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�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i �r�?�B�+�? �B�b �7�Q�+�m�b�2�/ �Q�M �i�?�2 �m�M�b�m�T�2�`�p�B�b�2�/ �+���b�2�X

�R�X�R�X�R �S�`�2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i ���/�p�B�+�2

�A�M �i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �T�`�2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i ���/�p�B�+�2�- �i�?�2 �b�2�[�m�2�M�+�2z1, z2, . . . ���`�2 �b�m�T�T�Q�b�2�/ �i�Q
�#�2 �7�`�Q�K ���M �Q�m�i�+�Q�K�2 �b�T���+�2Z ���M�/ �� �7�Q�`�2�+���b�i�2�` �K���F�2�b �b�2�[�m�2�M�i�B���H�H�v �?�B�b �T�`�2�/�B�+�i�B�Q�Möz1, öz2, . . .
�7�`�Q�K �� �/�2�+�B�b�B�Q�M �b�T���+�2D �i�?���i �B�b ���b�b�m�K�2�/ �i�Q �#�2 �� �+�Q�M�p�2�t �b�m�#�b�2�i �p�2�+�i�Q�` �b�T���+�2�X �h�?�B�b �/�2�+�B�b�B�Q�M
�b�T���+�2D �K���v �p���`�v �7�`�Q�KZ �X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �M�Q�i�B�Q�M �Q�7 �2�t�T�2�`�i�b �B�b �� �b�2�i{f i ,t # D : i # E}, t =
1,2, . . . �Q�7 �2�t�T�2�`�i�b�ö �T�`�2�/�B�+�i�B�Q�M�b�- �r�?�2�`�2f i ,t �B�b �i�?�2 �T�`�2�/�B�+�i�B�Q�M �Q�7 �2�t�T�2�`�ie ���i �i�B�K�2t ���M�/E �B�b
�� �b�2�i �Q�7 �2�t�T�2�`�i�b�X �h�?�2�b�2 �2�t�T�2�`�i�b �+�Q�m�H�/ �#�2 �b�Q�K�2 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�b �r�B�i�? �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7
�T���`���K�2�i�2�`�b�- �/�B�z�2�`�2�M�i �b�i���i�B�b�i�B�+���H �2�b�i�B�K���i�Q�`�b �i�`���B�M�2�/ �Q�M �� �/�B�z�2�`�2�M�i �b�2�i �Q�` �b�Q�K�2 �b�i�Q�+�?���b�i�B�+
�/�2�+�B�b�B�Q�M�b �;�B�p�2�M �#�v �b�2�p�2�`���H �#�H���+�F �#�Q�t�2�b�X ���i �2���+�? �i�B�K�2t = 1,2, . . . �- �#�2�7�Q�`�2 �i�?�2 �M�2�t�i �Q�m�i�+�Q�K�2
zt �- �i�?�2 �7�Q�`�2�+���b�i�2�` �v�B�2�H�/�b �T�`�2�/�B�+�i�B�Q�Mözt �Q�M �i�?�2 �#���b�B�b �Q�7 �2�t�T�2�`�i�b�ö �+�m�`�`�2�M�i ���M�/ �T���b�i �T�`�2�/�B�+�i�B�Q�M�b
{f i ,s # D : i # E, s $ t} ���i t �X �A�M �Q�i�?�2�` �r�Q�`�/�b�-özt �B�b �� �7�m�M�+�i�B�Q�M �Q�7{f i ,s # D : i # E, s $ t}�X
�S�`�2�/�B�+�i�B�Q�M �K���/�2 �#�v �i�?�2 �7�Q�`�2�+���b�i�2�` �U� �̀2�b�T�X�2�t�T�2�`�i�b�V �B�b ���b�b�2�b�b�2�/ �#�v! ( özt , zt ) �U� �̀2�b�T�X! (f i ,t , zt )�V
�r�?�2�`�2! �B�b �� �H�Q�b�b �7�m�M�+�i�B�Q�M! : D %Z "& R+ �X �q�2 �M�Q�r �H�B�b�i �b�Q�K�2 �2�t���K�T�H�2�b �Q�7! �r�B�i�? �/�B�z�2�`�2�M�i
D ���M�/Z �,

�� �b�[�m���`�2 �H�Q�b�b�,! (y, z) = (y " z)2 �r�?�2�`�2D = Z = [0,1]�X
�� �H�Q�;���`�B�i�?�K �H�Q�b�b�,! (y, z) = " {z=1} ln y " {z=0} ln(1 " y) �r�?�2�`�2D = [0,1],Z = {0,1}�X
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�� �H�B�M�2���` �H�Q�b�b�,! (y, z) =
! N

j=1 yj zj �r�?�2�`�2N # N' �-D = X N �B�b �i�?�2 �b�B�K�T�H�2�t{y # RN ,
! N

j=1 yj =

1, yj ( 0, j = 1, . . . , N } ���M�/Z = [0,1]N �X

�h�?�2 �7�Q�`�2�+���b�i�2�` ���B�K�b �i�Q �?���p�2 �� �+�m�K�m�H���i�B�p�2 �H�Q�b�b ���b �b�K���H�H ���b �T�Q�b�b�B�#�H�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �#�2�b�i
�2�t�T�2�`�i�X �A�M �Q�i�?�2�` �i�2�`�K�- �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �K�B�M�B�K�B�x�B�M�; �i�?�2 �/�B�z�2�`�2�M�+�2 �U�B�X�2�X�- �i�?�2 �`�2�;�`�2�i�V �Q�7 ��
�7�Q�`�2�+���b�i�2�`�ö�b �+�m�K�m�H���i�B�p�2 �H�Q�b�b ���M�/ �i�?���i �Q�7 �i�?�2 �#�2�b�i �2�t�T�2�`�i

T"

t=1
! ( özt , zt ) " min

i #E

#
T"

t=1
!

$
f i ,t , zt

%
&

.

�h�?�B�b �[�m���M�i�B�i�v �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�?�2 �`�2�;�`�2�i �Q�7 �i�?�2 �7�Q�`�2�+���b�i�2�` �Q�7 �M�Q�i �7�Q�H�H�Q�r�B�M�; �i�?�2 ���/�p�B�+�2
�Q�7 �i�?�2 �#�2�b�i �2�t�T�2�`�i�X �A�M �i�?�B�b �b�2�i�i�B�M�;�- �Q�M�2 �r���M�i�b �i�Q �}�M�/ �� �7�Q�`�2�+���b�i�2�` �r�B�i�? �`�2�;�`�2�i �b�m�#�H�B�M�2���` �B�M
T �U�b�B�M�+�2 �H�B�M�2���` �B�MT �B�b �i�`�B�p�B���H�,�2�X�;�X�-! �B�b �#�Q�m�M�/�2�/ �#�v �� �+�Q�M�b�i���M�i�V ���M�/ �i�?���i �i�?�B�b �b�m�#�H�B�M�2���`�B�i�v
�B�b �m�M�B�7�Q�`�K�H�v �Q�p�2�` ���M�v �b�2�[�m�2�M�+�2zt # Z , t = 1, . . . ,T ���M�/ ���M�vf i ,t # D , i # E, t = 1, . . . ,T �-�B�X�2�X�-��
�7�Q�`�2�+���b�i�2�` �b���i�B�b�7�v�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�;

sup
zt #Z

f i ,t #D ,i #E,t=1,...,T

#
T"

t=1
! ( özt , zt ) " min

i #E

#
T"

t=1
!

$
f i ,t , zt

%
&&

$ RT (E), �U�R�X�R�V

�r�?�2�`�2RT (E) �B�b �+���H�H�2�/ �`�2�;�`�2�i �#�Q�m�M�/ �b���i�B�b�7�v�B�M�;lim T &)
RT (E)

T = 0�X

�A�7E �B�b �}�M�B�i�2 �r�B�i�? �+���`�/�B�M���H�B�i�vN �- ���M�/ �H�Q�b�b! �B�b �#�Q�m�M�/�2�/ ���M�/ �+�Q�M�p�2�t �B�M �B�i�b �}�`�b�i ���`�;�m�K�2�M�i�- ��
�+�H���b�b�B�+���H ���M�/ �7�m�M�/���K�2�M�i���H �2�t���K�T�H�2 �Q�7 �7�Q�`�2�+���b�i�2�` �r�?�B�+�? �b���i�B�b�}�2�b �U�R�X�R�V �B�b �i�?�2�1�t�T�Q�M�2�M�i�B���H�H�v
�q�2�B�;�?�i�2�/ ���p�2� �̀��;�2 �7�Q� �̀2�+���b�i�2�`�U�1�q�� �7�Q�`�2�+���b�i�2�`�V �r�?�Q�b�2 �T�`�2�/�B�+�i�B�Q�M �B�b

özt =
N"

i =1
wi ,t f i ,t . �U�R�X�k�V

�1�q�� �7�Q�`�2�+���b�i�2�` �U�R�X�k�V �B�b �� �+�Q�M�p�2�t �+�Q�K�#�B�M���i�B�Q�M �Q�7 �2�t�T�2�`�i�b ���/�p�B�+�2�- �r�B�i�?wi ,1 = 1/N �7�Q�` ���H�H
i # E�- ���M�/ �r�B�i�?

wi ,t =
exp

$
" "

! t" 1
s=1 ! (f i ,s, zs)

%

! N
j=1 exp

$
" "

! t" 1
s=1 ! (f j ,s, zs)

%, �U�R�X�j�V

�7�Q�` ���H�Ht ( 2�- ���M�/" > 0 �B�b �F�M�Q�r�M ���b �i�?�2 �B�M�p�2�`�b�2 �i�2�K�T�2�`���i�m�`�2 �T���`���K�2�i�2�`�X �h�?�2 �[�m���M�i�B�i�vwi ,t

�B�b �i�?�2 �r�2�B�;�?�i ���b�b�Q�+�B���i�2�/ �r�B�i�? �2�t�T�2�`�ii # E�X �1�t�T�2�`�i�b �r�B�i�? �#�2�i�i�2�` �T�2�`�7�Q�`�K���M�+�2 �U�B�X�2�X�-�b�K���H�H�2�`
�+�m�K�m�H���i�B�p�2 �H�Q�b�b

! t" 1
s=1 ! (f i ,s, zs)�V �B�M �i�?�2 �T���b�it " 1 �`�Q�m�M�/�b �r�B�H�H �?���p�2 �?�B�;�?�2�` �r�2�B�;�?�i ���i �i�B�K�2t�X

�h�?�2�Q�`�2�K �R�X�R�U�h�?�2�Q�`�2�K �k�X�k �Q�7�*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�-�k�y�y�e�V�X�A�7! �B�b �#�Q�m�M�/�2�/ �B�M[0,1]
���M�/ �+�Q�M�p�2�t �B�M �B�i�b �}�`�b�i ��� �̀;�m�K�2�M�i�- �1�q�� �7�Q� �̀2�+���b�i�2�` �r�B�i�?" > 0 �b���i�B�b�}�2�b �m�M�B�7�Q�`�K�H�v �Q�p�2�` ���M�v
�b�2�[�m�2�M�+�2zt # Z ���M�/f i ,t # D �i�?���i

T"

t=1
! ( özt , zt ) $ min

i #E

T"

t=1
! (f i ,t , zt )+

ln N

"
+

" T

8
.

�h�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 �B�b �K�B�M�B�K�B�x�2�/ �U�r�B�i�? � �̀2�b�T�2�+�i �i�Q" �V ���i" =
!

8 ln N /T ���M�/ �v�B�2�H�/�b �� � �̀2�;� �̀2�i
�#�Q�m�M�/RT (E) =

!
(T /2) ln N �X

�h�?�2 �T�`�Q�Q�7 �B�b �;�B�p�2�M �B�M �*�?���T�i�2�` �k �Q�7�*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�U�k�y�y�e�V�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2
�Q�`�/�2�`

!
T �Q�7RT (E) �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�MT �B�b �Q�T�i�B�K���H �B�M �i�?�2 �b�2�M�b�2 �i�?���i �i�?�2�`�2

�/�Q�2�b �M�Q�i �2�t�B�b�i ���M�v �Q�i�?�2�` �7�Q�`�2�+���b�i�2�` �r�?�B�+�? �+���M ���+�?�B�2�p�2 �� �7���b�i�2�` �+�Q�M�p�2�`�;�2�M�+�2 �`���i�2 �B�MT �X �6�Q�`
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�b�B�K�B�H���` ���M�/ �K�Q�`�2 �/�2�i���B�H�2�/ �`�2�b�m�H�i�b�- �r�2 �`�2�7�2�` �i�?�2 �`�2���/�2�` �i�Q�G�B�i�i�H�2�b�i�Q�M�2 ���M�/ �q���`�K�m�i�?�U�R�N�N�9�V�-
�*�2�b���@�"�B���M�+�?�B�2�i ���H�X�U�R�N�N�d�V ���M�/�*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�U�k�y�y�e�V�X

�h�?�2 �+�Q�M�p�2�t�B�i�v ���b�b�m�K�T�i�B�Q�M �Q�7 �#�Q�i�? �/�2�+�B�b�B�Q�M �b�T���+�2D ���M�/ �H�Q�b�b �7�m�M�+�i�B�Q�M! �B�b �B�K�T�Q�`�i���M�i
�B�M�h�?�2�Q�`�2�K �R�X�R�i�Q ���+�?�B�2�p�2 �� �`�2�;�`�2�i �b�m�#�H�B�M�2���` �B�MT �b�B�M�+�2 �i�?�2 �7�Q�`�K�2�` �;�m���`���M�i�2�2�b �i�?���i �i�?�2
�H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�Mözt �#�2�H�Q�M�;�b �i�QD ���M�/ �i�?�2 �H���i�i�2�` �B�b �`�2�[�m�B�`�2�/ �B�M �i�?�2 �T�`�Q�Q�7�X �>�Q�r�2�p�2�`�-
�i�?�B�b ���b�b�m�K�T�i�B�Q�M �+���M�M�Q�i ���H�r���v�b �#�2 �b���i�B�b�}�2�/ �B�M �b�Q�K�2 �+���b�2�b�X �6�Q�` �2�t���K�T�H�2�- �B�M �i�?�2 �#�B�M���`�v
�+�H���b�b�B�}�+���i�B�Q�M �T�`�Q�#�H�2�K �r�?�2�`�2D = Z = {0,1} ���M�/! (y, z) = 1{y*=z}�- �B�7 �Q�M�2 �+�Q�M�b�B�/�2�`�b �Q�M�H�v �i�r�Q
�2�t�T�2�`�i�b �r�?�Q ���H�r���v�b �;�B�p�2 �+�Q�M�b�i���M�i �T�`�2�/�B�+�i�B�Q�Mf1,t + 0 ���M�/f 2,t + 1 �`�2�b�T�2�+�i�B�p�2�H�v �/�m�`�B�M�; ���H�H
�`�Q�m�M�/�b�- �i�?�2�M �M�Q �K���i�i�2�` �r�?���i �T�`�2�/�B�+�i�B�Q�M�b �;�B�p�2�M �#�v �i�?�2 �7�Q�`�2�+���b�i�2�`�- �i�?�2�`�2 ���H�r���v�b �2�t�B�b�i�b ��
�b�2�[�m�2�M�+�2zt �U�b���v1" özt �V�-t = 1,2, . . . ,T �b�m�+�? �i�?���i

! T
t=1 ! ( özt , zt ) = T �X �>�Q�r�2�p�2�`�- �b�B�M�+�2 �i�?�2 �#�2�b�i

�2�t�T�2�`�i �T�`�2�/�B�+�i�b �+�Q�`�`�2�+�i�H�v ���i �H�2���b�i �?���H�7 �Q�7 �i�?�2 �`�Q�m�M�/�b�- �i�?�2 �`�2�;�`�2�i �Q�7 �i�?�2 �7�Q�`�2�+���b�i�2�` �B�b ���i �H�2���b�i
T
2 �-�B�X�2�X�-

T"

t=1
! ( özt , zt ) " min

i =1,2

T"

t=1
! (f i ,t , zt ) (

T

2
.

�>�2�M�+�2�- �B�M �i�?�B�b �b�2�i�i�B�M�;�- �� �`�2�;�`�2�i �b�m�#�H�B�M�2���` �B�MT �B�b �B�K�T�Q�b�b�B�#�H�2�X �P�i�?�2�` �+���b�2�b �p�B�Q�H���i�B�M�; �i�?�2
�+�Q�M�p�2�t�B�i�v ���b�b�m�K�T�i�B�Q�M �B�M�+�H�m�/�2 �i�?�2 �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �T�`�Q�#�H�2�K ���M�/ �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b
�i�?���i �r�B�H�H �#�2 �B�M�i�`�Q�/�m�+�2�/ �B�M�*�?���T�i�2�` �k���M�/�*�?���T�i�2�` �j�X �A�i �B�b �+�H�2���` �i�?���i �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M�b
�/�2�}�M�2�/ �B�M �U�k�X�R�V ���M�/ �U�j�X�k�V ���`�2 �M�Q�i �+�Q�M�p�2�t �B�M �i�?�2�B�` �}�`�b�i ���`�;�m�K�2�M�i�X

�_���M�/�Q�K�B�x�2�/ �7�Q�`�2�+���b�i�B�M�;

�P�M�2 �r���v �i�Q �+�Q�M�[�m�2�` �i�?�2 �M�Q�M�@�+�Q�M�p�2�t�B�i�v �B�b �p�B�� �`���M�/�Q�K�B�x�2�/ �7�Q�`�2�+���b�i�B�M�;�, ���i �2���+�? �i�B�K�2t�- �i�?�2
�7�Q�`�2�+���b�i�2�` �}�`�b�i�H�v �+�?�Q�Q�b�2�b �� �/�B�b�i�`�B�#�m�i�B�Q�M#t �7�`�Q�K �i�?�2 �/�2�+�B�b�B�Q�M �b�T���+�2D �r�?�B�+�? �B�b �M�Q�r ���b�b�m�K�2�/
�i�Q �#�2 �� �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�p�2�`E�- �i�?�2�M �� �`���M�/�Q�K�B�x�2�/ �B�M�/�2�tI t �B�b �;�2�M�2�`���i�2�/ �7�`�Q�K
#t ���M�/ �i�?�2 �7�Q�`�2�+���b�i�2�` �v�B�2�H�/�b �?�B�b �T�`�2�/�B�+�i�B�Q�M ���bözt = f I t ,t �X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M#t �K���v �/�2�T�2�M�/
�M�Q�i �Q�M�H�v �Q�M �i�?�2 �T���b�i �Q�m�i�+�Q�K�2z1, z2, . . . , zt" 1 �#�m�i ���H�b�Q �Q�M �B�i�b �T���b�i �T�`�2�/�B�+�i�B�Q�M�bI 1, . . . , I t" 1�X
�h�?�2 �#�H���+�F�#�Q�t �B�b �Q�M�H�v ���H�H�Q�r�2�/ �i�Q ���+�+�2�b�b �i�Q#t �#�m�iI t �#�2�7�Q�`�2 �v�B�2�H�/�B�M�;zt �X �>�2�M�+�2�- �2�p�2�M �i�?�Q�m�;�?
�i�?�2 �#�H���+�F�#�Q�t �+�Q�m�H�/ �F�M�Q�r �B�M ���/�p���M�+�2 �� �ó�`�Q�m�;�? �Q�m�i�H�B�M�2�ô# t �Q�7 �7�Q�`�2�+���b�i�2�`�ö�b �b�i�`���i�2�;�v�- �i�?�B�b
���/�p���M�i���;�2 �r�Q�m�H�/ �#�2 �+���M�+�2�H�H�2�/ �Q�m�i �#�v �i�?�2 �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M �Q�7 �7�Q�`�2�+���b�i�2�`�- �H�2���/�B�M�; �i�Q
���M ���+�?�B�2�p���#�H�2 �`�2�;�`�2�i �b�m�#�H�B�M�2���` �B�MT �X �A�M �i�?�B�b �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M �b�2�i�i�B�M�;�- �i�?�2 �H�Q�b�b �Q�7
�7�Q�`�2�+���b�i�2�` �+���M �#�2 �/�2�}�M�2�/ ���b �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2! �Q�7 �H�Q�b�b �r�B�i�? �`�2�b�T�2�+�i �i�Q#t �-�B�X�2�X�-
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# t , zt
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$
f I t ,t , zt
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$
f i ,t , zt

%
d#t (i ),

�r�?�2�`�2Et �/�2�M�Q�i�2�b �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �2�t�T�2�+�i���i�B�Q�M �Q�7!
$
f I t ,t , zt

%
�;�B�p�2�MI 1, . . . , I t" 1 �b�B�M�+�2# t �K���v

�/�2�T�2�M�/ �Q�M �i�?�2�K�X �.�m�2 �i�Q �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �2�t�T�2�+�i���i�B�Q�M�- �Q�M�2 �K���F�2�b �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M! �+�Q�M�p�2�t
�B�M �B�i�b �}�`�b�i ���`�;�m�K�2�M�i�X �A�M ���/�/�B�i�B�Q�M�- �#�v �i���F�B�M�; ���;���B�M �i�?�2 �2�t���K�T�H�2 �Q�7 �#�B�M���`�v �+�H���b�b�B�}�+���i�B�Q�M
�/�B�b�+�m�b�b�2�/ ���#�Q�p�2�- �i�?�2 �K�2�`�B�i �Q�7 �`���M�/�Q�K�B�x�2�/ �7�Q�`�2�+���b�i�B�M�; �+���M �#�2 �b�?�Q�r�M �+�H�2���`�H�v�, �B�7 �i�?�2 �7�Q�`�2�+���b�i�2�`
�b�B�K�T�H�v �+�?�Q�Q�b�2�b �� �i�`�B�p�B���H �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M{0,1} ���i �2���+�? �i�B�K�2t�- �i�?�2�M �r�?���i�2�p�2�` �i�?�2
�Q�m�i�+�Q�K�2 �b�2�[�m�2�M�+�2 �B�b�- �i�?�2 �2�t�T�2�+�i�2�/ �H�Q�b�b �Q�7 �7�Q�`�2�+���b�i�2�` �+���M �#�2 �`�2�/�m�+�2�/ �i�QT

2 �X �A�M �Q�i�?�2�` �r�Q�`�/�b�-
�r�B�i�?�Q�m�i ���M�v �/�2�2�T �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�M �i�?�2 �+�?�Q�B�+�2 �Q�7#t �- �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �7�Q�`�2�+���b�i�2�` �?���b
���H�`�2���/�v �#�2�2�M �+�m�i �i�Q �?���H�7 �p�B�� �`���M�/�Q�K�B�x�2�/ �7�Q�`�2�+���b�i�B�M�; �r�B�i�? �� �b�B�K�T�H�2 �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�X

�h�?�2 �`���M�/�Q�K�B�x�2�/ �7�Q�`�2�+���b�i�B�M�; �B�M �i�?�2 �T�`�2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i ���/�p�B�+�2 �?���b �#�2�2�M �2�t�i�2�M�b�B�p�2�H�v ���M�/
�i�?�Q�`�Q�m�;�?�H�v �b�i�m�/�B�2�/ �B�M �i�?�2 �+�?���T�i�2�` �9 �Q�7�*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�U�k�y�y�e�V�X �A�i �?���b ���H�b�Q �#�2�2�M
���M���H�v�b�2�/ �m�M�/�2�` �/�B�z�2�`�2�M�i �`�2�b�i�`�B�+�i�B�Q�M�b �Q�M �i�?�2 ���p���B�H���#�H�2 �B�M�7�Q�`�K���i�B�Q�M �i�Q �r�?�B�+�? �i�?�2 �7�Q�`�2�+���b�i�2�`
�+���M �#�2 ���+�+�2�b�b�X �h�?�2�v �B�M�+�H�m�/�2�, �i�?�2 �H���#�2�H�@�2�{�+�B�2�M�i �T�`�2�/�B�+�i�B�Q�M �r�?�2�`�2 �i�?�2 �7�Q�`�2�+���b�i�2�` �+���M �Q�M�H�v
�B�M�[�m�B�`�v �i�?�2 �Q�m�i�+�Q�K�2�bzt �r�B�i�?�B�M �H�B�K�B�i�2�/ �i�B�K�2�b�c �i�?�2 �#���M�/�B�i �;���K�2�b �r�?�2�`�2 �i�?�2 �7�Q�`�2�+���b�i�2�` �+���M
�Q�M�H�v ���+�+�2�b�b �i�Q �i�?�2 �H�Q�b�b �Q�7 �?�B�b �Q�r�M �/�2�+�B�b�B�Q�M�b �r�?�B�H�2 �M�Q�i �F�M�Q�r�B�M�; �i�?���i �Q�7 ���M�v �Q�i�?�2�` �2�t�T�2�`�i�b�c



�R�X�R�X �P�L�G�A�L�1 �G�1���_�L�A�L�: �d

�i�?�2 �b�H�2�2�T�B�M�; �2�t�T�2�`�i�b �r�?�2�`�2 �Q�M�H�v �� �b�m�#�b�2�i �Q�7 �2�t�T�2�`�i�b �B�b ���p���B�H���#�H�2 ���M�/ �i�?�B�b ���p���B�H���#�B�H�B�i�v �+���M
�p���`�B�2�b �r�B�i�? �i�B�K�2�X

�A�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�- �r�2 �b�?���H�H �B�M�i�`�Q�/�m�+�2 ���M�Q�i�?�2�` �T�Q�T�m�H���` �b�2�i�i�B�M�; �B�M �Q�M�H�B�M�2 �H�2���`�M�B�M�;�- �M���K�2�H�v�-
�Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M�X �A�i ���H�H�Q�r�b �i�?�2 �7�Q�`�2�+���b�i�2�` �i�Q ���+�+�2�b�b �i�Q �Q�i�?�2�` �b�B�/�2 �B�M�7�Q�`�K���i�B�Q�M�- �M�Q�i �K�2�`�2�H�v
�2�t�T�2�`�i�ö�b ���/�p�B�+�2�X

�R�X�R�X�k �P�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M

�A�M �i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M�- �i�?�2 �b�2�[�m�2�M�+�2zt �B�b �� �T���B�` �Q�7 �Q�#�b�2�`�p���i�B�Q�M�bzt = (xt , yt ) #
X %Y , t ( 1�- �r�?�2�`�2X , Rd ,d ( 1 ���M�/Y , R�X ���i �2���+�?t�- �T�`�2�/�B�+�i�B�Q�Möyt �Q�7 �7�Q�`�2�+���b�i�2�` �B�b
�Q�M �i�?�2 �#���b�B�b �Q�7 �M�Q�i �Q�M�H�v �T���b�i �B�M�7�Q�`�K���i�B�Q�Mzs, s < t �#�m�i ���H�b�Q �b�B�/�2 �B�M�7�Q�`�K���i�B�Q�Mxt �- �B�X�2�X�-
öyt : (X %Y )t" 1 %X & Y �X �h�?�2 �2�t�T�2�`�i�b �b�2�i �B�b �M�Q�r �� �b�2�i �Q�7 �T�`�2�/�B�+�i�B�Q�M �7�m�M�+�i�B�Q�M�b{f$,$ # ! }
�r�B�i�? �T���`���K�2�i�2�`$�- �r�?�2�`�2f$ : X & Y �X �:�B�p�2�M �� �H�Q�b�b �7�m�M�+�i�B�Q�M! (á,á) �Q�MY %Y �- �i�?�2 �;�Q���H �B�b
�i�Q �#�m�B�H�/ �� �7�Q�`�2�+���b�i�2�` �r�?�Q�b�2 �T�2�`�7�Q�`�K���M�+�2 �B�b �m�M�B�7�Q�`�K�H�v �M�2���`�H�v ���b �;�Q�Q�/ ���b �i�?�2 �#�2�b�i �Q�M�2 �B�M
{f$,$ # ! }�-�B�X�2�X�-�m�M�B�7�Q�`�K�H�v �Q�p�2�` ���H�H(x1, y1), . . . , (xT , yT ) # X %Y

T"

t=1
! ( öyt , yt ) $ inf

$#!

#
T"

t=1
! (f $(xt ), yt )+ RT (d,$)

&

, �U�R�X�9�V

�r�?�2�`�2RT (d,$) �B�b �� �`�2�K���B�M�/�2�` �i�2�`�K �U�7�Q�` �b�B�K�T�H�B�+�B�i�v�- �r�2 �Q�K�B�i �i�?�2 �T�Q�b�b�B�#�H�2 �/�2�T�2�M�/�2�M�+�2 �Q�7
RT (d,$) �Q�MX ,Y ���M�/f $�V�X ���i �}�`�b�i �;�H���M�+�2�- �`�2�;�`�2�i �#�Q�m�M�/ �Q�7 �7�Q�`�K �U�R�X�9�V �B�b �/�B�z�2�`�2�M�i �7�`�Q�K �i�?�2
�7�Q�H�H�Q�r�B�M�; �+�Q�m�M�i�2�`�T���`�i �Q�7 �U�R�X�R�V �B�M �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M �b�2�i�i�B�M�;�,

T"

t=1
! ( öyt , yt ) " inf

$#!

#
T"

t=1
! (f $(xt ), yt )

&

$ RT (d, ! ). �U�R�X�8�V

�>�Q�r�2�p�2�`�- �U�R�X�9�V ���M�/ �U�R�X�8�V ���`�2 �2�[�m�B�p���H�2�M�i �B�M �i�?�2 �b�2�M�b�2 �i�?���i �U�R�X�8�V �+���M �#�2 �/�2�/�m�+�2�/ �7�`�Q�K �U�R�X�9�V
�#�v �i���F�B�M�;RT (d, ! ) = sup$#! RT (d,$) ���M�/ �i�?���i �U�R�X�9�V �?�Q�H�/�b �#�v �i���F�B�M�;RT (d,$) = RT (d, ! )
�7�Q�` ���M�v$ # ! �X �_�2�;�`�2�i �#�Q�m�M�/�b �Q�7 �#�Q�i�? �7�Q�`�K�b �r�B�H�H �#�2 �m�b�2�/ �B�M �i�?�2 �b�2�[�m�2�H�X �P�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M
�?���b �#�2�2�M ���/�/�`�2�b�b�2�/ �#�v �M�m�K�2�`�Q�m�b �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2 �H�B�i�2�`���i�m�`�2�X �A�M �T���`�i�B�+�m�H���`�-���x�Q�m�`�v
���M�/ �q���`�K�m�i�?�U�k�y�y�R�V ���M�/�o�Q�p�F�U�k�y�y�R�V �2���+�? �T�`�Q�p�B�/�2 ���M ���H�;�Q�`�B�i�?�K �+�H�Q�b�2 �i�Q �i�?�2 �`�B�/�;�2 �`�2�@
�;�`�2�b�b�B�Q�M �r�B�i�? �� �`�2�;�`�2�i �#�Q�m�M�/ �Q�7 �Q�`�/�2�`O(d ln T )�X �P�i�?�2�` �+�Q�M�i�`�B�#�m�i�B�Q�M�b �?���p�2 �B�M�p�2�b�i�B�;���i�2�/
�i�?�2 �:�`���/�B�2�M�i�@�.�2�b�+�2�M�i ���H�;�Q�`�B�i�?�K �U�*�2�b���@�"�B���M�+�?�B�2�i ���H�X�-�R�N�N�e�c�E�B�p�B�M�2�M ���M�/ �q���`�K�m�i�?�-�R�N�N�d�V
���M�/ �i�?�2 �1�t�T�Q�M�2�M�i�B���i�2�/ �:�`���/�B�2�M�i �6�Q�`�2�+���b�i�2�`�b �U�E�B�p�B�M�2�M ���M�/ �q���`�K�m�i�?�-�R�N�N�d�c�*�2�b���@�"�B���M�+�?�B�-
�R�N�N�N�V�X �>�Q�r�2�p�2�`�- �K�Q�b�i �Q�7 �i�?�2�b�2 �`�2�b�m�H�i�b �`�2�[�m�B�`�2 �b�Q�K�2 �+�Q�M�b�i�`���B�M�i �Q�M �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �b�m�+�? ���b
�i�?�2 �+�Q�M�p�2�t�B�i�v �Q�7 �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �Q�M �B�i�b �}�`�b�i ���`�;�m�K�2�M�i �Q�` �i�?�2 �2�t�T�@�+�Q�M�+���p�B�i�v �Q�7 �i�?�2 �b�[�m���`�2
�H�Q�b�b �7�m�M�+�i�B�Q�M�X

���m�/�B�#�2�`�i�U�k�y�y�N�V �;�2�M�2�`���H�B�x�2�b �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �B�M �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M �#�v �+�Q�M�b�B�/�2�`�B�M�; �H�Q�b�b
�7�m�M�+�i�B�Q�M�b �r�B�i�? �H�2�b�b �`�2�;�m�H���`�B�i�B�2�b�- �2�b�T�2�+�B���H�H�v �H�Q�Q�b�B�M�; �i�?�2 �+�Q�M�p�2�t�B�i�v �+�Q�M�b�i�`���B�M�i�X �>�2 �T�`�2�b�2�M�i�b ��
�b�2�[�m�2�M�i�B���H �`���M�/�Q�K�B�x�2�/ ���H�;�Q�`�B�i�?�K �U�a�2�[�_���M�/�- �b�2�+�i�B�Q�M �9�X�k �Q�7���m�/�B�#�2�`�i�-�k�y�y�N�V �r�?�B�+�? �+�Q�M�b�B�/�2�`�b
�i�?�2 �/�2�+�B�b�B�Q�M �b�T���+�2D ���b �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M �i�?�2 �T�`�2�/�B�+�i�B�Q�M �7�m�M�+�i�B�Q�M �b�2�i
{f $,$ # ! } �U���H�b�Q �/�2�M�Q�i�2�/ �#�v! �7�Q�` �b�B�K�T�H�B�+�B�i�v �B�7 �M�Q �+�Q�M�7�m�b�B�Q�M �B�b �K���/�2�V�X ���i �i�?�2 �#�2�;�B�M�M�B�M�; �U�B�X�2�X�-
�i�4�R�V�-�a�2�[�_���M�/�+�?�Q�Q�b�2�b �� �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M% �Q�M! ���M�/ �i�?�2 �}�`�b�i �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M
�7�m�M�+�i�B�Q�M �B�b �/�`���r ���+�+�Q�`�/�B�M�; �i�Q%�X �h�?�2�M �B�i �B�i�2�`���i�B�p�2�H�v �m�T�/���i�2�b �i�?�2 �T�`�B�Q�` �i�Q �U�:�B�#�#�b�V �T�Q�b�i�2�`�B�Q�`
�/�B�b�i�`�B�#�m�i�B�Q�M�bö#t , t = 1, . . . ,T �i�?���i �+�Q�M�+�2�M�i�`���i�2 �b�B�K�m�H�i���M�2�Q�m�b�H�v �Q�M �7�m�M�+�i�B�Q�M�b �?���p�B�M�; �#�Q�i�?
�b�K���H�H �+�m�K�m�H���i�B�p�2 �H�Q�b�b ���M�/ �H�Q�r �p���`�B���M�+�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �T�`�2�p�B�Q�m�b�H�v �/�`���r�M �T�`�2�/�B�+�i�B�Q�M
�7�m�M�+�i�B�Q�M�X �A�M ���/�/�B�i�B�Q�M�-�:�2�`�+�?�B�M�Q�p�B�i�x�U�k�y�R�R�V �+�Q�M�b�B�/�2�`�b �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M �B�M �i�?�2 �b�Q�@�+���H�H�2�/ �?�B�;�?
�/�B�K�2�M�b�B�Q�M �b�2�i�i�B�M�; �Ud - T �V �r�B�i�? �[�m���/�`���i�B�+ �H�Q�b�b �7�m�M�+�i�B�Q�M! (y1, y2) = (y1 " y2)2�- ���M�/ �r�B�i�?
�T���`�i�B�+�m�H���` �T�`�2�/�B�+�i�B�Q�M �7�m�M�+�i�B�Q�M�bf$ = $ á& =

! d
j=1 $ j & j �r�?�2�`�2& = (&1, . . . ,&d ) �B�b �� �/�B�+�i�B�Q�M���`�v
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�Q�7 �#���b�2 �T�`�2�/�B�+�i�Q�`�b& j : X & Y ���M�/$ # ! = Rd �X �l�M�/�2�` �i�?�2 �b�T���`�b�B�i�v �?�v�T�Q�i�?�2�b�B�b �i�?���i �i�?�2�`�2
�2�t�B�b�i�b ��$" �r�B�i�?s . d �M�Q�M�@�x�2�`�Q �+�Q�Q�`�/�B�M���i�2�b �r�?�Q�b�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b

! T
t=1 ! (f $" , yt ) �B�b �b�K���H�H�-

�Q�M�2 �+���M �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�T���`�b�B�i�v �`�2�;�`�2�i �#�Q�m�M�/�,

T"

t=1
! ( öyt , yt )

2 $ inf
$#Rd

#
T"

t=1
! (f $, yt )+ (||$||0 + 1) gT ,d

$
||$||1, ||&||)

%
&

,

�r�?�2�`�2||$||0 �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �M�Q�M�@�x�2�`�Q �+�Q�Q�`�/�B�M���i�2�b �Q�7$�- ||$||1 =
! d

j=1 |$ j | ���M�/||&||) =
supx#X max j=1,...,d |& j (x)|�cgT ,d �B�b �� �7�m�M�+�i�B�Q�M �;�`�Q�r�B�M�; �H�Q�;���`�B�i�?�K�B�+���H�H�v �r�B�i�?d ���M�/T �X �S�`�2�@
�/�B�+�i�B�Q�M�böyt ���+�?�B�2�p�B�M�; �i�?�B�b �`�2�;�`�2�i �#�Q�m�M�/ ���`�2

öyt =
)

[$ á&(xt )]Bd# t ($),

�r�?�2�`�2[x]B = max {" B,min {B, x}} �i�`�m�M�+���i�2�bx ���i B > supt=1,...,T |yt | ���M�/

d# t ($) / exp

*

" "
t" 1"

s=1

$
ys " [$ á&(xs)]B

%2

+

d%($), t ( 1 �U�R�X�e�V

�B�b �� �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �� �T�`�B�Q�`% �Q�MRd �B�M �7���p�Q�` �Q�7 �;�2�M�2�`���i�B�M�; �b�T���`�b�2$ �U�b�2�2
�:�2�`�+�?�B�M�Q�p�B�i�x�-�k�y�R�R�7�Q�` �K�Q�`�2 �/�2�i���B�H�b�V�X �P�M�2 �+���M �b�2�2 �i�?���i �i�?�2 �T�Q�b�i�2�`�B�Q�`# t �+�Q�M�+�2�M�i�`���i�2�b �Q�M
�ó�2�t�T�2�`�i�ô$ �?���p�B�M�; �b�K���H�H�2�` �+�m�K�m�H���i�B�p�2 �H�Q�b�b�X �S�`�2�/�B�+�i�B�Q�Möyt �B�b �i�?�2 �K�2���M �Q�7 �� �i�`�m�M�+���i�2�/ �H�B�M�2���`
�+�Q�K�#�B�M���i�B�Q�M$ á& �r�B�i�? �`�2�b�T�2�+�i �i�Q#t �X �J�Q�`�2�Q�p�2�`�-�:�2�`�+�?�B�M�Q�p�B�i�x�U�k�y�R�R�V ���H�b�Q �B�M�p�2�b�i�B�;���i�2�b
�Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M �r�B�i�?! 1 �`�2�;�m�H���`�B�x���i�B�Q�M �Q�M! �-�B�X�2�X�-�r�B�i�?! = {$, ||$||1 $ U } �B�M �U�R�X�9�V �r�?�2�`�2
U > 0 ���M�/ �Q�#�i���B�M�b �� �`�2�;�`�2�i �#�Q�m�M�/ �b�m�#�H�B�M�2���` �B�MT �X

�_�2�b�m�H�i�b �B�M���m�/�B�#�2�`�i�U�k�y�y�N�V ���M�/�:�2�`�+�?�B�M�Q�p�B�i�x�U�k�y�R�R�V �`�2�H�v �Q�M �i�?�2 �M�Q�i�B�Q�M �Q�7 �E�m�H�H�#���+�F�@�G�2�B�#�H�2�`
�/�B�p�2�`�;�2�M�+�2 ���M�/ �S���+�@�"���v�2�b�X �h�?�2�b�2 �i�r�Q �M�Q�i�B�Q�M�b�- �r�?�B�+�? �r�B�H�H �#�2 �B�M�i�`�Q�/�m�+�2�/ �B�M �i�?�2 �M�2�t�i
�b�2�+�i�B�Q�M�- ���`�2 ���H�b�Q �B�M�/�B�b�T�2�M�b���#�H�2 �i�Q �Q�m�` �b�i�m�/�v �B�M �m�M�b�m�T�2�`�p�B�b�2�/ �b�2�i�i�B�M�;�X

�R�X�R�X�j �� �[�m���b�B�@�"���v�2�b�B���M �Q�M�H�B�M�2 ���M���H�v�b�B�b

�:�B�p�2�M �� �K�2���b�m�`���#�H�2 �b�T���+�2! �U�2�K�#�2�/�/�2�/ �r�B�i�? �B�i�b �"�Q�`�2�H' �@���H�;�2�#�`���V�- �r�2 �H�2�iP (! ) �/�2�M�Q�i�2
�i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! �- ���M�/ �7�Q�` �b�Q�K�2 �`�2�7�2�`�2�M�+�2 �K�2���b�m�`�2( �- �r�2 �H�2�iP ( (! )
�#�2 �i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b ���#�b�Q�H�m�i�2�H�v �+�Q�M�i�B�M�m�Q�m�b �r�B�i�? �`�2�b�T�2�+�i �i�Q( �X �6�Q�` ���M�v
�T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b#,%# P (! ), �i�?�2 �E�m�H�H�#���+�F�@�G�2�B�#�H�2�` �/�B�p�2�`�;�2�M�+�2K (#,%) �B�b �/�2�}�M�2�/
���b

K (#,%) =

# ,
! ln

-
d#
d%

.
d# �r�?�2�M# # P %(! ),

+) �Q�i�?�2�`�r�B�b�2�X

�L�Q�i�2 �i�?���i �7�Q�` ���M�v �#�Q�m�M�/�2�/ �K�2���b�m�`���#�H�2 �7�m�M�+�i�B�Q�Mh : ! & R ���M�/ ���M�v �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M
# # P (! ) �b�m�+�? �i�?���iK (#,%) < +) �-

" ln
)

!
exp(" h)d%= inf

##P (! )

/ )

!
hd# + K (#,%)

0
. �U�R�X�d�V

�h�?�B�b �`�2�b�m�H�i�- �r�?�B�+�? �K���v �#�2 �7�Q�m�M�/ �B�M�*�b�B�b�x�€�`�U�R�N�d�8�V ���M�/�*���i�Q�M�B�U�k�y�y�9�- �1�[�m���i�B�Q�M �8�X�k�X�R�V�- �B�b
�+�`�B�i�B�+���H �i�Q �T�`�Q�p�2�h�?�2�Q�`�2�K �R�X�k���M�/�h�?�2�Q�`�2�K �R�X�j�X �6�m�`�i�?�2�`�- �i�?�2 �B�M�}�K�m�K �B�b ���+�?�B�2�p�2�/ ���i �i�?�2
�b�Q�@�+���H�H�2�/ �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`ö#�- �/�2�}�M�2�/ �#�v

d ö# =
exp(" h)

,
exp(" h)d%

d%. �U�R�X�3�V

�:�B�#�#�b �/�B�b�i�`�B�#�m�i�B�Q�Md ö# �+�Q�M�+�2�M�i�`���i�2�b �Q�M �T�`�2�/�B�+�i�B�Q�M �7�m�M�+�i�B�Q�M�b$ �i�?���i ���`�2 �+�H�Q�b�2 �i�Q �K�B�M�B�K�B�x�B�M�;
�i�?�2 �7�m�M�+�i�B�Q�Mh �B�7 �T�`�B�Q�`%�B�b �m�M�B�7�Q�`�K �Q�p�2�`! �X



