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Résumé. Cette thèse est motivée par l’analyse des données issues de l’imagerie par ré-
sonance magnétique fonctionnelle (IRMf). La nécessité de développer des méthodes capa-
bles d’extraire la structure sous-jacente des données d’IRMf constitue un challenge math-
ématique attractif. A cet égard, nous modélisons les réseaux de connectivité cérébrale par
un graphe et nous étudions des procédures permettant d’inférer ce graphe.

Plus précisément, nous nous intéressons à l’inférence de la structure d’un modèle
graphique non orienté par une procédure de test multiple. Nous considérons deux types
de structure, à savoir celle induite par la corrélation et celle induite par la corrélation par-
tielle entre les variables aléatoires. Les statistiques de tests basées sur ces deux dernières
mesures sont connues pour présenter une forte dépendance et nous les supposerons être
asymptotiquement gaussiennes. Dans ce contexte, nous analysons plusieurs procédures de
test multiple permettant un contrôle des arêtes incluses à tort dans le graphe inféré.

Dans un premier temps, nous questionnons théoriquement le contrôle du False Discov-
ery Rate (FDR) de la procédure de Benjamini et Hochberg dans un cadre gaussien pour
des statistiques de test non nécessairement positivement dépendantes. Nous interrogeons
par suite le contrôle du FDR et du Family Wise Error Rate (FWER) dans un cadre gaussien
asymptotique. Nous présentons plusieurs procédures de test multiple, adaptées aux tests
de corrélations (resp. corrélations partielles), qui contrôlent asymptotiquement le FWER.
Nous proposons de plus quelques pistes théoriques relatives au contrôle asymptotique du
FDR.

Dans un second temps, nous illustrons les propriétés des procédures contrôlant asymp-
totiquement le FWER à travers une étude sur simulation pour des tests basés sur la corréla-
tion. Nous concluons finalement par l’extraction de réseaux de connectivité cérébrale sur
données réelles.

Abstract. This thesis is motivated by the analysis of the functional magnetic resonance
imaging (fMRI). The need for methods to build such structures from fMRI data gives rise to
exciting new challenges for mathematics. In this regards, the brain connectivity networks
are modelized by a graph and we study some procedures that allow us to infer this graph.

More precisely, we investigate the problem of the inference of the structure of an undi-
rected graphical model by a multiple testing procedure. The structure induced by both the
correlation and the partial correlation are considered. The statistical tests based on the latter
are known to be highly dependent and we assume that they have an asymptotic Gaussian
distribution. Within this framework, we study some multiple testing procedures that allow
a control of false edges included in the inferred graph.

First, we theoretically examine the False Discovery Rate (FDR) control of Benjamini
and Hochberg’s procedure in Gaussian setting for non necessary positive dependent statis-
tical tests. Then, we explore both the FDR and the Family Wise Error Rate (FWER) control
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in asymptotic Gaussian setting. We present some multiple testing procedures, well-suited
for correlation (resp. partial correlation) tests, which provide an asymptotic control of the
FWER. Furthermore, some first theoretical results regarding asymptotic FDR control are
established.

Second, the properties of the multiple testing procedures that asymptotically control
the FWER are illustrated on a simulation study, for statistical tests based on correlation.
We finally conclude with the extraction of cerebral connectivity networks on real data set.

Key words: multiple testing, FWER control, FDR control, Gaussian setting, Benjamini-
Hochberg procedure, neuroscience, fMRI data analysis, brain connectivity networks, graph
inference, correlation test.
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CONTENTS

Notation
m the number of null hypotheses to be tested.
n the sample size.
X the observed random variable.
X(n) a n-sample of X.
E[Y], Var(Y) the expectation and the variance of a real random variable

Y .
H the index set of pairwise correlation coefficients of X.
H0,i (resp. H1,i), 1 6 i 6 m the null (resp. alternative) hypothesis to be tested.
H0(P) (resp. H1(P)) the index set of the true (resp. false) null hypotheses for the

distribution P.
m0(P) (resp. m1(P)) the number of true (resp. false) null hypotheses for the

distribution P.
(pi(X))16i6m a family of p-values based on the distribution of X.(
pn,i

(
X(n)

))
16i6m

a family of p-values based on the asymptotic distribution
of X(n).

(τk)16k6m a sequence of critical values.
R ⊂ {1, . . . ,m} a multiple testing procedure.
µ (resp. Σ) the mean (resp. covariance matrix) of the observed random

variable X, when X ∈ Rm is m-multivariate Gaussian.
Γ the covariance matrix of the observed random variable X,

when X ∈ Rd is d-multivariate Gaussian.
Im the identity matrix of size m.
|| · ||∞ the infinity norm defined for all y ∈ Rm by sup16i6m |yi|.
Nm(µ,Σ) the m-multivariate Gaussian distribution with mean µ and

covariance matrix Σ. When m = 1, m is dropped in the
notation.

Φ(·) the cumulative distribution function of a standard Gaussian
distribution, e.g., Φ(z) = P(Z 6 z), Z ∼ N(0, 1).

Φ(·) the upper-tail function of a standard Gaussian distribution,
i.e., Φ(·) = 1 − Φ(·).

U([a, b]) the uniform distribution on [a, b].
P
−→,

L
−→ the convergence in probability and in distribution.
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Chapitre 1

Introduction (français)

Figure 1.1 – Illustration artistique de la problématique des tests multiples par une devise
Shadoks.
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CHAPITRE 1. INTRODUCTION (FRANÇAIS)

Cette introduction est volontairement informelle et propose un éclairage le plus intuitif
possible sur la problématique des tests multiples. Nous situons également la place de cette
problématique dans les enjeux contemporains. Nous détaillons plus particulièrement celui
qui motive cette thèse, à savoir l’analyse des données issues de l’imagerie par résonance
magnétique fonctionnelle (IRMf).

Sommaire
1.1 La problématique des tests multiples . . . . . . . . . . . . . . . . . . 14

1.2 Critères de décision . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3 Quelques domaines d’applications des tests multiples . . . . . . . . 21

1.4 Reconstruction des réseaux de connectivité cérébrale . . . . . . . . 25

1.1 La problématique des tests multiples

Test simple

Informellement, nous appelons test statistique une démarche de la statistique inférentielle
consistant à considérer comme vraie a priori une hypothèse dite "nulle", généralement no-
tée H0 et à confronter cette supposition à la réalité expérimentale (les observations dont
nous disposons en pratique). En cas d’incompatibilité nous admettons une hypothèse dif-
férente dite "alternative", généralement notée H1. Deux types d’erreur peuvent survenir :
rejeter H0 alors qu’elle est vraie (erreur de type I), ou accepter H0 alors qu’elle est fausse
(erreur de type II). Traditionnellement, l’erreur de type I est considérée comme la plus pro-
blématique et un test statistique est construit de sorte que la probabilité de l’erreur de type
I soit au plus α ∈]0, 1[, appelé le niveau du test. Autrement dit, lorsque les observations
dont nous disposons ne sont pas suffisamment informatives, un test de niveau α acceptera
H0 avec une probabilité supérieure à 1 − α. En ce sens l’hypothèse H0 est privilégiée et un
test n’est informatif que lorsqu’il rejette.
Nous illustrons cette dissymétrie par l’exemple classique d’un n-échantillon de loiN(µ, 1)
où µ ∈ R inconnu est le paramètre d’intérêt. Considérons un premier test, H1

0 : “µ < 0”
contre H1

1 : “µ > 0”. Alors le test qui rejette H1
0 lorsque n1/2Xn = n−1/2 ∑n

i=1 Xi est supérieur

à Φ
−1

(α) est un test de niveau α, où Φ(·) = 1 −Φ(·) et Φ(·) est la fonction de répartition de
la loi normale centrée réduite. Inversons l’hypothèse nulle et l’alternative i.e. considérons
le second test, H2

0 : “µ > 0” contre H2
1 : “µ < 0”. Alors le test qui rejette H2

0 lorsque n1/2Xn

est inférieur à −Φ
−1

(α) est un test de niveau α. La Figure 1.2 résume les conclusions des
deux tests précédents. Dans la zone grisée, les deux hypothèses “µ > 0” et “µ < 0” peuvent
être envisagées selon le choix de l’hypothèse nulle.

14



1.1. LA PROBLÉMATIQUE DES TESTS MULTIPLES

n1/2Xn0
Φ
−1

(α)−Φ
−1

(α)

Test 1 données en accord avec µ < 0
non rejet de H1

0 :
rejet de H1

0 : µ > 0

Test 2 rejet de H2
0 : µ < 0 non rejet de H2

0 :
données en accord avec µ > 0

Figure 1.2 – Dissymétrie d’un test : cas d’un test de moyenne pour des variables
gaussiennes i.i.d.

Un premier exemple de test multiple
Lorsque nous testons plusieurs hypothèses nulles simultanément, nous réalisons un test
multiple. Une procédure de test multiple peut être vue comme un procédé permettant de
prendre une décision pour chaque hypothèse nulle : la rejeter ou ne pas la rejeter. Bien
que la démarche soit similaire pour chaque test individuellement, les spécificités dues à
la pluralité des tests diffèrent du test simple. En particulier, lorsque les hypothèses nulles
forment une partition de l’espace d’état du paramètre d’intérêt, nous ne pouvons influencer
la conclusion du test. Autrement dit, le test multiple permet dans ce cas de ne pas privilégier
les hypothèses nulles, la caractéristique dissymétrie d’un test d’hypothèses simple n’est pas
retrouvée. En considérant un n-échantillon de loiN(µ, 1) où µ ∈ R inconnu est le paramètre
d’intérêt, nous illustrons ce fait par le test multiple :

H0 : “µ = 0”
H0+ : “µ > 0”
H0− : “µ < 0”

. (1.1)

Ce test est un cas particulier du tri-test réalisé dans [1] et peut être vu comme une
“formulation test multiple” des tests de la section précédente. Le test qui rejette H0 lorsque
n1/2Xn est supérieur à Φ

−1
(α/2) ou inférieur à −Φ

−1
(α/2) est de niveau α. Le test qui rejette

H0+ lorsque n1/2Xn est inférieur à −Φ
−1

(α) est de niveau α. De même le test qui rejette H0−

lorsque n1/2Xn est supérieur à Φ
−1

(α) est de niveau α. Comme les trois hypothèses nulles
forment une partition de R (espace d’état de µ), seule une hypothèse nulle peut être rejetée
à tort et dans ce cas, le “contrôle global” de l’erreur de type I est simplement assuré par
le contrôle individuel de l’erreur de type I des trois tests. Autrement dit, réaliser ces trois
tests simultanément au niveau α garantit un contrôle global de l’erreur de type I au niveau
α. De la même façon que pour les tests simples, la Figure 1.3 schématise la conclusion du
test (1.1).
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CHAPITRE 1. INTRODUCTION (FRANÇAIS)

n1/2Xn0
Φ
−1

(α)−Φ
−1

(α)−Φ
−1

( α2 ) Φ
−1

( α2 )

Test (1.1) hypothèses indiscernables µ > 0 µ > 0µ 6 0µ < 0

Figure 1.3 – Tri-test de moyenne pour des variables gaussiennes i.i.d.

Sur la Figure 1.3, la zone grisée représente une zone d’indécision, aucun rejet ne peut
être fait. Les trois hypothèses nulles formant une partition de R, la seule conclusion pos-
sible du test (dans la zone grisée) est que les données ne permettent pas de privilégier une
hypothèse nulle par rapport à une autre.

Concrètement le test (1.1) répond typiquement à une problématique issue de l’industrie
pharmaceutique. Dans [1] il s’agissait de comparer deux traitements pour le contrôle du
diabète de type 2. Par exemple, en considérant que les données représentent la différence
entre le taux de sucre dans le sang sous l’insuline B et le taux de sucre dans le sang sous
l’insuline A, le tri-test se reformule comme :


H0 : “Les deux insulines ont le même effet”
H0+ : “L’insuline A est plus efficace que l’insuline B”
H0− : “L’insuline A est moins efficace que l’insuline B”

. (1.2)

Le test multiple permet dans ce cas, d’éviter l’influence de l’industrie pharmaceutique
sur les conclusions d’une étude.

Jusqu’alors nous avons interprété les tests statistiques en se basant sur une zone de rejet
déterminée en fonction du niveau souhaité pour le test. Si nous changeons le niveau, il faut
recalculer cette zone de rejet, peu commode en pratique. De plus, le choix du niveau du
test est totalement arbitraire, alors pourquoi choisir α = 5% et pas α = 4% ou α = 6% ?
Un moyen alternatif possible pour interpréter un test est d’utiliser la notion de p-valeurs.
Il s’agit du plus grand α pour lequel un test rejette l’hypothèse nulle au niveau α. Ainsi,
une p-valeur donne par essence la conclusion d’un test à tous les niveaux possibles. Une
p-valeur est une normalisation de la statistique de test, une variable aléatoire suivant une
loi uniforme sous l’hypothèse nulle. Intuitivement, elle indique la “probabilité” d’observer
nos réalisations si l’hypothèse nulle est vraie. Une “petite” p-valeur fournira la preuve que
l’hypothèse nulle est fausse alors qu’une “grande” p-valeur indiquera qu’il n’y a pas de
contradiction entre nos réalisations et l’hypothèse nulle.
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Le problème de multiplicité
Lorsque nous testons plusieurs hypothèses nulles simultanément et que nous rejetons une
hypothèse nulle alors qu’elle est vraie, nous réalisons un faux positif (ou encore appelé
fausse découverte). Si les hypothèses nulles ne forment plus une partition de l’espace
d’état du paramètre d’intérêt, le problème de multiplicité va se poser. Contrôler le niveau
de chaque test individuellement ne va plus suffire à garantir un contrôle de l’erreur glo-
bale. En effet, si nous testons indépendamment toutes les hypothèses (potentiellement très
nombreuses) au même niveau (et sans correction multiple), le cumul d’erreurs va entraîner
une perte du contrôle global et la conclusion sera erronée. Par exemple, supposons tester
(indépendamment) m vraies hypothèses nulles simultanément au niveau 5%. Quelle est la
probabilité d’obtenir au moins un faux positif uniquement dû au hasard ? Nous avons,

P(“obtenir au moins un faux positif”) = 1 − P(“obtenir aucun faux positifs”)
= 1 − (1 − 0.05)m,

où la dernière égalité est obtenue par l’hypothèse d’indépendance.

Figure 1.4 – Probabilité d’obtenir au moins un faux positif uniquement par hasard en
fonction du nombre d’hypothèses nulles (m 7→ 1 − (1 − 0.05)m).

La figure 1.4 illustre un principe propre à la répétition des tests “plus nous cherchons,
plus nous gagnons” (principe exploité par les Shadocks pour faire décoller une fusée en
dépit d’en maitriser sa construction, voir Figure 1.1). Même si toutes les hypothèses nulles
testées étaient vraies, plus leur nombre augmente, plus nous avons de chances de faire
au moins une (fausse) découverte. Cette problématique se retrouve en neuroscience. Plus
concrètement, la Figure 1.5 illustre parfaitement le genre de conclusion absurde que nous
pouvons obtenir en ignorant le problème de multiplicité dans ce domaine. Comme montré
dans [2], en explorant suffisamment de zones du cerveau, il est possible de détecter une
activité cérébrale chez un saumon mort.
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Figure 1.5 – Problème de multiplicité : détection d’activité cérébrale chez un saumon
mort [2].

1.2 Critères de décision
Comme nous venons de le voir, le problème de multiplicité est l’enjeu majeur d’une pro-
cédure de test multiple. Comment s’assurer que les hypothèses nulles rejetées par une pro-
cédure de test multiple ne le soient pas uniquement par hasard ? Comment se mesure la
qualité d’une procédure de test multiple ? En pratique, le mathématicien apporte une ré-
ponse probabiliste à ces problématiques via deux principaux (au sens rencontrés dans la
littérature) critères : le Family-Wise Error Rate (FWER) et le False Discovery Rate (FDR).
De la même façon qu’un test simple est construit de sorte que l’erreur de type I soit contrô-
lée à un niveau choisi, un test multiple sera généralement construit de sorte que l’un des
deux critères (FWER ou FDR) soit contrôlé à un niveau choisi. Ainsi les rejets faits par
une procédure de test multiple dépendent totalement du critère que l’on souhaite contrôler.
Nous introduisons désormais ces deux critères plus précisement.

FWER
L’erreur de type I s’étend naturellement au cadre des tests multiples via le FWER. Pour
une procédure de test multiple donnée, le FWER se définit comme la probabilité de rejeter
au moins une hypothèse nulle à tort ou autrement dit d’obtenir au moins un faux positif à
l’issue de la procédure. Lorsque nous testons plusieurs hypothèses nulles simultanément,
nous avons

FWER = P(“il existe au moins une hypothèse nulle rejetée à tort”).

Comme nous l’avons vu, si les hypothèses nulles ne forment pas une partition de l’espace
d’état du paramètre d’intérêt, pour une procédure de test donnée, contrôler chaque test
individuellement au niveau α ne sera pas suffisant pour assurer le contrôle du FWER au
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même niveau α. Pour obtenir ce contrôle, il est alors nécessaire de modifier le niveau de
chaque test. Cette opération se retrouve dans la littérature sous le terme “seuils critiques
corrigés/ajustés” ou encore de façon équivalente “p-valeurs corrigées/ajustées”. Histori-
quement, la correction de Bonferroni [3] est la première méthode proposant de corriger le
niveau de chaque test afin de contrôler le FWER. Il s’agit d’ajuster le niveau α de chaque
test, en fonction du nombre d’hypothèses testées par α/m. Certes très intuitive, cette mé-
thode est assez conservative lorsque le nombre d’hypothèses fausses est grand devant le
nombre d’hypothèses testées. En bref, c’est-à-dire que par construction, la méthode de
Bonferroni ne permettra pas de rejeter “beaucoup” d’hypothèses nulles. Cette méthode
devient par ailleurs très conservative en cas de dépendance entre les tests. Depuis, de nom-
breuses procédures moins conservatives ont été développées comme celle de Holm [4]. En
2010, Goeman et Solari [5] ont proposé un cadre général permettant de décrire la majorité
de ces procédures via le sequential rejection principle of familywise error control. L’idée
est de réajuster à chaque étape le nombre d’hypothèses à tester en fonction du nombre d’hy-
pothèses déjà rejetées. Ainsi en augmentant le niveau de chaque test, le rejet d’hypothèses
facilite le rejet des hypothèses restantes donc les procédures sont moins conservatives.

FDR
Malgré cette émergence de procédures moins conservatives, un critère moins restrictif que
le FWER, plus adapté à certaines problématiques contemporaines, fut introduit en 1995 par
Benjamini et Hochberg (BH) [6]. Il s’agit du False Discovery Rate, abrégé FDR. Ce critère
se définit comme la moyenne de la proportion d’erreurs parmi les hypothèses rejetées,
abrégée par FDP pour False Discovery Proportion,

FDR = E[FDP], où FDP =
nombre de faux positifs

nombre de rejets
.

Le prix à payer concernant l’étude du FDR est la difficulté mathématique supplémentaire
due au caractère aléatoire du dénominateur du FDP. En pratique cette difficulté porte sur
le type de dépendance liant les tests. Le Chapitre 3 présente en particulier quelques types
de dépendance en lien avec ce manuscrit et le Chapitre 4 est consacré à l’étude du com-
portement du FDR de la procédure de Benjamini-Hochberg pour différentes structures de
dépendance.
Nous noterons par ailleurs que même si le contrôle du FDR pour la procédure BH n’est
établi que pour un certain type de dépendance (voir Chapitre 4), cette procédure est deve-
nue la norme en pratique et constitue un des plus grand succès des statistiques théoriques
en application de ces dernières années, comme en témoignent les actuelles 45881 citations
de l’article introduisant la procédure de Benjamini et Hochberg [6].

Nous avons donc présenté deux critères permettant de quantifier la qualité d’une procé-
dure de test multiple. Il s’en suit naturellement la question du choix du critère à contrôler.
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La section suivante répond à cette question en soulignant les différences entre le FWER et
le FDR.

FWER versus FDR
D’une manière générale, un contrôle du FWER n’est pas plus souhaitable qu’un contrôle
du FDR et inversement. Il s’agit essentiellement de choisir le critère le plus pertinent pour
une problématique donnée.

Le contrôle du FWER assure avec une grande probabilité que l’ensemble des hypo-
thèses rejetées ne contienne aucune erreur alors que le FDR évalue la proportion d’hy-
pothèses nulles rejetées à tort parmi l’ensemble des hypothèses rejetées. Il est en ce sens
moins restrictif, il s’adapte au nombre de rejets. Dans [7], Roquain propose une repré-
sentation visuelle de cette fondamentale différence entre FWER et FDR. Nous reportons
cette illustration en la Figure 1.6. En bref, plusieurs hypothèses nulles sont testées simul-
tanément soit en utilisant la méthode de Bonferroni (pour le contrôle du FWER) soit en
utilisant la procédure de Benjamini et Hochberg (pour le contrôle du FDR) soit sans utili-
ser de correction multiple. Chaque rejet est alors matérialisé par un point noir sur la Figure
1.6 de sorte qu’une fausse découverte se situera à l’extérieur du cercle gris et inversement,
un rejet correct se situera à l’intérieur du cercle gris. Le FWER assure avec grande proba-
bilité qu’aucun point noir ne soit situé en dehors du cercle gris alors que le FDR assure que
le nombre de point noir en dehors du cercle par rapport au nombre total de points noirs soit
en moyenne plus petit qu’une certaine quantité (le niveau souhaité du test).

En pratique, les procédures contrôlant le FDR sont plus puissantes que celles contrôlant
le FWER lorsque le nombre de fausses hypothèses nulles est grand et ce d’autant plus que
l’intensité du signal est forte (illustré par la Figure 1.6, en bas). La contrepartie de ce gain
de puissance est une augmentation du nombre de faux positifs.

En conclusion, nous retiendrons que le FWER permet un strict contrôle des hypothèses
nulles rejetées à tort. Ce critère est ainsi très pertinent lorsqu’il s’agit de valider un résultat.
Le test (1.2) fournit un exemple typique d’un tel cas pour lequel le test multiple sert à
déterminer le traitement le plus adéquat d’un diabète de type 2. Le FDR autorise plus de
faux positifs que le FWER. Cette augmentation n’est pas nécessairement nuisible et fait
sens dans moult problématiques contemporaines. En particulier lorsqu’un test multiple est
mené dans un but prospectif, contrôler le FDR s’avère pertinent. La section suivante fournit
quelques exemples.
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FWER FDR Sans
correction

FWER FDR Sans
correction

Faible signal Fort signal

Figure 1.6 – Rejets obtenus en contrôlant le FWER (à gauche), le FDR (au milieu) et sans
correction multiple (à droite). Les zones grisées (resp. blanches) correspondent à la

localisation des rejets corrects (resp. incorrects). (Figure 1.2 de [7])

Nous noterons par ailleurs que lorsque toutes les hypothèses testées sont de vraies
hypothèses nulles, le FDR et le FWER sont des critères équivalents. En effet, tous les
potentiels rejets sont dans ce cas effectués à tort.

1.3 Quelques domaines d’applications des tests multiples

Au cours de ces dernières années, l’évolution des technologies a amené les statisticiens à
traiter des données toujours plus complexes, à la fois en termes de nature des données et
en termes de taille. Les chercheurs n’ont pas un paramètre à étudier mais des centaines de
milliers de paramètres. Nous nous confrontons alors à un problème de multiplicité et si la
nécessité d’une correction multiple a pu se poser, la nature des données amenées par les
problématiques contemporaines a transformé ce questionnement en “comment prendre en
compte la multiplicité des tests ?”. Nous illustrons ici l’utilisation faite des tests multiples
dans quelques problématiques contemporaines. Loin d’être exhaustifs, nous ne mention-
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nons que les domaines les plus fréquemment concernés par la problématique des tests mul-
tiples. Précisément, nous donnons un aperçu des progrès techniques faits en génomique,
neurosciences et climatologie puis nous transposons les conséquences de ces avancées
technologiques au cadre mathématique à travers divers exemples tirés de la littérature.

Données issues de la génomique
L’avancée technologique significative dans le domaine de la génomique fut l’apparition
des puces à ADN. De leurs balbutiements en 1991 à aujourd’hui, la technologie n’a cessé
d’être améliorée. L’utilisation la plus connue des puces à ADN est la mesure de l’expres-
sion des gènes. Désormais, en une seule expérience, elles permettent de mesurer l’expres-
sion de centaines de milliers de gènes. Dans ce genre d’expérience, une fois ces mesures
faites, un test multiple est alors typiquement utilisé pour déterminer les gènes différentiel-
lement exprimés entre deux conditions. Dans ce cas, contrôler le FDR permet de fournir
une liste raisonnable de gènes potentiellement significatifs quitte à commettre quelques
erreurs, plutôt qu’une liste trop courte qui assurerait un contrôle strict de ces erreurs. Le
lecteur intéressé pourra trouver une revue plus complète de l’utilisation des tests multiples
en génomiques dans [8].

Exemple 1.1. (Identification des gènes altérés en cas de déficience du gène Apo AI [9]) Le
gène Apo AI est connu pour jouer un rôle central dans la régulation du taux de cholestérol
HDL. Le but de cette étude était d’identifier les gènes ayant une expression altérée entre
des souris pour qui le gène Apo AI était totalement inactif et des souris ne présentant pas
cette anomalie. D’un point de vue mathématique, les données résultant de cette expérience
sont contenues dans une matrice de taille 6356 (nombres de gènes étudiés) ×16 (nombres
de souris).

Exemple 1.2. (Etude comparative entre deux formes de leucémies [10]) Il s’agissait dans
cette étude, d’identifier les gènes différentiellement exprimés entre deux types de leucémie.
Les données consistaient en une matrice de taille 6817 (nombres de gènes étudiés) ×38
(nombre de sujets).

Comme le montrent les deux exemples précédents, les données issues des expériences
génomiques amènent un nombre de variables (gènes étudiés) très élevés devant un nombre
peu élevé de répétitions (les sujets de l’expérience). A cela s’ajoute la potentielle dépen-
dance entre les gènes étudiés. Ces particularités font des données génomiques un véritable
challenge mathématique.

Données issues des neurosciences
Un des domaines majeurs des neurosciences est l’imagerie par résonance magnétique
(IRM). L’IRM est un moyen de mesurer l’activité cérébrale in vivo, de manière indirecte et
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non invasive. Dans les années 70, le physicien britannique Peter Mansfield fut le premier
à montrer comment les signaux de l’IRM pouvaient être analysés mathématiquement, ren-
dant ainsi possible la conversion de ces signaux en une image exploitable. Mais ce n’est
qu’une vingtaine d’années plus tard, que le chercheur japonnais Seiji Ogawa permettra,
grâce a ses travaux sur le magnétisme de l’hémoglobine, les premières images du cerveau
en fonctionnement. Pour simplifier grossièrement, la détection de l’activité cérébrale est
basée sur la mesure de l’effet BOLD : Blood Oxygen Level Dependant. Cet effet BOLD
mesure des variations des propriétés du flux sanguin, lié à l’aimantation de l’hémoglobine
contenue dans les globules rouges du sang. Une image volumique du cerveau est acquise
toutes les 1 à 3 secondes. Pour chaque instant d’acquisition, un volume du cerveau cor-
respond à l’acquisition de l’ordre de 100 000 voxels (= cube de 2 ou 4 mm de côté).
Les acquisitions d’IRMf correspondent donc à l’enregistrement de séries temporelles pour
chaque voxel couvrant ensemble le volume entier du cerveau.

Exemple 1.3. (IRMf d’activation [11]) Une expérience typique d’imagerie cérébrale consiste
à déterminer les régions cérébrales activées lorsqu’un sujet effectue une tâche. Dans ce
cas, un test multiple est utilisé pour tester chaque zone du cerveau. Pour chacune d’entre
elles, nous testons si l’activation de la zone est significativement différente de zéro ou non.
La Figure 1.7 est un exemple du type d’image statistique obtenue à la fin d’un tel test.

Figure 1.7 – Résultat d’un test multiple ayant servi à identifier les voxels
significativement activés lors d’une tâche. Au total, 7505 voxels sont testés [11].

Là encore, compte tenu du coût et de la pénibilité de l’expérience pour le sujet, l’ana-
lyse statistique de ce type de données est rendue ardue par le grand nombre de tests (voxels
ou régions cérébrales) devant le nombre de répétitions (longueur d’acquisition). Ces don-
nées sont également connues pour être fortement corrélées.

Dans ce domaine, la problématique des tests multiples a jusque tardivement été outre-
passée par une partie de la communauté scientifique. Selon une étude portant sur 6 journaux
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majeurs de neuroimagerie, 25% à 30% des publications portant sur l’analyse de données
d’IRMf n’utilisaient pas de seuils critiques corrigés en 2008 [12].

Données issues des sciences de l’atmosphère
L’atmosphère terrestre est une couche de gaz invisible qui entoure la terre. Son étude a été
rendue possible par le développement des technologies spatiales, permettant la construction
de satellites toujours plus puissants. Il est désormais possible de mesurer depuis l’espace
la composition de l’atmosphère et ce à l’échelle de la planète. D’un point de vue mathéma-
tique, les données se présentent sous la forme d’une grille de points représentant une zone
de l’atmosphère à une altitude donnée. Pour chaque point de la grille, l’enregistrement sa-
tellitaire correspond à une série temporelle de laquelle est déduit une statistique de test. Ce
type de données est connu pour avoir une forte corrélation spatiale [13].

Exemple 1.4. (Prévisions météorologiques [14]). Le SOI est un indice climatique qui me-
sure la différence de pression atmosphérique entre Tahiti et Darwin, en Australie. Dans
cet exemple, il s’agissait de déterminer si cet indice pouvait être utilisé pour les prévisions
météorologiques hivernales dans l’hémisphère nord. Pour cela, les tests statistiques per-
mettaient d’identifier les corrélations statistiquement significatives entre les valeurs du SOI
(pour les mois de juin/juillet/août) et les relevés de pression atmosphériques dans l’hémi-
sphère nord (pour les mois de décembre/janvier/février). Ici, la zone étudiée correspondait
à 936 points (voir Figure 1.8).

Figure 1.8 – Corrélations entre les valeurs de l’indice SOI en été et des relevés hivernaux
de pression atmosphérique dans l’hémisphère nord (voir le texte) - Figure 5.6 de [14].

Il semblerait que ce domaine ne soit pas non plus épargné par la négligence du problème
de multiplicité. Durant la première partie de l’année 2014, sur les 281 articles publiés dans
Journal of Climate, moins de 3% des articles proposant une étude statistique impliquant
des tests multiples utilisaient des seuils critiques corrigés [15].

24



1.4. RECONSTRUCTION DES RÉSEAUX DE CONNECTIVITÉ CÉRÉBRALE

Le domaine d’application qui motive cette thèse appartient au domaine des neuros-
ciences et concerne l’analyse des données obtenues par imagerie par résonance magné-
tique fonctionnelle. La section suivante présente brièvement ce domaine sous l’angle du
statisticien et situe clairement la place des tests multiples dans cette problématique.

