmPm,n, (3.31)

where Pm,n = jω
4 (F∗nUm−U∗nFm) is the modal cross-power of modes m and n. For m = n,

one has Pm,m = Re(Pm), where Re(Pm) = ω
2 Im(U∗mFm) is the modal power of the mode

m. Note that Pm is computed from the same equation as Eq. (3.24) but by removing the
overbar in order to consider the whole cross-section.

There is so-called power orthogonality if the total power in the waveguide is the sum
of the power propagated by each mode, that is if Pm,n = 0 for all m 6= n [40, 90].
However, the modal cross power Pm,n is in general non-zero, except if the so-called Auld’s
complex biorthogonality relationship [40] is satisfied, that is to say, for real wavenumber
modes only: in that case, UT

−n = U∗n and FT
−n = F∗n such that Eq. (3.29) becomes

Qm,−n = Pm,n = Re(Pm)δmn [75].

As a consequence, there is no power orthogonality (Qm,−n 6= Pm,n) in open waveguides
involving leaky modes or in lossy closed waveguides (wavenumbers are complex). The
modal cross power should thus be considered. This has been studied in electromagnetic
open waveguides, see e.g. Ref [2, 10, 72, 91, 92]. As for scattering analysis, this phe-
nomenon is likely to complicate the interpretation of results in terms of modes. This will
be illustrated in Sec. 3.3.2.3.

3.3 Results

3.3.1 The junction test case

As a first test case, the reflection of the fundamental longitudinal guided mode L(0,1)
at the junction between a closed and an open cylindrical waveguide is computed with
the hybrid method and compared to literature results. Results are also presented for
the transmission coefficient and the role of PML modes in the solution of the scattering
problem is investigated.
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Material ρ (kg m−3) cl (m s−1) cs (m s−1) ηl (Npwavelength−1) ηs (Npwavelength−1)
Steel 7932 5960 3260 0.003 0.008
Epoxy 1170 2610 1000 0 0

Cement grout 1600 2810 1700 0.043 0.1

Table 3.1 – Material properties

3.3.1.1 Description
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Figure 3.1 – Junction test case. (a) Sketch of the computational domain V ; (b) Finite
element mesh (black: physical domain, grey: PML domain, PML parameters: d = a,
h = 2a).

One considers a cylindrical steel waveguide of radius a = 1 mm partly embedded in an
infinite epoxy medium. Materials properties are given in Table 3.1 (in the following, pure
elastic materials are considered, i.e. the longitudinal and shear bulk wave attenuations ηl
and ηs are equal to 0 Np/wavelength).

In Ref. [7], the reflection of the L(0,1) guided mode at the junction has been studied both
with a mode-matching method and with a transient finite-element model. Herein, the
scattering problem is solved with the axisymmetrical formulation of the hybrid method.
The computational domain V is depicted in Fig. 3.1a. The inlet and outlet cross-sections
boundaries Σ1 and Σ2 are set at equal distances |zi − zref| = 0.25a from the junction.
A free surface condition is applied on the outer surface of the closed waveguide region
(z < zref, r = a) and on the inlet of the epoxy layer (z = zref, a < r < a + h). The epoxy
layer is bounded by a transverse PML. Following Ref. [13], the attenuation of the PML is
chosen as parabolic and is given by:

γ(r) =


1 if r ≤ d,

1 + 3(γ̂ − 1)
(
r − d
h

)2
if r > d, (3.32)

where γ̂ = 1
h

∫ d+h
d γ(ξ)dξ is the average value of γ(r) inside the PML region. γ̂ and h are

user-defined parameters. To avoid spurious eigenvalues and to enhance the attenuation of
leaky modes, it is preferable to set the PML close to the core [47]. In the following, the
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Figure 3.2 – PML waveguide formulation results for (a) the energy velocity of the L(0,1)
guided mode (blue dots) and the L(0,1) leaky mode (red dots) and (b) the attenuation
of the L(0,1) leaky mode. PML parameters are: d = a, h = 2a, γ̂ = 8 + 16j. Filtering
criterion: ηmin = 0.5.

distance is set to d = a and the PML thickness is set to h = 2a. Note that in order to
accurately compute leaky modes at the lowest frequencies (large wavelengths), the PML
must have a relatively large complex thickness d+ γ̂h. After numerical tests, the value of
γ̂ has been set to γ̂ = 8+16j. Despite this large complex thickness, the computational cost
remains low because a coarse mesh is sufficient to obtain acceptable results in the frequency
range of interest. The dispersion curves of the fundamental L(0,1) mode computed at both
the inlet ant outlet cross-sections are given in Fig. 3.2 (PML modes have been filtered out
from the visualization following the criterion of Appendix 3.C).

The domain V is meshed with 6-nodes triangle elements, yielding a total of 338 dofs
(see Fig. 3.1b) with 18 dofs on the cross-section Σ1 and 52 dofs on the cross-section Σ2.
The latter values must be multiplied by two for the linearized eigenvalue problem (see
Sec. 3.2.3). The eigenproblem (3.16) is solved with the ARPACK library [77]. Based
on an implicit restarted Arnoldi method, this library enables to obtain a user-defined
number of eigenvalues (denoted as 2N), corresponding to the closest in absolute value
to a user-defined shift (set to 0 in this chapter). For this test case, N = 20 modes are
initially computed on each cross-section. The number of modes finally retained in the
modal expansions is denoted NΣi(i = 1, 2).

3.3.1.2 Numerical results

Figure 3.3 shows the wavenumber spectrum computed on the cross-section Σ2 (open waveg-
uide), in the complex plane (Re(ka) > 0, Im(ka) > 0) and at f = 300 kHz. The spectrum
includes the L(0,1) leaky mode and 19 PML modes. As expected, PML modes close to the
real axis (Im(ka) = 0) lie along two hyperbolas corresponding to branch cuts rotated with
an angle −arg(d+ hγ̂), and starting at branchpoints ωa/cl,s (cl,s being the bulk velocities
in the epoxy layer). A deviation from the hyperbolas can be observed far from the real
axis. This deviation can be reduced by using a finer FE mesh [12]. Further details on
the behaviour of PML modes can be found in Refs. [13, 43]. As far as the cross-section
Σ1 is concerned (closed waveguide), the wavenumber spectrum includes the L(0,1) guided
mode (real wavenumber) and 19 complex inhomogeneous or evanescent modes (spectrum
not shown for conciseness).
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Figure 3.3 – Wavenumber spectrum (N = 20) of an elastic steel waveguide embedded into
epoxy computed with the PML waveguide formulation (cross-section Σ2), at f = 300 kHz.
Black circle: leaky mode, blue triangles: PML modes, dashed black lines: theoretical
branch cuts with a finite PML rotated by −arg(d + hγ̂). PML parameters: d = a, h =
2a, γ̂ = 8 + 16j.
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Figure 3.4 – Reflection coefficient of the L(0,1) mode by the junction. Red curve: results
of Ref. [7]. Blue dashed curve: hybrid approach with NΣ1 = 1, NΣ2 = 20. Black dotted
curve: hybrid approach with NΣ1 = 1, NΣ2 = 1. PML parameters: d = a, h = 2a,
γ̂ = 8 + 16j.
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Figure 3.5 – Transmission coefficient of the L(0,1) leaky mode by the junction. Blue dashed
curve: hybrid approach with NΣ1 = 1, NΣ2 = 20. Black dotted curve: hybrid approach
with NΣ1 = 1, NΣ2 = 1. PML parameters: d = a, h = 2a, γ̂ = 8 + 16j.

First, all the modes computed on Σ2 are retained in the modal expansion (NΣ2 = N = 20).
On Σ1, it has been checked that the inclusion of evanescent or inhomogeneous modes has
a negligible influence on the results (in agreement with Ref. [7]). Hence, only the L(0,1)
guided mode is retained in the modal expansions (NΣ1 = 1). The reflection coefficient is
shown in Fig. 3.4. A very good agreement is obtained with Ref. [7]. Comparisons have
been also made with other results of Ref. [7] for various radii and material properties
and have shown a similar accuracy of results (not shown). The transmission coefficient
of the L(0,1) mode has also been computed with the hybrid method (Fig. 3.5). As it
can be observed, the transmission curve exhibits an opposite behaviour compared to the
reflection curve and quickly tends to one as the frequency increases.

Second, only the leaky mode is retained in the modal expansion on Σ2 (NΣ2 = 1). As
shown in Fig. 3.3, some PML modes close to the branch points have a quite low attenuation
(given by Im(ka)), smaller than the attenuation of the L(0,1) leaky mode. Hence, their
contribution to the solution could a priori be significant. Yet, the contribution of PML
modes turns out to be weak and a good approximation of the scattering by the junction
is still obtained with the leaky mode only (see Figs. 3.4 and 3.5). Actually, PML modes
oscillate mainly inside the PML layer, which significantly reduces their contribution to the
solution inside the core.

It is noteworthy that, in the very far-field, the contribution of PML modes can become
predominant over leaky modes due to long-term diffraction (long-term diffraction decays
geometrically, as opposed to leaky modes which decay exponentially). This has been
demonstrated for the forced response of waveguides in Refs. [15, 43] (see also Chap. 2 of
this thesis). In our scattering problem, this could be also observed if an artificially large
distance from the junction were chosen. Nevertheless, the goal of hybrid methods is to
reduce the FE mesh close to the vicinity of the inhomogeneity. Therefore in practice, the
distance |zi − zref| is expected to remain low enough to prevent the influence of long-term
diffraction.

As will be shown for the next test case, including PML modes can yet be necessary to
accurately reconstruct the scattered solution in the very near field, i.e. when the cross-
section boundaries are set very close to the inhomogeneity.
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3.3.2 Scattering by an axisymmetric notch

A cylindrical open waveguide damaged by a notch in the core is now considered. For
simplicity, one assumes an axisymmetric notch. The scattering analysis is performed both
in a low and a high-frequency regime. The contribution of PML modes to the solution
is discussed in the near field. This test case also enables to consider a configuration with
large modal cross-powers, highlighting their influence on the modal scattering coefficients.

3.3.2.1 Description
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Figure 3.6 – Notch test case. (a) Scheme of the computational domain V; (b) Finite
element mesh for |zi − zref| = 0.25a. Black: physical domain; grey: PML domain. PML
parameters: d = h = a. Notch: en/a = 0.025, hn/a = 0.3.

Let us consider a cylindrical waveguide made of viscoelastic steel and embedded into an
infinite cement grout medium. Materials properties are given in Table 3.1. The core of the
waveguide has a radius a = 10 mm and is damaged by a notch described by a semi ellipse
centered at (r = a, z = zref), of depth hn along r and width en along z (see Fig. 3.6a).
The width of the notch is set to en/a = 0.025 and the depth hn/a is a varying parameter.

As before, the scattering problem is solved with an axisymmetrical formulation of the
hybrid method. The computational domain is depicted in Fig. 3.6a. The embedding
medium is truncated with a PML of same attenuation profile than in Eq. (3.32).

Dispersion curves of the waveguide are shown in Fig. 3.7 for 12 modes corresponding to
leaky longitudinal modes, conventionally labelled as L(0,n). PML modes have been filtered
out from the visualization following the criterion of Appendix 3.C. Because of material
properties, no trapped modes can propagate. The results of Ref. [4] calculated by a global
matrix approach are also shown, which confirms the accuracy of leaky mode computation
with the PML waveguide formulation. The following PML parameters have been used:
h = a, d = a, γ̂ = 1 + 2j.
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Figure 3.7 – PML waveguide formulation results (black dots) and results of Ref. [4] (red
line) for (a) the energy velocity ve and (b) the attenuation (steel cylinder embedded into
cement grout, viscoelastic case). PML parameters are: h = a, d = a, γ̂ = 1 + 2j. Filtering
criterion: ηmin = 0.6. Point A: f = 0.6 MHz mm. Point B: f = 22.89 MHz mm.

In open waveguides at high frequencies, the energy can be concentrated into the core,
thus reducing the leakage attenuation [4]. Herein, the minimal attenuation is equal to
159 dB mm m−1 and is reached for the 12th mode (L(0,12)) at point B (f = 22.89 MHz mm)
— see Fig. 3.7b. The attenuation of higher order modes is greater because of the predomi-
nance of viscoelasticity over leakage for higher frequencies. Since the 12th mode propagates
over greater distances than the others, it is quite attractive for NDE applications. Hence,
it is interesting to get a better understanding of its interaction with inhomogeneities.

In the following, the scattering of the 12th leaky mode by a notch of varying depth hn
is studied. The problem is solved over the second lobe (between 21.64 MHz mm and
24.12 MHz mm) and particularly at point B. For the sake of comparison, the reflection
and transmission of the 1st leaky mode (L(0,1)) at f = 0.6 MHz mm (point A in Fig. 3.7)
is also computed. Both reflection and transmission coefficients are post-processed at the
position zref according to Eqs. (3.27) and (3.28).

The inlet and outlet cross-sections boundaries, Σ1 and Σ2, are set at distances |zi−zref| = a
for the low-frequency regime (point A) and |zi − zref| = 0.25a for the high-frequency
regime. The domain is meshed with 6-nodes triangle elements, yielding about 53000 dofs
and 18000 dofs respectively, with 324 dofs on both cross-sections — see Fig. 3.6b. It has
been checked that the contribution of PML modes was negligible. Therefore, only leaky
modes are retained yielding NΣ1 = NΣ2 = 13 at point A and NΣ1 = NΣ2 = 40 at point
B. Results are presented in Sec. 3.3.2.2 and 3.3.2.3. To highlight the contribution of PML
modes in the very near-field of the notch, another configuration is considered at point
A by reducing the cross-section distance to |zi − zref| = 0.25a. Results are presented in
Sec. 3.3.2.4.