�R�X�k�X �J���_�E�P�o �*�>���A�L �J�P�L�h�1 �*���_�G�P �N

�h�?�2 �m�b�2 �Q�7 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �B�b �2�b�T�2�+�B���H�H�v ���/�p�Q�+���i�2�/ �#�v �i�?�2 �S���*�@�"���v�2�b�B���M �i�?�2�Q�`�v
�r�?�B�+�? �Q�`�B�;�B�M���i�2�b �B�M �i�?�2 �K���+�?�B�M�2 �H�2���`�M�B�M�; �+�Q�K�K�m�M�B�i�v �B�M �i�?�2 �H���i�2 �R�N�N�y�b�- �B�M �i�?�2 �b�2�K�B�M���H
�r�Q�`�F�b �Q�7�a�?���r�2�@�h���v�H�Q�` ���M�/ �q�B�H�H�B���K�b�Q�M�U�R�N�N�d�V ���M�/�J�+���H�H�2�b�i�2�`�U�R�N�N�N�#�-���V �U�b�2�2 ���H�b�Q�a�2�2�;�2�`�-
�k�y�y�k�-�k�y�y�j�V�X �A�M �i�?�2 �b�i���i�B�b�i�B�+���H �H�2���`�M�B�M�; �+�Q�K�K�m�M�B�i�v�- �i�?�2 �S���*�@�"���v�2�b�B���M ���T�T�`�Q���+�? �?���b �#�2�2�M
�2�t�i�2�M�b�B�p�2�H�v �/�2�p�2�H�Q�T�2�/ �#�v�*���i�Q�M�B�U�k�y�y�9�-�k�y�y�d�V�-���m�/�B�#�2�`�i�U�k�y�y�9�#�V ���M�/���H�[�m�B�2�`�U�k�y�y�e�V�- ���M�/
�H���i�2�` �Q�M ���/���T�i�2�/ �i�Q �i�?�2 �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �b�2�i�i�B�M�;�.���H���H�v���M ���M�/ �h�b�v�#���F�Q�p�U�k�y�y�d�- �k�y�y�3�V�-
���H�[�m�B�2�` ���M�/ �G�Q�m�M�B�+�B�U�k�y�R�R�V�-���H�[�m�B�2�` ���M�/ �"�B���m�U�k�y�R�j�V�-�:�m�2�/�D ���M�/ ���H�[�m�B�2�`�U�k�y�R�j�V�-�:�m�2�/�D
���M�/ �_�Q�#�#�B���M�Q�U�k�y�R�3�V ���M�/���H�[�m�B�2�` ���M�/ �:�m�2�/�D�U�k�y�R�d�V�X

�A�M �� �T���`���H�H�2�H �2�z�Q�`�i�- �i�?�2 �Q�M�H�B�M�2 �H�2���`�M�B�M�; �+�Q�K�K�m�M�B�i�v �?���b �+�Q�M�i�`�B�#�m�i�2�/ �i�Q �i�?�2 �S���*�@�"���v�2�b�B���M
�i�?�2�Q�`�v �B�M �i�?�2 �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M �b�2�i�i�B�M�; �U�E�B�p�B�M�2�M ���M�/ �q���`�K�m�i�?�-�R�N�N�N�V�X���m�/�B�#�2�`�i�U�k�y�y�N�V
���M�/�:�2�`�+�?�B�M�Q�p�B�i�x�U�k�y�R�R�V �?���p�2 �#�2�2�M �i�?�2 �}�`�b�i ���i�i�2�K�T�i�b �i�Q �K�2�`�;�2 �#�Q�i�? �H�B�M�2�b �Q�7 �`�2�b�2���`�+�?�X �P�M�2
�+���M �}�M�/ �i�?���i �#�Q�i�? �r�2�B�;�?�i�bwi ,t �Q�7 �U�R�X�j�V �B�M �T�`�2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i ���/�p�B�+�2 ���M�/ �i�?�2 �T�Q�b�i�2�`�B�Q�`
# t �Q�7 �U�R�X�e�V �B�M �Q�M�H�B�M�2 �`�2�;�`�2�b�b�B�Q�M ���`�2 �+�H�Q�b�2�H�v �`�2�H���i�2�/ �i�Q �U�R�X�3�V�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �b�2�i�i�B�M�;! = E�-
�i�?�2 �b�2�i �Q�7N �2�t�T�2�`�i�b�- �T�`�B�Q�`%(i ) = 1/N �m�M�B�7�Q�`�K �Q�M! �- ���M�/h := h t (i ) =

! t" 1
s=1 ! (f i ,s, zs) ���i

�`�Q�m�M�/t �B�M �U�R�X�3�V �K���F�2�bö# = (w1,t ,w2,t , . . . ,wN ,t ) �� �b�B�K�T�H�2�t �/�B�b�i�`�B�#�m�i�B�Q�M �Q�ME�- ���M�/ �B�i �B�b �K�Q�`�2
�Q�#�p�B�Q�m�b �7�Q�`# t �B�M �U�R�X�e�V�X

�h�?�2 ���#�Q�p�2 �/�m���H�B�i�v �7�Q�`�K�m�H�� �+���M �?�2�H�T �m�b �i�Q �`�2�}�M�2�- �7�Q�` �B�M�b�i���M�+�2�- �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �Q�7�h�?�2�Q�@
�`�2�K �R�X�R�- ���b �B�M�/�B�+���i�2�/ �#�v �i�?�2�h�?�2�Q�`�2�K �R�X�k�#�2�H�Q�r�X

�h�?�2�Q�`�2�K �R�X�k�X�A�7 �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M! : D %Z "& R+ �B�b �#�Q�m�M�/�2�/ �B�M[0,1] ���M�/ �+�Q�M�p�2�t �B�M �B�i�b
�}�`�b�i ��� �̀;�m�K�2�M�i�- �i�?�2�M �7�Q�` ���H�HT # N' ���M�/" > 0�- �i�?�2 �1�q�� �7�Q� �̀2�+���b�i�2�` �b���i�B�b�}�2�b �m�M�B�7�Q�`�K�H�v �Q�p�2�`
���H�Hf i ,t # D ���M�/zt # Z

T"

t=1
! ( özt , zt ) $ inf

##X N
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N"

i =1
# i

T"

t=1
! (f i ,t , zt )+

K (#,%)

"

&

+
" T

8
,

�r�?�2� �̀2X N �B�b �i�?�2 �b�2�i �Q�7 ���H�H �b�B�K�T�H�2�t �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �}�M�B�i�2 �b�2�iE�c%= (1/N ,1/N , . . . ,1/N ) # X N

�B�b �i�?�2 �B�M�B�i�B���H �r�2�B�;�?�i �p�2�+�i�Q�` �7�Q�` �1�q�� �7�Q� �̀2�+���b�i�2�`�- ���M�/# = (#1,#2, . . . ,#N ) # X N �X

�h�?�2 ���#�Q�p�2 �`�2�b�m�H�i �B�b �� �b�B�K�T�H�2�` �p�2�`�b�B�Q�M �Q�7 �h�?�2�Q�`�2�K �9�X�e �Q�7���m�/�B�#�2�`�i�U�k�y�y�N�V �#�v �i���F�B�M�; �+�Q�M�p�2�t
���M�/ �#�Q�m�M�/�2�/ �H�Q�b�b �7�m�M�+�i�B�Q�M�X �A�i�b �T�`�Q�Q�7�- �r�?�B�+�? �+���M �#�2 �7�Q�m�M�/ �B�M �T�`�Q�T�Q�b�B�i�B�Q�M �k�X�k �Q�7�:�2�`�+�?�B�M�Q�p�B�i�x
�U�k�y�R�R�V�- �`�2�H�B�2�b �Q�M �i�?�2 �/�m���H�B�i�v �7�Q�`�K�m�H�� �U�R�X�d�V ���M�/ �>�Q�2�z�/�B�M�;�ö�b �H�2�K�K���X

�A�M �+�Q�K�T���`�B�b�Q�M �r�B�i�?�h�?�2�Q�`�2�K �R�X�R�- �`�2�;�`�2�i �#�Q�m�M�/ �B�M�h�?�2�Q�`�2�K �R�X�k�B�b �`�2�}�M�2�/ �B�M �i�?�2 �b�2�M�b�2 �i�?���i
�i�?�2 �7�Q�`�K�2�` �+���M �#�2 �/�2�/�m�+�2�/ �7�`�Q�K �i�?�2 �H���i�i�2�` �#�v �+�?�Q�Q�b�B�M�;# ���b �.�B�`���+ �K���b�b) I " ���i I " �- �r�?�2�`�2
I " = argmin i #E

! T
t=1 ! (f i ,t , zt )�X �J�Q�`�2�Q�p�2�`�- �B�7 �i�?�2 �#�2�b�i �2�t�T�2�`�i �B�b �M�Q�i �m�M�B�[�m�2�- �H�2�iB �#�2 �i�?�2 �b�2�i

�+�Q�M�i���B�M�B�M�;s > 1 �#�2�b�i �2�t�T�2�`�i�b�X �a�2�i�i�B�M�;# ���b ���M �m�M�B�7�Q�`�K �Q�MB �H�2���/�b �i�QK (#,%) = ln( N /s)� - � �
�b�K���H�H�2�` �p���H�m�2 �i�?���Mln( N ) �B�M�h�?�2�Q�`�2�K �R�X�R�X �>�2�M�+�2�- �Q�M�2 �+���M �?���p�2 �� �b�K���H�H�2�` �`�2�;�`�2�i �#�Q�m�M�/ �#�v
�/�m���H�B�i�v �7�Q�`�K�m�H�� �m�M�/�2�` �b�Q�K�2 �+�B�`�+�m�K�b�i���M�+�2�b�X

�h�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` ���b �r�2�H�H ���b �i�?�2 �E�m�H�H�#���+�F�@�G�2�B�#�H�2�` �/�B�p�2�`�;�2�M�+�2 ���`�2 ���H�b�Q �B�K�T�Q�`�i���M�i
�i�Q�Q�H�b �7�Q�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���M�/ �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b �U�*�?���T�i�2�` �k���M�/�*�?���T�i�2�` �j�V�-
�i�?�2 �i�r�Q �K���B�M �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�X �h�?�2�v �r�B�H�H �#�2 �b�m�K�K���`�B�x�2�/ �`�2�b�T�2�+�i�B�p�2�H�v �B�M
�b�2�+�i�B�Q�M�R�X�j�X�R���M�/�R�X�j�X�e�X �"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �i�Q �i�?�2�b�2 �i�r�Q �b�2�+�i�B�Q�M�b�- �r�2 �}�`�b�i �B�M�i�`�Q�/�m�+�2 �J���`�F�Q�p
�*�?���B�M �J�Q�M�i�2 �*���`�H�Q �i�?���i ���`�2 �B�K�T�Q�`�i���M�i �i�Q�Q�H�b �7�Q�` �Q�#�i���B�M�B�M�; �`���M�/�Q�K�B�x�2�/ �b���K�T�H�2�b �7�`�Q�K �[�m���b�B�@
�T�Q�b�i�2�`�B�Q�` �b�B�M�+�2 �2�t�T�H�B�+�B�i �7�Q�`�K �Q�7 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �B�b �Q�7�i�2�M �B�K�T�Q�b�b�B�#�H�2 �U���H�[�m�B�2�` ���M�/ �"�B���m�-
�k�y�R�j�-�:�m�2�/�D ���M�/ ���H�[�m�B�2�`�-�k�y�R�j���M�/�*�?���T�i�2�` �k�Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�V�X

�R�X�k �J���`�F�Q�p �*�?���B�M �J�Q�M�i�2 �*���`�H�Q

�J���`�F�Q�p �*�?���B�M �J�Q�M�i�2 �*���`�H�Q �U�J�*�J�*�V �K�2�i�?�Q�/�b ���`�2 �� �+�H���b�b �Q�7 ���H�;�Q�`�B�i�?�K�b �7�Q�` �;�2�M�2�`���i�B�M�;
�� �b�2�[�m�2�M�+�2 �Q�7 �`���M�/�Q�K �b���K�T�H�2�b �7�`�Q�K �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �r�?�B�+�? �/�B�`�2�+�i �b���K�T�H�B�M�;



�R�y �*�>���S�h�1�_ �R�X �a�h���h�1�@�P�6�@�h�>�1�@���_�h ���L�. �*�P�L�h�_�A�"�l�h�A�P�L�a

�B�b �;�2�M�2�`���H�H�v �/�B�{�+�m�H�i�X �h�?�2�b�2 �b���K�T�H�2�b �+���M �T�H���v �� �`�Q�H�2 �Q�7 �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M�b �Q�` �+���M �#�2
�m�b�2�/ �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �K�2���M �Q�7 �2�b�i�B�K���i�Q�`�b�X �h�?�2 �r�Q�`�F�B�M�; �T�`�B�M�+�B�T�H�2 �Q�7 �J�*�J�* �K�2�i�?�Q�/ �B�b
�[�m�B�i�2 �b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �/�2�b�+�`�B�#�2�X �:�B�p�2�M �� �i���`�;�2�i �/�B�b�i�`�B�#�m�i�B�Q�M# �U�Q�M! �V �7�`�Q�K �r�?�B�+�? �Q�M�2
�r���M�i�b �i�Q �;�2�M�2�`���i�2 �b���K�T�H�2�b�- �r�2 �#�m�B�H�/ �� �J���`�F�Q�p �F�2�`�M�2�HK �r�B�i�? �b�i���i�B�Q�M���`�v �/�B�b�i�`�B�#�m�i�B�Q�M#
���M�/ �i�?�2�M �;�2�M�2�`���i�2 �� �J���`�F�Q�p �+�?���B�M$(n), n = 0,1, . . . , �U���#�#�`�2�p�B���i�2�/ ���b

$
$(n)

%
�B�M �i�?�2 �b�2�[�m�2�H�V

�m�b�B�M�; �i�?�B�b �F�2�`�M�2�H �b�Q �i�?���i �i�?�2 �H�B�K�B�i�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7
$
$(n)

%
�B�b#�X �h�?�2 �J�*�J�* �K�2�i�?�Q�/

�B�b �[�m�B�i�2 �m�b�2�7�m�H �B�M �K���M�v �}�2�H�/�b �b�m�+�? ���b �K���+�?�B�M�2 �H�2���`�M�B�M�;�- �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2 �2�i�+�X �P�M�2 �Q�7
�i�?�2 �K�Q�b�i �r�2�H�H�@�F�M�Q�r�M �2�t���K�T�H�2�b �Q�7 �J�*�J�* �K�2�i�?�Q�/ �B�b �J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b ���H�;�Q�`�B�i�?�K �r�?�B�+�?
�r���b �}�`�b�i�H�v �B�M�i�`�Q�/�m�+�2�/ �#�v�J�2�i�`�Q�T�Q�H�B�b�2�i ���H�X�U�R�N�8�j�V ���M�/ �H���i�2�` �;�2�M�2�`���H�B�x�2�/ �#�v�>���b�i�B�M�;�U�R�N�d�y�V
���M�/�S�2�b�F�m�M�U�R�N�d�j�V �i�Q �b�i���i�B�b�i�B�+���H �b�B�K�m�H���i�B�Q�M�X �A�M �i�?�2 �b�2�[�m�2�H�- �r�2 �}�`�b�i �b�T�2�+�B�7�v �i�?�2 �/�2�}�M�B�i�B�Q�M
�Q�7 �J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b ���H�;�Q�`�B�i�?�K ���M�/ �i�?�2�M �B�M�i�`�Q�/�m�+�2 �i�?�2 �_�2�p�2�`�b�B�#�H�2 �C�m�K�T �J�*�J�* �r�?�B�+�?
�r�B�H�H �?�2�H�T �m�b �i�Q �;�2�M�2�`���i�2öct �7�`�Q�K �i�?�2 �T�Q�b�i�2�`�B�Q�` �B�M���H�;�Q�`�B�i�?�K �R�X�k���M�/���H�;�Q�`�B�i�?�K �k�X�k�X

�R�X�k�X�R �J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b ���H�;�Q�`�B�i�?�K

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �B�M�i�2�`�2�b�i �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2�i��� �̀;�2�i�/�B�b�i�`�B�#�m�i�B�Q�M#�X
�h�?�2 �U�p�2�`�v �H�B�K�B�i�2�/�V ���b�b�m�K�T�i�B�Q�M �m�M�/�2�`�H�v�B�M�; �i�?�2 �J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b ���H�;�Q�`�B�i�?�K�- �#�2�b�B�/�2�b �i�?�2
���p���B�H���#�B�H�B�i�v �Q�7#�- �B�b �i�?���i �Q�M�2 �+���M �/�B�`�2�+�i�H�v �b�B�K�m�H���i�2 �b���K�T�H�2�b �7�`�Q�K �� �i�`���M�b�B�i�B�Q�M �/�2�M�b�B�i�vq�-
�Q�7�i�2�M �+���H�H�2�/�T� �̀Q�T�Q�b���H�Q��̀B�M�b�i�`�m�K�2�M�i���H�/�B�b�i�`�B�#�m�i�B�Q�M�- �r�?�Q�b�2 �7�m�M�+�i�B�Q�M���H �7�Q�`�K �B�b �F�M�Q�r�M�X �h�?�2
�J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b�U�J�>�V ���H�;�Q�`�B�i�?�K ���b�b�Q�+�B���i�2�/ �r�B�i�?�i��� �̀;�2�i�/�B�b�i�`�B�#�m�i�B�Q�M# ���M�/�T� �̀Q�T�Q�b���H
�/�B�b�i�`�B�#�m�i�B�Q�Mq �T�`�Q�/�m�+�2�b �� �J���`�F�Q�p �+�?���B�M

$
$(n)

%
�B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�,

���H�;�Q�`�B�i�?�K �R�X�R�J�2�i� �̀Q�T�Q�H�B�b�@�>���b�i�B�M�;�b ���H�;�Q�`�B�i�?�K

�R�,�:�B�p�2�M�, $(0)

�k�, �6�Q�ǹ = 0,1, . . .
�j�, �;�2�M�2�`���i�2$01 q

$
á|$(n)

%

�9�, �i���F�2

$(n+1) =

1
223

224

$0 �r�B�i�? �T�`�Q�#���#�B�H�B�i�v* =

#
#

$
$0

%
q

$
$(n)|$0

%

#
$
$(n)

%
q

$
$0|$(n)

%2 1

&

,

$(n) �Q�i�?�2�`�r�B�b�2.

�U�R�X�N�V

�8�,�1�M�/ �7�Q�`

�r�?�2�`�2 �i�?�2 �B�M�B�i�B���H �p���H�m�2$(0) �B�b �+�?�Q�b�2�M ���`�#�B�i�`���`�B�H�v �B�M! �b�m�+�? �i�?���i#
$
$(0)

%
> 0�-q �B�b �� �/�2�T�2�M�/�2�M�i

�T� �̀Q�T�Q�b���H�Q�M �i�?�2 �+�m�`�`�2�M�i �b�i���i�2$(n) ���M�/a 2 b
3
= min {a,b}�X

�h�?�2 �J�> ���H�;�Q�`�B�i�?�K �+�Q�K�T���`�2�b �i�?�2 �B�K�T�Q�`�i���M�+�2 �`���i�B�Q#($0)
q($0|$(n)) �Q�7 �i�?�2 �+���M�/�B�/���i�2 �b�i���i�2$0 �r�B�i�?

�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`���i�B�Q#
$
$(n)%

q($(n)|$0) �7�Q�` �� �ó�`�2�p�2�`�b�2�ô �K�Q�p�2 �7�`�Q�K �b�i���i�2$0 �i�Q �+�m�`�`�2�M�i �b�i���i�2$(n)�X

�h�?�2 �J�2�i�`�Q�T�Q�H�B�b �+�?���B�M �K�Q�p�2�b �i�Q �+���M�/�B�/���i�2 �b�i���i�2 �B�7 �B�i �?���b �?�B�;�?�2�` �B�K�T�Q�`�i���M�+�2 �`���i�B�Q �U�Q�`
�B�K�T�Q�`�i���M�+�2 �r�2�B�;�?�i�V �i�?���M �i�?�2 �+�m�`�`�2�M�i �b�i���i�2�c �Q�i�?�2�`�r�B�b�2�- �B�i �K�Q�p�2�b �i�?�2�`�2 �r�B�i�? �i�?�2 �T�`�Q�#���#�B�H�B�i�v
�/�2�}�M�2�/ �#�v �i�?�2 �`�2�H���i�B�p�2 �K���;�M�B�i�m�/�2�b* �Q�7 �B�K�T�Q�`�i���M�+�2 �`���i�B�Q�b�- �r�?�B�+�? �B�b �+���H�H�2�/ �i�?�2 ���+�+�2�T�i���M�+�2
�`���i�2 �Q�7 �J�> ���H�;�Q�`�B�i�?�K�X

�l�M�/�2�` �+�2�`�i���B�M �+�Q�M�/�B�i�B�Q�M�b �U�h�?�2�Q�`�2�K �k�X�R �Q�7�J�2�M�;�2�`�b�2�M ���M�/ �h�r�2�2�/�B�2�- �R�N�N�e�V�- �i�?�2 �J���`�F�Q�p
�+�?���B�M

$
$(n)

%
�;�2�M�2�`���i�2�/ �#�v �J�> ���H�;�Q�`�B�i�?�K �B�b �2�`�;�Q�/�B�+ ���M�/ �?���b �H�B�K�B�i�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M#�X �h�?�2

�2�`�;�Q�/�B�+�B�i�v �;�m���`���M�i�2�2�b �i�?���i �i�?�2 �K���`�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7$(n) �+�Q�M�p�2�`�;�2�b �}�M���H�H�v �i�Q �i�?�2 �i���`�;�2�i
�7�m�M�+�i�B�Q�M# �r�B�i�? �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �B�M�B�i�B���H �p���H�m�2 �7�Q�`$(0)�X
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�h�?�2 �T�`�B�M�+�B�T���H �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7�*�?���T�i�2�` �k���`�2 �/�2�i���B�H�2�/ �B�M �b�2�+�i�B�Q�M�b�R�X�j�X�R�i�Q�R�X�j�X�9�r�?�B�H�2 �i�?���i
�Q�7�*�?���T�i�2�` �j���`�2 �/�2�i���B�H�2�/ �B�M �b�2�+�i�B�Q�M�b�R�X�j�X�e�i�Q�R�X�j�X�3�X

�R�X�j�X�R �P�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �7�`���K�2�r�Q�`�F

�A�M �i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;�- �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �B�b �/�2�M�Q�i�2�/ ���bxt �7�Q�`
t = 1, . . . ,�- �r�?�2�`�2xt # X , Rd �U�i�Q �F�2�2�T �i�?�2 �+�Q�M�b�B�b�i�2�M�+�v �Q�7 �M�Q�i���i�B�Q�M �r�B�i�?�*�?���T�i�2�` �k�- �r�2 �m�b�2xt

�B�M �i�?�2 �b�2�[�m�2�H�V�X �1���+�?xt �B�b �� �T�Q�B�M�i �B�MRd�X �P�m�` �;�Q���H �B�b �i�Q �T�`�2�/�B�+�i �� �T���`�i�B�i�B�Q�M �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/
�T�Q�B�M�i�b �B�M�i�QK t �+�2�H�H�b�- �7�Q�` ���M�vt = 1, . . . ,T �X �h�?�2 �K�Q�i�B�p���i�B�Q�M �7�Q�` �+�Q�M�b�B�/�2�`�B�M�; �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;
�+���M �#�2 �b�m�K�K���`�B�x�2�/ �7�`�Q�K �i�r�Q �T�2�`�b�T�2�+�i�B�p�2�b�, �}�`�b�i�H�v�- �i�Q �Q�m�` �#�2�b�i �F�M�Q�r�H�2�/�;�2�- �+�H�m�b�i�2�`�B�M�; �B�M
�Q�M�H�B�M�2 �b�2�i�i�B�M�; �?���b �M�Q�i �#�2�2�M �H���`�;�2�H�v �+�Q�M�b�B�/�2�`�2�/�- �7�Q�` �2�t���K�T�H�2�-�:�m�?���2�i ���H�X�U�k�y�y�j�V�-�"���`�#���F�?
���M�/ �6�v�7�2�U�k�y�y�3�V ���M�/�G�B�#�2�`�i�v�2�i ���H�X�U�k�y�R�e�V �b�i�m�/�v �i�?�2 �b�Q�@�+���H�H�2�/ �/���i�� �b�i�`�2���K�B�M�; �+�H�m�b�i�2�`�B�M�;
�T�`�Q�#�H�2�K�X �A�i ���K�Q�m�M�i�b �i�Q �+�H�m�b�i�2�` �Q�M�H�B�M�2 �/���i�� �i�Q �� �}�t�2�/ �M�m�K�#�2�` �Q�7 �;�`�Q�m�T�b �B�M �� �b�B�M�;�H�2 �T���b�b�- �Q�`
�� �b�K���H�H �M�m�K�#�2�` �Q�7 �T���b�b�2�b�- �r�?�B�H�2 �m�b�B�M�; �H�B�i�i�H�2 �K�2�K�Q�`�v�X�*�?�Q�`�Q�K���M�b�F�� ���M�/ �J�Q�M�i�2�H�2�Q�M�B�U�k�y�R�k�V
�+�Q�M�b�B�/�2�`�b �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �#�v ���;�;�`�2�;���i�B�M�; �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �#���i�+�? �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K�b ���M�/
�i�?�2 �`�2�;�`�2�i �B�b �K�2���b�m�`�2�/ �#�v �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �i�?�2�B�` ���H�;�Q�`�B�i�?�K ���M�/
�i�?���i �Q�7 �i�?�2 �#�2�b�i �#���i�+�? �Q�M�2�X �h�?�B�b �B�b �/�B�z�2�`�2�M�i �7�`�Q�K �Q�m�` �b�2�i�i�B�M�; �b�B�M�+�2 �r�2 �b�?���H�H �+�Q�K�T���`�2 �i�?�2
�T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �r�B�i�? �i�?���i �Q�7 �i�?�2 �#�2�b�i �T���`�i�B�i�B�Q�M �B�M �i�?�2 �?�B�M�/�b�B�;�?�i�X �a�2�+�Q�M�/�H�v�-
�B�M �T�`���+�i�B�+�2�- �B�7 �i�?�2 �/���i��xt �+�Q�M�i���B�M�b �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �+�m�b�i�Q�K�2�`�ö�b �+�Q�K�K�2�`�+�B���H �#�2�?���p�B�Q�`�- �i�?�2
�+�H�m�b�i�2�`�b �Q�7 �+�m�b�i�Q�K�2�`�b�- �+�Q�K�#�B�M�2�/ �r�B�i�? �Q�i�?�2�` �B�M�7�Q�`�K���i�B�Q�M �b�m�+�? ���b �+�m�b�i�Q�K�2�`�ö�b �i�`���M�b���+�i�B�Q�M �Q�`
�i�?�2 �T�`�Q�#�H�2�K�b �i�?�2�v �K�2�i�- �+���M �?�2�H�T �+�Q�K�K�2�`�+�2 �+�Q�K�T���M�v �i�Q �K���F�2 �b�m�B�i���#�H�2 �+�`�B�i�2�`�B�Q�M �i�Q �i���`�;�2�i
�+�m�b�i�Q�K�2�`�b�X �a�B�M�+�2 �i�?�2 �+�`�B�i�2�`�B�Q�M �M�2�2�/ �i�Q �`�2�~�2�+�i �B�M�b�i���M�i���M�2�Q�m�b�H�v �i�?�2 �+�?���M�;�2 �Q�7 �B�M�i�2�`�2�b�i �Q�7
�+�m�b�i�Q�K�2�`�b �Q�M �b�B�i�2�- �Q�|�B�M�2 �+�H�m�b�i�2�`�B�M�; �K�B�;�?�i �M�Q�i �r�2�H�H �b�m�B�i �i�?�B�b �M�2�2�/�X �h�Q �i�?�B�b ���B�K�- �i�?�2
�Q�m�i�T�m�i �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K ���i �i�B�K�2t �B�b �� �p�2�+�i�Q�`öct = ( öct,1, öct,2, . . . , öct,K t ) �Q�7K t �+�2�M�i�2�`�b �B�MRdK t �-

�R�X�?�i�i�T�b�,�f�f�+�`���M�X�`�@�T�`�Q�D�2�+�i�X�Q�`�;�f�r�2�#�f�T���+�F���;�2�b�f�S���*�"�P�f�B�M�/�2�t�X�?�i�K�H



�R�X�j�X �*�P�L�h�_�A�"�l�h�A�P�L�a �R�j

�/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �T���b�i �B�M�7�Q�`�K���i�B�Q�M(xs)1:(t" 1) �U�r�2 �m�b�2 �M�Q�i���i�B�Q�M(xs)a:b,a $ b �B�M �i�?�2 �b�2�[�m�2�H �i�Q
�`�2�T�`�2�b�2�M�i �b�2�[�m�2�M�+�2xa, xa+1, . . . , xb�V ���M�/(öcs)1:(t" 1)�X �� �T���`�i�B�i�B�Q�M �B�b �i�?�2�M �+�`�2���i�2�/ �#�v ���b�b�B�;�M�B�M�;
���M�v �T�Q�B�M�i �B�MRd �i�Q �B�i�b �+�H�Q�b�2�b�i �+�2�M�i�2�`�X �A�7 �b�2�p�2�`���H �+�2�M�i�2�`�b �b���i�B�b�7�v �B�i�- �r�2 �K���F�2 �� �+�Q�M�p�2�M�i�B�Q�M
�i�?���i �i�?�B�b �T�Q�B�M�i �B�b ���b�b�B�;�M�2�/ �i�Q �i�?�2 �+�2�M�i�2�` �r�B�i�? �b�K���H�H�2�b�i �B�M�/�2�t�X �>�2�M�+�2�- �2���+�? �p�2�+�i�Q�` �Q�7 �+�2�M�i�2�`�b
�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M �Q�7Rd�X �q�?�2�Mxt �B�b �M�2�r�H�v �`�2�p�2���H�2�/�- �i�?�2 �[�m���H�B�i�v �Q�7
�T�`�2�/�B�+�i�B�Q�Möct �B�b �2�p���H�m���i�2�/ �#�v �i�?�2 �B�M�b�i���M�i���M�2�Q�m�b �H�Q�b�b �+�Q�K�T�m�i�2�/ ���b

! (öct , xt ) = min
1$ k$ K t

5
5öct,k " xt

5
52
2 ,

�r�?�2�`�2|á|2 �B�b �i�?�2! 2�@�M�Q�`�K �B�MRd�X �h�?�B�b �[�m���M�i�B�i�v�- �Q�7�i�2�M �m�b�2�/ �B�M �F�@�K�2���M�b ���H�;�Q�`�B�i�?�K�- �K�2���b�m�`�2�b
�i�?�2 �b�[�m���`�2�/ �/�B�b�i���M�+�2 �Q�7 �T�Q�B�M�ixt �i�Q �B�i�b �+�H�Q�b�2�b�i �+�2�M�i�2�` �B�Möct �X �>�Q�r�2�p�2�`�- �b�B�M�+�2öct �B�b �#�m�B�H�/ �#���b�2�/
�Q�M �i�?�2 �T���b�i �Q�#�b�2�`�p���i�B�Q�M�b(xs)1:t" 1�- �i�?�2 �H�Q�b�b! (öct , xt ) �+���M �#�2 �`�2�;���`�/�2�/ ���b �� �K�2���b�m�`�2�K�2�M�i �r�?�B�+�?
�2�K�T�?���b�B�b �K�Q�`�2 �Q�M �i�?�2 �T�`�2�/�B�+�i�B�Q�M ���#�B�H�B�i�v �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�X �P�m�` �;�Q���H �B�b �i�Q �T�`�2�/�B�+�i ���H�K�Q�b�i
���b �;�Q�Q�/ ���b �i�?�2 �#�2�b�i �+�Q�M�b�i���M�i �T���`�i�B�i�B�Q�Mc�- �B�M �i�?�2 �?�B�M�/�b�B�;�?�i�- �r�B�i�?�B�MC = 4 p

k=1Rdk �- �r�?�2�`�2C
�B�b �i�?�2 �T���`�i�B�i�B�Q�M �b�T���+�2 ���H�H�Q�r�B�M�; �7�Q�` ���i �K�Q�b�ip > 0 �+�2�H�H�b�-�B�X�2�X�- �i�Q �b���i�B�b�7�v �m�M�B�7�Q�`�K�H�v �Q�p�2�` ���H�H
(xt )1:T # X T �- �� �`�2�;�`�2�i �#�Q�m�M�/ �Q�7 �i�?�2 �7�Q�`�K�-

E

8
T"

t=1
! (öct , xt )

9

$ inf
k#{1,...,p}

#

inf
c#Rdk

T"

t=1
! (c, xt )+ RT ,k(c)

&

, �U�R�X�R�y�V

�r�?�2�`�2RT ,k(c) �b�?�Q�m�H�/ �#�2 ���b �b�K���H�H ���b �T�Q�b�b�B�#�H�2 ���M�/ �B�M �T���`�i�B�+�m�H���` �b�m�#�H�B�M�2���` �B�MT �U�7�Q�` �b�B�K�T�H�B�+�B�i�v�-
�r�2 �Q�K�B�i �?�2�`�2 �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7RT ,k(c) �Q�Md, p ���M�/max t=1,...,T |xt |2�V�X �a�B�M�+�2! (öct , xt ) �B�b �M�Q�i
�+�Q�M�p�2�t �B�M �B�i�b �}�`�b�i ���`�;�m�K�2�M�i �B�MRdK t ���M�/ �B�i �B�b �B�K�T�Q�b�b�B�#�H�2 �i�Q �+�Q�K�#�B�M�2 �+�Q�M�b�i���M�i �T���`�i�B�i�B�Q�M�b
�r�B�i�? �/�B�z�2�`�2�M�i �M�m�K�#�2�` �Q�7 �+�2�H�H�b�- �r�2 �`�2�b�Q�`�i �i�Q �i�?�2 �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M�- �i�?�2�`�2�7�Q�`�2 �i�?�2
�2�t�T�2�+�i���i�B�Q�M �B�M �U�R�X�R�y�V �B�b �i���F�2�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�Q�`�böct �X

�R�X�j�X�k �_�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �+�H�m�b�i�2�`�B�M�;

�h�Q �b�B�K�T�H�B�7�v �i�?�2 ���M���H�v�b�B�b�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �b�2�[�m�2�M�+�2(xt )1:T �B�b �#�Q�m�M�/�2�/ �B�M ��! 2�@�#���H�H
Bd(R) =

:
x # Rd, |x|2 $ R

;
�- �+�2�M�i�2�`�2�/ �B�M0 # Rd �r�B�i�? �`���/�B�m�bR > 0�X ���i �i�?�2 �#�2�;�B�M�M�B�M�;�- �r�2

���b�b�m�K�2 �i�?���i �#�Q�i�?R ���M�/T �B�b �F�M�Q�r�M �� �T�`�B�Q�`�B�X �h�?�2 �}�`�b�i �p�2�`�b�B�Q�M �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �B�b �;�B�p�2�M �B�M
���H�;�Q�`�B�i�?�K �R�X�k�X �A�i �B�b �� �/�2�`�B�p���i�B�p�2 �Q�7 ���H�;�Q�`�B�i�?�K�a�2�[�_���M�/�#�m�i ���/���T�i�2�/ �i�Q �i�?�2 �m�M�b�m�T�2�`�p�B�b�2�/
�b�2�i�i�B�M�;�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�-

���H�;�Q�`�B�i�?�K �R�X�k�h�?�2 �[�m���b�B�@�"���v�2�b�B���M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K �U�+�7�X���H�;�Q�`�B�i�?�K �k�X�R�B�M
�*�?���T�i�2�` �k�V

�R�,�A�M�T�m�i �T���`���K�2�i�2�`�b�, p > 0,%# P (C )�-" > 0 ���M�/S0 + 0
�k�, �A�M�B�i�B���H�B�x���i�B�Q�M�, �.�`���r öc1 1 %= ö#1

�j�, �6�Q�t̀ # 51,T 6
�9�, �:�2�i �i�?�2 �/���i��xt

�8�, �.�`���r öct+1 1 ö# t+1(c) �r�?�2�`�2d ö#t+1(c) / exp
$
" " St (c)

%
d%(c)�- ���M�/

St (c) = St" 1(c)+ ! (c, xt )+
"

2

$
! (c, xt ) " ! (öct , xt )

%2.

�e�,�1�M�/ �7�Q�`

�r�?�2�`�2P (%) �B�b �i�?�2 �b�2�i �Q�7 ���H�H �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�MC ���M�/%�B�b �� �T�`�B�Q�`�X �h�?�2 �[�m���M�i�B�i�v
St (c) �B�b �+�Q�K�T�m�i�2�/ �`�2�+�m�`�b�B�p�2�H�v �#�v ���/�/�B�M�; ���i �2���+�? �i�B�K�2t �#�Q�i�? �i�?�2 �H�Q�b�b! (c, xt ) ���M�/ �� �[�m���/�`���i�B�+
�i�2�`�K �K�2���b�m�`�B�M�; �i�?�2 �H�Q�b�b �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �T���`�i�B�i�B�Q�Mc ���M�/ �T�`�2�/�B�+�i�B�Q�Möct �X �q�?�2�M �M�Q �/���i��



�R�9 �*�>���S�h�1�_ �R�X �a�h���h�1�@�P�6�@�h�>�1�@���_�h ���L�. �*�P�L�h�_�A�"�l�h�A�P�L�a

�B�b ���p���B�H���#�H�2�- �r�2 �;�B�p�2 �Q�m�` �}�`�b�i �T���`�i�B�i�B�Q�M �#�v �b���K�T�H�B�M�; �7�`�Q�K �� �T�`�B�Q�`% ���M�/ ���i �2���+�? �i�B�K�2
t + 1, t = 0,1, . . . ,T " 1�- �i�?�2 �T���`�i�B�i�B�Q�Möct+1 �B�b �b���K�T�H�2�/ �7�`�Q�K �� �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mö#t+1

�r�?�B�+�? �+�Q�M�+�2�M�i�`���i�2�b �Q�M �T���`�i�B�i�B�Q�M �?���p�B�M�; �#�Q�i�? �b�K���H�H �+�m�K�m�H���i�B�p�2 �H�Q�b�b ���M�/ �H�Q�r �p���`�B���M�+�2�X �A�M
���/�/�B�i�B�Q�M�- �Q�M�2 �+���M �M�Q�i�B�+�2 �i�?���i �i�?�2 �`���M�/�Q�K�M�2�b�b �Q�7öct+1 �Q�`�B�;�B�M���i�2�b �7�`�Q�K �M�Q�i �Q�M�H�v �i�?�2 �r���v �B�i
�B�b �b���K�T�H�2�/ �#�m�i ���H�b�Q �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7ö#t+1 �Q�M �`���M�/�Q�K �p���`�B���#�H�2�böct , öct" 1, . . . , öc1�X

�"�v ���/���T�i�B�M�; �i�?�2 �H�2�K�K�� �Q�7���m�/�B�#�2�`�i�U�k�y�y�N�V �i�Q �m�M�b�m�T�2�`�p�B�b�2�/ �b�2�i�i�B�M�;�- �r�B�i�? �� �m�M�B�7�Q�`�K �T�`�B�Q�`
%�Q�MC �- �/�2�}�M�2�/ ���b

%(c) =
"

k#51,p6
q(k)%k(c) {c#Rdk }, �U�R�X�R�R�V

�r�?�2�`�2q �� �/�B�b�+�`�2�i�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �T���`���K�2�i�2�`, ( 0 �Q�M �i�?�2 �b�2�i51, p6 :=
{1, . . . , p}�-�B�X�2�X�-

q(k) =
exp(" , k)

! p
i =1 exp(" , i )

, �U�R�X�R�k�V

���M�/%k �B�b �i�?�2 �T�`�Q�/�m�+�i �Q�7k �B�M�/�2�T�2�M�/�2�M�i �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! 2�@�#���H�H�bBd(2R) �B�MRd

�U�r�2 �`�2�7�2�` �i�Q �U�k�X�e�V �i�Q �b�2�2 �B�i�b �+�Q�M�+�`�2�i�2 �7�Q�`�K�V�X �q�2 �T�`�Q�p�2 �i�?���i���H�;�Q�`�B�i�?�K �R�X�k�b���i�B�b�}�2�b �i�?�2
�7�Q�H�H�Q�r�B�M�; �#�Q�m�M�/�X

�h�?�2�Q�`�2�K �R�X�j�X�6�Q�` ���M�v �/�2�i�2�`�K�B�M�B�b�i�B�+ �b�2�[�m�2�M�+�2(xt )1:T # RdT ���M�/ ���M�vp ( 1�- �+�Q�M�b�B�/�2�`%
�/�2�}�M�2�/ �#�v�U�R�X�R�R�V�r�B�i�?, ( 0 ���M�/R ( max t=1,...,T |xt |2�X �A�7" ( (d + 2)/(2TR 2)�- �i�?�2 �T� �̀Q�+�2�/�m� �̀2
�/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �R�X�k�b���i�B�b�}�2�b

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

k#51,p6
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inf
c#C (k,R)
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+
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&

+
6
ln p

"
+
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�r�?�2� �̀2 �i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�M �i�?�2 �H�2�7�i �?���M�/ �b�B�/�2 �B�b �i���F�2�M �r�B�i�? � �̀2�b�T�2�+�i �i�Q �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M�-
�/�2�M�Q�i�2�/ �#�v( ö#1, ö#2, . . . , ö# t )�- �Q�7(öc1, öc2, . . . , öct )�cC (k,R) = {c = (cj ) j=1,2,...,k # Rdk , ci *=cj , i *=
j , �b�m�+�? �i�?���i

5
5cj

5
5
2 $ R,7 j } �B�b �� �b�m�#�b�2�i �Q�7Rdk �r�?�B�+�? �/�2�}�M�2�b �i�?�2 � �̀��M�;�2 �Q�7k �+�2�M�i�2�`�b �r�B�i�?�B�M

c # C (k,R).

�L�Q�i�B�+�2 �i�?���iinf c#C (k,R)
! T

t=1 ! (c, xt )�- �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �i�?�2 �#�2�b�i �T���`�i�B�i�B�Q�M �r�B�i�? �2�t���+�i�H�v
k �+�2�H�H�b�- �B�b �� �M�Q�M�@�B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �M�m�K�#�2�`k �Q�7 �+�2�H�H�b �r�?�B�H�2 �i�?�2 �T�2�M���H�i�v �B�b �H�B�M�2���`�H�v
�B�M�+�`�2���b�B�M�; �r�B�i�?k�X �a�K���H�H �p���H�m�2�b �7�Q�`" �U�Q�` �2�[�m�B�p���H�2�M�i�H�v�- �H���`�;�2 �p���H�m�2�b �7�Q�`R�V �H�2���/ �i�Q �b�K���H�H
�p���H�m�2�b �7�Q�`k�X �h�?�2 ���/�/�B�i�B�Q�M���H �i�2�`�K �B�M�/�m�+�2�/ �#�v �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7C = 4 k=1,...,pRdk �B�bln p�X
�� �b�m�B�i���#�H�2 �+���H�B�#�`���i�B�Q�M �Q�7" �v�B�2�H�/�b �� �b�m�#�H�B�M�2���` �`�2�K���B�M�/�2�` �i�2�`�K �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v�X

�*�Q�`�Q�H�H���`�v �R�X�R�X�U�+�7�X�*�Q� �̀Q�H�H���`�v �k�X�k�V �l�M�/�2�` �i�?�2 �T� �̀2�p�B�Q�m�b �M�Q�i���i�B�Q�M �r�B�i�?" = (d+2)
!

ln T /(2
!

