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�+FMQrH2/;2K2Mib

�HKQbi 7Qm` v2�`b �;Q- A KQp2/ iQ �M;2`b �M/ bi�`i2/ � DQm`M2v BM i?2 DQBMi �`2� Q7
bi�iBbiB+b- QMHBM2 H2�`MBM; �M/ �`iB}+B�H BMi2HHB;2M+2 BM G�_1J�- lMBp2`bBiv Q7 �M;2`bX
�b i?Bb DQm`M2v Bb �TT`Q�+?BM; Bib 2M/- A 722H i?�i � 72r HBM2b �`2 MQi 2MQm;? iQ i?�MF
2p2`vQM2 r?Q ?�b ?2HT2/ K2 �/�TiBM; i?2 rQ`F �M/ HB72 BM i?2 T�bi /�vbX
6B`bi Q7 �HH- A rQmH/ HBF2 iQ i?�MF bBM+2`2Hv Kv irQ bmT2`pBbQ`b- aû#�biB2M GQmbi�m �M/
"2MD�KBM :m2/D r?Q ?�p2 ;Bp2M K2 � HQi Q7 p�Hm�#H2 �/pBb2b BM i?2 T�bi v2�`bX h?2
/Bb+mbbBQMb rBi? aû#�biB2M ?�p2 2MHB;?i2M2/ K2 BM i?2 T`Q;`2bb Q7 Kv i?2bBbc h?2 bm;;2b@
iBQMb Q7 "2MD�KBM ?�p2 K�/2 K2 KQ`2 `B;Q`Qmb iQr�`/b b+B2MiB}+ `2b2�`+?X qBi?Qmi i?2B`
2�`M2bi BMbi`m+iBQM- T�iB2M+2 �M/ 2M+Qm`�;2K2Mi- A rQmH/ M2p2` ?�p2 #22M �#H2 iQ +QK@
TH2i2 i?Bb +`m+B�H T2`bQM�H T`QD2+iX AM �//BiBQM- A i`mHv �TT`2+B�i2 i?2K 7Q` i?2B` bmTTQ`i
�M/ 7`B2M/b?BT /m`BM; i?2b2 v2�`bX
AM �//BiBQM- A bBM+2`2Hv i?�MF :BHH2b aiQHix �M/ *H�B`2 JQMi2H2QMB 7Q` �++2TiBM; iQ `2pB2r
i?Bb i?2bBb rBi? ;`2�i T�iB2M+2 �M/ FBM/M2bbX h?2B` T`2+BQmb �M/ BMbB;?i7mH +QKK2Mib ?�p2
?2HT2/ K2 � HQi BM BKT`QpBM; i?Bb i?2bBbX A �HbQ i?�MF :û`�`/ "B�m �M/ "2`i`�M/ JB+?2H
7Q` �;`22BM; iQ #2 BM Kv Dm`v- i?Bb Bb � ?QMQ`X
Jv i?�MFb �HbQ ;Q iQ GQś+ *?�mKQMi- 6�#B2M S�MHQmT �M/ 6`û/û`B+ S`Qś� r?Q ?�p2 MQi
QMHv Q`;�MBx2/ K�Mv 2MHB;?i2MBM; b2KBM�`b #mi �HbQ ?�/ BMi2`2biBM; i�HF rBi? K2 �#Qmi
`2b2�`+?2b BM bi�iBbiB+bX AM �//BiBQM- A rQmH/ i?�MF PHBpB2` qBMi2M#2`;2` �M/ SB2``2
�H[mB2` 7Q` i?2 iBK2 i?2v bT2Mi BM 2tTH�BMBM; Kv [m2biBQMb �#Qmi S�*@"�v2bB�M i?2Q`v
�M/ QMHBM2 H2�`MBM;X A �HbQ r�Mi iQ b?Qr Kv i?�MF7mHM2bb iQ Kv Q{+2 K�i2b �H2tBb
_Q[m272mBH- J�`BM2 J�`QHH2�m- h?ûQ C�KBM- a� G2K G�KBM2- *HûK2Mi 6`QK2Mi2�m- CQ?�M
G2`�v- oB2i �M? L;mv2M- Cû`ƬK2 aTB2HK�MM �M/ �MM /m *`2bi /2 oBHH2M2mp2 r?Q bT2Mi �
;`2�i /2�H Q7 iBK2 QM /Bb+mbbBM; rQ`F@`2H�i2/ iQTB+b �M/ QM bQHpBM; Kv /�BHv@HB72 T`Q#H2Kb
�b � 7Q`2B;M2`X �//BiBQM�HHv- A rQmH/ HBF2 iQ i?�MF Qm` MB+2 b2+`2i�`B2b �H2t�M/`� G2
S2iBi+Q`Tb �M/ *�`QHBM2 *?�HmK2�m r?Q ?�p2 `2M/2`2/ �HH TQbbB#H2 �bbBbi�M+2 iQ K2 iQ
bQHp2 Kv /B{+mHiB2b QM �/KBMBbi`�iBp2 Bbbm2bX
AM �//BiBQM- A r�Mi iQ i?�MF CmHB2M >2`pQm2i �M/ 6HQ`2Mi :Qbb2HBM r?Q ?�p2 ;Bp2M K2 �
p�Hm�#H2 QTTQ`imMBiv iQ rQ`F BM B�/pBx2 7`QK r?B+? A ?�p2 H2�`M2/ K�Mv rQ`FBM; bFBHHbX A
�K 2bT2+B�HHv ;`�i27mH iQ 6HQ`2Mi :Qbb2HBM r?Q Bb p2`v FBM/ �M/ ?2HT2/ K2 � HQi BM �/�TiBM;
iQ i?2 /Bz2`2Mi `?vi?K Q7 rQ`FBM; BM #Qi? H�#Q`�iQ`v �M/ +QKT�MvX A �HbQ �TT`2+B�i2 i?2
HQp2Hv +QHH2�;m2b Q7 Kv i2�K, J�`BQM :mBHH�`/- 1KK�Mm2H o2``QM- CQ+2HvM .`2�M- C2�M@
"�TiBbi2 1p2M- h?QK�b SQ+`2�m- u�MMBb 6H2i#2`HB�+- 6`�MÏQBb EH2BM �M/ �MiQMv >�KQM
�M/ �HH Qi?2` +QHH2�;m2b 7Q` i?2B` ;`2�i ?2HT �M/ T�iB2M+2 BM Kv /�BHv rQ`FX
A �K T�`iB+mH�`Hv ;`�i27mH iQ Kv /2�` T�`2Mib :�M; GA �M/ _mB;2M q�M;X h?�MFb 7Q`
�HH i?2B` HQp2 �M/ b2H~2bb bmTTQ`i5 qBi?Qmi i?2K- i?Bb rQ`F rQmH/ MQi #2 TQbbB#H2X A
rQmH/ �HbQ i?�MF Kv 7`B2M/b smM CB�M;- uB w?Qm- CBMbQM; w2M;- CB a?B- a?mtB�M GA-
h?QK�b JB+?2H- u�M; ZBm- w2[mM q2B- _mMb?2M; :m- w?B Gm- CBMiQM; _2M- �Br2M G�B-
JBM; q�M;- GBHB w�M;- amM q2M- sm�M w?Qm- u�M; qm- _mB w?�M;- q2B q�M;- a?m�M;

j
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GBm- .�M u�M;- >QM;vm .BM;- J�Qvm2 h�M; �M/ �HH Kv M2B;?#Q`b BM 6`�M+2 7Q` i?2B`
�++QKT�MB2bX A �HbQ ;`2�iHv �TT`2+B�i2 Kv #2bi 7`B2M/b >m�M; a?2M- q2B Gm- CB�Mr2B Sm-
sBQM;i�Q w?�M; �M/ E�BH2 sB�Q BM *?BM� r?Q ?�p2 #`Qm;?i K2 � HQi Q7 ?�TTBM2bb �M/
bTB`Bim�H bmTTQ`iX



*QMi2Mib

AMi`Q/m+iBQM R

R ai�i2@Q7@i?2@�`i �M/ +QMi`B#miBQMb j
RXR PMHBM2 H2�`MBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

RXRXR S`2/B+iBQM rBi? 2tT2`i �/pB+2 X X X X X X X X X X X X X X X X X X X X X X X 9
RXRXk PMHBM2 `2;`2bbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d
RXRXj � [m�bB@"�v2bB�M QMHBM2 �M�HvbBb X X X X X X X X X X X X X X X X X X X X X 3

RXk J�`FQp *?�BM JQMi2 *�`HQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N
RXkXR J2i`QTQHBb@>�biBM;b �H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X Ry
RXkXk _2p2`bB#H2 CmKT J*J* X X X X X X X X X X X X X X X X X X X X X X X X X X RR

RXj *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXjXR PMHBM2 +Hmbi2`BM; 7`�K2rQ`F X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXjXk _2;`2i #QmM/b 7Q` +Hmbi2`BM; X X X X X X X X X X X X X X X X X X X X X X X X Rj
RXjXj �/�TiBp2 `2;`2i #QmM/b 7Q` +Hmbi2`BM; X X X X X X X X X X X X X X X X X X R8
RXjX9 JBMBK�t `2;`2i 7Q` QMHBM2 +Hmbi2`BM; X X X X X X X X X X X X X X X X X X X Re
RXjX8 AKTH2K2Mi�iBQM 7Q` QMHBM2 +Hmbi2`BM; X X X X X X X X X X X X X X X X X X X Rd
RXjXe a2[m2MiB�H T`BM+BT�H +m`p2b 7`�K2rQ`F X X X X X X X X X X X X X X X X X X RN
RXjXd _2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b X X X X X X X X X X X X X X X X X X X X kR
RXjX3 �/�TiBp2 `2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b X X X X X X X X X X X X X X kk
RXjXN AKTH2K2Mi�iBQM 7Q` b2[m2MiB�H T`BM+BT�H +m`p2b X X X X X X X X X X X X X kj

RX9 B�/pBx2 +QMi2ti �M/ `2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8
RX9XR AMi`Q/m+iBQM Q7 B�/pBx2 X X X X X X X X X X X X X X X X X X X X X X X X X X X k8
RX9Xk a2MiBK2Mi �M�HvbBb 7Q` i2ti K2bb�;2b X X X X X X X X X X X X X X X X X X X ke
RX9Xj L2m`�H M2irQ`Fb �M/ +?�i#Qi X X X X X X X X X X X X X X X X X X X X X X X kd

k � Zm�bB@"�v2bB�M S2`bT2+iBp2 iQ PMHBM2 *Hmbi2`BM; kN
kXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jy
kXk � [m�bB@"�v2bB�M T2`bT2+iBp2 iQ QMHBM2 +Hmbi2`BM; X X X X X X X X X X X X X X X X jy
kXj JBMBK�t `2;`2i #QmM/b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk

kXjXR S`2HBKBM�`v `2;`2i #QmM/b X X X X X X X X X X X X X X X X X X X X X X X X X jj
kXjXk �/�TiBp2 `2;`2i #QmM/b X X X X X X X X X X X X X X X X X X X X X X X X X X j8
kXjXj JBMBK�t `2;`2i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jd

kX9 h?2 S�*"P �H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jN
kX9XR ai`m+im`2 �M/ HBMFb rBi? _CJ*J* X X X X X X X X X X X X X X X X X X X jN
kX9Xk *QMp2`;2M+2 Q7 S�*"P iQr�`/b i?2 :B##b [m�bB@TQbi2`BQ` X X X X X 9y
kX9Xj LmK2`B+�H bim/v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

kX8 S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e
kX8XR S`QQ7 Q7 *Q`QHH�`v kXR X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d
kX8Xk S`QQ7 Q7 h?2Q`2K kXR X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y

8
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kX8Xj S`QQ7 Q7 *Q`QHH�`v kXj X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
kX8X9 S`QQ7 Q7 *Q`QHH�`v kX9 X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
kX8X8 S`QQ7 Q7 h?2Q`2K kXk X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8j
kX8Xe S`QQ7 Q7 G2KK� kXR X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d
kX8Xd S`QQ7 Q7 h?2Q`2K kXj X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d

kXe �TT2M/Bt X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83

j a2[m2MiB�H G2�`MBM; Q7 S`BM+BT�H *m`p2b e8
jXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

jXRXR 1�`HB2` rQ`Fb QM T`BM+BT�H +m`p2b X X X X X X X X X X X X X X X X X X X X X ee
jXRXk JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e3

jXk LQi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN
jXj _2;`2i #QmM/b 7Q` b2[m2MiB�H H2�`MBM; Q7 T`BM+BT�H +m`p2b X X X X X X X X X X X dR
jX9 AKTH2K2Mi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d9
jX8 LmK2`B+�H 2tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN
jXe S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

9 h2ti KBMBM;- M2m`�H M2irQ`Fb �M/ +?�i#Qi NR
9XR h2ti KBMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk

9XRXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk
9XRXk a2MiBK2Mi �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N9

9Xk L2m`�H M2irQ`Fb �M/ .22T H2�`MBM; X X X X X X X X X X X X X X X X X X X X X X X X Ne
9XkXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ne
9XkXk �`+?Bi2+im`2 Q7 M2m`�H M2irQ`Fb X X X X X X X X X X X X X X X X X X X X X X Ne
9XkXj :`�/B2Mi #�b2/ H2�`MBM; X X X X X X X X X X X X X X X X X X X X X X X X X X N3

9Xj _2+m``2Mi L2m`�H L2irQ`F X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryy
9XjXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryy
9XjXk GQM; b?Q`i@i2`K K2KQ`v X X X X X X X X X X X X X X X X X X X X X X X X X Ryj
9XjXj a2[m2M+2 iQ b2[m2M+2 KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X Ry9
9XjX9 � b2[kb2[@#�b2/ +?�i#Qi X X X X X X X X X X X X X X X X X X X X X X X X X X Ry8

GBbi Q7 h�#H2b RyN

_272`2M+2b RRR
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*2 i`�p�BH /Q+iQ`�H � ûiû `û�HBbû /�Mb H2 +�/`2 /ǶmM2 +QMp2MiBQM *A6_1 /2 HǶ�L_h UkyR9@
yyd8dV /m ykfRkfkyR9 �m yRfyefkyR3 2i � ûiû ?û#2`;û T�` B�/pBx2- H2 G�#Q`�iQB`2 �M;2pBM
/2 _2+?2`+?2 2M J�i?ûK�iB[m2b 2i HǶû[mBT2@T`QD2i JQ/�H /m +2Mi`2 /2 `2+?2`+?2 GBHH2 @
LQ`/ 1m`QT2 /ǶAM`B�X
SH�M /m K�Mmb+`Bi
*2 K�Mmb+`BTi 2bi +QKTQbû /2 [m�i`2 +?�TBi`2b /QMi +?�+mM T2mi āi`2 Hm BM/ûT2M/�KK2MiX

G2 *?�TBi`2 R /2 +2 K�Mmb+`Bi pBb2 /2mt Q#D2+iB7b , BMi`Q/mB`2 H2 +�/`2 /2 HǶ�TT`2MiBbb�;2
2M HB;M2 2i bvMi?ûiBb2` H2b T`BM+BT�mt `ûbmHi�ib /2 +2ii2 i?ĕb2X LQmb BMi`Q/mBbQMb H� T`û@
/B+iBQM �p2+ �pBb /Ƕ2tT2`ib 2i T`ûb2MiQMb H2 +QM+2Ti /2 #Q`M2 /2 `2;`2i- [mB 2bi mM2 [m�M@
iBiû 2bb2MiB2HH2 /�Mb HǶ�TT`2MiBbb�;2 2M HB;M2X LQmb MQmb BMiû`2bbQMb 2MbmBi2 ¨ H� `û;`2b@
bBQM bû[m2MiB2HH2 Qm 2M HB;M2 TQm` �#QmiB` ¨ H� T`ûb2Mi�iBQM /m +Hmbi2`BM; 2M HB;M2 2i /2
HǶ�TT`2MiBbb�;2 /2 +Qm`#2b T`BM+BT�H2b 2M HB;M2- [mB bQMi H2b /2mt /QK�BM2b /2b T`BM+B@
T�H2b +QMi`B#miBQMb /2 +2 K�Mmb+`BiX G� THmT�`i /2b `ûbmHi�ib Q#i2Mmb bQMi #�bûb bm` /2b
�H;Q`Bi?K2b biQ+?�biB[m2b 2M HB;M2 +QMbi`mBib ¨ HǶ�B/2 /Ƕ�`;mK2Mib [m�bB@#�vûbB2Mb, mM
T�MQ`�K� /2b T`BM+BT�H2b Kûi?Q/2b 2bi /ûi�BHHûX G2 *?�TBi`2 R b2 `272`K2 �p2+ mM `û@
bmKû /2b T`BM+BT�H2b +QMi`B#miBQMb /2 H� i?ĕb2 TQm` H2b T`Q#HĕK2b /2 +Hmbi2`BM; 2M HB;M2
2i HǶ�TT`2MiBbb�;2 bû[m2MiB2H /2 +Qm`#2b T`BM+BT�H2bX

G2 *?�TBi`2 k b2 +QM+2Mi`2 bm` H2 T`Q#HĕK2 /2 +Hmbi2`BM; 2M HB;M2X LQmb T`ûb2MiQMb mM MQm@
p2H �H;Q`Bi?K2 �/�Ti�iB7 /2 +Hmbi2`BM; 2M HB;M2 bǶ�TTmv�Mi bm` HǶ�TT`Q+?2 [m�bB@#�vûbB2MM2
�p2+ mM2 2biBK�iBQM /vM�KB[m2 UBX2X- /ûT2M/�Mi /m i2KTbV /m MQK#`2 /2 +Hmbi2`bX 1M
`2TQb�Mi bm` /2mt ivT2b /2 HQBb � T`BQ`Bc MQmb T`QmpQMb [m2 +2i �H;Q`Bi?K2 � mM2 #Q`M2 /2
`2;`2i /2 HǶQ`/`2

!
T lnTX .2 THmb- MQmb KQMi`QMb [m2 +2i �H;Q`Bi?K 2bi QTiBK�H �m b2Mb

[mǶBH �ii2BMi /2b #Q`M2b /2 `2;`2i KBMBK�tX LQmb T`QTQbQMb �mbbB mM2 BKTHûK2Mi�iBQM
T�` _CJ*J* , H2 T�[m2i _ +Q``2bTQM/�Mi 2bi �TT2Hû S�*"P 2i 2bi /BbTQMB#H2 2M HB;M2
bm` H2 *_�L R 1M}M- MQmb +QKT�`QMb MQi`2 Kûi?Q/2 �p2+ /Ƕ�mi`2 Kûi?Q/2b +H�bbB[m2b
/2 +Hmbi2`BM; 2i T`ûb2MiQMb /2b 2tTû`B2M+2b MmKû`B[m2b [mB BHHmbi`2Mi H2 TQi2MiB2H /2 MQi`2
�H;Q`Bi?K2X G2b `ûbmHi�ib +QMi2Mmb /�Mb +2 +?�TBi`2 bQMi Tm#HBûb /�Mb 1H2+i`QMB+ CQm`M�H
Q7 ai�iBbiB+b- kyR3- oQHX Rk- LQX k- jydRĜjRRjX

G2 *?�TBi`2 j T`QTQb2 mM MQmp2H �H;Q`Bi?K2 /Ƕ�TT`2MiBbb�;2 bû[m2MiB2H /2 +Qm`#2b T`BM@
+BT�H2b- `2TQb�Mi bm` mM2 �TT`Q+?2 K�tBKmK � TQbi2`BQ`B UJ�SV TQm` H2 [m�bB@TQbi2`BQ`
/2 :B##bX *2i �H;Q`Bi?K2 T2`K2i �BMbB /2 `ûbmK2` HǶBM7Q`K�iBQM +QMi2Mm2 /�Mb mM Mm�;2
/2 TQBMib- 2M T`QTQb�Mi /2b +Qm`#2b [mB T�bb2Mi �m KBHB2m /2b TQBMibX LQmb T`QmpQMb [m2
H2 `2;`2i /2 +2i �H;Q`Bi?K2 2i +2HmB /2 b� p2`bBQM �/�Ti�iBp2 2bi bQmb@HBMû�B`2 2M HǶ?Q`BxQM
i2KTQ`2H T- 2i MQmb T`QTQbQMb mM2 BKTHûK2Mi�iBQM T�` �H;Q`Bi?K2 ;HQmiQM HQ+�H [mB M2
T`2M/ [mǶmM2 T�`iB2 /2b /QMMû2b TQm` K2ii`2 ¨ DQm` H� +Qm`#2X *2ii2 BKTHûK2Mi�iBQM

RX ?iiTb,ff+`�MX`T`QD2+iXQ`;fr2#fT�+F�;2bfS�*"PfBM/2tX?iKHX

R
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2bi /QM+ �/�Tiû2 ¨ HǶ�TT`2MiBbb�;2 2M HB;M2 /�Mb H2[m2H H� pBi2bb2 ¨ 2tû+miBQM T2mi āi`2
T`BQ`Bi�B`2 bm` H� T`û+BbBQMX
G2 *?�TBi`2 9 � mM2 pBbû2 THmb T`�iB[m2- 2i T`ûb2Mi2 H2b i`�p�mt 2z2+imûb +?2x B�/pBx2X
AH +QMiB2Mi /2mt T�`iB2b , H� T`2KBĕ`2 T�`iB2 b2 +QM+2Mi`2 bm` HǶ�TTHB+�iBQM /2 +2`i�BM2b
Kûi?Q/2b +H�bbB[m2b /2 i`�Bi2K2Mi �miQK�iB[m2 /2b H�M;m2b Ui7@B/7V 2i /Ƕ�TT`2MiBbb�;2-
T�`KB H2b[m2HH2b H� +H�bbB}+�iBQM M�śp2 #�vûbB2MM2 2i H2b bmTTQ`i p2+iQ` K�+?BM2b TQm`
�KûHBQ`2` H2b T`Q/mBib /ûTHQvûb T�` B�/pBx2X G� /2mtBĕK2 T�`iB2 2bi HBû2 ¨ H� +`û�iBQM
/ǶmM �;2Mi +QMp2`b�iBQMM2H U+?�i#QiV 2M K2ii�Mi 2M T`�iB[m2 +2`i�BM2b Kûi?Q/2b /2 TQBMi2
/�Mb HǶ�TT`2MiBbb�;2 T`Q7QM/- +QKK2 H2 i`�Bi2K2Mi /m H�M;�;2 M�im`2H ULGSV 2i H2 KQ/ĕH2
a2[ka2[X



R
ai�i2@Q7@i?2@�`i �M/ +QMi`B#miBQMb

*QMi2Mib
RXR PMHBM2 H2�`MBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

RXRXR S`2/B+iBQM rBi? 2tT2`i �/pB+2 X X X X X X X X X X X X X X X X X X X X X 9
RXRXk PMHBM2 `2;`2bbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X d
RXRXj � [m�bB@"�v2bB�M QMHBM2 �M�HvbBb X X X X X X X X X X X X X X X X X X X 3

RXk J�`FQp *?�BM JQMi2 *�`HQ X X X X X X X X X X X X X X X X X X X X X X N
RXkXR J2i`QTQHBb@>�biBM;b �H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X Ry
RXkXk _2p2`bB#H2 CmKT J*J* X X X X X X X X X X X X X X X X X X X X X X X X RR

RXj *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXjXR PMHBM2 +Hmbi2`BM; 7`�K2rQ`F X X X X X X X X X X X X X X X X X X X X X X Rk
RXjXk _2;`2i #QmM/b 7Q` +Hmbi2`BM; X X X X X X X X X X X X X X X X X X X X X Rj
RXjXj �/�TiBp2 `2;`2i #QmM/b 7Q` +Hmbi2`BM; X X X X X X X X X X X X X X X X R8
RXjX9 JBMBK�t `2;`2i 7Q` QMHBM2 +Hmbi2`BM; X X X X X X X X X X X X X X X X X Re
RXjX8 AKTH2K2Mi�iBQM 7Q` QMHBM2 +Hmbi2`BM; X X X X X X X X X X X X X X X X X Rd
RXjXe a2[m2MiB�H T`BM+BT�H +m`p2b 7`�K2rQ`F X X X X X X X X X X X X X X X X RN
RXjXd _2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b X X X X X X X X X X X X X X X X X X kR
RXjX3 �/�TiBp2 `2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b X X X X X X X X X X X X kk
RXjXN AKTH2K2Mi�iBQM 7Q` b2[m2MiB�H T`BM+BT�H +m`p2b X X X X X X X X X X kj

RX9 B�/pBx2 +QMi2ti �M/ `2bmHib X X X X X X X X X X X X X X X X X X X X X X k8
RX9XR AMi`Q/m+iBQM Q7 B�/pBx2 X X X X X X X X X X X X X X X X X X X X X X X X X k8
RX9Xk a2MiBK2Mi �M�HvbBb 7Q` i2ti K2bb�;2b X X X X X X X X X X X X X X X X ke
RX9Xj L2m`�H M2irQ`Fb �M/ +?�i#Qi X X X X X X X X X X X X X X X X X X X X X kd

RXR PMHBM2 H2�`MBM;
AM i?2 KQbi #�bB+ p2`bBQM Q7 QMHBM2 H2�`MBM;- i?2 T`2/B+iQ` UQ` 7Q`2+�bi2`V ;2ib �++2bb QM2
�7i2` �MQi?2` iQ � b2[m2M+2 z1, z2, . . . Q7 2H2K2MibX �i 2�+? iBK2 t = 1,2, . . . , #27Q`2 i?2 ti?
bvK#QH Q7 i?2 b2[m2M+2 Bb `2p2�H2/- i?2 7Q`2+�bi2` ;Bp2b ?Bb ;m2bb Q7 p�Hm2 zt QM i?2 #�bBb
Q7 i?2 T`2pBQmb t−1 Q#b2`p�iBQMb �M/ Q7 TQbbB#Hv Qi?2` �p�BH�#H2 bB/2 BM7Q`K�iBQMX

j
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h?2 }`bi bB;MB}+�Mi /Bz2`2M+2 #2ir22M QMHBM2 H2�`MBM; �M/ +H�bbB+�H #�i+? H2�`MBM; BM
bi�iBbiB+b `2HB2b QM i?2 �bbmKTiBQMb Q7 i?2 b2[m2M+2 Q7 2H2K2MibX AM i?2 H�ii2` QM2- i?2b2
2H2K2Mib- r?B+? �`2 Q7i2M +�HH2/ Q#b2`p�iBQMb- �`2 �bbmK2/ iQ #2 BM/2T2M/2Mi �M/ B/2M@
iB+�HHv /Bbi`B#mi2/ `2�HBx�iBQMb Q7 � bi�iBQM�`v biQ+?�biB+ T`Q+2bbX lM/2` i?Bb �bbmKTiBQM-
bi�iBbiB+�H T`QT2`iB2b +�M #2 2biBK�i2/ 7`QK �HH �p�BH�#H2 Q#b2`p�iBQMb �M/ T`2/B+iBQM +�M
#2 /2`Bp2/ 7`QK i?2b2 2biBK�i2bX h?2 T2`7Q`K�M+2 Q7 i?2 T`2/B+iBQM Bb �bb2bb2/ #v i?2
`BbF i?�i Bb /2}M2/ �b i?2 2tT2+i2/ p�Hm2 Q7 � +2`i�BM HQbb 7mM+iBQM K2�bm`BM; i?2 /Bb+`2T@
�M+v #2ir22M i`m2 Q#b2`p�iBQM �M/ T`2/B+i2/ p�Hm2X >Qr2p2`- BM QMHBM2 b2iiBM;- r2 /Q
MQi BKTQb2 bm+? �bbmKTiBQM QM i?2 b2[m2M+2 Q7 2H2K2Mib �M/ i?2v +�M #2 /2i2`KBMBbiB+-
biQ+?�biB+ Q` 2p2M TH�v �M �/p2`b�`v `QH2 �;�BMbi 7Q`2+�bi2`Ƕb T`2/B+iBQMX
aBM+2 MQ T`Q#�#BHBbiB+ KQ/2H Bb �bbmK2/ QM i?2 b2[m2M+2- i?2 MQiBQM Q7 `BbF +�MMQi #2
/2}M2/X AMbi2�/- r2 +QMbB/2` � +mKmH�iBp2 HQbb /m`BM; K�Mv `QmM/b Q7 T`2/B+iBQMb iQ
K2�bm`2 i?2 T2`7Q`K�M+2 Q7 � 7Q`2+�bi2`- r?2`2 i?2 HQbb �i 2�+? `QmM/ Bb K2�bm`2/ #v
i?2 /Bb+`2T�M+v #2ir22M 7Q`2+�bi2`Ƕb T`2/B+iBQM �M/ i`m2 p�Hm2X hQ ;2i � #�b2HBM2 Q` �M
Q`�+H2 rBi? r?B+? i?2 +mKmH�iBp2 HQbb +�M #2 +QKT�`2/- r2 BMi`Q/m+2 � +H�bb Q7 `272`2M+2
7Q`2+�bi2`b- Q7i2M +�HH2/ 2tT2`ib BM QMHBM2 b2iiBM;X h?2b2 2tT2`ib �HbQ K�F2 i?2B` T`2/B+@
iBQMb �i 2�+? `QmM/ #27Q`2 i?2 `2p2�HBM; Q7 M2ti Qmi+QK2X qBi? �M �//BiBQM�H �++2bb iQ
2tT2`ibǶ T`2/B+iBQMb UQ` �/pB+2V- i?2 ;Q�H Q7 � 7Q`2+�bi2` Bb iQ K�F2 T`2/B+iBQMb bm+? i?�i
?Bb +mKmH�iBp2 HQbb Bb �b +HQb2 �b TQbbB#H2 iQ i?�i Q7 i?2 #2bi `272`2M+2 7Q`2+�bi2`X h?2
/Bz2`2M+2 #2ir22M � 7Q`2+�bi2`Ƕb +mKmH�iBp2 HQbb �M/ i?�i Q7 #2bi `272`2M+2 7Q`2+�bi2` Bb
+�HH2/ `2;`2i- �b Bi K2�bm`2b i?2 2ti2Mi Q7 7Q`2+�bi2`Ƕb `2;`2i- BM ?BM/bB;?i- Q7 MQi ?�pBM;
7QHHQr2/ i?2 �/pB+2 Q7 i?Bb 2tT2`iX AMimBiBp2Hv- ;Bp2M � b2i Q7 `272`2M+2 7Q`2+�bi2`b �M/ �
HQbb 7mM+iBQM- r2 b22F 7Q` � 7Q`2+�bi2` r?Qb2 `2;`2i Bb #QmM/2/ #v � i2`K i?�i Bb �b bK�HH
�b TQbbB#H2 Q` 2p2M M2;�iBp2 BM i?2 #2bi +�b2bX h?Bb i2`K Bb +�HH2/ `2;`2i #QmM/X
h?2 �#bi`�+i MQiBQM Q7 `272`2M+2 7Q`2+�bi2`b �b r2HH �b i?2 �p�BH�#H2 bB/2 BM7Q`K�iBQM +�M
?�p2 /Bz2`2Mi BMi2`T`2i�iBQM- /2T2M/BM; QM i?2 bT2+B}+ b2iiBM;b i?�i QM2 +QMbB/2`bX AM
r?�i 7QHHQrb- r2 b?�HH /2i�BH i?2 MQiBQM Q7 2tT2`ib �M/ bB/2 BM7Q`K�iBQM BM i?`22 b2iiBM;b,
T`2/B+iBQM rBi? 2tT2`i �/pB+2- QMHBM2 `2;`2bbBQM �M/ QMHBM2 H2�`MBM; BM �M mMbmT2`pBb2/
b2iiBM;X AMp2biB;�iBQMb �M/ K2i?Q/b BM i?2 }`bi irQ b2iiBM;b ?�p2 b?2/ HB;?i QM i?2 +QM@
i`B#miBQM Q7 i?Bb K�Mmb+`BTi r?B+? Bb 7Q+mb2/ QM i?2 mMbmT2`pBb2/ +�b2X

RXRXR S`2/B+iBQM rBi? 2tT2`i �/pB+2
AM i?2 7`�K2rQ`F Q7 T`2/B+iBQM rBi? 2tT2`i �/pB+2- i?2 b2[m2M+2 z1, z2, . . . �`2 bmTTQb2/ iQ
#2 7`QK �M Qmi+QK2 bT�+2 Z �M/ � 7Q`2+�bi2` K�F2b b2[m2MiB�HHv ?Bb T`2/B+iBQM ẑ1, ẑ2, . . .
7`QK � /2+BbBQM bT�+2 D i?�i Bb �bbmK2/ iQ #2 � +QMp2t bm#b2i p2+iQ` bT�+2X h?Bb /2+BbBQM
bT�+2 D K�v p�`v 7`QK Z X AM �//BiBQM- i?2 MQiBQM Q7 2tT2`ib Bb � b2i {fi,t ∈D : i ∈ E }, t =
1,2, . . . Q7 2tT2`ibǶ T`2/B+iBQMb- r?2`2 fi,t Bb i?2 T`2/B+iBQM Q7 2tT2`i e �i iBK2 t �M/ E Bb
� b2i Q7 2tT2`ibX h?2b2 2tT2`ib +QmH/ #2 bQK2 bi�iBbiB+�H KQ/2Hb rBi? /Bz2`2Mi p�Hm2b Q7
T�`�K2i2`b- /Bz2`2Mi bi�iBbiB+�H 2biBK�iQ`b i`�BM2/ QM � /Bz2`2Mi b2i Q` bQK2 biQ+?�biB+
/2+BbBQMb ;Bp2M #v b2p2`�H #H�+F #Qt2bX �i 2�+? iBK2 t = 1,2, . . . - #27Q`2 i?2 M2ti Qmi+QK2
zt- i?2 7Q`2+�bi2` vB2H/b T`2/B+iBQM ẑt QM i?2 #�bBb Q7 2tT2`ibǶ +m``2Mi �M/ T�bi T`2/B+iBQMb
{fi,s ∈ D : i ∈ E , s ≤ t} �i tX AM Qi?2` rQ`/b- ẑt Bb � 7mM+iBQM Q7 {fi,s ∈ D : i ∈ E , s ≤ t}X
S`2/B+iBQM K�/2 #v i?2 7Q`2+�bi2` U`2bTX 2tT2`ibV Bb �bb2bb2/ #v ℓ(ẑt, zt) U`2bTX ℓ(fi,t, zt)V
r?2`2 ℓ Bb � HQbb 7mM+iBQM ℓ : D×Z −→R+X q2 MQr HBbi bQK2 2t�KTH2b Q7 ℓ rBi? /Bz2`2Mi
D �M/ Z ,

ě b[m�`2 HQbb, ℓ(y, z)= (y− z)2 r?2`2 D =Z = [0,1]X
ě HQ;�`Bi?K HQbb, ℓ(y, z)=− {z=1} ln y− {z=0} ln(1− y) r?2`2 D = [0,1],Z = {0,1}X
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ě HBM2�` HQbb, ℓ(y, z)=∑N
j=1 yj z j r?2`2 N ∈N∗- D =XN Bb i?2 bBKTH2t {y ∈RN ,

∑N
j=1 yj =

1, yj ≥ 0, j = 1, . . . , N} �M/ Z = [0,1]N X
h?2 7Q`2+�bi2` �BKb iQ ?�p2 � +mKmH�iBp2 HQbb �b bK�HH �b TQbbB#H2 rBi? `2bT2+i iQ i?2 #2bi
2tT2`iX AM Qi?2` i2`K- Bi +Q``2bTQM/b iQ KBMBKBxBM; i?2 /Bz2`2M+2 UBX2X- i?2 `2;`2iV Q7 �
7Q`2+�bi2`Ƕb +mKmH�iBp2 HQbb �M/ i?�i Q7 i?2 #2bi 2tT2`i

T∑

t=1
ℓ (ẑt, zt)−min

i∈E

{
T∑

t=1
ℓ

(
fi,t, zt

)
}

.

h?Bb [m�MiBiv +�M #2 BMi2`T`2i2/ �b i?2 `2;`2i Q7 i?2 7Q`2+�bi2` Q7 MQi 7QHHQrBM; i?2 �/pB+2
Q7 i?2 #2bi 2tT2`iX AM i?Bb b2iiBM;- QM2 r�Mib iQ }M/ � 7Q`2+�bi2` rBi? `2;`2i bm#HBM2�` BM
T UbBM+2 HBM2�` BM T Bb i`BpB�H, 2X;X- ℓ Bb #QmM/2/ #v � +QMbi�MiV �M/ i?�i i?Bb bm#HBM2�`Biv
Bb mMB7Q`KHv Qp2` �Mv b2[m2M+2 zt ∈Z , t = 1, . . . ,T �M/ �Mv fi,t ∈D, i ∈ E , t = 1, . . . ,T- BX2X- �
7Q`2+�bi2` b�iBb7vBM; i?2 7QHHQrBM;

sup
zt∈Z

fi,t∈D,i∈E ,t=1,...,T

{
T∑

t=1
ℓ (ẑt, zt)−min

i∈E

{
T∑

t=1
ℓ

(
fi,t, zt

)
}}

≤ RT(E ), URXRV

r?2`2 RT(E ) Bb +�HH2/ `2;`2i #QmM/ b�iBb7vBM; limT→∞
RT (E )

T = 0X
A7 E Bb }MBi2 rBi? +�`/BM�HBiv N- �M/ HQbb ℓ Bb #QmM/2/ �M/ +QMp2t BM Bib }`bi �`;mK2Mi- �
+H�bbB+�H �M/ 7mM/�K2Mi�H 2t�KTH2 Q7 7Q`2+�bi2` r?B+? b�iBb}2b URXRV Bb i?2 1tTQM2MiB�HHv
q2B;?i2/ �p2`�;2 7Q`2+�bi2` U1q� 7Q`2+�bi2`V r?Qb2 T`2/B+iBQM Bb

ẑt =
N∑

i=1
wi,tfi,t. URXkV

1q� 7Q`2+�bi2` URXkV Bb � +QMp2t +QK#BM�iBQM Q7 2tT2`ib �/pB+2- rBi? wi,1 = 1/N 7Q` �HH
i ∈ E - �M/ rBi?

wi,t =
exp

(
−λ∑t−1

s=1ℓ(fi,s, zs)
)

∑N
j=1 exp

(
−λ∑t−1

s=1ℓ(f j,s, zs)
) , URXjV

7Q` �HH t ≥ 2- �M/ λ> 0 Bb FMQrM �b i?2 BMp2`b2 i2KT2`�im`2 T�`�K2i2`X h?2 [m�MiBiv wi,t
Bb i?2 r2B;?i �bbQ+B�i2/ rBi? 2tT2`i i ∈ E X 1tT2`ib rBi? #2ii2` T2`7Q`K�M+2 UBX2X- bK�HH2`
+mKmH�iBp2 HQbb ∑t−1

s=1ℓ(fi,s, zs)V BM i?2 T�bi t−1 `QmM/b rBHH ?�p2 ?B;?2` r2B;?i �i iBK2 tX

h?2Q`2K RXR Uh?2Q`2K kXk Q7 *2b�@"B�M+?B �M/ Gm;QbB- kyyeVX A7 ℓ Bb #QmM/2/ BM [0,1]
�M/ +QMp2t BM Bib }`bi �`;mK2Mi- 1q� 7Q`2+�bi2` rBi? λ> 0 b�iBb}2b mMB7Q`KHv Qp2` �Mv
b2[m2M+2 zt ∈Z �M/ fi,t ∈D i?�i

T∑

t=1
ℓ(ẑt, zt)≤min

i∈E

T∑

t=1
ℓ(fi,t, zt)+

ln N
λ

+ λT
8

.

h?2 `B;?i ?�M/ bB/2 Bb KBMBKBx2/ UrBi? `2bT2+i iQ λV �i λ=
!

8ln N/T �M/ vB2H/b � `2;`2i
#QmM/ RT(E )=

!
(T/2) ln NX

h?2 T`QQ7 Bb ;Bp2M BM *?�Ti2` k Q7 *2b�@"B�M+?B �M/ Gm;QbB UkyyeVX AM �//BiBQM- i?2
Q`/2`

!
T Q7 RT(E ) rBi? `2bT2+i iQ i?2 iBK2 ?Q`BxQM T Bb QTiBK�H BM i?2 b2Mb2 i?�i i?2`2

/Q2b MQi 2tBbi �Mv Qi?2` 7Q`2+�bi2` r?B+? +�M �+?B2p2 � 7�bi2` +QMp2`;2M+2 `�i2 BM TX 6Q`
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bBKBH�` �M/ KQ`2 /2i�BH2/ `2bmHib- r2 `272` i?2 `2�/2` iQ GBiiH2biQM2 �M/ q�`Kmi? URNN9V-
*2b�@"B�M+?B 2i �HX URNNdV �M/ *2b�@"B�M+?B �M/ Gm;QbB UkyyeVX

h?2 +QMp2tBiv �bbmKTiBQM Q7 #Qi? /2+BbBQM bT�+2 D �M/ HQbb 7mM+iBQM ℓ Bb BKTQ`i�Mi
BM h?2Q`2K RXR iQ �+?B2p2 � `2;`2i bm#HBM2�` BM T bBM+2 i?2 7Q`K2` ;m�`�Mi22b i?�i i?2
HBM2�` +QK#BM�iBQM ẑt #2HQM;b iQ D �M/ i?2 H�ii2` Bb `2[mB`2/ BM i?2 T`QQ7X >Qr2p2`-
i?Bb �bbmKTiBQM +�MMQi �Hr�vb #2 b�iBb}2/ BM bQK2 +�b2bX 6Q` 2t�KTH2- BM i?2 #BM�`v
+H�bbB}+�iBQM T`Q#H2K r?2`2 D = Z = {0,1} �M/ ℓ(y, z) = 1{ y̸=z}- B7 QM2 +QMbB/2`b QMHv irQ
2tT2`ib r?Q �Hr�vb ;Bp2 +QMbi�Mi T`2/B+iBQM f1,t ≡ 0 �M/ f2,t ≡ 1 `2bT2+iBp2Hv /m`BM; �HH
`QmM/b- i?2M MQ K�ii2` r?�i T`2/B+iBQMb ;Bp2M #v i?2 7Q`2+�bi2`- i?2`2 �Hr�vb 2tBbib �
b2[m2M+2 zt Ub�v 1− ẑtV- t = 1,2, . . . ,T bm+? i?�i ∑T

t=1ℓ(ẑt, zt)= TX >Qr2p2`- bBM+2 i?2 #2bi
2tT2`i T`2/B+ib +Q``2+iHv �i H2�bi ?�H7 Q7 i?2 `QmM/b- i?2 `2;`2i Q7 i?2 7Q`2+�bi2` Bb �i H2�bi
T
2 - BX2X-

T∑

t=1
ℓ(ẑt, zt)−min

i=1,2

T∑

t=1
ℓ(fi,t, zt)≥

T
2

.

>2M+2- BM i?Bb b2iiBM;- � `2;`2i bm#HBM2�` BM T Bb BKTQbbB#H2X Pi?2` +�b2b pBQH�iBM; i?2
+QMp2tBiv �bbmKTiBQM BM+Hm/2 i?2 QMHBM2 +Hmbi2`BM; T`Q#H2K �M/ b2[m2MiB�H T`BM+BT�H +m`p2b
i?�i rBHH #2 BMi`Q/m+2/ BM *?�Ti2` k �M/ *?�Ti2` jX Ai Bb +H2�` i?�i i?2 HQbb 7mM+iBQMb
/2}M2/ BM UkXRV �M/ UjXkV �`2 MQi +QMp2t BM i?2B` }`bi �`;mK2MiX

_�M/QKBx2/ 7Q`2+�biBM;
PM2 r�v iQ +QM[m2` i?2 MQM@+QMp2tBiv Bb pB� `�M/QKBx2/ 7Q`2+�biBM;, �i 2�+? iBK2 t- i?2
7Q`2+�bi2` }`biHv +?QQb2b � /Bbi`B#miBQM ρt 7`QK i?2 /2+BbBQM bT�+2 D r?B+? Bb MQr �bbmK2/
iQ #2 � b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb Qp2` E - i?2M � `�M/QKBx2/ BM/2t It Bb ;2M2`�i2/ 7`QK
ρt �M/ i?2 7Q`2+�bi2` vB2H/b ?Bb T`2/B+iBQM �b ẑt = fIt,tX h?2 /Bbi`B#miBQM ρt K�v /2T2M/
MQi QMHv QM i?2 T�bi Qmi+QK2 z1, z2, . . . , zt−1 #mi �HbQ QM Bib T�bi T`2/B+iBQMb I1, . . . , It−1X
h?2 #H�+F#Qt Bb QMHv �HHQr2/ iQ �++2bb iQ ρt #mi It #27Q`2 vB2H/BM; ztX >2M+2- 2p2M i?Qm;?
i?2 #H�+F#Qt +QmH/ FMQr BM �/p�M+2 � ǳ`Qm;? QmiHBM2Ǵ ρt Q7 7Q`2+�bi2`Ƕb bi`�i2;v- i?Bb
�/p�Mi�;2 rQmH/ #2 +�M+2HH2/ Qmi #v i?2 `�M/QKBx2/ T`2/B+iBQM Q7 7Q`2+�bi2`- H2�/BM; iQ
�M �+?B2p�#H2 `2;`2i bm#HBM2�` BM TX AM i?Bb `�M/QKBx2/ T`2/B+iBQM b2iiBM;- i?2 HQbb Q7
7Q`2+�bi2` +�M #2 /2}M2/ �b i?2 2tT2+i2/ p�Hm2 ℓ Q7 HQbb rBi? `2bT2+i iQ ρt- BX2X-

ℓ
(
ρt, zt

)
= Et

[
ℓ

(
fIt,t, zt

)]
=

∫

E
ℓ

(
fi,t, zt

)
dρt(i),

r?2`2 Et /2MQi2b i?2 +QM/BiBQM�H 2tT2+i�iBQM Q7 ℓ
(
fIt,t, zt

)
;Bp2M I1, . . . , It−1 bBM+2 ρt K�v

/2T2M/ QM i?2KX .m2 iQ i?2 HBM2�`Biv Q7 2tT2+i�iBQM- QM2 K�F2b i?2 HQbb 7mM+iBQM ℓ +QMp2t
BM Bib }`bi �`;mK2MiX AM �//BiBQM- #v i�FBM; �;�BM i?2 2t�KTH2 Q7 #BM�`v +H�bbB}+�iBQM
/Bb+mbb2/ �#Qp2- i?2 K2`Bi Q7 `�M/QKBx2/ 7Q`2+�biBM; +�M #2 b?QrM +H2�`Hv, B7 i?2 7Q`2+�bi2`
bBKTHv +?QQb2b � i`BpB�H mMB7Q`K /Bbi`B#miBQM QM {0,1} �i 2�+? iBK2 t- i?2M r?�i2p2` i?2
Qmi+QK2 b2[m2M+2 Bb- i?2 2tT2+i2/ HQbb Q7 7Q`2+�bi2` +�M #2 `2/m+2/ iQ T

2 X AM Qi?2` rQ`/b-
rBi?Qmi �Mv /22T +QMbB/2`�iBQM QM i?2 +?QB+2 Q7 ρt- i?2 +mKmH�iBp2 HQbb Q7 7Q`2+�bi2` ?�b
�H`2�/v #22M +mi iQ ?�H7 pB� `�M/QKBx2/ 7Q`2+�biBM; rBi? � bBKTH2 mMB7Q`K /Bbi`B#miBQMX

h?2 `�M/QKBx2/ 7Q`2+�biBM; BM i?2 T`2/B+iBQM rBi? 2tT2`i �/pB+2 ?�b #22M 2ti2MbBp2Hv �M/
i?Q`Qm;?Hv bim/B2/ BM i?2 +?�Ti2` 9 Q7 *2b�@"B�M+?B �M/ Gm;QbB UkyyeVX Ai ?�b �HbQ #22M
�M�Hvb2/ mM/2` /Bz2`2Mi `2bi`B+iBQMb QM i?2 �p�BH�#H2 BM7Q`K�iBQM iQ r?B+? i?2 7Q`2+�bi2`
+�M #2 �++2bbX h?2v BM+Hm/2, i?2 H�#2H@2{+B2Mi T`2/B+iBQM r?2`2 i?2 7Q`2+�bi2` +�M QMHv
BM[mB`v i?2 Qmi+QK2b zt rBi?BM HBKBi2/ iBK2bc i?2 #�M/Bi ;�K2b r?2`2 i?2 7Q`2+�bi2` +�M
QMHv �++2bb iQ i?2 HQbb Q7 ?Bb QrM /2+BbBQMb r?BH2 MQi FMQrBM; i?�i Q7 �Mv Qi?2` 2tT2`ibc
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i?2 bH22TBM; 2tT2`ib r?2`2 QMHv � bm#b2i Q7 2tT2`ib Bb �p�BH�#H2 �M/ i?Bb �p�BH�#BHBiv +�M
p�`B2b rBi? iBK2X
AM i?2 M2ti b2+iBQM- r2 b?�HH BMi`Q/m+2 �MQi?2` TQTmH�` b2iiBM; BM QMHBM2 H2�`MBM;- M�K2Hv-
QMHBM2 `2;`2bbBQMX Ai �HHQrb i?2 7Q`2+�bi2` iQ �++2bb iQ Qi?2` bB/2 BM7Q`K�iBQM- MQi K2`2Hv
2tT2`iǶb �/pB+2X

RXRXk PMHBM2 `2;`2bbBQM
AM i?2 7`�K2rQ`F Q7 QMHBM2 `2;`2bbBQM- i?2 b2[m2M+2 zt Bb � T�B` Q7 Q#b2`p�iBQMb zt = (xt, yt) ∈
X ×Y , t ≥ 1- r?2`2 X ⊂ Rd,d ≥ 1 �M/ Y ⊂ RX �i 2�+? t- T`2/B+iBQM ŷt Q7 7Q`2+�bi2` Bb
QM i?2 #�bBb Q7 MQi QMHv T�bi BM7Q`K�iBQM zs, s < t #mi �HbQ bB/2 BM7Q`K�iBQM xt- BX2X-
ŷt : (X ×Y )t−1 ×X → Y X h?2 2tT2`ib b2i Bb MQr � b2i Q7 T`2/B+iBQM 7mM+iBQMb {fθ,θ ∈Θ}
rBi? T�`�K2i2` θ- r?2`2 fθ : X → Y X :Bp2M � HQbb 7mM+iBQM ℓ(·, ·) QM Y ×Y - i?2 ;Q�H Bb
iQ #mBH/ � 7Q`2+�bi2` r?Qb2 T2`7Q`K�M+2 Bb mMB7Q`KHv M2�`Hv �b ;QQ/ �b i?2 #2bi QM2 BM
{fθ,θ ∈Θ}- BX2X- mMB7Q`KHv Qp2` �HH (x1, y1), . . . , (xT , yT) ∈X ×Y

T∑

t=1
ℓ( ŷt, yt)≤ inf

θ∈Θ

{
T∑

t=1
ℓ (fθ(xt), yt)+RT(d,θ)

}

, URX9V

r?2`2 RT(d,θ) Bb � `2K�BM/2` i2`K U7Q` bBKTHB+Biv- r2 QKBi i?2 TQbbB#H2 /2T2M/2M+2 Q7
RT(d,θ) QM X ,Y �M/ fθVX �i }`bi ;H�M+2- `2;`2i #QmM/ Q7 7Q`K URX9V Bb /Bz2`2Mi 7`QK i?2
7QHHQrBM; +QmMi2`T�`i Q7 URXRV BM QMHBM2 `2;`2bbBQM b2iiBM;,

T∑

t=1
ℓ( ŷt, yt)− inf

θ∈Θ

{
T∑

t=1
ℓ (fθ(xt), yt)

}

≤ RT(d,Θ). URX8V

>Qr2p2`- URX9V �M/ URX8V �`2 2[mBp�H2Mi BM i?2 b2Mb2 i?�i URX8V +�M #2 /2/m+2/ 7`QK URX9V
#v i�FBM; RT(d,Θ) = supθ∈Θ RT(d,θ) �M/ i?�i URX9V ?QH/b #v i�FBM; RT(d,θ) = RT(d,Θ)
7Q` �Mv θ ∈ΘX _2;`2i #QmM/b Q7 #Qi? 7Q`Kb rBHH #2 mb2/ BM i?2 b2[m2HX PMHBM2 `2;`2bbBQM
?�b #22M �//`2bb2/ #v MmK2`Qmb +QMi`B#miBQMb iQ i?2 HBi2`�im`2X AM T�`iB+mH�`- �xQm`v
�M/ q�`Kmi? UkyyRV �M/ oQpF UkyyRV 2�+? T`QpB/2 �M �H;Q`Bi?K +HQb2 iQ i?2 `B/;2 `2@
;`2bbBQM rBi? � `2;`2i #QmM/ Q7 Q`/2` O (d lnT)X Pi?2` +QMi`B#miBQMb ?�p2 BMp2biB;�i2/
i?2 :`�/B2Mi@.2b+2Mi �H;Q`Bi?K U*2b�@"B�M+?B 2i �HX- RNNec EBpBM2M �M/ q�`Kmi?- RNNdV
�M/ i?2 1tTQM2MiB�i2/ :`�/B2Mi 6Q`2+�bi2`b UEBpBM2M �M/ q�`Kmi?- RNNdc *2b�@"B�M+?B-
RNNNVX >Qr2p2`- KQbi Q7 i?2b2 `2bmHib `2[mB`2 bQK2 +QMbi`�BMi QM i?2 HQbb 7mM+iBQM bm+? �b
i?2 +QMp2tBiv Q7 i?2 HQbb 7mM+iBQM QM Bib }`bi �`;mK2Mi Q` i?2 2tT@+QM+�pBiv Q7 i?2 b[m�`2
HQbb 7mM+iBQMX
�m/B#2`i UkyyNV ;2M2`�HBx2b i?2 `2;`2i #QmM/ BM QMHBM2 `2;`2bbBQM #v +QMbB/2`BM; HQbb
7mM+iBQMb rBi? H2bb `2;mH�`BiB2b- 2bT2+B�HHv HQQbBM; i?2 +QMp2tBiv +QMbi`�BMiX >2 T`2b2Mib �
b2[m2MiB�H `�M/QKBx2/ �H;Q`Bi?K Ua2[_�M/- b2+iBQM 9Xk Q7 �m/B#2`i- kyyNV r?B+? +QMbB/2`b
i?2 /2+BbBQM bT�+2 D �b b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb QM i?2 T`2/B+iBQM 7mM+iBQM b2i
{fθ,θ ∈Θ} U�HbQ /2MQi2/ #v Θ 7Q` bBKTHB+Biv B7 MQ +QM7mbBQM Bb K�/2VX �i i?2 #2;BMMBM; UBX2X-
i4RV- a2[_�M/ +?QQb2b � T`BQ` /Bbi`B#miBQM π QM Θ �M/ i?2 }`bi `�M/QKBx2/ T`2/B+iBQM
7mM+iBQM Bb /`�r �++Q`/BM; iQ πX h?2M Bi Bi2`�iBp2Hv mT/�i2b i?2 T`BQ` iQ U:B##bV TQbi2`BQ`
/Bbi`B#miBQMb ρ̂t, t = 1, . . . ,T i?�i +QM+2Mi`�i2 bBKmHi�M2QmbHv QM 7mM+iBQMb ?�pBM; #Qi?
bK�HH +mKmH�iBp2 HQbb �M/ HQr p�`B�M+2 rBi? `2bT2+i iQ i?2 T`2pBQmbHv /`�rM T`2/B+iBQM
7mM+iBQMX AM �//BiBQM- :2`+?BMQpBix UkyRRV +QMbB/2`b QMHBM2 `2;`2bbBQM BM i?2 bQ@+�HH2/ ?B;?
/BK2MbBQM b2iiBM; Ud ≫ TV rBi? [m�/`�iB+ HQbb 7mM+iBQM ℓ(y1, y2) = (y1 − y2)2- �M/ rBi?
T�`iB+mH�` T`2/B+iBQM 7mM+iBQMb fθ = θ ·ϕ=∑d

j=1θ jϕ j r?2`2 ϕ= (ϕ1, . . . ,ϕd) Bb � /B+iBQM�`v
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Q7 #�b2 T`2/B+iQ`b ϕ j : X → Y �M/ θ ∈Θ= RdX lM/2` i?2 bT�`bBiv ?vTQi?2bBb i?�i i?2`2
2tBbib � θ⋆ rBi? s ≪ d MQM@x2`Q +QQ`/BM�i2b r?Qb2 +mKmH�iBp2 HQbb ∑T

t=1ℓ (fθ⋆ , yt) Bb bK�HH-
QM2 +�M Q#i�BM i?2 7QHHQrBM; bT�`bBiv `2;`2i #QmM/,

T∑

t=1
ℓ( ŷt, yt)2 ≤ inf

θ∈Rd

{
T∑

t=1
ℓ (fθ, yt)+ (||θ||0 +1) gT,d

(
||θ||1, ||ϕ||∞

)
}

,

r?2`2 ||θ||0 Bb i?2 MmK#2` Q7 MQM@x2`Q +QQ`/BM�i2b Q7 θ- ||θ||1 = ∑d
j=1 |θ j| �M/ ||ϕ||∞ =

supx∈X max j=1,...,d |ϕ j(x)|c gT,d Bb � 7mM+iBQM ;`QrBM; HQ;�`Bi?KB+�HHv rBi? d �M/ TX S`2@
/B+iBQMb ŷt �+?B2pBM; i?Bb `2;`2i #QmM/ �`2

ŷt =
∫

[θ ·ϕ(xt)]Bdρt(θ),

r?2`2 [x]B =max{−B,min{B, x}} i`mM+�i2b x �i B > supt=1,...,T |yt| �M/

dρt(θ)∝ exp

(

−λ
t−1∑

s=1

(
ys − [θ ·ϕ(xs)]B

)2
)

dπ(θ), t ≥ 1 URXeV

Bb � TQbi2`BQ` /Bbi`B#miBQM rBi? � T`BQ` π QM Rd BM 7�pQ` Q7 ;2M2`�iBM; bT�`b2 θ Ub22
:2`+?BMQpBix- kyRR 7Q` KQ`2 /2i�BHbVX PM2 +�M b22 i?�i i?2 TQbi2`BQ` ρt +QM+2Mi`�i2b QM
ǳ2tT2`iǴ θ ?�pBM; bK�HH2` +mKmH�iBp2 HQbbX S`2/B+iBQM ŷt Bb i?2 K2�M Q7 � i`mM+�i2/ HBM2�`
+QK#BM�iBQM θ ·ϕ rBi? `2bT2+i iQ ρtX JQ`2Qp2`- :2`+?BMQpBix UkyRRV �HbQ BMp2biB;�i2b
QMHBM2 `2;`2bbBQM rBi? ℓ1 `2;mH�`Bx�iBQM QM Θ- BX2X- rBi? Θ = {θ, ||θ||1 ≤U} BM URX9V r?2`2
U > 0 �M/ Q#i�BMb � `2;`2i #QmM/ bm#HBM2�` BM TX
_2bmHib BM �m/B#2`i UkyyNV �M/ :2`+?BMQpBix UkyRRV `2Hv QM i?2 MQiBQM Q7 EmHH#�+F@G2B#H2`
/Bp2`;2M+2 �M/ S�+@"�v2bX h?2b2 irQ MQiBQMb- r?B+? rBHH #2 BMi`Q/m+2/ BM i?2 M2ti
b2+iBQM- �`2 �HbQ BM/BbT2Mb�#H2 iQ Qm` bim/v BM mMbmT2`pBb2/ b2iiBM;X

RXRXj � [m�bB@"�v2bB�M QMHBM2 �M�HvbBb
:Bp2M � K2�bm`�#H2 bT�+2 Θ U2K#2//2/ rBi? Bib "Q`2H σ@�H;2#`�V- r2 H2i P (Θ) /2MQi2
i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb QM Θ- �M/ 7Q` bQK2 `272`2M+2 K2�bm`2 ν- r2 H2i Pν(Θ)
#2 i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb �#bQHmi2Hv +QMiBMmQmb rBi? `2bT2+i iQ νX 6Q` �Mv
T`Q#�#BHBiv /Bbi`B#miBQMb ρ,π ∈ P (Θ), i?2 EmHH#�+F@G2B#H2` /Bp2`;2M+2 K (ρ,π) Bb /2}M2/
�b

K (ρ,π)=
{∫

Θ ln
(

dρ
dπ

)
dρ r?2M ρ ∈Pπ(Θ),

+∞ Qi?2`rBb2X
LQi2 i?�i 7Q` �Mv #QmM/2/ K2�bm`�#H2 7mM+iBQM h : Θ→R �M/ �Mv T`Q#�#BHBiv /Bbi`B#miBQM
ρ ∈P (Θ) bm+? i?�i K (ρ,π)<+∞-

− ln
∫

Θ
exp(−h)dπ= inf

ρ∈P (Θ)

{∫

Θ
hdρ+K (ρ,π)

}
. URXdV

h?Bb `2bmHi- r?B+? K�v #2 7QmM/ BM *bBbx�` URNd8V �M/ *�iQMB Ukyy9- 1[m�iBQM 8XkXRV- Bb
+`BiB+�H iQ T`Qp2 h?2Q`2K RXk �M/ h?2Q`2K RXjX 6m`i?2`- i?2 BM}KmK Bb �+?B2p2/ �i i?2
bQ@+�HH2/ :B##b [m�bB@TQbi2`BQ` ρ̂- /2}M2/ #v

dρ̂ = exp(−h)∫
exp(−h)dπ

dπ. URX3V

:B##b /Bbi`B#miBQM dρ̂ +QM+2Mi`�i2b QM T`2/B+iBQM 7mM+iBQMb θ i?�i �`2 +HQb2 iQ KBMBKBxBM;
i?2 7mM+iBQM h B7 T`BQ` π Bb mMB7Q`K Qp2` ΘX
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h?2 mb2 Q7 :B##b [m�bB@TQbi2`BQ` Bb 2bT2+B�HHv �/pQ+�i2/ #v i?2 S�*@"�v2bB�M i?2Q`v
r?B+? Q`B;BM�i2b BM i?2 K�+?BM2 H2�`MBM; +QKKmMBiv BM i?2 H�i2 RNNyb- BM i?2 b2KBM�H
rQ`Fb Q7 a?�r2@h�vHQ` �M/ qBHHB�KbQM URNNdV �M/ J+�HH2bi2` URNNN#-�V Ub22 �HbQ a22;2`-
kyyk- kyyjVX AM i?2 bi�iBbiB+�H H2�`MBM; +QKKmMBiv- i?2 S�*@"�v2bB�M �TT`Q�+? ?�b #22M
2ti2MbBp2Hv /2p2HQT2/ #v *�iQMB Ukyy9- kyydV- �m/B#2`i Ukyy9#V �M/ �H[mB2` UkyyeV- �M/
H�i2` QM �/�Ti2/ iQ i?2 ?B;? /BK2MbBQM�H b2iiBM; .�H�Hv�M �M/ hbv#�FQp Ukyyd- kyy3V-
�H[mB2` �M/ GQmMB+B UkyRRV- �H[mB2` �M/ "B�m UkyRjV- :m2/D �M/ �H[mB2` UkyRjV- :m2/D
�M/ _Q##B�MQ UkyR3V �M/ �H[mB2` �M/ :m2/D UkyRdVX
AM � T�`�HH2H 2zQ`i- i?2 QMHBM2 H2�`MBM; +QKKmMBiv ?�b +QMi`B#mi2/ iQ i?2 S�*@"�v2bB�M
i?2Q`v BM i?2 QMHBM2 `2;`2bbBQM b2iiBM; UEBpBM2M �M/ q�`Kmi?- RNNNVX �m/B#2`i UkyyNV
�M/ :2`+?BMQpBix UkyRRV ?�p2 #22M i?2 }`bi �ii2KTib iQ K2`;2 #Qi? HBM2b Q7 `2b2�`+?X PM2
+�M }M/ i?�i #Qi? r2B;?ib wi,t Q7 URXjV BM T`2/B+iBQM rBi? 2tT2`i �/pB+2 �M/ i?2 TQbi2`BQ`
ρt Q7 URXeV BM QMHBM2 `2;`2bbBQM �`2 +HQb2Hv `2H�i2/ iQ URX3VX JQ`2 T`2+Bb2Hv- b2iiBM; Θ= E -
i?2 b2i Q7 N 2tT2`ib- T`BQ` π(i) = 1/N mMB7Q`K QM Θ- �M/ h := ht(i) =

∑t−1
s=1ℓ(fi,s, zs) �i

`QmM/ t BM URX3V K�F2b ρ̂ = (w1,t,w2,t, . . . ,wN,t) � bBKTH2t /Bbi`B#miBQM QM E - �M/ Bi Bb KQ`2
Q#pBQmb 7Q` ρt BM URXeVX
h?2 �#Qp2 /m�HBiv 7Q`KmH� +�M ?2HT mb iQ `2}M2- 7Q` BMbi�M+2- i?2 `2;`2i #QmM/ Q7 h?2Q@
`2K RXR- �b BM/B+�i2/ #v i?2 h?2Q`2K RXk #2HQrX
h?2Q`2K RXkX A7 i?2 HQbb 7mM+iBQM ℓ : D×Z −→R+ Bb #QmM/2/ BM [0,1] �M/ +QMp2t BM Bib
}`bi �`;mK2Mi- i?2M 7Q` �HH T ∈N∗ �M/ λ> 0- i?2 1q� 7Q`2+�bi2` b�iBb}2b mMB7Q`KHv Qp2`
�HH fi,t ∈D �M/ zt ∈Z

T∑

t=1
ℓ(ẑt, zt)≤ inf

ρ∈XN

{
N∑

i=1
ρ i

T∑

t=1
ℓ(fi,t, zt)+

K (ρ,π)
λ

}

+ λT
8

,

r?2`2 XN Bb i?2 b2i Q7 �HH bBKTH2t /Bbi`B#miBQM QM }MBi2 b2i E c π= (1/N,1/N, . . . ,1/N) ∈XN
Bb i?2 BMBiB�H r2B;?i p2+iQ` 7Q` 1q� 7Q`2+�bi2`- �M/ ρ = (ρ1,ρ2, . . . ,ρN) ∈XN X

h?2 �#Qp2 `2bmHi Bb � bBKTH2` p2`bBQM Q7 h?2Q`2K 9Xe Q7 �m/B#2`i UkyyNV #v i�FBM; +QMp2t
�M/ #QmM/2/ HQbb 7mM+iBQMX Aib T`QQ7- r?B+? +�M #2 7QmM/ BM T`QTQbBiBQM kXk Q7 :2`+?BMQpBix
UkyRRV- `2HB2b QM i?2 /m�HBiv 7Q`KmH� URXdV �M/ >Q2z/BM;Ƕb H2KK�X
AM +QKT�`BbQM rBi? h?2Q`2K RXR- `2;`2i #QmM/ BM h?2Q`2K RXk Bb `2}M2/ BM i?2 b2Mb2 i?�i
i?2 7Q`K2` +�M #2 /2/m+2/ 7`QK i?2 H�ii2` #v +?QQbBM; ρ �b .B`�+ K�bb δI⋆ �i I⋆- r?2`2
I⋆ = argmini∈E

∑T
t=1ℓ(fi,t, zt)X JQ`2Qp2`- B7 i?2 #2bi 2tT2`i Bb MQi mMB[m2- H2i B #2 i?2 b2i

+QMi�BMBM; s > 1 #2bi 2tT2`ibX a2iiBM; ρ �b �M mMB7Q`K QM B H2�/b iQ K (ρ,π)= ln(N/s)- �
bK�HH2` p�Hm2 i?�M ln(N) BM h?2Q`2K RXRX >2M+2- QM2 +�M ?�p2 � bK�HH2` `2;`2i #QmM/ #v
/m�HBiv 7Q`KmH� mM/2` bQK2 +B`+mKbi�M+2bX
h?2 :B##b [m�bB@TQbi2`BQ` �b r2HH �b i?2 EmHH#�+F@G2B#H2` /Bp2`;2M+2 �`2 �HbQ BKTQ`i�Mi
iQQHb 7Q` QMHBM2 +Hmbi2`BM; �M/ b2[m2MiB�H T`BM+BT�H +m`p2b U*?�Ti2` k �M/ *?�Ti2` jV-
i?2 irQ K�BM +QMi`B#miBQMb Q7 i?Bb K�Mmb+`BTiX h?2v rBHH #2 bmKK�`Bx2/ `2bT2+iBp2Hv BM
b2+iBQM RXjXR �M/ RXjXeX "27Q`2 T`Q+22/BM; iQ i?2b2 irQ b2+iBQMb- r2 }`bi BMi`Q/m+2 J�`FQp
*?�BM JQMi2 *�`HQ i?�i �`2 BKTQ`i�Mi iQQHb 7Q` Q#i�BMBM; `�M/QKBx2/ b�KTH2b 7`QK [m�bB@
TQbi2`BQ` bBM+2 2tTHB+Bi 7Q`K Q7 :B##b [m�bB@TQbi2`BQ` Bb Q7i2M BKTQbbB#H2 U�H[mB2` �M/ "B�m-
kyRj- :m2/D �M/ �H[mB2`- kyRj �M/ *?�Ti2` k Q7 i?Bb K�Mmb+`BTiVX

RXk J�`FQp *?�BM JQMi2 *�`HQ
J�`FQp *?�BM JQMi2 *�`HQ UJ*J*V K2i?Q/b �`2 � +H�bb Q7 �H;Q`Bi?Kb 7Q` ;2M2`�iBM;
� b2[m2M+2 Q7 `�M/QK b�KTH2b 7`QK � T`Q#�#BHBiv /Bbi`B#miBQM 7Q` r?B+? /B`2+i b�KTHBM;
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Bb ;2M2`�HHv /B{+mHiX h?2b2 b�KTH2b +�M TH�v � `QH2 Q7 `�M/QKBx2/ T`2/B+iBQMb Q` +�M #2
mb2/ iQ �TT`QtBK�i2 i?2 K2�M Q7 2biBK�iQ`bX h?2 rQ`FBM; T`BM+BTH2 Q7 J*J* K2i?Q/ Bb
[mBi2 bi`�B;?i7Q`r�`/ iQ /2b+`B#2X :Bp2M � i�`;2i /Bbi`B#miBQM ρ UQM ΘV 7`QK r?B+? QM2
r�Mib iQ ;2M2`�i2 b�KTH2b- r2 #mBH/ � J�`FQp F2`M2H K rBi? bi�iBQM�`v /Bbi`B#miBQM ρ

�M/ i?2M ;2M2`�i2 � J�`FQp +?�BM θ(n),n = 0,1, . . . , U�##`2pB�i2/ �b
(
θ(n)) BM i?2 b2[m2HV

mbBM; i?Bb F2`M2H bQ i?�i i?2 HBKBiBM; /Bbi`B#miBQM Q7
(
θ(n)) Bb ρX h?2 J*J* K2i?Q/

Bb [mBi2 mb27mH BM K�Mv }2H/b bm+? �b K�+?BM2 H2�`MBM;- "�v2bB�M BM72`2M+2 2i+X PM2 Q7
i?2 KQbi r2HH@FMQrM 2t�KTH2b Q7 J*J* K2i?Q/ Bb J2i`QTQHBb@>�biBM;b �H;Q`Bi?K r?B+?
r�b }`biHv BMi`Q/m+2/ #v J2i`QTQHBb 2i �HX URN8jV �M/ H�i2` ;2M2`�HBx2/ #v >�biBM; URNdyV
�M/ S2bFmM URNdjV iQ bi�iBbiB+�H bBKmH�iBQMX AM i?2 b2[m2H- r2 }`bi bT2+B7v i?2 /2}MBiBQM
Q7 J2i`QTQHBb@>�biBM;b �H;Q`Bi?K �M/ i?2M BMi`Q/m+2 i?2 _2p2`bB#H2 CmKT J*J* r?B+?
rBHH ?2HT mb iQ ;2M2`�i2 ĉt 7`QK i?2 TQbi2`BQ` BM �H;Q`Bi?K RXk �M/ �H;Q`Bi?K kXkX

RXkXR J2i`QTQHBb@>�biBM;b �H;Q`Bi?K
AM i?Bb b2+iBQM- i?2 /Bbi`B#miBQM Q7 BMi2`2bi Bb `272``2/ iQ �b i?2 i�`;2i /Bbi`B#miBQM ρX
h?2 Up2`v HBKBi2/V �bbmKTiBQM mM/2`HvBM; i?2 J2i`QTQHBb@>�biBM;b �H;Q`Bi?K- #2bB/2b i?2
�p�BH�#BHBiv Q7 ρ- Bb i?�i QM2 +�M /B`2+iHv bBKmH�i2 b�KTH2b 7`QK � i`�MbBiBQM /2MbBiv q-
Q7i2M +�HH2/ T`QTQb�H Q` BMbi`mK2Mi�H /Bbi`B#miBQM- r?Qb2 7mM+iBQM�H 7Q`K Bb FMQrMX h?2
J2i`QTQHBb@>�biBM;bUJ>V �H;Q`Bi?K �bbQ+B�i2/ rBi? i�`;2i /Bbi`B#miBQM ρ �M/ T`QTQb�H
/Bbi`B#miBQM q T`Q/m+2b � J�`FQp +?�BM

(
θ(n)) BM i?2 7QHHQrBM; r�v,

�H;Q`Bi?K RXR J2i`QTQHBb@>�biBM;b �H;Q`Bi?K
R, :Bp2M, θ(0)

k, 6Q` n = 0,1, . . .
j, ;2M2`�i2 θ′ ∼ q

(
·|θ(n))

9, i�F2

θ(n+1) =

⎧
⎪⎪⎨

⎪⎪⎩

θ′ rBi? T`Q#�#BHBiv α=
{

ρ
(
θ′

)
q

(
θ(n)|θ′

)

ρ
(
θ(n)

)
q

(
θ′|θ(n)

) ∧1

}

,

θ(n) Qi?2`rBb2.