1.4 Application à la reconstruction des réseaux de connec-
tivité cérébrale en neurosciences

Au fil des années, les importants progrès technologiques ont permis une multiplication des
études basées sur l’analyse de données obtenues par imagerie par résonance magnétique
fonctionnelle (IRMf) (voir Figure 1.9). L’analyse de données d’IRMf rassemble de nom-

Figure 1.9 – Nombre d’articles par année référencés dans la base de données de Google
scholar en utilisant les mots clés fMRI study.

breux protagonistes au profil divers : neuroscientifiques, psychologues, physiciens, statis-
ticiens, entre autres. Typiquement, les données d’IRMf sont très bruitées et présentent une
structure de dépendance “complexe”. A cet égard, le rôle du statisticien est primordial dans
la compréhension de la nature de ces données afin d’en tirer des résultats pertinents, faisant
sens pour les neuroscientifiques.

Analyse statistique des données d’IRMf
D’un point de vue mathématique, l’issue d’une expérience d’IRMf consiste en l’acquisi-
tion de séries temporelles pour chaque voxel couvrant ensemble le volume entier du cer-
veau. Comme nous l’avons vu, le nombre de voxels nécessaires pour couvrir l’ensemble
du cerveau est très élevé. Par conséquent, afin de faciliter l’analyse statistique, la taille des
données est souvent réduite en regroupant certains voxels entre eux [16]. La mesure du
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signal correspondant à un regroupement est obtenue en agrégeant entre elles les mesures
de chaque voxel (faisant partie du regroupement). Ce regroupement peut s’effectuer soit en
fonction de critères purement anatomiques soit en fonction de critères fonctionnels soit en
tenant compte de ces deux types de critères.
Les études basées sur l’IRMf sont généralement menées afin d’identifier soit les régions
cérébrales qui échangent de l’information lorsqu’un sujet accompli une tâche soit pour
identifier les régions cérébrales activées lorsqu’une personne effectue une tâche ou adopte
un certain comportement social (comme l’égoïsme, la jalousie, l’altruisme etc. . .). En 2008,
les études en faveur de ce dernier objectif ont grandement été remise en question. La sec-
tion suivante relate la controverse.

Polémique en neuroimagerie
A la fin des années 2008, en publiant l’article "Voodoo Correlations in Social Neuros-
cience" [16], les auteurs provoquent un houleux débat comme en témoignent les 1216 ci-
tations référencées par google scholar. Ils mettent en lumière les incohérences statistiques
retrouvées dans de nombreuses analyses de données d’IRMf, en particulier lorsque ces
études portent sur l’analyse des corrélations. Précisément, ils affirment que la plupart des
corrélations (déduites d’une expérience d’IRMf) entre un comportement social et l’activa-
tion d’une région cérébrale sont fausses. Ils soutiennent que bon nombre de corrélations
reportées dans ce type d’étude sont trop élevées pour être crédibles. En effet, la valeur de la
corrélation entre deux mesures est limitée par la fiabilité de ces deux mesures. Pour une ex-
périence d’IRMf, d’après [16], la fiabilité entre deux mesures n’est pas supposée dépasser
0.75. Ainsi, les auteurs de [16] ont effectué une revue de nombreux articles pour lesquels
des mesures de corrélations obtenues par IRMf étaient reportées. Comme le montre la
Figure 1.10, de nombreuses mesures de corrélations dépassent 0.75. Alors d’où vient ce
problème ?

Un des points critiqués par les auteurs est que la méthode utilisée pour sélectionner
les voxels qui doivent être testés n’est pas indépendante des tests effectués sur ces voxels.
Ils affirment par ailleurs que les corrélations élevées obtenues en analysant la totalité du
cerveau résultent uniquement du bruit. Nous noterons que ce point est contredit dans [17].
De plus, ils soutiennent que le problème de multiplicité est bien reconnu dans ce domaine
et que dans la plupart des articles de neuroimagerie les auteurs utilisent des seuils critiques
corrigés. Pourtant, comme nous l’avons vu, une étude [12] (également effectuée en 2008)
souligne qu’une part non négligeable des auteurs continuent d’ignorer le problème de mul-
tiplicité.

Selon notre point de vue, l’utilisation “correcte” des tests multiples offre une solution
aux problèmes soulevés dans [16]. En effet, même en prenant en compte le problème de
multiplicité, nous devons utiliser une procédure de test multiple adaptée à la structure de
dépendance des données et ce point est particulièrement épineux. A cet égard, le besoin
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Figure 1.10 – Résultats établis dans [16] : Histogramme de valeurs de corrélations
obtenues par IMRf issues des articles considérés par [16]. Ligne bleue : borne supérieure
pour les valeurs des corrélations obtenues par IRMf imposée par la fiabilité des mesures.

de développement de procédures de test multiple aptes à analyser les données d’IRMf (i.e.
adaptées à la nature des données sans être trop conservatives) constitue un remarquable et
difficile enjeu pour le mathématicien.

Test multiple pour la reconstruction des réseaux de connectivité céré-
brale
Il a été observé en neurosciences que la compréhension des processus cognitifs passe par
l’identification de réseaux de régions cérébrales qui échangent de l’information. Ainsi,
cette thèse est motivée par l’identification des connexions cérébrales fonctionnelles qui
sont observables chez des sujets qui lors de l’acquisition sont au repos. Pour ce faire, d’un
point de vue mathématique, nous voyons les régions cérébrales comme autant de sommets
d’un graphe dont les arêtes correspondent aux paires de régions cérébrales échangeant de
l’information, ces paires de régions étant identifiées par un test multiple.

Comme résumé par la Figure 1.11, cette thèse est donc liée à trois domaines bien dis-
tincts : celui de l’imagerie médicale (l’objet d’étude), celui des modèles graphiques (la
modélisation mathématique utilisée) et celui des tests multiples (l’outil mathématique uti-
lisé pour répondre à la problématique). Tout au long de cette thèse nous exploiterons des
résultats déjà connus concernant les deux premiers domaines. Les contributions de celle-ci
s’inscrivent dans le domaine des tests multiples. Précisément, en considérant la corrélation
comme mesure de connectivité entre les paires de régions cérébrales, nous cherchons à
détecter les paires de régions cérébrales significativement corrélées. L’enjeu est alors d’ef-
fectuer cette détection en assurant un contrôle des erreurs de type I.
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Objet d’étude :

Données issues
d’IRMf

Modélisation :

Modèle graphique

Outil mathématique :

Test multiple

modélisation construction
du graphe

Figure 1.11 – Champs d’interaction concernés par cette thèse.

Nous étudierons le contrôle du FWER, définit ici par

FWER = P(“il existe une paire de régions cérébrales déclarée significativement corrélées à tort”),

ainsi que le contrôle du FDR définit par la moyenne du FDP ici déterminé par,

FDP =
nombre de paires de régions cérébrales déclarées significativement corrélées à tort

nombre de paires de régions cérébrales déclarées significativement corrélées
.

La force du test multiple est donc de permettre un contrôle des arêtes inclues à tort (via
le FWER ou le FDR) dans le graphe des réseaux de connectivité cérébrale que nous cher-
chons à construire. Nous nous heurtons à un problème de test multiple dans un cadre de
forte dépendance et comme nous l’avons mentionné cette dépendance est l’obstacle majeur
à l’analyse des données d’IRMf d’un point de vue mathématique. Ainsi, afin de faciliter
cette dernière, les nouveaux résultats établis dans cette thèse se situent dans le cadre gaus-
sien (profitant de ce fait de nombreux résultats théoriques). Ce manuscrit interroge donc le
problème du contrôle du FWER et du FDR pour différentes structures de dépendance dans
un cadre gaussien et ce dans une optique d’analyse de données d’IRMf.
Nous concluons cette introduction par la description du contenu de cette thèse.

Organisation du manuscrit
Le Chapitre 2 présente sommairement les modèles graphiques. Loin d’être exhaustifs,
nous donnons au lecteur les clés mathématiques suffisantes pour justifier la démarche adop-
tée dans cette thèse : l’utilisation du test multiple pour la construction des réseaux de
connectivité cérébrale quand la mesure de connectivité entre deux régions cérébrales est la
corrélation entre celles-ci. Nous proposons par ailleurs une revue des techniques existantes
de reconstruction de graphes afin de situer la place des tests multiples dans la littérature
contemporaine (pour cette problématique).
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Le Chapitre 3 formalise la problématique des tests multiples. Nous définissons en par-
ticulier les deux critères de décision étudiés dans cette thèse (FWER et FDR) ainsi que
plusieurs types de structure de dépendance considérés dans la littérature et en lien avec
ce manuscrit. Nous mentionnons quelques procédures permettant un contrôle du FWER
et nous introduisons la procédure de Benjamini-Hochberg (BH). Nous reportons quelques
résultats connus concernant le contrôle du FDR par cette procédure. Nous proposons éga-
lement une nouvelle borne pour le FDR de BH pour une structure de dépendance positive
plus faible que celles connues pour contrôler le FDR.

Le Chapitre 4 s’intéresse au FDR de BH pour différentes structures de dépendance,
lorsque les statistiques de tests sont gaussiennes pour des tests (de moyenne) bilatéraux.
En particulier, nous établissons théoriquement les premiers (à notre connaissance) résultats
permettant d’améliorer significativement la borne proposée par Benjamini et Yekutieli pour
des structures de dépendance non nécessairement positives. Dans un tel contexte, cette
étude suggère par ailleurs que BH contrôle le FDR quelque soit la matrice de covariance.

Le Chapitre 5 concerne l’étude du contrôle des erreurs de type I lorsque les statis-
tiques de tests sont asymptotiquement gaussiennes. Nous présentons quelques procédures
de test multiple connues pour garantir un contrôle (asymptotique) du FWER en apportant
par ailleurs une clarification théorique de certains résultats. Nous établissons également
quelques premiers résultats théoriques concernant le contrôle (asymptotique) du FDR, non
suffisants par ailleurs pour être utilisés dans le cadre des tests de corrélation.

Le Chapitre 6 propose d’étudier les performances des procédures de test multiple pré-
sentées au Chapitre 5, à la fois sur simulation et sur données réelles.
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Chapter 1

Introduction (english)

This introduction is deliberately informal and presents (hopefully) the issue of a multi-
ple hypothesis testing from an intuitive point of view. We also emphasize the connection
between the multiple testing problem and some contemporary scientific challenges. We es-
pecially focus on the one that motivated this thesis, that is, the neuroimaging data analysis.

Contents
1.1 The multiple testing problem . . . . . . . . . . . . . . . . . . . . . . 31

1.2 Criteria and decisions . . . . . . . . . . . . . . . . . . . . . . . . . . 35

1.3 Multiple testing: some contemporary applications . . . . . . . . . . 38

1.4 Estimation of cerebral connectivity . . . . . . . . . . . . . . . . . . . 42

1.1 The multiple testing problem

Single hypothesis testing
Let us begin with a short reminder of single hypothesis testing. Let H0 be an hypothesis
(called null hypothesis) supposed to be true a priori. Roughly speaking, hypothesis testing
is a statistical inference aiming at deciding if this assumption is true or not from a real
data set (the observed phenomena). When the null hypothesis is rejected, a test concludes
that data support an alternative hypothesis, denoted by H1 in general. Two types of errors
can occur, namely: rejecting a true null hypothesis (type I error), or retaining a false null
hypothesis (type II error). Traditionally, the most undesirable error is making a type I error
and in this regards, statisticians generally conduct a type I error controlling test, that is type
I error is bounded by some α ∈ [0, 1], called the level of the test. In other words, if the
real data set is uninformative, the null hypothesis H0 will be not rejected by a test of level
α, with probability larger than 1 − α. Therefore, the hypothesis H0 is favored and a test is
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informative only when the null hypothesis is rejected.
Let us provide an example to illustrate this non equivalence between the two types of errors.
Consider the case of an i.i.d sample where each variable follows a N(µ, 1) where µ is the
unknown parameter of interest. A first test is H0 : " µ < 0" against H1 : " µ > 0". The
test which rejects H0 when n1/2Xn = n−1/2 ∑n

i=1 Xi exceeds Φ
−1

(α), where Φ(·) denotes the
upper-tail function of a standard Gaussian distribution, is a test of level α. By switching
the null and the alternative, we obtain a second test, H′0 : " µ > 0" against H′1 : " µ < 0". The

test which rejects H′0 when n1/2Xn is smaller than −Φ
−1

(α) is a test of level α. Conclusions
of these two tests are represented in Figure 1.1.

n1/2Xn0
Φ
−1

(α)−Φ
−1

(α)

Test 1
non reject of H0 :

data compatible with µ < 0 reject H0 : µ > 0

Test 2 reject H′0 : µ < 0 non reject of H′0 :
data compatible with µ > 0

Figure 1.1 – Non equivalence between two types of errors: case of a test of the mean of
i.i.d Gaussian variables.

In the shaded part, depending on the choice of the null hypothesis, both hypotheses
"µ > 0" and "µ < 0" could be considered.

Multiple hypothesis testing: a first example

Multiple testing arises when more than one hypothesis is simultaneously involved in a
statistical test. A multiple testing procedure can be seen as a process that associates the
index set of the null hypotheses that it rejects to the index set of the null hypotheses to
be tested. Although each individual test is realized in much in the same way as a single
hypothesis test, the multiplicity of the tests implies different specificities. In particular, if
the null hypotheses form a partition of the state space of the parameter of interest, no null
hypothesis can be favored.
To illustrate the latter remark, we consider the case of a n-normal sample X = (X1, . . . , Xn)
generated from a N(µ, 1) distribution where the (unknown) parameter of interest is µ ∈ R,
and consider the following test:
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H0 : “µ = 0”
H0+ : “µ > 0”
H0− : “µ < 0”

. (1.1)

This test is a special case of the three-sided hypothesis testing considered in [1] and can
be seen as a "multiple reformulation" of the tests of the previous section. The test which
rejects H0 when n1/2Xn exceeds Φ

−1
(α/2) or is smaller than −Φ

−1
(α/2) is a test of level

α. The test which rejects H0+ when n1/2Xn is smaller than −Φ
−1

(α) is a test of level α and
the test which rejects H0− when n1/2Xn exceeds Φ

−1
(α) is a test of level α. Since the three

null hypotheses form a partition of R (the state space of µ), only one null hypothesis can be
incorrectly rejected. In this special case, the "global control" of the type I error is simply
achieved by controlling the type I error of each individual test. In other words, testing
simultaneously the three null hypotheses at level α is sufficient to obtain a global control of
the type I error at level α. In the same way as Figure 1.1, Figure 1.2 draws the conclusions
of the test (1.1).

n1/2Xn0
Φ
−1

(α)−Φ
−1

(α)−Φ
−1

( α2 ) Φ
−1

( α2 )

Test (1.1) no reject µ > 0 µ > 0µ 6 0µ < 0

Figure 1.2 – Three-sided hypothesis test for means in the Gaussian setting (see text).

In Figure 1.2, the shaded part is a part in which no reject can occur. Since the three null
hypotheses form a partition of R, the only conclusion of the three-sided test (in the shaded
part) is that the data are uninformative, no null hypothesis is favored.

The multiple testing (1.1) occurs in concrete situations, typically in the clinical trials.
For instance, in [1], two treatments for treating type 2 diabetes are compared. Assume that
the data correspond to the difference between the blood sugar level under insulin B and the
blood sugar level under insulin A. Then the three-sided test can be reformulated as follows:

H0 : "Insulin A and insulin B have the same efficiency"
H0+ : "Insulin A is more efficient than insulin B"
H0− : "Insulin A is less efficient than insulin B"

. (1.2)

In this case, the multiple testing is a way to prevent conclusions of a clinical trial from
being influenced by the pharmaceutical industry.
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In the previous example, the decisions of tests are obtained by bounding n1/2Xn by
some quantity defined in order to guarantee a control of type I error at an arbitrary level α.
Consequently, if the level changes, another quantity has to be calculated to conclude the
test. This is not convenient in practice. Moreover, the choice of α is quite arbitrary, so why
considering α = 5% and not α = 4% or α = 6%? An interesting alternative is to consider
the p-value. It is the largest α for which the null hypothesis can be rejected at level α.
By nature, the p-value gives the decision of the test at all possible levels. A p-value is a
random variable uniformly distributed on [0, 1] under the null. The intuition behind is to
measure the "probability" of observing the real dataset if the null is true. A "small" p-value
provides evidence against H0 and an "high" p-value indicates that there is no contradiction
between the observed phenomena and the null.

Multiplicity issue

A false positive (also called a false discovery) occurs when more than one hypothesis are
tested simultaneously and a null is incorrectly rejected. If the nulls do not form a partition
of the state space of the interested parameter, the multiplicity issue arises. Control the level
of each individual test is no longer sufficient to guarantee a control of the global error.
Indeed, if all the nulls (potentially very numerous) are independently tested at the same
level (and without multiple testing adjustment), the plurality of the errors will induce a
loss of the global control and the conclusion of the test will be incorrect. For instance,
let us consider a case with m independent hypotheses to test, and a significance level of
5%. What is the probability of observing at least one significant result just by chance?
Figure 1.3 plots the probability of observing at least one false positive by chance.

Figure 1.3 – Probability of observing at least one false positive by chance depending on
the number of null hypotheses (m 7→ 1 − (1 − 0.05)m).
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Indeed, we have

P("get at least one false positive") = 1 − P("get no false positive")
= 1 − (1 − 0.05)m,

where the independence is used for the last equality.
Figure 1.3 illustrates an effect strongly related to the repetition of tests, which can be

summarized as "the more one looks for something, the more one finds it". Even if all of the
tests are actually not significant, the more they rise in quantity, the higher the probability of
getting a false discovery is. The neuroscience research field is concerned by this problem.
More concretely, Figure 1.4 is a typical example of absurd multiple testing decision that can
occur by ignoring the multiplicity issue. Indeed, as shown in [2], some cerebral regions of a
dead salmon can be declared significantly activated by exploring enough cerebral regions.

Figure 1.4 – Multiplicity issue: cerebral activity of a dead salmon [2].

1.2 Criteria and decisions
As seen above, the multiplicity problem is the main issue of a multiple testing procedure.
How to guarantee that the nulls rejected by a multiple testing procedure are not rejected
only by chance? How to measure the quality of a multiple testing procedure? In practice,
the mathematician provides a probabilistic response and relies on two main (the most stud-
ied in the multiple testing literature) criteria: the Family-Wise Error Rate (FWER) and the
False Discovery Rate (FDR). As we have seen, a single hypothesis test focuses on bound-
ing the probability of type I error by the level of the test. In the same manner, a multiple
testing procedure focuses on bounding either the FWER or the FDR by the level of the test.
Thus the hypotheses rejected by a multiple testing procedure depend on the criterion that
we aim at controlling. We now define this criteria more precisely.
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FWER
The type I error can be naturally extended to the multiple testing framework via the FWER.
Given a multiple testing procedure, the FWER is the probability of rejecting at least one
true null hypothesis, that is, making one or more false discoveries. When several hypothe-
ses are tested simultaneously, we have

FWER = P("there exists at least one null hypothesis incorrectly rejected ").

As we have seen, if the nulls do not form a partition of the state space of the interested
parameter, control each individual test at level α is not sufficient to guarantee the control
of the FWER at the same level α. For the latter purpose, we should adjust the level of each
individual test. This process is called in the literature "adjusted/corrected threshold" or
similarly "adjusted/corrected p-values". The classical method to control the FWER is the
Bonferroni’s method [3], which counteracts the problem of multiple comparisons by test-
ing each individual hypothesis at a significance level of α/m, where α is the desired overall
alpha level and m is the number of hypotheses. Although this method is very intuitive, it
could be conservative if there are a large number of false hypotheses relative to the number
of hypotheses being tested. Roughly speaking, it means that, by nature, the Bonferroni’s
method does not provide a "lot" of rejects. Otherwise, this method is very conservative if
the test statistics are correlated. A first improvement has been obtained by Holm [4]. The
Holm method starts with testing the most significant hypothesis by comparing its p-value
to α/m, just as the Bonferroni method. If the hypothesis is rejected, then the p-value of the
second most significant hypothesis is compared to α/(m−1), and so on, until the procedure
comes to a stop. Necessarily, all hypotheses rejected by Bonferroni will also be rejected
by Holm. However the Holm method could reject more hypotheses, that is, while still
remaining the FWER control, the Holm method is more powerful. A lot of less conserva-
tive procedures have been developed over time. In 2010, Goeman and Solari [5] propose
a general framework to describe most of these methods by using the sequential rejection
principle of family-wise error control. From a high level, the gain of power is achieved by
increasing the level of each remaining individual test depending on the hypotheses already
rejected in previous steps.

FDR
A less conservative criterion than the FWER, called False Discovery Rate (FDR), has been
introduced by Benjamini and Hochberg [6] in 1995. This criterion can be more suited for
some contemporary problems. The FDR is defined by the mean of the False Discovery
Proportion (FDP),

FDR = E[FDP], where FDP =
number of false discoveries

number of discoveries
.
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Since the FDP is random, the study of FDR is more challenging from a mathemati-
cal point of view than the study of FWER. In practice, the difficulty relies on the type of
dependence between the test statistics. Chapter 3 introduces some type of dependence as-
sumptions linked to this thesis and Chapter 4 is devoted to the study of the FDR of the BH
procedure with particularly structured dependencies.
Note that even if the FDR control of the BH procedure is only established in some partic-
ular dependency structures (see Chapter 4), this method is now a standard in practice. It is
one of the greatest success of the application of the theoretical statistics in recent years as is
proved by the current 45881 citations of the associated paper of Benjamini and Hochberg
[6].

In order to quantify the quality of a multiple testing procedure, two criteria have been
introduced. Thus, the natural question resulting from the latter is: how to choose a crite-
rion? This is the topic of the following section.

FWER versus FDR
Generally, a FWER control is not better than a FDR control and conversely a FDR control
is not better than a FWER control. Given a problem, we need to choose an appropriate
criterion.

The control of the FWER guaranties that the event "there is no hypotheses wrongly re-
jected" occurs with high probability. The FDR estimates the proportion of false discoveries
among the discoveries. In this respect, the FDR is less restrictive, it is adaptive with respect
to the number of rejects. In [7], Roquain illustrates the philosophical difference between
the FWER and the FDR. We report this illustration in Figure 1.5. Roughly, some null
hypotheses are simultaneously tested using either the Bonferroni’s procedure (for FWER
control) or the BH procedure (for FDR control) or without multiple adjustment. Each reject
is associated to a black dot in Figure 1.5 in such a way that a false discovery falls outside
the gray disk and conversely a correct reject falls inside the gray disk. The FWER control
ensures with high probability that no black dot falls outside the gray disk whereas the FDR
control ensures that the number of black dots outside the disk out of the number of total
black dots is, on average, less than the desired level of the test.

In practice, the FDR controlling procedures are more powerful than the FWER con-
trolling procedures when the false null hypotheses are numerous and even more when the
signal strength is strong (see Figure 1.5, bottom). The latter is at the price of an amount of
false positives.

In conclusion, a strong control of false discoveries is possible with FWER control. This
criterion is relevant when the multiple testing is the last scientific stage before a result is
validated. For instance, the test (1.2) is typically used in such a case. The latter is the
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FWER FDR Uncorrected FWER FDR Uncorrected

Low signal strength Strong signal strength

Figure 1.5 – Discoveries for FWER (left), FDR (middle) and without correction (right).
The shaded parts (resp. white) are associated to the localization of correct (resp.

incorrect) rejects. (Figure 1.2 de [7])

last scientific stage before a treatment for type 2 diabetes control is allowed on the market.
FDR control allows more false discoveries than FWER control. The FDR is non necessary
an inappropriate criterion and can be well-suited for some contemporary issue. In partic-
ular, when the analysis of an experiment resembles exploratory more than confirmatory
research. The following section provides some exploratory experiments.

Finally, remark that when all the null hypotheses to be tested are the true nulls, FDR
and FWER are equivalent criteria. Indeed, in this case, all potential rejects are incorrect
rejects.

1.3 Multiple testing: some contemporary applications

In recent years, helped by decisive technological breakthroughs, the quality and quantity
of data that must be analyzed by the statisticians have become more and more complex.
The researchers have no longer one parameter to study but thousands or even hundreds of
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thousands parameters. Then the multiplicity arises and the question "is it really necessary
to take into account the multiplicity issue?" has nowadays moved in "how to take into
account the multiplicity issue?". Here, we provide a brief overview of the use of multiple
testing in some contemporary research fields. This is hardly exhaustive, we focus on the
most concerned applications with the multiplicity issue. More precisely, by using some
examples from literature, we highlight the link between technological breakthroughs and
mathematical analysis in genomics, neurosciences and atmospheric sciences.

Genomic data
In genomics research field, the DNA microarray is the most significant technological break-
through. From its first steps in 1991 to nowadays, this technology is still on progress. The
most popular use of the DNA microarray is the measure of gene expression. The latter
allows the researchers to measure of hundreds of thousands gene expressions with only
one experiment. In such a case, a multiple testing is typically used to identify the gene
differentially expressed between two conditions and a FDR control is well-suited. Indeed,
within this framework, the role of statisticians is more the result of futurology than of exact
sciences. Providing a list of genes probably differentially expressed, containing few mis-
takes, is more relevant than providing a shorter list by ensuring a strong control of false
positives. We refer the interested reader to [8] for a more complete review of the use of
multiple testing in genomics.

Example 1.1. (Identification of the genes with altered expression in Apo AI deficient mice)
The gene Apo AI is known to play a pivotal role in the HDL metabolism. This study aimed
at identifying the genes with altered expression between Apo AI deficient mice and mice for
which this gene is not deficient. From a mathematical point of view, the dataset is a 6356
(number of studied genes) ×16 (number of mice) real-valued matrix.

Example 1.2. (Comparison between two types of leukemia [10]) This study aimed at iden-
tifying the genes differentially expressed between two types of leukemia. The dataset is a
6817(number of studied genes) ×38 (number of patients) real-valued matrix.

As is emphasized by the two previous examples, the dataset resulting from genomic
experiments provide many variables (studied genes) with few repetitions (the patients).
Furthermore, the genes are potentially dependent. It results from these specificities that the
analysis of genomics data is really challenging for the mathematicians.

Neuroscientific data
Magnetic resonance imaging (MRI) plays a pivotal role in neuroscience research field.
The MRI is a non invasive method to measure brain activity in vivo. In the 70s, the British
physician Peter Mansfield achieved for the first time a mathematical analysis of the MRI
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signals, which allowed to convert these signals into a usable image. Some twenty years
later, thanks to his work on the magnetism of hemoglobin, the Japanese researcher Seiji
Ogawa provided the first functional imaging of the brain. Roughly speaking, the detection
of cerebral activity relies on the measure of the BOLD effect: Blood Oxygen Level Depen-
dent. The BOLD effect reflects the amount of oxygen variations in blood as a function of
brain activity. A brain functional image volume is acquired every 1 to 3 seconds during a
scan. For each acquisition time, each functional image for the whole brain contains about
100, 000 voxels (small cube-shaped regions). Thus, the output of functional MRI (fMRI)
experiment consists in recording time series for each voxel in the whole brain.

Example 1.3. (fMRI activation [11]) Typically, an fMRI experiment aims at identifying
the activated cerebral regions while somebody is doing a task. In such a case, for each
cerebral region, the goal of a multiple testing decision is to infer from the data whether the
activation of a cerebral region is significantly different from zero. Figure 1.6 provides an
example of statistical image resulting from such a test.

Figure 1.6 – Statistical image obtained via a multiple testing in order to identify the
voxels significantly activated during a task. In this case, 7505 voxels are tested [11].

This type of experiment has a high financial cost and is uncomfortable for the patient.
Thus, in the same way as genomics data, the mathematical challenge comes from the fact
that there is numerous variables (voxels or cerebral regions) with few repetitions (acquisi-
tion time). Additionally, this type of dataset is known to be highly correlated.

In neuroscience research field, the multiplicity issue seems to have been taken into
account late. According to an investigation of six major neuroimaging papers, 25% to 30%
of publications related to fMRI data analysis override the problem of multiplicity in 2008
[12].
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Atmospheric data
The atmosphere of Earth is a set of layers of gases surrounding the planet. Helped by more
and more powerful satellites, it is now possible to measure from space, the composition of
Earth’s atmosphere around the globe. From a mathematical point of view, the dataset is a
gridpoint associated to a part of the atmosphere at a fixed level. For each point of the grid,
the satellite recording is associated to a time series from which a test statistic is deduced.
This kind of dataset is known to be highly correlated in space [13].

Example 1.4. (Weather forecasting [14]) The SOI index is a climatic index which mea-
sures the difference of atmospheric pressure between Tahiti and Darwin, in Australia. This
study aimed at determining if this index could be useful to weather forecasting in winter in
northern hemisphere. In this respect, the multiple testing was used to identify the statistical
significant correlations between the SOI index (for June/July/August) and the measures of
the atmospheric pressure in northern hemisphere (for December/January/February). Here,
the explored part corresponds to 936 points (see Figure 1.7).

Figure 1.7 – Correlations between the SOI index in summer and values of atmospheric
pressure in winter in northern hemisphere (see text) - Figure 5.6 from [14].

The multiplicity issue seems also to be neglected in a large number of geophysical
studies. During the first half of 2014, less than 3% of articles including a multiple testing
analysis out of the 281 published in Journal of Climate, used corrected thresholds [15].

This thesis is motivated by the analysis of the functional magnetic resonance imaging
(fMRI). The following section briefly introduces the latter from a statistical point of view
and situate the multiple testing with respect to our problem.
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1.4 Application to estimation of cerebral connectivity in
neurosciences

In recent years, helped by decisive technological breakthroughs, the number of neuroimag-
ing studies based on functional Magnetic Resonance Imaging (fMRI) analysis has exploded
(see Figure 1.8).

Figure 1.8 – Number of papers per year in the google scholar database using the
keywords fMRI study.

The person involved in a such study may come from various backgrounds: neuro-
science, psychology, physics and statistics, among others. An fMRI study provides very
noisy data with a "complicated" covariance structure. In this regards, the role of statisti-
cians is crucial to understand the nature of the data and obtain relevant results that can be
interpreted by neuroscientists.

fMRI data analysis

From a mathematical point of view, the output of fMRI experiment consists in a time series
for each voxel contained in the whole brain. As we have seen, the voxels contained in the
whole brain are numerous. In order to do statistics, the size of data must be decreased by
selecting a subset of voxels and aggregating measurements across them [16]. This selection
can be based on purely anatomical or functional constraints, or a combination of the two.
fMRI experiments are typically used either to identify cerebral connectivity or to identify
which regions of a brain are activated while someone is doing a task or having a social
behavior (e.g. selfishness, jealousy, altruism etc . . .). The latter instigated a major crisis in
neuroscience research field in 2008. The following section relates the controversy.
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Crisis in neuroimaging
With their paper "Voodoo Correlations in Social Neuroscience" [16] published at the end
of 2008, the authors have given rise to a spirited debate (1216 citations on google scholar).
They first pointed out statistical incoherences in the fMRI data analyses, especially when
we are focused on correlation. They claimed that many studies which provide correlations
between social behavior and measures of brain activation obtained by using fMRI should
not be believed. They sustained that a lot of reported correlations are "impossibly high".
Indeed, the correlation between two measures is upper bounded by the reliability of these
two measures. For fMRI measures, according to [16], the reliability was not supposed
to be greater than 0.75. Thus, the authors of [16] conducted a literature review of many
articles for which correlations resulting on fMRI experiments were reported. As we can
see in Figure 1.9, there is a lot of correlations greater than 0.75. So, what is the problem ?

Figure 1.9 – Results of [16]: A histogram of the correlations resulting on fMRI
experiments seen in the studies identified for analysis in [16]. Blue line: upper bound of

reliabilities of fMRI and trait measures.