3.3.2.2 Results

Reflection and transmission coefficients are displayed in Fig. 3.8 for various notch depths,
at point A for the 1st leaky mode and at point B for the 12th leaky mode. The coefficients
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exhibit the same general trend at both frequencies. The reflection coefficient increases
when the notch depth increases, and conversely for the transmission coefficient. Note that
the reflection coefficient at point A for a notch of depth hn/a > 0.9a is greater than one
(this phenomenon is discussed further). It is noteworthy that our results are very close
to those of Ref. [17], obtained with the L(0,1) mode in the low-frequency regime with a
transient finite-element model, for an elastic steel core embedded into grout and damaged
by a rectangular notch. This similarity confirms the reliability of the proposed hybrid
method for the scattering analysis of open waveguides.

The differences in the scattering behaviour between low and high frequencies, as observed
in Fig. 3.8, can be related to the distribution of the mode energy over the cross-section.
For small depth notches, the reflection of the 12th leaky mode is lower than for the 1st
one because its energy is more concentrated at the centre of the core of the waveguide.
On the other hand, it can be observed that some energy of the 1st leaky mode is still
transmitted for a full-depth notch (|T1,1| = 0.18), indicating an energy transfer between
both sides of the notch through the embedding medium (also in agreement with Ref. [17]).
This is not the case for the 12th leaky mode, which transmission coefficient is negligible.
The scattered fields computed at both frequencies are shown in Fig. 3.9. Differences of
energy distribution over the cross-section can be clearly observed.

Figure 3.10 displays the reflection and transmission coefficients of several leaky modes
at high frequencies around point B. Despite a high number of propagating modes, mode
conversion is negligible except for a limited number of modes, namely the L(0,13) and
mostly the L(0,14) leaky mode. Yet, it must be kept in mind that the scattering coefficients
shown have been retropropagated at the inhomogeneity position. The propagation far from
the inhomogeneity will favour the less attenuated mode, i.e. the 12th leaky mode here.
In addition, the 12th leaky mode benefits from a high reflection coefficient, particularly
for deep notches (see Fig. 3.8), which confirms the high reflection capability of high order
low-leakage modes sometimes mentioned in the literature [93].

In Fig. 3.10, it should be noted that the reflection and transmission coefficients vary in a
counter-intuitive way. Indeed, instead of having opposite behaviour as normally expected,
both coefficients curves sharply peak around 22 MHz mm and 24 MHz mm. Furthermore,
the transmission coefficient of the 12th mode takes values greater than one (as already
observed in Fig. 3.8 for the reflection of the 1st leaky mode at point A). Actually, these
results cannot be analyzed without further considerations on the modal cross power, as
discussed in the next section.

3.3.2.3 Considerations on the modal cross power

Reflection and transmission coefficients are defined for each mode separately, and thus do
not account for the modal cross power. The transmitted cross powers P12,13 and P12,14 are
displayed in Fig. 3.11 at high frequencies (results are similar in reflection). Their values
are negligible (particularly at point B) except around 22 MHz mm and 24 MHz mm, i.e.
at frequencies corresponding to the peaks previously observed in Fig. 3.10.

As shown in Fig. 3.12, one can observe that this phenomenon takes place at frequencies
where mode crossing of phase velocity curves occurs. As noticed in Ref. [4] at high fre-
quencies, the phase velocity curve of the 12th mode crosses those of the 13th and 14th
modes. At these crossing frequencies, the modes have the same values of Re(ka) and
similar mode shapes, which explains their strong interaction.
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Figure 3.8 – Scattering by a notch of varying depth. Dashed cross lines: |R1,1| (blue) and
|T1,1| (black) at point A (f = 0.6 MHz mm), with |zi − zref| = a and NΣ1 = NΣ2 = 13.
Solid lines: |R12,12| (blue) and |T12,12| (black) at point B (f = 22.89 MHz mm) with
|zi − zref| = 0.25a and NΣ1 = NΣ2 = 40. PML parameters: d = h = a, γ̂ = 1 + 2j.
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Figure 3.9 – Scattered field Re(Uz/a) by a notch of depth hn/a = 0.3 at (a) point A
(f = 0.6 MHz mm), (b) point B (f = 22.89 MHz mm) (same parameters as in Fig. 3.8).
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Figure 3.10 – (a) Reflection and (b) transmission coefficients of the 12th, 13th and 14th
leaky modes around point B. Blue line: |R12,12|, |T12,12|, red dashed line: |R13,12|, |T13,12|,
yellow dashed dotted line: |R14,12|, |T14,12|. Parameters: d = h = a, γ̂ = 1+2j, hn/a = 0.3.

57



3. Numerical modelling of wave scattering by local inhomogeneities in elastic
waveguides embedded into infinite media

22 22.5 23 23.5 24

Frequency-radius (MHz.mm)

-1.5

-1

-0.5

0

T
ra

n
s
m

it
te

d
 c

ro
s
s
 p

o
w

e
r 

(a
d
im

.)

Point B 
frequency

Figure 3.11 – Transmitted cross power P12,13(red dashed line) and P12,14 (yellow dashed
dotted line). PML parameters: d = h = a, γ̂ = 1 + 2j. Notch: en/a = 0.025, hn/a = 0.3.
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Figure 3.12 – Crossing of phase velocity curves. Blue line: 12th leaky mode, red dashed
line: 13th leaky mode, yellow dashed dotted line: 14th leaky mode. PML parameters:
d = h = a, γ̂ = 1 + 2j.

Note that such a mode crossing behaviour can also be observed in viscoelastic waveguides,
as mentioned e.g. in Refs. [94, 95]. Hence, a similar phenomenon is likely to occur in the
scattering analysis of closed but lossy waveguides (as already discussed in Sec. 3.2.5, the
lack of power orthogonality also concerns viscoelastic waveguides).

These results show that when there is no power orthogonality relationship between modes,
an interpretation of results based solely on the individual scattering coefficients can be
misleading. The post-processing of modal cross powers enables to identify the occurrence
of strong interaction between modes (with no additional computational cost).

3.3.2.4 Influence of PML modes on the solution in the very near-field

Figure 3.13 shows the wavenumber spectrum computed at point A (f = 0.6 MHz mm) in
the complex half-plane Re(ka) > 0. The spectrum contains 13 leaky modes, including the
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Figure 3.13 – Wavenumber spectrum (NΣ2 = 40) of a viscoelastic steel waveguide embed-
ded into viscoelastic cement grout computed with the PML waveguide formulation at point
A (f = 0.6 MHz mm). Circles: forward leaky modes, squares: backward leaky modes,
triangles: PML modes. Colormap: modal coefficients of transmitted modes retropropa-
gated at z = zref for hn/a = 0.8, normalized by the maximum value. PML parameters:
d = h = a, γ̂ = 1 + 2j.
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Figure 3.14 – Scattering by a notch of varying depth at f = 0.6 MHz.mm (point A) with
|zi−zref| = 0.25a. Dashed cross lines: |R1,1| (blue) and |T1,1| (black) with NΣ1 = NΣ2 = 13
(leaky modes only). Solid lines: |R1,1| (blue) and |T1,1| (black) with NΣ1 = NΣ2 = 40.
PML parameters: d = h = a, γ̂ = 1 + 2j.

fundamental L(0,1) leaky mode, and 27 PML modes. Let us reduce the distance |zi− zref|
to 0.25a in order to reveal the contribution of PML modes on the solution in the very
near-field of the notch. Reflection and transmission coefficients are displayed in Fig. 3.14.
They have been obtained by retaining either all the modes (NΣ1 = NΣ2 = 40), either leaky
modes only (NΣ1 = NΣ2 = 13). It can be observed that the contribution of PML modes
is necessary to accurately recover the results of Fig. 3.8 (particularly for the reflection
coefficient).

The colormap of Fig. 3.13 displays the modulus of the modal coefficients of the transmitted
modes retropropagated at z = zref, i.e. |α+me+jk+m(zref−z2)|×

√
|Re(P+m)|, for hn/a = 0.8

(similar colormaps can be obtained for other notch depths or in reflection). It shows
that among PML modes, the modes with the highest attenuations (Im(ka)) bear the
highest modal contributions to the solution, which is a characteristic near-field behaviour.
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Therefore, the contribution of PML modes enables to improve the accuracy of results in
the very near field. Their influence decreases as the distance to the notch increases, so
that PML modes can eventually be neglected (as confirmed by Fig. 3.8).

Figure 3.13 also shows that another class of modes corresponding to high-attenuation leaky
modes can significantly contribute to the near field. Similarly to PML modes, these modes
enable to reconstruct the wave fields near the inhomogeneity and have been included in
the modal expansions. The sign of the real part of the wavenumber of high-attenuation
leaky modes can be either positive or negative. The latter case (Re(ka) < 0) corresponds
to backward leaky modes [11, 70]. As opposed to forward leaky modes, backward leaky
modes decrease along the transverse direction (from a mathematical point of view, these
modes are proper complex poles of the problem).

3.3.3 Reflection by an oblique break

The open waveguide, similar to the one considered in the previous sections, is now damaged
by an oblique complete break of the core. The width of the break is set to en/a = 0.25
and its angle of inclination varies. Contrary to the previous cases, the scattering problem
must now be solved with the three-dimensional formulation of the hybrid method. The
computational domain is depicted in Fig. 3.15a. Because of the symmetry of the problem,
only half of the waveguide can be considered. The embedding medium is truncated with
a PML of parabolic attenuation profile according to Eq. (3.32).

(a) (b)

Figure 3.15 – Oblique break of the core with an inclination of 45◦. (a) Finite element
mesh for |zi − zref| = 2a (black: physical domain, grey: PML domain); (b) Scattered field
|Uz/a| at f = 0.6 MHz mm. PML parameters: d = a, h = 2a, γ̂ = 2 + 4j.

The problem is solved around point A between 0.4 MHz mm and 0.8 MHz mm, which
includes the fundamental longitudinal leaky mode L(0,1) and the fundamental flexural
leaky mode F(1,1). The behaviour of the F(1,1) mode is more complex than the L(0,1)
mode and the following PML parameters have been chosen in order to obtain acceptable
results: d = a, h = 2a, γ̂ = 2+4j. In the following, the scattering of both modes is studied
for an incident L(0,1) leaky mode.

In order to limit the contribution of PML modes, the inlet and the outlet cross-sections
boundaries, Σ1 and Σ2, are set at distances |zi−zref| = 2a (i.e. not too close to the break).
The domain is meshed with 10-nodes tetrahedral elements, yielding roughly 15 000 dofs
with 1290 dofs on each cross-section. The number of modes retained in the modal expan-
sions has been set to NΣ1 = NΣ2 = 100. Numerical tests have shown that the contribution
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Figure 3.16 – Scattering by an oblique break of the core for different inclination angles
(three-dimensional problem). |RL(0,1),L(0,1)|: 0◦ (dark cross line), 15◦ (blue circle line), 30◦
(red cross line), 45◦ (yellow square line). |RF(1,1),L(0,1)|: 0◦ (dark cross dashed line), 15◦
(blue circle dashed line), 30◦ (red cross dashed line), 45◦ (yellow square dashed line).

of higher order modes on the results was negligible (as explained previously, more modes
would have been necessary with cross-section boundaries closer to the inhomogeneity).

Figure 3.16 displays the reflection coefficients of both modes for four angles of inclination
(0◦, 15◦, 30◦ and 45◦). The transmission coefficients, not shown here for conciseness,
remain rather low.

For a break perpendicular to the waveguide axis (angle of 0◦), the reflection coefficient
of the L(0,1) leaky mode favourably matches with the axisymmetric notch test case (see
Fig. 3.8 for hn/a = 1). Note that the value of the F(1,1) reflection coefficient is weak
but non-null. According to the geometry, modal conversion into the flexural mode should
not occur for an angle of 0◦. This can be attributed to the moderate accuracy of flexural
mode computation in the three-dimensional model (with additional computational cost,
this could be improved either by mesh refinement or by setting a thicker PML).

When the angle increases from 0 to 30◦, the reflection coefficient of the L(0,1) mode
monotonically decreases while the reflection coefficient of the F(1,1) mode monotonically
increases. As expected, the modal conversion from the longitudinal mode into the flexural
mode becomes important as the angle increases. At 45◦, the behaviour of the flexural mode
is no longer monotonic and varies with the frequency. As an example, the corresponding
scattered field is depicted in Fig. 3.15b for f = 0.6 MHz mm.

3.4 Conclusion

A PML-based hybrid method has been proposed for the numerical modelling of wave scat-
tering by inhomogeneities in open waveguides. The modal representation of the fields prop-
agating in the undamaged part of the waveguide involves three types of modes: trapped
modes, leaky modes and PML modes.

Comparisons with literature results have shown that the numerical method enables to
obtain a good approximation of the scattering behaviour in open waveguides.

61



3. Numerical modelling of wave scattering by local inhomogeneities in elastic
waveguides embedded into infinite media

Based on the modal biorthogonality property, it has been shown that the modal cross
power does not vanish in general in open waveguides. In particular, the modal cross-power
can be significant when mode-crossing phenomena occur. This is likely to complicate the
analysis of scattering phenomena.

A particular attention has been given to the influence of PML modes on the solution, and
particularly on the scattering behaviour of leaky modes. In the very far-field, only the
contribution of PML modes can accurately reconstruct the long-term diffraction of the
field. Yet such a configuration is of less interest in the context of hybrid methods, the aim
of which is to reduce the computation to the near-field of the inhomogeneity.

In the very near field, it has been shown that the contribution of PML modes can be not
negligible and that leaky modes may be not sufficient to obtain accurate results. The
weight of the PML modes contribution depends on the distance between the inhomogene-
ity and the transparent cross-section boundaries of the FE model. Therefore, the accuracy
of the hybrid method has to be carefully checked by varying the distance of the bound-
aries and the number of modes involved in the modal expansions. For three-dimensional
problems, it can be useful to set the transparent boundaries sufficiently far away from the
inhomogeneity in order to avoid the computation of many PML modes.