URXNV

8, 1M/ 7Q`

r?2`2 i?2 BMBiB�H p�Hm2 θ(0) Bb +?Qb2M �`#Bi`�`BHv BM Θ bm+? i?�i ρ
(
θ(0))> 0- q Bb � /2T2M/2Mi

T`QTQb�H QM i?2 +m``2Mi bi�i2 θ(n) �M/ a∧b △=min{a,b}X

h?2 J> �H;Q`Bi?K +QKT�`2b i?2 BKTQ`i�M+2 `�iBQ ρ(θ′)
q(θ′|θ(n)) Q7 i?2 +�M/B/�i2 bi�i2 θ′ rBi?

i?2 +Q``2bTQM/BM; `�iBQ ρ
(
θ(n))

q(θ(n)|θ′) 7Q` � ǳ`2p2`b2Ǵ KQp2 7`QK bi�i2 θ′ iQ +m``2Mi bi�i2 θ(n)X
h?2 J2i`QTQHBb +?�BM KQp2b iQ +�M/B/�i2 bi�i2 B7 Bi ?�b ?B;?2` BKTQ`i�M+2 `�iBQ UQ`
BKTQ`i�M+2 r2B;?iV i?�M i?2 +m``2Mi bi�i2c Qi?2`rBb2- Bi KQp2b i?2`2 rBi? i?2 T`Q#�#BHBiv
/2}M2/ #v i?2 `2H�iBp2 K�;MBim/2b α Q7 BKTQ`i�M+2 `�iBQb- r?B+? Bb +�HH2/ i?2 �++2Ti�M+2
`�i2 Q7 J> �H;Q`Bi?KX

lM/2` +2`i�BM +QM/BiBQMb Uh?2Q`2K kXR Q7 J2M;2`b2M �M/ hr22/B2- RNNeV- i?2 J�`FQp
+?�BM

(
θ(n)) ;2M2`�i2/ #v J> �H;Q`Bi?K Bb 2`;Q/B+ �M/ ?�b HBKBiBM; /Bbi`B#miBQM ρX h?2

2`;Q/B+Biv ;m�`�Mi22b i?�i i?2 K�`;BM�H /Bbi`B#miBQM Q7 θ(n) +QMp2`;2b }M�HHv iQ i?2 i�`;2i
7mM+iBQM ρ rBi? `2;�`/H2bb Q7 i?2 BMBiB�H p�Hm2 7Q` θ(0)X
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h?2 `�i2 Q7 +QMp2`;2M+2 Q7 J> �H;Q`Bi?K /2T2M/b QM i?2 +?QB+2 Q7 T`QTQb�HX h?2 bmTTQ`i
Q7 i?2 T`QTQb�H /Bbi`B#miBQM b?QmH/ #2 +QKT�iB#H2 rBi? i�`;2i /Bbi`B#miBQM UBX2X- q(θ)> 0 B7
ρ(θ)> 0VX AM Qi?2` rQ`/b- i?2 T`QTQb�H b?QmH/ ?�p2 �M �#BHBiv iQ 2tTHQ`2 i?2 2MiB`2 bmTTQ`i
Q7 i�`;2i /Bbi`B#miBQMX A7 i?2 bmTTQ`i Q7 T`QTQb�H r2`2 [mBi2 bK�HH Q` B7 i?2 T`QTQb�H r2`2
MQi /BbT2`b2 2MQm;?UBX2X- ?�pBM; � Km+? HB;?i2` i�BHV +QKT�`2/ iQ i?2 i�`;2i- i?2M i?2
+�M/B/�i2 bi�i2 θ′ rQmH/ #2 p2`v +HQb2 iQ i?2 +m``2Mi bi�i2 θ(n)- H2�/BM; iQ � +QKT�`�iBp2Hv
?B;? �++2Ti�M+2 `�i2X >2M+2 i?2 +?�BM

(
θ(n)) rBHH KQp2 7`2[m2MiHv #mi ǳHQ+�HHvǴ �`QmM/

i?2 bi�i2 bT�+2X PM i?2 Qi?2` ?�M/- � iQQ /BbT2`b2 T`QTQb�H i?�i ;2M2`�i2b H�`;2 KQp2 Bb
KQ`2 HBF2Hv iQ ?�p2 � p2`v HQr p�Hm2 Q7 ρ(θ′)- ?2M+2 rQmH/ bmz2` 7`QK � HQr �++2Ti�M+2
`�i2 2p2M i?Qm;? Bi Bb 2M�#H2 iQ 2tTHQ`2 7`22Hv i?2 r?QH2 bmTTQ`i Q7 i�`;2iX h?2`27Q`2- i?2
+?QB+2 Q7 T`QTQb�H /Bbi`B#miBQM Bb +`m+B�H iQ i?2 T2`7Q`K�M+2 Q7 J> �H;Q`Bi?KX
h?2 /2T2M/2Mi T`QTQb�H q

(
·|θ(n)) BM J> �H;Q`Bi?K +�M #2 `2TH�+2/ #v �M BM/2T2M/2Mi

QM2 q(·)- H2�/BM; i?2 �++2Ti�M+2 `�i2 α BM URXNV `2/m+2 iQ

α=
{
ρ

(
θ′

)
q

(
θ(n))

ρ
(
θ(n)

)
q (θ′)

∧1

}

.

RXkXk _2p2`bB#H2 CmKT J*J*
AM i?2 T`2pBQmb b2+iBQM- r2 BMi`Q/m+2/ i?2 ;2M2`�H b2iiBM; Q7 J2i`QTQHBb@>�biBM;b J�`FQp
*?�BM JQMi2 *�`HQX >Qr2p2`- J> �H;Q`Bi?K +�M QMHv +QT2 rBi? ;2M2`�iBM; b�KTH2b 7`QK
TQbi2`BQ` i?�i Bb /2}M2/ QM � T�`�K2i2` bT�+2 Q7 }t2/ /BK2MbBQMbX AM i?Bb b2+iBQM- r2
T`2b2Mi i?2 _2p2`bB#H2 CmKT J�`FQp *?�BM JQMi2 *�`HQ U_CJ*J*V- �M 2ti2MbBQM Q7
J*J*- i?�i �TTHB2/ iQ p�`vBM;@/BK2MbBQM T`Q#H2K �M/ +`2�i2b � MQp2H K2i?Q/ +�T�#H2
Q7 `2p2`bB#H2 DmKTBM; #2ir22M bm#bT�+2b Q7 /Bz2`BM; /BK2MbBQMbX h?Bb K2i?Q/- }`bi T`Q@
TQb2/ #v :`22M URNN8V- b2`p2b �b � iQQH 7Q` mb iQ +QT2 rBi? QMHBM2 +Hmbi2`BM; /Bb+mbb2/ BM
*?�Ti2` kX
JQ`2 T`2+Bb2Hv- BM "�v2bB�M KQ/2H b2H2+iBQM Q` QMHBM2 +Hmbi2`BM;- i?2 T�`�K2i2` bT�+2
Θ=∪p

k=1Θk +�M #2 � mMBQM Q7 }MBi2 UQ` +QmMi�#H2V bm#@bT�+2b Θk Q7 /Bz2`2Mi /BK2MbBQMb-
r?2`2 k Bb � KQ/2H BM/B+�iQ` �M/ Θk ∈ Rdk i?2 T�`�K2i2` bT�+2 �bbQ+B�i2/ iQ KQ/2H kX
q2 bmTTQb2 i?�i ρ Bb � +2`i�BM /Bbi`B#miBQM /2}M2/ QM Θ, �M/ i?�i /B`2+i b�KTHBM; 7`QK
Bi Bb BKTQbbB#H2X 6Q` 2t�KTH2- ρ +�M #2 i?2 TQbi2`BQ` /Bbi`B#miBQM BM "�v2bB�M �M�HvbBbX
.2MQi2 #v (θ,k) i?2 +m``2Mi bi�i2 Q7 J�`FQp +?�BM

(
θ(n),k(n)) ,n = 1, . . . - r?2`2 θ ∈ ΘkX

h?2 T`QTQb�H θ′ +�M #2 +QMbi`m+i2/ #v � irQ@bi2T i`�MbBiBQM, +?QQbBM; }`biHv � T`QTQb�H
BM/B+�iQ` k′ 7`QK � KQ/2H i`�MbBiBQM T`Q#�#BHBiv pkk′ bm+? i?�i ∑p

k′=1 pkk′ = 1c i?2M θ′ Bb
7Q`K2/ �b

θ′ = g1,kk′ (θ,v) ,

r?2`2 g1,kk′ Bb � /2i2`KBMBbiB+ K�TTBM; Q7 θ �M/ v- �M/ v Bb � `2�HBx�iBQM Q7 � `�M/QK
p2+iQ` V r?Q ?�b � /2MbBiv qkk′(·|θ) QM Rdkk′ X
h?2 K�TTBM; g1,kk′ Bb QM2 Q7 i?2 irQ +QKTQM2Mib Q7 gkk′ r?Qb2 /2}MBiBQM Bb ;Bp2M #2HQr,

(θ′,v′)= gkk′(θ,v)=
(
g1,kk′(θ,v), g2,kk′(θ,v)

)
,

r?2`2 gkk′ Kmbi #2 �M QM2@iQ@QM2 �M/ /Bz2`2MiB�#H2 7mM+iBQM 7`QK Rdk×Rdkk′ iQ Rdk′ ×Rdk′k X
h?2 `2[mB`2K2Mi Q7 gkk′ BM/B+�i2b i?�i dk + dkk′ = dk′ + dk′k- �M 2[m�HBiv FMQrM �b i?2
/BK2MbBQM K�i+?BM; +QM/BiBQMX Ai Bb � T`2`2[mBbBi2 7Q` i?2 /2i�BH2/ #�H�M+2 +QM/BiBQM r?B+?
`2[mB`2b i?2 2[mBHB#`BmK T`Q#�#BHBiv Q7 KQpBM; 7`QK θ iQ θ′ �M/ pB+2 p2`b�X Ai ;m�`�Mi22b
i?2 +QMp2`;2M+2 Q7 _CJ*J*X
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h?2 T`QTQb�H θ′ Bb i?2M �++2Ti2/ rBi? T`Q#�#BHBiv

α
(
θ,θ′

)
=

{
ρ

(
θ′,k′)pk′kqk′k

(
v′

)

ρ (θ,k)pkk′ qkk′ (v)

∣∣∣∣det
(
∂gkk′(θ,v)

∂θ∂v

)∣∣∣∣∧1
}

,

r?2`2 det /2MQi2b i?2 C�+Q#B�M /2i2`KBM�Mi �M/ | · | i?2 �#bQHmi2 p�Hm2X h?2 �++2Ti�M+2
T`Q#�#BHBiv ?2`2 Bb /Bz2`2Mi 7`QK i?�i /2}M2/ BM URXNV rBi? �M �//BiBQM�H C�+Q#B�M /2i2`@
KBM�Mi r?B+? +QKT2Mb�i2b 7Q` i?2 p�`B�iBQM Q7 /BK2MbBQMb #2ir22M θ′ �M/ θX

RXj *QMi`B#miBQMb
h?2 i?2Q`2iB+�H rQ`F Q7 i?Bb K�Mmb+`BTi Bb T`2b2Mi2/ BM irQ +?�Ti2`bX AM *?�Ti2` k- r2
;2M2`�HBx2 i?2 [m�bB@"�v2bB�M K2i?Q/QHQ;v iQ i?2 QMHBM2 +Hmbi2`BM; T`Q#H2KX q2 BMi`Q/m+2
� M2r �M/ �/�TiBp2 QMHBM2 +Hmbi2`BM; �H;Q`Bi?K `2HvBM; QM � [m�bB@"�v2bB�M �TT`Q�+?- rBi?
� /vM�KB+ UBX2X- iBK2@/2T2M/2MiV 2biBK�iBQM Q7 i?2 UmMFMQrM �M/ +?�M;BM;V MmK#2` Q7
+Hmbi2`bX q2 T`Qp2 i?�i Qm` �TT`Q�+? Bb bmTTQ`i2/ #v KBMBK�t `2;`2i #QmM/X q2 �HbQ
T`QpB/2 �M _CJ*J*@~�pQ`2/ BKTH2K2Mi�iBQM U+�HH2/ S�*"P RV 7Q` r?B+? r2 ;Bp2 �
+QMp2`;2M+2 ;m�`�Mi22X AM *?�Ti2` j- r2 2ti2M/ Qm` rQ`F iQ b2[m2MiB�H T`BM+BT�H H2�`MBM;
T`Q#H2KX q2 T`QTQb2 �M �/�TiBp2 �H;Q`Bi?K i?�i +�M b2[m2MiB�HHv bmKK�`Bx2 i?2 /�i� #v
TQHv;QM�H HBM2X h?2 �H;Q`Bi?K Bb /Bz2`2Mi #mi BMbTB`2/ #v i?2 [m�bB@"�v2bB�M K2i?Q/QHQ;v
r?Qb2 T2`7Q`K�M+2 Bb bmTTQ`i2/ #v bm#HBM2�` `2;`2i #QmM/bX �M BKTH2K2Mi�iBQM #�b2/
QM HQ+�H ;`22/ b2�`+? i?�i +QK#BM2b #Qi? i?2 MQiBQM Q7 bH22TBM; 2tT2`ib �M/ #�M/Bi ;�K2b
Bb �HbQ ;Bp2M BM i?Bb +?�Ti2`X
h?2 T`BM+BT�H +QMi`B#miBQMb Q7 *?�Ti2` k �`2 /2i�BH2/ BM b2+iBQMb RXjXR iQ RXjX9 r?BH2 i?�i
Q7 *?�Ti2` j �`2 /2i�BH2/ BM b2+iBQMb RXjXe iQ RXjX3X

RXjXR PMHBM2 +Hmbi2`BM; 7`�K2rQ`F
AM i?2 7`�K2rQ`F Q7 QMHBM2 +Hmbi2`BM;- i?2 b2[m2M+2 Q7 Q#b2`p�iBQMb Bb /2MQi2/ �b xt 7Q`
t = 1, . . . ,- r?2`2 xt ∈X ⊂Rd UiQ F22T i?2 +QMbBbi2M+v Q7 MQi�iBQM rBi? *?�Ti2` k- r2 mb2 xt
BM i?2 b2[m2HVX 1�+? xt Bb � TQBMi BM RdX Pm` ;Q�H Bb iQ T`2/B+i � T�`iBiBQM Q7 i?2 Q#b2`p2/
TQBMib BMiQ Kt +2HHb- 7Q` �Mv t = 1, . . . ,TX h?2 KQiBp�iBQM 7Q` +QMbB/2`BM; QMHBM2 +Hmbi2`BM;
+�M #2 bmKK�`Bx2/ 7`QK irQ T2`bT2+iBp2b, }`biHv- iQ Qm` #2bi FMQrH2/;2- +Hmbi2`BM; BM
QMHBM2 b2iiBM; ?�b MQi #22M H�`;2Hv +QMbB/2`2/- 7Q` 2t�KTH2- :m?� 2i �HX UkyyjV- "�`#�F?
�M/ 6v72 Ukyy3V �M/ GB#2`iv 2i �HX UkyReV bim/v i?2 bQ@+�HH2/ /�i� bi`2�KBM; +Hmbi2`BM;
T`Q#H2KX Ai �KQmMib iQ +Hmbi2` QMHBM2 /�i� iQ � }t2/ MmK#2` Q7 ;`QmTb BM � bBM;H2 T�bb- Q`
� bK�HH MmK#2` Q7 T�bb2b- r?BH2 mbBM; HBiiH2 K2KQ`vX *?Q`QK�MbF� �M/ JQMi2H2QMB UkyRkV
+QMbB/2`b QMHBM2 +Hmbi2`BM; #v �;;`2;�iBM; }MBi2 MmK#2` Q7 #�i+? +Hmbi2`BM; �H;Q`Bi?Kb �M/
i?2 `2;`2i Bb K2�bm`2/ #v i?2 /Bz2`2M+2 #2ir22M i?2 +mKmH�iBp2 HQbb Q7 i?2B` �H;Q`Bi?K �M/
i?�i Q7 i?2 #2bi #�i+? QM2X h?Bb Bb /Bz2`2Mi 7`QK Qm` b2iiBM; bBM+2 r2 b?�HH +QKT�`2 i?2
T2`7Q`K�M+2 Q7 Qm` �H;Q`Bi?K rBi? i?�i Q7 i?2 #2bi T�`iBiBQM BM i?2 ?BM/bB;?iX a2+QM/Hv-
BM T`�+iB+2- B7 i?2 /�i� xt +QMi�BMb BM7Q`K�iBQM �#Qmi +mbiQK2`Ƕb +QKK2`+B�H #2?�pBQ`- i?2
+Hmbi2`b Q7 +mbiQK2`b- +QK#BM2/ rBi? Qi?2` BM7Q`K�iBQM bm+? �b +mbiQK2`Ƕb i`�Mb�+iBQM Q`
i?2 T`Q#H2Kb i?2v K2i- +�M ?2HT +QKK2`+2 +QKT�Mv iQ K�F2 bmBi�#H2 +`Bi2`BQM iQ i�`;2i
+mbiQK2`bX aBM+2 i?2 +`Bi2`BQM M22/ iQ `2~2+i BMbi�Mi�M2QmbHv i?2 +?�M;2 Q7 BMi2`2bi Q7
+mbiQK2`b QM bBi2- Q|BM2 +Hmbi2`BM; KB;?i MQi r2HH bmBi i?Bb M22/X hQ i?Bb �BK- i?2
QmiTmi Q7 Qm` �H;Q`Bi?K �i iBK2 t Bb � p2+iQ` ĉt = (ĉt,1, ĉt,2, . . . , ĉt,Kt) Q7 Kt +2Mi2`b BM RdKt -

RX ?iiTb,ff+`�MX`@T`QD2+iXQ`;fr2#fT�+F�;2bfS�*"PfBM/2tX?iKH

https://cran.r-project.org/web/packages/PACBO/index.html
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/2T2M/BM; QM i?2 T�bi BM7Q`K�iBQM (xs)1:(t−1) Ur2 mb2 MQi�iBQM (xs)a:b,a ≤ b BM i?2 b2[m2H iQ
`2T`2b2Mi b2[m2M+2 xa, xa+1, . . . , xbV �M/ (ĉs)1:(t−1)X � T�`iBiBQM Bb i?2M +`2�i2/ #v �bbB;MBM;
�Mv TQBMi BM Rd iQ Bib +HQb2bi +2Mi2`X A7 b2p2`�H +2Mi2`b b�iBb7v Bi- r2 K�F2 � +QMp2MiBQM
i?�i i?Bb TQBMi Bb �bbB;M2/ iQ i?2 +2Mi2` rBi? bK�HH2bi BM/2tX >2M+2- 2�+? p2+iQ` Q7 +2Mi2`b
+Q``2bTQM/b iQ � oQ`QMQB T�`iBiBQM Q7 RdX q?2M xt Bb M2rHv `2p2�H2/- i?2 [m�HBiv Q7
T`2/B+iBQM ĉt Bb 2p�Hm�i2/ #v i?2 BMbi�Mi�M2Qmb HQbb +QKTmi2/ �b

ℓ(ĉt, xt)= min
1≤k≤Kt

∣∣̂ct,k − xt
∣∣2
2 ,

r?2`2 |·|2 Bb i?2 ℓ2@MQ`K BM RdX h?Bb [m�MiBiv- Q7i2M mb2/ BM F@K2�Mb �H;Q`Bi?K- K2�bm`2b
i?2 b[m�`2/ /Bbi�M+2 Q7 TQBMi xt iQ Bib +HQb2bi +2Mi2` BM ĉtX >Qr2p2`- bBM+2 ĉt Bb #mBH/ #�b2/
QM i?2 T�bi Q#b2`p�iBQMb (xs)1:t−1- i?2 HQbb ℓ(ĉt, xt) +�M #2 `2;�`/2/ �b � K2�bm`2K2Mi r?B+?
2KT?�bBb KQ`2 QM i?2 T`2/B+iBQM �#BHBiv Q7 Qm` �H;Q`Bi?KX Pm` ;Q�H Bb iQ T`2/B+i �HKQbi
�b ;QQ/ �b i?2 #2bi +QMbi�Mi T�`iBiBQM c- BM i?2 ?BM/bB;?i- rBi?BM C =∪p

k=1R
dk- r?2`2 C

Bb i?2 T�`iBiBQM bT�+2 �HHQrBM; 7Q` �i KQbi p > 0 +2HHb- BX2X- iQ b�iBb7v mMB7Q`KHv Qp2` �HH
(xt)1:T ∈X T - � `2;`2i #QmM/ Q7 i?2 7Q`K-

E

[
T∑

t=1
ℓ(ĉt, xt)

]

≤ inf
k∈{1,...,p}

{

inf
c∈Rdk

T∑

t=1
ℓ(c, xt)+RT,k(c)

}

, URXRyV

r?2`2 RT,k(c) b?QmH/ #2 �b bK�HH �b TQbbB#H2 �M/ BM T�`iB+mH�` bm#HBM2�` BM T U7Q` bBKTHB+Biv-
r2 QKBi ?2`2 i?2 /2T2M/2M+2 Q7 RT,k(c) QM d, p �M/ maxt=1,...,T |xt|2VX aBM+2 ℓ(ĉt, xt) Bb MQi
+QMp2t BM Bib }`bi �`;mK2Mi BM RdKt �M/ Bi Bb BKTQbbB#H2 iQ +QK#BM2 +QMbi�Mi T�`iBiBQMb
rBi? /Bz2`2Mi MmK#2` Q7 +2HHb- r2 `2bQ`i iQ i?2 `�M/QKBx2/ T`2/B+iBQM- i?2`27Q`2 i?2
2tT2+i�iBQM BM URXRyV Bb i�F2M rBi? `2bT2+i iQ `�M/QKBx2/ T`2/B+iQ`b ĉtX

RXjXk _2;`2i #QmM/b 7Q` +Hmbi2`BM;
hQ bBKTHB7v i?2 �M�HvbBb- r2 �bbmK2 i?�i i?2 b2[m2M+2 (xt)1:T Bb #QmM/2/ BM � ℓ2@#�HH
Bd(R) =

{
x ∈Rd, |x|2 ≤ R

}
- +2Mi2`2/ BM 0 ∈ Rd rBi? `�/Bmb R > 0X �i i?2 #2;BMMBM;- r2

�bbmK2 i?�i #Qi? R �M/ T Bb FMQrM � T`BQ`BX h?2 }`bi p2`bBQM Q7 Qm` �H;Q`Bi?K Bb ;Bp2M BM
�H;Q`Bi?K RXkX Ai Bb � /2`Bp�iBp2 Q7 �H;Q`Bi?K a2[_�M/ #mi �/�Ti2/ iQ i?2 mMbmT2`pBb2/
b2iiBM;X JQ`2 T`2+Bb2Hv-

�H;Q`Bi?K RXk h?2 [m�bB@"�v2bB�M QMHBM2 +Hmbi2`BM; �H;Q`Bi?K U+7X �H;Q`Bi?K kXR BM
*?�Ti2` kV

R, AMTmi T�`�K2i2`b, p > 0,π ∈P (C )- λ> 0 �M/ S0 ≡ 0
k, AMBiB�HBx�iBQM, .`�r ĉ1 ∼π= ρ̂1
j, 6Q` t ∈ 51,T6
9, :2i i?2 /�i� xt
8, .`�r ĉt+1 ∼ ρ̂t+1(c) r?2`2 dρ̂t+1(c)∝ exp

(
−λSt(c)

)
dπ(c)- �M/

St(c)= St−1(c)+ℓ(c, xt)+
λ

2
(
ℓ(c, xt)−ℓ(ĉt, xt)

)2.

e, 1M/ 7Q`

r?2`2 P (π) Bb i?2 b2i Q7 �HH T`Q#�#BHBiv /Bbi`B#miBQMb QM C �M/ π Bb � T`BQ`X h?2 [m�MiBiv
St(c) Bb +QKTmi2/ `2+m`bBp2Hv #v �//BM; �i 2�+? iBK2 t #Qi? i?2 HQbb ℓ(c, xt) �M/ � [m�/`�iB+
i2`K K2�bm`BM; i?2 HQbb /Bz2`2M+2 #2ir22M T�`iBiBQM c �M/ T`2/B+iBQM ĉtX q?2M MQ /�i�
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Bb �p�BH�#H2- r2 ;Bp2 Qm` }`bi T�`iBiBQM #v b�KTHBM; 7`QK � T`BQ` π �M/ �i 2�+? iBK2
t+ 1, t = 0,1, . . . ,T − 1- i?2 T�`iBiBQM ĉt+1 Bb b�KTH2/ 7`QK � TQbi2`BQ` /Bbi`B#miBQM ρ̂t+1
r?B+? +QM+2Mi`�i2b QM T�`iBiBQM ?�pBM; #Qi? bK�HH +mKmH�iBp2 HQbb �M/ HQr p�`B�M+2X AM
�//BiBQM- QM2 +�M MQiB+2 i?�i i?2 `�M/QKM2bb Q7 ĉt+1 Q`B;BM�i2b 7`QK MQi QMHv i?2 r�v Bi
Bb b�KTH2/ #mi �HbQ i?2 /2T2M/2M+2 Q7 ρ̂t+1 QM `�M/QK p�`B�#H2b ĉt, ĉt−1, . . . , ĉ1X

"v �/�TiBM; i?2 H2KK� Q7 �m/B#2`i UkyyNV iQ mMbmT2`pBb2/ b2iiBM;- rBi? � mMB7Q`K T`BQ`
π QM C - /2}M2/ �b

π(c)=
∑

k∈51,p6
q(k)πk(c) {c∈Rdk}, URXRRV

r?2`2 q � /Bb+`2i2 T`Q#�#BHBiv /Bbi`B#miBQM rBi? T�`�K2i2` η ≥ 0 QM i?2 b2i 51, p6 :=
{1, . . . , p}- BX2X-

q(k)= exp(−ηk)
∑p

i=1 exp(−ηi)
, URXRkV

�M/ πk Bb i?2 T`Q/m+i Q7 k BM/2T2M/2Mi mMB7Q`K /Bbi`B#miBQMb QM ℓ2@#�HHb Bd(2R) BM Rd

Ur2 `272` iQ UkXeV iQ b22 Bib +QM+`2i2 7Q`KVX q2 T`Qp2 i?�i �H;Q`Bi?K RXk b�iBb}2b i?2
7QHHQrBM; #QmM/X

h?2Q`2K RXjX 6Q` �Mv /2i2`KBMBbiB+ b2[m2M+2 (xt)1:T ∈ RdT �M/ �Mv p ≥ 1- +QMbB/2` π

/2}M2/ #v URXRRV rBi? η≥ 0 �M/ R ≥ maxt=1,...,T |xt|2X A7 λ≥ (d+2)/(2TR2)- i?2 T`Q+2/m`2
/2b+`B#2/ BM �H;Q`Bi?K RXk b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

dk
2λ

ln
(
8R2λT
d+2

)
+ η

λ
k

}

+
(
ln p
λ

+ d
2λ

+ 81λTR4

2

)
,

r?2`2 i?2 2tT2+i�iBQM QM i?2 H27i ?�M/ bB/2 Bb i�F2M rBi? `2bT2+i iQ i?2 DQBMi /Bbi`B#miBQM-
/2MQi2/ #v (ρ̂1, ρ̂2, . . . , ρ̂t)- Q7 (ĉ1, ĉ2, . . . , ĉt)c C (k,R) = {c = (c j) j=1,2,...,k ∈ Rdk, ci ̸= c j, i ̸=
j, bm+? i?�i

∣∣c j
∣∣
2 ≤ R,∀ j} Bb � bm#b2i Q7 Rdk r?B+? /2}M2b i?2 `�M;2 Q7 k +2Mi2`b rBi?BM

c ∈C (k,R).

LQiB+2 i?�i infc∈C (k,R)
∑T

t=1ℓ(c, xt)- i?2 +mKmH�iBp2 HQbb Q7 i?2 #2bi T�`iBiBQM rBi? 2t�+iHv
k +2HHb- Bb � MQM@BM+`2�bBM; 7mM+iBQM Q7 i?2 MmK#2` k Q7 +2HHb r?BH2 i?2 T2M�Hiv Bb HBM2�`Hv
BM+`2�bBM; rBi? kX aK�HH p�Hm2b 7Q` λ UQ` 2[mBp�H2MiHv- H�`;2 p�Hm2b 7Q` RV H2�/ iQ bK�HH
p�Hm2b 7Q` kX h?2 �//BiBQM�H i2`K BM/m+2/ #v i?2 +QKTH2tBiv Q7 C =∪k=1,...,pR

dk Bb ln pX
� bmBi�#H2 +�HB#`�iBQM Q7 λ vB2H/b � bm#HBM2�` `2K�BM/2` i2`K BM i?2 7QHHQrBM; +Q`QHH�`vX

*Q`QHH�`v RXRX U+7X *Q`QHH�`v kXkV lM/2` i?2 T`2pBQmb MQi�iBQM rBi? λ= (d+2)
!

lnT/(2
!

TR2)-
i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K RXk b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+ cd,R,ηk

√
T logT

}

+
(
cp,d,R + cd,R

)√
T logT, URXRjV

r?2`2 cd,R,η, cp,d,R �M/ cd,R �`2 +QMbi�Mib Ub22 *Q`QHH�`v kXk 7Q` i?2B` 2tTHB+Bi 7Q`KVX

q2 b22 i?�i i?2 2tT2+i2/ +mKmH�iBp2 HQbb Bb +HQb2 iQ i?�i Q7 i?2 #2bi T�`iBiBQM BM #�i+?
b2iiBM; mT iQ � `2KBM/2` i2`K Q7 i?2 Q`/2` Q7

!
T lnTX JQ`2Qp2`- i?2 `B;?i ?�M/ bB/2 Q7
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i?2 �#Qp2 BM2[m�HBiv �HbQ BM/B+�i2b i?�i Qm` T`Q+2/m`2 b22Fb iQ T�`iBiBQMb r?B+? /Q2b MQi
bBKTHv ?�p2 � ;QQ/ T2`7Q`K�M+2 QM i?2 [m�MiBx�iBQM 2``Q` #mi �HbQ QM Bib MmK#2` Q7 +2HHbX
AM �//BiBQM- A7 r2 �bbmK2 i?�i i?2 b2[m2M+2 x1, . . . , xT Bb ;2M2`�i2/ 7`QK � /Bbi`B#miBQM
rBi? k⋆ ∈ 51, p6 +Hmbi2`b r?Qb2 +2Mi2`b #2HQM; iQ C (k⋆,R)- i?2M *Q`QHH�`v RXR +�M vB2H/
i?2 7QHHQrBM;

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)− inf

c∈C (k⋆,R)

T∑

t=1
ℓ(c, xt)≤ Jk⋆

!
T lnT,

r?2`2 J Bb � +QMbi�Mi /2T2M/BM; QM d- R- η �M/ ln pX h?2 }`bi i2`K QM i?2 H27i Bb i?2
2tT2+i2/ +mKmH�iBp2 HQbb Q7 Qm` �H;Q`Bi?K �M/ i?2 b2+QM/ QM2 Bb i?2 Q`�+H2 +mKmH�iBp2
HQbbX h?2 �#Qp2 BM2[m�HBiv BM/B+�i2b i?�i i?2 `2;`2i Q7 Qm` `�M/QKBx2/ T`Q+2/m`2- /2}M2/
�b i?2 /Bz2`2M+2 #2ir22M 2tT2+i2/ +mKmH�iBp2 HQbb �M/ Q`�+H2 +mKmH�iBp2 HQbb- Bb Q7 i?2
Q`/2`

!
T lnTX >Qr2p2`- r?2M2p2` k⋆ > p- i?2 i2`K k

!
T lnT BM URXRjV 2K2`;2b �M/ i?2

#QmM/ BM *Q`QHH�`v RXR Bb /2i2`BQ`�i2/ Ur2 `272` iQ *Q`QHH�`v kXk 7Q` KQ`2 /2i�BHbVX

RXjXj �/�TiBp2 `2;`2i #QmM/b 7Q` +Hmbi2`BM;
h?2 T�`�K2i2` λ BM *Q`QHH�`v RXR /2T2M/b #Qi? QM iBK2 ?Q`BxQM T �M/ QM #QmM/ R
Q7 ℓ2@MQ`K Q7 b2[m2M+2 (xt)1:T X h?2b2 irQ [m�MiBiB2b �`2 mbm�HHv mMFMQrM � T`BQ`BX Ai
T`QKTib mb iQ K�F2 λ �/�TiBp2 iQ #Qi? T �M/ RX AM r?�i 7QHHQrb- r2 #2;BM rBi? i?2 +�b2
r?2M QMHv R Bb FMQrM �M/ i?2M T`Q+22/ iQ i?2 +�b2 r?2M #Qi? Q7 i?2K �`2 mMFMQrMX
q?2M R Bb FMQrM- r2 T`QTQb2 �M �/�TiBp2 ;2M2`�HBx�iBQM Q7 �H;Q`Bi?K RXk r?Qb2 bi2Tb
�`2 /2i�BH2/ BM �H;Q`Bi?K kXkX h?2 /Bz2`2M+2 rBi? `2bT2+i iQ �H;Q`Bi?K RXk Bb i?�i �
b2[m2M+2 Q7 i2KT2`�im`2 T�`�K2i2`b λ0 = λ1 = 1,λt = (d +2)

!
ln t/

(
2
!

tR2) , t = 2, . . . ,T Bb
BMBiB�HBx2/ �M/ bm#biBimi2 7Q` λ BM 2�+? Bi2`�iBQMX
h?2 T`B+2 iQ T�v 7Q` MQi FMQrBM; i?2 iBK2 ?Q`BxQM T Ur?B+? Bb � Km+? KQ`2 `2�HBbiB+
�bbmKTiBQM 7Q` QMHBM2 H2�`MBM;V Bb � KmHiBTHB+�iBp2 7�+iQ` 2 BM 7`QMi Q7 i?2 i2`K cd,R BM i?2
mTT2` #QmM/ U+7X *Q`QHH�`v kXjVX >Qr2p2`- i?Bb /Q2b MQi /2;`�/2 i?2 `�i2 Q7 +QMp2`;2M+2!

T lnTX
q?2M #Qi? R �M/ T `2K�BM mMFMQrM- r2 mb2 i?2 /Qm#HBM; i`B+F Ua2+iBQM kXj- *2b�@"B�M+?B
�M/ Gm;QbB- kyye �M/ *2b�@"B�M+?B 2i �HX- kyydV BM �H;@_ Q7 *?�Ti2` k- iQ b?Qr ?Qr +�M
r2 K�F2 Qm` T`Q+2/m`2 iQ #2 � 7mHHv �/�TiBp2 QM2X h?2 F2v B/2� Q7 /Qm#HBM; i`B+F `2HB2b QM
/BpB/BM; iBK2 bi2Tb BMiQ b2p2`�H 2TQ+?b (tr−1 +1, tr−1 +2, . . . , tr), r = 0,1, . . . , t−1 = 0) r?Qb2
H2M;i? BM+`2�b2b 2tTQM2MiB�HHvX 6Q` iBK2 `QmM/ t rBi?BM 2TQ+? r- BX2X- t ∈ [tr−1 +1, tr−1 +
2, . . . , tr]- r2 b2i λ :=λr,t = (d+2)

!
ln t

2
!

tR2
tr−1

r?2`2 R0 = 1 �M/ Rt =maxs=1,...,t 2⌈log2(|xs|2)⌉, t ≥ 1 �M/
⌈x⌉ `2T`2b2Mib i?2 H2�bi BMi2;2` ;`2�i2` i?�M Q` 2[m�H iQ x ∈RX

*Q`QHH�`v RXkX U+7X *Q`QHH�`v kXjV h?2 `2;`2i Q7 �H;Q`Bi?K �H;@_ b�iBb}2b-

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

28
3

cd,R,ηk
√

T logT

}

+ 28
3

(
cp,d,R +2cd,R

)√
T logT + 112

3
R2,

r?2`2 R =maxt=1,...,T |xt|2X
LQi2 i?�i �M �//BiBQM�H KmHiBTHB+�iQ` 28

3 �M/ �M �//BiBQM�H i2`K 112
3 R2 Bb r?�i r2 M22/ iQ

T�v 7Q` K�FBM; Qm` �H;Q`Bi?K �HbQ �/�TiBp2 iQ mMFMQrM RX Pm` �H;Q`Bi?K Bb 7mHHv �/�TiBp2
iQ #Qi? i?2 mTT2` #QmM/ R 7Q` i?2 `�M;2 Q7 b2[m2M+2 (xt)1:T �M/ i?2 iBK2 ?Q`BxQM TX
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AM i?2 M2ti b2+iBQM- r2 BMp2biB;�i2 i?2 HQr2` #QmM/ Q7 KBMBK�t `2;`2i r?B+? Bb � M2r
MQiBQM i?�i rBHH #2 /2}M2/X q2 i?2M T`Qp2 i?�i i?Bb HQr2` #QmM/ Bb �bvKTiQiB+�HHv Q7 i?2
b�K2 Q`/2` �b i?�i Q7 `2;`2i #QmM/b /Bb+mbb2/ �#Qp2X

RXjX9 JBMBK�t `2;`2i 7Q` QMHBM2 +Hmbi2`BM;
q2 Q#i�BM BM *Q`QHH�`v RXR i?�i i?2 `2;`2i #QmM/ Bb Q7 i?2 Q`/2`

!
T lnTX AM i?Bb b2+iBQM-

r2 }`bi /2}M2 MQiBQM Q7 KBMBK�t `2;`2i BM QMHBM2 +Hmbi2`BM; b2iiBM; �M/ i?2M T`Qp2 � HQr2`
#QmM/ QM BiX h?Bb HQr2` #QmM/ b?�`2b i?2 b�K2 Q`/2` BM T �b `2;`2i #QmM/ BM/B+�iBM;
i?�i Qm` �H;Q`Bi?K Bb QTiBK�H BM i?2 KBMBK�t b2Mb2X

_2+�HH i?�i r2 bmTTQb2/ i?2 b2[m2M+2 (xt)1:T Bb #QmM/2/ BM � X = Bd(R)= {x ∈Rd, |x|2 ≤ R}-
�M/ /2MQi2 #v C =∪p

k=1R
dk i?2 T�`iBiBQM bT�+2X q2 +QMbB/2` }`bi 7QHHQrBM; /2}MBiBQMX

.2}MBiBQM RXRX q2 +�HH KBMBK�t `2;`2i QM b2[m2M+2 (xt)1:T rBi? HQbb 7mM+iBQM ℓ i?2
[m�MiBiv

inf
P̂

sup
(xt)1:T

{
T∑

t=1
E(ρ̂1,...,ρ̂t) [ℓ (ĉt, xt)]− inf

c∈C (k,R)

T∑

t=1
ℓ(c, xt)

}

, URXR9V

r?2`2 i?2 BM}KmK Bb i�F2M Qp2` �HH 7Q`2+�bi2`Ƕb bi`�i2;v P̂ ∆= (ρ̂t)1:T �M/ i?2 bmT`2KmK
Bb i�F2M Qp2` �HH b2[m2M+2 (xt)1:T ∈ X T X JQ`2 T`2+Bb2Hv- i?2 bi`�i2;v P̂ Bb � b2[m2M+2
ρ̂1, ρ̂2, . . . , Q7 7mM+iBQMb ρ̂t : X t−1 −→ P (C )- r?2`2 r2 `2+�HH i?�i P (C ) Bb i?2 b2i Q7 �HH
T`Q#�#BHBiv /Bbi`B#miBQM Qp2` C X 1�+? ρ̂t BM i?2 2tT2+i�iBQM /2MQi2b ?Qr2p2` i?2 T`Q#�#BHBiv
/Bbi`B#miBQM r?B+? Bb i?2 p�Hm2 Q7 7Q`2+�biBM; bi`�i2;v �TTHB2/ QM i?2 �p�BH�#H2 /�i�- BX2X-
ρ̂t

∆= ρ̂t(x1, x2, . . . , xt−1)X AM i?2 7QHHQrBM;- r2 �#mb2 i?2 MQi�iBQMb ρ̂t B7 MQ +QM7mbBQM �`Bb2bX
AM �//BiBQM- MQi�iBQM (ρ̂1, ρ̂2, . . . , ρ̂t) BM i?2 �#Qp2 2tT2+i�iBQM /2MQi2b i?2 DQBMi /Bbi`B#miBQM
Q7 (ĉ1, . . . , ĉt)X h?Bb /2}MBiBQM Q7 KBMBK�t `2;`2i BM QMHBM2 +Hmbi2`BM; Bb �M �M�HQ;m2 Q7
KBMBK�t /2}M2/ BM T`2/B+iBQM rBi? 2tT2`i �/pB+2 Ub2+iBQM kXj Q7 *2b�@"B�M+?B �M/ Gm;QbB-
kyyeV �M/ QMHBM2 `2;`2bbBQM Ub2+iBQM kXRy Q7 :2`+?BMQpBix- kyRRVX

>Qr2p2`- p�Hm2 Q7 URXR9V +�M #2 �`#Bi`�`BHv bK�HH Q` 2p2M M2;�iBp2 bBM+2 i?2 BM}KmK Bb
i�F2M Qp2` �Mv T`Q#�#BHBiv /Bbi`B#miBQM QM C �M/ i?2`2 Bb MQ `2bi`B+iBQM QM i?2 MmK#2`
Q7 +2HHb Q7 2�+? T�`iBiBQM ĉtX h?2 HQr2` #QmM/ /Q2b MQi K�i+? i?2 `2;`2i #QmM/ Q7 *Q`QH@
H�`v RXRX hQ ?�M/H2 i?Bb- r2 M22/ iQ BMi`Q/m+2 � T2M�HBx2/ i2`K r?B+? �++QmMib 7Q` i?2
MmK#2` Q7 +2HHb Q7 2�+? T�`iBiBQM iQ i?2 HQbb 7mM+iBQM ℓX AM i?2 b2[m2H- /2MQi2 #v |c| i?2
MmK#2` Q7 +2HHb UQ` +2Mi2`bV BM �Mv T�`iBiBQM c ∈ C X q2 T`Q+22/ iQ i?2 KBMBK�t `2;`2i
rBi? T2M�HBx2/ HQbb 7mM+iBQM ℓpenX

.2}MBiBQM RXkX q2 +�HH KBMBK�t `2;`2i QM b2[m2M+2 (xt)1:T rBi? T2M�HBx2/ HQbb 7mM+iBQM
ℓpen i?2 [m�MiBiv

VT(k) ∆= inf
P̂

sup
(xt)1:T

{
T∑

t=1
E(ρ̂1,...,ρ̂t)

[
ℓpen (ĉt, xt)

]
− inf

c∈C (k,R)

T∑

t=1
ℓ(c, xt)

}

, URXR8V

r?2`2 ℓpen(c, x)= ℓ(c, x)+
√

lnT
T |c| 7Q` �Mv c ∈C �M/ x ∈X X
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GQr2` #QmM/ QM i?2 KBMBK�t `2;`2i
AM i?2 M2ti i?2Q`2K r2 b?Qr i?�i i?2 HQr2` #QmM/ Q7 URXR8V Bb �bvKTiQiB+�HHv Q7 i?2 Q`/2`
k
!

T lnT �M/ i?�i i?2 `2;`2i #QmM/ Q7 �H;Q`Bi?K RXk UbBKBH�` 7Q` Bib �/�TiBp2 p2`bBQMV
rBi? i?2 T2M�HBx2/ HQbb 7mM+iBQM ℓpen Bb Q7 i?2 b�K2 Q`/2` �b i?2 HQr2` #QmM/X Ai BM/B+�i2b
i?�i i?2 `2;`2i #QmM/ Q7 �H;Q`Bi?K RXk +�MMQi #2 BKT`Qp2/ �bvKTiQiB+�HHv rBi? `2bT2+i
iQ Bib Q`/2` BM TX AM Qi?2` rQ`/b- Qm` �H;Q`Bi?K Bb �bvKTiQiB+�HHv QTiBK�HX
h?2Q`2K RX9X U+7X h?2Q`2K kXkV G2i k ∈N∗- R > 0 bm+? i?�i

2≤ k ≤

>>>?
(

RT
1
4

6logT
1
4

) d
d+1

@@@A , URXReV

r?2`2 ⌊x⌋ `2T`2b2Mib i?2 H�`;2bi BMi2;2` i?�i Bb bK�HH2` i?�M xX A7 T Bb bm{+B2Mi H�`;2- i?2M
i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K RXk rBi? T2M�HBx2/ HQbb ℓpen b�iBb}2b i?2 7QHHQrBM;

k
!

T lnT
(
1− 2

T

[
1+ k−1

2k2

])
≤ VT(k)≤ const.×k

!
T lnT. URXRdV

h?2 T`QQ7 Q7 H27i ?�M/ bB/2 Q7 URXRdV /2T2M/b QM � T`Q#�#BHBbiB+ K2i?Q/, r2 HQr2` #QmM/
i?2 bmT`2KmK Q7 i?2 `2;`2i Qp2` �HH BM/BpB/m�H b2[m2M+2b (xt)1:T #v i?2 2tT2+i2/ `2;`2i QM
� bmBi�#Hv +?Qb2M BXBX/ `�M/QK b2[m2M+2 (Xt)1:T X h?2 /Bbi`B#miBQM Q7 (Xt)1:T Bb � /Bb+`2i2
/Bbi`B#miBQM BMbTB`2/ 7`QK i?2 rQ`F Q7 "�`iH2ii 2i �HX URNN3VX h?2 T`QQ7 Q7 `B;?i ?�M/ bB/2
Q7 URXRdV Bb bBKBH�` iQ i?�i Q7 h?2Q`2K RXjX q2 b22 i?�i i?2 HQr2` #QmM/ Bb �bvKTiQiB+�HHv
Q7 i?2 Q`/2` Q7

!
T lnT BM/B+�iBM; i?�i Qm` T`Q+2/m`2 Bb �bvKTiQiB+�HHv QTiBK�H BM i?2

KBMBK�t b2Mb2X

RXjX8 AKTH2K2Mi�iBQM 7Q` QMHBM2 +Hmbi2`BM;
h?2 `�M/QKBx2/ T`2/B+iBQMb ĉt, t = 1, . . . ,T BM #Qi? �H;Q`Bi?K RXk �M/ �H;Q`Bi?K kXk �`2
/`�rM 7`QK i?2 [m�bB@TQbi2`BQ` /2}M2/ QM � +QKTH2t bT�+2 Q7 p�`vBM; /BK2MbBQMb C =
∪p

k=1R
dkX >2M+2 �i 2�+? t- i?2 T�`iBiBQM ĉt +�M #2 Q7 /Bz2`2Mi /BK2MbBQMX 6Q` Bib �#BHBiv iQ

+QT2 rBi? i`�Mb/BK2MbBQM�H KQp2b- r2 `2bQ`i iQ i?2 _CJ*J* BMi`Q/m+2/ BM b2+iBQM RXkXk-
+QmTH2/ rBi? B/2�b 7`QK i?2 :m2/D �M/ �H[mB2` UkyRjV �M/ am#bT�+2 *�`HBM �M/ *?B#
�H;Q`Bi?K T`QTQb2/ #v .2HH�TQ`i�b 2i �HX UkyykV �M/ S2i`�HB�b �M/ .2HH�TQ`i�b UkyRjVX
JQ`2 T`2+Bb2Hv- r2 b2i bT2+B}+�HHv i?2 T�`�K2i2` bT�+2 Θ 2[m�HBM; iQ i?2 T�`iBiBQM bT�+2
C - �M/ ρ iQ :B##b [m�bB TQbi2`BQ` ρ̂t BM QMHBM2 +Hmbi2`BM;X G2i mb /2MQi2 #v c(n) i?2
+m``2Mi bi�i2 Q7 T�`iBiBQM �i n@i? Bi2`�iBQM Q7 _CJ*J*X PM2 b?QmH/ MQiB+2 i?�i c(n) BM
7�+i /2T2M/b QM t bBM+2 i?2 i�`;2i Bb ρ̂t �i iBK2 tX >Qr2p2` bBM+2 i?2 b+?2K� BM i?2
_CJ*J* 7Q` i�`;2i ρ̂t Bb i?2 b�K2 7Q` t = 1,2, . . . ,T- r2 QKBi i?Bb /2T2M/2M+2 Q7 c(n) QM t
7Q` r`BiBM; +QMp2MB2M+2X .2MQi2 #v k(n) i?2 MmK#2` Q7 +2HHbX q2 +�M ;2M2`�i2 � T`QTQb�H
c′ #v 7QHHQrBM; i?2 bi2Tb BMi`Q/m+2/ BM b2+iBQM RXkXk rBi? bT2+B}+ i`�MbBiBQM T`Q#�#BHBiv
pk(n)k′ - /2MbBiv qk(n)k′ �M/ gk(n)k′ X 6B`biHv- r2 +?QQb2 i?2 i`�MbBiBQM T`Q#�#BHBiv pk(n)k′ �b

pk(n)k′ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
3

B7 k(n) ∈ {2, . . . , p} �M/ k′ ∈
{
k(n) −1,k(n),k(n) +1

}
,

1
2

B7 k(n) = 1 �M/ k′ ∈ {1,2},

1
2

B7 k(n) = p �M/ k′ ∈ {p−1, p},

0 Qi?2`rBb2.

URXR3V
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h?Bb i`�MbBiBQM pk(n)k′ rBHH QMHv T`QTQb2 M2r MmK#2` k′ Q7 +2HHb rBi?BM i?2 M2B;?#Q`?QQ/
Q7 +m``2Mi k(n)X h?Bb +?QB+2 Q7 pk(n)k′ i?�i 7�pQ`b HQ+�H i`�MbBiBQM Q7 MmK#2` Q7 +2HHb +�M
H2�/ iQ � +QKT�`�iBp2Hv ?B;?2` �++2Ti�M+2 T`Q#�#BHBiv BM _CJ*J* bBM+2 Qi?2`rBb2- i?2
`�iBQ #2ir22M ρ̂t(c′) �M/ ρ̂t(c(n)) rQmH/ #2 bK�HH /m2 iQ i?2 H�`;2 p�`B�iBQM Q7 MmK#2` Q7
+2HHb #2ir22M c′ ∈ Rdk′ �M/ c(n) ∈ Rdk(n) X h?2M- �M �mtBHB�`v p2+iQ` v Bb b�KTH2/ 7`QK �
`2b+�H2/ aim/2Mi /Bbi`B#miBQM ρk′(·) QM Rdk′ r?Qb2 /2MbBiv Bb /2i�BH2/ BM UkXR9V Q7 *?�Ti2` kX
6BM�HHv- r2 b2i i?2 QM2@iQ@QM2 �M/ /Bz2`2MiB�#H2 7mM+iBQM �b gk(n)k′ : (c(n),v) <→ (v,c(n))X h?2
T`QTQb�H c′ Bb i?2M �++2Ti2/ rBi? T`Q#�#BHBiv α /2}M2/ BM �H;Q`Bi?K kXj Q7 *?�Ti2` k r?2`2
� /2i�BH2/ BKTH2K2Mi�iBQM Bb ;Bp2MX

LmK2`B+�H 2tT2`BK2Mib

q2 b?Qr ?2`2 � bBKTH2 2t�KTH2 BHHmbi`�iBM; i?2 T2`7Q`K�M+2 Q7 Qm` BKTH2K2Mi�iBQM BM
#�i+? b2iiBM;X 6Q` KQ`2 MmK2`B+�H 2tT2`BK2Mib BM #Qi? #�i+? b2iiBM; �M/ QMHBM2 b2iiBM;-
QM2 +�M `272` iQ *?�Ti2` kX h?2 Q#b2`p�iBQMb BM #�i+? b2iiBM; �`2 b�KTH2/ 7`QK 7Qm`
#Bp�`B�i2 :�mbbB�M /Bbi`B#miBQMb rBi? B/2MiBiv +Qp�`B�M+2 K�i`Bt- r?Qb2 K2�M p2+iQ`b �`2
`2bT2+iBp2Hv (0,0), (4,1), (0,7), (5,2)X 1�+? Q#b2`p�iBQM Bb mMB7Q`KHv /`�rM 7`QK QM2 Q7 i?2
7Qm` ;`QmTb �M/ i?2 MmK#2` Q7 Q#b2`p�iBQMb Bb n = 200X 6B;m`2 RXR BHHmbi`�i2b `2bT2+iBp2Hv
i?2 +QMp2`;2M+2 Q7 _CJ*J* BM #Qi? i?2 MmK#2` Q7 +Hmbi2`b �M/ TQbBiBQM Q7 +2Mi2`bX h?2
H27i THQi BM+Hm/2b MmK#2` k(n) Q7 +Hmbi2`b �HQM; i?2 kyy Bi2`�iBQMb UbQHB/ #H�+F HBM2V �M/ i`m2
MmK#2` Q7 +Hmbi2`b U/�b?2/ `2/ HBM2Vc h?2 `B;?i THQi T`2b2Mib i?2 p�Hm2b UBX2X- 0,−1,7,2-
bQHB/ `2/ HBM2V Q7 b2+QM/ +QQ`/BM�i2 Q7 K2�M p2+iQ`b Q7 7Qm` :�mbbB�M /Bbi`B#miBQMb �M/
i?�i Q7 b2+QM/ +QQ`/BM�i2 Q7 �HH +2Mi2`b BM c(n) �HQM; Bi2`�iBQMbX Ai Bb MQiB+2/ i?�i i?2 +?�BM
+QMp2`;2b iQ i?2 i`m2 p�Hm2b bHB;?iHv �7i2` 100 Bi2`�iBQMbX

U�V LmK#2` Q7 +Hmbi2`bX U#V *QQ`/BM�i2 Q7 +2Mi2`bX

6B;m`2 RXR Ĝ hvTB+�H _CJ*J* QmiTmiX U�V k(n)
1:N - MmK#2` Q7 +Hmbi2`b �HQM; i?2 kyy Bi2`@

�iBQMb U� bQHB/ #H�+F HBM2VX h?2 i`m2 MmK#2` 4 Q7 +Hmbi2`b BM i?Bb 2t�KTH2 U� /�b?2/ `2/
HBM2VX U#V p�Hm2b Q7 b2+QM/ +QQ`/BM�i2 Q7 �HH +2Mi2`b BM c(n)

1:N �HQM; i?2 kyy Bi2`�iBQMb U�
/�b?2/ #H�+F HBM2VX h?2 i`m2 p�Hm2b Q7 b2+QM/ +QQ`/BM�i2 Q7 K2�M p2+iQ`b Q7 9 :�mbbB�M
/Bbi`B#miBQMbX

AM �//BiBQM- BMbi2�/ Q7 +?QQbBM; �`#Bi`�`BHv �M BMBiB�H p�Hm2 c(0) ∈C - QM2 +�M +?QQb2 c(0) =
ĉt−1 BX2X- b2iiBM; BMBiB�H p�Hm2 7Q` _CJ*J* �i `QmM/ t U+Q``2bTQM/BM; iQ b�KTHBM; 7`QK
ρ̂tV iQ i?2 p�Hm2 Q7 `�M/QKBx2/ T�`iBiBQM ĉt−1 �i `QmM/ t−1X AM T`�+iB+2- i?Bb r�`K bi�`i
?2HTb iQ �++2H2`�i2 i?2 +QMp2`;2M+2 Q7 i?2 +?�BMX AM *?�Ti2` k- r2 +QKT�`2 i?2 `mMMBM;
iBK2b Q7 Qm` �H;Q`Bi?K rBi? b2p2`�H +QKT2iBiQ`b BM i?2 QMHBM2 b2iiBM;X Ai Bb 7QmM/ i?�i
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Qm` K2i?Q/- 2[mBTT2/ rBi? � r�`K bi�`i- ?�b � #2ii2` T2`7Q`K�M+2 BM `mMMBM; iBK2 U+7X
h�#H2 kXk BM *?�Ti2` kVX

RXjXe a2[m2MiB�H T`BM+BT�H +m`p2b 7`�K2rQ`F
AM *?�Ti2` j- r2 T`Q+22/ iQ �MQi?2` b2iiBM;, b2[m2MiB�H T`BM+BT�H +m`p2b r?B+? +�M #2
b22M �b � ;2M2`�HBx�iBQM Q7 QMHBM2 +Hmbi2`BM; bBM+2 r2 b22Fb iQ ǳbmKK�`Bx2Ǵ QMHBM2 /�i�
#v � +QMiBMmQmb +m`p2 `�i?2` i?�M b2p2`�H /Bb+`2i2 +2Mi2`bX h?Bb Bb mb27mH 2bT2+B�HHv r?2M
i?2 b2[m2M+2 Q7 /�i� b?Qrb � +2`i�BM +m`p2 T�ii2`MX q2 BMi`Q/m+2 }`bi i?2 /2}MBiBQM Q7
T`BM+BT�H +m`p2 BM +H�bbB+�H bi�iBbiB+�H b2iiBM; �M/ i?2M +QMbB/2` b2[m2MiB�H T`BM+BT�H +m`p2b
UBX2X- T`BM+BT�H +m`p2b BM QMHBM2 b2iiBM;VX Pm` i�bF Bb iQ +QMbi`m+i �M �H;Q`Bi?K T`QTQbBM;
b2[m2MiB�H T`BM+BT�H +m`p2b �i 2�+? t bm+? i?�i Bib `2;`2i #QmM/ Bb bm#HBM2�` BM TX
S`BM+BT�H +m`p2b +�M #2 `2;�`/2/ �b � MQMHBM2�` ;2M2`�HBx�iBQM Q7 }`bi T`BM+BT�H +QKTQM2MiX
.Bz2`2Mi 7`QK +Hmbi2`BM; i?�i b2p2`�H +2Mi2`b �`2 mb2/ iQ bmKK�`Bx2 i?2 /�i�- i?2 ;Q�H Q7
T`BM+BT�H +m`p2b Bb iQ bmKK�`Bx2 i?2 /�i� #v � +m`p2 i?�i T�bb2b ǳBM i?2 KB//H2 Q7 /�i�Ǵ-
�b BHHmbi`�i2/ #v 6B;m`2 RXkX

6B;m`2 RXk Ĝ �M 2t�KTH2 Q7 T`BM+BT�H +m`p2X

h?2 Q`B;BM�H /2}MBiBQM Q7 T`BM+BT�H +m`p2 BM +H�bbB+�H bi�iBbiB+�H b2iiBM; /�i2b #�+F iQ >�biB2
�M/ aim2ixH2 URN3NVX Ai Bb /2}M2/ �b � T�`�K2i2`Bx2/ +m`p2 r?B+? /Q2b MQi BMi2`b2+i
Bib2H7- ?�b }MBi2 H2M;i? BMbB/2 �Mv #QmM/2/ bm#b2i Q7 Rd �M/ Bb b2H7@+QMbBbi2Mi Ur2 `272`
i?2 `2�/2` iQ >�biB2 �M/ aim2ixH2- RN3N 7Q` KQ`2 /2i�BHbVX >Qr2p2`- i?2 2tBbi2M+2 Q7
T`BM+BT�H +m`p2 Bb ;m�`�Mi22/ QMHv 7Q` � p2`v HBKBi2/ MmK#2` Q7 /Bbi`B#miBQMbX Eû;H URNNNV
T`QTQb2/ � M2r +QM+2Ti Q7 T`BM+BT�H +m`p2b r?B+? 2Mbm`2b i?2 2tBbi2M+2 7Q` � H�`;2 +H�bb Q7
/Bbi`B#miBQMbX "27Q`2 ;BpBM; ?Qr T`BM+BT�H +m`p2 Bb /2}M2/ BM Eû;H URNNNV- H2i mb }`bi ;Bp2
;Bp2 bQK2 MQi�iBQM, /2MQi2 #v X � `�M/QK p2+iQ` BM Rd �M/ #v f(s)= ( f1(s), . . . , fd(s)) ∈Rd

� T�`�K2i2`Bx2/ +m`p2 BM Rd- r?2`2 s ∈ I �M/ I ⊂ R Bb � +HQb2/ BMi2`p�HX .2MQi2/ #v FL
� +H�bb Q7 +QMiBMmQmb +m`p2b r?Qb2 H2M;i? Bb bK�HH2` i?�M L > 0X 6Q` f ∈FL- i?2 2tT2+i2/
b[m�`2/ /Bbi�M+2 ∆(f) Q7 f Bb /2}M2/ #v

∆(f)= E [∆ (f, X )]= E

[
inf
s∈I

∥f(s)− X∥2
2

]
,

r?2`2 ∥ · ∥2
2 Bb i?2 ℓ2 MQ`K BM RdX hQ K�BMi�BM +QMbBbi2M+v rBi? MQi�iBQMb BM T`2pBQmb

BMp2biB;�iBQMb Q7 T`BM+BT�H +m`p2b- r2 mb2 ∆(f, X ) U`�i?2` i?�M ℓ(f, X )V iQ /2MQi2 i?2 HQbb
U/Bbi�M+2V #2ir22M f �M/ X X
h?2 M2r /2}MBiBQM Q7 T`BM+BT�H +m`p2b f⋆ #v Eû;H URNNNV �`2 /2}M2/ �b +m`p2b KBMBKBxBM;
i?2 2tT2+i2/ b[m�`2/ /Bbi�M+2 Qp2` FL- M�K2Hv-

f⋆ ∈ arginf
f∈FL

∆(f).
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Ai Bb T`Qp2/ i?�i B7 E∥X∥2
2 <∞- f⋆ �Hr�vb 2tBbib #mi K�v #2 MQi mMB[m2X Ai Bb b22M i?�i i?2

2tBbi2M+2 Q7 T`BM+BT�H +m`p2 mM/2` Eû;HǶb /2}MBiBQM Bb ;m�`�Mi22/ 7Q` +H�bb Q7 /Bbi`B#miBQMb
QM r?B+? p2`v HQQb2M +QMbi`�BMi Bb BKTQb2/X
hQ �TT`QtBK�i2 mMFMQrM f⋆ UbBM+2 i?2 /Bbi`B#miBQM Q7 X Bb mMFMQrM BM T`�+iB+2V- Eû;H
URNNNV mb2b +H�bb2b Q7 TQHv;QM�H HBM2b rBi? HBKBi2/ H2M;i?X >2 T`Qp2b i?�i i?2 b2;K2Mi
Q7 QTiBK�H TQHv;QM�H HBM2 �TT`QtBK�iBM; f⋆ Bb T`QTQ`iBQM�H iQ n1/3 Ui?2 MmK#2` Q7 Q#b2`@
p�iBQMbVX "B�m �M/ 6Bb+?2` UkyRkV �HbQ mb2 +H�bb2b Q7 TQHv;QM�H HBM2b iQ 2biBK�i2 f⋆ �M/
2ti2M/ i?2 `2bmHib Q7 Eû;H #v +?QQbBM; �M QTiBK�H b2;K2Mib 7`QK � KQ/2H b2H2+iBQM TQBMi
Q7 pB2rX
AM *?�Ti2` j- r2 �/QTi i?2 MQiBQMb Q7 +H�bb2b Q7 TQHv;QM�H HBM2b /2}M2/ BM "B�m �M/ 6Bb+?2`
UkyRkVX JQ`2 T`2+Bb2Hv- H2i B(c,R) bi�M/b 7Q` i?2 ℓ2@#�HH +2Mi2`2/ BM c ∈ Rd rBi? `�/Bmb
R > 0X G2i Qδ #2 � ;`B/ Qp2` B(0,

!
dR)- BX2X- Qδ = B(0,

!
dR)∩Γδ r?2`2 Γδ Bb � H�iiB+2

BM Rd rBi? bT�+BM; δ > 0X G2i L > 0 �M/ /2}M2 7Q` 2�+? k ∈ 51, p6 i?2 +QHH2+iBQM Fk,L Q7
TQHv;QM�H HBM2b f rBi? k b2;K2Mib r?Qb2 p2`iB+2b �`2 BM Qδ �M/ r?Qb2 H2M;i? Bb bK�HH2`
i?�M LX 6B;m`2 RXj# T`2b2Mib �M 2t�KTH2 Q7 TQHv;QM�H HBM2 rBi? 8 b2;K2Mib �M/ rBi?
p2`iB+2b QM Qδ U#Hm2 TQBMib- δ= 1V BM R2- r?2`2 i?2 #H�+F bQHB/ +B`+H2 `2T`2b2Mib B(0,10)X
AM �//BiBQM- /2MQi2 #v Fp = ∪p

k=1Fk,L �HH TQHv;QM�H HBM2b r?Qb2 p2`iB+2b �`2 BM Qδ �M/
r?Qb2 H2M;i? Bb �i KQbi LX 6BM�HHv- H2i K (f) /2MQi2 i?2 MmK#2` Q7 b2;K2Mib Q7 f ∈FpX

U�V T�`iBiBQM bi2T U#V HQ+�H ;`22/v b2�`+? bi2T

6B;m`2 RXj Ĝ U�V � oQ`QMQB@HBF2 T�`iBiBQM ;Bp2M � TQHv;QM�H HBM2 U#H�+F bQHB/ HBM2Vc U#V �
HQ+�H ;`22/v b2�`+? `2;BQM U#Hm2 TQBMib BMbB/2 TBMF /�b?2/ +B`+H2V- r?2`2 i?2 TBMF /�b?2/
+B`+H2 Bb � ℓ2 #�HH rBi? +2Mi2` N̄t(x) �M/ rBi? `�/Bmb D (Nt(x))c x Bb �M Q#b2`p�iBQM BM R2

�M/ Bib V (x) Bb v3 �M/ v4- `2T`2b2Mi2/ #v �bi2`BbFbX

aBKBH�` iQ QMHBM2 +Hmbi2`BM;- Qm` ;Q�H Bb MQr iQ H2�`M � iBK2@/2T2M/2Mi +m`p2 f̂t ∈Fp r?B+?
T�bb2b i?`Qm;? i?2 ǳKB//H2Ǵ Q7 �p�BH�#H2 Q#b2`p�iBQMb (xs)1:(t−1) �M/ r?Qb2 T2`7Q`K�M+2 Bb
�HKQbi �b ;QQ/ �b i?2 #2bi ǳ2tT2`iǴ +m`p2 BM ?BM/bB;?i BM Fp- BX2X-

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+RT(f)

}⎫
⎪⎬

⎪⎭
,

r?2`2 RT(f) �b bK�HH �b TQbbB#H2- BM T�`iB+mH�` bm#HBM2�` BM TX
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RXjXd _2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b
�H;Q`Bi?Kb �+?B2pBM; i?2 �#Qp2 ;Q�H +�M #2 Q#i�BM2/ bBKBH�`Hv �b �H;Q`Bi?K RXk BM QMHBM2
+Hmbi2`BM; #v +QMbB/2`BM; i?2 :B##b [m�bB@TQbi2`BQ` ρ̂t+1 MQr /2}M2/ QM Fp,

ρ̂t+1(f)∝ exp(−λSt(f))π(f),

r?2`2 π(f) Bb � T`BQ` QM Fp �M/

St(f)= St−1(f)+∆(f, xt)+
λ

2
(
∆(f, xt)−∆(f̂t, xt)

)2.

A7 �M _CJ*J* BKTH2K2Mi�iBQM Bb +QMbB/2`2/ �;�BM 7Q` b�KTHBM; `�M/QKBx2/ T`2/B+iQ`
7`QK ρ̂t+1- Bi K�v i�F2 Km+? HQM;2` iBK2 BM i?Bb b2iiBM; i?�M BM QMHBM2 +Hmbi2`BM; b2iiBM;
bBM+2 +�H+mH�iBQM Q7 /Bbi�M+2 Q7 � TQBMi iQ � TQHv;QM�H HBM2 Bb KQ`2 +QKTHB+�i2/, MQi QMHv
/Bbi�M+2b Q7 � TQBMi iQ �HH p2`iB+2b Q7 TQHv;QM�H #mi �HbQ i?�i iQ �HH HBM2 b2;K2Mib b?QmH/
#2 +QKTmi2/X h?2`27Q`2- BM r?�i 7QHHQrb- r2 b?�HH `�i?2` +QMbB/2` � /Bz2`2Mi T`Q+2/m`2
HBMF2/ iQ i?2 KQ/2 Q7 :B##b [m�bB@TQbi2`BQ`X �i }`bi- � bBKTH2 +�H+mH�iBQM i2HHb mb i?�i
i?2 KQ/2 Q7 [m�bB@TQbi2`BQ` ρ̂t+1 2[m�Hb iQ

argmin
f∈Fp

{
t∑

s=1
∆(f, xs)+

λ

2

t∑

s=1

(
∆(f, xt)−∆(f̂t, xt)

)2 + lnπ(f)
λ

}

, URXRNV

r?B+? +QMi�BMb � +mKmH�iBp2 HQbb ∑t
s=1∆(f, xs) Q7 T`2/B+iBQM f BM i?2 }`bi t `QmM/b- � i2`K

λ
2
∑t

s=1
(
∆(f, xt)−∆(f̂t, xt)

)2 +QMi`QHHBM; i?2 p�`B�M+2 Q7 T`2/B+iBQM f iQ T�bi T`2/B+iBQMb f̂s, s ≤
t �M/ � i2`K lnπ(f) r?B+? +�M #2 `2;�`/2/ �b � T2M�Hiv 7mM+iBQM Q7 i?2 +QKTH2tBiv Q7 f
B7 π Bb r2HH +?Qb2MX A7 r2 `2;�`/ 2�+? f ∈ Fp �b �M 2tT2`i ;BpBM; +QMbi�Mi �/pB+2- i?2M
URXRNV K2�Mb iQ }M/ � #2bi 2tT2`iX h?Bb KQ/2 ?2M+2 ?�b � ~�pQ` Q7 7QHHQrBM; i?2 #2bi
2tT2`i Q` i?2 T2`im`#2/ H2�/2` BM i?2 b2iiBM; Q7 T`2/B+iBQM rBi? 2tT2`ib Ub22 >mii2` �M/
SQH�M/- kyy8 �M/ *2b�@"B�M+?B �M/ Gm;QbB- kyye- *?�Ti2`b j �M/ 9VX >2M+2 Bi K�F2b mb
iQ +QMbB/2` i?2 7QHHQrBM; /Bz2`2Mi T`Q+2/m`2, �i 2�+? t- i?2 7Q`2+�bi2` f̂t Bb ;Bp2M #v

f̂1 = arginf
f∈Fp

{
1
η

(h(f)− zf)
}

,

f̂t = arginf
f∈Fp

{
t−1∑

s=1
∆(f, xs)+

h(f)
η

− zf
η

}

, t ≥ 2, URXkyV

r?2`2 h(f) Bb � TQbBiBp2 T2M�Hiv 7mM+iBQM Q7 f ∈ Fp- zf �`2 BXBX/ b�KTH2b Q7 /Bbi`B#miBQM
π(z) = e−z1{z>0} �M/ η > 0 Bb � T�`�K2i2` +QMi`QHHBM; i?2 p�`B�M+2 Q7 �H;Q`Bi?KX AM i?Bb
T`Q+2/m`2- r2 K2�bm`2 i?2 +QKTH2tBiv Q7 f /B`2+iHv #v � T2M�Hiv 7mM+iBQM hX Ai Bb b22M BM
URXkyV i?�i �i 2�+? iBK2- Qm` T`2/B+iBQM Q7 TQHv;QM�H HBM2 Bb i?2 QM2 KBMBKBxBM; i?2 bmK
Q7 +mKmH�iBp2 HQbb- � T2M�Hiv i2`K �M/ � T2`im`#2/ p�Hm2X h?Bb T2M�Hiv i2`Kb 2M�#H2b Qm`
�H;Q`Bi?K iQ �pQB/ Qp2`}iiBM; bBM+2 Qi?2`rBb2 Bi rQmH/ �Hr�vb +?QQb2 i?2 KQbi +QKTHB+�i2/
TQHv;QM�H HBM2X JQ`2Qp2`- i?2 T2`im`#2/ p�Hm2 zf 2M�#H2b mb iQ +?QQb2 �i 2�+? iBK2 �
T2`im`#2/ #2bi ǳ2tT2`iǴ U`�i?2` i?�M i?2 bi`B+i #2bi QM2VX Ai +�M ?2HT mb iQ �pQB/ � i`BpB�H
`2;`2i #QmM/ Q7 i?2 Q`/2` T- �b BM/B+�i2/ BM +?�Ti2` 9- *2b�@"B�M+?B �M/ Gm;QbB UkyyeVX

h?2Q`2K RX8X U+7X h?2Q`2K jXRV h?2 T`Q+2/m`2 b�iBb}2b- 7Q` �Mv b2[m2M+2 (xt)1:T ∈
B(0,

!
dR) rBi? R > 0

T∑

t=1
Eπη

[
∆(f̂t, xt)

]
≤ (1+ c0(e−1)η)ST,h,η+

1+ c0(e−1)η
η

(

1+ ln
∑

f∈Fp

e−h(f)
)

,
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r?2`2 c0 = d(2R+δ)2 �M/

ST,h,η = inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
η

}⎫
⎪⎬

⎪⎭
.

h?2 2tT2+i�iBQM Q7 +mKmH�iBp2 HQbb Q7 TQHv;QM�H HBM2b f̂1, . . . , f̂T Bb mTT2`@#QmM/2/ #v i?2
bK�HH2bi T2M�HBx2/ +mKmH�iBp2 HQbb Qp2` �HH k ∈ {1, . . . , p} mT iQ � KmHiBTHB+�iBp2 7�+iQ`
(1+ c0(e− 1)η) �M/ �M �//BiBQM�H i2`K

(
(1+ c0(e−1)η)/η

)(
1+ ln

∑
f∈Fp e−h(f)

)
X h?2 KmH@

iBTHB+�iBp2 7�+iQ` #27Q`2 ST,h,η +�M #2 K�/2 �`#Bi`�`BHv +HQb2 iQ R #v +?QQbBM; �M η bK�HH
2MQm;?X AM *?�Ti2` j- r2 /2i�BH i?2 +?QB+2 Q7 T2M�Hiv 7mM+iBQM h r?B+? Bb �/pQ+�i2/ BM
"�``QM 2i �HX URNNNV- "B`;û �M/ J�bb�`i UkyydV �M/ "B�m �M/ 6Bb+?2` UkyRkV- �M/ mM/2`
i?Bb +?QB+2 Q7 T2M�Hiv 7mM+iBQM-

(
1+ ln

∑
f∈Fp e−h(f)

)
+�M #2 MQM@TQbBiBp2X

h?2Q`2K RXeX U+7X *Q`QHH�`v jXRV lM/2` i?2 �bbmKTiBQMb Q7 h?2Q`2K RX8- H2i η =
min

{
1

d(2R+δ)2 ,
√

c1 p+c2L+c3
c0(e−1)inff∈Fp

∑T
t=1∆(f,xt)

}
- i?2M- rBi? � T2M�Hiv 7mM+iBQM h �/pQ+�i2/ #v "B�m

�M/ 6Bb+?2` UkyRkV- r2 ?�p2

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

√
c0(e−1)rT,k,L

}⎫
⎪⎬

⎪⎭

+
√

c0(e−1)rT,p,L +2ec0(c1 p+ c2L+ c3),

r?2`2 c0 = d(2R +δ)2c rT,k,L = inff∈Fp

∑T
t=1∆(f, xt)(c1k+ c2L+ c3)c c1, c2, c3 �`2 +QMbi�Mib

/2T2M/BM; QM R,d,δ Ur2 `272` iQ G2KK� jXj 7Q` i?2B` 2tTHB+Bi 7Q`KVX

h?2 `2;`2i Q7 Qm` T`Q+2/m`2 Bb �i KQbi Q7 i?2 Q`/2` Q7
!

T bBM+2 rT,k,L ≤ c0(c1k+ c2L+
c3)T 7Q` �HH k = 1,2, . . . , pX >Qr2p2` r2 b22 i?�i i?2 QTiBK�H p�Hm2 7Q` η /2T2M/b QM
inff∈Fp

∑T
t=1∆(f, xt) r?B+? Bb Q#pBQmbHv mMFMQrM � T`BQ`B BM T`�+iB+2X hQ K�F2 i?2 �#Qp2

T`Q+2/m`2 KQ`2 T`�+iB+�H- r2 T`QpB/2 �M �/�TiBp2 `2}M2K2Mi Q7 BiX

RXjX3 �/�TiBp2 `2;`2i #QmM/b 7Q` T`BM+BT�H +m`p2b
LQiB+BM; i?�i ∆(f, xt) Bb mMB7Q`KHv #QmM/2/ #v c0 Bb xt ∈ B(0,

!
dR) �M/ f ∈FpX >2M+2 QM2

?�b
inf

f∈Fp

T∑

t=1
∆(f, xt)≤ c0T.

_2TH�+BM; inff∈Fp

∑T
t=1∆(f, xt) #v Bib mTT2` #QmM/ c0T K�F2b η /2T2M/ QM i?2 iBK2 ?Q`BxQM

T UBX2X- η
∆= ηTVX Ai ?2M+2 �HHQrb mb iQ +?QQb2 �M �/�TiBp2 ηt bBKBH�`Hv �b i?2 �/�TiBp2

+?QB+2 Q7 λt BM QMHBM2 +Hmbi2`BM;X JQ`2 T`2+Bb2Hv- �M �/�TiBp2 p2`bBQM Q7 URXkyV Bb

f̂1 = arginf
f∈Fp

{
1
η0

(h(f)− zf)
}

,

f̂t = arginf
f∈Fp

{
t−1∑

s=1
∆(f, xs)+

h(f)
ηt−1

− zf
ηt−1

}

, t ≥ 2,

�M/ r2 ?�p2 � `2;`2i #QmM/ 7Q` Bi �b 7QHHQrb,
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h?2Q`2K RXdX U+7X h?2Q`2K jXkV lM/2` i?2 �bbmKTiBQMb Q7 h?2Q`2K RXe- B7

η0 =
1
c0

, ηt =min

{
1
c0

,
√

c1 p+ c2L+ c3

c0
!