TR 2)�-
�i�?�2 �T� �̀Q�+�2�/�m� �̀2 �/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �R�X�k�b���i�B�b�}�2�b

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

k#51,p6

#

inf
c#C (k,R)

T"

t=1
! (c, xt )+ cd,R,, k

<
T log T

&

+
$
cp,d,R + cd,R

%<
T log T , �U�R�X�R�j�V

�r�?�2� �̀2cd,R,, , cp,d,R ���M�/cd,R ��� �̀2 �+�Q�M�b�i���M�i�b �U�b�2�2�*�Q� �̀Q�H�H���`�v �k�X�k�7�Q�` �i�?�2�B�` �2�t�T�H�B�+�B�i �7�Q�`�K�V�X

�q�2 �b�2�2 �i�?���i �i�?�2 �2�t�T�2�+�i�2�/ �+�m�K�m�H���i�B�p�2 �H�Q�b�b �B�b �+�H�Q�b�2 �i�Q �i�?���i �Q�7 �i�?�2 �#�2�b�i �T���`�i�B�i�B�Q�M �B�M �#���i�+�?
�b�2�i�i�B�M�; �m�T �i�Q �� �`�2�K�B�M�/�2�` �i�2�`�K �Q�7 �i�?�2 �Q�`�/�2�` �Q�7

!
T ln T �X �J�Q�`�2�Q�p�2�`�- �i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 �Q�7



�R�X�j�X �*�P�L�h�_�A�"�l�h�A�P�L�a �R�8

�i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v ���H�b�Q �B�M�/�B�+���i�2�b �i�?���i �Q�m�` �T�`�Q�+�2�/�m�`�2 �b�2�2�F�b �i�Q �T���`�i�B�i�B�Q�M�b �r�?�B�+�? �/�Q�2�b �M�Q�i
�b�B�K�T�H�v �?���p�2 �� �;�Q�Q�/ �T�2�`�7�Q�`�K���M�+�2 �Q�M �i�?�2 �[�m���M�i�B�x���i�B�Q�M �2�`�`�Q�` �#�m�i ���H�b�Q �Q�M �B�i�b �M�m�K�#�2�` �Q�7 �+�2�H�H�b�X
�A�M ���/�/�B�i�B�Q�M�- �A�7 �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �b�2�[�m�2�M�+�2x1, . . . , xT �B�b �;�2�M�2�`���i�2�/ �7�`�Q�K �� �/�B�b�i�`�B�#�m�i�B�Q�M
�r�B�i�?k" # 51, p6 �+�H�m�b�i�2�`�b �r�?�Q�b�2 �+�2�M�i�2�`�b �#�2�H�Q�M�; �i�QC (k" ,R)�- �i�?�2�M�*�Q�`�Q�H�H���`�v �R�X�R�+���M �v�B�2�H�/
�i�?�2 �7�Q�H�H�Q�r�B�M�;

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) " inf

c#C (k" ,R)

T"

t=1
! (c, xt ) $ Jk "

!
T ln T ,

�r�?�2�`�2J �B�b �� �+�Q�M�b�i���M�i �/�2�T�2�M�/�B�M�; �Q�Md�-R�-, ���M�/ln p�X �h�?�2 �}�`�b�i �i�2�`�K �Q�M �i�?�2 �H�2�7�i �B�b �i�?�2
�2�t�T�2�+�i�2�/ �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K ���M�/ �i�?�2 �b�2�+�Q�M�/ �Q�M�2 �B�b �i�?�2 �Q�`���+�H�2 �+�m�K�m�H���i�B�p�2
�H�Q�b�b�X �h�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v �B�M�/�B�+���i�2�b �i�?���i �i�?�2 �`�2�;�`�2�i �Q�7 �Q�m�` �`���M�/�Q�K�B�x�2�/ �T�`�Q�+�2�/�m�`�2�- �/�2�}�M�2�/
���b �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �2�t�T�2�+�i�2�/ �+�m�K�m�H���i�B�p�2 �H�Q�b�b ���M�/ �Q�`���+�H�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b�- �B�b �Q�7 �i�?�2
�Q�`�/�2�`

!
T ln T �X �>�Q�r�2�p�2�`�- �r�?�2�M�2�p�2�`k" > p�- �i�?�2 �i�2�`�Kk

!
T ln T �B�M �U�R�X�R�j�V �2�K�2�`�;�2�b ���M�/ �i�?�2

�#�Q�m�M�/ �B�M�*�Q�`�Q�H�H���`�v �R�X�R�B�b �/�2�i�2�`�B�Q�`���i�2�/ �U�r�2 �`�2�7�2�` �i�Q�*�Q�`�Q�H�H���`�v �k�X�k�7�Q�` �K�Q�`�2 �/�2�i���B�H�b�V�X

�R�X�j�X�j ���/���T�i�B�p�2 �`�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �+�H�m�b�i�2�`�B�M�;

�h�?�2 �T���`���K�2�i�2�`" �B�M�*�Q�`�Q�H�H���`�v �R�X�R�/�2�T�2�M�/�b �#�Q�i�? �Q�M �i�B�K�2 �?�Q�`�B�x�Q�MT ���M�/ �Q�M �#�Q�m�M�/R
�Q�7! 2�@�M�Q�`�K �Q�7 �b�2�[�m�2�M�+�2(xt )1:T �X �h�?�2�b�2 �i�r�Q �[�m���M�i�B�i�B�2�b ���`�2 �m�b�m���H�H�v �m�M�F�M�Q�r�M �� �T�`�B�Q�`�B�X �A�i
�T�`�Q�K�T�i�b �m�b �i�Q �K���F�2" ���/���T�i�B�p�2 �i�Q �#�Q�i�?T ���M�/R�X �A�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2 �#�2�;�B�M �r�B�i�? �i�?�2 �+���b�2
�r�?�2�M �Q�M�H�vR �B�b �F�M�Q�r�M ���M�/ �i�?�2�M �T�`�Q�+�2�2�/ �i�Q �i�?�2 �+���b�2 �r�?�2�M �#�Q�i�? �Q�7 �i�?�2�K ���`�2 �m�M�F�M�Q�r�M�X
�q�?�2�MR �B�b �F�M�Q�r�M�- �r�2 �T�`�Q�T�Q�b�2 ���M ���/���T�i�B�p�2 �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7���H�;�Q�`�B�i�?�K �R�X�k�r�?�Q�b�2 �b�i�2�T�b
���`�2 �/�2�i���B�H�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�k�X �h�?�2 �/�B�z�2�`�2�M�+�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q���H�;�Q�`�B�i�?�K �R�X�k�B�b �i�?���i ��
�b�2�[�m�2�M�+�2 �Q�7 �i�2�K�T�2�`���i�m�`�2 �T���`���K�2�i�2�`�b" 0 = " 1 = 1," t = (d + 2)

!
ln t/

$
2

!
tR 2

%
, t = 2, . . . ,T �B�b

�B�M�B�i�B���H�B�x�2�/ ���M�/ �b�m�#�b�i�B�i�m�i�2 �7�Q�`" �B�M �2���+�? �B�i�2�`���i�B�Q�M�X

�h�?�2 �T�`�B�+�2 �i�Q �T���v �7�Q�` �M�Q�i �F�M�Q�r�B�M�; �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�MT �U�r�?�B�+�? �B�b �� �K�m�+�? �K�Q�`�2 �`�2���H�B�b�i�B�+
���b�b�m�K�T�i�B�Q�M �7�Q�` �Q�M�H�B�M�2 �H�2���`�M�B�M�;�V �B�b �� �K�m�H�i�B�T�H�B�+���i�B�p�2 �7���+�i�Q�`2 �B�M �7�`�Q�M�i �Q�7 �i�?�2 �i�2�`�Kcd,R �B�M �i�?�2
�m�T�T�2�` �#�Q�m�M�/ �U�+�7�X�*�Q�`�Q�H�H���`�v �k�X�j�V�X �>�Q�r�2�p�2�`�- �i�?�B�b �/�Q�2�b �M�Q�i �/�2�;�`���/�2 �i�?�2 �`���i�2 �Q�7 �+�Q�M�p�2�`�;�2�M�+�2!

T ln T �X

�q�?�2�M �#�Q�i�?R ���M�/T �`�2�K���B�M �m�M�F�M�Q�r�M�- �r�2 �m�b�2 �i�?�2 �/�Q�m�#�H�B�M�; �i�`�B�+�F �U�a�2�+�i�B�Q�M �k�X�j�-�*�2�b���@�"�B���M�+�?�B
���M�/ �G�m�;�Q�b�B�-�k�y�y�e���M�/�*�2�b���@�"�B���M�+�?�B�2�i ���H�X�-�k�y�y�d�V �B�M���H�;�@�_�Q�7�*�?���T�i�2�` �k�- �i�Q �b�?�Q�r �?�Q�r �+���M
�r�2 �K���F�2 �Q�m�` �T�`�Q�+�2�/�m�`�2 �i�Q �#�2 �� �7�m�H�H�v ���/���T�i�B�p�2 �Q�M�2�X �h�?�2 �F�2�v �B�/�2�� �Q�7 �/�Q�m�#�H�B�M�; �i�`�B�+�F �`�2�H�B�2�b �Q�M
�/�B�p�B�/�B�M�; �i�B�K�2 �b�i�2�T�b �B�M�i�Q �b�2�p�2�`���H �2�T�Q�+�?�b(t r " 1 + 1, t r " 1 + 2, . . . , t r ), r = 0,1, . . . , t " 1 = 0) �r�?�Q�b�2
�H�2�M�;�i�? �B�M�+�`�2���b�2�b �2�t�T�Q�M�2�M�i�B���H�H�v�X �6�Q�` �i�B�K�2 �`�Q�m�M�/t �r�B�i�?�B�M �2�T�Q�+�?r �-�B�X�2�X�-t # [ t r " 1 + 1, t r " 1 +

2, . . . , t r ]�- �r�2 �b�2�i" := " r ,t = (d+2)
!

ln t
2

!
tR 2

t r " 1

�r�?�2�`�2R0 = 1 ���M�/Rt = maxs=1,...,t 28log2(|xs|2)9, t ( 1 ���M�/

8x9 �`�2�T�`�2�b�2�M�i�b �i�?�2 �H�2���b�i �B�M�i�2�;�2�` �;�`�2���i�2�` �i�?���M �Q�` �2�[�m���H �i�Qx # R�X

�*�Q�`�Q�H�H���`�v �R�X�k�X�U�+�7�X�*�Q� �̀Q�H�H���`�v �k�X�j�V �h�?�2 � �̀2�;� �̀2�i �Q�7 ���H�;�Q�`�B�i�?�K���H�;�@�_�b���i�B�b�}�2�b�-

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

k#51,p6

#

inf
c#C (k,R)

T"

t=1
! (c, xt )+

28

3
cd,R,, k

<
T log T

&

+
28

3

$
cp,d,R + 2cd,R

%<
T log T +

112

3
R2,

�r�?�2� �̀2R = max t=1,...,T |xt |2�X

�L�Q�i�2 �i�?���i ���M ���/�/�B�i�B�Q�M���H �K�m�H�i�B�T�H�B�+���i�Q�`28
3 ���M�/ ���M ���/�/�B�i�B�Q�M���H �i�2�`�K112

3 R2 �B�b �r�?���i �r�2 �M�2�2�/ �i�Q
�T���v �7�Q�` �K���F�B�M�; �Q�m�` ���H�;�Q�`�B�i�?�K ���H�b�Q ���/���T�i�B�p�2 �i�Q �m�M�F�M�Q�r�MR�X �P�m�` ���H�;�Q�`�B�i�?�K �B�b �7�m�H�H�v ���/���T�i�B�p�2
�i�Q �#�Q�i�? �i�?�2 �m�T�T�2�` �#�Q�m�M�/R �7�Q�` �i�?�2 �`���M�;�2 �Q�7 �b�2�[�m�2�M�+�2(xt )1:T ���M�/ �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�MT �X



�R�e �*�>���S�h�1�_ �R�X �a�h���h�1�@�P�6�@�h�>�1�@���_�h ���L�. �*�P�L�h�_�A�"�l�h�A�P�L�a

�A�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�- �r�2 �B�M�p�2�b�i�B�;���i�2 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�7 �K�B�M�B�K���t �`�2�;�`�2�i �r�?�B�+�? �B�b �� �M�2�r
�M�Q�i�B�Q�M �i�?���i �r�B�H�H �#�2 �/�2�}�M�2�/�X �q�2 �i�?�2�M �T�`�Q�p�2 �i�?���i �i�?�B�b �H�Q�r�2�` �#�Q�m�M�/ �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �Q�7 �i�?�2
�b���K�2 �Q�`�/�2�` ���b �i�?���i �Q�7 �`�2�;�`�2�i �#�Q�m�M�/�b �/�B�b�+�m�b�b�2�/ ���#�Q�p�2�X

�R�X�j�X�9 �J�B�M�B�K���t �`�2�;�`�2�i �7�Q�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;

�q�2 �Q�#�i���B�M �B�M�*�Q�`�Q�H�H���`�v �R�X�R�i�?���i �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �B�b �Q�7 �i�?�2 �Q�`�/�2�`
!

T ln T �X �A�M �i�?�B�b �b�2�+�i�B�Q�M�-
�r�2 �}�`�b�i �/�2�}�M�2 �M�Q�i�B�Q�M �Q�7 �K�B�M�B�K���t �`�2�;�`�2�i �B�M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �b�2�i�i�B�M�; ���M�/ �i�?�2�M �T�`�Q�p�2 �� �H�Q�r�2�`
�#�Q�m�M�/ �Q�M �B�i�X �h�?�B�b �H�Q�r�2�` �#�Q�m�M�/ �b�?���`�2�b �i�?�2 �b���K�2 �Q�`�/�2�` �B�MT ���b �`�2�;�`�2�i �#�Q�m�M�/ �B�M�/�B�+���i�B�M�;
�i�?���i �Q�m�` ���H�;�Q�`�B�i�?�K �B�b �Q�T�i�B�K���H �B�M �i�?�2 �K�B�M�B�K���t �b�2�M�b�2�X

�_�2�+���H�H �i�?���i �r�2 �b�m�T�T�Q�b�2�/ �i�?�2 �b�2�[�m�2�M�+�2(xt )1:T �B�b �#�Q�m�M�/�2�/ �B�M ��X = Bd(R) = {x # Rd, |x|2 $ R}�-
���M�/ �/�2�M�Q�i�2 �#�vC = 4 p

k=1Rdk �i�?�2 �T���`�i�B�i�B�Q�M �b�T���+�2�X �q�2 �+�Q�M�b�B�/�2�` �}�`�b�i �7�Q�H�H�Q�r�B�M�; �/�2�}�M�B�i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �R�X�R�X�q�2 �+���H�H �K�B�M�B�K���t � �̀2�;� �̀2�i �Q�M �b�2�[�m�2�M�+�2(xt )1:T �r�B�i�? �H�Q�b�b �7�m�M�+�i�B�Q�M! �i�?�2
�[�m���M�i�B�i�v

inf
öP

sup
(xt )1:T

#
T"

t=1
E( ö#1,..., ö# t ) [! (öct , xt )] " inf

c#C (k,R)

T"

t=1
! (c, xt )

&

, �U�R�X�R�9�V

�r�?�2� �̀2 �i�?�2 �B�M�}�K�m�K �B�b �i���F�2�M �Q�p�2�` ���H�H �7�Q� �̀2�+���b�i�2�`�ö�b �b�i� �̀��i�2�;�vöP
#
= ( ö# t )1:T ���M�/ �i�?�2 �b�m�T� �̀2�K�m�K

�B�b �i���F�2�M �Q�p�2�` ���H�H �b�2�[�m�2�M�+�2(xt )1:T # X T �X �J�Q� �̀2 �T� �̀2�+�B�b�2�H�v�- �i�?�2 �b�i� �̀��i�2�;�vöP �B�b �� �b�2�[�m�2�M�+�2
ö#1, ö#2, . . . , �Q�7 �7�m�M�+�i�B�Q�M�bö#t : X t" 1 "& P (C )�- �r�?�2� �̀2 �r�2 � �̀2�+���H�H �i�?���iP (C ) �B�b �i�?�2 �b�2�i �Q�7 ���H�H
�T� �̀Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�`C �X �1���+�?ö#t �B�M �i�?�2 �2�t�T�2�+�i���i�B�Q�M �/�2�M�Q�i�2�b �?�Q�r�2�p�2�` �i�?�2 �T� �̀Q�#���#�B�H�B�i�v
�/�B�b�i�`�B�#�m�i�B�Q�M �r�?�B�+�? �B�b �i�?�2 �p���H�m�2 �Q�7 �7�Q� �̀2�+���b�i�B�M�; �b�i� �̀��i�2�;�v ���T�T�H�B�2�/ �Q�M �i�?�2 ���p���B�H���#�H�2 �/���i���-�B�X�2�X�-
ö# t

#
= ö#t (x1, x2, . . . , xt" 1)�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 ���#�m�b�2 �i�?�2 �M�Q�i���i�B�Q�M�bö#t �B�7 �M�Q �+�Q�M�7�m�b�B�Q�M ���`�B�b�2�b�X

�A�M ���/�/�B�i�B�Q�M�- �M�Q�i���i�B�Q�M( ö#1, ö#2, . . . , ö# t ) �B�M �i�?�2 ���#�Q�p�2 �2�t�T�2�+�i���i�B�Q�M �/�2�M�Q�i�2�b �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M
�Q�7(öc1, . . . , öct )�X �h�?�B�b �/�2�}�M�B�i�B�Q�M �Q�7 �K�B�M�B�K���t � �̀2�;� �̀2�i �B�M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �B�b ���M ���M���H�Q�;�m�2 �Q�7
�K�B�M�B�K���t �/�2�}�M�2�/ �B�M �T� �̀2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i ���/�p�B�+�2 �U�b�2�+�i�B�Q�M �k�X�j �Q�7�*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�-
�k�y�y�e�V ���M�/ �Q�M�H�B�M�2 � �̀2�;� �̀2�b�b�B�Q�M �U�b�2�+�i�B�Q�M �k�X�R�y �Q�7�:�2� �̀+�?�B�M�Q�p�B�i�x�-�k�y�R�R�V�X

�>�Q�r�2�p�2�`�- �p���H�m�2 �Q�7 �U�R�X�R�9�V �+���M �#�2 ���`�#�B�i�`���`�B�H�v �b�K���H�H �Q�` �2�p�2�M �M�2�;���i�B�p�2 �b�B�M�+�2 �i�?�2 �B�M�}�K�m�K �B�b
�i���F�2�M �Q�p�2�` ���M�v �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�MC ���M�/ �i�?�2�`�2 �B�b �M�Q �`�2�b�i�`�B�+�i�B�Q�M �Q�M �i�?�2 �M�m�K�#�2�`
�Q�7 �+�2�H�H�b �Q�7 �2���+�? �T���`�i�B�i�B�Q�Möct �X �h�?�2 �H�Q�r�2�` �#�Q�m�M�/ �/�Q�2�b �M�Q�i �K���i�+�? �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �Q�7�*�Q�`�Q�H�@
�H���`�v �R�X�R�X �h�Q �?���M�/�H�2 �i�?�B�b�- �r�2 �M�2�2�/ �i�Q �B�M�i�`�Q�/�m�+�2 �� �T�2�M���H�B�x�2�/ �i�2�`�K �r�?�B�+�? ���+�+�Q�m�M�i�b �7�Q�` �i�?�2
�M�m�K�#�2�` �Q�7 �+�2�H�H�b �Q�7 �2���+�? �T���`�i�B�i�B�Q�M �i�Q �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M! �X �A�M �i�?�2 �b�2�[�m�2�H�- �/�2�M�Q�i�2 �#�v|c| �i�?�2
�M�m�K�#�2�` �Q�7 �+�2�H�H�b �U�Q�` �+�2�M�i�2�`�b�V �B�M ���M�v �T���`�i�B�i�B�Q�Mc # C �X �q�2 �T�`�Q�+�2�2�/ �i�Q �i�?�2 �K�B�M�B�K���t �`�2�;�`�2�i
�r�B�i�? �T�2�M���H�B�x�2�/ �H�Q�b�b �7�m�M�+�i�B�Q�M! pen�X

�.�2�}�M�B�i�B�Q�M �R�X�k�X�q�2 �+���H�H �K�B�M�B�K���t � �̀2�;� �̀2�i �Q�M �b�2�[�m�2�M�+�2(xt )1:T �r�B�i�? �T�2�M���H�B�x�2�/ �H�Q�b�b �7�m�M�+�i�B�Q�M
! pen �i�?�2 �[�m���M�i�B�i�v

VT (k)
#
= inf

öP
sup

(xt )1:T

#
T"

t=1
E( ö#1,..., ö# t )

'
! pen (öct , xt )

(
" inf

c#C (k,R)

T"

t=1
! (c, xt )

&

, �U�R�X�R�8�V

�r�?�2� �̀2! pen(c, x) = ! (c, x)+
=

ln T
T |c| �7�Q�` ���M�vc # C ���M�/x # X �X



�R�X�j�X �*�P�L�h�_�A�"�l�h�A�P�L�a �R�d

�G�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �K�B�M�B�K���t �`�2�;�`�2�i

�A�M �i�?�2 �M�2�t�i �i�?�2�Q�`�2�K �r�2 �b�?�Q�r �i�?���i �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�7 �U�R�X�R�8�V �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �Q�7 �i�?�2 �Q�`�/�2�`
k

!
T ln T ���M�/ �i�?���i �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �Q�7���H�;�Q�`�B�i�?�K �R�X�k�U�b�B�K�B�H���` �7�Q�` �B�i�b ���/���T�i�B�p�2 �p�2�`�b�B�Q�M�V

�r�B�i�? �i�?�2 �T�2�M���H�B�x�2�/ �H�Q�b�b �7�m�M�+�i�B�Q�M! pen �B�b �Q�7 �i�?�2 �b���K�2 �Q�`�/�2�` ���b �i�?�2 �H�Q�r�2�` �#�Q�m�M�/�X �A�i �B�M�/�B�+���i�2�b
�i�?���i �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �Q�7���H�;�Q�`�B�i�?�K �R�X�k�+���M�M�Q�i �#�2 �B�K�T�`�Q�p�2�/ ���b�v�K�T�i�Q�i�B�+���H�H�v �r�B�i�? �`�2�b�T�2�+�i
�i�Q �B�i�b �Q�`�/�2�` �B�MT �X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �Q�m�` ���H�;�Q�`�B�i�?�K �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �Q�T�i�B�K���H�X

�h�?�2�Q�`�2�K �R�X�9�X�U�+�7�X�h�?�2�Q� �̀2�K �k�X�k�V �G�2�ik # N' �-R > 0 �b�m�+�? �i�?���i

2 $ k $
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>
>
?

*
RT

1
4

6 log T
1
4

+ d
d+1

@
@
@
A, �U�R�X�R�e�V

�r�?�2� �̀2: x; � �̀2�T� �̀2�b�2�M�i�b �i�?�2 �H��� �̀;�2�b�i �B�M�i�2�;�2�` �i�?���i �B�b �b�K���H�H�2�` �i�?���Mx�X �A�7T �B�b �b�m�{�+�B�2�M�i �H��� �̀;�2�- �i�?�2�M
�i�?�2 �T� �̀Q�+�2�/�m� �̀2 �/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �R�X�k�r�B�i�? �T�2�M���H�B�x�2�/ �H�Q�b�b! pen �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�;

k
!

T ln T
6
1"

2

T

B
1+

k " 1

2k2

C7
$ VT (k) $ const.%k

!
T ln T . �U�R�X�R�d�V

�h�?�2 �T�`�Q�Q�7 �Q�7 �H�2�7�i �?���M�/ �b�B�/�2 �Q�7 �U�R�X�R�d�V �/�2�T�2�M�/�b �Q�M �� �T�`�Q�#���#�B�H�B�b�i�B�+ �K�2�i�?�Q�/�, �r�2 �H�Q�r�2�` �#�Q�m�M�/
�i�?�2 �b�m�T�`�2�K�m�K �Q�7 �i�?�2 �`�2�;�`�2�i �Q�p�2�` ���H�H �B�M�/�B�p�B�/�m���H �b�2�[�m�2�M�+�2�b(xt )1:T �#�v �i�?�2 �2�t�T�2�+�i�2�/ �`�2�;�`�2�i �Q�M
�� �b�m�B�i���#�H�v �+�?�Q�b�2�M �B�X�B�X�/ �`���M�/�Q�K �b�2�[�m�2�M�+�2(X t )1:T �X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7(X t )1:T �B�b �� �/�B�b�+�`�2�i�2
�/�B�b�i�`�B�#�m�i�B�Q�M �B�M�b�T�B�`�2�/ �7�`�Q�K �i�?�2 �r�Q�`�F �Q�7�"���`�i�H�2�i�i�2�i ���H�X�U�R�N�N�3�V�X �h�?�2 �T�`�Q�Q�7 �Q�7 �`�B�;�?�i �?���M�/ �b�B�/�2
�Q�7 �U�R�X�R�d�V �B�b �b�B�K�B�H���` �i�Q �i�?���i �Q�7�h�?�2�Q�`�2�K �R�X�j�X �q�2 �b�2�2 �i�?���i �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v
�Q�7 �i�?�2 �Q�`�/�2�` �Q�7

!
T ln T �B�M�/�B�+���i�B�M�; �i�?���i �Q�m�` �T�`�Q�+�2�/�m�`�2 �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �Q�T�i�B�K���H �B�M �i�?�2

�K�B�M�B�K���t �b�2�M�b�2�X

�R�X�j�X�8 �A�K�T�H�2�K�2�M�i���i�B�Q�M �7�Q�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;

�h�?�2 �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M�böct , t = 1, . . . ,T �B�M �#�Q�i�?���H�;�Q�`�B�i�?�K �R�X�k���M�/���H�;�Q�`�B�i�?�K �k�X�k���`�2
�/�`���r�M �7�`�Q�K �i�?�2 �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �/�2�}�M�2�/ �Q�M �� �+�Q�K�T�H�2�t �b�T���+�2 �Q�7 �p���`�v�B�M�; �/�B�K�2�M�b�B�Q�M�bC =
4 p

k=1Rdk �X �>�2�M�+�2 ���i �2���+�?t�- �i�?�2 �T���`�i�B�i�B�Q�Möct �+���M �#�2 �Q�7 �/�B�z�2�`�2�M�i �/�B�K�2�M�b�B�Q�M�X �6�Q�` �B�i�b ���#�B�H�B�i�v �i�Q
�+�Q�T�2 �r�B�i�? �i�`���M�b�/�B�K�2�M�b�B�Q�M���H �K�Q�p�2�b�- �r�2 �`�2�b�Q�`�i �i�Q �i�?�2 �_�C�J�*�J�* �B�M�i�`�Q�/�m�+�2�/ �B�M �b�2�+�i�B�Q�M�R�X�k�X�k�-
�+�Q�m�T�H�2�/ �r�B�i�? �B�/�2���b �7�`�Q�K �i�?�2�:�m�2�/�D ���M�/ ���H�[�m�B�2�`�U�k�y�R�j�V ���M�/ �a�m�#�b�T���+�2 �*���`�H�B�M ���M�/ �*�?�B�#
���H�;�Q�`�B�i�?�K �T�`�Q�T�Q�b�2�/ �#�v�.�2�H�H���T�Q�`�i���b�2�i ���H�X�U�k�y�y�k�V ���M�/�S�2�i�`���H�B���b ���M�/ �.�2�H�H���T�Q�`�i���b�U�k�y�R�j�V�X
�J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �r�2 �b�2�i �b�T�2�+�B�}�+���H�H�v �i�?�2 �T���`���K�2�i�2�` �b�T���+�2! �2�[�m���H�B�M�; �i�Q �i�?�2 �T���`�i�B�i�B�Q�M �b�T���+�2
C �- ���M�/# �i�Q �:�B�#�#�b �[�m���b�B �T�Q�b�i�2�`�B�Q�`ö# t �B�M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;�X �G�2�i �m�b �/�2�M�Q�i�2 �#�vc(n) �i�?�2
�+�m�`�`�2�M�i �b�i���i�2 �Q�7 �T���`�i�B�i�B�Q�M ���in�@�i�? �B�i�2�`���i�B�Q�M �Q�7 �_�C�J�*�J�*�X �P�M�2 �b�?�Q�m�H�/ �M�Q�i�B�+�2 �i�?���ic(n) �B�M
�7���+�i �/�2�T�2�M�/�b �Q�Mt �b�B�M�+�2 �i�?�2 �i���`�;�2�i �B�bö#t ���i �i�B�K�2t�X �>�Q�r�2�p�2�` �b�B�M�+�2 �i�?�2 �b�+�?�2�K�� �B�M �i�?�2
�_�C�J�*�J�* �7�Q�` �i���`�;�2�iö# t �B�b �i�?�2 �b���K�2 �7�Q�`t = 1,2, . . . ,T �- �r�2 �Q�K�B�i �i�?�B�b �/�2�T�2�M�/�2�M�+�2 �Q�7c(n) �Q�Mt
�7�Q�` �r�`�B�i�B�M�; �+�Q�M�p�2�M�B�2�M�+�2�X �.�2�M�Q�i�2 �#�vk(n) �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b�X �q�2 �+���M �;�2�M�2�`���i�2 �� �T�`�Q�T�Q�b���H
c0 �#�v �7�Q�H�H�Q�r�B�M�; �i�?�2 �b�i�2�T�b �B�M�i�`�Q�/�m�+�2�/ �B�M �b�2�+�i�B�Q�M�R�X�k�X�k�r�B�i�? �b�T�2�+�B�}�+ �i�`���M�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�v
pk(n)k0�- �/�2�M�b�B�i�vqk(n)k0 ���M�/gk(n)k0�X �6�B�`�b�i�H�v�- �r�2 �+�?�Q�Q�b�2 �i�?�2 �i�`���M�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�vpk(n)k0 ���b

pk(n)k0 =

1
2222222223

2222222224

1

3
�B�7k(n) # {2, . . . , p} ���M�/ k0#

D
k(n) " 1, k(n), k(n) + 1

E
,

1

2
�B�7k(n) = 1 ���M�/ k0# {1,2},

1

2
�B�7k(n) = p ���M�/ k0# {p " 1, p},

0 �Q�i�?�2�`�r�B�b�2.

�U�R�X�R�3�V



�R�3 �*�>���S�h�1�_ �R�X �a�h���h�1�@�P�6�@�h�>�1�@���_�h ���L�. �*�P�L�h�_�A�"�l�h�A�P�L�a

�h�?�B�b �i�`���M�b�B�i�B�Q�Mpk(n)k0 �r�B�H�H �Q�M�H�v �T�`�Q�T�Q�b�2 �M�2�r �M�m�K�#�2�`k0 �Q�7 �+�2�H�H�b �r�B�i�?�B�M �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/
�Q�7 �+�m�`�`�2�M�ik(n)�X �h�?�B�b �+�?�Q�B�+�2 �Q�7pk(n)k0 �i�?���i �7���p�Q�`�b �H�Q�+���H �i�`���M�b�B�i�B�Q�M �Q�7 �M�m�K�#�2�` �Q�7 �+�2�H�H�b �+���M
�H�2���/ �i�Q �� �+�Q�K�T���`���i�B�p�2�H�v �?�B�;�?�2�` ���+�+�2�T�i���M�+�2 �T�`�Q�#���#�B�H�B�i�v �B�M �_�C�J�*�J�* �b�B�M�+�2 �Q�i�?�2�`�r�B�b�2�- �i�?�2
�`���i�B�Q �#�2�i�r�2�2�Mö#t (c0) ���M�/ö# t (c(n)) �r�Q�m�H�/ �#�2 �b�K���H�H �/�m�2 �i�Q �i�?�2 �H���`�;�2 �p���`�B���i�B�Q�M �Q�7 �M�m�K�#�2�` �Q�7
�+�2�H�H�b �#�2�i�r�2�2�Mc0# Rdk 0

���M�/c(n) # Rdk (n)
�X �h�?�2�M�- ���M ���m�t�B�H�B���`�v �p�2�+�i�Q�`v �B�b �b���K�T�H�2�/ �7�`�Q�K ��

�`�2�b�+���H�2�/ �a�i�m�/�2�M�i �/�B�b�i�`�B�#�m�i�B�Q�M#k0(á) �Q�MRdk 0
�r�?�Q�b�2 �/�2�M�b�B�i�v �B�b �/�2�i���B�H�2�/ �B�M �U�k�X�R�9�V �Q�7�*�?���T�i�2�` �k�X

�6�B�M���H�H�v�- �r�2 �b�2�i �i�?�2 �Q�M�2�@�i�Q�@�Q�M�2 ���M�/ �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M ���bgk(n)k0 : (c(n), v) <&(v,c(n))�X �h�?�2
�T�`�Q�T�Q�b���Hc0�B�b �i�?�2�M ���+�+�2�T�i�2�/ �r�B�i�? �T�`�Q�#���#�B�H�B�i�v* �/�2�}�M�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�j�Q�7�*�?���T�i�2�` �k�r�?�2�`�2
�� �/�2�i���B�H�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b �;�B�p�2�M�X

�L�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b

�q�2 �b�?�Q�r �?�2�`�2 �� �b�B�K�T�H�2 �2�t���K�T�H�2 �B�H�H�m�b�i�`���i�B�M�; �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�M
�#���i�+�? �b�2�i�i�B�M�;�X �6�Q�` �K�Q�`�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �B�M �#�Q�i�? �#���i�+�? �b�2�i�i�B�M�; ���M�/ �Q�M�H�B�M�2 �b�2�i�i�B�M�;�-
�Q�M�2 �+���M �`�2�7�2�` �i�Q�*�?���T�i�2�` �k�X �h�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �B�M �#���i�+�? �b�2�i�i�B�M�; ���`�2 �b���K�T�H�2�/ �7�`�Q�K �7�Q�m�`

�#�B�p���`�B���i�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b �r�B�i�? �B�/�2�M�i�B�i�v �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �r�?�Q�b�2 �K�2���M �p�2�+�i�Q�`�b ���`�2
�`�2�b�T�2�+�i�B�p�2�H�v(0,0), (4,1), (0,7), (5,2)�X �1���+�? �Q�#�b�2�`�p���i�B�Q�M �B�b �m�M�B�7�Q�`�K�H�v �/�`���r�M �7�`�Q�K �Q�M�2 �Q�7 �i�?�2
�7�Q�m�` �;�`�Q�m�T�b ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �B�bn = 200�X�6�B�;�m�`�2 �R�X�R�B�H�H�m�b�i�`���i�2�b �`�2�b�T�2�+�i�B�p�2�H�v
�i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �_�C�J�*�J�* �B�M �#�Q�i�? �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b ���M�/ �T�Q�b�B�i�B�Q�M �Q�7 �+�2�M�i�2�`�b�X �h�?�2
�H�2�7�i �T�H�Q�i �B�M�+�H�m�/�2�b �M�m�K�#�2�`k(n) �Q�7 �+�H�m�b�i�2�`�b ���H�Q�M�; �i�?�2 �k�y�y �B�i�2�`���i�B�Q�M�b �U�b�Q�H�B�/ �#�H���+�F �H�B�M�2�V ���M�/ �i�`�m�2
�M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �U�/���b�?�2�/ �`�2�/ �H�B�M�2�V�c �h�?�2 �`�B�;�?�i �T�H�Q�i �T�`�2�b�2�M�i�b �i�?�2 �p���H�m�2�b �U�B�X�2�X�-0," 1,7,2�-
�b�Q�H�B�/ �`�2�/ �H�B�M�2�V �Q�7 �b�2�+�Q�M�/ �+�Q�Q�`�/�B�M���i�2 �Q�7 �K�2���M �p�2�+�i�Q�`�b �Q�7 �7�Q�m�` �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/
�i�?���i �Q�7 �b�2�+�Q�M�/ �+�Q�Q�`�/�B�M���i�2 �Q�7 ���H�H �+�2�M�i�2�`�b �B�Mc(n) ���H�Q�M�; �B�i�2�`���i�B�Q�M�b�X �A�i �B�b �M�Q�i�B�+�2�/ �i�?���i �i�?�2 �+�?���B�M
�+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �i�`�m�2 �p���H�m�2�b �b�H�B�;�?�i�H�v ���7�i�2�`100 �B�i�2�`���i�B�Q�M�b�X

�U���V �L�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b�X �U�#�V �*�Q�Q�`�/�B�M���i�2 �Q�7 �+�2�M�i�2�`�b�X

�6�B�;�m�`�2 �R�X�R �� �h�v�T�B�+���H �_�C�J�*�J�* �Q�m�i�T�m�i�X �U���Vk(n)
1:N �- �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b ���H�Q�M�; �i�?�2 �k�y�y �B�i�2�`�@

���i�B�Q�M�b �U�� �b�Q�H�B�/ �#�H���+�F �H�B�M�2�V�X �h�?�2 �i�`�m�2 �M�m�K�#�2�`4 �Q�7 �+�H�m�b�i�2�`�b �B�M �i�?�B�b �2�t���K�T�H�2 �U�� �/���b�?�2�/ �`�2�/
�H�B�M�2�V�X �U�#�V �p���H�m�2�b �Q�7 �b�2�+�Q�M�/ �+�Q�Q�`�/�B�M���i�2 �Q�7 ���H�H �+�2�M�i�2�`�b �B�Mc(n)

1:N ���H�Q�M�; �i�?�2 �k�y�y �B�i�2�`���i�B�Q�M�b �U��
�/���b�?�2�/ �#�H���+�F �H�B�M�2�V�X �h�?�2 �i�`�m�2 �p���H�m�2�b �Q�7 �b�2�+�Q�M�/ �+�Q�Q�`�/�B�M���i�2 �Q�7 �K�2���M �p�2�+�i�Q�`�b �Q�7 �9 �:���m�b�b�B���M
�/�B�b�i�`�B�#�m�i�B�Q�M�b�X

�A�M ���/�/�B�i�B�Q�M�- �B�M�b�i�2���/ �Q�7 �+�?�Q�Q�b�B�M�; ���`�#�B�i�`���`�B�H�v ���M �B�M�B�i�B���H �p���H�m�2c(0) # C �- �Q�M�2 �+���M �+�?�Q�Q�b�2c(0) =
öct" 1 �B�X�2�X�-�b�2�i�i�B�M�; �B�M�B�i�B���H �p���H�m�2 �7�Q�` �_�C�J�*�J�* ���i �`�Q�m�M�/t �U�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �b���K�T�H�B�M�; �7�`�Q�K
ö#t �V �i�Q �i�?�2 �p���H�m�2 �Q�7 �`���M�/�Q�K�B�x�2�/ �T���`�i�B�i�B�Q�Möct" 1 ���i �`�Q�m�M�/t " 1�X �A�M �T�`���+�i�B�+�2�- �i�?�B�b �r���`�K �b�i���`�i
�?�2�H�T�b �i�Q ���+�+�2�H�2�`���i�2 �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �+�?���B�M�X �A�M�*�?���T�i�2�` �k�- �r�2 �+�Q�K�T���`�2 �i�?�2 �`�m�M�M�B�M�;
�i�B�K�2�b �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �r�B�i�? �b�2�p�2�`���H �+�Q�K�T�2�i�B�i�Q�`�b �B�M �i�?�2 �Q�M�H�B�M�2 �b�2�i�i�B�M�;�X �A�i �B�b �7�Q�m�M�/ �i�?���i



�R�X�j�X �*�P�L�h�_�A�"�l�h�A�P�L�a �R�N

�Q�m�` �K�2�i�?�Q�/�- �2�[�m�B�T�T�2�/ �r�B�i�? �� �r���`�K �b�i���`�i�- �?���b �� �#�2�i�i�2�` �T�2�`�7�Q�`�K���M�+�2 �B�M �`�m�M�M�B�M�; �i�B�K�2 �U�+�7�X
�h���#�H�2 �k�X�k�B�M�*�?���T�i�2�` �k�V�X

�R�X�j�X�e �a�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b �7�`���K�2�r�Q�`�F

�A�M�*�?���T�i�2�` �j�- �r�2 �T�`�Q�+�2�2�/ �i�Q ���M�Q�i�?�2�` �b�2�i�i�B�M�;�, �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b �r�?�B�+�? �+���M �#�2
�b�2�2�M ���b �� �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �b�B�M�+�2 �r�2 �b�2�2�F�b �i�Q �ó�b�m�K�K���`�B�x�2�ô �Q�M�H�B�M�2 �/���i��
�#�v �� �+�Q�M�i�B�M�m�Q�m�b �+�m�`�p�2 �`���i�?�2�` �i�?���M �b�2�p�2�`���H �/�B�b�+�`�2�i�2 �+�2�M�i�2�`�b�X �h�?�B�b �B�b �m�b�2�7�m�H �2�b�T�2�+�B���H�H�v �r�?�2�M
�i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �/���i�� �b�?�Q�r�b �� �+�2�`�i���B�M �+�m�`�p�2 �T���i�i�2�`�M�X �q�2 �B�M�i�`�Q�/�m�+�2 �}�`�b�i �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7
�T�`�B�M�+�B�T���H �+�m�`�p�2 �B�M �+�H���b�b�B�+���H �b�i���i�B�b�i�B�+���H �b�2�i�i�B�M�; ���M�/ �i�?�2�M �+�Q�M�b�B�/�2�` �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b
�U�B�X�2�X�-�T�`�B�M�+�B�T���H �+�m�`�p�2�b �B�M �Q�M�H�B�M�2 �b�2�i�i�B�M�;�V�X �P�m�` �i���b�F �B�b �i�Q �+�Q�M�b�i�`�m�+�i ���M ���H�;�Q�`�B�i�?�K �T�`�Q�T�Q�b�B�M�;
�b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�b ���i �2���+�?t �b�m�+�? �i�?���i �B�i�b �`�2�;�`�2�i �#�Q�m�M�/ �B�b �b�m�#�H�B�M�2���` �B�MT �X

�S�`�B�M�+�B�T���H �+�m�`�p�2�b �+���M �#�2 �`�2�;���`�/�2�/ ���b �� �M�Q�M�H�B�M�2���` �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �}�`�b�i �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�X
�.�B�z�2�`�2�M�i �7�`�Q�K �+�H�m�b�i�2�`�B�M�; �i�?���i �b�2�p�2�`���H �+�2�M�i�2�`�b ���`�2 �m�b�2�/ �i�Q �b�m�K�K���`�B�x�2 �i�?�2 �/���i���- �i�?�2 �;�Q���H �Q�7
�T�`�B�M�+�B�T���H �+�m�`�p�2�b �B�b �i�Q �b�m�K�K���`�B�x�2 �i�?�2 �/���i�� �#�v �� �+�m�`�p�2 �i�?���i �T���b�b�2�b �ó�B�M �i�?�2 �K�B�/�/�H�2 �Q�7 �/���i���ô�-
���b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �R�X�k�X

�6�B�;�m�`�2 �R�X�k �� ���M �2�t���K�T�H�2 �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�X

�h�?�2 �Q�`�B�;�B�M���H �/�2�}�M�B�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 �B�M �+�H���b�b�B�+���H �b�i���i�B�b�i�B�+���H �b�2�i�i�B�M�; �/���i�2�b �#���+�F �i�Q�>���b�i�B�2
���M�/ �a�i�m�2�i�x�H�2�U�R�N�3�N�V�X �A�i �B�b �/�2�}�M�2�/ ���b �� �T���`���K�2�i�2�`�B�x�2�/ �+�m�`�p�2 �r�?�B�+�? �/�Q�2�b �M�Q�i �B�M�i�2�`�b�2�+�i
�B�i�b�2�H�7�- �?���b �}�M�B�i�2 �H�2�M�;�i�? �B�M�b�B�/�2 ���M�v �#�Q�m�M�/�2�/ �b�m�#�b�2�i �Q�7Rd ���M�/ �B�b �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i �U�r�2 �`�2�7�2�`
�i�?�2 �`�2���/�2�` �i�Q�>���b�i�B�2 ���M�/ �a�i�m�2�i�x�H�2�- �R�N�3�N�7�Q�` �K�Q�`�2 �/�2�i���B�H�b�V�X �>�Q�r�2�p�2�`�- �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7
�T�`�B�M�+�B�T���H �+�m�`�p�2 �B�b �;�m���`���M�i�2�2�/ �Q�M�H�v �7�Q�` �� �p�2�`�v �H�B�K�B�i�2�/ �M�m�K�#�2�` �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M�b�X�E�û�;�H�U�R�N�N�N�V
�T�`�Q�T�Q�b�2�/ �� �M�2�r �+�Q�M�+�2�T�i �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�b �r�?�B�+�? �2�M�b�m�`�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �7�Q�` �� �H���`�;�2 �+�H���b�b �Q�7
�/�B�b�i�`�B�#�m�i�B�Q�M�b�X �"�2�7�Q�`�2 �;�B�p�B�M�; �?�Q�r �T�`�B�M�+�B�T���H �+�m�`�p�2 �B�b �/�2�}�M�2�/ �B�M�E�û�;�H�U�R�N�N�N�V�- �H�2�i �m�b �}�`�b�i �;�B�p�2
�;�B�p�2 �b�Q�K�2 �M�Q�i���i�B�Q�M�, �/�2�M�Q�i�2 �#�vX �� �`���M�/�Q�K �p�2�+�i�Q�` �B�MRd ���M�/ �#�vf (s) = ( f1(s), . . . , f d (s)) # Rd

�� �T���`���K�2�i�2�`�B�x�2�/ �+�m�`�p�2 �B�MRd�- �r�?�2�`�2s # I ���M�/I , R �B�b �� �+�H�Q�b�2�/ �B�M�i�2�`�p���H�X �.�2�M�Q�i�2�/ �#�vF L

�� �+�H���b�b �Q�7 �+�Q�M�i�B�M�m�Q�m�b �+�m�`�p�2�b �r�?�Q�b�2 �H�2�M�;�i�? �B�b �b�K���H�H�2�` �i�?���ML > 0�X �6�Q�`f # F L �- �i�?�2 �2�t�T�2�+�i�2�/
�b�[�m���`�2�/ �/�B�b�i���M�+�2# (f ) �Q�7f �B�b �/�2�}�M�2�/ �#�v

# (f ) = E[# (f , X )] = E
B
inf
s#I

=f (s) " X =2
2

C
,

�r�?�2�`�2= á =22 �B�b �i�?�2! 2 �M�Q�`�K �B�MRd�X �h�Q �K���B�M�i���B�M �+�Q�M�b�B�b�i�2�M�+�v �r�B�i�? �M�Q�i���i�B�Q�M�b �B�M �T�`�2�p�B�Q�m�b
�B�M�p�2�b�i�B�;���i�B�Q�M�b �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�b�- �r�2 �m�b�2# (f , X ) �U�`���i�?�2�` �i�?���M! (f , X )�V �i�Q �/�2�M�Q�i�2 �i�?�2 �H�Q�b�b
�U�/�B�b�i���M�+�2�V �#�2�i�r�2�2�Mf ���M�/X �X