As a final remark, the near-field behaviour of PML modes may raise feasibility issues for
mode-matching methods when applied to open waveguides. Mode-matching methods are
based on modal expansions set at the inhomogeneity position (see e.g. Ref. [96] in closed
waveguides), which may require the computation of a high number of PML modes to
achieve accurate results.
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Appendices

3.A Axisymmetrical PML waveguide formulation

Let us consider an axisymmetric waveguide. The formulation (3.1) is written in the cylin-
drical coordinate system (r̃, θ, z). The cross-section can be reduced to the radial direction
r̃. The core of the waveguide has a radius r̃ = a, and can be multilayered. Only axisym-
metric solutions are considered, such that ∂(.)/∂θ = 0 and ũθ = 0. Hence the displacement
field in Eq. (3.1) is expressed as ũ = [ũr ũz]T and only depends on the variables r̃ and z.
The strain field is given by ε̃ = [ε̃rr ε̃θθ ε̃zz 2ε̃rz].

Using Eq. (3.2), the change of variable (3.3) is applied to Eq. (3.1). In the strain-
displacement relation (3.13), the operators LS and Lz are now given by:

LS =

1
γ


1 0
0 0
0 0
0 1

 ∂

∂r
+


0 0
1 0
0 0
0 0

 1
r̃

 , Lz =


0 0
0 0
0 1
1 0

 . (3.33)

Then, a one-dimensional FE discretization is applied along the radial direction, yielding
the following interpolation on each element:

ue(r, ω) = Ne
Σ(r)Φe. (3.34)

Ne
Σ(r) is the matrix of interpolation one-dimensional functions. Φe(ω) is the vector of

nodal displacements. The final eigenproblem is identical to Eq. (3.14), where the element
matrices are given by Eq.(3.15) with dS = 2πrdr. Under the assumption used in this
appendix, C is reduced to a four-by-four matrix. For instance, the matrix C for an
isotropic material is:

C =


λ+ 2µ λ λ 0
λ λ+ 2µ λ 0
λ λ λ+ 2µ 0
0 0 0 µ

 . (3.35)

where λ and µ are Lamé parameters.

3.B Total cross-section power flow

The total-time averaged power flow across the whole cross-section is given by:

ΠT = Re(− jω
2 U∗ΣFΣ), (3.36)

= jω
4 (F∗ΣUΣ −U∗ΣFΣ). (3.37)

Considering the modal expansions of the fields UΣ and FΣ, one gets:

ΠT = jω
4

 N∑
n=−N

α∗nF∗n
N∑

m=−N
αmUm −

N∑
n=−N

α∗nU∗n
N∑

m=−N
αmFm

 , (3.38)

= jω
4

 N∑
m=−N

|αm|2(F∗mUm −U∗mFm) +
N∑

m=−N

∑
n6=m

α∗nαm(F∗nUm −U∗nFm)

 .
(3.39)
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From the above equation, the modal cross-power Pm,n = jω
4 (F∗nUm − U∗nFm) can be

identified. For m = n, it can be checked that Pm,m = ω
2 Im(U∗mFm) = Re(Pm). Finally,

the total-time averaged power flow can then be written:

ΠT =
N∑

m=−N
|αm|2Re(Pm) +

N∑
m=−N

∑
n6=m

α∗nαmPm,n. (3.40)

3.C Filtering of PML modes

It can be necessary to filter out PML modes, e.g. for the visualization of dispersion curves
where only leaky and trapped modes are of interest. In this chapter, we use the filtering
criterion proposed in Chap. 2. It is based on the ratio of the imaginary part over the
modulus of the kinetic energy, defined from Eq. (3.25) but integrating the whole cross-
section (i.e. including the PML, so that the overbar has to be discarded in Eq. (3.25)).
The modes are retained if they fulfil the following criterion:

1− Im(Tm)
|Tm|

> ηmin, (3.41)

where 0 < ηmin < 1 is a user-defined parameter.
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4. Gradient-based imaging of waveguides using an adjoint approach

4.1 Introduction

The localization and the characterization of unknown obstacles (defects) embedded into a
structure from a measure of the scattered field are of great interest for various domains,
including NDE. This so-called inverse scattering problem has been studied for a long
time in acoustics, electromagnetics and elastodynamics. A number of methods have been
thus proposed in the literature. They are often distinguished between quantitative and
qualitative methods.

Quantitative methods can give extended information on the obstacles. These methods
include approaches based either on linearization techniques [97] or on non-linear optimiza-
tion procedures [98]. The former relies on strong assumptions seldom verified in practice,
which limits its application to practical cases. The latter requires precise a priori infor-
mation to serve as an initial guess, which is not always available in practice. Furthermore,
non-linearization optimization procedures are generally based on local iterative algorithms,
yielding a high computational cost of the methods.

In this work, we focus on the so-called qualitative sampling techniques [99, 100]. These
methods are based on the development of an imaging function which varies on the spatially
sampled domain and takes great values at the defect positions, thereby revealing their
location. This process is qualitative (only limited information about the obstacle is sought)
and non-iterative, which makes these methods interesting for practical applications. Let
us mention here the Linear Sampling Method [101] (recently applied to elastic waveguides
in Ref. [102]) and the topological imaging method [20, 21]. This chapter focuses on the
latter.

The key point of topological imaging is the topological gradient (or topological sensitivity).
This function gives the sensitivity of a misfit functional to the inclusion of a vanishing cav-
ity inside a reference medium. It originates from shape optimization in elastostatics [103,
104]. Topological gradient has then been adapted as an imaging function for defect local-
ization in time-domain elastodynamics in Ref. [20]. A mathematical framework has also
been developed in the frequency domain [105] and in the time-domain [21]. Subsequent
works can be found in Refs. [99, 106] for instance. Besides insightful connections have
been drawn out with other methods such as time-reversal in ultrasonics [20], and with
methods based on an adjoint approach like the Full-Waveform Inversion in geophysics [20]
and the constrained optimization theory [107].

In practice, the first step of topological imaging is the emission of waves and the mea-
surement of the scattered field in a real medium containing defects. Then, two problems
are simulated in the reference medium, generally a defect-free medium. In the forward
problem, the experimental source is simulated. In the adjoint problem, the source is the
time-reversed residue. The latter is the difference between the displacements measured
in the forward problem and in the experiments, at the same location. The residue is
hence a characteristic of the defects embedded into the real medium. The image is finally
constructed by the combination of the forward and adjoint fields, according to the topo-
logical gradient formulation specific of the sought defects. It naturally reveals the location
of the defects. Let us remark that various simplified formulations of the gradient have
been proposed throughout the literature [22, 23, 108] for a faster image processing, which
demonstrates the flexibility of the method.

The specific case of waveguides, and particularly of open waveguides, has been barely
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considered with topological imaging. Contrary to bulk waves, guided waves can be mul-
timodal and dispersive. In case of viscoelasticity or leakage into an embedding medium,
waves are also attenuated. Up to our knowledge, only the case of a monomodal, dispersive
and non-attenuated wave field in a plate has been treated in the literature (see Ref. [22]).
It remains necessary to assess the robustness of the method when a more complex wavefield
is emitted.

Besides open waveguides are generally of limited access, which restricts the configuration
of measurement to backscattering (reflection) only, and most often at the surface of the
waveguide rather than inside its section. Yet large arrays of transducers are generally used
in topological imaging to obtain a full-field measurement configuration. For instance, a
128 transducers array is used for a plate in Ref. [22]. In that case, the method accurately
locates through-thickness holes with a resolution of one wavelength (the image is a top
view of the plate). In this work, we want to investigate the ability of the method to locate
one or several defects both along the axis and along the transverse direction (i.e. inside
the section of the waveguide), so that the image is a cross-section view of the waveguide.

The aim of this chapter is to apply topological imaging to an open waveguide configuration.
As for theoretical background, a general framework based on constrained optimization
theory is recalled for inverse problems in elastodynamics in Sec. 4.2. The special case
of topological imaging method is then considered in Sec. 4.3. The various theoretical
and empirical formulations of the topological gradient are recalled. The implementation
of the method for waveguide imaging is described. Thanks to the numerical method
presented in Chap. 3, a real medium containing defects can be simulated. Moreover,
the forward and adjoint fields can be efficiently computed with the numerical method
presented in Chap. 2. As a first step, a circular closed waveguide test case is considered in
Sec. 4.4. The various simplified formulations of the gradient are compared and discussed.
Furthermore, both monomodal and multimodal wavefields are considered using several
measurement configurations. The multimodal case is particularly discussed. Different
types of defects are simulated to assess the accuracy of the method. Finally, preliminary
results are presented for an open waveguide case in Sec. 4.5.

4.2 General framework: a constrained optimization prob-
lem

In this section, a general framework based on constrained optimization theory is recalled
for inverse problems in elastodynamics. It is further applied to topological imaging in
Sec. 4.3.

4.2.1 Description of the minimization problem

Let us consider an elastic medium Ω, which external boundary is ∂Ω. The latter is
divided into surfaces SN and SD (∂Ω = SN ∪ SD) on which Neumann and Dirichlet
boundary conditions are applied. The wave field u(x,m, ω) is the solution of the following

67



4. Gradient-based imaging of waveguides using an adjoint approach

equations:

A(x,m, ω)u(x,m, ω) = 0, ∀x ∈ Ω, (4.1)
u(x,m, ω) = uD, ∀x ∈ SD, (4.2)

σ (u(x,m, ω)) ·n = σN , ∀x ∈ SN , (4.3)

where A(x,m, ω)u(x,m, ω) = ∇ ·σ (u(x,m, ω)) + ρω2u(x,m, ω). The stress tensor is
defined by σ = C : ε, where C is the tensor of material properties and ε is the strain
tensor. The vector m(x) describes the values of the model parameters (e.g. material
properties) at each point x in the domain Ω. The operator A then depends on m(x) and
ω, and so does naturally the solution u.

Let us consider a real medium Ωr in which the properties m(x) are unknown and to be
identified. For given sources (assumed identical to Eqs. (4.2) and (4.3)), the true wavefield
uobs is measured on the observation surface Sobs ⊆ SN of Ωr. Assuming that the medium
Ω is perfectly similar to the real medium Ωr except for the properties to be identified,
the inverse problem can be formulated as: find the optimal model parameters m which
minimize the cost-functional,

j(m) = J(u) = 1
2

∫
R+

∫
Sobs
|u(x,m, ω)− uobs(x, ω)|2dSobsdω, (4.4)

where u(x,m, ω) is the solution of Eqs. (4.1)–(4.3). If the inverse problem is well-posed,
the unknown properties of the real medium are correctly identified at the end of the
minimization process.

For the conciseness of notations in Sec. 4.2, calculations will be made at only one angular
frequency, so that the functional becomes:

j(m) = J(u) = 1
2

∫
Sobs
|u(x,m)− uobs(x)|2dSobs. (4.5)

Several frequencies can be considered by performing a discrete sum or an integral over the
frequencies of interest.

4.2.2 Lagrangian formulation of the problem

The minimization problem (4.5) can be conveniently formulated in the framework of con-
strained optimization, described e.g. in Refs. [109–111]. The basic idea is to reformulate
the problem as the minimization of Eq. (4.5) while satisfying the constraints given by
Eqs. (4.1)–(4.3).

Let us define the Lagrangian associated to the problem:

L(ξ,λ1,λ2,λ3,m) = Re
(
J(ξ) + 〈λ1,A(m)ξ〉Ω + 〈λ2, ξ − uD〉SD

+ 〈λ3, σ(ξ) ·n− σN 〉SN

)
.

(4.6)
The real part must be considered because complex-valued functionals are involved in
Eq. (4.6) [109, 112]. The inner product is given by 〈a,b〉V =

∫
V a ·bdV. ξ(x) belongs

to the state-variable space and is independent on m(x), which means that it does not
necessarily satisfy Eqs. (4.1)–(4.3) at this stage. The λi(x) are Lagrange multipliers
associated to each constraint.

As detailed hereafter, from the Lagrangian (4.6):
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• the differentiation with respect to the state-variable ξ yields the adjoint equations,

• the differentiation with respect to the Lagrange multipliers λi yields the forward
equations,

• the differentiation with respect to each component of the vector of model parameters
m enables to naturally identify the so-called gradients (or Fréchet derivatives [113])
of the cost-functional, denoted δj/δm. It will be shown that the latter can be
expressed as a function of the solutions of the adjoint and forward equations.

The gradient of the cost-functional can then be used as a descent direction in iterative
procedures, e.g. following the gradient-conjugate method, to minimize the cost-functional
and to identify the true value of m(x).

4.2.3 Derivation of the adjoint equations

The differentiation of the Lagrangian with respect to ξ yields:

L(ξ + δξ,λ1,λ2,λ3,m)− L(ξ,λ1,λ2,λ3,m) = Re
(

J(ξ + δξ)− J(ξ) + 〈λ1,Aδξ〉Ω

+ 〈λ2, δξ〉SD
+ 〈λ3, σ(δξ) ·n〉SN

)
.