(e−1)t

}

, t ≥ 1,

i?2M i?2 �#Qp2 �/�TiBp2 T`Q+2/m`2 b�iBb}2b

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+ c0

√
(e−1)T(c1k+ c2L+ c3)

}⎫
⎪⎬

⎪⎭

+2c0
√

(e−1)T(c1 p+ c2L+ c3)+3c0(c1 p+ c2L+ c3).

h?2 2tT2+i2/ +mKmH�iBp2 HQbb Q7 TQHv;QM�H HBM2b f̂1, . . . , f̂T Bb mTT2`@#QmM/2/ #v i?2 KBMBK�H
+mKmH�iBp2 HQbb Qp2` �HH k ∈ {1, . . . , p}- mT iQ �M �//BiBp2 i2`K r?B+? Bb bm#HBM2�` BM TX h?2
�+im�H K�;MBim/2 Q7 i?Bb `2K�BM/2` i2`K Bb

!
kTX q?2M L Bb }t2/- i?2 MmK#2` k Q7

b2;K2Mib Bb � K2�bm`2 Q7 +QKTH2tBiv Q7 i?2 `2i�BM2/ TQHv;QM�H HBM2X h?Bb #QmM/ i?2`27Q`2
vB2H/b i?2 b�K2 K�;MBim/2 �b UjXRV BM "B�m �M/ 6Bb+?2` UkyRkVX

RXjXN AKTH2K2Mi�iBQM 7Q` b2[m2MiB�H T`BM+BT�H +m`p2b
hQ }M/ f̂t �i 2�+? iBK2 t- QM2 M22/b iQ i`�p2`b2 �HH f BM Fp r?Qb2 +�`/BM�HBiv Bb O (R/δ)dpX
� ;`22/v b2�`+? Q7 f ?2M+2 rQmH/ #2 [mBi2 iBK2@+QMbmKBM; �M/ Bb ?�`/Hv �TTHB+�#H2 BM
T`�+iB+2 2bT2+B�HHv r?2M d �M/ p �`2 H�`;2X aBM+2 i?2 bT22/ Q7 �M �H;Q`Bi?K K�v ?�p2
?B;?2` T`BQ`Biv Qp2` Bib T`2+BbBQM BM T`�+iB+2- r2 BMbi2�/ `2bQ`i iQ � bi`�i2;v r?B+? +�M #2
/2b+`B#2/ �b 7QHHQr, ;Bp2M � TQHv;QM�H HBM2 f̂t ∈Fkt,L rBi? kt b2;K2Mib- i?2 M2r TQHv;QM�H
HBM2 f̂t+1 Bb +?Qb2M- rBi? � T`QTQ`iBQM ϵ ∈ (0,1)- BMbB/2 � M2B;?#Q`?QQ/ U (f̂t)⊆

⋃kt+1
kt−1 Fk,L Q7

Fkt,LX AM Qi?2` rQ`/b- r?2M xt Bb �p�BH�#H2- i?2 MmK#2` kt+1 Q7 b2;K2Mib Q7 f̂t+1 p�`B2b rBi?
kt rBi?BM �i KQbi R mMBiX JQ`2Qp2`- r2 +�M `2/m+2 i?2 +QK#BM�iQ`B2b Q7 f̂t+1 iQ TQHv;QM�H
HBM2b r?Qb2 p2`iB+2b QMHv /Bz2` rBi? i?�i Q7 f̂t BM � M2B;?#Q`?QQ/ Q7 M2r Q#b2`p�iBQM xtX
h?2 M2B;?#Q`?QQ/ +QMbB/2`�iBQM +�M i?2`27Q`2 QM i?2 QM2 ?�M/ bBKTHB7v i?2 +QKTmi�iBQM
+QKTH2tBiv �M/- QM i?2 Qi?2` ?�M/- +QMi`QH i?2 p�`B�M+2 Q7 Qm` b2[m2MiB�H T`2/B+iBQMb
r?B+? Bb �TT2�`2/ BM i?2 b2+QM/ i2`K Q7 URXRNVX AM �//BiBQM- i?2 +QMbB/2`�iBQM Q7 mT/�iBM;
T`BM+BT�H +m`p2b BM � M2B;?#Qm`?QQ/ rBi? � T`QTQ`iBQM ϵ< 1 2M�#H2b Qm` �H;Q`Bi?K iQ biBHH
?�p2 i?2 +?�M+2 iQ 2tTHQ`2 i?2 +QKTH2K2Mi Q7 M2B;?#Qm`?QQ/X
JQ`2 T`2+Bb2Hv- Qm` T`Q+2/m`2 bi�`ib rBi? � T�`iBiBQM bi2T r?B+? �BKb iQ B/2MiB7vBM;
i?2 ǳ`2H2p�MiǴ M2B;?#Q`?QQ/ Q7 �M Q#b2`p�iBQM x ∈ Rd rBi? `2bT2+i iQ � ;Bp2M TQHv;QM�H
HBM2- �M/ i?2 T`Q+22/b rBi? i?2 /2}MBiBQM Q7 i?2 M2B;?#Q`?QQ/ Q7 �M �+iBQM fX q2 i?2M
T`QpB/2 i?2 7mHH BKTH2K2Mi�iBQM �M/ ;Bp2 � `2;`2i #QmM/ 7Q` BiX
S�`iBiBQM 6Q` �Mv TQHv;QM�H HBM2 f rBi? k b2;K2Mib- r2 /2MQi2 #v

%
V = (v1, . . . ,vk+1) Bib

p2`iB+2b �M/ #v si, i = 1, . . . ,k i?2 HBM2 b2;K2Mib +QMM2+iBM; vi �M/ vi+1X AM i?2 b2[m2H- r2
mb2 f(

%
V) iQ `2T`2b2Mi i?2 TQHv;QM�H HBM2 7Q`K2/ #v +QMM2+iBM; +QMb2+miBp2 p2`iB+2b BM

%
V B7

MQ +QM7mbBQM �`Bb2bX G2i Vi, i = 1, . . . ,k+1 �M/ Si, i = 1, . . . ,k #2 i?2 oQ`QMQB T�`iBiBQMb Q7
Rd rBi? `2bT2+i iQ f- BX2X- `2;BQMb +QMbBbiBM; Q7 �HH TQBMib +HQb2` iQ p2`i2t vi Q` b2;K2Mi
siX 6B;m`2 RXj� b?Qrb �M 2t�KTH2 Q7 oQ`QMQB T�`iBiBQM rBi? `2bT2+i iQ f rBi? j b2;K2MibX

L2B;?#Qm`?QQ/ 6Q` �Mv x ∈ Rd- r2 /2}M2 i?2 M2B;?#Qm`?QQ/ N (x) rBi? `2bT2+i iQ
f �b i?2 mMBQM Q7 �HH oQ`QMQB T�`iBiBQMb r?Qb2 +HQbm`2 BMi2`b2+ib rBi? irQ p2`iB+2b +QM@
M2+iBM; i?2 T`QD2+iBQM f(sf(x)) Q7 x iQ fX 6Q` 2t�KTH2- 7Q` i?2 TQBMi x BM 6B;m`2 RXj�-
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Bib M2B;?#Qm`?QQ/ N (x) Bb i?2 mMBQM Q7 S2,V3,S3 �M/ V4X AM �//BiBQM- H2i Nt(x) =
{xs ∈N (x) , s = 1, . . . , t.} #2 i?2 b2i Q7 Q#b2`p�iBQMb x1:t #2HQM;BM; iQ N (x) �M/ N̄t(x) #2
Bib �p2`�;2X G2i D(M) = supx,y∈M ||x− y||2 /2MQi2 i?2 /B�K2i2` Q7 b2i M ⊂RdX q2 }M�HHv
/2}M2 i?2 HQ+�H ;`B/ Qδ,t(x) Q7 x ∈Rd �i iBK2 t �b

Qδ,t(x)= B
(
N̄t(x),D (Nt(x)

)
∩Qδ.

q2 +�M }M�HHv T`Q+22/ iQ i?2 /2}MBiBQM Q7 i?2 M2B;?#Qm`?QQ/ U (f̂t) Q7 f̂tX �bbmK2 f̂t

?�b kt +1 p2`iB+2b
%
V = (v1:i t−1︸ ︷︷ ︸

(i)

,vit: jt−1︸ ︷︷ ︸
(ii)

,vjt:kt+1︸ ︷︷ ︸
(iii)

)- r?2`2 p2`iB+2b Q7 (ii) #2HQM; iQ Qδ,t(xt)

r?BH2 i?Qb2 Q7 (i) �M/ (iii) /Q MQiX h?2 M2B;?#Qm`?QQ/ U (f̂t) +QMbBbib Q7 f b?�`BM; p2`iB+2b
(i), (iii) rBi? f̂t- #mi +�M #2 2[mBTT2/ rBi? /Bz2`2Mi p2`iB+2b (ii) BM Qδ,t(xt)- BX2X-

U (f̂t)=
{

f(
%
V),

%
V=

(
v1:i t−1,v1:m,vjt:kt+1

)}
,

r?2`2 v1:m ∈Qδ,t(xt) �M/ m Bb ;Bp2M #v

m =

⎧
⎪⎪⎨

⎪⎪⎩

jt − i t −1 `2/m+2 b2;K2Mib #v R mMBi,
jt − i t b�K2 MmK#2` Q7 b2;K2Mib,
jt − i t +1 BM+`2�b2 b2;K2Mib #v R mMBi.

JQ`2Qp2`- B7 r2 `2;�`/ 2�+? f �b �M 2tT2`i- i?2 +QMbB/2`�iBQM Q7 mT/�iBM; f̂t+1 BM i?2
M2B;?#Q`?QQ/ U (f̂t) Bb 2[mBp�H2Mi iQ �bbmKBM; i?�i MQi �HH 2tT2`ib �`2 �p�BH�#H2 �HH i?2
iBK2b �M/ i?�i i?2 b2i Q7 �p�BH�#H2 2tT2`ib +�M p�`v �i 2�+? iBK2X h?Bb Bb � KQ/2H FMQrM
�b ǳbH22TBM; 2tT2`iǴ UQ` �+iBQMbV BM T`BQ` rQ`F U6`2mM/ 2i �HX- RNNd- �m2` 2i �HX- kyyj-
"HmK �M/ J�MbQm`- kyyd- EH2BM#2`; 2i �HX- kyy3VX AM i?Bb b2iiBM;- H2i mb /2MQi2 #v σ �M
Q`/2`BM; Q7 |Fp| �+iBQMb- �M/ At �M �p�BH�#H2 bm#b2i Q7 i?2 �+iBQMb �i `QmM/ tX q2 H2i
σ(At) /2MQi2 i?2 ?B;?2bi `�MF2/ �+iBQM BM AtX AM �//BiBQM- 7Q` �Mv �+iBQM f ∈Fp r2 /2}M2
i?2 `2r�`/ rf,t Q7 f �i `QmM/ t, t ≥ 1 #v

rf,t = c0 −∆(f, xt).

Ai Bb +H2�` i?�i rf,t ∈ (0, c0)X h?2 +QMp2MiBQM 7`QK HQbb2b iQ ;�BMb Bb /QM2 BM Q`/2` iQ 7�+BHBi�i2
i?2 bm#b2[m2Mi T2`7Q`K�M+2 �M�HvbBbX h?2 `2r�`/ Q7 �M Q`/2`BM; σ Bb i?2 +mKmH�iBp2
`2r�`/b Q7 i?2 b2H2+i2/ �+iBQM �i 2�+? iBK2- BX2X-

T∑

t=1
rσ(At),t,

�M/ i?2 `2r�`/ Q7 i?2 #2bi Q`/2`BM; Bb maxσ
∑T

t=1 rσ(At),t UE
[
maxσ

∑T
t=1 rσ(At),t

]
r?2M At Bb

biQ+?�biB+VX
Pm` HQ+�HHv ;`22/v �H;Q`Bi?K i?�i BM+Q`TQ`�i2b bH22TBM; 2tT2`ib +�M #2 /2b+`B#2/ �b 7QH@
HQrb, r?2M t = 1- r2 Q#i�BM f̂1 �b i?2 }`bi T`BM+BT�H +QKTQM2Mi #�b2/ QM � bK�HH /�i�b2i
(xt)t=1,...,t0 - r2 b2i BM �//BiBQM 2biBK�iBQM r̂f,1 = rf,1 7Q` �HH f ∈Fpc 6Q` t = 2, . . . ,T- i?2 �p�BH@
�#H2 b2i 7`QK r?B+? i?2 �+iBQM f̂t rBHH #2 +?Qb2M Bb At =U (f̂t−1)1{It=0}+Fp1{It=1}- r?2`2 It
Bb � "2`MQmHHB p�`B�#H2 rBi? T�`�K2i2` 0< ϵ< 1X �M/

f̂t = σ̂t (At) ,

r?2`2 σ̂t Bb � /2b+2M/BM; Q`/2`BM; Q7 �HH f ∈ Fp �++Q`/BM; iQ i?2B` T2`im`#2/ +mKmH�iBp2
2biBK�i2/ `2r�`/ iBHH t−1, ∑t−1

s=1 r̂f,s − 1
ηt−1

h(f)+ 1
ηt−1

zf,f ∈Fp r?2`2 r̂f,s �`2 2biBK�iBQMb Q7
`2r�`/ rf,s r?Qb2 2t�+i p�Hm2b �`2 ;Bp2M BM �H;Q`Bi?K jXj BM *?�Ti2` jX h?2M r2 ?�p2
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h?2Q`2K RX3X U+7X h?2Q`2K jXjV �bbmK2 i?�i p > 6 �M/ T Bb bm{+B2MiHv H�`;2 rBi? �
T`QT2` +?QB+2 Q7 T�`�K2i2`b- i?2M i?2 �#Qp2 HQ+�HHv ;`22/v �H;Q`Bi?K b�iBb}2b

T∑

t=1
E
[
∆

(
f̂t, xt+t0

)]
≤ inf

f∈Fp

[
T∑

t=1
∆

(
f, xt+t0

)
]

+O (T
3
4 ).

q2 `272` iQ h?2Q`2K jXj 7Q` 2tTHB+Bi 7Q`K Q7 +QMbi�MibX LQi2 i?�i bBM+2 r2 mb2 � bK�HH b2i
Q7 /�i� (xt)1:t0 iQ Q#i�BM f̂1- i?2 HQbb Q7 2�+? TQHv;QM�H HBM2 �i iBK2 t Bb i�F2M rBi? `2bT2+i
iQ xt+t0 `�i?2` i?�M xtX AM �//BiBQM- i?2 �H;Q`Bi?K �+?B2p2b � `2;`2i Q7 i?2 Q`/2` T

3
4 i?�i

Bb bm#HBM2�` BM T #mi Bb bHQr2` i?�M
!

TX h?Bb Bb i?2 T`B+2 iQ T�v 7Q` +QMbB/2`BM; HQ+�H
mT/�i2 Q7 T`BM+BT�H +m`p2 �M/ 7Q` i?2 mb2 Q7 2biBK�iBQM Q7 `2r�`/b BM i?2 �H;Q`Bi?KX

LmK2`B+�H 2tT2`BK2Mib

q2 b?Qr BM i?Bb T�`i i?2 TQi2MiB�H Q7 Qm` �H;Q`Bi?K QM � iQv 2t�KTH2 r?2`2 i?2 /�i�
b2i Bb +QMbi`m+i2/ �b 7QHHQrb, Q#b2`p�iBQMb

{
xt ∈R2, t = 1, . . . ,100

}
�`2 ;2M2`�i2/ mMB7Q`KHv

�HQM; � +m`p2 y= 0.05× (x−5)3- x ∈ [0,10]X

U�V i4e8 U#V i 4 ed

6B;m`2 RX9 Ĝ � T`BM+BT�H +m`p2 f̂t+1 U;`22MV b2[m2MiB�HHv H2�`M2/ BM +QMb2+miBp2 iBK2 t =
66,67 r?2`2 i?2 #H�+F /Qib `2T`2b2Mi /�i� x1:t �M/ i?2 `2/ QM2 Bb i?2 M2r Q#b2`p�iBQM
xt+1X

6B;m`2 RX9 BHHmbi`�i2b `2bT2+iBp2Hv irQ b2[m2MiB�H T`BM+BT�H +m`p2b f̂t+1 U;`22M HBM2V BM +QM@
b2+miBp2 iBK2 t = 66,67- r?2`2 i?2 #H�+F /Qib �`2 Q#b2`p�iBQMb x1:t �M/ i?2 `2/ /Qi Bb i?2
M2r Q#b2`p�iBQM xt+1X q2 b22 i?�i QMHv p2`i2t BM i?2 M2B;?#Q`?QQ/ Q7 M2r Q#b2`p�iBQM Bb
+?�M;2/ r?2`2�b Qi?2` p2`iB+2b Q7 T`BM+BT�H +m`p2 `2K�BM i?2 b�K2X 6Q` 2t�KTH2b QM `2�H
b2BbKB+ /�i� �M/ /�BHv +QKKmi2 /�i�- r2 `272` i?2 `2�/2` iQ a2+iBQM jX8X

RX9 B�/pBx2 +QMi2ti �M/ `2bmHib
RX9XR AMi`Q/m+iBQM Q7 B�/pBx2
LQr�/�vb- �Hi?Qm;? i?2 MmK#2` Q7 r2#bBi2 pBbBiQ`b Bb ?m;2- QMHv � 72r U�#Qmi 2%V Q7 i?2K
rQmH/ }M�HHv +QKTH2i2 � i`�Mb�+iBQMX AM Qi?2` rQ`/b- i?2 +QMp2`bBQM `�i2 Bb `�i?2` HQr
7Q` K�Mv +QKK2`+B�H r2#bBi2bX B�/pBx2 Bb � +QKT�Mv i?�i Bb +QKKBii2/ iQ ?2HTBM; i?2
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+HB2Mib iQ BM+`2�b2 i?2B` +QMp2`bBQM `�i2X JQ`2 T`2+Bb2Hv - Bi Bb � +QMp2`b�iBQM�H TH�i7Q`K
i?�i BMi2;`�i2b /Bz2`2Mi +?�MM2Hb U2X;X- +?�i- +�HH- bQ+B�H K2/B� 2i+V 7Q` i?2 Tm`TQb2 Q7
+QMM2+iBM; pBbBiQ`b �M/ +QMbmHi�Mib rBi? 2tT2`iBb2X h?Bb +QMM2+iBQM- r?B+? +QK2b BMiQ
#2BM; KQbiHv pB� +QMp2`b�iBQM- Bb [mBi2 mb27mH 7Q` BM+`2�bBM; i?2 +QMp2`bBQM `�i2 bBM+2
+QMbmHi�Mib +�M �++QKT�Mv i?2B` +mbiQK2`b iQ bQHp2 /B{+mHiB2b i?�i K�v BKT2/2 i?2 }M�H
i`�Mb�+iBQMX 6Q` 2t�KTH2- pBbBiQ`b K�v [mBi i?2 r2#bBi2 B7 i?2v K22i T`Q#H2Kb Q7 T�vK2Mi
�i i?2 }M�H bi�;2 Q7 Tm`+?�b2c pBbBiQ`b- �Hi?Qm;? ?�pBM; �M BMi2MiBQM iQ #mv � +2HHT?QM2-
K�v MQi +QKTH2i2 i?2B` Tm`+?�b2 bBM+2 i?2v ?2bBi�i2 #2ir22M b2p2`�H +2HHT?QM2 K�`Fb
�M/ +�MMQi K�F2 � /2+BbBQM /m2 iQ i?2 H�+F Q7 2tT2`iBb2X qBi? i?2 ?2HT Q7 2tT2`B2M+2/
+QMbmHi�Mib- i?Bb FBM/ Q7 BKT2/BM; Bb HBF2Hv iQ #2 �pQB/2/X
B�/pBx2 B/2MiB}2b i?Qb2 pBbBiQ`b i?�i K�v M22/ ?2HT #v �M�HvxBM; i?2B` #2?�pBQ` QM i?2
r2#bBi2b bm+? �b i?2B` #`QrbBM; iBK2 QM � T�`iB+mH�` T�;2- i?2 �KQmMi Q7 KQM2v BM i?2B`
+?�`i- i?2 +�i2;Q`B2b Q7 ;QQ/b i?�i pBbBiQ`b �`2 b22FBM; 2i+X PM+2 i?2 #2?�pBQ` Q7 � +2`i�BM
pBbBiQ` Bb +QMbBbi2Mi rBi? b2p2`�H T`2}t2/ +`Bi2`B�- i?2M i?Bb pBbBiQ` rQmH/ #2 i�`;2i2/
�M/ � +?�MM2H 2M�#HBM; i?2 pBbBiQ` iQ +QMM2+i iQ � +QMbmHi�Mi rQmH/ #2 T`QTQb2/X h?2
QMHBM2 +Hmbi2`BM; �H;Q`Bi?K BMi`Q/m+2/ �#Qp2 Bb /2/B+�i2/ iQ �K2HBQ`�i2 �M/ /2p2HQT i?2
b2iiBM; Q7 +`Bi2`B�X Ai +Hmbi2`b }`biHv pBbBiQ`b BMiQ ;`QmTb bm+? i?�i i?Qb2 rBi? bBKBH�`
#2?�pBQ` �`2 BM i?2 b�K2 ;`QmTX h?2M #2?�pBQ` BM7Q`K�iBQM rBi?BM �M/ �+`Qbb ;`QmTb rBHH
#2 2ti`�+i2/ �M/ bmKK�`Bx2/ iQ ?2HT i?2 2H�#Q`�iBQM Q7 +`Bi2`B�X AM �//BiBQM iQ QMHBM2
+Hmbi2`BM; �H;Q`Bi?K r?B+? rBHH #2 /2i�BH2/ BM *?�Ti2` k- r2 T`2b2Mi BM i?2 b2[m2H irQ
Qi?2` i�bFb i?�i ?�p2 #22M /QM2 rBi?BM B�/pBx2X

RX9Xk a2MiBK2Mi �M�HvbBb 7Q` i2ti K2bb�;2b
h?2 }`bi QM2 Bb i?2 b2MiBK2Mi �M�HvbBb Q7 bQ+B�H K2bb�;2b bm+? �b ir22ib �M/ 7�+2#QQF
+QKK2MibX aQ+B�H i2ti K2bb�;2b +�M Q7i2M `2~2+i pBbBiQ`bǶ �iiBim/2 UTQbBiBp2 Q` M2;�iBp2V
iQr�`/b � +2`i�BM bm#D2+iX EMQrBM; bm+? �iiBim/2 2bT2+B�HHv i?2 M2;�iBp2 QM2 Bb BKTQ`i�Mi
iQ Qm` +HB2Mib bBM+2 +QMbmHi�Mib +�M BMi2`72`2 �M/ ;Bp2 T`QT2` �/pBb2b iQ pBbBiQ`b �b bQQM �b
TQbbB#H2- ?2M+2 ?2HT Qm` +HB2Mib iQ /2+`2�b2 i?2 mMb�iBb7�+iQ`v `�i2 Q7 pBbBiQ`b �M/ BKT`Qp2
i?2B` b2`pB+2bX AM *?�Ti2` 9- r2 /2i�BH M2+2bb�`v T`Q+2/m`2b �M/ i2+?MB[m2b iQ 7mH}H i?2
i�bF Q7 b2MiBK2Mi �M�HvbBbX h?2 TBT2HBM2 BM+Hm/2b T`2@T`Q+2bbBM; Q7 i2ti K2bb�;2b- p2+iQ`
`2T`2b2Mi�iBQM Q7 b2Mi2M+2 �M/ i?2 mb2 Q7 +H�bbB+�H bmT2`pBb2/ H2�`MBM; K2i?Q/b iQ T`2/B+i
i?2 b2MiBK2Mi Q7 bQ+B�H K2bb�;2bX S`2@T`Q+2bbBM; Q7 `�r i2ti K2bb�;2b Bb T`2HBKBM�`v �M/
BKTQ`i�Mi BM b2MiBK2Mi �M�HvbBb bBM+2 `�r K2bb�;2b- 2bT2+B�HHv ir22ib �M/ 6�+2#QQF +QK@
K2Mib- Q7i2M +QMi�BM � HQi Q7 MQBbv bm+? �b KBbbT2HHBM; �M/ �##`2pB�iBQM Q7 rQ`/b U2X;X-
#QDQm` Q` #D`V- bT2+B�H bi`BM;b UBX2X- m`Hb- 2K�BH- i2H2T?QM2- i�; +?�`�+i2`bV �M/ +QMDm;�@
iBQM Q7 p2`#b Q` MQmMb /2T2M/BM; QM i?2 i2Mb2b- bm#D2+ib 2i+X h?2b2 MQBbv KB;?i ?�p2 �
;`2�i BKT�+i QM i?2 T`2/B+iBQM �++m`�+vX S`2@T`Q+2bbBM; �BKb i?2`27Q`2 iQ `2/m+BM; i?Qb2
MQBbv +QMi�BM2/ BM i?2 `�r i2tib pB� MQ`K�HBx�iBQM K2i?Q/b bm+? �b `2;mH�` 2tT`2bbBQM-
`2TH�+2K2Mi Q7 bT2+B�H bi`BM;b #v T�`iB+mH�` iQF2Mb- H2KK�iBb�iBQM �M/ bi2KKBM;X AM �/@
/BiBQM- T`2@T`Q+2bb2/ i2ti K2bb�;2b �`2 M22/2/ iQ #2 i`�Mb72``2/ iQ MmK2`B+�H p2+iQ`b bm+?
i?�i +H�bbB}+�iBQM K2i?Q/b +�M rQ`FX hvTB+�H T`Q+2/m`2b r?B+? b22Fb iQ 7mH}H i?Bb i�bF
BM+Hm/2 #�;@Q7@rQ`/b �M/ i7@B/7 UBX2X- i2`K 7`2[m2M+vĜBMp2`b2 /Q+mK2Mi 7`2[m2M+vVX h?2
}`bi QM2 i`B2b iQ `2T`2b2Mi � i2ti Ubm+? �b � b2Mi2M+2 Q` � /Q+mK2MiV �b i?2 #�; UKmHiBb2iV
Q7 Bib rQ`/b- /Bb`2;�`/BM; ;`�KK�` �M/ 2p2M rQ`/ Q`/2` #mi F22TBM; KmHiBTHB+Biv r?BH2
i?2 b2+QM/ BMi2M/b iQ `2~2+i ?Qr BKTQ`i�Mi � rQ`/ Bb iQ � /Q+mK2Mi BM � +QHH2+iBQM Q`
+Q`TmbX h?2 i7@B/7 p�Hm2 BM+`2�b2b T`QTQ`iBQM�HHv iQ i?2 MmK#2` Q7 iBK2b � rQ`/ �TT2�`b
BM i?2 /Q+mK2Mi �M/ Bb Qzb2i #v i?2 7`2[m2M+v Q7 i?2 rQ`/ BM i?2 +Q`Tmb- r?B+? ?2HTb
iQ �/Dmbi 7Q` i?2 7�+i i?�i bQK2 rQ`/b �TT2�` KQ`2 7`2[m2MiHv BM ;2M2`�HX AM *?�Ti2` 9-
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r2 mb2 i7@B/7 �b r2HH �b +H�bbB+�H +H�bbB}+�iBQM K2i?Q/b iQ +QKTQb2 � TBT2HBM2 i?�i +�M
�ii�BM �M �++m`�+v Q7 Qp2` 66% BM B/2MiB7vBM; i?2 b2MiBK2Mi Q7 6`2M+? ir22ib �M/ i?�i Bi
QmiT2`7Q`Kb � b2MiBK2Mi +H�bbB}2` �H`2�/v 2tBbiBM; BM T�ii2`M HB#`�`v Q7 Tvi?QMX

RX9Xj L2m`�H M2irQ`Fb �M/ +?�i#Qi
h?2 b2+QM/ rQ`F Bb `2H�i2/ iQ i?2 +`2�iBQM Q7 +QMp2`b�iBQM�H �;2Mi U�HbQ FMQrM �b +?�i#QiVX
*QMp2`b�iBQM�H �;2Mi Bb � bvbi2K i?�i +�M BMi2`�+i rBi? +mbiQK2`b #v T`QpB/BM; M�im`�H
+QMp2`b�iBQMb BM/BbiBM;mBb?�#H2 7`QK ?mK�MX Ai Bb 7QmM/2/ i?�i- QM +2`i�BM b+2M�`BQb bm+?
�b /2HBp2`v Q` T�vK2Mi- � H�`;2 �KQmMi Q7 +QMp2`b�iBQMb #2ir22M pBbBiQ`b �M/ +QMbmHi�Mib
?�p2 p2`v bBKBH�` bi`m+im`2, Bi #2;BMb rBi? bBKBH�` 2t+?�M;2b bm+? �b ;`22iBM;b- i?2M K�v
T`Q+22/ iQ i?2 /2K�M/BM; i?2 KQ/2 Q` `272`2M+2 Q7 /2HBp2`v- �bFBM; 7Q` �//BiBQM�H [m2biBQM
+QM+2`MBM; i?2 /�i2 Q` i?2 722b Q7 /2HBp2`v �M/ }M�HHv 2M/b rBi? b�Hmi�iBQMX AM Q`/2` iQ 7`22
i?2 +QMbmHi�Mib bm+? i?�i i?2v +�M ?�p2 KQ`2 iBK2 +QM+2Mi`�iBM; QM KQ`2 +QKTHB+�i2/ �M/
bT2+B}+ [m2biBQMb bm+? �b �bFBM; 7Q` /2i�BHb Q` /2b+`BTiBQM Q7 +2`i�BM T`Q/m+i- � +?�i#Qi
i?�i Bb �#H2 iQ ;Bp2 �miQK�iB+�HHv `2bTQMb2b iQ bBKTH2 �M/ `2T2�i2/ [m2biBQMb Bb i?2`27Q`2
T`272``2/X AM *?�Ti2` 9- r2 ;Bp2 }`biHv � ;2M2`�H BMi`Q/m+iBQM iQ +?�i#Qib- `�M;BM; 7`QK
i?2B` +�T�#BHBiv Q7 ?�M/HBM; /Bz2`2Mi i�bFb iQ i?2 mM/2`HvBM; +?�i#Qi KQ/2HbX q2 �HbQ
T`2b2Mi M2m`�H M2irQ`Fb 7`QK i?2 KQbi #�bB+ T`QiQivT2 iQ i?2 bi�i2@Q7@i?2@�`i /2`Bp�iBp2b
bm+? �b GQM; a?Q`i@h2`K J2KQ`v UGahJV �M/ a2[m2M+2 iQ a2[m2M+2 Ub2[kb2[V KQ/2HX
h?2b2 KQ/2Hb �`2 /2bB;M2/ 7Q` i`2�/BM; b2[m2MiB�H /�i�X h?2 p2`v }`bi �M/ ivTB+�H �TTHB+�@
iBQM Q7 i?2b2 KQ/2Hb Bb iQ bQHp2 i`�MbH�iBQM i�bF #2ir22M H�M;m�;2bX Ai ?�b �HbQ b?QrM i?�i
i?2v �+?B2p2 � ;`2�i TQi2MiB�H BM #mBH/BM; � +?�i#Qi UoBMv�H �M/ G2- kyR8VX h?2`27Q`2- r2
�TTHv i?2b2 KQ/2H iQ #mBH/ � +?�i#Qi BM i?2 /2HBp2`v �M/ T�vK2Mi b+2M�`BQX >Qr2p2`- i?2
b2[m2M+2 iQ b2[m2M+2 #�b2/ +?�i#Qi Bb Q7i2M ;2M2`�iBp2- BM Qi?2` rQ`/b- ;Bp2M � [m2biBQM-
i?2 `2bTQMb2 Bb �miQK�iB+�HHv ;2M2`�i2/ rQ`/ #v rQ`/X Ai +�M H2�/ iQ � TQbbB#H2 T`Q#H2K
i?�i i?2 }M�H ;2M2`�i2/ `2bTQMb2 K�v MQi #2 BM +Q``2bTQM/2Mi rBi? HBM;mBbiB+ +QMp2MiBQMX
hQ bQHp2 i?Bb- r2 /2bB;M � b+Q`2 i?�i +�M ?2HT mb iQ +?QQb2 i?2 KQbi +QMbBbi2Mi `2bTQMb2
7`QK � T`2}t2/ b2i Q7 `2bTQMb2b- ;Bp2M � [m2biBQMX Aib T2`7Q`K�M+2 Bb b?QrM �i i?2 2M/ Q7
*?�Ti2` 9X





k
� Zm�bB@"�v2bB�M S2`bT2+iBp2 iQ
PMHBM2 *Hmbi2`BM;
q2 +QMbB/2` i?2 T`Q#H2K Q7 QMHBM2 +Hmbi2`BM; QM �`#Bi`�`v #QmM/2/ /2i2`KBMBbiB+ b2@
[m2M+2bX q2 BMi`Q/m+2 � M2r �M/ �/�TiBp2 QMHBM2 +Hmbi2`BM; �H;Q`Bi?K `2HvBM; QM �
[m�bB@"�v2bB�M �TT`Q�+?- rBi? � /vM�KB+ 2biBK�iBQM Q7 mMFMQrM MmK#2` Q7 +Hmbi2`bX
q2 T`Qp2 #Qi? `2;`2i #QmM/b 7Q` i?2 �H;Q`Bi?K �M/ HQr2` #QmM/ BM i?2 KBMBK�t b2Mb2X
q2 �HbQ ;Bp2 �M _CJ*J*@~�pQ`2/ BKTH2K2Mi�iBQM +�HH2/ S�*"P 7Q` r?B+? i?2 +QM@
p2`;2M+2 Bb ;m�`�Mi22/X q2 �HbQ BHHmbi`�i2 i?2 T2`7Q`K�M+2 Q7 i?2 �H;Q`Bi?K BM #Qi? #�i+?
�M/ QMHBM2 b2iiBM;X
LPh�, h?Bb +?�Ti2` Bb i?2 7mHH p2`bBQM UrBi? 2ti2M/2/ T`QQ7bV Q7 i?2 T�T2` GB 2i �HX UkyR3V-
Tm#HBb?2/ BM 1H2+i`QMB+ CQm`M�H Q7 ai�iBbiB+bX

*QMi2Mib
kXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jy
kXk � [m�bB@"�v2bB�M T2`bT2+iBp2 iQ QMHBM2 +Hmbi2`BM; X X X X X X X X jy
kXj JBMBK�t `2;`2i #QmM/b X X X X X X X X X X X X X X X X X X X X X X X X X jk
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kX9XR ai`m+im`2 �M/ HBMFb rBi? _CJ*J* X X X X X X X X X X X X X X X X X jN
kX9Xk *QMp2`;2M+2 Q7 S�*"P iQr�`/b i?2 :B##b [m�bB@TQbi2`BQ` X X X 9y
kX9Xj LmK2`B+�H bim/v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R
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kXR AMi`Q/m+iBQM
h?2 Tm`TQb2 Q7 i?2 T`2b2Mi rQ`F Bb iQ ;2M2`�HBx2 i?2 7`�K2rQ`F Q7 QMHBM2 H2�`MBM; BM@
i`Q/m+2/ BM *?�Ti2` R iQ i?2 +Hmbi2`BM; T`Q#H2K- r?B+? ?�b �ii`�+i2/ �ii2MiBQM 7`QK
i?2 K�+?BM2 H2�`MBM; �M/ bi`2�KBM; +QKKmMBiB2bX �b �M 2t�KTH2- :m?� 2i �HX UkyyjV-
"�`#�F? �M/ 6v72 Ukyy3V �M/ GB#2`iv 2i �HX UkyReV bim/v i?2 bQ@+�HH2/ /�i� bi`2�KBM;
+Hmbi2`BM; T`Q#H2KX Ai �KQmMib iQ +Hmbi2` QMHBM2 /�i� iQ � }t2/ MmK#2` Q7 ;`QmTb BM �
bBM;H2 T�bb- Q` � bK�HH MmK#2` Q7 T�bb2b- r?BH2 mbBM; HBiiH2 K2KQ`vX 6`QK � K�+?BM2
H2�`MBM; T2`bT2+iBp2- *?Q`QK�MbF� �M/ JQMi2H2QMB UkyRkV �;;`2;�i2 QMHBM2 +Hmbi2`BM; �H@
;Q`Bi?Kb- rBi? � }t2/ MmK#2` K Q7 +2Mi2`bX h?2 T`2b2Mi +?�Ti2` BMp2biB;�i2b � KQ`2
;2M2`�H b2iiBM; bBM+2 r2 �BK iQ T2`7Q`K QMHBM2 +Hmbi2`BM; rBi? �M mM}t2/ �M/ +?�M;BM;
MmK#2` Kt Q7 +2Mi2`bX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?Bb Bb i?2 }`bi �ii2KTi Q7 i?2 bQ`i
BM i?2 HBi2`�im`2X G2i mb bi`2bb i?�i Qm` �TT`Q�+? QMHv `2[mB`2b �M mTT2` #QmM/ p iQ Kt-
r?B+? +�M #2 2Bi?2` � +QMbi�Mi Q` �M BM+`2�bBM; 7mM+iBQM Q7 i?2 iBK2 ?Q`BxQM TX
Pm` K�BM +QMi`B#miBQM Bb iQ ;2M2`�HBx2 �H;Q`Bi?Kb bmBi2/ 7Q` bmT2`pBb2/ H2�`MBM; iQ i?2
mMbmT2`pBb2/ b2iiBM;X Pm` QMHBM2 +Hmbi2`BM; �H;Q`Bi?K Bb �/�TiBp2 BM i?2 b2Mb2 i?�i Bi
/Q2b MQi `2[mB`2 i?2 FMQrH2/;2 Q7 i?2 iBK2 ?Q`BxQM T iQ #2 mb2/ �M/ bim/B2/X h?2 `2;`2i
#QmM/b i?�i r2 Q#i�BM ?�p2 � `2K�BM/2` i2`K Q7 K�;MBim/2

√
T logT �M/ r2 T`Qp2 i?�i

i?2v �`2 �bvKTiQiB+�HHv KBMBK�t QTiBK�HX
h?2 +?�Ti2` Bb Q`;�MBb2/ �b 7QHHQrbX a2+iBQM kXk BMi`Q/m+2b Qm` MQi�iBQM �M/ Qm` QMHBM2
+Hmbi2`BM; T`Q+2/m`2X a2+iBQM kXj +QMi�BMb Qm` K�i?2K�iB+�H +H�BKb- +QMbBbiBM; BM `2;`2i
#QmM/b 7Q` Qm` QMHBM2 +Hmbi2`BM; �H;Q`Bi?KX _2K�BM/2` i2`Kb r?B+? �`2 bm#HBM2�` BM T �`2
Q#i�BM2/ 7Q` � KQ/2H b2H2+iBQM@~�pQ`2/ T`BQ`X q2 �HbQ T`Qp2 i?�i i?2b2 `2K�BM/2` i2`Kb
�`2 KBMBK�t QTiBK�HX q2 i?2M /Bb+mbb BM a2+iBQM kX9 i?2 T`�+iB+�H BKTH2K2Mi�iBQM Q7
Qm` K2i?Q/- r?B+? `2HB2b QM �M �/�Ti�iBQM Q7 i?2 _CJ*J* �H;Q`Bi?K iQ Qm` b2iiBM;X AM
T�`iB+mH�`- r2 T`Qp2 Bib +QMp2`;2M+2 iQr�`/b i?2 i�`;2i [m�bB@TQbi2`BQ`X h?2 T2`7Q`K�M+2
Q7 i?2 `2bmHiBM; �H;Q`Bi?K- +�HH2/ S�*"P- Bb 2p�Hm�i2/ QM bvMi?2iB+ /�i�X 6Q` i?2 b�F2
Q7 +H�`Biv- T`QQ7b �`2 TQbiTQM2/ iQ a2+iBQM kX8X 6BM�HHv- a2+iBQM kXe +QMi�BMb �M 2ti2MbBQM
Q7 Qm` rQ`F iQ i?2 +�b2 Q7 � `2b+�H2/ aim/2Mi T`BQ` UBMbTB`2/ #v .�H�Hv�M �M/ hbv#�FQp
kyRk�V �HQM; rBi? �//BiBQM�H MmK2`B+�H 2tT2`BK2MibX

kXk � [m�bB@"�v2bB�M T2`bT2+iBp2 iQ QMHBM2 +Hmbi2`BM;
G2i (xt)1:T #2 � b2[m2M+2 Q7 /�i�- r?2`2 xt ∈ RdX Pm` ;Q�H Bb iQ H2�`M � iBK2@/2T2M/2Mi
T�`�K2i2` Kt �M/ � T�`iBiBQM Q7 i?2 Q#b2`p2/ TQBMib BMiQ Kt +2HHb- 7Q` �Mv t = 1, . . . ,TX hQ
i?Bb �BK- i?2 QmiTmi Q7 Qm` �H;Q`Bi?K �i iBK2 t Bb � p2+iQ` ĉt = (ĉt,1, ĉt,2, . . . , ĉt,Kt) Q7 Kt
+2Mi2`b BM RdKt - /2T2M/BM; QM i?2 T�bi BM7Q`K�iBQM (xs)1:(t−1) �M/ (ĉs)1:(t−1)X � T�`iBiBQM Bb
i?2M +`2�i2/ #v �bbB;MBM; �Mv TQBMi BM Rd iQ Bib +HQb2bi +2Mi2`X q?2M xt Bb M2rHv `2p2�H2/-
i?2 BMbi�Mi�M2Qmb HQbb Bb +QKTmi2/ �b

ℓ(ĉt, xt)= min
1≤k≤Kt

|ĉt,k − xt|22, UkXRV

r?2`2 | · |2 Bb i?2 ℓ2@MQ`K BM RdX LQi2 i?�i ℓ +�M #2 BMi2`T`2i2/ �b 7QHHQrb, ;Bp2M � b2i Q7
Q#b2`p�iBQMb x1, x2, . . . , xt−1- i?2 T�`iBiBQM ĉt �BKb iQ b2T�`�iBM; i?2 bT�+2 Rd BMiQ Kt +2HHb
�M/ Bi �HHQrb mb iQ +H�bbB7v 7mim`2 /�i� BMiQ QM2 Q7 i?2b2 +2HHbX JQ`2Qp2`- Bi K2�bm`2b i?2
2``Q` Q7 Qm` T`2/B+iBQM �i 2�+? iBK2 bBM+2 ĉt QMHv /2T2M/b QM i?2 BM7Q`K�iBQM #27Q`2 i?2
�``Bp�H Q7 xtX AM r?�i 7QHHQrb- r2 BMp2biB;�i2 `2;`2i #QmM/b 7Q` +mKmH�iBp2 HQbb ∑T

t=1ℓ(ĉt, xt)
UQ` Bib 2tT2+i2/ p2`bBQM B7 ℓ(ĉt, xt) �`2 `�M/QKVX h?Bb +mKmH�iBp2 HQbb ;Bp2b mb � ;HQ#�H
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K2�bm`2K2Mi Q7 i?2 �#BHBiv UBX2X- i?2 [m�HBivV Q7 Qm` �H;Q`Bi?K BM T`2/B+iBQMX Ai +�M #2 b22M
�b �M �M�HQ;m2 Q7 i?2 T`BM+BTH2 Q7 bim/vBM; i?2 `BbF Q7 �M 2biBK�iQ` BM #�i+? b2iiBM; bBM+2 �M
QMHBM2 �H;Q`Bi?K +�M #2 +QMp2`i2/ iQ � #�i+? QM2 #v +QMbB/2`BM; � bi`�i2;v r?B+? /`�rb Bib
T`2/B+iBQM mMB7Q`KHv 7`QK b2[m2MiB�H T`2/B+iBQMb Q` T`2/B+ib �b i?2 �p2`�;2 Q7 b2[m2MiB�H
T`2/B+iBQMb UGBiiH2biQM2- RN3N- >2HK#QH/ �M/ q�`Kmi?- RNN8- .2F2H �M/ aBM;2`- kyye-
�m/B#2`i- kyyN- :2`+?BMQpBix- kyRRVX Aib `BbF i?2M 2[m�Hb iQ i?2 +mKmH�iBp2 HQbb /BpB/2/
#v i?2 MmK#2` Q7 �HH b2[m2MiB�H T`2/B+iBQMbX :Bp2M � K2�bm`�#H2 bT�+2 Θ U2K#2//2/
rBi? Bib "Q`2H σ@�H;2#`�V- r2 H2i P (Θ) /2MQi2 i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb QM Θ-
�M/ 7Q` bQK2 `272`2M+2 K2�bm`2 ν- r2 H2i Pν(Θ) #2 i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb
�#bQHmi2Hv +QMiBMmQmb rBi? `2bT2+i iQ νX 6Q` �Mv T`Q#�#BHBiv /Bbi`B#miBQMb ρ,π ∈ P (Θ),
i?2 EmHH#�+F@G2B#H2` /Bp2`;2M+2 K (ρ,π) Bb /2}M2/ �b

K (ρ,π)=
{∫

Θ log
(

dρ
dπ

)
dρ r?2M ρ ∈Pπ(Θ),

+∞ Qi?2`rBb2X

LQi2 i?�i 7Q` �Mv #QmM/2/ K2�bm`�#H2 7mM+iBQM h : Θ→R �M/ �Mv T`Q#�#BHBiv /Bbi`B#miBQM
ρ ∈P (Θ) bm+? i?�i K (ρ,π)<+∞-

− log
∫

Θ
exp(−h)dπ= inf

ρ∈P (Θ)

{∫

Θ
hdρ+K (ρ,π)

}
. UkXkV

h?Bb `2bmHi- r?B+? K�v #2 7QmM/ BM *bBbx�` URNd8V �M/ *�iQMB Ukyy9- 1[m�iBQM 8XkXRV- Bb
+`BiB+�H iQ Qm` b+?2K2 Q7 T`QQ7bX 6m`i?2`- i?2 BM}KmK Bb �+?B2p2/ �i i?2 bQ@+�HH2/ :B##b
[m�bB@TQbi2`BQ` ρ̂- /2}M2/ #v

dρ̂ = exp(−h)∫
exp(−h)dπ

dπ.

q2 MQr BMi`Q/m+2 i?2 MQi�iBQM iQ Qm` QMHBM2 +Hmbi2`BM; b2iiBM;X G2i C = ∪p
k=1R

dk 7Q`
bQK2 BMi2;2` p ≥ 1X q2 /2MQi2 #v q � /Bb+`2i2 T`Q#�#BHBiv /Bbi`B#miBQM QM i?2 b2i 51, p6 :=
{1, . . . , p}X 6Q` �Mv k ∈ 51, p6- H2i πk /2MQi2 � T`Q#�#BHBiv /Bbi`B#miBQM QM RdkX 6Q` �Mv
p2+iQ` Q7 +Hmbi2` +2Mi2`b c ∈C - r2 /2}M2 π(c) �b

π(c)=
∑

k∈51,p6
q(k) {c∈Rdk}πk(c). UkXjV

LQi2 i?�i UkXjV K�v #2 b22M �b � /Bbi`B#miBQM Qp2` i?2 b2i Q7 oQ`QMQB T�`iBiBQMb Q7 Rd,
�Mv c ∈C +Q``2bTQM/b iQ � oQ`QMQB T�`iBiBQM Q7 Rd rBi? �i KQbi p +2HHbX AM i?2 b2[m2H- r2
/2MQi2 #v c ∈C 2Bi?2` � p2+iQ` Q7 +2Mi2`b Q` Bib �bbQ+B�i2/ oQ`QMQB T�`iBiBQM UQ` T�`iBiBQM
7Q` r`BiBM; +QMp2MB2M+2V Q7 Rd B7 MQ +QM7mbBQM �`Bb2b- �M/ r2 /2MQi2 #v π ∈P (C ) � T`BQ`
Qp2` C X G2i λ> 0 #2 bQK2 UBMp2`b2 i2KT2`�im`2V T�`�K2i2`X �i 2�+? iBK2 t- r2 Q#b2`p2
xt �M/ � `�M/QK T�`iBiBQM ĉt+1 ∈C Bb b�KTH2/ 7`QK i?2 :B##b [m�bB@TQbi2`BQ`

dρ̂t+1(c)∝ exp
(
−λSt(c)

)
dπ(c). UkX9V

h?Bb [m�bB@TQbi2`BQ` /Bbi`B#miBQM rBHH �HHQr mb iQ b�KTH2 T�`iBiBQMb rBi? `2bT2+i iQ i?2
T`BQ` π /2}M2/ BM UkXjV �M/ #2Mi iQ }i T�bi Q#b2`p�iBQMb i?`Qm;? i?2 7QHHQrBM; +mKmH�iBp2
HQbb

St(c)= St−1(c)+ℓ(c, xt)+
λ

2
(
ℓ(c, xt)−ℓ(ĉt, xt)

)2,

r?2`2 i?2 H�ii2` QM2 Bb � p�`B�M+2 i2`KX Ai Bb 2bb2MiB�H iQ K�F2 i?2 QMHBM2 p�`B�M+2
BM2[m�HBiv ?QH/ i`m2 7Q` ;2M2`�H HQbb ℓ rBi? [m�bB@TQbi2`BQ` /Bbi`B#miBQM- BX2X- MQ +QMbi`�BMi
bm+? �b i?2 +QMp2tBiv Q` #QmM/2/M2bb Bb BKTQb2/ QM ℓ U�b /Bb+mbb2/ BM �m/B#2`i- kyyN-
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a2+iBQM 9XkVX St(c) +QMbBbib BM i?2 +mKmH�iBp2 HQbb Q7 c BM i?2 }`bi t `QmM/b �M/ � i2`K
i?�i +QMi`QHb i?2 p�`B�M+2 Q7 i?2 M2ti T`2/B+iBQMX LQi2 i?�i bBM+2 (xt)1:T Bb /2i2`KBMBbiB+-
MQ HBF2HB?QQ/ Bb �ii�+?2/ iQ Qm` �TT`Q�+?- ?2M+2 i?2 i2`Kb ǳ[m�bB@TQbi2`BQ`Ǵ 7Q` ρ̂t+1 �M/
ǳ[m�bB@"�v2bB�MǴ 7Q` Qm` ;HQ#�H K2i?Q/X h?2 `2bmHiBM; 2biBK�i2 Bb � `2�HBx�iBQM Q7 ρ̂t+1
rBi? � `�M/QK MmK#2` Kt Q7 +2HHbX h?Bb b+?2K2 Bb /2b+`B#2/ BM �H;Q`Bi?K kXRX LQi2
i?�i i?Bb �H;Q`Bi?K Bb �M BMbi�MiB�iBQM Q7 �m/B#2`iǶb QMHBM2 a2[_�M/ �H;Q`Bi?K U�m/B#2`i-
kyyN- a2+iBQM 9V iQ i?2 bT2+B�H +�b2 Q7 i?2 HQbb /2}M2/ BM UkXRVX >Qr2p2` a2[_�M/ /Q2b
MQi �++QmMi 7Q` �/�TiBp2 `�i2b λ=λt- �b /Bb+mbb2/ BM i?2 M2ti b2+iBQMX

�H;Q`Bi?K kXR h?2 [m�bB@"�v2bB�M QMHBM2 +Hmbi2`BM; �H;Q`Bi?K
R, AMTmi T�`�K2i2`b, p > 0,π ∈P (C )- λ> 0 �M/ S0 ≡ 0
k, AMBiB�HBx�iBQM, .`�r ĉ1 ∼π= ρ̂1
j, 6Q` t ∈ 51,T6
9, :2i i?2 /�i� xt
8, .`�r ĉt+1 ∼ ρ̂t+1(c) r?2`2 dρ̂t+1(c)∝ exp

(
−λSt(c)

)
dπ(c)- �M/

St(c)= St−1(c)+ℓ(c, xt)+
λ

2
(
ℓ(c, xt)−ℓ(ĉt, xt)

)2.

e, 1M/ 7Q`

h?2 `�M/QKM2bb Q7 T�`iBiBQMb ĉt+1, t = 1,2, . . . ,T +QK2b 7`QK irQ bQm`+2b, i?2 }`bi QM2
Bb 7`QK i?2 r�v ĉt+1 Bb b�KTH2/ �M/ i?2 b2+QM/ QM2 Q`B;BM�i2b 7`QK ρ̂t+1 r?B+? /2@
T2M/b QM �HH T�bi `�M/QKBx2/ T�`iBiBQMb ĉt, ĉt−1, . . . , ĉ1- BX2X- ρ̂t+1(·)= ρ̂t+1 (·|ĉt, ĉt−1, . . . , ĉ1)X
q?2M ĉt, ĉt−1, . . . , ĉ1 �`2 }t2/ UBX2X- +QM/BiBQM�HHv QM ĉt, ĉt−1, . . . , ĉ1V- i?2 [m�bB@TQbi2`BQ`
ρ̂t+1(·) Bb /2i2`KBMBbiB+X AM r?�i 7QHHQrb- 7Q` �Mv T�`iBiBQM h : C ←→ R- i?2 MQi�iBQM
Eρ̂t+1 [h(ĉt+1)] Bb mb2/ iQ `2T`2b2Mi i?2 +QM/BiBQM�H 2tT2+i�iBQM Q7 h(ĉt+1) UrBi? `2bT2+i
iQ ρ̂t+1V QM ĉt, ĉt−1, . . . , ĉ1- BX2X- Eρ̂t+1 [h(ĉt+1)] ∆= Eρ̂t+1 [h(ĉt+1|ĉt, . . . , ĉ1)]X JQ`2Qp2`- i?2 MQ@
i�iBQM E(ρ̂1,ρ̂2,...,ρ̂t+1)[h(ĉt+1)] /2MQi2b i?2 2tT2+i�iBQM Q7 h(ĉt+1) rBi? `2bT2+i iQ i?2 DQBMi
/Bbi`B#miBQM Q7 ĉ1, . . . , ĉt+1- 7Q` 2t�KTH2- E(ρ̂1,ρ̂2)[h(ĉ2)]=

∫
h(ĉ2)dρ̂2(ĉ2|ĉ1)dρ̂1(ĉ1)X AM �//B@

iBQM- H2i Ec∼ν bi�M/b 7Q` i?2 2tT2+i�iBQM rBi? `2bT2+i iQ i?2 /Bbi`B#miBQM ν Q7 c U�##`2pB�i2/
�b Eν r?2`2 MQ +QM7mbBQM Bb TQbbB#H2VX

kXj JBMBK�t `2;`2i #QmM/b
q2 bi�`i rBi? i?2 7QHHQrBM; TBpQi�H `2bmHiX

S`QTQbBiBQM kXRX 6Q` �Mv b2[m2M+2 (xt)1:T ∈ RdT - 7Q` �Mv T`BQ` /Bbi`B#miBQM π ∈ P (C )
�M/ �Mv λ> 0- i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K kXR b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

ρ∈Pπ(C )

{

Ec∼ρ

[
T∑

t=1
ℓ(c, xt)

]

+ K (ρ,π)
λ

+λ

2
E(ρ̂1,...,ρ̂T )Ec∼ρ

T∑

t=1
[ℓ(c, xt)−ℓ(ĉt, xt)]2

}

.

S`QTQbBiBQM kXR Bb � bi`�B;?i7Q`r�`/ +QMb2[m2M+2 Q7 �m/B#2`i UkyyN- h?2Q`2K 9XeV r?Q
;�p2 �M mTT2` #QmM/ 7Q` i?2 2tT2+i�iBQM Q7 i?2 +mKmH�iBp2 HQbb Q7 `�M/QKBx2/ T`2/B+iBQM
7mM+iBQMb BM i?2 `2;`2bbBM; b2iiBM;X q2 �TTHB2/ iQ i?2 HQbb 7mM+iBQM /2}M2/ BM UkXRV- i?2
T�`iBiBQMb C - �M/ �Mv T`BQ` π ∈P (C )X
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kXjXR S`2HBKBM�`v `2;`2i #QmM/b
AM i?2 7QHHQrBM;- r2 BMbi�MiB�i2 i?2 `2;`2i #QmM/ BMi`Q/m+2/ BM S`QTQbBiBQM kXRX .Bbi`B#m@
iBQM q BM UkXjV Bb +?Qb2M �b i?2 7QHHQrBM; /Bb+`2i2 /Bbi`B#miBQM QM i?2 b2i 51, p6

q(k)= exp(−ηk)
∑p

i=1 exp(−ηi)
, η≥ 0. UkX8V

q?2M η> 0- i?2 H�`;2` i?2 MmK#2` Q7 +2HHb k- i?2 bK�HH2` i?2 T`Q#�#BHBiv K�bbX 6m`i?2`-
πk BM UkXjV Bb +?Qb2M �b � T`Q/m+i Q7 k BM/2T2M/2Mi mMB7Q`K /Bbi`B#miBQMb QM ℓ2@#�HHb BM
Rd,

dπk(c,R)=
(
Γ

(d
2 +1

)

π
d
2

)k
1

(2R)dk

{
k∏

j=1
{Bd(2R)}(c j)

}

dc, UkXeV

r?2`2 R > 0- Γ Bb i?2 :�KK� 7mM+iBQM �M/

Bd(r)=
{

x ∈Rd, |x|2 ≤ r
}

UkXdV

Bb �M ℓ2@#�HH BM Rd- +2Mi2`2/ BM 0 ∈Rd rBi? `�/Bmb r > 0X 6BM�HHv- 7Q` �Mv k ∈ 51, p6 �M/ �Mv
R > 0- H2i

C (k,R)=
{
c= (c j) j=1,2,...,k ∈Rdk, ci ̸= c j, i ̸= j, bm+? i?�i

∣∣c j
∣∣
2 ≤ R,∀ j

}
.

*Q`QHH�`v kXRX 6Q` �Mv b2[m2M+2 (xt)1:T ∈RdT �M/ �Mv p ≥ 1- +QMbB/2` π /2}M2/ #v UkXjV-
UkX8V �M/ UkXeV rBi? η ≥ 0 �M/ R ≥ maxt=1,...,T |xt|2X A7 λ ≥ (d+2)/(2TR2)- i?2 T`Q+2/m`2
/2b+`B#2/ BM �H;Q`Bi?K kXR b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

dk
2λ

log
(
8R2λT
d+2

)
+ η

λ
k

}

+
(
log p
λ

+ d
2λ

+ 81λTR4

2

)
,

LQi2 i?�i infc∈C (k,R)
∑T

t=1ℓ(c, xt) Bb � MQM@BM+`2�bBM; 7mM+iBQM Q7 i?2 MmK#2` k Q7 +2HHb
r?BH2 i?2 T2M�Hiv Bb HBM2�`Hv BM+`2�bBM; rBi? kX aK�HH p�Hm2b 7Q` λ UQ` 2[mBp�H2MiHv- H�`;2
p�Hm2b 7Q` RV H2�/ iQ bK�HH p�Hm2b 7Q` kX h?2 �//BiBQM�H i2`K BM/m+2/ #v i?2 +QKTH2tBiv Q7
C =⋃

k=1,...,pR
dk Bb log pX � `2�bQM�#H2 +?QB+2 Q7 λ rQmH/ #2 bm+? i?�i d/λ log(λTR2/d+2)

�M/ λTR4 �`2 Q7 i?2 b�K2 Q`/2` BM TX h?2 +�HB#`�iBQM λ= (d+2)
√

logT/(2
!

TR2) vB2H/b
� bm#HBM2�` `2K�BM/2` i2`K BM i?2 7QHHQrBM; +Q`QHH�`vX
*Q`QHH�`v kXkX lM/2` i?2 T`2pBQmb MQi�iBQM rBi? λ= (d+2)

√
logT/(2

!
TR2)- R ≥maxt=1,...,T |xt|2

�M/ T > 2- i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K kXR b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

2(d+η)R2

d+2
k
√

T logT

}

+
(
2R2 log p

d+2
+ dR2

d+2
+ 81(d+2)R2

4

)√
T logT. UkX3V

_2K�`F RX A7 r2 �bbmK2 T �M/ R �`2 +QMbi�Mib- i?2 `2�bQM i?�i λ Bb +?Qb2M iQ #2 Q7 Q`/2`
Q7 K�;MBim/2 Q7 d ?2`2- `�i?2` i?�M Q7

!
d- Bb iQ ;m�`�Mi22 i?�i Bi b�iBb}2b i?2 +QM/BiBQM

λ≥ (d+2)/(2TR2) BM *Q`QHH�`v kXRX >Qr2p2`- B7 T Bb bm{+B2MiHv H�`;2- 2X;X- T ≥ (d+2)2/d-
i?2M i?2 +?QB+2 λ =

√
d logT/(2

!
TR2) rBHH b�iBb7v i?2 +QM/BiBQM �M/ rBHH K�F2 i?2 `B;?i

?�M/ bB/2 Q7 i?2 �#Qp2 BM2[m�HBiv ;`Qr HBM2�`Hv BM
!

d r?BH2 F22TBM; i?2 Q`/2` Q7 K�;MBim/2
7Q` T �M/ RX
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A7 r2 /2MQi2 #v RT(c) i?2 `2;`2i Q7 Qm` �H;Q`Bi?K rBi?2 `2bT2+i iQ c ∈ C BM i?2 }`bi T
`QmM/b- BX2X-

RT(c)=
T∑

t=1
ℓ(ĉt, xt)−

T∑

t=1
ℓ(c, xt),

i?2M i?2 2tT2+i�iBQM E[RT(c)] Q7 i?2 `2;`2i 2[m�Hb iQ E(ρ̂1,...,ρ̂T )
[∑T

t=1ℓ(ĉt, xt)
]
−∑T

t=1ℓ(c, xt)
�M/ *Q`QHH�`v kXk BM/B+�i2b i?�i 7Q` �Mv c ∈C -

E[RT(c)]≤ cη,d,R(|c|+ log p)
√

T logT,

r?2`2 |c| /2MQi2b i?2 MmK#2` Q7 +2Mi2`b Q7 c �M/ cη,d,R Bb � +QMbi�Mi /2T2M/BM; QM η,d,RX
h?2 �#Qp2 BM2[m�HBiv b?Qrb i?�i i?2 2tT2+i2/ `2;`2i Q7 Qm` �H;Q`Bi?K rBi? `2bT2+i iQ c Bb
#QmM/2/ #v � [m�MiBiv 2[m�HBM; iQ i?2 bmK Q7 i?2 MmK#2` |c| Q7 +2Mi2`b �M/ log p iBK2b√

T logT- mT iQ � +QMbi�Mi cη,d,RX >2M+2 i?2 bmT`2KmK supc∈C E[RT(c)] Q7 i?2 `2;`2i Q7
Qm` �H;Q`Bi?K Bb �i KQbi cη,d,R(p+ log p)

√
T logTX

AM �//BiBQM- H2i mb �bbmK2 i?�i i?2 b2[m2M+2 x1, . . . , xT Bb ;2M2`�i2/ 7`QK � /Bbi`B#miBQM
rBi? k⋆ ∈ 51, p6 +Hmbi2`bX q2 i?2M /2}M2 i?2 2tT2+i2/ +mKmH�iBp2 HQbb U1*GV �M/ Q`�+H2
+mKmH�iBp2 HQbb UP*GV �b

1*G=
T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt),

P*G= inf
c∈C (k⋆,R)

T∑

t=1
ℓ(c, xt).

h?2M *Q`QHH�`v kXk vB2H/b

1*G−P*G= sup
c∈C (k⋆,R)

E[RT(c)]≤ Jk⋆
√

T logT, UkXNV

r?2`2 J Bb � +QMbi�Mi /2T2M/BM; QM d- R �M/ log pX AM UkXNV i?2 `2;`2i Q7 Qm` `�M/QKBx2/
T`Q+2/m`2- /2}M2/ �b i?2 /Bz2`2M+2 #2ir22M 1*G �M/ P*G Bb bm#HBM2�` BM TX >Qr2p2`-
r?2M2p2` k⋆ > p- r2 +�M /2/m+2 7`QK *Q`QHH�`v kXk i?�i

sup
c∈C (k⋆,R)

E[RT(c)]≤ inf
k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)− inf

c∈C (k⋆,R)

T∑

t=1
ℓ(c, xt)

+2(d+η)R2

d+2
k
√

T logT
}
+

(
R2 (2log p+d)

d+2
+ 81(d+2)R2

4

)√
T logT,

r?2`2 infc∈C (k⋆,R)
∑T

t=1ℓ(c, xt) Bb i?2 Q`�+H2 +mKmH�iBp2 HQbb UBX2X- P*GV rBi? k⋆ +Hmbi2`bX
A7 i?2`2 2tBbib � k ∈ 51, p6 bm+? i?�i infc∈C (k,R)

∑T
t=1ℓ(c, xt) Bb +HQb2 iQ P*G- i?2M Qm` 1*G

Bb �HbQ +HQb2 iQ P*G mT iQ � i2`K Q7 Q`/2` k
√

T logTX >Qr2p2`- B7 MQ bm+? k 2tBbib- i?2M
i?2 i2`K 2(d+η)R2

d+2 k
√

T logT bi�`ib iQ /QKBM�i2- ?2M+2 i?2 [m�HBiv Q7 #QmM/ Bb /2i2`BQ`�i2/X

6BM�HHv- MQi2 i?�i i?2 /2T2M/2M+v BM k BMbB/2 i?2 #`�+2b QM i?2 `B;?i@?�M/ bB/2 Q7 UkX3V
K�v #2 BKT`Qp2/ #v +?QQbBM; λ= (d+2)

√
p logT/(2

!
TR2) BM *Q`QHH�`v kXkX h?Bb �HHQrb
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iQ �+?B2p2 i?2 QTiBK�H `�i2
!

k BMbi2�/ Q7 k- bBM+2 k/!p ≤
!

k 7Q` �Mv k ∈ 51, p6X >Qr2p2`-
i?Bb K�F2b i?2 H�bi i2`K BM *Q`QHH�`v kXk Q7 Q`/2` Q7

√
pT logTX LQi2 i?�i i?2 2zQ`i iQ

K�F2 i?2 `2;`2i #QmM/ ;`Qr BM
!

k- `�i?2` i?�M !p 7Q` k ∈ 51, p6 K�v #2 �+?B2p2/ #v
mbBM; � bBKBH�` bi`�i2;v iQ i?2 QM2 Q7 qBMi2M#2`;2` UkyRdV- r?B+? BMi`Q/m+2b � `2+m`bBp2
�;;`2;�iBQM T`Q+2/m`2 rBi? /BbiBM+i H2�`MBM; `�i2b 7Q` 2�+? 2tT2`i BM � }MBi2 b2iX h?Qb2
H2�`MBM; `�i2b �`2 +QKTmi2/ rBi? � b2+QM/ Q`/2` `2}M2K2Mi Q7 HQbb2b UQ` � HBM2�`Bx2/
p2`bBQM r?2M i?2 HQbb Bb +QMp2t BM Bib b2+QM/ �`;mK2MiV 7Q` 2�+? 2tT2`i- �i 2�+? iBK2
`QmM/X h?2 `2;`2i Q7 ?Bb bi`�i2;v rBi? `2bT2+i iQ #2bi �;;`2;�iBQM Q7 M }MBi2 2tT2`ib Bb
Q7 i?2 Q`/2` Q7 log M

!
T loglogTX >Qr2p2`- i?2 +QMi2ti 7Q` i?Bb T`Q+2/m`2 Bb MQi i?2 b�K2

�b Qm`b- �b r2 `2bQ`i iQ i?2 :B##b [m�bB@TQbi2`BQ` r?B+? Bb /2}M2/ QM C - � +QMiBMmQmb b2iX
AM �//BiBQM- r2 7Q+mb QM � bBM;H2 i2KT2`�im`2 T�`�K2i2` λ 7Q` i?2 b�F2 Q7 +QKTmi�iBQM�H
+QKTH2tBiv bBM+2 i?2 b2+QM/ Q`/2` `2}M2K2Mi `2[mB`2b i?2 +QKTmi�iBQM Q7 i?2 2tT2+i�iBQM
Q7 HQbb rBi? `2bT2+i iQ 2�+? 2tT2`i BM � }MBi2 b2i r?BH2- BM Qm` +�b2- i?2 ǳ2tT2`i b2iǴ UBX2X-
C V Bb +QMiBMmQmb- H2�/BM; iQ i?2 i2/BQmb +QKTmi�iBQM Q7 b2+QM/ Q`/2` `2}M2K2MiX

kXjXk �/�TiBp2 `2;`2i #QmM/b
h?2 iBK2 ?Q`BxQM T Bb mbm�HHv mMFMQrM- T`QKTiBM; mb iQ +?QQb2 � iBK2@/2T2M/2Mi BM@
p2`b2 i2KT2`�im`2 T�`�K2i2` λ= λtX q2 i?mb T`QTQb2 � ;2M2`�HBx�iBQM Q7 �H;Q`Bi?K kXR-
/2b+`B#2/ BM �H;Q`Bi?K kXkX

�H;Q`Bi?K kXk h?2 �/�TiBp2 [m�bB@"�v2bB�M QMHBM2 +Hmbi2`BM; �H;Q`Bi?K
R, AMTmi T�`�K2i2`b, p > 0,π ∈P (C )- (λt)0:T > 0 �M/ S0 ≡ 0
k, AMBiB�HBx�iBQM, .`�r ĉ1 ∼π= ρ̂1
j, 6Q` t ∈ 51,T6
9, :2i i?2 /�i� xt
8, .`�r ĉt+1 ∼ ρ̂t+1(c) r?2`2 dρ̂t+1(c)∝ exp

(
−λtSt(c)

)
dπ(c)- �M/

St(c)= St−1(c)+ℓ(c, xt)+
λt−1

2
(
ℓ(c, xt)−ℓ(ĉt, xt)

)2.

e, 1M/ 7Q`

h?Bb �/�TiBp2 �H;Q`Bi?K Bb bmTTQ`i2/ #v i?2 7QHHQrBM; KQ`2 BMpQHp2/ `2;`2i #QmM/X

h?2Q`2K kXRX 6Q` �Mv b2[m2M+2 (xt)1:T ∈RdT - �Mv T`BQ` /Bbi`B#miBQM π QM C - B7 (λt)0:T Bb �
MQM@BM+`2�bBM; b2[m2M+2 Q7 TQbBiBp2 MmK#2`b- i?2M i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K kXk
b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

ρ∈Pπ(C )

{

Ec∼ρ

[
T∑

t=1
ℓ(c, xt)

]

+ K (ρ,π)
λT

+E(ρ̂1,...,ρ̂T )Ec∼ρ

[
T∑

t=1

λt−1

2
[ℓ(c, xt)−ℓ(ĉt, xt)]2

]}

.

h?2 i2+?MB[m2 mb2/ BM i?2 T`QQ7 Q7 h?2Q`2K kXR Bb bi�M/�`/ U*2b�@"B�M+?B �M/ Gm;QbB-
kyye- :vƺ`} �M/ Piim+b�F- kyyd �M/ :2`+?BMQpBix- kyRRV- r?2`2 r2 �TTHv C2Mb2MǶb BM@
2[m�HBiv iQ +QMi`QH � i2H2b+QTB+ 7Q`KmH�X

A7 λ Bb +?Qb2M BM S`QTQbBiBQM kXR �b λ = λT - i?2 QMHv /Bz2`2M+2 #2ir22M S`QTQbBiBQM kXR
�M/ h?2Q`2K kXR HB2b QM i?2 H�bi i2`K Q7 i?2 `2;`2i #QmM/X h?Bb i2`K rBHH #2 H�`;2` BM i?2
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�/�TiBp2 b2iiBM; i?�M BM i?2 bBKTH2` MQM@�/�TiBp2 b2iiBM; bBM+2 (λt)0:T Bb MQM@BM+`2�bBM;X
AM Qi?2` rQ`/b- ?2`2 Bb i?2 T`B+2 iQ T�v 7Q` i?2 �/�TiBpBiv Q7 Qm` �H;Q`Bi?KX >Qr2p2`- �
bmBi�#H2 +?QB+2 Q7 λt �HHQrb- �;�BM- 7Q` � `2}M2/ `2bmHiX

*Q`QHH�`v kXjX 6Q` �Mv /2i2`KBMBbiB+ b2[m2M+2 (xt)1:T ∈ RdT - B7 q �M/ πk BM UkXjV �`2
i�F2M `2bT2+iBp2Hv �b BM UkX8V �M/ UkXeV rBi? η ≥ 0 �M/ R ≥ maxt=1,...,T |xt|2- B7 λt = (d +
2)

√
log t/

(
2
!

tR2) 7Q` �Mv t ∈ 52,T6 �M/ λ0 =λ1 = 1- i?2M 7Q` T ≥ 5 i?2 T`Q+2/m`2 /2b+`B#2/
BM �H;Q`Bi?K kXk b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

2(d+η)R2

d+2
k
√

T logT

}

+
(
2R2 log p

d+2
+ dR2

d+2
+ 81(d+2)R2

2

)√
T logT.

h?2`27Q`2- i?2 T`B+2 iQ T�v 7Q` MQi FMQrBM; i?2 iBK2 ?Q`BxQM T Ur?B+? Bb � Km+? KQ`2
`2�HBbiB+ �bbmKTiBQM 7Q` QMHBM2 H2�`MBM;V Bb � KmHiBTHB+�iBp2 7�+iQ` 2 BM 7`QMi Q7 i?2 i2`K
81(d+2)R2

4
√

T logTX h?Bb /Q2b MQi /2;`�/2 i?2 `�i2 Q7 +QMp2`;2M+2
√

T logTX
AM i?2 M2ti +Q`QHH�`v- r2 mb2 i?2 /Qm#HBM; i`B+F Ua2+iBQM kXj- *2b�@"B�M+?B �M/ Gm;QbB-
kyye �M/ *2b�@"B�M+?B 2i �HX- kyydV iQ b?Qr ?Qr +�M r2 Qp2`+QK2 i?2 /B{+mHiv r?2M �
T`BQ`B #QmM/ R QM i?2 ℓ2@MQ`K Q7 b2[m2M+2 (xt)1:T Bb mMFMQrMX
G2i mb }`bi /2MQi2 #v R0 = 1- �M/ 7Q` t ≥ 1

Rt = max
s=1,...,t

2⌈log2(|xs|2)⌉,

r?2`2 ⌈x⌉ `2T`2b2Mib i?2 H2�bi BMi2;2` ;`2�i2` i?�M Q` 2[m�H iQ x ∈ RX Ai Bb +H2�` i?�i
(Rt)t≥1 Bb MQM@/2+`2�bBM; �M/ b�iBb}2b maxs=1,...,t |xs|2 ≤ Rt ≤ 2maxs=1,...,t |xs|2- t = 1,2, . . . ,X
q2 +�HH 2TQ+? r- r = 0,1, . . . , i?2 b2[m2M+2 (tr−1+1, tr−1+2, . . . , tr) Q7 iBK2 bi2Tb r?2`2 i?2
H�bi bi2T tr Bb i?2 iBK2 bi2T t = tr r?2M Rt > Rtr−1 i�F2 TH�+2b 7Q` i?2 }`bi iBK2 Ur2 b2i
+QMp2MiBQM�HHv t−1 = 0VX qBi?BM 2�+? 2TQ+? r ≥ 0- BX2X- 7Q` t ∈ [tr−1 +1, . . . , tr]- H2i

λr,t =
(d+2)

√
log t

2
!

tR2
tr−1

.

G2i �H;@_ #2 � T`2/B+iBQM �H;Q`Bi?K i?�i `mMb �H;Q`Bi?K kXk BM 2�+? 2TQ+? r rBi?
T�`�K2i2` λr,t- i?2M r2 ?�p2 i?2 7QHHQrBM; `2bmHi

*Q`QHH�`v kX9X 6Q` �Mv /2i2`KBMBbiB+ b2[m2M+2 (xt)1:T ∈ RdT - B7 q �M/ πk BM UkXjV �`2
i�F2M `2bT2+iBp2Hv �b BM UkX8V �M/ UkXeV rBi? η≥ 0- i?2 `2;`2i Q7 �H;Q`Bi?K Alg@R b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6

{

inf
c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

56(d+η)R2

3(d+2)
k
√

T logT

}

+ 28
3

(
2R2 log p

d+2
+ dR2

d+2
+ 81(d+2)R2

2

)√
T logT + 112

3
R2,

r?2`2 R =maxt=1,...,T |xt|2X

LQi2 i?�i i?2 T`B+2 iQ T�v 7Q` K�FBM; Qm` �H;Q`Bi?K �/�TiBp2 iQ mMFMQrM #QmM/ R Bb �
KmHiBTHB+�iQ` 28

3 �M/ �M �//BiBQM�H i2`K 112
3 R2 BM i?2 `2;`2i #QmM/X



kXjX JALAJ�s _1:_1h "PlL.a jd

kXjXj JBMBK�t `2;`2i
h?Bb b2+iBQM Bb /2pQi2/ iQ i?2 bim/v Q7 i?2 KBMBK�t QTiBK�HBiv Q7 Qm` �TT`Q�+?X h?2 `2;`2i
#QmM/ BM *Q`QHH�`v kXj ?�b � `�i2

√
T logT- r?B+? Bb MQi � bm`T`BbBM; `2bmHiX AM/22/- K�Mv

QMHBM2 H2�`MBM; T`Q#H2Kb ;Bp2 `Bb2 iQ bBKBH�` #QmM/b /2T2M/BM; �HbQ QM i?2 T`QT2`iB2b Q7
i?2 HQbb 7mM+iBQMX >Qr2p2`- BM i?2 QMHBM2 +Hmbi2`BM; b2iiBM;- Bi Bb H2;BiBK�i2 iQ rQM/2`
r?2i?2` i?2 mTT2` #QmM/ Bb iB;?i- �M/ KQ`2 ;2M2`�HHv B7 i?2`2 2tBbib Qi?2` �H;Q`Bi?Kb
r?B+? T`QpB/2 bK�HH2` `2;`2ibX h?2 b2[m2H �Mbr2`b #Qi? [m2biBQMb BM � KBMBK�t b2Mb2X
G2i mb }`bi /2MQi2 #v |c| i?2 MmK#2` Q7 +2HHb 7Q` � T�`iBiBQM c ∈C X q2 �HbQ BMi`Q/m+2 i?2
7QHHQrBM; �bbmKTiBQMX
�bbmKTiBQM H (s), G2i R > 0 �M/ T ∈ N∗X 6Q` � ;Bp2M s ∈ 51, p6- r2 �bbmK2 i?�i i?2
MmK#2` Q7 +2HHb

∣∣∣c⋆
T,R

∣∣∣7Q` T�`iBiBQM c⋆
T,R /2}M2/ #v i?2 7QHHQrBM;

c⋆
T,R = argmin

c∈∪p
k=1C (k,R)

{
T∑

t=1
ℓ(c, xt)+|c|

√
T logT

}

.