�h�?�2 �M�2�r �/�2�}�M�B�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�bf " �#�v�E�û�;�H�U�R�N�N�N�V ���`�2 �/�2�}�M�2�/ ���b �+�m�`�p�2�b �K�B�M�B�K�B�x�B�M�;
�i�?�2 �2�t�T�2�+�i�2�/ �b�[�m���`�2�/ �/�B�b�i���M�+�2 �Q�p�2�`F L �- �M���K�2�H�v�-

f " # arginf
f#F L

# (f ).
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�A�i �B�b �T�`�Q�p�2�/ �i�?���i �B�7E=X =2
2 < ) �-f " ���H�r���v�b �2�t�B�b�i�b �#�m�i �K���v �#�2 �M�Q�i �m�M�B�[�m�2�X �A�i �B�b �b�2�2�M �i�?���i �i�?�2

�2�t�B�b�i�2�M�+�2 �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 �m�M�/�2�` �E�û�;�H�ö�b �/�2�}�M�B�i�B�Q�M �B�b �;�m���`���M�i�2�2�/ �7�Q�` �+�H���b�b �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M�b
�Q�M �r�?�B�+�? �p�2�`�v �H�Q�Q�b�2�M �+�Q�M�b�i�`���B�M�i �B�b �B�K�T�Q�b�2�/�X

�h�Q ���T�T�`�Q�t�B�K���i�2 �m�M�F�M�Q�r�Mf " �U�b�B�M�+�2 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7X �B�b �m�M�F�M�Q�r�M �B�M �T�`���+�i�B�+�2�V�-�E�û�;�H
�U�R�N�N�N�V �m�b�2�b �+�H���b�b�2�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2�b �r�B�i�? �H�B�K�B�i�2�/ �H�2�M�;�i�?�X �>�2 �T�`�Q�p�2�b �i�?���i �i�?�2 �b�2�;�K�2�M�i
�Q�7 �Q�T�i�B�K���H �T�Q�H�v�;�Q�M���H �H�B�M�2 ���T�T�`�Q�t�B�K���i�B�M�;f " �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Qn1/3 �U�i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�@
�p���i�B�Q�M�b�V�X�"�B���m ���M�/ �6�B�b�+�?�2�`�U�k�y�R�k�V ���H�b�Q �m�b�2 �+�H���b�b�2�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2�b �i�Q �2�b�i�B�K���i�2f " ���M�/
�2�t�i�2�M�/ �i�?�2 �`�2�b�m�H�i�b �Q�7 �E�û�;�H �#�v �+�?�Q�Q�b�B�M�; ���M �Q�T�i�B�K���H �b�2�;�K�2�M�i�b �7�`�Q�K �� �K�Q�/�2�H �b�2�H�2�+�i�B�Q�M �T�Q�B�M�i
�Q�7 �p�B�2�r�X

�A�M�*�?���T�i�2�` �j�- �r�2 ���/�Q�T�i �i�?�2 �M�Q�i�B�Q�M�b �Q�7 �+�H���b�b�2�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2�b �/�2�}�M�2�/ �B�M�"�B���m ���M�/ �6�B�b�+�?�2�`
�U�k�y�R�k�V�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �H�2�iB(c,R) �b�i���M�/�b �7�Q�` �i�?�2! 2�@�#���H�H �+�2�M�i�2�`�2�/ �B�Mc # Rd �r�B�i�? �`���/�B�m�b
R > 0�X �G�2�iQ ) �#�2 �� �;�`�B�/ �Q�p�2�`B(0,

!
dR)�-�B�X�2�X�-Q ) = B(0,

!
dR) > $) �r�?�2�`�2$) �B�b �� �H���i�i�B�+�2

�B�MRd �r�B�i�? �b�T���+�B�M�;) > 0�X �G�2�iL > 0 ���M�/ �/�2�}�M�2 �7�Q�` �2���+�?k # 51, p6 �i�?�2 �+�Q�H�H�2�+�i�B�Q�MF k,L �Q�7
�T�Q�H�v�;�Q�M���H �H�B�M�2�bf �r�B�i�?k �b�2�;�K�2�M�i�b �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �B�MQ ) ���M�/ �r�?�Q�b�2 �H�2�M�;�i�? �B�b �b�K���H�H�2�`
�i�?���ML �X�6�B�;�m�`�2 �R�X�j�#�T�`�2�b�2�M�i�b ���M �2�t���K�T�H�2 �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2 �r�B�i�? �8 �b�2�;�K�2�M�i�b ���M�/ �r�B�i�?
�p�2�`�i�B�+�2�b �Q�MQ ) �U�#�H�m�2 �T�Q�B�M�i�b�-) = 1�V �B�MR2�- �r�?�2�`�2 �i�?�2 �#�H���+�F �b�Q�H�B�/ �+�B�`�+�H�2 �`�2�T�`�2�b�2�M�i�bB(0,10)�X
�A�M ���/�/�B�i�B�Q�M�- �/�2�M�Q�i�2 �#�vF p = 4 p

k=1F k,L ���H�H �T�Q�H�v�;�Q�M���H �H�B�M�2�b �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �B�MQ ) ���M�/
�r�?�Q�b�2 �H�2�M�;�i�? �B�b ���i �K�Q�b�iL �X �6�B�M���H�H�v�- �H�2�iK (f ) �/�2�M�Q�i�2 �i�?�2 �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�b �Q�7f # F p�X

�U���V �T���`�i�B�i�B�Q�M �b�i�2�T �U�#�V �H�Q�+���H �;�`�2�2�/�v �b�2���`�+�? �b�i�2�T

�6�B�;�m�`�2 �R�X�j �� �U���V �� �o�Q�`�Q�M�Q�B�@�H�B�F�2 �T���`�i�B�i�B�Q�M �;�B�p�2�M �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �U�#�H���+�F �b�Q�H�B�/ �H�B�M�2�V�c �U�#�V ��
�H�Q�+���H �;�`�2�2�/�v �b�2���`�+�? �`�2�;�B�Q�M �U�#�H�m�2 �T�Q�B�M�i�b �B�M�b�B�/�2 �T�B�M�F �/���b�?�2�/ �+�B�`�+�H�2�V�- �r�?�2�`�2 �i�?�2 �T�B�M�F �/���b�?�2�/
�+�B�`�+�H�2 �B�b ��! 2 �#���H�H �r�B�i�? �+�2�M�i�2�`øN t(x) ���M�/ �r�B�i�? �`���/�B�m�bD (N t(x))�cx �B�b ���M �Q�#�b�2�`�p���i�B�Q�M �B�MR2

���M�/ �B�i�bV(x) �B�bv3 ���M�/v4�- �`�2�T�`�2�b�2�M�i�2�/ �#�v ���b�i�2�`�B�b�F�b�X

�a�B�K�B�H���` �i�Q �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;�- �Q�m�` �;�Q���H �B�b �M�Q�r �i�Q �H�2���`�M �� �i�B�K�2�@�/�2�T�2�M�/�2�M�i �+�m�`�p�2öf t # F p �r�?�B�+�?
�T���b�b�2�b �i�?�`�Q�m�;�? �i�?�2 �ó�K�B�/�/�H�2�ô �Q�7 ���p���B�H���#�H�2 �Q�#�b�2�`�p���i�B�Q�M�b(xs)1:(t" 1) ���M�/ �r�?�Q�b�2 �T�2�`�7�Q�`�K���M�+�2 �B�b
���H�K�Q�b�i ���b �;�Q�Q�/ ���b �i�?�2 �#�2�b�i �ó�2�t�T�2�`�i�ô �+�m�`�p�2 �B�M �?�B�M�/�b�B�;�?�i �B�MF p�-�B�X�2�X�-

T"

t=1
E

'
# (öf t , xt )

(
$ inf

k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )+ RT (f )

&
F
2G

2H
,

�r�?�2�`�2RT (f ) ���b �b�K���H�H ���b �T�Q�b�b�B�#�H�2�- �B�M �T���`�i�B�+�m�H���` �b�m�#�H�B�M�2���` �B�MT �X



�R�X�j�X �*�P�L�h�_�A�"�l�h�A�P�L�a �k�R

�R�X�j�X�d �_�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �T�`�B�M�+�B�T���H �+�m�`�p�2�b

���H�;�Q�`�B�i�?�K�b ���+�?�B�2�p�B�M�; �i�?�2 ���#�Q�p�2 �;�Q���H �+���M �#�2 �Q�#�i���B�M�2�/ �b�B�K�B�H���`�H�v ���b���H�;�Q�`�B�i�?�K �R�X�k�B�M �Q�M�H�B�M�2
�+�H�m�b�i�2�`�B�M�; �#�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`ö# t+1 �M�Q�r �/�2�}�M�2�/ �Q�MF p�,

ö# t+1(f ) / exp(" " St (f ))%(f ),

�r�?�2�`�2%(f ) �B�b �� �T�`�B�Q�` �Q�MF p ���M�/

St (f ) = St" 1(f )+ # (f , xt )+
"

2

$
# (f , xt ) " # (öf t , xt )

%2.

�A�7 ���M �_�C�J�*�J�* �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b �+�Q�M�b�B�/�2�`�2�/ ���;���B�M �7�Q�` �b���K�T�H�B�M�; �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�Q�`
�7�`�Q�Kö#t+1�- �B�i �K���v �i���F�2 �K�m�+�? �H�Q�M�;�2�` �i�B�K�2 �B�M �i�?�B�b �b�2�i�i�B�M�; �i�?���M �B�M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �b�2�i�i�B�M�;
�b�B�M�+�2 �+���H�+�m�H���i�B�Q�M �Q�7 �/�B�b�i���M�+�2 �Q�7 �� �T�Q�B�M�i �i�Q �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �B�b �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/�, �M�Q�i �Q�M�H�v
�/�B�b�i���M�+�2�b �Q�7 �� �T�Q�B�M�i �i�Q ���H�H �p�2�`�i�B�+�2�b �Q�7 �T�Q�H�v�;�Q�M���H �#�m�i ���H�b�Q �i�?���i �i�Q ���H�H �H�B�M�2 �b�2�;�K�2�M�i�b �b�?�Q�m�H�/
�#�2 �+�Q�K�T�m�i�2�/�X �h�?�2�`�2�7�Q�`�2�- �B�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2 �b�?���H�H �`���i�?�2�` �+�Q�M�b�B�/�2�` �� �/�B�z�2�`�2�M�i �T�`�Q�+�2�/�m�`�2
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�� �;�`�2�2�/�v �b�2���`�+�? �Q�7f �?�2�M�+�2 �r�Q�m�H�/ �#�2 �[�m�B�i�2 �i�B�K�2�@�+�Q�M�b�m�K�B�M�; ���M�/ �B�b �?���`�/�H�v ���T�T�H�B�+���#�H�2 �B�M
�T�`���+�i�B�+�2 �2�b�T�2�+�B���H�H�v �r�?�2�Md ���M�/p ���`�2 �H���`�;�2�X �a�B�M�+�2 �i�?�2 �b�T�2�2�/ �Q�7 ���M ���H�;�Q�`�B�i�?�K �K���v �?���p�2
�?�B�;�?�2�` �T�`�B�Q�`�B�i�v �Q�p�2�` �B�i�b �T�`�2�+�B�b�B�Q�M �B�M �T�`���+�i�B�+�2�- �r�2 �B�M�b�i�2���/ �`�2�b�Q�`�i �i�Q �� �b�i�`���i�2�;�v �r�?�B�+�? �+���M �#�2
�/�2�b�+�`�B�#�2�/ ���b �7�Q�H�H�Q�r�, �;�B�p�2�M �� �T�Q�H�v�;�Q�M���H �H�B�M�2öf t # F kt ,L �r�B�i�?k t �b�2�;�K�2�M�i�b�- �i�?�2 �M�2�r �T�Q�H�v�;�Q�M���H
�H�B�M�2öf t+1 �B�b �+�?�Q�b�2�M�- �r�B�i�? �� �T�`�Q�T�Q�`�i�B�Q�M- # (0,1)�- �B�M�b�B�/�2 �� �M�2�B�;�?�#�Q�`�?�Q�Q�/U (öf t ) ?

J k t +1
k t " 1 F k,L �Q�7

F kt ,L �X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �r�?�2�Mxt �B�b ���p���B�H���#�H�2�- �i�?�2 �M�m�K�#�2�`k t+1 �Q�7 �b�2�;�K�2�M�i�b �Q�7öf t+1 �p���`�B�2�b �r�B�i�?
k t �r�B�i�?�B�M ���i �K�Q�b�i �R �m�M�B�i�X �J�Q�`�2�Q�p�2�`�- �r�2 �+���M �`�2�/�m�+�2 �i�?�2 �+�Q�K�#�B�M���i�Q�`�B�2�b �Q�7öf t+1 �i�Q �T�Q�H�v�;�Q�M���H
�H�B�M�2�b �r�?�Q�b�2 �p�2�`�i�B�+�2�b �Q�M�H�v �/�B�z�2�` �r�B�i�? �i�?���i �Q�7öf t �B�M �� �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �M�2�r �Q�#�b�2�`�p���i�B�Q�Mxt �X
�h�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/ �+�Q�M�b�B�/�2�`���i�B�Q�M �+���M �i�?�2�`�2�7�Q�`�2 �Q�M �i�?�2 �Q�M�2 �?���M�/ �b�B�K�T�H�B�7�v �i�?�2 �+�Q�K�T�m�i���i�B�Q�M
�+�Q�K�T�H�2�t�B�i�v ���M�/�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �+�Q�M�i�`�Q�H �i�?�2 �p���`�B���M�+�2 �Q�7 �Q�m�` �b�2�[�m�2�M�i�B���H �T�`�2�/�B�+�i�B�Q�M�b
�r�?�B�+�? �B�b ���T�T�2���`�2�/ �B�M �i�?�2 �b�2�+�Q�M�/ �i�2�`�K �Q�7 �U�R�X�R�N�V�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �m�T�/���i�B�M�;
�T�`�B�M�+�B�T���H �+�m�`�p�2�b �B�M �� �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �r�B�i�? �� �T�`�Q�T�Q�`�i�B�Q�M- < 1 �2�M���#�H�2�b �Q�m�` ���H�;�Q�`�B�i�?�K �i�Q �b�i�B�H�H
�?���p�2 �i�?�2 �+�?���M�+�2 �i�Q �2�t�T�H�Q�`�2 �i�?�2 �+�Q�K�T�H�2�K�2�M�i �Q�7 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�X

�J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �Q�m�` �T�`�Q�+�2�/�m�`�2 �b�i���`�i�b �r�B�i�? ���T���`�i�B�i�B�Q�M�b�i�2�T �r�?�B�+�? ���B�K�b �i�Q �B�/�2�M�i�B�7�v�B�M�;
�i�?�2 �ó�`�2�H�2�p���M�i�ô �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 ���M �Q�#�b�2�`�p���i�B�Q�Mx # Rd �r�B�i�? �`�2�b�T�2�+�i �i�Q �� �;�B�p�2�M �T�Q�H�v�;�Q�M���H
�H�B�M�2�- ���M�/ �i�?�2 �T�`�Q�+�2�2�/�b �r�B�i�? �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2�M�2�B�;�?�#�Q�`�?�Q�Q�/�Q�7 ���M ���+�i�B�Q�Mf�X �q�2 �i�?�2�M
�T�`�Q�p�B�/�2 �i�?�2 �7�m�H�H �B�K�T�H�2�K�2�M�i���i�B�Q�M ���M�/ �;�B�p�2 �� �`�2�;�`�2�i �#�Q�m�M�/ �7�Q�` �B�i�X

�S���`�i�B�i�B�Q�M�6�Q�` ���M�v �T�Q�H�v�;�Q�M���H �H�B�M�2f �r�B�i�?k �b�2�;�K�2�M�i�b�- �r�2 �/�2�M�Q�i�2 �#�v
%
V = (v1, . . . , vk+1) �B�i�b

�p�2�`�i�B�+�2�b ���M�/ �#�vsi , i = 1, . . . , k �i�?�2 �H�B�M�2 �b�2�;�K�2�M�i�b �+�Q�M�M�2�+�i�B�M�;vi ���M�/vi +1�X �A�M �i�?�2 �b�2�[�m�2�H�- �r�2

�m�b�2f (
%
V) �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �T�Q�H�v�;�Q�M���H �H�B�M�2 �7�Q�`�K�2�/ �#�v �+�Q�M�M�2�+�i�B�M�; �+�Q�M�b�2�+�m�i�B�p�2 �p�2�`�i�B�+�2�b �B�M

%
V �B�7

�M�Q �+�Q�M�7�m�b�B�Q�M ���`�B�b�2�b�X �G�2�iVi , i = 1, . . . , k + 1 ���M�/Si , i = 1, . . . , k �#�2 �i�?�2 �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M�b �Q�7
Rd �r�B�i�? �`�2�b�T�2�+�i �i�Qf �-�B�X�2�X�-�`�2�;�B�Q�M�b �+�Q�M�b�B�b�i�B�M�; �Q�7 ���H�H �T�Q�B�M�i�b �+�H�Q�b�2�` �i�Q �p�2�`�i�2�tvi �Q�` �b�2�;�K�2�M�i
si �X�6�B�;�m�`�2 �R�X�j���b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Qf �r�B�i�? �j �b�2�;�K�2�M�i�b�X

�L�2�B�;�?�#�Q�m�`�?�Q�Q�/�6�Q�` ���M�vx # Rd �- �r�2 �/�2�}�M�2 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/N (x) �r�B�i�? �`�2�b�T�2�+�i �i�Q
f ���b �i�?�2 �m�M�B�Q�M �Q�7 ���H�H �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M�b �r�?�Q�b�2 �+�H�Q�b�m�`�2 �B�M�i�2�`�b�2�+�i�b �r�B�i�? �i�r�Q �p�2�`�i�B�+�2�b �+�Q�M�@
�M�2�+�i�B�M�; �i�?�2 �T�`�Q�D�2�+�i�B�Q�Mf(sf (x)) �Q�7x �i�Qf �X �6�Q�` �2�t���K�T�H�2�- �7�Q�` �i�?�2 �T�Q�B�M�ix �B�M�6�B�;�m�`�2 �R�X�j���-



�k�9 �*�>���S�h�1�_ �R�X �a�h���h�1�@�P�6�@�h�>�1�@���_�h ���L�. �*�P�L�h�_�A�"�l�h�A�P�L�a

�B�i�b �M�2�B�;�?�#�Q�m�`�?�Q�Q�/N (x) �B�b �i�?�2 �m�M�B�Q�M �Q�7S2,V3,S3 ���M�/V4�X �A�M ���/�/�B�i�B�Q�M�- �H�2�iN t (x) =
{xs # N (x) , s = 1, . . . , t .} �#�2 �i�?�2 �b�2�i �Q�7 �Q�#�b�2�`�p���i�B�Q�M�bx1:t �#�2�H�Q�M�;�B�M�; �i�QN (x) ���M�/ øN t(x) �#�2
�B�i�b ���p�2�`���;�2�X �G�2�iD (M ) = supx,y#M ||x " y||2 �/�2�M�Q�i�2 �i�?�2 �/�B���K�2�i�2�` �Q�7 �b�2�iM , Rd �X �q�2 �}�M���H�H�v
�/�2�}�M�2 �i�?�2 �H�Q�+���H �;�`�B�/Q ) ,t (x) �Q�7x # Rd ���i �i�B�K�2t ���b

Q ) ,t (x) = B
$ øN t(x),D (N t(x)

%
> Q ) .

�q�2 �+���M �}�M���H�H�v �T�`�Q�+�2�2�/ �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/U (öf t ) �Q�7öf t �X ���b�b�m�K�2öf t

�?���bk t + 1 �p�2�`�i�B�+�2�b
%
V = (v1:i t " 1

K LMN
(i )

, vi t : j t " 1
K LMN

(ii )

, v j t :k t +1
K LM N

(ii i )

)�- �r�?�2�`�2 �p�2�`�i�B�+�2�b �Q�7(i i ) �#�2�H�Q�M�; �i�QQ ) ,t (xt )

�r�?�B�H�2 �i�?�Q�b�2 �Q�7(i ) ���M�/(i i i ) �/�Q �M�Q�i�X �h�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/U (öf t ) �+�Q�M�b�B�b�i�b �Q�7f �b�?���`�B�M�; �p�2�`�i�B�+�2�b
(i ), (i i i ) �r�B�i�?öf t �- �#�m�i �+���M �#�2 �2�[�m�B�T�T�2�/ �r�B�i�? �/�B�z�2�`�2�M�i �p�2�`�i�B�+�2�b(i i ) �B�MQ ) ,t (xt )�-�B�X�2�X�-

U (öf t ) =
/

f (
%
V),

%
V =

$
v1:i t " 1, v1:m,v j t :k t +1

%
0

,

�r�?�2�`�2v1:m # Q ) ,t (xt ) ���M�/m �B�b �;�B�p�2�M �#�v

m =

1
223

224

j t " i t " 1 �`�2�/�m�+�2 �b�2�;�K�2�M�i�b �#�v �R �m�M�B�i,

j t " i t �b���K�2 �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�b,

j t " i t + 1 �B�M�+�`�2���b�2 �b�2�;�K�2�M�i�b �#�v �R �m�M�B�i.

�J�Q�`�2�Q�p�2�`�- �B�7 �r�2 �`�2�;���`�/ �2���+�?f ���b ���M �2�t�T�2�`�i�- �i�?�2 �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �m�T�/���i�B�M�;öf t+1 �B�M �i�?�2
�M�2�B�;�?�#�Q�`�?�Q�Q�/U (öf t ) �B�b �2�[�m�B�p���H�2�M�i �i�Q ���b�b�m�K�B�M�; �i�?���i �M�Q�i ���H�H �2�t�T�2�`�i�b ���`�2 ���p���B�H���#�H�2 ���H�H �i�?�2
�i�B�K�2�b ���M�/ �i�?���i �i�?�2 �b�2�i �Q�7 ���p���B�H���#�H�2 �2�t�T�2�`�i�b �+���M �p���`�v ���i �2���+�? �i�B�K�2�X �h�?�B�b �B�b �� �K�Q�/�2�H �F�M�Q�r�M
���b �ó�b�H�2�2�T�B�M�; �2�t�T�2�`�i�ô �U�Q�` ���+�i�B�Q�M�b�V �B�M �T�`�B�Q�` �r�Q�`�F �U�6�`�2�m�M�/�2�i ���H�X�- �R�N�N�d�- ���m�2��̀2�i ���H�X�- �k�y�y�j�-
�"�H�m�K ���M�/ �J���M�b�Q�m�`�-�k�y�y�d�-�E�H�2�B�M�#�2�`�;�2�i ���H�X�-�k�y�y�3�V�X �A�M �i�?�B�b �b�2�i�i�B�M�;�- �H�2�i �m�b �/�2�M�Q�i�2 �#�v' ���M
�Q�`�/�2�`�B�M�; �Q�7|F p| ���+�i�B�Q�M�b�- ���M�/A t ���M ���p���B�H���#�H�2 �b�m�#�b�2�i �Q�7 �i�?�2 ���+�i�B�Q�M�b ���i �`�Q�m�M�/t�X �q�2 �H�2�i
' (A t ) �/�2�M�Q�i�2 �i�?�2 �?�B�;�?�2�b�i �`���M�F�2�/ ���+�i�B�Q�M �B�MA t �X �A�M ���/�/�B�i�B�Q�M�- �7�Q�` ���M�v ���+�i�B�Q�Mf # F p �r�2 �/�2�}�M�2
�i�?�2 �`�2�r���`�/r f ,t �Q�7f ���i �`�Q�m�M�/t, t ( 1 �#�v

r f ,t = c0 " # (f , xt ).

�A�i �B�b �+�H�2���` �i�?���ir f ,t # (0, c0)�X �h�?�2 �+�Q�M�p�2�M�i�B�Q�M �7�`�Q�K �H�Q�b�b�2�b �i�Q �;���B�M�b �B�b �/�Q�M�2 �B�M �Q�`�/�2�` �i�Q �7���+�B�H�B�i���i�2
�i�?�2 �b�m�#�b�2�[�m�2�M�i �T�2�`�7�Q�`�K���M�+�2 ���M���H�v�b�B�b�X �h�?�2 �`�2�r���`�/ �Q�7 ���M �Q�`�/�2�`�B�M�;' �B�b �i�?�2 �+�m�K�m�H���i�B�p�2
�`�2�r���`�/�b �Q�7 �i�?�2 �b�2�H�2�+�i�2�/ ���+�i�B�Q�M ���i �2���+�? �i�B�K�2�-�B�X�2�X�-

T"

t=1
r ' (A t ),t ,

���M�/ �i�?�2 �`�2�r���`�/ �Q�7 �i�?�2 �#�2�b�i �Q�`�/�2�`�B�M�; �B�bmax'
! T

t=1 r ' (A t ),t �UE
'
max'

! T
t=1 r ' (A t ),t

(
�r�?�2�MA t �B�b

�b�i�Q�+�?���b�i�B�+�V�X

�P�m�` �H�Q�+���H�H�v �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �i�?���i �B�M�+�Q�`�T�Q�`���i�2�b �b�H�2�2�T�B�M�; �2�t�T�2�`�i�b �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b �7�Q�H�@
�H�Q�r�b�, �r�?�2�Mt = 1�- �r�2 �Q�#�i���B�Möf1 ���b �i�?�2 �}�`�b�i �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i �#���b�2�/ �Q�M �� �b�K���H�H �/���i���b�2�i
(xt )t=1,...,t0 �- �r�2 �b�2�i �B�M ���/�/�B�i�B�Q�M �2�b�i�B�K���i�B�Q�Mör f ,1 = r f ,1 �7�Q�` ���H�Hf # F p�c �6�Q�`t = 2, . . . ,T �- �i�?�2 ���p���B�H�@
���#�H�2 �b�2�i �7�`�Q�K �r�?�B�+�? �i�?�2 ���+�i�B�Q�Möf t �r�B�H�H �#�2 �+�?�Q�b�2�M �B�bA t = U (öf t" 1)1{I t =0} + F p1{I t =1}�- �r�?�2�`�2I t

�B�b �� �"�2�`�M�Q�m�H�H�B �p���`�B���#�H�2 �r�B�i�? �T���`���K�2�i�2�`0 < - < 1�X ���M�/

öf t = ö' t (A t ) ,

�r�?�2�`�2ö' t �B�b �� �/�2�b�+�2�M�/�B�M�; �Q�`�/�2�`�B�M�; �Q�7 ���H�Hf # F p ���+�+�Q�`�/�B�M�; �i�Q �i�?�2�B�` �T�2�`�i�m�`�#�2�/ �+�m�K�m�H���i�B�p�2
�2�b�i�B�K���i�2�/ �`�2�r���`�/ �i�B�H�Ht " 1�,

! t" 1
s=1 ör f ,s " 1

, t" 1
h(f )+ 1

, t" 1
zf , f # F p �r�?�2�`�2ör f ,s ���`�2 �2�b�i�B�K���i�B�Q�M�b �Q�7

�`�2�r���`�/r f ,s �r�?�Q�b�2 �2�t���+�i �p���H�m�2�b ���`�2 �;�B�p�2�M �B�M���H�;�Q�`�B�i�?�K �j�X�j�B�M�*�?���T�i�2�` �j�X �h�?�2�M �r�2 �?���p�2
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�h�?�2�Q�`�2�K �R�X�3�X�U�+�7�X�h�?�2�Q� �̀2�K �j�X�j�V ���b�b�m�K�2 �i�?���ip > 6 ���M�/T �B�b �b�m�{�+�B�2�M�i�H�v �H��� �̀;�2 �r�B�i�? ��
�T� �̀Q�T�2�` �+�?�Q�B�+�2 �Q�7 �T��� �̀��K�2�i�2�`�b�- �i�?�2�M �i�?�2 ���#�Q�p�2 �H�Q�+���H�H�v �;� �̀2�2�/�v ���H�;�Q�`�B�i�?�K �b���i�B�b�}�2�b
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�q�2 �`�2�7�2�` �i�Q�h�?�2�Q�`�2�K �j�X�j�7�Q�` �2�t�T�H�B�+�B�i �7�Q�`�K �Q�7 �+�Q�M�b�i���M�i�b�X �L�Q�i�2 �i�?���i �b�B�M�+�2 �r�2 �m�b�2 �� �b�K���H�H �b�2�i
�Q�7 �/���i��(xt )1:t0 �i�Q �Q�#�i���B�Möf1�- �i�?�2 �H�Q�b�b �Q�7 �2���+�? �T�Q�H�v�;�Q�M���H �H�B�M�2 ���i �i�B�K�2t �B�b �i���F�2�M �r�B�i�? �`�2�b�T�2�+�i
�i�Qxt+ t0 �`���i�?�2�` �i�?���Mxt �X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 ���H�;�Q�`�B�i�?�K ���+�?�B�2�p�2�b �� �`�2�;�`�2�i �Q�7 �i�?�2 �Q�`�/�2�`T

3
4 �i�?���i

�B�b �b�m�#�H�B�M�2���` �B�MT �#�m�i �B�b �b�H�Q�r�2�` �i�?���M
!

T �X �h�?�B�b �B�b �i�?�2 �T�`�B�+�2 �i�Q �T���v �7�Q�` �+�Q�M�b�B�/�2�`�B�M�; �H�Q�+���H
�m�T�/���i�2 �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 ���M�/ �7�Q�` �i�?�2 �m�b�2 �Q�7 �2�b�i�B�K���i�B�Q�M �Q�7 �`�2�r���`�/�b �B�M �i�?�2 ���H�;�Q�`�B�i�?�K�X

�L�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b

�q�2 �b�?�Q�r �B�M �i�?�B�b �T���`�i �i�?�2 �T�Q�i�2�M�i�B���H �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �Q�M �� �i�Q�v �2�t���K�T�H�2 �r�?�2�`�2 �i�?�2 �/���i��
�b�2�i �B�b �+�Q�M�b�i�`�m�+�i�2�/ ���b �7�Q�H�H�Q�r�b�, �Q�#�b�2�`�p���i�B�Q�M�b

D
xt # R2, t = 1, . . . ,100

E
���`�2 �;�2�M�2�`���i�2�/ �m�M�B�7�Q�`�K�H�v

���H�Q�M�; �� �+�m�`�p�2y = 0.05%(x " 5)3�-x # [0,10]�X

�U���V �i�4�e�8 �U�#�V �i �4 �e�d

�6�B�;�m�`�2 �R�X�9 �� �� �T�`�B�M�+�B�T���H �+�m�`�p�2öf t+1 �U�;�`�2�2�M�V �b�2�[�m�2�M�i�B���H�H�v �H�2���`�M�2�/ �B�M �+�Q�M�b�2�+�m�i�B�p�2 �i�B�K�2t =
66,67 �r�?�2�`�2 �i�?�2 �#�H���+�F �/�Q�i�b �`�2�T�`�2�b�2�M�i �/���i��x1:t ���M�/ �i�?�2 �`�2�/ �Q�M�2 �B�b �i�?�2 �M�2�r �Q�#�b�2�`�p���i�B�Q�M
xt+1�X

�6�B�;�m�`�2 �R�X�9�B�H�H�m�b�i�`���i�2�b �`�2�b�T�2�+�i�B�p�2�H�v �i�r�Q �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H �+�m�`�p�2�böf t+1 �U�;�`�2�2�M �H�B�M�2�V �B�M �+�Q�M�@
�b�2�+�m�i�B�p�2 �i�B�K�2t = 66,67�- �r�?�2�`�2 �i�?�2 �#�H���+�F �/�Q�i�b ���`�2 �Q�#�b�2�`�p���i�B�Q�M�bx1:t ���M�/ �i�?�2 �`�2�/ �/�Q�i �B�b �i�?�2
�M�2�r �Q�#�b�2�`�p���i�B�Q�Mxt+1�X �q�2 �b�2�2 �i�?���i �Q�M�H�v �p�2�`�i�2�t �B�M �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �M�2�r �Q�#�b�2�`�p���i�B�Q�M �B�b
�+�?���M�;�2�/ �r�?�2�`�2���b �Q�i�?�2�` �p�2�`�i�B�+�2�b �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 �`�2�K���B�M �i�?�2 �b���K�2�X �6�Q�` �2�t���K�T�H�2�b �Q�M �`�2���H
�b�2�B�b�K�B�+ �/���i�� ���M�/ �/���B�H�v �+�Q�K�K�m�i�2 �/���i���- �r�2 �`�2�7�2�` �i�?�2 �`�2���/�2�` �i�Q�a�2�+�i�B�Q�M �j�X�8�X

�R�X�9 �B���/�p�B�x�2 �+�Q�M�i�2�t�i ���M�/ �`�2�b�m�H�i�b

�R�X�9�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �B���/�p�B�x�2

�L�Q�r���/���v�b�- ���H�i�?�Q�m�;�? �i�?�2 �M�m�K�#�2�` �Q�7 �r�2�#�b�B�i�2 �p�B�b�B�i�Q�`�b �B�b �?�m�;�2�- �Q�M�H�v �� �7�2�r �U���#�Q�m�i2%�V �Q�7 �i�?�2�K
�r�Q�m�H�/ �}�M���H�H�v �+�Q�K�T�H�2�i�2 �� �i�`���M�b���+�i�B�Q�M�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �+�Q�M�p�2�`�b�B�Q�M �`���i�2 �B�b �`���i�?�2�` �H�Q�r
�7�Q�` �K���M�v �+�Q�K�K�2�`�+�B���H �r�2�#�b�B�i�2�b�X �B���/�p�B�x�2 �B�b �� �+�Q�K�T���M�v �i�?���i �B�b �+�Q�K�K�B�i�i�2�/ �i�Q �?�2�H�T�B�M�; �i�?�2
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�+�H�B�2�M�i�b �i�Q �B�M�+�`�2���b�2 �i�?�2�B�` �+�Q�M�p�2�`�b�B�Q�M �`���i�2�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v �- �B�i �B�b �� �+�Q�M�p�2�`�b���i�B�Q�M���H �T�H���i�7�Q�`�K
�i�?���i �B�M�i�2�;�`���i�2�b �/�B�z�2�`�2�M�i �+�?���M�M�2�H�b �U�2�X�;�X�-�+�?���i�- �+���H�H�- �b�Q�+�B���H �K�2�/�B�� �2�i�+�V �7�Q�` �i�?�2 �T�m�`�T�Q�b�2 �Q�7
�+�Q�M�M�2�+�i�B�M�; �p�B�b�B�i�Q�`�b ���M�/ �+�Q�M�b�m�H�i���M�i�b �r�B�i�? �2�t�T�2�`�i�B�b�2�X �h�?�B�b �+�Q�M�M�2�+�i�B�Q�M�- �r�?�B�+�? �+�Q�K�2�b �B�M�i�Q
�#�2�B�M�; �K�Q�b�i�H�v �p�B�� �+�Q�M�p�2�`�b���i�B�Q�M�- �B�b �[�m�B�i�2 �m�b�2�7�m�H �7�Q�` �B�M�+�`�2���b�B�M�; �i�?�2 �+�Q�M�p�2�`�b�B�Q�M �`���i�2 �b�B�M�+�2
�+�Q�M�b�m�H�i���M�i�b �+���M ���+�+�Q�K�T���M�v �i�?�2�B�` �+�m�b�i�Q�K�2�`�b �i�Q �b�Q�H�p�2 �/�B�{�+�m�H�i�B�2�b �i�?���i �K���v �B�K�T�2�/�2 �i�?�2 �}�M���H
�i�`���M�b���+�i�B�Q�M�X �6�Q�` �2�t���K�T�H�2�- �p�B�b�B�i�Q�`�b �K���v �[�m�B�i �i�?�2 �r�2�#�b�B�i�2 �B�7 �i�?�2�v �K�2�2�i �T�`�Q�#�H�2�K�b �Q�7 �T���v�K�2�M�i
���i �i�?�2 �}�M���H �b�i���;�2 �Q�7 �T�m�`�+�?���b�2�c �p�B�b�B�i�Q�`�b�- ���H�i�?�Q�m�;�? �?���p�B�M�; ���M �B�M�i�2�M�i�B�Q�M �i�Q �#�m�v �� �+�2�H�H�T�?�Q�M�2�-
�K���v �M�Q�i �+�Q�K�T�H�2�i�2 �i�?�2�B�` �T�m�`�+�?���b�2 �b�B�M�+�2 �i�?�2�v �?�2�b�B�i���i�2 �#�2�i�r�2�2�M �b�2�p�2�`���H �+�2�H�H�T�?�Q�M�2 �K���`�F�b
���M�/ �+���M�M�Q�i �K���F�2 �� �/�2�+�B�b�B�Q�M �/�m�2 �i�Q �i�?�2 �H���+�F �Q�7 �2�t�T�2�`�i�B�b�2�X �q�B�i�? �i�?�2 �?�2�H�T �Q�7 �2�t�T�2�`�B�2�M�+�2�/
�+�Q�M�b�m�H�i���M�i�b�- �i�?�B�b �F�B�M�/ �Q�7 �B�K�T�2�/�B�M�; �B�b �H�B�F�2�H�v �i�Q �#�2 ���p�Q�B�/�2�/�X

�B���/�p�B�x�2 �B�/�2�M�i�B�}�2�b �i�?�Q�b�2 �p�B�b�B�i�Q�`�b �i�?���i �K���v �M�2�2�/ �?�2�H�T �#�v ���M���H�v�x�B�M�; �i�?�2�B�` �#�2�?���p�B�Q�` �Q�M �i�?�2
�r�2�#�b�B�i�2�b �b�m�+�? ���b �i�?�2�B�` �#�`�Q�r�b�B�M�; �i�B�K�2 �Q�M �� �T���`�i�B�+�m�H���` �T���;�2�- �i�?�2 ���K�Q�m�M�i �Q�7 �K�Q�M�2�v �B�M �i�?�2�B�`
�+�?���`�i�- �i�?�2 �+���i�2�;�Q�`�B�2�b �Q�7 �;�Q�Q�/�b �i�?���i �p�B�b�B�i�Q�`�b ���`�2 �b�2�2�F�B�M�; �2�i�+�X �P�M�+�2 �i�?�2 �#�2�?���p�B�Q�` �Q�7 �� �+�2�`�i���B�M
�p�B�b�B�i�Q�` �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �b�2�p�2�`���H �T�`�2�}�t�2�/ �+�`�B�i�2�`�B���- �i�?�2�M �i�?�B�b �p�B�b�B�i�Q�` �r�Q�m�H�/ �#�2 �i���`�;�2�i�2�/
���M�/ �� �+�?���M�M�2�H �2�M���#�H�B�M�; �i�?�2 �p�B�b�B�i�Q�` �i�Q �+�Q�M�M�2�+�i �i�Q �� �+�Q�M�b�m�H�i���M�i �r�Q�m�H�/ �#�2 �T�`�Q�T�Q�b�2�/�X �h�?�2
�Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K �B�M�i�`�Q�/�m�+�2�/ ���#�Q�p�2 �B�b �/�2�/�B�+���i�2�/ �i�Q ���K�2�H�B�Q�`���i�2 ���M�/ �/�2�p�2�H�Q�T �i�?�2
�b�2�i�i�B�M�; �Q�7 �+�`�B�i�2�`�B���X �A�i �+�H�m�b�i�2�`�b �}�`�b�i�H�v �p�B�b�B�i�Q�`�b �B�M�i�Q �;�`�Q�m�T�b �b�m�+�? �i�?���i �i�?�Q�b�2 �r�B�i�? �b�B�K�B�H���`
�#�2�?���p�B�Q�` ���`�2 �B�M �i�?�2 �b���K�2 �;�`�Q�m�T�X �h�?�2�M �#�2�?���p�B�Q�` �B�M�7�Q�`�K���i�B�Q�M �r�B�i�?�B�M ���M�/ ���+�`�Q�b�b �;�`�Q�m�T�b �r�B�H�H
�#�2 �2�t�i�`���+�i�2�/ ���M�/ �b�m�K�K���`�B�x�2�/ �i�Q �?�2�H�T �i�?�2 �2�H���#�Q�`���i�B�Q�M �Q�7 �+�`�B�i�2�`�B���X �A�M ���/�/�B�i�B�Q�M �i�Q �Q�M�H�B�M�2
�+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K �r�?�B�+�? �r�B�H�H �#�2 �/�2�i���B�H�2�/ �B�M�*�?���T�i�2�` �k�- �r�2 �T�`�2�b�2�M�i �B�M �i�?�2 �b�2�[�m�2�H �i�r�Q
�Q�i�?�2�` �i���b�F�b �i�?���i �?���p�2 �#�2�2�M �/�Q�M�2 �r�B�i�?�B�M �B���/�p�B�x�2�X

�R�X�9�X�k �a�2�M�i�B�K�2�M�i ���M���H�v�b�B�b �7�Q�` �i�2�t�i �K�2�b�b���;�2�b

�h�?�2 �}�`�b�i �Q�M�2 �B�b �i�?�2 �b�2�M�i�B�K�2�M�i ���M���H�v�b�B�b �Q�7 �b�Q�+�B���H �K�2�b�b���;�2�b �b�m�+�? ���b �i�r�2�2�i�b ���M�/ �7���+�2�#�Q�Q�F
�+�Q�K�K�2�M�i�b�X �a�Q�+�B���H �i�2�t�i �K�2�b�b���;�2�b �+���M �Q�7�i�2�M �`�2�~�2�+�i �p�B�b�B�i�Q�`�b�ö ���i�i�B�i�m�/�2 �U�T�Q�b�B�i�B�p�2 �Q�` �M�2�;���i�B�p�2�V
�i�Q�r���`�/�b �� �+�2�`�i���B�M �b�m�#�D�2�+�i�X �E�M�Q�r�B�M�; �b�m�+�? ���i�i�B�i�m�/�2 �2�b�T�2�+�B���H�H�v �i�?�2 �M�2�;���i�B�p�2 �Q�M�2 �B�b �B�K�T�Q�`�i���M�i
�i�Q �Q�m�` �+�H�B�2�M�i�b �b�B�M�+�2 �+�Q�M�b�m�H�i���M�i�b �+���M �B�M�i�2�`�7�2�`�2 ���M�/ �;�B�p�2 �T�`�Q�T�2�` ���/�p�B�b�2�b �i�Q �p�B�b�B�i�Q�`�b ���b �b�Q�Q�M ���b
�T�Q�b�b�B�#�H�2�- �?�2�M�+�2 �?�2�H�T �Q�m�` �+�H�B�2�M�i�b �i�Q �/�2�+�`�2���b�2 �i�?�2 �m�M�b���i�B�b�7���+�i�Q�`�v �`���i�2 �Q�7 �p�B�b�B�i�Q�`�b ���M�/ �B�K�T�`�Q�p�2
�i�?�2�B�` �b�2�`�p�B�+�2�b�X �A�M�*�?���T�i�2�` �9�- �r�2 �/�2�i���B�H �M�2�+�2�b�b���`�v �T�`�Q�+�2�/�m�`�2�b ���M�/ �i�2�+�?�M�B�[�m�2�b �i�Q �7�m�H�}�H �i�?�2
�i���b�F �Q�7 �b�2�M�i�B�K�2�M�i ���M���H�v�b�B�b�X �h�?�2 �T�B�T�2�H�B�M�2 �B�M�+�H�m�/�2�b �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �Q�7 �i�2�t�i �K�2�b�b���;�2�b�- �p�2�+�i�Q�`
�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �b�2�M�i�2�M�+�2 ���M�/ �i�?�2 �m�b�2 �Q�7 �+�H���b�b�B�+���H �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �K�2�i�?�Q�/�b �i�Q �T�`�2�/�B�+�i
�i�?�2 �b�2�M�i�B�K�2�M�i �Q�7 �b�Q�+�B���H �K�2�b�b���;�2�b�X �S�`�2�@�T�`�Q�+�2�b�b�B�M�; �Q�7 �`���r �i�2�t�i �K�2�b�b���;�2�b �B�b �T�`�2�H�B�K�B�M���`�v ���M�/
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�L�P�h���, �h�?�B�b �+�?���T�i�2�` �B�b �i�?�2 �7�m�H�H �p�2�`�b�B�Q�M �U�r�B�i�? �2�t�i�2�M�/�2�/ �T�`�Q�Q�7�b�V �Q�7 �i�?�2 �T���T�2�`�G�B�2�i ���H�X�U�k�y�R�3�V�-
�T�m�#�H�B�b�?�2�/ �B�M�1�H�2�+�i� �̀Q�M�B�+ �C�Q�m�`�M���H �Q�7 �a�i���i�B�b�i�B�+�b�X