One of the practice condemned by the authors of this investigation is double-dipping:
the method used to select which voxels should be tested is not independent of the tests
performed on the resulting regions. They also claimed that large correlations from whole-
brain regression analyses may just be due to noise. This assertion was contradicted in [17].
Moreover, the fMRI data analyses imply multiple comparisons, and they asserted that "ad-
justments of threshold are commonly employed". However, as we have seen previously,
a study [12] (also conducted in 2008) showed that a lot of the authors still continued to
ignore the multiplicity issue.

From our point of view, "properly" performed corrections for multiple testing allow
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researchers to circumvent the problems raised by [16]. Even if one takes into account the
multiplicity problem, one must apply a multiple testing procedure adapted to the covari-
ance structure and this is the most challenging point. In this regards, the need for methods
to "correctly" analyze fMRI data (i.e. adapted to the data without being too much conser-
vative) gives rise to exciting new challenges for mathematicians.

Multiple testing for an estimation of cerebral connectivity

It comes from neurosciences that identifying the cerebral regions which exchange signals
allows us to understand the underlying cognitive process. Thus this thesis is motivated by a
resting state fMRI study, that is, an estimation of the regional interactions that occur when
a subject is not performing an explicit task. In this regards, from a mathematical point of
view, the cerebral regions are seen as the vertices of a graph in which an edge between
two vertices means that the associated regions exchange signals. Additionally we aim at
identifying the set of edges by a multiple testing.

Interest:

fMRI data

Modelization:

Graphical model

Mathematical tool:

Multiple testing

modelization construction
of the graph

Figure 1.10 – The different scopes dealt with in this thesis.

Thus, this thesis relies on three distinct research fields: the medical imaging (the in-
terest), the graphical models (the chosen modelling) and the multiple testing (the chosen
mathematical tool to solve our problem). Throughout this thesis, we will use some known
results of the first two research fields. The contributions of this thesis concern the multiple
testing theory. More precisely, considering correlation as a connectivity measure between
pairs of subset of cerebral regions, the aim is to identify pairs that are significantly corre-
lated by using a multiple testing procedure. The issue of the latter is to detect the pairs
while preserving a type I error control. We will focus either on the control of the FWER,
here defined as

FWER = P("there exists at least one pair of cerebral regions that are declared wrongly significant"),
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or on the FDR control, that is the mean of the FDP, here defined as

FDP =
number of pairs of cerebral regions that are declared wrongly significant

number of pairs of cerebral regions that are declared significant
.

Thanks to the multiple testing approach, it could be possible to control (via the FWER
or the FDR) the edges incorrectly included in the graph of cerebral connectivity that we
wish to build. This is a multiple testing problem under strong dependence and as previously
mentioned this dependence will be the main difficulty from a mathematical point of view.
In order to get strong theoretical results, the new results of this thesis hold in the Gaussian
setting, which is bolstered by a rich literature. So, this manuscript deals with the problem
of FDR and FWER control with particularly structured dependencies in order to analyze
the fMRI data.
We conclude this introduction with the organization of this thesis.

Organization of this manuscript

Chapter 2 briefly introduces graphical models. It is hardly exhaustive but sufficient to
understand the approach considered in this thesis: the use of multiple testing to estimate
the cerebral connectivity when correlation is used as connectivity measure between two
cerebral regions. Further, we propose a review of existing methods of graph inference in
order to situate the multiple testing with respect to the contemporary literature (relatively
to our problem).

Chapter 3 provides a rigorous formulation of the multiple testing research field. In par-
ticular, the two criteria (FWER and FDR) studied in this thesis are defined as well as some
structured dependencies considered in the literature and connected with this manuscript.
We introduce some FWER controlling procedures and the procedure of Benjamini and
Hochberg (BH). We report some existing results for FDR control of the BH procedure.
We also propose a new bound for the latter procedure that holds under a weaker positive
dependence assumption than those known to obtain an FDR control.

Chapter 4 deals with the FDR control of the BH procedure with particular structured
dependencies when the test statistics are normally distributed. In particular, we justify
theoretically, for the first time to our knowledge, some results that significantly improve
the bound of Benjamini and Yekutieli under non necessary positive dependence structures.
Within this framework, our study seems to indicate that the FDR control of the BH proce-
dure holds whatever the covariance matrix is.
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Chapter 5 is devoted to the study of the type I errors control when the test statistics have
an asymptotic Gaussian distribution. We review some multiple testing procedure known to
provide an asymptotic FWER control and we clarify some proofs (it will be clearly indicate
in such a case). We also provide some theoretical results for the asymptotic FDR control
that are not yet sufficient for testing correlations.

Chapter 6 is dedicated to the numerical properties of the methods presented in Chapter 5
through the analysis of both simulated and real data.
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Chapter 2

Graphical models

This chapter briefly introduces the graphical models in order to completely justify theoret-
ically the considered modelling. We also establish the link between graph inference and
multiple testing and we propose a multiple testing formulation of our problem.

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.2 Well-posed problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.2.2 Concentration graph . . . . . . . . . . . . . . . . . . . . . . . 50

2.2.3 Covariance graph . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.3 How to infer the concentration or covariance graph? . . . . . . . . 54

2.3.1 A brief review . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.3.2 Multiple testing approaches . . . . . . . . . . . . . . . . . . . 55

2.1 Introduction
The way towards an understanding of several complex phenomena (such as e.g. iden-
tification of functional relationships between genes, reconstruction of brain connectivity
networks, or weather prediction) relies both on modelling (statistical analysis) and on ex-
perimentation (data collection). It is thus crucial that everyone involved in these different
tasks, in order to communicate efficiently with each other, share a language they all un-
derstand. For the person who drives the experiments (e.g., in a medical environment), an
appropriate model should be simple enough to be made sense of, as well as being able
to outline the complexity of the observed phenomenon. For a statistician, an appropriate
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model should be simple enough to study, while at the same time being as general and real-
istic as possible.

Graphical models stand as the perfect answer to these objectives. On the one hand,
they are easily deciphered due to their graphical representation. On the other hand, they
are powerful in depicting a complex reality, and they provide a simple statistical base (even
more so in the Gaussian case considered here), bolstered by a rich literature.

As we have previously mentioned (see Figure 1.10), this work is motivated by the es-
timation of cerebral connectivity networks. Roughly speaking, within this framework, we
assume that the variables (cerebral regions) indices are vertices of an unknown graph that
we wish to build. An edge between two vertices will indicate that the two corresponding
cerebral regions are "dependent". The two measures (as measure of cerebral connectivity
for an fMRI experiment) traditionally considered are either the correlation between two
variables or the partial correlation (also called conditional correlation in Gaussian setting)
between two variables, which is the correlation between these two variables while control-
ling the effect of all the other ones. These two measures seem to be equally considered
in the literature without any neuroscientific motivation behind the choice of the measure.
For instance, in [18] the correlation is considered whereas the partial correlation is used in
[19]. Thus, throughout this manuscript we consider these two measures.

Setting and aim
Throughout this chapter, let us consider the following statistical model,(

Rd⊗n
,B

(
Rd

)⊗n
, {Nd(0,Γ)}⊗n

)
,

where Γ is unknown and Γii = 1 for all i = 1, . . . , d. From a technical point of view we
should assume that Γ is invertible. Let X ∼ Nd(0,Γ) and X(n) =

(
X(1), . . . , X(n)

)
be an n-

sample of X.
Following [20], we define a graph G as a pair G = (V, E), where V is a finite set of vertices
and the set of edges E is a subset of the set V × V . The connection between a graph G and
the statistical model is made by identifying the vertices V of the graph G with the variables
X1, . . . , Xd. Thus, the edge set E induces dependence properties.
Our goal is to infer the graph of marginal or conditional dependencies between X1, . . . , Xd

from the n-sample X(n).

Note that it is a very hard problem in general and not assuming the Gaussian hypothesis
is a very hard challenge among others. For instance, the high dimensional problems (partic-
ularly when d > n or d/n increases while being smaller than one), the sparsity assumptions

48



2.2. WELL-POSED PROBLEMS

in real applications or the control of false positive and false negative edges included in the
graph.

2.2 Well-posed problems
Keep in mind that all of the following results hold only in the Gaussian setting with in-
vertible covariance. For more general results related to graphical models, we refer the
interested reader to the book of Lauritzen [20].

While many types of graphical models exist, we shall focus on undirected graphical
models (also called a random Markov field). Indeed, the problem of the extraction of "the"
graph of marginal (or conditional) dependencies from a n-sample is an ill-posed problem
for other types of graphical models (see Chapter 7 of [21] for instance).

2.2.1 Preliminaries
Let G = (V, E) be a graph. An undirected edge, denoted {i, j} ∈ E, is an edge with both
(i, j) and ( j, i) ∈ E. The graph G is an undirected graph if all edges {i, j} ∈ E are undirected.
In this case, for all i, j ∈ V , we have

i G∼ j⇔ there is an undirected edge between i and j in G.

Figure 2.1 provides an example of such a graph.

1

2 3

4

5

Figure 2.1 – An undirected graph G = (V, E) with V = {1, 2, 3, 4, 5} and
E =

{
{1, 2}, {1, 5}, {2, 3}, {3, 4}, {3, 5}, {4, 5}

}
.

Now, let us provide some basic definitions related to the graph theory that will be useful
for the two following sections. Let G = (V, E) be an undirected graph.
For all i ∈ V , the neighbors of i in the graph G, denoted by ne(i), are defined as

ne(i) := { j : j G∼ i} .,

The class of i, denoted by cl(i), is defined as

cl(i) := ne(i) ∪ {i} .
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And the non neighbors of i in the graph G, denoted by nn(i), are defined as

nn(i) := V\cl(i).

For instance, in the graph of Figure 2.1, the neighbors of 5 are ne(5) = {1, 3, 4}, the class of
5 is cl(5) = {1, 3, 4, 5} and the non neighbors of 5 are nn(5) = {1, . . . , 5}\{1, 3, 4, 5} = {2}.
An undirected graph G′ = (V ′, E′) is a subgraph of G, denoted by G′ ⊂ G, if V ′ ⊂ V and
E′ ⊂ E. Thus, a subgraph of G is entirely determined by a subset of vertices of G, there is
no additional edge.

Armed with these preliminary definitions, we are now in position to formally intro-
duce our problem of graph inference. As mentioned, we aim at inferring two types of
graph: the graph of conditional dependencies and the graph of marginal dependencies be-
tween X1, . . . , Xd. In the next two sections, following [22], we introduce different types
of Markov properties for each type of graphs. Moreover we prove that the two problems
are well-posed and amount to estimate respectively the locations of the nonzero entries of
the precision matrix (also called concentration matrix) Γ−1 and the locations of the nonzero
entries of the covariance matrix Γ.

2.2.2 Concentration graph
First, we focus on the conditional dependencies between X1, . . . , Xd. LetG be an undirected
graph. The random vector X satisfies the Markov local property with respect to G if for all
i ∈ {1, . . . , d},

Xi y Xnn(i)

∣∣∣ Xne(i). (2.1)

In that case, X is a Gaussian graphical model with respect to G. This yields an equivalence
between the property “the distribution of X is a Gaussian graphical model with respect
to G” and the specification of some conditional independences with respect to G. For in-
stance, if X is a Gaussian graphical with respect to the empty graph (graph with no edge)
then X1, . . . , Xd are independent variables. Conversely, if X is a Gaussian vector then X
is a Gaussian graphical model with respect to the complete graph (each pair of vertices is
linked by an edge). Moreover if G′ is a subgraph of G and X is a Gaussian graphical model
with respect toG′ then X is a Gaussian graphical model with respect toG. Thus there exists
a minimal graph (for the inclusion) such that X is a Gaussian graphical model with respect
to G. In the following, we define this graph and we prove that it is unique.
The conditional independence relationships between X1, . . . , Xd are encoded in the preci-
sion matrix K = Γ−1. Let GK be an undirected graph such that for all i, j ∈ {1, . . . , d},

i GK
∼ j⇔ Ki j , 0. (2.2)

GK is called concentration graph and it satisfies the following theorem.
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Theorem 2.1. Let L(X) = Nd(0,Γ). For graph GK defined by (2.2), we have

1. X is a Gaussian graphical model with respect to GK .

2. GK is the minimal graph (for the inclusion) with respect to L(X).

In order to prove Theorem 2.1, we recall some additional results.

Proposition 2.1. Let U,W,Z be random variables having a density. Assume that all con-
ditional densities exist, are well-defined and strictly positive. Then,

U y W
∣∣∣ Z ⇔ f (u | z) = f (u | z,w).

Proof.
U y W

∣∣∣ Z ⇔ f (u,w | z) = f (u | z) f (w | z)

⇔ f (u | z) =
f (u,w | z)
f (w | z)

⇔ f (u | z) =
f (u,w, z)/ f (z)

f (w | z)

⇔ f (u | z) =
f (u | z,w) f (z,w)

f (w | z) f (z)
= f (u | z,w).

�

Proposition 2.2. Let U,V,W,Z be random variables having a density. Assume that all
conditional densities exist, are well-defined and strictly positive. Then,

U y (V,W)
∣∣∣ Z ⇒ U y V

∣∣∣ (Z,W).

Proof. Assume that,
U y (V,W)

∣∣∣ Z. (2.3)

Then,
f (u, v, z,w) = f (u, v,w | z) f (z)

= f (u | z) f (v,w | z) f (z) by using (2.3)
= f (u | z,w) f (v,w, z) by using Proposition 2.1.

�

Lemma 2.1. Let I = {1, . . . , k} and J = {1, . . . , d}\I. Let Y =

(
YI

YJ

)
∼ Nd(0,Γ). Assume that

the precision matrix can be written as follows,

K =

(
KII KIJ

KJI KJJ,

)
where KII ∈ Mk(R), KJJ ∈ Md−k(R), KIJ ∈ Mk×(d−k)(R) and KJI ∈ M(d−k)×k(R).
Then L(YI

∣∣∣YJ) = Nk

(
−K−1

II KIJYJ,K−1
II

)
.
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Proof. Let h be the conditional density of YI with respect to YJ. We have:

h(yI |yJ) ∝
1

(2π)k/2 exp
{
−

1
2

yT
I KIIyI − yT

I KIJyJ −
1
2

yT
J

(
KJJ − Γ−1

JJ

)
yJ

}
, (2.4)

where ΓJJ is the covariance matrix of YJ and “y ∝ z” means that y is proportional to z.
Using the block matrix inversion formula:(

A B
C D

)−1

=

(
E−1 −E−1G
−FE−1 D−1 + FE−1G

)
, where


E = A − BD−1C
F = D−1C
G = BD−1

,

we obtain Γ−1
JJ = KJJ − KJIK−1

II KIJ. The lemma follows by using this result in (2.4). �

We are now in position to prove Theorem 2.1.

Proof. (Theorem 2.1)

1. Let i ∈ {1, . . . , d}, I = {i} ∪ nn(i) and J = ne(i). The restriction of Γ−1 to I is given

by KII =

(
Kii 0
0 Knn(i)nn(i)

)
. We deduce from Lemma 2.1 that the conditional density

of XI given XJ is Gaussian with covariance matrix K−1
II =

(
K−1

ii 0
0 K−1

nn(i)nn(i)

)
. Since the

equivalence between independence and null covariance holds in Gaussian setting,
we obtain that L(X) ∼ GK .

2. Let G be an undirected graph such that L(X) ∼ G. We want to prove that GK is

minimal i.e. GK ⊆ G. Let (i,j) ∈ {1, . . . , d}2 = V2 be such that i
G
/ j. The previous

result is achieved by proving the following contrapositive statement: if i
G
/ j then

Ki j = 0. L(X) ∼ G means that Xi y Xnn(i)

∣∣∣ Xne(i) by using the definition. Since i
G
/ j

then j ∈ nn(i). From Proposition 2.2 it follows that,

Xi y Xnn(i)

∣∣∣ Xne(i), Xnn(i)\{ j}.

Since ne(i) ∪ (nn(i)\{ j}) = V\{i, j}, then Xi y Xnn(i)

∣∣∣ XV\{i, j}. Thus Xi y X j

∣∣∣ XV\{i, j}

that is Ki j ∝ cov(Xi, X j

∣∣∣XV\{i, j}).

�

Thus, the minimal graph GK of a standard non degenerated Gaussian vector is unique
and entirely determined by the zeros of the precision matrix. Thus, the inference of the
graph of conditional dependencies between X1, . . . , Xd is a well-posed problem and con-
sists of estimating the locations of the nonzero entries of K. With other words, it consists
of inferring the concentration graph.
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2.2.3 Covariance graph
Now, we focus on the marginal dependencies between X1, . . . , Xd. Let G be an undirected
graph. The random vector X satisfies the marginal Markov local property with respect to
G if for all i ∈ {1, . . . , d},

Xi y Xnn(i). (2.5)
In that case, X is called a covariance graph model [23] with respect to G and the marginal
dependence relationships between X1, . . . , Xd are encoded in the covariance matrix Γ. Let
GΓ be an undirected graph such that for all i, j ∈ {1, . . . , d},

i GΓ
∼ j⇔ Γi j , 0. (2.6)

GΓ is called covariance graph. Since the equivalence between independence and null
covariance holds in Gaussian setting, a similar result than Theorem 2.1 can be stated.

Theorem 2.2. Let X ∼ Nd(0,Γ). For graph GΓ defined by (2.6), we have

1. X is a covariance graph model with respect to GΓ.

2. GΓ is the minimal graph (for the inclusion) with respect to L(X).

Thus, the inference of the graph of marginal dependencies between X1, . . . , Xd is a well-
posed problem and consists of estimating the locations of the nonzero entries of Γ. With
other words, it consists of inferring the covariance graph.

We end this section with an illustration in Figure 2.2 of the link between a graph and
the zeros in the matrix that encodes the considered dependencies.

1

2 3

4

5

54321
1

2

3

4

5

* * 0 0 *

* * * 00

0 * * **

0 0 * **

* 0 * **

Figure 2.2 – Link between an undirected graph and the zeros in the matrix that encodes
the considered dependencies.

If the graph of Figure 2.2 represents a covariance graph, we can for instance read the
following relationships: X1 y X3 and X5 y X2. If this graph represents a concentration
graph, X1 is no longer independent of X3 but we have X1 y X3

∣∣∣ {X2, X5} and X5 is no longer
independent of X2 but X5 y X2

∣∣∣ {X1, X3, X4}.

We have thus checked that our problems are well-posed but actually how to solve them?
This is the topic of the two following sections.
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2.3 How to infer the concentration or covariance graph?

2.3.1 A brief review
Identify the zeros of the covariance or precision matrices is called covariance selection,
as stated first in [24]. In this regards, from our point of view, three main approaches are
used at the moment: Graphical Lasso, Bayesian graphical models and multiple testing for
structured dependencies.
Driven by a wide range of contemporary applications, as seen in Chapter 1, statisticians
must analyze high dimensional data. Unfortunately, all the well-known results (in the case
of Gaussian variables) based on estimators obtained by maximum likelihood (see for ex-
ample, [25]) are not true anymore when n < d. Indeed, the maximum likelihood estimator
of the covariance matrix becomes singular and is no more invertible. Otherwise, in [26],
the author shows that when d

n increases while being smaller than one, the maximum likeli-
hood provides a non consistent estimate, because its eigenvalues do not converge to those
of the covariance matrix. This comes from theory of random matrices. Several methods
have tried to reduce the number of parameters through assumption of sparsity for example
or structured matrices. Note that, as mentioned in [27], since the covariance matrix and
precision matrix encode different relationships, it is not possible to get at the same time
sparse covariance and precision matrix, except for very particular cases ([28],[29]).
In graphical models, we are only interested in locating the zeros of the matrices (precision
or covariance), so model selection may be more appropriate and less demanding. In the
following of this section, we will present different methods for covariance selection. All of
these methods have been developed under various structural assumptions to guarantee an
accurate estimation of (covariance or precision) high-dimensional matrices.

Methods based on empirical covariance matrix and its inverse. Usually no sparsity
assumption is made in these work. These include the banding methods in [30] and [31],
thresholding rules in [32] for instance, shrinkage estimation in [33] and convex optimiza-
tion techniques in [34]. These methods generally provide good performances for the co-
variance matrices, but it is hardly preserved for the precision matrices because of the in-
version of the matrices.

Methods based on penalized likelihood estimation. This problem is formalized as a
log-likelihood maximization with penalization (see for example [35] or [36]). This prob-
lem is difficult both in terms of finding a fast algorithm to solve the problem and in terms
of deriving the statistical properties of the estimator.
The now classical method called Graphical Lasso (Glasso) [37] is proposing a very fast
and simple algorithm to solve the log-likelihood maximization with sparsity constrained
via adding a l1 penalization term. The statistical properties of the estimator has been stud-
ied in detail in [38]. Several problems of this approach has been reported in [39]. First,
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it is possible to construct an example where the estimator is not consistent [40]. Two
equivalent conditions are needed for the Glasso estimators to be consistent: neighborhood
stability conditions [41] or irrepresentability condition [38]. Alternative methods to the
problem of neighborhood stability conditions have been proposed. These include for ex-
ample scaled Lasso in [42], adaptive Lasso and non convex SCAD penalties in [43], non
convex truncated Lasso in [44], additional nuclear norm penalty in [45], k-roots in [46] and
cluster Lasso in [47]. Another problem induced by the Glasso approaches is that all the
values are shrinked, not only the zeros [46].
Notice that similar methods using Lasso approaches have been developed to work with the
covariance matrix [48].

Non likelihood based methods. Besides the previous methods based on a penalized log-
likelihood method, several approaches have been proposed using different strategies, either
close to the covariance selection of [24] or using empirical risks minimization [27]. These
include neighborhood selection in [41], Dantzig selector in [49] or [50], CLIME in [51],
scaled Lasso in [52] or l1 penalised D-trace loss minimisation in [53].

Usually, in all the approaches above, the estimation of the covariance structure and the
model selection occur at the same time and no control of false error edges identification
is conducted. A new way that allows a control of false error edges identification relies on
multiple testing procedures. The next section focuses on this approach.

2.3.2 Multiple testing approaches

There exists two types of hypothesis testing problems for covariance structures: global
testing for the overall pattern of the covariance structures and simultaneous testing of a
large collection of hypotheses for the local covariance structures such as pairwise correla-
tions (see [54] for a general survey). As already mentioned, this thesis focuses on the latter.
Within this framework, in multiple testing approaches, the covariance selection is divided
into two different stages: first we get an estimation of the considered matrix (precision or
covariance matrix) and then model selection is achieved through a multiple test based on
the entries of this matrix.

More formally, let G = (V, E) be an undirected graph. Assuming that X is a Gaussian
(or covariance) graphical model with respect to G (unknown), we aim at obtaining an
estimator Ĝ = (V, Ê) of the minimal graph of G from an n-sampleX(n) of X, that is inferring
the concentration (or covariance) graph from X(n). Denote H =

{
{i, j}, 1 6 i < j 6 d

}
the

index set of all possible (undirected) edges in G and m = d(d − 1)/2 its cardinality.
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Infer the concentration graph by multiple testing. Assume that X is a Gaussian graph-
ical model with respect to G. Thus, by definition, X satisfies the Markov local property. In
fact, it is easy to see that X also satisfies the so-called pairwise Markov property: for all
i ∈ V , for all j ∈ V such that j ∈ nn(a),

Xi y X j | ne(i).

Moreover, the partial correlation coefficients can be expressed using the precision matrix
as follows.

Corollary 2.1. For all i, j ∈ {1, . . . , d},

cor
(
Xi, X j | Xk : k , i, j

)
=
−Ki j√
KiiK j j

.

Proof. We apply Lemma 2.1 with I = {i, j} and J = Ic. We have:

K−1
II =

(
Kii Ki j

Ki j K j j

)−1

=
1

KiiK j j − K2
i j

(
K j j −Ki j

−Ki j Kii

)
.

By using the definition of partial correlation, we obtain

cor
(
Xi, X j | Xk : k , i, j

)
=

−Ki j

KiiK j j − K2
i j

√
KiiK j j − K2

i j√
K j j

√
KiiK j j − K2

i j
√

Kii
=
−Ki j√
KiiK j j

.

�

Then using Theorem 2.1 we have that, for all (i, j) ∈ V2,

Ki j = 0⇔ Xi y X j

∣∣∣ XV\{i, j} ⇔ ρ{i, j}.V\{i, j} = 0,

where ρ{i, j}.V\{i, j} = −Ki j/
√

KiiK j j is the partial correlation between Xi and X j. Thus, infer-
ring the concentration graph can be achieved through the following m tests:

H0,h : ρh.V\{h} = 0 against H1,h : ρh.V\{h} , 0, h ∈ H . (2.7)

Infer the covariance graph by multiple testing. Assume that X is a covariance graph
model. Thus, in particular, for all i ∈ V , for all j ∈ V such that j ∈ nn(i), we have

Xi y X j.

Moreover, for all i, j ∈ V ,

cor (Xi, X j) =
Γi j√
ΓiiΓ j j

.
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Then using Theorem 2.2 we have that, for all (i, j) ∈ V2,

Γi j = 0⇔ Xi y X j ⇔ ρ{i, j} = 0,

where ρ{i, j} = Γi j/
√

ΓiiΓ j j is the (marginal) correlation between Xi and X j. Thus, inferring
the covariance graph can be achieved through the following m tests:

H0,h : ρh = 0 against H1,h : ρh , 0, h ∈ H . (2.8)

One advantage of the multiple testing approaches is that the incorrect edges included
in Ĝ can be controlled. We can state an equivalent formulation (in terms of graphs) of the
control of the traditional errors considered (FWER and FDR) in multiple testing frame-
work. Indeed, there is an edge between i and j in Ĝ if and only if the corresponding null
hypothesis H0,h is rejected. Since for all h ∈ H , h ∈ E if H0,h is false and H1,h is true,
another way of stating FWER control is:

P(there exists h ∈ H such that H0,h is rejected and true ) 6 α

⇔ P(there exists h ∈ H such that h in Ê and not in E ) 6 α

⇔ P(there exists i, j such that there exists an edge between i and j in Ĝ and not in G ) 6 α

⇔ P(Ĝ * G) 6 α

⇔ P(Ĝ ⊂ G) > 1 − α.

In other words, a FWER controlling procedure identifies the set of the edges that are not
included in G with probability 1 − α. The latter infers a subgraph of G rather than a graph
with more edges. We can analogously state the asymptotic FWER control in terms of
graphs. A multiple testing procedure provides an asymptotic control of the FWER at level
α if:

lim sup
n→+∞

P(Ĝ ⊆ G) > 1 − α.

For instance, as we will see in details in Chapter 5, Drton and Perlman [55] proposed an
asymptotic FWER controlling procedure for the estimation of a Gaussian graphical model.
Their method is valid for m < n but for m > n, the sample partial correlation coefficients
are not well defined.

We can also state a formulation of the FDR control in terms of graphs. Controlling the
FDR at level α allows us to select a graph Ĝ such that the proportion of incorrect edges
among all the edges of Ĝ is smaller than or equal to α in expectation, that is,

E

number of edges incorrectly included in Ĝ

number of edges included in Ĝ

 6 α.
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In addition, a multiple testing procedure provides an asymptotic control of the FDR at
level α if:

lim sup
n→+∞

E

number of edges incorrectly included in Ĝ

number of edges included in Ĝ

 6 α.
For instance, Cai and Liu [56] establish a large-scale multiple testing procedure for testing
correlations that controls the FDR at the price of sparsity assumptions. Their assumptions
are related to the signal and weaker than usually. Roughly speaking, their method requires
"small" correlation coefficients rather than null coefficients. Their results are proved when
the number of tests tends to the infinity. Other procedures have been recently proposed, for
example in [57], [58] or [59].

Advantages and drawbacks of graph inference procedures of the two previous sections
are summed up by Table 2.1. This table is a brief table and roughly aggregates a lot of
methods. For each aggregation, we give possible advantage(s) or disadvantage(s) of one of
these methods, without exhaustiveness.

Covariance selection
Methods - - ++

Covariance matrix - bad performances for the - no sparsity assumption
and take the inverse precision matrices - good performances

(shrinkage, thresholding, - no control of false edges for the covariance matrices
convex optimization . . .) identification

penalization added - the estimator is not always
to likelihood consistent

estimation (Glasso, - Shrink all the values not only computational cost
scaled Lasso, k-roots, the zeros

cluster Lasso, non convex - no control of false edges
truncated Lasso . . .) identification

Non likelihood estimation - computational cost
(neighborhood selection, - no control of false edges no Gaussian assumption

Dantzig selector, identification
CLIME, scaled Lasso . . .)

- control of false error
Multiple testing technically challenging edges identification

for dependent tests - take into account some previous
knowledge about the graph

Table 2.1 – Advantages and drawbacks of graph inference procedures defined in Section
2.3.1 and Section 2.3.2.
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2.3. HOW TO INFER THE CONCENTRATION OR COVARIANCE GRAPH?

So, this chapter has theoretically justified the considered modelling and introduced a
multiple testing formulation of our problem via the problem of testing correlation (tests
(2.8)) or partial correlation (tests (2.7)). Then, the natural following steps are: the con-
struction of test statistics and the construction of a multiple testing procedure.

In what follows, for the sake of clarity, the index of edges is denoted by i j instead of
{i, j}, for all h ∈ H . Throughout this manuscript, we assume that d < n. In this case, the
maximum likelihood estimator of correlation, denoted by ρ̂n,· = (̂ρn,h)h∈H , is well-defined
and is expressed as

ρ̂n,h =

1
n

∑n
l=1 X(l)

i X(l)
j − XiX j

σ̂(Xi)σ̂(X j)
, (2.9)

where Xi = 1
n

∑n
l=1 X(l)

i and σ̂(Xi) =

√
1
n

∑n
l=1

(
X(i)

l − Xi

)2
. Then, the correlation test (2.8)

can be based on the following test statistic:

Tn,h

(
X(n)

)
=
√

n ρ̂n,h.

Moreover, Aitkin [60] established the asymptotic normality of the vector of empirical cor-
relations.

Proposition 2.3 (Aitkin [60]). The vector of empirical correlations ρ̂n,· = (̂ρn,h)h∈H is
asymptotically normal,

√
n(̂ρn,· − ρ·)

L
−−−−−−→

n→+∞
Nm(0,Ω(Γ)),

with

Ω(Γ) = (ωi j,kl)(i j,kl)∈H2 given by (2.10)

ωi j,i j =
(
1 − ρ2

i j

)2
,

ωi j,il = −
1
2
ρi jρil

(
1 − ρ2

i j − ρ
2
il − ρ

2
jl

)
+ ρ jl

(
1 − ρ2

i j − ρ
2
il

)
,

ωi j,kl =
1
2
ρi jρkl

(
ρ2

ik + ρ2
il + ρ2

jk + ρ2
jl

)
+ ρikρ jl + ρilρ jk − ρikρ jkρkl − ρi jρikρil − ρi jρ jkρ jl − ρilρ jlρkl.