2[m�Hb iQ s- BX2X-
∣∣∣c⋆

T,R

∣∣∣= sX

aBM+2 (xt)1:T �`2 mMB7Q`KHv #QmM/2/ #v R- c⋆
T,R �Hr�vb 2tBbib USQHH�`/- RN3RVX LQi2 i?�i

b2p2`�H T�`iBiBQMb K�v �+?B2p2 i?2 KBMBKmKX AM i?�i +�b2- r2 �/QTi i?2 +QMp2MiBQM i?�i
c⋆

T,R Bb �Mv bm+? T�`iBiBQM rBi? i?2 bK�HH2bi MmK#2` Q7 +2HHbX �bbmKTiBQM H (s) K2�Mb
i?�i (xt)1:T +QmH/ #2 r2HH bmKK�`Bx2/ #v s +2HHb bBM+2 i?2 KBMBKmK Bb `2�+?2/ 7Q` i?2
T�`iBiBQM c⋆

T,RX q2 BMi`Q/m+2 i?2 b2i

ωs,R =
{

(xt) bm+? i?�i H (s) ?QH/b
}
⊆RdT .

6Q` �H;Q`Bi?K kXk- r2 ?�p2 7`QK *Q`QHH�`v kXj i?�i

sup
(xt)∈ωs,R

{
T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)− inf

c∈C (s,R)

T∑

t=1
ℓ(c, xt)

}

≤ c1 × s
√

T logT,

r?2`2 c1 Bb � +QMbi�Mi /2T2M/BM; QM R,d, p U`2+�HH i?�i i?2v �`2 `2bT2+iBp2Hv i?2 #QmM/
QM i?2 ℓ2@MQ`K Q7 b2[m2M+2 (xt)1:T - i?2 /BK2MbBQM Q7 /�i� TQBMi �M/ i?2 K�tBKmK MmK#2`
Q7 +2HHb �HHQr2/ 7Q` +Hmbi2`BM;VX
h?2M 7Q` �Mv s ∈N∗- R > 0- Qm` ;Q�H Bb iQ Q#i�BM � HQr2` #QmM/ Q7 i?2 7Q`K

inf
P̂

sup
(xt)∈ωs,R

{
T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)− inf

c∈C (s,R)

T∑

t=1
ℓ(c, xt)

}

≥ c2 × s
√

T logT,

r?2`2 c2 Bb bQK2 +QMbi�Mi b�iBb7vBM; c2 ≤ c1X h?2 }`bi BM}KmK Bb i�F2M Qp2` �HH 7Q`2+�bi2`Ƕb

bi`�i2;v P̂ ∆= (ρ̂t)1:T �M/ i?2 bmT`2KmK Bb i�F2M Qp2` �HH b2[m2M+2 (xt)1:T ∈ X T X JQ`2
T`2+Bb2Hv- i?2 bi`�i2;v Q7 7Q`2+�bi2` Bb � b2[m2M+2 ρ̂1, ρ̂2, . . . , Q7 7mM+iBQMb ρ̂t : X t−1 −→
D- r?2`2 D Bb i?2 b2i Q7 �HH T`Q#�#BHBiv /Bbi`B#miBQM Qp2` T�`iBiBQM bT�+2 C X LQi�iBQMb
(ρ̂1, ρ̂2, . . . , ρ̂t) BM i?2 �#Qp2 2tT2+i�iBQM /2MQi2 i?2`27Q`2 T`Q#�#BHBiv /Bbi`B#miBQMb r?B+?
�`2 p�Hm2b Q7 7Q`2+�biBM; bi`�i2;v �TTHB2/ QM �p�BH�#H2 /�i�- BX2X- ρ̂t = ρ̂t(x1, x2, . . . , xt−1), t =
1, . . . ,TX >2`2- r2 K�/2 �#mb2 Q7 MQi�iBQMb #v /`QTTBM; i?2b2 /2T2M/2M+B2b 7Q` r`BiBM;
+QMp2MB2M+2X h?Bb 7Q`KmH�iBQM Q7 KBMBK�t `2;`2i BM QMHBM2 +Hmbi2`BM; +�M #2 `2;�`/2/ �b
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� +QmMi2`T�`i Q7 KBMBK�t /2}M2/ BM T`2/B+iBQM rBi? 2tT2`i �/pB+2 Ub2+iBQM kXj Q7 *2b�@
"B�M+?B �M/ Gm;QbB- kyyeV �M/ QMHBM2 `2;`2bbBQM Ub2+iBQM kXRy Q7 :2`+?BMQpBix- kyRRVX AM
7�+i- QM2 K�v +QMbB/2` 2�+? oQ`QMQB T�`iBiBQM c �b � +QMbi�Mi 2tT2`iX L2ti- r2 Q#i�BM

inf
P̂

sup
(xt)∈ωs,R

{
T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)− inf

c∈C (s,R)

T∑

t=1
ℓ(c, xt)

}

≥ inf
P̂

EµT

{
T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, Xt)− inf

c∈C (s,R)

T∑

t=1
ℓ(c, Xt)

}

1{(Xt)∈ωs,R )}, UkXRyV

r?2`2 Xt- t = 1, . . . ,T �`2 BXBX/ rBi? /Bbi`B#miBQM µ /2}M2/ QM Rd �M/ µT bi�M/b 7Q` i?2
DQBMi /Bbi`B#miBQM Q7 (X1, . . . , XT)X lM7Q`imM�i2Hv- BM UkXRyV- bBM+2 i?2 BM}KmK Bb i�F2M Qp2`
�Mv /Bbi`B#miBQM (ρ̂t)- i?2 MmK#2` Q7 +2HHb Q7 2�+? T�`iBiBQM ĉt, t = 1,2, . . . ,T +QmH/ #2 �HH
H�`;2` i?�M s B7 s < pX >2M+2- i?2 H27i ?�M/ bB/2 Q7 UkXRyV +QmH/ #2 �`#Bi`�`BHv bK�HH Q`
2p2M M2;�iBp2 �M/ i?2 HQr2` #QmM/ /Q2b MQi K�i+? i?2 mTT2` #QmM/ Q7 *Q`QHH�`v kXjX hQ
?�M/H2 i?Bb- r2 M22/ iQ BMi`Q/m+2 � T2M�HBx2/ i2`K r?B+? �++QmMib 7Q` i?2 MmK#2` Q7 +2HHb
Q7 2�+? T�`iBiBQM iQ i?2 HQbb 7mM+iBQM ℓX h?2 mT+QKBM; i?2Q`2K T`QpB/2b KBMBK�t `2bmHib
7Q` �M �m;K2Mi2/ p�Hm2 VT(s) /2}M2/ �b

VT(s)= inf
P̂

sup
(xt)∈ωs,R

{
T∑

t=1
E(ρ̂1,...,ρ̂t)

(

ℓ(ĉt, xt)+
√

logT
!

T
|ĉt|

)

− inf
c∈C (s,R)

T∑

t=1
ℓ(c, xt)

}

. UkXRRV

AM UkXRRV- r2 �// � i2`K r?B+? T2M�HBx2b i?2 MmK#2` Q7 +2HHb Q7 2�+? T�`iBiBQMX hQ +�Tim`2
i?2 #2?�pBQ` UQ` �bvKTiQiB+ #2?�pBQ`V Q7 VT(s)- r2 /2`Bp2 �M mTT2` #QmM/ 7Q` i?2 T2M�HBx2/
HQbb BM UkXRRVX h?Bb Bb /QM2 BM i?2 7QHHQrBM; i?2Q`2K r?B+? +QK#BM2b #Qi? mTT2` �M/ HQr2`
#QmM/ 7Q` i?2 `2;`2i- ?2M+2 T`QpBM; i?�i Bi Bb KBMBK�t QTiBK�HX
h?2Q`2K kXkX G2i s ∈N∗- R > 0 bm+? i?�i

2≤ s ≤

>>>?
(

RT
1
4

6logT
1
4

) d
d+1

@@@A , UkXRkV

r?2`2 ⌊x⌋ `2T`2b2Mib i?2 H�`;2bi BMi2;2` i?�i Bb bK�HH2` i?�M xX A7 T b�iBb}2b T
d+2

2 ≥
8R2d√

logT- i?2M

s
√

T logT
(
1− 2

T

[
1+ s−1

2s2

])
≤ VT(s)≤ const.× s

√
T logT. UkXRjV

h?2 HQr2` #QmM/ QM VT(s)/T Bb �bvKTiQiB+�HHv Q7 i?2 Q`/2` Q7
√

logT/
!

TX LQi2 i?�i
"�`iH2ii 2i �HX URNN3V Q#i�BM2/ � KBMBK�t HQr2` #QmM/ BM #�i+? b2iiBM; rBi? H2bb b�iBb7vBM;
`�i2 Q7 1/

!
T- ?Qr2p2` ?QH/BM; rBi? MQ `2bi`B+iBQM QM i?2 MmK#2` Q7 +2HHb `2i�BM2/ BM i?2

T�`iBiBQM r?2`2�b Qm` +H�BK ?�b iQ +QKTHv rBi? UkXRkVX h?Bb Bb i?2 T`B+2 iQ T�v 7Q` Qm`
�//BiBQM�H

√
logT 7�+iQ`X LQi2 ?Qr2p2` i?�i i?Bb T`B+2 Bb KBH/ �b s +�M i2M/ iQ +∞

r?2M2p2` T Q` R /Q2b- +�biBM; Qm` T`Q+2/m`2 QMiQ i?2 QMHBM2 b2iiBM; r?2`2 i?2 iBK2
?Q`BxQM Bb MQi �bbmK2/ }MBi2 �M/ i?2 MmK#2` Q7 +Hmbi2`b 2pQHp2b �HQM; iBK2X
�b � +QM+HmbBQM iQ i?2 i?2Q`2iB+�H T�`i Q7 i?2 K�Mmb+`BTi- H2i mb bmKK�`Bx2 Qm` `2bmHibX
_2;`2i #QmM/b 7Q` �H;Q`Bi?K kXR �`2 T`Q/m+2/ 7Q` Qm` bT2+B}+ +?QB+2 Q7 T`BQ` π U*Q`QH@
H�`v kXRV �M/ rBi? �M BMpQHp2/ +?QB+2 Q7 λ U*Q`QHH�`v kXkVX 6Q` i?2 �/�TiBp2 p2`bBQM
�H;Q`Bi?K kXk- i?2 TBpQi�H `2bmHi Bb h?2Q`2K kXR- r?B+? Bb BMbi�MiB�i2/ 7Q` Qm` T`BQ` BM
*Q`QHH�`v kXjX 6BM�HHv- i?2 HQr2` #QmM/ Bb bi�i2/ BM h?2Q`2K kXk- T`QpBM; i?�i Qm` `2;`2i
#QmM/b �`2 KBMBK�t r?2M2p2` i?2 MmK#2` Q7 +2HHb `2i�BM2/ BM i?2 T�`iBiBQM b�iBb}2b UkXRkVX
q2 MQr KQp2 iQ i?2 BKTH2K2Mi�iBQM Q7 Qm` �TT`Q�+?X



kX9X h>1 S�*"P �G:P_Ah>J jN

kX9 h?2 S�*"P �H;Q`Bi?K
aBM+2 /B`2+i b�KTHBM; 7`QK i?2 :B##b [m�bB@TQbi2`BQ` Bb mbm�HHv MQi TQbbB#H2- r2 7Q+mb QM
� biQ+?�biB+ �TT`QtBK�iBQM BM i?Bb b2+iBQM- +�HH2/ S�*"P U�p�BH�#H2 BM i?2 +QKT�MBQM
2TQMvK _ T�+F�;2 7`QK GB- kyReVX "Qi? BKTH2K2Mi�iBQM �M/ +QMp2`;2M+2 UiQr�`/b i?2
:B##b [m�bB@TQbi2`BQ`V Q7 i?Bb b+?2K2 �`2 /Bb+mbb2/X h?Bb b2+iBQM �HbQ BM+Hm/2b � b?Q`i
MmK2`B+�H 2tT2`BK2Mi QM bvMi?2iB+ /�i� iQ BHHmbi`�i2 i?2 TQi2MiB�H Q7 S�*"P +QKT�`2/
iQ Qi?2` TQTmH�` +Hmbi2`BM; K2i?Q/bX

kX9XR ai`m+im`2 �M/ HBMFb rBi? _CJ*J*
AM �H;Q`Bi?K kXR �M/ �H;Q`Bi?K kXk- Bi Bb `2[mB`2/ iQ b�KTH2 �i 2�+? t 7`QK i?2 :B##b
[m�bB@TQbi2`BQ` ρ̂tX aBM+2 ρ̂t Bb /2}M2/ QM i?2 K�bbBp2 �M/ +QKTH2t@bi`m+im`2/ bT�+2 C
UH2i mb `2+�HH i?�i C Bb � mMBQM Q7 ?2i2`Q;2M2Qmb bT�+2bV- /B`2+i b�KTHBM; 7`QK ρ̂t Bb
MQi �M QTiBQM �M/ Bb Km+? `�i?2` �M �H;Q`Bi?KB+ +?�HH2M;2X Pm` �TT`Q�+? +QMbBbib BM
�TT`QtBK�iBM; ρ̂t i?`Qm;? J*J* mM/2` i?2 +QMbi`�BMi Q7 7�pQm`BM; HQ+�H KQp2b Q7 i?2
J�`FQp +?�BMX hQ /Q Bi- r2 b?�HH mb2 `2bQ`i iQ _2p2`bB#H2 CmKT J*J* U:`22M- RNN8V-
�/�Ti2/ rBi? B/2�b 7`QK i?2 am#bT�+2 *�`HBM �M/ *?B# �H;Q`Bi?K T`QTQb2/ #v .2HH�TQ`i�b
2i �HX UkyykV �M/ S2i`�HB�b �M/ .2HH�TQ`i�b UkyRjVX aBM+2 b�KTHBM; 7`QK ρ̂t Bb bBKBH�` 7Q`
�Mv t = 1, . . . ,T- i?2 iBK2 BM/2t t Bb MQr QKBii2/ 7Q` i?2 b�F2 Q7 #`2pBivX
G2i (k(n),c(n))0≤n≤N - N ≥ 1 #2 i?2 bi�i2b Q7 i?2 J�`FQp *?�BM Q7 BMi2`2bi Q7 H2M;i? N- r?2`2
k(n) ∈ 51, p6 �M/ c(n) ∈ Rdk(n) X �i 2�+? _CJ*J* Bi2`�iBQM- QMHv HQ+�H KQp2b �`2 TQbbB#H2
7`QK i?2 +m``2Mi bi�i2 (k(n),c(n)) iQ � T`QTQb�H bi�i2 (k′,c′)- BM i?2 b2Mb2 i?�i i?2 T`QTQb�H
bi�i2 b?QmH/ QMHv /Bz2` 7`QK i?2 +m``2Mi bi�i2 #v �i KQbi QM2 +Qp�`B�i2X >2M+2- c(n) ∈Rdk(n)

�M/ c′ ∈ Rdk′ K�v #2 BM /Bz2`2Mi bT�+2b Uk′ ̸= k(n)VX hrQ �mtBHB�`v p2+iQ`b v1 ∈ Rd1 �M/
v2 ∈ Rd2 rBi? d1,d2 ≥ 1 �`2 M22/2/ iQ +QKT2Mb�i2 7Q` i?Bb /BK2MbBQM�H /Bz2`2M+2- BX2X-
b�iBb7vBM; i?2 /BK2MbBQM K�i+?BM; +QM/BiBQM BMi`Q/m+2/ #v :`22M URNN8V

dk(n) +d1 = dk′+d2,

bm+? i?�i i?2 T�B`b (v1,c(n)) �M/ (v2,c′) �`2 Q7 �M�HQ;Qmb /BK2MbBQMX h?Bb +QM/BiBQM Bb �
T`2HBKBM�`v iQ i?2 /2i�BH2/ #�H�M+2 +QM/BiBQM i?�i 2Mbm`2b i?�i i?2 :B##b [m�bB@TQbi2`BQ`
ρ̂t Bb i?2 BMp�`B�Mi /Bbi`B#miBQM Q7 i?2 J�`FQp +?�BMX h?2 bi`m+im`2 Q7 S�*"P Bb T`2b2Mi2/
BM 6B;m`2 kXRX
G2i ρk′(·,ck′ ,τk′) /2MQi2 i?2 T`Q/m+i Q7 k′ `2b+�H2/ aim/2Mi /Bbi`B#miBQM QM Rdk′

ρk′(c,ck′ ,τk′)=
k′∏

j=1

⎧
⎨

⎩C−1
τk′

(

1+
|c j − ck′, j|22

6τ2
k′

)− 3+d
2

⎫
⎬

⎭dc, UkXR9V

r?2`2 C−1
τk′

/2MQi2b � MQ`K�HBxBM; +QMbi�MiX h?2 `2b+�H2/ aim/2Mi /Bbi`B#miBQM Bb � bT2+B�H
p2`bBQM Q7 d@KmHiBp�`B�i2 aim/2Mi /Bbi`B#miBQM U�b T`2b2Mi2/ BM EQix �M/ L�/�`�D�?- kyy9V
#v i�FBM; i?2 /2;`22 Q7 7`22/QK v = 3 �M/ Σ= 2τ2

k′ Id- r?2`2 τk′ > 0 Bb � b+�H2 T�`�K2i2`
�M/ Id Bb i?2 d@/BK2MbBQM�H B/2MiBiv K�i`Bt- �M/ ck′, j, j = 1, . . . ,k′ �`2 K2�M p2+iQ`b BM
Rd Ur2 `272` iQ a2+iBQM kXe 7Q` /2i�BH2/ /2}MBiBQM Q7 `2b+�H2/ aim/2Mi /Bbi`B#miBQMVX G2i
mb MQr /2i�BH i?2 T`QTQb�H K2+?�MBbKX 6B`bi- � HQ+�H KQp2 7`QK k(n) iQ k′ Bb T`QTQb2/
#v +?QQbBM; k′ ∈ 5k(n) − 1,k(n) + 16 rBi? T`Q#�#BHBiv q(k(n), ·)X L2ti- +?QQbBM; d1 = dk′-
d2 = dk(n)- r2 b�KTH2 v1 7`QK ρk′ BM UkXR9VX 6BM�HHv- i?2 T�B` (v2,c′) Bb Q#i�BM2/ #v

(v2,c′)= g
(
v1,c(n)

)
,
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c(n)k(n)

q(k(n), ·)

k′
ρk′(·)

v1

g
(
v1,c(n))

v2 c′

k(n+1) = k′
rXTX α

rXTX R@α
k(n+1) = k(n)

c(n+1) = c′
rXTX α

rXTX R@α
c(n+1) = c(n)

6B;m`2 kXR Ĝ :2M2`�H bi`m+im`2 Q7 S�*"PX

r?2`2 g : (x, y) ∈ Rdk′ ×Rdk(n) <→ (y, x) ∈ Rdk(n) ×Rdk′ Bb � QM2@iQ@QM2- }`bi Q`/2` /2`Bp�iBp2
K�TTBM;X h?2 `2bmHiBM; _CJ*J* �++2Ti�M+2 T`Q#�#BHBiv Bb

α
[(

k(n),c(n)
)
,
(
k′,c′)

]
=min

{

1,
ρ̂t(c′)q(k′,k(n))ρk(n) (v2)
ρ̂t(c(n))q(k(n),k′)ρk′(v1)

∣∣∣∣∣
∂g

(
v1,c(n))

∂v1∂c(n)

∣∣∣∣∣

}

,

=min

{

1,
ρ̂t(c′)q(k′,k(n))ρk(n) (c(n),ck(n) ,τk(n) )
ρ̂t(c(n))q(k(n),k′)ρk′(c′,ck′ ,τk′)

}

,

bBM+2 i?2 /2i2`KBM�Mi Q7 i?2 C�+Q#B�M K�i`Bt Q7 g Bb 1X h?2 `2bmHiBM; S�*"P �H;Q`Bi?K
Bb /2b+`B#2/ BM �H;Q`Bi?K kXjX

kX9Xk *QMp2`;2M+2 Q7 S�*"P iQr�`/b i?2 :B##b [m�bB@TQbi2`BQ`
q2 T`Qp2 i?�i �H;Q`Bi?K kXj #mBH/b � J�`FQp +?�BM r?Qb2 BMp�`B�Mi /Bbi`B#miBQM Bb T`2@
+Bb2Hv i?2 :B##b [m�bB@TQbi2`BQ` �b N ;Q2b iQ +∞X hQ /Q bQ- r2 M22/ iQ T`Qp2 i?�i
i?2 +?�BM Bb ρ̂t@B``2/m+B#H2- �T2`BQ/B+ �M/ >�``Bb `2+m``2Mi- b22 _Q#2`i �M/ *�b2HH� Ukyy9-
h?2Q`2K eX8RV �M/ _Q#2`ib �M/ _Qb2Mi?�H Ukyye- h?2Q`2K kyVX
_2+�HH i?�i �i 2�+? _CJ*J* Bi2`�iBQM BM �H;Q`Bi?K kXj- i?2 +?�BM Bb b�B/ iQ T`QTQb2 �
ǳ#2ir22M KQ/2H KQp2Ǵ B7 k′ ̸= k(n) �M/ � ǳrBi?BM KQ/2H KQp2Ǵ B7 k′ = k(n) �M/ c′ ̸= c(n)X
h?2 7QHHQrBM; `2bmHi ;Bp2b � bm{+B2Mi +QM/BiBQM 7Q` i?2 +?�BM iQ #2 >�``Bb `2+m``2MiX

G2KK� kXRX G2i D #2 i?2 2p2Mi i?�i MQ ǳrBi?BM@KQ/2H KQp2Ǵ Bb 2p2` �++2Ti2/ �M/ E #2
i?2 bmTTQ`i Q7 ρ̂tX h?2M i?2 +?�BM ;2M2`�i2/ #v �H;Q`Bi?K kXj b�iBb}2b

P
[
D|

(
k(0),c(0)

)
= (k,c)

]
= 0,

7Q` �Mv k ∈ 51, p6 �M/ c ∈Rdk ∩E X
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�H;Q`Bi?K kXj S�*"P
R, AMBiB�HBx�iBQM, (λt)1:T
k, 6Q` t ∈ 51,T6
j, AMBiB�HBx�iBQM,

(
k(0),c(0)) ∈ 51, p6×Rdk(0) X hvTB+�HHv k(0) Bb b2i iQ k(N) 7`QK Bi2`�iBQM

t−1 Uk(0) = 1 �i Bi2`�iBQM t = 1VX
9, 6Q` n ∈ 51, N −16
8, a�KTH2 k′ ∈

R
max(1,k(n) −1),min(p,k(n) +1)

S
7`QK q(k(n), ·)= 1

3 X
e, G2i c′ ← bi�M/�`/ k′@K2�Mb QmiTmi i`�BM2/ QM (xs)1:(t−1)X
d, G2i τ′ = 1/

!
pt.

3, a�KTH2 v1 ∼ ρk′(·,ck′ ,τk′)X
N, G2i (v2,c′)= g(v1,c(n)).

Ry, �++2Ti i?2 KQp2 (k(n),c(n))= (k′,c′) rBi? T`Q#�#BHBiv

α
[
(k(n),c(n)), (k′,c′))

]
=min

{

1,
ρ̂t(c′)q(k′,k(n))ρk(n) (v2,ck(n) ,τk(n) )
ρ̂t(c(n))q(k(n),k′)ρk′(v1,ck′ ,τk′)

∣∣∣∣
∂g(v1,c(n))
∂v1∂c(n)

∣∣∣∣

}

=min

{

1,
ρ̂t(c′)q(k′,k(n))ρk(n) (c(n),ck(n) ,τk(n) )
ρ̂t(c(n))q(k(n),k′)ρk′(c′,ck′ ,τk′)

}

RR, 1Hb2 (k(n+1),c(n+1))= (k(n),c(n)).
Rk, 1M/ 7Q`
Rj, G2i ĉt = c(N).
R9, 1M/ 7Q`

G2KK� kXR bi�i2b i?�i i?2 +?�BM Kmbi 2p2Mim�HHv �++2Ti � ǳrBi?BM@KQ/2H KQp2ǴX Ai `2K�BMb
i`m2 7Q` Qi?2` +?QB+2b Q7 q(k(n), ·) BM �H;Q`Bi?K kXj- T`QpB/2/ i?�i i?2 bi�iBQM�`Biv Q7 ρ̂t Bb
T`2b2`p2/X

h?2Q`2K kXjX G2i E /2MQi2 i?2 bmTTQ`i Q7 ρ̂tX h?2M 7Q` �Mv c(0) ∈ E - i?2 +?�BM
(
c(n))

1:N
;2M2`�i2/ #v �H;Q`Bi?K kXj Bb ρ̂t@B``2/m+B#H2- �T2`BQ/B+ �M/ >�``Bb `2+m``2MiX

h?2Q`2K kXj H2;BiBK�i2b Qm` �TT`QtBK�iBQM S�*"P iQ T2`7Q`K QMHBM2 +Hmbi2`BM;- bBM+2
Bi �bvKTiQiB+�HHv KBKB+b i?2 #2?�pBQ` Q7 i?2 +QKTmi�iBQM�HHv mM�p�BH�#H2 ρ̂tX hQ i?2 #2bi
Q7 Qm` FMQrH2/;2- i?Bb FBM/ Q7 ;m�`�Mi22 Bb Q`B;BM�H BM i?2 S�*@"�v2bB�M HBi2`�im`2X
6BM�HHv- H2i mb bi`2bb i?�i Q#i�BMBM; �M 2tTHB+Bi `�i2 Q7 +QMp2`;2M+2 Bb #2vQM/ i?2 b+QT2 Q7
i?2 T`2b2Mi rQ`FX *QMi`QHHBM; i?2 2``Q` #2ir22M �TT`QtBK�iBQM �H;Q`Bi?K �M/ i?2 i�`;2i
Bb /B{+mHi i?Qm;? b2p2`�H rQ`F UE�H�B �M/ o2KT�H�- kyyk- Sû`2x- kyR8V ?�p2 �//`2bb2/
BiX 6Q` Qm` _CJ*J*- 2p2M i?Qm;? r2 ?�p2 T`Qp2/ i?�i Bi +QMp2`;2b iQ � bi�iBQM�`v
/Bbi`B#miBQM r?B+? Bb i?2 i�`;2i- Bi Bb �M QT2M [m2biBQM iQ FMQr mMiBH r?B+? Bi2`�iBQM i?2
+?�BM #2+QK2b bi�iBQM�`vX >Qr2p2`- BM KQbi +�b2b i?2 +?�BM +QMp2`;2b `�i?2` [mB+FHv
BM T`�+iB+2- �b BHHmbi`�i2/ #v 6B;m`2 kXkX JQ`2Qp2`- i?Bb �H;Q`Bi?K ?�b #22M Tmi BMiQ
T`Q/m+iBQM �i B�/pBx2 �M/ Bi rQ`Fb r2HH QM `2�H /�i� Q7 b2p2`�H +HB2Mib BM ?2HTBM; i?2K iQ
r2HH@i�`;2i QMHBM2 pBbBiQ`bX �i iBK2 t- r2 �/pQ+�i2 7Q` b2iiBM; k(0) �b k(N) 7`QK `QmM/ t−1-
�b � r�`K bi�`iX

kX9Xj LmK2`B+�H bim/v
h?Bb b2+iBQM Bb /2pQi2/ iQ i?2 BHHmbi`�iBQM Q7 i?2 TQi2MiB�H Q7 Qm` [m�bB@"�v2bB�M �TT`Q�+?
QM bvMi?2iB+ /�i�X G2i mb bi`2bb i?�i �HH 2tT2`BK2Mib �`2 `2T`Q/m+B#H2- i?�MFb iQ i?2
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S�*"P _ T�+F�;2 UGB- kyReVX q2 /Q MQi +H�BK iQ #2 2t?�mbiBp2 ?2`2 #mi `�i?2` b?Qr
i?2 U;QQ/V #2?�pBQ` Q7 Qm` BKTH2K2Mi�iBQM QM � iQv 2t�KTH2X

*�HB#`�iBQM Q7 T�`�K2i2`b �M/ KBtBM; T`QT2`iB2b
q2 b2i R iQ #2 i?2 K�tBKmK ℓ2@MQ`K Q7 i?2 Q#b2`p�iBQMbX LQi2 i?�i � iQQ bK�HH p�Hm2
rBHH vB2H/ �++2Ti�M+2 `�iBQb iQ #2 +HQb2 iQ x2`Q �M/ rBHH /2;`�/2 i?2 KBtBM; Q7 i?2 +?�BMX
q?2M +�HB#`�iBM; λ- `2+�HH i?�i H�`;2 p�Hm2b rBHH 2M7Q`+2 i?2 [m�bB@TQbi2`BQ` iQ �++QmMi
KQ`2 7Q` T�bi /�i�- r?2`2�b bK�HH p�Hm2b K�F2 i?2 [m�bB@TQbi2`BQ` �HBF2 i?2 T`BQ`X AM Q`/2`
iQ }M/ �M QTiBK�H p�Hm2 7Q` Bi BM #�i+? b2iiBM;- r2 +QMbB/2` λ= c×(d+2)

√
logT/(2

!
TR2)

rBi? /Bz2`2Mi 2[mB/Bbi�Mi p�Hm2b BM i?2 `�M;2 (0,R2) 7Q` +Q2{+B2Mi c- �M/ r2 +?QQb2
λ = 0.6× (d + 2)

√
logT/(2

!
T) 7Q` Bib ;HQ#�H T2`7Q`K�M+2 QM /Bz2`2Mi KQ/2Hb #2HQr QM

KBMBKBxBM; i?2 /Bbi�M+2b #2ir22M i2bi b2i �M/ 2biBK�i2/ +2Mi2`bX q2 F22T i?Bb T�`�K2i2`
�HbQ BM QMHBM2 b2iiBM;X q2 BHHmbi`�i2 BM 6B;m`2 kXk i?2 KBtBM; #2?�pBQ` Q7 S�*"PX h?2
+QMp2`;2M+2 Q++m`b [mB+FHv- �M/ i?2 /27�mHi H2M;i? Q7 i?2 _CJ*J* `mMb Bb b2i iQ 8yy BM
i?2 S�*"P T�+F�;2, i?Bb r�b � +2BHBM; p�Hm2 BM �HH Qm` bBKmH�iBQMbX

U�V LmK#2` Q7 +Hmbi2`bX U#V �++2Ti�M+2 T`Q#�#BHBivX

6B;m`2 kXk Ĝ hvTB+�H _CJ*J* QmiTmi BM S�*"PX U�V THQi Q7 MmK#2` Q7 +Hmbi2`b k(n)

U#H�+F bQHB/ HBM2V �i 2�+? n@i? Un = 1, . . . , NV Bi2`�iBQM Q7 _CJ*J* �M/ i?2 `2/ /�b?2/ HBM2
BM/B+�i2b i?2 i`m2 MmK#2` Q7 +Hmbi2`b Q7 � :�mbbB�M KBtim`2 KQ/2H UJQ/2H kV U#V i`�+2
THQi Q7 �++2Ti�M+2 `�iBQ α(n) �HQM; i?2 kyy Bi2`�iBQMb- b?QrBM; i?�i i?2 _CJ*J* /Q2b
MQi ;2i bim+F iQ ǳQMHv `2D2+iǴ Q` ǳQMHv �++2TiǴ T�ii2`MbX

"�i+? +Hmbi2`BM; b2iiBM;
� H�`;2 p�`B2iv Q7 K2i?Q/b ?�p2 #22M T`QTQb2/ BM i?2 HBi2`�im`2 7Q` b2H2+iBM; i?2 MmK#2`
k Q7 +Hmbi2`b BM #�i+? +Hmbi2`BM; Ub22 JBHHB;�M �M/ *QQT2`- RN38c :Q`/QM- RNNN- 7Q` �
bm`p2vVX h?2b2 K2i?Q/b K�v #2 Q7 HQ+�H Q` ;HQ#�H M�im`2X 6Q` HQ+�H K2i?Q/b- �i 2�+? bi2T-
2�+? +Hmbi2` Bb 2Bi?2` K2`;2/ rBi? �MQi?2` QM2- bTHBi BM irQ Q` `2K�BMbX :HQ#�H K2i?Q/b
2p�Hm�i2 i?2 2KTB`B+�H /BbiQ`iBQM Q7 �Mv +Hmbi2`BM; �b � 7mM+iBQM Q7 i?2 MmK#2` k Q7 +2HHb
Qp2` i?2 r?QH2 /�i�b2i- �M/ b2H2+i i?2 KBMBKBx2` Q7 i?Bb /BbiQ`iBQMX h?2 `mH2 Q7 >�`iB;�M
URNd8V Bb � r2HH@FMQrM `2T`2b2Mi�iBp2 Q7 HQ+�H K2i?Q/bX SQTmH�` ;HQ#�H K2i?Q/b BM+Hm/2
i?2 rQ`Fb Q7 *�HBMbFB �M/ >�`�#�bx URNd9V- E`x�MQrbFB �M/ G�B URN33V �M/ E�m7K�M �M/
_Qmbb22mr URNNyV- r?2`2 7mM+iBQMb #�b2/ QM i?2 2KTB`B+�H /BbiQ`iBQM Q` QM i?2 �p2`�;2
Q7 rBi?BM@+Hmbi2` /BbT2`bBQM Q7 2�+? TQBMi �`2 +QMbi`m+i2/ �M/ i?2 QTiBK�H MmK#2` Q7
+Hmbi2`b Bb i?2 K�tBKBx2` Q7 i?2b2 7mM+iBQMbX AM �//BiBQM- i?2 :�T ai�iBbiB+ UhB#b?B`�MB
2i �HX- kyyRV +QKT�`2b i?2 +?�M;2 BM rBi?BM@+Hmbi2` /BbT2`bBQM rBi? i?2 QM2 2tT2+i2/
mM/2` �M �TT`QT`B�i2 `272`2M+2 MmHH /Bbi`B#miBQMX JQ`2 `2+2MiHv- *�Sla>1 U*�HB#`�iBM;
S2M�Hiv lbBM; aHQT2 >2m`BbiB+bV BMi`Q/m+2/ #v 6Bb+?2` UkyRRV �M/ "�m/`v 2i �HX UkyRkV
�//`2bb2b i?2 T`Q#H2K 7`QK i?2 T2M�HBx2/ KQ/2H b2H2+iBQM T2`bT2+iBp2- BM i?2 7Q`K Q7
irQ K2i?Q/b, ..a1 U.�i�@.`Bp2M aHQT2 1biBK�iBQMV �M/ .DmKT U.BK2MbBQM DmKTVX
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_ T�+F�;2b BKTH2K2MiBM; i?Qb2 K2i?Q/b �`2 mb2/ rBi? i?2B` /27�mHi T�`�K2i2`b BM Qm`
bBKmH�iBQMbX

AM i?Bb b2+iBQM- r2 +QKT�`2 S�*"P iQ i?2 �7Q`2+Bi2/ K2i?Q/b BM � #�i+? b2iiBM; rBi?
n = 200 Q#b2`p�iBQMb bBKmH�i2/ 7`QK i?2 7QHHQrBM; 9 KQ/2HbX

JQ/2H R UR ;`QmT BM /BK2MbBQM 8VX P#b2`p�iBQMb �`2 b�KTH2/ 7`QK � mMB7Q`K /Bbi`B#miBQM
QM i?2 mMBi ?vT2`+m#2 BM R5X

JQ/2H k U9 :�mbbB�M ;`QmTb BM /BK2MbBQM kVX P#b2`p�iBQMb �`2 b�KTH2/ 7`QK 9 #Bp�`B�i2
:�mbbB�M /Bbi`B#miBQMb rBi? B/2MiBiv +Qp�`B�M+2 K�i`Bt- r?Qb2 K2�M p2+iQ`b �`2 `2bT2+iBp2Hv
(0,0), (−2,−1), (0,4), (3,1)X 1�+? Q#b2`p�iBQM Bb mMB7Q`KHv /`�rM 7`QK QM2 Q7 i?2 7Qm`
;`QmTbX

JQ/2H j Ud :�mbbB�M ;`QmTb BM /BK2MbBQM 8yVX P#b2`p�iBQMb �`2 b�KTH2/ 7`QK d KmHiB@
p�`B�i2 :�mbbB�M /Bbi`B#miBQMb BM R50 rBi? B/2MiBiv +Qp�`B�M+2 K�i`Bt- r?Qb2 K2�M p2+iQ`b
�`2 +?Qb2M `�M/QKHv �++Q`/BM; iQ �M mMB7Q`K /Bbi`B#miBQM QM [−10,10]50X 1�+? Q#b2`p�@
iBQM Bb mMB7Q`KHv /`�rM 7`QK QM2 Q7 i?2 b2p2M ;`QmTbX

JQ/2H 9 Uj HQ;MQ`K�H ;`QmTb BM /BK2MbBQM jVX P#b2`p�iBQMb �`2 b�KTH2/ 7`QK j KmHiB@
p�`B�i2 HQ;MQ`K�H /Bbi`B#miBQMb BM R3 rBi? B/2MiBiv +Qp�`B�M+2 K�i`Bt- r?Qb2 K2�M p2+iQ`b
�`2 `2bT2+iBp2Hv (1,1,1), (6,5,7), (10,9,11)X 1�+? Q#b2`p�iBQM Bb mMB7Q`KHv /`�rM 7`QK QM2
Q7 i?2 i?`22 ;`QmTbX

6B;m`2 kXj �M/ 6B;m`2 kX9 T`2b2Mi i?2 T2`+2Mi�;2 Q7 i?2 2biBK�i2/ MmK#2` Q7 +2HHb k QM 8y
`2�HBx�iBQMb Q7 i?2 9 �7Q`2K2MiBQM2/ KQ/2Hb- 7Q` 3 K2i?Q/b BM+Hm/BM; S�*"PX AM 2�+?
;`�T?- i?2 `2/ /Qi BM/B+�i2b i?2 `2�H MmK#2` Q7 ;`QmTbX h?2 K2i?Q/b mb2/ 7Q` b2H2+iBM;
k �`2 T`2b2Mi2/ QM i?2 iQT Q7 2�+? T�M2H- r?2`2 ..a1 U.�i�@.`Bp2M aHQT2 1biBK�iBQMV
�M/ .DmKT U.BK2MbBQM DmKTV �`2 i?2 irQ K2i?Q/b BMi`Q/m+2/ BM *�Sla>1 U"�m/`v 2i
�HX- kyRkVX h?2 K�tBKmK MmK#2` Q7 +2HHb Bb b2i iQ kyX

6Q` JQ/2H R S�*"P QmiT2`7Q`Kb �HH +QKT2iBiQ`b- bBM+2 Bi b2H2+ib i?2 +Q``2+i MmK#2` Q7
+2HHb BM �HKQbi dyW Q7 Qm` bBKmH�iBQMb- r?2M �HH Qi?2` K2i?Q/b #�`2Hv }M/ Bi U6B;m`2 kXj�VX
6Q` JQ/2H k *�HBMbFB- >�`iB;�M- aBH?Qm2ii2 �M/ :�T mM/2`2biBK�i2 i?2 MmK#2` Q7 +2HHb #v
B/2MiB7vBM; j ;`QmTbX .DmKT }M/b i?2 i`m2 p�Hm2 k = 4 H2bb i?�M RyWX S�*"P B/2MiB}2b
9 ;`QmTb BM eyW Q7 Qm` `mMb U6B;m`2 kXj#VX
6Q` JQ/2H j S�*"P Bb QM2 Q7 i?2 irQ #2bi K2i?Q/b- iQ;2i?2` rBi? :�T U6B;m`2 kX9�VX
6Q` JQ/2H 9 r?2`2 j ;`QmTb Q7 Q#b2`p�iBQMb �`2 ;2M2`�i2/ 7`QK � ?2�pv@i�BH2/ /Bbi`B#miBQM-
r2 +QMbB/2` � p�`B�Mi Q7 S�*"P rBi? i?2 ℓ1@MQ`K BM Rd- BX2X- r2 `2TH�+2 i?2 HQbb BM UkXRV
#v ℓ(ĉt, xt)=min1≤k≤Kt |ĉt,k − xt|1X 6B;m`2 kX9# b?Qrb i?�i KQbi K2i?Q/b T2`7Q`K TQQ`Hv-
iQ i?2 MQi�#H2 2t+2TiBQM Q7 i?Bb S�*"PUℓ1VX

PMHBM2 +Hmbi2`BM; b2iiBM;

AM i?2 H�bi T�`i- r2 ?�p2 +QKT�`2/- BM i?2 #�i+? b2iiBM;- Qm` K2i?Q/ rBi? d Qi?2` K2i?Q/b
QM /Bz2`2Mi /�i�b2ibX >Qr2p2` H2i mb bi`2bb ?2`2 i?�i MQM2 Q7 i?2 �7Q`2K2MiBQM2/ K2i?Q/b
Bb bT2+B}+�HHv /2bB;M2/ 7Q` QMHBM2 +Hmbi2`BM;X AM/22/- iQ i?2 #2bi Q7 Qm` FMQrH2/;2 S�*"P
Bb i?2 bQH2 T`Q+2/m`2 i?�i 2tTHB+BiHv i�F2b �/p�Mi�;2 Q7 i?2 b2[m2MiB�H M�im`2 Q7 /�i�X 6Q`
i?�i `2�bQM- r2 T`2b2Mi #2HQr i?2 #2?�pBQ` �M/ � +QKT�`BbQM Q7 `mMMBM; iBK2b #2ir22M
S�*"P �M/ i?2 �7Q`2K2MiBQM2/ K2i?Q/b- QM i?2 7QHHQrBM; bvMi?2iB+ QMHBM2 +Hmbi2`BM;
iQv 2t�KTH2X
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U�V JQ/2H RX

U#V JQ/2H kX

6B;m`2 kXj Ĝ >BbiQ;`�Kb Q7 i?2 2biBK�i2/ MmK#2` Q7 +2HHb QM 8y `2�HBx�iBQMbX h?2 `2/ K�`F
BM/B+�i2b i?2 i`m2 MmK#2` Q7 +2HHbX
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U�V JQ/2H jX

U#V JQ/2H 9X

6B;m`2 kX9 Ĝ >BbiQ;`�Kb Q7 i?2 2biBK�i2/ MmK#2` Q7 +2HHb QM 8y `2�HBx�iBQMbX h?2 `2/ K�`F
BM/B+�i2b i?2 i`m2 MmK#2` Q7 +2HHbX
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JQ/2H 8 URy KBt2/ ;`QmTb BM /BK2MbBQM kVX P#b2`p�iBQMb (xt)t=1,...,T=200 �`2 bBKmH�i2/
BM i?2 7QHHQrBM; r�v, /2}M2 }`biHv 7Q` 2�+? t ∈ 51,T6 � T�B` (c1,t, c2,t) ∈ R2- r?2`2 c1,t =
−5

2π+
5π
9

(
⌊ t−1

20 ⌋−1
)

�M/ c2,t = 5sin(c1,t)X h?2M 7Q` t ∈ 51,1006- xt Bb b�KTH2/ 7`QK � mMB7Q`K
/Bbi`B#miBQM QM i?2 mMBi +m#2 BM R2- +2Mi2`2/ �i (cx,t, cy,t)X 6Q` t ∈ 5101,2006- xt Bb ;2M2`�i2/
#v � #Bp�`B�i2 :�mbbB�M /Bbi`B#miBQM- +2Mi2`2/ �i (cx,t, cy,t) rBi? B/2MiBiv +Qp�`B�M+2 K�i`BtX

AM i?Bb QMHBM2 b2iiBM;- i?2 i`m2 MmK#2` k⋆
t Q7 ;`QmTb rBHH �m;K2Mi Q7 R mMBi 2p2`v ky iBK2

bi2Tb iQ 2p2Mim�HHv `2�+? Ry U�M/ i?2 K�tBK�H MmK#2` Q7 +Hmbi2`b Bb b2i iQ 20 7Q` �HH K2i?@
Q/bVX 6B;m`2 kX8� b?Qrb 1*G 7Q` S�*"P �M/ P*G �HQM; rBi? N8W +QM}/2M+2 BMi2`p�Hb
+QKTmi2/ QM Ryy `2�HBx�iBQMb rBi? T = 200 Q#b2`p�iBQMb- rBi? λt = 0.6×(d+2)

√
log t/(2

!
t)

�M/ R = 15 UbQ i?�i �HH Q#b2`p�iBQMb �`2 BM i?2 ℓ2@#�HH B2(R)X h?2 2tT2`BK2Mi Bb `2THB+�i2/
Ryy iBK2b- vB2H/BM; Ryy 2biBK�i2b Q7 i?2 2tT2+i�iBQM U1*GVX h?2 +QM}/2M+2 BMi2`p�Hb �`2
/`�rM 7`QK i?2 2KTB`B+�H 95% [m�MiBH2X CmKTb BM i?2 1*G Q++m` r?2M M2r +Hmbi2`b Q7
/�i� �`2 Q#b2`p2/X aBM+2 S�*"P QmiTmib � T�`iBiBQM #�b2/ QMHv QM i?2 T�bi Q#b2`p�@
iBQMb- i?2 BMbi�Mi�M2Qmb HQbb Bb H�`;2` r?2M2p2` � M2r +Hmbi2` �TT2�`bX >Qr2p2` S�*"P
[mB+FHv B/2MiB}2b i?2 M2r +Hmbi2`X h?Bb Bb �HbQ bmTTQ`i2/ #v 6B;m`2 kX8# r?B+? `2T`2b2Mib
i?2 i`m2 �M/ 2biBK�i2/ MmK#2`b Q7 +Hmbi2`bX

AM �//BiBQM r2 �HbQ +QmMi i?2 MmK#2` Q7 +Q``2+i 2biBK�iBQMb Q7 i?2 i`m2 MmK#2` k⋆
t Q7

+Hmbi2`bX h�#H2 kXR +QMi�BMb Bib K2�M U�M/ bi�M/�`/ /2pB�iBQM- QM 100 `2T2iBiBQMbV 7Q`
S�*"P �M/ Bib b2p2M +QKT2iBiQ`bX S�*"P ?�b i?2 H�`;2bi K2�M #v � bB;MB}+�Mi
K�`;BM �M/ B/2MiB}2b i?2 +Q``2+i MmK#2` Q7 +Hmbi2`b Q7 �#Qmi Rky Q#b2`p�iBQMb Qmi Q7 kyyX

*�HBMbFB >�`iB;�M G�B aBH?Qm2ii2 ..a1 .DmKT :�T S�*"P
j9XNk U3Xk9V ejXdk U9X3RV 8kXkj U9Xe9V dkX99 U9XjNV kkXdj U9XRdV j3Xj3 UeXkRV 8eXdj UR9Xj3V RRNXN8 UdXy3V

h�#H2 kXR Ĝ J2�M �M/ bi�M/�`/ /2pB�iBQM Q7 +Q``2+i 2biBK�iBQMb Q7 i?2 i`m2 MmK#2` Q7
+Hmbi2`bX

L2ti- r2 +QKT�`2 i?2 `mMMBM; iBK2b Q7 S�*"P �M/ Bib +QKT2iBiQ`b- BM i?2 QMHBM2 b2iiBM;X
�i 2�+? iBK2 t = 1, . . . ,200- r2 K2�bm`2 i?2 `mMMBM; iBK2 Q7 2�+? K2i?Q/X h�#H2 kXk
T`2b2Mib i?2 K2�M U�M/ bi�M/�`/ /2pB�iBQMV QM 100 `2T2iBiBQMb Q7 i?2 iQi�H `mMMBM; iBK2bX
h?2 bmT2`BQ`Biv Q7 S�*"P Bb � bi`�B;?i7Q`r�`/ +QMb2[m2M+2 Q7 i?2 7�+i i?�i Bi �/�Tib
iQ i?2 b2[m2MiB�H M�im`2 Q7 /�i�- r?2`2�b �HH Qi?2` K2i?Q/b +QM/m+i � #�i+? +Hmbi2`BM; �i
2�+? iBK2 bi2TX

*�HBMbFB >�`iB;�M G�B aBH?Qm2ii2 ..a1 .DmKT :�T S�*"P
9eX3e U8XeeV jNXkd UkXd8V 8kXyd UjX8jV RR3X99 URXN3V jjX38 UeX3kV jjX38 UeX3kV kydX88 UkXdkV k3XRj U9XyeV

h�#H2 kXk Ĝ J2�M U�M/ bi�M/�`/ /2pB�iBQMV Q7 iQi�H `mMMBM; iBK2 UBM b2+QM/bVX

6Q` i?2 b�F2 Q7 +QKTH2i2M2bb- �TT2M/Bt kXe +QMi�BMb �M BMbi�M+2 Q7 i?2 T2`7Q`K�M+2 Q7 �HH
K2i?Q/b iQ 2biBK�i2 i?2 i`m2 MmK#2` Q7 +Hmbi2`bX

kX8 S`QQ7b
h?Bb b2+iBQM +QMi�BMb i?2 T`QQ7b iQ �HH Q`B;BM�H `2bmHib +H�BK2/ BM a2+iBQM kXj �M/ a2+@
iBQM kX9X
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U�V 1*G Uv2HHQr HBM2V �M/ P*G U#Hm2 HBM2V �b 7mM+iBQM Q7 t- rBi? N8W +QM}/2M+2 BMi2`p�Hb U/�b?2/
HBM2VX

U#V 1biBK�i2/ MmK#2` Q7 +2HHb U`2/ /QibV #v S�*"P �b � 7mM+iBQM Q7 tX "H�+F HBM2b `2T`2b2Mi
i?2 i`m2 MmK#2` Q7 +2HHbX

6B;m`2 kX8 Ĝ S2`7Q`K�M+2 Q7 S�*"PX

kX8XR S`QQ7 Q7 *Q`QHH�`v kXR
G2i mb }`bi BMi`Q/m+2 bQK2 MQi�iBQMX 6Q` �Mv k ∈ 51, p6 �M/ R > 0- H2i

C (k,R)=
{
c= (c j) j=1,2,...,k ∈Rdk, ci ̸= c j, i ̸= j, bm+? i?�i

∣∣c j
∣∣
2 ≤ R,∀ j

}
,

Ξ(k,R)=
{
ξ= (ξ j) j=1,...,k ∈Rk : 0< ξ j ≤ R,∀ j

}
.

q2 /2MQi2 #v ρk(c,c,ξ) i?2 /2MbBiv +QMbBbiBM; BM i?2 T`Q/m+i Q7 k BM/2T2M/2Mi mMB7Q`K
/Bbi`B#miBQMb QM ℓ2@#�HHb BM Rd- M�K2Hv-

dρk(c,c,ξ)=
k∏

j=1

{
Γ( d

2 +1)

π
d
2

(
1
ξ j

)d

{Bd(c j ,ξ j)}(c j)

}

dc,

r?2`2 c ∈C (k,R)- ξ ∈Ξ(k,R) �M/ Bd(c j,ξ j) Bb �M ℓ2@#�HH BM Rd- +2Mi2`2/ BM c j rBi? `�/Bmb
ξ jX AM i?2 7QHHQrBM;- r2 b?�HH b?Q`i2M ρk(c,c,ξ) iQ ρk r?2M MQ +QM7mbBQM +�M �`Bb2X h?2
T`QQ7 `2HB2b QM +?QQbBM; � bT2+B}+ ρ BM S`QTQbBiBQM kXRX 6Q` �Mv k ∈ 51, p6- c ∈C (k,R) �M/
ξ ∈Ξ(k,R)- H2i ρ = ρk {c∈Rdk}X h?2M ρ Bb � r2HH@/2}M2/ /Bbi`B#miBQM QM C �M/ #2HQM;b iQ
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Pπ(C )X S`QTQbBiBQM kXR vB2H/b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

ρ∈Pπ(C )
ρ=ρk {c∈Rdk}

{

Ec∼ρ
T∑

t=1
[ℓ(c, xt)]+

K (ρ,π)
λ

+λ

2
E(ρ̂1,...,ρ̂T )Ec∼ρ

T∑

t=1
[ℓ(c, xt)−ℓ(ĉt, xt)]2

}

. UkXR8V

6Q` �Mv ρ = ρk {c∈Rdk}- i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 UkXR8V b�iBb}2b

T∑

t=1
Ec∼ρ [ℓ(c, xt)]=

T∑

t=1
Ec∼ρk [ℓ(c, xt)]

=
T∑

t=1
Ec∼ρk

[
min

j=1,2,...,k

∣∣c j − xt
∣∣2
2

]

≤
T∑

t=1
min

j=1,...,k
Ec∼ρk

[
〈c j − xt, c j − xt〉

]

≤
T∑

t=1
min

j=1,...,k
Ec∼ρk

[∣∣c j − c j
∣∣2
2 +2〈c j − c j,c j − xt〉+

∣∣c j − xt
∣∣2
2

]

=
T∑

t=1
min

j=1,...,k

{
Ec∼ρk

[
|c j − c j|22

]
+|c j − xt|22

}

=
T∑

t=1
min

j=1,...,k

{
d

d+2
ξ2

j +|c j − xt|22
}

≤ dT
d+2

max
j=1,...,k

ξ2
j +

T∑

t=1
ℓ(c, xt), UkXReV

r?2`2 i?2 i?B`/ 2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i i?2 2tT2+i�iBQM Q7 c j mM/2` ρk Bb c j-
j = 1,2, . . . ,kX G2i mb MQr +QKTmi2 i?2 b2+QM/ i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 UkXR8VX

K (ρ,π)=
∫

C
log

ρ(c)
π(c)

ρ(c)dc

=
∫

Rdk

(
log

ρk(c)
πk(c)

+ log
πk(c)
π(c)

)
ρk(c)dc

=K (ρk,πk)+ log
1

q(k)
=: A+B,

r?2`2

A =
∫

Rdk
log

k∏

j=1

(
1
ξ j

)d

( 1
2R

)d ρk(c)dc= d
k∑

j=1
log

(
2R
ξ j

)
.

aBM+2 i?2 7mM+iBQM x <→ (1− e−ηx)/x Bb MQM@BM+`2�bBM; 7Q` x > 0 �M/ η> 0- r2 ?�p2

B = log
(

e−η(1− e−ηp)
1− e−η

eηk
)

≤ log
(
peη(k−1)

)
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= η(k−1)+ log p. UkXRdV

q?2M η= 0- q Bb � mMB7Q`K /Bbi`B#miBQM QM 51, p6- �M/ i?2 �#Qp2 BM2[m�HBiv ?QH/b �b r2HHX
h?2M- K (ρ,π)/λ BM UkXR8V K�v #2 mTT2` #QmM/2/ �b 7QHHQrb,

K (ρ,π)
λ

≤ d
λ

k∑

j=1
log

(
2R
ξ j

)
+ η(k−1)

λ
+ log p

λ
. UkXR3V

6BM�HHv-

|ℓ(c, xt)−ℓ(ĉt, xt)| =
∣∣∣∣min

j=1,...,k
|c j − xt|22 − min

j=1,...,Kt
|ĉt, j − xt|22

∣∣∣∣

≤
(
2R+ max

t=1,...,T
|xt|2

)2
=: C1.

h?2M- i?2 i?B`/ i2`K Q7 i?2 `B;?i@?�M/ bB/2 BM UkXR8V Bb +QMi`QHH2/ �b

λ

2
E(ρ̂1,...,ρ̂T )Ec∼ρk

T∑

t=1
[ℓ(c, xt)−ℓ(ĉt, xt)]2 ≤ λT

2
C2

1. UkXRNV

*QK#BMBM; BM2[m�HBiB2b UkXReV- UkXR3V �M/ UkXRNV ;Bp2b- 7Q` �Mv ξ ∈Ξ(k,R)-

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

dT
d+2

max
j=1,...,k

ξ2
j

+d
λ

k∑

j=1
log

(
2R
ξ j

)
+ η

λ
(k−1)

}

+ λT
2

C2
1 +

log p
λ

.

lM/2` i?2 �bbmKTiBQM i?�i λ> (d+2)/(2TR2)- i?2 ;HQ#�H KBMBKBx2` Q7 i?2 7mM+iBQM

(ξ1, . . . ,ξk) <→ Td
d+2

max
j=1,...,k

ξ2
j +

d
λ

k∑

j=1
log

(
2R
ξ j

)
UkXkyV

/Q2b MQi M2+2bb�`BHv #2HQM; iQ Ξ(k,R)X � TQbbB#H2 +?QB+2 Q7 (ξ j)1:k ∈Ξ(k,R) Bb ;Bp2M #v

ξ⋆1 = ξ⋆2 = ·· · = ξ⋆k =

√
d+2
2λT

.

h?2M UkXkyV �KQmMib iQ

d
2λ

+ dk
2λ

log
(
8R2λT
d+2

)
.

>2M+2-

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

dk
2λ

log
(

8R2λT
(d+2)k

)
+ η

λ
k

}

+
(
log p
λ

+ d
2λ

+ λT
2

C2
1

)
.
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kX8Xk S`QQ7 Q7 h?2Q`2K kXR
h?2 T`QQ7 #mBH/b mTQM i?2 QMHBM2 p�`B�M+2 BM2[m�HBiv /2b+`B#2/ BM �m/B#2`i UkyyNV- BX2X-
7Q` �Mv λ> 0- �Mv ρ̂ ∈Pπ(C ) �M/ �Mv x ∈Rd-

Ec′∼ρ̂[ℓ(c′, x)]≤−1
λ
Ec′∼ρ̂ logEc∼ρ̂

[
e−λ

[
ℓ(c,x)+λ

2 (ℓ(c,x)−ℓ(c′,x))2
]]

. UkXkRV

"v UkXkRV- r2 ?�p2

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)=

T∑

t=1
E(ρ̂1,...,ρ̂t−1)Eρ̂t [ℓ(ĉt, xt) | ĉ1, . . . , ĉt−1]

≤
T∑

t=1
E(ρ̂1,...,ρ̂t−1)

[
− 1
λt−1

Eĉt∼ρ̂t logEc∼ρ̂t

(
e−λt−1[ℓ(c,xt)+

λt−1
2 (ℓ(c,xt)−ℓ(ĉt,xt))2]

)
| ĉ1, . . . , ĉt−1

]

≤E(ρ̂1,...,ρ̂T )

[
T∑

t=1
− 1
λt−1

log
∫

e−λt−1St(c)dπ(c)
∫

e−λt−1St−1(c)dπ(c)

]

=E(ρ̂1,...,ρ̂T )

[
T∑

t=1
− 1
λt−1

log
Vt

Wt−1

]

=E(ρ̂1,...,ρ̂T )

[
T∑

t=1

[
1

λt−1
logWt−1 −

1
λt−1

logVt

]]

, UkXkkV

r?2`2 Vt = Ec∼π
[
e−λt−1St(c)] �M/ Wt = Ec∼π

[
e−λtSt(c)]X �TTHvBM; C2Mb2MǶb BM2[m�HBiv- 7Q`

�Mv 1≤ t ≤ T-

1
λt−1

logVt =
1

λt−1
logEc∼π

[(
e−λtSt(c)

)λt−1
λt

]

≥ 1
λt−1

log
(
Ec∼π

[
e−λtSt(c)

])λt−1
λt

= 1
λt

logWt.

h?2`27Q`2- bBM+2 W0 = 1-

T∑

t=1

[
1

λt−1
logWt−1 −

1
λt−1

logVt

]
≤− 1

λT
logWT , UkXkjV

�M/ #v UkXkkV- UkXkjV �M/ i?2 /m�HBiv 7Q`KmH� UkXkV- r2 ?�p2

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤E(ρ̂1,...,ρ̂T )

[
− 1
λT

logEc∼π
[
e−λT ST (c)

]]

≤− 1
λT

logEc∼π
[
e−λTE(ρ̂1,...,ρ̂T )ST (c)

]
U#v �m/B#2`i- kyyN- G2KK� jXkV

= inf
ρ∈Pπ(C )

{

Ec∼ρ

[
T∑

t=1
ℓ(c, xt)

]

+Ec∼ρE(ρ̂1,...,ρ̂T )

[
T∑

t=1

λt−1

2
(ℓ(c, xt)−ℓ(ĉt, xt))2

]

+K (ρ,π)
λT

}
,

r?B+? �+?B2p2b i?2 T`QQ7X
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kX8Xj S`QQ7 Q7 *Q`QHH�`v kXj
h?2 T`QQ7 Bb bBKBH�` iQ i?2 T`QQ7 Q7 *Q`QHH�`v kXR- i?2 QMHv /Bz2`2M+2 HB2b BM i?2 7�+i i?�i
UkXRNV Bb `2TH�+2/ rBi?

E(ρ̂1,...,ρ̂T )Ec∼ρk

T∑

t=1

λt−1

2
[ℓ(c, xt)−ℓ(ĉt, xt)]2 ≤

(d+2)C2
1

4R2

(

1+
T∑

t=2

√
log(t−1)
!

t−1

)

≤
(d+2)C2

1
4R2

(

1+
√

log2
!

2
+

√
log3
!

3
+

T−1∑

t=4

∫t

t−1

√
log x
!

x
dx

)

≤
(d+2)C2

1
2R2

√
T logT,

r?2`2 i?2 b2+QM/ BM2[m�HBiv �#Qp2 Bb /m2 iQ i?2 7�+i i?�i
!

log t!
t ≤

∫t
t−1

!
log x!

x dx r?2M t ≥ 4
�M/ i?2 H�bi BM2[m�HBiv Bb /2/m+2/ 7`QK i?2 7QHHQrBM; rBi? +?�M;2 Q7 p�`B�#H2 y=

√
log x-

BX2X-
∫T−1

3

√
log x
!

x
dx =

∫!
log(T−1)

!
log3

2y2e
y2
2 dy

≤
√

log(T −1)
∫!

log(T−1)
!

log3
2ye

y2
2 dy

= 2
√

log(T −1)
(!

T −1−
!

3
)
.

kX8X9 S`QQ7 Q7 *Q`QHH�`v kX9
G2i mb /2MQi2 #v M i?2 BM/2t Q7 i?2 H�bi 2TQ+? �M/ H2i tM = TX q2 �bbmK2 M ≥ 1 UQi?2`@
rBb2- i?2 +Q`QHH�`v 7QHHQrb /B`2+iHv 7`QK *Q`QHH�`v kXj �TTHB2/ rBi? �M mTT2` #QmM/ R0 Q7
ℓ2@MQ`K Q7 b2[m2M+2 (xt)1:TVX A7 RtM ≤ RtM−1 - i?2M r2 ?�p2 RT = RtM = RtM−1 - ?2M+2 QM2 �H@
r�vb ?�b RtM ≥ RtM−1 X AM �//BiBQM- bBM+2 M ≥ 1- r2 �HbQ ?�p2 RtM ≤ 2maxt=1,...,T |xt|2 = 2RX

G2i mb BMi`Q/m+2 7Q` 2�+? 2TQ+? r, r = 0,1, . . . , M i?2 7QHHQrBM; MQi�iBQM

E(r) =
tr−1∑

t=tr−1+1
E(ρ̂1,...,ρ̂t)ℓ (ĉt, xt) ,

�M/ 7Q` k ∈ 51, p6 - c ∈C (k,R)

L(r)(k,c)=
tr−1∑

t=tr−1+1
ℓ(c, xt).

qBi?BM 2�+? 2TQ+? r = 0,1, . . . , M- bBM+2

max
t=tr−1+1,tr−1+2,...,tr−1

|xs|2 ≤ Rtr−1, UkXk9V

i?2M �TTHvBM; *Q`QHH�`v kXj iQ 2�+? 2TQ+? r +�M ;Bp2 mb i?�i- 7Q` 2�+? k ∈ 51, p6-

E(r) − inf
c∈C

(
k,Rtr−1

)L(r)(k,c)≤
(
C(d,η)k+C(p,d)

)
R2

tr−1

√
(tr −1)log(tr −1), UkXk8V

r?2`2 C(d,η)= 2(d+η)
d+2 �M/ C(p,d)= 2log p+d

d+2 + 81(d+2)
2 X
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AM �//BiBQM- bBM+2 �HH Q#b2`p�iBQMb xt, t = tr−1 +1, , . . . , tr −1 BM i?2 2TQ+? r �`2 #QmM/2/
BM � +QMp2t #�HH Bd

(
Rtr−1

)
- +2Mi2`2/ BM 0 ∈ Rd rBi? `�/Bmb Rtr−1 �b BM/B+�i2/ #v UkXk9V-

r2 ?�p2 7Q` 2�+? c′ ∈C (k,R)\C
(
k,Rtr−1

)
Ub2i Q7 2H2K2Mi BM C (k,R) MQi BM C

(
k,Rtr−1

)
V-

k = 1,2, . . . , p i?�i

inf
c∈C

(
k,Rtr−1

)L(r)(k,c)≤ L(r)(k,c′). UkXkeV

"v UkXk8V �M/ UkXkeV- r2 +�M ?�p2 i?�i 7Q` �Mv k ∈ 51, p6 �M/ c ∈ C (k,R)- i?2 7QHHQrBM;
BM2[m�HBiv ?QH/b-

E(r) −L(r)(k,c)≤
(
C(d,η)k+C(p,d)

)
R2

tr−1

√
(tr −1)log(tr −1).

h?2`27Q`2- 7Q` �Mv c ∈C (k,R)- QM2 ?�b

T∑

t=1
E(ρ̂1,...,ρ̂t)ℓ (ĉt, xt)−

T∑

t=1
ℓ(c, xt)=

M∑

r=0

(
E(r) −L(r)(k,c)

)
+

M∑

r=0

(
E(ρ̂1,...,ρ̂tr )ℓ

(
ĉtr , xtr

)
−ℓ(c, xtr )

)

≤
M∑

r=0

[
C(d,η)k+C(p,d)

]
R2

tr−1

√
(tr −1)log(tr −1)+4

M∑

r=0
R2

tr

≤
M∑

r=0

[
C(d,η)k+C(p,d)

]
R2

tr−1

√
T logT +4

M∑

r=0
R2

tr .

aBM+2 Rts ≥ 2s−rRtr 7Q` 0≤ r ≤ s ≤ M−1- i?2M 7Q` s ≤ M−1-
s∑

r=0
R2

tr ≤
s∑

r=0
4r−sR2

ts ≤
4
3

R2
ts .

>2M+2-

M∑

r=0
R2

tr−1 ≤ R2
t−1 +

4
3

R2
tM−1

≤ 7
3

R2
tM

,

4
M∑

r=0
R2

tr ≤ 4
(
4
3

R2
tM−1

+R2
tM
+

)
≤ 28

3
R2

tM
.

h?2`27Q`2-

T∑

t=1
E(ρ̂1,...,ρ̂t)ℓ (ĉt, xt)−

T∑

t=1
ℓ(c, xt)≤

7
3

[
C(d,η)k+C(p,d)

]
R2

tM

√
T logT + 28

3
R2

tM

≤ 28
3

[
C(d,η)k+C(p,d)

]
R2√T logT + 112

3
R2,

r?2`2 R = maxt=1,2,...,T |xt|2 �M/ i?2 b2+QM/ BM2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i RtM ≤ 2RX
h�FBM; i?2 BM}KmK Q7 ∑T

t=1ℓ(c, xt) Qp2` i?2 b2i C (k,R)- k ∈ 51, p6 H2�/b iQ

T∑

t=1
E(ρ̂1,...,ρ̂t)ℓ (ĉt, xt)≤ inf

c∈C (k,R)

T∑

t=1
ℓ(c, xt)+

28
3

[
C(d,η)k+C(p,d)

]
R2√T logT + 112

3
R2.

6BM�HHv- i�FBM; i?2 BM}KmK Q7 i?2 `B;?i ?�M/ bB/2 Q7 i?2 �#Qp2 BM2[m�HBiv rBi? `2bT2+i iQ
k i2`KBM�i2b i?2 T`QQ7X
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kX8X8 S`QQ7 Q7 h?2Q`2K kXk
h?2 T`QQ7 7Q` i?2 mTT2` #QmM/ Bb bi`�B;?i7Q`r�`/, #v `2TH�+BM; i?2 HQbb 7mM+iBQM ℓ(c, x) #v
i?2 T2M�HBx2/ HQbb ℓα(c, x)= ℓ(c, x)+α|c| rBi? α=

√
logT/

!
T BM i?2 T`QQ7 Q7 h?2Q`2K kXR-

r2 Q#i�BM

T∑

t=1
Eρ̂1,...,ρ̂tℓα(ĉt, xt)≤ inf

ρ∈Pπ(C )

{

Ec∼ρ

[
T∑

t=1
ℓα(c, xt)

]

+ K (ρ,π)
λT

+E(ρ̂1,...,ρ̂T )Ec∼ρ

[
T∑

t=1

λt−1

2
[ℓα(c, xt)−ℓα(ĉt, xt)]2

]}

,

�M/ +?QQbBM; λ=
√

logT/
!

T �M/ p = T
1
4 vB2H/b i?2 /2bB`2/ mTT2` #QmM/X

q2 MQr T`Q+22/ iQ i?2 T`QQ7 Q7 i?2 HQr2` #QmM/X h?2 i`B+F Bb iQ `2TH�+2 i?2 bmT`2KmK
Qp2` i?2 (xt) BM VT(s) #v �M 2tT2+i�iBQMX

q2 }`bi BMi`Q/m+2 i?2 2p2Mi Ωs,R =
{
(X1, . . . , XT) ∈RdT : bm+? i?�i

∣∣∣c⋆
T,R

∣∣∣= s
}
- r?2`2 c⋆

T,R
Bb /2}M2/ �b BM �bbmKTiBQM H (s)X h?2M- r2 ?�p2

VT(s)≥ inf
(ρ̂t)

EµT

{
T∑

t=1
E(ρ̂1,...,ρ̂t)

(

ℓ(ĉt, Xt)+
√

logT
!

T
|ĉt|

)

− inf
c∈C (s,R)

T∑

t=1
ℓ(c, Xt)

}
(
Ωs,R

)
,

r?2`2 µT ∈ P (RdT) Bb i?2 DQBMi /Bbi`B#miBQM Q7 BXBX/X b�KTH2 (X1, . . . , XT)X LQr- r2 ?�p2
iQ +?QQb2 µ BM Q`/2` iQ K�tBKBx2 i?2 `B;?i@?�M/ bB/2 Q7 i?2 �#Qp2 BM2[m�HBivX h?Bb Bb i?2
Tm`TQb2 Q7 i?2 7QHHQrBM; H2KK�bX

G2KK� kXkX G2i s ∈ N∗, s ≤ pX G2i µ ∈ P (Rd) � /Bbi`B#miBQM +QM+2Mi`�i2/ QM 2s }t2/
TQBMib Sµ = {zi, zi + w, i = 1, . . . , s} bm+? i?�i w = (2∆,0, . . . ,0) ∈ Rd rBi? ∆ > 0 �M/ i?�i
z1, . . . , zs ∈Bd(R)X amTTQb2 i?�i 7Q` �Mv i ̸= j- d(zi, z j)≥ 2A∆ 7Q` bQK2 A > 0X .2}M2 µ �b
i?2 mMB7Q`K /Bbi`B#miBQM Qp2` SµX h?2M- B7 A >

!
2+1- r2 ?�p2

arg min
c∈C (s,R)

Eµℓ(c, X )= {zi +w/2, i = 1, . . . , s}=: c⋆
µ,s.

h?2 T`QQ7 Q7 G2KK� kXk Bb bBKBH�` iQ "�`iH2ii 2i �HX URNN3- a2+iBQM AAAX�- bi2T jVX h?2
M2ti H2KK� +QMi`QHb i?2 T`Q#�#BHBiv Q7 i?2 2p2Mi |c⋆

T,R | ̸= s rBi? � T`QT2` +?QB+2 Q7 ∆2 �M/
A BM i?2 /2}MBiBQM Q7 µX

G2KK� kXjX G2i s ∈N∗- 2 ≤ s ≤ p- �M/ µ Bb /2}M2/ BM G2KK� kXkX h?2M- B7 r2 +?QQb2
A =

!
2s+1 �M/

2(s−1)s
√

logT
(A−1)2

!
T

<∆2 <
√

logT
!

T
,

i?2M 7Q` �Mv ϵ> 0 �M/ T > 8s2 log 2s2

ϵ - r2 ?�p2

P
(∣∣∣c⋆

T,R

∣∣∤= s
)
≤ ϵ.

S`QQ7X 6Q` �Mv k ∈ 51, p6- H2i c⋆
T,k }`biHv /2MQi2 i?2 QTiBK�H T�`iBiBQM BM C (k,R) i?�i

KBMBKBx2b i?2 T2M�HBx2/ 2KTB`B+�H HQbb QM (X1, . . . , XT)- BX2X-

c⋆
T,k = arg min

c∈C (k,R)

{
1
T

T∑

t=1
ℓ(c, Xt)+|c|

√
logT
!

T

}

. UkXkdV
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LQi2 i?�i i?2 QTiBK�H T�`iBiBQM c⋆
µ,s /2}M2/ BM G2KK� kXk Bb �HbQ i?2 T�`iBiBQM KBMB@

KBxBM; i?2 2tT2+i2/ T2M�HBx2/ HQbb- BX2X- c⋆
µ,s = argminc∈C (s,R)

{
Eµℓ(c, X )+|c|

!
logT!