�*�Q�M�i�2�M�i�b
�k�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�y
�k�X�k �� �[�m���b�B�@�"���v�2�b�B���M �T�2�`�b�T�2�+�i�B�p�2 �i�Q �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;� X � X � X � X � X � X � X � X�j�y
�k�X�j �J�B�M�B�K���t �`�2�;�`�2�i �#�Q�m�M�/�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�k

�k�X�j�X�R �S�`�2�H�B�K�B�M���`�v �`�2�;�`�2�i �#�Q�m�M�/�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�j
�k�X�j�X�k ���/���T�i�B�p�2 �`�2�;�`�2�i �#�Q�m�M�/�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�8
�k�X�j�X�j �J�B�M�B�K���t �`�2�;�`�2�i� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�d

�k�X�9 �h�?�2 �S���*�"�P ���H�;�Q�`�B�i�?�K� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�N
�k�X�9�X�R �a�i�`�m�+�i�m�`�2 ���M�/ �H�B�M�F�b �r�B�i�? �_�C�J�*�J�*� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�j�N
�k�X�9�X�k �*�Q�M�p�2�`�;�2�M�+�2 �Q�7�S���*�"�P �i�Q�r���`�/�b �i�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`� X � X � X�9�y
�k�X�9�X�j �L�m�K�2�`�B�+���H �b�i�m�/�v� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�9�R

�k�X�8 �S�`�Q�Q�7�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�9�e
�k�X�8�X�R �S�`�Q�Q�7 �Q�7 �*�Q�`�Q�H�H���`�v �k�X�R� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�9�d
�k�X�8�X�k �S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K �k�X�R� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�y
�k�X�8�X�j �S�`�Q�Q�7 �Q�7 �*�Q�`�Q�H�H���`�v �k�X�j� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�R
�k�X�8�X�9 �S�`�Q�Q�7 �Q�7 �*�Q�`�Q�H�H���`�v �k�X�9� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�R
�k�X�8�X�8 �S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K �k�X�k� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�j
�k�X�8�X�e �S�`�Q�Q�7 �Q�7 �G�2�K�K�� �k�X�R� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�d
�k�X�8�X�d �S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K �k�X�j� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�d

�k�X�e ���T�T�2�M�/�B�t� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�8�3

�k�N



�j�y �*�>���S�h�1�_ �k�X �� �Z�l���a�A�@�"���u�1�a�A���L �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:

�k�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�h�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�2 �T�`�2�b�2�M�i �r�Q�`�F �B�b �i�Q �;�2�M�2�`���H�B�x�2 �i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �Q�M�H�B�M�2 �H�2���`�M�B�M�; �B�M�@
�i�`�Q�/�m�+�2�/ �B�M�*�?���T�i�2�` �R�i�Q �i�?�2 �+�H�m�b�i�2�`�B�M�; �T�`�Q�#�H�2�K�- �r�?�B�+�? �?���b ���i�i�`���+�i�2�/ ���i�i�2�M�i�B�Q�M �7�`�Q�K
�i�?�2 �K���+�?�B�M�2 �H�2���`�M�B�M�; ���M�/ �b�i�`�2���K�B�M�; �+�Q�K�K�m�M�B�i�B�2�b�X ���b ���M �2�t���K�T�H�2�-�:�m�?���2�i ���H�X�U�k�y�y�j�V�-
�"���`�#���F�? ���M�/ �6�v�7�2�U�k�y�y�3�V ���M�/�G�B�#�2�`�i�v�2�i ���H�X�U�k�y�R�e�V �b�i�m�/�v �i�?�2 �b�Q�@�+���H�H�2�/ �/���i�� �b�i�`�2���K�B�M�;
�+�H�m�b�i�2�`�B�M�; �T�`�Q�#�H�2�K�X �A�i ���K�Q�m�M�i�b �i�Q �+�H�m�b�i�2�` �Q�M�H�B�M�2 �/���i�� �i�Q �� �}�t�2�/ �M�m�K�#�2�` �Q�7 �;�`�Q�m�T�b �B�M ��
�b�B�M�;�H�2 �T���b�b�- �Q�` �� �b�K���H�H �M�m�K�#�2�` �Q�7 �T���b�b�2�b�- �r�?�B�H�2 �m�b�B�M�; �H�B�i�i�H�2 �K�2�K�Q�`�v�X �6�`�Q�K �� �K���+�?�B�M�2
�H�2���`�M�B�M�; �T�2�`�b�T�2�+�i�B�p�2�-�*�?�Q�`�Q�K���M�b�F�� ���M�/ �J�Q�M�i�2�H�2�Q�M�B�U�k�y�R�k�V ���;�;�`�2�;���i�2 �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�@
�;�Q�`�B�i�?�K�b�- �r�B�i�? �� �}�t�2�/ �M�m�K�#�2�`K �Q�7 �+�2�M�i�2�`�b�X �h�?�2 �T�`�2�b�2�M�i �+�?���T�i�2�` �B�M�p�2�b�i�B�;���i�2�b �� �K�Q�`�2
�;�2�M�2�`���H �b�2�i�i�B�M�; �b�B�M�+�2 �r�2 ���B�K �i�Q �T�2�`�7�Q�`�K �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �r�B�i�? ���M �m�M�}�t�2�/ ���M�/ �+�?���M�;�B�M�;
�M�m�K�#�2�`K t �Q�7 �+�2�M�i�2�`�b�X �h�Q �i�?�2 �#�2�b�i �Q�7 �Q�m�` �F�M�Q�r�H�2�/�;�2�- �i�?�B�b �B�b �i�?�2 �}�`�b�i ���i�i�2�K�T�i �Q�7 �i�?�2 �b�Q�`�i
�B�M �i�?�2 �H�B�i�2�`���i�m�`�2�X �G�2�i �m�b �b�i�`�2�b�b �i�?���i �Q�m�` ���T�T�`�Q���+�? �Q�M�H�v �`�2�[�m�B�`�2�b ���M �m�T�T�2�` �#�Q�m�M�/p �i�QK t �-
�r�?�B�+�? �+���M �#�2 �2�B�i�?�2�` �� �+�Q�M�b�i���M�i �Q�` ���M �B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�MT �X

�P�m�` �K���B�M �+�Q�M�i�`�B�#�m�i�B�Q�M �B�b �i�Q �;�2�M�2�`���H�B�x�2 ���H�;�Q�`�B�i�?�K�b �b�m�B�i�2�/ �7�Q�` �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �i�Q �i�?�2
�m�M�b�m�T�2�`�p�B�b�2�/ �b�2�i�i�B�M�;�X �P�m�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K �B�b ���/���T�i�B�p�2 �B�M �i�?�2 �b�2�M�b�2 �i�?���i �B�i
�/�Q�2�b �M�Q�i �`�2�[�m�B�`�2 �i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�MT �i�Q �#�2 �m�b�2�/ ���M�/ �b�i�m�/�B�2�/�X �h�?�2 �`�2�;�`�2�i
�#�Q�m�M�/�b �i�?���i �r�2 �Q�#�i���B�M �?���p�2 �� �`�2�K���B�M�/�2�` �i�2�`�K �Q�7 �K���;�M�B�i�m�/�2

<
T log T ���M�/ �r�2 �T�`�Q�p�2 �i�?���i

�i�?�2�v ���`�2 ���b�v�K�T�i�Q�i�B�+���H�H�v �K�B�M�B�K���t �Q�T�i�B�K���H�X

�h�?�2 �+�?���T�i�2�` �B�b �Q�`�;���M�B�b�2�/ ���b �7�Q�H�H�Q�r�b�X�a�2�+�i�B�Q�M �k�X�k�B�M�i�`�Q�/�m�+�2�b �Q�m�` �M�Q�i���i�B�Q�M ���M�/ �Q�m�` �Q�M�H�B�M�2
�+�H�m�b�i�2�`�B�M�; �T�`�Q�+�2�/�m�`�2�X�a�2�+�i�B�Q�M �k�X�j�+�Q�M�i���B�M�b �Q�m�` �K���i�?�2�K���i�B�+���H �+�H���B�K�b�- �+�Q�M�b�B�b�i�B�M�; �B�M �`�2�;�`�2�i
�#�Q�m�M�/�b �7�Q�` �Q�m�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K�X �_�2�K���B�M�/�2�` �i�2�`�K�b �r�?�B�+�? ���`�2 �b�m�#�H�B�M�2���` �B�MT ���`�2
�Q�#�i���B�M�2�/ �7�Q�` �� �K�Q�/�2�H �b�2�H�2�+�i�B�Q�M�@�~���p�Q�`�2�/ �T�`�B�Q�`�X �q�2 ���H�b�Q �T�`�Q�p�2 �i�?���i �i�?�2�b�2 �`�2�K���B�M�/�2�` �i�2�`�K�b
���`�2 �K�B�M�B�K���t �Q�T�i�B�K���H�X �q�2 �i�?�2�M �/�B�b�+�m�b�b �B�M�a�2�+�i�B�Q�M �k�X�9�i�?�2 �T�`���+�i�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7
�Q�m�` �K�2�i�?�Q�/�- �r�?�B�+�? �`�2�H�B�2�b �Q�M ���M ���/���T�i���i�B�Q�M �Q�7 �i�?�2 �_�C�J�*�J�* ���H�;�Q�`�B�i�?�K �i�Q �Q�m�` �b�2�i�i�B�M�;�X �A�M
�T���`�i�B�+�m�H���`�- �r�2 �T�`�Q�p�2 �B�i�b �+�Q�M�p�2�`�;�2�M�+�2 �i�Q�r���`�/�b �i�?�2 �i���`�;�2�i �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`�X �h�?�2 �T�2�`�7�Q�`�K���M�+�2
�Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; ���H�;�Q�`�B�i�?�K�- �+���H�H�2�/�S���*�"�P �- �B�b �2�p���H�m���i�2�/ �Q�M �b�v�M�i�?�2�i�B�+ �/���i���X �6�Q�` �i�?�2 �b���F�2
�Q�7 �+�H���`�B�i�v�- �T�`�Q�Q�7�b ���`�2 �T�Q�b�i�T�Q�M�2�/ �i�Q�a�2�+�i�B�Q�M �k�X�8�X �6�B�M���H�H�v�-�a�2�+�i�B�Q�M �k�X�e�+�Q�M�i���B�M�b ���M �2�t�i�2�M�b�B�Q�M
�Q�7 �Q�m�` �r�Q�`�F �i�Q �i�?�2 �+���b�2 �Q�7 �� �`�2�b�+���H�2�/ �a�i�m�/�2�M�i �T�`�B�Q�` �U�B�M�b�T�B�`�2�/ �#�v�.���H���H�v���M ���M�/ �h�b�v�#���F�Q�p
�k�y�R�k���V ���H�Q�M�; �r�B�i�? ���/�/�B�i�B�Q�M���H �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�X

�k�X�k �� �[�m���b�B�@�"���v�2�b�B���M �T�2�`�b�T�2�+�i�B�p�2 �i�Q �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;

�G�2�i(xt )1:T �#�2 �� �b�2�[�m�2�M�+�2 �Q�7 �/���i���- �r�?�2�`�2xt # Rd �X �P�m�` �;�Q���H �B�b �i�Q �H�2���`�M �� �i�B�K�2�@�/�2�T�2�M�/�2�M�i
�T���`���K�2�i�2�`K t ���M�/ �� �T���`�i�B�i�B�Q�M �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �T�Q�B�M�i�b �B�M�i�QK t �+�2�H�H�b�- �7�Q�` ���M�vt = 1, . . . ,T � X � h� Q
�i�?�B�b ���B�K�- �i�?�2 �Q�m�i�T�m�i �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K ���i �i�B�K�2t �B�b �� �p�2�+�i�Q�`öct = ( öct,1, öct,2, . . . , öct,K t ) �Q�7K t

�+�2�M�i�2�`�b �B�MRdK t �- �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �T���b�i �B�M�7�Q�`�K���i�B�Q�M(xs)1:(t" 1) ���M�/(öcs)1:(t" 1)�X �� �T���`�i�B�i�B�Q�M �B�b
�i�?�2�M �+�`�2���i�2�/ �#�v ���b�b�B�;�M�B�M�; ���M�v �T�Q�B�M�i �B�MRd �i�Q �B�i�b �+�H�Q�b�2�b�i �+�2�M�i�2�`�X �q�?�2�Mxt �B�b �M�2�r�H�v �`�2�p�2���H�2�/�-
�i�?�2 �B�M�b�i���M�i���M�2�Q�m�b �H�Q�b�b �B�b �+�Q�K�T�m�i�2�/ ���b

! (öct , xt ) = min
1$ k$ K t

| öct,k " xt |
2
2, �U�k�X�R�V

�r�?�2�`�2|á |2 �B�b �i�?�2! 2�@�M�Q�`�K �B�MRd�X�L�Q�i�2 �i�?���i! �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �7�Q�H�H�Q�r�b�, �;�B�p�2�M �� �b�2�i �Q�7
�Q�#�b�2�`�p���i�B�Q�M�bx1, x2, . . . , xt" 1�- �i�?�2 �T���`�i�B�i�B�Q�Möct ���B�K�b �i�Q �b�2�T���`���i�B�M�; �i�?�2 �b�T���+�2Rd �B�M�i�QK t �+�2�H�H�b
���M�/ �B�i ���H�H�Q�r�b �m�b �i�Q �+�H���b�b�B�7�v �7�m�i�m�`�2 �/���i�� �B�M�i�Q �Q�M�2 �Q�7 �i�?�2�b�2 �+�2�H�H�b�X �J�Q�`�2�Q�p�2�`�- �B�i �K�2���b�m�`�2�b �i�?�2
�2�`�`�Q�` �Q�7 �Q�m�` �T�`�2�/�B�+�i�B�Q�M ���i �2���+�? �i�B�K�2 �b�B�M�+�2öct �Q�M�H�v �/�2�T�2�M�/�b �Q�M �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �#�2�7�Q�`�2 �i�?�2
���`�`�B�p���H �Q�7xt �X�A�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2 �B�M�p�2�b�i�B�;���i�2 �`�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �+�m�K�m�H���i�B�p�2 �H�Q�b�b

! T
t=1 ! (öct , xt )

�U�Q�` �B�i�b �2�t�T�2�+�i�2�/ �p�2�`�b�B�Q�M �B�7! (öct , xt ) ���`�2 �`���M�/�Q�K�V�X �h�?�B�b �+�m�K�m�H���i�B�p�2 �H�Q�b�b �;�B�p�2�b �m�b �� �;�H�Q�#���H



�k�X�k�X �� �Z�l���a�A�@�"���u�1�a�A���L �S�1�_�a�S�1�*�h�A�o�1 �h�P �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:�j�R

�K�2���b�m�`�2�K�2�M�i �Q�7 �i�?�2 ���#�B�H�B�i�v �U�B�X�2�X�-�i�?�2 �[�m���H�B�i�v�V �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �B�M �T�`�2�/�B�+�i�B�Q�M�X �A�i �+���M �#�2 �b�2�2�M
���b ���M ���M���H�Q�;�m�2 �Q�7 �i�?�2 �T�`�B�M�+�B�T�H�2 �Q�7 �b�i�m�/�v�B�M�; �i�?�2 �`�B�b�F �Q�7 ���M �2�b�i�B�K���i�Q�` �B�M �#���i�+�? �b�2�i�i�B�M�; �b�B�M�+�2 ���M
�Q�M�H�B�M�2 ���H�;�Q�`�B�i�?�K �+���M �#�2 �+�Q�M�p�2�`�i�2�/ �i�Q �� �#���i�+�? �Q�M�2 �#�v �+�Q�M�b�B�/�2�`�B�M�; �� �b�i�`���i�2�;�v �r�?�B�+�? �/�`���r�b �B�i�b
�T�`�2�/�B�+�i�B�Q�M �m�M�B�7�Q�`�K�H�v �7�`�Q�K �b�2�[�m�2�M�i�B���H �T�`�2�/�B�+�i�B�Q�M�b �Q�`�T�`�2�/�B�+�i�b ���b �i�?�2 ���p�2�`���;�2 �Q�7 �b�2�[�m�2�M�i�B���H
�T�`�2�/�B�+�i�B�Q�M�b �U�G�B�i�i�H�2�b�i�Q�M�2�- �R�N�3�N�- �>�2�H�K�#�Q�H�/ ���M�/ �q���`�K�m�i�?�- �R�N�N�8�- �.�2�F�2�H ���M�/ �a�B�M�;�2�`�- �k�y�y�e�-
���m�/�B�#�2�`�i�-�k�y�y�N�-�:�2�`�+�?�B�M�Q�p�B�i�x�-�k�y�R�R�V�X�A�i�b �`�B�b�F �i�?�2�M �2�[�m���H�b �i�Q �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �/�B�p�B�/�2�/
�#�v �i�?�2 �M�m�K�#�2�` �Q�7 ���H�H �b�2�[�m�2�M�i�B���H �T�`�2�/�B�+�i�B�Q�M�b�X�:�B�p�2�M �� �K�2���b�m�`���#�H�2 �b�T���+�2! �U�2�K�#�2�/�/�2�/
�r�B�i�? �B�i�b �"�Q�`�2�H' �@���H�;�2�#�`���V�- �r�2 �H�2�iP (! ) �/�2�M�Q�i�2 �i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! �-
���M�/ �7�Q�` �b�Q�K�2 �`�2�7�2�`�2�M�+�2 �K�2���b�m�`�2( �- �r�2 �H�2�iP ( (! ) �#�2 �i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b
���#�b�Q�H�m�i�2�H�v �+�Q�M�i�B�M�m�Q�m�b �r�B�i�? �`�2�b�T�2�+�i �i�Q( �X �6�Q�` ���M�v �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b#,%# P (! ),
�i�?�2 �E�m�H�H�#���+�F�@�G�2�B�#�H�2�` �/�B�p�2�`�;�2�M�+�2K (#,%) �B�b �/�2�}�M�2�/ ���b

K (#,%) =

# ,
! log

-
d#
d%

.
d# �r�?�2�M# # P %(! ),

+) �Q�i�?�2�`�r�B�b�2�X

�L�Q�i�2 �i�?���i �7�Q�` ���M�v �#�Q�m�M�/�2�/ �K�2���b�m�`���#�H�2 �7�m�M�+�i�B�Q�Mh : ! & R ���M�/ ���M�v �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M
# # P (! ) �b�m�+�? �i�?���iK (#,%) < +) �-

" log
)

!
exp(" h)d%= inf

##P (! )

/ )

!
hd# + K (#,%)

0
. �U�k�X�k�V

�h�?�B�b �`�2�b�m�H�i�- �r�?�B�+�? �K���v �#�2 �7�Q�m�M�/ �B�M�*�b�B�b�x�€�`�U�R�N�d�8�V ���M�/�*���i�Q�M�B�U�k�y�y�9�- �1�[�m���i�B�Q�M �8�X�k�X�R�V�- �B�b
�+�`�B�i�B�+���H �i�Q �Q�m�` �b�+�?�2�K�2 �Q�7 �T�`�Q�Q�7�b�X �6�m�`�i�?�2�`�- �i�?�2 �B�M�}�K�m�K �B�b ���+�?�B�2�p�2�/ ���i �i�?�2 �b�Q�@�+���H�H�2�/ �:�B�#�#�b
�[�m���b�B�@�T�Q�b�i�2�`�B�Q�`ö#�- �/�2�}�M�2�/ �#�v

d ö# =
exp(" h)

,
exp(" h)d%

d%.

�q�2 �M�Q�r �B�M�i�`�Q�/�m�+�2 �i�?�2 �M�Q�i���i�B�Q�M �i�Q �Q�m�` �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �b�2�i�i�B�M�;�X �G�2�iC = 4 p
k=1Rdk �7�Q�`

�b�Q�K�2 �B�M�i�2�;�2�`p ( 1�X �q�2 �/�2�M�Q�i�2 �#�vq �� �/�B�b�+�`�2�i�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �b�2�i51, p6:=
{1, . . . , p}�X �6�Q�` ���M�vk # 51, p6�- �H�2�i%k �/�2�M�Q�i�2 �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�MRdk �X �6�Q�` ���M�v
�p�2�+�i�Q�` �Q�7 �+�H�m�b�i�2�` �+�2�M�i�2�`�bc # C �- �r�2 �/�2�}�M�2%(c) ���b

%(c) =
"

k#51,p6
q(k) {c#Rdk }%k(c). �U�k�X�j�V

�L�Q�i�2 �i�?���i �U�k�X�j�V �K���v �#�2 �b�2�2�M ���b �� �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` �i�?�2 �b�2�i �Q�7 �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M�b �Q�7Rd �,
���M�vc # C �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M �Q�7Rd �r�B�i�? ���i �K�Q�b�ip �+�2�H�H�b�X �A�M �i�?�2 �b�2�[�m�2�H�- �r�2
�/�2�M�Q�i�2 �#�vc # C �2�B�i�?�2�` �� �p�2�+�i�Q�` �Q�7 �+�2�M�i�2�`�b �Q�` �B�i�b ���b�b�Q�+�B���i�2�/ �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M �U�Q�` �T���`�i�B�i�B�Q�M
�7�Q�` �r�`�B�i�B�M�; �+�Q�M�p�2�M�B�2�M�+�2�V �Q�7Rd �B�7 �M�Q �+�Q�M�7�m�b�B�Q�M ���`�B�b�2�b�- ���M�/ �r�2 �/�2�M�Q�i�2 �#�v%# P (C ) �� �T�`�B�Q�`
�Q�p�2�`C �X �G�2�i" > 0 �#�2 �b�Q�K�2 �U�B�M�p�2�`�b�2 �i�2�K�T�2�`���i�m�`�2�V �T���`���K�2�i�2�`�X ���i �2���+�? �i�B�K�2t�- �r�2 �Q�#�b�2�`�p�2
xt ���M�/ �� �`���M�/�Q�K �T���`�i�B�i�B�Q�Möct+1 # C �B�b �b���K�T�H�2�/ �7�`�Q�K �i�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`

d ö#t+1(c) / exp
$
" " St (c)

%
d%(c). �U�k�X�9�V

�h�?�B�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�H�H ���H�H�Q�r �m�b �i�Q �b���K�T�H�2 �T���`�i�B�i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2
�T�`�B�Q�`%�/�2�}�M�2�/ �B�M �U�k�X�j�V ���M�/ �#�2�M�i �i�Q �}�i �T���b�i �Q�#�b�2�`�p���i�B�Q�M�b �i�?�`�Q�m�;�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�m�K�m�H���i�B�p�2
�H�Q�b�b

St(c) = St" 1(c)+ ! (c, xt )+
"

2

$
! (c, xt ) " ! (öct , xt )

%2,

�r�?�2�`�2 �i�?�2 �H���i�i�2�` �Q�M�2 �B�b �� �p���`�B���M�+�2 �i�2�`�K�X �A�i �B�b �2�b�b�2�M�i�B���H �i�Q �K���F�2 �i�?�2�Q�M�H�B�M�2 �p���`�B���M�+�2
�B�M�2�[�m���H�B�i�v�?�Q�H�/ �i�`�m�2 �7�Q�` �;�2�M�2�`���H �H�Q�b�b! �r�B�i�? �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�-�B�X�2�X�-�M�Q �+�Q�M�b�i�`���B�M�i
�b�m�+�? ���b �i�?�2 �+�Q�M�p�2�t�B�i�v �Q�` �#�Q�m�M�/�2�/�M�2�b�b �B�b �B�K�T�Q�b�2�/ �Q�M! �U���b �/�B�b�+�m�b�b�2�/ �B�M���m�/�B�#�2�`�i�-�k�y�y�N�-



�j�k �*�>���S�h�1�_ �k�X �� �Z�l���a�A�@�"���u�1�a�A���L �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:

�a�2�+�i�B�Q�M �9�X�k�V�XSt(c) �+�Q�M�b�B�b�i�b �B�M �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7c �B�M �i�?�2 �}�`�b�it �`�Q�m�M�/�b ���M�/ �� �i�2�`�K
�i�?���i �+�Q�M�i�`�Q�H�b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �M�2�t�i �T�`�2�/�B�+�i�B�Q�M�X �L�Q�i�2 �i�?���i �b�B�M�+�2(xt )1:T �B�b �/�2�i�2�`�K�B�M�B�b�i�B�+�-
�M�Q �H�B�F�2�H�B�?�Q�Q�/ �B�b ���i�i���+�?�2�/ �i�Q �Q�m�` ���T�T�`�Q���+�?�- �?�2�M�+�2 �i�?�2 �i�2�`�K�b �ó�[�m���b�B�@�T�Q�b�i�2�`�B�Q�`�ô �7�Q�`ö# t+1 ���M�/
�ó�[�m���b�B�@�"���v�2�b�B���M�ô �7�Q�` �Q�m�` �;�H�Q�#���H �K�2�i�?�Q�/�X �h�?�2 �`�2�b�m�H�i�B�M�; �2�b�i�B�K���i�2 �B�b �� �`�2���H�B�x���i�B�Q�M �Q�7ö#t+1

�r�B�i�? �� �`���M�/�Q�K �M�m�K�#�2�`K t �Q�7 �+�2�H�H�b�X �h�?�B�b �b�+�?�2�K�2 �B�b �/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�R�X �L�Q�i�2
�i�?���i �i�?�B�b ���H�;�Q�`�B�i�?�K �B�b ���M �B�M�b�i���M�i�B���i�B�Q�M �Q�7 ���m�/�B�#�2�`�i�ö�b �Q�M�H�B�M�2 �a�2�[�_���M�/ ���H�;�Q�`�B�i�?�K �U���m�/�B�#�2�`�i�-
�k�y�y�N�- �a�2�+�i�B�Q�M �9�V �i�Q �i�?�2 �b�T�2�+�B���H �+���b�2 �Q�7 �i�?�2 �H�Q�b�b �/�2�}�M�2�/ �B�M �U�k�X�R�V�X �>�Q�r�2�p�2�` �a�2�[�_���M�/ �/�Q�2�b
�M�Q�i ���+�+�Q�m�M�i �7�Q�` ���/���T�i�B�p�2 �`���i�2�b" = " t �- ���b �/�B�b�+�m�b�b�2�/ �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X

���H�;�Q�`�B�i�?�K �k�X�R�h�?�2 �[�m���b�B�@�"���v�2�b�B���M �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; ���H�;�Q�`�B�i�?�K

�R�,�A�M�T�m�i �T���`���K�2�i�2�`�b�, p > 0,%# P (C )�-" > 0 ���M�/S0 + 0
�k�, �A�M�B�i�B���H�B�x���i�B�Q�M�, �.�`���r öc1 1 %= ö#1

�j�, �6�Q�t̀ # 51,T 6
�9�, �:�2�i �i�?�2 �/���i��xt

�8�, �.�`���r öct+1 1 ö# t+1(c) �r�?�2�`�2d ö#t+1(c) / exp
$
" " St (c)

%
d%(c)�- ���M�/

St (c) = St" 1(c)+ ! (c, xt )+
"

2

$
! (c, xt ) " ! (öct , xt )

%2.

�e�,�1�M�/ �7�Q�`

�h�?�2 �`���M�/�Q�K�M�2�b�b �Q�7 �T���`�i�B�i�B�Q�M�böct+1, t = 1,2, . . . ,T �+�Q�K�2�b �7�`�Q�K �i�r�Q �b�Q�m�`�+�2�b�, �i�?�2 �}�`�b�i �Q�M�2
�B�b �7�`�Q�K �i�?�2 �r���vöct+1 �B�b �b���K�T�H�2�/ ���M�/ �i�?�2 �b�2�+�Q�M�/ �Q�M�2 �Q�`�B�;�B�M���i�2�b �7�`�Q�Kö#t+1 �r�?�B�+�? �/�2�@
�T�2�M�/�b �Q�M ���H�H �T���b�i �`���M�/�Q�K�B�x�2�/ �T���`�i�B�i�B�Q�M�böct , öct" 1, . . . , öc1�-�B�X�2�X�-ö# t+1(á) = ö#t+1 (á|öct , öct" 1, . . . , öc1)�X
�q�?�2�Möct , öct" 1, . . . , öc1 ���`�2 �}�t�2�/ �U�B�X�2�X�-�+�Q�M�/�B�i�B�Q�M���H�H�v �Q�Möct , öct" 1, . . . , öc1�V�- �i�?�2 �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`
ö# t+1(á) �B�b �/�2�i�2�`�K�B�M�B�b�i�B�+�X �A�M �r�?���i �7�Q�H�H�Q�r�b�- �7�Q�` ���M�v �T���`�i�B�i�B�Q�Mh : C @& R�- �i�?�2 �M�Q�i���i�B�Q�M
Eö#t+1 [h(öct+1)] �B�b �m�b�2�/ �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �2�t�T�2�+�i���i�B�Q�M �Q�7h(öct+1) �U�r�B�i�? �`�2�b�T�2�+�i

�i�Qö#t+1�V �Q�Möct , öct" 1, . . . , öc1�-�B�X�2�X�-Eö#t+1 [h(öct+1)]
#
= Eö#t+1 [h(öct+1|öct , . . . , öc1)]�X �J�Q�`�2�Q�p�2�`�- �i�?�2 �M�Q�@

�i���i�B�Q�ME( ö#1, ö#2,..., ö# t+1)[h(öct+1)] �/�2�M�Q�i�2�b �i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7h(öct+1) �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �D�Q�B�M�i
�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7öc1, . . . , öct+1�- �7�Q�` �2�t���K�T�H�2�-E( ö#1, ö#2)[h(öc2)] =

,
h(öc2)d ö#2(öc2|öc1)d ö#1(öc1)�X �A�M ���/�/�B�@

�i�B�Q�M�- �H�2�iEc1 ( �b�i���M�/�b �7�Q�` �i�?�2 �2�t�T�2�+�i���i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M( �Q�7c �U���#�#�`�2�p�B���i�2�/
���bE( �r�?�2�`�2 �M�Q �+�Q�M�7�m�b�B�Q�M �B�b �T�Q�b�b�B�#�H�2�V�X

�k�X�j �J�B�M�B�K���t �`�2�;�`�2�i �#�Q�m�M�/�b

�q�2 �b�i���`�i �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�B�p�Q�i���H �`�2�b�m�H�i�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�X�6�Q�` ���M�v �b�2�[�m�2�M�+�2(xt )1:T # RdT �- �7�Q�` ���M�v �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M%# P (C )
���M�/ ���M�v" > 0�- �i�?�2 �T� �̀Q�+�2�/�m� �̀2 �/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�R�b���i�B�b�}�2�b

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

##P %(C )
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t=1
! (c, xt )

9

+
K (#,%)

"
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t=1
[! (c, xt ) " ! (öct , xt )]
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�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�B�b �� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+�Q�M�b�2�[�m�2�M�+�2 �Q�7���m�/�B�#�2�`�i�U�k�y�y�N�- �h�?�2�Q�`�2�K �9�X�e�V�r�?�Q
�;���p�2 ���M �m�T�T�2�` �#�Q�m�M�/ �7�Q�` �i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7 �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �`���M�/�Q�K�B�x�2�/ �T�`�2�/�B�+�i�B�Q�M
�7�m�M�+�i�B�Q�M�b �B�M �i�?�2 �`�2�;�`�2�b�b�B�M�; �b�2�i�i�B�M�;�X�q�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �/�2�}�M�2�/ �B�M �U�k�X�R�V�- �i�?�2
�T���`�i�B�i�B�Q�M�bC �- ���M�/ ���M�v �T�`�B�Q�`%# P (C )�X



�k�X�j�X �J�A�L�A�J���s �_�1�:�_�1�h �"�P�l�L�.�a �j�j

�k�X�j�X�R �S�`�2�H�B�K�B�M���`�v �`�2�;�`�2�i �#�Q�m�M�/�b

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �B�M�b�i���M�i�B���i�2 �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �B�M�i�`�Q�/�m�+�2�/ �B�M�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�X �.�B�b�i�`�B�#�m�@
�i�B�Q�Mq �B�M �U�k�X�j�V �B�b �+�?�Q�b�2�M ���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�B�b�+�`�2�i�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �b�2�i51, p6

q(k) =
exp(" , k)

! p
i =1 exp(" , i )

, , ( 0. �U�k�X�8�V

�q�?�2�M, > 0�- �i�?�2 �H���`�;�2�` �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�bk�- �i�?�2 �b�K���H�H�2�` �i�?�2 �T�`�Q�#���#�B�H�B�i�v �K���b�b�X �6�m�`�i�?�2�`�-
%k �B�M �U�k�X�j�V �B�b �+�?�Q�b�2�M ���b �� �T�`�Q�/�m�+�i �Q�7k �B�M�/�2�T�2�M�/�2�M�i �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! 2�@�#���H�H�b �B�M
Rd�,

d%k(c,R) =

*
$
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%

%
d
2

+k
1

(2R)dk

#
kO

j=1
{Bd (2R)}(cj )

&

dc, �U�k�X�e�V

�r�?�2�`�2R > 0�-$ �B�b �i�?�2 �:���K�K�� �7�m�M�+�i�B�Q�M ���M�/

Bd(r ) =
D

x # Rd, |x|2 $ r
E

�U�k�X�d�V

�B�b ���M! 2�@�#���H�H �B�MRd�- �+�2�M�i�2�`�2�/ �B�M0 # Rd �r�B�i�? �`���/�B�m�br > 0�X �6�B�M���H�H�v�- �7�Q�` ���M�vk # 51, p6 ���M�/ ���M�v
R > 0�- �H�2�i

C (k,R) =
D
c = (cj ) j=1,2,...,k # Rdk , ci *=cj , i *=j , �b�m�+�? �i�?���i

5
5cj

5
5
2 $ R,7 j

E
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�*�Q�`�Q�H�H���`�v �k�X�R�X�6�Q�` ���M�v �b�2�[�m�2�M�+�2(xt )1:T # RdT ���M�/ ���M�vp ( 1�- �+�Q�M�b�B�/�2�`%�/�2�}�M�2�/ �#�v�U�k�X�j�V�-
�U�k�X�8�V���M�/�U�k�X�e�V�r�B�i�?, ( 0 ���M�/R ( max t=1,...,T |xt |2�X �A�7" ( (d + 2)/(2TR 2)�- �i�?�2 �T� �̀Q�+�2�/�m� �̀2
�/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�R�b���i�B�b�}�2�b

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

k#51,p6

#

inf
c#C (k,R)

T"

t=1
! (c, xt )+
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6
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7
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,

"
k
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+
6
log p

"
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d

2"
+

81" TR 4

2

7
,

�L�Q�i�2 �i�?���iinf c#C (k,R)
! T

t=1 ! (c, xt ) �B�b �� �M�Q�M�@�B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �M�m�K�#�2�`k �Q�7 �+�2�H�H�b
�r�?�B�H�2 �i�?�2 �T�2�M���H�i�v �B�b �H�B�M�2���`�H�v �B�M�+�`�2���b�B�M�; �r�B�i�?k�X �a�K���H�H �p���H�m�2�b �7�Q�`" �U�Q�` �2�[�m�B�p���H�2�M�i�H�v�- �H���`�;�2
�p���H�m�2�b �7�Q�`R�V �H�2���/ �i�Q �b�K���H�H �p���H�m�2�b �7�Q�`k�X �h�?�2 ���/�/�B�i�B�Q�M���H �i�2�`�K �B�M�/�m�+�2�/ �#�v �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7
C =

J
k=1,...,p Rdk �B�blog p�X �� �`�2���b�Q�M���#�H�2 �+�?�Q�B�+�2 �Q�7" �r�Q�m�H�/ �#�2 �b�m�+�? �i�?���id/" log(" TR 2/d + 2)

���M�/" TR 4 ���`�2 �Q�7 �i�?�2 �b���K�2 �Q�`�/�2�` �B�MT �X �h�?�2 �+���H�B�#�`���i�B�Q�M" = (d + 2)
<

log T /(2
!

TR 2) �v�B�2�H�/�b
�� �b�m�#�H�B�M�2���` �`�2�K���B�M�/�2�` �i�2�`�K �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v�X

�*�Q�`�Q�H�H���`�v �k�X�k�X�l�M�/�2�` �i�?�2 �T� �̀2�p�B�Q�m�b �M�Q�i���i�B�Q�M �r�B�i�?" = (d+2)
<

log T /(2
!

TR 2)�-R ( max t=1,...,T |xt |2
���M�/T > 2�- �i�?�2 �T� �̀Q�+�2�/�m� �̀2 �/�2�b�+�`�B�#�2�/ �B�M���H�;�Q�`�B�i�?�K �k�X�R�b���i�B�b�}�2�b

T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ) $ inf

k#51,p6

#

inf
c#C (k,R)

T"

t=1
! (c, xt )+

2(d + , )R2

d + 2
k

<
T log T

&

+
6
2R2 log p

d + 2
+

dR 2

d + 2
+

81(d + 2)R2

4

7<
T log T . �U�k�X�3�V

�_�2�K���`�F �R�X�A�7 �r�2 ���b�b�m�K�2T ���M�/R ��� �̀2 �+�Q�M�b�i���M�i�b�- �i�?�2 � �̀2���b�Q�M �i�?���i" �B�b �+�?�Q�b�2�M �i�Q �#�2 �Q�7 �Q� �̀/�2�`
�Q�7 �K���;�M�B�i�m�/�2 �Q�7d �?�2� �̀2�- � �̀��i�?�2�` �i�?���M �Q�7

!
d�- �B�b �i�Q �;�m��� �̀��M�i�2�2 �i�?���i �B�i �b���i�B�b�}�2�b �i�?�2 �+�Q�M�/�B�i�B�Q�M

" ( (d + 2)/(2TR 2) �B�M�*�Q� �̀Q�H�H���`�v �k�X�R�X �>�Q�r�2�p�2�`�- �B�7T �B�b �b�m�{�+�B�2�M�i�H�v �H��� �̀;�2�-�2�X�;�X�-T ( (d + 2)2/d�-
�i�?�2�M �i�?�2 �+�?�Q�B�+�2" =

<
d log T /(2

!
TR 2) �r�B�H�H �b���i�B�b�7�v �i�?�2 �+�Q�M�/�B�i�B�Q�M ���M�/ �r�B�H�H �K���F�2 �i�?�2 �`�B�;�?�i

�?���M�/ �b�B�/�2 �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v �;� �̀Q�r �H�B�M�2���`�H�v �B�M
!

d �r�?�B�H�2 �F�2�2�T�B�M�; �i�?�2 �Q� �̀/�2�` �Q�7 �K���;�M�B�i�m�/�2
�7�Q�`T ���M�/R�X



�j�9 �*�>���S�h�1�_ �k�X �� �Z�l���a�A�@�"���u�1�a�A���L �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:

�A�7 �r�2 �/�2�M�Q�i�2 �#�vRT (c) �i�?�2 �`�2�;�`�2�i �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �r�B�i�?�2 �`�2�b�T�2�+�i �i�Qc # C �B�M �i�?�2 �}�`�b�iT
�`�Q�m�M�/�b�-�B�X�2�X�-

RT (c) =
T"

t=1
! (öct , xt ) "

T"

t=1
! (c, xt ),

�i�?�2�M �i�?�2 �2�t�T�2�+�i���i�B�Q�ME[RT (c)] �Q�7 �i�?�2 �`�2�;�`�2�i �2�[�m���H�b �i�QE( ö#1,..., ö#T )
' ! T

t=1 ! (öct , xt )
(
"

! T
t=1 ! (c, xt )

���M�/�*�Q�`�Q�H�H���`�v �k�X�k�B�M�/�B�+���i�2�b �i�?���i �7�Q�` ���M�vc # C �-

E[RT (c)] $ c, ,d,R(|c|+ log p)
<

T log T ,

�r�?�2�`�2|c| �/�2�M�Q�i�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�M�i�2�`�b �Q�7c ���M�/c, ,d,R �B�b �� �+�Q�M�b�i���M�i �/�2�T�2�M�/�B�M�; �Q�M, ,d,R�X
�h�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v �b�?�Q�r�b �i�?���i �i�?�2 �2�t�T�2�+�i�2�/ �`�2�;�`�2�i �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �r�B�i�? �`�2�b�T�2�+�i �i�Qc �B�b
�#�Q�m�M�/�2�/ �#�v �� �[�m���M�i�B�i�v �2�[�m���H�B�M�; �i�Q �i�?�2 �b�m�K �Q�7 �i�?�2 �M�m�K�#�2�`|c| �Q�7 �+�2�M�i�2�`�b ���M�/log p �i�B�K�2�b<

T log T �- �m�T �i�Q �� �+�Q�M�b�i���M�ic, ,d,R�X �>�2�M�+�2 �i�?�2 �b�m�T�`�2�K�m�Ksupc#C E[RT (c)] �Q�7 �i�?�2 �`�2�;�`�2�i �Q�7
�Q�m�` ���H�;�Q�`�B�i�?�K �B�b ���i �K�Q�b�ic, ,d,R(p + log p)

<
T log T �X

�A�M ���/�/�B�i�B�Q�M�- �H�2�i �m�b ���b�b�m�K�2 �i�?���i �i�?�2 �b�2�[�m�2�M�+�2x1, . . . , xT �B�b �;�2�M�2�`���i�2�/ �7�`�Q�K �� �/�B�b�i�`�B�#�m�i�B�Q�M
�r�B�i�?k" # 51, p6 �+�H�m�b�i�2�`�b�X �q�2 �i�?�2�M �/�2�}�M�2 �i�?�2 �2�t�T�2�+�i�2�/ �+�m�K�m�H���i�B�p�2 �H�Q�b�b �U�1�*�G�V ���M�/ �Q�`���+�H�2
�+�m�K�m�H���i�B�p�2 �H�Q�b�b �U�P�*�G�V ���b

�1�*�G=
T"

t=1
E( ö#1, ö#2,..., ö# t )! (öct , xt ),

�P�*�G= inf
c#C (k" ,R)

T"

t=1
! (c, xt ).