(4.7)

The differentiation of the functional J(ξ) is readily given by:

J(ξ + δξ)− J(ξ) = Re
( ∫

Sobs
δξ · (ξ − uobs)dSobs

)
+O(|δξ|2). (4.8)

where the overline stands for the complex conjugate. As for 〈λ1,Aδξ〉Ω, integrating by
parts gives:

〈λ1,Aδξ〉Ω =
∫
∂Ω

λ1 · (σ(δξ) ·n)d∂Ω−
∫

Ω

(
∇λ1 : σ(δξ)− ρω2δξ ·λ1

)
dΩ. (4.9)

From the symmetry of σ and C, one can write:
∫

Ω
∇λ1 : σ(δξ)dΩ =

∫
Ω
ε(λ1) : σ(δξ)dΩ, (4.10)

=
∫

Ω
ε(λ1) : C : ε(δξ)dΩ, (4.11)

=
∫

Ω
∇δξ : σ(λ1)dΩ. (4.12)

Integrating by parts a second time yields finally:

〈λ1,Aδξ〉Ω =
∫

Ω
δξ ·

(
∇ ·σ(λ1) + ρω2λ1

)
dΩ +

∫
∂Ω

(
λ1 · (σ(δξ) ·n)− δξ · (σ(λ1) ·n)

)
d∂Ω.
(4.13)
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Equating Eq. (4.7) to zero for any δξ gives the following equations:

Aλ1 = 0, ∀x ∈ Ω, (4.14)
λ1 = 0, ∀x ∈ SD, (4.15)

σ(λ1) ·n = 0, ∀x ∈ SN\Sobs, (4.16)
σ(λ1) ·n = ξ − uobs, ∀x ∈ Sobs, (4.17)

λ2 = σ(λ1) ·n, ∀x ∈ SD, (4.18)
λ3 = −λ1, ∀x ∈ SN . (4.19)

These equations are the adjoint equations. We recall that the solutions depend on x, ω, and
the model parameters m. As a side remark, the introduction of Lagrange multipliers λ2
and λ3 may be not necessary if Neumann and Dirichlet boundary conditions are accounted
for in the definition of the dual space of λ1 [110].

4.2.4 Derivation of the forward equations

The differentiation of L with respect to a small variation δλ1 yields:

L(ξ,λ1 + δλ1,λ2,λ3,m)− L(ξ,λ1,λ2,λ3,m) = Re
(
〈δλ1,Aξ〉Ω

)
. (4.20)

The differentiation of L with respect to a small variation δλ2 yields:

L(ξ,λ1,λ2 + δλ2,λ3,m)− L(ξ,λ1,λ2,λ3,m) = Re
(
〈δλ2, ξ − uD〉SD

)
. (4.21)

The differentiation of L with respect to a small variation δλ3 yields:

L(ξ,λ1,λ2,λ3 + δλ3,m)− L(ξ,λ1,λ2,λ3,m) = Re
(
〈δλ3, σ(ξ) ·n− σN 〉SN

)
. (4.22)

Equating these equations to zero for any variations δλi gives:

Aξ = 0, ∀x ∈ Ω, (4.23)
ξ = uD, ∀x ∈ SD, (4.24)

σ (ξ) ·n = σN , ∀x ∈ SN . (4.25)

These equations are the forward equations corresponding to Eqs. (4.1)–(4.3), so that one
can write ξ = u(x,m, ω).

4.2.5 Derivation of the gradient

For ξ = u (solution of the forward equations), the Lagrangian reduces to the cost-
functional:

L(u,λ1,λ2,λ3,m) = Re
(
J(u)

)
= j(m). (4.26)

Therefore, the variations of the functional can be calculated as follows:

j(m + δm)− j(m) = L(u,λ1,λ2,λ3,m + δm)− L(u,λ1,λ2,λ3,m), (4.27)
= Re

(
〈λ1,A(m + δm)u−A(m)u〉Ω

)
. (4.28)
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4.2. General framework: a constrained optimization problem

For any functional j, the gradient δj
δm is defined by: 〈δm, δjδm〉Ω = j(m + δm) − j(m).

δj
δm(x) stands for the sensitivity of the functional with respect to a variation of m(x). As
shown by Eq. (4.28), finding δj

δm requires to evaluate the variations A(m+δm)u−A(m)u.

We recall that the quantity δj
δm is typically used in iterative process and gradient-like

algorithms to minimize the cost-functional. Hence, the medium Ω has to be viewed as the
medium of the current iteration (i.e. updated from the results of the previous iteration).
At the first iteration, the medium corresponds to a reference medium, denoted Ω0 in the
following. It is then necessary to define an arbitrary starting vector of model parameters
m0, yielding the associated adjoint field λ1(x,m0, ω) and the forward field u(x,m0, ω).

4.2.5.1 Example of density identification

The determination of the density at each point of an elastic medium requires to derive the
gradient of the functional for m = [ρ(x)].

One gets:
A(ρ+ δρ)u−A(ρ)u = δρω2u, (4.29)

so that the differentiation of the Lagrangian is, from Eq. (4.28),

L(u,λ1,λ2,λ3,m + δm)− L(u,λ1,λ2,λ3,m) = Re
(∫

Ω
δρω2λ1.udω

)
. (4.30)

One can identify:

δj

δρ
(x) = Re

(
ω2λ1(x, ρ(x), ω)).u(x, ρ(x), ω)

)
, ∀x ∈ Ω. (4.31)

Equation (4.31) expresses the sensitivity of the functional j to small variations of density
at each point x in the domain Ω.

4.2.5.2 Example of Lame’s parameter identification in an isotropic medium

We set m = [λ(x) µ(x)]T, where λ and µ are the Lame’s parameters of an isotropic
medium. The operator A can be written: A(m) = ∇ · (C(m) : ε) + ρω2. It can be
expressed as a function of Lame’s parameters as follows: A(λ, µ)u = (λ + 2µ)∇(∇ ·u)−
µ∇× (∇× u) + ρω2. Therefore, one gets:

A(m + δm)u−A(m)u = δλ∇(∇ ·u) + δµ(2∇(∇ ·u)−∇× (∇× u)) (4.32)

The differentiation of L for small variations δλ and δλ is:

L(u,λ1,λ2,λ3,m + δm)− L(u,λ1,λ2,λ3,m) = Re
(∫

Ω
λ1 ·

(
δλ∇(∇ ·u)

+ δµ(2∇(∇ ·u)−∇× (∇× u))
)
dΩ
)
.

(4.33)
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4. Gradient-based imaging of waveguides using an adjoint approach

One can identify:

δj

δλ
(x) = Re

(
λ1(x, λ(x), µ(x)) · ∇(∇ ·u(x, λ(x), µ(x)))

)
, (4.34)

δj

δµ
(x) = Re

(
λ1(x, λ(x), µ(x)) ·

(
2∇(∇ ·u(x, λ(x), µ(x)))−∇× (∇× u(x, λ(x)µ(x))

))
.

(4.35)

Equations (4.34) and (4.35) express the sensitivity of the functional j to small variations
of Lame’s parameters λ(x) and µ(x). Note that Eqs. (4.34) and (4.35) involve second-
order derivatives. A more convenient formulation based on first-order derivatives can be
obtained using an integration by part before differentiating (see e.g. Ref. [113]).

4.2.6 Comments on the adjoint equations

The adjoint field λ1 satisfies the relation A†λ1 = 0, where the adjoint operator A† can
be determined from the equality 〈λ1,Aξ〉 = 〈A†λ1, ξ〉. If the operator is self-adjoint,
A† = A. However, in case of viscoelastic or PML media, the operator is not self-adjoint
and A† 6= A.

It is noteworthy that Eqs. (4.14)–(4.19) give the conjugate of the Lagrange multipliers,
the operator A being the same as in the forward equations. This is very convenient, since
a single model can then be used to compute the fields u and λ1, which are then used to
obtain the gradient.

The source boundary condition of the adjoint problem (Eq. (4.17)) is the conjugate of
the residue (u(x,m, ω)− uobs(x, ω)) on Sobs. Phase conjugation in the frequency domain
corresponds to time-reversal in the time-domain [20]. In the time-domain, the adjoint
problem is hence solved backwards in time. Besides, the multiplication in the frequency
domain between the forward and the adjoint fields corresponds to a convolution in the
time-domain.

4.3 The case of topological imaging

In this section, the inverse problem is a cavity identification problem. The topological
gradient is consistently derived based on the general framework recalled in Sec. 4.2. The
use of the gradient as an imaging function for the topological imaging method is further
presented. The various empirical formulations of the gradient are recalled. The imple-
mentation of the method is then detailed in the specific case of waveguide imaging.

4.3.1 The inverse problem

Let us now consider the cavity-modified medium Ω = Ω0 \B, where B is a repartition of
cavities (defects), bounded by the free surface Γ. The reference medium Ω0 is called the
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4.3. The case of topological imaging

healthy medium (defect-free). The following equations are satisfied:

A(x,Ω, ω)u(x,Ω, ω) = 0, ∀x ∈ Ω, (4.36)
u(x,Ω, ω) = uD, ∀x ∈ SD, (4.37)

σ (u(x,Ω, ω)) ·n = σN , ∀x ∈ SN , (4.38)
σ (u(x,Ω, ω)) ·n = 0, ∀x ∈ Γ. (4.39)

The vector of model parameters m now describes the repartition of defects in the medium
Ω (i.e. its topology), which is denoted by the dependence of u on Ω.

The real media Ωr = Ω0 \ Br contains the true repartition of defects Br. The inverse
problem becomes: find the repartition of cavities B which minimizes the cost-functional

j(Ω) = J(u) = 1
2

∫
R+

∫
Sobs
|u(x,Ω, ω)− uobs(x, ω)|2dSobsdω, (4.40)

where uobs is measured on the measurement surface Sobs ⊆ SN of Ωr. If the problem
is well-posed, the true repartition of defects is recovered at the end of the minimization
process.

4.3.2 Derivation of the topological gradient

Though it can be used in iterative procedures (see e.g. shape optimization in statics [104]),
the topological gradient can also be used at the first iteration as an imaging function to
obtain qualitative information on defects (here, their positions) [20, 21]. In the remainder,
only the first iteration of the minimization process is hence considered. Therefore, the
Lagrangian (4.6) is defined on the healthy medium Ω0, without any a priori information
on the repartition of the defects. The small change of topology (i.e. the variation δm) is
described by the inclusion of a small trial cavity Bε(x) centred at x and of characteristic
size ε→ 0+ [99]. The new domain is denoted by Ω = Ω0 \Bε(x) where x ∈ Ω0.

Let us write the variation

A(m + δm)u−A(m)u = f(ε)δAu, f(ε) > 0, (4.41)

where f(ε) is a function of Bε(x) which vanishes when ε→ 0+. The differentiation of the
Lagrangian with respect to m is:

L(u,λ1,λ2,λ3,m + δm)− L(u,λ1,λ2,λ3,m) = Re
(∫

R+

∫
Ω0
f(ε)λ1 · (δAu)dΩ0dω

)
,

(4.42)
= j(Ω)− j(Ω0), ∀x ∈ Ω0. (4.43)

The topological gradient is defined by [20, 21]:

g(x) = lim
ε→0+

j(Ω)− j(Ω0)
f(ε) , (4.44)

so that
g(x) = Re

(∫
R+

∫
Ω0

λ1 · (δAu)dΩ0dω
)
. (4.45)
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4. Gradient-based imaging of waveguides using an adjoint approach

The asymptotic analysis of δAu when ε → 0+ (i.e. the asymptotic analysis of the field
scattered by an infinitely small cavity under the Born approximation) yields [21, 99]:

g(x) = Re
(∫

R+
σ(v) : (A : σ(u))− ρω2v.udω

)
,∀x ∈ Ω0, (4.46)

where u is the forward field, v (= λ1) is the adjoint field. A is the polarization tensor,
which is specific of the defect. It depends on the shape of the chosen trial cavity, its
orientation, and on the boundary conditions on its edges (here, Neumann boundary con-
ditions have been assumed — see Eq. (4.39)). The polarization tensor can be obtained
either analytically or numerically (see e.g. the summary of explicit formulations of the
polarization tensor in Ref. [99]).

4.3.3 The topological gradient as an imaging function

The topological gradient g(x) gives the sensitivity of the functional j(Ω) to the inclusion
of a small cavity at a point x of the reference medium Ω0. For this, the domain Ω0 is
modified by creating a hole Bε(x) centred at x and of characteristic size ε. This process is
global in nature since only two computations (of the forward and adjoint fields) are needed
to obtain the gradient in the reference medium with Eq. (4.46), that is to insert fictitious
holes and to obtain the sensitivity at all points of the sampled reference medium. Actually
g(x) is expected to take the most negative values at points corresponding to real holes,
such that the value of the misfit functional j(Ω) decreases. The spatial representation of
g(x) can then reveal the defects embedded in the real medium. However, note that there
is no mathematical proof that the gradient indeed gives the true location of the defects
though work is in progress (see Ref. [114] in acoustics).

In Eq. (4.46), the integration can be restricted on the frequency range of the transduc-
ers and replaced with a discrete summation depending on the sampling frequency. The
resultant image depends on the frequency spectrum [106, 115]: at low frequencies (with
respect to the size of the defect), the maximum values of the gradient are concentrated
inside the defect while they are concentrated at its edges at high frequencies.

Besides, various simplified formulations of the gradient have been proposed in the litera-
ture. Neglecting the stress fields contribution and dropping the ρω2 factor, one gets:

gS(x) = Re
(∫

R+
u(x, ω) ·v(x, ω)dω

)
,∀x ∈ Ω0. (4.47)

However, the gradient gS gives an image which contains spatial oscillations. The latter
can be removed by considering the spatial envelope of the gradient, yielding the following
formula [23]:

ge(x) = |
∫
R+

u(x, ω) ·v(x, ω)dω|, ∀x ∈ Ω0. (4.48)

It is also possible to use a deconvolution of the gradient by the direct field (Ref. [22]) such
that:

gde(x) = |
∫
R+

u(x, ω)v(x, ω)
|u(x, ω)|2 dω|, ∀x ∈ Ω0. (4.49)

The gradient gde can increase the resolution of the image. However, the noise might also
increase.
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4.3. The case of topological imaging

It is noteworthy that the polarisation tensor has been neglected in Eqs.(4.47)–(4.49). The
equations are thus close to that determined for density identification (see Eq. (4.31)). It
means that the simplified gradients given by (4.47)–(4.49) are no longer truly connected
to the topology of the medium.

As a side remark, we mention that in the time-domain the so-called topological energy is
based on similar simplifications. Time-domain gradient requires to store more data (at
each time step) than in the frequency domain [23], which increases the cost of the method.