Similar result of Proposition 2.3 holds for the vector of the empirical partial correla-
tions ρ̂h.V\{h} if we replace all ρi j by ρi j.V\{i j} in the equation (2.10), where the sample size n
should also be replaced by nd = n − d + 1 [25].
Consequently, the multiple testing problems (2.8) and (2.7) can be viewed as multiple test-
ing problems for means when the covariance matrix is unknown in the asymptotic Gaussian
setting. In this regards, we need to construct a relevant (in terms of error control) multiple
testing procedure. As a first step, Chapter 4 investigates the FDR of the BH procedure
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when the covariance is known in Gaussian setting. Then, Chapter 5 is devoted to the con-
struction of multiple testing procedures that (asymptotically) control the FWER or FDR in
asymptotic Gaussian setting. Before moving to the problem of construction of a multiple
testing procedure, we should formally introduce the multiple testing research field. This is
the topic of the next chapter.
We end up with a summary of the organization of this manuscript.
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Real problem: identify the cerebral connectivity

Modelization: graphical model

Mathematical tools: multiple testing

test statistics or p-values

Choice of the criterion

FWER FDR

FWER controlling procedure FDR controlling procedure

Application to real dataset

Chapter 4Chapter 5

Chapter 6

Chapter 3

Chapter 2

Chapter 1

Figure 2.3 – Organization of the manucript.

61



CHAPTER 2. GRAPHICAL MODELS

62



Chapter 3

Multiple testing framework

This chapter presents the mathematical background (which will be used throughout this
manuscript) of multiple testing theory. We formally introduce the two main criteria of
quality considered in the literature, that is the FWER and the FDR. Moreover, several
assumptions concerning the dependency structure are discussed, for which we report some
results about FWER control and FDR control. Our contributions in this chapter are: some
corrections of proofs relative to the least favorable configurations for FDR control of the
Benjamini-Hochberg (BH) procedure, and we propose a new upper-bound for the FDR of
BH procedure valid under weaker positive dependence assumption than positive properties
traditionally considered in the literature.
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CHAPTER 3. MULTIPLE TESTING FRAMEWORK

3.1 Setting

3.1.1 Model
Let (X,X,P) be a statistical model. We observe X generated from P ∈ P. For all fixed m >
2, let (M0,i)16i6m be a sequence of subsets of P. We consider the problem of testing the null
hypotheses H0,i :"P ∈ M0,i" against the alternative hypotheses H1,i :"P ∈ Mc

0,i" simultane-
ously for all i ∈ {1, . . . ,m}. For all P ∈ P, we denote byH0(P) = {i ∈ {1, . . . ,m}, P ∈ M0,i}

the set of indexes i for which P satisfies H0,i, that is the index set of the true null hy-
potheses. We also denote by m0(P) = |H0(P)| its cardinality. Similarly, for all P ∈ P, let
H1(P) = {1, . . . ,m}\H0(P) be the set of indexes i for which P does not satisfy H0,i (the
false null hypothesis) and we denote by m1(P) = m − m0(P) its cardinality. We aim at
identifying the true/false null hypotheses based on the knowledge of X. In this regards, a
multiple testing procedure relies on the sequence of p-values p(X) = (pi(X))16i6m ∈ [0, 1]m

resulting from each m individual tests. From now on, we write p instead of p(X) for short
(even if it actually depends on the observations). Throughout this thesis, assume that each
p-value corresponding to a true null hypothesis must be stochastically lower-bounded by a
uniform variable, namely

∀P ∈ P,∀i ∈ H0(P),∀u ∈ [0, 1],P(pi 6 u) 6 u. (3.1)

This assumption is usually used in the literature and with words, it can be seen as a
generalization of the construction of a single test to the case of multiple null hypotheses.
Indeed, the event " the null hypothesis is rejected at level α" occurs with probability lower
than or equal to α for a single hypothesis test at level α.
The probably most common illustration of multiple testing is given by the Gaussian sta-
tistical model for which we aim at identifying the non null means. Let X be a Gaussian
vector with mean µ ∈ Rm and covariance matrix Σ, which is assumed to satisfy Σii = 1. For
all i ∈ {1, . . . ,m}, two multiple testing problems are traditionally considered:

• one-sided case: H0,i : "µi 6 0" against H1,i : "µi > 0", 1 6 i 6 m,

• two-sided case: H0,i : "µi = 0" against H1,i : "µi , 0", 1 6 i 6 m.

In the one-sided case (resp. two-sided), the associated p-values are defined as pi =

Φ(Xi) (resp. pi = 2Φ(|Xi|)), 1 6 i 6 m. We can merely check that these p-values satisfy the
property (3.1).

Formally speaking, a multiple testing procedure is a measurable function of the obser-
vations R : [0, 1]m → P({1, . . . ,m}), which returns a set R(p) ≡ R corresponding to the
index set of null hypotheses that are rejected. This set R is given by

R = {1 6 i 6 m : pi(X) 6 t̂},

where t̂ ∈ [0, 1] is a random variable that possibly depends on the family of the p-values.
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3.1.2 Criteria and decisions

Accounting for the multiplicity of individual tests can be achieved by controlling an appro-
priate error rate. We present here the two main criteria considered in the literature.

Family-Wise Error Rate (FWER)

The notion of type I error can be naturally extended to the multiple testing framework by
the Family-Wise Error Rate (FWER). The FWER depends on the rejected set R and on the
(unknown) distribution P of the observations. The FWER corresponds to the probability
of rejecting at least one true null hypothesis, namely

∀P ∈ P, FWER(R, P) = P(|R ∩ H0(P)| > 1). (3.2)

Section 3.3 provides some examples of FWER controlling procedures.

False Discovery Rate (FDR)

By denoting Q the proportion of false discoveries, for all P ∈ P, the FDR is defined as
follows

FDR(R, P) = E[Q], where Q =
|R ∩ H0(P)|
|R| ∨ 1

. (3.3)

"|R| ∨ 1" is the maximum between |R| and 1 in order to guarantee the well-definition of Q
when no hypothesis is rejected (|R| = 0). Throughout this manuscript when the set R will
be identify without ambiguity, R will be dropped in the notation for short and we will write
FDR(P) instead of FDR(R, P). In the same way, if P depends on only one parameter θ, we
will write FDR(θ) and m0 (resp. m1) instead of m0(θ) (resp. m1(θ)).

Despite there is a philosophical difference between FWER control and FDR control,
these two criteria are not disconnected from each other. Since 0 6 Q 6 1,

∀P ∈ P, FDR(R, P) = E[Q] 6 P(Q > 0) = FWER(R, P).

Therefore a FWER controlling procedure is also a FDR controlling procedure. This
obviously does not hold conversely. Since the FDR is upper bounded by the FWER, FDR
control is easier to guarantee than FWER control (at the same level). Thus the FDR control-
ling procedures reject generally more hypotheses than the FWER controlling procedures.
Otherwise note that if all null hypotheses are true, Q is a binomial random variable and
FDR and FWER are equivalent criteria.
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3.2 Dependence assumptions
The statistical study of the FDR is very challenging from a mathematical point of view
because the cardinality of the rejected set R is random. To get rigorous controlling results,
given a multiple testing procedure, some assumptions (rarely corresponding to realistic
situations) relying on the distribution P of X, are traditionally considered. The strongest
but very convenient in practice assumption is the independence, namely

(pi(X), i ∈ H0(P)
)

is a family of mutually independent variables,

and
(
pi(X), i ∈ H0(P)

)
is independent of

(
pi(X), i ∈ H1(P)

)
.

Under this assumption, a lot of both FWER and FDR controlling procedures have been
developed. When the independence assumption is no longer valid, the accurate controlling
results proposed in the literature generally hold under positive dependence assumption.
Here, we present some different assumptions of the general notion of positive dependence
and we precise the relation between these assumptions. For a more complete review, we
refer the interested reader to [61] for example, for bivariate distribution.

3.2.1 MTP2 : multivariate total positivity of order 2
The notion of positive dependence, called Multivariate Total Positivity of order 2 (MTP2),
has been first introduced by T.K. Sarkar in 1969 [62]. If the joint density f of the p-values
satisfies the following property

∀y, z ∈ Rm, f (y) f (z) 6 f (min(y, z)) f (max(y, z)),

then the p-values are MTP2, where the minimum (resp. maximum) between y and z should
be considered component-wise. Let us report some examples for which the distribution
considered is MTP2.

Example 3.1. All families of independent random variables have an MTP2 joint density.

Example 3.2. [62] Let us consider the problem of simultaneously testing means in the
one-sided Gaussian setting. For all invertible matrix Σ, if

P ∈ {Nm(µ,Σ) : for all i , j,−(Σ−1)i j > 0}

then the MTP2 property is satisfied for the p-values.

Example 3.3. [63] Let us consider the problem of simultaneously testing means in the
two-sided Gaussian setting. For all invertible matrix Σ, for all diagonal matrix D such that
i ∈ {1, . . . ,m},Dii ∈ {−1, 1}, if

P ∈ {Nm(0,Σ) : for all i , j,∃ D, (−DΣ−1D)i j > 0}
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then the MTP2 property is satisfied for the p-values.
For instance, a special case of interest is the centered positive equi-correlated case,

P ∈ {Nm(0,Σ(ρ)), ρ > 0},

where Σ(ρ) is the matrix such that Σii(ρ) = 1 and Σi j(ρ) = ρ for i , j. Indeed, Σ−1(ρ) can
be written as cM ∈ M(Rm) where

c = (1 − ρ)−1 1+(m−1)ρ−ρ
1+(m−1)ρ

Mi,i = 1
Mi, j = −

ρ

1−ρ+(m−1)ρ pour tout i , j
.

Thus, by choosing D = Im, we can check that for all i , j, (−DΣ−1D)i j > 0.

3.2.2 PRD: positive regression dependence
The notion of positive dependence called Positive Regression Dependence (PRD) was first
introduced by Lehmann [64] in the bivariate case. Let us begin by defining the notion of
increasing set. An increasing set D ∈ [0, 1]m is characterized by the following property

For all y, z ∈ [0, 1]m such that for all i ∈ {1, . . . ,m}, yi 6 zi and y ∈ D, then z ∈ D.

p is PRD if for all increasing set D, for all {p1, . . . , pi} ⊂ p, P(p ∈ D | p1 = v1, . . . , pi =

vi) is increasing in (v1, . . . , vi).

By conditioning by only one variable and when the monotonicity condition is only
relied on one subset of p, a weaker notion of positive dependency can be defined, which is
called Positive Regression Dependency on each one from a Subset (PRDS). The family p
is said PRDS on S ∈ {1, . . . ,m} if for all increasing set D ∈ [0, 1]m, the function u 7→ P(p ∈
D | pi = u) is nondecreasing for all i ∈ S . Thus, by definition, if p is PRD then p is PRDS
on all subsets of {1, . . . ,m}. In addition, if p is a family of independent random variables
then p is PRDS on all subsets of {1, . . . ,m}.

Otherwise, a weaker dependence property than PRDS, which is called weak PRDS, is
usually considered. The only difference between these two types of dependence is that the
weak PRDS property requires that the function P(p ∈ D | pi 6 u) (instead of P(p ∈ D | pi =

u)) is nondecreasing in u.

Proposition 3.1. For all P ∈ P, if (pi(X))16i6m is PRDS onH0(P) then (pi(X))16i6m is also
weak PDRS onH0(P).

A proof of this result is proposed in the proof of Proposition 3.6 of [65].
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Karlin and Rinott [66] showed that the MTP2 property implies the PRDS property. Thus
if p is MTP2 then p is in particular PRDS on H0(P) and thus also weak PRDS. Therefore
the previous examples 3.1 and 3.2 provide also PRDS distributions. Note that even if the
PRDS property is weaker than the MTP2 property, the MTP2 property is often easier to
establish in practice.

Example 3.4. [67] Let us consider the problem of simultaneously testing means in the
one-sided Gaussian setting. If

P ∈ {Nm(µ,Σ) : for all i ∈ H0, and for all j , i,Σi j > 0},

then the p-values are PRDS onH0(P).

We finally provide two counter-examples for which the PRDS property does not hold.

Counter-example 3.1. Yekutieli [68] shows that the dependence induced by the absolute
values of a Gaussian vector is not positive. In other words, for the problem of simultane-
ously testing means in the two-sided Gaussian setting, the tests statistic are not positively

dependent. Let X1 ∼ N(0, 1) and X2 = X1 + 2. Then (X1, X2) ∼ N2

((
0
2

)
,

(
1 ρ
ρ 1

))
where

ρ = 1 and

P
(
|X2| > 1

∣∣∣ |X1| = t
)

=

1 for t < 1 or t > 3
1/2 for 1 6 t 6 3

.

Counter-example 3.2. [68] For all i , j let Xi, j = (Zi − Z j)/
√

2 where Z1, . . . ,Zm are
independent and identically distributed (i.i.d) from N(0, 1). Then

{
|X3,2|, |X3,1|, |X2,1|

}
is not

PRDS. Indeed, let D =
{
(X3,2, X3,1) : |X3,2| > 1, |X3,1| > 1

}
be a nondecreasing set in

|X3,2|, |X3,1|. We can merely check that L(X3,2 | X2,1 = t) = N(−t/2, 3/4). Since X3,1 =

X2,1 + X3,2, for 0 < t < 2, D can be written as {X3,2 > 1} ∪ {X3,2 < −1− t} and it follows that

P
(
D

∣∣∣ |X2,1| = t
)

= 2Φ

(
−1 − t/2
√

3/4

)
,

is decreasing in t.

3.2.3 PA: positive association
The notion of Positive Association (PA) was first introduced by Esary and al [69] in 1967.
The random variables X1, . . . , Xm are PA if for all nondecreasing functions f and g, the
following property is satisfied,

cov( f (X1, . . . , Xm), g(X1, . . . , Xm)) > 0,
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as soon as the quantities E[ f (X)], E[g(X)] and E[ f (X)g(X)] are well-defined.

Let us provide some natural properties, which are useful to understand the relation
between the PA and the next type of dependence presented in this section.

Proposition 3.2. All nondecreasing functions of positively associated random variables
are positively associated.

Proposition 3.3. If X1, . . . , Xm are binary random variables that are positively associated
then 1 − X1, . . . , 1 − Xm are binary random variables that also are positively associated.

By using Proposition 3.3, we are able to prove the following theorem:

Theorem 3.1. If X1, . . . , Xm are binary random variables that are positively associated,
then

P(X1 = 1, . . . , Xm = 1) > P(X1 = 1) . . . P(Xm = 1) (3.4)

and
P(X1 = 0, . . . , Xm = 0) > P(X1 = 0) . . . P(Xm = 0). (3.5)

Proof. Let γ(X) = X1 and δ(X) = X2 . . . Xm be two nondecreasing functions of X. By using
the definition of positive association, we obtain that E[X1 . . . Xm] > E[X1]E[X2 . . . Xm]. Re-
peating the application of the same argument enables us to write E[X1 . . . Xm] > E[X1] . . .E[Xm].
Since X is a binary random variable, E[X] = P(X = 1), (3.4) holds. Finally, (3.5) is ob-
tained by using (3.4) and Proposition 3.3. �

We finally provide an example of statistics positively associated.

Example 3.5. [67] For the problem of simultaneously testing means in the one-sided Gaus-
sian setting, if P ∈ {Nm(µ,Σ) : for all i , j,Σi j > 0} then the p-values are PA.

3.2.4 PLOD: positive lower orthant dependence
The type of positive dependence called Positive Lower Orthant Dependence (PLOD) is a
generalization of positive quadrant dependence introduced by Lehmann [64] in the bivari-
ate case to the multivariate case.

For all constant b ∈ Rm, for all Z ∈ Rm, the notation "Z 6 b" should be considered
component-wise. Z is said PLOD if for all constant b ∈ Rm, the following inequality holds,

P(Z 6 b) >
m∏

i=1

P(Zi 6 bi). (3.6)

Theorem 3.2. [70] If X is PA then X is PLOD.
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Proof. Let b ∈ Rm. For all i ∈ {1, . . . ,m}, let Yi be the binary random variable defined as:
Yi = 1 if Xi > bi, Yi = 0 if Xi 6 bi. By using Proposition 3.2, we have that Y1, . . . ,Ym are
positively associated and the result follows from Theorem 3.1. �

Another remarkable example (since the result requires few assumptions) of PLOD
statistics is given by the Šidák’s inequality (1967) [71]:

Theorem 3.3. (Šidák’s inequality) If X ∼ Nm(0,Σ) and Σ is invertible then |X| is PLOD
e.g. for all positive constant b ∈ Rm, the inequality (3.6) is satisfied for Z = |X|.

Note that Theorem 3.3 holds for all invertible Σ, the only "real" requirement is to be
centered (µ = 0, that is being under the full null in a multiple testing framework). This
theorem especially still holds even if there exists some indexes i, j for which Σi j < 0. This
result has been established a few years ago (1958) by Dunn [72] in the cases either m = 2
or m = 3 or by using additional assumptions on Σ.

The Šidák’s inequality relies on a theorem of Anderson (Corollary 2 in [73]), which
generalizes to the dimension m the following intuitive result:
Let f : R→ R be a density function such that

1. For all x ∈ R, f (x) = f (−x),

2. For all x ∈ R, for all 0 6 k 6 1, f (kx) > f (x).

Then for all l > 0, max
{ ∫

I
f (x)dx, I ⊂ R, |I| = l

}
is attained for I = [−l/2, l/2] e.g.

max
{
P(X ∈ I), I ⊂ R, |I| = l

}
is attained for I = [−l/2, l/2].

Figure 3.1 illustrates this result when f is the density function of the centered Gaussian
distribution.

x 7→ f (x)

l
l∫

f (x)dx >
∫

f (x)dx

Figure 3.1 – Given an interval of fixed size l,
∫

f (x)dx is maximal when this interval is
centered at the origin when f is the density function of the centered Gaussian distribution.

The generalization of this result to the dimension m is stated as follows:

Theorem 3.4. (Anderson). Let X ∈ Rm be a random vector having a density f satisfying
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1. for all x ∈ Rm, f (x) = f (−x),

2. Ku = {x ∈ Rm : f (x) > u} is convex for all u > 0.

Let E be a convex set and symmetric about the origin. Let Y ∈ Rm be a determinist vector.
Then for all 0 6 k 6 1,

P(X + kY ∈ E) > P(X + Y ∈ E). (3.7)

The proof of Šidák’s inequality relies on Theorem 3.4. We refer the interested reader
to the supplementary results, see proof A.1.1.

We now conclude this section by summering the relations between the different notions
of positive dependence presented in this section:

INDEP
independence

MTP2
multivariate total positivity

of order 2

PRD
positive regression dependence

PA
positive association

PLOD
positive lower orthant dependence

PRDS
positive regression dependency

on subset

wPRDS
weak PRDS

Note that the two types of dependence PA and PRDS are not related to each other.
The examples 3.4 and 3.5 show that the PRDS property does not imply the PA property.
Otherwise, Lehmann [64] provides several counter-examples in the bivariate case, which
prove that the conversely is not true anymore.

3.3 Classical FWER control

Many procedures that control the FWER were build over time. We here choose to focus
on two of them: the Bonferroni’s procedure, which is the most intuitive correction and the
Šidák’s procedure, which is in connection with this manuscript.
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As mentioned in Chapter 1, the Bonferroni’s correction (̂tbon f = α/m) is the first method
used to counteract the problem of multiple comparisons by controlling the FWER. Indeed:

∀P ∈ P, FWER(R, P) = P
( ⋃

i∈H0(P)

{pi 6 t̂bon f }
)
6

∑
i∈H0(P)̂

tbon f 6
αm0(P)

m
. (6 α) (3.8)

Note that the multiple testing procedure based on the Bonferroni’s correction is valid
whatever the structure of dependence of p-values is. When all the tested null hypotheses
are independent, the FWER of Bonferroni’s method is equal to 1− (1−α/m)m ' α when α
is small. Thus under independence, the Bonferroni’s procedure is almost sharp. However,
when there is a lot of false hypotheses regarding to the number of tested null hypotheses,
this procedure is extremely conservative. Indeed, the bound 3.8 satisfies αm0

m = α−αm1
m << α

when m1/m is large.

We now report another example (in connection with this manuscript) of FWER con-
trolling procedure. When the p-values are PLOD, a FWER controlling procedure can be
derived by the Šidák’s inequality: for all i ∈ {1, . . . ,m}, the procedure that rejects H0i when
pi 6 1 − (1 − α)1/m = t̂sidak, controls the FWER at level α. Indeed, for all P such that p is
PLOD, we have

FWER(R, P) = 1 − P
( ⋂

i∈H0(P)

{
pi > t̂sidak

})
= 1 − P

( ⋂
i∈H0(P)

{
pi > 1 − (1 − α)1/m

})
. (3.9)

By using the Šidák’s inequality (see Theorem 3.3), (3.9) is upper bounded by

1 −
∏

i∈H0(P)

P(pi > 1 − (1 − α)1/m) 6 1 −
∏

i∈H0(P)

1 −
(
1 − (1 − α)1/m

)
6 1 − (1 − α)m0/m

6 α.

Note that since t̂sidak > t̂bon f , the Šidák’s procedure is more powerful than the Bonfer-
roni’s procedure.

3.4 Classical FDR control
The most famous procedure that potentially controls the FDR is the Benjamini-Hochberg
(BH) procedure [6]. We here focus on this approach.
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3.4.1 The BH procedure
By denoting (p(i))16i6m the family of the ordered p-values, the index set of rejected null
hypotheses by the BH procedure is given by

RBH =
{
i ∈ {1, . . . ,m}, pi 6 α̂k/m

}
, (3.10)

where k̂ = max{k ∈ {0, . . . ,m} : p(k) 6 αk/m} with the convention p(0) = 0. Figure 3.2
provides an example in the case of five simultaneous tests.

k 7→ αk/m

k

p(k)

N
NN

N p-values rejected by the BH procedure

Figure 3.2 – For m = 5 tests, the BH procedure rejects 3 hypotheses.

In order to obtain the index set of rejected hypotheses by the BH procedure, we compare the
ordered p-values p(1) 6 . . . 6 p(m) with the critical constants of BH procedure tk = αk/m,
k = 1, . . . ,m. So, the index set of the rejected hypotheses relies on the largest ordered
p-value that is upper bounded by its critical threshold. This process classifies the BH pro-
cedure as a step-up procedure. More generally, considering any sequence of nondecreasing
constants (τk)16k6m, the index set of rejected hypotheses by the step-up procedure based on
the critical constants τk, k = 1, . . . ,m, denoted by S U(τ), is given by

RS U(τ) =
{
i ∈ {1, . . . ,m}, pi 6 τ̂k

}
, (3.11)

where k̂ = max{k ∈ {0, . . . ,m} : p(k) 6 τk} with the convention p(0) = 0.

3.4.2 Bounds of FDR of BH procedure: known results
FDR control for BH procedure

The BH procedure has been developed in 1995 in order to guarantee an FDR control when
the test statistics are independent. In 2001, Benjamini and Yekutieli proved that BH proce-
dure still provides FDR control when the test statistics are PRDS.
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Theorem 3.5. Under the weak PRDS assumption, the BH procedure provides an FDR
control at level αm0/m [67], namely if P ∈ P is such that the p-values are weak PRDS on
H0(P), then

FDR(P) 6 m0(P)α/m. (3.12)

Note that in the independent case, the inequality (3.12) is an equality when the p-values
are uniform. Even if the independence assumption (resp. PRDS assumption) is rarely
satisfied in realistic situations, it provides a remarkable theoretical result: the control of the
FDR.
Under the PRDS assumption, we report a shorter proof than the original proof of Benjamini
and Yekutieli, which is mentioned for instance in [74].

Proof. For all P ∈ P, we have

FDR(P) =

m∑
k=1

1
k
E[|R ∩ H0(P)|.1|R|=k]

=

m∑
k=1

1
k
E
[ ∑

i∈H0(P)

1pi6
αk
m
.1|R|=k

]
6
α

m

∑
i∈H0(P)

m∑
k=1

P
(̂
k = k

∣∣∣∣ pi 6
αk
m

)
.

Furthermore, the set {p ∈ [0, 1]m tel que k̂(p) < k − 1} is a nondecreasing set. Thus by
using the PRDS assumption, the function u 7→ P(̂k 6 k − 1 | pi = u) is a nondecreasing
function. Thus the function u 7→ P(̂k 6 k − 1 | pi 6 u) is also a nondecreasing function.
This yields

m∑
k=1

P
(̂
k = k | pi 6

αk
m

)
=

m∑
k=1

[
P
(̂
k 6 k | pi 6

αk
m

)
− P

(̂
k 6 k − 1 | pi 6

αk
m

)]
6

m∑
k=1

[
P
(̂
k 6 k | pi 6

αk
m

)
− P

(̂
k 6 k − 1 | pi 6

α(k − 1)
m

)]
6 P

(̂
k 6 m | pi 6 α

)
6 1.

Finally,

FDR(P) 6
α

m

∑
i∈H0(P)

m∑
k=1

P
(̂
k = k | pi 6

αk
m

)
6 αm0(P)/m.

�
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On least favorable configurations for FDR control for the BH procedure

Without any assumption on the dependence structure of the p-values, Benjamini and Yeku-
tieli provided an upper bound for the FDR of BH procedure [67]. Moreover Guo and Rao
[75] proved that this bound is sharp by constructing a very artificial probability distribution
of p-values. We here report the details of this construction and we propose an alternative
proof for the sharpness of the bound of Benjamini and Yekutieli. Otherwise, we will see in
Chapter 4 that this bound can be improved for more realistic dependence structures.

Theorem 3.6. Whatever the dependence structure of the p-values is, for all P ∈ P, we
have [67]:

FDR(P) 6
m0(P)

m
α

m∑
i=1

1
i
. (3.13)

Moreover, for all m0 ∈ {0, . . . ,m}, if α
[
m1(P)

m
+

m0(P)
m

m0∑
j=1

1
j

]
6 1, and if for all distribution

ν on [0, 1]m with m0 uniform marginals, there exists P∗ ∈ P with |H0(P∗)| = m0 and
(pi(X))i ∼

X∼P∗
ν, then there exists a joint distribution of p-values for which the bound (3.13)

is attained [75].

Note that the bound (3.13) is not sufficient to guarantee the FDR control at level α as
soon as m is higher than or equal to 2.

Proof. Let us begin by proving the inequality (3.13). In this regards, we consider the
convention 0

0 = 0. For P ∈ P, we have

FDR(P) =
∑

i∈H0(P)

m∑
k=1

1
k
P

(̂
k 6 k, pi 6

αk
m

)
−

1
k
P

(̂
k 6 k − 1, pi 6

αk
m

)

6
∑

i∈H0(P)

m∑
k=1

1
k
P

(̂
k 6 k, pi 6

αk
m

)
−

1
k
P

(̂
k 6 k − 1, pi 6

α(k − 1)
m

)

6
∑

i∈H0(P)

m∑
k=1

1
k
P

(̂
k 6 k, pi 6

αk
m

)
−

1
k − 1

P

(̂
k 6 k − 1, pi 6

α(k − 1)
m

)

+
∑

i∈H0(P)

m∑
k=2

(
1

k − 1
−

1
k

)
P

(̂
k 6 k − 1, pi 6

α(k − 1)
m

)

6
∑

i∈H0(P)

1
m
P(pi 6 α) +

∑
i∈H0(P)

m∑
k=2

1
k(k − 1)

P

(
pi 6

α(k − 1)
m

)

6
αm0(P)

m
+
αm0(P)

m

(
1
2

+ . . . +
1
m

)
.
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Now, let us to construct a probability distribution P∗ that attains this bounds. Let
(Ui)16i6m be a family of independent random variables such that Ui ∼ U

[
i−1
m α,

i
mα

]
, 1 6

i 6 m and Um+1 ∼ U
[
α, 1

]
. Let N a random variable taking values in {1, . . . ,m + 1} and

generated from the following law:

P(N = n) =



m0

m
1
n
α if 1 6 n 6 m0

α/m if m0 + 1 6 n 6 m

1 −
[
m1

m
+

m0

m

m0∑
j=1

1
j

]
α if n = m + 1

.

Depending on the value of N, we associate one p-value to each index 1, 2, . . . ,m, by the
following way:

• Case N = n ∈ I0 = {1, . . . ,m0}: pick n indexes {i1, . . . , in} := I0,n randomly and with-
out replacement in I0. For all j ∈ {1, . . . , n}, the index i j is associated to pi j = Un.
For all s ∈ {1, . . . ,m}\I0,n = I\I0,n, the index s is associated to ps = Um+1.

• Case N = n ∈ I1 = {m0 + 1, . . . ,m}: choose the indexes i1, . . . , im0 in I0 and pick ran-
domly and without replacement the (n − m0) remaining indexes in I1. We denote by
I1,n := {i1, . . . , im0 , im0+1 , . . . , in} the index set of picked indexes. For all j ∈ {1, . . . , n},
the index i j is associated to pi j = Un. For all s ∈ I\I1,n, the index s is associated to
ps = Um+1.

• Case N = m + 1: for all i ∈ I0, the index i is associated to pi = Um+1. For all j ∈ I1,
the index j is associated to p j = U1.

Now, we show that this construction induces the following property

∀i ∈ I0,∀x ∈]0, 1[,P(pi 6 x) = x.

Let i ∈ I0. For all x ∈]0, 1[,

P(pi 6 x) =
∑m0

n=1 P
(
pi 6 x

∣∣∣ N = n
)
P(N = n) +

m∑
n=m0+1

P
(
pi 6 x

∣∣∣ N = n
)
P(N = n)

+ P
(
pi 6 x

∣∣∣ N = m + 1
)
P(N = m + 1). (3.14)

If n ∈ I0, we have
P
(
pi 6 x

∣∣∣ N = n
)

= P
(
pi 6 x

∣∣∣ N = n, i ∈ I0,n
)
P
(
i ∈ I0,n

∣∣∣ N = n)

+ P
(
pi 6 x

∣∣∣ N = n, i ∈ I0\I0,n
)
P
(
i ∈ I0\I0,n

∣∣∣ N = n)

= P(Un 6 x)
n

m0
+ P(Um+1 6 x)

m0 − n
m0

.
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If n ∈ I1, we have
P
(
pi 6 x

∣∣∣ N = n
)

= P
(
pi 6 x

∣∣∣ N = n, i ∈ {i1, . . . , im0}
)
P
(
i ∈ {i1, . . . , im0}

∣∣∣ N = n)

= P(Un 6 x).
Finally if n = m + 1, we have
P
(
pi 6 x

∣∣∣ N = m + 1
)

= P
(
pi 6 x

∣∣∣ N = m + 1, i ∈ I0
)
P
(
i ∈ I0

∣∣∣ N = m + 1)

= P(Um+1 6 x).
Thus (3.14) can be written as

P(pi 6 x) =
∑m0

n=1 P(Un 6 x)
α

m
+

m0∑
n=1

P(Um+1 6 x)
α

m
m0 − n

n

+

m∑
n=m0+1

P(Un 6 x)
α

m
(3.15)

+ P(Um+1 6 x)
[
1 −

m − m0

m
α −

m0

m
α

m0∑
j=1

1
j

]
.

For all i ∈ I0, we establish that the constructed p-values are uniform by considering the
three cases,

1. x ∈
[
(̃n − 1)α/m, ñα/m

[
⊂

[
0,m0α/m

[
,

2. x ∈
[
(̃n − 1)α/m, ñα/m

[
⊂

[
m0α/m, α

[
,

3. x ∈ [α, 1[.

We have:

1.

P(pi 6 x) =

ñ−1∑
n=1

P(Un 6 x)
α

m
+ P(Uñ 6 x)

α

m

= (̃n − 1)
α

m
+
α

m
x − (̃n − 1)α/m

α/m
= x

2.

P(pi 6 x) =
m0

m
α +

ñ−1∑
n=m0+1

P(Un 6 x)
α

m
+ P(Uñ 6 x)

α

m

=
m0

m
α +

α

m
(̃n − m0 − 1) + x −

ñα
m

+
α

m
= x
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3.