�h�?�2�M�*�Q�`�Q�H�H���`�v �k�X�k�v�B�2�H�/�b

�1�*�G" �P�*�G= sup
c#C (k" ,R)

E[RT (c)] $ Jk "
<

T log T , �U�k�X�N�V

�r�?�2�`�2J �B�b �� �+�Q�M�b�i���M�i �/�2�T�2�M�/�B�M�; �Q�Md�-R ���M�/log p�X �A�M �U�k�X�N�V �i�?�2 �`�2�;�`�2�i �Q�7 �Q�m�` �`���M�/�Q�K�B�x�2�/
�T�`�Q�+�2�/�m�`�2�- �/�2�}�M�2�/ ���b �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �1�*�G ���M�/ �P�*�G �B�b �b�m�#�H�B�M�2���` �B�MT �X �>�Q�r�2�p�2�`�-
�r�?�2�M�2�p�2�`k" > p�- �r�2 �+���M �/�2�/�m�+�2 �7�`�Q�K�*�Q�`�Q�H�H���`�v �k�X�k�i�?���i

sup
c#C (k" ,R)

E[RT (c)] $ inf
k#51,p6

#

inf
c#C (k,R)

T"

t=1
! (c, xt ) " inf

c#C (k" ,R)

T"

t=1
! (c, xt )

+
2(d + , )R2

d + 2
k

<
T log T

0
+

6
R2 (2log p + d)

d + 2
+

81(d + 2)R2

4

7<
T log T ,

�r�?�2�`�2inf c#C (k" ,R)
! T

t=1 ! (c, xt ) �B�b �i�?�2 �Q�`���+�H�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �U�B�X�2�X�-�P�*�G�V �r�B�i�?k" �+�H�m�b�i�2�`�b�X

�A�7 �i�?�2�`�2 �2�t�B�b�i�b ��k # 51, p6 �b�m�+�? �i�?���iinf c#C (k,R)
! T

t=1 ! (c, xt ) �B�b �+�H�Q�b�2 �i�Q �P�*�G�- �i�?�2�M �Q�m�` �1�*�G
�B�b ���H�b�Q �+�H�Q�b�2 �i�Q �P�*�G �m�T �i�Q �� �i�2�`�K �Q�7 �Q�`�/�2�`k

<
T log T �X �>�Q�r�2�p�2�`�- �B�7 �M�Q �b�m�+�?k �2�t�B�b�i�b�- �i�?�2�M

�i�?�2 �i�2�`�K2(d+ , )R2

d+2 k
<
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+
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�2�[�m���H�b �i�Qs�-�B�X�2�X�-
5
5
5c"

T ,R

5
5
5= s�X
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�+�B�b�2�H�v �i�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` ���bN �;�Q�2�b �i�Q+) �X �h�Q �/�Q �b�Q�- �r�2 �M�2�2�/ �i�Q �T�`�Q�p�2 �i�?���i
�i�?�2 �+�?���B�M �B�bö#t �@�B�`�`�2�/�m�+�B�#�H�2�- ���T�2�`�B�Q�/�B�+ ���M�/ �>���`�`�B�b �`�2�+�m�`�`�2�M�i�- �b�2�2�_�Q�#�2�`�i ���M�/ �*���b�2�H�H���U�k�y�y�9�-
�h�?�2�Q�`�2�K �e�X�8�R�V ���M�/�_�Q�#�2�`�i�b ���M�/ �_�Q�b�2�M�i�?���H�U�k�y�y�e�- �h�?�2�Q�`�2�K �k�y�V�X

�_�2�+���H�H �i�?���i ���i �2���+�? �_�C�J�*�J�* �B�i�2�`���i�B�Q�M �B�M���H�;�Q�`�B�i�?�K �k�X�j�- �i�?�2 �+�?���B�M �B�b �b���B�/ �i�Q �T�`�Q�T�Q�b�2 ��
�ó�#�2�i�r�2�2�M �K�Q�/�2�H �K�Q�p�2�ô �B�7k0*=k(n) ���M�/ �� �ó�r�B�i�?�B�M �K�Q�/�2�H �K�Q�p�2�ô �B�7k0= k(n) ���M�/c0*=c(n)�X
�h�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i �;�B�p�2�b �� �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M �7�Q�` �i�?�2 �+�?���B�M �i�Q �#�2 �>���`�`�B�b �`�2�+�m�`�`�2�M�i�X

�G�2�K�K�� �k�X�R�X�G�2�iD �#�2 �i�?�2 �2�p�2�M�i �i�?���i �M�Q �ó�r�B�i�?�B�M�@�K�Q�/�2�H �K�Q�p�2�ô �B�b �2�p�2�` ���+�+�2�T�i�2�/ ���M�/E �#�2
�i�?�2 �b�m�T�T�Q�`�i �Q�7ö#t �X �h�?�2�M �i�?�2 �+�?���B�M �;�2�M�2� �̀��i�2�/ �#�v���H�;�Q�`�B�i�?�K �k�X�j�b���i�B�b�}�2�b

P
P
D|

-
k(0),c(0)

.
= (k,c)

Q
= 0,

�7�Q�` ���M�vk # 51, p6 ���M�/c # Rdk > E�X



�k�X�9�X �h�>�1�S���*�"�P ���G�:�P�_�A�h�>�J �9�R

���H�;�Q�`�B�i�?�K �k�X�j�S���*�"�P

�R�,�A�M�B�i�B���H�B�x���i�B�Q�M�,(" t )1:T

�k�, �6�Q�t̀ # 51,T 6
�j�, �A�M�B�i�B���H�B�x���i�B�Q�M�,

$
k(0),c(0)

%
# 51, p6 %Rdk (0)

�X �h�v�T�B�+���H�H�vk(0) �B�b �b�2�i �i�Qk(N ) �7�`�Q�K �B�i�2�`���i�B�Q�M
t " 1 �Uk(0) = 1 ���i �B�i�2�`���i�B�Q�Mt = 1�V�X

�9�,�6�Q�ǹ # 51, N " 16
�8�, �a���K�T�H�2k0#

R
max(1, k(n) " 1),min( p, k(n) + 1)

S
�7�`�Q�Kq(k(n),á) = 1

3 �X
�e�, �G�2�ic0@ �b�i���M�/���`�/k0�@�K�2���M�b �Q�m�i�T�m�i �i�`���B�M�2�/ �Q�M(xs)1:(t" 1)�X
�d�, �G�2�i/ 0= 1/

!
pt .

�3�, �a���K�T�H�2v1 1 #k0(á,ck0, / k0)�X
�N�, �G�2�i(v2,c0) = g(v1,c(n)).

�R�y�, ���+�+�2�T�i �i�?�2 �K�Q�p�2(k(n),c(n)) = (k0,c0) �r�B�i�? �T�`�Q�#���#�B�H�B�i�v

*
P
(k(n),c(n)), (k0,c0))

Q
= min

#

1,
ö# t (c0)q(k0, k(n))#k(n) (v2,ck(n) , / k(n) )

ö# t (c(n))q(k(n), k0)#k0(v1,ck0, / k0)

5
5
5
5
+g(v1,c(n))

+v1+c(n)

5
5
5
5

&

= min

#

1,
ö# t (c0)q(k0, k(n))#k(n) (c(n),ck(n) , / k(n) )

ö# t (c(n))q(k(n), k0)#k0(c0,ck0, / k0)

&

�R�R�, �1�H�b�2(k(n+1),c(n+1)) = (k(n),c(n)).
�R�k�,�1�M�/ �7�Q�`
�R�j�,�G�2�iöct = c(N ).
�R�9�,�1�M�/ �7�Q�`

�G�2�K�K�� �k�X�R�b�i���i�2�b �i�?���i �i�?�2 �+�?���B�M �K�m�b�i �2�p�2�M�i�m���H�H�v ���+�+�2�T�i �� �ó�r�B�i�?�B�M�@�K�Q�/�2�H �K�Q�p�2�ô�X �A�i �`�2�K���B�M�b
�i�`�m�2 �7�Q�` �Q�i�?�2�` �+�?�Q�B�+�2�b �Q�7q(k(n),á) �B�M���H�;�Q�`�B�i�?�K �k�X�j�- �T�`�Q�p�B�/�2�/ �i�?���i �i�?�2 �b�i���i�B�Q�M���`�B�i�v �Q�7ö#t �B�b
�T�`�2�b�2�`�p�2�/�X

�h�?�2�Q�`�2�K �k�X�j�X�G�2�iE �/�2�M�Q�i�2 �i�?�2 �b�m�T�T�Q�`�i �Q�7ö#t �X �h�?�2�M �7�Q�` ���M�vc(0) # E�- �i�?�2 �+�?���B�M
$
c(n)

%
1:N

�;�2�M�2� �̀��i�2�/ �#�v���H�;�Q�`�B�i�?�K �k�X�j�B�bö#t �@�B�`� �̀2�/�m�+�B�#�H�2�- ���T�2�`�B�Q�/�B�+ ���M�/ �>���`�`�B�b � �̀2�+�m�`� �̀2�M�i�X

�h�?�2�Q�`�2�K �k�X�j�H�2�;�B�i�B�K���i�2�b �Q�m�` ���T�T�`�Q�t�B�K���i�B�Q�M�S���*�"�P �i�Q �T�2�`�7�Q�`�K �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;�- �b�B�M�+�2
�B�i ���b�v�K�T�i�Q�i�B�+���H�H�v �K�B�K�B�+�b �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H�H�v �m�M���p���B�H���#�H�2ö#t �X �h�Q �i�?�2 �#�2�b�i
�Q�7 �Q�m�` �F�M�Q�r�H�2�/�;�2�- �i�?�B�b �F�B�M�/ �Q�7 �;�m���`���M�i�2�2 �B�b �Q�`�B�;�B�M���H �B�M �i�?�2 �S���*�@�"���v�2�b�B���M �H�B�i�2�`���i�m�`�2�X

�6�B�M���H�H�v�- �H�2�i �m�b �b�i�`�2�b�b �i�?���i �Q�#�i���B�M�B�M�; ���M �2�t�T�H�B�+�B�i �`���i�2 �Q�7 �+�Q�M�p�2�`�;�2�M�+�2 �B�b �#�2�v�Q�M�/ �i�?�2 �b�+�Q�T�2 �Q�7
�i�?�2 �T�`�2�b�2�M�i �r�Q�`�F�X�*�Q�M�i�`�Q�H�H�B�M�; �i�?�2 �2�`�`�Q�` �#�2�i�r�2�2�M ���T�T�`�Q�t�B�K���i�B�Q�M ���H�;�Q�`�B�i�?�K ���M�/ �i�?�2 �i���`�;�2�i
�B�b �/�B�{�+�m�H�i �i�?�Q�m�;�? �b�2�p�2�`���H �r�Q�`�F �U�E���H���B ���M�/ �o�2�K�T���H���-�k�y�y�k�-�S�û�`�2�x�-�k�y�R�8�V �?���p�2 ���/�/�`�2�b�b�2�/
�B�i�X �6�Q�` �Q�m�` �_�C�J�*�J�*�- �2�p�2�M �i�?�Q�m�;�? �r�2 �?���p�2 �T�`�Q�p�2�/ �i�?���i �B�i �+�Q�M�p�2�`�;�2�b �i�Q �� �b�i���i�B�Q�M���`�v
�/�B�b�i�`�B�#�m�i�B�Q�M �r�?�B�+�? �B�b �i�?�2 �i���`�;�2�i�- �B�i �B�b ���M �Q�T�2�M �[�m�2�b�i�B�Q�M �i�Q �F�M�Q�r �m�M�i�B�H �r�?�B�+�? �B�i�2�`���i�B�Q�M �i�?�2
�+�?���B�M �#�2�+�Q�K�2�b �b�i���i�B�Q�M���`�v�X�>�Q�r�2�p�2�`�- �B�M �K�Q�b�i �+���b�2�b �i�?�2 �+�?���B�M �+�Q�M�p�2�`�;�2�b �`���i�?�2�` �[�m�B�+�F�H�v
�B�M �T�`���+�i�B�+�2�- ���b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �k�X�k�X �J�Q�`�2�Q�p�2�`�- �i�?�B�b ���H�;�Q�`�B�i�?�K �?���b �#�2�2�M �T�m�i �B�M�i�Q
�T�`�Q�/�m�+�i�B�Q�M ���i �B���/�p�B�x�2 ���M�/ �B�i �r�Q�`�F�b �r�2�H�H �Q�M �`�2���H �/���i�� �Q�7 �b�2�p�2�`���H �+�H�B�2�M�i�b �B�M �?�2�H�T�B�M�; �i�?�2�K �i�Q
�r�2�H�H�@�i���`�;�2�i �Q�M�H�B�M�2 �p�B�b�B�i�Q�`�b�X���i �i�B�K�2t�- �r�2 ���/�p�Q�+���i�2 �7�Q�` �b�2�i�i�B�M�;k(0) ���bk(N ) �7�`�Q�K �`�Q�m�M�/t " 1�-
���b �� �r���`�K �b�i���`�i�X

�k�X�9�X�j �L�m�K�2�`�B�+���H �b�i�m�/�v

�h�?�B�b �b�2�+�i�B�Q�M �B�b �/�2�p�Q�i�2�/ �i�Q �i�?�2 �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �T�Q�i�2�M�i�B���H �Q�7 �Q�m�` �[�m���b�B�@�"���v�2�b�B���M ���T�T�`�Q���+�?
�Q�M �b�v�M�i�?�2�i�B�+ �/���i���X �G�2�i �m�b �b�i�`�2�b�b �i�?���i ���H�H �2�t�T�2�`�B�K�2�M�i�b ���`�2 �`�2�T�`�Q�/�m�+�B�#�H�2�- �i�?���M�F�b �i�Q �i�?�2



�9�k �*�>���S�h�1�_ �k�X �� �Z�l���a�A�@�"���u�1�a�A���L �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:

�S���*�"�P �_ �T���+�F���;�2 �U�G�B�-�k�y�R�e�V�X �q�2 �/�Q �M�Q�i �+�H���B�K �i�Q �#�2 �2�t�?���m�b�i�B�p�2 �?�2�`�2 �#�m�i �`���i�?�2�` �b�?�Q�r
�i�?�2 �U�;�Q�Q�/�V �#�2�?���p�B�Q�` �Q�7 �Q�m�` �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�M �� �i�Q�v �2�t���K�T�H�2�X

�*���H�B�#�`���i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b ���M�/ �K�B�t�B�M�; �T�`�Q�T�2�`�i�B�2�b

�q�2 �b�2�iR �i�Q �#�2 �i�?�2 �K���t�B�K�m�K! 2�@�M�Q�`�K �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b�X �L�Q�i�2 �i�?���i �� �i�Q�Q �b�K���H�H �p���H�m�2
�r�B�H�H �v�B�2�H�/ ���+�+�2�T�i���M�+�2 �`���i�B�Q�b �i�Q �#�2 �+�H�Q�b�2 �i�Q �x�2�`�Q ���M�/ �r�B�H�H �/�2�;�`���/�2 �i�?�2 �K�B�t�B�M�; �Q�7 �i�?�2 �+�?���B�M�X
�q�?�2�M �+���H�B�#�`���i�B�M�;" �- �`�2�+���H�H �i�?���i �H���`�;�2 �p���H�m�2�b �r�B�H�H �2�M�7�Q�`�+�2 �i�?�2 �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �i�Q ���+�+�Q�m�M�i
�K�Q�`�2 �7�Q�` �T���b�i �/���i���- �r�?�2�`�2���b �b�K���H�H �p���H�m�2�b �K���F�2 �i�?�2 �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` ���H�B�F�2 �i�?�2 �T�`�B�Q�`�X�A�M �Q�`�/�2�`
�i�Q �}�M�/ ���M �Q�T�i�B�K���H �p���H�m�2 �7�Q�` �B�i �B�M �#���i�+�? �b�2�i�i�B�M�;�- �r�2 �+�Q�M�b�B�/�2�`" = c%(d + 2)

<
log T /(2

!
TR 2)

�r�B�i�? �/�B�z�2�`�2�M�i �2�[�m�B�/�B�b�i���M�i �p���H�m�2�b �B�M �i�?�2 �`���M�;�2(0,R2) �7�Q�` �+�Q�2�{�+�B�2�M�ic�- ���M�/ �r�2 �+�?�Q�Q�b�2
" = 0.6 %(d + 2)

<
log T /(2

!
T ) �7�Q�` �B�i�b �;�H�Q�#���H �T�2�`�7�Q�`�K���M�+�2 �Q�M �/�B�z�2�`�2�M�i �K�Q�/�2�H�b �#�2�H�Q�r �Q�M

�K�B�M�B�K�B�x�B�M�; �i�?�2 �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M �i�2�b�i �b�2�i ���M�/ �2�b�i�B�K���i�2�/ �+�2�M�i�2�`�b�X �q�2 �F�2�2�T �i�?�B�b �T���`���K�2�i�2�`
���H�b�Q �B�M �Q�M�H�B�M�2 �b�2�i�i�B�M�;�X�q�2 �B�H�H�m�b�i�`���i�2 �B�M�6�B�;�m�`�2 �k�X�k�i�?�2 �K�B�t�B�M�; �#�2�?���p�B�Q�` �Q�7�S���*�"�P �X �h�?�2
�+�Q�M�p�2�`�;�2�M�+�2 �Q�+�+�m�`�b �[�m�B�+�F�H�v�- ���M�/ �i�?�2 �/�2�7���m�H�i �H�2�M�;�i�? �Q�7 �i�?�2 �_�C�J�*�J�* �`�m�M�b �B�b �b�2�i �i�Q �8�y�y �B�M
�i�?�2�S���*�"�P �T���+�F���;�2�, �i�?�B�b �r���b �� �+�2�B�H�B�M�; �p���H�m�2 �B�M ���H�H �Q�m�` �b�B�K�m�H���i�B�Q�M�b�X

�U���V �L�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b�X �U�#�V ���+�+�2�T�i���M�+�2 �T�`�Q�#���#�B�H�B�i�v�X

�6�B�;�m�`�2 �k�X�k �� �h�v�T�B�+���H �_�C�J�*�J�* �Q�m�i�T�m�i �B�M�S���*�"�P �X �U���V �T�H�Q�i �Q�7 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�bk(n)

�U�#�H���+�F �b�Q�H�B�/ �H�B�M�2�V ���i �2���+�?n�@�i�? �Un = 1, . . . , N �V �B�i�2�`���i�B�Q�M �Q�7 �_�C�J�*�J�* ���M�/ �i�?�2 �`�2�/ �/���b�?�2�/ �H�B�M�2
�B�M�/�B�+���i�2�b �i�?�2 �i�`�m�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �Q�7 �� �:���m�b�b�B���M �K�B�t�i�m�`�2 �K�Q�/�2�H �U�J�Q�/�2�H �k�V �U�#�V �i�`���+�2
�T�H�Q�i �Q�7 ���+�+�2�T�i���M�+�2 �`���i�B�Q* (n) ���H�Q�M�; �i�?�2 �k�y�y �B�i�2�`���i�B�Q�M�b�- �b�?�Q�r�B�M�; �i�?���i �i�?�2 �_�C�J�*�J�* �/�Q�2�b
�M�Q�i �;�2�i �b�i�m�+�F �i�Q �ó�Q�M�H�v �`�2�D�2�+�i�ô �Q�` �ó�Q�M�H�v ���+�+�2�T�i�ô �T���i�i�2�`�M�b�X

�"���i�+�? �+�H�m�b�i�2�`�B�M�; �b�2�i�i�B�M�;

�� �H���`�;�2 �p���`�B�2�i�v �Q�7 �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �7�Q�` �b�2�H�2�+�i�B�M�; �i�?�2 �M�m�K�#�2�`
k �Q�7 �+�H�m�b�i�2�`�b �B�M �#���i�+�? �+�H�m�b�i�2�`�B�M�; �U�b�2�2�J�B�H�H�B�;���M ���M�/ �*�Q�Q�T�2�`�- �R�N�3�8�c�:�Q�`�/�Q�M�- �R�N�N�N�- �7�Q�` ��
�b�m�`�p�2�v�V�X �h�?�2�b�2 �K�2�i�?�Q�/�b �K���v �#�2 �Q�7 �H�Q�+���H �Q�` �;�H�Q�#���H �M���i�m�`�2�X �6�Q�` �H�Q�+���H �K�2�i�?�Q�/�b�- ���i �2���+�? �b�i�2�T�-
�2���+�? �+�H�m�b�i�2�` �B�b �2�B�i�?�2�` �K�2�`�;�2�/ �r�B�i�? ���M�Q�i�?�2�` �Q�M�2�- �b�T�H�B�i �B�M �i�r�Q �Q�` �`�2�K���B�M�b�X �:�H�Q�#���H �K�2�i�?�Q�/�b
�2�p���H�m���i�2 �i�?�2 �2�K�T�B�`�B�+���H �/�B�b�i�Q�`�i�B�Q�M �Q�7 ���M�v �+�H�m�b�i�2�`�B�M�; ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �M�m�K�#�2�`k �Q�7 �+�2�H�H�b
�Q�p�2�` �i�?�2 �r�?�Q�H�2 �/���i���b�2�i�- ���M�/ �b�2�H�2�+�i �i�?�2 �K�B�M�B�K�B�x�2�` �Q�7 �i�?�B�b �/�B�b�i�Q�`�i�B�Q�M�X �h�?�2 �`�m�H�2 �Q�7�>���`�i�B�;���M
�U�R�N�d�8�V �B�b �� �r�2�H�H�@�F�M�Q�r�M �`�2�T�`�2�b�2�M�i���i�B�p�2 �Q�7 �H�Q�+���H �K�2�i�?�Q�/�b�X �S�Q�T�m�H���` �;�H�Q�#���H �K�2�i�?�Q�/�b �B�M�+�H�m�/�2
�i�?�2 �r�Q�`�F�b �Q�7�*���H�B�M�b�F�B ���M�/ �>���`���#���b�x�U�R�N�d�9�V�-�E�`�x���M�Q�r�b�F�B ���M�/ �G���B�U�R�N�3�3�V ���M�/�E���m�7�K���M ���M�/
�_�Q�m�b�b�2�2�m�r�U�R�N�N�y�V�- �r�?�2�`�2 �7�m�M�+�i�B�Q�M�b �#���b�2�/ �Q�M �i�?�2 �2�K�T�B�`�B�+���H �/�B�b�i�Q�`�i�B�Q�M �Q�` �Q�M �i�?�2 ���p�2�`���;�2
�Q�7 �r�B�i�?�B�M�@�+�H�m�b�i�2�` �/�B�b�T�2�`�b�B�Q�M �Q�7 �2���+�? �T�Q�B�M�i ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ ���M�/ �i�?�2 �Q�T�i�B�K���H �M�m�K�#�2�` �Q�7
�+�H�m�b�i�2�`�b �B�b �i�?�2 �K���t�B�K�B�x�2�` �Q�7 �i�?�2�b�2 �7�m�M�+�i�B�Q�M�b�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �:���T �a�i���i�B�b�i�B�+ �U�h�B�#�b�?�B�`���M�B
�2�i ���H�X�- �k�y�y�R�V �+�Q�K�T���`�2�b �i�?�2 �+�?���M�;�2 �B�M �r�B�i�?�B�M�@�+�H�m�b�i�2�` �/�B�b�T�2�`�b�B�Q�M �r�B�i�? �i�?�2 �Q�M�2 �2�t�T�2�+�i�2�/
�m�M�/�2�` ���M ���T�T�`�Q�T�`�B���i�2 �`�2�7�2�`�2�M�+�2 �M�m�H�H �/�B�b�i�`�B�#�m�i�B�Q�M�X �J�Q�`�2 �`�2�+�2�M�i�H�v�- �*���S�l�a�>�1 �U�*���H�B�#�`���i�B�M�;
�S�2�M���H�i�v �l�b�B�M�; �a�H�Q�T�2 �>�2�m�`�B�b�i�B�+�b�V �B�M�i�`�Q�/�m�+�2�/ �#�v�6�B�b�+�?�2�`�U�k�y�R�R�V ���M�/�"���m�/�`�v�2�i ���H�X�U�k�y�R�k�V
���/�/�`�2�b�b�2�b �i�?�2 �T�`�Q�#�H�2�K �7�`�Q�K �i�?�2 �T�2�M���H�B�x�2�/ �K�Q�/�2�H �b�2�H�2�+�i�B�Q�M �T�2�`�b�T�2�+�i�B�p�2�- �B�M �i�?�2 �7�Q�`�K �Q�7
�i�r�Q �K�2�i�?�Q�/�b�, �.�.�a�1 �U�.���i���@�.�`�B�p�2�M �a�H�Q�T�2 �1�b�i�B�K���i�B�Q�M�V ���M�/ �.�D�m�K�T �U�.�B�K�2�M�b�B�Q�M �D�m�K�T�V�X



�k�X�9�X �h�>�1�S���*�"�P ���G�:�P�_�A�h�>�J �9�j

�_ �T���+�F���;�2�b �B�K�T�H�2�K�2�M�i�B�M�; �i�?�Q�b�2 �K�2�i�?�Q�/�b ���`�2 �m�b�2�/ �r�B�i�? �i�?�2�B�` �/�2�7���m�H�i �T���`���K�2�i�2�`�b �B�M �Q�m�`
�b�B�K�m�H���i�B�Q�M�b�X

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �+�Q�K�T���`�2�S���*�"�P �i�Q �i�?�2 ���7�Q�`�2�+�B�i�2�/ �K�2�i�?�Q�/�b �B�M �� �#���i�+�? �b�2�i�i�B�M�; �r�B�i�?
n = 200 �Q�#�b�2�`�p���i�B�Q�M�b �b�B�K�m�H���i�2�/ �7�`�Q�K �i�?�2 �7�Q�H�H�Q�r�B�M�; �9 �K�Q�/�2�H�b�X

�J�Q�/�2�H �R�U�R �;�`�Q�m�T �B�M �/�B�K�2�M�b�B�Q�M �8�V�X�P�#�b�2�`�p���i�B�Q�M�b ��� �̀2 �b���K�T�H�2�/ �7� �̀Q�K �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M
�Q�M �i�?�2 �m�M�B�i �?�v�T�2� �̀+�m�#�2 �B�MR5�X

�J�Q�/�2�H �k�U�9 �:���m�b�b�B���M �;�`�Q�m�T�b �B�M �/�B�K�2�M�b�B�Q�M �k�V�X�P�#�b�2�`�p���i�B�Q�M�b ��� �̀2 �b���K�T�H�2�/ �7� �̀Q�K �9 �#�B�p���`�B���i�2
�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b �r�B�i�? �B�/�2�M�i�B�i�v �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �r�?�Q�b�2 �K�2���M �p�2�+�i�Q�`�b ��� �̀2 � �̀2�b�T�2�+�i�B�p�2�H�v
(0,0), (" 2," 1), (0,4), (3,1)�X �1���+�? �Q�#�b�2�`�p���i�B�Q�M �B�b �m�M�B�7�Q�`�K�H�v �/� �̀��r�M �7� �̀Q�K �Q�M�2 �Q�7 �i�?�2 �7�Q�m�`
�;� �̀Q�m�T�b�X

�J�Q�/�2�H �j�U�d �:���m�b�b�B���M �;�`�Q�m�T�b �B�M �/�B�K�2�M�b�B�Q�M �8�y�V�X�P�#�b�2�`�p���i�B�Q�M�b ��� �̀2 �b���K�T�H�2�/ �7� �̀Q�K �d �K�m�H�i�B�@
�p���`�B���i�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b �B�MR50 �r�B�i�? �B�/�2�M�i�B�i�v �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �r�?�Q�b�2 �K�2���M �p�2�+�i�Q�`�b
��� �̀2 �+�?�Q�b�2�M � �̀��M�/�Q�K�H�v ���+�+�Q� �̀/�B�M�; �i�Q ���M �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M[" 10,10]50�X �1���+�? �Q�#�b�2�`�p���@
�i�B�Q�M �B�b �m�M�B�7�Q�`�K�H�v �/� �̀��r�M �7� �̀Q�K �Q�M�2 �Q�7 �i�?�2 �b�2�p�2�M �;� �̀Q�m�T�b�X

�J�Q�/�2�H �9�U�j �H�Q�;�M�Q�`�K���H �;�`�Q�m�T�b �B�M �/�B�K�2�M�b�B�Q�M �j�V�X�P�#�b�2�`�p���i�B�Q�M�b ��� �̀2 �b���K�T�H�2�/ �7� �̀Q�K �j �K�m�H�i�B�@
�p���`�B���i�2 �H�Q�;�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�b �B�MR3 �r�B�i�? �B�/�2�M�i�B�i�v �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �r�?�Q�b�2 �K�2���M �p�2�+�i�Q�`�b
��� �̀2 � �̀2�b�T�2�+�i�B�p�2�H�v(1,1,1), (6,5,7), (10,9,11)�X �1���+�? �Q�#�b�2�`�p���i�B�Q�M �B�b �m�M�B�7�Q�`�K�H�v �/� �̀��r�M �7� �̀Q�K �Q�M�2
�Q�7 �i�?�2 �i�?� �̀2�2 �;� �̀Q�m�T�b�X

�6�B�;�m�`�2 �k�X�j���M�/�6�B�;�m�`�2 �k�X�9�T�`�2�b�2�M�i �i�?�2 �T�2�`�+�2�M�i���;�2 �Q�7 �i�?�2 �2�b�i�B�K���i�2�/ �M�m�K�#�2�` �Q�7 �+�2�H�H�bk �Q�M �8�y
�`�2���H�B�x���i�B�Q�M�b �Q�7 �i�?�2 �9 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �K�Q�/�2�H�b�- �7�Q�` �3 �K�2�i�?�Q�/�b �B�M�+�H�m�/�B�M�;�S���*�"�P �X �A�M �2���+�?
�;�`���T�?�- �i�?�2 �`�2�/ �/�Q�i �B�M�/�B�+���i�2�b �i�?�2 �`�2���H �M�m�K�#�2�` �Q�7 �;�`�Q�m�T�b�X �h�?�2 �K�2�i�?�Q�/�b �m�b�2�/ �7�Q�` �b�2�H�2�+�i�B�M�;
k ���`�2 �T�`�2�b�2�M�i�2�/ �Q�M �i�?�2 �i�Q�T �Q�7 �2���+�? �T���M�2�H�- �r�?�2�`�2 �.�.�a�1 �U�.���i���@�.�`�B�p�2�M �a�H�Q�T�2 �1�b�i�B�K���i�B�Q�M�V
���M�/ �.�D�m�K�T �U�.�B�K�2�M�b�B�Q�M �D�m�K�T�V ���`�2 �i�?�2 �i�r�Q �K�2�i�?�Q�/�b �B�M�i�`�Q�/�m�+�2�/ �B�M �*���S�l�a�>�1 �U�"���m�/�`�v�2�i
���H�X�-�k�y�R�k�V�X �h�?�2 �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �+�2�H�H�b �B�b �b�2�i �i�Q �k�y�X

�6�Q�`�J�Q�/�2�H �R�S���*�"�P �Q�m�i�T�2�`�7�Q�`�K�b ���H�H �+�Q�K�T�2�i�B�i�Q�`�b�- �b�B�M�+�2 �B�i �b�2�H�2�+�i�b �i�?�2 �+�Q�`�`�2�+�i �M�m�K�#�2�` �Q�7
�+�2�H�H�b �B�M ���H�K�Q�b�i �d�y�W �Q�7 �Q�m�` �b�B�K�m�H���i�B�Q�M�b�- �r�?�2�M ���H�H �Q�i�?�2�` �K�2�i�?�Q�/�b �#���`�2�H�v �}�M�/ �B�i �U�6�B�;�m�`�2 �k�X�j���V�X
�6�Q�`�J�Q�/�2�H �k�*���H�B�M�b�F�B�- �>���`�i�B�;���M�- �a�B�H�?�Q�m�2�i�i�2 ���M�/ �:���T �m�M�/�2�`�2�b�i�B�K���i�2 �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b �#�v
�B�/�2�M�i�B�7�v�B�M�; �j �;�`�Q�m�T�b�X �.�D�m�K�T �}�M�/�b �i�?�2 �i�`�m�2 �p���H�m�2k = 4 �H�2�b�b �i�?���M �R�y�W�X�S���*�"�P �B�/�2�M�i�B�}�2�b
�9 �;�`�Q�m�T�b �B�M �e�y�W �Q�7 �Q�m�` �`�m�M�b �U�6�B�;�m�`�2 �k�X�j�#�V�X
�6�Q�`�J�Q�/�2�H �j�S���*�"�P �B�b �Q�M�2 �Q�7 �i�?�2 �i�r�Q �#�2�b�i �K�2�i�?�Q�/�b�- �i�Q�;�2�i�?�2�` �r�B�i�? �:���T �U�6�B�;�m�`�2 �k�X�9���V�X
�6�Q�`�J�Q�/�2�H �9�r�?�2�`�2 �j �;�`�Q�m�T�b �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �;�2�M�2�`���i�2�/ �7�`�Q�K �� �?�2���p�v�@�i���B�H�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M�-
�r�2 �+�Q�M�b�B�/�2�` �� �p���`�B���M�i �Q�7�S���*�"�P �r�B�i�? �i�?�2! 1�@�M�Q�`�K �B�MRd�-�B�X�2�X�- �r�2 �`�2�T�H���+�2 �i�?�2 �H�Q�b�b �B�M �U�k�X�R�V
�#�v! (öct , xt ) = min 1$ k$ K t | öct,k " xt |1�X�6�B�;�m�`�2 �k�X�9�#�b�?�Q�r�b �i�?���i �K�Q�b�i �K�2�i�?�Q�/�b �T�2�`�7�Q�`�K �T�Q�Q�`�H�v�-
�i�Q �i�?�2 �M�Q�i���#�H�2 �2�t�+�2�T�i�B�Q�M �Q�7 �i�?�B�b�S���*�"�P �U! 1�V�X

�P�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�; �b�2�i�i�B�M�;

�A�M �i�?�2 �H���b�i �T���`�i�- �r�2 �?���p�2 �+�Q�K�T���`�2�/�- �B�M �i�?�2 �#���i�+�? �b�2�i�i�B�M�;�- �Q�m�` �K�2�i�?�Q�/ �r�B�i�? �d �Q�i�?�2�` �K�2�i�?�Q�/�b
�Q�M �/�B�z�2�`�2�M�i �/���i���b�2�i�b�X �>�Q�r�2�p�2�` �H�2�i �m�b �b�i�`�2�b�b �?�2�`�2 �i�?���i �M�Q�M�2 �Q�7 �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �K�2�i�?�Q�/�b
�B�b �b�T�2�+�B�}�+���H�H�v �/�2�b�B�;�M�2�/ �7�Q�`�Q�M�H�B�M�2�+�H�m�b�i�2�`�B�M�;�X �A�M�/�2�2�/�- �i�Q �i�?�2 �#�2�b�i �Q�7 �Q�m�` �F�M�Q�r�H�2�/�;�2�S���*�"�P
�B�b �i�?�2 �b�Q�H�2 �T�`�Q�+�2�/�m�`�2 �i�?���i �2�t�T�H�B�+�B�i�H�v �i���F�2�b ���/�p���M�i���;�2 �Q�7 �i�?�2�b�2�[�m�2�M�i�B���H �M���i�m� �̀2�Q�7 �/���i���X �6�Q�`
�i�?���i �`�2���b�Q�M�- �r�2 �T�`�2�b�2�M�i �#�2�H�Q�r �i�?�2 �#�2�?���p�B�Q�` ���M�/ �� �+�Q�K�T���`�B�b�Q�M �Q�7 �`�m�M�M�B�M�; �i�B�K�2�b �#�2�i�r�2�2�M
�S���*�"�P ���M�/ �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �K�2�i�?�Q�/�b�- �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�M�i�?�2�i�B�+ �Q�M�H�B�M�2 �+�H�m�b�i�2�`�B�M�;
�i�Q�v �2�t���K�T�H�2�X



�9�9 �*�>���S�h�1�_ �k�X �� �Z�l���a�A�@�"���u�1�a�A���L �P�L�G�A�L�1 �*�G�l�a�h�1�_�A�L�:

�U���V�J�Q�/�2�H �R�X

�U�#�V�J�Q�/�2�H �k�X

�6�B�;�m�`�2 �k�X�j �� �>�B�b�i�Q�;�`���K�b �Q�7 �i�?�2 �2�b�i�B�K���i�2�/ �M�m�K�#�2�` �Q�7 �+�2�H�H�b �Q�M �8�y �`�2���H�B�x���i�B�Q�M�b�X �h�?�2 �`�2�/ �K���`�F
�B�M�/�B�+���i�2�b �i�?�2 �i�`�m�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b�X
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�U���V�J�Q�/�2�H �j�X

�U�#�V�J�Q�/�2�H �9�X

�6�B�;�m�`�2 �k�X�9 �� �>�B�b�i�Q�;�`���K�b �Q�7 �i�?�2 �2�b�i�B�K���i�2�/ �M�m�K�#�2�` �Q�7 �+�2�H�H�b �Q�M �8�y �`�2���H�B�x���i�B�Q�M�b�X �h�?�2 �`�2�/ �K���`�F
�B�M�/�B�+���i�2�b �i�?�2 �i�`�m�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b�X
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�J�Q�/�2�H �8�U�R�y �K�B�t�2�/ �;�`�Q�m�T�b �B�M �/�B�K�2�M�b�B�Q�M �k�V�X�P�#�b�2�`�p���i�B�Q�M�b(xt )t=1,...,T =200 ��� �̀2 �b�B�K�m�H���i�2�/
�B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�, �/�2�}�M�2 �}�`�b�i�H�v �7�Q�` �2���+�?t # 51,T 6 �� �T���B�`(c1,t , c2,t ) # R2�- �r�?�2� �̀2c1,t =
" 5

2%+ 5%
9

$
: t" 1

20 ; " 1
%

���M�/c2,t = 5sin( c1,t )�X �h�?�2�M �7�Q�`t # 51,1006�-xt �B�b �b���K�T�H�2�/ �7� �̀Q�K �� �m�M�B�7�Q�`�K
�/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �m�M�B�i �+�m�#�2 �B�MR2�- �+�2�M�i�2� �̀2�/ ���i(cx,t , cy,t )�X �6�Q�`t # 5101,2006�-xt �B�b �;�2�M�2� �̀��i�2�/
�#�v �� �#�B�p���`�B���i�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�- �+�2�M�i�2� �̀2�/ ���i(cx,t , cy,t ) �r�B�i�? �B�/�2�M�i�B�i�v �+�Q�p���`�B���M�+�2 �K���i�`�B�t�X

�A�M �i�?�B�b �Q�M�H�B�M�2 �b�2�i�i�B�M�;�- �i�?�2 �i�`�m�2 �M�m�K�#�2�`k"
t �Q�7 �;�`�Q�m�T�b �r�B�H�H ���m�;�K�2�M�i �Q�7 �R �m�M�B�i �2�p�2�`�v �k�y �i�B�K�2

�b�i�2�T�b �i�Q �2�p�2�M�i�m���H�H�v �`�2���+�? �R�y �U���M�/ �i�?�2 �K���t�B�K���H �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �B�b �b�2�i �i�Q20 �7�Q�` ���H�H �K�2�i�?�@
�Q�/�b�V�X�6�B�;�m�`�2 �k�X�8���b�?�Q�r�b �1�*�G �7�Q�`�S���*�"�P ���M�/ �P�*�G ���H�Q�M�; �r�B�i�? �N�8�W �+�Q�M�}�/�2�M�+�2 �B�M�i�2�`�p���H�b
�+�Q�K�T�m�i�2�/ �Q�M �R�y�y �`�2���H�B�x���i�B�Q�M�b �r�B�i�?T = 200 �Q�#�b�2�`�p���i�B�Q�M�b�- �r�B�i�?" t = 0.6%(d + 2)

<
log t/(2

!
t)

���M�/R = 15 �U�b�Q �i�?���i ���H�H �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �B�M �i�?�2! 2�@�#���H�HB2(R)�X �h�?�2 �2�t�T�2�`�B�K�2�M�i �B�b �`�2�T�H�B�+���i�2�/
�R�y�y �i�B�K�2�b�- �v�B�2�H�/�B�M�; �R�y�y �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �2�t�T�2�+�i���i�B�Q�M �U�1�*�G�V�X �h�?�2 �+�Q�M�}�/�2�M�+�2 �B�M�i�2�`�p���H�b ���`�2
�/�`���r�M �7�`�Q�K �i�?�2 �2�K�T�B�`�B�+���H95% �[�m���M�i�B�H�2�X �C�m�K�T�b �B�M �i�?�2 �1�*�G �Q�+�+�m�` �r�?�2�M �M�2�r �+�H�m�b�i�2�`�b �Q�7
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t �Q�7
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�h���#�H�2 �k�X�k �� �J�2���M �U���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�V �Q�7 �i�Q�i���H �`�m�M�M�B�M�; �i�B�K�2 �U�B�M �b�2�+�Q�M�/�b�V�X

�6�Q�` �i�?�2 �b���F�2 �Q�7 �+�Q�K�T�H�2�i�2�M�2�b�b�- ���T�T�2�M�/�B�t�k�X�e�+�Q�M�i���B�M�b ���M �B�M�b�i���M�+�2 �Q�7 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 ���H�H
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�k�X�8 �S�`�Q�Q�7�b
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�k�X�8�X �S�_�P�P�6�a �9�d

�U���V �1�*�G �U�v�2�H�H�Q�r �H�B�M�2�V ���M�/ �P�*�G �U�#�H�m�2 �H�B�M�2�V ���b �7�m�M�+�i�B�Q�M �Q�7t�- �r�B�i�? �N�8�W �+�Q�M�}�/�2�M�+�2 �B�M�i�2�`�p���H�b �U�/���b�?�2�/
�H�B�M�2�V�X

�U�#�V �1�b�i�B�K���i�2�/ �M�m�K�#�2�` �Q�7 �+�2�H�H�b �U�`�2�/ �/�Q�i�b�V �#�v�S���*�"�P ���b �� �7�m�M�+�i�B�Q�M �Q�7t�X �"�H���+�F �H�B�M�2�b �`�2�T�`�2�b�2�M�i
�i�?�2 �i�`�m�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b�X

�6�B�;�m�`�2 �k�X�8 �� �S�2�`�7�Q�`�K���M�+�2 �Q�7�S���*�"�P �X

�k�X�8�X�R �S�`�Q�Q�7 �Q�7�*�Q�`�Q�H�H���`�v �k�X�R

�G�2�i �m�b �}�`�b�i �B�M�i�`�Q�/�m�+�2 �b�Q�K�2 �M�Q�i���i�B�Q�M�X �6�Q�` ���M�vk # 51, p6 ���M�/R > 0�- �H�2�i

C (k,R) =
D
c = (cj ) j=1,2,...,k # Rdk , ci *=cj , i *=j , �b�m�+�? �i�?���i

5
5cj

5
5
2 $ R,7 j

E
,

' (k,R) =
D
0 = (0j ) j=1,...,k # Rk : 0 < 0j $ R,7 j

E
.

�q�2 �/�2�M�Q�i�2 �#�v#k(c,c,0) �i�?�2 �/�2�M�b�B�i�v �+�Q�M�b�B�b�i�B�M�; �B�M �i�?�2 �T�`�Q�/�m�+�i �Q�7k �B�M�/�2�T�2�M�/�2�M�i �m�M�B�7�Q�`�K
�/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! 2�@�#���H�H�b �B�MRd�- �M���K�2�H�v�-
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kO
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#
$( d
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%
d
2

6
1
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{Bd (cj ,0j )}(cj )

&

dc,

�r�?�2�`�2c# C (k,R)�-0 # ' (k,R) ���M�/Bd(cj ,0j ) �B�b ���M! 2�@�#���H�H �B�MRd�- �+�2�M�i�2�`�2�/ �B�Mcj �r�B�i�? �`���/�B�m�b
0j �X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �b�?���H�H �b�?�Q�`�i�2�M#k(c,c,0) �i�Q#k �r�?�2�M �M�Q �+�Q�M�7�m�b�B�Q�M �+���M ���`�B�b�2�X �h�?�2
�T�`�Q�Q�7 �`�2�H�B�2�b �Q�M �+�?�Q�Q�b�B�M�; �� �b�T�2�+�B�}�+# �B�M�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�X �6�Q�` ���M�vk # 51, p6�-c# C (k,R) ���M�/
0 # ' (k,R)�- �H�2�i# = #k {c#Rdk }�X �h�?�2�M# �B�b �� �r�2�H�H�@�/�2�}�M�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M �Q�MC ���M�/ �#�2�H�Q�M�;�b �i�Q
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P %(C )�X�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�v�B�2�H�/�b

T"

t=1
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#
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[! (c, xt )] +
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"
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"
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T"
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2

&

. �U�k�X�R�8�V
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T"

t=1
! (c, xt )+

28

3

'
C(d, , )k + C(p,d)

(
R2

<
T log T +

112

3
R2.

�6�B�M���H�H�v�- �i���F�B�M�; �i�?�2 �B�M�}�K�m�K �Q�7 �i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v �r�B�i�? �`�2�b�T�2�+�i �i�Q
k �i�2�`�K�B�M���i�2�b �i�?�2 �T�`�Q�Q�7�X
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�k�X�8�X�8 �S�`�Q�Q�7 �Q�7�h�?�2�Q�`�2�K �k�X�k

�h�?�2 �T�`�Q�Q�7 �7�Q�` �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/�, �#�v �`�2�T�H���+�B�M�; �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M! (c, x) �#�v
�i�?�2 �T�2�M���H�B�x�2�/ �H�Q�b�b! * (c, x) = ! (c, x)+ * |c| �r�B�i�?* =

<
log T /

!
T �B�M �i�?�2 �T�`�Q�Q�7 �Q�7�h�?�2�Q�`�2�K �k�X�R�-

�r�2 �Q�#�i���B�M

T"

t=1
Eö#1,..., ö# t ! * (öct , xt ) $ inf

##P %(C )

#

Ec1 #

8
T"

t=1
! * (c, xt )

9

+
K (#,%)

" T

+E( ö#1,..., ö#T )Ec1 #

8
T"

t=1

" t" 1

2
[! * (c, xt ) " ! * (öct , xt )]

2

9&

,

���M�/ �+�?�Q�Q�b�B�M�;" =
<

log T /
!

T ���M�/p = T
1
4 �v�B�2�H�/�b �i�?�2 �/�2�b�B�`�2�/ �m�T�T�2�` �#�Q�m�M�/�X

�q�2 �M�Q�r �T�`�Q�+�2�2�/ �i�Q �i�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/�X �h�?�2 �i�`�B�+�F �B�b �i�Q �`�2�T�H���+�2 �i�?�2 �b�m�T�`�2�K�m�K
�Q�p�2�` �i�?�2(xt ) �B�MVT (s) �#�v ���M �2�t�T�2�+�i���i�B�Q�M�X

�q�2 �}�`�b�i �B�M�i�`�Q�/�m�+�2 �i�?�2 �2�p�2�M�i( s,R =
D
(X1, . . . , XT ) # RdT : �b�m�+�? �i�?���i

5
5
5c"

T ,R

5
5
5= s

E
�- �r�?�2�`�2c"

T ,R

�B�b �/�2�}�M�2�/ ���b �B�M���b�b�m�K�T�i�B�Q�MH (s)�X �h�?�2�M�- �r�2 �?���p�2

VT (s) ( inf
( ö# t )

EµT

#
T"

t=1
E( ö#1,..., ö# t )

*

! (öct , X t )+

<
log T
!