4.3.4 Implementation of the method for waveguide imaging

This section details the implementation of the topological imaging method in the case of
waveguides. On one hand, it is necessary to solve a scattering problem to synthesize the
displacement field uobs measured in the damaged medium Ωr. On the other hand, it is
necessary to solve a forced response problem to obtain the forward and adjoint fields in
the reference medium Ω0. The reference medium Ω0 is a healthy waveguide of section S
and axis z, such that Ω0 = S × R. ∂Ω0 is the guiding surface of the waveguide.

First, let us introduce the model of the synthetic damaged medium Ωr. The waveguide
is damaged by a defect Br of free boundary Γr, such that Ωr = Ω0 \ Br. The excitation
surface is denoted Sr. The following equations are hence satisfied:

A(x, ω)usynth(x, ω) = 0, ∀x ∈ Ωr, (4.50)
σ (usynth(x, ω)) ·n = σN , ∀x ∈ Sr, (4.51)
σ (usynth(x, ω)) ·n = 0, ∀x ∈ Γr. (4.52)

Note that Dirichlet boundary conditions have been discarded for simplicity (SD = ∅).

Second, the forward problem is given in the reference waveguide Ω0 (without defect) by
the equations:

A(x,Ω0, ω)u(x,Ω0, ω) = 0, ∀x ∈ Ω0, (4.53)
σ (u(x,Ω0, ω)) ·n = 0, ∀x ∈ ∂Ω0 \ S0, (4.54)
σ (u(x,Ω0, ω)) ·n = σN , ∀x ∈ S0. (4.55)

The excitation applied on the surfaces S0 (forward problem) and Sr (synthetic problem)
are the same in practice.

Third, the adjoint problem is given in the reference waveguide by:

A(x,Ω0, ω)v(x,Ω0, ω) = 0, ∀x ∈ Ω0, (4.56)
σ (v(x,Ω0, ω)) ·n = 0, ∀x ∈ ∂Ω0\Sobs, (4.57)
σ (v(x,Ω0, ω)) ·n = u(x,Ω0, ω)− usynth(x, ω), ∀x ∈ Sobs. (4.58)

The excitation is the conjugate residue, that is the conjugate of the difference between the
solutions of Eqs. (4.53)–(4.55) and Eqs. (4.50)–(4.52) on Sobs ⊆ ∂Ω0.

As for numerical methods, the forward and the adjoint problems are solved by the method
presented in Chap. 2 while the synthetic scattering problem is solved with the method
of Chap. 3. In order to avoid the inverse crime [98], modes are actually computed with
different FE meshes for the synthetic scattering problem on one hand, and for the forward
and the adjoint problems on the other hand.
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4. Gradient-based imaging of waveguides using an adjoint approach

From Chap. 2, the discretized forward displacement is expanded on the modes as follows:

U(z, ω) =
M∑
m=1

Em(ω)F̂u(km(ω))ejkm(ω)z, z > zS . (4.59)

U(z, ω) is the displacement at each point of an imaging sampling grid of Ω0, defined
by the FE discretization along the section of the waveguide and by an arbitrary (thin
enough) discretization along the direction of propagation z (z > zS , where zS is the source
position). Similarly, the discretized adjoint displacement is given by:

V(z, ω) =
M∑
m=1

Em(ω)F̂v(km(ω))ejkm(ω)z, z > zS . (4.60)

The same modal basis is used in Eqs. (4.59) and (4.60). Thanks to the modal formalism,
modes are computed only once which then enables to obtain very quickly the forward and
adjoint fields at any point of the imaging sampling grid.

In Eqs. (4.59) and (4.60), F̂u(km(ω)) and F̂v(km(ω)) are the sources of the forward and
adjoint problems, expressed after discretization and a spatial Fourier transform as nodal
forces on the cross-section of the waveguide. In Secs. 4.4 and 4.5, point sources will be
applied at the surface of the waveguide. The exact expression of the nodal forces is given
in that case in the following.

Assuming that the forward source is a point source oriented in the z direction, and con-
centrated at z = zS , the source of the discretized forward problem can be written:

Fu(z, ω) = Fuf(ω)δ(z − zs), (4.61)

where the vector of nodal forces Fu = [0 . . . 0 1 0 . . . 0]T is nonzero only at the dof in z
direction of the node corresponding to the source position. f(ω) is the spectrum of the
excitation. After a spatial Fourier transform, the source of the forward problem is finally
given by:

F̂u(k) = Fuf(ω)ejkzS . (4.62)

Besides, the observation surface Sobs ⊂ ∂Ω0 is restricted to a set of N point transducers
at the surface of the waveguide. We recall that these transducers act both as receivers
(for the measurement of residue), and as sources (for the adjoint problem). Therefore, the
source of the discretized adjoint problem can be written:

Fv(z, ω) =
N∑
i=1

Fvi(ω)δ(z − zi), (4.63)

where zi ≤ zS is the position of the i-th transducer along z. For the i-th transducer, let
us define fvix(ω) (resp. fviy(ω), fviz(ω)) as the conjugate residue obtained from Eq. (4.58)
measured in the x direction (resp. y, z) direction. The vector of nodal forces Fvi is not
null at the dofs of the node corresponding to the transducer position, such that Fvi(ω) =
[0 . . . 0 fvix(ω) fviy(ω) fviz(ω) 0 . . . 0]T. After a spatial Fourier transform, the source of
the adjoint problem is finally given by:

F̂v(k) =
N∑
i=1

Fvi(ω)ejkzi . (4.64)
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Material ρ (kg m−3) cl (m s−1) cs (m s−1) ηl (Npwavelength−1) ηs (Npwavelength−1)
Steel 7932 5960 3260 0.003 0.008

Cement grout 1600 2810 1700 0.043 0.1

Table 4.1 – Material properties
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Figure 4.1 – Sketch of the synthetic scattering problem in the damaged closed waveguide
Ωr excited by a point source at z = zS (2D axisymmetric representation). Blue crosses:
position of the transducers at the measurement surface Sobs.

Considering the synthetic displacement, it is not necessary to compute it at each point
of the damaged waveguide. Indeed, the displacement usynth is measured only on Sobs. A
hybrid model of the defect and its vicinity is used (see Chap. 3). The input modal coeffi-
cients are determined from the modal decomposition of the source (similar to Eq. (4.59),
but with a modal basis computed from a different FE mesh). The modal coefficients are
then subsequently propagated and enforced to the input boundary of the hybrid model.
The solution of the hybrid system gives the outgoing (diffracted) modal coefficients, which
are then propagated to Sobs (at each z = zi) to measure the diffracted field.

4.4 Application to closed waveguides

This section aims to evaluate the influence of the various formulations and parameters of
the topological imaging approach. For simplicity, an axisymmetric circular closed waveg-
uide is considered. The objective is to unequivocally locate one or several defects, along
the axis of the waveguide, and in the section (i.e. along the radial direction).

Advantages and drawbacks of the different imaging functions recalled in Sec. 4.3.3 are
discussed. Two configurations are considered: a monomodal but dispersive wave field, and
a multimodal wave field. As an important issue from an experimental point of view, the
required number of transducers for scattered field measurement is evaluated. In view of
open waveguide imaging, a restricted configuration of measurement is chosen: due to the
limited access to the structure, the data are measured in a backscattering configuration
only (reflection), and at the guiding surface of the structure (rather than in the section).

4.4.1 Description of the test case

The healthy waveguide Ω0 is a closed waveguide, with a circular section of radius a =
10 mm. For clarity, the guiding surface ∂Ω0 is now given by r = a. The waveguide is
made of viscoelastic steel (see Tab. 4.1).

77



4. Gradient-based imaging of waveguides using an adjoint approach

0 50 100 150 200 250 300

Frequency (kHz)

0

1

2

3

4

5

6
v

e
(m

/m
s
)

(a)

0 50 100 150 200 250 300

Frequency (kHz)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
tt

e
n

u
a

ti
o

n
 (

d
B

/m
)

(b)

Figure 4.2 – Dispersion curves for (a) the energy velocity and (b) the attenuation (vis-
coelastic steel axisymmetrical circular waveguide, radius a = 10 mm). Blue region:
monomodal source. Red region: multimodal source.

r=0

z=zS=0

Sobs

z

r
a

xxxx

z2... z1

S0

(a)

z=zS=0

Sobs

r=0z

r
a

xxxx

z1z2...

(b)

Figure 4.3 – Sketch in the reference closed waveguide Ω0 (2D axisymmetric representation)
of: (a) the forward propagation problem; (b) the adjoint propagation problem. Blue
crosses: position of the transducers at the surface Sobs.

In the damaged waveguide Ωr, the defect is located at (rd, zd) in the (r, z) frame and has
a radius Rd — see Fig. 4.1. The defect is assumed to be axisymmetric, and is therefore
annular (no information on its angular localization in the waveguide is needed). Equa-
tions (4.50)–(4.52) written in cylindrical coordinates are satisfied. In the following, only
axisymmetric wave fields are considered. Therefore, the solution usynth = [usynth,r usynth,z]
depends only on r and z. The source of the synthetic problem is an annular force applied
at the surface of the waveguide on Sr (i.e. r = a), in z direction, and concentrated at
zS = 0. Hence only longitudinal modes propagate (see dispersion curves in Fig. 4.2).

The same source is considered in the forward problem (i.e. in the healthy waveguide), de-
picted in Fig. 4.3a. The forward problem satisfies Eqs. (4.53)–(4.55) written in cylindrical
coordinates and accounting for axisymmetry.

Similarly, the adjoint problem (see Fig. 4.3b) satisfies Eqs. (4.56)–(4.58). For clarity, Sobs
corresponds to a set of N annular transducers at the surface of the waveguide (r = a),
where zi gives the position of the i-th transducer along the axis z. In Eq. (4.63), the
conjugate residue is now given by two components fvir(ω) and fviz(ω). Note that because
the waveguide is infinite along z, the residue corresponds to the field diffracted by the
defect.

Considering the numerical models, there is no PML because there is no embedding me-
dium. The synthetic scattering problem is solved with a hybrid finite-element model (see
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Figure 4.4 – Normalized image for a defect of radius Rd = 0.4a and centered at point
(a, 50a) in a closed waveguide. The wavefield is monomodal. The residue is measured
with a single transducer. Image obtained with an integration between 20 kHz and 180 kHz
(fc = 100 kHz, 640 frequencies), applying: (a) Eq. (4.47); (b) Eq. (4.48); (c) Eq. (4.49).
The true location of the defect is identified by the black curve.

Chap. 3) involving roughly 800 dofs (six-nodes triangular elements), with N = 15 modes
on the cross-section boundaries (for 40 dofs). The forward and adjoint fields are obtained
at any point of the imaging sampling grid of Ω0 applying Eqs. (4.59)–(4.64), with M = 15
modes (for 30 dofs on the cross-section). The axial spacing of the imaging grid is set to
0.05a. The radial spacing corresponds to the size of finite elements, here 0.07a.

4.4.2 Results

4.4.2.1 Preliminary results: monomodal imaging

To obtain a monomodal wave field, the source is a sinus of centre frequency fc = 100 kHz
modulated by a 10 cycle Hanning window. The solution is computed between 20 kHz and
180 kHz with 640 frequency steps. In that case, only the L(0,1) fundamental guided mode
propagates. In this frequency range, the mode is strongly dispersive (see the blue region
in Fig. 4.2). It is noteworthy that the sampling frequency and the frequency range are
chosen according to the Nyquist-Shannon’s theorem to avoid aliasing in the image.

In this section, the defect is centred at the surface of the waveguide (rd = a), at a distance
zd/a = 50 to the source, and its radius is Rd = 0.4a. The defect is represented on
each image with a black curve. The images obtained with various imaging functions are
displayed in Fig. 4.4. In each case, the image is normalized by dividing the value of the
imaging function at each point by the amplitude of its global maximum.

The distance of the defect to the source is well identified along the z axis, as shown by the
location of points of greatest amplitude in Fig. 4.4. It confirms that dispersion does not
affect the image, provided that it is correctly known as an a priori data for the forward
and adjoint problems [22].
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Figure 4.5 – Normalized longitudinal mode shape Uz of the L(0,1) mode in a viscoelastic
steel waveguide of radius a = 10 mm at centre frequency fc = 100 kHz. Blue crossed line:
Re(Uz). Red circled line: Im(Uz).

However, the defect is not correctly located along the radial direction of the waveguide.
This is not surprising because the image is the product of two monomodal wave fields in
the healthy waveguide (see Eqs. (4.47)–(4.49)). When the wave fields are in phase (i.e. at
the defect position), the image is then by construction the product of the mode shape by
itself. Here in Fig. 4.4, the spots are centred at the centre of the waveguide rather than
at the surface, which is consistent with the longitudinal mode shape of the L(0,1) mode,
displayed at fc = 100 kHz in Fig. 4.5 (the radial displacement is much lower in that case
and is not shown).

We point out that only one transducer is necessary to obtain images in Fig. 4.4. Numerical
tests have shown that increasing the number of transducers does not improve the image.

Now let us discuss the influence on the image of the imaging function. The image displayed
in Fig. 4.4a (gradient Eq. (4.47)) contains several oscillations of decreasing amplitude on
both sides of the spot centered on the defect. Oscillations can lead to a misinterpretation
of the results since each of them can be seen as additional defects embedded into the
waveguide. On the contrary, the use of Eq. (4.48) enables to obtain a single spot, although
larger (Fig. 4.4b). As expected from the results of Ref. [23], this spot corresponds to
the spatial envelope of oscillations observed in Fig. 4.4a. Another possibility is to use
Eq. (4.49), which indeed increases the resolution of the image (see Ref. [22]), as shown
by the smaller width of the spot in Fig. 4.4c compared to Fig. 4.4b. However, the noise
increases because the deconvolution by the forward field gives the same weight to the
integrand of Eq. (4.49) at each frequency. Frequency components which are not or little
insonified are then artificially enhanced although they contain only poor information.