P(pi 6 x) =
m0

m
α +

α

m
P(Um+1 6 x)

m0∑
n=1

m0 − n
n

+
m − m0

m
α

+ P(Um+1 6 x)
[
1 −

m − m0

m
α −

m0

m
α

m0∑
j=1

1
j

]

= α +
α

m
P(Um+1 6 x)

[
m0

m0∑
n=1

1
n
− m0

]
+ P(Um+1 6 x)

[
1 −

m − m0

m
α −

m0

m
α

m0∑
j=1

1
j

]
= α + (1 − α)P(Um+1 6 x)

= α + (1 − α)
x − α
1 − α

= x.

Moreover, we can merely check that this construction induces the following value of
the FDP:

FDP(P∗) =


1 si 1 6 n 6 m0

m0/n si m0 + 1 6 n 6 m
0 si n = m + 1

.

This yields

FDR(P∗) = E[ FDP(P∗) ]

= E

[ m+1∑
n=1

E
[

FDP(P∗) | N = n
]
1{N = n}

]
=

m0∑
n=1

E

[
E
[

FDP(P∗ )| N = n
]︸                    ︷︷                    ︸

=1

1{N = n}
]

+

m∑
n=m0+1

E

[
E
[

FDP(P∗) | N = n
]︸                    ︷︷                    ︸

= m0/n

1{N = n}
]

+ E

[
E
[

FDP(P∗) | N = m + 1
]︸                          ︷︷                          ︸

=0

1{N = m + 1}
]

=

m0∑
n=1

P(N = n) +

m∑
n=m0+1

m0

n
P(N = n)

=

m0∑
n=1

m0

m
1
n
α +

m∑
n=m0+1

m0

n
α

m
,

and the desired bound is proved, FDR(P∗) = αm0
m

∑m
n=1

1
n . �
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Under a weaker condition than the PRDS assumption, Guo and Rao [76] proved that
the critical constants of BH procedure are somewhat optimal.

Theorem 3.7. For all distribution P ∈ P, among all step-up procedures S U(τ) having
a nondecreasing sequence of critical values (τk)16k6m, which controls the FDR at level
αm0(P)/m, that is

FDR
(
RS U(τ), P

)
6
αm0(P)

m
,

and such that

∀i ∈ H0(P),
m∑

k=1

P
(
|RS U(τ)| = k

∣∣∣ pi 6 τk

)
6 1, (3.16)

the critical constants of the BH procedure are optimal, namely

∀P ∈ P,∀S U(τ) such that (τ, p) satisfies (3.16), we have ∀k ∈ {1, . . . ,m}, τk 6 tk.

Note that this notion of optimality is weaker than the one usually considered because
assumption (3.16) concerns both the law of the p-values and the sequence of critical con-
stants (τk)16k6m. Our contribution is the correction of some steps in the proof of Theo-
rem 3.7. Here, we provide the sketch of proof and we refer the interested reader to the
supplementary results (see A.1.3) for the whole proof and the details of corrections.

Proof. (Sketch of proof of Theorem 3.7)

Let (τk)16k6m be a nondecreasing sequence of critical constants and k1 = max
{

arg max
k∈{1,...,m}

{
τk
k

}}
.

This proof is divided into three steps.
First, we show that for all P ∈ P, for all procedure S U(τ) such that (τ,p) satisfies (3.16),
then FDR(RS U(τ), P) 6 m0(P)τk1/k1 and by using the same construction than in Theo-
rem 3.6, we show that there exists a probability distribution P∗ for which the joint distribu-
tion of the p-values attains this bound.
Second, we prove that the joint distribution of these p-values satisfies the assumption (3.16)
but is not PRDS on {1, . . . ,m0}.
We finally obtain the desired result (the optimality of BH thresholds) by using the definition
of k1. �

3.5 A new result: relaxation of the PRDS condition
From now on, given a probability distribution P ∈ P, assume that the family of p-values
is PRDS on one subset of H0(P). In this case, the only bound that is valid for the FDR is
the bound of Benjamini and Yekutieli. The idea of the following theorem is to exploit the
gap between the very general bound of Benjamini and Yekutieli and the bound valid under
PRDS assumption. Thus by taking into account the control of the FDR on the positively

79



CHAPTER 3. MULTIPLE TESTING FRAMEWORK

correlated subset of H0(P), we aim at improving the bound of Benjamini and Yekutieli
in such a case. The relaxation of the PRDS assumption is particularly motivated by the
neuroscientific application presented in Chapter 1. Indeed, it seems that the correlations
between the different areas of the brain are mostly positive [77].

Theorem 3.8. For all P ∈ P, let I0
+(P) ⊂ {i ∈ H0(P), (p j)16 j6m is PRDS on i} and I0

−(P) =

H0(P)\I0
+(P). Then, we have

FDR(P) 6
α

m

(
|I0

+(P)| + |I0
−(P)|

m∑
k=1

1
k

)
. (3.17)

Proof. For all P ∈ P,

FDR(P) 6
α

m

∑
i∈H0(P)

m∑
k=1

P(̂k = k | pi 6 αk/m)

6
α

m

∑
i∈I0

+(P)

m∑
k=1

P(̂k = k | pi 6 αk/m) +
α

m

∑
i∈I0
−(P)

m∑
k=1

P(̂k = k | pi 6 αk/m)

FDR(P) 6
α

m

(
|I0

+(P)| + |I0
−(P)|

m∑
k=1

1
k

)
where the last inequality is obtained by using Theorem 3.5 in the first member of the

expression and the bound of Benjamini and Yekutieli for the second. �

Note that when |I0
+(P)| = 0, the inequality (3.17) is equivalent to the bound of Benjamini

and Yekutieli. Otherwise, when |I0
−(P)| = 0 we obtain the control of the FDR for the

positively dependent test statistics.

Corollary 3.1. Let γm =
∑m

j=1 1/ j. For all P ∈ P, if |I0
−(P)| 6 (m − m0(P))/(γm − 1) then

FDR(P) 6 α.

Proof. The result follows from that for all P ∈ P,

|I0
−(P)| 6 (m − m0(P))/(γm − 1)⇔ (γm − 1)|I0

−(P)| 6 m − m0(P)

⇔ |I0
+(P)| + |I0

−(P)| + |I0
−(P)|γm − |I0

−(P)| 6 m

⇔ |I0
+(P)| + |I0

−(P)|γm 6 m.

�

Example 3.6. If P = Nm(µ,Σ) and for all i = 1, . . . ,m, we consider the problem of testing
the null hypotheses H0,i : "µi = 0" against the alternative hypotheses H1,i : "µi > 0". Then
I0
+ = {i ∈ H0,Σi. > 0} satisfies the assumption of Theorem 3.8.
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For instance, considering the matrix Σ =



1 −ρ 0 . . . 0

−ρ 1 0
...

0 0 . . .
. . .

...
...

. . .
. . . 0

0 . . . . . . 0 1


with ρ > 0, we have

I0
+ = {i ∈ {1, . . . ,m} : µi = 0 and ∀ j , i,Σi j > 0}, I0

− = {i ∈ {1, . . . ,m} : µi = 0 and ∃ j ,
i,Σi j < 0} and |I0

−| = 2. By using Corollary 3.1, the BH procedure provides an FDR control
at level α if m1 > 2(γm − 1) ∼ 2 log m. While this condition seems to be reasonable, it may
be hard to check in practice.
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Chapter 4

On BH procedure in the two-sided
Gaussian setting

This chapter investigates the quality of the BH procedure in the two-sided Gaussian set-
ting. We are interested in studying bounds on FDR of BH valid under some particularly
structured dependencies. Our contributions are: an extension of the scope of the bound
established by Reiner-Benaim both theoretically and numerically, and a formalization of
the results of Cohen [78]. Moreover, we will prove that a bound proposed by Cohen is
almost sharp.

Contents
4.1 Statistical setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.3 Known results and new formalized proofs . . . . . . . . . . . . . . . 85

4.3.1 Result under the full null . . . . . . . . . . . . . . . . . . . . . 85

4.3.2 Results for perfect correlation . . . . . . . . . . . . . . . . . . 86

4.4 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.4.1 On sharpness of (CohenBound) . . . . . . . . . . . . . . . . . 89

4.4.2 Extending scope of (ReinerBound) . . . . . . . . . . . . . . . . 91

4.4.3 Numerical study of (ReinerBound) with exact calculation . . . . 92

4.5 Summary and conjectures . . . . . . . . . . . . . . . . . . . . . . . 95

4.1 Statistical setting
Let m > 2. Let us observe

Xi = µi + Yi, 1 6 i 6 m,
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where µ ∈ Rm is the parameter of interest and Y is an m-dimensional centered Gaussian
vector with covariance matrix Σ invertible with Σii = 1 for all i ∈ {1, . . . ,m}. We consider
the problem of testing

H0,i : µi = 0 against H1,i : µi , 0,

simultaneously for all i ∈ {1, . . . ,m}. Introduce the associated p-values as

pi = 2Φ(|Xi|), 1 6 i 6 m,

where Φ(z) = P(Z > z) for Z ∼ N(0, 1). We also denote by H0(µ) the index set of
the true null hypotheses, that is H0(µ) = {i ∈ {1, . . . ,m} : µi = 0} and we denote by
m0(µ) = |H0(µ)| its cardinality. Similarly, the index set of false hypotheses is defined as
H1(µ) = {i ∈ {1, . . . ,m} : µi , 0} and its cardinality is denoted by m1(µ) = |H1(µ)|.
Throughout this chapter, to shorten notation, µ is sometimes dropped in the notation. The
ordered p-values are denoted by

p(0) 6 p(1) 6 · · · 6 p(m),

with the convention p(0) = 0. Let us recall that the FDR of BH procedure is defined by the
following quantity

FDR(µ,Σ) = E

∑i∈H0
1{pi 6 α̂k/m}

k̂ ∨ 1


where k̂ = max{k ∈ {0, . . . ,m} : p(k) 6 αk/m} and we write "̂k ∨ 1" for the maximum be-
tween k̂ and 1, in order to guarantee the well-definition of the FDR when k̂ = 0. Through-
out this chapter, we denote by τk, i = 1, . . . ,m, the following sequence of non-increasing
constants

τk = Φ
−1

(αk/2m), for 1 6 k 6 m. (4.1)

We are interested in studying bounds on FDR(µ,Σ) valid under some assumptions on µ and
Σ.

4.2 Background
As seen in Chapter 3 (see Theorem 3.6), a first bound is given by Benjamini and Yekutieli
[67]:

∀µ,Σ, FDR(µ,Σ) 6 α
m0

m
γm, γm =

m∑
i=1

1/i. (BYBound)

Furthermore, Guo and Rao [75] proved that this bound is sharp (if α 6 γ−1
m ) when the set

of p-value distribution is larger than the one considered in this section. However, in the
restricted two-sided Gaussian case, the bound (BYBound) is likely to be too conservative.
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We might conjecture that a bound smaller than α is valid in the two-sided Gaussian
case. For instance, when m0 = 1, the bound (BYBound) is always smaller than α. But
what about the other situations?

Reiner-Benaim [79] proposed the following bound:

α
m0

m

[
1 +

1
2

(
1 −

m0

m

)]
6 α, (ReinerBound)

and has proved it for m = 2 and Σ being the matrix with all entries equal to 1.

Next, Cohen [78] suggested that (ReinerBound) might be violated when the alternative
means are not equal and proposed the larger bound

α
m0

m

[
1 + 1{m1>0}

1
2

m∑
`=m0+1

1
`

]
6 α. (CohenBound)

He established that the bound indeed holds for any m, µ and Σ being the matrix with all
entries equal to 1. He also suggested the following more liberal bound

α
m0

m

[
1 + 1{m1>0}

m∑
`=m0+1

1
`

]
6 α (CohenBound2)

and proved that it holds under a similar constraint, but only concerning the submatrix
(Σi, j)(i, j)∈H2

0
. Note that this bound coincides with (BYBound) when m0 = 1.

As seen in Chapter 3 (see Counter-exemple 3.1), the PRDS property does no longer
hold in the two-sided Gaussian framework. Thus, the results of this chapter provide an
interesting direction towards showing that the PRDS assumption is a sufficient but not
necessary condition for the FDR control of the BH procedure.

4.3 Known results and new formalized proofs

4.3.1 Result under the full null

When µ = 0, the p-values are given simply by

2Φ(|Yi|), where Yi ∼ N(0, 1), 1 6 i 6 m.

Then, Theorem 3.1 of [63], combined with [67] provides the following result.
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Theorem 4.1. Assume Σ is such that there exists a diagonal matrix D such that the element
of the diagonal are valued in {−1,+1} and the off-diagonal elements of −DΣ−1D are all
non-negative, then

FDR(0,Σ) 6 m0α/m = α. (4.2)

Note that the assumption on Σ is equivalent to assume that the p-values are MTP2 in
our framework (see Example 3.3 in Chapter 3). Several examples of such matrix Σ are
provided in Section 4 of [63]. For instance, the identity matrix, the ρ-equicorrelated case
are included, but also some other cases like 1 everywhere except in two blocks equal to ρ
for both ρ negative and positive.

Recently, Royen proves the Gaussian correlation conjecture, see [80]. This might indi-
cate that (4.2) is valid for any Σ. But the rejection sets involved in

FDR(0,Σ) = P(∃k ∈ {0, . . . ,m} : p(k) 6 αk/m)

are not convex, so the argument does not apply directly.

Note also that Theorem 4.1 entails that for m = 2, for all µ and Σ,

FDR(µ,Σ) 6 α.

Indeed, it establishes the control for m0(µ) = 2. The control is trivial when m0(µ) = 0 (since
no incorrect reject can occur). Next, the bound (BYBound) is α1/2(1 + 1/2) = 3α/4 6 α
when m0(µ) = 1.

4.3.2 Results for perfect correlation
Cohen [78] stated the following results. However, the proofs were not completely formal-
ized. We provide (hopefully) complete proofs below.

Proposition 4.1. Let Σ being the covariance matrix with all entries equal to 1, then for all
µ ∈ Rm,

FDR (µ,Σ) 6 α
m0

m

[
1 + 1{m1>0}

1
2

m∑
`=m0+1

1
`

]
6 α. (4.3)

Proof. By the equicorrelated structure, Yi = Y j for all i, j. Let us denote by Z this common
value. Denote H−1 =

{
i ∈ {1, . . . ,m} : µi < 0

}
, H+

1 =
{
i ∈ {1, . . . ,m} : µi > 0

}
and m−1 ,

m+
1 their cardinal, respectively. Finally, FDP denotes the false discovery proportion of BH

procedure.
By definition, the BH procedure rejects the hypotheses corresponding to the indexes

{i ∈ {1, . . . ,m} : |Yi + µi| > τ̂k}, where k̂ = max
{
k ∈ {0, . . . ,m} :

∑m
i=1 1{|Yi+µi |>τk} > k

}
,

where the τk’s are defined by (4.1).
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Let us first focus on the event where {Z > 0,FDP > 0}. We have in that case for all k,
m∑

i=1

1{|Yi+µi |>τk} =
∑
i∈H0

1{Z>τk} +
∑
i∈H+

1

1{Z+µi>τk} +
∑
i∈H−1

1{|Z+µi |>τk}.

Also, since FDP > 0, there exists i ∈ H0 such that |Xi| > τ̂k, that is, Z > τ̂k, which in turn
implies k̂ =

∑m
i=1 1{|Yi+µi |>τ̂k}

> m0 + m+
1 . Also, on that event, we have FDP = m0

k̂
. This yields

E
[
FDP 1{Z>0}

]
6

m−1∑
`=0

m0

m0 + m+
1 + `

P
(
Z > τm0+m+

1 +`, k̂ = m0 + m+
1 + `

)
=

m−1∑
`=0

m0

m0 + m+
1 + `

P
(
Z > τm0+m+

1 +`, k̂ > m0 + m+
1 + `

)
−

m−1∑
`=0

m0

m0 + m+
1 + `

P
(
Z > τm0+m+

1 +`, k̂ > m0 + m+
1 + ` + 1

)
.

Therefore, by re-indexing the second sum, we obtain

E
[
FDP 1{Z>0}

]
6

m0

m0 + m+
1
P
(
Z > τm0+m+

1

)
+

m−1∑
`=1

m0

m0 + m+
1 + `

P
(
Z > τm0+m+

1 +`, k̂ > m0 + m+
1 + `

)
−

m−1∑
`=1

m0

m0 + m+
1 + ` − 1

P
(
Z > τm0+m+

1 +`−1, k̂ > m0 + m+
1 + `

)
.

Now, since m0
m0+m+

1 +`−1 >
m0

m0+m+
1 +`

, the latter is smaller than or equal to

α
m0

2m
+

m−1∑
`=1

m0

m0 + m+
1 + `

[
P
(
Z > τm0+m+

1 +`, k̂ > m0 + m+
1 + `

)
− P

(
Z > τm0+m+

1 +`−1, k̂ > m0 + m+
1 + `

)]
= α

m0

2m
+

m−1∑
`=1

m0

m0 + m+
1 + `

[
P
(
τm0+m+

1 +` 6 Z < τm0+m+
1 +`−1, k̂ > m0 + m+

1 + `
)]

6 α
m0

2m

1 +

m−1∑
`=1

1
m0 + m+

1 + `

 .
This proves

E
[
FDP 1{Z>0}

]
6 α

m0

2m

1 +

m−1∑
`=1

1
m0 + m+

1 + `

 .
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Now, by the symmetry of the distribution of Z, we also have

E
[
FDP 1{Z<0}

]
6 α

m0

2m

1 +

m+
1∑

`=1

1
m0 + m−1 + `

 ,
which yields

FDR 6
αm0

m

[
1 +

1
2

( m−1∑
`=1

1
m0 + m+

1 + `
+

m+
1∑

`=1

1
m0 + m−1 + `

)]

6
αm0

m

[
1 +

1
2

( m−1∑
`=1

1
m0 + `

+

m+
1∑

`=1

1
m0 + m−1 + `

)]
.

�

Under a light relaxation of the perfect correlation assumption, the FDR control still
remains and the FDR is upper-bounded by the slightly increased bound (CohenBound2).

Proposition 4.2. Let µ ∈ Rm and Σ be any covariance matrix with diagonal entries equal
to 1 and such that the submatrix (Σi, j)(i, j)∈H2

0
has all entries equal to 1. Then we have

FDR (µ,Σ) 6 α
m0

m

[
1 + 1{m1>0}

m∑
`=m0+1

1
`

]
6 α. (4.4)

This result implies that FDR (µ,Σ) 6 α holds for any m and Σ provided that µ is such
that m0(µ) = 1. This might be of interest in situations where null hypotheses are not
compatible (if one is true, all the others are necessarily false).

Proof. Denote by Z the common value of Yi, i ∈ H0. Also, the same reasoning as before
entails that the event {FDP > 0} implies k̂ > m0 with FDP = m0

k̂
. This yields

FDR (µ,Σ) 6
m1∑
`=0

m0

m0 + `
P
(
|Z| > τm0+`, k̂ = m0 + `

)
(4.5)

=

m1∑
`=0

m0

m0 + `
P
(
|Z| > τm0+`, k̂ > m0 + `

)
−

m1−1∑
`=0

m0

m0 + `
P
(
|Z| > τm0+`, k̂ > m0 + ` + 1

)
=P

(
|Z| > τm0

)
+

m1∑
`=1

(
m0

m0 + `
P
(
|Z| > τm0+`, k̂ > m0 + `

)
−

m0

m0 + ` − 1
P
(
|Z| > τm0+`−1, k̂ > m0 + `

))
.
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Hence, we obtain

FDR (µ,Σ) 6 αm0/m +

m1∑
`=1

m0

m0 + `

(
P
(
|Z| > τm0+`, k̂ > m0 + `

)
− P

(
|Z| > τm0+`−1, k̂ > m0 + `

))
6 αm0/m +

m1∑
`=1

m0

m0 + `
α/m,

which implies (4.4). �

These two previous results do not really use the Gaussian structure. Proposition 4.1
would be extended to a non-Gaussian two-sided location model. Proposition 4.2 only uses
that all the p-values under the null are equal (use neither Gaussian nor two-sided).

4.4 New results

4.4.1 On sharpness of (CohenBound)
The following proposition shows that (CohenBound) is essentially sharp under perfect cor-
relation.

Proposition 4.3. Let m > 2, Σ being the m × m matrix with all entries equal to 1, and
m0 ∈ {1, . . . ,m − 1} such that τm0 6 τm−1 + 2τm is satisfied. Then, by taking µ0 ∈ Rm with
m1 = m − m0 non-zero coordinates such that

µ0
i = τm−i+1 + τm−i, 1 6 i 6 m1,

we have

FDR
(
µ0,Σ

)
> α

m0

m

[
1 + 1{m1>0}

1
2

m∑
`=m0+1

1
`

]
− Φ

(
− 3Φ

−1
(α/2)

)
. (4.6)

The latter can be used to show that (ReinerBound) is not valid in general. For in-
stance, for m = 3, m0 = 1, α = 0.05, (ReinerBound) is (4/9)α 6 0.0223. Meanwhile,
(CohenBound) is (17/36)α > 0.0235 and the remaining term is negligible: Φ

(
−3Φ

−1
(α/2)

)
6

3 × 10−9. The assumption of Proposition 4.3 is satisfied in this particular example: τm0 6
2.4 6 6 6 τm−1 + 2τm.

Proof. We use the notation of the proof of Proposition 4.1. The idea is to build µ ∈ Rm

with µi = 0 for 1 6 i 6 m0 and where the non-zero values of the µi’s are increasing and
chosen so that, for 1 6 ` 6 m1,{̂

k = m0

}
⊃ {−τm0 − µ1 < Z < −τm0} and

{̂
k = m0 + `

}
⊃ {−τm0+`−1 < Z < −τm0+`}.
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Case ` = m1 Let us consider the first event for which −τm−1 < Z < −τm. Then, we show
that all the test statistics are larger than or equal to τm. First, |Z| = −Z > τm. Second, for all
1 6 i 6 m1, Z + µi > Z + µ1 > −τm−1 + µ1 = τm, by choosing

µ1 = τm + τm−1.

Case ` = m1 − 1 Now, consider the event for which −τm−2 < Z < −τm−1. We have
|Z| = −Z > τm−1 and for all 2 6 i 6 m1, Z + µi > Z + µ2 > −τm−2 + µ2 = τm−1, by choosing

µ2 = τm−1 + τm−2.

We also have

Z + µ1 < −τm−1 + µ1 = τm

−Z − µ1 < τm−2 − µ1 = τm−2 − τm−1 − τm 6 τm.

because τm−2 6 τm0 6 2τm + τm−1 by assumption. This entails that the BH procedure rejects
exactly m − 1 nulls.

Cases 2 6 ` 6 m1 − 2 we can deal with these cases in a similar way.

Case ` = 1 The corresponding event is {−τm0 < Z < −τm0+1}. In that case, |Z| = −Z >
τm0+1 and we have

Z + µm1 > −τm0 + µm1 = τm0+1,

by letting µm1 = τm0 + τm0+1, so the number of rejections of BH procedure is higher than or
equal to m0 + 1. Let us prove that it actually does not make more than m0 + 1 rejections.
Let k > m0 + 2. For all i 6 m1 − 1, we have

Z + µi < −τm0+1 + µi = −τm0+1 + τm−i+1 + τm−i 6 τm−i+1 6 τk,

for all i such that k 6 m− i + 1, that is, all 1 6 i 6 m− k + 1 (note that this bound is smaller
than or equal to m1 − 1). Furthermore, for all i,

−Z − µi < τm0 − µ1 = τm0 − τm − τm−1 6 τm,

because τm0 6 τm−1 + 2τm by assumption. This implies that the number of test statistics
larger than τk is smaller than m − (m − k + 1) = k − 1, for any k > m0 + 2. Hence the BH
procedure makes exactly m0 + 1 rejections.

Case ` = 0 Now consider the case −τm0+1−µ1 < Z < −τm0 . Then we have |Z| = −Z > τm0

and for all i ∈ {1, . . . ,m1},
Z + µi 6 −τm0 + µm1 = τm0+1

and −Z − µi 6 −Z − µ1 < τm0+1. This means that the BH procedure makes m0 rejections.
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Combining the events Now, remember that the event {Z > 0,FDP > 0} = {Z >
τm,FDP = m0/m}, while {Z < 0,FDP > 0} = {Z < −τm,FDP > m0/m}. Hence, we
have

FDR = E
[
FDP 1{Z>τm}

]
+

m∑
i=m0+1

E
[
FDP 1{−τi−16Z<−τi}

]
+ E

[
FDP 1{Z<−τm0 }

]
>

m0α

2m
+

m∑
i=m0+1

m0

i
P(−τi−1 6 Z < −τi) + P

[
−τm0+1 − µ1 < Z < −τm0

]
=

m0α

m
+

m0α

2

m∑
i=m0+1

1
i
− P

[
Z < −τm0+1 − µ1

]
.

Hence, the result follows from

−τm0+1 − µ1 6 −3τm = −3Φ
−1

(α/2).

�

4.4.2 Extending scope of (ReinerBound)
Here, we extend the scope of (ReinerBound) that was only proved for m = 2 and Σ being
the matrix with all entries equal to 1, see [79]. Let us recall that this bound is valid only
when all means under the alternative are equal.

Proposition 4.4. Let µ ∈ Rm and Σ be the covariance matrix such that the submatrices
(Σi, j)(i, j)∈H2

0
and (Σi, j)(i, j)∈H2

1
have all entries equal to 1, and (Σi, j)(i, j)∈H0×H1 has all entries

equal to ρ ∈ [−1, 1]. Assume moreover that ∀i ∈ H1, µi = δ, for some δ , 0. Then we have

FDR (µ,Σ) 6 α
m0

m

[
1 +

1
2

(
1 −

m0

m

) ]
6 α. (4.7)

Proof. Let us assume H0 = {1, . . . ,m0} so that (Y1, . . . ,Ym0 ,Ym0+1, . . . ,Ym) can be realized
as (Z, . . . ,Z,W, . . . ,W), where (W,Z) is a Gaussian vector with Var(W) =Var(Z) = 1. Now,
since the alternative p-values are all equal, the only values k̂ making the FDP positive are
m0 and m. This implies

FDR (µ,Σ) =P
(
|Z| > τm0 , k̂ = m0

)
+

m0

m
P
(
|Z| > τm, k̂ = m

)
=α

m0

m
+ P

(
|Z| > τm0 , k̂ = m0

)
−

m0

m
P
(
|Z| > τm, k̂ = m0

)
=α

m0

m
+ P

(
|Z| > τm0 , |W + µ| < τm

)
−

m0

m
P (|Z| > τm, |W + µ| < τm)

=α
m0

m
+ P

(
|Z| > τm0 , |W + µ| 6 τm

)
−

m0

m
P (|Z| > τm, |W + µ| 6 τm) .
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Now note that I = {w ∈ R : |w + µ| 6 τm} is a closed interval of R, thus I can be put under
the form A ∪ B, for A = [−a, a], a > 0, B being either included in R− or R+ and A ∩ B = ∅.
This gives

FDR (µ,Σ) =α
m0

m
+ P

(
|Z| > τm0 , |W | 6 a

)
−

m0

m
P (|Z| > τm, |W | 6 a)

+ P
(
|Z| > τm0 ,W ∈ B

)
−

m0

m
P (|Z| > τm,W ∈ B) .

Now since (|Z|, |W |) is MTP2, it is PRDS and we have

P
(
|W | 6 a | |Z| > τm0

)
6 P (|W | 6 a | |Z| > τm) .

As a result,

FDR (µ,Σ) 6 α
m0

m
+ P

(
|Z| > τm0 ,W ∈ B

)
−

m0

m
P (|Z| > τm,W ∈ B)

= α
m0

m
+

(
1 −

m0

m

)
P
(
|Z| > τm0 ,W ∈ B

)
.

Now, since B is either included in R− or R+ and by symmetry of (W,Z), we have

FDR (µ,Σ) 6 α
m0

m
+

1
2

(
1 −

m0

m

)
P
(
|Z| > τm0

)
.

This proves the result. �

Note that the proof of Proposition 4.4 relies explicitly on the two-sided Gaussian struc-
ture. This might be a good sign.

4.4.3 Numerical study of (ReinerBound) with exact calculation
Let us consider the case where µ ∈ Rm and Σ is the ρ-equicorrelated matrix. Assume more-
over that for all i ∈ H1, µi = δ, for some δ , 0, and ρ > 0.

Roquain and Villers [81] obtained the exact formula for computing the FDR in the one-
sided case. Here, adapting their result to the two-sided case enables us to then numerically
investigate (ReinerBound) for some ρ , 1.

Let us begin by rewriting the observations Xk, k = 1 . . . ,m. Indeed, the dependence
structure mentioned at this section leads that for all k ∈ {1, . . . ,m}, for all ρ > 0

Xk =
√
ρ Φ

−1
(U) +

√
1 − ρ Φ

−1
(Uk) + µk,

where U,Uk are independent and identically random variables generated from an uniform
distribution on [0, 1]. Using this decomposition, conditionally on U = u, the p-values
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are a sequence of independent random variables having marginal laws given by, for k ∈
{1, . . . ,m},

pk ∼



F0(tk, u) = Φ

(
Φ
−1( tk

2

)
−
√
ρΦ
−1

(u)
√

1−ρ

)
+ Φ

(
−Φ

−1( tk
2

)
−
√
ρΦ
−1

(u)
√

1−ρ

)
if k ∈ H0

F1(tk, u) = Φ

(
Φ
−1( tk

2

)
−
√
ρΦ
−1

(u)−µk
√

1−ρ

)
+ Φ

(
−Φ

−1( tk
2

)
−
√
ρΦ
−1

(u)−µk
√

1−ρ

)
if k ∈ H1

,

where tk = αk
m , 1 6 k 6 m are the critical constants of the BH procedure. We also denote by

t= (tk)16k6m this sequence.

In [81], Roquain and Villers provided the exact formula for computing the FDR for all
m > 2 when the p-values under the true null hypotheses are uniformly generated. Here,
we generalize their result to a non uniform distribution. Let F be a set of continuous
cumulative distribution functions on [0, 1] to [0,1]. For all F,G ∈ F , for all 0 6 k0 6 k, let
Ψ be the auxiliary function defined as follows

Ψk,k0,F,G(t) = P(Z(1) 6 t1, . . . ,Z(k) 6 tk),

where (Zi)16i6k is a sequence of independent random variables such that for all1 6 i 6 k0,
Zi ∼ G, for all k0 + 1 6 i 6 k, Zi ∼ F, with the convention Ψ0,0,F,G(.) = 1.

Thus, using the Ψ function, we can establish the exact formula for computing the FDR
in the two-sided case. In particular, Theorem 3 of [82] is rewritten as follows.

Theorem 4.2. For all m > 2, m0 ∈ {1, . . . ,m}, 0 6 k 6 m, i 6 m0, k − i 6 m − m0, ρ > 0,
we have

FDR(µ,Σ) =

m−1∑
k=1

∑
i∈H0

i
k

(
m0

i

)(
m − m0

k − i

) ∫ 1

0
(F0(tk, u))i(F1(tk, u))k−i

× Ψm−k,m0−i,F1,F0
(1 − tm, . . . , 1 − tk + 1)du +

m0

m

∫ 1

0
Ψm,m0,F1,F0(t1, . . . , tm)du,

where Fε(t, u) = 1 − Fε(1 − t, u) for all t ∈ [0, 1] and ε ∈ {0, 1}.