T

}
bBM+2

|c|
!

logT!
T

2[m�Hb iQ i?2 b�K2 p�Hm2 s
!

logT!
T

7Q` �HH c ∈C (s,R)X L2ti

P
(∣∣∣c⋆

T,R

∣∣∣> s
)
=

2s∑

k=s+1
P

(∣∣∣c⋆
T,R

∣∣∣= k
)

≤
2s∑

k=s+1
P

⎛

⎝ 1
T

T∑

t=1
ℓ

(
c⋆

T,k−1, Xt

)
− 1

T

T∑

t=1
ℓ

(
c⋆

T,k, Xt

)
>

√
logT

T

⎞

⎠

≤
2s∑

k=s+1
P

⎛

⎝ 1
T

T∑

t=1
ℓ

(
c⋆

T,k−1, Xt

)
>

√
logT

T

⎞

⎠

≤ sP

⎛

⎝ 1
T

T∑

t=1
ℓ

(
c⋆
µ,s, Xt

)
>

√
logT

T

⎞

⎠

= sP

⎛

⎝∆2 >

√
logT

T

⎞

⎠= 0, UkXk3V

r?2`2 i?2 }`bi BM2[m�HBiv Bb BM/m+2/ #v i?2 /2}MBiBQM Q7 c⋆
T,Rc i?2 i?B`/ BM2[m�HBiv Bb /m2

iQ i?2 7�+i i?�i r2 ?�p2 �HKQbi bm`2Hv

T∑

t=1
ℓ

(
c⋆
µ,s, Xt

)
≥

T∑

t=1
ℓ

(
c⋆

T,s, Xt

)
≥

T∑

t=1
ℓ

(
c⋆

T,k−1, Xt

)
, 7Q` k > s. UkXkNV

LQi2 i?�i i?2 }`bi BM2[m�HBiv Q7 UkXkNV Bb /m2 iQ i?2 /2}MBiBQM Q7 c⋆
T,s bBM+2 Bi KBMBKBx2b

i?2 +mKmH�iBp2 HQbb rBi?BM �HH C (s,R)- �b BM/B+�i2/ #v i?2 /2}MBiBQM BM UkXkdV rBi? k = sX
LQi2 i?�i bBM+2 �HH c ∈ C (s,R)- p�Hm2b 7Q` |c| rQmH/ #2 i?2 b�K2X h?2 b2+QM/ BM2[m�HBiv
Bb /m2 iQ i?2 7�+i i?�i i?2 MmK#2` Q7 k−1 Q7 +2Mi2`b BM c⋆

T,k−1 Bb MQi bK�HH2` i?�M i?2
MmK#2` s Q7 +2Mi2`b BM c⋆

T,sX

JQ`2Qp2`- i?2 }`bi 2[m�HBiv BM i?2 H�bi HBM2 Q7 UkXk3V Bb #v G2KK� kXk r?2`2 r2 `2+�HH
i?�i c⋆

µ,s = {z1 +w/2, z2 +w/2, . . . , zs +w/2} Bb i?2 #2bi T�`iBiBQM mM/2` i?2 mMB7Q`K /Bbi`B@
#miBQM µ �M/ Bib KBMBKmK b[m�`2/ /Bbi�M+2 iQ 2�+? Xt Bb ∆2 UBX2X- ℓ(c⋆

µ,s, Xt) =∆2V bBM+2
Xt, t = 1,2, . . . ,T HQ+�i2 2Bi?2` QM zi Q` zi +wX 6BM�HHv- i?2 b2+QM/ 2[m�HBiv BM i?Bb HBM2 Bb
/m2 iQ i?2 +QMbi`�BMi UBX2X- ∆2 <

√
logT/

!
T BM G2KK� kXjV BKTQb2/ QM i?2 /Bbi�M+2 ∆

#2ir22M zi �M/ zi+w- i = 1,2, . . . , s r?2M r2 +QMbi`m+i i?2K BM G2KK� kXkX h?2 2[m�iBQM
UkXk3V +�M #2 BMi2`T`2i2/ �b 7QHHQrb, r?2M i?2 /Bbi�M+2 UBX2X- k∆V #2ir22M zi �M/ Bib irBM
zi +w Bb bm{+B2MiHv bK�HH- i?2M i?2 BM+`2�bBM; Q7 i?2 T2M�Hiv i2`K |c|

√
T logT BM i?2

�bbmKTiBQM H (s) #v �//BM; i?2 MmK#2` Q7 +2Mi2`b BM +Hmbi2`BM; rBHH bm`T�bb i?2 `2/m+BM;
Q7 ∑T

t=1ℓ(c, xt)- ?2M+2 Bi Bb BKTQbbB#H2 i?�i c⋆
T,R rBHH ?�p2 MmK#2` Q7 +2Mi2`b #B;;2` i?�M sX

AM Q`/2` iQ +QMi`QH i?2 T`Q#�#BHBiv P(|c⋆
T,R | < s)- H2i mb }`bi +QMbB/2` i?2 oQ`QMQB T�`iBiBQM

Q7 Rd BM/m+2/ #v i?2 b2i Q7 TQBMib {zi, zi +w, i = 1, . . . , s} �M/ 7Q` 2�+? i /2}M2 Vi �b i?2
mMBQM Q7 i?2 oQ`QMQB +2HHb #2HQM;BM; iQ zi �M/ zi +wX G2i Ni /2MQi2b i?2 MmK#2` Q7
Xt- t = 1, . . . ,T 7�HHBM; BM ViX >2M+2 (N1, . . . , Ns) 7QHHQrb � KmHiBMQKB�H /Bbi`B#miBQM rBi?
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T�`�K2i2` (T, q1, q2, . . . , qs)- r?2`2 q1 = q2 = ·· · = qs = 1/sX h?2M

P
(∣∣∣c⋆

T,R

∣∣∣< s
)
=

s−1∑

k=1
P

(∣∣∣c⋆
T,R

∣∣∣= k
)

≤
s−1∑

k=1
P

(
1
T

T∑

t=1
ℓ

(
c⋆

T,k, Xt

)
− 1

T

T∑

t=1
ℓ

(
c⋆

T,s, Xt

)
≤

(s−k)
√

logT
!

T

)

≤
s−1∑

k=1
P

(
1
T

T∑

t=1
ℓ

(
c⋆

T,k, Xt

)
− 1

T

T∑

t=1
ℓ

(
c⋆
µ,s, Xt

)
≤

(s−k)
√

logT
!

T

)

≤ (s−1)P

(
1
T

min
i=1,...,s

Ni · (A−1)2∆2 −∆2 ≤
(s−k)

√
logT

!
T

)

≤ (s−1)sP

(

N1 ≤
T∆2 + (s−1)

√
T logT

(A−1)2∆2

)

.

h?2 i?B`/ BM2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i ∑T
t=1ℓ

(
c⋆

T,k, Xt

)
≥ mini=1,...,s Ni(A−1)2∆2 7Q`

k < s- �M/ i?2 H�bi BM2[m�HBiv ?QH/b bBM+2 i?2 K�`;BM�H /Bbi`B#miBQMb Q7 i?2 Nib Ui = 1, . . . , sV
�`2 i?2 b�K2 #BMQKB�H /Bbi`B#miBQM rBi? T�`�K2i2` (T,1/s)X 6BM�HHv- r2 +�M #QmM/ i?2
H�bi i2`K #v >Q2z/BM;Ƕb BM2[m�HBiv- BX2X- 7Q` �Mv t > 0

P (N1 −E (N1)≤−t)≤ 2exp
(
−2t2

T

)
.

>Q2z/BM;Ƕb BM2[m�HBiv BKTHB2b i?�i B7 s > 2, A =
!

2s+1,T > 8s2 log 2s2

ϵ �M/ ∆2 > 2s(s−1)
!

logT
(A−1)2

!
T

-
i?2M

P

(

N1 ≤
T∆2 + (s−1)

√
T logT

(A−1)2∆2

)

< ϵ

s2 .

L2ti- r2 T`Q+22/ iQ i?2 T`QQ7 Q7 h?2Q`2K kXkX 6B`bi Q7 �HH- bBM+2 (X1, . . . , XT) �`2 BXBX/-
7QHHQrBM; i?2 /Bbi`B#miBQM µ �M/ #v i?2 /2}MBiBQM Q7 Ωs,R- r2 +�M r`Bi2

inf
(ρ̂t)

EµT

⎧
⎨

⎩

T∑

t=1
E(ρ̂1,...,ρ̂t)

⎛

⎝ℓ(ĉt, Xt)+

√
logT

T
|ĉt|

⎞

⎠

⎫
⎬

⎭
(
Ωs,R

)

= inf
(ρ̂t)

E(ρ̂1,...,ρ̂T )

T∑

t=1
EµT

⎡

⎣

⎛

⎝ℓ(ĉt, Xt)+

√
logT

T
|ĉt|

⎞

⎠ (Ωs,R)

⎤

⎦

≥EµT

{
T∑

t=1
ℓ(ĉ, Xt)+

√
T logT|ĉ|

}
(
Ωs,R

)

≥EµT

{
T∑

t=1
ℓ(c⋆

T,R , Xt)+ s
√

T logT

}
(
Ωs,R

)

≥EµT

{
T∑

t=1
ℓ(c⋆

T,R , Xt)

}(
1−

(
ΩC

s,R

))
+ s

√
T logTP

(
Ωs,R

)

≥EµT

{
T∑

t=1
ℓ(c⋆

T,R , Xt)

}

−T∆2P
(
ΩC

s,R

)
+ s

√
T logT

(
P

(
Ωs,R

)
−P

(
ΩC

s,R

))

≥T inf
c∈C (s,R)

Eµℓ(c, X )−T∆2P
(
ΩC

s,R

)
+ s

√
T logT

(
P

(
Ωs,R

)
−P

(
ΩC

s,R

))
,
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r?2`2 ĉ BM i?2 }`bi BM2[m�HBiv Bb ;Bp2M #v

ĉ= argmin
c∈C

EµT

[(
ℓ(c, Xt)+|c|

√
logT/

!
T

)
1(Ωs,R)

]
.

LQi2 i?�i ĉ /Q2b MQi /2T2M/ QM t bBM+2 Xt, t = 1, . . . ,T �`2 BXBX/ �M/ µ Bb � bvKK2i`B+
mMB7Q`K /Bbi`B#miBQM U/2}MBiBQM BM G2KK� kXkVX h?2 b2+QM/ BM2[m�HBiv Bb /m2 iQ C2Mb2MǶb
BM2[m�HBiv �M/ i?2 7Qm`i? BM2[m�HBiv `2HB2b QM i?2 7�+i i?�i rBi? i?2 /2}MBiBQM Q7 c⋆

T,R �M/
µ- r2 ?�p2 �HKQbi bm`2Hv i?�i

T∑

t=1
ℓ

(
c⋆

T,R , Xt

)
≤

T∑

t=1
ℓ

(
c⋆
µ,s, Xt

)
+ s

√
T logT = T∆2 + s

√
T logT,

r?2`2 ∆ > 0 Bb `2H�i2/ rBi? i?2 +?QB+2 Q7 µ BM G2KK� kXk �M/ Bib p�Hm2 Bb +QMbi`�BM2/
�++Q`/BM; iQ G2KK� kXjX h?2M r2 Q#i�BM 7Q` �Mv ϵ> 0

inf
(ρ̂t)

EµT

{
T∑

t=1
E(ρ̂1,...,ρ̂t)ℓ(ĉt, Xt)+

√
logT
!

T
|ĉt|

}
(
Ωs,R

)
≥ T inf

c∈C (s,R)
Eµℓ(c, X )−Tϵ∆2

+ s
√

T logT(1−2ϵ). UkXjyV

JQ`2Qp2`- #v C2Mb2MǶb BM2[m�HBiv

EµT

[

inf
c∈C (s,R)

T∑

t=1
ℓ (c, Xt)1

(
Ωs,R

)
]

≤ T inf
c∈C (s,R)

Eµℓ(c, X ). UkXjRV

*QK#BMBM; UkXjyV �M/ UkXjRV- r2 Q#i�BM

VT(s)≥ s
√

T logT

(

1−2ϵ

[

1+
!

T∆2

2s
√

logT

])

. UkXjkV

6m`i?2`KQ`2- #v i�FBM; ϵ= 1/T �M/ +?QQbBM; i?2 KBMBKmK p�Hm2 Q7 ∆2 �HHQr2/ BM G2KK� kXj-
UkXjkV vB2H/b

VT(s)≥ s
√

T logT
(
1− 2

T

[
1+ s−1

2s2

])
.

6BM�HHv- r2 M22/ iQ 2Mbm`2 i?�i s T�B`b Q7 TQBMib {zi, zi + w} +�M #2 T�+F2/ BM Bd(R)
bm+? i?�i i?2 /Bbi�M+2 #2ir22M �Mv irQ Q7 i?2 zib Bb �i H2�bi 2AX � bm{+B2Mi +QM/BiBQM
UEQHKQ;Q`Qp �M/ hBF?QKB`Qp- RNeRV Bb

s ≤
(

R−2∆
2A∆

)d
.

A7 ∆≤ R/6 Ur?B+? Bb b�iBb}2/ B7 T Bb H�`;2 2MQm;?V- i?2 �#Qp2 BM2[m�HBiv ?QH/b B7

s ≤
(

R
3A∆

)d
.

�b A =
!

2s+1 �M/ ∆2 <
√

logT/
!

T- r2 ;2i i?2 /2bB`2/ `2bmHiX
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kX8Xe S`QQ7 Q7 G2KK� kXR
G2i Dn /2MQi2 i?2 2p2Mi i?�i MQ ǳrBi?BM@KQ/2H KQp2Ǵ Bb 2p2` �++2Ti2/ BM i?2 }`bi n
KQp2bX h?2M D1 = DrBi?BM

1 ∪D#2ir22M
1 - r?2`2 DrBi?BM

1 bi�M/b 7Q` i?2 2p2Mi i?�i � ǳrBi?BM@
KQ/2H KQp2Ǵ Bb T`QTQb2/ #mi `2D2+i2/ BM QM2 bi2T �M/ D#2ir22M

1 i?�i � ǳ#2ir22M@KQ/2H
KQp2Ǵ Bb T`QTQb2/ BM QM2 bi2TX h?2M r2 ?�p2

P
[
D1|(k(0),c(0))= (k,c)

]
=P

[
k′ ̸= k|(k,c)

]
+P

[
k′ = k,#mi `2D2+i2/|(k,c)

]

=2
3
+ 1

3

[
1−

∫

Rdk
α

[
(k,c), (k,c′)

]
ρk

(
c′,ck,τk

)
dc′

]
,

r?2`2

α
[
(k,c), (k,c′)

]
=min

{
1,

ρ̂t(c′)ρk(c,ck,τk)
ρ̂t(c)ρk(c′,ck,τk)

}

=min
{
1,ht

(
c′|(k,c)

)}
.

lM/2` i?2 �bbmKTiBQM Q7 k′ = k- r2 ?�p2 i?�i c′,c ∈Rdk- i?2`27Q`2 i?2 `2bi`B+iBQM Q7 ρ̂t iQ
Rdk Bb r2HH /2}M2/X JQ`2Qp2`- #v i?2 /2}MBiBQM Q7 πk BM UkXeV- i?2 bmTTQ`i Q7 i?2 `2bi`B+iBQM
Q7 ρ̂t iQ Rdk Bb Rdk ∩E = (Bd(2R))kX >2M+2 i?2 7mM+iBQM (c′,c) <→ ht

(
c′|(k,c)

)
Bb bi`B+iHv

TQbBiBp2 �M/ +QMiBMmQmb QM i?2 +QKT�+i b2i (Bd(2R))k×(Bd(2R))kX �b � +QMb2[m2M+2- i?2
KBMBKmK Q7 ht

(
c′|(k,c)

)
QM (Bd(2R))k × (Bd(2R))k Bb �+?B2p2/ �M/ r2 /2MQi2 Bi #v mk-

BX2X-
mk = inf

c′,c∈(Bd(2R))k
ht

(
c′|(k,c)

)
> 0.

AM �//BiBQM- /m2 iQ i?2 +QMiBMmBiv �M/ TQbBiBpBiv Q7 ρk QM Rdk- Bi Bb +H2�` i?�i 7Q` �Mv
k ∈ 51, p6

zk =
∫

(Bd(2R))k
ρk

(
c′,ck,τk

)
dc′ > 0.

h?2`27Q`2- 7Q` �Mv k-
∫

Rdk
α

[
(k,c), (k,c′)

]
ρk

(
c′,ck,τk

)
dc′ ≥ inf

k∈51,p6
(mkzk)

=: m⋆ > 0.

>2M+2- mMB7Q`KHv QM k ∈ 51, p6 �M/ c ∈Rdk ∩E - r2 ?�p2-

P [D1|(k,c)]≤
[

2
3
+ 1

3
(1−m⋆)

]
< 1.

hQ +QM+Hm/2-

P [D|(k,c)]= lim
n−→∞

P [Dn|(k,c)]≤ lim
n−→∞

[
2
3
+ 1

3
(1−m⋆)

]n
= 0.

kX8Xd S`QQ7 Q7 h?2Q`2K kXj
6Q` �Mv c ∈ E - i?2`2 2tBbib bQK2 k ∈ 51, p6 bm+? i?�i c ∈ (Bd(2R))k ⊂ E X 6Q` �Mv k′ ∈
5k−1,k+16 �M/ 7Q` �Mv A ∈B

(
Rdk′

)
bm+? i?�i ρ̂t(A) > 0- i?2 i`�MbBiBQM F2`M2H H Q7 i?2

+?�BM Bb ;Bp2M #v

H
(
c,c′ ∈ A

)
=

∫
{v1∈A}α

[
(k,c) ,

(
k′,v1

)]
q(k,k′)ρk′(v1,ck′ ,τk′)dv1 + r(c)δc (A) , UkXjjV
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r?2`2 ρk′(·,ck′ ,τk′) Bb i?2 `2b+�H2/ aim/2Mi /Bbi`B#miBQM BM UkXR9V �M/

r (c)=
∑

k′∈5k−1,k+16
q(k,k′)

∫(
1−α

[
(k,c) ,

(
k′,v1

)])
ρk′(v1,ck′ ,τk′)dv1

Bb i?2 T`Q#�#BHBiv Q7 `2D2+iBQM r?2M bi�`iBM; �i bi�i2 c- �M/ δc(·) Bb � .B`�+ K2�bm`2 BM
cX PM2 +�M 2�bBHv MQi2 i?�i H(c,c′ ∈ A) BM UkXjjV Bb bi`B+iHv TQbBiBp2- BM/B+�iBM; i?�i i?2
+?�BM- r?2M bi�`iBM; 7`QK c- ?�b � TQbBiBp2 +?�M+2 iQ KQp2X h?2`27Q`2- 7Q` �Mv A ∈B(C )
bm+? i?�i ρ̂t(A) > 0- r2 +�M T`Qp2 rBi? i?2 *?�TK�M@EQHKQ;Q`Qp 2[m�iBQM i?�i i?2`2
2tBbib bQK2 m ∈N∗ bm+? i?�i

Hm (c, A)> 0,

r?2`2 Hm(c, A) =
∫

Hm−1(y, A)H(c,dy) Bb i?2 m@bi2T i`�MbBiBQM F2`M2HX AM Qi?2` rQ`/b-
i?2 +?�BM Bb ρ̂t@B``2/m+B#H2X 6BM�HHv- � bm{+B2Mi +QM/BiBQM 7Q` i?2 +?�BM iQ #2 �T2`BQ/B+ Bb
i?�i �H;Q`Bi?K kXj �HHQrb i`�MbBiBQMb bm+? �b

{(
k(n+1),c(n+1))=

(
k(n),c(n))}- BX2X-

P
(
α

[
(k(n),c(n)), (k′,c′)

]
< 1

)
=P

(
ρ̂t(c′)q(k′,k(n))ρk(n) (c(n),ck(n) ,τk(n) )
ρ̂t(c(n))q(k(n),k′)ρk′(c′,ck′ ,τk′)

< 1

)

> 0. UkXj9V

aBM+2 7Q` �Mv c′ ∈ A ⊂B
(
Rdk′

)
∩E c bm+? i?�i P

(
c′ ∈ A

)
=

∫
A ρk′(c′,ck′ ,τk′)dc′ > 0- r2 ?�p2

ρ̂t(c′)= 0- UkXj9V ?QH/bX h?2`27Q`2-

P

(
ρ̂t(c′)q(k′,k(n))ρk(n) (c(n),ck(n) ,τk(n) )
ρ̂t(c(n))q(k(n),k′)ρk′(c′,ck′ ,τk′)

< 1

)

≥P
(
c′ ∈ A

)
> 0.

h?2 +?�BM Bb i?2`27Q`2 �T2`BQ/B+X 6BM�HHv- i?2 >�``Bb `2+m``2M+2 Q7 i?2 +?�BM Bb � +QM@
b2[m2M+2 Q7 G2KK� kXR U#�b2/ QM _Q#2`ib �M/ _Qb2Mi?�H- kyye- h?2Q`2K kyVX �b �
+QM+HmbBQM- i?2 +?�BM +QMp2`;2b iQ i?2 i�`;2i /Bbi`B#miBQM ρ̂tX

kXe �TT2M/Bt
6Q` i?2 b�F2 Q7 +QKTH2i2M2bb- i?Bb �TT2M/Bt T`2b2Mib �//BiBQM�H `2;`2i #QmM/b 7Q` � /B7@
72`2Mi ?2�pv@i�BH2/ T`BQ`X .QBM; bQ- r2 bi`2bb i?�i i?2 [m�bB@"�v2bB�M �TT`Q�+? Bb ~2tB#H2
BM i?2 b2Mb2 i?�i Bi �HHQrb 7Q` `2;`2i #QmM/b 7Q` � H�`;2 p�`B2iv Q7 T`BQ`bX
� d@KmHiBp�`B�i2 aim/2Mi /Bbi`B#miBQM U�b T`2b2Mi2/ BM EQix �M/ L�/�`�D�?- kyy9V Bb
/2}M2/ �b i?2 `�iBQ #2ir22M � :�mbbB�M p2+iQ` �M/ i?2 b[m�`2 `QQi Q7 �M BM/2T2M/2Mi χ2

rBi? v /2;`22b Q7 7`22/QK �M/ ?�b i?2 /2MbBiv

Γ( d+v
2 )

Γ( v
2)v

d
2 π

d
2 |Σ| 1

2

[
1+ (x−µ)TΣ−1(x−µ)

v

]− v+d
2

,

r?2`2 µ,Σ,v �`2 T�`�K2i2`bX >2`2- r2 +QMbB/2` � /Bz2`2Mi /Bbi`B#miBQM, � `2b+�H2/ aim/2Mi
/Bbi`B#miBQM rBi? v = 3 �M/ Σ= 2τ2Id- r?2`2 τ> 0 Bb � b+�H2 T�`�K2i2` �M/ Id Bb i?2 d@
/BK2MbBQM�H B/2MiBiv K�i`BtX h?Bb /Bbi`B#miBQM ?�b i?2 /2MbBiv

Γ( d+3
2 )

Γ(3
2)3

d
2 π

d
2 (2τ2)

d
2

[

1+
|x−µ|22

6τ2

]− 3+d
2

∆= Ad,τ

[

1+
|x−µ|22

6τ2

]− 3+d
2

, UkXj8V

r?2`2 Ad,τ bi�M/b 7Q` i?2 `2MQ`K�HBxBM; +QMbi�MiX AM i?Bb b2iiBM;- i?2 T�`�K2i2`b 7Q`
Qm` `2b+�H2/ aim/2Mi /Bbi`B#miBQM �`2 i?2 K2�M p2+iQ` µ �M/ i?2 b+�H2 T�`�K2i2` τ > 0X



kXeX �SS1L.As 8N

h?Bb `2b+�H2/ aim/2Mi /Bbi`B#miBQM Bb � ;2M2`�HBx�iBQM Q7 i?2 T`BQ` BMi`Q/m+2/ #v .�H�Hv�M
�M/ hbv#�FQp UkyRk�V r?2`2 � T`Q/m+i Q7 mMBp�`B�i2 aim/2Mi Bb +QMbB/2`2/ �M/ b2`p2b iQ
2M7Q`+2 bT�`bBiv UbBM+2 Bi Bb ?2�pv@i�BH2/VX
G2i mb +QMbB/2` πk �b � T`Q/m+i Q7 k BM/2T2M/2Mi i`mM+�i2/ `2b+�H2/ aim/2Mi /Bbi`B#miBQMb
BM Rd- M�K2Hv- 7Q` �Mv c ∈Rdk ⊂C -

dπk(c,τ0,2R)=
k∏

j=1

⎧
⎨

⎩C−1
2R,τ0

(

1+
|c j|22
6τ2

0

)− 3+d
2

{|c j |2≤2R}

⎫
⎬

⎭dc, UkXjeV

r?2`2 τ0 > 0 �M/ R > 0 �`2 `2bT2+iBp2Hv i?2 b+�H2 �M/ i`mM+�iBQM T�`�K2i2`b- �M/ C2R,τ0

Bb i?2 MQ`K�HBxBM; +QMbi�Mi �++QmMiBM; 7Q` i?2 i`mM+�iBQMX q?2M R = +∞- πk(c,τ0,2R)
�KQmMib iQ � /Bbi`B#miBQM rBi?Qmi i`mM+�iBQMX AM i?2 7QHHQrBM;- r2 b?Q`i2M πk(c,τ0,2R)
iQ πk r?2M2p2` MQ +QM7mbBQM Bb TQbbB#H2X
.2MQi2 #v ν i?2 `2b+�H2/ aim/2Mi /Bbi`B#miBQM BM Rd- rBi? K2�M p2+iQ` 0 ∈ Rd �M/ b+�H2
T�`�K2i2` RX 6Bt k ∈ 51, p6- R > 0 �M/ c ∈ C (k,R)- �M/ `2+�HH i?�i Ξ(k,R) /2MQi2b i?2
?vT2`+m#2 BM Rk /2}M2/ #v

Ξ(k,R) :=
{
ξ= (ξ j) j=1,...,k ∈Rk : 0< ξ j ≤ R,∀ j

}
.

6Q` �Mv k ∈ 51, p6- c ∈ Rdk ⊂ C - c ∈ C (k,R)- ξ ∈ Ξ(k,R)- 0 < τ2 ≤
!

3R2/(6
!

d) �M/ R > 0-
r2 /2}M2 i?2 T`Q#�#BHBiv /Bbi`B#miBQM ρk QM Rdk #v

ρk(c,c,τ,ξ)=
k∏

j=1

⎧
⎨

⎩C−1
ξ j ,τ

(

1+
|c j − c j|22

6τ2

)− 3+d
2

{|c j−c j |2≤ξ j}

⎫
⎬

⎭ , UkXjdV

r?2`2 Cξ j ,τ �`2 MQ`K�HBxBM; +QMbi�Mib /2}M2/ �b Cξ j ,τ =P
(
|ν|2 ≤ ξ j/

!
2τ

)
/Ad,τ- r?2`2 Ad,τ

Bb i?2 +QMbi�Mi /2}M2/ BM UkXj8VX JQ`2Qp2`- r?2M (ξ j) j=1,...,k = +∞- r2 H2i ρk(c,c,τ,ξ)
/2MQi2 i?2 `2b+�H2/ aim/2Mi /Bbi`B#miBQM rBi?Qmi i`mM+�iBQMX AM i?2 b2[m2H- r2 b?�HH
b?Q`i2M ρk(c,c,τ,ξ) iQ ρk r?2M2p2` MQ +QM7mbBQM Bb TQbbB#H2X

G2KK� kX9X �bbmK2 i?�i q �M/ πk BM UkXjV �`2 /2}M2/ `2bT2+iBp2Hv �b BM UkX8V �M/
UkXjeV- �M/ i?�i ρk Bb /2}M2/ �b UkXjdV 7Q` 2�+? k ∈ 51, p6X 6Q` i?2 T`Q#�#BHBiv /Bbi`B#miBQM
ρ(c,c,τ,ξ)= {c∈Rdk}ρk(c,c,τ,ξ) /2}M2/ QM C - B7 R ≥maxt=1,...,T |xt|2- i?2M

K (ρ,π)≤
k∑

j=1

[
3+d

2
log

(

1+
ξ2

j

6τ2

)

− d
2

logξ2
j

]

−k log cd

+ (3+d)k log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

+kd logτ0 + log p+η(k−1).

S`QQ7X "v i?2 /2}MBiBQM Q7 i?2 EmHH#�+F@G2B#H2` /Bp2`;2M+2- r2 ?�p2

K (ρ,π)=K (ρk,πk)+ log
1

q(k)
=: A+B, UkXj3V

r?2`2

A =
∫

Rdk
log

⎡

⎣
k∏

j=1

C2R,τ0

Cξ j ,τ

(
τ2

0
τ2

6τ2 +|c j − c j|22
6τ2

0 +|c j|22

)− 3+d
2

⎤

⎦ρk(c)dc
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=
k∑

j=1
log

C2R,τ0

Cξ j ,τ
+ 3+d

2

∫

Rdk

k∑

j=1
log

(
τ2

τ2
0

6τ2
0 +|c j|22

6τ2 +|c j − c j|22

)

ρk(c)dc

=
k∑

j=1
log

P
(
|ν|2 ≤ 2R!

2τ0

)

P
(
|ν)|2 ≤

ξ j!
2τ

) +kd log
τ0

τ
+ 3+d

2

∫

Rdk

k∑

j=1
log

(
τ2

τ2
0

6τ2
0 +|c j|22

6τ2 +|c j − c j|22

)

ρk(c)dc

=: A1 + A2 + A3. UkXjNV

"v i?2 /2}MBiBQM Q7 i?2 `2b+�H2/ aim/2Mi /Bbi`B#miBQM ν-

P

(
|ν|2 ≤

ξ j!
2τ

)
=

∫

|ν|2≤
ξ j!
2τ

Γ(3+d
2 )

Γ(3
2)(3π)

d
2

(

1+
|ν|22
3

)− 3+d
2

dν

≥
(

1+
ξ2

j

6τ2

)− 3+d
2 Γ(3+d

2 )

Γ(3
2)(3π)

d
2

∫

|ν|2≤
ξ j!
2τ

dν

= cdτ
−d

(

1+
ξ2

j

6τ2

)− 3+d
2

ξd
j ,

r?2`2 Γ(·) Bb i?2 :�KK� 7mM+iBQM �M/ cd =
Γ
(

3+d
2

)

Γ
( 3

2
)
Γ
(

d
2 +1

)
6

d
2

. >2M+2- i?2 i2`K A1 BM UkXjNV

p2`B}2b

A1 = k logP
(
|ν|2 ≤

2R
!

2τ0

)
−

k∑

j=1
logP

(
|ν)|2 ≤

ξ j!
2τ

)

≤−
k∑

j=1
logP

(
|ν|2 ≤

ξ j!
2τ

)

≤
k∑

j=1

[
3+d

2
log

(

1+
ξ2

j

6τ2

)

− d
2

logξ2
j

]

+kd logτ−k log cd. UkX9yV

AM �//BiBQM- r2 ?�p2

6τ2
0 +|c j|22

6τ2 +|c j − c j|22
≤ 1+

2|c j|2
2
!

6τ
2
!

6τ|c j − c j|2
6τ2 +|c j − c j|22

+
|c j|22

6τ2 +|c j − c j|22
+
τ2

0
τ2

= 1+
|c j|2!

6τ
+
|c j|22
6τ2 +

τ2
0

τ2 ≤
(
1+

|c j|2!
6τ

+ τ0

τ

)2
,

r?2`2 r2 mb2/ i?2 *�m+?vĜa+?r�`x BM2[m�HBivX .m2 iQ i?2 �#Qp2 BM2[m�HBiv- i?2 i2`K A3
BM UkXjNV b�iBb}2b

A3 ≤ (3+d)
∫ k∑

j=1
log

(
1+ τ

τ0
+

|c j|2!
6τ0

)
ρk(c)dc

≤ (3+d)k
∫

log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

ρk(c)dc

= (3+d)k log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

. UkX9RV

*QK#BMBM; UkXj3V- UkXjNV- UkX9yV- UkX9RV rBi? UkXRdV +QKTH2i2b i?2 T`QQ7X
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*Q`QHH�`v kX8X 6Q` �Mv b2[m2M+2 (xt)1:T ∈RdT - 7Q` �Mv λ> 0- B7 q �M/ πk BM UkXjV �`2 i�F2M
`2bT2+iBp2Hv �b BM UkX8V �M/ UkXjeV rBi? T�`�K2i2` η≥ 0- τ0 > 0 �M/ R ≥ maxt=1,...,T |xt|2-
�H;Q`Bi?K kXR b�iBb}2b- 7Q` �Mv 0< τ2 ≤ (

!
3R2)/(6

!
d)-

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

kd
λ

log
τ0

cdτ
+ η

λ
k

+ (3+d)k
λ

log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

+ 1
λ

√
kd(12τ2Tλ+3k)

}

+ λT
2

C2
1 +

log p
λ

,

r?2`2 C1 = (2R+maxt=1,...,T |xt|2)2 �M/ cd =
(

Γ( 3+d
2 )

Γ( 3
2 )Γ( d

2 +1)

)1/d
X

S`QQ7X "v S`QTQbBiBQM kXR-

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

ρ∈Pπ(C )
ρ=ρk {c∈Rdk}

{

Ec∼ρ
T∑

t=1
[ℓ(c, xt)]+

K (ρ,π)
λ

+λ

2
E(ρ̂1,...,ρ̂T )Ec∼ρ

T∑

t=1
[ℓ(c, xt)−ℓ(ĉt, xt)]2

}

UkX9kV

�b BM UkXReV- i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 UkX9kV K�v #2 mTT2` #QmM/2/X

T∑

t=1
Ec∼ρ[ℓ(c, xt)]≤

T∑

t=1
ℓ(m, xt)+T max

j=1,...,k
ξ2

j . UkX9jV

6Q` i?2 b2+QM/ i2`K BM i?2 `B;?i@?�M/ bB/2 Q7 UkX9kV- #v G2KK� kX9-

K (ρ,π)
λ

≤ (3+d)k
λ

log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

+ 1
λ

k∑

j=1

[
3+d

2
log

(

1+
ξ2

j

6τ2

)

− d
2

logξ2
j

]

+ kd
λ

logτ0 −
k
λ

log cd +
η

λ
(k−1)+ log p

λ
. UkX99V

GBF2rBb2 iQ UkXRNV- i?2 i?B`/ i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 UkX9kV Bb mTT2` #QmM/2/ #v

λ

2
E(ρ̂1,...,ρ̂T )Ec∼ρk

T∑

t=1
[ℓ(c, xt)−ℓ(ĉt, xt)]2 ≤ λT

2
C2

1. UkX98V

*QK#BMBM; BM2[m�HBiB2b UkX9jV- UkX99V �M/ UkX98V vB2H/b 7Q` ξ ∈Ξ(k,R) �M/ 0< τ2 ≤
!

3R2/(6
!

d)
i?�i

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+ξ2

j +
(3+d)k

λ
log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

+T max
j=1,...,k

ξ2
j +

3+d
2λ

k∑

j=1
log

(

1+
ξ2

j

6τ2

)

− d
2λ

k∑

j=1
logξ2

j +
kd
λ

logτ0 −
k
λ

log cd + (k−1)

}

+ λT
2

C2
1 +

log p
λ

.
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G2i ξ̂ j = ξ2
j /6τ

2 7Q` �Mv j = 1, . . . ,k- i?2M 0< ξ̂ j ≤ R2/6τ2 bBM+2 ξ= (ξ j) j=1,...,k ∈Ξ(k,R)X h?Bb
vB2H/b

T max
j=1,...,k

ξ2
j +

3+d
2λ

k∑

j=1
log

(

1+
ξ2

j

6τ2

)

− d
2λ

k∑

j=1
logξ2

j

= 6τ2T max
j=1,...,k

ξ̂ j +
3

2λ

k∑

j=1
log

(
1+ ξ̂ j

)
+ d

2λ

k∑

j=1
log

(

1+ 1
ξ̂ j

)

− kd
2λ

log(6τ2)

≤ 6τ2T max
j=1,...,k

ξ̂ j +
3

2λ

k∑

j
ξ̂ j +

d
2λ

k∑

j=1

1
ξ̂ j

− kd
2λ

log(6τ2)

≤
(
6τ2T + 3k

2λ

)
max

j=1,...,k
ξ̂ j +

d
2λ

k∑

j=1

1
ξ̂ j

− kd
2λ

log(6τ2). UkX9eV

h?2 KBMBKmK Q7 i?2 `B;?i@?�M/ bB/2 Q7 UkX9eV Bb `2�+?2/ 7Q`

ξ̂1 = ·· · = ξ̂k =

√
kd

12τ2Tλ+3k
≤ R2

6τ2 , B7 0< τ2 ≤
!

3R2

6
!

d
.

h?2`27Q`2 7Q` � }t2/ k- c ∈C (k,R) �M/ 0< τ2 ≤
!

3R2

6
!

d
-

inf
ξ∈Ξ(k,R)

{

T max
j=1,...,k

ξ2
j +

3+d
2λ

k∑

j=1
log

(

1+
ξ2

j

6τ2

)

− d
2λ

k∑

j=1
logξ2

j

}

≤ 1
λ

√
kd(12τ2Tλ+3k)− kd

2λ
log6τ2.

>2M+2

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

(3+d)k
λ

log

(

1+ τ

τ0
+

∑k
j=1 |c j|2
!

6kτ0

)

+1
λ

√
kd(12τ2Tλ+3k)+ kd

λ
log

τ0!
6τc1/d

d

+ η

λ
(k−1)

}

+ λT
2

C2
1 +

log p
λ

.

r?B+? +QM+Hm/2b i?2 T`QQ7X

hmMBM; T�`�K2i2`b λ- τ �M/ η +�M #2 +?Qb2M iQ Q#i�BM � bm#HBM2�` `2;`2i #QmM/ 7Q` i?2
+mKmH�iBp2 HQbb Q7 �H;Q`Bi?K kXRX

*Q`QHH�`v kXeX 6Q` �Mv b2[m2M+2 (xt)1:T ∈RdT - mM/2` i?2 �bbmKTiBQMb Q7 *Q`QHH�`v kX8-
B7 T ≥max

{
2,τ2

0
!

d/
(!

3R2c2/d
d

)}
- λ= (d+2)

√
logT/

(
2
!

TR2
)
- τ2 = τ2

0/
(
6Tc2/d

d
)

�M/ η≥ 0-
�H;Q`Bi?K kXR b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

(6+2d)R2

d+2
k

!
T

√
logT

log

(

1+ 1

cdT
1
2
+

∑k
j=1 |c j|2
!

6kτ0

)

+k(d+η)R2

d+2
√

T logT + 2
!

TR
√

(d+2)logT

√
3k2d+kdτ2

0(cd)−1/d

}

+
(
2R2 log p

d+2
+ 81(d+2)R2

4

)√
T logT,

r?2`2 cd =
(

Γ( 3+d
2 )

Γ( 3
2 )Γ( d

2 +1)

)1/d
X
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A7 r2 +QKT�`2 i?2 `2;`2i #QmM/ BM i?Bb `2bmHi rBi? i?2 QM2 BM *Q`QHH�`v kXk- r2 b22 i?�i
#Qi? H�bi i2`Kb QmibB/2 #`�+2b ?�p2 i?2 b�K2 Q`/2` Q7

√
T logTX AMbB/2 i?2 #`�+2b- /m2

iQ i?2 /Bz2`2Mi T`BQ` UkXjeV r?B+? Bb +QMbB/2`2/ ?2`2- �M �//BiBQM�H i2`K

k
!

T
√

logT
log

(

1+ 1

cdT
1
2
+

∑k
j=1 |c j|2
!

6kτ0

)

�TT2�`bX A7 i?2 b+�H2 T�`�K2i2` τ0 BM i?2 T`BQ` UkXjeV Bb bK�HH- b�v τ0 < 1/T- i?2 HQ;�`Bi?@
KB+ i2`K rBHH #2 Q7 i?2 Q`/2` Q7 logT- ?2M+2 i?Bb �//BiBQM�H i2`K Bb Q7 Q`/2`

√
T logTX

JQ`2Qp2`- i?2 bK�HH2` i?2 p�Hm2 Q7 τ0- i?2 H�`;2` i?2 +Q2{+B2Mi #27Q`2 k- BM/B+�iBM; i?�i
� bK�HH2` MmK#2` Q7 +Hmbi2`b k Bb T`272``2/- r?B+? Bb +QMbBbi2Mi rBi? i?2 bT�`bBiv@BM/m+BM;
T`BQ` �bbmKTiBQM bBM+2 i?2 bT�`bBiv Bb /2+B/2/ #v τ0X
AM i?2 �/�TiBp2 b2iiBM; U�H;Q`Bi?K kXkV- �TTHvBM; h?2Q`2K kXR iQ i?2 bT2+B}+ q �M/ πk
BM UkX8V �M/ UkXjeV H2�/b iQ i?2 7QHHQrBM; `2bmHiX

*Q`QHH�`v kXdX 6Q` �Mv /2i2`KBMBbiB+ b2[m2M+2 (xt)1:T ∈ RdT - mM/2` i?2 �bbmKTiBQMb Q7
*Q`QHH�`v kX8- b2i T ≥max

{
2,τ2

0
!

d/
(!

3R2c2/d
d

)}
- λ= (d+2)

√
log t/

(
2
!

tR2) �M/ η≥ 0 �M/
λ0 = 1X h?2M �H;Q`Bi?K kXk b�iBb}2b

T∑

t=1
E(ρ̂1,ρ̂2,...,ρ̂t)ℓ(ĉt, xt)≤ inf

k∈51,p6
inf

c∈C (k,R)

{
T∑

t=1
ℓ(c, xt)+

(6+2d)R2

d+2
k

!
T

√
logT

log

(

1+ 1

cdT
1
2
+

∑k
j=1 |c j|2
!

6kτ0

)

+k(d+η)R2

d+2
√

T logT + 2
!

TR
√

(d+2)logT

√
3k2d+kdτ2

0(cd)−1/d

}

+
(
2R2 log p

d+2
+ 81(d+2)R2

2

)√
T logT,

r?2`2 cd =
(

Γ( 3+d
2 )

Γ( 3
2 )Γ( d

2 +1)

)1/d
X

S`QQ7X h?2 T`QQ7 Bb bBKBH�` iQ i?2 T`QQ7 Q7 *Q`QHH�`v kX8- i?2 QMHv /Bz2`2M+2 HB2b BM i?2
7�+i i?�i UkX98V Bb `2TH�+2/ #v

E(ρ̂1,...,ρ̂T )Ec∼ρk

T∑

t=1

λt−1

2
[ℓ(c, xt)−ℓ(ĉt, xt)]2 ≤ C2

1
√

T logT.

6Q` i?2 b�F2 Q7 +QKTH2i2M2bb- r2 T`2b2Mi BM 6B;m`2 kXe i?2 T2`7Q`K�M+2 Q7 S�*"P �M/
Bib b2p2M +QKT2iBiQ`b 7Q` 2biBK�iBM; i?2 i`m2 MmK#2` k⋆

t Q7 +Hmbi2`b �HQM; iBK2X q2
�+FMQrH2/;2 i?�i MQ i?2Q`2iB+�H ;m�`�Mi22 Bb /2`Bp2/ 7Q` i?2 2biBK�iBQM Q7 k⋆

t v2i i?2
T`�+iB+�H #2?�pBQ` Bb `2K�`F�#H2X
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U�V S�*"P UH27iV �M/ aBH?Qm2ii2 U`B;?iV

U#V *�HBMbFB UH27iV �M/ >�`iB;�M U`B;?iV

U+V .DmKT UH27iV �M/ ..a1 U`B;?iV

U/V G�B UH27iV �M/ :�T U`B;?iV

6B;m`2 kXe Ĝ h`m2 U#H�+FV �M/ 2biBK�i2/ U`2/V MmK#2` Q7 +Hmbi2`b �b 7mM+iBQMb Q7 tX



j
a2[m2MiB�H G2�`MBM; Q7 S`BM+BT�H
*m`p2b

q2 +QMbB/2` i?2 H2�`MBM; Q7 T`BM+BT�H +m`p2b b2[m2MiB�HHv 7Q` �`#Bi`�`v #QmM/2/ /2i2`KBM@
BbiB+ b2[m2M+2bX h?2 b2[m2MiB�H T`BM+BT�H +m`p2 b22Fb iQ `2T`2b2Mi � b2[m2M+2 Q7 /�i� #v
� +QMiBMmQmb TQHv;QM�H +m`p2 BMbi2�/ Q7 b2p2`�H +Hmbi2` +2Mi2`b i?�i ?�b #22M bim/B2/ BM
*?�Ti2` kX hQ i?Bb �BK- r2 BMi`Q/m+2 � M2r �M/ �/�TiBp2 �H;Q`Bi?K iQ H2�`M b2[m2MiB�HHv
T`BM+BT�H +m`p2bX AMbTB`2/ #v i?2 [m�bB@"�v2bB�M B/2�- i?Bb �H;Q`Bi?K `2HB2b QM i?2 KQ/2
Q7 :B##b@TQbi2`BQ`- rBi? � /vM�KB+ 2biBK�iBQM Q7 mMFMQrM MmK#2` Q7 b2;K2Mib Q7 T`BM@
+BT�H +m`p2bX q2 T`Qp2 i?2 `2;`2i #QmM/b 7Q` i?2 �H;Q`Bi?K �M/ ;Bp2 �M BKTH2K2Mi�iBQM
r?B+? Bb #�b2/ QM i?2 HQ+�H ;`22/v b2�`+? iQ }M/ i?2 QTiBK�H +m`p2X q2 �HbQ BHHmbi`�i2 Bib
T2`7Q`K�M+2 QM #Qi? iQv �M/ `2�H /�i�b2iX

*QMi2Mib
jXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

jXRXR 1�`HB2` rQ`Fb QM T`BM+BT�H +m`p2b X X X X X X X X X X X X X X X X X X X ee
jXRXk JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e3

jXk LQi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN
jXj _2;`2i #QmM/b 7Q` b2[m2MiB�H H2�`MBM; Q7 T`BM+BT�H +m`p2b X X X dR
jX9 AKTH2K2Mi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d9
jX8 LmK2`B+�H 2tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X dN
jXe S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

jXR AMi`Q/m+iBQM
LmK2`Qmb K2i?Q/b ?�p2 #22M T`QTQb2/ BM i?2 bi�iBbiB+b �M/ K�+?BM2 H2�`MBM; HBi2`�im`2
iQ bmK mT BM7Q`K�iBQM �M/ `2T`2b2Mi /�i� #v +QM/2Mb2/ �M/ bBKTH2` iQ mM/2`bi�M/ [m�M@
iBiB2bX �KQM; i?Qb2 K2i?Q/b- S`BM+BT�H *QKTQM2Mi �M�HvbBb US*�V �BKb �i B/2MiB7vBM;
i?2 K�tBK�H p�`B�M+2 �t2b Q7 /�i�X h?Bb b2`p2b �b � r�v iQ `2T`2b2Mi /�i� BM � KQ`2
+QKT�+i 7�b?BQM �M/ ?QT27mHHv `2p2�H �b r2HH �b TQbbB#H2 i?2B` p�`B�#BHBivX S*� ?�b #22M
BMi`Q/m+2/ #v S2�`bQM URNyRV �M/ aT2�`K�M URNy9V �M/ 7m`i?2` /2p2HQT2/ #v >Qi2HHBM;

e8
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URNjjVX h?Bb Bb QM2 Q7 i?2 KQbi rB/2Hv mb2/ T`Q+2/m`2b BM KmHiBp�`B�i2 2tTHQ`�iQ`v �M�H@
vbBb i�`;2iBM; /BK2MbBQM `2/m+iBQM Q` 72�im`2b 2ti`�+iBQMX LQM2i?2H2bb- S*� Bb � HBM2�`
T`Q+2/m`2 �M/ i?2 M22/ 7Q` KQ`2 bQT?BbiB+�i2/ MQMHBM2�` i2+?MB[m2b ?�b H2/ iQ i?2 MQiBQM
Q7 T`BM+BT�H +m`p2X S`BM+BT�H +m`p2b K�v #2 b22M �b � MQMHBM2�` ;2M2`�HBx�iBQM Q7 i?2 }`bi
T`BM+BT�H +QKTQM2MiX h?2 ;Q�H Bb iQ Q#i�BM � +m`p2 r?B+? T�bb2b ǳBM i?2 KB//H2Ǵ Q7 /�i�-
�b BHHmbi`�i2/ #v 6B;m`2 jXRX h?Bb MQiBQM ?�b #22M �i i?2 ?2�`i Q7 MmK2`Qmb �TTHB+�iBQMb
BM K�Mv /Bz2`2Mi /QK�BMb- bm+? �b T?vbB+b U6`B2/b�K �M/ P`2M- RN3Nc "`mMb/QM- kyydV-
+?�`�+i2` �M/ bT22+? `2+Q;MBiBQM U_2BM?�`/ �M/ LB`�MD�M- RNNNc Eû;H �M/ E`xvʊ�F- kyykV-
K�TTBM; �M/ ;2QHQ;v U"�M}2H/ �M/ _�7i2`v- RNNkc ai�M7Q`/ �M/ _�7i2`v- kyyyc "`mMb/QM-
kyydV- iQ M�K2 #mi � 72rX

6B;m`2 jXR Ĝ �M 2t�KTH2 Q7 T`BM+BT�H +m`p2X

jXRXR 1�`HB2` rQ`Fb QM T`BM+BT�H +m`p2b
h?2 Q`B;BM�H /2}MBiBQM Q7 T`BM+BT�H +m`p2 /�i2b #�+F iQ >�biB2 �M/ aim2ixH2 URN3NVX � T`BM@
+BT�H +m`p2 Bb � bKQQi? UC∞V T�`�K2i2`Bx2/ +m`p2 f(s)= ( f1(s), . . . , fd(s)) BM Rd r?B+? /Q2b
MQi BMi2`b2+i Bib2H7- ?�b }MBi2 H2M;i? BMbB/2 �Mv #QmM/2/ bm#b2i Q7 Rd �M/ Bb b2H7@+QMbBbi2MiX
h?Bb H�bi `2[mB`2K2Mi K2�Mb i?�i f(s) = E[X |sf(X ) = s]- r?2`2 X ∈ Rd Bb � `�M/QK p2+@
iQ` �M/ i?2 bQ@+�HH2/ T`QD2+iBQM BM/2t sf(x) Bb i?2 H�`;2bi `2�H MmK#2` s KBMBKBxBM; i?2
b[m�`2/ 1m+HB/2�M /Bbi�M+2 #2ir22M f(s) �M/ x- /2}M2/ #v

sf(x)= sup
{
s : ∥x− f(s)∥2

2 = inf
τ

∥x− f(τ)∥2
2

}
.

a2H7@+QMbBbi2M+v K2�Mb i?�i 2�+? TQBMi Q7 f Bb i?2 �p2`�;2 UmM/2` i?2 /Bbi`B#miBQM Q7 XV
Q7 �HH /�i� TQBMib T`QD2+i2/ QM f- �b BHHmbi`�i2/ #v 6B;m`2 jXkX >Qr2p2`- �M mM7Q`imM�i2

6B;m`2 jXk Ĝ � T`BM+BT�H +m`p2 �M/ T`QD2+iBQMb Q7 /�i� QMiQ BiX

+QMb2[m2M+2 Q7 i?Bb /2}MBiBQM Q7 T`BM+BT�H +m`p2 Bb i?�i Bib 2tBbi2M+2 Bb MQi ;m�`�Mi22/
BM ;2M2`�H 7Q` � T�`iB+mH�` /Bbi`B#miBQM- H2i �HQM2 7Q` �M QMHBM2 b2[m2M+2 7Q` r?B+? MQ
T`Q#�#BHBbiB+ �bbmKTiBQM Bb K�/2X Eû;H URNNNV T`QTQb2/ � M2r +QM+2Ti Q7 T`BM+BT�H +m`p2b
r?B+? 2Mbm`2b i?2 2tBbi2M+2 7Q` � H�`;2 +H�bb Q7 /Bbi`B#miBQMbX S`BM+BT�H +m`p2b f⋆ �`2
/2}M2/ �b i?2 +m`p2b KBMBKBxBM; i?2 2tT2+i2/ b[m�`2/ /Bbi�M+2 Qp2` � +H�bb FL Q7 +m`p2b
r?Qb2 H2M;i? Bb bK�HH2` i?�M L > 0- M�K2Hv-

f⋆ ∈ arginf
f∈FL

∆(f),



jXRX ALh_P.l*hAPL ed

r?2`2
∆(f)= E [∆ (f, X )]= E

[
inf

s
∥f(s)− X∥2

2

]
.

A7 E∥X∥2
2 <∞- f⋆ �Hr�vb 2tBbib #mi K�v MQi #2 mMB[m2X AM T`�+iB+�H bBim�iBQM r?2`2 QMHv

BXBX/ +QTB2b X1, . . . , Xn Q7 X �`2 Q#b2`p2/- Eû;H URNNNV +QMbB/2`b +H�bb2b Fk,L Q7 �HH TQHv;QM�H
HBM2b rBi? k b2;K2Mib �M/ H2M;i? MQi 2t+22/BM; L- �M/ +?QQb2b �M 2biBK�iQ` f̂k,n Q7 f⋆ �b
i?2 QM2 rBi?BM Fk,L r?B+? KBMBKBx2b i?2 2KTB`B+�H +QmMi2`T�`i

∆n(f)= 1
n

n∑

i=1
∆ (f, Xi)

Q7 ∆(f)X Ai Bb T`Qp2/ BM Eû;H 2i �HX UkyyyV i?�i B7 X Bb �HKQbi bm`2Hv #QmM/2/ �M/ k Bb
T`QTQ`iBQM�H iQ n1/3- i?2M

∆
(
f̂k,n

)
−∆

(
f⋆

)
=O

(
n−1/3

)
.

�b i?2 i�bF Q7 }M/BM; � TQHv;QM�H HBM2 rBi? k b2;K2Mib �M/ rBi? H2M;i? �i KQbi L
i?�i KBMBKBx2b ∆n(f) Bb +QKTmi�iBQM�HHv +QbiHv- Eû;H 2i �HX UkyyyV T`QTQb2b i?2 SQHv;QM�H
GBM2 �H;Q`Bi?KX h?Bb Bi2`�iBp2 �H;Q`Bi?K T`Q+22/b #v }iiBM; � TQHv;QM�H HBM2 rBi? k
b2;K2Mib �M/ +QMbB/2`�#Hv bT22/b mT i?2 2tTHQ`�iBQM Q7 p2`iB+2b Q7 TQHv;QM�H HBM2 #v
`2bQ`iBM; iQ ;`�/B2Mi /2b+2MiX h?2 irQ bi2Tb UT`QD2+iBQM �M/ QTiBKBx�iBQMV- +QMi�BM2/
BM i?Bb �H;Q`Bi?K- �`2 bBKBH�` iQ r?�i Bb /QM2 BM i?2 k@K2�Mb �H;Q`Bi?KX >Qr2p2`- i?2
SQHv;QM�H GBM2 �H;Q`Bi?K Bb MQi bmTTQ`i2/ #v i?2Q`2iB+�H #QmM/b �M/ H2�/b iQ p�`B�#H2
T2`7Q`K�M+2 /2T2M/BM; QM i?2 /Bbi`B#miBQM Q7 i?2 Q#b2`p�iBQMbX

�b i?2 MmK#2` k Q7 b2;K2Mib TH�vb � +`m+B�H `QH2 U� iQQ bK�HH k H2�/b iQ � `Qm;? bmKK�`v
Q7 /�i� r?BH2 � iQQ H�`;2 k vB2H/b Qp2`}iiBM;- b22 6B;m`2 jXjV- "B�m �M/ 6Bb+?2` UkyRkV �BK
iQ }HH i?2 ;�T #v b2H2+iBM; �M QTiBK�H k 7`QK #Qi? i?2Q`2iB+�H �M/ T`�+iB+�H T2`bT2+iBp2bX

U�V � iQQ bK�HH kX U#V �M �TT`QT`B�i2 kX U+V � iQQ H�`;2 kX

6B;m`2 jXj Ĝ S`BM+BT�H +m`p2b rBi? /Bz2`2Mi MmK#2` k Q7 b2;K2MibX

h?2B` �TT`Q�+? `2HB2b bi`QM;Hv QM i?2 i?2Q`v Q7 KQ/2H b2H2+iBQM #v T2M�HBx�iBQM BMi`Q/m+2/
#v "�``QM 2i �HX URNNNV �M/ 7m`i?2` /2p2HQT2/ #v "B`;û �M/ J�bb�`i UkyydVX "v +QMbB/2`BM;
+QmMi�#H2 +H�bb2b {Fk,ℓ}k,ℓ Q7 TQHv;QM�H HBM2b rBi? k b2;K2Mib- iQi�H H2M;i? ℓ≤ L �M/ r?Qb2
p2`iB+2b �`2 QM � H�iiB+2- i?2 QTiBK�H (k̂, ℓ̂) Bb Q#i�BM2/ �b i?2 KBMBKBx2` Q7 i?2 +`Bi2`BQM

+`Bi(k,ℓ)=∆n
(
f̂k,ℓ

)
+T2M(k,ℓ),

r?2`2

T2M(k,ℓ)= c0

√
k
n
+ c1

ℓ

n
+ c2

1
!

n
+δ2

√
wk,ℓ

2n
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Bb � T2M�Hiv 7mM+iBQM r?2`2 δ bi�M/b 7Q` i?2 /B�K2i2` Q7 Q#b2`p�iBQMb- wk,ℓ /2MQi2b i?2
r2B;?i �ii�+?2/ iQ +H�bb Fk,ℓ �M/ +QMbi�Mib c0, c1, c2 /2T2M/ QM δ- i?2 K�tBKmK H2M;i?
L �M/ i?2 /BK2MbBQM Q7 Q#b2`p�iBQMbX "B�m �M/ 6Bb+?2` UkyRkV i?2M T`Qp2 i?�i

E
[
∆(f̂k̂,ℓ̂)−∆(f⋆)

]
≤ inf

k,ℓ

{
E
[
∆(f̂k,ℓ)−∆(f⋆)

]
+T2M(k,ℓ)

}
+ δ2Σ

23/2

√
π

n
, UjXRV

r?2`2 Σ Bb � MmK2`B+�H +QMbi�MiX h?2 �++2bb `BbF Q7 i?2 }M�H TQHv;QM�H HBM2 f̂k̂,ℓ̂ Bb +HQb2 iQ
i?2 KBMBK�H �++2bb `BbF �+?B2p�#H2 Qp2` Fk,ℓ mT iQ � `2K�BM/2` i2`K /2+�vBM; �b 1/

!
nX

jXRXk JQiBp�iBQM
h?2 #B; /�i� T�`�/B;Kěr?2`2 +QHH2+iBM;- biQ`BM; �M/ �M�HvxBM; K�bbBp2 �KQmMib Q7 H�`;2
�M/ +QKTH2t /�i� #2+QK2b i?2 M2r bi�M/�`/ě+QKK�M/b iQ `2pBbBi bQK2 Q7 i?2 +H�bbB@
+�H bi�iBbiB+�H �M/ K�+?BM2 H2�`MBM; i2+?MB[m2bX h?2 i`2K2M/Qmb BKT`Qp2K2Mib Q7 /�i�
�+[mBbBiBQM BM7`�bi`m+im`2b ;2M2`�i2b M2r +QMiBMmQmb bi`2�Kb Q7 /�i�- `�i?2` i?�M #�i+?
/�i�b2ibX h?Bb ?�b /`�rM � H�`;2 BMi2`2bi iQ b2[m2MiB�H H2�`MBM;X 1ti2M/BM; i?2 MQiBQM
Q7 T`BM+BT�H +m`p2b iQ i?2 b2[m2MiB�H b2iiBM;b QT2Mb BKK2/B�i2 T`�+iB+�H �TTHB+�iBQM TQb@
bB#BHBiB2bX �b �M 2t�KTH2- T�i? TH�MMBM; 7Q` T�bb2M;2`bǶ HQ+�iBQM K�v ?2HT i�tB +QKT�MB2b
iQ #2ii2` QTiBKBx2 i?2B` ~22iX PMHBM2 �H;Q`Bi?Kb i?�i +QmH/ vB2H/ BMbi�Mi�M2Qmb T�i?
bmKK�`Bx�iBQM rQmH/ #2 �/�Ti2/ iQ i?2 b2[m2MiB�H M�im`2 Q7 ;2QHQ+�HBx2/ /�i�X 1tBbiBM;
i?2Q`2iB+�H rQ`Fb �M/ T`�+iB+�H BKTH2K2Mi�iBQMb Q7 T`BM+BT�H +m`p2b �`2 /2bB;M2/ 7Q` i?2
#�i+? b2iiBM; UEû;H- RNNNc Eû;H 2i �HX- kyyyc Eû;H �M/ E`xvʊ�F- kyykc a�M/BHv� �M/ EmHF�@
`MB- kyykc "B�m �M/ 6Bb+?2`- kyRkV �M/ i?2B` �/�Ti�iBQM iQ i?2 b2[m2MiB�H b2iiBM; Bb MQi �
bKQQi? T`Q+2bbX �b �M 2t�KTH2- +QMbB/2` i?2 �H;Q`Bi?K BM "B�m �M/ 6Bb+?2` UkyRkVX Ai Bb
�bbmK2/ i?�i p2`iB+2b Q7 T`BM+BT�H +m`p2b �`2 HQ+�i2/ QM � H�iiB+2- �M/ Bib +QKTmi�iBQM�H
+QKTH2tBiv Bb Q7 Q`/2` O (nN p) r?2`2 n Bb i?2 MmK#2` Q7 Q#b2`p�iBQMb- N i?2 MmK#2` Q7
TQBMib QM i?2 H�iiB+2 �M/ p i?2 K�tBKmK MmK#2` Q7 p2`iB+2bX q?2M p Bb H�`;2- `mMMBM;
i?Bb �H;Q`Bi?K �i 2�+? 2TQ+? vB2H/b � KQMmK2Mi�H +QKTmi�iBQM�H +QbiX AM ;2M2`�H- B7 /�i�
Bb MQi B/2MiB+�HHv /Bbi`B#mi2/ Q` 2p2M �/p2`b�`v- �H;Q`Bi?Kb i?�i Q`B;BM�HHv rQ`F2/ r2HH BM
i?2 #�i+? b2iiBM; K�v MQi #2 B/2�H r?2M +�bi QMiQ i?2 QMHBM2 b2iiBM; Ub22 *2b�@"B�M+?B
�M/ Gm;QbB- kyye- +?�Ti2` 9VX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- p2`v HBiiH2 2zQ`i ?�b #22M
Tmi bQ 7�` BMiQ 2ti2M/BM; T`BM+BT�H +m`p2b �H;Q`Bi?Kb iQ i?2 b2[m2MiB�H +QMi2ti UiQ i?2
MQi�#H2 2t+2TiBQM Q7 G�T�``� �M/ J�HQ- kyRe- BM � 7�B`Hv /Bz2`2Mi b2iiBM; �M/ rBi? MQ
i?2Q`2iB+�H `2bmHibVX h?2 T`2b2Mi +?�Ti2` �BKb �i }HHBM; i?Bb ;�T, Qm` ;Q�H Bb iQ T`QTQb2 �M
QMHBM2 T2`bT2+iBp2 iQ T`BM+BT�H +m`p2b #v �miQK�iB+�HHv �M/ b2[m2MiB�HHv H2�`MBM; i?2 #2bi
T`BM+BT�H +m`p2 bmKK�`BxBM; � /�i� bi`2�KX a2[m2MiB�H H2�`MBM; i�F2b �/p�Mi�;2 Q7 i?2
H�i2bi +QHH2+i2/ Ub2i Q7V Q#b2`p�iBQMb �M/ i?2`27Q`2 bmz2`b � Km+? bK�HH2` +QKTmi�iBQM�H
+QbiX
a2[m2MiB�H H2�`MBM; QT2`�i2b �b 7QHHQrb, � #H�+F#Qt `2p2�Hb �i 2�+? iBK2 t bQK2 /2i2`KBM@
BbiB+ p�Hm2 xt, t = 1,2, . . . - �M/ � 7Q`2+�bi2` �ii2KTib iQ T`2/B+i b2[m2MiB�HHv i?2 M2ti p�Hm2
#�b2/ QM T�bi Q#b2`p�iBQMb U�M/ TQbbB#Hv Qi?2` �p�BH�#H2 BM7Q`K�iBQMVX h?2 T2`7Q`K�M+2
Q7 i?2 7Q`2+�bi2` Bb MQ HQM;2` 2p�Hm�i2/ #v Bib ;2M2`�HBx�iBQM 2``Q` U�b BM i?2 #�i+? b2iiBM;V
#mi `�i?2` #v � `2;`2i #QmM/ r?B+? [m�MiB}2b i?2 +mKmH�iBp2 HQbb Q7 � 7Q`2+�bi2` BM i?2
}`bi T `QmM/b rBi? `2bT2+i iQ bQK2 `272`2M+2 KBMBK�H HQbbX AM b2[m2MiB�H H2�`MBM;- i?2
p2HQ+Biv Q7 �H;Q`Bi?Kb K�v #2 7�pQ`2/ Qp2` bi�iBbiB+�H T`2+BbBQMX �M BKK2/B�i2 mb2 Q7
�7Q`2+Bi2/ i2+?MB[m2b UEû;H 2i �HX- kyyyc a�M/BHv� �M/ EmHF�`MB- kyykc "B�m �M/ 6Bb+?2`-
kyRkV �i 2�+? iBK2 `QmM/ t Ui`2�iBM; /�i� +QHH2+i2/ mMiBH t �b � #�i+? /�i�b2iV rQmH/ `2bmHi
BM � KQMmK2Mi�H �H;Q`Bi?KB+ +QbiX _�i?2`- r2 T`QTQb2 � MQp2H �H;Q`Bi?K r?B+? �/�Tib



jXkX LPh�hAPL eN

iQ i?2 b2[m2MiB�H M�im`2 Q7 /�i�- BX2X- r?B+? i�F2b �/p�Mi�;2 Q7 T`2pBQmb +QKTmi�iBQMbX
q2 `272` i?2 `2�/2` iQ i?2 KQMQ;`�T? *2b�@"B�M+?B �M/ Gm;QbB UkyyeV 7Q` � i?Q`Qm;?
BMi`Q/m+iBQM iQ b2[m2MiB�H H2�`MBM;X
h?2 +QMi`B#miBQMb Q7 i?Bb +?�Ti2` �`2 irQ7QH/X q2 }`bi T`QTQb2 � b2[m2MiB�H T`BM+BT�H
+m`p2b �H;Q`Bi?K- 7Q` r?B+? r2 /2`Bp2 `2;`2i #QmM/bX q2 i?2M KQp2 iQr�`/b �M BKTH2@
K2Mi�iBQM- BHHmbi`�i2/ QM � iQv /�i�b2i �M/ � `2�H@HB72 /�i�b2i Ub2BbKB+ /�i�VX h?2 bF2i+?
Q7 Qm` �H;Q`Bi?K T`Q+2/m`2 Bb �b 7QHHQrbX �i 2�+? iBK2 `QmM/ t- i?2 MmK#2` Q7 b2;K2Mib
Q7 kt Bb +?Qb2M �miQK�iB+�HHv �M/ i?2 MmK#2` Q7 b2;K2Mib kt+1 BM i?2 M2ti `QmM/ Bb Q#@
i�BM2/ #v QMHv mbBM; BM7Q`K�iBQM �#Qmi kt �M/ � bK�HH �KQmMi Q7 T�bi Q#b2`p�iBQMbX h?2
+Q`2 Q7 Qm` T`Q+2/m`2 `2HB2b QM +QKTmiBM; � [m�MiBiv r?B+? Bb HBMF2/ iQ i?2 KQ/2 Q7 i?2
bQ@+�HH2/ :B##b [m�bB@TQbi2`BQ` r?B+? Bb BMbTB`2/ #v [m�bB@"�v2bB�M H2�`MBM;X h?2 mb2
Q7 [m�bB@"�v2bB�M 2biBK�iQ`b Bb 2bT2+B�HHv �/pQ+�i2/ #v i?2 S�*@"�v2bB�M i?2Q`v r?B+?
Q`B;BM�i2b BM i?2 K�+?BM2 H2�`MBM; +QKKmMBiv BM i?2 H�i2 RNNyb- BM i?2 b2KBM�H rQ`Fb
Q7 a?�r2@h�vHQ` �M/ qBHHB�KbQM URNNdV �M/ J+�HH2bi2` URNNN#-�VX AM i?Bb K�Mmb+`BTi-
*?�Ti2` k �HbQ /Bb+mbb2b i?2 mb2 Q7 S�*@"�v2bB�M iQQHb 7Q` b2[m2MiB�H H2�`MBM;X
h?2 `2bi Q7 i?2 +?�Ti2` T`Q+22/b �b 7QHHQrbX a2+iBQM jXk T`2b2Mib Qm` MQi�iBQM �M/ Qm`
QMHBM2 T`BM+BT�H +m`p2 �H;Q`Bi?K- 7Q` r?B+? r2 T`QpB/2 `2;`2i #QmM/b rBi? bm#HBM2�` `2@
K�BM/2` i2`Kb BM a2+iBQM jXjX � T`�+iB+�H BKTH2K2Mi�iBQM Bb T`QTQb2/ BM a2+iBQM jX9 �M/
r2 BHHmbi`�i2 Bib T2`7Q`K�M+2 QM � iQv /�i�b2i �M/ b2BbKB+ /�i� BM a2+iBQM jX8X 6BM�HHv-
r2 +QHH2+i BM a2+iBQM jXe T`QQ7b iQ Q`B;BM�H `2bmHib +H�BK2/ BM i?Bb +?�Ti2`X

jXk LQi�iBQM
� T�`�K2i2`Bx2/ +m`p2 BM Rd Bb � +QMiBMmQmb 7mM+iBQM f : I −→ Rd r?2`2 I = [a,b] Bb �
+HQb2/ BMi2`p�H Q7 i?2 `2�H HBM2X h?2 H2M;i? Q7 f Bb ;Bp2M #v

L (f)= lim
M→∞

{

sup
a=s0<s1<···<sM=b

M∑

i=1
∥f(si)− f(si−1)∥2

}

,

r?2`2 s0, s1, . . . , sM �`2 �Mv TQbbB#H2 /BpBbBQMb Q7 BMi2`p�H IX

G2i x1, x2, . . . , xT ∈ B(0,
!

dR) ⊂ Rd #2 � b2[m2M+2 Q7 /�i�- r?2`2 B(c,R) bi�M/b 7Q` i?2
ℓ2@#�HH +2Mi2`2/ BM c ∈ Rd rBi? `�/Bmb R > 0X G2i Qδ #2 � ;`B/ Qp2` B(0,

!
dR)- BX2X-

Qδ = B(0,
!

dR)∩Γδ r?2`2 Γδ Bb � H�iiB+2 BM Rd rBi? bT�+BM; δ> 0X G2i L > 0 �M/ /2}M2
7Q` 2�+? k ∈ 51, p6 i?2 +QHH2+iBQM Fk,L Q7 TQHv;QM�H HBM2b f rBi? k b2;K2Mib r?Qb2 p2`iB+2b
�`2 BM Qδ �M/ bm+? i?�i L (f) ≤ LX .2MQi2 #v Fp =∪p

k=1Fk,L �HH TQHv;QM�H HBM2b rBi? �i
KQbi p MmK#2` Q7 b2;K2Mib - r?Qb2 p2`iB+2b �`2 BM Qδ �M/ r?Qb2 H2M;i? Bb �i KQbi LX
6BM�HHv- H2i K (f) /2MQi2 i?2 MmK#2` Q7 b2;K2Mib Q7 f ∈FpX �M 2t�KTH2 Q7 H�iiB+2 �M/ ;`B/
Bb BHHmbi`�i2/ #v 6B;m`2 jX9X

Pm` ;Q�H Bb iQ H2�`M � iBK2@/2T2M/2Mi TQHv;QM�H HBM2 r?B+? T�bb2b i?`Qm;? i?2 ǳKB//H2Ǵ Q7
/�i� �M/ ;Bp2b � bmKK�`v Q7 �HH �p�BH�#H2 Q#b2`p�iBQMb x1, . . . , xt−1 U/2MQi2/ #v (xs)1:(t−1)
?2`2�7i2`V #27Q`2 iBK2 tX Pm` QmiTmi �i iBK2 t Bb � TQHv;QM�H HBM2 f̂t ∈ Fp /2T2M/BM;
QM T�bi BM7Q`K�iBQM (xs)1:(t−1) �M/ T�bi T`2/B+iBQMb (f̂s)1:(t−1)X q?2M xt Bb `2p2�H2/- i?2
BMbi�Mi�M2Qmb �i iBK2 t Bb +QKTmi2/ �b

∆
(
f̂t, xt

)
= inf

s∈I
∥f̂t(s)− xt∥2

2. UjXkV



dy *>�Sh1_ jX a1Zl1LhA�G G1�_LAL: P6 S_AL*AS�G *l_o1a

6B;m`2 jX9 Ĝ �M 2t�KTH2 Q7 � H�iiB+2 Γδ BM R2 rBi? δ = 1 UbT�+BM; #2ir22M #Hm2 TQBMibV
�M/ B(0,10) U#H�+F +B`+H2VX h?2 `2/ TQHv;QM�H HBM2 Bb +QKTQb2/ rBi? p2`iB+2b BM Qδ =
B(0,10)∩ΓδX

aBKBH�` iQ i?2 HQbb ℓ(ĉt, xt) /2}M2/ BM *?�Ti2` k- i?2 HQbb ∆
(
f̂t, xt

)
?2`2 K2�bm`2b i?2

/Bbi�M+2 #2ir22M xt �M/ � T`2/B+i2/ T`BM+BT�H +m`p2 r?B+? Bb +QMbi`m+i2/ QM �HH i?2
T�bi BM7Q`K�iBQMX AM r?�i 7QHHQrb- r2 BMp2biB;�i2 `2;`2i #QmM/b 7Q` i?2 +mKmH�iBp2 HQbb∑T

t=1∆
(
f̂t, xt

)
- �M �M�HQ;m2 Q7 i?2 `BbF BM #�i+? b2iiBM;- i?�i K2�bm`2b i?2 [m�HBiv Q7 Qm`

�H;Q`Bi?K BM T`2/B+iBM; T`BM+BT�H +m`p2b BM QMHBM2 b2iiBM;X AM �//BiBQM- /m2 iQ i?2 QMHBM2
iQ #�i+? +QMp2`bBQM UGBiiH2biQM2- RN3N- >2HK#QH/ �M/ q�`Kmi?- RNN8- .2F2H �M/ aBM;2`-
kyye- �m/B#2`i- kyyN- :2`+?BMQpBix- kyRRV- r2 +�M +QMbi`m+i �M �H;Q`Bi?K- QM i?2 #�bBb
Q7 (f̂1, f̂2, . . . , f̂T)- r?B+? Bb �#H2 iQ vB2H/ �M 2biBK�iQ` Q7 T`BM+BT�H +m`p2b BM #�i+? b2iiBM;XX
:Bp2M � K2�bm`�#H2 bT�+2 Θ U2K#2//2/ rBi? Bib "Q`2H σ@�H;2#`�V- r2 H2i P (Θ) /2MQi2
i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb QM Θ- �M/ 7Q` bQK2 `272`2M+2 K2�bm`2 π- r2 H2i Pπ(Θ)
#2 i?2 b2i Q7 T`Q#�#BHBiv /Bbi`B#miBQMb �#bQHmi2Hv +QMiBMmQmb rBi? `2bT2+i iQ πX
6Q` �Mv k ∈ 51, p6- H2i πk /2MQi2 � T`Q#�#BHBiv /Bbi`B#miBQM QM Fk,LX q2 /2}M2 i?2 T`BQ`
π QM Fp =∪p

k=1Fk,L �b

π(f)=
∑

k∈51,p6
wkπk(f) {f∈Fk,L}, f ∈Fp,

r?2`2 w1, . . . ,wp ≥ 0 �M/ ∑
k∈51,p6 wk = 1X

� [m�bB@"�v2bB�M T`Q+2/m`2 rQmH/ MQr +QMbB/2` i?2 :B##b [m�bB@TQbi2`BQ` UMQi2 i?�i i?Bb
Bb MQi � T`QT2` TQbi2`BQ` BM �HH ;2M2`�HBiv- ?2M+2 i?2 i2`K ǳ[m�bBǴV

ρ̂t+1(·)∝ exp(−λSt(·))π(·),

r?2`2
St(f)= St−1(f)+∆(f, xt)+

λ

2
(
∆(f, xt)−∆(f̂t, xt)

)2,

�b �/pQ+�i2/ #Qi? BM *?�Ti2` k �M/ �m/B#2`i UkyyNV r?Q i?2M +QMbB/2` `2�HBb�iBQMb 7`QK
i?Bb [m�bB@TQbi2`BQ`X AM i?2 T`2b2Mi +?�Ti2`- r2 b?�HH `�i?2` +QMbB/2` � [m�MiBiv HBMF2/
iQ i?2 KQ/2 Q7 i?Bb [m�bB@TQbi2`BQ`X AM/22/- i?2 KQ/2 Q7 i?2 [m�bB@TQbi2`BQ` ρ̂t+1 +�M #2
r`Bii2M �b

argmin
f∈Fp

{ t∑

s=1
∆(f, xs)

︸ ︷︷ ︸
(i)

+ λ

2

t∑

s=1

(
∆(f, xs)−∆(f̂s, xs)

)2

︸ ︷︷ ︸
(ii)

+ lnπ(f)
λ︸ ︷︷ ︸

(iii)

}
,



jXjX _1:_1h "PlL.a 6P_ a1Zl1LhA�G G1�_LAL: P6 S_AL*AS�G *l_o1adR

r?2`2 UBV Bb � +mKmH�iBp2 HQbb Q7 TQHv;QM�H HBM2 f BM i?2 }`bi t `QmM/b- UBBV Bb � i2`K
+QMi`QHHBM; i?2 p�`B�M+2 Q7 i?2 T`2/B+iBQM f iQ T�bi T`2/B+iBQMb f̂s, s ≤ t- �M/ UBBBV +�M #2
`2;�`/2/ �b � T2M�Hiv 7mM+iBQM QM i?2 +QKTH2tBiv Q7 f B7 π Bb r2HH +?Qb2MX h?Bb KQ/2 ?2M+2
?�b � bBKBH�` ~�pQ` iQ 7QHHQr i?2 #2bi 2tT2`i Q` 7QHHQr i?2 T2`im`#2/ H2�/2` BM i?2 b2iiBM;
Q7 T`2/B+iBQM rBi? 2tT2`ib Ub22 >mii2` �M/ SQH�M/- kyy8 Q` *2b�@"B�M+?B �M/ Gm;QbB- kyye-
*?�Ti2`b j �M/ 9V B7 r2 +QMbB/2` 2�+? f ∈Fp �b �M 2tT2`i r?B+? �Hr�vb /2HBp2`b +QMbi�Mi
�/pB+2X h?2b2 `2K�`Fb vB2H/ �H;Q`Bi?K jXRX

�H;Q`Bi?K jXR �M �H;Q`Bi?K iQ b2[m2MiB�HHv H2�`M T`BM+BT�H +m`p2b
R, AMTmi T�`�K2i2`b, p > 0,η> 0,π(z)= e−z1{z>0} �M/ T2M�Hiv 7mM+iBQM h : Fp →R∗

+
k, AMBiB�HBx�iBQM, 6Q` 2�+? f ∈Fp- /`�r BXBX/ zf ∼π �M/ b2i ∆f,0 = 1

η (h(f)− zf)
j, 6Q` t = 1, . . . ,T
9, P#i�BM

f̂t = arginf
f∈Fp

{
t−1∑

s=0
∆f,s

}

,

8, :2i /�i� xt �M/ +QKTmi2 ∆f,s =∆(f, xs)- s ≥ 1X
e, 1M/ 7Q`

�i i?2 #2;BMMBM;- f̂1 Bb T`272``2/ �b i?2 T2`im`#2/ TQHv;QM�H HBM2 ?�pBM; i?2 bK�HH2bi
T2M�Hiv h(f) Ui?2 H2�bi +QKTH2tBivV Qp2` �HH TQbbB#H2 TQHv;QM�H HBM2bX h?2 +mKmH�iBp2 HQbb∑t−1

s=0∆f,s /2}M2/ ?2`2 ?2M+2 BM+Q`TQ`�i2b #Qi? i?2 +mKmH�iBp2 HQbb UHBF2 i?2 i2`K UBVV �M/
i?2 +QKTH2tBiv Q7 f UHBF2 i?2 i2`K UBBBVVX h?Bb }`bi �H;Q`Bi?K /Q2b MQi i�F2 BMiQ �++QmMi
i?2 p�`B�M+2 Q7 T`2/B+iBQMbX >Qr2p2`- Bi +�M #2 /QM2 B7 r2 +QMbi`�BMi i?2 +?QB+2 Q7 f̂t QMHv
QM � M2B;?#Qm`?QQ/ Q7 f̂t−1 `�i?2` i?�M Fp �i 2�+? iBK2 tX h?Bb +QMbB/2`�iBQM rBHH #2
BHHmbi`�i2/ H�i2` QM BM �H;Q`Bi?K jXjX

jXj _2;`2i #QmM/b 7Q` b2[m2MiB�H H2�`MBM; Q7 T`BM+BT�H
+m`p2b

q2 MQr T`2b2Mi Qm` K�BM i?2Q`2iB+�H `2bmHibX

h?2Q`2K jXRX 6Q` �Mv b2[m2M+2 (xt)1:T ∈ B(0,
!

dR)- R ≥ 0 �M/ �Mv T2M�Hiv 7mM+iBQM
h : Fp → R∗

+- H2i π(z) = e−z1{z>0}X G2i 0 < η ≤ 1
d(2R+δ)2 - i?2M i?2 T`Q+2/m`2 /2b+`B#2/ BM

�H;Q`Bi?K jXR b�iBb}2b

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ (1+ c0(e−1)η)ST,h,η+

1+ c0(e−1)η
η

(

1+ ln
∑

f∈Fp

e−h(f)
)

,

r?2`2 c0 = d(2R+δ)2 �M/

ST,h,η = inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
η

}⎫
⎪⎬

⎪⎭
.

h?2 2tT2+i�iBQM Q7 i?2 +mKmH�iBp2 HQbb Q7 TQHv;QM�H HBM2b f̂1, . . . , f̂T Bb mTT2`@#QmM/2/ #v
i?2 bK�HH2bi T2M�HBb2/ +mKmH�iBp2 HQbb Qp2` �HH k ∈ {1, . . . , p} mT iQ � KmHiBTHB+�iBp2 i2`K
(1+ c0(e−1)η) r?B+? +�M #2 K�/2 �`#Bi`�`BHv +HQb2 iQ R #v +?QQbBM; � bK�HH 2MQm;? ηX
>Qr2p2`- i?Bb rBHH H2�/ iQ #Qi? � H�`;2 h(f)/η BM ST,h,η �M/ � H�`;2 1

η

(
1+ ln

∑
f∈Fp e−h(f)

)
X



dk *>�Sh1_ jX a1Zl1LhA�G G1�_LAL: P6 S_AL*AS�G *l_o1a

AM �//BiBQM- �MQi?2` BKTQ`i�Mi Bbbm2 Bb i?2 +?QB+2 Q7 i?2 T2M�Hiv 7mM+iBQM hX 6Q` 2�+?
f ∈ Fp- h(f) b?QmH/ #2 H�`;2 2MQm;? iQ 2Mbm`2 � bK�HH ∑

f∈Fp e−h(f) r?BH2 MQi iQQ H�`;2 iQ
�pQB/ Qp2`T2M�HBx�iBQM �M/ � H�`;2` p�Hm2 7Q` ST,h,ηX q2 i?2`27Q`2 b2i

h(f)≥ ln(pe)+ ln
∣∣∣{f ∈Fp,K (f)= k}

∣∣∣ UjXjV

7Q` 2�+? f rBi? k b2;K2Mib Ur?2`2 |M| /2MQi2b i?2 +�`/BM�HBiv Q7 � b2i MV bBM+2 Bi H2�/b
iQ ∑

f∈Fp

e−h(f))=
∑

k∈51,p6

∑

f∈Fp
K (f)=k

e−h(f) ≤
∑

k∈51,p6

1
pe

≤ 1
e

.