4.4.2.2 Multimodal imaging

Let us now consider a multimodal propagation. The source is a sinus of centre frequency
fc = 250 kHz modulated by a 20 cycle Hanning window. The solution is computed between
200 kHz and 300 kHz with 400 frequency steps (the cut-off frequency of the modes is
avoided). Three modes (L(0,1), L(0,2) and L(0,3)) propagate with different velocities and
attenuations (see red region in Fig. 4.2).

In this section, we consider the same defect as in the monomodal case. The image ob-
tained with the imaging function (4.48) is displayed in Fig. 4.6a (only one transducer has
been used to measure the diffracted field). Several spots of great amplitude prevent the
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Figure 4.6 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 50a) in
a closed waveguide. The wave field is multimodal. Imaging function: Eq. (4.48) integrated
between 200 kHz and 300 kHz (fc = 250 kHz, 400 frequencies). Surface Sobs: (a) 1
transducer at z1 = 0; (b) 4 transducers with a spacing of 0.46a (zi ∈ [−1.84a, 0], i =
1 . . . 4); (c) 40 transducers with a spacing of 0.46a (zi ∈ [−18.4a, 0], i = 1 . . . 40). The
true location of the defect is identified by the black curve.

unambiguous localization of the defect. Most of these spots are artefacts. Their origin is
discussed later in Sec. 4.4.2.3.

When the number of transducers increases, the quality of the image improves (the spacing
of the transducer is an important parameter as well, also discussed later in Sec. 4.4.2.3).
This is shown in Figs. 4.6b and 4.6c, where 4 and 40 transducers have been respectively
used. The amplitude of the artefacts decreases. One spot of great amplitude remains,
giving the correct axial distance between the source and the defect, and also its correct
location in the radial direction. It is noteworthy that there is only a slight difference
between Figs. 4.6b and 4.6c, so that 4 transducers appear to be sufficient to obtain an
acceptable image in this case. This is promising from an experimental point of view.

In practice owing to transducers specifications, the measurement of the diffracted field can
be limited to only one component of the displacement field. Figure 4.7a displays the image
obtained with one transducer when only the radial component is measured (in Eq. (4.63),
fvir 6= 0, fviz = 0). Figure 4.7b displays the image when only the axial component is
measured (in Eq. (4.63), fvir = 0, fviz 6= 0). In the former case (Fig. 4.7a), it can be
observed that the defect is no longer accurately located. Measuring only one component
of the displacement field can then lead to a significant degradation of the image. In the
latter case (Fig. 4.7b), the image is close to that in Fig. 4.6a, although of slightly lower
quality.

The resolution of the image decreases when the distance between the defect and the
transducer increases. As observed in Fig. 4.8b (defect at zd/a = 250) a spreading of the
spot identifying the defect can be observed compared to Fig. 4.6a (defect at zd/a = 50).
It has been checked that this effect is strongly reduced with a purely elastic material.
The spreading of the spot can then be related to the attenuation of the waves. Actually,
in Ref. [20], the authors have assumed that topological imaging may work in viscoelastic
media, but with a spreading of energy around the focusing point. Our results then confirm
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4. Gradient-based imaging of waveguides using an adjoint approach

Figure 4.7 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 50a)
in a closed waveguide. The wave field is multimodal. Imaging function: Eq. (4.48) in-
tegrated between 200 kHz and 300 kHz (fc = 250 kHz, 400 frequencies). Surface Sobs:
(a) 1 transducer at z1 = 0 measuring radial component only; (b) 1 transducer at z1 = 0
measuring axial component only.

Figure 4.8 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 250a)
in a closed waveguide. The wave field is multimodal. Imaging function: Eq. (4.48) in-
tegrated between 200 kHz and 300 kHz (fc = 250 kHz, 400 frequencies). Surface Sobs:
1 transducer at z1 = 0. (a) Image obtained; (b) Same as (a) but with a zoom between
z/a = 200 and z/a = 270; (c) Image obtained between z/a = 200 and z/a = 270 re-
moving the attenuation of modes L(0,1), L(0,2) and L(0,3) in the forward and the adjoint
problems. The true location of the defect is identified by the black curve.

82



4.4. Application to closed waveguides

0 10 20 30 40 50 60 70

z/a

0

0.2

0.4

0.6

0.8

1

g
e
(r

/a
=

0
,z

)/
m

a
x
(g

e
)

(a)

(b)

Figure 4.9 – Post-processing of the artefacts. (a) Post-processing profile: normalized value
of ge(r = 0, z/a) extracted from the monomodal image in Fig. 4.4b; (b) Post-processed
image in the multimodal test case: multiplication of Fig. 4.6a by the post-processing
profile.

their assumption.

The modal formalism used to compute the forward and adjoint field offers a convenient
way to artificially remove the attenuation when constructing the image. In Eqs. (4.59)
and (4.60), the modal wavenumber is complex-valued. The real part of the wavenumber
is related to the travelling velocity of the mode while its imaginary part is related to
the attenuation of the mode. Retaining only the real part of the modal wavenumber in
Eqs. (4.59) and (4.60) then enables to compute the forward and adjoint fields without
any attenuation. Let us point out that it is not equivalent to consider a lossless reference
medium because the travelling modal velocities are those of modes in a lossy medium.
Furthermore, the proposed correction does not enable to compensate the losses in the
real medium. Thereby, the measurement still suffers from viscoelasticity in the synthetic
problem. The image after attenuation removal is displayed in Fig. 4.8c. The attenuation
has been removed for propagating modes only (here the L(0,1), L(0,2) and L(0,3) modes).
A slight narrowing of the spot can be observed compared to Fig. 4.8b. The effect of
attenuation and its removal will be illustrated more clearly in the open waveguide test
case (Sec. 4.5), where radiation losses can occur.

Note that in Fig. 4.8a the artefacts still occur but at greater distances to the defect
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4. Gradient-based imaging of waveguides using an adjoint approach

position than in Fig. 4.6a (see at zd/a = 160 or zd/a = 200 in Fig. 4.8a). Conversely
others numerical tests have shown that for a smaller distance between the defect and
the transducer, the artefacts get closer to the spot. With several transducers at various
distances to the defect, the artefacts will then occur at different positions in the image.
But, the contribution of each transducer will also superpose at the defect position, thus
increasing the amplitude of this spot compared with those of the artefacts. This is further
explained in Sec. 4.4.2.3.

Finally, let us propose a simple post-processing method to remove most of the artefacts
from a multimodal image. The idea is to multiply the monomodal image, which gives the
correct position of the defect along the z axis (see Sec. 4.4.2.1), and the multimodal image.
More precisely, the value of the monomodal imaging function is extracted along z for a
given value of r. It enables to post-process the multimodal image in the axis direction
only. As an example, Figure 4.9a displays the value of ge(z) at the centre of the waveguide
(r = 0), obtained from Fig. 4.4b. This defines a monodimensional post-processing profile.
The latter is then applied to the multimodal image, in Fig. 4.6a. As a result, Fig. 4.9b
shows that most of the artefacts have been removed from the image, thus allowing the
identification of the defect.

4.4.2.3 Origin of the artefacts in the multimodal configuration

This section aims to explain the origin of the artefacts observed in the image with a
multimodal configuration (see e.g. Fig. 4.6a). To do so, it is convenient to study the
construction of the image in the time domain. The various gradients proposed in Sec. 4.3.3
can be reduced in essence to the product

∫
R u(x, ω) ·v(x, ω)dω, where v(x, ω) = λ1(x, ω)

satisfies Eqs. (4.14)–(4.17) in the reference waveguide. In the time-domain, λ1(x, t) =
v(x, T − t) (the adjoint problem is read backwards in time — see Sec. 4.2.6). Thereby,
applying Plancherel theorem yields:∫

R
u(x, ω) ·λ1(x, ω)dω =

∫ T

0
u(x, t) ·λ1(x, t)dt, (4.65)

=
∫ T

0
u(x, t) ·v(x, T − t)dt, (4.66)

where T is the duration of the signal. In the following, we then study the value of Eq. (4.66)
at various positions x. For sake of clarity, the analysis is restricted to a monodimensional
case (x = z), with only two modes propagating. Besides, both the source (in the forward
and synthetic problems) and the transducer (in the adjoint problem) are located at the
same point, at z = zS = z1.

First, let us detail the construction of the source of the adjoint problem. In the forward
and synthetic transient problems, the source signal (displayed in Fig. 4.10a) is emitted and
measured at z = zS . In the synthetic medium, two wave packets labelled 1 and 2 reach the
defect at t = t1 and t = t2 — see Fig. 4.10c. Both modes are reflected and also converted
by the defect. The converted modes are labelled 12 and 21, where the first number gives
the incident mode and the last number gives the reflected mode, and coloured in green
(see Fig. 4.10d). The residue is the difference of signals (b) and (d), and corresponds then
to the diffracted field. The time-reversed residue yields the source signal of the adjoint
problem, shown in Fig. 4.10e.

In the adjoint problem, the source signal (Fig. 4.10e) contains three packets. Each of
them naturally generates the two propagating modes, that reach an arbitrary position
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(a): Forward and

synthetic signal source

emitting at z=zS

(b): Measure of u(zS, t)

(e): Adjoint signal source

emitting at z=zS

t

Figure 4.10 – Signals in a 1D medium in which two modes propagate, with source and
transducer at the same position z = zS = z1. (a) Source signal emitted at z = zS in
the forward and synthetic problems; (b) Measured forward signal u(zS , t) in the reference
medium; (c) Synthetic signal usynth(zd, t) at the defect position; (d) Measured synthetic
signal usynth(zS , t) in the damaged medium; (e) Source signal emitted at z = zS in the
adjoint problem; (f) Forward signal u(z′, t) at an arbitrary position z′ > zS in the reference
medium; (g) Adjoint signal v(z′, t) in the reference medium; (h) Adjoint signal v(z, T − t)
read backwards in time in the reference medium. Colours and labels are explained in the
text.

85



4. Gradient-based imaging of waveguides using an adjoint approach

z′ > zS after time-of-flight t′1 and t′2 respectively. The adjoint signal v(z′, t) in Fig. 4.10g
contains hence eight wave packets. It must be read backwards in time to obtain v(z′, T−t)
(Fig. 4.10h), further multiplied with the forward signal u(z′, t) at the same position (see
Fig. 4.10f), as calculated by Eq. (4.66). In Fig. 4.10h, the signal v(z′, T − t) then travels
from the right to the left as z′ increases.

In the adjoint signals, the modes are labelled with the following convention: the last
number identifies the mode (1 or 2) which is generated by the source packet indicated
by the first numbers (that is, 1, 2, 12 or 21). Two cases have to be distinguished. If
the generated mode (Fig. 4.10g) is the same as the source wave packet (Fig. 4.10e), the
mode is consistently coloured in black or in green. Otherwise, if the generated mode is
different from the source wave packet, the mode is coloured in blue. That is, "blue packets"
originate from modal conversions by the adjoint source.

Figure 4.10 shows that the product in Eq. (4.66) is in general equal to zero, except at
some positions z′ associated to specific values of t′1 and t′2.

Focusing on the defect. Let us consider the case when t′1 = t1 and t′2 = t2 (Fig. 4.11).
In this specific case, z′ corresponds to the defect location zd. It can be observed that both
packets 1 and 2 of the forward signal (Fig. 4.11a) match in particular with "black packets"
11 and 22 of the adjoint signal (Fig. 4.11b). Thereby, Eq. (4.66) takes a significant value
at zd, which explains how topological imaging enables defect localization.

Artefacts due to modal conversion by the adjoint source. When t′2 = t1 (see
Fig. 4.12),

z′ = c2
c1

(zd − zS) + zS = zb, (4.67)

where zb < zd. The packet 2 in the forward signal (Fig. 4.12a) matches with the "blue
packet" 12 in the adjoint signal (Fig. 4.12b). Therefore, Eq. (4.66) is not null, which
subsequently creates an artefact at zb. Actually, artefacts are created whenever a packet
of the forward signal matches with a "blue packet" of the adjoint signal (e.g. at t′1 = t2
between packets 1 and 21 or at t′2 = (t1 + t2)/2 between packets 2 and 212 (see Fig. 4.13),
and so on). This shows that artefacts can appear because of modal conversion by the
adjoint source. Indeed to avoid these artefacts, it is necessary to generate only "black"
and "green" modes in the adjoint signal. Such a pure modal generation is difficult to
achieve in practice. The modal selectivity can be improved by acting on the measurement
configuration, that is on the choice of the observation surface Sobs. In this example, Sobs
corresponds to a single point of measurement, which is the worst configuration.

Artefacts due to modal conversion by the defect. When t′2 = (t1 + t2)/2 (see
Fig. 4.13),

z′ = c2 + c1
2c1

(zd − zS) + zS = zc, (4.68)

where zc < zd, zc 6= zb. The packet 2 in the forward signal (Fig. 4.13a) matches with the
"green packet" 122 in the adjoint signal (Fig. 4.13b). Hence, Eq. (4.66) is not null and
another artefact is created at zc. Artefacts are also created at other positions every time
a packet of the forward signal matches with a "green packet" in the adjoint signal. For
instance, it is also the case at t′1 = (t1 + t2)/2 between packets 1 and 211. This shows
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t'1=t1=(zd-zS)/c1

1
2

Figure 4.11 – z = zd: signals focusing at the defect position. (a) Forward signal u(zd, t);
(b) Adjoint signal v(zd, T − t). Dashed lines: matching parts of the signals such as the
product u(zd, t)v(zd, T − t) is not null. Colours and labels are explained in the text.

(a): u(zb, t)

2
1

(b): v(zb, T-t)

Figure 4.12 – z′ = zb: signals creating an artefact due to modal conversion by the adjoint
source. (a) Forward signal u(zb, t); (b) Adjoint signal v(zb, T − t). Dashed lines: matching
parts of the signals such as the product u(zb, t)v(zb, T − t) is not null. Colours and labels
are explained in the text.