Note that the true null hypotheses are associated to the first m0 indexes.

In practice, we use the following recursion formula to compute Ψk,k0,F,G, which is an
adaptation of Proposition 1 of [82] to the two-sided case.
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Proposition 4.5. For all F,G ∈ F , for all 0 6 k0 6 k, we have

Ψk,k0,F,G(t) = G(tk)k0 F(tk)k−k0 −
∑

06 j06 j6k−2
j06k0

j− j06k−k0

(
k0

j0

)(
k − k0

j − j0

)
(G(tk) −G(t j+1))k0− j0

× (F(tk) − F(t j+1))k−k0− j+ j0Ψ j, j0,F,G(t1, . . . , t j).

Figure 4.1 represents the FDR of the BH procedure as function of µ for some ρ , 1
where three hypotheses are tested, respectively four. This figure shows that (ReinerBound)
still holds for m = 3 and m = 4 even if ρ , 1. More precisely, in the four cases represented
in Figure 4.1, we have:

Case m = 3, m0 = 1 (ReinerBound) = α 1
3

[
1 + 1

2

(
1 − 1

3

)]
' 0.09.

Case m = 3, m0 = 2 (ReinerBound) = α 2
3

[
1 + 1

2

(
1 − 2

3

)]
' 0.16.

Case m = 4, m0 = 1 (ReinerBound) = α 1
4

[
1 + 1

2

(
1 − 1

4

)]
' 0.07.

Case m = 4, m0 = 3 (ReinerBound) = α 3
4

[
1 + 1

2

(
1 − 3

4

)]
' 0.17.

Therefore according to Figure 4.1, (ReinerBound) might not be sharp.

We obtain similar results when the number of tests is increasing (m 6 20). (Reiner-
Bound) might still hold and this work provides a numerical proof of (ReinerBound) for
some cases when ρ , 1 (in the ρ-equicorrelated structure).

We conclude this section by summering the bounds mentioned in this chapter that are
valid for the FDR of the BH procedure.

Two-sided equi-correlated Gaussian setting︷                                                 ︸︸                                                 ︷
∀i, j ∈ H1,
µi = µ j = µ

Type Indep ∗ m = 2 or ∀(i, j) ∈ H2
0 , All types

of ∗ ∀(i, j) ∈ H2
0 , ∀(i, j) ∈ H2, Σi j = 1 of

dependence PRDS ∀(i, j) ∈ H2
1 ,Σi j = 1; Σi j = 1 ∀(i, j) ∈ H2\H2

0 , dependence
∀(i, j) ∈ H0 ×H1, Σi j = ρ

Σi j = ρ

Bounds αm0
m 6 (ReinerBound) 6 (CohenBound) 6 (CohenBound2) 6 (BYBound)︸                                                                     ︷︷                                                                     ︸

FDR control
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Figure 4.1 – FDR(µ, ρ) as function of µ for different values of ρ, m = 3 (on the top) and
m = 4 (on the bottom), α = 0.2.

4.5 Summary and conjectures
In this chapter, we have theoretically justified the FDR control of the BH procedure in par-
ticular configurations that induce non-positive dependence structure.

Considering the two-sided problem of testing means in a Gaussian setting, a simulation
study suggests that (ReinerBound) is still valid for a structure dependence in which the
correlations decrease exponentially. More generally, we conjecture the following result.
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Conjecture 4.1. In the statistical model
(
Rm,B(Rm),

{
Nm(µ,Σ); µ ∈ Rm,Σ ∈ Mm(R)

})
, we

consider two-sided hypothesis tests for means. Then the BH procedure controls the FDR
at level α, namely,

∀µ ∈ Rm,∀Σ ∈ Mm(R),FDR(µ,Σ) 6 α.

This conjecture implies another one as stated by several researchers (e.g. [83] or [84]):

Conjecture 4.2. Let X ∼ Nm(0,Σ). In the two-sided case, for all matrix Σ, the following
inequality is satisfied,

P

(
∃ k ∈ {1, . . . ,m}, pk 6

αk
m

)
6 α.

The previous inequality is known as Simes inequality. In the special case of positive
dependence (called MTP2, see Chapter 3 for details), it has been proved by Sarkar [85].

96



Chapter 5

Asymptotic results

This chapter investigates the problem of the FWER or FDR control for a multiple testing
procedure when the test statistics have an asymptotic Gaussian distribution. We present
four existing asymptotic FWER controlling procedures that are particularly well-suited for
testing correlation. Our contribution in this chapter, is to clarify or complete existing results
in the literature and it is clearly mentioned in the text. We also provide some first results
regarding FDR control.

Contents
5.1 Asymptotic Gaussian setting . . . . . . . . . . . . . . . . . . . . . . 97

5.2 Asymptotic control of the FWER . . . . . . . . . . . . . . . . . . . . 99

5.2.1 Subset pivotality fails . . . . . . . . . . . . . . . . . . . . . . 99

5.2.2 Single step methods . . . . . . . . . . . . . . . . . . . . . . . 100

5.2.3 Step-down methods . . . . . . . . . . . . . . . . . . . . . . . . 106

5.2.4 Application to correlation tests . . . . . . . . . . . . . . . . . . 109

5.3 Towards an asymptotic control of the FDR . . . . . . . . . . . . . . 110

5.3.1 On BH procedure in the one-sided asymptotic Gaussian setting . 110

5.3.2 Correlation tests . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.1 Asymptotic Gaussian setting

Let us consider the statistical model
(
X⊗n,X⊗n, P⊗n). Let X(n) =

(
X(1), . . . , X(n)

)
be the data

generated from some unknown probability distribution P which is assumed to belong to a
family of probability distributions P.
Let m > 2 be some fixed number of null hypotheses to be tested. Let us consider the case
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in which interest focuses on a parameter vector

θ(P) =
(
θ1(P), . . . , θm(P)

)
.

Observing X(n), we aim at testing either the following two-sided null hypotheses, for all
i ∈ {1, . . . ,m}

H0,i : "θi = 0" against H1,i : "θi , 0", (5.1)

or the following one-sided null hypotheses,

H0,i : "θi = 0" against H1,i : "θi > 0". (5.2)

For all P ∈ P, let H0(P) = {i ∈ {1, . . . ,m} : θi = 0} be the index set of true null
hypotheses, that is, the index set of all i such that H0,i is satisfied for P. Denote m0(P) =

|H0(P)| its cardinality. We consider the following test statistics, for all i ∈ {1, . . . ,m}

Tn,i

(
X(n)

)
=
√

n θ̂n,i, (5.3)

where θ̂n,· =
(
θ̂n,i

)
16i6m

is an estimate of θ(P) computed using the data X(n). Throughout

this chapter, we assume that θ̂n,· has an asymptotic Gaussian distribution, namely, for all
P ∈ P

√
n
(
θ̂n,· − θ(P)

) L
−−−−−−→

n→+∞
Nm(0,Σ), (5.4)

where we assume that Σ is invertible and Σii = 1.
Let

(
pn,i

(
X(n)

))
16i6m

be a family of p-values resulting from each m individual test. Since

under H0,i, Tn,i
L

−−−−−−→
n→+∞

Nm(0, 1), the asymptotic Gaussian assumption (5.4) gives rise to
the p-value process (asymptotically valid) for the two-sided testing problem (5.1)

∀i ∈ {1, . . . ,m}, pn,i

(
X(n)

)
= 2

[
1 − Φ

(∣∣∣∣Tn,i

(
X(n)

)∣∣∣∣)] , (5.5)

and for the one-sided testing problem (5.2), we have

∀i ∈ {1, . . . ,m}, pn,i

(
X(n)

)
= 1 − Φ

(
Tn,i

(
X(n)

))
. (5.6)

Since we consider an asymptotic p-value process, we can only get asymptotic results
in terms of control of the errors. A multiple testing procedure R is said to asymptotically
control the FWER at level α if for all P ∈ P,

lim sup
n→+∞

FWER(R, P) 6 α. (5.7)

In the same way, a multiple testing procedure R is said to asymptotically control the FDR
at level α if for all P ∈ P,

lim sup
n→+∞

FDR(R, P) 6 α. (5.8)

In what follows, for the sake of clarity, the test statistic is denoted by Tn,i instead of
Tn,i

(
X(n)

)
and the p-values are denoted by pn,i instead of pn,i

(
X(n)

)
even if these quantities

depend on the observations X(n).
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5.2 Asymptotic control of the FWER

Throughout this section we consider the two-sided testing problem (5.1).

5.2.1 Subset pivotality fails

One classical requirement to construct a procedure that controls asymptotically the FWER
is the "asymptotic subset pivotality" (aSP) condition defined by Westfall and Young [86].
This condition is the existence of least favorable distribution for all configurations of true
hypotheses. First, let us define this condition in a more general framework in which the
asymptotic Gaussian hypothesis (5.4) does not necessarily hold. Assume that, for all P ∈

P, (Tn,i)i∈H0(P)
L
−→ Z ∈ RH0(P). Let Q(P) be the distribution of Z. Then, formally speaking,

(aSP) can take the following form,

∃P0 ∈ P, ∀P ∈ P, Q(P) = Q(P0). (aSP)

In a few words, the subset pivotality condition requires that the joint distribution of any
subvector of p-values is unaffected by the truth or falsehood of the remaining hypotheses.
Therefore, under this condition, thresholding is done under the full null hypothesis. A
procedure, which asymptotically controls the FWER at level α, can be obtained using the
(aSP) condition. Define the rejection set,

Rsp
α =

{
i ∈ {1, . . . ,m} :

∣∣∣Tn,i

∣∣∣ > tsp
n,α

}
,

where tsp
n,α is the (1 − α)-quantile of LX∼P0

(
max

{∣∣∣Tn,i

∣∣∣ , 1 6 i 6 m
})

. Then, for all P ∈ P,

FWER(Rsp
α , P) = PX∼P

(
∃i ∈ H0(P) :

∣∣∣Tn,i

∣∣∣ > tsp
n,α

)
= PX∼P

(
max

{∣∣∣Tn,i

∣∣∣ , i ∈ H0(P)
}
> tsp

n,α

)
.

Finally, using the (aSP) condition, and since max
{∣∣∣Tn,i

∣∣∣ , i ∈ H0(P)
}
6 max

{∣∣∣Tn,i

∣∣∣ , 1 6 i 6 m
}
,

lim sup
n→+∞

FWER(Rsp
α , P) 6 PX∼P0

(
max

{∣∣∣Tn,i

∣∣∣ , 1 6 i 6 m
}
> tsp

n,α

)
6 α.

Hence the procedure Rsp
α controls asymptotically the FWER at level α.

Unfortunately, checking the (aSP) condition is difficult in general. In particular, the
asymptotic subset pivotality fails for correlation tests. As mentioned in [60], consider the
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case of a Gaussian vector X ∼ N3(0,Γ(u)) where the covariance matrix Γ depends on a
parameter u, that is,

Γ(u) =

1 0 0
0 1 u
0 u 1

 , u ∈ [−1, 1]\{0},

so that H0(P) = {{1, 2}, {1, 3}}. If the asymptotic subset pivotality holds, by using a
result of Aitkin [60] (see Chapter 2, Proposition 2.3), there exists Γ0 ∈ M

cov
3 (R) such that

for all u ∈ [−1, 1]\{0}, N3(0,Ω(Γ(u))) = N3(0,Ω(Γ0)). That is, there exists Γ0 ∈ M
cov
3 (R)

such that,

∀u ∈ [−1, 1]\{0},

1 u 0
u 1 0
0 (1 − u2)2

 = Ω(Γ0).

This gives a contradiction because the correlation under H0 depends on the signal under
H1, the index set of false null hypotheses. Therefore, the procedures of Westfall and Young
fail to provide an asymptotically (since the asymptotic normality of the vector of correla-
tion is used) FWER control for correlation tests.

The next section presents four methods which provide an asymptotic control of the
FWER for the two-sided testing problem (5.1) without using the subset pivotality assump-
tion.

5.2.2 Single step methods

Bonferroni
The Bonferroni procedure [3] is the most classical example of FWER control.

Method 5.1 (Bonferroni). The Bonferroni multiple testing procedure is defined by

Rbon f
α =

{
i ∈ {1, . . . ,m} : pn,i 6

α

m

}
. (5.9)

Theorem 5.1. For the two-sided testing problem (5.1) based on the asymptotic p-value
process (5.5), the method Rbon f

α provides an asymptotic control of the FWER at level α,
that is, for all P ∈ P,

lim
n→+∞

FWER
(
Rbonf
α ,P

)
6 α. (5.10)

Proof. For all P ∈ P,

FWER
(
Rbonf
α ,P

)
= P

 ⋃
i∈H0(P)

{pn,i 6 α/m}

 .
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Thus,
lim

n→+∞
FWER

(
Rbonf
α ,P

)
6

∑
i∈H0(P)

α/m

6
αm0(P)

m
6 α.

�

This control does not require any assumptions about dependence among the p-values
but under strong dependence the Bonferroni correction is extremely conservative.

Šidák
As mentioned by Westfall and Young [86], an asymptotic FWER controlling procedure can
be derived by Šidák’s inequality [71].

Theorem 5.2 (Šidák’s inequality). Let X be a random vector having an m-multivariate nor-
mal distribution with zero mean values and invertible covariance matrix. Then X satisfies
the following inequality, for every positive constant b ∈ Rm

+ ,

P(|X1| 6 b1, . . . , |Xm| 6 bm) >
m∏

i=1

P(|Xi| 6 bi). (5.11)

For the specific case of correlation testing, Drton and Perlmann [55] used this inequality
to construct a procedure that asymptotically controls the FWER for the problem (5.1).

Method 5.2 (Šidák). Let cs
α = Φ−1

(
1
2 (1 − α)1/m + 1

2

)
> 0. The Šidák’s multiple testing

procedure is defined by

Rs
α =

{
i ∈ {1, . . . ,m} : |Tn,i| > cs

α

}
. (5.12)

Theorem 5.3. For the two-sided testing problem (5.1) for which the asymptotic Gaussian
assumption (5.4) holds, the method Rs

α provides an asymptotic control of the FWER at level
α, namely, for all invertible Σ,

lim
n→+∞

FWER(Rs
α,Σ) 6 α. (5.13)

Our contribution in this section is to clarify and complete the proof of this theorem. It
requires the following previous result.

Proposition 5.1. For all x > 0, for all P ∈ P,

lim
n→+∞

{
P
(√

n
∣∣∣∣ θ̂n,i − θi(P)

∣∣∣∣ 6 x, for all i ∈ {1, . . . ,m}
)}
> (2Φ(x) − 1)m. (5.14)
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Proof. Let Z be an m-dimensional random vector with multivariate Gaussian distribution
Nm(0,Σ). Let B =

{
z ∈ Rm : ‖z‖∞ 6 x

}
. Denote ∂B the frontier of the set B. Since for all

x > 0,

P(Z ∈ ∂B) = P(||Z||∞ = x)

= P
(

sup
16 j6m

|Z j| = x
)

= P
(
∃ j ∈ {1, . . . ,m} : |Z j| = x

)
6

m∑
j=1

P(|Z j| = x)

6 0,

then, by using Portmanteau’s lemma [87], it follows that for all P ∈ P,

lim
n→+∞
P
(√

n
∥∥∥ θ̂n,· − θ(P)

∥∥∥
∞
6 x

)
= P(‖Z‖∞ 6 x).

Finally, applying (5.11), we get, for all P ∈ P,

lim
n→+∞
P
(√

n
∥∥∥ θ̂n,· − θ(P)

∥∥∥
∞
6 x

)
>

[
P(|Z1| 6 x)

]m
,

and (5.14) holds. �

We now are in position to prove Theorem 5.3.

Proof of Theorem 5.3. Using Proposition 5.1, we can state that for all invertible Σ, for all
P ∈ P,

FWER(Rs
α,Σ) = P

(
∃ i ∈ H0(P), |Tn,i| > cs

α

)
= 1 − P

(
∀ i ∈ H0(P), |Tn,i| 6 cs

α

)
= 1 − P

(
‖(Tn,i)i∈H0(P)‖∞ 6 cs

α

)
= 1 − P

(√
n
∣∣∣∣ θ̂n,i − θi(P)

∣∣∣∣ 6 cs
α, ∀i ∈ H0(P)

)
Since ‖(Tn,i)i∈H0‖∞ 6 ‖(Tn,i)16i6m‖∞, we finally get that for all invertible Σ, for all P ∈ P,

FWER(Rs
α,Σ) 6 1 − P

(√
n
∣∣∣∣ θ̂n,i − θi(P)

∣∣∣∣ 6 cs
α, ∀i ∈ {1, . . . ,m}

)
,

and using (5.14),

lim
n→+∞

FWER(Rs
α,Σ) 6 1 − (2Φ(cs

α) − 1)m

6 α.

�
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The procedure is valid for any structured dependencies, as soon as the inequality (5.11)
holds, which is true in Gaussian setting. Note that this inequality provides the same way
of constructing the critical values as if subset pivotality holds.

The Šidák’s procedure is less conservative than the Bonferroni procedure. This compar-
ison is illustrated in table 2.2 of Westfall and Young [86]. Moreover, using Taylor-series
expansion, they show that the difference between the two adjustments becomes smaller
with smaller α and becomes larger with larger m−1.

Non parametric bootstrap
Romano and Wolf [88] propose an asymptotic FWER controlling procedure which only
requires a monotonic assumption on the family of thresholds. This allows us to be free of
subset pivotality assumption (which does not hold for testing correlations).

Method 5.3 (Romano-Wolf). For all C ⊂ {1, . . . ,m}, let tn,α(Σ,C) be the (1−α)-quantile of
L

(
‖N(0,Σ) C‖∞

)
, where N(0,Σ) C is the restriction of the Gaussian distribution Nm(0,Σ)

on C, namely N
(
0, (Σ)i,i′∈C

)
. The Romano-Wolf’s multiple testing procedure is defined by

Rrw
α =

{
i ∈ {1, . . . ,m} : |Tn,i| > t̂n,α(Σ,Cm)

}
, (5.15)

where Cm = {1, . . . ,m} and t̂n,α(Σ,Cm) is computed using bootstrap resamples of X(n) where
a bootstrap resample from X(n) is denoted by X(n)∗ and defined as an n iid sample from the
empirical distribution of X(n).

Note that this method closely relies on its ability to approximate the joint distribution
of the test statistics.

Theorem 5.4. Assume that for any metric d metrizing the weak convergence on Rm0(P),

d
(
L

((
Tn,i

(
X(n)∗

))
i∈H0(P)

∣∣∣∣ X(n)
)
,L

((
Tn,i

(
X(n)

))
i∈H0(P)

))
P
−→ 0, (5.16)

whereL
((

Tn,i

(
X(n)∗

))
i∈H0(P)

∣∣∣∣ X(n)
)

denotes the conditional distribution of
(
Tn,i

(
X(n)∗

))
i∈H0(P)

givenX(n). Then, for the two-sided testing problem (5.1) for which the asymptotic Gaussian
assumption (5.4) holds, the method Rrw

α provides an asymptotic control of the FWER at
level α, that is, for all Σ invertible,

lim sup
n→+∞

FWER(Rrw
α ,Σ) 6 α. (5.17)

Proof. First, since under P, the matrix Σ is assumed to be invertible, the joint distribution
of

(
Tn,i

(
X(n)

))
i∈H0(P)

has a nondegenerate limit law. Then the result follows from Theorem 7
of [88]. �
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Parametric bootstrap
Drton and Perlman [22] mention a parametric bootstrap method for testing (5.1) when
interest focuses on partial correlation coefficients. The only difference between this method
and the Romano-Wolf’s method is that an estimation of the matrix Σ is used. We denote
by Σ̂ such an estimator. We report this method in our framework.

Method 5.4 (maxT∞). Let tn,α(̂Σ) be the (1− α)-quantile of L
(
‖Nm(0, Σ̂)‖∞

)
. The maxT∞’s

multiple testing procedure is defined by

RmaxT∞
α =

{
i ∈ {1, . . . ,m} : |Tn,i| > tn,α

(̂
Σ
)}
, (5.18)

where tn,α
(̂
Σ
)

is computed using (simulated) samples of Nm(0, Σ̂).

In this section, our contribution is to prove the following theorem.

Theorem 5.5. Assume that Σ̂ is a consistent estimator of Σ, that is,

Σ̂
P
−→ Σ. (5.19)

Then, for the two-sided testing problem (5.1) for which the asymptotic Gaussian assump-
tion (5.4) holds, the method RmaxT∞

α provides an asymptotic control of the FWER at level α,
namely, for all invertible Σ,

lim sup
n→+∞

FWER(RmaxT∞
α ,Σ) 6 α. (5.20)

Proof. For all P ∈ P, we denote byN(0,Σ) H0(P) the restriction of the Gaussian distribution
Nm(0,Σ) onH0(P), namely N

(
0, (Σ)i,i′∈H0(P)

)
. Let P ∈ P.

First, since (Tn,i)i∈H0(P)
L

−−−−−−→
n→+∞

N(0,Σ) H0(P) and x ∈ RH0 7→ ‖x‖∞ is continuous, by the
continuous mapping theorem,

‖(Tn,i)i∈H0(P))‖∞
L

−−−−−−→
n→+∞

‖N(0,Σ) H0(P)‖∞. (5.21)

Second, let us show that
tn,α(̂Σ)

P
−→ tn,α(Σ). (5.22)

We introduce for all x ∈ R, the cumulative distribution function ϕx, defined by

ϕx : M ∈ Mcov
H×H

(R) 7→ P(‖M1/2ξ‖∞ 6 x),

where ξ ∼ Nm(0, Im), namely,

ϕx(̂Σ)
P
−→ ϕ(Σ). (5.23)
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Suppose that ϕx is strictly increasing. Using the assumption (5.19) and the continuous
mapping theorem, it is sufficient to prove the continuity of ϕx. Let (Mn) be a sequence of

matrices such that (Mn) −−−−−→
n→+∞

M. Then M1/2
n −−−−−→

n→+∞
M1/2 [89] and M1/2

n ξ
L
−−−−−→
n→+∞

M1/2ξ.

Hence, the continuous mapping theorem involves ‖M1/2
n ξ‖∞

L
−−−−−→
n→+∞

‖M1/2ξ‖∞. In addition,
applying Portmenteau’s lemma [87], we obtain that ϕx(Mn) −→

n→+∞
ϕx(M), that is, ϕx is

continuous. Therefore, for all ε > 0,

ϕtn,α(Σ)−ε(̂Σ)
P
−→ ϕtn,α(Σ)−ε(Σ). (5.24)

For all ε > 0,

P
(
tn,α(̂Σ) 6 tn,α(Σ) − ε

)
= P

(
ϕtn,α(Σ)−ε(̂Σ) > 1 − α

)
= P

(
ϕtn,α(Σ)−ε(̂Σ) − ϕtn,α(Σ)−ε(Σ) > 1 − α − ϕtn,α(Σ)−ε(Σ)

)
.

Since for all ε > 0, ϕtn,α(Σ)−ε(Σ) = 1 − α − δ, for δ > 0 because ϕ is supposed to be strictly
increasing, the right-hand-side is bounded by

P
(
ϕtn,α(Σ)−ε(̂Σ) − ϕtn,α(Σ)−ε(Σ) > δ

)
6 P

(∣∣∣ϕtn,α(Σ)−ε(̂Σ) − ϕtn,α(Σ)−ε(Σ)
∣∣∣ > δ).

Then, convergence (5.22) follows from (5.24).
We now finally state the asymptotic FWER control for the procedure RmaxT∞ . By defi-

nition,

FWER(RmaxT∞
α ,Σ) = P

(
‖(Tn,i)i∈H0(P)‖∞ > tn,α(̂Σ)

)
.

For all δ > 0, this quantity is bounded by

P
(
‖(Tn,i)i∈H0(P)‖∞ > tn,α(Σ) − δ

)
+ P

(
tn,α(̂Σ) 6 tn,α(Σ) − δ

)
.

Then, using (5.21) and (5.22), we have that

lim sup
n→+∞

FWER(RmaxT∞
α ,Σ) 6 P

(
‖N(0,Σ) H0(P)‖∞ > tn,α(Σ) − δ

)
.

The asymptotic control is obtained by letting δ→ 0. �

This result is available for any test statistic with asymptotic normal distribution. This
is thus well-suited for applications where the distribution P may be unknown. Moreover,
the quality of maxT∞ procedure relies on the quality of estimation of Σ.
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5.2.3 Step-down methods
Single-step methods can be too conservative and improved by step-wise methods, while
still preserving FWER control. The idea behind this refinement is that the critical values
become smaller with each step for the remaining hypotheses, then step-down versions in-
crease possibly the number of discoveries and the power of single-step versions can thus
be improved. Let RC be a rejected index set and AC = {1, . . . ,m}\RC for some arbitrary
C ⊂ {1, . . . ,m}.

Step-down Algorithm.

- Step 0 : C0 = {1, . . . ,m};
- Step j ( j > 1) : C j = AC j−1 .

If C j = C j−1 stop and Ĉ = C j. Otherwise go to step j + 1.

If a single step method provides an asymptotic control of the FWER, the following proposi-
tion provides sufficient conditions under which its step-down version preserves this control.

Proposition 5.2. Let
(
RC

)
C⊂H

be a family of multiple testing procedure such that:

• For all P ∈ P,
lim sup

n→+∞

FWER
(
RH0(P), P

)
6 α, (5.25)

• For all C ⊂ {1, . . . ,m}, C 7→ AC is increasing in C, that is,

∀C,C′ ⊂ {1, . . . ,m},C ⊂ C′ ⇒ AC ⊂ AC′ . (5.26)

Then, for all P ∈ P,
lim sup

n→+∞

FWER
(
R
Ĉ
, P

)
6 α.

Proof. Let P ∈ P. There exists an event E, such that

P(E) →
n→+∞

1 − α, (5.27)

and on E,H0(P) ⊂ AH0(P), by (5.25).
For all j > 0, H0(P) ⊂ C j implies that AH0(P) ⊂ AC j = C j+1 by (5.26). Thus on E, we have
H0(P) ⊂ C j+1. SinceH0(P) ⊂ C0 = {1, . . . ,m}, on E, we haveH0(P) ⊂ C j for all j > 0. It
results that on E,H0(P) ⊂ A

Ĉ
.

Finally, using the convergence (5.27) and the equality P
(
H0(P) ⊂ A

Ĉ

)
= 1− FWER

(
R
Ĉ
, P

)
,

Proposition 5.2 is proved. �
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Bonferroni step-down

Method 5.5 (Bonferroni step-down). The Bonferroni step-down multiple testing procedure
is defined by, for all C ⊂ {1 . . . ,m},

Rbon f
C

=

{
i ∈ {1, . . . ,m} : pn,i 6

α

|C|

}
, (5.28)

and the result is obtained as Rbon f ,sd
α =

{
i ∈ {1, . . . ,m} : pn,i 6

α

|Ĉ|

}
.

Note that the Bonferroni step-down procedure provides the Holm procedure.

Corollary 5.1. For the two-sided testing problem (5.1) for which the asymptotic Gaussian
assumption (5.4) holds, the method Rbon f ,sd

α is an asymptotic FWER controlling procedure
at level α, that is, for all P ∈ P,

lim
n→+∞

FWER
(
Rbonf,sd
α ,P

)
6 α. (5.29)

Proof. Rbon f ,sd
α satisfies (5.25) by Theorem 5.1 and for all C ⊂ C′, α

|C|
> α
|C′ |

, that is, Rbon f ,sd
α

satisfies (5.26). �

Šidák step-down

Method 5.6 (Šidák step-down). The Šidák step-down multiple testing procedure is defined
by, for all C ⊂ {1, . . . ,m},

Rs,sd
C

=
{
i ∈ {1, . . . ,m} : pn,i 6 1 − (1 − α)1/|C|

}
, (5.30)

and the result is Rs,sd
α =

{
i ∈ {1, . . . ,m} : pn,i 6 1 − (1 − α)1/|Ĉ|

}
.

Corollary 5.2. For the two-sided testing problem (5.1) for which the asymptotic Gaussian
assumption (5.4) holds, the method Rs,sd

α is an asymptotic FWER controlling procedure at
level α, namely, for all invertible Σ,

FWER(Rs,sd
α ,Σ) 6 α. (5.31)

Proof. Rs,sd
α satisfies (5.25) by Theorem 5.3 and for all C ⊂ C′, 1 − (1 − α)1/|C| > 1 − (1 −

α)1/|C′ |, that is, Rs,sd
α satisfies (5.26). �
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Non parametric bootstrap step-down
Method 5.7 (Romano-Wolf step-down). For all C ⊂ {1, . . . ,m}, let tn,α(Σ,C) be the (1−α)-
quantile of L(‖N(0,Σ) C‖∞). The Romano-Wolf’s multiple testing procedure is defined by,
for all C ⊂ {1, . . . ,m},

Rrw,sd
C

=
{
i ∈ {1, . . . ,m} : |Tn,i| > t̂n,α(Σ,C)

}
, (5.32)

and the result is Rrw,sd
α =

{
i ∈ {1, . . . ,m} : |Tn,i| > t̂n,α

(
Σ, Ĉ

)}
.

Corollary 5.3. Assume that assumption (5.16) holds. Then, for the two-sided testing prob-
lem (5.1) for which the asymptotic Gaussian assumption (5.4) holds, the method Rrw,sd

provides an asymptotic control of the FWER at level α, namely, for all invertible Σ,

lim sup
n→+∞

FWER
(
Rrw,sd,Σ

)
6 α. (5.33)

Proof. Inequality (5.25) holds by Theorem 5.4 and it is easy to see that the application
C 7→ tn,α(Σ,C) is nondecreasing, that is

∀C,C′ ⊂ {1, . . . ,m} such that C ⊂ C′, we have tn,α(Σ,C) 6 tn,α(Σ,C′).

�

Parametric bootstrap step-down
For all C ⊂ {1, . . . ,m}, let tn,α(Σ,C) be the (1 − α)-quantile of L(‖N(0,Σ) C‖∞).

Method 5.8 (maxT∞ step-down). The maxTsd
∞ ’s multiple testing procedure is defined by,

for all C ⊂ {1, . . . ,m},

RmaxT∞,sd
C

=

{
i ∈ {1, . . . ,m} : |Tn,i| > tn,α

(̂
Σ,C

)}
, (5.34)

and the result is RmaxT∞,sd
α =

{
i ∈ {1, . . . ,m} : |Tn,i| > tn,α

(̂
Σ, Ĉ

)}
.

Corollary 5.4. Assume that Σ̂
P
−→ Σ. Then, for the two-sided testing problem (5.1) for

which the asymptotic Gaussian assumption (5.4) holds, the method RmaxT∞,sd provides an
asymptotic control of the FWER at level α, namely, for all invertible Σ,

lim sup
n→+∞

FWER
(
RmaxT∞,sd,Σ

)
6 α. (5.35)

Proof. RmaxT∞,sd
α satisfies (5.25) by Theorem 5.5 and the application C 7→ tn,α(Σ,C) is in-

creasing in C. �
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5.2.4 Application to correlation tests
From now on, we consider the problem of correlation tests in the Gaussian case. We fix
P = Nd(0,Γ), where Γ = (ρi j)16i, j6d and ρii = 1 for all i = 1, . . . , d. Let us recall that
H =

{
{i, j}, 1 6 i < j 6 d

}
denotes the index set of pairwise correlation coefficients and

m = d(d − 1)/2 its cardinality.