T
|öct |

+

" inf
c#C (s,R)

T"

t=1
! (c, X t )

&
$
( s,R

%
,

�r�?�2�`�2µT # P (RdT ) �B�b �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �B�X�B�X�/�X �b���K�T�H�2(X1, . . . , XT )�X �L�Q�r�- �r�2 �?���p�2
�i�Q �+�?�Q�Q�b�2µ �B�M �Q�`�/�2�` �i�Q �K���t�B�K�B�x�2 �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v�X �h�?�B�b �B�b �i�?�2
�T�m�`�T�Q�b�2 �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�2�K�K���b�X

�G�2�K�K�� �k�X�k�X�G�2�is # N' , s $ p�X �G�2�iµ # P (Rd) �� �/�B�b�i�`�B�#�m�i�B�Q�M �+�Q�M�+�2�M�i� �̀��i�2�/ �Q�M2s �}�t�2�/
�T�Q�B�M�i�bS µ = {zi , zi + w, i = 1, . . . , s} �b�m�+�? �i�?���iw = (2# ,0, . . . ,0) # Rd �r�B�i�?# > 0 ���M�/ �i�?���i
z1, . . . , zs # Bd(R)�X �a�m�T�T�Q�b�2 �i�?���i �7�Q�` ���M�vi *=j �-d(zi , zj ) ( 2A# �7�Q�` �b�Q�K�2A > 0�X �.�2�}�M�2µ ���b
�i�?�2 �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�`S µ�X �h�?�2�M�- �B�7A >

!
2+ 1�- �r�2 �?���p�2

arg min
c#C (s,R)

Eµ ! (c, X ) = {zi + w/2, i = 1, . . . , s} = : c"
µ,s.

�h�?�2 �T�`�Q�Q�7 �Q�7�G�2�K�K�� �k�X�k�B�b �b�B�K�B�H���` �i�Q�"���`�i�H�2�i�i�2�i ���H�X�U�R�N�N�3�- �a�2�+�i�B�Q�M �A�A�A�X���- �b�i�2�T �j�V�X �h�?�2
�M�2�t�i �H�2�K�K�� �+�Q�M�i�`�Q�H�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�?�2 �2�p�2�M�i|c"

T ,R| *=s �r�B�i�? �� �T�`�Q�T�2�` �+�?�Q�B�+�2 �Q�7# 2 ���M�/
A �B�M �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7µ�X

�G�2�K�K�� �k�X�j�X�G�2�is # N' �-2 $ s $ p�- ���M�/µ �B�b �/�2�}�M�2�/ �B�M�G�2�K�K�� �k�X�k�X �h�?�2�M�- �B�7 �r�2 �+�?�Q�Q�b�2
A =

!
2s+ 1 ���M�/

2(s" 1)s
<

log T

(A " 1)2
!

T
< # 2 <

<
log T
!

T
,

�i�?�2�M �7�Q�` ���M�v- > 0 ���M�/T > 8s2 log 2s2

- �- �r�2 �?���p�2

P
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5
5
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.
$ - .

�S� �̀Q�Q�7�X�6�Q�` ���M�vk # 51, p6�- �H�2�ic"
T ,k �}�`�b�i�H�v �/�2�M�Q�i�2 �i�?�2 �Q�T�i�B�K���H �T���`�i�B�i�B�Q�M �B�MC (k,R) �i�?���i

�K�B�M�B�K�B�x�2�b �i�?�2 �T�2�M���H�B�x�2�/ �2�K�T�B�`�B�+���H �H�Q�b�b �Q�M(X1, . . . , XT )�-�B�X�2�X�-

c"
T ,k = arg min

c#C (k,R)

#
1

T

T"

t=1
! (c, X t )+ |c|

<
log T
!

T

&

. �U�k�X�k�d�V
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�L�Q�i�2 �i�?���i �i�?�2 �Q�T�i�B�K���H �T���`�i�B�i�B�Q�Mc"
µ,s �/�2�}�M�2�/ �B�M�G�2�K�K�� �k�X�k�B�b ���H�b�Q �i�?�2 �T���`�i�B�i�B�Q�M �K�B�M�B�@

�K�B�x�B�M�; �i�?�2 �2�t�T�2�+�i�2�/ �T�2�M���H�B�x�2�/ �H�Q�b�b�-�B�X�2�X�-c"
µ,s = argmin c#C (s,R)

/
Eµ ! (c, X )+ |c|

!
log T
!

T

0
�b�B�M�+�2

|c|
!

log T
!

T
�2�[�m���H�b �i�Q �i�?�2 �b���K�2 �p���H�m�2s

!
log T
!

T
�7�Q�` ���H�Hc # C (s,R)�X �L�2�t�i

P
-55
5c"

T ,R

5
5
5> s

.
=

2s"

k= s+1
P

-55
5c"

T ,R

5
5
5= k

.

$
2s"

k= s+1
P

U

V 1

T

T"

t=1
!

-
c"

T ,k" 1, X t

.
"

1

T

T"

t=1
!

-
c"

T ,k , X t

.
>

T
log T

T

W

X

$
2s"

k= s+1
P

U

V 1

T

T"

t=1
!

-
c"

T ,k" 1, X t

.
>

T
log T

T

W

X

$ sP

U

V 1

T

T"

t=1
!

-
c"

µ,s, X t

.
>

T
log T

T

W

X

= sP

U

V# 2 >

T
log T

T

W

X= 0, �U�k�X�k�3�V

�r�?�2�`�2 �i�?�2 �}�`�b�i �B�M�2�[�m���H�B�i�v �B�b �B�M�/�m�+�2�/ �#�v �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7c"
T ,R�c �i�?�2 �i�?�B�`�/ �B�M�2�[�m���H�B�i�v �B�b �/�m�2

�i�Q �i�?�2 �7���+�i �i�?���i �r�2 �?���p�2 ���H�K�Q�b�i �b�m�`�2�H�v

T"

t=1
!

-
c"

µ,s, X t

.
(

T"

t=1
!

-
c"

T ,s, X t

.
(

T"

t=1
!

-
c"

T ,k" 1, X t

.
, �7�Q�`k > s. �U�k�X�k�N�V

�L�Q�i�2 �i�?���i �i�?�2 �}�`�b�i �B�M�2�[�m���H�B�i�v �Q�7 �U�k�X�k�N�V �B�b �/�m�2 �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7c"
T ,s �b�B�M�+�2 �B�i �K�B�M�B�K�B�x�2�b

�i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �r�B�i�?�B�M ���H�HC (s,R)�- ���b �B�M�/�B�+���i�2�/ �#�v �i�?�2 �/�2�}�M�B�i�B�Q�M �B�M �U�k�X�k�d�V �r�B�i�?k = s�X
�L�Q�i�2 �i�?���i �b�B�M�+�2 ���H�Hc # C (s,R)�- �p���H�m�2�b �7�Q�`|c| �r�Q�m�H�/ �#�2 �i�?�2 �b���K�2�X �h�?�2 �b�2�+�Q�M�/ �B�M�2�[�m���H�B�i�v
�B�b �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7k " 1 �Q�7 �+�2�M�i�2�`�b �B�Mc"

T ,k" 1 �B�b �M�Q�i �b�K���H�H�2�` �i�?���M �i�?�2
�M�m�K�#�2�`s �Q�7 �+�2�M�i�2�`�b �B�Mc"

T ,s�X

�J�Q�`�2�Q�p�2�`�- �i�?�2 �}�`�b�i �2�[�m���H�B�i�v �B�M �i�?�2 �H���b�i �H�B�M�2 �Q�7 �U�k�X�k�3�V �B�b �#�v�G�2�K�K�� �k�X�k�r�?�2�`�2 �r�2 �`�2�+���H�H
�i�?���ic"

µ,s = {z1 + w/2, z2 + w/2, . . . , zs + w/2} �B�b �i�?�2 �#�2�b�i �T���`�i�B�i�B�Q�M �m�M�/�2�` �i�?�2 �m�M�B�7�Q�`�K �/�B�b�i�`�B�@
�#�m�i�B�Q�Mµ ���M�/ �B�i�b �K�B�M�B�K�m�K �b�[�m���`�2�/ �/�B�b�i���M�+�2 �i�Q �2���+�?X t �B�b# 2 �U�B�X�2�X�-! (c"

µ,s, X t ) = # 2�V �b�B�M�+�2
X t , t = 1,2, . . . ,T �H�Q�+���i�2 �2�B�i�?�2�` �Q�Mzi �Q�z̀i + w�X �6�B�M���H�H�v�- �i�?�2 �b�2�+�Q�M�/ �2�[�m���H�B�i�v �B�M �i�?�B�b �H�B�M�2 �B�b
�/�m�2 �i�Q �i�?�2 �+�Q�M�b�i�`���B�M�i �U�B�X�2�X�-# 2 <

<
log T /

!
T �B�M�G�2�K�K�� �k�X�j�V �B�K�T�Q�b�2�/ �Q�M �i�?�2 �/�B�b�i���M�+�2#

�#�2�i�r�2�2�Mzi ���M�/zi + w�-i = 1,2, . . . , s �r�?�2�M �r�2 �+�Q�M�b�i�`�m�+�i �i�?�2�K �B�M�G�2�K�K�� �k�X�k�X �h�?�2 �2�[�m���i�B�Q�M
�U�k�X�k�3�V �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �7�Q�H�H�Q�r�b�, �r�?�2�M �i�?�2 �/�B�b�i���M�+�2 �U�B�X�2�X�-�k# �V �#�2�i�r�2�2�Mzi ���M�/ �B�i�b �i�r�B�M
zi + w �B�b �b�m�{�+�B�2�M�i�H�v �b�K���H�H�- �i�?�2�M �i�?�2 �B�M�+�`�2���b�B�M�; �Q�7 �i�?�2 �T�2�M���H�i�v �i�2�`�K|c|

<
T log T �B�M �i�?�2

���b�b�m�K�T�i�B�Q�MH (s) �#�v ���/�/�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�M�i�2�`�b �B�M �+�H�m�b�i�2�`�B�M�; �r�B�H�H �b�m�`�T���b�b �i�?�2 �`�2�/�m�+�B�M�;
�Q�7

! T
t=1 ! (c, xt )�- �?�2�M�+�2 �B�i �B�b �B�K�T�Q�b�b�B�#�H�2 �i�?���ic"

T ,R �r�B�H�H �?���p�2 �M�m�K�#�2�` �Q�7 �+�2�M�i�2�`�b �#�B�;�;�2�` �i�?���Ms�X

�A�M �Q�`�/�2�` �i�Q �+�Q�M�i�`�Q�H �i�?�2 �T�`�Q�#���#�B�H�B�i�vP(|c"
T ,R| < s)�- �H�2�i �m�b �}�`�b�i �+�Q�M�b�B�/�2�` �i�?�2 �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M

�Q�7Rd �B�M�/�m�+�2�/ �#�v �i�?�2 �b�2�i �Q�7 �T�Q�B�M�i�b{zi , zi + w, i = 1, . . . , s} ���M�/ �7�Q�` �2���+�?i �/�2�}�M�2Vi ���b �i�?�2
�m�M�B�Q�M �Q�7 �i�?�2 �o�Q�`�Q�M�Q�B �+�2�H�H�b �#�2�H�Q�M�;�B�M�; �i�Qzi ���M�/zi + w�X �G�2�iN i �/�2�M�Q�i�2�b �i�?�2 �M�m�K�#�2�` �Q�7
X t �- t = 1, . . . ,T �7���H�H�B�M�; �B�MVi �X �>�2�M�+�2(N1, . . . , N s) �7�Q�H�H�Q�r�b �� �K�m�H�i�B�M�Q�K�B���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�?
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=

s" 1"

k=1
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k=1
P
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1

T
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!

-
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T ,k , X t

.
"

1

T
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t=1
!

-
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T ,s, X t
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$

(s" k)
<

log T
!

T

+

$
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k=1
P

*
1

T
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t=1
!

-
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T ,k , X t

.
"

1

T

T"

t=1
!

-
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µ,s, X t

.
$

(s" k)
<

log T
!

T

+

$ (s" 1)P

*
1

T
min

i =1,...,s
N i á(A " 1)2# 2 " # 2 $

(s" k)
<

log T
!

T

+

$ (s" 1)sP

*

N1 $
T # 2 + (s" 1)

<
T log T

(A " 1)2# 2

+

.

�h�?�2 �i�?�B�`�/ �B�M�2�[�m���H�B�i�v �B�b �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i
! T

t=1 !
-
c"

T ,k , X t

.
( min i =1,...,s N i (A " 1)2# 2 �7�Q�`

k < s�- ���M�/ �i�?�2 �H���b�i �B�M�2�[�m���H�B�i�v �?�Q�H�/�b �b�B�M�+�2 �i�?�2 �K���`�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2N i � b � Ui = 1, . . . , s�V
���`�2 �i�?�2 �b���K�2 �#�B�M�Q�K�B���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �T���`���K�2�i�2�`(T ,1/s)�X �6�B�M���H�H�v�- �r�2 �+���M �#�Q�m�M�/ �i�?�2
�H���b�i �i�2�`�K �#�v �>�Q�2�z�/�B�M�;�ö�b �B�M�2�[�m���H�B�i�v�-�B�X�2�X�-�7�Q�` ���M�vt > 0
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�j�X�R�X�k �J�Q�i�B�p���i�B�Q�M� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�e�3

�j�X�k �L�Q�i���i�B�Q�M� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�e�N
�j�X�j �_�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �b�2�[�m�2�M�i�B���H �H�2���`�M�B�M�; �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�b� X � X � X�d�R
�j�X�9 �A�K�T�H�2�K�2�M�i���i�B�Q�M� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�d�9
�j�X�8 �L�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�d�N
�j�X�e �S�`�Q�Q�7�b� X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X � X�3�R

�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�L�m�K�2�`�Q�m�b �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �B�M �i�?�2 �b�i���i�B�b�i�B�+�b ���M�/ �K���+�?�B�M�2 �H�2���`�M�B�M�; �H�B�i�2�`���i�m�`�2
�i�Q �b�m�K �m�T �B�M�7�Q�`�K���i�B�Q�M ���M�/ �`�2�T�`�2�b�2�M�i �/���i�� �#�v �+�Q�M�/�2�M�b�2�/ ���M�/ �b�B�K�T�H�2�` �i�Q �m�M�/�2�`�b�i���M�/ �[�m���M�@
�i�B�i�B�2�b�X ���K�Q�M�; �i�?�Q�b�2 �K�2�i�?�Q�/�b�- �S�`�B�M�+�B�T���H �*�Q�K�T�Q�M�2�M�i ���M���H�v�b�B�b �U�S�*���V ���B�K�b ���i �B�/�2�M�i�B�7�v�B�M�;
�i�?�2 �K���t�B�K���H �p���`�B���M�+�2 ���t�2�b �Q�7 �/���i���X �h�?�B�b �b�2�`�p�2�b ���b �� �r���v �i�Q �`�2�T�`�2�b�2�M�i �/���i�� �B�M �� �K�Q�`�2
�+�Q�K�T���+�i �7���b�?�B�Q�M ���M�/ �?�Q�T�2�7�m�H�H�v �`�2�p�2���H ���b �r�2�H�H ���b �T�Q�b�b�B�#�H�2 �i�?�2�B�` �p���`�B���#�B�H�B�i�v�X �S�*�� �?���b �#�2�2�M
�B�M�i�`�Q�/�m�+�2�/ �#�v�S�2���`�b�Q�M�U�R�N�y�R�V ���M�/�a�T�2���`�K���M�U�R�N�y�9�V ���M�/ �7�m�`�i�?�2�` �/�2�p�2�H�Q�T�2�/ �#�v�>�Q�i�2�H�H�B�M�;

�e�8



�e�e �*�>���S�h�1�_ �j�X �a�1�Z�l�1�L�h�A���G �G�1���_�L�A�L�: �P�6 �S�_�A�L�*�A�S���G �*�l�_�o�1�a

�U�R�N�j�j�V�X �h�?�B�b �B�b �Q�M�2 �Q�7 �i�?�2 �K�Q�b�i �r�B�/�2�H�v �m�b�2�/ �T�`�Q�+�2�/�m�`�2�b �B�M �K�m�H�i�B�p���`�B���i�2 �2�t�T�H�Q�`���i�Q�`�v ���M���H�@
�v�b�B�b �i���`�;�2�i�B�M�; �/�B�K�2�M�b�B�Q�M �`�2�/�m�+�i�B�Q�M �Q�` �7�2���i�m�`�2�b �2�t�i�`���+�i�B�Q�M�X �L�Q�M�2�i�?�2�H�2�b�b�- �S�*�� �B�b �� �H�B�M�2���`
�T�`�Q�+�2�/�m�`�2 ���M�/ �i�?�2 �M�2�2�/ �7�Q�` �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/ �M�Q�M�H�B�M�2���` �i�2�+�?�M�B�[�m�2�b �?���b �H�2�/ �i�Q �i�?�2 �M�Q�i�B�Q�M
�Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�X �S�`�B�M�+�B�T���H �+�m�`�p�2�b �K���v �#�2 �b�2�2�M ���b �� �M�Q�M�H�B�M�2���` �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �}�`�b�i
�T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�X �h�?�2 �;�Q���H �B�b �i�Q �Q�#�i���B�M �� �+�m�`�p�2 �r�?�B�+�? �T���b�b�2�b �ó�B�M �i�?�2 �K�B�/�/�H�2�ô �Q�7 �/���i���-
���b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �j�X�R�X �h�?�B�b �M�Q�i�B�Q�M �?���b �#�2�2�M ���i �i�?�2 �?�2���`�i �Q�7 �M�m�K�2�`�Q�m�b ���T�T�H�B�+���i�B�Q�M�b
�B�M �K���M�v �/�B�z�2�`�2�M�i �/�Q�K���B�M�b�- �b�m�+�? ���b �T�?�v�b�B�+�b �U�6�`�B�2�/�b���K ���M�/ �P�`�2�M�-�R�N�3�N�c�"�`�m�M�b�/�Q�M�-�k�y�y�d�V�-
�+�?���`���+�i�2�` ���M�/ �b�T�2�2�+�? �`�2�+�Q�;�M�B�i�B�Q�M �U�_�2�B�M�?���`�/ ���M�/ �L�B�`���M�D���M�-�R�N�N�N�c�E�û�;�H ���M�/ �E�`�x�v�Š���F�-�k�y�y�k�V�-
�K���T�T�B�M�; ���M�/ �;�2�Q�H�Q�;�v �U�"���M�}�2�H�/ ���M�/ �_���7�i�2�`�v�-�R�N�N�k�c�a�i���M�7�Q�`�/ ���M�/ �_���7�i�2�`�v�-�k�y�y�y�c�"�`�m�M�b�/�Q�M�-
�k�y�y�d�V�- �i�Q �M���K�2 �#�m�i �� �7�2�r�X

�6�B�;�m�`�2 �j�X�R �� ���M �2�t���K�T�H�2 �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�X

�j�X�R�X�R �1���`�H�B�2�` �r�Q�`�F�b �Q�M �T�`�B�M�+�B�T���H �+�m�`�p�2�b

�h�?�2 �Q�`�B�;�B�M���H �/�2�}�M�B�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 �/���i�2�b �#���+�F �i�Q�>���b�i�B�2 ���M�/ �a�i�m�2�i�x�H�2�U�R�N�3�N�V�X �� �T�`�B�M�@
�+�B�T���H �+�m�`�p�2 �B�b �� �b�K�Q�Q�i�? �UC) �V �T���`���K�2�i�2�`�B�x�2�/ �+�m�`�p�2f (s) = ( f1(s), . . . , f d (s)) �B�MRd �r�?�B�+�? �/�Q�2�b
�M�Q�i �B�M�i�2�`�b�2�+�i �B�i�b�2�H�7�- �?���b �}�M�B�i�2 �H�2�M�;�i�? �B�M�b�B�/�2 ���M�v �#�Q�m�M�/�2�/ �b�m�#�b�2�i �Q�7Rd ���M�/ �B�b �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i�X
�h�?�B�b �H���b�i �`�2�[�m�B�`�2�K�2�M�i �K�2���M�b �i�?���if (s) = E[X |sf (X ) = s]�- �r�?�2�`�2X # Rd �B�b �� �`���M�/�Q�K �p�2�+�@
�i�Q�` ���M�/ �i�?�2 �b�Q�@�+���H�H�2�/ �T�`�Q�D�2�+�i�B�Q�M �B�M�/�2�tsf (x) �B�b �i�?�2 �H���`�;�2�b�i �`�2���H �M�m�K�#�2�`s �K�B�M�B�K�B�x�B�M�; �i�?�2
�b�[�m���`�2�/ �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�Mf(s) ���M�/x�- �/�2�}�M�2�/ �#�v

sf (x) = sup
D
s : =x " f (s)=2

2 = inf
/

=x " f (/ )=2
2

E
.

�a�2�H�7�@�+�Q�M�b�B�b�i�2�M�+�v �K�2���M�b �i�?���i �2���+�? �T�Q�B�M�i �Q�7f �B�b �i�?�2 ���p�2�`���;�2 �U�m�M�/�2�` �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7X �V
�Q�7 ���H�H �/���i�� �T�Q�B�M�i�b �T�`�Q�D�2�+�i�2�/ �Q�Mf �- ���b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �j�X�k�X �>�Q�r�2�p�2�`�- ���M �m�M�7�Q�`�i�m�M���i�2

�6�B�;�m�`�2 �j�X�k �� �� �T�`�B�M�+�B�T���H �+�m�`�p�2 ���M�/ �T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �/���i�� �Q�M�i�Q �B�i�X

�+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�B�b �/�2�}�M�B�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2 �B�b �i�?���i �B�i�b �2�t�B�b�i�2�M�+�2 �B�b �M�Q�i �;�m���`���M�i�2�2�/
�B�M �;�2�M�2�`���H �7�Q�` �� �T���`�i�B�+�m�H���` �/�B�b�i�`�B�#�m�i�B�Q�M�- �H�2�i ���H�Q�M�2 �7�Q�` ���M �Q�M�H�B�M�2 �b�2�[�m�2�M�+�2 �7�Q�` �r�?�B�+�? �M�Q
�T�`�Q�#���#�B�H�B�b�i�B�+ ���b�b�m�K�T�i�B�Q�M �B�b �K���/�2�X�E�û�;�H�U�R�N�N�N�V �T�`�Q�T�Q�b�2�/ �� �M�2�r �+�Q�M�+�2�T�i �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�b
�r�?�B�+�? �2�M�b�m�`�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �7�Q�` �� �H���`�;�2 �+�H���b�b �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �S�`�B�M�+�B�T���H �+�m�`�p�2�bf " ���`�2
�/�2�}�M�2�/ ���b �i�?�2 �+�m�`�p�2�b �K�B�M�B�K�B�x�B�M�; �i�?�2 �2�t�T�2�+�i�2�/ �b�[�m���`�2�/ �/�B�b�i���M�+�2 �Q�p�2�` �� �+�H���b�bF L �Q�7 �+�m�`�p�2�b
�r�?�Q�b�2 �H�2�M�;�i�? �B�b �b�K���H�H�2�` �i�?���ML > 0�- �M���K�2�H�v�-

f " # arginf
f#F L

# (f ),



�j�X�R�X �A�L�h�_�P�.�l�*�h�A�P�L �e�d

�r�?�2�`�2
# (f ) = E[# (f , X )] = E

P
inf

s
=f (s) " X =2

2

Q
.

�A�7E=X =2
2 < ) �-f " ���H�r���v�b �2�t�B�b�i�b �#�m�i �K���v �M�Q�i �#�2 �m�M�B�[�m�2�X �A�M �T�`���+�i�B�+���H �b�B�i�m���i�B�Q�M �r�?�2�`�2 �Q�M�H�v

�B�X�B�X�/ �+�Q�T�B�2�bX1, . . . , X n �Q�7X ���`�2 �Q�#�b�2�`�p�2�/�-�E�û�;�H�U�R�N�N�N�V �+�Q�M�b�B�/�2�`�b �+�H���b�b�2�bF k,L �Q�7 ���H�H �T�Q�H�v�;�Q�M���H
�H�B�M�2�b �r�B�i�?k �b�2�;�K�2�M�i�b ���M�/ �H�2�M�;�i�? �M�Q�i �2�t�+�2�2�/�B�M�;L �- ���M�/ �+�?�Q�Q�b�2�b ���M �2�b�i�B�K���i�Q�`öf k,n �Q�7f " ���b
�i�?�2 �Q�M�2 �r�B�i�?�B�MF k,L �r�?�B�+�? �K�B�M�B�K�B�x�2�b �i�?�2 �2�K�T�B�`�B�+���H �+�Q�m�M�i�2�`�T���`�i

# n(f ) =
1

n

n"

i =1
# (f , X i )

�Q�7# (f )�X �A�i �B�b �T�`�Q�p�2�/ �B�M�E�û�;�H�2�i ���H�X�U�k�y�y�y�V �i�?���i �B�7X �B�b ���H�K�Q�b�i �b�m�`�2�H�v �#�Q�m�M�/�2�/ ���M�/k �B�b
�T�`�Q�T�Q�`�i�B�Q�M���H �i�Qn1/3�- �i�?�2�M

#
$öf k,n

%
" #

$
f " %

= O
-
n" 1/3

.
.

���b �i�?�2 �i���b�F �Q�7 �}�M�/�B�M�; �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �r�B�i�?k �b�2�;�K�2�M�i�b ���M�/ �r�B�i�? �H�2�M�;�i�? ���i �K�Q�b�iL
�i�?���i �K�B�M�B�K�B�x�2�b# n(f ) �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �+�Q�b�i�H�v�-�E�û�;�H�2�i ���H�X�U�k�y�y�y�V �T�`�Q�T�Q�b�2�b �i�?�2 �S�Q�H�v�;�Q�M���H
�G�B�M�2 ���H�;�Q�`�B�i�?�K�X �h�?�B�b �B�i�2�`���i�B�p�2 ���H�;�Q�`�B�i�?�K �T�`�Q�+�2�2�/�b �#�v �}�i�i�B�M�; �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �r�B�i�?k
�b�2�;�K�2�M�i�b ���M�/ �+�Q�M�b�B�/�2�`���#�H�v �b�T�2�2�/�b �m�T �i�?�2 �2�t�T�H�Q�`���i�B�Q�M �Q�7 �p�2�`�i�B�+�2�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2 �#�v
�`�2�b�Q�`�i�B�M�; �i�Q �;�`���/�B�2�M�i �/�2�b�+�2�M�i�X �h�?�2 �i�r�Q �b�i�2�T�b �U�T�`�Q�D�2�+�i�B�Q�M ���M�/ �Q�T�i�B�K�B�x���i�B�Q�M�V�- �+�Q�M�i���B�M�2�/
�B�M �i�?�B�b ���H�;�Q�`�B�i�?�K�- ���`�2 �b�B�K�B�H���` �i�Q �r�?���i �B�b �/�Q�M�2 �B�M �i�?�2k�@�K�2���M�b ���H�;�Q�`�B�i�?�K�X �>�Q�r�2�p�2�`�- �i�?�2
�S�Q�H�v�;�Q�M���H �G�B�M�2 ���H�;�Q�`�B�i�?�K �B�b �M�Q�i �b�m�T�T�Q�`�i�2�/ �#�v �i�?�2�Q�`�2�i�B�+���H �#�Q�m�M�/�b ���M�/ �H�2���/�b �i�Q �p���`�B���#�H�2
�T�2�`�7�Q�`�K���M�+�2 �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b�X

���b �i�?�2 �M�m�K�#�2�`k �Q�7 �b�2�;�K�2�M�i�b �T�H���v�b �� �+�`�m�+�B���H �`�Q�H�2 �U�� �i�Q�Q �b�K���H�Hk �H�2���/�b �i�Q �� �`�Q�m�;�? �b�m�K�K���`�v
�Q�7 �/���i�� �r�?�B�H�2 �� �i�Q�Q �H���`�;�2k �v�B�2�H�/�b �Q�p�2�`�}�i�i�B�M�;�- �b�2�2�6�B�;�m�`�2 �j�X�j�V�-�"�B���m ���M�/ �6�B�b�+�?�2�`�U�k�y�R�k�V ���B�K
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�+�Q�b�i�X
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�#�m�i �`���i�?�2�` �#�v �� �`�2�;�`�2�i �#�Q�m�M�/ �r�?�B�+�? �[�m���M�i�B�}�2�b �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �� �7�Q�`�2�+���b�i�2�` �B�M �i�?�2
�}�`�b�iT �`�Q�m�M�/�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �b�Q�K�2 �`�2�7�2�`�2�M�+�2 �K�B�M�B�K���H �H�Q�b�b�X �A�M �b�2�[�m�2�M�i�B���H �H�2���`�M�B�M�;�- �i�?�2
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�B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �b�2�[�m�2�M�i�B���H �H�2���`�M�B�M�;�X

�h�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �+�?���T�i�2�` ���`�2 �i�r�Q�7�Q�H�/�X �q�2 �}�`�b�i �T�`�Q�T�Q�b�2 �� �b�2�[�m�2�M�i�B���H �T�`�B�M�+�B�T���H
�+�m�`�p�2�b ���H�;�Q�`�B�i�?�K�- �7�Q�` �r�?�B�+�? �r�2 �/�2�`�B�p�2 �`�2�;�`�2�i �#�Q�m�M�/�b�X �q�2 �i�?�2�M �K�Q�p�2 �i�Q�r���`�/�b ���M �B�K�T�H�2�@
�K�2�M�i���i�B�Q�M�- �B�H�H�m�b�i�`���i�2�/ �Q�M �� �i�Q�v �/���i���b�2�i ���M�/ �� �`�2���H�@�H�B�7�2 �/���i���b�2�i �U�b�2�B�b�K�B�+ �/���i���V�X �h�?�2 �b�F�2�i�+�?
�Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �T�`�Q�+�2�/�m�`�2 �B�b ���b �7�Q�H�H�Q�r�b�X ���i �2���+�? �i�B�K�2 �`�Q�m�M�/t�- �i�?�2 �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�b
�Q�7k t �B�b �+�?�Q�b�2�M ���m�i�Q�K���i�B�+���H�H�v ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�bk t+1 �B�M �i�?�2 �M�2�t�i �`�Q�m�M�/ �B�b �Q�#�@
�i���B�M�2�/ �#�v �Q�M�H�v �m�b�B�M�; �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�ik t ���M�/ �� �b�K���H�H ���K�Q�m�M�i �Q�7 �T���b�i �Q�#�b�2�`�p���i�B�Q�M�b�X �h�?�2
�+�Q�`�2 �Q�7 �Q�m�` �T�`�Q�+�2�/�m�`�2 �`�2�H�B�2�b �Q�M �+�Q�K�T�m�i�B�M�; �� �[�m���M�i�B�i�v �r�?�B�+�? �B�b �H�B�M�F�2�/ �i�Q �i�?�2 �K�Q�/�2 �Q�7 �i�?�2
�b�Q�@�+���H�H�2�/ �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �r�?�B�+�? �B�b �B�M�b�T�B�`�2�/ �#�v �[�m���b�B�@�"���v�2�b�B���M �H�2���`�M�B�M�;�X �h�?�2 �m�b�2
�Q�7 �[�m���b�B�@�"���v�2�b�B���M �2�b�i�B�K���i�Q�`�b �B�b �2�b�T�2�+�B���H�H�v ���/�p�Q�+���i�2�/ �#�v �i�?�2 �S���*�@�"���v�2�b�B���M �i�?�2�Q�`�v �r�?�B�+�?
�Q�`�B�;�B�M���i�2�b �B�M �i�?�2 �K���+�?�B�M�2 �H�2���`�M�B�M�; �+�Q�K�K�m�M�B�i�v �B�M �i�?�2 �H���i�2 �R�N�N�y�b�- �B�M �i�?�2 �b�2�K�B�M���H �r�Q�`�F�b
�Q�7�a�?���r�2�@�h���v�H�Q�` ���M�/ �q�B�H�H�B���K�b�Q�M�U�R�N�N�d�V ���M�/�J�+���H�H�2�b�i�2�`�U�R�N�N�N�#�-���V�X �A�M �i�?�B�b �K���M�m�b�+�`�B�T�i�-
�*�?���T�i�2�` �k���H�b�Q �/�B�b�+�m�b�b�2�b �i�?�2 �m�b�2 �Q�7 �S���*�@�"���v�2�b�B���M �i�Q�Q�H�b �7�Q�` �b�2�[�m�2�M�i�B���H �H�2���`�M�B�M�;�X

�h�?�2 �`�2�b�i �Q�7 �i�?�2 �+�?���T�i�2�` �T�`�Q�+�2�2�/�b ���b �7�Q�H�H�Q�r�b�X�a�2�+�i�B�Q�M �j�X�k�T�`�2�b�2�M�i�b �Q�m�` �M�Q�i���i�B�Q�M ���M�/ �Q�m�`
�Q�M�H�B�M�2 �T�`�B�M�+�B�T���H �+�m�`�p�2 ���H�;�Q�`�B�i�?�K�- �7�Q�` �r�?�B�+�? �r�2 �T�`�Q�p�B�/�2 �`�2�;�`�2�i �#�Q�m�M�/�b �r�B�i�? �b�m�#�H�B�M�2���` �`�2�@
�K���B�M�/�2�` �i�2�`�K�b �B�M�a�2�+�i�B�Q�M �j�X�j�X �� �T�`���+�i�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b �T�`�Q�T�Q�b�2�/ �B�M�a�2�+�i�B�Q�M �j�X�9���M�/
�r�2 �B�H�H�m�b�i�`���i�2 �B�i�b �T�2�`�7�Q�`�K���M�+�2 �Q�M �� �i�Q�v �/���i���b�2�i ���M�/ �b�2�B�b�K�B�+ �/���i�� �B�M�a�2�+�i�B�Q�M �j�X�8�X �6�B�M���H�H�v�-
�r�2 �+�Q�H�H�2�+�i �B�M�a�2�+�i�B�Q�M �j�X�e�T�`�Q�Q�7�b �i�Q �Q�`�B�;�B�M���H �`�2�b�m�H�i�b �+�H���B�K�2�/ �B�M �i�?�B�b �+�?���T�i�2�`�X

�j�X�k �L�Q�i���i�B�Q�M

�� �T���`���K�2�i�2�`�B�x�2�/ �+�m�`�p�2 �B�MRd �B�b �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�Mf : I "& Rd �r�?�2�`�2I = [a,b] �B�b ��
�+�H�Q�b�2�/ �B�M�i�2�`�p���H �Q�7 �i�?�2 �`�2���H �H�B�M�2�X �h�?�2 �H�2�M�;�i�? �Q�7f �B�b �;�B�p�2�M �#�v

L (f ) = lim
M &)

#

sup
a= s0< s1<ááá<sM = b

M"

i =1
=f (si ) " f (si " 1)=2

&

,

�r�?�2�`�2s0, s1, . . . , sM ���`�2 ���M�v �T�Q�b�b�B�#�H�2 �/�B�p�B�b�B�Q�M�b �Q�7 �B�M�i�2�`�p���HI �X

�G�2�ix1, x2, . . . , xT # B(0,
!

dR) , Rd �#�2 �� �b�2�[�m�2�M�+�2 �Q�7 �/���i���- �r�?�2�`�2B(c,R) �b�i���M�/�b �7�Q�` �i�?�2
! 2�@�#���H�H �+�2�M�i�2�`�2�/ �B�Mc # Rd �r�B�i�? �`���/�B�m�bR > 0�X �G�2�iQ ) �#�2 �� �;�`�B�/ �Q�p�2�`B(0,

!
dR)�- �B�X�2�X�-

Q ) = B(0,
!

dR)> $) �r�?�2�`�2$) �B�b �� �H���i�i�B�+�2 �B�MRd �r�B�i�? �b�T���+�B�M�;) > 0�X �G�2�iL > 0 ���M�/ �/�2�}�M�2
�7�Q�` �2���+�?k # 51, p6 �i�?�2 �+�Q�H�H�2�+�i�B�Q�MF k,L �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2�bf �r�B�i�?k �b�2�;�K�2�M�i�b �r�?�Q�b�2 �p�2�`�i�B�+�2�b
���`�2 �B�MQ ) ���M�/ �b�m�+�? �i�?���iL (f ) $ L �X �.�2�M�Q�i�2 �#�vF p = 4 p

k=1F k,L ���H�H �T�Q�H�v�;�Q�M���H �H�B�M�2�b �r�B�i�? ���i
�K�Q�b�ip �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�b �- �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �B�MQ ) ���M�/ �r�?�Q�b�2 �H�2�M�;�i�? �B�b ���i �K�Q�b�iL �X
�6�B�M���H�H�v�- �H�2�iK (f ) �/�2�M�Q�i�2 �i�?�2 �M�m�K�#�2�` �Q�7 �b�2�;�K�2�M�i�b �Q�7f # F p�X ���M �2�t���K�T�H�2 �Q�7 �H���i�i�B�+�2 ���M�/ �;�`�B�/
�B�b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �j�X�9�X

�P�m�` �;�Q���H �B�b �i�Q �H�2���`�M �� �i�B�K�2�@�/�2�T�2�M�/�2�M�i �T�Q�H�v�;�Q�M���H �H�B�M�2 �r�?�B�+�? �T���b�b�2�b �i�?�`�Q�m�;�? �i�?�2 �ó�K�B�/�/�H�2�ô �Q�7
�/���i�� ���M�/ �;�B�p�2�b �� �b�m�K�K���`�v �Q�7 ���H�H ���p���B�H���#�H�2 �Q�#�b�2�`�p���i�B�Q�M�bx1, . . . , xt" 1 �U�/�2�M�Q�i�2�/ �#�v(xs)1:(t" 1)

�?�2�`�2���7�i�2�`�V �#�2�7�Q�`�2 �i�B�K�2t�X �P�m�` �Q�m�i�T�m�i ���i �i�B�K�2t �B�b �� �T�Q�H�v�;�Q�M���H �H�B�M�2öf t # F p �/�2�T�2�M�/�B�M�;
�Q�M �T���b�i �B�M�7�Q�`�K���i�B�Q�M(xs)1:(t" 1) ���M�/ �T���b�i �T�`�2�/�B�+�i�B�Q�M�b(öf s)1:(t" 1)�X �q�?�2�Mxt �B�b �`�2�p�2���H�2�/�- �i�?�2
�B�M�b�i���M�i���M�2�Q�m�b ���i �i�B�K�2t �B�b �+�Q�K�T�m�i�2�/ ���b

#
$öf t , xt

%
= inf

s#I
=öf t (s) " xt=

2
2. �U�j�X�k�V



�d�y �*�>���S�h�1�_ �j�X �a�1�Z�l�1�L�h�A���G �G�1���_�L�A�L�: �P�6 �S�_�A�L�*�A�S���G �*�l�_�o�1�a

�6�B�;�m�`�2 �j�X�9 �� ���M �2�t���K�T�H�2 �Q�7 �� �H���i�i�B�+�2$) �B�MR2 �r�B�i�?) = 1 �U�b�T���+�B�M�; �#�2�i�r�2�2�M �#�H�m�2 �T�Q�B�M�i�b�V
���M�/B(0,10) �U�#�H���+�F �+�B�`�+�H�2�V�X �h�?�2 �`�2�/ �T�Q�H�v�;�Q�M���H �H�B�M�2 �B�b �+�Q�K�T�Q�b�2�/ �r�B�i�? �p�2�`�i�B�+�2�b �B�MQ ) =
B(0,10)> $) �X

�a�B�K�B�H���` �i�Q �i�?�2 �H�Q�b�b! (öct , xt ) �/�2�}�M�2�/ �B�M�*�?���T�i�2�` �k�- �i�?�2 �H�Q�b�b#
$öf t , xt

%
�?�2�`�2 �K�2���b�m�`�2�b �i�?�2

�/�B�b�i���M�+�2 �#�2�i�r�2�2�Mxt ���M�/ �� �T�`�2�/�B�+�i�2�/ �T�`�B�M�+�B�T���H �+�m�`�p�2 �r�?�B�+�? �B�b �+�Q�M�b�i�`�m�+�i�2�/ �Q�M ���H�H �i�?�2
�T���b�i �B�M�7�Q�`�K���i�B�Q�M�X�A�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2 �B�M�p�2�b�i�B�;���i�2 �`�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b
! T

t=1 #
$öf t , xt

%
�- ���M ���M���H�Q�;�m�2 �Q�7 �i�?�2 �`�B�b�F �B�M �#���i�+�? �b�2�i�i�B�M�;�- �i�?���i �K�2���b�m�`�2�b �i�?�2 �[�m���H�B�i�v �Q�7 �Q�m�`

���H�;�Q�`�B�i�?�K �B�M �T�`�2�/�B�+�i�B�M�; �T�`�B�M�+�B�T���H �+�m�`�p�2�b �B�M �Q�M�H�B�M�2 �b�2�i�i�B�M�;�X �A�M ���/�/�B�i�B�Q�M�- �/�m�2 �i�Q �i�?�2 �Q�M�H�B�M�2
�i�Q �#���i�+�? �+�Q�M�p�2�`�b�B�Q�M�U�G�B�i�i�H�2�b�i�Q�M�2�-�R�N�3�N�-�>�2�H�K�#�Q�H�/ ���M�/ �q���`�K�m�i�?�-�R�N�N�8�-�.�2�F�2�H ���M�/ �a�B�M�;�2�`�-
�k�y�y�e�-���m�/�B�#�2�`�i�-�k�y�y�N�-�:�2�`�+�?�B�M�Q�p�B�i�x�-�k�y�R�R�V�-�r�2 �+���M �+�Q�M�b�i�`�m�+�i ���M ���H�;�Q�`�B�i�?�K�- �Q�M �i�?�2 �#���b�B�b
�Q�7(öf1,öf2, . . . , öf T )�- �r�?�B�+�? �B�b ���#�H�2 �i�Q �v�B�2�H�/ ���M �2�b�i�B�K���i�Q�` �Q�7 �T�`�B�M�+�B�T���H �+�m�`�p�2�b �B�M �#���i�+�? �b�2�i�i�B�M�;�X�X
�:�B�p�2�M �� �K�2���b�m�`���#�H�2 �b�T���+�2! �U�2�K�#�2�/�/�2�/ �r�B�i�? �B�i�b �"�Q�`�2�H' �@���H�;�2�#�`���V�- �r�2 �H�2�iP (! ) �/�2�M�Q�i�2
�i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�M! �- ���M�/ �7�Q�` �b�Q�K�2 �`�2�7�2�`�2�M�+�2 �K�2���b�m�`�2%�- �r�2 �H�2�iP %(! )
�#�2 �i�?�2 �b�2�i �Q�7 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b ���#�b�Q�H�m�i�2�H�v �+�Q�M�i�B�M�m�Q�m�b �r�B�i�? �`�2�b�T�2�+�i �i�Q%�X

�6�Q�` ���M�vk # 51, p6�- �H�2�i%k �/�2�M�Q�i�2 �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�MF k,L �X �q�2 �/�2�}�M�2 �i�?�2�T�`�B�Q�`
%�Q�MF p = 4 p

k=1F k,L ���b

%(f ) =
"

k#51,p6
wk%k(f ) {f#F k,L }, f # F p,

�r�?�2�`�2w1, . . . ,wp ( 0 ���M�/
!

k#51,p6wk = 1�X

�� �[�m���b�B�@�"���v�2�b�B���M �T�`�Q�+�2�/�m�`�2 �r�Q�m�H�/ �M�Q�r �+�Q�M�b�B�/�2�` �i�?�2 �:�B�#�#�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�` �U�M�Q�i�2 �i�?���i �i�?�B�b
�B�b �M�Q�i �� �T�`�Q�T�2�` �T�Q�b�i�2�`�B�Q�` �B�M ���H�H �;�2�M�2�`���H�B�i�v�- �?�2�M�+�2 �i�?�2 �i�2�`�K �ó�[�m���b�B�ô�V

ö#t+1(á) / exp(" " St (á))%(á),

�r�?�2�`�2

St (f ) = St" 1(f )+ # (f , xt )+
"

2

$
# (f , xt ) " # (öf t , xt )

%2,

���b ���/�p�Q�+���i�2�/ �#�Q�i�? �B�M�*�?���T�i�2�` �k���M�/���m�/�B�#�2�`�i�U�k�y�y�N�V �r�?�Q �i�?�2�M �+�Q�M�b�B�/�2�` �`�2���H�B�b���i�B�Q�M�b �7�`�Q�K
�i�?�B�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`�X �A�M �i�?�2 �T�`�2�b�2�M�i �+�?���T�i�2�`�- �r�2 �b�?���H�H �`���i�?�2�` �+�Q�M�b�B�/�2�` �� �[�m���M�i�B�i�v �H�B�M�F�2�/
�i�Q �i�?�2 �K�Q�/�2 �Q�7 �i�?�B�b �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`�X �A�M�/�2�2�/�- �i�?�2 �K�Q�/�2 �Q�7 �i�?�2 �[�m���b�B�@�T�Q�b�i�2�`�B�Q�`ö# t+1 �+���M �#�2
�r�`�B�i�i�2�M ���b

argmin
f#F p

/ t"

s=1
# (f , xs)