(a): u(zc, t)

(b): v(zc, T-t)

1
2

t'1=(zc-zS)/c1

t'2=(t1+t2)/2

Figure 4.13 – z′ = zc: signals creating an artefact due to modal conversion by the defect.
(a) Forward signal u(zc, t); (b) Adjoint signal v(zc, T − t). Dashed lines: matching parts
of the signals such as the product u(zc, t)v(zc, T − t) is not null. Colours and labels are
explained in the text.
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Figure 4.14 – Normalized image for a multimodal wave field. Imaging function: Eq. (4.48)
integrated between 200 kHz and 300 kHz (fc = 250 kHz, 400 frequencies). Type of defects:
(a) one defect of radius Rd = 0.1a centered at point (a, 50a) (measurement surface: 4
transducers with a spacing of 0.46a); (b) two defects of radius Rd = 0.1a centered at
points (a, 50a) and (a, 60a) (measurement surface : 16 transducers with a spacing of
0.46a); (c) a defect of radius Rd = 0.1a centered at point (0, 50a) (measurement surface :
4 transducers with a spacing of 0.46a). The true location of the defect(s) is identified by
the black curve.

that artefacts can appear because of modal conversion by the defect. Modal conversion is
intrinsic to the defect. Thereby, this type of artefacts cannot be avoided.

One can notice in Eqs. (4.67) and (4.68), that the positions of the artefacts zb and zc
depend on the distance (zd−zS) between the defect and the adjoint source (we recall that
zS = z1 in this example). This has also been observed in Fig. 4.8a. On the contrary, the
correct focusing at the defect position, described by Fig. 4.11, does not depend on the
distance between the defect and the adjoint source. Thereby, using several transducers at
different positions enables to superpose several contributions at the defect location, while
spreading the artefacts at different positions. It then favourably increases the amplitude
of the image at the defect location in comparison to the amplitude of the artefacts. This
is confirmed by Figs. 4.6b and 4.6c: the artefacts are not cancelled but their amplitude is
strongly reduced.

Similarities between topological imaging and time-reversal procedures clearly appear in
this section. The phenomenon of artefacts is actually analogous to the additional wave-
fronts observed during time-reversal of P and SV waves in an elastic media (see Ref. [116]),
and also to sidelobes created by time-reversal of Lamb waves [117].

4.4.2.4 Influence of defect parameters in the multimodal configuration

Let us now reduce the radius of the defect to Rd = 0.1a — see Fig. 4.14a. A comparison
with Fig. 4.6b (Rd = 0.4a) shows that the defect remains rather accurately identified.

Then, Fig. 4.14b shows that two successive small defects can be also roughly located,
provided that the first one is not too reflective. Here the number of transducers (16) has
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Figure 4.15 – Sketch of the synthetic scattering problem in the damaged open waveguide
Ωr excited by a point source at z = zS , r = a (2D axisymmetric representation). Blue
crosses: position of the transducers at the measurement surface Sobs.

been increased to reduce the amplitude of artefacts generated by the second defect onto
the spot identifying the first defect. Although not shown for conciseness, our numerical
tests have shown that if the two defects are replaced with an elongated one covering the
same length, only the beginning of the defect is visible, which is not surprising with a
backscattering measurement configuration.

Finally, internal defects can also be located, as observed in Figure 4.14c. Although the
localization of the defect appears to be less accurate along the z axis in this example, this
result confirms that a multimodal configuration helps to locate a defect in the cross-section
of the waveguide.

4.5 An open waveguide example

This section briefly gives an example of topological imaging applied to open waveguides,
with a defect included into the core of the waveguide. The influence of leakage attenuation
on the image is outlined.

4.5.1 Description of the test case

The damaged waveguide Ωr is an axisymmetrical circular closed waveguide, of radius a =
10 mm and made of viscoelastic steel, embedded into cement grout (materials properties
are given in Tab. 4.1). The core of the damaged waveguide Ωr contains an axisymmetric
defect of radius Rd = 0.4a, centred at point (a, 50a) — see Fig. 4.15. The point source is
located at the interface Sr between the core and the surrounding medium (r = a). The
synthetic displacement field is measured in backscattering at the interface — see Sobs in
Fig. 4.15.

As for forward and adjoints fields, the reference domain Ω0 is an undamaged open waveg-
uide. The forward field (see Fig. 4.16a) satisfies Eqs. (4.53) and (4.55) and the adjoint
field (see Fig. 4.16b) satisfies Eqs. (4.56) and (4.58).

The synthetic scattering problem is solved with a PML hybrid model (Chap. 3), involving
about 4500 dofs (six-nodes triangle elements), with M = 15 modes on each transparent
boundaries for 82 dofs. The PML parameters are: d = 0.1a, h = 2a, γ̂ = 2 + 4j. The
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Figure 4.16 – Sketch in the reference open waveguide Ω0 (2D axisymmetric representation)
of: (a) the forward propagation problem; (b) the adjoint propagation problem. Blue
crosses: position of the transducers at the surface Sobs.
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Figure 4.17 – Dispersion curves for (a) the energy velocity and (b) the attenuation (cir-
cular waveguide in viscoelastic steel embedded into viscoelastic cement grout, radius
a = 10 mm). Blue region: monomodal source. Red region: multimodal source.

forward and adjoint fields are obtained at any point of the imaging sampling grid of Ω0
applying Eqs. (4.59)–(4.64), with N = 50 modes (for 94 dofs on the cross-section). The
number of required modes in the modal expansions is higher for the forward and adjoint
problems because the solutions must be accurate at any point of the medium, including
the near-field of the source. On the contrary, in the synthetic problem, only the diffracted
far-field is of interest, which allows reducing the number of modes. The axial spacing
of the imaging grid is set to 0.05a. The radial spacing corresponds to the size of finite
elements, here 0.07a.

4.5.2 Results

First, a monomodal wave field is emitted in the waveguide (the parameters are the same as
in Sec. 4.4.2.1). In that case, only the L(0,1) leaky mode propagates (see the blue region
in Fig. 4.17). Note that the attenuation of the mode due to leakage losses (Fig. 4.17b)
is much stronger than that of the L(0,1) guided mode in a viscoelastic closed waveguide
(Fig. 4.2b, the attenuation is roughly 500 times lower).

The image obtained applying Eq. (4.48) is displayed in Fig. 4.18a. A single spot, shifted
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Figure 4.18 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 50a)
and a monomodal wave field. Imaging function: Eq. (4.48) integrated between 20 kHz
and 180 kHz (fc = 100 kHz, 640 frequencies). Measurement surface Sobs: 1 transducer
at z1 = 0. Image obtained: (a) including the attenuation of the L(0,1) leaky mode in
the forward and adjoint problems; (b) removing the attenuation of the L(0,1) leaky mode
in the forward and adjoint problems. The true location of the defect is identified by the
black curve.

Figure 4.19 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 50a)
and a monomodal wave field. Imaging function: Eq. (4.48) integrated between 200 kHz
and 300 kHz (fc = 250 kHz, 400 frequencies). Measurement surface Sobs: 1 transducer at
z1 = 0. Image obtained: (a) including the attenuation of the L(0,1), L(0,2) and L(0,3)
leaky modes in the forward and adjoint problems; (b) removing the attenuation of the
L(0,1), L(0,2) and L(0,3) leaky modes in the forward and adjoint problems. The true
location of the defect is identified by the black curve.
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4. Gradient-based imaging of waveguides using an adjoint approach

Figure 4.20 – Normalized image for a defect of radius Rd = 0.4a centered at point (a, 50a)
and a monomodal wave field. Imaging function: Eq. (4.48) integrated between 200 kHz
and 300 kHz (fc = 250 kHz, 400 frequencies). Measurement surface Sobs: 40 transducers
with a spacing of 0.46a (zi ∈ [−18.4a, 0], i = 1 . . . 40). Image obtained: (a) including
the attenuation of the L(0,1), L(0,2) and L(0,3) leaky modes in the forward and adjoint
problems; (b) removing the attenuation of the L(0,1), L(0,2) and L(0,3) leaky modes in the
forward and adjoint problems; (c) same as (b) with post-processing from the monomodal
image Fig. 4.18b (see Sec. 4.4.2.2). The true location of the defect is identified by the
black curve.
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before the defect position, is observed. It shows that a high level of attenuation can perturb
the correct localization of the defect. Removing the attenuation of the leaky mode in the
forward and adjoint problems, as proposed for viscoelastic closed waveguides (Sec. 4.4.2.2),
enables to recentre the spot on the defect position in the axis direction (Fig. 4.18b). In
that case, the modal formalism appears to be very convenient to carry out this operation.
However, the position of the defect along the transverse direction of the waveguide cannot
be identified with a monomodal wave field, as already found for a closed waveguide.

Second, a multimodal wave field is emitted such that the L(0,1), L(0,2) and L(0,3) modes
propagate (see the red region in Fig. 4.17). The images obtained with a single transducer
are shown in Fig. 4.19. Despite the attenuation removal in the forward and adjoint prob-
lems (Fig. 4.19b), the defect cannot be located even along the axial direction. Numerous
spots of great amplitude can be observed before the defect, reminding the artefacts ob-
served previously in Sec. 4.4.2.2. Actually, it has been checked with a modal analysis of
the synthetic problem that the behaviours of the source and the defect are different from
those in the closed waveguide case. Particularly, modal conversions by the defect are more
significant.

The image obtained with 40 transducers is shown in Fig. 4.20. In Fig. 4.20b (after atten-
uation removal), the amplitude of the artefacts is lower than in Fig. 4.19b and a spot is
visible at the interface of the core and the embedding medium, slightly before the defect
position. As proposed for closed waveguides (Sec. 4.4.2.1), the image in Fig. 4.20b can
be multiplied by the value of the gradient (4.48) obtained with a monomodal wave field,
extracted along z for r = 0 in the image in Fig. 4.18b. The post-processed image is shown
in Fig. 4.20c. The identification of the defect position is acceptable, both along the axial
and transverse directions.

4.6 Conclusion

A general framework has been recalled for inverse problems in elastodynamics, including
topological imaging. Thanks to numerical methods based on a modal formalism (Chaps. 2
and 3), efficient and fast simulations of topological imaging of waveguides have then been
done. In view of practical open waveguides imaging, a restricted measurement configura-
tion (in reflection and at the surface of the waveguide only) has been considered. Promising
preliminary results have been obtained.

The various empirical formulations of the gradients have been compared to understand
their influence on the quality of the image. These formulations are not truly related to
the topology of the defect, but still enables a correct localization of the defect.

The first test in a closed waveguide has shown that a monomodal wave field allows locating
a defect along the axis of the waveguide only. The image can be related to the shape of
the mode. To obtain a better resolution along the transverse direction of the waveguide,
a multimodal field must be emitted. However, artefacts appear in the image. Using
several transducers enables to reduce the amplitude of the artefacts, which improves the
quality of the image. In addition, we have proposed to combine the images obtained with
monomodal and multimodal wave fields, in order to easily reduce the artefacts and then
to enhance the quality of multimodal images.

In an open waveguide, the results have shown that a strong leakage attenuation can shift
the image out of the defect position. The modal formalism offers an efficient way to remove
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the attenuation in the forward and adjoint problems, while keeping travelling velocities
accurate. It enables to recentre the image towards the defect position.

The results presented in this chapter are a first step towards practical topological imaging
of waveguides. Further works are needed. Propositions are made in the conclusion of this
manuscript.
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Conclusion

In this work, we have developed numerical methods to obtain the forced response and
the diffracted wavefield in elastic open waveguides. The first step is to write the PML
waveguide formulation of the source-free problem. It yields a linear eigenvalue problem,
which solutions are the modes. Modal expansions are then used to solve the forced response
problem, and also performed at the boundaries of a finite-element volume enclosing a
defect for the diffraction problem (hybrid method). The wavefield can be finally computed
analytically at any point of the waveguide. These methods remain valid for viscoelastic
materials and for any waveguide geometry.

In addition to dispersion curves, the numerical results of this thesis provide a better
understanding of leaky modes behaviour for NDE. The forced response method provides
the excitability of leaky modes. Furthermore, the sensitivity of a leaky mode to any type
of defect can be assessed with the help of the modal scattering coefficients (at least if
mode coupling remains negligible). Solutions can also be obtained at high-frequencies
corresponding to the minimum attenuation of leaky modes.

Throughout this thesis, a special attention has been given to the contribution of leaky
modes and PML modes to the solutions.

In Chap. 1, we have shown that the modification of the surrounding medium by an in-
finite PML naturally reveals leaky modes into the modal basis. Trapped modes are left
unchanged. Furthermore, two continua of PML modes (i.e. radiation modes inside the
PML) are defined. With numerical methods, the continua of PML modes are discretized
because of the PML truncation to a finite thickness. Two discrete sets of PML modes
(non-intrinsic to the physics) are thus included in the numerical modal basis.

As shown in Chap. 2, trapped modes, leaky modes and discrete PML modes are orthog-
onal. The orthogonality relation actually corresponds to the discrete version of Auld’s
real biorthogonality relation. It guarantees the uniqueness of modal expansions on the
whole cross-section including the PML. However, these modes are not power orthogo-
nal (Chap. 3). Mode coupling can occur and should then be considered for the physical
analysis of the results.