Tests based on correlation coefficients

We aim at testing, for all h ∈ H ,

H0,h : "ρh = 0" against H1,h : "ρh , 0". (5.36)

As seen in Chapter 2, the test can be based on the following test statistics: for all h ∈ H ,

Tn,h

(
X(n)

)
=
√

n ρ̂n,h , where ρ̂n,h =

1
n

∑n
l=1 X(l)

i X(l)
j − XiX j

σ̂(Xi)σ̂(X j)
, (5.37)

Xi = 1
n

∑n
l=1 X(l)

i and σ̂(Xi) =

√
1
n

∑n
l=1

(
X(i)

l − Xi

)2
. The non parametric bootstrap approach

is valid for the analysis of sample correlations (see Example 9 of [88]). Moreover, since
ρ̂n,· has an asymptotic Gaussian distribution, all of the previous methods are well-suited
for the correlation tests (5.36). These should be applied with Σ = Ω(Γ) and Σ̂ = Ω(̂Γ),
where Ω(̂Γ) is the matrix, which provides the asymptotic correlation of the correlation co-
efficients, given by equation (2.10) by replacing ρh with ρ̂n,h, for all h ∈ H .

Note that the maxT∞ procedure is applicable with any estimation Γ̂ of Γ satisfying Γ̂
P
−→

Γ. A natural choice is the empirical estimator Γ̂ = (̂ρi,i′)i,i′∈{1,...,m}. The matrix (̂Γ− Γ) can be

rewritten as 1
√

n

(
√

n
(̂
Γ − Γ

))
. Since, using Proposition 2.3,

√
n(̂Γ − Γ)

L
−−−−−−→

n→+∞
Nm(0,Ω(Γ))

and 1
√

n

P
−−−−−→

n→+∞
0, Slutsky’s theorem ([90], Theorem 11.4) implies that Γ̂− Γ

P
−→ 0, that is,

Γ̂
P
−→ Γ.

The test statistics (5.37) are used by Romano and Wolf for correlation tests (see Section
5.2 of [88]).
Another test statistics usually considered in the literature is the Fisher’s transformation.
Denote F the latter. F is defined as F : x 7→ 1

2 log 1+x
1−x and then the multiple testing (5.36)

can also be based on the following test statistics: for all h ∈ {1, . . . ,m},

T̃n,h

(
X(n)

)
=
√

n − 3 F
(̂
ρn,h

)
. (5.38)

Indeed, using the delta method [91], it is easy to check that
√

n − 3
(
F

(̂
ρn,h

)
− F (ρh)

)
−→

n→+∞
N(0, 1).
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This approximation is accurate for moderate or large values of n [25].

In Chapter 6, we will study, for each test statistic, the numerical properties of the fourth
previous multiple testing procedures for the correlation tests through the analysis of both
simulated and real data.

Tests based on partial correlation coefficients

Let V = {1, . . . , d}. We aim at testing, for all h ∈ H ,

H0,h : "ρh.V\{h} = 0" against H1,h : "ρh.V\{h} , 0". (5.39)

Then, the test is usually based on the following test statistic:

T?
n,h

(
X(n)

)
=
√

nd F
(̂
ρh.V\{h}

)
, (5.40)

where nd = n − d + 1.
The same result of Proposition 2.3 holds for the vector of the empirical partial correlations
ρ̂h.V\{h} if we replace all ρi j by ρi j.V\{i j} in the equation (2.10), where the sample size n
should also be replaced by nd [25]. Moreover, by using the delta method [91], we have that
√

nd
[
F (̂ρh.V\{h}) − F(ρh.V\{h})

]
h∈H is an asymptotic Gaussian centered vector,

√
nd

(
F (̂ρh.V\{h}) − F(ρh.V\{h})

)
−→

n→+∞
N(0, 1),

that is, the asymptotic Gaussian assumption (5.4) holds for correlation tests based on partial
correlation coefficients. Thus, all the previous methods are also well-suited for the partial
correlation tests (5.39). The test statistic (5.40) have been considered in [22] for instance.

5.3 Towards an asymptotic control of the FDR
In [92], Romano et al propose both subsampling and bootstrap procedures that control the
false discovery rate (FDR) under dependence, especially for the two-sided testing problem
(5.1). Unfortunately, their methods require that all the p-values under the alternative are
equal to zero. Otherwise, as already mentioned, some asymptotic FDR controlling proce-
dures have been obtained by considering sparsity assumptions. Here, we no longer want to
suppose such assumptions.

5.3.1 On BH procedure in the one-sided asymptotic Gaussian setting
From now on, consider the one-sided testing problem (5.2). This section provides a formal
answer in the one-sided case to the informal question "how does multiple testing correction
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work in the case of asymptotic Gaussian statistical tests?". In particular, we will establish
a sufficient condition for the limiting distribution of the statistical tests to obtain an asymp-
totic FDR control by using the BH procedure.

Throughout this section, for technical purposes, we consider a local alternative, that is,
assume that the Gaussian assumption (5.4) is satisfied for θ(P) = c/

√
n where c ∈ Rm is a

fixed constant. This gives rise to the p-value process

∀i ∈ {1, . . . ,m}, pn,i = 1 − Φ(Yi + c) where Y ∼ Nm(c,Σ) := P∞.

The "local alternative" assumption is actually reasonable since it eliminates the trivial con-
figuration where all p-values under the alternative are asymptotically equal to zero.

In this section, we will study the FDR of BH procedure when n tends to infinity and the
number of tests m is fixed.

Asymptotic FDR of the BH procedure

Now, we prove that the limit of the FDR of the BH procedure is equal to the FDR of the
limiting experience. Assume that

∀P ∈ P,
√

n
(
θ̂n,· − θ(P)

) L
−→ P∞. (5.41)

Theorem 5.1. Under (5.41), for all P ∈ P

lim
n→+∞

FDR(P) = FDR(P∞).

Proof. Let f : R→ [0, 1], x 7→ 1−Φ(x+c) and Y (n) =
√

n
(̂
θn,·−θ(P)

)
. For all k ∈ {1, . . . ,m},

for all i ∈ H0(P), let us define the set Bk,i as follows

Bk,i =
{
y ∈ Rm, k̂ 6 k − 1, f (yi) 6 α(k − 1)/m

}
=

{
y ∈ Rm, f (y)( j) > α j/m for j = k, . . . ,m, f (yi) 6 α(k − 1)/m

}
. (5.42)

Denote η the Lebesgue’s measure and ∂Bk,i the frontier of the set Bk,i. Let us begin by
showing that for all k ∈ {1, . . . ,m}, for all i ∈ H0(P), η(∂Bk,i) = 0. For all k ∈ {1, . . . ,m},
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for all i ∈ H0(P), we have

η(∂Bk,i) = η
(
∂
[( m⋂

j=k

{
y : f (y)( j) > α j/m

})⋂{
y : f (yi) 6 α(k − 1)/m

}])
6 η

(( m⋃
j=k

∂
{
y : f (y)( j) > α j/m

})⋃
∂
{
y : f (yi) 6 α(k − 1)/m

})
6

m∑
j=k

η
(
{y : f (y)( j) = α j/m}

)
+ η

(
{y : f (yi) = α(k − 1)/m}

)
6

m∑
l=1

m∑
j=k

η
(
{y : f (y)l = α j/m}

)
+ η

(
{y : f (yi) = α(k − 1)/m}

)
= 0.

Thus for all k ∈ {1, . . . ,m}, for all i ∈ H0(P), P(Y ∈ ∂Bk,i) = 0. Using the Portmanteau’s
lemma, it follows

lim
n→+∞
P
(
Y (n) ∈ Bk,i

)
= P(Y ∈ Bk,i).

If B′k,i =
{
y ∈ Rm, k̂ 6 k − 1, f (yi) 6 αk/m

}
, in the same manner, we would see that

lim
n→+∞
P
(
Y (n) ∈ B′k,i

)
= P(Y ∈ B′k,i).

Therefore, we obtain

FDR(P) =
∑

i∈H0(P)

m∑
k=1

1
k

[
P
(̂
k 6 k, f

(
Y (n)

i

)
6 αk/m

)
− P

(̂
k 6 k − 1, f

(
Y (n)

i

)
6 αk/m

)]

=
∑

i∈H0(P)

m∑
k=1

1
k

[
P
(
Y (n) ∈ Bk+1,i

)
− P

(
Y (n) ∈ B′k,i

)]
.

Then, by taking the limit in the previous expression, it finally follows that

lim
n→+∞

FDR(P) =
∑

i∈H0(P)

m∑
k=1

1
k

[
P
(
Y ∈ Bk+1,i

)
− P

(
Y ∈ B′k,i

)]
= FDR(P∞).

�
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Asymptotic FDR control

Theorem 5.1 gives a sufficient condition for FDR control under weaker assumptions than
usually at the price of an asymptotic control (instead of an exact control). Indeed, this
theorem is valid under asymptotic Gaussian assumption whatever the distribution P of X( j)

is. Thus it can be useful even when the distribution of the observations is unknown.
More precisely, Theorem 5.1 indicates that to control asymptotically the FDR of the BH
procedure at level α, it is sufficient to control the limiting FDR at level α. In particular,
Theorem 5.1 combined with Theorem 3.5 provides the following result.

Theorem 5.2. Under (5.41), if P∞ is PRDS on {1 6 i 6 m : ci = 0}, then for all P ∈ P, we
have

lim sup
n→+∞

FDR(P) 6 α.

As seen in Chapter 3, in the one-sided Gaussian testing framework, the PRDS assump-
tion is satisfied whenever Σi j > 0, for all i , j, see [67].

5.3.2 Correlation tests
Theorem 5.2 shows that to asymptotically control the FDR of BH procedure, it is sufficient
that the asymptotic distribution of the test statistic should be PRDS onH0. Unfortunately,
this result is not helpful for testing correlations in two-sided Gaussian setting. Indeed,
resulting from a simulation study, we can state that the matrix Ω(Γ) of Proposition 2.3
does not provide a positive structure dependence in general . More precisely, 100, 000
covariance d-matrices Γ are randomly generated using the R-package ClusterGeneration
[93] and we evaluate the occurence of MTP2 distributions on these 100, 000 matrices (see
Table 5.1).

Distribution of: |X| (|ρh|)h∈H

without MTP2 constraint on |X| with MTP2 constraint on |X|

d = 3 20.26% 13.27% 65.53%
d = 4 0.09% 0% 0%
d = 5 0% 0% ×

Table 5.1 – Occurrence of MTP2 distributions on 100,000 simulations.

The evaluation of the proportion of MTP2 distributions is based on Theorem 3.1 and
Theorem 3.1′ of [63], which give necessary and sufficient condition on the matrix Γ (resp.
Ω(Γ)) for |X| (resp. (|ρh|)h∈H ) having an MTP2 distribution. The proportion of the vector
of the absolute value of correlation coefficients of X, that is, (|ρh|)h∈H , having an MTP2

distribution is evaluated in two different cases: when |X| does not have an MTP2 distribution
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(see the third column of Table 5.1) and when |X| has an MTP2 distribution (see the fourth
column of Table 5.1).

As shown in Table 5.1, the MTP2 constraint seems to be a very restrictive constraint
(see the second column of Table 5.1). Moreover, even if the absolute value of the observed
vector X has an MTP22 distribution, the transformation Ω does not preserve the positive
dependence structure (see the last column of Table 5.1) for the correlation coefficients.

However, if the conjecture 4.1 is proved then Theorem 5.1 guarantees that the BH
procedure provides an asymptotic FDR control for testing correlation coefficients.
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Chapter 6

Application to neuroscientific
framework

This chapter investigates the numerical properties of the four multiple testing procedures
defined in Section 5.2 of Chapter 5, through the analysis of both simulated and real data.
Section 6.1 examines the performance of these multiple testing procedures by simulations.
A real data analysis is discussed in Section 6.2.

Contents
6.1 Simulation study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.1.1 Statistical setting . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.1.2 FWER control . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.1.3 Power with fixed alternative . . . . . . . . . . . . . . . . . . . 120

6.1.4 Power study for the chain graph . . . . . . . . . . . . . . . . . 123

6.2 Application to estimation of cerebral connectivity . . . . . . . . . . 126

6.2.1 Description of the data and methodological context . . . . . . . 126

6.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.2.3 Discussion on power . . . . . . . . . . . . . . . . . . . . . . . 130

6.1 Simulation study

6.1.1 Statistical setting
We generate n independent random vectors X(1), . . . , X(n) from a 10−dimensional multi-
variate normal distribution N10(0,Γ). Four covariance matrix models are considered. The
latter are represented in Figure 6.1.
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Figure 6.1 – The four covariance matrix models considered for simulation study with
their graphical representations.

For each covariance matrix model, we plot the matrix Ω(Γ) (matrix of Proposition 2.3
with the true value of parameter ρ). Results are displayed in Figure 6.2.
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Figure 6.2 – The matrix Ω(Γ) (matrix of Proposition 2.3) with the true value of parameter
ρ = 0.3.

Since we generate 10-dimensional vectors, there are 10×9/2 = 45 pairwise correlations
to test. Throughout this chapter, we consider the four multiple testing procedures defined
in Section 5.2 for the two-sided testing problem (2.8), that is we aim at testing pairwise

116



6.1. SIMULATION STUDY

correlation coefficients: for all h ∈ H ,

H0,h : "ρh = 0" against H1,h : "ρh , 0",

based on the test statistics Tn,h

(
X(n)

)
=
√

n ρ̂n,h. Table 6.1 recalls the methods of Section 5.2.
Moreover, we also consider the oracle maxT∞ procedure in our simulation study, which is
the maxT∞ procedure in which the matrix Ω(Γ) is computed with the true parameter ρ.

Method Rejection set of single step version Asymptotic FWER control
single step step-down

Bonferroni
{
h ∈ H : |Tn,h| > Φ−1

(
1 − α

2m

)}
Theorem 5.1 Corollary 5.1

Šidák
{
h ∈ H : |Tn,h| > Φ−1

(
1
2 (1 − α)1/m + 1

2

)}
Theorem 5.3 Corollary 5.2

Bootstrap RW
{
h ∈ H : |Tn,h| > t̂n,α (Ω(Γ),H)

}
, Theorem 5.4 Corollary 5.3

where t̂n,α (Ω(Γ),H) is the (1−α)-quantile of
L (‖Nm (0,Ω(Γ)) ‖∞) computed using boot-
strap resamples of {X(1), . . . , X(n)}.

maxT∞
{
h ∈ H : |Tn,h| > tn,α

(
Ω(̂Γ)

)}
Theorem 5.5 Corollary 5.4

where tn,α

(
Ω(̂Γ)

)
is the (1 − α)-quantile of

L
(
‖Nm

(
0,Ω(̂Γ)

)
‖∞

)
computed using simu-

lated samples of Nm

(
0,Ω(̂Γ)

)
.

oracle maxT∞
{
h ∈ H : |Tn,h| > tn,α (Ω(Γ))

}
Theorem 5.5 Corollary 5.4

where tn,α (Ω(Γ)) is the (1 − α)-quantile of
L
(
‖Nm (0,Ω(Γ)) ‖∞

)
computed using simu-

lated samples of Nm (0,Ω(Γ)) with the true
value of Γ.

Table 6.1 – Multiple testing procedures considered in this chapter.

The performance criteria here are the FWER and the power.

6.1.2 FWER control
First, we investigate the FWER control with respect to n that varies in {25, 50, 75, . . . , 500}.
The nominal FWER level is 0.1 and it is calculated based on N = 100, 000 replicates.
For the Romano-Wolf’s procedure and the maxT∞ procedure, the number of the bootstrap
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resamples is equal to 1, 000. Figure 6.3 displays the FWER of the single step version of
the procedures.
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Figure 6.3 – FWER of the multiple testing procedures defined in Section 5.2 based on
N = 100, 000 replicates. The number of the bootstrap resamples is equal to 1, 000 and
α = 0.1. The shaded zone around the α-line corresponds to the confidence interval of a

Binomial distribution with parameters N and α, with confidence 95%.

As shown in Figure 6.3, since there is no true null hypothesis in the equicorrelation
case, the FWER is equal to zero. Moreover, as theoretically established in Chapter 5, all
the methods control the FWER for the four covariance matrix models.
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As expected, the Bonferroni’s method is the most conservative, all the more so when
the proportion of false null hypotheses is far from 1, that is for the dependence structures
hub and chain respectively. Figure 6.3 also shows that the Šidák’s procedure allows a little
more false discoveries than the Bonferroni’s procedure. Let us recall that the Šidák’s pro-
cedure does not require additional theoretical assumption with respect to the Bonferroni’s
procedure, so the Šidák’s procedure appears as an interesting alternative to Bonferroni’s
procedure in the two-sided Gaussian setting when the dependence structure is unknown.

The Romano-Wolf’s bootstrap procedure and maxT∞ procedure seem to provide sim-
ilar performances as soon as n is large enough (n > 100), even if the maxT∞ procedure
seems to be a little less conservative procedure.

Finally the oracle maxT∞ procedure improves performance with respect to non oracle
procedure, which is natural.

We also apply step-down procedures to the same simulated dataset. Resulting FWER is
displayed on Figure 6.4. It illustrates the fact that the step-down version of a multiple test-
ing procedure is less conservative than its single step version. The control is still acquired
for most methods. Only the maxT∞ seems to provide a FWER larger than α for the hub
structure, even if the difference is low. This is probably due to the quality of the estimation
of the covariance matrix Γ plugged into (5.18).

For the hub dependence structure, both the step-down Bonferroni’s procedure and the
step-down Šidák’s procedure are almost sharp as soon as n is large enough (n > 250),
which is no longer true for their single step versions.

For the chain dependence structure, all the methods are more accurate and the step-
down Romano-Wolf’s bootstrap procedure and the step-down maxT∞ procedure seem to
be almost sharp for n > 100.

Given a multiple testing procedure, once the control of FWER is ensured, its power
is critical for real data applications. In this regards, the behavior of the power of proce-
dures with respect to the dataset properties is important because it provides guidance to the
quality of recordings required for extracting information. The two following sections are
devoted to the study of the power.
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Figure 6.4 – FWER of the step-down versions of the multiple testing procedures defined
in Section 5.2 based on N = 100, 000 replicates. The number of the bootstrap resamples is

equal to 1, 000 and α = 0.1. The shaded zone around the α-line corresponds to the
confidence interval of a Binomial distribution with parameters N and α, with confidence

95%.

6.1.3 Power with fixed alternative

The power here is defined as the proportion of null hypotheses correctly rejected and it is
calculated based on N = 100, 000 replicates. The nominal FWER level is 0.1. For the
Romano-Wolf’s procedure and the maxT∞ procedure, the number of the bootstrap resam-
ples is equal to 1, 000.

Figure 6.5 displays the power of each procedure with respect to the sample size n. Since
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there is no false hypothesis in the independent case, the power is equal to zero.
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Figure 6.5 – Power of the multiple testing procedures defined in Section 5.2 based on
100, 000 replicates. The number of the bootstrap resamples is equal to 1, 000 and α = 0.1.

First, oracle maxT∞ procedure gives an optimal power of 1, as soon as the number n of
observations is high enough to ensure identifiability.

All procedures have a power tending to 1 when n goes to infinity. Furthermore, the
maxT∞ and the Romano-Wolf’s bootstrap procedure are more powerful than the Bonfer-
roni’s procedure and the Šidák’s procedure, especially for the equicorrelation dependence
structure in which all rejected null hypotheses are correctly rejected since there is no true
null hypothesis.

We also compare the difference of power between the single step version and the step-
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down version for each procedure. The results are reported in Figure 6.6.
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Figure 6.6 – Difference of power between the single step and the step-down version of
the multiple testing procedures defined in Section 5.2 based on 100, 000 replicates. The

number of the bootstrap resamples is equal to 1, 000 and α = 0.1.

It illustrates the effective gain of power obtained with step-down procedures. When n
is "small" (n < 100), the gain is less important since the power of single test procedure
is inherently very low. For larger values of n, the efficiency decreases with the number of
observations is high since the power of single test procedure is also high.

Note that the order of magnitude is 0.1 for the equicorrelation dependence structure
(which corresponds roughly to 4 additional null hypotheses rejected) and 0.01 for hub
graph and chain graph (equivalent to 1 additional null hypothesis rejected).

122



6.1. SIMULATION STUDY

6.1.4 Power study for the chain graph

A more deeper study of the power is now realized. We consider the chain graph, and eval-
uate the power characteristics when the parameter ρ and the number of nodes in the graph
vary.

First, we can expect that the power increases as the strength of the signal (values of
ρ) increases. This is indeed what can be observed in Figure 6.7. Remark that we restrict
the study to ρ smaller than 0.5 since for ρ higher than 0.5 the chain matrix is no more a
covariance matrix.

In real data applications, we must be aware of the number of observations needed to
ensure a sufficiently high power. For example to reject 75% of false null hypotheses, with
ρ = 0.2, correlations must be estimated with more than 350 observations in the sample.
Indeed as seen in Figure 6.7, the first curve, which is above the crossing point between the
axis y = 0.75 and the axis x = 0.2, corresponds to the curve of nobs = 350. As observed in
Section 6.1.3, step-down procedures enable an increase of power. Similar procedures were
applied at the chain dependence structure to study the power behavior with respect to n and
ρ. Results, in term of gain of power, are displayed in Figure 6.8.

First, step-down procedure for oracle method does not increase much the power. Next,
for others multiple testing methods, two regimes can be observed:

• n 6 150 : It is needed that ρ is sufficiently high for single test procedure to discrim-
inate null and alternative hypotheses. Thus, step-down procedures are efficient only
if ρ is higher than a given level (depending on n).

• n > 150 : Identifiability does not intervene anymore. The gain is then higher when
ρ is low. Indeed for high values of ρ, single testing procedures, and consequently
multiple testing procedures, have a high power.

In real data applications, we must be aware of the number of observations needed to
ensure a sufficiently high power. For example to reject 75% of false null hypothesis, with
, correlations must be estimated with more than 350 observations in the sample. Indeed as
seen in Figure, the first curve, which is above the crossing point between the axis y = 0.75
and the axis x = 0.2, corresponds to the curve of nobs = 350. As observed in Section,
step-down procedures enable an increase of power. Similar procedures were applied at the
chain dependence structure to study the power behavior with respect to n and ρ. Results,
in term of gain of power, are displayed in Figure.
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Figure 6.7 – Power of the multiple testing procedures defined in Section 5.2 based on
100, 000 replicates of chain graph. The number of the bootstrap resamples is equal to

1, 000 and α = 0.1.
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Figure 6.8 – Gain of power of the step-down multiple testing procedures with respect to
single step procedures, based on 100, 000 replicates of chain graph. The number of the

bootstrap resamples is equal to 1, 000 and α = 0.1.
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6.2 Application to estimation of cerebral connectivity

Consider the two-sided testing problem (2.7). In order to apply the multiple testing proce-
dures defined in Section 5.2 on real dataset, we acquired functional Magnetic Resonance
images (fMRI) of both dead and alive rats.

6.2.1 Description of the data and methodological context

Data

Rats are used for acquiring data on the functioning of the brain using fMRI. This provides
us a set of time series with spatial localization in the brain of the rats. Four rats are scanned
dead (rats 1 to 4), and seven rats are scanned alive under aneasthetic (rats 5 to 11). The
duration of the scanning is 30 minutes with a time repetition of 0.5 second so that 3, 600
time points are available at the end of experience. After preprocessing as explained in [94],
we extracted 51 time series covering the whole brain of rats.

Multiple testing approach

Since the whole brain of rats are aggregated into 51 cerebral regions, we have to deal with
50 × 51/2 = 1275 tests for each of the 11 rats.

The time series resulting from fMRI experiment are nonstationary with long memory
properties, which is not convenient from a mathematical point of view. To avoid such
properties, the correlation coefficients are estimated in the wavelet transform domain and
then the statistical tests are based on wavelet correlation coefficients [95, 96].

First we are decomposing each time series using a wavelet basis and then for each
wavelet scale we are studying all the possible pairs of correlations. From the literature in
neuroscience, it is convenient and adequate to focus on low frequencies because we obtain
the best signal noise ratio. Here we will focus on wavelet scale 5 corresponding to the
frequency interval [0.03 ; 0.06] Hz.

The wavelet correlation coefficients are typically supposed to have a Gaussian distri-
bution [97]. Thus, the wavelet correlation coefficients satisfy the asymptotic Gaussian
assumption (5.4). Note that in practice, we observe that the the wavelet correlation co-
efficients actually satisfy (5.4) and this assumption is usually made in the neuroscientific
literature. Hence, all procedures of Section 5.2 are well-suited for the two-sided testing
problem (2.7) and the results of these procedures on the real dataset are discussed in the
following section.
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6.2.2 Results

Figure 6.9 displays the proportion of significant correlations obtained by Bonferroni, Šidák,
Romano-Wolf and maxT∞ procedures. The nominal FWER level is 0.05. As stated previ-
ously, only scale 5 of wavelet decomposition is considered, corresponding to the frequency
interval [0.03 ; 0.06] Hz.
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Figure 6.9 – Proportion of rejected null hypotheses obtained by multiple testing
procedures defined in Section 5.2 for the rats 1 to 11 (in x-axis). 1275 tests are done for

each rat.
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It is not possible to evaluate the accuracy of procedures on real dataset because of
the lack of ground truth. However, since there is actually no cerebral activity in a brain
of a dead rat, all null hypotheses to be tested are true nulls and the number of rejected
hypotheses must be equal to zero in this case. Indeed, Figure 6.9 shows that the number
of significant correlations is zero or near to zero for dead rats, whatever the method. The
highest values are less than 5% (see Table 6.2), which is in coherence with the fact that we
expect to be under the full null hypothesis.

For alive rats, the proportion of rejected null hypotheses is always higher than 5%. Note
that there is a high variability with respect to rats, but all methods give the same pattern.
The highest number of detections is obtained for the rats 5 and 8 and for the others, the
number of detections is between 15% and 25%

Otherwise, two examples of estimated graphs for alive rats are given at Figure 6.10.
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Figure 6.10 – Two estimated graphs for two alive rats, obtained by maxT∞ multiple
testing, at scale 5.

As mentioned, since we do not know the true null hypotheses, we can not evaluate
the accuracy of the procedures. Nevertheless, apply a bootstrap procedure on time series
allow us to estimate the number of activated cerebral connections. This is discussed in the
following section.

Power study for alive rats

We applied a bootstrap procedure on time series using moving windows in time (with
overlapping). Results are given in Table 6.2. We observe an important difference between
alive and dead rats. Dead rats have a mean proportion of rejected null hypotheses equal to
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zero or really near to zero. The highest mean of rejected hypotheses is indeed 5 for 1275
tests. On the contrary for alive rats we observe always more than 10% of null hypotheses
rejected.

Unexpectedly, bootstrap procedure of Romano-Wolf leads to a lower number of re-
jected null hypotheses, with respect to Bonferroni or Šidák procedures. No such behavior
were observed on simulated data.

Dead rat 1 2 3 4

Bonferroni 6e-04 (5e-04) 1e-04 (2e-04) 0 (0) 0 (0)
Šidák 6e-04 (5e-04) 1e-04 (2e-04) 0 (0) 0 (0)
Bootstrap RW 5e-04 (5e-04) 1e-04 (2e-04) 0 (0) 0 (0)
maxT∞ 8e-04 (5e-04) 1e-04 (2e-04) 0 (0) 0 (0)

Alive rat 5 6 7 8

Bonferroni 0.41 (0.08) 0.10 (0.03) 0.11 (0.02) 0.24 (0.06)
Šidák 0.41 (0.08) 0.10 (0.03) 0.11 (0.03) 0.24 (0.06)
Bootstrap RW 0.18 (0.10) 0.10 (0.03) 0.11 (0.03) 0.26 (0.07)
maxT∞ 0.50 (0.08) 0.14 (0.03) 0.14 (0.03) 0.33 (0.08)

Alive rat 9 10 11

Bonferroni 0.22 (0.04) 0.22 (0.03) 0.14 (0.04)
Šidák 0.22 (0.04) 0.23 (0.03) 0.14 (0.04)
Bootstrap RW 0.19 (0.04) 0.25 (0.03) 0.11 (0.03)
maxT∞ 0.30 (0.05) 0.28 (0.03) 0.19 (0.05)

Table 6.2 – Estimation of the proportion of rejected null hypotheses obtained by
bootstrap with overlapping sliding windows. The value given is the mean proportion of

rejected null hypothesis. The value between parenthesis is the standard deviation.

Step-down procedures were also considered. Results are reported in Table 6.3. The
latter shows that, as expected, the number of rejected null hypotheses increase. Again, the
number of rejections is closed to zero for dead rats, and presents much variability for alive
rats. Note that the minimal number of significant edges for an alive rat is obtained for rat
6, with a mean of approximately 140 significant edges.
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Dead rat 1 2 3 4

Bonferroni SD 6e-04 ( 5e-04 ) 1e-04 ( 2e-04 ) 0 ( 0 ) 0 ( 0 )
Šidák SD 6e-04 ( 5e-04 ) 1e-04 ( 2e-04 ) 0 ( 0 ) 0 ( 0 )
Bootstrap RW SD 5e-04 ( 4e-04 ) 0 ( 1e-04 ) 0 ( 0 ) 0 ( 0 )
maxT∞ SD 9e-04 ( 6e-04 ) 1e-04 ( 3e-04 ) 0 ( 1e-04 ) 0 ( 0 )

Alive rat 5 6 7 8

Bonferroni SD 0.45 ( 0.09 ) 0.11 ( 0.03 ) 0.11 ( 0.03 ) 0.26 ( 0.07 )
Šidák SD 0.45 ( 0.09 ) 0.11 ( 0.03 ) 0.11 ( 0.03 ) 0.26 ( 0.07 )
Bootstrap RW SD 0.20 ( 0.11 ) 0.11 ( 0.03 ) 0.12 ( 0.04 ) 0.28 ( 0.07 )
maxT∞ SD 0.52 ( 0.09 ) 0.14 ( 0.03 ) 0.15 ( 0.04 ) 0.35 ( 0.08 )

Alive rat 9 10 11

Bonferroni SD 0.24 ( 0.05 ) 0.24 ( 0.03 ) 0.15 ( 0.04 )
Šidák SD 0.24 ( 0.05 ) 0.24 ( 0.03 ) 0.15 ( 0.04 )
Bootstrap RW SD 0.21 ( 0.05 ) 0.27 ( 0.03 ) 0.12 ( 0.03 )
maxT∞ SD 0.31 ( 0.06 ) 0.29 ( 0.03 ) 0.2 ( 0.05 )

Table 6.3 – Estimation of the proportion of rejected null hypotheses obtained by
bootstrap with overlapping sliding windows, applying step-down procedures. The value

given is the mean proportion of rejected null hypothesis. The value between parenthesis is
the standard deviation.

6.2.3 Discussion on power
For a large part, the neuroscientific community does not take into account the power of the
procedures that are used in their analyses. In this regards, the classical approach consists of
inferring a graph with a fixed number of edges whatever the power of the procedure used is
(in [98] for instance). This approach is typically used in order to compare different brains.
However, it makes no sense and if we want to select more edges than a procedure could
be detect, the additional edges included in the inferred graph will only result from noise.
For instance, according to Table 6.2, with respect to the single step procedures used in this
chapter we should not select a graph with more than 127 edges for rat 6 (10% of 1275 tests,
the percentage of detections obtained).