AM G2KK� jXj- r2 ;Bp2 �M 2tTHB+Bi 7Q`K Q7 i?2 T2M�Hiv 7mM+iBQM, h(f)= c1K (f)+ c2L+ c3-
r?2`2 c1 = ln(8Vd)+3d

3
2 −d- c2 = ln2

δ
!

d
+ d

δ - c3 = d ln
(!

d(2R+δ)
δ

)
+ln(2Vd) �M/ Vd /2MQi2b i?2

pQHmK2 Q7 mMBi #�HH BM RdX h?Bb T2M�Hiv 7mM+iBQM b�iBb}2b UjXjV- ?2M+2
(
1+ ln

∑
f∈Fp e−h(f)

)
≤

0X q2 i?2`27Q`2 Q#i�BM i?2 7QHHQrBM; +Q`QHH�`vX
*Q`QHH�`v jXRX lM/2` i?2 �bbmKTiBQMb Q7 h?2Q`2K jXR- H2i h(f)= c1K (f)+ c2L+ c3 �M/

η=min

{
1
c0

,
√

c1 p+ c2L+ c3

c0(e−1)inff∈Fp

∑T
t=1∆(f, xt)

}

.

h?2M

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

√
c0(e−1)rT,k,L

}⎫
⎪⎬

⎪⎭

+
√

c0(e−1)rT,p,L +2ec0(c1 p+ c2L+ c3),

r?2`2 rT,k,L = inff∈Fp

∑T
t=1∆(f, xt)(c1k+ c2L+ c3),k = 1,2, . . . , pX

S`QQ7X LQi2 i?�i }`biHv i?�i rBi? bm+? +?QB+2 Q7 h(f)- QM2 ?�b 1+ ln
∑

f∈Fp e−h(f) ≤ 0 �M/
supf h(f)≤ c1 p+ c2L+ c3- i?2M 7`QK h?2Q`2K jXR- r2 ?�p2

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ ST,h,η+ηc0(e−1) inf

f∈Fp

T∑

t=1
∆(f, xt)+ c0(e−1)(c1 p+ c2L+ c3).

A7
√

c1 p+c2L+c3
c0(e−1)inff∈Fp

∑T
t=1∆(f,xt)

≤ 1
c0

- r2 bm#biBimi2 η BM UjXRkV rBi?
√

c1 p+c2L+c3
c0(e−1)inff∈Fp

∑T
t=1∆(f,xt)

�M/
Q#i�BM i?2 7QHHQrBM; BM2[m�HBiv

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

√
c0(e−1)rT,k,L

}⎫
⎪⎬

⎪⎭

+
√

c0(e−1)rT,p,L + c0(e−1)(c1 p+ c2L+ c3). UjX9V

A7
√

c1 p+c2L+c3
c0(e−1)inff∈Fp

∑T
t=1∆(f,xt)

> 1
c0

- BX2X- (e−1)inff∈Fp

∑T
t=1∆(f, xt) ≤ c0(c1 p+ c2L+ c3)- r2 +�M

T`Qp2 bBKBH�`Hv i?�i

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)

}⎫
⎪⎬

⎪⎭
+ c0(e+1)(c1 p+ c2L+ c3). UjX8V

*QK#BMBM; UjX9V �M/ UjX8V i2`KBM�i2b i?2 T`QQ7 Q7 *Q`QHH�`v jXRX
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LQi2 i?�i bBM+2 k ≤ p- i?2 `2;`2i #QmM/ QM i?2 `B;?i ?�M/ bB/2 Q7 BM2[m�HBiv BM *Q`QHH�`v jXR
+�M #2 bBKTHB}2/ �b UbBKBH�`Hv 7Q` h?2Q`2K jXkV

inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)

}⎫
⎪⎬

⎪⎭
+2

√
c0(e−1)rT,p,L +2ec0(c1 p+ c2L+ c3).

>Qr2p2`- r2 F22T k BM i?Bb +Q`QHH�`v �M/ BM i?2 M2ti i?2Q`2K QMHv 7Q` BKTH2K2Mi�iBQM
Tm`TQb2 bBM+2 i?2 MmK#2` k Q7 b2;K2Mib Bb BKTQ`i�Mi BM BKTH2K2Mi�iBQM 7Q` mT/�iBM;
b2[m2MiB�HHv T`BM+BT�H +m`p2 7`QK � M2B;?#Q`?QQ/ Q7 i?2 T`2pBQmb QM2X

LQi2 i?�i *Q`QHH�`v jXR Bb MQi mb�#H2 BM T`�+iB+2 bBM+2 i?2 QTiBK�H p�Hm2 7Q` η /2T2M/b
QM inff∈Fp

∑T
t=1∆(f, xt) r?B+? Bb Q#pBQmbHv mMFMQrMX q2 i?2`27Q`2 T`QpB/2 �M �/�TiBp2

`2}M2K2Mi Q7 �H;Q`Bi?K jXR BM i?2 7QHHQrBM; �H;Q`Bi?K jXkX LQi2 i?�i η0 b?QmH/ ?�p2 #22M

�H;Q`Bi?K jXk �M �/�TiBp2 �H;Q`Bi?K iQ b2[m2MiB�HHv H2�`M T`BM+BT�H +m`p2b
R, AMTmi T�`�K2i2`b, p > 0- L > 0- π- h �M/ η0 = 1

c0

k, AMBiB�HBx�iBQM, 6Q` 2�+? f ∈Fp- /`�r zf ∼π- ∆f,0 = 1
η0

(h(f)− zf)
j, 6Q` t = 1, . . . ,T
9, P#i�BM

f̂t = arginf
f∈Fp

{
t−1∑

s=0
∆f,s

}

. UjXeV

8, *QKTmi2 ηt =min
{

1
c0

,
!

c1 p+c2L+c3

c0
!

(e−1)t

}

e, :2i /�i� xt �M/ +QKTmi2 ∆f,t =∆(f, xt)+
(

1
ηt
− 1

ηt−1

)
(h(f)− zf)

d, 1M/ 7Q`

Q7 i?2 bBKBH�` 7Q`K �b ηt- BX2X- η0 = min
{

1
c0

,
!

c1 p+c2L+c3

c0
!

(e−1)

}
X aBM+2 (e−1) < c1 p+ c2L+ c3

r?B+? Bb +H2�` B7 QM2 +?2+Fb i?2 p�Hm2 Q7 c1 BM G2KK� jXj- η0 2[m�Hb iQ 1
c0

X

h?2Q`2K jXkX 6Q` �Mv b2[m2M+2 (xt)1:T ∈ B(0,
!

dR),R ≥ 0- H2i h(f) = c1K (f)+ c2L+ c3
r?2`2 c1- c2- c3 �`2 +QMbi�Mib /2T2M/BM; QM R,d,δX G2i π(z)= e−z1{z>0} �M/

η0 =
1
c0

, ηt =min

{
1
c0

,
√

c1 p+ c2L+ c3

c0
!

(e−1)t

}

, t ≥ 1,

r?2`2 c0 = d(2R+δ)2X h?2M i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K jXk b�iBb}2b

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+ c0

√
(e−1)T(c1k+ c2L+ c3)

}⎫
⎪⎬

⎪⎭

+2c0
√

(e−1)T(c1 p+ c2L+ c3)+3c0(c1 p+ c2L+ c3).

h?2 K2bb�;2 Q7 i?Bb `2;`2i #QmM/ Bb i?�i i?2 2tT2+i2/ +mKmH�iBp2 HQbb Q7 TQHv;QM�H HBM2b
f̂1, . . . , f̂T Bb mTT2`@#QmM/2/ #v i?2 KBMBK�H +mKmH�iBp2 HQbb Qp2` �HH k ∈ {1, . . . , p}- mT iQ
�M �//BiBp2 i2`K r?B+? Bb bm#HBM2�` BM TX h?2 �+im�H K�;MBim/2 Q7 i?Bb `2K�BM/2` i2`K
Bb

!
kTX q?2M L Bb }t2/- i?2 MmK#2` k Q7 b2;K2Mib Bb � K2�bm`2 Q7 +QKTH2tBiv Q7

i?2 `2i�BM2/ TQHv;QM�H HBM2X h?Bb #QmM/ i?2`27Q`2 vB2H/b i?2 b�K2 K�;MBim/2 i?�M UjXRV
r?B+? Bb i?2 KQbi `2}M2/ #QmM/ BM i?2 HBi2`�im`2 bQ 7�` U"B�m �M/ 6Bb+?2`- kyRk- r?2`2
i?2 QTiBK�H p�Hm2b 7Q` k �M/ L �`2 Q#i�BM2/ BM � KQ/2H b2H2+iBQM 7�b?BQMVX
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jX9 AKTH2K2Mi�iBQM
h?2 �`;mK2Mi Q7 i?2 BM}KmK BM �H;Q`Bi?K jXk Bb i�F2M Qp2` Fp = ∪p

k=1Fk,L r?B+? ?�b
� +�`/BM�HBiv Q7 Q`/2` |Qδ|p- r?2`2 |Qδ| Bb i?2 MmK#2` Q7 p2`iB+2b Q7 ;`B/ QδX h?Bb
2tTQM2MiB�H +�`/BM�HBiv K�F2b �Mv ;`22/v b2�`+? H�`;2Hv iBK2@+QMbmKBM;X q2 BMbi2�/ im`M
iQ i?2 7QHHQrBM; bi`�i2;v, ;Bp2M � TQHv;QM�H HBM2 f̂t ∈Fkt,L rBi? kt b2;K2Mib- r2 +QMbB/2`-
rBi? � +2`i�BM T`QTQ`iBQM- i?2 �p�BH�#BHBiv Q7 f̂t+1 rBi?BM � M2B;?#Qm`?QQ/ U (f̂t) Ub22 i?2
7Q`K�H /2}MBiBQM #2HQrV Q7 f̂tX h?Bb +QMbB/2`�iBQM Bb bmBi2/ 7Q` T`BM+BT�H +m`p2 b2iiBM;
bBM+2 B7 Q#b2`p�iBQM xt Bb +HQb2 iQ f̂t- QM2 +�M 2tT2+i i?�i i?2 TQHv;QM�H HBM2 r?B+? r2HH }ib
Q#b2`p�iBQMb xs, s = 1, . . . , t HB2b BM � M2B;?#Qm`?QQ/ Q7 f̂tX AM Qi?2` rQ`/b- B7 2�+? TQHv;QM�H
HBM2 f Bb `2;�`/2/ �b �M �+iBQM- r2 MQ HQM;2` �bbmK2 i?�i �HH �+iBQMb �`2 �p�BH�#H2 �i �HH
iBK2b- �M/ �HHQr i?2 b2i Q7 �p�BH�#H2 �+iBQMb iQ p�`v �i 2�+? iBK2X h?Bb Bb � KQ/2H FMQrM �b
ǳbH22TBM; 2tT2`ib UQ` �+iBQMbVǴ BM T`BQ` rQ`F U6`2mM/ 2i �HX- RNNd- �m2` 2i �HX- kyyj- "HmK
�M/ J�MbQm`- kyyd- EH2BM#2`; 2i �HX- kyy3VX AM i?Bb b2iiBM;- /2}MBM; i?2 `2;`2i rBi? `2bT2+i
iQ i?2 #2bi �+iBQM BM i?2 r?QH2 b2i Q7 �+iBQMb BM ?BM/bB;?i `2K�BMb iQ #2 /B{+mHi bBM+2 i?�i
�+iBQM KB;?i bQK2iBK2b #2 mM�p�BH�#H2 BM +2`i�BM `QmM/bX >2M+2 Bi Bb M�im`�H iQ /2}M2 i?2
`2;`2i rBi? `2bT2+i iQ i?2 #2bi `�MFBM; Q7 �HH �+iBQMb BM i?2 ?BM/bB;?i �++Q`/BM; iQ i?2B`
HQbb2b Q` `2r�`/b- �M/ �i 2�+? `QmM/ QM2 +?QQb2b �KQM; i?2 �p�BH�#H2 �+iBQMb #v b2H2+iBM;
i?2 QM2 r?B+? `�MFb i?2 ?B;?2bi BM i?Bb Q`/2`BM;X EH2BM#2`; 2i �HX Ukyy3V BMi`Q/m+2/
i?Bb MQiBQM Q7 `2;`2i �M/ bim/B2/ #Qi? i?2 7mHH@BM7Q`K�iBQM U#2bi �+iBQMV �M/ T�`iB�H@
BM7Q`K�iBQM UKmHiB@�`K2/ #�M/BiV b2iiBM;b rBi? biQ+?�biB+ �M/ �/p2`b�`B�H `2r�`/b �M/
�/p2`b�`B�H �+iBQM �p�BH�#BHBivX h?2v TQBMi2/ Qmi i?�i i?2 1sS9 �H;Q`Bi?K U�m2` 2i �HX-
kyyjV �ii�BMb i?2 QTiBK�H `2;`2i BM �/p2`b�`B�H `2r�`/b +�b2 #mi `mMb BM iBK2 2tTQM2MiB�H
BM i?2 MmK#2` Q7 �HH �+iBQMbX E�M�/2 2i �HX UkyyNV +QMbB/2`2/ 7mHH �M/ T�`iB�H BM7Q`K�iBQM
rBi? biQ+?�biB+ �+iBQM �p�BH�#BHBiv �M/ T`QTQb2/ �M �H;Q`Bi?K i?�i `mMb BM TQHv;QM�H iBK2X
AM r?�i 7QHHQrb- r2 b?�HH `2�HBb2 Qm` BKTH2K2Mi�iBQM #v `2bQ`iBM; iQ ǳbH22TBM; 2tT2`ibǴ
BX2X- � bT2+B�H �p�BH�#H2 b2i Q7 �+iBQMb i?�i �/�Tib iQ i?2 b2iiBM; Q7 T`BM+BT�H +m`p2bX
G2i σ /2MQi2 �M Q`/2`BM; Q7 |Fp| �+iBQMb- �M/ At �M �p�BH�#H2 bm#b2i Q7 i?2 �+iBQMb �i
`QmM/ tX q2 H2i σ(At) /2MQi2 i?2 ?B;?2bi `�MF2/ �+iBQM BM AtX AM �//BiBQM- 7Q` �Mv �+iBQM
f ∈Fp r2 /2}M2 i?2 `2r�`/ rf,t Q7 f �i `QmM/ t, t ≥ 1 #v

rf,t = c0 −∆(f, xt).

Ai Bb +H2�` i?�i rf,t ∈ (0, c0)X h?2 +QMp2MiBQM 7`QK HQbb2b iQ ;�BMb Bb /QM2 BM Q`/2` iQ 7�+BHBi�i2
i?2 bm#b2[m2Mi T2`7Q`K�M+2 �M�HvbBbX h?2 `2r�`/ Q7 �M Q`/2`BM; σ Bb i?2 +mKmH�iBp2
`2r�`/ Q7 i?2 b2H2+i2/ �+iBQM �i 2�+? iBK2

T∑

t=1
rσ(At),t,

�M/ i?2 `2r�`/ Q7 i?2 #2bi Q`/2`BM; Bb maxσ
∑T

t=1 rσ(At),t UE
[
maxσ

∑T
t=1 rσ(At),t

]
r?2M At Bb

biQ+?�biB+VX
"27Q`2 ;BpBM; � 7Q`K�H /2}MBiBQM Q7 i?2 M2B;?#Qm`?QQ/ U (f̂t)- r2 }`bi BMi`Q/m+2 Qm` BK@
TH2K2Mi�iBQM T`Q+2/m`2 i?�i bi�`ib rBi? � T�`iBiBQM bi2T r?B+? �BKb �i B/2MiB7vBM; i?2
ǳ`2H2p�MiǴ M2B;?#Qm`?QQ/ Q7 �M Q#b2`p�iBQM x ∈Rd rBi? `2bT2+i iQ � ;Bp2M TQHv;QM�H HBM2-
�M/ i?2M T`Q+22/b rBi? i?2 /2}MBiBQM Q7 M2B;?#Qm`?QQ/ Q7 �M �+iBQM f- �M/ }M�HHv r2
;Bp2 /2i�BHb Q7 BKTH2K2Mi�iBQM �M/ b?Qr Bib `2;`2i #QmM/X

S�`iBiBQM 6Q` �Mv TQHv;QM�H HBM2 f rBi? k b2;K2Mib- r2 /2MQi2 #v
%
V= (v1, . . . ,vk+1) Bib

p2`iB+2b �M/ #v si, i = 1, . . . ,k i?2 HBM2 b2;K2Mib +QMM2+iBM; vi �M/ vi+1X AM i?2 b2[m2H- r2
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mb2 f(
%
V) iQ `2T`2b2Mi i?2 TQHv;QM�H HBM2 7Q`K2/ #v +QMM2+iBM; +QMb2+miBp2 p2`iB+2b BM

%
V

B7 MQ +QM7mbBQM Bb TQbbB#H2X AM �//BiBQM- 7Q` x ∈ Rd- H2i ∆(x,vi) = ||x− vi||22 #2 i?2 b[m�`2/
/Bbi�M+2 #2ir22M x �M/ vi- �M/ H2i ∆(x, si) #2 i?2 b[m�`2/ /Bbi�M+2 #2ir22M x �M/ HBM2
b2;K2Mi si- BX2X-

∆(x, si)=

⎧
⎪⎪⎨

⎪⎪⎩

||x−vi||22 B7 ssi (x)= vi ,
||x−vi+1||22 B7 ssi (x)= vi+1,

||x−vi||22 −
(
(x−vi)T vi+1−vi

||vi+1−vi ||2

)2
Qi?2`rBb2,

r?2`2 ssi (x) Bb i?2 T`QD2+iBQM BM/2t Q7 x iQ HBM2 b2;K2Mi siX AM i?Bb bi2T- Rd +�M #2
T�`iBiBQM2/ BMiQ �i KQbi (2k+1) /BbDQBMi b2ib Vi, i = 1, . . . ,k+1 �M/ Si, i = 1, . . . ,k /2}M2/
�b

Vi =
{

x ∈Rd :∆(x,vi)=∆(f, x), x ̸∈ ∪i−1
s=1Vs

}
,

Si =
{

x ∈Rd :∆(x, si)=∆(f, x), x ̸∈ ∪i−1
m=1Sm ∪k+1

i=1 Vi

}
,

r?2`2 Vi- i = 1, . . . ,k+1 Bb i?2 b2i Q7 �HH x ∈ Rd r?Qb2 +HQb2bi p2`i2t Q7 f Bb vi- �M/ Si-
i = 1, . . . ,k Bb i?2 b2i Q7 �HH x ∈ Rd r?Qb2 +HQb2bi b2;K2Mi Q7 f Bb siX 6B;m`2 jX8� ;Bp2b �M
2t�KTH2 Q7 oQ`QMQB T�`iBiBQM rBi? `2bT2+i iQ � TQHv;QM�H HBM2 rBi? j b2;K2MibX AM i?2
b2[m2H- r2 mb2 Vi: j, i ≤ j U`2bTX Si: j �M/ vi: jV iQ �##`2pB�i2 i?2 b2[m2M+2 Q7 T�`iBiBQMb
Vi, . . . ,Vj U`2bTX Si, . . . ,S j �M/ vi, . . . ,vjVX

U�V T�`iBiBQM bi2T U#V HQ+�H ;`22/v b2�`+? bi2T

6B;m`2 jX8 Ĝ U�V � oQ`QMQB@HBF2 T�`iBiBQM ;Bp2M � TQHv;QM�H HBM2 U#H�+F bQHB/ HBM2Vc U#V �
HQ+�H ;`22/v b2�`+? `2;BQM U#Hm2 TQBMib BMbB/2 TBMF /�b?2/ +B`+H2V- r?2`2 i?2 TBMF /�b?2/
+B`+H2 Bb � ℓ2 #�HH rBi? +2Mi2` N̄t(x) �M/ rBi? `�/Bmb D (Nt(x))c x Bb �M Q#b2`p�iBQM BM R2

�M/ Bib V (x) Bb v3 �M/ v4- `2T`2b2Mi2/ #v �bi2`BbFbX

6Q` �Mv x ∈Rd- H2i mb /2MQi2 #v V (x) i?2 b2i Q7 p2`iB+2b Q7 f +QMM2+iBM; iQ i?2 T`QD2+iBQM
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f (sf (x)) Q7 x QMiQ f �M/ /2MQi2 #v N (x) i?2 M2B;?#Qm`?QQ/ x rBi? `2bT2+i iQ f- BX2X-

V (x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v1:2 B7 x ∈V1 ∪S1,
v1:3 B7 x ∈V2,
vi:i+1 B7 x ∈ Si, i = 2, . . . ,k−1,
vi−1:i+1 B7 x ∈Vi, i = 3, . . . ,k−1,
vk−1:k+1 B7 x ∈Vk,
vk:k+1 B7 x ∈ Sk ∪Vk+1,

N (x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V1:2 ∪S1:2 B7 x ∈V1 ∪S1,
V1:3 ∪S1:3 B7 x ∈V2,
Vi:i+1 ∪Si−1:i+1 B7 x ∈ Si, i = 2, . . . ,k−1,
Vi−1:i+1 ∪Si−2:i+1 B7 x ∈Vi, i = 3, . . . ,k−1,
Vk−1:k+1 ∪Sk−2:k B7 x ∈Vk,
Vk:k+1 ∪Sk−1:k B7 x ∈ Sk ∪Vk+1.

LQi2 i?�i i?2 /2}MBiBQM Q7 V (x) �M/ N (x) ?QH/b r?2M2p2` f ?�b k ≥ 4 b2;K2MibX A7
1≤ k < 4- V (x) U`2bTX N (x)V Bb B/2MiB+�H 7Q` �Mv xX L2ti- H2i

Nt(x)=
{

xs, , s = 1, . . . , t, xs ∈N (x)
}

#2 i?2 b2i Q7 Q#b2`p�iBQMb x1:t #2HQM;BM; iQ N (x)X q2 }M�HHv H2i N̄t(x) bi�M/ 7Q` i?2
�p2`�;2 Q7 �HH Q#b2`p�iBQMb BM Nt(x) �M/ D(M)= supx,y∈M ||x− y||2 /2MQi2b i?2 /B�K2i2` Q7
b2i M ∈RdX
AM Q`/2` iQ �pQB/ � #�/ BMBiB�HBx�iBQM Q7 f̂1- BMimBiBp2Hv- r2 #2;BM Qm` T`2/B+iBQM Q7 T`BM+BT�H
+m`p2 �7i2` ?�pBM; �i H2�bi t0 Ut0 Bb p2`v bK�HHV Q#b2`p�iBQMb- �M/ r2 +?QQb2 i?2 T`BM+BT�H
+m`p2 f̂1 �b i?2 }`bi +QKTQM2Mi HBM2 b2;K2Mi r?Qb2 p2`iB+2b �`2 i?2 irQ 7�`i?2bi T`QD2+iBQMb
Q7 /�i� x1:t0 QM i?2 }`bi +QKTQM2Mi HBM2X h?2 `2r�`/ BM i?Bb b2iiBM; Bb i?2`27Q`2 rf,t =
c0 −∆(f, xt0+t) 7Q` t = 1,2, . . . , �M/ f̂t Bb #�b2/ QM x1, x2, . . . , xt0+t−1X :Bp2M f̂t- t ≥ 1 rBi? kt
b2;K2Mib- r2 Q#i�BM }`biHv i?2 oQ`QMQB@HBF2 T�`iBiBQM V1:kt+1 �M/ S1:kt - i?2M B/2MiB7v i?2
�/D�+2Mi p2`iB+2b b2i V

(
xt+t0

)
=

{
vit: jt

}
�M/ b2i Nt+t0

(
xt+t0

)
7Q` Q#b2`p�iBQM xt+t0 X

L2B;?#Qm`?QQ/ 6Q` 2�+? t- H2i mb }`bi /2}M2 i?2 HQ+�H ;`B/ Qδ,t(x) �`QmM/ x ∈Rd �b

Qδ,t(x)= B
(
N̄t(x),D (Nt(x)

)
∩Qδ,

r?2`2 B(x, r) Bb � ℓ2@#�HH BM Rd- +2Mi2`2/ BM x rBi? `�/Bmb r > 0X h?2M 7Q` k ∈ {kt−1,kt,kt+
1}- r2 /2}M2 � +�M/B/�i2

%
V U2[mBp�H2MiHv � +�M/B/�i2 f(

%
V)V rBi? k+1 p2`iB+2b �b

%
V=

(
v1:i t−1,v1:m,vjt+1:kt+1

)
,

r?2`2 m = k+1− kt + jt − i t �M/ v1:m �`2 m /BbiBM+i p2`iB+2b #2HQM;BM; iQ Qδ,t+t0

(
xt+t0

)

�`QmM/ xt+t0 X AM Qi?2` rQ`/b- � +�M/B/�i2
%
V Bb #mBHi #v F22TBM; �HH i?2 p2`iB+2b Q7 f̂t

i?�i /Q MQi #2HQM; iQ V
(
xt+t0

)
�M/ #v mT/�iBM; i?2 `2K�BMBM; m p2`iB+2b /`�rM 7`QK

Qδ,t+t0

(
xt+t0

)
X q?2M k = kt −1 U`2bTX kt- kt +1V- Bi K2�Mb i?�i i?2 +�M/B/�i2

%
V ?�b QM2

H2bb p2`iB+2b U`2bTX b�K2- QM2 KQ`2V i?�M f̂tX q2 /2}M2 i?2 M2B;?#Qm`?QQ/ U (f̂t) Q7 f̂t #v

U (f̂t)=
{

f(
%
V),

%
V bm+? i?�i v1:m ∈Qδ,t+t0

(
xt+t0

)
7Q` k ∈ {kt −1,kt,kt +1}

}
. UjXdV

h?2 +�`/BM�HBiv
∣∣U

(
f̂t

)∣∣Bb mTT2` #QmM/2/ #v
∣∣Fp

∣∣3
p bBM+2 �HH 2H2K2Mib BM

∣∣U
(
f̂t

)∣∣/Bz2`
rBi? f̂t mT iQ �i KQbi i?`22 p2`iB+2bX 6BM�HHv- r2 ;Bp2 Qm` BKTH2K2Mi�iBQM rBi? �+iBQM
�p�BH�#BHBiv i?�i K�v p�`v �i 2�+? iBK2 BM �H;Q`Bi?K jXjX
h?2 �H;Q`Bi?K jXj ?�b �M 2tTHQ`�iBQM T?�b2 Ur?2M It = 1V �M/ �M 2tTHQBi�iBQM T?�b2 UIt =
0VX AM i?2 2tTHQ`�iBQM T?�b2- Bi Bb �HHQr2/ iQ Q#b2`p2 `2r�`/b Q7 �HH TQbbB#H2 �+iBQMb �M/
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�H;Q`Bi?K jXj � HQ+�HHv ;`22/v �H;Q`Bi?K iQ b2[m2MiB�HHv H2�`M T`BM+BT�H +m`p2b
R, AMTmi T�`�K2i2`b, p > 0- R > 0- L > 0- ϵ > 0- α > 0- 1 > β > 0 �M/ �Mv T2M�Hiv

7mM+iBQM h
k, AMBiB�HBx�iBQM, :Bp2M (xt)1:t0 - Q#i�BM f̂1 �b i?2 }`bi T`BM+BT�H +QKTQM2Mi
j, 6Q` t = 1- r2 b2i r̂f,1 = rf,1 7Q` �HH f ∈Fp
9, 6Q` t = 2, . . . ,T
8, .`�r It ∼ Bernoulli(ϵ) �M/ zf ∼π 7Q` �HH f ∈FpX
e, G2i σ̂t = bQ`i

(
f,

∑t−1
s=1 r̂f,s − 1

ηt−1
h(f)+ 1

ηt−1
zf

)
- BX2X- /2b+2M/BM; bQ`iBM; �HH f ∈ Fp

�++Q`/BM; iQ i?2B` T2`im`#2/ +mKmH�iBp2 `2r�`/ iBHH t−1X
d, A7 It = 1- b2i At =Fp �M/ f̂t = σ̂t(At) �M/ Q#b2`p2 r f̂t,t
3,

r̂f,t = rf,t 7Q` f ∈Fp.
N, A7 It = 0- b2i At =U (f̂t−1)- f̂t = σ̂t(At) �M/ Q#b2`p2 r f̂t,t

Ry,

r̂f,t =
{ rf,t
P(f̂t=f|H t) B7 f ∈U (f̂t−1)∩ cond(t) �M/ f̂t = f,
α Qi?2`rBb2,

r?2`2 H t /2MQi2b �HH i?2 `�M/QKM2bb #27Q`2 iBK2 t �M/ cond(t) ={
f ∈Fp :P

(
f̂t = f|H t

)
>β

}
X X

RR, 1M/ 7Q`

iQ +?QQb2 �M QTiBK�H T2`im`#2/ �+iBQM 7`QK i?2 b2i Fp Q7 �HH �+iBQMbX AM i?2 2tTHQBi�iBQM
T?�b2- QMHv `2r�`/b Q7 � T�`i Q7 �+iBQMb +�M #2 �++2bb2/ iQ �M/ `2r�`/b Q7 Qi?2`b �`2
2biBK�i2/ #v � +QMbi�Mi- �M/ r2 mT/�i2 Qm` �+iBQM 7`QK i?2 M2B;?#Qm`?QQ/ U

(
f̂t−1

)
Q7

i?2 T`2pBQmb �+iBQM f̂t−1X h?Bb HQ+�H mT/�i2 UQ` b2�`+?V +�M ?2M+2 `2/m+2 +QKTmi�iBQM
+QKTH2tBivX AM �//BiBQM- i?Bb HQ+�H b2�`+? rBHH #2 2MQm;? iQ �++QmMi 7Q` i?2 +�b2 r?2M
xt HQ+�i2b BM U

(
f̂t−1

)
X >Qr2p2`- r?2M xt Bb 7�` 7`QK xt−1- i?2 �H;Q`Bi?K Bb H2bb HBF2Hv iQ

T2`7Q`K r2HH bBM+2 r2 �bbmK2 BKTHB+BiHv i?�i i?2 b2[m2M+2 Q7 /�i� Bb bi�iBQM�`v iQ i?2
2ti2Mi i?�i � ǳ`2�H T`BM+BT�H +m`p2Ǵ 2tBbibX Pi?2`rBb2- H2�`MBM; T`BM+BT�H +m`p2 rQmH/ #2
Q7 H2bb BMi2`2bi- i?BMF 7Q` 2t�KTH2 r?2M i?2 /�i� Bb mMB7Q`KHv /Bbi`B#mi2/ QM � ?vT2`+m#2X
h?2 T�`�K2i2` β M22/b iQ #2 +�`27mHHv +�HB#`�i2/ bBM+2 QM i?2 QM2 ?�M/- β b?QmH/ MQi
#2 iQQ #B; iQ K�F2 bm`2 i?�i i?2 +QM/BiBQM cond(t) Bb MQM@2KTiv- Qi?2`rBb2- �HH `2r�`/b
�`2 2biBK�i2/ #v i?2 b�K2 +QMbi�Mi �M/ i?mb H2�/BM; iQ i?2 b�K2 /2b+2M/BM; Q`/2`BM; Q7
imTH2b 7Q` #Qi?

(∑t−1
s=1 r̂f,s,f ∈Fp

)
�M/

(∑t
s=1 r̂f,s,f ∈Fp

)
X h?2`27Q`2- r2 K�v 7�+2 i?2 `BbF Q7

?�pBM; f̂t+1 biBHH BM i?2 M2B;?#Qm`?QQ/ Q7 f̂t 2p2M B7 r2 �`2 BM i?2 2tTHQ`�iBQM T?�b2 �i iBK2
t+1c QM i?2 Qi?2` ?�M/- p2`v bK�HH β +QmH/ `2bmHi BM H�`;2 #B�b 7Q` 2biBK�iBQM rf,t

P(f̂t=f|H t)
Q7 rf,tX AM �//BiBQM- i?2 2tTHQBi�iBQM T?�b2 Bb bBKBH�` #mi /Bz2`2Mi iQ i?2 H�#2H 2{+B2Mi
T`2/B+iBQM U*2b�@"B�M+?B 2i �HX- kyy8- _2K�`F RXRV bBM+2 r2 �HHQr �M �+iBQM �i iBK2 t
iQ #2 /Bz2`2Mi 7`QK i?2 T`2pBQmb QM2X JQ`2Qp2`- L2m �M/ "�`iƦF UkyRjV ?�b T`QTQb2/
:2QK2i`B+ _2b�KTHBM; K2i?Q/ iQ 2biBK�i2 i?2 +QM/BiBQM�H T`Q#�#BHBiv P

(
f̂t = f|H t

)
bBM+2

i?Bb [m�MiBiv Q7i2M /Q2b MQi ?�p2 �M 2tTHB+Bi 7Q`KX >Qr2p2`- /m2 iQ i?2 bBKTH2 2tTQM2MiB�H
/Bbi`B#miBQM Q7 zf +?Qb2M BM Qm` +�b2- �M 2tTHB+Bi 7Q`K Q7 P

(
f̂t = f|H t

)
Bb bi`�B;?i7Q`r�`/X

h?2Q`2K jXjX �bbmK2 i?�i p > 6- T ≥max
{
2|Fp|2, c1 p+c2L+c3

e−1

}
�M/ H2i

β=
∣∣Fp

∣∣− 1
2 T− 1

4 , α= c0

β
, ĉ0 =

2c0

β
,

η1 = η2 = . . . ,= ηT =
√

c1 p+ c2L+ c3!
T(e−1)ĉ0

, ϵ= 1−
∣∣Fp

∣∣1
2−

3
p T− 1

4 .
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h?2M i?2 T`Q+2/m`2 /2b+`B#2/ BM �H;Q`Bi?K jXj b�iBb}2b i?2 `2;`2i #QmM/

T∑

t=1
E
[
∆

(
f̂t, xt+t0

)]
≤ inf

f∈Fp

[
T∑

t=1
∆

(
f, xt+t0

)
]

+O (T
3
4 ).

S`QQ7X qBi? i?2 ;Bp2M p�Hm2 Q7 T�`�K2i2`b- i?2 �bbmKTiBQM Q7 G2KK� jX9- G2KK� jX8
�M/ G2KK� jXe �`2 b�iBb}2/c *QK#BMBM; i?2B` BM2[m�HBiB2b H2�/ iQ i?2 7QHHQrBM;

T∑

t=1
E
[
r f̂t,t

]
≥E

[

max
σ

{
T∑

t=1
rσ(At),t −

1
η

h (σ (At))

}]

−2αβ(1−ϵ)
T∑

t=1

∣∣U
(
f̂t−1

)∣∣

− ĉ2
0(e−1)ηT − ĉ0(e−1)(c1 p+ c2L+ c3)

−
(
1−

∣∣Fp
∣∣β

)
√√√√2T

[
c2

0
β

+α2(1−β)+ (c0 +2α)2

]

ln
(

1
β

)
−

∣∣Fp
∣∣βc0T

≥E
[

max
σ

{
T∑

t=1
rσ(At),t −

1
η

h (σ (At))

}]

− (1−ϵ)
∣∣Fp

∣∣3
p c0T

− ĉ2
0(e−1)ηT − ĉ0(e−1)(c1 p+ c2L+ c3)

−
(
1−

∣∣Fp
∣∣β

)
√√√√2T

[
c2

0
β

+α2(1−β)+ (c0 +2α)2

]

ln
(

1
β

)
−

∣∣Fp
∣∣βc0T

≥E
[

max
σ

{
T∑

t=1
rσ(At),t −

1
η

h (σ (At))

}]

−O
(∣∣Fp

∣∣1
2 T

3
4
)
,

r?2`2 i?2 b2+QM/ BM2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i i?2 +�`/BM�HBiv
∣∣U

(
f̂t−1

)∣∣Bb mTT2`
#QmM/2/ #v

∣∣Fp
∣∣3

p 7Q` t ≥ 1X PM2 +�M MQiB+2 i?�i i?Bb Bb � `�i?2` HQQb2M mTT2` #QmM/
7Q`

∣∣U
(
f̂t−1

)∣∣�M/ i?Bb p�Hm2 +QmH/ #2 Km+? bK�HH2` BM T`�+iB+2X AM �//BiBQM- mbBM; i?2
/2}MBiBQM Q7 rf,t i?�i rf,t = c0 −∆(f, xt+t0) i2`KBM�i2b i?2 T`QQ7 Q7 h?2Q`2K jXjX

PM2 +�M b22 i?�i i?2 `2;`2i Bb mTT2` #QmM/2/ #v � i2`K Q7 Q`/2`
(∣∣Fp

∣∣1
2 T

3
4

)
- bm#HBM2�` BM

TX AM �//BiBQM- MQi2 i?�i i?2 [m�MiBiv 2αβ(1−ϵ)
∑T

t=1
∣∣U

(
f̂t−1

)∣∣�M/ i?2 H�bi QM2 �TT2�`BM;
QM i?2 `B;?i ?�M/ bB/2 Q7 i?2 }`bi BM2[m�HBiv Q7 i?2 T`QQ7 Bb BM 7�+i � K2�bm`2K2Mi Q7 #B�b Q7
2biBK�iBQMb BM T `QmM/b Ur2 `272` iQ G2KK� jX9 �M/ G2KK� jXeV �b r̂f,t BM �H;Q`Bi?K jXj Bb
� #B�b2/ 2biBK�iBQM Q7 rf,t r?2M It = 0 UBX2X- r?2M HQ+�H mT/�i2 ?�TT2MbV #mi �M mM#B�b2/
QM2 r?2M It = 1X >2M+2 r?2M ϵ= 1- i?2b2 irQ #B�b@`2H�i2/ [m�MiBiB2b rQmH/ /Bb�TT2�` �M/
i?2 mTT2` #QmM/ `2/m+2b iQ i?2 QM2 BM h?2Q`2K jXkX q?2M ϵ < 1- 2p2M B7 Qm` ;Q�H Bb iQ
`2/m+2 i?2 +QKTmi�iBQM�H +QKTH2tBiv- r2 biBHH M22/ iQ K�F2 ϵ bm{+B2MiHv #B; iQ 2Mbm`2
i?�i i?2 #B�b- Q` KQ`2 T`2+Bb2Hv i?2 `2;`2i #QmM/ rQmH/ MQi #2 Q7 Q`/2` Q7 TX h?2 +?QB+2
ϵ BM h?2Q`2K jXj Bb i?2`27Q`2 � +QKT`QKBb2 #2ir22M i?2 +QKTmi�iBQM�H 2{+B2M+v �M/
`2;`2i #QmM/- �M/ i?Bb H2�/b iQ � `2;`2i #QmM/ Q7 Q`/2` Q7

∣∣Fp
∣∣1

2 T
3
4 X AM �//BiBQM- Qm`

�H;Q`Bi?K �+?B2p2b �M Q`/2` i?�i Bb bK�HH2` U7`QK i?2 TQBMi Q7 pB2r Q7 #Qi? i?2 MmK#2`∣∣Fp
∣∣Q7 �HH �+iBQMb �M/ i?2 iQi�H `QmM/b TV i?�M E�M�/2 2i �HX UkyyNV bBM+2 �i 2�+?

iBK2- i?2 �p�BH�#BHBiv Q7 �+iBQMb 7Q` Qm` �H;Q`Bi?K +�M #2 2Bi?2` i?2 r?QH2 �+iBQM b2i Q`
� M2B;?#Qm`?QQ/ Q7 i?2 T`2pBQmb �+iBQM r?BH2 E�M�/2 2i �HX UkyyNV +QMbB/2`b �i 2�+?
iBK2 QMHv T�`iB�H �M/ BM/2T2M/2Mi biQ+?�biB+ �p�BH�#H2 b2i Q7 �+iBQMb ;2M2`�i2/ 7`QK �
T`2/2}M2/ /Bbi`B#miBQMX
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jX8 LmK2`B+�H 2tT2`BK2Mib
q2 BHHmbi`�i2 i?2 T2`7Q`K�M+2 Q7 �H;Q`Bi?K jXj QM bvMi?2iB+ �M/ `2�H@HB72 /�i�X Pm`
BKTH2K2Mi�iBQM U?2`2�7i2` /2MQi2/ #v bHT+ Bb +QM/m+i2/ rBi? i?2 _ H�M;m�;2 �M/ i?mb
Qm` KQbi M�im`�H +QKT2iBiQ` Bb i?2 _ T�+F�;2 T`BM+m`p2 Ur?B+? Bb i?2 �H;Q`Bi?K 7`QK
>�biB2 �M/ aim2ixH2- RN3NVX h?`Qm;?Qmi i?Bb b2+iBQM- p�Hm2b 7Q` T�`�K2i2`b �`2, p =
20- R = maxt=1,...,T ||x||2/

!
dc q2 b2i � +QKT�`�iBp2Hv H�`;2 p�Hm2 7Q` K�tBKmK H2M;i? L-

BX2X- L = 0.01p
!

dRX h?Bb p�Hm2 Bb T`QTQ`iBQM�H iQ i?2 H2M;i? Q7 i?2 HQM;2bi p b2;K2Mib
TQHv;QM�H HBM2 BM B(0,

!
dR)X h?2 +Q2{+B2Mi 0.01 Bb 7�pQ`2/ 7Q` Bib T`�+iB+�H T2`7Q`K�M+2

QM #Qi? bvMi?2iB+ �M/ `2�/ /�i�X h?2 bT�+BM; δ Q7 i?2 H�iiB+2 Bb �/Dmbi2/ rBi? `2bT2+i iQ
/�i� b+�H2X

avMi?2iB+ /�i� q2 ;2M2`�i2 � /�i� b2i
{

xt ∈ R2, t = 1, . . . ,100
}

mMB7Q`KHv �HQM; i?2
+m`p2 y= 0.05× (x−5)3- x ∈ [0,10]- BX2X-

xt = (x(t), y)T +ϵt,

r?2`2 p�Hm2b 7Q` x(t) �`2 2[mB/Bbi�Mi BM [0,10] �M/ ϵt �`2 BXBX/ mMB7Q`KHv /Bbi`B#mi2/ QM i?2
+m#2 [−0.5,0.5]2 ⊂R2X

h�#H2 jXR b?Qrb i?2 `2;`2i 7Q` i?2 ;`QmM/ i`mi? UbmK Q7 b[m�`2/ /Bbi�M+2b Q7 �HH TQBMib
iQ i?2 i`m2 +m`p2V- T`BM+m`p2 UbmK Q7 b[m�`2/ /Bbi�M+2b #2ir22M t+ 1i? Q#b2`p�iBQM
�M/ }ii2/ T`BM+m`p2 i`�BM2/ QM �HH T�bi t Q#b2`p�iBQMbV �M/ bHT+ U∑T−1

t=0 ∆(f̂t+1, xt+1)VX
bHT+ ;`2�iHv QmiT2`7Q`Kb T`BM+m`p2 QM i?Bb 2t�KTH2- �b BHHmbi`�i2/ #v 6B;m`2 jXe �M/
6B;m`2 jXdX JQ`2Qp2`- 6B;m`2 jXd T`2b2Mib i?2 T`2/B+i2/ T`BM+BT�H +m`p2 f̂t+1 7Q` #Qi?
T`BM+m`p2 U`2/V �M/ bHT+ U;`22MVX h?2 QmiTmi Q7 T`BM+m`p2 vB2H/b � +m`p2 r?B+? /Q2b
MQi T�bb BM ǳi?2 KB//H2 Q7 /�i�Ǵ #mi `�i?2` #2M/b iQr�`/b i?2 +m`p�im`2 Q7 i?2 /�i�
+HQm/, bHT+ /Q2b MQi bmz2` 7`QK i?Bb #2?�pBQ`X hQ #2ii2` BHHmbi`�i2 i?2 r�v bHT+ rQ`Fb
#2ir22M irQ 2TQ+?b- 6B;m`2 jXd 7Q+mb2b QM i?2 BKT�+i Q7 +QHH2+iBM; � M2r /�i� TQBMi QM
i?2 T`BM+BT�H +m`p2X q2 b22 i?�i QMHv � HQ+�H p2`i2t Bb BKT�+i2/- r?2`2�b i?2 `2bi Q7 i?2
T`BM+BT�H +m`p2 `2K�BMb mM�Hi2`2/X h?Bb +mi/QrM BM �H;Q`Bi?KB+ +QKTH2tBiv Bb QM2 i?2 F2v
�bb2ib Q7 bHT+X

;`QmM/ i`mi? T`BM+m`p2 bHT+
yXN98 UyV k8Xj3d UyV NX3Nj UyXk9eV

h�#H2 jXR Ĝ _2;`2i U+mKmH�iBp2 HQbbV QM bvMi?2iB+ /�i� U�p2`�;2 Qp2` Ry i`B�Hb- rBi? bi�M@
/�`/ /2pB�iBQM BM #`�+F2ibVX LQi2, T`BM+m`p2 Bb /2i2`KBMBbiB+X

a2BbKB+ /�i� a2BbKB+ /�i� bT�MMBM; HQM; T2`BQ/b Q7 iBK2 �`2 2bb2MiB�H 7Q` � i?Q`Qm;?
mM/2`bi�M/BM; Q7 2�`i?[m�F2bX h?2 ǳ*2Mi2MMB�H 1�`i?[m�F2 *�i�HQ;Ǵ U1M;/�?H �M/ oBH@
H�b2ƢQ`- kyykV �BKb �i T`QpB/BM; � `2�HBbiB+ TB+im`2 Q7 i?2 b2BbKB+Biv /Bbi`B#miBQM QM 1�`i?X
Ai +QMbBbib BM � ;HQ#�H +�i�HQ; Q7 HQ+�iBQMb �M/ K�;MBim/2b Q7 BMbi`mK2Mi�HHv `2+Q`/2/
2�`i?[m�F2b 7`QK RNyy iQ RNNNX 6B;m`2 jX3 Bb i�F2M 7`QK i?2 la:a r2#bBi2 R �M/ ;Bp2b
i?2 ;HQ#�H 2�`i?[m�F2b HQ+�iBQMb QM i?2 T2`BQ/ RNyyĜRNNNX h?2 b2BbKB+ /�i� UH�iBim/2-
HQM;Bim/2- K�;MBim/2 Q7 2�`i?[m�F2b- 2i+XV mb2/ BM i?Bb +?�Ti2` K�v #2 /QrMHQ�/2/ 7`QK
i?Bb r2#bBi2X q2 7Q+mb QM � T�`iB+mH�`Hv `2T`2b2Mi�iBp2 b2BbKB+ �+iBp2 xQM2 U� HBi?QbT?2`B+

RX ?iiTb,ff2�`i?[m�F2Xmb;bX;Qpf/�i�f+2Mi2MMB�Hf

https://earthquake.usgs.gov/data/centennial/
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U�V t = 75- T`BM+m`p2X U#V t = 100- T`BM+m`p2X

U+V t = 75- bHT+X
U/V t = 100- bHT+X

6B;m`2 jXe Ĝ avMi?2iB+ /�i� @ "H�+F /Qib `2T`2b2Mi /�i� x1:t- `2/ TQBMi Bb i?2 M2r Q#b2`@
p�iBQM xt+1X T`BM+m`p2 UbQHB/ `2/V �M/ bHT+ UbQHB/ ;`22MVX

U�V �i iBK2 t = 97X U#V �i iBK2 t = 98X

6B;m`2 jXd Ĝ wQQKBM; BM, ?Qr � M2r /�i� TQBMi +?�M;2b i?2 T`BM+BT�H +m`p2X

#Q`/2` +HQb2 iQ �mbi`�HB�V r?Qb2 HQM;Bim/2 Bb #2ir22M 1130◦ iQ 1150◦ �M/ H�iBim/2 #2@
ir22M a10◦ iQ L20◦ - rBi? T = 218 b2BbKB+ `2+Q`/BM;bX �b b?QrM BM 6B;m`2 jXN- bHT+
`2+Qp2`b MB+2Hv i?2 i2+iQMB+ TH�i2 #QmM/�`vX G�biHv- bBM+2 MQ ;`QmM/ i`mi? Bb �p�BH�#H2 7Q`
`2�H /�i�- r2 mb2 BMbi2�/ � bHB;?iHv /Bz2`2Mi p2`bBQM Q7 R2 +Q2{+B2Mi iQ �bb2bb i?2 T2`@
7Q`K�M+2, `2bB/m�Hb �`2 `2TH�+2/ #v i?2 b[m�`2/ /Bbi�M+2 #2ir22M /�i� TQBMib �M/ i?2B`
T`QD2+iBQMb QMiQ i?2 T`BM+BT�H +m`p2X h?2 �p2`�;2 Q7 R2 +Q2{+B2Mi Qp2` Ry i`B�Hb BM i?Bb
2t�KTH2 Bb yXNNyX

.�BHv +QKKmi2 /�i� h?2 B/2MiB}+�iBQM Q7 b2;K2Mib Q7 T2`bQM�H /�BHv +QKKmiBM; i`�@
D2+iQ`B2b +�M ?2HT i�tB Q` #mb +QKT�MB2b iQ QTiBKBx2 i?2B` ~22ib �M/ BM+`2�b2 7`2[m2M+B2b
QM b2;K2Mib rBi? ?B;? +QKKmiBM; �+iBpBivX a2[m2MiB�H T`BM+BT�H +m`p2b �TT2�` iQ #2 �M
B/2�H iQQH iQ �//`2bb i?Bb H2�`MBM; T`Q#H2K, r2 i2bi Qm` �H;Q`Bi?K QM i`�D2+iQ`v /�i�
7`QK i?2 lMBp2`bBiv Q7 AHHBMQBb �i *?B+�;Q kX h?2 /�i� Bb Q#i�BM2/ 7`QK i?2 :Sa `2�/BM;
bvbi2Kb +�``B2/ #v irQ Q7 i?2 H�# K2K#2`b /m`BM; i?2B` /�BHv +QKKmi2 7Q` e KQMi?b BM
i?2 *QQF +QmMiv �M/ i?2 .mT�;2 +QmMiv Q7 AHHBMQBbX 6B;m`2 jXRy T`2b2Mib i?2 H2�`MBM;
+m`p2b vB2H/2/ #v T`BM+m`p2 �M/ bHT+ QM ;2QHQ+�HBx�iBQM /�i� 7Q` i?2 }`bi T2`bQM- QM

kX ?iiTb,ffrrrX+bXmB+X2/mf∼#QtmfKTkTf;Tbn/�i�X?iKH

https://www.cs.uic.edu/~boxu/mp2p/gps_data.html
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6B;m`2 jX3 Ĝ a2BbKB+ /�i� 7`QK ?iiTb,ff2�`i?[m�F2Xmb;bX;Qpf/�i�f+2Mi2MMB�Hf

J�v jy BM i?2 /�i� b2iX � T�`iB+mH�`Hv `2K�`F�#H2 �bb2i Q7 bHT+ Bb i?�i �#`mTi +m`p�im`2
BM i?2 /�i� b2[m2M+2 Bb T2`72+iHv +�Tim`2/- r?2`2�b T`BM+m`p2 /Q2b MQi 2MDQv i?2 b�K2
~2tB#BHBivX �;�BM- r2 mb2 i?2 R2 +Q2{+B2Mi iQ �bb2bb i?2 T2`7Q`K�M+2 Ur?2`2 `2bB/m�Hb
�`2 `2TH�+2/ #v i?2 b[m�`2/ /Bbi�M+2 #2ir22M /�i� TQBMib �M/ i?2B` T`QD2+iBQMb QMiQ i?2
T`BM+BT�H +m`p2VX h?2 �p2`�;2 Qp2` Ry i`B�Hb Bb yXNN3X

jXe S`QQ7b
h?Bb b2+iBQM +QMi�BMb i?2 T`QQ7 Q7 h?2Q`2K jXk UMQi2 i?�i h?2Q`2K jXR Bb � bi`�B;?i7Q`r�`/
+QMb2[m2M+2- rBi? ηt = η- t = 0, . . . ,TV �M/ M2+2bb�`v H2KK�b 7Q` h?2Q`2K jXjX G2i mb }`bi
/2}M2 7Q` 2�+? t = 1, . . . ,T i?2 7QHHQrBM; 7Q`2+�bi2` b2[m2M+2

(
f̂⋆t

)
1:T

f̂⋆t = arginf
f∈Fp

{
t∑

s=1
∆(f, xs)+

1
ηt−1

h(f)− 1
ηt−1

zf

}

= arginf
f∈Fp

{
t∑

s=1
∆̃f,s

}

, t ≥ 1,

r?2`2 ∆̃f,s =∆(f, xs)+
(

1
ηs−1

− 1
ηs−2

)
(h(f)− zf) �M/ #v +QMp2MiBQM 1/η−1 = 0X LQi2 i?�i f̂⋆t Bb

�M ǳBHH2;�HǴ 7Q`2+�bi2` bBM+2 Bi T22Fb BMiQ i?2 7mim`2 #v Q#b2`pBM; �//BiBQM�H ∆(f, xt)X AM
�//BiBQM- /2MQi2 #v

f⋆T = arginf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

UjX3V

i?2 TQHv;QM�H HBM2 BM Fp r?B+? KBMBKBx2b i?2 +mKmH�iBp2 HQbb BM i?2 }`bi T `QmM/b THmb
� T2M�Hiv i2`KX f⋆T Bb /2i2`KBMBbiB+ r?BH2 f̂⋆t Bb � `�M/QK [m�MiBiv bBM+2 Bi /2T2M/b QM zf-
/`�rM 7`QK π- 7Q` f ∈FpX A7 b2p2`�H f �ii�BM i?2 BM}KmK Q7 UjX3V- r2 +?QQb2 f⋆T �b i?2 QM2
?�pBM; i?2 bK�HH2bi +QKTH2tBivX q2 MQr 2MmM+B�i2 i?2 }`bi UQmi Q7 i?`22V BMi2`K2/B�`v
i2+?MB+�H `2bmHiX

https://earthquake.usgs.gov/data/centennial/
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U�V T`BM+m`p2- t = 100 U#V T`BM+m`p2- t = 125

U+V bHT+- t = 100 U/V bHT+- t = 125

6B;m`2 jXN Ĝ a2BbKB+ /�i�X "H�+F /Qib `2T`2b2Mi b2BbKB+ `2+Q`/BM;b x1:t- `2/ /Qi Bb i?2 M2r
`2+Q`/BM; xt+1X

G2KK� jXRX 6Q` T ≥ 1 �M/ �Mv b2[m2M+2 x1, . . . , xT BM B(0,
!

dR)-
T∑

t=1
∆̃f̂⋆t ,t ≤

T∑

t=1
∆̃f̂⋆T ,t, π@�HKQbi bm`2Hv. UjXNV

LQi2 i?�i i?Bb H2KK� Bb +H�bbB+�H BM i?2 7QHHQr i?2 T2`im`#2/ H2�/2` b2iiBM; U+?�Ti2` 9 Q7
*2b�@"B�M+?B �M/ Gm;QbB- kyyeVX 6Q` i?2 +QKTH2i2M2bb Q7 i?Bb b2+iBQM- r2 rQmH/ biBHH ;Bp2
Bib T`QQ7 BM i?2 7QHHQrBM;X

S`QQ7X S`QQ7 #v BM/m+iBQM QM TX *H2�`Hv UjXNV ?QH/b 7Q` T = 1X �bbmK2 i?�i UjXNV ?QH/b
7Q` T −1- BX2X-

T−1∑

t=1
∆̃f̂⋆t ,t ≤

T−1∑

t=1
∆̃f̂⋆T−1,t.

h?2M
T∑

t=1
∆̃f̂⋆t ,t =

T−1∑

t=1
∆̃f̂⋆t ,t + ∆̃f̂⋆T ,T

≤
T−1∑

t=1
∆̃f̂⋆T−1,t + ∆̃f̂⋆T ,T

≤
T−1∑

t=1
∆̃f̂⋆T ,t + ∆̃f̂⋆T ,T =

T∑

t=1
∆̃f̂⋆T ,t,

r?2`2 i?2 }`bi BM2[m�HBiv Bb /m2 iQ i?2 �bbmKTiBQM i?�i UjXNV ?QH/b 7Q` T −1c i?2 b2+QM/
BM2[m�HBiv Bb #v i?2 /2}MBiBQM Q7 f⋆T−1 r?B+? KBMBKBx2b ∑T−1

s=1 ∆̃f,s rBi? `2bT2+i iQ f ∈FpX

"v UjXNV- B7 r2 `2r`Bi2 ∆̃f̂⋆t ,t �M/ ∆̃f̂⋆T ,t- r2 ?�p2 π@�HKQbi bm`2Hv i?�i

T∑

t=1
∆(f̂⋆t , xt)≤

(
T∑

t=1
∆(f̂⋆T , xt)+

1
ηT−1

h(f̂⋆T)− 1
ηT−1

zf̂⋆T

)

+
T∑

t=1

(
1

ηt−2
− 1
ηt−1

)(
h(f̂⋆t )− zf̂⋆t

)
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U�V t = 10- T`BM+m`p2 U#V t = 127- T`BM+m`p2

U+V t = 10- bHT+ U/V t = 127- bHT+

6B;m`2 jXRy Ĝ .�BHv +QKKmi2 /�i� @ "H�+F /Qib `2T`2b2Mi +QHH2+i2/ HQ+�iBQMb x1:t- `2/ TQBMi
Bb i?2 M2r Q#b2`p�iBQM xt+1X T`BM+m`p2 UbQHB/ `2/V �M/ bHT+ UbQHB/ ;`22MVX

≤
(

T∑

t=1
∆(f⋆T , xt)+

1
ηT−1

h(f⋆T)− 1
ηT−1

zf⋆T

)

+
T∑

t=1

(
1

ηt−2
− 1
ηt−1

)(
h(f̂⋆t )− zf̂⋆t

)

= inf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

− 1
ηT−1

zf⋆T
+

T∑

t=1

(
1

ηt−2
− 1
ηt−1

)(
h(f̂⋆t )− zf̂⋆t

)
,

r?2`2 i?2 b2+QM/ BM2[m�HBiv Bb /m2 iQ i?2 /2}MBiBQM Q7 f̂⋆T �M/ f⋆T X >2M+2

E

[
T∑

t=1
∆

(
f̂⋆t , xt

)
]

≤ inf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

− 1
ηT−1

E[zf⋆T
]+

T∑

t=1
E

[(
1

ηt−1
− 1
ηt−2

)(
−h(f̂⋆t )+ zf̂⋆t

)]

≤ inf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

+
T∑

t=1

(
1

ηt−1
− 1
ηt−2

)
E

[

sup
f∈Fp

(−h(f)+ zf)

]

= inf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

+ 1
ηT−1

E

[

sup
f∈Fp

(−h(f)+ zf)

]

,

r?2`2 i?2 b2+QM/ BM2[m�HBiv Bb /m2 iQ E[zf⋆T
] ≥ 0 �M/

(
1

ηt−1
− 1

ηt−2

)
≥ 0 7Q` t = 1, . . . ,T bBM+2

ηt Bb MQM@BM+`2�bBM; BM t BM h?2Q`2K jXkX AM �//BiBQM- 7Q` y≥ 0- QM2 ?�b
P (−h(f)+ zf > y)= e−h(f)−y.
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>2M+2- 7Q` �Mv y≥ 0

P

(

sup
f∈Fp

(−h(f)+ zf)> y

)

≤
∑

f∈Fp

P (zf ≥ h(f)+ y)=
∑

f∈Fp

e−h(f)e−y = ue−y,

r?2`2 u =∑
f∈Fp e−h(f)X h?2`27Q`2- r2 ?�p2

E

[

sup
f∈Fp

(−h(f)+ zf)− lnu

]

≤ E

[

max

(

0, sup
f∈Fp

(−h(f)+ zf− lnu)

)]

≤
∫∞

0
P

(

max

(

0, sup
f∈Fp

(−h(f)+ zf− lnu)

)

> y

)

dy

≤
∫∞

0
P

(

sup
f∈Fp

(−h(f)+ zf)> y+ lnu

)

dy

≤
∫∞

0
ue−(y+lnu)dy= 1.

q2 i?mb Q#i�BM

E

[
T∑

t=1
∆

(
f̂⋆t , xt

)
]

≤ inf
f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

+ 1
ηT−1

(

1+ ln
∑

f∈Fp

e−h(f)
)

. UjXRyV

L2ti- r2 +QMi`QH i?2 `2;`2i Q7 �H;Q`Bi?K jXkX

G2KK� jXkX �bbmK2 i?�i zf Bb b�KTH2/ 7`QK 2tTQM2MiB�H /Bbi`B#miBQM BM R- BX2X- π(z) =
e−z1{z>0}X �bbmK2 i?�i supt=1,...,T ηt−1 ≤ 1

d(2R+δ)2 X h?2M 7Q` �Mv b2[m2M+2 x1, x2, . . . , xT ∈
B(0,

!
dR)-

T∑

t=1
E
[
∆

(
f̂t, xt

)]
≤

T∑

t=1

(
1+ηt−1c0(e−1)

)
E
[
∆

(
f̂⋆t , xt

)]
. UjXRRV

r?2`2 c0 = d(2R+δ)2X

S`QQ7X "27Q`2 T`Q+22/BM; iQ i?2 T`QQ7- H2i mb }`bi ;Bp2 bQK2 MQi�iBQM i?�i rQmH/ #2 mb27mH
7Q` T`QQ7 +QMp2MB2M+2X 6Q` f ∈Fp- /2MQi2 #v

Af
t−1 =

t−1∑

s=1
∆(f, xs)+

1
ηt−1

h(f), t ≥ 1.

AM T�`iB+mH�`- r2 K�/2 � +QMp2MiBQM ?2`2 �M/ BM r?�i 7QHHQrb i?�i ∑0
s=1∆(f, xs) ≡ 0X 6Q`

bQK2 }t2/ f0 ∈ Fp �M/ � p2+iQ` x⃗ = (xf)f∈Fp ∈ (R∗
+)|Fp| U`2+�HH i?�i |Fp| Bb i?2 +�`/BM�HBiv

Q7 FpV- /2}M2 7Q` t ≥ 1

A−f0,⃗x
t−1 =min

f̸=f0

{
t−1∑

s=1
∆(f, xs)+

1
ηt−1

(h(f)− xf)

}

, A−f0,⃗x
⋆,t =min

f̸=f0

{
t∑

s=1
∆(f, xs)+

1
ηt−1

(h(f)− xf)

}

.

LQr H2i mb ;Bp2 i?2 T`QQ7 r?B+? Bb bBKBH�` iQ i?�i Q7 >mii2` �M/ SQH�M/ Ukyy8VX 6Q`
f ∈Fp,m ∈R- QM2 ?�b
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P
(
zf > ηt−1

(
Af

t−1 −m+ c0
))

P
(
zf > ηt−1

(
Af

t−1 −m
)) =

⎧
⎪⎪⎨

⎪⎪⎩

e−ηt−1c0 B7 m < Af
t−1 ,

e−ηt−1
(
Af

t−1−m+c0
)

B7 Af
t−1 ≤ m < Af

t−1 + c0,
1 B7 Af

t−1 + c0 ≤ m.

Ai Bb 2�bv iQ b22 i?�i P
(
zf>ηt−1

(
Af

t−1−m+c0
))

P
(
zf>ηt−1

(
Af

t−1−m
)) ≥ e−ηt−1c0 ?QH/b mMB7Q`KHv 7Q` �HH m ∈ RX >2M+2

7Q` x⃗ ∈ (R∗
+)|Fp|- r2 ?�p2

P
(
f̂t = f0|zf = xf,f ̸= f0

)
=P

(
t−1∑

s=1
∆(f0, xs)+

1
ηt−1

(h(f0)− zf0)< A−f0,⃗x
t−1

∣∣∣zf = xf,f ̸= f0

)

=P
(
zf0 > ηt−1

(
Af0

t−1 − A−f0,⃗x
t−1

)∣∣∣zf = xf,f ̸= f0

)

=P
(
zf0 > ηt−1

(
Af0

t−1 − A−f0,⃗x
t−1

))

≤ eηt−1c0P
(
zf0 > ηt−1

(
Af0

t−1 − A−f0,⃗x
t−1 + c0

))

≤ eηt−1c0P
(
zf0 > ηt−1

(
Af0

t−1 +∆(f0, xt)− A−f0,⃗x
⋆,t

))

= eηt−1c0P
(
zf0 > ηt−1

(
Af0

t−1 +∆(f0, xt)− A−f0,⃗x
⋆,t

)∣∣∣zf = xf,f ̸= f0

)

= eηt−1c0 P

(
t∑

s=1
∆(f0, xs)+

1
ηt−1

(h(f0)− zf0)< A−f0,⃗x
⋆,t

∣∣∣zf = xf,f ̸= f0

)

= eηt−1c0P
(
f̂⋆t = f0|zf = xf,f ̸= f0

)
,

r?2`2 i?2 i?B`/ 2[m�HBiv Bb /m2 iQ i?2 BM/2T2M/2M+2 #2ir22M zf,f ∈ Fpc i?2 b2+QM/ BM@
2[m�HBiv `2HB2b QM i?2 7�+i i?�i ∆(f0, xt)+ A−f0,⃗x

t−1 ≤ c0 + A−f0,⃗x
⋆,t X h?2`27Q`2-

P
(
f̂t = f0

)
=

∫
P

(
f̂t = f0

∣∣∣zf = xf,f ̸= f0

)
π

(
x−f

)
dx−f

≤ eηt−1c0

∫
P

(
f̂⋆t = f0

∣∣∣zf = xf,f ̸= f0

)
π

(
x−f

)
dx−f = eηt−1c0P

(
f̂⋆t = f0

)
,

r?2`2 x−f Bb i?2 p2+iQ` Q#i�BM2/ #v `2KQpBM; i?2 +QQ`/BM�i2 xf 7`QK x⃗X h?2 �#Qp2 BM2[m�H@
Biv H2�/b iQ E[∆(f̂t, xt)]=

∑
f0∈Fp ∆(f0, xt)P

(
f̂t = f0

)
≤ eηt−1c0E[∆(f̂⋆t , xt)]X 6BM�HHv- bmKKBM; QM

t �M/ mbBM; i?2 2H2K2Mi�`v BM2[m�HBiv ex ≤ 1+ (e−1)x B7 x ∈ (0,1) +QM+Hm/2b i?2 T`QQ7X
G2KK� jXjX 6Q` k ∈ 51, p6- r2 +QMi`QH i?2 +�`/BM�HBiv Q7 b2i

{
f ∈Fp,K (f)= k

}
�b

ln
∣∣{f ∈Fp,K (f)= k

}∣∣≤
(
ln(8Vd)+3d

3
2 −d

)
k+

(
ln2
δ
!

d
+ d

δ

)
L+d ln

(!
d(2R+δ)

δ

)

+ ln(2Vd)

∆= c1k+ c2L+ c3,

r?2`2 Vd /2MQi2b i?2 pQHmK2 Q7 i?2 mMBi #�HH BM Rd �M/ Bib p�Hm2 Bb π
d
2

Γ( d
2 +1)

- r?2`2 Γ /2MQi2b
i?2 ;�KK� 7mM+iBQMX
S`QQ7X 6B`bi- #v i?2 H�bi BM2[m�HBiv QM T�;2 89 �M/ i?2 QM2 �i i?2 i?B`/ HBM2 Q7 T�;2 88 Q7
Eû;H URNNNV- QM2 +�M ?�p2 i?�i

∣∣∣
{
f ∈Fp,K (f)= k

}∣∣∣≤ 2
⌈

L!
dδ

⌉
+3kV k+1

d

(!
d(2R+δ)

δ

)d (
L
kδ

+3
!

d
)kd

.
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LQi2 i?�i i?2 /B�K2i2` BM Eû;H URNNNV Q7 i?2 `�M;2 Q7 (xt)1:T 2[m�Hb iQ 2
!

dR BM Qm` +�b2
bBM+2 (xt)1:T �`2 #QmM/2/ BM B(0,

!
dR)X >2M+2

ln
∣∣{f ∈Fp,K (f)= k}

∣∣≤
(

L
!

dδ
+3k+1

)
ln2+ (k+1)lnVd +kd ln

(
L
kδ

+3
!

d
)
+d ln

(!
d(2R+δ)

δ

)

≤
(

L
!

dδ
+3k+1

)
ln2+ (k+1)lnVd +kd

(
L
kδ

+3
!

d−1
)
+d ln

(!
d(2R+δ)

δ

)

≤
(
ln(8Vd)+3d

3
2 −d

)
k+

(
ln2
!

dδ
+ d

δ

)
L+d ln

(!
d(2R+δ)

δ

)

+ ln(2Vd) ,

r?2`2 r2 �TTHv i?2 BM2[m�HBiv ln x ≤ x−1, x > 0 iQ i?2 i2`K ln
(

L
kδ +3

!
d
)

QM i?2 `B;?i
?�M/ bB/2 Q7 i?2 }`bi BM2[m�HBiv �#Qp2X h?Bb +�M #`BM; Qmi L 7`QK i?2 HQ;�`Bi?KB+ iQ 7Q`K
� #QmM/ Q7 i?2 b?�T2 c1k+ c2L+ c3 7Q` i?2 T2M�Hiv 7mM+iBQM hX

q2 MQr ?�p2 �HH i?2 BM;`2/B2Mib iQ T`Qp2 h?2Q`2K jXR �M/ h?2Q`2K jXkX
6B`bi- +QK#BMBM; UjXRyV �M/ UjXRRV vB2H/b i?�i

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

f∈Fp

{
T∑

t=1
∆(f, xt)+

1
ηT−1

h(f)
}

+ 1
ηT−1

(

1+ ln
∑

f∈Fp

e−h(f)
)

+ c0(e−1)
T∑

t=1
ηt−1E

[
∆(f̂⋆t , xt)

]

≤ inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
ηT−1

}⎫
⎪⎬

⎪⎭
+ 1
ηT−1

(

1+ ln
∑

f∈Fp

e−h(f)
)

+ c0(e−1)
T∑

t=1
ηt−1E

[
∆(f̂⋆t , xt)

]

= ST,h,ηT−1 +
1

ηT−1

(

1+ ln
∑

f∈Fp

e−h(f)
)

+ c0(e−1)
T∑

t=1
ηt−1E

[
∆(f̂⋆t , xt)

]
,

r?2`2

ST,h,ηT−1 = inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
ηT−1

}⎫
⎪⎬

⎪⎭
.