Modal expansion with only discrete PML modes (exponentially decaying) enables to recon-
struct the bulk wave contribution (geometrically decaying) propagating in a homogeneous
medium (Chap. 2). The accuracy of the solution depends on the number of PML modes
retained in the expansion and on the PML thickness. The latter must be increased (and so
does the computational cost) when the distance to the source increases to get accurate re-
sults. Although this case has little interest in practice, it allows clarifying the contribution
of PML modes.
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Similarly the contribution of discrete PML modes must be retained to observe long-term
diffraction phenomenon in open waveguides (Chap. 2). Indeed, long-term diffraction oc-
curs at great distances from the source when most of the energy has leaked from the core
into the surrounding medium, such that a geometric decay of the waves (analogous to bulk
waves) can be observed. However, the leaky mode contribution dominates the solution in
a wide range of distance inside the core and not too far from the source. This region is
the most interesting for NDE, which requires that a major part of energy remains in the
core. Thereby, leaky modes are expected to be sufficient to obtain a good approximation
of the solution for NDE applications based on guided waves (Chap. 2). In the very near-
field, PML modes can also have a significant influence on the accuracy of the solutions
(Chap. 3). The weight of the PML mode contribution depends on the distance between
the cross-section on which the modal expansion is performed and the inhomogeneity.

It is noteworthy that the leaky mode contribution gives a good approximation of the
solution in a restricted region of the waveguide. This conclusion is similar to that theo-
retically found (without PML) when approximating the continua of radiation modes with
leaky modes using the steepest descent method (see e.g. Refs. [11, 16]). Here, this region
of approximation is limited transversely by the PML because the solution is not physi-
cally correct inside this artificial layer. Furthermore, this region is limited axially both
by the long-term diffraction and by the near-field effect, where PML modes might have a
significant contribution.

The leaky mode approximation is particularly important for our numerical methods. In-
deed the computation of many PML modes can be very expensive, especially at high
frequencies or in three-dimensional waveguides. Neglecting the PML mode contribution
generally enables to reduce the thickness of the PML, thus reducing also the computa-
tional cost. For the hybrid method, it can be convenient to set the transparent boundaries
sufficiently far away from the inhomogeneity. Therefore, in practice, the accuracy of the
solutions has to be carefully checked by varying the distance between the modal expansion
boundaries and the defect, the number of modes involved in the modal expansions and
the PML complex thickness.

The numerical methods have then been used to simulate the topological imaging method
applied to waveguides in Chap. 4. The topological imaging method takes place in a
constrained optimization framework, restricted to the first iteration only. The key point is
the evaluation of the topological gradient, which is used as an imaging function to reveal
the position of defects. The gradient depends on two simulations in a reference medium,
which gives the forward and adjoint fields. The latter requires a prior measurement of the
diffracted field in the real medium, limited in this thesis to the reflected field at the surface
of the core. In this study, practical simplified versions of the topological gradient have
been used. These formulations of the gradients are not truly connected to the topology
of the defect. They can be rather related to variations of density inside the medium. Yet
the results show that they are suitable for defect localization in waveguides.

Both closed waveguide and open waveguide imaging have been investigated. The reflected
field in a damaged waveguide have been synthesized thanks to the hybrid method presented
in Chap. 3. Besides, the forward and adjoint problems have been solved by the method
presented in Chap. 2, which enables to obtain quickly both fields at any point of the
reference medium.

We have shown that the emission of a monomodal wavefield enables to locate the defect
along the axis of the waveguide only. Indeed, in that case, the image is in essence the
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product of the mode shape by itself. Besides, topological imaging naturally handles modal
dispersion, provided that it is accurately computed with the numerical methods.

A multimodal wavefield must be emitted to obtain a better resolution along the cross-
section of the waveguide, but it creates artefacts in the image. Artefacts originate from
modal conversion by the adjoint source and by the defect. We have shown that the
positions of artefacts in the image depend on the distance between the defect and the
transducer. Thereby, the relative amplitude of the artefacts in the image can be reduced
using several transducers. We have also proposed a simple post-processing method to
remove most of the artefacts, based on a mono-dimensional profile extracted from the
monomodal image.

In the open waveguide case, the results have shown that a strong modal attenuation
(in that case due to radiation losses) can shift the image out of the defect position. In
the forward and adjoint fields, losses can be easily cancelled thanks to modal formalism,
considering only the real part of the wavenumber in the modal expansions (this gives the
correct travelling modal velocities in the lossy medium but without attenuation). This
convenient procedure enables to recentre the image on the defect position.

It is noteworthy that in Chaps. 2 and 3, numerical methods are proposed to better un-
derstand specific modal behaviours and to facilitate the interpretation of NDE results.
On the contrary, the topological imaging method intends to use the whole complexity of
guided wave propagation as a black box, provided that accurate models based on known a
priori data are available. This may lead to a significant improvement of NDE techniques.

Finally, from dispersion curves to topological imaging, this thesis shows that starting
from a single eigenvalue problem, numerical methods based on modal formalism can cover
a wide variety of problems with a low computational cost.

Future works are proposed hereafter.

Definition of the energy velocity. We have highlighted in Chap. 2 the arbitrariness
of the energy velocity definition (integrated on the core of the waveguide only in
practice). Indeed, the energy velocity of trapped modes should be integrated on the
whole cross-section because they decay in the transverse direction. As a matter of
fact, a recent study has also shown that the whole cross-section should be consid-
ered for leaky waves of backward type [70]. This interesting physical question thus
remains open.

Numerical benchmark. Several others waveguide formulations have been proposed for
the computation of trapped and leaky modes (see the introduction of Chap. 2). A
numerical benchmark with the PML waveguide formulation would be interesting,
considering the computation of dispersion curves. Note that the PML technique
and the absorbing layer technique have already been compared in the thesis [9].

Eigenvalue solver. The PML waveguide formulation yields a linear eigenproblem which
is solved in this thesis with the ARPACK library [77]. A user-defined number of
modes that are the closest in absolute value to a user-defined shift is computed.
Instead, for instance, it could be interesting to solve the eigenvalue problem by setting
a maximum imaginary part to the eigenvalues (i.e. a maximum modal attenuation
of interest). The SLEPc library [118] seems to offer this possibility.

Investigation of the PML parameterization. In this thesis, the PML has always a
parabolic attenuation profile which does not depend on the frequency. In Ref. [31] a
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PML with an exponential attenuation profile has been used to compute the modes
and seems more efficient at low frequencies. More generally, the attenuation profile
depends on the position, the thickness and the average attenuation of the PML.
Finding the correct values of the parameters for a given FE mesh can be difficult,
which is a drawback of the method. "Parameter-free" PML have been recently pro-
posed in the literature [119, 120]. However, these PML formulations depend on
frequency. Their influence on mode computation should then be investigated. It has
been shown in Ref. [121] in scalar acoustics that a frequency dependent PML sim-
plifies the choice of PML parameters and the identification of spurious eigenvalues.
However, it leads to a polynomial eigenvalue problem which is difficult to solve with
a standard eigensolver.

Application of methods to complex geometries. The proposed numerical methods
can be extended to various geometries of waveguides, provided translational invari-
ance is preserved along one direction. For instance, the forced response and the
diffraction problems could be solved in the case of helical multi-wire cables, for
which a PML waveguide formulation has already been derived [13]. Besides, a series
of sources and scatterers could be considered with several combinations of the forced
response method and the hybrid method. An example based on scattering matrix
formalism can be found in Ref. [122] for closed waveguide. In topological imaging,
such models could be used to compute the forward and adjoint fields in complex
reference domains, including several a priori known scatterers.

Energy balance in open waveguides. The energy balance can be verified with a pro-
per computation on a given volume (to be determined) of input power, output power
(including leakage losses), kinetic energy, strain energy and dissipated energy [123].
It could be a convenient tool to assess the accuracy of the solutions computed with
the hybrid method.

Topological gradient formulations. Further comparisons of the empirical versions of
the gradient are needed, particularly with the theoretical formulation related to
the topology of the defect. The derivation of specific empirical formulations for
waveguides may also be investigated.

Ideal configuration for topological imaging. The best imaging quality of waveguides
is expected to be achieved with a full-scattering measurement configuration, that is
in reflection, transmission and in the section of the waveguide. This configuration
could be then simplified step by step towards a more realistic one, thus pointing out
loss of information and defining the expected efficiency of the method in practice.
The sensitivity of the method to noise and to errors on a priori data could also
be studied. Besides, to improve the resolution of the image in the cross-section, it
could be necessary to increase the number of modes, that is to generate higher-order
modes having a strong oscillating behaviour along the transverse direction. On this
subject, it is noteworthy that the linear sampling method in elastic waveguides gives
better results with a lot of modes [102]. It would be of great interest to observe
whether the amplitude of artefacts is significantly lowered in that case.

Imaging of open waveguide with a junction. In Chap. 4, the open waveguide case
is not truly representative of a practical configuration, in which the diffracted field
is generally measured in the protruding part of the waveguide (that is, without
embedding medium). In that case, the reference healthy domain should account for
the presence of the junction between the closed region and the open region of the

98



Conclusion

waveguide, considered as a known scatterer in order to not appear as a defect in the
image.

Experimental tests. The topological imaging method could then be applied experimen-
tally to waveguides. In a first step, an important work of experimental validation is
required. For instance, it could be interesting to check the accuracy of the forward
field simulation to ensure that the residue (i.e. the adjoint source) is mainly the
signature of the defects included in the real medium. Thereby, it could provide an
experimental validation of the numerical models.
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Titre : Simulation numérique du contrôle non-destructif des guides d’ondes enfouis 

Mots clés : guide ouvert, élément fini, couche parfaitement adaptée, contrôle non-destructif, modes 
à fuite, réponse forcée, diffraction, imagerie 

Résumé : De nombreux éléments de structures de 

génie civil sont élancés et partiellement enfouis dans un 
milieu solide. Les ondes guidées sont souvent utilisées 
pour le contrôle non destructif (CND) de ces éléments. Ces 
derniers sont alors considérés comme des guides d’ondes 
ouverts, dans lesquels la plupart des ondes sont atténuées 
par des fuites dans le milieu environnant. D’autre part le 
problème est non borné, ce qui le rend difficile à 
appréhender sur le plan numérique. La combinaison d’une 
approche par éléments finis semi-analytique (SAFE) et de 
la méthode des couches parfaitement adaptées (PML) a 
été utilisée dans une thèse antérieure pour calculer 
numériquement trois types de modes (modes piégés, 
modes à fuite et modes de PML). Seuls les modes piégés 
et à fuite sont utilisés pour la représentation des courbes 
de dispersion. Les modes de PML sont non intrinsèques à 
la physique. L’objectif premier de cette thèse est d’obtenir, 
par superposition modale sur les modes calculés, les 
champs émis et diffracté dans les guides d’ondes ouverts.  
Nous montrons dans un premier temps que les trois types 
de modes appartiennent à la base modale.  Une relation 
d’orthogonalité est obtenue dans la section du guide 
(incluant la PML) pour garantir l’unicité des solutions. 

La réponse forcée du guide peut alors être calculée 
rapidement par une somme sur les modes en tout point 
du guide. Des superpositions modales sont également 
utilisées pour construire des frontières transparentes au 
bord d’un petit domaine élément fini incluant un défaut, 
permettant ainsi de calculer le champ diffracté. Au cours 
de ces travaux, nous étudions les conditions 
d’approximation des solutions par des superpositions 
modales, limitées seulement aux modes à fuite, ce qui 
permet de réduire le coût des calculs. De plus, la 
généralité des méthodes proposées est démontrée par 
des calculs hautes fréquences (intéressantes pour le 
CND) et sur des guides tridimensionnels. Le deuxième 
objectif de cette thèse est de proposer une méthode 
d’imagerie pour la localisation de défauts. La méthode de 
l’imagerie topologique est appliquée aux guides d’ondes. 
Le cadre théorique général, de type optimisation sous 
contrainte, est rappelé. Le formalisme modal permet un 
calcul rapide de l’image. Nous l’appliquons pour simuler 
un guide d’onde endommagé, et nous montrons 
l’influence du type de champ émis (monomodal, dispersif, 
multimodal) ainsi que des configurations de mesure sur la 
qualité de l’image obtenue. 

 

Title : Numerical modelling of non-destructive testing of buried waveguides 

Keywords : open waveguide, finite element, perfectly matched layer, non-destructive evaluation, 
leaky mode, forced response, diffraction, imaging 

Abstract :  Various elements of civil engineering 

structures are elongated and partially embedded in a solid 
medium. Guided waves can be used for the non-
destructive evaluation (NDE) of such elements. The latter 
is therefore considered as an open waveguide, in which 
most of waves are attenuated by leakage losses into the 
surrounding medium. Furthermore, the problem is difficult 
to solve numerically because of its unboundedness. In a 
previous thesis, it has been shown that the semi-analytical 
finite-element method (SAFE) and perfectly matched layers 
(PML) can be coupled for the numerical computation of 
modes. It yields three types of modes: trapped modes, 
leaky modes and PML modes. Only trapped and leaky 
modes are useful for the post-processing of dispersion 
curves. PML modes are non-intrinsic to the physics.  The 
major aim of this thesis is to obtain the propagated and 
diffracted fields, based on modal superpositions on the 
numerical modes. First, we show that the three types of 
modes belong to the modal basis. To guarantee the 
uniqueness of the solutions an orthogonality relationship is 
derived on the section including the PML. 

The forced response can then be obtained very efficiently 
with a modal expansion at any point of the waveguide. 
Modal expansions are also used to build transparent 
boundaries at the cross-sections of a small finite-element 
domain enclosing a defect, thereby yielding the diffracted 
field. Throughout this work, we study whether solutions 
can be obtained with modal expansions on leaky modes 
only, which enables to reduce the computational cost. 
Besides, solutions are obtained at high frequencies 
(which are of interest for NDE) and in tridimensional 
waveguides, which demonstrates the generality of the 
methods. The second objective of this thesis is to propose 
an imaging method to locate defects. The topological 
imaging method is applied to a waveguide configuration. 
The general theoretical framework is recalled, based on 
constrained optimization theory. The image can be 
quickly computed thanks to the modal formalism. The 
case of a damaged waveguide is then simulated to 
assess the influence on image quality of the emitted field 
characteristics (monomodal, dispersive or multimodal) 
and of the measurement configuration.  
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