K LM N
(i )

+
"

2

t"

s=1

$
# (f , xs) " # (öf s, xs)

%2

K LM N
(ii )

+
ln %(f )

"K LMN
(ii i )

0
,
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�r�?�2�`�2�U�B�V�B�b �� �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2f �B�M �i�?�2 �}�`�b�it �`�Q�m�M�/�b�-�U�B�B�V�B�b �� �i�2�`�K
�+�Q�M�i�`�Q�H�H�B�M�; �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �T�`�2�/�B�+�i�B�Q�Mf �i�Q �T���b�i �T�`�2�/�B�+�i�B�Q�M�böf s, s $ t�- ���M�/�U�B�B�B�V�+���M �#�2
�`�2�;���`�/�2�/ ���b �� �T�2�M���H�i�v �7�m�M�+�i�B�Q�M �Q�M �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7f �B�7%�B�b �r�2�H�H �+�?�Q�b�2�M�X �h�?�B�b �K�Q�/�2 �?�2�M�+�2
�?���b �� �b�B�K�B�H���` �~���p�Q�` �i�Q �7�Q�H�H�Q�r �i�?�2 �#�2�b�i �2�t�T�2�`�i �Q�` �7�Q�H�H�Q�r �i�?�2 �T�2�`�i�m�`�#�2�/ �H�2���/�2�` �B�M �i�?�2 �b�2�i�i�B�M�;
�Q�7 �T�`�2�/�B�+�i�B�Q�M �r�B�i�? �2�t�T�2�`�i�b �U�b�2�2�>�m�i�i�2�` ���M�/ �S�Q�H���M�/�-�k�y�y�8�Q��̀*�2�b���@�"�B���M�+�?�B ���M�/ �G�m�;�Q�b�B�-�k�y�y�e�-
�*�?���T�i�2�`�b �j ���M�/ �9�V �B�7 �r�2 �+�Q�M�b�B�/�2�` �2���+�?f # F p ���b ���M �2�t�T�2�`�i �r�?�B�+�? ���H�r���v�b �/�2�H�B�p�2�`�b �+�Q�M�b�i���M�i
���/�p�B�+�2�X �h�?�2�b�2 �`�2�K���`�F�b �v�B�2�H�/���H�;�Q�`�B�i�?�K �j�X�R�X

���H�;�Q�`�B�i�?�K �j�X�R���M ���H�;�Q�`�B�i�?�K �i�Q �b�2�[�m�2�M�i�B���H�H�v �H�2���`�M �T�`�B�M�+�B�T���H �+�m�`�p�2�b

�R�,�A�M�T�m�i �T���`���K�2�i�2�`�b�, p > 0, , > 0,%(z) = e" z1{z>0} ���M�/ �T�2�M���H�i�v �7�m�M�+�i�B�Q�Mh : F p & R'
+

�k�, �A�M�B�i�B���H�B�x���i�B�Q�M�, �6�Q�` �2���+�?f # F p�- �/�`���r �B�X�B�X�/zf 1 %���M�/ �b�2�i# f ,0 = 1
, (h(f ) " zf )

�j�, �6�Q�t̀ = 1, . . . ,T
�9�, �P�#�i���B�M

öf t = arginf
f#F p

#
t" 1"

s=0
# f,s

&

,

�8�, �:�2�i �/���i��xt ���M�/ �+�Q�K�T�m�i�2# f,s = # (f , xs)�-s ( 1�X
�e�,�1�M�/ �7�Q�`

���i �i�?�2 �#�2�;�B�M�M�B�M�;�-öf1 �B�b �T�`�2�7�2�`�`�2�/ ���b �i�?�2 �T�2�`�i�m�`�#�2�/ �T�Q�H�v�;�Q�M���H �H�B�M�2 �?���p�B�M�; �i�?�2 �b�K���H�H�2�b�i
�T�2�M���H�i�vh(f ) �U�i�?�2 �H�2���b�i �+�Q�K�T�H�2�t�B�i�v�V �Q�p�2�` ���H�H �T�Q�b�b�B�#�H�2 �T�Q�H�v�;�Q�M���H �H�B�M�2�b�X �h�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b
! t" 1

s=0 # f,s �/�2�}�M�2�/ �?�2�`�2 �?�2�M�+�2 �B�M�+�Q�`�T�Q�`���i�2�b �#�Q�i�? �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �U�H�B�F�2 �i�?�2 �i�2�`�K �U�B�V�V ���M�/
�i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7f �U�H�B�F�2 �i�?�2 �i�2�`�K �U�B�B�B�V�V�X �h�?�B�b �}�`�b�i ���H�;�Q�`�B�i�?�K �/�Q�2�b �M�Q�i �i���F�2 �B�M�i�Q ���+�+�Q�m�M�i
�i�?�2 �p���`�B���M�+�2 �Q�7 �T�`�2�/�B�+�i�B�Q�M�b�X �>�Q�r�2�p�2�`�- �B�i �+���M �#�2 �/�Q�M�2 �B�7 �r�2 �+�Q�M�b�i�`���B�M�i �i�?�2 �+�?�Q�B�+�2 �Q�7öf t �Q�M�H�v
�Q�M �� �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �Q�7öf t" 1 �`���i�?�2�` �i�?���MF p ���i �2���+�? �i�B�K�2t�X �h�?�B�b �+�Q�M�b�B�/�2�`���i�B�Q�M �r�B�H�H �#�2
�B�H�H�m�b�i�`���i�2�/ �H���i�2�` �Q�M �B�M���H�;�Q�`�B�i�?�K �j�X�j�X

�j�X�j �_�2�;�`�2�i �#�Q�m�M�/�b �7�Q�` �b�2�[�m�2�M�i�B���H �H�2���`�M�B�M�; �Q�7 �T�`�B�M�+�B�T���H
�+�m�`�p�2�b

�q�2 �M�Q�r �T�`�2�b�2�M�i �Q�m�` �K���B�M �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i�b�X

�h�?�2�Q�`�2�K �j�X�R�X�6�Q�` ���M�v �b�2�[�m�2�M�+�2(xt )1:T # B(0,
!

dR)�- R ( 0 ���M�/ ���M�v �T�2�M���H�i�v �7�m�M�+�i�B�Q�M
h : F p & R'

+ �- �H�2�i%(z) = e" z1{z>0}�X �G�2�i0 < , $ 1
d(2R+) )2

�- �i�?�2�M �i�?�2 �T� �̀Q�+�2�/�m� �̀2 �/�2�b�+�`�B�#�2�/ �B�M
���H�;�Q�`�B�i�?�K �j�X�R�b���i�B�b�}�2�b

T"

t=1
E

'
# (öf t , xt )

(
$ (1+ c0(e" 1), )ST ,h,, +

1+ c0(e" 1),

,

*

1+ ln
"

f#F p

e" h(f )

+

,

�r�?�2� �̀2c0 = d(2R + ) )2 ���M�/

ST ,h,, = inf
k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )+

h(f )

,

&
F
2G

2H
.

�h�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7 �i�?�2 �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�7 �T�Q�H�v�;�Q�M���H �H�B�M�2�böf1, . . . , öf T �B�b �m�T�T�2�`�@�#�Q�m�M�/�2�/ �#�v
�i�?�2 �b�K���H�H�2�b�i �T�2�M���H�B�b�2�/ �+�m�K�m�H���i�B�p�2 �H�Q�b�b �Q�p�2�` ���H�Hk # {1, . . . , p} �m�T �i�Q �� �K�m�H�i�B�T�H�B�+���i�B�p�2 �i�2�`�K
(1 + c0(e" 1), ) �r�?�B�+�? �+���M �#�2 �K���/�2 ���`�#�B�i�`���`�B�H�v �+�H�Q�b�2 �i�Q �R �#�v �+�?�Q�Q�b�B�M�; �� �b�K���H�H �2�M�Q�m�;�?, �X
�>�Q�r�2�p�2�`�- �i�?�B�b �r�B�H�H �H�2���/ �i�Q �#�Q�i�? �� �H���`�;�2h(f )/, �B�MST ,h,, ���M�/ �� �H���`�;�21

,

-
1+ ln

!
f#F p e" h(f )

.
�X
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�A�M ���/�/�B�i�B�Q�M�- ���M�Q�i�?�2�` �B�K�T�Q�`�i���M�i �B�b�b�m�2 �B�b �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �T�2�M���H�i�v �7�m�M�+�i�B�Q�Mh�X �6�Q�` �2���+�?
f # F p�-h(f ) �b�?�Q�m�H�/ �#�2 �H���`�;�2 �2�M�Q�m�;�? �i�Q �2�M�b�m�`�2 �� �b�K���H�H

!
f#F p e" h(f ) �r�?�B�H�2 �M�Q�i �i�Q�Q �H���`�;�2 �i�Q

���p�Q�B�/ �Q�p�2�`�T�2�M���H�B�x���i�B�Q�M ���M�/ �� �H���`�;�2�` �p���H�m�2 �7�Q�`ST ,h,, �X �q�2 �i�?�2�`�2�7�Q�`�2 �b�2�i

h(f ) ( ln( pe)+ ln
5
5
5{f # F p,K (f ) = k}

5
5
5 �U�j�X�j�V

�7�Q�` �2���+�?f �r�B�i�?k �b�2�;�K�2�M�i�b �U�r�?�2�`�2|M | �/�2�M�Q�i�2�b �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7 �� �b�2�iM �V �b�B�M�+�2 �B�i �H�2���/�b
�i�Q

"

f#F p

e" h(f )) =
"

k#51,p6

"

f#F p
K (f )= k

e" h(f ) $
"

k#51,p6

1

pe
$

1

e
.

�A�M�G�2�K�K�� �j�X�j�- �r�2 �;�B�p�2 ���M �2�t�T�H�B�+�B�i �7�Q�`�K �Q�7 �i�?�2 �T�2�M���H�i�v �7�m�M�+�i�B�Q�M�,h(f ) = c1K (f )+ c2L + c3�-
�r�?�2�`�2c1 = ln (8Vd)+ 3d

3
2 " d�-c2 = ln2

)
!

d
+ d

) �-c3 = d ln
- !

d(2R+) )
)

.
+ ln (2Vd) ���M�/Vd �/�2�M�Q�i�2�b �i�?�2

�p�Q�H�m�K�2 �Q�7 �m�M�B�i �#���H�H �B�MRd�X�h�?�B�b �T�2�M���H�i�v �7�m�M�+�i�B�Q�M �b���i�B�b�}�2�b �U�j�X�j�V�- �?�2�M�+�2
-
1+ ln

!
f#F p e" h(f )

.
$

0�X �q�2 �i�?�2�`�2�7�Q�`�2 �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v�X

�*�Q�`�Q�H�H���`�v �j�X�R�X�l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7�h�?�2�Q� �̀2�K �j�X�R�- �H�2�ih(f ) = c1K (f )+ c2L + c3 ���M�/

, = min

#
1

c0
,

T
c1 p + c2L + c3

c0(e" 1) inf f#F p

! T
t=1 # (f , xt )

&

.

�h�?�2�M

T"

t=1
E

'
# (öf t , xt )

(
$ inf

k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )+

=
c0(e" 1)r T ,k,L

&
F
2G

2H

+
=

c0(e" 1)r T ,p,L + 2ec0(c1 p + c2L + c3),

�r�?�2� �̀2r T ,k,L = inf f#F p

! T
t=1 # (f , xt )(c1k + c2L + c3), k = 1,2, . . . , p�X

�S� �̀Q�Q�7�X�L�Q�i�2 �i�?���i �}�`�b�i�H�v �i�?���i �r�B�i�? �b�m�+�? �+�?�Q�B�+�2 �Q�7h(f )�- �Q�M�2 �?���b1 + ln
!

f#F p e" h(f ) $ 0 ���M�/
supf h(f ) $ c1 p + c2L + c3�- �i�?�2�M �7�`�Q�K�h�?�2�Q�`�2�K �j�X�R�- �r�2 �?���p�2

T"

t=1
E

'
# (öf t , xt )

(
$ ST ,h,, + , c0(e" 1) inf

f#F p

T"

t=1
# (f , xt )+ c0(e" 1)(c1 p + c2L + c3).

�A�7
I

c1 p+ c2L+ c3

c0(e" 1) inf f#F p
! T

t=1 # (f ,xt )
$ 1

c0
�- �r�2 �b�m�#�b�i�B�i�m�i�2, �B�M �U�j�X�R�k�V �r�B�i�?

I
c1 p+ c2L+ c3

c0(e" 1) inf f#F p
! T

t=1 # (f ,xt )
���M�/

�Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�2�[�m���H�B�i�v

T"

t=1
E

'
# (öf t , xt )

(
$ inf

k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )+

=
c0(e" 1)r T ,k,L

&
F
2G

2H

+
=

c0(e" 1)r T ,p,L + c0(e" 1)(c1 p + c2L + c3). �U�j�X�9�V

�A�7
I

c1 p+ c2L+ c3

c0(e" 1) inf f#F p
! T

t=1 # (f ,xt )
> 1

c0
�-�B�X�2�X�-(e" 1) inf f#F p

! T
t=1 # (f , xt ) $ c0(c1 p + c2L + c3)�- �r�2 �+���M

�T�`�Q�p�2 �b�B�K�B�H���`�H�v �i�?���i

T"

t=1
E

'
# (öf t , xt )

(
$ inf

k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )

&
F
2G

2H
+ c0(e+ 1)(c1 p + c2L + c3). �U�j�X�8�V

�*�Q�K�#�B�M�B�M�; �U�j�X�9�V ���M�/ �U�j�X�8�V �i�2�`�K�B�M���i�2�b �i�?�2 �T�`�Q�Q�7 �Q�7�*�Q�`�Q�H�H���`�v �j�X�R�X
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�L�Q�i�2 �i�?���i �b�B�M�+�2k $ p�- �i�?�2 �`�2�;�`�2�i �#�Q�m�M�/ �Q�M �i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 �Q�7 �B�M�2�[�m���H�B�i�v �B�M�*�Q�`�Q�H�H���`�v �j�X�R
�+���M �#�2 �b�B�K�T�H�B�}�2�/ ���b �U�b�B�K�B�H���`�H�v �7�Q�`�h�?�2�Q�`�2�K �j�X�k�V

inf
k#51,p6

1
23

24
inf

f#F p
K (f )= k

#
T"

t=1
# (f , xt )

&
F
2G

2H
+ 2

=
c0(e" 1)r T ,p,L + 2ec0(c1 p + c2L + c3).

�>�Q�r�2�p�2�`�- �r�2 �F�2�2�Tk �B�M �i�?�B�b �+�Q�`�Q�H�H���`�v ���M�/ �B�M �i�?�2 �M�2�t�i �i�?�2�Q�`�2�K �Q�M�H�v �7�Q�` �B�K�T�H�2�K�2�M�i���i�B�Q�M
�T�m�`�T�Q�b�2 �b�B�M�+�2 �i�?�2 �M�m�K�#�2�`k �Q�7 �b�2�;�K�2�M�i�b �B�b �B�K�T�Q�`�i���M�i �B�M �B�K�T�H�2�K�2�M�i���i�B�Q�M �7�Q�` �m�T�/���i�B�M�;
�b�2�[�m�2�M�i�B���H�H�v �T�`�B�M�+�B�T���H �+�m�`�p�2 �7�`�Q�K �� �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �Q�M�2�X

�L�Q�i�2 �i�?���i�*�Q�`�Q�H�H���`�v �j�X�R�B�b �M�Q�i �m�b���#�H�2 �B�M �T�`���+�i�B�+�2 �b�B�M�+�2 �i�?�2 �Q�T�i�B�K���H �p���H�m�2 �7�Q�`, �/�2�T�2�M�/�b
�Q�Minf f#F p

! T
t=1 # (f , xt ) �r�?�B�+�? �B�b �Q�#�p�B�Q�m�b�H�v �m�M�F�M�Q�r�M�X �q�2 �i�?�2�`�2�7�Q�`�2 �T�`�Q�p�B�/�2 ���M ���/���T�i�B�p�2

�`�2�}�M�2�K�2�M�i �Q�7���H�;�Q�`�B�i�?�K �j�X�R�B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;���H�;�Q�`�B�i�?�K �j�X�k�X �L�Q�i�2 �i�?���i, 0 �b�?�Q�m�H�/ �?���p�2 �#�2�2�M
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�S���`�i�B�i�B�Q�M�6�Q�` ���M�v �T�Q�H�v�;�Q�M���H �H�B�M�2f �r�B�i�?k �b�2�;�K�2�M�i�b�- �r�2 �/�2�M�Q�i�2 �#�v
%
V = (v1, . . . , vk+1) �B�i�b

�p�2�`�i�B�+�2�b ���M�/ �#�vsi , i = 1, . . . , k �i�?�2 �H�B�M�2 �b�2�;�K�2�M�i�b �+�Q�M�M�2�+�i�B�M�;vi ���M�/vi +1�X �A�M �i�?�2 �b�2�[�m�2�H�- �r�2



�j�X�9�X �A�J�S�G�1�J�1�L�h���h�A�P�L �d�8

�m�b�2f (
%
V) �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �T�Q�H�v�;�Q�M���H �H�B�M�2 �7�Q�`�K�2�/ �#�v �+�Q�M�M�2�+�i�B�M�; �+�Q�M�b�2�+�m�i�B�p�2 �p�2�`�i�B�+�2�b �B�M

%
V

�B�7 �M�Q �+�Q�M�7�m�b�B�Q�M �B�b �T�Q�b�b�B�#�H�2�X �A�M ���/�/�B�i�B�Q�M�- �7�Q�`x # Rd �- �H�2�i# (x,vi ) = || x " vi ||22 �#�2 �i�?�2 �b�[�m���`�2�/
�/�B�b�i���M�+�2 �#�2�i�r�2�2�Mx ���M�/vi �- ���M�/ �H�2�i# (x, si ) �#�2 �i�?�2 �b�[�m���`�2�/ �/�B�b�i���M�+�2 �#�2�i�r�2�2�Mx ���M�/ �H�B�M�2
�b�2�;�K�2�M�isi �-�B�X�2�X�-

# (x, si ) =

1
223

224

||x " vi ||22 �B�7ssi (x) = vi ,

||x " vi +1||22 �B�7ssi (x) = vi +1,

||x " vi ||22 "
-
(x " vi )T vi +1" vi

||vi +1" vi ||2

. 2
�Q�i�?�2�`�r�B�b�2,

�r�?�2�`�2ssi (x) �B�b �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �B�M�/�2�t �Q�7x �i�Q �H�B�M�2 �b�2�;�K�2�M�isi �X �A�M �i�?�B�b �b�i�2�T�-Rd �+���M �#�2
�T���`�i�B�i�B�Q�M�2�/ �B�M�i�Q ���i �K�Q�b�i(2k + 1) �/�B�b�D�Q�B�M�i �b�2�i�bVi , i = 1, . . . , k + 1 ���M�/Si , i = 1, . . . , k �/�2�}�M�2�/
���b

Vi =
D

x # Rd : # (x,vi ) = # (f , x), x *# 4i " 1
s=1Vs

E
,

Si =
D

x # Rd : # (x, si ) = # (f , x), x *# 4i " 1
m=1Sm 4 k+1

i =1 Vi

E
,

�r�?�2�`�2Vi �- i = 1, . . . , k + 1 �B�b �i�?�2 �b�2�i �Q�7 ���H�Hx # Rd �r�?�Q�b�2 �+�H�Q�b�2�b�i �p�2�`�i�2�t �Q�7f �B�bvi �- ���M�/Si �-
i = 1, . . . , k �B�b �i�?�2 �b�2�i �Q�7 ���H�Hx # Rd �r�?�Q�b�2 �+�H�Q�b�2�b�i �b�2�;�K�2�M�i �Q�7f �B�bsi �X�6�B�;�m�`�2 �j�X�8���;�B�p�2�b ���M
�2�t���K�T�H�2 �Q�7 �o�Q�`�Q�M�Q�B �T���`�i�B�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �r�B�i�? �j �b�2�;�K�2�M�i�b�X �A�M �i�?�2
�b�2�[�m�2�H�- �r�2 �m�b�2Vi : j , i $ j �U� �̀2�b�T�XSi : j ���M�/vi : j �V �i�Q ���#�#�`�2�p�B���i�2 �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �T���`�i�B�i�B�Q�M�b
Vi , . . . ,Vj �U� �̀2�b�T�XSi , . . . ,S j ���M�/vi , . . . , v j �V�X

�U���V �T���`�i�B�i�B�Q�M �b�i�2�T �U�#�V �H�Q�+���H �;�`�2�2�/�v �b�2���`�+�? �b�i�2�T

�6�B�;�m�`�2 �j�X�8 �� �U���V �� �o�Q�`�Q�M�Q�B�@�H�B�F�2 �T���`�i�B�i�B�Q�M �;�B�p�2�M �� �T�Q�H�v�;�Q�M���H �H�B�M�2 �U�#�H���+�F �b�Q�H�B�/ �H�B�M�2�V�c �U�#�V ��
�H�Q�+���H �;�`�2�2�/�v �b�2���`�+�? �`�2�;�B�Q�M �U�#�H�m�2 �T�Q�B�M�i�b �B�M�b�B�/�2 �T�B�M�F �/���b�?�2�/ �+�B�`�+�H�2�V�- �r�?�2�`�2 �i�?�2 �T�B�M�F �/���b�?�2�/
�+�B�`�+�H�2 �B�b ��! 2 �#���H�H �r�B�i�? �+�2�M�i�2�`øN t(x) ���M�/ �r�B�i�? �`���/�B�m�bD (N t(x))�cx �B�b ���M �Q�#�b�2�`�p���i�B�Q�M �B�MR2

���M�/ �B�i�bV(x) �B�bv3 ���M�/v4�- �`�2�T�`�2�b�2�M�i�2�/ �#�v ���b�i�2�`�B�b�F�b�X

�6�Q�` ���M�vx # Rd �- �H�2�i �m�b �/�2�M�Q�i�2 �#�vV(x) �i�?�2 �b�2�i �Q�7 �p�2�`�i�B�+�2�b �Q�7f �+�Q�M�M�2�+�i�B�M�; �i�Q �i�?�2 �T�`�Q�D�2�+�i�B�Q�M



�d�e �*�>���S�h�1�_ �j�X �a�1�Z�l�1�L�h�A���G �G�1���_�L�A�L�: �P�6 �S�_�A�L�*�A�S���G �*�l�_�o�1�a

f (sf (x)) �Q�7x �Q�M�i�Qf ���M�/ �/�2�M�Q�i�2 �#�vN (x) �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/x �r�B�i�? �`�2�b�T�2�+�i �i�Qf �-�B�X�2�X�-

V(x) =

1
22222222223

22222222224

v1:2 �B�7x # V1 4 S1,

v1:3 �B�7x # V2,

vi :i +1 �B�7x # Si , i = 2, . . . , k " 1,

vi " 1:i +1 �B�7x # Vi , i = 3, . . . , k " 1,

vk" 1:k+1 �B�7x # Vk,

vk:k+1 �B�7x # Sk 4 Vk+1,

N (x) =

1
22222222223

22222222224

V1:2 4 S1:2 �B�7x # V1 4 S1,

V1:3 4 S1:3 �B�7x # V2,

Vi :i +1 4 Si " 1:i +1 �B�7x # Si , i = 2, . . . , k " 1,

Vi " 1:i +1 4 Si " 2:i +1 �B�7x # Vi , i = 3, . . . , k " 1,

Vk" 1:k+1 4 Sk" 2:k �B�7x # Vk,

Vk:k+1 4 Sk" 1:k �B�7x # Sk 4 Vk+1.

�L�Q�i�2 �i�?���i �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7V(x) ���M�/N (x) �?�Q�H�/�b �r�?�2�M�2�p�2�`f �?���bk ( 4 �b�2�;�K�2�M�i�b�X �A�7
1 $ k < 4�-V(x) �U� �̀2�b�T�XN (x)�V �B�b �B�/�2�M�i�B�+���H �7�Q�` ���M�vx�X �L�2�t�i�- �H�2�i

N t (x) =
D

xs, , s = 1, . . . , t , xs # N (x)
E

�#�2 �i�?�2 �b�2�i �Q�7 �Q�#�b�2�`�p���i�B�Q�M�bx1:t �#�2�H�Q�M�;�B�M�; �i�QN (x)�X �q�2 �}�M���H�H�v �H�2�iøN t(x) �b�i���M�/ �7�Q�` �i�?�2
���p�2�`���;�2 �Q�7 ���H�H �Q�#�b�2�`�p���i�B�Q�M�b �B�MN t(x) ���M�/D(M ) = supx,y#M ||x" y||2 �/�2�M�Q�i�2�b �i�?�2 �/�B���K�2�i�2�` �Q�7
�b�2�iM # Rd�X

�A�M �Q�`�/�2�` �i�Q ���p�Q�B�/ �� �#���/ �B�M�B�i�B���H�B�x���i�B�Q�M �Q�7öf1�- �B�M�i�m�B�i�B�p�2�H�v�- �r�2 �#�2�;�B�M �Q�m�` �T�`�2�/�B�+�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H
�+�m�`�p�2 ���7�i�2�` �?���p�B�M�; ���i �H�2���b�it 0 �Ut0 �B�b �p�2�`�v �b�K���H�H�V �Q�#�b�2�`�p���i�B�Q�M�b�- ���M�/ �r�2 �+�?�Q�Q�b�2 �i�?�2 �T�`�B�M�+�B�T���H
�+�m�`�p�2öf1 ���b �i�?�2 �}�`�b�i �+�Q�K�T�Q�M�2�M�i �H�B�M�2 �b�2�;�K�2�M�i �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �i�?�2 �i�r�Q �7���`�i�?�2�b�i �T�`�Q�D�2�+�i�B�Q�M�b
�Q�7 �/���i��x1:t0 �Q�M �i�?�2 �}�`�b�i �+�Q�K�T�Q�M�2�M�i �H�B�M�2�X �h�?�2 �`�2�r���`�/ �B�M �i�?�B�b �b�2�i�i�B�M�; �B�b �i�?�2�`�2�7�Q�`�2r f ,t =
c0 " # (f , xt0+ t ) �7�Q�`t = 1,2, . . . , ���M�/öf t �B�b �#���b�2�/ �Q�Mx1, x2, . . . , xt0+ t" 1�X �:�B�p�2�Möf t �- t ( 1 �r�B�i�?k t

�b�2�;�K�2�M�i�b�- �r�2 �Q�#�i���B�M �}�`�b�i�H�v �i�?�2 �o�Q�`�Q�M�Q�B�@�H�B�F�2 �T���`�i�B�i�B�Q�MV1:k t +1 ���M�/S1:k t �- �i�?�2�M �B�/�2�M�i�B�7�v �i�?�2
���/�D���+�2�M�i �p�2�`�i�B�+�2�b �b�2�iV

$
xt+ t0

%
=

:
vi t : j t

;
���M�/ �b�2�iN t+ t0

$
xt+ t0

%
�7�Q�` �Q�#�b�2�`�p���i�B�Q�Mxt+ t0 �X

�L�2�B�;�?�#�Q�m�`�?�Q�Q�/�6�Q�` �2���+�?t�- �H�2�i �m�b �}�`�b�i �/�2�}�M�2 �i�?�2 �H�Q�+���H �;�`�B�/Q ) ,t (x) ���`�Q�m�M�/x # Rd ���b

Q ) ,t (x) = B
$ øN t(x),D (N t(x)

%
> Q ) ,

�r�?�2�`�2B(x, r ) �B�b ��! 2�@�#���H�H �B�MRd�- �+�2�M�i�2�`�2�/ �B�Mx �r�B�i�? �`���/�B�m�br > 0�X �h�?�2�M �7�Q�`k # {k t " 1, k t , k t +

1}�- �r�2 �/�2�}�M�2 �� �+���M�/�B�/���i�2
%
V �U�2�[�m�B�p���H�2�M�i�H�v �� �+���M�/�B�/���i�2f (

%
V)�V �r�B�i�?k + 1 �p�2�`�i�B�+�2�b ���b

%
V =

$
v1:i t " 1, v1:m,v j t +1:k t +1

%
,

�r�?�2�`�2m = k + 1 " k t + j t " i t ���M�/v1:m ���`�2m �/�B�b�i�B�M�+�i �p�2�`�i�B�+�2�b �#�2�H�Q�M�;�B�M�; �i�QQ ) ,t+ t0

$
xt+ t0

%

���`�Q�m�M�/xt+ t0 �X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �� �+���M�/�B�/���i�2
%
V �B�b �#�m�B�H�i �#�v �F�2�2�T�B�M�; ���H�H �i�?�2 �p�2�`�i�B�+�2�b �Q�7öf t

�i�?���i �/�Q �M�Q�i �#�2�H�Q�M�; �i�QV
$
xt+ t0

%
���M�/ �#�v �m�T�/���i�B�M�; �i�?�2 �`�2�K���B�M�B�M�;m �p�2�`�i�B�+�2�b �/�`���r�M �7�`�Q�K

Q ) ,t+ t0

$
xt+ t0

%
�X �q�?�2�Mk = k t " 1 �U� �̀2�b�T�Xk t �-k t + 1�V�- �B�i �K�2���M�b �i�?���i �i�?�2 �+���M�/�B�/���i�2

%
V �?���b �Q�M�2

�H�2�b�b �p�2�`�i�B�+�2�b �U� �̀2�b�T�X�b���K�2�- �Q�M�2 �K�Q�`�2�V �i�?���Möf t �X �q�2 �/�2�}�M�2 �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/U (öf t ) �Q�7öf t �#�v

U (öf t ) =
/

f (
%
V),

%
V �b�m�+�? �i�?���iv1:m # Q ) ,t+ t0

$
xt+ t0

%
�7�Q�k̀ # {k t " 1, k t , k t + 1}

0
. �U�j�X�d�V

�h�?�2 �+���`�/�B�M���H�B�i�v
5
5U

$öf t
%55 �B�b �m�T�T�2�` �#�Q�m�M�/�2�/ �#�v

5
5F p

5
5

3
p �b�B�M�+�2 ���H�H �2�H�2�K�2�M�i�b �B�M

5
5U

$öf t
%55 �/�B�z�2�`

�r�B�i�?öf t �m�T �i�Q ���i �K�Q�b�i �i�?�`�2�2 �p�2�`�i�B�+�2�b�X �6�B�M���H�H�v�- �r�2 �;�B�p�2 �Q�m�` �B�K�T�H�2�K�2�M�i���i�B�Q�M �r�B�i�? ���+�i�B�Q�M
���p���B�H���#�B�H�B�i�v �i�?���i �K���v �p���`�v ���i �2���+�? �i�B�K�2 �B�M���H�;�Q�`�B�i�?�K �j�X�j�X

�h�?�2���H�;�Q�`�B�i�?�K �j�X�j�?���b ���M �2�t�T�H�Q�`���i�B�Q�M �T�?���b�2 �U�r�?�2�MI t = 1�V ���M�/ ���M �2�t�T�H�Q�B�i���i�B�Q�M �T�?���b�2 �UI t =
0�V�X �A�M �i�?�2 �2�t�T�H�Q�`���i�B�Q�M �T�?���b�2�- �B�i �B�b ���H�H�Q�r�2�/ �i�Q �Q�#�b�2�`�p�2 �`�2�r���`�/�b �Q�7 ���H�H �T�Q�b�b�B�#�H�2 ���+�i�B�Q�M�b ���M�/



�j�X�9�X �A�J�S�G�1�J�1�L�h���h�A�P�L �d�d

���H�;�Q�`�B�i�?�K �j�X�j�� �H�Q�+���H�H�v �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �i�Q �b�2�[�m�2�M�i�B���H�H�v �H�2���`�M �T�`�B�M�+�B�T���H �+�m�`�p�2�b

�R�,�A�M�T�m�i �T���`���K�2�i�2�`�b�, p > 0�- R > 0�- L > 0�- - > 0�- * > 0�- 1 > 2 > 0 ���M�/ ���M�v �T�2�M���H�i�v
�7�m�M�+�i�B�Q�Mh

�k�, �A�M�B�i�B���H�B�x���i�B�Q�M�, �:�B�p�2�M(xt )1:t0 �- �Q�#�i���B�Möf1 ���b �i�?�2 �}�`�b�i �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i
�j�, �6�Q�t̀ = 1�- �r�2 �b�2�iör f ,1 = r f ,1 �7�Q�` ���H�Hf # F p
�9�,�6�Q�t̀ = 2, . . . ,T
�8�, �.�`���r I t 1 Bernoull i (- ) ���M�/zf 1 %�7�Q�` ���H�Hf # F p�X

�e�, �G�2�iö' t = �b�Q�`�i
-
f ,

! t" 1
s=1 ör f ,s " 1

, t" 1
h(f )+ 1

, t" 1
zf

.
�- �B�X�2�X�-�/�2�b�+�2�M�/�B�M�; �b�Q�`�i�B�M�; ���H�Hf # F p

���+�+�Q�`�/�B�M�; �i�Q �i�?�2�B�` �T�2�`�i�m�`�#�2�/ �+�m�K�m�H���i�B�p�2 �`�2�r���`�/ �i�B�H�Ht " 1�X
�d�, �A�7I t = 1�- �b�2�iA t = F p ���M�/öf t = ö' t (A t ) ���M�/ �Q�#�b�2�`�p�2r öf t ,t
�3�,

ör f ,t = r f ,t �7�Q� f̀ # F p.

�N�, �A�7I t = 0�- �b�2�iA t = U (öf t" 1)�-öf t = ö' t (A t ) ���M�/ �Q�#�b�2�`�p�2r öf t ,t
�R�y�,

ör f ,t =
/ r f ,t

P(öf t = f |H t )
�B�7f # U (öf t" 1)> cond(t) ���M�/ öf t = f ,

* �Q�i�?�2�`�r�B�b�2,
�r�?�2�`�2H t �/�2�M�Q�i�2�b ���H�H �i�?�2 �`���M�/�Q�K�M�2�b�b �#�2�7�Q�`�2 �i�B�K�2t ���M�/ cond(t) =:
f # F p : P

$öf t = f |H t
%

> 2
;
� X � X

�R�R�,�1�M�/ �7�Q�`
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�Q�m�` �K�Q�b�i �M���i�m�`���H �+�Q�K�T�2�i�B�i�Q�` �B�b �i�?�2 �_ �T���+�F���;�2�T�`�B�M�+�m�`�p�2�U�r�?�B�+�? �B�b �i�?�2 ���H�;�Q�`�B�i�?�K �7�`�Q�K
�>���b�i�B�2 ���M�/ �a�i�m�2�i�x�H�2�- �R�N�3�N�V�X �h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �b�2�+�i�B�Q�M�- �p���H�m�2�b �7�Q�` �T���`���K�2�i�2�`�b ���`�2�,p =
20�-R = max t=1,...,T ||x||2/
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d�c �q�2 �b�2�i �� �+�Q�K�T���`���i�B�p�2�H�v �H���`�;�2 �p���H�m�2 �7�Q�` �K���t�B�K�m�K �H�2�M�;�i�?L �-

�B�X�2�X�-L = 0.01p
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dR�X �h�?�B�b �p���H�m�2 �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �H�Q�M�;�2�b�ip �b�2�;�K�2�M�i�b
�T�Q�H�v�;�Q�M���H �H�B�M�2 �B�MB(0,
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dR)�X �h�?�2 �+�Q�2�{�+�B�2�M�i0.01 �B�b �7���p�Q�`�2�/ �7�Q�` �B�i�b �T�`���+�i�B�+���H �T�2�`�7�Q�`�K���M�+�2

�Q�M �#�Q�i�? �b�v�M�i�?�2�i�B�+ ���M�/ �`�2���/ �/���i���X �h�?�2 �b�T���+�B�M�;) �Q�7 �i�?�2 �H���i�i�B�+�2 �B�b ���/�D�m�b�i�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q
�/���i�� �b�+���H�2�X

�a�v�M�i�?�2�i�B�+ �/���i���q�2 �;�2�M�2�`���i�2 �� �/���i�� �b�2�i
D

xt # R2, t = 1, . . . ,100
E

�m�M�B�7�Q�`�K�H�v ���H�Q�M�; �i�?�2

�+�m�`�p�2y = 0.05%(x " 5)3�-x # [0,10]�-�B�X�2�X�-

xt = (x(t), y)T + - t ,

�r�?�2�`�2 �p���H�m�2�b �7�Q�`x(t) ���`�2 �2�[�m�B�/�B�b�i���M�i �B�M[0,10] ���M�/- t ���`�2 �B�X�B�X�/ �m�M�B�7�Q�`�K�H�v �/�B�b�i�`�B�#�m�i�2�/ �Q�M �i�?�2
�+�m�#�2[" 0.5,0.5]2 , R2�X

�h���#�H�2 �j�X�R�b�?�Q�r�b �i�?�2 �`�2�;�`�2�i �7�Q�` �i�?�2 �;�`�Q�m�M�/ �i�`�m�i�? �U�b�m�K �Q�7 �b�[�m���`�2�/ �/�B�b�i���M�+�2�b �Q�7 ���H�H �T�Q�B�M�i�b
�i�Q �i�?�2 �i�`�m�2 �+�m�`�p�2�V�-�T�`�B�M�+�m�`�p�2�U�b�m�K �Q�7 �b�[�m���`�2�/ �/�B�b�i���M�+�2�b �#�2�i�r�2�2�Mt + 1�i�? �Q�#�b�2�`�p���i�B�Q�M
���M�/ �}�i�i�2�/�T�`�B�M�+�m�`�p�2�i�`���B�M�2�/ �Q�M ���H�H �T���b�it �Q�#�b�2�`�p���i�B�Q�M�b�V ���M�/�b�H�T�+�U

! T " 1
t=0 # (öf t+1, xt+1)�V�X

�b�H�T�+�;�`�2���i�H�v �Q�m�i�T�2�`�7�Q�`�K�b�T�`�B�M�+�m�`�p�2�Q�M �i�?�B�b �2�t���K�T�H�2�- ���b �B�H�H�m�b�i�`���i�2�/ �#�v�6�B�;�m�`�2 �j�X�e���M�/
�6�B�;�m�`�2 �j�X�d�X �J�Q�`�2�Q�p�2�`�-�6�B�;�m�`�2 �j�X�d�T�`�2�b�2�M�i�b �i�?�2 �T�`�2�/�B�+�i�2�/ �T�`�B�M�+�B�T���H �+�m�`�p�2öf t+1 �7�Q�` �#�Q�i�?
�T�`�B�M�+�m�`�p�2�U�`�2�/�V ���M�/�b�H�T�+�U�;�`�2�2�M�V�X �h�?�2 �Q�m�i�T�m�i �Q�7�T�`�B�M�+�m�`�p�2�v�B�2�H�/�b �� �+�m�`�p�2 �r�?�B�+�? �/�Q�2�b
�M�Q�i �T���b�b �B�M �ó�i�?�2 �K�B�/�/�H�2 �Q�7 �/���i���ô �#�m�i �`���i�?�2�` �#�2�M�/�b �i�Q�r���`�/�b �i�?�2 �+�m�`�p���i�m�`�2 �Q�7 �i�?�2 �/���i��
�+�H�Q�m�/�,�b�H�T�+�/�Q�2�b �M�Q�i �b�m�z�2�` �7�`�Q�K �i�?�B�b �#�2�?���p�B�Q�`�X �h�Q �#�2�i�i�2�` �B�H�H�m�b�i�`���i�2 �i�?�2 �r���v�b�H�T�+�r�Q�`�F�b
�#�2�i�r�2�2�M �i�r�Q �2�T�Q�+�?�b�-�6�B�;�m�`�2 �j�X�d�7�Q�+�m�b�2�b �Q�M �i�?�2 �B�K�T���+�i �Q�7 �+�Q�H�H�2�+�i�B�M�; �� �M�2�r �/���i�� �T�Q�B�M�i �Q�M
�i�?�2 �T�`�B�M�+�B�T���H �+�m�`�p�2�X �q�2 �b�2�2 �i�?���i �Q�M�H�v �� �H�Q�+���H �p�2�`�i�2�t �B�b �B�K�T���+�i�2�/�- �r�?�2�`�2���b �i�?�2 �`�2�b�i �Q�7 �i�?�2
�T�`�B�M�+�B�T���H �+�m�`�p�2 �`�2�K���B�M�b �m�M���H�i�2�`�2�/�X �h�?�B�b �+�m�i�/�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�B�+ �+�Q�K�T�H�2�t�B�i�v �B�b �Q�M�2 �i�?�2 �F�2�v
���b�b�2�i�b �Q�7�b�H�T�+�X

�;� �̀Q�m�M�/ �i�`�m�i�?�T�`�B�M�+�m�`�p�2 �b�H�T�+
�y�X�N�9�8 �U�y�V �k�8�X�j�3�d �U�y�V �N�X�3�N�j �U�y�X�k�9�e�V

�h���#�H�2 �j�X�R �� �_�2�;�`�2�i �U�+�m�K�m�H���i�B�p�2 �H�Q�b�b�V �Q�M �b�v�M�i�?�2�i�B�+ �/���i�� �U���p�2�`���;�2 �Q�p�2�` �R�y �i�`�B���H�b�- �r�B�i�? �b�i���M�@
�/���`�/ �/�2�p�B���i�B�Q�M �B�M �#�`���+�F�2�i�b�V�X �L�Q�i�2�,�T�`�B�M�+�m�`�p�2�B�b �/�2�i�2�`�K�B�M�B�b�i�B�+�X

�a�2�B�b�K�B�+ �/���i���a�2�B�b�K�B�+ �/���i�� �b�T���M�M�B�M�; �H�Q�M�; �T�2�`�B�Q�/�b �Q�7 �i�B�K�2 ���`�2 �2�b�b�2�M�i�B���H �7�Q�` �� �i�?�Q�`�Q�m�;�?
�m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �2���`�i�?�[�m���F�2�b�X �h�?�2 �ó�*�2�M�i�2�M�M�B���H �1���`�i�?�[�m���F�2 �*���i���H�Q�;�ô �U�1�M�;�/���?�H ���M�/ �o�B�H�@
�H���b�2�¢�Q�`�-�k�y�y�k�V ���B�K�b ���i �T�`�Q�p�B�/�B�M�; �� �`�2���H�B�b�i�B�+ �T�B�+�i�m�`�2 �Q�7 �i�?�2 �b�2�B�b�K�B�+�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �1���`�i�?�X
�A�i �+�Q�M�b�B�b�i�b �B�M �� �;�H�Q�#���H �+���i���H�Q�; �Q�7 �H�Q�+���i�B�Q�M�b ���M�/ �K���;�M�B�i�m�/�2�b �Q�7 �B�M�b�i�`�m�K�2�M�i���H�H�v �`�2�+�Q�`�/�2�/
�2���`�i�?�[�m���F�2�b �7�`�Q�K �R�N�y�y �i�Q �R�N�N�N�X�6�B�;�m�`�2 �j�X�3�B�b �i���F�2�M �7�`�Q�K �i�?�2 �l�a�:�a �r�2�#�b�B�i�2�R���M�/ �;�B�p�2�b
�i�?�2 �;�H�Q�#���H �2���`�i�?�[�m���F�2�b �H�Q�+���i�B�Q�M�b �Q�M �i�?�2 �T�2�`�B�Q�/ �R�N�y�y���R�N�N�N�X �h�?�2 �b�2�B�b�K�B�+ �/���i�� �U�H���i�B�i�m�/�2�-
�H�Q�M�;�B�i�m�/�2�- �K���;�M�B�i�m�/�2 �Q�7 �2���`�i�?�[�m���F�2�b�-�2�i�+�X�V �m�b�2�/ �B�M �i�?�B�b �+�?���T�i�2�` �K���v �#�2 �/�Q�r�M�H�Q���/�2�/ �7�`�Q�K
�i�?�B�b �r�2�#�b�B�i�2�X �q�2 �7�Q�+�m�b �Q�M �� �T���`�i�B�+�m�H���`�H�v �`�2�T�`�2�b�2�M�i���i�B�p�2 �b�2�B�b�K�B�+ ���+�i�B�p�2 �x�Q�M�2 �U�� �H�B�i�?�Q�b�T�?�2�`�B�+

�R�X�?�i�i�T�b�,�f�f�2���`�i�?�[�m���F�2�X�m�b�;�b�X�;�Q�p�f�/���i���f�+�2�M�i�2�M�M�B���H�f
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