Figure 6.11 provides another example of the issue occasioned by the power of a pro-
cedure. Looking at anatomical data from the scan of a patient who shows a deficiency on
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the left hemisphere, we expect to see a lack of brain connection in that hemisphere. In that
figure, we depict below the anatomical data the position of (respectively, from left to right)
the 100, 200 and 400 edges showing the strongest correlations signals. Observe that the
expected lack of correlation is far from plain when looking at 400 edges. This example
illustrates that care has to be taken in order to "correctly" threshold a multiple testing pro-
cedure, that is, in order not to consider too many non significant edges (false discoveries).
This points out the need of taking into account the power of a procedure.

Figure 6.11 – Problem of identifying cerebral connectivity networks: the critical point of
the power in real data application [99] (see text). The length of red edges is smaller than
85mm and the length of blue edges is higher than 85mm with respect to the Euclidean

distance.
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Conclusion and perspectives

Solving an applied mathematical problem requires an appropriate model that should be
simple enough to study, while at the same time being as realistic as possible. The latter
point is critical in practice and the theoretical assumptions, needed to get accurate results,
rarely correspond to realistic situations. First, we usually establish the results under strong
theoretical assumptions and then we try to extend the scope of these results in order to
solve the real problem. The new results contained in this thesis contribute to in this ever-
expanding pattern.

We investigated the problem of both FWER and FDR control for fMRI data analysis
and throughout this manuscript the dependence assumptions have been relaxed step by step.

Chapter 2 briefly introduces graphical models and theoretically justifies the problem of
graph inference by a multiple testing procedure. However, a deeper study of the properties
of Gaussian graphical models could be relevant, especially to take into account previous
knowledge on the graph that we wish to build. For instance, a recent reference is [100].

In Chapter 3, we establish a new bound for the FDR of BH procedure by relaxing the
PRDS assumption on H0. It results that the FDR is controlled by the BH procedure when
"few" coefficients of the covariance matrix are negative in Gaussian setting.

When the test statistics are normally distributed, Chapter 4 completely formalizes the
FDR control of the BH procedure with particular structured dependencies in which the
properties of positive dependence do not hold. We also show that (CohenBound) is essen-
tially sharp under perfect correlation. In order to deal with real problem, the scope of these
results must be extended. Some possible directions directly in line with this chapter are:

• Generalize (CohenBound) without perfect correlation between the null and the alter-
native (by generalizing the proof of Proposition 4.4 for instance);

• Prove (CohenBound2) for µ ∈ Rm and Σ a covariance matrix with diagonal entries
equal to 1, such that the submatrix (Σi j)(i, j)∈H2

0
is equicorrelated;

• Establish that the perfect correlation is somewhat a least favorable configuration.
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In Chapter 5, we present some existing FWER controlling procedures in asymptotic
Gaussian setting. It theoretically clarifies this control, when the literature were incomplete
to our knowledge. We also show that to asymptotically control the FDR of the BH pro-
cedure, it is sufficient that the asymptotic distribution of the test statistic is PRDS on H0

in one-sided Gaussian setting. This results from the fact that to control asymptotically the
FDR of the BH procedure, it is sufficient to control the limiting FDR. The latter could be
extended to a non Gaussian limit. For instance, in order that the proof of Theorem 5.1
remains valid, it is sufficient that each p-value should be a continuous transformation of
the statistical test and should admit a density with respect to the Lebesgue’s measure. In
this regard, we could formally introduce the notion of asymptotic positive dependence.

Chapter 6 illustrates the theoretical properties of the FWER controlling procedures de-
fined in Chapter 5 on both simulated and real data set. The FWER control has been checked
and the different procedures have been compared. The maxT∞ procedure appears as the
most powerful procedure. A remarkable fact is that the full null hypothesis has been ver-
ified on real data set (for all dead rats). The multiple testing approach is often criticized
in the literature because of its impossibility to satisfy the null hypothesis in practice (e.g.
[101]). Our study allows us to contradict this assertion. Furthermore, as mentioned, the
wavelet correlation coefficients are typically supposed asymptotically normally distributed
and under some assumptions, their limit covariance matrix has been more precisely estab-
lished in [102]. It would be interesting to adapt their results to our work for getting more
accurate results on real data set. The covariance matrix Ω(Γ) would be replaced by a more
efficient estimator based on the wavelet properties.

Finally, this work provides a rigorous framework for the problem of graph inference in
neuroscience. The neuroscientific community has so far considered the FWER criterion in
their analyses. In this regards, some existing FWER controlling procedures are reviewed
and theoretically clarified. This allows us to provide a real data analysis based on accurate
theoretical results, which is rarely proposed in the neuroscientific literature.

Otherwise, the exploratory nature of the research questions in fMRI data analysis makes
the FDR criterion an interesting criterion in this field. So, this thesis also investigates the
FDR control, especially for non positive dependence structure and without supposing clas-
sical assumptions of sparsity. In general, the study of FDR control is technically demand-
ing and the proof of Conjecture 4.1 is still an open problem and constitutes a very exciting
mathematical challenge. It would be interesting to numerically explore this conjecture
thanks to a deeper simulation study.
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Appendix A

Supplementary results

A.1 Proofs of Chapter 3

A.1.1 Proof of Theorem 3.4
Consider the measure space (Rm,B(Rm), λ), where λ corresponds to the Lebesgue’s mea-
sure. The proof of Theorem 3.4 requires the theorem of Brunn-Minkowski. Let us begin
by introduce the latter.

Denote V{A} = λ(A) for all ⊆ Rm. Let K0 and K1 be two compact sets of Rm. The set
K0 + K1 is defined as follows

K0 + K1 =
{
x ∈ Rm : ∃ (k0, k1) ∈ K0 × K1, x = k0 + k1

}
.

Theorem. (Brunn-Minkowski) Let K0 and K1 be two non-empty compact sets of Rm. Then,
we have

V{K0 + K1}
1/m > V{K0}

1/m + V{K1}
1/m (A.1)

Proof. (Theorem of Brunn-Minkowski)
The sketch of the proof is given by [103] (see Appendix III.1). Given two m-tuples of real
numbers, the rectangular cuboid P(a, b) is defined as

P(a, b) =
{
x ∈ Rm : ∀i ∈ [[1,m]], ai 6 xi 6 bi

}
.

First, we prove that (A.1) holds when K0 and K1 are finite union of rectangular cuboid
with non-empty and disjoint interior. We define K0 and K1 as

K0 =

m0⋃
i=1

P
(
a(i), b(i)

)
, K1 =

m1⋃
i=1

P
(
c(i), d(i)

)
.

We proceed by induction on m = m0 + m1.
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Case m = 2 We have K0 = P(a, b), K1 = P(c, d) and V{K0}
1/m =

∏m
i=1 l1/m

0i where
l0i = bi − ai, V{K1}

1/m =
∏m

i=1 l1/m
1i where l1i = di − ci, V{K0 + K1}

1/m =
∏m

i=1(l0i + l1i)1/m. We
conclude by using the inequality of arithmetic and geometric means:

V{K0}
1/m + V{K1}

1/m

V{K0 + K1}
1/m =

m∏
i=1

(
l0i

l0i + l1i

)1/m

+

m∏
i=1

(
l1i

l0i + l1i

)1/m

6
1
m

m∑
i=1

l0i

l0i + l1i
+

1
m

m∑
i=1

l1i

l0i + l1i
= 1.

Cases m > 2 Assume that (A.1) holds for all K′0 and K′1, finite union of rectangular
cuboid with non-empty and disjoint interior, such that m′0 + m′1 < m. Let m0 > 2. A 3-tuple
(k, t, u) ∈ [[1,m]] × R × R is constructed such that one of the cuboid contained in K0 is
contained in both {xk > t} and {xk 6 t} and such that we have

V
{
K0 ∩ {xk 6 t}

}
V
{
K0 ∩ {xk > t}

} =
V
{
K1 ∩ {xk 6 u}

}
V
{
K1 ∩ {xk > u}

} .
Since the interiors of P

(
a(1), b(1)

)
and P

(
a(2), b(2)

)
are disjoint, there exists k ∈ [[1,m]]

such that
]
a(1)

k , b(1)
k

[
∩

]
a(2)

k , b(2)
k

[
= ∅. Thus we can choose t = min

{
b(1)

k , b(2)
k

}
.

Otherwise, it results from the intermediate value theorem that the function z 7→ V
{
K1∩{xk 6

z}
}

is surjective on [0,V{K1}]. Thus there exists a real number u such that

V
{
K1 ∩ {xk 6 u}

}
=

V
{
K1

}
V
{
K0 ∩ {xk 6 t}

}
V
{
K0

} ∈ [0,V{K1}],

and we can choose such a u.
Let K−0 = K0 ∩ {xk 6 t}, K+

0 = K0 ∩ {xk > t}, K−1 = K1 ∩ {xk 6 u} and K+
1 = K1 ∩ {xk > u}.

We have
V{K0 + K1} > V{K−0 + K−1 } + V{K+

0 + K+
1 }.

Moreover, the interiors of the cuboid contained in K−0 ∪ K−1 and K+
0 ∪ K+

1 are non-empty
and disjoint, and by the nature of k, their quantity is strictly less than m. It follows from
induction hypothesis and the definition of u that

V{K0 + K1} >
(
V{K−0 }

1/m + V{K−1 }
1/m

)m
+

(
V{K+

0 }
1/m + V{K+

1 }
1/m

)m

= V{K−0 }
(
1 +

V{K1}
1/m

V{K0}
1/m

)m

+ V{K+
0 }

(
1 +

V{K1}
1/m

V{K0}
1/m

)m

=
(
V{K0}

1/m + V{K1}
1/m

)m
.

A finite union of rectangular cuboid can be written as union of rectangular cuboid with
disjoint interiors. Thus, the inequality is still valid in such a case.
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We now extend the latter to two non-empty bounded open sets U0 and U1 that are re-
spectively countable union of rectangular cuboid (Pn)n∈N and (P′n)n∈N. Then V{U0} =

lim
n→+∞

V
{⋃

06p6n Pp

}
et V{U1} = lim

n→+∞
V
{⋃

16p6n P′p
}
. It follows from the previous result

that

V(n) = V
{ ⋃

06p6n

Pp

}1/m
+ V

{ ⋃
06p6n

P′p
}1/m
6

(
V
{ ⋃

06p6n

Pp

}
+ V

{ ⋃
06p6n

P′p
})1/m

6 V{U0 + U1}
1/m.

We conclude by taking the limit ofV(n).
Let K0 and K1 be two non-empty compact sets. Define Un and Vn as

Un =

{
x ∈ Rm : d(x,K0) <

1
2n

}
,Vn =

{
x ∈ Rm : d(x,K1) <

1
2n

}
.

For all n ∈ N, V{K0}
1/m + V{K1}

1/m 6 V{Un}
1/m + V{Vn}

1/m 6 V{Un + Vn}
1/m, where the last

inequality results from the previous inequality. Thus, V{K0}
1/m + V{K1}

1/m 6 infn∈N V{Un +

Vn}
1/m = V

{⋂
n∈N(Un +Vn)

}1/m
. The conclusion follows from K0 + K1 =

⋂
n∈N(Un +Vn). We

prove that
⋂

n∈N(Un+Vn) ⊆ K0+K1, the converse inclusion is trivial. Let a ∈
⋂

n∈N(Un+Vn).
For all n ∈ N, there exists (xn, yn) ∈ Un×Vn such that a = xn +yn. Since (xn)n∈N is bounded,
the latter has a convergent subsequence (xnk)k∈N. Denoting by x its limit, the limit of the
sequence (ynk)k∈N is y = a− x. Since for all k ∈ N, d(xnk ,K0) 6 1/2nk and d(ynk ,K1) 6 1/2nk ,
we have d(x,K0) = 0 and x ∈ K0 because K0 is closed. Similarly, y ∈ K1 and finally
a = x + y ∈ K0 + K1. �

The inequality (A.1) can be rewritten as: let K0 and K1 two non-empty compact sets of
Rm. Then, for all t ∈ [0, 1], we have

V{tK0 + (1 − t)K1}
1/m > tV{K0}

1/m + (1 − t)V{K1}
1/m.

We are now in position to report the proof of the Anderson’s theorem, which relies on
the Brunn-Minkowski’s theorem.

Proof. (Theorem 3.4)
Let E be a convex set symmetric with respect to the origin and Y ∈ Rm a deterministic
vector. First, we prove that for all u > 0, we have

H(u) = V{(E + kY) ∩ Ku} > V{(E + Y) ∩ Ku} = H∗(u).

Denote α[(E+Y)∩Ku]+(1−α)[(E−Y)∩Ku] the set of all linear combinations αz+(1−α)w
where z ∈ (E + Y) ∩ Ku, w ∈ (E − Y) ∩ Ku and α ∈ [0, 1]. Define α = (1 + k)/2 so that

αY + (1 − α)(−Y) = kY. (A.2)
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It results from the convexity of Ku that Ku ⊇ αKu+(1−α)Ku. Using (A.2) and the convexity
of E we obtain that E + kY ⊇ αE + (1−α)E + kY = α(E + Y) + (1−α)(E − Y). This yields
(E + kY) ∩ Ku ⊇ α

[
(E + Y) ∩ Ku

]
+ (1 − α)

[
(E − Y) ∩ Ku

]
and thus,

V{(E + kY) ∩ Ku} > V
{
α
[
(E + Y) ∩ Ku

]
+ (1 − α)

[
(E − Y) ∩ Ku

]}
.

Since (E + Y)∩ Ku is the symmetric set with respect to the origin of (E − Y)∩ Ku, we have
V{(E + Y)∩ Ku} = V{(E − Y)∩ Ku}. For all u > 0, V{Ku} =

∫
1{ f (x) > u}dx 6 1

u

∫
f (x)dx,

then Ku is bounded and the result is achieved by the Brunn-Minkowski’s theorem,

V{(E + kY) ∩ Ku} >
(
αV{(E + Y) ∩ Ku}

1/m + (1 − α)V{(E − Y) ∩ Ku}
1/m

)m

=
(
αV{(E + Y) ∩ Ku}

1/m + (1 − α)V{(E + Y) ∩ Ku}
1/m

)m

= V{(E + Y) ∩ Ku}.

For all 0 6 u1 6 u2, we have H(u1) − H(u2) = V
{
(E + kY) ∩

{
x ∈ Rm : u1 6 f (x) 6 u2

}}
and using the definition of the Stieltjes integral, it follows that∫

E+kY
f (x)dx −

∫
E+Y

f (x)dx = −

∫ ∞

0
udH(u) +

∫ ∞

0
udH∗(u)

=

∫ ∞

0
u[dH∗(u) − dH(u)].

By integration by parts we obtain∫ b

a
u[dH∗(u) − dH(u)] =

[
u
(
H∗(u) − H(u)

)]b

a
−

∫ b

a

[
H∗(u) − H(u)

]
du

= b
(
H∗(b) − H(b)

)
− a

(
H∗(a) − H(a)

)
+

∫ b

a

[
H(u) − H∗(u)

]
du.

Furthermore, lim
b→+∞

bH(b) = 0 = lim
b→+∞

bH∗(b) and for all a > 0, −a
(
H∗(a) − H(a)

)
> 0

and
∫ b

a

[
H(u) − H∗(u)

]
du > 0. Thus, we finally have that

∫ ∞
0

u[dH∗(u) − dH(u)] > 0. �

A.1.2 Proof of Theorem 3.3
Proof. (Theorem 3.3)
Let X = (X1, . . . , Xm) ∈ Rm be a centered Gaussian vector having an arbitrary covariance
matrix Σ and (c2, . . . , cm) a sequence of positive constants. Assume that Σ is invertible.
First, we prove that

P
(
|X1| 6 c1, . . . , |Xm| 6 cm

)
> P

(
|X1| 6 c1

)
P
(
|X2| 6 c2, . . . , |Xm| 6 cm

)
. (A.3)
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Inequality (A.3) is achieved by proving that the function F defined as

F(c1) =

∫ c1

−c1

∫ c2

−c2

. . .

∫ cm

−cm

f (x1, . . . , xm)dx1dx2 . . . dxm

−

∫ c1

−c1

∫ c2

−c2

. . .

∫ cm

−cm

f (x1) f (x2, . . . , xm)dx1dx2 . . . dxm,

is positive for all c1 > 0. Using the symmetry of the Gaussian distribution, we can rewritten
F as

F(c1) = 2
∫ c1

0
f (x1)

∫ c2

−c2

. . .

∫ cm

−cm

f (x2, . . . , xm | x1) − f (x2, . . . , xm)dx2 . . . dxmdx1.

Thus

∂F(c1)
∂c1

= 2 f (c1)
∫ c2

−c2

. . .

∫ cm

−cm

f (x2, . . . , xm | c1) − f (x2, . . . , xm)dx2 . . . dxm.

Now, using Theorem 3.4, we prove that the function G defined as

G(c1) =

∫ c2

−c2

. . .

∫ cm

−cm

f (x2, . . . , xm | c1) − f (x2, . . . , xm)dx2 . . . dxm,

is a nonincreasing function. Define H as

H(c1) =

∫ c2

−c2

. . .

∫ cm

−cm

f (x2, . . . , xm | c1)dx2 . . . dxm.

f (x2, . . . , xm|c1) corresponds to a Gaussian density function with ρ12σ2σ
−1c1, . . . , ρ1mσmσ

−1c1

means for which the variances and the correlation coefficients are independent of c1 (see
Theorem 1.2.11 in [104] ). Thus, the density of f (x2, . . . , xm | c1) can be obtained by "shift-
ing" the density of f (x2, . . . , xm | 0) so that

H(c1) =

∫
E′

f (x2, . . . , xm | 0)dx2 . . . dxm,

where E′ = [−c2 − ρ12σ2σ
−1c1, c2 − ρ12σ2σ

−1c1] × . . . × [−cm − ρ1mσmσ
−1c1, cm −

ρ1mσmσ
−1c1]. It results from Theorem 3.4 (used with E = [−c2, c2] × . . . × [−cm, cm], Y =

(−ρ12σ2σ
−1c1, . . . ,−ρ1mσmσ

−1c1) and f (x) = f (x2, . . . , xm | 0)) that H is a nondecreasing
function and thus G is also a nondecreasing function. Moreover, since lim

c1→+∞
H(c1) = 0, we

have lim
c1→+∞

G(c1) < 0 and then two cases can occur:

Case a For all c1 > 0, G(c1) 6 0.
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Case b There exists c∗ > 0 such that G(c1) > 0 for 0 6 c1 6 c∗ and G(c1) 6 0 for c1 > c∗.

Note that

F(0) = 0 and lim
c1→+∞

F(c1) = 0, (A.4)

and since f (c1) > 0, ∂F(c1)/∂c1 has same sign of G. Thus

Case a For all c1 > 0, F is nonincreasing. (A.4) yields that for all c1 > 0, F(c1) = 0 and
then we obtain the case of equality in (A.3).

Case b There exists a constant c∗ > 0 such that F(c1) is nondecreasing for 0 6 c1 < c∗

and nonincreasing on ]c∗,+∞[. Thus, F(c1) > 0 for all c1 > 0.
Finally, for all c1 > 0, we have∫ c1

−c1

∫ c2

−c2

. . .

∫ cm

−cm

f (x1, . . . , xm)dx1dx2 . . . dxm >

∫ c1

−c1

∫ c2

−c2

. . .

∫ cm

−cm

f (x1) f (x2, . . . , xm)dx1dx2 . . . dxm,

and Šidák’s inequality is obtained by induction. �

A.1.3 Proof of Theorem 3.7

Let (τk)16k6m be a nondecreasing sequence of critical values and k1 = max
{

arg max
k∈{1,...,m}

{
τk
k

}}
.

We have divided the proof of Theorem 3.7 into a sequence of intermediate results. Let us
begin by proving the following theorem:

Theorem A.1. For all P ∈ P, for all procedures S U(τ) such that (τ, p) satisfies the hypoth-
esis (3.16), we have

FDR(RS U(τ), P) 6
τk1m0(P)

k1
. (A.5)

Moreover, for all m0 ∈ {0, . . . ,m}, if for all distribution ν on [0, 1]m with m0 uniform
marginals, there exists P∗ ∈ P with |H0(P∗)| = m0 and (pi(X))i ∼

X∼P∗
ν, then there exists a

joint distribution of p-values for which the bound (A.5) is attained.

Proof. (Theorem A.1)
For all P ∈ P, for all procedures S U(τ) such that (τ,p) satisfies the hypothesis (3.16), the

150



A.1. PROOFS OF CHAPTER 3

FDR can be written as

FDR(RS U(τ), P) =

m∑
k=1

1
k
E

[
|RS U(τ) ∩H0(P)|.1|RS U(τ) |=k

]
=

m∑
k=1

1
k
E

 ∑
i∈H0(P)

1pi6τk .1|RS U(τ) |=k


=

∑
i∈H0(P)

m∑
k=1

1
k
P
(
|RS U(τ)| = k

∣∣∣ pi 6 τk

)
P(pi 6 τk).

It results from (3.1) and the definition of k1 that

FDR(RS U(τ), P) 6
τk1

k1

∑
i∈H0(P)

m∑
k=1

P
(
|RS U(τ)| = k

∣∣∣ pi 6 τk

)
. (A.6)

Finally (A.5) follows from the hypothesis (3.16).

Now, let us construct a probability distribution P∗ that attains this bounds. Let U1, . . . ,Um+1

be a family of independent random variables such that Ui ∼ U[τi−1, τi], i = 1 . . . ,m and
Um+1 ∼ U[τm, 1]. Let N a random variable taking values in {1, . . . , k1} ∪ {m + 1} and gen-
erated from the following law:

P(N = n) =


πn n = 1, . . . , k1

1 −
k1∑

i=1

πi n = m + 1
,where πn =

m0(τn − τn−1)/k1 if k1 6 m0

τn − τn−1 otherwise
.

Depending of the value of N, we associate one p-value to each index 1, 2, . . . ,m by the
following way:

Case N = n ∈ {1, . . . , k1} ⊂ I0 = {1, . . . ,m0} Pick n indexes {i1, . . . , in} := I0,n randomly
and without replacement in I0. For all j ∈ {1, . . . , n}, the index i j is associated to pi j = Un.
For all s ∈ {1, . . . ,m}\I0,n = I\I0,n, the index s is associated to ps = Um+1.

Case N = n ∈ I1 = {m0 + 1, . . . ,m} (k1 > m0) Choose the indexes i1, . . . , im0 in I0 and
pick randomly and without replacement the (n − m0) remaining indexes in I1. Denote
I1,n := {i1, . . . , im0 , im0+1 , . . . , in} the index set of picked indexes. For all j ∈ {1, . . . , n}, the
index i j is associated to pi j = Un. For all s ∈ I\I1,n, the index s is associated to ps = Um+1.
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Case N = m + 1 For all i ∈ I0, the index i is associated to pi = Um+1. For all j ∈ I1,the
index j is associated to p j = 0.

When there exists i ∈ I0 and k ∈ {1, . . . ,m} such that pi 6 τk, Figure A.1 and Figure
A.2 illustrate this construction. Otherwise, we deduce for each case, the number of rejects,
denoted by R, and the associated value of the FDP.

k

ordered
p-values

m

τm

τn
τn−1

k1

R = k1 and FDP= 1

m

τm

τn
τn−1

k1

R = k1 and FDP= m0/k1

pi, i ∈ I0

pi, i ∈ I1

rejected p-values

Figure A.1 – n ∈ I0 (left), n ∈ I1 (right).

k

ordered
p-values

m

τm

m1

R = m1 and FDP= 0

pi, i ∈ I0
pi ∼ U[τm, 1]
pi, i ∈ I1
pi = 0
rejected p-values

Figure A.2 – n = m + 1.
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This yields

FDR(P∗) =

k1∑
n=1

E

[
E
[

FDP(P∗)| N = n
]
1{N = n}

]
+ E

[
E
[

FDP(P∗)| N = m + 1
]︸                         ︷︷                         ︸

=0

1{N = m + 1}
]

=



k1∑
n=1

E
[
E
[

FDP(P∗)| N = n
]︸                   ︷︷                   ︸

=1

1{N = n}
]

if k1 6 m0

k1∑
n=1

E
[
E
[

FDP(P∗)| N = n
]︸                   ︷︷                   ︸

=m0/k1

1{N = n}
]

if k1 > m0

=



k1∑
n=1

P(N = n) if k1 6 m0

(m0/k1)
k1∑

n=1

P(N = n) if k1 > m0

= m0τk1/k1.

�

Now, we provide a second intermediate result useful for the proof of Theorem 3.7.

Proposition A.1. The p-values induced by the probability distribution P∗ :

1. are upper-bounded by a uniform variable, that is, satisfy (3.1),

2. satisfy the hypothesis (3.16),

3. are not PRDS on {1, . . . ,m0}.

In [76], the authors stated that the p-values induced by P∗ are exactly uniform. We
prove that the latter only can be upper-bounded by a uniform variable. Moreover we correct
the proof of the third assertion.

Proof. (Proposition A.1)

1. Let i ∈ {1, . . . ,m0} := I0. We have,

P(pi 6 x) =

k1∑
n=1

P
(
pi 6 x

∣∣∣ N = n
)
P(N = n) + P

(
pi 6 x

∣∣∣ N = m + 1
)
P(N = m + 1)

=

k1∑
n=1

P
(
pi 6 x

∣∣∣ N = n
)
P(N = n) + P(Um+1 6 x) P(N = m + 1) (A.7)
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Let J := {1, . . . , k1}. Let us begin by the case k1 6 m0. We have:

P
(
pi 6 x

∣∣∣ N = n
)

= P
(
pi 6 x

∣∣∣ i ∈ J
)
P
(
i ∈ J

∣∣∣ N = n
)

+ P
(
pi 6 x

∣∣∣ i < J
)
P
(
i < J

∣∣∣ N = n
)

= P(Un 6 x)
k1

m0
+ P(Um+1 6 x)

(
1 −

k1

m0

)
.

Thus for all x ∈]0, 1[, (A.7) can be expressed as

P(pi 6 x) =

k1∑
n=1

[
P(Un 6 x)

k1

m0
+ P(Um+1 6 x)

(
1 −

k1

m0

)]
P(N = n)+P(Um+1 6 x)P(N = m+1).

(A.8)

If x ∈ [τñ−1, τñ] ⊆ [0, τm[, (A.8) is equal to

k1∑
n=1

P(Un 6 x)
k1

m0
P(N = n) =

ñ−1∑
n=1

P(Un 6 x)
k1

m0
P(N = n) + P(Uñ 6 x)

k1

m0
P(N = ñ)

=

ñ−1∑
n=1

(τn − τn−1) + (τñ − τñ−1)
x − τñ−1

τñ − τñ−1

= x.

If x ∈ [τñ−1, τñ] ⊆ [τm, 1[, (A.8) is equal to

k1∑
n=1

P(Un 6 x)
k1

m0
P(N = n) + P(Um+1 6 x)

k1∑
n=1

P(N = n) −
k1

m0
P(Um+1 6 x)

k1∑
n=1

P(N = n)

+ P(Um+1 6 x)P(N = m + 1)

=

k1∑
n=1

(τn − τn−1) +
m0

k1
P(Um+1 6 x)

k1∑
n=1

(τn − τn−1) −
k1

m0
P(Um+1 6 x)

k1∑
n=1

m0

k1
(τn − τn−1)

+ P(Um+1 6 x) −
m0

k1
P(Um+1 6 x)

k1∑
n=1

(τn − τn−1)

= τk1 − τk1P(Um+1 6 x) + P(Um+1 6 x)

= τk1 + (1 − τk1)
x − τm

1 − τm

6 x.
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Indeed, for all x ∈ [τm, 1[, since the sequence (τi)i∈I is nondecreasing, we have

(τm − τk1)︸     ︷︷     ︸
>0

(x − 1)︸ ︷︷ ︸
60

6 0⇔
τk1 − τk1τm + x − τm − xτk1 + τk1τm − x + xτm

1 − τm
6 0

⇔ τk1 +
x − τm

1 − τm
− τk1

x − τm

1 − τm
− x 6 0

⇔ τk1 + (1 − τk1)
x − τm

1 − τm
6 x.

We emphasize that the uniformity of the p-valuess induced by P∗ holds if and only
if k1 = m but it is not the case in general.
Next we move to the case k1 > m0. We have:

P
(
pi 6 x

∣∣∣ N = n
)

= P
(
pi 6 x

∣∣∣ i ∈ J
)
P
(
i ∈ J

∣∣∣ N = n
)

+ P
(
pi 6 x

∣∣∣ i < J
)
P
(
i < J

∣∣∣ N = n
)

= P
(
pi 6 x

∣∣∣ i ∈ {1, . . . ,m0}
)
P
(
i ∈ {1, . . . ,m0}

∣∣∣ N = n
)

= P(Un 6 x).

Thus for all x ∈]0, 1[, (A.7) can be expressed as

P(pi 6 x) =

k1∑
n=1

P(Un 6 x)P(N = n) + P(Um+1 6 x)P(N = m + 1). (A.9)

If x ∈ [τñ−1, τñ] ⊆ [0, τm[, (A.9) is equal to
k1∑

n=1

P(Un 6 x)P(N = n) =

ñ−1∑
n=1

P(Un 6 x)(τn − τn−1) + P(Uñ 6 x)(τñ − τñ−1)

= x.

If x ∈ [τñ−1, τñ] ⊆ [τm, 1[, (A.9) is equal to
k1∑

n=1

P(Un 6 x)P(N = n) +

1 − k1∑
i=1

πi

 x − τm

1 − τm
=

k1∑
n=1

(τn − τn−1) +
x − τm

1 − τm
−

x − τm

1 − τm

k1∑
i=1

(τi − τi−1)

= τk1 + (1 − τk1)
x − τm

1 − τm

6 x.

2. As we can seen in Figure A.1 and Figure A.2 the p-values induced by P∗ are such
that

∀i ∈ I0,
[
pi 6 αk

]
⇒ [N , m + 1 et R = k1] .

Thus,
m∑

k=1

P
(
R = k

∣∣∣ pi 6 τk

)
= P

(
R = k1

∣∣∣ pi 6 τk1

)
= 1.
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3. For all i ∈ I0 we have,

P (R 6 k1 | pi > τm) < 1 et P(R 6 k1 | pi 6 τk1) = 1,

then x 7→ P(R 6 k1 | pi = x) is a nonincreasing function. Indeed, denoting f (x) =

P(R 6 k1 | pi = x) for i ∈ I0, if f were nondecreasing, we would obtain

1 = P(R 6 k1 | pi 6 τk1) =

∫ τk1

0
f (x)dL(pi | pi 6 τk1) 6 f (τk1)

6 f (τm) 6
∫ 1

τm

f (x)dL(pi | pi > τm) < 1,

absurd.

�

We are now in position to prove Theorem 3.7.

Proof. (Theorem 3.7)
It results from Theorem A.1 and Proposition A.1 that for all P ∈ P, for all procedure S U(τ)
such that (τ,p) satisfies (3.16), FDR(RS U(τ), P) 6 m0(P)α/m if m0(P)τk1/k1 6 m0(P)α/m
that is (by definition of k1) if for all k ∈ {1, . . . ,m}, τk 6 αk/m. Conversely, if τk 6 αk/m
for all k ∈ {1, . . . ,m} then FDR(RS U(τ), P) 6 m0(P)τk1/k1 6 m0(P)α/m. �
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