�bbmK2 i?�i ηt = η- t = 0, . . . ,T- i?2M

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ ST,h,η+

1
η

(

1+ ln
∑

f∈Fp

e−h(f)
)

+ c0(e−1)η
T∑

t=1
E
[
∆(f̂⋆t , xt)

]

≤ ST,h,η+ c0(e−1)ηST,h,η+
1+ c0(e−1)η

η

(

1+ ln
∑

f∈Fp

e−h(f)
)

, UjXRkV

r?2`2 i?2 b2+QM/ BM2[m�HBiv Bb Q#i�BM2/ #v UjXRyVX q2 i2`KBM�i2 i?2 T`QQ7 Q7 h?2Q`2K jXRX

6BM�HHv- r2 ;Bp2 i?2 T`QQ7 Q7 h?2Q`2K jXkX �bbmK2 i?�i

η0 =
1
c0

�M/ ηt =min

{
1
c0

,
√

c1 p+ c2L+ c3

c0
!

(e−1)t

}

, t = 1, . . . ,T.
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aBM+2 E
[
∆(f̂⋆t , xt)

]
≤ c0 7Q` �Mv t = 1, . . . ,T- r2 ?�p2

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
ηT−1

}⎫
⎪⎬

⎪⎭
+ 1
ηT−1

(

1+ ln
∑

f∈Fp

e−h(f)
)

+ c2
0(e−1)

T∑

t=1
ηt−1

≤ inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+

h(f)
ηT−1

}⎫
⎪⎬

⎪⎭
+ c2

0(e−1)
T∑

t=1
ηt−1.

A7 T ≤ 1+ c1 p+c2L+c3
e−1

∆= 1+Mp,L UBX2X- η1 = η2 = ·· · = ηT−1 = 1
c0

V- i?2M

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+ c0h(f)

}⎫
⎪⎬

⎪⎭
+ c0(e−1)T

≤ inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)

}⎫
⎪⎬

⎪⎭
+ c0(c1 p+ c2L+ c3)+ c0(e−1+ c1 p+ c2L+ c3)

≤ inf
k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)

}⎫
⎪⎬

⎪⎭
+3c0(c1 p+ c2L+ c3), UjXRjV

r?2`2 i?2 H�bi BM2[m�HBiv Bb Q#pBQmb bBM+2 e−1 ≤ c1 p+ c2L+ c3X A7 T > 1+ Mp,L- i?2M
ηT−1 =

!
c1 p+c2L+c3

c0
!

(e−1)(T−1)
�M/

c2
0(e−1)

T∑

t=1
ηt−1 = c0(e−1)

(
∑

t≤1+Mp,L

1
c0

+
T∑

t>1+Mp,L

√
c1 p+ c2L+ c3

c0
!

(e−1)t

)

≤ c2
0(e−1)

T∑

t=1

√
c1 p+ c2L+ c3

c0
!

(e−1)t
≤ 2c0

√
(e−1)T(c1 p+ c2L+ c3).

>2M+2- r2 ?�p2

T∑

t=1
E
[
∆(f̂t, xt)

]
≤ inf

k∈51,p6

⎧
⎪⎨

⎪⎩
inf

f∈Fp
K (f)=k

{
T∑

t=1
∆(f, xt)+ c0

√
(e−1)T(c1k+ c2L+ c3)

}⎫
⎪⎬

⎪⎭

+2c0
√

(e−1)T(c1 p+ c2L+ c3). UjXR9V

*QK#BMBM; UjXRjV �M/ UjXR9V +QM+Hm/2b i?2 T`QQ7 Q7 h?2Q`2K jXkX

G2KK� jX9X lM/2` i?2 �H;Q`Bi?K jXj- B7 1≥ ϵ> 0- 1>β> 0- α≥ (1−β)c0
β �M/

∣∣U
(
f̂t−1

)∣∣≥ 2
7Q` �HH t ≥ 2- r?2`2

∣∣U
(
f̂t−1

)∣∣Bb i?2 +�`/BM�HBiv Q7 U
(
f̂t−1

)
- i?2M r2 ?�p2

T∑

t=1
E
[
r f̂t,t

]
≥

T∑

t=1
E
[
r̂σ̂t(At),t

]
−2(1−ϵ)αβ

T∑

t=1

∣∣U
(
f̂t−1

)∣∣.

S`QQ7X 6B`bi MQiB+2 i?�i At =U
(
f̂t−1

)
B7 It = 0- �M/ i?�i 7Q` t ≥ 2

E
[
r f̂t,t

∣∣∣H t, It = 0
]
=E

[
rσ̂t(At),t

∣∣∣H t, It = 0
]
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=
∑

f∈At∩cond(t)
rf,tP

(
σ̂t (At)= f

∣∣∣H t

)
+

∑

f∈At∩cond(t)c
rf,tP

(
σ̂t (At)= f

∣∣∣H t

)

≥
∑

f∈At∩cond(t)
rf,t +

∑

f∈At∩cond(t)c
αP

(
σ̂t (At)= f

∣∣∣H t

)

− (1−β)
∑

f∈At∩cond(t)
rf,t −

∑

f∈At∩cond(t)c

(
α− rf,t

)
P

(
σ̂t (At)= f

∣∣∣H t

)

=E
[
r̂σ̂t(At),t

∣∣∣H t, It = 0
]
− (1−β)

∑

f∈At∩cond(t)
rf,t −

∑

f∈At∩cond(t)c

(
α− rf,t

)
P

(
σ̂t (At)= f

∣∣∣H t

)

≥E
[
r̂σ̂t(At),t

∣∣∣H t, It = 0
]
− (1−β)c0 |At|−αβ |At|

≥E
[
r̂σ̂t(At),t

∣∣∣H t, It = 0
]
−2αβ |At| ,

r?2`2 cond(t)c /2MQi2b i?2 +QKTH2K2Mi Q7 b2i cond(t)c i?2 }`bi BM2[m�HBiv �#Qp2 Bb /m2
iQ i?2 �bbmKTiBQM i?�i 7Q` �HH f ∈At ∩ cond(t)- r2 ?�p2 P

(
σ̂t (At)= f

∣∣∣H t

)
≥ βX 6Q` t = 1-

i?2 �#Qp2 BM2[m�HBiv Bb i`BpB�H bBM+2 r̂σ̂1(U (f̂0)),1 ≡ 0 #v Bib /2}MBiBQMX >2M+2- 7Q` t ≥ 1- QM2
?�b

E
[
r f̂t,t

∣∣∣H t

]
= ϵE

[
rσ̂t(Fp),t

∣∣∣H t, It = 1
]
+ (1−ϵ)E

[
rσ̂t(At),t

∣∣∣H t, It = 0
]

≥ E
[
r̂ f̂t,t

∣∣∣H t

]
−2αβ(1−ϵ) |At| . UjXR8V

amKKBM; QM #Qi? bB/2 Q7 BM2[m�HBiv UjXR8V Qp2` t i2`KBM�i2b i?2 T`QQ7 Q7 G2KK� jX9X

G2KK� jX8X G2i ĉ0 = c0
β +αX A7 0< η1 = η2 = ·· · = ηT = η< 1

ĉ0
- i?2M r2 ?�p2

E

[

max
σ̂

{
T∑

t=1
r̂σ̂(At),t −

1
η

h (σ̂ (At))

}]

−
T∑

t=1
E
[
r̂σ̂t(At),t

]
≤ ĉ2

0(e−1)ηT + ĉ0(e−1)(c1 p+ c2L+ c3) .

S`QQ7X "v i?2 /2}MBiBQM Q7 r̂f,t BM �H;Q`Bi?K jXj- 7Q` �Mv f ∈ Fp �M/ t ≥ 1- r2 ?�p2
mMB7Q`KHv

r̂f,t ≤max

⎧
⎪⎨

⎪⎩
rf,t

P
(
f̂t = f

∣∣∣H t

) ,α, rf,t

⎫
⎪⎬

⎪⎭
≤max

{
c0

β
,α

}
≤ ĉ0,

r?2`2 BM i?2 b2+QM/ BM2[m�HBiv r2 mb2 i?�i rf,t ≤ c0 7Q` �HH f �M/ t- �M/ i?�i P
(
f̂t = f

∣∣∣H t

)
≥β

r?2M f ∈ U
(
f̂t−1

)
∩ cond(t)X h?2 `2bi Q7 i?2 T`QQ7 Bb bBKBH�` iQ i?�i Q7 G2KK� jXR �M/

G2KK� jXkX AM 7�+i- B7 r2 /2}M2 #v ∆̂ (f, xt) = ĉ0 − r̂f,t- i?2M QM2 +�M 2�bBHv Q#b2`p2 i?2
7QHHQrBM; `2H�iBQM r?2M It = 1 UbBKBH�` `2H�iBQM BM i?2 +�b2 i?�i It 4 yV

f̂t = σ̂t (Fp
)
= argmax

f∈Fp

{
t−1∑

s=1
r̂f,s +

1
η

(zf−h(f))
}

= argmin
f∈Fp

{
t−1∑

s=1
∆̂(f, xs)+

1
η

(h(f)− zf)

}

.

h?2M �TTHvBM; G2KK� jXR �M/ G2KK� jXk QM i?Bb M2rHv /2}M2/ b2[m2M+2 ∆̂
(
f̂t, xt

)
, t =

1, . . .T H2�/b iQ i?2 `2bmHi Q7 G2KK� jX8X
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h?2 T`QQ7 Q7 mT+QKBM; G2KK� jXe `2[mB`2b i?2 7QHHQrBM; bm#K�`iBM;�H2 BM2[m�HBiv, H2i
Y0, . . .YT #2 � b2[m2M+2 Q7 `�M/QK p�`B�#H2 �/�Ti2/ iQ `�M/QK 2p2Mib H0, . . . ,HT bm+?
i?�i 7Q` 1≤ t ≤ T- i?2 7QHHQrBM; i?`22 +QM/BiBQMb ?QH/

E [Yt|Ht]≤ 0, Var(Yt|Ht)≤ a2, Yt −E [Yt|Ht]≤ b.

h?2M 7Q` �Mv λ> 0-

P

(
T∑

t=1
Yt >Y0 +λ

)

≤ exp
(
− λ2

2T(a2 +b2)

)
.

h?2 T`QQ7 +�M #2 7QmM/ BM h?2Q`2K dXj Q7 *?mM; �M/ Gm UkyyeVX

G2KK� jXeX �bbmK2 i?�i 0<β< 1
|Fp| ,α≥ c0

β �M/ η> 0- i?2M r2 ?�p2

E

[

max
σ

{
T∑

t=1
rσ(At),t −

1
η

h (σ (At))

}]

−E

[

max
σ̂

{
T∑

t=1
r̂σ̂(At),t −

1
η

h (σ̂ (At))

}]

≤
(
1−

∣∣Fp
∣∣β

)
√√√√2T

[
c2

0
β

+α2(1−β)+ (c0 +2α)2

]

ln
(

1
β

)
+

∣∣Fp
∣∣βc0T.

S`QQ7X 6B`bi- r2 ?�p2 �HKQbi bm`2Hv i?�i

max
σ

{
T∑

t=1
rσ(At),t −

1
η

h (σ (At))

}

−max
σ̂

{
T∑

t=1
r̂σ̂(At),t −

1
η

h (σ̂ (At))

}

≤max
f∈Fp

T∑

t=1

(
rf,t − r̂f,t

)
.

.2MQi2 #v Yf,t = rf,t − r̂f,tX aBM+2

E
[
r̂f,t

∣∣∣H t

]
=

{
rf,t + (1−ϵ)α

(
1−P

(
f̂t = f|H t

))
B7 f ∈U (f̂t−1)∩ cond(t),

ϵrf,t + (1−ϵ)α Qi?2`rBb2,

�M/ α > c0 ≥ rf,t mMB7Q`KHv 7Q` �Mv f �M/ t- i?2M r2 ?�p2 mMB7Q`KHv i?�i E [Yt|H t] ≤ 0-
?2M+2 b�iBb7vBM; i?2 }`bi +QM/BiBQMX
6Q` i?2 b2+QM/ +QM/BiBQM- B7 f ∈U

(
f̂t−1

)
∩ cond(t)- i?2M

Var(Yt|H t)=E
[
r̂2

f,t|H t

]
−

(
E
[
r̂f,t|H t

])2

≤ϵr2
f,t + (1−ϵ)

[
r2

f,t

P
(
f̂t = f|H t

) +α
(
1−P

(
f̂t = f|H t

))
]

−
[
rf,t + (1−ϵ)α

(
1−P

(
f̂t = f|H t

))]2

≤
r2

f,t

β
+α2(1−β)≤

c2
0
β

+α2(1−β).

aBKBH�`Hv- 7Q` f ̸∈U
(
f̂t−1

)
∩ cond(t)- QM2 +�M ?�p2 Var(Yt|H t)≤α2X

JQ`2Qp2`- 7Q` i?2 i?B`/ +QM/BiBQM- bBM+2

E
[
Yf,t|H t

]
≥−2α,

i?2M
Yf,t −E

[
Yf,t|H t

]
≤ rf,t +2α≤ c0 +2α.
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a2iiBM; λ=
√

2T
[

c2
0
β +α2(1−β)+ (c0 +2α)2

]
ln

(
1
β

)
H2�/b iQ

P

(
T∑

t=1
Yf,t ≥λ

)

≤β.

>2M+2 i?2 7QHHQrBM; BM2[m�HBiv ?QH/b rBi? T`Q#�#BHBiv 1−
∣∣∣Fp

∣∣∣β

max
f∈Fp

T∑

t=1

(
rf,t − r̂f,t

)
≤

√√√√2T

[
c2

0
β

+α2(1−β)+ (c0 +2α)2

]

ln
(

1
β

)
.

6BM�HHv- MQiB+BM; i?�i maxf∈Fp

∑T
t=1

(
rf,t − r̂f,t

)
≤ c0T �HKQbi bm`2Hv- r2 i2`KBM�i2 i?2 T`QQ7

Q7 G2KK� jXeX



9
h2ti KBMBM;- M2m`�H M2irQ`Fb �M/
+?�i#Qi

h?Bb +?�Ti2` Q7 K�Mmb+`BTi bmKK�`Bx2b i?2 rQ`F i?�i ?�b #22M /QM2 rBi?BM B�/pBx2X Ai
K�BMHv +QM+2`Mb rBi? i2ti KBMBM; �M/ L�im`�H G�M;m�;2 S`Q+2bbBM; ULGSV �M/ +�M #2
/BpB/2/ BMiQ irQ T�`ibX h?2 }`bi T�`i Bb �#Qmi i?2 b2MiBK2Mi �M�HvbBb UTQbBiBp2 �M/ M2;�@
iBp2V Q7 6`2M+? ir22ib r?B+? Bb 2bb2MiB�HHv � #BM�`v +H�bbB}+�iBQM T`Q#H2KX q2 BMi`Q/m+2
�i }`bi b2p2`�H BKTQ`i�Mi T`Q+2/m`2b BM LGS i?�i �`2 T`2KBb2 7Q` +H�bbB}+�iBQM K2i?Q/bX
h?2M r2 b?Qr i?�i Qm` iQQH 7Q` B/2MiB7vBM; i?2 b2MiBK2Mi Q7 ir22ib QmiT2`7Q`Kb �M 2t@
BbiBM; b2MiBK2Mi +H�bbB}2` BM T�ii2`M HB#`�`v Q7 Tvi?QMX h?2 b2+QM/ T�`i +QM+2`Mb rBi?
i?2 +`2�iBQM Q7 � +QMp2`b�iBQM�H �;2Mi UFMQrM �b +?�i#QiV r?B+?- ;Bp2M � [m2biBQM- +�M
+?QQb2 i?2 #2bi `2bTQMb2 7`QK � b2i Q7 T`2}t2/ `2bTQMb2bX q2 #2;BM rBi? �M BMi`Q/m+iBQM
Q7 /22T H2�`MBM; �M/ M2m`�H M2irQ`Fb BM+Hm/BM; Bib #�bB+ T`QiQivT2 �M/ H2�`MBM; K2i?Q/bX
h?2M r2 T`Q+22/ iQ i?2 `2+m``2Mi M2m`�H M2irQ`F U_LLV �M/ b2p2`�H /2`Bp�iBp2b bm+? �b
GQM; a?Q`i h2`K J2KQ`v UGahJV �M/ a2[m2M+2 iQ a2[m2M+2 Ub2[kb2[V r?B+? Bb i?2@
bi�i2@Q7@�`i KQ/2H 7Q` #mBH/BM; bm+? � +?�i#QiX 6BM�HHv- r2 ;Bp2 �M 2t�KTH2 b?QrBM; i?2
T2`7Q`K�M+2 Q7 i?Bb +?�i#QiX

*QMi2Mib
9XR h2ti KBMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk

9XRXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk
9XRXk a2MiBK2Mi �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X N9

9Xk L2m`�H M2irQ`Fb �M/ .22T H2�`MBM; X X X X X X X X X X X X X X X X X Ne
9XkXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ne
9XkXk �`+?Bi2+im`2 Q7 M2m`�H M2irQ`Fb X X X X X X X X X X X X X X X X X X X Ne
9XkXj :`�/B2Mi #�b2/ H2�`MBM; X X X X X X X X X X X X X X X X X X X X X X X X N3

9Xj _2+m``2Mi L2m`�H L2irQ`F X X X X X X X X X X X X X X X X X X X X X X X Ryy
9XjXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryy
9XjXk GQM; b?Q`i@i2`K K2KQ`v X X X X X X X X X X X X X X X X X X X X X X X Ryj
9XjXj a2[m2M+2 iQ b2[m2M+2 KQ/2H X X X X X X X X X X X X X X X X X X X X X X Ry9
9XjX9 � b2[kb2[@#�b2/ +?�i#Qi X X X X X X X X X X X X X X X X X X X X X X X X Ry8

NR
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9XR h2ti KBMBM;
9XRXR AMi`Q/m+iBQM
h2ti KBMBM;- �HbQ `272``2/ iQ �b i2ti /�i� KBMBM;- `Qm;?Hv 2[mBp�H2Mi iQ i2ti �M�HviB+b-
Bb i?2 T`Q+2bb Q7 /2`BpBM; ?B;?@[m�HBiv BM7Q`K�iBQM 7`QK i2tiX >B;?@[m�HBiv BM7Q`K�iBQM
Bb ivTB+�HHv /2`Bp2/ i?`Qm;? i?2 /2pBbBM; Q7 T�ii2`Mb �M/ i`2M/b i?`Qm;? K2�Mb bm+? �b
bi�iBbiB+�H T�ii2`M H2�`MBM;X h2ti KBMBM; mbm�HHv BMpQHp2b i?2 T`Q+2bb Q7 bi`m+im`BM; i?2
BMTmi i2ti Umbm�HHv T�`bBM;- �HQM; rBi? i?2 �//BiBQM Q7 bQK2 /2`Bp2/ HBM;mBbiB+ 72�im`2b
�M/ i?2 `2KQp�H Q7 Qi?2`b- �M/ bm#b2[m2Mi BMb2`iBQM BMiQ � /�i�#�b2V- /2`BpBM; T�ii2`Mb
rBi?BM i?2 bi`m+im`2/ /�i�- �M/ }M�HHv 2p�Hm�iBQM �M/ BMi2`T`2i�iBQM Q7 i?2 QmiTmiX ǳ>B;?
[m�HBivǴ BM i2ti KBMBM; mbm�HHv `272`b iQ bQK2 +QK#BM�iBQM Q7 `2H2p�M+2- MQp2Hiv- �M/
BMi2`2biBM;M2bbX hvTB+�H i2ti KBMBM; i�bFb BM+Hm/2 i2ti +�i2;Q`Bx�iBQM- i2ti +Hmbi2`BM;-
+QM+2Tif2MiBiv 2ti`�+iBQM- b2MiBK2Mi �M�HvbBb- BM7Q`K�iBQM `2i`B2p�H �M/ H2tB+�H �M�HvbBb iQ
bim/v rQ`/ 7`2[m2M+v /Bbi`B#miBQMbX Ai �HbQ BM+Hm/2b /�i� KBMBM; i2+?MB[m2b bm+? �b HBMF
�M/ �bbQ+B�iBQM �M�HvbBb- pBbm�HBx�iBQM- �M/ T`2/B+iBp2 �M�HviB+bX h?2 Qp2`�`+?BM; ;Q�H
Bb- 2bb2MiB�HHv- iQ im`M i2ti BMiQ /�i� 7Q` �M�HvbBb- pB� �TTHB+�iBQM Q7 L�im`�H G�M;m�;2
S`Q+2bbBM; ULGSV �M/ �M�HviB+�H K2i?Q/bX
h2ti KBMBM; 7Qbi2`b bi`QM; +QMM2+iBQMb rBi? L�im`�H G�M;m�;2 S`Q+2bbBM; ULGSV- /�i�
KBMBM; �M/ K�+?BM2 H2�`MBM;X Ai b22Fb iQ 2ti`�+i mb27mH BM7Q`K�iBQM 7`QK mMbi`m+im`2/
i2tim�H /�i� i?`Qm;? i?2 B/2MiB}+�iBQM �M/ 2tTHQ`�iBQM Q7 BMi2`2biBM; T�ii2`Mb UBX2X- b2M@
iBK2Mi- i`2M/b 2i+ ?B//2M BM K2bb�;2bVX "v i?2 2tTHQ`�iBQM Q7 i?2b2 T�ii2`Mb- K2bb�;2b
Q7 +2`i�BM b2MiBK2Mi- Q` i�FBM; �#Qmi i?2 b�K2 i`2M/- +�M #2 b2Mi iQ T`QT2` +QMbmHi�Mib
?�pBM; i?2 +QKT2i2M+2 iQ �Mbr2` i?2KX AM �//BiBQM- �/KBMBbi`�iQ`b Q` +QMbmHi�Mib +�M
/2i2+i BM `2�H iBK2 � bm//2M BM+`2�b2 Q7 pQHmK2 Q7 +2`i�BM i`2M/X

S`2@T`Q+2bbBM; Q7 i2tim�H K2bb�;2b

h2tim�H K2bb�;2b �TT2�`2/ QM i?2 BMi2`M2i �`2 Q7i2M MQi �b 7Q`K�H �b i?�i BM i?2 #QQF �M/
�`iB+H2X h?2v K�v +QMi�BM MQBb2b bm+? �b TQQ` ;`�KK�`- bT2HHBM; �M/ K2+?�MB+b- �##`2@
pB�iBQMb �M/ 1KQDB U2X;X- vQm` i?2 #2bi5- i?t- #D`Vc h?2v +QmH/ +QMp2v � 7�KBHB�`Biv i?�i
Bb HBF2Hv iQ #2 D�``BM; Q` Qz2MbBp2 BM K�Mv bBim�iBQMb U2X;X- i?�MFb ?QM5VX S`2@T`Q+2bbBM;
Q7 i2tim�H K2bb�;2b Bb i?2`27Q`2 +`m+B�H BM i2ti KBMBM; bBM+2 Bi +�M ?2HT iQ `2/m+2 MQBb2b Q7
K2bb�;2b �M/ 7Q`K � +H2�M i2tim�H bi`m+im`2 Q7 K2bb�;2bX 6Q` 2t�KTH2- T`2@T`Q+2bbBM; +�M
+?�M;2 �##`2pB�iBQMb Ui?t- #D`V iQ +QKTH2i2 7Q`Kb Ui?�MFb- #QMDQm`Vc Bi +�M �HbQ MQ`K�HBx2
TQQ` bT2HHBM;b BM 6`2M+? bm+? �b ǳ;2M2`�HǴ Q` ǳ;ûM2`�HǴ iQ +Q``2+i bT2HHBM; ǳ;ûMû`�HǴX hQ
Qm` FMQrH2/;2- �Hi?Qm;? i?2`2 Bb MQ bi�M/�`/ T`Q+2/m`2b 7Q` T`2@T`Q+2bbBM; Q7 i2tib bBM+2
i?2v p�`v rBi? /Bz2`2Mi i2ti KBMBM; i�bFb- `2;mH�` 2tT`2bbBQM �M/ iQF2MBx�iBQM T`Qp2b iQ
#2 irQ BKTQ`i�Mi ;HQ#�H T`Q+2/m`2b mb2/ BM K�Mv +�b2bX _2;mH�` 2tT`2bbBQM UBX2X- `2;2tV
Bb � b2[m2M+2 Q7 +?�`�+i2`b i?�i /2}M2b � b2�`+? T�ii2`MX h�FBM; i?2 `2;2t a. �b �M 2t�K@
TH2- a Bb � HBi2`�H +?�`�+i2` r?B+? K�i+?2b Dmbi H2ii2` ǳ�Ǵ �M/ . Bb � K2i� +?�`�+i2` r?B+?
K�i+?2b 2p2`v +?�`�+i2` 2t+2Ti � M2rHBM2X �b � +QMb2[m2M+2- i?Bb `2;2t rQmH/ K�i+? 7Q`
2t�KTH2 ǳ�Ǵ Q` ǳ�tǴ Q` ǳ�yǴX _2;2t Bb i?2`27Q`2 BKTQ`i�Mi BM T`2@T`Q+2bbBM; bBM+2 �Mv
B``2;mH�` T�ii2`M BMbB/2 K2bb�;2b +�M #2 7QmM/ �M/ `2TH�+2/ #v � `2;mH�` T�ii2`MX
�MQi?2` BKTQ`i�Mi T`Q+2/m`2- FMQrM �b iQF2MBx�iBQM- Bb i?2 T`Q+2bb Q7 #`2�FBM; � bi`2�K
Q7 i2ti BMiQ rQ`/b- T?`�b2b- bvK#QHb- Q` Qi?2` K2�MBM;7mH 2H2K2Mib +�HH2/ iQF2MbX h?2
iQF2Mb i?2M #2+QK2 i?2 KQbi 2H2K2Mi�`v BMTmib 7Q` 7m`i?2` T`Q+2bbBM; bm+? �b T�`bBM; Q`
rQ`/ `2T`2b2Mi�iBQMX � K2bb�;2 bm+? �b ǳh?2 r2�i?2` Bb ;QQ/ 5Ǵ rQmH/ #2 iQF2MBx2/ BMiQ �
HBbi Q7 bBM;H2 rQ`/b �M/ �M 2t+H�K�iBQM, [The,weather, is,good, !] B7 i?2 bT�+2 r2`2 +?Qb2M
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�b i?2 iQF2M /2HBKBi2`X �++Q`/BM; iQ /Bz2`2Mi i2ti KBMBM; i�bFb- Qi?2` T`2@T`Q+2bbBM;
i2+?MB[m2b K�v BM+Hm/2 `2KQp�H Q7 biQT rQ`/b- bi2KKBM; 2i+ Ub22 oBD�v�`�MB- kyR8 7Q`
KQ`2 /2i�BHbVX

qQ`/ `2T`2b2Mi�iBQM
AM i2ti KBMBM;- rQ`/ `2T`2b2Mi�iBQM �BKb �i K�TTBM; rQ`/b 7`QK pQ+�#mH�`v iQ p2+iQ`b Q7
`2�H MmK#2`b bm+? i?�i i?2v +�M #2 mb2/ H�i2` iQ 7mH}HH i�bFb bm+? �b b2MiBK2Mi �M�HvbBb-
bm#D2+i +H�bbB}+�iBQM 2i+X h?2 KQbi BMimBiBp2 �M/ bBKTH2bi r�v iQ `2T`2b2Mi � rQ`/ 7`QK
pQ+�#mH�`v Bb FMQrM �b i?2 QM2@?Qi `2T`2b2Mi�iBQM r?B+? K�Tb 2�+? rQ`/ Q7 pQ+�#mH�`v
#v � p2+iQ` Q7 H2M;i? 2[m�HBM; iQ i?2 bBx2 Q7 pQ+�#mH�`vX �HH i?2 +QKTQM2Mib Q7 i?Bb
p2+iQ` �`2 y 2t+2Ti 7Q` QM2 +QKTQM2Mi r?Qb2 p�Hm2 Bb RX 6Q` 2t�KTH2- i?2 rQ`/b ǳh?2Ǵ
�M/ ǳr2�i?2`Ǵ �`2 `2T`2b2Mi2/ `2bT2+iBp2Hv #v QM2@?Qi p2+iQ`b rBi? /Bz2`2Mi HQ+�iBQM Q7
+QKTQM2Mi RX

h?2 : (0,0,0,1,0,0, . . . ,0),
r2�i?2` : (0,0, . . . ,0,1,0, . . . ,0).

PM2@?Qi `2T`2b2Mi�iBQM +�M #2 2�bBHv 2ti2M/2/ iQ b2Mi2M+2 H2p2H, � b2Mi2M+2 Bb `2T`2b2Mi2/
#v � p2+iQ` r?Qb2 i−i? +QKTQM2Mi Bb � #QQH2�M 2tT`2bbBM; i?2 Q++m``2M+2 Q` �#b2M+2 Q7
i?2 i−i? rQ`/ 7`QK i?2 pQ+�#mH�`vX PM2@?Qi `2T`2b2Mi�iBQM Bb mb27mH BM T`�+iB+2 7Q` Bib
bBKTH2 BKTH2K2Mi �M/ Bi +�M 7mH}HH bQK2 i2ti KBMBM; i�bFb bm+? �b b2MiBK2Mi �M�HvbBb rBi?
i?2 ?2HT Q7 K�+?BM2 H2�`MBM; �H;Q`Bi?Kb U2X;X- amTTQ`i o2+iQ` J�+?BM2 UaoJV- _�M/QK
6Q``2bi U_6V 2i+VX >Qr2p2`- Bi biBHH ?�b �i H2�bi irQ /Bb�/p�Mi�;2b, i?2 }`bi QM2 Bb i?�i
i?2 p2+iQ` H2M;i? Q7 � rQ`/ Q` b2Mi2M+2 BM+`2�b2b rBi? i?2 pQ+�#mH�`v bBx2 �M/ KQbi Q7
i?2 +QKTQM2Mib Q7 i?Bb p2+iQ` �`2 y- BX2X- i?2 p2+iQ` Bb bT�`b2c i?2 b2+QM/ QM2 Bb i?�i Bi
+�MMQi 2tT`2bb `2H2p�Mi BM7Q`K�iBQM Q7 rQ`/b QM i?2 b2K�MiB+ H2p2HX 6Q` 2t�KTH2- i?2
rQ`/ ǳS�`BbǴ �M/ ǳ"2BDBM;Ǵ �`2 b2K�MiB+�HHv bBKBH�` BM i?2 7QHHQrBM; b2Mi2M+2b, ǳS�`Bb Bb
i?2 +�TBi�H Q7 6`�M+2Ǵ �M/ ǳ"2BDBM; Bb i?2 +�TBi�H Q7 *?BM�ǴX A7 i?2v �`2 `2T`2b2Mi2/ #v
QM2@?Qi p2+iQ`- r2 +�MMQi B/2MiB7v i?Bb bBKBH�`Biv Q7 irQ rQ`/bX
.Bbi`B#mi2/ `2T`2b2Mi�iBQM- T`QTQb2/ }`biHv #v >�``Bb URN89V- �BKb �i [m�MiB7vBM; �M/
+�i2;Q`BxBM; b2K�MiB+ bBKBH�`BiB2b #2ir22M HBM;mBbiB+ Bi2Kb #�b2/ QM i?2B` /Bbi`B#miBQM�H
T`QT2`iB2b BM H�`;2 b�KTH2b Q7 H�M;m�;2 /�i�X h?2 #�bB+ B/2� mM/2`HvBM; Bi Bb i?�i rQ`/b
mb2/ �M/ Q++m``2/ BM i?2 b�K2 +QMi2tib i2M/ iQ ?�p2 bBKBH�` K2�MBM;bX G�i2`- i?Bb B/2� r�b
2ti2M/2/ #v 6B`i? URN8dV i?�i ǳ� rQ`/ Bb +?�`�+i2`Bx2/ #v i?2 +QKT�Mv Bi F22TbǴX JQ`2
T`2+Bb2Hv- /Bbi`B#mi2/ `2T`2b2Mi�iBQM K�Tb rQ`/b iQ p2+iQ`b Q7 +QKT�`�iBp2Hv HQr2` /BK2M@
bBQMbX h?2 +QKTQM2Mib Q7 p2+iQ`b �`2 MQ HQM;2` BMi2;2`b #mi `2�H p�Hm2bX 6Q` 2t�KTH2- i?2
rQ`/ ǳr2�i?2`Ǵ K�v #2 `2T`2b2Mi2/ #v � p2+iQ` Q7 7Q`K (0.792,0.177,0.107,0.109,0.542, . . . )X
h?Bb r�v Q7 rQ`/ `2T`2b2Mi�iBQM 2M�#H2b mb iQ T`QD2+i rQ`/b iQ � /2Mb2 p2+iQ` bT�+2 bm+?
i?�i rQ`/b rBi? bBKBH�` b2K�MiB+ K2�MBM; �`2 +HQb2` BM /Bbi�M+2X h?2 /Bbi`B#miBQM�H
`2T`2b2Mi�iBQM Q7 rQ`/b Bb QM i?2 #�bBb Q7 bi�iBbiB+�H H�M;m�;2 KQ/2H r?B+? +?�`�+i2`Bx2
b2[m2M+2b Q7 rQ`/b #v T`Q#�#BHBiv /Bbi`B#miBQMbX JQ`2 T`2+Bb2Hv- ;Bp2M � b2[m2M+2 S Q7 m
rQ`/b x1, x2, . . . , xm- i?2 bi�iBbiB+�H H�M;m�;2 KQ/2H 2biBK�i2b i?2 T`Q#�#BHBiv P (x1, . . . , xn)
Qp2` i?2 r?QH2 b2[m2M+2 S iQ K2�bm`2 Bib +QM}/2M+2 BM �++Q`/�M+2 rBi? ;`�KK�` �M/
b2K�MiB+ `mH2b Q7 M�im`�H H�M;m�;2X hQ +�H+mH�i2 i?Bb T`Q#�#BHBiv- QM2 ?�b i?2 +?�BM `mH2,

P (x1, . . . , xm)=P (xm|xm−1, . . . , x1)×P (xm−1|xm−2, . . . , x1)× · · ·×P(x2|x1)×P(x1),

r?2`2 P(xi|xi−1, xi−2, . . . , x1) Bb i?2 +QM/BiBQM�H T`Q#�#BHBiv Q7 i−i? rQ`/ ;Bp2M �HH T�bi
rQ`/bX h?2 T`Q#�#BHBiv P (xi|xi−1, . . . , x1) +�M #2 KQ/2H2/ #v M@;`�K KQ/2H, Bi +�M #2
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�TT`QtBK�i2/ #v P(xi|xi−1, xi−2, . . . , xi−n+1)- i?2 T`Q#�#BHBiv Q7 i?2 i−i? rQ`/ +QM/BiBQM2/
QM � b?Q`i2M ?BbiQ`B+�H +QMi2ti Q7 T`2pBQmb n−1 rQ`/b U�bbmK2 i?�i n ≤ iVX h?2 M@;`�K
+QM/BiBQM�H T`Q#�#BHBiv +�M i?2M #2 +�H+mH�i2/ 7`QK 7`2[m2M+v +QmMib

P(xi|xi−1, xi−2, . . . , xi−n+1)≈ +QmMi{xi, xi−1, . . . , xi−n+1}
+QmMi{xi−1, . . . , xi−n+1}

.

QM i?2 #�bBb Q7 � H�`;2 +Q`Tmb Q7 /�i�X A7 � +2`i�BM M@;`�K Bb MQi b22M #27Q`2 UBX2X-
7`2[m2M+v +QmMi Bb yV- bKQQi?BM; K2i?Q/b bm+? �b �//@QM2 2biBK�i2 +�M #2 mb2/ iQ �pQB/
x2`Q T`Q#�#BHBivX aiBHH- M@;`�K KQ/2H +�MMQi +�Tim`2 HQM; `�M;2 /2T2M/2M+B2bX aBKTHv
+?QQbBM; � #B; n 7Q` i?2 Tm`TQb2 Q7 +Qp2`BM; HQM; `�M;2 /2T2M/2M+B2b rQmH/ /2i2`BQ`�i2
i?2 [m�HBiv Q7 2biBK�iBQM bBM+2 K�Mv x2`Q 7`2[m2M+v +QmMib r2`2 HBF2Hv iQ �TT2�`X
L2m`�H H�M;m�;2 KQ/2H- ?Qr2p2`- +�M i�F2 BMiQ �++QmMi HQM; `�M;2 /2T2M/2M+B2bX Ai mb2b
L2m`�H L2irQ`Fb iQ KQ/2H i?2 rQ`/ �b r2HH �b Bib `2H�iBQM rBi? +QMi2tiX Ai `2T`2b2Mib rQ`/b
�b MQM@HBM2�` +QK#BM�iBQMb Q7 r2B;?ib BM � M2m`�H M2iX h?2 /BK2MbBQMb Q7 r2B;?ib �`2 Q7i2M
T`2}t2/ iQ � bK�HH2` MmK#2` U8y iQ kyy BM T`�+iB+2V rBi? `2bT2+i iQ i?2 pQ+�#mH�`v bBx2X
>2M+2- M2m`�H H�M;m�;2 KQ/2H �pQB/b i?2 bT�`bBiv Q7 p2+iQ` `2T`2b2Mi�iBQM i?�i ?�TT2Mb
rBi? i?2 �m;K2Mi�iBQM Q7 pQ+�#mH�`v bBx2X hQ Qm` FMQrH2/;2- M2m`�H H�M;m�;2 KQ/2H Bb
}`biHv BMp2biB;�i2/ #v "2M;BQ 2i �HX UkyyjVX G�i2`- JBFQHQp 2i �HX UkyRjV T`QTQb2 irQ@
H�v2` M2m`�H M2irQ`Fb UrQ`/kp2+V iQ `2+QMbi`m+i HBM;mBbiB+ +QMi2tib Q7 rQ`/bX AM ;2M2`�H-
rQ`/kp2+H KQ/2H Bb i`�BM2/ �M/ H2�`Mb iQ T`2/B+i i?2 T`Q#�#BHBiv Q7 � rQ`/ xi BM pQ+�#mH�`v
;Bp2M � HBM;mBbiB+ +QMi2ti C- BX2X- P(xi|C)X h?Bb +QMi2ti C KB;?i #2 � }t2/@bBx2 rBM/Qr Q7 k
T`2pBQmb rQ`/b UBX2X- C = (xi−1, xi−2, . . . , xi−k)V Q` Q7 #Qi? k T`2pBQmb �M/ 7mim`2 rQ`/b UBX2X-
C = (xi−k, xi−k+1, . . . , xi−1, xi+1, xi+1, . . . , xi+kVX h?Bb QM2 Bb FMQrM �b +QMiBMmQmb #�;@Q7@rQ`/b
BM rQ`/kp2+X �MQi?2` QM2- FMQrM �b bFBT@;`�K- BMp2`b2b i?2 T`2pBQmb T`Q#H2K #v H2�`MBM;
iQ T`2/B+i i?2 T`Q#�#BHBiv Q7 � +QMi2ti ;Bp2M � rQ`/X �7i2` i`�BMBM; ?B;? /BK2MbBQM�H rQ`/
p2+iQ`b QM � H�`;2 �KQmMi Q7 /�i�- i?2 `2bmHiBM; p2+iQ`b +�M #2 mb2/ iQ �Mbr2` p2`v bm#iH2
b2K�MiB+ `2H�iBQMb?BTb #2ir22M rQ`/b- bm+? �b � +Biv �M/ i?2 +QmMi`v Bi #2HQM;b iQ- BX2X-
6`�M+2 Bb iQ S�`Bb �b *?BM� Bb iQ "2BDBM;X h?2 rQ`/kp2+ ?�b #22M bm#b2[m2MiHv 2tTH�BM2/
�M/ �M�Hvb2/ `2+2MiHv U:QH/#2`; �M/ G2pv- kyR9- _QM;- kyR9VX lM/2` i?2 b�K2 B/2�- G2
�M/ JBFQHQp UkyR9V 2ti2M/b i?2 M2m`�H `2T`2b2Mi�iBQM iQ b2Mi2M+2 H2p2H UBX2X- b2[kp2+VX
AM r?�i 7QHHQrb- #Qi? QM2@?Qi `2T`2b2Mi�iBQM �M/ b2[kp2+ rBHH #2 mb2/ BM i?2 b2MiBK2Mi
�M�HvbBb iQ #2 /Bb+mbb2/ BM i?2 M2ti b2+iBQMX

9XRXk a2MiBK2Mi �M�HvbBb
a2MiBK2Mi �M�HvbBb Bb iQ /2i2`KBM2 i?2 Qp2`�HH +QMi2tim�H TQH�`Biv UTQbBiBp2 Q` M2;�iBp2V
Q7 � K2bb�;2X Ai Bb rB/2Hv �TTHB2/ iQ `2pB2rb Q` +QKK2Mib QM i?2 BMi2`M2i 7Q` � p�`B2iv
Q7 �TTHB+�iBQMb- `�M;BM; 7`QK K�`F2iBM; iQ +mbiQK b2`pB+2bX �b B�/pBx2 ?�b BMi2;`�i2/
bQ+B�H K2/B� K2bb�;2b bm+? �b ir22ib- 7�+2#QQF +QKK2Mib �M/ 722/#�+F 2i+V- FMQrBM; i?2
b2MiBK2Mi ?B//2M #2?BM/ i?2K Bb BKTQ`i�Mi bBM+2 Bi `2~2+ib +mbiQK2`Ƕb �HiBim/2 iQr�`/b
bQK2 iQTB+b Q` T`Q/m+ibX h?2 ;Q�H 7Q` mb Bb i?2`27Q`2 iQ +`2�i2 � iQQH i?�i Bb �#H2 iQ
2p�Hm�i2 i?2 b2MiBK2Mi Q7 K2bb�;2b �M/ B/2MiB7v i?Qb2 rBi? M2;�iBp2 2KQiBQM bm+? i?�i
+QMbmHi�Mib �`2 �#H2 iQ T`QpB/2 BMbi�Mi �M/ T`QT2` b2`pB+2b iQ +mbiQK2`bX Pi?2`rBb2- Qm`
+HB2Mib K�v bmz2` 7`QK i?2 HQb2 Q7 +mbiQK2`bX
6`QK i?2 K�+?BM2 H2�`MBM; TQBMi Q7 pB2r- b2MiBK2Mi �M�HvbBb Bb � bmT2`pBb2/ H2�`MBM; i�bF-
BX2X- iQ #2 �#H2 iQ 2biBK�i2 i?2 b2MiBK2Mi H�#2H Q7 � K2bb�;2- QM2 M22/b � b2i Q7 b�KTH2b
+QMi�BMBM; MQi QMHv +QMi2Mi Q7 K2bb�;2b #mi �HbQ TQH�`Biv H�#2HbX q2 mb2 r2# +`�rHBM;
i2+?MB[m2 �b r2HH �b hrBii2` �SA iQ Q#i�BM � b2i Q7 b�KTH2b (xi, yi), i = 1,2, . . . ,n- r?2`2 xi
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/2MQi2b � K2bb�;2 �M/ yi b2MiBK2Mi H�#2H UTQbBiBp2 Q` M2;�iBp2VX q2 b?Qr #2HQr b2p2`�H
2t�KTH2b Q7 b�KTH2b,

ě Uǳ�TT�`i2K2Mi 2ti`āK2K2Mi #`mv�Mi 2M `�BbQM /ǶmM2 pQB2 /2 +B`+mH�iBQM 7`û[m2Miû2X
AKTQbbB#H2 /2 /Q`KB`X [m�bBXXXǴ- ǳM2;ǴV

ě UǳC2 M2 `2+QKK�M/2`�B XXXǴ- ǳM2;ǴV
ě Uǳ"QM �++m2BH- T2`bQMM2H ¨ HǶ2+Qmi2X hQmi ¨ 7�Bi b�iBb7�XXXǴ- ǳTQbǴV
ě Uǳ *Ƕ2bi H� T`2KBĕ`2 7QBb [m2 D2 +QKK�M/�Bb bm` pQi`2 bBi2X CǶ�B �TT`û+Bû H� HBp`�BbQM

2M +2XXXǴ- ǳTQbǴV

q2 T`2@T`Q+2bb `�r K2bb�;2b #v `2KQpBM; biQT rQ`/b BM 6`2M+? bm+? �b ǳ�mǴ- ǳ�p2+Ǵ-
ǳ/mǴ �M/ `2TH�+BM; T�`iB+mH�` b2[m2M+2 Q7 +?�`�+i2`b Um`H- MmK#2` 2i+V rBi? bT2+B�H iQ@
F2Mb Uǳl_GǴ- ǳ/B;Bi�HnMmK#2`Ǵ 2i+VX LQiB+2 i?�i i?2 biQT rQ`/b �b r2HH �b T�`iB+mH�`
b2[m2M+2b +QMi�BM HBiiH2 TQH�`Biv BM7Q`K�iBQMX AM �//BiBQM- bBM+2 K2bb�;2b �b ir22ib K�v
+QMi�BM TQQ`Hv bT2HHBM; rQ`/b UǳK2`+BBBBBǴ- ǳHQHQHQǴ 2i+V- r2 mb2 `2;mH�` 2tT`2bbBQM iQ MQ`@
K�HBx2 i?2KX h?2b2 bi2Tb Q7 T`2@T`Q+2bbBM; `2/m+2b #Qi? i?2 MQBb2 Q7 K2bb�;2b �M/ i?2
pQ+�#mH�`v bBx2X a2MiBK2Mi �M�HvbBb Bb 2bb2MiB�HHv � #BM�`v +H�bbB}+�iBQM- K�Mv K�+?BM2
H2�`MBM; +H�bbB}2`b bm+? �b "2`MQmHHB L�Bp2 "�v2bB�M U"L"V- amTTQ`i o2+iQ` J�+?BM2
UaoJV �M/ _�M/QK 6Q`2bi U_6V +�M b2`p2 iQ i?Bb i�bFX 6m`i?2`- i?2 Q#b2`p�iBQMb �`2
/BpB/2/ BMiQ irQ T�`ib, � i`�BMBM; T�`i 7Q` i`�BMBM; i?2 +H�bbB}2`b �M/ � i2bi T�`i 7Q` K2�@
bm`BM; i?2 T`2/B+iBQM �++m`�+v Q7 +H�bbB}2`bX h?2 T`QTQ`iBQM Q7 i`�BMBM; �M/ i2bi Bb 80%
�M/ 20% �M/ i?2 �++m`�+v Bb +QKTmi2/ �b ∑n2

j=1 1{ ŷj ̸=yj}/n2- r?2`2 n2 Bb i?2 bBx2 Q7 i2bi
b2iX PTiBK�H p�Hm2b 7Q` ?vT2`T�`�K2i2`b bm+? �b G�TH�+2 bKQQi?BM; T�`�K2i2` 7Q` "L"
U`2bTX T2M�Hiv T�`�K2i2` �M/ F2`M2H 7Q` aoJc MmK#2` Q7 i`22b- K�tBKmK /2Ti? Q7 i`22
�M/ +`Bi2`BQM 7Q` K2�bm`BM; i?2 [m�HBiv Q7 � bTHBi 7Q` _6V �`2 +?Qb2M �b 7QHHQrb, r2 b2i
}`biHv � T�`�K2i2` ;`B/ �M/ i?2M mb2 � KQ/mH2 +�HH2/ _�M/QKBx2/a2�`+?*o BM bFH2�`M
HB#`�`v rBi? k@6QH/ +`Qbb p�HB/�iBQM iQ Q#i�BM i?2 QTiBK�H +QK#BM�iBQM Q7 ?vT2`T�`�K2i2`b
p�Hm2bX h?2 7QHHQrBM; h�#H2 9XR +QKT�`2b i?2 �++m`�+v Q7 i?`22 +H�bbB}2`b UaoJ- L" �M/
_6V �M/ �M 2tBbiBM; KQ/mH2 +�HH2/ T�ii2`M BM Tvi?QM- #�b2/ QM irQ rQ`/ `2T`2b2Mi�iBQMb
UQM2@?Qi `2T`2b2Mi�iBQM QM b2Mi2M+2 H2p2H �M/ b2[kp2+VX LQi2 i?�i "L" +H�bbB}2` Bb MQi
+QKT�iB#H2 rBi? +QMiBMmQmb BMTmi p2+iQ`b Q#i�BM2/ #v b2[kp2+ bBM+2 Bi QMHv �HHQrb BMTmi
p2+iQ`b r?Qb2 +QKTQM2Mib �`2 Q7 p�Hm2 y Q` RX

QM2@?Qi b2[kp2+ T�ii2`M

S`2/B+iBQM �++m`�+v
_6 4 yXe9R _6 4 yX8ed yXeyj

aoJ 4 yX8d3 aoJ 4 yX883
"L" 4 yXee9

h�#H2 9XR Ĝ S`2/B+iBQM �++m`�+v Q7 b2MiBK2Mi �M�HvbBb 7Q` 6`2M+? ir22ibX

Ai Bb MQiB+2/ i?�i #Qi? _6 �M/ "L" +H�bbB}2` rBi? QM2@?Qi `2T`2b2Mi�iBQM QmiT2`7Q`K i?2
T�ii2`M +H�bbB}2` BM b2MiBK2Mi �M�HvbBb 7Q` 6`2M+? ir22ibX h?2 `2�bQMb KB;?i #2 i?�i Qm`
i`�BMBM; b�KTH2 Bb KQ`2 ir22i@Q`B2Mi�i2/ �M/ i?2 +H�bbB}2`b r2 mb2 �`2 KQ`2 `Q#mbi i?�M
i?2 QM2 mb2/ BM T�ii2`MX AM �//BiBQM- bBM+2 b2MiBK2Mi Q7 K2bb�;2b /2T2M/b H�`;2Hv U2t+2Ti
7Q` B`QMvV QM i?2 Q++m``2M+2 Q7 TQbBiBp2 Q` M2;�iBp2 rQ`/b �TT2�`BM; BM i?2 K2bb�;2b- QM2@
?Qi `2T`2b2Mi�iBQM QM i?2 b2Mi2M+2 H2p2H T`Qp2b iQ #2 � /B`2+i �M/ �M 2{+B2Mi +QMb2[m2M+2
Q7 i?Bb +?�`�+i2`BbiB+X
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9Xk L2m`�H M2irQ`Fb �M/ .22T H2�`MBM;
qBi? i?2 /2p2HQTK2Mi Q7 H�`;2 b+�H2 +QKTmiBM; �#BHBiv- /22T H2�`MBM; #�b2/ QM M2m`�H
M2irQ`Fb ?�b b?QrM Bib TQi2MiB�H �M/ TQr2`7mH +�T�#BHBiv BM T�bi /2+�/2 BM K�Mv }2H/b bm+?
�b bT22+? �M/ T�ii2`M `2+Q;MBiBQM- L�im`�H H�M;m�;2 T`Q+2bbBM; �M/ �miQK�iB+ /`BpBM;X
AM r?�i 7QHHQrb- r2 QMHv 7Q+mb QM /22T H2�`MBM; BM LGS }2H/ �M/- KQ`2 +QM+`2i2Hv- BM
#mBH/BM; � +QMp2`b�iBQM�H �;2Mi UBX2X- +?�i#QiV r?B+? Bb �#H2 iQ `2bTQM/ �miQK�iB+�HHv
iQ ?mK�M K2bb�;2bX h?2 Tm`TQb2 Q7 #mBH/BM; bm+? � +?�i#Qi Bb iQ �B/ i?2 +QMbmHi�Mib
Q7 Qm` +HB2Mib bBM+2 Bi Bb 7QmM/2/ i?�i � H�`;2 �KQmMi Q7 K2bb�;2b /BbTQb2/ #v i?2K
�`2 2Bi?2` `2T2�i2/ Q` b2K�MiB+@bBKBH�`X q2 #2;BM i?Bb b2+iBQM rBi? i?2 BMi`Q/m+iBQM Q7
M2m`�H M2irQ`F BM+Hm/BM; Bib #�bB+ �`+?Bi2+im`2 �M/ H2�`MBM; K2i?Q/bX h?2M r2 T`Q+22/
iQ `2+m``2Mi M2m`�H M2irQ`F U_LLV r?B+? i�F2b BMiQ �++QmMi i?2 Q`/2` Q7 BMTmi b2[m2M+2bX
q2 }`bi /2b+`B#2 Bib T`QiQivT2 �M/ i?2M T`2b2Mi b2p2`�H T�`iB+mH�` KQ/2Hb bm+? �b GQM;
a?Q`i@h2`K J2KQ`v UGahJV �M/ a2[m2M+2 iQ a2[m2M+2 Ub2[kb2[V r?B+? �`2 i�BHQ`2/ 7Q`
+?�i#Qi #mBH/BM;X

9XkXR AMi`Q/m+iBQM
L2m`�H M2irQ`Fb ULLbV �`2 +QKTmiBM; bvbi2Kb BMbTB`2/ #v i?2 #BQHQ;B+�H M2m`�H M2irQ`Fb
i?�i +QMbiBimi2 �MBK�H #`�BMbX am+? bvbi2Kb H2�`M UT`Q;`2bbBp2Hv BKT`Qp2 T2`7Q`K�M+2V
iQ /Q i�bFb #v +QMbB/2`BM; 2t�KTH2b- ;2M2`�HHv rBi?Qmi i�bF@bT2+B}+ T`Q;`�KKBM;X 6Q`
2t�KTH2- BM BK�;2 `2+Q;MBiBQM- i?2v KB;?i H2�`M iQ B/2MiB7v BK�;2b i?�i +QMi�BM +�ib #v
�M�HvxBM; 2t�KTH2 BK�;2b i?�i ?�p2 #22M K�Mm�HHv H�#2H2/ �b ǳ+�iǴ Q` ǳMQ +�iǴ �M/
mbBM; i?2 �M�HviB+ `2bmHib iQ B/2MiB7v +�ib BM Qi?2` BK�;2bX h?2v ?�p2 7QmM/ KQbi mb2
BM �TTHB+�iBQMb /B{+mHi iQ 2tT`2bb BM � i`�/BiBQM�H +QKTmi2` �H;Q`Bi?K mbBM; `mH2@#�b2/
T`Q;`�KKBM;X
AMp2biB;�iBQMb Q7 M2m`�H M2irQ`F +�M #2 /�i2/ #�+F iQ J+*mHHQ+? �M/ SBiib URN9jV r?Q
+`2�i2/ � +QKTmi�iBQM�H KQ/2H 7Q` M2m`�H M2irQ`Fb #�b2/ QM K�i?2K�iB+b �M/ �H;Q`Bi?Kb
+�HH2/ i?`2b?QH/ HQ;B+X G�i2` _Qb2M#H�ii URN83V T`QTQb2/ �M �`iB}+B�H M2m`QM +�HH2/ �
T2`+2Ti`QM r?B+? Bb BMBiB�HHv mb2/ BM #BM�`v +H�bbB}+�iBQMX hQ/�v- BiǶb KQ`2 +QKKQM iQ
mb2 Qi?2` KQ/2Hb Q7 �`iB}+B�H M2m`QMb- BM i?Bb b2+iBQM- �M/ BM Km+? KQ/2`M rQ`F QM M2m`�H
M2irQ`Fb- i?2 K�BM M2m`QM KQ/2H mb2/ Bb i?2 QM2 +�HH2/ i?2 bB;KQB/ M2m`QMX

9XkXk �`+?Bi2+im`2 Q7 M2m`�H M2irQ`Fb
h?2 KQbi #�bB+ +QKTQM2Mib Q7 M2m`�H M2irQ`F �`2 bB;KQB/ M2m`QM mMBibX � bB;KQB/ M2m`QM
mMBi ?�b BMTmi x= (x1, x2, . . . , xd) ∈Rd- r2B;?i w= (w1,w2, . . . ,wd) ∈Rd 7Q` 2�+? BMTmib �M/
� #B�b b ∈RX h?2 QmiTmi Q7 Bi Bb σ(wx+b)- r?2`2

σ(z)= 1
1+e−z , z ∈R U9XRV

Bb i?2 bB;KQB/ 7mM+iBQM �M/ wx /2MQi2b i?2 BMM2` T`Q/m+i #2ir22M p2+iQ` w �M/ xX h?2
bB;KQB/ M2m`QM mMBi }`bi �TTHB2b � HBM2�` i`�Mb7Q`K�iBQM Q7 BMTmi �M/ i?2M T`QD2+ib i?Bb
i`�Mb7Q`K�iBQM iQ �M BK�;2 bT�+2 (0,1)X Ai +�M #2 `2;�`/2/ �b �M 2ti2MbBQM Q7 T2`+2Ti`QM
r?B+? QmiTmib QMHv y Q` RX AM M2m`�H M2irQ`F- bB;KQB/ 7mM+iBQM σ Bb Dmbi QM2 TQbbB#H2
+�M/B/�i2 7Q` M2m`QM mMBi- r2 HBbi ?2`2 Qi?2` +QKKQMHv mb2/ +�M/B/�i2b

`2+iB}2` : Relu(z)=max(0, z), >vTQ#QHB+ i�M;2Mi : tanh(z)= 1−e−2z

1+e−2z z ∈R. U9XkV
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L2m`�H M2irQ`F +QMbBbib Q7 i?`22 T�`ib, �M BMTmi H�v2`- b2p2`�H ?B//2M H�v2`b �M/ �M QmiTmi
H�v2`X 6B;m`2 9XR BHHmbi`�i2b i?2 �`+?Bi2+im`2 Q7 � bBKTH2 M2m`�H M2irQ`F irQ ?B//2M H�v2`bX
LQi2 i?�i � M2m`�H M2irQ`F +�M #2 K�/2 KQ`2 +QKTHB+�i2/ #v 2K#2//BM; � H�`;2` MmK#2`
Q7 ?B//2M H�v2`b �b r2HH �b KQ`2 M2m`QM mMBib rBi?BM 2�+? ?B//2M H�v2`X 6Q` BHHmbi`�iBQM
Tm`TQb2- r2 QMHv +QMbB/2` � bBKTH2 M2m`�H M2irQ`F ?2`2X �i BMTmi H�v2`- 2�+? +B`+H2
`2T`2b2Mib � +QKTQM2Mi xi Q7 BMTmi x- i = 1,2, . . . ,d r?BH2- �i ?B//2M H�v2`b- 2�+? +B`+H2
`2T`2b2Mib � M2m`QM mMBiX h?2 }`bi ?B//2M H�v2` M2m`QMb i�F2 BMTmib 7`QK BMTmi H�v2` �M/
QmiTmi p�Hm2b i?�i rBHH #2 i`2�i2/ �b BMTmib 7Q` M2m`QMb rBi?BM i?2 M2ti ?B//2M H�v2`X h?2
QmiTmi Q7 b2+QM/ ?B//2M H�v2` �;�BM rBHH #2 mb2/ �b BMTmi 7Q` QmiTmi H�v2` M2m`QMbX AM
+H�bbB}+�iBQM b2iiBM;- i?2 QmiTmi Q7 QmiTmi H�v2` rQmH/ #2 � T`Q#�#BHBiv /Bbi`B#miBQM Qp2`
H�#2HbX 6Q` BMbi�M+2- BM ?�M/r`BiBM; /B;Bib B/2MiB}+�iBQM U6B;m`2 9XkV r?2`2 QM2 T`272`b iQ
T`2/B+i � MmK#2` /B;Bi 7`QK BK�;2 TBt2Hb BMTmib #v M2m`�H M2irQ`Fb- i?2 QmiTmi rQmH/ #2
� T`Q#�#BHBiv /Bbi`B#miBQM BM/B+�iBM; i?2 T`Q#�#BHBiv Q7 2�+? /B;Bi�H H�#2H 0,1,2, . . . ,9- �M/
i?2 T`2/B+i2/ /B;Bi Bb i?2 QM2 rBi? ?B;?2bi T`Q#�#BHBivX

6B;m`2 9XR Ĝ �`+?Bi2+im`2 Q7 L2m`�H M2irQ`F- bQm`+2 R

6B;m`2 9Xk Ĝ � ?�M/r`BiBM; 2t�KTH2 7`QK JLAah /�i�#�b2

RX ?iiT,ffrrrXb?Bp�K#�Mb�HX+QKf#HQ;fM2m`�HnM2irQ`FnRf

http://www.shivambansal.com/blog/neural_network_1/
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JQ`2 7Q`K�HHv- bmTTQb2 i?�i i?2 }`bi ?B//2M H�v2` +QMi�BMb m Um ∈ N∗V M2m`QM mMBib
�M/ i?2 b2+QM/ ?B//2M H�v2` l Ul ∈N∗V M2m`QM mMBibX AM �//BiBQM- r2 /BbTQb2 n T�B`b Q7
Q#b2`p�iBQMb (xs, ys), s = 1, . . . ,n r?2`2 xs ∈Rd Bb �M BMTmi 7Q` M2m`�H M2irQ`F �M/ ys Bb i?2
H�#2H Q7 xs #2HQM;BM; iQ � b2i Q7 H�#2Hb {1,2, . . . ,k}- k ∈N∗X 6Q` 2�+? xs- QmiTmi zs ∈Rm Q7
}`bi ?B//2M H�v2` Bb

zs =σ
(
WI,1xs +bI,1

)
,

r?2`2 WI,1 ∈Rm×d Bb �M BMTmi r2B;?i T�`�K2i2` �M/ bI,1 ∈Rm Bb � #B�b T�`�K2i2` �bbQ+B@
�i2/ rBi? }`bi ?B//2M H�v2`X aBKBH�`Hv- QmiTmi hs ∈Rl Q7 b2+QM/ ?B//2M H�v2` Bb

hs =σ
(
WI,2zs +bI,2

)
,

r?2`2 WI,2 ∈Rl×m Bb � r2B;?i T�`�K2i2` �M/ bI,2 ∈Rl Bb � #B�b T�`�K2i2` �bbQ+B�i2/ rBi?
b2+QM/ ?B//2M H�v2`X 6BM�HHv- i?2 QmiTmi H�v2` }`bi �TTHB2b � bB;KQB/ 7mM+iBQM σ �M/ �
HBM2�` i`�Mb7Q`K�iBQM QM hs iQ ;2i � BMi2`K2/B�i2 p2+iQ` os- �M/ i?2M i`�Mb72`b Bi iQ �
T`Q#�#BHBiv /Bbi`B#miBQM δ(os) Qp2` H�#2Hb pB� i?2 bQ7iK�t 7mM+iBQM δ- BX2X-

{
os =σ (Wohs +bo)
δ(os) j = eos, j

∑
i=1,...,k eos,i , j = 1, . . . ,k,

r?2`2 Wo ∈Rk×l Bb �M QmiTmi r2B;?i T�`�K2i2`- bo ∈Rk Bb �M QmiTmi #B�b T�`�K2i2` �M/
δ(os) Bb � bQ7iK�t 7mM+iBQM QT2`�iBM; QM � k@/BK2MbBQM�H p2+iQ` os = (os,1, . . . , os,k)X h?2
T`2/B+iBQM ŷs Q7 ys Bb

ŷs = argmax
j=1,2,...k

(
δ(os) j

)
. U9XjV

>2`2 i?2 T`2/B+iBQM ŷs Q7 ys Bb i?2`27Q`2 i?2 KQbi T`Q#�#H2 /B;Bi ;Bp2M xsX PM2 b?QmH/
MQiB+2 i?�i /2}MBiBQM 7Q` ŷt Bb MQi mMB[m2 BM i?2 +QMi2ti Q7 M2m`�H M2irQ`F- bQK2iBK2b Bi
+�M �HbQ #2 /2}M2/ �b � T`Q#�#BHBiv /Bbi`B#miBQM Qp2` �HH H�#2HbX

9XkXj :`�/B2Mi #�b2/ H2�`MBM;
:Bp2M i?2 Q#b2`p�iBQMb (xs, ys), s = 1, . . . ,n �M/ � /2bB;M2/ M2m`�H M2irQ`F- i?2 M2irQ`F
M22/b iQ H2�`M 7`QK Q#b2`p�iBQMb i?2 QTiBK�H p�Hm2b Q7 T�`�K2i2`b bm+? i?�i T`2/B+iBQMb
�`2 �TT`QtBK�iBM; i`m2 H�#2HbX hQ [m�MiB7v i?2 [m�HBiv Q7 M2m`�H M2irQ`F- QM2 M22/b �
+Qbi 7mM+iBQM

C(θ)= 1
n

∑

s=1,...,n
ℓ ( ŷs, ys) ,

r?2`2 θ /2MQi2b i?2 +QHH2+iBQM Q7 �HH r2B;?ib �M/ �HH #B�b2b BM i?2 M2irQ`F Ur2 bmTTQb2 θ

#2HQM;b iQ � T�`�K2i2` bT�+2 Θ ?2`2�7i2`V �M/ ℓ Bb � HQbb 7mM+iBQM r?Qb2 /2}MBiBQM +�M
#2 i?2 b�K2 �b i?�i BM a2+iBQM RXRXRX 6Q` 2t�KTH2- B7 ŷs Bb /2}M2/ �b U9XjV- i?2M ℓ +�M
#2 i?2 b[m�`2/ HQbbc B7 ŷs = ( ŷ1,s, . . . , ŷk,s)- � bBKTH2t T`Q#�#BHBiv /Bbi`B#miBQM Qp2` �HH p�Hm2b
{1,2, . . . ,k} Q7 H�#2H- r?2`2 ŷj,s ∈ [0,1] +Q``2bTQM/b iQ i?2 T`Q#�#BHBiv Q7 H�#2H j ;Bp2M i?2
BMTmi xs- i?2M ℓ +�M #2 i?2 T2`TH2tBiv Q7 � T`Q#�#BHBiv KQ/2H /2}M2/ #v

ℓ( ŷs, ys)=−
k∑

j=1
{ys= j} ln ŷj,s. U9X9V

Pm` ;Q�H Bb iQ }M/ �M QTiBK�H p�Hm2 Q7 θ KBMBKBxBM; i?2 +Qbi 7mM+iBQM C(θ)X :`�/B2Mi
/2b+2Mi Bb � }`bi@Q`/2` Bi2`�iBp2 QTiBKBx�iBQM �H;Q`Bi?K 7Q` }M/BM; i?2 KBMBKmK Q7 C(θ)
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r?Qb2 bi2Tb +�M #2 /2b+`B#2/ �b 7QHHQrb,

θ(n+1) = θ(n) −γn∇C
(
θ(n)

)
n = 1,2, . . . , U9X8V

r?2`2 θ(1) Bb �M BMBiB�H p�Hm2 7Q` Bi2`�iBQMb- γn > 0 Bb FMQrM �b i?2 H2�`MBM; `�i2 �M/ ∇C(θ)
Bb i?2 ;`�/B2Mi Q7 C(θ)X hQ }M/ � HQ+�H KBMBKmK Q7 � 7mM+iBQM mbBM; ;`�/B2Mi /2b+2Mi- QM2
i�F2b bi2Tb T`QTQ`iBQM�H iQ i?2 M2;�iBp2 Q7 ;`�/B2Mi UQ` Q7 i?2 �TT`QtBK�i2 ;`�/B2MiV �i
+m``2Mi p�Hm2 θ(n)X h?2 b2[m2M+2 θ(n),n = 1, . . . , b�iBb}2b i?2 7QHHQrBM; H2KK�,

G2KK� 9XRX U:QQ/72HHQr 2i �HX- kyReV A7 C(θ) Bb /Bz2`2MiB�#H2 QM Θ �M/ γn > 0 Bb bK�HH
2MQm;? 7Q` �HH n- i?2M C

(
θ(n+1))≤ C

(
θ(n))X

S`QQ7X "v h�vHQ`Ƕb 2tT�MbBQM-

C
(
θ(n+1)

)
= C

(
θ(n)

)
−γn

∥∥∥∇C
(
θ(n)

)∥∥∥
2

2
+ o(γn),

r?2`2 limγn−→0
o(γn)
γn

= 0X 6Q` γn bK�HH 2MQm;?- QM2 ?�b o(γn) ≤ γn
∥∥∇C

(
θ(n))∥∥2

2 r?B+?
i2`KBM�i2b i?2 T`QQ7X

hQ Q#i�BM i?2 ;`�/B2Mi ∇C U7Q` bBKTHB+Biv- r2 QKBi i?2 T�`�K2i2` θ r?2M MQ +QM7mbBQM
rBHH �`Bb2V- Bi Bb `2[mB`2/ iQ +�H+mH�i2 ∇ℓ ( ŷs, ys) 7Q` 2�+? s = 1, . . . ,n �M/ �p2`�;2 i?2KX
h?Bb H2�/b iQ � +?�HH2M;2 BM �TTHvBM; /B`2+iHv ;`�/B2Mi /2b+2Mi `mH2 U9X8V BM T`�+iB+2 bBM+2
i?2 MmK#2` n Q7 BMTmib +�M #2 p2`v H�`;2 �M/ H2�`MBM; i?mb Q++m`b bHQrHvX hQ +QM[m2` Bi-
biQ+?�biB+ ;`�/B2Mi /2b+2Mi iQ #2 T`2b2Mi2/ BM i?2 M2ti b2+iBQM Bb Q7i2M mb2/ iQ bT22/ mT
i?2 H2�`MBM;X

aiQ+?�biB+ ;`�/B2Mi /2b+2Mi
h?2 B/2� Q7 biQ+?�biB+ ;`�/B2Mi /2b+2Mi Bb iQ 2biBK�i2 i?2 ;`�/B2Mi ∇C #v +QKTmiBM;
∇ℓ ( ŷs, ys) 7Q` QMHv � bK�HH b�KTH2 Q7 `�M/QKHv +?Qb2M i`�BMBM; BMTmibX "v �p2`�;BM; Qp2`
i?Bb bK�HH b�KTH2 Bi im`Mb Qmi i?�i r2 +�M [mB+FHv ;2i � ;QQ/ 2biBK�i2 Q7 i?2 i`m2 ;`�/B@
2Mi ∇C �M/ i?Bb ?2HTb iQ bT22/ mT ;`�/B2Mi /2b+2Mi- �M/ i?mb H2�`MBM;X JQ`2 T`2+Bb2Hv-
biQ+?�biB+ ;`�/B2Mi /2b+2Mi rQ`Fb #v `�M/QKHv +?QQbBM; � MmK#2` Q7 b�KTH2b 7`QK i`�BM@
BM; BMTmibX G2i mb /2MQi2 i?2K #v {(xs, ys), s ∈M }- �M/ `272` iQ i?2K �b �b KBMB@#�i+?X
S`QpB/2/ i?�i i?2 +�`/BM�HBiv |M | Q7 M Bb H�`;2 2MQm;? #mi +QKT�`�iBp2Hv bK�HH rBi?
`2bT2+i iQ n- i?2M r2 2tT2+i i?�i

∑

s∈M

∇ℓ ( ŷs, ys)
|M | ≈

n∑

s=1

∇ℓ ( ŷs, ys)
n

=∇C.

h?2 +QMp2`;2M+2 Q7 biQ+?�biB+ ;`�/B2Mi /2b+2Mi ?�b #22M �M�Hvx2/ mbBM; i?2 i?2Q`B2b Q7
+QMp2t KBMBKBx�iBQM �M/ biQ+?�biB+ �TT`QtBK�iBQMX :2M2`�HHv- r?2M i?2 H2�`MBM; `�i2b
γn /2+`2�b2 rBi? �M �TT`QT`B�i2 `�i2- �M/ �`2 bm#D2+i iQ `2H�iBp2Hv KBH/ �bbmKTiBQMb-
biQ+?�biB+ ;`�/B2Mi /2b+2Mi +QMp2`;2b �HKQbi bm`2Hv iQ � ;HQ#�H KBMBKmK r?2M i?2 Q#@
D2+iBp2 7mM+iBQM Bb +QMp2t Q` Tb2m/Q@+QMp2t- �M/ Qi?2`rBb2 +QMp2`;2b �HKQbi bm`2Hv iQ �
HQ+�H KBMBKmK Ub22 "QiiQm- RNN3 �M/ EBrB2H- kyyR 7Q` KQ`2 /2i�BHbVX
h?2 +H�bbB+�H M2m`�H M2irQ`F /Q2b MQi i�F2 BMiQ �++QmMi i?2 Q`/2` �M/ b2[m2MiB�H +?�`�+i2`
Q7 BMTmib r?B+? +�M #2 p2`v BKTQ`i�Mi BM LGS i�bFbX 6Q` BMbi�M+2- i?2 Q`/2` Q7 rQ`/b BM
� b2Mi2M+2 /2+B/2b i?2 K2�MBM; Q7 BiX AM i?2 M2ti b2+iBQM- r2 BMi`Q/m+2 `2+m``2Mi M2m`�H
M2irQ`F r?B+? Bb +`2�i2/ iQ +QT2 rBi? b2[m2MiB�H BMTmibX
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U�V � _LL +2HH

U#V lM7QH/ Q7 _LLb BMiQ 7mHH M2irQ`Fb

9Xj _2+m``2Mi L2m`�H L2irQ`F
9XjXR AMi`Q/m+iBQM
_2+m``2Mi L2m`�H L2irQ`Fb U_LLbV �`2 TQTmH�` KQ/2Hb i?�i K�F2 mb2 Q7 b2[m2MiB�H BM7Q`@
K�iBQM Q7 BMTmib �M/ QmiTmibX h?2v ?�p2 b?QrM ;`2�i T`QKBb2 BM K�Mv LGS i�bFb bm+?
�b K�+?BM2 i`�MbH�iBQM- bT22+? `2+Q;MBiBQM �M/ +QMp2`b�iBQM�H �;2MiX h?2v �`2 +�HH2/ `2@
+m``2Mi bBM+2 i?2v T2`7Q`K i?2 b�K2 i�bF 7Q` 2�+? 2H2K2Mi Q7 b2[m2M+2- rBi? i?2 QmiTmi
#2BM; /2T2M/2/ QM i?2 T`2pBQmb +QKTmi�iBQMbX �MQi?2` r�v iQ i?BMF �#Qmi _LLb Bb i?�i
i?2v ?�p2 � ǳK2KQ`vǴ r?B+? biQ`2b BM7Q`K�iBQM �#Qmi r?�i ?�b #22M +�H+mH�i2/ bQ 7�`X
JQ`2 T`2+Bb2Hv- 6B;m`2 9Xj� �M/ 6B;m`2 9Xj# ;Bp2 `2bT2+iBp2Hv i?2 bi`m+im`2 Q7 � _LL +2HH
�M/ i?2 mM`QHHBM; Q7 _LL BMiQ � 7mHH M2irQ`FX
AM i?2b2 irQ };m`2b- xt /2MQi2b �M BMTmi U2X;- i?2 t−i? rQ`/ Q7 � b2Mi2M+2V �i iBK2 t
�M/ ŷt i?2 QmiTmi UBX2X- T`2/B+iBQM Q7 ytV Q7 _LLc WI - WR �M/ Wy �`2 `2bT2+iBp2Hv r2B;?i
T�`�K2i2`b �bbQ+B�i2/ iQ /Bz2`2Mi H�v2`b Q7 _LLc ht Bb � ?B//2M bi�i2 r?B+? Bb +�H+mH�i2/
#�b2/ QM i?2 T`2pBQmb ?B//2M bi�i2 ht−1 �M/ i?2 +m``2Mi BMTmi xtX *QM+`2i2Hv- QM2 ?�b

ht =σ (WIxt +WRht−1 +bh) ∆=σ(st),

ŷt = softmax
(
Wyht +by

) ∆= softmax(zt), U9XeV

r?2`2 bh �M/ by �`2 #B�b T�`�K2i2`bX q2 ;Bp2 irQ BMi2`K2/B�i2 MQi�iBQM st �M/ zt bBKTHv
7Q` i?2 +QMp2MB2M+2 Q7 +QKTmiBM; ;`�/B2Mib BM M2ti b2+iBQMX JQ`2Qp2`- r2 /2MQi2 #v ℓt
i?2 HQbb ℓ( ŷt, yt) 7Q` bBKTHB+Biv �M/ C(θ)=∑

tℓt rBi? θ =
(
WI ,WR ,Wy,bh,by

)
X

lMHBF2 i?2 +H�bbB+�H /22T M2m`�H M2irQ`F r?B+? mb2b /Bz2`2Mi T�`�K2i2`b �i /Bz2`2Mi H�v2`b-
_LL b?�`2b i?2 b�K2 T�`�K2i2`b θ �+`Qbb �HH bi2TbX h?Bb `2~2+ib i?2 7�+i i?�i r2 �`2
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T2`7Q`KBM; i?2 b�K2 i�bF �i 2�+? bi2T- Dmbi rBi? /Bz2`2Mi BMTmibX h?Bb ;`2�iHv `2/m+2b i?2
iQi�H MmK#2` Q7 T�`�K2i2`b r2 M22/ iQ H2�`MX AM �//BiBQM- i?2 T`2/B+iBQM ŷt Bb � 7mM+iBQM
/2T2M/BM; MQi QMHv QM +m``2Mi BMTmi xt #mi �HbQ QM �HH T�bi BMTmib xs, s = 1, . . . , t− 1
BM _LLX JQ`2Qp2`- H2M;i?b Q7 BMTmib �M/ QmiTmib BMbB/2 _LLb +�M #2 +QMi`QHH2/ rBi?
/Bz2`2Mi i�bFb- �b BHHmbi`�i2/ BM 6B;m`2 9X9X

6B;m`2 9X9 Ĝ .Bz2`2Mi _LL KQ/2Hb- bQm`+2 k

h?2 }`bi THQi +�M #2 �TTHB2/ iQ BK�;2 +�TiBQMBM; r?B+? i�F2b �M BK�;2 �b BMTmi �M/
QmiTmib � b2Mi2M+2 Q7 rQ`/bc i?2 b2+QM/ QM2 iQ b2Mi2M+2 �M�HvbBb r?B+? i�F2b � b2Mi2M+2
Q7 rQ`/b �b BMTmib �M/ QmiTmib � b2MiBK2Mi Q7 i?Bb b2Mi2M+2c i?2 i?B`/ QM2 iQ K�+?BM2
i`�MbH�iBQM U`2bTX +QMp2`b�iBQM�H �;2MiV r?B+? i�F2b � b2Mi2M+2 BM +2`i�BM bQm`+2 H�M;m�;2
U`2bTX [m2biBQMV �M/ QmiTmib � i`�MbH�i2/ QM2 U`2bTX `2bTQMb2Vc h?2 7Qm`i? QM2 iQ pB/2Q
+H�bbB}+�iBQM r?2`2 QM2 rBb?2b iQ H�#2H 2�+? 7`�K2 Q7 � pB/2QX

"�+FT`QT�;�iBQM h`Qm;? hBK2 �M/ p�MBb?BM; ;`�/B2Mib
hQ H2�`M ;QQ/ p�Hm2b Q7 T�`�K2i2`b #v aiQ+?�biB+ :`�/B2Mi .2b+2Mi- QM2 M22/b iQ +�H+mH�i2
i?2 ;`�/B2Mib Q7 HQbb C(θ) rBi? `2bT2+i iQ T�`�K2i2`b θ =

(
WI ,WR ,Wy,bh,by

)
X aBM+2 C(θ)

Bb i?2 bmK Q7 HQbb ℓt �i 2�+? iBK2- r2 +QMbB/2` BM i?2 b2[m2H QMHv ;`�/B2Mi Q7 ℓt rBi?
`2bT2+i iQ θX 6B`bi- i?2 ;`�/B2Mi ∂ℓt/∂WI Bb bi`�B;?i 7Q`r�`/X aBM+2

∂ℓt

∂WI(i, j)
= ∂ℓt

∂ ŷt

∂ ŷt

∂zt,i

∂zt,i

∂WI(i, j)
=

(
ŷt,i − yt,i

)
ht, j,

r?2`2 zt,i- ŷt,i �M/ yt,i �`2 `2bT2+iBp2Hv i@i? +QKTQM2Mi Q7 zt, ŷt �M/ ytc WI(i, j) Bb i?2
(i, j)−i? 2Mi`v Q7 K�i`Bt WI X q2 ?�p2 i?2`27Q`2

∂ℓt

∂WI
= ( ŷt − yt)⊗ht,

r?2`2 ⊗ Bb i?2 Qmi2` T`Q/m+i Q7 irQ p2+iQ`bX
>Qr2p2`- i?2 +QKTmi�iBQM Q7 ;`�/B2Mi ∂ℓt/∂WR Bb `�i?2` +QKTHB+�i2/ bBM+2 WR Bb �ii�+?2/
iQ �HH ?B//2M bi�i2b ĥs, s = 1, . . . , tX "�+FT`QT�;�iBQM h`Qm;? hBK2 U"ShhV Bb i?2 F2v �H;Q@
`Bi?K i?�i K�F2b i?2 +QKTmi�iBQM Q7 ;`�/B2Mib KQ`2 i`�+i�#H2X JQ`2 T`2+Bb2Hv- MQiB+BM;
#v i?2 +?�BM `mH2 i?�i

∂ℓt

∂WR(i, j)
=

t∑

k=0
Tr

((
∂ℓt

∂sk

)T ∂sk

∂WR(i, j)

)

kX ?iiT,ffF�`T�i?vX;Bi?m#XBQfkyR8fy8fkRf`MM@2772+iBp2M2bbf

http://karpathy.github.io/2015/05/21/rnn-effectiveness/
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∆=
t∑

k=0
Tr

((
δ(t)

k

)T ∂sk

∂WR(i, j)

)
,

r?2`2 Tr(M) /2MQi2b i?2 i`�+2 Q7 �Mv K�i`Bt M �M/ MT Bib i`�MbTQb2- �M/ δ(t)
k = ∂ℓt/∂skX

h?2 ;`�/B2Mi ∂ℓt/∂WR(i, j) Bb i?2 bmK Q7 ;`�/B2Mib �i 2�+? iBK2 bi2T bBM+2 WR Bb mb2/ BM �HH
T`2pBQmb bi2TbX AM Qi?2` rQ`/b- r2 M22/ iQ #�+FT`QT�;�i2 ;`�/B2Mib 7`QK k = t iQ k = 0X
JQ`2Qp2`- bBM+2

δ(t)
k = ∂ℓt

∂sk
= ∂hk

∂sk

∂sk+1

∂hk

∂ℓt

∂sk+1

= diag(1−hk ⊙hk)WT
R δ(t)

k+1

=
(
WT

R δ(t)
k+1

)
⊙ (1−hk ⊙hk) U9XdV

�M/

δ(t)
t = ∂ht

∂st

∂zt

∂ht

∂ℓt

∂zt
= diag(1−ht ⊙ht)WT

y ( ŷt − yt)

=
(
WT

y ( ŷt − yt)
)
⊙ (1−ht ⊙ht) , U9X3V

r?2`2 ⊙ /2MQi2b i?2 2H2K2Mi@rBb2 T`Q/m+iX Ai BM/B+�i2b i?�i δ(t)
k ,k = 0, . . . , t +�M #2 +QK@

Tmi2/ `2+m`bBp2Hv- BX2X- i?2 "Shh �H;Q`Bi?K
⎧
⎨

⎩
δ(t)

t =
(
WT

y ( ŷt − yt)
)
⊙ (1−ht ⊙ht) ,

δ(t)
k =

(
WT

R δ(t)
k+1

)
⊙ (1−hk ⊙hk) ,

U9XNV

�M/ i?2M i?2 ;`�/B2Mi ∂ℓt/∂WR +�M #2 2�bBHv +QKTmi2/ �b 7QHHQrb

∂ℓt

∂WR
=

t∑

k=0
δ(t)

k ⊗hk−1,

r?2`2 h−1 = 0 �M/ i?2 b2+QM/ 2[m�HBiv Bb /m2 iQ ∂sk
∂WR (i, j) X

>Qr2p2`- i?2 +H�bbB+�H _LL T`2b2Mi2/ �#Qp2 ?�b /B{+mHiB2b H2�`MBM; HQM;@`�M;2 /2T2M@
/2M+B2b UBMi2`�+iBQMb #2ir22M rQ`/b i?�i �`2 b2p2`�H bi2Tb �T�`iV bBM+2 Bi bmz2`b 7`QK
p�MBb?BM; ;`�/B2Mi T`Q#H2K U>Q+?`2Bi2`- RNNR- RNN3VX "v U9XdV- QM2 ?�b

δ(t)
k = diag(1−hk ⊙hk)WT

R δ(t)
k+1 =

(
t−1∏

j=k
diag

(
1−h j ⊙h j

)
WT

R

)

δ(t)
t .

A7 i?2 MQ`K Q7 K�i`Bt
(
1−h j ⊙h j

)
Bb mMB7Q`KHv mTT2`@#QmM/2/ #v � +QMbi�Mi c1 < 1- BX2X-∥∥1−h j ⊙h j

∥∥ ≤ c1 7Q` �HH j = 1, t- �M/ i?�i i?2 MQ`K ∥WR∥ Q7 WR Bb mTT2`@#QmM/2/ #v �
+QMbi�Mi r2 < 1- i?2M

∥∥∥δ(t)
k

∥∥∥
2
≤ (c1c2)t−k

∥∥∥δ(t)
t

∥∥∥
2
X Ai BM/B+�i2b i?�i i?2 ;`�/B2Mi �`2 `2/m+BM;

�i �M 2tTQM2MiB�H bT22/ �M/ 2p2Mim�HHv p�MBb?BM; �7i2` b2p2`�H iBK2 bi2TbX AM Qi?2` rQ`/b-
;`�/B2Mi +QMi`B#miBQMb 7`QK ǳ7�` r�v Ǵ bi2Tb #2+QK2 x2`Q �M/ ?2M+2 BM7Q`K�iBQM biQ`2/
BM i?Qb2 bi�i2b ?�b MQ +QMi`B#miBQM iQ i?2 +m``2Mi H2�`MBM;X
� TQTmH�` bQHmiBQM iQ p�MBb?BM; ;`�/B2Mi T`Q#H2K Bb i?2 GQM; a?Q`i@h2`K J2KQ`v UGahJV
KQ/2H i?�i rBHH #2 BMi`Q/m+2/ BM i?2 M2ti b2+iBQMX
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9XjXk GQM; b?Q`i@i2`K K2KQ`v
GahJ r�b }`bi T`QTQb2/ #v >Q+?`2Bi2` �M/ a+?KB/?m#2` URNNdV �M/ i?2M BKT`Qp2/ #v
:2`b 2i �HX UkyyyVX Ai Bb QM2 Q7 i?2 KQbi rB/2Hv mb2/ KQ/2Hb BM LGS iQ/�vX G�i2`- *?mM;
2i �HX UkyR9V T`QTQb2b i?2 :_l KQ/2H- � bBKTHB}2/ p2`bBQM Q7 GahJX "Qi? Q7 i?2b2 irQ
KQ/2Hb �`2 2tTHB+BiHv /2bB;M2/ iQ /2�H rBi? p�MBb?BM; ;`�/B2Mi T`Q#H2K �M/ 2{+B2MiHv
H2�`M HQM;@`�M;2 /2T2M/2M+B2bX hQ mM/2`bi�M/ GahJ- r2 }`bi BHHmbi`�i2 #v 6B;m`2 9X8 Bib
bi`m+im`2 r?2`2 2�+? `2+i�M;mH�` `2T`2b2Mib � +2HH �i iBK2 bi2T t- xt U#Hm2 +B`+H2V i?2 BMTmi
�M/ ht UTm`TH2 +B`+H2V i?2 ?B//2M bi�i2X

6B;m`2 9X8 Ĝ GahJ KQ/2H- bQm`+2 j

Ai Bb b22M i?�i i?2`2 �`2 irQ #H�+F HBM2b T�bbBM; �HH �HQM; #2ir22M +2HHb Q7 GahJ r?2`2 i?2
#QiiQK HBM2 /2MQi2b i?2 i`�Mb72``BM; Q7 ?B//2M bi�i2 ht #2ir22M �/D�+2Mi +2HHb U�b b�K2
�b i?2 r?�i Bb BM/B+�i2/ #v Tm`TH2 +B`+H2V �M/ i?2 iQT HBM2 /2MQi2b i?2 +2HH bi�i2 ct- �
M2r iBK2@p�`vBM; [m�MiBiv i?�i /Q2b MQi 2tBbi BM i?2 +H�bbB+�H _LLX h?2 +2HH bi�i2 Bb �M
BMi2`M�H K2KQ`v Q7 +2HH mMBi i?�i +�M #2 mT/�i2/ #v +QK#BMBM; T`2pBQmb K2KQ`v rBi?
M2r BMTmiX AM �//BiBQM- GahJ /Bz2`b rBi? +H�bbB+�H _LL BM i?2 r�v Q7 +QKTmiBM; i?2
?B//2M bi�i2X hQ mM/2`bi�M/ ?Qr ?B//2M bi�i2b �M/ +2HH bi�i2b �`2 +QKTmi2/- r2 /2i�BH
#2HQr �HH M2+2bb�`v [m�MiBiB2b BM GahJ,

ft =σ
(
Wh

f ht−1 +Wx
f xt +b f

)
,

it =σ
(
Wh

i ht−1 +Wx
i xt +bi

)
,

gt = tanh
(
Wh

g ht−1 +Wx
gxt +bg

)
,

ct = ft ⊙ct−1 + it ⊙gt,

ot =σ
(
Wh

o ht−1 +Wx
o xt +bo

)
,

ht = ot × tanh(ct),

r?2`2 σ Bb i?2 bB;KQB/ 7mM+iBQM BM U9XRV �TTHvBM; +QKTQM2Mi@rBb2 QM 2�+? 2H2K2Mi Q7
p2+iQ`bc tanh Bb /2}M2/ BM U9XkV- �M/ Wb- bb �`2 GahJ T�`�K2i2`b i?�i �`2 BM/2T2M/2Mi
Q7 tX
h?2 [m�MiBiB2b ft- it �M/ ot �`2 `2bT2+iBp2Hv FMQrM �b 7Q`;2i ;�i2- BMTmi ;�i2 �M/ QmiTmi
;�i2X LQi2 i?�i i?2v b?�`2 i?2 2t�+i b�K2 2[m�iBQMb- #mi rBi? /Bz2`2Mi T�`�K2i2` K�i`B@
+2bX aBM+2 �HH Q7 i?2K �`2 b[m�b?2/ #v bB;KQB/ 7mM+iBQM σ- i?2 p�Hm2 Q7 2�+? +QKTQM2Mi

jX ?iiT,ff+QH�?X;Bi?m#XBQfTQbibfkyR8@y3@lM/2`bi�M/BM;@GahJbf

http://colah.github.io/posts/2015-08-Understanding-LSTMs/
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Q7 ft- it �M/ ot �`2 #2ir22M y �M/ RX h?2 7Q`;2i ;�i2 /2+B/2b i?2 `�iBQ Q7 T`2pBQmb +2HH
bi�i2 ct−1 iQ #2 F2Ti BM i?2 +m``2Mi +2HH bi�i2 ctc i?2 BMTmi ;�i2 +QMi`QHb i?2 `�iBQ Q7
M2r +�M/B/�i2 p�Hm2b gt iQ #2 �//2/ iQ i?2 +m``2Mi +2HH bi�i2c i?2 QmiTmi ;�i2 /2}M2b
i?2 2ti2M/ Q7 BMi2`M�H bi�i2 iQ #2 2tTQb2/ iQ i?2 2ti2`M�H M2irQ`FX h?Qb2 ;�i2b �HH ?�p2
i?2 b�K2 /BK2MbBQMb �b i?2 ?B//2M bi�i2b �M/ +2HH bi�i2bX �Hi?Qm;? 6B;m`2 9X8 b?Qrb �M
2t�KTH2 Q7 GahJ rBi? QMHv QM2 ?B//2M H�v2`- QM2 +�M +QMbB/2` KQ`2 +QKTHB+�i2/ GahJ
#v bi�+FBM; KQ`2 ?B//2M H�v2`bX AM i?Bb +�b2- i?2 ?B//2M bi�i2b Q7 T`2pBQmb ?B//2M H�v2`
rBHH TH�v � `QH2 Q7 BMTmib 7Q` i?2 M2ti ?B//2M H�v2`X

9XjXj a2[m2M+2 iQ b2[m2M+2 KQ/2H
a2[m2M+2 iQ b2[m2M+2 H2�`MBM; rBi? L2m`�H M2irQ`Fb UBi Bb +�HH2/ b2[kb2[ KQ/2H ?2M+27Q`i?V
Bb }`bi T`QTQb2/ #v amibF2p2` 2i �HX UkyR9V �M/ 2ti2M/2/ #v "�?/�M�m 2i �HX UkyR8V #v
�//BM; �M �ii2MiBQM K2+?�MBbKX Ai Bb � KQ/2H �BKb �i K�i+?BM; irQ `2H�i2/ b2[m2M+2b Q7
/Bz2`2Mi H2M;i?bX 6Q` 2t�KTH2- i?2b2 irQ b2[m2M+2b +�M #2 � b2Mi2M+2 rBi? Bib i`�MbH�iBQM-
�M [m2biBQM �M/ � `2�bQM�#H2 �Mbr2`X a2[kb2[ KQ/2H mb2b KmHiB@H�v2`2/ GahJ UQ` :_lV
�b +2HHb iQ K�T i?2 BMTmi b2[m2M+2 iQ � p2+iQ` Q7 � }t2/ /BK2MbBQM�HBiv- �M/ i?2M �MQi?2`
/22T GahJ UQ` :_lV iQ /2+Q/2 i?2 i�`;2i b2[m2M+2 7`QK i?Bb p2+iQ`X P`B;BM�HHv mb2/ BM
6`2M+? iQ 1M;HBb? i`�MbH�iBQM- Bi ?�b H�i2` #22M �TTHB2/ iQ i?2 +`2�iBQM Q7 +QMp2`b�iBQM�H
�;2Mi UBX2X- +?�i#QiV �M/ �miQK�i2/ `2THv Q7 1K�BH Ub22 oBMv�H �M/ G2- kyR8- E�MM�M �M/
Em`�+?- kyRe 7Q` KQ`2 /2i�BHbVX
JQ`2 T`2+Bb2Hv- 6B;m`2 9Xe BHHmbi`�i2b i?2 /B�;`�K Q7 b2[kb2[ KQ/2H BM Bib �TTHB+�iBQM iQ
+QMp2`b�iBQM�H �;2MiX Ai +QKT`Bb2b �M 2M+Q/2` �M/ � /2+Q/2`- #Qi? Q7 r?B+? �`2 +QKTQb2/

6B;m`2 9Xe Ĝ a2[kb2[ KQ/2H rBi? 2M+Q/2` �M/ /2+Q/2`- bQm`+2 9

Q7 GahJ +2HHbX AM 2M+Q/2` bi2T- � GahJ i�F2b rQ`/b Q7 BMTmi b2Mi2M+2 U2X;X- � [m2biBQMV
�b BMTmib �M/ QmiTmib MQi?BM; �i 2�+? iBK2 bi2TX JQ`2Qp2`- i?2 ?B//2M bi�i2b �b r2HH �b
i?2 +2HH bi�i2b �`2 mT/�i2/ �HQM; +2HHb �M/ i?2 }M�H +2HH bi�i2 Ui?2 ǳi?Qm;?i p2+iQ`Ǵ BM
6B;m`2 9XeV i?�i ?�p2 BM+Q`TQ`�i2/ BM7Q`K�iBQM Q7 i?2 r?QH2 BMTmi b2Mi2M+2 rBHH #2 i`2�i2/
�b �M BMBiB�H bi�i2 7Q` i?2 /2+Q/2`X AM /2+Q/2` bi2T- Bi #2;BMb #v `2+2BpBM; � bT2+B�H iQF2M
ǳbi�`iǴ �M/ vB2H/b � rQ`/ BM pQ+�#mH�`v i?�i ?�b i?2 ?B;?2bi T`Q#�#BHBiv- i?2M i?Bb rQ`/
QmiTmi rBHH #2 `2;�`/2/ �b �M BMTmi 7Q` i?2 M2ti GahJ +2HH �M/ vB2H/b i?2 KQbi T`Q#�#H2
rQ`/X h?Bb T`Q+2/m`2 +QMiBMm2b mMiBH � bT2+B�H iQF2M ǳ2M/Ǵ Bb vB2H/ #v i?2 M2irQ`FX h?2
b2[kb2[ KQ/2H Bb bQK2iBK2b `272``2/ �b � ;2M2`�iBp2 KQ/2H bBM+2 i?2 }M�H `2bTQMb2 Bb
;2M2`�i2/ rQ`/ #v rQ`/ #v i?2 i`�BM2/ KQ/2HX

9X ?iiT,ffbm`Bv�/22T�MX;Bi?m#XBQfkyRe@Rk@jR@T`�+iB+�H@b2[kb2[f

http://suriyadeepan.github.io/2016-12-31-practical-seq2seq/
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AM i?2 M2ti b2+iBQM- r2 rBHH +`2�i2 � +?�i#Qi #�b2/ QM i?2 b2[kb2[ KQ/2HX

9XjX9 � b2[kb2[@#�b2/ +?�i#Qi
B�/pBx2 +QKT�Mv Bb � +QMp2`b�iBQM�H TH�i7Q`K i?�i BMi2;`�i2b /Bz2`2Mi +?�MM2Hb U2X;X-
+?�i- +�HH- bQ+B�H K2/B� 2i+V 7Q` i?2 Tm`TQb2 Q7 +QMM2+iBM; +mbiQK2`b �M/ +QMbmHi�Mib
rBi? 2tT2`iBb2X h?2 +QMM2+iBQM- r?B+? +QK2b BMiQ #2BM; KQbiHv pB� +QMp2`b�iBQM- Bb [mBi2
mb27mH 7Q` i?2 �m;K2Mi�iBQM Q7 +QMp2`bBQM `�i2 QM +QKK2`+B�H r2#bBi2b bBM+2 +QMbmHi�Mib
+�M ?2HT i?2B` +mbiQK2`b bQHp2 /B{+mHiB2b i?�i K�v BKT2/2 Tm`+?�b2X Ai Bb 7QmM/ i?�i �
H�`;2 �KQmMi Q7 K2bb�;2b ;Bp2M #v +mbiQK2`b- 2bT2+B�HHv �i i?2 #2;BMMBM; Q7 +QMp2`b�iBQMb-
�`2 Q7 bBKBH�` K2�MBM; Q` 2p2M `2T2�i2/ b2Mi2M+2bX h?2 +`2�iBQM Q7 +?�i#Qi- ?2M+2- �BKb
�i ?2HTBM; +QMbmHi�Mi #v `2/m+BM; i?2B` iBK2 QM `2bTQM/BM; iQ i?Qb2 `2T2�i2/ �M/ bBKTH2
K2bb�;2b bm+? i?�i i?2v rQmH/ ?�p2 KQ`2 iBK2 QM i`2�iBM; +QKTHB+�i2/ K2bb�;2b i?�i
K�v ?�p2 ?B;?2` p�Hm2X
� *QMp2`b�iBQM�H �;2Mi UBX2X- +?�i#QiV +�M BMi2`�+i rBi? +mbiQK2`b #v ?�pBM; M�im`�H
+QMp2`b�iBQMb BM/BbiBM;mBb?�#H2 7`QK ?mK�MX h?2 ivT2b Q7 +?�i#Qi +�M #2 p2`v `B+? /2@
T2M/BM; QM /Bz2`2Mi i�bFb i?�i � +?�i#Qi iQ �+?B2p2- /Bz2`2Mi KQ/2Hb QM r?B+? Bi Bb
+`2�i2/ 2i+X 6Q` 2t�KTH2- 7`QK /QK�BM T2`bT2+iBp2- i?2 +?�i#Qi +�M #2 ;2M2`�HHv /BpB/2/
BMiQ irQ +�i2;Q`B2b, +HQb2/@/QK�BM �M/ QT2M@/QK�BMX h?2 7Q`K�H QM2 i`B2b iQ �+?B2p2 �
p2`v bT2+B}+ ;Q�H bm+? �b QMHv `2bTQM/BM; iQ [m2biBQMb +QM+2`MBM; � +2`i�BM b+2M�`BQ U2X;X-
/2HBp2`v Q` T�vK2MiVc h?2 H�ii2` QM2 �BKb �i ?�M/HBM; +QMp2`b�iBQMb rBi? QT2M bm#D2+iX
6`QK KQ/2H T2`bT2+iBp2- +?�i#Qib #�b2/ QM `2i`B2p�H KQ/2H rBHH +?QQb2 � `2bTQMb2 7`QK
� T`2}t2/ b2i Q7 `2bTQMb2b ;Bp2M � [m2biBQMX am+? FBM/ Q7 +?�i#Qi rBHH MQi ;Bp2 `2bTQMb2b
rBi? ;`�KK�` KBbi�F2b #mi K�v rQ`F #�/Hv QM mMb22M +�b2b 7Q` r?B+? MQ T`2@/2}M2/
`2bTQMb2b 2tBbic +?�i#Qib #�b2/ QM ;2M2`�iBp2 KQ/2H UBX2X- b2[kb2[ KQ/2HV +�M ;2M2`�i2
`2bTQMb2 7`QK b+`�i+?X Ai ?�b �M �#BHBiv iQ ǳ`2K2K#2`Ǵ T�bi BM7Q`K�iBQM �M/ iQ +QT2 rBi?
M2r +�b2b #mi K�v bmz2` 7`QK ;`�KK�` KBbi�F2b �M/ i?2 i`�BMBM; Q7 bm+? KQ/2H `2[mB`2b
� ?m;2 �KQmMi Q7 i`�BMBM; b�KTH2bX
�b i?2 b2[kb2[ KQ/2H ?�b ;`2�i TQi2MiB�H BM +?�i#Qi +`2�iBQM- �b b?QrM BM oBMv�H �M/
G2 UkyR8V- r2 rBHH +`2�i2 Qm` +?�i#Qi #v i?Bb KQ/2HX >Qr2p2`- BMbi2�/ Q7 ;2M2`�iBM; �
`2bTQMb2 #v b2[kb2[ KQ/2H- r2 T`272` iQ +?QQb2 � `2bTQMb2 7`QK � T`2}t2/ b2i Q7 `2bTQMb2b
bBM+2 `2bTQMb2b rBi? MQ ;`�KK�` KBbi�F2b �`2 Q7 iQT T`BQ`Biv BM T`�+iB+2X hQ i?Bb �BK-
r2 }`bi /2}M2 � b+Q`2 iQ K2�bm`2 i?2 +QMbBbi2M+v Q7 � `2bTQMb2 ;Bp2M � K2bb�;2X G2i mb
/2MQi2 #v x = (x1, x2, . . . , xn) � K2bb�;2 rBi? n rQ`/b �M/ #v y = (y1, . . . , ym) � `2bTQMb2
rBi? m rQ`/bX h?2 b2i Q7 T`2}t2/ `2bTQMb2b Bb /2MQi2/ #v Y X q2 /2}M2 i?2 b+Q`2 Q7 y
;Bp2M x #v i?2 M2;�iBp2 HQ; T`Q#�#BHBiv Q7 y ;Bp2M x- BX2X-

score(y|x)=− lnPθ (y|x)=− 1
m

m∑

j=1
lnPθ

(
yj|x1, . . . , xn, y1, y2, . . . , yj−1

)
,

r?2`2 i?2 T`Q#�#BHBiv Pθ Bb #�b2/ QM � b2[kb2[ KQ/2HX LQi2 i?�i � `2bTQMb2 rBi? ?B;?2`
+QMbBbi2M+v iQ � K2bb�;2 rBHH ?�p2 bK�HH2` b+Q`2X

.�i�b2i �M/ T`2@T`Q+2bbBM; bi2Tb

h?2 `�r /�i�b2i mb2/ 7Q` i`�BMBM; b2[kb2[ KQ/2H +QMi�BMb jyeN9 T�B`b Q7 [m2biBQM �M/
`2bTQMb2 2ti`�+i2/ 7`QK � HQ; Q7 +QMp2`b�iBQMb QM i?2 /2HBp2`v bm#D2+i #2ir22M +mbiQK2`b
�M/ +QMbmHi�MibX "27Q`2 i`�BMBM; i?2 KQ/2H- b2p2`�H T`2@T`Q+2bbBM; bi2Tb �`2 M22/2/ iQ
+H2�M mT i?2 `�r /�i�b2iX :2M2`�HHv- 2�+? K2bb�;2 Bb iQF2MBx2/ iQ � b2[m2M+2 Q7 bBM;H2
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rQ`/b �M/ +?�`�+i2`b �M/ i?2 KQbi Ryyyy 7`2[m2Mi iQF2Mb �`2 +?Qb2M �b Qm` pQ+�#mH�`vX
hQF2Mb MQi #2HQM;BM; iQ i?2 pQ+�#mH�`v �`2 `2TH�+2/ #v bT2+B�H iQF2M ǳlLEǴX AM �//BiBQM-
r2 K�F2 mb2 Q7 #m+F2iBM;- r?B+? Bb � K2i?Q/ iQ 2{+B2MiHv ?�M/H2 b2Mi2M+2b Q7 /Bz2`2Mi
H2M;i?bX G2i mb }`bi +H�`B7v i?2 T`Q#H2KX 6Q` T�B`b Q7 Q#b2`p�iBQMb- r2 rBHH ?�p2 [m2biBQM
b2Mi2M+2b Q7 /Bz2`2Mi H2M;i?b L1 QM BMTmi- �M/ `2bTQMb2 b2Mi2M+2b Q7 /Bz2`2Mi H2M;i?b L2
QM QmiTmiX aBM+2 i?2 [m2biBQM b2Mi2M+2 Bb T�bb2/ �b 2M+Q/2` BMTmib BM 2M+Q/2`- �M/ i?2
`2bTQMb2 b2Mi2M+2 +QK2b �b /2+Q/2` BMTmib UT`2}t2/ #v �MQi?2` bT2+B�H iQF2M ǳ"PaǴ-
K2�MBM; #2;BM Q7 b2Mi2M+2V- r2 b?QmH/ BM T`BM+BTH2 +`2�i2 � b2[kb2[ KQ/2H 7Q` 2p2`v T�B`
(L1,L2 + 1) Q7 H2M;i?b Q7 � [m2biBQM �M/ `2bTQMb2X h?Bb rQmH/ `2bmHi BM �M 2MQ`KQmb
+QKTmi�iBQM ;`�T? +QMbBbiBM; Q7 K�Mv p2`v bBKBH�` bm#@;`�T?bX PM i?2 Qi?2` ?�M/- r2
+QmH/ Dmbi T�/ 2p2`v b2Mi2M+2 rBi? � bT2+B�H iQF2M ǳS�.ǴX h?2M r2 rQmH/ M22/ QMHv QM2
b2[kb2[ KQ/2H- 7Q` i?2 T�//2/ H2M;i?bX "mi 7Q` b?Q`i2` b2Mi2M+2 Qm` KQ/2H rQmH/ #2
BM2{+B2Mi- 2M+Q/BM; �M/ /2+Q/BM; K�Mv ǳS�.Ǵ iQF2Mb i?�i �`2 mb2H2bbX �b � +QKT`QKBb2
#2ir22M +QMbi`m+iBM; � +QKTmi�iBQM ;`�T? 7Q` 2p2`v T�B` Q7 H2M;i?b �M/ T�//BM; iQ � bBM;H2
H2M;i?- r2 mb2 � MmK#2` Q7 #m+F2ib �M/ T�/ 2�+? b2Mi2M+2 iQ i?2 H2M;i? Q7 i?2 #m+F2i
�#Qp2 BiX q2 mb2 /27�mHi #m+F2ib- � HBbi Q7 9 imTH2b [(5,10), (10,15), (20,25), (40,50)]X Ai
K2�Mb i?�i B7 i?2 BMTmi Bb � [m2biBQM rBi? j iQF2Mb- �M/ i?2 +Q``2bTQM/BM; QmiTmi Bb �
`2bTQMb2 rBi? e iQF2Mb- i?2M i?2v rBHH #2 Tmi BM i?2 }`bi #m+F2i �M/ T�//2/ iQ H2M;i? 8
7Q` 2M+Q/2` BMTmib- �M/ H2M;i? Ry 7Q` /2+Q/2` BMTmibX A7 i?2 [m2biBQM Bb rBi? 3 iQF2Mb �M/
i?2 +Q``2bTQM/BM; `2bTQMb2 ?�b R3 iQF2Mb- i?2M i?2v rBHH MQi }i BMiQ i?2 (10,15) #m+F2i-
#mi BMiQ (20,25) #m+F2i- BX2X- i?2 [m2biBQM rBHH #2 T�//2/ iQ ky- �M/ i?2 +Q``2bTQM/BM;
`2bTQMb2 iQ k8X q2 HBKBi K�tBKmK H2M;i? 7Q` [m2biBQM �M/ `2bTQMb2 iQ 9y �M/ 8y bBM+2
KQ`2 i?�M 95% T�B`b Q7 Q#b2`p�iBQMb ?�p2 H2M;i?b #2HQr i?2b2 HBKBibX

h`�BMBM; i?2 KQ/2H �M/ `2bmHib
h?2 b2[kb2[ KQ/2H Bb i`�BM2/ rBi? 7QHHQrBM; T�`�K2i2` p�Hm2b, i?2 2K#2//BM; bBx2 7Q` 2�+?
iQF2M Bb b2i iQ #2 k8ec i?2 #�i+? bBx2 7Q` aiQ+?�biB+ :`�/B2Mi /2b+2Mi Rk3c i?2 MmK#2` Q7
?B//2M H�v2`b kc i?2 H2�`MBM; `�i2 yX8X aBM+2 `mMMBM; b2[kb2[ KQ/2H Bb iBK2 +QMbmKBM;-
r2 ?�p2 +QMbB/2`2/ QMHv #�i+? bBx2 �M/ H2�`MBM; `�i2 �b ?vT2`T�`�K2i2`b iQ �/Dmbi U7Q`
Qi?2`b- r2 ?�p2 mb2/ i?2B` /27�mHi p�Hm2bVX q2 b2i +�M/B/�i2 p�Hm2 Rk3 �M/ k8e 7Q` #�i+?
bBx2 �M/ yXyR- yXR- yX8 7Q` H2�`MBM; `�i2X AM �//BiBQM- bBM+2 r2 /B/ MQi }M/ � bmBi�#H2 Q&A
#2M+?K�`F /�i�b2i 7Q` 6`2M+? i?�i 2M�#H2b mb iQ +QKTmi2 i?2 6R b+Q`2- p�Hm2b 7Q` i?2
?vT2`T�`�K2i2`b �`2 i?2`27Q`2 /2+B/2/ #v +?2+FBM; i?2 +Q?2`2M+2 Q7 �Mbr2`b ;2M2`�i2/
#v i?2 KQ/2H ;Bp2M bQK2 [m2biBQMbX h?2 7mHH +Q/2 r?B+? Bb BKTH2K2Mi2/ BM Tvi?QM rBi?
h2MbQ`7HQr HB#`�`v Bb QM :Bi?m#, 8X q2 i2bi Qm` i`�BM2/ KQ/2H QM b2p2`�H i2bi [m2biBQMb
�M/ h�#H2 9Xk b?Qrb 7Q` 2�+? [m2biBQM i?2 iQT j `2bTQMb2b rBi? HQr2bi b+Q`2b UBX2X- i?`22
KQbi +QMbBbi2Mi `2bTQMb2bV rBi?BM � b2i Q7 Rk T`2}t2/ `2bTQMb2b Q7 e +�i2;Q`B2b HBbi2/ BM
h�#H2 9Xj- r?2`2 i?2 +�i2;Q`v Q7 2�+? `2bTQMb2 Bb BM/B+�i2/ BM i?2 T�`2Mi?2bBbX Ai Bb b22M
i?�i i?2 }`bi `2bTQMb2 r2HH +Q``2bTQM/b iQ i?2 }`bi K2bb�;2 �M/ Bib b+Q`2 Bb HQr2` i?�M
i?�i Q7 irQ Qi?2` `2bTQMb2b r?B+? b22K iQ #2 BM+QMbBbi2MiX >Qr2p2`- i?2v �`2 #Qi? Q7
ǳ/ûH�Bb HBp`�BbQMǴ +�i2;Q`v r?B+? biBHH ?�p2 +QMM2+iBQM rBi? i?2 BM7Q`K�iBQM 2tT`2bb2/ #v
i?2 }`bi K2bb�;2c 6Q` i?2 b2+QM/ K2bb�;2 r?Qb2 K2�MBM; Bb [mBi2 +H2�` �M/ +QKTH2i2Hv
BM/2T2M/2Mi rBi? Qi?2` +�i2;Q`B2b- i?2 }`bi irQ `2bTQMb2b +Q``2bTQM/ r2HH iQ i?2 K2bb�;2
�M/ i?2B` b+Q`2 �`2 +QKT�`�iBp2Hv Km+? HQr2` i?�M i?�i Q7 i?2 i?B`/ `2bTQMb2c 6Q` i?2
i?B`/ �M/ 7Qm`i? K2bb�;2- QMHv i?2 iQT `2bTQMb2 Bb BM �++Q`/�M+2 rBi? i?2 K2bb�;2X h?2
`2K�BMBM; irQ `2bTQMb2b i?�i ?�p2 ?B;?2` b+Q`2b T`Qp2 iQ #2 BKT`QT2` `2bTQMb2bX

8X ?iiTb,ff;Bi?m#X+QKfB�/pBx2f/�i�@/2HBp2`v@+?�i#Qi@b2`pB+2



9XjX _1*l__1Lh L1l_�G L1hqP_E Ryd

Zm2biBQM _2bTQMb2b Ub+Q`2V

ǳ[m2H KQ/2 /2 HBp`�BbQM KǶ�bbm`2 /2 HǶ�pQB` `�TB/2K2MiǴ
R- ǳBH 7�mi +?QBbB` H2 KQ/2 HBp`�BbQM +?`QMQTQbi TQm` H2 `2+2pQB` b�K2/BXǴ UR8X8V
k- ǳ+2 T`Q/mBi MǶ2bi T�b HBp`�#H2 2M TQBMi `2H�BbXǴ URdXRV
j- ǳH2 /2H�Bb /2 HBp`�BbQM +Ƕ2bi /Ƕ�miQm` /2 Ry DQm`b TQm` /2b �`iB+H2b 2M biQ+FXǴ URdXkV

ǳ#QMM2 DQm`Mû25Ǵ
R- ǳ¨ pQmb û;�H2K2Mi ¨ #B2MiƬiXǴ URRXNV
k- ǳ#QMM2 DQm`Mû2XǴ URjXeV
j- ǳ�m`B2x pQmb H� `û7û`2M+2 /2 +2ii2 i�#H2\Ǵ UkRXjV

ǳ#QMDQm`- D2 MǶ�``Bp2 T�b ¨ +`û2` mM +QKTi2XǴ
R- ǳ#QMDQm`- [m2HH2 2bi HǶ2i�T2 [mB pQmb TQb2 T`Q#HĕK2\Ǵ UR3XeV
k- ǳBH 7�mi +?QBbB` H2 KQ/2 HBp`�BbQM +?`QMQTQbi TQm` H2 `2+2pQB` b�K2/BXǴ UkRXRV
j- ǳ¨ pQmb û;�H2K2Mi ¨ #B2MiƬiXǴ UkkXRV

ǳD2 bQm?�Bi2 +QKK�M/2` mM2 i�#H2XǴ
R- ǳ�m`B2x pQmb H� `û7û`2M+2 /2 +2ii2 i�#H2\Ǵ UR9XkV
k- ǳ+2 T`Q/mBi MǶ2bi T�b HBp`�#H2 2M TQBMi `2H�BbXǴ UR8XdV
j- ǳH2 /2H�Bb /2 HBp`�BbQM +Ƕ2bi /Ƕ�miQm` /2 Ry DQm`b TQm` /2b �`iB+H2b 2M biQ+FXǴ UR8XdV

h�#H2 9Xk Ĝ h2bi Q7 +?�#Qi QM /2HBp2`v b+2M�`BQ

_2bTQMb2b
R- ǳ#QMDQm` [m2Hb ivT2b /Ƕ�`iB+H2b bQm?�Bi2x pQmb +QKK�M/2`\Ǵ UKQ/2 HBp`�B@
bQMV
k- ǳBH 7�mi +?QBbB` H2 KQ/2 HBp`�BbQM +?`QMQTQbi TQm` H2 `2+2pQB` b�K2/BXǴ UKQ/2
HBp`�BbQMV
j- ǳiQmi /ûT2M/ bB H2 Qm H2b KQ/ĕH2UbV [m2 pQmb +?QBbBbb2x bQMi 2M biQ+F 2i
HBp`�#H2 bQmb k DQm`bXǴ U/ûH�Bb HBp`�BbQMV
9- ǳH2 /2H�Bb /2 HBp`�BbQM +Ƕ2bi /Ƕ�miQm` /2 Ry DQm`b TQm` /2b �`iB+H2b 2M biQ+FXǴ
U/ûH�Bb HBp`�BbQMV
8- ǳmM K2bb�;2 /Ƕ2``2m` bǶ�{+?2 i@BH\Ǵ U+`û2` mM +QKTi2V
e- ǳ#QMDQm`- [m2HH2 2bi HǶ2i�T2 [mB pQmb TQb2 T`Q#HĕK2 \Ǵ U+`û2` mM +QKTi2V
d- ǳ�m`B2x pQmb H� `û7û`2M+2 /2 +2ii2 i�#H2XǴ U+QKK�M/2` mM2 i�#H2V
3- ǳ+2ii2 i�#H2 2bi 2M biQ+F bm` MQi`2 bBi2X bB pQmb H� +QKK�M/2x pB� H2 r2#- H�
HBp`�BbQM b2 72`� ¨ pQi`2 /QKB+BH2XǴ U+QKK�M/2` mM2 i�#H2V
N- ǳD2 bmBb /ûbQHû2 K�Bb pQi`2 +QKK�M/2 MǶ2Mi`2 T�b /�Mb H2 +�/`2 /2 H� HBp`�BbQM
2M TQBMi `2H�BbXǴ UTQBMi `2H�BbV Ry- ǳ+2 T`Q/mBi MǶ2bi T�b HBp`�#H2 2M TQBMi `2H�BbXǴ
UTQBMi `2H�BMbV
RR-ǳ#QMM2 DQm`Mû2XǴ U�m `2pQB`V
Rk- ǳ¨ pQmb û;�H2K2Mi ¨ #B2MiƬiXǴ U�m `2pQB`V

h�#H2 9Xj Ĝ � T`2}t2/ b2i Q7 `2bTQMb2b





GBbi Q7 h�#H2b

kXR J2�M �M/ bi�M/�`/ /2pB�iBQM Q7 +Q``2+i 2biBK�iBQMb Q7 i?2 i`m2 MmK#2` Q7
+Hmbi2`bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

kXk J2�M U�M/ bi�M/�`/ /2pB�iBQMV Q7 iQi�H `mMMBM; iBK2 UBM b2+QM/bVX X X X X X 9e

jXR _2;`2i U+mKmH�iBp2 HQbbV QM bvMi?2iB+ /�i� U�p2`�;2 Qp2` Ry i`B�Hb- rBi?
bi�M/�`/ /2pB�iBQM BM #`�+F2ibVX LQi2, T`BM+m`p2 Bb /2i2`KBMBbiB+X X X X X X dN

9XR S`2/B+iBQM �++m`�+v Q7 b2MiBK2Mi �M�HvbBb 7Q` 6`2M+? ir22ibX X X X X X X X X X N8
9Xk h2bi Q7 +?�#Qi QM /2HBp2`v b+2M�`BQ X X X X X X X X X X X X X X X X X X X X X X X X Ryd
9Xj � T`2}t2/ b2i Q7 `2bTQMb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryd

RyN
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SX �H[mB2` �M/ :X "B�mX aT�`b2 bBM;H2@BM/2t KQ/2HX CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?-
R9,k9jĜk3y- kyRjX

SX �H[mB2` �M/ "X :m2/DX �M P`�+H2 AM2[m�HBiv 7Q` Zm�bB@"�v2bB�M LQM@L2;�iBp2 J�i`Bt
6�+iQ`Bx�iBQMX J�i?2K�iB+�H J2i?Q/b Q7 ai�iBbiB+b- keURV,88Ĝed- kyRdX

SX �H[mB2` �M/ EX GQmMB+BX S�*@"�v2bB�M i?2Q`2Kb 7Q` bT�`b2 `2;`2bbBQM 2biBK�iBQM rBi?
2tTQM2MiB�H r2B;?ibX 1H2+i`QMB+ CQm`M�H Q7 ai�iBbiB+b- 8,RkdĜR98- kyRRX

SX �H[mB2`X h`�Mb/m+iBp2 �M/ AM/m+iBp2 �/�TiBp2 AM72`2M+2 7Q` _2;`2bbBQM �M/ .2MbBiv
1biBK�iBQMX S?. i?2bBb- lMBp2`bBiû S�`Bb e- kyyeX

CX@uX �m/B#2`iX �;;`2;�i2/ 2biBK�iQ`b �M/ 2KTB`B+�H +QKTH2tBiv 7Q` H2�bi b[m�`2/ `2;`2b@
bBQMX �MM�H2b /2 HǵBMbiBimi >2M`B SQBM+�`û , S`Q#�#BHBiûb 2i ai�iBbiB[m2b- 9y,e38Ĝdje-
kyy9X

CX@uX �m/B#2`iX lM2 �TT`Q+?2 S�*@#�vûbB2MM2 /2 H� i?ûQ`B2 bi�iBbiB[m2 /2 HǶ�TT`2MiBbb�;2X
S?. i?2bBb- lMBp2`bBiû S�`Bb e- kyy9X

CX@uX �m/B#2`iX 6�bi H2�`MBM; `�i2b BM bi�iBbiB+�H BM72`2M+2 i?`Qm;? �;;`2;�iBQMX h?2
�MM�Hb Q7 ai�iBbiB+b- jdU9V,R8NRĜRe9e- kyyNX

SX �m2`- LX *2b� "B�M+?B- uX 6`2mM/- �M/ _X 1X a+?�TB`2X h?2 MQMbiQ+?�biB+ KmHiB�`K2/
#�M/Bi T`Q#H2KX aA�J CQm`M�H Q7 *QKTmiBM;- jkURV,93Ĝdd- kyyjX

EX aX �xQm`v �M/ JX EX q�`Kmi?X _2H�iBp2 HQbb #QmM/b 7Q` QM@HBM2 /2MbBiv 2biBK�iBQM
rBi? i?2 2tTQM2MiB�H 7�KBHv Q7 /Bbi`B#miBQMbX J�+?BM2 G2�`MBM;- 9jUjV,kRRĜk9e- kyyRX

.X "�?/�M�m- EX>X *?Q- �M/ uX "2M;BQX L2m`�H K�+?BM2 i`�MbH�iBQM #v DQBMiHv H2�`MBM;
iQ �HB;M �M/ i`�MbH�i2X A*G_ kyR8- T�;2b jRy9ĜjRRk- *�K#`B/;2- J�- la�- kyR8X

CX .X "�M}2H/ �M/ �X 1X _�7i2`vX A+2 ~Q2 B/2MiB}+�iBQM BM b�i2HHBi2 BK�;2b mbBM; K�i?@
2K�iB+�H KQ`T?QHQ;v �M/ +Hmbi2`BM; �#Qmi T`BM+BT�H +m`p2bX CQm`M�H Q7 i?2 �K2`B+�M
ai�iBbiB+�H �bbQ+B�iBQM- 3dU9RdV,dĜRe- RNNkX

qX "�`#�F? �M/ *X 6v72X PMHBM2 +Hmbi2`BM; �H;Q`Bi?KbX AMi2`M�iBQM�H CQm`M�H Q7 L2m`�H
avbi2Kb- R3UjV,R38ĜRN9- kyy3X

�X "�``QM- GX "B`;û- �M/ SX J�bb�`iX _BbF #QmM/b 7Q` KQ/2H b2H2+iBQM pB� T2M�HBx�iBQMX
S`Q#�#BHBiv h?2Q`v �M/ _2H�i2/ 6B2H/b- RRj,jyRĜ9Rj- RNNNX

SX GX "�`iH2ii- hX GBM/2`- �M/ :X Gm;QbBX h?2 KBMBK�t /BbiQ`iBQM `2/mM/�M+v BM 2KTB`B+�H
[m�MiBx2` /2bB;MX A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- 99U8V,R3ykĜR3Rj- RNN3X

RRR
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CX@SX "�m/`v- *X J�m;Bb- �M/ "X JB+?2HX aHQT2 ?2m`BbiB+b, Qp2`pB2r �M/ BKTH2K2Mi�iBQMX
ai�iBbiB+b �M/ *QKTmiBM;- kkUkV,988Ĝ9dy- kyRkX

uX "2M;BQ- _X .m+?�`K2- SX oBM+2Mi- �M/ *X C�mpBMX � M2m`�H T`Q#�#BHBbiB+ H�M;m�;2
KQ/2HX CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- j,RRjdĜRR88- kyyjX

:X "B�m �M/ �X 6Bb+?2`X S�`�K2i2` b2H2+iBQM 7Q` T`BM+BT�H +m`p2bX A111 h`�Mb�+iBQMb QM
AM7Q`K�iBQM h?2Q`v- 83UjV,RNk9ĜRNjN- kyRkX

GX "B`;û �M/ SX J�bb�`iX JBMBK�H T2M�HiB2b 7Q` ;�mbbB�M KQ/2H b2H2+iBQMX S`Q#�#BHBiv
h?2Q`v �M/ _2H�i2/ 6B2H/b- R3j,jjĜdj- kyydX

�X "HmK �M/ uX J�MbQm`X 6`QK 2ti2`M�H iQ BMi2`M�H `2;`2iX CQm`M�H Q7 J�+?BM2 G2�`MBM;
_2b2�`+?- 3,RjydĜRjk9- kyydX

GX "QiiQmX PMHBM2 �H;Q`Bi?Kb �M/ aiQ+?�biB+ �TT`QtBK�iBQMbX *�K#`B/;2 lMBp2`bBiv
S`2bb- *�K#`B/;2- lE- RNN3X

*X "`mMb/QMX S�i? 2biBK�iBQM 7`QK :Sa i`�+FbX AM S`Q+22/BM;b Q7 i?2 Ni? AMi2`M�iBQM�H
*QM72`2M+2 QM :2Q*QKTmi�iBQM- L�iBQM�H *2Mi`2 7Q` :2Q+QKTmi�iBQM- L�iBQM�H lMB@
p2`bBiv Q7 A`2H�M/- J�vMQQi?- 1B`2- kyydX

_X "X *�HBMbFB �M/ CX >�`�#�bxX � /2M/`Bi2 K2i?Q/ 7Q` +Hmbi2` �M�HvbBbX *QKKmMB+�iBQMb
BM ai�iBbiB+b- j,RĜkd- RNd9X

PX *�TTû- 1X JQmHBM2b- �M/ hX _v/ûMX AM72`2M+2 BM >B//2M J�`FQp JQ/2HbX aT`BM;2`-
kyy8X

"X SX *�`HBM �M/ aX *?B#X "�v2bB�M KQ/2H +?QB+2 pB� K�`FQp +?�BM KQMi2 +�`HQ K2i?Q/bX
CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2iv- a2`B2b "U8dV,9djĜ93j- RNN8X

PX *�iQMBX ai�iBbiB+�H G2�`MBM; h?2Q`v �M/ aiQ+?�biB+ PTiBKBx�iBQMX ú+QH2 /Ƕúiû /2
S`Q#�#BHBiûb /2 a�BMi@6HQm` kyyRX aT`BM;2`- kyy9X

PX *�iQMBX S�*@"�v2bB�M amT2`pBb2/ *H�bbB}+�iBQM, h?2 h?2`KQ/vM�KB+b Q7 ai�iBbiB+�H
G2�`MBM;- pQHmK2 8e Q7 G2+im`2 MQi2b Ĝ JQMQ;`�T? a2`B2bX AMbiBimi2 Q7 J�i?2K�iB+�H
ai�iBbiB+b- kyydX

LX *2b�@"B�M+?B �M/ :X Gm;QbBX S`2/B+iBQM- G2�`MBM; �M/ :�K2bX *�K#`B/;2 lMBp2`bBiv
S`2bb- L2r uQ`F- kyyeX

LX *2b�@"B�M+?B- SX JX GQM;- �M/ JX EX q�`Kmi?X qQ`bi@+�b2 [m�/`�iB+ HQbb #QmM/b 7Q`
T`2/B+iBQM mbBM; HBM2�` 7mM+iBQMb �M/ ;`�/B2Mi /2b+2MiX A111 h`�Mb�+iBQMb QM L2m`�H
L2irQ`Fb- dUjV,ey9ĜeRN- RNNeX

LX *2b�@"B�M+?B- .X >2HK#QH/- uX 6`2mM/- uX >�mbbH2`- �M/ JX EX q�`Kmi?X >Qr iQ mb2
2tT2`i �/pB+2X CQm`M�H Q7 i?2 �*J- 99UjV,9kdĜ938- RNNdX

LX *2b�@"B�M+?B- :X Gm;QbB- �M/ :X aiQHixX JBMBKBxBM; `2;`2i rBi? H�#2H@2{+B2Mi T`2/B+@
iBQMX 111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- 8R,kR8kĜkRek- kyy8X

LX *2b�@"B�M+?B- uX J�MbQm`- �M/ :X aiQHixX AKT`Qp2/ b2+QM/@Q`/2` #QmM/b 7Q` T`2/B+iBQM
rBi? 2tT2`i �/pB+2X J�+?BM2 G2�`MBM;- eeUkV,jkRĜj8k- kyydX
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LX *2b�@"B�M+?BX �M�HvbBb Q7 irQ ;`�/B2Mi@#�b2/ �H;Q`Bi?Kb 7Q` QM@HBM2 `2;`2bbBQMX CQm`M�H
Q7 *QKTmi2` �M/ avbi2K a+B2M+2b- 8NUjV,jNkĜ9RR- RNNNX

LX oX *?�rH�- EX qX "Qrv2`- GX PX >�HH- �M/ qX SX E2;2HK2v2`X aKQi2, avMi?2iB+
KBMQ`Biv Qp2`@b�KTHBM; i2+?MB[m2X CQm`M�H Q7 �`iB}+B�H AMi2HHB;2M+2 _2b2�`+?- Re,jkRĜ
j8d- kyykX

�X *?Q`QK�MbF� �M/ *X JQMi2H2QMBX PMHBM2 +Hmbi2`BM; rBi? 2tT2`ibX AM S`Q+22/BM;b Q7
i?2 R8i? AMi2`M�iBQM�H *QM72`2M+2 QM �`iB}+B�H AMi2HHB;2M+2 �M/ ai�iBbiB+b U�Aah�haV-
T�;2b kkdĜkj8- kyRkX

6X *?mM; �M/ GX GmX *QM+2Mi`�iBQM BM2[m�HBiB2b �M/ K�`iBM;�H2 BM2[m�HBiB2b, � bm`p2vX
AMi2`M2i J�i?2K�iB+b- j,dNĜRkd- kyyeX

CX uX *?mM;- *X :mH+2?`2- EX *?Q- �M/ uX "2M;BQX 1KTB`B+�H 2p�Hm�iBQM Q7 ;�i2/ `2+m``2Mi
M2m`�H M2irQ`Fb QM b2[m2M+2 KQ/2HBM;X ?iiTb,ff�`tBpXQ`;f�#bfR9RkXj888- kyR9X

AX *bBbx�`X A@/Bp2`;2M+2 ;2QK2i`v Q7 T`Q#�#BHBiv /Bbi`B#miBQMb �M/ KBMBKBx�iBQM T`Q#H2KbX
�MM�Hb Q7 S`Q#�#BHBiv- j,R9eĜR83- RNd8X

�X aX .�H�Hv�M �M/ �X "X hbv#�FQpX �;;`2;�iBQM #v 2tTQM2MiB�H r2B;?iBM; �M/ b?�`T
Q`�+H2 BM2[m�HBiB2bX AM G2�`MBM; i?2Q`v U*PGhkyydV- G2+im`2 LQi2b BM *QKTmiX a+BX-
oQHX 98jN- T�;2b NdĜRRR- kyydX

�X aX .�H�Hv�M �M/ �X "X hbv#�FQpX �;;`2;�iBQM #v 2tTQM2MiB�H r2B;?iBM;- b?�`T S�*@
"�v2bB�M #QmM/b �M/ bT�`bBivX J�+?BM2 G2�`MBM;- dk,jNĜeR- kyy3X

�X aX .�H�Hv�M �M/ �X "X hbv#�FQpX JB``Q` �p2`�;BM; rBi? bT�`bBiv T`BQ`bX "2`MQmHHB-
R3UjV,NR9ĜN99- kyRkX

�X aX .�H�Hv�M �M/ �X "X hbv#�FQpX aT�`b2 `2;`2bbBQM H2�`MBM; #v �;;`2;�iBQM �M/
G�M;2pBM JQMi2@*�`HQX CQm`M�H Q7 *QKTmi2` �M/ avbi2K a+B2M+2b- d3U8V,R9kjĜR99j-
kyRkX

PX .2F2H �M/ uX aBM;2`X .�i�@/`Bp2M QMHBM2 iQ #�i+? +QMp2`bBQMbX AM uX q2Bbb-
"X a+?ƺHFQT7- �M/ CX *X SH�ii- 2/BiQ`b- �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2Kb R3- T�;2b kedĜkd9X JAh S`2bb- kyyeX

SX .2HH�TQ`i�b- CX CX 6Q`bi2`- �M/ AX LixQm7`�bX PM "�v2bB�M KQ/2H �M/ p�`B�#H2 b2H2+iBQM
mbBM; J*J*X ai�iBbiB+b �M/ *QKTmiBM;- RkURV,kdĜje- kyykX

*X .?�MD�H- _X :�m/2H- �M/ aX *HûK2MÏQMX AM+`2K2Mi�H aT2+i`�H *Hmbi2`BM; rBi? i?2
LQ`K�HBb2/ G�TH�+B�MX AM .Aa*JG @ j`/ LASa qQ`Fb?QT QM .Bb+`2i2 PTiBKBx�iBQM BM
J�+?BM2 G2�`MBM;- kyRRX

1X _X 1M;/�?H �M/ �X oBHH�b2ƢQ`X 9R ;HQ#�H b2BbKB+Biv, RNyyĜRNNNX AMi2`M�iBQM�H :2Q@
T?vbB+b- 3R,ee8ĜeNy- kyykX

CX _X 6B`i?X � bvMQTbBb Q7 HBM;mBbiB+ i?2Q`v RNjyĜ88X RN8kĜ8N,RĜjk- RN8dX

�X 6Bb+?2`X PM i?2 MmK#2` Q7 ;`QmTb BM +Hmbi2`BM;X ai�iBbiB+b �M/ S`Q#�#BHBiv G2ii2`b-
3R,RddRĜRd3R- kyRRX

�X 6Bb+?2`X a2H2+iBM; i?2 H2M;i? Q7 � T`BM+BT�H +m`p2 rBi?BM � ;�mbbB�M KQ/2HX 1H2+i`QMB+
CQm`M�H Q7 ai�iBbiB+b- d,j9kĜjej- kyRjX

https://arxiv.org/abs/1412.3555
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uX 6`2mM/- _X 1X a+?�TB`2- uX aBM;2`- �M/ JX EX q�`Kmi?X lbBM; �M/ +QK#BMBM; T`2/B+iQ`b
i?�i bT2+B�HBx2X AM S`Q+22/BM;b Q7 i?2 hr2Miv@LBMi? �MMm�H �*J avKTQbBmK QM i?2
h?2Q`v Q7 *QKTmiBM;- 1H S�bQ- h2t�b- la�- J�v 9@e- RNNd- T�;2b jj9Ĝj9j- RNNdX

>X 6`B2/b�K �M/ qX �X P`2MX h?2 �TTHB+�iBQM Q7 i?2 T`BM+BT�H +m`p2 �M�HvbBb i2+?MB[m2
iQ bKQQi? #2�KHBM2bX AM S`Q+22/BM;b Q7 i?2 Rbi AMi2`M�iBQM�H qQ`Fb?QT QM �++2H2`�iQ`
�HB;MK2Mi- RN3NX

�X :2HK�M �M/ .X "X _m#BMX AM72`2M+2 7`QK Bi2`�iBp2 bBKmH�iBQM mbBM; KmHiBTH2 b2[m2M+2bX
ai�iBbiB+�H a+B2M+2- dU9V,98d Ĝ 8RR- RNNkX

aX :2`+?BMQpBixX S`û/B+iBQM /2 bmBi2b BM/BpB/m2HH2b 2i +�/`2 bi�iBbiB[m2 +H�bbB[m2 , ûim/2
/2 [m2H[m2b HB2Mb �miQm` /2 H� `û;`2bbBQM T�`+BKQMB2mb2 2i /2b i2+?MB[m2b /Ƕ�;`û;�iBQMX
S?. i?2bBb- lMBp2`bBiû S�`Bb@am/- kyRRX

6X �X :2`b- CX a+?KB/?m#2`- �M/ 6X *mKKBMbX G2�`MBM; iQ 7Q`;2i, *QMiBMm�H T`2/B+iBQM
rBi? HbiKX L2m`�H *QKTmi�iBQM- RkURyV,k98Rě k9dR- kyyyX

uX :QH/#2`; �M/ PX G2pvX rQ`/kp2+ 2tTH�BM2/, /2`BpBM; KBFQHQp 2i �HXǶb M2;�iBp2@b�KTHBM;
rQ`/@2K#2//BM; K2i?Q/X kyR9X ?iiT,ff�`tBpXQ`;f�#bfR9ykXjdkkX

AX :QQ/72HHQr- uX "2M;BQ- �M/ �X *Qm`pBHH2X .22T G2�`MBM;X JAh S`2bb- kyReX ?iiT,
ffrrrX/22TH2�`MBM;#QQFXQ`;X

�X .X :Q`/QMX *H�bbB}+�iBQM- pQHmK2 3k Q7 JQMQ;`�T?b QM ai�iBbiB+b �M/ �TTHB2/ S`Q#�@
#BHBivX *?�TK�M >�HHf*_*- "Q+� _�iQM- RNNNX

SX CX :`22MX _2p2`bB#H2 CmKT J�`FQp *?�BM JQMi2 *�`HQ +QKTmi�iBQM �M/ "�v2bB�M
KQ/2H /2i2`KBM�iBQMX "BQK2i`BF�- 3kU9V,dRRĜdjk- RNN8X

"X :m2/D �M/ SX �H[mB2`X S�*@"�v2bB�M 2biBK�iBQM �M/ T`2/B+iBQM BM bT�`b2 �//BiBp2
KQ/2HbX 1H2+i`QMB+ CQm`M�H Q7 ai�iBbiB+b- d,ke9ĜkNR- kyRjX

"X :m2/D �M/ GX GBX a2[m2MiB�H G2�`MBM; Q7 S`BM+BT�H *m`p2bX T`2T`BMi- kyR3X

"X :m2/D �M/ aX _Q##B�MQX S�+@#�v2bB�M ?B;? /BK2MbBQM�H #BT�`iBi2 `�MFBM;X CQm`M�H Q7
ai�iBbiB+�H SH�MMBM; �M/ AM72`2M+2- RNe,dy Ĝ 3e- kyR3X

aX :m?�- �X J2v2`bQM- LX JBb?`�- _X JQir�MB- �M/ GX PǶ*�HH�;?�MX *Hmbi2`BM; /�i�
bi`2�Kb, i?2Q`v �M/ T`�+iB+2X A111 h`�Mb�+iBQMb QM EMQrH2/;2 �M/ .�i� 1M;BM22`BM;-
R8UjV,8RRĜ8k3- kyyjX

GX :vƺ`} �M/ :X Piim+b�FX a2[m2MiB�H T`2/B+iBQM Q7 mM#QmM/2/ bi�iBQM�`v iBK2 b2`B2bX
A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- 8jU8V,R3eeĜR3dk- kyydX

�X :vƺ`;v- hX GBM/2`- :X Gm;QbB- �M/ :X Piim+b�FX h?2 QM@HBM2 b?Q`i2bi T�i? T`Q#H2K
mM/2` T�`iB�H KQMBiQ`BM;X CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- 3,kjeNĜk9yj- kyydX

wX aX >�``BbX .Bbi`B#miBQM�H ai`m+im`2- pQHmK2 RyX qP_.- RN89X

CX �X >�`iB;�MX *Hmbi2`BM; �H;Q`Bi?KbX qBH2v a2`B2b BM S`Q#�#BHBiv �M/ J�i?2K�iB+�H
ai�iBbiB+bX CQ?M qBH2v �M/ aQMb- L2r uQ`F- RNd8X

hX >�biB2 �M/ qX aim2ixH2X S`BM+BT�H +m`p2bX CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B@
�iBQM- 39,8ykĜ8Re- RN3NX

http://arxiv.org/abs/1402.3722
http://www.deeplearningbook.org
http://www.deeplearningbook.org
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qX EX >�biBM;X JQMi2 +�`HQ b�KTHBM; K2i?Q/b mbBM; K�`FQp +?�BMb �M/ i?2B` �TTHB+�iBQMbX
"BQK2i`BF�- 8dURV,Nd Ĝ RyN- RNdyX

.X SX >2HK#QH/ �M/ JX EX q�`Kmi?X PM r2�F H2�`MBM;X CQm`M�H Q7 *QKTmi2` �M/ avbi2K
a+B2M+2b- 8y,88RĜ8dj- RNN8X

aX >Q+?`2Bi2` �M/ CX a+?KB/?m#2`X GQM; b?Q`i@i2`K K2KQ`vX L2m`�H *QKTmi�iBQM-
NU3V,Rdj8 ě Rd3y- RNNdX

aX >Q+?`2Bi2`X lMi2`bm+?mM;2M xm /vM�KBb+?2M M2m`QM�H2M L2ix2MX S?. i?2bBb- h2+?MBb@
+?2 lMBpX JmMB+?- RNNRX

aX >Q+?`2Bi2`X h?2 p�MBb?BM; ;`�/B2Mi T`Q#H2K /m`BM; H2�`MBM; `2+m``2Mi M2m`�H M2ib �M/
T`Q#H2K bQHmiBQMbX AMi2`M�iBQM�H CQm`M�H Q7 lM+2`i�BMiv- 6mxxBM2bb �M/ EMQrH2/;2@
"�b2/ avbi2Kb- eUkV,RydĜRRe- RNN3X

>X >Qi2HHBM;X �M�HvbBb Q7 � +QKTH2t Q7 bi�iBbiB+�H p�`B�#H2b BMiQ T`BM+BT�H +QKTQM2MibX
CQm`M�H Q7 2/m+�iBQM�H Tbv+?QHQ;v- k9UeV,9Rdě99R- RNjjX

JX >mii2` �M/ CX SQH�M/X �/�TiBp2 QMHBM2 T`2/B+iBQM #v 7QHHQrBM; i?2 T2`im`#2/ H2�/2`X
CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- e,ejNĜeey- kyy8X

�X E�H�B �M/ aX o2KT�H�X 1{+B2Mi �H;Q`Bi?Kb 7Q` mMBp2`b�H TQ`i7QHBQbX CQm`M�H Q7 J�+?BM2
G2�`MBM; _2b2�`+?- k,9kjĜ99y- kyykX

�X E�H�B �M/ aX o2KT�H�X 1{+B2Mi �H;Q`Bi?Kb 7Q` QMHBM2 /2+BbBQM T`Q#H2KbX CQm`M�H Q7
*QKTmi2` �M/ avbi2K a+B2M+2b- dRUjV,kNRĜjyd- kyy8X

oX E�M�/2- "X J+J�?�M- �M/ "X "`v�MX aH22TBM; 2tT2`ib �M/ #�M/Bib rBi? biQ+?�biB+
�+iBQM �p�BH�#BHB#iv �M/ �/p2`b�`B�H `2r�`/bX �Aah�ha- j,RRjdĜRR88- kyyNX

�X E�MM�M �M/ EX Em`�+?X aK�`i `2THv, �miQK�i2/ `2bTQMb2 bm;;2biBQM 7Q` 2K�BHX kyReX
?iiTb,ff�`tBpXQ`;f�#bfReyeXy93dyX

GX E�m7K�M �M/ SX _Qmbb22mrX 6BM/BM; :`QmTb BM .�i�, �M AMi`Q/m+iBQM iQ *Hmbi2`
�M�HvbBbX qBH2v a2`B2b BM S`Q#�#BHBiv �M/ J�i?2K�iB+�H ai�iBbiB+bX qBH2v@AMi2`b+B2M+2-
>Q#QF2M- RNNyX

"X Eû;H �M/ �X E`xvʊ�FX SB2+2rBb2 HBM2�` bF2H2iQMBx�iBQM mbBM; T`BM+BT�H +m`p2bX A111
h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2 AMi2HHB;2M+2- k9URV,8NĜd9- kyykX

"X Eû;H- �X E`xvʊ�F- hX GBM/2`- �M/ EX w2;2`X � TQHv;QM�H HBM2 �H;Q`Bi?K 7Q` +QMbi`m+i@
BM; T`BM+BT�H +m`p2bX AM S`Q+22/BM;b Q7 i?2 RRi? AMi2`M�iBQM�H *QM72`2M+2 QM L2m`�H
AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- T�;2b 8yRĜ8ydX JAh S`2bb- RNN3X

"X Eû;H- �X E`xvx�F- hX GBM/2`- �M/ EX w2;2`X S`BM+BT�H +m`p2b, G2�`MBM; �M/ +QMp2`;2M+2X
AM AM7Q`K�iBQM h?2Q`v- RNN3X S`Q+22/BM;bX RNN3 A111 AMi2`M�iBQM�H avKTQbBmK QM-
T�;2 j3dX A111- RNN3X

"X Eû;H- �X E`xvʊ�F- hX GBM/2`- �M/ EX w2;2`X G2�`MBM; �M/ /2bB;M Q7 T`BM+BT�H +m`p2bX
A111 i`�Mb�+iBQMb QM T�ii2`M �M�HvbBb �M/ K�+?BM2 BMi2HHB;2M+2- kkUjV,k3RĜkNd- kyyyX

"X Eû;HX S`BM+BT�H +m`p2b, H2�`MBM;- /2bB;M- �M/ �TTHB+�iBQMbX S?. i?2bBb- *QM+Q`/B�
lMBp2`bBiv JQMi`2�H- Zm2#2+- RNNNX

https://arxiv.org/abs/1606.04870
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CX EBpBM2M �M/ JX EX q�`Kmi?X 1tTQM2MiB�i2/ ;`�/B2Mi p2`bmb ;`�/B2Mi /2b+2Mi 7Q` HBM2�`
T`2/B+iQ`bX AM7Q`K�iBQM �M/ *QKTmi�iBQM- RjkURV,RĜej- RNNdX

CX EBpBM2M �M/ JX EX q�`Kmi?X �p2`�;BM; 2tT2`i T`2/B+iBQMbX AM *QKTmi�iBQM�H G2�`MBM;
h?2Q`v, 9i? 1m`QT2�M *QM72`2M+2 U1m`Q*PGh ǶNNV- T�;2b R8jĜRedX aT`BM;2`- RNNNX

EX *X EBrB2HX *QMp2`;2M+2 �M/ 2{+B2M+v Q7 bm#;`�/B2Mi K2i?Q/b 7Q` [m�bB+QMp2t KBMB@
KBx�iBQM- pQHmK2 NyX aT`BM;2`- "2`HBM- >2B/2H#2`;- kyyRX

_X .X EH2BM#2`;- �X LB+mH2b+m@JBxBH- �M/ uX a?�`K�X _2;`2i "QmM/b 7Q` aH22TBM; 1tT2`ib
�M/ "�M/BibX AM *PGhX aT`BM;2`- kyy3X

�X LX EQHKQ;Q`Qp �M/ oX JX hBF?QKB`QpX ϵ@2Mi`QTv �M/ ϵ@+�T�+Biv Q7 b2ib BM 7mM+iBQM
bT�+2bX �K2`B+�M J�i?2K�iB+�H aQ+B2iv h`�MbH�iBQMb- Rd,kddĜje9- RNeRX

aX EQix �M/ aX L�/�`�D�?X JmHiBp�`B�i2 h@.Bbi`B#miBQMb �M/ h?2B` �TTHB+�iBQMbX *�K@
#`B/;2 lMBp2`bBiv S`2bb- kyy9X

qX CX E`x�MQrbFB �M/ uX hX G�BX � +`Bi2`BQM 7Q` /2i2`KBM�iBQM i?2 MmK#2` Q7 +Hmbi2`b BM
� /�i� b2iX "BQK2i`B+b- 99,kjĜj9- RN33X

oX G�T�``� �M/ CX J�HQX a2[m2MiB�H T`BM+BT�H +m`p2b �M�HvbBbX ?iiTb,ff�`tBpXQ`;f�#bf
ReyeXyy38e- kyReX

ZX oX G2 �M/ hX JBFQHQpX .Bbi`B#mi2/ `2T`2b2Mi�iBQMb Q7 b2Mi2M+2b �M/ /Q+mK2MibX ?iiT,
ff�`tBpXQ`;f�#bfR9y8X9y8j- kyR9X
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Résumé : Cette thèse travaille principalement 
sur trois sujets. Le premier concentre sur le 
clustering en ligne dans lequel nous présentons 
un nouvel algorithme stochastique adaptatif 
pour regrouper des ensembles de données en 
ligne. Cet algorithme repose sur l'approche 
quasi-bayésienne, avec une estimation 
dynamique (i.e., dépendant du temps) du 
nombre de clusters. Nous prouvons que cet 
algorithme atteint une borne de regret de l'ordre 

 et que cette borne est asymptotiquement 
minimax sous la contrainte sur le nombre de 
clusters. Nous proposons aussi une 
implémentation par RJMCMC. Le deuxième 
sujet est lié à l'apprentissage séquentiel des 
courbes principales qui cherche à résumer une 
séquence des données par une courbe continue.  
 

Pour ce faire, nous présentons une procédure 
basée sur une approche maximum a posteriori 
pour le quasi-posteriori de Gibbs. Nous 
montrons que la borne de regret de cet 
algorithme et celui de sa version adaptative est 
sous-linéaire en l'horizon temporel T. En outre, 
nous proposons une implémentation par un 
algorithme glouton local qui intègre des 
éléments de sleeping experts et de bandit à 
plusieurs bras. Le troisième concerne les 
travaux qui visent à accomplir des tâches 
pratiques au sein d'iAdvize, l'entreprise qui 
soutient cette thèse. Il inclut l'analyse des 
sentiments pour les messages textuels et 
l'implémentation de chatbot dans lesquels la 
première est réalisé par les méthodes classiques 
dans la fouille de textes et les statistiques et la 
seconde repose sur le traitement du langage 
naturel et les réseaux de neurones artificiels. 
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Abstract : This thesis works mainly on three 
subjects. The first one is online clustering in 
which we introduce a new and adaptive 
stochastic algorithm to cluster online dataset. It 
relies on a quasi-Bayesian approach, with a 
dynamic (i.e., time-dependent) estimation of the 
(unknown and changing) number of clusters. We 
prove that this algorithm has a regret bound of 
the order of  and is asymptotically 
minimax under the constraint on the number of 
clusters. A RJMCMC-flavored implementation 
is also proposed. The second subject is related to 
the sequential learning of principal curves which 
seeks to represent a sequence of data by a 
continuous polygonal curve. 

To this aim, we introduce a procedure based on 
the MAP of Gibbs-posterior that can give 
polygonal lines whose number of segments can 
be chosen automatically. We also show that our 
procedure is supported by regret bounds with 
sublinear remainder terms. In addition, a greedy 
local search implementation that incorporates 
both sleeping experts and multi-armed bandit 
ingredients is presented. The third one concerns 
about the work which aims to fulfilling 
practical tasks within iAdvize, the company 
which supports this thesis. It includes sentiment 
analysis for textual messages by using methods 
in both text mining and statistics, and 
implementation of chatbot based on nature 
language processing and neural networks. 
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